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• Pardo, Maŕıa del Carmen (jointly with Julio Angel Pardo) — Ordered Polytomous Regression:
New Estimators for the Coefficients . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3516

• Paulino, Carlos Daniel (jointly with Frederico Poleto and Julio Singer) — A Product-
Multinomial Framework for Categorical Data Analysis with Missing Responses . . . . . 3520

• Suleman, Abdul Kadir (jointly with Elizabeth Reis and M. Ivette Gomes) — Is the Maximum
Likelihood Estimator of the Multinomial Probability Vector Admissible? . . . . . . . . . 3524

• Zacks, Shelemyahu (jointly with Nitis Mukhopadhyay) — Sequential Fixed-Width Interval
Estimator of the Log-Odds of Bernoulli Trials . . . . . . . . . . . . . . . . . . . . . . . . 3528

• Zhang, Mingqian — A Count Data Model for Factors of New Business Activity . . . . . . . . 3529
• Zini, Alessandro — Confidence Ellipsoid of the Marginal Parameters of the Binomial Trivariate

Distribution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3533
CPM 023: Variance Component Models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3537

• Correa, Solange (jointly with Danny Pfeffermann and Chris Skinner) — Bias Corrections in
Multi-level Modelling of Sample Survey Data . . . . . . . . . . . . . . . . . . . . . . . . 3538

• Zoubeidi, Taoufik (jointly with Mohamed Y. El-Bassiouni) — Adaptive Interval Estimation
In Unbalanced One-Way Random Effects Models . . . . . . . . . . . . . . . . . . . . . . 3542

CPM 024: Partial Least Squares Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3546
• Canas Rodrigues, Paulo (jointly with Manuela Oliveira and João Tiago Mexia) — PLS Re-

gression of Economical Data . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3547
• Kondylis, Athanassios (jointly with Joe Whittaker) — Adaptive Shrinkage by Preconditioning

in PLS Regression . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3551
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• Dias, Sandra (jointly with Lúısa Canto e Castro) — Max-semiestability, Log-periodicity and

Applications to Seismic Data . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3576
• Ehlert, Andree (jointly with Martin Schlather) — Bounds for the Multivariate Extremal Index

Function . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3580
• Ferreira, Ana (jointly with Helena Ferreira) — Estimation of the Extremal Index for Station-

ary Sequences under a Specified Stability Condition . . . . . . . . . . . . . . . . . . . . 3584
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Analysis for Nuptiality in Brazil . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5029

• Ge, Jianjun — A Birth Interval Research for Contemporary Chinese Women — an Analysis
Based on HLM . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5033

• Langhamrova, Jitka (jointly with Tomas Fiala) — Ageing of the Population and its Impact
on the Financing of Health Care in the Czech Republic . . . . . . . . . . . . . . . . . . 5037

• Mazouch, Petr (jointly with Jakub Fischer) — Longer Life Caused by Higher Attained Level
of Education: How to Valuate this Advantage? . . . . . . . . . . . . . . . . . . . . . . . 5041

• Moreira, Fátima (jointly with Cristina Neves) — The Impact of Population Ageing on Habi-
tation in Portugal . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5045

• Puka, Llukan — ICT Developments in Higher Education in Albania in a Context of Country
Changes: Results from a Survey and New Challenges . . . . . . . . . . . . . . . . . . . . 5049

• So, Sunha (jointly with Yousung Park) — Bayesian Model for the Effect of ICD Change . . . 5053
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Statistical Models to Define Proxy Means Tests for Targeting Brazilian Social Programs 5161

• Sugihashi, Yayoi — The Gender Inequality in Income: Examination of Male-breadwinner
Model in Japan . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5165

• Zenga, Michele — Applications of a New Inequality Curve and Inequality Index Based on the
Ratios between Lower and Upper Arithmetic Means . . . . . . . . . . . . . . . . . . . . 5169

CPM 102: Transportation Statistics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5173
• Moons, Elke (jointly with Geert Wets) — Examining the Impact of Household Interactions

when Modelling Travel Duration . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5174
CPM 103: Agricultural Surveys and Censuses . . . . . . . . . . . . . . . . . . . . . . . . . 5178

• Gallego, Javier — Sampling Efficiency of the EU Point Survey LUCAS 2006 . . . . . . . . . 5179
• Ji, Xiangdong — Eliminate Gap between Rural People and Agricultural Census . . . . . . . 5183
• Mehic, Fehrija — Agricultural Surveys and Censuses (Bosnia and Herzegovina) . . . . . . . . 5186
• Park, Jaehwa — Effective Application of Remote Sensing for Agricultural Statistics in Korea 5190

CPM 104: Statistics for Business and Industry . . . . . . . . . . . . . . . . . . . . . . . . . 5194
• Cizmesija, Mirjana (jointly with Vlasta Bahovec and Natasa Kurnoga Zivadinovic) — Croa-

tian Economic Sentiment Indicator: New Components and a New Weighting System . . 5195
• D’Aurizio, Leandro (jointly with Stefano Iezzi and Tartaglia Raffaele Polcini) — Investment

Forecasting in Business Surveys: an Empirical Analysis for the Italian Manufacturing
Sector . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5199

• Gluhovsky, Ilya — Nonparametric Bayesian Model of E-Commerce Customer Behavior . . . . 5203
• Grossi, Luigi (jointly with Giorgio Gozzi, Claudio Gagliardi and Giovanna Pascale) — Pro-

ductivity Analysis of a Panel of Italian Companies in the Period 1998–2004 . . . . . . . 5207
• Jeng, Shuen-Lin (jointly with Min-Hsiung Hsieh) — Reliability Inference Using Scheduled

Degradation Data . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5211
• Karlberg, Martin — Workload Assessment at the World’s Largest Translation Service . . . . 5215
• Marliani, Gianni (jointly with Laura Grassini) — Italian Labour Productivity Changes. An

Analysis of Firm Survey Data 1998-2004 . . . . . . . . . . . . . . . . . . . . . . . . . . . 5219
• Montinaro, Mario (jointly with Giovanna Nicolini) — From Customer Satisfaction to Cus-

tomer Loyalty . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5223
• Zhao, Yanyun (jointly with Danbo Guo) — China’s Trade Competitiveness of Textile and

Clothing Sector . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5227
• Zhen, Feng — Micro Data Evidence of Innovation on Productivity: China Textile Industry

as an Example . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5231
CPM 105: Statistics in Decision Science . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5235

• Carvalho, Armindo — Monitoring and Impact Evaluation in the 2007-2013 Atlantic Area
Cooperation Programme . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5236

CPM 106: Marketing and Public Opinion Surveys . . . . . . . . . . . . . . . . . . . . . . 5240
• Gelper, Sarah (jointly with Christophe Croux) — On the Construction of the Euro-

pean Economic Sentiment Indicator . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5241
• Morais, Vera (jointly with Maria João Zilhão and Magda Ribeiro) — The Use of Customer

Satisfaction Surveys in Assessing Quality in Statistics – the Experience of the National
Statistical Institute of Portugal . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5245



lii CONTENTS

• Polizzi, Gabriella (jointly with Anna Maria Parroco) — Tourism and Communication on the
Internet: the Case of the Italian Wine and Food Roads Web Sites Quality . . . . . . . . 5249

• Ribeiro, Magda (jointly with Sofia Pacheco and Vera Morais) — Customer Satisfaction Sur-
veys – Analysis of its Application to a Group of Academic Researchers Using a MDS-
Multidimensional Scaling Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5253

• Vicente, Paula (jointly with Elizabeth Reis) — Ignoring Non-respondents in Personal Quota
Surveys: How Risky Can That Be? . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5257

CPM 108: Statistics in Tourism and Recreation . . . . . . . . . . . . . . . . . . . . . . . . 5261
• Del Valle, Eduardo (jointly with Luis Valdés, Rosa Aza, José Baños and Emilio Torres-
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• Caria Figueira de Sá Neves, Maria Manuela (jointly with Fernando Manuel Fialho Rosado)

— On the Importance of Statistics in Forensic Science . . . . . . . . . . . . . . . . . . . 6155
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Epidemics: the fitting of the first dynamic models to data

Dietz, Klaus

University of Tübingen, Department of Medical Biometry

Westbahnhofstr. 55

72070 Tübingen, Germany

E-mail: klaus.dietz@uni-tuebingen.de

“There is probably no more legitimate use of the instrument of statistics than its application to the study of 

epidemic diseases.”

Arthur Ransome (1868)

1. Introduction

Mathematical infectious disease epidemiology uses dynamic models with interpretable parameters like 

contact rates and recovery rates to describe individual epidemics and their periodicities. There is a vast 

literature, scattered in mathematical and recently also in physical journals, which is concerned with the 

stability of equilibrium points and the identification of threshold parameters for bifurcations. Most of these 

papers contain no empirical data at all. But for an applied science it is important to make predictions, which 

can be tested against observations. For a presentation at a conference of a statistical society it appears 

appropriate to find out to what extent epidemic models are fitted to observations. In view of my historic 

interests I shall concentrate on the first models, which have the advantage of being still simple while 

incorporating all the essential elements. Serfling (1952) concludes his historical review of epidemic theory as 

follows: “However, advance in epidemic theory depends also upon tests of hypotheses and a crucial test must 

be based on concrete and accurate data. In the past, these have been inadequate”. 

Since the emergence of new infections like AIDS, SARS, vCJD and others, the field of mathematical 

infectious disease epidemiology has undergone a tremendous development. A search in PubMed on 21 April 

2007 for “mathem* model* infect* disease” yielded 1072 articles, among them 99 reviews. There is a 

remarkable trend towards the application of disease-specific models to local outbreaks. 

The credit for the first epidemic model is often given to Daniel Bernoulli who already in 1760 studied the 

potential effect of eradicating smallpox by inoculation on the life expectancy (Dietz and Heesterbeek, 2002). 

However Bernoulli considered an endemic situation with a constant force of infection, i.e. a fixed value for 

the yearly incidence of a susceptible individual. He constructed the first so-called catalytic model in the 

sense of Muench (1934, 1959). For these models it is not necessary to interpret the force of infection as a 

function of the prevalence of the infection, i.e. the proportion of infective individuals in the total population. 

Catalytic models could also be applied to non-infectious diseases because they describe the age-specific 

proportion of individuals who have experienced a disease. Therefore they are excluded in the following. Also 

the attempts of Farr (1840) and Brownlee (e.g. 1909) to describe epidemics using implicitly the normal 

distribution or Pearson curves are not considered, because the parameters are not interpretable. 

Among the models with discrete time I shall concentrate on the chain-binomial models of En’ko (1889, 

1989), of Reed and Frost (Frost, 1976) and of Greenwood (1931). The most important deterministic model 

with continuous time is proposed by Kermack and McKendrick (1927). Finally we shall consider the 

stochastic general epidemic model McKendrick (1926). After a brief introduction of each of these models I 

shall provide examples of fitting them to observed epidemics and shall discuss the problems of interpreting 

the estimated parameters, especially if several models are fitted to the same data. 
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2. Chain binomial models  

The first chain-binomial model is due to P. D. En’ko (1844-1916). A brief account of his life can be 

found in Dietz (1988) and Heyde and Seneta (2001). From 1874 he was the senior doctor at the 

St. Petersburg Alexander Institute where he gathered data on epidemics of measles and scarlet fever and in 

1889 he published his remarkable paper on the course of epidemic diseases. His model can be expressed by 

the following equations:
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Here C
t
denotes the number of infectious individuals at time t, S

t
is the number of susceptible 

individuals at time t, and N
t
is the total size of the population at time t. The parameter k determines the 

number of contacts of a susceptible individual: 

A
t
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t

The probability

C
t

N
t
� 1

of making a contact with an infective in a homogeneously mixing population of size Nt is used to calculate 

the probability of making at least one contact with an infective if At contacts are made by one susceptible. 

The equation for the susceptible individuals gives the remaining numbers of susceptible individuals who 

have avoided contacts with cases. The equation for the total population takes into account that the size of the 

population is diminished during the course of the epidemic because cases are isolated. This aspect is quite 

remarkable in En’ko’s model and has been ignored in later epidemic models. The model written as such is a 

heuristic approximation to a stochastic model because the first and the second equation are based on the 

binomial distribution, which is only valid if the exponent is an integer. This model therefore implicitly 

assumes that every susceptible makes exactly the same number of contacts with other individuals in the 

community. It is remarkable that En’ko compares the predictions of his model with the observations, which 

he collected over many years. In Table 1 the two epidemics are shown with the best fit together with the 

parameter values chosen by him.  The goodness of fit is strikingly good. The appropriate test by Pearson was 

only published 11 years later (Pearson, 1900). En’ko was much ahead of his time. Since his work was 

published in Russian in a journal, which was not widely read, his work was nearly ignored until it was 

rediscovered some 100 years after its publication.

Table 1 Observed and fitted number of cases of measles epidemics at institutions in St. Petersburg

Year of epidemic: 1874 1879

Parameters and 

case numbers

Observed Fitted Observed Fitted

S
0

133 50

k 0.9 0.5

N
0

400 400

C
0

1 1 2 2

C
1

70 79 28 30

C
2

45 53 14 18

C
3

2 0 1 0
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The next chain binomial model is due to the collaboration of Reed and Frost at the Johns Hopkins 

University. They used the model in jointly teaching epidemiology starting in 1925. It was only published 

much later because Frost did not consider it such an important contribution. The equation

C
t +1

= S
t
1 � qC

t( )

describes the successive generations of an infectious disease in a closed community. The Reed-Frost 

model assumes, that the infectious period is rather short compared to the latent period so that subsequent 

generations of the epidemic can be identified. If one assumes that the number of contacts which one 

individual makes follows a Poison distribution, then the Reed-Frost model can be considered as a 

generalization of the En’ko model (Dietz, 1988).  

It took many years before the model was fitted to data by Helen Abbey (1952). She states: “Although 

there is considerable discussion in the literature of epidemic models, very little testing of the models on 

actual observations has been done, partly because the necessary data are difficult or impossible to obtain.” 

Reed and Frost modified the Soper model (1929) to make allowance for the fact that only one new case 

would be produced if a given susceptible would have contact with two or more cases. One can write the 

Reed-Frost model in a deterministic way but also in a stochastic way by replacing the expectations with the 

full binomial distribution. Helen Abbey states: “Although there is a great deal of published data on the 

reported cases of infectious diseases, most of this is not useful in testing in adequacy of the model because of 

variable amounts of underreporting and of lack of information about the number of susceptibles.” Because 

the model assumes uniform mixing among the members of a closed population, it is most applicable in 

institutions or within families. It is also important that there are no carriers, which means that it is assumed 

that every infection brings out clinical symptoms, which can be easily recognized and diagnosed. Therefore 

the model would be particularly appropriate for measles, rubella and chicken pocks. Helen Abbey uses 

epidemics, which were reported from the Medical Research Council Special Report “Epidemics in Schools”. 

These are reports of the incidence of epidemic diseases in Naval and boarding schools in England during the 

years 1932 - 1939. She collects data from some 20 epidemics. In order to divide the daily observations of 

onsets of cases into generations of cases, one has to make a certain assumption about the length of the 

incubation period, i.e. the time from the infection until the onset of symptoms. This already introduces a 

certain uncertainty about the number of cases in the different generations. Helen Abbey then uses a 

maximum likelihood estimate in order to estimate the contact parameter of the Reed-Frost model. Finally she 

compares the observed and the expected number of cases with the usual chi-square test. She claims that the 

chi-square test is applicable because the expected numbers in each time period are calculated from the 

observed numbers in the previous period and are therefore independent of the previous expected numbers. In 

some cases the problem of a poor fit arises from the fact that the initial number of susceptible individuals, 

which enters into the model does not correspond to the actual epidemic. This is due to underreporting of 

infections in the past and she shows that the fit of the model can be extremely improved if one also estimates 

the initial number of susceptible individuals. For the reported number of susceptible individuals practically 

all chi-square values are so high that the corresponding P-Value is less than 0.00001. With an estimated 

number of susceptible individuals, however, the number of epidemics, which yield an acceptable chi-square 

value, is considerably increased. However there remain epidemics, which do not fit according to this 

criterion. Helen Abbey then goes into an investigation about the possible reasons for the lack of fit. At first 

she makes a sensitivity analysis with respect to the choice of the incubation interval. She finds that the chi-

square values are very sensitive to this choice but concludes that the lack of agreement of the theory from the 

observations is not due to a particular choice among the intervals. She then examines the possibility that the 

total population consists of two subpopulations with different contact probabilities. By introducing this extra 

variation she can improve considerably the fit to the data. In summary, the Reed-Frost theory fails to fit the 

observations if one takes into account the reported number of susceptible individuals. If one estimates also 

the initial number of susceptible individuals, then the fit can considerably be improved. In most cases the 

total number of cases observed equals the estimated number of susceptible individuals. Another possibility of 
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improving the fit is to assume that the contact rates decline with time during the epidemic. She comes to the 

remarkable conclusion that “the evidence in this paper does not suggest that any of these factors are likely to 

be important sources of the discrepancies between the theory and the observations”. The main reason for the 

lack of fit was probably the fact that she had considered epidemics in too large communities for which the 

assumption of uniform mixing was violated.

The approach of using the chi-square test by Abbey has been examined in detail by Almond (1954). 

She comes to the conclusion that for sufficiently large numbers of susceptible individuals the approximation 

is acceptable provided that one reduces the degrees of freedom if the contact parameter is estimated from the 

data. 

Finally the chain binomial model of Greenwood (1931) is considered. This model is similar to the 

Reed-Frost model but it is assumed that the actual number of infective individuals does not matter for 

determining the infection probability as long as there is at least one case in the household. The Greenwood 

assumption would be appropriate when the household is saturated with infectious material even if only one 

case is present.  

Wilson et al. (1939) criticise Greenwood because he lumps chains of infections together. Wilson et al. 

have independent data from Providence, which they analyze according to the Greenwood model and find 

significant discrepancies (see Table 2). The example given is concerned with households of size three with 

one initial case and two initial susceptible individuals. In the first column, the number of cases in each 

generation specifies the epidemic chains. For initially two susceptible individuals and one initial case the 

Greenwood model and the Reed-Frost model are not distinguishable. If one lumps the last two chains 

together, as was done by Greenwood, then one obtains a perfect fit. One reason for the lack of fit of the two 

models could be the assumption of homogeneous mixing with the same infection parameter for all 416 

households. In later attempts to describe such observed chain frequencies, one has assumed that the contact 

parameter follows a beta distribution and thereby has improved the fit considerably (Bailey, 1975; Becker, 

1989). 

The data set, which has been analyzed in greatest detail, has been published by Heasman and Reid 

(1961). The observations are based on a two-year surveillance of some sixty households with respect to the 

common cold. All households consist of three children together with their parents. For single introductory 

cases 16 different chains are possible. They are listed with their observed frequencies in Table 3. The 

corresponding probabilities for the two classic models Reed-Frost and Greenwood are given in the 

subsequent columns. The next column gives the observed frequencies. The last two columns contain the 

expected frequencies. The problem with applying the chi-square goodness-of-fit test is the large number of 

cells with small expected values. Schenzle (1982) calculates the P-values by combining the expected values 

according to three rules: P1 is calculated by pooling the cells according to the total number of cases, P2

according to the length of the chain and finally P3 according to the number of cases in the first generation. 

The table contains the corresponding P-values for these three types of grouping. In contrast to the analysis by 

Heasman and Read he concludes that even the Reed-Frost model does not provide an adequate fit. The 

Greenwood model yields smaller P-values for all three modes of grouping. Schenzle produces 6 other 

models some of which give a much better fit than the classical models by Reed-Frost and Greenwood. 

Table 2. Fitting the Greenwood model to observations of measles in households with one primary 

case and two susceptible individuals

Type of chain Probabilities Observations Obs. lumped Expectations Exp. lumped

1{ } q2 51 51 51.2 51.2

1� 1{ } 2 pq2 67 67 66.5 66.5

1� 1� 1{ } 2 p2q 36 123.0

1� 2{ } p2 262
298

175.3
298.3

1 416 416 416.0 416.0
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Table 3. Fitting the Reed-Frost model and the Greenwood model to 664 individual chains of common cold 

in households of five individuals

Chain Reed-Frost Greenwood Observed Pred (R-F) Pred (G)

1{ } q4 q4 423 405.2 400.0

1� 1{ } 4 pq6 4 pq6 131 147.1 147.8

1� 1� 1{ } 12 p2q7 12 p2q7 36 45.3 46.5

1� 1� 1� 1{ } 24 p3q7 24 p3q7 14 10.5 11.1

1� 1� 2{ } 12 p3q6 12 p3q5 8 6.0 7.1

1� 2{ } 6 p2q6 6 p2q4 24 25.6 34.0

1� 2 � 1{ } 12 p3q5 1 + q( ) 12 p3q4 11 12.7 8.1

1� 1� 1� 1� 1{ } 24 p4q6 24 p4q6 4 1.4 1.5

1� 1� 1� 2{ } 12 p4q5 12 p4q5 2 0.8 0.8

1� 1� 2 � 1{ } 12 p4q4 1 + q( ) 12 p4q4 2 1.7 1.0

1� 1� 3{ } 4 p4q3 4 p4q3 2 0.3 0.4

1� 2 � 1� 1{ } 12 p4q4 1 + q( ) 12 p4q3 3 1.7 1.1

1� 2 � 2{ } 6 p4q2 1 + q( )
2

6 p4q2 1 2.0 0.6

1� 3{ } 4 p3q4 4 p3q2 3 2.5 3.5

1� 3� 1{ } 4 p4q 1 + q + q2( ) 4 p4q 0 1.1 0.5

1� 4{ } p4 p4 0 0.1 0.1

P
1

0.059 0.001

P
2

0.012 0.003

P
3

0.351 0.176

Schenzle comes to the conclusion that the data do not allow discriminating between the models, 

probably because the data are lumped together. Despite the fact that this data set has been analysed and 

reanalysed several times, it does not provide much epidemiological insight. For drawing meaningful 

conclusions one would need to know more about the sources of heterogeneity among the various household 

epidemics, i.e. reference to season and to the identity of the individual household.

From these examples one can conclude that the classical chain binomial models are too simple to 

describe the data in a realistic way. Later analyses have shown that one has to add variability among 

parameters and/or time dependence in the parameters. In spite of these shortcomings the classical models 

provide important building blocks for more realistic models if the data are available in sufficient detail. 

3. The Kermack-McKendrick model 

Kermack and McKendrick (1927) proposed the following epidemic model for the spread of an 

infection in a homogeneously mixing population:

dx

dt
= �� xy,

dy

dt
= � xy � � y,

dz

dt
= � y.

Here x, y and z denote the number of susceptible, infective and immune individuals. The parameter � is the 

contact rate and the parameter � is the recovery rate, i.e. the rate of transfer from the infective into the 

immune state. Implicitly the model assumes an exponentially distributed time in the infective state. Kermack 

and McKendrick originally described a more complicated model for which the distribution of the time in the 

infective state is arbitrary, but in simplifying the assumptions, they come up with the present equations, 

which often are simply referred to as the Kermack-McKendrick model ignoring that this is just a special case 
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of a more general approach. Kermack and McKendrick noticed that there is no explicit time-dependent 

solution for this non-linear system of differential equations, but they derive an approximate solution by using 

a Taylor expansion up to the second degree of the exponential function, which occurs in the solution for the 

third equation. This quadratic function can be solved explicitly. If one assumes that initially there is one 

infective individual, no immune individuals and x0 susceptible individuals, then one can express the solution 

in terms of the basic reproduction number R0 which is the number of secondary cases which one infective 

could infect in a completely susceptible population. This number is the key threshold parameter in epidemic 

theory. Heesterbeek (2002) describes the intricate path until this insight became common knowledge among 

infectious disease epidemiologists. The incidence of new infections is given by the following equation:

dz

dt
=

� x
0
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Here the function sech is the inverse of cosh. The advantage of this explicit solution over the fitting of the 

epidemic curve by the normal distribution or some other Pearson curve is the interpretability of the 

parameters. Kermack and McKendrick fit their model to the number of deaths from plague “in the island of 

Bombay over the period 17 December 1905 to 21 July 1906”. The observed numbers on the ordinate 

represent the number of deaths per week and the abscissa denotes the time in weeks. They give the numerical 

values for the three parameters in this model from which one could deduce that x0 = 7722, R0 = 1.32 and the 

average duration of the infectious period is 5.6 days. Here they refer to bubonic plague, i.e. they are aware 

that this is not a direct transmission from man to man. Therefore they are very cautious and say: “A close fit 

is not to be expected and deductions as to the actual values of the various constants should not be drawn.” 

Figure 1 shows the fitting of this model to an epidemic of pneumonic plague in Harbin (International Plague 

Conference, 1912). Here transmission is from man to man and the parameters can be interpreted: they are x0 

= 2985, R0 = 2.00 and a mean infectious period of 11 days. The last estimate is biologically realistic if one 

takes into account that a more detailed model would break this interval down into a latent and an infectious 

period. This approach is obviously superior over the fitting by curves with non-interpretable parameters. 

Figure 1. Observed and fitted weekly incidence of pneumonic plague in Harbin 1910/1911. The 

fit is based on the classical Kermack-McKendrick model.
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4. The general stochastic epidemic in a finite population

In a seminal paper McKendrick (1926, 1997; Dietz 1997) introduced a stochastic model with 

continuous time for the spread of an epidemic in a finite population. It took more than twenty years until this 

model was analysed mathematically in more detail by Bartlett, Bailey and others and another twenty-five 

years until it was first fitted to a smallpox epidemic in Abakaliki, Nigeria, which took place in 1967 in a 

religious group that refused vaccination. The first attempts to fit the model were based on the information the 

30 cases occurred in a homogeneously mixing group of 120 susceptible individuals. The following formula 

allows to estimate the basic reproduction number R0 if one knows the initial and the final proportion of 

susceptible individuals s0 and s1, respectively:

R
0
=
ln s

0
� ln s

1

s
0
� s

1

.

Assuming that initially all members of the community were susceptible, one arrives at a surprisingly low 

basic reproduction number for smallpox of 1.15. If, however, a certain proportion of the individuals were 

already immune at the beginning, then the basic reproduction number would be higher. The low estimate of 

the basic reproduction number has been found in many papers because the detailed report about this 

epidemic had been ignored. In the meantime this report is available from the homepage of WHO (Thompson 

and Foege, 1968). Eichner and Dietz (2003) have reanalysed this data set taking into account the following 

details: the vaccination history of members of this community; the distribution of the time between infection 

and the onset of fever and the distribution of the prodromal period. One important result is that the infectivity 

is estimated to be much higher during the period of rash compared to the prodromal period. Altogether the 

basic reproduction number for this community is estimated to be 6.87 (95 % CI: 4.52, 10.1), i.e. much higher 

than the previous value of 1.15. 

5. Concluding remarks 

The last example shows clearly that parameter estimates are highly dependent on the underlying 

model assumptions. Therefore one has to be cautious in interpreting numerical estimates. Ideally two aspects 

must be fulfilled: a reliable documentation of the events and a realistic model for the description of the 

observed process. The sophistication of statistical methods has increased considerably. Lately Markov Chain 

Monte Carlo methods, martingales and Bayesian analyses have been applied to the problem of estimating 

key epidemiological parameters. Much remains to be done.
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Statisticians working on clinical medical research have become entangled in the medical profession’s 
internal struggles over conflict of interest concerns in development and marketing of drugs, biologics, and 
devices. The locus of entanglement is an editorial position taken by JAMA:The Journal of the American 
Medical Association which, with 12 editions in 11 countries, claims to be the world’s most widely circulated 
general medical journal (JAMA, 2005, 2007).  In a 2001 editorial primarily discussing financial and other 
disclosure requirements for authors, the Journal’s three senior editors urged that biostatisticians outside the 
sponsoring company participate in the analysis of industry-sponsored research (DeAngelis, Fontanarosa, and 
Flanagin, 2001), and asserted the right of protocol review for any submitted study.  These suggestions 
became publication requirements respectively in 2004 and 2005 (JAMA, 2004; Fontanarosa, Flanagin, and 
DeAngelis, 2005).  Current Instructions for Authors state that “For industry-sponsored studies, an analysis of 
the data (entire raw data set, study protocol, and prespecified plan for data analysis) must be conducted by an 
independent statistician at an academic institution, such as a medical school, academic medical center, or 
government research institute, that has oversight over the person conducting the analysis and that is 
independent of the commercial sponsor.”  Details of this independent statistical analysis and arrangements 
for it are to be reported in the Acknowledgment section of the manuscript (JAMA, 2007).  Examination of 
JAMA clinical trial reports confirm that this policy is in place.  While other medical journals have not to this 
author’s knowledge adopted similar policies, some industry-sponsored studies have voluntarily incorporated 
such reviews into the publication process (see e.g., Cannon, Curtis, Bolognese, Laine L, 2006), and some 
journals have requested data reanalyses for particular submissions (LaVange L, personal communication). 

The biomedical statistics community’s reception of JAMA’s policy has been mixed.  The right of editors 
and reviewers to have broad access to study planning materials has been broadly supported, and accepted by 
the Pharmaceutical Research and Manufacturers of American (Loew, 2005).  The International Biometric 
Society’s (IBS) official position, conveyed through JAMA in a letter to the editor dated 2 August 2005, 
accepts the principle of data access and external statistical review, in a comment remarkably edited out of the 
published version, stating that “symmetrically applied, across and within professions, JAMA’s policy can be 
an important step forward” (Molenberghs G, Imrey P, Drake C, 2005).  The strongest objections have been 
directed not to the requirement for independent reanalysis, but to what the IBS termed its asymmetric 
application to biostatisticians in an industry setting.  The sense has been that this policy unfairly focuses 
suspicion on biopharmaceutical industry statisticians, in comparison to statisticians employed elsewhere and 
researchers in other disciplines, and that provision of the study’s protocol, protocol amendments, and data 
analysis plan would usually suffice (Loew, 2005; Molenberghs G, Imrey P, Drake C, 2005; Senn SJ, 2006).  
This point has generated lively discussion between journal editors and biostatisticians in editorials, letters, 
and at meetings (Fontanarosa and DeAngelis, 2005; Rothman KJ, Evans S. 2005, 2006; DeAngelis CD, 
2006; Fontanarosa P, DeAngelis CD, 2006; Lagakos S, 2006; Rockhold FW, Snapinn W, 2007).  JAMA
editors maintain that the policy has improved their editorial review process, and that an industry record of 
“scientific and ethical lapses,” and the possibility that industry statisticians might be influenced by perceived  
pressures to selectively report data or by individual financial incentives, warrant special oversight 
(Fontanarosa and DeAngelis, 2005; DeAngelis, 2006).  International Statistical Institute (ISI) President Niels 
Keiding has touched on the underlying complexity of this debate and suggested ways that ISI might help to 
raise consciousness of conflict-of-interest issues among statisticians (Keiding N, 2006). 
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This paper addresses challenges to the statistical community raised by this exchange, but that transcend it.  
We begin by considering the specific instances cited by JAMA editors as justifying heightened suspicion, and 
special statistical review, of commercially-sponsored studies (Fontanarosa and DeAngelis, 2005; DeAngelis, 
2006).  A common thread will be noted linking multiple practices that have come under fire as improperly 
manipulative of medical research and publication processes.  JAMA’s editorial policy will then be considered 
in the context of the varied responses by the medical community to these practices.  It will be argued that 
fundamental statistical values are central to the current medical critique of industry practices, and that these 
practices require active responses by statistical leaders as well, across all work environments. 

Randomized clinical trials of selective cyclooxygenase (COX-2) inhibitors are prominent in JAMA
concerns.  The CLASS study compared toxicity of celecoxib (Celebrex®) with those of the non-steroidal 
anti-inflammatory agents ibuprofen and diclofenac, taken daily by patients with osteoarthritis or rheumatoid 
arthritis.  Funded by the maker of celecoxib, CLASS reported, in JAMA, lower gastrointestinal toxicity rates 
in celecoxib-treated patients through six months of therapy (Silverstein F, Simon L, Faich G, 2000).  
Subsequent letters revealed that the published report was based on data provided to the US Food and Drug 
Administration (FDA), but that the published study departed from the FDA filing by truncating the reported 
observation period and redefining the primary endpoint.  The authors were also questioned as to  whether a 
prespecified sequential testing procedure had been used (Hrachovec JB, Mora M, 2001; Wright JM, Perry 
TL, Bassett IKL, Chambers GK, 2001).  The authors responded that changes had been made in response to 
confounding of longer-term data by informative dropout, had been reviewed and approved by three oversight 
committees external to the sponsor, that longer-term data on their chosen endpoint was consistent with the 
data they reported, and that sequential testing had been used for primary but not secondary endpoints.  They 
acknowledged that they could have explained the restriction to six-month data from a longer study on 
submission of the manuscript, but argued that the longer-term data were “so confounded as to be difficult to 
interpret for assessing a drug-related GI toxicity” (Silverstein FE, Faich G, Goldstein JL, 2001).  The FDA 
review, however, had concluded that analysis of the longer-term data was most valid.   

In late 2000, the New England Journal of Medicine published the VIGOR study, comparing refocoxib 
(VIOXX®) with the NSAID naproxen for chronic use in rheumatoid arthritis patients.  VIGOR showed less 
upper gastrointestinal tract toxicity than naproxen, as was hoped, but this paper has been widely criticized 
for: i) with little justification, reporting and interpreting elevated incidence of myocardial infarction with the 
experimental drug, relative to the established control, as reduced incidence of the control relative to the 
experimental agent; ii) reporting data on adverse cardiovascular events from a shorter follow-up window 
than data on the primary outcome, gastrointestinal toxicity; and iii) not directly comparing the reduction in 
number of complicated gastrointestinal events associated with refocoxib with the increase in number of 
serious thromboembolic events also associated with its use.  The authors have defended their approach on 
each point as consistent with established principles of clinical trial conduct, indicating that omitted data on 
cardiovascular endpoints had little influence, and were not included in analysis, or separately reported, due to 
agreement between the sponsor and Data Safety Monitoring Board before the study was unblinded. 

Although multiple issues have been raised regarding these studies, JAMA and NEJM editors have focused 
attention on the perceived withholding of data relevant to clinical decisions, and to a lesser degree on style of 
presentation and interpretation (DeAngelis, 2006; Curfman, Morrrissey, Drazen JM, 2006).  Omission of 
data has been criticized, but not analyses of data that were included.  The omission of one year data from 
CLASS would have been immediately obvious to anyone in possession of the protocol.  The omissions from 
VIGOR would have been invisible to an external analyst as they were not in the data available to the authors 
(although an astute reviewer might have asked about the disparity between efficacy and safety follow-up 
periods).  Both papers were coauthored by academic statisticians so JAMA’s current policy, had it been in 
effect at either journal, would not have affected the review process.  In both cases there are arguable points.  
A third COX-2 related concern is reporting of cardiovascular deaths in patients taking refocoxib in the 
ADVANTAGE trial (Lisse JR, Perlman M, Johansson G, et al., 2003).  Once more, the issue is the omission 
from the research publication of serious adverse events reported to the FDA (Egelman DS, Presler AH). 

JAMA editors’ other examples involve blatant selective data suppression.  In 2001 JAMA published a 
negative study of an HIV immune-modifier.  The study had been stopped when an interim analysis by its 
external data safety monitoring board showed no benefit and low conditional power.  The report was 
submitted by academic investigators over the objection of the test agent’s manufacturer, the study sponsor, 
which had withheld approximately 25% of the study follow-up data and instituted a multi-million dollar 
lawsuit against the principal investigator and his university medical center (Kahn JO, Cherng DW, Mayer K, 
Murray H, Lagakos S, 2001).  That institution, which had previously been embarrassed for not supporting a 
junior faculty member in a now infamous example of corporate scientific malfeasance involving generic 
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thyroid hormone, had taken a different stance this time around.  On technical grounds the analysis does not 
appear to have been controversial, but the involvement of an academic statistician was central to publication 
of sufficient data to support a negative conclusion. 

Further, studies of selective serotonin reuptake inhibitors (SSRIs) that were negative regarding benefit, 
but contained accumulating suggestion of harm, were provided to the FDA but selectively withheld from 
publication until the manufacturer was threatened with lawsuit.  Thus, for example, a study in which follow-
up concluded by April 2001 was published over five years later (Emslie GJ, Dineen Wagner K, Kutcher S, et 
al.).  Finally, JAMA editors object to the failure of a manufacturer of implantable cardioverter-defibrillators 
to alert physicians of potentially fatal electrical malfunctions accumulating over a three year period, while 
reporting these to the FDA as required by law (Maisel WH, 2005). 

Much can and has been written about each of these episodes of presumed corporate malfeasance.  
Whatever one may feel about the fine points of adverse event reporting disputed in the refocoxib studies, it is 
not difficult to find other consciousness-raising examples.  For instance, the manufacturer of refocoxib has 
also been accused of attacking the validity of an observational study it funded, and the methods of which it 
had approved, in the face of disagreeable results.  The manufacturer/sponsor of a completed major 
observational study on risks of the anticlotting agent aprotinin did not provide the study’s data to an FDA 
advisory panel meeting on the topic the study was designed to address, or even notify the panel of the study’s 
existence (Avorn, 2006).  Regardless of details, counterarguments, and even the specific examples chosen, 
the clear common thread that runs through these cases is not statistical analysis, or the effects of possible 
conflicts of interest on industry vs. academic statistical reasoning, but physician-editor concerns about data 
withholding or suppression, writ large or small.  In describing this, NEJM editor Jeffrey Drazen commented 
that editors “found themselves playing a game of research hide-and-seek” (Wilde Mathews, A, 2005). 

These examples might be interpreted as isolated problems such as history has shown to be inevitable in 
large scale enterprises, including big science. But they occur against a  backdrop of accumulating evidence 
that conflicts of interest are distorting the system for evaluating and targeting new therapies.  This evidence 
is not scientifically conclusive.  Available studies do not approach a demonstration of causality, nor are they 
capable of demonstrating a difference between ethical practices of industry vs. academic research, for 
instance.  But the accumulation is compelling enough on its face to seriously damage public confidence in 
medical science.  I will list a few pieces. 

The ADVANTAGE trial has been described as an instance of two deplorable research practices: seeding 
trials and medical ghost authorship (Berenson, 2005).  Seeding trials are scientifically insignificant studies 
used to introduce physicians to a product through its use in the trial (Kelton E, 2007).  Of doubtful benefit to 
patients or physicians, they are related to push-polling, in which a question sequence is structured to elicit 
specific responses and actions, as well as to uses of bogus polling as entrée  to sales or solicitation of 
donations.  Ghost authorship refers to a practice where communications companies contracted by marketing 
arms of pharmaceutical companies prepare manuscripts to be published under the names of opinion leaders 
in academic medicine.  Thus, the first author of the ADVANTAGE trial publication has acknowledged that 
his primary role was to receive and edit a paper written elsewhere, based on analyses furnished by others 
(Berenson A, 2005).  Pharmaceutical firms are known to engage in whole programs of ghost authorships on 
behalf of a product (Moffat B, Elliott C, 2007).  These papers tend to support one another and marketing 
efforts.  A former colleague, called for technical assistance, spoke at length to a statistician working on such 
a paper at a communications company (Greene T, personal communication). 

Surveys of various sorts have yielded disturbing results  A survey of primarily European biostatisticians 
suggests that questionable practices in clinical research are fairly common and are not well reported 
(Ranstam, Buyse, George, et al, 2000).  Clinical trials conducted outside the US and submitted to the US 
FDA increased by a factor of 16 from 1990-1999, disproportionately in less regulated countries (Chan AW, 
2006).  Data have been assembled showing correlations of study sponsorships and financial involvements of 
authors with results of clinical trials and other quantitative studies (see, e.g., Bekelman JE, Li Y, Gross CP, 
2003).  Members of institutional review boards (IRBs) and regulatory advisory panels have been found to be 
frequent recipients of corporate support, irregularly disclosed (Newcombe JP, Kerridge IH, 2007).   

Periodic revelations of apparent conflict of interest by prominent scientists and regulators (Lenzer 2006, 
Tanne 2007) have also occurred.  Physicians practice in an environment of ubiquitous involvement of 
pharmaceutical manufacturers in continuing medical education; pressures generated by direct-to-patient 
marketing of drugs and, sometimes, of dubious designations of new disease entities.   

It is important to note the serious responses by the medical research establishment, regulatory authorities, 
and industry to these concerns.  Recent policy protections include more stringent conflict-of-interest 
disclosure requirements on all fronts, often using a strong Association of American Medical Colleges 
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(AAMC) definition – the definition used by JAMA -- that does not distinguish actual conflict from situations 
with the appearance of conflict (Association of American Medical Colleges, 1990).  Corporate ethical codes 
have been strengthened.  Medical journals now require signed statements from authors attesting to full 
involvement with research and access to data, and assuming full responsibility for research publications. 
Many research centers have upgraded institutional research policies protecting access and autonomy of 
publication of locally-generated clinical research data.   Some professional societies have imposed stringent 
limitations on traditional physician perquisites and interaction with commercial sponsors, to the point of 
prohibiting fraternization at meetings (American Academy of Neurology, 2007).  Clinical trial registration, 
which provides notification to the public and medical professionals of the existence of a trial, has been 
adopted as a precondition for publication by the International Committee of Medical Journal Editors (De 
Angelis, Drazen, Frizelle et al., 2004).  Government agencies have imposed new clearance requirements on 
the activities of regulators and scientists.  Industry-sponsored clinical trials in Western countries are 
generally subject to strict controls including extensive adverse event surveillance and reporting during the 
conduct of a study.  These are not limited to known or anticipated side effects of investigational agents. Data 
monitoring boards with principal responsibility to protect patient safety are increasingly used for external 
oversight.  Clinical research associates monitor data by on-site visits to clinical research sites.  Industry data 
analyses follow statistical analysis plans generally prepared by statisticians blinded to the accumulating data, 
often previously negotiated with regulatory authorities.  Data management of important studies is subject to 
potential Food and Drug Administration (FDA) audit and, for regulatory submissions, reanalysis and new 
analyses of raw data are routinely conducted by FDA statisticians. 

In this environment, it is not surprising that medical editors who feel in danger of being misled by 
incomplete reporting might impose a statistical reanalysis requirement.  The possibility that a corrupt or 
threatened industry statistician might skew trial results does seem remote, especially in a manner readily 
detectable in this way.  But ethical superiority to physicians is a poor argument for special immunity from 
scrutiny for statisticians in a medical experiment.  In a context of public questioning of research integrity, of 
medical journal editors questioning the honesty of both industry physician research leaders and senior 
academic physician investigators, and in studies where other aspects of scientific conduct are routinely 
scrutinized, JAMA’s request for oversight of statistical work, though perhaps not the most efficient use of 
resources, is legitimate.  After all, where else would one go, other than a courtroom, to see as much of the 
data as it is possible to see?  On the one hand, the study statistician combines extensive knowledge of the 
design, protocol, related discussions, and both safety and outcome data.  Moreover, if one hopes to detect 
unbalanced presentation, and clues to artful data selection, a statistician may provide the most relevant 
professional expertise.  On the other hand, because the data ultimately funnel through us, we have unusual 
leverage on the results, and could theoretically exercise this leverage with subtlety and minimal material and 
personnel resources.  It is an unusual step, but not unreasonable in principle, to add contact with or oversight 
of the study statistician’s work to the review process.  From both of these perspectives, the statistician’s 
centrality to the clinical research process brings vulnerability to scrutiny.   

But I doubt that JAMA editors expect to find statistical malfeasance per se in data reanalysis.  More likely 
benefits of this policy for the Journal are potentially improved data access and, in its editors’ view, shared 
accountability.  Selective reporting of industry data has been a significant problem in medical research for 
decades.  In addition to clinical trial registration, acquisition of actual data could provide some degree of 
relief from this problem.  Reanalysis of data following a sponsor’s analytic plan is a standard practice of 
many FDA statisticians, used less to check calculations than as a first cut at understanding the data.  JAMA’s 
policy buys either i) involvement with the initial data analysis, and thus some level of protection against 
selective reporting, or ii) subsequent reanalysis and opportunity for detailed questioning of the data and 
analyst.  By this route, the journal obtains more in-depth review than would have been possible without the 
data on hand. In either case i) or case ii), the data are reviewed by someone with a reporting line outside of 
the sponsoring corporation, and who is not a ghost author.  The reviewing statistician and host institution are 
seen by JAMA editors as providing institutional oversight to vetting of the research, and hence to share that 
responsibility with JAMA.  If a JAMA publication so vetted is later found to be misleading by virtue of data 
reporting, or if unreported conflict-of-interest is felt to be of concern, the reputation of the reviewing 
institution is also put at stake. By this route, the damage to JAMA is partially deflected, and the resources and 
motivation for redress are increased.  It is not clear whether all reviewers and their institutions accept this 
shared accountability knowingly, but JAMA editors feel such recourse has been useful (DeAngelis, 2006).   

Although JAMA editorial policy has been seen as prejudicial against industry statisticians, might it also be 
seen as placing more trust in academic statisticians than in all other participants in the clinical research 
enterprise?  But perhaps not, as the academic statistician is felt to be warranted by his or her institution.   
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This is a complex situation, and of necessity I will forego discussion of the practicality of thorough 
external statistical review, vulnerabilities of academic statisticians to conflict-of-interest, and related issues.  
The remainder of this paper will focus on a far more complex question, how to address the information flow 
problems against which the International Committee of Medical Journal Editors (ICMJE), through various 
means, has been mounting a counterattack (Davidoff F, DeAngelis CD, Drazen JM, et al., 2001; DeAngelis 
CD, Drazen JM, Friselle FA, et al., 2004).

 Some of these problems are old and some, or at least their severity, seem new, but the existence of each 
seems uncontestable.  I refer here to selection or suppression of research results for publication by virtue of 
their compatibility with a commercial objective, to selective reporting of the existence of data (but not to 
principled discussion and alternative interpretations of validity), to ghost authoring of scientific papers, and 
to seeding trials and related artfully designed clinical studies that present marketing in the guise of science.  
Although there are certainly shades of gray in clinical research studies, in general these practices are 
antithetical to the desires for open-minded inquiry, good faith with research subjects, and dispassionate 
interpretation and communication of methods and results, that shape our ideals as statistical researchers, 
teachers, and applied statisticians.  If one accepts that these practices exist, and that talented and respected 
industry and academic physicians have been caught up in them, then one must consider possible involvement 
of statisticians as well.  Involvement implies neither responsibility nor absence of such.  A legitimate 
question is whether all of us, in academia or industry, are participants in a system in which ethical behavior 
by the individual scientist is insufficient to stem unethical institutional behaviors.  But withheld data have 
likely been analyzed or at least tabulated, and ghost-authored manuscripts and reports of seeding trials 
include data analyses as well.  My hope is that statisticians who encounter such practices in their work 
advocate against them, and I expect that is the rule.  Because, although interdisciplinary teamwork and 
mutual trust are important to good applied statistics, we cannot become scientific advocates for hire without 
losing the heart of our professional identity and the justification for our standing as scientists. 

If one acknowledges that strengthening public trust in science in the face of such practices as above can 
warrant oversight of clinical research statistics, then intellectual honesty requires pursuit of related questions 
about the nature of conflict-of-interest in applied statistical work more generally.  These questions involve 
the roles and responsibilities of statisticians working on interdisciplinary teams, in all professional 
environments.  Here are several, with tentative “sound-bite” answers. 

What differentiates conflict of interest in applied statistical work from a statistician’s responsibility 
to a scientific team?  The primary obligation is to the team in developing its scientific work, including when 
scientific advocacy plays an accepted role, but to the scientific community in analysis and formal 
presentation of results.   Pragmatism and compromise do buy later trust and influence, but care is required. 

Do statisticians have special responsibility to maintain a dispassionate scientific posture?  In 
statistical science, sources of inferential error, and differentiation of  equitable from inequitable research 
designs and analyses, are primary foci of study, independent of subject matter.  This knowledge carries 
special obligation to beneficent use.  Statisticians should accept, with humility, the roles this thrusts upon us. 

What are professionally appropriate limits of statistical advocacy?  Role delineation is critical.  
Statisticians may act as advocates, but should avoid  advocacy not labeled as such, or use of their work in 
unlabeled advocacy by others. 

Do we share and educate statisticians to a sufficiently specific professional ethic?  Ethical codes 
exist, but education to a shared ethic has only been implicit.  A  clear ethos may have existed when the field 
was smaller and less diversified, but the current state is unclear. 

What support do we provide colleagues under pressure?  The currency, utility, and even the extent 
of awareness of existing ethical codes, is unclear. Anecdotal evidence on the support they provide is weak. 
Ethical prescriptions are hard, because competing ethical priorities may conflict. 

Whether these are “right” answers is less important than that clear professional stances towards these and 
related questions be formulated.  A fundamental lesson of the JAMA experience is that central responsibility 
and power over decisions, whether perceived or real, attract scrutiny to statisticians as well as others.
Concerns over conflict-of-interest in statistical work will increase as attention is more often drawn to our 
central roles in important societal decisions.  Scrutiny will increase, and we will be called upon more often to 
defend our work.  The postures we take toward such situations will help define us for other scientists and the 
public.  It is critical to distinguish statistical science from the ubiquitous uses of statistics in entertainment 
and marketing.  ISI and our professional societies can play important roles in this. 

In asking JAMA for equity, not immunity, our professional community got it right.  I will close by 
suggesting ways we can collectively prepare for and address calls for oversight, protect against conflicts-of-
interest, and safeguard the respect our discipline has earned. 
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Support the integrity of information flow.
The statistical community should consider taking public positions against practices that bias information 
flow in research and blur the distinction between science and marketing, particularly in clinical medical 
studies. More generally, to serve the public interest, we should identify ourselves with the principle of 
maximizing open exchange of scientific information, and access to scientific data, consistent with protecting 
legitimate interests of data producers.  Data sharing, when appropriate, involves significant practical 
difficulties and costs. Statistical support for data sharing may involve methodological and other technical 
contributions, for instance in developing data interchange standards and methods to protect subject 
anonymity.  As a specific example, we should consider public support of the WHO position on clinical trial 
registration (Chan AW, 2006;Rockhold FW, Snapinn S, 2007) 
Delineate statistical roles.   
Our community should distance advocacy from scientific inquiry and signal extraction, by explicitly 
encouraging statisticians and others to carefully distinguish between statistical roles.  Lack of firm 
philosophical grounding makes such distinction difficult in the abstract, but often straightforward in practice.
Advocacy using statistics is legitimate if it is labeled and does not misrepresent.  The statistical community 
should strongly encourage professional statisticians to dissociate from situations in which advocacy goes 
unlabeled, or science and advocacy cannot be distinguished.  This includes involvement in ghost authored 
papers, in situations where an unbalanced representation of scientific work or selective data collection is 
used for commercial promotion, and situations in which advocacy masquerades as science, such as seeding 
studies, push polling and poll-based solicitations. 
Accept scrutiny
Statistical institutions should prepare to accept responsible scrutiny gracefully, and should encourage 
development of mechanisms to make this workable with minimal overhead.  Responsible scrutiny must 
include presentation of background material furnishing context for published analyses of shared data, such as 
protocols, rationales for selection of methods, model validity checks, and valid alternative analyses. 
Confront bias and conflict of interest in statistical education.
Academic programs should cultivate awareness of  data collection biases, including selection and 
measurement biases, in statisticians across the board, teaching by the many vivid examples available in the 
survey sampling and medical literatures.  Epidemiologists, social scientists, and survey researchers seem to 
receive more training in these issues than most statisticians.  Since all statistical trainees may become applied 
statisticians, we should incorporate core ethical concepts pertaining to conflict-of-interest throughout 
statistical education, with specific reference to problematic situations in multiple work environments. 
Educate our collaborators to accept statistical complexity.
Didactic expository writing for other disciplines with which we collaborate should be more strongly 
encouraged.  Criticism is sometimes based on misunderstanding.  Modern statistical methods address 
complex issues with layers of deterministic and stochastic structures, each carrying its own assumptions.  
Improved missing data techniques, only now coming into use, will add complexity to analyses of many 
studies.  Scientific collaborators often invite us to simplify, and our job is to summarize.  But simplistic 
summarization invites caricature and derogation if closely examined.  We should prepare for scrutiny by 
teaching our collaborators, and by using every opportunity provided by scrutiny for additional teaching (see 
e.g., Lagakos, 2006, as an example).   
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RESUME

Statistical thinking increasingly pervades modern institutional decision-making, particularly for business, 
scientific, and public policy decisions involving readily quantifiable outcomes with noisy input data. 
Statisticians take pride when statistical design and analysis frame discourse and are pivotal to a decision.  
This talk considers scrutiny as a price of such influence, with recent medical research controversies as point-
of-departure.

Conflict of interest in medical research is drawing increasing concern from the public, governments, and 
prominent journals.  With growing dependence of public-sector research on private-sector support, 
suspicions have been heightened by instances of selective dissemination, ghost authorship, attempted data 
suppression, research designs subordinating science to marketing, and industry financial ties to regulatory 
advisory panelists and authors of practice guidelines. 

Data from clinical studies are assembled and interpreted under statistical supervision.  Our information may 
be privileged, our judgments may be technically debatable, and our decisions can greatly affect a study’s 
impact, and biopharmaceutical stock prices.  In a published survey, many biostatisticians claimed awareness 
of fraudulent medical research.  Conflict-of-interest concerns may thus inevitably impinge on biomedical 
statisticians.  So a prominent medical journal now mandates academic replication of statistical analyses, 
selectively for industry research, while other journals assert rights to review raw data generally, and primary 
clinical trial statisticians are increasingly blinded to treatments. 

Our response, if any, to conflict-of-interest concerns, requires facing questions of professional identity.  
What differentiates conflict of interest in applied statistical work from a statistician’s responsibility to a 
scientific team?  Do statisticians have special responsibility to maintain a dispassionate scientific posture?  
What are professionally appropriate limits of statistical advocacy?  Do we share and educate to a sufficiently 
specific professional ethic?  More down-to-earth, i) what support do we provide colleagues under pressure, 
and ii) what are the practical limitations and ramifications for statisticians and institutions undertaking data  
analytic reviews?  Tentative answers will be offered. 
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28 CHAPTER 1. INVITED PAPER MEETINGS (IPMS)

————————————————————————————

Lesion density and disability in MS: thresholding asymptotically
Gaussian random fields via the tilted Euler characteristic

approximation

Chamandy Nicholas
McGill, E-mail: keith.worsley@mcgill.ca

Abstract: The expected Euler characteristic (EC) of excursions above a level u is commonly used as a p-value

approximation for thresholding random fields (SPM’s) arising from the statistical analysis of neuroimaging data. Exact

formulae for this quantity exist for a variety of random fields, including Gaussian, χ2, t, F, correlation, and numerous

multivariate test statistic fields. Recently, Adler and Taylor (2007) have extended the theory to any smooth function

of Gaussian processes on a very general class of parameter spaces. Chamandy, Worsley and Gosselin (2007) have

derived a saddlepoint approximation to the expected EC for stationary random fields which are only asymptotically

Gaussian, for example a sum of n non-Gaussian fields. They have shown that their formula is more accurate than a

simple Gaussian assumption in the asymptotic regime where the threshold u and sample size n are simultaneously

large. We recapitulate the theory of that article, and give a new geometric interpretation to the ‘tilted’ formula

suggesting an asymptotic version of Taylor’s (2005) Gaussian Kinematic Formula. Departure from normality can be

a problem in neuroimaging studies; see for example Viviani et al. (2007), where the authors considered voxel-based

morphometry data. We apply the corrected p-value approximation to an SPM formed by regressing a disability

indicator on the lesion density maps of multiple sclerosis patients. Some modification of the technique is required due

to the nonstationarity of the test statistic field. We demonstrate that when the SPM is negatively skewed, tilting can

lower thresholds, i.e. increase the amount of activation detected.

Key words and phrases: Random fields, image analysis, brain imaging, saddlepoint approximation, Euler charac-

teristic.

——————————————————————————————————————————————–
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Ozaki IPM02, ISI2007:

Title :  Innovation approach to spatial temporal modeling of fMRI time series with applications

Author : T.Ozaki  (Institute of Statistical Mathematics, Graduate University of Advanced Studies)

Key words : Spatial temporal correlations, spatial stochastic process, fMRI data, SPM, NN-ARX model, 

brain connectivity, causality.

Abstract: The statistical analysis of spatial and temporal data is discussed from the viewpoint of an fMRI 

connectivity study. The limitations of the well-known SPM method for the characterization of fMRI 

connectivity study are  pointed out. A use of  the innovation approach with NN-ARX is suggested to 

overcome the limitations of the SPM modelling.  The maximum likelihood method is presented for the 

NN-ARX model estimation. The exploratory use of innovations for the identification of brain 

connectivity between remote voxels is discussed.

1. Introduction

     fMRI(functional magnetic resonance imaging) is the measurement of haemodynamic response related 

to neural activity in the brain or spinal cord of humans or other animals. fMRI BOLD signal data is 

obtained as a time series at each voxels inside the brain, thus the fMRI data is typically a high

dimensional (64x64x36) time series observed from one experiment on a subject usually under some 

properly designed stimulus. The association between the spatially remote neurons in distinct brain regions 

gives us the key to understand human higher brain functions, and fMRI data is becoming a more and 

more common tool for brain connectivity studies. According to Friston(2003) the definition of functional 

connectivity is "correlation between spatially remote neurophysiological events". fMRI BOLD signal 

time series data is a kind of spatial temporal data and what is needed here is an efficient statistical method 

for estimation of "spatial temporal correlation structure" from the fMRI time series data, which is usually 

about 147,000 channel time series measured at 64x64x36 grid points in the brain. 

     The main objective of the present paper is to show that the innovation approach, developed for finite 

dimensional time series analysis, is still useful for the characterization of the spatial and temporal 

correlation structure of the "very high" dimensional fMRI data. 

2. Spatial and temporal covariance functions
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The correlation structure of a spatial temporal process behind the fMRI data, {xt
(i, j ,k ) (t = 1,2,...,N )}

with {(i, j,k) �(64 � 64 � 36)} , may be derived from the spatial and temporal covariance function,

                        cx (h,k) = cov{ �xt+ k
(s+h), �xt

(s )}  where �xt = xt � E[xt ] .

      In much of the literature (Cressie (1993) for example) it is assumed that the spatial temporal 

covariance function has  the following product representation,

                         cx (h,k) = cx
(1) (h)cx

(2) (k)

with a purely spatial component cx
(1) (h)  and a purely temporal component cx

(2) (k) . However, it must be 

noted that this assumption, called separability, is purely artificial and there is no physical or physiological 

reason supporting this assumption. Although the spatial covariance function of a spatial temporal process 

xt
(s )

may be formally defined (Whittle(1962)), under the spatial stationarity assumption, as, 

                        cx
(1) (h) = cov{ �xt

(s+h), �xt
(s )}

it is not so useful a tool as the temporal covariance function E[ �xt
(s )
�xt+�

(s ) ] = Rxx
(s ) (� )  defined at each 

voxel s=(i,j,k) in neuroscience. A large spatial correlation between the primary visual cortex V1 at (i,j,k) 

and V5 at (i+u1,j+u2,k+u3), for example, does not imply similar large spatial correlations for any other 

voxels (x,y,z) and (x+u1,y+u2,z+u3) with the same spatial shift determined by u1, u2 and u3.  This kind 

of spatial stationarity assumption may be suitable for the analysis of agricultural yield in the plane where 

the space is isotropic and the specific position does not matter (Whittle(1962)), but is surely not suitable 

for the human brain. 

      Unlike the spatial covariance function, the temporal covariance function is a reasonable measure for 

the characterization of the spatial process underlying  the fMRI time series. When the brain is under 

control for some time interval, with or without a stimulus, the measured fMRI time series may be 

considered to be temporally stationary. Under the assumption of temporal stationarity, we can define the 

temporal covariance functions at each voxel (i,j,k) as

                Rxx
(i, j ,k ) (� ) = E[xt

(i, j ,k )xt+�
(i, j ,k ) ]                                                     (2.1)

When fMRI data is measured under the on-off block-designed external stimulus, the temporal covariance 

function needs to be redefined carefully. If we could assume that the stimulus affects the BOLD signal 

continuously and the effect of stimuli continues beyond the resting period during the experiment, the 

definition of (2.1) may still be valid. However if the effect of the stimulus on the BOLD signal is 

significantly large compared with the period when stimulus is off, the relation between the connectivity 

and the temporal covariance function is not so simple. The temporal covariance function under on-mode 

and off-mode has to be distinguished through elaborate modelling in time domain (see Yamashita et 

al.(2005)).                        
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3. SPM and implied determinism

     One of the most commonly used methods for the statistical analysis of fMRI data is SPM ( Friston et 

al.(1995)) and its later versions. The SPM approach brings together two well-established bodies of theory 

(the general linear model and the theory of Gaussian fields) to provide a complete and simple framework 

for the analysis of imaging data. Although spatial information in fMRI is well exploited by sophisticated 

spatial statistical methods, temporal correlation information is not fully exploited in the SPM.

      The fMRI data xt
(v)

 (after going through necessary preprocessing such as normalization and 

removing artifacts) is characterized in SPM as

                        xt
(v)

= hk st� k
k=0

T

� + �t
(v)

                                                                    (3.1)

Here the noise �t
(v)

 is an observation error and it does not affect the future trajectory of xt
(v)

.  The 

response function hk is given by a combination of Gamma functions (see Lange and Zeger(1997) and

Worsley et al.(2002)) such as t re��t . The assumed parametric response function is subsampled at n scan 

acquisition times t1,t2 ,..., tn  to give the response yi = y(ti )  at scan i. Then the observed fMRI data xi

may be explained with the observation error �i  as

                    xi = yi� + �i

where the parameters in the model are estimated by the least squares method. Then (3.1) is equivalent to 

                        
yt

(v)
= hkst� k�

xt
(v)

= yt
(v)

+ �t
(v)

                                                                                (3.2)

The model implied by (3.2) is a deterministic process yt
(v)

, driven by an exogenous process s(t), 

measured by xt
(v)

 with an additive observation noise �t
(v)

, i.e.

                      
dz(v) (t) / dt = A z(v) (t) + B s(t)

xt
(v)

= C z(v) (t) + �t
(v)

                                                    (3.3)

For example, the deterministic system implied by the response function t k�1e��t is given by (3.3) where

the k x k matrix A, k-dimensional vectors B and C are given by

            

A =

�� 0 ... 0 0

1 �� ... 0 0

... ... ... ... ...

0 0 ... �� 0

0 0 ... 1 ��

�

�

�

�

�

�

�
�

�

�

	

	

	

	

	
	

, B =

b(v)

0

...

0

0

�

�

�

�

�

�

�
�

�

�

	

	

	

	

	
	

 and C = 0 0 ... 0 1( )

What this deterministic model (3.3) implies is a very strong assumption that the future value of the BOLD 

signal yt+�
(v) (� > 0)  is exactly predicted by the initial BOLD signal y0

(v)
 and the input 
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s(t) (0 < t < T ) . Here the noise �t
(v)

 is an observation error and never affects the future value of  

yt
(v)

.  The validity of this assumption also needs to be checked by an objective statistical method based 

on the observed data xt
(v)

. 

      Note that the response function hk  in SPM is set independent from the space variable v. This is also a 

very strong assumption, whose validity needs to be checked by an objective statistical method based on 

the observed fMRI data.

4. Innovation Approach and the NN-ARX model

In time series analysis, a natural way of characterizing the temporal correlation structure of a stationary 

time series is to use a linear dynamic model such as an AR model. The innovation approach suggests 

finding a dynamic model yielding the smallest prediction errors from the time series data. The fMRI 

BOLD signal data presents as a huge (typically 147,000) dimensional time series, where the prediction of 

each variable out of the 147,000 variables is considered. The optimal prediction of  yt
(i, j ,k )

 at time point 

t-1 will be E[yt
(i, j ,k ) | yt�1

(*) ]  under the local Gaussian assumption. Here yt�1
(*)

denotes all the BOLD 

signal information at time point t-1. Since neighbouring voxels could contain the most useful information 

for the one-step ahead prediction of   yt
(i, j ,k )

, a natural approximate linear predictor will be a linear 

combination of the neighbouring voxels yt�1
(i�1, j ,k ), yt�1

(i+1, j ,k ),..., yt�1
(i, j ,k+1)

and  itself yt�1
(i, j ,k )

. Then the 

prediction error may be written as

         �t
(i, j ,k )

= yt
(i, j ,k )

� {a1
(i, j ,k )yt�1

(i, j ,k )
+ b1

(i, j ,k )yt�1
(i�1, j ,k )

+ b2
(i, j ,k )yt�1

(i+1, j ,k )
+ ...+ b6

(i, j ,k )yt�1
(i, j ,k+1)}    

      When the fMRI of the subject is measured under some controlled stimulus input, the one-step ahead 

predictions may be significantly improved by using the information ( on or off) of the stimulus in the 

experiment.   Then the prediction error of yt
(i, j ,k )

is

�t
(i, j ,k )

= yt
(i, j ,k )

� {a1
(i, j ,k )yt�1

(i, j ,k )
+ b1

(i, j ,k )yt�1
(i�1, j ,k )

+ b2
(i, j ,k )yt�1

(i+1, j ,k )
+ ...+ b6

(i, j ,k )yt�1
(i, j ,k+1)

+�1
(i, j ,k )st�1}          

This implies the following spatial autoregressive type model will be a reasonable approximate dynamic 

initial model for fMRI time series:

yt
(i, j ,k )

= a1
(i, j ,k )yt�1

(i, j ,k )
+ b1

(i, j ,k )yt�1
(i�1, j ,k )

+ b2
(i, j ,k )yt�1

(i+1, j ,k )
+ ...+ b6

(i, j ,k )yt�1
(i, j ,k+1)

+�1
(i, j ,k )st�1 + �t

(i, j ,k )
.

       The original idea of the model was introduced by the present author at the Workshop on 

Mathematical Methods in Brain Mapping at CRM, University of Montreal in 2000, and has been further 

developed by Riera et al.(2004), where the model is called NN-ARX model (Nearest Neighbor 

AutoRegressive model with eXogeneous variable). A more general NN-ARX model with higher lag 

orders may be written as,

yt
(v)

= a1
(v)yt�1

(v)
+ ...+ ap

(v)yt� p
(v)

+
1

6
( bv '

(v)yt�1
(v ') ) +�1

(v)st�1 + ...+�r
(v)st� r + �t

(v)

v '�N (v)
�                   (4.1) 
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Here (v) = (i, j,k), N(v) = {(i �1, j,k),(i +1, j,k),(i, j �1,k),(i, j +1,k),(i, j,k �1),(i, j,k +1)} . 

Coefficients, a1
(v),...,ap

(v),bv'
(v),...,�1

(v),...,�r
(v)

 are calculated by solving the linear equation for each 

voxel v.  Whether the system noise �t
(v)

 is zero or not needs to be checked by a statistical method. 

Incidentally, we note that the discrete time model (4.1), with p = 1 and r = 1, can be obtained by 

discretizing the following partial differential equation model of a spatial stochastic process with an 

external input s(t).

           
�y(�,�,� , t)

�t
= a(�,�,� )y + b(�,�,� )(

�
2y

��
2 +

�
2y

��
2 +

�
2y

��
2 )+�(�,�,� )s(t)+�W (�,�,� , t)

In other words, we are interpreting the fMRI data as a realization of a spatial "blurring" process driven by 

stimulus s(t) and a spatial Gaussian white noise process �W (�,�,� ,t)  (Brown et al.(2000)). Here the 

innovation approach with NN-ARX model performs some kind of a "de-blurring" procedure in order to 

improve the resolution to see an important temporal spatial information in the data.

       (-2)log-likelihood of the NN-ARX model is given by

(�2)log p(x1
(1,1,1) ,..., x1

(64,64,36) ,..., xN
(1,1,1) ,..., xN

(64,64,36) |� ) � [ {log�
�t

(v )
2

+
(�t

(v) )2

�
�t

(v )
2 }

t= p+1

T

� ]+Const
v=(1,1,1)

(64,64,36)

�

If the data xt
(v)

 is transformed, by a Laplacian operator L, into yt
(v)

in order to remove the instantaneous 

correlations between neighbouring voxels, the likelihood function becomes

(�2)log p(x1
(1,1,1) ,..., x1

(64,64,36) ,..., xN
(1,1,1) ,..., xN

(64,64,36) |� )

= (�2)log p(y1
(1,1,1) ,..., y1

(64,64,36) ,..., yN
(1,1,1) ,..., yN

(64,64,36) |� )+ log det(L�1 )

� [ {log�
�t

(v )
2

+
(�t

(v) )2

�
�t

(v )
2 }

t= p+1

T

� ]+ log det(L�1 )+Const
v=(1,1,1)

(64,64,36)

�

i) �t
(v)

 is given for a standard NN-ARX model by

                    �t
(v)

= yt
(v)

� {a1
(v)yt�1

(v)
+

1

6
( bv '

(v)yt�1
(v ') )+�1

(v)st�1}
v '�N (v)
�    for �v    

ii) For a NN-ARX model, with �1
(v)st�1  term  for v �ROI(Region of Interest)  the �t

(v)
 is given by

                   �t
(v)

= yt
(v)

� {a1
(v)yt�1

(v)
+

1

6
( bv '

(v)yt�1
(v ') )+�1

(v)st�1}
v '�N (v)
�

and for v �ROI

                    �t
(v)

= yt
(v)

� {a1
(v)yt�1

(v)
+

1

6
( bv '

(v)yt�1
(v ') )}

v '�N (v)
�   

iii) For a NN-ARX model with the extra condition of remote lag-1 correlation between the pair  of voxels

v and w, �t
(v)

and �t
(w)

 are given respectively as
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�t
(v)

= yt
(v)

� {a(v)yt�1
(v)

+
1

6
( bv '

(v)yt�1
(v ') )+ c(v)yt�1

(w)
+�1

(v)st�1}
v '�N (v)
�        for v

�t
(w)

= yt
(w)

� {a(w)yt�1
(w)

+
1

6
( bw '

(w)yt�1
(w ') )+�1

(w)st�1}
w '�N (w)
�                  for w

  

or

         

�t
(v)

= yt
(v)

� {a(v)yt�1
(v)

+
1

6
( bv '

(v)yt�1
(v ') )+�1

(v)st�1}
v '�N (v)
�                            for v

�t
(w)

= yt
(w)

� {a(w)yt�1
(w)

+
1

6
( bw '

(w)yt�1
(w ') )+ c(w)yt�1

(v)
+�1

(w)st�1}
w '�N (w)
�         for w

iv) For an NN-ARX model with the extra condition of instantaneous correlation between the remote pair 

of voxels v and w, the innovations are given in the same way  as a standard NN-ARX model, but 

             {log�
�t

(v )
2

+
(�t

(v) )2

�
�t

(v )
2 }

t
� + {log�

�t
(w )

2
+

(�t
(w) )2

�
�t

(w )
2 }

t
�

in the (-2)log-likelihood (#) must be replaced by, 

          {log det
�

�t
(v )

2
� vw

� vw �
�t

(w )
2

�

�

�
�

�




�
�
+

(�t
(v) )2

�
�t

(v )
2 �t

(v)
�t

(w)
( )

�
�t

(v )
2

� vw

� vw �
�t

(w )
2

�

�

�
�

�




�
�

�1
�

�t
(v )

2

�
�t

(w )
2

�

�

�
�

�




�
�
}

t
	

where 

          � vw =
1

N
�t

(v)
�t

(w)
� .

5. Applications to Connectivity Study

In time series analysis, a natural way of characterizing the temporal correlation structure of a stationary 

time series is to use linear models, such as an AR model.  However when the process is driven by an 

exogenous variable, the definition of the correlation structure of the process is not as straight forward as 

the stationary time series case. In our innovation approach, the temporal covariance function under 

on-mode and off-mode of the stimulus can be distinguished through the modelling in time domain with 

indicating exogenous variables if the separation of the mode significantly contributes to reducing the 

prediction error variance yielding to larger log-likelihood and smaller AIC. 

     We note that, since the fMRI data is measured at a rather slow sampling rate, fast causal information 

transferred by neural connections may appear to be instantaneously driving the voxels from outside. Then 

the NN-ARX model prediction errors of the two remote voxels, if they are systematically connected by a 
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neural network, must have a strong correlation. A computational method to search for the pairs of the 

voxels, whose prediction errors have significantly large correlations between the pairs, is already 

implemented in a toolbox ( see Bosch et al.(2006)). Even though the map of correlations between 

prediction errors  �1
(v),�2

(v),...,�N
(v)

 and �1
(w),�2

(w),...,�N
(w)

 and the map of the correlations between the 

original remote voxels y1
(v), y2

(v),..., yN
(v)

 and y1
(w), y2

(w),..., yN
(w)

 contain the same information, the 

resolution has been shown to be much clearer in the map of the correlations between the prediction errors 

than in the map of correlations between the original data  in simulation studies(see Galka et al.(2006)).

      Once we find several important pairs of remote voxels having strong correlations, we can do further 

more elaborate analysis of the statistical significance of the remote connectivity and dynamic causality 

between the remote voxels using techniques developed in time series analysis (Akaike(1968,1974), 

Granger(1969), Yamashita et al.(2005)).  Here the state space representation approach is specially useful 

for the situation where the driving noise is strongly correlated between the variables (Wong & 

Ozaki(2006)).

6. Conclusion

We have seen that the correlation structure in the fMRI data can be identified more efficiently with a 

stochastic model such as NN-ARX than the deterministic model of SPM. By whitening the fMRI time 

series using the NN-ARX model we can transform the spatial temporal series into a white Gaussian 

spatial process, where the connectivity information, i.e. significantly strong instantaneous correlations 

between two remote connected voxels, can be elucidated and more easily detected than may be seen  in 

the original fMRI spatial time series. 
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Spatio-temporal M/EEG Inverse Problem: A Variational Bayes Ap-

proach

Nelson J. Trujillo-Barreto
McGill Cuban Neuroscience Center
E-mail: peter@cneuro.edu.cu

ABSTRACT

In the present paper a new Bayesian spatio-temporal model for solving the M/EEG inverse problem,
is proposed. The usual two-level probabilistic generative model implicit in most spatial distributed
source solutions, is extended with a temporal component. This is done by adding a third level which
describes the temporal evolution of neuronal current sources using time-domain General Linear Models
(GLMs). These comprise a set of temporal basis functions which are used to describe event-related
M/EEG responses. This places M/EEG analysis in a statistical framework that is very similar to that
used for PET and fMRI. The experimental design can be coded in a design matrix, effects of interest
characterised using contrasts and inferences made using posterior probability maps. Importantly, as
is the case for single-subject fMRI analysis, trials are treated as fixed effects and the approach takes
into account between-trial variance, allowing valid inferences to be made on single-subject data. The
typical high dimensionality of Neuroimaging data is cope with by using a Variational Bayes framework
that allows for an efficient inversion of the model. The method is tested with biophysically realistic
simulated data and the results are compared to classical spatial approaches.

Keywords. Inverse Problem, Variational Bayes, Bayesian Inference, General Linear Models, Magne-
toencephalogram, Electroencephalogram.
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Bootstrapping Realized Regressions

Silvia Goncalves
Universite de Montreal and Bank of Portugal
E-mail: silvia.goncalves@umontreal.ca

ABSTRACT

We propose bootstrap methods for statistics evaluated on multivariate returns such as realized re-
gression estimators and realized correlation coefficients. The bootstrap is an alternative tool to the
first-order asymptotic theory recently derived in the literature. We consider the i.i.d. bootstrap and
the wild bootstrap. We show that these methods are first order asymptotically valid. We also use
Monte Carlo simulations to compare the accuracy of the bootstrap with the existing first order feasible
asymptotic theory and show that the bootstrap works better than the usual asymptotic theory. Nev-
ertheless, neither of these methods is able to provide a refinement over the usual asymptotic theory
except when the volatility is constant. We propose an explanation for this finding.

Keywords. Realized regressions, bootstrap, higher order asymptotics.
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Martingale estimating functions in financial econometrics

Sørensen, Michael

University of Copenhagen, Department of Mathematical Sciences,

Universitetsparken 5,

DK-2100 Copenhagen Ø, Denmark

E-mail: michael@math.ku.dk

Optimal martingale estimating functions have turned out to provide simple estimators for many

financial models of the diffusion type. The estimators obtained from optimal estimating functions are

in practice often of high efficiency. In fact, in a high frequency asymptotic scenario, optimal martingale

estimating functions provide rate optimal and efficient estimators. Particularly simple estimators are

obtained for models based on Pearson diffusions, where the drift is linear and the squared diffusion

coefficient is quadratic, because for these diffusions explicit eigenfunctions are available.

1. Martingale estimating functions

Consider a (possibly multivariate) model given by the stochastic differential equation

dXt = b(Xt; θ)dt+ σ(Xt; θ)dWt,(1)

where W is a Wiener process, and where θ ∈ Θ is a p-dimensional parameter to be estimated based

on observations of X at the time points iΔ, i = 0, 1, · · · , n. The likelihood function is for most

models not explicitly known, but several methods are available for finding the maximum likelihood

estimator, mainly for one-dimensional diffusions. However, a simple way of obtaining an estimator

that in practice often has a high efficiency is via a p-dimensional martingale estimating function of

the form

Gn(θ) =
n∑

i=1

g(Δi,Xti−1 ,Xti ; θ),(2)

where ti = Δi and

g(Δ, x, y; θ) =
N∑

j=1

aj(Δ, x; θ)hj(Δ, x, y; θ),(3)

with

hj(Δ, x, y; θ) = fj(y; θ)−
∫ r

�
fj(z; θ)p(Δ, x, z; θ)dz, j = 1, . . . N.(4)

The state space is (�, r), (−∞ ≤ � < r ≤ ∞), and y �→ p(s, x, y; θ) is the transition density, i.e. the

conditional density of Xt+s given that Xt = x (s > 0). As discussed below, the one-dimensional func-

tions fj and the p-dimensional weight functions aj should be chosen suitably. Martingale estimating

functions of this type were first introduced by Bibby & Sørensen (1995). An estimator is obtained

by solving the equation Gn(θ) = 0. Since for most diffusion models the transition density p is not

explicitly known, the conditional moments
∫
fj(z; θ)p(Δ, x, z; θ)dz might seem to present a problem.

If the fj’s are eigenfunctions of the generator of the diffusion, the conditional moments can under mild

regularity conditions be found explicitly, see Kessler & Sørensen (1999). In most other situations they

must be found by simulation, which is computationally easy and causes only a small loss of efficiency,

see Kessler, M. & Paredes, S. (2002). The Pearson diffusions discussed below and transformations of

these diffusions provide a flexible class of one-dimensional diffusion models for which eigenfunctions

are explicitly available.
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Under standard regularity conditions, including ergodicity of the processX and sufficient smooth-

ness of the functions fj, the estimator θ̂n obtained by solving the equation Gn(θ) = 0 is consistent

and asymptotically normal in an asymptotic scenario where Δ is fixed and n → ∞. This is usually

referred to as low frequency asymptotics. Specifically,

√
n(θ̂n − θ0) D−→ Np

(
0, S(θ0)

−1V (θ0)(S(θ0)
−1)T

)
,(5)

where θ0 is the true parameter value, T denotes transposition,

V (θ0) =
{
QΔ

θ0
(gi(θ0)gj(θ0))

}
,(6)

and where

S(θ0) =
{
QΔ

θ0

(
∂θj
gi(θ0)

)}
(7)

must be invertible. The probability measure QΔ
θ has density function p(Δ, x, y; θ)μθ(x), where μθ is

the density function of the stationary distribution of X, for which an expression is usually available.

For a function k(θ, x, y), we use the notation

QΔ
θ (k(θ)) =

∫ r

�

∫ r

�
k(x, y, θ)p(Δ, x, y; θ)μθ(x)dydx.(8)

For details on low frequency asymptotics of estimating functions, see e.g. Hansen (1982), Sørensen

(1999) or Bibby, Jacobsen & Sørensen (2004).

2. Optimal martingale estimating functions

When the functions fj have been chosen, e.g. as eigenfunctions, the p-dimensional weight func-

tions aj in (3) can be chosen in a way that minimizes the asymptotic variance of the estimator, or

equivalently, such that the distance (in an L2-sense) between the estimating function and the usually

not explicitly known score-function is minimized. This is the optimal estimating function in the sense

of Godambe & Heyde (1987), see also Heyde (1997). The optimal choice of the weight functions is

given by

a∗j (Δ, x, θ) = B(Δ, x, θ)jVh(Δ, x, θ)−1(9)

where Vh(Δ, x, θ) is the N ×N -matrix

Vh(Δ, x, θ) =

{∫ r

�
hi(Δ, x, y; θ)hj(Δ, x, y; θ)p(Δ, x, y; θ)dy

}
(10)

and B(Δ, x, θ)j is the N -dimensional row-vector

B(Δ, x, θ)j =

∫ r

�
∂θj
h(Δ, x, y; θ)T p(Δ, x, y; θ)dy, j = 1, . . . p,(11)

with hT = (h1, . . . , hN ). If the functions f1, . . . , fN are linearly independent, then the N ×N -matrix

Vh (a conditional covariance matrix) is invertible. For details, see Bibby, Jacobsen & Sørensen (2004).

As shown by Kessler (1996), the optimal estimating function can be interpreted as a projection of the

unknown score functions on a suitable subspace.

The calculation of Bj and Vh will in general require simulations. If this approach is chosen,

it is often advisable to replace a∗j(Δ, x, θ) by a∗j (Δ, x, θ̃n), where θ̃n is a consistent estimator of θ.

In wide generality, this causes no loss of efficiency. The advantage is that the weights need only be

calculated for one parameter value, θ̃n, which will drastically reduce the computational burden. A

consistent estimator can, for instance, be obtained by a simple explicit, but non-optimal, choice of the

weights aj. Another solution is to replace a∗j (Δ, x, θ) by a good approximation, see Bibby, Jacobsen &
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Sørensen (2004). This will often imply only a small loss of efficiency, see below and Bibby & Sørensen

(1995). In the case where the functions fj are eigenfunctions of the generator of X, the optimal

weights can be found explicitly when the eigenfunction is a polynomial or a polynomial of a function

that is independent of θ, see Larsen & Sørensen (2007). This is the case for the Pearson diffusions

and the transformations of these considered below.

Sørensen (2007) has shown that for one-dimensional diffusions, the estimator obtained from

the optimal martingale estimating function is efficient in the high frequency asymptotics, where n →
∞,Δn → 0, and nΔn →∞. Note that the sampling frequency goes to infinity, while the length of the

observation interval goes to infinity. To simplify the exposition, consider a two-dimensional parameter

θ = (α, β), such that

dXt = b(Xt;α)dt + σ(Xt;β)dWt.(12)

The sufficient regularity conditions include ergodicity of X, smoothness of the functions fj, N ≥ 2,

and that the matrix(
f ′1(x) f ′′1 (x)

f ′2(x) f ′′2 (x)

)
(13)

is invertible for all x. The asymptotic distribution of the optimal estimator is⎛
⎜⎝
√
nΔn(α̂n − α0)

√
n(β̂n − β0)

⎞
⎟⎠ D−→ N2

(
0,J −1

)
(14)

where

J =

⎛
⎜⎝
∫ r

�

(∂αb(x;α0))2

v(x;β0) μθ0(x)dx 0

0 1
2

∫ r

�

[
∂βv(x;β0)
v(x;β0)

]2
μθ0(x)dx

⎞
⎟⎠(15)

with v(x;β) = σ2(x;β). By the LAN-result in Gobet (2002), the estimator is efficient. Note that the

rate of convergence is slower for α̂n than for β̂n. For non-optimal martingale estimating functions it can

easily happen that β̂n converges at the slower rate nΔn. Thus the optimal estimator is rate-optimal.

Note also that α̂n and β̂n are asymptotically independent. If the optimal weights aj are replaced by

the approximation discussed in Bibby, Jacobsen & Sørensen (2004), the same asymptotic distribution

is obtained in the high frequency scenario, so that also with this approximation an efficient estimator

is obtained. The efficiency result is closely related to the concept of small Δ-optimality introduced

and studied in Jacobsen (2001, 2002).

3. Pearson diffusions

For the class of Pearson diffusions inference based on martingale estimating functions is par-

ticularly easy to implement in practice. Explicit expressions are available for the optimal martingale

estimating functions based the functions fj(x) = xj . For an invertible transformation of a Pearson

diffusion, explicit optimal martingale estimating functions are similarly available. The Pearson diffu-

sions were introduced by Wong (1964). Some financial applications were studied by Nagahara (1996).

Forman and Sørensen (2006) demonstrated that estimating function inference is simple and explicit

for Pearson diffusions. The rest of this paper is based on the latter paper.

A Pearson diffusion is a stationary solution to a one-dimensional stochastic differential equation

of the form

dXt = −β(Xt − μ)dt +
√

2β(aX2
t + bXt + c)dBt,(16)
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where β > 0, and where a, b and c are such that the square root is well defined when Xt is in the state

space. The parameters μ, a, b, and c determine the state space of the diffusion as well as the shape

of the invariant distribution. In particular, μ is the mean of the invariant distribution. The Pearson

class of diffusions is very versatile because the class of stationary distributions equals the full Pearson

system of distributions. Up to location-scale transformations the following is a complete list.

• Normal distributions: σ2(x) = 2βc, c > 0. This is the Ornstein-Uhlenbeck process. The state

space is the real line.

• Gamma distributions: σ2(x) = 2βbx, b > 0. This process is known as the square-root process or

the Cox-Ingersoll-Ross process. The state space is the positive real axis.

• Beta distributions: σ2(x) = −2βax(1−x), a < 0. This process is known as the Jacobi-diffusion.

The state space is the interval (0, 1).

• Inverse gamma distributions: σ2(x) = 2βax2, a > 0. The state space is the positive real axis.

• F -distributions: σ2(x) = 2βax(x+ 1), a > 0. The state space is the positive real axis.

• t-distributions with 1 + 1/a degrees of freedom: μ = 0 and σ2(x) = 2βa(x2 + 1), a > 0. The

state space is the real line.

• Pearson’s type IV distributions (skew t-distributions):

dXt = −βXtdt+

√
2β(ν − 1)−1{X2

t + 2ρν
1
2Xt + (1 + ρ2)ν}dWt,(17)

ν > 1. The density function is

f(x) ∝ {(x/√ν + ρ)2 + 1}−(ν+1)/2 exp
{
ρ(ν + 1) tan−1 (x/√ν + ρ

)}
.(18)

An expression for the normalizing constant can be found in Nagahara (1996).

The generator of a Pearson diffusion is the differential operator

Lϕ = β(ax2 + bx+ c)ϕ′′ + β(x− μ)ϕ′.(19)

If ϕ is a polynomial of order k, then so is Lϕ. Thus we can find eigenfunctions that are explicit

polynomials, i.e. polynomials for which an eigenvalue λ exists such that

Lϕ = −λϕ.(20)

Specifically, the polynomial

ϕn(x) =
n∑

j=0

pn,jx
j.(21)

is an eigenfunction of L if pn,n = 1 and if the coefficients pn,j, j = 0, . . . , n− 1 solve the linear system

(aj − an)pn,j = bj+1pn,j+1 + cj+2pn,j+2.(22)

Here pn,n+1 = 0, and aj = j{1−(j−1)a}β, bj = j{μ+(j−1)b}β, and cj = j(j−1)cβ for j = 0, 1, 2, . . ..

The eigenvalues are λn = an. In order to use the eigenfunctions ϕn to construct martingale estimating

functions, they must be integrable with respect to the invariant distribution. This is the case if n

is small enough that a < (n − 1)−1. Note that this implies that λn > 0. If n satisfies the stronger

condition a < (2n− 1)−1, then ϕn is square integrable with respect to the invariant distribution, and
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aj − an 
= 0, j = 0, . . . , n− 1. When the invariant distribution has moments of all polynomial orders,

these conditions are automatically satisfied.

With explicit eigenfunctions available, it is straightforward to find explicit optimal martingale

estimating functions based on the functions fj = ϕj .

From the Pearson diffusions a large number of other diffusion models with explicit eigenfunc-

tions can be obtained by applying an invertible transformation T . If the polynomial ϕn(x) is an

eigenfunction of a Pearson diffusion Xt, then ϕn(T−1(x)) is an eigenfunction of the process T (Xt)

with the same eigenvalue. Also for eigenfunctions of this form, explicit optimal martingale estimating

functions are available. The stochastic differential equations for the diffusion T (Xt) can be found by

Ito’s formula. As a simple example apply T (x) = sin−1(2x − 1) to the Jacobi diffusion (see above).

The diffusion Yt = T (Xt) satisfies

dYt = −ρsin(Yt)− κ
cos(Yt)

dt +
√
−aβ/2dWt,

where ρ = β(1 + a/4) and κ = (2μ − 1)/(1 + a/4). The state space is (−π/2, π/2). The model

was proposed and studied by Kessler & Sørensen (1999) for κ = 0. The process with general ϕ was

proposed in Larsen & Sørensen (2007) as a model for exchange rates in a target zone.

4. Non-Markovian models

For the Pearson diffusions, there are also explicit expressions for the unconditional moments

under the invariant distribution. As demonstrated by Forman & Sørensen (2007), it is therefore pos-

sible to find explicit optimal prediction-based estimating functions (see Sørensen, 2000) for a number

of non-Markovian models built from Pearson diffusion. These includes sums of Pearson diffusions,

integrals of Pearson diffusions (see also Ditlevsen & Sørensen, 2004), integrals of sums of Pearson

diffusions, and stochastic volatility models where the volatility process is a Pearson diffusion or a sum

of Pearson diffusions. By a sum of Pearson diffusions is meant a process

Yt = X1,t + . . .+XM,t,(23)

where X1, . . . ,XM are independent Pearson diffusions. The motivation for considering such a process

is to obtain a more flexible dependence structure. The autocorrelation function of Yt is

ρ(t) = φ1 exp(−β1t) + . . .+ φM exp(−βM t),(24)

where φ1 + · · · + φM = 1, provided that Yt is square integrable.
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What you don’t know cannot hurt you: On the detection of small

jumps.

Zhang, Lan
University of Illinois at Chicago, Department of Finance
601 S. Morgan Street
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E-mail: lanzhang@uic.edu

1 Introduction

With the availability of high frequency financial data, nonparametric estimation of volatility of an
asset return process becomes feasible. One of the main issues which has emerged in the literature
is concerned with separating the volatility due to continuous evolution from the volatility due to
jumps. (Aı̈t-Sahalia (2002), Aı̈t-Sahalia and Jacod (2004, 2006)), Barndorff-Nielsen and Shephard
(2004, 2005, 2006), Fan and Wang (2006), Huang and Tauchen (2006), Lee and Mykland (2006), and
Mancini (2004, 2006)).

The purpose of this paper is to suggest that this separation is difficult to carry out, and to some
extent unnecessary. We will argue that while large jumps are easily separable from other evolution,
small jumps are both theoretically and practically difficult to separate from continuous evolution. We
shall argue that one can easily live with this by simply identifying small jumps with the continuous
part of the process.

To sketch the argument, consider a process Xt, such as a log stock price, on the form

(1) Xt = X0 +
∫ t

0
μudu +

∫ t

0
σudWu + Jt,

where W is a Brownian motion and J is a process which only evolves through jumps. We shall see
that even with such a model, small jumps are indistinguishable from continuous evolution, given finite
number of observations,

Furthermore, methods that only estimate the continuous volatility seem to have problems with
bias, as we shall see in Section 2. It may therefore be desirable to identify small jumps with continuous
evolution even when the continuous volatility is consistently estimable, as such estimators are often
substantially biased, and so there is a statistical loss when wanting to estimate the true continuous
volatility.

The aim of this paper is mainly conceptual. We have not dealt with issues such as microstructure.
It is conjectured that microstructure will make the separation between continuous and small jumps
evolution even more difficult.

The paper is organized as follows. In Section 2, we discuss the state of the art in estimating
the continuous part of the volatility of the process Xt. In Section 3, we further document that even
under Lévy process (contstant coefficient assumptions), jumps below a certain magnitude cannot be
identified. Section 4 demonstrates how our results facilitate simulating a Lévy process with index α.

2 Estimation of continuous volatility

The typical estimation problem is as follows. Let Xt be the process in (1). The object of inference is
the quadratic variation of the continuous part of X, defined by

(2) [Xc, Xc]T =
∫ T

0
σ2

udu.
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Inference is based on observations that take place at the grid of time points Gn = {tn,i, i = 0, 1, 2, · · ·n}
that span the time interval [0, T ]. For the purposes of asymptotics, one lets Gn become dense in [0, T ]
as n → ∞, while T remains fixed.

Most of the existing literature uses simplifying assumptions. For example, J is taken to be a
Lévy process, often a symmetric stable process. Sometimes, either J is taken to have finitely many
jumps, or σt = σ (constant). Usually, tn,i − tn−1,i = T/n (constant observation intervals), though this
is usually not necessary.

The basic result in the papers cited in the Introduction is that [Xc, Xc]T can be consistently
estimated. The problem with these results is that the rate of convergence of the estimator can be
slow.

The difficulty is most clearly faced up to in the outstanding paper by Aı̈t-Sahalia and Jacod
(2006). As can be seen from Theorems 4 and 5, the estimator of [Xc, Xc]T appears to no longer be√

n-consistent when Jt is a stable process with index greater or equal to one. (Note that a Brownian
motion is a stable process with index 2). Let ̂[Xc, Xc]T be their estimator. As can be seen from the
construction of the estimator (in Section 6 of the paper), the stochastic term in the estimation error
remains well behaved, ̂[Xc, Xc]T − E ̂[Xc, Xc]T = Op(n−1/2). The reduced convergence rate comes
from the bias E ̂[Xc, Xc]T − [Xc, Xc]T (in their paper, [Xc, Xc]T is nonrandom).

The same issue comes up when using the bi- or multi-power estimator of Barndorff-Nielsen and
Shephard. In the setting where Jt is stable, there will be a mulitpower estimator of [Xc, Xc]T whose
stochastic error is of order Op(n−1/2). Again, the bias is the main problem.

So far, the literature displays no
√

n-consistent estimator for [Xc, Xc]T when Jt is (an unknown)
stable process, let alone a more general Lévy process. This is even in the case when σt is taken to be
constant.

This means that there may be a substantial loss in trying to separate [Xc, Xc]T from the rest
of the volatility of the process Xt. For comparison, the total quadratic variation

[X, X]T =
∫ T

0
σ2

udu +
∑

0≤s≤T

ΔJ2
s

= lim
n→∞

n∑
i=1

(Xtn,i − Xtn,i−1)
2,(3)

can be estimated by the realized volatility in a
√

n-consistent manner, see Section 6 of Jacod and
Protter (1998), and more recently Jacod (2006).

It is worth to point out that a substantial fraction of the literature is concerned with the case
where the process Jt is compound Poisson, that is, there are finitely many jumps. In this situation√

n-consistency is not an issue. In fact, as has been shown by Fan and Wang (2006) and Lee and
Mykland (2006), the jumps can in this case be located and removed before further inference. In some
sense, the fact that there are finitely many jumps means that all jumps are “large” for sufficiently
large n.

Specifically when n → ∞, Xtn,i −Xtn,i−1 is either approximately σtn,i−1N(0,1) (when there is no
jump in (tn,i, tn,i−1]), or approximately σtn,i−1N(0,1) + jump (when there is a jump in the interval).
As n grows large, the latter is increasingly big relative to the former, and can be detected at an
exponential rate.

Note that in the case where Jt is an α-stable process with known α, it is documented in Aı̈t-
Sahalia and Jacod (2006)

√
n-consistent estimation is possible. Our arguments concern the situation

where Jt has an unknown distribution.
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3 Indistinguishable jumps

A different angle on the same question shows that small jumps cannot be distinguished from continuous
evolution. Let h be a nonrandom cutoff, consider the following data generating processes.

Jt = symmetric or asymmetric stable process with index α(4)

We let 0 < α < 2. This is to say that Jt is Lévy process with no continuous component, with Lévy
measure

(5) ν(dx) =

{
c+x−α−1dx if x > 0
c−|x|−α−1dx if x < 0

cf. p. 217 of Bertoin (1998). See also Chapter 1 of Protter (2004) on Lévy processes.
We now construct a division of Jt into small jumps and large jumps processes. Assume that c+

and c− are both nonzero. Set

(6) k = kα =
(

c+

c−

)1/(1−α)

.

Let h be a nonrandom cutoff (h > 0). Set

J
(l)
t =

∑
0<u≤t

ΔJuI{ΔJu>h or ΔJu<−kαh}

J
(s)
t = Jt − J

(l)
t(7)

Basic facts about this split are as follows:

Proposition 1. J
(l)
t and J

(s)
t are Lévy processes (by Theorems 36-37 (p. 26-27) in Protter (2004)).

J
(s)
t has moments of all orders (following Theorem 34 (p. 25) in Protter (2004)), it is a martingale

(using the same methodology as the proof of Theorem 41 (p. 30) in Protter (2004)), and

Var(J (s)
T ) = 〈J (s), J (s)〉T

= T (c+ + c−k2−α
α )(2 − α)−1h2−α

= Tc+(1 + kα)(2 − α)−1h2−α.(8)

Two probability distributions of Levy processes are given by

(P ) Xt = X0 + μt + σWt + Jt

(Ph) Xt = X0 + μht + σhWt + J
(l)
t ,(9)

where σ2
h = σ2 + Var(J (s)

1 ).
We now have the following theorem, with interpretation to follow:

Theorem 1. Let the observation times be equidistant, tn,i = iT/n. Suppose that 0 < α < 2, and that
σ2 > 0. Consider P and Ph as probabilities on the observables Xtn,i. Let hn = h0n

−γ (so the cutoff
gets closer to zero as the number of observations increases). Then, if γ > min(1/(3 − α), 1/2), we
have

(10)
dPhn

dP
(X0, Xtn,1 , ..., XT ) → 1

in P -probability as n → ∞. Similarly, if γ = 1/(3 − α) and α > 1, we have

(11)
dPhn

dP
(X0, Xtn,1 , ..., XT ) = Oui(1)

in P -probability, as n → ∞.
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By “Oui(1)” we mean that the quantity is uniformly integrable. This is a little stronger than
Op(1), and means that Phn and P are contiguous.

What the theorem says, in plain English, is that it is impossible on the basis of data, to distin-
guish between models P and Phn . Of course, as one gets more data, one can pick up smaller jumps,
but ones below the cutoff hn = h0n

−1 cannot be detected.
Similarly, any trading strategy that involves transactions at a finite number of times (in partic-

ular, any actually implementable strategy) cannot be affected by jumps of size less than h = h0n
−1.

Relationship to the Bias Question in Section 2.
From (8), one can also see that

σ2
hn

T − σ2T = 〈J (s), J (s)〉T
= Tc+(1 + kα)(2 − α)−1h2−α

n

= n−(2−α)γTc+(1 + kα)(2 − α)−1h2−α
0 .(12)

Hence, if α > 1, 〈J (s), J (s)〉T be bigger than O(n−1/2), hence the undetectable jumps have a contri-
bution to the total variance which is bigger than the typical O(n−1/2) random estimation error. We
have therefore obtained

Corollary 1. Assume the conditions of Theorem 1, and also that α > 1 Let ̂[Xc, Xc]T be any estimator
of [Xc, Xc]T . Let β > 0 be such that ̂[Xc, Xc]T − [Xc, Xc]T = Op(n−β) under both P and Phn. Then
β ≤ (2 − α)/(3 − α).

It is instructive for the understanding of Theorem 1 to read the proof of the corollary:
Proof of Corollary 1. Under the assumptions of the corollary, nβ( ̂[Xc, Xc]T − σ2

hn
T ) is Op(1)

under Phn . By Theorem 1, nβ( ̂[Xc, Xc]T − σ2
hn

T ) is also Op(1) under P . On the other hand, again by

assumptions of the corollary, nβ( ̂[Xc, Xc]T − σ2T ) = Op(1) under P . Thus, nβ(σ2
hn

T − σ2T ) = Op(1)
under P . Since σ2

hn
and σ2 are nonrandom, σ2

hn
T − σ2T = O(n−β). Hence, by (12), the corollary is

proved.
The implication of the corollary is that no

√
n-consistent estimator exists when α > 1, at least

in a uniform sense. Also that the convergence rate can be arbitrarily low as α gets close to 2 (which
is the index for the Brownian motion).

We emphasize that Corollary 1 applies to any estimator of [Xc, Xc]T . This includes, the cutoff
estimator of Mancini (2004, 2006), and the multipower estimators of Barndorff-Nielsen and Shephard
(2004, 2005, 2006), For the latter, it is shown in Barndorff-Nielsen, Graversen, Jacod, Podolskij, and
Shephard (2006) that a

√
n-consistent estimator exists for [Xc, Xc]T when Jt = 0, but the above shows

that this can no longer hold when a sufficiently broad class of jumps processes Jt are included, at least
uniformly.

The theorem and resulting corollary does not claim to be the best possible, and there may be
room for a sharper result, at the cost of more complicated proof. It is interesting to note, however,
that in their problem, Aı̈t-Sahalia and Jacod (2006), fail to obtain

√
n-consistency also exactly for

α > 1. We conjecture that α = 1 is the true cutoff for
√

n-consistent estimation. Another similarlity
between Aı̈t-Sahalia and Jacod (2006) and our result is that the bias gets worse as α gets close to 2.

Remark 1. (Symmetric processes). If Jt is a symmetric stable process (so c+ = c−), the Oui(1) term
in (11) is of the form 1 + op(1). In this case, a nondegenerate Oui(1) term is obtained by choosing
γ = 3/2(4 − α). This is for the case α > 1. Hence, in this case, even greater jumps can be neglected.
The cutoff for the

√
n rate of convergence remains at α = 1.
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4 Application to computation and simulation

One of the positive consequences of current results is that it is easy to simulate a Lévy process. If one
wishes to simulate at times tn,i = iT/n, under P , one can instead simulate under Phn . This is quite
straightforward. The jumps of the process under Ph are of compound Possion type. Let νh be the
Lévy measure of Xt under Ph. Then

(13) νh(dx) =

⎧⎪⎨
⎪⎩

c+x−α−1dx if x > h

c−|x|−α−1dx if x < −kαh

0 otherwise

The Poisson intensity is given by

λh = νh(R) = (c+ + c−k−α
α )

∫ ∞
h

x−α−1dx

=
c+ + c−k−α

α

α
h−α.(14)

The probability distribution Q of the jumps is given by

(15) Q(dx) = νh(dx)/νh(R).

Note that Q(jump > h) = c+/(c+ + c−k−α
α ). Also, if Fh is the distribution functions of the positive

jumps, one gets Fh(x) = F1(x/h), with F1(x) = max(1− x−α, 0. Obviously, the negative jumps have,
suitably scaled, the same law as minus the positve jumps. In other words, for x > 0, Q(jump ≤
−x| jump < 0) = 1 − F1(x/hkα). Finally, the inverse function F

(−1
1 )(y) = h(1 − y)−1/α.

We therefore have the following procedure for simulating the process Xt at times tn,i = iT/n

under Ph:
(1) Simulate the continuous part μt + σhWt using normal random variables.
(2) Simulate the jump times of Xt using exponential random variables using Poisson intensity

λh. Let NT be the number of jumps.
(3) Simulate the size of the jumps as follows. Let Ui, i = 1, ..., NT be iid (0, 1) uniform random

variables. Let Si be iid either 1 or −1 with probability c+/(c+ + c−k−α
α ) and c−k−α

α /(c+ + c−k−α
α ),

respectively. Jump number i, is then given as

(16) size of jump #i =

{
hU
−1/α
i if Si = 1

−hkαU
−1/α
i if Si = −1

To see (3), note that Zi,1 = U
−1/α
i = F

(−1
1 )(1 − Ui) has distribution F1, while Zi,h = hU

−1/α
i

has distribution Fh. Thus (16) has distribution Q.
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Jumps,” Discussion paper, Universita di Firenze.

Mancini, C. (2006): “Non Parametric Threshold Estimation in Models with Stochastic Diffusion Coefficient
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Over the last three decades, there have been substantial efforts in extending the Black and
Scholes (1973) model along several directions. These efforts aim at developing more flexible physical
dynamics of asset prices leading to more accurate option pricing formulae. Examples include the
jump-diffusion models of Bates (1991) and Madan, Carr, and Chang (1998), the stochastic volatility
models of Hull and White (1987), Heston (1993), and Melino and Turnbull (1995), the stochastic
volatility and stochastic interest rates models of Amin and Ng (1993), Bakshi and Chen (1997) and
the stochastic volatility jump-diffusion models of Bates (1996) and Scott (1997), among others. These
models have substantially relaxed the restrictions in the seminal work of Black and Scholes and made
the assumptions of the physical price movements more plausible.

The aforementioned parametric models attempt to capture certain salient features of observed
price dynamics. However, these models cannot be derived from comprehensive economic theories, often
rely on assumptions concerning the risk neutral asset dynamics, and need to be simple and convenient
to allow for the derivation of pricing formulae. Hence these models cannot be expected to capture
all the relevant features of the involved pricing mechanisms. Indeed, there are always limitations on
the performance of these physical modeling techniques and model misspecification is a major concern
that can lead to erroneous valuation and hedging strategies. Despite the aforementioned concerns,
these pricing formulae have been proven useful for several practices. For instance, even though these
models might not be correct, traders use those formulae to obtain initial reference prices. When
they are collectively used by many practitioners, these formulae become naturally a good first order
approximation of option prices—although several attempts have been made to enhance their practical
utilities.

In this paper, instead of attempting to improve option pricing formulae by introducing even
more flexible option pricing models, we propose a method of improvement in an orthogonal direction.
Our approach to price options is based on the nonparametric correction of pricing errors of a pricing
model. Given a pricing formula derived from a physical model, for each relevant maturity we calibrate
the model parameters to best fit the observed option prices. Then we nonparametrically learn the
pricing errors induced by the pricing formula and correct them. This is achieved via a nonparametric
estimate of the state price distribution using the guidance of the parametric model on the state price
distribution as initial estimate. Fitting a separate curve for each given time to maturity gives us the
flexibility to model individualized pricing error functions, and hence reduces the biases in the empirical
fitting. The approach will take into account that only a limited number of options is traded for each
maturity.

We use a nonparametric method to correct the pricing errors as the forms of pricing errors
are hard to determine, varying over time and time to maturity. Nonparametric methods have the
flexibility to discover the nonlinear relation between pricing errors and moneyness. For each given
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time to maturity and other option characteristics, we estimate the state price distribution, that is
the integral of the state price density; see for instance Cox and Ross (1976) and Harrison and Kreps
(1979). In the nonparametric literature (see for e.g. Fan and Yao (2003)), it is well known that the
distribution function is much easier to estimate, admitting a faster rate of convergence, than the
density function. Hence we estimate the state price distribution instead of the state price density.
This is another important aspect of our methodological contribution to derivative pricing.

The state price distribution is related to the expected pay-off of a tradable portfolio, consisting
of two positions in call options. Let X1 < X2 be two consecutive strike prices of traded options.
The portfolio of long positions in (X2 − X1)−1 call options with strike X1 and short positions in
(X2 − X1)−1 call options with strike X2 has a pay-off function close to a digital call option pay-off
with indicator function, I(x > (X1 + X2)/2), which takes values one if x exceeds (X1 + X2)/2 and
zero otherwise. Hence the problem of estimating the state price distribution becomes a nonparametric
regression problem. The state price distribution1 is always decreasing, has a water fall shape, and is
in a neighborhood of a model based pricing formula. Simple and direct application of nonparametric
regression does not take advantage of this knowledge. Indeed, the distribution function admits different
degrees of smoothness2 and nonparametric approaches do not work well without the use of involved
variable smoothing techniques. This issue will be demonstrated in the empirical study. Our idea is
first to estimate the main shape of the state price distribution by using a pricing formula derived
from a sensible physical model and then estimate and correct the pricing errors using a nonparametric
approach. This method, called the Automatic Correction of Errors (ACE) of a pricing formula, will
reduce substantially the pricing errors.

Our approach can be regarded as the aggregation of physical model based prices with statistical
learning of pricing errors, estimated and corrected via a nonparametric approach. The nonparametric
learning and correction of pricing errors are very easy to implement. This method can be combined
with any model based pricing formula. The particular one that we use in the paper is inspired by
the ad hoc Black-Scholes model, as it is frequently employed in financial industry. This is a major
advantage of our method. The approach provides an arbitrage-free method for pricing other securities.
The state price distribution is estimated from “fundamental” liquid option prices and can be used to
price other less liquid, such as over-the-counter derivatives and more complex or nontraded options.3

In the implementation, we will use the ad hoc Black-Scholes method as an initial estimate of
the state price distribution. The ad hoc Black-Scholes method is very easy to implement and fast
to compute. As a result, our aggregated method is also very fast to compute and implement. In
fact, it is many orders of magnitude faster than calibration based approaches such as Duan (1995),
Bakshi, Cao, and Chen (1997), Heston and Nandi (2000), and Barone-Adesi, Engle, and Mancini
(2007). We also investigate a new approach that combines the ad hoc Black-Scholes method with a
nonparametric estimate of the implied volatility curve for each relevant maturity. This semiparametric
Black-Scholes model has the flexibility to fit an implied volatility curve for each given time to maturity,
and hence reduces the biases in the empirical pricing. It also takes into account the discreteness of
traded time to maturities. This approach is inspired by the nonparametric method of Aı̈t-Sahalia and
Lo (1998), who fit two-dimensional functions to the implied volatility by a different nonparametric
function. Compared to their method, however, this approach is easier to implement. In addition,
instead of pulling the information from option prices with different maturities on a given day—that

1More precisely, it is one minus the state price distribution, which is called the survivor function in statistics and risk

analysis.
2The first derivative of the function is much larger in the middle than at both ends.
3It is well-known that markets have to be dynamically complete for such prices to be meaningful; see for instance

Constantinides (1982) and Duffie and Huang (1985). This assumption is usually adopted in derivative pricing models

and we also adopt it here.
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are very discrete—we aggregate the information from options with the same maturities but traded on
consecutive dates.

In the empirical application we consider European options on the S&P 500 index traded from
January 2002 to December 2004. We compare our ACE method to several alternative methods.
The first method is the ad hoc Black-Scholes model of Dumas, Fleming, and Whaley (1998), that
provides an interesting and challenging benchmark as it allows for different implied volatilities to
price different options. The second method is the semiparametric Black-Scholes model inspired by
Aı̈t-Sahalia and Lo (1998), that is expected to outperform the ad hoc Black-Scholes model. The third
method is the GARCH option pricing model introduced by Heston and Nandi (2000). This parametric
method allows us to evaluate the relative performance of nonparametric and parametric approaches.
The fourth method is the nonparametric regression approach directly applied to estimate the state
price distribution. We show that our aggregated ACE method outperforms both physical model
based approaches (the ad hoc Black-Scholes and the calibrated GARCH models) and nonparametric
and semiparametric methods, in terms of fitting and prediction of option prices as well as hedging
performance. Furthermore, we develop a formal nonparametric test, using the generalized likelihood
ratio test of Fan, Zhang, and Zhang (2001), to show that the nonparametric correction in the ACE
approach is effective in reducing the pricing errors. These two pieces of empirical results provide stark
evidence on the power of the nonparametric learning of pricing errors in option pricing and hedging.

Option Pricing

Let St be the price at time t of the underlying asset of option contracts. The state price density
f∗(·) is the conditional density of the asset price ST at maturity T given St under the risk neutral
measure (Cox and Ross (1976), Harrison and Kreps (1979)), and it has a simple relation with the
price of the option written on the asset. Let Ct denote the call price at time t with strike price X,
and time to maturity τ = T − t. Then

Ct = e−rt,τ τ
∫ ∞

X
(y − X)f∗(y) dy,

where rt,τ is the risk-free rate at time t for the maturity T . Let F ∗(x) be the cumulative state price
distribution of ST under the risk neutral measure, i.e. F ∗(x) =

∫ x
0 f∗(y) dy. A simple integration by

parts yields

Ct = e−rt,τ τ
∫ ∞

X
F̄ ∗(y) dy,

where F̄ ∗(x) = 1 − F ∗(x), is the state price survivor function of ST .
Let

Ft,τ = Ste
(rt,τ−δt,τ )τ

be the futures price of the asset at time t, where δt,τ is the dividend yield paid by the asset between t

and T = t + τ . By the change of variable

Ct = e−rt,τ τFt,τ

∫ ∞
mt

F̄ (u) du,(1)

where mt = X/Ft,τ is the moneyness and F̄ (u) = 1− F ∗(Ft,τu) is the state price survivor function in
the normalized scale,4 that is in the last integral the futures price at time t, Ft,τ , is normalized to $1.
In the sequel we also denote the state price survivor function by F̄t to emphasize the dependence on

4This normalized approach has the advantage not only in understanding the scale of the strike price X, but also in

accounting for the dividends paid by the stock.
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the information at time t. As an example in the Black-Scholes model the state price distribution is
the log-normal distribution and by the change of variable,

F̄ (mt) =
∫ ∞

mt

1
u
√

2πσ2τ
exp

[
−
[
log(u) + σ2τ/2

]2
2σ2τ

]
du = 1 − Φ

[
log(mt) + σ2τ/2

σ
√

τ

]
,(2)

where σ is the constant volatility and Φ the standard Gaussian distribution function.
In general, state price densities and distributions have no closed-form expressions and numer-

ical procedures are usually adopted. Using equation (1), pricing European options reduces to the
estimation of the state price survivor function F̄ .

State price distribution

Recall X1 < X2 be two consecutive strike prices of traded options. Then,

erτ C(X1) − C(X2)
X2 − X1

≈ E[I(ST > (X1 + X2)/2)] = F̄ ∗((X1 + X2)/2),(3)

where ≈ means approximately equal, the expectation is under the risk neutral measure and C(Xi) is
the European call option price with strike Xi at time t, omitting the time subscripts t and τ . Note
that the mid-point gives the best approximation in terms of the order of approximation error.

let Ct,i = Ct(Xt,i) denote the call option price with strike price Xt,i or moneyness mt,i at time
t. Let us order the moneyness {mt,i} traded at time t in an ascending order. Denote by

m̄t,i = (mt,i + mt,i+1)/2, and Yt,i = er(T−t) Ct,i − Ct,i+1

Xt,i+1 − Xt,i
.

Then according to equation (3) we have

Yt,i = F̄ (m̄t,i) + εt,i,(4)

where εt,i is the idiosyncratic noise. This approach reduces the option pricing problem to the nonpara-
metric regression problem. Hence a nonparametric technique can be used to estimate F̄ . In contrast to
other nonparametric methods such as those in Aı̈t-Sahalia and Lo (1998) and Aı̈t-Sahalia and Duarte
(2003), our method nonparametrically estimates the state price survivor function rather than the state
price density. Equation (3) shows that the former, F̄ (m), is almost directly observable on the option
market, while the state price density is not and has to be recovered for instance taking the second
derivative of the call option function with respect to the strike price; see for example Aı̈t-Sahalia and
Lo (1998) and the references therein. Moreover, the state price distribution is much easier to estimate,
admitting a faster rate of convergence than the state price density (Fan and Yao (2003)).

Nonparametric learning of pricing error

To take the advantage of the prior knowledge of the shape of F̄ , we first fit a parametric model
F (·; θ) to (4). This results in a parametric pricing formula. An example of this is the state price
distribution (2) in the Black-Scholes formula. In the implementation, we take F̄ (·; θ) from the ad-hoc
Black-Scholes method, which takes into account of the volatility smile. Let θ̂t be the estimate from
the parametric fit to (4). Let Ỹt,i = Yt,i − F̄ (m̄t,i, θ̂t) be the pricing error. Then, our approach is to
apply a local linear fit to

Ỹt,i = F̄t,c(m̄t,i) + εt,i,(5)

resulting in the estimated correction term F̄t,c(m). Our final estimate of the state-price survivor
function is

F̄t(m) = F̄ (m, θ̂t) + F̄t,c(m).
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Substituting this into (1), we obtain the option pricing, which consists of two components: model-based
price and statistically-corrected price.
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RÉSUMÉ (ABSTRACT) — optional

Financial models are largely used in option pricing. These physical models capture several salient
features of asset price dynamics. The pricing performance can be significantly enhanced when they are
combined with nonparametric learning approaches, that empirically learn and correct pricing errors
through estimating state price distributions. In this paper, we propose a new semiparametric method
for estimating state price distributions and pricing financial derivatives. This method is based on a
physical model guided nonparametric approach to estimate the state price distribution of a normalized
state variable, called the Automatic Correction of Errors (ACE) in pricing formulae. Our method is
easy to implement and can be combined with any model based pricing formula to correct the systematic
biases of pricing errors and enhance the predictive power. Empirical studies based on S&P 500 index
options show that our method outperforms several competing pricing models in terms of predictive and
hedging abilities.
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1.  Introduction 
This paper is concerned with nonparametric estimation of the functions  in the model 1,..., dm m

(1.1) ,1
1[ ( ) ... ( )]d

dY F m X m X U

where jX  is the j ’th component of the random vector dX  for some finite ,2d F  is a strictly 

increasing function that may be known or unknown,  is an unknown constant, ,…,  are unknown 
functions, and  is an unobserved random variable satisfying either 

1m dm
U ( | ) 0E U X x  for almost every x

or  for almost every ( | ) 0median U X x x .  In addition Y  may be censored from above.  We 

describe estimators of the additive components  that converge in probability pointwise at the rate 

 when 

1,..., dm m

2 / 5n F  and the ’s are twice continuously differentiable and the second derivative of jm F  is 

sufficiently smooth.  Only two derivatives are needed regardless of the dimension of X , so asymptotically 
there is no curse of dimensionality.  Moreover, the estimators derived here have an oracle property.  
Specifically, the centered, scaled estimator of each additive component is asymptotically normally 
distributed with the same mean and variance that it would have if the other components were known. 
 For the mean-regression model in which ( | ) 0E U X x , Linton and Härdle (1996) developed an 

estimator of the additive components of (1.1) that is based on marginal integration.  De Gooijer and Zerom 
(2003) extended marginal integration to the median regression in which .  The 

marginal integration estimator converges at the rate  and is asymptotically normally distributed, but it 
requires the ’s to have an increasing number of derivatives as the dimension of 

( | ) 0median U X x
2 / 5n

jm X  increases.  Thus, it 

suffers from the curse of dimensionality.  The reason is that marginal integration begins with full-
dimensional nonparametric estimation of ( | )Y X xE .  If the dimension of X  is large and the ’s are 

only twice differentiable, then the bias of the estimator of 
jm

( | )Y X xE  converges to zero too slowly to 

estimate the ’s with a  rate.  The estimators described here avoid this problem.  jm 2 / 5n

 There is a large body of research on estimation of (1.1) when F  is the identity function so that 

.  Stone (1985, 1986) showed that  is the optimal  rate of 

convergence of an estimator of the ’s when they are twice continuously differentiable.  Stone (1994) 

1
1( ) ... ( )d

dY m X m X U 2 / 5n 2L

jm
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and Newey (1997) describe spline estimators whose  rate of convergence is , but the pointwise 

rates of convergence and asymptotic distributions of spline and other series estimators remain unknown.  
Breiman and Friedman (1985); Buja, Hastie, and Tibshirani (1989); Hastie and Tibshirani (1990); Opsomer 
and Ruppert (1997); Mammen, Linton and Nielsen (1999); and Opsomer (2000) have investigated the 
properties of backfitting procedures.  Mammen, Linton and Nielsen (1999) give conditions under which a 

backfitting estimator of the ’s converges at the pointwise rate  when these functions are twice 

continuously differentiable.  The estimator is asymptotically normally distributed and avoids the curse of 
dimensionality.  Horowitz, Klemelä, and Mammen (2006) discuss optimality properties of a variety of 
estimators for nonparametric additive models without link functions.  Fan and Gijbels (1996) propose a 
backfitting estimator for the median regression model, but the rate of convergence and other asymptotic 
distributional properties of this estimator are unknown. 

2L 2 / 5n

jm 2 / 5n

 This paper describes two-stage estimation procedures that do not require full-dimensional 
nonparametric regression and, thereby, avoid the curse of dimensionality.  In the first stage, nonlinear least 
squares or LAD is used to obtain a series approximation to each .  The first-stage procedure imposes the 
additive structure of (1.1) and yields estimates of the ’s that have smaller asymptotic biases than do 

estimators based on marginal integration or other procedures that require full-dimensional nonparametric 
estimation.  The first-stage estimates are inputs to the second stage.  The second-stage estimate of, say, 

 is a local polynomial estimate that treats the first-stage estimates of  as if they were the true 

functions.  Because the second-stage estimator has a structure similar to that of a standard local polynomial 
estimator, deriving its pointwise rate of convergence and asymptotic distribution is relatively easy.   

jm

jm

1m 2 ,..., dm m

 The remainder of this paper provides an informal summary of the estimation procedures.  More 
thorough treatments, including mathematical details, are available in Horowitz and Mammen (2004, 2005) 
and Horowitz and Lee (2005). 

2.  Informal Description of the Estimator with a Known Link Function 
The discussion in this section assumes that the link function, F , in (1.1) is known.  Assume that 

the support of X  is , and normalize  so that [ 1,1]d
1,..., dm m

1

1
( ) 0; 1,...,jm v dv j d .

For any  define , where dx 1
1( ) ( ) ... ( )d

dm x m x m x jx  is the j’th component of x .  Let 

 denote a basis for smooth functions on { : 1,2,...}kp k [ 1,1]  that satisfies: 

(2.1) ;
1

1
( ) 0kp v dv

(2.2) 
1

1

1 if 
( ) ( )

0 otherwise;j k
j k

p v p v dv

and
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(2.3) 
1

( ) ( )j j
j jk k

k
m x p x

for each , each , and suitable coefficients 1,...,j d [0,1]jx { }jk .  For any positive integer , define  

1 1 2 2
1 1 1( ) [1, ( ),..., ( ), ( ),..., ( ),..., ( ),... ( )]d dP x p x p x p x p x p x p x .

Then for ,1d ( )P x  is a series approximation to ( )m x .

To obtain the first-stage estimators of the ’s, let {jm , : 1,..., }i iY X i n  be a random sample of 

.  Let ( , )Y X n̂  be a solution to 

1

1
minimize:  ( ) [ , , ( ) ]

n

n i
i

S n Q Y F P Xi ,

where  is a compact parameter set.  In the mean regression model, where ,1d ( | ) 0E U X x

2[ , , ( ) ] { [ ( ) ]} .Q Y F P X Y F P X

In the median regression model, where ( | ) 0median U X x ,

1[ , , ( ) ] | ( ) ( ) | .Q Y F P X F Y P X

If the data are censored, then  can be (for example) the objective function leading to the least-squares 

estimator of Koul, Susarla, and Van Ryzin (1981) or the censored quantile regression model of Honoré, Khan, 
and Powell (2002). 

Q

 The series estimator of ( )m x  is 
ˆ( ) ( ) nm x P x ,

where  is the first component of n̂ .  The estimator of  for any  and any 

 is the product of 

( )j
jm x 1,...,j d

[0,1]jx 1[ ( ),..., ( )]j jp x p x  with the appropriate components of ˆ .

 To describe the second-stage estimator of, say, , define 

and , where 

1
1( )m x 2

1 2( ) ( ) ... ( )d
i i dm X m X m Xi

i
2

1 2( ) ( ) ... ( )d
i i dm X m X m X 2( ,..., )d

i i iX X X .  Let  be a probability density 

function on , and define  for any real, positive constant .  For the second-stage 

estimator of the mean-regression model, define 

K

[ 1,1] ( ) ( / )hK v K v h h

1
1

1 1 1 1
1 1 1 1

1

( , )

2 { [ ( ) ( )]} [ ( ) ( )]( ) ( )

nj

n
j

i i i i
i

S x m

Y F m x m X F m x m X X x K x X1 1
h i

for  and 0,1j
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1 1 2 1 1 1 1
1 1 1

1

1 1 1 1
1 1 1 1

1

( , ) 2 [ ( ) ( )] ( ) ( )

2 { [ ( ) ( )]} [ ( ) ( )]( ) ( )

n
j

nj i i h i
i

n
j

i i i i
i

S x m F m x m X X x K x X

Y F m x m X F m x m X X x K x X1 1
h i

for .  The second-stage estimator of  is 0,1,2j 1
1( )m x

(2.4) 
1 1 1 1

1 1 21 01 11 11
1 1 1 1 1 2

01 21 11

( , ) ( , ) ( , ) ( , )ˆ ( ) ( )
( , ) ( , ) ( , )

n n n n

n n n

S x m S x m S x m S x mm x m x
S x m S x m S x m

.

The second stage estimators of  are obtained similarly. 2
2 ( ),..., ( )d

dm x m x

 The estimator (2.4) can be understood intuitively as follows.  If  and  were the true values 

of

1m

 and , the local linear estimator of  would minimize 1m 1
1( )m x

(2.5) .1 1 1
1 0 1 0 1 1

1
( , , ) { [ ( ) ( )]} ( )

n

n i i i h
i

S x b b Y F b b X x m X K x X2 1 1
i

1Moreover,  ( 01 1
1 1 0 1( , ) ( , , ) /nj n jS x m S x b b b ,j ) evaluated at  and .

gives the second derivatives of  evaluated at the same point.  The estimator (2.4) is the result 

of taking one Newton step from the starting values ,

1
0 1( )b m x 1 0b 1

1( , )njS x m

1
1 0( , , )nS x b b1

1
0 1( )b m x 1 0b  toward the minimum of the right-

hand side of (2.5). 
 For the median-regression, the second-stage estimator is a local-linear estimator with 

replaced by the first-stage estimates .  Specifically, the estimator  of  is defined 

as , where  minimizes 

1( )im X

1( )im X 1
1ˆ ( )m x 1

1( )m x

1
1

ˆˆ ( )m x b0 0 1
ˆ ˆ ˆ( , )nb b b

1 1 1 1
0 1 1

1

1 | ( ) ( ) ( ) | (
n

i i i h
i

1)iF Y b b X x m X K x X
nh

.

Similar procedures can be applied to the censored estimators described above.   
 Horowitz and Mammen (2004) and Horowitz and Lee (2005), respectively, show that for the mean- 
and median-regression models and under regularity conditions, the scaled second-stage estimators, 

 are asymptotically normally distributed with the same mean and variance that they 

would have if  were known.  Moreover, the estimators of any two additive components are 

asymptotically independent.  The regularity conditions require the additive components and link function to 
be twice continuously differentiable.  Only two derivatives are needed regardless of .  Thus, there is no 

curse of dimensionality asymptotically, and there is no asymptotic penalty for not knowing the additive 
components .

2 / 5 1 1
1 1ˆ[ ( ) ( )]n m x m x

2 ,..., dm m

d

2 ,..., dm m
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3.  Mean Regression with an Unknown Link Function 
 This section outlines a method for estimating the jm ’s in model (1.1) when the link function F  is 

unknown and  satisfies the conditional moment restriction U ( | ) 0E U X .  The procedure is discussed in 

detail in Horowitz and Mammen (2005).  See, also, Horowitz and Mammen (2006).  The estimation 
procedure is like that of Section 2 but with the link function replaced by a consistent estimator.  In the first 
stage, a modification of Ichimura’s (1993) estimator for a semiparametric single-index model is used to 
obtain a series approximation to each jm .  The second-stage estimator of, say,  is obtained by taking 

one Newton step from the first-stage estimate toward a local nonlinear least-squares estimate.   
1m

 To describe the estimator in more detail, assume that the support of X  is .  For any 

 define , where 

[0,1]d

x 1
1( ) ( ) ... ( )d

dm x m x m x jx  is the j’th component of x .  Observe that (1.1) 

remains unchanged if each jm  is replaced by j jm a  for any constants ja  and ( )F  is replaced by 

1*( ) ( ... )dF F a a .  Similarly, (1.1) is unchanged if each jm  is replaced by jcm  for any 0c

and ( )F  is replaced by *( ) ( / )F F c .  Therefore, location, sign, and scale normalizations are 

needed to make identification possible.  Under the additional assumption that F  is monotone, model (1.1) 
is identified if at least two additive components are not constant (Horowitz and Mammen 2006).  This 
assumption is necessary for identification.  To see why, suppose that only  is not constant. Then the 

regression function is of the form .  It is clear that this function does not identify 

1m

1
1[ ( ) constant]F m x F

and . In this paper we use a slightly stronger assumption for identification.  We assume that the 
derivatives of two additive components are bounded away from 0.  The indices 

1m
j  and  of these 

components do not need to be known for the implementation of our estimator. We suppose for purposes of 
exposition that  and .

k

j d 1k d

Achieve location normalization by setting 

(3.1) .
1

0
( ) 0; 1,...,jm v dv j d

To describe the sign and scale normalizations, let { : 1,2,...}kp k  denote a basis for smooth functions on 
 satisfying (3.1).  Assume that the basis functions satisfy: [0,1]

(3.2) ;
1

0
( ) 0kp v dv

(3.3) 
1

0

1 if 
( ) ( )

0 otherwise;j k
j k

p v p v dv

1( ) 12( 1/ 2)p , and 

(3.4) 
1

( ) ( )j j
j jk k

k
m x p x

for each , each , and suitable coefficients {1,...,j d [0,1]jx }jk .  We achieve sign and scale 

normalization by setting 1 1d .  This works because, to insure identification, we assume that there is a 
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finite constant  such that  for all 0MC ( )dm CM [0,1] .  Under this assumption, 1d  is 

bounded away from 0 and can be normalized to equal 1.  

Now, for any positive integer , define  as before.  Then for ,( )P x d ( )P x  is a 

series approximation to .  As before, let  be a probability density function on , and define 

.  Let 

( )m x K [ 1,1]

( ) ( / )hK v K v h ˆ ( )iF  be the following estimator of [ ( ) ]iF P X :

1

1ˆ ( ) ( ) ( )
ˆ ( )

n

i j h i
i j

j i

F Y K P X P
nhg jX ,

where

1

1ˆ ( ) ( ) ( )
n

i h i j
j
j i

g K P X P X
nh

.

To obtain the first-stage estimators of the jm ’s, let { , : 1,..., }i iY X i n  be a random sample of 

.  Let ( , )Y X n̂  be a solution to 

(3.5) 1 2

1

ˆminimize ( ) ( )[ ( )]
n

n i h i
i

S n I X Y Fi ,

where  and  are sets that are chosen to ensure h ( )P X  has a bounded probability density whose 
value is sufficiently far from 0 at each  and each hX .  See Horowitz and Mammen (2005) 

for details. 

 To obtain the second-stage estimator of, say,  at a point 1
1( )m x 1 ( ,1 )x h h , let iX  denote the 

’th observation of i 2( ,..., )dX X X .  Define , where 2
1 2( ) ( ) ... ( )d

i i dm X m X m Xi jm  is the first-

stage estimator of jm .  For a bandwidth s  define

0 1

2
0 1 0 1, 1

ˆ ˆ[ ( ), ( )] arg min ( ){ [ ( ) ]} [ ( ) ]
n

i i j h i j s jb b j
j i

b b I X Y b b m X K m X .

Define the local-linear estimators 0
ˆ( ) ( )i iF b  and 1

ˆ( ) ( )i iF b .  Let  be a symmetrical (about 0) 

probability density function on .  For a bandwidth t , define 

H

[ 1,1] ( ) ( / )tH H t ,

,1 1 1
1 1 1 1 1

1
( ) 2 ( ){ [ ( ) ( )]} [ ( ) ( )] ( )

n

n i h i i i i i t
i

S x I X Y F m x m X F m x m X H x X1 1
i

1 1
i

and

1 1 2
2 1 1

1
( ) 2 ( ) [ ( ) ( )] ( )

n

n i h i i t
i

S x I X F m x m X H x X .

The second-stage estimator of  is 1
1( )m x
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(3.6) 
1

1 1 1
1 1 1

2

( )ˆ ( ) ( )
( )

n

n

S xm x m x
S x

.

The second stage estimators of  are obtained similarly.  This estimator can be 

understood intuitively as follows.  If  and 

2
2 ( ),..., ( )d

dm x m x

iF 1m  were the true functions F  and , then a consistent 

estimator of  could be obtained by minimizing 

1m

1
1( )m x

(3.7) .1 2
1 1

1
( , ) ( ){ [ ( )]} ( )

n

n i h i i i t
i

S x b I X Y F b m X H x X1 1
i

The estimator (3.6) is the result of taking one Newton step from the starting value  toward the 

minimum of the right-hand side of (3.7).   

1
1( )b m x

 Horowitz and Mammen (2005) give conditions under which  is 

asymptotically normally distributed for any finite  when 

2 / 5 1 1
1 1ˆ[ ( ) ( )]n m x m x

d F  and the jm ’s are twice continuously 

differentiable.  The asymptotic normal distribution is has the same mean and variance that it would have if 
F  and  were known.  Thus, there is no curse of dimensionality and no penalty asymptotically 
for not knowing either the link functions or the additive components .

2 ,..., dm m

2 ,..., dm m
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ABSTRACT

Estimation of a regression function from data which consists of an independent and identically
distributed sample of the underlying distribution with additional measurement errors in the dependent
variable is considered. It is allowed that the measurement errors are not independent and have nonzero
mean. A result is presented which shows that the rate of convergence of least squares estimates applied
to this data is similar to the rate of convergence of least squares estimates applied to an independent
and identically distributed sample of the underlying distribution as long as the measurement errors are
small. It is illustrated how this results can be applied to censored regression and to pricing of American
options.

1 Introduction

Let (X, Y ), (X1, Y1), (X2, Y2),... be independent identically distributed IRd × IR - valued random
vectors with EY 2 < ∞. In the regression estimation problem the distribution of (X, Y ) is unknown.
Given the data set Dn = {(X1, Y1),...,(Xn, Yn)}, the goal is to construct an estimate mn(x)=mn(x,Dn)
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of m(x) = E{Y |X = x} such that the L2 error
∫ |mn(x) − m(x)|2μ(dx) is small. For a general

introduction to regression estimation see, e.g., Györfi et al. (2002). In this paper we assume that we
have given data

D̄n =
{
(X1, Ȳ1,n), . . . , (Xn, Ȳn,n)

}
,

where the only assumption on the random variables Ȳ1,n, . . . , Ȳn,n is that the average squared mea-
surement error

1
n

n∑
i=1

|Yi − Ȳi,n|2(1)

is small. In particular, D̄n does not need to be independent or identically distributed, and
E{Ȳi,n|X = x} does not need to be equal to m(x) = E{Y |X = x}. For notational simplicity we
will supress in the sequel a possible dependency of Ȳi = Ȳi,n on the sample size n in our notation.

It is not clear, how the L2 error of an arbitrary regression estimate is influenced by additional
measurement errors. Due to the fact that we assume nothing on the nature of these errors, there is no
chance to get rid of these errors, so these errors will necessarily increase the L2 error of the estimate.
Intuitively one can expect that measurement errors influence the error of the estimate not much as
long as these measurement errors are small. In this paper we present a result which shows that this
is indeed true for least squares estimates. We illustrate how this result can be applied to censored
regression and to pricing of American options.

The main result is formulated in Section 2. Applications of it to regression estimation from
censored data and to pricing of American options are described in Sections 3 and 4, respectively.

2 Main results

Let x1, . . . , , xn ∈ IRd and set xn
1 = (x1, . . . , xn). Define the distance d2(f, g) between f, g : IRd → IR

by

d2(f, g) =

(
1
n

n∑
i=1

|f(xi) − g(xi)|2
) 1

2

.

An ε–cover of F (w.r.t. the distance d2) is a set of functions f1, . . . , fk : IRd → IR with the property

min
1≤j≤k

d2(f, fj) < ε for all f ∈ F .

Let N2(ε,F , xn
1 ) denote the size k of the smallest ε–cover of F w.r.t. the distance d2.

Theorem 1 Assume that Y − m(X) is sub-Gaussian in the sense that

C2E
{
e(Y−m(X))2/C2 − 1|X

}
≤ σ2

0 almost surely(2)

for some C, σ0 > 0. Let βn, L ≥ 1 and assume that the regression function is bounded in absolute
value by L and that βn satisfies βn → ∞ (n → ∞). Let Fn be a set of functions f : IRd → [−βn, βn]
and define the estimate least squares estimate m̄n by

m̄n(·) = arg min
f∈Fn

1
n

n∑
i=1

|f(Xi) − Ȳi|2.(3)

Then there exist constants c1, c2 > 0 depending only on σ0 and C such that for any δn which satisfies

δn → 0 (n → ∞) and
n · δn

β2
n

→ ∞ (n → ∞)
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and

c1

√
nδ

β2
n

≥
∫ √δ

(c2δ)/β2
n

(
logN2

(
u

4βn
,

{
f − g : f ∈ Fn,

1
n

n∑
i=1

|f(xi) − g(xi)|2 ≤ δ

β2
n

}
, xn

1

))1/2

du

for all δ ≥ δn, all x1, . . . , xn ∈ IRd and all g ∈ Fn ∪ {m}, we have∫
|m̄n(x) − m(x)|2μ(dx) = OP

(
1
n

n∑
i=1

|Yi − Ŷi,n|2 + δn + inf
f∈Fn

∫
|f(x) − m(x)|2μ(dx)

)
.

Proof. See Kohler (2006). q.e.d.

In the above theorem

δn + inf
f∈Fn

∫
|f(x) − m(x)|2μ(dx)

is the error which is expected for a least squares estimate applied to data without measurement errors
(see, e.g., Kohler (2000) or van de Geer (2000) for related results), and the above theorem shows
that the error of our estimate is upper bounded by the sum of this term and the average squared
measurement error.

3 Regression estimation from censored data

Let (X, Y,C), (X1, Y1, C1), (X2, Y2, C2), . . . be independent identically distributed IRd × IR+ × IR+–
valued random variables, where Y and C are conditionally independent given X. Set Z = min{Y, C},
δ = I{Y <C}, Zi = min{Yi, Ci}, δi = I{Yi<Ci} (i = 1, . . . , n) and consider the problem of estimating the
regression function from the data

{(X1, Z1, δ1), . . . , (Xn, Zn, δn)} .

To do this we will use the idea of censoring unbiased transformation described in Fan and Gijbels
(1994), where a regression estimate is applied to a transformation of the above sample. Consistency
of kernel estimates applied to such data was shown in Pintér (2001). Under the additional assumption
that (X, Y ) and C are independent, consistency of various kernel, partitioning and nearest neighbor
estimates applied to such data was studied in Carbonez, Györfi and van der Meulen (1995) and Kohler,
Máthé and Pintér (2002). Set

G(t|x) = P{C > t|X = x} and assume G(Y |X) > 0 a.s.

Then

E
{

Z · δ
G(Z|X)

∣∣∣∣X
}

= E
{

Y · I{Y <C}
G(Y |X)

∣∣∣∣X
}

= E

⎧⎨
⎩

Y · E
{
I{Y <C}

∣∣∣X, Y
}

G(Y |X)

∣∣∣∣∣X
⎫⎬
⎭ = E{Y |X},

hence m(x) is the regression function to (X, Z · δ/G(Z|X)). With an appropriate estimate Gn(t|x) of
G(t|x) we can estimate m by applying a nonparametric regression estimate to the data{(

X1,
Z1 · δ1

Gn(Z1|X1)

)
, . . . ,

(
Xn,

Zn · δn

Gn(Zn|Xn)

)}
,

which can be considered as a sample of (X, Z · δ/G(Z|X)) with additional measurement errors in the
dependent variable. If Y is bounded in absolute value by L, then the average squared measurement
error is bounded by

1
n

n∑
i=1

∣∣∣∣ Zi · δi

G(Zi|Xi)
− Zi · δi

Gn(Zi|Xi)

∣∣∣∣
2

≤ L2 1
n

n∑
i=1

|G(Zi|Xi) − Gn(Zi|Xi)|2
G(Zi|Xi)2 · Gn(Zi|Xi)2

.(4)
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Theorem 1 can be used to analyze the rate of convergence of such estimates. This requires the
determination of the rate of convergence of the right-hand side of (4) to zero, which depends on
properties of the estimate Gn(z|x) of G(z|x).

In order to simplify the analysis, we use in the sequel the assumption that (X, Y ) and C are
independent. In this case G(z|x) does not depend on x and it suffices to estimate G(z) = P{C > z}
from a censored sample of C. To do this, we use the Kaplan-Meier estimate Gn (cf. Kaplan and Meier
(1958)) of G.

We impose the following regularity assumptions on the underlying distribution:

(A1) X ∈ [0, 1] a.s.

(A2) C and (X, Y ) are independent.

(A3) The survival function G defined by G(t) = P{C > t} is continuous.

(A4) There exists a constant L > 0 such that P{0 ≤ Y ≤ L} = 1 and P{C > L} > 0.

(A5) The constant L in (A4) can be chosen such that

lim
t→L,t<L

P{t < C ≤ L}
P{t < Y ≤ L} < ∞.

In order to formulate our result we need the following definition.

Definition 1 Let C > 0 and p = k + β for some k ∈ IN0 and β ∈ (0, 1]. A function m : [0, 1] → IR is
called (p, C)–smooth, if the k-th derivative m(k) of m exists and satisfies

|m(k)(x) − m(k)(z)| ≤ C · |x − z|β (x, z ∈ [0, 1]).

Theorem 2 Let L ≥ 1, C > 0 and p = k + β for some k ∈ IN0 and β ∈ (0, 1]. Let Fn be the set of
all piecewise polynomials of degree M ≥ k with respect to an equidistant partition of [0, 1] into

Kn =
⌈
C2/(2p+1)n1/(2p+1)

⌉
equidistant intervals, which are bounded in absolute value by L + 1. Let Gn be the Kaplan-Meier
estimate of G and define the estimate m̄n by

m̄n(·) = arg min
f∈Fn

1
n

n∑
i=1

∣∣∣∣f(Xi) − Zi · δi

Gn(Zi)

∣∣∣∣
2

.(5)

Then ∫
|m̄n(x) − m(x)|2μ(dx) = OP

(
C2/(2p+1)n−2p/(2p+1)

)
for all distributions of (X, Y, C) which satisfy (A1)-(A5) and where m is (p, C)–smooth.

Proof. The results follows from Theorem 1 and Lemma 6 in Kohler, Kul and Máthé (2005), cf. proof
of Corollary 2 in Kohler (2006). q.e.d.

4 Pricing of American options

The price V0 of a American options in discrete time can be defined as a solution of an optimal stopping
problem

V0 = sup
τ∈T (0,...,T )

E {fτ (Xτ )} .(6)

Here ft is the (discounted) payoff function, X0, X1, . . . , XT is the underlying stochastic process
describing e.g. the prices of the underlyings and the financial environment (like interest rates, etc.)
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and T (0, . . . , T ) is the class of all {0, . . . , T}-valued stopping times, i.e., τ ∈ T (0, . . . , T ) is a measurable
function of X0, . . . , XT satisfying

{τ = α} ∈ F(X0, . . . , Xα) for all α ∈ {0, . . . , T}.
In the sequel we assume that X0, X1, . . . , XT is a IRd–valued Markov process recording all necessary
information about financial variables including prices of the underlying assets as well as additional
risk factors driving stochastic volatility or stochastic interest rates.

The computation of (6) can be done by determination of an optimal stopping rule τ∗ ∈ T (0, . . . , T )
satisfying

V0 = E{fτ∗(Xτ∗)}.(7)

Let

qt(x) = sup
τ∈T (t+1,...,T )

E {fτ (Xτ )|Xt = x}(8)

be the so–called continuation value describing the value of the option at time t given Xt = x and
subject to the constraint of holding the option at time t rather than exercising it, where qT (x) = 0
by definition. Here T (t + 1, . . . , T ) is the class of all {t + 1, . . . , T}–valued stopping times. It can be
shown that

τ∗ = inf{s ≥ 0 : qs(Xs) ≤ fs(Xs)}(9)

satisfies (7), i.e., τ∗ is an optimal stopping time (cf., e.g., Chow, Robbins and Siegmund (1971)).
Therefore it suffices to compute the continuation values (8).

The continuation values satisfy the dynamic programming equations

qt(x) = E {max{ft+1(Xt+1), qt+1(Xt+1)}|Xt = x} (t = 0, 1, . . . , T − 1)(10)

(cf., Tsitsiklis and Van Roy (1999)). Unfortunately, the conditional expectation in (10) in general
cannot be computed in applications. The basic idea of regression-based Monte Carlo methods for
pricing American options is to apply recursively regression estimates to artificially created samples
of (Xt,max {ft+1(Xt+1), q̂t+1(Xt+1)}) (so–called Monte Carlo samples) to construct estimates q̂t of qt

(cf., Tsitsiklis and Van Roy (1999), Longstaff and Schwartz (2001), Egloff (2005) and Egloff, Kohler
and Todorovic (2006))

Let σ : IR → [0, 1] be a sigmoid function, i.e., assume that σ is monotonically increasing and
satisfies σ(x) → 0 (x → −∞) and σ(x) → 1 (x → ∞). Let βn > 0 and let Fk(βn) be a class of
neural networks defined by

Fk(βn) =

{
k∑

i=1

ci · σ(aT
i x + bi) + c0 : ai ∈ IRd, bi ∈ IR,

k∑
i=0

|ci| ≤ βn

}
.(11)

In the sequel we describe an algorithm to estimate the continuation values qt recursively. To do this
we generate artificial independent Markov processes {X(l)

i,t }t=0,...,T (l = 0, 1, . . . , T − 1, i = 1, 2, . . . , n)
which are identically distributed as {Xt}t=0,...,T and start with

q̂n,T (x) = 0 (x ∈ IRd) .

Fix t ∈ {0, 1, . . . , T − 1}. Given an estimate q̂n,t+1 of qt+1, we estimate

qt(x) = E{max{ft+1(Xt+1), qt+1(Xt+1)}|Xt = x}
by applying a neural networks regression estimate to{(

X
(t)
i,t , Ŷ

(t)
i,t

)
: i = 1, . . . , n

}
where Ŷ

(t)
i,t = max{ft+1(X

(t)
i,t+1), q̂n,t+1(X

(t)
i,t+1)}.
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To do this, we subdivide the data in a learning sample of size nl = 	n/2
 and a testing sample of size
nt = n − nl and define for a given k ∈ Pn = {1, . . . , n} a regression estimate of qt by

q̂k
nl,t

(·) = arg min
f∈Fk(βn)

(
1
nl

nl∑
i=1

|f(X(t)
i,t ) − Ŷ

(t)
i,t |2

)
.(12)

Then we minimize the empirical L2 risk on the testing sample in order to choose the value of parameter
k. So we choose

k̂ = arg min
k∈Pn

1
nt

n∑
i=nl+1

|q̂k
nl,t

(X(t)
i,t ) − Ŷ

(t)
i,t |2(13)

and define our final neural networks regression estimate of qt by

q̂n,t(x) = q̂k̂
nl,t

(x) (x ∈ IRd).(14)

Theorem 3 Let L > 0. Assume that X0, X1, . . . , XT is a IRd-valued Markov process and that the
discounted payoff function ft is bounded in absolute value by L. Define the estimate q̂n,t by (12),(13)
and (14) for some βn > 0. Let kn ∈ Pn and assume that kn, βn satisfy

βn → ∞ (n → ∞), kn → ∞ (n → ∞),
β4

n · kn · log n

n
→ 0 (n → ∞).

Then ∫
|q̂n,t(x) − qt(x)|2PXt(dx)

= OP

(
β4

n · kn · log n

n
+ max

s∈{t,t+1,...,T−1}
inf

f∈Fkn (βn)

∫
|f(x) − qt(x)|2PXs(dx)

)

for all t ∈ {0, 1, . . . , T}.

Proof. See Kohler, Krzyżak and Todorovic (2006). q.e.d.
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1 Introduction

Let (X1, Y1), . . . , (Xn, Yn) be n independent identically distributed set of variables. We wish to esti-
mate various functionals of the conditional distribution of Y1 given X1. We are in particular concerned
about functionals emphasizing the importance of extreme high values of the dependent variable, and
we want to profit by some complexity reducing structure or prior knowledge on a useful parametric
model.

We do not observe (X1, Y1), . . . , (Xn, Yn) directly, but only (X1, Y1 ∧ C1), . . . , (Xn, Yn ∧ Cn),
where (C1, . . . , Cn) are independent identically distributed right censoring times. Also, our data are
truncated to the left such that a pair (X, Y ) is only observed when Y is above some threshold value
T , where T is the time of left truncation. Had Y been below this T , we would not observe anything
about the pair (X, Y ); not even that it had been truncated. Let (T1, . . . , Tn) be these truncation times.
One prominent example where this statistical problem arises is in general insurance. The censoring
applies when there is some upper limit on the insurance policy. Either as part of the actual contract
or as a consequence of poor data collection where only the actual expense of the company is recorded
disregarding amounts paid by the reinsurance company. Typically, an insurance company holds an
excess of loss contract where the reinsurance company covers amounts above some threshold value
exactly corresponding to the right censoring mechanism described above. Left truncation exactly cor-
responds to the widely used deductibles. A loss below the deductible value is covered by the individual
policy holder without even noticing the insurance company. Even in the simple one-dimensional case
without any censoring or truncation our estimation problem is non-trivial and has given rise to an
enormous amount of theory on the extreme value behaviour of distributions and its estimation. The so
called EVT-theory, see Embrecht, Klüppelberg and Mikosch (1999) for a prominent textbook on this.
However, most of this literature is based on the asymptotic behaviour of maximal values of stochastic
variables arguing for the existence of a limit distribution - the Generalised Extreme Value distribution
- to which all extreme values distributions can be approximated. In practise most EVT-methods are
based on personal judgement; much like when a bandwidth is chosen by eye-ball in nonparametric
smoothing problems. Automatised versions of EVT exist but have never convinced practioners and are
not used very often. Also, there are surprisingly few simulation studies spelling out the actual benefits
of EVT methods. This lead Bolance, Guillen and Nielsen (2003) and Buch-Larsen et al. (2005) to
view this one-dimensional problem as a standard estimation problem attempting to improve estima-
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tion considering the classical trade off between variance and bias present in all problems of statistical
inference. The extreme tail was accounted for by transformation methods inspired by the pioneering
paper in the field of Wand, Marron and Ruppert (1991). In the working paper version of Bolance et
al. (2003) a simulation study was carried out where it was shown that classical EVT models did not
work very well for any of the distributions considered in the study and we have concluded that we do
not use classical EVT methods for business decisions. Buch-Kromann, Guillen, Linton and Nielsen
(2007) extended the approach of Buch-Larsen et al. (2005) to a multivariate setting where the loss
distribution is allowed to depend on covariates. This lead to various methods of multivariate density
estimation and its adjustment guided by structured models. The regression problem with censored
data and iid residuals is described in van Keilegom and Akritas (1999), based on the pioneering work
of Beran (1981), Dabrowska (1987) and McKeague and Utikal (1990). However, they do not take the
extreme value problem of Y into account. van Keilegom and Akritas (1999) concerned the local con-
stant estimator and did not consider local linear estimation that could have been carried out using the
local linear generalisation of Beran (1981) in Li and Doss (1995). In this paper we also restrict to the
local constant estimator for notational and presentational reasons. The widely available methodology
of regression is not appropriate for this type of problems where we need a full model specification
and not just mean functions or quantiles. In this paper we extend the approach of Buch-Kromann
et al. (2007) to the more complicated setting where truncation and right censoring is present. In the
following, filtered data is short for data that might have been truncated or censored. We use counting
process theory for this task and have to go through some theoretical steps that have recently been
throdden within the field of nonparametric smoothing based on filtered data. Nielsen, Tanggaard
and Jones (2007) note that nonparametric smoothing of densities can be generalised in such a way
that it in a filtered data context corresponds to local polynomial hazard estimation weighted with the
classical Kaplan-Meier estimator. Without filtering this local constant estimator simply collapses to
the standard kernel density estimator. Nielsen et al. (2007) also notice that they do not recommend
this estimator in general for filtered data. The reason is what they call exposure robustness indicat-
ing that another weighting, the so called natural weighting combined with a smooth version of the
Kaplan-Meier, works just as well as standard kernel density estimation when there is no filtering or
when filtering is happening in a smooth an unsurprising way. However, when lack of robustness is
present in the exposure pattern, the method with natural weighting and a smoothed Kaplan-Meier
outperformances the other method enormously. Therefore, Nielsen et al. (2007) suggested always
to use the latter approach since there was no pain, only gain. We generalise this latter approach
to the multivariate setting. First we define a smoothed conditional Kaplan-Meier as a simple func-
tional of the multivariate kernel hazard estimator of Nielsen and Linton (1995). Then we define our
nonparametric conditional density estimator as a weighted version of this very same local constant
multivariate kernel hazard estimator, where the weight is the smoothed conditional Kaplan-Meier.
Once a conditional density estimator is available we can approximate this density to our complexity
reducing structure. Finally we follow Buch-Kromann et. al (2007) and apply this structured density
to guide a bias correction leading to our final smooth nonparametric density estimator.

2 The model

We would like to analyse (X, Y ), but Y is not always observed. What we do observe is replicas of
stochastic variables (X, T, N) and we only observe such a stochastic variable when Y is bigger than T

such that Y has been truncated. We do not get any information at all in the case of a truncation, we
do not even know that a truncation has taken place. The right censoring time C is another stochastic
variable that is observed some times. C is only fully observed when right censoring is actually taken
place and C is smaller than Y . When Y is smaller than or equal to C then censoring has not taken
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place and the information we have about the censoring C is only that it is bigger than the observed
value Y . N is the counting process defined by N(s) = I(T < s < Y ∧ C). We assume that N has
stochastic intentisy λ with respect the its natural filtration Fy = σ {T,X, NC(s), N(s), s < y}, with
NC(s) = I(T < C < Y ∧ s) indicating whether censoring has been observed, see Jacobsen (1982) for
a book based on the natural filtration and see Andersen, Borgan, Gill and Keiding (1993) for a solid
introduction to the formulation of this type of models. Hence N has compensator Λ that equals the
integrated stochastic hazard and M = N − Λ is a martingale that easily lends itself to asymptotic
theory. We assume that the stochastic intensity function λ can be written as λ(s) = αX(s)I(T < s <

Y ∧C), where αX(s) is the conditional hazard of the distribution of Y given X and I(T < s < Y ∧C)
indicates whether the counting process actually would be able to jump at time s. In survival analysis
this latter function is known as the exposure. Then SXi(s) = exp {− ∫ s

0 αX(u)du} is the conditional
survival function and fX(s) = αX(s)SXi(s) is the conditional density.

Our final notational definition of this section is our actually observed stochastic variables. We
assume that we observe independent and identically distributed variabels (T1, X1, N1),. . . , (Tn, Xn, Nn)
where the counting processes N1, . . . , Nn have stochastic intensites λ1, . . . , λn and compensators Λ1, . . . ,Λn

with corresponding martingales M1, . . . , Mn. Our aim is to estimate the conditional density fx(s) given
X = x, possibly guided by prior knowledge and structured models.

3 Estimating the conditional distribution through its hazard, sur-

vival function and density.

In the simple case where one has a homogeneous poisson process it is well known that the maximum
likelihood estimator of the intensity or hazard of the process equals observed occurences divided
by the total exposure time of the process. Now let us consider a local version of this, we take all
observed occurences localised around some covariate or time and divide by the total exposure in this
neighbourhood. This will give us a local hazard estimator depending on the covariate or time. One
can even become slightly more sophisticated and weight these occurences or exposure times according
to how far away they are from the covariate or time value that we want to know the intensity of. This
latter case is exactly the local kernel hazard estimator of Nielsen and Linton (1995) that we will use in
the following. Let K be some mean zero probability density with finite variance and finite support and
let α̂

(b2)
x (t) = Ot

Et
, where Ot =

∑n
i=1

∫
Kb2(t− s)Kb2(x−Xi)dNi(s), is the total localised and smoothed

number of occurences and Et =
∑n

i=1

∫
Kb2(t−s)Kb2(x−Xi)Ei

sds, is the total localised and smoothed
exposure; Ei

s = I(Ti < s < Yi ∧ Ci). This gives an obvious candidate for our smoothed conditional
survival function Ŝ

(b2)
x (s) = exp

{
− ∫ s

0 α̂
(b2)
x (u)du

}
.

We have two obvious candidates for the conditional density. One is to realise that the density is
just a function of the hazard and the suvival function and then plug in the estimated conditional hazard
and survival function. However, we prefer a more direct estimator that is the natural generalisation
of the estimator of Nielsen, Tanggaard and Jones (2007). They show that if the counting process in
their case is replaced by the integral of the estimated survival function with respect to the counting
process, then local polynomial density estimators can be written as direct minimization of a natural
least squared loss criteria. In our case this corresponds to replacing dNi(s) by ŜXi(s)dNi(s) in the
kernel hazard estimator above and we arrive at the multivariate filtered data density estimator

f̂ (b1,b2)
x (t) =

∑n
i=1

∫
Kb1(t − s)Kb1(x − Xi)Ŝ

(b2)
Xi

(s)dNi(s)∑n
i=1

∫
Kb1(t − s)Kb1(x − Xi)Ei

sds
.(1)

The two bandwidths (b1, b2) in (1) allow us to undersmooth the conditional survival function that we
use as an auxiliary variable while estimating the conditional density. The theoretical consequence of
this undersmoothing is that both the variance and the bias from the auxiliary conditional survival
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function estimator will be of lower order of magnitude than the density estimator itself. Therefore,
the conditional survival function can be seen as known from the point of view of asymptotic theory.

4 Multiplicatively correction guided by prior knowledge

Assume, we have a prior knowledge indicating that hx(s) is close to fx(s). By introducing a multi-
plicative bias correction (2) based on the prior knowledge hx, where hx could be some appropriate
parametric model, we reduce the complexity of the estimation problem. The multiplicative bias cor-
rection based on hx is

ĝ(b1,b2)
x (t) =

∑n
i=1

∫
Kb1(t − s)Kb1(x − Xi)Ŝ

(b2)
Xi

(s) {hXi(s)}−1 dNi(s)∑n
i=1

∫
Kb1(t − s)Kb1(x − Xi)Ei

sds
(2)

and the final multiplicatively bias corrected estimator of fx(s) is m̂
(b1,b2)
x (t) = ĝ

(b1,b2)
x (t)hx(t). This

estimator is guided by some prior knowledge, however we still have a nonparametric final estimator
m̂

(b1,b2)
x (t) of fx(s).

5 Tail flattening transformations

When dealing with heavy tail distributions, tail flattening transformations as introduced in Wand,
Marron and Ruppert (1991) have shown to improve the estimation results significantly, see Bolance
et al. (2003) and Buch-Larsen et al. (2005) for simulation studies in one dimension.

Let Ψx be a candidate of a tail flattening transformation, where Ψx is a cdf. Ψx could be the
Champernowne cdf and independent of X as in Buch-Kromann et al. (2007). Let ψx be the density
corresponding to Ψx that we assume to be differentiable. We transform our data with Ψx and obtain
the transformed counting process Ñi = Ni ◦ Ψ−1

Xi
. Now we calculate the density estimator (1) and

obtain the following density estimator on the transformed axis:

k̂
(b1,b2)
Ψ,x (t) =

∑n
i=1

∫ 1
0 Kb1(t − s)Kb1(x − Xi)Ŝ

(b2)
Ψ,Xi

(s) dÑi(s)∑n
i=1

∫ 1
0 Kb1(t − s)Kb1(x − Xi)Ei

Ψ−1
Xi

(s)
ds

(3)

where Ŝ
(b2)
Ψ,x (s) = exp

{
− ∫ s

0 α̂
(b2)
Ψ,x(u) du

}
, with α̂

(b2)
Ψ,x(u) =

∑n

i=1

∫ 1

0
Kb2

(u−s)Kb2
(x−Xi) dÑi(s)∑n

i=1

∫ 1

0
Kb2

(u−s)Kb2
(x−Xi)Ei

Ψ−1
Xi

(s)
ds

.

Then we backtransform to obtain an estimator of fx(s) on the original axis

f̂
(b1,b2)
Ψ,x (t) = ψx(t) · k̂(b1,b2)

Ψ,x {Ψx(t)}.(4)

We also allow the transformed estimation procedure to be guided by prior knowledge hx(s)
through a multiplicative bias correction. We therefore combine the multiplicative bias correction from
(2) with the tail flattening transformation approach (4). This results in the following tail flattening
version of the estimator (2):

m̂
(b1,b2)
Ψ,x (t) =

ψx(t)hx(t)
∑n

i=1

∫ 1
0 Kb1{Ψx(t) − s}Kb1(x − Xi)Ŝ

(b2)
Ψ,Xi

(s)
[
hXi{Ψ−1

Xi
(s)}

]−1
dÑi(s)∑n

i=1

∫ 1
0 Kb1{Ψx(t) − s}Kb1(x − Xi)Ei

Ψ−1
Xi

(s)
ds

(5)

6 Asymptotic properties of our nonparametric density estimators

The distribution theory is similar to what is known from the theory of multivariate hazard estimation.
When we undersmooth our auxiliary estimator of the conditional survival function then it enters the
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asymptotic theory as if it had been known. If dN(s) � λ(s)ds = αX(s)I(T < s < Y ∧ C)ds, then
SX(s)dN(s) = fX(s)I(T < s < Y ∧ C)ds. Replacing dN(s) in our analysis with ŜX(s)dN(s) and
noting that this is equivalent to SX(s)dN(s) immediate impling that the type of results we would
obtain about hazard estimation from smoothing dN(s) can be transfered to density estimation by
smoothing ŜX(s)dN(s) as in Nielsen et al. (2007). We will therefore omit most of the proofs and refer
to the almost identical theory in the multivariate hazard estimation paper of Nielsen and Linton (1995).
Let Z(x, s) = Pr(X ≤ x | Es = 1) be the differentiable conditional distribution of the covariate X

given counting proces can jump at time s and let z(x, s) = ∂Z(x, s)/∂s be the corresponding density
of Z with respect to the two-dimensional Lesbesque-measure. Also let es be the mean exposure at
regressor level s: es = E(Es) and let φx(s) = z(x, s)es. Let f be the functional mapping (x, t) into
fx(t) and let φ be the functional mapping (x, t) into φx(t). Both are mappings from R×R+ into R+.

Assumption A.

1. Suppose that f is twice continuously differentiable and strictly positive at the interior point x.

2. Suppose that the two dimensional functional φ mapping is twice continuously differentiable and
strictly positive at the interior point x.

3. Suppose that nb1b2 → ∞ and b1 → 0 and b2/b1 → 0.

The functionals B1 and B2 in (6) and(7) map one one time continuously differentiable mapping
and one two times continuously diffirentiable mapping into another mapping from R×R+ into R+.

B1 and B2 are defined by

B1(f, φ)(x, t) = μ2(K)
[
{∂fx(t)/∂t∂φx(t)/∂t} {φx(t)}−1 + 1

2∂2fx(t)/ (∂t)2
]
,(6)

B2(f, φ)(x, t) = μ2(K)
[
{∂fx(t)/∂x∂φx(t)/∂x} {φx(t)}−1 + 1

2∂2fx(t)/ (∂x)2
]
,(7)

where μ2(K) =
∫

K(t)t2 dt. Let β1(x, t) = B1(f, φ)(x, t) + B2(f, φ)(x, t) and
γ1(x, t) = {||K||22}2fx(t)Sx(t) {φx(t)}−1, where ||K||22 =

∫
K2(u) du.

Then we can write up the asymptotic theory of our multivariate density estimator. From a
theoretical point of view the theory of this estimator is close to the theory of the nonparametric local
constant kernel hazard estimator considered in Nielsen and Linton (1995) and Nielsen (1998). See
Nielsen and Buch-Kromann (2007) for further details.

Theorem 1. Suppose that assumptions A is satisfied then√
nb1b2

[
f̂

(b1,b2)
x (t) − fx(t) − h2β1(x, t)

]
=⇒ N {0, γ1(x, t)}.

Now we are ready to state the asymptotic theory of the above density estimator when prior
knowledge is used to bias correct the original estimator. The asymptotic theory is very similar to
the asymptotic theory without bias correction, however, the bias expression is changed such that it
is the curvature of the true density divided by the prior knowledge that enters our bias expression.
Therefore, this approach improves performance when our prior knowledge is sufficiently precise to
capture essential properties of the curvature of the problem. If the prior knowledge does not have this
quality, it will not be helpful in our estimation process. Let h be the functional from R×R+ into R+

mapping (x, t) into hx(t), where hx(t) represents our prior knowledge that we want to employ through
a multiplicative bias correction and let g be the functional from R×R+ into R+ mapping (x, t) into
gx(t) = fx(t) {hx(t)}−1. Let β2(x, t) = hx(t) {B1(g, φ)(x, t) + B2(g, φ)(x, t)}.
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Theorem 2. (Multiplicative correction guided by prior knowledge)
Suppose that assumptions A is satisfied and suppose that the functional h is two times continuously
differentiable, then

√
nb1b2

[
m̂

(b1,b2)
x (t) − fx(t) − h2β2(x, t)

]
=⇒ N {0, γ1(x, t)}.

Now we state the asymptotic theory of the density estimator when a transformation approach is
used in our estimation process. The asymptotic theory is similar to the asymptotic theory with multi-
plicatively bias correction guided by prior knowledge. The bias expression is changed such that it is the
curvature of the transformed density that enters our bias expression. Therefore, this approach improves
performance when our transformation captures essential properties of the curvature of the problem.
In the transformation approach also the variance is affected since it is multiplied by the density of the
transformation. This is because the transformation approach acts similar to a nearest neighbour type
of approach since it compresses the data through the transformation. The variance is affected in a
similar fashion as with nearest methods accounting for the changed amount of information present in a
bandwidth distance. Let fψ−1◦Ψ−1 be the functional mapping (x, t) into fx

{
Ψ−1

x (t)
} [

ψx
{
Ψ−1

x (t)
}]−1,

where Ψ−1
x (t) - for fixed x - is the inversion of the cdf Ψx(t) that we use for our tail flattening trans-

formation. fψ−1 ◦ Ψ−1 is conditional density of the latent variable Y after our transformation has
taken place. Since we carry our nonparametric density estimation out on this transformed axes, it is
unsurprising that the main term in the bias of this approach is the bias of the density estimator on
this axes. Let β3(x, t) = ψx(t)

[B1(fψ−1 ◦ Ψ−1, φ) {x,Ψx(t)} + B2(fψ−1 ◦ Ψ−1, φ) {x,Ψx(t)}].
Theorem 3. (Tail flattening transformation)

Suppose that assumptions A is satisfied and suppose that the functional Ψ is two times continuously
differentiable, then

√
nb1b2

[
f̂

(b1,b2)
Ψ,x (t) − fx(t) − h2β3(x, t)

]
=⇒ N {0, ψx(t)γ1(x, t)}.

Let gψ−1 ◦Ψ−1 be the same functional as fψ−1 ◦Ψ−1, but with g replacing f and let β4(x, t) =
ψx(t)hx(t)

[B1(gψ−1 ◦ Ψ−1, φ) {x,Ψx(t)} + B2(gψ−1 ◦ Ψ−1, φ) {x,Ψx(t)}]. Then we can state the asymp-
totic theory of the bias corrected estimator with tail flattening transformation (5). From this approach
we both get the advantage of the nearest neighbour type of quality of the transformation and the bias
reducing advantage of our prior knowledge. In a case study of in Nielsen and Buch-Kromann (2007)
this approach shows to have very good practical performance.

Theorem 4. (Tail flattening transformation combined with multiplicative correction)

Suppose that assumptions A is satisfied and suppose that the functionals h and Ψ are two times
continuously differentiable, then

√
nb1b2

[
m̂

(b1,b2)
Ψ,x (t) − fx(t) − h2β4(x, t)

]
=⇒ N {0, ψx(t)γ1(x, t)}.

7 Conclusion

This paper concerns multivariate density estimation of truncated or censored data with special concern
on extreme values. The estimation is based on the local constant estimator and we extend the estimator
with a dimension reducing prior knowlegde and a tail flattening transformation. The asymptotic theory
shows that these extensions might improve the preformance of the estimator when the prior knowlegde
and the transformation are not too fare away from the true distribution.
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Statistical Issues in the Analysis of Multi-species Gene Expression

Time Course Data

Sunduz Keles
University of Wisconsin, Madison
E-mail: keles@stat.wisc.edu

ABSTRACT

Many of the phenotypic variations or responses between related species are due to differences in gene
expression. Time series gene expression data across multiple species is a useful platform for character-
izing diverging and converging groups of genes across related species. I will discuss statistical modeling
aspects of this high dimensional problem within the context of clustering, network construction and
gene set enrichment analysis. In particular, model-based approaches for identifying clusters of genes
with similar and distinct expression profiles across related species will be discussed. Methods will be
motivated by and applied on a multi-strain yeast stress response gene expression dataset.

Keywords. Gene expression; time course; multiple species; evolution; clustering; mixture models;
model selection; expression networks; gene set enrichment.

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 83 -



The Next Data Deluge

Annette Molinaro
Yale University
E-mail: annette.molinaro@yale.edu

ABSTRACT

The massive amounts of data generated by the advent of numerous information-rich technolo-
gies provide an opportunity for deciphering biologically complex processes, including tumorigenesis.
Microarray-based reagents are available for investigating RNA and protein expression, chromosomal
amplification and deletions, DNA-protein interactions, transcript annotation, and tissue histopathol-
ogy. Each technology offers its own unique perspective on the underlying cellular processes and the
potential to revolutionize our understanding of carcinogenesis and cancer therapy. However, the trans-
lational link between bench and bedside lies in the ability to sort through large and complex data
sets to arrive at a mechanistic understanding of cancer. Until now, much of the focus in genomics has
been on biomarker discovery and lists of univariately significant genes. These approaches, although
significant on their own, have not been effective for elucidating the synergistic qualities of numerous
genes and proteins in complex diseases. There is a compelling need to develop analytically sound and
computationally advanced methods that can extract a more biologically meaningful understanding of
the mechanisms of cancer initiation and progression. In this talk we will discuss the latest technologies
and their statistical challenges.

Keywords. Genomics, computational statistics, microarray.
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Geometry of Learning from Labeled and Unlabeled Data

Belkin, Mikhail
Ohio State University, Dept. of computer Science and Engineering
2015 Neil Ave., Columbus, Ohio 43210, USA
E-mail: mbelkin@cse.ohio-state.edu

Niyogi, Partha
University of Chicago, Dept. of Computer Science
1100 E. 58th Street, Chicago, IL 60637, USA
E-mail: niyogi@cs.uchicago.edu

Vikas, Sindhwani
University of Chicago, Dept. of Computer Science
1100 E. 58th Street, Chicago, IL 60637, USA
E-mail: vikass@cs.uchicago.edu

1 Introduction

The problem of learning from labeled and unlabeled data (semi-supervised and transductive learning)
has attracted considerable attention in recent years (cf. [7, 4, 6, 10, 12]). In this short overview, based
on our paper [3], we consider this problem within a new framework for data-dependent regularization.
Our framework exploits the geometry of the probability distribution that generates the data and
incorporates it as an additional regularization term. We consider in some detail the special case where
this probability distribution is supported on a submanifold of the ambient space.

We propose two specific families of algorithms: the Laplacian Regularized Least Squares (here-
after LapRLS) and the Laplacian Support Vector Machines (hereafter LapSVM). These are natural
extensions of RLS and SVM respectively. In addition, several recently proposed transductive methods
(e.g., [12, 1]) are also seen to be special cases of this general approach. Our solution for the semi-
supervised case can be expressed as an expansion over labeled and unlabeled data points. Building on
a solid theoretical foundation, we obtain a natural solution to the problem of out-of-sample extension.
When all examples are unlabeled, we obtain a new regularized version of spectral clustering.

Our general framework brings together three distinct concepts that have received some indepen-
dent recent attention in machine learning: Regularization in Reproducing Kernel Hilbert Spaces, the
technology of Spectral Graph Theory and the geometric viewpoint of Manifold Learning algorithms.

First, we recall the standard statistical framework of learning from examples, where there is a
probability distribution P on X × R according to which training examples are generated. Labeled
examples are (x, y) pairs drawn from P . Unlabeled examples are simply x ∈ X drawn from the
marginal distribution PX of P .

One might hope that knowledge of the marginal PX can be exploited for better function learning
(e.g. in classification or regression tasks). Figure 1 shows how unlabeled data can radically alter our
prior belief about the appropriate choice of classification functions. However, if there is no identifiable
relation between PX and the conditional P(y|x), the knowledge of PX is unlikely to be of much use.
Therefore, we will make a specific assumption about the connection between the marginal and the
conditional. We will assume that if two points x1, x2 ∈ X are close in the intrinsic geometry of PX ,
then the conditional distributions P(y|x1) and P(y|x2) are similar. In other words, the conditional
probability distribution P(y|x) varies smoothly along the geodesics in the intrinsic geometry of PX .
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Figure 1: Unlabeled data and prior beliefs

We utilize these geometric ideas to extend an established framework for function learning. A
number of popular algorithms such as SVM, Ridge regression, splines, Radial Basis Functions may be
broadly interpreted as regularization algorithms with different empirical cost functions and complexity
measures in an appropriately chosen Reproducing Kernel Hilbert Space (RKHS).

For a Mercer kernel K : X × X → R, there is an associated RKHS HK of functions X → R

with the corresponding norm ‖ ‖K . Given a set of labeled examples (xi, yi), i = 1, . . . , l the standard
framework estimates an unknown function by minimizing

(1) f∗ = argmin
f∈HK

1
l

l∑
i=1

V (xi, yi, f) + γ‖f‖2
K

where V is some loss function, such as squared loss (yi − f(xi))2 for RLS or the soft margin loss
function for SVM. Penalizing the RKHS norm imposes smoothness conditions on possible solutions.
The classical Representer Theorem states that the solution to this minimization problem exists in HK

and can be written as

(2) f∗(x) =
l∑

i=1

αiK(xi, x)

Therefore, the problem is reduced to optimizing over the finite dimensional space of coefficients αi,
which is the algorithmic basis for SVM, Regularized Least Squares and other regression and classifi-
cation schemes.

Our goal is to extend this framework by incorporating additional information about the geomet-
ric structure of the marginal PX . We would like to ensure that the solution is smooth with respect to
both the ambient space and the marginal distribution PX . To achieve that, we introduce an additional
regularizer:

(3) f∗ = argmin
f∈HK

1
l

l∑
i=1

V (xi, yi, f) + γA‖f‖2
K + γI‖f‖2

I

where ‖f‖2
I is an appropriate penalty term that should reflect the intrinsic structure of PX . Here γA

controls the complexity of the function in the ambient space while γI controls the complexity of the
function in the intrinsic geometry of PX . Given this setup one can prove the following representer
theorem:

Theorem 1.1. Assume that the penalty term ‖f‖I is sufficiently smooth with respect to the RKHS
norm ‖f‖K . Then the solution f∗ to the optimization problem in Eqn 3 above exists and admits the
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following representation

(4) f∗(x) =
∫
M
α(y)K(x, y) dPX(y) +

l∑
i=1

αiK(xi, x)

where M = supp{PX} is the support of the marginal PX .

The proof of this theorem runs over several pages and is omitted for lack of space. See [3] for
details including the exact statement of the smoothness conditions.

In most applications, however, we do not know PX . Therefore we must attempt to get empirical
estimates of ‖f‖I . Note that in order to get such empirical estimates it is sufficient to have unlabeled
examples.

A case of particular recent interest is when the support of PX is a compact submanifold M ⊂
X = R

n. In that case, a natural choice for ‖f‖I is
∫
M 〈∇Mf,∇Mf〉. The optimization problem

becomes

f∗ = argmin
f∈HK

1
l

l∑
i=1

V (xi, yi, f) + γA‖f‖2
K +

γI

∫
M

〈∇Mf,∇Mf〉(5)

The term
∫
M 〈∇Mf,∇Mf〉 may be approximated on the basis of labeled and unlabeled data using

the graph Laplacian ([1]). Thus, given a set of l labeled examples {(xi, yi)}l
i=1 and a set of u unlabeled

examples {xj}j=l+u
j=l+1 , we consider the following optimization problem :

f∗ = argmin
f∈HK

1
l

l∑
i=1

V (xi, yi, f) + γA‖f‖2
K +

γI

(u+ l)2
f̂TLf̂(6)

where f̂ = [f(x1), . . . , f(xl+u)]T , and L is the graph Laplacian given by L = D−W where Wij are the
edge weights in the data adjacency graph. Here, the diagonal matrix D is given by Dii =

∑l+u
j=1Wij .

The normalizing coefficient 1
(u+l)2

is the natural scale factor for the empirical estimate of the Laplace

operator. On a sparse adjacency graph it may be replaced by
∑l+u

i,j=1Wij .
The following simple version of the representer theorem shows that the minimizer has an expan-

sion in terms of both labeled and unlabeled examples and is a key to our algorithms.

Theorem 1.2. The minimizer of optimization problem 6 admits an expansion

(7) f∗(x) =
l+u∑
i=1

αiK(xi, x)

in terms of the labeled and unlabeled examples.

The proof is a variation of the standard orthogonality argument, which we omit for lack of space.
Remarks : (a) Other natural choices of ‖ ‖I exist. Examples are (i) heat kernel (ii) iterated Laplacian
(iii) kernels in geodesic coordinates. The above kernels are geodesic analogs of similar kernels in
Euclidean space. (b) Note that K restricted to M (denoted by KM) is also a kernel defined on M
with an associated RKHS HM of functions M → R. While this might suggest ‖f‖I = ‖f |M‖KM

(f |M
is f restricted to M) as a reasonable choice for ‖f‖I , it turns out, that for the minimizer f ∗ of the
corresponding optimization problem we get ‖f ∗‖I = ‖f∗‖K , yielding the same solution as standard
regularization, although with a different γ.
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2 Algorithms

We now present solutions to the optimization problem posed in Eqn (6). To fix notation, we assume we
have l labeled examples {(xi, yi)}l

i=1 and u unlabeled examples {xj}j=l+u
j=l+1 . We use K interchangeably

to denote the kernel function or the Gram matrix.

2.1 Laplacian Regularized Least Squares (LapRLS)

The Laplacian Regularized Least Squares algorithm solves Eqn (6) with the squared loss function:
V (xi, yi, f) = (yi − f(xi))2. Since the solution is of the form given by (7), the objective function can
be reduced to a convex differentiable function of the (l + u)-dimensional expansion coefficient vector
α = [α1, . . . , αl+u]T whose minimizer is given by :

(8) α∗ = (JK + γAlI +
γI l

(u+ l)2
LK)−1Y

Here, K is the (l + u) × (l + u) Gram matrix over labeled and unlabeled points; Y is an (l + u)
dimensional label vector given by - Y = [y1, . . . , yl, 0, . . . , 0] and J is an (l + u) × (l + u) diagonal
matrix given by - J = diag(1, . . . , 1, 0, . . . , 0) with the first l diagonal entries as 1 and the rest 0.

Note that when γI = 0, Eqn (8) gives zero coefficients over unlabeled data. The coefficients over
labeled data are exactly those for standard RLS.

2.2 Laplacian Support Vector Machines (LapSVM)

Laplacian SVMs solve the optimization problem in Eqn. 6 with the soft margin loss function defined as
V (xi, yi, f) = max(0, 1−yif(xi)), yi ∈ {−1,+1}. Introducing slack variables, using standard Lagrange
Multiplier techniques used for deriving SVMs [11], we first arrive at the following quadratic program
in l dual variables β :

β� = max
β∈Rl

l∑
i=1

βi − 1
2
βTQβ(9)

subject to the contraints :
∑l

i=1 yiβi = 0, 0 ≤ βi ≤ 1
l , i = 1, ...l , where

(10) Q = Y JK(2γAI + 2
γI

(u+ l)2
LK)−1JTY

Here, Y is the diagonal matrix Yii = yi, K is the Gram matrix over both the labeled and the unlabeled
data; L is the data adjacency graph Laplacian; and J is an l× (l+u) matrix given by - Jij = 1 if i = j

and xi is a labeled example, and Jij = 0 otherwise. To obtain the optimal expansion coefficient vector
α∗ ∈ R

(l+u) , one has to solve the following linear system after solving the quadratic program above :

(11) α∗ = (2γAI + 2
γI

(u+ l)2
LK)−1JTY β�

One can note that when γI = 0, the SVM QP and Eqns (10,11), give zero expansion coefficients
over the unlabeled data. The expansion coefficients over the labeled data and the Q matrix are as in
standard SVM, in this case. Laplacian SVMs can be easily implemented using standard SVM software
and packages for solving linear systems.

The Manifold Regularization algorithms and some connections are presented in the table below.
For Graph Regularization and Label Propagation see [8, 2, 12].
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Manifold Regularization Algorithms

Input: l labeled examples {(xi, yi)}l
i=1, u unlabeled examples {xj}l+u

j=l+1

Output: Estimated function f : R

n → R

Step 1 � Construct data adjacency graph with (l + u) nodes using, e.g, k nearest neigh-
bors. Choose edge weights Wij , e.g. binary weights or heat kernel weights
Wij = e−‖xi−xj‖2/4t.

Step 2 � Choose a kernel function K(x, y). Compute the Gram matrix Kij = K(xi, xj).
Step 3 � Compute graph Laplacian matrix : L = D −W where D is a diagonal matrix

given by Dii =
∑l+u

j=1Wij .
Step 4 � Choose γA and γI .
Step 5 � Compute α∗ using Eqn (8) for squared loss (Laplacian RLS) or using Eqns (10,11)

together with the SVM QP solver for soft margin loss (Laplacian SVM).
Step 6 � Output function f∗(x) =

∑l+u
i=1 α

∗
iK(xi, x).

Connections to other algorithms

γA ≥ 0 γI ≥ 0 Manifold Regularization
γA ≥ 0 γI = 0 Standard Regularization (RLS or SVM)
γA = 0 γI > 0 Out-of-sample extension for Graph Regularization (RLS or SVM)
γA = 0 γI → 0 Out-of-sample extension for Label Propagation (RLS or SVM)
γA → 0 γI = 0 Hard margin (RLS or SVM)
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RÉSUMÉ

We propose a family of learning algorithms based on a new form of regularization that allows us
to exploit the geometry of the marginal distribution. We show how geometry of the data can be used
to obtain efficient algorithms for learning from both labeled and unlabeled data.
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Semi-Supervised Learning Using Self-Training with Random Forests

Mease, David
San Jose State University, College of Business
One Washington Square
San Jose, CA 95192-0069, USA
E-mail: mease d@cob.sjsu.edu

1. Introduction

Semi-supervised learning (Chapelle et al., 2006) is a general approach for improving classification
accuracy by making use of unlabeled data in addition to the labeled data. In this paper we focus on
self-training (Nigam and Ghani, 2000), which is a specific method for carrying out semi-supervised
learning. We will describe self-training and illustrate how it works using a simple two dimensional
dataset in the following section.

For self-training to be effective, its base classifier must be able to reliably measure the confidence
of its predictions. For this reason we suggest the use of Random Forests (Breiman, 2001) as the base
classifier. The application of Random Forests to semi-supervised learning is discussed in the third and
final section of this paper.

2. Self-Training Applied to a Simple 2 Dimensional Example

To illustrate self-training as well as semi-supervised learning in general, we consider a simple
two dimensional example. The total number of points in the example is n = 1000 with 500 belonging
to the y = −1 class and the other 500 belonging to the y = 1 class. The y = −1 class is simulated by
drawing 500 x1 values and 500 x2 values independently from the standard normal distribution. This
500 by 2 matrix is then multiplied by the matrix

A =

(
1 3
3 1

)

and the value 10 is added to all the x1 values. The y = 1 class is simulated in the same way except
instead of adding 10 to the x1 values we add 10 to the x2 values. Three points from each of the two
classes are randomly selected to be labeled with the true class labels. The other 994 points remain
unlabeled. Finally, all of the x values for both classes are then (jointly) scaled and translated to be
in [0, 1]2. A sample draw from this model is shown in the first plot in Figure 1. The circles represent
the y = 1 class and the triangles represent the y = −1 class. The light circles and triangles are the
unlabeled points and the black solid circles and triangles are the six labeled points. (Note that when
any of the plots in this paper are viewed in color, the blue symbols are always circles and the red
symbols are always triangles.)

The upper right panel in Figure 1 shows the results of applying a simple classifier, nearest
neighbor 3. We will work with the nearest neighbor 3 classifier initially since it provides intuitive class
probability estimates. Specifically, a point is assigned class y = 1 with probability 1 if all of the three
closest (labeled) points are class y = 1, and a point is assigned class y = 1 with probability 2/3 if
exactly two of the three closest (labeled) points are class y = 1. Analogously, a point is assigned class
y = −1 with probability 1 if all of the three closest (labeled) points are class y = −1, and a point
is assigned class y = −1 with probability 2/3 if exactly two of the three closest (labeled) points are
class y = −1. The symbols used in the upper right panel in Figure 1 represent the nearest neighbor
classification and the darkness of the symbols corresponds to the probability; the dark colors have
class probabilities of 1 and the light colors have class probabilities of 2/3. In this particular example,
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Figure 1: Self-Training Using Nearest Neighbor 3 in 2 Dimensions with 3 Labeled

Points in Each Class
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the nearest neighbor 3 classifier failed to find a good classification rule and consequently 12.5% of the
points were misclassified. The specific problem here was that the points near the bottom of the y = 1
(circle) class in this instance happened to be closer to 2 of the 3 labeled y = −1 (triangle) points than
the labeled y = 1 (circle) points, and thus were classified incorrectly.

Semi-supervised learning can provide more accurate classification in this example by making
use of the unlabeled data. This should be intuitive since the separation of the two classes is clear
in the unlabeled data. Specifically, self-training can be used with a classifier like nearest neighbor 3
in an iterative process. After the initial classification (as shown in the upper right panel in Figure
1) self-training then carries out another classification using the same classifier (nearest neighbor 3)
but this time training on all the points for which the estimated class probability is sufficiently large.
For instance, if we train on the points for which the estimated class probability exceeds 2/3 then the
training data for the second classification would be the data shown in the lower left plot in Figure 1.
We note that the original 6 labeled points are also included by default. The class labels used for the
labeled points are the true labels and the class labels used for the unlabeled points are the predicted
class labels from the initial classification rule.

By training on the data in the lower left plot in Figure 1, this next nearest neighbor 3 classifier
produces the classification rule shown in the final plot in Figure 1. Note that most of the problems
with the initial classification rule have been corrected, and the misclassification error is now only 0.5%
after this single iteration of self-training beyond the initial fit.

The specific example shown is one of 1000 simulations carried out using the model described.
In these 1000 simulations the mean misclassification error of the initial nearest neighbor classifier was
0.41% compared to only 0.08% for the (single iteration) self-training nearest neighbor 3 classifier as
described. Thus we see that with only a single iteration self-training is very effective at improving the
classification accuracy of the nearest neighbor 3 classifier in this simple example.

Figure 2 gives a scatter plot showing each of the 1000 iterations. The point on the far right is
the iteration depicted in Figure 1.

3. The Use of Random Forests for Self-Training

While nearest neighbor 3 with self-training was an effective classifier in this simple two dimen-
sional example, we should not expect good performance in high dimensional problems since nearest
neighbor classifiers are known to preform poorly for high and even moderate numbers of dimensions.
Random Forests, on the other hand, is generally considered to be a very effective classifier in high
dimensions. Furthermore, it has been shown (Mease et al., 2007) that the Random Forests classifier
produces very reliable estimates of class probability relative to competing classifiers. This feature is
attractive for our purposes since the selection of the data used for self-training depends on having an
accurate measure of the confidence in the predicted class labels from the previous iteration. The fitted
class probabilities produced by the Random Forests classifier give us just that.

We next revisit the earlier simulation using the default implementation of Random Forests
(version 4.5-18) available in the R software package (http://www.r-project.org/) in place of the nearest
neighbor 3 classifier in both the initial fit and the single iteration of self-training. For the self-training
iteration we take the data to be those points for which the predicted class probability exceeds 0.7.
Figure 3 shows the performance of the Random Forests classifier (x-axis) compared to self-training
using Random Forests (y-axis).

In Figure 3 it can be seen that the application of the self-training actually now increases the
average misclassification rate from 2.2% to 6.79%. This negative result is of course not encouraging;
however, the performance of Random Forests is actually quite poor overall on this simple low dimen-
sional model and it seems as though the second application of Random Forests in the self-training
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Figure 2: Comparison of Misclassification Error for Nearest Neighbor 3 and Nearest

Neighbor 3 with Self-Training for 1000 Draws from the 2 Dimensional Model

only makes things worse. It is still possible that the application of self-training may be an effective
technique for semi-supervised learning in more interesting higher dimensional problems where Random
Forests is known to preform well.

To gain insight into why Random Forests preforms poorly with this model we present one draw
from the model in Figure 4. It can be seen that the partitions of Random Forests (which are parallel
to the axes as with any tree-based classifier) result in misclassification of the upper portion of the
y = 1 (circle) class. The data selected for self-training shown in the lower left panel in Figure 4 only
serve to magnify this problem in the self-training classification shown in the lower right panel. The
self-training misclassification error for this draw is 24.4% which was the highest of the 1000 draws
shown in Figure 3. For contrast, Figure 5 shows a draw for which self-training dramatically improved
the classification.

While self-training with Random Forests is not effective in this simple example, we can find
other datasets for which self-training improves performance. As an example, we consider the popular
sonar dataset with n = 208 observations and 60 predictors (dimensions). Taking 15 of the points at
random to be the labeled data shows some small improvement for self-training with Random Forests
versus Random Forests alone. Specifically, if we take the self-training data to be those points with
an estimated class probability above 0.9, we see that self-training decreases the misclassification error
slightly from 31.96% to 31.35%. Figure 6 provides a scatter plot showing the misclassification rates
for each of 1000 draws with 15 randomly selected labeled points. The line plotted is the diagonal line
y=x.

We note that in order to realize this improvement, we weighted the actual labeled data with
a weight of 5 times the weight of the unlabeled data in the single self-training iteration. This was
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Figure 3: Comparison of Misclassification Error for Random Forests and Random

Forests with Self-Training for 1000 Draws from the 2 Dimensional Model

accomplished by simply replicating the values since the version of Random Forests used does not
accept a weight argument. In general, we believe weighting by a function of the predicted probability
should be helpful, and this is consistent with that approach. Finally, we note that additional gains
may be realized by using more than a single iteration. We have only considered a single iteration of
self-training in this example and throughout this paper.
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1 Introduction

The semi-supervised learning (SSL) problem has recently drawn large attention in the machine learning
community, mainly due to its significant importance in practical applications. In this paper, we review
some existing methods, thereby isolating important general concepts of this new paradigm, and relating
it with more traditional ones.

In statistical machine learning, methods are divided in unsupervised and supervised ones. Unsu-
pervised learning is known as density estimation in statistics: characteristics of the distribution of a
variable x ∈ X are to be estimated from a sample {xi}, assumed to be drawn independently and iden-
tically distributed (i.i.d.) from an unknown P (x). Versatile models go beyond simple families, trying
to represent P (x) via latent factors. For example, mixture models have the form

∑C
y=1 P (x|y)P (y),

with a class variable y ∈ {1, . . . , C} which is not observed (unsupervised). In supervised learning, we
estimate the relationship x → y, based on a sample {(xi, yi)}, i.e. y is observed. We can of course
always estimate the joint density P (x, y), but this is wasteful since x is always given at prediction
time, so there is no need to estimate its marginal distribution. It is important to note that the role of
y is quite different in (supervised) classification versus mixture modelling. In the former, y is a query
variable, while in the second, it is merely used as nuisance variable to obtain a more versatile P (x)
model. In the sequel, x is referred to as input, y as target.

The SSL problem is a supervised one, since the goal is to predict y for given x. The difference to
standard classification lies in the available data: a small labeled sample Dl = {(xi, yi) | i = 1, . . . , n} is
extended by a larger unlabeled sample Du = {xn+j | j = 1, . . . ,m} drawn from the marginal P (x). In
many machine learning applications, unlabeled data Du can easily be obtained in large quantities, while
labeling such data is expensive and time-consuming. We denote X l = (x1, . . . ,xn), Yl = (y1, . . . , yn)
and Xu = (xn+1, . . . ,xn+m). The unobserved labels are denoted Yu = (yn+1, . . . , yn+m).

There are two obvious baseline methods for SSL. First, we can ignore Du and treat it as a
supervised problem using Dl only. Second, we can treat y as latent class variable in a mixture model,
converting it into an unsupervised problem with partial supervision on the data in Dl. Of course,
any valid SSL technique should outperform both baseline methods significantly on practically relevant
situations it is designed for.

In our view, SSL is much more a practical than a theoretical problem. A useful general SSL
technique should be configurable to specifics of the task just like Bayesian methods, through the choice
of prior and model.

2 Paradigms for Semi-Supervised Learning

Being supervised techniques, SSL methods can be classified into generative and diagnostic paradigms,
although the borderline is somewhat ambiguous. We review these paradigms and introduce a third
one which is very relevant in the SSL context.
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2.1 The Generative Paradigm

We refer to architectures following the generative paradigm as generative meth-
ods. Within such, we model the class distributions P (x|y) using model families
{P (x|y,θ)}, furthermore the class priors P (y) by πy = P (y|π), π = (πy)y.
We refer to an architecture of this type as a joint density model, since we are
modeling the full joint density P (x, y) by πyP (x|y,θ). For any fixed θ̂, π̂, an
estimate of P (y|x) can then be computed by Bayes’ formula:

θ π

x y

P (y|x, θ̂, π̂) =
π̂yP (x|y, θ̂)∑M

y′=1 π̂y′P (x|y′, θ̂)
.

We can also obtain the Bayesian predictive distribution P (y|x, Dl) by averaging P (y|x, θ,π) over
the posterior P (θ,π|Dl). Within the generative paradigm, a model for the marginal P (x) emerges
naturally as P (x|θ,π) =

∑M
y=1 πyP (x|y,θ). If labeled and unlabeled data are available, a natural

criterion emerges as the joint log likelihood of both Dl and Du,

(1)
n∑

i=1

log πyiP (xi|yi, θ) +
n+m∑

i=n+1

log
M∑

y=1

πyP (xi|y,θ),

or alternatively the log posterior log P (θ,π|Dl, Du). This is an issue of maximum likelihood (ML) for
partly missing data, and expectation-maximization techniques can be used (see Section 3.1).

This generative baseline technique seems like an obvious “best solution” to SSL, but it is not
in general. SSL is fundamentally a classification problem, where the goal is to estimate P (y|x),
while generative technique focus on modelling the joint P (x, y). In many situations, x has a very
complicated structure, and a generative technique will spend much effort to capture it, in fact using
y as a nuisance grouping variable to this end, rather than heeding its role as primary query variable.
The problem is closely related to the well-known fact that generative models often do not work well
for classification in a purely supervised setting. Classical generative techniques can be no more than
a baseline for SSL, and specific SSL methods will have to outperform them.

2.2 The Diagnostic Paradigm

In diagnostic methods, we model the conditional distribution P (y|x) directly
using the family {P (y|x,θ)}. To arrive at a complete sampling model for the
data, we also have to model P (x) by a family P (x|μ), however if we are only
interested in updating our belief in θ or in predicting y on unseen points, this
is not necessary, as we will see next. Under this model, θ and μ are a priori
independent, i.e. P (θ,μ) = P (θ)P (μ). The likelihood factors as

μ θ

x y

P (Dl, Du|θ,μ) = P (Yl|X l, θ)P (X l, Du|μ),

which implies that P (θ|Dl, Du) ∝ P (Yl|X l,θ)P (θ), i.e. P (θ|Dl, Du) = P (θ|Dl), and θ and μ are
a-posteriori independent. Furthermore, P (θ|Dl,μ) = P (θ|Dl). This means that neither knowledge
about the unlabeled data Du nor any knowledge about μ modifies the posterior belief, which is P (θ|Dl)
based on Dl alone. Unlabeled data is of no use in a standard diagnostic model. We have to modify
the data generation model in order to make it applicable to SSL.
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2.3 Regularization depending on the Input Distribution

We have seen in Section 2.2 that with straight diagnostic Bayesian methods
for classification, we cannot make use of additional unlabeled data Du, because
θ (parameterizing P (y|x)) and μ (parameterizing P (x)) are a priori indepen-
dent. In other words, the model family {P (y|x,θ)} is regularized independently
of the input distribution. If we allow prior dependencies between θ and μ, i.e.
P (θ, μ) = P (θ|μ)P (μ) and P (θ) =

∫
P (θ|μ)P (μ) dμ, the situation is differ-

ent. The conditional prior P (θ|μ) in principle allows information about μ to
be transferred to θ, allowing for example a regularization of θ which depends
on what is known about P (x)

μ θ

x y
In order to make use of unlabeled data in diagnostic Bayesian models, we have to introduce a

priori dependence between the conditional probability P (y|x) and the marginal P (x). If P (y|x) is
represented via functions, their regularization has to depend on the input distribution. Conditional
priors imply a mixture distribution as marginal prior P (θ) =

∫
P (θ|μ)P (μ) dμ. By conditioning on

the unlabeled data, this is replaced by P (θ|Du) =
∫

P (θ|μ)P (μ|Du) dμ, which can be much narrower
than P (θ), so that the posterior belief P (θ|Dl, Du) can be much more concentrated than P (θ|Dl).
This argument shows that unlabeled data Du can hurt instead of help classification. If the priors
P (θ|μ) enforce certain constraints rigidly, but these happen to be violated in the true distribution
P (x, y), the conditional “prior” P (θ|Du) will assign much lower probability than P (θ) to models
P (y|x,θ) compatible with the truth. Robustness is a major issue with SSL, where unlabeled data has
to be infused carefully in order to avoid such pitfalls.

Within this extension of the diagnostic paradigm, we have to model aspects of P (x). Are we
not doing generative modelling then? While there is certainly some ambiguity here, we can resolve
this question by noting that we only model aspects of P (x) explicitly relevant for regularizing P (y|x),
ignoring all other features of P (x). For example, the cluster assumption (see Section 3.3.1) states that
labels of “nearby” input points should be highly correlated. Since corresponding conditional priors
only depend on usable distance information between x points, it is only this aspect which has to be
faithfully represented in the P (x) model.

3 Examples

In this section, we provide examples of SSL methods falling in each of the categories introduced above.
We do not aim for a comprehensive review (see [19] for a review of work up to about 2001), but rather
pick examples in order to illustrate our taxonomy, and to introduce specific SSL concepts transcending
the field.

3.1 Generative SSL Techniques

As noted in Section 2.1, an obvious baseline for SSL is to use a conventional model for mixture density
estimation, treating y as latent class variable. For example, maximum likelihood estimation can be
done on such models by the expectation-maximization (EM) algorithm [10]. The labeled data Dl can
either be added to the likelihood as in (1), or can be used afterwards in order to assign detected
clusters to classes. If there are inconsistencies, the information in Dl should be given higher weight.
Castelli and Cover [5] provide a simple analysis of the latter baseline method, but they use fairly
unrealistic identifiability conditions.

The idea of using EM to maximize the joint likelihood of labeled and unlabeled data is almost
as old as EM itself. Early theoretical work on the problem of discriminant analysis in the presence
of additional unlabeled data is reviewed in [22], Sect. 5.7. The most common assumption is that the
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data has been generated from a mixture of two Gaussians with equal covariance matrices, in which
case the Bayes discriminant is linear. They analyze the plug-in method, where the parameters of
the class distributions are estimated by maximum likelihood. If the two Gaussians are somewhat
well-separated, the asymptotic gain of using unlabeled samples is very significant. For details, see
[18, 12, 13]. McLachlan [15] gives a practical algorithm for this case which is essentially a “hard”
version of EM (note that EM had not been proposed at that time). He proves that for “moderate-
sized” training sets from each population and for a pool Du of points sampled from the mixture, if
the algorithm is initialized with the ML solution based on the labeled data, the solutions computed
by the method almost surely converge to the true mixture distribution with |Du| = m → ∞.

The EM algorithm has been applied to text classification in [17]. From (1) we see that in
the joint log likelihood, labeled and unlabeled data are weighted at the ratio n to m. This “natural”
weighting makes sense if the likelihood is taken at face value, i.e. as a correct description of the sampling
mechanism for the data, but it is somewhat irrelevant for the problem of SSL, where a strong sampling
bias of unknown size is present1. The labeled and unlabeled part in (1) can be weighted by (1− λ)/n

and λ/m respectively, as suggested in [17], and λ can be adjusted by cross-validation on Dl.
We already noted that a significant problem with generative techniques for SSL is that in those,

y is treated as nuisance grouping variable used to obtain a good fit to P (x), rather than as a query
variable of interest. This problem can be alleviated somewhat by a “many-centers-per-class” extension
[16, 17], where an additional discrete separator variable k is introduced for the grouping, with the
assumption that P (x, y, k) = P (x|k)P (y|k)P (k). The reweighted joint log likelihood is

1 − λ

n

n∑
i=1

log
∑

k

βyi,kπkP (xi|k,θ) +
λ

m

n+m∑
i=n+1

log
∑

k

πkP (xi|k,θ),

where πk = P (k|θ) and βy,k = P (y|k,θ). It is straightforward to maximize this criterion using EM.
Drawbacks of this approach include that λ has to be chosen properly, based on a small labeled

sample Dl only. Furthermore, the joint log likelihood (1) has many local maxima, and EM is bound
to get stuck in one of them. Both problems are addressed in [7]. They trace the path of ML solutions
from λ = 0 (labeled data only) towards λ = 1 (unlabeled data only), using a homotopy continuation
method. For λ = 0, there is in general a single global maximum, but the path eventually bifurcates
at a first critical λ∗ ∈ (0, 1). The authors argue that the ML model at this λ∗ provides a promising
solution to the SSL problem, in that it still fully incorporates the label information. The path up to
λ∗ is unique, while it splits for larger λ, and the decision of which one to follow is independent of the
label information, so any choice will lead to non-robust behaviour.

Murray and Titterington (see [22], Ex. 4.3.11) suggest to use Dl for each class to obtain kernel-
based estimates of the densities P (x|y). They fix these estimates and use EM in order to maximize
the joint likelihood of Dl, Du w.r.t. the mixing coefficients πt only2. This procedure is robust, but does
not make a lot of use of the unlabeled data. Furthermore, if Dl is small, the kernel-based estimates
of the P (x|y) will be fairly poor.

3.2 Diagnostic Techniques

We noted in Section 2.2 that unlabeled data cannot be used in Bayesian diagnostic methods if θ

and μ are a priori independent, so in order to make use of Du we have to employ conditional priors
1This bias is present not only in the relative numbers n and m, but also in the fact that instances for labeled databases

are often carefully selected in order to be “representative”, while unlabeled data is usually just obtained in bulk. Working

with such data goes beyond the SSL setup, where it is assumed that inputs in Dl and Du come from the same distribution

P (x).
2EM w.r.t. the mixing coefficients only always converges to a unique global optimum. It is essentially a variant of the

Blahut-Arimoto algorithm, see [9].
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P (θ|μ). Unlabeled data may still be useful in non-Bayesian settings. A simple example has been
given by Tong and Koller [23] under the name of restriced Bayes optimal classification (RBOC). They
estimate a discriminant function by minimizing the sum of an empirical loss and a regularization term.
The empirical loss can be written as expectation over the empirical distribution coming from Dl. In
RBOC, this distribution is replaced by an estimate of P (x, y), which is obtained jointly from Dl ∪Du.
The regularization term is not changed. We can compare this method directly with input-dependent
regularization from Section 2.3. In the former, the empirical loss part (the negative log likelihood for
a probabilistic model) is modified based on Du, in the latter it is the regularization term. We would
not expect RBOC to make a significant impact beyond the corresponding diagnostic technique using
Dl only, especially in the most important case of rather small n, and the results presented in [23] are
fairly weak. A very similar idea is proposed in [6] in order to modify the diagnostic support vector
machine (SVM) framework.

3.3 Input-Dependent Regularization

Recall from Section 2.3 that unlabeled data Du can be useful in a diagnostic Bayesian setting if θ (for
P (y|x)) and μ (for P (x)) are dependent a priori. In order to implement this idea, we have to specify
conditional priors P (θ|μ) encoding our belief in how characteristics of x → y depend on knowledge
about P (x). Some generic concepts for doing so have emerged in the SSL literature, and we will
describe them in this section.

3.3.1 The Cluster Assumption

It is not hard to construct “malicious” examples of P (x, y) which defy any given dependence assump-
tion on θ, μ, and in fact lead to SSL methods following the assumption to fail badly. However, in
practice it is often the case that cluster structure in the data for x indeed is mostly consistent with
the labeling. Certainly there is a selection bias towards features (i.e. components in x) which are
relevant w.r.t. the labeling process, which means they should group in the same way (w.r.t. a simple
distance such as Euclidean) as sensible labelings. The cluster assumption (CA) [19] provides a general
way of exploiting this observation for SSL. It postulates that two points x′, x′′ should have the same
label y with high probability if there is a “path” between them in X which moves through regions of
significant density P (x) only. In other words, a discrimination function between the classes should be
smooth (essentially constant) in connected high-density regions of P (x). The CA can be contrasted
with global smoothness assumptions, requiring the discriminant to change smoothly everywhere in the
region of interest. While following the latter means that sharp changes are penalized also in regions
sparsely populated by (labeled and unlabeled) data, the CA remains indifferent there.

The CA is implemented (to different extents) in a host of methods proposed for SSL. Most
prominent are probably label propagation methods [21, 3, 24]. The rough idea is to construct a graph
with vertices from X l ∪Xu which contains the test set to be labeled and all of X l. Nearest neighbors
are joined by edges with a weight proportional to local correlation strength (usually obtained from
a simple local kernel, such as a Gaussian). We then initialize the nodes corresponding to X l with
the labels Yl and propagate label distributions over the remaining nodes in the manner of a Markov
chain on the graph [21]. It is also possible to view the setup as a Gaussian field with the graph
and edge weights specifying the inverse covariance matrix [24]. This matrix can be understood as a
graph Laplacian, encouraging functions to behave smoothly in the sense of the CA. Label propagation
techniques implement the CA relative to unsupervised spectral clustering [3].

A generalization of the CA has been given by Corduneanu and Jaakkola [8], who show how to
obtain a regularizer for the conditional distribution P (y|x) from information-theoretic arguments.
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3.3.2 The Fisher Kernel

The Fisher kernel was proposed in [14] in order to exploit additional unlabeled data within a kernel-
based SVM framework for detecting remote protein homologies. The idea is to fit a generative model
P (x|μ) to Du by maximum likelihood (resulting in μ̂, say). If x are DNA sequences, a hidden
Markov model can be employed. P (x|μ̂) represents the knowledge extracted from Du, and the Fisher
kernel is a general way of constructing a covariance kernel Kμ̂ which depends on this knowledge.
We can then fit an SVM or a Gaussian process classifier to Du using the kernel Kμ̂. Identifying
this setup as an instance of input-dependent regularization is easiest in the GP context. Here, θ is
a process representing the discriminant function (we assume c = 2 for simplicity), and P (θ|μ) is a
GP distribution with zero mean function and covariance kernel Kμ. In the ML context, P (μ|Du) is
approximated by the Delta distribution δμ̂.

Define the Fisher score to be Fμ̂(x) = ∇μ̂ log P (x|μ) (the gradient w.r.t. μ is evaluated at μ̂).
The Fisher information matrix is F = EP (·|μ̂)[Fμ̂(x)Fμ̂(x)T ]. The naive Fisher kernel is Kμ̂(x,x′) =
Fμ̂(x)T F−1Fμ̂(x′). In a variant, F is replaced by αI for a scale parameter α. Other variants of the
Fisher kernel are obtained by using the Fisher score Fμ̂(x) as feature vector for x and plug these into a
standard kernel such as the Gaussian one. The latter “embeddings” seem to be more useful in practice.
The Fisher kernel can be motivated from various angles, for example as first-order-approximation to
a sample mutual information between x, x′.

3.3.3 Co-training

Co-training was introduced in [4] and is related to earlier work on unsupervised learning [1]. The
idea is to make use of different “views” on the objects to be classified (we restrict ourselves to binary
classification, and to two views). For example, a WWW page can be represented by the text on the
page, but also by the text of hyperlinks referring to the page. We can train classifiers separately which
are specialized to each of the views, but in this context unlabeled data Du can be helpful in that
although the true label is missing, it must be the same for all the views. Co-training can be seen as a
special case of Bayesian inference using conditional priors, as is demonstrated below.

The Co-training idea is a concept for SSL which is different from the CA. Features used in the
different views do not have to behave similarly so as to induce a grouping in feature space consistent
with labeling. The separate classifiers can use these features both in their own way. Quite in the
contrary, features should be maximally uncorrelated (conditioned on y), which renders larger impact
to the “consistency constraints” on the unlabeled data Du.

Let X = X (1) × X (2) be a finite or countable input space. If x = (x(1), x(2)), the x(j) are
different views on x. Θ(j) are spaces of concepts (binary classifiers) θ(j). Elements θ = (θ(1),θ(2)) ∈
Θ = Θ(1)×Θ(2) are treated as concepts over X , although we may have θ(1)(x(1)) �= θ(2)(x(2)) for some
x = (x(1),x(2)) ∈ X . Whenever the θ(j) agree, we write θ(x) = θ(1)(x(1)). If A ⊂ X , θ is said to be
compatible with A if θ(1)(x(1)) = θ(2)(x(2)) for all x = (x(1), x(2)) ∈ A. Θ(A) denotes the space of all
concepts compatible with A. θ is compatible with a distribution Q over X iff it is compatible with its
support S = suppQ(x) = {x|Q(x) > 0}.

In the Co-training setting, there is an unknown input distribution P (x). A target concept θ is
sampled from some unknown distribution over Θ, and the data distribution is P (y|x) = I{θ(x)=t} if
θ ∈ Θ({x}), 1/2 otherwise. The central assumption is that the target concept θ is compatible with
the unknown input distribution P (x). If the current best concept estimates disagree on some sample
x from P (x), one of them must be wrong. Unlabeled data Du can be used, in that the true concept
must lie in Θ(Du ∪ X l), so the effective concept space can be shrunk from Θ to Θ(Du ∪ X l).

We demonstrate that Co-training can be understood as Bayesian inference with conditional
priors encoding the compatibility assumption. We model P (x) by {P (x|μ)} and introduce the variable
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S = suppP (x|μ) for convenience, then define P (θ|μ) = P (θ|S) as

P (θ|S) = fS(θ)I{θ∈Θ(S)}, S ⊂ X ,

where fS(θ) > 0, and all P (θ|S) are properly normalized. For example, if Θ(S) is finite, we can
choose fS(θ) = |Θ(S)|−1. The likelihood is given by P (y|x,θ) = (1/2)(I{θ(1)(x(1))=t} + I{θ(2)(x(2))=t})
(noiseless case). Since P (θ|S) = 0 for θ �∈ Θ(S), the conditional prior encodes the compatibility
assumption. The posterior belief about θ is given by

P (θ|Dl, Du) ∝ I{θ(xi)=yi, i=1,...,n}
∫

P (θ|S)P (S|X l, Du) dS,

so that P (θ|Dl, Du) �= 0 iff θ is consistent with the labeled data Dl and θ ∈ Θ(Du ∪ X l). Namely,
if θ �∈ Θ(Du ∪ X l), then P (θ|S) = 0 for all S which contain Du ∪ X l, and P (S|Du, X l) = 0 for all
other S. On the other hand, if θ ∈ Θ(Du ∪ X l), then we have P (θ|Ŝ) > 0 and P (Ŝ|Du,X l) > 0 at
least for Ŝ = Du ∪ X l. In the terminology of Blum and Mitchell, suppP (θ|Dl, Du) is equal to the
“version space” given all the data. The biases for the learning methods on Θ(j) may be encoded in
the potentials fS(θ).

Once Co-training is understood within a Bayesian framework with conditional priors, one can
employ standard techniques in order to perform inference. In fact, we showed in [20] that the Co-
training algorithm suggested by Blum and Mitchell can be seen as a variant of (sequential) EM on
the probabilistic model sketched above. This viewpoint allows us to generalize Co-training along
various dimensions, e.g. allowing for noise, smoother prior distributions, using batch rather than
online training, uncertain rather than fixed labels on the test points, etc. We refer to [20] for details.

4 Conclusions

In this paper we have described a simple taxonomy of methods for semi-supervised learning, and
have given examples of SSL methods for each of the categories. Advantages and potential pitfalls of
each group have been discussed. We have underlined the importance of using conditional priors in
diagnostic Bayesian SSL techniques, discussed some concepts for constructing such priors, and have
given several examples of methods proposed in the literature which fall into this category.
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1 Introduction and preliminaries

Heavy tailed-models are very useful in many fields, like Hydrology, Insurance and Finance, among
others. In practice, it is often needed to estimate a high quantile, a value that is exceeded with
a probability p, small. The semi-parametric estimation of this parameter depends not only on the
estimation of the tail index γ > 0, the primary parameter in Statistics of Extremes, but also of a first
order scale parameter or functional, here denoted C. A model F is said to be heavy-tailed if the tail
function F := 1 − F ∈ RV−1/γ , γ > 0, where RVα denotes the class of regularly varying functions
with index of regular variation equal to α, i.e., non-negative measurable functions g such that, for all
x > 0, g(tx)/g(t) → xα, as t → ∞. Let us denote U(t) := F←(1 − 1/t) = inf{x : F (x) ≥ 1 − 1/t}.
Then, we may equivalently say that F is heavy-tailed if and only if U ∈ RVγ , i.e.

lim
t→∞

U(tx)
U(t)

= xγ , for any x > 0. (1)

For small values of p, we want to estimate χ1−p, a value such that F (χ1−p) = 1−p, a typical parameter
in the most diversified areas of application. More specifically, we want to estimate

χ1−p = U(1/p), p = pn → 0, npn → K as n → ∞, K ∈ [0, 1], (2)

and we shall assume to be working in Hall-Welsh class of models (Hall and Welsh, 1985), where there
exist γ > 0, ρ < 0, C > 0 and β �= 0 such that

U(t) = Ctγ(1 + γβtρ/ρ + o(tρ)). (3)

For some details in the paper we shall refer to a sub-class of Hall’s class, such that

U(t) = Ctγ(1 + γβtρ/ρ + β′t2ρ + o(t2ρ)), (4)

i.e., relatively to Hall’s class we merely make explicit a third order term β′t2ρ, β′ �= 0. Such a class
contains most of the heavy-tailed models important in applications, like the Fréchet, the Generalized
Pareto and the Student’s-t.

We are going to base inference on the largest k top order statistics (o.s.), and as usual in semi-
parametric estimation of parameters of extreme events, we shall assume that k is an intermediate
sequence of integers in [1, n[, i.e.,

k = kn → ∞, k/n → 0, n → ∞. (5)

Since, from (2) and (3), χ1−p = U(1/p) ∼ Cp−γ , as p → 0, an obvious estimator of χ1−p is Ĉp−γ̂ ,
with Ĉ and γ̂ any consistent estimators of C and γ, respectively. Given a sample (X1, X2, . . . , Xn), let
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us denote Xi:n, 1 ≤ i ≤ n, the set of associated ascending o.s. Denoting Y a standard Pareto model,
i.e., a model such that FY (y) = 1−1/y, y > 1, the use of the universal uniform transformation enables
us to write Xn−k:n

d= U(Yn−k:n). Next, since Yn−k:n
p∼ (n/k) for intermediate k and whenever (3)

holds, we get Xn−k:n
p∼ CY γ

n−k:n

p∼ C(n/k)γ , as n −→ ∞. Consequently, an obvious estimator of C,
proposed by Hall and Welsh (1985), is

Cγ̂(k) := Xn−k:n

(
k

n

)γ̂

(6)

and

Q
(p)
γ̂ (k) = Ĉp−γ̂ = Xn−k:n

(
k

np

)γ̂

(7)

is the obvious quantile-estimator at the level p (Weissman, 1978).
For heavy tails, the classical tail index estimator, usually the one which is plugged in (7), for a

semi-parametric quantile estimation, is the Hill estimator γ̂ = γ̂(k) =: H(k) (Hill, 1975),

H(k) :=
1
k

k∑
i=1

Vik =
1
k

k∑
i=1

Ui, (8)

where Vik := lnXn−i+1:n − lnXn−k:n, 1 ≤ i ≤ k < n, are the log-excesses, and

Ui := i (lnXn−i+1:n − lnXn−i:n) , 1 ≤ i ≤ k < n, (9)

are the scaled log-spacings. We thus get the so-called classical quantile estimator, based on the Hill
tail index estimator H, with the obvious notation, Q

(p)
H (k).

In order to derive the asymptotic non-degenerate behaviour of semi-parametric estimators of
extreme events’ parameters, we need more than the first order condition in (1). A typical condition
for heavy-tailed models, which holds for the models in (3), with

A(t) = γ β tρ, γ > 0, β �= 0, ρ < 0, (10)

is

lim
t→∞

U(tx)
U(t) − xγ

A(t)
= xγ xρ − 1

ρ
iff lim

t→∞
lnU(tx) − lnU(t) − γ lnx

A(t)
=

xρ − 1
ρ

, (11)

for all x > 0, where A is a function of constant sign near infinity (positive or negative), and ρ ≤ 0 is
the shape second order parameter.

Under the second order framework in (11) and for intermediate k, i.e., whenever (5) holds, we
may guarantee the asymptotic normality of the Hill estimator H(k), for an adequate k. Indeed, we
may write (de Haan and Peng, 1998),

H(k) d= γ +
γ√
k
Zk +

A(n/k)
1 − ρ

(1 + op(1)), (12)

with Zk =
√

k
(∑k

i=1 Ei/k − 1
)
, and {Ei} i.i.d. standard exponential r.v.’s. Consequently, if we

choose k such that
√

k A(n/k) → λ �= 0, finite, as n → ∞,
√

k(H(k) − γ) is asymptotically normal,
with variance equal to γ2 and a non-null bias given by λ/(1 − ρ). Most of the times, this type of
estimates exhibits a strong bias for moderate k and sample paths with very short stability regions
around the target value γ. This has recently led researchers to consider the possibility of dealing with
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the bias term in an appropriate way, building new estimators, γ̂R(k) say, the so-called second order
reduced-bias estimators. Then, for k intermediate, i.e., such that (5) holds, and under the second
order framework in (11), we may write, with ZR

k an asymptotically standard normal r.v.,

γ̂R(k) d= γ +
γσR√

k
ZR

k + op(A(n/k)), (13)

where σR > 0, being A again the function in (11). Consequently, the sequence of r.v.’s,
√

k(γ̂R(k)−γ) is
asymptotically normal with variance equal to (γσR)2 and a null mean value even when

√
k A(n/k) →

λ �= 0, finite, as n → ∞, possibly at expenses of an asymptotic variance γ2σ2
R

> γ2. Gomes and
Figueiredo (2006) suggest the use, in (7), of reduced-bias tail index estimators, like the ones in Gomes
and Martins (2001, 2002) and Gomes et al. (2004), all with σR > 1 in (13), being then able to reduce
also the dominant component of the classical quantile estimator’s asymptotic bias.

More recently, Gomes et al. (2004), Caeiro et al. (2005) and Gomes et al. (2005) consider new
classes of tail index estimators, for which (13) holds with σR = 1 at least for values k such that√

k A(n/k) → λ, finite, i.e., they are able to reduce bias keeping the same asymptotic variance of the
classical estimator, provided that the second orders parameters are estimated at an adequate level,
of a larger order than the level used to estimate the first order parameters. These classes depend on
(β̂, ρ̂), an adequate consistent estimator of the vector (β, ρ) in (10). The influence of these tail index
estimators in quantile estimation has been studied by Beirlant et al. (2006) and Gomes and Pestana
(2007).

Also recently, new estimators of C have been proposed (Caeiro, 2006), where, instead of Xn−k:n

alone, a spacing Xn−[θk]:n − Xn−k:n, 0 < θ < 1, is considered. We shall here consider θ = 1/2 and the
replacement of Cγ̂(k) in (6) by

C̃γ̂
R
(k) :=

Xn−[k/2]:n − Xn−k:n

2γ̂
R − 1

(
k

n

)γ̂
R

, (14)

where γ̂R ≡ γ̂R(k) is a second order reduced-bias extreme value index estimator. Similarly to the way
developed by Caeiro et al. (2005) for the extreme value index estimation, Caeiro (2006) has worked
out the main dominant component of the asymptotic bias of C̃γ̂

R
(k). With the parametrization

A(t) = γ β tρ, already given in (10), such a component is given by C × B(γ, ρ, β), where B(γ, ρ, β) =
γ β (n/k)ρ(2(γ+ρ) − 1)/(ρ(2γ − 1)). It is thus sensible to consider the semi-parametric C-estimator,

C γ̂
R
(k) :=

Xn−[k/2]:n − Xn−k:n

2γ̂
R − 1

(
k

n

)γ̂
R

× (1 − B(γ̂R , ρ̂, β̂)) (15)

and the associated quantile estimator Q
(p)
γ̂

R
(k) ≡ Q

(p)

γ̂
R

,ρ̂,β̂
(k), with

Q
(p)

γ̂
R

,ρ̂,β̂
(k) :=

Xn−[k/2]:n − Xn−k:n

2γ̂
R − 1

(
k

n p

)γ̂
R

× (1 − B(γ̂R , ρ̂, β̂)). (16)

Moreover, we shall restrict our attention to the second order reduced-bias extreme value index esti-
mator estimator introduced in Caeiro et al. (2005),

H(k) ≡ H β̂,ρ̂(k) := H(k)
(
1 − β̂

1−ρ̂

(
n
k

)ρ̂) (17)

for adequate consistent estimators β̂ and ρ̂ of the second order parameters β and ρ, respectively.

After a brief sketch on the estimation of the second order parameters, in Section 2, we provide,
in Section 3, details on the reduced-bias estimators of γ and C, to be used for quantile estimation.
Section 4 is devoted to the asymptotic behavior of quantile estimators and finally, in Section 5, we
provide an illustration, for data from the field of finance.
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2 Estimation of second order parameters

The reduced-bias tail index estimator in (17) requires the estimation of the second order parameters
ρ and β in (10). Such an estimation will now be briefly discussed.

2.1 Estimation of the shape second order parameter ρ

We shall consider here particular members of the class of estimators of the second order parameter ρ

proposed by Fraga Alves et al. (2003). Such a class of estimators may be parameterized by a tuning
real parameter τ ∈ R (Caeiro and Gomes, 2004). These ρ-estimators depend on the statistics

T (τ)
n (k) =

(
M

(1)
n (k)

)τ − (M (2)
n (k)/2

)τ/2(
M

(2)
n (k)/2

)τ/2 − (M (3)
n (k)/6

)τ/3
, M (j)

n (k) :=
1
k

k∑
i=1

{lnXn−i+1:n − lnXn−k:n}j , j ≥ 1,

with the notation abτ = b ln a whenever τ = 0. The statistics T
(τ)
n (k) converge towards 3(1−ρ)/(3−ρ),

independently of τ , whenever the second order condition (11) holds and k is such that (5) holds and√
k A(n/k) → ∞, as n → ∞. The ρ-estimators considered have the functional expression,

ρ̂(τ)
n (k) := −min

(
0,
(
3(T (τ)

n (k)) − 1
)
/
(
T (τ)

n (k) − 3
))

. (18)

Remark 2.1. Under adequate general conditions, and for an appropriate tuning parameter τ the ρ-
estimators in (18) show highly stable sample paths as functions of k, for a wide range of large k-values.

Remark 2.2. The theoretical and simulated results in Fraga Alves et al. (2003), together with the use
of these estimators in different reduced-bias statistics, has led us to advise in practice the estimation
of ρ through the estimator in (18), computed at the value

k1 :=
[
n0.995

]
, (19)

not chosen in any optimal way, and the choice of the tuning parameter τ = 0 for the region ρ ∈ [−1, 0)
and τ = 1 for the region ρ ∈ (−∞,−1). Anyway, we again advise practitioners not to choose blindly
the value of τ in (18). It is sensible to draw a few sample paths of ρ̂

(τ)
n (k), as functions of k, electing

the value of τ which provides higher stability for large k, by means of any stability criterion.

2.2 Estimation of the scale second order parameter β

For the estimation of β we shall here consider the estimator in Gomes and Martins (2002):

β̂
bρ(k) :=

(
k

n

)
bρ

(
1
k

k∑
i=1

(
i
k

)−bρ
)

N
(1)
n (k) − N

(1−bρ)
n (k)(

1
k

k∑
i=1

(
i
k

)−bρ
)

N
(1−bρ)
n (k) − N

(1−2bρ)
n (k)

, (20)

where N
(α)
n (k) := 1

k

∑k
i=1 (i/k)α−1 Ui, with Ui and ρ̂ ≡ ρ̂

(τ)
n (k) defined in (9) and (18), respectively.

2.3 Asymptotic behaviour

In this paper, we intend to use the same level k1 in (19) both for the estimation of ρ and β, through
the estimators in (18) and (20), respectively, and we shall formalize, without proofs, the needed
distributional properties of the estimators of (β, ρ), essentially for the class of models in (4).
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Proposition 2.1 (Fraga Alves et al., 2003). If the second order condition (11) holds, with ρ ≤ 0, k is
a sequence of intermediate integers, i.e., (5) holds, and limn→∞

√
k A(n/k) = ∞, then ρ̂

(τ)
n (k) in (18)

converges in probability towards ρ, as n → ∞. Moreover, and now for models in (4), ρ̂
(τ)
n (k) − ρ =

op (1/ ln(n/k))) for values k such that
√

kA2(n/k) → λA, finite and non-null, and for values k such
that

√
kA2(n/k) → ∞ for some ε > 0 and k = O(n1−ε).

Proposition 2.2 (Gomes and Martins, 2002). If the second order condition (11) holds with A(t) =
γ β tρ, ρ < 0, if (5) holds, and if

√
kA(n/k) → ∞, then, with β̂ρ̂(k) given in (20), β̂ρ(k) is asymptot-

ically normal and converges in probability towards β, as n → ∞.

Proposition 2.3 (Gomes, de Haan and Rodrigues, 2005). Under the conditions in Proposition 2.2,
with ρ̂

(τ)
n (k) and β̂

bρ(k) given in (18) and (20), respectively, and ρ̂ = ρ̂
(τ)
n (k) for any τ and k, such that

ρ̂ − ρ = op(1/ lnn), as n → ∞, β̂
bρ(k) is consistent for the estimation of β. Moreover, β̂ρ̂(k) − β

p∼
−β ln(n/k)(ρ̂ − ρ) = op(1).

Remark 2.3. We shall denote generically ρ̂ any of the estimators in (18), computed at k1 in (19)
and β̂ any estimator in (20), also computed at the value k1.

3 Reduced-bias estimation of γ and C

3.1 The asymptotic behaviour of the reduced-bias tail index estimators

We now state the following:

Proposition 3.1 (Caeiro et al., 2005). If (11) holds, if k = kn is a sequence of intermediate positive
integers, i.e., (5) holds, and if

√
kA(n/k) → λ, finite and non necessarily null, as n → ∞, then

√
k
(
Hβ,ρ(k) − γ

) d−→
n→∞ Normal(0, γ2).

This same limiting behaviour holds true if we replace Hβ,ρ by H β̂,ρ̂, provided that ρ̂ − ρ = op(1/ lnn),

and we choose β̂ := β̂ρ̂(k1), with k1 and β̂ρ̂(k) given in (19) and (20), respectively. More specifically,
and with Zk an asymptotic standard normal r.v., we can then write

H β̂,ρ̂(k) d= γ +
γ√
k
Zk + op(A(n/k)).

Remark 3.1. Contrarily to what happens in Drees’ class of functionals (Drees, 1998), where the
minimal asymptotic variance of a reduced-bias tail index estimator is (γ(1 − ρ)/ρ)2, we have been
here able to obtain a reduced-bias tail index estimator with an asymptotic variance γ2, the asymptotic
variance of Hill’s estimator, the maximum likelihood estimator of γ for a strict Pareto model.

3.2 The asymptotic behaviour of the C-estimator

We may state the following:

Proposition 3.2. Let F be a model in Hall’s class (3). If we consider the Hill estimator in (8)
and plug it in (6), i.e., if we consider CH(k), the C-estimator proposed in (6), further assuming that√

kA(n/k) → λ, we have
√

k

lnn

(
CH(k)−C

C

)
d−→ N

( −λ

(1 − ρ)(1 − 2ρ)
,

γ2

(1 − 2ρ)2

)
.
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We shall now consider the r.v.’s C̃γ and Cγ , with C̃γ̂R
and C̃γ̂R

given in (14) and (15), respectively:

Theorem 3.1. Under the second order framework in (11), for k values such that (5) holds and for
models F in (3),

C̃γ(k) d= C

(
1 +

γσC√
k

ZC
k +

2(γ+ρ) − 1
2γ − 1

A(n/k)
ρ

+ op(A(n/k))

)
(21)

and

Cγ(k) d= C

(
1 +

γσC√
k

ZC
k + op(A(n/k))

)
(22)

where σ2
C = 1 +

(
2γ

2γ−1

)2
and ZC

k is a sequence of asymptotically standard normal r.v.’s.

The following Corollary shows that for some intermediate k-values, only Cγ(k) has an asymptotic
null mean value, keeping the same asymptotic variance as C̃γ(k).

Corolary 3.1. Under the conditions in Theorem 3.1 and for intermediate k such that
√

k A(n/k) → λ,

√
k

(
C̃γ(k) − C

C

)
d−→

n→∞ N

(
λ(2(γ+ρ) − 1)

ρ(2γ − 1)
, γ2σ2

C2

)
,

√
k

(
Cγ(k) − C

C

)
d−→

n→∞ N
(
0, γ2σ2

C

)
.

Theorem 3.2. Under the conditions in Theorem 3.1, assume that
√

k A(n/k) → λ and γ̂R ≡ γ̂R(k)
is a second order reduced-bias extreme value index estimator, such that (13) holds. Then,

√
k

lnn

(
C̃γ̂

R
(k) − C

C

)
d−→

n→∞N

(
0,

(
γσR

1 − 2ρ

)2
)

. (23)

If we further consider ρ̂ and β̂ such that ρ̂ − ρ = op(1/ lnn) and β̂ − β = op(1), as n → ∞,
√

k

lnn

(
C γ̂

R
(k) − C

C

)
d−→

n→∞N

(
0,

(
γσR

1 − 2ρ

)2
)

. (24)

4 The asymptotic behaviour of reduced-bias quantile estimators

Details on semi-parametric estimation of extremely high quantiles for a general extreme value index
γ ∈ R may be found in de Haan and Rootzn (1993) and more recently in Ferreira et al. (2003).
Matthys and Beirlant (2003), Gomes and Figueiredo (2006), Mathys et al. (2004), Beirlant et al.
(2006) and Gomes and Pestana (2007) deal with heavy tails and reduced-bias quantile estimation.
Since we will work only with the asympotic unbiased extreme value estimator γ̂R ≡ H in (17), we
shall next consider the high quantile estimator,

Q
(p)

H
(k) :=

Xn−[k/2]:n − Xn−k:n

2H(k) − 1

(
k

n p

)H(k)

× (1 − B1/2(H(k), ρ̂, β̂)). (25)

We may state the following results:

Theorem 4.1. Under the second order framework in (11) with A(t) = γβ tρ, for intermediate k, i.e.,
k such that (5) holds, whenever ln(np)/

√
k → 0, and

√
k A(n/k) → λ, as n → ∞,

√
k

ln( k
np)

(
Q

(p)
H (k)
χ1−p

− 1

)
d−→

n→∞ N

(
λ

1 − ρ
, γ2

)
. (26)

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 114 -



Moreover, for ρ̂ and β̂ introduced in Remark 2.3, such that ρ̂ − ρ = op(1/ lnn), as n → ∞,

√
k

ln( k
np)

⎛
⎝Q

(p)

H
(k)

χ1−p
− 1

⎞
⎠ d−→

n→∞ N
(
0, γ2

)
. (27)

Remark 4.1. In equation (27) we have a mean value equal to 0, even if
√

kA(n/k) → λ �= 0, as
n → ∞.

5 Application to Financial Data

We shall finally consider an illustration of the performance of the above mentioned estimators, report-
ing results associated to the Euro-UK Pound exchange rates from January 2, 2004 until December 29,
2006, which correspond to a sample of size n = 771. This data has been collected by the European
System of Central Banks, and was obtained from http://www.bportugal.pt/.

The Value at Risk (VaR) is a common risk measure, defined as a large quantile of the log-returns,
i.e., of Lt = ln(Xt+1/Xt), 1 ≤ t ≤ n − 1, assumed to be stationary and weakly dependent. Working
with the n− = 384 negative log-returns, we show in Figure 1 (left) the sample paths of the ρ-estimates
associated to τ = 0 and τ = 1. They lead us to choose, on the basis of any stability criterion for
large values of k, the estimate associated to τ = 0. From the experience we have with this class of
estimates, this means that |ρ| ≤ 1 and the tuning parameter τ = 0 is then advisable. We have got
ρ̂ = −0.61. The use of β̂ in (20), computed at the level k1 in (19), i.e., at k1 = (n−)0.995 = 372, leads
then us to the estimate β̂ = 1.06.

The sample paths of the classical Hill estimator in (8) and the second order reduced-bias tail
index estimator H in (17) are presented also in Figure 1 (center). The associated Var-estimators in
(7) and (25), respectively, for p = 0.001, are pictured in Figure 1 (right).
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Figure 1: Estimates of the first-order parameter γ (left) and of the high quantile χ0.001 (right).

For the Hill estimator, as we know how to estimate the second order parameters ρ and β, we can
estimate the optimal sample fraction and the extreme value index. We get k̂H

0 = 24 and H(24) = 0.16.
Since we do not have yet the possibility of adaptively estimate the optimal sample fraction associated
to any second order reduced-bias estimator, the estimate pictured, γ̂ = 0.24, is the median of the
H(k) estimates for k between kH

0 and 5 × kH
0 . A similar technique led us to the quantile estimate

χ0.001 = 0.0197, as pictured in Figure 1 (right).
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Introduction

Extreme value theory focuses on characteristics related to the tail of a distribution function
such as indices describing tail decay, extreme quantiles and small tail probabilities. In the process of
making inferences about the far tail of a distribution function, it is necessary to extend the empirical
distribution function beyond the available data. Procedures for such inferences on distributional tails
depend on one or more conditions on the tail behavior, and successful application of these procedures
often depends critically on the validity of the assumptions. For an up to date overview of the extreme
value methodology we refer to e.g. Beirlant et al. (2004). Despite the widespread interest in the esti-
mation of tail characteristics, not much thought has been given to testing the underlying assumptions.
Given the semi-parametric nature of these conditions, testing them has a complex nature, which partly
explains the scarcity of testing procedures. However, an important recent contribution to testing such
a broad class of conditions has been made by Dietrich et al. (2002). Our contribution is in the spirit
of their paper.

Consider random variables X1, . . . , Xn independent and identically distributed (i.i.d.) according
to some distribution function F and let X1,n ≤ . . . ≤ Xn,n denote the corresponding ascending order
statistics. If for sequences of constants (an > 0)n and (bn)n

lim
n→∞P

(
Xn,n − bn

an
≤ x

)
= lim

n→∞Fn(bn + anx) = G(x)(1)

at all continuity points of G, for G some non-degenerate distribution function, then G has to be of
the generalized extreme value (GEV) type:

Gγ(x) =

{
exp(−(1 + γx)−1/γ), 1 + γx > 0, γ �= 0,

exp(− exp(−x)), x ∈ R, γ = 0.
(2)

Note that the behavior of this distribution function is governed by the single parameter γ, called the
extreme value index. If F satisfies (1)-(2), then it is said to belong to the max-domain of attraction
of Gγ , denoted F ∈ D(Gγ). An important subclass of the max-domain of attraction of the GEV dis-
tribution is the class of the Pareto-type models. These are characterized by heavy tailed distribution
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functions with infinite right endpoints, having γ > 0.

For Pareto-type distributions it can be shown that the first order condition (1) can be expressed
in an equivalent way in terms of the survival function 1 − F :

1 − F (x) = x−1/γ�F (x), x > 0,(3)

where �F denotes a slowly varying function at infinity, i.e.

�F (λx)
�F (x)

→ 1 as x → ∞ for all λ > 0.(4)

In terms of the tail quantile function U , defined as U(x) = inf{y : F (y) ≥ 1 − 1/x}, x > 1, we then
have that

U(x) = xγ�U (x),(5)

where �U again denotes a slowly varying function at infinity (Gnedenko, 1943). Pareto-type tails are
systematically used in certain branches of non-life insurance, as well as in finance (stock returns),
telecommunication (file sizes, waiting times), geology (diamond values, earthquake magnitudes), and
many others. In the analysis of heavy tailed distributions the estimation of γ, and the subsequent
estimation of extreme quantiles, assume a central position. Several estimators for γ have been pro-
posed in the literature, and their asymptotic distributions established, usually under a second order
condition on the tail behavior (see e.g. Beirlant et al., 2004, and de Haan and Ferreira, 2006). This
condition specifies the rate of convergence of ratios of the form �(λx)/�(x), with � a slowly varying
function, to their limit (see Bingham et al., 1987).

Second order condition (R�) A slowly varying function � satisfies a second order condition
if there exists a real constant ρ < 0 and a rate function b satisfying b(x) → 0 as x → ∞, such that for
all λ ≥ 1, as x → ∞,

�(λx)
�(x)

− 1 ∼ b(x)
λρ − 1

ρ
.

In the context of estimation of γ, it is then typically assumed that the slowly varying function
�U in (5) satisfies a second order condition. In this paper we consider testing that the underlying
distribution is of Pareto-type together with a second order condition holding. Formally, our null
hypothesis is

H0 : F is of Pareto-type with �U satisfying R�.

It is well known that the log-transform of a (strict) Pareto random variable has an exponential distri-
bution. This fact is used by many authors in developing inferential procedures under the Pareto-type
assumption. Our approach to testing H0 is also to exploit this fact by considering goodness-of-fit tests
for exponentiality as possible test statistics. The literature on goodness-of-fit tests for the exponential
distribution is quite elaborate, see e.g. Henze and Meintanis (2005) for a recent overview of this litera-
ture. Such tests often take the form of the ratio of two estimators for the exponential scale parameter.
In a similar way, we will construct our test statistics as ratios of two estimators for the extreme value
index γ.

It should be noted that a number of recent papers evaluate the fit of the generalized Pareto
distribution to a sample of exceedances over a fixed threshold, see e.g. Davison and Smith (1990),
Choulakian and Stephens (2001), Marohn (2002), or of the GEV distribution to a sample of maxima,
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see e.g. Kinnison (1989). Related to this, as an application in the area of botany, Portnoy and
Willson (1993) apply stochastic diffusion processes to develop a statistical model for the tail of the
seed dispersal distribution. Their model includes two types of qualitative tail behavior, algebraic and
exponential tails, and hence allows to test hypothesis about the nature of tail behavior. All these
statistics test the fit of the parametric model under investigation, and not the broader assumptions,
as we do. Our approach is semi-parametric in nature, involving excesses over a random threshold
corresponding to an intermediate order statistic, and hence is in the spirit of Dietrich et al. (2002),
where a tail version of the Cramér-von Mises statistic is considered, and Koning and Peng (2005), who
study tail versions of the Kolmogorov, Berk-Jones and score tests for assessing Pareto-type behavior.
Other related work can be found in Drees et al. (2006), Neves and Fraga Alves (2006), Neves et
al. (2006), and Beirlant et al. (2006) . An excellent and up-to-date overview of the approaches to
testing extreme value conditions is given in Fraga Alves and Neves (2006). A major advantage of
our approach is that the second order tail condition can be easily incorporated in the test statistics,
yielding bias-corrected test procedures.

A kernel goodness-of-fit statistic

As mentioned in the introduction, we will exploit the relationship between the strict Pareto and
the exponential distribution, and the properties of the latter, to construct our test statistic.

Consider X1, . . . , Xn i.i.d. Pa(1/γ) random variables, where Pa(1/γ) denotes the strict Pareto
distribution with Pareto index 1/γ, with corresponding ascending order statistics X1,n ≤ . . . ≤ Xn,n.
Then the ratios Yj,k = Xn−k+j,n/Xn−k,n, j = 1, . . . , k, are jointly distributed as the order statistics
of a random sample of size k from the Pa(1/γ) distribution. Consequently, Y ∗j,k = log Yj,k behave as
Exp(1/γ) order statistics, where Exp(1/γ) denotes the exponential distribution with scale parameter
γ. In case the data originate from a Pareto-type distribution these properties hold approximately
above a sufficiently high threshold. Exponential goodness-of-fit test statistics are quite often a ratio
of two estimators for the exponential scale parameter (e.g. Lewis, 1965, Jackson, 1967, de Wet and
Venter, 1973). Inspired by this and based on the above properties of Pa(1/γ) order statistics, we
apply a similar ratio to the k largest order statistics, leading to the following test statistic

1
k

∑k
j=1 K∗

(
j

k+1

)
Zj

Hk,n
,

with K∗ denoting a kernel function, Zj = j(log Xn−j+1,n − log Xn−j,n), and where Hk,n is the Hill
estimator for γ (Hill, 1975), i.e. Hk,n = 1

k

∑k
j=1 Zj , or, after appropriate centering,

√
k

Hk,n

1
k

k∑
j=1

K

(
j

k + 1

)
Zj ,(6)

with K a kernel function satisfying
∫ 1
0 K(u)du = 0.

Theorem 1 Consider X1, . . . , Xn i.i.d. random variables according to distribution function F , where
F ∈ D(Gγ) for some γ > 0. Assume �U satisfies R� and let K(t) = 1

t

∫ t
0 u(v)dv for some function u

satisfying
∣∣∣k ∫ j/k

(j−1)/k u(t)dt
∣∣∣ ≤ f( j

k+1) for some positive continuous function f defined on (0, 1) such

that
∫ 1
0 log+(1/w)f(w)dw < ∞,

∫ 1
0 |K(w)|2+δdw < ∞ for some δ > 0 and 1√

k

∑k
j=1 K

(
j

k+1

)
→ 0 as

k → ∞. Then as k, n → ∞, k/n → 0 and
√

kb(n/k) → c,
√

k

Hk,n

1
k

k∑
j=1

K

(
j

k + 1

)
Zj

L→ N

(
c

γ

∫ 1

0
K(u)u−ρdu,

∫ 1

0
K2(u)du

)
.
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We will now focus on some important special cases of these kernel-type goodness-of-fit statistics.

• Jackson kernel function
We modify the Jackson statistic (Jackson, 1967), originally proposed as a goodness-of-fit statistic for
testing exponentiality, in such a way that it measures the linearity of the k largest observations on
the Pareto quantile plot. Consider X1,, . . . , Xn i.i.d. Exp(λ) random variables. The Jackson statistic
is given by

TJ =

∑n
j=1 tj,nXj,n∑n

j=1 Xj
(7)

where tj,n = λE(Xj,n) =
∑j

i=1(n − i + 1)−1. The numerator is clearly a sum of cross products of
order statistics and their expected values. The denominator is introduced to lift up the dependence
on the nuisance parameter λ. The Jackson statistic can hence be considered as a ‘correlation like’
statistic based on the exponential quantile plot. For our purposes it is more convenient to express (7)
in terms of the standardized spacings Vj = (n − j + 1)(Xj,n − Xj−1,n), j = 1, . . . , n. From the Rényi
representation these are known to be i.i.d. Exp(λ). Rearranging terms of (7), it can be shown that

TJ =

∑n
j=1 Cj,nVj∑n

j=1 Vj

where C1,n = 1 and Cj,n = 1 + tj−1,n, j = 2, . . . , n. The limiting distribution of TJ was derived by
Jackson (1967):

Theorem 2 (Jackson, 1967) Assume X1, . . . , Xn i.i.d. Exp(λ) random variables, then for
n → ∞

√
n(TJ − 2) L→ N(0, 1).

We will now adjust the Jackson statistic in such a way that it measures the linearity of the k

upper order statistics on the Pareto quantile plot. Consider a random sample X1, . . . , Xn of Pareto-
type distributed random variables. Application of the Jackson statistic to Y ∗j,k, j = 1, . . . , k, introduced
above, yields, after rearranging terms,

T ∗J =
1
k

∑k
j=1 K∗J

(
j

k+1

)
Zj

Hk,n

where K∗J(u) = 1 − log u. Since
∫ 1
0 K∗J(u)du = 2 we have KJ(u) = −1 − log u. The function KJ

satisfies the conditions of Theorem 1 with u(s) = −2 − log s, and hence we can state the following
proposition.

Proposition 1 Assume X1, . . . , Xn i.i.d. random variables according to distribution function F ,
where F ∈ D(Gγ) for some γ > 0 and �U satisfying R�. Then as k, n → ∞, k/n → 0 and

√
kb(n/k) →

c,

√
k(T ∗J − 2) =

√
k

Hk,n

1
k

k∑
j=1

KJ

(
j

k + 1

)
Zj

L→ N

(
cρ

γ(1 − ρ)2
, 1
)

.

• Bias-corrected Jackson kernel function
To obtain a bias-corrected version of T ∗J , note that both numerator and denominator of T ∗J are
(weighted) averages of the Zj , j = 1, . . . , k. Within the framework of Pareto-type tails and assuming
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condition R� on �U holds, Beirlant et al. (1999) derived the following approximate representation for
log-spacings of successive order statistics

Zj ∼ γ + bn,k

(
j

k + 1

)−ρ

+ εj , j = 1, . . . , k,(8)

where bn,k = b(n/k) and εj , j = 1, . . . , k, are zero centered error terms, or, equivalently

Zj − bn,k

(
j

k + 1

)−ρ

∼ γ + εj , j = 1, . . . , k.

This then motivates the following bias-corrected Jackson statistic

T ∗BCJ(ρ̂) =

1
k

∑k
j=1 K∗J

(
j

k+1

)(
Zj − b̂LS,k(ρ̂)

(
j

k+1

)−ρ̂
)

γ̂LS,k(ρ̂)
,

with ρ̂ denoting a consistent estimator for ρ. Here γ̂LS,k(ρ) and b̂LS,k(ρ) are the least squares estimators
for γ and bn,k, respectively, obtained from (8), taking ρ as fixed:

γ̂LS,k(ρ) =
1
k

k∑
j=1

Zj − b̂LS,k(ρ)
1 − ρ

,(9)

b̂LS,k(ρ) =
(1 − ρ)2(1 − 2ρ)

ρ2

1
k

k∑
j=1

((
j

k + 1

)−ρ

− 1
1 − ρ

)
Zj .(10)

Of course, in practice, the parameter ρ has to be replaced by a consistent estimator ρ̂. Known estima-
tors ρ̂k̃,n (using k̃ extreme data) share the consistency property when

√
k̃bn,k̃ → ∞. For an elaborate

discussion of the estimation of ρ we refer to Gomes et al. (2002) and Fraga Alves et al. (2003).
Under a third order slow variation condition, estimators were proposed such that, as

√
k̃bn,k̃ → ∞,√

k̃bn,k̃(ρ̂k̃,n − ρ) is asymptotically normal.

After some straightforward manipulations it follows that

√
k(T ∗BCJ(ρ̂) − 2) ∼

√
k

γ̂LS,k(ρ̂)
1
k

k∑
j=1

KBCJ

(
j

k + 1
; ρ̂
)

Zj

with

KBCJ(u; ρ) = −1 − log u +
2ρ − 1

ρ

(
u−ρ − 1

1 − ρ

)
.

The limiting distribution of the normalized bias-corrected Jackson statistic can be derived since
the kernel function KBCJ satisfies the conditions of Theorem 1 with u(s) = −2−log s+(2ρ−1)(s−ρ(1−
ρ) − 1/(1 − ρ))/ρ.

Proposition 2 Assume X1, . . . , Xn i.i.d. random variables according to distribution function F ,
where F ∈ D(Gγ) for some γ > 0, �U satisfies R� and ρ is known, then as k, n → ∞, k/n → 0 and√

kb(n/k) → c,
√

k

γ̂LS,k(ρ)
1
k

k∑
j=1

KBCJ

(
j

k + 1
; ρ
)

Zj
L→ N

(
0,

(
ρ

1 − ρ

)2
)

.
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Note that the effect of the bias correction is nicely reflected in the limiting normal distribution:
whatever c, the normal limit is centered at 0. When ρ is substituted by an estimator ρ̂k̃,n as dis-

cussed above, then the normalized test statistic
√

k
γ̂LS,k(ρ̂)

1
k

∑k
j=1 KBCJ

(
j

k+1 ; ρ̂
)

Zj , can be represented
asymptotically by

√
k

γ̂LS,k(ρ)
1
k

k∑
j=1

KBCJ

(
j

k + 1
; ρ
)

Zj

+
√

kb(n/k)(ρ̂k̃,n − ρ)
1

γ̂LS,k(ρ)
1
k

k∑
j=1

(
j

k + 1
)−ρ ∂

∂ρ
KBCJ

(
j

k + 1
; ρ
)

+ oP (1),

so that the asymptotic distribution stated in Proposition 2 does not change after substitution of ρ, in
the case

√
kb(n/k) → c.

• Lewis kernel function
As a second example we study the Lewis goodness-of-fit statistic. Consider a sample X1, . . . , Xn of
i.i.d. Exp(λ) random variables. The Lewis statistic is given by

TL =
1
n

∑n
j=1

j
n+1Vn−j+1

1
n

∑n
j=1 Xj

.

Asymptotic normality of this statistic was proven in Lewis (1965).

Theorem 3 (Lewis, 1965) Assume X1, . . . , Xn i.i.d. Exp(λ) random variables, then for n → ∞
√

n(TL − 0.5) L→ N(0,
1
12

).

In case of a random sample X1, . . . , Xn of Pareto-type random variables, we can apply the Lewis
statistic to Y ∗j,k, j = 1, . . . , k, yielding

T ∗L =
1
k

∑k
j=1

j
k+1Zj

Hk,n
.

Clearly K∗L(u) = u and KL(u) = u− 0.5. The function KL satisfies the conditions of Theorem 1 with
u(s) = 2s − 0.5, leading to the following proposition:

Proposition 3 Assume X1, . . . , Xn i.i.d. random variables according to distribution function F ,
where F ∈ D(Gγ) for some γ > 0 and �U satisfying R�. Then as k, n → ∞, k/n → 0 and

√
kb(n/k) →

c,

√
k(T ∗L − 0.5) =

√
k

Hk,n

1
k

k∑
j=1

KL

(
j

k + 1

)
Zj

L→ N

(
− cρ

2γ(1 − ρ)(2 − ρ)
,

1
12

)
.

Note that for the same value of c, the absolute value of the bias of the Lewis statistic is smaller
than the absolute bias of the Jackson statistic.

• Bias-corrected Lewis kernel function
We now adjust the Lewis statistic by taking the second order tail behavior of a Pareto-type model into
account. The derivation is completely analogous to the case of the bias-corrected Jackson statistic,
leading to

TBCL(ρ̂) =

1
k

∑k
j=1

(
j

k+1 − 1
2

)(
Zj − b̂LS,k(ρ̂)

(
j

k+1

)−ρ̂
)

γ̂LS,k(ρ̂)
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with γ̂LS,k(ρ) and b̂LS,k(ρ) as in (9) and (10), respectively. In this case the kernel function is given by

KBCL(u; ρ) = u − 1
2

+
(1 − ρ)(1 − 2ρ)

2ρ(2 − ρ)

(
u−ρ − 1

1 − ρ

)
.

Proposition 4 Assume X1, . . . , Xn i.i.d. random variables according to distribution function F ,
where F ∈ D(Gγ) for some γ > 0 and �U satisfying R� with ρ �= −1. Then as k, n → ∞, k/n → 0
and

√
kb(n/k) → c,
√

k

γ̂LS,k(ρ)
1
k

k∑
j=1

KBCL

(
j

k + 1
; ρ
)

Zj
L→ N

(
0,

1
12

(
1 + ρ

2 − ρ

)2
)

.

Some remarks apply. Firstly, unlike the uncorrected Lewis statistic, the bias-corrected version has a
limiting distribution with mean zero, irrespective of the value of c. Secondly, in case ρ = −1 a degen-
erate limiting distribution is obtained for the bias-corrected Lewis statistic. This follows immediately
from its construction, in fact KBCL(u;−1) = 0. In this case (ρ = −1)

√
k

γ̂LS,k(ρ̂)
1
k

∑k
j=1 KBCL

(
j

k+1 ; ρ̂
)

Zj ,
is represented asymptotically as

√
kb(n/k)(ρ̂k̃,n − ρ)

1
γ̂LS,k(ρ)

1
k

k∑
j=1

(
j

k + 1
)−ρ ∂

∂ρ
KBCL

(
j

k + 1
; ρ
)∣∣∣∣

ρ=−1

+ oP (1),

so that the asymptotics of ρ̂ dominates the limiting behavior of the bias-corrected Lewis statistic.
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ABSTRACT

In this paper we review the goodness-of-fit problem for assessing whether a sample is consistent
with the Pareto-type model. To this end we introduce a general kernel goodness-of-fit statistic. The
derivation of the proposed class is based on the close link between the strict Pareto and the exponential
distribution and puts some of the available goodness-of-fit procedures for the latter in a broader per-
spective. The limiting distribution for this general kernel statistic will be derived under mild regularity
conditions and some important special cases will be investigated in greater depth.
Keywords and phrases: extreme value index, kernel statistic, goodness-of-fit.
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The study of extremes has grown gradually since the pioneering work of Fisher and Tippett
(1928), Gnedenko (1943) and the book by Gumbel (1958). The main theme behind these early
contributions was the need to model the stochastic behaviour of extremal events. Whereas traditional
statistics are mostly concerned with the laws governing averages, extreme value theory (EVT) looks at
the largest elements in a sample and derives the laws governing these values. More precisely, denoting
by Xn,n the maximum of a sample X1, ..., Xn of independent and identically distributed (iid) random
variables from a distribution function F , the fundamental theorem of EVT states that if Xn,n, properly
normalized, converges to some limiting distribution function H, then H depends on a single parameter
γ and has the following expression

Hγ(x) =

{
exp

(
− (1 + γx)−

1
γ

)
, for all x such that 1 + γx > 0, if γ �= 0,

exp(− exp(−x)), for all x ∈ IR, if γ = 0.

In such a case, we say that F is in the maximum domain of attraction of Hγ . Studying the tails of
a distribution, one can classify the distributions into three classes based on the sign of the extreme
value index γ. The class γ > 0 corresponds to Pareto type or heavy tailed distributions, while a
negative value of the index indicates that the underlying distribution has a finite endpoint. The class
of distributions F corresponding to γ = 0 is called the Gumbel class, describing the intermediate
cases. It consists mainly of exponentially decreasing tails. This class, although corresponding to one
value of γ, is a very large one. Within this class the Weibull model

1 − F (x) = exp (−xα), α > 0,

is quite prominent in several areas of applications ranging from hydrology to reliability. Here the
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exponential distribution can be considered as a reference, with α equal to 1. For distributions with
tails heavier than the exponential, α is smaller than 1, while α > 1 corresponds to distributions with
lighter tails than the exponential. In the same way as the strict Pareto distribution was extended
to the class of Pareto type distributions, one can extend the Weibull family to a rich subclass of the
Gumbel class, termed the class ofWeibull type distributions, defined through

1 − F (x) = exp (−xα�(x)), α > 0,(1)

for some slowly varying function �. The model is now of semi-parametric nature, allowing for a
statistical treatment along the extreme value methodology as described for instance in Embrechts et
al. (1997) or Beirlant et al. (2004). The parameter α is called the Weibull tail coefficient. Using
different values of α, the Weibull type distributions cover a large part of the Gumbel class, and hence
form a flexible subgroup. Distributions such as the normal and the gamma distributions belong to the
class of Weibull type distributions.

The Weibull type model can also be defined using the quantile function Q of the underlying
distribution. Indeed, under (1),

Q(p) = (− log(1 − p))
1
α �∗ (− log(1 − p))(2)

with �∗ again slowly varying (see Bingham et al., 1987). Thus,

log Q(p) =
1
α

log(− log(1 − p))
(

1 + α
log �∗(− log(1 − p))
log(− log(1 − p))

)

∼ 1
α

log(− log(1 − p)), p → 0,

where the last step follows from the fact that for a slowly varying function �∗, limx→∞
log �∗(x)

log x → 0 (see
Bingham et al., 1987). Evaluating the quantile function at i/(n + 1) and estimating log Q(i/(n + 1)
using the i-th order statistic log Xi,n (1 ≤ i ≤ n), it follows that Weibull type examples can be traced
visually using a Weibull quantile plot

(log(− log(1 − i/(n + 1))), log(Xi,n)) , 1 ≤ i ≤ n

because such plots will be linear for the largest observations. The ultimate slope will then lead to
estimators of 1/α.

In the next section we will focus on the estimation of α. Next to a review of available estimators,
a novel method will be presented based on plotting mean excess values above the successive order
statistics against the logs of these data. This provides an alternative to simple Weibull quantile
plotting. It will be demonstrated that estimation within the Weibull type model offers serious problems
especially concerning the bias of the existing estimators. The new estimation method turns out to
exhibit reduced bias, while the variance is kept under control. It improves upon the asymptotically
unbiased estimation method presented by Diebolt et al. (2006) based on a regression model and upon
slope estimators based on the Weibull quantile plot. The main asymptotic properties of our new
estimator are established. The practical importance of the Weibull type distributions will be also
illustrated in this talk using examples from hydrology and insurance.

1 Review of available estimators of the Weibull tail coefficient

1.1 A Hill type estimator

From the preceeding section it becomes clear that an estimator of 1/α can be obtained from estimating
the slope of the Weibull quantile plot at the right hand side of an anchor point

(
log(− log(k/(n+1))),
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log(Xn−k,n)
)
. The following estimator can be seen as an analogue of the Hill (1975) estimator of the

Pareto tail index based on the Pareto quantile plot:

1
α̂H,k

=
1
k

∑k
i=1 log(Xn−i+1,n) − log(Xn−k,n)

1
k

∑k
i=1 log log n+1

i − log log n+1
k

.(3)

The numerator in (3) is the famous Hill (1975) statistic. Remark that the estimator in (3) is based
on the k + 1 largest data points. The choice of k is therefore crucial.
This estimator was proposed in Beirlant et al. (1995) together with the asymptotic normality. The
asymptotic properties of the estimator α̂H,k are also investigated in Girard (2004) under slightly dif-
ferent conditions, using the following second order condition on a slowly varying function �.
Assumption R�(b, ρ). There exists ρ < 0 and b(x) → 0 as x → ∞, such that for all t > 1

1
b(x)

log
�(tx)
�(x)

→ tρ − 1
ρ

as x → ∞.(4)

It can be shown that b(x) = xρ�1(x), with �1 again slowly varying.

Theorem 2.1. If F satisfies (2) with �∗ satisfying R�∗(b∗, ρ∗) , then√
k (α̂H,k − α) →d N

(
0, α2

)
,

for any sequence k satisfying k → ∞, k/n → 0,
√

kb∗
(
log n

k

)→ 0, and
√

k
log(n/k) → 0.

The asymptotic bias of α̂H,k is shown to be of the order O(b∗(log n/k)). We next consider
estimators that exhibit a reduction in bias, starting with the solution proposed in Diebolt et al.
(2006).

1.2 Estimators based on a regression model

Diebolt et al. (2006) proposed a bias reduced estimator of the Weibull tail coefficient, similar to the
ones proposed in Beirlant et al. (1999) and Feuerverger and Hall (1999) in the case of Pareto-type
distributions. Using the second order condition in (4), the following asymptotic representation of
scaled spacings of the log-data was derived:

j log
n

j

(
log Xn−j+1,n − log Xn−j,n

)
=

⎛
⎝ 1

α
+ b∗

(
log

n

k

)( log n
j

log n
k

)ρ∗
⎞
⎠ fj + εj ,(5)

where fj are independent, standard exponential random variables, and where for k → ∞, log k
log n → 0

and sup 1≤j≤k εj = op
(
b∗
(
log n

k

))
. The bias function b∗ however has to satisfy x|b∗(x)| → ∞ as x → ∞.

Diebolt et al. (2006) remarked that the canonical choice ρ∗ = −1 can be plugged in without
perturbing the accuracy of approximation (5). In this way a linear regression model is obtained with
intercept 1/α and slope parameter b∗(log n

k ). Least squares estimation then leads to an estimator
α̂B,k of α, which has less bias as it is incorporated in the regression slope. When performing least

squares estimation from (5) without the term b∗
(
log n

k

) ( log n
j

log n
k

)−1

an estimator is obtained whose

characteristics are close to those of α̂H,k.
The following asymptotic properties of α̂B,k can be found in Diebolt et al. (2006) too.

Theorem 2.2. If F satisfies (2) with �∗ satisfying R�∗(b∗, ρ∗) with x|b∗(x)| → ∞ as x → ∞, then
√

k

log n
k

(α̂B,k − α) →d N(0, α2),
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for any sequence k satisfying k → ∞ and
√

k
log n

k
b∗(log(n/k)) → λ ∈ IR. If λ = 0, the conditions

log2 k
log n

k
→ 0 and

√
k

log n
k
→ ∞ should be added.

Remark that Theorem 2.2 states that α̂B,k is indeed asymptotically unbiased since the asymptotic
mean is zero whenever

√
k

log n
k
b∗(log(n/k)) → λ ∈ IR compared to

√
kb∗(log(n/k)) → 0 in case of α̂H,k.

The asymptotic bias is of the order o(b∗(log n/k)). Hence one expects that α̂B,k will stay closer to
the correct value α for a longer range of k-values than α̂H,k. The price to pay however is that the
asymptotic variance has increased.

2 A new estimator of the Weibull tail coefficient based on mean

excess function plotting

In this section it is shown that the bias can be reduced to the same degree as in the previous section
based on the following result concerning the mean excess function

m(t) = E[X − t|X > t]

of Weibull type distributions stated in Beirlant et al. (1995):

m(t) ∼ t1−α

α�(t)
, as t → ∞(6)

with � the slowly varying function from (1). From this it follows that for large values of t

log m(t) = − log(α) + (1 − α) log(t)
(

1 +
log �(t)

(1 − α) log(t)

)
∼ − log(α) + (1 − α) log(t),(7)

when α �= 1. The last step follows from the fact that log �(t)
log(t) → 0, t → ∞. This implies that a graph

(log(t), log(m(t))), t > 0 becomes linear for large values of t with slope 1 − α. This continues to hold
when α = 1 since then log m(t) ∼ o(log t) (t → ∞). In practice taking t = Xn−k,n and estimating
m(Xn−k,n) by

m̂(Xn−k,n) =
1
k

k∑
i=1

Xn−i+1,n − Xn−k,n(8)

we propose to use the following log-mean excess plot:

(log Xn−k,n, log m̂(Xn−k,n)) , k = 1, . . . , n − 1.(9)

The proposed estimator α̂m now follows from estimating the slope in (9):

1 − α̂m,k =
1
k

∑k
j=1 log m̂(Xn−j,n) − log m̂(Xn−k−1,n)
1
k

∑k
j=1 log Xn−j,n − log Xn−k−1,n

.(10)

Remark that the denominator in (10) resembles the Hill (1975) statistic in the numerator of (3). In
fact, the denominator is indeed asymptotically equivalent to the Hill statistic.

We propose to plot the results α̂m,k for different values of k as a function of log Xn−k,n, rather than
as a function of k, in order to preserve the link with (9):

(log Xn−k,n, α̂m,k) , k = 1, . . . , n − 2.(11)

The asymptotic properties of α̂m are summarized in Theorem 2.3.
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Theorem 2.3. If F satisfies (2) with �∗ satisfying R�∗(b∗, ρ∗) with x|b∗(x)| → ∞ as x → ∞, then it
follows that

√
k

log n
k

(
α̂m,k − α + α2(1 + ρ∗)b∗

(
log

n

k

))
→d N

(
0, α2

)
,

for any sequence k satisfying k → ∞ and
√

k
log n

k
b∗(log(n/k)) → λ ∈ IR. If λ = 0, the conditions

log2 k
log n

k
→ 0 and

√
k

log n
k
→ ∞ should be added.

According to Theorem 2.3, the estimator α̂m,k behaves asymptotically in a similar way to α̂B,k, when
the canonical choice ρ∗ = −1 is applied.

In this talk, after providing the proof of our Theorem 2.3, we compare the different estimators α̂H,k,
α̂B,k and α̂m,k on a small simulation study and also on real data sets.

Subtitle

Estimation of Weibull type tails
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Some Topics in Convolution-Based Spatial Modeling
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Over the last decade, convolution-based models for spatial data have increased in popularity
as a result of their flexibility in modeling spatial dependence and their ability to accommodate large
datasets. The modeling flexibility is due to the framework’s moving-average construction that guar-
antees a valid (i.e., non-negative definite) spatial covariance function. This constructive approach to
spatial modeling has been used (1) to provide an alternative to the standard classes of parametric
variogram/covariance functions commonly used in geostatistics; (2) to specify Gaussian-process mod-
els with nonstationary and anisotropic covariance functions; and (3) to create non-Gaussian classes of
models for spatial data. Beyond the flexible nature of convolution-based models, computational chal-
lenges associated with modeling large datasets can be alleviated in part through dimension reduction,
where the dimension of the convolved process is less than the dimension of the spatial data. In this
paper, we review various types of convolution-based models for spatial data and point out directions
for future research.

We consider models for continuously indexed spatial (i.e., geostatistical) data, and let Z =
(Z(s1), . . . , Z(sn))′ be an n × 1 vector of observations associated with known locations {si : i =
1, . . . , n} ⊂ D ⊂ R

d. Using the observations Z, we wish to make inference on an underlying process
Y (·) that, when perturbed by random noise, yields the observation process Z(·). Here we assume that
for all s ∈ D, Z(s) = Y (s) + ε(s), where the noise process ε(·) has mean zero, variance σ2

ε , and is
independent across space, and the processes Y (·) and ε(·) are independent. To simplify our discussion
of convolution-based models for spatial data, we modify the model specification above by taking the
process Y (·) to have mean zero and decomposing Z(·) as follows:

Z(s) = μ(s) + Y (s) + ε(s) , s ∈ D .

The goal is then to use the data Z to infer the unknown parameters in the mean function μ(·) and the
covariance structure of the spatially dependent process Y (·). In this paper, we consider convolution-
based models for Y (·).

In the traditional geostatistical setting (e.g., Cressie, 1993), the covariance function of Y (·),
CY (s1, s2) ≡ cov(Y (s1), Y (s2)), defined for all s1, s2 ∈ D, is usually assumed to belong to a parametric
class of covariance functions {C(P )(·, ·; θ) : θ ∈ Θ}, where for all θ ∈ Θ, C(P )(·, ·; θ) is a valid covariance
function (i.e., non-negative definite). For a stationary covariance function, we denote CY (s1, s2) =
C0

Y (h), where h = s1 − s2. Then Bochner’s Theorem states that

C0
Y (h) =

∫
Rd

eiω
′hF (dω),

where F is a nonnegative symmetric measure on R

d. The process Y (·) can also be written as

Y (s) =
∫

Rd

eiω
′sV (dω),

where V (·) is a process with independent increments and

E
[|V (dω)|2] = F (dω).
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Now assume that Y (·) is Gaussian, and write

Y (s) =
∫

Rd

k(s,u)W (du), s ∈ D,(1)

where k(·, ·) is a square-integrable (i.e.,
∫
k2(s,u) du < M < ∞) kernel function and W (·) is d-

dimensional Brownian motion (e.g., Yaglom, 1987). We can replace W (·) with a general process
V (·) whose increments are independent, have mean zero, and have finite variance proportional to the
volume of the increment. Due to the independent increments of V (·), it follows that the covariance
function of Y (·) is indirectly implied through the choice of the kernel function k(·, ·). That is,

CY (s1, s2) =
∫

Rd

k(s1,u)k(s2,u) du ,

where, without loss of generality, E(V (du)2) = du. Then, for any finite number k and any real
numbers {ai : i = 1, . . . , k},

k∑
i=1

k∑
j=1

aiajCY (si, sj) =
k∑

i=1

k∑
j=1

aiaj

∫
Rd

k(si,u)k(sj ,u)du =
∫

Rd

(
k∑

i=1

aik(si,u))2du ≥ 0 .

This is precisely the required non-negative-definiteness condition, and hence CY (·, ·) is a valid covari-
ance function. This constructive approach to specifying a Gaussian process was suggested by Matérn
(1986) and Thiébaux and Pedder (1987) and has been used to develop classes of models for spatial
data that are referred to as spatial moving averages (SMA) or process convolutions; we refer to this
general class of spatial models as convolution-based to emphasize its origins and its generality. In
virtually all that is to follow, we make the Gaussian assumption (that is, the statistical models are
based on the representation of Y (·) given in (1)), although this assumption is mostly not needed.

Rather than estimating parameters in the covariance function, it is common in geostatistics to
work with the variogram function. Letting h = s1 −s2 ∈ R

d, the variogram of Y (·) at lag h is defined
to be

2γY (h) ≡ var [Y (s1) − Y (s2)] , s1, s2 ∈ D ,

provided that the right-hand side is a function of h = s1 − s2 (which is true if Y (·) is intrinsically
stationary). Suppose we consider a special case of (1) where a Gaussian process is constructed as

Y (s) =
∫

Rd

k0(s − u)W (du), s ∈ D ,(2)

where k0(·) is a kernel function in R

d. In this situation, the variogram can written as a function of
the kernel k0(·), as follows:

2γ(h) =
∫

Rd

(
k0(u) − k0(u − h)

)2
du.(3)

Further, the covariance function of Y (·) is stationary (i.e., C0
Y (h) = CY (s1, s2), where h = s1 − s2),

since

C0
Y (h) =

∫
Rd

k0(u)k0(u − h) du .(4)

In this case, we can relate the kernel k0(·) and the covariance function C0
Y (·) using the convolution

theorem for the Fourier transform, which states that the Fourier transform of the convolution of
two functions is proportional to the product of the Fourier transforms of each individual function.
Therefore, if we take the square root of the Fourier transform of C0

Y (·), and then we take its inverse
Fourier transform, we obtain a function that is proportional to the kernel k0(·) (see Kern, 2000, for
details on and examples of this result). Thus, depending on the assumptions made about the process
Y (·), expressions (1) - (2) can be used to motivate a convolution-based representation of the covariance
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function of Y (·). This is a powerful approach due to the flexibility in the choice of the kernel k(·, ·) or
k0(·).

Frequently, convolution-based models are implemented using discretized versions of (1) - (2).
To illustrate this in the most general case (Eq. (1)), we define {ω(ui) : i = 1, . . . ,m} to be a discrete
white-noise process, namely a collection of m independent normal random variables with mean zero
and variance λ2, associated with fixed regular-lattice locations {ui : 1, . . . ,m} ⊂ D. Then (1) can be
approximated as follows:

Y (s) ≈
m∑

i=1

k(s,ui)ω(ui).(5)

The right-hand side of (5) can be made to converges to that of (1) by (say) successively increasing the
density of the lattice locations by a factor of two in each dimension and decreasing the variance of the
{ω(ui)} by a factor of 2d. Besides being used to approximate the integral in the convolution-based
representations of Y (·), the discretized convolution framework given by (5) has been extended to allow
the {ω(ui)} to be dependent processes themselves; examples of such approaches are discussed in Lee
et al. (2005) and Cressie and Johannesson (2006).

In the remaining sections of this paper, we review the various ways in which convolution-based
representations of Gaussian processes have been exploited to develop flexible and computationally
efficient statistical models for spatial data.

Nonparametric Covariance Functions
One of the first examples of the use of convolution-based representations of Gaussian processes

in spatial statistics appeared in Barry and Ver Hoef (1996). They proposed a “blackbox” approach to
kriging (i.e., best linear unbiased spatial prediction; see, for example, Cressie, 1993, Ch. 3) using a
flexible nonparametric specification of the variogram represented by (3). To illustrate their approach,
we take Y (·) to be a process defined on a subset of R

1 (i.e., d = 1). In this case, Barry and Ver Hoef’s
nonparametric kernels are taken to be piecewise constant functions of the form,

k0(h) =
p∑

j=1

ajI
(

(j − 1)c
p

< h ≤ jc

k

)
,

where I(·) denotes the indicator function, so that k0(·) has p steps each of range c > 0. Using (3) and
assuming that the lag h is a multiple m of c/p, a variogram of the form,

2γ(h) =
c

p

m∑
j=1

a2
j +

c

p

p∑
j=m+1

(aj − aj−m)2 +
c

p

p+m∑
j=p+1

a2
j−m

=
2c
p

p∑
j=1

a2
j −

2c
p

p∑
j=m+1

ajaj−m ,

is obtained. Then, Barry and Ver Hoef (1996) show that these evaluations of 2γ(h) at multiples of
c/p can be linearly interpolated to produce a valid variogram defined for all h:

2γ(h) = (1 − V )2γ(qlc/p) + V 2γ(quc/p) ,

where ql = 	hp/c
 is the greatest integer less than or equal to hp/c, qu = �hp/c� is the smallest integer
greater than or equal to hp/c, and V = [h− (qlc/p)]/(c/p) is the fraction that the distance h is from ql

to qu. Similarly, in two dimensions, a nonparametric variogram can be produced using kernels that are
rectangles. In a later paper, Ver Hoef et al. (2004) show how the Fast Fourier Transform (FFT) can
be used to increase computational efficiency in calculating such nonparametric variograms. A similar
nonparametric convolution-based approach to modeling spatial processes in subsets of R

2 based on
kernels constructed by stacking cylinders of varying heights and decreasing radii was explored in Kern
(2000).
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Dimension Reduction
Models based on the discrete form of the convolution-based representation of Y (·) (Eq. (5))

with a sparse support set for the latent process ω(·) have been proposed to alleviate the computation
burden associated with fitting standard geostatistical models (e.g., kriging) to large datasets. In his
model for ocean temperatures in the North Atlantic, Higdon (1998) proposed a space-time model based
on discrete convolutions: a three-dimensional kernel with a separable (in space and time) structure
is used to convolve a latent three-dimensional discrete white-noise process on a spatially sparse grid
covering the study region. Both the coarse resolution of the latent process and the separable form of
the kernel result in dramatic reductions in computational burden over what would have been required
to fit a standard Gaussian process model with a nonseparable covariance function to the data directly.

As a general framework for dimension reduction in spatial modeling, Higdon (2002) considers
models for a n× 1-dimensional data vector Z of the form

Z = μ1n + Kω + ε,

where 1n is an n-dimensional vector of 1s, K is a n × m matrix with entries k(si,uj), ω is an m-
dimensional vector that is assumed to be N(0, τ 2

Im), ε is an n-dimensional vector that is assumed
to be N(0, σ2

ε In), and ω and ε are independent. Written in this manner, it is clear that the discrete
convolution-based model can be thought of as a linear mixed-effects model (e.g., Pinheiro and Bates,
2000). Thus, model-fitting can be carried out using functions in standard statistical software packages.

This discrete convolution-based approximation to a Gaussian process used in Higdon (1998) and
Higdon (2002) relies on using a kernel function that has a Gaussian form. It has been demonstrated
through simulation studies in R

2 that the distance between the lattice points should be no more than
the parameter τ of the Gaussian kernel. For more peaked (e.g., exponential) kernels, a finer lattice
for the latent process is required and the computational savings over traditional kriging are not as
substantial.

Nonstationary and Anisotropic Models
One of the primary uses of a convolution-based representation of a Gaussian process is to build

models with nonstationary covariance structures. Two distinct approaches have been developed in the
literature, due to Higdon (Higdon, 1998; Higdon et al., 1998) and Fuentes (Fuentes, 2002a,b). The
Higdon approach is to rewrite (4) as

Y (s) =
∫
D
k0
s(s − u)W (du) ,(6)

where the parameters of the kernel k(s,u) ≡ k0
s(s−u) are allowed to vary spatially. Using a discretized

version of (6), Higdon (1998) defines the spatially referenced kernel k0
s(·) to be a mixture of a finite

set of Gaussian kernels, where the mixing weights varying smoothly with s ∈ D.
This approach was extended in Higdon et al. (1998) to a more general class of nonstationary

and anisotropic convolution-based models. The kernels were chosen to have a Gaussian form:

k0
s(h) = (2π)−1|Σ(s)|−1/2exp

(−h
′Σ(s)−1

h/2
)
,h ∈ R

2.(7)

The covariance matrix of the Gaussian kernel associated with location s, Σ(s), is then parameterized
by the lengths of the major and minor axes of its one-standard-deviation ellipse, namely as and bs,
respectively, and the rotation angle θs:

Σ(s) =
(
a2
s cos2(θs − π/2) + b2s sin2(θs − π/2) sin(θs − π/2) cos(θs − π/2)(b2s − a2

s)
sin(θs − π/2) cos(θs − π/2)(b2s − a2

s) a2
s sin2(θs − π/2) + b2s cos2(θs − π/2)

)
.

Figure 1 illustrates a nonstationary and anisotropic Gaussian process constructed using the Higdon
approach. The plot on the left shows the one-standard-deviation ellipses (shrunk by a factor of five)
of the Gaussian kernels associated with locations on a 10 × 10 grid (i.e., the dimension of the latent
process ω(·), m, is 100). The plot on the right shows a realization of the resulting Gaussian process on a
finer resolution 21× 21 grid. As expected, the process appears smoother in the top right-hand corner
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Figure 1: One standard deviation ellipses (shrunk by a factor of five) of the Gaussian kernels (left)
and a realization of the resulting nonstationary and anisotropic Gaussian process on a 21 × 21 grid
(right).

where the ellipses are larger, and it exhibits varying amounts of directional-dependence structure
corresponding to regions with noncircular ellipses.

Paciorek and Schervish (2006) extend these nonstationary process-convolution models proposed
by Higdon et al. (1998). First, they consider a more easily generalizable eigen-decomposition specifi-
cation for the spatially varying kernel covariance matrices Σ(s). In addition, they develop a general
class of nonstationary covariance functions that includes a nonstationary Matérn covariance function.
They advocate the use of this model since, like the corresponding stationary version of the Matérn
covariance function, it has a parameter that controls the smoothness/differentiability of the spatial
process.

The Fuentes approach to modeling nonstationary processes involves convolving stationary pro-
cesses, as opposed to white-noise processes (Fuentes, 2002a,b). The spatial domain D is divided into
m small subregions centered at nodes u1, . . . ,um. Defined on each subregion is a Gaussian stationary
spatial process Yθ(ui) with covariance function CYθ(ui)

, where θ(ui) is an unknown region-specific
parameter defining the covariance of the region’s process Yθ(ui). Then, a nonstationary process on D
is defined by taking

Y (s) =
m∑

i=1

k0(s − ui)Yθ(ui)(s),

where k0(·) is a stationary kernel (i.e., it does not vary across space). Therefore, unlike the Higdon
approach that was based on allowing the kernels to vary spatially, nonstationarity in the Fuentes
approach results from the spatially varying processes {Yθ(ui)}. This approach has been extended in
Fuentes and Smith (2001) by allowing the parameter θ(·) to vary smoothly across space (rather than
at discrete nodes) and used to develop formal hypothesis tests for nonstationarity (Fuentes, 2002b,
2005). Related approaches include Nychka et al. (2002)’s model for nonstationary spatial data based
on linear combinations of wavelet basis functions and Banerjee et al. (2004)’s spatial model for house
prices based on normalized distance-weighted sums of stationary processes.

Multivariate Spatial Models
Convolution-based models have also been developed for the analysis of multivariate spatial data.

Ver Hoef and Barry (1998) and Ver Hoef et al. (2004) consider cross-covariance functions defined as

C0
Yp,Yq

(h; ρp, ρq, θp, θq,Δp,Δq) = ρpρq

∫
D
k0(u; θp)k0(u − h + Δp − Δq; θq)du,

where the kernel k0 with parameters θp and θq describe the spatial dependencies in the marginal
processes Yp(·) and Yq(·), ρp and ρq capture the cross-dependencies, Δp and Δq describe the shift-
asymmetry, and the kernel functions are specified in a nonparametric manner as in Barry and Ver Hoef
(1996); see also the section, Nonparametric Covariance Functions, above.
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Other convolution-based multivariate spatial models include the multivariate space-time models
in Calder (2007a,b) and the convolutions of covariance functions developed in Majumdar and Gelfand
(2007).

Spatio-temporal Models
Convolution-based models for space-time data can be developed in a straightforward manner

by simply convolving a three-dimensional kernel with a three-dimensional white-noise process (e.g.,
Higdon, 1998). However, capturing dynamic features such as seasonality or directional space-time
dependence using kernel functions may be problematic. Additionally, the temporal domain of many
space-time processes is discrete; this feature is difficult to make explicit in standard convolution-based
modeling. An alternative approach proposed by Calder et al. (2002) and Higdon (2002) is to convolve
dynamic processes using two-dimensional spatial kernels. Since it is based on convolutions of dependent
processes, this approach has a similar flavor to the Fuentes approach to modeling nonstationary spatial
processes (Fuentes, 2002a,b).

As an illustration of these dynamic convolution-based models, Calder et al. (2002) proposed a
model for ozone levels across the Eastern U.S. based on latent space-time processes of the form

Y (s, t) =
m∑

i=1

k0(s − u)Yui(t).

The processes {Yui(·)} evolve as

Yui(t) = f (Yu1(t− 1), . . . , Yum(t− 1);β) + νui(t),

where f(·;β) is a parametric function of the values of the latent processes {Yui} at the previous
time step and {νui} are independent Gaussian-process innovations. A related approach involving
convolutions of latent autoregressive processes was proposed by Sanso et al. (2005).

An alternative convolution-based space-time modeling framework was proposed by Wikle and
Cressie (1999), Wikle (2002), and Xu et al. (2005). Here, the evolution of the latent space-time process
was specified as a convolution by letting

Y (s, t) =
∫
k0(s − u, t)Y (u, t− 1) du + η(s, t) ,

where η(·, ·) is a spatially colored error process independent in time. Wikle (2002) and Xu et al. (2005)
chose kernel functions corresponding to partial differential equations governing Y (·). When there is
no readily available science to drive the dynamics, one might choose the orthogonal-based-function
approach used by Wikle and Cressie (1999), or the dynamic linear modeling approach used by Calder
et al. (2002) and extended in Calder (2007a,b).

Directions for Future Research
We conclude our review of convolution-based models for spatial processes by proposing some

areas for future research.

Implications of Kernel Choice and Discretization
A kernel corresponding to a particular stationary covariance function C0

Y (h) can be obtained
by Fourier inversion of C0

Y (h) (see above). However, in many situations, for a given kernel/covariance
function there is not a closed-form expression for the covariance function/kernel. In addition, the
functional form for a kernel corresponding to a particular stationary covariance function may not be
the same for all dimensions d, and the existence of a closed-form expression for a covariance function
corresponding to a kernel function depends on d (see Kern, 2000, and Cressie and Pavlicová, 2002).
Thus, while the convolution-based framework permits a great deal of modeling flexibility through the
choice of kernel function, it is important to understand the implications of the choice of kernel on the
properties of the resulting process.

We believe that there is a need for careful consideration of the properties of Gaussian pro-
cesses constructed via convolution-based models, along the lines of Cressie and Pavlicová (2002) and
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Paciorek (2003). A related concern is the impact of the discretization on the properties of discrete
convolution-based Gaussian processes, as well as the overall fit of the model. For the nonstationary
convolution-based models, this issue is addressed somewhat in Fuentes and Smith (2001) and Paciorek
(2003). However, there is still a need to look at the relationship between the sampling design of the
data and the level of discretization, as well as how these features impact the ability to detect nonsta-
tionary and isotropic features of the data.

Non-Gaussian Convolution-Based Models
As we have pointed out earlier, the specification for the process Y (·) given in (1) can be readily

extended by substituting for W (·) other stochastic processes with independent increments (e.g., Lévy
processes). This approach has been considered by Wolpert and Ickstadt (1998), who used convolutions
of gamma processes to develop a model for spatial point processes. Convolutions of Lévy processes
have also been considered by Tu (2006) for modeling spatio-temporal processes.

Processes on Non-Euclidean Spaces
Any space upon which Brownian motion can be defined will in principle support a convolution-based
Gaussian model, through a generalization of (1). For example, convolution-based models can be
defined on the sphere. More generally, if there is a spectral theory, then the spectral representation
hints at how a convolution-based model could be defined; for example, the spectral analysis for groups
given in Diaconis (1988) might be explored for abstract convolution-based models.

A non-Euclidean model of immediate applicability on river networks is the class of convolution-
based models on directed trees. Ver Hoef et al. (2006) and Cressie et al. (2006) define “spatial”
models on river networks whose covariance between the process at two locations on the network is a
function of river distance (rather than Euclidean distance) between the two locations. The convolution-
based models use kernels k(s,u) that are asymmetric, reflecting the physical nature of a river that
“downstream” should be treated differently from “upstream”. Indeed, it is possible that one location
is neither upstream nor downstream from another location (e.g., they are on different tributaries), in
which case their process values are independent if the kernel is one-sided.
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1 Introduction

The term geostatistics describes the branch of spatial statistics in which data are obtained by sampling
a spatially continuous phenomenon S(x), where x denotes a location, at a discrete set of locations
xi ∈ A : i = 1, ..., n, and A denotes a spatial region of interest. Typically, and throughout this
paper, A ⊂ IR2. In many cases, S(x) cannot be measured without error. In classical geostatistics,
measurement errors are assumed to be additive, possibly on a transformed scale. Hence, if Yi denotes
the measured value at the location xi, a simple model for the data would take the form

Yi = μ+ S(xi) + Zi : i = 1, ..., n(1)

where the Zi are mutually independent, zero-mean random variables. The objectives of a geostatistical
analysis typically focus on prediction of properties of the realisation of S(x) throughout the region
of interest A. Targets for prediction might include, according to context: the value of S(x) at an
unsampled location; the spatial average of S(x) over A or sub-sets thereof; the minimum or maximum
value of S(x); or sub-regions in which S(x) exceeds a particular threshold. Chilès and Delfiner (1999)
give a comprehensive account of classical geostatistical models and methods.

Diggle, Moyeed and Tawn (1998) used the term model-based geostatistics to mean the application
of general principles of statistical modelling and inference to geostatistical problems. In particular,
they add Gaussian distributional assumptions to the classical model (1) and re-express it as a two-
level hierarchical linear model, in which S(x) is the value at location x of a latent Gaussian stochastic
process and, conditional on S(xi) : i = 1, ..., n, the measured values Yi : i = 1, ..., n are mutually
independent, Normally distributed with means S(xi) and common variance τ 2. Diggle, Moyeed and
Tawn (1998) then extend this model, retaining the multivariate Gaussian assumption for the S(x i),
but allowing a classical generalized linear model (McCullagh and Nelder, 1989) for the mutually
independent conditional distributions of the Yi given S(xi).

As a convenient shorthand notation to describe the hierarchical structure of this model, we use
[·] means “the distribution of,” and write S = {S(x) : x ∈ IR2} and Y = (Y1, ..., Yn). Then, the
Diggle, Moyeed and Tawn (1998) model has the simple structure [S, Y ] = [S][Y |S] = [S]Π[Yi|S(xi)].
Furthermore, in (1), the [Yi|S(xi)] are univariate Gaussian distributions with means S(xi) and common
variance τ 2.

As presented above, and in most of the geostatistical literature, the models for the data treat
the sampling locations xi either as fixed by design or otherwise independent of the process S(x), and
hence of Y ; for an exception, see for example Curriero et al (2002). Admitting the possibility that the
sampling design may be stochastic, and writing X = (x1, ..., xn), the structure of the model becomes
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[X,S, Y ] = [X][S][Y |S], from which it is clear that conditioning on X does not affect inferences about
S or Y . We refer to this as non-preferential sampling of geostatistical data. Conversely, preferential
sampling refers to any situation in which [X,S, Y ] �= [X][S, Y ].

We contrast the term non-preferential with the term uniform, the latter meaning that, before-
hand, all locations in A are equally likely to be sampled. Examples of designs which are both uniform
and non-preferential include regular lattice designs and completely random designs (strictly, in the
former case, if the lattice origin is chosen at random). An example of a non-uniform, non-preferential
design would be one in which sample locations are an independent random sample from a non-uniform
distribution on A. Preferential designs can arise either because sampling locations are deliberately
concentrated in sub-regions of A where the underlying values of S(x) tend to be larger (or smaller)
than average, or more generally when X and Y are the joint outcome of a marked point process in
which there is dependence between the points and the marks.

Our aims in this paper are to demonstrate the problems which can arise if preferential sampling
is ignored in the analysis of geostatistical data, and to suggest ways of adjusting standard methods
of analysis to alleviate these problems. In Section 2, we describe a motivating example concerning
environmental bio-monitoring in Galicia, northern Spain. Section 3 presents an idealised model for
preferential sampling. Section 4 then uses this model to demonstrate how geostatistical analyses
which ignore preferential sampling can be misleading. Section 5 outlines likelihood-based methods of
inference for our idealised preferential sampling model. Section 6 discusses practical solutions to the
preferential sampling problem and re-visits briefly the bio-monitoring example.

2 Heavy-metal bio-monitoring in Galicia

Our motivating example concerns bio-monitoring of heavy metal pollution in Galicia, northern Spain.
The data consist of two spatial surveys of heavy metal concentrations in moss samples, taken in 1997
and 2000. In the first survey, sampling was concentrated in or near areas of industrial activity and is
very likely to be preferential, whilst the second survey used a regular lattice design which is therefore
non-preferential. For further details, see Fernández, Rey and Carballeira (2000) and Aboal, Real,
Fernndez and Carballeira (2006). One objective of analysing these data is to estimate, and compare,
maps of heavy metal concentrations in 1997 and 2000. No major sources of pollution were introduced
between 1997 and 2000. Our working assumption is therefore that, whilst overall pollution levels
may have changed during the three years between the two surveys, the spatial variation in underlying
pollution fields for the two years in question can be described by a single stochastic model. A classical
geostatistical analysis seems appropriate for the 2000 data, but less so for the 1997 data because of
the preferential nature of the sampling.

Figure 1 shows the sampling locations for the two surveys, together with the locations of known
major sources of heavy-metal pollution.

We focus here on the analysis of log-transformed concentrations of lead in each of 1997 and 2000.
The data included two gross outliers in 2000, each of which we replaced by the average of the remaining
values for the year 2000. Figure 2 shows the resulting empirical distributions of log-transformed lead
concentrations. The shift between 1997 and 2000 is consistent with the preferential character of the
1997 sample.

3 A model for preferential sampling

Our interest is in enabling valid inferences about the unobserved spatial process S when the placement
of sampling locations is potentially preferential. As exemplified by our motivating example, this
situation often arises because those conducting the survey exercise a degree of subjective judgement in
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Figure 1: Sampling locations for 1997 (63 open circles) and 2000 (132 closed circles) surveys of heavy-
metal pollution in Galicia. Triangles denote locations of 9 known sources of pollution. The unit of
distance is 10m (the area of Galicia is approximately 30,000km2)

choosing the sampling locations. This makes it difficult to justify formal modelling of the joint spatial
distribution of locations and measured values at those locations. Nevertheless, we shall propose and
investigate an idealised model and use this to demonstrate some of the ways in which preferential
sampling affects the inferences which can be made from the data. We note in passing that formal
modelling is perhaps more attractive when the data arise as a partial realisation of a naturally occurring
marked point process; an example would be data on the locations and sizes of trees in a forest, as
considered in Schlather, Ribeiro and Diggle (2004).

3.1 A common latent process model

Recall that: S denotes an unobserved, spatially continuous process on a spatial region A; X denotes
a point process on A; and Y denotes a set of measured values, one at each point of X. Our inferential
focus is on properties of S, as revealed by the data (X,Y ), rather than on the joint properties of S
and X.

To clarify the distinction between preferential and non-preferential sampling, and the inferential
consequences of the latter, we first examine a situation considered by Rathbun (1996), in which S

determines the conditional intensity of an inhomogeneous Poisson process X, whilst measurements
Y are taken at a pre-specified set of locations, i.e. independently of both S and X. Then, the joint
distribution of S, X and Y takes the form

[S,X, Y ] = [S][X|S][Y |S].(2)

It follows immediately on integrating (2) with respect to X that the joint distribution of S and Y has
the standard form, [S, Y ] = [S][Y |S]. Hence, for inference about S it is valid, if potentially inefficient,
to ignore X, i.e. to use standard geostatistical methods. Models analogous to (2) have also been
proposed in a longitudinal setting, where data on each subject under investigation consist of a time-
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Figure 2: Empirical distributions of log-transformed lead concentrations in the 1997 and 2000 samples.

sequence of repeated measurements at pre-specified times and a related time-to-event outcome. See,
for example, Wulfsohn and Tsiatis (1997) or Henderson, Diggle and Dobson (2000).

In contrast, if Y is observed at the points of X, the appropriate factorisation is

[S,X, Y ] = [S][X|S][Y |X,S].(3)

Even when the algebraic form of [Y |X,S] reduces to [Y |S], an important distinction between (3)
and (2) is that in (3) there is a functional dependence between S and X which cannot be ignored.
The implicit specification of [S, Y ] from (2) is therefore non-standard, and conventional geostatistical
analyses, which ignore the stochastic nature of X, are potentially misleading.

3.2 A simple parametric model

We define a specific class of models through the following assumptions.
A1. S is a stationary Gaussian process with mean zero, variance σ2 and correlation function

ρ(u;φ) = Corr{S(x), S(x′)} for any x and x′ a distance u apart.
A2. Conditional on S, X is an inhomogeneous Poisson process with intensity

λ(x) = exp{α+ βS(x)}.(4)

A3. Conditional on S and X, Y is a set of mutually independent Gaussian variates with
Yi ∼ N(μ+ S(xi), τ2).

It follows from A1 and A2 that, unconditionally, X is a log-Gaussian Cox process (Møller,
Syversveen and Waagepetersen, 1998). If in A2 β = 0, then A1 and A3 give the unconditional
distribution of Y is multivariate Gaussian with mean μ1 and variance matrix τ 2I +σ2R, where R has
elements rij = ρ(||xi − xj ||;φ).

In what follows, we shall use this special form of the common latent process model to investigate
the impact of preferential sampling on conventional geostatistical methods of analysis.
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Figure 3: Sample locations and underlying realisations of the signal process for the model used in
the simulation study. The left-hand panel shows the completely random sample, the centre-panel
the preferential sample and the right-hand panel the clustered sample. In each case, the grey-scale
image represents the realisation of the signal process, S(x), which was used to generate the associated
measurement data. The model parameter values are μ = 4, σ2 = 1.5, φ = 0.15, κ = 1, τ 2 = 0.25,
β = 2

4 Impact of preferential sampling on geostatistical inference

We have conducted a simulation experiment in which we simulated data on A the unit square from an
underlying stationary Gaussian process which is then sampled, with additive Gaussian measurement
error, either non-preferentially or preferentially according to each of the following sampling designs.
For the completely random sampling design, sample locations xi are an independent random sample
from the uniform distribution on A. For the preferential design, the xi are generated by the model
described in Section 3.2, with parameter β = 2. For the clustered design, we used the same model, but
use one realisation of S to generate the data Y and a second, independent realisation of S to generate
X, thereby giving a non-preferential design with the same marginal properties as the preferential
design.

The model for the spatial process S was stationary Gaussian, with mean μ = 4, variance
σ2 = 1.5, and Matérn correlation with scale parameter φ = 0.15 and shape parameter κ = 1. In each
case, the data yi consisted of the realised value of S(xi) plus an independent Gaussian measurement
error with mean zero and variance τ 2 = 0.25.

Figure 3 shows a realisation of each of the three sampling designs superimposed on a single
realisation of the process S. The preferential nature of the sampling in the central panel of Figure 3
is very clear.

4.1 Parameter estimation

In classical geostatistics, the sample variogram is often used for parameter estimation, by matching the
sample and theoretical variogram using an ad hoc criterion such as ordinary or weighted least squares
(Cressie, 1985). For the reasons given in Diggle and Ribeiro (2007, Chapter 5), we much prefer
to use likelihood-based methods of parameter estimation based on the declared model for the data.
Nevertheless, the variogram is a useful tool for exploratory analysis and diagnostic checking. In this
section, we illustrate the impact of preferential sampling on the standard non-parametric variogram
estimator and on maximum likelihood estimates of model parameters.

Consider first variogram estimation. The data consist of pairs (xi, yi) : i = 1, ..., n where xi

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 144 -



0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

1.
2

distance

bi
as

random

preferential

clustered

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

0.
0

0.
5

1.
0

1.
5

2.
0

distance

st
dd

ev

random

preferential

clustered

Figure 4: Bias and standard deviation of the sample variogram under random, preferential and clus-
tered sampling. model parameter values are μ = 4, σ2 = 1.5, φ = 0.15, κ = 1, τ 2 = 0.25 and, for the
clustered and preferential sampling, β = 2

Table 1: Sample statistics and parameter estimates for one realisation of the simulation model.

sampling statistics model parameter estimates
sample mean variance μ̂ σ̂2 φ̂

completely random 4.44 1.78 4.06 1.44 0.13
preferential 6.44 0.78 5.82 0.56 0.05
clustered 5.02 1.44 4.52 1.32 0.08

denotes a location yi a corresponding measured value. For convenience, we assume temporarily that
Y = {Y (x) : x ∈ IR2} is a stationary spatial stochastic process and that yi is the realised value of Y (xi).
The variogram of the process Y is the function V (u) = Var{Y (x)−Y (x′)} where u denotes the distance
between x and x′. The empirical variogram ordinates are the quantities vij = (yi − yj)2/2. Each vij

is an unbiased estimator for V (uij), where uij is the distance between xi and xj. A scatterplot of vij

against uij or, more usefully, a smoothed version of this scatterplot, can be used to suggest appropriate
parametric models for the spatial covariance structure of the data; for more information on variogram
estimation, see for example Cressie (1985; 1991, Chapter 2), Chilès and Delfiner (1999) or Diggle and
Ribeiro (2007, Chapter 5).

The two panels of Figure 4 show simulation-based estimates of the point-wise bias and standard
deviation of smoothed empirical variograms, derived from 500 replicate simulations. With regard to
bias, the results under both uniform and clustered non-preferential sampling designs are consistent with
the unbiasedness of the empirical variogram ordinates; although smoothing the empirical variogram
ordinates does induce some bias, this effect is negligible in the current setting. In contrast, under
preferential sampling the results show clear evidence of bias.

We now consider maximum likelihood estimation of the model parameters. Under the assump-
tion that sampling is non-preferential, the likelihood function has the standard form of a multivariate
Gaussian density (Diggle and Ribeiro, 2007, Section 5.4). Table 1 shows sampling statistics and
maximum likelihood estimates for a typical simulation.
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Table 2: Impact of sampling design on the bias and mean square error of the ordinary kriging predictor
Ŝ(x0), when x0 = (0.5, 0.5) and each sample consists of 100 locations on the unit square. Each entry
in the table is a 95% coverage interval calculated empirically from 500 independent simulations. See
text for detailed description of the simulation model.

Sampling design
Completely random Preferential (β = 2) Clustered

bias (−0.081, 0.059) (1.290, 1.578) (−0.082, 0.186)
mean square error (0.268, 0.354) (2.967, 3.729) (0.948, 1.300)

4.2 Spatial prediction

We now illustrate the impact of preferential sampling on spatial prediction using standard kriging
methodology. Suppose that our target for prediction is S(x0), the value of process S at a generic
location x0, given sample data (xi, yi), i = 1, 2, ..., n. The simple kriging predictor of S(x0) is the
conditional expectation of S(x0) given the data, Y , and treating all parameters as known. The more
widely used ordinary kriging predictor treats the unconditional expectation of S(x0) as unknown, but
uses plug-in estimates of the parameters which define the covariance structure of Y . Traditionally,
these plug-in estimates would be obtained by matching theoretical and empirical variograms in some
way; we use maximum likelihood estimates under the assumed Gaussian model for Y .

Table 2 shows 95% coverage intervals for the resulting biases and mean square prediction errors
of the ordinary kriging predictor Ŝ(x0), where x0 = (0.5, 0.5), in each case evaluated empirically over
500 replicate simulations.

The bias is large and positive under preferential sampling, because the sampling model leads
to a higher density of sample locations close to high values of the underlying process S. The other
two sampling designs both lead to approximately unbiased prediction, as predicted by theory. The
substantially larger mean square error for clustered by comparison with completely random sampling
reflects the inefficiency of the latter.

5 Practical solutions to the preferential sampling problem

One possible approach to the analysis of preferentially sampled geostatistical data is to adopt a
parametric model and fit this to the data using likelihood-based methods of inference. We are currently
developing such methods for the model described in Section 3, using direct Monte Carlo methods to
evaluate the likelihood function. However, and as we have already indicated, in some settings it may
be difficult to justify a parametric model for the sampling process. A more subtle difficulty is that even
when the model is justifiable, its parameters may be poorly identified. In this case, two options are
a Bayesian approach with an informative prior for parameters of the sampling model, or a sensitivity
analysis.

A second possibility is to seek explanatory variables which eliminate, or at least reduce, the
adverse effects of preferential sampling. The underlying idea is that when X and S are unconditionally
dependent, they may nevertheless be conditionally independent, or approximately so, given suitable
covariate information. For example, in the Galicia bio-monitoring data, the preferential sampling in
1997 arose because sampling locations were concentrated around industrial locations. Including some
function of distance to the nearest industry as a covariate at each sampling location should therefore
reduce the stochastic dependence between X and S; it would do so exactly in the unlikely event that
the sampling scheme was a probability sample perfectly matched to the covariate adjustment model.
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A third possibility is to use a two-stage sample. The Galicia data again provide an illustration.
The 2000 data are non-preferentially sampled. If we were prepared to fit a single model to the
underlying Gaussian process S, the 2000 data would give information about the parameters of S
uncompromised by the effects of preferential sampling. Combining the information from the 1997 and
2000 data should therefore alleviate the identifiability problems which would arise if the 1997 data
were analysed separately.
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1 Introduction

Modelling surface wind fields is essential for hurricane forecasting. A wind field gives the wind velocity
at any location in the vicinity of the hurricane. The numerical ocean models used to predict the storm
surge for coastal areas rely heavily on wind field inputs. Currently, deterministic formulas such as the
Holland model (Holland, 1980) are used to generate the wind fields for the storm surge model based
on a few meteorological inputs such as the radius and central pressure of the storm.

While the Holland model captures many of the important features of a wind field, Foley and
Fuentes (2006) show that this model does not allow for asymmetries often seen in wind fields and
that storm surge prediction can be improved by supplementing the Holland model with a Gaussian
geostatistical model. Another approach would be to introduce a more sophisticated deterministic wind
model. A coupled atmospheric-oceanic numerical model can be used to simulate the surface winds at
the boundary layer of the ocean model. However the CPU time required to produce these modeled
winds at high enough resolution for coastal prediction (1 to 4 km grids) prevents such model runs
from being used in real-time applications. Alternatively, one could write a stochastic version of the
deterministic model and approximate the physical model using a stochastic spatial basis. This is the
approach of Wikle et al. (2001) for oceanic surface winds.

This paper proposes a semiparametric multivariate spatial model to predict a wind field. The
predictions in this paper are purely spatial predictions made using multiple sources of observed data
and Holland model output from a single time point. Several Gaussian multivariate spatial covariance
models have been proposed. For example, Brown et al. (1994) model the joint covariance of the
observed multivariate data using an inverse Wishart distribution centered on a separable covariance
matrix. Another approach is to represent the multivariate spatial process as a linear combination of
univariate spatial process. Variations of this linear model of coregionization (LMC) have been used
by Grzebyk and Wackernagl (1994), Wackernagel (2003), Schmidt and Gelfand (2003), Banerjee et al.
(2004), and Gelfand et al. (2004). Foley and Fuentes (2006) apply the LMC to the two orthogonal
west/east and north/south components of hurricane wind vectors.

Spatial models often assume the outcomes follow normal distributions. The Gaussian assumption
is difficult to verify empirically and may be overly-restrictive for hurricane wind field data, which can
display erratic behavior, such as sudden changes in time or space. For example, on the periphery of
the map in Figure 1a the wind vectors vary smoothly from one measurement to the next. However,
near the eye of the hurricane (center of the plot), the wind vectors are extremely volatile. Traditional
Gaussian spatial models tend to oversmooth the area near the eye of the hurricane, resulting in a poor
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fit. Therefore, in this paper, we develop a new multivariate semiparametric spatial model for these
data that avoids specifying a Gaussian distribution for the spatial random effects.

Figure 1: Plot of various types of wind field data/output for Hurricane Ivan on September 15, 2004.

1

2
3
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7

(a) Satellite data (b) Buoy data

(c) Holland model output (d) Satellite - Holland model output

Our semiparametric model avoids assuming normality by extending the stick-breaking prior of
Sethuraman (1994) to the multivariate spatial setting. For general (non-spatial) Bayesian modelling,
the stick-breaking prior offers a way to model a distribution of a parameter as an unknown quantity to
be estimated from the data. The stick-breaking prior for the unknown distribution F is the mixture

F
d=

m∑
i=1

piδ(θi),(1)

where the number of mixture components m may be infinite, pi are the mixture probabilities, and
δ(θi) is the Dirac distribution with point mass at θi. The mixture probabilities “break the stick” into
m pieces so the sum of the pieces is one, i.e.,

∑m
i=1 pi = 1. The first mixture probability is modelled

as p1 = V1, where V1 ∼Beta(a, b). Subsequent mixture probabilities are pi = (1 −∑i−1
j=1 pj)Vi, where

1−∑i−1
j=1 pj is probability not accounted for by the first i−1 mixture components, and Vi

iid∼ Beta(a, b)

is the proportion of the remaining probability assigned to the ith component. The locations θi
iid∼ Fo,

where Fo is a known prior distribution. A special case of this prior is the Dirichlet process prior with
m = ∞ and a = 1 (Ferguson, 1973).

The stick-breaking prior in (1) has been extended to the univariate spatial setting by incorpo-
rating spatial information into either the model for the locations θi or the model for the masses pi.
Gelfand et al. (2005a) model the locations as vectors drawn from a spatial distribution. However,
their model requires replication, and thus is not appropriate for analyzing the wind fields data. Griffin
and Steel (2006) propose a spatial Dirichlet model that does not require replication. Their model
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permutes the Vi based on spatial location, allowing the prior to be different in different regions of the
spatial domain.

This paper is the first to extend the stick-breaking prior to the multivariate spatial setting. Our
semiparametric multivariate spatial model for a hurricane wind field has bivariate normal priors for the
locations θi. Similar to Griffin and Steel, the probabilities pi vary spatially. However, rather than a
random permutation of Vi, we introduce a series of kernel functions to allow the masses to change with
space. This results in a flexible spatial model, as different kernel functions lead to different relationships
between the distributions at nearby locations. Our model is also computationally convenient because
it avoids reversible jump MCMC steps and inverting large matrices which is crucial for analysis of
hurricane wind fields since estimates must be made in real-time.

The paper proceeds as follows. Section 2 describes the various sources of data used to map the
wind field. The semiparametric spatial prior for univariate spatial data is introduced in Section 3.
This model is extended to a multivariate model to analyze wind field data in Section 4. This model
is used to map the wind field of Hurricane Ivan in Section 5. Section 6 concludes.

2 Description of the wind fields data

We model wind fields data from Hurricane Ivan as it passed through the Gulf of Mexico at 12pm
on September 15, 2004. The three sources of information used in this analysis are plotted in Figure
1. The first source is gridded satellite data (Figure 1a) available from NASA’s SeaWinds database
(http://podaac.jpl.nasa.gov/products/product109.html). These data are available twice daily on a
0.25 x 0.25 degree global grid. Due to the satellite data’s potential bias, measurement error, and
course temporal resolution, we supplement our wind fields analysis with data from NOAA’s National
Data Buoy Center. Buoy data are collected every ten minutes at a relatively small number of marine
locations (Figure 1b). These measurements are adjusted to a common height of 10 meters above sea
level using the algorithm of Large and Pond (1981).

In addition to satellite and buoy data, our model incorporates the deterministic Holland model
(Holland, 1980). The NOAA currently uses this model alone to produce wind fields for their numerical
ocean models. The Holland model predicts that the wind speed at location s is

H(s) =

(
B

ρ

(
Rmax

r

)B

(Pn − Pc) exp

[
−
(

Rmax

r

)B
])1/2

,(2)

where r is the radius (km) from the storm center to site s, Pn is the ambient pressure (mb), Pc is the
hurricane central pressure (mb), ρ is the air density (kg m−3), Rmax is radius of the maximum wind
(km), and B controls the shape of the pressure profile.

Section 4’s multivariate spatial model decomposes the wind vectors into their orthogonal west/east
(u) and north/south (v) vectors. The Holland model for the u and v components is Hu(s) = H(s)sin(φ)
and Hv(s) = H(s)cos(φ), where φ is the inflow angle at site s, across circular isobars toward the storm
center, rotated to adjust for the storm’s direction. We fix the parameters Pn = 1010mb, Pc = 939mb,
ρ = 1.2 kg m−3, and Rmax = 49, and B = 1.9 using the meteorological data from the national
hurricane center (http://www.nhc.noaa.gov) and recommendations of Hsu and Yan (1998). By con-
struction, Holland model output in Figure 1c is symmetric with respect to the storm’s center, which
does not agree with the satellite observations in Figure 1a.

3 The spatial stick-breaking (SSB) prior

In this section, we develop a univariate semiparametric spatial model for data from a single source.
The spatial stick-breaking prior developed here is incorporated into our model for the wind fields data
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in Section 4. Let y(s), the observed value at site s = (s1, s2), have the model

y(s) = μ(s) + x(s)′β + ε(s),(3)

where μ(s) is a spatial random effect, x(s) is a vector of covariates for site s, β are the regression
parameters, and ε(s) iid∼ N(0, σ2).

The spatial effects are each assigned a different prior distribution, i.e., μ(s) ∼ F (s). The distri-
butions F (s) are unknown and smoothed spatially. Extending (1) to depend on s, the prior for F (s)
is the potentially infinite mixture

F (s) d=
m∑

i=1

pi(s)δ(θi),(4)

where p1(s) = V1(s), pi(s) = Vi(s)
∏i−1

j=1(1 − Vj(s)) for i > 1, and Vi(s) = wi(s)Vi. The distributions
F (s) are related through their dependence on the Vi and θi, which are given the priors Vi ∼ Beta(a, b)
and θi ∼ N(0, τ2), each independent across i. However, the distributions vary spatially according to
the kernel functions wi(s), which are restricted to the interval [0, 1]. The function wi(s) is centered at
knot ψi = (ψ1i, ψ2i) and the spread is controlled by the bandwidth parameter εi = (ε1i, ε2i). Both the
knots and the bandwidths are modelled as unknown parameters with priors that are independent of
the Vi and θi. The knots ψi are given independent uniform priors over the bounded spatial domain
(this is generalized in Section 4). The bandwidths can be modelled as equal for each kernel function
or varying across kernels to accommodate non-stationarity. Examples of priors for the bandwidths are
given in Table 1.

Although there are several possibilities, Table 1 gives two examples of kernel functions. Uniform
kernels offer bounded support. This is an attractive feature when modelling hurricane wind fields
because wind behavior may be different in different subregions, e.g., in the center of the storm versus
the periphery. We compare uniform kernels with squared-exponential kernels. Squared-exponential
kernels decay slowly in space which may be desirable in other applications.

To ensure that the stick-breaking prior is proper, we must choose priors for εi and Vi so that∑m
i=i pi(s) = 1 almost surely for all s. It can be shown that the SSB prior with infinite m is proper if

E(Vi) = a/(a + b) and E [wi(s)] (where the expectation is taken over (ψi, εi)) are both positive. For
finite m, we can ensure that

∑m
i=i pi(s) = 1 for all s by setting Vm(s) ≡ 1 for all s. This is equivalent

to truncating the infinite mixture by attributing all of the mass from the terms with i ≥ m to pm(s).
In practice, allowing m to be infinite is often unnecessary and computationally infeasible. Choos-

ing the number of components in a mixture model is notoriously problematic. Fortunately, in this
setting the truncation error can easily be accessed by inspecting the distribution of pm(s), the mass
of the final component of the mixture. The number of components m can be chosen by generating
samples from the prior distribution of pm(s). We increase m until pm(s) is satisfactorily small for each
site s. Also, the truncation error is monitored by inspecting the posterior distribution of pm(s), which
is readily available from the MCMC samples.

Assuming finite m, the spatial stick-breaking model can be written as a mixture model where
g(s) ∈ {1, ..., m} indicates site s’s group, i.e,

y(s) = θg(s) + x(s)′β + ε(s), where ε(s) iid∼ N(0, σ2)(5)

θj
iid∼ N(0, τ2), j = 1, ..., m

g(s) ∼ Categorical(p1(s), ..., pm(s))

pj(s) = wj(s)Vj

∏
k<j

[1 − wk(s)Vk] ,

where μ(s) = θg(s), Vj
iid∼ Beta(a,b), and

∏
k<j [1 − wk(s)Vk] = 1 for j = 1. To complete the Bayesian

model, we specify priors for the hyperparameters. The regression parameters β can be given vague
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Table 1: Examples of kernel functions and the induced functions γ(s, s′), where h1 = |s1−s′1|+|s2−s′2|,
h2 =

√
(s1 − s′1)2 + (s2 − s′2)2, I(·) is the indicator function, and x+ = max(x, 0).

Name wi(s) Model for ε1i and ε2i γ(s, s′)

Uniform
∏2

j=1 I(|sj − ψji| <
εji

2 ) ε1i, ε2i ≡ λ
∏2

j=1

(
1 − |sj−s′j |

λ

)+

Uniform
∏2

j=1 I(|sj − ψji|<εji

2 ) ε1i, ε2i ∼Expo(λ) exp(−h1/λ)

Squared exp.
∏2

j=1 exp(− (sj−ψji)
2

ε2ji
) ε1i, ε2i ≡ λ2/2 0.5 exp

(
−h2

2
λ2

)

normal priors. In the analysis of Hurricane Ivan in Section 5, the mean term x(s)′β is replaced by Hol-
land model output. The parameters that control the beta prior for the Vi, a and b, have independent
Uniform(0,10) priors, and the variances σ2 and τ2 have InvGamma(0.01,0.01) priors. We also tried In-
vGamma(0.5,0.005) priors for the variances and found that the prior had little effect. The prior for the
bandwidths depend on a range parameter, λ, which is given a Uniform(0,λmax) prior. We take λmax

to be the maximum distance between any pair of points in the spatial grid. This model can be imple-
mented using WinBUGS. WinBUGS can be freely downloaded from http://www.mrc-bsu.cam.ac.uk/bugs/.

Understanding the spatial correlation function is crucial for analyzing spatial data. Although
the spatial stick-breaking prior forgoes the Gaussian assumption for the spatial random effects, we can
still compute and investigate the covariance function. Integrating over (Vi, ψi, εi) and letting m → ∞
gives

Var (y(s)) = σ2 + τ2 and Cov(y(s), y(s′)) = τ2γ(s, s′)
[
2
a + b + 1

a + 1
− γ(s, s′)

]−1

,(6)

where

γ(s, s′) =
∫ ∫

wi(s)wi(s′)p(ψi, εi)dψidεi∫ ∫
wi(s)p(ψi, εi)dψidεi

∈ [0, 1].(7)

Since (Vi,ψi, εi) have independent priors that are uniform over the spatial domain, integrating over
these parameters gives a stationary prior covariance. However, we conjecture that the spatial stick-
breaking model with different bandwidths for each kernel is more robust to nonstationarity than
traditional stationary Kriging methods.

If b/(a + 1) is large, i.e., the Vi are generally small and there are many terms in the mixture
with significant mass, the correlation between y(s) and y(s′) is approximately propotional to γ(s, s′).
Table 1 gives the function γ(s, s′) for several examples of kernel functions and shows that different
kernels can produce very different correlation functions. For example, γ(s, s′) under the uniform
kernel with exponential priors for the bandwidth parameters is the familiar exponential correlation
function. If the bandwidths are shared across kernel functions, γ(s, s′) is proportional to a squared
exponential covariance under squared exponential kernel functions. The uniform kernel with common
bandwidth parameter λ gives compact support, as observations separated by more than λ spatial units
are uncorrelated.

4 A multivariate spatial model for wind fields data

Let u(s) and v(s) be the underlying wind speed in the west/east and north/south directions, respec-
tively, for spatial location s. As described in Section 2, there are two types of observed wind data:
uT (s) and vT (s) are satellite measurements and uB(s) and vB(s) are buoy measurements. Our model
for these data is

uT (s) = au + u(s) + euT (s) vT (s) = av + v(s) + evT (s)(8)

uB(s) = u(s) + euB(s) vB(s) = v(s) + evB(s),
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where {euT , evT , euB, evB} are independent (with each other and with the underlying winds), zero
mean, Gaussian errors, each with its own variance, and {au, av} account for additive bias in the
satellite data.

The underlying orthogonal wind components u(s) and v(s) are modelled as a mixture of a
deterministic wind model and a semiparametric multivariate spatial process

u(s) = Hu(s) + Ru(s) and v(s) = Hv(s) + Rv(s),(9)

where Hu(s) and Hv(s) are the orthogonal components of the deterministic Holland model and R(s) =
(Ru(s), Rv(s))′ follows a multivariate extension of the non-Gaussian spatial stick-breaking prior of
Section 3. We take R(s) ∼ F (s), where F has the stick-breaking prior in (4) modified so the two-
dimensional locations θi have multivariate normal priors θi

iid∼ N(0, Σ), where Σ is a 2× 2 covariance
matrix that controls the association between the two wind components. The covariance Σ has an
InvWish(0.1, 0.1I2) prior and after transforming the spatial grid to be contained in the unit square,
the spatial knots ψs1i and ψs2i have independent Beta(1.5,1.5) priors to encourage knots to lie near
the center of the hurricane where the wind is most volatile. Also, we take the spatial range λ ∼
Uniform(0,1).

5 Analysis of Hurricane Ivan’s wind field

In this section, we apply the SSB model to 182 satellite observations and 7 buoy observations
for the Hurricane Ivan. We use the multivariate SSB model in Section 4 with both uniform and
squared-exponential kernels. Also, to illustrate the effect of relaxing the normality assumption,
we fit a fully-Gaussian Bayesian Kriging model that replaces the stick-breaking prior for R(s) =
(Rs(s), Rv(s))′ in (9) with a zero-mean Gaussian prior with separable covariance Cov(R(s),R(s′)) =
Σ × exp (−||s − s′||/λ), where Σ controls the dependency between the wind components at a given
location and λ is a spatial range parameter. The covariance parameters Σ and λ have the same priors
as the covariance parameters in Section 4.

Since our primary objective is to predict wind vectors at unmeasured locations to use as inputs
for numerical ocean models, we compare models in terms of expected mean squared prediction error
(Laud and Ibrahim, 1995; Gelfand and Ghosh, 1998). The EMSPE is smaller for the semiparametric
model uniform kernels (EMSPE=3.46) than for the semiparametric model squared-exponential kernels
(EMSPE=4.19) and the fully-Gaussian model (EMSPE = 5.17). Figures 2 shows that the squared
residuals from the fully-Gaussian fit are small for most of the spatial domain but are large near the
center of the hurricane for both components. The Gaussian model oversmooths in this area with high
volatility in the underlying wind surface. In contrast, the semiparametric model with uniform kernel
functions is able to capture the peaks near the eye of the hurricane and the squared residuals (not
shown) show less spatial structure than the residuals from the Gaussian model.

The fitted values the spatial stick-breaking prior with uniform kernel functions in Figures 3a
and 3b vary rapidly near the center of the storm and are fairly smooth in the periphery. After
accounting for the Holland model, the posterior 95% interval for correlation between the residual u

and v components Ru(s) and Rv(s) (Σ12/
√

Σ11Σ22, where Σkl is the (k, l) element of Σ) is (-0.57,
0.19), suggesting there is generally a negative relationship between the u and v components. The
posterior median of the bandwidth λ is 0.17, so on average the uniform kernels span about 17% of
the spatial domain. The satellite data are significantly biased relative to the buoy data. The 95%
posterior intervals for the bias terms au and av are (-6.91, -2.16) and (0.04, 4.38) respectively.

To show that the semiparametric model with uniform kernel functions fits the data well, we
randomly (across u and v components and buoy and satellite data) set aside 10% of the observations
and compute 95% predictive intervals for the missing observations. The prediction intervals contain
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Figure 2: Squared residuals (value-posterior mean) for the u and v components of the Gaussian Kriging
model. The “” represents the storm’s center.
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Figure 3: Plot of the posterior mean surface for the u and v components of the spatial stick-breaking
model with uniform kernels.
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94.7% (18/19) of the deleted u components and 95.2% (20/21) of the deleted v components. These
statistics suggest that our model is well-calibrated.

6 Discussion

Modeling hurricane wind fields is an important and challenging problem. This paper presents a
semiparametric multivariate spatial model for these data. Gaussian models with highly-structured
covariance functions, e.g., Wikle et al. (2001) and Fuentes et al. (2005), are an alternative. However,
our non-parametric model offers greater flexibility by allowing for non-stationarity and non-normality
which is advantageous when building an automated procedure. The semiparametric model has smaller
mean square error than the stationary Gaussian spatial model for Hurricane Ivan’s wind field because
it avoids oversmoothing near the center of the storm.

This paper focused on estimating the wind field at a single time point because satellite data
are only available twice daily. However, the spatial stick-breaking prior developed here could be
extended to the spatiotemporal setting to improve real-time estimates. One possibility is to use three-
dimensional kernel functions in space and time. An alternative spatiotemporal model would be an
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extension of the dynamic linear model of Gelfand et al. (2005b), i.e., R(s, t) = BR(s, t − 1) + Δ(s, t),
where R(s, t) is the vector of residual wind components at location s at time t, B is diagonal with
Bii ∈ [−1, 1], and Δ(s, t) is the vector of changes from time t− 1 to time t. The spatial stick-breaking
prior could be applied to the mean at the first time point, R(s, 1), and each Δ(s, t).
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1 Introduction

This paper is about the construction of nonlinear, adaptive multiscale decompositions and the use of these de-
compositions in noise reduction by tree-structured coefficient selection. Unlike most other adaptive multiscale
decompositions [3, 25, 24, 23, 19] the adaptivity lies in a data-dependent refinement procedure. That is, the
subset of data points whose locations are preserved at a given, coarse scale (and on which the coarse scale ap-
proximation is constructed), depends on the data themselves, and more precisely on the positions of the jumps,
sharp transitions and other important features in the data. This is in contrast to the dyadic subdivision scheme
of a classical wavelet transform, where the subset of locations at a given scale is fixed before the transform is
even started. The refinement procedure is based on normal offsets. The concept of normal offsets was first in-
troduced in the context of (threedimensional, smooth) surfaces in computer graphics [14]. Later, it was adopted
for use in the approximation of images (or other two-dimensional data) with long smooth edges [16], where
it obtained approximation rates comparable to contourlets [6], wedgelets [8, 26], curvelets [1], bandelets [20],
and so on. The key problem in two dimensions is that singularities (say, edges) have a dimension (a length).
This is a problem for the wavelet transform, which performs optimally on point singularities, but are too limited
in catching a line in two dimensions. This paper suggests that even in one dimension, where the problem of
line singularities does not exist, normal offsets may lead to sharper reconstructions than wavelets.

The method described in this paper also belongs to the class of best basis selection procedures, such as
wavelet packets [5] or general pursuit methods (including matching pursuit [21], basis pursuit [2], projection
pursuit [13]). The library (or dictionary) of basis functions in our method is, however, intrinsically much larger,
since our method is not limited to dyadic schemes or combinations of dyadic schemes: it includes all possible
subdivisions of the given sample locations. The computational complexity remains limited toO(N logN) [15].

Within this best basis selection procedure, we again search for an optimal tree-structured coefficient
selection. The tree constructed on top of the coefficients is again different from general wavelet trees, since the
nonlinearity of the transform imposes restrictions on the possible selections one can make.

This paper is organized as follows. We first motivate the use of normal offsets in Section 2. Next, we
briefly discuss some issues when using normal offsets for noise reduction. We then propose tree-structured
coefficient selection and finally give some illustrations.

2 Motivation for normal offsets

As mentioned in the introduction, we investigate adaptive refinements in a multiscale analysis of data with
jumps. More precisely, we want important features of the data, in particular jumps, to be located at the coarsest
possible scale, whereas fine scales are used to fill in details only. This is in contrast to a classical, linear wavelet
transform, which locates features in a rather passive way: whenever a jump takes place, a coefficient with a
wavelet basis function whose support contains the jump location is probably large. This holds both at fine and
coarse scales. As a consequence, it may require a considerable number of coefficients to obtain a sufficiently
sharp reconstruction of a feature.

Given an interval in which a jump takes place, we could provide two refinement coefficients: first, a
horizontal offset could tell us how far from the midpoint the jump occurs; second, a vertical offset could tell us
how high the jump is. This system would then locate the jump very precisely with two coefficients only. The
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refined interval now consists of nonequispaced locations. This irregularity requires second generation wavelet
methods [28], i.e., the use of a lifting scheme [27]. The lifting scheme also serves to formalize the concept
of “multiscale offsets” into a fast wavelet transform. (In most classical wavelets, it is not straightforward to
recognize the “offset” interpretation in a wavelet detail coefficient.)

In practice, working with horizontal offsets is, however, not straightforward. A major problem is how
to define the optimal position for the refinement point. Figure 1 illustrates the optimal refinement problem in
the case a multiscale, interpolating polyline approximation of a function f(x). Suppose we want to refine a
polyline approximation of the function f(x) depicted in bold line on the figure. The current approximation
is an interpolating polyline (i.e., a continuous, piecewise linear function, that interpolates f(x) in the knot
locations) in the points (a, f(a)) and (b, f(b)). We want to insert a point r in the interval [a, b] such that the
polyline in the points (a, f(a)), (r, f(r)), (b, f(b)) is the ‘best’ approximation of f(x) on the interval [a, b].
In the absence of an inclination point on [a, b] and taking the L1 error norm, this problem is fairly easy: the
optimal location has derivative f ′(r) = f(b)−f(a)

b−a , which is known to exist (by the mean value theorem) and
seems to be a reasonable starting point for further refinements. In the presence of an inclination point, however,
the L1-optimal refinement point is far less attractive: it is not invariant under a vertical translation f(x) + c,
it may well coincide with an endpoint (a or b), and it is in general not close to what can be expected to be a
good refinement point: indeed, the inclination point itself (or a point nearby) could be an interesting refinement
location, because the inclination can be seen as an edge (a blurred jump) and because it creates two subintervals
without inclination point, that can easily be further subdivided. As a conclusion, it turns out that a subdivision

a brm a bm

Figure 1: Left: suppose a function f(x) (in bold line) is approximated by an interpolating polyline. Refining
this polyline by inserting an L1 optimal subdivision point is easy in the absence of an inclination point. Right:
in the presence of an inclination point, several unpleasant effects occur (see text).

criterium should look more than one refinement ahead, and it should work fine under different situations. Since
all this would lead to complicated criteria and possibly intensive search algorithms, an interesting alternative is
to base the adaptive refinement not on optimal future approximations, but on the current approximation. This
is realized in the normal offset scheme, where a refinement location xj+1,2k+1 at the next, finer scale j + 1
between two points, xj+1,2k = xj,k and xj+1,2k+2 = xj,k+1 at current scale j is found as a piercing point of
the function f(x) with a searching line sj,k(x), dependent on the current approximation:

sj,k(x) = pj,k + rj,k · (x−mj,k),

where mj,k = 1
2(xj,k + xj,k+1), pj,k = 1

2 [f(xj,k) + f(xj,k+1)] and the search direction rj,k is perpendicular to
the current approximation, up to a factor r:

rj,k = r ·
(
− xj,k+1 − xj,k

f(xj,k+1)− f(xj,k)

)
.

The factor r can be chosen such that the refinement is independent from scaling f(x)← c ·f(x). Good choices
of r are subject of ongoing research. As illustrated in Figure 2, the normal refinement procedure also requires a
local offset to correct for discretisation effects in applications with observations in countable subsets of the real
axis.
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normal offset

local offset

Figure 2: Normal and local offsets in a discrete data setting. The normal search direction alone would not find
a piercing point. The normal offset decomposition therefore requires two coefficients for each data point.

3 Using normal offsets in practice

The sketch in Figure 2 suggests that normal refinement inserts points (xj+1,2k+1, f(xj+1,2k+1)) directly in
every step. Although such a scheme can be implemented, it is of no use in practice. Indeed, pointing at the
local function values f(xj+1,2k+1) is unstable, especially when the values are subject to noise. As in wavelet
decompositions, we would like to introduce scaling coefficients, i.e., aggregations of adjacent observations that
can be refined into the individual observations by adding refinement point with corresponding detail coefficients
(i.e., the normal offsets in our case). A scheme with scaling coefficients is, however, not straightforward. The
reason is that a classical wavelet transform proceeds from fine to coarse scales and not by refinement of coarse
scale approximations like in our case. In most wavelet transforms, the values of the scaling coefficients at
a given scale depend on the order in which locations have been taken out at finer scales. In a coarse-to-fine
normal offset scheme, this would correspond to requiring knowledge about future refinement locations.

Therefore, we have designed a class of wavelet transforms that can be decomposed into two lifting steps
and whose scaling coefficients depend on the locations in the current scale only [15]. This class of wavelet
functions can be turned into a normal offset scheme. Examples of scaling functions that belong to members
from this class of wavelet transforms are depicted in Figure 3.

Even with this newly constructed class of wavelet transforms, there is still a minor problem when in-
serting new refinement points in a normal offset scheme: new points are piercing points with a fine scale
approximation. The fine scale approximation with all new points obviously depends on all these new loca-
tions, but these locations are not known at the moment we search for the piercing points. In order to solve this
problem, we work with preliminary fine scale approximations that depend on one refinement point only, and
construct the final fine scale approximation after all refinement points have been inserted.

4 Tree-structured coefficient selection

Wavelet thresholding methods for noise reduction suffer from two main types of artefacts. The first type results
from false positives, i.e., coefficients that survive the threshold, although they are dominated by noise. After re-
construction, the contribution of these isolated coefficients shows up as spurious structure where we expect just
a smooth line. The second type of visual artefacts are pseudo-Gibbs phenomena near jumps. Gibbs phenomena
occur in Fourier series expansions of functions with jumps: a lot of frequencies are necessary to approximate
a discontinuity with a combination of smoothly oscillating functions, and all approximations show undesirable
oscillations near the jumps. Although wavelets, unlike sine functions, have compact support (or rapid decay
of amplitude outside their center), they still suffer from this problem. It is not surprising that a basis with
oscillating functions creates too many oscillations at some points, just as a basis with smooth functions (such
as spline bases) creates too much smoothness (i.e., blurred jumps) at some points. It should be noted that an
Lp error norm is relatively more sensitive to Gibbs-phenomena (since these act as outliers in the computation
of a mean error value) than to smooth blur. The effects of both pseudo-Gibbs phenomena and false positives
can be reduced by using nondecimated wavelet transforms (also known as cycle-spinning, redundant wavelet
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Figure 3: Plots of scaling functions corresponding to wavelet transforms that can be modified into a normal
offset scheme. Plot (a) depicts a scaling function that constitutes a semi-orthogonal decomposition w.r.t. the
hat function, i.e., the linear B-spline basis. The computation of this semi-orthogonal basis function requires the
solution of a linear system with a tridiagonal matrix. Plot (b) is the scaling function resulting from a diagonal
matrix as approximation for inverse of the just mentioned tridiagonal matrix. Multiplication with a diagonal
matrix is actually a mere rescaling and hence leads to non-smooth basis functions, similar to the dual CDF 2,2
basis. Figures (c), (d) and (e) represent higher order approximations with respectively 2 × 1, 2 × 4 and 2 × 9
off-diagonals. All plots were generated on the same grid of nonequidistant, but uniformly distributed, locations.
More details about the construction can be found in [15].

transforms, translation invariant transforms, stationary wavelet transforms) [4, 22]. A different strategy against
Pseudo-Gibbs phenomena is to avoid oscillating basis functions crossing the jumps. This can be realized in
an adaptive scheme. Both existing schemes [23, 19] with adaptivity in the transform coefficients (that is, an
adaptive transform matrix) and the adaptive refinement of this paper are useful. As for the false positives, an
alternative for nondecimated transforms could be tree structured coefficient selection. Trees and nondecimated
transforms can be combined. The tree links coefficients at successive scales, thereby reducing the probability
that a coefficient dominated by noise is falsely identified as important.

In the nonlinear scheme of this paper, trees are a necessity: selection by simple thresholding for instance
would probably lead to inconsistencies. Indeed, suppose a normal offset is replaced by zero, then the true
refinement point at that scale is replaced by the midpoint. Moreover, the approximations at finer scales have
incorrect slopes. All this leads to incorrect locations of the forthcoming normal offsets, unless all offsets at
finer scales at that location are replaced by zero. In all schemes of practical use, where normal offsets point to
scaling coefficients rather than to function values, omitting one normal offset may even disturb the slopes of
the approximation in adjacent intervals, also in a tree structured scheme. In order to deal with this problem, we
do not work with the normal offsets themselves, but with their projection onto the x-axis. That is, we store the
difference xj+1,2k+1 − (xj,k + xj,k+1)/2. This way, the reconstruction in f(xj+1,2k+1) may not be perfect, at
least we have the correct refinement location. Note that the decomposition remains essentially normal offset
based, that is, we do not replace normal offsets by horizontal offsets.

The tree structured selection proceeds as follows. First, for every offset, the norm of its contribution is
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evaluated. The contribution is defined as the difference between the approximations with and without the offset
(so, basis function at correct location times the vertical offset that would follow if the correct location would be
given). The contributions of all coefficients are ordered, smallest contribution first. Next, the leaves of the tree
are identified. Leaves are offsets that lead to final refinement points. A refinement point is called final if the
intervals of which it is an end point are not further refined. The leaf with smallest contribution is then removed.
Upon removing a leaf, it is checked if its parents can be classified as leaf. The parents of a child offset are
defined as the two offsets leading to the two end points of the interval that is subdivided by the child offset. The
process of removing leaves and identifying new leaves can continue until all points are removed. A suitable
stopping criterion (for instance using cross validation), as well as a suitable norm for the contribution of each
offset is subject of current research.

5 Discussion and preliminary results

Figure 4 illustrates that (vertical) offsets pointing to function values directly are not suitable for noise reduction
in the presence of jumps. Indeed, the corresponding multiscale basis is a hierarchical basis. Hierarchical bases
can be combined with nonlinear processing (thresholding) improving asymptotic results of linear methods,
but these results do not hold in the presence of discontinuities (for instance in L2), which explains the weak
performance near the jumps in the figure [15].
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Figure 4: Noisy observations (1) and reconstruction from (2) thresholded Cohen-Daubechies-Feauveau (CDF)
2,2 wavelet coefficients and (3) thresholded vertical offsets pointing to function values. The CDF 2,2 transform
can be implemented in a lifting scheme using vertical offsets pointing to filtered scaling coefficients.

The same holds for normal offsets pointing to function values. Without the introduction of scaling
coefficients, the normal offset scheme completely misses the important features of the underlying signal in
Figure 5. The figure also depicts an output of linear processing on normal offset coefficients. This scheme is
in a sense complementary to wavelet thresholding: it applies linear processing within a nonlinear transform,
whereas wavelet methods are nonlinear within a linear transform. Most edges are sharply reconstructed, but
some seem to be on a too small scale. The proposed tree structured selection finds those missing features, at the
price of some false positives and spurious structures elsewhere. Further investigation on the order of removal
and stopping criterium is necessary.

From the theoretical part, it should be noted that despite the shortcomings of a wavelet approach (false
positives and pseudo-Gibbs-phenomena), wavelet thresholding shows a wide range of optimality (minimax)
properties [9, 10, 12, 11, 18, 17]. The same holds for dyadic best-orthogonal basis methods [7]. It is an
interesting question if there is any way to describe the performance of adaptive, off-dyadic approaches in a
theoretical framework.
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Figure 5: Simulation illustrating the edge locating power of the normal offset scheme using filtered scaling
coefficients. (1) Noisy observations. (2) Reconstruction using the coarsest scales normal offsets pointing
to function values. (3) Reconstruction using the coarsest scales normal offsets pointing to filtered scaling
coefficients. (4) Reconstruction using a tree structured selection of normal offsets from (3). (5) Reconstruction
using CDF 2,2-wavelets keeping the set of largest coefficients, such that number of coefficients is the same as
the reconstruction in (3). (6) L2-optimal reconstruction from scale-dependent wavelet soft-thresholding.
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ABSTRACT

This paper discusses a novel, nonlinear multiscale construction based on the lifting scheme. The new
decomposition is named the normal offset decomposition. Each step of this scheme is highly nonlinear in
the sense that refinement points in the multiscale analysis depend on the approximation at the current scale.
More precisely, refinement points are searched for in a direction perpendicular on the current approximation.
Initially, the idea of normal offsets was developed in multiresolution decompositions for smooth surfaces in
computer graphics applications. Next, it was introduced as an image transform method, where it was found to
offer the possibility of edge-adaptive triangulations. The edge-adaptivity outperforms the classical, anisotropic
two-dimensional wavelet transform of data with long edges, in a way similar to curvelets, bandelets and oth-
ers. We now believe that also in one dimension, the normal offset transform has interesting potential, more
precisely in the reduction of noise from data with edges. In order to make the transform applicable for data
with noise, special attention must be paid to numerical stability. This talk develops a new type of wavelets
whose lifting decomposition can be generalized into a normal offset scheme. Illustrations show a remarkably
sharp reconstruction of edges.
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1. Function decomposition with classical wavelets

In classical Fourier analysis, functions can be decomposed as the limit of a linear superposition of sine

and cosine waves. However, waves at many frequencies are needed to represent functions which display a non-

smooth behaviour. Bases of wavelet functions also allow the decomposition of a function, but in a location-

scale environment. It all starts with a mother wavelet, a function ψ ∈ L2(R) with oscillatory behaviour

(
∫∞
−∞ ψ(x) dx = 0). The wavelet ψ can be translated and rescaled, ψj,k(x) := 2j/2ψ(2jx − k). The index j

refers to the scale of the wavelet function, and the index k to its location. For certain choices of ψ, the wavelet

family {ψj,k}j,k∈Z is a (orthonormal) basis for the space L2(R). Hence a function, f , can be represented as

(1) f(x) =
∑

k

cj0,kϕj0,k(x) +
∑
j≥j0

∑
k

dj,kψj,k(x).

In the above formulae, ϕj0,k are rescaled and translated versions of the scaling function ϕ (at scale 2j0

and location 2−j0k), the component
∑

k cj0,kϕj0,k(x) represents a coarse (“zoomed out”) approximation of the

function f , while the term
∑

j≥j0

∑
k dj,kψj,k(x) contributes the detail lost by the approximation.

The coefficients cj0,k =< f, ϕj0,k > (respectively dj,k =< f, ψj,k >) are known as the scaling (re-

spectively wavelet) coefficients. The function f can now be regarded as being converted into a (sparse) set of

coefficients, useful for compression applications.

The computation of the scaling and wavelet coefficients is set up under the Discrete Wavelet Transform

(DWT). For an equally spaced sequence f = {f(i/n)}n
i=1 with n = 2J , the DWT computes discrete (periodic)

wavelet coefficients d = {dj,k}j=0,...,J−1;k=0,...,2j−1. Note that we abuse notation by keeping the same symbols

for both the discrete and continuous wavelet coefficients.

In most implementations the fast DWT of Mallat (1989) is used for computing the scaling and wavelet

coefficients.

2. Second generation wavelets

Motivation. As seen above, data is assumed to be equally spaced and of length n = 2J for some

J ∈ N. Many approaches have been proposed in the literature in case one of these assumptions is broken,

e.g. interpolation (Kovac and Silverman, 2000). However, these methods are based on strong assumptions

and/or subjective choices. For instance, in interpolation methods, choices need to be made, such as location

and spacing of the regular grid or interpolation method, which will influence performance. In obtaining an

efficient function representation (few wavelet coefficients), an appropriate choice of the decomposing wavelet

is crucial, therefore posing the common question “Which wavelet should I use?” Some work (e.g. Nason (2002))

suggests using cross-validation to choose the wavelet smoothness, which can help, but not for functions that
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possess varying degrees of smoothness in different locations. The methods we propose efficiently address these

limitations.

In the mid-nineties, Sweldens (1996, 1997) proposed a new wavelet construction which enabled wavelet

decompositions to be applied to very general data situations, in particular to data with irregular design, irre-

spective of its length. These wavelets are known in the literature as second generation wavelets and can be

designed through the lifting algorithm.

Lifting a discrete data vector f essentially consists of three steps, split, predict and update:

• Split the signal into two mutually exclusive subsets, say f I and fJ .

• Predict one subsample, fJ , using the other one, f I , and encode the difference in dJ . Of course, good

prediction is only possible if the function f possesses some degree of local smoothness.

• Update f I by using the information contained in the wavelet coefficients. The purpose of this stage is to

preserve in the updated signal some scalar quantity that characterizes the initial signal.

• Repeat the previous steps on the updated subsample until the end of the decomposition.

The signal f is replaced by a set of scaling and detail coefficients, which is similar to the DWT. The

signal can be easily reconstructed by inverting the previous steps (undo update, undo predict, then merge).

Behind the scenes, the lifting scheme induces a recursive construction of (primal and dual) second gen-

eration wavelet functions. However, these functions are no longer translations and dilations of a single mother

wavelet. Also, the wavelet bases generated as such are no longer guaranteed to be Riesz, and therefore may

exhibit stability problems as investigated by Simoens and Vandewalle (2003), Vanraes et al. (2002).

Variations on the split-predict-update stages exist in the literature. Sweldens (1996, 1997) proposes

splitting the data into odd and even indices, while Jansen et al. (2001, 2004) propose generating just one

wavelet coefficient at each step. Simple wavelet bases constructed via the lifting scheme with an odd/even split

and their properties have been described by Delouille et al. (2001, 2004). The prediction step can also be done

in various ways: predicting each odd by the following even or neighbouring evens, or, when removing one

coefficient at a time, by regression over the neighbours. Claypoole et al. (1998, 2003), Piella and Heijmans

(2002) use a split-update-predict algorithm in order to allow for adaptively built wavelets.

Extensions of the lifting scheme to more than one dimension are not straightforward using the even/odd

split, but there are various alternatives. In our work we adopt the ‘one coefficient at a time’ split proposed by

Jansen et al. (2001, 2004), which we will next describe and then explain how we embed adaptiveness in the

algorithm.

3. Lifting one coefficient at a time

Suppose we have a function f , sampled at n irregularly-spaced points x = {xi}n
i=1. Our aim is to

transform the sampled function values by means of lifting into a set of detail and scaling coefficients.

Take the initial scaling functions to be the characteristic functions of the cells associated with each point.

So ϕn,k(xi) = δi,k, for k, i ∈ {1, . . . , n}, and f can be expressed as f(x) =
∑n

k=1 cn,kϕn,k(x), where

f(xi) = cn,i (hence the function values on the irregular grid are used as the initial scaling coefficients).

For the first lifting step (say, stage n) a point to be lifted must be chosen. Jansen et al. (2004) propose

to choose the point to be lifted, jn, such that
∫

ϕn,jn(x) dx = mink∈{1,...,n}
∫

ϕn,k(x) dx. Denote In,k =∫
ϕn,k(x) dx. The first coefficients to be obtained are the ones corresponding to the finest detail, with further

steps eliciting progressively coarser detail.

After choosing the point to be removed, jn, we identify its set of neighbours, In. We use the neighbours

to predict the value of the function at jn using simple regression techniques. The prediction phase yields an

estimate of the form
∑

i∈In
an

i cn,i, where an are the weights resulting from the regression procedure over In.
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If jn has only one neighbour, i, then the prediction is f(xi). The detail coefficient will be obtained from

(2) djn := cn,jn −
∑
i∈In

an
i cn,i,

or in the one neighbour case,

(3) djn := cn,jn − cn,i.

The update phase only affects the scaling coefficients associated with the neighbouring points:

(4) cn−1,i := cn,i + bn
i djn , ∀i ∈ In, i �= jn.

The aim of the update stage is to keep
∑

i∈In
cn,i In,i constant across the scales, and the bn are obtained using

this condition. Further, the integral associated with the removed point gets redistributed to its neighbours, see

Jansen et al. (2001, 2004) for further details on these issues.

At this point, Jansen et al. (2004) state that the signal can be represented as

(5) f(x) = djnψjn(x) +
∑

i∈{1,...,n}\{jn}
cn−1,iϕn−1,i(x),

where ψjn and (ϕn−1,i)i are the analogues of the usual wavelet and scaling functions.

To summarize, a point, jn, is identified, the scaling function φn,jn is destroyed and a wavelet ψjn is

created with new coefficient djn . All neighbouring scaling function coefficients of point jn get updated. All

this results in representation (5), and the process is then repeated.

However, unlike the usual discrete wavelet case there are no neat analytical formulae for the scaling and

wavelet functions. These functions are recursively constructed as the algorithm proceeds and depend on the

locations of the input points x. More details on the precise interpretation and construction can be found in

Jansen et al. (2001, 2004). Orthogonality of the wavelet and scaling functions is a desirable feature since it

would ensure the stability of the transform, but it does not hold in this context.

4. Adaptive lifting

Different adaptive lifting constructions appear in the literature, mostly in a 2D context (Claypoole et
al., 1998, 2003; Boulgouris et al., 2001) although some 1D studies exist (Piella and Heijmans, 2002; Trappe

and Liu, 2000). Only small studies on the performance of the proposed methods are provided, with little

comparison to alternative competitors. In all this work the philosophy is to choose the ‘wavelet functions’

locally to represent the signal in the most efficient way. The above adaptive lifting techniques use the usual

odd/even splitting, whereas we augment with adaptiveness the ‘one coefficient at a time’ methodology of Jansen

et al. (2001). Further, we shall address the statistically important case of multiple f -values for each given x.

Possible sources of adaptiveness are:

1. At each step, different configurations of the neighbours can be chosen: the closest neighbours to the

removed point might be a choice, or its symmetrical neighbours.

2. The number of neighbours to use at each step is also subject to choice.

3. The prediction method can be linear, quadratic or cubic regression over the specified neighbourhood. In

wavelet language this corresponds to locally using more vanishing moments, which is of great utility

when the function is locally smooth, but not when there are discontinuities present.

We embed this flexibility in the following two adaptive lifting algorithms:
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AdaptPred. At each step, the algorithm chooses the type of regression (linear, quadratic or cubic, with or

without an intercept) which generates the smallest detail in absolute value.

This method surpasses the choice of regression order, and the wavelet bases adapt themselves to the

signal smoothness.

AdaptNeigh. We introduce even more flexibility by allowing the neighbourhood size and configuration to

change at each step. Essentially, AdaptNeigh performs the AdaptPred procedure for different neighbour-

hood choices, and minimizes the detail coefficient from all implementations of AdaptPred.

This second construction completely frees the user from making any choice except for the neighbourhood

size. The considered neighbourhood configurations are symmetric neighbours up to and including a pre-

specified number each side, and of closest neighbours up to twice the specified number.

At this point one might like to refer to Figure 1 which shows the HeaviSine test signal decomposed with

an AdaptNeigh algorithm. The plots show where linear, quadratic and cubic basis functions get placed.
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Figure 1: Plot showing choice of prediction scheme for the HeaviSine test signal decomposed with AN2 on an irregular grid. Horizontal placement

of symbol indicates location of following kinds of prediction: linear (�); quadratic (�); cubic (+); scaling functions (�).

We shall now discuss some properties of the proposed methods.

Choosing the neighbourhood. In both adaptive algorithms the neighbourhood size has to be specified by the

user, and a choice can be made based on the prior knowledge of the signal. We do however advise against

using large neighbourhoods, as this increases the chances of using points that do not belong to the same scale.

In our algorithm, when at a particular stage the point to be removed happens to be on the boundary, rather

than using the requested number of neighbours (which would then come only from one side), we only use its

closest neighbour to prevent against using ‘artificial’ neighbours. Our investigations have shown that using

asymmetrical neighbours does not seem to have an impact on our transforms, as long as we make use of the

appropriate number of neighbours.

Regression order. Unstable transforms are generated using curves of higher order than the available number

of neighbours would allow (i.e. curves of the highest possible order, forced through the origin). Hence we use

each type of prediction with its appropriate number of neighbours. At certain steps of the transform we will be

in the situation of not having enough neighbours, hence the order of prediction needs to be decreased, while for

boundary points we will always predict using step functions. In consequence, we need to be aware that in fact

we will obtain a mixture of regression orders (although we required a fixed order).

Nonlinearity of adaptive algorithms. Recall that for prediction schemes which use least squares regression,

the prediction weights are computed using the grid values only, so the transform is linear. However, when we
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introduce adaptivity into the transform design, the type of prediction used adapts to the local signal structure.

This in turn induces dependence of the prediction weights, function integrals, update weights and the next point

chosen for removal on the signal f . The transform operator associated to the adaptive transforms is therefore

not linear, and is a function of the signal.

Update weights. The update weights are also responsible for instability of the transform, and in our algorithm

we used br
i = Ir,jrIr−1,i/

∑
k∈Ir

I2
r−1,k, as suggested by Jansen et al. (2001). This choice ensures that the

obtained weights have minimum norm, which prevents the new wavelet and scaling functions at each stage

(here r) from being too close to each other.

Multiple observations at x-values. Many real situations are encountered where we have several values fi at

the same location xi. The prediction step uses a linear least squares approach to estimate the unknown param-

eters of the regression curve to be fit to the data, which can naturally cope with multiple observations. In the

update step, all multiple neighbours get updated using the corresponding detail obtained in the prediction stage.

So neighbour points that were multiple remain multiple after the update step. If the point to be removed is itself

multiple, we have chosen to produce one detail coefficient by taking the mean of the distinct individual detail

coefficients, although other quantities, such as the minimum, can be interesting alternatives. Finally, when the

coarsest level for decomposition has been reached, if some of the scaling points are multiple, we replace them

by their means, and then invert the lifting transform.

To conclude, adaptiveness in our algorithm brings some important advantages: wavelet functions are tuned to

the local features of the signal, therefore the usually difficult question of which wavelet to use is waived; better

wavelet coefficient sparsity and denoising capacity are achieved; the algorithm is computationally efficient

O(n); it is simple to handle the situation of multiple f -values for a given x-value.

5. Performance and applications in nonparametric regression

A thorough simulation study was performed in order to evaluate the denoising performance of our pro-

posed methods. The problem we addressed with the study is the classical nonparametric regression model, i.e.

model the observations as fi = g(xi)+εi, where the vector f denotes noise-contaminated observations at irreg-

ularly spaced points x, g is the true unknown function to be estimated, and ε is Gaussian noise. The approach

we take is to apply wavelet shrinkage (Donoho and Johnstone, 1994, 1995) with adaptive lifting instead of the

DWT, and an adapted version of the empirical Bayes thresholding (Johnstone and Silverman, 2004a,b; Nunes

et al., 2006).

The study was performed on the five test signals Doppler, Bumps, Blocks, HeaviSine (Donoho and John-

stone, 1994), and Ppoly (Nason and Silverman, 1994), over irregular grids with varying levels of irregularity

and different additive noise levels.

Several different variants of our linear and adaptive lifting schemes were compared against wavelet and

non-wavelet function estimators— the local polynomial fitting estimator Locfit Loader (1997, 1999); the S-

Plus function smooth.spline() with cross-validation, which fits smoothing splines to the data (SSCV);

the Comte and Rozenholc (2004) (CR) method, a denoiser based on adaptive polynomial basis selection; and

the irregular interpolation wavelet algorithm by Kovac and Silverman (2000) (KS) .

The overall accuracy of the estimates is measured by the average mean square error, defined by AMSE =
(nK)−1

∑K
k=1

∑n
i=1(g

k
i − ĝk

i )2, where K = 100 is the number of simulations and ĝk is the estimate of the

true signal gk on the kth repetition.

Overall, our methods are very competitive (see Table 1), with AdaptNeigh with neighbourhoods of size

up to two being significantly better on the signals with discontinuities over all grid irregularities and noise levels.

For smoother signals, AdaptPred with two neighbours worked best, outperforming the other smoothers over all

degrees of grid jitters and noise level, apart from one of the signals, where the Kovac-Silverman algorithm was

best.
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Table 1: AMSE (×103) simulation results for test signals of length n = 256 with SNR=3 on grids with three levels of irregularity, d�, for various

denoising methods described in the text: LP (LinearPred), AP (AdaptPred), AN (AdaptNeigh). S denotes symmetrical neighbours, while N denotes

closest neighbours.

Blocks Bumps HeaviSine Doppler Ppoly
Method d1 d2 d3 d1 d2 d3 d1 d2 d3 d1 d2 d3 d1 d2 d3

LP1S 72 71 68 81 80 73 20 20 21 54 53 52 16 16 18
AP2N 69 70 59 78 75 64 21 21 22 53 52 48 15 16 17

AN1 55 54 52 66 67 61 36 39 37 61 61 59 38 33 32
Locfit 73 72 64 110 108 101 11 11 11 58 58 54 21 20 19
SSCV 74 74 67 307 315 250 12 11 12 61 60 53 20 20 19

KS 79 78 87 179 181 259 13 12 15 51 52 57 18 17 18
CR 119 119 133 332 313 284 25 25 25 155 155 148 13 13 13

6. Real data application

We shall now give a real data example which addresses the problem of predicting hydrophobic segments

along the sequence of a transmembrane protein, when no information on the protein is available, other than its

primary structure. For details of the method see Knight and Nason (2006).

For a protein, its hydropathy profile can be constructed by using a measure of hydrophobicity for each

amino acid in its chain. We obtain a signal which on the horizontal axis has the residues in their order of

appearance in the protein primary structure, and on the vertical axis their corresponding values from the hy-

drophobicity index (we use the Kyte and Doolittle (1982) hydrophobicity scale). The 3D information contained

in proteins similar to the protein of interest will be used to estimate the residue locations. Figure 2 gives an

example of such a signal, corresponding to the protein undecaprenyl-phosphate galactosephosphotransferase

(UniProt entry ‘rfbp-salty’).
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Figure 2: Example of a hydropathy profile.

Since transmembrane helices are sequences of predominantly hydrophobic residues, our purpose is to detect

the points at which sharp changes occur in the hydrophobicity signal. This amounts to modelling the profile as

noise-contaminated, and estimating the underlying signal.

We shall address the statistical problem of denoising the above hydropathy signal by using our adaptive wavelet

methodology, specifically AdaptNeigh with at most two neighbours and empirical Bayes shrinkage using the

posterior mean (AN1 mean).

We will now examine the results for ‘rfbp-salty’. Starting from its primary structure of 476 residues, one protein

with known 3D structure has been aligned to it and used in the computation of inter-residue distances.
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Experimentally determined data is available for the transmembrane segments, which are thought to be 15-35,

52-72, 93-113, 115-135, 283-303. After employing our method (AN1 mean), we obtain the following predicted

segments 15-40, 60-72, 94-107, 116-135, 284-301, while through the usage of classical wavelets Daubechies

S8 with empirical Bayes shrinkage using the posterior mean (Daub mean) we obtain 12-40, 55-72, 89-110,

116-139, 170-186, 240-260, 279-304, 459-475, corresponding to Figure 3.
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Figure 3: True and predicted segments for ‘rfbp-salty’: horizontally filled rectangles=True, diagonally filled rectangles=AN1 mean, vertically filled

rectangles=Daub mean.

Our method does not predict extra segments, and it correctly identifies the true segments. The classical method

falsely predicts as transmembranar three segments which would be difficult to eliminate through a further

(chemical) filtering step.
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Voie du Roman Pays 20
1348 Louvain-la-Neuve, Belgium
E-mail: rvs@stat.ucl.ac.be

Introduction

In this note, and the accompanying invited talk in the ISI section on ”Multiscale lifting”, we
give an attempt to review how the idea (Girardi and Sweldens, 1997) of generalising the famous Haar
(1910) transform to settings of an unbalanced design initiated some recent research in nonparametric
statistics. (For readers unfamiliar with the Haar transform we directly refer to our example below, in
the next section). We will focus on methods that are derived from the (discrete) Unbalanced Haar
(UH) transform (and resulting wavelet-like bases): the UH transform is a decomposition of a discrete
(or discretized) signal with respect to an orthonormal Haar-like basis where jumps in the box-car like
basis functions do not necessarily occur in the middle of their support. Consequently, the two ”pieces”
of the resulting basis function to the left and the right of the jump are not necessarily of same length,
but the weights (”amplitudes”) assigned to these two unsymmetric pieces cope for this to preserve
orthonormality (same energy in the L2−sense).

Our review includes multiscale lifting in one and higher dimensions and nonparametric function
estimation in the presence of structural breaks. Lifting is a recent machinery to construct ”generalized
wavelets” (Sweldens, 1996, 1997), i.e. systems of basis functions which live on more general than
equidistant designs. The UH transform can be seen as providing the simplest of these systems, and
lifting can in particular be used for rendering the resulting basis functions smoother. Smoother
wavelets are interesting for a variety of purposes such as compression (not treated in this note here)
and nonparametric estimation of locally more regular functions. In this specific context lifting occurs
as one elegant possibility to construct what is called today ”second-generation wavelet bases”. It
turns out that with the methodology of Delouille et al (2004a,b), an instance of such bases has been
delivered which automatically adapt to irregular and possibly stochastic regression and autoregression
designs, to boundary effects and to non-dyadic sample sizes. Although we will mention another and
more general way of constructing lifting schemes (Jansen, Nason and Silverman, 2006), we somewhat
concentrate on the former development which in fact originates from the UH transform.

In the final part of this note, we briefly review very recent approaches on a slightly different, i.e. a
direct use of UH beyond lifting (Jansen, 2006; Fryzlewicz, 2006): estimation of functions with possible
discontinuities which do not necessarily occur at dyadic grid points. It is intuitive that generalized
Haar functions will do a good job here, however it is far from obvious how a fully data-driven algorithm
with good statistical properties can be achieved. In particular, the contribution of Fryzlewicz (2006)
is here to provide for powerful direct estimators of curves (or more general signals) that can nicely be
described by piecewise constant approximations between a (finite) number of jump or break points.
(”Direct” estimation refers to the fact that it is not necessary to first estimate the location of the break
points before fitting a curve between these points - such as in a variety of more classical approaches).

We emphasize that we do not aim at being comprehensive, as the literature on developing
methodology of multiscale lifting and its applications has been exploding over the past years. In
particular we are not going to touch on multivariate versions which however have been requiring
a lot of extra work to be developed. Examples for an instance of lifting which is different from
what we review here is the recent use of the approaches of ”normal meshes” and of ”normal offset”
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decompositions, with applications for, among others, again smoothing data with change-points (for
which we refer to M. Jansen’s talk in this invited ISI session).

Lifting in a nutshell

The lifting scheme is a mathematical innovation made in the nineties by Wim Sweldens and
co-workers which enabled wavelet-like multiresolution analyses to be applied to very general data
situations. In particular, lifting can be applied to irregularly spaced data which made statisticians
at the beginning of the new millenium discover this technique, primarily for nonparametric function
estimation in the presence of noise. As non-linear wavelet thresholding of noisy data (Donoho and
Johnstone, 1994) has been shown to be very successful in the classical set-up of data observed on an
equally spaced grid of dyadic length, a main motivation for statisticians to use lifting in connection
with shrinkage has been to avoid serious modifications or preprocessing of spatially irregularly observed
data.

We will first provide an informal introduction to the lifting scheme as introduced by Sweldens
(1996, 1997) in a more general than a statistical set-up. In the sequel we will concentrate, however,
on the standard 1-d nonparametric regression problem of a curve m(xi) observed on some (quite
arbitrary) design points xi, i = 1, . . . , n, contaminated by additive noise, i.e.

(1) Yi = m(xi) + εi , i = 1, . . . , n .

Usually, the goal is to estimate the curve m from the noisy observations Yi, and what follows is
intended to generalise classical wavelet denoising: wavelet transform the data, i.e. project the data
Yi onto a wavelet basis (Haar or smoother), denoise the resulting wavelet coefficients (e.g. by non-
linear thresholding), and reconstruct by inverting the transform. In the classical case of an equidistant
design {xi} and dyadic sample size n = 2J , this procedure is known to give excellent theoretical and
practical results, in case of spatially inhomogeneous functions m such as functions with jump or cusp
discontinuities (e.g., Donoho and Johnstone, 1994).

Lifting a signal consists of three main steps: split, predict (dual lifting) and update (primal
lifting) which we now describe - assuming for this simplified introduction that the sampled points on
the curve m(xi) are observed by Yi without any noise. The first step is the split where the points Yi

are separated into two disjoint sets, e.g. odd- and evenly-indexed sets. The next task is to predict the
odd-indexed Y -values by using the information contained in the evenly-indexed Y -values. Of course,
good prediction is only possible if the function m possesses some degree of local smoothness. The
prediction error or residual (the difference between the true function values on the odd positions and
the predicted values on the same positions) is then quantified in a vector, called a detail vector. The
final update step consists of updating the Y -values on the even positions by using a linear combination
of the (old) evenly-indexed Y -values and the detail vector. The purpose of this update stage is to
preserve in the updated values some quantity of the initial signal (such as the mean value of the signal)
over successive repetitions of this procedure. After iterating the split-predict-update procedure on the
updated values, the initial data, Y , is replaced by the remaining updated subsample (which reproduces
the coarse scale features of the signal) and the detail coefficients which accumulate throughout the
process. This is similar to the (discrete) wavelet transform which replaces Y by a set of father and
mother wavelet coefficients.

The above construction can be put in a formal multiresolution analysis (MRA) framework, that
parallels the one that introduces the classical wavelets, with a few important differences (see Sweldens,
1997). One very important difference, is that the basis functions are no longer necessarily dilations
and translations of the same functions. In general they are no longer orthonormal (but can be made
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to be bi-orthogonal, e.g.).

An example: A specific example which is however particularly simple (and in fact orthogonal)
is the Haar transform of the data. Suppose the original vector Y is of length 16 (for definiteness).
Initially, define I to be the odd indices and J to be the even indices. The prediction is carried
out by estimating each odd-indexed element by the next element in the sequence, so Y2m−1 = Y2m

for m = 1, ..., 8. Hence the prediction residuals are given by Y I := Y ∗2m−1 = Y2m−1 − Y2m. These
correspond to the ”detail” coefficients in the Haar transform of the data. The update step is defined
by Y J := Y ∗2m = Y2m + 1/2 Y ∗2m−1 = 1/2 (Y2m−1 + Y2m), so the Y ∗2m represent the scale coefficients
at the next level, a smoothed-out version of the original data. The lifting steps can be performed in
place by the two assignments Y I := Y I − Y J and Y J := Y J + 1/2 Y I .

For the next step of the Haar transform, we proceed in exactly the same way, setting I =
{2, 6, 10, 14} and J = {4, 8, 12, 16}. These correspond to the odd and even indices of the scale coef-
ficients at the previous level. We then continue the cascade by setting I = {4, 12} and J = {8, 16},
and for the final step I = {8} and J = {16}. This completes the entire MRA of the original vector Y ,
and the coefficients obtained are, in a suitable order, rescaled versions of those obtained by the Mallat
(1989) discrete wavelet transform. At each stage of the process, the current scale coefficients are
divided into two equal sets, one of which is processed in the predict step to give the detail coefficients,
and the other is updated to give the scale coefficients for the next stage. The description we have
given uses the Haar transform for simplicity, but all classical wavelet filter banks can be factored into
a sequence of lifting steps, see Daubechies and Sweldens (1998).

An attractive feature of the lifting scheme is that the inverse transform can be constructed
mechanically. The above ”in place” step is inverted by reversing the order of the assigments and
changing the signs, to give Y J := Y J − 1/2 Y I and Y I := Y I + Y J . To invert the whole transform,
the steps are considered in the opposite order, starting with I = {8} and J = {16} and finishing with
I = {1, 3, 5, 7, 9, 11, 13, 15}, and J = {2, 4, 6, 8, 10, 12, 14, 16}.

V. Delouille (2001, 2004a,b), with various co-authors, has developed some of the first lifting
techniques for wavelet thresholding in nonparametric regression of irregularly spaced data, including
nonparametric autogression. The first of her papers develops the asymptotic properties of a wavelet
estimator built on the UH transform in the presence of a stochastic design. The second builds on this
work and enables smoother wavelets using interpolation in the predict step, for stochastic regression
and, in a separate paper (Delouille et al, 2004b), also for non-linear autoregression. These techniques
make use of a (no more necessarily dyadic) partitioning of the interval on which they are working.
The theoretical challenge of this construction of a bi-orthogonal MRA lies in the fact that in all of
these set-ups the wavelet filters are themselves random (as they depend on the random realisations of
the design). In this note we will review some of this work in more detail below.

In more than one dimension it is not possible to use the even/odd split, but there are various
alternatives, e.g. Delouille, Jansen and von Sachs (2006) for bivariate stochastic regression using a
method related to multivariate Lagrange interpolation. Jansen et al (2006) however propose, as a
somewhat different concept developed in parallel to the one of Delouille, the one coefficient at a time
split where the current scaling coefficients are split into two groups, but one group contains only one
coefficient that gets predicted by its neighbours from the other group.

”Lifting one coefficient at a time”
”Lifting one coefficient at a time” of Jansen et al (2006) (and a series of earlier preprints of

these authors) is an approach where no more sets I and J correspond to odd and even indices at the
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current level, but where each set I is just a single coefficient. Once a (non-unique) ordering has been
constructed in which the equivalent of wavelet (detail) coefficients will be obtained by prediction, this
approach has the advantage to define lifting, including its inverse transform, on more general than
one-dimensional settings. Observe that already for two-dimensional non-regular set-ups (lattices, ...)
it would no more be obvious how to split the data into something like ”odd” and ”even” index sets.
Issues such as ”tesselation”, ”triangulation”, interpolating prediction with natural neighbour methods
or non-interpolating least squares methods arise for lifting in higher dimensions. For more details, the
properties and the applications of this multivariate lifting we refer to Jansen et al (2006).

The ”one coefficient at a time” approach also makes it extremely easy to introduce adaptivity
to the lifting: every time a coefficient gets removed one can make a choice about how to lift it to
achieve the best wavelet coefficient at that particular point. Nunes et al (2005) exploits the flexibility
of the above explained lifting scheme ”one coefficient at a time” by adaptively choosing the kind of
prediction according to a criterion. Roughly speaking in a local neighbourhood of each data point,
different degrees of polynomial regression (up to order three) can be chosen using the neighbours as
explanatory variables (that is linear, quadratic or cubic regression over the specified neighbourhood).
Similarly, the size of the neighbourhood can be chosen adaptively, and both choices are guided by
generating the smallest detail coefficient in absolute value. In wavelet language this corresponds to
locally using more vanishing moments, which is of great utility when the function is locally smooth,
but not when there are discontinuities present. In this way the smoothness of the underlying wavelet
can be adapted to the local properties of the function. The techniques of this work are designed to
handle the case of multiple observations at given design points through a suitable choice of prediction.
The authors of Nunes et al (2005) adapt existing shrinkage rules to work with their adaptive lifting
methods. More details will be given by their talk in this ISI invited section on multiscale lifting.

The Delouille-von Sachs approach, designed for one-dimensional regression problems, uses a
different concept of lifting with higher local smoothness - one that is starting from the UH transform.

Lifting based on Unbalanced Haar

The paradigm of the approach of Delouille and von Sachs has been to use lifting for the construc-
tion of wavelets that automatically adapt to a random design, i.e. in the context of nonparametric
stochastic regression and autoregression. Hence the challenge has been to provide for some kind of
(bi-) orthogonality of the resulting wavelet bases which is no more for L2 functions with respect to
the Lebesgue measure (on the real line) but wrt an empirical measure dF̂n. Here, F̂n is the empirical
analog of either the cumulative distribution function of the (model) regression design in (1), or, in
the case of an autoregressive design, the stationary distribution of the underlying time series (e.g.,in
a model of AR-1-type, i.e. Yi = m(Yi−1) + εi).

We recall that an orthogonal wavelet basis consists of a set {ϕj0,k}2j0

k=1 of scaling functions, and
of a set of wavelet functions {ψj,k}j≥j0,k=1,...,2j , where at each scale j ≥ j0, ψj,k is orthogonal to ϕj,k′ ,
for all k, k′. A biorthogonal basis consists of two parts: a dual basis {ϕ̃j0,k}k∪{ψ̃j,k}j≥j0,k used for
analysis (decomposition), and a primal basis {ϕj0,k}k∪ {ψj,k}j≥j0,k that reconstructs the function.
The dual and primal basis are linked through biorthogonal relationships (Cohen et al, 1992). For any
function m ∈ L2(R), we have:

(2) m(x) =
∑

k

〈m, ϕ̃j0,k〉ϕj0,k(x) +
∞∑

j=j0

∑
k

〈
m, ψ̃jk

〉
ψjk(x) .

To construct what Delouille et al call design-adapted wavelets (DAW), i.e. wavelets that automatically
adapt to an irregular design, the challenge has been to construct wavelets which are (bi-)orthogonal
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in the space L2(dF̂n) weighted by the empirical measure F̂n.
To build these DAW, one proceeds by constructing an adequate partitioning (Girardi and

Sweldens, 1997) of the interval containing the data. When the sample size n is a power of two,
this partitioning is given by the set of random intervals

(3) Ijk = [X((k−1)lj+1), X(klj+1)), k = 1, . . . , 2j , lj = n2−j , j0 ≤ j ≤ J = log2(n) ,

where X(1) ≤ X(2) ≤ . . . ≤ X(n) are the order statistics, and, as a convention, X(n+1) := X(n)+(X(n)−
X(1))/n. This construction allows to assign a measure of empirical weight 2−j to each of the intervals
Ijk, completely paralleling the equidistant, non-random situation. When n is not a power of two, the
construction of the empirical quantile partitioning {Ij,k} is generalized as follows (Sweldens, 1997). If
at a given level j +1 we have an odd number 2p+1 of intervals, then the first 2p intervals will produce
p intervals at the next level j. The last interval Ij+1,2p+1 will be passed unchanged to the level j. In
that case, J := �log2(n)	.

We now give two examples of DAW.
First, the Haar basis investigated in Delouille et al (2001) is the simplest but least smooth possibility
to derive DAW from UH, and is as such the only orthogonal basis in L2(dF̂n). There

(4) ϕjk = ϕ̃jk = 2j/21jk ; ψjk = ψ̃jk = 2j/2 (1j+1,2k+1 − 1j+1,2k) ,

where 1j,k denotes the indicator function on the random interval Ijk.
Second, the construction of smooth biorthogonal design-adapted wavelet basis by Delouille et al (2004a,b)
starts from the unbalanced Haar basis in L2(dF̂n) given by (4). Then an average-interpolating pre-
diction step in L2(dF̂n) is performed (Sweldens and Schröder, 1996). Roughly speaking the filter
coefficients of the new analyzing wavelets are constructed via a wavelet-like algorithm where each
finer-level scaling coefficient is a linear combination of the coarser-level scaling coefficients. The key
for adapting to the given design is here to locally for each scale and location search for the coeffi-
cients of low-order polynomials such that the averages of these polynomials over the intervals of the
above partitioning (3) correspond to the values of the corresponding scaling coefficient. This leads
to a system of equations which can be readily solved for each given polynomial order. This type of
prediction increases the number of vanishing moments of the analyzing wavelet ψ̃jk, as a function of
the chosen polynomial order, and hence leads to a smoother reconstruction. Delouille et al (2004) call
this estimator ‘weighted average-interpolating’ (WAI). Note that, in contrast to ”lifting one coefficient
at a time”, this estimator is already good enough, without any update step, for reconstructing smooth
functions from noisy observations. This is due to the fact that the construction starts from the un-
balanced Haar estimator which already provides for the coarse scale approximation (only the detail
part needs to be lifted in order to have a higher number of vanishing moments, essential for smoother
reconstructions).

Nevertheless, adding an update step here, improves stability of the resulting construction, as it
essentially performs a local semi-orthogonalization. The resulting estimator is denoted ‘WAI-U’.

To summarize, the WAI analyzing wavelets are equal to:

(5) ψ̃jk = 2(j+1)/2
∑

l:g̃jlk �=0

g̃jlk1j+1,l ,

where the values g̃jlk are the so-called refinement coefficients, chosen to ensure that the analyzing
wavelet ψ̃jk has a higher number of dual (analyzing) vanishing moments in L2(dF̂n). The WAI-U
wavelets are no more piecewise constant, but the number of dual vanishing moments acquired during
the average-interpolation is preserved.
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The resulting estimator for the statistical curve estimation problem
In all cases, the resulting estimator of m(x), be it a linear or non-linear threshold estimator, is

based on replacing in equation (2) the ”true” wavelet coefficients djk =
〈
m , ψ̃j,k

〉
by n−1

∑n
i=1 Yi ψ̃j,k(Xi) ,

and in the time series case of autoregression by n−1
∑n

i=1 Yi ψ̃j,k(Yi−1) , quite analogously to the clas-
sical case. (Similar sums arise for the scaling coefficients.) Note however that proving any theoretical
results on those is essentially more difficult than in the classical case as the wavelets themselves, and
not only their argument are actually ”random”. More precisely, in all cases different from Haar, there
are no analytical formulae for the ψj,k and ψ̃j,k as in fact these are just symbols for wavelet filters (as
in the classical case of using the Mallat algorithm). In addition they are depending on each realisation
of F̂n (as becomes clear from the need of filters to be equivalent to wavelets that are bi-orthogonal
wrt L2(dF̂n)).

Summary

From the above description of the different instances of lifting, it already becomes clear that there
is really a multitude of possibilities how lifting filters can be designed. In summary this has to happen
according to several criteria. These criteria include existence and smoothness of the associated wavelet
basis functions. (Not discussed here is the fact that it is also important that those basis functions can
be found numerically from a convergent multiscale subdivsion scheme.) Another criterion is sparsity.
A wavelet representation is sparse if a large proportion of its coefficients are not significant. We recall
that coefficients that are not significant, can be omitted in a compression or in a denoising scheme,
achieved e.g. by thresholding the smallest coefficients. Compression rates are determined by both the
proportion of small coefficients and by closeness to zero of the individual coefficients. An important
parameter in this context is the (dual) number of vanishing moments, see above. And a final criterion
is numerical stability. Basically, instability means that a transform is ”far from orthogonal”. As a
consequence, it is difficult to control the effect of (non-linear) operations on wavelet coefficients - such
as thresholding - after taking the inverse wavelet transform.

A lot of research has been necessary to study how non-linear threshold rules have to be derived
for wavelet estimators based on lifting to be (asymptotically) noise-free and/or to be optimal in some
sense of mean-square error. Moreover, the use of Bayesian-type threshold schemes has been shown,
at least empirically, to continue to perform well for these second-generation wavelet estimators. We
refer to the list of cited references.

Beyond lifting: estimating functions with break points

A more direct use of the UH transform concerns detection and estimation of break points of
the function m in the regression problem (1). It is obvious that compared to the classical Haar (or
wavelet) approach, the direct use of UH appears to be promising as one can surely not assume the
locations of the break points to be at dyadic grid points (of a grid of necessarily finite resolution depth
- often not high enough to ignore the estimation error coming from this deviation).

A recent contribution in this direction is Jansen (2006) on the problem of multiple change point
detection in the intensity curve of low-intensive Poisson observations. It is explained that the multi-
ple change point detection problem is inherently a multiscale problem. UH and more generally the
”Unbalanced Wavelet” transform is introduced as an extension of the Continuous Wavelet transform
(CWT). The presence of change points in the underlying intensity curve is revealed by a multiscale
chain of local maxima in the CWT analysis, i.e. by linking local maxima across scales. The extension
of the CWT towards the Unbalanced Wavelet Transform is advantageous in detecting small breaks
(e.g. jumps of small height) compared to the noise, as it increases the statistical power of the detec-
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tion procedure based on multiple hypothesis testing. More specifically the method of Jansen (2006) is
looking for the optimal subset of scales to describe each of the change points. This search proceeds by
scanning and connecting local maxima of coefficients within each scale of a (discretized) continuous
wavelet analysis. In this respect, the method is different from analyses either exclusively working on
the finest scale or based on global maxima within a single (well chosen) scale, making use of results
in extreme value theory. Although the techniques are presented in the framework of Poisson counting
data, the method can easily be extended to other situations of discontinuous signals observed in the
presence of noise.

Fryzlewicz (2006) develops statistical theory for a signal with break points in a Gaussian white
noise setting. This paper provides for powerful direct estimators of curves that can nicely be described
by piecewise constant approximations between a (finite) number of jump or break points. In contrast
to the overwhelming existing literature on break point detection, it is not necessary to first estimate
the location of the break points before fitting a curve between these points. It is far from obvious
how a fully data-driven algorithm with good statistical properties can be achieved. The multiscale
procedure of Fryzlewicz (2006) for estimation of m in Gaussian noise consists of three steps: a UH
transform, thresholding of the decomposition coefficients, and the inverse UH transform. It is shown
that the resulting estimator is mean-square consistent with near-optimal rates for a wide range of
functions, uniformly over UH bases which are not ”too unbalanced”.

The new ingredient of Fryzlewicz (2006) is that the construction of the optimal estimator is
based on the principle of basis selection as the UH transform gives rise to a whole library of different
orthonormal bases (somewhat similar to the translation-invariant or cycle-spinning transform, e.g.
Coifman and Donoho, 1995). In that approach each basis vector is chosen so that it best matches
the data at a specific scale and location, where the latter parameters are determined by the ”parent”
basis vector. An interesting fact of this algorithm is that it is computable in O(n log n) operations.

Although this approach does not generalise UH to smoother Unbalanced Wavelet transforms it
has a lot of merits. Piecewise constant reconstructions are easy to interpret as jumps in the estimate
can be viewed as ”significant” changes in the mean level of the data, whereas constant intervals repre-
sent periods where the mean of the data remains ”approximately” the same. Furthermore estimators
based on constant pieces will adapt best to signals with structural breaks. Hence this methodology
makes superfluous the variety of approaches based on a sequential procedure: first detect and estimate
the location of the possible break points, then use a classical nonparametric fit between the estimated
break points. Finally piecewise constant estimates are not costly to store as the number of jumps is
typically significantly smaller than the sample size n.

Conclusion

In this note we have discussed two classes of examples how the original very simple but powerful
construction of Haar (1910) continues to influence research on statistical estimation of signals in
the presence of noise. For one, we have seen how the Unbalanced Haar transform can be used to
develop lifting schemes which seem to work well for situations of quite arbitrary regression designs.
Compared to other instances of lifting one starts from a transform which already has a series of
important ”regularity” properties, such as orthogonality and sparsity. Hence, lifting (by weighted
average interpolation) is here primarily used to increase the regularity of the resulting analyzing
filters, to be able to better reconstruct smoother functions.

For the other, in a context different from lifting, UH has been revisited in order to develop
fully data-driven algorithms with good theoretical and practical statistical properties for estimating
functions in the presence of break points.
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ABSTRACT

In this note we give an attempt to review how the idea of generalising the famous Haar trans-
form to settings of an unbalanced design initiated some recent research in nonparametric statistics.
This includes multiscale lifting in one and higher dimensions and nonparametric function estimation
in the presence of structural breaks. Although we try to give a more general explanation of lifting, we
concentrate on its developments originating from the unbalanced Haar transform with its possibility
of working with ”non-dyadic split points”. Giving rise to the construction of one particular type of
”second-generation wavelet bases”, a very general wavelet transform has been generated which auto-
matically adapts to irregular and possibly stochastic regression and autoregression designs, to boundary
effects and to non-dyadic sample sizes. We emphasize that we do not aim at being comprehensive, as
the literature on developing methodology of multiscale lifting and its applications has been exploding
over the past years.
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 Agricultural activities in the province of North Holland (The Netherlands) may have major problems
if the areal rainfall on one day in that province is exceptionally high. The interest is in the 100-year quantile.
We have 30 years of observations. Problems of this kind are genuinely spatial and they are in the area of
extreme value statistics. We develop parts of the theory of spatial extremes useful for this problem and
proceed to provide a solution by resampling the non-extreme events combined with simulating a proposed
model for extreme events.
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ABSTRACT

For the understanding of financial/insurance risks the modeling and statistical analysis of extreme
values is of major importance. Over the last few years, the focus of modeling and statistics has been
on dependent and/or multivariate cases. Financial time series models (such as stochastic volatility
models and GARCH) are naturally multivariate and involve dependence through time and in space.
A natural framework to work with in this context is regular variation. Since it can be interpreted as a
vague convergence concept it allows one to use point process tools for dependent observations, including
the tools of weak convergence and continuous mapping arguments. Those apply to spatio-temporal
models (e.g. Davis and Mikosch (2006), technical report), in the context of statistical analyses of
financial time series (e.g. Mikosch and Straumann (2006, Ann. Statist.)) and to large deviations and
ruin probabilities (e.g. Hult, Lindskog, Mikosch and Samorodnitsky (2005), Ann. Appl. Probab.).

Keywords. Multivariate extremes, dependence.
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1 Introduction

Statistical inference about rare and damaging events can fairly be designed only upon those ob-
servations which are considered extreme in some sense. There are different ways of mapping such
observations yielding alternative approaches to statistical inference on extreme values: the classical
Gumbel method of block of maxima, peaks-over-threshold (POT) methods and, more recently, peaks-
over-random-threshold (PORT) methods. However, regardless of the specific approach we intend to
follow, statistical inference is clearly improved if we make a priori statistical choice about the most ap-
propriate type of decay of the underlying tail distribution function 1−F , i.e., about whether it decays
exponentially fast, polynomially decreasing or if exhibits a light tail with finite right endpoint. This is
supported by Extreme Value Theory, stemming from the fundamental Theorem of Fisher and Tippett
(1928), which ascertains that all possible non-degenerate weak limit distributions of partial maxima of
independent and identically distributed random variables X1, X2, . . . are (Generalized) Extreme Value
distributions. The Generalized Extreme Value distribution (GEVd) comprises Fréchet, Weibull and
Gumbel distributions. A distribution function (df) F that belongs to the Fréchet domain of attraction
is called a heavy-tailed distribution, the Weibull domain encloses light-tailed distributions with finite
endpoint and the particularly interesting case of the Gumbel domain embraces a great variety of tail
distribution functions ranging from light to moderately heavy, detaining finite right endpoint or not.
Hence, separating statistical inference procedures according to the most suitable domain of attraction
for the underlying distribution has become a usual practice in the literature either by following a
parametric or a semi-parametric approach. Following a semi-parametric approach, the only assump-
tion made is that the underlying df is in the domain of attraction of the GEVd. In this setup, any
inference concerning the tail of the underlying distribution is based exclusively on those observations
lying above a random threshold – PORT method. The latter contrasts with the alternative possibility
of restricting attention to a random number of observations exceeding a given high deterministic level,
say, u – POT method.

Our aim here is to give a brief overview of several well-known testing procedures in the context
of statistical choice of extreme value conditions, along with some recent proposals using location/scale
invariant statistics that have been built on the k excesses above a random threshold. This random
threshold is consensually an intermediate order statistic. The development of statistical procedures and
techniques with the specific intention of dealing with extreme data in a more systematic and reliable
way renders, to our best knowledge, a challenge that many applied fields such as environmetrics,
climatology, telecommunications or finance hold in common.
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2 Statistical choice of domains of attraction

Fisher-Tippett theorem of extreme values (Fisher and Tippett, 1928) states that all possible non-
degenerate weak limit distributions of partial maxima of independent and identically distributed ran-
dom variables X1, X2, . . . are (Generalized) Extreme Value distributions. That is, assume there exist
normalizing constants an > 0 and bn ∈ R such that, for all x

(1) lim
n→∞P

{
a−1

n

(
max(X1, . . . , Xn) − bn

) ≤ x
}

= G(x),

where G is some non-degenerate distribution function, we can redefine the constants in such a way
that the limit G is one of a one-parameter family of distributions,

(2) Gγ(x) :=

{
exp(−(1 + γx)−1/γ) , 1 + γx > 0 if γ �= 0
exp(− exp(−x)) , x ∈ R if γ = 0,

the Generalized Extreme Value distribution, given here in the von Mises-Jenkinson form (von Mises,
1936; Jenkinson, 1955). We say that the distribution function F of the random variables X1, X2, . . . is
in the domain of attraction of Gγ if (1) holds with G = Gγ (notation: F ∈ D(Gγ)). For γ < 0, γ = 0
and γ > 0, the Gγ df reduces to Weibull, Gumbel and Fréchet distribution functions, respectively.

The use of the Generalized Pareto distribution (GPd) is suggested by the seminal works of
Balkema and de Haan (1974) and Pickands (1975), who proved that F ∈ D(Gγ) if and only if the upper
tail distribution function 1−F is, in a certain sense, close of the upper tail of Hγ(x) := 1−(1+γ x)−1/γ

for all positive x such that 1 + γx > 0. While restricting attention to a top portion of the original
sample, the GPdf distribution shall come into play since it appears as the limiting distribution for the
excesses Yi = Xi − u|Xi > u, i = 1, . . . , ku over a sufficiently high threshold u (POT method). For
γ < 0, γ = 0 and γ > 0, the Hγ d.f. reduces to Beta, Exponential and Pareto distribution functions,
respectively.

In both GEV and GP classes of distributions, the extreme value index γ is closely related to
the shape of the tail of the underlying distribution function F and also to this extent γ = 0 can be
regarded as a benchmark value, since a negative γ is unevitably associated with short tails with finite
right endpoint, while a positive (tail index) γ is connected with the presence of a heavy-tailed df. In
many applied sciences where extremes are relevant, the case of simplest inference γ = 0 is assumed
and bearing on this assumption, extreme characteristics such as exceedance probabilities or return
periods are easily estimated. As a matter of fact, separating statistical inference procedures according
to the most suitable domain of attraction for the sampled distribution has become a usual practice.
Methodologies for testing the Gumbel domain against Fréchet or Weibull max-domains have been of
great usefulness. This testing problem crafted from a semi-parametric setup can be written as

(3) H0 : F ∈ D(G0) versus H1 : F ∈ D(Gγ)γ �=0.

Statistical tests that tackle the problem (3) can be traced back to the papers by Galambos (1982) and
Castillo et al. (1989). The latter presents a cunning procedure of diagnostics from the curvature of
the graph of the sample distribution function hinged on the Gumbel probability paper. Choosing four
upper extreme quantiles, two slopes can be computed and the ratio between these (location-scale free)
is shown to converge to the ratio of suitable linear combinations of the required asymptotic quantiles,
which justifies the use of a visual technique to validate the whole asymptotic model. Further testing
procedures for (3) can be found in Hasofer and Wang (1992), Falk (1995), Fraga Alves and Gomes
(1996), Fraga Alves (1999), Marohn (1998a,b), Segers and Teugels (2000) and, more recently, in Neves
et al. (2006) and Neves and Fraga Alves (2006). In the last two papers, the testing procedures are
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based on the sample observations lying above a random threshold. More specifically, in the last two
references, the statistics designed for testing (3) are based on the k excesses over the (n − k)-th
ascending order statistic Xn−k,n, where k = kn is such that k → ∞ and k = o(n) as n → ∞. The
latter only differs from the POT approach on the fact the random threshold is now playing the role of
the fixed high threshold u which only by itself is relevant enough to motive the Peaks Over Random
Threshold (PORT) methodology. Recently, testing procedures relating extreme value conditions that
take into account this methodology have been gathering considerable interest. In this respect, we
refer to Dietrich et al. (2002) and Drees et al. (2006) where the case of testing the general extreme
value conditions and the Kolmogorov-Smirnov and Cramér-von Mises goodness-of-fit statistics have
been utterly adapted to fulfil this purpose. In the paper of Neves and Fraga Alves (2006), following
a semi-parametric approach and relying on concepts of the theory of regularly varying functions,
the asymptotic properties of the Hasofer and Wang test statistic (cf. Hasofer and Wang, 1992), here
denoted by W ∗

n(k), are obtained when k = kn behaves as an intermediate sequence rather than
remaining fixed while the sample size n increases. In the process, a new Greenwood-type test statistic
R∗n(k) (cf. Greenwood, 1946) proves to be useful in assessing the presence of heavy-tailed distributions.
Furthermore, motivated by eventual differences in the relative contribution of the maximum to the
sum of the k excesses over the random threshold if subject to light or heavy tails, a complementary
test statistic T ∗n(k) was introduced in Neves et al. (2006) in order to discern between max-domains of
attraction. An extensive simulation study involving the aforementioned testing procedures allows to
conclude that:

• The test based on the G∗n is shown to good advantage when testing the presence of heavy-tailed
distributions is in demand.

• While the G∗n–test barely detects small negative values of γ, the W ∗
n–test is the most powerful

test under study with respect to alternatives in the Weibull domain of attraction.

• The simulations have emphasized the admonition for controlling the actual size of the test
to apply, keeping low within acceptable bounds the probability of incorrect rejection of the
null hypothesis. To this extent, since the test based on the very simple T ∗n–statistic tends to
be a conservative test and still detains a reasonable power, this test proves to be a valuable
complement to the remainder procedures.
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The model

In this paper we deduce hedging strategies of derivatives that are based on non-tradable un-
derlyings. Classical examples are derivatives based on equity indices such as S&P or DAX. In recent
years more and more financial instruments have been created which are not derived from exchange
traded securities. For instance in 1999 the Chicago Mercantile Exchange introduced weather futures
contracts, the payoff of which are based on average temperatures at specified locations. Another ex-
ample of derivatives with non-tradable underlying are catastrophe futures based on an insurance loss
index regulated by an independent agency.

The non-tradable underlyings of such derivatives are often correlated with prices of tradable
goods or assets. In the following we want to investigate how the derivatives can be partially hedged by
investing in correlated assets. To this end we will study indifference prices and prove some properties
such as differentiability with respect to the underlyings. Once these properties are established, we
can explicitly describe the optimal hedging strategies in terms of the price gradient and correlation
coefficients.

Let d ∈ N and let W be a d-dimensional Brownian motion. We denote by (Ft) the completion
of the filtration generated by W . Suppose that a derivative with maturity T > 0 is based on a
R

m-dimensional non-tradable index (think of a temperature or loss index) with dynamics

(1) dRt = b(t, Rt)dt + ρ(t, Rt)dWt,

where b : [0, T ] × R
m → R

m and ρ : [0, T ] × R
m → R

m×d are measurable deterministic functions.
Throughout we assume that there exists a C ∈ R+ such that for all t ∈ [0, T ] and x, x′ ∈ R

m

(R1)
|b(t, x) − b(t, x′)| + |ρ(t, x) − ρ(t, x′)| ≤ C|x − x′|

|b(t, x)| + |ρ(t, x)| ≤ C(1 + |x − x′|).
We consider derivatives of the form F (RT ), where F : R

m → R is a bounded and measurable function.
Note that at time t, the expected payoff of F (RT ), conditioned on Rt = r, is given by F (Rt,r

T ), where
Rt,r is the solution of the SDE

(2) Rt,r
s = r +

∫ s

t
b(u,Rt,r

u )du +
∫ s

t
ρ(u, Rt,r

u )dWu, s ∈ [t, T ].

Example 1. One of the most common types of weather derivatives are based on so-called accumulated
heating degree days (cHDD). The heating degree of a day with average temperature τ in Celsius degrees
is defined as HDD = max{0, 18 − τ}, and the cHDDs are defined as a moving average sum of HDDs
over a fixed time length, for instance a month. Real data show that the cHDD are almost lognormally
distributed, and therefore they can be modeled as a geometric Brownian motion (see Davis 2001). This
means that in (1) we would have to choose b(t, Rt) = α1Rt and ρ(t, Rt) = α2Rt, with α1 ∈ R and
α2 ∈ R \ {0}.

A correlated financial market
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We consider a financial market with k risky assets and one non-risky asset. We use the non risky
asset as numeraire and suppose that the prices of the risky assets in units of the numeraire evolve
according to the SDEs

dSi
t = Si

t(αi(t, Rt)dt + βi(t, Rt)dWt), i = 1, . . . , k,

where αi(t, r) is the ith component of a measurable and vector-valued map α : [0, T ] × R
m → R

k and
βi(t, r) is the ith row of a measurable and matrix-valued map β : [0, T ] × R

m → R
k×d. Notice that

W is the same R
d-dimensional Brownian motion as the one driving the index process (1). In order to

exclude arbitrage we assume d ≥ k. For technical reasons we suppose that

(M1) α is bounded,

(M2) there exist constants 0 < ε < K such that εIk ≤ (β(t, r)β∗(t, r)) ≤ KIk for all (t, r) ∈ [0, T ]×Rk,

where β∗(t, r) is the transpose of β(t, r), and Ik is the k-dimensional unit martix.
Throughout let U be the exponential utility function with risk aversion coefficient η > 0, i.e.

U(x) = −e−ηx.

By an investment strategy we mean any predictable process λ = (λi) with values in R
k such that the

integral process
∫ t
0 λi

s
dSi

Si
t

is defined for all i ∈ {1, . . . , k}. We interpret λi as the value of the portfolio
fraction invested in the i-th asset. If one invests according to a strategy λ, then the total gain on the
time interval [t, s] amounts to Gλ,t

s =
∑k

i=1

∫ s
t λi

u
dSi

Si
u

. We will denote by Gλ,t,r
s the gain conditioned

on Rt = r.
Let At,r be the set of all strategies λ such that E

∫ T
t |λsβ(s,Rt,r

s )|2ds < ∞ and the family

{e−ηGλ,t,r
τ : τ is a stopping time with values in [t, T ]} is uniformly integrable. If λ ∈ At,r, then we say

that λ is admissible. We use the same admissibility criteria as in Section 2 in (Hu et al., 2005), so that
later we may invoke their results. The maximal expected utility at time T , conditioned on the wealth
to be v at time t and the index to satisfy Rt = r, is defined by

(3) V 0(t, v, r) = sup{EU(v + Gλ,t,r
T ) : λ ∈ At,r}.

One can show that there exists an element π ∈ A, called optimal strategy, such that EU(v + Gπ,t,r
T ) =

V 0(v, t, r). The convexity of the utility functions implies that π is a.s. unique on [t, T ].
Suppose an investor is endowed with a derivative F (RT ) and is keeping it in his/her portfolio

until maturity T . Then the maximal expected utility is given by

(4) V F (t, v, r) = sup{EU(v + Gλ,t,r
T + F (Rt,r

T )) : λ ∈ At,r}.

Also in this case there exists an optimal strategy, denoted by π̂, that satisfies EU(v+Gπ̂,t,r
T +F (Rt,r)) =

V F (v, t, r).
The presence of the derivative F (RT ) leads to a change in the optimal strategy from π to π̂.

The difference

Δ = π̂ − π

is needed in order to hedge, at least partially, the risk associated with the derivative in the portefeuille.
We call Δ therefore derivative hedge. In the next chapters we will analyse by how much the optimal
strategies change if a derivative is added to the portfeuille, and we aim at getting an explicit expression
for the derivative hedge Δ.

The problem of finding the optimal strategies π and π̂ is a standard stochastic control problem.
One can tackle it by solving the related HJB equation, using a verification theorem and a proving a
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uniqueness result. This way has been chosen for example in Ankirchner, Imkeller, Popier (2007). Here,
however, instead of solving the HJB partial differential equation, we use the fact that the stochastic
control problem can be solved by finding the solution of a Backward Stochastic Differential Equation
(BSDE). In the next section we briefly recall the definition of a BSDE.

Solving stochastic control problems via BSDEs

Let H2(Rd) be the set of all R
d-valued predictable processes ζ such that E

∫ T
0 |ζt|2dt < ∞, and

let S2(R) be the set of all R-valued predictable processes δ satisfying E
(
sups∈[0,T ] |δs|2

)
< ∞. By

S∞(R) we denote the set of all essentially bounded R-valued predictable processes. Let ξ be FT -
measurable and f a predictable mapping Ω × [0, T ] × R × R

d → R. A solution of the BSDE with
terminal condition ξ and generator f is defined to be a pair of processes (Y, Z) ∈ S2(R) × H2(Rd)
satisfying

Yt = ξ −
∫ T

t
ZsdWs +

∫ T

t
f(s, Ys, Zs)ds.

Let us now come back to our control problem of finding the optimal investment strategy π and π̂

respectively. It is known that there exists a quadratic BSDE which solves the control problem (see for
example (Hu et al. 2005)). We first specify the generator of this BSDE.

Let ϑ(t, r) = β∗(t, r)(β(t, r)β∗(t, r))−1α(t, r) and C(t, r) = {xβ(t, r) : x ∈ R
k}. The distance of

a vector z ∈ R
d to the set C(t, r) will be defined as dist(z, C(t, r)) = min{|z − u| : u ∈ C(t, r)}. Let f

be the deterministic function

f : [0, T ] × R
m × R

d → R, (t, r, z) �→ zϑ(t, r) + 1
2η |ϑ(t, r)|2 − η

2dist2(z + 1
ηϑ(t, r), C(t, r)),

Notice that f is differentiable in z and satisfies the growth condition

|f(t, r, z)| ≤ c(1 + |z|2) a.s. (c ∈ R+).

There exists a unique solution (Ŷ t,r, Ẑt,r) ∈ S∞(R) ⊗H2(Rd) of the BSDE

(5) Ŷ t,r
s = F (Rt,r

T ) −
∫ T

s
Ẑt,r

u dWu −
∫ T

s
f(u, Rt,r

u , Ẑt,r
u )du, s ∈ [t, T ],

(see Theorem 2.3 and 2.6. in (Kobylanski 2000)); and the maximal expected wealth satisfies

V F (v, t, r) = −e−η(v−Ŷ t,r
t )

(see Theorem 7 in (Hu et al., 2005)). Moreover we can reconstruct the optimal strategy π̂ starting
from Ẑ. To this end denote by ΠC(t,r)(z) the projection of a vector z ∈ R

d onto the linear subspace
C(t, r). If Rt = r, then the the optimal strategy π̂t on [t, T ] satisfies

π̂sβ(s,Rt,r
s ) = ΠC(t,r)[Ẑ

t,r
s +

1
η
ϑ(s,Rt,r

s )], s ∈ [t, T ].

The last statement follows from Theorem 7 in (Hu et al (2005)).
Analogously, let (Y t,r, Zt,r) be the solution

(6) Y t,r
s = −

∫ T

s
Zt,r

u dWu −
∫ T

s
f(u, Rt,r

u , Zt,r
u )du, s ∈ [t, T ].

Then we have V 0(v, t, r) = −e−η(v−Y t,r
t ), and the optimal strategy πt on [t, T ] satisfies

πsβ(s,Rt,r
s ) = ΠC(t,r)[Z

t,r
s +

1
η
ϑ(s,Rt,r

s )], s ∈ [t, T ].
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Since ΠC(t,r) is a linear operator, the derivative hedge is equal to

Δsβ(s,Rt,r
s ) = ΠC(t,r)[Ẑ

t,r
s − Zt,r

s ].

The Markov Property of the BSDEs

One can show that the solutions of the BSDEs (5) and (6) are deterministic functions of (t, Rt,r).

Theorem 2. There exist measurable deterministic functions u(t, x), v(t, x), û(t, x) and v̂(t, x) such
that

Y t,r
s = u(s,Rt,r

s ) and Zt,r
s = v(s,Rt,r

s )ρ(s,Rt,r
s ), and

Ŷ t,r
s = û(s,Rt,r

s ) and Ẑt,r
s = v̂(s,Rt,r

s )ρ(s,Rt,r
s ),

for P ⊗ λ-a.a. (ω, s) ∈ Ω × [t, T ].

Let us give a sketch of the proof. The generator function f(t, r, z) is a polynomial of the
components of z of at most second degree. Therefore there exist functions fn : R+ × R

m × R
d → R,

globally Lipschitz continuous in z, such that for all compact sets K ⊂ R
m × R

d the sequence fn

converges to f uniformly on [0, T ] × K. The statement is known to be true for BSDEs with the
Lipschitz generators fn (see El Karoui, Peng, Quenez 1997). We can deduce the result by using a
stability property of quadratic BSDEs (see Kobylanski 2005).

Indifference prices

Theorem 2 implies that there exists a nice version of the so-called indifference prices.

Theorem 3. There exists a measurable deterministic function p : [0, T ] × R
m → R such that for all

v ∈ R

(7) V F (t, v − p(t, r), r) = V 0(t, v, r).

Proof. Recall that F (v, t, r) = −e−η(v−Ŷ t,r
t ) and V 0(v, t, r) = −e−η(v−Y t,r

t ). Then put p(t, r) = u(t, r)−
û(t, r), where u and û are defined as in Theorem 2.

Remark 4. Theorem 3 shows that the indifference price at time t depends only on the value of the
index process at time t. It does not depend on the value of the price process!

For the rest of the section let p(t, r) denote the deterministic function defined in the Theorem
3. p(t, r) will be referred to as the indifference price at time t relative to the risk level r.

Theorem 3 implies that the indifference price satisfies a dynamic principle. For any stopping time
τ ≤ T and Fτ -measurable random variable Gτ let V F (τ,Gτ ) = esssup{E[U(Gτ +Gλ,τ

T +F (R0,r
T )|Fτ ] :

λ ∈ A adm.}. Similarly we define V 0(τ,Gτ ).

Corollary 5. We have

V F (τ,Gτ − p(τ,R0,r
τ )) = V 0(τ,Gτ ).

Explicit hedging strategies

We now turn to the optimal strategies, and in particular to the derivative hedge. We start by
noting that similar to the indifference price the optimal strategies do only depend on the index process
R.
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Theorem 6. There exist measurable deterministic functions γ̂ and γ : [0, T ] × R
k → R such that

conditioned on Rt = r, the optimal investment strategies π̂ and π satisfy

π̂sβ(s,Rt,r
s ) = γ̂(s,Rt,r

s ) and πsβ(s,Rt,r
s ) = γ(s,Rt,r

s ),

for all s ∈ [t, T ].

Remark 7. Note that Theorem 6 implies that the optimal strategies are so-called Markov controls.

If we impose stronger conditions on the coefficients of the risk process R and the function F ,
then we can show that the price function p(t, x) is differentiable in x, and we can express the derivative
hedge in terms of the price gradient. To this end we need to introduce the following class of functions:

Definition 8. Let n, p ≥ 1. We denote by Bn×p the set of all functions h : [0, T ] × R
m → R

n×p,
(t, x) �→ h(t, x), differentiable in x, for which there exists a constant C > 0 such that
sup(t,x)∈[0,T ]×Rm

∑m
i=1

∣∣∣∂h(t,x)
∂xi

∣∣∣ ≤ C; and for all t ∈ [0, T ] we have supx∈Rm
|h(t,x)|
1+|x| ≤ C and x �→ ∂h(t,x)

∂x

is Lipschitz continuous with Lipschitz constant C.

We will assume that the coefficients of the index diffusion satisfy

(R2) ρ ∈ Bm×d, b ∈ Bm×1, and

(R3) F is a bounded and twice differentiable function such that ∇F ·ρ ∈ B1×d and
∑m

i=1 bi(t, r) ∂
∂ri

F (r)+
1
2

∑m
i,j=1[ρρ∗]ij(t, r) ∂2

∂ri∂rj
F (r) ∈ B1×1.

The next result guarantees differentiability of the functions u and û defined in Theorem 2.

Lemma 9. Suppose that (R1), (R2) and (R3) are satisfied; f is differentiable in r; and f and ∇rf

are globally Lipschitz continuous. Then the functions u and û are Lipschitz continuous relative to r.
Moreover they are continuously differentiable in r.

Theorem 9 follows from the differentiability of Ŷ t,r and Y t,r with respect to r. For a proof hereof
we refer to ISI presentation by Gonçalo Reis with the title ’On Classical and Variational Differentiablity
of BSDEs with quadratic growth’ (see also Ankirchner, Imkeller, Reis 2007).

Theorem 10. Suppose that the assumptions of Lemma 9 are satisfied. Then the indifference price
function p(t, r) is continuously differentiable in r.

Having shown smoothness of the indifference price, we can finally derive an explicit formula for
the derivative hedge in terms of the price gradient.

Theorem 11. Under the assumptions of Lemma 9 the derivative hedge Δt depends only on Rt, and

(8) Δ(t, r)β(t, r) = −ΠC(t,r)[∇rp(t, r)ρ(t, r)].

Corollary 12. Let k = 1. Then the derivative hedge is given by

Δ(t, r) = −〈β(t, r),∇rp(t, r)ρ(t, r)〉
|β(t, r)|2 = −

∑d
i=1 βi(t, r)

∑m
j=1

∂
∂rj

p(t, r)ρji(t, r)∑d
i=1 β2

i (t, r)
.

Proof. Note that C(t, r) = {xβ(t, r) : x ∈ R} is a one-dimensional subspace in R
d. For all z =

(zi)1≤i≤d ∈ R
d let g(z) = 〈β(r,t),z〉

|β(t,r)|2 =
∑d

i=1 βi(t,r) zi∑d
i=1 β2

i (t,r)
. Then g(z)β(t, r) is the orthogonal projection of z

onto C(t, r). Thus Theorem 11 yields that Δ(t, r) = −g(∇rp(t, r)ρ(t, r)).
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Remark 13. 1) Note that the risk aversion coefficient η does not appear in the formula (8) for the
derivative hedge.
2) If k = d and the matrices β(t, r) are all invertible, then our financial market is complete and the
derivative F (RT ) can be fully replicated. Moreover the derivative hedge satisfies

Δ(t, r) = −∇rp(t, r)ρ(t, r)β−1(t, r).

If S is chosen to be the index, i.e. R = S, then we obtain Δ =
(

∂p
∂s1

S1 · · · ∂p
∂sk

Sk
)
. Moreover, the

number of shares to invest in the asset i is given by Δi(t,r)
Si(t,r)

= ∂p
∂si

. Thus Δ coincides with the classical
’delta hedge’.

Example 14. As in Example 1 suppose that R is the moving average cHDD process modeled as a
geometric Brownian motion, and assume that there exists one correlated risky asset. More precisely
let d = 2, k = m = 1, ρ =

(
α2 0

)
, β =

(
β1 β2

)
with α2, β1, β2 ∈ R \ {0}. Then

Δ(t, r) = −α2
∂p(t, r)

∂r

β1

β2
1 + β2

2

.
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RÉSUMÉ

We consider derivatives that are based on non-tradable underlyings, like weather derivatives
based on a temperature index, or catastrophe futures based on a loss index. And we assume that the
underlyings are correlated with assets tradable on a financial market. We study the Markov property
of indifference prices of the derivatives and the differentiability with respect to the underlyings. Once
these properties are established, we can explicitly describe the optimal hedging strategies in terms of
the price gradient and correlation coefficients. We obtain thus a generalisation of the classical ’delta
hedge’ in complete markets. We use the fact that exponential indifference prices of derivatives can
be represented in terms of solutions of Backward Stochastic Differential Equation (BSDE) with a
quadratic growth generator. We show the Markov property of such BSDEs and generalize results on
the differentiability relative to the initial value of the forward equation.
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Introduction

The generally accepted natural framework for the most efficient formulation of pricing and
hedging contingent claims on complete financial markets, for instance in the classical Merton-Scholes
problem, is given by martingale theory, more precisely by the elegant notion of martingale measures.
Martingale measures represent a view of the world in which price dynamics do not have inherent
trends. From the perspective of this world, pricing a claim amounts to taking expectations, while
hedging boils down to pure conditioning and using martingale representation.

At first glance, hedging a claim is, however, a problem calling upon stochastic control: it consists
in choosing strategies to steer the portfolio into a terminal random endowment the portfolio holder
has to ensure. Solving stochastic backward equations (BSDE) is a technique tailor-made for this
purpose. This powerful tool has been introduced to stochastic control theory by Bismut (1976). Its
mathematical treatment in terms of stochastic analysis was initiated by Pardoux and Peng (1990),
and its particular significance for the field of utility maximization in financial stochastics clarified
in El Karoui, Peng and Quenez (1997). To fix ideas, we restrict our attention to a Wiener space
probabilistic environment. In this framework, a BSDE with terminal variable ξ at time horizon T and
generator f is solved by a pair of processes (Y, Z) on the interval [0, T ] satisfying

Yt = ξ −
∫ T

t
ZsdWs +

∫ T

t
f(s, Ys, Zs)ds, t ∈ [0, T ].(1)

In the case of vanishing generator, the solution just requires an application of the martingale rep-
resentation theorem in the Wiener filtration, and Z will be given as the stochastic integrand in the
representation, to which we will refer as control process in the sequel. The classical approach of exis-
tence and uniqueness for BSDE involves a priori inequalities as a basic ingredient, by which unique
solutions are constructed via fixed point arguments, just as in the case of forward stochastic differential
equations.

In this paper we are looking for a notion in the context of BSDE that plays the role of the
martingale measure in the context of hedging claims. Our main interest is directed to BSDE of the
type (1) with generators that are non-Lipschitzian, and depend on the control variable z quadratically,
typically f(s, y, z) = z2 b(s, z), s ∈ [0, T ], z ∈ R, with a bounded function b. These generators were
given a thorough treatment in Kobylanski (2000), Briand, Hu (2005), and Lepeltier, San Martin
(1998). While Kobylanski (2000) and Lepeltier, Sanmartin (1998) consider existence and uniqueness
questions for bounded terminal variables ξ, Briand and Hu (2005) goes to the limit of possible terminal
variables by considering ξ for which exp(γ|ξ|) has finite expectation for some γ > 2||b||∞. All these
papers employ different methods of approach following the classical pattern of arguments mentioned
above. In contrast to this, we shall investigate an alternative notion of solution of BSDE, the generators
of which fulfill similar conditions. In analogy with martingale measures in hedging which effectively
eliminate drifts in price dynamics, we shall look for probability measures under which the generator of a
given BSDE is seen as vanishing. Given such a measure Q which we call measure solution of the BSDE
and supposing that Q ∼ P, the processes Y and Z are the results of projection and representation
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respectively, i.e. Y = E
Q(ξ|F·) = Y0+

∫ ·
0 ZsdW̃s, where W̃ is a Wiener process under Q. To summarize

the findings of the paper, we basically show that existence Theorems obtained in the papers quoted
are recovered in a more elegant and concise way in terms of measure solutions. On the other hand, the
notion of measure solution being closer in spirit to weak solutions or solutions of martingale problems,
we obtain new existence results for some generators, without touching uniqueness questions in general.
Of course, determining a measure Q under which the generator vanishes amounts to doing a Girsanov
change of probability that eliminates it. We therefore have to look at the BSDE in the form

Yt = ξ −
∫ T

t
Zs

[
dWs − f(s, Ys, Zs)

Zs
ds

]
, t ∈ [0, T ],(2)

define g(s, y, z) =
f(s, y, z)

z
, and study the measure

Q = exp
(

M − 1
2
〈M〉

)
· P

for the martingale M =
∫ ·
0 g(s, Ys, Zs)dWs. One of the fundamental problems that took some effort

to solve consists in showing that Q is a probability measure. Here one has to dig essentially deeper
than Novikov’s or Kazamaki’s criteria allow. We successfully employed a criterion which is based on
the explosion properties of the quadratic variation 〈M〉, which we learnt from a conversation with M.
Yor, and has been latent in the literature for a while, see Liptser, Shiryaev (2001), or the more recent
paper by Wong, Heyde (2004). This criterion allows a simple treatment of the problem of existence
of measure solutions in the case of bounded terminal variable, and a still elegant and efficient one in
the borderline case of exponentially integrable terminal variable considered by Briand, Hu (2005).

Here is an outline of the presentation of our material. Throughout we consider BSDE possessing
generators with quadratic nonlinearity in z. In the first part we start with strong (classical) solutions
(Y, Z) of our BSDE, to show existence of measure solutions. In case terminal variables are bounded,
this is a relatively easy task. Things become essentially more complex, as soon as one passes to
exponentially integrable terminal variables.

In the second part we present algorithms allowing to construct measure solutions for BSDE
without reference to classical ones. First we construct measure solutions for Lipschitzian generators,
under less restrictive conditions than in El Karoui, Huang (1997). We then assume boundedness of
the terminal variable, and approximate non-Lipschitzian generators by a sequence of Lipschitz ones
to obtain a measure solution version of Kobylanski’s (2000) or Lepeltier, San Martin’s (1998) results.

Strong solutions generate measure solutions

In this section we concentrate on the case in which strong solutions of our genuine BSDE exist.
We show that measure solutions Q with Q equivalent to P exist. We consider the following class of
generators. Let

f : Ω × [0, T ] × R → R

satisfy the Assumption (H1):

• (i): f(s, z) = f(·, s, z) is adapted for any z ∈ R,

• (ii): f is continuous in z,

• (iii): f(s, z) = z2 b(s, z),

with some bounded continuous function b bounded by |α| > 0. At places, we will use the more
restrictive hypothesis
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• (iii)’: f(s, z) = α(z2 + z b(s, z)),

with some constant α �= 0. Consider the BSDE

Yt = ξ −
∫ T

t
ZsdWs +

∫ T

t
f(s, Zs)ds, t ∈ [0, T ].(3)

Let us now define our concept of measure solution. Let

g(s, z) =
f(s, z)

z
, s ∈ [0, T ], z ∈ R.

According to (iii) resp. (iii)’, we have

g(s, z) = z b(s, z) resp. α (z + b(s, z)), s ∈ [0, T ], z ∈ R.

Note that g is continuous.

Definition 1 A triple (Y, Z, Q) is called measure solution of the BSDE (3), if Q is a probability
measure on (Ω,F), (Y, Z) a pair of (Ft)–adapted stochastic processes such that the following conditions
are satisfied:

W̃ = W −
∫ ·

0
g(s, Zs)ds is a Q − Brownian motion,

ξ ∈ L1(Ω,F , Q),

Yt = E
Q(ξ|Ft) = ξ −

∫ T

t
ZsdW̃s, t ∈ [0, T ].

We start by showing the existence of a measure solution in case the terminal variable ξ is
bounded, and of course that (3) possesses a strong solution (Y, Z). In accordance with results of the
literature (see for example Kobylanski 2000), it is natural to assume that Y is bounded, by the same
constant as ξ.

Theorem 1 (Bounded case) Assume that ξ is bounded, and that f satisfies Assumption (H1). Then
there is a measure solution of (3) such that Q is equivalent to P.

Proof: In Kobylanski (2000) or Lepeltier and San Martin (1998), it is proved that under our
conditions (i)-(iii) there exists a strong solution (Y, Z) satisfying

∫ T
0 Z2

s ds < ∞ P − a.s. It is clear
that all we have to establish is that the measure

Q = VT · P,

with

V = exp
(

M − 1
2
〈M〉

)
leads to a probability measure equivalent to P. This will be done by investigating possible explosions
of the quadratic variation process 〈M〉. For n ∈ N, let

τn = inf{t ≥ 0 : 〈M〉t ≥ n}.(4)

Let Qn = VT |Fτn
·P be the measure change locally on Fτn . We know that Qn is a probability measure

equivalent to P. Note first that the Radon-Nikodym density of Qn with respect to P on Fτn is given
by

Vτn = exp
(

Mτn − 1
2
〈M〉τn

)
.
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Moreover, the drifted process

W̃n = W −
∫ τn∧·

0
g(s, Zs)ds

is a Qn– Brownian motion, in particular locally up to time τn. One can show

Qn(τn < T ) → 0 (n → ∞)(5)

which implies that Q is a probability measure (see Heyde, Wong (2004), or Liptser, Shiryaev (2001). �

In the following we shall discuss terminal variables that are not bounded. As is known from
literature, see for example Briand, Hu (2006), this case is by far more complex. For example, it is
here that even if the generators are smooth, solutions stop to be unique. One can exhibit examples
which complement the result shown in Briand, Hu (2007), according to which uniqueness is granted in
case the generator of the BSDE possesses additional convexity properties, and the terminal variable
possesses exponential moments of all orders. This fact underlines that also variations in the generator
affect questions of existence and uniqueness of solutions a lot. For this reason, and also to keep better
oriented on a windy track with many bifurcations, we choose a simpler generator, and work under
(iii)’ with b = 0, i.e. our generator is given by

f(s, z) = αz2.

We further assume without loss of generality that α > 0. This can always be obtained in our BSDE
by changing the signs of ξ, and the solution pair (Y, Z). Nonetheless, it turns out that positive and
negative terminal variables need a separate treatment. We start by assuming that ξ be bounded below.
Note that by a linear shift of Y we may assume that ξ ≥ 0. We shall further work under exponential
integrability assumptions in the spirit of Briand, Hu (2005). According to this paper, exponential
integrability of the terminal variable of the form

E(exp(γ|ξ|)) < ∞(6)

for some γ > 2α is sufficient for the existence of a solution.
In the following theorem we prove that (Y, Z) gives rise to a measure solution.

Theorem 2 (Bounded from below) Assume that that f satisfies f(s, z) = αz2, z ∈ R, s ∈ [0, T ], and
that ξ is bounded below and satisfies (6). Then there is a measure solution of (3) such that Q is
equivalent to P.

A similar statement may be deduced for terminal conditions ξ bounded from above.

An algorithm constructing measure solutions - the Lipschitz case

We shall now construct measure solutions from first principles. In particular, we shall not assume
any knowledge about strong solutions.

In order to obtain a self-contained theory that is not using any knowledge on classical solutions,
we first construct measure solutions in the setting for which they have been studied mostly: for
generators that possess Lipschitz properties and increase at most linearly. We shall even allow the
control process Z to be multi-dimensional. More formally, in this section we consider the following
class of generators. Let

f : Ω × [0, T ] × R
d → R

satisfy the Assumption (H2):

• (1) f(s, z) = f(·, s, z) is adapted for any z ∈ R
d;
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• (2) E

(∫ T

0
|f(s, 0)|γds

)
< ∞;

• (3) the set {s ∈ [0, T ], f(s, .) is not continuous} is of Lebesgue measure zero;

• (4) |f(s, z) − f(s, 0)| ≤ φs|z| for all s ∈ [0, T ], z ∈ R
d;

with some constants K > 0, γ ≥ 1 and some non negative process φ. We suppose that ξ ∈ Lγ , γ ≥ 1,
and we shall assume in the following that f(s, 0) = 0 for all s ∈ [0, T ]. This can be done without loss
of generality, since we may replace ξ with the γ-integrable random variable ξ̃ = ξ +

∫ T
0 f(s, 0)ds.

Now for z ∈ R
d, for all 1 ≤ j ≤ d, let z(j) denote the d-dimensional vector whose first j

components are equal to those of z, and whose last d−i components are equal to 0. With this notation,
we define a function gj : Ω × [0, T ] × R

d → R by the requirement that for all s ∈ [0, T ], z ∈ R
d:

gj(s, z) =
f(s, z(j)) − f(s, z(j−1))

zj
, if zj �= 0,

= 0, if zj = 0.

Here zi denotes the i component of the vector z. Therefore we have defined the function g with values
in R

d and g is bounded by the process φ.
The process φ verifies either

∃κ > 1, E

[
exp

(
κ

2

∫ T

0
φ2

rdr

)]
< +∞;(7)

or

the martingale
(

Lt =
∫ t

0
φrdWr

)
t∈[0,T ]

is BMO.(8)

We denote by ‖L‖ the BMO2-norm of L. Theorem 2.2 in Kazamaki (1994) implies (7), with 1/κ =
2‖L‖2. Remark that (7) is a stronger Novikov condition. From these assumptions (see Kazamaki
(1994), Thm 2.3), we know that for 0 ≤ t ≤ T ,

E(φW )t = exp
(∫ t

0
φrdWr − 1

2

∫ t

0
φ2

rdr

)

is a uniformly integrable martingale.
Our solution algorithm for (3) is based on a recursively defined change of measure. Let Q0 = P,

and W 0 = W , the coordinate process which is a Wiener process under Q0. Set

Y 1 = E(ξ|F·) = E(ξ) +
∫ ·

0
Z1

s dW 0
s ,

and

Q1 = exp
(∫ T

0
g(s, Z1

s )dWs − 1
2

∫ T

0
g(s, Z1

s )2ds

)
· P = R1

T · P.

Then
W 1 = W −

∫ ·
0

g(s, Z1
s )ds

is a Wiener process under Q1. Indeed under (7), the Novikov condition is satisfied, and under (8), the
martingale

M1
t =

∫ t

0
g(s, Z1

s )dWs
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is BMO. Now since (Q1, Q0) is a Girsanov pair, it is well known that the predictable representation
property is inherited from the Brownian motion W 0 to the Brownian motion W 1. See for example
Revuz, Yor (1999), p. 335. Hence there exists a pair (Y 2, Z2) of processes such that for all t ∈ [0, T ]

Y 2
t = E

Q1
(ξ|Ft) = E

Q1
(ξ) +

∫ t

0
Z2

s dW 1
s .

Assume that Qn is recursively defined, along with the Brownian motion

Wn = W −
∫ ·

0
g(s, Zn

s )ds

under Qn. Then Revuz, Yor (1999) may be applied to obtain two processes (Y n+1, Zn+1) such that

Y n+1 = E
Qn

(ξ|F·) = E
n(ξ|F·) = E

n(ξ) +
∫ ·

0
Zn+1

s dWn
s .

Now set

Qn+1 = exp
[∫ T

0
g(s, Zn+1

s )dWs −
∫ T

0
g(s, Zn+1

s )2ds

]
· P = Rn+1

T · P

to complete the recursion step. Then from our assumptions on φ, and from the boundedness of g, the
sequence of probability measures (Qn)n∈N is well defined and consists of measures equivalent with P .
In a first step one needs to show tightness for this sequence.

Theorem 3 The sequence (Qn)n∈N is tight.

In a second step, we have to establish the boundedness in L2 of the control sequence (Zn)n∈N obtained
by the algorithm.

Theorem 4 There exists a function Ψ such that, if γ > Ψ(κ) for (7) or γ > Ψ(‖L‖) for (8), then

there exists p > 1 such that E

[(∫ T

0
(Zn

s )2ds

) p
2

]
is a bounded sequence.

Equipped with these results, one can prove that along subsequences (Y n) and (Zn) converge, from
where we obtain the following existence theorem.

Theorem 5 Assumption (H1) holds. There exists a probability measure Q equivalent to P and an
adapted process Z such that E([

∫ T
0 |Zs|2ds]

1
2 ) < ∞ such that, setting

RT = exp
(∫ T

0
g(s, Zs)dWs − 1

2

∫ T

0
g(s, Zs)2ds

)
, W Q = W −

∫ ·
0

g(s, Zs)ds,

we have
Q = RT · P,

and such that the pair (Y, Z) defined by

Y = E
Q(ξ|F·) = E

Q(ξ) +
∫ ·

0
ZsdW Q

s

solves the BSDE (3).

An algorithm constructing measure solutions - the quadratic case

We shall now pass to the case of non-Lipschitz generators. This will be done in several steps, consisting
in a hierarchy of approximations by solutions known from the previous steps.
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Let us assume here that the generator of our BSDE satisfies Assumption (H1), and let ξ be bounded
and FT –measurable. Our solution algorithm for (3) is based on a recursively defined change of measure,
on the basis of solutions of the corresponding BSDE with an approximating sequence of generators
linearly bounded in z. For n ∈ N let

fn : Ω × [0, T ] × R → R

be chosen with the following properties

(i) fn(s, z) = fn(·, s, z) is adapted for any z ∈ R,

(ii) fn is continuous in z,

(iii) there is a constant cn > 0 such that |fn(s, z)| ≤ cn|z|
for all s ∈ [0, T ], z ∈ R,

(iv) |fn| ≤ |f |, and fn → f uniformly on compact sets in R × [0, T ] as n → ∞.

For n ∈ N, consider the BSDE associated with generator fn

Y n
t = ξ −

∫ T

t
Zn

s dWs +
∫ T

t
fn(s, Zn

s )ds, t ∈ [0, T ].(9)

Let
gn(s, z) =

fn(s, z)
z

, z ∈ R, n ∈ N.

Note that fn satisfies Assumption (H2). By our previous section, there exists a probability measure

Qn = exp
(∫ T

0
gn(s, Zn

s )dWs − 1
2

∫ T

0
gn(s, Zn

s )2ds

)
· P,

a Wiener process under Qn

Wn = W −
∫ ·

0
gn(s, Zn

s )ds

and we have
Y n = E

Qn
(ξ|F·) =

∫ ·
0

Zn
s dWn

s .

We now aim at constructing a limit point of the sequence (Qn)n∈N, which will in fact represent a
measure solution of (3). For this purpose it will be necessary to prove boundedness of (Zn)n∈N in L2,
and tightness of the sequence (Qn)n∈N. Let us start with the first goal.

Theorem 6 Let ξ be bounded, and assume that f satisfies Assumption (H1), with a bound c for the
function b. Then there exists a constant k such that for any t ∈ [0, T ] we have

sup
n∈N

E

(∫ T

t
(Zn

s )2ds

∣∣∣∣Ft

)
≤ k E(exp(2cξ)) < ∞.(10)

Next one needs to show tightness of the sequence (Qn)n∈N.

Theorem 7 Assume that ξ is bounded. Then (Qn)n∈N is tight.

With these results one can prove an existence result.

Theorem 8 Suppose that ξ is bounded. There exists a probability measure Q equivalent to P and an
adapted process Z such that E([

∫ T
0 Z2

s ds]
1
2 ) < ∞ such that, setting

R = exp(
∫ T

0
g(s, Zs)dWs − 1

2

∫ T

0
g(s, Zs)2ds), W Q = W −

∫ ·
0

g(s, Zs)ds,
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we have
Q = R · P,

and such that the pair (Y, Z) defined by

Y = E
Q(ξ|F·) =

∫ ·
0

ZsdW Q

s

solves the BSDE (3).
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RÉSUMÉ

We consider backward stochastic differential equations (BSDE) with nonlinear generators typi-
cally of quadratic growth in the control variable. A measure solution of such a BSDE will be understood
as a probability measure under which the generator is seen as vanishing, so that the classical solution
can be reconstructed by a combination of the operations of conditioning and using martingale rep-
resentations. We show that classical solutions entail the existence of measure solutions. To go the
other way, we prove a priori inequalities providing bounds on exponential moments of the control pro-
cesses. Then we give some algorithms based for instance on approximations of singular generators by
smoother ones, which construct measure solutions from first principles, in particular without reference
to classical solutions. This way we provide an elegant and efficient method to at least recover classical
existence Theorems for BSDE.
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Optimal risk sharing for

law invariant monetary utility functions

E. Jouini ∗ W. Schachermayer † N. Touzi ‡

Abstract

We consider the problem of optimal risk sharing of some given total risk be-
tween two economic agents characterized by law-invariant monetary utility functions
or equivalently, law-invariant risk measures. We first prove existence of an optimal risk
sharing allocation which is in addition increasing in terms of the total risk. We next
provide an explicit characterization in the case where both agents’ utility functions are
comonotone. The general form of the optimal contracts turns out to be given by a sum
of options (stop-loss contracts, in the language of insurance) on the total risk. In order
to show the robustness of this type of contracts to more general utility functions, we
introduce a new notion of strict risk aversion conditionally on lower tail events, which
is typically satisfied by the semi-deviation and the entropic risk measures. Then, in
the context of an AV@R-agent facing an agent with strict monotone preferences and
exhibiting strict risk aversion conditional on lower tail events, we prove that optimal
contracts again are European options on the total risk.
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The problem of optimal sharing of risk between two agents has been considered by many
authors, starting from Arrow [1], Borch [9], Bühlmann [7], Bühlmann and Jewell [8], see
also Gerber [17]. The main motivation was the application to insurance problems. For an
extensive list of references, we refer to the recent paper by Dana and Scarsini [11] and the
second edition of the book by Föllmer and Schied [16]. The general setting of the problem
is the following. The initial risk endowments of the agents are defined by the bounded
random variables X0 and X1, so that the aggregate risk is given by X := X0 + X1. An
allocation (ξ0, ξ1), with ξ0 +ξ1 = X, is called an optimal risk sharing if it is Pareto optimal
and satisfies the individual rationality constraint, i.e. none of the agents experiences a loss
of utility by passing from Xi to ξi.

The purpose of this paper is to obtain an explicit characterization of the optimal risk
sharing in the context of monetary utility functions. Up to the sign, monetary utility
functions are identical to convex risk measures [15, 12], a popular notion in particular
since the Basel II accord. Indeed, U is a monetary utility function if and only if ρ = −U is
a convex risk measure in the sense of Föllmer and Schied [15], Frittelli and Rosazza-Gianin
[12]. We shall rather use the language of monetary utility functions in order to embed our
analysis in the setting of classical utility theory. Our framework is mainly motivated by
Barrieu and El Karoui [3, 4, 5, 6] who showed that, when the agents’ utilities are given by
Ui(ξ) := γ−1

i U(γiξ) for some γi > 0 and some monetary utility function U , the optimal
risk sharing rule is proportional to the aggregate risk. We also refer to Heath and Ku [18]
for analyzing Pareto optimal risk between banks defined by coherent risk measures in a
finite probability space.

In comparison to the general utility theory, the setting of monetary utility functions
induces a remarkable simplification, as it induces a clear separation between the Pareto
optimality and the individual rationality constraints which define an optimal risk sharing
rule. Pareto optimal allocations are defined up to a constant, and their characterization
reduces to the calculation of the sup-convolution of the utility functions, as observed in
[3]. As a second independent step, the choice of the constant, or the premium, inside
the interval of reservation prices of the agents then characterizes all optimal risk sharing
allocations.

In this paper, we specialize further the class of monetary utility functions by assuming
the law-invariance property. Under this condition, we prove that the set of optimal risk
sharing allocations is not empty. We next derive an explicit characterization of optimal
risk sharing allocations in two concrete settings :

(i) When the preferences of both agents are defined by comonotone law-invariant utility
functions (a typical example being U = −AV @Rα), a precise description of the optimal

2
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risk sharing rule is provided. The key-ingredient is the quantile representation of Kusuoka
[21] which is further extended in [13], [16] and [19]. We prove that Pareto optimal alloca-
tions are given by sums of European options (“stop-loss contracts” or simply “deductibles”
in the insurance terminology) written on the aggregate risk X. We observe that this set-
ting is intimately connected to the context of convex distorsions of probability as studied
in Carlier and Dana [10].

(ii) As a second example, we fix some α ∈ (0, 1), and we assume that the utility of Agent
0 is defined by U0 = −AV @Rα, where AV @Rα is the so-called average value at risk or
expected shortfall risk measure. This is the prime example of a comonotone monetary
utility function. Agent 1 is defined by a law-invariant monetary utility function which is
strictly monotone. We further assume that Agent 1 is strictly risk averse conditionally
on lower tail events. Loosely speaking, it states that the agent has a strict preference for
averaging lower tail events of risk. The class of monetary utility functions which satisfy
these two conditions include the so-called entropic utility and the semi-deviation utility
(see e.g. [14]). We remark that U0 = −AV @Rα is neither strictly monotone, nor strictly
risk averse conditionally on lower tail events. In the above setting, we show that Pareto
optimal allocations are defined by classical options : Agent 0 offers a stop-loss contract
defined by a threshold κ, and leaves Agent 1 with the aggregate risk capped at the level
κ, i.e. (ξ0, ξ1) = (−(X − κ)−, κ ∨ X). In particular this shows that Agent 0 takes the
extremal risks, and that the AV@R measure of risk is not so prudent.

We believe that the above stated results provide an additional justification for the ex-
istence of options in financial markets, and stop-loss contracts, deductibles and layers in
insurance markets.

We conclude by pointing out the importance of the concavity of the utility function. It
was stressed in [2] that the V@R criterion for risk measuring leads to incoherent results
because of the lack of sub-additivity. The present context of risk sharing provides another
result in this direction. Indeed, let Agent 1 be defined by any monetary utility function.
Assuming that Agent 0 is defined by the utility function U0 = −V @Rα(X), it follows
clearly that the level of the random variable on the event set {X < V@Rα(X)} is not
relevant for this agent. Then, an optimal risk sharing allocation consists in endorsing
her any large amount of risk on the event set {X < V@Rα(X)} ! In other words, the
V @Rα−agent endorses an infinite amount of risk with positive probability. Hence the
very question of optimal risk sharing leads to silly results if one of the agents uses the
V@R criterion as a measure of risk.

Our findings are presented and proved in detail in [20].

3
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[7] Bühlmann, H. (1984). The general economic principle premium. Astin Bulletin 14,
13-21.
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Pérez–González, Ana
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1 Introduction

Partially regression models assume that we have a response yi ∈ IR and covariates or design points
(xi, ti) such that xi ∈ IRp. ti ∈ [0, 1] satisfying

yi = xt
i β + g (ti) + εi 1 ≤ i ≤ n ,(1)

with the errors εi independent, with E(εi|(xi, ti)) = 0 and σ2(x, t) = var (εi|(xi, ti)) < ∞.
As it is well known, most of the statistical methods in nonparametric and semiparametric re-

gression models are designed for complete data sets and problems arise when missing observations are
present. This is a common situation in biomedical or socioeconomic studies, for example.

A wide literature on methods for regression analysis with missing data is available. In the regres-
sion setting, a common method is to impute the incomplete observations and then proceed to carry
out the estimation of the conditional or unconditional mean of the response variable with the com-
pleted sample. The methods considered include linear regression, kernel smoothing nearest neighbor
imputation, semiparametric estimation, nonparametric multiple imputation, empirical likelihood over
the imputed values, among others. For a nonparametric regression model, González–Manteiga and
Pérez–Gonzalez (2004) considered an approach based on local polynomials to estimate the regression
function when the response variable y is missing but the covariate x is totally observed. Wang, Lin-
ton and Härdle (2004) considered inference on the mean of y under regression imputation of missing
responses based on the semiparametric regression model (1). Under the setting we consider, the miss-
ingness of y is allowed to depend on (x, t). All the proposals considered up to now are very sensitive
to anomalous observations since they are based on a local least squares approach.
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We introduce resistant estimators for the regression parameter and for the marginal location of y,
say θ, under the following partly linear model (1) when the response variable has missing observations
but the covariates (x, t) are totally observed.

2 Proposals

We will consider inference with an incomplete data set (yi,xi, ti, δi), 1 ≤ i ≤ n where δi = 1 if yi is
observed and δi = 0 if yi is missing and

yi = xt
i β + g (ti) + εi 1 ≤ i ≤ n ,(2)

with the errors εi independent, identically distributed with symmetric distribution F0(·/σ). Moreover,
we will assume that εi are independent of (xi, ti, δi)

Let (Y,X, T, δ) be a random vector with the same distribution as (yi,xi, ti, δi). Our aim is to
estimate the regression parameter and the marginal location with the data set at hand. An ignorable
missing mechanism will be imposed by assuming that Y is missing at random (MAR), i.e., δ and Y

are conditionally independent given (X, T ), i.e.,

P (δ = 1|(Y,X, T )) = P (δ = 1|(X, T )) = p (X, T ) .(3)

We will denote by p = E (p (X, T )). We will consider kernel smoothers weights for the nonparametric
component which are given by

wi(t) =
K

(
ti − t

hn

)
δi

n∑
j=1

K

(
tj − t

hn

)
δj

,(4)

with K a kernel function, i.e., a nonnegative integrable function on IR and h the bandwidth parameter.
Note that the kernel weights are modified multiplying by the indicator of the missing variables in order
to adapt to the complete sample and avoid bias.

2.1 Estimators of the regression parameter

In the classical case, the regression estimators are defined by considering preliminary estimators of the
quantities

g(t) =
E(δX|T = t)
E(δ|T = t)

and g0(t) =
E(δY |T = t)
E(δ|T = t)

.

Note that using (3), δ is conditionally independent of Y and so we have that g0(t) = E(Y |T = t).
Then, using the fact that δY = δXtβ+δg(T )+δε, taking conditional expectation, it is easily obtained
that g0(t) = g(t)tβ + g(t) which implies that

δi (yi − g0(ti)) = δi (xi − g(ti))
t β + δiεi .

Then, the estimator of the regression parameter β, introduced by Wang, Linton and Härdle (2004),
is defined as the value

β̂ = argmin
β

n∑
i=1

δi

{
(yi − ĝ0,n(ti)) − (xi − ĝn(ti))

t β
}2

.
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An explicit expression for β̂ is given by

β̂ =

[
n∑

i=1

δi (xi − ĝn(ti)) (xi − ĝn(ti))
t

]−1 n∑
i=1

δi (yi − ĝ0,n(ti)) (xi − ĝn(ti)) .(5)

The estimation of the robust location conditional functional related to each component of xi

causes no problem since the data set is complete while that of the response yi is problematic since there
are missing responses. We will consider the approach given in Boente, González–Manteiga and Pérez–
González (2005). The simplified local M−smoother defined therein (SLMS) uses the information at
hand and defines the estimator with the complete observations only. The main problem is that if we
proceed as in Bianco and Boente (2004) with the complete sample, the conditions needed to ensure
Fisher–consistency entail that p (X, T ) = p(T ), which eliminates many situations arising in practice.
Thus, a profile–likelihood approach will be consider.

To define a robust estimator, we can proceed as follows

• Step 1 For each t and β, define gβ(t) and its related estimate ĝβ(t) using the simplified local
M−smoothers defined in Boente, González-Manteiga and Pérez-González (2005), i.e., as the
solution

E

⎡⎣δψ1

⎛⎝Y −Xtβ − gβ(t)

σ

⎞⎠ |T = t

⎤⎦ = 0 ,(6)

n∑
i=1

wi(t)ψ1

⎛⎝yi − xt
i β − ĝβ(t)

ŝ(t)

⎞⎠ = 0 ,(7)

• Step 2 The functional β(F ) where F is the distribution of (δ, Y,X, T ) is defined as

β(F ) = argmin
β

E

⎡⎣δρ

⎛⎝Y −Xtβ − gβ(T )

σ

⎞⎠ w2 (X)

⎤⎦
and its related estimate as

β̂ = argmin
β

n∑
i=1

δiρ

⎛⎝yi − xt
i β − ĝβ(ti)

σ̂

⎞⎠ w2 (xi)

with σ̂ an estimate of the scale σ. Therefore, the estimator is the solution of

n∑
i=1

δiψ

⎛⎜⎝yi − xt
i β̂ − ĝ

β̂
(ti)

σ̂

⎞⎟⎠ w2 (xi)
(
xi +

∂

∂β
ĝβ(ti)

∣∣∣
β=β̂

)
= 0(8)

When considering a redescending ψ function the weights w2 (x) can be avoided.

• Step 3 Then, the functional g(t, F ) is defined as g(t, F ) = gβ(F )(t) while the estimate of the
nonparametric component is ĝn(t) = ĝ

β̂
(t)

Under mild conditions, these functionals will be Fisher–consistent since the errors ε are inde-
pendent of (δ,X, T ).
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2.2 Estimation of the marginal location

Let us denote by θ the marginal location of Y . For instance, θ can be the M−location parameter of
Y solution of λ(a) = Eψ1 ((Y − a)/σ) = 0. When ψ1(u) = sg(u), θ is the median of Y . Denote by σ̂,
σ̂i and σ̂ma robust consistent estimators of the marginal scale of the variables involved, such as the
mad. Since, we only have the responses at hand the unknown values can be predicted by xt

i β̂ + ĝn(ti)
where ĝn(t) = φ̂0,n(t) − φ̂n(t)tβ̂. Besides, to correct the bias caused by the missing mechanism, it is
necessary to estimate the missing probability in some situations. Let us denote by

pn(x, t) =

n∑
i=1

K1

(
xi − x

λn

)
K2

(
ti − t

hn

)
δi

n∑
j=1

K1

(
xj − x

λn

)
K2

(
tj − t

hn

) .

The following three proposals give consistent estimators of the location parameter.

• Weighted Simplified estimate This estimate uses the complete sample and is the solution,
θ̂s, of

n∑
i=1

δi

pn(xi, ti)
ψ1

(
yi − θ̂s

σ̂

)
= 0

• Averaged M−estimate. If the errors distribution is symmetric, as assumed, and xt
i β+g (ti) =

θ + υi with υi with symmetric distribution, we have that the median of the distribution of Y

equals the median of Xtβ+g(T ) and similarly for the M−estimator, and so we get the estimator,
θ̂ma as the solution of

n∑
i=1

ψ1

(
xt

i β̂ + ĝn(ti) − θ̂ma

σ̂ma

)
= 0

• Weighted Imputed estimate. The following estimate can also be considered. The estimate
θ̂w is the solution of

n∑
i=1

δi

pn(xi, ti)
ψ1

(
yi − θ̂w

σ̂i

)
+

n∑
i=1

(
1 − δi

pn(xi, ti)

)
ψ1

(
xt

i β̂ + ĝn(ti) − θ̂w
σ̂i

)
= 0 ,(9)

that can be computed through an iterative procedure.
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RÉSUMÉ (ABSTRACT)

We consider a semiparametric partially linear regression model where missing data occur in the
response, but the covariates are totally observed. We consider the case in which the missingness of y

is allowed to depend on (x, t). We propose consistent estimators for the regression parameter and for
the marginal response location parameter as well.
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1. Introduction.  

Epilepsy is a chronic disorder in which seizures occur intermittently. Partial seizures (simple partial, 
complex partial and secondarily generalized tonic-clonic seizures) are the most common. Patients with 
refractory (uncontrolled with previous and/or current AED therapy) seizures often are treated with 2 to 4 
antiepileptic drugs (AEDs). Approximately 30% of patients with partial epilepsy have seizures that are 
refractory to available marketed AEDs alone or in combination (Miller et. al., 2003) .  
 

There are new compounds that are useful as adjunctive therapy for the treatment of patients with 
refractory partial seizures and that provide effective seizure control with good tolerance. We looked at one 
of those new add-on therapies developed by Pfizer Pharmaceuticals.  Our data included a combination of 6 
studies with the same endpoint and very similar designs. These studies were all randomized, double-blind, 
parallel-group, placebo-controlled, and multi-center studies in patients with refractory partial seizures 
(simple partial, complex partial, or secondarily generalized tonic-clonic). 
 

All subjects entered to either a 6-week or 8-week baseline phase after qualifying to enter the study and 
meeting some entry criteria. Subjects continued their concurrent AEDs at a stable dose throughout the 
baseline period. The baseline phase continued until the day before the first day of treatment with study 
medication. During baseline, seizure counts were assessed, based on a daily seizure diary, to determine 
baseline seizure frequency and eligibility for randomization was confirmed. All of the subjects who entered 
the double-blind treatment phase had medically refractory partial seizures as indicated by median baseline 
28-day rate of 9.5 and use of one or more concomitant AEDs.   
 

One of the routinely utilized measures of seizure activity in the medical literature (Miller et. al., 2003) 
is the 28-Day seizure rate defined as 

#  of partial sizures in period 2828 day rate = 
[# of days in  -  # of missing diary days in period ]

×
 

For example, if a patient has experienced 6 seizures during 49 days of baseline on the 
seizure record with 1 missing diary day in baseline, the 28-day seizure rate in baseline is equal to  
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[6/(49-1)]×28 or 3.5. This rate (or its natural log transformation) is used as a prognostic covariate (among 
others) in the models and is found to be highly predictive of the efficacy (Miller et. al. 2003), (Reynolds et. 
al., 1991).   
 

Standard analysis of the seizure data typically incorporates pre and post 28-day rate using statistical 
analysis such as ANCOVA. Alternatively, longitudinal methods, e.g. GEE or MEM are sometimes 
conducted on daily seizure counts. 
 

Now let us examine data from four patients as seen on Figure 1.  The patient in Figure 1a) starts 
having epileptic episodes on Day –57 (57 days before randomization) and continuous to recur an episode 
with a decreasing trend. The patient in Figure 1b) seems to have cycles of episodes of varying magnitude.  
This patient observes a few episodes every day that range between 4 and 7. In most cases, the longitudinal 
analysis of similar data just utilizes a smoothing line approach to the problem.  The approach is to 
summarize the data with descriptive statistics such as the 28-day rate and/or trend and then use these as 
covariates in a generalized linear model.  We find this approach inadequate and believe that we should 
incorporate the richness of the longitudinal data in predictions models. In the above example, the 28-day 
rates were very similar; however, the behaviors of the patients over time were very different. Similarly in 
Figure 1c) we present a smooth pattern and in 1d) we show a pattern that is very predictable. Overall the 
graphs might also show some periodicity and outliers. The four graphs emphasize the diversity of daily 
seizure patterns and the difficulty of fitting these patterns with any standard modeling. For these reasons we 
propose an alternative feature extraction method that will identify additional characteristics of longitudinal  
sequence and input these as predictors in modeling.  The proposed feature extraction method is based on 
deriving measures of regularity and smoothness from the second derivative of the sequence. In Section 2 we 
give an overall description of the proposed method, feature definition, clustering, selection and modeling.  In 
Section 3, we introduce two new robust indices. In Section 4 we present an application of the suggested 
methods on the epilepsy data. In Section 5 we discuss the methods. 
 
     a)                                                                    b) 
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Figure 1.  Examples two patients with similar 28-day rates. In a) the patient has episodes  every day with a 
decreasing trend.  In b) this patient has daily seizures of varying amounts. In c) the pattern is smooth and in 
d) is easy to predict. 
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2.  Proposed method.  Robust feature definition, clustering, selection and modeling.  

In this section we introduce several feature extracting methods that characterize the seizure pattern 
corresponding to each patient.  Figure 1 shows examples of series representing the daily seizure count for the 
baseline period of the study. The graphs show very strong patterns that are clearly non-random (predictable) 
and follow very specific shapes that do not correspond to patterns produced by standard statistical models 
such as GEE (Generalized Estimation Equations) or MEM (Mixed Effects Models). Furthermore, many of 
the patients exhibit outliers that might affect any model or feature parameter estimation. For those two 
reasons instead of fitting these data with an unrealistic model we will introduce a few indices which 
characterize the properties of the patterns that we observe on this kind of data. In order to avoid the influence 
of outliers we expect that these indices are reasonably robust and below provides the list of parameters that 
will be used for the representation of the patient pattern: 

1. Baseline seizure rate and possibly a trend representing the overall long term pattern of the series.    
2. Smoothness Index, which represent some measure of mid term periodicity and smoothness. 
3. Randomness index representing the short term pattern or how predictable is the sequence.  

The smoothness and randomness indices represent mid term and short term patterns that characterizes 
the deviations of the sequences from the basic trend. We could think of our data as represented by an 
equation of the sort: 

 
(2.1)     Data = Baseline Seizure  Rate + long term trend + mid term effect + short term effect

  
 

although the model effects might not be additive. Rather than presenting this model with a specific formula 
that might be too simplistic we decided to generate indices that measure some characteristics associated with 
the model effects.  
 
Once we define the indices we follow several analysis steps: 

(i) Cluster the patients using the baseline data and indices. The clustering method we used is Ward 
followed by k-means. We tried also PAM and other hierarchical methods but they seem to 
produce clusters that are too small or too large, which complicate the analysis. The k-means step 
is just so the partition might be used for prediction purposes using the minimum distance to the 
cluster centers as the rule for predicting the cluster for new observations. The clusters can be 
given some interpretation or description of the members’ index characteristics. 

 
(ii) We estimate the indices for the post-treatment period and use the values of the indices to assign 

the post-treatment sequences to the clusters obtained from (i). The patient is assigned to two 
clusters, one based on the baseline data and another on the post-treatment data. The two clusters 
are not necessarily the same might show shifts due to treatment affect.  

 
(iii) Build shift tables for various treatments and interpret the dominant shifts. 
 
(iv) Build a logistic regression model to predict treatment effect. A subject who experienced at least 

a 50% reduction in seizure frequency was classified as a responder.  Fit a logistic regression 
with terms for treatment, age (categorized as (0, 30], (30, 50], and > 50 years old), sex and age 
by sex interaction as the primary model.  The candidates for independent variables are (1) 
demographics (age, gender) (2) cluster membership at baseline (3) Index values.  Study the 
performance and compare it to the standard models that have been proposed earlier. Criteria for 
model building were based on the goodness of fit of different models and Akaike’s Information 
Criteria and hypotheses testing were evaluated with the use of the Wald tests and criteria for 
model evaluation for the predictive ability of the models were assessed by means of comparing 
the receiver operating curves (ROC).  

 
3.  New Robust Indices. 
 
3.1 Smoothness and periodicity indices.   
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We represent the mid term periodicity and smoothness of the model (2.1) with two indices applied to 
the daily seizure data. Prior to this calculation the daily series is preprocessed with a running medians filter 
to eliminate local outliers (two runs of length three).  
 

The smoothness index is defined as the expected second derivative square divided by the MSE.  The 
score is estimated by  

 
(3.1)               Score(Y) =  Ave(   Diff2(Y)2  ) /Var(Y) 2   

 
where Diff2 stands for the second difference operator. This score is  inspired from the penalty terms of 
smoothing splines. The index is then normalized to [0,1] by the transformation: 

(3.2)                  
11

1 2
SmoothInd

Score
= −

+ ×
.    

 
Algorithm: 

(1) Given a sequence Y={Yi }  we define Z as the sequence obtained by applying running medians of 3 
twice to Y. 

(2) Calculate S=Score(Z)  from (3.1). 
(3) Calculate the index value SmoothInd  from  (3.2). 
 

The periodicity index is calculated again after eliminating the outliers. The index is calculated by 
using a robust summary of the center of the periodogram of the sequence.  Empirical studies with our 
datasets suggest that both measures are somewhat correlated but they also complement each other. 
Algorithm: 

(1) Given a sequence Y={Yi }  we define Z as the sequence obtained by applying running medians of 3 
twice to Y. 

(2) Calculate P=Periodogram(Z). 
(3) Calculate the index value PeriodicInd  by taking a Huber M-estimator (Maronna et. al., 2006) of the 

middle 50% frequencies. 
 
3.2 A Randomness Index 

This index measures how predictable the patient’s seizure frequency is for the next day given its 
history. Some patients are very predictable because the seizures occur in increasing runs followed by 
decreasing runs followed by runs of zeroes (see Fig 1d) ). Our Randomness index is calculated by the 
following steps: 

(1) given a sequence Y={Yi }  we define Zi as +1 if Yi+1 > Yi  or –1 if  Yi+1 < Yi or 0 otherwise. Then the 
statistic T(Y) is the average of the first differences squared of { Zi }. T(Y) will be very small if the 
sequence is very predictable and large if it is random.  

(2) The randomness index score is calculated as the p-value of the observed T(Y)  under a prespecified 
number M of random permutations of the sequence Y.   In our example we used M = 1000. 

 
We can interpret the strength evidence of a local pattern, for example, as follows: 

(i) If the index is less than 0.05 then there is strong evidence of a pattern. 
(ii) If between 0.05  to 0.9,  there is low evidence of a pattern 
(iii) If close to 1,  (0.9+)  Generally means no information, the patient has very few episodes. 

 
3.3 Baseline trend index. 

The other component of the initial model is the baseline trend which is estimated with standard robust 
measures. In our analysis we used the MM-estimator4 of slope for simple linear regression of the baseline 
daily seizure data. One curiosity of  this data is that very robust estimates like least median squares (LMS) 
don’t work because there are many patients whose sequences have 50% or more zeros.  
 

Notice that each of the four indices is estimated robustly. This is very important here since otherwise 
our measures will not accommodate the presence of outliers. 
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4. Results  
We had a total 1825 patients in this analysis.  We analyzed patients that presented baseline data for 

the cluster analysis.  We deleted one patient as everything was missing on the diary.  There were 3 dose 
levels in one drug (Drug A), one dosage of a competitor (Drug B) and the placebo.  Patient characteristics 
were generally comparable among the treatment groups. The majority of the patients were white (> 90.0%) 
and most (55.9%) were in the range of 30 to 50 years at screening.  Age at diagnosis, duration of epilepsy, 
etiology, and median baseline seizure rate were comparable among the treatment groups. 
 
4.1 Cluster Analysis 

The results of the hierarchical (Ward) cluster analysis followed by K-means are presented in Figure 2.  
Note that these clusters were based on the baseline patients’ data and that we forced 5 clusters to be utilized.   
 

The color codes of black, red, green blue, cyan and magenta (purple) were utilized for visual ease of 
the severity (low to high or 1 through 6 as in Table 2) of the patients. With the color codes in mind, the  most 
severe patients are those that were coded as magenta (6).  They consistently have the highest values of mean 
number of episodes, number of episodes and smoothness index.  The second most severe patients are coded 
as cyan (5). They cluster around highest number of cycles, medium range of mean episodes, and medium 
range of smoothness. Black (1) refers to those patients with zero episodes.  The color red (2) represents the 
next lowest severity as these patients were more likely to have low smoothness index, low number of 
episodes, low mean episodes.  
 
4.2 Transitions Tables 

Table 2 presents the transition tables of baseline to post cluster shifts within the highest dosage of 
Drug A and placebo. Movement from any baseline cluster into the black (1) post treatment cluster is 
considered seizure free. Concentrating on the high dose of Drug A, more patients are moving from severe 
levels into mild or seizure free clusters.  On the contrary, placebo treated patients are less likely to shift to 
lower intensity clusters. 

 
Table 2.  Shift tables of baseline to post treatment cluster movements 
 

 Drug A (High Dose)  {Placebo 
   11    2 3 4    5    6     11    2    3    4    5    6  

  1  0 0 0 0 0 0  9 0 1 0 0 0 
   2  31 99 18 4 1 0  2 94 26 13 2 1 
   3 14 28 35 4 5 3  0 33 43 11 3 8 
   4 18 65 21 33 9 4  2 40 15 47 19 4 
   5 6 14 20 15 26 6  0 2 17 2 44 15 
   6  6 4 15 2 6 20  0 0 7 1 8 37 
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Figure 2. Cluster analysis 
 
 
4.3 Predictions 

Figure 3 presents the ROC curves for different models.   The 45° reference line indicates a model that 
is no better than tossing a fair coin in determining response status. Our basic model included terms for 
treatment, age, gender and the age/treatment interaction (blue curves).  Small improvement was achieved on 
top of the basic model by including the 28-day baseline seizure rate into the basic model (green curves). 
Notably greater improvement was achieved with the addition of the new indices and the cluster Ids to the 
new model (red curves).  This was particularly evident in the subset of patients with considerable seizure 
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activity during baseline ( 15 or more seizure per 28 days). 
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Figure 3. ROC Curves 
 
5.  Discussion 
 

Daily seizure data displays longitudinal patterns which are too diverse for standard analytic models 
and methods. Severe outliers further complicate the use of standard modeling. These factors negatively 
impact model prediction of drug effects on seizure activity. Research physicians want better criteria for 
choosing patients who are more likely to respond to different drug therapies. Researchers also need better 
methods for detecting drug effects that are often masked by the unusual nature of the data if analyzed using 
only classical modeling approaches. 
 

Based on these complications and needs we approached the predictions of drug response using new 
indices to characterize patient-level seizure activities over time. These indices differ from typical modeling 
approaches in that: 

• They use robust methods to characterize time-seizure patterns 
• They incorporate features of the time-seizure patterns not covered by methods such as GEE and 

MEM 
• The indices typically have low correlation between each other (except for smoothness and 

periodicity) 
• They also allow for the generation of patient clusters that may be useful as entry criteria for clinical 

trials of new seizure treatments 
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ABSTRACT 
 

With longitudinal data, quite often data are summarized by a mean and/or trend and these are then 
used as predictors in models.  We propose an alternative feature extraction method that will identify 
additional characteristics of longitudinal sequence and input these as predictors in modeling.  The proposed 
feature extraction method is based on a characterization of the sequence as a trend plus a smooth 
component plus a local component. Our idea is to measure each of the three components using a robust 
index.   This method is inspired by epilepsy studies, where the sequence of baseline daily seizure frequency 
data is used as a predictor of patients’ response to a treatment. The incorporation of our robust indices 
improves drastically the prediction of patient response to treatment. However, this method may be 
applicable to other longitudinal medical data as well. 
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Resistance to outliers vs. heavy-tailed error distributions

Morgenthaler, Stephan
EPFL SB IMA
Station 8
1015 Lausanne, Switzerland
E-mail: stephan.morgenthaler@epfl.ch

Robust statistical procedures implicitly or explicitly classify observations according to their
information content; with the intention of downweighting outliers. The prevailing attitudes towards
outlying observations appear to be of two minds. Are outliers an integral part of the data set or are
they irrelevant mistakes? We show that this distinction is not of practical importance when fitting
models.

INTRODUCTION

Robustness can be translated as stability. The leading example of an unstable estimator is the
arithmetic mean. It is used to summarize a series of measurements yi = μ + ei (1 ≤ i ≤ n) in order to
extract information on μ. It is an excellent choice if the errors ei have exactly a normal distribution.
A popular alternative to the mean is provided by the median. To highlight the differences between
these estimators one can either argue with data or with distribution theory.

If to a given data set y1, . . . , yn we add a new observation yn+1, the mean of the augmented data
set is equal to

ȳn+1 = (nȳn + yn+1)/(n + 1) = ȳn + (yn+1 − ȳn)/(n + 1) ,

while for the median we have

medn+1 =

{
y(k), if yn+1 < y(k)

y(k+1), if yn+1 > y(k+1) ,

where we assumed that n is even and equal to n = 2k. The contrast between the two estimators is
striking. The difference between the ȳn+1 and ȳn is linear in yn+1 and thus potentially unbounded,
while the difference between medn+1 and medn is never bigger than (y(k+1) − y(k)). Of course, the
contrast is most noticeable for yn+1 far from the other n observations.

We can also argue with distribution theory. In order to simulate observations far from the bulk,
we could look at errors independently drawn from a mixture distribution Fε(t) = (1−ε)Φ(t)+εΦ(t/10),
where Φ denotes the standard normal distribution. The variance of the mean is then equal to V (ε) =
[(1 − ε) + 100ε]/n, which satisfies V (ε) = (1 + 99ε)V (0). The variance of the median on the other
hand increases only by a factor of about (1 + ε). For ε = 1/99 the above results imply that the
efficiency when comparing the means is halved, whereas to median’s barely budges. Note that for
such a small ε, a fraction of (98/99)n of all samples are entirely drawn from the normal. This equals
97% when n = 3 and is still 95% when n = 5. It is thus fair to say that even minor deviations from the
normal distribution make of the mean a terribly inefficient estimator, thus again exposing its inherent
instability.

We can pursue this a bit further and add that when n = 3, 97.00% of the samples contain three,
2.97% contain two, 0.03% contain one, and 0.00% contain zero draws from the dominant part of the
mixture. The damage to the mean results from a very small percentage of the samples. This kind of
reasoning leads to the idea that a statistician merely has to throw out the bad apples. If this could be
done perfectly, one would have three, two, or one good observation in 97.00%, 2.97% and 0.03% of the
cases. In very rare cases, no observation would remain and nothing could be said about μ. Taking the
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mean in each case would result in an estimator with variance equal to 0.97/3 + 0.0297/2 + 0.0003 =
0.3385. This is close to the variance of 0.3333, which holds if there were no bad apples. In hindsight,
the results found by a stable estimator can always be presented as a tale of good and bad apples. The
median, for example, discards the largest and smallest half of the data and reports the value of the
innermost observation(s). This does not mean, however, that stable estimator have to be constructed
in this manner.

The mean, of course, is the estimator justified by the least squares criterion, while the median is
the least absolute deviations estimator. The choice of criterion and/or loss function is thus crucial for
the stability of the resulting estimator. As was shown by Hampel (1974), it is the size of the derivative
of the loss that is important. If the loss can increase drastically under very small changes, the estimator
is not stable. In the case of the quadratic loss u2, the derivative is 2u and thus unbounded, while for
|u| the derivative is equal to ±1. The mean also maximizes the likelihood under the normal model,
while the median maximizes the likelihood under the Laplace model. In this context, it is the tail of
the density that leads to robustness. The tails of the Laplace density converge to zero much slower
than those of the normal density. When fitting the Laplace model, one is not surprised to encounter
observations quite far from the center of the density. Because the model accomodates outliers, the
corresponding likelihood estimator is stable. The Laplace density serves a similar purpose as the
mixture of normals Fε(t) above. It is put forward as a more realistic model. Following Huber (1964),
it can be said that estimators are robust if their variance remains small for such more realistic models.
These points of view – boundedness of the derivative of the loss function and small variance at realistic
models – are different aspects of the same thing.

The talk is organized as follows. First, we briefly recall the derivation of optimal regression
estimates under conditioning on the natural ancillary partition. Next, we introduce a general frame-
work for deriving stable regression estimates and look at normal mixtures as a prototype for outlier
detection. Finally, we compare these estimates with other solutions.

CONDITIONAL INFERENCE

An estimator �̂β ∈ R
p in the regression model

(1) Yi = �xi
T �β + σεi (1 ≤ i ≤ n)

is called invariant, if
�̂β(s(yi + �xi

T �t )) = s(�̂β(yi) + �t )

for all �t ∈ R
p and s > 0. In this and in subsequent equations, (y1, . . . , yn) is simply written as (yi).

The invariance equation only makes sense, of course, if the distribution of the errors εi is continous.
Under the condition of equivariance, one can develop an elegant method for inference, based on the
idea of conditioning on the subset

(2) A(yi) =
{

zi = s(yi − �xi
T �t ) : �t ∈ R

p, s > 0
}
⊂ R

n .

If we adopt as a loss function

L(�̂β, �β ) = ‖ �̂β − �β ‖2 ,

the best invariant estimator minimizes the conditional risk

E

(
‖ �̂β − �β ‖2

∣∣A(yi)
)

.

Because of equivariance, the value of the estimator at any point in A(yi) simply depends on its value at
(yi). The optimization problem is thus easily solvable, and the optimal choice, the Pitman estimator
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�̂βP (yi), satisfies

E

(
s2

(
�̂βP (yi) − �t − �β/s

) ∣∣A(yi)
)

= 0 .

This implies

(3) �̂βP (yi) =
E
(
s2
(
�t + �β/s

) ∣∣∣A(yi)
)

E
(
s2
∣∣A(yi)

) ,

where s,�t are the coordinates in A(yi) from (2). Note that this estimator also minimizes the conditional
mean squared errors of the individual regression coefficients E((β̂k − βk)2|A(yi)) for 1 ≤ k ≤ p.

The conditional expectations used in the calculations do not depend on the value of the pa-
rameters. Rewrite (1) as �Y = X�β + σ�ε, where X ∈ R

n×p has rows �xi
T . If �Y ∈ A(yi), we must

have
�ε =

s

σ

(
y − X

(
�t + �β/s

))
.

Since �ε has a fixed distribution, so does (s/σ,�t + �β/s), which shows that �βP (yi) is a well-defined
quantity.

Using the conditional argument, we can also easily derive confidence points with conditionally
correct coverage probability. Let Uk(yi) be an invariant upper confidence point for the regression
coefficient βk. Its conditional coverage probability is equal to

P
(
Uk > βk

∣∣A(yi)
)

= P
(
s(Uk(yi) − tk) > βk

∣∣A(yi)
)

= 1 − P
(
U(yi) ≤ tk + βk/s

∣∣A(yi)
)

.(4)

If we need coverage 1−α, we thus simply have to compute the α quantile of the marginal distribution of
tk+βk/s. Simply asking for the conditionally correct coverage thus uniquely determines the confidence
point.

In order to perform the computations, we need to find the joint density of (s/σ,�t + �β/s). Since
this does not depend on the parameters, we might as well put �β = �0 et σ = 1. In this case, the
problem is reduced to finding the joint distribution of (s,�t ) such that �ε = s(�y −X�t ) for some fixed �y.
Let

∏n
i=1 g(ei) denote the joint density of the error vector �ε. One can show that the joint density of

(s,�t ) is

(5) f(s, t1, . . . , tp) ∝ sn−1
n∏

i=1

g
(
s
(
yi − �xi

T�t
))

.

Let �̂β be any equivariant estimator. The conditional mean squared errors of the individual
regression coefficients then satisfy

(6) E
(
(β̂k − βk)2

∣∣∣A(yi)
)

= E
(
s2 t2k

∣∣∣A(yi)
)
− E

(
s2
∣∣∣A(yi)

)
β̂P,k(yi)2

+ E
(
s2
∣∣∣A(yi)

)
(β̂k − β̂P,k)2 .

ROBUSTNESS

The optimal estimates discussed in the previous section depend on the density of the errors g.
If small changes in this density can produce important changes in the estimate we conclude that the
estimate – or we could also say, the model g – is unstable. Note that this depends, among other things,
strongly on the set A(yi). To be precise we should say that for the given data set yi the model g
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produces an unstable result. Stability can be enforced by considering sets G of densities and computing
estimates that perform well over the whole set. This approach has been explored in Morgenthaler &
Tukey (1981). The minimax estimate of Huber (1964) is a possible compromise estimator. In the

conditional context one could modify it slightly and ask for the invariant estimate �̂βR that minimizes
the maximal conditional risk

(7) sup
g∈G

Eg

(
(β̂R,k − βk)2

∣∣∣A(yi)
)
≤ sup

g∈G
Eg

(
(β̂k − βk)2

∣∣∣A(yi)
)

,

for all invariant estimates β̂.
For general infinite sets G, the solution to this problem is not known, except in some special

cases. From a practical point of view, the solutions obtained with finite sets are, however, quite
sufficient. Such model sets should include distributions we would like our final estimate to protect
against. For such finite sets, the computation of the minimax estimate is straightforward.

The conditional risk (6) is a multiple of the error scale σ2. To eliminate this dependence, it is
preferable to replace the mean squared error by the relative excess over the minimal value that can
be attained at at any given model

Eg

(
(β̂k − βk)2

∣∣∣A(yi)
)
− Eg

(
(β̂P,g,k − βk)2

∣∣∣A(yi)
)

Eg

(
(β̂P,g,k − βk)2

∣∣∣A(yi)
) ,

where β̂P,g,k is the kth regression coefficient of the Pitman estimator for model g.
By replacing the mean squared error in (7) by this quantity, the difficult question of relative

scaling between different models is eliminated. The difficulty of the problem remains exactly the same.
In each case the maximum of a finite set of quadratic functions in β̂k has to be minimized.

In many applications, stable confidence points are perhaps of greater interest than estimates.
We saw in (4) that for any given model, a unique confidence point can be calculated. To extend
this notion to sets of models, two extensions seem reasonable. Suppose for the moment that we are
interested in computing an upper confidence bound. We then might take the maximum of the upper
confidence bounds computed for all the models g ∈ G. The result of this procedure would be stable
with regard to conditional coverage, because it produces a confidence point that has correct conditional
coverage for all models in G. The other possible compromise between confidence points for various
models would take the marginal likelihoods

∫
�t

∫
s

sn−1
n∏

i=1

g
(
s
(
yi − �xi

T�t
))

ds d�t

into account. A model with larger likelihood would receive more weight than one with small likelihood.
This would produce a final confidence point that is stable with regard to the observations. It would
tend to ignore observations that are clearly outlying.

The robust estimate β̂R,k is by definition closely associated with the observed data (yi). Tra-
ditional concepts of robustness such as the sensitivity of the estimate when one or several of the
observations are changed cannot be applied. Any modification of the data involves a switch to an-
other ancillary A(yi).

RESISTANCE TO OUTLIERS VS. HEAVY-TAILED ERROR DISTRIBUTIONS

The mixture model

(8) gp,od = (1 − p) Normal Density + p Outlier Density ,
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creates a division between the “normal” part of the data and the outlying part. The mixing probability
p determines the expected fraction of outliers and the outlier density od() gives an idea of the type of
outliers expected. If such a model is used in our procedure, we find the following conditional density
(5)

sn−1
n∏

i=1

[
(1 − p)ϕ

(
s
(
yi − �xi

T�t
))

+ p od
(
s
(
yi − �xi

T�t
))]

,

where ϕ() is the normal density and od() denotes the outlier density. This turns into a joint mixture
density with terms of the type

(1 − p)mpn−m sn−1
m∏

k=1

ϕ
(
s
(
yik − �xik

T�t
)) n−m∏

k=1

od
(
s
(
yjk

− �xjk

T�t
))

,

in which all 2n possible partitions into a normal part {i1, . . . , im} and an outlying part {j1, . . . , jn−m}
are considered.

The computation of the corresponding Pitman estimate (3) and its conditional risk is best
handled either by numerical integration or Monte Carlo techniques. When the outlier density is itself
a Gaussian, for example, one with increased variance, then one can, for smallish values of n, make
use the explicit calculation based on all possible partitions of the data set, because in that case, the
necessary integrals can be calculated in closed form.

Calculations based on model sets G containing the normal ϕ and some selected gp,od shows that
the choice of p and of the outlier density od() do not exert a strong influence on the minimax estimate
β̂R,k. Early proposals for robust methods were built on outlier reject rules whose goal it was to clean
the data before handing it to the least squares estimator. When analyzing such methods in the light of
mixture models, they typically do not perform as well as the minimax estimates. The reason for this is
clear. When using an outlier rejection rule, a single partition into normal and outlying is considered.
But in reality, the problem is more vague and it is better to consider several likely partitions and to
average out final answer over all these possibilities.

Other models to protect against when estimating regression coefficients are heavy-tailed ones,
such as the Cauchy density

g(u) =
1

π (1 + u2)
.

Calculations show that the minimax estimator for model sets that include both the Gaussian and
such heavy-tailed distributions are often almost indistinguishable from the estimates obtained with
mixture densities. Many heavy-tailed distributions can be constructed as scale mixtures of independent
normals. The Cauchy distribution, for example, can be generated via the ratio Z1/|Z2|, where Zj are
independent normal random variables. If we knew the value of Z2, this ratio would simply have a
normal distribution with variance Z−2

2 . In this sense, heavy-tailed error distributions are simply more
sophisticated versions of the simple mixture (8).

Treating outliers as observations that are not really part of the data and have to be eliminated
is essentially the same as treating all observations as integral part of the data, while at the same
time broadening the model. If the model set includes heavy-tailed error distributions, the relative
information about the regression parameters carried by the observations varies and a weighing has
occurs. Which error distributions to include in the model set G is not of great importance if all we are
interested in are good estimates. The details matter much more if we also want to give estimates of
the conditional risk or confidence points. As a general guideline, one can say that heavy-tailed models
that ressemble the normal distribution are preferable.
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RÉSUMÉ

La tradition de la statistique robuste contient deux branches qui dévoilent des opinions divergentes
concernant les valeurs aberrantes. D’un côté il y a la détection de valeurs aberrantes dans le but de
les éliminer ou leurs donner moins de poids. De l’autre côté sont les modèles à lourdes queues qui
servent à modéliser la base de données entière. One voit donc les données aberrantes comme inutiles
et fausses d’un côté et comme partie intégrante de la base de données de l’autre. Ces deux attitudes
sont en réalité façile à reconcilier et mène à des méthodes semblables.
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1 Introduction

First of all, we thank Professor Luisa Fernholz for organizing this interesting session on robust statistics and

for giving us the opportunity to discuss these papers.

The main objective of this meeting is to show how the modern theory of robust statistics can be instrumental

in looking at complex data analysis problems. Clearly, the presentations hit the target. The presented methods

are based on solid theory and the applications illustrate nicely the diversity of data analysis problems with

which modern tools of robust statistics can cope.

Statisticians have been concerned about robustness questions for a quit some time. As you may have

noticed, the “Robust statistics” we focus on during this meeting is founded on the pioneering work of John

Tukey, Peter Huber and Frank Hampel in the relatively recent 1960’s and 70’s. These famous statisticians

built new and useful tools, such the sensitivity curve, the influence function and the breakdown point, for

measuring the robustness of statistical procedures. Using these tools, they clearly demonstrated that many

classical procedures are not particularly robust, and consequently proposed robust alternatives for particular

statistical problems. They also laid down the foundation for general robust approaches, e.g. M-estimation.

Since then, a very large number of research books and articles have been published on robust statistics.

As highlighted in the previous presentations, robust methods are now being developed for more complex

data analysis problems. Also, due to the power and speed of modern computers, the use of robust statistics have

increased substantially in the last few decades, with these powerful tools can now being able to be implemented

on large-scale data sets.

The four presentations all stress the importance of using robust methods when analysing data, but at the

same time offer different insights into meaning and use of robust statistics. The first presentation by Profes-

sor Ana Bianco (joint work with Professors Graciela Boente, Wenceslao González-Manteiga and Ana Pérez-

Gonzáles) is about a recent development of robust procedures for estimation problems in semiparametric par-

tially linear models with missing responses. Difficulties arise not only from the model, which is semiparametric,

but also from the presence of missing responses. The second presentation by Doctor Emir Birol (joint work

with Professor Javier Cabrera, Doctors Ha Nguyen and Ed Whalen) and the third one by Professor Ursula

Gather (joint work with Doctor Karen Schettlinger) are concerned with challenging applied problems, namely

the problem of predicting drug responses for patients with partial epilepsy seizures from longitudinal data

which exhibit many oultiers on the one hand, and the problem of robust online signal extraction for medical

alarm systems on the other hand. Both types of data contain outliers and robust procedures need to be adapted

to the particular problems and implemented. Finally, Professor Stephan Morgenthaler made us think about the

definition of robustness and the different ways outlying observations are usually taken into account and viewed

within models. Using the linear regression example, he convincing argues that the different approaches lead to

similar minimax procedures and thus the different views of robustness are compatible.

1
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2 Robust statistical models

The concept of robustness is varied and can mean different things to different statisticians. In the earliest

days of robustness, one was usually concerned with the efficiency of a statistical procedure at various error

models, or when one slightly varied the error model. Another concern was with how outliers affected the

results of a statistical procedure. The former was often called robustness while the latter was called resistant.

Nowadays, the concepts of resistance and robustness tend to be used interchangeably. The paper by Professor

Morgenthaler helps to give some justification to this, namely he argues that resistant methods are robust and

vice versa. One typically thinks of a model as being robust if its corresponding maximum likelihood estimate

corresponds to a robust M-estimate. The paper by Morgenthaler shows how this concept can also be applied to

Pitman estimates. The common thread here is not necessarily the robustness of the maximum likelihood method

or of Pitman estimates, but rather that the model used is one which can naturally account for the presence of

outliers.

It would be interesting to see how far the relationship between resistant methods and robust models can be

extended outside of the symmetric location error model. Although the symmetric location error model can, as

pointed out by the Morganthaler, account for outliers by viewing them as arising from a mixture of normal,

they cannot account for outliers if they arise as a location mixture of normals. Such location mixtures produce

systematic outliers or clusters in the data, and it is these type of outliers which are ususally most damaging in

terms of robustness when measure e.g. by maximum bias or breakdown point.

3 New developments in robust statistics

Many robust proposals have been studied within the context of parametric linear regression. For a survey,

see e.g. chapters 4 and 5 in Maronna, Martin and Yohai, 2006. But, contrary to some mistaken ideas, classical

nonparametric procedures also suffer from a lack of robustness. Nevertheless, relatively few robust methods

have been proposed within the nonparametric context, see Hardle, 1990, for a review. Even less research work

exists concerning robust estimation for semiparametric models such as the partially linear model. However, par-

tially linear models are particularly interesting since they offer more flexibility than fully linear model. They

also avoid the curse of dimensionality of the fully nonparametric models, since they typically employ only a

one-dimensional nonparametric component. Recently, Professor Ana Bianco and Graciela Boente (2004) have

tackled the problem of robust estimation for semiparametric partially linear models. Taking advantage of this

recent work, the authors of the second presentation have proposed more sophisticated procedures that can cope

with missing responses. The problem of missing data is critical and we are looking forward to more results in

the field on simple imputation methods in connection with robust statistics.

Questions:

1. Are there any unique robustness problems or concerns that arise in this setting (e.g. how is robustness

defined and measured in this setting?). Also, is there a natural framework for developing robust methods

in this setting (e.g. do the M-estimates in some sense correspond to MLE-type estimates?).

2. Bianco, Boente and Martinez (2006) and Boente and Rodriguez (2007) address respectively the prob-

lem of robust testing and robust bandwidth selection in a semiparametric partly linear regression model

but with an additional assumption on the relationship between the covariates x and t. Is it possible to

generalize these results if missing responses are present in the data ?

3. Is it also possible to cope with the problem of missing responses in the semiparametric partly linear

autoregressive model (see Bianco and Boente, 2007) ?

2
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4 Robust statistics in action

As already noted, many robust methods exist. An important point, however, is that these methods tend not

to be used routinely enough in real data problems. Hopefully, the two real medical data analysis problems

presented at this meeting will help stimulate the use of robust statistics by applied statisticians. In general,

it may be difficult for a data analyst to choose among the many options made possible by past and recent

developments in robust statistics. But, as was clearly illustrated by the second and the third presentations, some

methods are more adapted to particular data sets and problems than others. It is very important for researchers

in robust statistics to tangle with precise and complex data analysis problems in order to help guide applied

statisticians around the many existing robust methods.

4.1 Robust feature extraction method for longitudinal medical data

The first complex data analysis problem concerns the prediction of the treatment effect on epilepsy partial

seizures from longitudinal data. In this paper, the authors argue that the usual 28-day rate does not take into

account the different behaviors of patients over time and propose to define and use other indices. Because the

database contains many outliers, the data are preprocessed by running medians and all the indices are defined

in a robust way.

The baseline trend index in particular is calculated through a robust regression. What is noticeable with

this data set is that very high breakdown point estimators such as the LMS (or LTS with a breakdown point of

50cannot be used because many patients have 50% or more zeros. Consequently, the authors argue for the use

of a robust estimate, but not one with such a high breakdown point.

Questions:

1. How are the length and the number of runs when using the medians filter in the preprocessing chosen?

2. What would be the outcome of a “non-robust” analysis of this data set?

3. For calculating the MM-estimators, an initial estimator is needed. Typically, the inital estimator is

choosen to be a high breakdown point estimate in order to insure the resulting MM-estimator also has a

high breakdown point. In addition, a well tuned redescending M-estimate is needed in the second step an

MM-estimate to insure a reasonable efficiency at the gaussin model. Could you be more precise about

the MM-estimator being use for your purpose. In particular, it is important to know its breakdown point.

4. Is it because you use robust indices that you don’t need to use robust hierarchical clustering methods?

4.2 Robust online signal extraction for medical alarm systems

In the second complex data analysis problem, fast and robust regression methods are applied. High break-

down robust methods, however, tend to be time consuming. So, for such an application, the best method may

not necessarily be the usually prefered method. Least trimmed squares, or LTS, for example is usually prefered

over least median squares, or LMS because of its better asymptotic efficiency at the gaussian model. In the

present application, with the number of observations being between 20 and 30, the authors show that there

is relatively little difference between the finite sampling efficiencies of LTS and the LTS. For such small data

sets, asymptoic efficiency is not a particularly important criterion. On the other hand, because it is a real-time

application, fast and exact algorithms are needed. This renders another method, namely the repeated median

procedure, attractive.

It is also interesting to note that the repeated median and the deepest regression give very similar results, as

opposed to the LTS and LMS. One possible explanation for this may be that the repeated median and the deepest

regression may have monotonic influence functions, whereas the LTS and LMS are known to have redescending

3
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influence functions. We are not aware of any work on the influence function of the deepest regression. However,

in the multivariate setting, the point of deepest depth has a monotonic influence function, see Chen and Tyler

(2002), as well as a has a high breakdown.

In the univariate case, another suggestion may be to use the least trimmed sum of absolute deviations re-

gression, or LTA. This corresponds to the trimmed version of L1 regression and has been studied notably in

Hawkins and Olive (1999), where the authors claim that LTA “has not been used as we believe it should”. It has

the same breakdown point as LMS and LTS and a maxbias curve lower than that of LTS. Its statistical efficiency

is not much lower than that of LTS for a gaussian error distribution, and is better than LTS for more peaked

error distributions such as the double-exponential. Also the computational complexity of LTA is lower than that

of LTS and LMS. In one dimension, an exact algorithm which needs O(n) computation time is available.

Questions:

1. Could the methods of the paper be modified to include different time window weights, as oppposed to

the current weights of 1 or 0. Do the authors see any advantage or disadvantage to using weights?

2. There is no need to be concerned with leverage point. Why not use the L1 method, an M-estimate or a W-

estimate of regression, which are easy to compute? Also, it would be interesting to note any differences

between estimates with monotonic and redescending influence functions.

3. For the univariate case, which algorithms are being used for the LTS and the deepest regression?

4. For the multivariate case, why not also use the multivariate M-estimates, at least when dealing with a

response of 2 or 3 dimensions? IsnŠt stability an issue when using MCD type procedures for relatively

small data sets?

5 Additional references

• Bianco, A. and Boente, G., 2007. “Robust estimators under semiparametric partly linear autoregression:

asymptotic behaviour ans bandwidth selection”, Journal of Time Series Analysis, 28 (2), 274-306.

• Bianco, A., Boente, G. and Martinez, 2006. “Robusts tests in semiparametric partly linear models”,

Scandinavian Journal of Statistics, 33 (3), 435-450.

• Boente, G. and Rodriguez, 2007. “Robust bandwidth selection in semiparametric partly linear regression

models”, preprint.

• Chen, Z. and Tyler, D.E., 2002, “The influence function of Tukeys deepest depth median”, Annals of

Statistics, 30, 1737-1759.

• Hawkins, D.M., and Olive, D., 1999. “Applications and algorithms for least trimmed sum of absolute

deviations regression”, Computational Statistics & Data Analysis, 32, 119-134.
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Projection Partition Fits to Layouts with Multivariate Responses

Beran, Rudolf
University of California at Davis, Department of Statistics
Davis, CA 95616–8705, USA
E-mail: beran@wald.ucdavis.edu

The distinct means of a multi-way layout with one or more q-variate responses observed at
each of p factor-level combinations can be arranged systematically into a p × q matrix M , each row
specifying a mean response. This paper develops practical regularized estimators of M that typically
dominate, in asymptotic loss, the least squares fit to the model. The construction first devises a class of
candidate estimators as the closure of a class of Bayes estimators for M ; and then finds the candidate
estimator with smallest estimated risk or loss. The candidate estimators rely on affine shrinkage of
s-fold projection decompositions of the least squares estimator of M . As the number p of factor-level
combinations in the multi-way layout tends to infinity, the loss of the regularized estimator is seen
to converge asymptotically to that of the best candidate estimator. Adaptation over a class of s-fold
projection decompositions as well as over affine shrinkage matrices is the main technical advance in
this paper. A case study illustrates the utility of the regularized estimator.

Introduction

Consider the multivariate linear model

(1) Y = CM + E.

Each row of the data matrix Y is a q-variate observation with errors on a q-variate row of M . Replicated
observations on each row of M are possible. The matrix C indicates the replication pattern in the
data and the matrix E represents the errors in the observations. The observation matrix Y is n × q,
the constant matrix M is p × q, with p ≤ n, and the data-incidence matrix C is n × p. We suppose
initially that the elements of the n× q error matrix E are independent, identically distributed N(0, 1)
random variables. Later in the paper, we consider the case where the elements in each row of E are
correlated with unknown covariance matrix Σ. The columns of C are orthogonal, with elements that
are either 1 or 0. We assume that k ≥ 1 observations are taken on each row of M . In this balanced
design, n = kp and C ′C = kIp.

Model (1) expresses a balanced one-way layout in which the appropriate rows of Y give the
k observations at each of p factor levels corresponding to the rows of the mean matrix M . More
generally, the p distinct means of a balanced b-way layout with q-variate responses naturally form a
b+1 dimensional array. The first b subscripts of each element in this mean array identify the associated
factor-level combination. By systematically ordering the p possible factor-level combinations, we may
assemble the distinct q-variate means of a b-way layout into a p × q matrix M ; and then model the
correspondingly ordered observation matrix Y by equation (1). Mirror dictionary ordering of the
factor-level combinations, as in Beran (2005), is particularly convenient for this purpose. It is thereby
possible to extend the regularized estimators developed in this paper to regularized estimators for
balanced b-way layouts of q-variate observations. Details will be developed elsewhere.

The Frobenius norm of a matrix D is defined by |D|2 = tr(DD′) = tr(D′D). Let M̂ denote any
estimator of M . The quality of M̂ is assessed through the normalized quadratic loss and risk

(2) L(M̂,M) = p−1|M̂ − M |2, R(M̂,M) = EL(M̂ ,M),

the expectation being evaluated under model (1). The least squares estimator M̂ls = k−1C ′Y of M

has risk q/k. Stein (1956) proved that M̂ls is inadmissible in quadratic risk when pq exceeds 2.
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This paper develops regularized estimators of M that trade off bias against variance under model
(1) so as to achieve lower risk, asymptotically in p, than M̂ls. In case studies on data, estimated risk
is reduced by a factor of three or more. The proposed estimators are selected adaptively from a class
of candidate estimators so as to minimize estimated risk or loss. The candidate estimators themselves
are derived as the closure of a class of Bayes estimators for M . Algebraically, the candidate estimators
rely on affine shrinkage of s-fold projection decompositions of M̂ls. Adaptation over a class of s-fold
projection decompositions as well as over affine shrinkage matrices is the main technical advance in
this paper. Asymptotic risk of the proposed regularized estimator is seen to converge, as p tends to
infinity, to the asymptotic risk of the best candidate estimator.

Bayes Estimators of M

We devise a class of Bayes estimators for M in model (1) as follows. Let U be a specified p × p

orthogonal matrix. Let π denote an s-fold partition of U into submatrices {Ui : i ≤ 1 ≤ s} such that
the concatenation by columns [U1, U2, . . . , Us] equals U . Let L = U ′M . Partition L by rows into
submatrices {Li : i ≤ 1 ≤ s} so that the row dimension of Li equals the column dimension of Ui. Then

(3) M = UL =
s∑

i=1

UiLi.

The following requirements and (3) specify the prior distribution on M : the rows of L are
independent random q-vectors; the elements of each row in Li, when viewed as a column vector, have
a Nq(0, T−1

i ) distribution; and Ti is a positive definite q × q covariance matrix. Let m = vec(M),
y = vec(Y ), and let Pi(π) = UiU

′
i . Note that the {Pi(π)} are mutually orthogonal, symmetric,

impotent matrices such that
∑s

i=1 Pi(π) = Ip. The prior distribution on M so defined is equivalent to
the assertion that m ∼ Npq(0,

∑s
i=1(T

−1
i ⊗ Pi(π)).

Let T = [T1, T2, . . . , Ts], let

(4) Q(π, T ) =
s∑

i=1

(Ti ⊗ Pi(π))

and let C̃ = Iq ⊗ C. The Bayes model defined jointly by (1) and the prior distribution on M is

(5) y|m ∼ Nnq(C̃m, Inq), m ∼ Npq(0, Q−1(π, T )).

The posterior distribution of m is then

(6) m|y ∼ Npq(V C̃ ′y, V ), V = (C̃ ′C̃ + Q(π, T ))−1.

The Bayes estimator M̂Bayes of M under quadratic loss is, in vectorized form, V C̃ ′y. Because C ′C =
kIp in the balanced design under consideration,

(7) M̂Bayes =
s∑

i=1

Pi(π)M̂ls(Iq + k−1Ti)−1.

As Ti varies over the set of all q × q positive definite matrices, the matrix (Iq + k−1Ti)−1 varies over
the set of all q × q symmetric matrices with eigenvalues in (0, 1).

Oracle Estimators of M

Let Asym denote the set of all q × q symmetric matrices whose eigenvalues lie in [0, 1]. We
consider the candidate affine shrinkage estimators

(8) M̂(π,A) =
s∑

i=1

Pi(π)M̂lsAi, A ∈ As
sym,
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where A denotes the matrix [A1, A2, . . . , As]. This estimator class is the closure of the class of Bayes
estimators derived in the preceding section. Let

(9) τi(π) = (pk)−1 tr(Pi(π)), Wi(π) = p−1(Pi(π)M)′Pi(π)M.

The quadratic risk of candidate estimator M̂(π,A) is

(10) R(M̂(π,A),M) = p−1E|M̂(π,A) − M |2 =
s∑

i=1

r(Ai, τi(π),Wi(π)),

where, for Ãi(π) = Wi(π)(τi(π)Iq + Wi(π))−1 = Iq − τi(π)(τi(π)Iq + Wi(π))−1,

(11)
r(Ai, τi(π),Wi(π)) = tr[τi(π)A2

i + (Iq − Ai)2Wi(π)]

= tr[(Ai − Ãi(π))2(τi(π)Iq + Wi(π))] + τi(π) tr(Ãi(π)).

The matrix Wi(π) has spectral decomposition
∑q

j=1 wij(π)vij(π)v′ij(π), the {wij(π) : 1 ≤ j ≤ q}
being the eigenvalues, all non-negative, and the {vij(π) : 1 ≤ j ≤ q} being corresponding eigenvectors.
For any fixed partition π, it follows from (11) that the risk (10) is minimized over all A ∈ Asym by

(12) Ãsym(π) = [Ã1(π), Ã2(π), . . . , Ãs(π)].

This minimized risk, attained by the candidate estimator M̂ (π, Ãsym(π)) =
∑s

i=1 Pi(π)M̂lsÃi(π), is

(13) R(M̂(π, Ãsym(π)),M) =
s∑

i=1

τi(π) tr(Ãi(π)) =
s∑

i=1

q∑
j=1

τi(π)wij(π)(τi(π) + wij(π))−1.

Let Π(s) denote the set of all s-fold partitions π of U . Let

(14) π̃sym = argmin
π∈Π(s)

R(M̂(π, Ãsym(π)),M),

the argument on the right side being given by (13). The oracle symmetric affine estimator is defined
to be M̃sym = M̂ (π̃sym, Ãsym(π̃)), the candidate estimator that minimizes risk over all A ∈ Asym and
all partitions π ∈ Π(s).

Minimization over restricted symmetric matrices A can also be useful. Let Apro be the subset
of matrices in Asym that are orthogonal projections. These projections are the symmetric matrices
whose eigenvalues are either 0 or 1. We consider the candidate projection estimators

(15) M̂(π,A) =
s∑

i=1

Pi(π)M̂lsAi, A ∈ As
pro.

For any fixed partition π, it follows from (11), the spectral representation of each Wi(π), and
the Eckart-Young matrix approximation theorem that the risk (10) is minimized over all A ∈ Apro by

(16) Ãpro(π) = [Ãpro,1(π), Ãpro,2(π), . . . , Ãpro,s(π)],

where

(17) Ãpro,i(π) =
∑

j : wij(π)>τi(π)

vij(π)v′ij(π).

The minimized risk, attained by the candidate estimator M̂(π, Ãpro(π)) =
∑s

i=1 Pi(π)M̂lsÃpro,i(π), is

(18) R(M̂(π, Ãpro(π)),M) =
s∑

i=1

q∑
j=1

min{τi(π), wij(π)}.
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Let

(19) π̃pro = argmin
π∈Π(s)

R(M̂(π, Ãpro(π)),M),

the argument on the right side being given by (18). The oracle projection estimator is defined to
be M̃pro = M̂(π̃pro, Ãpro(π̃)), the candidate estimator that minimizes risk over all A ∈ Apro and all
partitions π ∈ Π(s).

It follows from the risk formulae (13) and (18) that the risks of the oracle affine projection and
symmetric affine shrinkage estimators satisfy the inequalities

(20) 2−1R(M̃pro,M) ≤ R(M̃sym,M) ≤ R(M̃pro,M) ≤ R(M̂ls,M) = q/k.

The oracle estimators M̃pro and M̃sym are not realizable because they depend on functions of the
unknown parameters M and σ2. The next section constructs data-based approximations to both
oracle estimators that achieve the oracle risks asymptotically as p tends to infinity.

Adaptive Estimators of M

The strategy is to construct a data-based estimator for the risk of candidate estimator M̂(π,A)
and then, by minimizing estimated risk instead of risk over A and π, construct data-based analogs of
the oracle estimators discussed in the preceding section.

For each i, define

(21) W̆i(π) = p−1(Pi(π)Y )′Pi(π)Y − τi(π)Iq.

The matrix W̆i(π) has spectral representation W̆i(π) =
∑q

j=1 w̆ij(π)v̂ij(π)v̂′ij(π), the {w̆ij(π)} being
the eigenvalues, possibly negative. Let w̆ij+(π) = max{w̆ij(π), 0} and w̆ij−(π) = min{w̆ij(π), 0}.
Define ŵij(π) = w̆ij+(π) and

(22) Ŵi(π) = W̆i+(π) =
q∑

j=1

ŵij(π)v̂ij(π)v̂′ij(π).

Note that Ŵi(π) is positive semidefinite. Replacing Wi(π) in the risk (10) with Ŵi(π) yields the
estimated risk of candidate estimator M̂(π,A):

(23) R̂(M̂(π,A)) =
s∑

i=1

r(Ai, τi(π), Ŵi(π)).

Let

(24) Âsym(π) = [Â1(π), Â2(π), . . . , Âs(π)], Âi(π) = Ŵi(π)(τi(π)Iq + Ŵi(π))−1

and let

(25) π̂sym = argmin
π∈Π(s)

R̂(M̂(π, Âsym(π))) = argmin
π∈Π(s)

s∑
i=1

q∑
j=1

τi(π)ŵij(π)(τi(π) + ŵij(π))−1.

The adaptive symmetric affine estimator is defined to be M̂sym = M̂(π̂sym, Âsym(π̂sym)), the candidate
estimator that minimizes estimated risk over all A ∈ Asym and all partitions π ∈ Π(s).

Let

(26) Âpro(π) = [Âpro,1(π), Âpro,2(π), . . . , Âpro,s(π)], Âpro,i(π) =
∑

j : ŵij(π)>τi(π)

v̂ij(π)v̂′ij(π).
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and let

(27) π̂pro = argmin
π∈Π(s)

R̂(M̂(π, Âpro(π))) = argmin
π∈Π(s)

s∑
i=1

q∑
j=1

min{τi(π), ŵij(π)}.

The adaptive projection estimator is defined to be M̂pro = M̂(π̂pro, Âpro(π̂pro)), the candidate estimator
that minimizes estimated risk over all A ∈ Apro and all partitions π ∈ Π(s).

In analogy to the oracle case,

(28) 2−1R̂(M̂pro) ≤ R̂(M̂sym) ≤ R̂(M̂pro) ≤ R̂(M̂ls) = q/k.

Historical special cases. When the responses are univariate (i.e. q = 1) and the partition π is
fixed, the adaptive symmetric affine estimator becomes a positive-part multiple shrinkage estimator,
coinciding for large p with that developed by Stein (1966). When q > 1 and the s = 1, the adaptive
symmetric affine estimator converges to the Efron-Morris (1972) estimator while the adaptive sym-
metric projection estimator becomes an adaptive total least squares estimator. Beran (2007) provides
details of these points. Van Huffel (2004) surveys the literature on total least squares.

Correlated Errors

The classical multivariate linear model asserts that the rows of the error matrix E in model (1)
are independent, identically distributed random vectors, each having a Nq(0,Σ) distribution, where
Σ is positive definite. Estimation in this model can be mapped into the case already treated. The
least squares estimator of M is still M̂ls = k−1C ′Y , Suppose that the covariance matrix Σ is positive
definite and known. Consider the candidate affine shrinkage estimators

(29) M̂(π,A,Σ) =
s∑

i=1

Pi(π)M̂lsΣ−1/2AiΣ1/2,

where A lies in As
sym or in As

pro. The quadratic loss of M̂(π,A,Σ) is defined to be

(30) L(M̂(π,A,Σ),M,Σ) = p−1(tr{(M̂ (A,Σ) − M)Σ−1(M̂(A,Σ) − M)′}).

Let Z = Y Σ−1/2, N = MΣ−1/2, N̂ls = M̂lsΣ−1/2 = k−1C ′Z, and

(31) N̂(π,A,Σ) = M̂(π,A,Σ)Σ−1/2 =
s∑

i=1

Pi(π)N̂lsAi.

Then

(32) L(M̂(π,A,Σ),M,Σ) = |N̂(π,A,Σ) − N |2 = p−1
s∑

i=1

|Pi(π)N̂lsAi − Pi(π)N |2.

The rows of Z are independent, identically distributed random vectors, each having a N(0, Iq) dis-
tribution. Thus, when Σ is known, the foregoing analysis reduces the problem of oracle or adaptive
estimation of M , under the linear model and loss function of this section, into the problem already
treated in this paper when Σ = Iq.

If the covariance matrix Σ is unknown, we replace Σ in the definition of candidate estimator
M̂(π,A,Σ) with an estimator Σ̂ that converges in probability to Σ as p tends to infinity. The estimated
risk of candidate estimator M̂(π,A, Σ̂) is obtained as in (23) by replacing Y with Y Σ̂−1/2. Asymptotic
theory discussed in a later section justifies this procedure by showing that the estimated risks converge
to the actual losses, uniformly over all A ∈ As

sym and all π ∈ Π(s), as p tends to infinity.
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A Case Study

The data matrix Y in this case study is 52 × 3. Row i of Y reports the grape yields harvested
in three different years from row i of a vineyard with 52 rows. The data is taken from Chatterjee et
al. (1995). Here p = n = 52 and the row responses are each of dimension q = 3. The number of
replications k = 1, so that C = I52. The grape yields, measured in lugs of grapes harvested from each
row, are plotted in Figure 1, using a different plotting character for each of the three years. Both
year-to-year and row-to-row changes in viticulture affect the observed yields. The analysis seeks to
bring out patterns in the row harvest yields that persist across years.

Construction of the basis U . Consider the (p − 1) × p matrix Δ(p) = {δi,j} in which δi,i = 1,
δi,i+1 = −1 for every i and all other entries are zero. Define the t-th difference operator Dt(p) through

(33) D1(p) = Δ(p), Dt(p) = Δ(p − t + 1)Dt−1(p) for 2 ≤ t ≤ p − 1.

In the present case study, where p = 52,we take the columns of the basis matrix U to be the eigenvectors
of D′4(p)D4(p), ordered from the smallest to the largest eigenvalue. The columns of U then form an
orthnonormal basis for R52, in which the first column has equal elements and the other columns are
discrete spline contrasts. The first four columns of U span the space of cubic polynomial fits.

Estimation of Σ. We use a submodel least squares fit to generate an estimator of Σ. Define
U(c) to be the first c columns of U and let X(c) = CU(c). The residuals from least squares regression
of Y onto X(c) yield the estimator

(34) Σ̂(c) = (n − c)−1Y ′(In − X(c)(X ′(c)X(c))−1X ′(c))Y = (n − c)−1Y ′(In − k−1X(c)X ′(c))Y.

Under conditions on M that ensure asymptotically vanishing bias in Σ̂(c), this estimator converges in
probability to Σ as kp − c tends to infinity. In the present case study, we find

(35) Σ̂(30) =

⎛
⎜⎝1.037 0.457 0.206

0.457 1.942 −0.653
0.206 −0.653 3.199

⎞
⎟⎠ .

The estimated covariances are moderate in magnitude and the estimated variances are heteroscedastic.
Both might be expected of harvest measurements subject to growing conditions that vary with year.

Adaptation is over all partitions, by column, of U into two submatrices as well as over the
pertinent class of shrinkage matrices. Figure 1 plots the adaptive estimates of mean grape yields
for each year, adding linear interpolation between adjacent estimated row means as a visual device
to display their trend. (The vineyard rows are intrinsically discrete). The adaptive affine shrinkage
estimate and the adaptive projection estimate reveal patterns that persist across the fitted mean
harvests for each of the three years. Large dips in estimated mean grape yield occur in the outermost
rows and near row 33; and smaller fluctuations occur elsewhere.

According to theory sketched in the next section, the adaptive affine shrinkage estimator has
smaller asymptotic loss than the adaptive affine projection estimator. Moreover, the estimated losses
of these two estimators approximate their true losses. In this case study, both the adaptive affine
shrinkage estimator and the adaptive projection estimator use the first 8 columns of U for U1 and
the remaining columns for U2. Their estimated risks (or losses) are, respectively, .604 and .773. Both
estimated risks are far smaller than the risk 3 of the least squares estimator.

Asymptotic Theory

Asymptotic analysis supports the adaptive procedures described in this paper. Suppose that
the rows of the error matrix E in model (1) are independent, identically distributed random vectors,
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Figure 1: Linearly interpolated adaptive symmetric affine shrinkage and adaptive projection fits to
the trivariate grape yields. Adaptation is over all partitions, by column, of a fourth-difference discrete
spline basis matrix U into two submatrices and over the pertinent class of shrinkage matrices.

each having a Nq(0,Σ) distribution, where Σ is positive definite and unknown. Let Σ̂ be an estimator
of Σ that satisfies for every finite c > 0 and ε > 0,

(36) lim
p→∞ sup

p−1|M |2≤c

P[|Σ̂ − Σ| > ε] = 0.

Provided p−1|M |2 ≤ c, it may be shown that:

• The loss and estimated risk of candidate estimator M̂(π,A, Σ̂ls) converge together in probability
as p → ∞, uniformly over all A ∈ As

sym and partitions π ∈ Π(s).

• Hence, the loss of the adaptive symmetric affine estimator M̂sym = M̂(π̂, Âsym(π̂), Σ̂), where
π̂ and Âsym(π̂) minimize the estimated risk of M̂(π,A, Σ̂) over all partitions π ∈ Π(s) and
A ∈ As

sym, converges in probability as p → ∞ to the minimum loss achievable over this candidate
estimator class.

• An analogous conclusion holds for adaptive projection estimator M̂pro that minimizes estimated
risk over all partitions π ∈ Π(s) and A ∈ As

pro.

The adaptive estimators behave asympotically in loss like their oracle counterparts. The proof,
not given here, generalizes empirical process arguments used in Beran and Dümbgen (1998) for
bounded variation shrinkage in the scalar case q = 1. Under certain uniform integrability assumptions
on Σ̂, the adaptive estimators also behave asymptotically in risk like their oracle counterparts. For
details of the special case when s = 1, see Beran (1999). The uniform integrability conditions may
not be easy to verify for some constructions of Σ̂.
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1 Introduction

Recent advances in longitudinal analysis have led to a wide range of regression methods, such as
Verbeke and Molenberghs (2000), Diggle, et al. (2002), Hoover, et al. (1998), Fan and Zhang (2000),
and Huang, Wu and Zhou (2002, 2004). These regression approaches generally lead to satisfactory
results when the subjects are properly randomized so that the treatments and the covariates are
not subject to “selection bias”. In many longitudinal studies, however, concomitant interventions
are initiated, usually due to ethical reasons, to patients who have undesirable trends in their medical
outcomes and prognosis. An important objective is to evaluate the additional concomitant intervention
effects on patients who have chosen the intervention before the trial ends. We demonstrate in this
paper that treating a concomitant intervention as a time-dependent covariate in the usual mixed-
effects models may lead to estimation bias, and propose a varying-coefficient mixed-effects model to
reduce bias for the intervention effects.

Our motivating example is the Enhancing Recovery in Coronary Heart Disease (ENRICHD)
Clinical Trial. This randomized clinical trial evaluated the efficacy of a psychosocial treatment for 2481
patients after acute myocardial infraction. Depression severity was measured by Hamilton Rating Scale
for Depression (HRSD) and Beck Depression Inventory (BDI), where higher HRSD and BDI scores
were associated with worsening depression. In addition to the randomized treatments, patients with
high baseline depression scores and/or nondecreasing BDI trends were eligible for pharmacotherapy
with antidepressant. Antidepressant medications were also prescribed at the requests of the patients
or their primary care physicians. Taylor, et al. (2005) compared the survival curves for death and
cardiovascular morbidity and mortality among 1834 patients in the ENRICHD trial and found that
the use of antidepressants might reduce subsequent cardiovascular morbidity and mortality. However,
the question of whether these antidepressants had added benefits for lowering the BDI scores was
not addressed. To answer this question, we treat the patient’s starting time of pharmacotherapy as a
subject-specific “change-point time” and evaluate the effects of pharmacotherapy on the patient’s BDI
scores over the trial time. It is important to note that pharmacotherapy in the ENRICHD trial was
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not initiated based on some HRSD or BDI threshold values. We attempt to model the relationships
between the subject’s parameters for BDI trends and his/her change-point time using a B-spline
nonparametric approach.

Our modeling approach shares some similarities with the informative missing data methods
studied by Follmann and Wu (1995), who used a shared parameter approach to link a mixed-effects
model for the response and a marginal model for the characteristics of missing data, such as time to
dropping out. In contrast, our model includes the response curves after the change-points. Unlike
the classical change-point problems where all the subjects have the same unknown change-point, the
individual starting times of the concomitant intervention are observed in our data. We describe
our regression model and its biological interpretations in Section 2, propose a class of estimation
and inference procedures in Sections 3 and 4, apply the method to the depressed patients who had
undergone pharmacotherapy in the ENRICHD trial in Section 5, and present a simulation study for
the finite sample properties of our method in Section 6.

2 Change-Point Mixed-Effects Models

2.1 Data Structure

We consider a study with n randomly selected subjects. For the ith subject, ni is the number of visits,
Tij ∈ [T0, T1] is the trial time or study time at the jth visit, Yij is the real-valued outcome measured
at Tij and Xi = (1, X1i, . . . , XPi)T is the RP+1-valued time-invariant covariate vector. Here [T0, T1] is
the known time interval for the study. We assume that the study has one concomitant intervention,
and each subject has one change-point from non-intervention to intervention within the study period
[T0, T1]. Let Si be the ith subject’s intervention starting time or change-point time, and δij = 1[Tij≥Si]

the intervention indicator at the jth visit. The time from the concomitant intervention to the jth
visit is Rij = Tij − Si. The observations are {(Tij, Yij ,Xi, Si); 1 ≤ j ≤ ni, 1 ≤ i ≤ n}. Because
our objective is to investigate the relationships between Yij and (Tij,Xi) before and after the change-
point time Si, our model does not include subjects who have not received the concomitant intervention
within the study period [T0, T1]. Models incorporating such subjects require additional assumptions on
the disease pathology. When the context is clear, we may interchange intervention with concomitant
intervention and denote by (T, Y,X, S, δ,R) the random variables for the population.

2.2 The Shared-Parameter Model

We consider first the case without X. Using the framework of linear mixed-effects models, an intuitive
change-point model is⎧⎨⎩ Yij = TT

ijai +
(
T∗

ij

)T
bi + εij ,(

aT
i ,bT

i

)T ∼ MVN
(
(αT , βT

)T
, Γ) for some unknown (α, β, Γ),

(2.1)

where, with known D1 and D2, ai = (a0i, . . . , aD1i)
T , bi = (b0i, . . . , bD2i)

T , Tij = (1, Tij, . . . , T
D1
ij )T ,

T∗
ij = (δij , δijTij , . . . , δijT

D2
ij )T , εij are mean zero error processes, and (aT

i ,bT
i )T and εi = (εi1, . . . , εini)

T

are independent. The intervention effects are characterized by bi for the ith subject and E(bi) = β

for the population.
A crucial assumption of (2.1) is that {ai,bi} and Si are independent. To model the intervention

effects, a natural extension of (2.1) is to allow Si to be correlated with the ai or {ai,bi}. We denote
by μ1(·; ai) and [μ1(·; ai) + μ2(·;bi)] the subject-specific response curves before and after the start of
the intervention, and interpret μ2(·;bi) as the function of intervention effect. Given {Tij ,Xi, Si}, our
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shared-parameter model is{
Yij = μ1(Tij ,Xi; ai) + δij μ2(Tij,Xi, Rij;bi) + εij ,(
aT

i ,bT
i , Si

)T ∼ Joint Distribution,
(2.2)

where εij are mean zero errors with cov(εij1 , εij2) = σij1j2 , εi1j1 and εi2j2 are independent if i1 �= i2,
and, conditioning on {ai,bi}, Si and {Tij,Xi} are independent. We assume that {ai,bi} and {Tij,Xi}
are independent. Let Yi = (Yi1, . . . , Yini)

T , Ti = (Ti1, . . . , Tini)
T and H(·, ·) be the joint distribution

function of {ai,bi}. The joint likelihood for (Y T
i , Si)T given {Ti,Xi} is

f(Yi, Si|Ti,Xi) =
∫

f(Yi|Ti,Xi, Si, ai,bi)f(Si|ai,bi) dH(ai,bi),(2.3)

where f(·|·) are the conditional densities specified in (2.2). Because of the extra f(Si|ai,bi), (2.3)
differs from the standard likelihood functions for the mixed-effects models (e.g., Verbeke and Molen-
berghs, 2000, p24). In (2.2), the correlation between Si and ai suggests that the ith subject’s inter-
vention starting time is determined by the pre-intervention response curve μ1, while the correlation
between Si and bi suggests that Si may also influence the intervention effect curve μ2.

2.3 The Varying-Coefficient Mixed-Effects Model

When μ1(Tij,Xi; ai) = ZT
ijai for Zij = (Zij0, . . . , ZijD1)

T generated by {(Tij,Xi), δij = 0}, and
μ2(Tij ,Xi, Si;bi) = WT

ijbi for Wij = (Wij0, . . . , WijD2)
T generated by {(Tij,Xi, Si), δij = 1}, we

can write α(Si) = E(ai|Si), β(Si) = E(bi|Si), a∗i = ai − α(Si), b∗
i = bi − β(Si), and (2.2) as a

varying-coefficient model using the conditional distribution of {ai,bi} given Si:{
Yij = ZT

ij [α(Si) + a∗i ] + δijWT
ij [β(Si) + b∗

i ] + εij ,(
a∗T

i ,b∗T
i

)T
∣∣∣ Si ∼ G(·|Si)

(2.4)

where, for Si = s, G(·|s) is a distribution function with mean zero and covariance cov[(a∗T
i ,b∗T

i )T |s] =
C(s). Both α(s) and β(s) are the parameters of interest, but β(s) is the mean intervention effect on
the response curve.

An obvious choice for G(·|Si) is the multivariate normal distribution with mean zero and
time-invariant covariance C = cov[(a∗T

i ,b∗T
i )T |s]. Extensions to time-dependent covariances can

be made by modeling C(s). In linear models, α(s; γ) = (α0(s; γ0), . . . , αD1(s; γD1))
T , β(s; τ) =

(β0(s; τ0), . . . , βD2(s; τD2))
T ,

αd(s; γ) =
Ld∑
l=0

γdlTdl(s) and βd(s; τ) =
Md∑

m=0

τdmT ∗
dm(s)(2.5)

where {Ld, Md} are fixed, and {Tdl(s), T ∗
dm(s)} are known transformations of s. The choice Tdl(s) = sl

and T ∗
dm(s) = sm leads to polynomials for (2.5). Extended linear models can be used to approximate

{α(s), β(s)} when their parametric forms are unknown. Let {Bd1(s) = (Bd10(s), . . . ,Bd1Ld1
(s))T ; 0 ≤

d1 ≤ D1} and {B∗
d2

(s) = (B∗
d20

(s), . . . ,Bd2Md2
(s))T ; 0 ≤ d2 ≤ D2} be some pre-specified basis func-

tions. Then α(s) and β(s) can be approximated by

αd(s; γ) ≈
Ld∑
l=0

γdlBdl(s) and βd(s; τ) ≈
Md∑

m=0

τdmB∗
dm(s),(2.6)

where Ld and Md may tend to infinity as n → ∞. Popular basis choices include truncated polynomial
bases, Fourier bases or B-splines. In this paper, we restrict our attention to B-splines with fixed knot
sequences because of their superior numerical stability. The smoothing parameters {Ld, Md} may be
chosen subjectively or by a variable selection procedure (Huang, Wu and Zhou, 2002).
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3 Estimation Methods

3.1 Likelihood-Based Estimation

If (2.4) and (2.5) are satisfied, G(·|s) is Gaussian, and (εi1, . . . , εini)
T ∼ N(0, Γi), we can estimate

{γ, τ} by maximizing the partial likelihood

L(Ti,Xi) =
n∑

i=1

log
[∫

f(Yi|Ti,Xi, Si, ai,bi) dG(ai,bi|Si)
]

.(3.1)

Let Wi be the matrix whose jth row is (ZT
ij , δijWT

ij), Td(s) = (Tdl(s), . . . , TdLd
(s))T , T ∗

d (s) = (T ∗
d1(s),

. . . , T ∗
dMd

(s))T , T (s) = diag{T T
0 (s), . . . , T T

D1
(s), T ∗T

0 (s), . . . , T ∗T
D2

(s)}, T (Si) = Ti, and Vi be the co-
variance of

eij = ZT
ija

∗
i + δijWT

ijb
∗
i + εij , 1 ≤ j ≤ ni.

Then (2.6) is (αT (s; γ), βT(s; τ))T = T (s)(γT , τT )T , where γd = (γd0, . . . , γdLd
)T , γ = (γT

0 , . . . , γT
D1

)T ,
τd = (τd0, . . . , τdMd

)T and τ = (τT
0 , . . . , τT

D2
)T . When Vi are known, maximizing (3.1) leads to(

γ̂ML(T )
τ̂ML(T )

)
=

{
n∑

i=1

[WiTi]T V−1
i [WiTi]

}−1 {
n∑

i=1

[WiTi]T V−1
i Yi

}
(3.2)

provided that
∑n

i=1[(WiTi)TV−1
i (WiTi)] is nonsingular. When Vi are unknown but can be consis-

tently estimated by a non-singular V̂i, we can estimate {γ, τ} by {γ̃ML(T ), τ̃ML(T )} which are given
by (3.2) with Vi substituted by V̂i. Substituting {Tdl(s), T ∗

dm(s)} in (3.2) with the basis functions
{Bdl(s),B∗

dm(s)}, we can compute {γ̂ML(B), τ̂ML(B)}. The likelihood-based estimator of {α(s), β(s)}
with known Vi is(

α̂T
ML(s;B)), β̂T

ML(s;B)
)T

= B(s)
(
γ̂T

ML(B), τ̂T
ML(B)

)T
,

where Bi = B(Si), B(s) is defined as T (s) with {Tdl(s), T ∗
dm(s)} replaced by {Bdl(s), B∗

dm(s)}. Non-
parametric estimators computed with V̂i used in (3.2) are(

α̃T
ML(s;B), β̃T

ML(s;B)
)T

= B(s)
(
γ̃T

ML(B), τ̃T
ML(B)

)T
.

3.2 Least-Squares Based Estimation

When the explicit forms of G(·|Si) and the distribution of εij are unknown, a practical approach is to
first parameterize {α(s), β(s)} by {α(s; γ), β(s; τ)} and then derive {γ̂LS, τ̂LS} which minimize

	(γ, τ) =
n∑

i=1

{[
Yi −

(
ZT

i α(Si; γ) + (δW)T
i β(Si; τ)

)]T

× Λi

[
Yi −

(
ZT

i α(Si; γ) + (δW)T
i β(Si; τ)

)]}
,(3.3)

where Zi = (Zi1, . . . ,Zini)
T , (δW)i = (δi1Wi1, . . . , δiniWini)

T , and Λi are pre-specified symmetric
nonsingular ni × ni matrices. The weighted least-squares estimators for (2.5) are(

γ̂LS(T )
τ̂LS(T )

)
=

{
n∑

i=1

[WiTi]
T Λi [WiTi]

}−1 {
n∑

i=1

[WiTi]
T ΛiYi

}
,(3.4)

where
∑n

i=1[WiTi]T Λi[WiTi] is nonsingular, and the jth row of Wi is (ZT
ij , δijWT

ij). Substituting (2.6)
in (3.3), the least-squares based nonparametric estimators of {α(s), β(s)} are

(α̃T
LS(s;B), β̃T

LS(s;B))T = B(s)
(
γ̃T

LS(B), τ̃T
LS(B)

)T
,(3.5)
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where {γ̃LS(B), τ̃LS(B)} are given in (3.4) with T (s) replaced by B(s). Clearly, (3.4) and (3.5) are
the same as the likelihood-based estimators when Λi = V−1

i and the normality assumptions hold. In
practice, Vi are usually unknown and often difficult to estimate, so that subjective choices for Λi are
used. Two usual choices of Λi are Λi = Ini×ni and Λi = diag(1/ni, . . . , 1/ni) (e.g., Huang, Wu and
Zhou, 2002 and 2004). The Λi = Ini×ni choice corresponds to equal weight per observation, while
Λi = diag(1/ni, . . . , 1/ni) corresponds to equal weight per subject.

4 Inferences

From (3.4), E[γ̂LS(T )] = γ, E[τ̂LS(T )] = τ and the covariance of (γ̂T
LS(T ), τ̂T

LS(T ))T is[
n∑

i=1

(WiTi)TΛi(WiTi)

]−1 [
n∑

i=1

(WiTi)TΛiViΛi(WiTi)

][
n∑

i=1

(WiTi)TΛi(WiTi)

]−1

.

Let ξ̂T
LS = (γ̂T

LS(T ), τ̂T
LS(T ))T , ξ = (γT , τT )T , and Lξ̂LS and Lξ be their corresponding linear combi-

nations. It can be shown that (Serfling, 1980, Section 1.9.3), when n is large, Lξ̂LS has approximately
a N(Lξ, V ar[Lξ̂LS ]) distribution, where V ar[Lξ̂LS ] can be derived from the covariance matrix of ξ̂LS .
Substituting V ar(Lξ̂LS) with a consistent estimate V̂ ar(Lξ̂LS), an approximate (1 − α) confidence
interval for Lξ is(

Lξ̂LS

)
± Zα/2

[
V̂ ar

(
Lξ̂LS

)]1/2
,(4.1)

where Zα/2 is the [100 × (1 − α/2)]th percentile of the standard normal distribution. Let L be any
given matrix with rank(L) = d. This asymptotic approximation can be used to test H0: Lξ = C
for a known constant vector C, versus HA: Lξ �= C. An α-level approximate χ2-test rejects the null
hypothesis if(

Lξ̂LS −C
)T {

L
[
Ĉov(ξ̂LS)

]
LT

}−1 (
Lξ̂LS −C

)
≥ χ2

d,α,

where χ2
d,α is the [100× (1 − α)]th upper percentile of the χ2

d-distribution.
Nonparametric inferences for the smoothing estimators of α(s) and β(s) can be constructed using

the “resampling-subject” bootstrap (Huang, Wu and Zhou, 2002). For the construction of bootstrap
pointwise confidence intervals, this procedure generates bootstrap samples {(Y b

ij ,Z
b
ij, (δijWij)b, Sb

i ); 1 ≤
i ≤ n, 1 ≤ j ≤ ni} by sampling the subjects with replacement from the original data and ob-
tains the spline estimators α̃

(b)
LS(s,B) and β̃

(b)
LS(s,B). Repeat the procedure multiple times, and let

Lα/2(α̃LS,d(s,B)) and Uα/2(α̃LS,d(s,B)) be the lower and upper [100 × (α/2)]th percentiles of the
bootstrap estimators of αd(s). An approximate (1 − α) pointwise confidence interval for αd(s) is
(Lα/2(α̃LS,d(s,B)), Uα/2(α̃LS,d(s,B))). Confidence intervals for βd(s) and other parameters can be
constructed similarly.

5 Application to Pharmacotherapy in the ENRICHD Study

Because pharmacotherapy was only designed as a concomitant intervention in this trial, the starting
time of pharmacotherapy was chosen by the subjects or their physicians. Patients in the usual care
arm did not have accurate records for pharmacotherapy and BDI scores within the six-month period.
Ninety one patients (1446 observations) in the psychosocial treatment arm had clear records of their
pharmacotherapy starting time. Patients who did not have proper records of antidepressant use within
the psychosocial treatment period were excluded.
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For the ith patient, Yij , Tij , Si, Rij = Tij − Si and δij = 1[Tij≥Si] are the BDI score, trial
time in months, starting time of pharmacotherapy, time from initiation of pharmacotherapy, and
pharmacotherapy indicator, respectively, at the jth visit. An intuitive model is the following special
case of (2.1),

Yij = a0i + a1iTij + b0iδij + b1iδijRij + εij ,(5.1)

where E(a0i, a1i, b0i, b1i)T = (α0, α1, β0, β1)T and, when δij = 1 and Rij = r, (β0 + β1r) describes the
mean pharmacotherapy effect at r months since the start of pharmacotherapy. To evaluate whether
(5.1) leads to potential bias, we next considered the following special case of (2.4),

Yij = α0(Si) + α1(Si)Tij + β0δij + β1δijRij + eij ,(5.2)

where eij = a∗i0 + a∗i1Tij + b∗i0δij + b∗i1δijRij + εij , α0(Si) = γ00 + γ01Si and α1(Si) = γ10 + γ11Si. At
r months after the start of pharmacotherapy, the mean pharmacotherapy effect is β0 + β1r, where a
negative value for β0 + β1r corresponds to a beneficial effect for reducing depression. We assume in
(5.2) that β0(Si) ≡ β0 and β1(Si) ≡ β1 in the sense that the effects of pharmacotherapy only depend
on how long the antidepressant has been used, but not on when it is started.

Table 1. Parameter estimates and their corresponding standard errors and 95% confidence intervals
obtained by REML with unstructured correlations for models (5.1) and (5.2).

Model Parameter Estimate SE 95% CI
α0 23.380 1.107 (21.167, 25.594)

(5.1) α1 -0.619 0.479 (-1.577, 0.339)
β0 -3.410 0.994 (-5.399, -1.422)
β1 -1.584 0.521 (-2.626, -0.542)
γ00 25.670 1.431 (22.808, 28.533)
γ01 -1.389 0.586 (-2.562, -0.216)

(5.2) γ10 -0.278 0.822 (-1.922, 1.366)
γ11 0.078 0.174 (-0.272, 0.426)
β0 -4.302 1.041 (-6.385, -2.220)
β1 -2.062 0.773 (-3.608, -0.516)

Table 1 summarizes the parameters estimates and their corresponding standard errors and 95%
confidence intervals computed using the restricted maximum likelihood (REML) procedures with
unstructured correlations. The negative estimates for (β0, β1) under (5.1) and (5.2) suggest that the
beneficial effect of pharmacotherapy for this patient population is detected by both models. However, a
slightly stronger depression lowering effect is exhibited by (5.2). The negative 95% confidence interval
for γ01 suggests that patients with higher baseline BDI scores tend to start pharmacotherapy sooner.

6 Simulation

Following the general framework (2.3), we consider a simulation design that resembles the phar-
macotherapy dataset of the ENRICHD trial. Each simulated sample contains n = 200 subjects.
Each subject has 30 “scheduled visits” at time points (Ti1, . . . , Ti,30) = (0, 0.2 + e1, . . . , 5.8 + e29),
where {el} are independently generated from uniform U(−0.2, 0.2) distribution, but each sched-
uled visit has 40% probability skipped. This leads to unequal numbers of repeated measurements
among the subjects with ni being the number of repeated measurements for the ith subject. The
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random parameters (aT
i ,bT

i )T = (a0i, a1i, b0i, b1i)T are generated from the multivariate normal dis-
tribution with mean (25, 0,−4,−2)T and covariance matrix cov(a0i, a1i, b0i, b1i) = diag(6.25, 1, 1, 1).
For each {ai,bi}, we generate two different change-point times: (a) Si ∼ N(10 − 0.3 a0i, 0.16);
and (b) Si ∼ N(1 + 4 sin[(a0i − 4)/9], 0.09). For each given {Tij, Si, ai,bi}, Yij is generated from
N(a0i + a1iTij + b0iδij + b1iδijRij , 4). When {Si; i = 1, . . . , 200} are generated from (a), direct cal-
culation shows that the marginal model of Yij is (5.2) with γ00 = 31.49, γ01 = −2.60, γ10 = γ11 = 0,
τ0 = −4 and τ1 = −2. When {Si; i = 1, . . . , 200} are generated from (b), we assume that the
parametric form of α0(Si) is unknown and the marginal model of Yij is

Yij = α0(Si) + α1Tij + β0δij + β1δijRij + eij ,(6.1)

where eij = a∗i0 + a∗i1Tij + b∗i0δij + b∗i1δijRij , β0 = −4, β1 = −2 and α0(Si) does not have a linear
expression.

Table 2. Averages of estimates, standard errors and square roots of the mean squared errors, and
the estimated coverage probabilities of the 95% confidence intervals computed over all the simulated
samples with Si ∼ N(10 − 0.3 a0i, 0.16). Parameter estimates were obtained using REML with
unstructured correlations.

Model Parameter Ave. Est. Ave. SE Ave.
√

MSE Cov. Prob.
α0 = 25 25.018 0.202 0.211 0.940

(5.1) α1 = 0 -0.058 0.100 0.123 0.897
β0 = −4 -3.805 0.153 0.253 0.745
β1 = −2 -1.971 0.115 0.123 0.936

γ00 = 31.488 31.480 0.350 0.359 0.942
γ01 = −2.595 -2.592 0.131 0.134 0.943

(5.2) α1 = 0 0.001 0.099 0.099 0.951
β0 = −4 -4.004 0.152 0.154 0.946
β1 = −2 -1.998 0.114 0.114 0.955

The simulation was repeated 2000 times. For samples with Si generated from (a), we first
ignored the correlation between a0i and Si and estimated (α0, α1, β0, β1) using (5.1) with REML
and unstructured correlations, and then fitted the data to (5.2) with α1(Si) ≡ α1 and estimated
(γ00, γ01, α1, β0, β1) using REML. Table 2 summarizes the averages of the estimates, their standard
errors and root mean-squared errors, and the empirical coverage probabilities of the 95% asymptotic
confidence intervals computed from the simulated samples. The bias for the estimation of β0 in
(5.1) can be seen from the large average root mean-squared errors and the low coverage probabilities
compared with the estimates obtained using (5.2).

For samples with Si generated from (b), we approximated α0(s), s ∈ [0, 6], using the quadratic
B-spline with 2 equally spaced interior knots (e.g., Hastie, Tibshirani and Friedman, 2001, Ch.5.2),
and estimated (α0(s), α1, β0, β1) under (6.1) using (3.4) and (3.5) with the Λi = Ini×ni weight. We
computed the 95% bootstrap confidence intervals for (α1, β0, β1) and the 95% pointwise bootstrap
confidence intervals for α0(s) at 60 equally spaced values of s ∈ [0, 6] using the percentile procedures
with B = 300 bootstrap replications. For comparison, we also fitted the data to (5.1), which assumes
that α0(s) ≡ α0, and estimated (α0, α1, β0, β1) using the same procedure of (3.4). Figure 1a shows the
spline-estimated coefficient curve α0(s) and the 95% pointwise bootstrap confidence intervals obtained
from a randomly selected simulated sample. Figure 1b shows the empirical coverage probabilities of
the 95% pointwise bootstrap confidence intervals computed from the 2000 simulated samples, where
true α0(s) is numerically calculated. These figures indicate clearly that α0(s) is not a constant.

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 260 -



0 1 2 3 4 5 6

15
20

25
30

35
40

(a)

s

a0
(s

)

(b)

s

Em
pir

ica
l C

ov
er

ag
e 

Pr
ob

ab
ilit

y o
f a

0(
s)

0.
87

0.
89

0.
91

0.
93

0.
95

0.
97

0 1 2 3 4 5 6

Figure 1: (a) True curve α0(s) (solid line), spline estimated curve α̃0(s) (dash line) and pointwise
95% bootstrap percentile confidence intervals (dotted lines) obtained from a randomly selected simulated
sample. (b) Empirical Coverage probability of pointwise 95% bootstrap CIs for α0(s) (solid line) and
their sample mean (dash line).
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Aggregation methods: optimality and fast rates.

Lecué, Guillaume
Université Pierre et Marie Curie, Laboratoire de probabilité et modèles aléatoires.
Bureau 4D1
175 rue du Chevaleret
75013 Paris, France
E-mail: lecue@ccr.jussieu.fr

Let F be a set of M classification procedures with values in [−1, 1]. Given a loss function, we
want to construct a procedure which mimics at the best possible rate the best procedure in F . This
fastest rate is called optimal rate of aggregation. Considering a continuous scale of loss functions with
various types of convexity, we prove that optimal rates of aggregation can be either ((log M)/n)1/2

or (log M)/n. We prove that the (penalized) Empirical Risk Minimization procedures are suboptimal
(even under the margin/low noise condition) when the loss function is somewhat more than convex,
whereas, in that case, aggregation procedures with exponential weights achieve the optimal rate of
aggregation.

In a second time, we consider the problem of adaptation to the margin and to complexity in
binary classification. We use an exponential weighting aggregation scheme to construct classifiers
which adapt automatically to margin and complexity. One main example is worked out in which
adaptivity is achieved in the framework proposed by Scovel and Steinwart (2005, 2007). Namely, we
propose an easily implementable adaptive SVM classifier.
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RÉSUMÉ (ABSTRACT)

On se place dans un modèle d’estimation d’un objet f , élément d’un ensemble F . On dispose
de M éléments f1, . . . , fM de F appelés ”estimateurs faibles” ou ”dictionnaire”. L’objectif est de
construire un nouvel estimateur, à partir de ces M estimateurs faibles et de n nouvelles observations,
qui soit meilleur que les M estimateurs de base. De telles constructions sont appelées méthodes
d’agrégation.

Dans un premier temps, on étudiera l’optimalité de ces méthodes. Notamment, en considérant,
pour le problème de classification, une échelle continue de fonctions de perte décrivant plusieurs types
de convexité, on montre que les méthodes d’agrégation, obtenues par pénalisation du risque empirique,
sont, dans le cas de fonctions de perte β−convexes, sous-optimales, dans le sens où elles ne peuvent
pas imiter l’oracle plus rapidement que [(log M)/n]−1/2 alors que des méthodes d’agrégation avec poids
exponentiels peuvent atteindre l’oracle à la vitesse optimale d’agrégation : (log M)/n.

Dans un deuxième temps, on appliquera ces méthodes à la construction de SVM adaptatifs
aux paramètres de marge et de complexitè (donnant ainsi une version adaptative et implémentable des
résultats de Steinwart et Scovel).
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ABSTRACT

Zellner’s g-prior remains a popular conventional prior for use in Bayesian variable selection, despite
some undesirable consistency problems. In this paper, we study mixtures of g-priors as an alternative
to default g-priors that resolve many of the problems with the original formulation, while maintaining
the computational tractability that has made the g-prior so popular. We present theoretical properties
of the mixture priors and provide real and simulated examples to compare the mixture formulation
with fixed g-priors, Empirical Bayes approaches and other default procedures.

Keywords. AIC, Bayesian Model Averaging, BIC, Cauchy, Empirical Bayes, Gaussian Hypergeo-
metric functions, model selection, Zellner-Siow priors.
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Bayesian Inference and Sparse Representations in Signal Processing

Patrick J. Wolfe
Department of Statistics, Harvard University
E-mail: wolfe@stat.harvard.edu

ABSTRACT

The coupling of high-dimensional geometry with sparse representations represents a confluence of two
elegant and powerful notions in applied mathematics. This rich area has yielded a variety of important
developments in recent years, with compressive sampling (CS) perhaps foremost among them. To a
statistician, CS is about the difference between data and information. To an engineer, these ideas
suggest natural connections to coding and complexity. However, even more is present than meets
the eye; these same notions have a similarly beautiful interpretation in terms of model selection and
Bayesian statistical inference, whereby prior knowldge regarding signal sparsity can also be turned
to best advantage. In fact, the notion of sparse (and in some cases overcomplete) representations,
along with associated algorithms for nonlinear estimation and shrinkage, has long seen wide use in
application domains. Here we focus on this aspect of statistical modeling of natural sounds and
images, and describe new advances in these areas. By using this viewpoint to describe issues faced by
practitioners, such as missing data or more generally incomplete measurements, we attempt to close
the loop with signal acquisition and processing under the CS regime.

Keywords. Model selection, sparse representations, compressive sampling, Bayesian inference.
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1 Introduction

The multivariate skew-normal distribution and its generalizations have become

quite popular in the last years as documented, for example, in the book edited

by Genton (2004), or in Azzalini (2005). The main reason of the popularity of

this class of distributions lies in the fact that it is able to capture mild departures

from symmetry, which can be particularly useful in real data applications.

In the last ten years, literature have experienced an explosion of results

about distributional theory of skew-normal and, more generally, skew-elliptical

distributions. However, the theory of inference is still deficient even in the scalar

cases (Azzalini and Capitanio 2003). These problems were anticipated since

Azzalini (1985) and Liseo (1990) and they are basically due to some anomalies

of the likelihood function: for example, under the scalar skew-normal model

there is a positive sampling probability that the maximum likelihood estimator

will get infinite values. These problems tend to be more serious - and more

difficult to detect - in the multivariate cases. In this paper we will consider the

multivariate skew-normal distribution only, denoted by the symbol Sp(ξ,Ω,α),

whose probability density function is given by

(1) f (y; ξ,Ω,α) = 2φp (y − ξ;Ω) ·Φ [α′ (y − ξ)
]

y, ξ,α ∈ Rp

where Φ (·) is the cumulative distribution function of a standardized normal ran-

dom variable while φp (·;Ω) is the density function of a p−dimensional normal

distribution with mean 0 and variance Ω. In the expression (1), α represents

the shape parameter vector which quantifies the degree of skewness of the dis-

tribution, while ξ and Ω represent location and scale parameters.

Suppose we observe a n× p data matrix Y, whose rows y′

1, · · · ,y′
n repre-

sent a random sample from (1). The corresponding sample mean and variance
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are given by

y =
1

n
Y′1n S =

1

n
Y′

(
In − 1

n
1n1′

n

)
Y

where In is the n−dimensional identity matrix and 1n is the n−dimensional

vector of ones. The likelihood function associated to X is given by

L(ξ,α,Ω) ∝ | Ω |−n
2 exp

{
−n

2

[
tr
(
Ω−1S

)
+ (ȳ − ξ)′Ω−1(ȳ − ξ)

]}
(2)

×
n∏

i=1

Φ
(
α

′(yi − ξ)
)
.

It is quite difficult to directly deal with (2), both in a likelihood and in a

Bayesian approach, unless introducing some simplifying assumptions: for ex-

ample, when the location parameter ξ is known, then the likelihood function

factorizes in two parts, one depending only on Ω, the other depending only on

α: in this case, some progress can be made in providing numerical approxima-

tion of the posterior distribution of the parameters vector.

As already mentioned, one of the first and most important motivations

of the multivariate skew-normal distribution was its possibility to account for

mild departure from normality in terms of skewness. This aspect can be very

important in many different fields, for example in financial econometrics. Con-

sequently it is typically important to perform a test for comparing the two

hypotheses

(3) H0 : α = 0 vs. α �= 0,

where the symbol α �= 0 means that at least one element of the vector α is not

zero. This problem is equivalent to that of comparing the nested models

M0 : X1, X2, · · · , Xn
iid∼ Np(ξ,Ω) vs. X1, X2, · · · , Xn

iid∼ SNp(ξ,Ω,α),

Although the problem sounds very basic, there are no well established solutions

in the general multivariate case. Salvan (1986) derives the locally most powerful

test among the invariant tests when p = 1. Her argument is based on the

maximal invariant which allows to eliminate the location and scale nuisance

parameters (Spiegelhalter 1983), and leads to a test which is based on the usual

skewness index, namely

T =

√
n
∑n

i=1(xi − x̄)3
(
∑n

i=1(xi − x̄)2)
3
2

The effectiveness of this approach is discussed in Pewsey (2000). Liseo and

Loperfido (2006) discuss the use of the Bayes factor, combined with the usual

reference prior for the location and scale parameters and the (proper) Jeffreys’

prior for the shape parameter α. All the above mentioned approaches are
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discussed and presented in the scalar case only. A direct generalization of the

Salvan’s approach to the multivariate case is not guaranteed to be successful.

According to Cox and Hinkley (1974) - see page 319 - in general, a single most

powerful test might not even exist “essentially because different most powerful

tests will be appropriate for different directions in the parameter space”. In

these cases we might want look for asymptotically most powerful unbiased test

based on local alternatives: in our notation, it amounts to check for alternatives

of the type

(4) α0 + δ
b√
n
,

where α0 will be usually equal to 0, where δ is a real number and b is a vector.

In this case the test is based on the quantity

(5)
(b′∇(α0))

2

b′I(α0)b
,

where ∇(·) is the score vector and I represents the expected Fisher information.

Cox and Hinkley (1974) show that the supremum over b of (5) leads, ignoring

op(1) quantities, to the usual maximum likelihood ratio test

(6) ∇′(α0)I
−1(α0)∇(α0).

This test is difficult to be used in the skew-normal case because the Fisher

information matrix is singular at α = 0 and even the use of a different para-

meterization encounters several difficulties.

In this paper we propose a Bayesian approach to both estimation and

testing of the parameters of the multivariate skew-normal distribution. Our

approach is based on a simulation approach along the lines of Celeux, Marin

and Robert (2006), which propose the iterated importance sampling (IIS, here-

after) algorithm, in which the natural stochastic representation of the multi-

variate skew-normal distribution as a missing data structure (see below) can

be exploited to easily produce a Monte Carlo approximation of the posterior

distribution. The output can then be routinely used for parameter estimation

and testing. Details are given for the bivariate case.

2 IIS algorithm for the multivariate SN distribution

2.1 A preliminary result

It is well known (see, for example, Azzalini and Capitanio (1999), Prop. 1)

that, if Z is a scalar random variable and X is a p-dimensional random vector

such that

(7)

(
Z

X

)
∼ Np+1

[(
0

0

)
,

(
1 δ

T

δ Ω

)]
,

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 271 -



then the random vector

U =

{
X Z > 0

−X Z ≤ 0

has a SNp(Ω,0,α) distribution, with α = (1− δ
TΩ−1

δ)−
1
2 Ω−1

δ.

This result can be easily adapted to show that the density function of a p-

dimensional skew-normal random vector can be seen as the marginal density

of a suitable function of a (p + 1)-dimensional Gaussian random vector. More

precisely, the following result holds.

Proposition 1 If the random vector (Z,XT ) is distributed as above, then

Y = U + ξ ∼ SNp(Ω, ξ,α)

and the joint density of (Y, Z) is given by

f (y, z) = φ1(z, 1)
[
φp(y − ξ − δ z,Ω− δδ

T )I[Z>0](z)

+ φp(y − ξ + δ z,Ω− δδ
T )I[Z≤0](z)

]
.

Proof: The first claim is obvious. To compute the joint density of (Y, Z), it

suffices to write f(Y, Z) = f(y | z)f(z) and, noticing that conditional on Z, Y
has a normal distribution, one gets

f(y | z) = φp(y−ξ−δ z,Ω−δδ
T )I[Z>0](z)+φp(y−ξ +δ z,Ω−δδ

T )I[Z≤0](z).

Since Z ∼ N(0, 1), the proof is complete.

2.2 The algorithm

Proposition 1 provides a “completion” of the multivariate skew-normal den-

sity, and it allows for a computationally easy implementation. In fact, it can

be used to represent the skew-normal model as a missing data structure, for

which efficient algorithm are available. We propose the iterated importance

sampling scheme for missing data problems proposed in Celeux et al. (2006).

Here we describe the spirit of the algorithm. The iterative importance sampling

approach can be seen as an evolution of the importance sampling technique,

where a temporal dimension is added and the proposal density can be adap-

tively chosen through the iterations. In the multivariate skew-normal model,

using Proposition 1, the augmented data likelihood function, expressed in terms

of ξ,Ω and

(8) δ =
Ωα√

1 + α′Ωα
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is given by

L(ξ, δ,Ω;y, z) ∝
n∏

i=1

{[
φp(yi − ξ − δ zi,Ω− δδ

T )I[Zi>0].

+ φp(yi − ξ + δ zi,Ω− δδ
T )I[Zi≤0]

]× φ1(zi, 1)
}

= exp

⎛
⎝−1

2

n∑
j=1

z2
i

⎞
⎠ 1

| Ω− δδ
′ |n2 exp

(
−n

2
tr
(
(Ω− δδ

′)−1S
))

× exp

⎛
⎝−1

2

n∑
j=1

(ȳ − ξ − δ(2IZ>0(zi)− 1))′(Ω− δδ
′)−1(ȳ − ξ − δ(2IZ>0(zi)− 1))

⎞
⎠

Given a prior density π (ξ, δ,Ω) the algorithm we have used is basically the Rao-

Blackwellised PMC scheme for missing data problem (Algorithm 2) in Celeux

et al. (2006).

Let θ = (ξ, δ,Ω); to implement the algorithm in a way which resembles

the Gibbs sampler scheme, we need to sample from the full conditional distri-

bution of the latent variable Z given the actual data and the current values of

the parameters, say k(z | y,θ), and from the full conditional distribution of θ

given the augmented data, say π(θ | y, z). It easy to check that

Proposition 2 Conditional on (y,θ), Z1, Z2, · · · , Zn are i.i.d. with distribu-

tion

k(zi | y,θ) ∝ φ1(zi, 1)× φp(yi − ξ − δ(2IZi>0(zi)− 1),Ω− δδ
T )

One can easily draw, for example, random values from k(z | y,θ) using a

Metropolis within Gibbs step with a Gaussian proposal. The draws from the

full conditional distributions of the components of θ depend on the specific prior

we choose. However, there are no easy “priors” to work with and Metropolis

within Gibbs steps are necessary for the proposal of Ω and δ. Notice also

that the proposed values for δ and Ω are tight together by the fact that the

covariance matrix appearing in (7) must be definite positive. For given Ω, it

is achieved whenever | δ′Ω−1δ |< 1. In our implementation we simply propose

a value for Ω and then constrain the support of δ accordingly. An alternative

strategy, not pursued here, would be to explicitly express the prior distribution

in terms of ξ, δ and Ψ =
(
Ω− δδ

′
)

so to exploit the conjugacy of the augmented

likelihood function, at least for the parameter Ψ.

In Table 1 we report the pseudo code: in the algorithm, π̃(·) denotes the

joint proposal distribution.

2.3 The Bayes factor

Given the output of the IIS algorithm one might use several different methods

for evaluating the marginal density of the data under the competing hypotheses.
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We use the approach proposed in Chib (1995), originally proposed for Gibbs

sampling output but still suitable for latent structure models. Chib (1995) uses

the fact that for each value of the parameter θ,

(9) logm(y) = log p(y; θ) + log π(θ)− log π(θ | y).

The first two terms of the right hand quantity are available in closed form and

the exponential of the third one can be estimated by reusing the last iteration

of IIS output. More precisely, an estimate of π(θ | x) is obtained as

(10) π̂(θ | x) =
1

M

M∑
j=1

π(θ | y, z(j)
T )

In principle, the estimate (10) can be computed at any value of θ; in practice

it is customary to choose θ as a high posterior density value, e.g. the posterior

mean vector.

PMC-SN Algorithm

0) Initialization: For t = 0, choose
(
θ
(1)
0 , θ

(2)
0 , · · · , θ(M)

0

)
1) For t = 1, · · ·T , and for j = 1, · · · ,M

• For i = 1, · · · , n
{ generate z

(j)
i,t from k(· | yi,θ

(j)
t−1) }

• Generate θ
(j)
t from π(· | y, z(j)

t )

• Compute

n
(j)
t =

1

M

M∑
l=1

π(θ
(j)
t | y, z(l)

t )

k(z(l)
t | y,θ(j)

t−1)

d
(j)
t =

1

M

M∑
l=1

k(z(l)
t | y,θ(j)

t−1)π̃(θ
(j)
t | y, z(l)

t )

k(z(l)
t | y,θ(l)

t−1)

and r
(j)
t = n

(j)
t /d

(j)
t , ω

(j)
t = r

(j)
t /

∑M
h=1 r

(h)
t

• Resample with replacement from
(
θ
(1)
t , θ

(2)
t , · · · , θ(M)

t

)
with

weights equal to
(
ω

(1)
t , ω

(2)
t , · · · , ω(M)

t

)

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 274 -



2.4 Prior distributions

We use vague prior distributions for θ = (ξ, δ,Ω). However, it is not easy to

derive a formal Jeffreys or reference prior for the parameters of a multivariate

skew-normal distribution (see Branco, Genton and Liseo (2007) for some ad-

vances on this issue). In this paper we have used a conjugate Normal Inverse

Wishart prior for the location and scale parameters ξ and Ω, namely

π(ξ | Ω) ∝ 1

|Ω|1/2
exp

{
− c

2
(ξ − μ)′Ω−1(ξ − μ)

}
,

π(Ω) ∝ 1

|Ω|m+p+1
2

exp

{
−1

2
tr
(
Ψ−1Ω−1

)}
,

where (c,μ,m,Ψ) play the role of hyperparameters. In practical applications

and in absence of specific prior information, they should be chosen as “small”

as possible. The prior for δ has been chosen in the following way: in the scalar

case the Jeffreys prior for α is approximately a t distribution with half degree of

freedom. Since δ = α/
√

1 + α2, it amounts to consider a Beta(0.25, 0.25) prior

for the transformation β = (1 + δ)/2. For analogy we then propose to use the

prior

(11) π(δ) ∝
p∏

j=1

(
1− δ2j

)− 1
4 ,

that is we assume that the components of the skewness vector are, a priori,

independent and identically distributed. Although independence can be con-

sidered a strong assumption, it is hard to conceive any non subjective form of

dependence.

3 Conclusions

Due to space constraints we will discuss significant applications elsewhere. Here

we prefer to discuss some specific aspects of the algorithm. It is well known

(see for example Celeux et al. (2006)) that IIS algorithm might suffer from

serious degeneracy, that is, as T increases, the number of sampled points tends

to be very small. To mitigate this phenomenon, apart from the trivial and

not always resolutive solution of increasing the number of simulated points at

each iteration, one could use the proposal in Robert (2004): at each step of the

algorithm, one could use several different proposals for each of the components

of θ. Then the new proposal distributions can be selected proportionally to

the performances on the previous iterations. For instance, the scale of the

proposal can be chosen proportionally to its non-degeneracy rate in the previous

iteration, that is, the percentage of points generated with that particular scale

that survived after resampling.
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1. Introduction

This article presents a full Bayesian inference of a flexible spatial generalized additive mixed

model developed by MacNab and Dean (2001) and adapted here to binomial data and the spatiotem-

poral analysis of health utilization outcomes. In particular, we consider the spatial and temporal

trends in the annual number of revascularizations at index hospitalization for individuals diagnosed

with acute coronary syndrome between 1993 and 2000 in Quebec (Silva, Dean et al., 2006).

The use of B-splines in Bayesian spatiotemporal models is another relevant aspect of this work.

Spline smoothing may reveal nonlinear temporal effects for both the overall temporal and small-area

regional temporal components. MacNab and Dean (2001) and Waller et al. (1997) consider two

different approaches to spatiotemporal modelling and analysis within the Poisson framework. The

former uses smoothing splines to isolate temporal trends, while the latter augments the autoregressive

formulation of the spatial correlation with an autoregressive temporal correlation in a similar vein as

for traditional time series analysis, but of count data.

The article is organized as follows. Section 2 develops the spatiotemporal odds model as a

generalized additive binomial model. In Section 3 we discuss Bayesian inference using MCMC methods

and techniques for model comparison. An analysis of revascularization trends in Quebec is presented

in Section 4, including a corresponding short evaluation of sensitivity of such types of analyses to prior

assumptions in binomial context.

2. Spatiotemporal Odds Model

Let yit denote the count of the number of what will be broadly termed “successes” out of nit
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“trials” for region i in time t, i = 1, . . . , n, t = 1, . . . , T . In health utilization studies, nit would

refer to the size of a population for whom some binary outcome was recorded at the individual level;

yit equals the total number of individuals for whom the binary value is unity, indicating a service

utilization in the period considered. Conditional on θit (probability of success), we assume yit has a

binomial distribution with parameters nit and θit. A Poisson approximation to the binomial might be

appropriate if rates are rare; usually spatial analyses of rates make that assumption. In many health

utilization settings, rates are typically not rare or contagious.

A flexible and broad additive spatiotemporal model (Silva, Dean et al., 2006) is given by

logit θit ≡ ln(θit/(1 − θit)) = S�
0(t) + S�

i (t),(1)

where S�
0(t) represents the overall temporal trend in the log odds over the whole region and S�

i (t)

represents the small-area specific trend indicating how the small-area trends deviate from the overall

trend. It is convenient in the analysis to center the variable time and we also formulate S�
0(t) =

α0 + S0(t), where S0(t) takes the flexible form of a spline without intercept and, in this case, α0

represents the overall mean log odds over the region and time period studied. Similarly, region-

specific effects are defined as S�
i (t) = Si(t) + bi + hi, Si(t) being a linear trend or an area-specific

spline, bi a spatially correlated random effect, and hi an independent random effect. Covariates may

also be included in model (1) additively, as well as age-group effects.

Assuming a cubic spline without intercept and with one inner knot for S0(t) and a linear trend

for Si(t), one obtains, for example, a simple flexible model from (1):

logit θit = α0 +
4∑

k=1

β0kpk(t) + δi t+ bi + hi,(2)

where pk(·), k=1, . . . , 4, are the spline basis functions and β0k the corresponding coefficients, and δi
is the linear temporal effect relating to the ith region, i = 1, . . . , n. B-spline smoothing is used for

describing the nonlinear temporal effects for both the overall temporal S0(t) and the regional temporal

Si(t) components (MacNab and Dean, 2001). In this case, (2) is replaced with

logit θit = α0 +
4∑

k=1

β0kpk(t) +
4∑

k=1

βikpk(t) + bi + hi,(3)

where βik, k=1, . . . , 4, are random effects that correspond to the temporal effects at the regional level.

Notice that we assume the spatial random small-area regional effect is the sum of two structured (bi)

and unstructured (hi) components (Besag, York and Mollié, 1991).

3. Bayesian Inference

Recent developments in empirical Bayes and Bayesian hierarchical modelling have made it pos-

sible to obtain stable estimators for mortality rates in small areas by using information from all areas

to derive estimates for individual areas (vide, e.g., Banerjee, Carlin and Gelfand, 2004).

One typically assumes hi ∼ N(0, σ2
h), i = 1, . . . , n, independently, where the hyperparameter

σ2
h controls the amount of excess heterogeneity. The conditional autoregressive model (Besag, York

and Mollié, 1991) is adopted for the spatially correlated vector b = (b1, . . . , bn) being a multivariate

normal distribution with zero-mean vector and covariance matrix σ2
b Q−1. A simple structure expressed

conditionally proposes that bi|b−i, σ
2
b ∼ N(b̄i, σ

2
b /ni), where b̄i =

∑
j∈Ni

bj/ni, Ni denotes the set of

“labels” of the “neighbours” of region i, ni is the number of neighbours of region i, and b−i denotes

b without bi. In this case, Q has diagonal element Qii = 1/ni and the off-diagonal element Qij is 1 if

regions i and j are neighbours and 0 otherwise, i, j=1, . . . , n (so-called “intrinsic CAR model”).

If Si(t) = δi t as in model (2), one may also assume that δi ∼ N(0, σ2
δ ), i=1, . . . , n, independently,

and independent of spatial random effects bi and hi. Moreover, considering cubic B-splines for S0(t)
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and Si(t), the corresponding spline basis functions β0k and βik would be assigned independent normal

distributions with zero mean and variances v2
k and σ2

k, respectively, k=1, . . . , 4.

For the hyperparameters σ2
b and σ2

h (the variance components), one usually assigns an inverse

gamma prior, i.e., σ2
b ∼ IG(c1, d1) and σ2

h ∼ IG(c2, d2), where IG(c, d) denotes an inverse gamma

distribution, whose kernel density is equal to x−(c+1) exp(−d/x), x > 0. For model (2), we assign

σ2
δ ∼ IG(c3, d3), whereas for model (3) σ2

k ∼ IG(c4k , d4k), being for both models β0k ∼ N(0, v2
k) and

v2
k ∼ IG(c0k, d0k), k = 1, . . . , 4. Actually, both these inverse gamma and normal distributions are

usually assigned highly dispersed, but proper, priors.

Assuming a priori independence amongst the model parameters, the joint posterior density

related to model (3) is then proportional to

n∏
i=1

T∏
t=1

(
exp

(
yit ηit − nit log(1 + eηit)

))
×

4∏
k=1

(
1
σ2

k

)n
2
+c4k+1

exp

(
− 1

σ2
k

(
d4k +

n∑
i=1

β2
ik

2

))

×
(

1
σ2

b

)n
2
+c1+1

exp

(
− 1

σ2
b

(
d1 +

n∑
i=1

ni(bi−b̄i)
2

2

))
×
(

1
σ2

h

)n
2
+c2+1

exp

(
− 1

σ2
h

(
d2 +

n∑
i=1

h2
i

2

))

×
4∏

k=1

((
1
v2

k

) 1
2
+c0k+1

exp

(
− 1

v2
k

(
d0k +

β2
0k

2

)))
× [α0],

(4)

where ηit = α0 +
∑4

k=1 β0kpk(t) +
∑4

k=1 βikpk(t) + bi + hi and [·] indicates the prior density. Notice

that posterior (4) would need slight modification according to the selected model in (1).

The joint posterior distribution (4), as well as its version for model (3), is awkward to work

with, since the marginal posterior distributions of some parameters are not easy to obtain explicitly.

Nevertheless, these posteriors can be evaluated using Markov chain Monte Carlo (MCMC) methods

(Silva, Dean et al., 2006). In particular Gibbs sampling works by iteratively drawing samples for each

parameter from the corresponding full conditional distribution, which is the posterior distribution

conditional upon current values of all other parameters.

Sampling values from the associated conditional posteriors is straightforward, especially when

using the Metropolis-Hastings algorithm. Implementation in many statistical programming packages

is not difficult. Alternatively, Gibbs sampling via the software GeoBUGS by Thomas et al. (2004)

could be used; this provides estimates of posterior quantities of interest for the current model, namely,

the relative spatial odds for area i, exp(bi + hi).

An important issue is to choose among postulated sub-models of model (1), especially because

certain Bayesian spatiotemporal model choice techniques are not applicable (Waller et al. , 1997).

Several summary measures of model comparison are easily evaluated with MCMC methods, e.g, the

expected posterior deviance D(θ) and Pearson function QP (θ) =
∑n

i=1

∑T
t=1{(yit−nit θit)

2/(nit θit (1−
θit))}, as well as the conditional predictive ordinate (CPO). A low value for

∑
it logCPOit, equally

as for the other two measures, indicates agreement between the observations and the model. An

alternative measure, proposed by Spiegelhalter et al. (2002), for comparing complex models like model

(1) is called the Deviance Information Criterion (DIC). That measure is a generalization of the Akaike

information criterion (AIC) which handles hierarchical Bayesian models of any degree of complexity,

and is computed as the sum of two components: the expected posterior deviance, measuring the

goodness of fit, and the effective number of parameters, measuring complexity of the model.

4. Analysis of Revascularization Odds

All patients 25 years and older hospitalised for acute coronary syndrome (ACS) including hospi-

tal transfers between January 1st, 1993 and December 31st, 2000 in the province of Quebec in Canada

are considered in this cohort. The first such hospitalization within a window of 2 years prior to 1993

is used to identify index hospitalization. Technically, index hospitalization refers to no previous hos-
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pitalization for ACS dating back to 1991. For each case of an index hospitalization, the response is

recorded as a treatment of revascularization through angioplasty or aortocoronary bypass. Individuals

are stratified by gender and local health area (LHA) of residence. There are 139 LHAs in Quebec.

The means of the annual counts of both revascularization and ACS for each LHA range from

(0.6,273.8) and (3.0,988.1), respectively. Matagami and Murdochville have the smallest means of

revascularization counts (about 0.7), whereas Charlesbourg and Chambly-Carignan-Marieville are two

largest ones with associated values 273.8 and 176.6, respectively. These means are considerably larger

than the overall annual means for revascularization counts (about 32). Moreover, means of the rates

of revascularization shown in Table 1 are increasing over time both for males and for females, with

rates for females lower than those for males.

Table 1: Rates of revascularization at index hospitalization

Rates 1993 1994 1995 1996 1997 1998 1999 2000

male 0.19 0.20 0.22 0.23 0.27 0.31 0.35 0.38

female 0.12 0.14 0.16 0.16 0.19 0.23 0.26 0.28

Because some interactions with gender were evident, analyses were stratified by gender. Sev-

eral spatiotemporal models of the form (1) were fitted for analysing the odds of revascularization.

For instance, the simple linear temporal trend model was considered, denoted by M1 and defined

as logit θit = α0 + β t. Estimates of the linear trend effect β indicate a significant increasing trend

(exp(β̂) ≈ 1.16) in the odds of revascularization over time for this period for both males and fe-

males. Note that MCMC samples of size 10,000 were obtained for M1 and other models considered,

taking every 5th iteration of the simulated sequence, after 5,000 iterations of burn-in. A study of

convergence of the samples was carried out using several diagnostic methods in the Bayesian Output

Analysis (BOA) program (Smith, 2004). None of them showed any distinguishing features, apart from

convergence being a bit slow.

Table 2 lists M1 and other models which were found useful in our exploration of the data. These

sub-models of the spatiotemporal model (1) have a increasing level of complexity, e.g., model M2 is

the simple linear trend model M1 plus a linear regional (LHA) temporal component (Si(t) = δi t),

and spatially structured (bi) and unstructured (hi) components; models M3 and M4 are defined in

(2) and (3), respectively. The distribution (4) exemplifies the corresponding posterior of these models,

taking into account the following parameter specification: α0 (all models) has a flat prior on the

whole real line, β (M1,M2) and β0k (M3,M4) have highly dispersed priors, i.e., N(0, 105), as well as

the spatial hyperparameters σ2
b (M2,M3,M4), σ2

h (M2,M3,M4), σ2
δ (M2,M3) and σ2

k (M4), i.e.,

IG(0.5, 0.0005), k=1, . . . , 4.

Table 2: Comparison of the fits of sub-models of model (1)

Gender Models defined from logit θit QP −∑it logCPOit D DIC

male M1: α0+β t 3367 4113.86 8219 8222.6

M2: α0+β t+δi t+bi+hi 1589 3311.90 6234 6448.4

M3: α0+S0(t)+δi t+bi+hi 1564 3300.34 6211 6428.3

M4: α0+S0(t)+Si(t)+bi+hi 1260 3157.82 5881 6199.1

female M1: α0+β t 2035 2914.58 5824 5832.7

M2: α0+β t+δi t+bi+hi 1342 2643.43 5018 5201.6

M3: α0+S0(t)+δi t+bi+hi 1338 2643.42 5015 5200.8

M4: α0+S0(t)+Si(t)+bi+hi 1257 2619.57 4921 5154.3
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In order to compare competing models, we calculated the measures of overall fit referred in

Section 3. Based on these values listed in Table 2, models M3 and M4 seem somewhat better than

the other two, particularly over M1 which includes no spatial random effects. There is evidence of both

a trend and spatial variation in revascularization odds. The best model as defined by each measure is

underlined in Table 2 and is identified consistently as M4.

Figure 1 displays the estimates of the overall odds of revascularization at index hospitalization

for models M1, M3 and M4; estimates are provided in Table ??. Specifically, that rate is exp(α0 +∑
k β0kpk(t)) for models M3 and M4, and exp(α0 + β t) for model M1. Over this period, departures

from linearity are observed in the overall increases in revascularization odds for both males and females

with slower than the overall linear increase in the early years, especially for males. The change in

the estimated probability of revascularization shows a sharp increase from January 1st in 1993 to

December 31st in 2000 based on these three models. Estimates of the overall temporal trend derived

from models M3 and M4 are quite close.

Figure 1: Overall odds of revascularization for males (left) and females (right)
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Table 3 provides estimates of the variance components for model M4, including estimates of

the quantity σ2
b.tot = σ2

b/(σ
2
b + σ2

h), which is interpreted as the relative importance of the spatially

correlated variance component versus the total spatial variance component. These values identify

significant heterogeneity in this data, but the greatest influence on heterogeneity arises from spatial

correlation, which has a relative importance in relation to the total spatially variance of about 98%

(males) and 94% (females) for model M4.

Table 3: Estimates of the variance components for model M4

Gender Parameter mean s.d. median 95% credible interval

male σ2
b 0.106 0.0333 0.103 (0.0458,0.1736)

σ2
h 0.003 0.0041 0.001 (0.0001,0.0115)

σ2
b.tot 0.969 0.0472 0.986 (0.8730,0.9994)

female σ2
b 0.072 0.0335 0.069 (0.0001,0.1307)

σ2
h 0.002 0.0029 0.001 (0.0001,0.0076)

σ2
b.tot 0.954 0.0973 0.984 (0.8128,0.9995)
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Figure 2 maps the spatial variation in 1993 and 2000 based on model M4 for both genders.

The Montreal metropolitan region is highlighted in the inset of these maps because that is the most

populous area in the province of Quebec and the corresponding LHAs cannot be easily seen in the

main maps. The cutpoints for the colour shading in the legend divide the risk and trend effects into

equal quantiles.

Figure 2: Maps of the revascularization odds estimates for males (top) and females

(bottom) in 1993 (left) and 2000 (right) based on model M4
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The spatial distribution of the LHA effects over time is here mapped as exp(Si(t)+ bi +hi); this

provides identification of those regions experiencing large differing LHA temporal effects with respect

to the overall spline. For male patients, there is a change from 1993 to 2000 in which regions had

the highest estimates (see Figure 2). In particular, Chomedey had the highest estimate (1.852) in

1993 which decreased to 1.42 in 2000, whereas Saint-Louis-du-Parc had a modest estimate of 1.30 in

1993 which escalated to the highest values of 1.825 in 2000. Similar sharp changes also occurred for

females; specifically, Petite Patrie had an increasing trend from 1.136 in 1993 to the largest value of

1.708 in 2000. The largest LHA effect estimates are typically in the vicinity of greater Montreal.

In order to investigate the influence of hyperprior specifications for the binomial context, we

carried out a sensitivity analysis with respect to the prior distributions for the spatial variance com-

ponents σ2
b and σ2

h, assuming a variety of different inverse gamma priors IG(c, d), whose mode is

d/(c+1). In particular, our experimental design used the following combinations: (c, d) = (0.5, 0.0005),

(0.001, 0.001), (0.01, 0.01), (0.1, 0.1), (2, 0.001), (0.2, 0.0004), and (10, 0.25), which are here denoted

by A, B, C, D, E, F , and G, respectively. C and D are variants of prior B, with associated dispersion

(larger than that of B) in increasing order; note, in addition, that B has much larger dispersion than

prior A. The use of the inverse gamma with small values of c = d provides a distribution with a very

low probability on rather small values of the random effects standard deviations. Priors E and F cor-

respond to distributions with the same mode as prior A, but with lower (E) and larger (F ) dispersion.

In fact, Priors E has mean 0.001 and infinitely large variance. Prior G is quite concentrated, being

the furthest from a noninformative setting.

Estimates of the variance components σ2
b , σ

2
h and σ2

b.tot, as well as associated standard deviations

(s.d.), are provided in Table 4 for several variants of model M4 corresponding to the various choices of

priors. In general, there is fair correspondence in the posterior means of the variance components for

the strata of males and females, as well as their standard deviations, across most choices of prior. Prior

G is an exception, providing much smaller (largest) estimates of σ2
b and σ2

b.tot (σ2
h) especially for the

analysis of males. Increasing the prior mode of the variance hyperparameters results in larger estimates

of the variance of the independent spatial random effects and smaller estimates of the variance of the

spatially correlated random effects. In addition, prior E, whose mode is the same as prior A, also

exhibits a distinct behaviour in the analysis of counts from females, increasing (decreasing) estimates

of σ2
b (σ2

h) in comparison with those from prior A. With these two priors, the standard deviation of

the random effects is centered on 0.024 (E) and 0.161 (G) with lower than 0.05% prior probability

that it is smaller than 0.01 or larger than 2.5. This is quite different from the prior assumptions using

the priors B, C, D and F, where most of the prior mass is further away from zero. Prior A seems to

provide a reasonable balance in allocating its prior mass between these two sets of priors.

Since a main objective of this data analysis was to obtain estimates of relative spatial revas-

cularization odds (exp(bi + hi)), we also calculate the sum of the squared differences between the

estimated odds obtained from prior A and each other prior setting defined above, focussing on the

ten lowest and highest estimates for males and females as derived from the analysis using prior A.

The associated values of this sum of squares were small. In addition, changing prior assumptions on

the variance components does not have a considerable effect upon neither the estimates of the other

parameters of interest nor the selected model previously.

Finally, spatiotemporal models (2) and (3) provide smoothed estimates of the nonlinear overall

and small-area temporal effects in mapping proportions over time and yield informative interpretations

of the data. For the revascularization data analysis, they provided mechanisms for isolating small-area

trends of importance in this study.
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Table 4: Estimates of the spatial variance components based on model M4 with different

inverse gamma hyperpriors

Gender Prior σ2
b σ2

h σ2
b.tot

mean s.d. mean s.d. mean s.d.

male A 0.1053 0.0322 0.0023 0.0034 0.9756 0.0401

B 0.1057 0.0345 0.0055 0.0058 0.9443 0.0676

C 0.0942 0.0335 0.0124 0.0072 0.8707 0.0920

D 0.0894 0.0310 0.0272 0.0088 0.7527 0.0970

E 0.1029 0.0316 0.0012 0.0019 0.9870 0.0227

F 0.1070 0.0328 0.0035 0.0044 0.9646 0.0484

G 0.0502 0.0160 0.0243 0.0063 0.6629 0.1012

female A 0.0698 0.0329 0.0022 0.0035 0.9438 0.1409

B 0.0711 0.0311 0.0046 0.0048 0.9276 0.0862

C 0.0641 0.0307 0.0103 0.0065 0.8348 0.1321

D 0.0687 0.0281 0.0250 0.0084 0.7141 0.1119

E 0.1065 0.0509 0.0010 0.0015 0.9816 0.0578

F 0.0706 0.0319 0.0032 0.0043 0.9451 0.0824

G 0.0383 0.0132 0.0252 0.0066 0.5928 0.1087
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RÉSUMÉ

On propose des modèles bayésiens hiérarchiques pour des données binomiales dans l’espace

corrélées longitudinales au-dessus-dispersées. Cette classe des modèles explique la corrélation parmi

des régions en employant des effets aléatoires et permet modeler flexible de la chance spatiotemporal

en employant les cannelures lissantes. Le but est (i) pour développer les modèles qui identifieront des

tendances temporelles et produiront les cartes lissées comprenant des effets régionaux de chance, (ii)

pour indiquer l’inférence MCMC pour adapter de tels modèles, et (iii) pour étudier la sensibilité de

telles analyses spatiotemporal de cannelure binomiale bayésienne aux prétentions antérieures. Une

analyse de variation régionale pour la chance de revascularisation des patients hospitalisés pour le

syndrome coronaire aigu au Québec motive et illustre les méthodes développées.
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Avenida Rovisco Pais, 1
1049-001 LISBOA, Portugal
E-mail: dpaulino@math.ist.utl.pt

1. Introduction

In this article we start, in Section 2, with an overview of an established nonignorable selection
model for the analysis of multinomial data under a general missing-data pattern. We present a
small modification of its prior distributions and discuss how it can provide a full Bayesian analysis of
incomplete or misclassified categorical data with the support of current MCMC algorithms.

The full multinomial model is quite general and allows the associations among the categorical
variables to be arbitrarily complex but, unless the number of variables is very small, the observed data
may not support such complexity. Log-linear models are a popular and flexible class of models that
simplify the study of associations among variables but, when used in a Bayesian analysis, they usually
require prior elicition for several different sets of parameters, each one associated with a candidate
log-linear model. Sometimes it may be adequate to rely on vague priors but, otherwise, that prior
elicitation can be a tedious and difficult task for any expert. So, in Section 3, the previous model is
extended to provide the fitting of log-linear models without requiring any change to the initial prior
structure. In this new setup, the evaluation of relevant hypotheses about the data sampling model is
carried out using standard model comparison tools and without having to consider prior elicitation
regarding several different parameterizations.

In Section 4, the proposed methodology is illustrated with a brief analysis of a classical dataset
from the missing-data literature.

2. A model for coarse categorical data

Every statistical analysis faces increased difficulties in the presence of datasets that cannot
be properly accommodated by the more popular or usual models. In the field of categorical data,
imperfect versions of an ideal dataset, in which every sample unit is unmistakably classified in a single
category, can occur in two major flavors:

1. by the observation of a sample subset that is not completely categorized. This occurs when
there are missing values in the variables that are used to cross-classify the sample units. In this
case, the dataset is usually divided in a contingency table holding the complete cases and several
marginal tables, each one associated with a different pattern of incomplete data. This pattern of
incompleteness, although being the more frequent, is not the only possible one and more general
ones can be observed due, for example, to possible confusion between adjacent categories;

2. on other occasions, there can be some uncertainty about the categorizations and, therefore, it
may be reasonable to admit the possibility of misclassification among sample units.

These two types of deficient categorical data were brought together by Heitjan and Rubin (1991)
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under the name of coarse data, following the formal treatment of missing data started by Rubin
(1976). However they are usually considered under separated modeling perspectives. As we shall see
ahead, a single probabilistic model can be used to analyze both types of coarse data, even if they
occur simultaneously, paying just the cost of having to deal with a larger parameterization.

A possible way to model coarse categorical data is to adopt a selection-model approach in which
the process that produces the observable data is conceptually separated into two stages or processes.
In the first stage, consider that a sample of size N is categorized into m categories (ΩS = {1, . . . , m}),
that is, for each unit we observe the value of a variable C that indicates the category to which
the sample unit belongs. To model this sampling process we define the categorization probabilities,
P (C = i) = θi, i = 1, . . . , m, and assume that the vector of frequency counts, Y = (Y1, . . . , Ym),
is distributed as Y ∼ multinomial(N, θ), with θ = (θ1, . . . , θm). We consider that this stage is not
observed but, instead, the observable data results from a second mechanism acting upon the first one.
So now, in this reporting process, we observe another set of frequency counts n = (n1, . . . , nk), no
longer for the set of categories but for k subsets of categories that we shall call classes. That is nj

is the frequency of class Dj ⊂ ΩS . This reporting process can be structured by the probabilities of
reporting conditional on the underlying categories

P (R = j | C = i) = λj,i > 0, j = 1, . . . , k, ∀i ∈ Dj ,

in which R = j indicates that a sample unit is reported in the class Dj . These new parameters can
be grouped in a vector λ = {λi, i = 1, . . . , m} such that

∑
j λj,i = 1′λi = 1.

The observed data likelihood, given by

L(n,θ,λ) =

(
N

n

)
k∏

j=1

φ
nj

j =

(
N

n

)
k∏

j=1

⎛
⎝∑

i∈Dj

θiλj,i

⎞
⎠

nj

where
(N
n

)
represents a multinomial coefficient and with φj = P (R = j) =

∑
i∈Dj

θiλj,i, shows that this
model suffers from non-identifiability. Fortunately, in a Bayesian perspective, the non-identifiability
of a model is not an obstacle that must be removed at all cost, as discussed in Neath and Samaniego
(1997), for example. Nevertheless, we must remain fully aware that we simply cannot learn from the
data about any possible aspect of a non-identifiable model. However, if we can use only those model
features whose prior information is effectively updated by the data, then a non-identifiable model can
still be a useful tool for a meaningful statistical analysis. Paulino and Pereira (1992, 1995) considered
alternative reparameterizations of this model that played a crucial part on the identification of the
parametric functions for which the data provides no information.

This model for coarse categorical data has its roots in the work of Basu and Pereira (1982) where
it was proposed for the analysis of k × 2 contingency tables with nonresponses. In Dickey, Jiang and
Kadane (1987), the model was applied to categorical data with a general pattern of incompleteness but
under a missing-at-random assumption for the reporting mechanism. Paulino and Pereira (1992, 1995)
have shown that this model can still be adopted without imposing any restriction on the reporting
mechanism and this idea was fully implemented in Soares and Paulino (2001) by the proposal of a
Monte Carlo simulation setup.

In the last three referred articles, the model was applied together with a Dirichlet prior distri-
bution for the joint probabilities

μj,i = P (R = j, C = i) = θiλj,i, j = 1, . . . , k, i ∈ Dj .

Even if sometimes may be possible and even practical to specify the prior hyperparameters for those
joint probabilities, it seems to be much more natural and easier to think about the parameters θ and
λ using the equivalence

μ ∼ Dirichlet(a) ⇔
{

θ ∼ Dirichlet (Za)
λi ∼ Dirichlet (ai) , i = 1, . . . , m

,
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where the vector a is a suitable rearrangement of {ai, i = 1, . . . , m} and Z is a 0-1 matrix such
that θ = Zμ. However, this equivalence also shows that the prior hyperparameters for θ and λ are
linked and cannot be chosen separately. This is obviously an undesired feature since, after considering
λ, any prior information about θ must be discarded. And so, our first attempt will be to consider
independent prior distributions for θ and λ such as{

θ ∼ Dir(a),
λi ∼ Dir(bi), bi = {bj,i} , ∀j : i ∈ Dj , i = 1, . . . , m

.

This simple modification makes impossible to keep using the simple Monte Carlo computations de-
scribed in Soares and Paulino (2001) and introduces the need for some kind of Markov chain Monte
Carlo algorithm.

A possible way to simplify the needed computations is to use some sort of data augmentation
technique. Let m = {mj,i} represent the hypothetical joint results of the sampling and reporting
processes, that is, mj,i is number of observations that belong to category i and are reported in class
Dj . Except for the sums

∑
i∈Dj

mj,i = nj , these new frequencies are not observed.
For this unobserved data, we have a multinomial likelihood

L(m,θ, λ) ∝
k∏

j=1

∏
i∈Dj

(θiλj,i)
mj,i =

m∏
i=1

θi

∑
j:i∈Dj

mj,i ×
m∏

i=1

∏
j:i∈Dj

λj,i
mj,i

and can easily be shown that the vectors mj = {mj,i : i ∈ Dj}, conditionally on the observed data,
are independent and distributed as

mj | θ,λ,n ∼ multinomial

⎛
⎝nj ,

{
θiλj,i∑

k∈Dj
θkλj,k

}
i∈Dj

⎞
⎠ , ∀j = 1, . . . , k.

From the augmented data likelihood above and keeping the product of independent Dirichlet distribu-
tions as the prior distribution for (θ,λ), it follows that their posterior distribution is again a product
of independent Dirichlet distributions that can be easily sampled from. Then, sampling alternately
from that posterior distribution for (θ,λ) given the augmented data and the conditional distribution
of the augmented data forms a particular type of Gibbs sampling algorithm, often referred as chained
data augmentation, that was proposed by Tanner and Wong (1987).

3. The use of log-linear models

The analysis presented so far is based on the assumed multinomial model for the sampling
process frequencies. The full multinomial model is quite general and allows the associations among
the categorical variables to be arbitrarily complex but, unless the number of variables is very small,
the observed data may not support such complexity. The adoption of reduced models is a traditional
way to solve this problem and, among other possibilities, log-linear models stand out as a popular
and flexible class of models in the study of associations between categorical variables. This is the trail
followed by other researchers such as Forster and Smith (1998) or Green and Park (2003). However,
the models proposed in those papers, among others, still pose two problems. First, they don’t support
a general pattern of coarse data and, second, they require prior elicitation for several different sets of
parameters, each one associated with a candidate log-linear model. Sometimes it may be adequate
to rely on vague priors but, otherwise, that prior elicitation can be a tedious and difficult task for
any expert. Since the model we revised in the previous section can already be used with any pattern
of coarse data, we proceed to its extension by the introduction of log-linear models in a way that
preserves the initial prior structure.
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Consider a reduced log-linear model log θ = 1β0 + Xβ where X is a full-rank m × d matrix,
with d < m− 1. Suppose that π(θ) is a prior distribution for θ. To transfer this prior information on
θ to any reduced log-linear parameterization we start by saturating the reduced log-linear model as

log θ = 1β0 + Xβ + Xcβc

with an adequate choice of Xc. Then, β̄ = (β,βc) is a full reparametrization of the multinomial model
and we can derive its prior distribution from π(θ). Keeping in mind the natural restriction,

∑
θi = 1,

we write θ̄ = Aθ, with A = [Im−10] where I represents an identity matrix. Therefore, we have

π∗
(
β̄
)

= π
(
θ̄(β̄)

)× ∣∣∣det
(

dθ̄
dβ̄′

)∣∣∣ =
= π

(
Aθ(β̄)

)× ∣∣∣det
(

dθ̄
dβ̄′

)∣∣∣ =
= π

(
A exp(Xβ+Xcβc)

1′ exp(Xβ+Xcβc)

)
×
∣∣∣det

(
dθ̄
dβ̄′

)∣∣∣
,

where
dθ̄

dβ̄′
= A

dθ

dβ̄′
= A

[
diag(θ(β̄)) − θ(β̄)θ′(β̄)

]
[X Xc] .

Following a proposal by Bedrick, Christensen and Johnson (1996), a way to obtain a prior distribution
for β is, to condition on βc = 0 which leads to

π(β) ≡ π∗(β̄ | βc = 0) ∝ π∗(β,0) = π (Aθ(β))

∣∣∣∣∣det

(
dθ̄

dβ̄′

)∣∣∣∣∣
βc=0

.

If we keep the previous prior distribution for (θ,λ) and still employ the data augmentation technique
we arrive at the following complete-data posterior distribution for (β,λ)

π(β,λ | m) ∝
m∏

i=1

(θi(β))
ai+
∑

j:i∈Dj
mj,i−1 ×

∣∣∣∣∣det

(
dθ̄

dβ̄′

)∣∣∣∣∣
βc=0

×

×
m∏

i=1

∏
j:i∈Dj

λj,i
mj,i+bj,i−1.

The computational scheme we described before is still feasible but, to be able to sample from
the posterior distribution of β given m, we need to introduce an additional step in the algorithm. A
possible choice that provided good results was to use some of the slice sampling ideas presented in
Neal (2003).

Finally, under the proposed model, the evaluation of hypotheses about the data that can be
expressed as reduced log-linear models turns into a problem of evaluating how the candidate models
fit the data and how they compare with each other in some sense. For this purpose, many of the
Bayesian model comparison tools that have been proposed can be put to good use.

4. An illustration

To illustrate what we have been presenting so far we will use a well known dataset published by
Nordheim (1984). This dataset, reproduced in Table 1, is a cross-classification of 553 women according
to three variables in a study of a genetic disorder known as Turner’s syndrome. The variables reported
are the presence or absence of a particular symptom, shield chest, the level of trust in the physician
that reported each case and the reason why each woman was brought to the doctor’s attention classified
in five categories. In this case, we have a simple pattern of incomplete data in which a single variable
(Y in Table 1) is not observed for almost 27,5% of the cases.

Table 1: Data from a study on Turner’s syndrome
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Trustworthiness Shield chest Z : Ascertainment number
X Y 1 2 3 4 5

Present (1) 30 22 23 12 14
1 Absent (2) 15 10 4 3 3

Not determined 41 8 6 6 3
Present 102 52 17 7 22

2 Absent 26 16 10 8 5
Not determined 39 37 3 1 8

The main objective of that study was to determine if the proportions of women manifesting the
symptom are the same for all methods of ascertainment regardless of the trustworthiness level. This
is equivalent to check if the variables Y and Z can be considered independent given X, which can
be written as a particular log-linear model. Before fitting any log-linear model we will first consider
the analysis of the full multinomial model and evaluate that hypothesis by checking if the posterior
densities of the log-odds ratios

φik = log
θi1kθi25

θi2kθi15
, i = 1, 2 and k = 1, . . . , 4

where θijk = P (X = i, Y = j, Z = k), are well centered around zero.
Since there is no available prior information on θ we used a convenient uniform Dirichlet dis-

tribution. The prior hyperparameters for λ were chosen following Nordheim (1984), reinterpreting
the fixed values used in that work as prior means whenever possible. From 50.000 iterations of the
MCMC algorithm, whose convergence was not questioned by the more usual diagnostics, we obtained
the summary results on Table 2 and Figure 1.

Table 2: Posterior estimates for φik

i k Mean S.d. HPD(95%)

1 1 -0.212 0.744 (-1.692,1.222)
2 -0.594 0.725 (-2.014,0.826)
3 0.257 0.805 (-1.314,1.860)
4 -0.025 0.869 (-1.701,1.722)

2 1 -0.066 0.550 (-1.155,1.007)
2 -0.105 0.589 (-1.246,1.077)
3 -0.949 0.625 (-2.183,0.273)
4 -1.588 0.697 (-2.989,-0.261)

Figure 1: A summary of the posterior distributions of φik
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The HPD credible intervals and the graphical summary of the posterior distributions of the
log-odds ratios do not exhibit strong evidence against the stated hypothesis. The homogeneity in
the marginal densities is quite clear for the first group of trustworthiness but it becomes less so for
the second group which may raise a substantial doubt whether to reject or not the hypothesis of
conditional independence.

Proceeding to the fitting of log-linear models we will consider three candidates: the saturated
model, the model of conditional independence and the possibly unsuitable model of complete inde-
pendence. To compare these models we will use some predictive measures: the DIC proposed by
Spiegelhalter et al. (2002), the L2 measure advocated by Chen, Shao and Ibrahim (2000) and one of
the graphical measures of discrepancy suggested by Gelman and Meng (1996), the measure

T (n,φ) =
k∑

i=1

(ni − E [Ni | φ])2

Var [Ni | φ]
,

which is evaluated twice in each MCMC iteration, at the observed data and at a predicted dataset
with the same size. The collected points can be plotted together and clear deviations from the straight
line x = y are interpreted as evidence of the model inadequacy. The results in Table 3 and Figure
2 were again obtained from MCMC runs of length 50.000. Those results do not show any noticeable
evidence against the use of the conditional independence model since they do not differ much from
the results obtained for the saturated model. On the other hand, the complete independence model
shows a poorer fit, as could have been expected, which brings some reassurance on the capabilities of
these model comparison measures.

Table 3: Observed values for the model comparison measures

Model L2 DIC

Full model 1050 180.7
Conditional independence 1050 179.7
Complete independence 1170 190.2

Figure 2: Discrepancy measure
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1. Introduction

Prior information is very often incomplete. For example, a few prior quantiles may be all that
have been elicited from an expert, partly for reasons of simplicity and partly also because of the
difficulty of reliably specifying more detailed prior information. See, for example, Garthwaite et al
(2005) for a comprehensive review of prior elicitation methods. If the elicited prior information is
regarded as being fairly reliable then it remains to specify a prior distribution consistent with this
prior information. A common strategy is to formulate a prior that has a convenient functional form in
relation to the likelihood, such as a conjugate prior. However, such a prior may exhibit poor robustness
in relation to alternative reasonable prior specifications. The robust Bayesian viewpoint has a long
history. In particular, many authors have studied various nonparametric classes of priors. These
include ε-contamination and various nonparametric mixture classes; see, for example, Bose (1994) for
a review. In the present article we suppose that prediction is regarded as a major goal of the statistical
analysis and take a simple parametric approach that ensures control of predictive risk. We begin in §2
by considering the normal model with unknown mean, where it is easy to see that the usual conjugate
form of prior fails to give robust prediction. A Cauchy prior, on the other hand, does give rise to robust
prediction. In particular, when there is a clear data-prior clash the prior information under a Cauchy
prior will effectively be ignored, unlike the situation for a normal prior. However, a Cauchy prior is a
rather extreme specification and may be inappropriate when the tails of the true prior are relatively
light. Some compromise form of robust prior, such as a t distribution with degrees of freedom greater
than one, may be preferable.

In order to formalise these ideas we need to specify a measure of regret when the ‘true’ prior
is τ , but when an alternative prior π is to be used for prediction. Here we can think of the true
prior as representing an expert’s complete prior beliefs about the unknown parameter. The simplest
form of loss function for prediction is the logarithmic scoring rule, which has a number of well-known
attractive features. Furthermore it is very suitable for analytic analysis. The logarithmic scoring rule
gives rise to a Kullback-Leibler regret function d(τ, π), defined in §3, which is a proper loss function
in the sense that d(τ, π) ≥ 0 with equality when π = τ . Thus if τ is fully specified then we should
certainly use τ for prediction as it will give optimal predictive performance, as expected. However,
if we only know that τ ∈ P, a specified class of priors (having given quantiles, for example), then
we could choose π to minimise the maximum regret over this class; that is, choose π to be minimax
over P. How should we choose the class P of priors? One obvious possibility for the N(θ, 1) problem
with elicited quartiles is to define P to be the class of all t(ν) distributions, with 1 ≤ ν ≤ ∞, scaled
to have the correct quartiles. This is a continuous class of distributions with the Cauchy and normal
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distributions as extremes and this formulation works very well. However, anticipating more complex
multiparameter problems, it would be desirable to choose P in a rather more automated way. The
approach we take here is to start with a ‘standard’ prior specification, πS , and some ‘extreme’ robust
specification, πR. We then form P by taking all mixtures of these two distributions. The robust prior
πR is problem specific, but should be chosen in such a way that an associated predictive loss function
is bounded over the parameter space (see §4). The advantage of taking P to be of this form is that
it gives rise to some nice behaviour of d(τ, π). In particular, it guarantees the existence of a unique
minimax prior.

The above analysis can be carried out for finite sample sizes (Bradley, 2007). Alternatively, a
large-sample limiting form for the regret may be used, which may be easier to handle and also gives
priors that do not depend on sample size. Minimax priors obtained from the asymptotic regret should
give rise to good predictive robustness for sufficiently large finite sample sizes. The asymptotic form
of the regret in the case of independent and identically distributed (i.i.d.) observations is reviewed in
§5. We note that the asymptotic predictive regret has the attractive property of being independent
of the amount of prediction, so that the same minimax priors are obtained whether one considers
the predictive distribution of just one or of many future observations. We obtain the form of the
asymptotic regret under a mixture of two given distributions and show that this is amenable to
efficient computation.

In §6 we return to the N(θ, 1) problem, choosing P to be all mixtures of the Cauchy and normal
distributions having elicited prior quartiles. It is seen that the conjugate normal prior has unbounded
loss, whereas all other priors in this class have bounded loss. Thus, apart from the normal, all
members of this class will have good robustness properties in the event of a data-prior clash. We then
obtain the minimax prior within this class. For more general problems it turns out to be simpler to
obtain the integrals involved in the regret by simulating from the standard prior. A minimax prior
for the N(μ, σ2) problem, with θ = (μ, σ2), is obtained in this way. Finally, results are reported for a
normal hierarchical model. For this model we can consider robustification at the population level or
at the group level. Moreover, the form of the robust prior will not be available analytically in such
hierarchical models. However, it turns out that we can reuse the samples already simulated for the
regret to compute all the required quantities in the integrand of the regret. In more complex problems
such as these it will usually also be necessary to use simulation to obtain the hyperparameters of the
robust prior that produce the correct elicited quantiles. We give some conclusions in §7.

2. A motivating example

We illustrate the issues related to predictive robustness in the case of a normal model with
unknown mean θ. Let x be a single observation from the N(θ, 1) distribution. The conjugate prior
for θ is N(μ0, σ

2
0). Suppose that x = 0 and that we wish to give the predictive density of the next

observation, Y . When μ0 = 2, σ0 = 1 we obtain the solid curve in Figure 1a. Suppose, however,
that the prior is a scaled Cauchy distribution having the same quantiles as the above normal prior.
The dashed curve is the corresponding predictive density. If we now increase the value of μ0 then the
difference in behaviour between the two predictive densities is much more pronounced, as shown in
Figure 1b when μ0 = 4. As we increase μ0 further the predictive density corresponding to the Cauchy
prior will tend to the predictive density under the noninformative uniform prior on θ, illustrating that
the elicited prior has effectively been rejected by the data. This is desirable behaviour. The Cauchy
distribution is a rather extreme form of prior, however, and may be inappropriate when the tails of
the true prior are relatively light. Some compromise prior, which shares the robustness properties of
the Cauchy prior but is less extreme, may then be desirable.
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Figure 1: Predictive densities. Solid line: normal prior. Dashed line: Cauchy prior. (a)

μ0 = 2, (b) μ0 = 4.
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3. Predictive regret

The logarithmic scoring rule is the simplest form of utility function for prediction. In this
section we review the predictive regret function that arises from this scoring rule. This will be used
to formalise the ideas in §2. Consider a parametric model with density p(·|θ) with respect to a
σ−finite measure μ, where θ = (θ1, . . . , θp) is an unknown parameter in an open set Θ ⊂ Rp, p ≥ 1.
Let pπ(x) =

∫
p(x|θ) dπ(θ) be the marginal density of X under the prior π. Denote by pπ(y|x) the

posterior predictive density of Y given X = x under the prior π. Here X represents data to be observed
and Y represents future observations to be predicted. The logarithmic loss function associated with
the choice of pπ(y|x) as predictive density for Y is − log pπ(y|x). For priors π and τ define the posterior
predictive regret

d(τ, π) =
∫ ∫

log
{

pτ (y|x)
pπ(y|x)

}
pτ (x, y) dμ(x) dμ(y) .(1)

The regret d(τ, π) is the conditional relative entropy, or expected Kullback-Leibler divergence, between
the predictive densities under π and τ . It follows from standard results in information theory that
d(τ, π) is nonnegative and is zero when π = τ . It is therefore the expected regret under logarithmic
loss using the predictive density pπ(y|x) when X and Y arise from pτ (x) and pτ (y|x) respectively. Here
we can think of the true prior as representing an expert’s complete prior beliefs about the unknown
parameter. Alternatively, we could view τ as a distribution over values of θ that arise in repeated
use. The criterion (1), but with τ replaced by a parameter value θ, was used by Aitchison (1975) to
compare the predictive performance of estimative and posterior predictive distributions.

The predictive regret d(τ, π) may be expressed as

d(τ, π) = L(τ, π) + ζ(τ)

(Sweeting et al, 2006), where L is the expected predictive loss L(τ, π) =
∫

L(θ, π)dτ(θ),

L(θ, π) =
∫ ∫

log

{
pJ(y|x)
pπ(y|x)

}
p(x, y|θ) dμ(x) dμ(y)
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is the predictive loss under θ, pJ(y|x) is the predictive density under Jeffreys’ prior, πJ , and ζ(τ) =
d(τ, πJ) is a measure of the predictive information in τ (in fact ζ is a negative conditional entropy).
The function L(θ, π) may conveniently be used to explore the predictive behaviour of the prior π over
the entire parameter space. In particular, we shall say that a prior is prediction robust if L(θ, π) is
bounded over Θ.

4. Minimax priors.

As discussed in §2, our strategy will be to choose a particular ‘extreme’ prediction robust prior,
πR, and a ‘standard’ prior, πS . We then form the class P of priors consisting of all mixtures of πR

and πS . That is, P consists of priors of the form πλ = λπS + (1− λ)πR for 0 ≤ λ ≤ 1. The advantage
of taking P to be of this form is that it guarantees the existence of a unique minimax value, as stated
in the theorem below. Typically all members of P, apart from πS , will be prediction robust. For
notational convenience we write d(πλ0 , πλ) = d(λ0, λ).

Theorem 1

(i) d(0, λ) is increasing in λ;

(ii) d(1, λ) is decreasing in λ;

(iii) For fixed λ, d(λ0, λ) is a convex function of λ0;

(iv) The minimax value λM is the unique root of the equation d(0, λ) = d(1, λ).

Denote the unique minimax prior by πM . The basic idea is that the standard and extreme priors
are both matched to the available prior quantiles. It then follows that all members of P, and hence
πM , are automatically quantile-matched. Although there are other sensible ways in which to match
the priors, these may not share the above attractive property.

5. Asymptotic regret

We briefly review the asymptotic form of the regret in the case of i.i.d. observations. This
has been obtained in Sweeting et al (2006) and, in the case of a single prediction, also follows from
the analysis of the behaviour of Bayes estimators in Hartigan (1998). See also Komaki (1996), who
considered the asymptotic theory for curved exponential families. We specialize to the case X =
(X1, . . . , Xn) and Y = (Xn+1, . . . , Xn+m), where the Xi are i.i.d. from f(x|θ), and consider asymptotic
behaviour as n → ∞. Here m may be fixed or may tend to infinity with n.

Write ∂j = ∂/∂θj and let ρ ≡ ρ(θ) = log π(θ), ρr = ∂rρ. Let g ≡ g(θ) be Fisher’s information per
observation. Under suitable regularity conditions, the asymptotic form of loss is L(θ, π) = A(θ, π) −
A(θ, πJ), where

A(θ, π) = grsρrρs + 2∂s(grsρr) ,

grs is the (r, s)th element of g−1 and we have used the summation convention; see Sweeting et al
(2006). Also, for suitable priors τ and π, the asymptotic regret is

d(τ, π) =
∫

grs(ρr − μr)(ρs − μs)τ dθ ,(2)

where μ = log τ . We note that this asymptotic form does not depend on the amount of prediction.
Thus the same minimax priors are obtained whether one intends to form the predictive distribution
of just one or of many future observations.

Although we do not consider the case of vague prior information in the present article, we note
that priors may be derived that are minimax over essentially all continuous nondegenerate priors. Such
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priors are obtained in Sweeting et al (2006). In particular, although Jeffreys’ prior is the minimax
solution in the single parameter case, it is usually not so in multiparameter cases. For example, in
the N(μ, σ2) model with θ = (μ, σ), Jeffreys’ independence prior, π(θ) ∝ 1/σ, is minimax. In fact this
prior is exactly minimax for any sample size (Liang and Barron, 2004).

The asymptotic regret (2) under a class of mixtures of any two given distributions has a form
that is useful for computation. With notation as in §3 the following result gives (2) when λ0 is 0 or 1,
which are the functions needed to obtain the minimax solution in Theorem 1.

Theorem 2

d(0, λ) = λ2
∫

q(θ)r(θ)
{g(θ, λ)}2

πS(θ)dθ and d(1, λ) = (1 − λ)2
∫

q(θ)
{g(θ, λ)}2

πS(θ)dθ ,

where
q(θ) = grs(θ){ρR

r (θ) − ρS
r (θ)}{ρR

s (θ) − ρS
s (θ)} ,

r(θ) = πS(θ)/πR(θ) and g(θ, λ) = λr(θ) + (1 − λ).

The expressions in Theorem 2 are amenable to efficient computation via simple random sampling
from πS(θ). Since the quadratic form q(θ) and the ratio r(θ) do not depend on λ they only need to
be computed once for the simulated values of θ. Notice also that r(θ) will not become large, as the
robust prior will have heavier tails than the standard prior.

6. Examples

We begin by reconsidering the normal model with unknown mean and then proceed to consider
the normal model with unknown mean and variance and normal hiearchical models.

Normal model with unknown mean. With the notation of §2, we choose πS to be the conjugate
N(μ0, σ

2
0) distribution and πR to be the location-scale transformed Cauchy distribution having the

same quartiles as the normal prior. Here the conjugate normal prior has unbounded loss, whereas all
other priors in C have bounded loss. The normal and Cauchy loss functions are illustrated graphically
in Figure 2, taking μ0 = 0, σ0 = 1. Figure 3 shows the plots of d(0, λ) and d(1, λ). These curves
intersect at the point λ = 0.57, which, by Theorem 1, corresponds to the minimax robust prior.
Although these graphs are for the case μ0 = 0, σ2

0 = 1, the minimax value of λ = 0.57 is invariant to
the choice of these hyperparameters.

Normal model with unknown mean and variance. In the above example the integrations
involved in the regret were carried out numerically. For more general problems it is simpler to obtain
the integrals in Theorem 2 by simulation. The following minimax prior for the N(μ, σ2) problem, with
θ = (μ, σ2), was obtained in this way. Figure 4 shows the plots of d(0, λ) and d(1, λ). Note the strong
similarity of these plots to those in Figure 3. Again these curves intersect at the point λ = 0.57, which
corresponds to the minimax robust prior. In this case the standard prior was a conjugate normal-
inverse gamma distribution, while the extreme robust prior was obtained by replacing the normal and
inverse gamma distributions in the conjugate prior by suitably scaled Cauchy and F distributions
respectively. It is of interest to note that taking independent Cauchy and F distributions results in a
prior that is not prediction robust.

Normal hierarchical model. Finally, we report some results for a normal hierarchical model. For
this model, we can consider robustification at the population level or at the group level. The former
case gives a three-parameter problem, whereas in the latter case there will be many parameters. More-
over, the form of the robust prior is not analytically available in such hierarchical models. However, it
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Figure 2: Normal and Cauchy priors and associated loss functions for normal model

with unknown mean. Solid blue curve: normal prior. Dashed blue curve: Cauchy prior.

Solid red curve: normal loss function. Dashed red curve: Cauchy loss function.
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Figure 3: Regret functions for normal model with unknown mean. Solid curve: d(0, λ).
Dashed curve: d(1, λ).
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turns out that it is possible to reuse the samples already simulated for the regret to compute all the re-
quired quantities in the integrand of the regret. Finally, in complex models such as this, it will also be
necessary to use simulation to obtain the matching hyperparameters of the robust prior. We illustrate
the theory in the case of the group level model N(μi, σ

2), i = 1, . . . , k, with θ = (μ1, . . . , μk, σ
2). Here
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Figure 4: Regret functions for normal model with unknown mean and variance. Solid

curve: d(0, λ). Dashed curve: d(1, λ).
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the ‘standard’ prior is defined by a normal hierarchical model for μ1, . . . , μk with a normal-inverse
gamma prior on the hyperparameters of this model. The extreme robust hierarchical prior is taken
to be a location-scale transformed Cauchy distribution with a suitably scaled Cauchy−F prior on
the hyperparameters. Despite the complexity of this assignment, regret plots similar to those in the
previous examples are obtained; see Figure 5. The minimax value here is λ = 0.54.

Figure 5: Regret curves for normal hierarchical model: group level robust prediction.

Solid curve: d(0, λ). Dashed curve: d(1, λ).

0.2 0.4 0.6 0.8

0.
0

0.
2

0.
4

0.
6

0.
8

Re
gr

et

λ

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 298 -



7. Conclusions

We have outlined a unified decision-theoretic approach for obtaining robust priors for Bayesian
prediction. These priors are a compromise between an extreme heavy-tailed prior and a standard prior
that will almost always be prediction non-robust. In general the minimax value of λ may depend on the
specified prior hyperparameters. However, in the above examples we find that this value does not vary
greatly and a suitable single value could be recommended for general use for a given class of problems.
Further research needs to be carried out to find generic approaches to defining the initial robust prior
in order to explore more complex models. Finally, we have not discussed computational aspects for the
resulting predictive distributions. Asymptotic approximations to posterior and predictive distributions
may be appropriate for moderate to large samples, otherwise suitable MCMC schemes may be used.
Carlin and Gelfand (1991), for example, give an implementation scheme for the Gibbs sampler in the
case of nonconjugate priors.
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ABSTRACT

Prior specifications in Bayesian inference are almost always incomplete. Standard priors in-
corporating expert beliefs, in the form of prior quantiles, for example, may exhibit poor robustness in
relation to alternative reasonable prior specifications. We focus on situations in which prediction is
a major goal of the statistical analysis and consider prior robustness of the predictive distributions
of future observables. We choose the prior that minimises the maximum of an asymptotic predictive
regret over a suitable class of competing priors that are consistent with the given prior information.
We show that a convenient form for this class is the class of mixtures of two ‘extreme’ distributions.
We report results for a variety of normal-based models, including a normal hierarchical model, and
advocate the use of simulation-based computation for obtaining the minimax prior.
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“Proactive” is the Magic Word

Petteri Baer
UNECE
E-mail: petteri.baer@unece.org

ABSTRACT

More and more statistical publication takes place on the internet. This is a positive development.
Compared with the situation 20, 30, 50 or 100 years ago both the availability and the accessibility
to official statistical information has grown substantially with the employment of modern information
and communication technology, ICT.
But there are traps on the way.
• Just putting your information on your web site does not automatically mean it is made use of
• Even though your web information is made use of it does not mean that the most important users
make use of it
• Counting the popularity of your web site by “hits” may deceive you because a substantial part of
the “fabulous growth” comes from search engines checking if you have any new information
• Very often you cover regularly only a tiny share of your potential users – but you may not recognize
that
• Very often you do not really know, who are your users – and sometimes you don’t even care
• Very often you do not interact with your users – and so you do not know how satisfied or unsatisfied
they are or what else they would need that you could provide.
To develop better interaction with users you need to be proactive. On the road to better user interac-
tion you will need to develop a Customer Database containing information about at least your regular
and heavy users. You may wish to go further and develop a Customer Relationship Management
system. It may also be helpful to introduce a Business Intelligence system. None of these systems
are technicalities to their core essence, even though none of them will function well without the use of
modern ICT. Their core essence is strategic. Making good use of them will be decisive for the future
of your activities.

Keywords. Statistical information, Dissemination, Marketing, User groups, Internet, CRM, BI.
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Abstract:  The imperative that a country’s national economic accounts should be adequately funded on a 

continuing basis is more apparent to national accountants than to those they serve.  Reasons often cited, 

especially among national accountants, are that economic statistics are taken for granted (unlike new 

highways), or dull (unlike space satellites), or too little understood (unlike tax cuts.)  One of the most 

important reasons, however, are that official economic statistics are often dully delivered, obscurely 

explained, and presented in ways that do not connect them to the questions of the day. 

This paper will describe how one statistical agency, the U.S. Bureau of Economic Analysis (BEA), 

worked with professional organizations of economic statistics users, such as the National Association for 

Business Economics and the American Economic Association, to deliver national account statistics more 

compellingly and nurture a growing appreciative public.  The BEA initiatives presented in the paper will 

include participation in business and professional association activities, establishment of a blue-ribbon 

advisory committee, development and maintenance of a best-practices web-site, and the establishment of 

an online “library” of succinct, easy-to-understand explanations of the statistics and their applications to 

the economic news of the day. 
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 2

   The imperative that a country’s national economic accounts should be adequately funded on a 

continuing basis is more apparent to national accountants than to those they serve.  Reasons often cited, 

especially among national accountants, are that economic statistics are taken for granted (unlike new 

highways), or dull (unlike weather satellites), or too little understood (unlike tax cuts.)  One of the most 

important reasons, however, are that official economic statistics are often dully delivered, obscurely 

explained, and presented in ways that do not connect them to the questions of the day. 

 This paper describes how one national accounting agency, the U.S. Bureau of Economic Analysis 

(BEA), addresses those challenges.  Those efforts redoubled in 2000 when changing information 

technology, increased competition for government funding, the growing obscurity of accounting formats 

established 50 years ago, and a new generation of statistics users less familiar with the national accounts 

than their predecessors combined to put the agency into increasing financial straits.  The agency 

concentrated their efforts in three directions: increased involvement with professionals who depend on 

the statistics; maintenance of a strategic plan; and improved statistical dissemination technology and 

literacy.   

Increased involvement with professionals who depend on the statistics:    The increased involvement 

with statistics users was of four types:  establishment of a blue-ribbon economic advisory committee; 

participation in the symposia of professional organizations such as the National Association for Business 

Economics (NABE) and the American Economic Association (AEA); joint research with established 

economic experts such as those of the Conference on Research in Income and Wealth (CRIW) and the 

Federal Reserve Board of Governors;  and varied outreach efforts ranging from visiting economics clubs 

around the country to holding users’ conferences to brief people about statistical developments. 

 The BEA Economic Advisory Committee was established in 2000.  It consists of thirteen 

members appointed for two-year terms with the possibility of renewal.  Committee members include 

eminent academic, research-organization, and business economists and executives of economic-data and 

macroeconomic forecasting companies.1  The first Chairman of the Committee was William Nordhaus of 

Yale University, and the current Chairman is Dale Jorgenson of Harvard University.  At twice-yearly 

meetings, the BEA staff report on recent statistics news and research and solicit members’ opinions on 

future national accounts work including new statistical-estimation methods and expansion of the GDP 

production frontier such as through treatment of research and development as investment (instead of as a 

business expense), which the Committee has agreed is an important goal.  Because of their expert 

knowledge of the national accounts and the importance of the accounts to their professional success, 

Committee members’ opinions provide BEA strategic decisions a scope not otherwise available. 

 NABE is a professional organization of mostly business executives and analysts for whom 

proficiency in the use of economic statistics is critical.  Members of NABE, which number between two 

and three thousand, and the larger community of attendees of NABE symposia make up the largest U.S. 

group of national-account statistics users organized for the purpose of featuring the relevance of those 

statistics.  NABE symposia gather experts on business, economic, and public-policy developments and 

the economic statistics that aid in the understanding of them.  While BEA staff had participated in NABE 

symposia before, agency involvement in promoting the understanding of the national accounts picked up 

when the Deputy Director (the author of this paper) joined the NABE Board in 2000 and subsequently 

served as President in 2004-2005.  The advantages to BEA of increased participation include 

opportunities for BEA staff to hone their skills in describing national-account statistics and to incorporate 

                                                
1 The names of members of the BEA Advisory Committee and materials presented at the meetings can be found on 

the BEA web-site at: http://www.bea.gov/about.advisory.htm
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statistical information and insights into economy- and business-focused discussions where the importance 

of the statistics is apparent to interested listeners.   

Also since 2000, BEA has increased its presence at the annual meeting of the American 

Economic Association, usually organizing two sessions of invited papers on developing economic issues 

in which national account statistics can serve to further understanding.  Examples of recent subjects 

covered are:  how to improve health-care-related prices, how to incorporate investment in research and 

development into the national accounts; and how the financial-disclosure rules for publicly-traded 

companies affect the information available for measuring corporate profits within the national accounts. 

 Recent joint research completed by BEA staff with established economic experts is exemplified 

by the project on the increased integration of U.S. economic statistics undertaken by BEA and CRIW, the 

national accounting arm of the National Bureau of Economic Research.  The U.S. Census Bureau, the 

Bureau of Labor Statistics (BLS), and the Federal Reserve Board of Governors are also participants in the 

project.  The longer-term goal of the effort is to bring consistency to the national accounts produced by 

BEA (based heavily on Census Bureau data), the flow-of-funds financial accounts produced by the 

Federal Reserve, and the productivity statistics produced by the BLS.  Decentralization of economic-

statistics production in the U.S. has brought benefits to U.S. statistics; measurement consistency is not a 

one of the leading benefits of decentralization.  Papers on the critical aspects of integration were prepared 

for a conference on the subject held in 2004 and subsequently been published as a CRIW volume.2  That 

record provides the theoretical foundation for an integrated framework for the U.S. national accounts 

produced today that can be extended in the future to accommodate non-market goods and services. 

An example of the quick return from that effort is the first regularly-published, step-by-step 

comparison of personal saving as calculated in the GDP accounts produced by BEA and personal saving 

as calculated in the flow of funds accounts produced by the Federal Reserve.  The comparison is posted 

on the BEA web-site.3  Personal saving in the GDP accounts has long been declining and is now negative.

The concept, often misunderstood, is de-mystified when supplemented with the statistics on household 

financial transactions published by the Federal Reserve.  Public education on that perennially interesting 

subject is well served by the statistical comparison.  Within BEA, the statistical-integration effort has 

resulted in the first-time full integration of the GDP-by-industry accounts with the annual input-output (I-

O) accounts and the acceleration of production of the annual I-O accounts so that those data can be 

incorporated into the GDP accounts within two years instead of five.   

 Other outreach to BEA statistics users includes presentations to city economics clubs around the 

U.S. by BEA staff to describe recent national-account developments, explain how the BEA web-site is 

organized and statistics can be downloaded to spreadsheets, and learn what business economists need to 

know to answer today’s questions.  Also, statistics users’ conferences are held regularly at BEA to bring 

more information to specialized users and to hear their suggestions for statistical and data-dissemination 

improvements.  Several recent conferences focused on the government sector of the GDP accounts.  In 

April, 2007, the first conference covering the GDP accounts overall was held.4  The conferences are 

provided free of charge. 

                                                
2 Jorgenson, Dale W., J. Steven Landefeld, and William D. Nordhaus, Eds. 2006. A New Architecture for the U.S. 

National Accounts. Chicago, IL: The University of Chicago Press.  

3The link to the table on the BEA web-site is:  http://www.bea.gov/national/nipaweb/Nipa-Frb.asp

4 The agenda of the April, 2007, GDP users’ conference and the materials presented at the conference can be found 

on the BEA web-site at:  http://www.bea.gov/national/gov_conf_datausers2007.htm

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 304 -



 4

Maintenance of a strategic plan:    In 1995 BEA issued the first strategic plan for statistical 

improvements to the national accounts.5  At that time, technological change driven by the increasing 

power and speed of computers that brought a rapid decline in the cost of computation was changing the 

economy, and the national accounts had to change to keep up.  That strategic plan committed the agency 

to developing the statistical improvements needed.  Those improvements included movement from 

indexes with fixed weights to indexes with changing weights (Chained Fisher indexes were adopted.) and 

the treatment of software as investment instead of as a business expense.  Business and academic users of 

the national accounts were invited to comment on the plan.  For example, the U.S. Chamber of Commerce 

sponsored a conference at which BEA staff described the improvements and business economists with a 

stake in improved statistics described why the improvements were necessary.   

The 1995 strategic plan achieved the goal of convincing the public that the national accounts 

would retain their accuracy in the changing economic context, but such a one-off interchange between 

BEA and statistics users proved insufficient to maintain broad public appreciation for the necessity of 

continuous improvements to the accounts and its concomitant financial support.  By 2000, support for 

continuing national-account improvements had dwindled.  To specify the next round of improvements 

and re-engage the public, a new strategic plan for all facets of BEA activity—statistical, web-site-related, 

and workforce-related— was developed.  The first five-year strategic plan was published in 2001.  The 

plan is updated every year.  The most recent one covers 2007 through 2011.6

Completion on schedule of planned tasks—for example, improvements in estimation methods, 

acceleration of statistical production, and upgrading of the web-site—provides a record of responsible 

stewardship of public funding and allows statistics users to plan better.  Internally to BEA, explicit 

connections between the agency strategic plan, sub-unit-level operational plans, and individual staff-

member performance plans provide day-to-day management guidance and the means of evaluating 

individual performances.  Connection of individual performance plans to tangible products and 

achievements has proven to be popular with staff members.  Evaluation by the Department of Commerce 

of agency performance relative to its strategic plan is conducted quarterly, increasing the tempo of 

management to the plan and producing a quarterly record of work completed.  Beyond those operational 

benefits, the strategic plan defines what BEA does and informs the public about the improvements in the 

national accounts that are budgeted and those that are not—information that is necessary for public 

engagement. 

Improved statistical dissemination and literacy:    The national accounts provide both a quick reading 

on the state of the economy and a long, continuous time-series of data for economic and policy analysis.  

(GDP-account statistics are available from 1929.)  There is no question, however, that the quick reading 

on the state of the economy is the usage that brings the largest number of people to the BEA web-site, 

www.bea.gov.

More than 60 times per year, on a schedule established to the minute two years in advance, new 

GDP, balance-of-payments, input-out, and regional account statistics are made available in downloadable 

form on the BEA web-site.  All new statistics are accompanied by explanatory material with summary 

tables and many are also accompanied by one-page, plain English descriptions of what the statistics 

                                                
5 The plan was presented in two articles in the BEA monthly journal, the Survey of Current Business, in February 

and April, 1995.  Background papers, including recommendations from outside experts, were published by BEA in a 

supplement, Mid-Decade Strategic Review of BEA’s Economic Accounts:  Background Papers, 1995. 

6 The 2007-2011 BEA strategic plan is available on the BEA web-site at:   

http://www.bea.gov/about/pdf/strategic_plan_matrix_2007-2011.pdf
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indicate about the state of the economy.  Immediate email notices of the statistical releases are available, 

as well as notification via Really Simple Syndication, or RSS, feeds.  All statistics are easily 

downloadable in a variety of electronic formats.  That state of dissemination technology has been put in 

placed since 2000. 

Beginning with the first substantial redesign of the BEA web-site in July, 2003, and through 

subsequent upgrades, BEA continues to improve statistical dissemination technology.  Statistics on web-

site usage are a rich new source of information about what brings people to the site and how they move 

through the site once there.  That information allows for increased responsiveness to user interests than 

was possible in pre-web-site days.  In addition, BEA runs a continuous customer satisfaction survey on 

the web-site and uses information gained from that to determine upgrades. For example, the most recent 

upgrade, launched in February, 2007, focused on navigation and “look and feel” because those aspects of 

the site received relatively lower satisfaction scores than others on the customer survey.  (However, even 

the BEA navigation and “look and feel” scores exceeded the averages for government and private-

company web-sites in the survey.)  Site navigation was made consistent across pages, common global 

navigation was provided at the top of every page, a right-hand navigation menu was added to each page, 

and the search engine was modified to move commonly sought information higher up in the search 

results.  Customer survey responses since the upgrade have recorded a significant increase in satisfaction 

with those aspects of the site. 

 The BEA monthly journal, the Survey of Current Business, which has been published since the 

1920s, remains available in print, but its primary publication mode is via the BEA web-site.  The web 

version of the Survey is text searchable and provides links to the explanatory material and statistics on the 

site.  Long-established regular articles explaining new statistics have been shortened and made more 

readable.  Additional graphs, simpler tables, and short explanatory “boxes” have been added to attract 

new readers and better inform them.   Recently, the content of the Survey has been expanded to include 

articles on a wide range of national-account-relevant subjects such as the history of the GDP accounts7

and the challenge of measuring health care in today’s economy.8  In addition, important historical 

documents tracing the formulation of the present national accounts have been added to the web-site in a 

new BEA Digital Library.9

In addition to Survey of Current Business content, BEA is striving to improve another component 

of statistical literacy; to more effectively bring the national accounts to the public through succinct and 

clear explanations of the concepts, methods, and information content of the accounts.  With most basic 

national accounting concepts formalized 50 years ago and explained over succeeding decades in a series 

of one-off methodological papers that emphasized thoroughness at the expense of brevity and, sometimes, 

readability, BEA has had to reinvent explanatory material for the web environment.  An online glossary 

of short, clear explanations of concepts is now in place and continues to be populated with additional 

                                                
7Marcuss, Rosemary D. and Richard E. Kane. 2007. “U.S. National Income and Product Statistics: Born of the Great 

Depression and World War II.” Survey of Current Business (February): 32-46.  The article is available on the BEA 

web-site at: http://www.bea.gov/scb/pdf/2007/02%20February/0207_history_article.pdf

8Rosen, Allison B. and David M. Cutler. 2007. “Measuring Medical Care Productivity: A Proposal for U.S. National 

Health Accounts.” Berndt, Ernst R. and Richard G. Frank. 2007. “Medicare Part D and Prescription Drug Prices.” 

Newhouse, Joseph P. and Anna D. Sinaiko. 2007. “A Different Application for Productivity Measures, or Has the 

Difficulty of Measuring Physician Productivity Caused the Federal Deficit to be Misestimated?”  Christian, Michael 

P. 2007. “Measuring the Output of Health Care in the United States.” Survey of Current Business (June): 52-83.  

Available on the BEA web-site at:  http://www.bea.gov/scb/pdf/2007/06%20June/0607_health_chng.pdf

9 The BEA Digital Library is located at:  http://library.bea.gov/
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explanations.  Short (one-page or shorter), timely explanations of aspects of just-released GDP and other 

national accounts statistics that are likely to be surprising to, or misinterpreted by, the public are provided 

in the form of “frequently asked questions,” or FAQs.  When that is anticipated, a FAQ is posted on the 

web-site simultaneously with the new statistics and links to the FAQ are provided in the statistical news 

release.  FAQs also accommodate timely answers to questions raised about the national accounts in the 

business press, general-interest publications, and newspapers.  In both cases, FAQs tie the accounts to the 

questions of the day.  

 BEA continues to concentrate on those three means of engaging the public in the use and 

appreciation of the national economic accounts: involvement with professionals who depend on the 

statistics, maintenance of a strategic plan, and improved statistical dissemination technology and literacy.  

These efforts are providing a healthier future for the accounts and a less boring existence for the 

producers.
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Looking at the Quality of U.S. Census Bureau Data – The Telescope

and the Microscope

Preston Jay Waite
U.S. Census Bureau
E-mail: preston.j.waite@census.gov

ABSTRACT

Success of the Census Bureau in meeting the needs of its customers is measured both from the perspec-
tive of our customers (the telescope) and the perspective of the Census Bureau itself (the microscope).
It can be expected that each of our customers sees her/his needs differently. The priorities that the
Census Bureau attaches to those needs tend to emphasize the accuracy and timeliness of the data we
produce. The priorities of our customers may be different from ours.

Keywords. Census data, accuracy, timeliness, quality.
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PANEL DISCUSSION: Do Users need Indicators or Statistics?

Jean-Louis Bodin
E-mail: jean-louis.bodin@wanadoo.fr

ABSTRACT

Once, a politician declared: “I don’t need statistics; I only need indicators” ! Among some categories
of users, the opinion is generally received that synthetic and composite indicators are more useful than
complex and multi-dimensional statistics that are supposed to be designed for researchers. Statisticians
are used to calculate synthetic indicators and indices for many years (GDP, CPI, . . . ) but there is a
growing tendency to introduce more and more indicators, not only quantitative but also qualitative.
Most of them are composite indicators. The use of indicators may raise many questions the panelists
will try to answer:
- is there a clear and practical definition of an “indicator”? is it possible to build a classification
of indicators (from their use, their composition, etc.)? are there differences (conceptual, use, . . . )
between statistics and indicators?
- what are the characteristics of a “good” indicator (in particular composite and qualitative indicators)?
how to deal with the inconsistencies among indicators?
- integrity and robustness of indicators
- is the apparent simplicity of indicators an illusion or reality?
- is benchmarking, based on a comprehensive system of several key indicators, may be effective for
policy purposes (see the OECD Forums on “Statistics, Knowledge and Policy”, Palermo 2004, Istanbul
2007)
- indicators are pushing users — in particular the media — to make rankings: are such rankings really
useful? are they dangerous?
- indicators may lead to “statistically driven decisions” (e.g. Maastricht Treaty indicators), which
confuses the relations and the debate between decision-makers and statisticians and paves the way to
political pressures on statisticians
- problems raised by the proliferation of indicators? is it a real help for users? does it increase the
reporting burden on national statistical agencies?

List of panelists:
Martin Balepa (Afristat), martin.balepa@afristat.org;
Enrico Giovannini (OECD), enrico.giovannini@oecd.org;
Inna Steinbuka (Eurostat), inna.steinbuka@ec.europa.eu;
Romulo Virola (Philippines), ra.virola@nscb.gov.ph;
Michael Ward1 (UK) mward39uk@yahoo.co.uk.
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Indicators and better policy-making: the case of sustainable 
development1

Inna Šteinbuka 
Director, 
Eurostat, Directorate D 
5 Rue Alphonse Weicker 
L-2721 Luxembourg, Luxembourg 
E-mail: inna.steinbuka@ec.europa.eu

Pascal Wolff 
Principal administrator, 
Eurostat, Unit D1 
5 Rue Alphonse Weicker 
L-2721 Luxembourg, Luxembourg 
E-mail: pascal.wolff@ec.europa.eu

Abstract: This paper describes the experience of Eurostat in elaborating sustainable development indicators 
and using them to monitor the related policy process. The choice to use a policy-driven approach, i.e. to link 
directly indicators to policy priorities, gives a high visibility to statistics and indicators and ensures their full 
policy-relevance. Despite the remaining shortcomings and in particular the lack of a conceptual approach, 
this experience shows that official statistics are well equipped to deliver the assessment tools needed for 
policy making in the field of sustainable development.  

Sustainable development strategies (SDS) have their roots in Agenda 21, which was a key policy document 
describing a programme for the achievement of sustainable development adopted at the Rio World Summit 
in 1992. Agenda 21 called on all countries to develop such a strategy together with a broad variety of 
stakeholders. After an initial commitment taken in 2001, in June 2006 the European Council adopted a 
renewed sustainable development strategy2 which sets out in a single document a long-term vision for the 
European Union. As initially stated in chapter 40 of Agenda 21, the role of statistical indicators and the 
importance of monitoring progress towards sustainable development on the basis of indicators are 
recognised in the governance chapter of the EU strategy.  

The present paper describes the role that official statistics can play in a complex endeavour such as 
sustainable development. The point of departure - the EU strategy and the role which is recognised for 
indicators - is elaborated upon in section 1. Section 2 provides an overview of the implementation phase of 
the indicators, with a particular emphasis on the analytical work, before some lessons learnt from the 
exercise are introduced in section 3. 

1. LINKING THE POLICY AND STATISTICAL PROCESSES

The 2006 renewed strategy was an important step forward for the definition and commitment in favour of 
sustainable development policies in the European Union. As regards its monitoring, it recognised the role of 
indicators, strengthening both their importance and the role of the statistical community in the monitoring of 
the strategy. 

1 The views expressed in this paper are those of the author and do not necessarily represent those of the European 
Commission. 

2  European Council, document 10917/06 of 26 June 2006: "Review of the EU Sustainable Development Strategy (EU 
SDS) - Renewed Strategy". 
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1.1. The EU strategy for sustainable development  

Although the Treaty establishing the European Community sets sustainable development as an overarching 
concept underpinning all Union policies, there had been no explicit statement as to how sustainable 
development was to be implemented prior to the adoption by the European Council of an EU strategy for 
sustainable development in June 2001. The 2001 SDS was not presented as a single document and as a 
consequence lacked clarity and visibility. It should be added that no clear rules for governance or ownership 
were introduced in the strategy. 

By contrast, the European Council adopted in 2006 “a single, coherent strategy on how the EU will more 
effectively live up to its long-standing commitment to meet the challenges of sustainable development” 
(para. 4). The implementation of the objectives and targets formulated in the EU SDS requires efforts at the 
European level as well as from the EU Member States. Therefore, one of the guiding principles of the EU 
SDS is to establish coherence between policy-making on the various political levels (EU, national, local) for 
the implementation of the strategy. Another considerable contribution of the renewed SDS is to clarify the 
synergies with the Lisbon Strategy which should contribute to the overarching objective of sustainable 
development primarily in focusing on economic growth and job creation. 

The renewed SDS also introduces a governance cycle (para. 33 to 45) which clarifies the timing and role of 
the main stakeholders. In particular, every two years the European Commission will submit a progress report 
on the implementation of the SDS in the EU and the Member States. The report should draw on the set of 
sustainable development indicators (SDIs) as well as a monitoring report from Eurostat following the same 
periodicity. If the strategy sets out the development process and the use of indicators in reporting,  the list of 
SDIs itself is not defined, although it is foreseen that a limited set of indicators could be adopted by the 
European Council by the end of 2007 . This solution was preferred by most stakeholders, as it avoids 
freezing a list of indicators, and allows more flexibility in its improvement and development over time. 

1.2. The request for indicators in the strategy  

Chapter 40 of Agenda 21 recognised the need of information for decision-making and called on countries 
and the international community to develop indicators of sustainable development. It is in this spirit that the 
strategy requires the development of statistical indicators to cover in depth the complexity of sustainable 
development and to allow for an appropriate assessment of progress. 

The SDS makes some general recommendations on the coverage of the SDIs (para. 34) and the need to look 
at the continuous improvement of the set. The responsibility for the development of indicators is given to the 
European Commission in collaboration with Member States through an expert working group on SDIs. This 
expert group assists the Commission in selecting the most relevant indicators. The strategy also anticipates 
the possible political endorsement and adoption of a limited set of indicators (para. 36). 

Last but not least, the strategy refers to the use of SDIs both in the monitoring report by Eurostat and in the 
Commission progress report.  

Such an endorsement by major stakeholders is desirable for a number of reasons, and is an important factor 
in achieving a successful outcome. Lack of endorsement and consultation with stakeholders may mean years 
of work to produce something that may be highly praised but never used. 

2. THE RESPONSE FROM THE EUROPEAN STATISTICAL SYSTEM

The adoption of the 2001 strategy led to the realisation by Eurostat that a set of indicators specifically 
tailored for the EU should be developed. In September 2001, a task force was established to develop a 
common approach from the European Statistical System to the measurement of sustainable development. 
This task force comprised experts from 16 European countries and 12 policy Directorates-General of the 
Commission. Despite some unavoidable compromises, the outcome of the task force was globally endorsed 
in 2005 by the European Commission through a Communication from Mr. Almunia3.

3  SEC(2005) 161 final: "Sustainable development indicators to monitor the implementation of the EU Sustainable 
Development Strategy". 
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In November 2006, Eurostat began to review the set of indicators, assisted by the Working Group on SDIs in 
order to fit more closely with the objectives and targets in the renewed SDS. 

2.1. What to measure 

One of the fundamental issues was to define the scope and purpose of the set of indicators. What should be 
measured: sustainable development per se or sustainable development policies? If it were to be the former, 
how should sustainable development be defined? The Brundtland phrase about meeting the needs of the 
present without compromising the needs of future generations is notoriously difficult to turn into an 
operational definition, and indeed the Brundtland report elaborated a complex concept of sustainable 
development that went far beyond that single resonant phrase. Another, more analytical attempt in the 
Brundtland report at defining sustainable development was as “a process of change in which the exploitation 
of resources, the direction of investments, the orientation of technological development, and institutional 
change are all in harmony and enhance both current and future potential to meet human needs and 
aspirations”. There are clearly a number of principles involved, including inter- and intra-generational equity 
and justice, sustained economic growth that does not damage the environment or impoverish the local 
natural resource base, the eradication of poverty, and participation in decision-making.  

In the end, the answer given by Eurostat – as well as many countries or organisations which had set up such 
a system of indicators – was pragmatic and directed at aligning the indicator set on the policy priorities to 
allow an easy identification of policy-makers to the statistical work. Consistent with the thinking of the UN, 
it was considered that indicators should be based on the principles and objectives of the EU SDS. And, 
again consistent with the UN model, the indicators would be best organised within a thematic structure that 
would be readily understood by policy makers. 

2.2. Making sense of the strategy 

It was then necessary to develop a clear understanding of the EU strategy itself. The priority areas of the 
2001 SDS as well as the additional headings of governance and global partnership were adopted as the main 
headings forming the backbone of an indicator system. Two further issues, (production and consumption 
patterns, and economic development) which are generally considered to cut across the eight other headings, 
were added instead as separate headings. 

Each heading derived from the above mentioned commitments became a “theme” in a hierarchical structure, 
where indicators were divided into three levels (see picture 1 below) to match the needs of different types of 
users. The 10 themes4 are: 

• Economic development 
• Poverty and social exclusion 
• Ageing society 
• Public health 
• Climate change and energy 
• Production and consumption patterns 
• Management of natural resources 
• Transport 
• Good governance 
• Global partnership 

The themes were further divided into sub-themes and “areas to be addressed”. Indicators were proposed 
within each of the themes to match the major policy commitments and objectives of the strategy and related 
EU strategies. These indicators were classified into three levels of importance, creating a pyramid structure 
with one (or sometimes two) headline indicators for each theme at the top, supported by level 2 indicators in 
the middle and level 3 indicators at the bottom (see picture 1 below): 

4  The final meeting on the review of the SDIs (10-11 May 2007) had not yet taken place when this article was being 
written. It is likely that the label of the themes will be revised to some extent. 
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Picture 1: Pyramid of indicators

Headline 
indicators

Level 1 Overall objectives

General policy 
performance indicators

Level 2 Operational objectives 
and targets

Detailed level of indicators on 
efficiency of policy measures

Level 3 Actions
Explanatory variables

It was intended that the different layers of the pyramid should build on each other and tell a story. That is, if 
one wants to know why an indicator at a higher level is as it is, it should be possible to find the answer at the 
next lower level. And working in the other direction, taking the information contained at a lower level of the 
pyramid should lead to the information contained in the next higher level. In practice this has not proved 
possible for all themes, especially for those with a more environmental or institutional character. 

In the selection of indicators, it was also borne in mind that the primary purpose of the exercise was to 
identify trends that were unsustainable or potentially unsustainable. Indicators were therefore selected on the 
basis of their ability to show EU trends, rather than opting for indicators which were better suited for 
comparing the relative performance of individual countries. 

2.3. Monitoring the strategy 

Although Eurostat has worked on and published sets of sustainable development indicators since the mid-
1990s, indicators have acquired a new role in the 2006 strategy. In particular, Eurostat is required to produce 
a monitoring report on the basis of indicators every second year.  

This monitoring report will provide an input for the more political progress report to be adopted by the 
European Commission, which should also refer to SDIs. This linkage between the two reports will give a 
high visibility to SDIs, and has only been possible due to constructive communication between statisticians 
and policy makers during the phase of selection of indicators. It will require a strict adherence to the 
principle of neutrality of statistical institutions. 

The aim of the monitoring report is to provide a quantitative analysis of trends in the various sustainable 
development themes. The structure of the report follows the 10 themes of the SDI framework. The emphasis 
is very much on the visualisation of trends, with graphs and figures being presented rather than the raw data 
which can be consulted on the Eurostat SDI website. The main policy objectives for each theme are 
summarised with an explanation of the rationale for the selection of indicators. An analysis of the trends is 
made for every chapter as a whole and for each individual indicator. This includes a visual assessment of 
changes: are the changes favourable in the context of sustainable development objectives, unfavourable, has 
there been no significant progress, or is there insufficient data available to provide an assessment?  

The inter-linkages section is meant to provide an illustration of the linkages between the different issues 
relevant to sustainable development. The challenge of sustainable development is about becoming more 
aware of these linkages, and identifying the potential synergies and trade-offs that are an inherent part of 
individual actions and the policies of governments or international organisations. These are, however, 
complex issues, and knowledge is often limited. The inter-linkage sections are therefore not intended to be 
comprehensive at this stage, but rather to provide some useful illustrative examples and hypotheses that 
could be further tested. 
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Finally, some limits to the approach adopted in the monitoring report should be mentioned. On the one hand, 
the indicators adopted are imperfect, and do not always adequately monitor the issue of concern. On the 
other hand, the number of indicators adopted was consciously restricted for the purposes of communication. 
The set of indicators used in the report therefore cannot be considered as sufficient information to provide a 
full and comprehensive analysis of all the trends relevant to sustainable development. Nevertheless, this 
report should be considered as a contribution to measuring the progress towards sustainable development at 
European level, based on commonly agreed indicators derived mainly from official statistics, and thus 
providing one out of the many perspectives required in the search for a more sustainable development. 

3. SOME PARTICULAR LESSONS

3.1. A neutral assessment 

Statistical institutions are particularly well placed to play a key role in the evaluation of policies such as 
sustainable development because of both the commitment to impartiality of statistical production and 
analysis and the availability of expertise in a variety of fields. Developing adequate sets of indicators which 
are relevant for monitoring those policies offers an opportunity for making statistics and indicators more 
used in the public debate. Obviously the necessary condition is to maintain a strict and neutral approach in 
the monitoring of public policies, refraining in particular from any political statement. 

3.2. The need for endorsement 

Endorsement by major stakeholders is an important factor in achieving a successful outcome. Firstly, policy-
makers need to be committed to the use of indicators and messages they may deliver. This process of 
appropriation begins in the phase of selection of the indicators, where statisticians need to justify their 
preference in order for their work not to be dismantled later on by policy-makers.  

In the case of the EU SDIs, the Commission formally endorsed in February 2005 the framework and 
indicator set in the form of an internal communication. It entailed the consultation and agreement of the 
Commission's various Directorates-General and this inevitably led to a new round of discussions on which 
indicators to include and at what level. The involvement of end-users at this stage bolstered the role of 
indicators, monitoring and targets in the thinking about how to further develop the strategy and has 
guaranteed that these elements will be integrated into future versions of the strategy. 

Finally, in order to ensure the continued cooperation and assistance of national experts, the final report of 
the task force was submitted to the directors of the national statistical institutes for their approval. This 
resulted in a renewed mandate to continue development within a working group and ensured continued 
support for the project. 

3.3. The importance of timing 

Setting milestones is essential for a project so as to deliver results at the most opportune moment. In the case 
of indicators measuring progress towards a certain policy, it is particuarly valuable to tie in with political 
events. There is then much more chance that the work will be noticed and used. 

With this in mind a website devoted to the indicators was set up just prior to the spring 2005 meeting of the 
European Council, where the SD strategy was to be discussed. Later on in the year Eurostat's report 
monitoring progress in the EU towards sustainable development was released during the week preceding the 
December 2005 meeting of the European Council which was to discuss the review of the SD strategy. 

3.4. Areas requiring further attention 

The work described above has led to the adoption of a set of indicators which have been published in paper 
format and on the web, which have been endorsed by the European Commission and the European 
Statistical System, and which have found a role in assessing progress towards the EU’s goal of sustainable 
development. Nevertheless, it should be recognised that further progress is needed in a number of areas, 
some of which are mentioned below: 

(1) Conceptual basis of the SDIs: it can be argued that the EU set of SDIs has no conceptual basis or 
framework and that its link to the EU strategy which will regularly be revised means that it will not 
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stand the test of time. It is true that the structural framework used was derived to a large extent from the 
EU strategy, and is therefore subject to change as the strategy evolves. Nevertheless, the indicator set is 
organised in a clear and easily communicable structure. It provides a tool which can help to implement 
change by measuring progress towards the objectives of the strategy and has indeed already found 
practical applications in EU decision-making. It is expected that as the strategy evolves, new indicators 
to address issues of emerging importance will be needed.  

A joint UNECE/OECD/Eurostat working group is currently looking in detail at the capital approach, 
which still requires multi-disciplinary research before a possible implementation. It also needs to be 
demonstrated to stakeholders that such a framework is useful for monitoring current SD policies. 

(2) Insufficiency of data: there are several areas for which no information or only partial information is 
currently available. To overcome this technical constraint and ensure the production and compilation of 
the necessary data for policy-making in a longer time-frame, the indicators were divided into two 
categories, “best available” and “to be developed”.  

The “best available” indicators refer to indicators that can be compiled on the basis of existing data. 
Some of these indicators may not be the ideal indicators for sustainable development policy issues, but 
serve a useful function as proxies for the ideal ones, which are still “to be developed”. Some of the 
indicators may also be classified as “to be developed” due to data quality problems.  

Eurostat, in cooperation with the European statistical system and the research community, has 
investigated the feasibility of the indicators “to be developed” and will report on progress in ensuring 
the availability of those indicators which are feasible. This development work forms a considerable task 
that will contribute substantially to further improve the homogeneity of the set of indicators. 

(3) Inter-generational equity: the SDS contains actions and commitments which are to be implemented now 
to correct unsustainable trends, but which are also aimed at improving the situation and options of 
future generations. Inter-generational equity is therefore an essential part of the strategy. Forecasting 
and scenario-building are necessary to improve the relevance of statistical information, but such tools 
are still to be developed.  

(4) Evaluation of trends: the method used so far to evaluate trends in individual indicators is harmonised 
but simplistic. Each indicator can be interpreted so that an upward, a downward, or a stable trend is 
consistent with sustainable development. But how much movement in the right direction is needed for 
the development of the indicator to be judged sustainable?  

The method adopted by Eurostat in the monitoring report was to positively evaluate when there has 
been an average annual change of at least 1% over several years in the right direction. This was a 
simple, consistent and transparent rule of thumb, but is of course inadequate in that it fails to 
differentiate between variables which are rather volatile, such as growth rate of GDP, and those which 
have higher inertia, such as life expectancy. Where indicators are associated with quantified targets the 
evaluation was made according to whether progress has been in line with the linear target path. But if 
the target itself is inadequate, this method is also inadequate. 

The assessment work made clear that some specific (if possible sustainability) thresholds should be 
defined for each indicator. There is also a need to evaluate the overall trend of the indicator set taken as 
a whole in order to give some indication of whether we are on a sustainable or unsustainable path. 

(5) Indicators of governance: governance is a problematic topic to cover. In the sustainable development 
context, it should ideally cover the areas of participation, accountability, effectiveness and coherence, 
be focused on institutions, and also address the EU contribution to global governance. Given the 
difficulty in obtaining appropriate data of sufficient quality and coverage, only two sub-themes (policy 
coherence and public participation) and a few imperfect indicators were proposed. 

4. CONCLUSION

The introduction of the concept of sustainable development in recent policy-making has been a major 
turning point for our societies over the last two decades. Current policies cannot anymore focus mainly on 
their short-term impact but they have also to be more forward looking as well as more consistent between 
each others. Given the complexity of the concept of sustainable development, measuring what counts for the 
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well-being of both present and future generations, official statistics are well equipped because of both the 
commitment to impartiality and the diversity of the available expertise to provide the robust statistical tools 
– and in particular statistical indicators – which are required to adequately assess the implementation of 
current policies. Even if the current set of EU sustainable development indicators is still largely imperfect, a 
proactive approach like the one followed by Eurostat has increased the profile of official statistics and may 
help to shape future policies on the basis of a more rigorous assessment of the current situation. 
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INDICATORS; Proxies for Policies?  

By Michael Ward, Cambridge, UK 

Abstract 

This paper is concerned with the use and validity of indicators, in particular, where they have 
been introduced to evaluate and monitor government policy performance. The increasing use of 
indicators, individually and embodied implicitly or explicitly in technical and conceptual 
socioeconomic models, has become a modern management phenomenon in both the public and 
private sector [1]. Indicators serve primarily as proxy measures that are designed to inform and 
support policy decisions, but not necessarily to trigger and determine policy action. They are 
frequently used to assess and monitor trends towards the success or otherwise of specific policies, 
defined in terms of explicit targets. The use of indicators by policy makers and their relevance to 
the true objectives such as personal safety, living standards and poverty reduction is very little 
questioned. But there is a growing unease among professional analysts about the validity and 
relevance of certain commonly quoted indicators and their adoption as signals to reassign 
budgetary allocations. Their use to determine ‘league’ tables may have serious perverse effects 
(RSS. 2003). Indicators do not always contain an unambiguous message. They are no substitute 
for conducting a thorough analysis and to having a clear conceptual understanding of a problem 
to ensure more constructive policy formulation. 

1. Introduction 

Is the achievement of a specified indicator target truly a good measure of successful policy 
implementation? Or, in a media driven environment where political parties and governments 
resort to advertising agency promotion methods, is it only a public relations inspired tool? How 
far can the public trust a specific indicator target or is it a politically arbitrary statistical artifact 
that is of primary use in advocacy? The use of such measures as the sole means to judge 
inadequate performance and to allow budget funds to be re-allocated to other policy objectives or 
simply cut entirely is highly risky. Few indicators are able to draw in the related factors that need 
to be taken into account in any evaluation of performance or in order to tell a more complete and 
balanced story. In effect, it may be doubtful that progress, as measured by a chosen policy 
indicator, can properly signify a process of real improvement and reform. 

These are some of the important basic questions considered in this paper. The fundamental issue 
is how far is a chosen indicator conceptually valid and thus an acceptable proxy and to what 
extent must this desired goal be traded off against pressing demands of practicality. The ensuing 
discussion suggests there is an urgent need for governments to re-examine, in more than 
superficial detail, how indicators apply to some key areas of national policy. The paper outlines 
the various settings in which indicators are used and explores how it may be possible to refine the 
existing approaches to the use of indicators to provide a better understanding of socioeconomic 
problems and issues. It first describes why indicators are found to be useful and, in reflecting on 
their historical development, it then examines the merits of looking at them singly or collectively 
in different ways.  

2. The Usefulness of Indicators 
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There are several important reasons why various authorities find it desirable to use indicators in 
the analysis and formulation of policy: 

a. indicators are identifiable in the sense they can be related to a specific policy issue 
directly, unlike the money financing sums allocated by budgets to different sectors and 
expenditure headings. [It is these that, bottom line, are the real determinants of 
government policy]. The general public has very little comprehension of the meaning of 
budget lines and how they are translated into actions; ‘real’ measures in physical units, by 
contrast, have political resonance. 

b. certain indicators are believed, often incorrectly, to be value free and ‘functionally’ 
neutral because they are constructed from the very start as physical measures or derived 
as value ratios in which the implicit price component in both the numerator and 
denominator is assumed to cancel out. [This may not be the case, even in the same 
country, as the ICP has demonstrated]. This means that selected physical indicators, 
unlike money values - unless the latter are converted into purchasing power parity (PPP) 
terms - can be usefully compared across time and space between different regions and 
countries. 

c. From a practical viewpoint, selected indicators can be derived from readily accessible 
and also more current data than conventional and ‘comprehensive’ statistics. They are 
quicker and simpler to compile and often available on a timely, high frequency basis. 
This seems to work well when there is a degree of homogeneity in the matter being 
studied. It must not be taken to the point where an indicator, though practical and easily 
accessible, is virtually useless. 

d. indicators potentially permit statistically consistent and conceptually coherent links 
between the micro and macro aspects of many issues of public concern.  This works best 
when a macro picture is built up from individual reports. It applies, for example, to the 
delivery of social sector services where, in health or education, the aggregate data 
relating to hospitals, medical centres and schools are usually compiled from individual 
administrative records. As explained below, this may be the ‘Achilles heel’ of the equal 
but unqualified, unimproved use of indicators in policy targeting and performance 
monitoring     

Indicators have been widely adopted in different policy settings, especially where hard data are 
scarce and administrative records are not available in a sufficiently timely fashion, to complement 
and supplement conventional measures in assessments of policy performance. 

3. Selection of Indicators 

High frequency indicators of overall economic performance with respect to growth, inflation and 
economic engagement include changes in monthly or weekly retail sales, the level of wage 
employment, average wage earnings and hours worked. Most micro labour data also provide 
particulars of industry, occupation, remuneration, sickness, unemployment, etc. They are 
continuously recorded by several agencies on a very regular basis and serve not only as 
barometers of economic health but also as indicators of improved efficiency or productivity. But 
it is more specifically in the social sector that indicators tend to be used most extensively. 
Agencies resort to indicators to map the various changes occurring in society and to evaluate 
social progress. In such fields as health, education and crime where outcomes are more difficult 
to define and in an exact quantitative form, they are indispensable.  
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This applies in particular to the state provision of public goods and services and, especially, non-
market goods and services. It is here where the normal test of the market to allocate services to 
households and individuals cannot be readily applied, non-monetary indicators are widely 
adopted to assess need and monitor output performance. In other ‘collective’ state sector 
operations, recourse is made to related indicators of service efficiency - often defined in terms of 
punctuality, reliability and customer satisfaction. These monitor the proper functioning of public 
transport systems, local utilities, telecommunications, mail delivery and so on. 

In all these fields, several broader problems are encountered in selecting appropriate indicators. 
The first is the relevance of the chosen numerator, its characteristics and the extent of its coverage 
as well as the nature of the context in which the phenomenon under investigation operates. The 
second concerns the choice of a relevant population ‘universe’ or value-based denominator. Since 
indicators only work effectively as signals if they can be compared, either against some previous 
period and situation, or with other countries and locations, both the numerator and the 
denominator have to be consistent over time and relevant to each other.  This has special 
significance where the denominator is defined in population terms and the choice of the 
appropriate age and sex group is critical. Since both the numerator and denominator are both 
subject to (often unknown) statistical as well as non-scientific errors, it is possible such measures 
will end up very wide of the mark and fail to monitor change correctly. But, practicality aside, a 
far more important basic issue is whether the indicator is conceptually, as well as operationally, 
appropriate to the problem under investigation.   

As stated above, indicators are used as proxies to measure phenomena that are not readily 
identifiable and thus not subject to regular direct and specific quantification. In most cases this is 
either because of the intangible nature of the phenomenon itself or because the issue possesses 
composite or multi-dimensional characteristics. The phenomenon might relate, for example, to a 
recognised concern such as urban homelessness or access to ante-natal care; or it may refer to 
more complex issues including individual and household well-being, inequality, economic 
stability, health status, security or poverty. Indicators are generally less than exact measures that 
are intended primarily to inform observers of roughly what is happening and the type of changes 
taking place. Such indicators can also advise on who is affected and the locations where the 
various issues under investigation are occurring. They tend to be more widely used in those 
circumstances where regular and timely high frequency measures of socio-economic concern are 
required. This is because they provide a quicker information turn-round than the conventional 
survey and routine administrative data, much of which may be available, at best, on an annual 
basis. Traditionally, official administrative data comprise the main information on which decision 
makers have had to rely. Prima facie, indicators do not identify what policies to adopt. 

4. Beyond Simple Ratios 

Early refinements to a single indicator approach attempted to classify these ‘statistics’ as to 
whether, from an operational viewpoint, they were input, output or outcome measures; and also if 
they reflected a pressure, state or response condition. The main intention in applying these simple 
categories was to develop a systematic framework for the use of different indicators and to 
enhance an understanding of the inter-relationships between them.     

Another development focused on combining various indicators to try to form an overview of 
more complex and multi-facetted phenomena. This lead to the derivation of relatively simple and 
reasonably transparent compound measures such as the Physical Quality of Life Index [PQLI], 
from which pedigree the present UNDP Human Development Index [HDI] can be traced. It also 
encouraged the development of more sophisticated, comprehensive, but less readily 
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comprehensible, measures like UNRISD’s Composite Index of Development. All these grouped 
indicators are composite measures but some are ‘synthetic’ in the sense that they have been 
derived in a way that reflects the assumptions that underlie their basic design to represent a given 
issue. The PQLI and HDI were originally constructed to reduce the emphasis on GNP per capita 
as a measure of welfare and a standard by which to monitor development progress. The HDI, 
since it has become a politically sensitive measure receiving global recognition, is more relevant 
now as an assessment of political awareness and good governance. The Social Life Profiles 
pioneered by the Institute of Development Studies [IDS] and OECD Development Centre in the 
late 1970s to depict differentiated human status as a consequence of different social chances 
spread over individual lifetimes, combined indicators and demographic data to reveal a vertical 
rather than an horizontal perspective of social conditions. Again, unlike single sector level 
indicators, these classes of composite measures do not suggest any direct and specifically 
identifiable policy implication.  

The conceptual limitations and practical statistical constraints of using synthetic and composite 
indicators in the field of social enquiry, are well recognized. The transformation scales to 
standardize the component indices are mechanically applied and rarely correspond to the patterns 
of behaviour and nature of changes observed in real life, The weights applied to these normalized 
components are generally arbitrary (most commonly equal) and have little recognized economic 
or social significance. There are major problems, too, concerning the need to trade off the 
relevance of a chosen component indicator against the universal availability of that indicator 
across all the areas and countries being compared. The impact of this, in practice, is to restrict the 
scope, range and circumstances to which composite indicators might be relevant. 

The increasingly common practice of constructing and compiling various collections and 
‘clusters’ of separate indicators, such as the list of indicators used to give concrete definition to 
the Millennium Development Goals [MDGs] does not escape similar criticism. An array of 
indicators may be one way to depict the many different dimensions of a phenomenon, such as 
poverty, but each issue should be viewed independently. Behind this approach lies the assumption 
that a series of indicators variously related to a particular topic under investigation may be able to 
provide a common perception as to its extent and magnitude. The problem with this ‘scatter-gun’ 
approach is that it is a blunderbuss. While its intention may be selective, the measures are not in 
themselves prioritized and weighted for their actual significance. A well-defined and politically 
accepted collection of indicators, such as the MNSDS, IDTs, MDGs, or the EU sets of  
‘structural’ and ‘innovation’ indicators, may appear to possess a common thematic emphasis 
because their characteristics are related and relevant to a particular issue, but this does not make 
them automatically more useful for deciding on what particular policies countries should adopt. 
As with most other combinations of indicators, an underlying coherent social theory that leads to 
a unique selection of measures that can also describe the path they should follow, is still lacking. 
For the present, there is no tried and recognized system to guide assessments as to the relative 
importance of specifics indicator in such arrays.  

Much the same sort of problem is encountered when creating systems of leading indicators based 
on patterns of behaviour that have been identified from predetermined historical correlations 
rather than sound theoretical relationships. This question is more fully addressed elsewhere.     

5. The Policy Legacy of Official Indicators 

Throughout history, policy makers motivated by a genuine altruism have striven to identify the 
best and most efficient methods to solve evident social and economic problems. It is apparent that 
Condorcet, the Secretary to the then Minister of Finance, Turgot, in pre-Revolutionary France 
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developed several indicators to guide his schemes to relieve the suffering of the poor by 
providing remunerated employment in public works. In the UK, the use of indicators in the 
conduct of social policy can be traced back to the early 19th century when local parish 
commissioners, charged in 1834 with implementing the new Poor Laws, were required to decide 
whether an applicant was eligible for ‘indoor’ or ‘outdoor’ relief or simply a vagrant or 
mendicant not entitled to any public support but rather imprisonment (2). In another social 
context, the indefatigable campaigner for medical care reform and fearless advocate for 
improvements in how military hospitals were run, Florence Nightingale, devised what can only 
best be described as health indicators to press home her case for change. A similar use of relevant 
experience translated into, in most cases, selective measures to represent physical conditions 
related to a social context can be found in the latter half of the century. Campaigners for 
eliminating widespread cholera epidemics in large cities sought to promote the communal cause 
of public health. They needed to persuade the municipal authorities to provide clean water and to 
assume responsibility for proper sanitation and sewage and waste disposal that involved the 
expensive construction of underground sewers. 

Performance indicators were perhaps first developed in earnest in the mid-1920s when they were 
widely used by the early Soviet regime to help organize the centralized organisation of social 
production under a command and control system of government. Under the Soviet system, the use 
of indicators and targets and application of official statistics to monitor policy was elevated to the 
status of a fine art. What was then regarded more as ‘propaganda’ has since been redefined as 
‘spin’. The approach saw the adoption of many physical indicators to serve as signals and it 
witnessed the transformation of indicators as essentially descriptive measures into rigorous 
normative targets. The Soviet planners thus introduced the notion of indicators as a means to 
make performance assessments (worthy during the Soviet era of punishment or reward) to 
support the great push forward. Similar monitoring techniques were considered in the early post-
1945 era of national planning in countries such as France and Holland and these also involved 
elements of official direction and control. In the 1970s and 80s, the UN and the Statistical 
Commission reiterated the importance of using an indicative and non-directive approach in the 
area of social monitoring but they drew short of endorsing any particular model and data 
framework for the world to follow, specifically objecting to Stone’s SSDS as a system to adopt. 

Somewhat surprisingly, perhaps, it is under the US Kennedy Administration that social indicators 
get a boost and it is in the late 1960’s that the ‘social indicator movement’ gets launched. Despite 
the fact that US policymakers regularly maintained that markets and the price system provided 
the best indicators of performance and that, through revealed demand [needs backed up by a 
willingness to pay], the market sent the relevant signals and set the appropriate direction of policy, 
even at a detailed level, the US National Health Administration developed selected operational 
indicators to help guide its budgetary decisions under the Medicare Program. The importance of 
this role is underlined in the transfer of one of its key US operatives, Robert Johnston, initially to 
the OECD to assist in that agency’s efforts to develop a system of social indicators, and then to 
the UN Statistical Office where he became the principal author of the UN Manual on Social 
Indicators [1982]. Around the same time, Robert McNamara moved to the World Bank and 
brought his own brand of target driven management style that he had acquired first at Ford (and 
then as US Secretary of Defense during the Vietnam era), to the policy table. 

It is through the role of institutions like UNRISD in Geneva, the ODC in the US and the IDS at 
Sussex, together with the launching of ‘Social Trends’ by the UK CSO under Claus Moser, that 
the whole issue of social indicators gains formal recognition and moves into the policy arena. At 
UNRISD under McGranahan, researchers were interested in deriving a more comprehensive 
measure of development. The PQLI, devised by Sewell D. Sewell at ODC, offered a simple 
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composite indicator of economic and social progress while, via a different route, academics like 
Seers and Singer at the IDS were proposing alternatives to GNP as an indicator of welfare. Both 
had close contacts to the UN and seriously challenged the supremacy of measures like GNP and 
income per capita growth championed by The World Bank as a suitable measure of development. 
Later, with enlightened technical and financial support from the OECD Development Centre, the 
IDS launched the Social Life Profile approach proposed by Seers. This introduced concepts of 
risk and vulnerability, conditioned by successive individual  circumstances, and the implicit 
notion of social exclusion.  

6. The Use of Single Indicators 

Countries and international agencies resort to the use of indicators because of differences in 
national standards and norms, combined with variability in local domestic currencies and market 
exchange rates. Together these factors undermine the ability to make analytical comparisons 
across countries. The agencies find the availability of more disaggregated micro level information 
useful for the monitoring of service delivery and the success or otherwise of diverse and 
dispersed units compared with the average for the whole country. This is an area, however, where 
the numbers can be misleading because they cannot reveal the underlying tensions posed by the 
logistics of supply and demand and the conflicts that arise from official requirements to fulfill an 
obligatory government mandate, such as the provision of ante-natal services to the rural areas.  

To take, as an example, just one of the MDGs, the goal to achieve universal primary education by 
2015, the associated target is quantified by three single indicators; the net enrolment ratio in 
primary education, the proportion of pupils starting grade 1 who reach grade 5 (seemingly 
irrespective of the time it takes), and the literacy rate of 15-24 year olds. Progress in the 
application of indicators to monitor the effectiveness of national education performance can be 
seen in (1) the choice of a ‘net’ over a ‘gross’ concept of enrolment, (2) choosing measures of the 
time spent in school instead of asking everyone about the number of years of completed 
schooling (which relates to a different phenomenon) and (3) narrowing the band to which adult 
literacy relates. In principle, all these indicators can be compiled for component units below the 
national level. It is also interesting to note that indicator 1 is a measure of input, indicator 2 one of 
output, and indicator 3 that of impact. The conclusion must be that single indicators are most 
useful when linked to a related single simple target. Of course, if the target itself is measurable, it 
becomes the indicator.  

7. From Indicators to Policy 

Suppose now the government comes under a budget constraint and thus needs to make savings; it 
will look first at what it is doing in terms of cost, specifically on a per capita basis, and probably 
review activity by major regions, either geographical or administrative, throughout the country. 
Then, suppose, independently, certain insuperable obstacles kick in that make the delivery of 
some education services unavoidably more expensive. In the case where a political pledge has 
been made to provide primary education for all, an unavoidable obligation is placed on local 
authorities by the mandate. This will have important budgetary implications, not just for 
education but also for all the other decentralized services provided locally. In particular, the cost 
of making education available in the rural areas and remoter regions is going to be relatively more 
expensive on a per capita basis. This has to do with not only the actual current costs of the 
provision of teachers and materials, but also the fact that the ratio of unavoidable fixed overheads 
to current costs is strongly affected by the number of pupils and teachers in a school (or region). 
Historically, in many countries, schools in the capital have consequently been favoured and 
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families have moved their children to live with relatives in the towns in order to gain access to a 
better education, particularly at secondary level.   

These fundamental economic constraints and difficulties rarely emerge in social indicators but 
they are encountered throughout social service delivery. Hospitals in regions of low population 
density that are required to cover a wide geographical area and provide ‘essential services’ such 
as accident and emergency units or maternity wards, are immediately put at a serious cost 
disadvantage. This is irrespective of how good the actual service is and how relevant, statistically, 
the annual age-sex population counts underlying a performance indicator may be. Taking the 
figures down to an even lower level to look at the quality and effectiveness of, say, heart surgery 
or birth delivery, in various hospitals is fraught with problems. A classic example in the US, and 
repeated in the UK, was the identification, for patients seeking heart surgery, both of those 
hospitals where most patients had died from their heart operation and of the surgeon who had 
conducted the operation at the time. Among these included, with the worst ‘patient exit’ records, 
the leading cardiac consultants. The indicator chosen failed to pick up the fact that the leading 
consultants performed by far the largest number of heart operations and clearly had to deal with 
the most complicated cases - and referrals from other doctors - where the risk of death was 
greatest.  

The problem of using indicators as opposed to plain statistics is that the former may be derived 
subjectively and reflect party political ideologies whereas the latter are intended from the 
beginning to be objective in their description of events and activities. Set up as targets, indicators 
become measures of official intent; a normative means or scale by which to assess perceived 
performance according to some pre-set official standard. It is little help to constructive policy 
making if, as recently happened in the UK, the government declares that the Home Office, the 
department responsible, inter alia, for the police, prisons, the judiciary and immigration policy, is 
missing 50% of its targets. Worse still, perhaps, is when principles established to preserve 
community structures (under legislation like the UK Town and Country Planning Act) are over-
ridden by central government housing targets and result in all the undesirable social consequences 
that flow from poorly planned urban development.     

8. Summary and Conclusions 

Performance indicators can thus give birth to ill thought out policies and give rise to unexpected 
problems and undesirable spin-offs. Aside from the policy issues, the RSS highlighted in its 
report the concern that scientific method and, particularly, statistical standards have been ‘largely 
ignored’ in the derivation of such measures. It notes also that quality and robustness criteria have 
been ‘consistently violated’ in the construction of performance indicators in the fields of health, 
education and crime. This criticism can be applied equally to the design, analysis and reporting of 
performance measures. But it also begs the question of the basic legitimacy of using indicators for 
political target setting. Independent observers are worried the use of indicators in a normative 
context signals a return to an old style soviet philosophy of official command and control and an 
approach where ‘crimes’ against the State warrant ‘punishment’ in one form or another (such as 
big budget cuts) and where the people involved should be ‘named and shamed’.  

In the present circumstances, governments that rely on indicators face the criticism that they have 
effectively appointed themselves as both judge and jury, while also defining the rules by which 
the game is played. Given how performance accountability is officially conducted, analysts can 
be readily forgiven for believing that nothing but empty rhetoric and lame excuses or bad and 
unfair decisions will result. This is an inevitable outcome of a process where government both 
monitors public services and, at the same time, is monitored by its own defined performance 
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indicators. Performance monitoring carried out appropriately using well-chosen indicators can be 
productive, effective and help identify what works best. It could change the direction of policy 
and improve the efficacy of actions. But, done badly, by bringing poor quality evidence to the 
discussion table, indicator targeting is costly and damaging to official credibility. The whole 
process can be self-defeating and thus become even more harmful, internally, to departmental 
morale. It can undermine the long run reputation and quality of the public service in a way that 
weakens leadership and authority and so lead to the possible further deterioration in policy 
effectiveness (3).  
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Footnotes 

1. ‘A striking feature of UK public services over the past 10 years has been the rise in 
performance monitoring.’ The Royal Statistical Society Working Party, ‘Performance 
Indicators: Good, Bad and Ugly’, London, UK, 23 October 2003 

2. In private correspondence, Wolf Scott, one of the pioneers in this field who conducted 
extensive research at UNRISD, mentions that in 16th century Switzerland when Geneva 
was inundated by another wave of refugees, mostly fleeing France, the police and 
administrators of the local hospices were given criteria not very different from those 
currently in use in Europe by which to distinguish between ‘genuine’ (religiously 
persecuted) and ‘economic’ refugees.  

3.  James Heckman, Nobel Prize in Economics (2000), ‘..the collection of impartial data, 
free from political intervention, by independent statistical agencies that is transparent and 
verifiable by all sides, is central to successful policy-making’; 
www.iadb.org/sds/doc/heckman  
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Abstract:  At first glance, the revisions recommended for the 2008 System of National Accounts (SNA) appears 
to be a diverse and disconnected set of changes.  This paper discusses the themes that underpin the proposed set 
of revisions.  These new standards are designed to: 1) strengthen the theoretical and conceptual foundations of 
the SNA;  2) update the SNA to reflect important economic developments in recent years; and through this 
strengthening and updating 3) improve the relevance of the SNA to current economic policy and analytic issues.  
The paper reviews these three goals and provides examples from recent experience on the importance of an up-
to-date and conceptually sound set of national accounts capable of providing accurate and relevant information 
to economic policymakers. 
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I.  Improving the theoretical foundations of the accounts 

Although the United States and the United Kingdom’s national accounts – the foundations of the current 
System of National Accounts – were designed by two Nobel-prize winning economists, they were, to a certain 
extent “measurement without theory.” 1  The two systems were designed to meet policy-needs for 
comprehensive and consistent estimates.  National accounts clearly bear the imprint of a system designed by 
economists, such as imputations for opportunity costs in banking and drivers of aggregate demand; however, 
they were not based on a formal theoretical model.  They also clearly have characteristics that have allowed 
them to be used in both Keynesian models and in neo-classical IS-LM models that synthesized Keynesian and 
classical theory, but were not built for those purposes.  National accounts were developed as a set of double-
entry accounts that were designed to avoid double counting and that could be estimated based on available data.  
There was no formal economic theory underpinning the measure of national income or production developed in 
these early accounts, nor is there any such underpinning for the current generation of national accounts.  
National accounts were not built on such theoretical constructs as those contained in the neoclassical production 
function or a production possibilities frontier.  They were business-accounting-based constructs designed to aid 
policymakers.     

This current revision to the System of National Accounts begins to bring a firmer theoretical framework to 
national accounts.  By incorporating a theoretically-based production framework to the accounts, SNA 2008 will 
address long-standing issues in the economic literature associated with measuring growth and productivity.  As 
Solow first observed in his path-breaking 1956 work, the existing national accounts could not explain a large 
share of real GDP and productivity growth.  While the U.S. National Accounts implicitly measured the 
unexplained residual portion of growth -- which were “captured” in the ex-ante returns to capital and labor -- 
this did little to help in understanding or in projecting growth for planning and public policy.  

Solow’s unexplained “residual” in economic growth and the resulting need to better understand the sources 
of economic growth led to further work by Dale Jorgenson, Zvi Griliches, Edward Denison and others to expand 
the accounts and provide a theoretical and empirical foundation for the analysis of multi-factor productivity and 
growth.  Despite an explosion of academic literature and estimates, it was not until the Bureau of Labor 
Statistics introduced their multi-factor productivity estimates in the 1980s that governmental statistics began to 
incorporate the conceptual and empirical framework developed in academia.                

The new SNA will begin to address these issues of growth accounting by providing guidance on the 
development of key aspects of a fully integrated production account.  The existing SNA includes much of what 
is required in the form of integrated expenditure and income accounts, domestic and international capital 
accumulation and capital stock accounts, and private enterprise, government, and non-profit accounts, as well as 
underlying industry input-output accounts.  While all the elements are addressed the existing SNA, what is 
missing is a complete and theoretically consistent accounting for capital services, labor, and multi-factor 
productivity.   

As outlined in Jorgenson and Landefeld (2006), the introduction of a production possibilities frontier to 
national accounts that relates outputs, inputs, and productivity allows for the decomposition of growth into the 
sources and uses of economic growth.  It provides a decomposition of the uses of economic output between the 
investment and consumption goods in GDP and the contributions of capital, labor, and multifactor productivity 
(MFP) to GDP.  Following Jorgenson (2000), in a simplified model with no exports and imports, these can be 
expressed as follows:  

Y(I,C) = AX(K,L) 
Where:
Y = real GDP calculated by an “ideal” index number such as a Fisher index that avoids substitution bias 
I = real investment (private, government, and non-profit) 

1 “Measurement without theory” was used by Auerbach (1982) to describe the leading indicators. And relative to leading 
indicators, national accounts do have a theoretical structure in the form of a double-entry set of sources of and uses of 
funds; aggregation through market prices, or weights; a production framework that distinguished between gross,  
intermediate, and final output; and a logical decomposition of expenditures and income.  National accounts, however, are 
based more on business accounting than on an economic theory of production.  
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C =  real consumption (private household, government, and non-profit) 
A = Multi-factor productivity 
X = constant prices of GDI (gross domestic income) 
K = real capital services, which are determined by the user cost of capital, which is a function of the real capital 
stock, depreciation, the nominal rate of return in the sector, revaluation, and direct and indirect taxes.  
L = real labor input, which is a quantity index, that is adjusted for labor composition and is a weighted average 
of labor inputs by type. 

In this framework, the share-weighted growth of real GDP and real investment outputs and real consumption 
outputs are the sum of the share-weighted growth of inputs and growth in multi-factor productivity:  

ALvKvCwIw ln  ln  ln   ln   LKCI

Where the w bars’s  and v bars’s are the average current-dollar shares of the outputs and inputs, respectively, in 
GDP.

A more complete description of Jorgenson’s system of accounts, using the United States accounts as an 
example, is included in Jorgenson and Landefeld (2006).  Jorgenson’s framework can be used to extend the 
value of capital services beyond just depreciation to a full and integrated value of capital services using a 
production possibilities frontier.  This framework provides an explicit role for changes in the relative prices of 
investment and consumption outputs (as well as the role of taxes, capital gains, service lives, output prices, and 
relative returns) which can be quite important in explaining investment versus consumption decisions by the 
economy and the resulting impact on the overall rate and sources of economic growth.  For example, this has 
been quite important in explaining the incentives for investments in computers and the sources of resurgence in 
economic growth in the United States in the last decade (Table I).     

 Table I: Contributions to Output and Growth (Jorgenson and Landefeld, 2006)

II.   SNA recommendations: Capital Services  

SNA 2008 will begin to address the absence of a complete accounting framework for capital services in the 
1993 SNA, and the associated lack of an integrated framework for measuring growth.  The SNA 2008 provides 
an explicit and complete accounting for capital services, which are defined as the “actual or estimated pure 
economic rent payable: that is, by the sum of consumption of fixed capital, expected holding gains/losses and 
the capital or interest costs” (ISWGNA, 2007).  In effect, it is the rental value a user would have to pay the 
owner of a capital asset for: a) the decline in the value of the asset associated with the use of the asset 
(depreciation) net of any offsetting revaluation in the value of the asset; and b) the foregone returns by the 
owner in the funds tied up in the asset.  [A more complete treatment also takes account of the effect of taxes and 
business transfers on relative returns.]  

As noted on the Summary of Recommendations to the UN Statistical Commission this year, on Issue #15: 
Capital Services, the Advisory Expert Group (AEG) of ISWGNA noted: 

1948-2002 1948-1973 1973-1989 1989-1995 1995-2002
Output
Gross domestic product 3.52 4.06 3.06 2.33 3.64
   Contributions of consumption 2.55 2.91 2.30 1.72 2.59
   Contributions of investment 0.97 1.16 0.77 0.62 1.05

Growth
Gross domestic income 2.90 3.13 2.96 1.77 2.93
   Contribution of captital services 1.83 2.00 1.79 0.87 2.14
   Contribution of labor services 1.07 1.13 1.17 0.90 0.79
Multi-factor productivity 0.62 0.93 0.11 0.56 0.71
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“Capitol services for assets used in market production are implicitly included within the 1993 SNA but 
are not separately identified.  Given the importance of identifying them for productivity measurement 
and other analysis, a new chapter will be added to the 1993 SNA Rev 1 explaining the role and 
appearance of capitol services in the system and stressing the desirability of calculating capitol services, 
capitol stock and consumption of fixed capitol in an integrated and consistent manner.  No changes will 
be made to standard entries in the accounts to show capitol services, but an explanation will be provided 
of how optional, supplementary items or tables could be derived and presented.  (ISWGNA, 2007)” 

This recommendation for the inclusion of such accounts as optional, and supplementary items, was a 
reasonable compromise between the needs of major industrialized economies for integrated analysis of growth 
and productivity and the need of other countries to focus first on providing a complete set of core national 
accounts. The recommendation also provides a conceptual framework and goal for countries interested in 
developing such accounts.  

Interest in a complete accounting framework for government and nonprofit costs extends beyond analysts 
interested in better explaining growth and productivity.  Indeed, a complete accounting for the full costs of 
government to the public requires an estimate of the foregone returns to the economy from those funds invested 
in government assets.  In addition, a more complete framework will help with comparison across nations with 
varying degrees of privatization of business enterprises may be seriously hindered by inconsistencies in the 
accounting for private vs. public costs and returns. 

As a result, the AEG recommended a parallel set of estimates for the full rental value for governmental and 
nonprofit assets to measure the substantial contribution of government roads, bridges, ports, and other 
infrastructure to economic growth and productivity.  This recommendation, however, created practical 
difficulties for certain countries and raised conceptual concerns for others.  As a result, action on this item was 
deferred and the issue was put on the future SNA research agenda.  In the interim, countries interested in 
integrated accounts for the analysis of growth and productivity may well include these returns to government 
and nonprofit capital in extended, or supplementary accounts, with the goal of including them in the future in 
their standard accounts.

III.  Other SNA Recommendations for Updating and Improving the Conceptual Foundation of the 
Accounts

In addition to those recommendations relating to capital services and integrating productivity statistics, the 
AEG made a number of other recommendations that help to update the accounts to reflect changes in the 
economy and further improve the conceptual foundation of the accounts.  The AEG recommendations: 

Place an increased emphasis on fully measuring and allocating the contributions of financial services 
to output and productivity growth.  While the financial intermediation may be the primary activity of 
commercial banks, such is not always the case with financial corporations.  Increasingly, financial 
corporations have shifted from simple intermediation services to portfolio management of financial 
assets.  Another recent trend, corporations not typically classified as financial corporations are also 
engaging in these types of financial services as alternative sources for revenue for the company and a 
way to extend additional services to customers. 

In order to fully capture the output from a widening variety of financial services the AEG specifically 
recommends (6a) expanding the definition of a financial corporation to include any corporations that 
may be lending own funds, providing financial services and in turn incurring financial risks of 
providing those loans.  Consequently, in order to more accurately capture the implicit services of these 
corporations, the AEG recommends expanding FISIM (Financial Intermediation Services Indirectly 
Measured) to include services of all loans and deposits, not just those made with intermediated funds.   

In the case of central banks, the recommendation (6b) from the AEG provides further guidance on 
when to use cost versus the FISIM approach to measuring the output of these types of financial 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 339 -



institutions by further classifying units within the central banks as undertaking market production (cost 
based measure of output) versus undertaking non-market production (FISIM based measure of output).
Both  recommendations for measuring financial services expand and provide further details to derive 
the best measure of output possible for these types of institutions.   

 Recommend use of expectations and discounting in indirect measures of the market values. In an 
effort to better measure the output of insurance companies by mitigating the volatility that can occur 
with events resulting catastrophic losses, the AEG recommends (5) using expected claims versus a the 
balance of claims on an accrual basis used in the algorithm used to calculated the output of insurance.  
By using expected claims, the impact of unusually large claims is avoided.  In the case of extremely 
large claims from catastrophic losses, the AEG recommends recording the claim as a capital transfer 
versus a current transfer to avoid counter intuitive implications on current production.   

Discounting is another suggested way of obtaining market prices in valuing the exploration of mineral 
deposits.  The AEG recommends using the present value of future receipts of the resource rental fee 
paid to owners of the deposits.  The use of discounting is effective means for producing a proxy for 
market prices that aren’t readily observable.  In the case of valuing stock options for recognition as a 
form of compensation of employees in kind, deriving a market price prior to excise date is important 
when trying to establish a fair value of the options.  The recommendation (3) for revision the SNA is to 
use the fair market value as estimated by a suitable option pricing model.   

Apply principles of capital theory consistently in defining investment.   Large databases (12) holding 
data and military expenditures (regardless of intention) (19) used in production over a period greater 
than one year should be capitalized under the pillars of capital theory.  The AEG has further identified 
specific expenditures that should be capitalized since their services provide a future stream of benefits.   

Recognizing investments in intangibles such as Research and Development. Intangible assets have 
become and are ever increasing important components of all economies.  SNA 2008 will broaden the 
horizons of capital formation to include the output of Research and Development.  Since R&D 
activities are undertaken by firms to increase the stock of knowledge in order for the firm to devise 
new products and applications, it is not accurate to classify these activities as simple expenses any 
longer.

IV.   Why Updating and Improving the Conceptual Foundations of the Accounts are Key to Keeping 
them Relevant 

Updating nations’ economic accounts to keep pace with changes in the economy is an increasing 
challenge, but it is essential because relevancy is the “raison d’etre” of economic accounts.  Indeed, the first 
accounts in the United States and the United Kingdom were developed to meet the need for consistent and 
comprehensive data to address issues raised by depression and World War II.  Over time, national accounts have 
continuously been updated to reflect pressing policy issues.  A time line of innovations in the development of 
the U.S national accounts, for example, would include the following: 

In the 1930’s, in response to the information gap revealed by the Great Depression, Simon Kuznets 
developed a set of national income accounts (Kuznets, 1934). 

In the 1940’s, World War II planning needs were the impetus for the development of 
product or expenditure estimates (gross national product); by the mid-1940’s, the accounts had evolved 
into a consolidated set of income and product accounts, providing an integrated birds-eye view of the 
economy. 

In the late 1950’s and early 1960’s, interest in stimulating economic growth and in the 
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sources of growth led to the development of official input-output tables, capital stock estimates, and 
more detailed and timely State and local personal income estimates.  

In the late 1960’s and 1970’s, accelerating inflation prompted the development of improved measures of 
prices and inflation adjusted output. 

In the 1980’s, the internationalization of trade in services led to an expansion of the estimates of 
international trade in services in the NIPA’s. 

In the 1980’s, BEA did pioneering work with IBM in the development of quality adjusted price and 
output measures for computers” (Landefeld, 2000).  

More recent innovation examples include a number that touch upon recommendations for updating an 
improving the conceptual foundation of the accounts included in the 1993 and forthcoming 2008 SNA.   

Services, high-tech, and intangibles: The first example, involves updating the U.S. national accounts to 
better measure services, high-tech products, and intangibles.  All these products have the common characteristic 
that a substantial portion of their price, and real output, are accounted for by quality rather than quantity.  These 
goods and services are also accounting for an increasing share of economic activity.  Although product quality is 
harder to measure in price than quantity, the increasing importance of increases in quality in product innovation 
has forced national accountants to explore and employ hedonic and other measurement techniques that better 
capture the impact of increases quality.  In addition, financial and other services that have no explicit price, but 
must be priced indirectly – like banking services which use interest rate spreads in deriving an indirect price.   
 The need for updating measures of real output and prices for services, high-tech products, and intangibles 
was highlighted in the last decade by research at the Fed, BEA, and BLS that suggested inflation was overstated 
and that as a result trend growth and MFP were understated.  This research prompted improvements in estimates 
for services, expansions in quality-adjusted prices for IT products and service prices, and new prices and 
capitalization of software.  As Triplett and Bosworth (2004) note these improvements in measurement resulted 
in a turnaround in the view of services.  In contrast to the past when services were viewed as “stagnant and 
unprogressive that slowed overall economic growth” and raised inflation, they are now “revealed as dynamic 
and innovative sectors that are significant sources of economic growth.”  

 Table II: Labor Productivity and MFP Growth, Goods and Service -Producing Industries
(Triplett and Bosworth,2004)

 These new measures, whose impact Federal Reserve Board (FRB) Chairman Greenspan had presciently 
anticipated, allowed the Fed “to be more accommodative to the rise in economic growth than our past 
experiences would have deemed prudent.” (Greenspan, 2004)   

(Least-squares annual trend growth)* 

Measure 1987-95 1995-2001 Change

Labor Productivity
Private nonfarm business 1 2.5 1.5
Goods-producing industries 1.8 2.3 0.5
Service-producint industries 0.7 2.6 1.8

Multifactor Productivity
Private nonfarm business 0.6 1.5 0.9
Goods-producing industries 1.2 1.3 0.1
Service-producint industries 0.3 1.5 1.1

*Based on Value added per worker, BEA industry accounts
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 Pensions and Unit Labor Costs: The second example, relates to the proposed SNA improvements in 
accounting for pensions.  Several years ago, a numbers of observers were puzzled by the fact that despite a 
robust economy, the increase in overall NIPA compensation and unit-labor costs seemed quite low.  
Subsequently, FRB and BEA research on pension expenses showed that unit labor costs were increasing faster 
than official data showed (chart xx).  This research, and BEA’s revised NIPA estimates of supplements to 
wages, compensation, and unit labor costs that better reflected rising pension expenses, provided support for the 
Fed’s progressive tightening between mid 2004 and mid 2006 (Chart 1).   

       Chart I: Revisions to Unit Labor Costs 

      Data: Bureau of Economic Analysis 

 Stock Options and the Stock Market Bubble: In the period between 1998-2000, what was described as
“irrational exuberance” fueled by overstated profits resulted in a bubble that was of concern to policymakers, 
but not easily addressed by monetary policy.  After the bubble burst,  BEA and FRB research on stock option 
expenses produced an improved measure of profits, that hopefully will help prevent future bubbles (Chart 2).   

      Chart II: Measures of Corporate Profits 

      Data: Bureau of Economic Analysis and Standard and Poor’s 

 Although this measure is based on an indirect measure of exercise value and is being updated to reflect the 
value at the time of grant (as will be recommended by SNA 2008), the measure has been well received and has 
found widespread use by Wall Street.  
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V.  Summary 

 SNA 2008 sets ambitious goals in getting the concepts right, updating the accounts, and in keeping the 
accounts relevant.  However, it will be important to recognize that individual country needs and resources differ 
and that these differences should be recognized in implementation plans.   
 Implementation of the more difficult SNA challenges will take time.  In the United States, for example, the 
first R&D satellite accounts was released in 2007, but will not be incorporated in the main accounts until 2012, 
with the years between 2008 and 2011 devoted to improving source data and methods, building consensus on 
the estimates, and extending the national account estimates to BEA’s international, industry, and regional 
accounts.
 Many of the SNA 2008 changes address the policy and business needs of major developed nations, but 
there is a need to give due attention to the statistical development needs of other countries.  Currently, a large 
number of countries are challenged in producing the core sets of accounts recommended by SNA 1993.   
 Individually and collectively, the developed nations need to provide technical assistance to countries 
working to expand their accounts.  In the last several years, BEA has tried to expand it’s technical assistance and 
coordination including work with countries in Latin America, South America, Africa, the Middle East, Russia, 
China, and Asia.  Other nations have similarly stepped up their efforts and in conjunction with the efforts of the 
United Nations, OECD, IMF, EU, and the World Bank; this effort needs to be sustained throughout the 
implementation period for the SNA.       
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Definition of the Larger Urban Zones in the EU Urban Audit 

data collection 
Torbiörn Carlquist 
European Commission, Eurostat 
BECH A3/056 
L-2920 Luxembourg, Luxembourg 
E-mail: Torbioern.Carlquist@ec.europa.eu 

1. Introduction 
Eurostat and DG Regional Policy of the European Commission have developed a database with urban 

data to be used for the regional and urban policy of the EU. The scope of the project is the Member States of 

the European Union and the candidate countries. Data collection for the Urban Audit covers four different 

spatial levels. Data are collected for the following spatial entities: 

the core city, which normally is the main political unit, 

� the neighbourhood level ("sub-city district", SCD), 

� the so-called "kernel", which is a proxy for the “true” city where the administrative units are 

excessively under-bound, and  

� the larger urban zone (LUZ), covering the entire metropolitan region around the city (including the 

core city). 

The aim of the current paper is to describe how the spatial units have been revised for the 2006/2007 

round of the Urban Audit. The main focus of the paper is to explain the concept of the LUZ as a proxy for 

metropolitan region and the recent improvements in its practical application realised by Eurostat and the 

national statistical offices of the Member States. 

2. The ideal Larger Urban Zone 
The ideal LUZ corresponds to the metropolitan region around the UA city. For reasons of data 

availability, however, the LUZ is in fact only an approximation of the actual functional city region: more data 

are available at NUTS level 3 or at district level than at municipal level. 

After the collection of urban data in 2003, it became obvious that the data for the LUZs were fairly 

meaningless for some countries, as the true functional city region covered only a fraction of the province or 

other NUTS unit for which data were delivered. Countries where the LUZs were over-bound included 

Denmark, Greece, Italy, the Netherlands, and Spain. Whole NUTS 3 units had been used to define LUZs in 

these countries. The effect was most serious for the mid-size cities in the Urban Audit. 
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3. The basic building block 
The size of the basic units is, in most countries, linked to the availability of statistical data. The smaller 

the spatial units, the more difficult and costly it is to produce statistical data. For this reason, it was decided 

in 2003 to allow NUTS 3 regions as proxies for the true functional urban zones. The definition of the concept 

"LUZ" underlines this approximation. 

It should be noted that neither NUTS1 nor LAU2 (Local Administrative Unit) definitions are perfectly 

harmonised across Europe. All input for a European territorial classification must come from the Member 

States. Given the very heterogeneous administrative structures and traditions in the various countries, it 

would be rather surprising if the territorial units could be fitted into one single framework. Municipalities are 

normally found at LAU level 2, but in some countries they are at LAU level 1 while wards, parishes and 

similar infra-municipal units are at LAU 2. Some of the differences are because several countries, mainly in 

northern and central Europe, have carried out reforms of their local government and thereby reduced the 

number of municipalities, while in other countries such reforms have not been carried out. In the latter, 

cooperation schemes may instead serve the need for efficient local government. Statistically, the basic 

building blocks are preserved in those countries that rely on inter-municipal cooperation (the best example is 

France). 

The calculation of commuting areas is influenced in two ways by the issue of heterogeneous building blocks.  

Firstly, the target area where commuters work may or may not represent the "true" core area. In the 

Urban Audit, the unit chosen is the political city, regardless of the extent of the built-up area or the location 

of workplaces in and around the city. 

Secondly, the size of residential municipalities affect commuting calculations. Where many small 

municipalities surround a city, the commuting rate varies a lot from one municipality to another and may 

exceed or fall short of a threshold more or less by chance. There is also the risk that the resulting commuting 

area is not contiguous, as a distant municipality that has a railway station or a motorway exit may have a 

higher commuting rate than intermediate municipalities. If the residential municipalities are very large, on 

the other hand, the commuting rate is levelled out and rather big chunks of "suburbs" are either included or 

excluded in the commuting area, more or less by chance depending on the relative weight of distant and 

close communities within the large residential municipality. 

In this exercise, municipalities (normally LAU level 2) are used as the basic building blocks for 

commuting calculations. 

4. Commuting areas 
After the 2003 Urban Audit exercise was planned and carried out, local data from the 2000/2001 

population census were made available to Eurostat. One of the census tables provides a partial commuting 

matrix, where the 30 biggest commuting flows out from each LAU 2 (commune, municipality or similar) are 

to be reported. Most, but not all, EU countries have been able to supply the table with commuting data to 

Eurostat. The exceptions are countries that did not collect commuting data in the latest census, e.g. Latvia, 

1  NUTS = Nomenclature des unités territoriales statistiques (nomenclature of territorial units for statistics), which is governed by an EU 

Regulation. For more information, see: http://ec.europa.eu/eurostat/ramon/nuts/home_regions_en.html.

2  LAU = Local Administrative Units, i.e. municipalities, “communes” and similar. See: http://ec.europa.eu/eurostat/ramon/nuts/lau_en.html.
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Lithuania, Poland, Romania and Turkey. With the help of the commuting matrix from the population census, 

commuting areas have been calculated for each Urban Audit city. 

The commuting areas were subsequently compared to the LUZ as defined in the Urban Audit project 

and if the difference between the LUZ and the commuting area was too great (±50% in terms of population), 

the country concerned was encouraged to revise the definition of the LUZ around some or all of the Urban 

Audit cities. This has led to better comparability of the LUZ at European level. 

To establish the commuting areas, the ratio between the number of commuters working in a UA core 

city and the resident employed population was first calculated for all LAU 2 units in the vicinity of the UA 

city. In a second step, the total population was calculated for those zones with 20% and those with 15% 

commuting into the central UA city. The reason for using 2 thresholds in parallel is that any single 

threshold is arbitrary. By working with two thresholds, one can see directly if there is a big difference 

between the resulting commuting areas. The commuting areas of each city are compared with the commuting 

areas of other cities. The commuting areas are not checked to see if they are contiguous, even though the 

results have been mapped for a number of UA cities. 

Finally, the population of the LUZ was compared with the population inside both the wider and the 

narrower commuting area and an assessment made as to the feasibility of the LUZ definition for the given 

city. In the worst cases, the LUZ had a population of 500 – 700% of that of the commuting area, which 

indicated that something had to be done to correct the situation. 

5. The effect of under-bound core cities 
For a few cases, a more refined analysis was required due to the fact that the core city is under-bound 

in many large European cities. We borrowed from the GEMACA3 study the definition of a core city as a 

contiguous area where all local units (LAU 2) have at least 7 jobs per hectare. The commuting into this core 

area is greater than the commuting into what is nominally the core city, and this has in certain cases a 

considerable effect on the definition of the commuting area. Due to the heavy calculations involved, the 

refined analysis was carried out experimentally only for a small number of UA cities. 

Copenhagen has a ring of densely populated municipalities that also have many workplaces. A total of 

11 suburbs contiguous to Copenhagen satisfied the criterion of 7 workplaces per hectare (see the map below). 

This must be regarded as a very interesting result! Stockholm, in contrast, has only two contiguous suburbs 

that satisfy the GEMACA criterion, and the effect on the commuting area is quite marginal. The reason is 

that Swedish municipalities are generally larger than their Danish counterparts, so the workplace density 

does not reach such high levels. It should be noted that inland waters were excluded from the density 

calculations. 

In many cases, an analysis of the "real" core area can be useful in order to refine the delimitation of the 

commuting area, but it should be noted that there is a risk of strange effects due to the arbitrary form of 

municipalities or because several towns are located close to each other without necessarily forming one 

entity. 

3  GEMACA = Group for European Metropolitan Areas Comparative Analysis — a project realised by 4 main research partners in 2000-2001 and 

covering mainly big cities in north-western Europe. Published by IAURIF (2002)
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6. Comparisons of commuting areas with 2 definitions of the core 
To illustrate the effect of using an extended core area compared to using a single core city, calculations 

were made for Copenhagen's commuting area where, firstly, only commuting into the core city of 

Copenhagen (population 500 000, work places 323 000 and surface area 83 sq km) was considered, and, 

secondly, commuting into the core area under the GEMACA definition was examined. This larger core area 

has a population of slightly over 1 000 000, has 628 000 jobs and a surface area of 324 sq km. 

The extent of the two alternative commuting areas for Copenhagen can be compared on the maps 

below. On the second map, it is clear that the commuting area is much larger regardless of which threshold is 

chosen for the commuting area. The main indicators for the two alternatives are summarised in the table 

below. It should be noted that the commuting area around the extended core area resembles the LUZ most. 

Table 1. Comparison of commuting fields with 2 different delimitations of the core area 

Urban Audit city 

Population 

in LUZ 

Area, km2 in

LUZ

Population 

in target  

Population in commuting 

area with commuting ratio 

LUZ / 

Com.Area 

LUZ / 

Com.Area 

Period 4 

(2000/2001) 

Period 4 

(2000/2001) (core) 20% 15% 20% 15% 

København (core city) 1 806 667  2 759  499 148 1 147 056 1 413 012 158% 128% 

København (core area with > 7 

jobs per hectare) 1 806 667  2 759 1 014 240 1 737 923 1 854 123 104% 97% 
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7. Conclusions 
With this work we hope that further progress has been made towards an integrated, harmonised and 

consistent definition of European metropolitan regions, even though further work still remains to be done. 

Data for Larger Urban Zones (LUZs) in the 2006/2007 Urban Audit exercise will be more comparable than 

in the previous round. The critical factors for the success of the methods described above are the availability 

of commuting data and a set of detailed and approximately equally sized base units (like the LAU) for all of 

the EU. 
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Towards an Evidence-based Society for Local Governments 

Bongho Choi1

Korea National Statistical Office 
Government Complex III, 
Daejeon 302-701, Korea 
E-mail: bongho.choi@nso.go.kr

1. Spatial Units Used for Developing Regional Statistics 

There are two approaches to develop regional statistics. One approach is to develop statistics for local 
administrative areas which falls under the jurisdiction of local governments. The other is the approach in 
which geographic referencing is used to collect and publish statistics. This approach, aimed at improving the 
availability and usefulness of small area statistics, has well been developed by U.S. Bureau of the Census’s 
TIGER (Topologically Integrated Geographic Encoding and Referencing) system. Among two approaches, 
this paper focuses on the first approach.   

Local governments in the Republic of Korea are of two types. On the one hand are the higher 
governments of special city and province, and on the other lower governments of district, ordinary city and 
county. The relationship among them is that special cities are composed of districts, and provinces are 
composed of ordinary cities and counties. There are now seven provincial-level special cities and nine 
provinces, and 69 districts, 75 ordinary cities and 86 counties in Korea. These are spatial units the Korea 
National Statistical Office (KNSO) has set a target for developing and publishing statistics.  

As shown in the table 1, the situation of some other countries is also revealed to be similar with that of 
Korea. To say, it is common in most countries that there are two layers, upper (or higher local governments) 
and lower layers (or lower local governments), which are basically used for collecting and publishing 
regional statistics.   

<Table 1> Spatial Administrative Units Commonly Used for Regional Statistics in Selected Countries 

  Korea  Japan  U.K.  U.S.A. 
Higher local 
governments 

Provinces (16) Prefectures (47) Government Office 
Regions (12) 

States 
(50)

Lower local 
governments 

Districts/Counties/ 
Cities (230) 

Cities/Townships/  
Towns (3,229 ) 

Local Authority 
Districts (about 440), 
Wards (8,800) 

Counties
(3,141)

2. Main Reasons of Increased Demands for Regional Statistics 

Traditionally, the country has been ruled by a strong central government with no local autonomy in the 
true sense of the term. However, in 1995, Korea was able to amend the Local Government Act, introducing 
direct election of the chief executive officer and council members in those local governments. Consequently, 
since 1 July 1995, the local autonomy has been put into practice in the Republic of Korea.   

                                            
1 The author would like to express his sincere appreciation to Mr. Dominic Leung, Deputy Commissioner of 
Hong Kong Census and Statistics Department as well as the organizer of IP meeting 19 for the 2007 ISI 
Lisboa Session, who has encouraged and made me possible to complete this paper.   
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This change has resulted in an increased demand for accurate and timely regional statistics. In the past 
before the introduction of the local autonomy, policies were implemented on the basis of national averages. 
However, policy-implementation without taking into consideration of the regional differences tends to fail. 

Local governments came to realize that statistics are the key to informed decision making for the 
achievement of their objectives. Furthermore, statistics would enable both local and central government to 
establish benchmarks against which performance and progress could be measured.  This would contribute 
the overall development for the whole country.   

Specifically, the necessity of the regional statistics in the following areas have been raised by the local 
governments in Korea in a recent time: 1) statistics to show regional differences such as statistics on gross 
domestic product, occupation and industrial structure, unemployment rate, household income, average cost 
of a dwelling, crime rate, 2) statistics on strategic industries each local government has adopted to foster such 
as statistics on bio-industry, information and telecommunication industry, tourism, creative industry, logistics 
industry, and 3) statistics on the performance each local government has achieved such as statistics on the 
outcome of welfare policies implemented by each local government.    
 
3. Current Status on Regional Statistics in Korea 
 

Many of the data needed by local governments are already available from the data sources such as 
censuses, sample surveys or administrative data sets. For example, censuses conducted by KNSO are as 
follows: quinquennial Agricultural & Fishery Census, quinquennial Population & Housing Census, annual 
Census on Basic Characteristics of Establishments, quinquennial Census on Mining & Manufacturing, 
quinquennial Census on Wholesale, Retail Trade & Services Sector. In addition to these censuses, 
administrative reports such as records from the Civil Registration System and the Resident Registration 
System provide statistics on vital event and internal migration for smaller geographical areas.      

Meanwhile, KNSO’s sample surveys producing the data by the level of higher local governments 
(provinces) are as follows: annual Basic Agricultural Statistics Survey (for statistics on the revenue of farm 
households), monthly Labour Force Survey (for statistics on employment and unemployment), monthly 
Mining & Manufacturing Survey (for indices on industrial production, inventory and shipment), Consumer’s 
Price Survey (for consumer’s price indices).    

Among those sources of data which are producing the statistics for provinces, the KNSO’s monthly 
Labour Force Survey should be more exploited to produce statistics on employment and unemployment at 
the level of cities/districts/counties. As shown in the table 2, in some other countries like the U.S., Canada, 
Australia and the U.K., statistics on unemployment is made available at the lower layers through either 
directly by the survey or the method of model-based estimation.   

<Table 2> Availability of Sub-national Unemployment Statistics in Selected Countries 

Country Periodi-
city 

Spatial units for which data are 
made available 

Method of compilation 

Korea monthly For 16 provinces Labour Force Survey (32,000 households) 
U.S.A. monthly For about 7,200 areas, including all 

counties
Model-based estimates (Local Area 
Unemployment Statistics program) 

Canada monthly For provinces, 27 large cities, 73 
economic regions 

Labour Force Survey (54,000 households) 
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Australia monthly For 8 States, 77 Statistical Regions Labour Force Survey (28,600 private 
dwellings, 1,900 non-private dwellings) 

U.K. quarterly For local authority districts  Model-based estimates using quarterly Labour 
Force Survey (55,000 households for every 
quarter), annual survey and claimants counts. 

However, some surveys conducted by the KNSO are also not in a position to provide provincial  
statistics due to the small sample sizes. For example, the following surveys are providing data only at the 
national level – monthly Farm and Fishery Household Economy Survey and monthly Household Income & 
Expenditure Survey. This implies that the statistics on household income is only available at the national 
level in Korea. These two surveys should also be more utilized to produce the statistics on household income 
at least at the provincial level. As shown in the table 3, in some other countries like the U.S., Canada, 
Australia and the U.K., statistics on household income is made available at least at the upper layers.  

If one look into the situation of other subject-matter areas, especially of other ministries of the Korean 
government, there are found to be a number of areas where very little statistical information is available 
below national level and in some instances at a national level. For example, such statistics as on poverty 
level, health status, household income & expenditure and tourism of the population are available only at a 
national level.  

<Table 3> Availability of Sub-national Statistics on Household Income in Selected Countries 

Country Data published Spatial units for which data 
are made available 

Method of compilation  

Korea Household income on a 
quarterly basis. 

Only at the national level  Monthly household Income and 
Expenditure Survey (8,700 
households) 

U.S.A. Median household income 
and number of people in 
poverty on an annual basis. 

For states, counties, school 
districts

Model-based estimates (Small 
Area Income & Poverty 
Estimates program) 

Canada Income for economic families 
on an annual basis. 

For provinces, metropolitan 
areas

Survey of Labour and Income 
Dynamics (15,000 households) 

Australia Household income and 
median household net worth 
on a 5-year basis.  

For states Survey of Income and Housing 
(14,545 households)  

U.K. Gross disposable household 
income on an annual basis 

For 12 regions, 37 sub-
regions, 133 groups of 
unitary authority or districts

Estimates from taxation data 
and survey of personal income. 

As regards statistics related to social cohesion, this appears to be an important issue within many 
communities. Necessity of statistics on social cohesion, in other words, activities that help to promote 
community well-being, such as participation in the democratic process, community networking, tolerance 
towards others, voluntary work and etc. are raised by many communities.  

At the same time, statistics on economic diversity was also given a high priority, particularly in the 
recent time. In 1994, the Korean central government (Ministry of Commerce, Industry and Energy) asked 
each higher local government choose four specific industries each of local governments would like to foster 
strategically. To say, the Korean central government adopted a policy of “diversified specialization” as a goal 
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of balanced regional development. Thus, the necessity to develop statistics on economic diversity has also 
risen.

However, on the contrary, it is true that much attention has not been given until now to the formulation 
of the framework and the information development plan for statistics on social cohesion and economic 
diversity by the statistical circle.  

This means that there are still a number of critical gaps between the statistical demands and the 
statistical information available, especially at a sub-national level and in some instances at a national level in 
Korea.
 
4. Problems Encountered in the context of Regional Statistics 
 

Recognizing the importance of the development of regional statistics, the Korea National Statistical 
Office has tried to make some initiatives, but found two major problems as shown in the below in the 
contexts of regional statistics.  

First of all, as mentioned in the previous section, there has been no framework on regional statistics 
and information development plan for regional statistics in Korea. Although many people within and out of 
the KNSO tend to talk that regional statistics are important, they have neglected to invest resources to 
develop the framework and the development plan for regional statistics. Some people, especially those who 
have no work experience in the fields of statistics tend to think that all statistical information is coming out 
automatically from the Korea National Statistical Office. In other words, they regard the production of 
statistics is not the inherent work of local governments.  

Secondly, the number of statistical personnel of local governments is revealed to be very few. Each of 
16 provinces has a statistical section with only 6 staff-members. Meantime, each of 230 lower local 
governments has a statistical section only with 1~3 staff-members. The more worsening matter is that the 
personnel tend to stay for a short period at the statistical work. Those who worked for more than three years 
at statistical work are found to be only 14.9% as of 1 March 2006. 

These facts seem to be the reason that there is a lack of knowledge within local government of exactly 
what statistics are available at a sub-national level and where to obtain or how to access the data. This is 
particularly evident in smaller rurally-based local authorities where no one has specific responsibility for 
maintaining an up-to-date knowledge available data.  
 
5. KNSO’s Initiatives Taken  
 

Korea National Statistical Office as a central statistical office in Korea has taken some initiatives in the 
contexts of the development of regional statistics, particularly since 1 August 2005. At that time, the level of 
the Commissioner of KNSO was upgraded from the level of Assistant Minister to the level of a Deputy 
Minister in the government hierarchy.  

Since that time, KNSO has striven for the renovation its culture of working style and has embarked on 
new programs to redevelop its work. One of changes at that time was the establishment of a Regional 
Statistics & Sampling Division at the headquarters as well as the establishment of Regional Statistics Support 
Team composed of three staff-members at each of KNSO’s 12 regional branch offices. 
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The Division together with the Support Teams has induced the local governments to develop regional 
statistics for the sake of both KNSO and the local governments for the last two years. The division of roles 
between the KNSO and the local governments was set as follows. KNSO has done such jobs as questionnaire 
design, sample selection, conduct of pilot survey, data input and tabulation. In the meantime, the job of the 
maintaining of the main survey is to be done by the local governments.     

For this purpose, KNSO has secured the budget for development of regional statistics amounted to be 
approximately 1.2 million US dollars on an annual basis. Meanwhile, the local governments were asked to 
take over the responsibility of conducting the main survey and bearing the cost incurred for the main survey. 
Thus, the table 4 shows the eleven kinds of statistics developed jointly by KNSO and the local governments 
for the last two years during July 2005 ~ June 2007. .  
 
<Table 4> Statistics Developed jointly by KNSO and Local Governments during July 2005 ~ June 2007  
 

 Title of survey   Survey periodicity No. of local governments 
Labor Force Survey for Sub-provincial Level  Quarterly  By 2 Provinces 
Indices on Provincial Service Industries  Quarterly By 2 Provinces 
Survey on Provincial Tourism  Annual  By 1 Province 
Survey on Visitors for Sub-provincial Level  Quarterly By 1 Province 
Social Statistics Survey  Annual By 8 District /City/County 
Labor Force Survey  Quarterly By 7 District/City/County 
Mining & Manufacturing Survey  Quarterly By 2 Cities 
Wholesale & Retail Trade Survey  Quarterly By 2 Cities 
Basic Agricultural Statistics Survey  Biennial  By 2 Counties 
Survey on Livestock Farming  Annual  By 1 County 
Survey on Crops and Cows  Annual   By 1 County 
 

It is also worthwhile mentioning about the application of the method of small area estimation as 
official statistics. KNSO did two experimental studies in order to seek for the possibility of producing 
statistics by way of the method of small area estimation. As defined by Rao, a small area is any sub-
population for which direct estimates of adequate precision can not be produced. Small area estimates are 
possible through a variety of technique depending on the intended use of the estimates and available 
resources.

In the literature, small area estimation is classified as direct and indirect estimation. A direct estimator 
uses values of the variable of interest only from the time of interest and only from units in the domain of 
interest. The most widely used direct estimator is the sample estimate calculated using the survey data from 
the small area of interest. The main problem with this type of estimator is that the sample size in the areas of 
interest is usually too small to obtain accurate and/or precise estimates. This is especially problematic for 
areas in which no sample at all was collected.  

Indirect estimators depend on values of the variable of interest from domains and/or time periods other 
than that of interest. These values are brought into the estimation process through a model that depends on 
one or more auxiliary variables that are known for the domain and the time period of interest. The simplest 
example of an indirect estimator is the use of the sample mean of the entire sample as the estimator for a 
specific domain. Indirect estimators can be further classified as simple indirect and model-based indirect 
estimators.  
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Thus, the first study was done for three years during 2002~2004 to find the possibility of producing 
overall unemployment rates by 230 Districts/Cities/Counties with data on the labor force survey. Second one 
was done for the year of 2005 to find the possibility of producing statistics on household income and 
expenditure by main components for 16 Provinces. Main conclusion from these two experimental studies 
was that it is still pre-mature for the KNSO to produce official statistics through the application of the small 
area estimation techniques. However, KNSO continues studies on the application of small area estimation 
techniques to produce official statistics.  
 
6. Future Plan of Korea National Statistical Office 
 

As mentioned earlier, there has been no framework on regional statistics and information development 
plan for regional statistics in Korea in the true sense of the term. This has resulted in the following problems 
as can be seen in the table 4: 1) the statistics developed are confined to a few areas, 2) only a few local 
governments have committed to participate in the development of regional statistics, and 3) the development 
of regional statistics has been done on an ad-hoc basis, not in a systematic way. In this context, KNSO has a 
plan to develop the framework and information development plan in the near future.  

The following two documents will be benchmarked: Review of the Statistical Needs of Local 
Government prepared by Statistics New Zealand in 2001 and Information Development Plan for Rural and 
Regional Statistics prepared by Australian Bureau of Statistics (ABS) in 2005. In a summary, ABS’s report 
presents the regional statistics needed as the followings. The report published by Statistics New Zealand also 
shows similar statistical needs of local governments as those of the Australian Bureau of Statistics.  

Demography (size and structure of population, migration) 
Quality of Life  

- Services (demand, availability, accessibility, affordability, quality) 
- Well-being (employment, health, housing, income, assets) 
- Specific population groups (foreign laborers, youth, older persons, women, persons with a 

disability) 
     Community Strength 

- Human capital (education, skills, leadership, training infrastructure) 
- Social capital (social networks, community activities, trust, safety, sense of belonging) 
- Information networks 

     Economic Growth 
- Structure (industry, labor market, turnover, journey to work) 
- Performance (production, consumption, turnover, employment, investment, income and earnings) 
- Links (imports, exports) 
- Barriers (labor force skills, infrastructure, innovation, environment) 

     Environmental Issues 

Table 5 shows examples of statistics the KNSO is currently emphasizing to develop by itself or in 
collaboration with local governments. Firstly, the KNSO itself continues to find a way to produce the 
statistics on household income at least at the level of provinces on an annual basis. Secondly, the KNSO is 
asking for each provincial government to conduct the labour force survey to produce statistics on 
unemployment by the level of cities/districts/counties under its jurisdiction on a biannual basis. Thirdly, the 
KNSO is asking for each provincial government to compile statistics on gross domestic product by the level 
of cities/districts/counties under its jurisdiction on an annual basis. Fourthly, the KNSO is asking for each 
local government of cities/districts/counties to conduct social statistics survey an annual basis. Fifthly, the 
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KNSO is also collaborating with local governments to develop statistics on tourism and statistics on 
agricultural sector.  

In the meantime, the KNSO would like to enlarge the organization in charge of development of 
regional statistics in Korea as soon as possible. At present, the personnel engaged in the development of 
regional statistics are very few. The Division of Regional Statistics & Sampling at KNSO has only 12 staff-
members. Each Regional Statistics Support Team at 12 KNSO’s regional branch offices has also only 3 staff-
members, respectively. Meanwhile, the statistical personnel working for each provincial government are 
found to be only 6 staff-members on an average. KNSO will do its best to expand the organization and to 
increase the statistical personnel engaged in the regional statistics in the near future.   

<Table 5> Statistics Which Are Given High Priority for Development in Korea 

 Areas in statistics Target of spatial units Institutions responsible for 
producing statistics 

Statistics on household income annually For provinces KNSO
Population estimates annually For cities/districts/counties KNSO 
Gross Domestic Product annually For cities/districts/counties Each provincial government 
Labour Force Survey biannually For cities/districts/counties Each provincial government 
Social Statistics Survey annually For cities/districts/counties Each local government of 

cities/districts/counties 
Statistics on tourism annually For cities/districts/counties Each government of provinces or 

of cities/districts/counties 
Statistics on agricultural sector annually For counties Each local government of 

counties
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The challenge of major cities and the future urban policy in the context of globalisation will be dealt 
with. Another task is to highlight the challenges faced by large cities concerned with improving their 
economic competitiveness while providing the social and environmental conditions that are also 
necessary in order to retain and attract skills and investment. Comparative statistics on cities and their 
functional urban regions will be utilised. The main focus is on European major cities. 

1. Introduction: framework for urban competition 

The main focus of the paper is on major European cities. What are the drivers of urban competitiveness 
today? What explains the differences in economic performance between cities? How do European cities 
compare? 

Drawing on pieces of recent research and comparative urban statistics and indicators (see References) 
a number of key drivers of urban competitiveness can be identified. (1) The European Competitiveness 
Index 2006-2007 benchmarks 118 regions as well as national index of the 25 European Union member 
states plus Switzerland and Norway. The study finds a strong association between competitiveness 
across Europe and investment in secondary and tertiary education, and levels of employment in high-
technology service sector activities, particularly IT and telecommunications (Huggins-Davies, 2006). 
(2)The World Knowledge Competitiveness Index 2005 is an integrated and overall benchmark of the 
knowledge capacity, capability and sustainability of 125 regions across the globe, and the extent to 
which this knowledge is translated into economic value, and transferred into the wealth of the citizens of 
these regions, utilising 19 knowledge economy benchmarks, including employment levels in the 
knowledge economy, patent registrations, R&D investment by the private and public sector, education 
expenditure, information and communication technology infrastructure, and access to private equity 
(Huggins-Izushi-Davies, 2005). (3) COMPETE, a European Network of Cities and city-regions, 
established with the aim of sharing knowledge about increasing economic performance and 
competitiveness, views a competitive city or city region in terms of GDP per capita, innovation, skills, 
diversity, connectivity, strategic capacity, and quality of life (www.compete-eu.org). (4) Urban Audit
contains data over 250 indicators across eight broad domains such as demography, social and 
economic aspects, education and training, and information society, and covers 258 large and medium-
sized European cities and their functional urban regions thus allowing for comprehensive analysis on 
competitive cities (www.urbanaudit.org). (5) The European Spatial Planning Observation Network 
(ESPON) with the main aim to increase general knowledge about territorial structures, trends and policy 
impacts in an enlarged European Union has undertaken recent studies on competitive regions in Europe 
(www.espon.eu).  
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2. Cities contribute to competitiveness, growth and jobs 

Cities are engines of economic growth across Europe. In all European countries cities, especially major 
cities, are foremost producers of knowledge and innovation. GDP figures are higher than in the EU as a 
whole and higher than their national average. Europe´s urban economies are becoming service 
economies and the service branches are the most important sources of employment in European cities.  

The Gross Value Added (GVA) per capita is a rough indicator both of the productivity and the 
income level of an area. In most European countries, typically 30–40 % of the national GVA is 
produced in the capital region and other major metropolises (Laakso and Kostiainen, 2006).  

According to GVA figures based on regional national accounting in each country, the highest GVA 
per capita in western and central Europe in 2004 was found in Zurich, where it is over three times 
as high as the average of the 25 EU countries with current exchange rates. The next metropolises 
in the ranking are Oslo, Hamburg, Brussels and Vienna, followed by Amsterdam, Helsinki and 
Dublin. In Helsinki, the GVA per capita ratio is about two times as high as the mean for the 25 EU 
countries. 

The economic growth of the metropolises during the years 2001-2004 is next analysed using three 
variables: population, employment and production (GVA).  

Population growth 

The population grew faster in metropolises – approximately 0.6 % annually – than in the 25 EU 
countries on average (0.4 % p.a.) during the period 2001–2004.  

In Helsinki the growth rate of population slowed remarkably from 1990s when population increased 
by 1-1,5 % annually. In Helsinki the slowdown was close related with the declining labour demand. 
However population growth in Helsinki speeded up again in 2005.   

Employment growth 

Along with their rising populations, employment also grew faster in metropolises when compared 
with national figures. The average growth rate in the metropolises was 0.6 % p.a. while the 
average growth in the 25 EU countries was 0.5 % p.a.    

Employment growth was particularly rapid in Dublin, 3 % p.a. from 2000 to 2004. The next fastest 
growth rates occurred in Madrid (2.5 % p.a.), Rome (1.9 % p.a.) and Barcelona (1.3 % p.a.). In 
Helsinki employment growth rate was 1 % annually, while in the other Nordic capitals employment 
growth was lower than the mean of the cities and 25 EU countries, in Copenhagen it was even 
negative. Employment declined also in Berlin, Warsaw, Vienna, Hamburg and Zurich.   

In Helsinki the employment growth slowed down in 2001-2004 compared with the second half of 
1990s when employment increased by 4 % annually and was among the three fastest growing 
metropolises in Europe. However, employment turned to new growth in Helsinki in 2004.    

Production growth 

Production grew slightly faster in the metropolises (1.9 % p.a.) than in the countries as a whole (1.7 
% p.a.) during the period 2001-2004. However, the gap was quite small and has diminished during 
the last few years.  

The growth rate of GVA was fastest in Dublin, 7 % p.a., closely followed by Warsaw. Next in order 
were Budapest, Prague and Athens.  In Helsinki1, GVA grew at 3.8 %.  In Stockholm the growth 
was 2.6 % p.a., in Oslo and Copenhagen the growth rates were below the mean of the 
metropolises. In Berlin GVA declined, as did employment.  

                                           1 The figure for Helsinki overestimates the real growth (about 2 % annually) in the period 2001-2004 
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Like employment and population, GVA growth was rather modest in Helsinki in 2001-2004 
compared with the period from 1995 to 2000 when the growth rate was about 8 % annually. The 
main reason for the slowdown was the major difficulties in the important ICT sector causing to 
decline in output and employment in this branch. The effects of the ICT were distributed widely to 
the economy of Helsinki. The temporary stagnation of GVA affected strongly the employment and 
population developments in Helsinki, as well. However, the GVA growth accelerated in Helsinki 
again in 2004.      

3. Why do metropolises grow faster than other regions?

Economies of scale and the benefits of agglomeration are important factors that explain the faster 
growth rates of big cities. However, within the group of metropolises, the size of the population 
does not provide a clear explanation for short or middle-term differences in growth. Unlike size, the 
structure of the economy has a crucial influence on the economic performance of a city. 

European metropolises, as well as being large centres of population, are also major centres of economic 
activity. Indeed, they are the motors of europe´s economic growth, providing benefits of agglomeration 
for business and attracting the most dynamic companies and fastest growing industries. Hence, higher 
productivity and greater degree of innovation within them compared with ather areas or regions.   

Projections for the period 2005-2010 are made for production (GVA), employment and a few other 
economic variables using an econometric model developed and applied by Cambridge Economics. 
The forecasts are based on detailed analyses of the development of economic sectors at 
European, national and regional level. The analyses are made by Cambridge Econometrics in 
close co-operation with specialists in each country.  

Employment forecasts 

Rates of employment growth of big cities are expected to accelerate compared with those of the 
period 2001-2004. The mean predicted employment growth of the cities is 0.9 % p.a. in the 
period 2005-2010, which compares with 0.6 % p.a. in 2001-2004.  

According to the projections, employment growth will be fastest in Warsaw, Madrid, Dublin, 
Helsinki and Barcelona. 

Production forecasts 

Also the GVA growth in metropolises is expected to speed up in 2005-2010 compared with the past 
period. The mean predicted GVA growth of the cities is 2.3 % p.a., which is higher than in the 
period 2001-2004 (1.9 % p.a.) GVA growth in most metropolises is expected to be faster than in
that period and above the predicted mean of the countries. This indicates that the gap in 
economic growth between metropolises and other regions will probably widen again in the 
near future.  

According to the forecast, the capitals of three new EU member states, namely Warsaw, Prague 
and Budapest, will form the fastest growing group of metropolises. Warsaw is expected to grow 5.8 
% p.a. and the other two 4.7 % in 2004-2010. They are followed by Dublin, the leading city in the 
earlier periods, Stockholm and Athens, with growth rates of 3.6 to 4.4 % p.a. The growth rate of the 
GVA in Helsinki is predicted to be 3.5 % p.a2., approximately the same than in the previous period.  

In general, cities which grew fast in the previous period are expected to grow fast in the coming 
period. Likewise, those that grew slowly will continue to do so. The above notwithstanding, even at 
lower growth rates, metropolises are expected to remain the motors of the European economy in 
the next few years.  

                                           2 According to the data available in 2006 the forecast for Helsinki may underestimate real growth prospects. 
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GVA Growth in European Metropolises 2001 – 2004. Top Ten.

Source: S. Laakso and E. Kostiainen: The Economic Map of Urban Europe. Helsinki in the European Urban Network.
Cit f H l i ki U b F t F th i

The Forecast for GVA Growth in European Metropolises 2005 – 2010. 
Top Ten.

Source: S. Laakso and E. Kostiainen: The Economic Map of Urban Europe. Helsinki in the European Urban Network.
Cit f H l i ki U b F t F th i
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4. An analysis of competitiveness based on Urban Audit data  

Successful cities and regions have the ability to seize first mover advantages and to keep threats well 
away from their doorstep. This is because they have been able to identify the key drivers of 
competitiveness and to adapt them to the changing environment. As the world changes, so will your 
position. Opportunities and threats are affecting all cities and regions.   

The size of urban areas is usually measured by population and also volume of production. What 
concerns the economic structure much attention is paid to the service sector (market and non-market 
services) and the role of manufacturing.  The labour force is the most important resource for production 
in all metropolises and major cities, especially when most big cities specialise highly in the labour 
intensive service sector. The Gross value Added (GVA) per capita is a rough indiactor both of the 
productivity and the income level of an area.  
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Lewis Dijkstra gave a preview of the State of European Cities Report, based on data from the Urban 
Audit, including population trends, economic strength and competitiveness of cities (presentation at the 
EUROCITIES WG on Urban Research meeting, 22 November 2006, Manchester). He showed a diverse 
picture of the population change the urban level differing greatly from the national level. The GDP per 
capita is also differing between large cities and their countries showing that cities are driving European 
economy. On average, the GDP per capita is 60 percent higher in the large cities than in the EU 
generally. The report contains a Lisbon benchmark based on GDP per person, employment rate, 
employment rate of older workers, 55-64 years old long-term unemployment rate, students in higher and 
upper education, and youth long-term unemployment rate. It also presents a typology of urban 
competitiveness and data on unemployment, single households, living space, education etc.  

5.  A typology of urban competitiveness 

Throughout the world there is much research focus on competitiveness of cities and urban regions, 
metropolises.  In the case of Europe major cities deliver the Lisbon agenda. Europe is increasingly 
dependent on its urban and city locations as the source of competitiveness (European Competitiveness 
Index 2006-07, Robert Huggins Associates, 2006). Among the 118 locations the index compares 
Brussels is Europe´s most competitive location, the Helsinki region is ranked 2nd, the wider Paris region 
Ile de France 3rd, and Stockholm 4th. Hamburg is highest ranked German region in 8th and London in 9th

is the best performing British region. Prague (ranked 7th) and Bratislava (ranked 10th) enter the top ten. 
Luxembourg is in the 6th position. The conceptualisation of the European Competitiveness Index (a 
composite index) is based on three major components. These are creativity, economic performance, and 
infrastructure and accessibility. The Huggins report finds a strong association between competitiveness 
across Europe and investment in secondary and tertiary education, and levels of employment in high-
technology service sector activities.  

Drawing further on the Urban Audit data and the preliminary study presented by Lewis Dijkstra (the 
above mentioned) we may learn that European cities might be grouped into three major groups of 
competitiveness, namely international hubs, specialised poles, and regional strongholds. Among 
the international hubs we may identify knowledge hubs as one sub-group. Knowledge-hubs are key 
players in the global economy and their assets are above all high core city population, high larger 
urban zone population, high share of in-migrants, GDP growth higher than average, high GDP per 
capita, high employment rate, low unemployment rate, high share of qualified residents (talent), 
high entrepreneurship, high accessibility. Examples of cities belonging to this group are among 
others Hamburg, Frankfurt an main, München, Copenhagen, Barcelona, Helsinki, Lyon, Dublin, 
Milano, Amsterdam, and Stockholm. 

6. Concluding remarks 

In Europe, cities and urban regions are crucial to national and European competitiveness. Strong 
MEGAs (Metropolitan European Growth Area, www.espon.eu ) are performing well across all major 
urban competitiveness indicators such as hosting company headquarters, industrial specialisation 
and diversity, connectivity, well educated labour force, universities, R & D, and quality of life. 
MEGAs are also key players in the global economy.
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Summary 

This paper describes the challenges of slum upgrading in Asia-Pacific regions and 
progress made by the governments till now in addressing this problem. The challenge 
starts from the agreeable operational definition of slum for data collection to the figures 
which are politically sensitive due to seriousness of the problem. UN-HABITAT s 
statistics shows that one out of every three city dwellers lives in slum conditions in the 
world where as every second slum dweller in the world lives in the Asia -Pacific region. 
However, in absolute figures around 1 billion people live in slums today and that about 
400 million additional slum dwellers will add to the existing ones by 2020 if policies for 
slum upgrading and prevention are not implemented. Asia has the largest share of the 
world s slum population  in 2005, or more than half the world s total slum population, 
or almost 592 million people. The Millennium Development Goals (MDG s) Goal 7 on 
Ensure Environmental Sustainability  and Target 11: to have achieved, by 2020, a 

significant improvement in the lives of at least 100 million slum dwellers  was agreed by 
the governments in the UN Millennium Assembly in September 2000. The target set in the 
MDG s appears very modest comparing to the graveness of the problem. UN-HABITAT 
has been given additional responsibility to monitor the progress made in achieving this 
Target 11 of MD s and report to the UN General Assembly.  
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 Introduction.  

Asia-Pacific is the largest region in terms of size and population. More than one third of 
the total world population live in Asia-pacific region. This region now constitute one-
third of the world economy also. It is experiencing many rapid chances including 
urbanization, expansion of cities and towns, rise of middle class and increasing resources 
to spend. Asia is clearly a region where development is taking place. People in 
developing Asia no longer aspire to development rather they expect it now. Asia 
represents the world s best hope for meeting the MDG s. 1 (Haruhiko Kuroda, President, 
Asian Development Bank (ADB)) 
  
Asia is increasingly playing a central role on the international stage: as an economic 
driving force, and as a key partner in global efforts to address climate change, ensure 
peace and stability, and win the war against infectious diseases. India and China are 
already donors, and are likely to become increasingly important development partners. 
Economic growth, backed by social reforms, has contributed to decline in the percentage 
of people living on less than a dollar a day from close to 35% in 1990 to about 20 % in 
2003. But this is one side of the story. 

Asia is very diverse region and on the one hand there are dynamic economies (e.g. Indian 
and China) that are likely to represent 50%of the GDP in the next decade, and where 
most, if not all the Millennium development Goals (MDG s) will be met. On the other 
hand, this is the region where the majority of the world s most impoverished people live, 
and where the potential of millions of marginalized people remains untapped.2 (Kim Hak-
Su, Executive Secretary of UNESCAP pointed out that disparities between Asia countries 
have increased significantly since the 1990s). Asia s diversity will not allow a uniform 
approach to the problems and issues in all the countries. The national concerns and 
priorities differ, and different countries have their own approaches to dealing with 
particular issues. So there is need for a common understanding to take a holistic approach 
where development and environment i.e. sustainable development with all inclusiveness 

women, children, ethnic and minorities, indigenous groups of all nations should be 
addressed to promote equity and reduce the gap between rich and poor. Rising social and 
regional inequalities, threaten social cohesion, and can lead to social unrest and terrorist 
acts. 

The UN operational definition of a slum3 is based on the household as the basic unit of 
analysis and five shelter deprivation indicators: A slum household is a group of 
individuals living under the same roof in an urban area who lack one or more of the 
following five conditions: Access to water; access to sanitation; secure tenure; durability 
of housing; sufficient living area .4 

Asian-Pacific slum housing ranges from crowded and dilapidated tenement buildings in 
Hong Kong to mud-and-tin shacks in Mumbai. Across the region, different names are 
used for slums: Chawls, Shanties, Adugbo Atiyo, Katchi Abadis, etc. Gradations of slums 
are common, with each variation having a different name. For instance, in India, a chawl
(a densely packed block of one-room apartments  with shared toilets and bathrooms) is 
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quite different from a zopadpatti (a shack made of non-durable materials, often located in 
a crowded slum settlement within or on the outskirts of a city). 

I. The state of slums in Asia-Pacific5  

Asia has the largest share of the world s slum population  in 2005; the region is home to 
more than half the world s total slum population, or almost 592 million people.6 Over the 
past decades, there has been an unprecedented growth of slums in Asia-Pacific. However 
the cities of Africa, Asia, Latin America and Pacific are favourite home for the slum 
dwellers, although a smaller number also live in cities of the developed world. Map 1: 

I (a). Intra-regional differences7

Asia-Pacific is the largest and very diverse region in terms of development and intensity 
of problems including slum prevalence and poverty. To understand this phenomenon 
well, it is pertinent to analyse the issue at the intra-regional level and also by countries. 
i.e. the slum characteristics across the different sub-regions8 and countries.  
  
Eastern and South-Central Asia together have 499 million slum dwellers, which is 84 per 
cent of the total slum dwellers in the region, with South-Central Asia alone hosting 48 per 
cent. Where as, contrary to it, the Western Asia has only 6 per cent of the region s slum 
dwellers. However, slum population in these regions should not be analysed in isolation 
but it should be analysed with the total populations in these sub-regions: China and India, 
the two most populous countries in the world (together: 2,3 billion people), that have 
significant proportions of their urban populations living in slum conditions9 whereas 
Western Asia has a population of only 175 million. 
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Map 2: Urban and slum growth rates and proportions in Asia 

Source: UN-HABITAT (2006), State of the World s Cities 

 A number of countries in Asia-Pacific have very high proportions of their urban 
populations living in slums whereas others have negligible slum prevalence. From the 72 
Asian-Pacific countries and territories for which data of 2001 was available to UN-
HABITAT, six countries had slum prevalence of more than two thirds: in Afghanistan 
(98 per cent) and Nepal (92 per cent) only a small fraction of urban residents are non-
slum dwellers; the situation in Bangladesh (85 per cent), Pakistan (74 per cent), 
Cambodia (72 per cent) and Fiji (68 per cent) was not much better. Other countries with 
more than half of their urban dwellers living in slums included India, Mongolia, Iraq, 
Yemen, Oman, Lao, Lebanon and the three central Asian former Soviet Republics 
Kyrgyzstan, Tajikistan and Uzbekistan. Western-Asia was the most heterogeneous sub-
region with nine countries where the slum incidence was less than 10 per cent and five 
countries where it was more than 50 per cent of their total urban population. While in 
most of the Pacific Islands, the slum population accounted for almost one-fourth of the 
urban population, high concentrations of slum dwellers could be found, besides Fiji, in 
Kiribati in Micronesia (55.7 per cent); in the Melanesia Islands of Vanuatu (37 per cent) 
and in Papua New Guinea (19 per cent).The three most highly developed countries of the 
region, Australia, Japan and New Zealand, has a slum incidence of nearly zero, whereas 
in South Korea, incidence was 37 per cent. 

I (b). Reasons for slum proliferation 

The most fundamental reason for the existence of slums in Asia-Pacific is poverty and 
rapid urbanization. Cities are not able to opt with the rapid inflow of population from 
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rural to urban centres. Urbanisation is taking place at a fast rate resulting in the so called 
over urbanisation .  The government and city administration is not able to cope with the 

population migrating to cities in search of better quality of life and services.   

II. Progress and challenges in reaching MDG Target 11 in Asia-Pacific 

II (a). Target 11 and its implications for the region 

With the adoption of the Millennium Development Goals (MDGs) in September 200010, 
Heads of States and Governments of the UN Member States have brought the slum 
challenge to the centre stage of the global development agenda, notably under MDG 7 
Ensure Environmental Sustainability , Target 11: to have achieved, by 2020, a 

significant improvement in the lives of at least 100 million slum dwellers . However, 
knowing that around 1 billion people live in slums today and that about 400 million 
additional slum dwellers will add to the existing ones by 2020 if policies remain 
unchanged, this target appears very modest. In order to have a wider reach and to 
harmonize Target 11 with most other MDG targets, UN-HABITAT advocated for a more 
ambitious target, to halve, between 1990 and 2020, the proportion of slum dwellers, in 
urban areas . 

This was reflected in the resolution of the 2005 UN Summit that re-articulated the initial 
Target 11 and allocated to prevention an importance equal to upgrading: In pursuance 
of our commitment to achieve sustainable development, we further resolve: To achieve 
significant improvement in the lives of at least 100 million slum-dwellers by 2020, 
recognizing the urgent need for the provision of increased resources for affordable 
housing and housing-related infrastructure, prioritizing slum prevention and slum 
upgrading... .11 The United Nations system assigned UN-HABITAT the responsibility of 
assisting Member States to monitor progress and gradually attain Target 11. While asking 
the UN system to support the implementation of this declaration, the Millennium Project 
has put the responsibility to achieve this objective firstly on national governments. 
  

Projected Urban Slum Population in Asia-Pacific 1990-2020
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In 2001, the world had 913 million slum dwellers. Improving the lives of 100 million 
would then touch just a little over one out of ten slum dwellers. Translating this 
proportion approach into the Asian-Pacific context would mean the following: 
considering that in 2001 the number of slum dwellers in the region was 534 million, the 
lives of at least 53 million people already living in slums would have to be improved. 
However, in the same period, the number of slum dwellers in Asia-Pacific has increased 
by 58 million (to 592 million in total in 2005). If no slum improvements were carried out 
in the period 2001-2020, approximately 226 million new slum dwellers are expected to 
add to the existing slum population during this period. Therefore, a higher (and more 
credible) figure should be targeted for upgrading while developing alternative solutions 
to prevent the additional urban poor from living in slum conditions.  

The UN Millennium Project has estimated that the global cost of improving the lives of 
100 million slum dwellers will be U$67 billion, i.e. U$670 per person on average. 
Improving the living conditions of the Asian-Pacific share  of the targeted 100 million 
slum dwellers by 2020 would thus cost U$35 billion. Based on the assumption that the 
cost per person for adequate alternatives to slum formation is in the same range, the cost 
of decent settlement for the anticipated 226 million new poor will be in the order of 
U$151 billion. Reaching Target 11 in Asia-Pacific and preventing all new slum formation 
will cost an estimated U$186 billion. This may look daunting but if stretched over the 
next 14 years, this comes down to an annual U$13 billion. 

II (b). Progress towards reaching Target 11 in Asia-Pacific 

II (b).1. Country analysis 
UN-HABITAT has assessed the performance of a number of low-income, lower/middle, 
and upper/middle income countries throughout the world between 1990 and 2005 in 
improving the lives of slum dwellers and reducing slum growth rates to construct a global 
scorecard on slums. Countries are found to be doing well if they have managed to reduce 
or reverse slum growth rates and if, at the same time, they have succeeded in keeping the 
proportion of slum dwellers at relatively low levels. Among the countries analysed by 
UN-HABITAT are 27 Asian countries (see Slum Scorecard map). 
Map 3: Slum Scorecard : a look at Target 11 country performance in Asia 

Source: UN-HABITAT (2006), State of the World s Cities 2006/7 
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Amongst the countries reviewed, only three Asian countries are on track .Six Asian 
countries are stabilizing , i.e. starting to stabilise or reverse slum growth rates but still 
in need to monitor progress to ensure sustained reductions. Ten Asian countries are at 
risk , i.e. experiencing moderate to high slum growth rates but also having moderate 
incidence of slums that require remedial policies to reverse slum growth. Eight Asian 
countries are off track , i.e. they have high slum proportions, face rapid, sustained slum 
growth rates and require immediate, urgent action to slow down or reverse slum trends. 

III. Challenges in achieving Target 11 in Asia-Pacific 

It is important to recognise that the performance of a number of Asian countries in 
carrying forward major pro-poor reforms and programmes in land and housing provision 
has been encouraging. However, for such slum prevention policies to have an impact on 
the ground there seems to be need for a lapse in time. Generally, the replication and 
scaling up of successful initiatives in a particular city to national level remains a serious 
challenge 

Meeting Target 11 is particularly difficult because of its inherent complexities, the 
number of actors and their diversity, the pervasive effects at all levels of inadequate 
policies, regulations and their enforcement, the lack of adequate information and the need 
to find solutions tailored to suit local conditions. The main constraints to meeting the 
challenge in the region revolve around the following obstacles: 

Legal, institutional and policy frameworks
• Over-centralised administration: Formulation and implementation of the regulatory 

framework for planning and land management is usually a national responsibility. 
Central governments are reluctant to effectively decentralise functions.  

• Inadequate legal/regulatory frameworks and weak institutional arrangements without 
clear allocation of responsibility lead to duplication, fragmentation, gaps, conflict and 
counter-productive competition. 

• Unrealistic zoning regulations, unattainable standards, as well as complex and 
unaffordable procedures obstruct delivery of housing, in general, and make access to 
affordable housing, in particular, out of the reach of the poor.  

Tenure, land use planning and administration
• An inefficient land administration makes land use planning, notably the appropriation 

of land for provision of public services and for housing, difficult. 
• The existing land management systems do not adequately cater for diverse tenure 

forms, including group and family tenures, are generally not gender friendly, often 
lack transparency; and do not address land disputes effectively. 

Urban governance
• Lack of sustained political will is a major hindrance to efficient delivery of services. 
• Due to lack of capacity, local authorities often fail to proactively guide the 

development of new (often informal) settlements or to contain at an early stage their 
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further growth and consolidation. Instead, they often resort to evictions and 
demolition of slums which causes social and political unrest. 

• There is a shortage of qualified and experienced human resources, often exacerbated 
by high staff turnover from central and local government institutions. 

Financing urban development and housing 
• Housing and infrastructure finance mechanisms are often weak or focused rather on 

higher and middle income groups. Local governments lack capacity to generate 
sufficient and sustainable financial resources. 

IV. The way forward - recommended strategies for achieving Target 11 in Asia-
Pacific 
Given the region s relatively high slum prevalence and slum growth rates, the immediate 
steps toward meeting the - minimal - 53 million target by 2020 must be accompanied by 
actions aimed at reducing the current rate of formation of new slums, that  if unaltered 
would lead to 226 million more slum dwellers in Asia-Pacific by 2020.  
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Alfieri, Alessandra
United Nations Statistics Division
Department of Economic and Social Affairs
Two United Nations Plaza
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E:mail: alfieri@un.org
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Room DC2-1520
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1. Background
Remittances sent by migrants are an important source of income for households, in particular in 

developing countries. The size of remittances is in many developing countries larger than foreign direct 
investment flows and more than twice as large as official aid received by developing countries.  Moreover, 
the f low of remittances is the least influenced by economic downturn and remains a stable source of income. 
Analytical studies have shown that remittances are often invested by recipients and contribute to poverty 
reduction in home countries.  These are some of the reasons why remittances have been receiving 
increasingly the attention of politicians and analysts.  The G8 Heads of States and the G7 Finance Ministers 
at their meetings in Sea Island in June 2004 called for improved information on remittances, whose
definitions are not applied uniformly across countries and whose quality is not as good as other balance of 
payments components. More recently, the United Nations organized in September 2006 a High Level 
Dialogue on International Migration and Development (HLD) which included a Roundtable on the 
Multidimensional aspects of Migration, including remittances.  The Global Forum on Migration, a state-led
process which was created as a result of the HLD, has identified remittances and other diaspora resources as 
one of the sub-themes of the Forum.

In response to the increased call by the users for harmonized definitions on remittances and higher 
quality and comparable data across countries on remittances, the United Nations established in 2004 the
United Nations Technical Subgroup on the Movement of Persons – Mode 4 (TSG) as a subgroup of the 
International Task Force on Statistics of International Trade in Services.  Subsequently, the Luxembourg 
Group,  a city group under the auspices of the United Nations Statistical Commission, was established in 
2006 to develop compilation guidelines on remittances.  The TSG developed internationally agreed 
definitions on remittances built on the Balance of Payments (BOP) components and aligned with the 1993 
System of National Accounts transactions.  This paper presents the new definitions of remittances developed 
by the TSG and adopted by the Advisory Expert Group on National Accounts (AEG) and the Committee on 
Balance of Payments Statistics (BOPCOM).

2. Definitions of remittances
“Remittances” has now become a commonly used term, however it is rarely defined.  Because of increased 

policy interest a proliferation of analytical studies has been published in academic studies and as well as in 
flagship publications of many international organizations. In some studies remittances were defined as the sum 
of workers remittances and compensation of employees (Anne Harrison 2003 and DFID 2003) in others they 
were defined as the sum of the above BOP components plus migrants transfers (World Bank 2005). Although
most of the studies define remittances as sums of balance of payments components, with sometimes adjustments 
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for under coverage, until present there was no consistent definition of remittances used making it very difficult to 
compare the results across studies and over time.

The Technical Subgroup on Movement of Persons set out to develop a set of harmonized and
internationally agreed definitions, concluded the following:

(a) Remittances are a balance of payments concept and are deeply rooted in the concept of residence.
For this reason, the TSG recommended using exclusively the concept of resident rather than 
“migrant” when talking of remittances.  Although “migrants” are defined broadly consistently in the 
BOP and migration statistics, neither frameworks define when a migrant changes his/her status to a 
“non-migrant” thus making it difficult to identify only those transactions related exclusively to 
migrants.

(b) Migrants’ transfer should not be part of the definition of remittances.  They are an imputed one-time
flow recorded at the time of migration which reflect the net value of assets and liabilities of a 
household at that changes the status from non-resident to resident. There are no actual transfers that 
take place, as opposed to the case of remittances where actual transactions between residents and 
non-residents take place.

(c) New definitions of remittances were internationally agreed, in terms of (i) personal transfers; (ii) 
personal remittances; (iii) total remittances; and (iv) total remittances and transfers to non-profit
institutions serving households.  These definitions are discussed in detail below.

The BOP flows related to remittances are presented in a supplementary table reported in Annex I.  Annex 
II presents a fictitious numerical example which illustrates how to calculate the various concepts of remittances 
from the sending and receiving country.  It also illustrates the issue of asymmetry of reporting between the 
sending and receiving countries that arise in the case of “total remittances” and “total remittance and transfers to 
non-profit institutions serving households”.

3. Personal transfers
“Personal transfers” replaces the Balance of Payments Manual – Fifth Edition (BPM5) component 

workers’ remittances , which was considered too narrow and not precise enough and combines it with a part of 
“other current transfers”.  The definition of workers’ remittances in BPM 5 includes only “current transfers by 
migrants employed in new economies and considered residents there.  They often involve related persons” 
(BPM5 para 302). Other current transfers refer to “transfers for distribution to relieve hardships caused by 
famine, other natural disasters, war, etc….  Also covered are gifts, dowries, and inheritances; alimony and other 
support remittances; tickets sold by, and prizes won from, lotteries; and payments from unfunded pension plans 
by non-governmental organizations” (BPM5 para 304) “social security contributions and ….”social benefits” 
(BPM5 para 305).

Taking into consideration compilation issues as well as policy relevance, the definition of personal 
transfers is broader than that of workers remittances and includes all current transfers from resident to non-
resident households, independently of (a) the source of income of the sender (be it wages and salaries, social 
benefits or any other type of transfers, including transfers from a person receiving no income and running down 
his/her assets); (b) relationship between the households (be it between related or unrelated persons); and (c) 
purpose for which the transfer is made (be it inheritance, alimony, lottery 1, etc.).  This definition will be part of 
the BOP standard presentation and in line with the 1993 SNA definition of current transfers between households.
The BPM5 component workers remittances has been retained as an “of which” item of personal transfers to 
maintain continuity of the time series.

“Personal transfers” is defined as follows:
Personal transfers consist of all current transfers in cash or in kind made or received by resident households 
to or from other non-resident households.
Although personal transfers are conceptually current transfers between resident and non-resident

households, in practice it may be difficult to separately identify household-to-household capital transfers from 
the current transfers.  In practice, capital transfers tend to be large, infrequent and irregular, whereas current 
transfers tend to be comparatively small and are often made frequently and regularly.  However, while size, 

                                                
1  Although lotteries could also be considered as transfers from any sectors to households, in this context, lotteries are 
considered household-to-household transfers by convention.  This is in line with the recommendations of the 1993 
SNA: “the net transfers paid out to winners of lotteries and gambling, that is the residual transfers excluding service 
charges, are considered household to household transfers” (1993 SNA, para 8.97)
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frequency and regularity help to distinguish current from capital transfers they do not provide satisfactory criteria 
for defining the two types of transfer (1993 SNA para 8.32).

Some cash transfers may be regarded as capital by one party to the transaction and as current by the other.
In an integrated system of accounts such as the 1993 SNA and BPM5, however, it is not feasible to have the same 
transaction classified differently in different parts of the system. To distinguish current transfers from capital 
transfers, it is preferable to focus on the special characteristics of capital transfers. A transfer in cash is a capital 
transfer when it consists of the transfer of ownership of a fixed asset and non-produced non-financial assets. A 
transfer of cash is a capital transfer when it is linked to, or conditional on, the acquisition or disposal of a fixed 
asset by one or both parties to the transaction. A capital transfer should result in a commensurate change in the 
stocks of assets of both parties to the transaction (based on 1993 SNA, para10.132). When in doubt, the transfer 
should be classified as current.

Capital household-to-household transfers could be presented as a supplementary item2 in the table on 
remittances presented in Annex I but should be excluded in the definition of “personal transfers”.

4. Personal remittances
Personal remittances reflect the inflows to a household either from another household or from a 

member of a household working abroad.   This is the definition most commonly used in analytical studies.  It 
reflects not only transfers from resident to non-resident households but also the part of compensation of 
employees received by residents when working abroad for a period of less than one year. 

Personal remittances, taking the perspective of the receiving country, are defined as follows:
Personal remittances = personal transfers + compensation of employees (excluding social 
contributions, taxes on income and wealth, travel expenditure and passenger transportation related 
to employment of non-residents) + capital transfers between households.

Annex II presents a numerical example which illustrates how to calculate personal remittances.  Personal 
remittances include personal transfers, compensation of employees of non-resident persons less social 
contributions 3, taxes on income and wealth4, travel and passenger transportation related to employment of non-
residents and capital transfers between households.  Investment income is not included for practical reasons as it is 
difficult to identify that part related to the movement of persons.

Capital household-to-household transfers should be included in the definition of personal remittances.
Including capital transfers in the definition of personal remittances would offset differences in country practices in 
recording household to household transfers – current versus capital transfers.

Personal remittances is presented as a supplementary item in the revised BPM5 as its calculation involves 
the sum of several supplementary items, namely taxes on income and travel and passenger transportation related to 
employment if non-residents and capital transfers between households.  The components of personal remittances 
are shown in the supp lementary table in Annex I.

5. Total remittances
 “Total remittances” includes personal remittances  and social benefits directly to households from other 

institutional sectors, namely corporations, government and non-profit institutions serving households (NPISHs).
They include transfers directly receivable by households from abroad independently of whether they are from 
other households or other institutional sectors (e.g. government and NPISHs which may provide social benefits 
including pensions).

Total remittances are defined, taking the perspective of the receiving country, using a formula instead of 
lengthy text, as follows:

Total remittances = personal remittances + social benefits5  
                                                
2 A supplementary item is an item that should be considered by countries in circumstances that the information would, 
in their particular cases, be of interest to analysts and policymakers.
3 Social contributions are actual or imputed payments to social insurance schemes to make provision for social 
insurance benefits to be paid (1993 SNA para 8.8).
4 Current taxes on income, wealth, etc consist of taxes on the incomes of households or profits of corporations and taxes 
on wealth that are payable regularly every accounting period (as distinct from capital taxes levied infrequently) (1993 
SNA, para 8.6).
5 Social benefits include social insurance benefits and social assistance benefits.  They are current transfers received by 
households intended to provide for the needs that arise from certain events or circumstances, for example, sickness, 
unemployment, retirement, housing, education or family circumstances (1993 SNA, para 8.7).  They include pensions 
received by households.  For more details, refer to 1993 SNA paras 8.75 to 8.83.
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Total remittances are presented in the supplementary table on remittances in Annex I. It should be noted 
that the concept of total remittances entails asymmetry of reporting as social benefits are sent from corporations, 
the government and NPISHs and received by households. 

Although in principle other current transfers to households (e.g. direct transfers other than social benefits to 
households from the government or NPISHs) could be included in the definitions of total remittances, they are
omitted for ease of compilation and because they are likely to be small in size and/or infrequent.

Total remittances  also exclude net non-life insurance premiums and nonlife insurance claims6 paid or 
received by resident households.

6. Total remittances and transfers to non-profit institutions serving households
Total remittances and transfers to NPISHs  was defined to obtain a more complete picture of the aid

receivable and ultimately channelled to communities and households in home countries.  They are defined, using a 
formula instead of a lengthy text, taking the perspective of the receiving country, as follows:

Total remittances and transfers to NPISHs = Total remittances + Current transfers to NPISHs + Capital 
transfers to NPISHs

As credit entries, total remittances and transfers to NPISHs would thus cover all flows from abroad which 
are either receivable by households directly or indirectly through NPISHs in the home countries for the benefit of 
households.

Similarly to total remittances , the TSG noted that the concept of total remittances and transfers to NPISHs
entails asymmetry of reporting as transfers received by households and NPISHs can originate from any sector of 
the economy.  The example provided in Annex II shows how total remittances and transfers to NPISHs  are 
calculated.

As in the case of household-to-household transfers, distinguishing capital transfers from current transfers to 
NPISHs may be difficult in practice. Total remittances and transfers to non-profit institutions serving households 
are presented as supplementary items in the supplementary table on remittances shown in Annex I.
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RÉSUMÉ (ABSTRACT)

Remittances have become increasingly important for the macro-economic performance, because of their increasing size and 
their stability also in the presence of economic downturns as sources of income for households especially in developing 
countries.  In response to the users demand for improved information on remittances, the United Nations through the 
Technical Subgroup on Movement of Persons- Mode 4 composed of experts from countries and international organizations 
has developed new definitions of remittances.   The paper will discuss these new definitions, namely personal transfers, 
personal remittances, total remittances and total remittances and transfers to non-profit institutions serving households.

                                                
6 Net nonlife insurance premiums and non-life insurance claims could conceptually be included in the definition of 
personal remittances since they are essentially redistributive flows between households.  However, because it may be 
difficult to collect data separately for the transfers received by households, they have been excluded from the definition.
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ANNEX I
Table 1. Supplementary table for remittances and transfers to NPISHs 

Based on the tables in the Annotated Outline (AO)

Definitions of remittances Credit/Receivable Debit/Payable
Personal transfers 7.  7.
Personal remittances Personal transfers + 3. – 1a.(debits)

– 2a.(debits) – 4b.(debits)–
5b.(debits)  + 9b.

Personal transfers + 3. –
1a.(credits) – 2a.(credits) –
4a.(credits) – 5a. (credits) –
5c.(credits)  + 9b.

Total remittances Personal remittances + 6b. Personal remittances + 6a. + 6c.
Total remittance and transfers to NPISHs Total remittances + 8b .+ 9c. Total remittances +8a .+ 8c .+ 

9a. + 9c. + 9d.

 Notes:
(i) Other Other current transfers is negligible and therefore is not included in the table.
Shaded items are not presented in the Annotated Outline.  It is recommended that they be included as supplementary items.

Credit Debit
Services (AO Table 9.1)
1. Travel

Of which:   

1a. Related to employment of non-residents
2. Transportation  

Of which:
2a. Related to employment of non-residents

Primary distribution of income (AO Table 10.1)
3. Compensation of employees
Secondary distribution of income (AO Table 11.1)
4. Current taxes on income and 

wealth
Of which:
Related to employment of non -residents
4a. General government
4b. Households

5. Social contributions 
5a. General government

(Related to employment of non-residents)
5b. Households
5c. Other

(Related to employment of non-residents)
6. Social benefits

6a. General government
6b. Households
6c. Other

7. Personal transfers
Of which:
7a. Workers’ remittances

8. Other current transfers (i)

8a. General government
8b. Non-profit institutions serving households

9. Capital transfers (AO Table 12.1)
9a. General government [Refers only to transfers to NPISHS]  
9b. Households [R efers to Personal Remittances]
9c. Non-profit institutions serving households
9d. Other [Refers only to transfers to NPISHS]
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ANNEX II

Example on the calculation of personal transfers, personal remittances, 
total remittances and transfers to NPISHs

Suppose a resident of country A sends to a household in country B a transfer of $100.  During the same 
period he/she sends a transfer of $30 to a family member resident in country B to help in the purchase of a 
house in country B. 

Suppose that another individual, resident of country B, works for three months in country A and earns $600 
in cash before tax.  Income tax of $120 is paid to the government of country A.  Social contributions of $50 
is paid by the individual to the government of country A.  The individual has travel expenditures of s $300
(including $175 for food and $125 for accommodation) related to their short term employment. 
Suppose that a resident of country B receives a pension of $200 from country A.

Suppose also that an organized diaspora group (NPISH) in country B receives $1,000 from a charity 
organization in country A.  The diaspora group also receives $10,000 from the charity organization to buy a 
plot of land.

The following entries would appear in the BOP of country A and in the BOP of country B.

Country A Country B
Credit Debit Credit Debit

1. Travel 
1a. Food
1b. Accommodation

3. Gross compensation of employees
4. Current taxes on income

4a. General government
4b. Households

5. Social contributions
5a. General government
5b. Households

6. Social benefits
6a. General government
6b. Household

7. Personal transfers
8. Other current transfers

8b. NPISHs
9. Capital transfers

9b. Households
9c. NPISHs

Total remittances and transfers to NPISHs

300
175
125

1207

120
…
508

50
…
…
…
…

…

…
…

11,460

…
…
600

…
…

…
…
200
200
…
100

1,000
1,000
10,030

30
10,000

…

1. Travel
1a. Food
1b. Accommodation

3. Gross compensation of employees
4. Current taxes on income

4a. General government
4b. Households

5. Social contributions
5a. General government
5b. Households

6. Social benefits
6a. General government
6b. Households   

7. Personal transfers
8. Other current transfers

8b. NPISHs
9. Capital transfers

9b. Households
9c. NPISHs

Total remittances and transfers to NPISHs

…
…
600

…
…

…
…
200
…
200
100

1,000
1,000
10,030

30
10,000

…

300
175
125

120
…
120
50
…
50

…
…

…

…
…

11,460

                                                 
7 Income tax payable to government of country A.
8 Social contribution payable to government of country A.
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Country A/ payable Country B/receivable
Personal transfers -
100
Personal remittances -260

Personal remittances = Personal
transfers + compensation of
employees - social contributions -
taxes on income and wealth - travel 
related to employment of non -
residents - passenger transportation
related to employment of non -
residents + capital transfers between 
household. = - Personal transfers –
(3. – 1a. – 1b. – 4a. – 5a.) + 9b. =
- 100 - (600-300-120 - 50) - 30 = -
260

Total remittances -
460

Total remittances = Personal remittances 
+ social benefits =
- Personal remittances – 6a.  =
- 260 – 200= - 460

Total remittances and transfers to NPISHs
-11,460

Total remittances and transfers to
NPISHs = Total remittances + current 
transfers to NPISHs + capital
transfers to NPISHs =
- Total remittances – 8b. – 9c.=
-460 – 1,000 – 10,000=-11,460

Personal transfers
1

00
Personal remittances

2
60

Personal remittances = Personal
transfers + compensation of
employees - social contributions -
taxes on income and wealth - travel 
related to employment of non-
residents - passenger transportation 
related to employment of non-
residents + capital transfers between 
household. = Personal transfers +
(3. – 1a. – 1b – 4b. – 5a. –5c.) + 9b.
=
100 + (600-300-120 – 50) + 30 = 260

Total remittances
4

60
Total remittances = Personal remittances 
+ social benefits =
Personal remittances + 6b. =
260 + 300= 460

Total remittances and transfers to 
NPISHs

11,4
60

Total remittances and transfers to
NPISHs = Total remittances +
current transfers to NPISHs +
capital transfers to NPISHs = 
Total remittances + 8b. +  9c. =
460 + 1,000 + 10,000 = 11,460
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Introduction 

1. The Australian Bureau of Statistics (ABS) is required by legislation to publish quarterly estimates of the 

population of Australia, its States and Territories.  These estimates are required for a range of applications 

including determining the representation of Australia’s States and Territories in the House of Representatives 

of the Australian Parliament each electoral cycle, and for distribution of funding from the Australian 

Government to state, territory and local governments each year.  Net overseas (international) migration 

comprises approximately half of Australia’s annual population growth, and the contribution is 

disproportionately distributed across Australian States and Territories (ABS, 2007a).  Hence, the accurate 

measurement of the contribution of net overseas migration (NOM) to population change for Australia and the 

States and Territories on a quarterly basis is a critical statistical objective for the ABS.   

2. The ABS has long used information from incoming and outgoing passenger cards completed by 

international travellers together with visa application and border passport transaction information for 

estimating net international migration and overseas arrivals and departures.  These passenger cards (some 

22 million in 2006, greater than the resident population of Australia) are collected at Australian air and sea 

ports by Australian Government customs, immigration and quarantine agency representatives.  The data are 

captured, processed and provided by the Department of Immigration and Citizenship to the ABS each month 

for statistical compilation, analysis and dissemination. 

3. In recent years, changes to the method of measuring actual duration of stay in Australia for overseas 

visitors and actual duration of absence from Australia for Australian residents have presented challenges to 

the accurate and consistent measurement of international migration statistics, and particularly net overseas 

migration (being the difference between permanent and long-term (12 months or more) arrivals and 

departures).  There have also been increasing volumes of international travellers, changing patterns and 

frequency of travel, and a changing mix of travellers.  Together, these changes have challenged the 

methodology used for measuring residence for international migration statistics, and hence estimation of the 

resident population of Australia. 
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4. This paper outlines the recently published work by the ABS in developing an improved method of 

estimating net overseas migration.  Further details have been published by the ABS (2006, 2007a and 

2007b) 

Measurement of duration of stay in/absence from Australia

5. On arrival in Australia, visitors and temporary entrants are asked to report their intended duration of stay 

in Australia in years, months and days on an incoming passenger car. Prior to July 1998, on departure from 

Australia, visitors and were asked to report their actual duration of stay in Australia in years, months and 

days on an outgoing passenger card.  Similarly, Australian residents departing temporarily are asked to 

report their intended duration of absence abroad on an outgoing passenger card in years, months and days. 

Prior to July 1998, on arrival from overseas, returning Australian residents were asked to report their actual 

duration of absence from Australian.  Migrants arriving permanently (settlers) are not asked whether they 

intended to leave Australia or their intended duration of stay in Australia.  Australian residents departing 

permanently (emigrants) are not asked if they intended to return to Australia or their intended duration of 

absence.  Returning Australian residents are not asked whether they intend to depart Australia again in the 

near future; it being assumed that they had returned permanently.  Similarly, departing visitors are not asked 

whether they intend to return to Australia in the near future (ABS, 2006, 2007c).   

6. This conceptual framework of international movements may have been suited to the 1950s when 

international travel to and from Australia was infrequent and usually long-term, if not permanent. However, 

with globalisation of population, social capital development, labour force and ease of frequent international 

travel, the international travel environment has outgrown this simple conceptual framework. In particular, a 

new approach to measuring the actual duration of stay in Australia and absence from Australia for 

determining usual residence was required. 

International migration and Australian population estimates 

7. Prior to 1981, ABS estimates of international migration used for compiling quarterly statistics on the 

population of Australia were based on the total number of international arrivals and the total number of 

departures (a de facto basis).  With the implementation of the Estimated Resident Population concept (a de 

jure place of usual residence concept) in 1983 and backdated to 1971, net overseas migration was based on 

permanent and long-term (12 months or more) arrivals and departures (ABS, 1995).   

8. With the introduction of this conceptual basis of estimating population came the possibility of a 

traveller’s actual duration of stay in, or absence from Australia on their return journey across the Australian 

border being different to their stated “intended” duration of stay/absence on their initial border crossing.  

Both Australian residents as well as visitors from overseas, could change their duration of stay or absence, 

and this can result in a change of migration category from short-term (a duration of stay/absence of less than 

12 months) to long-term/permanent and vice versa.   

9. Recognising this, the ABS adopted a methodology from 1976 estimates onwards which estimated the 
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number of travellers who changed categories.  Referred to as "category jumping" this statistical adjustment 

aimed to improve the quality of net overseas migration statistics and reduce the level of intercensal 

discrepancy (the error of closure) in Australia's Estimated Resident Population statistics (ABS, 1995, 

Appendix 3). 

Passenger card changes introduced in 1998 

10. In the mid 1990s, in preparation for the 2000 Sydney Olympics, a review of passenger card efficiency 

and respondent burden reduced the number of questions on the cards and introduced post-processing record 

matching of border movements using a personal identification number developed for the purpose as a 

method for deriving: 

i actual duration of stay in Australia for overseas visitors leaving Australia, and  

ii actual duration of absence from Australia for Australian residents returning to Australia. 

The redesigned passenger card and processing methods were introduced in July 1998. 

11. By 2002, it became evident that the move from stated duration to derived duration had led to a break in 

series in the measurement of actual duration of stay/absence.  Implausible estimates of net overseas 

migration were being compiled by the ABS but not published.  Figure 1 illustrates this change by 

comparing net total international movements (total arrivals minus total departures) with net permanent and 

long-term movements without any adjustment for category jumping. 

Figure 1.  Net International Movements, Australia, 1981-2006 

Source: Australian Bureau of Statistics, Overseas Arrivals and Departures (cat. no. 3401.0)

1981 1986 1991 1996 2001 2006
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250 Net total overseas movements
Net permanent and long-term movements

12 The break in series was a result of the change from requesting travellers to report their period of stay or 

absence when they cross Australia's border on the return journey, to a method which derived the period of 

stay or absence by calculating the duration from the last boarder crossing.  A person's classification as a 

long-term visitor in Australia changed from a reported duration of time in Australia "this visit" to the period 
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since the last border movement without taking into account any prior periods of stay in or temporary absence 

from Australia, or their future travel behaviour.   

13. In the lead up to the late 1990s, there had been a growing number of international students studying in 

Australia on a long-term temporary basis and an increasing number of long-term temporary business 

migrants.  Each of these two groups were likely to depart and return to Australia several times during their 

longer period of stay (e.g. for end of semester and end of year holidays, return visits to family and friends, 

etc.).  Each time these temporary visitors returned to Australia, they may have reported their intention to 

stay in Australia for 12 months or more and be categorized as a long term visitor arrival. However, for many 

departing visitors, when compared with their most recent arrival, they may have been precisely derived as a 

departing visitor who had been in Australia for less than 12 months and be categorized as a short-term visitor 

departing.  Hence, there was an implausible and continuing increase in net permanent and long-term 

movements (the excess of arrivals over departures, see Figure 1).   

14. Rather than closely tracking net total movements (all categories of traveller), since 2000, the estimate of 

Net PLT movements diverges upwards.  The methodology used by the ABS for estimating category 

jumping at the time was unable to deal with this series break.  Further, when individual movements were 

aggregated into annual statistics, each arrival and departure was accounted for separately resulting in 

duplicate long-term arrivals and duplicate departures after short-term periods of stay. 

15. To further complicate measurement, the Australian Government introduced an opportunity whereby 

international students who had completed studies in Australia could apply for and be granted a permanent 

residence visa onshore under the Australian Government's Skilled Migration Program without being required 

to leave Australia.  Successful students would then change from being a long-term temporary resident with 

an intended duration of stay to a permanent resident of Australia. 

Development of improved measures of duration of stay/absence

16. The ABS noted that the precise measurement of duration of stay in Australia or absence from Australia 

using a comparison of border crossing transactions may lead to a misleading categorisation of frequent 

travellers to short-term, when their overall period of stay or absence in a broader context was long-term 

punctuated by short journeys.  Further, there were some travellers such as permanent migrants and 

emigrants who were not asked their intended duration of stay or absence.   

17. The use of single continuous periods of stay as the criteria for classifying travellers into the non-

permanent migration categories (e.g. short-term visitor, long-term visitor) was seen as a major shortcoming 

in the measurement of net overseas migration and consequently estimates of Australia's resident population.  

The United Nations Recommendations on Statistics of International Migration, Revision 1 (1998, 13) noted 

this difficulty with the 1976 recommendations.  The ABS also identified a need to convert individual border 

movements for frequent travellers within a reference period to person estimates together with there travel 

history over time to avoid double counting. 
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18. To overcome these shortcomings, the ABS explored the use of data matching of sequential border 

movements of individual travellers into a travel history and calculation of the accumulated period of stay in 

Australia as an alternative method to the continuous 12 months period of stay (or absence) threshold for 

estimating net overseas migration.  However, the ABS was reluctant to move away from the 12 months 

period of stay/absence as the threshold criteria (UNSD, 1998) for determining whether an international 

traveller should be added or removed from the estimate of the resident population of Australia.  It was 

found empirically after evaluating several options that the optimum method was 12 months stay/absence out 

of the subsequent 16 months following the border movement.   

19. For this improved method, border crossing data records of each traveller are accumulated over a period 

of 16 months.  Data are cleaned, imputed movements inserted for implausible movement sequences (e.g. 

two or more consecutive arrivals or departures in a travel sequence arising from data errors or use of multiple 

passports), and the movements of crew excluded.  It is then determined whether the person was present in 

Australia for  

i less than four months (121 days or less),  

ii four months to less than 12 months (122 to 364 days), or 

iii or 12 months or more (365 days or more).   

The first category (i) corresponds with those persons who spent 12 months or more outside Australia during 

the 16 months. 

20. ABS is required by legislation to compile population estimates for the end of March, June, September 

and December each year.  At the beginning of each reference quarter, each traveller will have been allocated 

a flag which identifies whether they were included in the Australian population or not based on their previous 

travel patterns leading up to the reference quarter.  Whether the traveller remains in (or out of) the 

population is determined by their period of residence in Australia over the subsequent 16 months.  If they 

were absent from Australia for 12 months or more, they would be removed from the population (if they were 

initially included).  If they were present in Australia for 12 months or more and were initially not included, 

they would be added to the population. 

21. This methodology maintains the UNSD recommended 12 months or more criteria for distinguishing 

long-term migrants from short-term visitors, but uses a longer period over which to accumulate the 12 

months period of residence or absence.  The method departs from using the current practice of requiring 12 

months or more continuous stay in (or out of) Australia.  In addition, all categories of traveller have the “12 

out of 16” assessment applied and there is no assumption that travellers have correctly reported their 

intended duration, or whether they are a visitor or an Australian resident.  It was noted that some Australian 

residents’ travel behaviour into and out of Australia mimicked that of a temporary short-term visitor in that 

they live mostly overseas but return to Australia for short annual vacations. 

22. Because 16 months of border movement data are required after the reference quarter to derive direct 
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estimates of net overseas migration, yet results are required to be published 5 to 6 months after the reference 

period, a preliminary estimation method has been developed for initial estimates.  This method draws on the 

outcomes for a similar group of travellers for the same quarter, two years earlier and applies an adjustment to 

travellers for the reference quarter (ABS, 2007b). 

Statistical impacts of improved methodology 

23. Figure 2 illustrates a comparison of the improved estimates with the previous estimates of net overseas 

migration over the 3 year period for which estimates are available.  The improved estimates are higher than 

previous estimates, however the difference varies from quarter to quarter and between preliminary and final 

estimates.  Although a complete series is not available for the whole of the 2001-2006 intercensal period, 

based on assumptions the improved estimate explains slight more than the preliminary intercensal error 

derived from the 2006 Census-based population estimates. 

Figure 2. Comparison of Improved and Previous Net Overseas Migration Estimates, Dec Qtr 

2003 to Dec. Qtr 2006 (a)

(a) Methodological differences between the two NOM estimates series should be taken into account when interpreting this data.
(b) Final estimates.
(c) Preliminary estimates.
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24. Figure 3 compares the time series of improved estimates of net overseas migration with unadjusted net 

permanent long-term movements (the excess of arrivals over departures).  As can be seen the improved 

estimates are lower and the largest differences are recorded in the March and September quarters which 

corresponding with the commencement of the academic year and second semester. 
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Figure 3. Comparison of Improved NOM to Net Permanent Long-term Movements, Dec. Qtr 

2003 to Dec. Qtr 2006 (a)

(a) Estimates for December quarter 2005 to December quarter 2006 are preliminary.
(b) Without migration adjustments.
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25. Analysis of changes by state/territory for the 2004-05 financial year indicates that Queensland’s 

estimates using the improved methodology are lower than previous reported.  For most of the other states, 

the improved estimates are higher, particularly for States known for high levels of overseas students and 

temporary business migrants, New South Wales and Victoria.  Over the financial year, the Australian NOM 

estimate was 142,600, almost 19,000 higher than the previous estimates.  For the 2005-06 financial year, 

the preliminary NOM estimate for Australia was 163,400, which was almost 29,000 above the previous 

estimate. 

26. Analysis of results for 2004-2005 by age group and sex reveal interesting features.  While it was 

anticipated that there would be higher estimates of NOM for persons in prime years of high school and 

tertiary education (15-19 years and 20-24 years) and this can be observed, the increased levels of NOM 

observed for women aged 30 to 49 years was not expected.  By contrast, there are lower levels of males 

contributing to NOM in the improved method when compared with the previous method for males aged 25-

29 years, and age groups 35 to 69 years.  This may indicate sex-specific drivers for international migration. 

Future evaluations 

27. Additional years of data using the improved method are required so as to undertake several additional 

evaluations of the results generated by the method.  At the time of publishing, there was no time period for 

which preliminary and final estimates were available so as to assess the effectiveness of the preliminary 

estimation model.  In addition, with a longer time series, it may be possible to observe and report whether 

features observed in one or two financial years are sustained over several years.  Other methods for 

estimating preliminary estimates will also be examined, including time series analysis methods. 
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RÉSUMÉ (ABSTRACT) — optional 
Net overseas migration contributes to approximately half of Australia's annual population growth. Population 

growth through international migration is disproportionately distributed amongst the states and territories for 

which the Australian Bureau of Statistics is required by legislation to produce quarterly population estimates. 

Accordingly, net overseas migration represents an important component in compiling estimates of Australia’s 

population. 

Net overseas migration is compiled in Australia from administrative information collected on incoming and 

outgoing passenger-completed cards supplemented by linked information obtained from scanned passports at the 

border and visa applications completed by travellers before arrival.  Changes in the composition and frequency of 

international passenger movements together with a change in the measurement of actual duration of stay of visitors 

to Australia and actual duration of absence abroad for Australian Residents, has presented difficulties in compiling 

accurate estimates of long term (12 months or more) for migration.  Whilst UN Statistics Division recommends a 

threshold of 12 months or more as the criteria for defining a long-term visitor, or resident abroad long-term and 

therefore absent, the way in which this threshold is applied is not entirely specified. 

In 2007, the Australian Bureau of Statistics will release improved estimates of net overseas migration using an 

improved "12/16 method".   Their impact on preparing population estimates for Australian states and territories 

will be presented and discussed. 
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Research questions and approach 
In the 1980s, research into the dynamics of segregation received a new impetus by a number of authors 

arguing that in the face of global and regional economic restructuring, urban industrial societies may experi-
ence increasing occupational and residential segregation (Friedmann 1986; Sassen 1991). Due to lack of 
empirical validation, this “polarisation hypothesis” has been in the focus of a controversial discussion, which 
has not yet resulted in a generally accepted view of the possible interrelations between economic and urban 
structural change (Hamnett 1994, 1996; Bénabou 1996; Burgers/Musterd 2002; Samers 2002, Chiu/Lui 
2004). However, progress in explaining the sorting mechanisms and effects of segregation is required both 
from a research and policy viewpoint, as the “polarisation hypothesis” has given rise to a number of urban 
policy initiatives even though it is not quite clear what they can be expected to achieve. In order to analyse 
the basic interdependencies thought to shape current changes in the composition of the urban structure, fu-
ture research needs to incorporate harmonised comparative information on a comprehensive range of urban 
regions, including information both on an aggregate, but also on an individual level. This is especially true 
for a particular field of research concerned with neighbourhood effects (Durlauf 2004). This paper highlights 
current results from an ongoing research agenda of RWI Essen into the determinants and dynamics of resi-
dential segregation. While this research combines analysis of small area statistics and microdata (Neumann 
2007), the following paper focuses on a number of questions about the factors shaping the urban structure, 
which will be examined on the basis of regional and small area (statistical district) aggregate data. In fact, 
cities and regions are shaped most and for all by the location decisions and performance of individuals and 
firms, which need to be observed on an individual level. However, aggregate data can provide the basis of a 
detailed descriptive analysis of the processes shaping urban regions. Using the largest urban agglomeration 
in Germany, the Rhine-Ruhr conurbation, as a case study, this paper examines if there is an interrelation be-
tween economic restructuring and urban segregation, which is observable on a statistical district level.  

Empirical Basis 
The following analysis is based on a sub-city data set compiled by municipal statistics in Germany (AG 

KOSTAT). While in Germany there is no obligatory standard concerning indicators of sub-city statistics or 
size of districts, over 100 cities (almost all with more than 100.000 inhabitants) have agreed to distribute a 
limited set of sub-city data1. By combining information from this source with data provided by the statistical 
office of North Rhine-Westphalia (LDS NRW), a data base comprising the whole of the inner and outer zone 
of the Rhine-Ruhr conurbation (11 Million inhabitants) was compiled for the purposes of this analysis. It 
incorporates information on over 900 statistical districts. The Rhine-Ruhr conurbation is characterised by 
significant internal disparities: the northern part of the agglomeration, the Ruhr region, was once dominated 
by the coal, iron and steel industries and still resides in the middle of structural change. The southern part of 
the agglomeration represents a much more dynamic - and tertiarised - group of cities: in the Ruhr subregion 
69% of all employees now work in the service sector, in Düsseldorf and Cologne 80%, in Bonn 87% . 

1 The KOSTAT data set currently comprises the following indicators: population at primary and secondary residence, male and female population, 
foreigners, age groups (under 18, 18-29, steps in tens up to 59, 60 and over), number of households. 
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Segregation dimensions in 2000 and 2005 
For a more plausible measurement and as a prerequisite of a subsequent spatial classification, the original 

data set was reduced to independent dimensions by factor analysis. In spite of a number of distinctive re-
gional features, segregation patterns observed in this region appear to reflect a number of basic neighbour-
hood stratification mechanisms identified by previous research in other regions (Knox 1995, 50). This analy-
sis was carried out for two points in time, 2000 and 2005.  

At both points in time, three dimensions represent most of the differentiation observable by the original 
indicators (cf. Appendix: Tables 1 and 2). In the analysis based on data from 2000, two demographic dimen-
sions and one ethnic/socioeconomic factor were extracted. The first is the “demographic segregation/ family 
status” factor, which has been known to be one of the key dimensions of urban segregation at least since the 
social area analysis carried out by Shevky and Bell (1955). In contrast to North American factor analytic 
studies, in which the ethnic status has shown to be an independent dimension (Murdie 1969), in the Rhine-
Ruhr region, the spatial dispersion of many citizens belonging to ethnic minority groups (here identified by a 
foreign nationality), corresponds with that of low-income Germans, i.e. with indicators of the socioeconomic 
status. The second factor from 2000, therefore, is a combined ethnic/socioeconomic dimension. The third 
factor is a demographic dimension representing the settlement pattern of a young and medium-age urban 
population (18-50 years old), which accumulates both in selected (highly-attractive) central-city quarters (in 
case they have no children) and in outer city/suburban zones (if they have children). All factors are inverse 
older-age dimensions, i.e. families, young professional city-dwellers, low status and minority groups quite 
clearly separated from older-age residents (over 60).  

By 2005, the character of the segregation dimensions had changed. Factors 2 and 3 now correspond with 
the most important dimensions 1 and 2 from 2000. Factor 1 from 2005 is similar to factor 3 from 2000 in so 
far as it represents the distribution of the 18-50 year-olds. In contrast to 2000, however, their settlement pat-
tern now correlates with that of a part of the foreign population, which also gathers in central-city quarters. 
This “urbanity” dimension is particularly part of the urban structure of the Rhinefront sub-region around 
Dusseldorf, Cologne, and Bonn. In fact, in an analysis restricted to the Rhinefront sub-region, this factor was 
already extracted as the most important urban dimension on the basis of the 2000 data (Neumann 2003). In 
the spatial distribution of the population of the Rhine-Ruhr conurbation, agglomeration of younger “urban” 
groups, irrespective of their national status, appears to have gained in importance as a key dimension of the 
shape of urban neighbourhoods, between 2000 and 2005.  

Segregation patterns and population change in different types of sub-city district, 1998-2005 
By a three-step statistical classification (cluster-, k-means and discriminant analysis) on the basis of the 

factor values of the analysis from 2000, six types of neighbourhood were identified (Tables 3 and 4):  
I. central city commercial areas and surrounding neighbourhoods, 
II. heterogeneous mixed residential/commercial areas of the inner and outer urban zone, 
III. inner urban residential areas with a high quality older housing stock and a high-age population, i.e. 

very high share of over 60 year-olds, 
IV. outer city/suburban residential areas with a relatively new housing stock, inhabited by high income 

families, 
V. residential areas of the inner and outer urban zone with a mixed household structure, but under-

average share of families with children, 
VI. inner city areas with (pre- and post-war) low quality housing stock, inhabited by low income and 

minority groups. 
Increasing importance of “urbanity” among the key segregation dimensions matches with a very recent net 
migration to the most central areas of the Rhine-Ruhr conurbation (Figure 1, district type I). This combines 
with a general halt of net migration from the inner to the outer zone of the urban region in the last few years 
(Neumann/Schmidt 2006). 
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Figure 1: Population change in the sub-city districts of the Rhine-Ruhr conurbation 1998-2005 
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Obviously, this migration process is directed at selected central areas of the city centres, but not so much 
at the lower grade centres of type II. While the outer urban/suburban zones of the more affluent German 
families (type VI) continued to gain in population between 1998 and 2002, their number of inhabitants has 
remained relatively stable since then and showed a slight decline in 2005. Apparently, the most recent years 
mark some kind of change among migration processes within this region. However, it is too early to tell if 
this current “back-to-the-city” tendency represents a fundamental reversal of intra-regional migration trends. 

Is there an effect of regional economic change on intra-city differentials? 
Based on the results of the factor analyses from 2000 and 2005, the validity of the assumptions of the 

polarisation hypothesis for the Rhine-Ruhr conurbation was subjected to a more in-depth investigation. The 
effects of the local labour market structure and change on intra-city differentials between neighbourhoods 
were estimated by regression analysis for two points in time, 2000 and 2005. In this analysis, the factor val-
ues derived from municipal data served as indicators of intra-city differentials. No final solution to the 
identification problem concerning the supposed segregation effects of labour market change was provided by 
this approach. Yet, it was examined if the observation of intra-regional differentiation at least will not falsify 
the basic assumptions of the polarisation hypothesis, which assumes an interrelation between tertiarisation of 
regional labour markets and the differentiation between urban neighbourhoods.  

Estimated were the effects of the present degree of labour market tertiarisation, past change in the degree 
of tertiarisation (1970-2000 and 2000-2005) and further structural indicators (unemployment, share of 
foreigners, age structure) on the variation of the factor analytic segregation dimensions in i = 1, …. 922 sub-
districts of 23 municipal territories. The share of (high qualified) employees working in the finance sector 
served as an alternative measure of the regional economy, firstly, because the finance sector is known to be 
one of the driving forces of economic internationalisation and globalisation (Dicken 2003), and secondly, 
because it is a skill-intensive sector and, therefore, represents one of the activities thought to gain in impor-
tance in a “knowledge-based society”.  

It can be assumed that no endogeneity problem emerges in this empirical framework, as there is no rea-
son to suggest that the segregation dimensions, which were measured on a sub-city district level, incorporate 
an effect of the overall structural positioning of the city. Collinearity between regressors was avoided by us-
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ing selected, largely uncorrelated variables. In the 2000 analysis, the effect of longer term economic change 
(1970-2000) was estimated, while in the 2005 analysis, the role of very recent changes between 2000 and 
2005 was examined. 

The results of the 2000 analysis corroborate one assumption of the polarisation hypothesis, as they show 
an effect of tertiarisation on segregation between different types of household (e.g. singles, families with 
children) (factors 1and 3) and socioeconomic groups (factor 2) (Tables 5 and 6). Yet, there was a higher 
influence of labour market characteristics on the demographic than on the socioeconomic structure. As ex-
pected, higher unemployment combined with higher segregation between socioeconomic groups. However, 
an increase in the degree of tertiarisation among cities of the Rhine-Ruhr region between 1970 and 2000 ex-
erted a negative effect on the degree of intra-city segregation. Thus, at least as far as cities in this region are 
concerned, there is no evidence for a causal relation between regional economic change and intra-city 
polarisation in the past few decades. Demographic segregation of the more tertiarised cities here is not an 
effect of the economic restructuring processes the region has passed through since the 1970s. In fact, it is a 
result of the long-term intra-regional differentiation between the “old industrial” northern Ruhr area on the 
one hand and the southern Ruhr and Rhinefront region on the other, in which the service sector in general 
and particularly skill-intensive activities play a more important role.  

The same results are given by the 2000 analysis of the effects of the importance (and change of impor-
tance since 1970) of the finance sector. The presence of this skill-intensive branch exerted a stronger influ-
ence on intra-city differentiation than that of the service sector in general (compare tables 5 and 6). Yet, an 
increasing share of finance sector employees again combined with a decreasing degree of segregation.  

The 2005 results show that intra-city differentiation of the “urbanity” factor increases with general 
“urbanity” of a city, as denoted by a high degree of labour market tertiarisation, a high share of foreigners, 
low unemployment and, particularly, a lack of children. In other words, in cities, which are economically 
successful and characterised by a high importance of skill-intensive services, there is also a relatively high 
intra-urban concentration of the “young urban population”. This is corroborated by the results of the 2005 
estimation for the effects of selected labour market indicators on the intra-city differentials of the demogra-
phy/family status dimension (factor 2). Intra-city differentials of the socioeconomic/ethnic factor (factor 3) 
are less affected by the chosen labour market indicators than those of the demographic/urbanity factors. As in 
2000, higher overall unemployment still combines with a deeper segregation between socioeconomic groups. 
Yet, socioeconomic segregation here is definitely not enhanced by tertiarisation. In fact, there is now a nega-
tive effect of tertiarisation on the spatial separation of socioeconomic and ethnic groups in the Rhine-Ruhr 
conurbation. Very recent (2000-2005) progress in tertiarisation in general appears to have exerted only a mi-
nor influence on intra-city differentials. However, location decisions of the finance sector are more closely 
interlinked with recent segregation processes, albeit not in the way supporters of the polarisation hypothesis 
might expect. Segregation between “young urban people” and other parts of the urban population and be-
tween families and households without children is lower in cities, in which the share of employees in the fi-
nance sector has increased between 2000 and 2005. Yet, in accordance with the polarisation hypothesis, 
socioeconomic segregation (factor 3) is higher in cities with an increasing share of employees in the finance 
sector. When controlling for the role and dynamics of the finance sector, the effect of the overall share of 
foreigners on demographic and socioeconomic segregation appears to be smaller than in the estimations 
incorporating the share of service sector employees in general instead. The finance sector is distributed over 
space more unevenly than the service sector in general and shows a rather strong influence on the differentia-
tion of demographic groups and life-style affiliations (e.g. between families, “young urban professionals” 
and senior citizens). Apparently, the locational variation of this particular branch consisting mainly of high-
qualified employees gives a more precise picture of the impact of economic change on this conurbation than 
the spatial variation of the service sector in general. It shows that the differentiation of economic activities 
indeed is a key influence on the stratification of urban neighbourhoods, whereas the overall amount of 
foreigners is rather a secondary influence, depending on their integration into the regional economy.  
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Conclusions
This paper has examined which residential segregation processes currently shape intra-city differen-

tials in the Rhine-Ruhr conurbation and in what way these processes are affected by regional economic 
change. It has paid particular attention to one of the assumptions of the polarisation hypothesis, which sug-
gests that economic globalisation combines with socioeconomic polarisation. Firstly, analysis of segregation 
dimensions and patterns shows that in this agglomeration, regional economic performance affects intra-city 
differentials, yet on a rather long-term basis. More tertiarised urban economies, which are more deeply inte-
grated in international and global economic interdependences, here show a somewhat different settlement 
pattern to those, which are more engaged in industrial activities. These intra-city patterns, however, have 
emerged over a longer period of time and have not experienced fundamental changes, since the 1970s. How-
ever, the locational variation of the finance sector shows that more recently, increasing importance of knowl-
edge-based activities has been affecting urban labour markets and settlement patterns. Yet, in the results of 
this analysis, there is no evidence suggesting that the shift towards knowledge-intensive branches leads to 
more segregation in cities of the Rhine-Ruhr conurbation. The results of this analysis show that policy con-
cerned with overcoming segregation problems needs to pay attention to the possible implications of demo-
graphic segregation, since it can be expected that – interrelated with urban economic change – these may 
impose new challenges to urban and suburban zones, which so far have been totally unsuspicious of any de-
mand of policy intervention. To give a more precise picture of the global economic influences and individual 
location decisions shaping urban regions today, further research needs to incorporate data covering a larger 
group of regional case studies and a methodically more sophisticated approach using an empirical base, 
which comprises regional statistics and regionalised microdata. This type of research is needed to come to 
more clear-cut conclusions about the strategies of any type of policy, which aims at reducing the potentially 
detrimental effects of segregation on urban and individual performance.  
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ABSTRACT 
In regional research and politics, increasing attention is being paid to the dynamics, effects and political 

implications of urban segregation. In spite of an ongoing academic discussion, so far relatively little evidence has 
been given for a supposed interrelation between global and regional economic change and the composition of ur-
ban neighbourhoods. Using the largest urban agglomeration in Germany, the Rhine-Ruhr conurbation, as a case 
study, this paper examines if there is an interrelation between economic restructuring and urban segregation. Intra-
city differentials and dynamics are analysed on the basis of the regional factor analytic approach. In contrast to 
many previous studies, this factor analytic segregation analysis is taken two steps further. Firstly, it is transferred 
to a regional level, incorporating all of the inner and outer zone of a large urban region. Due to a lack of compara-
tive administrative intra-city statistics, studies of this type are rarely being carried out in Germany. Secondly, it is 
used to examine to what extent observable intra-city differentials can be identified as an effect of regional economic 
performance and change. The results of the analysis show that in the Rhine-Ruhr conurbation, the neighbourhood 
structure of cities is interlinked with its economic position. Yet, no increase in segregation can be attributed to re-
cent economic restructuring of this partly old-industrialised region. The results suggest a high policy relevance of 
demographic segregation processes but relativise the assumption that further integration of urban economies into 
global interdependencies will necessarily result in increasing segregation between socioeconomic and ethnic 
groups. 

Appendix: Tables 

Table 1: Dimensions of intra-city differentiation2 in the Rhine-Ruhr conurbation (2000) 

significancemeasurand 
overall* factor 1** factor 2** factor 3** 

foreign nationals 0.83 0.08 0.88 0.12 
under 18 age Group 0.87 0.92 0.06 0.11 
18-30 age Group 0.81 -0.06 0.77 0.46 
30-40 age Group 0.82 -0.37 0.13 0.81 
40-50 age 0.82 0.33 -0.72 0.43 
above 60 age Group 0.96 -0.49 -0.21 -0.82 
household size  0.79 0.86 -0.19 -0.14 
explained variance 29.7% 28.5% 25.9% 
*communality = variance explained by factor model, values between 0 and 1 possible,  
** factor loadings, values between –1 and 1 possible 
Author´s calculation, data source: AG KOSTAT 

Table 2: Dimensions of intra-city differentiation2 in the Rhine-Ruhr conurbation (2005) 

significancemeasurand 
overall* factor 1** factor 2** factor 3** 

foreign nationals 0.83 0.55 0.09 0.73 
under 18 age Group 0.87 0.16 0.92 -0.01 
18-30 age Group 0.83 0.81 -0.14 0.56 
30-40 age Group 0.82 0.80 -0.41 0.07 
40-50 age 0.91 0.80 0.21 -0.93 
above 60 age Group 0.96 -0.92 -0.35 0.20 
household size  0.79 -0.20 0.84 -0.20 
explained Variance  33.6%   27.5%  25.0% 

*communality = variance explained by factor model, values between 0 and 1 possible  
** Factor loadings, values between –1 and 1 possible 

Author´s calculation, data source: AG KOSTAT 

2 principal component analysis, varimax rotation 
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Table 3: Classification of intra-city district types of the Rhine-Ruhr conurbation by an optimized 
cluster and discriminant analysis on the basis of factor values from 2000 

Cluster Means* 
District type** Factor 1 Factor 2 Factor 3 
I -1.70 0.62 1.38 
II 0.48 0.41 -0.16 
III -0.48 -0.36 -1.43 
IV 1.01 -0.94 0.92 
V -0.36 -0.56 -0.01 
VI 0.62 1.88 -0.04 

*hierarchical clustering of factor values (Ward´s method), subsequently optimised by k-means clustering  
**I = central city commercial area, II = residential/commercial area, III = inner urban residential area with high-age population, IV = outer 
city/suburban residential area of high income families, V = residential area with mixed household structure but few children, VI = residen-
tial area of low income and minority groups
Author´s calculation, data source: AG KOSTAT 

Table 4: Demographic structure of the district types of the Rhine-Ruhr conurbation (2005)  

Types**  

I II III IV V VI Total 

population  1,078,704 3,811,117 841,253 1,242,384 2,281,540 794,554 10,049,552 
thereof (%)        
under 18  12.7 18.6 15.5 19.3 16.7 20.0 17.6
18 – 30 18.4 13.4 11.2 12.4 12.3 17.8 13.7
30 – 40 19.5 13.9 12.7 13.7 13.9 15.3 14.7
40 – 50 15.3 16.0 15.5 17.7 16.6 14.4 16.0
50 – 60 11.4 12.7 13.0 13.5 13.3 11.3 12.5
over 60 22.7 25.4 32.1 23.4 27.3 21.2 25.6
foreigners 17.1 12.5 7.5 7.1 8.1 27.4 12.1
household size 1.6 2.1 2.0 2.3 2.0 2.1 2.1

*categorised by a four-step classification procedure (factor-, cluster-, k-means and discriminant analysis) 

**I = central city commercial area, II = residential/commercial area, III = inner urban residential area with 
high-age population, IV = outer city/suburban residential area of high income families, V = residential area with 
mixed household structure but few children, VI = residential area of low income and minority groups

Author´s calculations, data source: AG KOSTAT  

Table 5: Estimation results3 for the intra-urban heterogeneity of the Rhine-Ruhr conurbation 
2000 (a) 

sF sF2 sF3independent variable 
coeff.4 t-value coeff. t-value coeff. t-value 

tertiarisation 0.52 18.4 0.24 9,3 0,45 14,6 
tert. 1970-2000 -0.33 -11.8 -0.32 -12,3 -0,34 -11,2 

unemployment -0.11 -4.0 0.65 26,7 -0,04 -1,3 
foreigners 0.21 7.8 0.07 2,8 0,06 2,2 
under 18 age group -0.02 -0.9 0.02 0,6 -0,07 -2,3 
adjusted R² 0.38 0.47 0.26 
F 115.0 166.5 65.9 
observations 921 921 921 

Author´s calculations based on Data from AG KOSTAT and Statistics North Rhine-West-
phalia (LDS NRW), italic values significant at 0.01-level

3 OLS regression, sF1, sF2, sF3 = intra-city variation (standard deviation) of factor values (factors 1-3) 
4 partial regression coefficient of standardised variables 
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Table 6: Estimation results for the intra-urban heterogeneity of the Rhine-Ruhr conurbation 
2000 (b) 

sF1 sF2 sF3independent variable 
coeff. t-value coeff. t-value coeff. t-value 

finance sector 0.98 13.7 -0.01 -0,2 0.76 8.1 
 finance 1970-2000 -0.31 -4.3 0.21 2,4 -0.33 -3.4 

unemployment -0.17 -7.1 0.56 19.8 -0.09 -2.8 
foreigners 0.13 5.6 0.09 3.2 0.04 1.3 
under 18 age group 0.00 0.4 -0.00 -0.1 -0.06 -2.0 
adjusted R² 0.57 0.40 0.25 
F 241.1 122.9 60.9 
observations 921 921 921 

Author´s calculations based on Data from AG KOSTAT and Statistics North Rhine-West-
phalia (LDS NRW), italic values significant at 0.01-level

Table 7: Estimation results for the intra-urban heterogeneity of the Rhine-Ruhr conurbation 
2005 (a) 

sF1 sF2 sF3independent variable 
coeff. t-value coeff. t-value coeff. t-value 

tertiarisation 0.51 22.2 0.64 28.6 -0.13 -4.1 
tert. 2000-2005 0.07 3.1 0.08 3.8 -0.01 -0.3 

unemployment -0.20 -9.0 -0.33 -15.2 0.23 8.2 
foreigners 0.34 7.3 0.36 8.0 0.24 3.6 
under 18 age group -7.63 -13.3 -0.51 -11.3 -0.44 -6.8 
adjusted R² 0.55 0.57 0.13 
F 223.2 250.1 27.7 
Observations 922 922 922 

Author´s calculations based on Data from AG KOSTAT and Statistics North Rhine-West-
phalia (LDS NRW), italic values significant at 0.01-level

Table 8: Estimation results for the intra-urban heterogeneity of the Rhine-Ruhr conurbation 
2005 (b) 

sF1 sF2 sF3independent variable 
coeff. t-value coeff. t-value coeff. t-value 

finance 0.58 26.1 0.80 47.5 -0.14 -4.4 
 finance 2000-2005 -0.15 -0.7 -0.27 -16.3 0.37 12.0 

unemployment -0.16 -7.4 -0.21 -12.9 0.14 4.7 
foreigners 0.18 4.0 0.12 3.5 0.25 4.0 
under 18 age group -0.59 0.4 -0.25 -7.4 -0.48 -7.7 
adjusted R² 0.60 0.40 0.24 
F 282.5 122.9 57.9 
observations 922 922 922 

Author´s calculations based on Data from AG KOSTAT and Statistics North Rhine-West-
phalia (LDS NRW), italic values significant at 0.01-level
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INTRODUCTION  

Migration, the change of the place of usual residence of a person, is a key class of events within the domain of 
demography.  Demography is the science that studies how populations are affected by the occurrence of demographic  
events in the course of the life histories of population members.  Populations tend to be internally heterogeneous, and 
demography handles such heterogeneity commonly by subdividing a population into internally more homogeneous 
cohorts which are studied individually, and which may be reassembled into populations.

Other well-known demographic events are the event of giving birth and the event of dying.  Formally, processes of birth, 
death and migration are similar.  All are concerned with a specific status of cohort members, such as the life status, the 
fertility status, and the migration status.  Each such status is classified into a set of non-overlapping demographic states, 
a categorical variable, and the study then focuses on demographic events, defined as changes in the state-value of cohort  
members over age and time.

For example, in the case of mortality, the life status of cohort members is the key area of study.  It can be classified into 
two non-overlapping states, the alive state and the death state, and the events occurring to cohort members are defined as 
a change in the value of the categorical state variable taken by cohort members.  These events are then observed as a 
function of time as cohort members progressively age.  Empirically, changes from the death state to the alive state have 
turned out to be uncommon, and this class of events is generally ignored by demographers.  Historically, this has always 
simplified the study of mortality.  As a consequence, however, it has also obscured the generality of the approach. 
Further, since the event of dying is taken as occurring only once in a lifetime, the number of events of dying and the 
number of deaths among cohort members over age and time are identical.  Again, historically, this has led to an 
indifferent approach where persons and events tend to be poorly differentiated.  This has further contributed to obscuring 
generality.

In the study of migration, the migration status takes centre stage.  This status is classified in demographic states defined 
in terms of non-overlapping migration defining areas (MDAs).  Here, a demographic event is defined as a change in the 
place of usual residence of a cohort member from one MDA to another.  A common shorthand expression is a 
(migratory) move, and collectively moves specified by direction are called flows.  MDAs can be defined as geographical 
subsets of one country or of more countries, and from a formal analytical point of view there is no difference between 
internal migration and international migration.

Empirically, migration differs from mortality in two important ways:  In principle, the events can take place in any 
direction between all states (MDAs) distinguished, and events can occur more than once in the life history of a cohort 
member.  Methodologically, this has two consequences.

First, it is therefore important to differentiate cohorts not only by the common demographic criteria such as age at some 
given point in time and by sex, and possibly by any other covariates of interest, but also by place of usual residence,  
classified by MDA, at some given point in time.  The focus of the study of migration then is on the trajectories (the paths) 
taken by the members of such a cohort across the set of MDAs as age and time progress.

Second, unlike in the case of mortality, it is essential to distinguish between events (moves) and persons (migrants). 
While, as we shall see, in proper cohort analysis the numbers of persons (migrants) involved can be deduced 
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unambiguously from the number of events measured, it will be obvious that the reverse does not hold true.  Because 
migration is a potentially recurring event in the life history of persons, the knowledge of the number of migrants in a 
cohort does not, generally, allow any inferences about the number of events (moves) that have occurred.  Thus, counting 
persons (migrants) as the point of departure for the measurement of migration will necessarily leave the process of  
migration experienced by a cohort, and thus by a population, obscure.

Yet, in the actual practice of the measurement of migration, counting persons (migrants) is an extremely common 
approach.  Well-known examples are:  persons classified by place of birth;  persons classified by place of usual  
residence at some fixed point in time in the past;  persons classified by nationality or by citizenship.  In all such cases, the 
"migrant status" is inferred from the measured covariate (place of birth, place of usual residence at a given earlier date, 
citizenship, nationality), given the current place of usual residence.  Measuring such covariates is an inevitable necessity 
when counting persons, since the demographic events themselves are not measured.  And, importantly, as a 
consequence, the underlying migration processes themselves are never observed, nor can they ever be inferred.

There is one further point of interest for the measurement and analysis of migration.  Empirically, individual migration 
behaviour is a phenomenon that tends to be strongly related to a person's life cycle, often with relatively high intensities 
around ages [15, 25), with moderately high intensities around the retirement age, and with a family life cycle-dependent 
relatively high intensity at the youngest ages.  At the same time, factors affecting migration behaviour are very much 
related to socio-economic, cultural and sometimes political conditions, conditions which are decidedly less than stable 
over time.  This reinforces the need to emphasize the core paradigm of demography as a science essentially concerned 
with cohort behaviour, that is, with the study of demographic events in the life histories of cohorts.

The history of demography as a science owes much to actuarial studies.  Although the origins of actuarial science, laid in 
the 17th century by De Witt1, are firmly centred on cohort analysis, this approach has subsequently been corrupted: 
Empirical data from younger and older cohorts at a single given point in time were assembled in period life tables, and it 
became common to present this cross-sectional mixture of demographic behaviours as the "actual" behaviour of a single, 
albeit -- formally -- synthetic, cohort.  Such period life tables were commercially attractive in the life assurance business 
in the face of gradually declining mortality intensities due to better sanitation and health care over the insured life:  They 
tended structurally to exaggerate the actual lifetime risk for lives that were young at the time of entering into a contract, 
allowing the setting of de facto inflated premiums.  And at the same time they provided a practical -- and to the 
premium-paying layman an impressive -- semblance of certainty in the face of uncertain lifetime risk intensities in the 
future.  It is a certainty which, however, cannot be verified, let alone be falsified, and which therefore has no empirical 
basis in science.

In fact, from a methodological point of view there are, of course, no grounds in general which could justify the 
assumption that such a synthetic cohort would represent the behaviour of any actual empirical cohort over its lifetime. 
Yet the period approach to life table construction has de facto been adopted widely as an established empirical approach 
in the formation of demographers and in applied demographic practice.

As we shall see, the key underlying principles encountered in life table construction are elementary to the measurement 
of all demographic events and processes, not only in the study of mortality but equally in the study of, for example, 
migration and fertility.  While trends over time in mortality intensities by age may be relatively slow, somewhat 
mitigating the error committed by taking a synthetic cohort as representative of actual empirical cohorts, this does not 
hold true in the case of fertility, and even less so in the case of migration.  Hence, adopting a rigorous cohort  
perspective in the methods of measuring migration is essential.

In the next section, we shall very briefly explore the demographic theory underlying general demographic measurement 
methodology.  This is useful, since it places the well-known concept of the life table in its proper perspective, and it 
reinforces the connection between demographic measurement and the principles of life table construction.  And in so 
doing, the next section presents the basic framework for the applied measurement of migration in a context familiar to all 
demographers.

DEMOGRAPHIC THEORY  

The power of demography rests on a quite elementary and simple unifying mathematical theory.  While this theory is 
rarely made fully explicit from first principles, its postulates and its derived results underlie both classical and multistate 
demography.  Briefly summarized, we have the following theoretical construct.

1 De Witt, Johan (1671) Waerdye van Lyf-renten naer Proportie van Losrenten (The Value of Life Annuities Relative to  
Redemption Bonds). Agenda item in: Resolutiën van de Heeren Staten van Holland en West-Friesland (Resolutions of the 
Assembly of Deputies of Holland and West-Friesland)

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 408 -



Consider a state-specific cohort.  This cohort is subject to demographic forces.  A demographic force is denoted in 
general by μ.  Such forces are elementary concepts that are unspecified except that they be non-negative real-valued 
continuous functions of time and age.  They are taken as the generators of demographic events.  Thus, for example, the 
cohort-specific force of mortality to which a cohort in the alive state is subject, is the generator of the events of dying 
experienced by the cohort as age and time progress.  Similarly, the cohort- and trajectory-specific force of migration 
generates the migratory events (moves) experienced over age and time by the cohort on that trajectory.  As mentioned, 
demographic forces μ are continuous functions of time and age.  In the case of migration, notationally specifying forces 
by cohort, by trajectory, and possibly by any further cohort-specific attributes such as sex, helps avoiding ambiguity.  In 
practice, however, much can usually be inferred from the context of application, and for a cohort of a given age at 
benchmark point in time t = 0, a time variable t often suffices.

We then specify no more than merely the following three axiomatic postulates:
P1(t, t+Δt) = μ(t)∙Δt + o(Δt) (1)
Pn >1(t, t+Δt) = o(Δt) (2)
Pn2 | n1(t2, t2+a2; t1, t1+a1) = Pn2(t2, t2+a2) ,  [t1, t1+a1) ∩ [t2, t2+a2) = Ø , (3)

where P denotes the probability that a cohort member experiences the indexed number of events on the time interval 
specified as its argument (that is, in its brackets);  where Δt denotes a short time interval;  and where the function o(Δt) 
vanishes asymptotically as Δt approaches zero.

Formulated simply, postulate (1) states that the probability to experience one event (to make a single move in the case of 
migration) on the Δt-wide time interval ranging from t to t+Δt is approximately equal to the magnitude of the 
demographic force that operates at time t (and the corresponding age), multiplied by the width Δt of this time interval 
(the length of the period of operation of the force, or the duration of the exposure to the force);  and that this 
approximation becomes better and better, the shorter the length Δt of the time (and age) interval considered.  Postulate 
(2) effectively implies that demographic events are mutually exclusive when the time interval Δt approaches zero.  For 
example, in the case of migration, it excludes that a cohort member makes two distinct moves simultaneously.  Postulate 
(3), finally, states that the numbers of events, n1 and n2 , respectively occurring in any of two non-overlapping or disjoint 
time intervals are stochastically independent.  These three postulates cast the frequency of the occurrence over time (and 
age) of the event in question among cohort members as a stochastic Poisson process, one of the well-known counting 
processes of numbers of events occurring over time

From an empirical demographic point of view, the first two postulates are entirely reasonable.  Postulate (3), however, is 
restrictive since it describes the demographic process as non-hereditary or memory-less.  It implies, for example, that 
information on cohort behaviour on past intervals of time and age does not contribute to improving predictions made 
about behaviour on any subsequent intervals.  Empirically, this is, of course, not in general reasonable.  One approach to 
meeting this objection then is weakening (relaxing) this third postulate.  However, the inevitable consequence is that then 
the mathematics underlying demographic analysis very quickly become so complex that common data sets all too soon 
prove insufficiently informative to calibrate the theory.  Thus, while the theory would gain in terms of face validity, its 
operationalization would quickly become impossible.  (Also, most of modern demographic analysis tacitly assumes 
postulate (3).  So, a reformulation of this postulate would render demographic analysis as we know it today obsolete.) 
The alternative is to do what generations of demographers have been doing as a matter of course:  That is, to attempt to 
eliminate heterogeneity in demographic behaviour -- such as, here, in historical behaviour -- by subdividing 
(partitioning) heterogeneous cohorts into internally more homogeneous subcohorts.  Statisticians refer to this as 
controlling for such historical behaviour.  In the case of migration, this may, for example, mean distinguishing between 
cohorts not only on the basis of age, sex, and MDA of origin, but also on the basis of relevant characteristics of one or 
more prior trajectories experienced.  Thus, for instance, when studying the migration from India to the United Arab 
Emirates of, say, a female cohort that is aged [20, 25) at benchmark time t = 0, then heterogeneity as to historical 
migration behaviour may be reduced or even eliminated by differentiating within this cohort on the basis of the 
characteristics of earlier India-UAE and/or other migration behaviour experienced.  Such subcohorts may then be 
analysed separately, significantly mitigating the restrictive nature of the third postulate.

From these three postulates it follows directly that the probability Pn(t) of exactly n events, such as n moves, occurring to 
a cohort member during the time interval [0, t) is given by
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a result that is elementary to prove by induction.  Thus, the probability P0(t) of exactly zero events on the time interval 
[0, t) equals
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Further, a key result under these three postulates is that locally around any value of t, the demographic force μ(t) 
asymptotically approaches the instantaneous demographic rate (or the intensity of the demographic process).  The proof 
of this theorem is again elementary and also left to the reader.  Thus, we also have an unambiguous physical 
interpretation of the hitherto undefined concept of a demographic force:  For example, the force of migration at any 
point in time t is equal to the instantaneous migration rate, or the migration intensity, at that point in time t.  In practice, 
therefore, we can often use these two terms of demographic force and of instantaneous rate or intensity interchangeably, 
and henceforth we shall do so.

It also follows that if we have a cohort of size K(0) at benchmark point in time t = 0, then the number of members K0(t) 
that will have experienced zero demographic events by point in time t is given by

))(exp()0()()0()(
0

00 ∫−=⋅=
t

duuKtPKtK µ  . (6)

Clearly, K(0) is merely a shorthand notation for K0(0).  Readers familiar with mathematical demography will 
immediately recognize equation (6) from life table analysis, stable population analysis and other population modelling. 
In, for instance, life table analysis it is encountered as the equation that describes survival (zero events of death having 
occurred among cohort members) from an arbitrary exact starting age x1 to exact age x1+t.  Commonly in a life table the 
symbol ℓ (for lives) is used instead of K;  the exact age for the start of the analysis x1 is often taken as zero, so that 
K(0) = ℓ0 (also called the radix);  and the width of the time interval then is usually expressed in terms of exact age x 
(rather than time t), allowing one -- reckoning from exact age zero -- to write ℓx for K0(t).  Note, incidentally, that 
postulate (3) implies that we are free to set our benchmark point in time t = 0, the departure time point for our analysis, 
to correspond with any exact age of the cohort under study.

Importantly, equation (6) is a general result, in that it applies not only to mortality but to all classes of demographic 
events, including migration and fertility.  It is a key equation for demographic measurement, and we shall explore this 
next.

DEMOGRAPHIC MEASUREMENT  

As we can see from equation (4), all demographic processes are fully characterized if and only if the demographic force 
μ(t) is known.  Thus, demographic measurement -- be it of mortality, fertility, migration or whatever other demographic 
process -- fundamentally centres on finding a calibrated expression for μ(t).

The actuarial science-derived "textbook approach" to empirically observing μ(t) almost universally instilled in 
demographers involves a number of steps.  We very briefly discuss the well-known case of mortality and the 
construction of classical life tables by way of example, omitting some refinements which are sometimes made.  First, 
empirical annual mortality rates Mx are obtained for a succession of cohorts throughout the age range in a given year. 
Commonly, these rates are evaluated by dividing the observed numbers of deaths by some measure of the exposure (the 
number of person-years exposed to the risk of dying).  Two common approximations of the exposure are the mid-year 
cohort size and the average of the year-start and year-end cohort sizes.  Not seldom, however, are cohorts improperly 
identified here, and the exposure of each cohort itself then is incompletely assessed while instead a part of the exposure 
of the two adjoining cohorts is included.  Also, in applied practice, the observed occurrences of deaths are sometimes 
incorrectly allocated to cohorts.  Next, the instantaneous mortality rates μ(t) are assumed to be piecewise stationary 
(constant) on successive age intervals.  That is, it is approximated that locally μ(t) = μ.  Equation (5) then simplifies to

tetP ⋅−= µ)(0
 . (5a)

Next, in practice, for each individual age interval the RHS of survival probability equation (5a) is often approximated by 
1 − μ / (1 + ½ μ) = (1 − ½ μ) / (1 + ½ μ), usually with refinements for the youngest and oldest age intervals.  Such 
approximations, implicitly assuming linear exposure, are very poor.  Of course, with today's calculating power they are 
also unnecessary and obsolete.  Then, in yet a further approximation, the empirically observed annual rates Mx are 
substituted for the stationary instantaneous rates μ, and finally the synthetic cohort ℓx is constructed -- using a piecewise 
approach -- by multiplying the successive approximate survival probabilities P0(t), commonly written as px, just obtained.

This approach is problematic methodologically, and in addition it does not maximize the informative power inherent in 
demographic theory and in data sets commonly available.  Some of the problems we have already discussed.  This 
includes in particular the treatment of period (cross-sectional) data as cohort data.  Although it may be true that the 
resulting cohort ℓx is correctly characterized as synthetic, there is little if any methodological justification in interpreting 
the findings, such as life expectancies, as information pertaining to some actual empirical population.  Yet, as an applied 
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science, demography's objective is to produce just such information.

Another major problem normally overlooked is also methodological.  Specifically, the observed annual rates Mx are not 
usually properly defined as occurrence / exposure rates.  Even if the observed numbers of occurrences of events of dying 
are correctly allocated to the proper cohorts, then there often remains a fundamental problem in the way the exposure is 
measured.  Mathematically, of course, the exposure is an integral function of equation (6).  (In common life table 
notation this integral of ℓx is denoted by capital Lx.)  As we can see from equation (6), this exposure is a function of the 
instantaneous rate μ(t).  In other words, in order to evaluate the empirical annual rate Mx, we first have to know the 
instantaneous rate μ(t) itself.  There is little doubt that this is one reason why crude approximations of the exposure, such 
as the mid-year cohort size, remain popular.  In evaluating the set of Mx, one could, of course, assess the empirical 
exposure correctly, by summing the actual periods of time lived both by the survivors (one full year each) and by the 
deceased (parts of the year, varying from deceased to deceased depending on the date of death) during the year of 
observation.  However, this is not standard practice.  And even if this were done, then one still obtains only stationary 
(constant) annual rates Mx for each cohort, and not demographic theory's instantaneous rates regimes μ(t), that is, 
proper cohort rates functions which, by being continuous functions of time and age, are much more informative.

In summary, as we have seen in the case of mortality, such traditional methods of demographic measurement are 
methodologically flawed and empirically poor:  Often the rates Mx used as the basic empirical input are conceptually 
improperly defined, and never do they result in the full informative value inherent in demographic theory and in common 
data sets.  These problems are yet more acute when such methods of measurement are translated into the areas of 
migration or fertility.  These are demographic processes characterized by considerably greater dynamism from cohort to 
cohort and from time to time than mortality, and in addition they are processes where the events are potentially recurring 
during the life history of individual cohort members.

The obvious approach to demographic measurement is instead to abandon the use of empirical annual rates of the type 
Mx altogether:  Recalling that the essence of demography is the study of demographic events in the life history of 
cohorts, the key to measurement is to chart exactly that.  Thus, instead of observing period rates, for individual cohort 
members one directly observes the underlying durations from the benchmark point in time t = 0 until the occurrence of  
the event under study or until the end of the observation period, whichever comes first.  For, for instance, a given birth 
cohort in the case of mortality, this is the exact number of years lived by each cohort member until death or until the end 
of the observation time interval, whichever comes first.  (It is useful to compare this with our discussion, above, of the 
measurement of the exposure in traditional Mx rates.)  In the case of migration and for a cohort, say, aged [20, 25), this is 
the length of time elapsed until the event of interest or until the end of the period of observation, whichever comes first. 
Depending on one's focus, the event of interest here may be the first move, but it may also be a higher order move.  Such 
duration data translate directly into the cohort size unaffected by the event as time and age progress.  In other words, we 
directly obtain a monotone decreasing sequence of data points representing the numbers of cohort members that have not 
(or not yet) experienced the demographic event in question.  In the familiar case of mortality, these are the empirically 
observed numbers of survivors as age and time progress, that is, they are alive-state (or, more generally, origin-state)  
attrition data.  Thus, such a data set represents proper actual empirical cohort data, rather than synthetic cohort data.

In the case of migration (and in most other cases, such as fertility), the cohort in question will also have been subject to 
exposure to the competing risk arising from the simultaneously operating force of mortality over its observed life history. 
Consequently, in order to obtain data reflecting exclusively the process of migration, the observed origin-state attrition 
data must be adjusted for the effect of this competing risk.  This is commonly achieved by a standard reverse survival 
procedure, using available information on the cohort's mortality schedule.

The resulting sequence of observed data points is the empirical manifestation of K0(t) in equation (6) of demography's 
mathematical theory.  Since the demographic behaviour of the cohort as embodied in equation (6) is exclusively 
determined by the demographic force μ(t) governing the process in question, or, equivalently, by the instantaneous rate 
μ(t), we now have the empirical information enabling us to quantify this instantaneous migration schedule μ(t). 
However, here we are faced with what initially might seem a difficulty.  As we have seen, demographic theory leaves 
the functional specification of instantaneous schedules μ(t) undefined:  It does not prescribe one or more particular 
classes of functions, except that they be continuous real-valued and non-negative.  Also, empirical research over the 
years has never convincingly succeeded in producing any generally-valid functional specifications for mortality, fertility 
or migration schedules which adequately capture the lifetime mortality, fertility or migration experience exhibited by 
human cohorts.  In such cases, a common standard operational approach in science is piecewise polynomial 
approximation:  Rather than trying to specify some single lifetime mathematical form for μ(t), we partition the interval of 
observation into subintervals such that a comparatively simple polynomial function adequately captures the demographic 
behaviour locally on each subinterval.  In empirical practice in the case of migration, the following rule of thumb is 
generally satisfactory:  subintervals not exceeding 5-years in width, combined with cubic or quartic polynomials.  (On 
many age ranges, quadratic and sometimes even linear polynomials may already give reasonable to good results.)
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For example, in the case of a cubic polynomial specification of μ(t) on a piecewise observation interval, we have
μ(t) = β1 + β2t + β3t2 + β4t3 . (7)

Integrating (7) over time interval [0, t), we obtain:
∫ μ(u)du = β1t + ½β2t2 + ⅓β3t3 + ¼β4t4 . (8)

Next, substituting (8) in (6) gives:
K0(t) = K(0)exp{− (β1t + ½β2t2 + ⅓β3t3 + ¼β4t4)}. (9)

Writing exp(β0) for K(0), writing exp{y(t)} for K0(t), and taking logarithms, we finally have
y(t) = β0 − β1t − ½β2t2 − ⅓β3t3 − ¼β4t4 , (10a)

or, more clearly identifying the independent variables of the RHS in brackets, and therefore more conveniently
y(t) = β0 + β1(−t) + β2(−½t2) + β3(−⅓t3) + β4(−¼t4) . (10b)

When we now also take logarithms of our empirically observed origin-state attrition data, then the issue of 
methodologically sound and maximally informative demographic measurement in, for example, the case of migration, 
simply reduces to estimating the coefficients of equation (10b), given the empirical log-data, that is, given the logarithms 
of the data points representing the number of cohort members not (or not yet) having left (or, more informally, still 
remaining in) the MDA of origin as age and time progress.  Statisticians often refer to this procedure loosely as "curve 
fitting".  In the case of a complete enumeration, one can use ordinary least-squares estimation well-known from text-
book multiple regression analysis.  When the empirical data have been obtained using random sampling, then maximum 
likelihood estimation is the recommended procedure.  Such estimation procedures can be performed as a matter of 
routine using any well-validated statistical software application.  Next, the resulting values for coefficients β1, β2, … can 
then be substituted in equation (7), giving the desired instantaneous migration rates     μ  (  t  ) as a   continuous function of time   
and age on the piecewise observation interval.  Finally, recalling that K(0) = exp(β0), trajectory-specific absolute  
numbers of migrants among cohort members (absolute flows and stocks) can be obtained as a continuous function of  
time and age on any time interval [t1, t2) using equation (9) by evaluating the difference K0(t1) − K0(t2).

Note, that, even if traditionally measured empirical annual rates for migration of the type Mx could be obtained in a 
manner that were methodologically sound, then they would still only describe migration rates as constant (or as 
piecewise constant) on the given age range.  Contrary to the intensity functions μ(t), they would not be able to give an 
accurate representation of the actual full dynamics over time and age in the migration process of each cohort.

Finally, we mention that it is common that empirical data on recent migrants are of a comparatively poor to very poor 
degree of completeness.  There are several reasons -- such as administrative, socio-economic, cultural, and legal -- why 
recent migrants are disproportionally difficult to observe empirically.  However, the longer a migrant remains in his or 
her destination place of residence, then -- at least from a data collection point of view -- the less the person in question 
will differ from a longer-term resident.  And thus, for example in a population census where migratory events are 
recorded by questioning after the event (retrospective questioning), the disproportionality in the "capture-rate" between 
migrants and non-migrants within an MDA will vanish with increasing length (duration) of residence.  This 
disproportionate degree of incompleteness in the enumeration or registration of recent arrivals is often so serious that in 
the above coefficient estimation procedure data points for the shortest residence durations at the time point of empirical  
observation, that is, data points reflecting the most recently arrived migrants at that time point, have to be discarded. 
Once the coefficients have been estimated without the use of these recent data points, and again recalling that 
K(0) = exp(β0), then the incompletely observed data on absolute numbers of recent arrivals can be adjusted using 
equation (9) above.  We shall see an example of this in the analysis presented in the next section.

APPLIED MEASUREMENT USING POPULATION CENSUS DATA  

For most countries, particularly in the developing world, the periodic population and housing census is the prime -- if not 
the only -- source for a comprehensive data set on migration.  At the time of writing, preparations for the 2010 global  
round of population censuses are well under way, and several countries have in fact already taken their "2010" census.  If 
the approach adopted to the measurement of migration in this census is methodologically or operationally flawed, then 
this effectively means that a country will have to wait until the 2020 round when it will first be able to collect a new data 
set that does allow meaningful and informative analysis of ongoing migration processes.  Thus it is important that these 
issues are given careful consideration in the preparations for the present census round.

As we have seen, the measurement of migration fundamentally centres on establishing the timing, origin and destination 
of migration events (moves) in the individual life histories of cohort members.  As mentioned, in a population census, 
such information is obtained by retrospective questioning.  An associated benefit of retrospective questioning is that life 
history data of respondents are obtained direct, so that migration event histories along cohort lines can be assembled 
unambiguously.  The standard census question allowing the recording of the required information for the most recent 
migratory event is the question on the duration of residence.  In the absence of this (or an equivalent) question, it is  
impossible properly to measure migration processes.  Further, in order to establish the trajectory involved in this move, a 
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companion question should be asked on the associated previous place (or, for international migration:  country) of usual 
residence.

Such questioning can be extended to prior events, and for a more informative insight into ongoing migration processes a 
key recommendation is that questioning be extended to capture   at least the two most recent events (moves)  , rather than 
merely the single most recent one.  This is essential for exploring crucial issues such as temporary migration, short-term 
migration, frequent migration, and migration trajectories, including for example circular and return migration. 
Methodologically inferior and informationally poor measurement instruments, including person-centred questions, such 
as those questions designed to classify persons by their place of usual residence at some fixed point in time in the past, 
should be abandoned in favour of such event-centred questioning.

Retrospective census data on residence durations are typical in that in-migrants into the MDA of enumeration are 
observed.  As we have seen, however, demographic theory is formulated in terms of attrition of cohort numbers resident 
in an MDA as a consequence of outmigration.  This paradox is easily resolved by the device of time reversal.  Imagine, 
for instance, that the process of "border" crossing (the migratory events) by arrivals from one MDA into another had 
been filmed in real time.  The film would then show the increments, as age and time progressed (increased) up to the 
point in time of the census enumeration, to cohorts resident in the MDA of destination as a consequence of in-migration. 
Now, if we then play this film backwards, then we actually see the very same process but this time as decrements 
gradually depleting the cohorts resident in the MDA of destination as time and age progress backwards (decrease) from 
the time point of the census enumeration.  Thus, for example, by reversing the order of time we obtain instantaneous 
migration rates μ(t) that actually are inmigration rates, but which have merely been measured technically as if they were 
outmigration rates.  It is important to realize that, as a consequence of this device of time reversal, a time point, say, t = 3 
in any equation refers to a point in time 3 years prior to the enumeration.

This concludes our overview of methodological issues.  Next, we briefly present selected results from a population 
census, namely the 1970 Thai Population and Housing Census.  The data are for migration into Bangkok from the rest of 
the Kingdom for the male cohort aged [20, 25) at the time of the enumeration (t = 0).  Observed residence durations at 
t = 0, and therefore reflecting the most recent move only, are classified in 0.5-year wide categories2 and are available for 
up to 5 years prior to t = 0.  Consequently, recalling our above rule of thumb, we only have one single 5-year wide 
piecewise interval of observation.  The following table and graph present both the observed data and the measurement 
results.

TABLE 1    The Measurement of Inmigration into Bangkok:  Male Cohort Aged [20, 25)
at the Time of the Census  (Cohort Sizes and Migrant Numbers × 100)

2 Note:  Residence duration data specific by one-year wide time intervals (and thus, implicitly, the derived K0(t) data at the 
annual time points) were empirically observed in the census.  Each of these observed annual categories was subsequently 
broken down into two semi-annual categories -- using 3rd-degree polynomial interpolation on the cumulated data -- as part 
of wider research into the measurement of urbanization in Thailand at the request of Thailand's National Economic and 
Social Development Board in 1982.  The data disaggregated by these semi-annual residence duration categories are 
presented here under the table heading "Observed Migrants on [t, t+0.5)".  However, only the underlying original residence 
duration data by annual categories [0, 1), [1, 2), …, [4, 5) constitute official Thai government statistics.
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FIGURE 1    The Measurement of Inmigration into Bangkok:
Male Cohort Aged [20, 25) at the Time of the Census

Observed Data Points (t, ln(K0(t))  and  Best-Fit Curve for Cubic μ(t)

It will be clear from both table 1 and graph 1 that the quality of event recording on the residence duration interval [0, 1) 
has been highly defective.  As discussed, we therefore omit the data points for this interval in the least squares coefficient 
estimation procedure, using only the nine data points available on the interval [1, 5).  The resulting functional 
specification of μ(t) as a cubic polynomial proves to give an excellent representation (R2 = 0.999998, or 99.9998%) of 
the underlying force of migration, and consequently of the equivalent instantaneous inmigration rates of the cohort 
under study as age and time progress (decrease).

This excellent fit also results in a very close agreement between the observed and expected absolute numbers of cohort 
members by duration of residence (migrant stock and flow data) over the interval of observation.  The major exception 
here is the [0, 1) residence duration category.  This is not surprising, given the poor quality of the empirical data for this 
category:  Here we see high levels of recency-related (that is, migration-specific) incompleteness in the enumerated data. 
According to the results obtained for this group, {(87.8 + 75.8) – 52.1} / (87.8 + 75.8) = 0.68154, or nearly 70%, of  
these recent migrants have been missed in the census.  Finally, we note that table 1 gives migrant stock and flow results 
at the listed discrete time points only.  As discussed, full migrant stock and flow results expressed as a continuous 
function of time (and thus also of age) on any time interval [t1, t2) can be obtained using equation (9) by evaluating the 
difference K0(t1) − K0(t2).  This concludes our discussion of the empirical findings, and further interpretation of these 
results is left to the reader.

In 1970, the United Nations published its highly influential manual on the measurement of migration3.  This state-of-the-
art manual was limited to internal migration.  It was strong on indirect estimation, albeit in a person-centred rather than 
an event-centred approach, unable to capture actual migration processes.  In terms of the direct measurement of 
migration processes, however, it unfortunately lacked the methodological and analytical framework that would have 
allowed it to transcend beyond the level of simple description.  Since that time, the field of the measurement of migration 
has witnessed significant development.  This present paper merely highlights the key principles of modern migration 
measurement.  Measuring ongoing migration processes in applied contexts in a manner that is methodologically sound, 
statistically and demographically consistent, and maximally informative, involves a range of more detailed further issues, 
both of a methodological nature and of an operational nature.  The issues discussed in the present paper are treated in a 
broader context and in more detail in Xu-Doeve (2007)4.  For a more comprehensive resource on the measurement of 
both internal and international migration processes, the reader is referred to Xu-Doeve (2006)5.  This book deals in depth 
with the key topics, ranging from empirical context, current practice, demographic theory, data specifications, data 
sources, data collection procedures, demographic measurement, and the estimation of and adjustment for 
underenumeration, to numerical analysis, data processing, and appropriate information systems design.

3 United Nations (1970) Manual VI. Methods of Measuring Internal Migration. United Nations
4 Xu-Doeve, W L J (2007) The Basic Principles of the Measurement of Migration Using Population Censuses. Paper 

presented at the International Conference on Migration and Development (the Fifth Valentey Lecture, Lomonosov Moscow 
State University), Moscow, 13-15 September 2007

5 Xu-Doeve, W L J (2006) Methods of Measuring Internal and International Migration. ANRC Publishing. ISBN-13: 
978-90-8802-001-8
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Modeling Stock Trading Day Effects Under Flow Day-of-Week Effect

Constraints

Findley, David
U.S. Census Bureau, Statistical Research Division
Washington D.C. 20233, U.S.A.
E-mail: david.f.findley@census.gov

Monsell, Brian
U.S. Census Bureau, Statistical Research Division
Washington D.C. 20233, U.S.A.
E-mail: brian.c.monsell@census.gov

1 Introduction

The article Cleveland and Grupe (1983) and the research reports Bell (1984, 1995) develop trading
day regressors for use in RegARIMA models of end-of-month stock series. Their different regressors
are derived from the flow series trading day model of Bell and Hillmer (1983). This is the model that
underlies the flow series trading day adjustment models of the seasonal adjustment programs TRAMO-
SEATS (Gómez and Maravall, 1997) and X-12-ARIMA (Findley, Monsell, Bell, Otto and Chen, 1998),
and Bell’s day-of-week effect regression model for stock series is the stock series trading day adjustment
model of X-12-ARIMA. In this article, in Section 2, we derive the invertible linear relation between
flow and stock day-of-week-effect regression coefficients and apply it to show how flow day-of-week
effect constraints can be imposed upon the stock day-of-week coefficients. As an illustration, in Section
3.1 a new one-coefficient stock trading day regression model is derived from the constraints that give
rise to the one-coefficient weekday-weekend-contrast flow trading day model of TRAMO-SEATS and
X-12-ARIMA. Section 4 describes how this new model was applied with considerable success to the
manufacturers’ inventory series of the U.S. Census Bureau’s M3 Survey. Some extensions of our
procedures, for example to stocks that are not end-of-month stocks, are described in Section 5, where
use is also made of Cleveland and Grupe’s model.

2 Formulas Relating Flow and Stock Coefficients

With i = 1, . . . , 7 indexing Monday through Sunday, and with t = 1, 2, . . . , T indexing the successive
months of the span of interest for a monthly time series, let Xt (i) denote the number of times the
i-th weekday occurs in month t. Then

∑7
i=1 βiXt (i) is the basic formula for flow series trading day

effects underlying the regression model components of regression-plus-ARIMA disturbance models
(regARIMA models) used to estimate such effects; see Bell and Hillmer (1983). To derive specialized
models for differing situations,

∑7
i=1 βiXt (i) is decomposed into day-of-week and length-of-month

effects: Setting β̄ = 1
7

∑7
i=1 βi, β̃i = βi − β̄ and mt =

∑7
i=1 Xt (i) (the length of month t), we have

(1)
7∑

i=1

βiXt (i) =
7∑

i=1

β̃iXt (i) + β̄mt,

with

(2)
7∑

i=1

β̃i = 0.
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From (1)–(2), Bell (1984, 1995) derived regression models for the cumulative end-of-month stock
trading day effects

(3)
t∑

j=1

7∑
i=1

βiXj (i) =
t∑

j=1

7∑
i=1

β̃iXj (i) + β̄

t∑
j=1

mt.

The day-of-week component of Bell’s model was derived from the day-of-week component of (1),

(4)
7∑

i=1

β̃iXt (i) =
6∑

i=1

β̃iX
∗
t (i) = X∗t β̃,

with X∗t (i) = Xt (i) − Xt(7), i = 1, . . . , 6, X∗t =
[

X∗t (1) X∗t (2) . . . X∗t (6)
]
, and

(5) β̃ =
[

β̃1 β̃2 . . . β̃6

]′
.

To present Bell’s day-of-week effect formula, for k = 1, . . . , 7 we define It (k) = 1 if the day
associated with the observed stock in month t is the k-th weekday, and It (k) = 0 otherwise. Let k0

be the index of the stock observation day in the month preceding month 1. The derivation on pp. 5–7
of Bell (1984) shows that the level-neutral day-of-week effect of (3) is given by

(6)
7∑

k=1

γ̃kIt (k) ,

with γ̃k = γk − γ̄ and γ̄ = 1
7

∑7
k=1 γk, where the coefficients

γ7 = −
k0∑
i=1

β̃i,(7)

γk =
k∑

i=1

β̃i + γ7, k = 1, . . . , 6,(8)

are such that
∑t

j=1

∑7
i=1 β̃iXj (i) =

∑7
k=1 γkIt (k) =

∑7
k=1 γ̃kIt (k) + γ̄. Since

(9)
7∑

k=1

γ̃k = 0,

setting I∗t (k) = It (k) − It (7), k = 1, . . . , 6, we have

(10)
7∑

k=1

γ̃kIt (k) =
6∑

k=1

γ̃kI
∗
t (k) = I∗t γ̃,

with γ̃ =
[

γ̃1 γ̃2 . . . γ̃6

]′
and I∗t =

[
I∗t (1) I∗t (2) . . . I∗t (6)

]
. The expression I∗t γ̃ is Bell’s

stock day of week effect model. Our present goal is to derive invertible linear relations between γ̃ and
β̃. Note first that with

L =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 0 0 0
1 1 0 0 0 0
1 1 1 0 0 0
1 1 1 1 0 0
1 1 1 1 1 0
1 1 1 1 1 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

,
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(8) is equivalent to Lβ̃ =
[

γ1 − γ7 γ2 − γ7 . . . γ6 − γ7

]′
. Next, using (9), observe that γk − γ7 =

γ̃k − γ̃7 = γ̃k +
∑6

j=1 γ̃j = 2γ̃k +
∑

j �=k γ̃j . Thus, with

M =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

2 1 1 1 1 1
1 2 1 1 1 1
1 1 2 1 1 1
1 1 1 2 1 1
1 1 1 1 2 1
1 1 1 1 1 2

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

,

we have Lβ̃ = Mγ̃. From

L−1 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 0 0 0
−1 1 0 0 0 0

0 −1 1 0 0 0
0 0 −1 1 0 0
0 0 0 −1 1 0
0 0 0 0 −1 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

,

we are led to

(11) β̃ = Nγ̃,

with

(12) N = L−1M =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

2 1 1 1 1 1
−1 1 0 0 0 0

0 −1 1 0 0 0
0 0 −1 1 0 0
0 0 0 −1 1 0
0 0 0 0 −1 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

.

Also, since

M−1 =
1
7

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

6 −1 −1 −1 −1 −1
−1 6 −1 −1 −1 −1
−1 −1 6 −1 −1 −1
−1 −1 −1 6 −1 −1
−1 −1 −1 −1 6 −1
−1 −1 −1 −1 −1 6

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

,

see Ex. 5.18 of Noble (1969, p. 148), we have

(13) γ̃ = N−1β̃,

with

(14) N−1 = M−1L =
1
7

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

1 −5 −4 −3 −2 −1
1 2 −4 −3 −2 −1
1 2 3 −3 −2 −1
1 2 3 4 −2 −1
1 2 3 4 5 −1
1 2 3 4 5 6

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

.
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3 The Effect of Flow-Coefficient Constraints

With stock series, there can be information about the associated flow series that suggests one or more
linear constraints on the day-of-week effect regression coefficients β̃j , 1 ≤ j ≤ 6 in (4) of the form

(15)
6∑

i=1

hiβ̃i = 0.

A set of such constraints on β̃ in (5) can be expressed as

(16) Hβ̃ = 0,

for some matrix H. From (11), the constraint (16) on β̃ is equivalent to a constraint on γ̃,

(17) HNγ̃ = 0.

As the familiar constrained flow model considered below will illustrate, a natural source of
constraints of the form (15) are contrasts on the coefficients βi, 1 ≤ i ≤ 7 of (1), i.e. constraints of the
form

∑7
i=1 ciβi = 0 with

∑7
i=1 ci = 0. Indeed, for these, the β̃i = βi − β̄ satisfy

0 =
7∑

i=1

ciβ̃i =
6∑

i=1

ciβ̃i − c7

6∑
i=1

β̃i =
6∑

i=1

(ci − c7) β̃i,

which yields (15) with hi = ci − c7, 1 ≤ i ≤ 6. (Conversely, a constraint
∑7

i=1 c̃iβ̃i = 0 on β̃ yields a
contrast on β.)

Silvey (1975, p. 60) outlines a general approach to obtaining the regressors and regression models
implied by linear constraints. For (17), this involves adding rows to HN to obtain an invertible 6× 6
matrix J . The decomposition

(18) I∗t γ̃ =
(
I∗t J−1

)
Jγ̃

then reveals the constrained regressor and coefficients. But often the constrained form of β̃ is known.
Then the constrained form of γ̃ follows from (13), and this leads easily via (10) to the constrained
stock trading day regression model, with less computation than (18), as we now illustrate with a
fundamental example.

3.1 A New Class of One-Coefficient Stock TD Models

We consider the one-coefficient weekday-weekend-contrast flow day-of-week effect model of TRAMO
and X-12-ARIMA. This model imposes equality constraints on the weekday coefficients β1, . . . , β5 and
also on β6 and β7,

(19) β1 = β2 = · · · = β5, β6 = β7,

which can be expressed as five contrasts of the form βi − βi+1 = 0. Observe via (19) and (2) that β̃

has the constrained form β̃ =
[

1 1 1 1 1 −5
2

]′
β̃5. Thus, from (13) and (14),

γ̃ =
1
7

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

1 −5 −4 −3 −2 −1
1 2 −4 −3 −2 −1
1 2 3 −3 −2 −1
1 2 3 4 −2 −1
1 2 3 4 5 −1
1 2 3 4 5 6

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

1
1
1
1
1

−5
2

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

β̃5 =
1
2

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

−3
−1

1
3
5
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

β̃5,
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which yields γ̃5 = 5
2 β̃5 and

(20) γ̃ =
[
−3

5 −1
5

1
5

3
5 1 0

]′
γ̃5.

Thus the regression model is given by the right hand side of I∗t γ̃ = γ̃5Dt, where

(21) Dt = −3
5
I∗t (1) − 1

5
I∗t (2) +

1
5
I∗t (3) +

3
5
I∗t (4) + I∗t (5) .

From (20), we obtain that γ̃6 = 0 (so Saturday is an average day, γ6 = γ̄) and, from (9), γ̃7 = −γ̃5 (so
1
2 (γ5 + γ7) = γ̄).

We now re-derive (21) to illustrate the procedure based on (18). The constraints (19) for β are
equivalent to (16) for β̃, with

H =

⎡
⎢⎢⎢⎢⎢⎣

1 −1 0 0 0 0
0 1 −1 0 0 0
0 0 1 −1 0 0
0 0 0 1 −1 0
1 1 1 1 1 2

⎤
⎥⎥⎥⎥⎥⎦ ,

and therefore to (17) for γ̃ with

HN =

⎡
⎢⎢⎢⎢⎢⎣

3 0 1 1 1 1
−1 2 −1 0 0 0

0 −1 2 −1 0 0
0 0 −1 2 −1 0
1 1 1 1 0 3

⎤
⎥⎥⎥⎥⎥⎦ .

We enlarge HN into a 6× 6 square matrix J that is invertible, in our case by the addition of a single
row, e.g.

J =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

3 0 1 1 1 1
−1 2 −1 0 0 0

0 −1 2 −1 0 0
0 0 −1 2 −1 0
1 1 1 1 0 3
0 0 0 0 1 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

.

The cumbersome step with (18) is the calculation of J−1, but this can be done easily and exactly by
various programs. (We used Scientific WorkplaceTM.) The result is

J−1 =
1
35

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

12 −3 −10 −9 −4 −21
9 24 10 2 −3 −7
6 16 30 13 −2 7
3 8 15 24 −1 21
0 0 0 0 0 35

−10 −15 −15 −10 15 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

.

Due to (17), Jγ̃ =
[

0 0 0 0 0 γ̃5

]′
. So, using (18), (21) is obtained from the product of I∗t

with the sixth column of J−1.
The stock regressors I∗t currently available in X-12-ARIMA are for w̄-th day of month stocks

defined as follows: for a specified 1 ≤ w̄ ≤ 31, the stock is for the last day of the month if the
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month-length is less than w̄; otherwise it for the w̄-th day of the month. (Thus, the choice w̄ = 31
specifies end-of-month stocks.) A. Maravall has informed us that the same regression models will
be implemented in a future version of TRAMO. Software is available from one of us (Monsell) to
generate an X-12-ARIMA input file of constrained regressor values (21) for end-of-month and general
w̄-th day of month stocks. These regressors will be available in the X-13A-S software discussed in
Findley (2005).

In the next Section, results from applying the regressors I∗t and Dt with w̄ = 31 to log-
transformed inventory series are presented. Log flows do not sum to log stocks, so in this situation,
Bell’s model, rather than being a consequence of the flow model (10), is heuristic: if kt is the the index
of the day of week on which the stock is measured in month t, then

∑7
k=1 γ̃kIt (k) = γ̃kt . Hence, Bell’s

model provides stock-day effect estimates of the simple form exp (γ̃kt)
.= 1 + γ̃kt whose product over

the days of the week is one, due to (9). In this log-transform situation, the motivation for the use of
the constrained form γ̃5Dt is not as direct. However, it will be shown that the constrained model is
quite effective.

4 Results for Manufacturing Inventory Series

Both the unconstrained and constrained end-of-month stock trading day model were applied to the
91 inventory series of the U.S. Census Bureau’s monthly Manufacturers’ Shipments, Inventories and
Orders (M3) Survey. This was done by adding I∗t , respectively Dt, to the regARIMA model of each
series that was used in seasonal adjustment production in 2006. These production models have outlier
regressors but no trading day regressors. The series used ended in October, 2006. The starting dates
varied from January, 1992 to January 1995 according to the choice made for regARIMA modeling of
each series. These are end-of-month inventory series, with the qualification that adjustments are made
to produce approximate end-of-month calendar-month values for those reporters to the M3 Survey
who provide end-of-report-period values for four- or five-week periods, instead of for calendar months.
For details, see http://www.census.gov/indicator/www/m3/contactinfo/instructionman.pdf.

To compare a regARIMA model with a stock trading day regressor to the original model with-
out it, we applied the standard log-likelihood-difference chi-square test analogous to that derived in
Taniguchi and Kakizawa (2000, p. 61), with level of significance α = .05. Among the 91 series, there
were 21 for which the model with no trading day regressor was rejected in favor of a model with either
I∗t or Dt. However, for one of these 21 series, we rejected the only trading day model accepted, with
Dt, because an X-12-ARIMA warning message showed that its trading day adjustment led to “visu-
ally significant” (v.s.) trading day peaks in the spectra of the last eight years of both the differenced
seasonally adjusted and the irregular series. When no trading day effects were estimated, only smaller
peaks occurred that were not v.s., so the v.s. peaks after adjustment suggested to us that the trading
day effects were changing over time and that trying to adjust for them with a fixed coefficient model
estimated them from the full data span actually induced better defined trading day effects in the last
eight years of data. See (Soukup and Findley, 1999) for background on the spectrum diagnostic and
the v.s. criterion. For one other series, we also rejected the only trading day model accepted, with
Dt, for a reason given below.

Here is the breakdown of accepted trading day regressors among the remaining 19 series. For
three series, only the unconstrained regressor I∗t was accepted, and for 8 only the constrained regressor
Dt. This leaves 8 series for which both regressors were preferred over none. For these, Dt was always
accepted in preference to I∗t by the appropriate log-likelihood-difference five-degree-of-freedom chi-
square test with α = .05 comparing their regARIMA models. However, for one of these 8 series, we
preferred I∗t because its use removed a v.s. trading day peak found in the regARIMA model residuals
of the model with no trading day regressor that was still present when Dt was used.

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 422 -



Thus, the new one-coefficient model is very successful: it is the preferred model for 15 of the 19
series for which modeling with either I∗t or Dt is justified by the test. For 13 of these 15 series, one or
more additional criteria gave further support to the model with Dt as we now describe.

(i) When Dt was not used, 7 series had v.s. trading day peaks either the spectrum of the last
eight years of regARIMA model residuals or of the other two spectra mentioned above. Use of Dt

eliminated all v.s. peaks for 6 series and eliminated three of 5 v.s. peaks for the 7th series, while
substantially lowering the remaining two peaks.

(ii) Similarly, for 8 of these 15 series, the models with no td regressor had one or more Ljung-Box
goodness-of-fit statistics through lag 24 that had a p-values less than .05. Except for one series, use of
Dt always reduced the number of such statistics, to zero for five of the series. The exceptional series
had a single significant statistic, at lag 6, that remained significant when Dt was used.

(iii). For four series, use of a model without a td regressor did not result in td spectral peaks or
significant Ljung-Box statistics. For the models of these series with and without Dt, we compared the
sample means of the squared out-of-sample forecast errors, from both one-step-ahead and twelve-step
ahead forecasts, using forecast origins from January, 2004 onward. Modeling with Dt led to smaller
sample mean square error for all four series at lead one and for three of the series at lead 12. This
forecasting analysis also led us to discover the second series that was eliminated from the initial 21,
as mentioned above. This was a series for which the model without Dt had a substantially smaller
one-step-ahead forecast mean square error than the model with Dt.

Regarding the trading day percent adjustment factors, 100 exp (γ̃kt), 1 ≤ t ≤ T , resulting from
use of Dt, among these 15 series, the factors had the largest range, from 99.28 to 100.73 percent, for
finished goods inventories of Pulp, Paper, and Paperboard Mills, and the smallest range, from 99.78
to 100.22 percent, for the materials and supplies inventories for Printing.

With the four of 19 series for which the unconstrained regressor I∗t was uniquely preferred, its use
always reduced the number of Ljung-Box goodness-of-fit statistics with p-values less than .05 and/or
the number of v.s. spectral peaks at trading day frequencies. The largest range of adjustment factors,
from 98.60 to 101.76 percent, occurred for total inventories of Automobiles. The smallest range, from
99.52 to 100.23 percent, occurred for finished goods inventories of Plastics and Rubber Products, the
series for which we rejected the use of Dt because it failed to remove the v.s. trading day spectral
peak in the model residuals.

5 Extensions

Although (7)–(8) were originally derived for end-of-month stocks and later seen to apply to w̄-th day-
of-month stocks, we determined, in collaboration with Bell that using the general definition of k0 given
above enables Bell’s derivation of (7)–(8) to accommodate any pattern of days for stock observations.
Because the monthly calendar repeats every twenty-eight years (ignoring an omitted leap year every
four hundred years, etc.), the w̄-th day of month stock regressors have the desirable property for
interpretation that they are free of seasonal effects, because they satisfy

∑28
n=1 I∗j+12n (k) = 0, which

leads to limN→∞N−1
∑N

n=1 I∗j+12n (k) = 0, for 1 ≤ j ≤ 12 and 1 ≤ k ≤ 6; see also Bell (1984, pp. 1-7).
Regressors associated with other patterns of stock observations can be deseasonalized by subtraction
of the calendar month means, limN→∞N−1

∑N
n=1 I∗j+12n (k), for all k for which this limit is nonzero.

A more basic issue with other stock observation patterns is the rank of the design matrix X, i.e. the
T ×6 matrix whose t, k entry is I∗t (k). If this matrix has rank less than 6, as happens for example when
I∗t (6) = 0 for all t because Saturdays and Sundays are never stock observation days, then X ′X will be
singular so a different, smaller set of regressors will be used, to which our formulas will generally not
apply.

We now address the case in which the linear constraints on β are not contrasts and the untrans-
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formed series itself can be well modeled with a regARIMA model. Note from
∑t

j=1

∑7
i=1 βiXj (i) =∑7

i=1 βi

{∑t
j=1 Xj (i)

}
that full end-of-month stock trading day effects (3) can be estimated by es-

timating the flow trading coefficients βi using the regressors Wt (i) =
∑t

j=1 Xj (i), 1 ≤ i ≤ 7, as
Cleveland and Grupe (1983) observed to define their model. Then, if the constraints on β are written
Gβ = 0, with G full rank, and if G has been enlarged to an invertible matrix K by adding rows, then
the decomposition Wtβ =

(
WtK

−1
)
Kβ with Wt =

[
Wt(1) · · · Wt(7)

]
can be used to obtain the

constrained regression model by a procedure analogous to that illustrated for (18) in Section 3.1. We
note too, however, that Bell (1995) identifies components of (3) that should be assigned to the trend
and seasonal components of the data instead of to the trading day component, and it may not be
possible to extract these unwanted components from WtK
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Acknowledgements. The authors are grateful to William Bell for comments and suggestions

that substantially improved this article.
Disclaimer. This report is released to inform and to encourage discussion of research. The

opinions expressed are those of the authors and not necessarily those of the U.S. Census Bureau.

REFERENCES

Bell, W.R. (1984). Seasonal Decomposition of Deterministic Effects. Statistical Research Division. U.S.
Bureau of the Census Statistical Research Division Report Number: Census/SRD/RR-84/01.
http://www.census.gov/srd/papers/pdf/rr84-1.pdf

Bell, W.R. (1995). Correction to “Seasonal Decomposition of Deterministic Effects.” Statistical Research
Division. U.S. Bureau of the Census Statistical Research Division Report Number: Census/SRD/RR-95/01.
http://www.census.gov/srd/papers/pdf/rr95-1.pdf

Bell, W.R. and Hillmer, S.C. (1983). Modeling Time Series with Calendar Variation. Journal of the
American Statistical Association 78, 526-534.

Cleveland, W.P. and Grupe, M.R. (1983). Modeling Time Series When Calendar Effects Are Present.
In “Applied Time Series Analysis of Economic Data” (ed. A. Zellner) pp. 57-67, Economic Research Report
ER-6, U.S. Department of Commerce, Bureau of the Census: Washington, DC
http://www.census.gov/ts/papers/Conference1983/ClevelandGrupe1983.pdf

Findley, D.F. (2005). Recent Developments and Directions in Seasonal Adjustment. Journal of Official
Statistics 21, 343-365.

Findley, D.F., Monsell, B.C., Bell, W.R., Otto, M.C. and Chen, B.C. (1998). New Capabilities and
Methods of the X-12-ARIMA Seasonal Adjustment Program. Journal of Business and Economic Statistics 16,
127-177 (with discussion).
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ABSTRACT

This paper discusses identification, specification, estimation and forecasting for a general class of peri-
odic unobserved components time series models with stochastic trend, seasonal and cycle components.
Convenient state space formulations are introduced for exact maximum likelihood estimation, com-
ponent estimation and forecasting. Identification issues are considered and a novel periodic version
of the stochastic cycle component is presented. In the empirical illustration, the model is applied
to postwar monthly US unemployment series and we discover a significantly periodic cycle. Further-
more, a comparison is made between the performance of the periodic unobserved components time
series model and a periodic seasonal autoregressive integrated moving average model. Moreover, we
introduce a new method to estimate the latter model.

Keywords. Time series analysis; state space models; maximum likelihood estimation.
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Automatic Model Identification in Model-based Seasonal 
Adjustment with Program TSW.  
A Case Study 
 
Maravall, Agustín 
Banco de España, Estudios Monetarios y Financieros 
Alcalá 48 
28014, Madrid, Spain 
E-mail: maravall@bde.es 

 
 

1. Introduction 
Program TSW is a Windows interface of updated versions of programs TRAMO and SEATS (Gómez 

and Maravall, 1996) developed at the Bank of Spain (Caporello and Maravall, 2004), for applied time series 
analysis. Of the several Windows interfaces available (such as Eurostat DEMETRA’s interface or the one 
available in E-Views) TSW presents the advantage that, by construction, it contains the most recent versions 
of the programs. When used in automatic mode, the program, in essence, consists of two parts. The first one 
performs automatic identification of a regression-ARIMA model and computes forecasts of the series; the 
second one decomposes the series into unobserved components and, in particular, seasonally adjusts the 
series following the so-called ARIMA-model-based (AMB) methodology. TSW provides in fact an efficient 
and reliable procedure for seasonal adjustment of a large number of series. The program can also be applied 
to a variety of additional statistical problems, such as forecasting, interpolation, outlier detection and 
correction, quality control, or trend-cycle estimation. 

When the number of series is large enough, evaluation of the results and identification of the cases for 
which results are questionable is not a simple task because direct inspection of all the individual output files 
becomes prohibitive. The program provides some summary output that can be efficiently exploited for 
analysis of the results and identification of problematic series. 

The paper centers on the evaluation of the results having to do with the first part of the program, i.e., 
automatic model identification. Aggregate results for some general characteristics, for the differencing 
orders, for the ARMA parameters, for the different types of outliers, and for Trading Day and Easter effect 
are presented, as well as the results of an out-of-sample forecasting check. Some comments on the summary 
results provided by the program concerning the series decomposition and seasonal adjustment are also 
included. 

The program is applied in an entirely automatic manner to a set of 500 exports and imports monthly 
series for 15 European countries. The results are fairly representative of the performance of the AMI 
procedure. 

 
2. Brief Description of TSW 

The program estimates and forecasts regression models with errors that follow ARIMA processes, 
when there may be missing observations in the series, as well as contamination by outliers and other special 
(deterministic) effects. An important case of the latter is the trading day (TD) effect, caused by the different 
distribution of week-days in different months, and Easter effect (EE), which captures the moving dates of 
Easter. If  B  denotes the lag operator, such that 1)- x(t  x(t)B = , given the observations   

[ ] )(ty  , ),(ty  ),(ty   y m21 …=  where  0 < t1 < … < tm  , the model can be expressed as 
 

∑ ∑∑
= ==

+β+α+λω=
cn

1i

regn

1i
iiii

outn

1i
iii ,)t(x)t(reg)t(cal)t(d)B()t(y  (2.1) 

 
where  )t(d i   is a dummy variable that indicates the position of the i-th outlier, )B(iλ   is a polynomial 
in B reflecting the outlier dynamic pattern, ical denotes a calendar-type variable, ireg a regression or 
intervention variable, and  x(t)  is the ARIMA error. The parameter iω is the instant i-th outlier effect, 
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 2 

iα and  iβ are the coefficients of the calendar and regression-intervention variables, respectively, and 

cout n,n  and regn  denote the total number of variables entering each summation term in (2.1).  
In compact notation, (2.1) can be rewritten as 
 

)t(xb)t('z)t(y +=   ,        (2.2) 
 

where  b  is the vector with the  αω ,  and β  coefficients, and  z’ (t)  denotes a matrix with the columns 
containing the variables in the 3 summation terms of (2.1). The ARIMA model for  x(t)  can be written as 

 
)t(a)B()t(x)B()B( θ=δφ   ,      (2.3) 

 
where a(t) denotes the white-noise (0, Va ) innovation. (I shall use the term “wn (0,V)” to denote a Normally, 
identically, independently distributed variable, with zero mean and variance V.) The expressions 

)B(and),B(),B( θδφ  are finite polynomials in  B. The first one contains the stationary autoregressive 
(AR) roots, )B(δ contains the nonstationary AR roots, and )B(θ is an invertible moving average (MA) 
polynomial. Denoting by s the number of observations per year, the polynomials assume the multiplicative 
form 

 

( ) ( )
( ) ( ),B1B...B1)B(

,B1B...B1)B(

,)B(

s
1

q
q1

s
1

p
p1

sd
s

d

Θ+θ++θ+=θ

Φ+φ++φ+=φ

∇∇=δ

 

 
where  B1−=∇   and  s

s B1−=∇  are the regular and seasonal difference operators. This ARIMA model 
will also be referred to as the ssss )q,d,(p q)d,(p,  model. The model consisting of (2.2) and (2.3) will be 
called a regression(reg)-ARIMA model. 

 When used automatically, the program tests for whether the log transformation is needed and for the 
possible presence of calendar effects. It detects and corrects for three types of outliers namely, additive 
outliers (AO), transitory changes (TC), and level shifts (LS)]. An AO outlier consists of an isolated spike, 
and hence )B(λ  = 1. An LS outlier is a step function, with )B1/(1)B( −=λ , and a TC outlier is a spike 
that gradually disappears, according to )B7.01/(1)B( −=λ . The program identifies and estimates by 
maximum likelihood the reg-ARIMA model, interpolates missing values, and computes forecasts of the 
preadjustment component  z’(t) b  and of the ARIMA series  x(t)  in (2.2).  

Next, the program uses the AMB methodology to estimate unobserved components in x(t). The 
unobserved components are the trend-cycle, p(t), seasonal, s(t), transitory, c(t), and irregular, u(t), 
components as in 

 
)t(s)t(n)t(s)t(u)t(c)t(p)t(x +=+++=   ,    (2.4) 

 
where n(t) denotes the SA-series. Broadly, the trend-cycle captures the spectral peak around the zero 
frequency, the seasonal component captures the peaks around the seasonal frequencies, the irregular 
component picks up white-noise variation, and the transitory component captures transitory variation that 
differs from white noise. From the ARIMA model for the series, the models for the components are derived. 
They typically display the following structure. For the trend-cycle and seasonal component, 

sp
D ddD,)t(w)t(p +==∇   ,      (2.5) 

,)t(w)t(sS s=      1sB...B1S −+++=   ,    (2.6) 
where )t(w p  and )t(w s  are stationary ARMA processes. The transitory component is also a stationary 

ARMA process, and the irregular component is white noise. The processes )t(w),t(w sp , c(t), and u(t) 
are assumed to be mutually uncorrelated. Aggregation of the models for p, s, c, and u yields the ARIMA 
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model (2.3) for the series x(t). The model for the SA-series is obtained through aggregation of the models for 
p(t),  c(t),  and  u(t). Its basic structure is also of the type (2.5), with p replaced by n. 

It is well-known that, in (2.4), there are a variety of ways in which the additive white noise can be 
assigned to the components. Identification is achieved in SEATS by imposing the “canonical condition”, 
whereby all additive white noise is assigned to the irregular component. In this way, the variance of the later 
is maximized, and the rest of the components are as stable as possible, given the stochastic features of the 
series.  

The component estimator and forecast are obtained by means of a Wiener-Kolmogorov type filter as 
the MMSE estimators (under the normality assumption, equal to the conditional expectation) of the signal 
given the observed series. The filter is two-sided, centered, symmetric, and convergent, and can be given a 
simple analytical representation. Let x(t) follow the model 

 
)t(a)B()t(x)B( θ=φ   , )V,0(wn)t(a a∼   ,    (2.7) 

 
where )B(φ also contains now the unit roots. Consider the decomposition of x(t) into “signal plus non-
signal” as in   x (t) = s (t) + n (t).  Let the model for the signal be 

 
)t(a)B()t(s)B( sss θ=φ   , )V,0(wn)t(a ss ∼   , 

 
where  )B(sφ will contain the roots of )B(φ  associated with the component s. Denote by )B(nφ the 
polynomial in B with the roots of  )B(φ that are not in )B(sφ  (that is, the AR roots of the non-signal). 
Then, if F = B -1 denotes the forward operator (such that  F x (t) = x (t+1),) for a doubly infinite series, the 
WK filter to estimate the signal is given by 

 

)F(

)F()F(

)B(

)B()B(

V

V
)F,B( nsns

a

s
s θ

φθ

θ

φθ
=ν    ,   (2.8) 

 
or, equivalently, by the ACF of the stationary ARMA model 
 

[ ] )t(b)B()B()t(z)B( ns φθ=θ   , )V/V,0(wn)t(b as∼  . 
 
The estimator of the signal is obtained through 
 

)t(x)F,B()t(ŝ sν=   .        (2.9) 
 
In practice, one deals with a finite series, say, [ x(1), x(2), … , x(T) ]. Given that the WK filter 

converges, for long-enough series, the estimator of the signal for the mid-years of the sample can be 
considered to be equal to the final estimator (that is, the one that would be obtained with the doubly infinite 
series). More generally, given the series [ x(1), … , x(T) ], the MMSE estimators and forecasts of the 
components are obtained applying the two-sided WK filter to the series extended at both ends with forecasts 
and backcasts. It is possible, however, to obtain the full effect of the doubly infinite filter with just a small 
number of forecasts and backcasts. The model-based framework is exploited to provide Standard Errors (SE) 
of the estimators and forecasts. Being obtained by using forecasts, the component estimators at the end 
points of the series will be preliminary, and will suffer revisions as future data becomes available. The 
model-based framework is also exploited to analyze revisions (size and speed of convergence) and to provide 
further elements of interest to short-term monitoring. 

More details on the methodology can be found in the two references listed in section 1 and in Gómez 
and Maravall (2001). Considerable more documentation, that includes examples and extensions, can be 
found in the Bank of Spain website (www.bde.es →  Professionals →  Econometrics Software), from where 
the program and manuals can also be downloaded. Additional discussion and methodological developments 
can be found in the US Bureau of the Census website (www.census.gov/srd/www/sapaper.html) and in 
Eurostat website (www.forum.europa.eu.int/irc/dsis/eurosam). 
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3. The Application: Automatic Model Identification Aggregate Results  
3.1. In-Sample Fit 

The example consist of 250 monthly series of exports and imports series of 15 European Union 
countries, spanning the period January 1995 – January/February 2005 (121/122 observations). The two 
sets were treated with the input parameter RSA = 4, which implies automatic testing for the log/level 
transformation and possible presence of a deterministic mean, automatic identification of the (p,d,q) 
(ps,ds,qs)12 orders of the ARIMA model, automatic identification of the 3 types of outliers already 
described, testing for TD with the parsimonious specification “working/non-working days”, and for 
EE. Next, the complete model is estimated, the filters to obtain the components are derived, and the 
components are estimated and forecasted; approximated estimation and forecasting SE are also 
provided. 
The output file containing the aggregate results for the two sets of series are displayed next. 
 
SERIES IN FILE :     500  SERIES PROCESSED :     500 
 
 
                  SUMMARY RESULTS 
                  --------------- 
 
TABLE 1 : GENERAL FEATURES 
-------------------------- 
 
                                     # of series     % 
------------------------------------------------- 
Levels                                  39        7.80 
------------------------------------------------- 
Logs                                   461      92.20 
------------------------------------------------- 
Regular Diff.                      454     90.80 
------------------------------------------------- 
Seasonal Diff.                    378      75.60 
------------------------------------------------- 
Stationary                             20       4.00 
------------------------------------------------- 
Non Stationary                   480     96.00 
------------------------------------------------- 
Purely Regular                     79     15.80 
------------------------------------------------- 
Nz Too Small                         0      0.00 
for complete AMI 
------------------------------------------------- 
Airline Model (Default)     271     54.20 
------------------------------------------------- 
 
 
TABLE 2 : DIFFERENCES 
--------------------- 
 
# of series 
with            d = 0     d = 1     d = 2   Total 
--------------------------------------------------- 
ds = 0            20        102          0       122 
--------------------------------------------------- 
ds = 1            26        351          1       378 
--------------------------------------------------- 
Total             46        453          1       500 
--------------------------------------------------- 
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TABLE 3 : ARMA PARAMETERS 
------------------------- 
 
% of series 
with             P       Q         ps       qs 
-------------------------------------------- 
0               72.6    25.2    92.8    21.4 
-------------------------------------------- 
1               18.8    71.4     7.2    78.6 
-------------------------------------------- 
2                 6.8     2.4      0.0     0.0 
-------------------------------------------- 
3                 1.8     1.0      0.0     0.0 
-------------------------------------------- 
Total > 0   27.4    74.8     7.2    78.6 
------------------------------------------------- 
                                                         Total 
# Average   0.4     0.8     0.1     0.8     2.0 
of param. 
per series 
------------------------------------------------- 
 
 
TABLE 4 : MISSING VALUES AND REGRESSION 
--------------------------------------- 
 

                               Outliers                      Calendar Var. 
--------------------------------------------------------------------------------------- 
                                      MO     AO     TC     LS    Tot     TD     EE    Tot 
--------------------------------------------------------------------------------------- 
% of series with             0.2    44.2    30.2   29.0   65.6   75.8   13.4   76.6 
--------------------------------------------------------------------------------------- 
average # per series       4.0      0.8     0.4     0.4     1.7 
--------------------------------------------------------------------------------------- 
maximum # per series      4       21        3       5       24 
--------------------------------------------------------------------------------------- 
minimum # per series      0         0         0       0        0 
--------------------------------------------------------------------------------------- 
 
 
It is seen that, overwhelmingly most series are best modeled in the logs and 4% are found stationary. 
On average, for 16% of them the model has no seasonal structure. The default Airline model is found 
appropriate for approximately 50% of the series. 
Concerning unit roots, the transformation 12∇∇  is chosen for 70% of the series; for 20% of them only 
∇  is needed, and for 5% only 12∇  is needed. A similar percentage requires no differencing, and for 

one series the transformation 12
2∇∇  seems appropriate. As for the ARMA parameters, the average 

number per series is 2, implying thus highly parsimonious models. The models are dominated by 
IMA(1,1) regular and seasonal structures; 30% require adding an AR structure, in 1/3 of the cases with 
p = 2 or 3. A few series present q = 2 or 3, and a stationary AR seasonal structure is only needed for 
less than 8% of the series. 
About 1/3 of the series do not need outlier correction, and the average number of outliers per series is 
1.7, a relatively small number. The AO type is the most dominant, with the rest evenly distributed 
between LS and TC outliers. 
TD is detected in over 75% of the series; EE is far less significant (roughly, 13%). 
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TABLE 5 : SUMMARY STATISTICS 
---------------------------- 
  
                           Mean     SD         Max     Min     Approx     Beyond     % of series 
                                                                               1% CV      1% CV     that pass the 
                                                                                                                   test (99%) 
----------------------------------------------------------------------------------------------------- 
Length                121.8     0.4          122      121 
----------------------------------------------------------------------------------------------------- 
# of ARMA            2.0     0.7             5         0 
param. per serie 
----------------------------------------------------------------------------------------------------- 
# of outliers            1.7     2.2            24        0 
per serie 
----------------------------------------------------------------------------------------------------- 
Q                          22.7     6.9          64.5      5.8       40.29          0.8               99.2 
----------------------------------------------------------------------------------------------------- 
N                            1.9     6.6      138.00      0.0        9.21          1.0                99.0 
----------------------------------------------------------------------------------------------------- 
SK                          0.1     1.0           5.8     -2.7        2.58          0.6                99.4 
----------------------------------------------------------------------------------------------------- 
Kur                        0.0     1.0          10.2     -1.7        2.58         1.2                 98.8 
----------------------------------------------------------------------------------------------------- 
QS                                                                            9.21          0.4                99.6 
----------------------------------------------------------------------------------------------------- 
Q2                        23.0     8.3          64.7     2.2       42.98         2.6                97.4 
----------------------------------------------------------------------------------------------------- 
Runs                      -0.1     0.9           2.4    -3.1        2.58          0.2                99.8 
----------------------------------------------------------------------------------------------------- 
 
 
Finally, the results of several tests are given. Q is the Ljung-Box test for residual autocorrelation, N is 
the Behra-Jarque test for Normality of the residuals, SK and Kur are t-test for skewness and kurtosis in 
the residuals, QS is the Pierce test for residual seasonality, Q2 is the McLeod and Li test for linearity 
in the residuals, and Runs is a test for randomness in the signs of the residuals. The aggregate results 
pass comfortably all the previous tests at the 99% level. Only the empirical size of Q2 is very slightly 
below the theoretical size. Two additional tests for in-sample fit have been added. One is a 
nonparametric test for the presence of seasonality which is applied to the model residuals. At the 99% 
significance level, out of the 500 series, only 6 display (borderline) evidence of residual seasonality, 
clearly in line with the test size. The other test looks at the residuals for the first and second half of the 
series, and tests for the equality of the two means and variances. Again, at the 99% significance level, 
8 series fail the test, slightly above the 5 that could be expected. In summary, the previous evidence 
points toward a close to perfect performance of the AMI results. 
The “modal” model can be described as the Airline model for the logs and no mean, with one or two 
outliers (one of them an AO), and TD effect. The model contains 6 parameters: 1θ  controls the 
stochastic character of the trend, 12θ  controls that of the seasonal component, α  captures the 
intensity of the TD effect, aσ  reflects the overall forecasting accuracy, and one or two outliers. For 
the sample size considered (121/122 obs.) this seems a sensible and parsimonious parametrization. 
 

3.2. Out-of-Sample Forecasts 
It is well-known that it is easier to get a good in-sample fit than a good out-of-sample forecasting. A 
fast and simple forecasting check can be done by running TSW with the input TERROR = 1, and 
setting k1 = 3 and k2 = 4 as thresholds for the t-values of the forecast errors (see Caporello and 
Maravall, 2003). This implies applying the automatic procedure to all series without considering the 
last observation. The out-of-sample one-period-ahead forecasts are computed as well as their 
associated SE. Let the forecast for the last period (T) made at period (T-1) be y(T|T-1) and denote by 
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σ (T|T-1) the associated SE. The standarized forecast error is given by ε (T|T-1) = [y(T) - y(T|T-1)] /  
σ (T|T-1). 
The following tables present the series in the group that have 4 > | ε | > 3 and | ε | > 4. 
 
 
OUT-OF-SAMPLE FORECAST 
 
SERIES TITLE                Date              Log           Log             Diff.        StdDev      T-Value    Results 
                              (New Value) (Forecast) 
44 - E15_0400_1_3       02-2005       11.94370   12.58986   -0.646161  0.1799366  -3.591047  Possible 
80 - E15_0732_1_TTT  02-2005       8.502026   8.623737   -0.121712  0.0399133  -3.049405  Possible 
143 - E15_1120_1_2     01-2005       13.03579   12.88377   0.1520287  0.0448136   3.392466  Possible 
144 - E15_1120_1_3     01-2005       12.85950   13.34695   -0.487447  0.1437670  -3.390535  Possible 
154 - E15_1130_1_3     01-2005       12.89644   13.33765   -0.441208  0.1374026  -3.211058  Possible 
179 - E15_1415_1_8     02-2005       6.733289   6.965623   -0.232334  0.0620926  -3.741738  Possible 
182 - E15_1811_1_1     01-2005       12.78063   13.01608   -0.235450  0.0759341  -3.100715  Possible 
209 - E15_5190_1_8     01-2005       8.262160   8.156162   0.1059986  0.0326889   3.242653  Possible 
248 - E15_5500_1_7     02-2005       11.41196   12.27549   -0.863524  0.2809019  -3.074113  Possible 
15 - E15_0039_2_4       02-2005       9.519554   9.093609   0.4259454  0.1345515   3.165668  Possible 
95 - E15_1051_2_4       01-2005       9.700495   10.33736   -0.636864  0.2097786  -3.035887  Possible 
143 - E15_1120_2_2     01-2005       12.50885   12.28860   0.2202536  0.0609599   3.613089  Possible 
 
  Summary Statistics 
      500 Series were tested. 
       12 Releases were suspicious (possibly problematic). 
        0 Releases were very suspicious (likely problematic). 
        0 Series produced a Run-Time EXCEPTION. 
      488 Series passed the plausibility tests. 
 
 
If, for each group, the 500 values of ε  were sampled from a N(0,1) distribution, the most likely 
number of ε ’s in the ranges (3 < | ε | < 4) and (| ε | > 4) would be 1 and 0, respectively. One should 
bear in mind that the average number of outliers detected in the in-sample fit implies that about 8 
outliers could be detected among the 500 ε ’s. Of the 500 forecasts, 12 have fallen in the range  
(3 < | ε | < 4) and none in the range (| ε | > 4). 
Thus, all things considered, the out-of-sample forecasting performance is reasonably good. Still, the 
previous table indicates that series 44, 144, 154, 179 and 209 in the imports group, and series 15 and 
143 in the exports group can be considered problematic. 
Identification of additional series that are problematic from a fitting point of view can be done through 
the summary matrices output by the program, where each series occupies one row of the matrix. An 
Excel macro (also available at the Bank of Spain web site) reads these matrices and pick up the series 
that appear to be problematic, according to criteria that can be set by the user. These criteria may 
include additional considerations. Some important ones are: a) classifying a series as problematic 
when the number of outliers is above a certain threshold (for example, 4% of the observations); b) 
checking close to non-invertible models for controlling possible overdifferencing (in particular, values 
of the moving average parameter close to -1 in IMA(1,1) regular or seasonal structures); c) checking 
for possible underdetection of TD and EE (TSW is more concerned about spurious detection –more 
difficult to detect- and hence is slightly biased towards underdetection). 
 

4. Seasonal Adjustment 
Besides the summary files containing the main results of the reg-ARIMA model adequacy, the 

program also outputs summary results having to do with seasonal adjustment and the adequacy of the series 
decomposition. First, it indicates for which series the model obtained in AMI and used for computing the 
series forecasts has been changed automatically by the program to provide a better decomposition. The most 
important cause for a change is when the model does not provide an admissible decomposition. The new 
model used to adjust the series is given. In our example, the model is changed for 25 series, and 11 of these 
changes (2% of the series in the set) are due to the absence of an admissible decomposition. 
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Then, a check is made on the accuracy of the spectral factorization that provides the component’s 
models. No series in the set yields any problem in this respect. Next, a check is made to detect significant 
differences between the ACF and CCF of the theoretical estimators and the empirical estimates. In the 
example, 10% of the series show differences at the 5% significance level (work at the USBC indicates that 
these tests require some more refinement). 

Next the standard deviations of the component innovations are presented. They permit to assess, for 
example, the relative stability of the seasonal component and trend-cycle. Approximate SE of the 
components estimators, of the revisions the concurrent estimator will suffer, and of some associated rates of 
growth are also provided. (Naturally, smaller SE are always preferable.) The speed of convergence of the 
concurrent estimator to the final one is also displayed, as well as information concerning the significance of 
the detected seasonality in the final and preliminary estimators and in the next year of forecasts. Finally, the 
bias effect on the levels induced by the log transformation is also computed. 

Additional important checks are being added to this summary output. Examples are a test for 
idempotency (seasonal adjustment of the adjusted series should reproduce the adjusted series), a check for 
seasonal overdifferencing, a check for highly stationary and unstable seasonality, and –most importantly-, 
spectral domain tools similar to the ones in X12ARIMA that yield information on the gain and phase effect 
of preliminary estimators and on residual seasonality or calendar effects. Thus, focusing on the possible 
presence of residual seasonality, it can be detected through the QS test, the nonparametric test for the 
presence of seasonality in the residuals, the tests for significance of seasonality (historical and preliminary 
estimates, and forecasts), the comparison of the theoretical and empirical variances of the (differenced) 
seasonally adjusted series and seasonal component, and two different estimators of the spectra of the 
residuals and (differenced) seasonally adjusted series. Of course, failure of the idempotency check or 
detection of seasonal overdifferencing may provide further evidence. 
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Introduction

The concern of the paper is real time estimation of the underlying trend in a time series by
means of filters that arise from fitting a local polynomial of a given degree with a constant bandwidth.
A well known property of local polynomial estimators is the automatic adaptation at the boundaries.
It turns out, however, that for a local cubic fit, such as that arising from the well known filter due
to Henderson (1916), the variance inflation resulting from the one-sided real time direct filter is very
high, due to the fact that the filter is strongly localised at the current observations, with a leverage
that is close to unity. The paper documents this basic feature and will be concerned in particular with
the evaluation of alternative strategies aiming at the adaptation at the boundary of a given two-sided
symmetric local polynomial filter. Our discussion will mostly refer to the Henderson filter.

After reviewing the constructive principles presiding the derivation of the two-sided symmetric
local polynomial filters, we provide a thorough assessment of the properties of the asymmetric filters
automatically adapted at the boundary, which result from fitting a local polynomial with a fixed
bandwidth to the observations available at the current time. The direct asymmetric filters can be
equivalently derived through the reproducing kernel Hilbert space method. The key result is that
the real time filter behaves differently from the other automatically adapted asymmetric filters inside
the boundary. We propose an alternative class of fixed bandwidth asymmetric filters that result from
minimising the mean square revision error subject to polynomial reproduction constraints. This class
generalises the well known Musgrave’s asymmetric approximation of the Henderson filters (Musgrave,
1964, see also Doherty, 2001, and Quenneville, Ladiray and Lefrancois, 2003), which is implemented
in the seasonal adjustment filter X-11. The class of filters depends on the properties of the true
underlying signal, such as slope and curvature, which can be estimated from the data.

Local polynomial filters and the Henderson Filter

Let us assume that time is discrete and that the series can be decomposed as yt = μt + εt, where
μt is the signal (trend), a smooth function of t, and εt ∼ NID(0, σ2) is the noise. The signal can be
approximated locally by a polynomial of degree d in the distance j on a neighbourhood of time t, so
that

yt+j = mt+j + εt+j , mt+j = β0 + β1j + β2j
2 + · · · + βdj

d, j = 0,±1, · · · ,±h.

In matrix notation, the local polynomial approximation can be written as y = Xβ + ε, ε ∼
N(0, σ2I), where y = [yt−h, · · · , yt, · · · , yt+h]′, ε = [εt−h, · · · , εt, · · · , εt+h]′, the r + 1-th column of
X is the [(−h)r, [−(h − 1)]r, · · · , (h − 1)r, (h)r]′ , r = 0, ..., d, and β = [β0, β1, · · · , βd]

′. Setting K =
diag(κ−h, . . . , κ−1, κ0, κ1, . . . , κh), the weighted least squares (WLS) estimate of the coefficients is
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β̂ = (X′KX)−1X′Ky. In order to obtain m̂t = β̂0, we need to select the first element of the vector
β̂. Hence, denoting by e1 the d + 1 vector e′1 = [1, 0, . . . , 0], m̂t = e′1β̂ = e′1(X′KX)−1X′Ky = w′y =∑h

j=−h wjyt−j , which expresses the trend estimate as a linear combination of the observations with
coefficients w = KX(X′KX)−1e1. The linear combination yielding the trend estimate is the local
polynomial two-sided filter. It satisfies X′w = e1, or equivalently,

∑h
j=−h wj = 1,

∑h
j=−h jrwj =

0, r = 1, 2, . . . , d. As a consequence, the filter w is said to preserve a deterministic polynomial of order
d. Moreover, the filter weights are symmetric (wj = w−j), which follows from the symmetry of the
kernel weights κj , and the assumption that the observations are equally spaced.

The Henderson (1916) filter arises when d = 3 and κj = [(h+1)2−j2][(h+2)2−j2][(h+3)2−j2].
The resulting weights wj = κj(S4 − S2j

2)(S0S4 − S2
2)−1, j = 0,±1, . . . ,±h, where Sr =

∑h
j=−h κjj

r,
maximise the smoothness of the estimated trend, in the sense that the variance of its third differences
is minimum. It can be shown that the κj minimise the sum of squared third order differences of the
weights sequence, wj .

Asymmetric filters and their automatic adaptation at boundary points

The derivation of the two-sided symmetric filter has assumed the availability of 2h + 1 observa-
tions centred at t. Obviously, for a given finite sequence yt, t = 1, . . . , n, it is not possible to obtain
the estimates of the signal for the (first and) last h time points, which is inconvenient, since we are
typically most interested at the most recent estimates.

Let us partition the matrices X, K and the vector y as follows: X = [X′p X′f ]′, y = [y′p y′f ]′, K =
diag{Kp; Kf}, where yp denotes the set of past available observations, whereas yf is missing and X
and K are partitioned accordingly. The direct asymmetric filter (DAF) arising as the solution to the
above WLS problem is, in matrix notation, wa = KpXp(X′pKpXp)−1e1.

The filter resulting from the automatic adaptation of the local polynomial fit can be equivalently
derived using applying the symmetric filter w to the series extended by h forecasts, assuming that the
future observations are generated according to a polynomial function of time of degree d, so that the
optimal forecasts are generated by the same model. Under the local polynomial model the forecasted
values of yf is ŷf = Xf (X′pKpXp)−1X′pKpyp. Applying the two-sided filter w to the observations
extended by the forecasts y = [y′p ŷ′f ]′ where ŷf and using (X′KX)−1 = (X′pKpXp + X′fKfXf )−1 =
(X′pKpXp)−1[I + X′fKfXf (X′pKpXp)−1]−1 gives m̂t|t+q = e′1(X′pKpXp)−1X′pKpyp, which is also the
estimate of the intercept of the polynomial that uses only the available information.

As an alternative, the direct asymmetric filters can be derived with the reproducing kernel
Hilbert space (RKHS) approach (see Berlinet and Thomas-Agnan, 2004). In that context, the equiv-
alent kernel of a linear estimator of order d can be obtained as Kd(t) = Rd(t, 0)f0(t), where Rd(t, 0) is
the reproducing kernel of a Hilbert space of polynomials up to degree d ≥ 1 with inner product defined
with respect to a density function f0(t). The reproducing kernel is so called because it reproduces
any function in the Hilbert space in the sense that 〈g, Rd(t, .)〉H = g(t),∀t ∈ T, g ∈ H, from which
many inferential properties can be derived. Once f0(t) is chosen with finite moments ν0, ν1, ..., ν2d,
one way to obtain the associated reproducing kernel is by means of Hankel determinants (Berlinet and
Thomas-Agnan, 2004, Theorem 80) in that

Kd(t) =
det(H0

d[1,xt])
det(H0

d)
f0(t)

where H0
d is the Hankel matrix whose elements are the moments of f0(t), from ν0 to νd in the first row

and from νd to ν2d in the last column, and H0
d[1,xt] is the matrix obtained replacing the first column

of H0
d by the vector xt = [1, t, t2, ..., td]′. In our discrete setting, choosing the (normalised) Henderson

kernel κj in place of the density f0(t), then νr = Sqr for r = 0, ..., 2d and the matrix H0
d becomes
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X′pKpXp, so that the elements of the filter wa, for j = −h, ..., q and q = 0, ..., h are given by

wa,j =
det(X′pKpXp[1,xj ])

det(X′pKpXp)
κj

where xj = [1, j, j2, ..., jd]′. The above expression is exactly the same that we would obtain by solving
for β̂0 = m̂t the least squares equation (X′pKpXp)β̂ = X′pKpyp using the Cramer rule for the explicit
solution of a linear system. In fact, setting b = X′pKpyp, the first coordinate of the solution vector
is β̂0 = det(X′pKpXp[1,b]) det(X′pKpXp)−1. As b =

∑q
j=−h xjκjyt+j , then det(X′pKpXp[1,b]) =∑q

j=−h det(X′pKpXp[1,xj ])κjyt+j and therefore

m̂t =
q∑

j=−h

det(X′pKpXp[1,xj ])
det(X′pKpXp)

κjyt+j .

Properties of the direct asymmetric filters

Partitioning the weights of the two-sided symmetric filter in two groups, w = [w′p,w′f ]′, where
wp contains the weights attributed to the past and current observations and wf those attached to
the future unavailable observations, we obtain the fundamental relationship which states how the
asymmetric filter weights are obtained from the symmetric ones: wa = wp+KpXp(X′pKpXp)−1X′fwf .

Premultiplying both sides by X′p, we can see that the asymmetric filter weights satisfy the following
polynomial reproduction constraints: X′pwa = X′pwp +X′fwf = X′w. If the design of the time points
is centred around the current time then X′w = e1. Thus, the bias in estimating an unknown function
of time has the same order of magnitude as in the interior of time support.

We now show that the weights wa are the unique minimisers with respect to v of the following
constrained problem: minv(v − wp)′K−1

p (v − wp) s.t. X′pv = X′w, where w = [w′p,w′f ]′. The first
order conditions give v = wp + KpXpl, where l is a vector of Lagrange multipliers. Premultiplying
both sides by X′p and replacing X′pv = X′w gives l = (X′pKpXp)−1X′fwf , and replacing into the
expression for v gives v = wa. Hence, the asymmetric weights wa minimise the weighted distance
between the asymmetric filter coefficients and the symmetric ones, where the weights are provided by
the reciprocal of the kernel weights. This minimum distance property is useful in order to compare
the DAF with the class of asymmetric filters derived in the sequel.

Figure 1 plots the weights of the direct asymmetric Henderson filter for q ranging from 0 (real
time filter) to h (symmetric Henderson filter), along with their gain when the bandwidth takes the
value h = 6, producing the Henderson 13 terms moving average when all the necessary observations
are available. The real time filter uses 7 consecutive observations and it is very much concentrated on
the current observation. As a consequence the gain behaves rather poorly, being close to one also at
the high frequencies.

Hence, our analysis reveals that there is a sort of discontinuity in the behaviour of the filter,
when we move from q = 0 (real time filter) to q = 1 (one future observation is available). The real time
filter is unbiased if the series is generated by a cubic polynomial; however, the preservation of the bias
properties is done at the expenses of the variance, which is very high, since most of the contribution
to the trend estimate comes from the current observation. This can be explained by means of the
following relation, that gives the leverage of the filter, i.e. the weight attached to the observation to
be estimated,

wa,0 = κ0e′1(X
′
pKpXp)−1e1 = κ0

det(M1,1)
det(X′pKpXp)

where M1,1 is the submatrix obtained by deleting the first row and column of X′pKpXp.
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Figure 1: Gain, phase and weights for the symmetric and asymmetric Henderson filters wa; q is the
number of future observations available for estimating the signal.
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(i) For fixed values of d, the leverage decreases as long as the span of the filter increases. It is
maximum for the real time filter (q = 0) and minimum for the symmetric filter (q = h).

(ii) On the other hand, for fixed values of h or q the leverage increases if the degree of the fitting
polynomial increases. It is minimum for d = 0 and maximum for d = h.

In particular, wa,0 = 1 for d = h. The latter equality can be proved by noticing the general
fact that the h + 1-th row of Xp (last row when real time filters are considered), whose elements
correspond to jr, r = 0, ..., d, is the vector e′1 = [1, 0, 0, ..., 0]. Given that Kp is diagonal, it follows
from the row-column matrix product that M1,1 = Xh+1,1

′Kh+1,h+1Xh+1,1 where Xi,j and Ki,j are
submatrices obtained by deleting the i-th row and j-th column of Xp and Kp. If d = h, then Xp and
Xh+1,1 are square matrices that have different dimensions but same determinant, as it is immediate to
see by calculating det(Xp) from the last row of Xp with the Laplace formula. Hence, it follows from
the Binet-Cauchy theorem that det(M1,1)

det(X′
pKpXp) = det(Xh+1,1

′)det(Kh+1,h+1)det(Xh+1,1)
det(X′

p)det(Kp)det(Xp) = 1
κ0

, and therefore
wa,0 = 1. Since the filter reproduces polynomials up to the order d, wa,j = 0 for j = −h, ...,−1. This
result holds even for symmetric and nearest neighbour filters, where the maximum value d can assume
is 2h. The proof of (i) and (ii) is based on a generalised version of the Binet-Cauchy theorem, that
consents of calculating the determinant of the product of rectangular matrices,

det(M1,1)
det(X′pKpXp)

=

∑(h+q
d )

πj det(Xh+1,1
′
.πj

)det(Kh+1,h+1πj
)det(Xh+1,1πj .)∑(h+q+1

d+1 )
πj det(X′.πj

)det(Kπj )det(Xπj .)

where X′.πj
denotes a square submbatrix of X′p obtained taking all its rows and d + 1 columns chosen

on the set πj of the h + q + 1 columns of X′p and the summation
∑(h+q+1

d+1 )
πj is extended to the

(
h+q+1

d+1

)
subsets of 1, ..., h + q + 1 with d + 1 elements; Kπj is the square submatrix of Kp whose d + 1 columns
(and rows) correspond to those chosen for X′.πj

.

On a general class of asymmetric filters

We now consider a class of asymmetric filters approximating a given symmetric two-sided
smoothing filter. The class depends on unknown features of the series, such as slope and curva-
ture, which can be estimated from the data, and encompasses the Musgrave’s surrogate filters. The
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latter approximate the two-sided Henderson filter at the end of the sample and are a component of
the well-known X-11 cascade seasonal adjustment filter. The minimum mean square revision error
strategy which is at the basis of our criterion was originally proposed by Musgrave (1964). Gray and
Thomson (2002) generalised this idea to the case of a series generated by a local dynamic model.
We propose a different derivation of Gray and Thomson result that is more general and clarifies some
issues of the design of asymmetric filters, among which the connections with the DAF. We also provide
an alternative expression for the asymmetric weights that is directly connected to Musgrave’s result.
Furthermore, our result is readily generalisable to the nearest neighbour bandwidth case.

Assume that the observations are generated as y = Uγ + Zδ + ε, ε ∼ N(0,D), where U, Z are
suitable design matrix. We aim at determining the asymmetric filter v minimising the mean square
revision error subject to constraints. The constraints are specified as follows: U′pv = U′w, where
U = [U′p,U′f ]′. Assuming that [U,Z] is full column rank (usually, as it will be illustrated later, [U,Z]
is a selection of the columns of X or it is coincident with X), and partitioning D = diag(Dp,Df ), the
set of asymmetric weights minimises with respect to v the following objective function:

ϕ(v) = (v − wp)′Dp(v − wp) + w′fDfwf +
[
δ′(Z′pv − Z′w)

]2 + 2l′(U′pv − U′w).

The revision error arising in estimating the signal mt is m̂t|t − m̂t = v′yp − w′y. Replacing yp =
Upγ + Zpδ + εp, and y = Uγ + Zδ + ε, and using U′pv = U′w = 0, we obtain m̂t|t − m̂t =
(v′Zp − w′Z)δ + v′εp − w′ε, where ε = [ε′p, ε′f ]′. Hence, the first three summands of the objective
function represent the mean square revision error, which is broken down into the revision error variance
(the first two terms) and the squared bias term

[
δ′(Z′pv − Z′w)

]2. The vector l is a vector of Lagrange
multipliers. Setting Q = Dp + Zpδδ′Z′p, the first order conditions for the minimisation problem can
be written as v = wp + Q−1Zpδδ′Z′fwf − Q−1Upl. Premultiplying both sides for U′p and recalling
that U′p(v − wp) = U′fwf , we can express the Lagrange multipliers as a linear combination of the
weights wf . Replacing into the expression for v and rearranging gives

v = wp + LU′fwf + MZpδδ′Z′fwf , (1)

where L = Q−1Up[U′pQ−1Up]−1,M = Q−1 − Q−1Up[U′pQ−1Up]−1U′pQ−1. The matrices L and M
have the following properties: U′pM = 0,U′pL = I. Alternatively, the solution can be written as
follows:

v = wp + L∗U′fwf + +RZpδδ′[I + Z′pRZpδδ′]−1
[
Z′f − ZpD−1

p Up(U′pD−1
p Up)−1Uf

]
wf (2)

where L∗ = D−1
p Up(U′pD−1

p Up)−1,R = D−1
p −D−1

p Up(U′pD−1
p Up)−1U′pD−1

p , so that U′pL∗ = I,U′pR =
0. The proof of the equivalence is direct.

The DAF arise in the case D = K−1 and U = X, so that the bias term is zero. On the other
hand, Musgrave’s asymmetric filters are obtained in the particular case when the original two-sided
symmetric filter is the Henderson filter and U = i,Z = [−h,−h + 1, . . . , h]′, δ = δ1,D = σ2I, that
is when U and Z are respectively the first and the second column of the design matrix X. It is
nevertheless convenient for comparison purposes to reset the time origin and derive Musgrave filters
applying (2) under the equivalent design U = i,Z = [1, 2, . . . , 2h + 1]′, δ = δ1,D = σ2I.

The properties of the approximate filters

The merits of the class of filters (2), relative to the DAF, lie in the bias-variance trade–off.
In particular, the bias can be sacrificed for improving the variance properties of the corresponding
asymmetric filter. If U = X, i.e. it is asked of the filter to be capable of reproducing a d-th order
polynomial, which is also the process generating the observations, the approximate filter minimising

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 438 -



ϕ(v) will not differ from wa (in the light of the minimum distance property shown before they will
coincide if D = K−1); as a consequence, the real time filter will be strongly localised, and it will suffer
from the same limitations as the DAF, namely its estimates will be characterised by high variance.

When U is a subset of the columns of X, spanning a polynomial of degree d∗ < d, than we
require that the filter is capable of reproducing a polynomial of degree d∗; if the observations are
generated by a polynomial of degree greater than d∗ a bias will arise, which depends on the value of
δ. However, the weights of the approximating filter will be more evenly distributed and the variance
will be reduced. Thus, the overall mean square revision error may eventually be reduced if the actual
signal is weakly evolutive.

For real time approximation, we consider the following three classes of asymmetric filters:

Asymmetric LC The asymmetric LC (Linear trend-Constant fit) real time filter arises as the best
approximation to a given two-sided symmetric filter assuming that yt is linear and imposing
the constraint that the weights sum to 1, i.e. yt+j = γ0 + δ1j + εt+j , εt+j ∼ IID(0, σ2) and∑

vj = 1. So, U = i,Z = [−h,−h + 1, . . . , h]′, δ = δ1,D = σ2I. The filter depends on the slope
of the underlying signal through the ratio δ2

1/σ2. If w is the symmetric Henderson filter and
δ2
1

σ2 = 4/(πR2), R = Ī/C̄, then we find Musgrave filters.

Asymmetric QL The asymmetric QL (Quadratic trend-Linear fit) real time filter arises as the best
approximation to a given two-sided symmetric filter assuming that yt is quadratic and imposing
the constraint that the estimates are capable of reproducing a first degree polynomial, i.e. yt+j =
γ0 + γ1j + δ2j

2 + εt+j , εt+j ∼ IID(0, σ2) and
∑

vj = 1,
∑h

j=−q vjj =
∑h

j=−h wjj. So,

U′ =

[
1 1 · · · 1 · · · 1 1
−h −h + 1 · · · 0 · · · h − 1 h

]

Z = [(−h)2, (−h + 1)2, . . . , 1, 0, 1 . . . , h2]′, δ = δ2,D = σ2I.

The filter weights depend on the curvature of the signal via δ2
2/σ2.

Asymmetric CQ The asymmetric CQ (Cubic trend-Quadratic fit) real time filter arises as the best
approximation to a given two-sided symmetric filter assuming that yt is a cubic function of
time and imposing the constraint that the estimates are capable of reproducing a second degree
polynomial, i.e. yt+j = γ0 +γ1j +γ2j

2 +δ3j
3 + εt+jεt+j ∼ IID(0, σ2) and

∑
vj = 1,

∑h
j=−q vjj =∑h

j=−h wjj,
∑

vjj
2 =

∑h
j=−h wjj

2. So,

U′ =

⎡
⎢⎣ 1 1 · · · 1 · · · 1 1

−h −h + 1 · · · 0 · · · h + 1 h

h2 (−h + 1)2 · · · 0 · · · (h + 1)2 h2

⎤
⎥⎦ ,

Z = [(−h)3, (−h + 1)3, . . . , 1, 0, 1 . . . , h3]′, δ = δ3,D = σ2I.

In this case the optimal filter depends on the parameter δ2
3/σ2, which is a measure of relative

inflexion.

Figure 2 plots the gain and the phase function of the asymmetric LC real time filter when h = 6
and w is the two-sided Henderson filter. As the filter depends on the slope of the underlying signal
through the ratio δ2

1/σ2, we plot two limiting cases arising when the slope is negligible and when it is
the dominating feature. The intermediate case is the well-known Musgrave surrogate real time filter
for the Henderson with 13 terms, which rises when δ2

1/σ2 = 4/(3.52π), with R = 3.5 being the value
selected for the Henderson filter with 13 terms. The filter weights are displayed in the bottom right
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Figure 2: Gain, phase and weights for the real time filter minimising the revision mean square error
subject to

∑
vi = 1, when the observations are generated by a linear trend.
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panel of the same figure. When the slope is negligible, δ2
1/σ2 = 0 (or equivalently R → ∞, which

arises either when the signal is constant and is devoid of the linear term or the signal is buried in
a heap of noise) the optimal approximation to the Henderson two-sided filter features weights that
are less dispersed and the gain decreases from 1 almost monotonically, as it ought to be expected.
The individual weights of the real time filter, v0, . . . , vh, are plotted against the value of δ2

1/σ2 in the
bottom left panel. As the linear signal is stronger, the dispersion of the weights increases and the gain
becomes higher at each individual frequencies, getting greater than one at the low frequencies.

The rationale for the QL asymmetric filters is early detection of turning points, which are a
quadratic feature of the signal; setting δ2/σ2 to an high value, the optimal filter would weight more
the current observation and detect a turning point more rapidly. Essentially, with respect to the
Musgrave’s type of filters, the bias is reduced at the expenses of the variance.

It should also be noticed that the optimal filter for δ2
2/σ2 = 0 is coincident with the optimal

filter derived under a linear trend signal and using the constraint
∑

i vi = 0 with δ2
1/σ2 → ∞; compare

figure 2.
For the CQ real time filter the optimal filter depends on the parameter δ2

3/σ2, which is a measure
of relative inflexion. Again the optimal filter for δ2

3/σ2 = 0 is the same as the QL filter arising for
δ2
2/σ2 → ∞. As δ2

3/σ2 → ∞, the filter is the same as the direct asymmetric filter.

Illustrations

In this section we illustrate the use of the general expression (1) for the design of real time filters
with respect to the Italian index of industrial production, branch DL (Manufacture of electrical and
optical equipment). The reference two-sided filter is the Henderson filter and we estimate the band-
width h by crossvalidation. The three asymmetric filters LC, QL, CQ depend on a single parameter,
δ2
i /σ2, i = 1, 2, 3.

The top left of figure 3 shows that the value of the bandwidth selected by crossvalidation is
h = 15; the two-sided estimates of the trend are displayed in the right top panel of the same figure.
We next look for the best approximation to the Henderson filter within the three particular classes.
For this purpose we estimate the values of the parameters δ2

i /σ2, i = 1, 2, 3, using a grid search. The
results are presented in the bottom left panel of figure 3. The minimisers of the MSRE are δ̂1 = 0.103,
δ̂2 = 0.016 and δ̂2 = 0.003, respectively for the LC, QL and CQ classes. As illustrated by figure 3, the
best approximation to the original Henderson filter is provided by the QL filter with δ̂2 = 0.016. We
need the real time filter to be capable of reproducing a linear signal and to react somewhat, although
not in full, to the curvature of the underlying trend.
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Figure 3: Selection of a real time filter: Index of Industrial Production, Italy, branch DL. Source:
Istat.
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It it is clear that the LC filter is biased when the slope is substantial: the bias is positive in a
recessionary period and negative in expansion. This is so since the filter can only preserve a constant,
but will distort a local linear trend. The optimal QL approximation provides the best approximation
since the real time estimates are closer to the final Henderson estimates. The CQ approximation
tracks the data quite well but the corresponding estimates are affected by higher variance, compared
with the QL estimates. Similar considerations apply to the DAF estimates. For the class of economic
time series that are usually considered, such as industrial production, the evidence definitively points
out that the direct asymmetric filter produces the most inefficient estimates, due to the very high
variance inflation.

We also report the result of an extensive application to a dataset consisting of 62 industrial
production time series by market groups for the U.S. (Source: Federal Reserve Board), seasonally
adjusted, available for the period January 1980 - December 2006. The final estimates of the trend
are obtained by applying the Henderson filter with 13 terms (h = 6), which plays a prominent role in
empirical applications, especially for trend estimation within the X-11 filter, appears adequate and,
due to the inherent smoothness of the seasonally adjusted series, it is often coincident with the value
chosen by cross-validation. The number of times the three approximations were ranked best resulted
27 for the LC, 34 for the QL and only 1 for the CQ filter.

The evidence presented in this section illustrates that the proposal of designing asymmetric
filters in a more general and flexible way helps estimating the underlying signal with more accuracy.

REFERENCES (RÉFERENCES)
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Statistics Canada, Time Series Research and Analysis Centre

100 Tunney’s Pasture Driveway

Ottawa, On, K1A 0T6,Canada

E-mail: benoit.quenneville@statcan.ca

Statistics Canada is recognized for its scientific contributions in time series, in particular for

the X-11-ARIMA seasonal adjustment method and for software on benchmarking. The goal of this

paper is to present recent developments in time series at Statistics Canada from the Time Series

Research and Analysis Centre (TSRAC) concerning seasonal adjustment, reconciliation and raking,

benchmarking, linking, and interpolation of time series.

Seasonal Adjustment

Statistics Canada’s X-11-ARIMA seasonal adjustment method was developed by Dagum (1981)

to improve upon the X-11 Variant of the Census Method II Seasonal Adjustment Program (Shiskin,

Young, and Musgrave 1967). X-11-ARIMA extends the series with forecasts and backcasts from an

autoregressive integrated moving average (ARIMA), and seasonally adjusts the extended series with

the X-11 method. The use of ARIMA forecasts results in smaller revisions, on average, when more

data are added at the end of the series. X-11-ARIMA also introduced new diagnostics and a new

table of seasonally adjusted values whose annual totals equal those of the raw series. In the eighties,

a significant amount of research led to the development of X-11-ARIMA/88, see Dagum (1988), with

improved forecasting and seasonal adjustment functions. The main improvement in forecasting was

the automatic removal of trading-day variations and Easter effect (if present) before ARIMA modeling.

The main improvements in seasonal adjustment were the estimation of Easter effect, the automatic se-

lection of seasonal filters based on a global seasonal/irregular ratio, and the introduction of temporary

and permanent a-priori adjustments of original values. X-11-ARIMA version 2000 was introduced

to be Y2K compliant. Since that time, a number of improvements to the methodology, combined

with new needs by client divisions, have created numerous situations where computations must be

performed outside X-11-ARIMA before the raw series are seasonally adjusted. Following seasonal ad-

justment, many series also go through either a temporal benchmarking procedure, a contemporaneous

raking/reconciliation procedure or both to ensure that the adjusted series respect various aggregation

constraints. This is further discussed below.

The U.S. Census Bureau has developed X-12-ARIMA, Findley et. al. (1998). X-12-ARIMA

represents a technical advance over X-11-ARIMA and is gradually replacing it as the preferred method

of seasonal adjustment. X-12-ARIMA includes all the capabilities of the latest version of X-11-ARIMA

and retains the X-11 approach as the core method of seasonal adjustment. The improvements of X-

12-ARIMA over X-11-ARIMA can be grouped into three broad categories: new modeling capabilities,

new X-11 adjustment options, and new diagnostics. Issues regarding the adoption of X-12-ARIMA

as the official seasonal adjustment method at Statistics Canada are discussed in Chhab-Alperin and

Quenneville (2004). Statistics Canada experience towards using X-12-ARIMA for seasonal adjustment

is discussed in Fortier and Quenneville (2006a), and methods and software related to computational

tasks associated with seasonal adjustment are described in Fortier and Quenneville (2006b).

The strategy for the transition to X-12-ARIMA at Statistics Canada can be summarized as

follow:

1. Build, with a typical set of series, a first prototype system for time series processing that does

seasonal adjustment with X-12-ARIMA;
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2. Deploy and adapt the prototype system to the various divisions at Statistics Canada;

3. Review and update the raking/reconcilation methodology and software;

4. Review and update the benchmarking methodology and software;

5. Redefine guidelines for seasonal adjustment and trend-cycle estimation of individual series and

for seasonal adjustment of a coherent system of series;

6. Develop a Virtual Analyst to assist in the selection of seasonal adjustment options;

Many SAS c© modules were created for the prototype. The foundation of the system is composed

of the following three modules : seasonal adjustment with X-12-ARIMA, Benchmarking module, and

Raking module. The core of the system, in the context of seasonal adjustment, is X-12-ARIMA. The

US Census Bureau program is run through an X command in SAS. SAS-ETS c© does include a PROC

X12 which implements the X-12-ARIMA methodology, and as a SAS development partner, TSRAC

is currently testing a new version of it with the possibility of using it in the production systems.

The X12 module of the prototype comes with the pre-X12 and post-X12 modules that essentially

validate the inputs and verify the outputs. The pre-X12 also permits pre-treatment that cannot be

done in X-12-ARIMA. Experience indicates that there is a need to include it in the prototype as a

safeguard. Adding a constant to all data points of a raw series before seasonal adjustment with a

multiplicative decomposition model was an example of such pre-treatment until it became available

in X-12-ARIMA.

The raking and benchmarking modules will be described in their own section below.

Virtual Analyst

Given the diagnostics available in X-12-ARIMA, TSRAC decided to create a virtual analyst to

help with the selection of the X-12-ARIMA seasonal adjustment options for production purposes. For

this, the overall seasonal adjustment approach was reviewed to consolidate the knowledge base of the

staff. Each individual has his own approach and intuitive method to select the best seasonal adjust-

ment options, method developed over the years from personal experience. These different approaches

were documented, their similarities were highlighted and their particularities investigated. From the

overlapping steps, a few standardized approaches were derived and presented by Quenneville, Meszaros

and Huot (2006). TSRAC is at the stage of prototyping a virtual analyst that takes into consideration

what is already available in X-12-ARIMA with automatic options as well as the specific experience of

Statistics Canada’s analysts.

For example, with a typical flow series that may have a Trading-day or an Easter Holiday

component, X-12-ARIMA provides the following diagnostics to perform the following actions:

1. The decomposition mode can use the results of the transform spec.

2. The decision to seasonally adjust a series or not can use the result of the statistic M07 from

Table F.3.7.

3. The ARIMA model can be automatically selected using the pickmdl spec.

4. The significance of the Trading-day and Easter effects can be evaluated on the basis of the

AIC-tests from the regression spec.

5. Outliers can be automatically identified from the outlier spec.

6. Finally, the length for the seasonal moving average and trend filter for the x11 spec can be fixed

on the basis of the so-called I/C and I/S ratios, see Ladiray and Quenneville (2001) for more

details.
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The main idea is therefore to start prototyping a virtual analyst using those initial statistics, simulate

what the resulting spec files would be on a set of series, and finally, incorporate new statistics or

actions as needed, including the other standardized approaches to compare the results. It is by going

through various set of series, that the virtual analyst is going to be improved.

Raking

Many series at Statistics Canada go through a raking procedure to ensure that the seasonally

adjusted series respect various aggregation constraints. This reconciliation process or balancing of

seasonally adjusted series can be seen as a complement to the direct and indirect approaches to

seasonal adjustment by extending it to a 2-way classification. This is further discussed in Quenneville

and Fortier (2006).

The recent publication of Dagum and Cholette (2006) documents the up-to-date methodolog-

ical results on benchmarking and reconciliation. In the prototype, a simplified two-steps approach

presented by Quenneville and Rancourt (2005) is implemented:

• Step 1: benchmark seasonally adjusted data to control totals derived from the raw series while

preserving month-to-month changes as much as possible. This benchmarked series can be ob-

tained from table D 11.A in X-12-ARIMA version 0.3 using the new FORCE spec, as described

in Quenneville, Fortier, Chen, and Latendresse (2006).

• Step 2: reconciliation using a simplified version of the Dagum and Cholette (2006) regression-

based method as discussed in Quenneville and Rancourt (2005) and Quenneville and Fortier

(2006).

The following example illustrates the problem at hand. Statistics Canada’s Monthly Wholesale

Trade Survey (MWTS) publishes seasonally adjusted series by industry (15 trade groups) and by

region (10 provinces and 3 territories). There are two classifications or breakdown for the National

total, and this cannot be handled directly within X-12-ARIMA. The COMPOSITE spec can produce the

seasonally adjusted national total indirectly as the sum of the 15 industries. However, as displayed in

Figure 1, the sum of the 13 regions does not agree with this national total. The monthly differences

between the series are displayed in Figure 3. Figure 2 shows the seasonally adjusted series for region

35 (Ontario) before and after reconciliation, and for this region, the differences are also displayed in

Figure 3. Given the results from Step 1, the method allocates the national discrepancy across the

regions in proportion to the contribution of each region to the total, taking into consideration the

additional constraints of matching the annual benchmarking totals. This example illustrates a case

where reconciliation is a simple mathematical reallocation of the discrepancy between the national

total and the sum of the regional series to avoid embarrassment to the publisher.

TSRAC is at the stage of developing a SAS procedure to implement reconciliation. Method-

ological details are presented in Quenneville and Fortier (2006).

Benchmarking

A problem that often arises when preparing time series in a National Statistical Office is that of

combining two sources of data with different precisions and collection frequencies. Typically, an annual

survey (or a census) uses one source and provides reliable control totals, and a monthly (or a quarterly)

survey uses another source and provides explicit information about the short-term movement in the

series for all the periods, including those where reliable control totals are not yet available. Moreover,

the monthly data are usually less reliable than the annual data. The process of adjusting the less

reliable monthly data with the more reliable annual data is called benchmarking.

Given the reliability and the collection frequency of this kind of data, the general objectives
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of benchmarking are to preserve as much as possible the short-term movements in the monthly data

under the restrictions provided by the annual data; and to ensure that the current monthly data values

are adjusted to agree as much as possible with the unknown future annual data.

Benchmarking monthly series to make them agree with annual control totals or individual values

at arbitrary points along the series is often performed on the series before seasonal adjustment. It is in

that context that Statistics Canada has developed a SAS procedure, called PROC BENCHMARKING.

An overview of PROC BENCHMARKING and its methodology are presented in Quenneville,

Fortier, Chen, and Latendresse (2006) and in Fortier and Quenneville (2006b). The procedure comes

with an easy-to-use interface and can produce graphical results as described in Latendresse, Djona

and Fortier (2007).

Recent developments and current research issues are best illustrated with an example. Figure 4

display a monthly series from January 2002 to June 2006 and annual benchmarks for 2002, 2003 and

2004. Various methods for benchmarking are illustrated in Figure 5. The methods include Denton

(1971) modified by Cholette (1984), the regression-based method of Dagum and Cholette (2006) and

Cholette and Dagum (1994), and some extensions discussed in Bloem et. al. (2001, Chap 6) based

on forecasting, either implicitly or explicitly, the benchmarks for the years 2005 and 2006. All those

variants can be obtained from PROC BENCHMARKING with an appropriate selection of input series

and parameters. Current research concentrates on finding which method should be recommended to

preliminary benchmark the monthly observations in the years 2005 and 2006 when the only available

information consists of the sub-annual series and the annual benchmarks.

Chen and Wu (2006) have set-up a statistical framework for benchmarking with a quasi-linear

model that permits the incorporation of survey errors in the series to be benchmarked. They also

show the relationship among the numerical methods, such as Denton (1971), the Dagum and Cholette

(2006) regression-based method, and signal extraction methods such as Hillmer and Trabelsi (1987),

Chen, Cholette and Dagum (1997) and Durbin and Quenneville (1997). Quenneville, Fortier, Chen,

and Latendresse (2006) incorporate survey errors from the benchmarks in the quasi-linear model.

Those represents recent developments that could eventually be made available in a future version of

PROC BENCHMARKING.

Linking

Linking time series is best illustrated with the example in Figure 6. A monthly survey is being

redesign and start publishing new estimates in December 2006. The survey is able to produce 2

estimates for the December 2006 period. The first estimate is based on the old design, and the second

estimate is based on the new design. There is a 22% difference in level between the two estimates

for December 2006. The purpose of the linking exercise is to wedge this difference in level back

to December 2004, which is the historical anchor point. Consequently, all the data points prior to

December 2004 remain unmodified. To obtain the linked series in Figure 6, it suffices to simply

benchmark the series from the old design to the existing December 2004 value and the new December

2006 value with an appropriate selection of a method available in PROC BENCHMARKING.

Interpolation

Figure 7 illustrates a case where it is needed to interpolate monthly values of a stock variable

measured in December every year. Dagum and Cholette (2006) do propose a regression-based bench-

marking methodology to do so, which usually requires an AR(2) model for the error process and a

moving 5-year interpolation interval. Figure 7 show the result of using a natural spline curve fitted to

the series extended at the ends by repeating the first and last values with SAS c© PROC EXPAND.

The results are quite comparable with a maximum difference of 0.23%, excluding the first year of data.
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This example also illustrates an innovative use of spline interpolation that could be used to

interpolate benchmarking ratios for a stock variable measured, say, in December every year.

CONCLUSIONS

This paper presented developments in time series at Statistics Canada from the Time Series

Research and Analysis Centre (TSRAC) concerning seasonal adjustment, reconciliation and raking,

benchmarking, linking, and interpolation of time series. The TSRAC also provides consultation ser-

vices on those topics, as well as training material. Interested persons should contact the author

for more information. Statistics Canada’s SAS c© procedures for benchmarking and raking can also

be purchased with support from Statistics Canada System Development Division. X-12-ARIMA is

available free from the US Census Bureau. SAS c© is a registered trademark of the SAS Institute Inc.
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Figure 1: Seasonally adjusted national total and the total from the seasonally adjusted

regions for the MWTS series

Figure 2: Seasonally adjusted series for region 35 (Ontario) before and after reconcilia-

tion
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Figure 3: Dif nat: Difference between the National total and the total from the regions

for the MWTS series; Dif 35: Share allocated to region 35 (Ontario)

Figure 4: A monthly series from January 2002 to June 2006 and the corresponding

benchmarks (annual average) for 2002, 2003 and 2004

Figure 5: Benchmarking adjustment ratios with various methods for a monthly series

from January 2002 to June 2006 and annual benchmarks for 2002, 2003 and 2004
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Figure 6: Linking a monthly series starting in December 2004 to an anchor point in

December 2006.

Figure 7: Interpolation of a stock variable with RunBench and SAS Proc Expand
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Introduction

In recent years Istat has devoted some efforts in exploring issues to improve quality of microdata

release and access. The current challenge is the ability to allow access to complex structure social

microdata and enterprise level microdata, the most important example certainly being the Community

Innovation Survey (CIS). Istat is going to release an anonymised microdata file for research purposes

of such survey where protection of the sole records at risk is achieved by perturbation of the original

data (for more details see Ichim 2007); for a general picture of the release of this file in Europe see

Perani (2007). CIS, as all surveys on enterprises, exhibits the special features that make business

microdata highly exposed to the risk of identification. First, the benefit deriving from disclosure of

confidential information might be quite high. Second, some units can often be easily identifiable. Data

are indeed extremely sparse, geography being an important identifying variable; continuous variables

have extremely skewed distributions, typically with a few outlying enterprises; at least in Italy, the

sampling scheme has inclusion probability proportional to size and therefore the largest enterprises

belong to the sample with probability one. Finally, information collected is usually extremely sensitive.

Moreover, as projects on linking structural business statistics with innovation microdata (as well

as other business surveys) are becoming widespread, data producers are faced with the problem of

providing access to even more complex and detailed enterprise microdata in the near future. For

such microdata the possibility of releasing anonymised microdata even for research purposes seems

remote leaving as the only alternative the access through safe centres. These considerations lead to

the necessity of investigating simulation strategies as an alternative to (or in combination with) such

an expensive form of access to the original confidential data.

This paper presents methodologies used and results obtained in an on going project at Istat

in the field of simulated data. We describe the results of preliminary work conducted with the aim

of assessing viability of this strategy as an automatic protection procedure. The paper also tries

to address issues related to data utility and, from the producer point of view, implementation and

management. The empirical study is performed on the Italian sample from the CIS conducted in

1997. The Community Innovation Survey aims at investigating technological innovation in European

manifacturing and services sector enterprises; details on the survey and the data are provided in a

specific section below.

Producing data sets of artificial units by simulation guarantees protection, and allows to focus

primarily on data quality. Statistical data analysis depends primarily on parameters (i.e. aggregates)

rather than individuals (see Little, 1993) and therefore information at the individual level can be mod-

ified with no harm provided these aggregates are maintained. Furthermore, simple random samples
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can be released which can be seen as an advantage for data users.

We consider two related approaches, both based on the definition of a probabilistic model that

is estimated from the observed data. The first approach defines a model under which the expected

values of some functions of user’s interest equal their sample counterparts. Different users may focus

on different aggregates and therefore the model to fit can be made user-specific.

The second approach that we investigate is based on the definition of a general-purpose model

that fits the data well; this model is then used to generate simulated data to be distributed to users

irrespective of the model of their interest.

Reiter (2005) suggests use of simulated data and proposes use of regression trees to achieve

this goal. Here we investigate a procedure of data protection based on Bayesian networks. The

approach was chosen for several reasons: first, Bayesian networks (Cowell et al., 1999) are proposed as

a tool for exploring the association structure of a very large number of variables; second, methods for

automatic model selection are available, thus in principle avoiding the need for a careful assessment

of the simulation model. Finally, the possibility to account for logical constraints (usually structural

zeroes in tables built for the categorical survey variables) makes use of Bayesian networks appealing

for our purposes.

Data

The CIS adopts an harmonised questionnaire focused on product and process innovation, looking

mainly at the effects of innovation, source of information about innovation activities and innovation

expenditure. The questionnaire also examines the factors hampering innovation and the use of intel-

lectual property rights. In the applications the simulation model was built on a subset of variables

of the CIS2 to provide comparisons with the simulation model described in Polettini (2003). The

main economic activity (the two-digit “Nomenclature of economic activities in the European Union”

-NACE- revision 1) is used as a stratifying variable. In this application, rather than stratifying units,

we selected the enterprises that belong to a specific sector of economic activity. The results refers to

the sector of clothing manufacture (NACE 18), on a total of 280 enterprises. To allow for the effect

of sampling design, stratifying variables enterprise size and geography were introduced in our second

model. SIZE encompasses four classes of employees: < 50, 50 − 99, 100 − 199 and > 200. Variable

GEO.STR represents geographical area recoded to four classes, namely North-East, North-West, Cen-

tre and South and islands. Note that in Polettini (2003) the geographical variable GEO was coded into

eight categories: North West, Lombardy, North East, Emilia Romagna, Centre, Lazio, Abruzzo and

Molise, and finally South and islands. Some variables revealing quantitative information about the

enterprise such as number of employees (EMP), turnover (TURN), and exports (EXP)were selected.

A dichotomous variable (innovation) (INNOV) records whether or not an enterprise is involved in the

innovation of products or processes or both. For the enterprises involved in innovation, specific sectors

of innovation are investigated in the questionnaire, and the enterprises are required to indicate the

amount spent in each innovation activity. Finally, the total expenditure for research and innovation is

included. The variables describing engagement in innovation activities are the following: intramural

research (I1), e.g. research and experimental development within the enterprise, extramural research

(I2), e.g. acquisition of external research and development services, acquisition of machinery (I3) and

equipment linked to innovation of process and/or products, acquisition of external technologies (I4)

linked to innovation, industrial design (I5), training directly linked to technological innovation (I6),

and finally market introduction of technological innovation (I7). Last, the variable group (GP) record-

ing whether the enterprise is an independent unit, or is part of a group of enterprises, is included as

well as an indicator of exports (EI) and exported amount (EA) respectively. Turnover, exports and

total research and innovation expenditure are for 1996 and are measured in millions of Italian lire.
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Simulation from models that preserve user-specific aggregates

Polettini (2003) proposes to release user-specific microdata simulated from models that encode

the aggregates of user’s interest. The idea behind the approach is that a general purpose algorithm

could be implemented to fit user specific model given the aggregates of interest for the analysis. In the

work a model is defined that preserves on average these aggregates for the most relevant numerical

survey variables. The table below describes the modelling steps synthetically. More specifically, the

maximum entropy distribution given constraints is estimated for variables turnover and number of

employees; conditionally on the latter variables, a joint parametric model, defined through a sequence

of conditional regressions, is estimated for the other survey variables. In practice, the the joint

distribution is represented as the product of distributions of single variables conditionally on the ones

previously modelled. Since these distributions have to be estimated by the observed data, to achieve

better estimates some models have been simplified by omitting non significant variables.

Model I– maximum entropy simulation

m1 turnover, no. employees: (TURN,EMP)|constraints (max entropy)

m2 group membership: GP ∼ TURN+EMP (logistic regression)

m3 exports indicator: EI∼ TURN+EMP+GP (logistic regression)

m4 exported amount: EA ∼ TURN+EMP+GP+GP*TURN (logistic regression|EI=1)

m5.1 exports: EXP.1 ∼ TURN+EMP+GP+GP*TURN (normal regression |EA=0)

m5.2 exports: EXP.2 ∼ TURN+EMP+GP+GP*TURN (normal regression|EA=1)

m6 innovation: INNOV ∼ TURN+GP+EA+EA*TURN (logistic regression)

m7 expenses in innovation: R&I ∼ TURN+EMP+GP+EA+TURN*EA (normal regression |INNOV=1)

m8 geographical area: GEO∼ TURN+EMP+EA (multinomial logistic regression)

m9–m15 innovation activity: Ik∼TURN+GP+EA+R&I+(∗) (logistic regression)

Models m9 to m15 are specific to a given innovation activity indicator (I1–I7); in each model, the previously regressed

innovation indicators are used as covariates. Since the non significant variables were dropped from the models, the

subset of I1–I7 comprising the significant model covariates for each model was generically denoted by (∗): for some

innovation variables (e.g. I1, intramural research), such set is empty; for some others, it includes one or two of the

previously regressed innovation variables. For example, in model m10 the extramural research indicator (I2) depends on

I1 (indicator of intramural research), whereas model m14 for training (I6) includes I4 (acquisition of machinery) and

I5 (industrial design).

Use of the maximum entropy distribution allows us to define explicitly the characteristics we want

to preserve, and gives a way to select one model in the class of densities having these characteristics.

Our simulation family is the class of models having a set of characteristics (say, the first K moments)

equal to their sample counterparts. The characteristics to be preserved are the expected values (under

the simulation model we are considering) of some functions. The resulting model is such that the

expected values of the above mentioned functions equal the corresponding averages observed on the

original sample. In this way we can maintain means, variances, covariances and quantiles. In the

definition of characteristics to hold fixed, we focus on aggregates of users’ interest but also introduce

additional features that allow us to obtain a good approximation to the original distribution.

A limitation of the approach is that if a general purpose synthetic data file is to be released,

goodness of fit of the resulting simulation model must be addressed and further constraints must

be added if the approximating model is not sufficiently close to the empirical distribution. In this

respect, automatic model selection tools are not available. A second limitation of the approach lies in

the correspondence between constraints and parameters of the model: as these increase, the maximum

entropy problem becomes computationally unstable. For these reasons our experience shows that the
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process of model specification and estimation cannot be fully automated; if the Agency releasing the

data does not want to allocate resources in terms of time and personnel to the model building stage,

the applicability of this strategy is consequently greatly reduced.

Simulation from models fitted by Bayesian networks

Since our problem is to protect both continuous and categorical variables, we analysed work

by Böttcher and Dethlefsen (2003) who propose a Bayesian approach to Bayesian networks that can

be applied to mixed variables. The method is implemented within the statistical environment R in

a package called deal (http://www.math.aau.dk/novo/deal/). A Bayesian network is a graphical

structure that encodes the joint distribution of a set of random variables. It consists of a Direct

Acyclic Graph (DAG) that defines the network structure and a set of conditional distributions (local

distributions) attached to the elements of the graph; on the DAG, each element (or node) has parents

and for each node distributions are defined conditional on parent nodes.

Böttcher and Dethlefsen propose to specify a conditional Gaussian model, that is a model

where the categorical variables follow a multinomial distribution whereas the continuous variables

have normal distribution with parameters depending on both continuous and discrete parents. A

limitation of the model is that discrete nodes cannot have continuous parents, so that, for instance,

our innovation indicator variables cannot be made dependent on variable turnover.

As a Bayesian approach is followed, priors on parameters of these models are also introduced; in

deal, essentially for computational convenience, the fundamental assumption of parameter indepen-

dence is made, and conjugate priors are specified, namely Dirichlet distributions for cell probabilities

of categorical variables and normal-inverse gamma for the parameters of the distributions of the con-

tinuous variables.

Under this framework, given a prior network, the parameters of the local distributions in the

graph can be easily learned from the data using the Bayes’ theorem. Another aspect of learning is

the identification of the most appropriate network structure; this is a model selection problem and

indeed the network that performs best in terms of a specific criterion is looked for. In deal, a heuristic

search algorithm is provided. As suggested in Heckerman (2005), the criterion used is a function of

the posterior probability of the graph and the model search algorithm is a greedy search with random

restarts.

The Bayesian setting on which the model relies allows us to explicitly introduce constraints

among variables and external knowledge in terms of prior information. This is most useful in our

application where data are extremely sparse and characterised by a large number of structural zeroes.

As we will see, there are aspects of the practical implementation that limit this advantage.

Furthermore, simulation can be performed from the posterior predictive distribution of new

data given the sample; this seems more appropriate than the approached outlined in the previous

Section, at the same time avoiding the need for multiple imputation i.e. drawing multiple data from

distributions with different parameters. From the point of view of users, this is a clear advantage in

that no special techniques need to be applied for data analysis.

The prior network that we specified contains the stratifying variables size (SIZE) and geogra-

phy (GEO.STR) and the survey variables TURN, EXP, INNOV, and R&I along with four of the

variables representing engagement in specific innovation activities (I1–I4). Unexpectedly, the number

of variables in the prior network was severely limited due to memory problems when running deal

functions within R. The resulting graph is therefore much smaller than originally planned; for this

reason we anticipate that some variables are not well predicted by the network based model. This is

the case for the exports variable, that was previously modelled conditionally on two dummy variables,

indicating presence (EI) and level (EA) of exports, respectively. These could not be introduced in our
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second model, and such limitation clearly affects the quality of the simulated data. The best Bayesian

network identified by the model search procedure is shown in the table below.

Model II– Bayesian Networks

m1 innovation: INNOV

m2 geographical area: GEO.STR

m3 size (no. employees in four classes): SIZE

m4 innovation activity (intramural): I1 | INNOV

m5 innovation activity (extramural): I2 | INNOV, I3

m6 innovation activity (external technologies): I4 | INNOV, I2

m7 innovation activity (machinery): I3| INNOV, I1, I2

m8 turnover: TURN | INNOV, SIZE, I1, I2, I3, I4

m8 expenses in innovation: R&I| INNOV, TURN, SIZE, I1, I2 , I3, I4

m10 exports: EXP| INNOV, TURN, R&I, I1, I2, I3 , I4

Results

Given the already reported lack of fit for the variable EXP under model II, we omit the results

for this variable in the assessment of the simulation procedure based on Bayesian networks. If it were

possible to include further variables in the prior graph, we expect that the results achieved would be

comparable with those obtained for the other variables under model II.

Overall, the summary statistics obtained from the simulated data under model I are close to

those obtained from the real data for the continuous variables. Whereas the means of continuous

variables TURN and R&I are reasonably preserved under both models, under model II the simulated

data variances are lower than those computed on the original sample (see the table below). This

is probably a consequence of a lack of fit of the estimated network, and was not expected a priori:

indeed simulating from the posterior predictive distribution would take into account uncertainty about

parameter estimates, uncertainty that is disregarded when simulating from model I; on the other hand

there is almost1 no variable selection problem under model I, as we consider the joint distribution of the

survey variables and model this through conditioning, whereas the estimated Bayesian network derives

from a variable selection procedure that leads to define the joint distribution through conditioning

and conditional independence arguments. The fitted network structure is probably too simple for the

problem at hand.

Variances of original and simulated data

TURN EMP EXP R&I

Original variance 3.23 1.66 5.95 3.06

Synthetic variance under model I 3.21 1.58 5.57 3.30

Synthetic variance under model II 3.13 – – 2.66

As far as the marginal distributions of the continuous variables are concerned, we observe that under

both models the normality assumption tends to reduce the skewness in the simulated data. Note that

under model I this affects variables EXP and R&I but not variables turnover and number of employees

for which normality was not assumed.

The bivariate relations between the quantitative variables were preserved by construction under model

I, whereas model II seems to perform poorly as the next figure indicates clearly: the synthetic data

obtained under model I (second panel) parallel the structure of the original data (first panel), whereas

much of the dependence structure is lost under model II: as shown in the third panel, the regression

1Note that non significant variables where excluded from models m8 to m15
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line fitted on the simulated data (dotted line) differs markedly from the one fitted on the original data

(solid line).

Performance of models I and II for variables TURN and R&I
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The categorical variables are well predicted by model I; the next table shows the results for

those describing engagement in selected innovation activities.
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Original (synthetic) distribution for specific innovation activities under model I

0 - not performing 1 - performing

Intramural research (I1) 0.683 0.317

(0.678) (0.322)

Extramural research (I2) 0.889 0.111

(0.887) (0.113)

Acquisition of machinery (I3) 0.127 0.873

(0.129) (0.871)

Acquisition of external technology (I4) 0.730 0.270

(0.733) (0.267)

Industrial design (I5) 0.794 0.206

(0.799) (0.201)

Training linked to innovation (I6) 0.746 0.254

(0.743) (0.257 )

Market introduction of innovation (I7) 0.794 0.206

(0.800) (0.200)

The routines provided by the R package deal do not allow to specify a user-defined prior for the

parameters of the Bayesian network; we had to write our own function to modify the prior in such

a way that the logical constraints were preserved for both continuous and categorical variables; note

however that choice of conjugate Dirichlet priors makes it difficult to introduce exact logical constraints

among categorical variables, as the Dirichlet parameters are bound to be strictly positive; to overcome

the problem we decided to assign very low prior probabilities to combinations of categorical variables

corresponding to logical constraints. As a consequence, it is possible that some “illegal” combinations,

though with very low frequency, are produced by the simulation algorithm. The next table reports

results obtained under model II for variables describing engagement in innovation activities; the table

also shows the frequencies of a third class, “no innovation activity” that should be attained with

probability one by enterprises for which INNOV=0. When restricting attention to the enterprises

involved in innovation, the comparison between the figures for observed and simulated data shows

that the agreement is not as close as under model I. Model II predicts the other categorical variables

better than those shown here, although figures under model I are always closer to those obtained from

the real data.

Original (synthetic) distribution for specific innovation activities under model II

0 - not performing 1 - performing no innovation

Intramural research (I1) 0.15 0.07 0.78

(0.15) (0.09) (0.77)

Extramural research (I2) 0.20 0.03 0.78

(0.11) (0.12) (0.77)

Acquisition of machinery (I3) 0.03 0.20 0.78

(0.08) (0.15) (0.77)

Acquisition of external technology (I4) 0.16 0.06 0.78

(0.19) (0.04) (0.77)

Comments and Discussion

In this paper we analysed two related approaches to releasing synthetic records for the protection

of microdata on enterprises. The first approach uses a semi-parametric model defined in such a way

that some pre-defined aggregates will be maintained on average in the simulated data; the parameters

of this model are estimated on the original data and a synthetic sample of enterprises is drawn from

this model, conditional on the estimated parameters.
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The second model relies on a Bayesian approach and tries to estimate a best fitting model that

represents the interdependence between the sampled variables in a concise and parsimonious way.

Under this approach the network structure itself is estimated, so that from the data producer’s point

of view the problem of arbitrariness of the selected model should not be an issue. The results however

show that assessing the goodness of fit of the final network continues to be crucial for the effectiveness

of the simulation procedure.

Both approaches have advantages and disadvantages. As far as the variables modelled by maxi-

mum entropy are concerned, the first approach does not rely on a parametric distributional assumption

(e.g., normality), and the adoption of a a more flexible model allows us to achieve a better approxima-

tion of the empirical marginal and joint distributions. The remaining variables are modelled jointly,

with only minor interest in the reduction of the complexity of each submodel. On the other hand,

the second approach tries to simplify the structure of the joint distribution of survey variables; at the

same time, it introduces a normality assumption that affects the results, the simulated data being

always less skewed than the original ones.

Overall, the first model has produced the best results in our experiment, though there is certainly

room for improving the Bayesian network approach presented in this paper so as to produce more

satisfactory results, especially as regards the number of variables that can be modelled.

A major limitation of the approach by Böttcher and Dethlefsen (2003) is that categorical vari-

ables cannot have continuous parents; in addition, we encountered some computational difficulties

working with the package deal. There are (mostly, commercial) alternatives to the software deal,

but only a few of them can treat mixed variables; moreover, the open source nature of this software

allowed us to modify the functions to specify suitable priors.

In any case our experience suggests that no fully automated general purpose procedure can be

developed. Indeed, satisfactory simulation schemes can only be produced after a careful data analysis

has been performed; this preliminary step leads to selection and/or introduction of the relevant model

variables and transformations needed to achieve a good fit to the observed data. This requires that

resources in terms of time and personnel are specifically allocated for the model building stage; the

applicability of this strategy is consequently also a matter of strategic decision for the Statistical

Agencies, and in this respect a major element of the release strategy is the extent to which synthetic

data are acceptable from the point of view of final users. It might be judged that the efforts needed

to estimate the model and simulate from it may be exceedingly high to justify the procedure from the

point of view of the Agency.
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ABSTRACT

The U.S. Census Bureau, Social Security Administration, and Internal Revenue Service have collab-
orated since 2001 in the creation of a new, integrated, public use product that contains partially
synthetic micro-data. The data sources are the ‘1990-1993 and 1996 panels of the Survey of Income
and Program Participation (Census Bureau), 1937-2003 earnings histories (Internal Revenue Service),
and 1962-2004 retirement and disability benefit histories (Social Security Administration). The full
integrated data product is confidential under the U.S. Code Titles 13, 26, and 42. Creation of a public-
use micro-data file based on these data presents the usual challenges of preserving analytical validity
while providing appropriate disclosure avoidance controls. In addition, the existence of previously-
released non-synthetic SIPP public use files based on the same panels as were used in the integrated
data presents an additional challenge. This paper provides an overview of how the analytical validity
issues were addressed using a synthesizer built from binary trees, Bayesian bootstraps, and Sequential
Regression Multivariate Imputation (with Kernel Density Estimator enhancements). We also overview
how the disclosure avoidance procedures were tested using probabilistic record linking and distance
matching. Univariate and multivariate data quality assessments are reviewed.

Keywords. Analytical validity, statistical disclosure control, household survey, administrative data.
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Paul Williamson
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ABSTRACT

This paper starts by briefly reviewing two approaches to the creation of synthetic miccrodata through
the reweighting survey microdata to known small area constraints, one using a Newton-Raphson
algorithm, the other an ‘incremental reweighting’ algorithm. The pros and cons of each approach
are reviewed, including both their algorithmic efficiency and the accuracy of the resulting microdata.
Both methods have previously been shown to perform relatively well at creating synthetic microdata
that replicate the constraints used in their production. However, concerns exist over the utility of the
interactions between variables within the microdata that have not been directly constrained. The main
focus of this paper, therefore, is an exploration of the utility of these ‘unconstrained’ interactions. Two
case studies are used. The first focuses upon estimates of households living in unaffordable housing,
comparing estimates derived from synthetic microdata with those produced by the Australian Bureau
of Statistics using a more conventional method. The second compares estimates produced using
synthetic microdata with those produced using Iterative Proportional Fitting (IPF). The paper shows
that, although the unconstrained interactions in synthetic microdata are far from perfrect, they do
provide small area estimates that are at least as reliable as estimates produced using these other
approaches, already in use for the production of official and semi-official small area estimates. In this
sense at least, synthetic small area microdata can be said to be ‘fit for purpose’. As constructed, the
reweighted survey microdata are ‘singly imputed’. The paper concludes by briefly considering the
implications pros and cons of singly versus multiply imputed synthetic microdata with regards to this
fitness for purpose.

Keywords. Combinatorial optimisation; incremental reweighting; GREGWT; CALMAR; IPF.
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QUALITY STANDARDS 

Bohatá, Marie 
Eurostat, European Commission 
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L-2721 Luxembourg  
E-mail: marie.bohata@ec.europa.eu

Introduction 
Quality became a topical issue for the European Statistical System and thus for Eurostat in 1999 with 

the creation of the Leadership Expert Group (LEG) on Quality. This initiative resulted in 22 
recommendations that were later endorsed by the Statistical Programme Committee (SPC). The work on 
quality in official statistics which got off the ground at the start of the new millennium is now firmly 
established and high on the agenda in the European Statistical System but also and beyond. 

It is probably adequate to say that all official statistical agencies have now adopted a true policy on 
quality in official statistics, a policy, however, that is conducted at national as well as European level. Thus 
the key challenge for Eurostat is that national quality initiatives give rise also to improved European 
statistics. This is ever more important as European aggregates become also ever more relevant for the 
conduct of European policies. In our harmonisation efforts, we have to see to it that all national quality 
initiatives fit together in objective and speed also at European level. 

Moreover, we see an expansion of the scope of our policies on quality in official statistics. Quality 
starts with looking at the quality of our products and services and logically, this was the focus at the 
beginning. Then we became ever more aware that our production processes have to be scrutinised as well. 
This made us look also at management issues. Now it is widely accepted that we have to look at 
organisational aspects as well which makes us deal with governance issues. 

Finally, and this is an aspect we have so far avoided at least directly in our work on quality of official 
statistics, we have to address also resource issues. A lot of quality improvement at all levels has been 
achieved in recent years and this happened even with dwindling resources. Production and dissemination of 
official statistics have become more efficient, but technology has helped as well. However, there are limits 
and quality risks linked to them have to be addressed, either through a resource increase for official statistics 
or a cut-back of official statistics of minor importance. This is why priority setting, in particular negative 
priority setting is becoming ever more important for quality assurance in official statistics. 

Adoption of the European Statistics Code of Practice and self- assessments 
What the European Statistical System (ESS) has done recently in view of meeting these challenges is 

above all the adoption of the European Statistics Code of Practice by the SPC, the key body for European 
statistics. This code was thereafter promulgated in the Commission Recommendation of May 2005 on the 
independence, integrity, and accountability of the national and Community statistical authorities and became 
a corner stone of the ESS. 

Governance authorities in the European Union are called upon to support statistical authorities in 
adhering to the 15 principles of the code. These principles cover the institutional environment, statistical 
processes and outputs. For each principle there are indicators of good practice that serve as a reference for 
reviewing the implementation of the code. This facilitates a public compliance monitoring that is of 
particular importance because of the self-regulatory character of the Code. 

The Code emphasises quality quite strongly, but there is more to the Code than its quality 
commitment. It is the encompassing approach to good official statistics that is embodied by the Code, 
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focusing not only on statistical processes and statistical output, but also on the institutional environment. 
The idea that the compilation of high quality statistics requires adequate governance structures at all levels 
of the system has made its way. 

Some important implementation supporting activities have taken place or are under way: self-
assessments against the Code followed by peer reviews, identification of best practices, and the 
establishment of a European Statistical Advisory Board. 

A comprehensive self-assessment by National Statistical Institutes and Eurostat on the basis of a 
common questionnaire was accomplished around the end 2005. This big exercise provided a valuable basis 
for peer reviews carried during 2006-07. 

The report based on results of the self-assessment against the Principles of the Code was presented to 
the EFC and made public at the Eurostat website. It gives a first insight to adherence to the European 
Statistics Code of Practice, allows some good practices in the ESS to be highlighted, describes progress 
made so far by the ESS in implementing the Code, and gives an overview of next steps. 

An analysis of individual self-assessments by NSIs and Eurostat suggests that the ESS has a strong 
profile in such areas of the Code of Practice as Professional Independence (with some reservations with 
regard to issues requiring a more thorough assessment of the actual situation within the peer reviews), 
Mandate for data collection, Statistical Confidentiality, Impartiality and Objectivity and Sound 
Methodology. While a majority of statistical authorities report high standards in these areas, improvements 
are certainly possible and necessary. However, rather than covering the ESS as a whole they are to be 
directed towards single statistical authorities and/or specific issues and statistical domains. 

Among areas for which full compliance with the Code requires action on a broader scale are those 
covered by Principle 4 Quality commitment, parts of Principle 8 Appropriate Statistical Procedures and 
Principle 12 Accuracy and Reliability. 

Current situation regarding quality commitment can be characterised by the following features: With 
10 statistical authorities (SAs) having introduced a Total Quality Management System and another 10 
planning to do so and 21 SA having established a long-term Strategic Plan or Business Plan, quality in 
management is on the ESS agenda. Only 3 SAs have not nor do they plan to implement either of these tools. 
Accordingly, 10 SAs have appointed a quality manager for their organisation and 18 have unit or department 
or some other entity dealing with quality management. All but 3 SAs report that they internally promote the 
European Statistical System Quality Declaration. 

The picture is, however, more divided in terms of monitoring product and process quality in line with 
the Code’s indicators, especially when looking at statistics from a rather aggregated point of view as had 
been done for the purpose of the self-assessment. A more detailed analysis better distinguishing between 
national and European statistics and singling out certain areas may yield rather different results. 

Only 7 out of the 29 SAs regularly monitor quality according to the ESS quality components for more 
than 75% of their statistical output, but only 4 do not monitor output quality at all, despite one SA out of 
these 4 has both a quality manager and a unit dealing with quality management. One SA reports that the 
results of the quality monitoring are neither internally nor externally disseminated but made available to top 
management, like it is the case in 22 SAs. However, less then 25% to none of the key statistical outputs are 
subject to comprehensive regular reviews in most SA with only the 3 SAs reporting to regular reviewing 
more than 75% of its key output. Other 8 SAs review 25-75%. All SAs having (parts of) their output 
reviewed claim that at least some of the findings resulted in an action plan.  

Some kind of quality monitoring of the various production processes is reported by all but 2 SAs for 
data collection, capturing and processing, analysis, and dissemination. Survey design is monitored in all but 
4 SAs. Methods employed range from internal audit (15), self-assessments (21), quality reports (26), quality 
indicators (21), or other (7), like more sophisticated monitoring systems and all but 1 SA report they use 
more than one procedure. Planning of new (existing) surveys is guided by office policies (quality
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monitoring) in 17 (22) SAs. However, only 10 SAs report having formal processes in place to deal with 
quality considerations, including tradeoffs within quality. 

As regards documentation of quality guidelines, only 3 SAs do not dispose of internal 
handbooks/guidelines/recommendations for the statistical production process but 17 SA have them for most 
(9) or all (8) processes and in 17 SAs they are made available as well to external users. 18 SAs offer specific 
training programs to address quality issues and other 5 intend to do so. 

15 SAs have been subject to a Data Review of Standards and Codes (ROSC) by the International 
Monetary Funds (IMF) during the last three years. Thus, the peer reviews carried out in the ESS can be 
based on an already solid information basis making as much as possible use of the results obtained by the 
IMF. 

As envisaged improvement actions, many SAs announce to fill gaps identified in the area of quality 
commitment, either through implementing the EFQM or CAF model, a long-term strategic plan, an explicit 
quality policy or by introducing an ISO-certified quality management system. Appointing a quality 
manager/creation of a unit, more systematic and comprehensive quality reporting, internal audit, 
streamlining of data production processes or the creation of training programmes in this area are mentioned 
by several SAs. 

Some NSIs explicitly ask for benchmarking with other NSIs having a broad experience in the area of 
quality management. Further stimuli are expected from various Eurostat projects carried by (consortia of) 
NSIs aiming at developing guidelines and good practices related to quality in statistics. Eurostat Working 
Groups may cover more systematically all statistical areas, considering where appropriate further 
investments to improve main quality features. 

Self-assessments of statistical procedures offer the following observations: With all SAs using – 
though to a varying degree – administrative sources for statistical purposes and consulting administrations 
prior to introducing new classifications, 25 SAs in turn report to be only sometimes consulted prior to the 
implementation of new administrative questionnaires. Only 2 SAs inform they are consulted always. The 
self-assessments reveal no major problems throughout the ESS with regard to statistical procedures, 
although 5 SAs systematically under perform with less then a quarter of their surveys being subject to the 
procedures stipulated in the respective principles of the Code. Room for improvement for the ESS as a 
whole seems to be in the area of computerised editing and imputation procedures and an assessment of their 
performance. 

Documentation of (all but four SAs) and user information on major revisions is reportedly common 
practice throughout the ESS as well as an explicit revision policy (11 SAs for more than 75% of relevant 
output and other 12 for 25-75% of the relevant output). 

Under improvement actions, several SAs report on longer-term programmes to systematically review 
statistical procedures for selected domains or processes, among them data editing and imputation methods (3 
SAs) and an optimisation of sampling schemes (2 SAs). 3 SAs have foreseen to increase transparency of 
revisions. 

As far as accuracy and reliability are concerned, the self-assessments reveal that almost all SAs are 
systematically assessing the accuracy of source data and reliability of European Statistics. However, the 
information given in the self-assessment is limited to a snapshot only, as differences reported among SAs 
with regard to the percentage of domains covered by the accuracy assessments would have to be analysed by 
statistical domains to substantiate the overview. 18 SAs report they validate accuracy for more than 75% of 
final results. More than half of the SAs have rules to forbid the dissemination of statistical output due to 
accuracy considerations, like e.g. very low data quality. Graph 6 gives more details on ESS practices with 
regard to error measurement and documentation. 

Improvement actions listed under this principle are basically targeted to specific domains. 
Overarching projects focus on an extension of error measurement and documentation (5 SAs) and the 
development of best practices at ESS level. 
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Eurostat's quality initiatives within the implementation of the Code of Practice 
In the past, the Eurostat approach to quality was based on general Total Quality Management. 

Recently the focus has been shifted to the Code of Practice which provides an encompassing conceptual 
common ground in the quality field. An important advantage of the Code is that institutional and legal 
aspects are taken as an integral part of the framework and not necessary considered as external constraints 
out of control of the organisation. 

The objective of the quality assurance framework currently developed in Eurostat is to establish a 
system of coordinated methods and tools guaranteeing the adherence to minimum requirements concerning, 
mainly, the statistical processes and outputs including some kind of assessment. The main focus is at the 
level of individual statistical domains rather than the quality of the statistical system as a whole.  
Consequently, the quality assurance framework comprises such elements as: 
• Documentation and measurement 
• Standardisation of processes and statistical method 
• Evaluation (self-assessments and peer reviews) 
• Strategic planning and control 
• Improvement actions 

Eurostat is further developing and integrating existing methods and tools, such as adjusting DESAP 
checklist, methodology for peer reviews, revising guidelines for quality reporting and defining approach to 
labelling of European aggregates. (My colleagues from Eurostat are covering these issues in papers prepared 
especially for session 36.)  

Challenges and work ahead  
Self-assessments against the principles of the Code have shown a clear commitment of the ESS to 

quality but many challenges still have to be met. Further steps envisaged in the context of the 
implementation of the Code of Practice include projects at various levels to enhance process and product 
quality, including progress in the collection of ESS good practices, continuation of the European 
Conferences on Quality and a co-operation project with other international organisations led by Eurostat on 
the use and convergence of international quality assurance frameworks. In addition, compliance monitoring 
established by Eurostat in the area of statistics will allow addressing quality issues at the level of statistical 
domains. The importance of joint actions at European level applies also to initiatives devoted to improving 
our statistical governance structures: setting up timetables for releases and revisions, applying agreed upon 
adjustments, co-ordinating benchmark revisions, or coverage extensions. All this is quite difficult to achieve 
and requires a lot of good will, however, the joint ESS work on PEEIs led by the FROCH group is very 
encouraging. 

It does not have to be stressed that a successful quality policy will strengthen our credibility. 
However, for this to materialise the quality improvements have to be brought to the attention of our users. 
With official statistics on the agenda of quite a few political bodies (e.g. EFC), it is comparatively easy for 
us to inform our political users. A true challenge, however, is the adequate information of our non-political 
users about quality changes. As user awareness of improvements is an important ingredient of our 
credibility, we could and should do much more in our communication on quality aspects.  

The quality policy for official statistics is very much a joint policy of Eurostat and NSIs also going 
beyond official Community statistics. Eurostat playing its role is committed not only to continue its 
(traditional) policy on quality in statistics, but to broaden its scope as well through the development of a 
labelling policy for European aggregates.  

Eurostat is of the view that such a label will enhance transparency for users. Moreover it will increase 
the visibility of Community statistics and their quality management. Finally it will create an incentive for all 
producers of Community statistics to comply with the standards needed to qualify for such a label. This will 
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contribute to a convergence of statistical processes and this in turn will improve the chances for a better co-
ordinated compilation and dissemination of official Community statistics. 

Conclusions 
Quality is not an end in itself, higher quality for the sake of higher quality might well mean an 

inefficient use of our resources. What we really need in the end is credible official statistics for public and 
private, for scientific and economic use. No doubt, quality and credibility are interlinked. There is no 
credibility without a certain degree of quality, however, high quality statistics are not automatically 
considered as credible. The relation between quality and credibility is asymmetric as statistics simply do not 
speak for themselves and the quality of statistics does not speak for itself either. We, the official 
statisticians, are called upon to speak about our statistics, to earn the recognition of all our users for our 
work. Credibility of our statistics is based on two pillars: our institutional arrangements - and this includes 
also self-regulation through the Code of Practice - and our professional ethos. 
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1. Background 
 Statistics Sweden is a very decentralised organisation in the way that survey managers for individual 
surveys are to a large extent expected to make decisions within a given budget on which priorities to make, 
which methods and which tools to use for the production of the statistics. The rationale for this is that they 
know best which level of quality that should be achieved in different respects, based on knowledge of the 
users’ needs, as well as the specific situation where the methods and tools should work. Of course, a number 
of guidelines and recommendations exist to support the survey managers in their decisions and they also 
have access to expertise in statistical methodology and IT, but only very few issues have strict rules for their 
operation. This leads to a large degree of variation in the process. This has been the situation for a long time 
during which it has been considered that the positives outweigh the negatives. However, the world is 
constantly changing and new demands on quality in statistics, reduction of cost, reduction of response 
burden, a different staff structure and need for quality assurance across the organisation means that this 
conclusion does not have the same validity anymore. 

 An internal review in 2003 led to a successive reorganisation with some new units for specific 
purposes, where data collection was gradually centralised. Further changes towards the end of 2005, where 
the subject matter areas were also reorganised, has led to the present organisation with two departments for 
data collection, four subject matter departments, an R&D department and additional departments for staff, 
finance etc. The approach was to gather similar activities within the same organisational unit to stimulate 
standardisation of approaches, methods and tools and at the same time strengthen the subject matter view 
point. Although several “new” problems have been created, there are generally speaking positive effects of 
the changes. 

 However, standardisation has not come into effect nearly as quickly and well as had been envisioned. 
This is largely due to the ever present conflict between regular day-to-day work and work to improve the 
processes. The short-term day-to-day work almost always tends to take over. In early fall of 2006 a major 
development project was put in place to achieve standardisation across the production process and to tackle 
the accompanying managerial and competence issues. 

 Although it was quite clear that Statistics Sweden used a large number of different tools to carry out 
the same or very similar tasks across surveys and which incorporated variants of a smaller number of 
statistical methods, it was decided to gather information from the surveys to get a better understanding of the 
current situation. A short form was developed focusing on the production process and its stages and 
distributed to all regular surveys at Statistics Sweden asking them to complete the information within two 
weeks. The information was mainly about the use of IT-tools within the survey but for some steps of the 
process information on the statistical method applied was collected. All in all more than 200 surveys 
provided the information, while less than 10 failed to do so. 
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 It was clear from the results that the variation was extremely large, not surprising since Statistics 
Sweden has applied a decentralised approach for a long time for its production of statistics. Still in many 
cases the situation seemed even worse than had been anticipated. Some of the more prominent findings were: 

- Almost 70 % of the surveys use tools for data collection that are unique to that survey. 
- Only 1/3 of mail questionnaires are scanned. 
- Only 40 % use the well-known, recommended in-house tool (CLAN) for estimation. 

 In an ideal situation, tailoring the solutions to the specific conditions will provide the best possible 
quality for the customers and the best possible working environment for the staff. However, this also requires 
access to the necessary expertise and financing to carry this out across the organisation. This is not the case 
at Statistics Sweden, and presumably not in any NSI (National Statistical Institute) today, where we are 
united in facing pressure to reduce costs and where recruiting expertise in key areas are becoming 
increasingly difficult. We therefore wind up with the following effects: 

It is expensive to develop, maintain, and document many different systems. 
It is difficult to implement new and improved methods, and it is difficult to focus the competence 
development. 
Many systems result in variable quality. 
Improvement work tends to be guided by the available competence in the various units at the 
relevant time.  
The collective resources within the organisation are not fully utilised. 

2. Goal and organisation of the project
 After thorough discussions in the senior management team the overall objective was defined as: 

“Effective methods and common tools developed for all stages in the production process and 
used by all statistical products.  

Responsibility for the methods and tools retained centrally as well as responsibility for 
supporting and promoting use of these. This responsibility includes continually improving 
methods and tools to achieve quality improvements and reduction in costs for Statistics 
Sweden and, thereby, for our customers and for data providers.  

Development work initiated and prioritised on the basis of all the needs of the production 
process, based on our customers' needs and wishes.” 

 Achieving such an objective is a huge undertaking given the decentralised situation at Statistics 
Sweden and it was clear that special approaches needed to be utilised. The basic condition was to ensure the 
factual and visible commitment from the Top Management (Director General), which was accomplished 
through the establishment of the Senior management team as the steering group with a more executive sub-
committee chaired by the Director General which also included the Deputy Director General, two internal 
Professors and additional key staff. A Coordination Group was established under which three umbrella 
projects work within their respective areas: 

1. Development of standardised processes and common tools 
2. Quality assurance, quality control and evaluation 
3. Competence development and management issues 

 Under these umbrella projects a large number of sub-projects work with specified issues related to the 
overall needs of the process. The project organisation has the schematic layout shown below in Figure 1. 
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Steering group: Senior 
Management

Steering Committee

Preparatory 
working group

Umbrella project 
2

Umbrella project 
1

Umbrella project 
3

Reference group

Figure 1 Project organisation 

 To further enhance and strengthen the approach several decisions were made. There is a principle of 
concentrated sub-projects, normally completed within three months. To ensure that the proper resources and 
competence are available it was clearly stated that the full resources and expertise of Statistics Sweden are at 
the project’s disposal with priority. In practice this implies that producing statistics according to schedule is 
priority 1, but then the needs of the project supersedes almost all other activities. 

3. Communication and involvement 
 In all major changes it is important to involve those that are affected to make use of their knowledge 
and expertise, and also to facilitate the implementation of the change as such. This is also in line with one of 
the core values of Statistics Sweden, and it is an approach that has proven extremely successful in the past. 
To this end there have been and are lots of activities to inform, communicate, and involve the staff in the 
project work; also in the Coordination group there is a trained Communicator. To reach out to the staff in 
general we have employed, among others, the following approaches: 

- Extensive information through the intranet under a unique logo. 
- A mailbox where the staff can send questions – about 30 have been received and replied to. 
- A package of presentation material (regularly updated) to be used by the managers. 
- Discussions on the unit level supported by a document with a set of questions; the written replies 

have been analysed. 
- Discussions on the unit level supported by members of the project. 
- Additional meetings of the managers for successive information and to discuss particular issues. 
- Always on the agenda of the meetings of the top-managers. 
- A conscious effort to include “new” staff from across the organisation in sub-projects. 

 The last point might be particularly interesting: to broaden the participation in the projects beyond the 
regular staff involved in R&D activities there is a conscious effort to recruit other staff and especially fairly 
newly employed people to make use of their outside perspective and to strengthen their competence and 
experience. A list of people that would be suitable to participate based on several sources has been created, 
among others: internal auditors, members of the youth council, and participants in management training 
programmes as well as persons that have been recommended by their respective managers. All in all, this list 
includes some 250 persons and it is a very useful base from which to select the members of projects. 
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 It was also important to achieve a good overall balance between the two geographical offices of 
Statistics Sweden and between genders. A follow-up at the end of 2006 proved that this had been achieved to 
a large extent with the following examples: 

- 45 % of participants in projects were from the Stockholm office and 55 % from Örebro, which 
well reflect the overall proportions. 

- 51 % of participants were men and 49 % were women. 
- All departments were represented with participants in the project organisation and the departments 

with the most central processes have the highest participation. There was a large and natural 
participation of R&D staff, but close to 50 % were other kinds of staff. 

4. Some current areas for umbrella projects 1-2 
 Umbrella project 1 for standardised processes and common tools and umbrella project 2 for quality 
assurance, quality control and evaluation have, of course, much in common. Some sub-projects are joint 
activities, but formally each sub-project is put under one umbrella for its budget and follow-up. 

 Given the great task and the short period for the project, some strategic decisions are important. There 
are some low hanging fruits – to which extent should they be picked as they are and to what extent should a 
framework be created first? Where in the production process can gains in terms of raised quality and/or 
reduced costs be expected? What order of sub-projects is wise? Where are the bottlenecks? How ambitious 
should each sub-project be – what is good enough? These questions are constantly being discussed in the 
project organisation, often in the executive sub-committee, in relation to specific issues. However, it is clear 
that the projects need to be flexible and adaptive to the particular situation and leave many options open. 

 To facilitate getting projects in place and coordination across similar projects the umbrella projects 
have set up sub-committees for important areas, e.g. architecture, data collection, editing, and metadata. 
Routines for handling sub-project reports have been developed to recognise the results and the conclusions 
and to handle the suggestions for the future.  

 Some areas and projects are mentioned below. They reflect the broadness of the approach, not an order 
of priority. 

- Study of an IT-system of the type SOA: Service-Oriented Architecture. This architecture is such 
that it should fit well together with the general process-orientation. The IT architecture is 
obviously fundamental, and principles should be decided as soon as possible. At the same time the 
architecture chosen has to make it possible to include current basic tools. This sub-project will also 
directly support other sub-projects. 

- Structured data warehouses considering input and output data warehouses, and also content 
coordination. There are several sub-projects including practical tests, e.g. regarding dwellings. 

- Expanding the functionality of the metadata system MetaPlus, where microdata are documented, 
e.g. object classes, populations, variables and value domains including classifications. There is 
support for re-using information – and, hence, for standardisation in a longer run. There are 
further, related, sub-projects dealing with connections between MetaPlus and archiving, and with 
search facilities on the web page. 

- Standardised component-based system for construction and use of questionnaires. This includes 
some, but not full, integration of the current two systems for interviewing of individuals and for 
electronic data collection from businesses. 

- Editing has high priority, and there will be a series of activities. Currently a study of nine 
important surveys is carried out. Preliminary results for some of these surveys indicate that they 
will be able to reduce in the order of 30 to 50% of the editing cost with the resulting quality at least 
as high as previously. On the other hand, at least one of the studied surveys should increase its 
amount of editing. There is a clear ambition to get a common tool for editing in place. 
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- Guidelines for questionnaire design and standardised layout for business surveys is a sub-project 
that has reported a condensed first phase with both results and further suggestions. The availability 
in the enterprises’ financial systems of the information required is also included in the study. The 
sub-project has used the same nine business surveys as the sub-project for editing does. Here the 
surveys are used as a starting point and as illustrations from the measurement perspective. The 
project has worked with standards and tools for construction and evaluation of questions and 
questionnaires. There are also preliminary suggestions for process data. 

- Coding with emphasis on quality, where occupation was a first field of study. The occupation 
coding for the Labour Force Survey was changed recently. Now an evaluation study has been 
made using an additional question to the panel and by involving two separate groups of coding 
staff. The sub-project has resulted in the evaluation, documentation, and experience for future 
studies.

- How to utilise process data for quality assurance and improvement. After an initial study, there is a 
sub-project on the delivery from the data collection departments to the subject matter units. Further 
activities will follow.   

- Communication of quality with the users/customers. A first sub-project has made internal 
interviews with several staff categories, and it has made studies of other countries: web pages and 
presentations to users. The need for a stronger user-orientation and for several sets of quality 
reports with different degrees of detail for different user groups is stressed in the project report. 

5. Umbrella project 3 
 This project has two major parts, and the work is performed both separately and jointly; also together 
with umbrella projects 1-2 and the activities on communication and involvement. Several benchmarking 
studies and activities have been carried out, especially towards other Swedish authorities. 

Competence provision, some ongoing activities 
 As mentioned, there is in the short run much emphasis on internal communication and involvement. 
All 60 organisational units will be visited within a few months to get input for the work, with an emphasis on 
involvement, but also to raise the general knowledge of the staff. New organisational roles will be studied. 
What competence will be needed as the sub-projects are finalised, implementation begins, and the new 
standardised way of working is a fact? 

 It is clearly stated in the mission of the project that strengthening the competence provision at Statistics 
Sweden is a major task. A strategy will be developed that will focus on the agency-wide perspective and the 
needs of the organisation as a whole. Having methods and tools that are common for the organisation will 
also require that we have access to the necessary competence to use them and to improve them over time. 
Changing the way we work, which is at the core of the total project, will require that all key-personnel have 
the necessary knowledge, and indeed insight, to work in such a system and to achieve its potential. Therefore 
major competence developing activities will take place already during 2007. These will be directed mainly 
towards managers on different levels, since they in turn will be able to reach out to their staff, but the rest of 
the staff will also be included in these efforts. 

 The aim is to have a long-term perspective on competence provision that includes many different 
approaches; internal and external training, conferences, cooperation with universities, projects for students, 
exchange of staff etc. However, already now we have identified some shortcomings that we need to address 
immediately. There is a major shortage of IT-staff with expertise in IT-architecture and systems design and 
also expertise regarding questionnaire testing and cognitive issues. These shortcomings will be addressed 
already during the project through various means. 

Management some ongoing activities 
 There is considerable focus on ‘ansvar’, a single word in Swedish that here corresponds to several 
English words; at least responsibility, authority, and accountability. At present several types of ‘ansvar’ exist 
within Statistics Sweden. Not all of these are clearly defined and there are still issues that need to be sorted 
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out in relation to the new roles that will be introduced to facilitate the process orientation. Major efforts have 
been made to define these roles and their relationships and the discussions have been very active. No 
decision has been taken, but there seems to be some consensus that the system we introduce need to be quite 
different from the present. Mainly of course because major changes are needed to tackle the problems we 
have created with the present system, but also to clearly communicate to the organisation that we can not 
continue as before. Everyone needs to adapt to a new situation.

 The way of working and the internal culture become extremely important here, as well as they do in 
other parts of the project, e.g. competence, communication, and involvement. 

 Some of the roles and tasks currently discussed are: 
- process-owner and process-user 
- processes and product 
- management, development, and implementation.

 The system for process management and development that will be introduced is shown below in Figure 
2. The figure has become known as “the circle”. It shows not a single circle but several important circles of 
communication and relationships. It emphasises the importance of the PLG (Process Leadership Group), 
which is in the centre. Initiatives and priorities are handled there. The majority of the work is performed in 
the left part: process management and statistics production through using the successive sub-processes.  

 The third, inward, dimension of the figure is indeed important. There is a set of process-owners and a 
considerable set of process-users. There is communication between these two sets, the owners and the users: 
provision of the sub-processes with a description and feedback on the capability and functionality. 

Development-
function

Process-owner
Process-user 

Development teams 

PLG:
Process
Leader-
ship
Group

VL1

LG2

1Executive office, 2Leadership group

Process description

Process-data
Needs, wishes 

Initiates new methods and tools 

Creates
teams
with 
different
compe-
tences

Priorities

Development suggestions 

Delivery for implementation 

Reports 
developments 

Figure 2 Process management and development 
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 Development is initiated from several places: the development function, the process-users, and the 
process-owners. The latter coordinate and summarise the suggestions, and prepare them for discussion and 
prioritisation in the PLG. This group, which is on a high level and has access to expert-level competence, 
makes the priorities and gives the development task to the development function. The development teams are 
composed of persons from the development function, process-owners, process-users, and possibly further 
types of experts. 

6. Some remarks on experiences so far 
 Although still in the initial stages some experiences have already been made: 

- There is general support of the approach and the goals, but many feel they don’t know enough 
about the work and its implications. 

- Balancing the very tight time schedule with long-term developments is tricky. 

- It is quite difficult to free staff of their normal duties to work in the project, in spite of the high 
priority. 

- More efforts are needed to move “the normal duties” from project participants to other persons and 
also to reconsider the importance of these normal tasks; some are not to be done now. 

- There has been some competition for expertise. Normally these have been handled smoothly, but 
there have been a couple of occasions where the Director General has had to intervene. 

- There is a clear shortage of expertise in some areas, especially IT-architecture/design. 

- Top management support is absolutely necessary (and present). 

- Many methods and tools already exist within the organisation; they need not be developed from 
scratch.

- The new approach with short projects (three months) that are concentrated in time, the priority on 
resources, and deciding on projects based on the needs of the total process, has so far been 
effective.

- Some formal routines to handle upcoming problems have had to be established; competition for 
resources, assessment of suggested improvements, formal decisions on standards etc. 

- The strategy of involving staff in a broad sense in the sub-projects has been successful. At present 
some 240 individual persons have been taking part in some project or group. In general these 
people have a more positive view on the whole approach, which clearly supports the fact that 
involvement matters. 

- The project will be able to deliver a production process supported by methods and tools in all its 
major steps. Several surveys will be able to use these methods and tools almost exclusively. 
However, this is only the first step. The real test comes when the project hands over to the 
organisation to take the approach further. Many methods and tools still need to be developed and it 
is vital to achieve continuous improvements of the methods and tools that will be in place. 

ABSTRACT 
The intensive work at Statistics Sweden to standardise processes and tools is described. The background is a 
decentralised organisation with some recent changes in the direction of standardisation. The speed has 
increased considerably together with a more clear direction towards standardisation and process orientation. 
There are both short-term and long-term goals. The overall goal is to reduce costs and raise quality; some 
such possibilities are already in view, and more will come. There are many challenges in the current phase 
ending in 2007, e.g. to cover the production process broadly while also evaluating and building methods and 
tools for sub-processes. 
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1.  Present and Future Challenges for Official Statistics 
As a National Statistical Institute, Statistics Austria has to provide high-quality statistical products and 

information services. To fulfil this obligation in particular in times of substantial challenges, Statistics 
Austria bases its strategic management on the principles of Total Quality Management (TQM). Challenges to 
be coped with are due to (i) the changing environment and (ii) the growing demands from users. 

1.1. Changing Environment 
The environment of a National Statistical Institute is nowadays characterized on one hand by more and 

more restricted resources and growing unwillingness of respondents to deliver information, and on the other 
hand by advances in the organization of the statistical process. These advances are to a great deal due to 
progress in the information technology that is implemented in many areas of the statistical process.  

Restricted resources: The budget that is available to Statistics Austria is a good illustration of this 
point. Statistics Austria has been transformed from an institution of the public administration into a federal 
organization under public law, the corresponding legislative act, the Austrian Federal Statistics Act (2000), 
passing into effect by 2000. The budget of Statistics Austria has been frozen to the amount of the budget year 
1998 for all years since 2000, resulting in cuts of the real value budget that amount between 3 and 5 percent 
each year. Restricted financial resources imply restrictions of staff and all other ingredients of a statistical 
organization. Such a situation creates a great pressure to increase efficiency. Reports about similar budget 
cuts can be obtained from various other National Statistical Institutes.  

Responds burden: The response burden has also become a concern of politicians in many countries. 
The debate of “negative priorities” is a common issue in various bodies of the European Community 
including the ECOFIN council; it is motivated not least by complaints over response burden. National 
Statistical Institutes face increasing demands for statistical products, mainly from the side of politicians and 
political administrators who prepare and implement political decisions. The same group of users, viz. 
politicians, often the same individuals, argue for reductions of the response burden. 

Information technology: A fundamental change in the statistical process has been caused by the rapid 
developments within information technology. All areas of official statistics, from data collection, processing 
and storing of data, to the dissemination of results have been radically changed and will be object of further 
changes in the future. Although the use of information technology has the potential to increase productivity 
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of human resources, to simplify processes, and to improve quality, the implementation and application of 
information technology is expensive and increases the complexity and error proneness of the statistical 
process. Information technology also is a crucial element in getting access to and use of administrative data, 
an important means of reducing the response burden and of increasing the efficiency of National Statistical 
Institutes.

1.2. User Demands 
Due to recent developments, modern user demands refer in particular to (i) the range of statistical 

products and (ii) to a new notion of quality. 
Increased range of statistical products: The number of statistical products and the diversity of their 

content have a strong tendency to increase. New issues in the public debate generate new requests for 
statistics. Migration across borders and the related social and economic issues are a good example for an area 
where an urgent need for reliable information is obvious. The continuous integration of Europe, the opening 
of borders all over the world and the globalization of the economy and other areas of our life has caused an 
urgent need for statistics that provide adequate information to involved parts of society and allow for policy 
development and analysis. Austria’s access to EU has caused Statistics Austria to add quite a number of 
products to its portfolio and to make major revisions or extensions of existing products. Examples are 
Intrastat, structural business statistics and short term statistics for the service industry, community innovation 
statistics, EU-SILC, and others. In the coming years, new price indices or statistics on education and health, 
revised regulations for business registers and classifications and many others will add to the load on National 
Statistical Institutes. Demands from user-side are increasing mainly at the European level; but also at the 
national and regional levels the needs for information are growing. Harmonization of concepts, of 
classifications, and of the legal and administrative basis and extensions of the statistical program are not only 
an issue within the EU but also in the wider context of various international organizations.  

New notion of quality: In the past, quality in statistics mainly meant the accuracy of statistical results. 
Nowadays, quality in official statistics refers to a comprehensive, multi-dimensional concept. Within the 
European Statistical System (ESS), apart from accuracy it comprises the dimensions relevance, timeliness 
and punctuality, accessibility and clarity, comparability and coherence. 

Moreover, quality refers not only to the product quality which undoubtedly is of central importance for 
the confidence of the users in statistical results, in particular to those users relying on official statistics as a 
decision basis. In fact, the notion of quality has developed in official statistics analogously to the concept of 
quality in economic enterprises from a concept oriented exclusively towards the end product via greater 
process orientation to the model of TQM. This comprehensive quality concept comprises the quality of the 
whole institution of official statistics: Besides the quality of products is the quality of processes, efficiency, 
the qualification and motivation of members of staff, the quality of services provided to clients, and client 
orientation in general. Increasingly, as can be seen in the Austrian case, the unburdening of respondents 
emerges as an additional TQM principle in the area of official statistics (Holzer, 2005).  

2.  Total Quality Management: Framework and Implementation 

2.1. Legal Framework 
The 2000 Austrian Federal Statistics Act, which entered into force on 1 January 2000, has set a new 

and modern framework in which official statistics has to be elaborated and disseminated. This new legal 
framework has already laid down some of the features of a TQM concept as a standard for Statistics Austria, 
comprising the quality control of the products, customer/user orientation, a reduction of the respondents’ 
burden, efficiency and staff orientation. 

Among the basic regulations of the act on the production of statistics (article 14, paragraph 1) there are 
the principles of objectivity, reliability, relevance, cost-effectiveness and transparency. Moreover, the act 
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demands the highest possible degree of consistency and coherence of all statistics, in order to emphasize the 
system character of official statistics. These principles have been derived from the EU Regulation on 
Community Statistics (EU, 1997). In the interest of high-quality products further basic principles not 
mentioned in the EU Regulation on Community Statistics are laid down in article 24 of the Federal Statistics 
Act: Apart from objectivity and impartiality, Statistics Austria must adhere to the following principles: 

 to apply statistical methods and procedures according to internationally acknowledged scientific 
principles and standards; 

 to control statistics permanently with regard to potential quality improvements; 
 to safeguard the timeliness of statistics; 
 to minimize the response burden and to provide background information on the survey to 

respondents and other concerned persons; 
 to adhere to specific principles of publication; 
 to maintain the confidentiality of individual data. 
The adherence to these principles is controlled by the Statistical Council. 

2.2. Strategy Plan 
In 2005, Statistics Austria issued a strategic management concept for the years 2006 to 2010. To cope 

with the new challenges and changed general conditions, and on the basis of already accomplished 
achievements and the general strategic objectives as laid down by the Federal Statistics Act, objectives and 
implementation measures were defined and integrated in the current work programme. These objectives and 
the corresponding measures concern all modules of the TQM concept implemented in Statistics Austria (see 
below). Equally, they comprise the statistical products and processes, methodical developments, the 
dissemination of the statistical products, co-operations with international partners, relationships with users, 
human resources development and IT. 

2.3. European Statistics Code of Practice 
In response to the request of the European Council, the statistical authorities of the EU-Member States 

and Eurostat adopted the European Statistics Code of Practice (COM (2005) 217 final) and committed 
themselves to an encompassing approach towards high quality statistics. The European Statistics Code of 
Practice is based on a common ESS definition of quality in statistics and targets all relevant areas such as the 
institutional environment, the statistical production processes, and the statistical products. Among the 15 key 
principles set out by the Code, the following principles are of special importance to the implementation of 
TQM measures within a Statistical Institute: principle 4 (quality commitment) and principles 11-15 
comprising the ESS quality dimensions of statistical outputs (relevance, accuracy and reliability, timeliness 
and punctuality, coherence and comparability, accessibility and clarity). 

2.4. Statistics Austria’s Total Quality Management Concept 
Quality measures and quality management are regarded as essential parts of enterprise policy. The 

framework of the comprehensive quality management of Statistics Austria is a TQM concept which focuses 
on five main dimensions of quality: product quality, customer satisfaction, reduction of the response burden, 
efficiency, and staff orientation (see fig.1). 

The TQM concept: The principles and purposes of the TQM philosophy of Statistics Austria may be 
summarized as a set of objectives to produce official statistics, which 

• satisfy the requirements of the user (customer orientation), 
• are based on up-to-date methodological standards (quality of the products),  
• are elaborated by qualified and committed staff (staff orientation), 
• use state-of-the-art technical infrastructure in optimized and controlled processes (efficiency) and  

which
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• are elaborated with as little burden to the respondents as possible (reduction of response burden). 

Total Quality Management (TQM)

Customer/user orientation
Communication policy
Market strategy
Product policy
Marketing policy
Availability of results

Reduction of respondents’ burden
Use of registers and administration data
whenever possible
Sample survey preferred to census
Voluntary co-operation preferred to obligation to 
provide information
Electronic questionnaires
Tailored questionnaires

Staff orientation
Staff training
Job enrichment, flexibility
Co-operative management
Team work
Staff satisfaction

Efficiency
Optimizing the processes
Planning instruments
Project management
Controlling
New IT instruments

Quality control of the products
Relevance
Accuracy
Coherence
Comparability
Completeness
Timeliness
Availability

Fig.1: TQM concept of Statistics Austria 

These aspects of “overall quality” are interacting in many ways. E.g., high quality and timeliness of 
statistical products are an essential prerequisite of high customer satisfaction, high product quality can only 
be achieved by optimized statistical production processes, high-quality statistical products and services 
require highly qualified and motivated members of staff, etc. In part, we are confronted with competing 
aspects: E.g., demands for higher accuracy may lead to a greater burden for the respondents; investments 
may result in quality improvement or in the unburdening of respondents, but may bear extra costs and thus 
involve problems of efficiency. 

The challenge to the management of modern official statistics is the implementation of a pragmatic 
comprehensive quality concept where the partly competing dimensions are effective on an equal and 
balanced footing. Quality management has to be comprehensive in the sense of coping with continuously 
changing internal and external conditions. Permanent new challenges require a permanent process. A point 
crucial for the success is that TQM must be introduced on the initiative and with the support of the top 
management and with the involvement and the commitment of the whole staff.  

Development of the TQM concept: The TQM concept of Statistics Austria formed the basic 
framework for the elaboration of a mission statement. A preliminary version was developed in September 
2000 and was discussed with all interested staff members in a series of discussion rounds in all 
organizational units. Based on these discussions a final version was elaborated and published in summer 
2001. The TQM concept of Statistics Austria uses the theoretical EFQM (European Foundation for Quality 
Management) excellence model as a framework. In January 2001, Statistics Austria joined the AFQM 
(Austrian Foundation for Quality Management), the Austrian sister organization of EFQM. A comprehensive 
EFQM self-assessment project was carried out with external professional assistance, in which all high-level 
managers and other staff members were involved. An action plan based on the results of the self-assessment 
focusing on the strengths and improvement areas of the organization was elaborated. 
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At that stage, it was decided to use the EFQM excellence model as a complementary frame to the 
TQM concept developed by Statistics Austria, but not to embark on the EFQM model as a strict basis. It was 
considered to be too ambitious to cope with the every day work burden of this model, especially with the 
excessive formalism of administration and documentation. Nevertheless, the EFQM model is regarded as a 
expedient and helpful instrument for the systematic analysis of the whole organization, including all the 
EFQM aspects such as leadership, policy and strategy, partnerships, resources, processes and products. 

Already in 2000, a TQM Board was established, consisting of five members covering the above-
mentioned dimensions of TQM. In 2003, a quality management unit was established, directly subordinate to 
the Directorate General. The task of this unit is to initiate, to plan, to co-ordinate, to implement and to control 
TQM measures in consultation with the Directorate General and in close co-operation with the TQM Board 
of Statistics Austria. In particular, the quality management unit defines and manages – in co-operation with 
the TQM Board – projects within all TQM areas; examples are the implementation of a system for quality 
reporting and of so called “feedback talks” (see below), staff opinion surveys, etc. The quality management 
unit and the central TQM Board also have to deal with the recommendations and statements of the Statistical 
Council with regard to the quality of the statistical work of Statistics Austria.  

Feedback from outside: Particularly important to the quality work and quality improvement of 
Statistics Austria is the feedback “from the outside”. It is provided, on the one hand, by users and clients who 
gather in special advisory committees and, on the other hand, through recommendations of the Statistical 
Council, especially those of the Quality Assurance Committee. 

In the Austrian system of official statistics, special advisory committees responsible for individual 
statistical areas and pertaining to the Central Statistical Commission articulate quality demands. 17 advisory 
subcommittees and additional working groups are meeting at least once a year. The members of the Central 
Statistical Commission represent various organizations such as ministries, provinces, the Austrian National 
Bank, the Austrian Court of Auditors, organizations of the Social Partners, the communities association, the 
towns association, but also individual experts as well as the Austrian representative of CEIES are invited. 
These advisory committees can be seen as the “link between producers and users” of official statistics. 

The contributions of the Statistical Council and its Quality Assurance Committee are of essential 
importance to the system of quality assurance and of TQM in the Austrian official statistics. This is 
particularly true for contributions that refer to the area of efficiency. Substantial contributions come also 
from the Economic Council. The progress and merits achieved in the area of quality improvement by 
Statistics Austria together with the Quality Assurance Committee in the course of the past four years, would 
hardly have been possible on such a big scale and within such a short time, had not the Quality Assurance 
Committee been active by its choice of topics, its advisory support, but also its urging relentlessness. 

3.  Some Experiences and Results 
As an illustration of the TQM activities and their effects at Statistics Austria, three areas are described 

in this chapter where the application of TQM ideas resulted in certain practices or led to the implementation 
of certain tools. Two of these areas, (i) partnership with respondents and (ii) collaboration and networking, 
refer to relations with the environment; the third one, (iii) quality reports and feedback talks, concerns the 
statistical process. 

3.1. Partnership with Respondents
It is quite obvious that statistical information obligations account only for a relatively small part of the 

total administrative burden on enterprises (see, e.g., ECOFIN, 2006). Nevertheless, in the mind of many 
business representatives, administrative burden is associated with statistics. In this situation, attempts to 
reduce statistical information obligations are an issue not only for the respondents themselves but also for the 
National Statistical Institutes. The willingness of respondents to collaborate has a direct effect on the quality 
of the statistical products. This willingness is determined not only by the response burden but also by the 
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general attitude of business people towards statistics.  
Various ways can be used for reducing the burden on respondents. Statistics Austria has developed 

several measures for that purpose: A. Revision of survey designs and use of administrative data; B. Web-
based data collection; C. Service for enterprises; D. Response burden barometer. 

Revision of survey designs: Decreasing the sample size of a survey is a straight way of reducing the 
respondents’ burden; the loss of precision may be compensated by using information that is available from 
the past or other sources. A substantial potential lies in the substitution of survey data by administrative data. 
The new survey design of the Austrian Structural Business Statistics since 2003 is a good example for such 
attempts: Small enterprises in terms of number of employees or turnover are exempted. For the enterprises 
that are exempted from data collection, data from the social insurance agencies and the tax authority allow to 
derive reliable imputations for the variables in question by means of model-based estimates. A considerable 
reduction of the sample size could be achieved (reduction of 25%). 

Web-based data collection: Web-based data collection has several advantages, not the least being the 
convenience for the respondent as compared with completing a paper-questionnaire. Other advantages are 
the possibility to execute plausibility checks on-line and the improved quality resulting from corrections due 
to revealed implausibilites, hence an improved quality of the collected data. A further advantage is that web-
based data have a shorter delivery time. All these facts can be quantified by means of the response burden 
barometer as described below. These measurements indicate that considerably less time is needed for web-
based data-delivery compared to the completion of the paper forms; e.g., in Structural Business Statistics, on 
average only 67 % of the time needed to complete paper forms. In addition, on-line respondents deliver the 
data on average two weeks earlier than respondents who are using paper forms. 

Service for enterprises: The readiness of the respondents to collaborate and their general attitude 
towards statistics reflect their understanding of the value of statistical products. Business statistics contain 
many results that can help business people in doing their job. Results from the structural business statistics 
can be used for benchmarking, statistics on consumption patterns for marketing analyses, etc. Provision of 
statistical products that contain such information in a form which is appropriate for the business world has 
the potential to demonstrate the value of statistics to business people. Once they experience statistics as a 
useful device the attitude of business people will change. Similar effects can be expected from explanations 
of the purpose of a survey and from demonstrations of the out coming statistical products and their use. Such 
activities can lead to a partnership where both sides give and take, resulting in a mutual benefit. Statistics 
Austria offers two types of standardized information to the enterprises. One are the so-called 
Firmennachrichten, a monthly bulletin with detailed information on employment, orders, production, and 
sales including index-numbers for NACE branches C through F; the enterprise finds valuable information for 
benchmarking its position as compared to its branch. Similarly, Statistics Austria offers a monthly newsletter 
with detailed information about external trade.  

Response burden barometer: In cooperation with the Austrian Federal Economic Chamber of 
Commerce, Statistics Austria has developed a device for measuring the time that enterprises spend in 
fulfilling information obligations for mandatory surveys (Rainer et al., 2006). The response burden is defined 
as the time necessary for filling in the respective questionnaires, whether on paper or electronically. The 
device consists of an indicator system that shows the development of the response burden over time for each 
of the surveys. Results are available for the years 2001 through 2006. They concern the extent by which 
enterprises are affected, the burden in hours, the contribution of the various surveys to the burden, and other 
facts. E.g., in 2006, only about 14% of all enterprises and about 9% of the small enterprises (less than 20 
employees) had to report. Experience drawn from 2003 barometer shows that more than half of the 
enterprises needed less than two hours per year to fulfil the reporting requirements; only about 9% need more 
than 40 hours. The total response burden could be decreased from 2001 – 2006 by 12.8% regarding regular 
mandatory surveys, mainly by reducing sample sizes, increasing thresholds and the use of administrative 
data. In 2006 about 67% of total response burden was imposed by Intrastat.  
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The statistical program: The essence of the above described facts is that Statistics Austria aims at 
developing a partnership with its data providers, especially with enterprises. However, the primary factor for 
the response burden is the statistical program as a whole. Each new statistical product and each extension of 
an existing product potentially increases the response burden. A careful cost/benefit analysis should be a 
natural prerequisite for each new statistical product. Such analyses would also help to make use of available 
resources – including respondents’ readiness to collaborate – in an efficient way. The implementation of such 
exercises are foreseen within ESS what gives hope that the main driving forces for widening the statistical 
program of the EU will follow corresponding principles in the future. 

3.2. Collaboration and Networking 
Collaboration and networking between National Statistical Institutes and research institutions 

including university institutes have the potential to improve the methods that are used in the statistical 
process and the quality of statistical products and in general the efficiency of the National Statistical 
Institutes. Improved access to data including micro data for researchers is of mutual interest; it opens new 
research areas for researchers, improves the quality of the data, and enlarges the analysis capacity of 
statistical institutes. Also collaboration and net-working between National Statistical Institutes offers 
considerable advantages to the involved partners.  

Statistics Austria has established a formal cooperation agreement with a major university in Vienna, 
the Wirtschaftsuniversität. The agreement aims (i) at the transfer and the deepening of competence of both 
sides, (ii) at the cooperation in empirical analyses of socio-economic issues, and (iii) at improved access to 
data from official statistics. The latter two points corresponds to the general trend that in depth analyses are 
considered of growing importance and often performed in cooperation with research institutions. A project of 
mutual interest that has been started within this cooperation concern the non-profit sector, a topic of interest 
both for academic economists and for SNA-economists at Statistics Austria. A project that concerns the 
labour market is in the planning phase.  

To facilitate the access to micro-data, a website has been established where several standard datasets 
are offered, together with corresponding metadata and all necessary technical information. Any researcher 
can submit a research proposal and apply for registration, which allows him or her to download a suitable 
standard dataset; if none of the standard dataset is suitable, an offer for the production of a tailored dataset is 
handed over. 

3.3. Quality Reports 
A powerful means of improving statistical products are quality reports and feedback-talks. In 2001, 

Statistics Austria has established a policy to develop quality reports and publish corresponding 
documentations for all its statistical products (Hackl, 2004). Following a standard format, all quality related 
aspects of the statistical product are documented. Feedback-talks are based on these quality reports. They are 
discussions of various quality aspects of the statistical product between the responsible experts of Statistics 
Austria, the representatives of the Statistical Council, and major users. Areas of potential improvements are 
identified and corresponding recommendations are given as the result. As consequence, the quality report of 
the product will be adapted and, more important, the report on the feedback-talk will show a list of 
improvements planned for the future together with a time schedule for implementation. Before the end of 
2007 all major products of Statistics Austria will be documented and in the sequel scrutinized within 
feedback-talks. Quality reports and feedback-talks are efficient means to administer a continuous 
improvement policy. In their report, the peer reviewers for assessing the compliance with the European 
Statistics Code of Practice consider feedback talks as good practice to be highlighted and recommended to 
National Statistical Institutes within the ESS (Laux et al., 2006). 
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ABSTRACT 

 a National Statistical Institute, Statistics Austria has to provide high-quality statistical products and information 
services. To fulfil this obligation in particular in times of substantial challenges by the environment and by user 
demands, Statistics Austria bases its strategic management on the principles of Total Quality Management (TQM). 
The Federal Statistics Act, being in force since 2000, has set a new and modern framework for the statistical work 
including concrete TQM features. On this basis, a TQM concept has been developed in the recent years which 
comprehensively covers the quality aspects of the whole institution: Apart from the quality of the products, it 
comprises the quality of the process, its efficiency, the qualification and motivation of the staff members, and the 
quality of the services provided to clients. The focus of the TQM concept is on the dimensions product quality, 
customer satisfaction, reduction of respondent’s burden, efficiency and staff orientation. 

plementing this TQM concept, various projects have been carried out that help to achieve progress in each of 
these areas. These projects include writing standard quality reports for each of the statistical products, arranging 
feedback talks in order to get advice for improvements for the statistical products, establishing a comprehensive 
training program for the staff, implementing a tool for measuring the response burden, redefining the dissemination 
policy and others. Designing a TQM project includes the definition of one or several goals; such goals are the 
basis for measuring the effects of measures taken within the project. Increase of actuality of statistical products is a 
rather obvious effect, measured by the extent of compliance with the release calendar. Reduction of the response 
burden on enterprises needs the implementation of a suitable device such as the response burden barometer of 
Statistics Austria. Other goals, e.g., the increase of efficiency, are rather complex to be measured.  

e paper describes the TQM concept of Statistics Austria, which follows a pragmatic approach to cope with 
nowadays challenges. The paper sketches the design, planning and implementation of the concept and gives 
examples of TQM projects and their results that allow some insights in the progress that has been achieved.  
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Evaluating UK official statistics - standards for a quality label 

Frank Nolan 
Office for National Statistics, United Kingdom 

Abstract

The new UK Statistics Board has a statutory objective of promoting and safeguarding 
the quality of official statistics, good practice in relation to official statistics and the 
comprehensiveness of official statistics. A function within this role is that of assessing 
official statistics against a Code of Practice with the aim of labelling those that 
comply as National Statistics. 

In addition to agreeing a Code of Practice, there is a need now to establish a set of 
principles and procedures for assessing official statistics. The assessment process is to 
be risk-based, to build on existing quality assurance processes and have regard to the 
burden placed on statistical producers.  Transparency is important, with the principles, 
procedures and outcomes of assessment all to be published.  

This will be a challenging task. There are a range of issues that need resolving 
including: determining what is required for a statistics to meet an element of the 
Code; understanding how institutions, people and statistics fit within the assessment; 
balancing the need for evidence of Code compliance alongside the management of 
burden; and to understand the weighting of the different Code compliance elements to 
determine an overall compliance position.  

The aim of this work is to enhance public confidence in official statistics. It 
contributes to the independence and quality of official statistics within the UK 
decentralised statistical system. 

1. Background. 

In November 2005 the UK Chancellor of the Exchequer announced that the 
government would introduce legislation enabling a UK Statistics Law. The key driver 
for this was the underlying concern in the UK that official statistics could not be 
trusted. Indeed, a study in 2005 by the Office for National Statistics had shown that 
the level of public confidence in official statistics was such that only 17 percent of the 
population thought that official statistics were produced without any interference by 
government (Jones and Jones, 2005).    

There were several elements in this Statistics Bill designed to increase trust. Firstly, 
the relationship between ministers and the NSI is to be replaced by a Statistics Board, 
independent of Ministers, having charge of the NSI and having an overview of all 
official statistics. This Board was charged with objectives of: 

promoting and safeguarding: 
(a) the quality of official statistics, 
(b) good practice in relationship to official statistics, and 
(c) the comprehensiveness of official statistics.

1
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Secondly, there is to be a Code of Practice for official statistics, which was to be 
approved by this new Board. Statistics which meet the requirements of the Code were 
to be badged as National Statistics. In determining whether official statistics met the 
requirements of the Code, there is to be an independent Assessment unit established, 
reporting directly to the new Statistics Board, whose job is to evaluate official 
statistics and recommend to the Board if they meet the necessary requirements of the 
Code.

There were additional elements in the Bill, establishing the requirements for 
confidentiality, allowing for data sharing, establishing the position of National 
Statistician as chief government advisor, and creating a Statistics Office under the 
leadership of the National Statistician. 

The Statistics and Registration Service Bill (Bill 8 of 2006-7) was introduced into the 
UK Parliament in November 2006. While the Bill sets out the legal requirements, the 
practical implementation of the elements of the Bill need to be developed. This will 
involve much work in ONS and across the UK Government Statistical service over 
the intervening period, with the understanding that the Bill will come into force in 
April 2008.  And in looking superficially at the Quality labelling process outlined in 
the Bill, many elements of this process are to be established by agreement with the 
new Statistics Board.

This paper reviews how official statistics will be assessed against a Code of Practice. 
It looks at the origins of the Code and how it has developed, it looks at labelling 
within a quality framework, the legal requirements, and issues around 
implementation.  

2. UK Official Statistics 

The UK has a broadly decentralised statistical system, with the Office for National 
Statistics (ONS) being the key coordinator in the system. This system was reinforced 
in 2000 with the publication of a Framework for National Statistics which: 
1. created the position of National Statistician as the Government's chief statistical 

adviser,
2. created an independent Statistics Commission to advise on quality assurance and 

integrity and priority setting for National Statistics, and 
3. introduced the concept of National Statistics, aimed at providing an accurate, up-

to-date, comprehensive and meaningful description of the UK economy and 
society.

An important development from the Framework document was the creation of a 
National Statistics Code of Practice (National Statistics, 2002) and twelve related 
protocols. The Code is a guide for all statistical work across government, and applies 
not only to the ONS, but to other departments which produce National Statistics. The 
United Nations Fundamental Principles for Official Statistics form the base for the 
Code. Eight principles make up the Code of Practice:  
1. relevance,  
2. integrity,  
3. quality,
4. accessibility,  

2
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5. protecting confidentiality,
6. balancing the needs of users against the burdens on providers,
7. enhancement through integration accumulation and innovation, and  
8. efficiency in costs fairness in prices. 

Through application of this code it was thought that there would be an improvement 
in the quality of official statistics. The Code was finalised in 2002 and all government 
departments producing National Statistics were required to comply with the code over 
the next three years. The measurement of compliance was through self assessment, 
and now all departments have published a statement of compliance.    

3. A Quality Framework 

The assessment function and quality labelling within the Statistics Bill, can be seen as 
elements of a broader quality framework. Indeed, this is a key part to the objective of 
the new Statistics Board: 
... the Board is to have the objective of promoting and safeguarding: (a) the quality of 
official statistics, (b) good practice in relation to official statistics, and (c) the 
comprehensiveness of official statistics. 

In setting up the Statistics Board and the Statistics Bill, the aim is to reinforce the 
independence, integrity and quality of official statistics so as to improve trust.  The 
Bill provides a mechanism for this improvement, but it must be further backed up by 
the culture of continuous improvement across the official statistics system. This can 
come about by the establishment of good practices; for example the law requires the 
Board to develop and maintain definitions, methodologies, classifications and 
standards. But trust will also be improved through the assessment function: 
measuring official statistics against a standard, providing advice on how statistics will 
in future meet those standards, and, over time, raising the standards. 

Quality labelling is a concept which has been discussed at international levels (see 
CCSA, 2006). It is represented in standards such as the IMF Special Data 
Dissemination Standards (IMF, 1996). And in Europe, there is a move, through the 
European Statistics Code of Practice to provide a label European statistics. Labels 
have been also used within different countries to provide some level of trust in 
statistics. In Sweden official statistics are statistics that are produced according to the 
statistics act and ordinance and published as required by official regulations. In New 
Zealand, official statistics are classified by different tiers. 

 In the UK, some official statistics are already labelled as National Statistics as a 
result of the introduction of the Framework document in 2000 and the subsequent 
development and release of the National Statistics Code of Practice and Protocols in 
2002 / 2003. However, these UK statistics have only been tested as meeting the Code 
through a self assessment process. Statements of compliance are listed through the 
National Statistics web site. 

Eurostat has commissioned the production of a Handbook on Data Quality 
Assessment Methods and Tools (European Commission, 2007). This handbook has 
put labelling (alongside certification) within the context of other methods of data 
assessment. The key elements here are that labelling requires some prior assessment 

3
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or review or audit. This assessment is based on some framework, such as a Code of 
Practice. The Code is based around various principles, which are measured through a 
series of indicators. While the indicators may not exactly represent the principles, they 
provide a good overview as to whether the statistics will satisfy the principles. These 
indicators may be derived from process variables, user surveys or respondent surveys. 
The indicators may also be reported through Quality reports. At the foundation of this 
map are the respondents, the statistical processes, statistical products and the users. 

Figure 1. The DatQAM Map 

 External  Standards  User 
        Requirements 
---------------------------------------- --------------------------- -------------------------
   Labelling Certification 

   Self Assessment Audits 

  Quality   Quality   User  Process 
  Reports      Indicators  Surveys Variables 
------------------------------ -------------------------------------- -----------------------

   Measurement of Processes and Products 

4. Implementation of the Assessment process. 

The UK Statistics Bill will require the Statistics Board to set up a programme of 
assessments to both assess official statistics which are not currently labelled as 
National Statistics and to reassess the currently designated National Statistics. The 
assessment should be against a Code of Practice, initially the current Code, but in 
future against a new code. In addition, the Board is required to publish statements of 
the principles and procedures which will apply to the assessment process. 

The consultation document (HM Treasury, 2006) produced by the UK Government 
prior to the development of the Statistics Bill set out some key principles to be 
considered for the assessment process. Five stand out:  

risk based,
proportionate,
transparent,  
consistent and
efficient.

These provide a good starting point for the assessment process and set it in the context 
of lesson learnt from other assessment processes such as those applied to schools in 
the UK [Ofsted]. Important here is the perception of the process from both the 
statistical producers perspective and also from that of the public. In the case of the 
public, they would want to see the results of the assessment process and the 
information that the Board had in making their decision (on designation). And they 
would want those official statistics of highest risk to be assessed before those of lower 
risk. From the perspective of the statistics producer, there is a need to ensure that 
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important statistics are assessed before less important statistics, and that the 
assessment process complements and does not overburden the production process. 
Indeed, one of the principles should be that the assessment process is seen as part of 
continuous quality improvement for all of those producers involved. 

Models for the procedures of assessment are available through the audit functions and 
the ESS Code of Practice peer review process (European Commission, 2006). Each 
assessment should involve a team of more than one (the European teams are of three) 
who are independent of the statistics being assessed (as required in the Bill) and who 
have the relevant training, skills and experience to assess the statistics. The 
assessment should be against a set of indicators (similar to the European indicators - 
see European Union, 2005) and standards which reflect the Code of Practice and 
which can be measured. The assessment report would be shared with the statistical 
producer prior to a recommendation being made to the Statistics Board to ensure that 
any factual inaccuracies are removed (similar to Ofsted reports). The assessment 
should not only take account of information from the statistical producer, but also 
from respondents to and users of the statistics. 

The producers of the statistics need to be aware of the timing of the assessment 
process, and this would generally not be in conflict with key production times. If the 
assessment is seen as part of a wider quality improvement programme for the 
statistical producer, the producer should have evaluated their statistics and have 
confidence that they meet the requirements of the Code.  This may be by providing 
the assessment team with a self assessment. Additional information on the statistics 
should also be made available to the assessment team, perhaps through the standard 
documentation on the statistics. The producer should expect the assessment team to 
undertake a site visit for a limited period of time to confirm those elements of code 
adherence to which there could be doubt - taking a risk based approach (the standard 
audit process). 

Users of statistics should have the opportunity to advise the Statistics Board of 
concerns over quality, practice and comprehensiveness of any official statistics. This 
advice could inform the Board as to statistics that may need assessment, based on risk 
and proportionality principles. The assessment team should ensure that there is 
opportunity to consult with users when statistics are being assessed, and that users see 
the assessment reports and the decisions of the Board. 

The assessment programme could be published on a rolling six monthly basis, taking 
account of an annual programme. There will need to be room in the programme to 
undertake urgent reassessments as a result of risks uncovered. There will also be a 
need to undertake assessments of new statistics in a timely fashion. The overarching 
aim could be to assess all National Statistics within a three to five year period, 
perhaps with a few of the important statistics being assessed more than once in that 
period. Given the number of official statistics and the limited size of the overall 
assessment team (perhaps 20 persons), a mechanisms is required to assess the 
statistics within this timeframe.  
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5. Issues 

In developing the assessment process, there is flexibility in how the Board will 
interpret its role in this work. The Board may want to decide how strong the Code will 
be or how strongly it will enforce the adherence to the principles (or indicators). The 
assessment function could be portrayed to statistical producers as a "critical friend" or 
more strongly as the policeman role. Setting this parameter may be critical to the 
success of this process. 

It is critical that statistical producers see the assessment process as part of their quality 
improvement programme. The assessment function should not replace improvement 
programmes - they should continue. For example, the practice of reviewing at the 
conclusion of each output release the output processes looking for ways to improve 
should not be abandoned. And statistical methods used need to be regularly reviewed 
to be kept up-to-date.

The assessment process should highlight areas for producers to improve on, whether 
their statistics are assessed as National Statistics or not. This has been a strength of the 
European peer review process. The expertise of the assessment team should be used to 
highlight indicators where the producer could do better. This may also be important 
for the Board in their maintaining the relevancy and currency of the Code. Over time 
the Board may want to change the indicators or the principles as a result of changes to 
best methods.  

There will be some need for care in how far the assessment team recommend 
improvements. It will be up to the different producers to implement any improvement 
actions, and these will be judged against other work priorities and budgets. This has 
been a difficulty in the past with the recommendations from the National Statistics 
Quality Review programme. For statistical producers in policy departments, statistical 
budgets are limited, fully taken up with the production and dissemination process and 
with no capacity for development effort. 

The ESS Code of Practice covers three broad areas: governance, processes and 
outputs. The current UK National Statistics Code and protocols are equally as broad, 
but also cover professional competence. But the Statistics Bill proposes an assessment 
process which is to evaluate official statistics. There could be some misalignment here 
with elements of the Code not relating to statistical series, but to the governance of the 
statistical system or the skills of the people producing the statistics. There will need to 
be a decision as to whether the statistical producers are themselves subject to an 
assessment against the code, specifically to those elements of the code which relate to 
principles around independence or data security.

A key question to be resolved is on what basis will the judgement be made as to 
whether the statistics meet the requirements of the code. In a society where 
measurement against targets has become the norm, there is work to be done on the 
process of "scoring" the statistics and the mechanisms involved. Will the assessors be 
allowed professional judgement to draw their conclusions, or will there need to be a 
set of metrics which measure compliance with each of the principles? And how will 
the overall view be formed; is failure on one of the principles sufficient to fail the 
statistics overall? 
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It is also important to recognise that the outcomes of the assessment process will be 
very public. The Statistics Board will have to adopt a programme of assessments 
which is balanced in covering the diverse elements of official statistics with some 
evenness. It will be important that early assessments cover both economic and social 
statistics, both survey statistics and those from administrative systems, statistics 
produced by ONS and other departments, statistics produced for the UK and those 
from the devolved administrations. And there will be some pressures from some 
public to fail some of the statistics, through their knowledge that the statistics do not 
meet some of the Code principles. The Board will have to balance this desire on the 
part of some to highlight poor statistics, with the overall objective of having more 
statistics designated as National Statistics, and so improving the overall quality of 
official statistics.

6. Conclusion 

The official statistics system in the UK has evolved over the last 150 years. The 
introduction of the Statistics and Registration Service Bill is a major change in that 
system. It offers significant opportunities for the improvement of the quality, practice 
and comprehensiveness of official statistics. Part of that process of improvement is 
demonstrating that National Statistics meet some standard and there is a process of 
assessment against that standard. 

The process of independent assessment may be seen as a threat to some. It will 
challenge statistical producers to be clear that they are producing statistics of an 
agreed standard. It will also offer the opportunity for improvement and of promoting 
best practice within the UK statistical system. But there will need to be a significant 
cultural change with this process. As against previous quality programmes, this 
process will not be driven by the departments, but by an independent Statistics Board 
and assessment team.  

There is a risk in implementing this assessment function that some statistics will 
prove not to be robust even after a positive assessment. There will continue to be 
public debate when errors are produced in statistics, or when statistics prove not 
reliable enough for their purposes. It will be important to recognise that the 
assessment process itself will have limitations: it will only be an assessment at one 
point in time and will not be a continuous process. Further the assessment can 
recognise best practice, it can not prevent error. 

The outcome of the assessment will be a set of standards against which National 
Statistics in the UK will be judged. Over time these standards should be reviewed to 
ensure the statistics continue to meet levels best practice. And government 
departments (and devolved administrations) should produce statistics that are fit for 
purpose.

This success of the new legislation will be measured when. ".. official statistics are 
not only independent, but seen to be independent. Public confidence is the yardstick 
by which success of the proposed legislation will ultimately be measured"1.

1 Michael Fallon MP, House of Commons Treasury Committee Press Notice 55 (26 July 2006). 
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1. Introduction 
The commitment for quality is steadily increasing at Istat as well as in several other National Statistical 

Institutes (NSIs). Istat has defined a Policy for Improving Quality and has developed tools for implementing 
it. The aim is to continuously improve the quality of processes and products by adopting a systematic 
approach to quality that involves the organization as a whole. Indeed, as the Leg on Quality demonstrates in 
its report and in its recommendations (Lyberg L. et al., 2001), quality management concerns other relevant 
activities (e.g. personnel training and involvement, role of users, respect for data suppliers) besides statistical 
activity. 

In this paper, we describe the main features of Istat approach to quality. It should be noted that 
centralised activities for assessing and improving quality started in the 80s and have been enlarged and 
systematised over time, particularly in the last ten years. Nowadays, Istat Policy for Quality is quite 
consolidated and new actions can be launched counting on a sound base and a widespread awareness on 
quality issues that have been built in these years. As a matter of fact, the commitment for quality and the 
investments made are starting rewarding.  

In describing Istat Policy for Quality, we refer to the “quality of the system” regarded as the integrated 
quality of product, process and management. In order to assess and improve the quality of the system, 
several tools should be adopted. They can be grouped and described under three leading categories headlined 
as “standards”, “measurements” and “reporting”. Each category plays a different role with regard to 
improving quality: “standards” are valuable for reducing the variability due to causes external to the 
phenomena under study and for contributing to create a common view and a shared “quality” culture; 
“measurements” are imperative for producing reliable data for addressing improvement actions and  
evaluating their effectiveness; “reporting” is useful at several levels of the organization and also for external 
users for disseminating information on the achieved quality of the system. The three categories are not 
always rigorously separated. In particular, the reporting system highly depends on the measurement system 
in place and standards may include standard measures. Several different tools can be implemented for each 
category. Generally speaking, the choice of which tool should be implemented and how, depends on various 
considerations such as the NSI situation and needs as well as the strategic objectives that are to be met in a 
given period. As a consequence, the tools to put in place might also change over time in order to better adapt 
to emerging needs and requirements.  

 
2. Standards 

Harmonisation and standardisation are largely recognized as tools for improving quality. 
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Harmonisation increases data comparability both at national and international level. Standardisation helps in 
reducing the unnecessary variation generated by different approaches in the Institute or different ways of 
performing the same operations by different people.   

In order to achieve the standardisation of statistical processes or specific survey phases or procedures, 
Istat developed handbooks and guidelines aimed at sharing advanced methodologies, procedures and know-
how and promoted their knowledge and use within the Institute. 

The choice of the type of handbook (i.e. guidelines, standards, recommended practices, current best 
methods1 and methodological manuals) depends on the purposes to be reached (for examples standards are 
easier to communicate to and to be understood by users with respect to other tools) but also on the internal 
needs. Thus, there might be an evolution in the production of handbooks from one type to another in order to 
adapt to internal changes and to satisfy emerging needs. This happened particularly at Istat where we started 
with the development of a series of methodological manuals devoted to the main phases of the survey 
production process (Istat, 1989). Among them, one volume of the series was dedicated to quality and in 
particular on how to design and implement a process quality control system, that is a system that comprises 
the whole set of actions and measures to undertake in order to prevent non sampling errors, to monitor 
processes and to calculate quality indicators. Afterwards, the needs of the Italian National Statistical System 
were taken into account in the development of on-line guidelines (Istat, 2000). Between 2000 and 2005, Istat 
focused on the production of methodological manuals comprising recent advances on specific topics. 
Relevant examples are: methodologies for preventing, monitoring and evaluating the interviewer effect 
(Muratore M.G., Signore M., 2005); the methodology and experiences in telephone interviews for social 
surveys (Muratore M. G., Quattrociocchi L., Sabbadini L. L., 2001); methodologies and techniques for data 
disclosure control (Istat, 2004). More recently, Istat has actively contributed to the development of 
handbooks of recommended practices harmonised at European level which implement a specific LEG on 
Quality recommendation and the European Statistics Code of Practice (European Commission, 2005). These 
projects were carried on in partnership with other National Statistical Institutes and were supported and co-
financed by Eurostat. Specifically, Istat coordinated two projects whose outputs are the Handbook of 
recommended practices for questionnaire design and testing in the European Statistical System, QDET 
(Blanke K. et al., 2006) and the Handbook of recommended practices for editing and imputation in cross-
sectional business surveys in the ESS, EDIMBUS to be released by June 2007. 

Standardisation in survey procedures can also be achieved by using generalised software embedding 
sound methodologies. Thus, in order to adopting consolidated and comparable approaches, Istat invested 
considerable resources in the development and promotion of generalised software. Since the mid 90s, 
generalised software has been developed by Istat or acquired from other National Statistical Institutes, tested 
and implemented. As a result, generalised software is now available for the main phases of the survey 
production process (i.e. sampling and estimation, editing and imputation, automatic coding, statistical 
disclosure control).  

Istat is now developing a software applications repository in order to rationalise and increase the re-use 
of software procedures.  

 
3. Measurements 

Measurements are vital for improvement actions: they show where there is a need for improvement 
(starting point of the improvement cycle) and they indicate the effectiveness of the improvement actions 
undertaken, thus allowing for an evenhanded evaluation process.   

In order to manage the quality of the system, measurements referred to the whole activity of the 
Institute are required. Those measurements range from traditional process measurements generated at survey 

                                                 
See for details Bergdahl M. et al. (2001) 
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level to measurements generated at central level such those based on the evaluation process made by Istat 
Governing Board or by the Quality Innovation Committee. Indeed, measurements are obtained from the 
different monitoring systems in place in the Institute with different purposes. In this perspective, the recently 
launched activity of internal quality audits should also be considered as an advanced measurement tool for 
improvements. 

Let us consider each type of measurement singularly. 
The most traditional measurements are process measurements. They are made in order to monitor, 

assess and improve the quality of statistical processes (Aitken A. et al., 2001). 
Istat has a long tradition in measuring process quality and has developed its own approach consisting 

in the definition of a large set of standard quality indicators (SQI) for monitoring the survey production 
phases. With regard to accuracy, sets of standard quality indicators have been defined for each of the 
following non sampling error typologies: frame errors, non response errors, editing and imputation 
procedures, coding errors, item non response errors and revision policy. In addition indicators on timeliness, 
comparability and coherence have also been defined. It is worth mentioning that the sets of Istat standard 
quality indicators include the standard quality indicators suggested by Eurostat (Eurostat, 2005). In addition, 
Istat decided to store these SQI in a centralized repository and to develop an information system for their 
analyses and interpretation, namely the SIDI system for survey documentation (Brancato et al. 2004; 
Brancato et al. 2006). The SIDI system is aimed at supporting Istat quality activity at all different levels of 
the organization: from the top management to survey managers. To this purpose SIDI manages both metadata 
on survey processes and SQI in an integrated way. At the moment SIDI has a satisfactory degree of 
implementation that makes it a valuable monitoring system. 

At survey level, some important monitoring systems have been developed and their measurements are 
regularly analysed for improving quality. In particular, the SIGIF monitoring system is worth mentioning: it 
has been developed in order to monitor data collection for the Labour Force Survey. The system supports the 
allocation of interviews to interviewers as well as the daily monitoring of field work. Another local system to 
be mentioned is the monitoring system of data collection for structural business surveys which allows 
following up non-respondent businesses and provides input data for calculating SQI indicators on non 
responses (Brancato et al., 2007).  

, Resulting from the investments and efforts made, one of Istat Policy for Quality great achievements is 
that process measurements are regularly performed by almost all surveys and can be considered integrated in 
the production process activity. 

The evaluation process of Istat Governing Board is not a measurement in the common sense; it can be 
rather considered a qualitative measurement resulting from a decisional process. Indeed, it must be 
mentioned that Istat Governing Board plays an important role for the improvement of the quality of Istat 
statistical activity: every year, Istat Governing Board defines the strategic activities of the Institute and 
formulates “directives” that are mandatory. In particular, for each directive intermediate and final products 
are defined and the relative deadlines are set. The advancements and the expected products are regularly 
monitored by the Office for Evaluation and Strategic Control. In addition, economic incentives are foreseen 
for the Directors once they fulfill their objectives. In this respect, several important activities have been put 
forward by means of Istat Governing Board directives. 

Furthermore, Istat set up a permanent Committee for promoting quality improvements: the Quality 
Innovation Committee. Its purpose is to analyze and internally promote the main process and product 
innovations, to evaluate their feasibility in different areas of Istat production and research activity and to 
debate their enhancement. The Quality Innovation Committee is chaired by Istat President and is composed 
by the Director General, the Head of the Department, and the Directors of statistical production sectors, 
national accounts, IT and methodologies, integration and dissemination. Other Directors or Members of the 
Governing Board might be invited to participate in the Committee depending on the topics of the meeting. 
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Examples of relevant topics covered in the last two years are: the re-planning of short-term agricultural 
surveys; the reduction of the response burden in business surveys; the new estimation process for quarterly 
indicators of building permits required by European regulations; the definition of a minimum set of standard 
quality indicators for external users; proposals of innovations for the 2011 Italian population census. 

If the aim of measurements, in a wide sense, is to promote improvements in both statistical processes 
and products, the evaluation process deriving from the internal auditing is worth mentioning. In June 2006, 
on the bases of a recommendation of Istat Governing Board, Istat launched an internal audit activity and 
created a Section in charge of it in the Direction for IT and Methodological Support. The purposes are to 
audit statistical processes and products in order to ascertain the use of adequate methodologies, procedures 
and technologies as well as the quality level reached for the main production phases and products.  

Thus, the audit activity will significantly contribute to enhancing Istat surveys quality acting at two 
levels: in a direct way, by reducing weaknesses in processes that are identified during the audits and in an 
indirect way, by disseminating and promoting the use of good practices that emerged during the audits as 
well. 

 
4. Reporting  

4.1 Internal reporting  
Internal reporting on quality is useful for deciding on improvement actions at different levels of the 

organisation from survey managers up to the top management. The main tool for supporting quality analyses 
and reporting on quality issues is the SIDI system. In the following paragraphs we therefore describe how 
quality reporting is obtained by exploiting quantitative and qualitative information from SIDI. 

The internal navigation system, SIDI-Top, accessible from Istat Intranet, is equipped with a rich set of 
enquiring functionalities which enables survey managers to monitor the quality of their statistical processes 
and to compare them with other related surveys.  

Reporting addressed to Istat top management and Istat Governing Board is mainly aimed at supporting 
the decision making process. In particular decision makers need to be supported by reliable descriptions and 
measurements when deciding:   

• actions for improving quality or reducing costs  
• cutting processes to lower production costs while minimising, at the same time, the loss of 

information associated to the cuts 
The information needed to support actions for improving quality or reducing costs can be called 

“quality reporting”. For example, internal reporting on response rates might support the decision of the 
Board to promote web surveys in order to increase response rates or to reduce the costs for follow-ups.  

To this purpose, periodical standard quality reports from SIDI, addressed to Istat President, the Head of 
the Department and the directors are regularly produced twice a year. They consist of a general report and 
specific reports for each subject matter direction. The reports are sent to the top management and are also 
made available to all Istat personnel on SIDI-Top. The reports describe the state of implementation of 
qualitative and quantitative documentation in the system, both in absolute terms and in comparative ones 
(e.g. increments/ decrements since the previous report). In addition, the reports contain summary tables on 
relevant characteristics of Istat processes and on actions undertaken to improve quality.  

Furthermore, more specific needs are satisfied by enquiring directly the SIDI system database. In 
particular, ad hoc requests often come from the staff of the Head of the Department who needs to investigate 
survey characteristics in detail. Examples of type of requests are the distribution of surveys with regard to 
two or more characteristics (e.g. surveys by type of sampling design and data collection mode and associated 
response rates).  

So far we have considered quality reporting. However, as previously mentioned, Istat management also 
needs to take decisions related to the planning of official statistics and the overall costs of the statistical 
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activity. In this respect, it becomes important to gather information not only on the characteristics of a single 
process but above all on their relationships. Indeed, a survey output can be an input process of another 
statistical process. In order to obtain such a description, a 2006 directive of Istat Governing Board was aimed 
at producing an input/output map of Istat statistical processes with the purpose of highlighting the 
interrelationships among processes both in input and in output, as well as the regulations underneath surveys. 
The yearly reporting from this mapping documentation (the MAPROS information system) will support Istat 
top management in the planning activity and in reducing costs under the constraint of minimising the total 
loss of information. 

 
4.2 Istat policy for communicating quality to users 
Since 2003, Istat started developing its Policy for Communicating Quality to users. It is aimed at 

increasing the transparency of Istat processes and enhancing data usability by providing metadata and quality 
indicators. Such a policy has been finalised in 2006 and Istat is now developing and testing appropriate tools 
for supporting it. The commitment of Istat leadership has been considerable and the strategic importance of 
this activity has also been strengthened by two specific recommendations of Istat Governing Board, namely  
2004 Istat Governing Board recommendation “to define standards and best practices for documenting the 
quality of statistical data: user-oriented documentation on quality for paper publications and on-line data 
dissemination” and 2006 Istat Governing Board recommendation “definition of a minimum set of quality 
indicators for external users, taking into account the different types of production processes and the different 
dissemination channels”.  

A key point in Istat Policy for Communicating Quality is to re-use both qualitative and quantitative 
information, properly rearranged but already collected for internal purposes in the SIDI system. Such a 
centralised management of the information has several advantages: the re-use of metainformation makes it 
possible to save money and time of expert people; it helps in keeping metainformation up-to-date and 
complete; it rewards survey managers who have carefully documented their processes; and finally, it helps in 
disseminating standardised and validated metadata and quality indicators.  

The reporting on quality and metadata to external users has been organised with different levels of 
details in order to better satisfy the knowledge needs of users with different skills. More specifically, Istat 
Policy for Communicating Quality consists in defining the different types of standard reports according to 
users’ needs and dissemination channels, on the one hand, and in developing generalised automated tools for 
supporting the reporting activity, on the other hand. 

The integrated standard reporting exploiting the SIDI system consists in (see figure 1):  
• the summary methodological note 
• the full methodological report 
• the SIQual information system 
• the Quality Declaration 
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approach

SIDI
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Short Methodological note
(Statistical Yearbook)

SIQual - Internet system

Minimum set of standard quality indicators

Quality declaration
On-line Data

 
The summary methodological notes have been designed to provide generic information on statistical 

processes whose results are published in one or more tables of the Italian Statistical Yearbook. Indeed, they 
constitute a methodological annex of the Yearbook. An information subsystem of SIDI, named ASIMET, has 
been developed for producing standard, coherent and validated summary methodological notes of surveys 
and secondary studies. The summary methodological notes have been regularly published in the Yearbook 
since 2003. A feasibility study for generalising the production of summary methodological notes for all Istat 
multi-thematic paper publications has been carried out.  

The other standard quality reporting for monothematic paper publications is the full methodological 
report. It is a comprehensive report on survey methodologies, procedures and quality. A software integrated 
in SIDI guides the survey manager in preparing it: a structured and standard list of documentation items is 
presented; the survey manager can choose the items to be covered in the report; a draft report pre-filled by 
extracting the information from SIDI is prepared automatically; finally, the survey manager has to finalise 
the report. 

The greatest efforts have concerned quality reporting via Istat web site because it allows us to exploit 
the advantages offered by technological developments. First of all an information system, named SIQual, has 
been especially designed to disseminate metadata to external users. It has been released in January 2006. 
SIQual shows the metadata on statistical processes (primary surveys and secondary studies) and documents 
on quality (www.istat.it).  

Another standard quality reporting tool via web is represented by the Quality Declarations. The 
Quality Declaration documents the quality of statistical products, according to Eurostat quality dimensions. 
In particular, the Quality Declaration disseminates standard quality indicators to external users accompanied 
by metadata and descriptions. A software integrated with SIDI is available for supporting survey managers in 
filling in the Quality Declaration according to templates and following guidelines. 

At the moment, Istat is not disseminating standard quality indicators to external users in a systematic 
way. As a result of an already mentioned 2006 directive, a set of standard user-oriented quality indicators to 
be disseminated to users has been defined and the Quality Declaration has been tested on a set of statistical 
processes. During 2007, work will be completed by updating the guidelines to fill in the Quality Declarations 
on the basis of the testing results and by producing explanatory documents for users on the formulas and 
meaning of quality indicators presented in the Quality Declarations. The production and dissemination of the 
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Quality Declaration on a regular basis is planned for 2008, starting from a set of statistical products (e.g. 
according to the products press release) that will be progressively increased. 

 
5. Final considerations 

In this paper we have described Istat approach for improving quality. In particular we showed how 
standards, measurements and reporting can be jointly used to achieve this result. We have also showed how 
Istat has developed its Policy for Quality over the last 20 years adapting the tools to the emerging needs and 
building it both systematically and step by step. 

The definition of standards and recommended practices, supported by measurement and reporting 
systems are not the unique pillars in our policy. A strategic plan of action has been defined for strengthening 
the systematic activity for survey quality improvements. This plan of action guided the methodological 
assistance activities towards survey planning and re-planning, identifying and suitably compiling the various 
degrees of competence required.  

The other strategic pillars are:  
• the generalised software for data dissemination and for developing thematic statistical information 

systems on our website  
• the availability of methodological assistance and expertise for supporting the planning and re-

planning of surveys   
• the launching of a strategy for training and professional growth based on standards and 

recommended practices, both within Istat and in the entire national statistical system.   
As it is known, improving the quality of the system requires a long term commitment and can never be 

considered accomplished. Istat has done a great deal of work and is now appreciating the results of its efforts 
and investments. Nevertheless, there is room for improvement and our future plans concern both the 
launching of new activities (notably the launching of internal quality audits now in the planning phase) and 
the consolidation of activities already started. In the forthcoming period, great attention will be given to 
consolidate our Policy for Communicating Quality to users. In particular, in order to meet the increasing 
requirements of international users and organizations (e.g. Eurostat, OECD, FMI), the SIQual system is 
being translated into English and the English version will be released by the end of 2007.  
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The analysis of the composition of economic growth in the G7 countries has been motivated by
the possible identification of regularities that contribute to explain economic success. Such analysis
must be carried out in a long term perspective and the relevant production function should reflect
the existing world technology and not just domestic conditions. Moreover, in order to assess the rela-
tive performance of each country, economic growth should be disentangled in a way that total factor
productivity (TFP) is not determined as a mere residual. The seminal papers in modern economic
growth literature are those of Solow (1956), Romer (1986, 1990) and Lucas (1988). The empiri-
cal research literature in this area followed two different strands. One strand decomposes economic
growth in a given economy on factor accumulation and total factor productivity. The other strand
of literature bases on cross-country regressions, with a multitude of explanatory variables. In the
last years the progress on computation methods facilitate the use of Bayesian statistical methods in
economic research. Nevertheless, the utilization of Bayesian inference techniques in growth accounting
is still very limited. The exceptions are the initial contributions of Koop, Osiewalski and Steel (1999,
2000). Throughout this paper we heavily rely on these contributions. In this paper we use Bayesian
stochastic production frontiers in a growth accounting exercise for the period 1960/2005, assuming a
dynamic translog production function and using data on 21 OECD economies. The results provide
information on the contribution of inputs to GDP growth, on the capital and labour elasticities and
on TFP contribution. Furthermore, TFP is disentangled into technological change (TC) and degree
of efficiency. Intuitively, these components represent two different aspects. TC corresponds in general
to more efficient production techniques. Improvements in efficiency correspond to better institutional
and organizational arrangements, i.e. the more efficient use of the current level of inputs and tech-
nology. However, in practice, it is often difficult to establish a clear distinction as TC and efficiency
interact. Thus, not surprisingly, although the statistical method used provided contributions for both
components, the degree of precision is smaller than the one associated with the computation of total
TFP. In addition, it should be noted that, although using less conventional methods, this paper is still
a growth accounting exercise. Thus, it does not reveal economic causation channels.

The Stochastic Frontier Approach

Before presenting the model it is important to discuss some methodological issues. Firstly, con-
trary to most of the traditional empirical growth accounting exercises, the GDP growth decomposition
is jointly and simultaneously computed for several economies, under the assumption that there is an
international production function (IPF). On conceptual grounds it means that all countries have access
to the same technology, implying that if two countries have equal labour and capital endowments the
one with higher GDP is more efficient, i.e. stands closer to the stochastic IPF. The speed of interna-
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tional dissemination of TC and its implications in terms of growth theory are discussed by Basu and
Weil (1998). They argue that the dissemination of TC in the production systems occurs at a slower
pace than the diffusion of knowledge. In the OECD countries, knowledge diffusion should occur at a
very fast pace, meaning the existence of a common set of potentially available production technolo-
gies. Therefore, the time that elapses until a country effectively adopts the technological innovations
in its production systems becomes reflected in its relative production efficiency. In addition, if there
is a TC potentially available for all, the IPF expands in time in some way. We simply assumed that
TC evolves according to a linear trend during each period considered. The analysis focuses on eight
11 year periods (10 annual growth rates), for which stochastic production frontiers were computed.
The length of the periods is enough to encompass the average duration of the economic cycles, thus
averaging out cyclical effects on the macroeconomic variables considered. All results of the growth
accounting exercise are presented in terms of 10 year average growth rates or contributions. The
partition of the sample in sub-periods is necessary because of the assumption on the dynamics of
TC. In fact, it does not seem reasonable to assume that technology evolves linearly throughout sev-
eral decades. Regarding the production function specification, a translog formulation was used. This
formulation comprehends as a special case the (log)Cobb-Douglas production function, though it is
much more flexible than the latter. Temple (2006) argues that the assumption of a Cobb-Douglas
specification may lead to spurious results in economical and statistical terms. Traditional growth
accounting exercises treat TFP as unobservable (omitted variable), limiting specification testing. In
fact, if the researcher had identified a good proxy for TFP and the data were actually generated by
a translog, a suitably specified regression would accurately recover the parameters of that translog
production function, and reject the Cobb-Douglas specification. Classical econometrics allows for the
estimation of stochastic production functions, namely through maximum likelihood methods but relies
in asymptotical inference which may not be supported by relatively small samples. We opted to use
Bayesian methods as they have the relative advantage of allowing inferences even when samples are
small. Moreover, Bayesian methods permit to rationally combine observed data with economically
meaningful priors. In practical terms, for each parameter in the model, observed data and initial
assumptions (priors) generate a posterior distribution function. The posterior distribution functions
of all parameters are derived simultaneously, leading to the posterior distribution function of GDP
growth components. The prior for the posterior distribution function of the efficiency parameter is
an asymmetric positive distribution. The rational behind this assumption is twofold. Firstly, this
parameter measures the distance to the production frontier so it should not be negative. Secondly,
there is a smaller probability of finding observations as we move further inner the production frontier.
This assumption is common in the literature. As to the specification of the distributions, given its
relative advantages, we chose a normal-gamma model (normal distribution of the residual component
and gamma distribution for the efficiency component).

The model

The model considered for the growth accounting exercise follows Koop, Osiewalski and Steel
(1999). The GDP is defined by:

Yti = ft (Kti, Lti) τtiwti(1)

where Yti, Kti and Lti denote the real output, the capital stock and labour in period t (t = 1, ..., T )
in country i (i = 1, ..., N), respectively. Furthermore, τti (0 < τti � 1) is the efficiency parameter and
wti represents the measurement error in the identification of the frontier or the stochastic nature of
the frontier itself.
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As mentioned above, the basic model assumes a flexible translog production function:

yti = x
′
tiβt + vti − uti(2)

where:

x
′
ti =

(
1, kti, lti, ktilti, k

2
ti, l

2
ti

)
(3)

βt = (βt1, ..., βt6)
′(4)

and lower case letters indicate natural logs of upper case letters. The logarithm of the measurement
error vti is iid N(0, σ2

t ) and the logarithm of the efficiency parameter is one sided to ensure that
τti = exp (−uti) lies between zero and one. The prior for uti is taken to be a gamma function with a
time specific mean λt. The contribution of input endowment, technology change and efficiency change
to GDP growth is defined in a fairly simple way. The GDP growth rate in country i in period t + 1
can be written as:

yt+1,i − yt,i =
(
x

′
t+1,iβt+1 − x

′
t,iβt

)
+ (ut,i − ut+1,i)(5)

where the first term includes TC and factor accumulation and the second term represents efficiency
change. The first term can be further decomposed as:

1
2

(xt+1,i + xti)
′ (βt+1 − βt) +

1
2

(βt+1 + βt)
′ (xt+1,i − xti)(6)

The technical change for a given level of inputs results from the first term of the previous equation
and is defined as:

TCt+1,i = exp
[
1
2

(xt+1,i + xti)
′ (βt+1 − βt)

]
(7)

and the input change defined as the geometric average of two pure input change effects, relatively to
the frontiers successive periods:

ICt+1,i = exp
[
1
2

(βt+1 + βt)
′ (xt+1,i − xti)

]
(8)

The efficiency change is defined as:

ECt+1,i = exp(uti − ut+1,i) =
τt+1,i

τt,i
(9)

For each of these growth components 10-year geometric averages are computed. As mentioned above
we assumed that TC evolves linearly in each decade. Therefore we adopted the following formulation:

βt = β∗ + tβ∗∗(10)

and

σ2
t = ... = σ2

T = σ2(11)

Thus the model can be written as:

y = X∗β − u + v(12)

with

y =
(
y′1...y

′
T

)
, u =

(
u

′
1...u

′
T

)
, v = (v1...vT )′ , β =

(
β∗

′
β∗∗

′)′
(13)
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where β is a 12 × 1 vector and:

X∗ =

⎡
⎢⎢⎢⎢⎢⎣

X1 X1

. .

Xt tXt

. .

XT TXT

⎤
⎥⎥⎥⎥⎥⎦(14)

where Xt is a 21 × 6 vector.
At this stage the full likelihood function of the model can be written as:

fTN
N

(
y
∣∣X∗β − u, σ2ITN

)
p
(
σ−2

)
p
(
λ−1

) T∏
t=1

N∏
i=1

fG

(
uti

∣∣1, λ−1
)

(15)

where fTN
N stands for a multivariate T×N normal probability distribution function, fG stands for a

gamma probability distribution function and:

p
(
λ−1

)
= fG

(
λ−1 |1,− ln (θ)

)
p
(
σ−2

)
= σ2 exp−10−6

2σ2

Note that the prior for λ−1 assumes a gamma distribution with the first parameter equal to 1, meaning
a very flat prior and second parameter such that (−ln(θ))−1 is the prior median efficiency. We assume
θ = 0.03 so that the median of the efficiency distribution is 0.75. The robustness of results to this
prior was confirmed taking different initial values for θ. As for σ−2 we assume the usual flat prior.
Given this prior structure the posterior marginal distributions that compose the Gibbs sampler are
easily derived. The conditional for β is:

p
(
β
∣∣Data, u, σ−2, λ−1

)
∝ f2J

N

(
β
∣∣∣β̂, σ2

(
X∗′X∗

)−1
)

(16)

where

β̂ =
(
X∗′X∗

)−1
X∗′ (y + u)(17)

The conditional for σ−2 to be used in the Gibbs sampler is:

(18) p
(
σ−2

∣∣Data, β, u, λ−1
)

∝ fG

(
σ−2

∣∣∣∣n0 + TN

2
,
1
2
[
a0 + (y − X∗β + u)′ (y − X∗β + u)

])

Next, the conditional for u is:

p
(
u
∣∣Data, β, σ−2, λ−1

)
∝ fTN

N

(
u

∣∣∣∣X∗β − y − σ2

λ
i, σ2INT

)
(19)

Finally the marginal posterior distribution for the λ−1 is:

p
(
λ−1

∣∣Data, β, u, σ−2
)

= fG

(
λ−1

∣∣∣∣∣1 + TN,− ln (θ) +
T∑

t=1

N∑
i=1

uit

)
(20)

The sequential Gibbs sampling algorithm defined by equations 16 to 20 was run with 420.000 iterations
for each separate decade, with a burn-in of the first 20.000 iterations to eliminate possible start-up
effects. The traditional algorithm convergence criteria were computed and the posterior distributions
were analyzed.
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Database

The data used for employment and GDP from 1960 until 2005 was obtained from the European
Commission AMECO database (December 2005 version). As for the capital stock, for the first period
in the sample, the stock of capital in each country was obtained from King and Levine (1994). These
levels were updated using the capital real growth rates existing in the AMECO database. The reasons
for this procedure are twofold. On the one hand, we did not adopt the initial capital stock of AMECO
because, as an assumption, it simply corresponds to 3 times the GDP at 1960, which is an obvious
limitation. On the other hand, it is not possible to use only data from King and Levine because
it ends in 1994. Other alternative series of capital stock were tested but the results do not change
qualitatively. It should be noted that, in spite of the international conventions on national accounts
compilation, there are important country specific practices that tend to blur international comparisons.
The compilation of value added for some services, namely those associated to general government
activities, also poses difficulties in international comparisons. These problems may affect the results
obtained, though, we hope, not dramatically.

Growth Accounting for the G7 Countries - Country specific results

Figure 1 plots the contributions of factor endowments and TFP to the average real GDP growth
rates of the G7 countries. The contribution of inputs is separated into labour and capital, using the
respective computed elasticities, and the contribution of TFP is disentangled into TC and efficiency
developments (the numeric results basing this graph as well as other details of the growth accounting
exercise can be found in a extended version of this paper, available as working paper at Banco de
Portugal website in the following address: http://www.bportugal.pt/root/publish/wp/2007-9.pdf).
Next we briefly analyze the results for each country. The US economy presents a relatively stable
growth pattern. Firstly, it presents average growth rates around three and four per cent in the
decades considered. Secondly, it shows a relatively high contribution of labour to GDP growth during
all the periods considered. Part of this reflects the entrance of baby boomers in the US labour market
during the 1960’s and the 1970’s and significant immigration flows. Thirdly, the contribution of capital
is close to the G7 average, showing some increase in the last decades. As for TC, there were positive
but decreasing contributions to GDP growth in the beginning of the sample, reaching a negative value
in the decade 1975-85, the period when the effect of oil shocks was mostly felt. After that period the
contributions increased, reaching more than 3 per cent in the decade 1995-05. The contribution of TC
to GDP growth is strong in the first and last decades. Nevertheless, in both periods the contribution of
efficiency was negative, partly offsetting the contribution of technology. We discuss the interpretation
of such result in the next subsection. The growth pattern of Canada resembles that of the US in some
points. The contribution of employment to GDP growth is also significant. The contribution of capital
is also important and stable. Nevertheless, the contribution of TC in the last two decades considered
is smaller than in the US and there is a considerable contribution of efficiency in the period 1995-2005.
As regards the G7 countries that are euro area members - Germany, France and Italy - some differences
in the growth patterns are identified. Germany recorded a trend decrease in the average GDP growth
rates mostly attributable to a lower TFP contribution. The labour contribution has been low with
the exception of the 1980-1995 period and the contribution of capital accumulation was lower than
in the US and Canada with the exception of the 1960-70 decade. As for TFP performance the TC
contribution decreased since the 1970’s, being negative in the period 1990-2000. This latter result is
probably capturing the consequences of the German reunification. Conversely, in the period 1990-
2005 the efficiency contributed positively to GDP growth, meaning that, although the existing input
combination penalized growth, the economy became closer the computed production frontier. The
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Figure 1: Growth accounting in the G7 countries
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French economy shows a qualitative behaviour that is close to the Italian case, and, to a lesser extent
with Germany. In fact, comparing with Germany two major exceptions are worth mentioning. Firstly,
the contribution of technology to GDP growth in the decade 1990-2000 is not negative. Nevertheless,
it is close to zero and it has shown a significant decrease since the 1960’s. Secondly, there is a
large contribution of labour input to growth in the period 1990-2005. The Italian economy recorded a
continuing decrease in the 10-year average real GDP growth rate since the 1960’s. This story of decline
is mainly associated with the decreasing contribution of TC. This is similar to what was identified
for France and Germany, but unlike these countries it has not benefited from increased efficiency in
the last decade considered. Though, like France, it recorded a positive contribution of employment in
the 1995-2005 period. The UK shows a poor growth pattern in the period considered, though with
some revival in the last decade. Is has not recorded high real GDP growth rates during the 1960’s and
1970’s and the recent performance is only slightly better than that of the G7 countries that are euro
area members. The contribution to GDP growth is shared by all factors, with a predominant role
for capital. In the period 1960-1975 the contribution of TC was very high, partly offset by efficiency
losses. Such TFP pattern has been attributed to underinvestment and restructuring in some industries,
driving to a shift of resources to services. The improved performance recorded in the last decade may
reveal some payback of these structural changes. The Japanese economy recorded a golden economic
growth period in the 1960-1975. The contributions of inputs and mostly of technology gains were
strong. From the 1970’s until the 1990’s the growth pattern changed with real GDP growth benefiting
mostly from capital accumulation, labour input and some technological gains. In the 1990s the asset
bubble crisis translated into a negative contribution of TFP (both technology and efficiency) to GDP
growth. In the 1995-2005 period the average GDP growth was low, relying on the contribution of
capital and technology.

Growth Accounting for the G7 Countries - general results

One of our general results confirms that a large part of economic growth tends to be is at-
tributable to TFP. So in this respect, no news. However,when looking at the contribution of technol-
ogy and efficiency to the overall TFP performance some results are worth mentioning. Firstly, the
contribution of TC is stronger than efficiency improvements. Secondly, the periods of high technology
gain are frequently associated with negative contributions of efficiency. A possible explanation may
argue along the following lines. When new technologies appear, countries may have an input-mix that
is suitable to take advantage of these gains. However, while these new techniques are not effectively
adopted, the GDP growth will not reflect these potential gains and the contribution of efficiency is
reduced. In addition, it is also true that periods of strong TC imply high adjustment costs that, in
our model, would be captured in the efficiency component. Another result that deserves mentioning
is the changing we have observed in the shape and in the dynamics of the computed world translog
production function. The changes seem to indicate that that new technologies favor higher capital-
labour ratios, meaning that the TC and potential TFP gains are centered in sectors with higher capital
content. Such finding is consistent with the idea that productivity gains are essentially associated with
technology and capital intensive economic activities. The changes in the shape of the stochastic IPF
have consequences in the elasticities computed for capital and labour in each country. The path of
the computed elasticities for capital in the G7 countries was quite similar until the period 1995-2005.
It is noticeable a sharp decrease in the capital elasticity in the 1970-1980 period, where severe supply
shocks occurred. In the recent periods the surface of the stochastic production function seems to have
became more convex, setting higher computed elasticities of capital for large economies with lower
capital-labour ratios. Finally, a related debate concerns the type of returns to scale. The neoclassical
view bases on the principle that capital presents diminishing returns at some point, leaving produc-
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tivity gains to be explained by TC. However, the new growth theory, based on endogenous growth
models, deviated from this result either based on the existence of spillovers or on issues of measure-
ment and quality of the production factors. Departing from a simple growth accounting perspective,
our analysis provides some results in this area: the sum of the capital and labour elasticities seems to
point to the existence of increasing returns to scale in the G7 countries.
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RÉSUMÉ (ABSTRACT)

The paper presents results of a non-conventional economic growth exercise for the G7 countries,
from 1960 until 2005. A dynamic international translog stochastic production frontier is computed
through Bayesian statistical methods using panel data on 21 OECD economies. Economic growth is
decomposed in TFP and input accumulation contributions’, the former being divided in two compo-
nents: efficiency developments (the distance to the world production function) and technological change
(the expansion of the world production function). The paper adopts the methodology suggested by Koop,
Osiewalsky and Steel (1999), though it covers a much larger period, allowing for the identification of
intertemporal growth patterns. The growth accounting exercise is carried out for eight periods, each
one covering ten yearly growth rates, with overlapping sub periods of five years. The results obtained
show that the contribution of technological change to total TFP is typically stronger than efficiency im-
provements. The US and Canada recorded a TFP acceleration after the mid 1980s, following declines
in the previous decades. In addition, the inputs accumulation gave a relatively stable contribution for
GDP growth throughout the sample period. Italy and France present a continuous declining trend in
TFP contribution, though more marked in the latter case. Germany and the UK seem to have moved
to a new lower floor of TFP contribution in the last decades. Japan, presents a downward trend in
TFP contribution that is even more pronounced than in Italy. However, some reversal was seen in
the Japanese TFP in the last decade considered. The shape of the international stochastic production
function changed along the period considered, benefitting more capital intensive input-combinations,
more pronounced for larger economies. In addition, there is some evidence of increasing returns to
scale in the G7 countries.
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RESUME 

This paper describes the rationale for compiling data on productivity growth and on productivity levels; it 
describes which productivity measures are available from the OECD Productivity database, how they can be 
accessed and where further information can be found. 

Why do we care about productivity measurement? 

“Productivity is not everything but in the long run it is almost everything” – this quote from Paul Krugman, 
an eminent economist, epitomizes the importance of productivity growth for economic development and 
economic well-being: over the longer term, economic growth is only possible if existing resources (labour, 
capital) are used more efficiently or combined in new, innovative ways. Problems that are high on the policy 
agenda such as the effects of aging and the protection of the natural environment have an obvious 
productivity angle: raising productivity is an important way to sustain or raise income levels for older people 
by a declining share of younger people; raising productivity also means being more parsimonious with 
environmental and natural resources per unit of output.  

But there are also policy issues of a short-term nature where productivity plays a role: wage settlements are 
often negotiated on the basis of realised labour productivity growth, and if productivity rises quickly, an 
economy’s capacity to produce rises as well, making inflation less of a possibility. Thus, monetary and 
interest rate policy is also influenced by productivity growth. Productivity growth and productivity levels are 
also central indicators of competitiveness, in particular in conjunction with measures of unit labour costs. 

If knowledge about productivity is important for policy makers, it has to be measured, and the OECD 
productivity database does exactly that in an international context.   

The most straight forward indicator: labour productivity 

Labour productivity is the amount of output produced per hour worked. It reflects a host of factors, such as 
the amount of capital used per worker and the general efficiency of the production process. Therefore, labour 
productivity should not be interpreted exclusively as the efficiency of workers per se. The OECD has a broad 
coverage of labour productivity measures. It provides annual estimates of  

• Labour productivity growth, measured as GDP per hour worked, for 29 OECD countries and for 
the period 1970-2006; 

• Labour productivity levels, measured as GDP (in a common currency) per hour worked for 29 
OECD countries for the latest year (2005) 

• Labour productivity growth by major industry, measured as gross value added per employed person 
(or per hour worked where available). The industry-level labour productivity series have been 
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elaborated to provide a break down of unit labour costs by industry into a wage component and into 
a productivity component.  

Figure 1 Labour productivity growth (GDP per hour worked), total economy, percentage change at annual 
rate 

A more elaborate measure: multi-factor productivity 

With multi-factor productivity (MFP) measures, several inputs of production enter the picture. Typically, 
these factors are labour input and capital input. MFP rises (falls) if output rises (falls) more quickly than 
labour input and capital input combined. MFP is sometimes described as disembodied technological progress 
because changes in MFP can come from more efficient management of existing production process and from 
the introduction of new production processes that lead to a better use of labour and capital. Over longer 
periods, MFP is a significant contributor to the growth of GDP.  The OECD provides annual estimates of 
MFP productivity growth and its component series for 19 OECD countries for the period 1970-2005. 

Growth accounting, i.e., the attribution of economic growth to factors of production and to MFP is a side-
product of MFP calculations. Figure 2 shows how the rate of GDP growth in the largest economies is broken 
down into contributions from labour input, capital input and MFP. Furthermore, capital input is broken down 
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into two components, the contribution from information and communication technology capital and from 
other capital. The figure makes apparent the importance of information technology and MFP for GDP 
growth. 
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Figure 2 Growth accounts for OECD countries, contributions to GDP growth, G7 countries, 1995-2000 and 
2000-2005, percentage points 

Beyond GDP-based productivity measures 

While labour productivity level comparisons (GDP per hour worked) are a core indicator, their usefulness 
can be increased when they are complemented by related measures. The figure below provides an overview 
of such ‘neighbouring’ indicators.    

Analytical use

Measure

Data requirements

GDP per hour 
worked

NDP per hour 
worked

GDP per 
capita

GDI per capita

Accounting for 
international 

transfers

Accounting for 
labour utilisation

Accounting for 
depreciation

Net transfers 
with rest of the 

world

Population, 
labour force 
participation 

rates, 
employment 

rates

Depreciation

Figure 3 Labour productivity and related measures 

NDP and GDP  
Despite the wide-spread focus on GDP, it is well-known that a gross measure such as GDP does not account 
for capital used up in production and for obsolescence of capital goods. The associated loss in value, 
depreciation reduces the net value of production that is available as net income in any given year. The 
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observation has often been made that an increasing part of capital goods is short-lived (for example 
computers), and that this structural shift in the composition of assets brings with it a higher overall 
depreciation. For purposes of measuring and comparing economic well-being, it is thus useful to examine net 
as well as gross measures. Consequently, NDP and NDP per hour worked are complementary measures of 
productivity. Countries with a structure of fixed assets that is biased towards short-lived assets would exhibit 
a relatively lower NDP per hour worked than GDP per hour worked, reflecting relatively higher depreciation. 

Net measures require reliable estimates of depreciation and the empirical basis for depreciation estimates is 
not generally well-established. In many countries, asset service lives are based on rough-and-ready 
assumptions often held unchanged over time. To put depreciation measures on a more solid empirical basis, 
additional studies and research will be required, for example through one-off surveys on assets and through 
analysis of second-hand market prices. 

GDP per hour worked and GDP per capita 
Another useful analytical device is the comparison between labour productivity and GDP per capita. GDP 
per capita is a measure more directly related to economic well-being then GDP per hour worked or labour 
productivity, the difference being the number of hours worked per inhabitant, or labour utilisation in the 
economy. Levels of GDP per capita are not the same as differences in labour productivity, i.e. GDP per hour 
worked. The differences is particularly marked for certain European countries, such as France, Italy, 
Belgium and the Netherlands, that have levels of GDP per hour worked that are higher or comparable to the 
United States but much lower levels of GDP per capita. Low labour utilisation, i.e. low employment rates 
and short working hours, explains the bulk of this gap. For most other OECD countries, in particular those at 
the bottom end of the OECD income distribution, labour productivity is closely linked to levels of GDP per 
capita. 

High labour productivity is often associated with strong economic performance. However, some countries, 
with high levels of labour productivity have very low levels of labour utilisation, suggesting that high labour 
productivity may partly be due to increasing the capital-labour ratio and to pushing low-productivity workers 
into unemployment or out of the labour force. Estimates of GDP per hour worked should therefore ideally be 
looked at in combination with estimates of GDP per capita. 

Gross domestic product and gross national income 

While GDP per capita remains the most widely-used indicator in international comparisons of economic 
well-being and economic activity, it is usefully complemented by gross national income (GNI). Considering 
the level of GNI instead of GDP means taking into account the payments received from or sent to the rest of 
the world. For example, when company profits are transferred abroad, this results in GNI being lower than 
GDP. Conversely, when foreign affiliates of domestic firms or residents abroad transfer payments to the 
domestic economy, this will raise GNI relative to GDP. Ireland is an example for a country where GDP is 
significantly higher than GNI whereas Switzerland is a case where the opposite holds. Because of such 
discrepancies it is helpful to accompany GDP-based measures of economic well-being by other indicators of 
income, in particular GNI.     

Where can I find data and further information? 

The OECD productivity series, the associated methodological description and links to analytical work on 
productivity carried out by the OECD can be found on the OECD website under 
www.oecd.org/statistics/productivity. The 2006 OECD Productivity Compendium can also be found on this 
site, with downloadable graphs and the underlying series. Furthermore, productivity data and a host of other 
relevant economic series are available from the OECD’s browser for statistics, OECD DOTSTAT. Many 
statistics on DOTSTAT (http://stats.oecd.org/wbos) are available free of charge, including a recently-
released set of unit labour cost data by industry. 
Concepts of productivity measurement, and their interpretation are described in the OECD Productivity 
Manual, available from www.oecd.org/statistics/productivity.
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ABSTRACT

In March 2007, the EU KLEMS Growth and Productivity Accounts were publicly released. These
accounts include measures of output growth, employment and skill creation, capital formation and
multifactor productivity (MFP) at the industry level for European Union member states from 1970
onwards. This overview paper first discusses the key characteristics of the database and the variables,
country and industry coverage, then reviews the growth accounting methodology, including the mea-
surement of labour and capital services, and finally provides a brief analysis of major trends. The first
release of the EU KLEMS database confirms the view that European countries showed a significant
slowdown in productivity growth since 1995, which is shown to be widespread across countries and
industries, but with notable differences.
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1The EU KLEMS project is funded by the European Commission, Research Directorate General as part of the 6th

Framework Programme, Priority 8, ”Policy Support and Anticipating Scientific and Technologic
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Valuation and Green Accounts: Recent Developments and the Challenges 
Ahead1

Giles Atkinson 
Department of Geography and Environment and Centre for Environmental Policy and Governance 
(CEPG), London School of Economics and Political Science, Houghton Street, London, WC2A 2AE, 
United Kingdom; email – g.atkinson@lse.ac.uk
   
Paper presented at the IAOS Conference, Invited Paper Meeting 25 on “Green National Accounting”, 
Lisbon, August 2007 

Introduction: Characterising the ‘monetary approach’ 

The defining feature of monetary approaches to green national accounting has been an emphasis on 
constructing alternative accounting aggregates, in money terms, based on the notion that traditional wealth 
and income measures are incomplete. This commonality apart there are some noteworthy variants. For 
example, the System of Economic and Environmental Accounting (SEEA), in its 2003 incarnation, itself 
sets out a green Net Product measure – or more precisely, damage adjusted Net National Income – where 
the adjustments reflect depletion, degradation and the loss of human capital arising from environmental 
problems (see, for a detailed discussion, Hecht, 2005). Where only resource depletion is deducted from 
traditional Net Product, the resulting aggregate is denoted as depletion-adjusted Net Income. As is well-
known, SEEA is an adjunct rather than a replacement for traditional national accounting. It takes the more 
conservative but correct view that satellite accounts best permit experimentation and nurturing of novel 
and worthwhile proposals, without compromising uses associated with the traditional framework. Indeed, 
taking on all of these adjustments entails facing a formidable array of valuation issues from measuring 
user costs in the case of resource depletion through to valuing life and limb in the case of environmental 
health.  

An ultimate focus on adjusted net national income measure (or “green GDP” as it is inaccurately but 
popularly known) is a common feature of the ‘monetary approach’. However, a significant and 
increasingly influential segment of the literature primarily emphasises the use of monetary values to adjust 
measures of saving. The starting point for this emphasis is the linkage between saving and sustainability: 
namely, the link between current wealth and future wellbeing and, in accounting terms, changes in real 
asset values (including natural resources and pollution stocks) (see, for a review, Hamilton and Atkinson, 
2006).2 In its turn, this has led to a search for indicators, such as the (adjusted) net saving – i.e. the 
‘genuine savings’ rate or, where population is changing, the change in (total) wealth per capita. Cross-
country estimates of genuine savings, in particular, have for some years now been routinely published by 
in The World Bank’s World Development Indicators (e.g. World Bank, 2005).3 This emphasis, combined 
with a more circumspect practical role for the frameworks from which such indicators emerge as adjuncts 
to the traditional accounts, is thus different in style as well as substance to earlier calls for a ‘green GDP’. 

1 The discussion in this paper has benefited from past collaboration with the late David Pearce, Kirk Hamilton and Susana 
Mourato. 
2 If we conceive of wealth – the value of all assets in an economy – as the basis of future wellbeing, then current changes in 
wealth must have consequences for future wellbeing. In other words, a decline in wealth now could lead to falls in future 
levels of wellbeing and, as such, would not be sustainable by Pezzey’s (1989) definition. This places an emphasis squarely on 
wealth and what is happening to wealth, broadly construed, along any path. 
3 This approach to the accounting problem can be contrasted with what has become known as the Greened GDP approach. This 
starts by posing an interesting question, namely: what would happen to national income if natural and environmental resources 
were actually priced in exactly the way that is assumed in green national accounts? As Hecht (2005) notes, the notion of ‘greened’ 
national income extends the monetary approach into the realm of modelling. Whether it replaces so-called simpler accounting 
approaches is another matter. Put another way, it seems useful to know both the (future) wellbeing costs of say a decline in some 
natural asset value now rather than the, equally important, question of what is the ‘true’ burden of using policy to arrest this 
decline.  
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In this paper, we briefly review these advances and the direction, and ambition, of the monetary approach 
to greening the national accounts. In the final part of the paper, we consider challenges to the wider 
implementation of the monetary approach. 

Monetary vs. physical … vs. pluralistic approaches?  

Considerable energy has been spent debating the merits of this monetary approach over-and-above 
‘physical approaches’ (which link the monetary economic accounts with environmental data in – 
primarily but not exclusively – physical units). It is important to frame the debate in the right way. For 
example, the choice is not simply between one approach and the other. Physical accounts are the natural 
building blocks of any subsequent effort to monetise physical components and, ultimately, construct 
alternative aggregates. Moreover, for those (official) accounts based on natural resource balances it is not 
unusual to see information on resource stocks and flows presented in both physical and monetary units. So 
the argument is not about valuation per se but rather its extent.  

Nor is the debate straightforwardly between those who favour a monetary approach and those who favour 
a more pluralistic or mixed strategy. Doubtless there exist a few proponents of the monetary approach 
who elevate the pursuit of valuation above all else. But some positions, on all sides of the debate, are 
likely to be more pluralistic than others. Many advocates of a monetary approach would regard, in all 
likelihood, a pluralistic approach as an avowedly sensible path to be on for a number of reasons. This is 
not to say that controversy does not exist. The scope for disagreement, in shaping these positions, is (at 
least) twofold. First, in what ways are adjusted aggregates a useful addition to the practice of green 
national accounting? Second, how far have we come in terms of being able to provide ‘robust’ monetary 
estimates of environmental changes within a national accounting framework? We examine each of these 
issues in turn. 

Green alternatives complements to GDP 

As previously noted, there are few credible calls now for green alternatives to usurp traditional accounting 
aggregates. This adds an important nuance that green accounting aggregates should be viewed only as 
adjuncts to existing measures serving a largely different purpose to their more established counterparts. 
But what is this purpose? The definite strength of physical approaches lies in their ability to be used as an 
input to detailed policy analysis (see, for example, Hecht, 2005, Lange, 2007). By contrast, the chief 
advantage of the monetary approach relates to its provision of a summary indicator about the likely 
development path that an economy is on. In eschewing a monetary approach, therefore, practitioners 
remain able to revel in the detail that physical accounts provide but at the cost, arguably, of losing the ‘big 
picture’. Yet, there is likely to be an audience for insights painted on this broader canvas.  

Assuming that summary information about whether an economy is on a sustainable path is valuable then, 
as noted previously, the most straightforward way of conveying this is some savings-based measure. This 
is closer to the heart of what has become known as the capital approach to sustainability. Norway’s 
‘petroleum adjusted savings rate’ is an example of a specific country adopting a monetary measure 
(within its suite of indicators) in this spirit (e.g. Moe, 2006). Wider discussions about a ‘green GDP’ seem 
possibly to reveal the unease that some within national accounting circles have with the symbolism of an 
adjusted income measure. While not exactly misplaced this merits elaboration. Perhaps, given that GDP is 
focal in the traditional accounts, the explanation lies in the resulting ‘GDP-analogy’ of a supplementary 
income-based measure. But if the aim is to provide a measure of sustainability, and thus inform prospects 
for future wellbeing, then saving is the more direct indicator. It is reasonable to speculate that shifting the 
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argument instead to whether a savings-based measure is needed would allow this debate to focus more 
closely on this more substantive issue.4

In this latter regard, there has been significant debate about the virtues (or otherwise) of this savings-based 
approach. However, it has proved remarkably resilient to critical scrutiny from a variety of perspectives 
and theoretical investigation. Indeed, recent advances in the theory linking notions of sustainability to 
wealth and wellbeing have lent solid conceptual foundations to this endeavour.5 The World Bank’s on-
going work on measuring the (total) wealth of nations, for example, has been at the vanguard of 
translating such findings into practical accounting terms (e.g. World Bank, 2006). Interestingly, available 
data have permitted going beyond solely using theory to guide green accounting, and its interpretation, to 
testing key propositions themselves. Starting with Ferreira and Vincent (2005) a small number of related 
studies have sought to answer the question as to whether genuine saving is, in practice, a good predictor of 
future consumption.  

For countries with commercial natural resources knowing whether, on balance, enough is being saved for 
the future is clearly important policy information. Moreover, valuing resource depletion and balances 
leads to additional policy applications and so the case for the monetary approach does not stand or fall 
only on the ‘narrow’ question as to whether policy-makers are persuaded by the need for a green national 
accounting aggregate. For countries without significant natural resources the need for adjusted national 
accounting aggregates, given changes in other environmental resources, remains but is less clear-cut. But 
here too the advantages of monetisation should not be seen only in terms of its being a facilitator to the 
construction of accounting aggregates. The process itself has much to commend it, not least in shifting the 
emphasis of green accounting data away from simple emissions or other pressures towards the outcomes 
of environmental change and, in particular, the impacts on human wellbeing of this change. Moreover, if 
impacts can be valued then these accounting data could be used in models which inform questions such as 
how to design or adjust policies (so as to increase net benefits). This would complement the usefulness of 
physical accounts as inputs to policy modelling and analysis. 

Before we turn our attention to more practical issues of environmental valuation, one final generic issue 
with regard to, for example, a savings-based measure is worth mentioning. It has been claimed that the 
monetary approach to green accounts, involves the implicit embrace of the view that there is ‘nothing 
special about the environment’. That is, placing a money value on a change in some natural asset is taken 
to involve a judgement that only weak sustainability (WS) matters. This argument continues that strong 
sustainability (SS), by contrast, requires that the environment is accorded explicit and special protection 
can only be conveyed with reference to physical indicators. Smith (2007) rightly points out that the WS 
vs. SS debate involves questions that lie outside of the accounts. However, at least two lines of reasoning 
are worth bearing in mind with regards to the broader debate. In any given year about 10-30 countries are 
not saving enough to cover their depletion of natural resources in the World Bank savings data base. So 
even by a so-called WS criterion a clear signal is provided that a very real problem for the development 
prospects of these countries exists. Second, so long as it is not being argued that all natural assets must be 
conserved (and typically it is not) then there is a guiding role for key insights from both approaches. Nor 
is anything in the savings approach per se that assumes away non-substitutability and, in the light of 
evidence etc., this method can be modified to incorporate shadow prices which reflect SS constraints. Put 
another way, conceiving of strong sustainability solely in terms of maintaining physical stocks might not 
be wholly wrong. As best, however, it is only part of a more complicated story.  

4 In this approach, there would be no need to calculate the value of current environmental services as would be the case if a 
measure of economic welfare was sought. Most income-based measures fall short of that calculation for a number of reasons; 
not least the measurement and valuation issues are daunting. 
5 These contributions show that negative levels of genuine saving must imply that future levels of wellbeing over some 
period of time are lower than current levels – i.e. negative genuine saving implies unsustainability. More recently, insights 
have been extended to the interpretation of observing positive (genuine) saving over time (see, for a review, Atkinson and 
Hamilton, 2006; Mäler, 2007). 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 520 -



4

Valuing the environment 

Extending the monetary approach beyond natural resources, the value of which can be conceived 
primarily in commercial terms, takes the accounting problem inevitably into the domain of non-market 
valuation. It seems fair to say that this issue causes significant unease.6 Interestingly, there are a number of 
parallels with the debate between proponents of environmental cost-benefit analysis (CBA) and its critics. 
While those arguments have not been resolved definitively many of the same ethical, technical and 
political issues have been rehearsed extensively on this microeconomic stage. Moreover, for 
environmental decisions, as well as decisions with environmental impacts, non-market valuation methods 
now have an increasingly integral role in guiding public policy in many countries.7  

Just how far have we come with regards to the generation of ‘robust’ values based on these methods? 
Some of the issues are perhaps best illustrated with reference to stated preference methods given that 
elicited values are hypothetical. It is important to note that the rise in popularity of stated preference 
methods such as contingent valuation (CV) and choice modelling has been accompanied elsewhere by a 
very active debate and critical assessment of the merits and limitations of the techniques and their 
underlying conceptual framework. We can find in this literature some alternatives to the neoclassical 
theory of choice, debates about the nature of non-use values, distinctions between intrinsic values 
(ecosystem or species rights) and instrumental values (anthropocentric economic values) and a discussion 
of the ‘conflict’ between consumer/private values and citizen/collective values.  

But the largest body of literature that has emerged from e.g. the CV debate has focussed on technical 
aspects of the methodology, testing its validity and reliability, and investigating and correcting for the 
presence of various types of bias. Authors have analysed the effect on the estimated values of different 
welfare measures, elicitation procedures, bid vectors, payment methods, time frames, survey modes, 
information content, scope of the change, uncertainty levels, and econometric models amongst others. For 
lengthy reviews and typologies of various potential sources of bias see Mitchell and Carson (1989), 
Bateman and Willis (1999) and Bateman et al. (2002). By and large, much of this literature suggests a 
virtuous circle between translating the lessons from tests of validity and reliability into practical guidance 
for future study design. As a result, official guidelines about best practice are now increasingly focal to the 
use of valuation studies in policy (e.g. Bateman et al. 2002 which is intended to guide official applications 
of stated preference methods in the UK). 

Of course, there remain additional concerns about using such values for the bigger setting implied by the 
national accounting context. To look at some of these issues, we use as an illustration recent efforts to 
place a monetary value on air quality strategies in the UK. Table 1 indicates magnitudes (for the year 2000 
unless indicated otherwise), based on a number of relatively recent studies, of air pollution damage for the 
UK, expressed as a percentage of Gross National Income (GNI). These damages arise from emissions of 
various stock pollutants and pollutants with impacts on stocks. Strictly speaking, the values across studies 
are not comparable for a number of reasons. The pollutants covered differ across studies with, for 
example, World Bank (2005) estimating only damage from particulate matter (PM) and carbon dioxide 
(CO2). The Markandya et al. (2000) study looks at the damage caused by sulphur dioxide (SO2), PM and 

6 It is debatable whether non-market valuation is more controversial than the valuation of commercial natural resources. Valuation 
issues in respect of the latter have endured, perhaps most notably that of choosing between, for example, total rent and simple 
present value approaches to estimating user costs. While much more is now known about what this choice entails, all approaches 
entail questionable assumptions about resource extraction and price paths which seem unsatisfactory when confronted with real 
world evidence (see, for example, Atkinson and Hamilton, 2007). 
7 Advances in methods to value non-market goods have been a striking feature of modern CBA. The valuation techniques now 
developed by environmental economists (and others, especially health economists) can be used to measure all of the components 
of the total economic value (TEV) of environmental and natural resources. In CBA, these values are the net sum of all the relevant 
willingness to pay (WTP) and willingness to accept (WTA) estimates for a project outcome or policy change and, in their turn, 
reflect any change in wellbeing due to a project or policy. TEV can be characterised differently according to the type of economic 
value arising. It is usual to divide TEV into use and non-use (or passive use) values. Use values relate to actual use of the good in 
question (e.g. a visit to a national park), planned use (a visit planned in the future) or possible use. Non-use value refers to 
willingness to pay to maintain some good in existence even though there is no actual, planned or possible use. 
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ground-level ozone (O3) but does not present the component damage attributable to each of these 
pollutants. AEA Technology (2004) and Hartridge and Pearce (2001) include damage caused by ozone 
via nitrogen oxides (NOX) and also (non-methane) volatile organic compounds (NMVOC). Lastly, AEA 
Technology (2004) estimates the damage caused by releases of carbon monoxide. 

Table 1. Air Pollution Damages in the UK as a Percentage of GNI
Estimates based 

on AEA 
Technology 

(2004) 

Estimates based 
on Hartridge and 

Pearce (2001) 

World Bank 
(2005) 

Markandya et al. 
(2000)

SO2 0.1−0.4 0.7 
NOX 0.03−0.2 0.2 
PM 0.1 0.1 
NMVOC 0.04−0.1 0.2 
CO 0.0 

CO2 0.5 0.3  

CH4 0.02  

N2O 0.03  

Total 0.2−0.7 1.7 0.4 2.0 
Notes: Data refer to shadow prices and emissions quantities for the year 2000 apart from the Markandya et al. (2000) 
study which refers to 1996. Data on emissions from DEFRA (2005). 

A number of other points about these estimates – relating to both progress and challenges – are worth 
noting.  

First, while these damage estimates are clearly not huge percentages of GNI neither are they trivial. For 
example, some of these magnitudes indicate that, on the basis of an assessment of air pollution only, the 
adjusted net or genuine savings rate is at least 10% lower than the gross savings rate (which was about 
16% of UK GNI in 2000).   

Secondly, arguably these estimates might be better expressed as a range rather than a single value. Indeed, 
the values based on AEA Technology (2004) indicate that this range can be relatively large. Just as cost-
benefit appraisals should reflect the sensitivity of findings to plausible changes in key parameter values – 
such as those related to the extent of physical damage or WTP for a (unit) change in some end-point or 
receptor affected by pollution – so too should estimates for green accounting purposes reflect these same 
uncertainties. We revisit this issue in the next section. 

Thirdly, the estimates differ in the way that transboundary pollution is accounted for. The values based on 
AEA Technology (2004) only include UK impacts that arise from UK emissions. However, the estimates 
based on Hartridge and Pearce (2001) and World Bank (2005), in the case of CO2, account for the social 
cost of UK emissions: that is, the damage caused by UK emissions in both the UK and other countries. 
The study by Markandya et al. (2000) assesses damage within the UK caused by both its own emissions 
and the emissions of other (European) countries. We leave aside the issue of which is the ‘right’ approach 
(although see, for a fuller discussion, Atkinson and Hamilton, 2007). The point here is that these estimates 
are often measuring very different things. 

Fourthly, since these values rely on estimates of social costs commonly used in cost-benefit studies of 
European and US air pollution policies they share the same feature of being dominated by human health 
impacts. Estimates will therefore be sensitive to different methodologies in estimating these impacts. For 
example, the estimates based on AEA Technology (2004) value chronic health impacts using the value of 
(statistical) life years lost whereas Pearce and Hartridge (2001) appear to base their estimates on the value 
of a statistical life. This gives rise to divergent findings where remaining life years for those facing 
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chronic mortality risks may be few. Which calculation is the correct one is a relatively recent area of 
research in the valuation literature and future developments are clearly of as much practical import for 
green accounting and measuring sustainability as for other (micro-) economic appraisal tools.  

Fifthly, the above point makes it plain that the green accounting practitioner must be both cognizant of an 
array of evolving valuation issues as well as how these values can be used in green national accounts. And 
while significant progress has been made in green accounting for air pollution, less progress has been 
made in routinely bringing water pollution within the ambit of green accounting. On-going efforts to 
understand the monetary benefits of major policy developments in say Europe such as the EU’s Water 
Framework Directive are likely to yield supplementary benefits for green accounting. 

Discussion and conclusions: future challenges 

On the face of it official embrace of the monetary approach is the exception rather than the rule. This 
apparently slow progress is deceptive in that the exceptions are notable. Moreover, given that the 
monetary approach is work-in-progress, we might reasonably anticipate gradual uptake over time. 
Nevertheless, the existence of obstacles to this gradualist path cannot be dismissed and there is a need to 
understand why this is the case.  

Much still hinges on the perceived ‘difficulty’ and ‘uncertainty’ associated with valuation as well as the 
fact that non-market valuation seems too far removed from the transactions-based focus of the System of 
National Accounts (SNA). It is hard to conceive a way round this last concern as it appears almost by 
definition to rule out taking the monetary approach beyond commercial natural resources. Uncertainty 
remains an issue given that, where environmental impacts can be measured in money terms, valuations 
can appear to have unacceptably high ranges of confidence. This argument is sometimes used as a reason 
for affording low status to environmental CBA in decision-making. But it is debatable as to whether 
eschewing monetary valuation avoids the problem of uncertainty (Pearce et al. 2006). It is true that it 
avoids applying to physical data values that are ‘uncertain’ but, in so doing, ignores factors that should 
bear ultimately on how to make decisions (i.e. the impact of environmental change on human wellbeing).  

Tellingly, Hecht (2005) claims that the arguments about the merits of and progress in non-market 
valuation (such as presumably those we have very briefly rehearsed earlier in this paper) have been heard 
and “have not convinced the accountants yet” (p203). Yet whether monetary approaches are worthwhile 
remains obviously an important item for meaningful dialogue between statistical offices and policy 
departments. And it is important to note a growing number of the latter are using environmental valuation, 
often using ‘official’ estimates of shadow prices, as an input to appraisal of projects, policies and 
programmes. This does not mean that this use of valuation, where it is present, naturally should be 
extended to green accounts but it surely establishes a basis for discussion. 
Clearly many challenges exist however in making progress on the monetary approach. Some of these 
challenges might be characterised as belonging to the ‘political economy’ of the indicators debate and so 
necessitate an understanding of the policy process itself. Just as decision-makers are sometimes reluctant 
(explicitly) to use CBA to guide policy, because of e.g. ‘political and other issues so too might we expect 
analogous issues to arise in the context of indicator choice. There is presumably much to learn about 
cross-country experience where, for example, some form of monetary approach – in green accounting 
work – has been adopted and where it has not and where monetary valuation is actively used in policy 
departments but not in accounting work. But while researchers have busied themselves with the study of 
environmental decision-making processes and instrument choice, there has been little parallel interest in 
applying these insights to the green accounting setting or the indicators debate more generally. 

Other obstacles relate more ‘straightforwardly’ to technical challenges as regards the theory and practice 
of non-market valuation. Two issues, in particular are immediately apparent.  
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First, aggregation issues loom large when doing valuation in the accounts. There are a number of issues 
here but one in particular is that of benefits transfer. Benefits transfer is a process of ‘borrowing’ values 
that have already been estimated in some other study or context. In the CBA setting, if it is a valid 
procedure, benefits transfer would save considerable time and effort in conducting ‘primary’ valuation 
studies. In the domain of green accounting, practitioners are almost certain to be reliant on benefits 
transfer – to a greater or lesser extent – in order to value e.g. environmental impacts. There is far more to 
be said about whether this is problematic for the monetary approach to green accounting and in what 
ways. Benefits transfer is a subject within itself and it remains unclear that it is a valid procedure in many 
contexts.  

Secondly, robust biodiversity and ecosystem valuation, while not unattainable, remains a more distant 
prospect. Research into the value of ecosystem services has evolved to the point where efforts are being 
made to estimate the total economic value of ecosystem change. But complexities abound in terms of, for 
example, the interactive nature of ecosystem services, uncertainty about how ecosystems function and 
what they do in terms of life support functions. While there is increasing policy interest in understanding 
and protecting the ecosystem services, from a measurement and accounting perspective there is sufficient 
complexity in establishing the physical evidence base to keep practitioners occupied for sometime yet 
(Boyd, 2007). 

How troubling we should view such challenges is debatable. The lesson from elsewhere is that progress 
can be made if we face, rather than blanch at, these issues. Put another way, what is ‘controversial’ and 
‘difficult’ presently need not always be so.  A good example of a large study that has sought to face such 
challenges is the Green Accounting for Indian States Project (GAISP, see: Gundimeda et al. 2007). It is 
also worth noting that significant expertise now exists, in many countries, with regards to environmental 
valuation in the academic and policy sectors. Predominately, as we have indicated, this expertise has been 
utilised in the conduct of CBA and related applications. However, it is entirely conceivable that this 
know-how could be directed, to a greater extent than currently (perhaps through e.g. advisory panels, 
steering groups and so on) towards assisting the efforts of green accounting practitioners in advancing the 
monetary approach and understanding its limits. The latter comment is an important one. The case for a 
monetary approach does not stand or fall on the criterion of ‘all or nothing’. Rather the critical question is 
whether or not what is implemented results in better information and, where relevant, better policy 
recommendations than we currently have. 
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1. Introduction

1. The primary goal of national accounts can be summarised as providing “a comprehensive 
accounting framework within which economic data can be compiled and presented in a format that is 
designed for purposes of economic analysis, decision-taking and policy-making” (United Nations et 
al., 1993, para. 1.1). As such, the primary focus of national accounting clearly concerns the description 
of the status and development of the economy at the macro-level and at the level of industries and 
institutional sectors (corporations, government and households). Important economic indicators which 
can be derived from this system are Gross Domestic Product (GDP), National Income, Saving and 
government deficit and debt, etc.

2. In public debate, (volume growth of) GDP often is put on a par with growth of economic 
welfare. And indeed, maximalisation of economic growth and employment has been, and often still 
are, the primary goals of government policy. For that reason, some people argue that the system of 
national accounts provides misleading indicators, because important aspects of economic welfare are 
not (appropriately) taken into account in the compilation of GDP. The most prominent example in this 
respect is the ignoring of environmental degradation and the resulting unsustainable present-day 
economic growth patterns that probably exist in many countries. 

3. Most national accountants will instantaneously agree with the argument that GDP is not 
equivalent to economic welfare or, more broadly, (economic) wellbeing. Although sometimes 
suggested, that is not the issue. Also the international guidelines for national accounts, the System of 
National Accounts (SNA) 1993, recognise this deficiency: “Thus, movements of GDP cannot be 
expected to be good indicators of changes in total welfare unless all the other factors influencing 
welfare happen to remain constant, which history shows is never the case” (United Nations et al., 
1993, para. 1.69). 

4. The main polemic is on the way forward, on the way to provide a set of statistics that better 
reflect all aspects of economic welfare. Doing so, one inevitably has to overcome aggregation 
complexities resulting from the multi-dimensional representation of welfare:  consumption, leisure, 
environmental quality, health, education, safety, just to name a few. Even in relation to the 
environmental dimension of welfare, there is a range of concerns that needs to be addressed: the 
threats of global warming, the over-exploitation of natural resources, the disastrous air quality in many 
urban areas, the rapid loss of species, etc.

5. As a logical result, two quite distinctive approaches can be found in the literature: (i) single 
indicator approaches: usually monetary values are put, for example, to the losses of environmental 
functions; subsequently, main economic indicators like GDP or saving are adjusted for these losses;
(ii) multiple indicator approaches: additional indicators on environmental and other welfare-related 
issues are added to the set of macro-economic indicators. In section 2, alternative ways to cope with 
measuring the environmental dimensions of (economic) welfare are discussed. In doing so, the System 
of Environmental and Economic Accounts 2003 (United Nations et al., 2003) is being used as a point 
of reference.

6. The dominant role of GDP in economic policy has often been referred to as “steering by the 
wrong compass”. Although striving for economic growth is for sure dominant in mainstream 
economic policy making, other strictly economic goals and related indicators, addressing issues like 
unemployment, inflation, government deficit, balance of trade, etc. equally receive a lot of attention in 
most economic policies. The metaphor implies that guidance by the right compass would lead us to 
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safer waters. This vision is, in our opinion, based on an oversimplification of reality. In section 3, we 
will shortly discuss the pros and cons of the different appraoches. It is argued that it is unlikely that 
one single indicator is able to resemble all complexities of environmental concerns in a transparent and 
meaningful manner. As a consequence, sound environmental economic policy making inevitably 
depends on a set of indicators. Embedding these indicators in accounting systems such as the SEEA 
2003 safeguard their mutual comparability and consistency and therefore their use. There is without 
any doubt a clear policy need for condensed (but conceptually sound) statistical information on 
environmental economic phenomena. At the same time, there are clear conceptual limitations on 
aggregation methods that can be applied in a meaningful way in environmental economic accounting.

7. Recently, discussion on the relationship between economy and environment gained a new 
momentum. In the final section of this paper, we will discuss some recent (inter)national 
developments. Here, it is also argued that national accounts do have a mission to be accomplished. 
One should recognise that policy makers and other users of national accounts put great emphasis on 
the development of GDP, and that national accountants do have a responsibility to develop new 
methodologies to take into account other welfare realted issues. If national accountants do not start to 
provide a set of data that better reflects welfare, if they keep focussing on income and production, they 
can rightly be accused of providing an incomplete and misleading picture. Some promising ways 
forward, especially in the international arena, are being discussed as a conclusion of this short paper.

2. Alternative ways to measure the environmental dimensions of (economic) welfare

8. One could argue that the SEEA 2003 consists of three sets of accounts. Firstly, the 
environmental asset accounts show the periodic (value) losses in environmental assets at the disposal 
of a nation´s economy. Secondly, the environmental pressure accounts illustrate how economic 
activities (production and consumption) interact with the environment. These interactions, basically 
natural resource extractions and pollution outputs, are expected to contribute to environmental 
resource depletion and degradation. Thirdly, the environmental expenditure accounts show which 
economic activities and expenditures are related to environmental protection, leading to reductions in 
environmental pressure levels (e.g. waste water treatment) or reduced impacts from environmental 
hazards (e.g. noice protection). In relation to each of these three types of accounts the SEEA explores 
ways to provide condensed macro-economic indicators based on valuation and various types of 
adjustments of national accounting aggregates such as gross domestic product, national income and 
saving. 

Asset accounts

9. Asset accounts focus on the impacts of environmental depletion but hardly to pollution 
induced environmental deterioration effects. Asset accounts are particularly useful for those countries 
with strong economic dependencies on the exploitation of natural resources. Repetto et al. (1987, 
1989) showed that many developing countries are boosting economic growth by rapidly depleting 
their natural capital. This form of economic growth is likely to be unsustainable. Natural resource 
accounts may be structured in accordance with national accounts balance sheets. As such these balance 
sheets can provide condensed pictures of changes in wealth of both produced assets and non-produced 
environmental assets. 

10. This is for example illustrated by Lange et al. (2003). They use both physical and money 
measures to reflect the wealth of natural resources such as fish stocks, mineral assets, water and forests 
in a number of southern African countries. They use total per capita wealth estimates in constant prices 
to indicate to what extent the depletion of natural assets is offset by compensating increases in 
produced capital. This weak sustainability principle of non-declining total wealth estimates at all times 
is also known as the so-called Hartwick rule (1977).  Natural resource management is also evaluated 
by Lange et al. by analysing the appropriation of resource revenues by governments. The more 
governments gain from natural resource exploitation, the more these funds can potentially be used for 
investment in for example human capital via health and education programmes. 

11. The genuine saving rates published by the World Bank (2006) for a wide range of countries 
provide a similar kind of message. Instead of absolute wealth measures, this indicator reflects the 
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annual changes in wealth of e.g. produced assets, natural resources, and human capital proxied by 
education expenditure. Again, this indicator builds on the Hartwick weak sustainability criterion of 
non-declining wealth. Substantial negative savings especially show up for those countries with 
relatively high natural resource depletion rates that are unable to reinvest resource rents in other forms 
of capital. As such, this indicator may give important signals to those countries that experience rapidly 
declining total net capital stocks. 

12. Asset accounts have also clear limitations. Changes in environmental wealth indicators are not 
able to capture losses from environmental degradation for which (changes in) stock measures can not 
univocaly be determined or for which valuation methods simply fall short. For example the environ-
mental losses due to global warming are expectedly far reaching and very hard to assess beforehand on 
a country by country basis. The social values that are at stake in relation to biodiversity decline are not 
subject to statistical observation but must be assessed in the political domain. For these environmental 
degradation problems, national accounts based asset descriptions are not very meaningful. 

Pressure accounts

13. In countries where environmental policies are dominated by degradation issues, statistical 
offices tend to focus their environmental accounting systems on mapping the environmental pressures 
of production and consumption activities. In this way the accounts are able to support policies that aim 
at improving environmental behaviour of producers and consumers. In the Netherlands the 
environmental accounts have built on the so-called environmental themes (e.g. global warming, 
acidification, waste) that have been identified in the national environmental policy plans.

14. In combination with national accounts data, these pressure acccounts can be used to evaluate 
cost effective pollution abatement policies. In general, a comparative static cost-effectiveness analysis 
takes the form of a hypothetical reflection of macro-economic indicators (e.g. domestic product, 
consumption) in case an economy would respect a specified set of environmental standards. Although, 
pressure accounting may play a significant role in the development of pollution reduction strategies, 
accounting itself will not provide the ultimate answers on the expected (social) costs borne of meeting 
these predefined targets. Typically, such kind of analyses can only be carried out on the basis of 
comparative static or dynamic scenario modelling. 

15. O’Connor (2001) explains that one application of cost-effectiveness analysis at the macro-
economic level could lead to a particular conception of an environmentally-adjusted domestic product 
which he calls a ‘greened-economy’ gross domestic product. One basic feature of this approach is that 
adjustments in the economy are being considered rather than adjustments in accounting conventions. 
This approach does not try to evaluate the welfare contributions of the natural environment. Instead, 
the cost-effectiveness analysis can only be conducted after environmental standards have been 
established first. 

16. More recently, a similar but more advanced, general equilibrium model is developed by 
Verbruggen (2000) and colleagues to estimate a sustainable national income according to the 
theoretical findings of Hueting (1980) and the sustainability standards as developed by Hueting & De 
Boer (2001). Hueting (1980, p.165) indicates that environmentally adjusted national income measures 
should not replace, but instead, be introduced alongside the calculation of the regular unadjusted 
national income figures. In this way, a comparison of both measures visualises the ‘sustainability gap’ 
between current income and income at a sustainable level. It is important to notice that this valuation 
approach carries a normative element in defining beforehand the sustainable emission targets as the 
required model inputs. 

Environmental expenditure accounts

17. Environmental expenditure accounts are helpful in showing the levels of labour and capital 
resources that are allocated to environmental protection activities. Hamilton & Ward (1998, p. 350) 
conclude that in order to arrive at a greener income measure, abatement expenditures should be 
subtracted from GDP. They (i.e. environmental abatement expenditure) become, in effect, 
intermediate consumption. Of course, most abatement expenditures are already treated as intermediate 
consumption in the national accounts. Therefore it is only expenditures on pollution abatement in final 
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demand that need to be deducted in measuring a greener national income. Others (cf. Hueting, 1980, 
Daly, 1989) have also advocated the deduction of environmental protection expenditure, or even the 
repercussion costs of environmental deterioration (e.g. health expenditure, government clean-up 
actions), from final demand, and thus gross domestic product, as a way to obtain a more welfare 
oriented national income measure.

18. The demarcation of intermediate and final consumption expenditure in the SNA is not based 
on such a welfare criterion. Consumption is defined and measured quite independently from any utility 
that households may, or may not, derive from it. Intermediate consumption simply represents the value 
of goods and services used in production while final consumption is supposed to satisfy directly 
individual or public needs. The SNA 1993 uses an activity-based demarcation: production versus 
consumption. A reconsideration of this demarcation on the basis of welfare principles requires a moral 
evaluation of economic transactions which may give rise to reconsidering a much wider range of 
consumption categories that are generally regarded as ‘regrettable necessities’, e.g. defence, justice, 
healthcare. Steurer et al. (1998) show that environmental protection expenditure in most industrial 
countries equals about one to two percent of gross domestic product. This would suggest that the 
deduction of environmental protection expenditure is of a somewhat limited significance.

19. Usually a large share of environmental protection and repercussion costs are borne by 
governments. Accounting for these costs in terms of intermediate instead of final consumption will not 
remove these expenditures from GDP. In the national accounts goverment consumption by convention 
determined by summing up government production costs. It is also not recommendable to entirely 
remove these expenditures from the accounts and GDP since environmental accounts should be 
enabled to account for their effects in terms of reduced pressures or impacts. 

3. Single indicator versus multiple indicators

20. In conclusion, different “monetarisation methods” are being applied to compile 
environmentally adjusted national accounts indicators. It is important to emphasise that each of these 
methods serves different purposes. Depletion adjustments are particularly helpful in analysing natural 
resource dependencies. The so called greened economy domestic product measures can be used to 
evaluate an economy´s environmental performance and social adjustment costs. 

21. In any case, it is unlikely that a single indicator approach will be able to reflect all dimenstions 
of environmental depletion and degradation. This is why we instead strongly advocate a multiple 
indicator approach. It is unwanted and infeasible to build environmental accounts around one single 
environmental indicator. Instead, environmental economic accounting should bring, as much as 
possible, all relevant dimensions together in one coherent accounting framework. The SEEA 2003 
provides for this purpose a comprehensive and conceptually sound accounting framework. 
International consensus must be reached on the main SEEA tables and accounting aggregates on 
which most environmental policies are centred. This consensus building is one of the key tasks of the 
recently installed UN Commisison of Experts on Environmental Accounting. See also section 4.

22. Another important conclusion that can be drawn from section 2 is that asset based valuation 
methods are limited in scope, especially for complex or large scale environmental degradation threats. 
O’Connor & Steurer (2001) evaluate the scope of monetary valuation along two dimensions. Firstly, 
the larger the spatial scale and the longer the temporal scale of ecosystem changes, the more 
problematic becomes the assessment of their welfare effects in terms of changes in wealth stocks. For 
example, the future consequences of world-wide environmental problems like climate change are 
uncertain and may vary substantially between different world regions. In these cases, welfare effects 
can only be assessed on the basis of rough speculations.

23. Secondly, preservation of nature is partly socially or morally motivated. Maintaining the bio-
diversity of our planet is not necessarily an issue of preserving use values but equally an issue of 
fairness and existence (e)valuation. In many cases contingent valuation methods (willingness to pay) 
are unliky to provide valuable information in this area. Some even reject the attachment of money 
values on moral grounds because of strong ethical believes about nature preservation. 
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24. More generally, another problem of complex single indicator approaches is that they may have 
no relationship whatsoever with government policy objectives. Pointing out adverse developments in 
(economic) welfare and changing these developments by government policy are important goals of 
describing the developments of a society. For that purpose, indicators need to be related to the various 
policy areas: economic policy, environmental policy, social policy, etc. In addition, an underlying 
analytical framework is needed from which the various interrelationships between the monetary 
economy and the environment can be derived. Only in that case, politicians can sensibly act upon 
eventual adverse developments.

25. Moreover, while research often is completely focussed on the measurement of the catch all 
indicator, these adjustments are seldom worked out consistently throughout the system of accounts. 
Therefore the adjustments remain unallocated to economic actors such as industries, institutional 
sectors, etc. Environmental accounts become much more relevant from a policy perspective when they 
are able to provide information also on the meso- and/or micro-level. Only then, for example, distri-
butional effects of environment related government policy on income can be analysed in full detail. 

26. As stated before, we strongly favour a multiple indicator approach. An important prerequisite 
for such an approach is the link between the predefined macro-indicators on the one hand and an 
underlying framework of more detailed statistics on the other hand. An important feature of such a 
systematic approach is the presentation of the data in a framework which enables to show the 
interrelationships between the economy and environment. Existing links can be detected between, for 
example, production, employment, (distribution of) income and environmental pollution. Broader 
frameworks may even take into account issues like non-income generating activities, links between 
production of educational services, schooling of the population and entry chances on the labour 
market, between social insurance and social exclusion, and between all of these and GDP or the 
government budget.

27. Another advantage of a system’s approach is that the data are statistically “integrated”. As 
such, differences in statistical concepts and groupings between sources have been eliminated, source 
data have been made consistent between sources and over time, alternative estimation procedures have 
been applied to solve lacunae in data in order to reach full coverage, and administrative and 
respondent-friendly concepts have been transformed into statistical concepts which are comparable 
over time and between countries. An integrated statistical information system may also yield more 
stable and more precise summary indicators for performance monitoring, policy analysis and (if 
desired) administrative uses. Once such indicators are embedded into a statistical information system, 
their definition and estimation becomes intertwined with (many) other parts of the system, which 
enhances their impartiality and thus their public acceptance. 

28. Finally, as a consequence of presenting data on the various aspects of economy and 
environment (and other aspects of welfare) in an systematic and integrated framework, the scope for 
monitoring, analysis, forecasting and policy simulation is significantly enlarged. As the interrelations 
between the various aspects of welfare are described in a consistent way, the whole “production” cycle 
of welfare can be modelled. For example, the way in which e.g. government policy to enhance 
environmental conditions affects other welfare related aspects can be quantified. In our opinion, 
presenting alternative scenarios with such a model will provide users in general and the government in 
particular with the best information available to make the appropriate policy choices. 

29. Looking at the present information content of the system for environmental economic 
accounting at Statistics Netherlands, it consists of different parts. The air emissions accounts cover 
environmental information on climate change (emission of greenhouse gasses), ozone layer depletion, 
acidification, and local air pollution. In the energy accounts, supply and use of energy products are 
shown both in physical and monetary terms. The waste accounts record the production of 70 different 
kinds of solid waste, including information on the way this waste is treated. The water accounts 
(NAMWA, National Accounting Matrix including Water Accounts) contain information on the 
production and consumption of water (tap water, groundwater, surface water), and on the emission of 
hazardous substances to water (heavy metals, nutrients, pesticides etc.). These accounts have been 
developed both on a national and on river basin level. Finally, the Dutch system of environmental 
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accounts include monetary accounts related to environmental themes, namely the environmental 
expenditure accounts and the environmental tax accounts. The above information is combined in the 
so-called NAMEA (National Accounting Matrix including Environmental Accounts), a satellite 
account to the core system of national accounts.

4. Future (inter)national developments

30. During the latest decades, environmental issues, questions in relation to sustainability, and 
development of welfare or well-being that goes beyond production and income, gave rise to 
considerable discussion in the political arena. Yet, in the end, economic growth nearly always has 
been given priority: “It is the economy, stupid!” In cases that growth of income could be combined 
with environmental issues, e.g. technological development to arrive at a decoupling of economy and 
environmental degradation, everyone was happy. However, when a choice actually had to be made 
between less economic growth or less environmental pollution, income was the preferred option in 
most cases.

31. On some occasions, environmentally engaged people tend to blame statistics for the above 
political choices. In our opinion, this is a bit harsh and unjustified view on statisticians. It pre-assumes 
unrealistically powerful statistics. As we see it, we are all to blame, we all, including the politicians 
representing us, seem to favour (personal) income above environmental degradation that can be 
“safely” transferred to next generations. On the other hand, economics can not completely ignore these 
allegations. Where economic statistics based on observable monetary transactions have developed to a 
very high standard, where international guidelines for the compilation of national accounts have been 
laid out in great detail, where the present-day system of national accounts is well respected by all 
people involved in macro-economics, the more ambitious goals of the origins of (welfare) economics 
seem to have been lost down the road. Where great emphasis is put on the compilation and publication 
of economic indicators, non-monetary issues affecting people’s economic welfare are not given the 
same priority and attention.

32. The above analysis does make statistics responsible, at least partially. It does realise that we 
should pay more attention to sustainability and welfare issues. Fortunately, there is a significant 
number of very promising initiatives, some of which will be discussed below. Firstly, attention is paid 
to international developments. After that, a short discussion follows on the state of affairs at Statistics 
Netherlands.

33. On the international level, an important development in relation to environmental issues is the 
creation of the United Nations Committee of Experts on Environmental Accounting (UNCEEA). It has 
been established with the approval of its terms of reference by the Bureau of the United Nations 
Statistical Commission in November 2005 (United Nations, 2005).  The objectives of the committee 
are (i) to mainstream environmental-economic accounting and related statistics; (ii) to elevate the 
System of integrated Environmental and Economic Accounting (SEEA) to an international statistical 
standard, and (iii) to advance the implementation of the SEEA at the global level. In order to achieve 
these objectives, five components for the programme of work have been identified:
• co-ordination among international agencies and other groups working in environment and related 

statistics;
• promotion and implementation of the accounts through the recommendations on their compilation;
• harmonisation and dissemination of the accounts, linking the accounts to indicators and 

developing a closer relationship between the users and producers of environmental economic 
accounts and related statistics;

• advancing the research agenda so as to allow for the SEEA become a standard by 2010;
• harmonisation of data collection activities on environment and related statistics with 

environmental economic accounts.  

34. In our opinion, two goals of the UN Committee should be given absolute priority. Both goals 
are more or less copied from the experiences, from the international “success story” of national 
accounts. The first (short term) goal should be the definition of an internationally accepted core set of 
accounts and embedded indicators on the most urgent environmental issues. These tables should 
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preferably be defined in such a way that the relevant data can directly be related to the core set of 
economic data, by using the same classifications and the same conceptual starting points. Doing so, 
the analytical usefulness, and as a consequence also the “attractiveness” of the relevant data will be 
enhanced significantly. Subsequently, it is of course all important that the tables agreed upon are
completed by as many countries as possible. For sure, one of the main advantages of national accounts 
is the international comparability of its main indicators, including the underlying frameworks. To 
achieve this goal in a reasonably short period, it is imperative to be as concrete and as pragmatic as 
possible. Furthermore, one should try to focus on the most important issues and indicators.

35. The second important goal, to be realised in the medium term, is the elevation of SEEA, the 
international guidelines for environmental-economic accounting, to an international statistical 
standard. Of course, it would be unrealistic to assume that this new standard will directly gain the 
same (long standing) status and reputation as the international guidelines for the national accounts, the 
System of National Account (SNA) 1993 and its European equivalent, the European System of 
National and Regional Accounts (ESA) 1995. On the other hand, the present ambition to finalise the 
project of elevating the SEEA to an international standard by 2010 would be nearly perfect from a 
public relations perspective. In that case, it could be presented as a direct follow-up to the update of 
the present SNA which will be finalised in 2008 (core part) and 2009 (satellite accounts), respectively.
As such, it could gain some extra support.  

36. It should be realised, however, that a finalisation and international agreement of the SEEA in 
2010 is a very ambitious goal, especially in an area where people are very engaged and where 
emotions can build up quite easily in discussions and debates. Therefore, it is necessary that the so-
called London Group, the group responsible for the development of the contents and the elaboration of 
the concepts in the SEEA, is given a realistic mandate. Doing so, it may be counterproductive to try to 
solve all issues related to environmental-economic accounting. For example, one does not need to 
have specific predicting capabilities to realise that, for example, an agreement for a single method of 
valuating environmental degradation will not be possible, probably apart from the depletion of 
national resources. On the other hand, this should not be considered a failure. If a general agreement 
can be achieved on the other issues, this would be a major achievement. For whatever indicator one 
wants to calculate, whatever experimental research one wants to do, it all starts with the collection of 
observable phenomena. 

37. At Statistics Netherlands, there has always been a more than average interest in the 
development and regular production of environmental statistics. Looking more specifically at official 
statistics related to environmental-economic accounting, NAMEA (and NAMWA) is considered the 
main output. The principles governing hybrid accounts like NAMEA have always been the starting 
point. As can be derived from the previous sections, we have been and still are quite sceptical 
regarding the possibilities to “monetarise” environmental issues and to calculate single indicators. 
That does not mean that we do not support research in the latter field. We do think, however, that the 
results of these research projects are still far away from becoming part of official statistics.

38. Furthermore, we consider it as a first priority to further develop our accounting framework. 
The most recent example in this respect is the extension with water related environmental issues 
(NAMWA). In the near future, old modules will be extended and new ones will be added. In the 
subsoil accounts, new physical and monetary asset accounts for oil and gas will be compiled for the 
Netherlands. New work will also be undertaken with regard to material flow accounts (MFA). These 
accounts will be developed for specific materials in relation to their environmental impact. Integrated 
asset accounts for land in physical and monetary units, including balance sheets and changes in 
balance sheets, will be linked to economic activities in a new land use accounting system. The 
monetary accounts will also be extended: accounts for environmental subsidies as well as accounts for 
the environmental goods and services sector will be developed. Last but certainly not least, the 
analytical usefulness of the data from the environmental accounts will be shown by presenting the 
result of some detailed environmental economic analyses (structural decomposition analysis, impact 
analysis, Input-Output analysis, etc.). Furthermore, these statistics can of course also be used for more 
experimental calculations by universities and other research institutes, either or not in co-operation 
with Statistics Netherlands.
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39. In addition to the development and regular compilation of environmental-economic statistics, 
promotional activities may be equally important. For this reason, we released a new publication on 
environmental accounting at the end of 2006. The goal of this publication is to show developments on 
environmental issues in combination with developments in monetary economics. Another goal is to 
make people aware of the possible uses of the relevant data for analytical purposes and for defining 
government policy.

40. Finally, at the end of 2006, we also started a project to look for a broader concept of 
sustainability or welfare. The primary goal of the project is to define a vector of a limited number of 
indicators that better reflects the development of welfare in the Dutch society. At first, this may be a 
rather loose set of indicators, at least partly. In the medium term, however, we think it is of great 
importance to be able to derive the relevant indicators from one consistent accounting framework. 
Doing so, trade offs between different policy goals can be quantified, modelled and analysed. Here 
again, one should realise that public relations do matter. A promising idea in this respect may be the 
organisation of an annual press conference on sustainability (or welfare), much along the lines of the 
German statistical office. But, for sure, there are other important examples as well. It is our strong 
belief that statisticians do have a role to play in drawing attention to issues other than economic 
growth, to issues like environmental degradation, for “it’s the environment as well, stupid!”
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1. Introduction 

Increasingly, in a knowledge-based global economy, the creation of value can precede the 
occurrence of transactions as observed with today’s business accounting systems.  Successful research 
and development (R&D) and other business activities like branding create considerable value in 
products and intellectual assets (IA).  However, the lack of recognition of these types of investments in 
business accounting is a major reason for the growing disconnect between enterprise market values and 
enterprise book values.   

The aim of this paper is to discuss the role of Enhanced Business Reporting (EBR) in the 
creation, valuation and disclosure of intellectual assets.  EBR is a leading effort to remedy the 
information gap.  It develops and promotes a disclosure framework presenting non-financial 
components of business reporting, including key performance indicators, and facilitates greater 
integration of financial and non financial information on an industry-by-industry basis.   

Following the introduction the characteristics of a knowledge based global economy is discussed.  
In the third section the benefits of the EBR as a best practice in a better understanding of the creation, 
recognition and valuation of R&D and IA is explored.  The paper ends with some concluding remarks.   
 
2. A Knowledge Based Global Economy 

Three business models define shareholder value creation today – the value chain, the value shop 
and the value network: 

� Value chains create value by transforming inputs into products (e.g., Toyota Motor 
Corporation, Nike Inc.);   

� Value shops create value by mobilizing resources to create individual solutions to customer 
problems or to exploit market opportunities (e.g., Apache Corp., Harrah’s Entertainment Inc.); 
and 

� Value networks create value by mediating or facilitating exchanges between their constituents 
(e.g., eBay Inc., FedEx Corporation). 

In the last decade, value networks have come to the economic fore.  The business model is the 
basis for internet and internet technology enabled e-commerce globally and underpins what is 
increasingly a borderless information and knowledge-based economy.  Development of information 
and knowledge-based economic entities globally and the application of network business model 
technologies has increased the importance of managing intangible and intellectual capital resources.  In 
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turn, managing for shareholder value1 has become a more complex task, axiomatically not only for e-
commerce businesses, but also for original “bricks and mortar” or value chain businesses reconfiguring 
their channels to the market based on network principles. 

The importance of internet e-commerce businesses and their device and software enablers is 
illustrated by the number and market value of internet-indexes in the United States.  Currently, there 
are ten traded and three non-traded indexes, shown in Table 1, comprised of some 110 companies.  In 
March of 2007, these companies had a market capitalization of $1.67 trillion compared to an S&P 500 
market capitalization of $12.34 trillion and had a median P/E of 31.9 times2 compared to the S&P 500 
average of 17.0 times3.  It should come as no surprise that these companies are primarily “asset lite” 
(i.e., the ratio of net tangible assets to total assets is extremely low).  Notably, 22 (or 20%) of the 110 
companies that comprise these indexes are unprofitable (have a negative EPS), but all are highly valued 
by the equity market.  In addition, the U.S. “owns” every worthwhile internet e-commerce business – 
Google, Yahoo!, Monster Worldwide, Expedia, eBay, priceline.com, Overstock.com, Amazon – and so 
on.   

Table 1.  U.S. Internet Indexes 

 

 
Apart from the development of network businesses through the internet and increasing presence 

of e-commerce business globally, there is also the development of internet-based extensions to the 
more traditional businesses.  This is apparent especially in the retail, financial services and 
transportation industry groups with internet-based search, booking, trace and tracking, communication 
and payment systems have complemented and in many cases have entirely replaced traditional 
approaches for these activity areas. 

In addition, there is evidence that non-traditional assets are being leveraged to create 
shareholder value.   

                                                 
1 Under the Anglo-American business norm, managing for shareholder value refers to maximizing shareholder returns – 
generally measured as total returns to shareholders (TRS).  TRS is defined as the gain in share price over a period of time 
(generally 3, 5 7 or 10 years) assuming any dividends are reinvested in acquiring more shares in the company at the share 
price prevailing at the time dividends are paid. 
2 On 6 March 2007. 
3 At the end of Q3 2006, the last quarter for which data was available at the time of writing. 

U.S. Internet Indexes* Ticker Index TradedCompanies in 
Index

AMEX Interactive Week Internet Index ^IIX Traded 45
AMEX Internet Holdrs Index ^HHI Traded 12
AMEX Internet Infra-structure Holdrs Index ^YIH Traded 10
AMEX Internet Architecture Holdrs Index ^XAH Traded 20
Chicago Board Options Exchange Index INX Traded 14
CNN Internet Stock Index n/a Not Traded 25
Dow Jones Internet Commerce Index DJIECOM Traded 25
Dow Jones Internet Services Index DJISVC Traded 15
GSTI Internet Index ^GIN Traded 14
Morgan Stanley Intenet Index ^MOX Traded 26
The Street.com Internet Index ^DOT Traded 23
USA Today e-Consumer 25 n/a Not Traded 25
USA Today e-Business 25 n/a Not Traded 25

* 5 March 2007
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Figure 1 shows that at the end of 2005 the future growth value of the 3,000 enterprises in the 
Russell 3000 index4 represented 34.1% of the total Russell 3000 enterprise value5 of $19.5 trillion.  
This future growth value of $6.7 trillion was larger than the GDP of any single country apart from the 
U.S. itself at that time and larger than any other country apart from the U.S. and larger than any other 
country apart from the U.S. and China when measured in purchasing power parity in 20056.  
Traditional balance sheet assets like property, plant and equipment in aggregate are becoming less and 
less important in explaining the market’s view of the value of enterprises.   

Despite the importance of the future growth value of a company, managers focus their attention 
on the drivers of current period profitability or economic value added (EVA™), which was only an 
aggregate $148.9 billion, or 0.76% of total enterprise value in 2005.  The focus on the improvement of 
profit in the current period can partly be explained by the value of traditional capital employed, which 
represented 56.2% of enterprise value.   

Notwithstanding a better understanding of these developments, traditional financial reporting, 
even in a post Sarbanes-Oxley7 world, does not sufficiently provide insight into the operations and 
potential future cash flow of the growing number of these economically important enterprises.  In 
response to this the American Institute of Certified Public Accountants (AICPA) supported an initiative 
to broaden reporting and disclosure by publicly listed companies.  This initiative, known as the 
Enhanced Business Reporting initiative and now promoted by the Enhanced Business Reporting 
Consortium, is explained further in the next section of this paper. 
 
Figure 1. Russell 3000 composition, 31 December 2005* 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

*Notes: 
1. Current value is defined as weighted average cost of capital (WACC) and represents the present value of current operations 

in perpetuity. 

                                                 
4 The Russell 3000 is a major U.S. equity index and is comprised of the largest 3,000 U.S. publicly listed companies by market 
capitalization on the NYSE, Nasdaq and AMEX stock exchanges.  The Russell 3000 represents some 97% of the equity market value of 
all approximately 6,200 companies listed on the U.S. NYSE, Nasdaq and AMEX stock exchanges. 
5 Market value of equity plus net debt.  
6 World Bank, World Development Indicators database, 23 April 2007. 
7 U.S. law applying to U.S. and U.S. Securities & Exchange Commission foreign registrant companies that regulates the disclosure of 
financial reporting based on the effectiveness of internal controls over financial reporting. 
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2. Future value is defined as enterprise value minus current value and represents the present value of the future incremental 
value the market expects the company to create in addition to the value to be delivered from current operations into 
perpetuity. 

3. The current value and therefore, the future growth calculations are sensitive to the market premium (chosen here as 4.5%).  
A higher market premium would see a higher WACC which would see a lower current value and an even higher future 
value.  

 
3. Enhanced Business Reporting8 

Financial Reporting Content and Format 
The International Accounting Standards Board (IASB) and the Financial Accounting Standards 

Board9 (FASB) are actively working together to bring about a convergence between International 
Financial Reporting Standards (IFRS) and U.S. Generally Accepted Accounting Principles (GAAP).  
The aim is to achieve a more principles-based set of accounting standards, as represented by IFRS, 
instead of the more rules-based standards emblematic of U.S. GAAP.  Proponents of principles-based 
standards argue that this will help simplify the complexity of today’s U.S. accounting standards.  In 
addition, judgments by managers and auditors based on principles will lead to accounting treatments 
that reflect the underlying economic reality of a transaction.  However, a number of difficult and 
controversial issues will have to be addressed, including fair value accounting, pension accounting, the 
treatment of intangible and intellectual capital assets, and measures of comprehensive income. 

The drive to enhance the content of accounting information is complemented by efforts to 
improve the format in which the information is delivered through Extensible Business Reporting 
Language (XBRL).  XBRL in its simplest terms is an internet standard which attaches electronic “tags” 
to each item in the financial statements.  These tags make it possible to consume and publish financial 
information in electronic form.  Moreover, it lowers cost and improves the timeliness and quality of 
information used by investors and analysts.   

Towards that end, the Securities & Exchange Commission (SEC) in the US supports work being 
done by XBRL-U.S., a non-profit organization comprised of market participants like analysts, 
investors, accounting firms and technology vendors that are developing taxonomies for both IFRS and 
U.S. GAAP which companies can use for both internal and external reporting purposes.   

From Financial Reporting to Enhanced Business Reporting 
The improvement of the content of financial statements and the format by which this content is 

being delivered would benefit all users of financial statements.  All market participants will be able to 
make better decisions and artificial barriers to the movement of capital due to differences in accounting 
standards and access to information will largely be eliminated.  

This is however, only the first step in improving the information flows on which capital markets 
depend today.  Financial statements only provide a portion of the information investors and other users 
need to understand a company’s past performance and to make an assessment about what its future 
performance is likely to be.  Measures of financial performance must be complemented by measures of 
non-financial performance.  This should include industry-specific operating information accompanied 
by key performance indicators (KPIs) that are typically accepted as leading indicators of future 
financial performance for that industry.   

The tangible assets on a company’s balance sheet account for only part of many company’s 
enterprise value.  Therefore, understanding the value of a company’s intangible and intellectual capital 
assets is essential in order for information users to “properly” price a company’s stock.  Users are also 
interested in knowing management’s views on their economic and competitive environment and what 
strategies they have chosen to create value for shareholders.   

                                                 
8 This Section 3 is drawn from materials developed by Dr. Robert Eccles representing the Enhanced Business Reporting Consortium that 
describes the Enhanced Business Reporting Framework V2. 
9 This institution oversees financial accounting standards in the US. 
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Although it is possible to expand business reporting through regulation or even legislation it is 
far from the ideal and would probably do more damage than good.  A more sustainable approach would 
be where market participants determine themselves what information users need and what companies 
can provide without incurring excess cost and risk.   
 

In an attempt to provide a market-based solution to supplement financial reporting with 
enhanced business reporting, The Enhanced Business Reporting Consortium (EBRC) was formed.  The 
EBRC is a non-profit organization (www.ebr360.org) whose mission is to facilitate collaboration 
among all market participants in order to develop frameworks, voluntary standards and best practices 
for reporting on such things as business and economic environment, strategies and risks, intangible 
assets and industry-specific key performance indicators.  While the EBRC is a U.S. legal entity, it is 
actively engaging with groups in Europe, Japan and other countries and territories to make this a truly 
global effort.  By working globally with EBR avoids convergence problems on a national level, 
although it can admittedly complicate and slow down the initiative in its early stages. 

The Enhanced Business Reporting Framework 
The EBRC has developed an initial framework which is available for public comment  

(http://www.ebr360.org/ContentPage.aspx?ContentPageId=107).  Similar frameworks have also been 
developed elsewhere that can be commended.  An example is the Intellectual Asset-based Management 
Framework developed by the Ministry of Education, Trade and Industry (METI) in Japan.  However, in 
this paper we will only review the current version of the EBR Framework (Figure 2 provides a high 
level summary) in order to explicate the concept 

As shown in Figure 2, there are four basic elements of the EBR Framework: business landscape, 
strategy, resources and processes and performance.  Each of these elements is comprised of five to 10 
components.  Each component can be broken down into sub-components, but this level of detail, in 
general and along industry lines, should be determined by broad market collaboration.  Although the 
elements listed in Figure 2 are presented in a clockwise order, they are reviewed in reverse order, to 
highlight the relationship between enhanced business reporting and financial reporting.   

Performance 
The measurement of the “Performance” of an enterprise consists of five components of which 

financial reporting (i.e., GAAP-based reporting) is only one.  GAAP-based measures are supplemented 
by GAAP-derived measures, such as for core earnings.  However, these calculations based on GAAP 
numbers have often proven to be rather controversial.  Some companies argue that they are more 
accurate representations of true performance given the complexity and arbitrariness of some accounting 
standards.  On the other hand, users have been skeptical; viewing such measures as designed to make 
the company’s performance look better than it really is. 
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Figure 2.  Enhanced Business Reporting Framework 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

The “Industry-based” component refers to industry-specific key performance indicators, such as 
customer churn rate, employee retention rate, safety record and product pipeline.  “Company-specific” 
measures are relevant to the strategy of the company.  For both components there is substantial 
variation in the degree to which companies provide users with this information.  However, there is also 
variation in the satisfaction of users with the information available on these components.  To varying 
degrees this information is available from sources other than the company, although only readily 
accessible by investors with more resources.   

“Capital market-based” measures are those that assess a company’s performance in capital 
markets, such as total return to shareholders (TRS) and the weighted average cost of capital (WACC).  
Although this information is not widely reported by companies it is available to users from other 
sources.   

Resources and Processes 
The extent of the performance of a company measured by the performance components is a result 

of the effective use of available resources in the processes of the company.  There are five major 
resource components – namely monetary, physical, relationship (social), organizational (structural) and 
human capital.  The first two resource components are well-known and their historic net value is 
captured on a company’s balance sheet.   

The last three resource components include both tangible and intangible assets but, for the most 
part, the latter are not captured on any balance sheet.  Relationship capital refers to components such as 
license agreements (tangible) and relationships built with key account customers (intangible).  
Organizational (structural) capital refers to organizational resources that are not captured on the 
balance sheet, such as patents and trademarks (tangible) and undocumented methodologies and 
processes (intangible).  Finally, human capital refers to a wide range of work force attributes that 
management thinks are important.  Here employment contracts would be a tangible example and skills 
and abilities an intangible example. 
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These resources are applied in a wide range of processes that in turn contribute to the growth of 
the enterprise value of the company.  A large number of so-called “process classification” frameworks 
exist, some of which go into great detail in terms of sub categories.  However, the EBR Framework 
simply contains five very high level processes whose names clearly connote their meaning: 

� Develop Vision and Strategy 
� Manage Internal Resources 
� Manage Products and Services 
� Manage External Relationships 
� Manage Governance and Risks 

Virtually every one of these processes is relevant to the above resource components.  Resources 
and processes together identify the what and how of the management of the company.  Information for 
investors and their agents is most typically lacking in this part of the framework.  Users will attempt 
various ways to get this information, such as earnings call Q&A sessions with management, media 
reports and third-party data sources.  Management may be reluctant to discuss this type of information 
out of concern that it would benefit their competitors.  Moreover, not all of this type of information can 
be quantified and therefore often is only transmitted in narrative form, which may hamper reporting it.  
In setting up reporting guidelines, this element of the EBR would benefit most from participants in the 
market.  A regulatory approach would likely result in a “check list” of things to discuss and the result 
will be relatively meaningless “boiler plate” discussions of little substance.  

Strategy 
How a company uses its resources depends upon its strategy which, in turn, affects the resources 

when and as the strategy is implemented.  As with process classification frameworks, many different 
frameworks exist for formulating and describing a company’s strategy.  The EBR Framework is based 
on an amalgamation of a few high-level concepts; beginning with the company’s overarching vision 
and mission and then doing a strengths, weaknesses, opportunities and threats (SWOT) analysis.  What 
logically follows is reporting on goals and objectives and the corporate and business unit strategies for 
accomplishing them.  Finally, interrelationships among business unit strategies can be reported through 
presenting a business portfolio perspective. 

Business Landscape 
The fourth element of the EBR Framework is the overall context that shapes strategy and 

determines its strengths, weaknesses, opportunities and threats.  Here management gives its perspective 
on the macro-economic environment and its own competitive environment through an industry 
analysis.  It also discusses technological trends and political, legal, environment and social issues.  The 
key intended benefit in this element is that the market is getting management’s perspective on what is 
important and what is not, and where it is optimistic and where it is not.  The market can then compare 
its own analysis of these elements of the business landscape to determine whether management’s goals 
and objectives are reasonable and whether its strategy is a sensible one. 

Extending the XBRL Taxonomy 
The EBR Framework described above is all about content.  To the extent that there is structure to 

this content and definitions of elements and different performance measures, the taxonomies currently 
being developed for the financial statements can be extended more broadly.  For example, a XBRL 
taxonomy could be developed that covers U.S. reporting requirements for the Management Discussion 
and Analysis10 section of an annual report or even for the entire Form 10-K11 report.  These taxonomies 

                                                 
10 U.S. Securities & Exchange Commission, Interpretation: Commission Guidance Regarding Management's Discussion and 
Analysis of Financial Condition and Results of Operations, Release Nos. 33-8350; 34-48960; FR-72, 12/19/2003. 
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could also include industry-specific KPIs.  The authors and the EBRC have already done some 
preliminary work demonstrating the feasibility of this.  Current plans are to form working groups of 
market participants to collaborate on developing both content and XBRL taxonomies for making this 
content more usable.  
 
4. The Shareholder Value Creation Imperative 

Shareholder value creation, particularly in a principles-based reporting environment, is dependent 
on a continuous flow of information to users, namely investors and their agents (like sell-side analysts).  
Increasingly though, the information provided through financial reporting is seen to be insufficient for 
establishing an informed view on a company’s financial performance prospects and hence its share 
price.  At a minimum this situation introduces increased volatility into equity markets and potentially 
poor (share) price formation. 

A well-known management nostrum is “if you don’t measure it, you won’t manage it”.  A 
precursor to this nostrum should be “if you don’t see it, you can’t measure it”.  What is being argued in 
this paper is that an EBR Framework enables companies to report on operations and intellectual capital 
in such a way that markets are fully informed in a consistent manner.  There are two implied 
requirements for companies to be truly aligned with the principles of managing for shareholder value 
within the context of a global knowledge-based economy.  Firstly, to recognize, measure and manage 
their intangibles and intellectual capital; and secondly, to communicate their performance on managing 
this capital.   

 
 

RÉSUMÉ (ABSTRACT) 
Increasingly, in a knowledge-based global economy, the creation of value can precede the occurrence of transactions as 
observed with today’s accounting systems.  Successful research and development (R&D) and other business activities like 
branding create considerable value in products and intellectual assets (IA). However, the lack of recognition of these types 
of investments in business accounting is a major reason for the growing disconnect between market values and financial 
information.  Enhanced Business Reporting (EBR) is a leading effort to remedy this information gap by developing and 
promoting a disclosure framework presenting non-financial components of business report, including key performance 
indicators, and facilitating greater integration of financial and non financial components on an industry-by-industry basis.  
The presentation will explore the benefits of the EBR as a best practice in a better understanding of the asset creation, 
recognition and valuation of R&D and IA. 

                                                                                                                                                                        
 
11 The annual report on Form 10-K is a required U.S. Securities & Exchange Commission filing for all U.S. stock exchange 
listed companies that is designed to provide a comprehensive overview of the company's business and financial condition 
and includes its audited financial statements.  Although similarly named, the annual report on Form 10-K is distinct from an 
annual report to shareholders, which a company must send to its shareholders when it holds an annual meeting to elect 
directors.  See http://www.sec.gov/about/forms/form10-k.pdf for the requirements of a Form 10-K filing. 
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Introduction

The need for environmental impact assessment of production is well recognized. However,

preventive environmental protection is often hampered by the lack of systematic recording of corporate

environmental costs limiting the scope and comparability of environmental management of production,

distribution and consumption at the corporate level, across industries, at national and international level.

With conventional accounting not rendering this information, Environment Management Accounting (EMA)

has become an emerging trend to fill this information gap. Recognising the increasing importance of

environmental issues and the difficulty of managing these issues, the International Federation of Accountants

(IFAC), supported by the Division for Sustainable Development of the United Nations Department of

Economic and Social Affairs (DSD/UNDESA), has issued new guidance on environmental management

accounting (EMA).

Environmental issues – along with the related costs, revenues and benefits – are of increasing concern

to many countries around the world. But there is a growing consensus that conventional accounting practices

simply do not provide adequate information for environmental management purposes. To fill in the gap, the

emerging field of Environmental Management Accounting (EMA) has been receiving increasing attention.

In the early 1990s, The US Environmental Protection Agency was the first national agency to set up a formal

program to promote the adoption of EMA.  Since that time, organizations in 30+ countries have begun

promoting and implementing EMA for many different types of environment-related management initiatives.

Much of this interest was spurred by the Working Group on EMA of the United Nations Division for

Sustainable Development UN DSD EMA WG and the publications commissioned by it
1
.

The IFAC guidance document
2
 is intended to be a guidance document, not an implementation manual.

It provides context, definitions and examples. It is also important to note that most EMA experience to date

has been in the manufacturing sector. This guidance document reflects that fact.

Although the guidance is aimed primarily at professional accountants within organisations, it is also of

interest to professional accountants and auditors who are becoming more involved in tracking or verifying

environment-related information in financial and sustainability reports or CO²-emission permits. It is also

targeted at improving the communication between the financial and the technical departments in

organisations, as well as the consistency of data management between them.

What is EMA?

The definition given by the United Nations Expert Working Group on EMA distinctively highlights

both the physical and monetary sides of EMA. According to the UN group, EMA is broadly defined to be the

identification, collection, analysis and use of two types of information for internal decision making:

• physical information on the use, flows and destinies of energy, water and materials (including

wastes) and

1 Jasch Ch., Environmental Management Accounting, Procedures and Principles, United Nations Division for sustainable

Development, Department of Economic and Social Affairs (United Nations publication, Sales No. 01.II.A.3),

www.un.org/esa/sustdev/estema1.htm
2 Jasch Ch., Savage, Deb, International Guidance Document on environmental management accounting (EMA), International

Federation of Accountants, IFAC, New York 2005, www.ifac.org
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• monetary information on environment-related costs, earnings and savings.

Physical information includes data on the use, flows and final destiny of energy, water, materials and

wastes.  EMA places a particular emphasis on physical information because (1) the use of energy, water and

materials, as well as the generation of waste and emissions, are directly related to many of the environmental

impacts of organisational operations and (2) materials purchase costs are a major cost driver in many

organisations.  Monetary information can include various types of environment-related costs, including

materials-driven costs, environmental protection expenditures and others.

EMA challenges and benefits

Traditional accounting systems mostly don´t separate costs that result from environmental

management activities, but sum them up in general overhead. There is no consistent methodology for the

assessment of environmental costs and therefore the figures published in environmental reports and reported

to statistical agencies can hardly be compared.

The fact that corporate environmental costs are not systematically and separately recorded often leads

to situations, where improvement options for preventive environmental protection aimed at preventing

emissions and waste at the source by making better use of raw materials, auxiliaries and operating media and

by cleaner production technologies are not recognised, evaluated and implemented. The economic and

ecological advantages connected with such measures are not taken advantage of because they have not been

calculated. The people in charge are often not aware that producing waste and emissions is usually more

expensive than disposing of them. At the same time the further fostering of EMA in organisations will

significantly improve the data quality of reports to the statistical agencies.

Examples of the major issues that have triggered interest in EMA and yet pose challenges to EMA

implementation are current accounting practices such as

• inadequate links between accounting and other departments;

• unintentional hiding of environment-related cost information in overhead accounts;

• inadequate tracking of information on materials use, flows and costs;

• no recording of material input by material categories on separate accounts and no posting of

inventory changes by material groups but as a lump sum;

• no flagging of “environmentally relevant investments” in the accounting system;

• lack of some environment-related information in the accounting records; and

• investment decisions made on the basis of incomplete environment-related information.

The potential uses and benefits of EMA are:

• Bringing environmental impacts down is at least as important as to bring costs down. EMA makes

environment-related costs, investments and benefits visible.

• EMA provides basic data in order to formulate targets and programs for integrated environmental

prevention. It supports line managers and project managers in decision making with an additional

point of view – the environmental impact and benefits. EMA helps to raise environmental

awareness in the “normal” business.

• EMA provides data and information for the annual report (e.g. non-financial information in the

Director’s report). EMA tells the environmental story of costs.

• EMA gives the possibility to communicate the progressive shift from emission control to

integrated prevention plants to integrated prevention products.

• EMA provides arguments why cleaner production pays. EMA provides the information needed to

convince the financial department to invest in integrated prevention technologies and human

resources for environmental management.
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• EMA may help to identify environmental risks and to adopt countermeasures where insurance is not

possible and/or save insurance costs with the right measures. EMA is a tool for proactive risk

management.

Physical Accounting Side of EMA

The types of physical materials typically tracked under a physical mass balance are: Materials Inputs

(raw and auxiliary materials, packaging materials, merchandise, operating materials, water and energy);

Product Outputs (products, by-products, packaging); and Non-Product Outputs (solid waste, hazardous

waste, wastewater, air emissions). Any Output that is not a Product Output is by definition a Non-

Product Output (NPO). Capital items, such as equipment and buildings, are not monitored via mass

balances, but can be tracked separately.

The underlying concept is that material flows within a company are money flows and can therefore be

traced back by the accounting system. All waste and emissions are materials that have been purchased but

not transformed into profitable products. Therefore, money counts, but volume and weight are also necessary

information to calculate the amount of wasted material input. All purchased materials that have not been

transformed into a money making product, have by physical necessity left the company as waste and

emissions and are therefore calculated within the environmental costs, including the manpower needed to

produce scrap. The point is not to argue, that environmental management is extremely cost intensive, but to

come up with a consistent and regular calculation basis that allows calculating the effects of investment and

improvement options over time.

The Input/Output concept of material flows combines information both on the materials used and the

resulting amounts of emissions and allows for consistency checks of the figures. The Input/Output analysis

should be combined with existing information systems like cost calculation and production planning.

Numerous optimisation proposals arise from this data network concerning the organisation of data recording.

The transparency of the Input-Output comparison creates the basis for a comprehensive controlling of both

the costs as well as the quantity flows and the resulting ecological effects of the company's activities.

The Input/Output analysis of material flows compares, within defined system boundaries, the

quantities of material and energy purchased, to the output on products and emissions. The system boundaries

can be the whole company, a specific process, or a product. This concept is also known under the term

Ecoefficiency: Waste and emissions are purchased raw, auxiliary and ancillary materials, which have not

been converted into marketable products.

In organisations that use energy and materials but do not manufacture physical products, such as

transport or other service sector companies, all energy, water and other materials used will eventually leave

as Non-Product Output, by definition. The term NPO is synonymously with the term “Waste and Emissions.”

Table 1 describes each type of Input and Output.

Materials Inputs Product Outputs

Raw and Auxiliary Materials Products (including Packaging)

Packaging Materials By-products (including Packaging)

Merchandise Non-Product Outputs (Waste and Emissions)

Operating Materials Solid Waste

Water Hazardous Waste

Energy Wastewater

Air Emissions

Table 1: Mass balance inputs and outputs according to IFAC
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The physical mass balance is not requested for reporting by statistical agencies within the assessment

of environmental costs but several statistics related to national production and consumption relate to this data

and would significantly improve, if the companies accounting systems would provide more consistent

information on materials inputs. The envisaged shift to more resource consumption based fees and taxes will

also foster the improvement of accounting systems.

EMA Cost Categories

Environment related cost schemes tend to use the following four types of cost categories:

• categories reflecting the type of environmental activity (such as waste control vs. waste prevention);

• categories more representative of traditional accounting (such as materials vs. labour);

• environmental domain categories (such as water vs. air vs. land); and

• categories reflecting data visibility in the accounting records (such as obvious costs vs. hidden costs).

1. Materials Costs of Product Outputs

Includes the purchase costs of natural resources such as water and other materials that are

converted into products, by-products and packaging.

2. Materials Costs of Non-Product Outputs

Includes the purchase (and sometimes processing) costs of energy, water and other materials

that become Non-Product Output (Waste and Emissions).

3. Waste and Emission Control Costs

Includes costs for: handling, treatment and disposal of Waste and Emissions; remediation and

compensation costs related to environmental damage; and any control-related regulatory compliance

costs.

4. Prevention and Other Environmental Management Costs

Includes the costs of preventive environmental management activities such as cleaner

production projects.  Also includes costs for other environmental management activities such as

environmental planning and systems, environmental measurement, environmental communication and

any other relevant activities.

5. Research and Development Costs

Includes the costs for Research and Development projects related to environmental issues.

6. Less Tangible Costs

Includes both internal and external costs related to less tangible issues. Examples include

liability, future regulations, productivity, company image, stakeholder relations and externalities.

Table 2: EMA cost categories according to IFAC

The costs are further distributed by environmental domains. These are a modified version of the

domains that European statistical offices must use in reporting businesses’ environmental protection

expenditures to Eurostat, the statistical arm of the European Commission. The member countries of the

Organization for Economic Co-operation and Development (OECD) also use the European Commission

domains, as does the System of Integrated Environmental and Economic Accounting (SEEA) of the United

Nations:

• Protection of Ambient Air and Climate

• Wastewater Management

• Waste Management

• Protection and Remediation of Soil, Groundwater and Surface Water

• Noise and Vibration Abatement

• Protection of Biodiversity and Landscape
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• Protection against Radiation

The statistical agencies tend to ask for information by environmental domain, but this is the most difficult

way to trace them from the accounting system. The cost categories described in the IFAC guidance document

on EMA are first assessed by cost categories related to accounting standards and then distributed to the

environmental media affected. In the case studies this distribution is mostly based on estimated percentages,

guessed by the environmental and/or the production manager.

End-of-Pipe equipment versus integrated cleaner technologies

Traditionally the focus of reporting requirements to statistical agencies and environmental protection

agencies has been on cost category 3, waste and emission control costs. They include stand-alone end-of-

pipe treatment facilities and disposal costs, they are expensive and no related to production.

It is becoming more and more accepted that production integrated cleaner technologies actually help

prevent emissions at source and at the same time are more cost efficient, as they may reduce the costs for

material inputs as well as for disposal. The “environmental share” of cleaner technologies is however

difficult to estimate. Experience from case studies world wide shows, that the reporting requirements of

statistical agencies regarding cleaner technologies are not consistent and not well defined. But also within

corporations it is necessary to provide guidance on the different cost categories and definitions, otherwise the

data collected from sites is not comparable.

For companies the assessment of environmental costs must include

• expenditures (including depreciation);

• investment costs corresponding to those equipment that was commissioned in the reporting year.

For assessing if an equipment is environmentally relevant, it is not important, if the equipment was

installed in order to fulfil mandatory requirements or voluntarily. The only criterion is, whether it was

purchased due to production requirements or to reduce environmental impact. However in some countries

like Rumania, measures taken to fulfill legal requirements have to be reported to national agencies separately

from voluntary actions.

Environmental costs, especially those related to equipment and installations, should further-more be

classified according to their purpose, i.e. emissions control or prevention:

End of Pipe Equipment (emissions control)

Plants, machines, buildings, etc. exclusively purchased for purposes of environmental protection and

that are not really necessary for production, e.g.

• waste water purification

• dedusting

• waste separation equipment

• waste compression

Integrated prevention

Other equipment used for Prevention may be closely integrated into production equipment (such as a

solvent distillation and re-use system that is an integral and automated part of a chemical manufacturing

process and thus cannot be separated from the total in-vestment costs). In other cases, equipment (for

example, a high efficiency paint spray gun) may simply contribute to Preventive Environmental Management

because it inherently uses energy or raw materials more efficiently and produces less waste than alternative

equipment. In such cases, an organization may wish to estimate what percentage (if any) of the annual

depreciation costs for the equipment should be designated as „environment-related.“ This estimate might be
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based on a consideration of the primary reasons for purchasing that particular piece of equipment, for

example, for environmental or materials efficiency considerations.

Integrated prevention equipment is mostly a proportion of plants, machines, buildings etc. that may

have been significantly more expensive for reasons of environmental protection, than they would have been

for production purposes only. But often, the equipment can be simply defined as state of the art and while

producing less emissions also being more productive, e.g.

• enamelling lines with afterburning

• totally encapsulated plants

• plants with closed circuits

The „environmentally relevant„ portion can be estimated considering the reasons for in-stalling the

equipment (production or environmentally motivated?) and the environmental benefit (% reduction of

emissions in relation to other state of the art technologies). The estimation and definition of the

environmental-relevant portion has to be carried out case by case. Criteria to be considered for the estimation

of the environmental share may consider the following:

• measures aimed to reduce or avoid diffuse emissions are 100% environmental relevant;

• measures necessary to avoid environmental damages in case of incidents should be recorded as

environmental costs since they may be considered prevention measures;

• measures where safety aspects and technical integrity are prevailing, should be assessed with a low

percentage of environmental share.

Processes oriented to reduce the environmental impact of products may also be considered integrated

prevention, e.g.: desulphurisation of petrol for the production of gasoline and kerosene etc. The

environmental-relevant portion results from the percentage of environmental versus production or market

oriented considerations.

Disclosure requirements

The Global Reporting Initiative has completed revised its sustainability performance indicators in 2006

and published detailed indicator protocols for each indictor
3
. The data provided in GRI-based sustainability

reports will therefore become much more comparable. Indicator Environment 30 specifically references the

IFAC EMA standard and asks for disclosure on cost categories 3. Waste and Emission control Costs and 4.

Prevention and Environmental Management, following the definitions provided there.

But there remains an open issue: In some countries investments in environmental protection (end-of-

pipe as well as integrated technologies) have to be reported separate from “other” annual environmental

costs. But it is not always clear and inconsistent, if the annual depreciation also has to be reported. In a recent

project to establish a corporate wide EMA standard for OMV, the Austrian petrol company, it became

evident, that in Austria and Rumania investment volumes and annual expenditure without depreciation had to

be reported, while in German the statistical agencies asked for depreciation instead of investment volumes.

As much of the environmental costs of large production companies is taken from cost centre reports of

equipment flagged as “environmentally relevant” it would make a lot more sense to simply report all costs

collected on such cost centres (including depreciation) to statistical agencies.

3 Global Reporting Initiative, GRI, Global Reporting Guidelines G3, Amsterdam, October 2006, www.globalreporting.org,

www.grig3.org
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Experiences from case studies

SCA Graphic Laakirchen AG, one of SCA’s pulp and paper production sites, has been tracking its

physical and monetary information under EMA since 1999 and now has a well-established, consistent system

for capturing and assessing materials flows and environment-related costs.  The information collected is used

for decisions related to both environmental management and general production.  SCA Laakirchen annually

calculates total environment-related costs and discloses their percentage distribution by environmental

domain in its Environmental Statement, as illustrated in Table 3
4
.

The data in Table 3 illustrate the fact that, in many companies, the “Materials Purchase and Processing

Costs of NPOs” (Cost Category 2 in this document) are often significantly higher than more familiar

environment-related costs of “Waste and Emissions Control” (Cost Category 3) – approximately four times

as high in the case of SCA Laakirchen.  Table 3 also illustrates the fact that “Prevention and other

Environmental Management Costs” (Cost Category 4) at SCA Laakirchen are quite low, despite the fact that

the company has implemented a number of preventive projects in past years that have achieved significant

savings in “Materials Costs of NPO” as well “Waste and Emission Control.”

The data in Table 3 allow SCA Laakirchen to compare its environment-related costs from year to year.

For example, although manufacturing output rose almost 23% between 2002 and 2003, the use of a new

paper machine kept the total environment-related costs increase to only 14.7% over the same period.  This

illustrates the overall positive financial impact of the company’s environmental management initiatives.  A

more detailed look at the cost changes between 2002 and 2003 also revealed some interesting points.  For

example, the overall costs of operating the wastewater treatment plant did not change, even though it was

enlarged to handle increased wastewater resulting from the expanded production.  This was because the

operational efficiency and maintenance of the wastewater treatment plant were improved in several ways as

it was expanded.

Costs in other categories did increase. For example, the purchase costs of auxiliary materials increased

not only because of expanded production, but also because of international price changes.  SCA Laakirchen

was also able to observe that the distribution of total costs and earnings across the different environmental

domains remained more or less constant over the years: 22% air/climate; 54% wastewater; 23% waste; 1%

other.

The physical results of SCA Laakirchen’s environmental management efforts are also presented in the

company’s annual Environmental Statement.  For example, despite the production increase of about 23%, the

procurement of water increased by only 11%, the volume of wastewater by only 13%.  These are increases in

absolute terms, but are improvements per unit of production.  Use of physical inputs, such as filler, recovered

paper and energy, also increased in absolute terms but reflected eco-efficiency improvements.

ABSTRACT

The paper explains the general framework of the IFAC Guidance Document on Environmental Management

Accounting (EMA) with its physical cost component on energy, water, materials and waste and monetary component on

environmental-related costs, earnings and savings, further distinguished into costs for treatment and control and costs

for prevention. It also highlights experiences form case studies world wide on EMA implementation, which also

revealed inconsistencies of related national reporting requirements.

For sustainability reporting the Guideline of the Global Reporting Initiative provides a framework for key

sustainability performance indicators. Indicator EN 30 for environmental investments and expenditures directly

references to the IFAC guidance document on EMA. But there still remains work to do to improve consistency with

disclosure requirements to national statistical agencies and to  provide better guidance on the definitions of the detailed

cost categories.

4 SCA Laakirchen Website http://www.sca.at
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Environmental Domain

Environment-related Cost Categories

Air +

Climate

Waste-

water
Waste

Soil +

Ground

water

Others Sum

I – Materials Purchase Costs of Products This cost category is not aggregated to environmental costs

but a necessity to calculate the costs of NPO.

IIa. Materials Purchase Costs of NPOs

Raw materials 15.2% 15.2%

Packaging 0.1% 0.1%

Auxiliary materials 2.7% 2.7%

Operating materials 0.1% 42.2% 0.5% 42.8%

Energy 19.8% 19.8%

Water 0.0% 0.0%

IIb. Materials Processing Costs of NPOs 0.2% 1.0% 1.2%

Subtotal 19.9% 42.4% 19.5% 81.8%

III. Waste & Emission Control Costs

Equipment depreciation 0.1% 2.8% 0.4% 3.3%

Operating materials and services 0.2% 5.5% 0.1% 5.8%

Internal personnel 0.7% 1.0% 0.1% 1.8%

Fees and taxes 0.9% 2.7% 6.0% 9.6%

Fines 0.0% 0.0% 0.0% 0.0%

Subtotal 1.9% 12.0% 6.5% 0.1% 20.5%

IV. Prevention and Other Environmental Management Costs

External services for env. management 0.4% 0.4%

Internal personnel for env. protection 0.1% 0.3% 0.4%

Subtotal 0.1% 0.7% 0.8%

V. Research and Development Costs This cost category is considered by SCA Laakirchen in the

category on Prevention.

VI. Less Tangible Costs This cost category is not considered by SCA Laakirchen as

part of its EMA system.

I - VI Environment-related Cost Total 21.9% 54.4% 26.0% 0.1% 0.7% 103.1%

Environment-related Earnings Total -3.1% -3.1%

Total Environment-related Costs & Earnings 21.9% 54.4% 22.9% 0.1% 0.7% 100.0%

*The language of the company’s Environmental Statement has been modified to better match the cost

categories of the EMA guidance document. As well, data subtotals were created, but none of the raw data have

been changed.

**Data are presented as a percentage of the Total Environment-Related Costs and Earnings for the company

Figure 3: Environment related costs at SCA Laakirchen
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IPM 26 DISCUSSANTS:

Peter Bekx, E-mail: peter.bekx@ec.europa.eu
Shyam Upadhyaya, E-mail: S.Upadhyaya@unido.org
Abimbola Sylvester Young, E-mail: young@ilo.org
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IPM 27 : The Impact of New Information Technologies :

on Survey Research Design;on a Totally New Information

Production Model

Organizer: Jonathan Palmer, E-mail: jonathan.palmer@abs.gov.au
Sponsors: IAOS, IASS

Speakers:

Jenine Borowik
Christopher Hoenig
Howard Hogan

Discussant:

Brenda Dixon
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Societal Intelligence: Data Visualization with “Many Eyes”

Christopher Hoenig
IBM
E-mail: choenig@us.ibm.com

ABSTRACT

New technologies are positioned to dramatically change the way the public accesses, interacts with
and uses quantitative data for improved understanding, dialogue and decision-making. In particular,
the fusion of information visualization and social interaction technologies make possible the emergence
of a new capability, which IBM defines as “societal intelligence” – the very large scale use of statistics
by very diverse audiences for enhanced social problem solving. This session will introduce, display and
elaborate on a new IBM technology – www.many-eyes.com – that may enable societal intelligence.
This trend may have an important economic impact on statistical data production models, for as
the cost of non-response and information collection continues to rise, it is important not only to
develop more efficient means of data collection, but also to create more innovative and useful ways for
those who provide data to receive useful information in return – thus repairing a frayed social compact
around the information life cycle. Perhaps more importantly, these technologies can, by engaging users
more widely and deeply, help deliver a substantial improvement in the social return on investments in
statistical data. By creating a more substantial interface with audiences, this opens the possibility of
engaging them in more advanced and more automated forms of direct information production.

Keywords. Information dissemination, societal intelligence, business intelligence, data visualization,
social interaction, social software, social computing, statistical literacy, information production model.
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The DataWeb, DataFerrett, and HotReports: a new Census Bureau

Framework

Howard Hogan
U.S. Census Bureau
E-mail: hhogan@census.gov

Cavan Capps
U.S. Census Bureau
E-mail: cavan.paul.capps@census.gov

ABSTRACT

Statistical complexity is a barrier that limits using data. The Census Bureau has developed the
DataWeb, an open source system pulls data from many different computer to integrate data to address
unique situations. The DataWeb system stores statistical business rules and applies them appropriately
to display data, manipulate data, and to combine data. The DataWeb is an Internet system that can
be thought of as a framework for attaching tools and services. It has a searching service that allows
an analyst to scan thousands of datasets and millions of variables for a keyword or topic which can be
restricted by time period, geography, or arbitrary collections of datasets. This allows a researcher doing
statistical modeling to compare variables quickly from different datasets before choosing a dataset to
analyze for a given topic. It has geographical information systems functions integrated so that data
throughout the system can be mapped and geographically manipulated and integrated. It has data
manipulation features that allow the analyst to recode data at the record level, create a new unit of
analysis from several records, store formulas as variables, and other data transformation capabilities.
A particular useful feature is HotReports. With all these tools and services accessible over the Internet,
the ability to create dynamic interactive reports increases dramatically. Non-programmers can easily
create interactive websites that pull live data from a set of computers located in different locations. A
website that acts as a “dashboard” for performance, topical websites that advise on particular issues
for specific audiences can be done quickly. Properly contextualized and targeted data becomes more
valuable as useful information for decision-making.

Keywords. Data linkage, open source.
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Brenda Dixon, E-mail: goodwinb@us.ibm.com

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 571 -



IPM 28 : Model Selection for Supervised Learning

Organizer: Christophe Croux, E-mail: Christophe.Croux@econ.kuleuven.be
Sponsors: IASC
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Peter Bühlmann
Gerda Claeskens
Hao Zhang

Discussant:
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Variable selection for high-dimensional data: with applications in

molecular biology

Bühlmann, Peter
ETH Zurich, Seminar für Statistik
Leonhardstrasse 27
CH-8092 Zürich, Switzerland
E-mail: buhlmann@stat.math.ethz.ch

In many application areas, the number of covariates is very large, e.g. in the thousands, while the
sample size is quite small, e.g. in the dozens. In such high-dimensional settings, standard exhaustive
search methods for variable selection are computationally infeasible and forward selection methods
are typically very unstable yielding poor results.

We will show that �1-penalty methods, i.e. the Lasso (Tibshirani, 1996), can be very useful
as a first stage: with high probability, the (mathematically) true model is a subset of the estimated
model. Moreover, some adaptations correct Lasso’s overestimation behavior yielding consistent vari-
able selection schemes, and their exhaustive computation can be done very efficiently. In addition,
when having multiple datasets, e.g. over different time points, we propose the new Smoothed Lasso
(Meier and Bühlmann, 2007) which can lead to markedly improved variable selection and prediction
in such data-structures. Finally, Boosting algorithms for complex, large-scale problems share some
similarities with �1-penalization. The insights for adapted �1-penalty methods motivate a new Twin
Boosting algorithm (Bühlmann, 2006b) for improved feature selection in much broader contexts than
with the Lasso and its modifications.

Introduction

Our framework for high-dimensional data is as follows. We have observations

(X1, Y1), . . . , (Xn, Yn)(1)

with p-dimensional covariates Xi ∈ X ⊂ R

p and univariate response variables Yi ∈ Y ⊂ R. Typically,
we assume that the pairs (Xi, Yi) are independent, identically distributed (i.i.d.) but the generalization
to stationary processes (assuming reasonable decay of dependencies, e.g. rates of mixing) poses no
essential problem. We say that the problem is high-dimensional if p� n.

A simple yet very useful model for high-dimensional data is a linear model

Yi =
p∑

j=1

βjX
(j)
i + εi (i = 1, . . . , n),(2)

where ε1, . . . , εn i.i.d., independent of {Xi; i = 1, . . . , n} and with E[εi] = 0. For simplicity and
without loss of generality, we assume that the intercept is zero and that all covariates are measured
on the same scale, e.g. Var(X (j)

i ) ≡ const. for all j; both of these assumptions can be approximately
achieved by mean centering and scaling with the standard deviation. The only unusual aspect of
the linear model in (2) is the fact that p � n and thus, the ordinary least squares estimator is not
unique and will heavily overfit the data. There are numerous approaches for regularization in high-
dimensional estimation: we focus on using the �1-penalty or some algorithmic approach within the
framework of boosting algorithms where the latter originates from the machine learning community.
Note that the model in (2) also arises when using an overcomplete dictionary of basis functions, e.g.
in signal processing.
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The Lasso for high-dimensional linear models

Estimation of the parameters in model (2) can be done with the Lasso (Tibshirani, 1996):

β̂(λ) = argminβ(n−1
n∑

i=1

(Yi −
p∑

j=1

βjX
(j)
i )2 + λ‖β‖1),(3)

where ‖β‖1 =
∑p

j=1 |βj | and λ ≥ 0 is a penalty parameter. The name Lasso stands for Least Absolute
Shrinkage and Selection Operator: indeed, the estimator has the property that it does variable selection
in the sense that β̂j(λ) = 0 for some j’s (depending on the choice of λ) and β̂j(λ) can be thought as
a shrunken least squares estimator (where the shrinkage factor is zero if selection takes place).

It is well known that the optimization in (3) is convex, enabling efficient computation of the
estimator. In fact, the LARS algorithm (Efron et al., 2004) computes all solutions β̂(λ), when varying λ
over all possible submodels (see formula (4)), with O(npmin(n, p)) operation counts. Such algorithms
which compute all solutions are known as path-following algorithms. Thus, for selecting a tuning
parameter λ from data, we can efficiently compute all solutions and choose a good λ via e.g. a
cross-validation score.

Prediction. We use the term prediction whenever the target is the estimation of the regression
function E[Y |X = x] =

∑p
j=1 βjx

(j) which is also the relevant quantity for predicting a new observa-
tion. Greenshtein and Ritov (2004) have proved that the Lasso consistently estimates the regression
function as sample size n → ∞ in the high-dimensional setting: roughly speaking, they assume that
the number of covariates p = pn is allowed to grow like an arbitrary polynomial function in n, i.e.
pn = Cnα for 0 ≤ α < ∞ (and thus p � n), but the true underlying regression function has to
be sparse in the sense that ‖βn‖1 = o((n/ log(n))1/4) (the true underlying parameter vector β = βn

becomes a function of n as the dimension p = pn changes with n).
Besides this nice theoretical consistency result, it has been reported in various empirical applica-

tions that the Lasso has good or even excellent prediction capacity in high-dimensional problems. For
example, the cross-validated misclassification error in a difficult (noisy) binary classification problem
about lymph node status in breast cancer (n = 49) based on the expressions of p = 7129 genes is:

Lasso L2Boosting FPLR DLDA SVM
21.1% 17.7% 35.25% 36.12% 36.88%

The following abbreviations have been used: L2Boosting for boosting with the squared error loss,
FPLR for forward �2-norm penalized logistic regression, DLDA for diagonal linear discriminant analysis
(using the best 200 genes with respect to the 2-sample Wilcoxon test statistic), SVM for support vector
machine with radial basis function (using the best 200 genes as in DLDA).

Variable selection. The problem of variable selection for a high-dimensional linear model in (2) is
important. In many areas of application, the primary interest is about the relevance of covariates. As
the number of sub-models is 2p, computational feasibility is an important concern. The usual variable
selection procedure using least squares and a penalty which involves the number of parameters in the
candidate sub-model (e.g. AIC, BIC, MDL) is infeasible to compute exhaustively. Forward selection
strategies are computationally fast but they can be very instable (Breiman, 1996). The requirement
of computational feasibility and statistical accuracy can be met by the Lasso from (3); as described
below, we will argue to use the Lasso not just once but in two (or more) stages.

We will first build up the methodology and theory by using the Lasso only once. Since the
estimator is doing some variable selection, i.e. some of the coefficients are exactly zero (β̂j(λ) = 0
from some j’s, depending on λ), we use it as follows:

M̂(λ) = {1 ≤ j ≤ p; β̂j(λ) �= 0}.
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Note that no significance testing involved. The Lasso variable selection is computationally very effi-
cient, requiring only O(npmin(n, p)) operation counts to compute all possible Lasso sub-models

̂SUB = {M̂(λ); all λ}.(4)

It is worth pointing out that the number of sub-models is |̂SUB| = O(n).
The following asymptotic result shows that the Lasso can be very useful (in a first stage) for

variable selection. To capture high-dimensionality of the model (2) in an asymptotic sense, we allow
that the dimension p = pn and the coefficients βj = βj,n depend on the sample size n. As the
coefficients can change with n, the true model Mtrue = Mtrue,n = {1 ≤ j ≤ pn; βj,n �= 0} depends in
general on n as well.

Theorem 1 (Meinshausen and Bühlmann, 2006)
Consider the linear model in (2) and assume that: (i) p = pn = O(nα) for 0 ≤ α < ∞ as n → ∞,
i.e. high-dimensionality; (ii) ‖βn‖0 =

∑pn

j=1 I(βj,n �= 0) = O(nκ) for 0 ≤ κ < 1, i.e. sparsity; (iii) if
βj,n �= 0, then |βj,n| � n−1/2+δ (0 < δ ≤ 1/2), i.e. the coefficients are outside the 1/

√
n range; (iv)

the LfV (Lasso for variable selection) condition, as discussed briefly in Comment 2 below. Then, for
λ ∼ const.n−1/2+ξ with some suitable ξ > 0,

P[M̂n(λ) = Mtrue,n] = 1 −O(exp(−const.nξ/2) → 1 (n → ∞).

More details are given in Meinshausen and Bühlmann (2006). Some complementing comments to
Theorem 1 are instructive.

Comment 1: Consider the prediction optimal parameter supplied by an oracle:
λ∗ = λ∗n = argminλE[(Ynew −∑pn

j=1 β̂j,n(λ)X(j)
new)2], where (Xnew, Ynew) are independent copies of

(Xi, Yi). Then, under the conditions of the Theorem:

P[M̂n(λ∗n) ⊃ Mtrue,n] → 1 (n → ∞),

P[M̂n(λ∗n) = Mtrue,n] → 0 (n → ∞),(5)

see Meinshausen and Bühlmann (2006). Thus, the prediction optimal Lasso model is too large,
containing with high probability the true model.

Comment 2: The LfV condition mentioned in assumption (iv) of Theorem 1 is sufficient and necessary
for consistent model selection. In addition, it is restrictive and it fails to hold if the design matrix
X = [X(j)

i ]i=1,...,n;j=1,...,p exhibits a too strong degree of linear dependence (of course, if p > n, the
matrix has linearly dependent columns). Details about this condition can be found in Zhao and Yu
(2006) who gave a more accessible assumption, the irrepresentable condition, which is equivalent to
the LfV condition.

Variable filtering. Comment 2 indicates a kind of negative result on the Lasso for variable
selection. There is no way around the LfV (or irrepresentable) condition as it is sufficient and necessary.
But if we require less than variable selection, the situation is quite different. Under much weaker
assumptions than the LfV condition, it has been shown that for some suitable range of λ (including
the prediction optimal λ∗ under some assumptions)

‖β̂n(λ) − βn‖q → 0 in probability (n→ ∞),(6)

where q ∈ {1, 2} and ‖β‖q = (
∑

j |βj |q)1/q ; see van de Geer (2006), Bunea et al. (2006), Meinshausen
and Yu (2006), Zhang and Huang (2007). A result of this type has been established first by Candes
and Tao (2007) for the case of the Dantzig selector instead of the Lasso.
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The result in (6) has fairly trivial but interesting implications in terms of variable importance
and also variable selection. Most often, the main interest in practice is to find the covariates having
substantial absolute coefficients |βj,n|. More formally, for some C > 0, define the substantial covariates
as

Msubst(C),n = {1 ≤ j ≤ pn; inf
n∈N

|βj,n| ≥ C}.
Clearly, using the result in (6) which holds under much weaker assumptions than the LfV condition:

for any fixed 0 < C <∞ : P[M̂n(λ∗n) ⊃ Msubst(C),n] → 1 (n→ ∞),(7)

where λ∗n is for prediction optimality. This result can be generalized to

for Cn � (log(pn)‖βn‖0/n)1/4 : P[M̂n(λ∗n) ⊃ Msubst(Cn),n] → 1 (n→ ∞),(8)

where ‖βn‖0 =
∑pn

j=1 I(βj,n �= 0), see Meinshausen and Yu (2006), and similar results are given by
Zhang and Huang (2006). For the case where all variables are either ineffective (with corresponding
coefficients equal to zero) or substantial with fixed 0 < C <∞, i.e. Mtrue,n = Msubst(C),n, formula (7)
coincides wit the first line in (5) (but assuming much weaker conditions for (7) than for the derivation
of (5) via Theorem 1; the latter has been the first mathematically rigorous argument).

We refer to the property in (7) or in (8) as variable filtering : the Lasso estimated model finds
with high probability the substantial covariates.

The adaptive Lasso: from variable filtering to variable selection in a second stage

An interesting approach to correct Lasso’s overestimation behavior, see formulae (5), (7) and
(8), is given by the adaptive Lasso (Zou, 2006) which replaces the �1-norm penalty by a re-weighted
version. For a linear model as in (2), it is defined as a two-stage procedure:

β̂adapt(λ) = argminβ(n−1
n∑

i=1

(Yi −
p∑

j=1

βjX
(j)
i )2 + λ

p∑
j=1

|βj |
|β̂init,j |

),(9)

where β̂init is an initial estimator. In the high-dimensional context, we propose to use the Lasso from
a first stage as the initial estimator, tuned in a prediction optimal way, i.e. β̂init = β̂(λ∗) as in (3),
and the prediction optimal λ∗ can be estimated from cross-validation. The adaptive Lasso has the
following obvious property:

β̂init,j = 0 ⇒ β̂adapt,j(λ) = 0 for all λ > 0.

Moreover, if |β̂init,j | is large, the adaptive Lasso employs a small penalty (i.e. little shrinkage) which
implies less bias. In fact, it is the problem of bias which causes Lasso’s overestimation behavior.
Figure 1 illustrates clear superiority of the adaptive Lasso over the Lasso: the adaptive Lasso is much
more insensitive to many additional noise covariates.

We state here informally, as a nice result, that the prediction optimally tuned adaptive Lasso is
consistent for variable selection: for the low-dimensional case with fixed dimension p, see Zou (2006);
for the high-dimensional case, consistency is meant in the sense of finding the substantial covariates,
see Huang, Ma and Zhang (2006).

The smoothed Lasso for many high-dimensional linear models:
with an application to finding transcription factor binding sites

In quite a few applications in molecular biology (a concrete problem will be described below),
we have multiple data-sets over time:

{X(t),Y(t); t = 1, . . . ,N},
X(t)n(t)×p the design matrix at t, Y(t)n(t)×1 the response vector at t,(10)
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Figure 1: Left panel: E[(
∑p

j=1(β̂j −βj)X(j))2]. Right panel: number of selected variables ‖β̂‖0. Black
(1): prediction optimal Lasso; Red (2): prediction optimal adaptive Lasso using prediction optimal
Lasso as initial estimator. underlying linear model as in (2) with ‖β‖0 = 20 effective variables and
p− 20 ineffective noise covariates (for various p), sample size n = 300.

that is, for every time point t we have data as in (1) with sample size n(t).
As a simple model, we consider linear models with slowly changing high-dimensional p × 1

parameter vector β(t):

Y(t) = X(t)β(t) + ε(t), t = 1, . . . ,N,(11)

where the ε(t)’s are independent with E[ε(t)] = 0, Cov(ε(t)) = σ2In(t)×n(t). We have in mind the
situation where p� n(t) and where the high-dimensional vector β(·) is slowly varying.

We then propose to use the smoothed Lasso (Meier and Bühlmann, 2007). For simplicity,
consider the case where n(t) ≡ n is constant for all t:

β̂(τ) = argminβ

N∑
t=1

K(
τ − t

h
)(n−1‖Y(t) − X(t)β‖2

2 + λ‖β‖1),

where K(·) is a symmetric kernel function, e.g. K(u) = I(u ∈ [−1/2, 1/2]), and h > 0 is a bandwidth
parameter. The smoothed adaptive Lasso is defined in analogy to the non-smoothed version.

It isn’t a big surprise that we can do better with the smoothed (adaptive) Lasso than working
individually at every time point. However, an asymptotic calculation helps to understand how quickly
we will gain to improve the convergence rate.

Theorem 2 (Meier and Bühlmann, 2007)
Consider the time-varying linear model in (11) and assume that the individual coefficient functions
βj(·) are twice continuously differentiable. Suppose that the (optimally tuned) non-smoothed Lasso
(for a single time point t) has convergence rate ‖β̂(t) − β(t)‖2

2 � an in probability. Then, for a single
time point t, the (optimally tuned) smoothed Lasso has faster convergence rate than the non-smoothed
Lasso if N � (a−1

n ‖β(t)‖0)1/4.
The detailed assumptions and a proof are given in Meier and Bühlmann (2007). It is worth

emphasizing that (a−1
n ‖β(t)‖0)1/4 is often a fairly small number: a−1/4

n is at most of order n1/4 (and
substantially smaller for high-dimensional problems). Thus, N ≥ 10 often seems sufficient (if e.g.
n ≤ 100 and ‖β(t)‖0 ≤ 50) to mimic the asymptotic requirement N � (a−1

n ‖β(t)‖0)1/4. Also note
that a better convergence rate for ‖β̂(t)) − β(t)‖2

2 implies improved ability for variable filtering, see
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formulae (7) and (8). Meier and Bühlmann (2007) report substantial gains in prediction (squared
error prediction for future response Y ) of the smoothed (adaptive) Lasso over the univariate (adaptive)
Lasso: e.g. for an underlying sparse model with N = 18, n = 100 and p = 5000.

Application to searching for transcription factor binding sites. We apply the smoothed Lasso
to a problem of motif regression (Conlon et al., 2003) for detecting unknown transcription factor
binding sites in DNA of yeast. The data is as in (10) with N = 12 time points. The design matrices
X(t) contain the scores of p = 666 candidate motifs, upstream of n(t) ≡ 500 genes (a motif is a
short subsequence of DNA bases, e.g. the “word” TTACCGGTCG; the score essentially describes the
frequency of occurrence of the motif over a larger upstream region of a gene in the DNA sequence).
The response vectors Y (t) are expressions of the n(t) genes under consideration. The goal is to identify
the relevant covariates in the model (11) in the hope to find unknown true motifs (true transcription
factor binding sites). Note that this problem is not really high-dimensional in the sense that p� n(t):
however, the dimensionality is still fairly large and in addition, we expect that there is positive
correlation within the n(t) samples, implying a lower “effective sample size” (i.e. in comparison to
the case with independence, the variance is inflated). A snapshot of the results are displayed in Table
1. The smoothed adaptive Lasso yields substantially sparser estimates and hence fewer expected

time point sel. var. Ada Lasso sel. var. Smoothed Ada Lasso prediction gain
3 9 4 -3.0%
6 91 33 8.3%
7 45 28 - 0.7%
8 20 15 0.6%
11 56 35 5.6%
12 41 30 1.5%

Table 1: Motif search in yeast. Time points with largest difference between (univariate) adaptive Lasso
and smoothed adaptive Lasso. Number of selected variables (2nd and 3rd column) and prediction gain
(squared error for future response Y ) of the smoothed adaptive Lasso over the (univariate) adaptive
Lasso (last column).

false positives; there is common consensus that the main problem in motif finding are too many
false positives and thus, the smoothed adaptive Lasso is very useful. In addition, the squared error
prediction performance of the smoothed adaptive Lasso is slightly better than for the adaptive Lasso:
it should be added here that these kind of data are very noisy and the squared prediction error is
dominated by the variance of the noise term, implying fairly similar prediction performance among
different methods.

High-dimensional generalized linear models and other extensions

From a conceptual and methodological point of view, the Lasso and the adaptive Lasso carry
over to generalized linear models

Yi|Xi has a distribution from the exponential family,

E[Yi|Xi] = μi, g(μi) = β0 +
p∑

j=1

βjX
(j)
i ,(12)

where g(·) is a known link function. The Lasso is defined as penalized maximum likelihood estimator:

β̂(λ) = argminβ(−�(β; (X1, Y1), . . . , (Xn, Yn)) + λ

p∑
j=1

|βj |),(13)
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where �(β; ·) is the log-likelihood function. If the likelihood depends not only on β but also on some
additional nuisance parameter vector φ, we would consider optimization over β and φ but the penalty
term would only apply for β1, . . . , βp, i.e. the intercept β0 and the nuisance parameters would not be
penalized. The adaptive Lasso is defined analogously with a re-weighted penalty as in (9).

There is a substantial body of empirical evidence that also in case of high-dimensional generalized
linear models: (i) the Lasso is very useful for prediction and variable filtering; (ii) the adaptive Lasso
corrects Lasso’s overestimation behavior and is an excellent method for variable selection.

Despite the convexity of the optimization problem in (9), the computation of the Lasso for
all submodels when varying λ, see formula (4), is more difficult than in the linear model case. The
solutions can be computed approximately (the approximation is meant with respect to all submodels):
approximate path-following algorithms (Park and Hastie, 2007) or efficient sequential methods on a
grid of λ’s can be used (Meier et al., 2007).

The mathematical theory has not been worked out in such details as for linear models, with
the exception of van de Geer (2006) who establishes a nice oracle result for ‖β̂n(λ) − βn‖1 in a high-
dimensional generalized linear model.

The Group Lasso. In presence of factor variables (categorical variables), the parameterization in
(2) or (12) matters for the estimator in (3) or (13), respectively, due to the nature of the penalization.
An interesting way to deal with this problem is to group the parameter vector β. Denote by {Gj ; j =
1, . . . , k} a partition of the index set {1, . . . , p} with k ≤ p: it corresponds to the parameterization
of the factor variables, e.g. a main effect of a factor with say 4 levels corresponds to a group of size
3 (because of using the sum-to-zero constraints for main effects). Yuan and Lin (2006) propose the
Group Lasso: instead of (13), the penalty employs the �2-norm of the groups:

β̂(λ) = argminβ(−�(β; (X1, Y1), . . . , (Xn, Yn)) + λ

k∑
j=1

‖βGj‖2),

where βGj = {βk; k ∈ Gj}. Note that the �2-norm yields invariance under orthogonal transformations
for the parameterization of a group. In addition, if the group-size is one, i.e. |Gj | = 1, then ‖βGj‖2 =
‖βGj‖1 = |βGj |.

As another example, the concept of the Group Lasso can also be used for high-dimensional
additive modeling, where every additive function would be approximated with a basis expansion (e.g.
B-splines) and its associated parameters would build a group.

Some asymptotic theory as well as efficient computational algorithms for the Group Lasso are
given in Meier et al. (2006).

Boosting: an algorithmic approach

Boosting has been recognized to be an excellent method for high-dimensional data analysis. The
most famous proposal has been the AdaBoost algorithm for classification (Freund and Schapire, 1996)
which has attracted much attention in the machine learning and statistics community. Through the
interpretation of boosting as a gradient descent method in function space (Breiman, 1998), boosting
can be seen as an interesting regularization scheme for estimating a high-dimensional model, including
model (2) as discussed in Bühlmann (2006a), and extensions to model (12) or also more general high-
dimensional nonparametric models as described in Bühlmann and Hothorn (2006).

Connections to the Lasso. Efron et al. (2004) pointed out an intriguing connection between L2Boosting,
based on the squared error loss, for linear models and the Lasso in (3). They consider a version of
L2Boosting and prove approximate equivalence to the Lasso via different modifications of their com-
putationally efficient least angle regression (LARS) algorithm. Despite the fact that L2Boosting and
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Lasso are not equivalent methods in general, it may be useful to interpret boosting as being “related”
to �1-penalty methods.

The two-stage approach of the adaptive Lasso has its analogy (along the lines of the analogy
of boosting with the Lasso) in the algorithmic boosting world, called Twin Boosting (Bühlmann,
2006b). The advantage of the boosting approach, in comparison to the Lasso, is its flexibility for gen-
eral nonparametric models and mixed data-types. Regarding the latter, if we have high-dimensional
continuous, ordinal and categorical variables, boosting or twin boosting with regression trees is com-
putationally feasible and an excellent method for prediction and feature or variable selection: see Lutz
(2006) who has won the WCCI 2006 (World Congress of Computational Intelligence) performance
prediction challenge by using a boosting algorithm.
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In this paper two recent developments in model selection will be discussed and explained. The
first one is a selection criterion for use with inverse regression problems and the second one deals with
model selection when some data are missing. In the first problem, the quantity of interest is only
indirectly observed, while in the second case, some observations are not observed at all, which causes
problems with the application of traditional model selection criteria.

Inverse regression models

In inverse regression models, the object of interest, that is, the unknown regression function μ(·),
is not observed directly but only after application of an operator K, which for simplicity is assumed
to be known in this paper. More specifically, suppose that we have observations (xi, Yi), i = 1, . . . , n,
from the model

Yi = (Kμ)(xi) + εi,

where the xi are fixed design points, the εi’s are i.i.d. error terms with E(εi) = 0, E(ε2
i ) = σ2 and

E(ε4
i ) < ∞, and K is a compact injective operator between L2–spaces L2(M1) and L2(M2), for

measures M1,M2.
Much work focuses on optimal estimation of μ(·) in a mean integrated square error sense, see for
example Mair and Ruymgaart (1996), Cavalier and Tsybakov (2002) and Hoffmann and Reiss (2007).
The function μ(·) is assumed to belong to a certain smoothness class related to the operator K.

It is well-known that due to the ill-posedness of the problem, slower rates of convergence are
obtained for estimating the unknown signal μ than for nonparametric estimation with direct observa-
tions. The actual rate of convergence is determined by the smoothness of μ as well as by the degree
of ill-posedness of the inverse problem. Roughly speaking, for so-called mildly ill-posed problems, a
polynomial rate of convergence is obtained, while for severely ill-posed problems (including Gaussian
deconvolution), only logarithmic rates can be obtained. We refer to Bissantz, Hohage, Munk and
Ruymgaart (2006) for more details.

Since nonparametric estimation of μ in inverse problems is difficult, parametric modeling may
become particularly interesting, whenever feasible. Before actually employing parametric models, one
should assess their adequacy via a lack-of-fit (or goodness-of-fit) test. Order selection tests, as well as
Neyman-smooth type tests are developed in Bissantz, Claeskens, Holzmann and Munk (2007). The
model selection criteria that we will develop are closely related to these test statistics.

Order selection in inverse regression models

For a compact operator K, we consider its singular value decomposition. There exist ortho-
normal basis functions (φk) of L2(M1) and (ψk) of L2(M2), together with singular values λk > 0,
such that Kφk = λkψk and such that for the adjoint operator K∗ of K, K∗ψk = λkφk. A possible
parametric model for μ is of the form

μ =
p∑

j=1

ajφj ,
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for some (fixed) p. By orthogonality of the basis functions (φj), the coefficients aj =< μ, φj >L2(M1).
Since the operator K is injective, an equivalent way of phrasing this equation is

Kμ =
p∑

j=1

bjψj ,

where the coefficients bj =< Kμ, ψj >L2(M2) with bj = λjaj . Under the assumption that the design
points zk are approximately uniform with respect to the measure M2, bj can be estimated by

b̂j,n =
1
n

n∑
k=1

ψj(zk)Yk.

The selection of an appropriate value of p is our main interest.
Following the idea and construction of the order selection test of Eubank and Hart (1992),

see also Aerts, Claeskens and Hart (1999, 2000), Bissantz, Claeskens, Hozmann and Munk (2007)
construct an order selection statistic to test directly the hypothesis

H0 : μ =
p∑

j=1

ajφj ,

versus the alternative hypothesis that a larger value of p is needed, by using the test statistic

Tn = max
1≤m≤n−p

1
Λm

m∑
j=1

n â2
j+p,n

σ̂2
= max

1≤m≤n−p

1
Λm

m∑
j=1

n b̂2
j+p,n

σ̂2λ2
j+p

,

where Λm,p = Λm =
∑p+m

j=p+1 1/λ2
j . See Bissantz, Claeskens, Hozmann and Munk (2007) for results on

the asymptotic distribution of Tn.

AIC for inverse regression problems

For indirect regression problems, the value Λk plays the role of the effective number of parameters
in the model. Hence, for inverse regression problems, the penalty in an information criterion for order
selection is not the number of coefficients in the model, but rather the weighted number of coefficients,
where the weights are the eigenvalues of the integral operator.

Based on the reasoning above, we propose a new model selection criterion that is a version of
Akaike’s (1973) information criterion AIC for use in inverse regression problems. The criterion reads
as follows:

aic(k) =
k∑

j=1

nb̂2
j+p,n

σ̂2λ2
j+p

− 2Λk.

The order k for which the criterion takes on the largest value is selected as the best model order for
the given data.

BIC for inverse regression problems

Following the idea for the construction of the aic for inverse regression problems, a version of
Schwarz’s (1978) Bayesian information criterion is as follows:

bic(k) =
k∑

j=1

nb̂2
j+p,n

σ̂2λ2
j+p

− log(n)Λk.

This criterion can be linked to a data-driven Neyman smooth type test statistic. See Ledwina (1994)
for testing the fit of a density function in direct regression problems, and Hart (1997) for an application
of such tests in direct regression models.
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Missing covariate values

In this section we develop a model selection criterion in the spirit of Akaike’s (1973) informa-
tion criterion, that can be used for missing data situations in (direct) parametric regression models
where the response is completely observed, though some of the covariates might be incomplete. Such
situations often arise in practice, for example in questionnaires where people do not answer all of the
questions, or in clinical studies where not all characteristics of interest are observed or measured.

Application of the classical AIC is only possible when using the complete cases only, that is,
when leaving out the subject information for those cases where information is missing. It is well-known
that an analysis of the subset of complete cases only may lead to biased results, and obviously in that
way we would not be using all available information in the gathered data.

The proposed AIC criterion is directly based on the EM algorithm and does not require much
additional programming efforts. To effectively deal with the missing covariates, we follow the approach
of Ibrahim, Chen and Lipsitz (1999). That procedure obtains parameter estimates via weighting,
extending on the method of Ibrahim (1990), and uses Gibbs sampling to draw from the distribution of
the missing covariates given the observed variables in a Monte Carlo EM algorithm. In these papers
the missing data mechanism is assumed to be ignorable. An extension to non-ignorable missingness
is constructed in Ibrahim, Lipsitz and Chen (1999). These methods are valid for categorical as well
as for continuous variables, or for a mixture of those, and so is the model selection method that we
propose. The new criterion is phrased in terms of the function that is to be minimized in the EM
algorithm. Our model selection method is applicable to likelihood based models, including the class
of generalized linear models.

Models incorporating missing covariate values

In the data situation that we consider some of the explanatory variables X1i, . . . , Xpi contain
missing observations, while the response variable Yi is fully observed. Let Y denote the vector of
response values of length n, and X the corresponding design matrix of regression variables, of dimen-
sion n × p. This matrix is partitioned in two parts, X = (Xobs, Xmis), where Xobs contains in its
columns precisely those variables Xj = (Xj1, . . . , Xjn)t that are completely observed for all subjects
i = 1, . . . , n. The matrix Xmis contains the variables Xk of which for at least one i, a value Xki is not
observed.

The data are modeled via a parametric class of likelihood functions. Denote by fθ = f(Y,X; θ)
the assumed density function for the complete data (Y, X), that is, including the variables that are only
partly observed. The vector θ is the unknown parameter vector. Further, denote by f(Y, Xobs; θ) the
density function for the subset of completely observed data (Y, Xobs). For independent observations the
full likelihood function is equal to the product fθ =

∏n
i=1 f(Yi, X1i, . . . , Xpi; θ). The joint distribution

of (Yi, Xi) is obtained by specifying the conditional distribution of (Yi|Xi) and the marginal distribution
of (Xi). Thus the model for the data is described as

fθ = f(Y, X; θ) = f(Y |X; β)f(X; α)

where θ = (β, α), and where the parameters α and β are distinct. We make the assumption that the
missing data are “missing at random” (MAR), as defined by Little and Rubin (2002). This means
that the missingness mechanism depends only on the observed values. Considering both the MAR
assumption and the distinctness of the parameters, the missingness mechanism is ignorable and it is
not necessary to explicitly provide a model for this.
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Ingredients of the EM algorithm

To deal with the missing covariates, the method of weights assigns weights to the log likelihood
function, and then integrates over the missing covariates. The weights are defined via the density
function (or probability mass function in case of categorial covariates) of the covariates with missing
observations, given the observed data. The “adjusted” likelihood function is defined as f̃θ(y, x) =
expQ(θ|θ), or log f̃θ(y, x) = Q(θ|θ) where the function

Q(θ1|θ2) =
n∑

i=1

∫
log f(yi, xobs,i, xmis,i; θ1)f(xmis,i|xobs,i, yi, θ2)dxmis,i.

This function is a crucial ingredient of the EM algorithm. When using the integrated weighted log
likelihood function instead of the full log fθ, the relevant Kullback-Leibler distance of this function to
the true (but unknown) density function g(·) of the data is

KL(g, f̃θ) = [Eg{log g(Y,X)} − Eg{log f̃θ(Y, X)}]/n.

The AIC criterion is developed in order to minimise this Kullback-Leibler distance. For details on the
derivation, see Claeskens and Consentino (2007).

Takeuchi’s information criterion for missing covariate data

In the spirit of Takeuchi’s (1976) information criterion, we define the model robust criterion TIC
for missing covariate values as

TIC = 2 Q(θ̂|θ̂) − 2 tr{Ĵ(θ̂)Î−1(θ̂)}

where

Î(θ̂) = − 1
n

Q̈(θ̂|θ̂) and Ĵ(θ̂) =
1
n

n∑
i=1

Q̇i(θ̂|θ̂)Q̇i(θ̂|θ̂)t,

and Q̇i and Q̈i denote the first, respectively, second partial derivatives of Qi with respect to the vector
θ. The model with the largest value of TIC is chosen. This criterion is called model-robust because it
allows for the possibility that the model used is not identical to the true density g. This is reflected by
the use of estimators for both matrices I and J . In case the model is entirely correct, these matrices
coincide and a simplification occurs.

Akaike’s information criterion for missing covariate data

When the model is correctly specified, the matrices I and J coincide and the trace in the
expression of the TIC is simple counting the number of parameters in the model. This simplification
can also be used as an approximation to the above trace formula, which avoids estimation of I and J .
This leads to a version of Akaike’s information criterion for use with missing covariate information.

AIC = 2 Q(θ̂|θ̂) − 2 length(θ).

The largest value of AIC indicates the “best” model.

Comparing models for fully observed with models for partly observed data

In variable selection the main interest is to investigate whether a particular variable should be
included in the model or not. Models are fit with and without this variable and the values of an infor-
mation criterion for each model are compared. With the missing covariate situation, it might happen
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that one or more of the models of interest do not contain the variables with missing components. In
such case, the traditional AIC or TIC could be applied. In order to compare those values to the values
obtained by application of the criteria for missing covariates, an adjustment is needed. Under the
modelling assumptions phrased above, the function Qi can be split in two parts:

Qi(θ|θ(k)) = Q
(1)
i (β|θ(k)) + Q

(2)
i (α|θ(k)).

The first part is of particular interest to compare regression structures, and this is what we will use.
The second part gives information on the models for the missingness structure by relating the covariates
that are not fully observed to those that are fully observed. For variable selection in regression, we
should use versions of AIC and TIC, similar to those defined above, but now based on Q(1) instead
of Q. For further details and application of these criteria to simulated and actual data, see Claeskens
and Consentino (2007).
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ABSTRACT

Some recent developments in model selection will be discussed and explained. Two main examples
are a selection criterion for use with inverse regression problems and model selection when some data
are missing.

In the inverse regression problems that we consider, a model is of the form Y = Kμ + ε, where
‘K’ is a given matrix or operator, though which cannot be continuously inverted. The ‘μ’ is a function
that depends on one or more covariates. Of interest is to develop and apply a model selection criterion
that selects a model for the function ‘μ’. Two new model selection criteria are proposed that extend
the classical AIC and BIC to inverse regression problems. There is a strong connection between these
criteria and the order selection and data-driven smooth tests in lack-of-fit testing.

The second example deals with the case of missing observations in a regression model. Deleting
those cases is one option, though is not recommended since biased results might be obtained. Extensions
of the AIC are proposed that are able to deal with missing covariate values. The method is based on
the EM algorithm and does not require much additional computational efforts.

Examples illustrate the selection criteria.
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1. Regularization Framework for Support Vector Machines

In general binary classification problems, the training sample {xi, yi}n
i=1 are i.i.d. realizations

from some unknown joint distribution P (X, Y ), with xi ∈ �d the input vector and yi the class label
either +1 or −1, the main goal is to construct a classifier f̂ for future predictions. The decision rule,
a mapping from �d to {−1,+1}, predicts y = +1 if f̂(x) ≥ 0 and predicts y = −1 otherwise. If equal
costs are used for both types of misclassification errors (false positive and false negative), the Bayes
rule minimizing the expected misclassification rate P (Y f(X) < 0) is given by

(1) φB(x) = sign
[
P (Y = 1|X = x) − 1

2

]
.

In statistical machine learning, a variety of large margin methods are recently developed to
construct classifiers with good performance. A large margin classification algorithm typically produces
f̂ by minimizing an empirical loss function, often a convex upper bound of the binary classification
error function, in some function class F . One popular large margin method is the support vector
machine (Boser et al.,1992; Vapnik 1995, 1998; Cristianini and Shawe-Taylor, 2000), which can be
cast as solving a regularization problem

(2) minf∈F
1
n

n∑
i=1

[1 − yif(xi)]+ + λJ(f),

where F is a pre-chosen function space, [1− τ ]+ = max{0, 1− τ} is known as the hinge loss, and J(f)
is a penalty functional measuring the complexity of f . The parameter λ > 0 controls the trade-off
between goodness of fit to training samples and the complexity of f (Wahba 1998). In a special case
where F is the collection of all linear classifiers {f : f(x) = b+w

Tx} and J(f) is the squared L2 norm
of w, (2) reduces to the standard linear SVM problem. Lin (2002) and Zhang (2004) showed that
SVM solution is Fisher consistent, i.e. the solution to (2) converges to the Bayes rule asymptotically.

Since its invention, the support vector machine (SVM) has been extensively studied in literature
and demonstrates superior performance in real-world problems, especially for high dimensional and
low sample size data. However, there are two limitations about the SVM in its applications. Firstly,
the performance of SVMs may suffer from the presence of redundant variables (Hastie et al. 2001;
Guyon et al. 2002), since its decision rule utilizes all the variables without discrimination. Secondly,
if the true model is sparse, i.e., only a subset of input variables are associated with the classification
boundary, the SVM solution is less attractive in providing insight on individual variable effects since its
decision rule is hardly sparse. In the modern age, new technologies of data collection and management
are producing datasets of ever increasing samples sizes (the number of examples) and dimensions (the
number of variables). Sometimes the size of a dataset is so large that learning might not work as
well or even possible before removing the unwanted variables. Variable selection is hence crucial and
actually a direct approach to dealing with the above difficulties by reducing data dimension, identifying
important variables, and building parsimonious classifiers with improved prediction performance.

In literature several methods have been proposed for variable selection in the SVM (Furey et
al. 2000; Rakotomamonjy et al. 2003; Grandvalet et al. 2002; Chapelle et al. 2002; Weston, 2000).
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In particular, Guyon et al. (2002) developed the recursive feature elimination (RFE) algorithm by
successively eliminating features with a sequence of SVM classifiers. Alternatively, the L1-regularized
SVM (Bradley and Mangasarian, 1998; Zhu et al., 2003) can generate sparse solutions by penalizing
the sum of absolute coefficients. Another type of approach is based on kernel scaling, such as Weston
et al. (2000) and Grandvalet and Canu (2002). We will present two new variable selection methods
for SVMs: one approach is based on the basis expansion, and the second approach conducts function
estimation more directly. Both approaches are able to select important variables and build sparse
classifiers simultaneously, and their unified model framework and competitive numerical performance
make them promising methods in practice.

2. SCAD-SVM for Learning with Basis Expansion

Assume each element f in the function space F can be represented through a set of basis terms,
say, f(x) = b+ w · h(x), where D = {h1(x), ..., hq(x)} is a dictionary of basis functions and w ∈ �q.
If h’s are linear functions of x, then a linear SVM is obtained; if h’s are nonlinear in x, the classifier
will be nonlinear. Using this basis expansion idea, the standard SVM optimization becomes

(3) min
b,w

1
n

n∑
i=1

[1 − yi{b+ w · h(xi)}]+ + λ‖w‖2.

For variable selection purposes, the following thresholding functions can be used to replace the L2

penalty in (3): Lγ(w) =
∑q

j=1 |wj |γ with γ ≥ 0. Figure 1 plots the L0, L0.5, L1, and L2 penalty
functions. Though the hard-thresholding L0 penalty shrinks small coefficients to zero while keeping
large coefficients intact, its discontinuity makes the optimization hard and tends to produce unstable
solutions. Therefore soft-thresholding penalties are more preferred for solution stability. It is known
that the Lγ function serves as soft-thresholding only if 0 ≤ γ ≤ 1 (Bradley and Mangasarian, 1998).
This explains why the standard SVM corresponding to γ = 2 does not select variables.

Figure 1: Hard-thresholding L0; soft-thresholding L0.5, L1; and L2 penalty.
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Different from all the methods above, we present the SVM as a regularization problem with
another penalty form: smoothly clipped absolute deviation (SCAD; Fan and Li, 2001). Though the
L1 penalty, also known as the LASSO (Tibshirani 1996) in the regression context, can produce sparse
solutions, the produced solutions can be biased for large coefficients since larger penalties are imposed
on larger coefficients (Fan and Li, 2001). In linear regression models, Fan and Li (2001) proposed the
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smoothly clipped absolute deviation (SCAD) penalty, which was shown to overcome the bias issue of
the L1 penalty. They showed that the SCAD penalty produces sparse solutions by thresholding small
estimates to zero, hence providing nearly unbiased estimates for large coefficients.

Mathematically, the SCAD penalty can be expressed as

(4) pλ(|w|) =

⎧⎪⎪⎨
⎪⎪⎩
λ|w| if |w| ≤ λ,

− (|w|2−2aλ|w|+λ2)
2(a−1) if λ < |w| ≤ aλ,

(a+1)λ2

2 if |w| > aλ,

where a > 2 and λ > 0 are tuning parameters. The SCAD function can be regarded as a quadratic
spline function with two knots at λ and aλ. Except for the singularity at 0, pλ(w) has a continuous
first-order derivative. As shown in Figure 2, the function is symmetric and nonconvex. Though having
the same form as the L1 penalty around zero, the SCAD applies a constant penalty to large coefficients
whereas the L1 penalty increases linearly as |w| increases. It is this distinction that guards the SCAD
penalty against producing biases for estimating large coefficients.

Figure 2: The SCAD penalty function with λ = 0.4 and a = 3.
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The SCAD SVM (Zhang, et al. 2006) is then proposed as the following optimization problem:

(5) minb,w
1
n

n∑
i=1

[1 − yi(b+ w · h(xi))]+ +
q∑

j=1

pλ(|wj |).

The parameter λ balances the trade-off between data fitting and model parsimony. If λ is too small,
the procedure tends to overfit the training data and gives a classifier with little sparsity; if λ is too
large, the produced classifier can be very sparse but have a poor discriminating power. Fan and Li
(2001) showed that the Bayes risks are not sensitive to the choice of a, and a = 3.7 is a good choice
in practice. To tune λ properly, some cross validation can be used.

In (5), since the hinge loss is not differentiable at zero and the SCAD penalty is not convex in w,
many standard optimization packages fail to solve (5). We propose an iterative algorithm by extending
the successive quadratic algorithm (Fan and Li, 2001) to solve the SCAD SVM. It turns out that the
solution can be easily obtained by solving a series of linear equation systems. For notation simplicity,
we only outline the computation algorithm for the linear SCAD SVM. Denote the objective function
in (5) as A(b,w). Note for each i, we have y2

i = 1 and [1 − yifi]+ = (1 − fi)/2 + |yi − fi|/2, where
fi = b+ w

Txi. Given an initial value (b0,w0), we further consider the local quadratic approximation:
|yi − fi)| ≈ 1

2
[yi−fi)]

2

|yi−f0i| + 1
2 |yi − f0i|, where f0i = b0 + w

T
0xi. For the SCAD penalty pλ(|wj |), we use
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the following quadratic approximation pλ(|wj |) ≈ pλ(|wj0|) + p′λ(|wj0|)
2|wj0| (w2

j −w2
j0). Both approximating

functions have the same gradient as the original functions at the current point (b0,w0), therefore
minimizing the local quadratic approximation assures the convergence of the algorithm towards the
descending direction of the original function. The quadratic form of the objective A(b,w) is then

A(b,w) ≈ 1
2
− 1

2n

n∑
i=1

yifi+
1
4n

n∑
i=1

|yi−f0i|+ 1
4n

n∑
i=1

[yi − fi]2

|yi − f0i|+
d∑

j=1

[
pλ(|wj0|)+p

′
λ(|wj0|)
2|wj0| (w2

j−w2
j0)
]
.

Removing the terms which do not involve (b,w), we end up with an equivalent optimization problem

(6) min
b,w

Ã(b,w) =
1
2

(
b

w

)T

Q

(
b

w

)
− P

(
b

w

)
,

with Q given in Zhang et al. (2006). Since (6) is quadratic in (b,w), solving (6) is equivalent to solving
the following linear equation system. The following is a complete algorithm to solve the SCAD SVM:

step 1: Set k = 1 and specify the initial value (b(1),w(1)).
step 2: Let (b0,w0) = (b(k),w(k)). Solve (6) and denote the solution as (b(k+1),w(k+1)).
step 3: Let k = k + 1. Go to step 2 until convergence.

3. New Penalty Operator COSSO for SVM

As we show in (2), the SVM paradigm is equivalent a regularization problem in some function
space F . In general, F is chosen as a reproducing kernel Hilbert space (RKHS), and J(f) is a roughness
penalty functional (Wahba, 1999). The RKHS theory provides a rigorous and effective framework for
nonparametric function estimation. Aronszajn (1950) gave a complete introduction on RKHS and its
theoretical properties. For example, the second-order Sobolev space on [0, 1], S2[0, 1] = {g : g(t), g′(t)
are absolutely continuous, g′′(t) ∈ L2[0, 1]}, is an RKHS when endowed with the inner product

(g1, g2) = (
∫ 1

0
g1(t) dt)(

∫ 1

0
g2(t) dt) + (

∫ 1

0
g′1(t) dt)(

∫ 1

0
g′2(t) dt) +

∫ 1

0
g′′1 (t)g′′2 (t) dt.

S2[0, 1] can be further decomposed into the direct sum of three orthogonal subspaces [1] ⊕ H1,π ⊕
H1,s, with [1] the constant space, H1,π the space of linear functions, and H1,s the space of nonlinear
smoothing functions associated with the RK K1(s, t) = k2(s)k2(t) − k4(|s − t|), where k1(t) = t −
1
2 , k2(t) = 1

2 [k2
1(t) − 1

12 ], and k4(t) = 1
24 [k4

1(t) − 1
2k

2
1(t) + 7

240 ]. See Wahba (1990) for more details.
In the following, we formulate the SVM as a regularization problem in a tensor product RKHS,

and present a new regularization operator, under the framework of smoothing spline ANOVA models,
to conduct variable selection in SVMs. The penalty functional is the sum of functional component
norms, which automatically applies soft-thresholding to functional components and hence yields sparse
solutions. In the regression context, we studied this penalty and named it the component smoothing
and selection operator (COSSO; Lin and Zhang, 2006). Similar to the classical ANOVA, any multi-
variate function f(x) = f(x1, · · · , xd) on a product domain x has a functional ANOVA decomposition

(7) f(x) = b0 +
d∑

j=1

fj(xj) +
∑
j<k

fjk(xj , xk) + all higher-order interactions,

where b0 is constant, fj’s are the main effects, and fjk’s are the two-factor interactions. The identifia-
bility of the terms is assured by side conditions through averaging operators. In (7), we will estimate
each main effect fj, j = 1, · · · , d, is estimated in a univariate RKHS denoted by Hj = [1] ⊕Hj

1, esti-
mate the two-way interaction term fjk in the tensor product space Hj ⊗ Hk, and so on. The entire
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space ⊗d
j=1Hj is an RKHS, and its reproducing kernel is the product of the reproducing kernels for

the univariate function space. Corresponding to the function ANOVA decomposition, there is also the
ANOVA decomposition for the space ⊗d

j=1Hj = [1] ⊕∑d
j=1 Hj

1 ⊕
∑

j<k [Hj
1 ⊗Hk

1 ] ⊕ · · · .
In practice, higher-order interaction terms are often excluded from the model and only low order

interaction terms are retained for easy computation and interpretation. We denote the truncated space
as F = {1}⊕q

α=1Fα, where F1, ...,Fq are q orthogonal subspaces of ⊗d
j=1Hj. The space F is an RKHS

with the induced norm ‖ · ‖. The COSSO SVM (Zhang and Lin, 2006) is proposed as

(8) min
f∈F

1
n

n∑
i=1

[1 − yif(xi)]+ + τ2
q∑

α=1

‖Pαf‖,

where Pαf is the projection of f onto the subspace Fα. The penalty
∑q

α=1 ‖Pαf‖ is a sum of RKHS
component norms, different from the squared RKHS norm penalty used in the standard SVM.

For linear classifications, the COSSO SVM actually reduces to the L1 SVM. The argument is
as follows. For the input space X = [0, 1]d, the linear SVM has the separating hyperplane f(x) = b+∑d

j=1wjxj . Consider the linear function space F = {1}⊕{x1−1/2}⊕...⊕{xd−1/2} with the usual L2

inner product on F : (f, g) =
∫
X fg. For each fj, its RKHS norm penalty becomes ‖fj‖ = (12)−1/2|wj |,

which is equivalent to the 1-norm SVM. Let the COSSO penalty functional J(f) =
∑q

α=1 ‖Pαf‖. We
can show that J(f) is convex and it defines a pseudo-norm in F . Furthermore, there exists a minimizer
of (8) in F , and the solution to (8) satisfies the representer theorem, i.e. the COSSO minimizer f̂
satisfies that f̂α ∈ span{Rα(xi, ·), i = 1, ..., n}, where Rα(·, ·) is the reproducing kernel of Fα.

Now we propose an iterative algorithm to compute (8) by deriving its equivalent formulation.
Let θ = (θ1, ..., θq)T ≥ 0. Consider the optimization problem

(9) min
f∈F ,θ

1
n

n∑
i=1

[1− yif(xi)]+ + λ0

q∑
α=1

θ−1
α ‖Pαf‖2 + λ

q∑
α=1

θα, subject to θα ≥ 0, α = 1, ..., q.

By setting λ = τ 4/(4λ0), we can show the following two facts:
(i) If f̂ minimizes (8), setting θ̂α = λ

1/2
0 λ−1/2‖Pαf̂‖ for α = 1, ..., q, then (θ̂, f̂) minimizes (9).

(ii) On the other hand, if a pair (θ̂, f̂) minimizes (9), then f̂ minimizes (8).
Therefore, with proper choice of parameters, solving (8) and solving (9) are equivalent. In practice,
(9) is easier to solve since its objective function can be optimized by standard quadratic and linear
programming techniques. The θα’s can be regarded as scaling parameters which control the variable
selection process. Using standard smoothing spline results, the solution to (9) has the form

(10) f̂(x) = b+
q∑

α=1

θ̂α

n∑
i=1

ĉiRα(xi,x) = b+
q∑

α=1

θ̂αf̂α(x).

The expression in (10) suggests that whether θ̂α = 0 or not determines the importance of f̂α to the
classification boundary. For additive models, if θ̂j = 0, then ‖f̂j‖ = 0 which implies that Xj is not
selected. Given any θ, by applying the representer theorem, (9) then becomes

(11) min
θ,b,c

1
n

n∑
i=1

[1 − yif(xi)]+ + λ0

q∑
α=1

θαcTRαc + λ

q∑
α=1

θα, subject to θα ≥ 0, α = 1, ..., q.

where c = (c1, ..., cn)T, Rα is the squared matrix with entry {Rα(xi,xj)}, i, j = 1, ..., n. We propose
solving (b, c) with θ fixed and solving θ with (b, c) fixed iteratively, since both problems are easily
solved using standard software packages.

In (8), the parameter λ balances the tradeoff between the training error and sparseness of
the fitted function. We proposing minimizing the generalized comparative Kullback-Liebler (GCKL)

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 591 -



distance used in Wahba (1999). Given a fitted classifier fλ, the GCKL is defined as:

(12) GCKL(λ) = Ep

[ 1
n

n∑
i=1

(1 − Yifλi)+
]

=
1
n

n∑
i=1

[
pi(1 − fλi)+ + (1 − pi)(1 + fλi)+

]
.

Here fλ is fixed and the expectation is taken over the true conditional probability p(x) = P (Y =
+1|x = x). The GCKL can be seen as an upper bound of the misclassification rate. Since the GCKL
depends on the underlying distribution P (X, Y ), it is only computable in simulations. For real data
with unknown p(x), the leaving-out-one cross validation proxy of GCKL 1

n

∑n
i=1[1− yif

[−i]
λ (xi)]+ can

be used as a tuning criterion. Here f [−i]
λ is the solution with the ith data point deleted. In practice, we

suggest using the five-fold cross validation (CV) estimate of the GCKL. The training set is randomly
split into five subsets of approximately equal sizes. Then one subset is left out, and the COSSO SVM
is fitted using the other four subsets and then the hinge loss is evaluated on the left-out subset. This
procedure is repeated five times in this fashion with each subset being left out once.

4. Real Examples

4.1. UNC Breast Cancer Data Analysis

Three public microarray gene expression datasets are used, and they are respectively from Perou
et al. (2000), Vant’veer et al. (2002) and Sotiriou et al. (2003), which are referred as“Stanford”,
“Rosetta”, and “Singapore”. Originally the three sets have respectively 5,974 genes and 104 patients,
24,187 genes and 97 patients, and 7,650 genes and 99 patients. After a combination based on common
genes, the combined data set has 2,924 genes and 300 patients. Our primary interest is to select
important genes and use them to distinguish two types of breast cancer. We use the source information
to separate the whole data into three folds naturally. Each classifier is trained on two folds and tested
on the remaining one. Ten-fold cross validation within the training set is used to choose λ.

Table 1 shows the cross validation error in each learning and the average error rate for various
methods. In the Stanford learning, the SCAD SVM has the lowest error rate 0.115. In the Rosetta
learning, the SCAD SVM and the SVM are equally best. In the Singapore learning, the SVM is best
and the SCAD SVM is slightly worse and the second best. The ranking method based on t-test (Pan
et al. 2002; Furey et al. 2000) with top 50 and 100 genes does not perform so well as the SVM,
which may be explained by that the ranking methods select individual genes separately and ignore
their correlations. Overall speaking, the SCAD SVM gives the lowest error rate among all.

Table 1: Cross validation error rate for breast cancer data.

Stanford Rosetta Singapore Ave.
t-test (p=50) .202 .217 .192 .203
t-test (p=100) .192 .206 .111 .170
SVM .154 .175 .051 .127
L1 SVM .125 .216 .081 .141
SCAD SVM .115 .175 .061 .117

Table 2 gives the number of genes selected by the SCAD SVM and the L1 SVM. The L1 SVM
selects 59 ∼ 72 genes in average, where the SCAD SVM only selects 15 ∼ 31 genes in average. Note
that the misclassification rates of the SCAD SVM are only based on the selected 15 ∼ 31 genes, which
shows the strong gene selection power of the method. We note that the gene selection results of both
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methods are consistent in the sense that they both select the smallest number of genes for prediction
in the Stanford learning, and both select the largest number of genes in the Singapore learning.

Table 2: Number of selected genes for breast cancer data.

Stanford Rosetta Singapore Ave.
L1 SVM 59 63 72 65
SCAD SVM 15 19 31 22

4.2. Benchmark Data Analysis

Gestel et al. (2004) conducted a benchmark study to compare a number of commonly used
machine learning techniques including the SVM; least squares SVM (LS-SVM); linear discriminant
analysis (LDA); quadratic discriminant analysis (QDA); logistic regression (Logit); decision tree al-
gorithm C4.5; Holte’s one-rule classifier (oneR); instance based learners (IB); and Naive Bayes. They
found out the least squares SVM (LS-SVM) with the radial basis function (RBF) kernel performs best
among six types of LS-SVMs. Thus we only include the LS-SVM with RBF kernel and linear kernel
for our comparison. They considered two instance based learners (IB1 and IB10) and two types of
Naive Bayes methods, and we only report the better performance of the two. There are five binary
classification datasets: BUPA Liver Disorder data, Johns Hopkins University Ionosphere data; PIMA
Indian Diabetes; Sonar, Mines vs. Rocks data; and Wisconsin Breast Cancer data.

Table 3: Comparison of the COSSO-SVM with other classifiers.

BUPA Ionosphere Pima Indian Sonar MR Wisc. BC
n 345 351 768 208 683
d 6 33 8 60 9
COSSO SVM 72.0 (5.0) 89.6 (2.6) 77.3 (2.3) 78.6 (2.6) 95.8 (1.2)
SVM (linear) 67.7 (2.6) 87.1 (3.4) 77.0 (2.4) 74.1 (4.2) 96.3 (1.0)
SVM (RBF) 70.4 (3.2) 95.4 (1.7) 77.3 (2.2) 75.0 (6.6) 96.4 (1.0)
LS-SVM (linear) 65.6 (3.2) 87.9 (2.0) 76.8 (1.8) 72.6 (3.7) 95.8 (1.0)
LS-SVM (RBF) 70.2 (4.1) 96.0 (2.1) 76.8 (1.7) 73.1 (4.2) 96.4 (1.0)
LDA 65.4 (3.2) 87.1 (2.3) 76.7 (2.0) 67.9 (4.9) 95.6 (1.1)
QDA 62.2 (3.6) 90.6 (2.2) 74.2 (3.3) 53.6 (7.4) 94.5 (0.6)
Logit 66.3 (3.1) 86.2 (3.5) 77.2 (1.8) 68.4 (5.2) 96.1 (1.0)
C4.5 63.1 (3.8) 90.6 (2.2) 73.5 (3.0) 72.1 (2.5) 94.7 (1.0)
oneR 56.3 (4.4) 83.6 (4.8) 71.3 (2.7) 62.6 (5.5) 91.8 (1.4)
IB 61.3 (6.2) 87.2 (2.8) 73.6 (2.4) 77.7 (4.4) 96.4 (1.2)
Naive Bayes 63.7 (4.5) 92.1 (2.5) 75.5 (1.7) 71.6 (3.5) 97.1 (0.9)
Majority Rule 56.5 (3.1) 64.4 (2.9) 66.8 (2.1) 54.4 (4.7) 66.2 (2.4)

Table 3 summarizes performance of different algorithms on five datasets. Following Gestel et
al. (2004), we randomly select 2/3 of each data for training and tuning, and test classifiers on the
remaining 1/3 of data. We do this randomization 10 times and report the average test error and its
standard deviation. The best average test set performance are in bold face in Table 3. The performance
of the additive COSSO SVM on these benchmark datasets are competitive to other algorithms.
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Discussion: Model Selection for Supervised Learning

Christophe Croux
K.U. Leuven
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ABSTRACT

We will briefly summarize the 3 invited contributions of this inivited session. Discussion and comments
will be made.

Keywords. Model Selection, regression.
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Fitting a Forward Search in Linear Regression

Konis, Kjell
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1. Introduction

Regression analysis is widely used for fitting models to data. When a linear regression model is
fit by least squares, the estimated parameters depend on a few statistics which are computed using
all the data. If there are some units which are different in some way from the bulk of the data, the
fitting process can be biased. Units that do not belong to the bulk of data are often referred to as
outliers. However, there may be a subset of the data that is systematically different from the majority
and that has some “structure” of its own. Very often the interest is to identify these subsets and to
assess their influence on the parameter estimates.

A single outlier can be easily detected by deletion diagnostics where each unit, in turn, is deleted
and the model refit. When two outliers are present, all pairs of units must be in turn deleted or their
presence will likely be missed. The process can be extended by, in turn, deleting all subsets of a given
size. Even with current computational speed such calculations become cumbersome. An alternative
is the repeated application of single deletion methods. Such methods are generally referred to as
“backward” methods since they begin by fitting a model to all the data then deleting one unit at
a time. The size of the subset of units used in fitting decreases as the method proceeds. It has
been reported that backward methods can severely fail in the identification of hidden structure in the
presence of masking (Atkinson et al., 2004).

The use of a “forward” procedure (Atkinson and Riani, 2000) has shown many advantages in the
detection of outliers, influential units and hidden structure in the data. The idea behind the forward
search is to order the units by their closeness to the fitted model, starting with a small subset of
the units, then successively fitting larger subsets. This paper focuses on the forward search in linear
regression. We would like to note, however, that the forward search is a very general method and can
be applied to a wide variety of statistical models (Atkinson et al., 2004).

The forward search in linear regression takes as inputs (i) a set of units (xi, yi) for i = 1, . . . , n

where yi is the response and xi is a vector of p explanatory variables, and (ii) a vector of m ordered
unique integer values from {1, . . . , n} containing the indices of the units in the subset. We use the
notation y = (y1, . . . , yn)T for the response vector, X for the n × p design matrix with rows xT

i for
i = 1, . . . , n, y(m) for the elements of the response vector that are in the subset, and X(m) for the
m× p design matrix of the units in the subset. The general step in the forward search is to fit a least
squares linear regression model of y(m) on X(m). The coefficient estimates β̂(m) from this model are
then used to compute a residual for each of the n units in the data. The m+1 units with the smallest
of these residuals in absolute terms form the subset of size m + 1. Fitting the forward search in linear
regression involves repeating this step starting with m = p and stopping when m = n. The initial
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subset is chosen to be the p units with the smallest residuals in absolute terms from the regression
of y on X using least median of squares (Rousseeuw and Leroy, 1987). The coefficients, residuals,
and other diagnostics statistics are computed and stored for each subset in the search. The so-called
forward plots of these statistics versus subset size are useful for identifying outliers and/or clusters of
atypical units in the data.

To reduce the computational burden involved in fitting a linear model during each step of the
forward search, we propose an algorithm where the fit is updated by considering only the change in
units between the mth and m+1th subsets. In this way we avoid refitting the least squares linear model
to all the units belonging to the subset of size m + 1. The algorithm, being based on updating the
QR factorization of the matrix X, drastically reduces the computing time required to fit the forward
search in linear regression.

The remainder of this paper is organized as follows. In section 2 we begin by describing how to
fit a least squares model using the QR factorization of X. Then we show how the QR factorization can
be modified when rows are appended to or deleted from X. In section 3 we comment on the practical
implementation of the algorithm as provided in the Forward Library for S-Plus.

2. Fitting the Forward Search in Linear Regression

This section describes the theoretical details necessary to understand the implementation of the
forward search in linear regression provided in the Forward Library for S-Plus. We begin by explaining
how to fit a single linear regression model then show how this fit may be modified as the subset in
the forward search evolves. The algorithms described here were originally worked out in Daniel et al.
(1976). The descriptions closely follow those given in Björck (1996).

2.1 Solving Least Squares Problems using the QR Factorization of X

Suppose X is an n × p matrix of explanatory variables and y is a response vector – in column
form – of n elements, and let Q be an n × n orthogonal matrix. Since the 2-norm of a vector is
invariant under orthogonal transformation, the standard least squares problem

min
β

‖y − Xβ‖2,(1)

where β ∈ Rp×1 is the vector of linear model coefficients, is equivalent to

min
β

‖QT (y − Xβ)‖2.(2)

The QR factorization of X provides a matrix Q so that equation (2) is easy to solve.
The QR Factorization of X is defined as follows. Let X be an n × p matrix with n ≥ p. Then

there is an n × n orthogonal matrix Q such that

X = Q

(
R

0

)
(3)

where R is an upper triangular p × p matrix with nonnegative diagonal elements. The factorization
in equation (3) is called the QR factorization of X and the p × p matrix R is called the R-factor of
X. Observe that if Q is partitioned as

Q = (Q1, Q2)(4)

where Q1 is an n × p matrix and Q2 is an n × (n − p) matrix then

X = Q

(
R

0

)
= (Q1, Q2)

(
R

0

)
= Q1R.(5)
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If X is of full rank then R is of full rank as well and the matrix

Q1 = XR−1(6)

can be expressed uniquely in terms of X and R. On the other hand, the matrix Q2 is neither, in
general, uniquely determined nor necessary for computing the least squares coefficients β̂.

Using the QR factorization of X we can reformulate the least squares problem in equation (1)
so that the computation of β̂ is trivial.

minβ ‖y − Xβ‖2 = minβ

∥∥∥∥∥y − Q

(
R

0

)
β

∥∥∥∥∥
2

= minβ

∥∥∥∥∥QT

(
y − Q

(
R

0

)
β

)∥∥∥∥∥
2

= minβ

∥∥∥∥∥(Q1, Q2)T

(
y − (Q1, Q2)

(
R

0

)
β

)∥∥∥∥∥
2

= minβ

∥∥∥∥∥ (QT
1 y − Rβ)
QT

2 y

∥∥∥∥∥
2

(7)

The dimension of QT
1 y is p×1. Thus the top block in the final row of equation (7) can be made exactly

zero by solving a linear system in p variables. Since R is already an upper triangular matrix, this
solution β̂ can be computed by backward elimination – matrix inversion is not required. The lower
block does not depend on β. Further, the square of its norm ‖QT

2 y‖2
2 is equal to the residual sum of

squares.

2.2 Modifying a QR Factorization

During the mth step of a forward search in linear regression it is necessary to compute a QR
factorization of X(m), the matrix whose rows are the subset of the rows of X corresponding to the
units in the subset of size m. One way to do this would be to simply compute a QR factorization
from scratch for each X(m), m = p, ..., n. However the matrix X(m+1) is usually quite similar to X(m),
often differing only by the inclusion of a single row. Significant computational effort can be saved
by modifying the QR factorization of X(m) to obtain the QR factorization of X(m+1). We begin by
describing an orthogonal transformation called a Given’s rotation which is used to zero a particular
element of a vector. We then show how Given’s rotations can be used to modify a QR factorization
when a row is either added to or deleted from X.

2.2.1 Given’s Rotations

A Given’s rotation is an orthogonal matrix representing rotation in a plane. In two dimensions,
the Given’s rotation representing a rotation through a clockwise angle θ is given by

G(θ) =

(
c s

−s c

)
(8)

where c = cos θ and s = sin θ. In n dimensions the matrix representing a Given’s rotation in the plane
spanned by the ith and jth (i < j) coordinate vectors is the following modification to the identity
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matrix In.

Gij(θ) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
. . .

c s
. . .

−s c
. . .

1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

i

j

(9)

The Given’s rotation Gij(θ) is clearly orthogonal since the diagonal elements of Gij(θ)GT
ij(θ) are

c2 + s2 = 1 while the off diagonal elements are cs− cs = 0. Thus the product Gij(θ)GT
ij(θ) is the n×n

identity matrix.
When a vector x = (x1, . . . , xn)T is pre-multiplied by a Given’s rotation Gij(θ) the result

is Gij(θ)x = y = (y1, . . . , yn)T where yk = xk for k = {1, . . . , n} \ {i, j}, yi = cxi + sxj , and
yj = −sxi + cxj . If c and s are chosen to be

c = xi/τ, s = xj/τ, τ =
√

x2
i + x2

j �= 0(10)

then (
c s

−s c

)(
xi

xj

)
=

(
τ

0

)
(11)

therefore a Given’s rotation G can be constructed so that the jth component of the vector Gx is zero.
We use the notation Gij to denote the Given’s rotation such that the jth entry in Gijx is zero (note
that Gij does depend on the vector x).

2.2.2 Adding a Row

Given the QR factorization of an m × p matrix X = Q1R with m ≥ p we first consider the
modification

X̃ =

(
X

wT

)
(12)

where the row wT ∈ Rp is added to X. Since X = Q1R we have
(

QT
1 0

0 1

)(
X

wT

)
=

(
R

wT

)
.(13)

The matrix on the right hand side of equation (13) has structure (e.g. for p = 4)

⎛
⎜⎜⎜⎜⎜⎜⎝

+ + + +
0 + + +
0 0 + +
0 0 0 +
w1 w2 w3 w4

⎞
⎟⎟⎟⎟⎟⎟⎠

(14)

so that the elements in row p + 1 can be zeroed by a sequence of p givens rotations Gk,p+1 for
k = 1, 2, . . . , p while preserving the upper triangular structure of the R factor. The kth Given’s
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rotation is calculated to zero the kth element of w by operating on the kth diagonal element of R and
the kth element of w. Also, note that the kth Given’s rotation only needs to be applied to the columns
of (14) with index greater than or equal to k because rows i and j are already both zero in columns
with index less than k. Thus the updated R factor R̃ given by(

R̃

0

)
= Gp,p+1Gp−1,p+1 . . . G1,p+1

(
R

wT

)
(15)

is upper triangular.
Interestingly, the R factor can be updated when a row is appended to X without Q1 being

available. However, during the forward search it is possible for units to leave the subset so we must
also store and update Q1 since it is required for the row deletion algorithm. The procedure for updating
Q1 simply involves applying the sequence of Given’s rotations Gk,p+1 for i = 1, . . . , p to Q1 as well.
Recall that (

QT
1 0

0 1

)(
X

wT

)
=

(
R

wT

)
(16)

so we have

Gk,p+1 . . . G1,p+1

(
QT

1 0
0 1

)(
X

wT

)
= Gk,p+1 . . . G1,p+1

(
R

wT

)
=

(
R̃

0

)
.(17)

Let

Q̃∗1
T

= Gk,p+1 . . . J1,p+1

(
QT

1 0
0 1

)
(18)

Since Q̃∗1
T

is a product of orthogonal matrices it is itself orthogonal. Finally, since(
X

wT

)
= Q̃∗1

(
R̃

0

)
(19)

the final modified QR factorization is given by(
X

wT

)
= Q̃1R̃(20)

where Q̃1
T

is the first p columns of Q̃∗1
T
.

2.2.3 Deleting a Row

We next consider the so-called downdating operation for modifying a QR factorization when a
row is deleted from X. Without loss of generality we may assume that the first row is to be deleted since
any row may be made first through multiplication by the appropriate permutation matrix. Given the
QR factorization of an (m+1)× p matrix X = Q1R with m ≥ p we want to find the QR factorization
of the m × p matrix X̃ where

X =

(
wT

X̃

)
= Q1R =

(
qT
1

Q̂1

)
R(21)

and wT is the row to be deleted. Note that the right hand side of (21) can be written as(
wT

X̃

)
=

(
qT
1 1

Q̂1 0

)(
R

0

)
.(22)
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The first step in the downdating operation is to use the Gram-Schmidt algorithm to orthogonalize the
appended column to the (m + 1) × p matrix

Q1 =

(
qT
1

Q̂1

)
(23)

so that we can write (22) as
(

wT

X̃

)
=

(
qT
1 γ

Q̂1 h

)(
R

0

)
(24)

with γ2 + qT
1 q1 = 1. Let v = e1 − Q1q1 where e1 = (1, 0, . . . , 0)T . If ‖v‖2 ≥ 1/

√
2 then v := v/‖v‖2,

otherwise reorthogonalize:

s := QT
1 v, v′ := v − Q1s.(25)

If ‖v′‖2 ≥ ‖v‖2/
√

2 then

s := QT
1 v, v′ := v − Q1s.(26)

If ‖v′‖2 < ‖v‖2/
√

2 then e1 is numerically linearly dependent on the columns of Q1. In this case let
γ := 0 and find h ∈ Rm orthogonal to Q̂1.

The next step in the downdating operation is to determine a sequence of Given’s rotations Gk,p+1

for k = p, p − 1, . . . , 1 such that(
qT
1 γ

Q̂1 h

)
U =

(
0 τ

Q̃1 h̃

)
(27)

where U = Gp,p+1Gp−1,p+1 . . . G1,p+1 and Gk,p+1 is chosen to zero the kth element of (qT
1 γ). Since

orthogonal transformations preserve length we can take τ = 1 and since the matrix has orthonormal
columns h̃ = 0. Finally, we have(

wT

X̃

)
=

(
0 1

Q̃1 0

)(
R̃

0

)
(28)

where (
R̃

0

)
= UT

(
R

0

)
= GT

1,p+1G2,p+1 . . . GT
p,p+1

(
R

0

)
(29)

so that the downdated QR factorization is

X̃ = Q̃1R̃.(30)

2.3 The Algorithm

For the subset of size m, assume we have the QR factorization

X(m) = Q
(m)
1 R(m).(31)

The first step is to compute β̂(m) by solving the triangular system

Q
(m)T

1 y(m) − R(m)β = 0.(32)
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Then, using the coefficient estimates β̂(m), compute a residual for each unit in the data

res
(m)
i = yi − xT

i β(m), for i = 1, . . . , n.(33)

The subset of size m + 1 is then the m + 1 units with the smallest residuals res
(m)
i in absolute terms.

Let K in be the set of units that are in the subset of m + 1 units and not in the subset of m units and
let Kout be the set of units that are in the subset of m units and not in the subset of m + 1 units.
Compute Q(m∗) and R(m∗) by adding the rows xT

k according to (2.2.2) for each unit k ∈ K in then
compute Q(m+1) and R(m+1) by deleting the rows xT

k from Q(m∗) and R(m∗) according to (2.2.3) for
each unit k ∈ Kout. This is the QR factorization for the subset of m + 1 units

X(m+1) = Q
(m+1)
1 R(m+1).(34)

Repeating these steps with m = p, . . . , n − 1 yields a forward search in linear regression.

3. Practical Implementation using LAPACK and the BLAS

Many of the functions and subroutines necessary for implementing the forward search in linear
regression are provided in LAPACK (Linear Algebra Package) and the BLAS (Basic Linear Algebra
Subroutines). Additionally, many computer hardware manufacturers provide optimized implementa-
tions of these libraries for their platforms: Sun provides the Sun Performance Library, Apple provides
the Accelerate Framework and Intel provides the Math Kernel Library. Links to these libraries are
provided in the references to software. The following functions and subroutines from LAPACK and
the BLAS are used to compute the forward search in linear regression.

DGEMM Computes the product of 2 double precision matrices.

DGEQRF Computes the QR factorization of a double precision matrix.

DORGQR Extracts the orthogonal factor Q (or a subset of its columns) from a QR factorization
computed by DGEQRF. Used to obtain the matrix Q1.

DTPTRS Solves a triangular system. Used to find β̂ satisfying QT
1 y − Rβ = 0.

DNRM2 Computes the 2-norm of a vector.

DROTG Computes the values of c and s so that the Given’s rotation Gij zeros the the jth element
of a vector.

DROT Applies a Given’s rotation (usually computed by DROTG) to a vector.

In addition to being highly optimized, LAPACK and the BLAS also have very refined interfaces. In
fact, several of the programming tasks involved in fitting the forward search require less code in C
when interfacing with LAPACK and the BLAS than would be required in S-Plus.
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http://developer.apple.com/hardwaredrivers/ve/vector libraries.html

The Forward Library for S-Plus http://www.riani.it/ar/datasets/forward-splus62.zip
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1. Introduction

The normal distribution, perhaps after data transformation, is the most widely used model
for continuous multivariate data. Models for multivariate categorical data are more problematic. In
this paper we give examples of the use of the forward search for clustering data that are either all
continuous or all discrete.

For normal data our procedure uses a series of robust Mahalanobis distances and is related to
outlier detection. Rousseeuw and van Zomeren (1990) and Rousseeuw and Van Driessen (1999) give
examples of the calculation and use of robust Mahalanobis distances in the detection of outliers. The
robust estimates of means and covariances that we use in the calculation of Mahalanobis distances in
this paper come from the forward search, in which subsamples of increasing size are used for parameter
estimation. The forward search in the analysis of multivariate data is given book-length treatment by
Atkinson, Riani and Cerioli (2004), with material on transformations of multivariate data in Chapter 4.

Our analyses rely on forward plots of robust distances. In order to provide sensitive inferences
about the existence of clusters it is necessary to augment such graphs with envelopes of the distributions
of the statistics being plotted. Examples of such envelopes and their use in the forward search for
clustering moderate sized data sets are presented by Atkinson and Riani (2006). Here we present the
detailed analysis of a larger example.

Mahalanobis distances and the forward search are defined in §2, with the extended analysis of
an example with continuous data in §3. Section 4 gives the details for clustering categorical variables,
the main difference being the adoption of Euclidean instead of Mahalanobis distances. Application to
data on soybeans and comparison with other clustering algorithms for categorical data are in §5.

2. Mahalanobis Distances and the Forward Search

The squared Mahalanobis distances for a sample of n v-dimensional normal observations are
defined as

d2
i = {yi − μ̂}T Σ̂−1{yi − μ̂}, , i = 1, . . . , n,(1)

where μ̂ and Σ̂ are the unbiased moment estimators of the mean and covariance matrix of the n
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observations and yi is v × 1.
In the forward search the parameters μ and Σ are estimated from a subset of m observations.

From this subset we obtain n squared Mahalanobis distances

d2
i (m) = {yi − μ̂(m)}T Σ̂−1(m){yi − μ̂(m)}, i = 1, . . . , n.(2)

To start the search when the observations are assumed to come from a single multivariate
normal population with some outliers, Atkinson, Riani and Cerioli (2004) pick a starting subset
S∗(m0) that excludes any two-dimensional outliers. One search is run from this unique starting point,
with successive searches using larger subsets of observations. When a subset S(m) of m observations
is used in fitting we order the squared distances and take the observations corresponding to the m+1
smallest as the new subset S(m + 1).

To detect outliers we examine the minimum Mahalanobis distance amongst observations not in
the subset

dmin(m) = min di(m) i /∈ S(m).(3)

If this observation is an outlier relative to the other m observations, this distance will be “large”
compared to the maximum Mahalanobis distance of observations in the subset. All other observations
not in the subset will, by definition, have distances greater than dmin(m) and will therefore also be
outliers.

For small datasets we can use envelopes from bootstrap simulations to determine the threshold of
our statistic during the forward search. For moderate sized datasets we can instead use the polynomial
approximations of Atkinson and Riani (2007). For large samples Atkinson, Riani and Laurini (2007)
rescale a paradigmatic curve obtained by simulation to have the correct sample size and number of
variables.

For cluster definition, as opposed to outlier identification, several searches are needed, the most
informative being those that start in individual clusters and continue to add observations from the
cluster until all observations in that cluster have been used in estimation. There is then a clear change
in the Mahalanobis distances as units from other clusters enter the subset used for estimation. This
strategy seemingly requires that we know the clusters, at least approximately, before running the
searches. But we instead use many searches with random starting points to provide information on
cluster existence and definition. Atkinson, Riani and Cerioli (2006) discuss random starts and argue
that one set of simulation envelopes is appropriate whether the membership of S(m0) is robustly or
randomly chosen.

3. Example: The Detection of Three Clusters

To illustrate our methodology we look at a large synthetic example with three clusters. We show
how random start forward searches combined with envelope plots of forward Mahalanobis distances
lead to the indication of clusters. We then interrogate the forward plots to obtain an initial definition
of the clusters. We indicate how the information gained from these initial forward searches can be used
as the basis of a definitive clustering. In the example we start with m0 = v + 1, the smallest possible
size and that which gives the highest probability of getting a subset consisting solely of observations
from one cluster.

We analyse simulated data with three clusters of four-dimensional correlated observations, which
is available at www.riani.it/ISI07. There are 1,000 observations in all. The scatter plot of y1 against
y2 is in the left-hand panel of Figure 1, with the same symbol for each group. In this view the data
seem to be a single homogeneous sample. The other panels of the scatterplot matrix are similar and
so are not given here.
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Figure 1: Three clusters of correlated normal variables; scatterplots of y2 against y1. Left-hand panel,
all three groups; right-hand panel, Groups 1 and 2

There are 250 observations in the first group, 300 in the second and 450 in the third. The right-
hand panel of Figure 1 repeats the scatter plot matrix of the left-hand panel with the third group
omitted. It is clear that the observations in each group are highly correlated and that Group 3 lies
between the other two. Of course, in our analysis we ignore the information about group structure,
or even about the number of groups.

We now run 200 random start forward searches. The resulting forward plot of minimum distances
is in Figure 2.
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Figure 2: Three clusters of correlated normal variables: forward plot of minimum Mahalanobis dis-
tances from 200 random starts with 1%, 5%, 50%, 95% and 99% envelopes. Three clusters are evident.
Trajectories in grey always include units from both groups

The forward searches fall into four classes: those that start in each of the three groups and
those that, from the beginning of the search, include observations from at least two groups. These are
shown in grey on the plot. From around m = 150 the searches with observations from only one group
start to lie outside the envelopes. In general, the plots and envelopes for smaller n and given m rise
above those with larger n as m increases. The curves here are behaving much as those from samples
of slightly less than the known but ignored population values of 250, 300 and 450. However, at around
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Figure 3: Three clusters of correlated normal variables. Left-hand panel: forward plot of number
of unique Mahalanobis distances from 200 random starts; central panel, zoom of plot where clusters
become apparent. Right-hand panel: frequency distribution of values of dmin(242)

these values the curves suddenly dip below the envelopes as relatively remote observations from the
other groups enter the subset used in fitting. From a little after m = 500 there is a single forward
plot, in which a common mean and common covariance matrix are calculated from the observations
in more than one group. As a result the estimated covariance matrix is slightly too large and the
plotted distances are slightly small; they lie rather low in the envelope in Figure 2, the effect being
most noticeable around m = 900. The approximate values of m at the three peaks (and total number
in the group) are: 230 (250), 290 (300) and 450 (450). Despite the unpromising appearance of the
scatter plots of Figure 1 our method has initially indicated clusters for 97% of the observations.

We now move from Figure 2 to cluster membership. Figure 2 shows that, in the second half
of the search, all 200 searches have converged in the sense that, for each m, there is one common
set of observations S(m) and one value of dmin(m). Once two searches have the same value of S(m)
they will continue to follow the same path, wherever they started from, producing identical values
of dmin(m). The left-hand panel of Figure 3 shows how the number of different values of dmin(m)
decreases with m. Up to m = 37 there are 200 trajectories. The number of trajectories then decreases
rapidly, reaching 1 at m = 527. The central panel is a zoom of the central part of this plot.

We are interested in the subsets S(m) for those trajectories where there is evidence of a cluster
structure. From Figure 2 this is a little less than m = 250. To find the clusters we interrogate Figure 2
near this value to find the subsets giving rise to the larger values of dmin(m) in the centre of the search.

The right-hand panel of Figure 3 is a plot of the frequency distribution of the values of dmin(242).
There are two large values, which are achieved by respectively 3 and 4 searches; the third largest value
is appreciably smaller, but already contains 132 trajectories. Figure 2 shows that these trajectories
continue to give the third peak around m = 450. The membership of the subsets for these three
groups can be illustrated using ‘entry’ plots.

The entry plot is a way of representing the membership of S(m) as a search progresses. For
each m those observations included in the subset are plotted with a heavy symbol, so that the plot
becomes darker as m increases. Such plots for a single search are discussed in Atkinson et al. (2004,
§7.3.3). Here we need to present information from several searches.

The left-hand panel of Figure 4 is the entry plot for one of the 3 searches with the most extreme
value of dmin(242) in Figure 3. The plot has been truncated at m = 600 since, by this point, units
from all clusters are in the subset and the plot provides no further information on clustering. Since the
searches have converged at m = 242, all will have the same trajectory thereafter, so it does not matter
which of the 3 we choose to plot and we selected randomly from one of these 3 searches to obtain a
typical plot. The panel shows clearly that we have found the trajectories that include observations
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Figure 4: Three clusters of correlated normal variables; entry plots. Left-hand panel, the highest
value of dmin(242) (3 trajectories) in Figure 2; centre panel, the second-highest value of dmin(242) (4
trajectories) and, right-hand panel, the next highest value of dmin(242) (132 trajectories) in Figure 2

from those numbered 1 - 250. Interestingly, the plot shows that up to m = 100 this particular search
also included a number of units from the intermediate Group 3. The centre panel of Figure 4 shows
the entry plot for one of the four trajectories corresponding to the second highest value of dmin(242)
in Figure 3. Here we have detected the units numbered 251-550 belonging to the second cluster; two
of units, 597 and 659, from the intermediate Group 3 have also been included in the subset. Likewise
the right-hand panel reveals the third cluster of observations numbered 551 - 1,000.

The results shown in Figure 4 clearly indicate how well our cluster identification procedure
works. Since the clusters correspond to the natural order of the units, we are able to check that our
method has achieved what is required. But permutation of the labels of the units, corresponding to
not knowing the cluster membership, makes the plots noninformative.
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Figure 5: Three clusters of correlated normal variables. Three tentative clusters; scatterplots of y2

against y1; small symbols, units not included. Right-hand panel, the intermediate cluster 2 includes
13 units from other groups

A label-free indication of how well our clustering procedure has done can be obtained by looking
once more at the data. The three panels of Figure 5 repeat the scatterplots of Figure 1 for the three
groups of observations identified by the three peaks in Figure 2. In each panel we give the units in the
cluster with the same symbols as before. Units from the group that are not included in the cluster
are shown with small symbols.

Cluster 1 includes 218 of the 250 units of Group 1 and no other units. Cluster 2 contains 233
of the 300 units in Group 2 and the two units 597 and 659 from Group 3 that we saw in Figure 4.
The intermediate Group 3 is the most misclassified; 420 of the 450 units are clustered, but together
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with six from Group 1 and seven from Group 2. The slightly small size of the clusters is due to the
overlapping nature of the groups.

This forward process has tentatively identified three clusters. One way to confirm this identi-
fication is to run searches on individual clusters. If the peak for a particular cluster in the forward
plot analogous to Figure 2 occurs when m = nc we include the next few units to enter and then run
a search on these n+

c units, superimposing envelopes for a sample of size n+
c . If no outliers are found,

we have a homogenous cluster and increment n+
c to check whether we have failed to include some

units. If outliers are detected, we delete the last observation to enter, reduce the sample size by one
and superimpose envelopes for this reduced sample size. Eventually we obtain the largest group of
homogenous observations containing no outliers. Examples of this procedure are given by Atkinson
and Riani (2007). Atkinson, Riani and Cerioli (2004, Cap. 7) describe a combined forward search in
which each unit is free to enter any one of the, here three, clusters. However, their procedure does
not use envelopes for testing the cluster allocations. Atkinson and Riani (2007) give comparisons with
other clustering methods for smaller data sets. Here k-means completely fails.

4. The Forward Search for Categorical Variables

In this section we show how the random-start forward search algorithm can overcome in a
robust way most of the shortcomings of clustering methods for categorical data. As we have seen,
in a clustering context unusual observations can either be multivariate outliers or inliers that do not
belong to any of the main groups. The latter typology occurs frequently and is of particular concern
with categorical data. Definition (1) is clearly meaningless when we have a sample of n v-dimensional
‘labels’. However, we can use dummy coding to process this categorical information. Write yij ∈ C(j)

for the observed class of variable j in unit i, where C(j) is the set of possible classes for variable j. The
number of such classes is cj . Let y

(c)
ij = 1 if yij = c and y

(c)
ij = 0 otherwise. Unit i is now represented

by the C × 1 vector yi = [x(1)
i1 , . . . , x

(c1)
i1 , . . . , x

(1)
iv , . . . , x

(cv)
iv ]′, with C =

∑v
j=1 cj .

We make the mild assumption that yi is a random observation from a population with class prob-
abilities μ = [μ(1)

1 , . . . , μ
(c1)
1 , . . . , μ

(1)
v , . . . , μ

(cv)
v ]′, so that E(y(c)

ij ) = μ
(c)
j , for c ∈ C(j) and j = 1, . . . , v.

Computation of a fully-parametrized Mahalanobis distance like (1) has two main shortcomings in the
present context. First, second-order moments are not able to capture all the dependence structure
among indicator variables. Second, Σ̂ is now of dimension C × C, with C typically much larger than
v. A much simpler option is then the squared Euclidean distance

di = d(yi, μ̂) =
v∑

j=1

∑
c∈C(j)

(y(c)
ij − μ̂

(c)
j )2.(4)

It is easily seen that (4) is equivalent to the simple matching dissimilarity index when computed on
pais of observations. Furthermore, it can easily be generalized to encompass differential weighting and
correlation among the classes of the same variable (Kurczynski, 1970; Friedman and Meulman, 2004).

The forward search for categorical variables is run following the same rules outlined in §2. At
each step m we compute the n dissimilarities

di(m) = d(ui, μ̂(m)) =
v∑

j=1

∑
c∈C(j)

(x(c)
ij − μ̂

(c)
j (m))2 i = 1, . . . , n,(5)

which are used both for progressing and for monitoring the search. We start with a randomly selected
subset of m0 = 2 observations, to enhance the probability of starting from only one cluster. To detect
potential clusters, we again look at the forward plot of dmin(m). Other valuable tools for detecting
important cluster features include the forward plots of individual dissimilarities di(m), i = 1, . . . , n,
the entry plot, and the forward plots of sample proportions μ̂

(c)
j (m), which can be useful for the

interpretation of how clusters evolve along the search.
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Figure 6: Soybean data. Forward plots of dmin(m) for 1000 searches with random starting points.

5. Comparison with the k-modes algorithm: the soybean data set

Some simulation evidence of the good performance of the forward search algorithm for clustering
categorical observations is provided by Cerioli, Riani and Atkinson (2006). Here we compare the
forward search with the k -modes algorithm on a data set that has frequently been used to test clustering
algorithms for categorical data. We analyze the soybean data set, available from the UCI Machine
Learning Repository. It has 47 observations on 21 categorical variables. Each observation is labelled
as one of four soybean diseases: Diaporthe Stem Canker, Charcoal Rot, Rhizoctonia Root Rot, and
Phytophthora Rot. Except for the last disease, which has 17 observations, all other diseases have 10
instances each. We discard the disease information for clustering the soybean data set. Huang (1998)
reports the results for the k -modes algorithm. This technique is sensitive to the order in which the
units are listed, so repeated application to random permutations of the original records is required.
Even in the unrealistic situation where k is known, the algorithm is able to attain complete recovery
of the four disease classes in only 14% of the permutations of the soybean data set. In 36% of these
permutations the result is less than good, with more than 6 misclassified units.

Figure 6 contains the results of 1000 forward searches from randomly selected starting subsets.
For each search the dissimilarity dmin(m) is plotted. Most of the features of this plot are similar to
those depicted in Figure 2. From m = 15 onwards, the searches follow only four different trajectories,
regardless of their starting point. The four distinct trajectories provide clear evidence about the group
structure, information that is not available from the k -modes algorithm. The three peaks at m = 10,
pictured in grey in Figure 6, are very pronounced and correspond to well separated clusters of the same
size. The fourth trajectory, shown in boldface in Figure 6, increases at a more stable pace, an evidence
of a cluster without sharp boundaries. The largest peak at m = 10 is for searches including units
from the second group (Charcoal Rot), numbered from 11 to 20 in the data set. Figure 7 depicts the
structure emerging from the viewpoint provided by this cluster. The left-hand panel shows the forward
plots of individual dissimilarities. The effect of adding units from a different group to a homogeneous
subset is evident just after m = 10, when the first observation from the Diaporthe Stem Canker group
enters into S(m). The right-hand panel is the corresponding entry plot for m = 2, . . . , 15.

The general structure of the data is revealed by the different trajectory shapes in the left-hand
panel of Figure 7. A more accurate dissection can be obtained by looking at the searches that give rise
to the other peaks in Figure 6. Proceeding as in §3, we find that the second largest peak at m = 10 is
for the units in the Diaporthe Stem Canker group, while the third largest peak at m = 10 identifies the
observations with the Rhizoctonia Root Rot disease. The fourth disease corresponds to the remaining
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Figure 7: Soybean data: searches that yield the largest peak in dmin(m) at m = 10. Left-hand panel:
forward plots of individual dissimilarities; right-hand panel: entry plot for m = 2, . . . , 15.

stable trajectory in Figure 6. This trajectory has its first peak at m = 18, although dmin(17) is only
slightly smaller. The corresponding units in S(18) belong to the Phytophthora Rot group, with the
exception of unit 28, which is the last to join the subset. Observation 28 also belongs to the subset
originating one of the peaks at m = 10, so it may be viewed as a “borderline” unit and need not be
firmly classified, at least at an exploratory stage. We conclude that also in this example our forward
process has identified the number of clusters and has correctly allocated all but one observation, for
which classification is uncertain.
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Discussion of the papers in IPM29:

Discovering Data Structures with the Forward Search
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E-mail: stephan.morgenthaler@epfl.ch

The forward search is a general purpose algorithm based on two essential building blocks, which
are the selection of a (small) initial subsample and a statistic for ordering the observations. To this one
may add a formal stopping criteria which decides whether to move forward and increase the subsample
size or to stop. It can also be seen as a heuristic for optimization over a discrete set. Outlier nomination
and regression diagnostics are the most obvious uses of the method. The subsample determined by the
algorithm form a data set with a coherent structure, whereas the others do not fit into this structure
and are labeled as outliers. As shown in one of the talks, other applications are in clustering, where
the concept of a coherent subsample is also evident. Further applications can easily be imagined.

A drawback of the forward search methods is the lack of transparency. The description of the
algorithm is local, because the forward move is all that needs to be specified. The global properties
of the end results that are reached, however, are far from evident.

INTRODUCTION

I would like to congratulate all the speakers at this invited paper meeting for their clear and
thoughtful presentations. I personally have known of the forward search for a while, but I think that
anyone attending the meeting will come away with an understanding of what the forward search is
about.

We have in fact been informed that it is an general algorithm that can be adapted to perform a
variety of statistical tasks. Developed initially for diagnostic purposes in regression (Atkinson & Riani,
2000), its use has since been extended in multiple directions. As the name suggests, the forward search
starts from a small initial subsample of size m, ranks the observations by a statistic that measures
goodness-of-fit, and chooses the lowest ranked m + 1 observations as the next subset. The plot of the
ranking statistics as a function of the subset size m creates a trace for each observation. Superposition
of all such traces reveals outliers and groupings among the observations.

In diagnostics, the main emphasis used to be on quantifying the influence of single observations
on estimators or test statistics. Rather than searching forward, the search was backward, starting
from the fit to the full data set and then computing leave-out-one residuals and influence measures.
This approach suffers from masking. If a group of outliers is present, deleting only one may reveal
nothing at all, while deleting several soon becomes an overwhelming computational burden. The
forward search solves this problem. One can choose several starting subsets and the use of highly
robust methods can ensure that no outlier is present in the initial subset.

Nominating outliers that are randomly distributed in a set of n observations is a combinatorial
optimization problem. If we knew that k outliers were present, a complete search would require us
to look at

(
n
k

)
subsets. If k is not known, O(2n) subsets need to be looked at. The forward search

provides a useful heuristic for this problem. Other tools from combinatorial optimization could be
compared to the forward search. The tabu search is an example (Glover & Laguna, 1997), as are
genetic algorithms. It is my opinion that we statisticians ought to give more attention to such general
purpose tools developed in other fields.
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The plot of traces for all observations or for all searches are an important part of the forward
search methods. It would in fact be quite hard to render these methods fully automatic. Instead, the
user has to look at the trace plots and decide what further actions to take. These plots are thus in
some sense the final result of the forward search, the principal means by which the forward search
results are communicated.

COMMENTS ON THE PAPERS

The paper by A. Ceroli, M. Riani and A.C. Atkinson

This paper I find the most controversial, because the purpose here is not diagnostics, but rather
model fitting (in a broad sense). The authors explain how to adapt the forward search algorithm for
classification purposes. As a ranking statistic, they propose to estimate the Mahalanobis distance of
each observation from the subsample. The observations with the smallest distance then form the new
subsample. Many searches are done in succession and the trace of the minimal distance vs. subsample
size is plotted. The number and approximate sizes of the clusters can then be inferred from the different
types of traces obtained. Typically, the minimal distance increases with m, reaches a peak and then
plunges as the subset starts to mix observations from several clusters. This behavior is determined by
properties of the estimated Mahalanobis distance. Using a robust estimate, for example, would lead
to a different behavior.

The method resembles two classical classification algorithms, average linkage and k-means. The
most important difference is in the way that Mahalanobis distance is computed. In the forward search
it is adapted to the cluster, which is usually not the case for the other methods. Furthermore, the
presentation is completely different and the algorithm grows only one cluster at a time.

The properties of the clusters that will be found by the forward search classification method are
not evident to me. Neither is it clear whether the method is competitive with regard to misclassification
rates in complex situations. As presented, the method is constructed for finding groups shaped in the
form of ellipsoids. But does one indeed typically find such clusters? The main example is not entirely
convincing because the clusters are all roughly of the same elliptical shape and roughly of the same
size.

The way the forward search is adapted to the classification problem is clearly not the only
possibility. In fact, it requires multiple random starts and a careful and rather complex analysis of
the minimum distance traces. Would it not have been sensible, for example, to explore the deletion
of clusters that have already been identified and re-running the algorithm on the reduced data set?
It is generally true that the forward search as such is only a vague idea and the manner in which it
is made concrete is probably quite important. Should the algorithm step one observation at a time?
What goodness-of-fit statistics should one use? And so on. For a different but similar approach, see
Billor et al. (2000).

The comparison with existing techniques is lacking in the paper. What are the advantages and
disadvantages of this new method? While the paper gives a proof of principle, it is indeed possible to
do clustering with the help of the forward search algorithm, the proposed method is far from automatic
and may suffer from drawbacks in complex situations.

The paper by K. Konis and F. Laurini

The authors show how to compute the forward search regression efficiently. By updating the
QR decomposition (single case addition and deletion) on can obtain the exact least squares solution
on growing subsamples without costly computation of inverse matrices at each step. As is said in
the paper, this kind of computational strategy predates the computer age and it has been applied in
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statistical computing before.
Other methods could have been explored. The known solution on the current subset provides,

for example, a good starting point for minimizing the least squares criterion. This could be exploited
in iterative algorithms. No mention is made of the large literature on single-case deletion diagnostics.

The paper by D. Mavridis and I. Moustaki

This paper introduces a multivariate normal latent variable model, discusses an appropriate
implementation of the forward search algorithm, and applies it to two examples. The method is
explained very nicely and several ranking and monitoring statistics are proposed.

The authors demonstrate by example that searching for outliers starting from a clean set is
easier than starting from the full set and iterating a leave-out-one approach.

The emphasis in this paper is on diagnostics and the identification of multiple outliers. In this
context, the vagueness of the forward search is entirely appropriate. While being an outlier or not is
a dichotomy, outlyingness with regard to a structure is not. I would, however, have liked to see a bit
more of a subject matter exploration as to why the nominated outliers are different from the bulk of
the data.

FINAL COMMENTS

The forward search is an exploratory procedure whose aim is to dissect a data set and to reveal
outliers and clusters. As the papers demonstrate, it is an effective tool for medium sized problems
(sample sizes up to a few hundreds). In my opinion it is, however, only effective in the hands of an
experienced user. The outcome is a plot of traces, whose interpretation may not always be easy and
clearcut.

This methodology has a level of complexity that makes it very hard to test it through simulation
and to probe it by a mathematical analysis. To a large extent the authors rely on leading examples
and anectotal evidence to support their claims. There is, of course, nothing wrong with this, except
when using the method to fit models. In this case a future user would like to know more about biases,
variances and distributions in finite samples.

If one were to write a stochastic model for the type of data to which the forward search is
applied, it would have to be a mixture of several components. A main component and one that
generates outliers, for example, or a sum of several components. What are alternatives to the forward
search in this context? There is a large literature on robust methods for the case of a few outliers
sprinkled into the data set. In this setting many different approaches have been developed, often
leading to some optimization problem over the parameter space. Once robust estimators are at hand,
identifying the observations that do not conform to the fit is not difficult. One can, for example,
compute the same ranking statistic as used in the forward search. For mixtures models two general
purpose algorithms are available. On one hand the EM-algorithm and on the other hand Markov
Chain Monte Carlo. In both cases, though, the model has to be specific.

The forward search on the other hand seems not to need such a specific model. Is this really
true? What about the choice of the ranking statistic? What about the choices of the monitoring
statistics? I suspect that a closer look would reveal that the forward search implicitly optimizes some
global criterion, a criterion, however, that is not made explicit.

Once more, I congratulate the authors of the three papers for a stimulating meeting.
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RÉSUMÉ

La méthode dite forward search est un algorithme général basé sur deux ingrédients. D’abord la
sélection d’un petit sous-ensemble des observations et ensuite une statistique qui permet d’ordonner
les observations par rapport à leur agréement avec le sous-ensemble. Le résultat d’un forward search
est un graphique de profils (un par observation) qui permet de distinguer des valeurs aberrantes et des
groupements.
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BP 20 529, Compiègne (60205),France

E-mail: Thierry.Denoeux@hds.utc.fr

Masson, Marie-Hélène

Heudiasyc, UMR CNRS 6599
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1. Introduction

One of the main tasks in exploratory data analysis is the search for a relevant low-dimensional feature

space in which the original data can be mapped and displayed so as to uncover their underlying struc-

ture. Dimensionality reduction is also commonly used as a preprocessing step prior to other operations

such as clustering, regression, or classifier design. Classical feature extraction and data visualization

methods include principal component analysis (PCA), and multidimensional scaling (MDS). Given a

n× p data matrix X whose rows are p-dimensional feature vectors observed for n objects, PCA finds

q < p new features, defined as linear combinations of the original features, with maximal dispersion.

In contrast, MDS usually starts with a n × n matrix Δ = (δij) of dissimilarities between pairs of

objects, and finds a configuration of points in a q dimensional space such that the interpoint distances

reflect the input dissimilarities.

Classically, the data are assumed to consist in precise measurements of variables (features) for obser-

vation units of a population of interest, or precisely defined similarities between objects. In recent

years, however, the necessity in many applications to take into account the imprecision of the obser-

vation process has been increasingly recognized. This has given rise to new branches of data analysis

such as symbolic data analysis (Bock and Diday , 2000) and fuzzy data analysis (see, e.g. Masson

and Denœux (2002)). One direction of research in data analysis thus aims at extending classical data

analysis techniques to imprecise data. The goal of this paper is to provide a survey of recent work in

this area, with emphasis on PCA and MDS analysis of interval and fuzzy data.

An imprecise observation of a quantitative variable X may be represented in several ways. The

simplest formalism is that of real intervals: in many situations, the value xi of X for object i is not

known precisely, but one can assert that xi is contained in an interval [x−i , x
+
i ]. If this formalism is

adopted for all variables Xj , j = 1, . . . , p, one obtains an interval data matrix [X] = ([x−ij , x
+
ij ]) or

an interval dissimilarity matrix [Δ] = ([δ−ij , δ
+
ij ]). The extension of PCA and MDS to such data has

been addressed in (Cazes et al. , 1997; Lauro and Palumbo, 2000; D’Urso and Giordani , 2004) and

(Denoeux and Masson, 2000), respectively. These methods account for imprecision in the input data

by representing each object as a region (a hyperbox or a hypersphere) of the extracted feature space.

A more refined way of representing partial or imprecise knowledge of a variable value is through the

formalism of fuzzy sets. A fuzzy subset F̃ of a set ω is defined by a membership function μ
eF

: Ω→ [0, 1].

For all ω ∈ Ω, μ
eF
(ω) is interpreted as the degree of membership of element ω to the fuzzy set F̃ .

The fuzzy set F̃ is said to be normal when supω∈Ω μ eF (ω) = 1. For all α ∈ (0, 1], the crisp set
αF̃ = {ω ∈ Ω, μ

eF (ω) ≥ α} is called the α-cut of F̃ . A fuzzy number is defined as a normal fuzzy
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subset x̃ of R with compact support, and whose α-cuts are closed intervals (Dubois and Prade , 1988).

It generalizes both concepts of real numbers and closed intervals, and may be viewed as an elastic

constraint acting on a certain variable which is only known to lie “around” a certain value. Fuzzy sets

were initially introduced as a means to model ambiguity of natural language, but they can actually

capture a wider range of partial information.

When observations of feature or dissimilarity values are best modeled by fuzzy numbers, one gets a

fuzzy data matrix X̃ = (x̃ij) or a fuzzy dissimilarity matrix Δ̃ = (δ̃ij). Methods for the analysis of

interval data may often be easily generalized to fuzzy data. The extension of PCA and MDS to fuzzy

data has been addressed by Denœux and Masson (2004), Giordani and Kiers (2004a), D’Urso and

Giordani (2005) and Masson and Denœux (2002), respectively. In these extensions, each object is

represented as a fuzzy region, i.e., a fuzzy subset of R
q.

The rest of this paper is devoted to survey of dimensionality reduction and visualization methods for

interval and fuzzy data. Because of space constraints, the emphasis will be put on interval data, and

fuzzy extensions will only be briefly mentioned. PCA will first be addressed in Section 2. MDS will

then be covered in a similar fashion in Section 3, and Section 4 will conclude the paper.

2. Principal component analysis

Let X = (xij) be the numerical data matrix of order (n×p), where n denotes the number of observation

units, and p the number of variables. Without loss of generality, we shall assume X to be centered,

i.e., 1
n

∑n
i=1 xij = 0 for all j ∈ {1, . . . , p}.

With this assumption, we can think of the n data points as a cloud in R
p, with center of gravity

located at the origin. PCA attempts to find a q-dimensional subspace L of R
p, with q ≤ p, such

that the orthogonal projections of the n points on L have maximal variance. The solution is known

to be the subspace spanned by the q normalized eigenvectors u1, . . . ,uq of the sample covariance

matrix S = 1
nX′X, associated with the first q largest eigenvalues. The matrix Uq = (u1, . . . ,uq) of

order (p× q) is sometimes called the component loading matrix. The coordinates of the objects in the

projected space are defined by matrix Y = XUq, often referred to as the component score matrix.

Based on Y, the best reconstruction of X in the least squares sense is X̂ = YU′
q = XUqU

′
q.

2.1 Simple Extensions

Let us now assume that we have an interval data matrix [X] = ([x−ij , x
+
ij ]) of order n × p. How can

PCA be extended to handle such data?

Answers to this question were first provided by Cazes et al. (1997), who introduced two simple

extensions of PCA, referred to as vertices PCA (V-PCA) and centers PCA (C-PCA). Both methods

consist in applying PCA to a single valued data matrix derived from [X]. In V-PCA, each line i of

[X] corresponding to a hyperrectangle Ri in R
p is replaced by the matrix Xi of size 2p×p, whose rows

are the vertices of Ri. We thus get a single-valued data matrix XV of size n2p × p by concatenating

the Xis. The application of standard PCA to this matrix yields a component score matrix YV of size

n2p × q, in which each line corresponds to the projection of a vertex of one of the hyperrectangles

Ri. The representation of object i is then defined as the smallest hyperrectangle in R
q containing all

component scores for vertices associated to observation i. We thus obtain an interval-valued component

score matrix [YV ] = ([y−ik, y
+
ik]) of size n× q, with

y−ik = min
�∈ni

y�k,

y+
ik = max

�∈ni

y�k,
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where ni denotes the set of all vertices for observation unit i. Note that the size of data matrix XV

grows exponentially with the dimension of the input feature space. However, Cazes et al. (1997)

have shown that matrix [YV ] can be computed without having to compute the component scores for

all vertices, and the complexity of the calculations is not higher than that involved in the application

of PCA to a single-valued data matrix of size n× p.
Similarly to V-PCA, C-PCA transforms the original interval-valued data matrix [X] into a single-

valued data matrix, this time replacing each interval [x−ij, x
+
ij ] by its center xc

ij = (x−ij+x
+
ij)/2. Standard

PCA is then applied to data matrix XC = (xc
ij) of size n× p, yielding a component score matrix YC

of size n × q. As for V-PCA, the component scores for the vertices can then be computed, and the

smallest covering rectangles can be determined, yielding an interval-valued component score matrix

[YC ]. This method obviously has an intuitive appeal because of its simplicity. However, we may remark

that it does not take into account the imprecision of the data in the feature extraction process and,

consequently, it does not exploit all the available information in dectecting the underlying structure

of the data.

V-PCA and C-PCA were extended to three-way interval data by Giordani and Kiers (2004b).

2.2 Least-squares approaches

Other extensions of PCA to interval data were later proposed by D’Urso and Giordani (2004) and

Denœux and Masson (2004) using two different least-squares approaches. D’Urso and Giordani

(2004) take as a starting point the fact that, in standard PCA, YU′
q is a solution to the following

minimization problem:

min
AB′

‖X−AB′‖2

where A is a matrix of size n × q, and B a matrix of size p × q. Given an interval data matrix

[X], they propose to generalize the above optimization problem by searching an interval score matrix

[A] and a single-valued component load matrix B so as to minimize a squared Euclidean distance

between the original data matrix [X] and the reconstructed data matrix [X̂] = [A]B′. This happens

to be a constrained non linear optimization problem, for which they propose an iterative algorithm.

This method, called MR-PCA for Midpoint-Radius PCA, is extended to triangular fuzzy numbers in

(Giordani and Kiers , 2004a).

Denœux and Masson (2004) take a different route, starting with the observation that, in standard

PCA, Uq is a solution of the following minimization problem:

min
B
‖X−XBB′‖2,

where B is a matrix of order p× q, which can be seen as a weight matrix in an autoassociative neural

network with one hidden layer of q linear neurons, and one output layer of p linear neurons. Iterative

minimization of a mean squared error function yields a weight matrix B, which is identical to Uq up

to an isometric transformation. By feeding such a network with interval inputs and applying interval

arithmetics, one obtains fuzzy outputs. The weight matrix B can then be determined to optimize a

mean squared error function as in the precise case. The method, called NN-PCA for Neural network

PCA, was originally introduced in the more general setting of fuzzy intervals. Note that NN-PCA

seems to be computationally more efficient than MR-PCA, as the optimization is performed in a much

smaller parameter space.

An experimental comparison of V-PCA, C-PCA and NN-PCA was reported by Giordani and Kiers

(2006a); no method was found to outperform the other two in all cases. The authors give some clues

helping to select a method according to the data structure.
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2.3 Possibilistic approach

Yet another approach was proposed by D’Urso and Giordani (2005) in the case of fuzzy data, based

on an approach initially proposed by Tanaka et al. (1982) in the context of fuzzy regression analysis.

To simplify the presentation, the principle of this method will be explained in the case of interval

data. As before, let us assume that we have an n× p interval data marix [X] = ([xij ].

In the basic Tanaka’s interval regression model, a linear model with interval coefficients is postulated,

leading to interval-valued predictions. The regression coefficients are determined through a linear

programming (LP) formulation so as to minimize the sum of the widths of the predicted intervals,

under the constraint that they include the real or interval-valued output data. The possibilistic

approach to PCA described in D’Urso and Giordani (2005) is based on a similar idea. Given an

interval component score matrix [A] and a single-valued component load matrix B, the reconstructed

data matrix is [X̂] = [A]B′. D’Urso and Giordani (2005) proposed to determine [A] and B so that

the reconstructed interval data include the original data, i.e., [xij ] ⊆ [x̂ij ] for all i and i, and the

imprecision is minimized. Imprecision may be measured by
∑n

i=1

∑p
j=1(x̂

+
ij − x̂−ij), which is minimized

subject to inclusion constraints and orthogonality constraint BB′ = I, where I is the indentity matrix.

Note that this is a constrained non linear optimization problem, and the number of variables can grow

very large as n and p increase.

This method was originally introduced in (D’Urso and Giordani , 2005) for the case where observations

are symmetric fuzzy numbers. It was generalized in (Giordani and Kiers , 2006b) to a more general

class of fuzzy nmbers, and to three-way data.

3. Multidimensional scaling

Multidimensional scaling (MDS) (see, e.g., Borg and Groenen (1997)) is a classical tool for analyzing

dissimilarity measurements among a set of objects. The idea is to produce a map of the objects in

which each object is represented by a point in a low-dimensional space in such a way that the distances

between points reflect in some sense the input dissimilarities between the objects. The representation

space is often chosen to be Euclidean. The computation of the configuration of points, starting from

an initial random guess, is generally based on the iterative minimization of a stress function expressing

the discrepancy between the input dissimilarities and the distances. One of the simplest form of stress

function is:

(1) σ =
∑
i<j

(dij − δij)2,

where dij and δij denotes, respectively, the Euclidean distance and the dissimilarity between object

i and object j. The latter approach is referred to as Euclidean Scaling. If there is no need of “edge

points” (especially when visualizing correlations between statistical variables), an alternative approach,

proposed by Cox and Cox (1991), consists in constraining each object to lie on the surface of a sphere.

In this model, referred to as spherical MDS, the distance between two objects is measured as the

cosine of the angle between the vectors of unit length defined by the objects coordinates. As before,

a suitable stress function is minimized through an iterative scheme to derive the coordinates of the

points on the sphere.

3.1. Geometrical models for imprecise dissimilarities

First, we assume that the input dissimilarities are given as interval values [δ−ij , δ
+
ij ]. The extension to

fuzzy dissimilarity data will be discussed later. The dissimilarity between two objects being imprecise,

it seems natural to seek for an imprecise location of the objects, whatever the representation space
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Figure 1. Minimum and maximum distances between two regions. (Left): hypersphere

model; (Right): hyperbox model.
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Figure 2. Spherical caps in the spherical space

(Euclidean or spherical) chosen. For that purpose, instead of associating precise coordinates to each

object, one can choose to associate a region to it. Several region shapes with different parameterizations

have been proposed. For instance, in a Euclidean space, Denoeux and Masson (2000) and Groenen

et al. (2006) have proposed to represent each object as an hyperbox in a q-dimensional space. Each

object i is thus represented by the center ci of the box and q real values lik representing the size of

the box along each each dimension k = 1, q (see Figure 1). Alternatively, Denoeux and Masson (2000)

have proposed to represent each object as a hypersphere, parameterized by a center ci and a radius ri
(see Figure 1). Note that a similar model was proposed by Okada and Imaizumi (1987) to scale crisp

asymmetric dissimilarities.

The distances in the hypersphere model are preserved under any isometric transformation of the

configuration. This is not the case in the hyperbox model. One advantage of the hypersphere model

is that the number of parameters is smaller than in the hyperbox model, so that the optimization is

made simpler. The hyperbox model may be preferred, as underlined by Groenen et al. (2006), if

the aim of the analysis is to discover interpretable relationships among objects in terms of underlying

dimensions: as a result, the location of each object is expressed as a range of values on each dimension

of the representation space.

For spherical MDS, Hébert et al. (2006) have proposed to represent the imprecise location of an

object by a spherical cap defined by a center ci representing the location of the object on the sphere,

and an imprecision angle around this center (see Figure 2).

In each of these three representations, minimum and maximum distances between two regions Ri and
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Rj are defined as:

d−ij = min
xi∈Ri,xj∈Rj

‖xi − xj‖(2)

d+
ij = max

xi∈Ri,xj∈Rj

‖xi − xj‖.(3)

Expressions of these distances as a function the parameters of the models are easily found. For

instance, for the hypersphere model, as it can be seen from figure 1, d−ij and d+
ij are defined by the

following equations:

d−ij = max(0, dij − ri − rj)(4)

d+
ij = dij + ri + rj ,(5)

where dij = ‖ci − cj‖ denotes the Euclidean distance between the centers ci and cj .

3.2. Fitting the models

Once the representation model is fixed, the problem is to determine the parameters (centers, radii,

sizes of the box, or imprecision angles) in such a way that the minimum and maximum distances

reflect, in some sense, the minimum and maximum dissimilarities. Two major approaches may be

found in the literature. The first one is a straightforward generalization of conventional MDS. It

consists in minimizing the following stress function:

(6) σ′ =
∑
i<j

(d−ij − δ−ij)2 +
∑
i<j

(d+
ij − δ+ij)2.

This function can be minimized using a simple gradient descent algorithm as initially proposed by

Denœux and Masson (2000, 2002). However Groenen et al. (2006) have reported some convergence

problems and developed for the hyperbox model a more efficient algorithm, based an iterative ma-

jorization. Simulations have shown that this algorithm, combined with multiple random starts, yields

to good solutions. Note that they have also proposed a method (termed rational start) for initializing

the parameters of the method, derived from the links between MDS and V-PCA (see Section 2.1). It

is interesting to note that, if all the dissimilarities are precise (i.e. δ−ij = δ+ij), the model leads to null

radii, thereby generalizing the classical model.

The minimization of (6) was intended to approximate the input dissimilarities in the least squares

sense. Inspired from fuzzy regression models initiated by Tanaka et al. (1982), another way to fit

the model was proposed by Masson and Denoeux (2002). It has been developed for the hypersphere

representation in an Euclidean space and for spherical scaling. Its principle in the case of the hyper-

sphere representation is detailed in the sequel. Let us suppose that the centers ci of the hyperspheres

have already been determined, for example by minimizing (6). One may attempt to find the smallest

radii ri such that the following condition is satisfied:

(7) [δ−ij , δ
+
ij ] ⊆ [d−ij , d

+
ij ] ∀i, j.

This principle can be formulated as the following optimization problem:

(8) min
r

n∑
i=1

ri

subject to:

(9) d−ij ≤ δ−ij ∀i, j
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(10) d+
ij ≥ δ+ij ∀i, j

(11) ri ≥ 0 ∀i = 1, n .

In (8), r denotes the vector of radii (r1, r2, ..., rn)t. The minimization of (8) over r under the constraints

(9), (10) and (11) is a linear programming problem once the dij are fixed. It is trivial to observe that

this problem always has a feasible solution, since d−ij → 0 and d+
ij →∞ when ri and rj →∞. Thus, the

parameters of the model can be obtained for any input dissimilarities. Note that a similar approach

has been reconsidered in the context of rough sets theory by Huang et al. (2006). In contrast to

least-squares fitting, possibilistic fitting does not lead to null radii in case of precise but erroneous

input dissimilarities: in fact, the obtained representation reflects both the imprecision in the data

(the widths of the input dissimilarities) and the goodness-of-fit of the model (i.e., the choice of the

Euclidean distance, the dimensionality of the configuration, and the estimation errors). It is intended

to provide exact, “worst-case”, representations, in contrast to the compromise solutions derived from

the least-squares method.

Least-square and possibilistic interval MDS were extended to fuzzy dissimilarities by Masson and

Denœux (2002) for Euclidean scaling, and by Hébert et al. (2006) for spherical scaling. In that case,

each object is represented by a fuzzy region R̃i in R
q defined by a fuzzy membership function μ

eRi
.

Applying the extension principle (Zadeh, 1975), the fuzzy distance between two fuzzy regions R̃i et

R̃j is defined as:

(12) μ
edij

(w) = sup
x,y∈Rq

min(μ
eRi

(x), μ
eRj

(y)),

where the supremum is computed under the constraint ‖x−y‖ = w. If R̃i and R̃j are multidimensional

fuzzy numbers (Kaufmann and Gupta, 1991, page 146), each α-cut of d̃ij is a closed interval αd̃ij =

[αd̃−ij,
αd̃+

ij ], whose bounds are respectively the minimum and maximum distances between the α-cuts

of R̃i and R̃j. This property can be exploited to optimize the fuzzy regions so that fuzzy distances

between them approximate, or include, the input fuzzy dissimilarities.

4. Conclusion

Methods for dimensionality reduction and visualization of interval and fuzzy data have been reviewed.

These methods extend PCA and MDS, two classical methods for analysing feature and dissimilarity

data, in such a way that each object is no longer represented by a point, but by a crisp or a fuzzy region

in a low-dimensional feature space. This makes it possible to account explicitly for the imprecision of

input data, and may in some cases prevent the analyst from drawing wrong conclusions unsupported by

the original data. Two fundamental mechanisms have been proposed for deriving such representation:

one mechanism consists in finding optimal approximations, in the least squares sense, of the original

data, whereas the other approach finds the most precise representations satisfying data consistency

constraints. Extending more complex data analysis techniques to different types of imprecise data,

using these or other principles, is believed to be a major challenge for the years to come.
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1. Introduction 
Regression analysis is a fundamental analytic tool in many disciplines. The method analyzes the 

relationship between dependent and independent variables based on the given data from the statistical 
viewpoint, that is, the observation data are random with some measure errors or noise. On the other hand, the 
relation between the dependent and independent variables can be characterized by a fuzzy functional 
relationship for the given data that may be fuzzy or crisp. That is to say, an uncertain phenomenon should be 
modeled by a fuzzy functional relationship. Based on this idea, many possibilistic regression models are 
proposed [4, 8, 9, 10, 11, 12, 13, 14, 15, 16, 18]. On the other hand, the least square approach where the 
diversity between estimated fuzzy output and given fuzzy output is minimized according to different kinds of 
definitions of distance between two fuzzy numbers [1, 2, 5, 17].  

In this paper, interval data is handled from two aspects. Firstly, the causality between interval output and 
crisp inputs is analyzed by upper and lower regression models (dual possibilistic models). Based on the given 
data, the dual possibilistic models can be derived from upper and lower directions, respectively, where the 
inclusion relationship between these two models holds. Thus, the inherent uncertainty existing in the given 
phenomenon can be approximated by the dual models, which is similar to the concepts of rough sets[5]. As 
an application, the analytic hierarchy process (AHP) based on possibilistic regression analysis is researched 
to obtain the interval weight of each element for reflecting the inherent inconsistency in a decision maker’s 
intuitive judgment. Secondly, Interval data is analyzed from the measure aspect, that is, the interval data 
satisfying some conditions can be regarded as the extension of probability function, called interval 
probability function and the method for obtaining interval probability function is also proposed. 

2. Dual linear possibilistic regression models based on LP problem
An interval linear model is expressed as 

xA t
nn xAxAY 11 ,        (1) 

where  is an input variable,  is an interval denoted as ix iA Iiii caA ),(  with center  and spread  , 

 is an estimated interval, is an input vector and  is an interval coefficient 

vector.

ia ic

Y t
nxx ],,[ 1x t

nAA ],,[ 1A

The interval output in (1) can be obtained as follows:

I
ttY |)|,()( xcxax .                (2) 
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When the given outputs are intervals but the given inputs are crisp, we can consider two regression models, 
namely, an upper regression model and a lower regression model, where the given interval outputs are 
approached from upper and lower directions. These two regression models are called dual possibilistic 

models. The given data are denoted as  where  is an interval output denoted as 

. The dual possibilistic models are denoted respectively as follows: 

),(),...,,( 1
t
jjjnjj YxxY x jY

Ijj ey ),(

jnnjj xAxAY *
1

*
1

* , (Upper regression model)           (3) 

jnnjj xAxAY *11** , (Lower regression model)          (4) 

where
*
jj YY ,         (5) 

jj YY* .         (6) 

)(* xY  and  are used to denote interval estimation outputs from the upper and lower regression models 

for any vector , respectively.

)(* xY

x

The problem for obtaining the interval coefficients  can be described as the following 

LP problem:
Iiii caA ),( ***

** ,
min

ca
              (7) 

mj
j

t

,...,1

* || xc

s. t.  , j=1,…,m||**
j

t
j

t
jj ey xcxa

          , j=1,…,m||**
j

t
j

t
jj ey xcxa

0c* ,
where the first two constraints from (5) and objective function is the sum of the spreads of the estimation 
intervals. Similarly, the problem for obtaining the interval coefficients Iiii caA ),( ***  can be described as 

the following LP problem: 

** ,
max

ca
            (8) 

m

j
j

t

1
* || xc

s. t. , j=1,…,m||** j
t

j
t

jj ey xcxa

||** j
t

j
t

jj ey xcxa , j=1,…,m

0c* ,

where the first two constraints from (6) and objective function is the sum of the spreads of the estimation 
intervals. Let us show the validity of the above formulations. Assume that the given data ,( j=1,…,m)

satisfy the linear interval system 

),( 00
jjY x

00000
1

0
1

0
j

t
njnjj xAxAY xA ,                   (9) 

where .I),( 000 caA
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Theorem 1. If the given data  (j=1,…,m) satisfy (9), the interval vector  and  obtained 

from (7) and (8), respectively, are the same as . Thus, we have 

),( 00
jjY x *A *A

0A

0
*

* AAA , , (j=1,…,m)                 (10) 0
*

*
jjj YYY

Theorem 2. There always exists an optimal solution in the upper regression model (7) while it is not assured 
that there is always an optimal solution in the lower regression model (8) for interval linear systems. 

In order to check whether there is a lower regression model, let us introduce the following conjunction 
model,  

ca,
min               (11) j

mj

tJ xc
,...,1

s. t.  , j=1,…,m,jj YY )(x

       ,0c

where  is the empty set.  

Theorem 3. There exists a lower regression model (4) if and only if J=0 in the conjunction model (11). 
To obtain the upper and lower regression models simultaneously, the following LP problem can be 

considered by combining (7) and (8). 

**
** ,,,

min
caca

             (12) j
mj mj

t
j

t xcxc
,...,1 ,...,1

*
*

s. t.      , j=1,…,mjj YY *

             , j=1,…,mjj YY*

             , i=1,…,nii AA *
*

0c* ,
                  .0c*

Theorem 4. The optimal upper and lower estimations  and  in the LP problem (12) have the 
inclusion relation such that  for any .

)(* xY )(* xY

)()( *
* xx YY x

3. Similarities between dual regression models and rough sets 
Rough set theory has been proposed by Pawlak and extensively applied to classification problems, 

machine learning, and decision analysis etc. [5].  
Let U be the universe of objects and R be an equivalence relation in U. Then by  we mean the 

family of all equivalence classes of R. Equivalence classes of the relation R are called elementary sets. Any 
finite union of elementary sets is said to be a definable set. Given a set Z, the upper and lower 
approximations of Z, denoted as  and , respectively are two definable sets defined as follows: 

RU /

)(* ZR )(* ZR

}:/{)(* ZYRUYZR ,             (13) 
}:/{)(* ZYRUYZR ,             (14) 

where  is the empty set. An accuracy measure of a set Z, denoted as )(Z , is defined as 

))((
))((

)(
*
*

ZRCard
ZRCard

Z ,              (15) 
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where  and  are the cardinalities of  and  . ))(( * ZRCard ))(( * ZRCard )(* ZR )(* ZR

In fact, the upper and lower approximations of Z can be regarded as the optimal solutions of the 
following optimization problem. 

)(),(
max

ZRZR lu ))((
))((

)(
ZRCard
ZRCard

Za
u

l              (16) 

s. t.    ,)()( ZRZZR ul

where  and  are two definable sets by .)(ZRu )(ZRl RU /

Lastly, we can summarize the similarities between our models and rough sets in Table 1. 

Table 1. Similarities between rough sets and dual regression models  

Rough sets               Dual regression models 

Upper approximation:                 Upper interval output:   )(* ZR )(* xY

Lower approximation:                  Lower interval output:   )(* ZR )(* xY

Cardinality of :             Spread of :       )(* ZR ))(( * ZRCard )(* xY ||* xtc

Cardinality of :       Spread of :       |)(* XR ))(( * ZRCard )(* xY |* xtc

Inclusion relation:             Inclusion relation:   )()( *
* ZRZZR )()()( *

* xxx YYY

Accuracy measure of a set X )(Z         Measure of fitness:  
mi

i
t

i
t

m ,...,1

*
* |)|/(|)|(1 xcxc

4. Analytic hierarchy process (AHP) via interval regression models 
Analytic hierarchy process (AHP) is a method to determine priority weights with respect to many 

elements via pairwise comparisons [6]. When there are  elements, a decision maker compares a pair of 

elements for all possible combinations. Then a comparison matrix 

n

A  is obtained as follows:  

1

1
][

1

ni

ij

n

nnij

a
a

a
aA              (17)

where  shows the weight ratio of element  comparing to element ija i j . The comparison matrix A

satisfies the following relations.  

1iia , .              (18) jiij aa /1

From the given comparison matrix, the priority weights are usually obtained by the eigenvector 
method. The eigenvector problem is formulated as follows: 

wwA ,               (19) 
where  and  are the eigenvalue and eigenvector, respectively. Solving (19), the eigenvector w
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corresponding to the principal eigenvalue is obtained as the weight vector, denoted as ,

which satisfies 

t
nww ],,[ 00

1
0w

1
,...,1

0

ni
iw .               (20) 

Let us consider the weight ratio once more. Assume that the weight of the ith element  is . The 

weight ratio of  and , denoted as , should be . Therefore the following holds 

ix iw

ix jx ija ji ww /

kjikij aaa .              (21) ),,( kji

Generally, the relations (21) do not hold because the pair comparisons are from the decision maker's 
intuitive judgments with some inconsistency. Therefore, for reflecting such kind of inherent inconsistency, it 
is reasonable to assume   

],[],[ *
* iiiiiiii dcdcwwWw ,            (22) 

where  and  are the center and width of interval . Then, the pairwise comparison becomes the 

following interval.  
ic id iW

)]/()(),/()[(]/,/[/ *
*:*

* jjiijjiijijiji dcdcdcdcwwwwWW .        (23) 

The weight ratio of  and , that is,  should satisfies the following inclusion relation, ix jx ija

)]/()(),/()[( jjiijjiiij dcdcdcdca .           (24) 

The model for obtaining the interval weights can be given as follows.  

id
min

ni
id

,...,1

               (25) 

s.t. 12
,...,1,...,1

j
ni

i
ni

i ddc , j ,

           ,12
,...,1,...,1

j
ni

i
ni

i ddc j ,

)()( jjijii dcadc , ),,( iji

)()( jjijii dcadc , ),,( iji

jjj dc ,           j ,

0, jj dc ,              j .

Objective function in (25) is the sum of spreads of interval weights. The first two constraints of (25) are used 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 639 -



to guarantee that there is a weight vector  satisfying t
nww ],,[ 1w 1

,...,1 ni
iw , , ii Ww ni ,...,1 ,

which is shown in detail in Theorem 5. The third and fourth constraints are from inclusion relations (24), 

which play the same roles as (5) in interval regression models. However, the output  is a crisp value, 

which a special case of interval data.  and 

ija

jiij aa /1 1iia  in (18) lead to only the cases of ij  need 

to be considered. 

5. Identification of the interval probability function 
The interval probability function initially proposed in the paper [3] can be given as follows. 

Definition 1. Given a finite set , an interval-valued function 

with  is called interval probability function if for , there are 

, …, , ,…, 

 such that 

},{ 1 nxxX )](),([)( *
* iii xwxwxIP

)()( *
* ii xwxw )](),([)( *

* iii xwxwxw

)](),([)( 1
*

1*1 xwxwxw *
1 * 1 1( ) [ ( ), ( )i iw x w x w x ]i )](),([)( 1

*
1*1 iii xwxwxw

)](),([)( *
* nnn xwxwxw

1)(
Xx

i
i

xw .               (26) 

In the following,  and  are denoted as  and , respectively. The interval set 

 satisfies (26) if and only if the following conditions (27) and (28) hold. 

)(* ixw )(*
ixw iw*

iw*

}|)](),({[ *
* Xxxwxw iii

1)                    (27) i 1*1*1*1*
*

niii wwwww

2)                    (28) i 1**
1

*
1

*
1* niii wwwww

Next, let us consider the method for obtaining the interval function. Assume that there is a finite set 
. Consider a questionnaire for asking which element of },{ 1 nxxX X  is more possible to appear in the 

future. The answers can be summarized as a reciprocal matrix  as show in (17) and the value of 

each entry represents the specified meaning as follows. 

nnija ][

1) :  and  have the same chance to appear 1ijw ix jx

2) :  have a little more chance to appear than 3ijw ix jx

3) :  have more chance to appear than 5ijw ix jx
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4) :  happen fairly easily than 7ijw ix jx

5) :  happen absolutely easily than 9ijw ix jx

2, 4, 6 and 8 are used as complementary.  

After determining the matrix , by solving the model (25), the interval probability function can 

be obtained, that is 

nnija ][

],[)( iiiii dcdcxIP . It can be conclude that the proposed method is very 

effective for obtaining the interval probability function, which is a naturally extension of probability function 
where the crisp value is extended as interval to give some margin for obtaining the subjective probability. 
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ABSTRACT 
In this paper, interval data is handled from two aspects. Firstly, the causality between interval output and crisp 

inputs is analyzed by upper and lower regression models (dual possibilistic models). Based on the given data, the dual 

possibilistic models can be derived from upper and lower directions, respectively, where the inclusion relationship 

between these two models holds. Thus, the inherent uncertainty existing in the given phenomenon can be approximated 

by the dual models, which is similar to the concepts of rough sets[6]. As an application, the analytic hierarchy process 

(AHP) based on possibilistic regression analysis is researched to obtain the interval weight of each element for 

reflecting the inherent inconsistency in a decision maker’s intuitive judgment. Secondly, Interval data is analyzed from 

the measure aspect, that is, the interval data satisfying some conditions can be regarded as the extension of probability 

function, called interval probability function and the method for obtaining interval probability function is also proposed. 
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Abstract. The recording of symbolic interval data has become a common practice with the recent
advances in database technologies. This paper presents some fuzzy c-means clustering algorithms for
symbolic interval data. The proposed methods furnish a fuzzy partition of the input data and a
corresponding prototype (a vector of intervals) for each cluster by optimizing an adequacy criterion
which is based on suitable adaptive and non-adaptive Euclidean distance between vectors of intervals.
Experiments with real and synthetic symbolic interval data sets showed the usefulness of the proposed
method.

1. Introduction

Cluster analysis have been widely used in numerous fields including pattern recognition, data
mining and image processing. Their aim is to organize a set of items into clusters such that items
within a given cluster have a high degree of similarity, whereas items belonging to different clusters
have a high degree of dissimilarity (Jain et al (1999)). Partitioning methods can be divided in hard
clustering and fuzzy clustering. Hard clustering furnishes a hard partition where each object of the
data set is assigned to one and only one cluster. Fuzzy clustering (Bezdek (1981)) generates a fuzzy
partition that furnishes a degree of membership of each pattern in a given cluster. In many real
applications fuzzy clustering outperforms hard clustering methods particularly when the classes are
not well separated.

The partitioning dynamic cluster algorithms (Diday and Simon (1976)) are iterative two steps
relocation hard clustering algorithms involving at each iteration the construction of the clusters and the
identification of a suitable representative or prototype (means, factorial axes, probability laws, etc.) of
each cluster by locally optimizing an adequacy criterion between the clusters and their corresponding
prototypes. This optimization process begins from a set of prototypes or an initial partition and
interactively applies an allocation step (the prototypes are fixed) in order to assign the patterns to
the clusters according to their proximity to the prototypes. This is followed by a representation step
(the partition is fixed) where the prototypes are updated according to the assignment of the patterns
in the allocation step, until achieving the convergence of the algorithm, when the adequacy criterion
reaches a stationary value.

The adaptive dynamic clustering algorithm (Diday and Govaert (1977)) also optimize a criterion
based on a measure of fitting between the clusters and their prototypes, but there are distances
to compare clusters and their prototypes that change at each iteration. These distances are not
determined once and for all, and moreover, they can be different from one cluster to another. The
advantage of these adaptive distances is that the clustering algorithm is able to recognize clusters of
different shapes and sizes. The initialization, the allocation step and the stopping criterion are nearly
the same in the adaptive and non-adaptive approaches. The main difference between these algorithms
occurs in the representation step which has two stages in the adaptive case: a first stage, where the
partition and the distances are fixed and the prototypes are updated, and a second one, where the
partition and their corresponding prototypes are fixed and the distances are updated.
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Often, objects to be clustered are represented as a vector of quantitative features. However, the
recording of interval data has become a common practice in real world applications and nowadays this
kind of data is often used to describe objects. Symbolic Data Analysis (SDA) is an area related to
multivariate analysis, data mining and pattern recognition, which has provided suitable data analysis
methods for managing objects described as a vector of intervals (Bock and Diday (2000)).

Concerning dynamical cluster algorithms for symbolic interval data, (El-Sonbaty and Ismail
(1998)) have presented an ad-hoc fuzzy c-means algorithm to cluster data on the basis of different
types of symbolic variables. (Chavent and Lechevallier (2002)) proposed an algorithm using an ade-
quacy criterion based on Hausdorff distances. (Souza and De Carvalho (2004)) presented a dynamic
cluster algorithm for symbolic interval data based on City-Block distances. (De Carvalho et al (2006))
proposed an algorithm using an adequacy criterion based on adaptive Hausdorff distances for each
cluster. More recently, De Carvalho (1997) presents dynamic fuzzy clustering algorithms for symbolic
interval data.

This paper presentes fuzzy c-means clustering algorithms for symbolic interval data. These
methods furnish a partition of the input data and a corresponding prototype (a vector of intervals)
for each class by optimizing an adequacy criterion which is based on (adaptive and non-adaptive)
Euclidean distances between vectors of intervals. In order to show the usefulness of these methods,
synthetic interval data sets ranging from different degree of difficulty to be clustered and an application
with a real data set were considered. The evaluation of the clustering results is based on an external
validity index.

This paper is organized as follow. Sections 2 and 3 present the fuzzy c-means clustering methods
for symbolic inteval data based on adaptive Euclidean distances. In section 4 it is presented the
evaluation of these methods. The accuracy of the results furnished by these clustering methods is
assessed by the corrected Rand index (Hubert and Arabie (1985)) considering synthetic interval data
sets in the framework of a Monte Carlo experience and an applications with a real data set. Finally,
section 5 gives the conclusions and final remarks.

2. Fuzzy clustering algorithm for symbolic interval data based on a single adaptive
Euclidean distance

Let Ω be a set of n objects indexed by k and described by p interval variables indexed by j. An
interval variable X (Bock and Diday (2000)) is a correspondence defined from Ω in � such that for
each i ∈ Ω,X(k) = [a, b] ∈ �, where � is the set of closed intervals defined from �. Each object k is
represented as a vector of intervals xk = (x1

k, · · · , xp
k), where xj

k = [aj
k, b

j
k] ∈ � = {[a, b] : a, b ∈ �, a ≤

b}. A prototype gi of cluster Pi is also represented as a vector of intervals gi = (g1
i , · · · , gp

i ), where
gj
i = [αj

i , β
j
i ] ∈ �.

This section presents a fuzzy c-means clustering method for symbolic interval data based on a
single adaptive Euclidean distance (labeled as SFCMAD). The main idea of these methods is that
there is a distance to compare clusters and their representatives (prototypes) that changes at each
iteration but that is the same for all clusters.

This adaptive method looks for a fuzzy partition of a set of items in c clusters {P1, . . . , Pc}, the
corresponding c prototypes {g1, . . . ,gc} and the square of a single adaptive Euclidean distance defined
on vectors of intervals which is the same for all the clusters such that a criterion J measuring the
fitting between the clusters and their representatives (prototypes) is locally minimized. This criterion
J is based on a suitable single adaptive Euclidean distance and it is defined as:

J =
c∑

i=1

n∑
k=1

(uik)mϕ(xk,gi)(1)
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where xk,gi, uik and m are defined as before and

ϕ(xk,gi) =
p∑

j=1

λj
[
(aj

k − αj
i )

2 + (bj
k − βj

i )
2
]

(2)

is a single adaptive Euclidean distance measuring the dissimilarity between an object xk (k = 1, . . . , n)
and a cluster prototype gi(i = 1, . . . , c), parameterized by the weight vector λ= (λ1, . . . , λp), which
changes at each iteration but is the same for all clusters.

The algorithm starts from an initial membership degree for each pattern k in each cluster Pi and
alternates a representation step and an allocation step until the convergence of the algorithm when
the criterion J reaches a stationary value representing a local minimum. The representation step has
now two stages.
2.1 Representation step: definition of the best prototypes

In the first stage, the membership degree uik of each pattern k on cluster Pi and and the weight
vector λ are fixed.

The prototype gi = (g1
i , . . . , gp

i ) of cluster Pi (i = 1, . . . , c), which minimizes the clustering
criterion J , has the bounds of the interval gj

i = [αj
i , β

j
i ] (j = 1, . . . , p) updated according to the

follwoing expression:

αj
i =

∑n
k=1(uik)maj

k∑n
k=1(uik)m

and βj
i =

∑n
k=1(uik)mbj

k∑n
k=1(uik)m

(3)

2.2 Representation step: definition of the best ditances

In the second stage, the membership degree uik of each pattern k in cluster Pi and the prototypes
gi of class Pi (i = 1, . . . , c) are fixed. The vector of weights λ= (λ1, . . . , λp), which minimizes the
clustering criterion J under λj > 0 (j = 1, . . . , p) and

∏p
j=1 λj = 1, is updated according to the

following expression:

λj =

{∏p
h=1

[∑c
i=1

∑n
k=1(uik)m

(
(ah

k − αh
i )

2 + (bh
k − βh

i )2
)]} 1

p

∑c
i=1

∑n
k=1(uik)m

[
(aj

k − αj
i )2 + (bj

k − βj
i )2
](4)

2.3 Allocation step: defintition of the best fuzzy partition

In the allocation step, the prototypes gi of class Pi (i = 1, . . . , c) and the vector of weights
λ= (λ1, . . . , λp) (i = 1, . . . , c) are fixed. The membership degree uik (k = 1, . . . , n) of each item k in
each cluster Pi, minimizing the clustering criterion J under uik ≥ 0 and

∑c
i=1 uik = 1(i = 1, . . . , c), is

updated according to the following expression:

uik =

⎡
⎢⎢⎣

c∑
h=1

⎛
⎝
∑p

j=1 λj
[
(aj

k − αj
i )

2 + (bj
k − βj

i )
2
]

∑p
j=1 λj

[
(aj

k − αj
h)2 + (bj

k − βj
h)2
]
⎞
⎠

1
m−1

⎤
⎥⎥⎦
−1

(5)

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 645 -



3. Fuzzy clustering algorithm for symbolic interval data based on a single adaptive
Euclidean distance for each cluster

Here we present a fuzzy c-means clustering method for symbolic interval data based on an
adaptive Euclidean distance for each cluster (labeled as FCMADC). The main idea of these methods is
that there is a different distance associated to each cluster to compare clusters and their representatives
(prototypes) that changes at each iteration, i.e., the distance is not determined once for all, furthermore
is different from one cluster to another. Again, the advantage of these adaptive distances is that the
clustering algorithm is able to find clusters of different shapes and sizes.

The FCMADC adaptive method looks for a fuzzy partition of a set of items in c clusters
{P1, . . . , Pc}, the corresponding c prototypes {g1, . . . ,gc} and the square of an adaptive Euclidean
distance defined on vectors of intervals which is different for each class such that a criterion W mea-
suring the fitting between the clusters and their representatives (prototypes) is locally minimized.
This criterion W is based on an adaptive Euclidean distance for each cluster and it is defined as:

W =
c∑

i=1

n∑
k=1

(uik)mψi(xk,gi)(6)

where xk,gi, uik and m are defined as before and

ψi(xk,gi) =
p∑

j=1

λj
i

[
(aj

k − αj
i )

2 + (bj
k − βj

i )
2
]

(7)

is now the square of an adaptive Euclidean distance measuring the dissimilarity between an object
xk (k = 1, . . . , n) and a cluster prototype gi(i = 1, . . . , c), defined for each class and parameterized by
the vectors of weights λi = (λ1

i , . . . , λ
p
i ) (i = 1, . . . , c), which change at each iteration.

The algorithm starts from an initial membership degree for each pattern k in each cluster Pi and
alternates a representation step and an allocation step until the convergence of the algorithm when
the criterion W reaches a stationary value representing a local minimum. The representation step has
also two stages.
3.1 Representation step: definition of the best prototypes

In the first stage, the membership degree uik of each pattern k on cluster Pi and the vectors
of weights λi = (λ1

i , . . . , λ
p
i ) (i = 1, . . . , c), are fixed and the prototype gi = (g1

i , . . . , g
p
i ) of class

Pi (i = 1, . . . , c), which minimizes the clustering criterion W , has the bounds of the interval gj
i =

[αj
i , β

j
i ] (j = 1, . . . , p) updated according to equation (3).

3.2 Representation step: definition of the best distances

In the second stage, the membership degree uik of each pattern k in cluster Pi and the prototypes
gi of class Pi (i = 1, . . . , c) are fixed and the vectors of weights λi = (λ1

i , . . . , λ
p
i ) (i = 1, . . . , c), which

minimizes the clustering criterion W under λj
i > 0 (j = 1, . . . , p) and

∏p
j=1 λj

i = 1, is updated according
to the following expression:

λj
i =

{∏p
h=1

[∑n
k=1(uik)m

(
(ah

k − αh
i )

2 + (bh
k − βh

i )2
)]} 1

p

∑n
k=1(uik)m

[
(aj

k − αj
i )2 + (bj

k − βj
i )2
](8)
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3.3 Allocation step: definition of the best partition

In the allocation step, the prototypes gi of class Pi (i = 1, . . . , c) and the vectors of weights
λi = (λ1

i , . . . , λ
p
i ) (i = 1, . . . , c) are fixed and the membership degree uik (k = 1, . . . , n) of each item k

in each cluster Pi, minimizing the clustering criterion W under uik ≥ 0 and
∑c

i=1 uik = 1(i = 1, . . . , c),
is updated according to the following expression:

uik =

⎡
⎢⎢⎣

c∑
h=1

⎛
⎝
∑p

j=1 λj
i

[
(aj

k − αj
i )

2 + (bj
k − βj

i )
2
]

∑p
j=1 λj

h

[
(aj

k − αj
h)2 + (bj

k − βj
h)2
]
⎞
⎠

1
m−1

⎤
⎥⎥⎦
−1

(9)

4. Experimental results

To show the usefulness of these methods, experiments with synthetic symbolic interval data sets
of different degrees of clustering difficulty (clusters of different shapes and sizes, linearly non-separable,
etc) and an application with a real data set are considered.
4.1 Synthetic data sets

In each experiment, we considered two standard quantitative data sets in �2. Each data set
has 450 points scattered among four classes of unequal sizes and ellipses shapes: two classes of size
150 each and two classes of sizes 50 and 100. Each class in these quantitative data sets were drawn
according to a bi-variate normal distribution.

We consider two different configurations for the standard quantitative data sets: 1) data drawn
according to a bi-variate normal distribution where the class covariance matrices are unequal and
2) data drawn according to a bi-variate normal distribution where the class covariance matrices are
almost the same. Each data point (z1, z2) of each one of these synthetic quantitative data sets is a seed
of a vector of intervals (rectangle): ([z1 − γ1/2, z1 + γ1/2], [z2 − γ2/2, z2 + γ2/2]). These parameters
γ1, γ2 are randomly selected from the same predefined interval. The intervals considered in this paper
are: [1, 10], [1, 20], [1, 30] and [1, 40].

Symbolic interval data set 1 were constructed from standard data drawn according to the fol-
lowing parameters (configuration 1):
Class 1: μ1 = 28, μ2 = 23, σ2

1 = 144, σ2
2 = 16 and ρ12 = 0.8;

Class 2: μ1 = 62, μ2 = 30, σ2
1 = 81, σ2

2 = 49 and ρ12 = 0.7;
Class 3: μ1 = 50, μ2 = 15, σ2

1 = 49, σ2
2 = 81 and ρ12 = 0.6;

Class 4: μ1 = 57, μ2 = 48, σ2
1 = 16, σ2

2 = 144 and ρ12 = 0.9.
Symbolic interval data set 2 were constructed from standard data drawn according to the fol-

lowing parameters (configuration 2):
Class 1: μ1 = 28, μ2 = 23, σ2

1 = 100, σ2
2 = 9 and ρ12 = 0.7;

Class 2: μ1 = 62, μ2 = 30, σ2
1 = 81, σ2

2 = 16 and ρ12 = 0.8;
Class 3: μ1 = 50, μ2 = 15, σ2

1 = 100, σ2
2 = 16 and ρ12 = 0.7;

Class 4: μ1 = 57, μ2 = 37, σ2
1 = 81, σ2

2 = 9 and ρρ12 = 0.8.
It is expected, for example, that the SFCMAD clustering method performs well if the data are

drawn considering configuration 2.
The evaluation of these clustering methods was performed in the framework of a Monte Carlo

experience: 100 replications are considered for each interval data set, as well as for each predefined
interval. In each replication a clustering method is run (until the convergence to a stationary value
of the adequacy criterion) 50 times and the best result, according to the corresponding criterion, is
selected. In order to compare the clustering results furnished by the adaptive and non-adaptive fuzzy
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clustering methods for interval data presented in this paper an external index, the corrected Rand
index (CR), will be considered (Hubert and Arabie (1985)). The CR index measures the similarity
between an a priori hard partition and a hard partition obtained from the fuzzy partition furnished by
the fuzzy clustering algorithm. A hard partition P = {P1, . . . , Pc} is obtained from a fuzzy partition
defining the class Pi (i = 1, . . . , c) as: Pi = {k ∈ {1, . . . , n} : uik ≥ ujk,∀j ∈ {1, . . . , c}}. CR takes
its values from the interval [-1,1], where the value 1 indicates perfect agreement between partitions,
whereas values near 0 (or negatives) correspond to cluster agreement found by chance.

Table 1 shows the values of the average and standard deviation of CR index according to the
different methods and data configuration 1.

Table 1: Comparison between the clustering methods for interval data sets 1 and 2

Range of values Interval Data Set 1 Interval Data Set 2

of γi i = 1, 2 SFCMAD FCMADC SFCMAD FCMADC

0.683 0.777 0.819 0.833

γi ∈ [1, 10] (0.108) (0.108) (0.136) (0.117)

0.693 0.755 0.771 0.772

γi ∈ [1, 20] (0.032) (0.040) (0.039) (0.046)

0.661 0.691 0.644 0.632

γi ∈ [1, 30] (0.033) (0.046) (0.049) (0.058)

0.623 628 0.548 0.505

γi ∈ [1, 40] (0.032) (0.035) (0.043) (0.063)

As expected, in data configuration 1 (the class covariance matrices are unequal) the method based on
an adaptive distance for each cluster (FCMADC) outperforms the method based on a single adaptive
distance (SFCMAD). For this configuration, the method based on a non-adaptive distance (FCMNAD)
presented a similar performance to SFCMAD method. Data configuration 2 presents class covariance
matrices that are almost the same. As expected, in this case the SFCMAD method outperforms
the FCMADC method. The method based on a non-adaptive distance (FCMNAD) has the worst
performance.
In conclusion, for these data configurations, the methods based on adaptive distances outperform the
FCMNAD method. Concerning the adaptive methods, their performance depend on the intra-cluster
structure: the method based on a single adaptive distance performs well when the a priori classes
have similar dispersions whereas the method based on an adaptive distance for each cluster performs
well when the a priori classes have dissimilar dispersions.

4.2 Applications with a real data set

A data set with 33 car models described by 8 interval variables is used in this application. These
car models are grouped in four a priori classes of unequal sizes: Utilitarian (size 10), Berlina (size 8),
Sporting (size 7) and Luxury (size 8). The symbolic interval variables are: Price, Engine Capacity,
Top Speed, Acceleration, Step, Length, Width and Height.

For this data set, each clustering method was run until the convergence to a stationary value of
the adequacy criterion 60 times and the best result, according to the corresponding adequacy criterion,
is selected. Moreover, m was set equal to 2.

SFCMAD and FCMADC fuzzy clustering algorithms have been applied to this data set. The
4-cluster hard partition obtained with these clustering methods were compared with the 4-cluster
hard partition known a priori. The comparison index used is the corrected Rand index CR which is
calculated for the best result. The CR indices were 0.500 and 0.526, respectively, for these clustering
methods. In conclusion, for this interval data set, FCMADC method presents the best performance.
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5. Conclusions

In this paper, some fuzzy c-means clusterings methods for symbolic interval data are presented.
These methods furnish a partition of the input data and a corresponding prototype for each class by
optimizing an adequacy criterion which is based on adaptive Euclidean distances between vectors of
intervals.

The evaluation of these methode have been carried out. The accuracy of the results furnished by
these clustering methods were assessed by the corrected Rand index considering synthetic interval data
sets in the framework of a Monte Carlo experience and an application with a real data set. Concerning
the average CR index for synthetic and real symbolic interval data sets, the methods with adaptive
distances outperform the method with non-adaptive distance. Regarding the adaptive methods, their
performance depend on the intra-cluster structure: the method based on a single adaptive distance
performs well when the a priori classes have a similar dispersion whereas the method based on an
adaptive distance for each cluster performs well when the a priori classes have a dissimilar dispersion.
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for their financial support.
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Background
The motivation of this paper is to develop efficient statistical methods aimed at 
measuring the performance of business controls, through the development of
appropriate operational risk indicators. 
A number of recent legislations and market practices are motivating such developments. 
For instance, the New Basel Capital Accord” (BCBS, 2001), published by Basel 
Committee on Banking supervision, requires financial institutions to measure
operational risks, defined as “the risk of loss resulting from inadequate or failed internal 
processes, people and systems or from external events”.  In the context of information 
systems, the recently developed ISO7799 establishes the need of risk controls aimed at 
preserving the security of information systems. Finally, the publicly available 
specification PAS56, in setting criteria that should be met to maintain business 
continuity of IT-intensive companies, also calls for the development of statistical 
indicators aimed at monitoring the quality of business controls in place. 
In this paper we shall focus on the Basel Accord, however keeping in mind that what 
developed here for the banking sector can be extended to the general enterprise risk 
management framework (on this matter see e.g. Bonafede and Giudici, 2007).

The Bank of International Settlements (BIS) is the world's oldest financial institution, 
whose main purpose is to encourage and facilitate cooperation among central banks (for 
more details see BCBS, 2001). In particular, BIS established a commission, the 
BaselCommittee on Banking Supervision (BCBS, in order to formulate broad 
supervisory standards, guidelines and recommend statements of best practice. The 
ultimate purpose of the Committee is the prescription of capital adequacy standards for 
all internationally active banks. In 1988 the BCBS issued one of the most significant 
international regulations impacting on the financial decision of banks: the Basel Accord. 
Subsequently, the BCBS worked on a revision, called the New Accord on Capital
Adequacy, or Basel II (BCBS; 2001). This new framework, developed by the 
Committee in 2002 to ensure the stability and soundness of financial systems, was 
based on three 'pillars': minimum capital requirements, supervisory review and market 
discipline.

The crucial novelty of the new agreement was the identification of operational risk as a 
new category separated from the others. In fact, it was only with the new agreement that 
the Risk Management Group of the Basel Committee proposed the current definition of 
Operational Risk:
“Operational Risk is the risk of loss resulting from inadequate or failed internal 
processes, people and systems or from external events”
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The risk management group also provided a standardized classification of operational
losses into eight Business Lines (BL) and seven Event Types (ET).

The aim of operational risk measurement (for a review see e.g. Alexander, 2003; King, 
2001 or Cruz, 2002) is twofold: on one hand, there is a prudential aspect, which 
involves setting aside an amount of capital that can cover unexpected losses. This is 
typically achieved estimating a loss distribution deriving  functions of interest from it 
(such as the Value at Risk: VaR); on the other hand, there is a managerial aspects, for 
which the issue is to rank operational risks in an appropriate way, say from high prority 
to low priority, so to individuate appropriate management actions directed at improving 
preventive controls on such risks.
In general, the measurement of operational risks leads to the measurement of the 
efficacy of controls in place at a specific organisation: the higher the operational risks, 
the worse such controls.
The complexity of operational risks and the newness of the problem have driven 
international institutions, such as the Basel Committee, to define conditions that sound 
statistical methodologies  should satisfy to build and measure operational risk 
indicators.

Actuarial Methods
Statistical models for Operational Risk are grouped into two main categories: 'top-down' 
and 'bottom-up' methods. In the former, risk estimation is based on macro data without 
identifying the individual events or the causes of losses. Therefore, operational risks are 
measured and covered at a central level, so local business units are not involved in the 
measurement and allocation process. 'Top-down' methods include the Basic Indicator 
Approach (see, for example, Yasuda (2003) or Pezier (2002)) and the Standardized 
Approach (see Cornalba and Giudici (2004) or Pezier (2002) for more details), where 
risk is computed as a certain percentage of the variation of some variable, as, for 
example, gross income, considered as a proxy for firm performance. This first approach 
is suitable for small banks, that prefer a cheap methodology, easy to implement.  
'Bottom-up' techniques, instead, use individual events to determine the source and 
amount of operational risk. Operational losses can be divided into levels corresponding 
to business lines and event types and the risks are measured at each level and then 
aggregated. These techniques are particularly appropriate for large sized banks and 
those operating at the international level, since they can afford the implementation of 
sophisticated methods, sensitive to the bank's risk profile. Methods belonging to this
class are grouped into the Advanced Measurement Approaches (AMA) (BCBS, 2001).
Under the AMA, the regulatory capital requirement will equal the risk measure 
generated by the bank's internal operational risk measurement system using the 
quantitative and qualitative criteria set by the Committee. It is an advanced approach as 
it allows banks to use external and internal loss data as well as internal expertise 
(Giudici and Bilotta, 2004).
Statistical methods for operational risk management in the bottom-up context have been 
developed in very recent years. One main approaches has emerged: the actuarial
approach.
This method is applicable in the presence of actual loss data, and is based on the 
analysis of all available and relevant loss data with the aim to estimate the probability 
distribution of the losses. The most employed methods described, for example, in King, 
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2001; Cruz, 2002; Frachot et al., 2001; Dalla Valle et al., 2007, often based on extreme 
value distributions. Another line of research suggests the use of Bayesian models (see 
e.g. Yasuda, 2003, Cornalba and Giudici, 2004 and Fanoni, Giudici and Muratori, 2005)
The main disadvantage of actuarial methods is that they rely their estimates only on past 
data, thus reflecting a backward-looking perspective. Furthermore, it is often the case, 
especially for smaller organisations, that, for some business units, there are no loss data 
at all. Regulators thus recommend to develop models that can take into account different 
data streams, not only internal loss data (see e.g. BCBS, 2001). These streams may be: 
self assessment opinions, usually forward looking; external  loss databases, usually 
gathered through consortiums of companies; data on key performance indicators. 

In the actuarial model, loss events are assumed independent and, for each of them, it is 
assumed that the total loss in a given period (e.g. one year) is obtained as the sum of a 
random number (N) of impacts (Xi). In other words, for the j-th event the loss is equal 
to:

Usually the distribution of each j-specific loss is obtained from the specification of the 
distribution of the frequency N and the mean loss or severity S.  The convolution of the 
two distributions leads to the distribution of L (typically through a Monte Carlo 
estimation step), from which a functional of interest, such as the 99,9% percentile (the 
value at risk) can be derived.

Scorecard models
The scorecard approach is based on the so-called  Self Assessment, which is based on 
the experience and the opinions of a number of internal “experts” of the company, who 
usually correspond to a particular business unit. An internal procedure of control self 
assessment can be periodically done through questionnaires, submitted to risk managers 
(experts), which gives information such as the quality of internal and external control 
system of the organisation on the basis of their own experience in a given period. In a 
more sophisticated version, experts can also assess the frequency and mean severity of 
the losses for such operational risks (usually in a qualitative way).
Self assessment opinions can be summarised and modelled so to attain a ranking of the 
different risks, and a priority list of intervention in terms of improvement of the related 
controls.
In order to derive a summary measure of operational risk,  perceived losses contained  
in the self-assessment questionnaire can be represented graphically (e.g. through a 
histogram representation) and lead to an empirical  non parametrical distribution. Such a 
distribution can be employed to derive a functional of interest, such as the 99,9% 
percentile (the value at risk).

jN

i
ijj XL

1
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Scorecard models are rather useful to prioritise interventions on the control system, so 
to effectively reduce the impact of risks, ex ante and not a posteriori, as can be done by 
allocating capital (corresponding to the VaR).

We have built a methodology aimed at summarising concisely and effectively the 
results of a self-assessment questionnaire. We cannot present the details of the 
methodology, but a brief sketch of it, in the context of a real application,  that we hope 
can help the reader to understand.

Suppose that we are given 80 events at risk (this is the order of magnitude employed in 
typical banking operational risk management analysis). They can be traced to the four 
main causes of operational risk: People, Processes, Systems and External events. 

First of all a selected sample of banking professionals (both from the headquarters and 
the local branches) is obtained. The aims of the questionnaire project have been 
described in a group presentation. The nature and the structure of each risk question 
have been devised in a focus group discussion with the top manager of the bank. 

The result of this preliminary analysis is that each of the selected professional is  asked, 
for a total of about 80 risk events, his/her opinion on the: frequency, severity and 
effectiveness of the controls in place for each event. The number of possible frequency 
classes is equal to four: daily, weekly, monthly, yearly. The number of severity classes 
depend on the size of the capital of the bank, with an average of 6/7 classes, going from 
“an irrelevant loss” to “a catastrophic loss”. Finally the number of possible classes of 
the controls are three: not effective, to be adjusted, effective.

Once interviews are  collected, the aim is to assign a “rating” to each risk event, based 
on the distribution of the opinions on the frequency, controls and severity. Our proposal 
is to employ the median class as a location measure of each distribution, and the 
normalised  Gini index as an indicator of the “consensus” on such location measure. 
This results in three rating measures for each event, expressed using the conventional 
risk letters: A for low risk, B for medium risk, C for higher risk and so on. While the 
median is used to assign a “single letter” measure, the Gini index is used to double or 
triple the letter, depending on the value of the index. For example: if the median of the 
frequency distribution of a certain risk type (e.g. theft and robbery) is “yearly”, 
corresponding to the lowest risk category, a letter A is assigned. Then, if all interviewed 
agree on that evaluation (e.g. the Gini index is equal to zero), A is converted  to AAA; if 
instead the Gini index corresponds to maximum heterogeneity A remains A. 
Intermediate cases will receive a double rating of AA.
The same approach can be followed for the severity as well as for the controls, leading 
to a complete scorecard that can be used for intervention purposes.
For visualisation purposes, colors are associated to letters, using a “traffic-light” 
convention: green corresponds to A; yellow to B; red to C and so on.

Figure 1 presents the results from our scorecard model, for a collection of risk events 
belonging to People (Internal Frauds) and External Events (External frauds and losses at 
material activities)
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1.1.1 Transactions not reported (intentional)

1.1.2 Trans type unauthorised (w/ monetary loss)

1.2.1 Fraud/credit fraud/worthless deposits

1.2.2 Theft/extortion/emblezzlement/robbery

1.2.3 Malicious destruction of assets

1.2.4 Forgery

1.2.5 Check kiting or smuggling

1.2.6 Account take-over/impersonation/etc.

1.2.7 Tax non-compliance/evasion (wilful)

1.2.8 Bribes/kickbacks

1.2.9 Insider trading (not on firm's account)

1.2.10 Theft of information (w/ monetary loss)

2.1.2 Hacking damage

2.2.1 Theft/Robbery

2.2.2 Forgery

2.2.3 Check kiting

2.2.4 Clonation of credit cards, p.o.s., atm

5.1.1 Natural disaster losses

5.1.2 Losses from external sources (terrorism, vandalism)

SEVERITYFREQUENCY
P

E
O

P
L

E
CONTROLS

Internal fraud

E
X

T
E

R
N

A
L

External fraud

Danni ad attività materiali

Figure 1. Example of results from our proposed scorecard model.

From Figure 1 it turns out that the event 1.2.6 should be given a priority 1 of 
intervention, as controls are not effective, and both frequency and severity are yellow. 
Other events at risk include 2.2.1 and 2.2.4 which have a high frequency and medium 
quality controls. We remark that the opinion on the severity is usually considered 
second in priority determination as it typically concerns a mean value which cannot be 
modified by the action of controls. 

Integrated scorecard models

While scorecard methods typically use self-assessment data, actuarial models do use 
internal loss data. 
The disadvantage of these approaches is that they consider only one part of the 
statistical information available to estimate operational risks. Actuarial methods rely 
only on past loss data (backward looking) and, therefore, do not consider important 
information on the perspective and the evolution of the considered company; on the 
other hand, scorecard methods are based only on perceived data (forward looking) and, 
therefore, do not reflect well past experiences. 
A further problem is that, especially for rare events, a third data stream may be 
considered: external loss data. This source of data is made up of pooled records of 
losses, typically higher than a certain value (e.g. 5000 €), collected by an appropriate 
association of banks. 
It becomes thus necessary to develop a statistical methodology that is able to merge 
three different data streams in an appropriate way, yet maintaining simplicity of 
interpretation and predictive power. Here we shall propose a flexible nonparametric 
approach that can reach this objective. Such an approach can be justified within a non 
parametric Bayesian context.
Our approach considers, for each event, all loss data occurred in the past as well as the 
expected self assessment losses for the next period. The latter is counted as one data 
point, typically higher than actual losses, even when is calculated as a mean loss rather 
than as a worst case loss. 
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Putting together the self-assessment data point with the actual loss data points we obtain 
an integrated loss distribution, from which a VaR can directly be calculated. 
Alternatively, in order to take the losses of the distributions more correctly into account, 
a  Monte Carlo simulation can be based on the given losses, leading to a (typically 
higher) Monte Carlo VaR, parallel to what is usually done in the actuarial approach.

In Figure 2 we compare, for a real database, the Value at Risk obtained under a “pure” 
self-assessment approach, with the actuarial VaRs (both historical and Monte Carlo 
based) and the Integrated (Bayesian) VaR (both simple and Monte Carlo). For reasons 
of predictive accuracy, we build  all methods on a series of data points updated at the 
end of the year 2005; calculate the VaR for the year 2006 (possibly integrating it with 
the self-assesment available opinions for 2006) and compare the VaR with the actual 
losses for 2006. We also calculate tha VaR that would be obtained under the simple 
Basic indicator approach (BIA) , suggested by Basel II to the small and medium-sized 
bank. The BIA approach amounts to calculating a flat percentage (15%) of a relevant 
indicator (such as the gross income), without statistical elaborations.

3.115 698.128 828.379 963.587
1.179.434 1.180.929

4.608.800
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Self-

assessment
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Figure 2. Example of results from our integrated scorecard model.

From Figure 2 it turns out that both our proposed models (Bayes Var and Bayes Monte 
Carlo) lead to an allocation of capital (represented by the VaR) lower than the BIA 
approach, and higher than the observed losses. Although these results are achieved by 
the actuarial models as well (Historical and Actuarial Monte Carlo) we believe that a 
prudential approach, as expressed by our proposal, is a more sound approach, especially 
in a longer time horizon.
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Introduction

The last decade has witnessed a growing diffusion of Value at Risk (VaR) as a conventional tool
for measuring market risk. The popularity of VaR mainly derives from the key role that the 1996
Capital Adequacy Directive by the Bank of International Settlement has assigned to this risk measure.

Given the variety of available solutions, identifying the ”best” VaR model for operational pur-
poses is of course not an easy task. Calibration techniques offer a valuable tool which allows i) to avoid
the difficulties usually arising at the model identification stage ii) to save programming and computing
time at the model estimation stage. The basic idea is to use a a simple (and generally misspecified
model) to obtain a preliminary estimate of VaR. This preliminary estimate is then corrected with
respect to some adequately chosen data driven calibration rule.

Hartz et al. (2006) have recently proposed a calibration procedure for VaR estimates obtained
by conditionally Gaussian GARCH models. Their procedure is computational intensive since it makes
use of the residual bootstrap to approximate the sampling distribution of the one step ahead VaR
estimated by the preliminary model. The calibrated estimate of VaR is then given by an appropriately
chosen percentile of the bootstrap estimate of the VaR sampling distribution.

Aim of this paper is to investigate the effectiveness of conceptually simple, easy to implement and
computationally fast procedures for calibrating VaR estimates generated from an arbitrarily chosen
preliminary VaR model. The basic idea is to force the calibrated VaR estimate to be ”efficient”, in the
sense of Christoffersen (1998), over a data window including the most recent historical data available,
which is called the ”calibration window”. In this way it is possible to generate correct VaR predictions
even if an over-simplified, generally misspecified, model is used at the preliminary stage. Two different
schemes are considered. The first has been suggested by Diebold et al. (1999) for calibration of forecast
densities and it exploits the theoretical properties of the probability integral transform. The second
has been proposed by Gneiting et al. (2007) as an alternative tool for assessing probabilistic forecasts
in weather forecasting.

It is worth noting that the procedures are completely data driven since they can be automatically

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 659 -



applied without requiring the identification of any tuning parameter except for the length of the
calibration window. However, simulations and applications to real data suggest that the results are
sufficiently robust to the choice of its length. Due to these features, the calibration schemes can be
of interest to deal with cases in which the application of more computational intensive (and so time
consuming) procedures would be not feasible. In a data mining framework, calibration algorithms can
be routinely applied for real time calibration of a high number of time series of portfolio returns, as it
is standard practice in modern risk management. In a resampling framework, they could be used as
a building block to define feasible bootstrap procedures useful for the evaluation of the uncertainty of
multistep VaR estimates.

The structure of the paper is as follows. The calibration procedures are illustrated in the next
section while their accuracy is investigated, in the third section, by means of Monte Carlo simulation.
The last section reports the results of an application to a time series of daily log-returns on the S&P
500.

The calibration procedures

Let rt, t = 1, 2, . . ., be the logarithmic return on a given asset at time t. The one period ahead
VaR at the confidence level α at time t, indicated as V aR

(α)
t , can be defined as the α order quantile of

the distribution of rt conditional on information at the time of prediction t−1. Let ft(rt) = f(rt|It−1)
be the one-step ahead predictive density of rt, with It−1 denoting the information available at time
t−1, and let Ft(rt) be the associated cumulative distribution function (cdf). VaR can be then formally
written as:

(1) V aR
(α)
t = F−1

t (α) = inf
x

{
P
(
rt < x|It−1

)
= α

}
.

If the predictive distribution Ft is unknown, VaR cannot be computed exactly but we can
calibrate the VaR computed on some known (possibly simple) model to get a good approximation of
the unknown VaR value. The approach follows in its the spirit the calibration technique proposed by
Loh (1991) for bootstrap confidence intervals. Let Gt be some known predictive distribution (e.g the
Gaussian) estimated by a possibly misspecified VaR model. By definition of quantile of order α′, we
have

(2) Gt

(
z
(α′)
t

)
= α′

and we can choose α′ such that

(3) z
(α′)
t = V aR

(α)
t .

Clearly, from equation (3) we have G−1
t (α′) = F−1

t (α) and as a consequence the relationship

(4) α = Ft

(
G−1

t

(
α′
))

= π
(
α′
)
.

with π(·) = Ft

(
G−1

t (·)).
The idea of calibration is simply to replace α with another value α′ such that the observed

coverage, π(α′) is close to the nominal level α. In other words, the function π(·) defines a relation
between the nominal coverage of the true unknown predictive distribution and the coverage that should
be fixed on the approximating function Gt in order to get the proper coverage on the true unknown
function Ft. The basic idea is to calibrate and use the ”wrong” distribution Gt(·) in order to get the
quantile able to ensure the ”right” coverage α.

Clearly π(·) is unknown but it could be estimated by bootstrapping via Monte Carlo simulation.
A different and more straightforward (ad so faster) approach can be carried out as follows. In practice,
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the unknown function Ft(x) can be estimated by using the indicator function I (xt ≤ x) and, from
equation (4), we get the Bernoulli random variable Ht = I

(
rt ≤ G−1

t (α′)
)

which is equivalent to

Ht = I

(
rt ≤ V aR

(α)
t

)
. Clearly, Ht = 0, if V aRα

t < rt and 1 otherwise, with t = 1, 2, . . .. So at
this stage we recover the same logic underlying the correct unconditional coverage test investigated
by Christoffersen (1998). For rt, t = 1, 2, . . . , T and T sufficiently large, the sample average of the
exceptions can be used to approximate the realized coverage. Namely, for appropriately chosen α′,
1
T

∑T
t=1 Ht

∼= α which is equivalent to

(5)
1
T

T∑
t=1

I
(
Gt (rt) ≤ α′

) ∼= α.

Equation (5) gives an estimated relationship between α and α′, α = π̂ (α′) where π̂(·) is the cumulative
empirical distribution function of the variables Gt (rt) which can be inverted to obtain the estimated
relationship between the desired coverage and the calibrated one

(6) α̂′ = π̂−1(α).

Observe that equation (5) is the same as in Diebold et al. (1999) and it is equivalent to probabilistic
calibration defined in Gneiting et al. (2007, theorem 2). Also, observe that the term calibration is
not used as in Gneiting et al (2007); here calibration is not intended as validation tool for weather
forecast densities but instead as a tool for level correction in order to obtain the desired nominal level.
Here, the term calibration is used in the same way as in Loh (1991) for the calibration of bootstrap
confidence intervals. Gneiting et al. (2007) also introduce the notion of marginal calibration and a
simple tool for its assessment. This is constructed by comparing the average predictive cumulative
distribution function with the empirical cumulative function of the observations:

(7) ḠT (x) − F̂T (x)

where ḠT (x) = 1
T

∑T
t=1 Gt (x) and F̂T (x) = 1

T

∑T
t=1 I (rt ≤ x). The closer to zero is the difference

between the two distributions the better the forecasting performances are. The same information can
be given in terms of quantiles, and a different calibration function, analogue to equation (6), can be
constructed as

(8) Ḡ−1
T (α′) − F̂−1

T (α) = 0

obtaining

(9) α′ = ḠT

(
F̂−1

T (α)
)

.

The previous relationship can be used as a calibration tool in the same way as the one derived by the
probabilistic calibration principle.

The above described framework readily adapts to consider k-steps ahead VaR prediction. In
this case the predictive density of interest is ft,k(Rt) = f(Rt|It−k), where Rt =

∑k
j=1 rt−j+1, with

Ft,k(Rt) denoting the associated cdf. The k-steps ahead VaR is given by

(10) V aR
(α)
t,k = F−1

t,k (α) = inf
x

{
P

(
Rt < x|It−k

)
= α

}
.

To better illustrate the procedure in a risk management setting, consider a conditionally Gaus-
sian GARCH(1,1) model as an approximating model. The choice is motivated by the widespread
diffusion of this model among practitioners. Also, differently from many more complex GARCH type
models, its statistical properties are well estabilished and numerically reliable routines for the esti-
mation of this particular model are available in many general statistics packages. The returns are
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assumed to be given by a martingale difference sequence rt = htzt where zt
iid∼ N(0, 1) and h2

t , the
conditional variance of rt given past information up to time (t−1), is given by h2

t = ω +αr2
t−1 +βh2

t−1

for the GARCH(1,1) model. The model parameters are estimated by maximizing a Gaussian pseudo-
likelihood function. This implies that the approximating distribution for 1-step ahead VaR prediction
is given by Gt(rt) = Φ(rt/ĥt|t−1), where Φ(.) denotes the cdf of a standard normal random variable
and ĥt|t−1 is the conditional standard deviation of rt: ĥ2

t|t−1 = ω̂ + α̂r2
t−1 + β̂ĥ2

t−1|t−2, with {ω̂, α̂, β̂}
being pseudo maximum likelihood estimates of {ω, α, β}.

For k-steps ahead VaR prediction, we let Gt,k = Φ(Rt/h̃t|t−k) with

(11) h̃t|t−k =
√

kĥt−k+1|t−k

where ĥt−k+1|t−k is the conditional standard deviation of rt−k+1 given It−k predicted by means of a
conditionally Gaussian GARCH model fitted to the rt series. The approximation in equation (11) is
well known in risk management practice as the ‘square root’ rule and is widely used by practitioners
as a practical and fast way of generating k-steps ahead VaR predictions, despite the lack of a solid
theoretical background supporting this practice. The limits of this approach have been recently
discussed by So and Wong (2003), among the others. The potential sources of misspecification affecting
the approximating model are then given by i) the conditional Gaussianity assumption ii) the scaling
rule implied by equation (11). However, the calibration scheme based on formula (11) can still offer
a fast alternative to Monte Carlo simulation for VaR estimation in a multiperiod framework. The
computational gain can be substantial especially when resampling techniques are used to evaluate the
uncertainty associated to VaR estimates.

Simulation results

In this section in order to assess the effectiveness of the above described calibration proce-
dures in finite samples, we present the results of a Monte Carlo simulation study. As data gener-
ating process (DGP) we have considered GARCH(1,1) models with Student T error distributions,
both symmetric and asymmetric (Bauwens and Laurent, 2005). The degrees of freedom range in
the set {5, 10, 20} and the skewness parameter has been fixed to 0.7, to ensure a negatively skewed
distribution to reflect empirical evidence coming from real stock markets. Three different time se-
ries lengths, T = {500, 1000, 2000}, and four different coverage levels have been considered, α =
{0.05, 0.025, 0.01, 0.005}. However, due to space constraints and following the guidelines suggested in
the Basle agreement, we only discuss the case α = 0.01. Also, different holding periods k up to an
horizon of 10 periods (1 ≤ k ≤ 10) have been considered. As discussed in the previous section, our pre-
liminary model is given by a conditionally Gaussian GARCH(1,1) model coupled with a ‘square-root’
scaling rule.

The VaR has been calibrated by using the simulated time series and it has been validated on
a set of future observations by measuring the observed coverage over an out of sample set of 5000
simulated observations from the same DGP. For each DGP and value of T considered, 500 Monte
Carlo runs have been generated.

The medians (median absolute deviations) of the distribution of the observed coverages for the
VaR computed by using the Gaussian GARCH model and the two calibration procedures have been
reported in figure 1 (figure 2). Again, due to space constraints, we only discuss the case of T = 2000,
a common time series length in financial applications. However, the ranking of the three methods
remains the same also for the cases T = 500 and T = 1000.

Clearly, the calibration procedures seem to be able to correct the bias of the estimated VaR
values. The probabilistic calibration (PC) rule performs better than the preliminary model (PM)
and the marginal calibration (MC) rule, for all the DGPs considered and for all the time horizons.
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Particurarly encouraging are the results for the PC, where calibrated VaR values seem to be very close
to the nominal ones, again for all DGPs and time horizons. As expected, the advantage in using the
calibration scheme are greater for DGPs far away from the Gaussian GARCH model. The price to be
paid is an increase of variability of the observed coverages, generated by the uncertainty introduced
when estimating the quantile in the calibration procedures. Observe that the results improve, both
in terms of bias and variability, when the time series length increases, suggesting consistency of the
calibration procedures (see figures 3 and 4). Due to space constraints we just reported the case of the
probabilistic calibration but similar results apply for marginal calibration.

Finally, observe that calibration procedures are based on sample quantiles of extreme tail prob-
abilities. Therefore, they could be improved in small samples, both in terms of bias and variability,
by a more accurate estimate of these quantiles. However, this is still under investigation.

Application to real data

This section presents an application of the calibration procedure illustrated in section 2 to a time
series of daily (percentage) log-returns on the S&P500 stock market index. The observation period
goes from January 5, 1971 to December 29, 2006 for a total of T=9086 observations. The data are
characterized by a strong kurtosis (38.65) and a remarkable negative skewness coefficient (-1.44). The
minimimum (-22.9%) is achieved in correspondence of the October 1987 crash. Again, as preliminary
model for our calibration exercise, we consider a conditionally Gaussian GARCH(1,1) model. Several
papers (Hamilton and Susmel, 1994; Bauwens and Storti, 2007) have documented how sufficiently long
time series of daily stock returns are likely to be characterized by the presence of structural breaks.
In particular the persistence of the volatility process has been shown to be state dependent with a
tendency to decrease in turbulent periods, such as those following extreme market events, like, for
example, the October 1987 and September 2001 crises which are both included in our sample period.
In order to safeguard against the presence of structural breaks, which could result in non-stationary
hit sequences at the backtesting stage, we adopt a rolling sample estimation strategy. In particular,
we fix an estimation window of length N which is used for model estimation and calibration. For
each window, the coefficients of the GARCH(1,1) model are estimated by maximizing a Gaussian
likelihood function expressed in the usual prediction error decomposition form. The calibrated models
are then used to generate one step ahead VaR predictions for period (N + 1) conditional on IN . In
order to predict VaR for subsequent periods (N + h), with h > 0 we iterate the procedure taking
observations referring to periods from h to (N + h − 1) as estimation, and calibration, window. To
analyze the sensitivity to the selection of the length of the calibration window, we use two different
values of N , N = 1000 and N = 2000, respectively. In both cases we have assessed the quality of VaR
predictions by computing the empirical coverage, which is the rate of VaR violations, over the last
(T − N) observations which have been taken as validation period. The estimation results have been
graphically represented in figure 5, in terms of the empirical coverages associated to the estimated
VaR series. The PC rule, overall, performs better than the preliminary model and the MC rule. The
gains result more evident for α = 0.01. For α = 0.025 a different picture arises depending on the value
of N . For N = 1000, PC outperforms its competitors being closer to the nominal coverage than PM
and MC. Also, while PC coverages stay well within the 95% confidence bands for any horizon, this is
not true for PM and MC. Differently, for N = 2000, the differences between the empirical coverages
yielded by the three approaches considered are not statistically significant. This situation is partially
reversed for α = 0.05: no significant differences arise for N = 1000 while, for N = 2000, the use of
calibration procedure gives a substantial gain for a forecast horizon k > 5.
Finally, the results show how the length of the rolling estimation window has a substantial impact
on the forecasting performance of the VaR models considered which is a well known problem in the
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forecasting literature. Nevertheless, it is worth noting how the dependence on the value of N is less
critical for the PC approach than for its competitors. This consideration suggests a further argument
in favour of the use of a PC rule to correct VaR estimates.
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Figure 1: Medians of out of sample empirical coverages distributions for Normal (solid line), marginal
calibration (point line) and probabilistic calibration (dashed line) at confidence level α = 0.01. Monte
Carlo runs = 500, T = 2000. DGPs are GARCH models with symmetric and asymmetric Student T

errors with df = 5, 10, 20
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Figure 2: MADs of out of sample empirical coverages distributions for Normal (solid line), marginal
calibration (point line) and probabilistic calibration (dashed line) at confidence level α = 0.01. Monte
Carlo runs = 500, T = 2000. DGPs are GARCH models with symmetric and asymmetric Student T

errors with df = 5, 10, 20
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Figure 3: Medians of out of sample empirical coverages distributions for probabilistic calibration at
different time series lengths: T = 500 (solid line), T = 1000 (dashed line) and T = 2000 (point line)
at confidence level α = 0.01. Monte Carlo runs = 500. DGPs are GARCH models with symmetric
and asymmetric Student T errors with df = 5, 10, 20

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 665 -



2 4 6 8 10

0.
00

0
0.

01
0

M
A

D

Symmetric Student T, df=20

2 4 6 8 10

0.
00

0
0.

01
0

Symmetric Student T, df=10

2 4 6 8 10

0.
00

0
0.

01
0

Symmetric Student T, df=5

2 4 6 8 10

0.
00

0
0.

01
0

Horizon

M
A

D

Asymmetric Student T, df=20

2 4 6 8 10

0.
00

0
0.

01
0

Horizon

Asymmetric Student T, df=10

2 4 6 8 10

0.
00

0
0.

01
0

Horizon

Asymmetric Student T, df=5

Figure 4: MADs of out of sample empirical coverages distributions for probabilistic calibration at
different time series lengths: T = 500 (solid line), T = 1000 (dashed line) and T = 2000 (point line)
at confidence level α = 0.01. Monte Carlo runs = 500. DGPs are GARCH models with symmetric
and asymmetric Student T errors with df = 5, 10, 20
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Figure 5: Daily S&P500 returns: empirical out of sample coverages (with 95% acceptance bands) for
different holding periods (1 ≤ k ≤ 10) and confidence levels α = {0.05, 0.025, 0.01}. N denotes the
moving window.
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1. Introduction 
In all financial markets, the institutions responsible for clearing and settlement are the exchange 

and the clearinghouse, particularly the latter.  Bernanke (1990) points out that in some markets, the 
clearinghouse is a part of the exchange; otherwise, it is a separate nonprofit corporation.  Also, all 
clearinghouses function as an association of the clearing members.  Being members of the 
clearinghouse, private firms acquire the right to clear trades (of futures or options) of their own 
customers and for non-member firms.  Furthermore, members can also do proprietary trading and clear 
trades on their own.  Consequently, a clearing member may end up with a net position.  The 
clearinghouse stands in the centre of the settlement process, disbursing payments and receiving payments 
to and from clearing members.  Thus a clearinghouse acts as a centralized counter-party and assumes 
the default risk of its clearing members.  This setup greatly reduces the members’ counter-party risk 
since the clearinghouse is well known to be very prudent in risk management and is backed up by a 
substantial amount of reserve funds. 

Being a centralized counter-party, a clearinghouse normally bears no market risk since at all times, 
the market values of the long and the short positions cancel each other.  However, a clearinghouse is 
exposed to its members’ default risk.  When a clearing member defaults, the clearinghouse needs to 
liquidate the member’s position.  A clearing member defaults because its clients do so, or because the 
loss in its own proprietary account forces it to do so.  In view of the members’ default risk, a 
clearinghouse may adopt various measures.  It may require a member to have a minimum capital level, 
pay up a guarantee fund, or report regularly its firm capital, to name just a few.  Among all the risk 
management measures, the most substantial one is to put up an initial/maintenance margin, and to require 
members to do likewise for their clients. 

The purpose of a margin requirement is to protect the clearinghouse from members’ defaults 
resulting from big losses due to adverse movements of futures prices.  Hence, a clearinghouse should 
impose a margin level such that margin money collected can cover the future price swing with a large 
probability.  To achieve this goal, Duffie (1989) suggested statistical methods to determine a margin 
level to guard against a default. In the earlier literatures, normality assumption was usually adopted for 
calculating an appropriate margin.  Later, Warshawsky (1989) showed that the usual normality 
assumption is inappropriate. In lieu of the normal assumption, Kofman (1993), Longin (2000) and Cotter 
(2001) used extreme value theory to determine an appropriate margin level.  Booth, Broussard, 
Martikainen and Puttonen (1997) and Booth and Broussard (1998) documented that the use of 
extreme-value statistical techniques to various futures contracts may be beneficial to the margin-setting 
committee which holds the final authority in margin determination. 
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While a margin committee of a clearinghouse would not follow a mechanical formula in setting the 
margin, they do use some benchmark formula as a reference in their margin decision process.  Since 
statistical theory suggests that the default probability depends on market volatility, such benchmark 
formula invariably includes a volatility forecast as one of the key determinants in a margin formula.  
The benchmark margin is often set to be equal to a constant multiple of a volatility forecast.  See for 
instance Lam, Lee, Cox, Leung and Zhou (1999), a report of the Hong Kong Futures Exchange and 
Clearing Corporation of which the third author K. Lam was a Board director.  For instance, if a 
clearinghouse adopts a multiplier equal to 3 and if the daily volatility is forecasted to be 2%, the 
maintenance margin level per contract is suggested to be 3x2% = 6% of the contract value.  Different 
clearinghouses would adopt different constant multipliers, depending on how much coverage probability 
they want to achieve.  Needless to say, the larger the multiplier is, the larger the coverage probability 
will be.  The following table is taken from Lam, Sin and Leung (2004), in which they tabulated the 
multipliers adopted by clearinghouses in various markets in the world.  In the table below, T refers to 
the number of data points used to compute a historical volatility. 

Table 1:  Choices of T and k in Various Clearinghouses 
Exchange/clearinghouse Choice of T Choice of k

Chicago Mercantile Exchange T = 1, 3, 6 months k = 1.96 

Board of Trade Clearing Corporation T = 30, 90, 125 days k = 1.96 

The Options Clearing Corporation T = 3 months, 1 year k = 1.96 

London Clearing House 
T = 60 days, 2 years 
 (concentrate on 60 days) 

k = 3 

Singapore International Monetary Exchange T = 30, 90, 180 days k = 2 to 3 

Sydney Futures Exchange Clearing House T large (long-term) k = 2.58 

To sum up, there are two critical inputs in calculating a benchmark margin.  The first is the 
volatility forecast to be used and the second is the magnitude of the constant multiplier k.  In view of 
the fact that the normality assumption is not valid, it is difficult to determine k a priori.  Thus, the most 
sensible way to determine a constant multiplier is to make it compatible with a small default probability 
deemed appropriate by the margin committee.  In other words, the constant multiplier should be 
determined empirically using historical data. 

In this regard, Lam et al. (2004) reported that in the Hong Kong market, if volatility of returns in 
the past 60 days is used as a volatility forecast, in order to maintain a 95% chance of coverage, k is 
estimated as equal to 2.087.  However if a GARCH (generalized auto-regressive conditional 
heteroskedasticity) model is adopted, to achieve the same coverage probability, the estimate for k
becomes 2.580.  From the above discussion, it seems that it does not matter whichever volatility 
forecast is to be used because the constant multiplier can always be adjusted so that the margin collected 
can attain the same goal, that is, maintaining a coverage probability deemed appropriate by a margin 
setting committee.  To compare various volatility forecasts, Lam et al. (2004) introduced another 
dimension of margin effectiveness.  They argued that while margin determination should be prudential, 
a high margin level drives up the investors’ cost.  The opportunity cost imposed on investors who pay 
up the margin should also be taken into consideration.  It is this extra dimension that can differentiate 
between the effectiveness of various volatility forecasts.   

2. How not to overcharge the investors 
While the primary concern for a clearinghouse is to have a prudential margin system to guard 

against members’ default, the clearinghouse also has to play a role in protecting the interests of the 
public as specified by the Exchanges and Clearinghouses (Merger) Ordinance (Caption 555).  The 
ordinance requires the HKEx to maintain an orderly and fair market, and to manage risks prudentially.  
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Thus a clearinghouse should take measures not to overcharge the investors and also should maintain a 
stable margin requirement and not to change the margin requirement too frequently. To take care of the 
former, Lam et al. (2004) formulated measures of opportunity cost and compare volatility forecasts in 
terms of such opportunity costs.  These measures include (1) the average margin level in the long run, 
and (2) the amount of overcharge which is defined as E[(M – L)+] where M is the required margin and L
is the actual loss suffered by the investor.  Specifically, they compared three variants of volatility 
forecasts, namely (1) simple moving averages of historical volatility (SMA of HV), (2) exponentially 
weighted moving averages of historical volatility (EWMA of HV), and (3) a volatility forecast based on 
the GARCH model.  They concluded that as far as Hong Kong market is concerned, (3) is better than (2) 
which in turn is better than (1), in the sense that (3) saves the most amount of money for investors in the 
futures market while the same default risk level of the clearinghouse is maintained.  In Figure 2 in Lam 
et al. (2004), it can be seen that the GARCH model achieves the minimum overcharge across all 
prudential levels measured by the coverage probability. 

Although it is found that the GARCH approach out-performs other approaches based on average 
opportunity cost, their results show that the GARCH approach may sometimes suggest rather extreme 
margin levels as compared to the other approaches.  If we mechanically adopt a GARCH approach, we 
also run the risk of changing the margin levels rather frequently.  This is of course an undesirable 
outcome.  According to Fenn and Kupiec (1993), it is costly to change margin requirement too 
frequently.  For example, they point out that in a sample period of 7 years, margins were changed 10 
times on the S&P500, 7 times on the NXSE Composites.  Also within a span of five years, MMI 
changes its margin 11 times.  It seems that most of the clearinghouses change their margin not more 
than 3 times a year in a longer run.  Thus a practical concern in margin policy is the frequency of 
margin changes.  This paper will compare margin setting methodologies taking these practical 
considerations into account.  As pointed out by Brenner (1981), the designated margin committee in a 
clearinghouse should have the discretion to set the margin taking all factors into consideration.  In 
particular, practical factors like the frequency of margin changes should play a part in their decision 
process.

3. Methodology to maintain margin at a stable level 
To maintain market stability, a margin committee may not like to have the margins changed so 

frequently.  As suggested by Fenn & Kupiec (1993), it may be costly to alter margin requirements.  
They propose that “The margin committee might set initial margin higher on average and not reset 
margin until it has a higher degree of confidence that volatility has substantially changed.”  If we adopt 
this approach by Fenn & Kupiec (1993), then although a GARCH model may suggest an increase of 
volatility, the margin committee may still hold the margin at its current level, unless the increase is 
substantial.  To implement this idea, we introduce two parameters 0kk  and 10 bb  where 
k  is sensitive to volatility changes and b  is intended to control the frequency of margin changes.  An 
operational scheme can be introduced as follows.  At day one when the futures closes at 1f  and 

volatility forecast is 1 , we consider margin band bkf 111  and charge margin at the upper band 

level i.e. bkf 111 .  The margin charged as well as the margin band will remain unchanged until 

at one day, say day t , the volatility forecast t  gives a value tt kf  which falls outside the existing 

margin band.  If tt kf  exceeds the upper level of the margin band, or if ttkf  is smaller than the 

lower level of the margin band, reset margin at bkf tt 1  and reset the margin band as 

bkf tt 1 . The updated margin level and the margin band will remain unchanged until the next 
breakout.   

In this paper, we recognize that in a practical approach to margin setting, we need to maintain a 
high coverage probability as well as having a stable margining system.  The nice things about the 
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previous scheme is that we have two parameters k  and  b  and we can find a suitable combination of 
k  and  b  to achieve both goals.  For example, when historical volatility is used as a volatility 
forecast, to achieve a coverage probability of 99% and to maintain a frequency of change equal to six 
times a year in the HSIF market in Hong Kong, empirical data show that this can be achieved by setting 

518.2k  and 352.0b .  The only question that remains is which volatility forecasts should be 
used as an input to the practical margin setting scheme.  To compare two volatility forecasts, we can 
first set k  and b  so that both forecasts give rise to the same coverage probability and the same 
frequency for margin changes.  The two volatility forecasts can then be compared by the theoretical 
framework proposed by Lam, Sin and Leung (2004). 

4. Volatility forecasts to be compared 
The usual volatility forecasts to be compared are (1) historical volatility based on equal weighting 

of past data (abbreviated as HV), (2) historical volatility based on exponential weighting of part data 
(abbreviated as EWMA), (3) A GARCH model on historical returns (abbreviated as GARCH),or (4) A 
GARCH model on historical returns with built in asymmetry (abbreviated as GARCH-GJR).  In this 
paper, we broaden the scope to include other volatility forecasts deemed as important by recent literature.  
As a forecast of the subsequent market volatility, implied volatility is widely believed to be 
informationally superior to other alternatives because it is the ‘markets’ forecast of future volatility.  
Thus in the list of volatility forecasts to be compared, we also include (5) Implied volatility (abbreviated 
as IV) and (6) Implied volatility with exponential smoothing (abbreviated as IV-EWMA).  The reason 
why we perform exponential smoothing on IV is that it is not uncommon for exponential smoothing to 
improve on forecasting results.  Thus, despite the fact that there is no a priori reason for exponential 
smoothing, we include it to have a more comprehensive comparison. Other than implied volatility, 
realized volatility based on intraday returns such as the five minute returns also received much attention 
by recent researchers. In Anderson et al. (2003), a framework to integrate high-frequency intraday data 
into the measurement, modelling and forecasting of daily return volatilities.  Hence the list of volatility 
forecasts is not complete if we omit RV from the list. In this paper, we also consider volatility forecasts 
based on RV and include in our study (7) Realized volatility (abbreviated as RV) and (8) Realized 
volatility with exponential smoothing (abbreviates as RV-EWMA). 

After listing the various volatility forecasts to be used as possible inputs in a margin setting system, 
we now tackle the question as to which forecast is the most effective as a margin determinant.  As we 
have pointed out in previous sections, coverage probability and frequency of margin changes are not 
important in the comparison because these prescribed levels can all be met by properly designed 
parameters k  and b . The only dimension that can now be compared is: which forecast can give us a 
margin that saves investors form being overcharged.  For this purpose, we adopt the AOV (average 
overcharge) criterion introduced by Lam, Sin and Leung (2003).  Data that will be used for the 
comparison will be described in Section 5 and empirical results will be reported in Section 6. 

5. Data
The Hang Seng Index Futures (HSIF) market is chosen for comparing the effectiveness of the 

various volatility forecasts, listed in Section 4.  The HSIF market is a relatively volatile market.  
Immediately after the world stock market crash in 1987, the Hong Kong Futures Exchange has gone 
through a crisis of near bankruptcy and was saved by a government loan in 1987.  Since then, it has 
gone through some major restructuring and has paid back its loan from the government.  The Futures 
Exchange has since been very prudent in setting its margin level and its prudence pays off in safely 
weathering the Asian financial crisis when the Hong Kong dollar was under attack by hedge fund 
managers in 1998.  Before Year 2000, the Hong Kong Stock Exchange, the Futures Exchange and the 
Clearing Corporation are three different entities. They are merged into the Hong Kong Exchanges and 
Clearing under a demutualization act put forth by the Hong Kong Government in Year 2000. The data 
sample covers the period from August 1, 1996 to May 30, 2006, which amounts to a total of 2,424 
observations.  

For HV computations, daily closing prices for futures contracts will be collected to compute the 
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daily returns.  In order to mitigate the expiration effects, we follow the suggestion of Puttonen (1993) 
and shift over to the next nearest futures contract one day before the expiration of the nearest futures.  
For HV without exponential smoothing, a 90-day HV is computed.  For exponential smoothing, a 
smoothing factor of 0.96 is used.  For IV computations, we need to compile the prices of 
near-the-money options at the market close.  Apart from the daily data, we also use the intradaily 
tick-by-tick data to construct the realized volatility (RV) for each trading day.  Following Taylor and Xu 
(1997) and Fleming, Kirby and Ostdiek (2003) (see also Müller et al., 1990 and Dacorogna et al., 1993), 
we compute the five-minute RV from the tick-by-tick data provided by the HKEx.  More precisely, for 
each trading day, the raw RV is simply the average of the square of five-minute returns of HSIF. 

6. Empirical results 
In this Section, we consider various prescription of coverage probability and the yearly expected 

change frequency for margins.  Coverage probabilities considered in this paper include: 98%, 99%, 
99.4% and 99.8% and yearly expected change frequency of 3 and 6 times are considered.  For each pair 
of prescribed values, and for each type of volatility forecast, we find a combination of k  and b  value 
to achieve the prescribed goal.  The average overcharge throughout the data period is presented in Table 
2 below. 

Table 2:  Average overcharge, k and b for different volatility forecast methods 
HV IV RV 

CCP

Yearly 
expected  
change

frequency 
HV EWMA GARCH GARCH

-GJR IV IV-EWMA RV RV-EWMA

832.6† 913.9 757.3 665.3 605.6 765.1 918.0 656.5 
3

3.387,45.2% 3.276,53.8% 2.708,52.9% 2.345,54.0% 2.143,68.6% 3.516,36.3% 1.862,88.3% 2.977,39.8% 

756.3 929.7 629.2 673.2 537.6 703.5 795.4 672.1 
6

3.43,33.4% 3.525,47.1% 2.568,42.4% 2.527,44.5% 2.279,56.0% 3.47,29.4% 1.924,83.3% 3.149,32.7% 

801.3 720.1 550.5 542.7 485.7 699.2 661.1 648.5 

99.8%

Unrestricted
4.538,0% 4.127,0% 3.282,0% 3.05,0% 3.233,0% 4.262,0% 4.181,0% 3.924,0% 

558.3 595.7 517.7 532.5 529.4 558.6 901.7 561.4 
3

2.496,44.5% 2.245,57.0% 1.992,52.8% 1.964,53.7% 1.898,68.6% 2.720,36.1% 1.558,90.5% 2.639,39.9% 

601.2 598.0 510.5 486.0 477.6 533.8 690.2 551.4 
6

2.766,34.9% 2.358,49.7% 2.201,42.7% 1.946,44.6% 2.08,55.9% 2.761,29.4% 1.65,84.1% 2.686,32.6% 

588.8 598.5 430.5 455.5 436.4 498.2 538.1 522.2 

99.4%

Unrestricted
3.523,0% 3.549,0% 2.718,0% 2.665,0% 2.981,0 3.249,0% 3.545,0% 3.301,0% 

494.4 519.9 457.4 468.1 439.8 475.5 738.6 477.7 
3

2.259,45.1% 2.026,57.4% 1.807,53.0% 1.778,53.6% 1.642,68.7% 2.403,36% 1.289,90.1% 2.29,40.1% 

533.3 549.4 434.4 447.7 436.4 475.8 563.6 461.4 
6

2.518,35.2% 2.187,50.0% 1.944,42.9% 1.827,44.6% 1.943,55.8% 2.521,29.4% 1.401,83.8% 2.347,32.9% 

543.1 512.5 381.9 385.2 407.9 444.5 481.3 459.4 

99%

Unrestricted
3.304,0% 3.139,0% 2.489,0% 2.353,0% 2.835,0% 2.977,0% 3.251,0% 2.99,0% 

428.0 465.7 397.5 386.7 383.6 377.6 583.3 378.9 
3

2.003,46.0% 1.719,63.7% 1.623,53.2% 1.54,53.5% 1.484,68.8% 2.013,36.4% 1.061,90.0% 1.896,40.8% 

414.5 418.0 381.9 392.3 366.7 383.5 456.5 388.6 
6

2.09,35.0% 1.814,49.7% 1.738,43.0% 1.647,44.6% 1.705,55.9% 2.141,29.2% 1.182,83.9% 2.084,31.3% 

425.4 426.5 307.1 321.6 354.3 378.6 394.3 384.5 

98%

Unrestricted
2.736,0% 2.726,0% 2.133,0% 2.068,0% 2.558,0% 2.641,0% 2.798,0% 2.617,0% 

† This number is the average overcharge and the two numbers below it are k and b.

In Table 2, the volatility forecasts that give rise to the smallest AOC (average overcharge) is bolded 
for each prescribed level of coverage probability and frequency changes.  It can be seen that IV as a 
volatility forecast has the best performance among all volatility forecasts, especially for high coverage 
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probability like 99.8%.  GARCH as a volatility forecast also performs well. It seems that these two 
forecasts are the main competitors as far as AOC is concerned.  To determine which volatility forecast 
is the best performer, we carry out a pairwise comparison and the results are presented in Tables 3 and 4 
below when coverage probability is 99.8% and when the expected number of margin changes is equal to 
three or six per year. 

Table 3:  Pairwise difference of AOC for different volatility forecast methods  
(CCP = 99.8%, number of change per year = 3) 

Table 4:  Pairwise difference of AOC for different volatility forecast methods  
(CCP = 99.8%, number of change per year = 6) 

Tables 3 and 4 show the differences in AOC for a method in the row and a method in the column.  
A positive result shows that the method in the row fares better than the method in the column.  The 
corresponding z-scores for testing whether the difference is significantly greater than zero are given in 
Tables 5 and 6 below. 

Table 5:  z-score of difference in AOC for different volatility forecast methods 
(CCP = 99.8%, number of change per year = 3) 

EWMA RV HV IV 
-EWMA 

GARCH
-GJR

RV 
-EWMA GARCH IV 

EWMA 0        
RV 4.1 0       
HV 85.3 81.3 0      
IV-EWMA 152.9 148.8 67.6 0     
GARCH-GJR 160.6 156.5 75.3 7.7 0    
RV-EWMA 252.7 248.6 167.3 99.7 92.0 0   
GARCH 261.5 257.4 176.1 108.5 100.9 8.8 0  
IV 312.4 308.3 227.0 159.4 151.7 59.7 50.9 0 

 EWMA RV HV IV 
-EWMA

GARCH
-GJR

RV 
-EWMA GARCH IV 

EWMA 0        
RV 134.3 0       
HV 173.5 39.2 0      
IV-EWMA 226.2 92.0 52.8 0     
GARCH-GJR 256.5 122.2 83.0 30.2 0    
RV-EWMA 257.6 123.3 84.1 31.4 1.1 0   
GARCH 300.4 166.2 127.0 74.2 44.0 42.8 0  
IV 392.1 257.8 218.6 165.8 135.6 134.5 91.6 0 

 EWMA RV HV IV 
-EWMA

GARCH
-GJR

RV 
-EWMA GARCH IV 

EWMA 0        
RV 0.2 0       
HV 5.4 5.7 0      
IV-EWMA 10.5 11.4 5.8 0     
GARCH-GJR 10.6 11.4 6.1 0.7 0    
RV-EWMA 17.4 19.1 14.5 10.1 8.5 0   
GARCH 18.2 20.0 15.5 11.2 9.4 0.9 0  
IV 22.0 24.3 20.3 16.8 14.5 6.3 5.5 0 
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Table 6:  z-score of difference in AOC for different volatility forecast methods 
(CCP = 99.8%, number of change per year = 6) 

7. Conclusion
This paper proposes a method of setting margins in a futures market that can control both the 

coverage probability as well as the expected frequency of margin changes per year.  Once a volatility 
forecast is adopted the methodology can be designed to satisfy both criteria of attaining a prescribed 
coverage probability and a prescribed expected frequency of changes.  This paper attempts to suggest 
an optimal method of forecasting volatility to design a margin level which is most favourable to 
investors. The criterion used is the expected overcharge put on an investor.  Empirical results suggest 
that implied volatility serves as a very efficient volatility forecast as the average amount of overcharging 
is kept at a minimal level compared to other volatility forecasts. 
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Notations and Definitions

Let R be the set of extended real numbers and Ω = [a, b] be a subset of R in which a < 0 and
b > 0. Let B be the Borel σ-field of Ω and μ be a measure on (Ω, B). We first define the functions
F and FD of the measure μ on the support Ω as F (x) = μ[a, x] and FD(x) = μ[x, b] for all x ∈ Ω.
Function F is a cumulative distribution function (CDF) and μ is a probability measure if μ(Ω) = 1. An
integral written in the form of

∫
A f(t) d μ(t) or

∫
A f(t) d F (t) is a Lebesgue integral for any integrable

function f(t). If the integral has the same value for any set A which is equal to (c, d], [c, d) or [c, d],
then we use the notation

∫ d
c f(t) d μ(t) instead.

Random variables (rvs), denoted by Y and Z defined on Ω are considered together with their
corresponding CDFs F and G and their corresponding pdfs f and g respectively. The following
notations will be used throughout this paper:

μF = μY = E(Y ) =
∫ b

a
x d F (x), μG = μZ = E(Z) =

∫ b

a
x d G(x) ;

f(x) = FA
0 (x) = FD

0 (x), g(x) = GA
0 (x) = GD

0 (x)

HA
n (x) =

∫ x

a
HA

n−1(t) dt , HD
n (x) =

∫ b

x
HD

n−1(t) dt n = 1, 2, 3;(1)

where H = F or G. In (1), μF = μY is the mean of Y whereas μG = μZ is the mean of Z.
f = FA

0 = FD
0 is the pdf of Y and g = GA

0 = GD
0 is the pdf of Z.

We note that the definition of HA
n in (1) can be used to develop the SD theory for risk averters

and thus we could call this type of SD Ascending Stochastic Dominance (ASD) and call HA
n the nth

order ASD integral as HA
n is integrated from HA

n−1 in ascending order from the leftmost point of
downside risk. On the other hand, HD

n can be used to develop the SD theory for risk seekers and thus
we could call this type of SD Descending Stochastic Dominance (DSD) and call HD

n the nth order DSD
integral as HD

n is integrated HD
n−1 in descending order from the rightmost point of upside profit. All

functions are assumed to be measurable and all random variables are assumed to satisfy FA
1 (a) = 0

and FD
1 (b) = 0. For H = F or G, we define the following functions for MSD and PSD:

Ha
1 (x) = H(x) = HA

1 (x), Hd
1 (x) = 1 − H(x) = HD

1 (x) ;

Hd
n(0) = Ha

n(0) = 0 , Hd
n(y) =

∫ 0

y
Hd

n−1(t) dt , y ≤ 0; and
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Ha
n(x) =

∫ x

0
Ha

n−1(t) dt , x ≥ 0 for n = 2, 3 .

HM
n (x) =

{
HA

n (x) x ≤ 0
HD

n (x) x > 0
and HP

n (x) =

{
Hd

n(x) x ≤ 0
Ha

n(x) x > 0 ;
(2)

where H = F and G and n = 1, 2 and 3.

Definition 1 Given two rvs Y and Z with F and G as their respective pdfs, Y is at least as large
as Z and F is at least as large as G in the sense of FASD (SASD, TASD), denoted by Y �A

1 Z or
F �A

1 G (Y �A
2 Z or F �A

2 G, Y �A
3 Z or F �A

3 G), if and only if FA
1 (x) ≤ GA

1 (x) (FA
2 (x) ≤ GA

2 (x),
FA

3 (x) ≤ GA
3 (x)) for each x in [a, b], where FASD, SASD and TASD stand for 1st, 2nd and 3rd order

ASD respectively.

Definition 2 Given two rvs Y and Z with F and G as their respective pdfs, Y is at least as large
as Z and F is at least as large as G in the sense of FDSD (SDSD, TDSD), denoted by Y �D

1 Z or
F �D

1 G (Y �D
2 Z or F �D

2 G, Y �D
3 Z or F �D

3 G), if and only if FD
1 (x) ≥ GD

1 (x) (FD
2 (x) ≥ GD

2 (x),
FD

3 (x) ≥ GD
3 (x)) for each x in [a, b], where FDSD, SDSD, and TDSD stand for 1st, 2nd and 3rd order

DSD respectively.

Definition 3 Given two rvs Y and Z with F and G as their respective CDFs, Y dominates Z and
F dominates G in the sense of:

1. FMSD, denoted by Y �M
1 Z or F �M

1 G, if and only if FM
1 (−x) ≤ GM

1 (−x) and FM
1 (x) ≥ GM

1 (x)
for each x ≥ 0;

2. SMSD, denoted by Y �M
2 Z or F �M

2 G, if and only if FM
2 (−x) ≤ GM

2 (−x) and FM
2 (x) ≥ GM

2 (x)
for each x ≥ 0;

3. TMSD, denoted by Y �M
3 Z or F �M

3 G, if and only if FM
3 (−x) ≤ GM

3 (−x) and FM
3 (x) ≥

GM
3 (x) for each x ≥ 0 and μF ≥ μG,

where FMSD, SMSD, and TMSD stand for the 1st, 2nd and 3rd order MSD respectively.

Definition 4 Given two rvs Y and Z with F and G as their respective CDFs, Y dominates Z and
F dominates G in the sense of:

1. FPSD, denoted by Y �P
1 Z or F �P

1 G, if and only if FP
1 (−x) ≥ GP

1 (−x) and FP
1 (x) ≤ GP

1 (x)
for each x ≥ 0;

2. SPSD, denoted by Y �P
2 Z or F �P

2 G, if, and only if, FP
2 (−x) ≥ GP

2 (−x) and FP
2 (x) ≤ GP

2 (x)
for each x ≥ 0;

3. TPSD, denoted by Y �P
3 Z or F �P

3 G, if and only if FP
3 (−x) ≥ GP

3 (−x) and FP
3 (x) ≤ GP

3 (x)
for each x ≥ 0 and μF ≥ μG,

where FPSD, SPSD, and TPSD stand for the 1st, 2nd and 3rd order PSD respectively.

We note that in the above definitions, if in addition there exists strict inequality for any x in [a, b], we
say that Y dominates Z and F dominates G in the sense of SFXSD, SSXSD, and STXSD, denoted
by Y �X

1 Z or F �X
1 G, Y �X

2 Z or F �X
2 G, and Y �X

3 Z or F �X
3 G respectively, where SFXSD,

SSXSD, and STXSD stand for strictly 1st, 2nd and 3rd order XSD respectively where X = A, D, M
or P.
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Definition 5 n = 1, 2, 3, UA
n , USA

n , UD
n and USD

n are the sets of the utility functions u such that:

UA
n (USA

n ) = {u : (−1)i+1u(i) ≥ (>) 0 , i = 1, · · · , n} ;

UD
n (USD

n ) = {u : u(i) ≥ (>) 0 , i = 1, · · · , n} ;

US
n (USS

n ) = {u : u+ ∈ UA
n (USA

n ) and u− ∈ UD
n (USD

n ) } ;

UR
n (USR

n ) = {u : u+ ∈ UD
n (USD

n ) and u− ∈ UA
n (USA

n ) } .

where u(i) is the ith derivative of the utility function u, u+ = u restricted for x ≥ 0 and u− = u

restricted for x ≤ 0.

Theory

F is (strictly) preferred to G, or equivalently, Y is (strictly) preferred to Z if

ΔEu ≡ u(F ) − u(G) ≡ u(Y ) − u(Z) ≥ 0(> 0),(3)

where u(F ) ≡ u(Y ) ≡
∫ b
a u(x)dF (x) and u(G) ≡ u(Z) ≡

∫ b
a u(x)dG(x). We first discuss the basic

theorem for ASD, DSD, MSD and PSD as follows:

Theorem 1 Let Y and Z be rvs with pdfs F and G respectively. Suppose u is a utility function.
For n = 1, 2 and 3, we have 1

1. F �A
n (�A

n )G if and only if u(F ) ≥ (>)u(G) for any u in UA
n (USA

n ),

2. F �D
n (�D

n )G if and only if u(F ) ≥ (>)u(G) for any u in UD
n (USD

n ),

3. F �M
n (�M

n )G if and only if u(F ) ≥ (>)u(G) for any u in UR
n (USR

n ), and

4. F �P
n (�P

n )G if and only if u(F ) ≥ (>)u(G) for any u in US
n (USS

n ).

In Theorem 1, one may refer to Hadar and Russell (1969) and Hanoch and Levy (1969) for the proof
of ASD, refer to Meyer (1977) and Li and Wong (1999) for the proof of DSD, refer to Levy and Levy
(2002, 2004) and Wong and Chan (2007) for the proof of MSD and PSD and refer to Wong and Li
(1999), Wong (2007) and Wong and Ma (2007) for more discussion.

The tests developed by Davidson and Duclos (DD, 2000), Barrett and Donald (BD, 2003) and
Linton, Maasoumi and Whang (LMW, 2005) are the most commonly used statistics to investigate
the preference for risk averters. Wong et al (2007) extend their work to develop modified DD, BD
and LMW tests for risk seekers. As the test developed by DD is one of the most powerful tests of
stochastic dominance significance and yet one of the least conservative in size (Tse and Zhang, 2004;
Lean, et al, 2007), in this paper we further extend the theory by modifying DD test for MSD and
PSD so that one could apply our proposed tests to examine the preferences of assets for investors with
S-shaped and reversed S-shaped utility functions.

Let (fi, gi) be pairs of observations drawn from the rvs Y and Z, with distribution functions F

and G, respectively. The integrals HA
j and HD

j for H = F and G are defined in (1) for j = 1, 2 and
3. For a grid of pre-selected points x1, x2, · · · , xk, Davidson and Duclos (2000) develop the jth order
Ascending DD test statistics, TA

j (x) for risk averters while Wong et al (2007) extend DD test to the
jth order Descending DD test statistics, TD

j (x) (j = 1, 2 and 3), for risk seekers such that:

1As most of the established properties of SD require the “strict” form but not the “weak” form of SD, from now

on, we will only discuss the “strict” form of SD in our paper. Thus, for n = 1, 2 and 3, we will use “�P
n ” to represent

both “�P
n ” and “�P

n ” for P = A, D, M and P , and UQ
n represent for both UQ

n and USQ
n for Q = A, D, S and R if no

confusion occurs.
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1. TA
j (x) =

F̂A
j (x) − ĜA

j (x)√
V̂ A

j (x)
,(4)

where

V̂ A
j (x) = V̂ A

Fj
(x) + V̂ A

Gj
(x) − 2V̂ A

FGj
(x) , ĤA

j (x) =
1

N(j − 1)!

N∑
j=1

(x− hi)
j−1
+ ,

V̂ A
Hj

(x) =
1
N

⎡⎣ 1
N((j − 1)!)2

N∑
j=1

(x− hi)
2(j−1)
+ − ĤA

j (x)2
⎤⎦ , H = F, G; h = f, g;

V̂ A
FGj

(x) =
1
N

[
1

N((j − 1)!)2
∑

(x− fi)
j−1
+ (x − gi)

j−1
+ − F̂A

j (x)ĜA
j (x)

]
.

2. TD
j (x) =

F̂D
j (x) − ĜD

j (x)√
V̂ D

j (x)
,(5)

where

V̂ D
j (x) = V̂ D

Fj
(x) + V̂ D

Gj
(x)− 2V̂ D

FGj
(x) , ĤD

j (x) =
1

N(j − 1)!

N∑
j=1

(hi − x)j−1
+ ,

V̂ D
Hj

(x) =
1
N

⎡⎣ 1
N((j − 1)!)2

N∑
j=1

(hi − x)2(j−1)
+ − ĤD

j (x)2
⎤⎦ , H = F, G; h = f, g;

V̂ D
FGj

(x) =
1
N

[
1

N((j − 1)!)2
∑

(fi − x)j−1
+ (gi − x)j−1

+ − F̂D
j (x)ĜD

j (x)
]

.

It is empirically impossible to test the null hypothesis for the full support of the distributions. Thus,
Bishop et al. (1992) propose to test the null hypothesis for a pre-designated finite number of values x.
Specifically, the following hypotheses are used to test for SD preference for risk averters:

H0 : FA
j (xi) = GA

j (xi) for all xi , HA : FA
j (xi) �= GA

j (xi) for some xi

HA1 : FA
j (xi) ≤ GA

j (xi) for all xi FA
j (xi) < GA

j (xi) for some xi

HA2 : FA
j (xi) ≥ GA

j (xi) for all xi FA
j (xi) > GA

j (xi) for some xi

Similarly, for i = 1, · · · , k, the following hypotheses are tested for risk seekers:

H0 : FD
j (xi) = GD

j (xi) for all xi , HD : FD
j (xi) �= GD

j (xi) for some xi

HD1 : FD
j (xi) ≥ GD

j (xi) for all xi FD
j (xi) > GD

j (xi) for some xi

HD2 : FD
j (xi) ≤ GD

j (xi) for all xi FD
j (xi) < GD

j (xi) for some xi .

We now turn to construct statistics to test equality or dominance of Fw
j and Gw

j where w = M

or P in which HM
j and HP

j defined in (2) where H = F or G as stated in the following theorem:

Theorem 2 Let (fi, gi) be pairs of observations drawn from the rvs Y and Z, with distribution
functions F and G, respectively. The integrals Hw

j for w = A, D, a and d are defined in (1) and (2)
respectively for H = F and G and for j = 1, 2 and 3. For a grid of pre-selected points x1, x2, · · · , xk,

1. the jth order DD test statistics, TM
j (x) (j = 1, 2 and 3), for MSD is:

TM
j (x) =

⎧⎪⎪⎨⎪⎪⎩
F̂ D

j (x)−ĜD
j (x)√

V D
j (x)

if x > 0

F̂ A
j (x)−ĜA

j (x)√
V A

j (x)
if x ≤ 0
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which tends to a limiting Gaussian Process with mean 0, variance 1 and correlation function

rM(x, y) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

∫ x

a

∫ y

a
(x−t)j−2(y−s)j−2(F (t∧s)−F (t)F (s))dtds√

V D
j (x)V D

j (y)
if x < 0, y < 0∫ b

x

∫ b

y
(t−x)j−2(s−y)j−2(F (t∧s)−F (t)F (s))dtds√

V A
j (x)V A

j (y)
if x ≥ 0, y ≥ 0∫ b

x

∫ y

a
(t−x)j−2(s−y)j−2F (s)(1−F (t))dtds√

V D
j (x)V A

j (y)
if x ≥ 0, y < 0

where ĤA
j (x) is defined in (4) and ĤD

j (x) is defined in (5) for H = F and G;

2. the jth order DD test statistics, TP
j (x) (j = 1, 2 and 3), for PSD is:

TP
j (x) =

⎧⎪⎪⎨⎪⎪⎩
F̂ d

j (x)−Ĝd
j (x)√

V d
j (x)

if x ≤ 0

F̂ a
j (x)−Ĝa

j (x)√
V a

j (x)
if x > 0

,

where

V̂ d
j (x) = V̂ d

Fj
(x) + V̂ d

Gj
(x)− 2V̂ d

FGj
(x) , Ĥd

j (x) =
1

N(j − 1)!

⎡⎣ N∑
j=1

(hi − x)j−1
+ I{hi≤0}

⎤⎦ ,

V̂ d
Hj

(x) =
1
N

⎡⎣ 1
N((j − 1)!)2

N∑
j=1

(hi − x)2(j−1)
+ I{hi≤0} − Ĥd

j (x)2
⎤⎦ , H = F, G; h = f, g;

V̂ d
FGj

(x) =
1
N

⎡⎣ 1
N((j − 1)!)2

⎧⎨⎩
N∑

j=1

(fi − x)j−1
+ (gi − x)j−1

+ I{fi≤0,gi≤0}

⎫⎬⎭ − F̂ d
j (x)Ĝd

j(x)

⎤⎦ ,

and

V̂ a
j (x) = V̂ a

Fj
(x) + V̂ a

Gj
(x)− 2V̂ a

FGj
(x) , Ĥa

j (x) =
1

N(j − 1)!

⎡⎣ N∑
j=1

(x − hi)
j−1
+ I{hi≥0}

⎤⎦ ,

V̂ a
Hj

(x) =
1
N

⎡⎣ 1
N((j − 1)!)2

N∑
j=1

(x − hi)
2(j−1)
+ I{hi≥0} − Ĥa

j (x)2
⎤⎦ ,

V̂ a
FGj

(x) =
1
N

⎡⎣ 1
N((j − 1)!)2

⎧⎨⎩
N∑

j=1

(x − fi)
j−1
+ (x− gi)

j−1
+ I{fi≥0,gi≥0}

⎫⎬⎭ − F̂ a
j (x)Ĝa

j (x)

⎤⎦ .

As N → ∞, TP
j (x) tends to a Gaussian process with mean 0, variance 1 and correlation function

rP (x, y) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

∫ x

0

∫ y

0
(x−t)j−2(y−s)j−2(F (t∧s)−F (t)F (s))dtds√

V d
j (x)V d

j (y)
if x ≥ 0, y ≥ 0∫ 0

x

∫ 0

y
(t−x)j−2(s−y)j−2(F (t∧s)−F (t)F (s))dtds√

V a
j (x)V a

j (y)
if x < 0, y < 0∫ x

0

∫ 0

y
(x−t)j−2(s−y)j−2F (s)(1−F (t))dtds√

V d
j (x)V a

j (y)
if x ≥ 0, y < 0

where

V d
j (x) =

∫ x

0

∫ x

0
(x − t)j−2(x − s)j−2(F (t ∧ s) − F (t)F (s))dtds

V a
j (x) =

∫ 0

x

∫ 0

x
(t − x)j−2(s − x)j−2(F (t ∧ s) − F (t)F (s))dtds .
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Illustration

To illustrate the DD statistics, we use the daily returns of the S&P 500 and the NASDAQ 100
indices from January 1, 1996 through December 31, 2005. The former represents non-technology or
“old economy” firms while the latter represents Internet index. We report the results of the statistics
in Table 1 for the entire period as well as three sub-periods: Jan 1996 - Mar 2000, April 2000 -
Oct 2002 and Nov 2002 to Dec 2005; with the first sub-period represents the bull run, the second
sub-period represents the bear market after the bursting of the Internet bubble on March 9, 2000
while the third recovers from the bear market as confirmed by the plots in Figure 1. We display the
CDFs, HA

1 , of SP500 and NASDAQ and their corresponding statistics, TA
j , in Figure 2 and plots their

descending cumulative distribution functions (DCDFs), HD
1 , and their corresponding statistics TD

j in
Figure 3 for j = 1, 2, 3 and for H = F and G where TA

j and TD
j are defined in (4) and (5) respectively

with F = S&P500 and G = NASDAQ100. We then report the percentage of significant values of
their corresponding statistics TM

j and TP
j in Table 1 for negative domain, positive domain and for

the entire distribution. We note that TM
j = TA

j in the negative domain and TM
j = TD

j in the positive
domain whereas TP

j = T d
j in the negative domain and TP

j = T a
j in the positive domain. Figures 2

and 3 reveal that S&P500 stochastically dominates the NASDAQ 100 in the negative domain (bear
market) whereas the dominance relationship reverses in the positive domain (bull run). The figures
and the table also infer that F �A

j G but G �D
j F for j = 2 and 3. In addition, the results show no

1st order SD dominance, no MSD nor PSD dominance in any period but risk seekers prefer Internet
to non-Internet stocks whereas risk averters have reverse preference in any of the periods.

Figure 1: Time Series Plots of S&P500 and NASDAQ

Figure 2: CDFs and DD Statistics for risk averters Figure 3: DCDFs and DD Statistics for risk seekers
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Table 1 : Percentages of significant modified Davidson-Duclos tests

Panel A: SP500 with NASDAQ (January 1996 - December 2005)
FSD(j=1) SSD(j=2) TSD(j=3)

- + both - + both - + both
%TA

j > 0 0 27 27 0 0 0 0 0 0
%TA

j < 0 24 0 24 22 11 33 17 57 74
%TD

j > 0 24 0 24 0 0 0 0 0 0
%TD

j < 0 0 27 27 11 22 33 41 14 55

Panel B: SP500 with NASDAQ (January 1996 - March 2000)
FSD(j=1) SSD(j=2) TSD(j=3)

- + both - + both - + both
%TA

j > 0 0 23 23 0 0 0 0 0 0
%TA

j < 0 22 0 22 23 6 29 16 24 40
%TD

j > 0 22 0 22 0 0 0 0 0 0
%TD

j < 0 0 23 23 18 20 38 59 16 75

Panel C: SP500 with NASDAQ (April 2000 - October 2002)
FSD(j=1) SSD(j=2) TSD(j=3)

- + both - + both - + both
%TA

j > 0 0 26 26 0 0 0 0 0 0
%TA

j < 0 24 0 24 21 19 40 16 59 75
%TD

j > 0 24 0 24 0 0 0 0 0 0
%TD

j < 0 0 26 26 9 22 31 33 13 46

Panel D: SP500 with NASDAQ (November 2002 - December 2005)
FSD(j=1) SSD(j=2) TSD(j=3)

- + both - + both - + both
%TA

j > 0 0 28 28 0 0 0 0 0 0
%TA

j < 0 21 0 21 25 13 38 20 44 64
%TD

j > 0 21 0 21 0 0 0 0 0 0
%TD

j < 0 0 28 28 17 30 47 45 23 68
Note: For simplicity, we use TA

j to represent Ta
j in the positive domain

and use TD
j to present T d

j in the negative domain.
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ABSTRACT

Levy and Wiener (1998), Levy and Levy (2002, 2004) and Wong and Chan (2007) extend
the Stochastic Dominance (SD) theory for risk averters and risk seekers by developing the Prospect
SD (PSD) and Markowitz SD (MSD) theory for investors with S-shaped and reverse S-shaped utility
functions.

Davidson and Duclos (2000) and others develop SD test for risk averters while Wong et al (2007)
develop SD test for risk seekers. In this paper, we extend their work by developing the statistic for both
PSD and MSD of the first three orders. One could then utilize these statistics to identify assets for
the preference for risk seeker as well as preference for investors with S-shaped and reverse S-shaped
utility functions.

To illustrate the usefulness of our proposed statistics, we utilize the SD test statistics to study
the behaviors of risk averters, risk seekers and investors with the corresponding S-shaped and reverse
S-shaped utility functions viz-a-viz returns of traditional stocks and internet stocks before and after the
internet bubble.
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Band-Limited Stochastic Processes in Discrete and Continous Time

Pollock, D. Stephen, G.
Queen Mary, University of London
Mile End Road
London E14NS,United Kingdon
E-mail: stephen pollock@sigmapi.u-net.com

Introduction

It is common to assume that the differential equations that are used for modelling stochastic
processes in continuous time are driven by a continuous stream of infinitesimal impulses. These
impulses, which constitute the increments of a Wiener process, are composed of a non denumerable
infinity of sinusoidal components of all frequencies in the interval [0,∞).

Whereas a Wiener process is a fruitful mathematical abstraction that has many important ap-
plications, it is of doubtful relevance to macroeconomic modelling. An inspection of the periodograms
of macroeconomic data sequences reveals that their various components tend to reside in strictly lim-
ited frequency bands; and it is improbable that they should have arisen from the filtering of Wiener
processes.

It is more realistic to assume the such components originate in the filtering of continuous white-
noise processes that are band limited in the same manner as the components themselves. However,
in adopting this point of view, we are challenged to produce a model of such a process. To achieve
this is one the purposes of this paper. A further purpose is to examine the effects of using ordinary
autoregressive moving average (ARMA) models to derive parametric representations of band-limited
processes.

Conventional ARMA processes are driven by discrete-time white-noise processes, which have
spectral density functions that are uniform across a range of frequencies running from zero to π

radians per period, which is the limiting frequency that is observable in sampled data. When the
driving process is band limited to a subset of the interval [0, π], there are liable to be severe biases in
the estimated parameters, unless some account is taken of this fact.

Before embarking on our programme, we should by present some evidence to support the as-
sertion that macroeconomic data sequences are commonly composed of components that fall within
limited frequency bands.

Figure 1 displays a sequence of the logarithms of the quarterly series of U.K. Gross Domestic
Product (GDP) over the period from 1955 to 1994, which comprises a total of 160 observations.
Interpolated through this sequence is a quadratic trend, which can be taken to represent the growth
path of the economy.

The deviations from this growth path are a combination of a low-frequency business cycle with
some high-frequency fluctuations that are due to the seasonal nature of economic activity. These
deviations are represented in Figure 2, which also shows an interpolated continuous function that is
designed to represent the business cycle.

The periodogram of the deviations from the quadratic trend, which is in Figure 3, gives a clear
representation of the spectral effects both of the business cycle and of the seasonal fluctuations, and
it show that they reside separate frequency bands.

The spectral structure extending from zero frequency up to π/8 belongs to the business cycle.
The prominent spikes located at the frequency π/2 and at the limiting Nyquist frequency of π are
the property of the seasonal fluctuations. Elsewhere in the periodogram, there are wide dead spaces,
which are punctuated by the spectral traces of minor elements of noise.
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The Sampling Process

A sequence that has been sampled at the integer time points from a continuous aperiodic function
that is square-integrable will have a transform that is a periodic function. This outcome is manifest
in the discrete-time Fourier transform, where it can be seen that the period in question has the length
of 2π radians.

To understand this result, consider the Fourier representation of a real–valued square-integrable
function x(t) defined over the real line. The following are the corresponding expressions for the
function and its Fourier transform:

x(t) =
1
2π

∫ ∞
−∞

eiωtξ(ω)dω ←→ ξ(ω) =
∫ ∞
−∞

e−iωtx(t)dt.(1)

By sampling x(t) at the integer time points, a sequence {xt; t = 0,±1,±2, . . .} is generated of which
the transform is a 2π-periodic function. In that case,

xt =
1
2π

∫ π

−π
eiωtξS(ω)dω ←→ ξS(ω) =

∞∑
k=−∞

xke
−ikω.(2)

Therefore, at the sampled point xt, to which the expressions under (1) and (2) both relate, there is,

xt =
1
2π

∫ ∞
−∞

eiωtξ(ω)dω =
1
2π

∫ π

−π
eiωtξS(ω)dω.(3)

The equality of the two integrals implies that

ξS(ω) =
∞∑

j=−∞
ξ(ω + 2jπ).(4)

Thus, the function ξS(ω) is obtained by wrapping ξ(ω) around a circle of circumference of 2π and
adding the coincident ordinates. The two functions will coincide at all frequencies in the interval
[−π, π] if ξ(ω) = 0 for all |ω| ≥ π. Otherwise, ξS(ω) will be subject to a process of aliasing, whereby
elements of the continuous function that are at frequencies in excess of π are confounded with elements
at frequencies less than π. Thus, the so-called Nyquist frequency of π radians per period of observation
represents the limit of what is directly observable in sampled data.

If the condition is fulfilled that ξ(ω) = 0 for all |ω| ≥ π, then it should be possible to re-
constitute the continuous function x(t) from its sampled ordinates. This is the burden of the famous
Nyquist–Shannon sampling theorem—see Shannon (1949, 1998)—which was foreshadowed in the work
of Whittaker (1935).

Since ξ(ω) = ξS(ω) is a continuous function defined on the interval [−π, π], it may be regarded
as a periodic function of a period of 2π. Putting the RHS of (2) into the LHS of (1), and taking the
integral over [−π, π] in consequence of the band-limited nature of the function x(t), gives

x(t) =
1
2π

∫ π

−π

⎧⎨
⎩

∞∑
k=−∞

xke
−ikω

⎫⎬
⎭ eiωtdω =

1
2π

∞∑
k=−∞

xk

∫ π

−π
eiω(t−k)dω.(5)

The integral on the RHS is evaluated as∫ π

−π
eiω(t−k)dω = 2

sin{π(t − k)}
t − k

.(6)

Putting this into the RHS of (5) gives

x(t) =
∞∑

k=−∞
xk

sin{π(t − k)}
π(t − k)

=
∞∑

k=−∞
xkφ0(t − k),(7)
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Figure 1: The quarterly series of the logarithms of consumption in the U.K., for the years 1955 to
1994, together with a quadratic trend interpolated by least-squares regression.
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Figure 2: The residual sequence from fitting a quadratic trend to the logarithmic consumption data.
The interpolated line, which represents the business cycle, has been synthesised from the Fourier
ordinates in the frequency interval [0, π/8].
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Figure 3: The periodogram of the residual sequence obtained from the linear detrending of the loga-
rithmic consumption data.
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where

φ0(t − k) =
sin{π(t − k)}

π(t − k)
(8)

is the so-called sinc function, which is the Fourier transform of the following frequency function:

φ0(ω) =

⎧⎪⎪⎨
⎪⎪⎩

1, if |ω| ∈ (0, π);

1/2, if ω = ±π,

0, otherwise.

(9)

In the case of a stationary stochastic process, the sampled sequence is not square summable
and, therefore, in a strict sense, this proof of the interpolation via the Nyquist–Shannon Theory
does not apply. However, the convergence of the interpolation formula of (7), when x(t) = {xt; t =
0,±1,±2, . . .} is a stationary sequence, can confirmed by considering a sum with k ∈ [−N, N ] for
some finite integer N . The variance of the sum of discarded terms can be made arbitrarily small by
increasing the value of N .

The sequence of sinc functions φ0(t−k); k ∈ I = {0,±1,±2, . . .} constitutes an orthogonal basis
for the set of all functions band limited to the frequency interval [0, π]. To show this, let φ0(ω) be the
transform of φ0(t) and consider the following autoconvolution:∫

t
φ0(t)φ0(τ − t)dt =

∫
t
φ0(t)

{
1
2π

∫
ω

φ0(ω)eiω(τ−t)dω

}
dt(10)

=
1
2π

∫
ω

φ0(ω)
{∫

t
φ0(t)e−iωtdt

}
eiωτdω

=
1
2π

∫
ω

φ0(ω)φ0(ω)eiωτdω.

The symmetry of φ0(t) allows us to write φ0(τ − t) = φ0(t − τ), whereas the idempotency of φ0(ω)
gives φ2

0(ω) = φ0(ω). Together, these two conditions indicate that φ0(t) is its own autocorrelation
function. Therefore, the condition

φ0(t − k) = 0 for k ∈ {±1,±2, . . .}(11)

indicates that sinc functions separated by integer distances are mutually orthogonal.
The sinc function φ0(t) is represented in Figure 4. Here, it is manifest that the values of the

ordinates of the function at the nonzero integer points t ∈ {±1,±2, . . .} are zeros. Also, when the set
of sinc functions {φ0(t − k); k ∈ I} at unit displacements are sampled at the integer values of t, the
result is nothing but the set of unit impulses at the integer points. This constitutes a basis for the set
of all sequences defined over the set of integers.

An important property of the basis sinc functions is their lack of mutual interference at the
integer points. Any band-limited function that is composed of a weighted sum of the basis functions
will assume values at the integer points that are equal to the amplitudes of the sinc functions centred
on those points. There will be no contributions to these values from the other basis functions.

If a function is band limited to the frequency interval [0, π], then sampling at the integer points
constitutes a critical rate of sampling that is just sufficient to detect an element at the Nyquist fre-
quency of π radians per sampling interval. If the function is band limited in frequency to a subinterval
of [0, π], then the current rate of sampling is over-rapid, and it may be reduced. In particular, if the
function is band limited to the interval [0, π/n], where n is an integer, then the continuous function
can be reconstituted from a sub sample comprising every nth point.

Figure 5 depicts the sinc function φ1(t) = sin(πt/2)/πt, which is the Fourier transform of a
rectangle on the frequency interval [−π/2, π/2]. The set of functions {φ1(t− 2k); t ∈ R, k ∈ I}, which
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are at displacements of 2 sample points, constitutes a basis of all continuous functions band limited
to the interval [0, π/2].

Likewise, the 2-point displacements of the sampled version of φ1(t), with t ∈ I, provide a basis
for the corresponding band-limited sequences obtained by sampling continuous functions band-limited
to [0, π/2]. Discarding alternate points from such a sampled sequence, and reindexing accordingly,
creates a sequence with a frequency content extending over the interval [0, π], from which a continuous
function can be recreated in the manner of equation (7).

The reconstruction or interpolation of a function in the manner suggested by the sampling
theorem is not possible in practice, because it requires summing an infinite number sinc functions,
each of which is supported on the entire real line. Nevertheless, a continuous band-limited periodic
function, defined on a finite interval, can be reconstituted from a finite number of wrapped or periodic
sinc functions, which are Dirichlet kernels by another name. The Dirichlet kernel is obtained by
sampling the sinc-function rectangle in the frequency domain.

Consider

φ(t) =
1
2π

∫ ∞
−∞

eiωtφ(ω)dω ←→ φ(ω) =
∫ ∞
−∞

e−iωtφ(t)dt.(12)

Sampling ψ(ω) at the frequency points ωj = 2πj/T ; j ∈ {0,±1,±2, . . .} gives rise to a classical Fourier
series:

φ◦(t) =
∞∑

j=−∞
eiωjtφj ←→ φj =

1
T

∫ T/2

−T/2
e−iωjtφ◦(t)dt,(13)

where φj = φ(ωj). If the integral on the RHS of (13) is to be reconciled with that of (12), then it
must be the case that

φ◦(t) = T
∞∑

q=−∞
φ(t + qT ),(14)

which is to say that the periodic sinc function φ◦(t) is formed by wrapping the function φ(t) around
a circle of circumference T and adding the overlying ordinates.

The circular function φ◦(t) can be found by transforming into the time domain the ordinates
sampled from the frequency-domain rectangle of the sinc function. Thus, it can be shown that if

φj =

⎧⎨
⎩

1, if j ∈ {0,±1, . . . ,±d},

0, otherwise.
(15)

then

φ◦(t) =
sin([d + 1/2]ω1t)

sin(ω1t/2)
, where ω1 =

2π

T
.(16)

The functions {φ◦(t−k); k = 0, 1, . . . , T −1} are appropriate for reconstituting a continuous pe-
riodic function x(t) defined on the interval [0, T ) from its sampled ordinates x0, x1, . . . , xT−1. However,
the function can also be reconstituted from it Fourier ordinates as

x(t) =
d∑

j=−d

ξje
iωjt(17)

=
d∑

j=0

{αj cos(ωjt) + βj sin(ωjt)} ,

where ξj = (αj + iβj)/2 and ξ−j = (αj − iβj)/2.
For economic data, the sampling interval is typically a month, a quarter or a year. For financial

data, it may be less. Whatever the case, it is unlikely that this interval will correspond to an integer
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multiple of the critical rate of sampling of whatever band-limited process might underlie the data.
Therefore, it may not be possible to achieve the critical rate by subsampling the data. Nevertheless, if
the Nyquist frequency exceeds the maximum frequency of the process, then it will always be possible
to resample the data at the critical rate. This can be achieved once the continuous function has been
reconstituted, via the formula of (17), from the relevant Fourier ordinates of the available data.
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Figure 4: The sinc function wave-packet φ(0)(t) = sin(πt)/πt comprising frequencies in the interval
[0, π].
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Figure 5: The sinc function wave-packet φ(1)(t) = sin(πt/2)/πt comprising frequencies in the interval
[0, π/2].
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Figure 6: The wave packets φ(2)(t) and φ(2)(t − k) suffer no interference when k ∈ {±2,±4,±6, . . .}.

The Processes Underlying the Data

Our model of a process underlying discretely sampled data is of a sequence of band-limited wave
packets of random amplitudes, which may also have varying profiles. These may arrive at random
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intervals in the manner of a Poisson process. Since the wave packets are band limited, it will always
be possible to resolve their sum into a sequence of sinc functions at regular displacements along the
time axis, having amplitudes that can be described by a discrete stochastic process.

In a continuous band-limited white-noise process, the amplitudes of successive regularly-spaced
sinc functions constitute a sequence of independently and identically distributed random variables,
which corresponds to a discrete-time white-noise process. In a continuous ARMA process driven by a
continuous band-limited white-noise, the amplitudes of the sinc functions are described by an ordinary
discrete-time ARMA process.

When the interval between successive functions is Δ = 1/n, the generic sinc function is sin{n(t−
k)}/π(t − k). In the limit, as Δ → 0, this becomes δ(t − k) = lim(n → ∞) sin{n(t − k)}/π(t − k),
which is Dirac’s delta function, also described as the unit impulse. The integral of this function is
zero for all t < k and unity for all t > k. The limiting white-noise process ζ(t), for which

E{ζ(t)} = 0 and E{ζ(t)ζ(t + τ)} = σ2δ(τ),(18)

is commonly described as continuous white noise. It consists of the orthogonal increments of Wiener
process, which is the continuous-time version of the random walk.

An impulse in continuous time has a uniform power spectrum that is distributed over the entire
frequency range, with infinitesimal power in any finite interval. A Wiener process is the product of the
cumulation of a steam of infinitesimal impulses which are the stationarity and independent increments
of the process.

Whereas an ideal impulse is familiar within the conceptual realm of physics, it has no counterpart
in the real physical world, where we can expect there to be distinct limits to the frequencies of
oscillatory motions. On the other hand, there is a common understanding that, in the real world, time
flows continuously. Therefore, there is a tendency to regard discrete-time models, such as ARMA
models, as approximations to their more realistic continuous-time counterparts, which are stochastic
differential equations.

It is assumed, almost without exception, that the driving forces of such differential equations
are provided by the increments of Wiener processes. The sampling of a Wiener process at regular
intervals entails the phenomenon of aliasing whereby the cumulated increments gives rise to a uniform
spectrum of finite power over the interval [−π, π]. Therefore, according to the usual understanding,
the correspondence the parameters of an ARMA model, fitted to the discretely sampled data, and
those of the related differential equation is complicated by the problem of aliasing.

In the case of a differential equation driven by a process limited to frequency less that the Nyquist
frequency of π, there will be no problem of aliasing to contend with. However, another problem of a
different nature may arise, which can be described as interference.

Consider sampling a band-limited process at a rate in excess of the critical Nyquist rate. Ac-
cording to the Shannon interpolation formula, the value of the process at an arbitrary point in time is
liable to be expressed as a sum of values sampled from an infinite number of wave packets. The sum
will include values sampled from the tails of receding wave packets as well as values that represent the
onset of the waves that lie ahead. Since a discrete ARMA looks in one direction only, it appears, at
first sight, to be incapable of modelling such a process.

This problem in ARMA modelling that arises from interference, in common with the problem
of aliasing, can be overcome by sampling the data at the critical rate that corresponds to the highest
frequency present in the underlying process. In that case, there will be no interference, either from
the waves that lie ahead of the current sample point or from the waves that have passed by, and the
relationship of the current value to the previous sampled values can be described by a discrete ARMA
model.

This outcome is evident in Figure 6, which depicts three adjacent elements of a sinc function
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Figure 7: The sinc function wave-packet φ3(t) = sin(πt/8)/πt comprising frequencies in the interval
[0, π/8].

basis which is appropriate to a continuous stochastic function band limited to the interval [0, π/2].
If observations are taken at successive integer points, then those for t ∈ {±1,±3,±5, . . .} will be
comprise samples from all of the basis functions. If observations are sampled at two-point intervals,
as is the case when t ∈ {0,±2,±4, . . .}, then the sampled values will correspond to the amplitudes of
individual sinc functions; and there will be no interference, at the sampled points, from adjacent sinc
functions. The time origin can be shifted from t = 0 to t = τ ∈ R without affecting this result.

In the case the business cycle function of Figure 2, which, on the evidence of Figure 3, is band-
limited to the frequency interval [0, π/8], only one in eight of the points sampled from this function
at unit time intervals needs to be retained in order to convey all of the relevant information.

The periodogram of the resulting subsampled sequence, which has the frequency range of [0, π],
will have a profile identical to that of the spectral of structure that occupies the interval [0, π/8] in
Figure 3. The sinc function ψ3 = sin(πt/8)πt, of which the 8-point displacements {ψ3(t − 8k); k ∈ I}
provide a basis for functions in the frequency band [0, π/8], is illustrated in Figure 7.
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ABSTRACT

In the theory of stochastic differential equations, it is commonly assumed that the forcing function
is a Wiener process. Such a process has an infinite bandwidth in the frequency domain. In practice,
however, all stochastic processes have a limited bandwidth.

A theory of band-limited linear stochastic processes is described that reflects this reality, and it
is shown how the corresponding ARMA models can be estimated. By ignoring the limitation on the
frequencies of the forcing function, in the process of fitting a conventional ARMA model, one is liable
derive estimates that are severely biased.

The estimation biases can be avoided by sampling the continuous process at a rate corresponding
to the maximum frequency of the forcing function. Then, there is a direct correspondence between the
parameters of the band-limited ARMA model and those of an equivalent continuous-time process.
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Note on Neural Network Sampling for Bayesian Inference

of Mixture Processes

Lennart F. Hoogerheide∗ & Herman K. van Dijk†

Abstract

In this paper we show some further experiments with neural network sampling, a class
of sampling methods that make use of neural network approximations to (posterior) den-
sities, introduced by Hoogerheide et al. (2007). We consider a method where a mixture of
Student’s t densities, which can be interpreted as a neural network function, is used as a
candidate density in importance sampling or the Metropolis-Hastings algorithm. It is ap-
plied to an illustrative 2-regime mixture model for the US real GNP growth rate. We explain
the non-elliptical shapes of the posterior distribution, and show that the proposed method
outperforms Gibbs sampling with data augmentation and the griddy Gibbs sampler.

1 Introduction

Indirect simulation methods have made it possible to perform Bayesian analyses in many classes
of models. The most well-known indirect simulation techniques are importance sampling [IS],
introduced by Hammersley and Handscomb (1964) and introduced in econometrics and statistics
by Kloek and Van Dijk (1978), and Markov chain Monte Carlo [MCMC] methods, such as
the algorithms of Metropolis et al. (1953) and Hastings (1970) and the enormously popular
Gibbs sampler, due to Geman and Geman (1984). However, there is, in practice, often doubt
about the convergence behaviour of these methods. In some cases, the special features of the
sampling method, the complex structure of the model, or the nature of the data may the reason
that convergence would not even be reached for an infinite number of draws. In other cases,
convergence would be reached in the limiting case of an infinite amount of draws; however, in
practice, for any ‘reasonable’ amount of computing time the simulation results are unreliable.
Examples of complex models are mixture models, in which a multimodal target density may
occur. With the Gibbs sampler, reducibility of the chain may occur in this case: one of the
modes may be missed completely. For the Metropolis-Hastings [MH] algorithm, if the candidate
density is unimodal, with low probability of drawing candidate values in one of the modes, this
mode may be missed completely, even when many draws are generated. In other cases, the
acceptance probability may be very low, as many candidate values lying between the modes
have to be rejected. Using a unimodal normal or Student’s t candidate function, the method of
importance sampling ends up with many draws having only negligible weights. So, a common
difficulty for the MH algorithm and IS is the choice of a candidate or importance density when
(a priori) little is known about the shape of the target density.

For Bayesian inference in mixture models Frühwirth-Schnatter (2001) proposes the method
of permutation sampling. Geweke and Keane (2007) propose an MCMC method, using a
Metropolis-Hastings step within the data augmentation approach, for smoothly mixing regres-
sions, extending the conventional Bayesian mixture of normals model by permitting state prob-
abilities to depend on observed covariates. MCMC methods with data augmentation are also
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considered by Geweke (2007). Bauwens et al. (2004) introduce the class of adaptive radial-based
direction sampling [ARDS] methods to sample from target (posterior) distributions that are
possibly highly non-ellliptical, for example multi-modal or extremely skew distributions. For
this purpose, they make use of a transformation to radial coordinates. Hoogerheide et al. (2007)
suggest a different approach. They introduce the class of neural network sampling methods,
where a neural network approximation to the posterior density is used as a candidate density
in IS or the MH algorithm. They propose three types of neural network functions that are easy
to sample from, when considered as density functions. One type is the adaptive mixture of t
densities [AdMit]. Among the neural network sampling methods, this approach appears to be
the most efficient and reliable in several examples.

In this paper we consider the AdMit method of Hoogerheide and Van Dijk (2007), which
is especially useful for models in which (some of) the parameters are restricted to a bounded
domain, and where much posterior probability mass is located near boundaries. It is applied to
an illustrative 2-regime mixture model for the US real GNP growth rate. We explain the non-
elliptical shapes of the posterior distribution, and show that the proposed method outperforms
several competing simulation methods including Gibbs sampling with data augmentation.

In Section 2 we present a summary of our method for constructing a proper candidate
distribution by iteratively adding Student’s t distributions to a mixture. For more details we
refer to Hoogerheide and Van Dijk (2007). In Section 3 we apply this method to the posterior
distribution in an illustrative 2-regime mixture model for the US real GNP growth rate. Section
4 concludes with possibilities for future research.

2 Constructing approximations to posterior densities:
adaptive mixtures of t distributions

Suppose we have a data set y for which we assume a model with parameter vector θ ∈ R
k.

Suppose the aim is to investigate some of the characteristics of the posterior with density kernel
p(θ|y), for example the posterior mean and covariance matrix. Hoogerheide and Van Dijk (2007)
suggest the following procedure:

1. Find a mixture of t densities q(θ) that approximates the posterior density with kernel
p(θ|y).

2. Obtain a sample of draws from the density q(θ).

3. Perform importance sampling or the (independence chain) Metropolis-Hastings algorithm
using this sample in order to estimate characteristics of the posterior distribution of θ.

There are two reasons for using mixtures of Student’s t densities. First, the class of mixtures
of Student’s t densities possesses a certain ‘universal approximation property’. Zeevi and Meir
(1997) show that under certain conditions any density function may be approximated to arbi-
trary accuracy by a convex combination of ‘basis’ densities; the mixture of Student’s t densities
falls within their framework. This means that a wide variety of posterior distributions, for ex-
ample multi-modal or highly skew distributions, can be approximated by mixtures of Student’s
t densities. Second, a mixtures of Student’s t densities is easily and quickly sampled from. The
Student’s t distribution is chosen instead of the normal, because it has fatter tails, so that the
approach can more easily deal with fat-tailed posterior distributions.

We follow the three steps of Hoogerheide and Van Dijk (2007), where the first step consists
of the following iterative procedure to obtain an adaptive mixture of t densities [AdMit] that
approximates the posterior density p(θ|y). First, compute the mode μh and scale matrix Σh

of the first Student’s t density t(θ|μ1, Σ1, ν) in the mixture as the posterior mode, and minus

2

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 702 -



the inverse Hessian of log p(θ|y) evaluated at the posterior mode, respectively. We choose a
small degree of freedom parameter ν to allow for fat tails. Then draw a large set of points θi

(i = 1, . . . , N) from the ‘first stage candidate density’ t(θ|μ1,Σ1, ν). After that, add components
to the mixture, iteratively, by performing the following steps:

Step 1: Check if the distribution of the importance sampling weights corresponding to the current
candidate mixture distribution is ‘good enough’. If this is the case, then stop. Otherwise,
go to step 2.

Step 2: Add another Student’s t density t(θ|μh, Σh, ν) to the mixture candidate density;
t(θ|μh, Σh, ν) covers a region of the parameter space where the current candidate density
is much too small (as compared with the posterior density kernel p(θ|y)).

Step 3: Choose the probabilities ph (h = 1, . . . , H) in the mixture candidate density∑H
h=1 ph t(θ|μh, Σh, ν) by minimizing the (squared) coefficient of variation of the impor-

tance sampling weights.

Step 4: Draw a sample of N points θi (i = 1, . . . , N) from our new mixture of Student’s t distri-
butions,

∑H
h=1 ph t(θ|μh,Σh, ν), and go to step 1.

For more details on the steps of this algorithm, we refer to Hoogerheide and Van Dijk (2007).

3 Example: 2-regime mixture model for real US GNP growth

In this section the AdMit approach that is discussed in Section 2, is applied to a highly non-
elliptical, 4-dimensional posterior density in an illustrative model for the growth rate of the US
real gross national product (GNP). The data that are used are the quarterly growth rates of the
real US GNP in the period 1959-2001. The data are shown in Figure 1. In models for the GNP
growth rate one often allows for separate regimes for periods of recession and expansion. In this
section we consider a static 2-regime mixture model. In this model the (percentage) growth rate
yt, defined as 100 times the first difference of the logarithm of real GNP, has two different mean
levels:

yt =
{

β1 + εt with probability p
β2 + εt with probability 1 − p

, t = 1, 2, . . . , T, (1)

where εt ∼ N(0, σ2). For identification we assume that β1 < β2, so that β1 and β2 can be
interpreted as the mean growth rates during recessions and expansions, respectively. For the
parameter vector θ = (β1, β2, σ, p)′ the prior kernel is specified as p(θ) ∝ 1/σ for β1 < β2,
0 ≤ p ≤ 1, and 0 elsewhere. Furthermore, β1 and β2 are restricted to the intervals [−3, 2] and
[0, 3], respectively.

It should be noted that this model is merely used as an example to illustrate the AdMit
method in the case of a non-elliptical posterior distribution on a bounded domain, and to com-
pare these with (Gibbs sampling with) data augmentation and the griddy Gibbs sampler. The
assumption that the ‘state’ (recession/expansion) is independent over (quarterly) observations
is obviously unrealistic.

We use the AdMit approach (with N = 100000, M = 1000) to construct a mixture of
Student’s t distributions that approximates the posterior distribution. Figure 2 shows the non-
elliptical shapes of a highest posterior density (HPD) credible set of (β1, β2, p) conditional
on σ = 0.79, the value of σ at the posterior mode (β1, β2, σ, p). Figure 3 illustrates the
iterative AdMit procedure by which a (mixture of t) candidate distribution is constructed: one
starts with a t distribution around the posterior mode, and iteratively adds t distributions
in areas where the previous candidate is too low, as compared with the posterior. It shows

3
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that a mixture of 3 Student’s t distribution can already provide a reasonable approximation to
the shape of the posterior distribution, reflecting that mixtures of t distributions can provide
reasonable approximations to a wide variety of posterior distributions. The AdMit method
stops at a mixture of 5 t distributions, for which the ‘highest candidate density region’ is almost
identical to the third panel of Figure 3.1 We use the mixture of 5 t distributions as a candidate
distribution in IS and the MH algorithm; our aim is to obtain estimates of the posterior mean
and standard deviation of β1, β2, σ and p. Table 1 shows the sampling results of AdMit-IS
and AdMit-MH. For AdMit-MH the posterior mean and standard deviation of each parameter
are estimated as the average and standard deviation of the draws; for AdMit-IS the weighted
analogues are reported.

Figure 4 shows histograms, scaled so that these can be interpreted as estimates of marginal
densities, of draws of β1, β2, σ, p obtained by the AdMit-MH method. Note the bimodality in
the marginal posteriors of β1 and p. The modes at β1 ≈ −1 and p ≈ 0.05 correspond with the
probability mass at the bottom of Figure 2, whereas the modes at β1 ≈ 0.7 and p ≈ 1 correspond
with the probability mass at the top of Figure 2. At the first region of the parameter space β1

has the interpretation of the mean GNP growth rate during recessions which take place with low
probability p. At the latter region of the parameter space β1 has the interpretation of the mean
GNP growth rate during periods of low or medium growth which occur with large probability p,
while β2 has the meaning of the mean GNP growth rate during ‘exceptional expansions’ (periods
of very high growth rates) occuring with low probability 1− p. Notice that for p = 0 (or p = 1)
the parameter β1 (or β2) is not identified. This local non-identification causes the highly non-
elliptical shapes in Figure 2: for low values of p a wide spectrum of β1 values is contained in
the HPD credible set, whereas for high values of p the HPD region contains wide intervals of β2

values.
In this model we can perform the method of Gibbs sampling with data augmentation of Tan-

ner and Wong (1987). Data augmentation is used in order to sample from models with latent
variables Z, in which directly sampling the parameters θ seems very difficult, but sampling θ
given Z is straightforward. In this algorithm, the parameters θ are drawn conditionally on the
latent variables Z, and the latent variables Z are drawn conditionally on θ. In our model we
define the latent 0/1 variables Zt (t = 1, . . . , T ) as Zt = 1 (Zt = 0) if period t is a recession
(expansion) period. Conditionally on Z (and each other), β1 and β2 are normally distributed,
while σ2 and p have an inverted gamma and beta distribution, respectively. Conditionally on
the values of the parameters, the latent variables Zt (t = 1, . . . , T ) have Bernoulli distributions.
Another Gibbs sampling approach that can be applied in this example is the griddy Gibbs
sampling approach of Ritter and Tanner (1992). In this approach, draws from the conditional
distributions are obtained by applying the inversion method to a piecewise linear approxima-
tion to the conditional cumulative distribution function (CDF) that is computed using density
(kernel) evaluations for a grid of input values.

Table 1 shows sampling results for data augmentation and the griddy Gibbs sampler (that
uses grids of 50 points for all four parameters). Again, the posterior mean and standard deviation
of each parameter are estimated as the average and standard deviation of the draws. The AdMit
procedures beat the Gibbs samplers in the sense of yielding estimates with less variation in the
same (or actually even somewhat less) computing time, where AdMit-IS outperforms AdMit-
MH. Notice the huge serial correlation (especially the serial correlation of 0.993 for p) in the
Gibbs sequence of the data augmentation method, which is even much higher than for the
griddy Gibbs sampler: the extra elements Zt (t = 1, 2, . . . , T ) in the Gibbs sequence introduced

1Note that the approximation is certainly not perfect; however, a better approximation requires (possibly
much) more computing time in both the construction and sampling phase: there is a trade-off between the
quality of the candidate mixture density and the speed of the construction and sampling.

4
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Figure 1: Real US GNP: quarterly growth rate in %. Source: Economagic.
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Figure 2: Highest posterior density (HPD) credible set for parameters (β1, β2, p) in a 2-regime
mixture model for US real GNP growth rate (conditional on σ = 0.79, the value of σ at the
posterior mode)
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Figure 3: ‘Highest candidate density’ sets for a candidate Student’s t distribution around the
posterior mode (left), a candidate mixture of 2 Student’s t distributions (middle), and a candidate
mixture of 3 Student’s t distributions (right) for parameters (β1, β2, p) in a 2-regime mixture
model for US real GNP growth rate (conditional on σ = 0.79, the value of σ at the posterior
mode)
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Table 1: Sampling results for the 2-regime mixture model for US real GNP growth

AdMit AdMit Data Griddy
IS MH Augmentation Gibbs

mean s.d. mean s.d. mean s.d. mean s.d.

β1 -0.1795 0.8449 -0.1794 0.8427 -0.1681 0.8500 -0.1974 0.8491
(st.dev. 20×) (0.0024) (0.0038) (0.0070) (0.0260)

β2 1.0353 0.2841 1.0342 0.2817 1.0374 0.2849 1.0306 0.2754
(st.dev. 20×) (0.0011) (0.0017) (0.0024) (0.0071)

σ 0.8388 0.0675 0.8390 0.0673 0.8395 0.0675 0.8369 0.0670
(st.dev. 20×) (0.0002) (0.0003) (0.0002) (0.0012)

p 0.2788 0.3045 0.2777 0.3040 0.2856 0.3086 0.2729 0.3016
(st.dev. 20×) (0.0009) (0.0015) (0.0038) (0.0105)

total time 204 s 204 s 264 s 251 s
time construction NN 64 s 64 s

time sampling 140 s 140 s 264 s 251 s
draw 1000000 1000000 2500000 20000

time/draw 0.14 ms 0.14 ms 0.11 ms 12.6 ms

coeff. of var IS weights 2.55
5% largest weights 44.2 %
acceptance rate MH 21.1 %

serial corr. β1 0.79 0.90 0.76
serial corr. β2 0.83 0.80 0.63
serial corr. σ 0.79 0.55 0.43
serial corr. p 0.80 0.993 0.87
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Figure 4: Histograms of draws of β1, β2, σ, p in AdMit-MH, scaled so that these can be inter-
preted as estimates of marginal densities

6

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 706 -



by the data augmentation cause a large increase of the serial correlation. This huge serial
correlation implies that the data augmentation estimates of the posterior means have a higher
standard deviation (estimated by repeating the simulation 20 times) than the AdMit methods,
even though AdMit-IS and AdMit-MH require the construction of a candidate mixture and the
sampling takes somewhat more time per draw (0.14 ms versus 0.11 ms). Further notice that
the evaluation of the target density over grids of points causes the griddy Gibbs sampler to be
relatively very slow as compared to the AdMit methods and data augmentation: the griddy
Gibbs sampler takes much more time per draw.

Finally, note that the data augmentation method requires more knowledge about the model
in the sense of the specification of latent variables and derivation of conditional distributions,
whereas the AdMit methods (and the griddy Gibbs sampler) only require the evaluation of the
posterior density kernel.

4 Concluding remarks

Hoogerheide et al. (2007) showed the possible usefullness of the AdMit sampling method, which
makes use of an adaptive mixture of Student’s t distributions that approximates the posterior,
in an IV model with weak instruments. In this paper we have shown the capabilities of the
AdMit method of Hoogerheide and Van Dijk (2007), that is especially useful for models in
which (some of) the parameters are restricted to a bounded domain, and where much posterior
probability mass is located near boundaries, in an illustrative 2-regime mixture model. The
proposed method can be extended in several manners. The method can be combined with
the ARDS approach of Bauwens et al. (2004). The AdMit approach can also be extended to
models with latent variables such as Markov switching models, or to models with time varying
parameters. We intend to report on these extensions in the near future.
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1. Introduction

Exchange rate time series exhibit complex structures which cannot be easily explained by standard eco-
nomic models or modelled by simple time series models. Agent based models (ABM) have been proposed
as an alternative modelling approach. For recent contributions see the overviews in [LeBaron (2006)] and
[Tesfatsion (2006)]. This paper will not present another ABM, but will provide a tool for the evaluation of such
models based on simulated indirect inference along the lines proposed by [Gilli and Winker (2003)]. The ap-
plication of this approach is demonstrated using the models introduced by [Kirman (1991)] and [Lux (1998)],
[Lux and Marchesi (2000)].

Given the variety of ABMs proposed for modelling foreign exchange (FX) rates, evaluation becomes
increasingly important for selection of optimal parameter values (estimation), discrimination between models
and assessing their explanatory power. This paper concentrates on model output, i.e. the simulated time series.
Figure 1 provides an overview on the steps involved in the analysis. The upper part of the figure shows the
steps of a typical statistical analysis, while the lower part exhibits the proceeding with ABMs. The box marked
“comparison” represents the core component of the approach of indirect inference, i.e. the comparison of real
time series with those generated from the ABM for given parameter values. Eventually, this comparison leads
to a feedback on the parameters of ABMs. This optimization step will be subject to future research.

Figure 1: Indirect Inference for Agent Based Models.
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In the following, a systematic approach is proposed for taking into account a larger set of time series char-
acteristics and the joint distribution of outcomes from repeated runs of the simulation models. The selection
of time series characteristics is based on previous research on stylized facts of FX time series [Winker and
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Jeleskovic (2006, 2007)]. A single objective function is constructed based on the joint distribution of character-
istics obtained from a bootstrap analysis. From repeated simulations of the agent based model, the distribution
of this objective function is obtained for different parameter settings. A comparison of this distribution with the
bootstrap distribution enables simulation based inference on the ABM.

2. Validation and Estimation

The following components are assumed to be given: (1) A realisation of the exchange rate process
X = {xt} for t = 1, . . . ,T . (2) An ABM A, which can be interpreted as a stochastic mapping from the parameter
space to the space of exchange rate series of length T : For a given parameter vector ∈ , the model A
generates stochastic realizations A( ) ∈ .

It is not claimed that ABMs might “explain” the actual level of the exchange rate. The models are
rather used as a model for describing stylized facts. Thus, when considering the validity of an ABM or when
searching for good parameters ∈ , the benchmark is not the exchange rate process X itself, but specific
statistics/moments m = (m1, . . . ,mk).

Unfortunately, the true vector of moments m is not known, but has to be estimated based on the available
observations X. Let me = (me

1, . . . ,m
e
k) denote consistent estimates of m. The variance-covariance matrix of

these estimates, Var(me), might be estimated, e.g. by means of (block) bootstrap techniques. As an example,
the left panel of Figure 2 shows the bootstrap distribution of the sum of the ARCH- ( ) and GARCH-parameters
( ) in a GARCH(1,1)-model fitted to the US-$/DM-exchange rate for the period 11.11.1991 to 9.11.2000.

Figure 2: Distribution of + in GARCH(1,1)-model from bootstrap (left) and for Kirman’s model (right).
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Validation Approach
For a given parameter vector , each simulation run of A results in a single simulated time series xs

t , t = 1, . . . ,T .
Letmmms

i ( ) denote an estimate of the vector of momentsmmm for replication i, i = 1, . . . , I. The right plot in Figure 2
shows the distribution of the sum of the ARCH- ( ) and GARCH-parameters ( ) in a GARCH(1,1)-model fitted
to the simulated time series of an implementation of Kirman’s (1991) model for a fixed parameter setting .
The mean of + over the bootstrap replications amounts to 0.9804, while the mean for the simulated data
is 0.9622. However, both distributions exhibit large variance. Thus, the mean estimators do not differ signifi-
cantly. A different result is obtained when considering time series generated from a GARCH(1,1)-model with
parameter values = 0.2 and = 0.5. In this case (not shown), the estimated mean of 0.6923 is obviously
significantly smaller than both for the real data and the data obtained from a simulation of Kirman’s model.
A statistical comparison of the results for the real data based on their bootstrap distribution and the simulated
data can use two approaches. First, if the overlap of both density functions is smaller than a given marginal
level one concludes that both distributions result from different data generating processes. Second, one might
ignore the variance in the simulation model and be interested solely in the means of simulated moments. Then,
it should be checked whether the mean falls in a 90%, 95% or 99% confidence interval based on the bootstrap
estimates. Here, we follow the second approach.
If mean or median of simulated moments exist, increasing the number of simulation runs allows to control
for the approximation error. The validation approach has to be refined when more than a single moment is
considered. Although some parameters of the agent based models might be set based on a priori reasoning or
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empirical evidence, typically a considerable set of parameters will be subject to calibration/estimation. Conse-
quently, validation and simulation based estimation has also to take into account a large enough number k of
moments m = (m1, . . . ,mk).

Method of Simulated Moments
For the method of simulated moments, the parameters of the simulation model are not considered as given,
but are subject to estimation. A standard method of moment condition requires that E(mmms| ) = m. Conse-
quently, if m was given, the parameter vector could be estimated replacing the expected value by the mean
over the simulated moments. If the number of moment conditions k exceeds the number of parameters in ,
a generalized method of moments is indicated. Let the k× 1 vector of deviations from the above moment
condition be defined as

(1) GGGI( ) =
I

i=1

[(mmms
i | )−m] , then, minimizing

1
I
GGG′

IWGGGI ,

whereW is a k×k positive definite matrix, results in the generalized method of simulated moments estimator ˆ .
The intuitive idea for selection of the weighting matrix W is to allow larger errors for parameters estimated with
a higher degree of uncertainty and vice versa. Choosing W as the inverse of the variance-covariance matrix of
GGGI( ) would be an optimal choice. Obviously, GGGI( ) is not available as is not known. Therefore, we propose
to use W = Var−1(me). Finally, we have to choose the moments m = (m1, . . . ,mk) to be considered. These
moments should correspond to relevant characteristics of the time series under study and should contribute to
the identification of parameters of ABMs.

3. The Objective Function

Selection of Moments
We use two criteria for the selection of adequate moments. First, the statistics should be robust. This goal

is assessed by evaluating the statistics for different subsamples and by conducting a rolling window analysis.
Second, the statistics should discriminate between alternative models and/or parameter constellations. To what
extent this goal can be achieved depends on three factors. First, the uncertainty of the estimates for the actual
data as measured by the bootstrap variance. Second, the variance of the expectation of the moment estimated
from the simulated data. This variance can be controlled by increasing the number of replications in the sim-
ulation. Thirdly, the power to discriminate amongst modelling alternatives depends on the identification of the
ABM given the considered moments. Unfortunately, this aspect can hardly be assessed on a priori grounds due
to the highly nonlinear structure of the ABMs considered.

Keeping these criteria in mind, statistics describing the unconditional and the conditional distribution
of exchange rate returns are selected. The selection of moments describing the unconditional distribution of
exchange rate returns is based on [Winker and Jeleskovic (2007)]. The mean and standard deviation of returns
provide standard measures of the overall shape of the unconditional distribution. Instead of using standard
higher order moments, an estimate of the tail index is considered. We employ the Hill estimator of the right
tail. The statistic entering our objective function is the mean of this Hill estimator over the 5% to 10% upper
quantiles of the return distribution. Finally, the overall shape of the return distributions can be compared. For
this purpose, we use the classical Kolmogorov-Smirnov statistic measuring the maximum absolute difference
between the cumulated empirical distribution functions of the actual exchange rate returns and the simulated
returns, respectively.

The choice of statistics for the conditional distribution is based on [Winker and Jeleskovic (2006)]. The
parameters of a standard GARCH(1,1) specification appear to be a useful summary statistic for short range
dependence in higher moments of the returns. The sensitivity analysis in [Winker and Jeleskovic (2006)] indi-
cates that the sum of the ARCH- and GARCH-parameters, i.e. + in the usual notation, is a more robust
statistic as compared to the individual parameters. As a standard measure of long range dependence, we in-
clude the GPH-estimator of the degree of fractional integration. Finally, the (close to) random walk property of
exchange rates is taken into account by the ADF-statistic.
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Table 1 provides a summary of the statistics used in the objective function including specification details
and the values for the benchmark exchange rate time series DM/US-$ for the period 11.11.1991 to 9.11.2000.

Table 1: Moments Considered for the Objective Function.

Implementation Benchmark Mean over Boot-
Label Statistic Details Value (me) strap replications
m1 Mean 0.00015 0.00015
m2 Standard Deviation 0.00649 0.00648
m3 Tail Index Right tail, average (5%-10%) 1.68033 1.70010
m4 Kolmogorov- Empirical distribution

Smirnov as benchmark n.a. 0.02461
m5 GARCH(1,1): + 0.98877 0.98043
m6 Fractional Integration GPH estimator for |rt | (m=0.5) 0.43823 0.36287
m7 ADF-Test with drift, no lags 0.01034 -1.28639

Weighting
An estimate ˆBB of the variance-covariance matrix Var(me) is obtained from the bootstrap distribution of m
using a window length of 250. For the reasons discussed before, we use the estimator Ŵ(me) = ˆ−1

BB of W =
Var−1(me) as the weighting matrix in our simulated method of moments approach. Thus, our objective function
for the evaluation of a parameter vector based on simulated data is given by

(2) f ( ) =
1
I
ĜGG

′
IŴ(me)ĜGGI =

[
1
I

I

i=1

[(ms
i | )−me]

]′
Ŵ(me)

[
1
I

I

i=1

[(ms
i | )−me]

]
.

As a benchmark, we use the distribution of the objective function f obtained for the 10 000 block bootstrap
samples which have also been used for calculating ˆBB. The quantiles of f obtained from the block bootstrap
of the empirical data exceed the quantiles of the 2-distribution with seven degrees of freedom. Thus, we
will resort to the simulated values for testing specific parameter settings for the simulation models in the
following. The empirical 95%-quantile amounts to 35.54 and the 99%-quantile to 49.06.

4. Applications

In order to assess the properties of the objective function f ( ) we consider the application to two agent
based models of the FX market. We are interested in three aspects of the objective function. First, for a given
model and a given parameter set , we are interested in the dependence of the objective function values on
the number of replications I of the model, i.e. at which computational cost the Monte Carlo variance can be
controlled. Second, for a given model, it is analyzed whether the objective function can discriminate amongst
different parameter settings. Third, the objective function might be used to compare different models.

Kirman
The first test case uses a model originally introduced by [Kirman (1991)]. The central ingredients of the

model are the interaction between heterogenous agents, and the endogenous evolution of the shares of agent
types over time. Individuals acting on the FX market are characterized as fundamentalists and chartists, respec-
tively. Fundamentalists expect an adjustment of prices towards the fundamental value of the asset. Chartists
follow a momentum strategy. The type of any individual can change for two reasons: random mutation with
probability and conviction by direct interaction with a second individual of different type with probability .
For further details on the model specification and model parameters see [Kirman (1991)].

An implementation of Kirman’s model can be fully described by a parameter vector summarizing all
model parameters (including and ), a time path for the fundamental value and initial values for the price and
the shares of agent types. Then, for a given random number vector r, the model will provide a realization of a
price time series ki( ,r), which can be used to calculate simulated moments ms( ,r).

Since we are interested in the value of the objective function as a function of the models’ parameters
, the analysis has to be repeated for a large number of Monte-Carlo replications with differing random num-
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ber vectors ri, i = 1, . . . , I. From the resulting Monte-Carlo distribution of simulated moments, we obtain an
estimate of f ( ) based on the mean, trimmed mean or median, respectively. Of course, this estimate will be
subject to some remaining Monte-Carlo sampling variance depending on the number of replications performed.

Algorithm 1 summarizes the approximation of the objective function over a grid of relevant values of
the two central parameters and . Thereby, 1 denotes all other relevant parameters of the model, i.e.,

= ( , , 1). The other relevant parameters have been set to fixed values found reasonable in preliminary
experiments (values are available on request). The fundamental price is assumed to be constant and equal to
the mean of the empirical data.

The results of the simulation with regard to the two parameters and are shown in Figure 3. For
these results, the number of replications I has been set to 100. From the left plot it becomes obvious that
both parameters exhibit a pronounced influence on the objective function f . In particular, too large values
of the mutation rate and too small values of the conviction rate result in simulated time series which differ
considerably from the real exchange rate series with regard to the moments considered in this application.

Algorithm 1 Calculating the objective function.
1: for j = 0 : n j do
2: Set = l +( u − l)× j/n j

3: for l = 0 : nl do
4: Set = l +( u − l)× l/nl and = ( , , 1)
5: for i = 1 : I do
6: Generate random vector ri and simulate the model
7: Calculate ms

i ( ,ri))
8: end for
9: Calculate estimate of f ( )

10: end for
11: end for

Figure 3: Simulated response surface f ( ) for Kirman’s model as a function of and .
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Based on the findings in the left plot, a second simulation has been run on a smaller subset of the parameter
space. From the results in the right subplot it becomes obvious that although small values of result in better
properties of the simulated time series, the optimal value is strictly positive, while for optimal values might
be close to 0.35. Finally, one should note that given the fixed values of all other parameters of the model, the
lowest values of the objective function f are of the order to magnitude of 200. Thus, compared to the bootstrap
distribution of f for the real data, the model with the parameter vectors considered and the assumption about a
constant fundamental price has to be rejected. However, other parameter vectors and/or a different assumption
about the fundamental price might lead to different conclusions.
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Lux
The models introduced by [Lux (1998)] and [Lux and Marchesi (2000)] consider a fixed number of traders N
who are endogenously divided in three groups, fundamentalists (Nf ) trading on mean reversion with regard to
the fundamental price (pf ), optimistic chartist traders (N+) and pessimistic chartist traders (N−).
The endogenous switching within the group of chartists is modelled as depending on the market sentiment and
the current price trend. Market sentiment is measured through a so called opinion index x which is defined as
x = N+−N−

Nc
. The direction of the price change (in continuous time) ṗ = dp/dt is the second component which

determines the transition probabilities to switch from the pessimistic group to the optimistic one ( −+) and vice
versa ( +−):

(3) −+ = v1

(
Nc

N
eU1

)
; +− = v1

(
Nc

N
e−U1

)
where U1 = 1x+ 2

ṗ
v1

.

The model parameters 1 and 2 describe the sensitivity with regard to both influence factors, while v1 repre-
sents a measure for the frequency of revaluation of opinion. It is assumed that chartists buy or sell always a
fixed number of units depending on the expected price change. The strategy of fundamentalists is to buy (sell)
when the price at time t is below (above) the fundamental price pf . The probability of switching between the
group of fundamentalists and chartists depends on realized excess profits. The transition probabilities between
fundamentalists and chartists are defined as follows:

+ f = v2

(
N+

N
eU2,1

)
; f+ = v2

(
Nf

N
e−U2,1

)
; − f = v2

(
N−
N

eU2,2

)
; f− = v2

(
Nf

N
e−U2,2

)
(4)

where

U2,1 = 3

[(
r+

ṗ
v2

)
/p−R− s

∣∣∣∣ pf − p
p

∣∣∣∣
]

; U2,2 = 3

[
R−

(
r+

ṗ
v2

)
/p− s

∣∣∣∣ pf − p
p

∣∣∣∣
]

.(5)

[Lux (1998)] assumes that prices react sluggishly to the presence of non-zero net demand. The actual prices are
set by an auctioneer. [Lux and Marchesi (2000)] take over this hypothesis and adjusted the model for the case
of discrete time. Excess demand of chartists (EDc) and fundamentalists (EDf ), is given by EDc = (N+−N−)tc
and EDf = Nf (pf − p), leading to total excess demand ED = EDc + EDf . Thereby, tc denotes the fixed
number of units that chartists either buy or sell. > 0 is the reaction speed of fundamentalists to price deviation
from the fundamental value.
It is assumed that the reaction of the market maker is a stochastic process itself which is driven by the
reaction speed and some imprecision (modelled by a small noise term ∼ N(0, 2) ). Furthermore,
[Lux and Marchesi (2000)] assume that the market price increases or decreases by a fixed tick size of one
cent ( p = ±0.01) according to the following probabilities of price changes:

↑p = max[0, (ED+ )] and ↓p = −min[0, (ED+ )] .(6)

This tick by tick movements of the price happen in micro-intervals during a trading period. The recorded price at
the end of the trading period is given by the accumulated price changes. The parameter values for all parameters
kept fixed for the simulation follow closely parameter set I in [Lux and Marchesi (2000), p.689]. However, our
implementation does not allow for a switch in the time increment, i.e. the number of microintervals per trading
day n t . As for Kirman’s model, the fundamental price is assumed to be constant and equal to the mean of the
empirical data. The results of two simulations are presented in Figure 4. While the left hand plot shows the
results over a grid of values for 1 and 2, the right hand plot exhibits values of the objective function over a
grid of values of and 2.

The left hand plot exhibits only a small part of the results obtained with regard to 1 and based on 50 simulations
of the model at each grid point. Nevertheless, it shows that 1 is not well identified at least for the given values
of all other parameters, while for 2 a clear minimum can be spotted. The plot on the right hand side is based
on only 20 model simulations at each grid point. A minimum of the objective function is found for some inner
values of the parameter set. It appears that the objective function exhibits several local optima in this area.
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For both parameter settings, the minimum value of f is above 150. Consequently, the model together with the
specific parameter settings and the assumptions about the fundamental price has to be rejected.

Figure 4: Simulated response surface f ( ) for Lux’s model as a function of ( 1, 2) and ( , 2).
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Time Series Models
Time series models might help to characterize or even forecast financial market time series, but they are not well
suited to provide an economic rational for specific properties. Nevertheless, it might be checked to what extent
the time series models exhibit all characteristics of the actual FX data. As a first simple example, Figure 5
presents in the left panel the outcome of simulating a simple GARCH(1,1)-model for different values of the
parameters and , while the initial variance has been set to the unconditional empirical variance of returns.
For values of and corresponding to nonstationarity, the objective function has been censored. The plot
demonstrates that a GARCH(1,1)-model is best suited to reproduce the characteristics of empirical exchange
rate data for values of and which in sum are close to unity. However, the parameters appear to be not well
identified although a GARCH(1,1)-model is included as a component in the objective function f . Finally, the
lowest value of f obtained in this exercise is 33.24 which is below the 95% level of the bootstrap distribution.
We cannot reject the null hypothesis that the empirical data are generated by a GARCH(1,1)-model.

Figure 5: Simulated response surface f ( ) for GARCH(1,1) and SV models.
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As a second example of a time series model, we consider the stochastic volatility model for the time series of

returns rt given by [van der Sluis (1997), p. 79]: rt = t t ; ln 2
t = + ln 2

t−1 + t ; t , t
iid∼ N(0,1), t =

1, . . . ,T . The estimates of the parameters for our empirical data are ˆ = −0.968, ˆ = 0.903 and ˆ = 0.159.
For the simulations, we set to its estimated value and fixed ln 2

0 to its expected value /(1− ) for given
values of and . The right hand plot in Figure 5 exhibits the response surface of f with regard to and .
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While appears to be well identified by the indirect estimation approach, the variation of f with regard to is
less well pronounced. Nevertheless, we can spot a minimum of f with function value 62.13. Consequently, for
this parameter setting, the null hypothesis that the empirical data have been generated by a stochastic volatility
model has to be rejected. However, it is of interest to note that the minimum of f is obtained for parameter
settings close to the estimated ones. The indirect estimation approach appears to work well for this model.

5. Conclusion

We select robust statistics to describe stylized facts of FX data. Weighting these statistics according to their
estimated sampling variance results in an objective function of a generalized method of moments type. This
objective function is evaluated for two different ABMs and two time series models of the FX market to demon-
strate its ability to differentiate between different parameter settings and models.
The results indicate that the objective function is well suited to exclude large parts of the parameter space for
all models considered. For the time series models, the optimal values are obtained for parameter values close to
those resulting from direct estimation. Nevertheless, the considerable sampling variability of some components
of the objective function precludes the identification of a very narrow region of “optimal” parameter values.
In fact, for the ABMs, it is not obvious whether all parameters are identified. Nevertheless, it is possible to
reject the null hypothesis that the observed data have been generated with any of the ABMs for some of the
considered parameter settings.
Obviously, these results represent only a first step of the analysis. First, the selection of adequate statis-
tics/moments has to be continued. Second, further ABMs and alternative parameter settings will be analyzed.
Third, given the high dimensionality of the parameter space of ABMs, the type of grid search presented in the
present contribution is not well suited to search for globally optimal parameter values. Thus, the eventual goal
consists in using the methodology introduced in this paper for an indirect estimation procedure of the models’
parameters along the lines suggested by [Gilli and Winker (2003)].
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When analysing macroeconomic time series, it is often of interest to obtain estimates of the
underlying business cycle. In his paper, Pollock illustrates for quarterly GDP in the UK that, when
this cycle is estimated by fitting the popular AR(2) model to the deviations of seasonally adjusted ob-
servations from a deterministic trend, the estimated parameters are not able to represent the expected
behaviour of a cycle. In particular, the estimated roots are real and too close to the unit cycle. Fur-
thermore, even when the model is estimated by the modified Whittle estimator, the plug-in spectrum
implied by the estimated parameters has a large spike that appears to be missrepresenting the peri-
odogram. Pollock attributes these biases to the fact that the spectrum of an AR(2) model is non-zero
for the entire range of frequencies while the observed cycle has zero valued spectral densities every-
where in the interval ( 8 ] Consequently, he proposes a continuous-time band-limited process for
the underlying cycle. He also shows that in order to estimate properly the cycle, the data should be
filtered using an anti-aliasing filter to remove the spectral elements that fall outside the range of the
underlying cycle. Finally, to avoid interference, the continuous process should be sampled at a rate
corresponding to its highest frequency.

Although the proposed methodology seems an attractive alternative to estimate cycles, the em-
pirical example chosen to illustrate the conclusions of the paper seems rather contentious. There are
alternative explanations about why the estimated roots of the AR(2) model fitted to the deviations of
the seasonaly adjusted GDP from the deterministic trend are real and non-stationary. First, it is well
known that seasonal adjustment of time series could lead to misspecified models, misleading inferences
about the parameters and poor forecasts; see Plosser (1979) and Nerlove et al. (1979) for early refer-
ences and Findley and Martin (2006) and Ooms and Hassler (1997) for results related with frequency
domain analysis. Second, the deviations of the seasonaly adjusted GDP from the deterministic trend
could be far from stationary suggesting that the trend could be stochastic rather than deterministic. In
this case, the estimated cycle could absorb part of the non-stationarity no represented by the determin-
istic trend. Third, it could also be possible that the cycle is misspecified when fitting an AR(2) process
because its dynamics are generated by alternative ARIMA models. Finally, the presence of outliers,
level shifts, conditional heterocedasticity and other types of non-linearities could a ect the results.

In this note, we focus on the second possible explanation of why it is possible to estimate an
AR(2) model with real roots close to unity namely that the estimated cycle depends on the specification
of the trend. For this purpose, we fit unobserved component models to series of seasonally adjusted
GDP. The model considered is given by

= + +(1)

= 1 + +

= 1 +

=
¡
cos 1 + sin 1

¢
+

=
¡
sin 1 + cos 1

¢
+

where is the trend, the cycle and the irregular component. All the noises, ,
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and are assumed to be mutually uncorrelated white noise processes with variances 2, 2 2 and
2 respectively. Note that the variances of and are assumed to be equal. These variances can
be estimated by Quasi-Maximum Likelihood by maximizing the prediction error form of the Gaussian
likelihood. Alternatively, they can also be estimated using the Whittle estimator which maximizes the
frequency domain expression of the likelihood. The parameter is the period of the cycle and 1

is a dumping parameter. Both parameters can be estimated as additional parameters of the model.
Once the parameters have been estimated, the Kalman filter allows to obtain one-step ahead estimates
of the underlying components. Also, it is possible to use smoothing algorithms to obtain estimates of
the components based on the whole sample available; see, for example, Harvey (1989) for an extensive
treatment of model (1).

We first assume that the series has no cycle and that the trend is deterministic, i.e. 2 =
2 = 0 Figure 1 plots the series of GDP of UK1 observed quarterly from the first quarter of 1955
up to the first quarter of 2007 inclusive, together with the estimated deterministic trend and smotthed
irregular component2. This figure suggests that the irregular is not stationary and, consequently, it is
expected that the cycle resulting from this series may have some roots close to unity. Furthermore,
Figure 2, that plots the correlogram of the residuals, is in concordance with this results. The pattern
of the sample autocorrelations is not the one expected when looking at stationary cycles. Consider now
that we add a cycle to the deterministic trend. In Figure 3, that plots the estimated components, it is
possible to observed that the estimated cycle is very close to the estimated irregular component plotted
in Figure 1.

As mentioned before, the results above suggest that the trend of the GDP series cannot be ad-
equately represented by a deterministic fucntion of time. Consequently, we also consider stochastic
trends. First, we assume that the rate of growth of the trend is constant over time, i.e. 2 = 0 Figure
4 plots the estimated trend, cycle and transitory components in this case. Note that the estimated cycle
has the expected shape which is rather di erent from the cycle estimated when the trend was assumed
to be deterministic and plotted in Figure 3.

Finally, we assume that the rate of growth of the trend is not constant over time. In this case,
we assume a smooth trend evolution, i.e. 2 = 0 The corresponding estimated components have been
plotted in Figure 5. Note that the variation in the slope is much smoother than before while the cycle
is very similar to the one estimated when the trend was assumed to be deterministic.

The results above suggest that the estimated cycle depends cruzially on the assumptions made
about the other components in which a time series is decomposed. In this sense, it could be also of
interest to analyse how these results can be a ected by the fact that the series considered by Pollock
and in this note has been previously seasonally adjusted. As mentioned above, seasonal filters could
have missleading e ects on the dynamics of the filtered series. It is of interest to see how the estimates
of the cycle change when adding a seasonal component to model (1).

Finally, I would like to point out that in order to evaluate the adequacy of the estimated models
some diagnostics should be of interest. Furthermore, some of the arguments put forward by Pollock are
based on the visual comparison of the sample periodogram and the plug-in parametric spectrum implied
by the estimated parameters. Some kind of measure of the distance between these two functions should
be useful to further analyse wheter a given estimated model is able to represent the observed sample
properties of the considered series.

1The series has been obtained from the EcoWin data base and it is seasonally adjusted.
2All the estimates have been obtained using the STAMP 6.0 program of Koopman et al. (2000).
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Figure 1. Estimated components of deterministic trend model

Figure 2. Correlogram of residuals of deterministic trend model.

Figure 3. Estimated components of deterministic trend plus cycle model
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Figure 4. Estimated components of stochastic trend with fixed slope plus cycle
model

Figure 5. Estimated components of smooth trend plus cycle model
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ABSTRACT

When confronted with a number of data sets X1,...,Xp referring to the same variables, but not nec-
essarily the same observation units, one approach is to analyze all data matrices separately (e.g. by
Principal Component Analysis), and then compare the loadings from all these analyses. For this
comparison often (Generalized) Procrustes Analysis is used. An alternative approach, however, is
to analyze all data sets jointly. When the data sets refer to the same observation units, such a
joint analysis can be done by three-way component analysis techniques (e.g., Candecomp/Parafac or
Tucker3 analysis). When the data sets refer to different sets of observation units, various simultaneous
component analysis techniques are indicated. Since both types of methods aim at summarizing and
comparing the information in multiple data sets, it is of interest to understand special strengths and
weaknesses of the different approaches. A theoretical comparison will be given first. This will be
supplemented with some empirical (simulation based) studies on comparison of some specific variants
of the different classes of techniques mentioned.

Keywords. Three-way component analysis, multi-set component analysis, Procrustes analysis.
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Résumé

Le présent papier introduit une approche inférentielle pour la validation du compromis
de la méthode STATIS entre plusieurs tableaux de données multivariées. Il établit la
distribution asymptotique de la part de la variance vectorielle expliquée par le
compromis ensuite, les intérêts pratiques de ce résultat seront présentés sur la base
d’un exemple.

Abstract.

The paper establishes the asymptotic distribution of the ratio of the explained
variance obtained by the compromise of STATIS. Two examples are given to illustrate
the practical interests of the result.

1. Used notation

Let X: px1 a random vector partitioned as follows:

KX

X
X

X
2

1

where kX is of dimension 1kp and pp
K

k
k

1
.

for Klk ,1 , let kk E X and
'

cov ,k l k k l l
kl EX X X X
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2

Escoufier (1973) has defined a symmetric measure of covariance between two random
vectors by the following relation:

lkkl
lk traceCOVV XX , , Klk,1 (1)

This vector covariance is symmetric between kX and lX and when lk , it reduces to
the vector variance given by:

2, kk
kkk traceCOVVVAV XXX (2)

Let X be a KxK matrix representing the parametric structure of the vector
covariance of the partitioned vector X defined as:

lkkltraceX Klk,1 (3)

From a sample random nXXX ,,, 21 taken from X

K
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X
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We use the unbiased estimators of et which are respectively

KX

X
X

X
2

1

and

klSS Klk,1 , where
n

i

k
i

k

n 1

1
XX

'

1

1
1

n
k k l l

kl i i
i

S
n

X X X X .

Klk ,1

To have an estimator SX of X , we let

1

21
( 1)

k k

k k

k

k k
n

n

X X

X X
Z

X X

, the centred matrix

kpn of observations ( to the multiplicative constant (n-1) ) corresponding to the kth

vector kX . Let '
kkk ZZW Kk1 and define the matrix XS : KK of scalar

products between the symmetric matrices kW Kk1 as follows:

lktrace WWS X Klk,1 , (4)
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The (k,l) element of the matrix Sx can also be written as:

' ' ' '
k l k k l l k l l k kl lktrace trace trace traceW W Z Z Z Z Z Z Z Z S S

For the simultaneous analysis of the arrays Z1, Z 2,…, ZK, STATIS (see
Escoufier 1970 ; Lavit 1988 ; Lavit and al 1994) uses the matrix XS ( to the
multiplicative constant (n-1)2 ) given by (4)).

the principal goal of the STATIS method is to find a consensus
K

k
kkb

1

1 WW

between the configurations '
kkk ZZW , where 1

kb is the kth component of the

standardized eigen vector 1b ( 11'1 bb ) associated with the largest eigen value 1l
of the XS matrix.
This formulation, permits to decompose the total vector variance as :

1 1

K K

k k k
k k

VAV VAV VAV bW W W W

In addition

1lVAV W et
1

W S
K

k X
i

VAV trace

And we get :

111

K

k k
k

X X

VAV b
l

trace trace

W W

S S

The ratio
Xtrace

l
S

1 measures the vector variance part explained by the compromise W.

In practice, this ratio is used as an indicator of the quality of the obtained compromise.
A value near one means a total agreement between the different configuration Wk and a
value near zero reflects a total disagreement.
The principal goal of this paper is to obtain the asymptotic statistical distribution of the

Xtrace
l

S
1 ratio when the random vector belongs to the multivariate elliptical

distribution family.

2. Asymptotic statistical distribution of the ratio
Xtrace

l
S

1

Let VX ,~ E be an elliptical random vector with mean μ and covariance matrix
V~ for a positive real number 0 and a kurtosis parameter (see Muirhead

(1982)).
For the sequel, we will suppose that the matrix X introduced in (3) is irreducible,
which means that X can not be transformed by simple permutations to a matrix of
the form
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22

1211

0

where 2211 , are square matrices.
A sufficient condition for X to be irreducible is not to contain more than K-2 zeros
(See Graybill(1983)).
Under this hypothesis, by the Perron-Frobenius theorem, the largest eigen value 1

of X is unique and the associated standardized eigen vector 1 1 1 1
1 2, , , K

11'1 can be chosen so that all its components 01
k are positive.

The XS matrix introduced in (4) contains no zero with probability 1, it is
irreducible and its largest eigen value 1l is unique with probability 1. The standardized

eigen vector 1 1 1 1
1 2, , , 'Kb b bb 1 1' 1b b associated to 1l is such that 01

kb for

1 k K .
Under these conditions, 1l and 1b are uniquely defined and are obtained as continuous

function of the XS matrix (seer Anderson (1963)) so, 1l and 1b are respectively

convergent estimators of 1and
1 .

Theorem
Let XS be the covariance matrix defined by (4) obtained from a random sample of size
n taken from an elliptical distribution of covariance and kurtosis . If X defined by
(3) is irreducible, then

2

2
11 16

,0
XXXS trace

N
tracetrace

l
n

L
(5)

where in (5), the
L

symbol, means convergence in law and is given by the
following relation :

1 1 1 12

1 1

{ 1

}

i j k l ij jl lk ki ji il lk kj
i j K k l K

ij ji kl lk

trace trace

trace trace
(6)

3. Example

Consider the job applicants data set given in Kendall (1975). This data set contains 15
variables representing the judgments of such qualities as appearance, honesty and
experience for 48 applicants in a job interview. Any of the correlations between the
variables are quite high so it is felt that the judge might be confusing some variables.
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A factor analysis is run on the data set to try to discover in it a pattern (see Mardia,
Kent and Biibby(1979)). A partition of the original vector is achieved trough the results
of the factor analysis. The first sub vector representing a salesman like personality
contains variables 5, 6, 8, 10 to 13. The second one representing likeability contains
variables 4 and 7 to which it is felt that variable 14 can be added since it has its
highest correlation with the 4th variable. Variables 1,9 and 15 constitute the third sub
vector representing experience. Finally, variables 2 and 3 are put together in the last
sub vector representing both academic ability and appearance. Therefore, there are
K=4 sub vectors with
p1=7, p2=3, p3=3 and p4=2. The sample vector covariance matrix is given in table 1

Kendall Data
2811.26 282.47 267.39 58.78
282.47 265.60 45.02 12.63
267.39 45.02 504.49 12.58

XS

58.78 12.63 12.58 31.01

Table 1. Vector covariance matrix

The results of the analysis are shown in table 1

Kendall Data
Dimension
(k)

1 2 3 4

kl 2874.47 474.64 233.79 29.46
Xk Stracel / 0.796 0.131 0.065 0.008

Cumuls 0.796 0.927 0.992 1.000

Table 2. Analyse of the scalar product matrix.

The weights of each array in the determination of the compromise are the components
of the eigen vector of XS . These weights are given in table 3.

Kendall Data
Groupe 1 Groupe 2 Groupe 3 Groupe 4

(1)
kb 0.987 0.109 0.114 0.021

Table 3. Weights of the groups in the definition of the compromise

That gives a high weight to salesmanlike personality.

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 728 -



6

In practice, the unknown parameters are replaced by convergent estimators:

Xby SX (table 1), (1) (1)by b (table 3), by . To obtain we use the algorithm of
Cléroux and Ducharme (1989). The estimator of 2 , given by (6) is 2 . The value of
and 2 are given in table 4.

Données Kendall -0.165 94.80

Table 4. Estimation of and .

To test the signification of the compromise in STATIS, we consider the

hypothesis 1
0 0

X

H :
tr(

for 0 real. An unilateral asymptotical test for H0 of level :

reject H0 if

1
0

4
( )

( ) ( )X X

zln
tr S tr S

Where z is the th100(1- ) percentil of N(0,1). And an unilateral asymptotic confidence

interval for 1

( )Xtr
is given by 1 4 ,1

( ) ( )X X

l z
tr S ntr S

.

Kendall Data [0.771,1]
Table5. 95% Confidence interval

4. Conclusions

The paper establishes the statistical asymptotical law of the ratio 1

( )X

l
tr S

for the

STATIS method. This ratio represents in STATIS a measure of agreement between several
data blocs. That result has allowed us to construct a confidence interval for this
measure. A numerical example shows the utility of such result.
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1 MFA: basic principles in the case of quantitative variables

1.1 Analyzed data

Multiple factor analysis (Escofier & Pagès, 1988-1998) is an exploratory method dedicated to tables
in which a same set of individuals (I) is described by several sets of variables {Kj , j = 1, J},
quantitative and/or qualitative. In the following presentation we will focus on the case where variables
are quantitative. These data are schematized on Figure 1 in which we also added the principal
notations.

Sets 1 j J

Variables 1 k Kj

1 

Individuals i xik

I

Figure 1: Data table subjected to MFA (I individuals, J groups of variables).

A typical example of this type of data is provided by surveys in which the questionnaire is
structured into topics (e.g. opinions, behaviors, etc.).

1.2 Balancing the groups of variables in a global analysis

The simultaneous factorial analysis of several groups of variables firstly poses the problem of the
balance between these groups in the construction of the factorial axes and in particular of the first
of them. It would be inappropriate to balance the total inertia of each group because that would
privilege the unidimensional groups to the detriment of the multidimensional groups. The choice of
MFA consists in equalizing (to 1) the maximum axial inertia of each group of variables. In practical
terms this is obtained by assigning the weight 1/λj

1 to all the variables of the group j (where λj
1 denotes

the first eigenvalue of the separate PCA of the only group j).
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This weighting being acquired, the prime objective of the analysis of the data table is identical
to that of a simple PCA:

1. to highlight principal dimensions of variability of the individuals;

2. to provide an optimal representation of the variables in order to visualize their correlations.

These results are obtained by carrying out a PCA of the whole table, by granting to each variable
the weight indicated above. MFA supplements these results by specific representations of the structure
in groups of variables.

1.3 Superimposed representation of the configurations of the individuals induced

by each group of variables

Let ij denotes the individual i described by the group of variables j; let N j
I denotes the configuration

of the individuals ij . To compare these clouds, one of the reference method is the procustes analysis
(Gower, 1975); MFA provides also a superimposed representation of the clouds N j

I according to the
following principle.

Let Fs(ij) denotes the coordinate of ij along the MFA axis of rank s; this coordinate is calculated
according to the following equation:

Fs(ij) =
1√
λs

1√
λj

1

∑
k∈Kj

xikGs(k),

where λs denotes the eigenvalue of the MFA axis of rank s and {Gs(k), k ∈ Kj} denote the coordinates
of the variables on this axis.

One can recognize here the usual transition formula restricted to the only variables of Kj . This
representation possesses several good properties.

1.4 Representation of the groups of variables

To each group of variables j, one can associate the scalar matrix between individuals. This matrix of
dimension (I × I) is denoted Wj and can be regarded as a point in the Euclidean space of dimension
I2, denoted RI2

. The whole set of Wj constitutes a cloud of points, denoted NJ , which is interesting
to analyze. Indeed, the cosine of the angle formed by the origin and the two points Wj and Wl is
the coefficient RV (Kj ,Kl), a classic measurement of the relationship between two groups of variables.
The reference method to analyze the cloud NJ is the STATIS method (Lavit, 1988) which carries out
an analysis in principal axes of NJ .

The representation of NJ provided by MFA is obtained by projecting NJ upon vectors of RI2

induced by the MFA factors: one factor may be considered as a set consisting of a single variable; it
is then possible to associate this set to a scalar product matrix and thus to a vector of RI2

.

2 MFA applied to groups of qualitative or mixed variables

The set of individuals is now described by several sets of qualitative (categorical) variables. The
general issues remain the same as for the quantitative variables:

1. a need for balancing the influence of each group of variables,

2. to superimpose the configurations of individuals induced by each group,

3. to represent the groups themselves as points in a scatter plot.
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Technically, the qualitative variables are treated as in a multiple correspondence analysis (MCA):
they intervene through the indicator functions of their categories; the spaces of the individuals and of
the categories are endowed with adequate metrics (those of MCA). As in the case of the quantitative
variables, the indicator functions of the variables of the group j are balanced by 1/λj

1, where λj
1 denotes

the first eigenvalue of the MCA of the group j. Let us notice in passing that the indicator functions
lie in the same space (endowed with the same metric) as the quantitative variables (the RI space
endowed with the metric of the individual weights). For the representation of the groups, the scalar
products matrices Wj lie in the same space as the one calculated from the quantitative variables.

The introduction of both quantitative and qualitative groups as active elements in a unique
analysis is possible because:

1. the quantitative variables and the indicator functions lie in same Euclidean space;

2. inertias of these groups of variables are “harmonized” via the weighting of the groups.

3 MFA for contingency tables (MFACT)

We now analyze a set of J contingency tables having a common dimension (constituted conventionally
by the lines) of dimension (I × Kj) (cf. Figure2).

1 j J

1 k Kj

1 

i fikj fi.j fi..

I

f.kj

Figure 2: Table F for the MFACT; set of J contingency tables, having a common dimension, row-wise
juxtaposed (f.kj =

∑
i fikj) .

The general study of these data can be carried out using a correspondence analysis (CA) of
table F . This analysis takes simultaneously into account the between tables variability as well as the
within tables variability. It refers to the model of independence between the set of I lines and the
set of K columns. In this spirit, the general term of table fikj is compared with that of the model
denoted mikj for which the following relation stands:

mikj = f.kjfi..

In many applications, the within tables variability is small compared with the between tables
variability and thus is masked in the total analysis. Hence the idea of analyzing separately the within
variability. The internal correspondence analysis (Escofier & Drouet 1983) meets this aim: it analyzes
table F in reference to the model of within tables independence: in this model the columns of table j

are proportional to the marginal profile of this table j. That is to say:

mikj =
fi.j

f..j
f.kj

Geometrically, that can be interpreted as centering the cloud composed of the columns of each
table and carrying out the analysis on the set of centered clouds with the column weights (f.kj) and
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the metric (fi..) of the initial CA of table F (cf. Figure 3). In practice, one carries out this analysis
using a program of CA applied to the table whose general term is:

fikj − mikj + f.kjfi..

RI

l

K
G

j

KG

j

KN

l

K
N

O

RI

j

KG

j

KN

l

K
G

l

KN

O

Figure 3: Geometrical interpretation of the internal correspondence analysis in the space of the
columns.

Firstly, the total factorial analysis of the set of centered clouds poses the problem of the balance
of their respective influences in the construction of the first axes. Moreover, it is useful to obtain
a representation of the lines seen by each subtable, i.e. roughly speaking a superposition of the
clouds of the lines such as they are built in their separate analyzes. To bring an answer to these two
questions, MFACT (Bécue-Bertaut & Pagès 2004) applies the framework of the MFA to the juxtaposed
contingency tables. In practical terms,

1. the balance between the clouds is obtained while making equal to 1 their maximum axial inertia
(by dividing the weight of each column k of table j by λj

1, the first eigenvalue of the analysis of
N j

k);

2. the representation of N j
I is obtained by the same calculation of projection of NI on its principal

axes but restricting this calculation to the columns of the subtable j.

4 Hierarchical Multiple Factor Analysis (HMFA)

An extension of individuals × variables table in which variables are structured into groups is the case
where variables are structured according to a hierarchy (in practice the hierarchy is often limited to
some nested partitions; cf. Figure 4 with two levels of partitions).

A typical example is that of surveys in which questions are structured into topics and subtopics.
Another example is provided by sensory analysis: a set of products (I) is evaluated according to
several criteria (K), by several judges (J) from several juries (L). When the number of judges per
jury is not constant, Jl denotes the number of judges of the jury l and we have: J = {Jl; l = 1, L}.
When the number of criteria per judge is not constant, one denotes Kj the number of criteria of the
judge j and we have: K = {Kj ; j = 1, J}. If one does not take account of the distribution by juries,
the data table falls within the competence of MFA, the group j being made up by the variables of a
judge j. Taking into account the membership of the judges to the juries leads to considering that the
groups of variables of each judge are themselves gathered by jury.
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1 l L

1 j J1 1 j Jl 1 JL

1 k Kj 1 k Kj

1

i xik

I

Figure 4: Data used in HMFA; example with two levels of partition (L juries, Jl is the number of
judges in the jury l).

HMFA (Le Dien & Pagès 2003) takes into account this structure on the variables in a way
described hereafter in reference to the example of the juries in sensory analysis.

When defining the distance between the products, the judges of a same jury have their influences
balanced between them. Moreover, considering the higher level, the influences of the different juries
are balanced between them.

For that, HMFA uses the weighting of the MFA in a recurring way. Initially, each one of the
variables of the judge j is weighted by the reverse of its maximum axial inertia (i.e. the first eigenvalue
of its PCA , denoted λj

1) in the MFA of each jury. The variables of the jury l are then balanced in
order to make equal to 1 the maximum axial inertia of the jury l (i.e. by multiplying the weights
defined in level 1 by the reverse of the first eigenvalue of the AFM of the jury l denoted λl

1). Finally,
each variable k of the judge j pertaining to the jury l is weighted by

1
λj

1

1
λl

1

To represent the individuals, i.e. the products in the example, in reference to the structure on
the variables, HMFA provides three kinds of points for each product i.

1. The total point i (or mean point) represents product i seen by the whole of the judges. As in
any factorial analysis, this representation makes it possible to appreciate the overall differences
between the sensory profiles of the products.

2. The partial point il represents the product i seen by the jury l. The barycenter of the points{
il, l = 1, L

}
is confounded with i (hence the denomination of mean point for i). This repre-

sentation makes it possible to study the reproducibility of the sensory profiles provided by the
different juries.

3. The subpartial point ij represents the product i seen by the judge j. The barycenter of the
points

{
ij ; j = 1, Jl

}
is confounded with il. This representation makes it possible to judge the

homogeneity of the sensory profiles provided by the judges of the same jury.

Remarks. Each representation of individual i is with the barycenter of its partial points in
the immediately lower level, these points being affected by the same weight. This representation is in
agreement with the idea of balancing the groups of variables associated within the same node of the
hierarchy.

5 Example

The data refer to five varieties of chocolates sold in France. These chocolates were analyzed by six
laboratories and a panel of students of Agrocampus Rennes with respect to 14 sensory descriptors.
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The data were collected with a view to comparing the performance of the 6 trained sensory panels with
the untrained panel composed of students. For each panel, trained or untrained, the scores for each
attribute were averaged over assessors thus leading to a data table whose rows refer to the products
and columns to the attributes. For this “trained” versus “untrained” panel comparison, data can
be organized according to two nested partitions (cf. Figure 5). A first partition, P1, is formed of
seven groups of variables respectively associated with the seven panels; a second partition, P2, singles
out the group of variables associated with the untrained panel from the group obtained by lumping
together the variables associated with the six trained panels (cf. Figure 5).

P1

P2

Trained panels Untrained panel

7

8

9

1 2 3 4 5 6

Figure 5: Hierarchy of the sensory descriptors.

HMFA provides representations of the individuals and of the variables that can be read jointly
just as in a classic PCA (the only difference being in the weighting of the variables).

From the HMFA performed on the whole data set (trained and untrained panels), it is possible to
depict the relationships between the products. The first two dimensions express 70.06% and 12.85%
of the variation. The first axis (cf. Figure 6) mainly contrasts Excellence noir to Extra supérieur
whereas the second axis opposes Amazonie to Pâtissier noir.

Excellence noir

Qualité amère

Amazonie

Pâtissier noir

Extra supérieur

0

-1 0 1 2

F2: 12.85%

F1: 70.06%

Figure 6: Representation of the products.

Displaying all the 7×14 = 98 variables on the basis of the same plot would be cumbersome. One
idea for depicting the variables consists in considering each descriptor in turn in order to investigate
whether the various panels agree on its meaning (cf. Figure 7). Although the perceptions of the
descriptors vanilla flavour and sourness are slightly different from one panel to another, they oppose
each other. The other variables showed the same pattern thus highlighting a good agreement among
panels, except for the descriptor ”melty texture” for which the panels did not reach a good agreement
(cf. Figure 7).

Specific to HMFA, Figure 8 depicts the products according to the types of panel, and to each
panel. From Figure 8-A, it is clear that the representations of the chocolates associated with the trained
panels altogether and the untrained panel are close to each other. This is even more noticeable if we
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VanF1

VanF2

VanF3

VanF4

VanF5

VanF6

VanF7

0.8

0.4

0

-0.4

-0.8

-0.8 -0.4 0 0.4 0.8

2Axe : 

1Axe : 

Sou1

Sou2

Sou3

Sou4

Sou5

Sou6

Sou7

Melt1

Melt2 Melt3
Melt4

Melt5

Melt6

Melt7

0.8

0.4

0

-0.4

-0.8

-0.8 -0.4 0 0.4 0.8

2Axe : 

1Axe : 

Vanilla flavour Sourness Melty texture

(A) (B)

Figure 7: (A) Graphical display of two sets of descriptors: vanilla flavour and sourness; VanF4 (resp.
Sou4) refers to the vanilla flavour (resp. sourness) according to panel 4. (B) Graphical display of the
descriptors relative to melty texture.

consider their projections on the first axis. Moving downwards into the hierarchy, we can display the
partial representations of the products from the point of view of the various trained panels (cf. Figure
8-B): the variability among trained panels is comparable with the one between trained and untrained
panels.

Untr.

Tr.Untr.

Tr.

Untr.

Tr.

Untr.

Tr.

Untr.

Tr.

 -1

  0

  1

 -2  -1   0   1   2

Excellence noir

Amazonie

Pâtissier

noir

Qualité amère

Extra supérieur

Untr.

Tr.Untr.

Tr.

Untr.

Tr.

Untr.

Tr.

Untr.

Tr.

 1

 2

 3

 4

 5
 6

 1

 2

 3
 4

 5
 6

 1 2

 3  4

 5

 6

 1

 2

 3 4
 5

 6

 1

 2

 3

 4

 5

 6

 -1

  0

  1

 -2  -1   0   1   2

Excellence noir

Amazonie

Pâtissier

noir

Qualité amère

Extra supérieur

(A) (B)

Figure 8: (A) Superimposed representation provided by HMFA. Tr. (resp. Untr.) denotes the positions
given to the products by the set of all trained panels (resp. the untrained panel). (B) 1, ..., 6 refer to
the positions given to the products by each trained panels.

Figure 8 corroborates the findings of Pagès and Husson (2001) from a unidimensional point of
view with analysis of variance regarding the good agreement among trained panels.

Figure 9 sums up the findings discussed in the previous section regarding the agreement among
the trained and untrained panels. We recall that this graphical display expresses how each group of
variables are related to the first two principal components. Owing to its simplicity, this graphical dis-
play should be the starting point of any analysis involving several groups of variables and, particularly
if these variables are organized into a hierarchy. It also shows how the untrained panel differs from the
trained panels. Regarding the first dimension, the untrained panel and the trained panels provide the
same products configuration. We recall that this first principal component explains a large amount of
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the total variance. The second dimension which, as stated previously, evidences the contrast between
Amazonie and Pâtissier Noir, is more heavily weighted by the untrained panel than by the trained
panels.

P1
P2

P3P4
P5

P6

P7

P(1-6)

1.0

0.8

0.6

0.4

0.2

0.0 0.2 0.4 0.6 0.8 1.0

F2

F1

P1
P2

P3P4
P5

P6

P7

P(1-6)

1.0

0.8

0.6

0.4

0.2

0.0 0.2 0.4 0.6 0.8 1.0

F2

F1

Figure 9: Representation of the groups of variables. P7 refers to the untrained panel; P(1-6) refers to
the node which comprises all the 6 trained panels. P1,..., P6 refer to the trained panels.
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ABSTRACT 

With the development of computing systems in every sector of activity, more and more data is now 
available only in the form of streams, i.e. structured data arriving continuously in a streaming way so that the 
standard paradigm of ‘store then process data’ cannot stand anymore. Several approaches have been 
developed recently to handle such data streams: (1) DSMS (Data Stream Management Systems) are new data 
base systems enabling to query data streams, (2) Data Stream Mining methods enable to apply data mining 
algorithms to data streams. Several applications motivated the research in this area: monitoring of computer 
networks, analyzing telecommunication calls, analysis of stock market data, monitoring human activity like 
road traffic or electric power consumption, … The challenge of these approaches is to process raw detailed 
data as it arrives and extract as much information as possible with ‘on the fly’ algorithms’. The main idea to 
reduce the complexity of processing streams is that queries or data mining algorithms usually apply to 
temporal sliding windows (the last 2 hours, the last 2 months, …). When the size of sliding windows is high 
or when new queries or data mining tasks appear after the beginning of the stream, there is a need for 
summarizing streams. This communication will present two ways of summarizing streams: sampling and 
clustering which are standard approaches of statistical data analysis. Summarizing data streams poses new 
challenges to these standard methods: algorithms must be incremental and the temporal features of streams 
should be captured. 

1 DEFINITION OF DATA STREAMS 

Standard data base systems rely on the assumption that data is previously stored on disk before being 
queried. We say that data are persistent and queries are transient. The same assumption applies for data 
mining tasks where data to be analyzed must be available on disk before being processed. 

More and more data are generated in a continuous way either from distributed sensors (measuring 
temperature, pressure, road traffic, electric power or water usage, …) or as logs of computerized systems 
(internet traffic, web usage, air flight bookings, evolution of stock market, …). The systems generating such 
data continuously with very high volume are designed to achieve their tasks and do them correctly. But it is 
interesting and more and more important to analyze in a supervision perspective the data processed by these 
systems. The context we consider here in this paper is the supervision of large systems which process very 
high volumes of data generated continuously. We discuss here of data processing systems capable of 
processing data arriving continuously at a high rate, both for querying them (as in data base systems) and 
analyzing them (as in data mining methods). 

We recall here the definition given by Golab & Oszu (2003): “A data stream is a real-time, continuous, 
ordered (implicitly by arrival time or explicitly by timestamp) sequence of items. It is impossible to control 
the order in which items arrive, nor is it feasible to locally store a stream in its entirety.” Usually the items 
of a data stream are structured as records describing several numerical or categorical fields, like records in a 
data base table. As in a data base table, all records from the same stream have the same fields. The 
differences with a data base table is that: (1) all the records on which the query (data mining task) applies are 
not yet arrived when the query is defined, (2) it is not possible to store all records of the stream on disk and 
each record has to be processed only once, (3) each record is associated with a timestamp. 

The timestamp given to an item of a stream can be defined either explicitly (it is one field of the item 
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record and the timestamp has been generated by the system producing the data stream), or implicitly (the 
timestamp is generated by the stream processing system when the item record arrives. Note that implicit 
timestamp ensures that stream items are ordered by their timestamp while explicit timestamps may generate 
situations where items do not arrive in the streaming processing system in the order of timestamps. 

Another important characteristic of timestamps is that they can be defined either logically (the 
timestamp is an integer – for example a counter) or physically (the timestamp is a date). 

The figure below shows and example of a data stream generated by an electric power meter which 
provides every minute information about electric power consumption. In this example, the timestamp is 
explicit and physical. 

DATE-HEURE Puis. A (kW) Puis. R (kVAR) U 1 (V) I 1 (A)
… … … … …

16/12/2006-17:26 5,374 0,498 233,29 23
16/12/2006-17:27 5,388 0,502 233,74 23
16/12/2006-17:28 3,666 0,528 235,68 15,8
16/12/2006-17:29 3,52 0,522 235,02 15

… … … … …

2 DATA STREAM MANAGEMENT SYSTEMS 

The first way of analyzing data streams is to query one or several streams. Data Stream Management 
Systems (DSMS) are designed to query data streams as data base systems are designed to query data tables. 
Since data streams represent transient data, the semantics of queries must be different: queries addressed to 
data streams are persistent in the sense that their execution lasts for a long time, possibly never stopping. A 
new concept of queries has been defined: there are called continuous queries. Once a continuous query has 
been defined, it is applied continuously to the stream entering the DSMS and produces results either in the 
form of a new stream or as an update of a persistent data table. Some query languages have been developed 
to express queries easily. These approaches enable to define queries involving one of several streams and 
possibly some standard data base tables. 

One approach is to define a graphical query language where a set of operators can be applied to one or 
several streams and combined together. This is the approach developed in the Aurora and Borealis systems, 
see Abadi et al. (2003) for instance. Standard operators include selection (filters), join and aggregation. The 
figure below (extracted from Abadi et al. 2003) illustrates this approach. 

Another approach is to design querying languages for data streams as extensions of the SQL language, 
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which is the standard language for querying relational data bases. First systems following this approach have 
been the STREAM system developed at Stanford University (see STREAM Group 2003) and the 
TelegraphCQ system developed at University of Berkeley (see Chandrasekaran et al. 2003). The SQL 
language has to be extended to define windows on the streams. Indeed, applying standard SQL queries on 
streams does not provide a good solution since some basic operations in SQL (like join or sort) require the 
storage of the complete streams to be able to produce the result at each new arriving item. Each stream 
appearing in a query is associated with a temporal window specifying the portion of the stream which is to be 
considered in the query at each instant. The most common type of windows are sliding windows representing 
for instance the last 10 items in the case of logical timestamps or the items of the last hour in the case of 
physical timestamps. The window bounds can also be fixed (for instance the items appearing between 10 and 
11 pm). The restriction of the query to a portion of the stream(s) involved in the query ensures that the result 
of the query can be produced continuously without storing the entire streams. 

The query below is an example of the CQL language developed in the STREAM system. It performs a 
join between two streams S1 and S2 on the attribute A and filters only records with A greater than 10. Each 
time a new item arrives in the system (either in S1 or S2) the result of the query represents the join of the last 
1000 rows of S1 and the rows of S2 which arrived in the last 2 minutes. In the STREAM system, this query 
does not generate a new stream but takes the form of a stored table which updated at each new arriving item. 

Select * From S1 [Rows 1000], S2 [Range 2 Minutes] 
Where S1.A = S2.A And S1.A > 10 

There are several issues being studied currently related to DSMS’s (see Babcock et al. 2002a for 
instance). Important issues are related to the ability of such systems to produce desired results even if there 
are several streams with high arrival rates and several queries to be executed in parallel. Several solutions 
have been proposed, for instance sharing of temporary storage, sampling entering streams, building synopses 
of streams. Some approaches provide exact results of queries while others provide an approximation of the 
results associated with probabilistic guarantees (see Manku and Motwani 2002, Garofalakis et al. 2002, 
Gibbons and Matias 1998). 

A good survey of existing DSMS prototypes can be found in Goebel and Plagemann (2004). Some 
commercial systems have recently appeared (see Streambase 2007, Aminsight 2007 for instance). 

3 DATA STREAM MINING 

Similarly to querying data streams, there is a need to analyze data streams in a data mining perspective, 
but without storing the whole stream before analyzing it. Data stream mining algorithms must run 
continuously and apply to transient data while standard data mining algorithms run once and apply to 
persistent data. 

It is interesting to extend all standard data mining algorithms to the case of data streams. This includes 
unsupervised methods of exploratory data mining such as clustering, multi-dimensional analysis, association 
rules, extraction of sequential patterns, and supervised methods such as decision trees, neural networks, 
linear models, forecasting of time series, … 

The first obvious solution to transform standard data mining algorithm to data streams is to make them 
incremental: This is usually quite easy, for instance for PCA analysis or neural network approaches. But one 
problem appears when applying incremental algorithms to data streams: this is the problem of concept drift.
Since data streams produce data in a continuous way for a long period, the underlying distribution of data 
may evolve with time: this usually becomes a problem because most data mining methods assume that 
underlying distributions of data do not evolve with time. The solution to this problem is again similar to the 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 743 -



querying approach: data mining algorithms are applied only to a portion of the stream defined by a window, 
often a sliding window. In conclusion, standard data mining algorithms must be adapted at least on two 
aspects to fit data stream requirements: (1) being incremental – an item of the stream is processed only once, 
(2) being able to ‘forget’ too old items – disappearing from a sliding window – without storing them. 

Much work has been done to extend some standard data mining algorithms to the case of data stream. 
Let us cite Domingos et al. (2000) for decision trees, Guha et al. (2000) for clustering, Jiang and Le 
Gruenwald (2006) for mining association rules and Raïssi et al. (2005) mining frequent sequential patterns. 

4 SUMMARIZING DATA STREAMS 

Both in the querying and mining approaches of streams described in Sections 2 and 3, the portion of the 
stream on which the query (mining analysis) lies has to be defined in advance: either it is the whole stream 
since its beginning or a sliding window showing most recent items of the stream. In many applications, there 
is a need for being able to query (analyze) any portion of the past stream without specifying in advance 
which portion to analyze. This requires to keep an historical summary of the contents of the stream, with the 
following requirements: 

1) The summary must be non-specialized, i.e. can be used either for answering queries or applying 
mining algorithms; 

2) The summary is built from one or several infinite streams but must have a fixed or low increasing 
size;

3) The construction of the summary must be incremental (done ‘on the fly’); 
4) The amount of CPU used to process each item of the streams must be compatible with the arrival 

rate of items; 
5) The summary must cover the whole stream and enable to build summaries of any past part of the 

history of the stream. 

The construction of such historical summaries from one or several data streams is one new interesting 
challenge in the field of statistical data analysis. We describe below some existing approaches which are still 
under development. 

4.1 Summarizing by sampling 

A first and standard approach to summarize a large data set is to keep a sample of it. It is clear that a 
sample of a data set can be used either to perform data mining tasks or to answer several queries (by 
applying statistical inference). So sampling can meet the 5 requirements described above if it can be made 
incremental. 

There exists a quite old algorithm for sampling a stream incrementally: the ‘reservoir sampling 
algorithm’ described in Vitter (1985). This algorithm can be used to maintain a uniform random sample of 
fixed size from a stream. It picks up new items to be included in the sample randomly with a decreasing 
probability to avoid recent items to be over-represented in the sample. When a new item is selected, an item 
of the sample is chosen randomly to be replaced. Another approach is to keep a sample of a sliding window 
on the stream: such work is described for instance in Babcock et al. (2002b) with a technique called ‘chain 
sampling’.

A sample built from the whole stream meets requirement 5 if all items in the sample are kept with their 
timestamp. For any desired portion of the stream on which a query (mining analysis) applies, it is easy to 
select items from the sample with a timestamp included in the portion of the stream. The problem with this 
approach is that the sample covers uniformly the history of the stream: for a given period, there are less and 
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less items in the sample covering the period as time goes by ; the precision of query answers and data mining 
analyses decreases. A solution to this problem is to build biased samples so that the density of items in the 
sample is higher for recent periods than for older ones. A framework for such biased samples is proposed in 
Aggarwal (2006). A practical approach is described in Csernel et al. (2006) as the ‘StreamSamp algorithm’. 

The principle of the StreamSamp algorithm is the following: 
Items of the stream are sampled randomly at rate alpha. Selected items are placed in a sample 
until the size of this sample reaches a fixed value T. When the sample size is equal to T, it is 
stored as a sample of order 0 along with the starting and ending timestamps of the sample’s 
items. The next selected items begin to fill another sample. 
When the number of samples of order 0 reaches a fixed limit L, the two older samples of order 
0 are merged by re-sampling to build a new sample of size T but labeled with order 1.
Similarly when the number of samples of order o reaches L, the two older samples of order o
are merged to build a sample of order o+1.

This algorithm leads to a sample of bounded size (the structure of samples is logarithmic – also called 
tilted time structure) covering the whole stream and for which there are more items in the sample for recent 
periods than for older ones. This sample structure has been evaluated in Csernel et al. (2006) for a use in a 
stream clustering perspective. It would be of great interest to evaluate this kind of approach in a statistical 
inference perspective for answering queries applied to streams. 

4.2 Summarizing by clustering 

A second approach to summarize a large dataset is to apply a clustering algorithm with a large number 
of classes. The clusters (which can be called micro-clusters in this case) constitute a good summary if they 
are described at least by their size and centroid. This was suggested for instance in Zhang et al. (1996) with 
the BIRCH clustering algorithm. The BIRCH clustering algorithm is a clustering algorithm for very large 
datasets of items described by numerical variables. It proceeds as follows: (1) a fast clustering algorithm 
(with bounded memory) is applied to the dataset with a large number (from 100 to several thousands) of 
micro-clusters described by a Cluster Feature Vector (CFV), (2) a hierarchical algorithm is applied to the 
micro-clusters to obtain a final partition of the dataset with a small number of clusters. The CFV describes 
each micro-cluster by the number of items in the cluster, the centroid and the diameter of the cluster. The 
BIRCH approach shows that a large number of micro-clusters is a good summary of a large dataset in a 
clustering perspective. It is shown in Hebrail and Lechevallier (2004) that micro-clusters can also be used to 
answer queries in an approximated way. 

The BIRCH algorithm has been extended by Aggarwal et al. (2003) to apply to data streams: this is the 
Clustream algorithm. First the CFV structure is enriched by the mean value and variance of the timestamps 
of the items of the cluster as well as the variance of each variable. Secondly, a system of snapshots (which 
are stored on disk) keeps track of the state of micro-clusters at regular time intervals. The snapshots are 
regularly merged with a tilted time structure in order to keep bounded the total size of the snapshots. This 
system of snapshots and specific properties of the CFV structure enables to build micro-clusters representing 
any portion of the stream. The Clustream algorithm can thus be considered as a non-specialized summary of 
the stream fulfilling the 5 requirements defined above. The Clustream algorithm has been evaluated in a 
clustering perspective but not yet in a query perspective. 

In Csernel et al. (2007) we propose to extend the Clustream approach to summarize 3 streams instead of 
only one. We consider three streams containing linked information. For instance, we consider the following 
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streams: 
CUSTOMERS: this stream describes the customers of a company (an item is generated for each 
new customer) 
SERVICES: this stream describes the services provided by the company – for instance 
telecommunication services (an item is generated for every new service) 
USE: this stream describes the instances of use of services by customers, for instance phone 
calls

The goal of the approach described in Csernel et al. (2007) is to build a summary of these three streams 
simultaneously. The principle of the approach is to represent the CUSTOMERS and SERVICES streams by 
micro-clusters using an extension of the Clustream algorithm and to summarize the USE stream by storing 
the cross table of the micro-clusters of the CUSTOMERS and SERVICES streams, again with a system of 
tilted time snapshots. This algorithm is still under evaluation both in a querying and data mining perspectives. 

5 CONCLUSION 

In more and more applications, data is generated as streams or the volume of data requires that they are 
processed as streams. We have presented rapidly recent work dealing with stream processing, which splits 
into two parts: (1) querying data streams leading to Data Stream Management Systems, (2) mining data 
streams which requires to process data incrementally but also to be able to ‘forget’ older data when the focus 
is on recent data (defined by a sliding window). 

We have explained that existing approaches cannot provide results of queries (or analyses) on any 
historical portion of the stream unless it has been specified in advance. This justifies the need for building 
non-specialized summaries of data streams meeting the 5 requirements proposed in Section 4. In particular 
these summaries must be stored with bounded memory and enable queries (analyses) on any portion of the 
history of the stream. 

In the last section, we have presented two main approaches to build non-specialized summaries of one 
or several data streams: the sampling approach and the micro-clustering approach. This work is still under 
development and is an interesting challenge for the domain of statistical data analysis. 
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Abstract: In a special set of Flow Data, each sample with a limited life-span, has different data birth 
data and can’t be continuously observed throughout the time period of research. To solve the 
problem, samples are classified into several classes as some comparatively stable attributes so that 
each point enters and exits a certain class as time passes by. Afterwards, variable ranges of each class 
are denoted as interval data and the variation regularity and change tendency of each class can be 
obtained by three-way SPCA. As a case study, this method was applied in Soybean Futures Market 
of China by forming continuous time series of futures contracts, which overcomes the disadvantages 
of traditional way of subjectively connecting “active contracts”. The results of the case study 
disclose some dynamic development features in Chinese Soybean Futures Market with satisfactory 
effects. 
Keywords: flow data, interval data, DIV, three-way SPCA, futures market 

1 Introduction

In decision making of social, economic and technic systems, mass data with 

systematical features and functional status needs to be collected and analyzed. This kind 

of data set usually has both large scale samples and variables. With time passing by, 

these data matrices enter into data base, forming complex data flows. To analyze this 

kind of large scale flow data is becoming a heat problem in practical fields of data 

analysis, which also demands new challenges to statistical methodologies. 

In this paper, we discuss a special set of flow data and its modeling methods. In 

this data set, each sample has a birth date, fixed life-span and dead data. From the time 

dimension, the sample set keeps on updating all the time: at each point of time, some 

new samples enter in and some old samples exit from the set. Therefore, at different 

point of time, there are different samples in the data set. Obviously, if the time span is 

longer than the life-span, no sample can be observed continuously. For this flow data, 

classical three-way method is hard to applied, and the following three problems should 

be solved. Firstly, how to build continuous time series with this kind of data flow. 

Secondly, how to describe the time series with proper types of variable reflecting the 

features of the data. Thirdly, how to apply three-way method to this new type of data. 

To solve the above problems, this paper suggests forming new samples by 

classification, and its principle is each sample class has some common properties and 

can be observed throughout the whole time period. To reflect the features, each class is 
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represented by interval data in symbolic data analysis (E.Diday, 1988), which can 

describe both centre and disperse tendencies of it. And then, adopt three-way method of 

interval data to analyze its dynamic features and functional rules at the whole time 

dimension. 

The flow data in this paper can be always found in the real world. One typical 

example is in the futures market. In the futures market, each futures contract has fixed 

exchange term and exit from the market at its maturity time. Therefore, from the 

dynamic point of view, none of the contracts can form a continuous time series which 

restricts the time series modeling methods; at any point of time, as there are many 

contracts with different maturity dates, it is difficult to indicate which one can best 

represent this type of futures. 

In futures data analysis, the process of flow data has always been a difficulty. To 

obtain a continuous time series, some empirical methods were adopted but with 

unsatisfactory results. One of the methods is to choose the main contract at each point 

of time and connect them to build a continuous time series. However, it is much 

subjective to choose the main contract, and can’t get the dynamic features of other 

contracts. Moreover, this method can’t describe the contract features in its whole 

life-span, and can’t tell the difference between contracts with different maturity dates. 

To solve the above problem, symbolic data analysis provides a proper way of data 

processing. Symbolic data analysis is a novel multivariate statistic analysis technique 

oriented to large scale database retrieval and capable of multilevel analysis. By using 

complex data types, such as Multivalued Variable, Interval, Distribution, it can combine 

with classification methods to realize knowledge exploring to huge amounts of data. 

In this paper, we adopt two layers of classification method to form continuous time 

series of exchange data, and describe them by interval data. After that, adopt three-way 

PCA of interval data to analyze the features of futures market and get the changing rules 

of the dynamic features of the flow data. 

The paper is organized as follows. First, three-way analysis method on flow data 

set is introduced in section 2; in section 3, by using the methodology given in section 2, 

a case study on soybean futures market of China is presented; section 4 shows the 

analyzing procedures of three-way PCA on flow data and the dynamic results from the 

soybean futures market of China; section 5 is a summary of the paper. 

2 Three-way analysis method on flow data set 

The key point in the dynamic analysis on flow data set is to form a continuous time 
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series reflecting the features of flow data, and to adopt proper methods to describe its 

variables summarizing the main information of the data. 

To solve the problem, this paper suggests a way of two layers of classification to 

form new samples, so that each class has relatively stable common properties and can 

be observed throughout the time dimension. 

Generally, the properties of the flow data associate with its “age”. By observing the 

exchange data of the futures contracts, a contract has different active behavior from its 

birth date to the maturity date. Contracts far from the maturity dates are more invested 

for hedging, and the main contracts are more invested for speculating. Therefore, at any 

point of time, the exchange features of a contract has some relationship with its time to 

the maturity date. 

Second, the properties of the flow samples relate to the season of its birth date or 

dead date. Take futures contracts as example. The maturity dates of the wheat futures 

contracts of China are in Jan, Mar, May, Jul, Sep, and Nov. Since the farming and 

harvest of the crops are seasonal, contracts with different maturity dates present 

different prosperities, which comes from different investment strategies and different 

trading volumes. 

Therefore, this paper suggests first classification as the existing time in the data set 

and the birth dates (or dead dates) of the flow contracts. And then, adopt interval data to 

describe each class to reflect its center and discrete trends. Obviously, the interval data 

set is also flow as time passing by, but the properties of the interval data is relatively 
stable at any point of time and can be observed throughout the time period 0 .

Because the first classified data may have some similar properties, this paper 

suggest adopting interval classification method, that is Monothetic Divisive Clustering

(DIV) method for interval data presented by Chavent (1998), for the second clustering 

and get the further summarized interval data. After that, three-way analysis method on 

interval data can be applied in the whole period of time and investigate the dynamic 

features and functional rules of the interval data. The classical PCA was expanded by 
Cazes 1990),Escofier & Pages(1998) from 2 dimensions to 3 dimensions (the third 

dimension usually refers to the time of the space). Gettler-Summa & Pardoux 1999

further improve it into symbolic data analysis. In this paper, by study on the futures data, 

we present how to adopt interval PCA to solve the problem of three-way factor analysis 

of flow data set. Since the limited pages of the paper, readers interested in the details of 

the method of DIV and three-way PCA, please see the reference [1] for more details. 
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3 Case Study Factor analysis on soybean futures market of China 

In this section, three-way PCA on flow data set is applied to the soybean futures 

market of China to analyze the dynamic marketing features of the different contracts in 

different time. We select eight exchange indexes “open price, maximum price, minimum 

price, closing price, balance price, trading volume, turnover, open interest” of the 

contracts’ daily record in Dalian Commodity Exchange from 2002 to 2004. 

According to the three-way analysis method on flow data set introduced in section 

2, first, every contract is tagged with its maturity date at every point of time; therefore, 

there are 19 classes each year from 2002 to 2004; finally, construct interval data table by 

selecting the minimum and maximum values of every index in each class. Obviously, it 

is a kind of dynamic classification that samples in each class change as time goes on 

and every contract passes in and out of all classes during its whole period of validity. 

Resultingly, 1) thousands of daily contract records are transformed to 19 interval objects 

of each year which greatly reduces complexity of the research; 2) 19 classes cover the 

whole trading period without missing information; 3) each class of contract can form a 

continuous time series since there are new contract timely passing in and out; 4) class 

features can be easily explored and compared which seems much integrated and 

efficient. 

To further summarize and simplify the data set, DIV method 
Chavent,1997,1998 is applied to cluster the 19 interval objects. Variables of trading 

volume and open interest are selected as the clustering criterion and the results are listed 

in table 1. 
Table 1  DIV clustering results 

Class Class I Class II Class III Class IV Class V 

Contracts
(residual time to deadline) 

1~3
months 

4~6
months 

7~9
months 

10~12 
months 

13~19 
months 

To clearly illustrate different features of different classes, the mid values of the 19 

interval objects in trading volume and open interest are selected and joint in fig.1, which 

shows a rightly discriminated result of the DIV clustering. 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 752 -



Fig.1  Change tendencies of the contracts in trading volume and open interest 

4 Results and Illustrations of the Case Study 

Based on the above two layers of classification, three-way PCA is applied on 

interval data of the five classes of the contracts from 2002 to 2004 to analyze the 

dynamic factors of the futures contracts. 

According to the results, the cumulate contribution proportion of the first two 

principal components is 77%, and the loading plot is shown in fig.2 which exposes the 

relationships of the first two principal components and the original variables. 

Fig.2  Loading plot 
(“***price ” represents the five price related variables which are overlapped together) 

It is clear in fig.2 that: 1) the price variables “open price, maximum price, 

minimum price, closing price, balance price”, which are highly correlated with each 

other, reflect the most notable feature in the soybean futures market of DCE. Actually, 
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the balance prices of the five classes of soybean futures contracts have been greatly 

increased during 2002 to 2004 (seen from fig.3); 2) the three trading variables “trading 

volume, turnover, open interest” also have high correlations and show the second 

feature in the soybean futures market of DCE. 

Fig.3  Price trendlines of the five classes of contracts 

Furthermore, project the five classes of contracts from 2002 to 2004 on the 

principal plane in fig.4 which illustrates the features and change tendencies of the 

soybean futures market in price (component 1) and trading (component 2) aspects. 

Fig.4  Interval principal components of the five classes of contracts 

From the direction of the first component in fig.4, we can find the following 

features of the futures market in price: 1) contracts are fairly divided by time, which 

implies a yearly rise of the price in the futures market; 2) contract intervals in 2003 

range larger, which implies higher fluctuations of contract price in 2003; 3) the 
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disparities of the average price of different class of contracts is enlarged in 2004, where 

class I, II, III are higher than class IV, V. 

Besides, we can see from the direction of the second component in fig.4 that: 1) contract 

trading of 2003 is more active than that of 2002 and 2004; 2) from 2002 to 2003, 

trading activity of class II, III is higher than class IV, V and the trading disparities 

between different classes tend to expand, while in 2004, the trading of class III and IV 

increased a little, which implies the trading time of the speculators in the soybean 

futures market generally advanced. 

Afterwards, to compare with the above results of factor analysis, radar-graphs of the 

five classes of contracts in 2002~2004 are listed below. In fig.5, each row gives 

comparisons of the five classes of contracts in the variables of “balance price, trading 

volume and open interest” at each year; while each column reflects the dynamic change 

tendencies of the five classes of contracts through the three years at each index. 
Table 5  Comparisons of the five classes of contracts in 2002~2004 

It is similar with the above results of PCA: in the same year, there is no great 

difference between the five classes of contracts in price, but large disparity in their 

trading volume and open interest where class II, III are more than class IV, V; besides, 

the contract price has been increasing from 2002 to 2004, while the transaction in 2003 

is more active. 
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5 Conclusion

This paper discussed a special set of flow data and its modeling method. To build 

continuous time series of flow data and analyze its dynamic features, classification 

method and three-way PCA of interval data are suggested in the modeling process. As a 

case study, factor analysis on soybean futures market of China is presented, which 

effectively realizes data integration and features extraction. The results of the case study 

are proved same with the actual status, which verifies the validity and rationality of the 

methodology to the complex flow data system. 
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Fuzzy random variables in Puri and Ralescu’s sense (see Puri and Ralescu, 1986) arose to model
usual random experiments whose outcomes are associated with imprecise values which can be properly
described by means of fuzzy sets. During the last years, several statistical studies concerning fuzzy data
and fuzzy random variables have been developed. The absence of general realistic parametric models
supported by empirical evidence has lead to consider in many cases either restrictive fuzzy data (see,
for instance, Diamond and Körner, 1997 or Coppi et al., 2006) or asymptotic nonparametric techniques
(see, for instance, Montenegro et al., 2001, 2004 or Gil et al., 2006). In these cases, it is extremely
useful to evaluate the practical behaviour of the statistical procedures by means of simulations. Since
there are no general methods to simulate fuzzy data, the usual approach has been to consider only some
restrictive parametric classes depending on real-valued random variables (see, for instance, D’Urso and
Giordani, 2006, Montenegro et al., 2004, González-Rodŕıguez et al., 2006a).

Recently, a method to simulate fuzzy random variables that takes advantage of the connections
between fuzzy and functional data in Hilbert spaces has been proposed (see González-Rodŕıguez et
al., 2006b). From a formal point of view, fuzzy sets are [0, 1]-valued functions, whence fuzzy random
variables are a special kind of functional random elements. The usual arithmetics applied to manage
fuzzy data do not induce a linear structure, however the space of fuzzy sets can be isometrically
embedded into a cone of a Hilbert space by endowing the family of support functions with a suitable
metric (see, for instance, Diamond and Kloeden, 1994 and Näther, 2000). The approach in González-
Rodŕıguez et al. (2006b) consists in embedding the space of fuzzy sets in the corresponding Hilbert
space through the support function; then, one can generate Hilbert space-valued random elements
and project them into the closed convex cone, which is the range of the embedding. This approach
is easily applicable in practice in the family of fuzzy sets of the one-dimensional Euclidean space.
In this particular case, random infima and suprema functions could be obtained by simulating the
coefficients of the expansions of the functions in terms of a given basis, and the projection could be
made by employing an algorithm of isotonic regression. However, the use of such an algorithm makes
the understanding of the simulation process difficult in the sense of loosing any knowledge about the
possible empirical result that one can obtain. Therefore, the interpretability of the approach is limited
and the empirical results lead sometimes to non-realistic fuzzy sets.
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In this work we propose to avoid the isotonic process by mimicking the approach in Hilbert
spaces directly in the space of fuzzy sets. The paper is organized as follows: Firstly some preliminaries
concerning fuzzy random variables are gathered. In Section 2 we will show that it is not possible to
obtain a basis on the family of fuzzy sets as it can be done on separable Hilbert spaces, however it is
possible to obtain a suitable approximation. Within Section 3, a way to generate random fuzzy data
is introduced; a set of elements playing the role of a basis is considered, and this set is analyzed in
connection with the simulation of fuzzy data in different situations in order to show the interpretability
of this new approach. Finally, some empirical results are presented in Section 4.

1. Preliminaries

All fuzzy sets considered in this work can be identified with functions U : R → [0, 1] with
nonempty compact convex level sets, that is, fuzzy sets in

Fc(R) = {U : R → [0, 1] | Uα ∈ Kc(R) for all α ∈ [0, 1]} ,

where Kc(R) is the class of the nonempty compact convex subsets of R, Uα is the α-level of U (i.e.
Uα = {x ∈ R |U(x) ≥ α}) for all α ∈ (0, 1], and U0 is the closure of the support of U .

The usual arithmetic in Fc(R) is based on Zadeh’s extension principle (see Zadeh, 1975), and
satisfies (U + V )α = Uα + Vα and (λU)α = λUα for all U, V ∈ Fc(R), λ ∈ R and α ∈ [0, 1]. In spite
of the practical interpretability of these operations, they are difficult to handle in some cases, mainly
due to non-existence of an inverse operation with respect to the sum.

Klement et al. (1986) suggested a levelwise extension of the concept of support function for
compact convex sets to the case of fuzzy sets. This extension allows us to embed the space of fuzzy
sets into a linear space and to take advantage of the available results in those structures. The support
function of a fuzzy set U ∈ Fc(R) is sU (u, α) = supw∈Uα

〈u,w〉 for any u ∈ S
0 and α ∈ [0, 1], where

S
0 = {−1, 1} is the unit sphere in R and 〈·, ·〉 denotes the inner product. The support function allows

to embed Fc(R) onto a cone of the continuous and Lebesgue integrable functions L(S0 × [0, 1]) by
means of the mapping s : Fc(R) → L(S0 × [0, 1]) where s(U) = sU .

The metric structure to be considered is crucial in many senses. From a statistical point of view,
the L2-type metrics are very interesting and, for this reason, we will consider the generalized metric
by Näther (2000) DK , which is defined so that

[DK(U, V )]2 =∫
(S0)2×[0,1]2

(sU (u, α) − sV (u, α))(sU (v, β) − sV (v, β)) dK(u, α, v, β),

for all U, V ∈ Fc(R), where K is a positive definite and symmetric kernel; thus, DK coincides with a
generic L2 distance ‖ · ‖2 on the Hilbert space L(S0 × [0, 1]). If 〈·, ·〉K stands for the corresponding
inner product in L(S0 × [0, 1]) with respect to the kernel K, the metric DK can be easily expressed as

[DK(U, V )]2 = 〈sU − sV , sU − sV 〉K .

Let (Ω,A, P ) be a probability space. A fuzzy random variable (FRV) in Puri & Ralescu’s sense
(see Puri & Ralescu, 1986) is a mapping X : Ω → Fc(R) whose α-level mappings Xα : Ω → Kc(R)
(defined so that Xα(ω) = (X (ω))α for all ω ∈ Ω) are random sets, that is, Borel-measurable mappings
w.r.t. the Borel σ-field generated by the topology associated with the well-known Hausdorff metric
dH on Kc(R). Equivalently, a FRV can be defined as an Fc(R)-valued random element (i.e. a Borel-
measurable mapping) when the metric DK is considered on Fc(R) (see Colubi et al., 2002, Diamond
and Kloeden, 1994 and Näther, 2000).
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If X : Ω → Fc(R) is an FRV such that max{ inf X0, supX0 } ∈ L1(Ω,A, P ), then the expected
value (or mean) of X is the unique E(X ) ∈ Fc(R) such that (E(X ))α is the Aumann integral of the
random set Xα for all α ∈ [0, 1], that is, (E(X ))α = [E(inf Xα), E(supXα)] holds for all α ∈ [0, 1].

2. Analysis of the existence of a basis

Let (H, 〈·, ·〉) be a separable Hilbert space and β = {γn}n∈N ⊂ H be an orthonormal basis. Any
f ∈ H can be represented as Fourier series

f =
∑
n∈N

cnγn,

where cn = 〈f, γn〉 for all n ∈ N. On the basis of this decomposition f is often approximated for oper-
ational purposes as

∑n0
i=1 ciγi for n0 ∈ N large enough. In this way, if (Ω,A, P ) is a probability space

and X : Ω → H is a random element, then X can be approximated by considering an n−dimensional
random vector (C1, . . . , Cn0) : Ω → R

n0 , which represents the random coefficients of the random ele-
ment w.r.t. the basis, that is, X can be approximated by

∑n0
i=1 Ciγi for n0 ∈ N large enough. This

feature is usually considered to simulate random elements in Hilbert Spaces.
As mentioned before, the class of fuzzy sets Fc(R) can be embedded into a closed cone of the

Hilbert Space
(L(S0 × [0, 1]), 〈·, ·〉K

)
by means of the support function. A way to simulate fuzzy

random variables consists of simulating random elements of this Hilbert Space, projecting them into
the referred cone, and finally finding the corresponding elements in the original space (see, González-
Rodŕıguez et al., 2006). This procedure is in general arduous to be applied. Moreover, the projection
step and the fact of simulating in a different space of the objective one make it very difficult ‘to control’
some important aspects about the simulated distribution, as the expected value, the variance and so
on.

A first attempt to avoid this inconvenience could be to mimic the approximation of elements of
the Hilbert space within the space of fuzzy sets. For this purpose, we have analyzed the existence of
a basis.

Consider Fc(R), and suppose that there exists a numerable basis β = {γn}n∈N ⊂ Fc(R). Obvi-
ously, there should exist γi with spr (γi)0 > 0, otherwise only real numbers could be expressed with
such a basis (where spr A denotes the spread of an interval A, that is spr A = (supA − inf A)/2).
For each x ∈ [0, 1) define Bx ∈ Fc(R) so that (Bx)α = [0, I[0,1−α](x)] for all α ∈ [0, 1] (see Figure
1). Let x0 ∈ [0, 1), then Bx0 can be decomposed as the linear combination of fuzzy sets in the basis.
As a result, the Hukuhara difference between Bx0 and each one of these fuzzy sets exists. On the
other hand, it is easy to check that if there exists γ ∈ Fc(R) with spr (γ)0 > 0 so that the Hukuhara
difference between Bx0 and γ exists, then γ = cBx + d for certain c ∈ (0, 1] and d ∈ R. In this way, if
we consider γi with spr (γi)0 > 0, then γi would be a ‘translation’ of Bx0 , that is, γi = cBx0 + d, and
consequently the “basis” cannot be numerable.

Nevertheless, it is possible to consider a kind of “extended basis” in the sense of Aumann
integration (fuzzy expectation) in the following way. Firstly we can decompose any V ∈ Fc(R) as

V = V c + V lL + V rR,

where V c = mid V1 (mid A being the mid-point of an interval A, that is mid A = (inf A + supA)/2)
V l = V c − inf V0 ∈ R

+ and V r = supV0 − V c ∈ R
+, and L,R ∈ Fc(R) so that for each α ∈ [0, 1],

Lα =

{
[α − 1, 0] if V l = 0,

[(inf Vα − V c)/V l, 0] if V l 	= 0.
Rα =

{
[0, 1 − α] if V r = 0,
[0, (supVα − V c)/V r] if V r 	= 0.

The preceding two fuzzy sets L and R can be represented as the expected value of fuzzy random
variables. Concretely, if we consider the family {Bx}x∈[0,1), it can be proved easily that L = E(−BXl

)
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Figure 1: Membership step-function of the fuzzy set Bx

and R = E(BXr), whereby Xl and Xr are [0, 1]-valued random variables with distribution functions
FXl

(x) = sup (−L1−x) and FXr(x) = supR1−x for all x ∈ [0, 1] respectively. Consequently, V can be
decomposed as follows:

V = V c + V lE(−BXl
) + V rE(−BXr)

Since the distance DK can be expressed as an integral w.r.t. a normalized measure φ on [0, 1]
(Näther, 2000), it can be approximated by a discretization of φ on [0, 1], that is, the fuzzy sets can
be approximated (in the sense of the DK-metric) by considering simply sufficiently many α-levels.
On the other hand, as in Hilbert spaces, the fuzzy sets can also be approximated by considering a
sufficiently big linear combination of elements in the ‘extended basis’, i.e. by step-functions.

Formally, if we fix a number n0 ∈ N (sufficiently large) of α-cuts, 0 = α1 < α2 < . . . < αn0 = 1,
the approximation procedure can be related to the preceding representation by considering two discrete
random variables Xn0

l and Xn0
r assuming only the values α1, . . . , αn0 with corresponding probabilities

pl
1 = FXl

(α1) and pl
i = FXl

(αi) − FXl
(αi−1) for all i = 2, . . . , n0, and analogously, pr

1 = FXr(α1) and
pr

i = FXr(αi)−FXr(αi−1) for all i = 2, . . . , n0. Then the expected values involved in the decomposition
can be approximated by E(−BX

n0
l

) =
∑n0

i=1 pl
i(−Bαi) and E(BX

n0
r

) =
∑n0

i=1 pr
i Bαi , that is, by means

of finite additions like when dealing with functions in the Hilbert Space. In other words, we can
approximate each V ∈ Fc(R) by

V c +
n0∑
i=1

−Bαic
l
i +

n0∑
i=1

Bαic
r
i

with cl
i = V lpl

i ≥ 0 and cr
i = V rpr

i ≥ 0 (i = 1, . . . , n0). Consequently, any fuzzy random vari-
able X : Ω → Fc(R) can be approximated by considering a (2n0 + 1)−dimensional random vector
(V c, C l

1, . . . , C
l
n0

, Cr
1 , . . . , Cr

n0
) : Ω → R × (R+)2n0 , representing the random coefficients of the decom-

position of the fuzzy random variable approximation.
This approximation result mimics the one based on Hilbert Space simulation (see, González-

Rodŕıguez et al., 2006), but it avoids the projection in the convex cone, and the search of the corre-
sponding element of the initial space. One of the most important properties of this new approach is
that different features of the fuzzy random variable to be simulated can initially be fixed/computed.
So, for instance, the expected value of an ‘approximated’ fuzzy random variable is given by

E(V c) +
n0∑
i=1

(−Bαi)E(C l
i) +

n0∑
i=1

BαiE(Cr
i ).
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3. Simulating approach

In this section a way of making use of the preceding decomposition in order to simulate fuzzy
random variables is proposed. The approach is connected with that in González-Rodŕıguez et al.
(2006) to simulate fuzzy random variables by means of the simulation of random elements in the
associated Hilbert Space. Suppose the aim is to simulate a fuzzy random variable with expected value
U ∈ Fc(R).

Approach: firstly an index n0 ∈ N large enough, and α-cuts 0 = α1 < α2 < . . . < αn0 = 1
are fixed. Next we compute the coefficients (Uc, c

l
1, . . . , c

l
n, cr

1, . . . , c
r
n) required in order to approximate

U in terms of the considered basis. We propose to define the (2n0 + 1)−dimensional random vector
(V c, C l

1, . . . , C
l
n0

, Cr
1 , . . . , Cr

n0
) : Ω → R × (R+)2n0 of coefficients for the ‘approximated’ fuzzy random

variable as a random perturbation of (Uc, c
l
1, . . . , c

l
n0

, cr
1, . . . , c

r
n0

) with E(V c, C l
1, . . . , C

l
n0

, Cr
1 , . . . , Cr

n0
) =

(Uc, c
l
1, . . . , c

l
n0

, cr
1, . . . , c

r
n0

). In this way the approximation of U will be the expected value of the fuzzy
random variable to be simulated, that is,

X = V c +
n0∑
i=1

−BαiC
l
i +

n0∑
i=1

BαiC
r
i .

For instance, let M be a random variable with E(M) = Uc, and X, Y be non-negative random
variables with E(X) = E(Y ) = 1; consider X1, . . . , Xn0 independent and distributed as X and
Y1, . . . , Yn0 independent and distributed as Y , and define Vc = M , C l

i = Xic
l
i and Cr

i = Yic
r
i .

Because of the before mentioned facts, it suffices to generate random samples of a (2n0 +
1)−dimensional random vector (V c, C l

1, . . . , C
l
n0

, Cr
1 , . . . , Cr

n0
) according to the well-known methods in

the Euclidean spaces to obtain a wide diversity of fuzzy data.
The simulation can be carried out recursively, since for each i ∈ {1, . . . , n0}

V1−αi =

⎡
⎣V c −

i∑
j=1

C l
i , V

c +
i∑

j=1

Cr
i

⎤
⎦ ,

holds and hence the α-cuts of V can be computed by

V1−αi = V1−αi−1 +
[
−C l

i , C
r
i

]
for i = 2, . . . , n0,

where
V1 =

[
V c − C l

1, V
c + Cr

1

]
.

4. Empirical Results

As an example, some simulations of 4 different fuzzy random variables based on the preceding
approach are presented in this section. The results are depicted in Figures 2-5. In each figure, 5 fuzzy
values generated at random from the corresponding distribution are shown. Additionally, the expected
value of the simulated fuzzy random variable is represented with thick line, and the sample mean of 30
data is represented with a dotted line. In all cases, the variable M of the simulating approach in Section
3 has being chosen to be uniformly distributed between -4 and 4. The corresponding distributions for
the real random variables X and Y are indicated in each case. It should be noted that in Figures 4
and 5 the same distributions for the perturbations of the coefficients has being considered, the unique
difference is the expected mean that had been fixed.

REMARK: The above described method firstly is quite general, in the sense of not requiring the
existence of a parametric model for the simulated fuzzy random variables, and secondly the results
seem more realistic and ‘controlled’ than those in González-Rodŕıguez et al. (2006).
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Figure 2: X ∼ χ1, Y ∼ χ1
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Figure 3: X ∼ U(0, 2), Y ∼ k ·truncated N (1, .5)
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Figure 4: X ∼ χ10/10, Y ∼ 9β(.1, .8)
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Figure 5: X ∼ χ10/10, Y ∼ 9β(.1, .8)
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González-Rodŕıguez, G., Montenegro, M., Colubi, A. and Gil, M.A. (2006a). Bootstrap techniques and

fuzzy random variables: synergy in hypothesis testing with fuzzy data. Fuzzy Sets and Systems 157, 2608–2613.
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RÉSUMÉ (ABSTRACT)

Fuzzy random variables model random experiments in which outcomes are associated with impre-
cise values which can be properly described by means of fuzzy sets. Formally, fuzzy random variables
are a special kind of functional random elements. Unfortunately fuzzy sets do not constitute a linear
space, the usual arithmetics only induce a conical structure in the space of fuzzy sets. Since func-
tional data are usually supposed to belong to a Hilbert space, it is difficult to directly apply the usual
techniques for simulating functional random elements to generate random fuzzy data.

One of the procedures used in Hilbert spaces to generate random functional data is connected
with the simulation of the coefficients of the expansions of the functions in terms of a given basis.
Although one cannot consider this kind of basis in the space of fuzzy data due to the lack of linearity,
in some sense one can mimic this approach.

A way to generate random fuzzy data inspired by this idea is introduced. A set of elements
playing the role of a basis is considered, and it is analyzed in connection with the simulation of fuzzy
data in different situations. Some empirical results are shown.
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ABSTRACT

Multivariate geographical data have become widely available and are being used for various pur-
poses due to the development of modern information technologies. As geographical data include indices
of locations of regions, map-based graphics such as dot maps and choropleth maps are suitable for ex-
pressing them. Map-based graphics, however, are not satisfactory for expressing high dimensional
data.

This paper proposes the use of linked statistical graphics, especially conditioned choropleth maps
(CCmaps) and parallel coordinate plots (PCPs), for visualizing and analyzing multivariate geographical
data.

The CCmaps is an extension form of a choropleth map and arranges several choropleth maps
according to conditions defined by at most two other variables. The PCP is appropriate for describing
multivariate data in a single graph, but is inappropriate for showing location information.

We illustrate that linked views and interactive operations on these graphics are effective for
geographical data analysis. We have implemented such functions in a statistical analysis system Jasp.

1 Introduction

Geographical data include the information about locations on the surface of the earth from where
data are generated, and are used for various data analyses such as marketing or environment studies.
As the location information is important for analyzing geographical data, we usually use map-based
graphics such as dot maps or choropleth maps. Map-based graphics can show a few variables with the
location information, however, are poor at showing many variables at a glance. Then, it is difficult to
grasp relations among several variables or to find outlier observations by using map-based graphics.

Recently, map-based graphics are unified as a geographic information system (GIS), whose
general definition is a computer system for capturing, storing, querying, analyzing, and displaying
geospatial data (Chang, 2006). One of the famous GISs is ArcView (http://www.esri.com).

As geographical data usually require statistical analysis, several statistical software can handle
them and equip map-based graphics. For example, Bivand (1999) tries to integrate GIS functions into
R (Ihaka & Gentleman, 1996).

Some statisticians develop new map-based graphics. Conditioned choropleth maps (CCmaps)
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is one of them and is a set of choropleth maps for one dependent variable conditioned by two other
variables (Carr, Wallin & Carr, 2000). Ideas of conditioned statistical graphics were first proposed by
Cleveland (1993). It has been implemented as Trellis Graphics in a statistical system S (Chambers &
Hastie, 1992). We also can use similar conditioned statistical graphics by the coplot command in R
(Murrell, 2005). Conditioned graphics are shown to be useful to illustrate the relationships between
the dependent variable and independent variables which are used for conditioning.

According to the development of computer technologies, new statistical graphics have been de-
veloped. Several interactive operations such as highlighting, zooming and linked highlightening are
used in data visualizaion (Symanzik, 2004). Several graphics were invented recently and a parallel
coordinate plot (PCP) is one of them (Inselberg, 1985). They are useful for illustarating many multi-
variate data in graphics. It is natural to combine these tools with the GIS for analyzing geographical
data. Edsall (2003) proposed a visualization system for geographical data using a PCP and a choro-
pleth map. If users highlight line segments by mouse operations on the PCP, the corresponding regions
of the choropleth map are highlighted automatically. He also refers importance of mouse operations
on a PCP.

In this paper, we show that the combination of CCmaps, PCP and interactive operations are
powerful to analyze geographical data. We implemented these functions in our Java-based statistical
system Jasp (Nakano et al., 2000).

2 Graphics techniques useful for handling geographical data

2.1 CCmaps

A choropleth map is one of simple but useful graphics for representing values of a variable that are
collected from each previously defined regions. It expresses the value of the variable of each region by
shade or color of each region on a map. If we use color for expressing the value of a variable, particular
color corresponds to a particular value. If we use shade, it corresponds to an interval of values. In the
same way, we may use several color each of which expresses an interval of values.

A conditioned choropleth maps (CCmaps) is a set of choropleth maps concerning one dependent
variable where regions are divided into groups according to at most two conditioning variables (Carr,
Wallin & Carr, 2000). As the main purpose of the geographical data analysis is to find some relations
among variables and locations, dividing regions into some groups according to values of conditioning
variables and drawing choropleth maps for corresponding groups may help our understanding of data
structure. CCmaps can express the important relations between the dependent variable and condi-
tioning variables and location information, if we specify appropriate conditions. We need to search
such conditions by changing intervals of values of conditioning variables and replacing conditioning
variables. Thus, functions for executing such operations are indispensable. As we can easily imagine,
interactive operations are most appropriate for this purpose.

Figure 1 is an example of CCmaps that expresses geographical data collected from 50 adminis-
trative regions of Tokushima prefecture in Japan. The small map at the top left is a choropleth map
showing the values of the dependent variable. In this figure, color expresses intervals of the dependent
variable, which are indicated by the slider bar at the bottom left. Here, values of the dependent
variable is divided into three intervals: the smallest interval value is expressed by yellow, the mid
interval values by light-green, and the largest interval values by dark-green.

Three combo boxes at the bottom of Figure 1 show names of a dependent variable (suicide),
a horizontal conditioning variable (revenue), and a vertical conditioning variable (medicalDoctor)
from left to right.
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Fig. 1. An example of CCmaps.

Fig. 2. An example of PCP.

Both conditioning variables are divided into two intervals. According to these divisions, four
particial choropleth maps are shown. For example, the top right map corresponds to large values of
revenue and medicalDoctor, and only one region is included under such conditions and the suicide
value is also small because the color of the region is yellow.
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2.2 Parallel coordinate plot

A parallel coordinate plot (PCP) is a useful graphic for visualizing multivariate data at a glance. In
the PCP, axes for variables are drawn in parallel. An observation is represented by line segments that
connect the value of each variable on the corresponding axis (Inselberg, 1985).

Figure 2 shows an example of a PCP expressing the same data as in Figure 1. They are data
about 12 variables from 50 regions of Tokushima prefecture that are expressed by 50 line segments
connecting 12 vertical axes. The maximum value of each variable corresponds to the top of the axis,
the minimum value to the bottom of the axis, and the variable name is shown under the minimum
value. It is not easy to distinguish one observation from others in the static PCP. Interactive operation
such as highlighting is useful for showing this information.

2.3 Linked graphics

A statistical graphic is a tool for viewing data from a specific view point. Each graphic has its
own advantages and disadvantages. It must be useful to use several graphics together to see data
multilaterally. This is effectively realized by synchronizing various statistical graphics including PCP
and CCmaps. The main idea of linked graphics is that observations highlighted in one graphics are
also highlighted in the other graphics. In the geographical data context, an observation is uniquely
specified by the region in map-based graphics. We need to implement operations to specify observations
expressed by regions and line segments.

3 Analyzing geographical data by linked CCmaps and PCP

In this section, we show the usefulness of linking PCP and CCmaps by using the system that we
implemented. We use a Java-based statistical system Jasp (Nakano et al., 2000) as a main system.
PCP and CCmaps functions are written in also Java and integrated into Jasp by using the extensibility
of Jasp.

The data analyzed in this section are geographical data concerning local administrative regions
of Tokushima prefecture in Japan. We are interested mainly in variable suicide that is the number
of suicides among people whose ages are over 65 per 1000 residents. We also have several demographic
data such as revenue which shows revenue per residents, medicalDoctor which shows the number of
medical doctors per 100 residents, etc. These data have been already used in Figure 1 and 2.

We draw Figure 1 because we expect some effects from revenue and medicalDoctor to suicide.
We can change numbers of intervals, ranges of intervals by mouse operations in Figure 1. By adjusting
their values, we see that many green regions (i.e., high suicide regions) gather in the bottom right
map. This figure illustrates that most aged person’s suicides occured in the high revenue regions and
the low medicalDoctor regions. We can see other demographic variables such as populations of aged
persons, numbers of primary schools per 1,000 residents, etc. in Figure 2 by a PCP for 50 observations
and 12 variables.

To observe characteristics of high suicide regions, the background of the bottom right map is
clicked by the mouse to specify colored regions. Then, line segments linked to colored regions in the
clicked map are also highlighted immediately as is shown in Figure 3.

Highlighted line segments show some relations between highlighted regions and variables. For ex-
ample, we can find that highlighted line segments have gathered at the bottom of the industProduct
that expresses the total amount of product shipment. We know that these regions are less indus-
trialized. We can also see that high suicide regions have high rate of aged person’s population,
many primary schools per person(primarySchool), many post offices per person (postOffice), few
hospitals per person (hospital), low local tax incomes (localTax), and low crime rate (crimeRate).
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Fig. 3. PCP in which high suicide regions are highlighted.

Fig. 4. PCP in which five regions that have high rate of primary school are highlighted.

We focus on the regions where numbers of primary schools are large. In Figure 4, we select
line segments whose values of numbers of primary schools are top five. To see the locations of these
regions, we use a linked choropleth map or CCmaps. Figure 5 is linked CCmaps with Figure 4. Five
regions whose boundaries are red show regions whose primarySchool values are high. We can see
that they are located in the mountainous district, and they overlap with high suicide regions. We
imagine that many aged persons live and small number of hospitals exist in these regions. Thus we use
popOver65 as the horizontal conditioning variable and hospital as the vertical conditioning variable
in Figure 5. We divide both conditioning variables into three intervals. Then, all green regions that
have high suicide values can be gathered in the map at the 3rd row and 2nd column by adjusting
slider bars for conditining variables. This snapshot shows that high suicide regions whose value are
more than 1.58 exist among regions whose popOver65 is in between 30.14% and 38.89% (note that
this is not the highest interval), hospital is less than 0.18 (this is lowest interval) and numbers of
primary schools are large.

We again note that these results are given by interactive operations and linked graphics. Our
system provides functions for selecting regions divided by conditioning in CCmaps, for considering
relations between the dependent variable and other variables using PCP. We also compare geographic
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locations, values of the dependent variable and other variables by linked mechanism among PCP and
CCmaps.

Fig. 5. The CCmaps corresponding to Figure 4.

4 Conclusions

We propose to use linked graphics to analyze geographical data. We use PCP and CCmaps, and
interactive operations with linking effects. These functions are realized in our statistical system Jasp.

Our system has some advantages compared with other researches. GIS is maily used for dis-
palying geographical data beautifully, but does not think much of statistical analysis. Packages for
geographical data analysis on R are well prepared for the statistical analysis but lack some interac-
tive operations. Edsall (2003) proposed the use of PCP with GIS, but did not mention conditioned
graphics.

Our approach is one of visual exploratroy data analyses to detect the structure of geographical
data with a target dependent variable. Implemented interactive operations are useful for selecting
regions that have some common characteristics specified by conditioning variables in CCmaps. These
features are especially useful when they are linked with the ability of PCP to show many variables
and observations at a glance.

Our system is freely available from our web site (http://jasp.ism.ac.jp).
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1 Introduction

Most users know R (R Development Core Team, 2007a) as a statistical computing environment pre-
senting them a prompt or minimalistic GUI for data analysis. The user enters data and commands,
and R responds with figures, tables, fitted models, etc.. A graphical representation of this begin-
ner’s view of R is shown on the left side of Figure 1. However, as every novice realizes soon (and
sometimes not without pain), behind the prompt R is first of all an interpreter for a programming
language named S. The origin of the language was the wish for interactive access to a set of Fortran
data analysis subroutines at Bell Labs (Becker, 1994), which gradually evolved into the full-featured
object-oriented language we know today as S version 4 (Chambers, 1996). “Nothing is more important
for the success of statistical software than enabling the transition from user to programmer, and on to
gradually more ambitious software design” (Chambers, 2000).

As a user makes progress in mastering R, he or she will soon realize that R cannot only read
data, but also write data, and that behind the S language there is code written in Fortran or C to
do the number crunching, visualized on the middle in Figure 1. Data written out is not limited to
mere copies of the date previously read in: R possesses a number of string processing capabilities like
regular expression handling, it can aggregate and reshape data, perform join operations on multiple
data sets, and much more. Section 3 shows an application of using R as a text processor.

Another important aspect of the S language is that its origin – a set of macros that could be
used as a glue for independent software routines written in programming languages like C or Fortran
– is still a very good reason to use it. Many bits and pieces of R are written in compiled languages.
One reason is speed, number crunching in C can be orders of magnitude faster than number crunching
in S. Another important reason is that R tries not to reinvent the wheel wherever possible. The
statistical community has developed a huge body of numerical routines over the last decades, ranging
from distribution functions and random number generators to parameter estimation for complicated
models.

R provides access to these routines within a unified environment. The base distribution ships
many numerical routines which are copies (or based on copies of) well-tested and published algo-
rithms. Of course, permission by the respective copyright owners is important here, see the file
doc/COPYRIGHTS in the R sources for details. To give just one example, quantiles of the normal dis-
tribution are based on algorithms AS 111 and AS 241 (Beasley and Springer, 1977; Wichura, 1988).
Because R can be easily extended using R packages (R Development Core Team, 2007b), it nowadays
forms not only the glue between a set of independent software routines. It acts as a broker of method-
ology in computational statistics, making both “old classics” and “new state-of-the-art” available to
everyone at a single prompt and within a single programming language.

The remainder of this article will give a short overview of how to use this huge collection of
statistical methodology in other ways than entering commands at the R prompt. The prompt is only
one way of utilizing R, and numerous other ways have been developed over the last years: embedding
R in other applications like spreadsheets, dynamic statistical documents combining text and code,
using R as a scripting language, or as a webpage plugin offering a wide range of services from simple
examples for teaching to complete data analyses over the Internet. Of course only the tip of the iceberg
can be shown in 8 pages, and this article is not meant as a comprehensive survey. Rather than listing
all known applications, it will concentrate on a few examples and cover those in more detail, including
full code listings where possible.
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Figure 1: A beginner’s view of R (left), a beginning developer’s view of R (middle), and a full view of
R (right).

2 Reasons for Embedding R

There are numerous reasons for using R “behind the scenes” of another application, but the main
motivation behind most is one or both of the following two:

1. Controlling R in other ways than entering commands at the prompt.

2. Directly use the results of R computations with another program.

The R console connects R’s input to the keyboard and output to the screen, by embedding R we can
use a program rather than a human at either end. If R produces a table of numerical results and
that table is meant to be part of a manuscript, then the computer should insert the table into the
manuscript. Manual copying costs time and always has the risk of making a mistake. If a standardized
analysis allows only for a limited number of operations at a certain point, it may be more convenient
to choose among menu items in a graphical user interface rather than entering a command at the
prompt. The full power of the S language is convenient in many places, but limiting the number of
choices can reduce the probability of human error.

The following three examples from the author’s own practical work may give an idea when using
R at the prompt is not ideal:

Report Generation: A data analysis is finished, numerous tables and figures have been created and
form an integral part of the report. Now if the data change slightly (e.g., a typing error in the
original data is detected), then we do not need a new interactive R session to redo the complete
analysis. Recalculating an analysis and inserting the new results at the right places can be fully
automated such that humans only have to check whether the conclusions drawn are still valid
or need to be updated.

Routine Analysis: In a cooperation project with a software company we developed a statistical
model for direct marketing actions. Based on purchase data, affinities of consumers to product
groups are identified and used by a recommender system. The data warehouse of the client
is updated every week with new data, R then automatically recalculates the affinities of all
registered costumers to all product groups, stores the affinities back into the data warehouse,
and sends an email with a summary sheet to the marketing department. No human interaction
is needed unless the summary report indicates a problem.

Agent-based Simulations: As part of a research center of excellence on “adaptive information sys-
tems in management science” our research group was conducting large scale simulations on
workstation clusters. Several R processes where running simultaneously on different comput-
ers, each representing an agent in an artificial economy (e.g., different companies trying to sell
similar products to virtual customers). In each iteration of the simulation, each agent analyzed
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the available market data and positioned itself in the a seemingly profitable market segment.
The goal of the simulation was to see whether known stylized facts of real world markets can be
reproduced with simple (but non-trivial) artificial agents. Because agents needed to be able to
perform statistical analyses, using R to implement the simulation was a natural choice. Connect-
ing several R processes to a large simulation allowed to efficiently use a cluster of workstations
and also have some agents written in Octave or MATLAB (Meyer et al., 2003).

3 Embedding R in Text Documents

As mentioned above, S is not merely a language for statistical data analysis, it is a full-featured
programming language designed for interactive use. The R implementation is under the hood a
Scheme interpreter (Ihaka and Gentleman, 1996), i.e., R belongs to the Lisp family of programming
languages, although this is not apparent from the S syntax used. Over time, we have added many
functionalities to R which are not directly needed for analyzing or visualizing data in a strict sense.
One can download files over the Internet (install packages from CRAN, . . . ), has access to the operating
system (create, list, copy and delete files, . . . ), and much more. It takes only a few lines of code in R
to send serial emails, AKA spam.

Probably one of the most underused (in terms of user numbers) features of R is using regular
expressions for string processing, see help("regexp"). A simple version of regular expressions are
wildcards for listing files, the command ls *.tex will list all files with extension .tex on a Unix sys-
tem, because these files match the expression *.tex. Regular expression adhere to the same principle,
but have a much richer syntax and allow to do very complicated match and replace operations. The
user can search for certain patterns in strings and replace them by other patterns. Several R functions
use regular expressions, grep() (find patterns), sub() (find&replace patterns) and help.search()
are perhaps the most prominent ones. Following the principle of not reinventing the wheel, R does not
have its own implementation of regular expressions, but uses the GNU and PCRE regexp libraries.

One important application in statistics is for pre-processing data. But regular expressions can
also be used to do text processing in R. Sweave (Leisch, 2002) allows to embed R code directly into
latex documents. When Sweave processes such a document, it identifies the R code, evaluates it,
and inserts the resulting output (text, figures) into the document. Figure 2 shows the code used to
generate Figure 1. The regular expression R uses to identify where a “code chunk” (piece of R code to
evaluate) starts is ^<<(.*)>>=.*. The ^ at the beginning means that the pattern must start in column
1, then there must be exactly two “less than” signs, followed by an arbitrary sequence, followed by
two “greater than” and one “equal” sign.

None of this is directly related to statistical data analysis, but it means that R can do text
processing, and hence can easily be used for reproducible research where analysis code is tightly
linked to reports describing the analysis (Leisch and Rossini, 2003). Packages R2HTML (Lecoutre, 2003)
and odfWeave (Kuhn, 2006) on CRAN provide adaptations of Sweave which allow to use HTML or
OpenOffice for word processing rather than latex. In addition, Figure 1 shows that R is not only
useful for creating statistical graphs like scatterplots or boxplots, but can be used as a programmable
drawing program, see Murrell (2005) for more examples, which are also available as package RGraphics
on CRAN.

Sweave and friends embed R code into text documents, not R itself. The code can be dynamically
replaced by the output of evaluating the code, but the document itself is static. In many cases this
is the right thing to do, but sometimes a more interactive version is more appropriate. Package Rpad
(Short and Grosjean, 2006) is one of several implementations that embed R directly into a webpage:
the browser connects to a running R process, commands are entered through HTML forms as free
text or through elements like pulldown menus and radio buttons.

4 Embedding R in Programs

Rpad is one example where the user communicates with R not directly via the R prompt or by
executing R scripts, but through an alternate frontend: in this case a webpage. Embedding R into
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<<>>=
l ibrary ( pixmap )
logo <− read .pnm(system . f i l e ( ” p i c t u r e s/ l ogo .ppm” , package=”pixmap” ) )
@

<<diag1 , f i g=TRUE >>=
par (mar=rep ( 0 , 4 ) )
plot .new( )
plot .window( xl im=c ( 0 , 1 ) , yl im=c ( 0 , 1 ) )
addlogo ( logo , c ( 0 . 4 2 , 0 . 5 8 ) , c ( 0 . 4 4 , 0 . 5 6 ) )
text ( 0 . 2 5 , 0 . 8 , ”Tables ” , cex=2)
text ( 0 . 7 5 , 0 . 8 , ” F igures ” , cex=2)
text ( 0 . 2 5 , 0 . 2 , ”Data” , cex=2)
arrows ( 0 . 2 5 , 0 . 25 , 0 . 42 , 0 . 42 , lwd=2, code=2)
arrows ( 0 . 2 5 , 0 . 75 , 0 . 42 , 0 . 58 , lwd=2, code=1)
arrows ( 0 . 7 5 , 0 . 75 , 0 . 58 , 0 . 58 , lwd=2, code=1)
@

<<diag2 , f i g=TRUE >>=
<<diag1>>
text ( 0 . 8 , 0 . 2 , ”C, Fortran ” , cex=2)
arrows ( 0 . 2 5 , 0 . 25 , 0 . 42 , 0 . 42 , lwd=2, code=3)
arrows ( 0 . 7 5 , 0 . 25 , 0 . 58 , 0 . 42 , lwd=2, code=3)
@

Figure 2: Source code for Figure 1 as Sweave file.

#inc l ude <Rembedded . h>

i n t main ( i n t ac , char ∗∗av )
{

Rf i n i t i a l i z e R( ac , av ) ;
Rf mainloop ( ) ; /∗ does not return ∗/
return 0 ;

}

Figure 3: Minimal C code to run the R interpreter.

other programs is much simpler than many users or developers think, and has been so for quite some
time now (e.g., Temple Lang, 2001).

The most common usage for embedding R is to write alternative graphical user interfaces to the
interpreter, see http://www.r-project.org/GUI. R itself is written in C, it can be built as a shared
library and linked into any other application that can access C code. Figure 3 shows the minimal
C code necessary: compiling the code listed and linking it against libR will result in an executable
that starts the R engine and presents the user a fully functional R prompt (if the right environment
variables are set, see the Writing R Extensions manual). In fact, the terminal version of R does in
essence the same thing, plus some additional setup and error handling. Of course it makes only limited
sense to replicate how one creates a terminal version of R. But the example demonstrates that only
few lines of code are necessary, e.g., to add a window running an R process to another application.

Directory tests/Embedding of the R sources contains several examples of embedding R in C,
including how to directly communicate from C code with the R interpreter (rather than starting
a prompt waiting for user input). Communication with R works not only for C programs, R has
interfaces to many other programming languages, most of which have been developed as part of the
Omegahat project (Chambers and Temple Lang, 2001). Urbanek (2007) discusses some more recent
developments.

Linking R into an application is one way of embedding R, the other main way is to talk to a
running R process using a communication protocol. This has the advantage that R and the embedding
program need not necessarily run on the same computer, but can also be started on different machines.
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s imp leServer <− function ( port =6543)
{

sock <− socketConnect ion ( port=port , s e r v e r=TRUE)
on . exit ( close ( sock ) )
cat ( ”\nWelcome to R! \nR> ” , f i l e=sock )

while ( ( l i n e <− readLines ( sock , n=1)) != ” qu i t ” )
{

cat (paste ( ” socket>” , l i n e , ”\n” ) )
out <− capture . output ( try ( eval (parse ( text=l i n e ) ) ) )
wr i t eL ine s ( out , con=sock )
cat ( ”\nR> ” , f i l e=sock )

}
}

s h e l l > t e l n e t l o c a l h o s t 6543
Trying 1 2 7 . 0 . 0 . 1 . . .
Connected to l o c a l h o s t .
Escape cha rac t e r i s ’ ˆ ] ’ .

Welcome to R!
R> summary( i r i s [ , 3 : 5 ] )

Peta l . Length Peta l . Width Spec i e s
Min . : 1 . 0 0 0 Min . : 0 . 1 0 0 s e t o s a : 50
1 s t Qu. : 1 . 6 0 0 1 s t Qu. : 0 . 3 0 0 v e r s i c o l o r : 50
Median : 4 . 3 5 0 Median : 1 . 3 0 0 v i r g i n i c a : 50
Mean : 3 . 7 5 8 Mean : 1 . 1 9 9
3 rd Qu. : 5 . 1 0 0 3 rd Qu. : 1 . 8 0 0
Max. : 6 . 9 0 0 Max. : 2 . 5 0 0

R> qu i t
Connection c l o s ed by f o r e i g n host .

Figure 4: Talking to R via sockets: An R function implementing a minimalistic server (top) and
transcript of communication with the server (bottom).
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Again, the basic ingredients are surprisingly simple. Many R functions that can read or write from/to
files accept also so-called connections (Ripley, 2001) instead of a file on the local disk.

One connection type are sockets, which allow R to communicate with other programs over
a network. Figure 4 shows R code for a simple R server: function simpleServer() first opens a
connection on a user-specified port. Because we use server=TRUE, R will wait for other processes to
connect to it. When it receives a call, it first responds by returning a welcome message, then it enters
an infinite loop. Every line it receives will first be tested if it equals the special keyword "quit", in
which case the connection is closed and the function returns. All other text that is received is assumed
to be R commands, and simpleServer() tries to evaluate it. Textual results are sent back to the
client.

The lower panel of Figure 4 shows how a client can connect to our simple server. Any program
that can communicate over a socket could be used for this purpose, including R itself. The example
uses the telnet command line utility, which is available for all major operating systems. First we
need to start the server (not shown in Figure 4) by executing simpleServer() at the prompt of an R
process. After that, the client can connect. If the client runs on the same machine, entering telnet
localhost 6543 will connect to our server. If the client runs on a different machine, then localhost
needs to be replaced by the IP address of the machine running the R server. The port number 6543
is arbitrary, any port not already used by another program could be used.

The server shown in the example is of course only good for demo purposes, because no client
authentification whatsoever is done. Anybody who guesses machine and port correctly can connect,
and there are programs doing automatic port scans. So we should at least ask the client for a password
or use some other means of authentification/protection. Behind a firewall or in an intranet socket
communication without any authentification may however be a simple and sufficient solution.

Package Rserve (Urbanek, 2006) provides more sophisticated support for connecting to a
running R process over a socket. It allows for multiple simultaneous connections (with seperated
workspaces), authentification and transparent transfer of complete R objects. Client-side implemen-
tations are available for C, C++, Java and R. E.g., the following code from the Rserve homepage at
http://rosuda.org connects a Java program to R and gets 10 Gaussian random variables from R
into a Java array:

Rconnection c = new Rconnection ( ) ;
double d [ ]= c . eva l ( ”rnorm (10) ” ) . asDoubleArray ( ) ;

This now connects the full circle from the beginning: We go from Java to R, R itself interfaces several
state-of-the-art random number generators implemented in C and FORTRAN. Of course we could
directly link the Java application to the random number generator, and if only these 10 numbers are
needed, that is certainly the way to go. But if more statistical methods are needed, using R as an
intermediate layer may be the easier way.

Sockets are only one form of inter-process communication over the Internet, several others exist.
DCOM is a communication protocol for connecting applications on Microsoft Windows systems (again
either on the same or different machines). The R-Excel interface (Baier and Neuwirth, 2007) embeds
R into the Excel spreadsheet, see Figure 5. R knowledge is only necessary to write sheets using R,
but the pre-fabricated sheets can then be passed on to other users who have no knowledge of R. Data
are entered directly into Excel, for the naive user there is no visible difference if R or Excel calculates
the results.
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Figure 5: Screenshot of the R-Excel interface.
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RESUME

R is not only a program for analyzing and visualizing data, it is an open and programmable software
environment. It can not only easily access other programs written in a wide variety of languages, but
also be accessed itself from other programs. As such, it can be seen as the computational Swiss army
knife of statistics. Connecting a program to R can be surprisingly simple, and once the connection
is established, the perhaps largest existing collection of statistical methodology is available through a
unified interface. Embedding R can save a lot of human time by automating routine tasks, but more
importantly, it often gives a simple way of making our methods accessible to a much wider audience.
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E-mail: biehler@mathematik.uni-kassel.de 

1. Introduction 
This paper builds on findings about students’ strategies in comparing distributions that we found 

in several studies at school (Biehler, 2006) and at university level (Biehler, 2007). We studied students’ 
reasoning after an introductory course in statistics, where the emphasis was put on Exploratory Data 
Analysis. Our students learned to use the software FATHOM as a tool for data exploration. As part of 
their assessment, students had to do a project and submit a report. The statistical concepts and tools 
they learned to use consisted in measures of spread and location, histograms, bar graphs, box plots and 
percentile plots. 

As a rule students did one or several group comparisons in their project using various summaries 
and statistical graphs for this purpose. The university students got detailed guidelines concerning 
group comparison and report writing. Nevertheless, we got quite a variation of quality in their reports.

In this paper, I try to point out the different strategies and tool uses we observed without going 
into detail with regard to how often and under which conditions these strategies were found. I will 
focus on using box plots as a graphical summary of a distribution. 

A specific data set is used as an example in this paper: it is a complex data set with 540 cases 
and about 50 variables that is based on a questionnaire concerning media use and leisure time of 540 
11grade high school students: the so-called Muffins data (Biehler, 2003). These data were also used by 
the students in their projects. 

2. The many facets of box plot uses 
Box plots seem to be a very nice display for comparing distributions. Tukey (1977) invented 

them as a graphical summary that shows information about centre, spread, shape and outliers. The 
measures of location and spread are robust and especially suited for exploratory analyses. The sum-
mary values (median and quartiles) are easy to calculate and seemingly easy to understand. Box plots 
can be used for easy group comparisons simultaneously with several criteria.  

Box plots turned out to be much more difficult than expected (Bakker, Biehler, & Konold, 2005; 
Biehler, 2001). This is partly due to intrinsic complexities of box plots. But the more important ques-
tion are “What practices in using box plots in statistical practice can we distinguish?”, “What practices 
of using box plots can we distinguish in educational settings”, “What practices do we want to foster in 
educational settings”. In asking this question, we adopt a similar perspective to graphs (inscriptions) as 
Roth et al. (2005) do. We will reconstruct several different uses and interpretations of a box plot that 
constrain their use in group comparison tasks. We have also observed explicitly wrong uses, for in-
stance when students do not remember the definitions of the elements of the box plot and draw wrong 
inferences. But this is not the point I like to develop here. 

1. Box plot used as location summary. The five values minimum, lower quartile Q1, median, up-
per quartile Q3, and maximum summarize the location of the data. The Tukey box plot in Fig. 1 has 
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“whiskers” up to the most extreme value inside the “fences”.1 The data are from the Muffins students 
and show the distribution of the attribute Time_Sports. Students had been asked for the amount of 

hours per week that they devote to actively 
going in for sports. 

The median divides the data into two 
halves, but this is not exactly true, espe-
cially if we have ties at the median. The 
proportion of the data that are lower than 
the median is at most 50%, and the propor-
tion of the data that are lower or equal to 
the median is at least 50%. 

Many different definitions of quar-
tiles are available (Langford, 2006). We use 

as FATHOM does the “cdf-definition” that Langford favours, too. The major advantage of this defini-
tion is that the following inequalities hold:  

proportion (data < Q1)  25%  and proportion (data  Q1)  25% and consequently
proportion (Q1 < data < Q3)  50%  and proportion (Q1  data  Q3)  50%
We regard as adequate approximation to these relations when students say that “about 50%” of 

the data are “inside” the box. Or “about 50% of the data lie between Q1=1 and Q3=6 hours”, and so 
on. However, some tasks require a more precise knowledge about percentages in box plots. 

We can observe students using box plots without making reference to any quantitative measure 
of spread such as the interquartile range. This is surprising, because it seems for experts “so natural” to 
see the iqr “represented” in a box plot. 

2. Box plot for classifying data. The box plot divides the data set into 4 natural intervals, but 
sometimes students’ see rather a separation into 3 parts in a box plot. These domains can be called low, 
medium, high, where the “majority” of the data has a “medium” value. 

Fig.2 Box plots for classifying data  Fig. 3 Assessing “regional density” 

3. Regional average density in 4 intervals. Whereas the density histogram with unequal classes 
shows the density by the height of the column, the density is inversely related to the length of the 4 
intervals in the box plot. We call it “regional” because it is neither local nor global and students use 
box plots for assessing regional density. 

4. Regional spread. The lengths of the four quarters, the length of the interval from minimum to 

1 which are defined by 1 1.5 3 1 , 3 1.5 3 1Q Q Q Q Q Q .

Fig. 1 Box plot as location summary 
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median, from median to maximum, or from Q1 to Q3 are interpreted as what we call “regional” meas-
ures of spread. For instance, some students speak of the “spread of the middle half of the data” or of 
the “spread of the first quarter”. 

This observation forced us to think about 
possibilities of making students use global meas-
ures of spread. We can see the interquartile range 
also as a kind of global measure of spread similar 
to the standard deviation, which does not measure 
the spread of part of the data only. 

5. Box plots interpreted as showing upward 
and downward spread. If we consider the upper 
quartile as the median of the upper half of the 
data then the difference Q3 – median is the me-
dian upper deviation from the median, i.e. about 
half of the deviation to higher values are larger 
than the difference Q3 – median and about half of 
them are less than Q3 – median. It is natural that 
we see two different global measures of spread in 
the box plot, namely median – Q1 as the median 
deviation to lower values and Q3 – median as the 
median deviation of the upper values. The single 
measure of spread, namely the interquartile range 
as the sum of upward and downward spread does 
no longer contain any information about the 
asymmetry of spreading out. On the other hand, 

the length of the box a visual cue that some students directly interpret as “the” measure of spread. This 
latter use and interpretation does emerge spontaneously in students’ practice not very often. This is not 
really surprising because the amount of reinterpretations and new constructions that are necessary is 
enormous. 

6. Box plots used as centre-plus-spread displays. More traditional centre-plus-spread displays 
show the mean together with plus/minus the standard deviation. Box plots can be used for displaying a 
centre (by the median) and a measure of spread (interquartile range, length of the grey box). The 
asymmetry of the box can be interpreted as shape information (skewness). This use does not necessar-
ily imply using box plots for assessing upward and downward spread as was described above. 

While describing the different uses we have used concepts such as “regional spread” and “me-
dian upward deviation from the median”, which are not common in statistics itself. We observed pre-
cursors of these concepts in students’ activity. This does not imply that we use all these concepts ex-
plicitly in teaching contexts. Some uses such as the “classification use” may be unusual in statistics 
but may be a reasonable intermediate step that can well take up students intuitive reasoning about mo-
dal clumps into account as Konold and colleagues (2002) point out. 

3. Different strategies in group comparison tasks 
From the work with students we learned that it is even more unclear, what we should regard as a 

good practices in group comparison tasks in general and with box plots in particular. There is a grow-
ing literature on students’ reasoning in group comparison tasks (Hammerman & Rubin, 2006; 
Pfannkuch, 2006) to which this paper is related. 

In the statistical project reports, we got from students in an Elementary Stochastics course 
(Biehler, 2007), we got two types of poor uses that I called “falling-back to averages” and “distribu-

Fig. 4 Assessing “regional spread”

Fig. 5 Box plot interpreted as showing 
 upward and downward spread 
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tional overflow”. The first means that students do not use much more than averages for comparing 
groups and neglect all other information. On the other extreme, we find students that collect all the 
details they can see in each of the box plots and just put them together without much integration. What 
they pick out from the box plots depends on their use of individual box plots, which may be very dif-
ferent as we have described above.  

But we also observed further types of strategies. Let us look at the following example. We have 
asked the Muffins students for the number of hours that they watch TV and have split the group into 
two subgroups according to whether the student has a TV set in his living room or not. 

O
w

nT
V

_s
et

no
ye

s

Time_TV
0 5 10 15 20 25 30 35

Muffins Box Plot

Measures from Muffins Table
OwnTV_set count mean Q1 median Q3 Q3_Q1

1
2

no 172 7.6 4 7 10 6
yes 357 10.8 6 10 14 8

Fig. 6 TV watching time according to ownership of TV 

Centre-plus-spread group comparison. An obvious use of box plots is for comparing the groups 
with regard to centre and spread. Median and mean are about 3 hours higher in the yes-group; the 
spread is also higher in the yes-group. We may interpret this as an indication how the ownership of a 
TV set might influence TV consumption: It is plausible that higher availability can influence the a-
mount of consumption and that it may increase variation, because students may react quite differently 
to the availability of a TV set. 

Q-based group comparison. A different use is comparing all the 5 summary values of the box 
plot in pairs for the two groups, namely that the Q1 (no) is 2 hours less than the Q1 (yes) etc. The q
stands for quantile-based comparisons. 

Cutoff-point based comparisons. In our work with students we often observed the following type 
of comparison. Students mentally draw a line at the median of the yes group and summarize the data 
as: Whereas it is only about 50% of the TV-owners who watch less than 10 hours is about 75% of the 
no-group that watch less than 10 hours. Therefore the owners watch longer TV. We call this cut-off 
point based group comparisons. One of the quantiles is taken as a cutoff-point, and the frequencies up 

to these cut-points are compared.  
This comparison is a special case, be-

cause the median of the yes-group coincides 
with the upper quartile of the no-group. If this 
is not the case and a cut-off point is some-
where in-between two quartiles, students tend 
to estimate the frequency below the cut-off 
point by rough interpolations. The use of box 
plots for cut-off point based comparisons is 

certainly something that box plots were not made for, originally. However, cut-off point based com-
parison strategies are quite common in the media in addition to comparing groups by averages. We 
also observed the “invention” of this strategy by young students, when they were working with 
FATHOM, where they could calculate the cut-off point (cumulative) frequencies directly. As Fig. 8 
shows working directly with cut-off points is superior to box plots, because the frequency estimations 
in box plots are only approximate. The example shows that, because of ties, there are about 60 % of 

Fig. 7 Cutoff-point based comparisons
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the data below or equal the median in the yes-group, whereas the estimation of 75 % from the box plot 
of the no group is quite accurate. 
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Fig. 8 Cutoff-point based comparisons with percentile diagrams 

For cut-off point comparisons, it would be a better strategy to either use percentile diagrams or 
calculate cumulative frequencies directly. 

4. Different contextual framings of group comparisons 
4.1 The “X is larger in group A than in group B” – hypothesis 

We have introduced some terminology for distinguishing different uses of box plots and group 
comparisons in the preceding section. Group comparison in the spirit of EDA (Exploratory Data 
Analysis) means to compare distributions in many different aspects.  

It was surprising for us that students often frame their group comparisons in more limited terms. 
In our example of TV watching an obvious question could be “Do students watch more TV when they 
own a TV set (as compared to those who own no TV set)?” It is obvious that posing such questions 
influences the way students do group comparisons. We call such type of hypothesis the “is larger hy-
pothesis”. Looking at our box plots we can just say: yes, this hypothesis is confirmed by the data. This 
student strategy may be called the “hypothesis testing strategy”. Ending an analysis with just stating 
the confirmation is its simplest version, where the data are not much exploited. An elaboration would 
be stating how much more one group watches TV as compared to the other. Konold & Pollatsek (2002) 
report that taking the difference of means to answer to the how-much-question is not natural for young 
students. Our elder students find this more natural, but do not always use it in this context. 

What are the different ways students deal with an “is larger hypothesis”? For most students the 
questions that is asked seems to be clear, although from an expert point of you it is far from being 
clear, what it could mean that X is larger in group A than in B given that there is variation in each 
group. The students use one or more criteria to check whether the statement is true, they choose mean, 
median, and the quartiles. Some students argue that the more of these values are higher in group A
than in B the higher is the “evidence” in favour of the hypothesis. If some of the pairwise differences 
of quartiles or measures of centre are negative and some are positive, this strategy comes to a limit, as 
the “evidence” seems to point in different directions. An intuitive strategy that some students use in 
this context is just to count the number of measures that are larger in group A than in group B and if 
this is the case for the majority of measures, the students consider the hypothesis as confirmed.  

Some students use cut-off point-based comparisons to even better support the “is larger hypothe-
sis”. For instance, let us look at a cut-off point c = 10 in our above example, we have: 

. 10 _ 60% 75% . 10rel frequency X own TV rel frequency X noTV
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It is intuitively clear for most students that this is a criterion for that TV consumption is higher 
in the owner group (less are below the cut-off point of 10, respectively more are above the cut-off 
point 10). The general criterion is: If . .rel frequency X c A rel frequency X c B , this is 
an indication that X is larger in group B then in group A.

We observed these strategies especially in contexts, where students had not been very much 
taught about group comparisons in any explicit way. We have experimented with some remedies. First 
of all, we have to expound the problems of phrasing “The owners watch more television than the non-
owners”. In careful media reporting, we find formulations such as “The owners watch more television 
than the non-owners, on average”. Some students use this phrasing but then tend to just compare 
means or medians. On the other hand, this usage is an indication that they may be aware that there is 
variation within the groups and that not all TV owners watch more than the non-owners.  

As we intend to support a group comparison beyond averages, we suggest rephrasing such hy-
potheses as “The owners tend to watch more television than the non-owners”. The next important step 
is using the pairwise comparison of measures of location and cut-off point comparisons not as accu-
mulating evidence for the truth of the hypothesis but as answer to the descriptive question “In which 
respect and by which amount do the students watch more TV in the yes-group? 

Generally, it could well be that there is no unique answer to the question which group tends to 
be larger with regard to a certain attribute. 

4.2 Group comparison in a decision context 
 Let us look at another example of group comparison for clarifying the issue. In the context of a 

research and development project where Paul Cobb, Koeno Gravemeijer and Arthur Bakker were in-
volved the “battery problem” was used as an example for group comparison (Bakker & Gravemeijer, 
2004). The students get a sample of the lifetimes from two brands of batteries and have to decide, 

which brand of batteries is “better”.  
The box plots with added means in Fig. 9 show 

a contradictory picture: mean and median convey 
different information with regard to which type lasts 
longer (on average). The spread is different too and 
the comparison of the quartiles, minimum and maxi-
mum gives different directions. The answer whether 
one type lasts longer than the other cannot be an-
swered unambiguously. The authors do not use a 
descriptive context but set up a situation for decision 
making to achieve a unique solution. For instance, if 
we intend to take 10 batteries and we are interested to 

maximize the total sum of life span, then the mean would be a criterion for our choice: “tough cell” is 
“better” in this respect. If we need batteries that have to last at least 110 hours for some reason (cutoff 
point strategy) you will find them more likely in the brand “always ready”. If you wish to avoid - as 
far as possible - batteries that last less than 95 hours (another cut-off point), you will have to choose 
“tough_cell”. In these varying decision contexts, developing different criteria about which group is 
better seems to be quite natural. The descriptive ambiguity with regard to the question which brand 
tends to have a “higher lifespan” will lead to different unique decisions depending on the respective 
criterion. By this “trick” the descriptive ambiguity is made visible first but then eliminated in a second 
step. A major disadvantage of the battery problem is of course that the decision is based on a very 
small sample and it is implicitly assumed that future samples will be very similar. It is therefore ques-
tionable whether this example is a good elementarization of statistical practice if the sampling problem 
and related uncertainties are never made explicit. The descriptive contexts we use avoid this problem, 

Fig. 9 Box plots “battery problem”
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however, we also observe students that make comparisons and inferences from their comparisons that 
only been done if the data were a random or representative sample of something. A description task as 
such may result into ambiguities. We think that it is reasonable to keep these descriptive ambiguities, 
however, in some examples we may wish to show that the plurality of criteria that can lead to a unique 
decision if the context provides further constraints. 

4.3 Some remedies: the shift model 
In the context of analysing a single distribution, we observed strategies that I call distributional 

itemizers versus distributional integrators (Biehler, 2007). The first class of students diligently collects 
a list of all kinds of features whereas the second group tries to integrate information into an overall 
picture of a distribution. The situation is even worse in group comparison tasks, where integration of 
results is more difficult. It is certainly naïve assuming that students spontaneously can provide accept-
able group comparisons. 

Konold & Pollatsek (2002) argue for putting the mean as a signal more into the foreground as 
compared to the distribution (around the mean) which is considered as noise. In many real statistical 
studies, hypotheses concerning different means are tested, and students have to learn that the mean can 
be seen as such a signal for a process, and that a changed mean is often an indication that the process 
has changed. How can we combine this insight with a distributional perspective that takes the whole 
distribution as an indication of an underlying process? Many (parametric) tests concerning means such 
as the two sample t-test are essentially not only concerned with means but the tests are concerned with 
two distributions (often normal ones) that only differ by the mean and that are identical in all other 
aspects. In nonparametric statistics, we have two different generalizations of this model. The first gen-
eralization is the “additive shift model”. The question to be tested is whether a whole distribution is 
shifted by a certain number a. This implies that the mean and the median and all quantiles are also 
shifted by the same number a. A further generalization is the notion that a random variable X is sto-
chastically larger than a random variable Y if Prob ProbX c Y c for all c. If the random 
variables have a continuous distribution this is equivalent to the following statement about quan-
tiles: ( ) ( ) for all 0,1p pQ X Q Y p  If the additive shift model holds, we 
have  has the same distribution as X Y a , and if 0a this implies that X is stochastically larger 
than Y and that the properties hold ( ) ( ) for all 0,1p pQ X Q Y a p If 0a , Y is stochastically 
larger than X. Thus the shift model is a special case of being “stochastically larger”. Another special 
case is the multiplicative shift model: has the same distribution as , 0.X a Y a  If 1,a X is 
stochastically larger than Y and all the quartiles multiply by the same factor a, which is also the factor 
by which any measure of spread increases. 

Based on this analysis, we suggest several descriptive models for group comparisons to our stu-
dents. The function of the model is to help them with approximately summarizing the differences and 
relations between the groups. Students have the choice between the following 

X is (statistically larger) in group A than in group B: we speak of a shift to higher values 
The distribution of X in group B can be described as an uniform additive shift of the dis-
tribution of X in group A
The distribution of X in group B can be described as an multiplicative shift of the distri-
bution of X in group A
The difference in distribution between both groups is more complex 

The quartiles and the median in the box plot can be taken as pragmatic indicators for assigning a 
descriptive model to the data. An extension would be to check the whole cumulative distribution func-
tion or to use QQ-plots for analyzing the relation between two distributions. Cleveland (1993) dis-
cusses how to use QQ-plots for diagnosing additive and multiplicative shifts between two data sets. 
We do not recommend this extension for teaching in introductory statistics education, but this is of 
course important background knowledge. If we look back to our example of TV watching, we can 
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model the comparison by a multiplicative shift model now: Those with a TV tend to watch about 35% 
more than those without a TV. This factor of 1,35 does not only apply approximately to the mean and 
median but also accounts for the increase in spread from an interquartile range of 6 in the no-group to 
8 in the yes-group  This descriptive modelling also allows the students to express not only the com-
parative statement that there is a shift, but they can also quantify the shift. Most important, the shift 
relates to the distribution as a whole and applies not only to the mean. We think that it is important that 
students can associate different mental pictures when hearing about mean differences: Various shift 
models can hold but distributions may also differ in relevant other aspects. 

5. Conclusions 
We tried to make aware of a large variety of students’ strategies of comparing distributions, es-

pecially when using box plots. We have mentioned some remedies for overcoming limited strategies 
and replacing them by more advanced ones. Further research and development work has to show how 
to organize teaching in order that more adequate practices for group comparisons may develop.  

SOFTWARE 
FATHOM   http://www.keypress.com/fathom/ or http://www.mathematik.uni-kassel.de/~fathom 
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1. Introduction
Recently researchers in statistics education have been focusing on how students reason about various

statistical concepts, in particular distribution. The Fifth International Research Forum on Statistical
Reasoning, Thinking and Literacy (SRTL5) focused on reasoning about distribution and the proceedings
(Makar, 2005), as well as a special issue (volume 5 number 2) of the Statistics Education Research Journal
(SERJ) in November 2006, reported the nature of this reasoning and how it might be supported. Included in
the reported research was a hierarchy developed from student responses and proposed as a framework for
assessing the cognitive development of students’ reasoning about distribution (Reading & Reid, 2006). This
paper revisits that hierarchy and presents research that aimed to provide information to assist educators to
recognise how students progress through the hierarchy.

2. Research background
Before outlining the previously-developed hierarchy on which this study is based, distribution is

defined and research into associated reasoning is summarised. First, insights are provided into the meaning
of the concept ‘distribution’. Typically, tertiary introductory statistics textbooks define the distribution of a
variable as “the values that it takes and how often it takes those values” (Moore & McCabe, 2003, p. 5) and
then expand the definition for probability distributions by using proportions (p. 306) rather than frequencies.
Basic features expected in descriptions of distributions (p. 12) are the overall pattern (i.e., shape, centre and
spread) and deviations from the pattern (e.g., outliers). However, when researchers Bakker and Gravemeijer
(2004) investigated the concept of distribution, they identified centre, spread, density and skewness, as key
elements. These, combined with the typical definition and assuming that density and skewness provide
information about shape, provide a framework for the concept of distribution consisting of five key elements:
centre, spread, density, skewness and outliers.

Next, some leading research into reasoning about distribution explains how better reasoning can be
facilitated. To nurture conceptual understanding of the key elements of distribution, necessary before
reasoning can develop, students must be provided with opportunities to reason about distributions in different
contexts (Bakker & Gravemeijer, 2004). In particular, Wild (2006) believed that multivariate situations gave
more purpose to student investigations about distribution than univariate situations, and Pfannkuch (2006)
emphasized the need to move from the less formal to the more formal when building reasoning towards
inference. The importance of developing the notion of distribution, and recognizing the interrelation among
key elements before students can compare and analyse data sets, were recognized by Leavy (2006, p. 106).

The final focus is on the measurement of the cognitive development of reasoning about distribution.
In statistics a student’s understanding of a concept is critical to any future cognitive application of that
concept. Models of cognitive development for various statistical concepts have commonly identified two
cycles of development, one involving development of the understanding of the concept and the second (more
cognitively developed) involving the application of that concept. These concepts have included distribution
(Reading & Reid, 2006), analysing and interpreting data (Jones, Langrall, Mooney & Thornton, 2004) and
data handling (Watson, Collis, Callingham & Moritz, 1995). Each of these models was based on the SOLO
Taxonomy (Biggs & Collis, 1991) with a two-cycle application as described by Pegg (2003, p. 245). The
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cycles of levels depend on a relational set of links being interconnected between the elements of interest
before increased cognitive activity can take place. This interrelatedness of meaningful elements was also
recognized by Bude (2006), in relation to statistical concepts, as important in his proposed three-level
continuum of understanding, where the move from the second to the third level required a profound
understanding of the concept ready for the concept to be used.

For the concept of distribution Reading and Reid (2006, p. 58-62) described the need for relational
linking of the various elements of distribution (end of first cycle) before distribution could be used for
statistical inference (second cycle). Their study was based around a regional Australian university one-
semester introductory statistics course that was structured around four main themes: exploratory data
analysis, probability, sampling distributions, and inferential statistics. Their two-cycle Hierarchy of
Reasoning about Distribution (figure 1) was developed (Reading & Reid, 2006), using the SOLO Taxonomy
framework (Biggs & Collis, 1991), from student responses to minute papers given during each of the main
themes. The study involved students from a variety of science-based disciplines who studied in the course,
either as compulsory or as an elective. Results of the study were reported in detail in Reading and Reid
(2006) and Reading and Reid (2005). The first cycle of developing reasoning, was the based around the
understanding of the key elements of distribution and the second cycle was based around using distribution
for statistical inference. Before students are able to use distribution for statistical inference (second cycle),
they need to have a relational understanding of the key elements of distribution (achieved in the first cycle).
If educators want students to be able to operate in the second cycle, i.e., use the concept of distribution when
making statistical inferences, then it is crucial that students are able to make the move from the first to the
second cycle. Hence, the research question: What does the move from Cycle 1 to Cycle 2 look like in the
classroom? In particular, what can student discussion indicate about students’ understanding of distribution
and about their readiness to use distribution for making inferences?

CYCLE 1 Understanding the key elements of distribution

Prestructural (P1) does not refer to key elements of distribution
Unistructural (U1) focuses on one key element of distribution (centre, spread, density, skewness or

outliers)
Multistructural (M1) focuses on more than one key element of distribution
Relational (R1) develops relational links between various key elements of distribution

CYCLE 2 Using distribution for statistical inference

Prestructural (P2) recognizes the concept of distribution but does not use it to make inferential
statements

Unistructural (U2) makes one inferential statement described in such a way as to indicate a correct
understanding of the concept of distribution

Multistructural (M2) makes more than one inferential statement described in such a way as to indicate
a correct understanding of the concept of distribution

Figure 1. Hierarchy of Reasoning about Distribution (Reading & Reid, 2006)

3. Methodology
During the same tertiary first year statistics service course as reported in Reading and Reid (2006),

tutorial questions were completed by the students for each of the four key themes. In each tutorial the tutor
summarized key ideas from the lectures. The tutorial question (figure 2) reported here is the question given
during the exploratory data analysis theme and involved students describing key features of both univariate
and bivariate plots. For this question, students were only required to describe the main features of the
univariate plots (b) and (c), and bivariate plots (f) and (h). To investigate how students responded a case
study approach was taken, where two pairs of students were videotaped as they worked together. Of the total
enrolment (n=207) in the course about 10% agreed to be considered for videotaping but only two pairs of
students were videotaped, due to resource restrictions. Final selection was based on convenience afforded by
tutorial scheduling with the two pairs being selected from different tutorial groups. No special protocol was
necessary for the passive videotaping of the discussion between each pair of students as they worked on the
pre-set in-class tutorial questions. The videotaped sessions were analyzed to determine whether there were
indications of reasoning about distribution as described by the hierarchy in figure 1. This analysis was
exploratory in that student interactions were being investigated, rather than individual student responses.
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The plots give information about the
dimensions of three species of fish
(bream, pike and perch) caught in a
lake in Finland. The data are a subset
of the fishcatch dataset submitted by
Juha Puranen to the Journal of
Statistics Education data archive.
The variables used in the plots are
length, height, width and weight.
Working in pairs, describe the main
features of the following plots (b)
weights, (c) lengths, (f) weight vs
length and (h) height vs length.
* diagrams from Wild & Seber
(2000, p. 136)

Figure 2. Tutorial Question

4. Results
First, some background is given about the two pairs of students. Then, the main features of the reasoning

about distribution found in the students’ transcripts are discussed. The expectation was that the students
would collaborate with their partner but the reality was that collaboration was limited because these students
were not accustomed to discussing statistical ideas with their peers. One pair consisted of two female
students, Anna and Naomi (pseudonyms). Both were enrolled in the Bachelor of Science, did well in
assignment and examination work and achieved creditable final grades. When it came to answering the
tutorial question, Naomi dominated the discussion giving Anna very little opportunity to express her ideas.
For example (figure 3), when Anna tried to draw Naomi’s attention to two data points that may be extreme
values she was cut off by Naomi who identified the lack of whiskers (in the boxplot) as an issue and then
moved on.

Naomi: And these ones go as high as these two on the Pike one up here (points to plot (d) in error).
They’re all by themselves. There’s nothing else there

Anna: Maybe
Naomi: This one’s just bimodal with a really big range. That’s the biggest range. (refers to Perch)
Anna: Also, there’s two down here
Naomi: There could be two outliers but depends on where the whiskers went to. Since we don’t have the

whisker marks…o.k.

Figure 3. Naomi and Anna discussing plot (c) lengths
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The other pair consisted of two male students, Ben and Matt (pseudonyms), enrolled in the combined
Bachelor of Arts/Bachelor of Science and the Bachelor of Science respectively. Both withdrew before the
end of the course. During the tutorial activities the discussion between Ben and Matt was more balanced than
for the female pair, with each allowing the other to contribute. This provided a more supportive environment
for each to explore his ideas. For example (figure 4), when Matt described the Bream distribution as even,
Ben agreed by restating that feature as fairly consistent. Matt described the same distribution as fairly
compact and then Ben agreed by restating as no extreme values. Matt described the Pike distribution as sort
of more spread out and Ben agreed with has a large range. Both males were struggling for the correct
terminology but were able to recognize the important features. This was particularly obvious when Ben
refered to direct concentrations and specific concentrations as he tried to describe the density. During their
interactions the males generally used names to refer to the variables while the females tended to point to
indicate particular variables.

Ben: So, I guess you would say for Bream
Matt: There’s an even distribution.
Ben: Yeah. It’s fairly consistent
Matt: It’s fairly compact as well
Ben: No extreme values
Matt: Whereas, Pike’s sort of more spread out
Ben: It has a large range. There is really no direct concentrations or anything
Matt: Nope
Ben: No specific concentrations
Ben: I suppose you’ve got a high concentration down there. You’ve also got a high sample range

compared to the other two I think (writing)
Ben: There are quite a few extreme values in those two
Matt: Yeah

Figure 4. Ben and Matt discussing the plot (b) weights

Univariate plots

For the univariate plots (see (b) and (c) in figure 2), students’ reasoning about distribution included:
using various key elements of distribution in the descriptions, linking these elements, making comparative
statements and looking for causes to explain features. There was considerable description of the key
elements. Centre was not discussed much and was indicated by the standard term median, and by non-
standard terms such as all the way down here. Some reference was made to spread, for example, as spread
and range. Matt’s use of the term compact is interpreted as a reference to a small range because he
reinforced fairly compact with no extreme values and also linked range and very compact later on. Far more
attention was given to density. The standard terms unimodal and bimodal were used by Naomi, whose
observation that it’s got the two sections indicated that she clearly understood her use of the term bimodal.
However, a variety of non-standard references were made to density. The females tended to use condensed
while Ben used the term concentration prolifically. Matt twice referred to even distribution, which together
with Ben’s fairly random and fairly consistent, were used to describe the spacing of the data and suggest
consideration of density. Both Anna and Naomi referred comfortably to skewness on a number of occasions.
The males, however, did not use the term at all, although Matt suggested skewness with a median back here
somewhere but its spread all the way out past here. Outliers were referred to explicitly by Naomi, and
alternate expressions such as extreme value(s) (Ben) and all by themselves (Naomi) were also used.

What indications are there, from the univariate plot discussions, that students have developed an
understanding of distribution (first cycle) and are ready to use distribution to make inferences (second
cycle)? Sometimes the students attempted to link the key elements, e.g., Matt linked centre (median) and
spread (all the way out past here) to imply skewness. But more often key elements were used in comparative
statements. Mostly comparisons clarified relative magnitudes, such as to demonstrate ‘how’ large, e.g., Matt
described the Pike as more spread out with reference to the Bream; Ben described a high sample range for
Pike compared to the other two; and Naomi clarified the lot larger Pike by comparing them to the Perch
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which are all the way down here. Less common were comparisons of different features of the plots, e.g.,
Naomi pointed out that the largest one for Perch is only with the median for Pike. No formal inferences were
made, although Ben tried to explain the cause of an observed feature in the data when he attributed the
bimodal distribution of the Perch to the males and females (see figure 5).

Ben: It’s fairly random again (refers to Pike)
Matt: And a smaller range
Ben: Yeah
Ben: There’s still not direct sort of …
Ben: There’s a reasonable concentration … they’re similar … like the males and females I guess

(refers to Perch)
Matt: mmm
Ben: Still looks bit like …two separate concentrations I guess

Figure 5. Ben and Matt discussing the plot (c) lengths

Interpretation of some of the examples above was aided by using the context of surrounding comments.
For example when determining whether in the middle (Naomi) meant that all of the data were in the middle
of the distribution or that the distribution was located in the middle of the horizontal axis, her comments
about the median, and right skew suggested the latter, i.e., location of the data. This is reinforced by the fact
that both Naomi and Anna then add condensed as the next feature, indicating that they had moved on to
considering where the data are located within the distribution.

The boxplot representation may not have assisted the males greatly in their interpretations as Matt had to
ask how to interpret them and Ben’s response that it indicated where the range area is was misleading. The
females were better able to interpret the boxplots but the reduced format, with no whiskers, appeared to be a
drawback when they were trying to determine whether data points were outliers.

Bivariate plots

For the bivariate plots (see (f) and (h) in figure 2), discussion focused on the systematic and random
components of the models the students visualised, equivalent to the centre, and spread and density,
respectively for the univariate data distribution. There was also some use of these components in comparison
and inference, as well as a search for causes to explain the features. When considering the systematic
component, the females recognised a trend in plot (f) with Naomi describing it as exponential. For plot (h),
Anna described the trend as linear and Naomi compared the gradients. However, Naomi struggled to
articulate the range of the data for the bivariate case. The males indicated trend with weight increases…
length increases (Ben) and references to gradients (Matt).

There is little indication that the males considered the random component, except perhaps when Matt
described the Perch as fairly uniform, like fairly even. However, this comment appears to have come after
Matt had been struggling with the terminology in relation to the gradients, and may still have been referring
just to the different gradients of each data set. The females, however, considered the random component
specifically. For example, Naomi stated that [the data] fit the trend… they’re not scattered all over and
referred to how close to the line the data were. Anna finally introduced the notion of random component and
Naomi reinforced this with random error. The amount of random error was described as pretty clustered
(Naomi), with none out there or out there. However, Naomi dismissed the possibility of a bimodal
distribution (density) even though the Perch data in plot (h) contains two clusters.

What indications are there, from the bivariate plot discussions, that students have developed an
understanding of distribution (first cycle) and are ready to use distribution to make inferences (second
cycle)? There was little use of the key elements for drawing inferences, although both pairs attempted to
make comparisons to explain that there are in fact different relationships. The females used the gradient to
explain their inference that the trends were different (see figure 6 and note that Naomi dominated the
discussion), while the males used gradient to justify that there were three distinct groups. There is also some
evidence that the students were looking for causes to explain the distributions; Naomi suggested that the
linear trend might have had something to do with anatomy while Ben suggested that the different behaviour
of Pike in plot (f) may just be the result of small sample size producing extreme values.
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Naomi: o.k. So you’ve got a linear trend one and..(writing)

Naomi: What’s this like down here? The longer they get the higher they get

Naomi: But I don’t know. That will have something to do with their anatomy but

Naomi: Yeah but how do you describe those ones are higher, that start up higher? How do you say that?
Rather than these ones start right down low

Naomi: The way … the degree to which they increase. How do you …

Naomi: Because the gradient on this line isn’t as great as say this one. The gradient is like…the…the
slope.

Naomi: o.k. So the slopes of the lines are different. Is that a good answer?

Anna: I don’t know

Naomi: I don’t know whether it’s a good statistical analysis

Naomi: The slopes of the lines … (writing)… o.k.

Anna: It looks as though

Naomi: So the Pike and then the Perch and then the Bream.

Figure 6. Naomi and Anna discussing plot (h) height versus length

5. Discussion
To assist students to move from merely understanding distribution (cycle one) to being able to use

distribution when making inferences (cycle two), educators need to be able recognise how students articulate
their reasoning about distribution. This exploratory study has described what the move from the first to the
second cycle may look like in the classroom, in particular, has described features of student discussion that
indicate understanding of distribution and readiness to use distribution for making inferences. Indications
from the analysis are that the students had developed a good understanding of distribution but were
struggling to relate the various key elements of distribution, an essential cognitive process to progress to
being able to use distribution for inference. While some key elements may be referred to using the correct
terminology, students may use less formal terminology, or even descriptive phrases, to describe a key
element (figure 7) even when the element is understood.

key element informal terminology
centre median, all the way down here, exponential, linear
spread spread, range, close to the line
shape fairly compact, unimodal, bimodal, condensed, concentration, fairly even, fairly uniform,

fit the trend, they’re not scattered all over, pretty clustered, not out there or out there
skewness median back here somewhere but its spread all the way out past here
outliers extreme values, all by themselves

Figure 7. Informal terminology for key elements

More importantly, specific linking of the key elements as indicative of well-developed understanding, an
indication that students are ready to make use of distribution for inference, was only sparingly observed in
many discussions. However, the use of key elements in comparative statements, an informal form of
inference, showed that the students were ready to use key elements of distribution to make inferences. For
the univariate data these informal comparisons included the magnitude and location of key elements of
distribution. The bivariate plot discussions presented clearer uses of distribution to suggest inferences, such
as using the gradient to claim there were three distinct groups, whereas with the univariate data the students
were more content to settle for a description of the data. However, none of these discussions were of a
sufficient quality to be able to claim that formal inference had been made. Poor articulation makes it difficult
to determine whether understanding exists, e.g., the girls ranked the three species of fish (based on gradient)
but did not explain what inference they were making about the species based on this comparison. Educators
need to be sympathetic of students’ immature articulations and provide experiences that allow inferences to
be articulated more formally. Similarly, Wild (2006) recommended that multivariate data situations were a
richer environment for students when working with distributions.
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In summary, educators know that students understand distribution and are ready to use distribution to
make inferences when the students can link the key elements of distribution. Although, the students may
need assistance with improving their use of the formal terminology required for statistical discussions, they
have sufficient understanding of distribution to at least make informal inferences. Learning situations that
support the move from informal to formal inference become important, as Pfannkuch (2006) recommended,
for students to become proficient suers of distribution to make inferences. Educators should be aware, as
they listen to students articulate their understanding, that although a student may confidently direct
discussion and hence sound ready to move onto that important step of using distribution to make inferences,
a deeper analysis of the content of the discussion may reveal a lack of understanding. This was the case with
Naomi who confidently made statements about the key elements but was not able to engage in conversations
with Anna when challenged about any of her claims.

This study was exploratory in nature and the results should be viewed in the light of the study’s
limitations. First, the task analysed did not specifically require students to make inferences. All inferences
made by the students were inspired by their attempts at description of the plots and a natural inclination to
draw conclusions was more evident for the bivariate plots. Second, the students were not experienced at
discussing their ideas with each other. This impacted especially on the pair of girls where one dominated the
exchanges and stifled the expression of ideas by the other. While this may have prevented the expression of
the optimal level of reasoning by the girls, it was still possible to use the girls’ discussion to identify
expressions of understanding of distribution. Finally,

6. Implications
Although this study was exploratory it has provided some insight into the way students express their

understanding of distribution and begin to use distribution to make inferences. These findings provide a
guide to educators for recognizing students’ reasoning and provide the stimulus for researchers to further
investigate how students’ reasoning develops. Educators should use the expressions reported in this study to
help them to become more aware of how students discuss distribution. This should help the educators to
recognise when the students have a good understanding of distribution and are ready to use of distribution to
make inferences. Educators also need to be accepting of the informal terminology that students use to
express more formal concepts. To assist students, educators need to take care with the selection of learning
experiences. Researchers can assist educators by identifying those learning experiences that allow students to
move from the understanding of distribution (cycle one) to the use of distribution to make inferences (cycle
two). Researchers should also seek to further identify the expressions that students use, both in their
individual responses and in discussions with others, to reason about distribution to further develop the
descriptions of the two cycles of reasoning about distribution and, in particular, what is crucial to the step
from the first to second cycle. A first step to inform such research would be to explore student discussions
later in the course, after the students have completed learning activities designed to reinforce the concept of
distribution and introduce the use of distribution when making inferences.
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ABSTRACT

Distribution is a key concept in statistics. An operational understanding of distribution is critical for students
to be able to confidently engage in statistical inference. Researchers are now providing hierarchies to assist
statistics educators to assess a student’s level of reasoning and hence support the development of a deeper
level of reasoning. One such hierarchy of reasoning, about distribution, is the focus in this research. Analysis
of discussion by two pairs of students as they worked through a tutorial question for a tertiary-level
introductory statistics course, indicated that they were well advanced in an early cycle of reasoning about
distribution. The results of this research assists statistics educators to identify when students are ready to
move from a basic understanding of the concept of distribution, to being able to use distribution for statistical
inference.
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1. Background

Research into students’ beginning intuitions about distribution has generally been associated with

variation in single variable settings (e.g., Ben-Zvi & Sharett-Amir, 2005; Watson & Kelly, 2005) and has

often focused on graphing attributes of students’ created representations. Kelly and Watson (2002) for

example found that students’ graphs to represent the imagined outcomes of repeated sampling trials in a

probability setting ranged from idiosyncratic drawings of the physical scenario, to time-series type graphs

inconsistently justified by “more” of a certain characteristic, to informal graphing based on “middle,” to a

conventional distribution recognizing variation and center. In sampling or measurement investigations

focusing mainly on single variable distributions, Shaughnessy (2006) described six aspects of variation as

(i) extremes or outliers, (ii) change over time, (iii) the whole range, (iv) the likely range, (v) distance or

difference from some fixed point, or (vi) sums of residuals. These descriptors are not seen as hierarchical and

inform this study to assist in characterizing the story that students attempt to tell with the graphs they

produce to represent a verbal description of covariation.

This paper, in moving from the consideration of the distribution associated with a single variable to

that associated with two variables, builds on earlier research on correlational reasoning and its representation

(e.g., Ross and Cousins, 1993a, 1993b). Shaughnessy’s (2006) aspects of variation also apply when two

variables are involved, seen as the trend in the relationship between the two variables, and seen as deviations

from the trend. Various researchers asked students to create graphical distributions from data values. Brasell

and Rowe (1993), for example, asked physics students to construct a graph of five paired values representing

the heights from which a ball was dropped and the height to which it rebounded; they found students drew

pictures, produced poorly labeled graphs, or plotted points, but rarely gave evidence of graphing to show a

trend. Rather than starting with data values, Mevarech and Kramarsky (1997) asked grade 8 students to

graph four different verbal claims about trend relationships of time spent studying and the marks received at

school. Whereas slightly over half of students appropriately graphed a positive, negative, or no association,

fewer than half graphed a curvilinear association. The most common errors observed related to graphing only

a single point, to graphing only a single variable, or to graphing an increasing function regardless of the

conditions set in the verbal statement. Moritz (2002, 2006) found similar outcomes in exploring this scenario

with primary and middle school students. Moritz (2000, 2006) also explored upper primary students’ ability

to graph three verbal statements about people growing taller. Overall students understood the tasks and quite

young students (e.g., grade 4) created imaginative representations to tell the story of height increase with

age. Students encountered more difficulty in representing the cessation of growth after the age of 20 and in

representing the difference between boys and girls.

This study seeks to explore the development of students’ abilities to display hypothetical data sets

involving two variables. A scenario is described but no data are presented, and students are asked to draw a

graph representing a potential distribution of the data. The task is presented in a complex scenario—

involving multiple variables of attributes unlikely to be familiar to students’ experience of measuring—for

consideration based on a two-variable descriptive cause-effect context (see Figure 1). Of particular interest in

the representation of distribution is how students coordinate the variation in two variables to show the

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 799 -



covariation present as a trend. Also of interest is how students display variation of individual values from

this trend. There were two research questions for this study.

1. What developmental progression is shown in students’ understanding of distribution in

representing a verbal description of covariation, that is, a trend?

2. Does development occur over the middle years of schooling?

Following the analysis, suggestions are made for use of such tasks in the classroom across the years of

schooling.

2. Method

Task. A survey question asked students to read the newspaper article in Figure 1 and “draw and label a

sketch of what one of the researcher’s graphs might look like” (Watson & Moritz, 1997; Watson, 2000).

Family car is killing us, says Tasmanian researcher

Twenty years of research has convinced Mr Robinson that motoring is a

health hazard. Mr Robinson has graphs which show quite dramatically an

almost perfect relationship between the increase in heart deaths and the

increase in use of motor vehicles. Similar relationships are shown to exist

between lung cancer, leukaemia, stroke and diabetes.

Figure 1. Newspaper article claiming an association.

Sample and Procedure. The sample for the study consisted of 1285 students from government schools

in the Australian state of Tasmania: 369 in Grade 6, 312 in Grade 8, and 604 in Grade 9. Schools were

chosen to be representative of all geographical regions of the state. The item was included in a statistical

literacy survey of items based on newspaper extracts. It was the seventh of eight items for Grade 6 and the

eighth of ten items for Grades 8 and 9. The survey was administered in class groups taking approximately

45 minutes. Students were informed that their participation was voluntary and would have no impact on their

school marks. They were asked however to do their best to explain their understanding to aid the researchers

to help teachers plan their instruction.

Analysis. The analysis reported in this paper is based on the general framework of Biggs and Collis

(1982; Biggs, 1992; Pegg, 2002a, 2002b) in cognitive psychology. Their Structure of Observed Learning

Outcomes (SOLO) model suggests five levels of performance that may be assessed in relation to a task that

is set as described in Table 1 (see also Watson & Moritz, 2000). The Extended Abstract level is included in

the table for completeness, although no responses were observed at this level in the current study. Within this

framework, statistical appropriateness of responses was also considered.

Table 1. Summary of SOLO level expectations
1

Level Elements

Prestructural No elements related to task employed in response

Unistructural Single element of task employed in response

Multistructural Multiple elements employed in response, usually in sequence

Relational Multiple elements employed in a coordinated, integrated fashion in response

Extended

Abstract

Response goes beyond Relational level to introduce other elements not in the initial

task but relevant to its extension

1
Summary adapted from Biggs & Collis (1982), Pegg (2002a), and Watson & Moritz (2000).

In relation to the task shown in Figure 1, the target response was to show the association of two

variables: heart deaths and motor vehicle usage. A conventional representation of this would be plotted on

perpendicular axes, such as a linear graph showing an increase in car usage with an increase in heart deaths,

or a scatterplot that also shows deviations from this general trend. Alternative representations, however

might include two graphs, one for each variable, or a single graph with two vertical scales imposed, one for

each variable, and two “lines.” Students without exposure to this type of representation may provide only

partial responses, such as a graph only one variable, perhaps as a single variable against time. Others

students were not expected to represent a trend due to lack of labelling or distraction by the multiple

variables listed in the article.
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The representations presented in this paper are chosen as typical of the levels of response identified

from the original data set, as well as illustrating aspects of variation displayed. They demonstrate the

proposed hierarchies in terms of structure and appropriateness.

3. Results

Some students drew a picture of the content in the article or in some other way refused to become

further engaged in the task. This is seen in the examples in Figure 2, which are judged to be Prestructural

with respect to showing the association in the statement.

Figure 2. Pictures related to the context (Prestructural).

Other responses at the Prestructural level attempted to address the task in terms of the association as

requested. On one hand, some students realized that the task was about graphing the hearts deaths and motor

vehicles but could not show any values or the relationship, as is seen in Figure 3. On the other hand, some

students were able to depict some type of variation in a graph, but were not able to identify it meaningfully

by showing either a trend or any sense of the variables involved. Examples are shown in Figure 4.

Figure 3. Labels but no representation (Prestructural).

Figure 4. Variation shown in a representation but no labels (Prestructural).

At the Unistructural level, a single aspect of the task was addressed but the attempt to demonstrate the

required association was unsuccessful. Examples in Figure 5 showed variation to produce a trend but there

was no indication of what measures were varying. The acknowledgement of several measures was shown in

the representations in Figure 6, but without a sense of variation in values of each measure. The

representations in Figure 7 acknowledged both measures – heart deaths and car usage – but in showing only

one value for each variable, they could not represent the covariation claimed in the article.

Figure 5. Trend but no labels (Unistructural).
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Figure 6. Single values for several measures (Unistructural).

Figure 7. Single values for two variables (Unistructural).

Responses at the Multistructural Level partially addressed the task, when one variable was considered

with respect to time as shown in Figure 8, or when an attempt was made to display values for different

variables for two different years as in Figure 9. These reflect Shaughnessy’s (2006) aspect of variation as

change over time and for the graphs in Figure 8 the aspect of range. The representation at the right of

Figure 9 showed multiple years and two variables but the ikonic nature of the symbols meant the relationship

could not be judged and hence it was deemed incomplete. These representations appeared to recognize the

nature of the claim but were incomplete either because they showed the distribution only for a single relevant

variable and time or they did not show enough values to establish the association. They followed a series of

steps and appeared to recognize the tension in the task but could not completely resolve it and were judged to

be Multistructural. Variation was more adequately acknowledged in the latter representations but the

students did not realize the full potential of showing variation over time to assist in telling the story.

Figure 8. One variable and time (Multistructural).

Figure 9. Multiple values for comparison (Multistructural).

Relational comparisons of two variables were demonstrated in several ways. Using two side-by-side

representations with comparisons via bar or line graphs is seen in Figure 10. As well, these could be

combined and represented in a single graph as shown in Figure 11. Finally the conventional bivariate

representations often expected by statisticians are shown in Figure 12. The detail provided by students varied

tremendously and this had implications for how judgments were made in terms of the variation shown. The

graph on the left in Figure 12 shows the variation that creates the claimed association but no indication of
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variation about the trend line. This was often the case, with a few dots to which the trend line is “fitted”

being shown in the middle graph. Again Shaughnessy’s aspects of change with time and range are seen in

the graphs.

Figure 10. Side-by-side single variable representations (Relational).

Figure 11. Two variables on the same graph with respect to time (Relational).

Figure 12. Bivariate graphs (motor cars and heart deaths) (Relational).

Although a person with statistical training would most likely produce a graph similar to those in

Figure 12, the lack of experience with scattergraphs and correlation for most of the middle school students in

this study meant that they used the methods at their disposal to tell the appropriate story of Mr Robinson’s

claim.

4. Summary

A summary of the performance of the students surveyed is given by grade in Table 2. Students in

higher grades tended to respond at higher levels, with a lower proportion of Unistructural responses and the

near doubling with grade for the Relational responses.

Table 2. Percent of responses for each grade at each hierarchical level of the SOLO model

Level Grade 6 Grade 8 Grade 9

Prestructural – No elements of task 33 34 22

Unistructural – Single element of task 44 28 20

Multistructural – Multiple elements but single variable or

incomplete comparison

13 18 19

Relational – Association as claimed for two variables 10 21 38

n 369 312 604

5. Discussion

Most of the recent statistics education research focusing on students’ understanding of distribution has

focused on single-variable contexts. Some has asked students to create graphs (e.g., Ben-Zvi & Sharett-

Amir, 2005; Kelly & Watson, 2002), whereas other research has considered students’ interpretations of

graphs presented to them (e.g., Konold et al., 2002). This study asked students to create a graph from a
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verbal description. It added two further ingredients, however, in asking students to show a claimed

association of two variables, and in choosing an authentic newspaper article as the basis for the task. In

following this line of investigation, the study was addressing the issues raised by Gal (2002) for the

statistical literacy needs of adult citizens: the need to interpret and evaluate critically statistical information

and to communicate their reactions. A deep appreciation of distribution should be the foundation for such

evaluation and communication in this context. The results of this study hence raise an awareness of the level

of preparedness of middle school students to address such issues.

Most of the Grade 6 and 8 students in this study would not have been formally introduced to scatter

graphs for representing bivariate data. The fact that many of the experiences of these students would have

been based on bar graphs may explain the single comparison graphs in Figure 7, the single variable graphs in

Figure 8, the double comparison graphs in Figure 9, and the continued use of this form including variation in

Figures 10 and 11. The idea of sketching a line, as in Figure 12, may not have occurred to many students as

an appropriate form of representation.

The task used in this study and its context raise the question as to the realistic expectation for what a

statistically literate adult would envisage as a distribution associated with Mr Robinson’s claim. Would it be

a “straight” line sketched perhaps as the graph on the left in Figure 12? This would show the variation

associated with the trend claimed in the article. It does not, however, show the distribution of the variation in

the data set about that trend line that must have existed in the original data set. Of the examples presented,

only the two graphs on the center and right of Figure 11 showed variation “about the trend” but the students

then connected the points rather than suggesting a smooth trend. In teaching programs, moving from

considering the variation that creates the distribution in single variable frequency graphs, it would appear to

be important to stress the continued presence of variation about trend lines created by bivariate data.

Students who have wide experience with plotting scatter graphs from authentic data sets with two

variables and then sketching a “line of best fit” either by eye or with a computer package, should develop a

strong appreciation for the two types of variation present. Those who go on to study regression lines will

appreciate the variation from the line as the “sum of residuals” referred to by Shaughnessy (2006) and the

need to minimize it in determining the “best” trend line. It appears from the data in this study that explicit

work in this area would be appropriate by the end of Grade 9.

The limitations of the study include that for the survey there was no opportunity to ask students to fill

in gaps, for example in terms of labeling their figures. Although this is a limitation in terms of students’

potential to explain, it also shows the need for teachers to emphasize labeling from the very beginning of

graph production. The lack of opportunity to teach a unit on statistical literacy based on newspaper articles

and then retest the students’ understanding is another limitation but points to the possibility for further

research.

6. Conclusion

What issues are involved when distributions are being judged in relation to the appropriateness of the

variation displayed? Is large scale variation that leads to trends important or is small scale variation

indicating expected random or error change important? These need to be distinguished for students in the

classroom so they are aware of the necessity to represent (and look out for) both types of variation when

creating (or observing) graphs. It seems clear that different kinds of tasks require acknowledgement of

different aspects of variation and students should experience many different contexts for exploring variation.

The use of the term “distribution” in the title reflects the statistical perspective in relation to what is

expected by the time students leave school and enter tertiary study. It is unlikely that students will commonly

use the word before their senior secondary years. They will however hopefully draw many graphs that show

appropriate variation associated with the contexts of tasks set. If they learn the importance of the word

“variation,” this will be an important part of the vocabulary for their later statistical lives.
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RÉSUMÉ

This paper presents an analysis of responses of 1285 Australian students in Grades 6, 8, and 9 to a

survey item asking for a graph to show an “almost perfect relationship between the increase in heart deaths

and the increase in the use of motor vehicles.” Responses were analysed within a framework that

acknowledged structural complexity and the statistical appropriateness of the response. Developing aspects

of distribution feature in the description of responses and examples presented.
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1. Introduction 
The development and diversity of information resources used in e-learning training generate problems 

of access, classification and management. In this article, we present the results of a research study about 
knowledge engineering focussed on the use of an organizational memory on the basis of ontologies 
(hierarchies of concepts hierarchies) (Chaput & al., 2004).This work allows the capitalization and the 
diffusion of the knowledge contents and the resources related to the "Applied Mathematics" course which is 
part of the Licence MIAGE at the Picardie Jules Verne University of Amiens. This course deals with 
inferential statistics. We first briefly describe the students' work environment and we present a test of 

utilisability1 which was developed and submitted to the students. We explain how their remarks were taken 
into account to design a new prototype. 

1 http://egov.wallonie.be/docs/implication_utilisateurs/fiche13.doc 
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2. MEMORAe2 and E-MEMORAe3

2.1. MEMORAe
Within the framework of the MEMORAe project (Abel & al., 2006), a use of an organizational memory 

as a learning support allows the management of resources, information and knowledge contents in 
connection with a specific training. The ontology was built in order to present the course with notions and 
concepts. These notions are used to structure the course memory where the resources are indexed (exercises, 
books, on line courses, websites...) (Ducay & al., 2006). 

2.2. E-MEMORAe
The E-MEMORAe environment allows the users free access to the resources by browsing in the 

ontology where they are indexed. The aim is to ease the acquisition of the notions listed in the course 
memory. The general principle is to give the learners either precise information about what they are looking 
for, or a partial tree of the ontology focussed on the notion studied which helps them to continue browsing in 
the memory by requests. 

The interface presents entry points to notions (in the left frame), resources (in the bottom frame), a 
short introduction to the studied notion (above the tree) and the browsing history (in the right frame see 
Figure 1). 

Figure 1: User interface 

There are two kinds of browsing: the "vertical" browsing by a left click on a notion in order to explore 
the ontology with the specialization links (for example "set" can be specialized in "finite set" or "infinite" 
set"), the "horizontal" browsing by a right click on a notion in order to reach the links related to the notion 
such as "Has for cardinality" or "Is the absolute complement of". Besides, the learner can stop temporarily 
the browsing in order to focus on a particular concept. 

2 MEMORAe is a French acronym for Organizational Memory in an e-learning context (in French MÉmoire 

ORganisationnelle Appliquée au e-learning). 
3 http://www.hds.utc.fr/~ememorae/Site-MEMORAe/
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3. Tests and results 
In this section, we present the conditions and the results of the first tests done with the students of the 

University of Amiens (Benayache & al., 2006). 

3.1. Objectives of the test 
We used a test of utilisability in order to see how the students use E-MEMORAe to discover new notions 

by themselves.  

3.2. Conditions of the test  
First, in order not to bias the results, the students were familiarized beforehand with the environment 

and an exercise resolution was carried out for them as an example: the questions referred to the basic notions 
(random experiment, probability space, sample space, event, equiprobability…) and to calculation properties 
(usual laws of probability, expected value…). Then they were given the opportunity to practice the 
environment freely. This was not useless for some of them. 

Then the students had to complete the test proper; it lasted two hours in a computer room with Internet 
access. The students had to solve a problem, with three parts, about two main subjects: 

 Description of Poisson's law of probability and comparison with the observed relative frequencies 
calculated on a sample with similar mean and variance. 

 Estimation by confidence interval of the mean for a normal distribution with a known standard 
deviation.  
The problem dealt with two kinds of notions: 

 Known: Poisson's law, expected value, variance, statistical description of a univariate distribution 
(variable values, frequencies, relative frequencies, mean, variance…) 

 Unknown: chi-squared adequacy test, mean estimation by confidence interval.  
During the test, the students could only use E-MEMORAe. The students' browsing histories were 

automatically stored for us to be able to analyse how they reached the important notions and how they used 
the available resources.  

Lastly, after the test, the students were questioned about the tool, about its ergonomics, about the 
website and they also had the opportunity to suggest improvements.  

3.3. First results 
41 students have participated in the test. 75% of them have appreciated the knowledge presentation. 

We designated by "FOR" the subset of these students and by "AGAINST" the other subset. The following table 
shows the results of the two groups with the main characteristics of E-MEMORAe. 

Table 1: Summary of results 

FOR (32 students) AGAINST (9 students) 

None or few problems with the use of a hierarchy of notions 95% 45% 

None or few problems with the tree display 95% 65% 

Use of entry points 80% 60% 

Consistency of entry points 90% 75% 

It reveals a non significant difference in the grades obtained by the two groups of students. They 
averaged around 15/20. Students of both groups managed every question correctly which may means that 
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their opinions about E-MEMORAe are not directly linked to success in the test. Moreover, the questions that 
were not correctly treated are mainly related to notions which had not been thoroughly taught during the 
lessons.

In order to understand these results, we studied the browsing histories. We noticed that a majority of 
students had tried all the various possibilities of access to a notion: entry points, browsing, search engine and 
history. We also noticed that the AGAINST histories lasted longer than the FOR ones: the more dispersed 
search may have caused a waste of time during the test and made them feel that they had no time for a 
complete exploration. The study also proved that horizontal browsing had scarcely been used which may be 
accounted for by the fact that the students were not familiarized with the right clicking. 

The notions required for solving the problem had been visited by one means or another. Some students 
had even consulted the nearby notions. Having studied the users' suggestions, we can point out various 
important conclusions: 

 Sometimes, the tree diagram was overloaded and the items difficult to read; 
 The semantic axes were not understood; 
 The students claim they would prefer to have direct access to the notions rather than scanning the pdf 

file formatted document. 
Part of their remarks (especially the tree visual display and the access to the course documents) were 

predictable and were caused by a lack of time due to the fact that we wished to complete all the tests by the 
end of 2005 in order not to postpone the experiment the next year. 

4. Modifications 
After this first test, we can conclude that the use of an ontology in order to index and structure learning 

content is a good choice: most of the students appreciated it. The results obtained among the students in the 
course, show that most of them were able to find the knowledge required for solving the problem. The 
suggestions expressed by the students in the questionnaire dealt mainly with practical aspects.  

Figure 2: Example of the new user interface 

We took these remarks into account for the new prototype (figure 2). 

 A tree display: seven concepts only in each level with a device represented by the icon allowing
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the displayed concepts to rotate; 

 Right click (horizontal browsing): addition of the icon  in the lower right corner of the concept 
frame; 

 Semantic axes: nearby notions of a same axe are gathered; 
 Memory feeding: the memory may be fed either by the teacher, or by the students in a private part, or 

by a group of students. 

5. Conclusion 
The E-MEMORAe project research required an analysis of the notions used in inferential statistics prior 

to an organisation of them. The module structuring built from the ontology makes the notions access easier 
and useful in other contexts. The "Statistics" module memory is currently available for learners in various 
schools.

Although the results of the test cannot be generalized, they are rather encouraging. As the students 
were able to find the knowledge required to solve the problem, it appears that using an ontology to index and 
structure the content of a training is a good choice. The approach by notion and the tree display do not 
disturb the students. For the most part, they have appreciated the environment because it allows e-learning in 
an "intelligent way" and because it points out the nearby notions.  

The privileged approach developed in the MEMORAe project has been validated and we are currently 
working on using it in an organizational learning context (Abel & al., 2007). The new prototype is to be 
tested in the spring of 2007.  
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1

Name : Cecily Peters        
              Malaysia 

Teaching Statistics with Technology

‘If I had only one day to live, I would live it in my statistics class ………..it would seem 
so much longer.’ 
                                                                              -Quote in a university student calendar 

The implications in the above quote would no longer apply. 
Autograph would intuitively explain concepts and address issues on statistical analysis. 
The rigorously written texts can now be displayed colourfully, examples can be generated 
effortlessly motivating classroom discourse which is vital in our present day student-
centered approach to teaching. 
Autograph will transform an excruciatingly dull class to a lively and interesting one. 

Here are a few examples : 

To find the Median from grouped data. 

The diagrams below show how  
Data from Excel =>Statistics Page in Autograph => Grouped Data  
� Histogram =>Dot-plot 

The lengths,in mm, of 40 leaves
 taken from plants of a 
 certain species

40  4 47   
52  37 46   
49  58 40   
31 47 33   
54 43 39   
31 35 47   
38 45 46   
53 44 40   
25 43 33   
52 37 39   
43 47              47 
44 46 46   
50 40   
41 33   
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The combination of the dot-plot and the Histogram explain clearly the Median formula 
namely           

                        C
f

FN
LMedian ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛ −
+=

2/1

With just a click we will be able to show that the median is actually the fraction value of 
the data(the circled one) of the class median added to the value of the lower boundary of 
the class. 
With the Dot-plot displayed further discussion on the spread of the distribution could be 
engaged in and clusters and outliers could be pointed out. 

The chart below shows the heights of African and NZ students. 
The statistical analysis displayed was generated by Autograph. This gives us time to have an 
interesting discourse in the classroom and maybe an eye-opener to ‘ Who is taller ?’ 

The other CFD measurements can also be easily displayed:- 
� Lower Quartile  
� Upper Quartile 

More time can be spent in studying the Information and understanding the formulas of the various 
CFD measurements and their implications. 
Undoubtedly this would be a more interesting session than doing stereo-typed questions from the 
text-book. 
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Making Predictions with Linear Regression 
According to the Graph there seems to be a downward trend. 
Does this mean that you are cleverer if you are shorter ? 

(The Green line can be animated to align with the regression line and when that happens 
the residuals will be the least. 
Thus showing that the regression line is the line of best fit for the given data .) 

  

Below is a graphical representation of a bigger collection of data and the relationship mentioned above 
does not apply at all. This is a good example where the value of  ‘ n’ can make a big difference to the 
validity   of a true relationship . 
  

Also Box Plots, Histogram and the Cumulative Frequency Curve can be colourfully combined in one 
window to show their ‘connectedness’ making the study a wholesome experience.I shall show this in 
my presentation. 

Statistical Analysis of the above graphStatistical Analysis of the above graphStatistical Analysis of the above graphStatistical Analysis of the above graph    
x:  IQ 
y:  Height (m) 
Number of points, n: 15 
Mean, x:  100.7 
Mean, y:  1.435 
Standard Deviation, x: 5.312 
Standard Deviation, y: 0.09878 
y-on-x Regression Line: y=-0.003315x+1.769 
x-on-y Regression Line: x=-9.587y+114.4 
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Perhaps the following quote is appropriate at this juncture : 

‘There was once a young manager named Hess 
Whose forecasts were always a mess, 
So his boss did appear, 
And in voice loud and clear, 
Said, “Hess, son, try regression, or consider another career!” 
                                                                                       A first Course 5thEdition 
                                                                                       Donald H. Sanders 

Discrete Probability Distribution is another exercise where Autograph can bring 
‘Enlightenment’. The animation of the parameters , n  and p will add more meaning to 
the students’ understanding of the effects of  n and p on the distribution. 
The Binomial can also show a Normal or Poisson approximation as a dependent object. 
The animation feature will show how the Poisson will fit the Binomial when p is very 
low 

. 
Below is a diagram showing Normal Data in a Standardised Form 

Statistical Analysis of the above graphStatistical Analysis of the above graphStatistical Analysis of the above graphStatistical Analysis of the above graph    
    
y:  Height (m) 
Number of points, n: 39 
Mean, x:  102.4 
Mean, y:  1.526 
Standard Deviation, x: 5.002 
Standard Deviation, y: 0.1287 
Correlation Coeff, r: 0.02468 
y-on-x Regression Line: y=0.0006353x+1.461 
x-on-y Regression Line: x=0.9588y+101 

Below is a diagram showing Normal Data in a Standardised Form 
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When you see the above examples in action I know you will be convinced that 
technology is a great asset in the teaching of Statistics and the signature software 
for this is none other than Autograph.

Due to space constraints I will end now with  
Some Quotable Quotations Usable In a Probability and Statistics Class 

References: 
Autograph is inspired by 

DOUGLAS BUTLER         E-mail Address(es):       debutler@argonet.co.uk 

iCT Training Centre 
Oundle School, Peterborough, UK                             www.autograph-maths.com

Designed and programmed by 
MARK HATSELL

• “Lest men suspect your tale untrue ,keep probability in view---------- JohnCoy
• “A reasonable probability is the only  certainty “……………………E.W.Howe
• “A thousand probabilities do not make one fact.”…………….Italian Proverb
• “The laws of probability, so true in general,

                       so  fallacious in particular “…………………….Edward Gibbon 
• It is probable that many things will happen contrary

                                                                           to  probability………      .Anonymous 

                                                           ……………Social Science and Mathematics 
                                                                                          Oct 1979…pages 486-492 
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New Technologies revolutionize the applications of statistics 

and its teaching  
Borovcnik, Manfred 
University of Klagenfurt, Dept. of Statistics 
Universitätsstraße 65-67 
9020 Klagenfurt, Austria 
E-mail: manfred.borovcnik@uni-klu.ac.at 

Summary 
The impact of New Technologies may be seen from three perspectives:  
Firstly, it changes the applications of statistics outside the universities completely. A lot more statistics 

is applied nowadays than 25 years ago – i. e. before the computers have spread to nearly every household in 
the western world. A lot of large-scale datasets, all multivariate, are nearly automatically generated and wait 
for their analysis. New methods, more methods, and more variety in used methods signify the applications of 
statistics. This builds up a pressure from outside universities to change our curricula completely so that our 
graduates will qualify for their future work.  

Secondly, New Technologies open the way to teach the subject matter of statistics completely different 
than in the pre-computer era. Films may be distributed on DVDs and watched on one’s own PC. Software 
like R is free of cost and easily installed to avoid tedious calculations. Spreadsheets are often integrated on 
the basic equipment of PCs and allow e. g. teachers to design their own animations to illustrate a difficult 
concept, which would have cost a lot of time and a production studio for animated cartoons in the pre-
computer age. 

Thirdly, the computer enables (but also necessitates) new forms of communication. While a small team 
of students (2 or 3) work together in front of the PC, the teacher gets more and more into the role of an 
advisor. Students learn from sources from the computer (the used software, a hypertext, or the Internet) and 
the teacher intervenes only on request, or to advise the students about their potential strategies to find their 
way through. 

Not that we have to re-invent all of teaching statistics but we have to adapt a lot in our curricula to 
meet the challenges of the New Technologies. The reward will be far more complex knowledge, which our 
students will be able to master making them fit for their demanding jobs in the future.  

The change in the applications 
Only two examples are discussed to give an impression how applications of statistics have changed. 
In order to classify rocks for their presumptive characteristics (e. g. abrasiveness, brittleness, and 

compressive resistance) the rocks are inspected in the quarry by infrared spectroscopy. The results are curves 
of absorption of light for different wavelengths for each rock. The problem is to define a fast procedure to 
separate the rocks on the conveyor by a classification procedure. The procedure has to operate online while 
the rocks are passing by. The solution does not use the direct data but the Fourier series of the curves and 
gives quite good attributions with respect to the quality of the rocks. Very often in applications, the original 
data have to be transformed, here to Fourier coefficients, in order to solve the task. It is not sufficient to 
know classification methods from statistical point of view, it is also necessary to combine it with other 
complex mathematical methods. 

To exploit the stock of clients to the best of a company and to hold one’s own stockholding at a 
minimum, or produce at the right time, it is necessary to study the clients from their past behavior and from a 
(short) investigation of them by a survey. The aim is to find a segmentation of clients that will be a basis for 
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predicting their future behavior, which would enable oneself to prepare in time to act instead of reacting to 
their demands. This necessitates dealing with multivariate data with different methods of clustering and 
classification methods and so on. One statistical method alone will not suffice to deal with the problem 
adequately. Only in comparison of results of different methods will it be possible to give reliable predictions. 
As a special case of the previous, consider online-shops, which have sophisticated procedures how to react 
‘online’ to requests of customers. This necessitates to collect automatically their past data and to analyze 
them accordingly. It also requires a conceptual hierarchy on the goods they offer and to exploit conceptual 
distance between goods in order to supply the client target-oriented with more information, which might lead 
to further purchases. – This approach is similar to the organizational memory in supporting learning, as is 
presented by Chaput (2007). 

Clearly, if our students will leave the university with an introductory course mainly focusing on normal 
distribution and one-dimensional data analysis, they will not be able to do their work in their jobs. We have 
to teach them authentic applications also. However, in that endeavor we will come to our end (we will not be 
able to understand all the details of such applications on our own) and we will overburden our students so 
that finally they would not be able to understand anything. To teach applications it is necessary to develop 
new styles of teaching mathematics without all the details yet enabling the students to grasp the main 
structure of the methods, its important pre-assumptions for application, and the statements, which they 
enable, with a proper interpretation of its potential and its restrictions. Mougeot (2007) in her presentation 
gives a detailed discussion on the pressure of applications outside university and how to react accordingly in 
university courses to meet the challenge of the statistics revolution in the applications. 

New Technologies open new ways to teaching statistics 
Films on DVDs are easily spread. No further technical devices are needed in order to look at e. g. 

Moore’s “Against all Odds”. Such films contribute to students’ motivation as they authentically show that 
and how statistics is applied. 

Software may be used to avoid lengthy calculations. This might not seem attractive enough but if you 
remember the difficulties students had to calculate Binomial, or normal probabilities, or a confidence interval 
for a mean, it helps a lot to get the message through. Moreover, software enables also to apply more complex 
statistical methods, e. g. classification methods for multivariate data. There is, however, the danger of blindly 
applying the software without really understanding the results, their restricted interpretation and the 
restrictions necessary to fulfill in case of applying it. However, the time saved by automatic calculation could 
be used to focus teaching efforts on the conceptual issues in the background. 

Software may be used to demonstrate the impact of more complex methods dynamically. This may 
start from as simple an example to illustrate the robustness of the median as compared to the mean only by 
moving one point of the data, implemented in Excel by Borovcnik (2007). And come to more complex 
examples as showing the recursive adjustment of a separation line for discriminating between two sets of 
data as shown in the presentation of Mougeot (2007), programmed in R.  

Software may be used to complete an analysis of data by graphs to communicate the results better (also 
done in the course, which was discussed by Mougeot 2007). To give boxplots in amendment to an analysis of 
variance might likewise help as profile curves for the mean in the various groups might help to support an 
understanding of the results, which are formally backed by the p values of the F statistics telling us, whether 
one or the other factor is significant (or if there are significant interactions). 

Software might enable us to teach authentic applications holding technicalities at a minimum level and 
letting our students to focus on the subject content and the questions therein. In a systems analysis of the 
problem at hand one has to model the situation accordingly so that the later experiment will produce valid 
data on the problem. In first stages of analysis, data cleaning, missing values and the like has to be dealt with 
(again Mougeot 2007 gives a plea for such an approach in her presentation). Only then one can revert to 
statistical models and analysis, which at the end have to be translated back to the original problem to answer 
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(partially) the posed questions with all the restrictions of the interpretation in mind. 
Software might enable us to illustrate statistical concepts more easily than it could be done in the 

mathematical framework alone. That comprises not only graphs to study the effects of the concept under 
investigation; it includes also the powerful tool of simulation. By this technique not only unknown 
probabilities may be calculated (which otherwise involves too complex mathematics; sometimes not only for 
students too difficult). It also helps to understand basic features of methods: For example, the influence of 
the sample size on statistics to estimate an unknown parameter may easily be shown by simulating the 
process of taking a sample repeatedly and end up with a graphical representation of the estimating statistics. 
If this is compared for two different sample sizes, it may easily be seen that increased size leads to higher 
precision, i. e. smaller variance of the statistic at hand. Likewise it could be illustrated what the method of 
least squares does, what the maximum likelihood approach involves etc. 

Software might also let us introduce newer approaches into teaching like the resampling approach. 
Instead of sampling from the true population, which is represented either physically or by probability 
hypotheses (e. g. a normal distribution with specified mean and standard deviation); sampling could be done 
from a distribution, which is estimated on the basis of the first sample. Repeated sampling from the first 
dataset (which establishes this estimation) with replacement and calculating the value of the required statistic 
(e. g. the mean) leads very fast to an impression about the “reliability” of the first estimate of the unknown 
parameter (here the mean of the population). The variability of this reapplied estimation (of the mean) in 
repeating to take a re-sample is a sign how precise the estimation from the first sample could be. From a long 
series of re-samples the distribution of the estimating statistics is well approximated and a confidence 
interval might be taken as the 2.5% and 97.5% quantiles of this distribution. The method of resampling was 
caricatured as Munchhausen’s strategy to pull oneself out of the swamps by pulling himself on his hair – but 
its rationale is sound. Without the help of computers it cannot be performed. This author takes great hopes to 
‘renew’ introductory statistics by the resampling approach as it is conceptually much easier than any 
procedure on inferential statistics (cf. Howell 2007, Christie 2004, or Arnholt 2007). 

New technologies open and necessitate new forms of communication in teaching 
The presentation of Chaput (2007) deals with e-Learning and how it can be made more effective by 

introducing a hierarchical system of coherence upon the notions, which have to be learned. If knowledge, as 
in e-Learning is done, is presented on the computer in a hypertext then the student has to go his/her own way 
through. The information could be presented as usual in a linear sequencing, which is quite ineffective for 
self-study. The hierarchy of notions, however, can be re-analyzed in this context to yield a “neural network” 
between them, characterized by conceptual distance. This embodiment could help learners to “browse” one’s 
way through until finding the concepts required for solving a specific problem. Chaput (2007) presents 
details of how her group has designed an organizational memory to help the learning path to become more 
efficient. E-Learning is the high-end of computerized teaching and necessitates the most sophisticated 
infrastructure to supply learning to become effective. The interesting part is that the same organizational 
memory can also enhance learning in a traditional course as it yields another structure of relations between 
the concepts. 

The computer may change the ways and the kind of communication completely even without the 
option of e-Learning. Imagine groups of two or three students working together in front of their PCs, the 
teacher organizing their work becomes more and more an advisor, what methods could be taken, how to find 
the required information, giving advice, which analysis to perform, giving some caveats about restrictions of 
results and their interpretation etc. The students would get their information about the concepts from a 
hypertext, or from an e-Learning text, and work independently. Intermittently the teacher could assemble 
their approaches and introduce a classroom discussion by showing them where their different approaches 
would lead to. To follow-up the students’ work, the teacher could use screenshots supported by audiotapes of 
their comments etc. 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 825 -



Conclusion
Applications have enforced the intensified implementation of calculator devices, more recently this 

means mainly software used on computers. These devices have taken their own development and 
revolutionized not only the applications but also the theory of statistics. With the advent of EDA, a new and 
innovative way of interactive data analysis was borne, which was no more inextricably bound to probability. 
With the resampling approach, the fundamentals of probability are not questioned. However, the inferential 
part may be written completely from anew. The impact of applications will thus completely alter the image 
and the vision of statistics as it will radically decrease the key role of parametric models (among which the 
normal distribution is the most important) by replacing it through suitable re-sampling of the first data set. 
Such an approach may easily be extended to multivariate data. 

For teaching statistics it is interesting to note that the New Technologies have enabled to take the role 
of applications serious. Prior to the spread of computers, applications could be integrated only in an artificial 
way, mainly in the cookbook variant. By software, tedious calculations are outsourced, which saves time to 
focus on conceptual issues. That brings the modeling aspects of applications to the fore: How to model the 
situation adequately, which restrictions are inherent to the various models, how to get valid data to answer 
the questions, how to interpret the used methods and the results in a feasible way? The design of a study 
already bears in it if the study could be a success or will definitely be a complete flop. 

Here the circle closes between the impact from applications and from New Technologies and new 
approaches towards teaching. Admittedly, matters are not always clear and easy. Any software necessitates 
time to master it. Concerning didactical software for teaching to illustrate key features of concepts there are 
many a wish open – despite a good tradition and practice already going back to Kissane (1981); maybe a 
solution lies in flexible development of such demonstration pieces by the teacher and the students with tools 
like R (Arnholt 2007), Fathom (Maxara and Biehler 2007), or EXCEL (Borovcnik 2007). Maybe didactical 
analyses should focus on the design; i. e. what a good demonstration software should include for specific 
notions; and didactical research should concentrate on a guided implementation and monitoring of the 
success of such software pieces to support learning. For teaching authentic applications, the New 
Technologies have proven to be indispensable tools; they have revolutionized the teaching of statistics. 
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1. Introduction 
 

During the last twenty five years the most important companies have begun to 

incorporate deep changes in their management philosophies. These philosophies stress 

the systematic use of statistical methods for continual improvement. This has led to a 

great demand for statistical knowledge on the part of engineers and technicians of 

industry (Montgomery and Runger, 1999). Intensive statistical courses are included in 

all the engineering curricula of Spanish universities. The most common criticism of the 

teaching of engineering statistics in Spain in the 80s was that it was too academic in 

focus, excessively theoretical, and divorced from the real problems that can appear in 

the industrial and business world (Peña et al., 1990). These criticisms also described 

statistics education in other countries (Godfrey 1986, p. 36): "For too long we in the 

statistics profession have tolerated poor statistics teaching, which produces courses that 

are often rated as the worst course or the most useless course that graduates in other 

fields claim they have ever taken. We too often teach what appears to the students a 

collection of unrelated methods illustrated by examples taken from coin-tossing, card-

playing and dice-rolling. And then we expect the students to be able to translate this 

wide variety of methods with simple gambling examples to complex industrial problems 

involving the application of a large number of methods". 

 

An Educational Innovation Project was initiated in 1989 at the Universidad 

Politécnica de Valencia out of the conviction that the results of the teaching/learning 

process were unsatisfactory (Romero et al. 1995). Some of the problems were a 

consequence of overly theoretical teaching with too little experimental training. An 

important goal of the project was to integrate new technologies into the teaching of 

statistics. This could not be accomplished without a thorough reorganization of the 

curriculum. 

 

Nicholls (2001) comments: “Advances in Information Technology (IT) and the 

resultant impact of these advances have led to a much more data based society, a trend 

that can be expected to continue into a foreseeable future. This phenomenon has had a 

real impact on the Statistics discipline in general and on the training of both 

professional statisticians and users of Statistics in particular”. IT advances have had an 

impact on both course content and delivery. This paper considers engineering statistics 

education and how new technologies have changed its curriculum. A case study at the 

Universidad Politécnica de Valencia is described emphasizing the important role of 

technology resources. 
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2. The context of change 
 

The reform movement in mathematics education that has taken place over the 

last two decades has influenced statistics education and led to a review of content, 

pedagogy, and technology at all levels of education (Moore, 1997). Changes in the three 

areas have gradually been adopted as a means of offering continuing improvement in 

the teaching of statistics. The recommended changes may be summarized as follows: 

- Highlighting connections between statistics and other sciences 

- Understanding and using students’ prior conceptions 

- An emphasis on analyzing and interpreting data 

- More active participation on the part of the students 

- Solving real-world problems 

- Small-group cooperative learning 

- More technology and communicating skills regarding data and chance 

 

The experts stress the importance of improving students’ technology skills. 

During the last years statistics educators have taken the responsibility for the evaluation 

of new technologies from the perspective of education (e.g. Biehler, 1997; Utts et al. 

2003). 

 

Engineering statistics courses should be designed to prepare the students to use 

statistical thinking and reasoning, and provide them with the necessary skills to interpret 

and evaluate data analyses. Techniques should be presented embodied in case-studies of 

intrinsic interest to a wide variety of students. An important goal of integrating 

technology in the statistics curriculum is the creation of a learning environment within 

which students are able to choose when and how to use it. Calculations should be given 

secondary priority. Derivations and hand calculations are to be replaced by the 

widespread use of statistical computing methods, and an emphasis is placed on the 

analysis of real data. Students do not need to become facile with making graphs by hand 

when the computer can do automatically. This also allows students to focus on 

questions relevant to the exposition of a problem and on the interpretation and critical 

analysis of the results. The lecturer adopts the role of `facilitator’ (Moore, 1997), and 

motivates statistical concepts, activities and problems.

 

3. Changing content in engineering statistics 
 

New content in engineering statistics reflects the computing-intensive nature of 

statistical practice. Computers are the medium for how we handle large and complex 

data sets, which are very frequent in businesses. Methodologies for analyzing these new 

types of data require the use of modern technologies. Certain understandings in 

statistical thinking can not be realized in reasonable timeframe without technology: 

Examples include exploratory data analysis, sampling distributions and regression. 

Exploratory analysis is characterized by an (Velleman and Hoaglin, 1992) “iterative 

process of describing patterns, subtracting them, and searching anew for pattern in the 

residuals [that] continues until the data analyst decides to stop”. This iterative process is 

tedious indeed if the analyses are not automated. 

 

New technologies allow implementing simulations that can help students’ 

understanding of probability and variation. Simulations provide an alternative to proofs 

and algebraic derivations as a way of improving students’ understanding of important 
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facts. The central limit theorem, always a fact that can not be proved to beginners, is 

both more comprehensible and mode convincing when seen at work via simulation and 

graphics. These simulation experiences can be built on later to teach statistical practices 

such as bootstrapping and Monte Carlo techniques. 

 

The bootstrap is a good example of synergy between technology and content. It 

is conceptually an extension of the core idea of a sampling distribution that is widely 

useful and impossible without fast computing. Bootstrap appears in research papers and 

advanced courses, but the idea is quite simple and can easily be added to an introductory 

engineering statistics course. Weldon (2002) indicates that “It is important that students 

have been exposed to the idea of simulation for a painless introduction to the bootstrap”. 

This author illustrates with two examples how this technique might be used to introduce 

and explain the relative stability of averages, and to assess the variability of an 

estimated parameter in a real-data context. 

 

Every engineer needs a good practical knowledge of design of experiments. 

Hoerl et al. (1997) comment that an intro course in engineering statistics should also 

include basic concepts of planning data-based investigations, including the major 

concepts of design of experiments. Technology has facilitated to teach design of 

experiments at earlier levels than was previously the case. Some of the statistics courses 

taught at the Universidad Politécnica de Valencia, include a module introducing 

experimental design. A student completing this module will be able to describe the 

difference between an observational study and an experiment, assess the likely main and 

interaction effects by looking at an interaction plot, perform a randomization for a 

complete randomized design, and access a package via the web to generate a 

randomized design. 

 

4. Concerns for the future 
 

The current interest in analyzing large and complex data sets has motivated the 

application of modern methodologies emerging from the fields of Data Base 

Management, Artificial Intelligence or Pattern Recognition, among others. For many in 

the information sciences the process of analyzing data with these techniques is known 

as Data Mining. An introduction to these methodologies (pattern recognition, neural 

networks, genetic programming) would be of interest in an advanced engineering 

statistics course. 

 

Over the past few years there has been and increase in the use of the Internet as a 

resource for helping teach statistics. Web-based material can be interactive and more 

engaging than printed text. As technology advances and student enrollments increase 

many universities are exploring the use of web-based instruction. The options range 

from the use of web-based applications in traditional classrooms to full-blown online 

courses in which there is no face-to-face contact. Since 2003, the Universidad 

Politécnica de Valencia is offering Internet-based statistics courses that utilize both 

distance learning via the web and the traditional classroom format in some combination. 

However, the final outcome of the teaching with these new technologies may not be 

known for some years. Then we shall be able to verify whether our students have 

incorporated the statistical techniques into their knowledge and applied them as tools 

for data analysis and decision-making in real problems that will arise in their future 

professional work. 
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RÉSUMÉ 

Cet article traite le sujet de l’influence des nouvelles technologies dans les changements 

du programme d’études de cours d’introduction à la statistique destinés aux étudiants 

d’ingénierie. L’article aborde le cas pratique de l’enseignement de cette matière à 

l’Université Polytechnique de Valence (Espagne) où, depuis 25 ans, des projets 

d’innovation éducative ont été mis en œuvre afin d’améliorer la qualité du processus 

d’enseignement – apprentissage de la statistique. 
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Statistics education is an important focus of interest for the International Statistical Institute (ISI) since 
its foundation, as it is visible in the Education Committee started in 1948 and in the creation of the 
International Association for Statistical Education in 1991. The IASE influence is clear in the increasing 
presence of statistics at all the educational levels, and in the numerous publications, conferences and research 
related to statistics education, including doctoral dissertations which are being carried out in departments of 
statistics, mathematics education, psychology or education. It is, however, unusual that future statisticians 
take a statistics education course as part of their undergraduate studies. In this paper we suggest that some 
didactical training is an important part in the education of future statisticians and reflect about the 
components and suitable teaching strategies in the initial didactical training of statisticians. 

Interest of statistics education competence for statisticians
The many different possible areas of work for future statisticians are visible in the papers presented at 

the ISI Sessions, as well as observing the widespread use of statistics in almost all human activities. A very 
simple classification of professional statisticians is as follows (although the same person might play several 
of these roles simultaneously or at different stages of his/her professional life): 
1. Statistics teachers/lecturers at school, professional training or university (undergraduate or post graduate 

training).
2. Theoretical statisticians who take part in research teams and develop new statistical theories, methods and 

procedures.
3. Applied statisticians working as consultants for professionals who have specialized in other fields and to 

whom they provide data analysis and sampling or experimental design services. 
4. Producers of statistical data or reports for official agencies, financial or business institutions to which they 

provide information, guide in decision making and facilitate the planning of their functioning. 
5. Statistics educators who analyze the teaching and learning of statistics, try to understand its rules and design 

didactical devices to help improving the functioning of didactical systems. 

The interest of didactical knowledge is clear for teachers/lecturers and statistics educators. Moreover, 
those statisticians who create new methods or theoretical models should be able to communicate them at 
different complexity levels to other statisticians or scientists: e.g. in research papers, divulgation papers, training 
courses directed to applied statisticians or textbooks. Didactical abilities will contribute to this communication 
being clear and producing no misunderstanding in the potential users of statistics, since experience shows that 
the use and interpretation of statistics are not always adequate (Morrison & Henkel, 1970; Harlow, Mulaik & 
Steiger, 1997; Batanero & Díaz, 2006).

The didactical problems and possibilities of statistical consultancy have been debated in the Tokyo 2000 
IASE Round Table Conference on Training Researchers in the Use of Statistics and in many Invited Paper 
Sessions at different ICOTS or ISI Conferences. Statistical consultancy provides good training opportunities for 
both the statistician and the client. Not only do statisticians need to understand enough about their colleagues’ 
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disciplines to be effective consultants, but they also can help researchers to learn more statistics and acquire 
enough appreciation of statistical concepts so that the collaboration may be more productive. 

On the one hand, the client professional should be able to clearly communicate his/her problem to the 
statistician and provide him /her with a basic understanding of the topic, the aim of the study and the concepts 
involved in the same (Jolliffe, 2001). The statistician, in turn, can help clarify the questions that the researcher
wishes to consider, and both the researcher and the statistician will learn from each other as they move towards a 
common understanding. Statisticians need also to be trained to communicate statistical information and results 
from statistical analyses in a language accessible to the researcher and meaningful for the potential audience of 
the research report. They have a unique opportunity to help their clients acquire statistical literacy using their 
own data and the problems in which they are interested (Belli, 2001). All of this justifies that the training of 
statistical consultants include some didactical elements. 

 Finally, the shifting of the economy from tangible products to intangible service-based activities has 
increased the difficulty of the work of statisticians producing public statistics and poses several challenges for 
statistical education, including the training of official statisticians, as new statistical concepts and methodology 
are being created, but also educating the users of these official statistics (Cheung, 1998). On one hand the 
statistical information produced by these offices has a special role in modern societies in enabling people getting 
information and reacting to social, political and economic phenomena. Therefore, statisticians need to 
communicate and diffuse statistics, not only as a technique for dealing with quantitative data, but also as a 
culture, in terms of capacity to comprehend the logical abstraction, which makes the quantitative study of 
collective phenomena possible (Murray & Gal, 2002). Statistical offices need moreover collaboration of citizens 
to collect their data since no statistical method, even if reliable and efficient, can produce sound results from 
invalid data. This is why “to maintain high response rates, and therefore provide data collections that are 
widely regarded as providing high quality outputs, a statistical office needs to be trusted by the public, and in 
particular by its respondents” (McDonald, 2001, p. 121). All of these have increased the interest of statistical 
offices towards education, and even in some cases lead to collaborative projects such as Census at School 
(http://www.censusatschool.ntu.ac.uk/).

Since didactical problems and situations seem to be pervasive in the work of statisticians, whatever 
this work is, it is worthwhile to offer future statisticians some didactical courses in their initial training. In 
this paper we discuss what the components of didactical knowledge, beyond the knowledge of statistics and 
probability itself, could be, and analyse some activities used in the training of statisticians at the University 
of Granada. We hope these ideas may encourage other colleagues to organise courses of statistics education 
directed to statisticians at undergraduate or post graduate levels.

What is Didactical Knowledge and How Can it be Taught?
A wide statistical knowledge, even when essential, is not enough for teachers/lecturers/statisticians to 

be able to teach statistics. A review of the literature on teachers’ professional knowledge (e.g. Shulman, 
1986, Cooney, 1999, Llinares & Kraisner, 2006) show that teachers draw on three main interrelated 
knowledge bases that evolve with practice: knowledge of content, knowledge of teaching processes and 
knowledge of their students. Research focused on teacher's training is producing a great deal of information 
about this 'didactical knowledge', which includes the following complementary aspects:  

Epistemological reflection on the meaning of concepts to be taught (e.g. reflection on the different 
meanings of probability). A main point in preparing teachers is the epistemological reflection, which can 
help them to understand the role of concepts within statistics and other areas, its importance in students' 
learning and the students' conceptual difficulties in problem solving. Statistics and probability are young 
areas and the formal development or probability was linked to a large number of paradoxes, which show 
the disparity between intuition and conceptual development in this field (Székely, 1986). This 
comparative difficulty is also shown in the fact that, even when Kolmogorov’s axiomatic foundation was 
generally accepted in 1933, professional statisticians still debate about different views of probability and 
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different methodologies of inference (Batanero, & Díaz, 2006). Biehler (1990) also suggested that this 
“meta-knowledge” should include a historical, philosophical and cultural perspective on statistics and its 
relations to other domains of science.  
Critical capacity to analyse textbooks and curricular documents, and experience in adapting this 
knowledge to different teaching levels, and students’ various levels of understanding. This includes 
(Steinbring, 1990) organizing and implementing statistics projects, experiencing students’ multiple forms 
of work and understanding; experiments, simulations and graphical representations not just as 
methodological teaching aids, but rather as essential means of knowing and understanding statistics. It is 
important to remark that general principles that are valid for geometry, algebra or other areas of 
mathematics cannot always be applied (Batanero, Godino & Roa, 2004). For example, in arithmetic or 
geometry an elementary operation can be reversed and this reversibility can be represented with concrete 
materials. This is very important for young children, who still are very linked to concrete situations in 
their mathematical thinking. For example, when joining a group of two apples with another group of 
three apples, a child always obtain the same result (5 apples); if separating the second set from the total 
he/she always returns to the original set; no matter how many times this operation is repeated. These 
experiences are very important to help children progressively abstract the mathematical structure behind 
them. In the case of random experiment we obtain different results each time the experiment is carried 
out and the experiment cannot be reversed (we can not get the first result again when repeating the 
experiment).  
Capacity to develop and analyse assessment tests and instruments and interpret students’ responses to the 
same; prediction of students' learning difficulties, errors, obstacles and strategies in problem solving 
(e.g., students strategies in comparing two probabilities; students' confusion between the two terms in a 
conditional probability).  
Experience with good examples of teaching situations, didactic tools and materials (e.g., challenging and 
interesting problems; Galton board, simulation, calculators, etc.) and knowing the role of them in 
instruction. For example, even when simulation or experimentation with random generators, such as dice 
and coins, have a very important function in stabilizing children’s intuition and in materializing 
probabilistic problems, these experiences do not provide the key to how and why the problems are 
solved. Teachers should realize that it is only with the help of combinatorial schemes or tools like tree 
diagrams that children start to understand the solution of probabilistic problems, due to the 
complementary nature of classical and frequentist approaches to probability. Moreover, the teaching of 
stochastics should provide a pedagogical space, where processes are given more value than facts, ideas 
are preferred to techniques, and a great diversity of problems involving other areas are proposed to help 
students develop positive attitudes towards this topic (Espasadin, 2006). 

Examples of Teaching Situations Oriented to Teachers’ Didactical Training. The Experience at the 
University of Granada 

It is important to find suitable and effective ways to teach this "didactical knowledge" to teachers –in 
this case the future statisticians. Since students build their knowledge in an active way by solving problems 
and interacting with their classmates, we should use this same approach in training the teachers, especially if 
we want them later use a constructivist and social approach in their teaching (Even and Lappan 1994; Ball & 
Bass, 2000, Jaworski 2001). An important view is that we should give teachers more responsibility in their 
own training and help them to develop creative and critical thinking (Shulman 1986). That is why we should 
create suitable conditions for teachers to reflect on their previous beliefs about teaching and discuss these 
ideas with other colleagues. Below we describe some examples of possible didactical activities to train 
teachers and statisticians in the didactic knowledge related to statistics. These activities are complementary 
from various viewpoints and can be used to provoke teachers' and statisticians’ reflections about the meaning 
of elementary stochastic notions, students' difficulties and obstacles, didactical methodology and materials.  
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1. Solving paradoxical problem situations and reflecting on its content. The history of statistics is full 
of examples of apparently simple problems that challenged the minds of brilliant mathematicians (see for 
example, Székely, 1986). In solving these problems, the future statisticians might reflect on the complex 
meaning of stochastic notions, share and predict some learning difficulties in their future students and learn 
some principles of teaching and assessment. For example, we ask the future statisticians to find the best 
strategy in the following game that has been designed to teach probability at secondary level (this situation is 
analysed in detail in Batanero, Godino & Roa, 2004).  

Game: We take three counters of the same shape and size. One is blue on both sides, the second is red 
on both sides and the third is blue on one side and red on the other. We put the three counters into a 
box, and shake the box, before selecting a counter at random. After selecting the counter we show one 
of the sides. The aim of the game is to guess the colour of the hidden side. We repeat the process, 
putting the counter again in the box after each new extraction. We make predictions about the hidden 
side colour and win a point each time our prediction is right.
The lecturer organises the teaching time in several stages: a) playing the game; b) time to individually 

look for the best strategy; c) playing again to check the teachers’ conjecture against results in the experiment; 
d) general debate where students defend their different preferred strategies and try to give a mathematical 
proof about why one of them is best; e) didactical reflection on the game, the statistical content behind it, 
what was learned in proving the best solution; stages in a didactical situation and predictable difficulties of 
students in the activity. 

2. Analysing assessment items or tasks and some students responses to the same. The aim is to reflect on 
the complex meaning of stochastic notions, show the utility of the task in teaching and assessment and 
predict some learning difficulties. For example we ask the future statisticians to imagine they want to try a 
treatment they suspect may alter performance on a certain task. After comparing the means of a control and 
an experimental groups (say 20 subjects in each sample) they get (t = 2.7, d.f. = 18, p = 0.01) in a simple 
independent means t-test. We ask future statisticians to discuss what is the meaning of this significant result 
and decide which of the following sentences (if any) are true (Krauss & Wassner, 2002): 

They have absolutely disproved the null hypothesis (the hypothesis that there is no difference between 
the population means).  
They have found the probability of the null hypothesis being true.  
They have absolutely proved your experimental hypothesis (that there is a difference between the 
population means).  
They can deduce the probability of the experimental hypothesis being true.  
If they decide to reject the null hypothesis, they know the probability that they are making the wrong 
decision.
They have a reliable experimental finding in the sense that if, hypothetically, the experiment were 
repeated a great number of times, they would obtain a significant result on 99% of occasions.

In fact none of the previous statements is true, although many people, including students, scientists and 
even methodology instructors have erroneously believed some of this statements or other equivalent 
statements to be correct in Krauss & Wassner (2002) and other previous research. After analysing the 
sentence above as well as the correct definition of a p-value, we can introduce the future statisticians to some 
of the elements in what has been called: “the statistical tests controversy” and ask them read some summaries 
of the same (e.g. Batanero & Diaz, 2006). Future teachers might analyse the mathematical concepts involved 
in a statistical test (e.g., statistics and parameters, null and alternative hypotheses, significance level and p- 
value, sampling distribution,  power, etc.) and build a concept map showing the relationships between them. 
They later can try to predict and classify possible errors related to each of these concepts and compare with 
errors described in the literature, a summary of which would be provided by the lecturer. A deeper level of 
analysis would involve discussing the psychological and philosophical explanations for the persistence of 
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these errors, including analysing the different approaches to statistical tests by Fisher and Neyman-Pearson, 
and the difference between reasoning by contradiction and the logical reasoning behind a statistical test. 

3. Analysing statistical data or graphs in published reports, media or research journals. Future
statisticians have a special interest in any activity related to the analysis of interpretation of data, so that we 
can also use these type of activities to provoke didactical reflection. For example, we can ask them to 
comment on the appropriateness of the graph presented in Figure 1, which was published in a major Spanish 
journal. The graph served to illustrate the possible reduction of deathly accidents as a consequence of 
applying the new traffic regulations. According this new law higher fines (€ 301 to € 1,500) might be 
imposed for committing the most serious traffic infractions that the Traffic Spanish law provides, such as 
driving in a negligent manner, speeding, driving without lights or parking in dangerous places. A driver who 
is fined three times for committing any of these infractions within a period of 2 years, may also have his 
driver's license definitively revoked. (Incidentally, Spain has the highest road mortality rate in Europe.) 
Independently of the accuracy or lack or accuracy of data and its interpretation, the graph is in itself a 
compendium of frequent errors in a graphical display of data that students might discover. Other similar data 
and incorrect interpretation of statistics in press can be downloaded from the web server “Malaprensa” (bad 
press) at http://www.malaprensa.com. More sophisticated analyses include criticising use of statistics in 
research reports published in scientific journals, such as using statistical procedures without taking into 
account their assumptions, too small sample sizes, incorrect multiple comparisons or incorrect interpretation 
of statistical analyses. 

Figure 1. Example of misleading graph 

4. Analysing textbooks, statistical software or didactic resources. For example, we might ask future 
statisticians to compare curricular guidelines for the same educational level in different Spanish autonomies 
(geographical regions with self capacity in education) and reflect on their adequacy. We might ask them to 
suggest possible ways to introduce the concepts to specific students (e.g. secondary students who still do not 
have a deep mathematical knowledge). Another activity is analysing the different sections included in the 
journal Teaching Statistics, oriented to teachers of 9-18 year-olds students; this analysis may provide an idea 
of the different types of knowledge required in the professional work of statistics teachers: history of 
statistics, didactical research, resources, problems, assessment, data sets, computer corner, etc. They might 
also visit some of the many didactical resources for teaching statistics on the Internet, for example those 
listed in the links section at the IASE web page (http://www.stat.auckland.ac.nz/~iase/), at the ISI Statistical 
Literacy Project web page (http://www.stat.auckland.ac.nz/~iase/islp/home) or at other statistics education 
web servers. Unfortunately most of these resources are written in English language (so that they are not 
useful for teachers who have to teach in a different language), although little by little the situation is 
changing and an increasing number of Internet resources in Spanish and other languages are being made 
available.
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Other complementary activities are as follows: A) Reading and discussing short papers by prestigious 
statisticians where didactical problems are set; for example the paper by David Moore (1997), summarise the 
main points made in the paper by the author and decide with which of these points they agree and why. Other 
different students might read papers that present complementary positions about some of these ideas (e.g. 
Rossman & Short, 1995; Albert, 1995). B) The lecturer summarises a theoretical model described in 
statistics education research and a collective activity is organised to apply the model in the analysis of 
students’ statistical work. For example, the lecturer summarises Wild & Pfannkuch’s (1999) model for 
statistical thinking and students in pairs try to get examples of fundamental modes of statistical thinking 
(recognising the need for data, transnumeration, perception of variation, reasoning with statistical models 
and integrating statistics in the context) in some examples of statistical projects carried out by secondary 
school students. C) Some students interested in getting a better score in the course carry out a short 
bibliographical survey and a synthesis of a theme which interests them and prepare a short historical, 
epistemological or didactical essay. D) Finally, a compulsory activity for all the participants is preparing a 
didactic unit to introduce a statistical topic to a specific type of student, where future teachers and 
statisticians select the statistical topic and type of student (e.g. introducing correlation to psychologists). In 
this didactic unit, the future teachers and statisticians have to apply the knowledge acquired along the course 
and include the objectives, contents, activities, teaching methodology, didactic resources and software 
needed and assessment criteria. Students can consult examples of didactic units in Spanish and foreign 
statistics textbooks and curricular materials available at the Department library. 

These and other similar activities have been experimented along the past 10 years at different courses 
in Statistics Education at the University of Granada, Spain and in some Latin American countries. One of 
these courses has been included since 1996 as an optional topic within the Major in Statistics Sciences. The 
course has a length of 60 teaching hours and the majority of students are in the 4º or 5º year of studies, and, 
therefore, have a good training in statistics. Consequently this course is focused only in the didactical content 
and the types of activities described above. Since the content is very sparsely widespread in journals and  
books, a summary of the same, which also include possible activities for the course was developed in a basic 
textbook (Batanero, 2001) divided into 5 chapters:
1. Introduction: Statistics Education, historical perspective, statistics education within statistics, 

psychology and mathematics education: associations, journals, conferences and sources of information.  
2. Epistemological foundations: Statistics. Current tendencies. Different conceptions of randomness and 

probability. Fundamental stochastic ideas. Exploratory data analysis. Association and causality. 
Inference and induction. Different schools of inference. Principles of multivariate analysis.  

3. Research on statistical reasoning and learning difficulties: Cognitive development: Piaget and 
Fischbein. Heuristics and biases in stochastic reasoning. Didactical research: errors, difficulties, 
misconceptions related to randomness. probability, graphing, averages, dispersion, association, 
distributions and inference.

4. Curriculum and instruction: Goals in the teaching of statistics. Stochastic Phenomenology. Curriculum 
and Instruction. Curricular components. Educational theories and teaching approaches. Assessment. 
Teaching resources. Computers and calculators. Recources in Internet.  

5. Teaching statistics through project work: Principles in working with projects. Examples of statistical 
project to introduce statistics along secondary education.  

Final Remarks 
In this paper we have described our experience in training future statisticians in statistics education at 

the University of Granada. It is clear that the time available (60 teaching hours) is not enough to get even a 
basic mastering of didactic knowledge by future statisticians and moreover the structure of the course does 
not include teaching practices, which are the most important part of professional development. Even with 
these limitations we think this type of course can provide future statisticians with some didactical preparation 
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that will be useful for their future work at the time it increases their interest and sensibility towards the good 
practice of statistics. 

Another remark is the scarcity of teaching materials devoted to the didactical preparation of statistics 
teachers as compared with materials related to teaching mathematics or teaching other topics. The significant 
research efforts focusing on mathematics teacher education and professional development in the past decade 
have not been reflected in statistics education. This is evident in conferences (e.g., the ICMI Study 15), 
journals (e.g., Journal of Mathematics Teacher Education), surveys, and books that hardly take into account 
the particular case of statistics. This omission needs to be addressed by promoting research specifically 
focussed on the education and professional development of teachers to teach statistics (Shaughnessy, in 
press). This need was recognised by both the International Association for Statistical Education and the 
International Commission on Mathematical Instruction who are jointly organising a Study around this 
specific topic with two components: a Study Conference and the production of a book 
(http://www.ugr.es/~icmi/iase_study/). We hope this initiative will lead to a better preparation of teachers, 
which in turn serves to improve statistics education at all educational levels. 
ACKNOWLEDGEMENT: This work was supported by the projects SEJ2004-00789, MEC, Madrid,  and 
FQM 126, Junta de Andalucia, Spain 
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ABSTRACT
In this presentation we first suggest that some didactical training is an important part in the education of 
future statisticians and reflect about what other components would be needed and what are suitable teaching 
strategies in the initial and on-going didactical training of statisticians We finally present and analyse 
examples of activities used in courses of statistics education directed to statisticians. These reflections take 
into account the experience at the University of Granada, where an optional Statistics Education course was 
included ten years ago in the Major in Statistical Sciences and Techniques, as well as the experience in other 
courses given to in service statistics lecturers in several Latin American countries.

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 839 -



1

Educating Future Statistics Teachers: Experiences and 
Challenges in Helping Mature Students to Retrain 

Bidgood, Penelope 
Kingston University, Faculty of Computing, Information Science and Mathematics 
Penrhyn Road 
Kingston upon Thames, KT1 2EE, UK 
bidgood@kingston.ac.uk

1. Introduction 

In 2002 the United Kingdom’s Secretary of State for Education, Charles Clarke, set up an independent 
Inquiry into Post-14 Mathematics Education under the chairmanship of Professor Adrian Smith FRS (Smith, 
2004).  This was in response to the perceived need for a closer examination of the mathematics education 
provision in England.  It was widely recognised that mathematics, as well as a major intellectual discipline in 
its own right, underpinned much of science, engineering and, increasingly, social and medical sciences.  In 
addition, there was a long held concern about the supply of appropriately qualified mathematics teachers in 
secondary schools and colleges.  

The terms of reference for the so-called Smith Report were:  To make recommendations on changes to 
the curriculum, qualifications and pedagogy for those aged 14 and over in schools , colleges and higher 
education institutions to enable those students to acquire the mathematical knowledge and skills necessary to 
meet the requirements of employers and of further and higher education.  

The report is far-reaching and was generally well-received by the Government, academics, educators 
and industry.   Of particular interest here are the concerns and recommendations relating to the Supply of 
Teachers of Mathematics (Chapter 2):  “The shortage of specialist mathematics teachers teaching 
mathematics is the most serious problem we face in ensuring the future supply of sufficient young people 
with appropriate mathematical skills.”  At the time of the report it was estimated that there was a shortfall of 
3,400 specialist mathematics teachers in maintained secondary schools in England and that 30% of those 
currently teaching mathematics did not have a post Advanced (A) level (i.e. post school) qualification in 
mathematics.  In order to overcome this, over 40% of the annual UK output of mathematics graduates would 
need to be recruited to teaching, which was clearly unrealistic. One scheme, aimed at boosting the supply of 
mathematics teachers, was an enhancement course, which would enable those without appropriate existing 
mathematics qualifications to acquire these as a first step to training as a mathematics teacher. 

After consultation with the mathematics community, in 2003 the Teacher Training Agency, then the 
body responsible for the training of teachers in England, set out the specification for the Mathematics 
Enhancement Course (MEC) (TTA, 2003).   In 2004 the MEC was piloted in two regions, one based in 
Liverpool in the north of England and one in the south-east; initially, the two pilot schemes were allocated 20 
places each.   

By 2007, there were 13 providers throughout England, each of which is a consortium of 2-4 
universities or other higher education (HE) institutions that ran Initial Teacher Training (ITT) courses in the 
region.  The MEC is usually taught by a mix of staff from university mathematics and mathematics 
education departments.  Although originally conceived as having 20 participants per provider, currently, this 
ranges between 12 and 30. 

2. The Mathematics Enhancement Course

The MEC was designed for graduate career changers who have an A-level (or equivalent) in 
mathematics and some occupational experience of using mathematics. The 26 weeks of taught content, 
running from January to July, should enable them to develop their mathematical skills and knowledge before 
attending an ITT starting  in the following September.   The MEC is concerned primarily with developing the 
ability in these graduates to teach mathematics to pupils aged 11-16, although some participants will be 
interested in and able to teach mathematics above this level.  The course is free and, in addition, students are 
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paid a bursary of £225 per week to attend, typically for four days a week.  In addition, participants are 
expected to spend some time in local schools.  So far there have been more applicants than places. 

As is common, statistics is taught in secondary schools in England within the mathematics syllabus, 
although of course used in many other subject areas.  The MEC specification states that the course should be 
structured to provide opportunities for the use and application of mathematics, including statistics.   

Amongst the many aims there are some which are of particular relevance to statistics.  In each of the 
following the terms “mathematics” or “mathematical” could easily be replaced with “statistics” or 
“statistical” respectively.   

In mathematical learning, the MEC will enable participants to: 
• Develop the skills and gain the confidence to recognise areas in their own subject knowledge that 

they need to develop…; 
• Begin to develop a profound understanding of fundamental mathematics, emphasising deep and 

broad understanding of concepts, as against surface, procedural knowledge; 
• Use mathematical reasoning …;  
• Consider how mental and visual images can aid mathematical thinking and understanding; 
• Harness ICT to enhance the learning and teaching of mathematics and to provide motivation; 
• Recognise and analyse their mathematical conceptions and misconceptions. 

In professional learning the MEC will enable participants to: 
• Integrate subject knowledge and pedagogy…; 
• Consider the demands and challenges placed on pupils aged 11-18 learning mathematics…; 
• Develop an understanding of differences between mathematical and everyday language…

             (TTA,2003) 
The MEC specification does not give detailed syllabuses, recognising that the 13 providers have their 

own professional and mathematical expertise.  However, it does suggest that the course should cover 
Algebra, Geometry, Trigonometry, Calculus, Mechanics, Statistics and Discrete Mathematics, with a 
suggestion that there should be at least an introduction to mechanics and statistics for all participants. 

The MEC specification gives exemplar questions and concept maps for each area to guide the content.  
The concept map for Probability and Statistics is given below in Figure 1. 
   

Figure 1 Specified Probability and Statistics Concept Map 

One exemplar question is: 

A survey measures the heights of all pupils in two classes, 4A and 4B.  Five children are then moved from 
class 4A to class 4B.  As a result the average height for both classes increases and the standard deviation for 
both classes decreases.  How is this possible?   
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This question reflects the move towards a focus on statistical reasoning and thinking, rather than mechanistic 
problem solving. 

3. The Kingston Experience – a case study

The original consortium consisted of 3 universities and one HE college, located in the outer South-
West London area.  All the consortium members have ITT provision and most of the successful MEC 
students would complete their training at one of these, although they could choose from several other ITT 
providers in the region.   

Our MEC began in January 2006 with 27 students, 20 of whom were female. The age profile was quite 
young with 12 being under 25, a further 14 between 25 and 35 and 1 over 40 at this time.  Reflecting the 
local area, two thirds of our students were from ethnic minorities.  The entry requirements for the MEC are 
an A-level in mathematics and a degree that had some mathematical/statistical content. Fifteen of the 
students had a pass in A-level Mathematics, although none at the highest grade; two more had taken the A-
level but failed and a further 2 had passes an AS level, which is equivalent to about half an A level in content 
and complexity.  Ten of the students had not been exposed to A level mathematics at all.  At least eighteen of 
the students had degrees (Economics, Business, Psychology, Forensic Science) that must have included some 
statistics.  The four Computing and one Chemical Engineering students would have studied some 
mathematics and perhaps some statistics in their degrees, but it is unlikely that the remainder (1 English 
Literature and 3 Law graduates) had been exposed to any mathematics or statistics for a number of years.  
Thus, many of our first cohort did not match the specified entry criteria, but were recruited as they were 
deemed to have other qualities suitable for school teaching. 

In 2007, 30 graduates were recruited to the MEC, the majority female.  On average the participants are 
slightly older, although 10 are under 25.  The main difference is that, for the 2007 intake, the entry 
qualifications are much higher, with 20 having achieved A level passes, 4 at the top grade. 

In light of the MEC specification, the experience of the pilot scheme, and taking into account the 
expertise of its members, the consortium developed a programme of study so that the Probability and 
Statistics module was taught in the second term, after students had been exposed to 13 weeks of 
mathematics, including some algebra, trigonometry, geometry and mathematical reasoning.  The modules 
run concurrently, one on each of the four attendance days.  In addition, students undertake individual 
activities, such as an extended mathematical study and school based units. 

As seen above there is a great variety in the background and experience of the MEC students in 
mathematics, and perhaps even more in statistics.  Nevertheless they will all be required to teach 
mathematics to children aged 11-16.  The national curriculum in mathematics for this age range, has 4 
attainment targets - using and applying mathematics; number and algebra; shape, space and measures, and 
data handling.  There is also a programme of study, indicating how the material is to be taught; assessment, 
set at four key stages, is based on these programmes of study.  For the MEC participants, key stages 3 (aged 
11-14) and 4 (aged 15- 16) are relevant.  At key stage 3 the data handling target is described by the cycle 
shown in Figure 2 (DES, current). 

Figure 2  The Data Handling Cycle 
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A typical key stage 3 test, that the MEC students were asked to complete as part of their initial 
preparation, contained 18 questions to be completed in 1 hour.  Of these, 4 were  in probability and statistics 
- three concerned interpretation of graphical data – a scatter graph, stacked bar charts, box plots and 
cumulative frequency graphs and a probability question: 
   

I have two fair 4-sided dice 

One dice (sic) is numbered 2, 4, 6, and 8 
The other is numbered 2, 3, 4, and 5 

I throw both dice and add the scores.   
What is the probability that the total is even?   
You must show working to explain your answer. 

The vast majority of English children study for the General Certificate in Secondary Education 
(GCSE) in Mathematics at age 16; this can be taken at three levels but all contain some basic statistical 
concepts.  Again, the MEC participants tried one of these papers as preparation for their course.  This 2 hour 
GCSE paper contained 21 questions, 2 of which were on probability including completing a tree diagram, 
one on interpreting information displayed by a histogram and one on sampling. 

These are the sort of areas of statistics that MEC students will need to be familiar with before they 
start teaching, as they will all be expected to teach to this level.  Many will go on to teach A level 
Mathematics and possibly Further Mathematics.  These are run by three examination boards – OCR (Oxford, 
Cambridge and RSA), AQA (Assessment and Qualifications Alliance), Edexcel.  Within these A levels there 
are possibilities to take statistics papers, known as S1, S2 (for Mathematics) and S3 and S4 (for Further 
Mathematics), where the numbers indicate a progression in content and difficulty.  In addition statistics can 
be taken as a GCSE or A level on its own.  Very few school children take the former and much of the content 
of the latter is included in S1-S4.  Table 1 below shows the content of our MEC Probability and Statistics 
module and where these topics appear in GCSE (indicated by Yes) and A-level Mathematics syllabuses. 

A level Boards 
Topic GCSE OCR AQA Edexcel 
Types of data- discrete, continuous, categorical etc.  
Summarising data with tables, bar and pie charts 
and histograms 

Yes S1 S1 S1 

Measures of average – mean, mode and median   
Measures of variation – standard deviation, 
variance and IQR.  Box plots 

Yes   S1 

Probability mutually exclusive and independent 
events.  Conditional probability Tree diagrams 

Yes S1  S1 

Idea of a random variable and statistical 
distributions  Introduction to discrete distributions 
– binomial, Poisson 

 S1/S2 S1/S2 S1/S2 

Continuous distributions- the Normal.  Normal 
approximation to binomial and Poisson 

 S2 S1 S1 

Idea of Central Limit Theorem Elementary ideas of 
Inference Confidence intervals and hypothesis test 
about the population mean 

 S2 S1/S2 S3 

Bivariate data and the relationship between them 
Scatter plots, Correlation  

Yes S1 S4 S1/S3 

Idea of a statistical model e.g. Simple Linear 
regression 

 S1 S1  

Contingency tables and χ2 tests of association   S2  
 Table 1 MEC content mapped across GCSE and A-level syllabuses 

We have attempted to develop both the content and the pedagogy of this module with an eye toward 
what prospective statistics teachers will be asked to do in their own secondary classrooms.  Statistics presents 
its own challenges for teaching and learning compared with those of mathematics, especially with the 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 843 -



5

growing recognition of and research around statistical thinking.  Rather than focusing on statistical skills, 
procedures, and computations, there has been a growing call to encourage students to reason and think 
statistically (Ben-Zvi and Garfield, 2004).  Thus there is an increasing emphasis on data collection, 
exploration of data, and the interpretation of results, which are heavily dependent on context.  

Given the ethos of the MEC to model pedagogical approaches that are recommended good practice for 
teachers and recent research in statistics education, our emphasis was on teaching with real data, using 
suitable computer packages where appropriate. We were fortunate to have a room set up so that each 
individual had access to computing facility when required, but which could also be put away when not.  This 
allowed for illustration of various concepts as well as allowing students to familiarise themselves with 
various packages and resources on the WEB.  Typically schools in England will not have particular statistical 
packages, although Fathom and Autograph are used.  Excel, although a spreadsheet, is usually available as 
part of the Microsoft suite and whilst somewhat limited can be used in the classroom. 

The MEC aims to consider links between subject knowledge and pedagogy, so that, across the course, 
assessment tasks should be varied and help participants recognise their strengths and weaknesses. Suggested 
modes of assessment that are particularly appropriate to statistics are computer based assignments, 
investigations, modelling assignments, presentations and group work. 

In our first year we set two assessment tasks in statistics – the first consisted of a mix of traditional A-
level type questions to test basic knowledge and skills and others investigating real data through descriptive 
statistics and graphical methods; it also contained some questions on probability.  As noted above the variety 
of backgrounds and experiences, especially in statistics, means that students find different aspects of the 
course difficult.  One way to enrich their understanding is collaborative learning, so that they can recognise 
the enhancement in their learning which occurs as a result of self reflection and relating their understanding 
to that of others.  Thus, for the second assessment, students were asked to work in groups of 3-4, looking at 
some real data, which had been taken from the STARS project (STARS website, current).  For this they had 
to decide on appropriate presentation and analysis of the data, guided by some background materials relevant 
questions.  The students were assessed as a group on a final written report and oral presentation of their 
work. 

The 4 assessment criteria, as defined in our MEC, were acquisition of knowledge of the subject; ability 
to apply skills and techniques; ability to make connections and identify applications and ability to 
communicate. These were judged at one of 4 levels – exceptional, good, pass and fail.  Thus, for example, 
under “ability to make connections and identify applications,” an exceptional performer would “make 
insightful connections”, whilst a pass student would make an “appropriate choice of method.”  Our two 
assessments gave the MEC students opportunities to achieve these criteria. 

Our MEC was evaluated formally by the participants themselves, by an external examiner and an 
external evaluator.  Generally, the students found the Probability and Statistics module the most difficult, 
although all passed it.  Informal discussions with colleagues at other MECs indicate that this reaction is quite 
common. Perhaps it is to be expected as statistical reasoning and thinking is rather different to that in 
mathematics, and our students are just getting used to the latter. Whilst statistical reasoning and thinking are 
not always clearly defined, Wild and Pfannkuch’s model provides some clarity and gives a way of examining 
what these terms mean. Their  five components of statistical thinking are recognition of a need for data; 
ability to ‘transnumerate’ the data; recognition of variation; being able to reason from models and being able 
to integrate statistical and contextual knowledge (Wild and Pfannkuch, 1999).  Statistical problem solving 
and decision making depends upon understanding, explaining and quantifying the variability in data and 
these are difficult concepts.  In relation to this the MEC students felt that they would like an introduction to 
some statistical ideas in the first term.  Although handouts were praised as a good “starting point”, students 
suggested that they would like to have a good A level reference text too.  Each of these suggestions will be 
included for the 2007 intake. 

4.  Concluding thoughts 

  The MEC has been developed as one way to address the shortage of mathematics teachers in 
secondary schools in England.  Within two years the number of courses has grown rapidly from two in the 
pilot scheme to 13 in 2007.  Currently demand for the MEC outstrips supply of places on such a course, 
which we hope is good news for the future supply of mathematics teachers in English schools.  Here we have 
described the first year in one such course with a particular emphasis on the probability and statistics content. 
To quote Peter Holmes (Holmes, 2003) “The price of good statistics teaching is eternal vigilance.  If we can 
encourage teachers,… to incorporate the best of what has been developing… then there is some hope.  The 
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major need is to maintain a broad vision of the nature of our subject and its applicability”.  Being a part of 
the MEC has been a stimulating and worthwhile experience; it has presented challenges in considering 
appropriate approaches to teaching statistics to “mature” students, who do not have a strong mathematics 
background, but will shortly be teaching statistics to school children.  The experiences may well have 
applications beyond the UK. 
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RESUME 

The Smith Report, “Making Mathematics Count”, 2004, highlighted the shortage of qualified 
mathematics teachers in secondary schools in the UK. One recent government initiative in response to this is 
the Mathematics Enhancement Course (MEC), designed for graduates in “other” disciplines that have some 
mathematical/statistical content, such as psychology or business, who want to re-train as mathematics 
teachers.  The course, currently run at 13 regional centres around the UK, gives the participants 26 weeks to 
develop their breadth and depth of mathematical, including statistical, knowledge, prior to progressing to a 
teacher-training course. 

As statistics is, generally, sited within the mathematics curriculum in UK schools, one of the 8 
modules on the MEC course is “Probability and Statistics”.  As well as developing students’ skills and 
understanding of statistical concepts, a main aim of the MEC is to integrate subject knowledge and 
pedagogy, so that the teaching on the course models good practice.  Hence participants are continually 
working on two levels – learning more about statistics and having a variety of teaching and learning 
experiences that might help them to become effective teachers themselves. In this paper two main aspects 
will be discussed – development of an appropriate syllabus and approaches to teaching and assessment 
methods suitable in such a course.  The varied profiles of knowledge and achievement that participants have 
in mathematics, let alone statistics, on entry and a consideration of what new teachers “should” know 
greatly influence these aspects of the module. 

This is a challenging but very stimulating course to teach and, so far, from students’ responses, to 
learn.  The approaches to teaching statistics to “mature” students, who do not have a strong mathematics 
background, but will shortly be teaching statistics to school children, may well have applications beyond the 
UK. 
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Introduction 
Every day people receive from the media innumerable pieces of social and economic 

information with statistical aspects, represented by graphs and tables. In this context, the 
teaching of statistics has basic importance to provide the citizens a foundation for the 
understanding of its reality, by means of the discussion and manipulation of this information, 
and, at the same time enabling them to make well-informed decisions and not to become 
hostages of the interpretation of data. The ability to master statistical reasoning configures a 
new type of inclusion and differentiation. 
 To strengthen such necessities, in accordance with the National Curricular Parameters 
elaborated and published by the SEF/MEC, subjects as Combinatorial Analysis, Probability and 
Statistics are recommended in the block of content "Treatment of the Information" of the 
programs of Mathematics for Elementary School, since these subjects make possible "the 
development of particular forms of thought and reasoning involving random phenomena, 
interpreting samples, making inferences and communicating results by means of the statistical 
language" (BRAZIL, 1998:134). Soon, it is evident that all the efforts must be used for aiming 
an urgent statistics literacy of the pupils. 
 In the meantime, one of the biggest difficulties in introducing probability and statistics 
in elementary school is that mathematics teachers had not gotten a good understanding of such 
subjects during their training. Thus, many times these teachers present these subjects with the 
exactness, the determinism and the calculation that the mathematical tradition imposes, 
opposing themselves of this form to the exploration of situations that involve approach, 
randomness and estimations. This lack of experience in the "statistical way to think" seems to 
imply not just a wrong way of teaching the statistical methods, but also a lack of interest for the 
subject by the teachers. For these reasons it is necessary to prepare better the mathematics 
teachers for working with statistics, which means first to motivate and to prepare not the pupil, 
but the teacher. 
 We also have to emphasize that the statistics it is not and never will be an activity as an 
end, but as a means, so mathematics teachers must strengthen the importance of the adequate 
use of the concepts and procedures of statistics in the organization, the presentation and the 
summary of data involving diverse areas of knowledge. It is evident that statistics, for the proper 
nature of the involved concepts, leads to an to interdisciplinary pedagogical treatment. 
 In front of these facts, some questions are pertinent, specifically: How are statistics and 
probability taught in this level? Which is the teachers’ degree of knowledge of these subjects? 
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Which pedagogical resources can be used for the qualification and motivation of the teachers? 
How can these contents be faced by means of interdisciplinary projects?
 With these questions in mind, we aim to answer them in this article.  We initially sketch 
a general panorama of the statistics education in grade II of the elementary school, in the city of 
Lavras - MG, by interviews and diagnosis tests, with a group of twenty-one mathematics 
teachers from public and private schools as well. At a second stage we conducted a pedagogical 
workshop named: Adequacy of the Statistical Reasoning for Interdisciplinary Works. Three 
meetings of 4 hours each were held, focusing on the idea of developing critical thought by 
means of the teaching of probability and statistics without the exaggerated formalisms of 
formulas and concepts, appealing to the contextualization, the globalization and the 
interdisciplinarity that these subjects can propitiate. 

A priori analysis 
 As previously said, we initially carried through research aiming to diagnose the teaching 
of statistics in Lavras, such research, named Evaluation of the teaching of statistics in the 
elementary school in Lavras, Minas Gerais, Brazil (Rodrigues et al, 2006). We concluded, in 
this preliminary work, that the education of statistics in our city was restricted only to the 
manipulation of formulas, tables and graphs.  This prioritizing of descriptive statistics does not 
prepare students for the demands of this century. It seemed to us that the focus of the problem 
was the lack of preparation and motivation of the teachers, not the pupils.
 Based on these conclusions, and following some methodologies oriented by the works 
of Cordani (2001), Batanero and Godino (2002), Lopes (2003, 2004), Mendes and Brumati 
(2003), Coutinho et al (2004), we started to elaborate a short-term plan of action that could 
contribute positively to change this situation. We prepared a pedagogical workshop that was 
offered for 21 teachers from public and private schools. This qualification was composed of 
three meetings with the following themes: Exploring the estimators; Making right decisions: a 
statistical problem; Influence of previous knowledge in a Bayesian treatment. We choose these 
topics because, as we had previously said, most of the teachers do not work with problems 
involving statistical inference, restricting education just to the descriptive treatment. Working 
these topics, the teachers had a chance to carry through diverse activities involving point and 
interval estimation, observing as well how to use the previous knowledge of a phenomena to 
infer upon it (Bayesian treatment). 
 Every meeting had a theoretical component and some activities of practical character, 
named as didactic sequences, which aimed to a deeper knowledge and to provide integration 
between the participants, as well as emphasizing the viability of its application for pupils of 
grade II of the elementary school. There were presented situation-problems where the teachers, 
individually or collectively, were challenged to surpass the mere descriptive context for a 
conclusion that involved an inference, always followed by uncertainty. 
 Before starting the first meeting we applied a survey, made up of three open questions, 
to evaluate the level of knowledge and significance of these subjects for the teachers. 
 The first question presented the results of survey applied to a sample carried out in the 
website of the Brazilian Society of Diabetes, showing the opinion of specialists and carriers of 
diabetes on the use of frozen embryos for cell-trunk attainment to be used in research. We raised 
the following question: 

Do you think that this result can be taken as the opinion of all Brazilians? 

The idea was for the teachers to realize that there were problems of sampling in this 
survey, since a huge part of the Brazilian population does not have access to the Internet, 
beyond the fact of the web site is directed to a specific public, therefore this result could not be 
extended to represent the opinion of the population (bias in the sampling). 

In the second question we presented two electoral studies carried through the IBOPE 
(Brazilian Institute of Public Opinion and Statistics) for the positions of president and governor 
of Rio de Janeiro. The two studies presented the margin of error of plus or minus two 
percentage points, considering a confidence degree of 99%. We figured that the teachers would 
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realize that in both studies, some intervals overlapped and that was not possible to form a 
definitive conclusion from them (technical tie). 

Finally, in the third question, we present Table 1 with statisticians of the State 
Department of Roads, with the number of accidents with victims, fatal or not, and the conditions 
of the main driver involved, sober or drunk: 

TABLE 1 Statisticcs from the State Departament of roads 
Driver/victim Not fatals Fatals
Sober 1228 275
Drunk 239 76

After that this questioning was placed: 

Would you say that the fact of the driver to be drunk or not affects the occurrence of fatal 
victims?

We expected that the conditional probabilities were calculated, even if informally, and 
concluded that the drunk drivers had more possibility of being involved in accidents with fatal 
victims. 
 We verified that the results of the diagnosis test had been unsatisfactory. Then this test 
served not just as a diagnosis, but as an orientation for the other two meetings as well. 

First meeting - Exploring estimators 
 We started the first meeting, exploring the idea of estimate, presenting a parallel 
between the determinism of mathematics and the uncertainty of statistics. We also approached 
some basic concepts of sampling, emphasizing the importance of a representative sample to get 
a more accurate estimation. We finished the meeting by working with descriptive statistics, 
showing how to get punctual estimates of some population parameters and how can it be used to 
manipulate information. 
 Specifically in this meeting three didactic sequences were carried through. In the first 
one we presented nine scenes showing research published in magazines or newspapers that 
presented problems of sampling and doubtful inferences or without a scientific base, where the 
participants had been challenged to identify errors and important omissions, as for example, the 
research represented in Figure 1. 

FIGURA 1 - Voting through web site www.superinteressante.com.br 
Font: Super Interessante Magazine, ed. 212 (04/2005). 

  
The second didactic sequence aimed to calculate the average time on teaching for the 

participant teachers. First we choose three of the more aged teachers and then we randomly 
choose three participants more. Calculating average time of the first and the second groups, we 
inquired which of the two averages represented a better estimate for the average of the 
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population (participant teachers), evidencing the importance of the randomness of the sample. 
After that 10 participants were drafted, and a new average was calculated. Again we inquired on 
which would be the best estimate for the average of time on teaching for the participant 
teachers, emphasizing the importance of the size of the sample. 
 Finally at the third didactic sequence, we presented the process of the capture and 
recapture technique for estimating the size of the population, using balls in an opaque container. 
Each participant captured, marked and returned a ball to the container; recapturing after that and 
calculating the ratio the number of marked balls and the total of removed balls, and thus they 
estimated the total number of balls. They had repeated the process four times and had the results 
compared. Each ball in this activity represented an individual of the Royal Sparrowhawk 
species, a bird of prey that is in the list of animals in extinction risk. The choice of this animal 
was aiming to illustrate the possibility of carrying out an interdisciplinary project. We 
emphasize that presenting statistics as a link among the contents to carry out interdisciplinary 
work wasa general theme of all the meetings. 

Second meeting - Making right decisions: a statistical problem 
 At the second meeting we promoted discussions on the use of information based on 
interval estimation. Initially we presented the idea of intervals of confidence ([ a,b ]) and raised 
the following questions: 

How to construct such intervals?  
It could be that we can establish arbitrary values for "a" and for "b"?  

With the intervals established will we be able to make some type of decision? 

To answer to these questions initially the following definition of sampling error was 
introduced: 

Error is the difference between the estimate of the sample and the true population parameter. 
When the true value of the population parameter is unknown, the error also will be unknown, 
having then to be estimated. 

This definition caused a huge discussion, since for some of the teachers it did not make 
sense to estimate an error, because in this process of estimation another error would be 
committed and so on. At the end of the discussion the teachers concluded that the sampling 
error is a random error. In this way we showed that for estimating such error, it is necessary to 
establish how reliable is the information that is being supplied (degree of confidence). The 
estimation of the error is important for the construction of the intervals of confidence, and thus 
from this estimate, we can establish the values of "a" and "b". In this way, the two first 
questions previously posed had been answered. A new question appeared then: 

What is the relation among reliable degree, error and size of the sample? 

For many teachers the bigger the sample, the smaller would be the error. Another 
discussion came out, since many researchers present a relatively small number of interviews, 
which could imply a high value of the error. In this context the teachers again debated topics 
such as reliable degree, the representativeness of the sample, and methods for determination of a 
sample size on the basis of a maximum error previously established by the researcher. 

A consensus appeared among the teachers: it would not be difficult to make a treatment 
of this type with pupils, these concepts being feasible to be used in all the series of grade II of 
elementary school, in accordance with their cognitive level. 
 After this discussion we started a didactic sequence with the intention to characterize 
and interpret a confidence interval. We proposed to the teachers to construct confidence 
intervals for the average time on teaching (didactic sequence of the first meeting) with different 
degrees of confidence (0%, 5%, 50%, 95% and 100%). 
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 Some ideas on testing hypotheses were discussed only with the intention to show that 
we can wrongly accept a false hypothesis, or wrongly reject a true hypothesis without being 
certain, emphasizing the consequences of this decision and the importance to be well based for 
not committing an error that can cause great damages. 
 And for the end the meeting, the idea that from the intervals of confidence we could 
make decisions was strengthened, with the proposal of a didactic sequence with some research 
of opinion, with the objective of each one of the teachers verify if it was possible, on the basis 
of the information presented, to construct intervals of confidence and to make some type of 
decision, as for example, the research represented in Figure 2. 

FIGURE 2 –  Electoral Research for presidencial elections 
 Font: Veja Magazine, year: 35, nº: 27 (2002). 

Third meeting: Influence of the previous knowledge in a Bayesian treatment
 At the third meeting the following topics were presented: a priori information; 
conditional probability and Bayes’ Theorem. The first challenge was to determine the form of 
dealing with these subjects on the grade II of the elementary school. 
 Initially we worked with some examples showing how information or knowledge a 
priori can assist at the moment of a person making some affirmation, or estimating a value, or 
"to guess" the probability of occurrence of one event. One of the questions was: 

What is the probability of rain on  December the 25th (Christmas) on the city of Lavras? 
And on the city of Rabat, Morocco?

The idea was to discuss with the teachers who, being resident in Lavras and knowing 
about the meteorological conditions of previous years in the same period, had better conditions 
to estimate a probability, as opposed to an estimate for a city which at best they’ve heard about 
already (Rabat). 

We started then from simple situations such as this one to some more elaborate, only 
with the intention to show that the concept of a priori information can assist in situations with 
different degrees of complexity. 
 To present conditional probability, we adopted initially a didactic sequence that worked 
with simpler properties of probability, the frequency concept, union and intersection. The 
teachers individually answered a set of five questions, with the intention to verify their previous 
knowledge. 
 After this we presented another didactic sequence, distributing a die for each pair, to 
answer two questions, this being one an example of one of them: 
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Given that the number that came out is even (event A), which is the probability of it being a 
prime number (event B)? Calculate the probability in the launching of the die of getting a prime 

number also? 

They had carried through this activity without the formula of the conditional probability 
being presented, just for the teachers to perceive that it is possible for the pupil to answer 
questions involving this subject based on intuition, which means without necessarily knowing 
the theoretical formularization. The results presented for them had been considered satisfactory. 
We have to emphasize also that the concepts of dependent and independent events had been 
managed. This adopted procedure is in accordance with the ideas presented by Coutinho et al 
(2004). 
 To present Bayes’ Theorem, a cross table with the following context was used as 
example: 

Suppose that 300 women, who suspect to be pregnant, had taken a test to diagnose the 
pregnancy, with the following results (Table 2): 

TABLE 2 Results of the test of pregnancy of 300 women 
Diagnosis

Pregnant Positive Negative Total
Yes 216 24 240
No 18 42 60

Total 234 66 300

We presented to the teachers the following questioning: 

For our example, given that you received the result from the test and it is positive, what is the 
probability of that finding is wrong?

Using only the information of the table the probabilities were all calculated  in an 
intuitive form, as for example, the probability of that the result gives positive when the woman 
is actually pregnant. And that was the procedure until the determination of the probability of 
interest. Just at the end Bayes’ Theorem was presented, culminating with a new didactic 
sequence with a similar problem, this one on breast cancer. 
 To finish we discussed the real possibilities of the application of these concepts for 
grade II of elementary school, as well as the development of interdisciplinary work. In front of 
what was showed, most of the teachers concluded that the subjects are pertinent and depending 
on the group the use of them in the practice of the classroom is possible, without the 
presentation of formulas for the initial series. 

It is worth pointing out that, to the end of the first and the second meetings, two extra 
didactic sequences had been carried through, involving the concept of geometric probability, as 
a confrontation of the results with the frequentist probability: the classic problem of the Needle 
of Buffon (Tunala, 1995) and the problem of the Pasta (Wagner, 1997). We also took advantage 
to strengthen and explore concepts as sample, estimate, randomness, simulation. 

A posteriori analysis 
 At the end of each of the meetings, the teachers had answered the same question of 
reference of the test of initial diagnosis. Beyond this formal verification, we had verbal stories 
and writings of self-evaluation, being possible to verify a sensible improvement in the results. 
 As an example, the 1st question of the diagnosis test, it was observed that at the first 
moment many teachers did not have well defined concepts of sampling, since out of the 21 
teachers, 7 had answered that the research could be extended as opinion of the Brazilian 
population, and 14 had answered that it could not, and among these the great majority had 
justified that they had answered "not" for reasons completely different from the sampling 
concepts. In the second application it was observed an improvement, since only 1 teacher 
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answered yes and 20 had answered no, among which 16 had answered that it was biased 
sample. 
 An evaluation in form of questionnaires of some pedagogical aspects of the workshop 
and the monitors was still requested, the results being presented in Table 3. 

TABLE 3 Results of the evaluation of the given pedagogical workshop for 21 professors of 
Mathematics. 

Questions Excellent (%) Good (%) Regular (%) 

Practical applications of content, motivation. 66.67 33.33 -
Review of the content with clarity. 71.43 28.57 -
Domain of content by the monitors. 80.95 19.05 -
Concern on the learning of the group. 85.71 14.29 -
Communication and relationship with the 
group. 

80.95 19.05 - 

Indicate your degree of learning with the 
lectures. 

38.10 57.14 4.76 

The choice of the contents was adequate. 66.67 33.33 -

 In this same evaluation, beyond the questions presented in Table 3, the teachers had 
given some suggestions. Most of them asked for new lectures with related contents to statistics, 
prioritizing the character of interdisciplinarity, strengthening the necessity of updating and 
qualification of the mathematics teachers. As example of a suggestion: 

"The course was very interesting, to alert about received information within the day-by-day, 
through magazines and medias, making us to become more participative citizens and with 

critical conscience. The most important was the update to use the results as teachers ". 

Conclusions and future Works 
 In a global evaluation of these three meetings we perceive initially a great demand of 
qualifications for the mathematics teachers, in particular in the area statistics, since they present 
a strict deterministic conception, with a formal and Cartesian mathematical reasoning. During 
the meetings teachers developed a maturity and adequacy of the statistical reasoning and an 
increasing motivation for interdisciplinary works, that is, we saw to the possibility to develop 
activities with disciplines as biology, history, geography, Portuguese, philosophy, and 
sociology, among others. 
 We aimed to awaken the idea that it is possible to work the statistical contents in grade 
II of the elementary school without an exaggerated formalism (many times without meaning), 
privileging the reflection and the understanding of the managed concepts. 
 Although we received a positive evaluation of this work, we see the necessity to plan 
more pedagogical workshops aiming to promote a stronger foundation for the teachers in 
service. In addition, we expect to initiate a deeper debate on the diverse ways to motivate and to 
prepare the teachers, especially on the course of majoring in mathematics. 
 Working with the teachers on all these discussed aspects, we expect to reach our 
greatest objective: to urgently promote the statistics literacy of the pupils on grade II of 
elementary school. 
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ABSTRACT 
In the first stage of this work an evaluation of teaching statistics in grade II of elementary school was 
carried through, by means of interviews with 24 mathematics teachers of public and private schools in 
Lavras - MG. The results showed that most of the teachers attended a course of the disciplines of 
statistics in its process of formation, but, despite this fact, when faced, they teach it in a strict and 
descriptive way, with excess of formalism and without context. In a second stage, with base in this 
research and aiming to contribute with the improvement of education, three pedagogical meetings were 
conducted (of 4 hours each), in the format of workshops with 21 other teachers. The objective was to 
make possible an extrapolation of formal and Cartesian mathematical reasoning to statistical reasoning, 
focusing on uncertainty. A diagnostic test was applied initially to make a previous analysis of the degree 
of knowledge of the teachers with the subjects which would be proposed to work with: concepts of 
sampling and descriptive statistics, with emphasis in the punctual estimation; interval estimation with a 
purpose to make decisions; influence of the previous knowledge in a Bayesian treatment. During the 
meetings, some didactic sequences were proposed, always involved with a treatment to interdisciplinary 
work. At the end of each meeting, the same question of reference of the initial diagnostic test was applied, 
with a reasonable improvement in the results. In this way, associated to the verbal stories and writings, a 
change in attitude to statistics was perceived, followed by a maturity and adequacy of statistical 
reasoning. Although a positive evaluation of this work, in a collective reflection, we see the need of 
planning, in the short and medium term, more courses and workshops of basic concepts in statistics for 
the teachers, as well as an urgent statistics literacy on the pupils. 
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Abstract
In the later half of the last century, use of statistics by federal/state governments, businesses, and 

industries led to increased popularity of statistics as a discipline in the higher education. As the educators 
realized the need for knowledge of statistics early in the education, emphasis on statistics in K-12 curriculum 
also increased. However, with industries attracting most of the graduates with degrees or training in statistics, 
K-12 education and to some extend higher education also was left in a dire need of trained statistics teachers. 
Due to increased enrollment in Advanced Placement statistics, and increased use of statistics in other science 
subjects for data analysis, the demand for trained statistics teachers has become even greater. Although, 
teacher preparation programs are available in many different subjects, including mathematics, no such 
programs were available in statistics until recently. Efforts are made to develop new programs to prepare 
teachers of statistics to meet this increased demand in the United States. There are many problems that need 
attentions, but this first step towards teacher preparation in statistics makes the future for statistics teacher 
preparation look bright. 

Background 
After World War II the use of statistics as a tool for decision-making has increased dramatically 

leading to need of highly trained statisticians for developing new statistical tools and applying existing ones 
as the situation demands. This led to development of many statistics programs that prepare statisticians to 
meet the demand of government and industrial job market. Moore, et al. (1995) suggested that strong trends 
in enrollments indicate that statistics may replace calculus as the capstone mathematical study for many 
students. The data reported by Albers et al. (1992) shows that statistics enrollment in two-year colleges as a 
percentage of calculus enrollments increased from 10% in 1966 to 52% in 1990. However, no programs were 
developed to prepare students to teach statistics. In 1997, the College Board also started offering Advanced 
Placement (AP) exam in statistics. These exams allow students to take a college level course in high school 
and get credit for it when they enter college/university. The number of students taking AP-statistics exams 
increased dramatically from about 8,000 in 1997 to 100,000 in 2007 making it one of the fastest growing 
subjects. As a result, demand for high school teachers trained in statistics has sky rocketed. Due to lack of 
trained teachers, often these courses, both in high schools and in colleges/universities are being taught by 
mathematicians with one or two statistics courses to their credit. 

As Moore and Cobb (1997) described, “Statistics is a methodological discipline. It exists not for itself, 
but rather to offer to other fields of study a coherent set of ideas and tools for dealing with data. The need for 
such a discipline arises from the omnipresence of variability”. This focus on variability sets the discipline of 
statistics apart from mathematics. It also gives rise to the need for retraining mathematicians to handle 
variability so that they can become effective teachers of statistics. Although number of statistics programs in 
business, psychology, and medicine are on the rise in nation, in many colleges and universities, statistics is 
still a part of mathematics department. Traditionally more statistics has been taught by mathematicians than 
statisticians. In mathematics, the data tends to be just numbers, whereas in statistics data are numbers with a 
context. In order to make effective teachers of statistics, mathematics teachers need to be trained in 
identifying and dealing with many sources of variability, and role of context in problem solving.  
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The knowledge of statistics required for teaching is quite different from that acquired by college 
students interested in pursuing non-teaching statistical careers. Prospective teachers need a solid 
understanding of concepts, strong mathematical foundation and excellent communication skills to convey 
meaning of results coherently. For improved and effecting teacher preparation, collaboration between 
statisticians and educators is essential.  

Institutional Efforts 
With the advances in technology and communication, in the 1980’s, data analysis and probability 

started becoming part of the K-12 mathematics curriculum. It led to movement for developing curriculum 
materials for introducing statistical concepts in school mathematics courses. In their standards, the National 
Council of Teachers of Mathematics (NCTM, 1989) included ‘Data analysis and Probability’ as one of the 
five content areas stamping their approval and supporting a growing need for study of statistics. This 
document and its follower, NCTM (2000) provided foundation for the reform movement of mathematics 
curricula in many states and development of relevant education materials and pedagogical techniques. 
NCTM’s Quantitative Literacy Project (QLP) also developed and made available new teaching materials for 
teachers. They provide numerous one-shot lessons in ready-to-use forms.       

The Conference Board of the Mathematical Sciences (CBMS, 2001) developed a report on current 
direction of curriculum development and policies affecting the mathematics (including statistics) education 
of teachers. This report was to provide a resource for individual institutions interested in teacher training to 
improve their programs, and to provide a basis for obtaining national incentives to improve teacher training. 
With the help of funding from ExxonMobile Foundation and the National Science Foundation (NSF), A 
national Summit on the Mathematical Education of Teachers (MET) was organized in November 2001. This 
summit served as a platform for launching the MET document and to invite the mathematics community to 
make mathematics education of teachers a priority item on the education efforts.  

Recently, the National Assessment of Educational Progress (NAEP) exams have increased emphasis on 
questions based on probability and data analysis. The content areas described in NAEP (2004) report in 
general follow the NCTM standards. However, the results from both NAEP and the Third International 
Mathematics & Science Study (TIMSS) showed very dismal performance in mathematics & science by 
students from the United States. A report by the National Commission on Mathematics and Science Teaching 
for the 21st Century (2001) identified five factors including new college graduates’ rising interest in teaching 
as a profession, that show why the time is right for the United States to act now to improve teaching of 
mathematics and science.  

The associations such as the Mathematical Association of America (MAA) and the American 
Statistical Association also took lead in teacher preparation. In response to the national report card, with the 
help of funding from NSF, the MAA developed a project titled Preparing Mathematicians to Educate 
Teachers (PMET) to nurture and support the growing interest among college and university mathematicians 
to extend their help in improving school mathematics teaching (Katz and Tucker, 2003). Acting similarly, the 
ASA formed an Advisory Committee on Teacher Enhancement (ACTE) and charged it with advising the 
ASA board on matters involving teaching and statistics education. A report by Gould (2006) reflects ACTE’s  
concern that the ASA, unlike the MAA, was not invited to endorse a trio of bills designed to strengthen 
mathematics and science education and felt that given increased coverage of data analysis and probability in 
K-12, it is important that the ASA have a choice in the design of proposed graduation tests in mathematics. 
ACTE-sponsored strategic initiative let to development of program INSPIRE. The INSPIRE is a distance-
learning course that includes weekend workshops for training first-time AP-statistics teachers. By the Fall of 
2006, INSPIRE had taught two cohorts of AP-statistics teachers. Another ACTE sponsored initiative, 
Statistics Teaching and Education Website (STEW) was developed to disseminate quality lesson plans in 
statistics for K-12 teachers of mathematics.  

The MET report provided an excellent opportunity for statisticians to take a lead in preparing measures 
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to provide content education for future teachers of statistics. It brought different associations together under 
the same umbrella to work towards a common goal of preparing teachers to teach statistics. Under the able 
leadership of Richard Scheaffer, Past President of ASA, Johnny Lott, President of NCTM, Ann Watkins, 
Former President of MAA, Alan Tucker, CBMS, and Peter Holmes, the Royal Statistical Society Center for 
Statistical Education, an inaugural conference titled ‘Math/Stat Teacher Education: Assessment, Methods, 
and Strategies (TEAMS)’ was held at the University of Georgia, in 2003. Seventeen cross-disciplinary 
(mathematics, education, and statistics) teams from across the United States participated in this conference.  

The TEAMS conference led to the GAISE (2005) project funded by the ASA to develop 
recommendations for the teaching of introductory statistics. The Guidelines for Assessment and Instruction 
in Statistics Education (GAISE) project has two parts, one focuses on K-12 education and the other on 
introductory college courses. The report describes six recommendations developed from the research of 
studies of teaching and learning statistics. These recommendations are for teaching introductory statistics and 
they focus on instruction and assessment of important concepts that underline statistical reasoning.  

The College Board’s AP program is a co-operative effort of secondary schools, colleges, and the 
College Board which offers about 40 different college level courses and exams for students at secondary 
level. The College Board (2006) developed standards that list topics central to the knowledge and skills 
developed in middle-school and high-school. They recommend inclusion of data analysis, probability, and 
statistics topics at each course level. The College Board also offers and extensive program of workshops at 
national as well as regional level in teacher preparation and training to teach AP courses, including statistics.   

Recognizing that to be a successful teacher, teachers of statistics need the subject knowledge beyond 
what they teach, the ASA has offered a program Beyond AP-Statistics (BAPS) at the Joint Statistical Meeting 
(JSM) every year for past ten years. Experts in statistics and statistics education are brought in to train the 
mathematics and statistics teachers from local area school systems for one day BAPS workshop. 
Overwhelming responses from local school systems indicate success of these workshops. A new program 
called Meeting Within a Meeting (MWM) is being developed by ASA under the able leadership of Martha 
Aliaga. The first MWM will be offered at JSM in Salt Lake City (July-August 2007). The MWM will offer 
one-day workshops designed to help improve teaching statistics by local K-12 teachers and will further 
provide opportunities for local chapters to get involved with statistics education at the local level.       

University of Minnesota, Department of Psychology is probably the leader in developing degree-
awarding program in the United States geared towards training and preparing teachers of statistics. They 
started offering a Ph.D. minor in educational psychology with an emphasis in statistics education in Fall 
2002. It includes coursework on teaching statistics as well as current and classic research on teaching and 
learning statistics.        

Individual Efforts 
Aside from these organizational efforts, there are several institutions where individuals are making a 

difference. At such institutions, individuals have developed courses for teacher preparation. Pre-service as 
well as in-service mathematics teachers enroll in these courses and learn to teach introductory statistics in 
high schools. Due to lack of standard guidelines, each individual has developed courses with different ideas 
about the teachers’ needs in preparing to teach statistics. Christine Franklin, from the Department of 
Statistics at the University of Georgia has developed three courses in data analysis for preparation of teachers, 
one for secondary teachers, one for middle school teachers, and one for elementary teachers. Madhuri 
Mulekar at the Department of Mathematics & Statistics, University of South Alabama developed a course, 
MA 506, which provides content knowledge as well as introduction to methodology for teaching non-
calculus-based introductory statistics course in high school. Joan Garfield from the Department of 
Educational Psychology at the University of Minnesota has developed a course EPSY 5272 which differs 
from the courses offered by other institutions in that it includes a practical component requiring students to 
actual teach under the guidance of an instructor.  
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Hayden and Kianifard (1992) felt that teachers need to have a deeper knowledge of subject matter in 
order to teach statistics and designed a course to provide much-needed content background to teachers, an 
opportunity for teachers to see how high school mathematics is used in statistics, and familiarity with NCTM 
standards and latest teaching materials. Their experience resulted in a recommendation that “Whatever we 
may do with current mathematics teachers, we have to make sure that future teachers get sound training in 
statistics as part of their college training”.  

Due to the impact of the NCTM standards (1989 and 2000), the school statistics curriculum is 
continually evolving and growing in the United States. Kadar and Perry (2002) describe a content-pedagogy 
based course that they developed to prepare elementary and middle school teachers to teach statistics in 
schools. Their course emphasizes the fact that statistical problem solving begins with the notion that data is 
used to answer questions. 

Conclusions
The need for better trained statistics teachers is evident, it will keep growing and will not be fully 

addressed by workshops and short-term courses offered to improve knowledge of teachers of statistics. In 
addition to training current teachers, there is a need for development programs that will generate better 
trained teachers Bryce (2005) concluded, “… a new paradigm of statistics education is needed that provides 
for strong undergraduate programs in statistics. Such programs would give the profession wider recognition 
and provide additional entries into the discipline”. In addition to undergraduate programs, more programs in 
statistics education are needed to prepare statistics teachers with subject-knowledge. 
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Abstract

Technology-based instruction represents a new recent pedagogical paradigm that is rooted in the realization that

new generations are much more comfortable with, and excited about, new technologies. The free and Internet-

based NSF-funded Statistics Online Computational Resource (www.SOCR.ucla.edu) provides a number of

educational materials and interactive tools for enhancing instruction in various undergraduate and graduate

courses in probability and statistics using observed or computer generated data. SOCR includes class notes,

practice activities, statistical calculators, interactive graphical user interfaces, computational and simulation

applets, tools for data analysis and visualization. Based on the promising results from our pilot study in 2005-

2006, where we saw a consistent trend of improvement in the SOCR treatment group compared to the control

group, in terms of quantitative examination measures, our 2006-2007 study involves over 300 UCLA students.

We use a cross-over design for one course, (introduction to probability) taught by one instructor, and a

randomized controlled study for two different courses (an introductory statistics course for the life sciences and

an introductory course in probability). For the cross-over design course, SOCR-based and non SOCR-based

activities or homework are assigned and analyzed relative to their performance. In the controlled study, one

class uses SOCR the other does not. Several components of the SOCR-based materials are heavily dependent on

simulated data to enhance the understanding on distributions, which is a major topic for the classes tested. Little

is known about how interactive simulation based applets can enhance students’ learning, understanding and

interest in statistics. As a result, separate questionnaires (Felder-Soloman Learning Style inventory, ATS

survey, and entry and exit assessment of student knowledge questionnaire) are also collected separately to

explore how SOCR affects the performance of students in relation to their learning style, attitudes towards

statistics, prior knowledge and demographic characteristics, and reaction to these applets. The first goal of this

study is to try to associate the effects of SOCR with students’ individual learning style based on the Felder-

Silverman-Soloman index. How these applets assist students with different learning styles is yet to be observed.

Our second goal is to assess students’ achievement with a closer look based on homework and activities directly

related to SOCR. The students’ feedbacks and performances from this study tell us how to best optimize the

SOCR resources based on their needs. Moreover, its result gives us a more accurate assessment of SOCR

specifically and an assessment of internet-based resources in introductory and more advanced courses of

statistics and probability.

Keywords: Education research, simulation applets, teaching with technology, Java applets, online course

materials, probability and statistics, SOCR.

1. Introduction

One of the last TIME magazine issues in 2006 (Wallis et al.) described schools as not keeping up with

the pace of the outside world and that advances in technology has not influenced the classroom at the level that it

should have been. Even though the TIME magazine article refers to secondary schools, the same things may be

said about traditional methods of teaching in colleges and universities. The push for a technology-enriched

curriculum with real world applications is the exact same driving force that demands more simulations and

computer-based activities in the classroom. Simulation helps students learn concepts through different scenarios

with controlled parameters. The aims of new activities and curricula involving information technology and

simulations are not just to help instructors present new concepts, but also to improve students’ conceptual
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understanding and provide realistic and practical examples that parallel theoretical modeling. The positive effect

of simulation-based instruction was supported by experiments with university students, (Garfield and del Mas,

1989, 1994) where it was found that students can understand difficult concepts using simulations. However,

there are also findings that simulations can add to the formation of misconceptions about statistical concepts

(Well et al.,1990; Hodgson,1996).

The objective of this paper is to test the effectiveness of the use of several simulation-based activities in

a number of undergraduate introductory statistics and probability courses. The use of simulations and

technology-based instruction is not new, (Mills, 2002; Hodgson, 2000; Puranen, 2005); however little is known

about the effect of simulations in relation to the students’ learning styles. To address this void, we study the

associations between students’ learning styles, based on the Felder-Soloman Index, the use of simulation-based

activities through the Statistics Online Computational Resource (SOCR) and quantitative performance.

2. The Statistics Online Computational Resource (SOCR)

The core SOCR is composed of four major components: computational libraries, interactive applets,

hands-on activities and instructional plans. External programs typically use the SOCR libraries for statistical

computing (Dinov, 2006a). The interactive SOCR applets are further subdivided into six suites of tools:

Distributions, Experiments, Analyses, Games, Modeler and Charts. Dynamic Wiki pages (SOCRWiki, 2006)

form the hands-on activities and include a variety of specific instances of demonstrations of the SOCR applets.

The SOCR instructional plans are collections composed of lecture notes, documentations, tutorials and

guidelines about statistics education. The goals of SOCR are to design, validate and freely disseminate

knowledge. SOCR specifically provides portable online aids for probability and statistics education, technology

based instruction and statistical computing. SOCR tools and resources include a repository of interactive applets,

computational and graphing tools, instructional and course materials. SOCR efforts are focused on producing

new and expanding existent Java applets, web-based course materials and interactive aids for technology

enhanced instruction and statistical computing (Dinov 2006b; Leslie, 2003). Many SOCR resources are useful

for instructors, students and researchers.

3. Purpose of the study - Evidence

The purpose of this study is to examine the impact of simulation using interactive applets tools on

students’ performance in relation to their learning styles, and to validate the effectiveness of SOCR. A first

attempt on the effectiveness of SOCR was performed during the Academic Year 2005-2006 where promising

results were found for the classes that used SOCR compared to those that did not, (Dinov et. al., 2006). This was

shown in the test results where the classes that used SOCR consistently outperformed those that did not, but also

in the end-of-the-quarter surveys where the students indicated satisfaction in using the various tools of SOCR.

For our study we have administered a beginning- and end-of-the-course attitude surveys on statistics and

probability as well as a satisfaction survey at the end of the course. An important element of the study is the

Felder-Silverman-Soloman Index of Learning Styles (ILS) (Felder and Silverman, 1988; Felder, 1998), which is

a self-scoring instrument that assesses student learning preferences on a four dimensional scale –

Sensing/Intuiting, Visual/Verbal, Active/Reflective and Sequential/Global. There are web-based and paper

versions of the ILS, go to which may be utilized in various types of courses (http://www.ncsu.edu/felder-

public/ILSpage.html).

The ILS index is based on a model of learning, where students’ learning styles are defined by their

answers to five classes of questions: 1) Type of preferential information perception: sensory (sights, sounds,

physical sensations), or intuitive (possibilities, insights, hunches). 2) Preferred external information sensory

channel: visual (pictures, diagrams, graphs, demonstrations), or auditory (words, sounds). 3) Information

organization: inductive (principles are inferred based on facts and observations), or deductive (principles are

given and applications are deduced). 4) Information processing: active (through engagement in physical activity

and discussion), or reflective (through self-examination). 5) Understanding process: sequential (continual steps),

or global (generative/holistic approach). The ILS allows instructors who assess the behavior of each class, adapt

their teaching style to cover as much of the spectrum on each of the four dimensional axes as possible. Of course,

this requires a commitment of time, resources and willingness to modify course curricula. If the ILS assessment

is appropriately utilizes in class, it is reasonable to assume that the instructional process is generally as optimal as

possible – i.e., the learning environment is enriched and stimulating for most students in the class (Felder and

Silverman, 1988).
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4. Design of the Study

In our study, we have included three “Introduction to Probability” classes and two introductory statistics

classes with more than 300 students participating. Different design was used for each of the three courses. One

instructor used a crossover design to compare the outcomes on SOCR-based instruction and non-SOCR-based

instruction for two probability classes, while the other two instructors compared their SOCR-treatment classes

against identical control courses from Fall 2006 that did not employ SOCR.

4.1 Description of Statistics 13

Statistical Methods for the Life and Health Sciences (UCLA Stats 13) is an introductory course on statistical

methods for the life and health sciences. Most enrolled students are bound for medical, graduate and professional

schools after completing their undergraduate curricula. Brief outline of the course is available online at

http://www.registrar.ucla.edu/Catalog/catalog05-07-7-98.htm and the section-specific information is listed

below. Each of the two sections taught for this study received 5 hours of instruction a week – 3 lectures, one

discussion and one laboratory. For discussion and laboratory, each section was split into three sub-sections,

which were conducted by teaching assistants. There were two distinct teaching assistants for each section. All

students were assessed using the same gradebook schema and grade distribution. SOCR tools were used in

lecture for demonstration, motivation and data analysis, as well as for project, lab, and homework assignments..

4.2 Description of Statistics 100A

Introduction to Probability Theory (UCLA Stats 100A, Fall) is the first course in a three-course

sequence. The other two are Introduction to Mathematical Statistics (Winter) and Regression Analysis (Spring).

Most enrolled students are from Mathematics, Economics, and Computer Science majors. A description of the

course can be found at http://www.registrar.ucla.edu/Catalog/catalog05-07-7-94.htm. The class meets 3 times a

week with the instructor and once a week for a discussion with a teaching assistant. In the Fall 2006 quarter

there were 3 lectures of Statistics 100A.

5. Sample Activities

Below we will discuss three activities that we have used in our classes using simulation-based SOCR

applets. We should mention here that the interested reader may find a complete list of activities and educational

material at http://wiki.stat.ucla.edu/socr/index.php/SOCR_EduMaterials and http://www.socr.ucla.edu.

a. The Die Coin Experiment:

This experiment can be accessed at http://www.socr.ucla.edu/htmls/SOCR_Experiments.html. A fair die

is rolled and the number observed X is recorded. Then a fair coin is tossed X number of times. For example, if

the die outcome is X=2 then the coin is tossed twice, etc. Let Y be the number of heads observed. We can use

this activity to enhance the teaching of discrete joint probability distributions by first constructing the joint

probability distribution of X and Y and then finding the marginal distribution of Y. In Figure 1 we can see a

snapshot from SOCR of the marginal distribution of Y. In this snapshot we observe, in blue, the theoretical

distribution of Y, with the theoretical mean and standard deviation, while the shaded area represents the empirical

distribution of Y when the experiment is run

1,000 times. In the snapshot we can also

observe the theoretical and empirical mean and

standard deviation. The user can choose to run

the experiment once, few times, or many times

and be able to observe the closeness of the

empirical to the theoretical distribution as the

number of runs increases. The distribution of

the die score can be chosen by the user (e.g.,

P(X=i)=
1
/6 for i=1,…,6, if fair die), and so can

the probability of heads (e.g., p=0.5, for a fair

coin).

Figure 1:  A snapshot from SOCR of the result of 1,000

runs of the Die Coin Experiment.
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b. Central Limit Theorem (CLT):

This applet provides the capability of sampling from any of the more than 40 SOCR distributions, as

well as from a customize distribution that can be contiguous and discontinuous, symmetric and asymmetric,

unimodal and multi-modal, leptokurtic and mesokurtic and other types of distributions.  For a complete

description the interested reader can visit

http://wiki.stat.ucla.edu/socr/index.php/SOCR_EduMaterials_Activities_GeneralCentralLimitTheorem. Once

the distribution is chosen the user can examine the distribution of the sample mean, median, sample variance,

and other statistics. Figure 2 below gives a better idea of this SOCR tool.

c. Application of the Central Limit Theorem:

It is believed that life-times, in hours, of light-bulbs are Exponentially distributed, say
�
�

�
�
�

�
=

000,2

1
�Exp

, mean

expected life of 2,000 hours. Recall that the Exponential distribution is called the Mean-Time-To-Failure

distribution. You can find more about it from the SOCR Distributions applet. Suppose a University wants to

purchase 100 of these light-bulbs and estimate the average life-span of these light bulbs. What is a CLT-based

estimate of the probability that the average life-span exceeds 2,200 hrs? �
�

�
�
�

�
=

000,2

1
~ �ExpX

i
and

� =
=

100

1100

1
i i

XX . Notice that in this case the exact distribution of X is (generally) not Exponential, even

though the density may be computed in closed form (Khuong & Kong, 2006). If we use the CLT, however, we

can approximate the probability of interest

( ) ( )
,

,
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as we know that the mean and the standard

deviation of X i are 000,2
1
=

�
and the

standard deviation of X is 200
100

1
=

�
.

Therefore, P( X >2,200) ~ 0.158655, using

the CLT approximation and the SOCR

Distributions calculator, Figure 3.

Figure 2:  Four SOCR snapshots of the Central Limit Theorem Applet.

Figure 3:  A snapshot from SOCR calculating the probability.
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d. Law of Large Numbers (LLN) Simulation Activity:

The probability of winning a certain game is p. We want to examine the long-run behavior of the

proportion of wins. This can be done through the Coin Toss SOCR LLN activity

(http://wiki.stat.ucla.edu/socr/index.php/SOCR_EduMaterials_Activities_LawOfLargeNumbers). Let us choose

n=1,000 and p=0.40. In this LLN experiment we observe in Figure 4 the convergence to the true p=0.40 when

the number of experiments increases. One misconception of the LLN is that the number of heads should be

equal to the number of tails if we toss a fair coin many times. As we observe from the graph this is not true

(actually the difference between wins and losses diverges) but the probability of win converges to the true

probability as it was previously mentioned. For example when n=200, and p=0.40 we may see 85 wins

( p̂=0.425 and difference between wins and losses is 115-85=30) while when n=100 we may observe 38 wins

( p̂=0.38 and difference between wins and losses now only 62-38=24). In this example, we see that even though

the difference between wins and losses

increases the sample proportion is closer to

the population proportion as n gets larger.

We should mention here that we report the

normalized differences of the number of

Heads minus the number of Tails in the

graph and the result table. Let H and T are

the number of Heads and Tails, up to the

current trial, respectively. Then |H -T | is

normalized so that the expectation E(|H-T|) =

p, using the fact that E((1-p)H-pT) = 0. This

ensures that the normalized differences

oscillate around the chosen p and they are

visible within the graph window.

6. Results

A comparison between the final scores for the classes that used SOCR against the control classes (No

SOCR usage: Fall 2006: Stat 13 - Dinov and Christou and Stats 100A – Christou against Fall 2005/Winter 2006:

Stats 13 - Dinov, Stats 100A – Christou, Stats 13 - Christou) using two sample t-tests shows encouraging results.

These courses had the same grading style (exams and homework) and therefore they are comparable. The results

from one pair of control (Fall 2005 Stats 100A) and treatment (Fall 2006 100A) classes by Christou are

presented in Table 1. These show that there is significant difference at 5% in the means for exams 3, 4, and 5 as

Figure 4: A snapshot from SOCR showing the result of 1,000

tosses of coin with probability of heads p=0.40.

Table 1: Quantitative Results measuring student learning in the two Stats 100A classes (Christou, Fall 2005, Fall 2006).

Group High Low Median Mean
Standard

Deviation
Statistics

Control 96 33 68 69.97 18.52
Exam 1

Treatment 97 33 60 65.74 18.05

to = 0.99

t(71)

p=0.17

Control 100 40 88 83.85 14.93
Exam 2

Treatment 100 41 86 81.10 14.12

to = 0.81

t(71)

p=0.21

Control 100 32 71 71.12 16.75
Exam 3

Treatment 100 58 87 83.64 10.58

to=-3.87

t(71)

p=0.0001

Control 100 36 79 78.35 16.56
Exam 4

Treatment 100 65 90 88.05 8.61

to=-3.20

t(71)

p= 0.001

Control 100 40 81 80.38 15.17
Exam 5

Treatment 100 66 89 87.44 8.90

to=-2.46

t(71)

p=0.008

Control 94.31 44.93 78.14 78.36 12.87Overall

Performance Treatment 98.77 66.59 85.92 83.69 7.91

to=-2.16

t(71)

p=0 017
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well as the overall performance (34 students in the control group, 39 students in the treatment group). Also, the

variation in the SOCR treatment section (Stats 100A) is smaller, which shows a consistent overall improvement.

We should mention here that these results agree with our findings in the previous smaller scale pilot preliminary

testing during the Fall 2005 quarter (Dinov, 2006). As for Stat 13 (Christou), Table 2 shows mixed results but

the overall performance is again in favor of the SOCR-based instruction. These mixed results may be accounted

for by the fact that Statistics 13 has a required lab hour for the non SOCR-based instruction class as well. This

lab hour exposed the students to the statistical software Stata, which means that the students had some exposure

to technology-based instruction.  The results from Dinov’s Stats 13 classes are shown in Table 3.

The design for the Stats 100A class (sections 3 & 4) of Juana Sanchez was different. At the beginning of

the quarter, all topics to be covered were randomly numbered and then each topics to be covered in Section 3

was assigned a SOCR or Traditional treatment. The numbers of SOCR and Traditional treatment topics were the

same. Then the topics covered in Section 4 were assigned the opposite SOCR and Traditional treatments as in

Section 3. Table 4 shows that for one class, the performance was much better in questions using SOCR

Similarly, we can compare the SOCR questions performance in one group with the performance on the

same questions for the group that did not use SOCR for those questions (not shown here). We did not find (in

this last analysis) significant results without controlling for the differences between the two groups, which is not

unreasonable since one class had mostly graduate students (section 3) and the other mostly undergraduates.  The

results we are showing above in Table 4 are based on a t-test for paired data and the p values are for the one-

sided hypothesis that the treatment group performed better than the control group.  Control group in each class

means performance for the questions on topics not learned with SOCR.  The treatment group refers to

performance in questions that were learned with SOCR. So what we compare in each section is whether students

performed better in the final exam in those questions that they learned using SOCR.

Table 2: Quantitative Results measuring student learning in the two Stats 13 classes (Christou, Winter 2006, Fall 2006).

Group High Low Median Mean
Standard

Deviation
Statistics

Control 100 44 83 81.41 14.05
Exam 1

Treatment 100 46 84 82.68 11.92

to = -0.63

t(165)

p=0.27

Control 100 6 81 76.75 18.25
Exam 2

Treatment 100 35 95 90.86 12.19

to = -5.92

t(165)

p<0.001

Control 100 35 85 81.61 14.58
Exam 3

Treatment 100 50 84 82.36 11.62

to=-0.37

t(165)

p=0.36

Control 100 37 86 83.94 10.70
Exam 4

Treatment 100 54 83 81.07 11.96

to=1.63

t(165)

p= 0.06

Control 100 20 79 78.75 13.84
Exam 5

Treatment 100 50 91 87.80 10.02

to=-4.84

t(165)

p<0.001

Control 94.31 43.91 85.42 82.09 11.6Overall

Performance Treatment 97.49 69.17 88.68 86.67 7.37

to=-3.07

t(165)

p=0.001

Table 4: Quantitative results measuring student learning in the two Stats 100A classes (Sanchez, Fall 2006), final exam.

Group High Low Median Mean
Standard

Deviation
Statistics

Control 100 17.69 80.76 76.26 17.47
Section 3

Treatment 100 48 89 83.76 15.451

to = 1.70

t(54)

p=0.047

Control 100 42 90 80.32 17.78

Section 4
Treatment 100 26.9 80.76 73.56 18.6

to = -1.50

t(64)

p<0.9318
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We present now the results of the Index of Learning Styles (ILS) and its impact on students’ learning for

one of the courses that participated in the study (Statistical Methods for the Life and Health Sciences – Statistics

13 – Christou). At the beginning of the course each student completed the online ILS questionnaire consisting of

44 questions. Based on the answers they provide they receive a score from –11 to 11 for each one of the four

categories. The four categories are: S1: Active-reflective (a score closer to +11 indicates that the student is more

reflective than active); S2: Sensing-intuitive; S3: Visual-verbal; and S4: Global-sequential. We try to explain the

overall students’ performance with some independent variables (the four categories S1, S2, S3, S4, and students’

attitudes towards statistics and probability). Students’ attitudes (post) were determined by a survey that each

student completed at the beginning and the end of the course. The regression results are shown on Table 5

below.

The variables that were significant predictors of overall performance, at the 5% level, included the

active-reflective and visual-verbal ILS measures and the attitude towards the discipline. The fact that the global-

sequential and sensing-intuitive directions of the ILS spectrum did not play a significant role in explaining

overall student performance makes the interpretation of the ILS results difficult. One possibility for explaining

this observed effect is that an increase of the overall student performance positively and directly correlates with

both – a shift of the learners into the active (tendency to retain and understand information by doing or applying

something active) and verbal (written or spoken word explanations) spectra of the ILS space.

7. Conclusion

Our study demonstrates that simulations may be powerful instructional tools that complement
classical pedagogical approaches for explaining difficult statistical concepts in probability and statistics
classes. This is enforced from the fact that utilizing visualization, graphical and computational
simulation tools in teaching provide valuable complementary means of presenting a concept, property
or an abstract idea. In addition, such IT-based pedagogical instruments are appreciated and well
received by our students who normally operate in technological environments far exceeding these of
their instructors. In our experiments, we saw effects of using SOCR simulation tools even when we did
not completely stratify the student populations and did control for all possible predictors (like age,
major, learning style, background, attitude towards the subject, etc.) The effects we saw within each
class are weak cues favoring the blended instruction. However, pooling these results across classes
demonstrated a statistically significant effect of the IT-based teaching approach. Furthermore our study
shows that the students’ learning style can be an important factor on their performance, however we do
not mean in any way that we should use simulations only for one or the other learning style group.

Table 5: Regression results for the ILS effects on overall quantitative performance for the Stats 13 (Christou).

Source | SS df MS  Number of obs =  72

-------------+------------------------------ F(  3,  68) =  5.33

 Model |  956.969029  3  318.989676  Prob > F  =  0.0023

Residual |  4070.82122 68 59.865018  R-squared  =  0.1903

-------------+------------------------------ Adj R-squared =  0.1546

 Total |  5027.79025 71  70.8139472  Root MSE  =  7.7372

------------------------------------------------------------------------------

tot |  Coef. Std. Err.  t  P>|t| [95% Conf. Interval]

-------------+----------------------------------------------------------------

S1 |  -.5947788  .2680462 -2.22 0.030  -1.129657  -.0599009

S3 | .7596321  .2883656  2.63 0.010 .1842076 1.335057

post |  .504371  .2254381  2.24 0.029 .0545162 .9542258

 _cons | 67.50669  8.583663  7.86 0.000 50.37826 84.63512

------------------------------------------------------------------------------
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While the bootstrap in its first two decades after its inception by Brad Efron revolutionized

the methods of the expert data analysts, its vast pedagogical potential is still in the process of being

discovered. The bootstrap is a prime example of synergy between technology and content that can

naturally be taught within the paradigms of new pedagogy. It has the potential to make core concepts

of inferential statistics like the sampling distribution more accessible to learners. After analyzing key

ingredients of the bootstrap method from a teaching perspective, we discuss methods of teaching the

bootstrap in an activity-based learning environment with and without didactical software, including

potential pitfalls and fallacies.

1 Simulation and Resampling

With the availability of cheap and flexible computing power simulation based Monte-Carlo methods

have gained increasing importance in probability and statistics. They are a very powerful tool for

problem solving as well as an excellent device for visualization to support the learning process of

students. Mathematically based on the law of large number and conceptually on a frequentist notion

of probability virtually any probability problem can be solved approximatively through simulations.

While only providing approximate solutions, simulation methods can be applied even in highly com-

plex situations that maybe too intricate for an analytic treatment. For statistics and probability

education simulations allow to test understanding, confront misconceptions, support valid intuitions

about concepts of chance and probability and encourage an experimental and exploratory approach

to learning. In simulations we substitute a real random situation by a different experiment, which is

a model for the original but can easily be manipulated and analyzed. Computer-supported interac-

tive simulation helps to build a simplified model, where irrelevant features are disregarded, and the

phenomena is condensed in time and available to the students work. Formal mathematics is reduced

to a minimum allowing students to explore underlying concepts and experiment with varying set-ups

(Batanero et al., 2004).

Despite an acknowledged lack of empirically based studies (Mills, 2002) there is a broad consensus

among statistics educators that new computing technologies offer exciting advantages over the lecture-

and book-reading methods of instructing in enhancing student understanding of abstract concepts.

Computer simulation methods allow students to be actively involved in producing and analyzing data

and experiment with random samples from a population with known parameters for the purpose of

exploring and clarifying difficult concepts.

While simulations in probabiity usually start with a given probability law from which to generate

random data, the direction of inference in statistics is vice versa: the genuine statistics problem starts

with data and aims at inferring about a model for the data or an hypothesis related to the law

generating the data. Resampling methods have been around now quite some time. Almost 50 years

ago Tukey (1958) introduced a universal method to estimate bias and approximate confidence intervals.

Tukey’s jackknife is based on previous ideas by Quenouille (1949) to compute estimates by leaving out

some observations in order to use the omitted data for an evaluation of the estimate. Twenty years later
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Efron (1979) generalized the jackknife to the bootstrap. The idea is to base inference on the empirical

distribution or some other data-based estimate of the unavailable population. Today the bootstrap and

other resampling methods are common tools of the professional statisticans, yet the methods are barely

taught in introductory level courses. However, resampling methods can be made accessible on almost

any level. Furthermore, the bootstrap frees us from the requirement to teach inferential statistics

only for statistics for which simple formulas are available. For example, introductory statistics classes

usually discuss various concepts of location parameters. When discussing statistical inference only the

mean is considered because it can be dealt with mathematically. More robust alternatives like the

median or the trimmed mean – robust and important concepts in data oriented exploratory teaching

– are ignored because they are mathematically intractable for the novice. The bootstrap, however,

makes it just as easy to do inference with mathematically more intricate sample statistics as with the

classical mean.

Besides enabling even the introductory student to use modern methods of statistics and adding

a flexible and versatile instrument to his or her data analysis toolkit, the bootstrap is also very

instructive from a learner’s perspective. The core concept of inferential statistics is the the idea

of a sampling distribution. Resampling – like any other simulation method – allows the learner to

experience how a statistic varies from sample to sample and – with increasing number of resamples –

how an (empirical) sampling distribution evolves. Therefore, from a perspective of statistics education,

the bootstrap is much more than a tool useful in some sophisticated situations. It is an instrument to

visualize and explore basic concepts of statistical inference. Once students are familiar with simulation,

especially simulated sampling from a known population, it is straightforward to introduce the idea

of resampling. It is important to point out that now we are resampling from a sample while before

we simulated sampling from a population. Yet, in both situations one obtains a distribution, either

a simulated sampling distribution or a resampling distribution for a sample statistic. When applying

simulation, the novice experiences how the values of the sample statistic vary from sample to sample

and how the sampling distribution evolves over time with increasing number of sample or resample

observations. Simulation and bootstrapping offer a way to teach statistics and probability by using the

computer to gain direct experience and direct understanding trough graphics. While an underlying

distribution is an abstract concept, even beginners use histograms to visualize the distriubution of a

data set (Hesterberg, 1998).

2 An Activity Based Example

An elementary, yet instructive and not trivial example suitable to demonstrate many facets of im-

portant statistical concepts is the estimation of animal abundance based on the capture-recapture

method: Ideas on how to implement this experiment in an activity-based learning environment can

be found, e.g., in Scheaffer et al. (1996) and Engel (2000). In its paradigmatic version it is about

estimating the number of fish in a lake. A number m of fish is caught, marked (the capture), released

back into the lake and after a while a sample (the recapture) of n fish is taken. The number of marked

fish in the recapture – a random quantity – be denoted by k. A reasonable estimate for the population

size N in the lake is

N̂ =
m · n
k

.

Based on a one-time data collection the quality of this estimate is difficult to evaluate. A repeat

of the experiment will most likely lead to a different estimate for the population size. In a probability-

based simulation set-up we could repeat this experiment many times over to obtain an (approximate)

sampling distribution for N̂ . As a statistics problem the “lake” (or in a more abstract notion the

theoretical distribution on the random variable N̂) is not available. All we have to rely on are the
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data at hand, i.e. the sample or recapture of size n. These data – if drawn by some random mechanism

– may well be taken as a good representation of the total fish population.

Implementing the bootstrap idea, we therefore consider samples (=resamples) drawn from the

best approximation to the the population we may have: the sample.

1. Draw a sample (re-sample or bootstrap sample) of size n with replacement from the original

sample and count the number k� of marked elements in that resample.

2. Compute N̂� = mn
k� (bootstrap estimator)

3. Repeat step 1 and 2 many times over to obtain the (empirical) bootstrap distribution of N̂�,

represented e.g. as a histogram. This distribution – the bootstrap distribution – is the proxy to

the unknown sampling distribution of N̂ .

Figure 1 illustrates the procedure of the bootstrap to obtain the sampling distribution for a

sample statistic θ̂:

�

�

�

�

Sample x1, . . . , xn

Draw with Replacement

a new Sample

Repeat very often,

e.g. 1000 times

Bootstrap Sample

x�
1, . . . , x

�
n

Compute Sample Statistic

θ̂(x�
1, . . . , x

�
n)

Figure 1: Illustration of the bootstrap procedure for obtaining an approximation to the sampling

distribution for θ̂(x1, . . . , xn)

In light of the unavailable true sample distribution inference now is based on the bootstrap

distribution. Any quantity of interest, that is not available because of the unknown sample distribution

of θ̂, can be computed from the just generated bootstrap distribution, e.g. bias, standard error or

confidence intervals for θ̂.

Example 1 In above simulation experiment we “marked” m = 80 fishes and caught a sample of

n = 60 animals of which k = 13 had a marker leading to an estimate for the population size of

80 · 60/13 ≈ 369. Relying on the available sample of size 60, we resampled repeatedly 500 times to

obtain the bootstrap distribution of N̂ as displayed in Figure 2 obtaining a 95% confidence interval of

[250; 600] by cutting off 2.5% from both tails. 1 Furthermore, it is easy to compute the standard error

as the standard deviation of the bootstrap distribution to obtain a value of 78.68. Also, an estimate

for the bias of N̂ can be computed as difference between the average of the bootstrap distribution and

the estimate of N̂ in the original sample: 321.058 − 240 = 81.058.2

It is instructive to consider how modern software allows implementing the bootstrap. Above

histogram in Figure 2 has been created with the educational statistics package Fathom. In Fathom it

1Based on the hypergeometric distribution for the number k of marked elements it is here possible to compute the

exact 95% confidence intervals of [218; 480] while a probability simulation (based on the total population) resulted in a

95% confidence interval of [228; 485].
2The true population size in the simulation example is N = 310.
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Figure 2: Bootstrap distribution of the estimated population size: Implementation in Fathom (left)

and histogram (right)

is very natural to implement a resampling procedure like the bootstrap. After defining a collection or

data set (the “pond”) containing some pre-specified number of fishes of which m elements are marked,

we draw the recapture sample. The bootstrap here is a simulation based on the ‘sample of pond’ and

not on the original collection. The number k of marked elements in the ‘sample of pond’ as well as

the quantity ‘Nhat’ is computed as what is called in Fathom a measure. Then 500 of these measures

are collected to be represented in a histogram (see Figure 2).

The professional statistician prefers a more flexible and powerful software, in particular when

considering a complex sample statistic. To implement the bootstrap in R for the Capture-Recapture

bootstrap requires a few lines of code only. The following R commands produce a histogram similar

to Figure 2.

CapRecapBoot<-function(n,m,B){

pond=append(rep(1,m),rep(0,(N-m))) # Define pond

samplepond=sample(pond,n,replace=FALSE) # Sample or recapture

k=sum(samplepond)

Nhat=n*m/k # Estimator for N

Nhatstar = matrix(0,B,1) # for estimates based on resamples

for (b in 1:B){ # main loop for bootstrap

resampleindices = ceiling(n * runif(n))

Nhatstar[b]= n*m/sum(samplepond[resampleindices])

}

hist(Nhatstar)

}

Note, that the distribution of N̂ is biased and skewed to the right. In fact, if n +m < N , there is a

positive probability of having no fish at all in the recaptue implying an estimate of infinity. Therefore,

to avoid an infinite bias of the population estimate, Seber (1973) suggests to estimate N by

N̂1 =
m · (n + 1)

k + 1
− 1.
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3 Content Analysis: Plug-in and Monte Carlo

In a more symbolic notation, the bootstrap can be characterized as follows: Given an unknown

distribution F , we are interested in some parameter θ = θ(F ) depending on the distribution F . Based

on n observations x1, . . . , xn let θ̂ = θ̂(x1, . . . , xn) denote an of estimate θ. Observe that θ̂ is a random

quantity whose distribution depends on the unknown F . To be precise, we denote this dependence

by θ̂(x1, . . . , xn|F ). With F being unknown the distribution of the random variable θ̂ is not available

which is the source of the trouble. To resolve the situation, the bootstrap consists of two steps: a

statistical part based on a plug-in idea and a numerical part based on a Monte-Carlo simulation:

1. Plug-In Step

The unknown distribution θ̂(x1, . . . , xn|F ) is estimated by simply replacing F with the empirical

distribution F̂n given as

F̂n(x) =
1

n
#{xi|xi ≤ x}.

Therefore, the distribution of θ̂ ist estimated by θ̂(x1, . . . , xn|F̂n): the Bootstrap distribution.

2. Monte-Carlo Step

With n original observations the sample space for the bootstrap replicates is finite but generally

very large, consisting of nn elements. This is the number of different resamples (with replace-

ment) of a sample of size n. While this sample space has a simple Laplacean uniform distribution,

the distribution of the sample statistics θ̂(x1, . . . , xn) is – except in some very special situations,

see below – very difficult if not impossible to compute analytically.

To obtain the distribution of θ̂(x1, . . . , xn|F̂ ) we resort to simulations: We simulate by drawing a

sample of size n from F̂n , denoting it by x�
1, . . . , x

�
n (the bootstrap sample), which is nothing but

a resample from the original data. Then we compute the corresponding estimate θ̂(x�
1, . . . , x

�
n).

Repeating this many times over and over again, say B times, results in an empirical approxima-

tion to the bootstrap distribution.

Remarks

1. Instead of the empirical distribution F̂n we could use as well any other estimate of F like a

smoother kernel estimate resulting in the smoothed bootstrap. If we have reasons to believe that

F belongs to a certain parametric family of distributions, a parametric estimate of F may be used

leading to the parametric bootstrap. However, one of the great advantages of the bootstrap over

classical methods of statistical inference is its applicability for modern robust and nonparametric

statistical methods avoiding unrealistic assumptions.

2. There are situations where the (exact) bootstrap distribution can be computed analytically.

Then the Monte Carlo Step is not necessary. Consider an odd number n = 2m + 1 of pairwise

distinct data and look at the median as the quantity of interest. By increasing order of the data

x(1) < x(2) < . . . < x(n) we have that θ̂ = x(m+1), i.e. we estimate the population median by the

sample median. Each resample x�
1, . . . , x

�
n has as median θ̂� one of the resampled data (n still

being odd), hence one of the original data points. Obviously, we have θ̂� ≤ x(i) exactly when at

least (k + 1)-times one of the i data has been drawn that is less or equal x(i), i.e. we have for

i = 1, . . . , n

P (θ̂� ≤ x(i)|X1 = x1, . . . ,Xn = xn) =
n∑

k=m+1

(
n

k

)(
i

n

)k (
1− i

n

)n−k

This example illustrates that the bootstrap distribution can be computed without simulations.
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3. It is important to note that we are dealing with two distinct approximations: the (exact) boot-

strap distribution is a proxy for the distribution of the original sample statistic. The quality

of this approximation depends on the original sample size n which is usually very costly to in-

crease (collecting more data). A diferent approximation is the empirical bootstrap distribution

approaching the exact bootstrap distribution. This spproximation is governed by the number of

replicates B. Increasing the number of bootstrap resamples is very cheap in times of plunging

hardware prizes and ever more powerful software.

4 When does Bootstrap work: An Issue for Teaching?

The bootstrap may be an instructive, very useful and intuitively reasonable algorithm, but does the

method really produce reasonable results? Some of the enthusiam about the bootstrap method was

founded on the misunderstanding that mathematics (as the basis in classical inference) is replaced by

mere computing power.

Sound statistical inference is based on the sampling distribution of θ̂(x1, . . . , xn|F ), but with

the bootstrap we infer from θ̂(x1, . . . , xn|F̂n). To achieve valid conclusions requires that these two

distributions are close to each other, at least in some asymptotic sense. Hence, we need a continuity

argument to guarantee that the bootstrap is more then a “stab in the dark” (Young 1994).

To formalize, we have to show that these two distributions – appropriately normalized – converge

to the same limiting distribution. For broad classes of situations this is possible to prove mathemati-

cally, but requires highly advanced methods whose foundation is the theory of empirical processes and

their convergence (see, e.g. Hall 1992, Mammen 1992).

To illustrate the required convergence, we resort to the previous example of the capture-recpature

estimate. The distribution of marked elements in the resample is a typical case of a hypergeometric

distribution

k ∼ H(N,m,n), i.e.

P (k = i) =

(m
i

)(N−m
n−i

)
(N

n

)
while for for the Bootstrap distribution of marked elements in the resample we have (drawing with n

elements from the resample, where k out of n elements are marked)

k� ∼ B (n, p) i.e.

P (k� = i) =

(
n

i

)
p(1− p)n−i with p =

k

n

Now it is straightforward that |P (k = i) − P (k� = i)| → 0 as N,m,n → ∞ with m/N → p. As

consequence the distributions of N̂ =
mn

k
and N̂� =

mn

k�
convergerge to each other.

It is instructive to consider elementary examples where the bootstrap methods fails. Consider

the ”Frankfurt Taxi Problem” (A. Engel, 1987): in Frankfurt taxis are presumably numbered from 1 to

N . After arriving at the train station you observe n taxi cabs numbered by x1, . . . , xn. The maximum

likelihood estimate for the total number of taxis N is θ̂MLE = max(x1, . . . , xn). It is straightforward

to show that the distribution of n(θ − θ̂MLE) is exponential with parameter 1/θ which implies in

particular that – as for any continuous distribution – the value 0 is assumed with zero probability.

The bootstrap distribution for n(θ − θ̂) is the distribution of n(θ̂ − max{x�
1, . . . , x

�
n}), where θ̂ = xi

for some i ∈ {1, . . . .n}. We obtain a value of 0 with that probability for which the element xi is

being resampled. However, it is well known (compare the “rencontre problem”) that this probability

converges towards 1− 1/e, hence not towards the value 0 provided by the exponential distribution.
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5 Summary

It is well known that the meaning of a sampling distribution for statistical inference is very hard

for students to grasp. Computer simulation lets students gain experience with and intuition for these

concepts. The bootstrap provides a prominent opportunity to enhance that learning in view of genuine

statistical reasoning, i.e. in situations where we have data but do not know the underlying distribution.

For the mathematical statistician the bootstrap is a highly advanced procedure whose consis-

tency is based on the convergence of empirical processes, for users of statistics it is mainly a simulation

method and an algorithm. For a sound understanding and appropriate handling any user should be

aware that random and chance enter at two distinct points: in the Plug-In step by considering the

distribution of the sampling statistics under F̂n resulting in the bootstrap distribution and in the

Monte-Carlo step by obtaining an empirical approximation to the exact bootstrap distribution. There

are situations that allow to compute the exact bootstrap distribution, i.e. then the Monte Carlo step is

not needed. In the vast majority of situations the bootstrap distribution is not tractable analytically.

Then simulation from the empirical distribution F̂n yields an empirical approximation to the bootstrap

distribution. This approximation can be made arbitrarily close by increasing the bootstrap sample

size, given the availability of sufficient computing power. In contrast, the asymptotic equivalence of

the bootstrap distribution and original distribution of the sampling statistic is far from being trivial

and is based on convergence results for empirical processes.

A great deal of research efforts on learning and instruction over the last decades focuses on how

to take advantage of modern technology to support learning. The availability of modern technology

also influences the content of teaching considered valuable and worthwhile. Moore (1997) speaks of

synergy effects between technology, content and new pedagogy. Working with technology may influence

qualitatively the thinking of learners about mathematics. New content reflects the computer-intensive

practice of modern statistics. The bootstrap is a prime example for synergy between technology,

content and new insights into the learning process. The method is based on a conceptually simple

idea that is generally very useful and instructive. Without available cheap computing power the

bootstrap is not feasible. As for any simulations in probability and statistics, the bootstrap can be

implemented in an activity-based, exploratory and experimental learning environment. While the

method in its first three decades has been mainly a very useful method for the expert data analyst,

time has come to take advantage of its great potential to enhance learning of concepts in inferential

statistics.
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Introduction
Much of the literature on the teaching and learning of statistics has identified statistical reasoning as

an important outcome in an introductory course in statistics (e.g., Garfield, 2002; delMas, 2004.). Current
recommendations (e.g., GAISE guidelines, see Franklin and Garfield, 2006) for curriculum and assessment
in introductory statistics courses have also focused on the development of students’ statistical reasoning. As
statistics educators adapt their courses to implement these recommendations, their curricula and assessments
are changing to reflect this greater emphasis on conceptual understanding and statistical reasoning rather
than computations and procedures. In particular, many of these changes involve using simulations in the
classroom. This paper describes a teaching experiment that took place over a one semester introductory
college statistics course, in which a series of simulation activities was implemented and the development of
students’ statistical reasoning was examined in an effort to help evaluate the course and materials.

Literature on Using Simulations to Teach Statistics
Simulations have become increasingly common in the tertiary statistics course. Both statisticians

and researchers have recommended the use of simulation within an introductory statistics course to support
specific instructional efforts. (see Chance and Rossman, 2006). Simulation is now an important tool used by
statisticians to solve problems, and simulations can also help students visualize and build a deep
understanding of difficult and abstract statistical concepts (Burrill, 2002; Maxara & Biehler, 2006).
Simulations allow students to see dynamic processes, rather than static figures and illustrations. Simulations
are one of the best ways to promote a deeper understanding of statistical concepts by allowing students to
pose "what if" questions and test those questions using data (Garfield & Ben-Zvi, in preparation). For
example, what happens to the shape, center, and spread of a sampling distribution if the sample size is
increased? Simulations can also be used to help students understand random processes and outcomes, seeing
that a random variable can have an unpredictable outcome yet have a predictable pattern over the long run.

Simulations allow students a way to informally address questions involving statistical inference,
before formally studying this topic later in class. For example, in a class designed experiment to test whether
students can correctly identify Coke or Pepsi in a blind taste test, students can compare the experimental
results to what might have happened due to chance, determining whether their result is just due to chance, or
leads them to believe something else. This can be done without any formal hypothesis testing, by simulating
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what data would result if a student was just guessing.
Simulations provide a way to actively engage students in making and testing conjectures about data,

developing their reasoning about statistical concepts and procedures. Simulations can encourage students to
develop their analytical reasoning by requiring them to analyze processes and set up a series of steps for
predicting outcomes (i.e., modeling) (Gnanadesikan, Scheaffer, & Swift, 1987). For example, students can be
asked to predict what will happen if a "One Son" policy is enforced, limiting families to one son. They can
reason about what the average family size might be and what the ratio of boys to girls would be. This can
then be tested by simulating births, collecting simulated data on family size that can be graphed and
summarized to answer the research question. The actual data can be compared to students’ conjectures,
motivating them to reason about differences between what they predicted and what might actually occur.

Despite the widespread agreement on the importance of simulation (see Scheaffer, 2001) and the
numerous tools and activities available for use in teaching statistics (see Mills, 2004) there is a lack of formal
evidence to support the use of simulation in developing students’ statistical reasoning. In two
experimental studies, Lane and Tang (2000) and Wackerly and Lang (1996) found that students who had
used simulations outperformed students who had not. Schwartz, Goldman, Vye, and Barron (1998) reported a
modest increase in students’ performance with the use of simulations. Other research on simulation has
suggested that simulation was especially effective when coupled with questions that focused students’
attention to relevant features or characteristics of the simulation (e.g., delMas, Garfield, & Chance, 1999).

Overview of the Study
The main research question used to guide this study was: What is the pattern of change in students’

development of statistical reasoning for students taking an introductory statistics class which involves
simulations throughout the curriculum? Four sections of an undergraduate class of liberal arts students
(n=120) were taught an innovative introductory statistics course in which nine in-class, small group
simulation activities were embedded. Data were gathered at different times in the course to examine students’
growth in statistical reasoning as a way to evaluate the course, which depended heavily on the use of the
simulation activities. Because the modeling of change requires individuals to be measured in temporal
sequence, a repeated-measures design was employed. Students enrolled in the course were assessed on their
statistical reasoning three times during the semester: on the first day of class, after the midterm exam, and on
the last day of class.

Subjects/Setting
The study participants consisted of n=120 undergraduate students, each enrolled in one of four sections

of a one-semester, non-calculus based introductory statistics course taught in a College of Education at a
large Midwestern university in the United States during the spring semester of the 2006/2007 school year.
Three different instructors taught these four sections. The class met in a computer lab for an hour and fifteen
minutes twice a week. The students were typically female social science majors (90% females and 10%
males) who were enrolled in the course to complete part of their major requirements.

This particular introductory statistics course was designed so that it was aligned with recent Guidelines
for the Assessment and Instruction in Statistics Education (GAISE) endorsed by the American Statistical
Association (ASA; American Statistical Association, 2005). In addition, the course materials were based on
what has been learned from the research literature on teaching and learning statistics (e.g., Garfield & Ben-
Zvi, in preparation). The research guided both the structure of the course (i.e., scope and sequence) and the
instructional methods used within the course.

Lesson plans for every instructional session, which included class goals, discussion questions and a
sequence of activities, were used by the instructors to help provide greater consistency across the multiple
sections of the course. The three instructors also met regularly throughout the duration of the course to
further maintain consistency between the sections.
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Simulation Activities
Nine in-class simulation activities were used throughout the course. These simulations took one of

three forms: (1) physical simulations of data to answer a research question, (2) computer simulations to
illustrate an abstract concept or process, or (3) simulations used to informally test whether an extreme sample
result could be attributed to chance or to some other factor. The computer simulations used either the
Sampling SIM software tool (delMas, 2001) or applets at the http://www.rossmanchance.com/applets website.
The simulations were integrated throughout the entire course, from the first unit on Data to a final unit on
Inference. Each of the nine simulation activities are described below in the order in which they were
introduced in the class.

1. The One-Son Modeling Activity. Students address the question of what would happen if a country
had a policy that limited each family to one son. How would this affect average family size and the
ratio of boys to girls? Students first generate simulated data (boy and girl births) using slips of paper,
then coin tosses, and finally a computer simulation program. The data are graphed and examined to
answer the two questions of interest.

2. Let’s Make a Deal Activity. Students explore two strategies to determine if one strategy has a higher
chance of wining than the other. They model the two strategies using playing cards to generate data.
They also simulate the activity using a Web applet to see if the trends become clearer with more data.
The resulting data, which are often counterintuitive, are used to help students see that their intuitions
about chance events may be incorrect, and further that simulation is a powerful and useful way to
generate data to estimate probabilities.

3. Sampling Words Activity. Students take what they believe is a representative sample of words (a
judgment sample) from a given passage (population). They also draw a random sample of words
from the same passage. Each student’s average word length is plotted for both samples and
differences between the two plots are examined (especially in reference to the population average).
Students then use a Web applet to simulate the drawing of several random samples of words which
helps demonstrate several desired qualities of random samples.

4. Cola Taste Test Activity. Students design and carry out an experiment which consists of multiple
blind taste tests of two colas, to determine if students in the class are able to correctly identify the
colas. After the randomized experiment is compete and data are gathered, students use software to
simulate data so that they have a distribution of possible results to compare their sample to, in order
to judge if it is surprising or not.

5. Sampling Reese’s Pieces Activity. Students make and test conjectures about the proportion of orange
colored Reese’s Pieces candies. They take physical samples from a population of colored candies
(Reese’s Pieces) and construct distributions of sample proportions. Students then use a Web applet to
generate a larger number of samples of candies, allowing them to examine the distribution of sample
proportions for different sample sizes.

6. Generating Sampling Distributions Activity. Students use two different Web applets to simulate
samples and sampling distributions of sample means from two populations, one that is skewed right
(word lengths) and one that is skewed left (dates on pennies). Students generate sampling
distributions of the sample mean for increasingly larger sample sizes and use them to investigate and
describe any predictable or common patterns that emerge, despite the differing original population
shapes.

7. Describing the Predictable Pattern: The Central Limit Theorem Activity. Students use Sampling SIM
Software to investigate the impact of sample size and population shape on the shape of the sampling
distribution, as well as to distinguish between sample size and number of samples.
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8. Balancing Coin Activity. Students gather data using sets of 10 coins balanced on their edges to count
the proportion of times they fall landing head side up. This proportion is used to test a null
distribution based on equally likely outcomes. The idea of the p-value is examined visually and
conceptually, and then simulated p-values are found using Sampling SIM software. The
argumentation metaphor is also used to help explain the logic of testing hypotheses.

9. Reasoning about Confidence Intervals Activity. Students develop their reasoning about confidence
intervals by using simulation to make and test conjectures about factors that affect confidence
intervals (e.g., level of confidence, sample size). They also have opportunities to discuss common
misconceptions as they critique interpretations of confidence intervals.

Assessment Instrument
To measure change in students’ statistical reasoning, the Statistics Thinking and Reasoning Test

(START) was administered three times during the semester. This scale consists of 14 multiple-choice items
from the Comprehensive Assessment of Outcomes in a First Statistics Course (CAOS; Garfield, delMas, &
Chance). The 14 items were identified through a principal components analysis (using a Varimax rotation)
performed on CAOS data gathered in Fall 2005 and Spring 2006 (n = 1470). An Alpha Coefficient based on
these 14 items from that data set was calculated to be 0.74. A review of these items also suggested that they
were representative of the content domain of CAOS and measured both important and difficult aspects of
students’ statistical reasoning.

Results
Data were gathered during Spring semester 2007 and were analyzed using linear mixed-effects models

(LMM) to examine these patterns of students’ development of statistical reasoning. The results will be
presented at the ISI conference, along with a discussion and implications for teaching as well as for future
research.
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RÉSUMÉ (ABSTRACT)
We present three different uses of simulation in an introductory tertiary statistics course that is aligned with current
Guidelines for Assessment and Instruction in Statistics Education (GAISE, http://www.amstat.org/education/gaise/).
These three types of simulations are: using random devices to model real world phenomena, using computer
simulations to illustrate abstract concepts, and using computer simulations to informally test hypotheses. The
repeated use of these three types of simulations throughout an introductory course is described. Assessment data
will be presented to examine the effectiveness of a course which embeds these simulation activities.
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Discussion on “IPM 40”

Andrej Blejec
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ABSTRACT

All three papers are well focused on the topic “Research on the use of simulation in teaching statistics
and probability”.
The paper by Christou, Dinov and Sanches is focused on the analysis of effects of use or not use
of simulation tools that are known as SOCR. Controlled experiment of three teachers teaching two
different introductory statistical courses and using three (or four?) SOCR based simulation activities
is described. Preliminary results are showing small (about 4 points out of 100) yet statistically signif-
icant effects of use of simulation tools on the average final examination score.
The paper by Zieffler and Garfield describe a teaching experiment in which a series of simulation
activities was implemented and the development of student’s statistical reasoning was examined. It
is interesting, that simulations were conducted in both, analog and digital way. First the real life
situation was simulated by the use of the physical randomness generator (such as coins, slips of paper,
words from the given text, colored candies) and then by the use of computer with specially prepared
programs and web applets. This strategy, which involves the relation of real situation to a physical
randomness model and then abstraction of the physical model to the virtual computer generated ran-
domness, seems to help students to recognize “honesty” of computer generated randomness.
The paper by Engel is different from the other two and is not describing the results of effects of
simulations in real teaching. Engel describes a rather unexplored possibility of using simulation and
capture-recapture method for teaching the effectiveness (and also limitations) of the bootstrap tech-
nique.
It is encouraging, that careful research and teaching experiments are performed to support widely
accepted, yet mostly anecdotal, belief that computer based simulations can contribute to and enhance
students’ statistical reasoning and understanding of statistical concepts.

Keywords. Teaching; simulation; statistics; probability; experiment; bootstrap.
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We are delighted to have the opportunity to comment on three stimulating papers. Despite the fact that 
each paper is brief, they succeed in conveying two major challenges currently faced by statistics educators. 
The first challenge is the dissonance between students living in an interactive technology-driven environment 
and students learning in a paper and listening teaching environment. The second challenge is breaking the 
reliance on classical mathematical arguments to embrace empirical, exploratory approaches to understand 
statistical and probability concepts. Two articles describe preliminary research on undergraduate students’ 
understanding of concepts through the use of simulations, with neither article presenting any definitive 
results at this stage, while the third article addresses the rationale for teaching statistical inference using the 
bootstrap method. In these comments we will discuss issues arising from each paper and then close with 
some general comments on simulations.  

Christou, Dinov, and Sanchez present a preliminary evaluation of their interactive simulation applets in 
terms of students’ achievement. However, it is uncertain about whether there were differences in 
performance between treatment and control groups. A premise of this research appears to be that preferred 
learning styles, attitudes, prior knowledge and demographics may impact on the effectiveness of simulations 
for conceptual understanding. Consideration could be given to other factors, such as the teacher, the learning 
culture and educational environment set up by the teacher, and the simulation task design. For example, the 
three sample activities presented appear to be implicitly stating that students can build conceptual 
understanding with coin tossing analogies or context-free distributions. Do students’ concepts of the Central 
Limit Theorem simulated through context-free distributions transfer to contextually-based distributions? 
Many researchers (e.g., Watson, 2006) believe students should experience sampling reasoning in many 
different contexts. Should students, for example, simulate drawing random samples of different sizes from 
actual light bulb lifetime data or shoe size data as well?  

Zieffler and Garfield, on the other hand, describe nine simulation activities that are a mixture of social 
context and gambling-type problems. In the Cola Taste Test activity an experiment is conducted physically 
by the students and then simulation software is used to conceptually understand whether experimental results 
were surprising or not. Zieffler and Garfield’s implicit premise appears to be that effective use of simulations 
requires presenting students with a contextually-based problem, involving students in a hands-on physical 
activity or hands-on simulation, and then from that understanding move students to the computer simulation. 
Notably this premise is not applied to the Central Limit Theorem and Confidence Intervals activities and a 
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question is why not? Another question is whether Zieffler and Garfield’s main approach to students using 
simulations is more effective than students using solely computer simulations.  

The simulations described by both articles require the predominant use of visuo-analytical reasoning 
where students experience and reason from dynamic diagram shapes requiring a visual analysis with some 
summary statistics displayed. When students see these simulations what facets do they attend to or notice? Is 
their attention on the visual display with their reasoning focused on shapes and colors or is it on the statistical 
summaries? How do they cognitively integrate both types of information? Furthermore, does the design of 
the presentation on screen facilitate or hinder conceptual development? Did these authors take into account 
research on screen perception (e.g. Sweller, 1988)? Simulations provide powerful ways of comprehending 
statistical concepts but how can we be sure that students really understand what they perceive on the screen? 

Engel promotes the idea that bootstrap or resampling methods have the potential to change the way 
students are introduced to inferential statistics. Since the core concept of inferential statistics is the sampling 
distribution, he argues that resampling methods allow the learner to experience and visualize how such a 
distribution evolves. Since the 1970s Julian Simon (e.g., Simon, Atkinson, & Shevokas, 1976) has been a 
major proponent of using resampling methods with tertiary and secondary students as his research suggests 
students obtain a better understanding of statistical principles. Other statisticians, such as Scheaffer (2000), 
support this view and believe that such methods should be introduced to students learning statistics. Statistics 
education packages such as Fathom (Key Curriculum Press Technologies, 2000) now exist so that teachers 
have access to resampling methods as a way of introducing students to inferential reasoning. Resampling 
methods may be common tools for professional statisticians but how should they be taught to teachers 
enmeshed in a traditional mathematical approach? Based on our limited experience we conjecture that 
teachers may approach resampling methods, for example, as a formulaic method to set up hypotheses and 
obtain P-values. We believe that the challenge will be to enculturate teachers into the way of reasoning and 
talking about the inferential ideas present in resampling methods.  

Based on these three articles there is no doubt that the statistics classroom of the future will incorporate 
interactive computer simulations and be more closely aligned to how students intuitively learn new 
technologies presented in their everyday lives. Exploration, experience, statistical ways of thinking and 
reasoning are at the heart of simulations. Simulations offer new approaches to understanding the conceptual 
underpinnings of statistical methodology, one that should be embraced, as the statistics discipline releases its 
reliance on a mathematical approach and reclaims its roots as an empirical science.  
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ABSTRACT

www.CAUSEweb.org provides an extensive digital library of resources for statistics instructors as
part of the National Science Digital Library system funded by the U.S. National Science Foundation.
CAUSEweb now contains more than 1700 items in the resources collection, more than 2200 items
in the statistics education research literature collection, and hundreds of items providing services
or miscellaneous enhancements to community members (calendar entries; job opportunities; archival
audio, video and presentations from other CAUSE programs; and collections of statistics cartoons
quotes, jokes, and songs for free course use are all examples). CAUSEweb’s seven thousand unique
visitors per month can quickly locate these resources using an advanced search over any of the more
than 20 Open Archive Initiative compliant metadata tags. Selected materials in this digital library are
submitted for review by the editorial board made up of prominent statistics educators. The reviews
follow the format of CAUSE’s partner organization, the Multimedia Educational Resource for Learning
and Online Teaching (MERLOT) and focus on content quality, effectiveness for teaching, and ease of
use. As CAUSEweb moves forward, new emphasis is being placed on enriching items in the collection
with associated lesson plans and student assessment items.

Keywords. Digital library, statistics education.
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Official statistics agencies aim to expand the reach of their products to different user groups, and face
various challenges when trying to align their dissemination plans with the needs, skills, and expectations of
learners and educators from diverse backgrounds. This paper focuses on Internet-based educational
resources published by official statistics agencies, and raises the need for a model describing key desirable
features of such resources. The paper outlines possible building blocks of such a model and illustrates its
application in the analysis of selected features of Web-based products from three statistics agencies.
Suggestions are made for research and development steps in this area, and for future quality standards,
which can increase the contribution and benefit of educational products both to statistics agencies and to
their users.

Background: The Internet and Statistics Education
The Internet is increasingly used to provide access to educational resources in diverse areas.

Possibilities for using Web resources in statistics instruction at all educational levels are broad and
increasingly broadening. Garfield, Hogg, Schau, and Whittinghill (2002) reported survey results showing
that many college teachers use the Web to enable students access to data sets, diverse types of applets, and
discussion groups. Students can become familiar with the collection of official statistics as part of the Census
at School project (http://www.censusatschool.org/) promoted in a number of countries, and can access many
types of official statistical data for use in classroom projects. Several Internet-based simulations were
developed to illustrate statistical principles and processes such as sampling. These and other important Web-
based resources, such as specialized guides and project ideas for teachers and students, are discussed in
various sources (e.g., Mulekar, 2000; Phillips, 2003).

The rapid maturation of Internet-based resources for statistics education is also manifested in
scholarly research. Review articles (e.g., Mills, 2002, on simulation programs) suggest that a sufficient
number of materials has already accumulated to enable an overview in certain subareas. Attention is also
being given to the need to develop evaluative criteria (Belli, 2003) and assessment tools (Garfield, delMas &
Chance, 2003). Utts, Sommer, Acredolo, Maher, and Matthews (2003) quite recently examined the impact of
a hybrid course using both class-based and Internet-based modes of instruction, which was developed in light
of the need to rethink and adapt learning processes to diverse students and to increasing enrollment numbers.
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Internet-based resources for statistics education are being developed by diverse actors, such as
educators in schools or colleges, research groups, professional associations, or governmental bodies
interested in education. This paper focuses on educational products created by official statistics agencies (or
‘national statistics offices’) and on the need to delineate their characteristics and establish clear quality
standards for them.

Official Statistics Agencies and their Educational Products
Official statistics agencies are responsible for conducting a variety of data-gathering, analysis, and

dissemination activities on a national or international basis, primarily to provide information to policy-
makers and public officials. However, they increasingly attend to other user groups, such as businesses and
employers, administrators, researchers and citizens at large (Murray & Gal, 2002). In order to serve the
information needs of such diverse users, agencies produce many services and products, such as statistical
indicators, executive summaries, press releases, reports, aggregate tables, or data files. Yet, over the last two
decades, numerous statistics agencies have also invested in dedicated products for educational purposes that
are mainly accessible through the Internet.

General products of statistics agencies, although not designed with educational uses in mind, can be
used by educators and students. Possible applications have been described, for instance, by Gelman, Nolan,
Men, Warmerdam, and Bautista (1998) who explored the use of press releases, and by Gal (2003a, 2003b)
regarding press releases and executive summaries or research briefs. Yet, general products of statistics
agencies can be used for statistics education, only if a teacher (a) can locate those relevant to his or her needs
from among the many hundreds of items that exist on each agencies’ Websites, and (b) has a clear
conception for how, when, and for what purposes to incorporate such general materials (most of which are
created for trained users who are familiar both with statistics and with the subject matter) into classroom
activities, taking into account his or her students' needs and characteristics. However, locating and adapting
such general materials to local circumstances are complex processes (Gal, 2003b).

Given the above concerns about the suitability of general products of statistics agencies for educational
purposes, the present study focuses on the educational potential of dedicated educational products which
statistics agencies publish specifically for teachers or students. Dedicated educational products may take
diverse forms. They could include lesson plans describing general issues in learning statistics and explaining
how they can be taught by using data related to the special thematic areas of the agency. They could suggest
ways for using any of the agency's general products for statistics education, such as how to use existing data
tables as part of students' projects. They may also include specialized datasets with accompanying
documentation created expressly for educators. These examples do not cover all possible types of dedicated
educational products, but suggest that many types or variants are possible.

In our view, the interest in the characteristics of such products and in improving their range and quality
should be shared both by statistics agencies as well as by educational communities. From the point of view
of statistics agencies, educational products can be a significant component in their dissemination plans, and
can serve various functions such as building users’ skills, improving the public’s trust and loyalty, and more
(Ho, 2005; von Oppeln-Bronikowski, 2006). From the point of view of educators working in schools,
colleges, and adult education contexts, educational products of statistics agencies are important for several
reasons: (1) Statistics agencies operate outside formal educational systems and hence bring extra independent
resources and additional public funding into the educational arena. (2) Statistics agencies offer users Web-
based access to products based on up-to-date data collected through credible methodologies. (3) The data and
reports from statistics agencies cover a very wide range of topics that reach far beyond what students
themselves can collect through classroom based efforts. (4) The data and reports address topics of social and
civic relevance.

Taken together, these arguments imply that educational products of statistics agencies can engage
diverse types of learners with meaningful statistics on a broad range of current issues and this has
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motivational benefits. Thus, such products can be of interest for teachers and students engaged in learning
statistics. It follows that statistics agencies and educators should work together to find ways to improve the
range and quality of educational products offered by official statistics agencies, as this can be valuable for all
parties involved and eventually benefit society. However, for such collaboration to happen, there should be a
mutually shared set of ideas, or a model, regarding the desired characteristics of educational products of
statistics agencies, to which all parties could refer when developing or evaluating educational resources. So
far, a comprehensive model has not been proposed in this regard. As a first step towards that end, this paper
outlines possible building blocks of a model describing key desirable features of Web-based educational
resources from statistics agencies, and illustrates the model’s applicability through the analysis of selected
features of products posted by three statistics agencies.

A Proposed Model of Desired Characteristics of Educational Products from Statistics Agencies
Based on literature regarding the uses of educational technology and Web-based education or e-

learning (e.g., Liu & Johnson, 2004), and on our own work, we developed a working model which can serve
as a conceptual tool for analyzing key features of educational products posted by official statistics agencies
to support the learning or teaching of statistics. The proposed model has at this preliminary stage of
development three main dimensions, Content, Pedagogy, and Technology, which are outlined below:

Content. This dimension relates to the statistical topics and contextual themes and terminology of the
educational products. It examines specifically the following three aspects:

• Thematic coverage: what is the statistical content, and in what contextual themes within which the
statistics is covered (e.g., science, demography, etc.).

• Purpose: what is the declared purpose of the materials, using as a first approximation the categories of
statistical literacy (e.g., familiarity with basic statistical terms, ability to think critically about data and
about common statistical arguments), statistical reasoning (e.g., more fundamental understanding
about statistical procedures such as calculations, graphing), or statistical thinking (ability to solve
more complex problems in statistics).

• Information and data: What are the sources or types of data to which the materials relate, such as
materials based on census, survey samples, experiments, public information repositories (e.g.,
cumulative information regarding people served by different agencies or organizations), and so forth.

Pedagogy. This dimension relates to the pedagogical and educational tools and considerations of specific
products, including:

• Educational resources: from plain raw materials which may serve as building blocks for lesson plans,
to complete learning units, project suggestions and curricular solutions.

• Instructional modalities: expert/teacher-based (such as lecture, ask-an-expert, tutor-support) or
student-based (peer interaction or reviewing, structured group activity, project-based instruction, as
well as effective use of both the dynamic and visual (or even auditory) possibilities that a modern
Website offers, such as the use of interactive displays and simulations, or posting of adaptive quizzes).

• Educational tools: tools that support cognitive functions, for example, tools for the creation of
materials that support teachers’ or students' creativity and initiative, allowing them to generate and
publish their own units or artifacts.

• Target population: whether the products are designed for students/learners at different age or
educational levels, teachers, or both.

Technology. This dimension relates to features of the Website which affect accessibility and the degree of
ease with which users can find and use relevant products:

• Positioning: apparent complexity of locating educational products or of using the Website.
• Navigation tools: navigational interface features such as menus, hyperlinked access to different parts.
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• Terminology: the clarity and meaning of the language used to name Website parts or to label products.
• Search options: facilities for finding products or information on specific statistics topics.
• Communication: such as e-mail, help, and electronic forums.

Method
Given that little is known about educational products of official statistics agencies, we conducted an

exploratory study to examine the applicability of the proposed model described above. We focused on three
statistics agencies in the USA which offered dedicated educational products on their Websites. Such a
multiple-case-study approach was deemed helpful to chart changes in the offerings by the selected agencies,
and is overall an accepted way to aid the formulation of research directions in an uncharted area.

Sites. In the United States, there are ten federally-funded Principal Statistics Agencies (Federal
Register, 2002): 1. Census Bureau, 2. National Agricultural Statistical Service. 3. National Center for Health
Statistics, 4. Economic Research Service, 5. Energy Information Administration, 6. Bureau of Economic
analysis, 7. Bureau of Transportation Statistics, 8. Bureau of Justice Statistics, 9. Bureau of Labor Statistics,
10. National Center for Education Statistics. Each agency is autonomous and it collects, compiles, and
reports data and findings within its designated area. Yet all agencies, together with several other statistical
units and organizations, are members of the Interagency Council on Statistical Policy, and all can be
accessed via the FedStats portal (www.fedstats.gov/agencies). The present study focuses on these agencies
because they operate within a single national and cultural context and relate to the same general educational
arena, hence their educational products can be more easily compared.

Procedure and instrument. Internet sites of all ten agencies were accessed twice, in March 2004 and
again in March 2007. In March 2004, we found that only three of the ten federal agencies (U.S. Census
Bureau, National Agricultural Statistical Service, and National Center for Health Statistics) carried dedicated
educational products focused on learning statistics. The remaining seven agencies did not post such
educational resources, although some did carry other products geared for educators or students but unrelated
to statistics learning, such as quizzes or lesson plans in the thematic areas with which the agency or its parent
department (i.e., ministry) are involved. A re-analysis of the same three Websites in March 2007 showed that
they carried the same products, i.e., none of the agencies introduced any changes in the course of the three
intervening years. Thus, the results below describe the situation found both in 2004 and in 2007.

The three Websites analyzed were examined from the point of view of a teacher who is looking for
materials that can support statistics learning by students from elementary school to college levels. A semi-
structured protocol was developed with a focus on two of three areas in the proposed model, content and
technology. Regarding Content, we examined the presence and features of three types of products, lesson
plans, project suggestions, and data sets, and whether these are designed for students, teachers, or both. We
also examined several aspects of Technology listed in the model: Positioning and Navigation (apparent
complexity of locating educational products or of using the Website), Terminology (the clarity and meaning
of the language used to name parts of the Website, or to label products), and Search options (facilities for
finding products or information on specific statistics topics). Given the number of facets in the model on the
one hand, and the exploratory nature of our work on the other, it was not deemed necessary to apply all
facets of the model, but to first test its applicability by focusing on a subset of elements in the model.

Results
The Websites of the three agencies chosen for analysis differed substantially in the range and number

of materials dedicated to statistics education, as well as in how they are accessed. Table 1 presents
observations regarding one aspect of Technology, the location of resources aimed at teachers, as well as
observations regarding the content and format of lesson plans. These aspects do not cover of course all topics
subsumed under Content and Technology, yet help to sketch the nature of dedicated educational products
created by official statistics agencies and can point to areas of interest for future research and development.
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Table 1: Descriptions of selected aspects of Technology and Content for three Websites.

Agency Technology: Location and
organization of teacher materials

Content: Lesson plans

U.S. Census
Bureau 1

Available via homepage, under "For
teachers". About 5-6 lesson plans and 
activity suggestions for teachers in
each of three grade groupings: K-4,
5-8, 9-12, as well as for English as
Second Language and Adult learners,
and for teachers in certain US
territories such as American Samoa
and Puerto Rico.

Lesson plans focused on "Census at
School" theme. Designed to help students
understand how the census operates and its
uses and contributions. Some lesson plans
touch on sampling and data collection
topics, using maps for planning sampling,
and more. Lesson plans have uniform
format.

National
Agricultural
Statistical
Service 2

Available under "NASS Kids" on
agency homepage.

Note: the NASS Kids section also
provides brief explanations geared for
young students about the activities of
statisticians and about some graphs
and charts.

Most lessons plans deal with agriculture
and span grade levels K-12 - no obvious
connection to statistics. Links point to few
outside resources: two lessons related
directly to statistics (on Chi-square and 
descriptive statistics), not created by
NASS itself and not focused on 
agriculture-related issues or using NASS-
specific data. Another link points to an 
online statistics book, HyperStat.

National
Center for
Health
Statistics 3

No link visible directly on homepage.
However, under "Publications and 
Information products" one can find
"Training materials" which describe a 
course, based on a video tape and 
workbook, designed for college
students learning about health
statistics, and for field personnel in
health departments or community
agencies. The course itself is not
online. A separate path, via Site Index,
leads to the label "Education", which
links to a self-study online course on 
Finding and Using Health Statistics
offered by the National Library of
Medicine.

No lesson plans are offered on the NCHS
Website, only links to an elaborate online
course (see left).

Note: The National Center for Health
Statistics is part of the CDC (Centers for
Disease Control). CDC also operates a 
separate Website called EXCITE which
carries a collection of teaching materials
designed to introduce students to public
health and epidemiology, including some
aspects of bio-statistics. However,
EXCITE is not mentioned on the NCHS
Website and is not listed in its A-to-Z
index.

1 http://www.census.gov
2 http://www.nass.usda.gov
3 http://www.cdc.gov/nchs
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In addition to the above aspects of the three Websites, many other issues related to accessibility and
content could be observed. Some examples follow:

• Search engines are usually generic for the whole agency and not specific to the educational section
(if such existed), hence it is difficult to identify educational products via search engines.

• None of the Websites makes an explicit distinction between "activities", "projects", and "lesson
plans", nor do they distinguish between materials aimed at teachers and at students.

• None of the Websites offer any datasets (e.g., in plain ASCII or as a spreadsheet in Excel format)
that teachers or students can download and analyze as part of learning statistics.

• No suggestions could be found as to where on the Website teachers or students can find general
datasets, tables, graphs (i.e., which are part of the general products of the agency) that can be used
to support learning of statistics.

Discussion and Conclusions
Official statistics agencies can play a unique role in helping to improve the statistical literacy and

statistical knowledge of a range of users, including not only school pupils and college students, but also adult
learners who are outside the reach of formal educational systems. This unique role stems in part from
agencies' ability to support learners in examining and interpreting statistical data in meaningful contexts
related to the diverse thematic areas in which agencies operate (Barbieri & Giacché, 2006). Internet-based
educational products of statistics agencies carry additional promise for educators looking to use technology
in statistics education, as well as for educators who lack access to print-based resources (Helenius, 2006).

Our preliminary findings suggest, however, that at this point the potential of statistics agencies to
enhance learning of statistics is only partially fulfilled. Two of the three agencies analyzed seem to give
some saliency to educational materials, as they were available directly from these agencies' homepage.
Nonetheless, materials vary widely in content, and accessibility seems to be problematic in many cases.
Materials are sometimes organized according to criteria (e.g., grade, level), but not overviewed and
annotated in a way that can help teachers or students selecting the materials most suitable to their teaching or
learning needs (e.g., in terms of the type of statistics used, whether or not a lesson plan involves actual data
analysis, etc). Hence, finding specific classroom activities necessitates some trial and error, for those seeking
materials on Websites of Federal agencies in the USA.

In addition, educational materials offered by the statistics agencies analyzed seem to make surprisingly
little use of the generic products found on the same Website such as press releases and executive summaries,
even though these generic products could be used for various educational applications (Gal, 2002). Existing
generic products of statistics agencies, such as press releases or executive summaries, can become a useful
resource if a mid-layer of supporting materials is created to enable educators to map their needs onto what
statistics agencies already offer in their generic products. Likewise, the vast and diverse collections of tables,
graphs, charts and datasets that each agency carries are not being put to use or linked and explained, and it is
not inconceivable that teachers or students will not even know they exist.

While the Websites surveyed appear to have room for improvement in regard to their educational
products, a forward-looking and balanced view has to be adopted. The primary focus of official statistics
agencies is not on education. Thus, materials that can promote statistics education are not supposed to
receive much attention from such agencies, and their current scarcity, organization, or content cannot be
viewed as a weakness of an agency. Rather, the current observations are better viewed as representative of a
stage in an evolutionary process that is affected by multiple factors, both internal to agencies, and external in
the civic environments within which statistics agencies operate.

Despite any shortcoming of current dedicated educational products geared for statistics education, we
must also look at the filled half of the cup, not just on what is missing. Our findings suggest that the basic
infrastructure for creating a rich and productive network of products that can support statistics education is
already in place in most agencies. Lesson plans, datasets, and activity suggestions for diverse student
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populations do exist, and in the future can be expanded, linked and annotated in ways that will make them
useful and accessible to diverse educators and students. Further, some statistics agencies outside the USA, in
particular Statistics Canada (Townsend, 2006) but also in some other countries (e.g., Finland, New Zealand,
Australia) offer larger collections of materials geared to the needs of different educational users. It is
interesting to note that these other agencies (outside the USA) are not necessarily larger than those agencies
operating as part of the federal statistical system in the USA which was analyzed in this study.

As an exploratory research that used a semi-impressionistic approach, our conclusions are obviously
limited. Nonetheless, we believe that they have implications for future activities of statistics agencies. A
differentiation of educational products is called for in light of the characteristics of potential educational user
groups (e.g., elementary school children, high school pupils, college students, adult learners; teachers with
varying levels of professional experience in teaching statistics or familiarity with statistics). Developers of
Web-based resources face significant challenges regarding content and accessibility, or interface design,
given the heterogeneity of needs, backgrounds, and skill levels of such user groups. It is also possible to
envision stronger collaborations between different statistics agencies in order to pool resources and enable
expansion of educational offerings by linking of products available on different agencies. After all,
educational users often “shop around” on the Internet, ignoring national borders.

This paper has attempted to describe and show the relevance of a model that can be used to
characterize educational products of official statistics agencies, organized around the three themes of
Content, Pedagogy and Technology. In the present study, selected facets of the model were applied in the
analysis of three statistics agencies which at this point in time offer a limited set of educational resources.
Further development of the model can be conducted by attempting to apply more of its facets to educational
products of other agencies, including some which have a larger or more mature collection of field-tested
materials for educators and learners. We envision a recursive process that can serve dual roles, both helping
to expand the model as well as testing and validating its relevance to a wide range of statistics agencies.

In further developing the desired model, we believe it should satisfy at least three main demands:
• Mapping power: The model should include and integrate a large variety of properties in the

different dimensions (content, pedagogy, technology) of educational products. It should allow
capturing the rich complexity, as well as the limitations and drawbacks, of these novel educational
products.

• Generalizability and adaptability: The model should be comprehensive enough to cover many
possible configurations of variables in different dimensions for the continuously growing
population of educational products in official statistics agencies Websites. But at the same time it
should be flexible enough to undergo changes and additions, as new technological or pedagogical
features and Website models appear.

• Clear definitions: To support analytic processes, and ensure portability of the data collected with
the tool, it should offer a sound structure, precise terminology, and definite scaling and classing
schemes.

We believe that further investment in developing the model outlined in this paper is a worthwhile
undertaking, given its potential to contribute both to statistics agencies, educational stakeholders,
researchers, and learners. Such a model, when sufficiently developed, can provide a common language,
inform design specifications, and influence quality criteria and thus be of interest to all those involved in
planning, creating, using, or evaluating Web-based statistics education resources. We see the proposed model
as an evolving instrument rather than a fixed set of specifications, and would welcome reactions and
suggestions that may contribute to its improvement.

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 893 -



8

References
Barbieri, G.A., & Giacché, P. (2006). The worth of data: The tale of an experience for promoting and improving

statistical literacy. In A. Rossman & B. Chance (Eds.), Proceedings, 7th International Conference on Teaching
Statistics (Salvador, Brazil). [www.stat.auckland.ac.nz/~iase/publications/17/1A1_BARB.pdf]

Belli, G. (2003). Finding, evaluating, & organizing internet resources: Issues for statistics instruction. Paper
presented at the ISI satellite on Statistics Education and the Internet, Berlin. [www.ph-
ludwigsburg.de/iase/proceedings/]

Federal Register (June 4, 2002). Federal statistical organizations’ guidelines for ensuring and maximizing the
quality, objectivity, utility, and integrity of disseminated information. Author, 67, (107), 38467-38470.

Gal, I. & Murray, S. (2002). Preparing for diversity in statistics literacy: Institutional and educational implications.
In B. Phillips (Ed.), Proceedings, 6th International Conference on Teaching Statistics, Cape Town, South Africa.
Voorburg, The Netherlands: International Statistical Institute. [www.stat.auckland.ac.nz/~iase/publications.php].

Gal, I. (2003a). Expanding conceptions of statistical literacy: An analysis of products from statistics agencies.
Statistics Education Research Journal, 2(1), 3-22. [www.stat.auckland.ac.nz/~iase/publications.php]

Gal, I. (2003b). Teaching for statistical literacy and services of statistics agencies. American Statistician, 57(2), 1-5.
Garfield, J., delMas, R., & Chance B. (2003). The Web-based ARTIST: Assessment Resource Tools for Improving

Statistical Thinking Project. Paper presented at AERA annual meeting, Chicago, April 2003.
[www.gen.umn.edu/artist/publications.html].

Garfield, J., Hogg, R., Schau, C., & Whittinghill, D. (2002). First courses in statistical science: The status of
educational reform efforts. Journal of Statistics Education, 10(2).
[www.amstat.org/publications/jse/v10n2/garfield.html].

Gelman, A., Nolan, D., Men, A., Warmerdam, S., & Bautista, M. (1998). Student projects on statistical literacy and
the media. The American Statistician, 52(2), 160-166.

Helenius, R. (2006). Challenges for Statistics Finland's co-operation with educational institutions: Web-based
teaching, networking and customer orientation. Statistika – Journal for Economy and Statistics, 5.
[http://panda.hyperlink.cz/cestatxt/eminule.htm]

Ho, F.W.H. (2005). The Role of Official Statistics Agencies in the Promotion of Statistical Literacy Among
Students. Paper presented at the 55th meeting of the International Statistical Institute (Sydney).

Liu, L., & Johnson, L.D. (2004). Web-based resources and applications: Quality and influence. Computers in the
Schools, 21(3/4), 131-147.

Mills, J. D. (2002). Using computer simulation methods to teach statistics: A review of the literature. Journal of
Statistics Education, 10(1). [Online: www.amstat.org/publications/jse/v10n1/mills.html].

Mulekar, M. (2000). Internet Resources for AP Statistics Teachers. Journal of Statistics Education, 8(2). [Online:
www.amstat.org/publications/jse/secure/v8n2/mulekar.cfm]

Phillips, B. (2003). Overview of online teaching and internet resources for statistics education. Proceedings, IASE
Satellite Conference on Statistics Education and the Internet, Berlin.
[www.stat.auckland.ac.nz/~iase/publications.php?show=6]

Townsend, M. (2006). Developing statistical literacy in youth: Statistics Canada's education outreach program.
Statistika – Journal for Economy and Statistics, 5. [http://panda.hyperlink.cz/cestatxt/eminule.htm]

Utts, J., Sommer, B., Acredolo, C., Maher, M.W., & Matthews, H.R. (2003). A study comparing traditional and
hybrid internet-based instruction in introductory statistics classes. Journal of Statistics Education, 11(3).
[www.amstat.org/publications/jse/v11n3/utts.html]

von Oppeln-Bronikowski, S. (2006). Communication and perception: which world do statistics live in? Paper
presented at the United Nations Economic Commission For Europe’s work session on statistical dissemination and
communication, September 2006, Washington D.C. [www.unece.org/stats/documents/2006.09.dissemination.htm]

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 894 -



Statistics Canada’s Learning Resources: A Key Channel for 
Educators

Townsend, Mary 
Statistics Canada  
170 Tunneys Pasture Parkway 
Ottawa K1A 0T6, Canada 
mary.townsend@statcan.ca 

Statistics Canada is the federal agency responsible for collecting information on all aspects of the 
Canadian society and economy. We publish and make this information available in a variety of 
formats, including online on a website that boasts more than 1 million visits monthly. More than 
40% of these visits are from educators and students. A special area of our website called Learning 
Resources is dedicated to providing the education community with theme driven data and articles, 
hundreds of curriculum based learning activities and expert advice on statistical skills.

Through this Learning Resources website and other grassroots initiatives, Statistics Canada is
building a relationship with educators to encourage the application of data and data concepts in 
classrooms across the country.  

Statistics Canada's role in enabling educators 

At Statistics Canada, our business is data. Close to 6,000 employees work at perfecting the 
processes and outputs involved in surveys. Beyond that, Statistics Canada strives to make its data 
easily understandable to the Canadian people so that they can effectively apply them and make 
decisions based on them. We have a vested interest in creating an appetite for our data and in 
making them understandable and easily used.  

Teaching the science of statistics, however, is not our role. Statistics courses are the business of 
teachers and professors hired by provincial education ministries and universities in Canada. As a 
central federal agency, Statistics Canada’s role is to make information accessible in support of 
teaching and learning efforts – not only in statistics proper, but in all subjects. We provide
resources that support provincial curricula and offer tools and expertise that empower educators.   

Why we’re involved in education  

The numeracy of the Canadian public is important to Statistics Canada, not only to ensure the 
viability of our survey programs, but also from the broader perspective of developing statistically 
literate citizens who can participate in the global knowledge based economy. 

Our goal is to help develop citizens who understand how to effectively use data. Citizens who  
recognize that timely and accurate survey response ensures more relevant data outputs—which in 
turn are needed to support the policies and programs that affect their lives. We want to encourage 
statistical literacy so that the media will report numbers in an accurate context. If citizens develop 
better data skills and engage in more critical thinking, they will be able to challenge the veracity 
of the numbers they read in the media. This can only help our programs, our citizens and our 
nation.
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Availability of data should enrich public discourse but citizens need to understand how to 
effectively analyze and interpret it.  www.innumeracy.com

The Canadian learning environment 

Education in Canada is decentralized and each of the 13 provinces and territories is responsible 
for its own curricula and learning environments.   

“Statistics and Probability” are a one of the five key strands of math in all provincial curricula,  
starting with data discovery in the earliest primary grades. Children as young as five years old do 
rudimentary statistics and make pictographs. It is important for us at Statistics Canada to work 
through elementary school teachers in order to reach young Canadians when they are awakening 
to an interest in numbers and are learning to apply data to their everyday activities.   

Canadians’ involvement in math  

Recent OECD data from the report Education at a Glance showed that Canadian students are 
among the best educated in the world. The results from PISA 2003 rank our 15 year old students 
third in the world in Math scores. Yet this high level of math achievement is not reflected in post-
secondary enrolments. Canadians are enrolling in universities and colleges at a record rate, but 
enrolments in math and science have remained stagnant or decreased. Comparing the proportion 
of science degrees awarded in different countries is telling. In many parts of Europe and in 
eastern countries like Korea, science degrees (which include engineering, health, mathematics, 
computing, physical sciences, agriculture and life sciences) make up between 45 -50 % of all 
degrees awarded. In Canada, the proportion is a mere 30%.  

That same OECD report shows that Canada’s unemployment rate among university graduates is 
higher than in any other advanced economy. This unemployment rate may increase as more 
students graduate from arts programs while more career opportunities open up in science and 
engineering. Our universities are not to blame since enrolment is based on student demand; 
science and math don’t appear to be “sexy” and students don't want to enrol in these disciplines.  

The disillusion with math starts at a young age. Our challenge then, particularly in elementary 
and early high school, is to get students interested in math and to make it enjoyable. In most 
Canadian provinces, math is compulsory only until grade 10 when students are about 15 years 
old. Over 40% of these students then drop math from their agenda if they don’t plan to go on to a 
math or science program in university or college. Our Canadian education system needs to trigger 
in youngsters, from early on, the desire to be future engineers, scientists and statisticians. If more 
young students see the relevance of math activities and enjoy them, they may be enticed to further 
develop their interest in this discipline. These are our future labour pool from which the next 
generation of workers will be recruited. 

Students who are actively engaged in the learning process are more receptive to further learning, 
according to a recent study by Statistics Canada entitled ‘Student achievement in mathematics- 
the roles of attitudes, perception and family background’. Engagement builds students’ 
motivation and confidence in their ability to succeed and encourages their positive feelings 
towards math. This has a positive impact on course selection, educational pathways and later 
career choices.  

New technology, new students, new ways to learn 
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Statistics is one strand of math that can be very practical and interesting to young students, 
particularly when it’s taught using computers. Technology leverages the power of numbers and 
today’s students love to use it.  

Technology allows students to visualize and experience math in previously impossible ways. 
Pre-service math teacher 2005 

Students today are the first generation of ‘Digital Natives’ (Prensky 2005) who have spent their 
entire lives surrounded by technological tools and toys. Computer games, e-mail, text messaging, 
Internet and cell phones are an integral part of who they are. They like to receive information 
hyper fast and to multi-task; they function best when networked; they prefer graphics to text and  
games to serious work; they thrive on instant gratification and frequent rewards. Because of their  
interaction with technology, today's students think and process information differently than in the 
past.

But what about their teachers and professors? Like Prensky’s ‘Digital Immigrants’, they were not 
born into the digital world but have adopted some aspects of technology in an attempt to adapt to 
their new environment. They were socialized differently and prefer to teach the same way they 
were taught: step-by-step, one thing at a time and above all seriously. The digital environment 
challenges them to learn a new language and a whole new approach to teaching the ‘Digital 
Natives’ generation.

The Canadian school environment and StatCan's Learning Resources  

Are Canadian teachers currently using technology to teach math? The answer is most likely no, 
not at this point in time, particularly in elementary grades (K to 8) where generalist teachers must 
use a cross curricular approach. Elementary teachers often exhibit anxiety or indifference about 
teaching math because of their own past experiences. However, Mumford (2006) argues that new 
technology can change the learning environment and make mathematics fun, tangible and visible. 
Elementary school teachers play a big role in getting students interested in math.  

Statistics Canada is trying to reach elementary school teachers and provide them with math 
support through a network of part-time peer champions who visit classes. Our Learning 
Resources website also hosts hundreds of cross curricular lesson plans that promote fundamental 
data concepts. However, the average age of Canada’s 310,000 elementary and secondary teachers 
is 45.  These mid-life teachers, not born into the digital world, are using technology as a 
secondary tool, just enough to get along but not truly integrating it into classroom work. In fact, 
Russell, Bebel, O'Dwyer and O'Connor (2003) found that teachers most often used technology for 
lesson preparation and work related e-mail. They more frequently directed students to use 
technology outside the school than they themselves used it to deliver instruction in the classroom.  

Canadian schools are equipped with the necessary infrastructure to integrate information and 
communication technologies (ICTs) into the learning environment, according to the 2004 study 
Connectivity and Learning in Canada's Schools. In 2003/04, over 97% of all elementary and 
secondary schools were connected to the Internet, as were 93% of their school computers. 
However, only 46% of school principals felt that the majority of their teachers were adequately 
prepared to engage students effectively in the use of ICT for learning. Training opportunities in 
new technology for teachers were cited as an extensive challenge by 40% of schools. For this 
reason, Statistics Canada has implemented an annual training program to bring technology, 
information and data support to almost 20,000 pre-service teachers in faculties of education, 
before they start their careers.  

3

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 897 -



Developing electronic resources and teacher support 

Statistics Canada has been providing teacher support for data and technology since 1987. That’s 
when a group of plugged-in high school students from Richmond Hill, Ontario, contacted our 
chief statistician to request access to electronic data. In response, we developed E-STAT, our first 
electronic database, in a format called Telichart. E-STAT licenses were sold to ministries and 
school boards as Statistics Canada attempted to recover some of the production costs. Students 
might have wanted electronic data, but we found that few teachers were technology literate and 
Telichart proved to be the wrong medium for schools. 

In the early 1990's, E-STAT was made available on CD-ROM. Because schools in Canada had 
two computer platforms (MAC and IBM) and two official languages (English and French), 
Statistics Canada had to produce several versions of the CD-ROM. Point and click technology 
was not yet a way of life. Teachers had to use DOS function codes to access the massive amounts 
of data provided on the E-STAT CD-ROM. Training manuals often got separated from the CD-
ROM. Teachers who were already strapped for time found it overwhelming to learn a new 
program when they would only be using it for one or two classes per term. Even so, Statistics 
Canada continued to sell to a few 'early adopter' schools these CD-ROMs and their accompanying 
training workshops.  

Statistics Canada had to provide a considerable amount of technological user support for its E-
STAT database.  The costs incurred for this support, as well as for marketing and sales, were 
indeed a barrier to E-STAT’s development and access. Though students were ready to use E-
STAT, the teachers were not, or they couldn't find the time for the necessary training. And school 
boards had to find the funds to purchase the CD-ROMs and the training workshops. In this 
context, librarians became our biggest allies in adopting E-STAT, particularly teacher librarians. 
These information specialists in the schools looked after the purchase of texts and supplementary 
books and were dedicated to servicing student information needs. We started to build a 
relationship with librarians which has continued to this day.  

Starting in 1994, schools in Canada began getting connected to the Internet, with funding from 
the federal government. The Internet became the opportunity for Statistics Canada to publish 
massive amounts of information, at an incremental cost, and reach out extensively, particularly to 
Canadian schools and school librarians. Statistics Canada launched its Learning Resources 
website in 1997 and transformed E-STAT from a CD-ROM to an Internet product in 1999. E-
STAT then became free on the Internet to educational institutions through a password protected 
access.  

E-STAT, a key component of Statistics Canada's Learning Resources 

E-STAT is now highly used at the secondary and post secondary levels. Over 10,000 Canadian 
schools are registered to use E-STAT, including 60 post secondary institutions. This success was 
achieved through communication with curriculum developers and text book publishers, adoption 
of Internet point and click technology, and training of pre-service and in-service teachers.  

E-STAT offers access to Statistics Canada's entire data warehouse for social and economic data  
as well as Census data (both recent and historical). Students and teachers can easily find subjects 
of interest on Canada’s economy, land, people and government. They have quick access to 
articles, data and dynamic mapping and graphing. They can learn how to retrieve, sort and 
organize the information in a meaningful way and perform calculations or functions.    
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Significantly, E-STAT continues to apply a considerable amount of resource to user support, 
because of the password protected access and the limited use licensing requirements imposed by 
Statistics Canada's business directives. While E-STAT started as a way to give students access to 
electronic information, it has become a very powerful data presentation tool through the 
development of online graphing applications. These allow a dynamic and visual display of E-
STAT information that is easily integrated into today's statistics courses. Students can now 
choose to graph their data in bar charts, stacked bar charts, scatter graphs, box and whisker plots 
and histograms or can map data using thematic maps.  

"My Grade 9 math students use the large bank of current data in E-STAT to develop their skills in 
interpreting statistics, analysing ways of gathering information, and displaying data."      
Secondary mathematics teacher, Prince Albert Saketchewan

E-STAT offers teaching support through a bank of lesson plans and tutorials, as well as 
frequently asked questions and online help. Now accessible directly from home by students, E-
STAT is being increasingly used for project assignments because of the proliferation of Internet 
connected computers in Canadian households and because of new curriculum directives. 

New curricula opportunities in Canada 

In response to the information age, curricula being developed across Canada support the 
application of real life data in the classroom in all subject areas. Students are required to develop 
problem solving techniques, higher order analytical and critical thinking skills, and the ability to 
manage massive amounts of information. 

These initiatives in curriculum development have provided the opportunity for Statistics Canada 
data to be mentioned in over 50 new textbooks. Publishers have become aware of our resources 
through our promotional efforts and our ongoing grassroots program of workshops for teachers 
and resource librarians. As  students become more sophisticated users of data, publishers are 
requesting the inclusion of micro data in their textbooks, particularly at the post secondary level.  

Micro data use at the senior high school level 

Micro data is also increasingly in demand at the senior high school level. A new Grade 12 data 
management course in Ontario, Canada's most populous province encourages students to use E-
STAT and micro data from Statistics Canada. Students are required to do a major research data 
project which is worth 20% of their final mark. Teachers have asked us for help in directing 
students to useful data for these projects.   

In response, we now provide public use micro data files online in several easy to access formats.   
As a federal agency, Statistics Canada must be non exclusive and non partisan about providing 
data or technical support for any particular software, even if the software is licensed by a 
provincial ministry of education. It’s a challenge to service 13 provinces and territories that each 
license different analytical and spreadsheet software for use in their schools.  

Students get instructions on how to use micro data, information on the methodology and a 
detailed list of attributes. They can group and manipulate the variables to suit their research 
requirements. To ensure the anonymity of the respondents, geographic identifiers have been 
restricted to the provinces/territories and large metropolitan areas.   
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Students using micro data for project work are getting their first taste of sophisticated applied 
statistics.

Statistics: Power from data—a primer on surveys   

Particularly suited to high school students, Statistics: Power from Data is an interactive online 
learning tool hosted on our Learning Resources website. Covering the fundamentals of how to 
collect, compile, analyse and display data, this learning tool is based on a similar print product 
originally developed by the Australian Bureau of Statistics. Each of its 13 chapters is 
independent, complete with a glossary, learning activities, student worksheets and case studies.  

It was not simple to create and is far from complete! Over two years in the making, many 
divisions at Statistics Canada, from subject matter to methodology, were involved in its writing. 
Contributors, subject specialists and editors had to be reminded that it was aimed at a high school 
and not a college-level market. Statistics: Power from Data is definitely a work in progress, as we 
continue to hear from teachers what they would like to see in new chapters. 

Data discovery online—it's elementary!  

At the elementary school level in Canada, students learn to work with data and draw conclusions 
from them. The statistics and probability strands in elementary math curricula identify some of  
the following outcomes: 

With assistance, kindergarten and Grade 1 students (approximately 6 years of age) 
collect, organize and analyze data based on first-hand information.  
By Grade 4, students assess and validate the data collection process.  
Starting in Grade 5, students develop and implement a plan for the collection, display and 
interpretation of data to answer a question.  
In Grade 8, students (approximately 13 years of age) should be able to evaluate and use 
measures of central tendency and variability. 

Sometimes teachers need data to explore topics in science, social science or other subject areas. 
Students need to understand the terms and processes used in data collection, data compilation, 
data display and analysis. Statistics Canada put its expertise online to service this fundamental 
data discovery.

Census at School—a practical application of data concepts  

For teachers who want to involve their young students in a web-based, practical application of 
data concepts, Census at School is the ideal class project! Students from grades 4 to 12 
anonymously fill out the Census at School online questionnaire about their lives and activities—
including their height, pets, and favourite school subject.  Responses become part of a national 
and an international database. Started in 2000 in the United Kingdom, the project now includes 
Australia, Canada, New Zealand and South Africa. 

Teachers can access the results of their own class' survey in the form of a spreadsheet to use in 
teaching. Students can compare their class data with Canadian results on the website or with 
random samples of responses from the international database. This project combines fun with 
real, applied data learning. Students love to discover and interpret data about themselves as part 
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of their classroom learning in math, social sciences or information technology. They also learn 
about the importance of the national census in providing essential information for planning 
education, health, transportation and many other services. This link to the national census was 
key to Statistics Canada's decision to join the project in 2003, particularly as we were preparing 
the first e-census in 2006. The student online survey would help promote Statistics Canada’s 
upcoming online census form.  

The Canadian Census at School project was the first Statistics Canada product that was developed 
in conjunction with an advisory group of teachers representing the different regions in Canada. 
From the outset, this group ensured the survey questions related to curriculum and created a series 
of learning activities on concepts such as graphing, measurement, central tendency, ratios, etc.  

Census at School had to overcome a few hurdles. First, as a national statistical agency, we had to 
make it clear that this was a voluntary classroom project, not a survey falling under our data 
collection mandate or the Statistics Act. We had to make only summary data available and to 
explain to the public and media that these data were not representative of Canadian youth as a 
whole, because of the methodology that was used. In addition, as we were dealing with students 
under the age of 16, no identifiable information could be asked on the survey. Because of the 
interactive nature of Census at School, we needed a dedicated server for the active server page 
technology that was not congruent with the regular Statistics Canada server. Also, senior 
management was concerned that with the upcoming 2006 e-census in parallel, there could be 
confusion if parents thought that their children were completing the family census forms at 
school. Finally, some teachers were having difficulty with the online registration process. 

All of these concerns were addressed, due diligence was followed and user support was provided. 
The outcomes are incredible! Two years after its start-up, Census at School is written into 
Canadian curriculum in several provinces and in new math text books at the grade 6 to 8 level. 
We have built a community of over 5,000 teacher users, to whom we send bi-monthly notes that 
keep them informed of new resources and ask for their feedback.    

This is the wave of the future: an online practical application that lets kids have fun while they 
learn math and that encourages an ongoing relationship with educators.  

What's on the horizon for Statistics Canada's Learning Resources? 

As we move further along our journey to a more statistically literate society, Statistics Canada 
will continue to augment and adapt its Learning Resources website to best suit the education 
community. Plans include the launch of an audio podcast that gives students assistance with their 
choice of data for their project work, in an MP3 format that they can listen to anywhere. Other 
plans include a Teacher’s Guide to Data Discovery, online data fairs to motivate, reward and 
showcase students work and new online learning components.  

Through products like these on our Learning Resources website and our grassroots initiatives, we 
are making math and statistics more relevant and fun for this new generation of Digital Natives 
and, as much as possible, supporting the professional development of Canadian educators. 
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ABSTRACT

After some general comments about observational studies and experi-

ments, three examples of observational studies and their graphical represen-

tation are outlined. A distinction between direct and indirect distortion of

effects by unobserved variables is drawn. Indirect distortion is illustrated by

an example on bladder cancer.

1 Introduction

The classification of studies into experiments, in which in principle the inves-

tigator has full control of the situation under investigation, and observational

studies in which some key aspects are imposed externally, is of central im-

portance. Observational investigations may themselves be subdivided into

prospective (cohort) studies, retrospective studies (often case-control stud-

ies) and cross-sectional studies. We assume a common aim, namely that of

gaining understanding of a data-generating process in which one or more
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outcome variables depend on explanatory variables. While on the whole this

task gets progressively more difficult as we move through the sequence of

study types listed above, all may face interpretational difficulties. Further,

combinations of study types are common; case-control studies may be em-

bedded in randomized experiments, for instance. On the other hand some

observational studies may have a reasonably clear-cut interpretation. There

are issues of data quality and completeness and adherence to study protocol

by no means excluded in randomized experiments.

In this paper we consider a primary way in which the conclusions from

observational studies may be distorted, namely by the presence of unobserved

variables which may seriously amend the apparent effect of those explanatory

variables that are present.

2 Formulation

We suppose that a number of variables are measured on study individuals,

at least one of the variables being an outcome or response variable and the

others being explanatory. For any two variables considered in isolation either

one is explanatory to the other considered provisionally as a response or the

two are on equal footing such as symptoms of a disease or the items in a

multiple choice test. Variables are represented by the nodes of a graph. If

a response variable is considered to be statistically dependent on a given

explanatory variable then a directed edge is drawn, with an arrow starting

at the explanatory variable and pointing to the response. If the two variables

are on equal footing any edge joining them is undirected and represents an

association with the direction of dependence unspecified; they may be joint

response variables such as systolic and diastolic blood pressure.

Explanatory variables may be classified in various ways for instance into
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primary risk factors or quasi-treatments. These are variables that would be

the treatments in a randomized experiment were such an experiment feasible.

Another kind of explanatory variables are background or intrinsic variables

that essentially define the study individuals but are not conceivable treat-

ments in the context in question, i.e. are not subject to real or conceptual

intervention. The role of the intrinsic variables is partly to ensure that the

levels of the explanatory variables of primary interest are compared under

similar conditions and partly to assess possible interactions. For further dis-

cussion of these issues and the relation with causality, see Cox and Wermuth

(2004).

3 Three examples

We outline three examples which illustrate various aspects of observational

studies.

Example 1. Fig. 1 represents a tentative ordering of the variables in a

cross-sectional observational study of the relation between knowledge about

the disease and success at controlling the glucose level in diabetic patients

at University Hospital, Mainz.

A key issue here is that knowledge and success were measured essentially

simultaneously and in the first place could be considered on an equal foot-

ing. The not directly testable hypothesis that knowledge was explanatory

to success, plus the isolation of an important interaction led to a provisional

interpretation, confirmed by a second study. Fig. 2 summarizes statistically

dependent variables, relevant for the two response variables of main interest.

For more details, see Cox and Wermuth (1996, Section 6.2).

Example 2. The cause of bovine tuberculosis, a mycobacterium (M. bovis)

lives both in cattle and in wildlife, in the UK in the badger (meles meles).
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Figure 1: Assumed dependence chain for variables of the diabetes study. Primary
response: glucose control, Y ; secondary response: knowledge about illness, X;
three intermediate variables on equal footing: Z, U , V , different ways of attributing
success of disease control; context variables: duration of illness, W , duration of
schooling, A, and gender, B.

Figure 2: Directly explanatory variables for response Y of the diabetes study are
X, W , and A; indirectly explanatory for Y are Z, W , and A.

The organism can be genetically typed in particular into so-called spologi-

types, there being eight such types relatively common in one part or another

of the UK. In ten regions of south west and central England, infected cattle

and badgers were spologityped. There is an extremely high association be-

tween the observations in the two species. Typically in any one region, one

spologitype accounted for 80 to 90 per cent of the cases in both species. Up to

a point, a strong interpretation can be drawn even though this is a purely ob-

servational study. The main possibilities are first that there is cross-infection

between the two species, see Fig. 3(a), secondly that there is a common un-

observed direct confounder, the ecological character of the different regions,

see Fig. 3(b). Thirdly, the two species do not cross-infect but that there is a
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Figure 3: (a) Pair (Y1, Y2): infection rates in two species; (X1,X2): the infection
rates at earlier time. Dependence between species explained by cross-infection.
(b) Dependence between species explained by unobserved background variable U .

further common source of infection, represented also by Fig. 3(b) but with a

different interpretation of U . There are strong external reasons for rejecting

the last two possibilities. This leaves open, however, the crucial question of

whether the cross-infection is in one or in both directions. To address this,

the data must be divided temporally and a suitable probability model fitted,

the interpretation of which is, however, rather more tentative because direct

observation at the level of an individual animal is not possible.

Example 3. An important aspect of successful surgical treatment is the

change in quality of life as perceived by the patient before and after treat-

ment. A stepwise data-generating process shown in Fig. 4 is for determinants

of quality of life after removal of the bladder because of a tumour. There are

four quantitative, directly and indirectly explanatory variables for physical

quality of life after surgery, Y , and one binary variable, A, which captures

whether the bladder substitute leads to continent or incontinent urine di-

version. The key question is here, how Y depends on A and whether this

dependence can be estimated without distortions when both U and V are

unobserved.
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Figure 4: Potential generating process for physical quality of life after surgical
removal of the bladder, in male patients with a bladder tumour. With both U and
V unobserved, there is no direct confounding, no over- or under- conditioning but
the generating dependence of physical quality of life after surgery, Y , on the type
of diversion, A given X,U is distorted in the conditional dependence of Y on A
given X or given X,Z.

4 Types of distortion

We distinguish two broad kinds of distortion that arise from the absence of

important variables in the analysis, typically because they are unobserved.

The simplest form, called direct confounding, arises when there is a back-

ground variable that is directly explanatory both to the main explanatory

variable of concern and to the response. The second listed interpretation

of Example 2 illustrates this, ecological character of the region being the

unobserved confounder. A more general form of direct confounding arises

when one or both pathways of dependence from the background variable are

via other variables present in the data generating process but themselves

unobserved. Occasionally, in special more complicated cases, the distor-

tion induced this way can be corrected by the use of instrumental variables.

While randomization in an experiment protects against direct confounding,

the possibility of important interactions between the treatment and unob-

served variables remains.
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The second type of confounding, we call indirect, is also an issue in inter-

vention studies, even when individuals are randomly allocated to treatments.

It is illustrated for an observational study with Example 3, and discussed in

the next section.

There are further situations in which dependencies appear distorted when

conditional dependencies are estimated from a set of data with a reduced

number of variables compared to the generating process. We do not discuss

them in detail here since they are absent in the given three examples. One

is under-conditioning. It arises by omitting from an analysis those variables

that are intermediate between the explanatory variable and an outcome of

primary interest. The other is over-conditioning. Its simplest form arises

by using as an explanatory variable to the outcome of primary interest a

variable which is, in fact, itself a response of this outcome.

An important aspect of indirect confounding is that it can be present

if there is no direct confounding, no over- and no under-conditioning. It

arises by a combination of omitting some relevant context variables and of

conditioning on the remaining important explanatory variables. The possible

presence of indirect confounding can be detected with the help of graphical

criteria. If detected, distortions due only to indirect confounding can be

corrected if all associations are of linear form. For other systems it is still

unknown how to correct.

5 Example of indirect confounding

Omission of the two variables U and V in Fig. 4 does not lead to direct

confounding of the dependence of Y on A, the estimation of which is a pri-

mary objective of the study. This is because neither is a directly explanatory

variable to both outcome Y and the directly explanatory variable A. The
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omission does however distort the dependence of Y assessed by regression

analysis on the remaining observed three variables. This is because absence

of U induces an association between Y and Z, whereas the omission of V

induces an association between Z and A. There is now a distorting pathway

of association via Z between the explanatory variable A and outcome, Y . It

can be shown, however, remarkably, that for linear systems an appropriate

analysis of least squares regressions and of covariance matrices of residuals

allows correction for this distortion, provided its presence is detected. This is

discussed in detail by Wermuth and Cox (2007) using a mixture of graph the-

ory and matrix arguments, see also Wermuth, Wiedenbeck and Cox (2006).
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1. Introduction 
 In New Zealand students complete high school education at ages 17 to 18 and most of those who 
proceed to university do so at ages 18 to 19.  The final year at high school is called Year 13.  In 2006 the 
New Zealand Qualifications Authority introduced a subject at Year 13 called Statistics and Modelling which 
replaced the earlier Mathematics with Statistics (New Zealand Qualifications Authority Report, 2005). 
 Expectations of the new subject placed pressure on high school teachers to develop new material.  
This has been aggravated by the need to award passes at different levels called achieve, merit and excellence, 
the latter requiring considerable insight into the statistical concepts and methodology involved in project 
work; there is an extensive project component associated with the subject in the final year at school as well 
as an examination. 
 In order to assist teachers and provide ideas for the classroom which would motivate students, an 
education day was organized at the New Zealand Statistical Association Conference in July 2005 at the 
University of Otago.  Seven researchers from the University in the areas of human nutrition, epidemiology, 
marketing, psychology, zoology, sociology and statistics were invited to discuss one of their current research 
projects.  The presentations were recorded and subsequently re-recorded and edited in the studio.  This 
produced a DVD of 145 minutes.  At the same time the relevant data sets were placed on a CD.  
Subsequently, Statistics New Zealand added two presentations along with a link to their website giving 
access to further data.  The final package including DVD and CD was made available to teachers in February 
2007 (Harraway and van der Vyver, 2007) 
 As well as providing a source of data for project work, the research topics were selected to facilitate 
the interest of students in statistics by showing current projects relevant to this age group.  Study design 
principles, sampling procedures, observational data and confounding effects were covered.  The two case 
studies presented in this paper discuss these ideas and are supported by two movie clips, segments of which 
will be shown during this presentation (Dickson, 2007; Ferguson, 2007).  The first study can be viewed at 
http://www.maths.otago.ac.nz/~jharraway/Presentation1.avi and the second study can be viewed at 
http://www.maths.otago.ac.nz/~jharraway/Presentation2.avi.  Both are observational and adjustment is made 
for confounder effects, either by stratification and regression modelling or by ignoring a number of the cases 
affected by some values of a confounding variable. 

2. A longitudinal study: long term effects of circumcision 
 The first case study is based on the Dunedin Multidisciplinary Health and Development Study (Silva 
and Stanton, 1996).  Information has been compiled from a birth cohort of 1037 children born in Dunedin 
between April 1, 1972 and March 31, 1973.  The members of the cohort have been assessed at ages three, 
five, seven, nine, 11, 13, 15, 18, 21, 26 and 32.  The investigation here reports on some observational data at 
age 26 and aims to determine if circumcision by age three years affects the risk of acquiring herpes (Dickson 
et.al., 2005). 
 For ethical reasons data from each individual cohort member cannot be published but equivalent data 
involving 1890 cases have been generated by simulation for analysis.  The simulated data give the same 
results as those obtained with the actual data.  The simulated data are reported in the CD.  The response 
variable is “Presence of herpes at age 26” (Yes, No).  The predictors are “Circumcised by age 3” (Yes, No), 
“Number of sexual partners” (< 10, 10), “Socioeconomic status at age 26” (High, Medium, Low) and 
“Education level” (High School, Postsecondary, University).  Several other variables are in the CD file but 
not used in the analysis reported here or in the DVD. 
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2.1 Preliminary Results 
 The first analysis of the data calculates the crude effect of circumcision by age three on the presence of 
herpes at age 26.  Table 1 summarizes the 1890 simulated case results.  The prevalence of herpes in the 
circumcised group is 6.23% and in the uncircumcised group is 8.75%.  The risk ratio of herpes in the 
circumcised group compared with the uncircumcised group is 0.71 (95% CI 0.51-0.99).  The 29% reduction 
in risk resulting from circumcision is not therefore likely to occur by chance and it is tentatively concluded 
that circumcision by age three years is protective of herpes.

Table 1  Crude relationship between herpes and circumcision by age 3. 
Herpes Total Prevalence

Yes No
Circumcised by age 3 48 722 770  6.23% 
Not circumcised by age 3 98 1022 1120 8.75% 
Total 146 1744 1890

 But this procedure measures only a crude relationship between herpes and circumcision without 
adjustment for potential confounding variables such as, for example, sexual behaviour which could alter the 
conclusion about the effect of circumcision on the acquisition of herpes. 

2.2  Stratification and Confounder Control 
 Circumcision is not a random event and the lower prevalence of herpes in the circumcised group could 
reflect the different sexual behaviour among those circumcised.  To adjust for such a confounder a stratified 
analysis is carried out with results summarized in Table 2 and Table 3.  Here a variable measuring sexual 
behaviour during the years of adult life is categorical with the two levels, “< 10 sexual partners” and “10 or 
more sexual partners” by age 26. 

Table 2  Relationship between herpes and circumcision if < 10 sex partners. 
Herpes Total Prevalence

Yes No
Circumcised by age 3 24 536 560 4.29% 
Not circumcised by age 3 24 470 494 4.86% 
Total 48 1006 1054

Table 3  Relationship between herpes and circumcision if 10 or more sex partners. 
Herpes Total Prevalence

Yes No
Circumcised by age 3 24 186 210 11.43%
Not circumcised by age 3 74 552 626 11.82%
Total 98 738 836

 The number of sexual partners is clearly related to circumcision.  In particular, 560 of the 1054 
(53.1%) with less than 10 partners were circumcised versus 210 of the 836 (25.1%) with 10 or more partners.  
Also 48 of 1054 (4.6%) with less than 10 partners developed herpes versus 98 of 836 (11.7%) with 10 or 
more partners.  The outcome of herpes is therefore related to the number of sexual partners as well. 
 To further investigate the relationship between herpes and circumcision the separate risk ratios are 
calculated from Table 2 and Table 3.  The risk ratio in the group with less than ten partners is 0.88 (95% CI 
0.51-1.53) and the risk ratio in the group with 10 or more partners is 0.85 (95% CI 0.55-1.31).  The risk 
ratios increase towards one in both cases, the confidence intervals include one and it can be concluded that 
there is no evidence that circumcision affects the acquisition of herpes once this measure of sexual behaviour 
is taken into account. 
 At this stage of the investigation the ideas should be within the understanding of year 13 students at 
school.  But students at university can be taken further.  The variable defining the number of sexual partners 
is said to be a negative confounder since it is negatively related to the exposure variable, circumcision, and 
positively related to the outcome of herpes.  The shift towards one for the risk ratios in Tables 2 and 3 is a 
consequence of this negative confounding. 
 The odds ratio can also be introduced and its relationship to the risk ratio for rare diseases discussed.
The Mantel-Haenszel test as a method of inference for stratified categorical data can also be developed from 
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the two strata defined in Tables 2 and 3.  This can be extended to a discussion of effect modification or 
interaction if the strength of the association between circumcision and herpes is not the same in Tables 2 and 
3.  These ideas are reasonably straightforward and can be presented to students who may not be familiar with 
the logistic regression model. 

2.3  Logistic Regression and Confounder Control 
 The second analysis uses logistic regression to model the odds of herpes for those circumcised 
compared with those not circumcised.  Table 4 shows a crude odds ratio of 0.69 for the presence of herpes 
for those circumcised compared with those not circumcised by age three years.  The confidence interval 
excludes 1 showing evidence of reduced odds of herpes among those circumcised (p-value = 0.045).  This is 
in agreement with the result obtained with the earlier crude risk ratio. 

Table 4  Effect of circumcision on odds of herpes (1 = present, 0 = absent) 
Factor Parameter Odds Ratio (95% CI) 
Circumcision (Ref: not circumcised) 0.366 0.69(0.49,0.99) 
Constant -2.345

 Table 5 shows the effect of circumcision on herpes presence after adjusting for sexual behaviour 
defined by the categories “10 or more sexual partners” (the reference category) and “less than 10 sexual 
partners”.  There is evidence that the odds of herpes decreases if there are fewer than 10 sexual partners but 
there is no evidence that circumcision by age three years has an effect on herpes presence after adjusting for 
this effect.  This agrees with the shift identified by stratification in Section 2.2. 

Table 5  Factors associated with presence of herpes (1 = present, 0 = absent) 
Factor Parameter Odds Ratio(95% CI) 
Circumcision (Ref: not circumcised) -0.077 0.93(0.64,1.35) 
Sexual partners (Ref: 10 or more) -1.002 0.37(0.25,0.53) 
Constant -2.000

Table 6 shows the results of adding further factors to the model.  There is evidence that the number of sexual 
partners is the only factor with an effect on herpes.  The simulated data available in the accompanying CD 
involving 1890 cases reports the values of more variables which students can explore in their own time.  A 
modification resulting from the interaction between circumcision status and sexual partner category can also 
be assessed by introducing a new variable which is the product of the values of these two variables. 

Table 6  Factors associated with presence of herpes (1 = present, 0 = absent) 
Factor Parameter Odds Ratio (95% CI) 
Circumcision (Ref: not circumcised) -0.072 0.93(0.64, 1.36) 
Sexual partners (Ref: 10 or more) -0.992 0.37(0.26, 0.54) 
Socioeconomic (Ref: High) 
  Medium -0.103 0.90(0.58, 1.42) 
  Low -0.225 0.80(0.49, 1.31) 
Education (Ref: High School only) 
  Postsecondary 0.113 0.89(0.61, 1.30) 
  University 0.270 0.76(0.47, 1.25) 
Constant 1.786 

2.4  Discussion 
 This example introduces students early in their education to study design ideas including cohort 
analysis, the limitations of observational data and confounder control as well as ethical issues present when 
dealing with the human population.  With further reading students will discover that a second large cohort 
study (Ferguson et.al., 2006) produces results from observational data in conflict with the Dunedin results 
described here.  But is this a serious problem?  An as yet unpublished communication shows reasons for this 
discrepancy. 
 Observational data may not lead to conclusions about causation but such data can suggest hypotheses 
which can then be investigated properly by designed randomized experiments and clinical trials.  With these 
randomized experiments confounder control will not be the issue it is in observational studies.  In Africa 
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clinical trials have been established to assess the effect of circumcision on the incidence of HIV/AIDS 
(Alanis et.al., 2004; Auvert, et.al., 2005).  In a Kenyan study (Bailey, et.al., 2007), 1391 circumcised men 
were compared to 1393 who were not circumcised.  In Uganda (Gray, et.al., 2007) 2474 circumcised men 
were compared to 2522 who were not.  After tracking the men for two years, it was found that circumcised 
men were 51% to 60% less likely to contract HIV than their uncircumcised counterparts.  The results were 
confirmed by further tests carried out by the United States' National Institutes of Health. (Sawires, et.al., 
2007).
 This example has been used in a large first year class to motivate students.  The data have also been 
used for project work in a second year class on regression and modelling, and this has facilitated student 
interest.  The context has been helped by recent reports in the media about the relationship between 
circumcision and sexually transmitted diseases.  One current study based on the analysis of the Dunedin 
cohort at age 32 shows evidence that the risk of herpes acquisition increases over early adulthood.  (Dickson 
et.al., 2007). 

3. A cross sectional study: iron levels in New Zealand children 
 Iron deficiency is a concern for the health and development of young children.  This issue has been 
extensively researched (Soh et.al., 2004).  The study described in the second DVD clip (Ferguson, 2007) 
estimates the prevalence of iron deficiency in New Zealand children and explores factors associated with low 
body iron store as measured by serum ferritin levels. 
 The study is cross sectional with 323 participating families randomly identified and interviewed in 
three New Zealand cities; convenience sampling of hospital records involving small numbers of cases was 
not used.  But the data are again observational with information being collected on iron status, health status, 
blood composition, various socioeconomic factors and past feeding practices of babies such as extent of 
breast feeding, formula feeding, cows milk feeding and dietary iron intake.  C-reactive protein (CRP) was 
also measured.  This is an index of infection which can affect a child’s blood indices and give an inaccurate 
assessment of body iron store.  Children with infection should therefore be excluded from the analysis or 
alternatively a method found for adjusting for this confounding effect.  In the first case conclusions can only 
be drawn for children unaffected by infection.  No attempt was made to control infection in the collection of 
the data. 

3.1  Preliminary Results 
 The children were first classified according to whether they had normal body iron store levels or body 
iron store deficiency at increasing levels defined as Stage 1, Stage 2 and Stage 3 (Ferguson, 2007).  Those 
with infection, a confounding factor defined by CRP > 10 g/L, were excluded from this initial analysis to 
remove the effect of infection on the results.  The prevalence of body iron store deficiency over all 233 
children remaining in the analysis turned out to be 20.2% (95% CI 15.2% to 25.9%). 
 The 233 children were then divided into a group of 72 infants aged 6 to 11 months and a group of 161 
toddlers aged 12 to 24 months.  Chi square tests on the infants and toddlers with the numbers in the three 
stages of body iron store deficiency and overall deficiency produced respectively p-values 0.014, 0.350, 
0.234 and 0.051.  Counts in the various categories suggest higher prevalence of body iron store deficiency 
among toddlers at the stage 1 level but no evidence of differences at stage 2 and stage 3 levels (Ferguson, 
2007).  Overall the evidence of higher levels among the toddlers is borderline significant indicating attention 
should be focussed on the toddlers rather than the infants in New Zealand if wanting to improve iron levels 
in children. 
 The effects of breast feeding, formula feeding and cows milk feeding on body iron store (ferritin) 
levels are summarized in Table 7.  For example 20% of those breast fed are in the first (low) tertile of ferritin 
levels, 18% in the second (average) tertile of ferritin levels and 31% in the third (high) tertile of ferritin 
levels.  Those with infection measured through elevated CRP level are again excluded.  If there were to be no 
effects of these dietary variables on iron levels we would expect the percentages to be similar across each 
row.  The data show that formula fed children have higher ferritin levels but cows milk fed children have 
lower ferritin levels with no trend apparent for those breast fed.  The p-values for the chi square tests show 
evidence that the type of milk has an effect on iron stores and in particular cows milk consumption results in 
low iron stores. 
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Table 7  Categorical dietary variables: % per ferritin tertile 
1st tertile 2nd tertile 3rd tertile p-value

(%) (%) (%)
Breast fed 20 18 31 0.098
Formula fed  15 36 46 < 0.001 
Milk fed (> 500ml 53 34 15 < 0.001 

3.2  Regression and Confounder Control 
 So far infection has been controlled by excluding those children with elevated CRP from the analysis.  
A regression model is now used to adjust for the effect of this confounder and also to incorporate the effects 
of influential non dietary factors.  To normalize the distributions of the ferritin levels and the diet iron levels 
the logs of these values are taken and the new variables are used when fitting the multiple regression.  The 
results are shown in Table 8.  Continuous variables for age and log of diet iron level are predictors in the 
model fitted.  The level of dietary iron intake remains positively associated with higher body iron stores even 
after adjusting for the confounding factor (CRP) and influential non-dietary factors (age, sex and 
prematurity).  Age is negatively associated with iron stores as expected from the results for the infants and 
toddlers.  Girls have slightly higher iron stores and premature birth results in slightly lower iron stores. 

Table 8  Factors associated with iron levels in children (Response: log serum ferritin level) 
Factor Parameter Standard t p-value

error
Log(diet iron level) 0.148 0.068 2.186 0.030 
Age -0.030 0.008 -4.032 <0.001
Sex: (Ref male) 0.156 0.080 1.941 0.053 
Premature: (Ref normal) -0.206 0.113 -1.830 0.068 
Infection (Ref: CRP  10mg/L) 0.794 0.165 4.800 < 0.001 
Constant 3.104 

3.3  Discussion 
 Although the contingency tables with infected children deleted result in simple methods of analysis 
and the more sophisticated regression modelling produces similar results, this may not always be the case 
and it is therefore essential to control for any anticipated confounding effects.  It is wasteful to ignore a large 
block of data by removing infected children.  This will lead to results only relevant for children without 
infection.
 The data file associated with this study recorded on the CD has other variables not mentioned here and 
therefore is a rich source of data for further project work.  Not only modelling and confounder control but 
other multivariate procedures can be used. 

4. Future Research 
 The DVD has been made available to all high schools in New Zealand and to tertiary training 
institutes, universities, polytechnics and colleges of education.  Interest has also been expressed by teachers 
of Year 13 biology as well as Year 13 statistics and copies of the DVD/CD package have been ordered 
already by some biology teachers.  The Higher Education Development Unit at the University of Otago 
viewed this as a community project and therefore provided staff to compile the DVD free of charge.  
Feedback will be monitored carefully to determine which aspects of the DVD and CD are the most useful for 
teaching and learning.  This will be achieved through an appropriate survey of teachers and students and 
focus group discussion at an education session at the next conference of the New Zealand Statistical 
Association.  These assessments are particularly important.  Many people produce DVD’s for teaching but it 
is essential to know if they are actually used and are beneficial. 
 Once the useful sections of the DVD and CD are established it will be possible to see how best we can 
develop further teaching aids.  Several projects currently being suggested for future inclusion are injury 
prevention, the profile of women who may consume alcohol during pregnancy (Parackal et.al., 2007) and 
lifestyle and health survey data. 
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1 Introduction: 
Multivariate data are commonplace in children's lives and they routinely encounter a degree of 

complexity which goes far beyond anything they meet within the school curriculum.  Pupils engage in 
debate about the relative merits of football teams, pop bands, teachers, computer games, mp3 players and 
the like where the comparisons are not like for like exactly but decisions still have to be made about what 
to buy, or arguments put forward to justify why a team or band is liked. 

Historically, subject areas which deal with complex contexts, such as citizenship or geography, 
have tended to deal qualitatively with the different factors in any particular situation and not introduce the 
data because of the difficulties in handling multiple variables, both conceptually and practically.   

Technology offers the opportunity for pupils to engage with multiple variables in contexts they are 
familiar with.  The visualisations help them build mental models of the semi-quantitative relationships 
between 3, 4 or 5 variables - so they have a grasp of which factors make substantial differences, and some 
feeling for the relative size of the effects of different factors or variables.  Schield (2005) rightly observes 
that when very large data sets can now be routinely analysed, statistically significant differences abound, 
and the notion of effect size is a much neglected concept. 

We have argued elsewhere (Nicholson et al., 2006, Ridgway et al., 2007, in press a) that the current 
curriculum in the UK provides an inadequate preparation for full participation in an adult world where 
evidence-based policy is a key government objective, and where the commercial sector is increasingly 
dependent on making sense of all the information available in a very fast moving and competitive 
environment.  There is evidence that young students can make sense of multivariate data, given 
appropriate support - which in the case of the very young students reported by du Feu (2005) was the use 
of lego blocks to build a tactile graph, and in the case of the 14 - 15 year old students reported by Ridgway 
et al. (2006) was the use of computer-based interfaces. 

If students are to understand their world, and to make informed decisions about their own lives, and 
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in their capacity as informed citizens, they need to be able to reason with complex and multivariate 
evidence.  Statistics and statisticians have a great deal to contribute to help develop this understanding, but 
students in school are exposed to very few valuable and empowering ideas.  Rather, they are obliged to 
master pre-computer statistical techniques applicable to a very narrow range of applications, to the 
exclusion of reasoning with evidence.   

Here, we describe work on curriculum development that engages students in issues relevant to their 
own well being, that requires engagement with multivariate data taken from large scale surveys.  
Qualitative and semi-quantitative reasoning often provides a good basis for action [quantitative analyses 
via statistics packages would often challenge graduate students].  Activities are designed to encourage 
students to acquire some heuristics that are useful when reasoning with complex data.  These heuristics 
include: 

Critique the quality of the data 
Describe and explore phenomena before you try to explain things 
Focus on effect size not significance level 
Check that the effect size is a lot bigger than the likely error of measurement 
Identify variables that have the strongest effects 
Look at absolute levels – are they big enough to be worth worrying about? 
Look for non-linear relationships 

o Explore the effects over different values of each variable 
Look for changes over time 
Look for interactions, and think about ‘data surfaces’ 
Think about possible confounding variables 
Disaggregate data, and see if the patterns of relationships stay the same as in the aggregated data 
Look for the ‘dog that didn’t bark’ – were there things you expected to see, but didn’t? 
Be cautious of claims about causality – especially in observational data 

Many of these heuristics can only be acquired by working with multivariate data – such as looking 
for interactions.  Here, we show tasks and describe activities, and illustrate student awareness of powerful 
heuristics by describing some classroom events. 

2  The Northern Ireland curriculum at Key Stage 3 (ages 11 - 14).  
Northern Ireland Council for the Curriculum, Examinations and Assessment (CCEA) are currently 

introducing a new curriculum for Key Stage 3 (pupils aged 11 - 14).  This is the start of secondary school 
in the UK, and for many pupils it represents a major upheaval in the structure of their school day.  In 
primary school, pupils will often stay in the one classroom for most of the week apart from time spent on 
physical education, art and music, and would commonly have a single teacher for all other subjects.  On 
transfer to secondary school, which is usually much bigger as well, they will often move classroom 
between 5 and 8 times in the day, studying upwards of 12 subjects, mostly with a different teacher for 
each subject. 

CCEA (2002) noted research evidence that relatively slow progress was being made by many pupils 
as they made the transition into Key Stage 3.  Pupils felt the curriculum repeated too much that they had 
already covered, that they were insufficiently challenged, and what they did in school was not relevant to 
them now, or in the future (Lord and Jones, 2000).  The situation has not changed much in the interim (see 
Lord and Jones, 2006).  CCEA also state (2002):  

In addition, patterns of employment are changing and, consequently, the needs of employers. 
Feedback from employers’ organisations indicates concern about levels of literacy and numeracy  in the 
workforce, but there is also a feeling that those leaving schools and colleges should be better equipped for 
the world of work. This means better able to work with other people, better self-management and better 
problem solving. 

These are skills that schools help to develop in young people, not just as preparation for working, 
but preparation for the whole of life. 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 920 -



The other important change in society is the development of new technologies. These are having an 
ever increasing effect in the classroom and need to be reflected in the curriculum. Information is easy to 
find now and knowledge for its own sake is less important than it once was. It is more important that we 
know how to make use of information, how to evaluate its usefulness, to sort out patterns and to solve 
problems with it. 

The revised Northern Ireland curriculum encourages a move towards more collaborative work 
between traditional subject areas, a greater relevance of the curriculum to learning for life and work, to 
developing pupils as individuals, as contributors to society, and as contributors to the economy and the 
environment.   

A common theme across these laudable aims is to introduce a more realistic view of the complexity 
of problems in the real world.  The ability to manage information and handle data across the curriculum 
from real world contexts is one of the important skills that the revised curriculum seeks to develop.   

3  The Durham - CCEA curriculum project 
CCEA have commissioned us to produce some exemplars of data-rich resources to support these 

changes, and in particular to act as a focus for different curriculum perspectives.   
The Northern Ireland Commissioner for Children and Young People [http://www.niccy.org/] has 

identified risk-taking behaviour in the young and children and poverty as two of its current priorities.  
Both these priorities offer opportunities for using the visualisation tools we have developed to show the 
likely consequences of different types of behaviour, and to display comparative data between Northern 
Ireland and other places.  Pensions and savings have been areas the educational establishment have 
wanted to engage youngsters with for some time, and have so far had limited success.  We believe that the 
interactive materials we are developing in this project have the potential to engage the pupils with some of 
the big ideas in these areas. 

To illustrate the materials, and the general approach, we can only offer some static screen shots with 
commentary, but interactive versions of these, and other, materials can be found at 
www.dur.ac.uk/smart.centre/CCEA

3.1  Alcohol use by 11-15 year olds in the UK 
This is now a major social issue in the UK, and schools are expected to deal with aspects of it in a 

number of curriculum areas.  There are health related aspects in science, as well as aspects which are 
central to citizenship and to personal development.  Apart from curriculum areas which have to deal with 
it, there are others which could usefully contribute a perspective to it: for example in mathematics, lessons 
could focus on the stories which the data tell, what other data it would have been useful to have access to 
in order to understand more fully what is going on, the need to be cautious about attributing causal reasons 
to patterns seen in observational studies; in geography, lessons could focus on exploring differences 
between different groups and different cultures. 

Our materials provide a number of datasets about alcohol use in the 11 to 15 year old age group.  
Before they start to view them students are asked questions about what they expect the data to show, e.g. 
what proportions of 11-15 year olds are drinking alcohol in the UK, whether they think there is any 
difference between boys and girls, and any difference between ages.  Figure 1 shows the data interface 
they can access to get answers to these questions for children in 2004.  By dragging the pointer at the 
bottom across, they can see the corresponding data for 1990 up to 2004 to allow investigation of any 
trends over time.  The 3 variable labels here (sex, age, and year) are interchangeable in position by a 
simple drag and drop action, which allows the user to control the priority of the variables in their display 
e.g. if sex and year are interchanged, the user will see only male or only female data in the comparative 
bar chart, but will see the time series shown for each age.   
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Figure 1:  Rates of alcohol use among young people in the UK.  

This data set provides some information about alcohol consumption in the young, for example that 
around 50% of 15 year old females had had an alcoholic drink in the previous week in the 2004 survey 
(the bar on the extreme right of figure 1), but it is a long way from the whole story - so other data sets 
allow the pupil to explore how often young people drink, how much and what they drink.  One important 
aspect of the materials is that they open with newspaper headlines about the scale of the problem e.g. 
Curb on teenage drinkers and smokers in The Daily Telegraph,  September 14, 2006, but the pupils are 
then being asked to interpret the data for themselves, and indeed whether the headlines are reasonable 
summaries of the data or if they sensationalise a small aspect of an otherwise unremarkable situation.  
Figure 2 shows the average weekly consumption of alcohol by young people who drink in the UK, so for 
example, in 2004, the average weekly consumption of 15 year old males who drank alcohol was 12 units, 
or 6 pints of beer.  Because the interfaces allow the visualisation of relationships between variables, pupils 
naturally address issues relating to effect size in describing the relationships. 

Figure 2  Average weekly alcohol consumption by young people in the UK. 

Our brief is to produce data-rich resources which link with other curriculum materials, so these data 
explorations will be used before various curriculum areas consider alcohol use from their own perspective. 

3.2  Poverty in Northern Ireland and other parts of the UK
Here we have started with the UNICEF (1999) activity on the rights of the child.  Once the class 
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have worked though this, and made their own decisions about what a child should be entitled to, they can 
compare their answers to the results of a national survey and explore any differences.  This links to 
exploring the deprivation indices data (Noble et al., 2001) for local government districts (LGDs) in 
Northern Ireland. 

There are 7 indices, and one composite index of these 7, as well as a child poverty index which 
focuses only on the aspects most directly affecting a child in Northern Ireland. 

The interface shown in figures 3a and 3b allows the user to choose which of these indices to show 
as the variables in a scatter graph.  All the LGDs are listed down the side, and up to 3 LGDs can be 
selected either by their position on the scatter graph, or by their name in the list.  When selected, both of 
the references to an area is highlighted in the same colour.  When the user changes variables on the axes, 
the same LGDs remain selected so the user can explore whether areas which do badly by one measure of 
poverty also do badly by others.  While some of the indices show strong correlation, as in 3a, others do 
not, as in 3b, but 2 of the 3 highlighted areas are down amongst the most deprived areas on all 4 of the 
measures represented in these two graphs. 

          
Figure 3a  Deprivation indices interface                         Figure 3b  Deprivation indices interface   

Further data interfaces allow poverty data in Northern Ireland to be compared to other areas in the 
UK, and can be extended to comparisons with other regions in the world.  

3.3  Pensions and savings 
The initial activities draw out the rationale for larger pension payments to people who start drawing 

their pension at an older age, exploring why women seem to be discriminated against by getting a lower 
pension for the same pension pot at the same as than a man would, and why smokers appear to be 
rewarded for their habit by getting a larger payout in pensions. 

Figure 4:  Pensions and savings activity 
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In figure 4 the user states whether they are male or female, smoker or not, and chooses a target age 
for their retirement. The graph displays the monthly pension available for different retirement ages 
depending on the monthly savings and the age at which savings started. The red line indicates the pension 
payable at their target age for retiring.  

Associated activities will link life styles in retirement with monthly pension being paid, and life 
styles during working life with savings strategies to illustrate the reality and consequences of different 
behaviour. 

4  Developing curriculum in partnership with teachers 
The project described above has the curriculum development generated in Durham, and then trialled 

in schools.  We are currently working with the Geographical Association, on a project funded by the 
Wellcome Trust relating to understanding risk using disease as a context, which uses a different model of 
curriculum development.  Pairs of teachers in mathematics and geography from 4 schools are using our 
interfaces to develop cross-curricular materials i.e. more of the curriculum development is being done by 
the teachers, with support from Durham in tailoring data interfaces and simulations to suit the context 
chosen, and the 4 schools have each developed quite different approaches, and each is working with a 
different disease.  The resources and a fuller report are available at www.dur.ac.uk/smart.centre/disease

Danum Technology College are looking at skin cancer: they wanted something immediately 
relevant to pupils so they are looking explicitly at risk factors and effective interventions – the aim is to 
not ‘preach’ but allow students to discover the important messages for themselves.  Aston Comprehensive 
School are looking at whether parents should give their children the MMR vaccine because their local area 
has had a big debate about this recently – the pupils are collecting data about vaccination patterns from 
current students and older generations and will look at local, national and global vaccination patterns and 
the aim is to produce a magazine article summarizing their findings.  St Ivo School is holding a mock 
World Health Organisation summit on combating tuberculosis, where groups of pupils will represent 
different countries and their interests.  Wycombe High School, a Mathematics and Computing Specialist 
School, are planning to involve almost all their departments with mathematics, geography, citizenship, 
biology, ICT and history playing major roles and engaging students in analysis, decision making and 
interpretation in real contexts – including looking at the potential spread of malaria in Europe as one of the 
effects of global warming. 

5  Factors affecting student performance
The introduction of a compulsory extended statistics coursework project in the high-stakes 

qualifications for mathematics at age 16 in the UK in 2000 caused considerable angst for teachers and 
pupils. The expectation is that pupils should deal with complex data sets, yet this was outside their 
curriculum experience (Nicholson, 2003); the difficulties were compounded by the lack of suitable 
resources to build up student confidence in working with complex data, or any guidance for teachers as to 
the hierarchical structure of the skills in this area. 

There was a paucity of materials available: textbooks contained almost no examples of data more 
complex than a linear bi-variate relationship, and rarely any guidance on appropriate language to use in 
describing relationships, or even on strategies to use to decide whether a difference [and there will always 
be some difference in observed data] is sufficient for it to be reasonably be described as a difference.   

As these examples illustrate, expert teachers can provide very creative inputs into curriculum 
development.  Ensuring that these materials are robust enough to allow their use in representative 
classrooms by representative teachers poses a major challenge however. 
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Figure 5a: Both variables show a difference                       Figure 5b: One variable shows a difference 

Mobile phone ownership

0%

10%

20%

30%

40%

50%

60%

70%

80%

Boys Girls

Gender

Pr
op

or
tio

n 
ow

ni
ng

 a
 m

ob
ile

 p
ho

ne Yr 3

Yr 4

Yr 5

Yr 6

Yr 7

Yr 8

Yr 9

Yr 10

Yr 11

Figure 6: Both variables show a difference, data for boys and girls grouped separately. 
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Figure 7a: Both variables show a difference                     Figure 7b: One variable shows a difference 

Initial analysis suggests that items such as these on reasoning with more complex data fit securely 
into the Watson-Callingham hierarchy of statistical literacy (see Ridgway et al., 2006) and are at 
accessible levels of difficulty.  It was noticeable that items where differences were substantial in both 
explanatory variables (sex and age) as in figure 5a; (age of car and fuel type) as in figure 7a were easier 
for students to deal with than very similar items where a substantial difference was present in only one of 
the explanatory variables, as in figures 5b and 7b.  In figure 6 there are again differences in both variables, 
but in this case the information is grouped differently, so instead of seeing pairs of values for boys and 
girls of each age, and with only two, strong, colours used the graph shows population profiles for boys and 
girls, but now the graph requires 9 different colours or textures for the different ages.  More work needs to 
be done to investigate whether there is a consistent pattern as to which grouping is easier to interpret, or if 
it might depend on the numbers of categories in each classification and / or the nature of the relationships.  
For example, it might be that if the populations have very different profiles that this is easier to describe 
from the representation used in figure 6, but when they are similar it is easier to compare the detail by 
having the representation as in figure 5a. 

It appears that students can deal with greater complexity in data if they have the appropriate tools 
and visualization support. It will take some time before we can gather evidence at to whether students 
better understand critical issues facing them and their world if they are better at understanding quantitative 
evidence, but we conjecture that this will be the case. There is still a lot of work to be done to understand 
how reasoning from evidence develops in the context of extensive ICT support, but there is initial 
evidence to suggest that these new interfaces offer new opportunities for students, and that they are 
accessible to a wide spectrum of academic ability. We have conducted some small scale trialling of this 
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hypothesis, with around 200 pupils aged 11 to 15 in Durham and Belfast, and the initial outcomes do show 
an interleaving of these items with those used by Watson & Callingham rather than a concentration at the 
upper end of the difficulty spectrum.   

7  Discussion 
Assessment is an arena in which curriculum development often suffers as the practicalities of 

formal testing regimes force classroom practice in ways which end up negating the central cognitive tasks.  
Employers emphasise the need for their future employees to be able to work in teams, yet almost all 
current assessment is on an individual, competitive basis.  Ridgway et al. (in press b) discuss the 
opportunities for assessing collaborative contributions in using these new materials as a critical part of the 
development.   

The relevance of the school curriculum to life after school is not an over-riding principle: there are 
many aspects of the curriculum whose value derives more from their aesthetic quality, or their capacity to 
develop modes of thinking than from a purely utilitarian perspective.  However, where new curriculum 
developments have the potential to be more relevant as well engaging students who are not well motivated 
by their current curriculum diet, we believe they offer an important opportunity to be explored. 

Further curriculum development is needed, and we need more research on the hierarchy of 
understanding reasoning from evidence, but the initial evidence is that embedded multivariate data can 
provide a focus for multiple curriculum perspectives which engage students and provide more realistic and 
relevant experiences than their current curriculum. 
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Abstract Multivariate outcomes are common in studies for causal 
effects, but they are often mis-analyzed.  The critical reason 
leading to their misuse is that even in a randomized experiment 
with only two treatment conditions, there are two potential 
outcomes associated with each measured outcome, but these can 
never be jointly observed.  When there are two measured 
outcomes, one primary and another one that is intermediate in 
some sense, the resulting structure can therefore be very confusing, 
even to great statisticians such as R.A. Fisher.  Two specific 
examples will be used to illustrate the issues using the concept of 
"principal stratification" (Frangakis and Rubin, 2002, Biometrics):  
the first on estimating dose-response when there is noncompliance, 
and the second on separating "direct" and "indirect" causal effects. 

1. Introduction 

 Causal inference is inherently multivariate because causal effects, even just for a single 
experimental unit and only two exposure conditions, involves the implicit comparison of two 
values, the value of the outcome when the unit is exposed to the treatment condition, Y(1), and 
the value of the outcome when the unit is exposed to the control condition, Y(0).  The causal 
effect of the treatment versus control on this unit is the comparison of the potential outcomes 
Y(1) and Y(0), for example, the difference, Y(1) – Y(0).  This formulation in the context of 
randomized experiments and randomization-based inference is due to Neyman (1923) as 
discussed in Rubin (1990), and was extended to nonrandomized studies in Rubin (1974) and to 
Bayesian inference in Rubin (1975,1978).   The general perspective is now often referred to as 
“Rubin’s Causal Model” (RCM) for a sequence of articles written in the 1970s – see Holland 
(1986), Imbens and Rubin (2007). 

 In many situations, causal inference is even more multivariate, even with just one 
primary outcome represented by the pair of potential outcomes Y(1), Y(0).  Of particular 
interest, noncompliance with the assigned exposure condition creates another pair of potential 
outcomes, which are intermediate in some sense, as discussed explicitly in Angrist, Imbens, and 
Rubin (1996).  A recent discussion in the context of a double blind randomized trial appears in 
Jin and Rubin (2007), where D(1) is the intermediate potential outcome representing the 
proportion of a prescribed cholesterol-reducing drug taken when assigned to take the drug, and 
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d(0) is the intermediate proportion of a placebo taken when assigned to take the placebo.  We 
discuss this example in some detail in Section 2. 

 A particularly challenging example of multivariate outcomes occurs when trying to 
describe “direct” and “indirect” causal effects, for example using surrogate markers, such as 
immunogenicity as measured by antibody levels in vaccine trials with human and nonhuman 
primates, as discussed in Rubin (2004).  This type of situation is very tricky to deal with 
correctly, and even the great R. A. Fisher got it wrong, as discussed in detail in Rubin (2005), 
and overviewed here in Section 3.  The framework we use to discuss the two examples is 
“principal stratification” due to Frangakis and Rubin (2002) and is inherently multivariate. 

2. Noncompliance and Dose-Response 

 For person i in a double-blind placebo-controlled randomized trial, let Yi(1) and Yi(0) be 
cholesterol reduction when assigned treatment and the cholesterol reduction when assigned 
control, respectively, and analogously, let Di(1) and di(0) be the proportion of dose of active drug 
taken when assigned to take the treatment drug, and the proportion of placebo drug taken when 
assigned to take the control, respectively; in this study Di(0) = di(1) = 0 by construction – that is, 
the amount of drug taken when assigned control and the amount of placebo taken when assigned 
treatment are both zero.  Thus, the potential outcomes take values is a four dimensional 
multivariate space of Yi(0), Yi(1), Di(1), di(0) .  The treatment potential outcomes, Yi(1) and 
Di(1), are only observed for units assigned to treatment, whereas the control potential outcomes 
are only observed for units assigned to control. 

 Figure 1, originally from Efron and Feldman (1991) [EF], but also reproduced in Jin and 
Rubin (2007), plots Yi(1) versus Di(1) in the treatment group and plots Yi(0) versus di(0) in the 
control group.  Figure 1 reveals a relatively clear monotonely increasing relationship between 
cholesterol reduction and proportion of drug dose taken, as would be expected with a drug 
designed to reduce cholesterol.  However, there also appears to be a mild relationship between 
cholesterol reduction and proportion of placebo taken, which may make little sense until we 
realize that better placebo compliers are probably also better dietary compliers, better exercise 
compliers, etc., and thus the better placebo compliers are doing other things to reduce their 
cholesterol levels.  Thus, di(0) is an important explanatory covariate, which is only observed in 
the control group.  The principal strata are defined by the various values of di(0).  Of importance 
is that, as seen in Figure 2, the distribution of drug compliance, Di(1), is substantially worse than 
the distribution of placebo compliance, di(0), presumably because of negative side effects of the 
active drug, and so we cannot directly infer the missing Di(0) from the observed di(1).  In some 
sense, we want to "subtract" the dose-response curve in the placebo group from the dose-
response curve in the treatment group to uncover the true biological dose-response relationship, 
but how to do this formally and correctly is the key issue in EF and in Jin and Rubin (2007). 

 Suppose that di(0) were observed for all units and that the proportion of active drug 
taken, Di(1), was ignorably assigned (Rubin 1978) at some value between zero and di(0); thus, 
we are assuming that the assignment mechanism for Di(0) is “latently ignorable” (Frangakis and  
Rubin 1999), latently because di(0) is missing for those assigned to the treatment condition (i.e., 
the  assignment mechanism would be ignorable if di(0) were observed for all units. Jin and Rubin

2
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FIGURE 1:  Observed Dose-Response in the EF Data 

 (2007) conduct a Bayesian analysis under the latent ignorable and other modeling assumptions, 
and derive different estimated dose-response curves (i.e., Yi(1) as a function of Di(1)) as 
functions of di(0), where di(0) define various principal strata. 

 Four estimated true dose-response curves are given in Figure 3 for four values of placebo 
compliance: a prefect placebo complier, di(0)=1.00; the 75th percentile placebo complier in the 
experiment, di(0)=0.97; the median placebo complier, di(0)=0.89; and the 25th percentile placebo 
complier, di(0)=0.60.  Notice that dose-response is only plotted for active doses less than di(0)
because, by assumption, no active dose is assigned that is greater than di(0).  The posterior 
medians are represented by the bold lines and 95% posterior intervals by the light lines.  Under 
the assumptions of Jin and Rubin’s model, a very interesting conclusion arises that can be 
illustrated by examining the estimated cholesterol reductions at dose 0.60 for the four types of 
placebo compliers in the figure:  The better the placebo compliance, the less the benefit from 
taking the active drug!  Apparently, the better placebo compliers are already doing other things 
to reduce their cholesterol levels, whereas the worse placebo compliers are not doing so, and so 
they benefit more from the same dose of the active drug. 

 Such a conclusion would have been impossible to reach without the multivariate thinking 
that is forced upon us when using potential outcomes and principal stratification.  That is, letting 
Wi indicate the condition assigned, Wi =1   for treatment and  Wi =0  for control,  the reduction 
from the bivariate potential  outcomes [Yi(1),Yi(0)] to the univariate observed outcome, Yobs,i = 
Wi Yi(1) + (1-Wi) Yi(0),  and the reduction from the bivariate potential outcomes [Di(1), di(0)] to 
the univariate observed outcome, obs,i = Wi  Di(1) + (1-Wi) di(0), hide the insight revealed in 
Figure 3.  EF (1991) effectively used the reduction to obs,i because they assumed Di(1) and di(0)
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FIGURE 2:  Histograms of Observed Compliances in the EF Data 

FIGURE 3:  Estimated True Dose-Response at Four Values of di(0):
Posterior Median and Control 95% Interval 

4
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were a monotone deterministic function of each other, and therefore assumed that Di(1) was 
known from di(0), thereby reducing the four plots in Figure 3 to four points. 

3.  Complex Experiments:  “Direct” and “Indirect” Causal Effects 

 Now consider the problem of adjusting for a different kind of “concomitant” variable – 
an outcome variable that is not the outcome of primary interest nor a measure of compliance, but 
may be “on the causal pathway” explaining how treatment versus control affects the primary 
outcome variable, Y.  The following discussion is adapted from my Fisher lecture (Rubin, 2005).  
Fisher wrote about the problem of adjusting for such on a concomitant variable in Design of 
Experiments (DOE, Chapter IX) from the first edition in 1935 to the last (8th) edition in 1966 
using the identical language: 

In agricultural experiments involving the yield following different kinds of treatments, it 
may be apparent that the yields of the different plots have been much disturbed by 
variations in the number of plants which have established themselves.  If we are satisfied 
that this variation in plant number is not itself an effect of the treatments being 
investigated, or if we are willing to confine our investigation to the effects on yield, 
excluding such as flow directly or indirectly from effects brought about by variations in 
plant number, then it will appear desirable to introduce into our comparisons a correction 
which makes allowance, at least approximately, for the variations in yield directly due to 
variation in plant number itself. 

He also discussed such a situation in Statistical Methods for Research Workers (1970, sec. 49.1), 
in a way that was consistent with this previous quotation. 

 Fisher’s recommendation was to conduct an analysis of covariance (ANCOVA) of Yobs,i
on Wi and Cobs,i, where Cobs,i = Wi Ci(1) + (1-Wi) Ci(0).  Essentially, an ANCOVA compares the 
average observed Yi(1) with the average observed Yi(0) for units with a common value of Cobs,i,
which generally does not estimate a causal effect as we now discuss using two hypothetical 
examples.  Suppose that Tables 1 and 2 represent very large randomized experiments of N 
agricultural plots; the concomitant C is the number of plants established in each plot, the primary 
outcome Y is the total yield in each plot, the treatment is a new fertilizer, and the control is the 
standard fertilizer.  In each experiment, half of the units are randomly assigned to the treatment 
and control conditions. 

 The left collection of columns in Table 1 gives the potential outcomes in the first 
experiment.  The first two rows represent those N/2 units with common values of the potential 
outcomes, and so randomly assigning them would result in half being assigned to control, 
represented by the first row, and half being assigned to treatment, represented by the second row, 
and analogously for the second pair of rows.  The resultant observed data are represented in the 
right collection of columns in Table 1.  Each pair of rows corresponds to a “principal stratum,” 
where each principal stratum is defined by common values of Ci(1) and Ci(0), which is 
unaffected by treatment assignment.  The left collection of columns reveal that for all units, there 
is a causal effect of treatment versus control on the concomitant variable, C, of size 1, but there 
is no treatment effect on the primary outcome variable Y for any unit.  Because all units 
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experience a treatment versus control effect on C but no effect on Y, the answer to the question 
of the “direct” effect of treatment on Y, after adjusting for C, seems to be a matter of definition, 
where the obvious definition is zero. 

Table 1.  An Example With a Treatment Effect on the Concomitant, C, But No Treatment Effect 
on the Primary Outcome, Y. 

Potential outcomes Observed data Fraction of 
population C(1) C(0) Y(1) Y(0) W Cobs Yobs

1/4 3 2 10 10 0 2 10
1/4 3 2 10 10 1 3 10
1/4 4 3 12 12 0 3 12
1/4 4 3 12 12 1 4 12

 An examination of the right collection of columns in Table 1, however, reveals that 
conditioning on the observed value of the concomitant, Cobs,i, leads to a contradictory conclusion.   
When Cobs,i = 3, those plots that received the treatment do worse by 2 than those that received 
control (compare the second and third rows in the observed data).  Also in this case, the 
regressions of Yobs,i on Cobs,i in the Wi = 0 and Wi = 1 groups are linear and parallel, with 
constant treatment minus control difference equal to -2.  So the conclusion of Fisher’s 
recommended ANCOVA is that the treatment versus control direct effect on Y (after making 
allowance for any treatment effect on C) is negative!  This clearly seems incorrect, as is revealed 
by an examination of the potential outcomes in Table 1. 

 The example in Table 2 illustrates a flaw in Fisher’s proposed solution even when there 
does appear to be a well-defined “direct” treatment versus control effect on Y after controlling 
for C, at least for some units.  The example is similar to the one in Table 1 except that first, there 
is a constant treatment effect on Y of size 1 for all units, and second, for one-third of the units, 
represented by the middle two rows, there is no treatment effect on the concomitant, C.  For the 
other units, the treatment effect on the concomitant is 1.  For the principal stratum where there is 
no treatment effect on the concomitant, the answer to the question about the direct effect of 
treatment seems to be clear:  It is size 1.  Yet here too, Fisher’s advice yields a different and 
incorrect answer, despite the parallel linear regression lines in the Wi =0 and Wi = 1 groups.  The 
ANCOVA of Yobs,i on Wi and Cobs,i implies that the “direct” causal effect of treatment on the 
primary outcome, after accounting for the effect of treatment on the concomitant, is of size -1, 
which is the average Yobs,i for the treated plots with Cobs,i = 3 ( the average Yobs,i in rows 2 and 4, 
i.e., 12) minus the average Yobs,i for the control plots with Cobs,i = 3 (the average Yobs,i in rows 3 
and 5, i.e., 13). 

6
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Table 2.  An Example With a Constant Treatment Effect on the Outcome, Y, and a “Direct” 
Effect for Units With No Treatment Effect on the Concomitant, C. 

Potential outcomes Observed data Fraction of 
population C(1) C(0) Y(1) Y(0) W Cobs Yobs

1/6 3 2 11 10 0 2 10
1/6 3 2 11 10 1 3 11
1/6 3 3 13 12 0 3 12
1/6 4 3 13 12 1 3 13
1/6 4 3 15 14 0 3 14
1/6 4 3 15 14 1 4 15

4. Discussion

 Causal inference is inherently multivariate because underlying each measured outcome 
variable, there are at least two potential outcomes, only one of which is revealed by the 
assignment mechanism.  With more than one measured outcome, as when we have 
noncompliance or are interested in "direct" and "indirect" effects, there are at least four 
underlying potential outcomes, and understanding their relationships requires clear multivariate 
thinking, which, in my mind, only recently has been adequately clarified through the use of 
principal stratification (Frangakis and Rubin, 2002). 
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The Challenges of teaching Official Statistics: the South African Ex-

perience

Pali Lehohla
Statistics South Africa
E-mail: palil@statssa.gov.za

ABSTRACT

The concept of official statistics for South Africa has taken on new meaning in a country with a history
of tainted and manipulated official statistics intended for the use of discriminatory and segregated
development. While an array of generic challenges exist universally in developing statistics education,
democratic South Africa has inherited unique inherent problems with respect to restoring trust in
official statistics and in building capacity in a science that for many years witnessed a generation of
black South Africans the opportunity to do mathematics and science. The challenges for South Africa
in developing the necessary statistical capacity are numerous. This paper highlights the challenges
South Africa has faced in addressing the teaching of official statistics. Challenges do not always
need to focus on the maladies of the past, but rather, this paper will demonstrate the milestones and
achievements made to address the needs of South Africa to establish confidence in official statistics and
measurement for better development outcomes. The innovations made also demonstrate a defiance
and determination to draw the line and bridge the divide in creating a numerate society in South
Africa through the support of statistical education and capacity-building programmes that learn from
the past to educate the future.

Keywords. Statistical literacy; numeracy; statistical education.
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1. Introduction 

The teaching of official statistics was for long deemed to be outside the scope of academic curricula 

and was traditionally confined to the internal training programmes of the official statistical agencies 

themselves and to those of international agencies. The relevance of academic training in statistics for official 

statisticians was questioned, for instance, by Bishop (1964), and by Benjamin (1975), who emphasized the 

need for the training of official statisticians in administrative skills, rather than in statistics. In recent years, 

however, statistical sciences have developed considerably to cover a wide range of applications, each with its 

own specific methodology. Some applications, such as econometrics, psychometrics, biostatistics, operations 

research etc., have become disciplines in their own right and recognized as closely related to classical 

statistical sciences. The development of a vast range of statistical techniques, developed over the past fifty 

years, has resulted in a high degree of specialization and this is manifested in the diversity of graduate 

academic programmes and curricula in statistics.  

On the other hand, the functions and modes of operation of governmental statistical agencies have 

changed considerably over the past fifty years. The developments in statistical methodology, especially in 

sampling techniques and analysis, have shifted the emphasis from a primarily descriptive mode, mostly 

concerned with the tabulation and simple description of administrative data, to very sophisticated methods of 

collection by sample surveys, sometimes linked to administrative data, and to advanced methods of analysis, 

such as time series analysis and categorical data models. The increasing use of statistical models, implicitly 

or explicitly, both in the analysis of official data and in a wide range of supplementary operations, such as 

editing and imputation, matching, data dissemination, statistical disclosure control and estimation for small 

areas, has resulted in requirements for a far higher degree of academic sophistication in the activities of 

official statistical agencies.  

The result of these developments has been the increased cooperation between official statistical 

agencies and academia, in particular with departments of statistics. This has manifested itself in widespread 

consulting activities of academic statisticians with respect to many activities of statistical agencies, joint 

research activity, both in methodology and in subject-matter topics, and the enhancement of direct access of 

academic researchers to micro-data collected by national statistical institutes for detailed analysis and for 

teaching purposes. Related to these developments, a variety of academic-based courses in official statistics 
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and closely related topics are being provided by academic institutions and, in some cases, complete 

integrated study programmes in official statistics have been developed at universities.  

In the following, we shall examine the conditions for successful academically based programmes, 

which demonstrate that strong cooperation between academic institutions and national statistical institutes is 

a fundamental requirement for quality training in official statistics. We consider some models for such 

cooperation, based on the experience in Israel and in other countries, and describe more fully the programme 

in official statistics at the Department of Statistics at the Hebrew University, which is based on a high degree 

of cooperation between the two institutions, with courses often given jointly with CBS staff. The aims, 

structure and specifics of the programme are discussed, as well as its achievements and failures. Finally, 

conclusions and recommendations for models of inter-institutional cooperation, as a basis for quality training 

in official statistics, are presented. 

2. The Israel Central Bureau of Statistics (CBS) 

The CBS was founded, together with the foundation of the State of Israel in 1948, under the first 

Government Statistician, Prof. Roberto Bachi, as a central independent government agency, with the aims of 

providing the government and its agencies and the general public with the data required for policymaking, 

planning and research. Its functions and operations are legally determined by the Statistical Ordinance, 1972, 

which ensures its centralized position and independence. Thus, the head of the CBS, the Government 

Statistician, is appointed by the Prime Minister and must “in carrying out his functions, act on the basis of 

scientific considerations”. A Public Council for Statistics, representing state agencies, institutions of higher 

education and research, public bodies and independent experts, is appointed by the Prime Minister to advise 

him and the Government Statistician on the bureau’s programmes and operations. The CBS has sole 

responsibility for the collection and dissemination of all national statistical data and any statistical activity of 

other government agencies can only be carried out after consultation with the Government Statistician. The 

CBS is responsible for carrying out the census of population and housing, other censuses and a variety of 

sample surveys, as well as the collection of data from administrative sources. The data collected and 

disseminated cover practically all aspects of social and economic activity, such as population and households, 

labour, public and private expenditure and consumption, health, education, transportation, leisure, price 

indices, national accounts, environmental protection etc.  

The bureau’s subject matter divisions are in charge of planning the collection and dissemination of 

data in their specific domains, after extensive consultation with data users in government and public agencies, 

in the research community and in the private sector. Central methodological units are responsible for 

developing and applying advanced statistical methods to the bureau’s operations. Their activities include 

sample design, development of editing and imputation methods, weighting and estimation, methods of file 

linkage and matching, census methods, statistical disclosure control, time series analysis and application of 

models for the advanced analysis of data. The methodological activities have developed considerably over 

the years, via cooperation and consultation with other national and international statistical organizations and 

with academic researchers in Israel and abroad (see further details below). The bureau’s activities in 

dissemination of data are extensive and diverse. Traditional paper publications are gradually being phased 

out, to be replaced by a wide range of automated methods of dissemination. These include, for most 
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aggregate data, direct internet access, via PDF or Excel files, CD’s, an RSS service for direct transfer to 

personal computers, a Geographical Information System, table generators and a time series archive. A vast 

array of micro data sets is available as Public Use Files (PUF), as Microdata Under Contract (MUC) or by 

access at a Research Room on the premises of the CBS office, with strict adherence to individual 

confidentiality requirements. In addition, the Israel Social Sciences Data Center (ISDC) holds and preserves 

the most important historical CBS data sets and serves also as an authorized distributor of the bureau’s micro 

data.  

As a result of all the above, the quality of the bureau’s methods and the data it disseminates has 

received widespread recognition, both locally and internationally. The degree of public confidence in the 

information the CBS publishes and distributes is very high, both of the general public and of academic 

researchers, policy makers and planners. The respect the CBS has attained, by safeguarding its independence 

and integrity, is unprecedented in Israel, especially when compared to public confidence in other government 

activities. The data it publishes are publicly accepted without question and, for example, its consumer price 

index is of prime importance to the national economy in the linkage of loans, salaries etc., while the national 

accounts data are the major factor in measuring the performance of the economy. 

The professional staff of the CBS is primarily recruited from first degree graduates of statistics, 

economics, sociology and other social sciences from the Hebrew University of Jerusalem and from other 

academic institutions in Israel. Some 20% have advanced degrees (MA or PhD), mostly in statistics and 

economics. However most of their training in official statistics has been in-house and on-the-job. An 

extensive training programme includes in-house training courses and seminar series in a variety of topics, 

many taught by external lecturers from academic institutions, external courses in management and 

specialized subjects, and encouragement to undertake further academic studies on a part-time basis, either 

single courses as external students or advanced degrees. Participation in tuition fees and paid or unpaid time 

off for study are often provided. Over two thirds of the bureau’s staff participates in some type of structured 

training each year. However, until recently, most such training based on academic courses, was not 

specifically related to official statistics. The aim of setting up the Hebrew University’s programme in official 

statistics, to be described in the following, was to rectify this situation. 

3. The Department of Statistics at the Hebrew University of Jerusalem 

The Department of Statistics was set up over fifty years ago in the Faculty of Social Sciences at the 

Hebrew University, under the leadership of Professor Roberto Bachi, the first Government Statistician and 

also one of the first deans of the Faculty of Social Sciences. Initially, the emphasis was on descriptive 

statistics and demography, but the development of research and teaching curricula in statistical theory and 

inference quickly became dominant and a separate Department of Demography was created. From its 

beginning, the department has had teaching programmes in both the Faculties of Social Sciences and in the 

Faculty of Science and several of the staff have held joint appointments with the Department of Mathematics 

and with other departments in social and natural sciences. The department comprises some 20 faculty 

members with a wide range of research interests, and administers Bachelor’s, Master’s and PhD programs in 

applied statistics, mathematical statistics, biostatistics and operations research. In addition, the department 

provides the vast majority of service courses in statistics at the university, primarily in the Faculty of Social 
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Sciences, but also in other university units.  

The research record of the department’s faculty is quite outstanding and it ranks very high by 

international standards of scientific publication. Its research interests cover a wide range of topics, including, 

for instance, sequential analysis, change point problems, process quality control, stopping rules and 'prophet 

inequalities', categorical data analysis, biostatistical methodology, longitudinal data analysis, survival 

analysis, analysis of correlated binary data, design of clinical trials, sampling methodology and nonsampling 

errors, analytical inference from complex samples under informative sampling, estimation of trends and 

seasonal effects and deterministic and stochastic models in operations research.  

The three year undergraduate programme in statistics has some 200 students of the Faculty of Social 

Sciences, who take statistics as a single major or in conjunction with studies in other social sciences, while 

some 150 students of the Faculty of Science take statistics in conjunction with mathematics, computer 

science or other natural sciences. First and second year studies include required courses in introductory 

statistics and probability, statistical theory, supplementary mathematics, computing, a statistical laboratory 

and regression theory. Third year studies include required courses in sampling and statistical models, an 

independent research project in applied or theoretical statistics and a wide range of electives, such as: 

stochastic models, limit theorems, Markov chains, categorical data analysis, time series analysis, advanced 

sampling, introduction to Operations Research, sequential analysis and design of experiments. 

The MA or MSc programme, which has some forty students, can be undertaken in one of five tracks: 

Applied Statistics, Theoretical Statistics, Biostatistics, Operations Research and Official Statistics (see details 

below). Joint programs with other departments of the Faculty of Social Sciences are possible. A thesis is 

required for the MSc and for the research option of the MA degree. Required core courses (depending on 

track) include statistical decision theory, statistical inference, multivariate analysis, random processes, 

Markov processes, linear and non-linear programming. At least two Master's seminars are required, and 

students in the Statistical Methods track must participate for one year in the Statistical Consulting Workshop, 

run in conjunction with the Applied Statistics Laboratory. The Ph.D. program is primarily thesis-based and 

there are some twenty doctoral and post-doctoral students. 

4. Cooperation between the CBS and the Department of Statistics at the Hebrew University 

Both the CBS and the Department of Statistics have benefited over the years from a high degree of 

cooperation between the two bodies. This cooperation manifests itself in a variety of modes. On the personal 

level, all the four Government Statisticians and some of the other senior staff of the CBS (e.g. the Chief 

Scientists) have had some academic connection with the Department of Statistics or with other departments 

of the Faculty of Social Sciences. This has been in the form of joint appointments, temporary appointments 

to the CBS of university staff on leave of absence and adjunct appointments.  

The most important aspect of this cooperation has been in joint research of staff of the CBS with 

academic researchers from the department, sometimes with the participation of researchers from other 

departments or from abroad. The research has been on topics of interest to and for direct application by the 

CBS. In some cases, formal research projects were set up, sometimes partially funded by local or foreign 

research funds. For instance, a research agreement on surveys with multiplicity, initiated by the U.S. 

National Center for Health Statistics, carried out jointly by the Bureau’s staff and academic researchers, was 
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funded by the United States–Israel Binational Science Foundation - Nathan, Schmelz and Kenvin (1977). 

Following are some other examples of such joint research, which has often resulted in publications in 

refereed journals or in papers presented at conferences. Pfeffermann and Ben-Tuvia (1985) proposed a 

statistical method for assigning priorities to road sections for resurfacing; Kantorowitz and Nathan (1987) 

consider the estimation of response error micro-effects from repeated surveys; a method for robust small area 

estimation, combining time series and cross-sectional data, is proposed by Pfeffermann and Burck (1990); 

Pfeffermann and Glickman (2004) consider a mean square error approximation in small area estimation by 

use of parametric and nonparametric bootstrap; Rinott and Shlomo (2007) study a smoothing model for 

sample disclosure risk estimation as part of a joint research agreement on statistical disclosure control 

between the CBS and a researcher from the department. 

Other important modes of cooperation include consulting to the CBS by academic staff and their 

participation in advisory committees. Many formal and informal arrangements for consulting by academic 

researchers to the bureau’s staff are implemented on a current basis. These are primarily in the areas of 

statistical methodology, such as sample design and data analysis. The CBS also utilizes expert knowledge in 

subject-matter areas and in methodological aspects of its work by means of a network of advisory 

committees. These are sometimes appointed directly by the CBS and sometimes as sub-committees of the 

Public Council of Statistics. In addition to data users, experts from other government agencies and research 

organizations, they usually include academic researchers from universities. 

Teaching and training is another area of cooperation between the CBS and the Department of Statistics. 

Besides the cooperation of the CBS with the department’s programme in Official Statistics, to be discussed 

below, the regular in-house CBS training programmes often incorporate lecturers from the department and 

members of the CBS professional staff are invited to give courses at the university, as adjunct lecturers, or to 

give single lectures, on their area of expertise.  

Finally the CBS provides important data sets, primarily via the Israel Social Sciences Data Center 

(ISDC), at the Hebrew University, for use of students in course work, projects, seminars and theses. The 

possibility of easy access to real data by statistics and other students has been emphasized as of prime 

importance in teaching of statistics in a way which is relevant to social science applications – see Gal (2003) 

and Ho (2005). 

5. Models for training government statisticians 

There is no doubt that in-house and on-the-job training is the predominant method of training 

government statisticians at national statistical institutes. Much of this training is informal but many statistical 

agencies have formal training frameworks and programmes of studies in official statistics, which in some 

cases may accept students from outside the agency or offer special programs for foreign students, e.g., the 

Statistics Canada Training Institute and the U.S. Bureau of the Census International Programs Center. 

Examples of intensive internal programmes are those of the Israel CBS, mentioned above, of India’s Central 

Statistical Organisation Training Division and the training programme of the Hungarian Central Statistical 

Office. International and regional training centres are another important supplementary resource and of prime 

importance for agencies that do not have the resources or manpower to provide specialized training in 

official statistics internally. Examples are the UN Economic Commission for Africa East African Statistical 
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Training Centre in Tanzania and the INSEE Training Center in Libourne (CEFIL). 

Although academic staff may participate in teaching in these modes of training, the academic basis of 

these programmes is, in general, minor. This is due to the fact that the training of official statisticians by the 

statistical agencies themselves is often divorced from methodological or subject-matter research. Only a few 

universities offer separate courses in official statistics within departments of statistics or other departments, 

outside complete programmes in official statistics. Examples are courses in official statistics in the 

Department of Statistics of University College, Dublin (temporarily suspended) – Murphy (2002) - and at the 

School of Economic & Business Sciences, University of the Witwatersrand, Johannesburg. Some 

commercial on-line teaching programmes also relate to topics of official statistics. 

An integrated programme of teaching and research in official statistics is provided in the French 

system of “Grandes Ecoles” by the National School of Statistics and Economics (ENSEA) and the National 

School of Statistics and Information Science (ENSAI) – see Tassi and Trognon (1983). They are part of the 

GENES group which has its own Research Centre in Statistical Sciences (CREST). Both schools offer 

graduate programmes in statistics, especially aimed at training official statisticians, but also in the fields of 

economics, actuarial sciences, management and computer sciences. The teaching staff is of a high academic 

standing and is actively engaged in research. Practically all the professional staff of INSEE and other French 

statistical agencies are graduates of one of these schools. The level of academic study is equivalent to a first 

year Ph.D. programme at a good US university. 

Similarly the Brazilian national statistical office (IBGE) has a "School of Statistical Sciences", which 

offers a four year undergraduate degree (BSc) in Statistics and a post-graduate programme offering MSc

degrees in Population Studies and in Social Surveys, which includes coursework and a dissertation.  

While the French and Brazilian models for training official statisticians are certainly desirable ones, it 

is doubtful whether they can be successfully applied outside their respective higher education systems. The 

graduate programmes in official statistics of the Hebrew University’s Department of Statistics (to be 

described in the next section) and that of the Department of Social Statistics at the University of 

Southampton, UK, seem to be more suitable models for university based systems of higher education. The 

Diploma and M.Sc. Programmes in Official Statistics at the University of Southampton, first established in 

1999, have been developed jointly with UK National Statistics to cover the core skills and knowledge needed 

by professional government statisticians. It is based on the Department’s position as one of the world’s 

leading research centres in official statistics and in the statistical methodology of sample surveys and 

censuses. Much of the research has been in collaboration with staff of National Statistics. The curriculum 

includes coursework of 11 compulsory units and 5 optional ones during three to four years, allowing those 

working to do their studies on a part-time basis, and a dissertation, required for those completing a master’s 

degree. Courses are held in London at the ONS and at the university. The course topics include survey and 

sampling methods and estimation, data analysis and index numbers, statistical disclosure control, 

demographic methods, national accounts and small area estimation. Many of the students are employees of 

National Statistics or its candidates for employment. 

Another complete academic programme aimed, at least partially, to train official statisticians, is the 

Joint Program in Survey Methodology (JPSM) at the University of Maryland, founded in 1993 and

sponsored by the Federal Interagency Consortium on Statistical Policy. Its aim is primarily to offer graduate 
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training in the principles and practices of survey research. It offers PhD, MS and certificate programmes and 

a large proportion of its graduates end up working in government agencies or already work there. 

6. The Official Statistics Programme at the Hebrew University  

The Department of Statistics, in conjunction with the CBS, initiated the programme in 1996, originally 

as a Diploma Programme and, since 2001, as an Official Statistics Track for the MA Programme in Statistics. 

It aims at imparting knowledge and expertise in the fields of collection and analysis of data and in statistical 

methods which characterise the statistical work performed in both the governmental and public sectors. The 

programme is available to all those accepted for the Master’s programme in statistics, in general those who 

have completed undergraduate studies in statistics with a sufficiently high final grade. The studies comprise 

basic courses of the Master’s program, specific courses for the track and electives from the general Master’s 

program. Compulsory specific courses are: introduction to statistical methods in official statistics; seminar in 

statistical methods in official statistics; and advanced sampling methods. Elective courses specific to the 

track are: time series analysis; small area estimation; innovative statistical methods for censuses; models and 

methods for the study of populations, price indexes, statistical disclosure control, analysis of large data sets, 

national accounts and presentation of data. Other relevant electives from the general Master’s program 

include: resampling methods; frequency data analysis; and inference on models from complex sample 

surveys. Some courses are taught by CBS staff, who have the appropriate credentials, sometimes jointly with 

a faculty member. The CBS also supports the studies of many students, some of whom are employees of the 

CBS.  

7. Conclusions and discussion 

We consider the multi-faceted inter-institutional cooperation, described above, as an important basis 

for quality training in official statistics at an academic institution. The cooperation in research activities 

ensures that the programme will be based on up-to-date research results, as required for all good academic 

teaching and not limited to professional training. On the other hand the active involvement of academic 

university staff in consulting and advising to the statistical agency’s activities ensures that the teaching 

programme will not become too theoretical or divorced from the application requirements of the statistical 

agency. It should be emphasized that, although we regard integral university programmes in official statistics, 

such as the Southampton and the Israeli ones described above, as the ideal method for teaching official 

statistics, at least for statisticians, the programmes must be supplemented by in-house and on-the-job training 

at the statistical agencies.  

Finally, some problems relating to the University programmes must be mentioned. Relatively stringent 

entry requirements for Master’s degrees –the equivalent of a good undergraduate honours degree in statistics 

or in another discipline, if it includes a sufficient background in statistics - are required both at Southampton 

and at the Hebrew University. While there is no justification to relax these requirements, they do limit the 

intake of students, especially taking into account the other options available for Master’s degree 

specializations. The supply of a variety of courses in the programme is obviously a function of student 

numbers, but also depends on the availability of sufficient academic staff who specialize in topics relating to 

official statistics. While teaching can be augmented by adjunct appointments and incorporating teaching by 
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suitably qualified staff from the national statistical institute, it is obvious that such a programme strongly 

depends on a sufficiently extensive core of regular academic staff at the university department, with research 

interests in topics related to official statistics.
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ABSTRACT

In the past twenty years, a large continuing education network for statistical workers has been built by
the Chinese governmental statistical system. The main idea of the network is audio-visual classes and
learning centers located in different places in China. Hundreds of government statistical workers have
participated in various training courses trough the network each year. With the development of the
internet and modern communication techniques, the attraction and impact of audio-visual education
is becoming less and less. In response to these changes, the continuing education organization of
the Chinese governmental statistical system initiated a transition program to move from audio-visual
to internet education. Preliminary tests show that compared with audio-visual education, internet
education has the advantages of providing self-learning for the students, sharing of resources and lower
expenditure etc. It enables flexible time and space of learning, changes to the learning foundation,
reform of learning patterns and optimization of the intelligence environment. However, the internet
education also faces the following challenges:
1. Challenges from the traditional concept.
2. Challenges from the lack of emotional communication.
3. Challenges from the quality, idea and behavior of the participants.
4. Challenges from imperfect basic internet infrastructures.
5. Challenges from the internet education resources available on the internet.
6. Challenges from the quality of the teaching.
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The educational activities of statistical agencies have a number of objectives relating to the

users of their data, their own personnel and diverse networks of research co-operation. Promoting

the use of statistics can also help restore trust in official statistics where it has diminished.

Information technology provides computer-assisted and web-based training which open new

possibilities for educational activities. Multi-form training complements conventional classroom

teaching. In addition to providing training services to the public, statistical agencies must organise

training for their own personnel. This can be done by working together with universities and other

educational institutes.  Education should be based on the different needs of each occupational

group, from experts in statistics to experts in administration.

Web-based training is increasing even in the field of statistics. Its promotion is favoured by

many aspects, such as

- possibility to teach large numbers of people

- flexibility in the use of time for learning

- possibility to also learn at home

- cost savings in the long term in spite of high initial costs.

One of the presentations described the possibilities and limitations of web-based teaching

very well. Questions that could be considered jointly include:

- means of providing support for web-based training

o efficient tutoring

o possibility to learn on the web during working hours

o lowering the threshold on web-based learning; making web-based training part of

classroom teaching

o lowering the threshold on web-based training; encouraging web-based training and

creating web-based learning material
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� transfer of the knowledge and competence capital of best experts to others

� critical assessment of teaching methods

o different generations have different attitudes and ways of doing things

� selection of teaching method based on needs.

Another presentation puts the emphasis on the importance of co-operation between statistical

agencies and universities and gives good examples of various forms of co-operation.  University

teaching must also ensure provision of the competences needed in tasks at statistical agencies.

Indeed, statistical agencies need knowledge and competence in a variety of areas from sampling to

analysing methods, as well as in new kinds of data collection and dissemination methods. Likewise,

in addition to knowledge of statistical science and practical competence in the field of statistics,

statistical agencies need knowledge in a number of fields of science and social domains. Research

institutes, again, need statistical data for their own teaching and research.

Positive experiences encourage intensification of co-operation and consideration of the tools

needed  to answer such questions as:

- how young people could be made interested in statistics

- how adequate statistical competence could be guaranteed at statistical agencies

- how different forms of co-operation and innovativeness could be developed

- how the division of responsibilities could be organised between statistical agencies’ own

education, universities’ formal education and continuing education

- how actual training needs and various career paths could be taken into consideration in

education.

Employees of statistical institutes should be guaranteed wide-ranging and diversified career

paths in different task areas. A good example of this is Statistics Canada which through its own

training organisation and its co-operative network with universities offers a variety of educational

opportunities for those employed in statistical, customer service and other tasks. Work in the field

of statistics demands a certain basic competence irrespective of task as well as career-specific

orientation alternatives.

The question is: how do we answer the challenges we are facing?
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Brown, James J 
University of Southampton, School of Social Sciences 
University Road 
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E-mail: jjb1@soton.ac.uk 

Introduction 
The MSc in Official Statistics Programme was started in September 1999 as a unique (in the UK) 

collaboration between the University of Southampton and the Office for National Statistics (ONS). The aim 
of the programme was to offer academic training that would enhance the skills of those working within the 
UK Government Statistical Service, of which the ONS is a major component. As such the programme was 
set-up with a much greater emphasis on surveys (their design and application) than a standard Statistics MSc 
in the UK would usually have. There is also a strong applied element to the programme, although it is 
recognized that a certain amount of foundation theory is also required. During the last eight years around 10 
students have applied each year to study for the full MSc with around 80 individuals per year have opted to 
take individual modules from the programme appropriate to their particular training needs. 

In the next section we will look at the overall structure of the programme and how the sampling 
component fits into that structure. We will then consider the sampling component in detail looking at the 
modules that make-up the component. We will consider how the collaboration between the University and 
ONS enhances the learning and teaching on these modules and how they fit together to give the student an 
overall knowledge of sampling statistics. 

Structure of the Programme 
The MSc in Official Statistics Programme (MOffStat) is made-up of 23 modules covering a wide range 

of topics that a Government Statistician would wish to know about. Each module is designed to be taught 
intensively over a period of three to five days with students doing an additional three days to complete 
assessments. Students can choose to register for the MSc or just choose to study modules on a one-off basis. 
Those doing individual modules can choose to do the assessment for credit points or simply attend the 
modules for professional development. Those that take the credit can then at a later date use that credit 
towards gaining the full MSc if they wish. Students on the full MSc must complete 16 modules from the 23 
available in up to 4.5 years of registration. Under the current structure (this is being reviewed by the 
University in consultation with ONS) 11 modules are compulsory with students choosing the remaining five 
as options. In any one year 16 or 17 modules are offered by the University with optional modules being 
rotated from year to year. 

The modules on the programme tend to be grouped into sets covering similar areas. There are five 
modules covering regression analysis. The two compulsory modules cover linear regression and standard 
GLMs. Students can then do optional modules covering complex survey data analysis, multilevel modeling, 
and longitudinal data analysis. There are two modules on time series; the compulsory one covering standard 
seasonal adjustment and ARIMA modeling using the X12 software and an optional module looking at more 
advanced analysis techniques. Likewise there are two modules covering demographic methods; the 
compulsory one covering population structures, fertility, mortality, and population estimates with an optional 
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module covering the use of multiple decrement life tables and population projections. There are a set of 
modules that cover more specific areas of interest to a Government Statistician. The compulsory ‘elements of 
official statistics’ module covers the structure of Government Statistics in the UK putting the current position 
in its historical and international context. There are also compulsory modules on ‘index numbers’ and 
‘evaluation and monitoring’ with optional modules covering ‘national accounts’, ‘disclosure control’, and 
‘statistical computing’. An overview of the programme can be got by referring to the MOffStat website 

(http://www.socstats.soton.ac.uk/moffstat/). 
In particular, the Programme Specification and marketing booklet give details of the individual modules.  

The final two sets cover the survey component of MOffStat and these will be covered in more detail in 
the following sections. In the world of sampling and survey statistics there tends to be a separation between 
the statistical theory behind survey design and estimation and the practicalities of actually doing a survey – 
often referred to as survey methods. Cochran (1977) is perhaps still the classic text on sampling theory but it 
contains nothing on questionnaire design and only one chapter at the end deals with survey errors coming 
from issues such as non-response and interviewer effects. On the other side a book such as Biemer and 
Lyberg (2003) covers the errors that occur through-out the survey process but does not show the reader why 
the sample mean is an unbiased estimate of the population mean under simple random sampling. This is not a 
criticism of either book (or those like them) but it does demonstrate that traditionally the two sides of surveys 
and sampling have tended to be quite separate and this is reflected in the underlying structure of the 
MOffStat modules. Of the eight sampling modules, five cover the area of sampling theory dealing with 
sample design and estimation with the remaining three covering survey methods. We will first look in detail 
and the sampling theory modules, and then consider the survey methods modules, before looking at how they 
integrate together. 

The Sampling Component – Sampling Theory 
The five sampling theory modules cover what we consider to be foundation theory in two compulsory 

modules and then offer students an additional three optional modules. The first compulsory module is a 
classic look at sampling theory from a design-based perspective and while Cochran (1977) is not a core text 
for this module the aim is to familiarize students with the main theory covered in the book. Students often 
prefer Lohr (1999) as a companion to this module finding it more readable. The module is taught by a 
member of the University using a traditional mix of lectures and workshops spread over five days. 
Significant amounts of time are devoted to students doing examples that demonstrate the basics of design-
based sample inference under a variety of standard sample designs. Although the examples are often not 
realistic (samples of size two from populations of size four) their role is to demonstrate the concept of the 
randomization distribution and its role in survey inference across a range of sample designs. The module is 
assessed by an open-book exam (we do not expect students working in a professional environment to learn 
large numbers of variance formulae) to see if students have understood and can apply the basic design-based 
theory to solve sampling problems. 

The second compulsory module looks in more detail at survey estimation and inference. In particular it 
extends the design-based framework to include the model-assisted approach (see Särndal, Swensson and 
Wretman, 1992). It focuses on GREG estimation (generalized regression estimation) as this is used in the UK 
by ONS on business surveys and will form the basis of social survey estimation in the future. This is 
followed by contrasting the approach with a full model-based approach for standard stratified, ratio, and 
regression situations. The module is taught by a member of the University and teaching is focused in the first 
three days. There are lectures mixed in with a set of exercises that are designed to demonstrate the 
differences between the approaches to survey inference. The assessment for the second module is via 
coursework. The main component involves the student first designing a survey and selecting a sample from a 
population; they are then give the sample values and asked to produce a set of estimates with appropriate 
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standard errors. The aim is not to say which approach to inference is best but to get the student to make a 
decision at both the design and estimation stage, which they are able to justify. 

The role of the two compulsory modules is to provide a solid foundation in the basics of sampling 
theory that students can then choose to build upon by taking some (or all) of the three optional modules. The 
first of the three optional modules deals with aspects of advanced sample design. How to design rotating 
surveys, multi-phase samples, and particular aspects of business survey design. This module is taught by 
members of the University with practical sample-design experience and is augmented by input from ONS on 
particular sample-design projects. The module is assessed by coursework and students are asked to review a 
sample design and describe how they would go about re-designing it. In particular, what analysis would they 
do and what would be the potential benefits. This module aims to build on the foundation theory and 
demonstrate how it is applied when designing real surveys. The second of the three optional modules deals 
with non-response in surveys. As this module is part of the sampling theory set it looks at estimation 
techniques to deal with non-response. Imputation techniques are covered for item non-response and 
weighting techniques for unit non-response. The weighting methods particularly build on the content of the 
second compulsory module by covering the use of calibration methods (standard for UK social surveys) on 
multiple auxiliaries. Again this module is taught by members of the University with practical experience and 
the coursework assessment also includes a section asking students to review critically the non-response 
methods of a current survey. The final of the three compulsory modules deals with the specific topic of small 
area estimation. The module is taught by a member of the University who is a specialist in the 
methodological developments that have taken place in this area. This is a slightly more theory based module 
than the other two options focusing on the development of model-based approaches to the problem over the 
past few years. Given its focus, the module is assessed by examination but as with the first sampling module 
the exam is open-book. It is not about ‘wrote learning’ of theory but about being able to utilize and 
manipulate the theory. 

The aim of this set of modules is to give all the students a good grounding in the background theory 
behind sampling designs and inference. This is then extended into the more practical aspects of actually 
carrying-out sample design and estimation through the optional modules. We feel that the latter is not really 
possible without the former although it is a careful balancing act to make sure that the compulsory modules 
are not too abstract as that tends to discourage students from choosing the more ‘practical’ optional modules.  

The Sampling Component – Survey Methods 
The three survey methods modules cover an overview of the whole survey process followed 

by questionnaire design and data collection as two compulsory modules, with an optional module 
on the measurement and reporting of overall survey quality. All three modules are taught by 
members of ONS who have experience in the relevant areas. The style of these modules is 
somewhat different in that they often utilize several lecturers doing sessions on specific components 
of the modules. This is again a trade-off to get the right balance between the continuity of a ‘small 
number’ (one or two) of lecturers versus the specialist expertise in specific areas from many 
different lecturers. In more recent years there has been a move towards a single lecturer giving the 
bulk of the lectures with a few ‘guest lecturers’ in specific areas and this seems to give the right 
balance. The teaching on all three modules is focused into three days and lectures are interspersed 
with group work that often uses case studies based on real surveys. 

As with the first sampling theory module, the first module in survey methods aims to lay the 
foundation by covering the whole survey process from the formulation of a research topic to the 
production of a final report. The purpose is not to cover topics in depth but to give students an 
understanding of how complex the actual survey process is; something that students do not 
appreciate so easily as survey methods modules tend to not be full of formulae. The module is 
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assessed by a closed-book exam. Students tackle essay type questions on a range of topics from data 
collection methods to the practical implications of types of sample design such as clustering to 
manage interviewer workloads to the use of other research methods apart from standard surveys. 
The second module (also compulsory) focuses on the specific area of data collection. It covers the 
design of the questionnaire from the formulation of the research questions to the definition of 
concepts to the creation of the questions and their testing. This is linked to a wide range of data 
collection methods with an emphasis on those commonly used in UK Government surveys (CAPI 
and CATI for social surveys, postal for business surveys) as the data collection methodology and 
questionnaire design of a survey cannot be separated. The module is assessed by coursework and 
students are asked to design the data collection methodology and questionnaire for a research 
problem that is based on a real-life example. The third module on survey methods is optional and 
covers the area of survey data quality. (We are currently reviewing whether to broaden this to cover 
data quality for administrative sources as well given their growing importance within Government 
Statistics.) In a sense, this module deals with what happens after everything else has taken place. 
You designed and selected your sample, you design and tested your questionnaire, you undertook 
your data collection, and you applied an estimation strategy to come up with your outputs. How do 
you now tell users whether what you have produced is actually any good? Therefore, it reviews 
where and how errors occur during the survey process and then how these can be presented through 
quality reports and quality profiles. For the coursework students are required to produce a quality 
report for a data collection exercise that is undertaken within their work area.

Fitting the Two Components Together – The Student Experience 
The teaching of these two components in complete isolation from each other is not possible. You 

cannot talk about designing a sample from the sampling theory perspective or talk about planning and 
undertaking a sample from the survey methods perspective without talking about the population you wish to 
sample and its encapsulation in a sample frame. You cannot separate decisions on the data collection strategy 
from design choices. If you are using CAPI it will almost definitely imply a geographically clustered design 
while CAPI will generally not. This is reflected in the fact that the first modules in each component contain a 
small element of over-lap, with both discussing the basic definition of sampling and non-sampling errors 
along with stratification and clustering. The overlap is intentional as it should help students realize that both 
components are equally important when under-taking a real survey. 

Another way is to see how an issue like non-response is dealt with by the modules. The first 
compulsory module in each component gives students the basic foundation in sample design and survey 
methods. The second compulsory module in the survey methods component looks at effective questionnaire 
design and data collection to minimize the amount of non-response at both the item and unit level. The 
second compulsory module in the sampling theory component expands the estimation framework to 
explicitly include ‘models’ and this is then utilized in the optional module on non-response. This optional 
module looks at estimation techniques (and the assumptions they are based on) to adjust for the non-response 
that will inevitably occur. The optional module in the survey methods component then considers how the 
impact of the non-response and its adjustments will have affected the quality of the data that has been 
produced. All these modules in combination allow the student see how they attempt to avoid non-response in 
the first place, how they correct for it when it happens, and finally how it impacts on their data quality.   

Inevitably students will not choose all the optional modules from both components. They often choose 
the options from one or other. However, by having compulsory modules covering theory and methods 
students should get an appreciation of the importance of the entire survey process when using a sample to 
measure a population. The link between the University and ONS in the provision of the teaching also 
provides the student with a balance between the need to understand sampling theory and the realities of 
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carrying out survey research in the real world. By putting both together we aim to ensure that the learning of 
theory is integrated with its practical application and not seen by students as an irrelevant and abstract 
mathematical exercise.  
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Abstract
Parameters of short-term training in sampling and survey statistics are naturally very diverse. In this paper 
we consider a very particular type of training arrangement: a relatively small, short-term workshop for 
participants with heterogeneous backgrounds, with the objective of moving the participants closer to what 
may be called “good survey statisticians”. Heterogeneity - an intriguing challenge on one side, but also a
potential opportunity on the other - is the fil rouge of the training situation we describe. In order to bring into 
focus the training paradigm we describe, we view our trainee ‘input’ and ‘output’ as ideal-types in the 
Weberian sense: the input is a mixture of practitioners and theoreticians. As to heterogeneity being an 
opportunity, the central concept is that of cross-fertilization: how to best utilize incoming heterogeneity in 
background and skills. We argue that the quality issue must serve as the framework: it determines the type of 
issues and materials to be included in the course, and the whole approach to training. This approach helps in 
a balanced treatment of theoretical and practical aspects. We find that real surveys provide the most effective 
instrument for organising the training, and conclude by noting a few additional practical aspects of the
training workshop on survey statistics. 

1 Introduction 

“La notte scorsa ho pensato a che cosa renda un uomo capace o incapace di fare scoperte, ma è un 
problema che mi lascia molto perplesso. Vi sono molti uomini dotati di grande  intelligenza , notevolmente 
superiore a quella degli scopritori, i quali tuttavia non creano mai nulla. Penso che la condizione necessaria 
sia la ricerca continua delle cause e del significato, di tutti gli avvenimenti naturali. Ciò implica un’acuta 
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osservazione e richiede la massima conoscenza possibile degli argomenti studiati” (C. Darwin, letter for his 
son Horace 15/12/1871)1.

Parameters of short-term training in sampling and survey statistics are naturally very diverse, 
depending on the context, objectives, resources, and many other practical considerations; for examples, see 
Morganstain and Marker’s conversation with J. Waksberg, (2000), Kish (1978, 1996), Verma (1996, 2001). 
In this paper we consider a very particular type of training arrangement: a relatively small, short-term
workshop – perhaps of 3-5 weeks duration, 15-25 participants with heterogeneous backgrounds (in statistics, 
and also in other respects) – with the objective of moving the participants closer to what we term (and 
explain below) as good “survey statisticians”. Our primary motivation is a general one:  to bring out 
important considerations in the design and conduct of non-academic training for survey statisticians, with the 
specific concern of promoting good practices for training programmes which are international in setting and 
in the context of official statistics. 

Heterogeneity - an intriguing challenge on one side, but also a potential opportunity on the other - is the
fil rouge of the training situation we describe. As implied by the title of this paper, our emphasis is on the 
contraposition between two very heterogeneous groups of participants: working statisticians closely involved 
in the practical aspects of survey, but typically with a limited knowledge of statistical theory; and fresh
graduate statistician with (hopefully) a good theoretical background, but with little experience in the actual
design and implementation of real surveys. Consequently, the context and methods of training also need to 
be heterogeneous: a judicious mix of theory and practice; of general principles and specific examples; of 
classroom instruction and discussion, balanced against group projects and assignments. To achieve this, the 
providers (teachers, instructors) must also present a mixture of skills and experience; indeed the two authors
of this paper themselves a good example of this – the first one a survey sampling teacher at an Italian 
University, the second one a researcher in international survey design and teaching. 

The ultimate scope of such training course will be at least to inoculate in the partecipants some
principle that have to be familiar for a survey statistician: (i) learning to think in terms of the overall quality
of survey data; (ii) appreciating flexibility in considering what is acceptable and how best to meet the needs
for the survey; (iii) understanding that it is not possible to be a good practical survey statistician without 
having a good grasp of the underlying theory which have to guide all the survey operational choices. 

The paper is organized as follow. In Section 2 we introduce the type of training situation considered in 
this paper. Section 3 argues that quality assurance of survey data serves as the framework for training, and
Section 4 discusses how reference to a particular survey , or a group of surveys, can serve as an organizing
tool for the training workshop. As noted in Section 5, heterogeneity is the essential condition of the type of 
training courses we are discussing, which represents a challenge and an opportunity at the same time. We 
conclude in Section 6 by noting a few additional practical aspects of the training workshop on survey
statistics.

2 The training paradigm: input and the output “ideal types” 

In order to bring into focus the training paradigm we describe, we view our trainee ‘input’ and ‘output’
as ideal-types in the Weberian sense (Figure 1). The input is a mixture of practitioners and theoreticians.

1 We have found this quotation only in an Italian translation of  the Charles Darwin’s autobiography. It will be
appreciated if some reader can point to us the original source. In any case, we will provide a rough translation of these 
beautiful words at the presentation.
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A practitioner as our ideal-type (a) is someone who is familiar - through experience (typically as an
official statistician) - with practical conditions of survey implementation and with the consequences of 
particular choices in survey design and procedures on the management and quality-control as well as cost
aspects of the operations; plenty of common-sense is the hallmark  of a good practitioner. On the other hand, 
however, our practitioner is typically lacking in statistical skills required for choosing among appropriate 
classes of designs (e.g. the survey structure), and in working out specifics of the design chosen (e.g. its 
sample size and allocation) – something for which a good grasp of sampling theory is essential.

The ideal-typical theoretician (b) has skills - through academic learning and research - in sampling
theory which can guide in the evaluation of designs in terms of their statistical efficiency, and thus in 
choosing between design options (albeit in this limited sense) and then working out technical details of a
chosen design. On the negative side, however, the theoretician lacks awareness of practical conditions and 
constraints of survey implementation, and of all the consequences of a particular choice on the total quality
(and cost) of what the survey would yield. The typical weakness of a theoretician, as envisaged here, is a 
lack of intuitive understanding and appreciation of what is important (central) in practice and what is trivial 
(peripheral) – something for which pure theory, with its unavoidable simplifying assumptions, is often a poor 
guide.

Figure 1. The training paradigm: input and output “ideal-types” 

(a) Practitioner 

(b') Practical 
Theoretician

(a') Theoretical 
Practitioner

Survey Statistician 

(b) Theoretician 

Imperfect theoretical knowledge without practical underpinning can actually be quite dangerous. Here 
is an example - we actually found ‘theoretical experts’ arguing thus: interviewer variance goes down with the 
number of interviewers, so the ideal solution is to have one per interview. But a practitioner will not even 
consider such a ‘solution’, knowing that with more interviewer to train and manage, the cost goes up and the 
quality down. On the other side practical choices without theoretical knowledge could also have a very
negative effect. An example of that can be found in the already cited interview of Waksberg (2000) where he
speaks about large oversampling for rare population (a common practice among practitioners) in a well 
known survey of the National Centre for Health Statistics:  “the results was a large increase in the variances 
for the total population and only a marginal gains for the specific population they were oversampling. That’s 
usually an important issue, how to reconcile the oversampling for the specific rare population with the effect 
on other parts of the population”. 

The aim of the training workshop is to convert the first ideal type into a ‘theoretical practitioner (a'),
and the second type into a ‘practical theoretician’ (b'), both moving nearer to our ideal-typical survey
statistician (SS). An SS is someone capable of determining survey design and procedures with an awareness 
of their consequences for the quality of the data in all its diverse aspects, and of the relationship of these 
aspects to survey objectives and costs. A most important quality of the SS is the ability to work out good
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compromises and to seek out and evaluate approximations - hence to appreciate what is and is not important
in survey design, what is critical and what is dispensable. 

3 Quality assurance of survey data as the framework for training 

As a consequence of the training objectives sketched above, a data quality perspective becomes the 
focus of the training. In fact, the quality issue serves as the framework: it determines the type of issues and
materials to be included in the course, and the whole approach to training. A quality-oriented approach has 
the added value of combining theoretical and practical aspects; it forces integration and balance between 
theory and practice.

A comprehensive assessment  of data quality requires its diverse dimension to be taken into account. 
Various organization have developed their own specific lists of the “quality dimensions”, but they all have a 
great deal in common. Essentially, they all share the view that “improving statistical quality” means
“increasing the utility of statistical products and services for the community of their users”. Commonly, the 
concept of data quality includes aspects such as: 

(i) Relevance  - capacity of data to meet users’ needs;
(ii) Accuracy - control of the magnitude of errors of measurement and errors of estimation;
(iii) Timeliness - assessing how fresh are the data and their adherence with users needs; 
(iv) Comparability - to which extent data collected can be compared in multi-country surveys or between 

similar surveys;
(v) Accessibility and Clarity - these condition accessibility, form of dissemination, technical

documentation, information services provided; 
(vi) Coherence - with other statistics and over time;
(vii) Completeness - covering all the main variable connected with the subject. 

The content of the training workshop has to be organised around these dimensions, and in discussing
any aspect of survey design or procedures, each of these dimensions has to be considered. The approach to 
quality issues in training has, therefore, to be comprehensive, wide-ranging and integrated, without ignoring 
its complexity.  In organizing the course around this framework, we must answer at least  two basic points: 

How does the quality approach, and each of its dimensions, influence the choice of the training method
(academic versus laboratory lessons; the whole class seminars versus small working groups; theory
versus practice)? 
What kind of course content and materials has to be provided to cover the various quality dimensions
involved in survey design? 

Here are some examples to clarify the point.

(i) question wording and cognitive laboratory  - among other dimensions, it concerns relevance (are the 
questions and response categories effectively targeting the user needs?), accuracy (which question forms are
more reliable and less influenced by measurement errors?), completeness (is all the information produced in 
the required detail?).

(ii) weighting or imputing procedures: accuracy (is it necessary to weight/impute the data? what is the 
impact on mean-square error of extreme weights or of imputed values?), comparability (do different
procedures affect comparability, and what common standards must be followed?), timeliness (is there a 
proper balance between the accuracy of more complex procedures, and the additional time they require?). 
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There is a special ‘tension’ in survey statistics training concerning a balanced mixture of technical 
(mathematical and statistical) and practical (substantive and operational) issues. “The challenge facing those 
of us who try to teach sampling or devise training programs in sampling, is to combine an understanding of 
the subject matter objectives and problems with an adequate level of technical expertise to appreciate the
implications of design decision” (O’Muirchertaigh, 2005).

Starting from the total quality point of view means seeking a balance between theory and practice, 
showing on the one hand common elements in apparently diverse situations, and on the other, consequences
in term of final data quality of specific design choices. 

Unfortunately, for many (most?) teachers of survey statistics, the paradigmatic reference for evaluating
survey design is simply the sampling variance - a very important aspect of course, but not the only one. 
Instead, in our vision total quality assurance of sampling data has to become a guiding principle in training. 
Surely, theoretical presentation of sampling theory has to be an occasion for raising the wide range of issues
and consequences that every choice we make during survey design and implementation impacts on data 
quality.

Consequently, the training involves a continuous interaction between theoretical and pratical aspects. 
After any theoretical presentation, time has to be left for discussion on the implication of the choices for the
design, not only from a sampling point of view but also from that of the whole survey operation. A constant 
reminder is needed of the fact that the results of a survey are not to be measured in terms of only of one 
target, such sampling variance or interviewer variance, but in terms of data quality as a whole. This means
that all the related issues (sampling, interview training, interviewing, supervision and control, respondent 
burden, weighting procedures, etc.) have to be carefully considered in defining the best design and 
operational solution for the survey. Theoretical presentation of sampling theory has to become the occasion
for feeding up curiosity of scholar and for stimulating their criticism on evaluating the wide range of 
consequences that every choice could have on the whole data quality.

4. Reference to a survey (group of surveys) as an organizing tool 

We find that real surveys provide the most effective instrument for organising the training. They can 
serve as an integrating tools for aiding the comprehension of survey design principles, as a spring-board to 
bring into focus all the complexity and interdependency of the diverse aspects of survey taking. Big and 
complex, well-established and documented surveys are probably the best for this purpose, especially if the 
participants already have some familiarity with them (e.g., an important survey from their own country or
organisation). What does the survey involve in all its aspects – objectives, design, procedures, 
implementation, evaluation, and use? How do the choices concerning its various aspects impinge on the
quality (also in all its dimensions) and the cost of the output? What is the rationale – both theoretical and 
practical – behind the choices? And what is their consequence? What alternatives could have been chosen?
How do they compare? How can the design be adapted if some parameters (objectives, cost and time
constraints, etc.) change? The following for instance could be a reasonable sequence of issues to be
considered in organization of the discussion. 

a) Describe the reference context and the objectives of the survey.
b) Understand its complexity, considering all the aspects and their relationships. 
c) Analyse and criticize specific aspects of the design and implementation.
d) Suggest and develop alternatives, with the given survey conditions and objectives. 
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e) Discuss adaptation or replication in changed environment (country, statistical system, organization, 
technological equipments), and changed subject-matter (poverty, living conditions, household 
expenditure, employment etc.). 

A good example of it could be the Labour Force Survey, usually characterized by a complex sampling
design, generally with panel components, both household and individual estimates, weighting procedures to 
be implemented for both design-determined (e.g. unequal sample selection probabilities) and survey - 
determined (e.g. non-response) adjustment, just to name some peculiar aspects. 

Of course, a proper balance between considering the theoretical and the practical aspects is far from
automatically achieved. Just discussing simplified, abstract aspects simply because they are mathematically
elegant or tractable,  without attention and reference to what is actually important for data quality, is not very
useful. But nor is the recourse simply to ‘practical rules of the thumb’. One should not, for example, propose 
logit models for non-response treatment just because they are commonly used. Instead we have to present 
such models as one possible solution (also considered in contrast with other models or other different 
techniques), and discuss issues such as (i) the formal prerequisites of non-linear model specification and their 
constraints and limitations; (ii) the problems arising in response probability estimate when an excessive 
number of regressors has been used (i.e. negative/non-robust response probability estimate); (iii) how to 
design surveys tools to maximize information on non-respondents; (iv) the substantive meaning of the 
specific variables inserted into the model; and (v) how much does this all help in improving accuracy of the
estimates. The challenge here is to find a good and flexible compromise between sampling theory and field 
work, looking at the real survey choices to find examples useful to understand both sides (theoretical and 
practical) of the problems arising when you have to build up a well balanced survey design. 

5 Heterogeneity as a challenge and also as an opportunity 

As noted in the Introduction, heterogeneity is the essential condition of the type of training courses we 
are discussing, which represents a challenge and an opportunity at the same time. The challenge is obvious 
enough: it must cater both for working statisticians and fresh graduates. Those who know some theory have 
to be made more aware of the practical meaning and significance of that theory; those who are engaged in 
survey practice need to be made more aware of the theoretical basis of that practice. It is necessary to 
capture the interest and attention of both these groups, but in the same unified workshop. Actually, often the 
situation is even more complex. We are considering courses have to be international in scope, in particular
with trainees coming from developing or transition countries. There are at least three types of individuals
involved among them, distinguished by background, and often also by age. There are the younger, more
recent graduates, typically well-versed of statistical and computer skills, and eager to learn of new 
developments in sampling and survey theory. (We have heard complaints from this category of persons 
about the low level of training they received even in some ‘famous’ developed country training centres). The
bulk consists of middle ranking, usually somewhat older, official statisticians with a considerable practical 
experience but limited theoretical background; they fit well into the ideal-type we described in Section 2. 
The third, and perhaps the most difficult (but fortunately, usually quite small) group are some more senior 
statistical officers who have the opportunity to travel abroad to participate in the training workshop more by
virtue of their position than of competence or interest in statistical matters. Fourthly, it can be efficient and 
convenient to mix with these groups at least a sprinkling of the training providing host’s own fresh graduates 
– good survey statisticians need to be produced there as well. 

As to heterogeneity being an opportunity, the central concept to be followed in organizing such training 
is related to the idea of contamination, or to use a more positive expression, of cross-fertilization: how to 
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best utilize incoming heterogeneity in background and skills to move towards the target objective of the ideal
“SS”. A very good counterexample of non-contamination can be seen from the following quotation from the 
famous statistician G. E. P Box, reported by Kish (1978) writing on some paradoxes of statistical disciplines. 
“ One had the curious situation where the highest objective of the teacher of statistics was to produce a 
student who would be another teacher of statistics. It was thus possible for successive generations of teachers 
to be produced with no practical knowledge of the subject whatever”. By the way, this admonition seems to
be well cut-out for describing some very contemporary controversies between sampling theory  and survey
sampling teaching in the Italian statistical academy.

By contrast, a good example of cross-fertilization is provided by implementing work groups on specific 
subjects during the workshop. The type of questions useful for that purpose have to met at least these two 
criteria: (i) questions that imply competence both in theoretical and on practical aspects;  (ii) questions that 
do not require too much time for writing and/or for calculation, but are more centred on the basic foundation 
of survey statistics concepts. Here is an example: each group has to discuss pros and cons from both 
theoretical and practical points of view and present a brief report on the subject to be discussed by the whole
class.

Of course achieving cross-fertilisation requires one to find good criteria for working group
organization. Good results can be reached by organizing heterogeneous groups with mixed ability and 
experience. To be effective, however, such groups cannot be made too heterogeneous. They have therefore to 
be supplemented by a system of rotational membership for different topics so as to maximise cross-
fertilisation.

Role-playing is another useful tool. It allows participants to become better aware of different stake-
holders in a survey process: data users, survey designers, fieldwork organisers, interviewers, etc. 

6 Some additional practical aspects 

In conclusion we note a few other points of practical relevance in organising training in survey
statistics.

Firstly, concerning the role of computing and numerical exercises during training workshops. We have 
noted with dismay how intensive introduction of computer work (e.g., in sample design and selection) is
sometimes allowed to distract from what is really the objective of such training: to enhance the 
participants’ understanding about survey design principles and practice. Too much time is spent on 
teaching or refreshing general computer skills such as SAS programming, and actually performing
intensive computer-based tasks such as selecting large scale samples. Many of these numerical exercises 
turn out to be mechanical tasks involving application of a specific design, and not a reflection on
implication of (and alternatives to) that design. Numerical exercises are more useful when used for 
analysing consequences of different designs.
Despite the development of the web, we still consider it very important to prepare a comprehensive
selection of written materials (notes on existing papers and articles, selected reading text that serve as 
reference tool, etc.).
The question-and-answer technique is an effective tool for bringing out important and relevant issues in
survey design and practice. In fact, one of the challenges we like to throw at the trainees is for them to 
ask good questions. In fact this, rather than answering questions, is a more pertinent tool for evaluating 
the participants. We learned from Leslie Kish that it is more important (and difficult) to ask good 
questions than to provide an answer. 
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Means should be developed to retain contact and exchange with, and also between, past participants – 
such as through a blog or newsletter, or a system of mentorship.
What kind of teachers or trainers we need? Firstly people with mixed skills, combining theory and 
practical experience; then their availability and willingness to be mentors after the training is over; and
also their ability to work in small groups. 
Finally, here is our view on how many regular (not necessarily full-time, of course) instructors are 
needed for a small group of 15-25 trainees: around 2* (days of duration of the workshop). Such a core of 
the trainers usually need to be supplemented by experts on special topics. 

This relevant, but of course not definitive, list of practical aspect to be taken into account in training 
organization, shows clearly the complexity of the educational process we have tried to describe in the these 
few pages. As Kish (1996) suggested at the end of his fundamental paper on training course for survey
samplers, “... we have come a long way [in training courses for survey statisticians] in one generation, but 
we have left a lot more work for the next one”. We hope that our efforts could represent an adding step in the
never ended work of organizing better tailored courses in survey statistics for enhancing survey statistician 
peculiar skills. 
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The survey at the CEFIL : a meaningful moment in the training process 

The CEFIL is the INSEE (National Institute of Satatistics and Economics Studies) training 
center in Libourne, near Bordeaux France. It’s a training school for controllers/inspectors 
(intermediate management staff) recruited through competitive examinations.  

This programme lasts one year altogether which includes six months in Libourne. The aims 
are : 

- to facilitate integration into the Institute ; 
- to promote versability by expanding computer, statistical and economic skills ; 
- to enhance written and oral communication in the INSEE’s fields of competence. 

The chosen approach is based on : 
- confrontation with professionnal situations ; 
- use of group work ; 
- integrated courses. 

A real survey sponsored by a local partner is also carried out as part of the training period in 
Libourne.

This training was applied whenthe CEFIL was created, ten years ago, as had been advised by 
the Canada Statistics. I thank them for that.  

The outlines 

The aim  of that survey  is mainly pedagogical. It means putting into practice knowledges and 
skills.

The training at the CEFIL is divided in two periods : 
-                               knowledge and competencies are acquired during the first three months 
(especially statistics, data processing, written and oral communication, but also, 
through team works, skill development  in organization and team leadership) ;  
-                               their implementation during the three following months. They are 
dedicated to the complete achievement of the entire survey, from the meeeting with 
the partners up to the presentation of the work and its results. 

During this period, students are gathered in team of fifteen students under the responsability 
of one trainer. 
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A survey with partners 

The surveys deal with households as well as businesses. The orders come from public or 
private partners. They emanate from the services of different statistical ministeries such as 
Agriculture, Industry and so on…) but also from townhalls or administrative services. So they 
deal with very varied subjects, from day care for young children up to  the management of 
small and medium local enterprises. 

A convention is concluded with the partner. The fees are taken in charge by the CEFIL, 
except the mailing costs paid by partners. 

Strong obligations 

Duties are of different types : 
-                               the delays : the students have to do everything within three months : make 
the partners express their expectations,  build up the set of questions, test it, prepare 
the mailing process, tape data, control them, draw conclusions from the results, draw 
up synthetic documents and present the results orally. The natural tendency is to share 
the tasks, some students preparing the mailing, others making the tables and charts, 
others  writing a part of the report while others still write other parts ; 
-                               the avaibilily of the trainers: during the survey, the trainers have to be 
available to satisfy the students’ concerns ; 
-                               the partner : carrying out a survey for an external  partner is both 
motivating and stressing for students ; they are  learning and yet they have to be 
professionnal in front of the partner ; 
-                               team work : survey team gathers12 to 15 students in average. Because of 
the size of these groups, conflicts may happen due to the delays and the wish to 
supplying a produce of quality. Sometimes, it is necessary to have a large team, for 
example to do the mailing or tape data ; some other times to be in number is a 
difficulty, particularily during the writing : in a real professionnal situation, only one 
or two persons write together, never fifteen. Fortunately there are  several documents 
to write.

A necessary preparation 

The preparation for the survey is executed in three directions : the trainers, the partners and 
the students. It requires planned logistic : 

-                               the CEFIL trainers are managers from the INSEE whose initial training is 
statistical and economic. The survey requires that trainers receive a previous training 
to drive the teamwork. The trainer must be able to realize risks very quickly and to 
react accordingly. This duty is not a usual function in their teaching. So it is a 
difficulty.
Moreover, the teachers should have  several documents at their disposal to help them 
as and when the different steps of the survey take place. It means : realization 
calendar, description of the trainer’s tasks, instructions to give the students gradually, 
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documents to help them to draw up a questionnaire, set patterns for questionnaire and 
methodological notes, standard letters, … The CEFIL chose to invest  fully : one of 
the members of the teaching team was relieved from teaching during the survey to 
gather and to build several  of these papers, and to be the referent for the other teachers 
during that period. 

-                               the partners : the first step is to find partners. A meeting between on the 
one hand the partner and on the other hand the CEFIL manager and the teacher is 
essential. It’s important to remind the pedagogical aim of the survey, to know the 
partner’s  real expectations and to define the field of the survey. It is also necessary to 
check that the survey basis are available and to specify the material conditions of  the 
survey realization.

-                               the students : if the survey allows to put the acquired knowledge and 
abilities into practice, it is also useful to bring new instructions. These are closely 
connected with different phases of the survey : 

o introduction to the management of a project so that students build the 
previsionnal planning of the operations with the required dates ; 
o learning how  to be a good listener during the first meeting  partner-
students : the partner explains his needs to the students who question him to 
understand his expectations. The students write down the order and make it 
ratify by the partner during their second meeeting; 
o learning how to conceive a questionnaire : beyond the theory, the students 
receive the help of a specialist who drives them from the very beginning down 
to the final document ; 
o learning about the mailshot before the mailing ; 
o presentation of the pools methods ; 
o training to screen mask to capture the data (during the “slack” periods, 
after the mailing but before the returning of the questionnaires) ; 
o learning about the quality and data control from a file full of anomalies 
found during real surveys (sensitization done before receiving the 
questionnaires) ; 
o additionnal information about Word to do the page lay-out of documents 
(during the writing) ; 
o training with Power-Point  just before the oral presentation in front of the 
partner and his hosts. 

An indispensable follow-up  

The use of data processing to manage a project is not sufficient ; meetings after the training 
are essential. It is an illusion to believe that the students are able to get organized by 
themselves ; we  have to remember that some of them have never worked before they arrive at 
the CEFIL and many have never led a project. Theses gatherings have for object to organize 
the team work, to decide the casting : who does what ? when ? how ? and to spot it. They take 
place  on a steady rhythm. They are done  in the presence of the CEFIL manager, who is the 
contracting authority, and the trainer ; the students intervene as organizer or as recorder. At 
every gathering, the organizer and the recorder change, so that a maximum of students can 
play the different parts. This is important to reduce the leading role that some of them can 
take naturally. These meetings come in complement of continous exchanges between the 
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teacher and his students’ group. The coordination of the team work is probably the main 
difficulty. Another difficulty is that the trainer is together the technical adviser and the 
teacher.

An increasing requirement 

For the first time this year, and in spite of shorter delays because of holidays, a synthetic 
document of four pages was required from the students in more of the usual report and of the 
usual methodologic note. They were not obliged to do it ; it was only suggested but,at the end, 
every group made it. 

Positive results 

The result is positive both for the students and the partners. 

For the students, it is during the survey period that they develop their self-sufficiency since 
they organize all the operations, even the logistic ones (reproduction of questionnaire, car 
reservations for the tests, ...) . 
It is the period they prefer : it is different from the usual training because they are in a 
professionnal position where they are the actors and where they are responsable. 
This is not done without difficulties because they have to work in group and consequently 
they have to learn to know each other, to accept the other, and to decide together with an 
obligation of result at the end. 

For the partners, judging by their repeated requests, they are satisfied and they base their 
decisions on the results of the survey. 

Questions for the future  

Even if the final result  is very positive, some questions remained : 
-                               how to develop the transfer of competencies between the students ? 
-                               is it nessesary to increase the survey period ? 
-                               to what extent should  the students be accompanied? 
-                               how to deal with more numerous classes ?

***************
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1. Introduction 

 

Statistics Canada is Canada’s national statistical agency, publishing a wide variety of statistical 
information on the economic and social fabric of the nation. Among the agency’s 5,000 employees are 
approximately 320 mathematical statisticians, known locally as methodologists, who work in the 
Methodology Branch. This is by far the largest single group of mathematical statisticians of any organization 
in Canada. These employees are responsible for the statistical design of virtually all of the agency’s programs, 
with expertise in subjects such as questionnaire design, sample design, estimation, editing, imputation, 
quality evaluation, data analysis, time series analysis, and many others. As such, they are a key set of 
employees, with specialized knowledge and skills that are crucial to the quality of the information produced 
by Statistics Canada. They also represent a significant investment of over $25 million annually. 

 
Training of this group of specialized knowledge workers is obviously a high priority for Statistics 

Canada. Approximately 5% of the agency’s salary budget goes to formal training, with much more devoted 
to informal training. Training and development of Methodology Branch staff is a key preoccupation of senior 
management. Nevertheless the training of this group of employees presents significant challenges. In 
Sections 2 and 3 respectively of this paper, we describe the nature of these challenges and the solutions we 
have developed in response to them. Section 4 gives a brief description of the curriculum of in-house 
courses; for a more complete description we refer the reader to Gambino and Gough (2005). Section 5 
concludes the paper with a description of how we evaluate the success of this training. 

 
In this paper, we use the word “training” to refer to a wide variety of approaches to the development of 

the knowledge and skills of the employee, not just formal classroom training. In fact, within the agency the 
word has largely been replaced by the concept of “learning,” putting the focus on the employee rather than 
the employer. This is consistent with the agency’s philosophy for learning and development for all of its 
employees: the responsibility for learning and development is that of the employee, while management’s 
responsibility is to create the proper environment. The focus of this paper is primarily on training in statistics 
and survey methodology, although other types of training relevant to the work of a methodologist are 
mentioned. The training described here is just one part of the agency’s overall continuous learning strategy 
for all of its employees. 

 
2. Challenges in Training Survey Statisticians 

 

Probably the greatest challenge we face in training statisticians is the wide diversity of educational 
backgrounds of our staff. Statistics Canada’s predominant source of methodologists is the pool of graduates 
in statistics from universities across the country. On average we hire 20 to 25 recruits per year through our 
post-secondary recruitment campaign, although there can be considerable fluctuation depending on budgets. 
These universities have widely different programs in statistics, and while all new methodologists must have a 
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degree with a minimum number of courses in mathematics and statistics, they can range from someone with 
a Bachelor’s degree who has never taken a course in sampling to a PhD who has written his or her thesis on 
an advanced topic in the field. As well, the educational backgrounds of recent graduates are much different 
from those of staff who obtained their degrees many years ago. Thus, there is a need to bring all staff up to a 
certain basic minimum level of knowledge and skills in the field of survey methods, while at the same time 
allowing flexibility in the course curriculum to meet individual needs.  

 
A second challenge is the increasing downward pressure on the time available for training, both for the 

staff who are taking training and for those who are developing and delivering training. In the case of the 
trainees, the average number of days of training of all types taken per year has fallen from approximately 17 
days per employee in 2000 to 13 days today. Although part of this decline is accounted for by a reduction in 
the number of recruits hired each year (recruits typically spend more time on training), another important 
factor is pressure from other activities that compete with training for the fixed number of days available in a 
year. For example, methodologists have recently been awarded significant increases in vacation and other 
types of leave through collective bargaining. In order to maintain the number of days working on the 
statistical programs of the agency at a reasonable level, other activities, such as training, have had to be 
reduced. While recent measures have stabilized the situation and no further reductions are expected, it seems 
clear that the number of days available for training will not increase significantly in the near future. 

 
In the cases of the trainers, most of the courses and other learning events are developed and delivered 

by employees of the Methodology Branch itself, doing so on a part-time basis. The formal budget available 
for developing and delivering courses is quite small, at approximately 1.4 Full-Time Equivalents (FTEs) per 
year, and does not cover all the activities of the trainers. The staff developing and delivering courses often 
have to fit this work in over and above their regular duties. Those who develop and deliver courses also work 
on other projects, whose demands may at times be more urgent. Coupled with this is the fact that the field of 
survey methodology is constantly developing, requiring old courses to be updated and entirely new courses 
to be designed. The field of methodology also covers a wide variety of topics, as diverse as questionnaire 
design and time series analysis, requiring a wide range of training courses. 

 
As well as just finding time and budgets to develop training courses and other learning events, not 

every methodologist is a suitable trainer. The ability to develop and deliver courses is a specific skill, and 
while all methodologists are expected to develop good presentation and speaking skills as part of their toolkit, 
those who are effective trainers need to be very highly skilled in communications. They also, of course, have 
to be very knowledgeable about the subject they are teaching. Such people are usually very valuable for 
other work as well, so freeing them up to invest their time in training others can be difficult. 

 
Such challenges would be significant enough, but Statistics Canada also makes training available in 

both of Canada’s official languages, namely English and French. Approximately 45% of the methodology 
staff is francophone and 55% is anglophone. This implies that two instructors (or sometimes two sets of 
instructors) have to be found for each course. It also means that the same quality of training must be 
maintained in both languages. When this is not done, for example because of the quality of the instructor, it 
is not unheard of for one linguistic group to prefer taking a course in their second language. This, of course, 
defeats the whole purpose of developing a course in both languages. A solution adopted in about half the 
cases is to have a bilingual trainer deliver the course in both English and French versions. 

 
Finally, in the last few years there has been increasing competition from types of training other than 

statistical training. Training in an employee’s second official language has become increasingly important for 
those who wish to advance to any level of management, as staffing processes that used to allow an employee 
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to become bilingual after they were appointed to the job are being phased out in favour of staffing processes 
that require bilingualism as a pre-requisite. Courses in informatics, management, subject matter, 
communications and other topics increasingly compete for an employee’s attention as these disciplines 
become more complex. Furthermore, as a result of increased emphasis on accountability, many government 
training courses are becoming mandatory. For example, all new government employees must take a two-day 
Orientation to the Public Service course, and newly appointed supervisors and managers must take basic 
courses ranging from 3 to 5 days, depending on their level. Statistics Canada itself is in the process of 
developing mandatory courses for all staff on topics such as confidentiality and quality assurance. While 
these courses have their own merits, they do reduce the amount of time available for training in statistics.  

 
Table 1 shows the distribution of the type of training (excluding language training) taken by level of 

employee. As one might expect, at the entry and developmental levels courses in methodology and statistics 
predominate, although their percentage decreases gradually. The percentage of informatics courses is also 
fairly high, but decreases rapidly as the level increases. In contrast, the percentage of management courses 
increases rapidly as employees begin taking the courses needed to achieve their career goals and carry out 
their new responsibilities. At the management levels, where one manager would supervise between 10 and 50 
staff (depending on the level), management courses predominate. 

 
Table 1: Distribution (%) of training by type of course, by level of employee 
 

Level of employee Type of course 
Entry Developmental Autonomous Management

Methodology and statistics 44 43 30 8 
Informatics 37 20 11 4 
Subject matter 7 7 8 7 
Communications and interpersonal relations 2 8 7 5 
Management skills 3 15 32 61 
Other career and personal needs 7 6 10 11 
Other 1 1 2 4 
Total 100 100 100 100 
 
3. Meeting the Challenges 

 

While the challenges in developing and maintaining an effective program of training are many, 
Statistics Canada has done a relatively good job in training its employees, based on the available indicators 
described in Section 5. In this section, we describe the ways in which the agency has met the challenge of 
training a diverse, bilingual workforce to meet the varied demands for statistical methods. 

 
A key factor in this success is that these 320 employees are organized centrally within the agency, 

making it possible to develop training and development programs specifically for this group. The 
development and maintenance of these programs are overseen by the Methodology Branch Learning and 
Development Committee, which consists of representatives of the three divisions within the Branch. Each 
division also has its own Learning and Development Committee, chaired by a divisional “Learning 
Champion”, who is part of a broader network that extends throughout the entire agency. These divisional 
committees are responsible, with the divisional director, for developing a divisional learning plan that 
identifies the learning needs of the division over the coming year. For example, it might identify that the 
employees of the division need to become more competent with a new piece of software. The Committee 
also encourages all employees, in collaboration with their supervisor, to develop a Personal Learning Plan. 
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This plan is based on both the divisional plan and the employee’s own career development goals. 
Approximately 70% of employees have a Personal Learning Plan. To indoctrinate new recruits right from the 
start with our learning philosophy and to inform them of the resources available to them, the chair of the 
Branch Learning and Development Committee gives a presentation to all new recruits at a one-day 
welcoming session held annually. 

 
Under the auspices of these committees and their predecessors, the Methodology Branch has 

developed a number of guides designed to assist employees in developing a Personal Learning Plan. These 
documents are available to all employees through an internal website dedicated to career development. 
Foremost among these is The Career Path in the MA Group, which describes the role of the methodologist, 
the knowledge and skills required at each level, how promotions are made, and a set of recommended 
training courses at each level. The recommended training is divided into core training and other suggested 
training. Another key document is the Methodologists’ Training and Development Handbook, which goes 
into more detail on the learning philosophy at Statistics Canada and the specific needs and training courses 
recommended at each level. 

 
As well as their supervisor, new staff can have a mentor assigned to them. This more experienced 

person, who is not in the line management of the employee, serves to guide the new employee in their career, 
showing them “how things work” and providing advice on the less tangible aspects of the job. Mentors often 
assist employees in defining their learning needs and can suggest ways to meet them. It is important to note 
that the mentor is not involved in the evaluation of the employee’s performance; he or she is strictly there as 
an advisor. The choice of the employee to have a mentor or not is completely voluntary. 

 
The above committees, documents and mentoring program are all aimed at career development in 

general. For statistical training in particular, most of which is provided by the Methodology Branch itself, 
there is also a Statistical Training Committee. This committee’s role is to identify the needs for statistical 
training, to coordinate the development of new statistical courses, to find instructors, to coordinate 
registration and other logistics, and to collect participant feedback and follow up where necessary. The 
Committee maintains a curriculum of approximately 20 courses, ranging in length from one day to eight days. 
The courses range from very introductory to very advanced, covering diverse topics such as sampling, 
longitudinal surveys, record linkage, time series, quality control, data analysis, survival analysis, 
questionnaire design and small area estimation. This wide variety of courses allows staff to choose the 
courses that they need to bring themselves up to a basic level or beyond. 

 
These courses usually require a substantial time commitment on the part of both students and teachers, 

however. Also, they do not cover all the topics relevant to the work of methodologists, and are not always 
easy to keep up to date. To address these issues, the Branch has recently developed a series of special topic 
seminars given by recognized experts in the Branch. These seminars, which last only an hour, are designed to 
give new recruits (and others) a quick introduction to the basics of the subject and to get them up to speed 
quickly. Topics have included sampling frames, collection methods, editing, non-response and imputation, 
estimation, variance estimation, quality control, dissemination and confidentiality, record linkage, time series 
and others. The slides from past presentations are available on the website referred to above and the student 
can then delve into the topics by reading some of the reference material listed by each presenter. This 
seminar series has been quite popular with both students and teachers, although it does not substitute for 
more in-depth courses. The seminars also have the advantage of letting the recruit know whom to contact as 
the expert in the topic. As well as these seminars on basic survey methodology topics, each division also has 
a bi-weekly seminar series that covers topics of current interest. These seminars are generally related to the 
specific survey program that the presenter is working on and are aimed at staff at all levels.  
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The courses and seminars described above are taken by the student according to their individual needs, 
as expressed in their Personal Learning Plan. However there is one course which all new professionals (not 
just methodologists) are expected to take at some point in their first two years on the job. The Survey Skills 
Development Course (SSDC) is a six-week course for all new professionals designed to expose them to all 
the steps of a survey. The first few weeks are spent in lectures, learning about populations, frames, sampling, 
data collection, processing and analysis. In the last two weeks, the students design and carry out an actual 
survey for a real client, including conducting door-to-door interviews, processing the data, and writing an 
analysis report. At the end of the course the student will have an excellent overview of the survey process 
and an appreciation for the value of teamwork. It also provides non-statisticians with an appreciation for the 
job of a methodologist, making future communications easier. The SSDC is in its seventeenth year and has 
produced over 2,000 graduates. Several other countries have adopted or been influenced by this approach. 

 
As well as courses and seminars provided by the agency, Statistics Canada also makes use of external 

training resources to the extent possible. There are three universities in the region which provide courses in 
statistics and related topics. The Methodology Branch will reimburse the student’s expenses (tuition fees and 
books) providing that the student passes the course. For those who wish to pursue a post-graduate degree 
full-time, education leave with some financial support can be granted, providing that the subject of study is 
relevant. As well, there are links with professors from these universities. Statistics Canada has been very 
fortunate to have had the assistance of Dr. J.N.K. Rao for more than thirty years. Professor Rao has often 
been a teacher of some of the formal courses mentioned above, and is also a consultant one and a half days a 
week to the staff of the Branch. Visiting professors are another valuable resource. Other external training 
opportunities include conferences and workshops. Attendance at these is usually limited by budget, and for 
conferences usually requires the participant to present a paper. For this reason, Statistics Canada has 
organized its own International Methodology Symposium, held each fall, where staff can attend and hear 
from leading experts in the field. The Symposium is preceded by a day of workshops given by experts in the 
field; for example in 2006 there were workshops on record linkage and analysis of longitudinal health data. 

 
Self-learning, or knowledge sharing, is another approach taken by the Methodology Branch to meet the 

challenges described in Section 2, and is an important part of the Personal Learning Plans of employees. 
There are several resources available to employees to assist them. First, each division has its own library of 
technical books and journals in addition to those in the Statistics Canada library. Also, each employee 
receives a copy of the journal Survey Methodology, published twice per year and containing the latest articles 
on the state of the art. Each employee also receives a copy of the Statistics Canada publication Survey 
Methods and Practices (2003). This is a practical guide to survey planning, design and implementation and 
now serves as the textbook for the SSDC course mentioned above. The Analysis Handbook is another 
textbook inspired by the many consultations done by Statistics Canada’s Data Analysis Resource Centre and 
contains practical information for analysts of Statistics Canada’s data. The Branch has also had a series of 
Working Papers, stretching back over many years. Most recently, the Branch has created a methodology 
documentation database, called MEDOC, which makes methodology documents from a wide variety of 
sources easily accessible to staff. The database currently contains over 1100 documents from sources such as 
recent Symposia, the Advisory Committee on Statistical Methods, Methodology Branch Working Papers, 
internal reports, and so on. The Branch also has discussion groups on specific topics, such as imputation 
practices and longitudinal surveys. One of these, on imputation practices, publishes an Imputation Bulletin 
that describes the latest developments in the area. It is disseminated both internally and externally. 

 
Finally, the agency attempts wherever possible to leverage its investments in training courses that are 

provided to external clients. The Branch has a range of courses that it provides to external clients on a cost 
recovery basis on topics such as sampling, questionnaire design and data analysis. Although these courses are 
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usually less technical than the courses our own staff takes, there are many elements of these courses that can 
be borrowed for internal use as well. In fact this was the case for the Survey Methods and Practices 
publication mentioned above; it was originally developed for a technical assistance program for the National 
Bureau of Statistics of China and then revised for our own use. 

 
From the above description, it will be evident that the key principle in learning and development for 

statisticians at Statistics Canada is flexibility, but with guidance provided. There are very few mandatory 
courses (SSDC is the principal one); in general it is up to the employee, with support from their supervisor, 
mentor and the documents provided by the Branch, to decide what their training needs are and the best way 
to meet them. By making a wide range of learning opportunities available we hope to maximize the utility to 
the staff as a whole. 

 
4. Current Curriculum of Courses 

 

Table 2 shows the current listing of courses available in the Statistical Training Program. Although 
most of these courses are aimed primarily at methodologists, they are open to all staff of the agency 
providing they have the course pre-requisites. 

 
Table 2: Statistical Training Courses at Statistics Canada 

 
Title Duration 

(days) 
Description 

Questionnaire Design Workshop 3 To provide an understanding of the basic concepts, 
principles, and practices of questionnaire design for the 
collection of useful and meaningful data. 

Introduction to Statistical Sampling 3 To provide a basic understanding of practical sampling. 
Principles of sampling are covered with a minimum of 
formulae. Aimed primarily at non-statisticians. 

Statistical Sampling Theory 5 To familiarize participants with statistical sampling 
methods and their application. 

Indirect Sampling and Difficult-to-
reach Populations 

1 To familiarize participants with Indirect Sampling and the 
Generalised Weight Share Method; and to apply these 
methods for surveying populations difficult to reach.  

Theory and Application of 
Longitudinal Surveys 

4 To introduce the participants to the basic concepts of 
longitudinal surveys, to acquire the ability to plan, develop 
and evaluate panel surveys, to learn estimation and 
analysis techniques to exploit longitudinal data. 

Small Area Estimation 5 To familiarize participants with traditional and model-
based methods for small area estimation and their 
application.  

Quality Control Methods for 
Survey Operations 

2 To provide an operational overview of the methods of 
quality control.  

Statistical Methods for Quality 
Control 

3 To provide an overview of the concepts of statistical 
quality control.  

Nonresponse and Imputation: 
Theory and Application 

6 or 8 To provide students with the necessary theoretical 
knowledge in the field of nonresponse and imputation in 
surveys and censuses.  
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Introduction to Record Linkage 2 To provide an overview of record linkage, focusing mainly 
on probabilistic linkage. 

Statistical Methods for the 
Analysis of Data – Introductory 
Level 

3 To familiarize the participants with the basic mathematics 
and statistics that underlies the techniques of statistical 
analysis of data.  

Statistical Methods for the 
Analysis of Data – Intermediate 
Level 

4 To familiarize participants with basic and intermediate 
techniques for the statistical analysis of data. It is a 
theoretical course with exercises (with/without SAS).  

Statistical Analysis of Survey Data 
– Module 1: Basic Principles and 
Some Common Methods 

4 To provide participants with some necessary statistical 
methods to analyze survey data. 

Statistical Analysis of Survey Data 
– Module2: Linear, Logistic and 
Generalized Logistic Regression  

4 To provide participants with more statistical methods 
useful for the analysis of survey data.  
 

Introduction to Exploratory Data 
Analysis 

5 To familiarize data analysts with the principles, 
techniques, and tools of Exploratory Data Analysis in 
order to better understand, edit, and analyze their datasets. 

Intermediate Exploratory Data 
Analysis 

3 This course is designed for those wishing to do more 
formal statistical analysis.  

Survival Analysis 4 This course covers both the theoretical and practical 
aspects of the methodology relating to survival data. 

The Components of Time Series 1.5 To enable the participants to recognize, understand and 
interpret the movements present in time series; and 
familiarize them with the graphical representation of data. 

ARIMA Modelling and 
Forecasting of Time Series 

5 To enable participants to describe and explain the required 
theory and use the PC SAS statistical system to fit ARIMA 
models, intervention models or transfer function models to 
time series. 

Seasonal Adjustment with X-12-
ARIMA 

5 To enable participants to use the X-12-ARIMA seasonal 
adjustment method to estimate the trend-cycle, seasonal, 
holiday, trading-day and irregular components of a time 
series. 

 
5. Evaluation of Training 

 
As mentioned in Section 1, Statistics Canada spends approximately 5% of its salary budget on formal 

learning and development, so it is important to evaluate what benefit the agency derives from this investment. 
Statistics Canada uses a four-level model to evaluate the effectiveness of training: 

 
Level 1: Reaction –  Did the trainees like the course? 
Level 2: Learning –  Did they learn it? How well? 
Level 3: Behaviour - Did they remember? Did they use it on the job? 
Level 4: Results -  Did this change organizational effectiveness? 
 
 As far as formal courses are concerned, evaluation at Level 1 (Reaction) is universal – all courses ask 

the participants for feedback on the course and for suggestions for improvement. Level 2 (Learning) is also 
fairly common; for example courses that involve a case study or a real survey (such as SSDC) make it 
evident as part of the course whether or not the participants learned the material. University courses also 
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have formal evaluations of whether the student learned the material. Level 3, while less common, is 
measured by some courses by following up participants after they are back on the job. For example the 
SSDC course organizes meetings with former students several months after the course is complete. Level 4 is 
even harder to measure, but by seeing how groups of employees who have followed certain courses perform 
in related activities on the job, inferences can still be made. 

 
When it comes to the less formal training methods described in Section 3, evaluation becomes much 

more difficult. Level 1 can usually be inferred by the popularity of the various learning opportunities that are 
made available, and appropriate adjustments can be made. Level 2 and above is usually not possible – 
workshops, seminars and reading are not formally evaluated, and behaviour and organizational change are 
difficult to correlate with the learning activity.  

 
However the Methodology Branch does have two more formal evaluations available that can at least 

indirectly measure the effectiveness of its overall learning and development program. The first of these is a 
client satisfaction survey, conducted every four years. Two of the questions, on the quality of results and the 
relevance of solutions provided, are related to the quality of the statistical methods provided by methodology 
staff. Both of these questions received ratings of 6.0 out of 7.0 (7.0 being the highest) in the last survey, 
conducted in late 2004. The other measure is an Employee Opinion Survey, the last of which was held in 
2005. One of the questions asked employees whether they felt they had the training needed to do the job; 
some 94% agreed that they did. Another question asked whether the supervisor helped the employee 
determine their learning needs; in this case 75% agreed. So from these indicators at least, it appears that the 
current approach is effective. 
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RÉSUMÉ  

Statistique Canada emploie plus de 300 statisticiens d’enquêtes, aussi appelés des méthodologistes, qui sont 
chargés de la conception statistique de pratiquement tous les programmes de l’organisme. Afin de donner une 
formation efficace en statistique et en méthodes d’enquêtes à ce groupe d’employés essentiels, il faut surmonter un 
certain nombre de difficultés. Celles-ci comprennent la diversité des parcours universitaires du public cible, la 
pression de plus en plus forte sur le temps alloué à la formation, la pénurie de ressources disponibles pour élaborer 
et offrir des cours, la nécessité d’offrir la formation en anglais et en français, et l’intensification de la concurrence 
d’autres types de formation, dont certains deviennent obligatoires. Le présent document décrit certaines des façons 
par lesquelles Statistique Canada a réussi à relever ces défis, comme l’élaboration d’un guide sur le 
perfectionnement professionnel, la personnalisation de la formation, l’utilisation de ressources externes, le 
développement de ressources afin de soutenir l’autoapprentissage et l’offre de cours de formation de l’organisme 
aux clients externes. Le programme actuel des cours internes est décrit brièvement. Le document se termine par 
quelques pensées sur l’évaluation de notre programme de formation. 

 

Mots clés : formation, méthodes d’enquêtes, autoapprentissage, cours 
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Studying Variability in Statistics via  

Performance Measures in Sport  
Clarke, Stephen R  
Swinburne University of Technology, Faculty of Life and Social Sciences  
John St Hawthorn 
Victoria 3122 Australia 
E-mail: sclarke@swin.edu.au 

1. Introduction 
Many students find statistics difficult and are often disinterested. One reason may be that they see it as 

irrelevant. If the example data are meaningless to the students, they are not interested in the outcome, and 
confuse the boringness of the data with the technique. If the data analysed are outside their range of 
experience, they have no basis for questioning how they were obtained, nor any stake in the answer or 
method of analysis. But show their team has little chance of winning the flag, or that their favourite player 
does not measure up to past champions, and they will immediately question your basis for the claim. Interest 
can be heightened if examples are made relevant to the student’s present experience. The very students who 
claim Statistics is boring can often quote you batting averages and such like for many players or teams past 
and present. 

Most statistical concepts can find an application in sport, and its now related area of gambling. In 
Swinburne’s Graduate courses in Applied Statistics, we had two subjects where this approach was taken. 
“Chance and Gaming” was in reality an introduction to probability, where probability, permutations and 
combinations, expected value, mean and variance, geometric, binomial, hypergeometric, negative binomial, 
normal and Chi square distribution, were all taught via examples from gaming. In Sports Performance 
Modelling, applications in sport were used to introduce analytic and simulation modeling, fitting statistical 
distributions, linear & logistic regression and Markov chains & stochastic dynamic programming. In this 
paper we discuss some examples of the use of player performance measures to generate interest or discussion 
on the topic of variability. 

2. Measures of Variability 
Most sports have measures of performance which purport to indicate some level of achievement. The 

most usual is the average – thus cricketers have their batting average, golfers their average score, and 
basketballers their average points per game. But surprisingly, given the importance many sport followers 
place on consistency, no measures are quoted which measure the variability in performance. What about the 
variance or standard deviation of batting, golfing or throwing scores? After all, this would affect the chance 
of a batsman making a duck or a century, or the likelihood a golfer makes the cut or wins a tournament. The 
variability of a sportsman can have as much affect of the outcome as the average level of performance, yet it 
is rarely discussed and usually never measured. In this first example from golf we look not at the golfer’s 
statistics, but the instrument used to measure his performance, the golf course.  

During a golf tournament, the media often give an indication of the difficulty of the various holes by 
showing the average score on the hole. However it is not only the ease or difficulty of a hole that is important. 
If everybody takes one over par on a hole, that hole is not separating players. The standard deviation gives a 
measure of the ability of a hole to discriminate between players. It is the holes with the greatest standard 
deviation on which it is important for players to do well – in so doing they puts more distance between 
themselves and the other golfers. In a paper investigating the discriminating power of golf courses, Clarke 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 978 -



and Rice (1995) obtained hole by hole scores of the 63 qualifiers in the 1992 U.S. Master's tournament. The 
data obtained from the organisers included the average score on each hole, but the only indication of the 
variation of scores was the number of eagles, birdies and bogies. These are very difficult to interpret. Table 1 
shows the mean and standard deviation of scores on each hole. It is clear that holes 2, 8, 13 and 15 (all par 
fives) were easier to play than the others. Note that hole 10, clearly the hardest hole over the four rounds, 
was on only one day in the top half of the holes in order of discrimination (standard deviation). In this regard 
holes 12 and 13 clearly stand out above the rest, between them sharing the highest and second highest 
standard deviation in every round. In the first round, Hole 12, a par 3, is one of the easiest holes, but clearly 
produces the most highly variable scores. In Parsons (1976) the section of the Augusta course from holes 11 
to 13 is described thus "The Masters championship has been won or lost so often between the 11th and 13th 
that this three hole stretch has become known as Amen corner". In particular, Jack Nicklaus describes the 
12th as " the most demanding tournament hole in the world". Clearly, in these data, the standard deviation of 
scores and not the mean score reflects golfers' view of the importance of the holes. Unfortunately this 
statistic is never quoted. Perhaps it should be. 

Table 1. Descriptive Statistics on the Score Relative to Par for the 63 Qualifiers in the 1992 US 
Masters

Round One Round Two Round Three Round Four 
Hole Par Mean Std Mean Std Mean Std Mean Std

1 4 -0.05 0.55 -0.02 0.68 0.05 0.55 0.02 0.63

2 5 -0.22 0.73 -0.56 0.56 -0.21 0.72 -0.29 0.79
3 4 0.00 0.48 -0.08 0.55 0.21 0.72 0.10 0.59
4 3 0.11 0.63 0.16 0.60 0.22 0.66 0.14 0.50
5 4 0.17 0.58 0.03 0.44 0.19 0.56 0.13 0.66
6 3 0.08 0.52 -0.03 0.65 0.06 0.54 0.10 0.56
7 4 0.05 0.58 0.05 0.61 -0.24 0.76 0.19 0.72
8 5 -0.25 0.65 -0.29 0.52 -0.17 0.58 -0.40 0.58
9 4 -0.06 0.47 0.10 0.64 0.03 0.59 0.06 0.54

10 4 0.17 0.61 0.11 0.57 0.22 0.58 0.40 0.55
11 4 0.11 0.65 0.11 0.63 0.03 0.44 0.22 0.55
12 3 -0.03 0.78 0.21 0.70 0.17 0.93 0.41 1.10
13 5 -0.41 0.73 -0.35 0.77 -0.46 0.80 -0.44 0.96
14 4 -0.21 0.45 0.11 0.57 0.14 0.64 -0.08 0.52
15 5 -0.24 0.69 -0.54 0.64 -0.57 0.76 -0.65 0.63
16 3 0.00 0.54 -0.02 0.58 0.02 0.55 -0.05 0.68
17 4 -0.02 0.58 -0.19 0.59 0.02 0.55 0.11 0.57
18 4 0.02 0.49 -0.11 0.54 0.19 0.59 0.00 0.54

This concept can be applied in any event in which the total score is made up of a sum of scores on 
several parts. The triathlon, which consists of a swimming, cycling and running leg, is an interesting example. 
One view might be that the distances of the three legs should result in equal times. However what is 
important in determining the winner is how each leg spreads the field. It is the time between athletes that is 
important, so I would argue the standard deviation of the times should be equal. de Mestre (1992) analyses 
the energy expended and suggests that the influence of an event in the triathlon in determining the winner is 
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proportional to the variance of the times. Tobin and Clarke (1993) analyse individual times in the 1993 
Melbourne Classic triathlon (1.5km swim, 40km ride, 10km run) and show the standard deviation of the 
individual legs in seconds are 229, 394 and 307. Clearly cyclists have a huge advantage - not surprising as 
the event was originally designed by cyclists. Using equality of standard deviations of times, the respective 
legs would be 2, 31 and 10 km. Based on de Mestre’s recommendation, a fairer event would consist of legs 
of length 2, 18 and 7.5 km. Students could investigate other multi-event competitions such as the decathlon.  

We now turn to variability in an individual sports person’s performance. Athletes and sports followers 
believe an essential characteristic of excellence is consistency, or low variability of performance. Yet rarely is 
this aspect of performance measured. Certainly there are few statistics that purport to describe it, and there is 
plenty of scope for students to investigate. Pollock (1977) in discussing the mean and standard deviation of 
scores in relation to consistency of golfers says “it seems reasonable that a better player would have low 
values for both”. However, in many sports, it is the exceptional performance, not the average one that is 
sought after. Thus an increase in variability will often increase the percentage of wins for players competing 
simultaneously against many opponents. For example, Clarke (1991) shows that a golfer averaging 1 under 
par will increase the number of tournament wins from 3.3% to 8.5% if the standard deviation increases from 
1.5 shots per round to 2 shots per round (assuming 10 under is required to win). Students interested in golf 
could investigate the statistics of golf handicaps, where early attempts to produce fair handicaps which give 
all players an equal chance of winning a tournament, just measured the average score of the golfer. Later 
rules took into account the difficulty of the golfer’s home course, and the playing conditions of the day. 
Some attempt has also been made to account for the variability of a golfer’s scores.  

If golfers put such a store in 'consistency', and the variance of a player's rounds is important to their 
chance of winning, why is it not published as a performance statistic? It would be interesting to check if top 
golfers do vary significantly in their round by round standard deviations. Rotella and Boutcher (1990) use 
regression analysis on the playing statistics of professional golfers to predict money earned. Over 13 
published statistics were used, but standard deviation of scores was not one of them. However birdies 
divided by greens in regulation was the second most important variable behind scoring average. This statistic 
may be a surrogate for variance, as it goes up when the number of bogies goes up as well as when the 
number of birdies increases. Hale & Hale (1990) find that for the leading money winners the performance 
statistics are not a good predictor of success - perhaps this is further evidence that some others are needed.  

Furthermore, in many sports, an increase in variability will actually result in an increase in the average 
measure of performance. For example, in many field events the athlete's score is the longest out of 3 or even 
6 attempts. In such cases, more variable performance will not only increase the chance of winning the event, 
but will actually produce a greater mean score. Since the average maximum of 3 standard normals is 0.8463 
the expected score for an athlete whose individual attempts have a mean  and standard deviation  is 

+0.8463 . Clarke (1991) applies this to some actual data for long jumpers, which shows that over 18 cm of 
the final length of a jumper arises through the variation in the jumps. Of course for world records, or 
individual athlete’s best performances, which are the maximum of many attempts, the effect of variation is 
even more important. 

3. Sources of Variation 
Sport can also be used to introduce students to the idea of various sources of variation. A golfer’s 

tournament score is made up of 4 rounds, each made up of scores on 18 holes. The score in a particular round 
is the sum of the 18 hole by hole scores, Thus if Xi is the score for the ith hole then the score for the round is  

S = X1 + X2 +  .....    + X18. (1) 

Consider two golfers: one short but straight, a cautious putter who invariably gets par on a hole; the 
second a long but sometimes wayward hitter and bold putter who has a good chance of a birdie but also a 
good chance of a bogie. In a round both players could both get par, but the first may get it by having 18 pars, 
while the other may get 6 pars, 6 birdies and 6 bogies. This difference could be measured by the variance or 
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standard deviation of the hole by hole scores (variance of the Xs) , where the first would show up with a low 
value and the second with a high value. In a similar way the variance of the Ss would indicate the round by 
round consistency of a golfer. In general for elite golfers, only the average of S is published – other statistics 
such as the var(X) and var (S) based on various sources of variation might add to our knowledge of a golfer’s 
makeup.

Similar analysis could be applied to other sports. For example, a cricketer’s innings score can be 
modelled as  

S = X1 + X2 +  .....    + XN. (2) 

where Xi is the score on the ith ball faced, and N is now a random variable, being the number of balls faced. 
The relevant formulae for a random sum of random variables is  

E(S) = E(X). E(N) (3)

Var(S) = E(X)2. Var(N) + E(N). Var(X) (4)
As before, two batsmen might average 30, but one does it by scoring slower for a longer time (smaller E(X), 
larger E(N) ). This is now covered somewhat, at least in one-day cricket, by run rate, which is essentially a 
measure of E(X). But again, one batsman might average a run a ball by hitting a single off every ball, while 
another hits a 6 off every sixth ball. Clearly the ‘excitement factor’ could be measured by the performance 
statistic Var(X).  

There are many other examples where investigation of sources of variation produces useful statistics. 
For example, a discussion of variation in performance statistics such as averages over time, could lead to 
development of moving or exponentially smoothed averages. These would certainly be interesting in cricket 
for individual batsmen over their careers, and for team run-rates in one day innings. Similar statistics would 
apply in most other sports ,and could be used to track the development and loss with age of skill levels.  

4. Fitting Standard Distributions 
Followers of any sport know that performance is variable – a tennis player sometimes gets 70% of his 

serves in, at other times only 60%; a soccer side sometimes goes scoreless, at other times scores 3 or 4 goals. 
Sports followers usually put this down to variation in form, but how much is actually due to the inherent 
variability in the game. Often in sport, outstanding performances such as a large score or a long run of wins, 
is hailed as evidence the sportsman concerned has played exceptionally well or poorly. However it may 
equally well be explained by the random occurrences that are expected when players play at a constant level. 
Pollard et al (1977) has a good discussion. They say  

In most sports and games, the winner of a particular contest, be it an individual or a team, is decided both by skill 
and by luck. There are various ways in which the role played by chance can be investigated. One of these is to 
examine the frequency distribution of certain events in a game, such as the scoring of a run at baseball. If we are 
able to demonstrate that this particular event is governed by the laws of a probability distribution, then one can say 
that within the framework of that distribution, the events are occurring at random. Although the actual event will 
occur by chance, the rate at which the event occurs depends on the skill of the players involved. The fact that one 
team may be better than another, in the sense that it has a higher rate of scoring runs, does not alter the concept of 
runs occurring at random, nor rule out the possibility that the inferior team may win due to a random fluctuation. 

This can be investigated and forms a great introduction to the fitting of standard distributions. For 
example, consider the scores of Jamie Siddons, who batted about number 6 for Victoria in the Australian 
Sheffield Shield competition in 1985/6. His scores for the year were 

33, 17, 76, 5, 74, 7, 7, 107, 1, 45, 17, 2, 36. 
Many cricket followers would say that is an inconsistent set of results, since they expect a consistent batsman 
to have scores with a small standard deviation, like 51, 55, 52, 53, 54. However scores like this mean that a 
batsman has no chance of going out until he/she reaches 50, and is almost certain to go out soon after. So in 
terms of probability of dismissal they are very inconsistent. An alternative view of consistency might say a 
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consistent batsman who has a 30% chance of making 50, should turn 30% of those 50s into centuries, and 
30% of centuries into 150s etc. Wood (1945), Elderton (1945) and Clarke (1991) discuss this notion of 
consistency in cricketers, and suggest statistics for its measure.  

This assumption of a constant probability of dismissal leads to a geometric distribution (or its 
continuous counterpart, the negative exponential) for scores. The negative exponential distribution is 
common as the distribution of waiting times for random events - in this case it is the waiting time (measured 
by score) until a dismissal. A histogram of Siddons’ scores and the geometric distribution with p = 1/33 are 
shown in Figure 1. The two are virtually identical. 

Clearly Siddons’ scores follow closely what theory suggests a player with a constant probability and an 
average of 33 should produce. The standard deviation of Siddons’ scores is 34, again agreeing to that 
predicted by an exponential distribution whose standard deviation is equal to the mean. Followers who judge 
Siddons to be inconsistent on the basis of his scores would be doing him a great injustice. In this case skill is 
playing its part in giving Siddons an average of 33. A more skilful player will have a higher average, a less 
skilful player a lower average. But luck determines on the day whether he will score 100 or go out for a duck.  

0-24 25-50 51-75 76-100101-125
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Score
0-24 25-50 51-7576-100101-125

0.0

0.1

0.2

0.3

0.4

0.5

0.6

Geometric Distribution
      Mean of 33

Score

Figure 1. Comparison of Batting Scores with the Geometric Distribution 

When fitting distributions, some of the parameters may be obvious from the context, while others have 
to be estimated from the data. For example, in fitting the binomial distribution to the number of scoring shots 
in an over of cricket, clearly n = 6 while p might be known from previous results or estimated from the 
current data. Because students have a knowledge of the application area, they will question the assumptions, 
so in the above case, they might argue that different bowlers or batsman might alter p. The goodness of fit 
can then be used as a test for the validity of their argument. The failure of a fit often teaches lessons about 
the distribution, and will usually lead to a modification of the model or the parameters or subsetting the data. 
So if the geometric distribution fails to fit a player’s first class cricket scores, students might suggest splitting 
the data into test cricket and other first class cricket, as we might expect the former to be more difficult.  

Many papers have been written fitting standard distributions to sports scores, and examples can be 
found from most sports. Some that could be tried with students are given as follows. 
The Binomial distribution: 

the number of scoring shots in an over of cricket; 
the number of goals of a particular basketball player in the first 5 attempts from the line;  
the number of first serves faults in the first four points of a tennis game; 
the number of quarters of football a particular team wins each match; 
the number of birdies in a round of golf; 
the number of half-innings in which a run is made by a team in a baseball match. 
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The Geometric distribution: 

the number of balls faced in a batsman's innings; 
the scores of batsmen in cricket; 
the number of misses or shots until the first goal in soccer; 
the number of sets until a particular tennis player wins the first set; 
the number of holes played until a golfer gets a birdie. 

The Poisson distribution:  

The number of goals in a soccer match; 
The number of sixes in a one day cricket innings; 
The number of reports in a game of football; 
The number of dismissals in a session of test cricket. 

The Negative Exponential distribution:  

time between goals in a soccer or basketball match; 
time between home runs in a baseball match; 
the number of balls between sixes in a one day cricket innings. 

The Normal distribution is a continuous distribution, but it can be applied to many discrete variables which 
have large means: 

the number of goals in a netball or basketball match; 
the total number of points in an Australian Rules football match; 
the margin in points in an Australian Rules football match; 
the number of runs in a cricket innings. 

Once a standard distribution is shown to describe the statistics, probability calculations can be used to 
answer other questions:  

what is the chance a tennis match will last longer than 100 rallies?  
what is the chance a batsman scores a century? 
what is the chance a team will score more than 3 goals? 
what is the chance a golfer scores less than 60? 
what proportion of Australian rules games are won by more than 60 points. 

In some cases, a general statement can be made about all sportsmen or women. For example, it is 
easily shown that the probability an exponentially distributed random variable exceeds its mean is 1/e, or 
about 37%. So if a cricketer’s batting scores are exponentially distributed, they should exceed their average 
about 37% of the time. In the small sample of Siddons’ scores above, 5 out of 13 innings, or 38%, were 
above the average of 33. As another example, cricket’s greatest batsman, Don Bradman, had a test average of 
99.94. Of his 80 innings, 29, or 36% were centuries. Furthermore 15% were double centuries, compared to 
the 14% predicted by the exponential distribution.  

5. Simulation 
If standard distributions do not fit, this provides the perfect introduction to simulation. This can be 

used when the mathematics is too difficult or impossible. As an illustration, I was asked by a journalist to 
calculate the chance a particular golfer would break 60 in a single round. This is also an example of where 
historical data is of little use, and modeling needs to be used.  

In the 1999 Australian Masters Karrie Webb completed a magnificent 4 days of golf by breaking the 
record number of shots under par for a women’s golf tournament. Her 26 under par included 28 birdies, 43 
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pars and one double bogey. This one lapse cost her the chance to equal the men’s record of 28 under par for a 
tournament. During her second round Karrie was quoted as having momentarily considered the possibility of 
scoring a 59. This ranks as one of the most difficult achievements in sport – harder than 300 or a hat-trick in 
test cricket. Such rare achievements have as much to with luck as skill, and will often be achieved by a good 
but not necessarily great player having an inordinate amount of good luck, rather than by the greatest player.  

This problem could be tackled by using historical data. At the time of the round, three men had 
achieved a score of 59 in tournament golf in the USA, and as far as I could ascertain no woman had achieved 
a sub 60 score. But such statistics could only be used to estimate the probability that any random pro golfer 
playing in any random tournament would break 60. We wanted to determine the chance that the best female 
golfer in the World, Karrie Webb, playing in this particular tournament, at that particular time, had of 
achieving that score. The lack of any of the statistics for Webb that measure variability of performance as 
previously discussed meant an analytic analysis was impossible, and we resorted to simulation.  

To estimate the difficulty of the task, we used a resampling technique – assume that the figures actually 
obtained represent the scores that would be obtained in a retrial. In this case, for each of 18 holes we 
resampled with replacement from the 28 birdies, 43 pars and 1 double bogey Webb obtained in the 
tournament. A computer, takes a few seconds to simulate 10,000 tournaments or 40,000 rounds. This analysis 
showed that she would only equal or better her 26 under 45% of the time, and had a 30% chance of breaking 
the 28 under record. However the 59 or under in a single round is another matter. Only 136 of the 40000 
rounds, or 0.4%, were under 60. Thus the best player in the world, playing the best golf of her life, will break 
60 in less than one every 200 rounds. This study was described in Hopkins (1999). 

Many other statistics in sport can be calculated using simulations. Examples include chances of teams 
making finals, chances of two players or teams meeting in a tournament, number of rallies in a tennis, squash 
or tables tennis match, etc.. 

6. Conclusion 
The use of examples from sport is a great way to involve students in statistics. Here we have discussed 

the use of performance measures. With the increasing use of computers, the evaluation of statistics which 
measure the variability of players and team’s performance is made simpler. Data at a much more detailed 
level is now available than in the past. The calculation and publication of alternative statistics could assist 
players and coaches to a better understanding of their performances, and at least would provide followers 
with some interesting data. With a suitable choice of names, these could be interpreted by the general public. 
Of importance here is that they show students how different statistics can be used to describe or summarise a 
game or a player’s makeup.  

There are other areas in sport that can be used to great effect to introduce statistical concepts, or to 
provide interesting examples. One such is forecasting. A large part of media discussion is centred on 
predicting future results, and this now has important applications in the gaming area. This provides excellent 
opportunities for the use of time series analysis, and linear, multiple and logistic regression. The general 
interest of the media in sport also means studies in this area have a fair chance of receiving media coverage. 
This can be a great motivation for students and reinforces the relevance of their statistical work. For example, 
Glasson et el (2001) describes an undergraduate student project using logistic regression and simulation to 
forecast an Olympic games Beach volleyball tournament. Yelas & Clarke (2004) describes a graduate student 
project using exponential smoothing methods and simulation to successfully forecast the 2003 World Cup of 
Rugby. Both these studies obtained press coverage. 

It is important that you use sports in which students have an interest. American boys may find 
Australian netball just as big a turn off as examples on the effects of different fertilizer. Teachers wishing to 
find inspiration for examples could do well to start with Bennet (1998). This forms an excellent summary on 
research up to 1998, and contains individual chapters on the sports American football, baseball, basketball, 
cricket, soccer, golf, ice hockey, tennis and track & field, as well as theme chapters on design of tournaments, 
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data graphics, prediction and hierarchical models.  
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ABSTRACT 
Most performance measures in sport estimate mean performance. While consistency in sport is often quoted as an 
important attribute, there is little effort to measure variability. Tackling this oversight can provide a vehicle for 
introducing many statistical concepts to students. This paper looks at several examples. Using golf scores at the US 
masters to investigate the importance of each hole, we show the standard deviation of scores to be a more relevant 
measure than the mean score. The importance of variability in a golfer’s scores can also be measured, and 
alternative performance measures created. A discussion of the meaning of consistency in cricket (or golf) leads to 
distributions of scores. There are many other examples in sport where outputs can be fitted with standard 
probability distributions, which can then be used to estimate probabilities of achieving given scores. We give 
examples from soccer, Australian rules football, cricket, golf, baseball, basketball and tennis. To allow for a better 
fit of the data, the concept of modeling can be introduced. In cricket this can be used to investigate various sources 
of variation and develop new player performance measures. Where standard models do not fit, simulation can be 
used. An example from golf uses bootstrap sampling to estimate the chance of an elite golfer breaking sixty. 
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1. Introduction and Summary
Extensive data is available from the National Football League (NFL) on American football games. I have

compiled data on the 768 regular-season games from the 2004, 2005 and 2006 NFL seasons and linked the file to

my web page: www.swarthmore.edu/NatSci/peverso1/SportsData.htm.  Along with the home and road team ID’s

and the scores in each game, I have included the points scored by each team in each quarter of the game so that

partial-game scores and point spreads can be computed. I define the point spread to be the home team's score

minus the road team's score, so that negative values indicate that the home team has lost (or is losing). There is a

point spread after each quarter, and these serve as predictors for the final point spread.

The Las Vegas betting spread is available before a game begins, and provides a nearly unbiased estimate

of the final point spread in a game.  It is not intended as an estimate of the outcome, but rather provides a

baseline for even-money betting (minus a commission). If Dallas were favored by 7 points over Philadelphia, for

example, a person betting on Dallas would win only if Dallas beat Philadelphia by more than 7 points. A person

betting on Philadelphia would win if Philadelphia won, or if Dallas won by fewer than 7 points. If Dallas were to

win by exactly 7 points, no money would change hands. The betting spread changes during the week before a

game in reaction to the amount of money bet on each team, and different casinos occasionally list different

betting spreads for the same game. I recorded the spreads reported in the Philadelphia Inquirer on the days of

each game.  A bookie collects a commission (typically 10%) from people who win their bets. So someone who

bets $100 would lose $100 if they lose the bet, and would collect only $90 if they win. The bookie will make a

profit regardless of who wins as long as roughly the same amount is bet on each team. Then the winners can be

paid off with money collected from the losers, with 10% of that amount kept as a profit. It is rather remarkable

that this profit-driven process results in a number that is about right on average as an estimate of the actual

margin of victory.

Linear models do a good job of describing the association between the final point spread and the Vegas

spread and partial game spreads. Multiple regression models show that the Vegas spread remains important as a

predictor even after learning the scores part way through a game, but that the first quarter spread, for example,

become insignificant once the half-time spread is included. Replacing the final point spread with an indicator for

whether or not the home team won leads to a logistic regression model to estimate the probability of winning

from the Vegas spread and/or partial-game information.

2. Data Summaries
Figure 1 shows histograms of the points scored by the home team, by the road team, and the winning margin for

the home team. While the distributions of each team's score are stacked up against 0 and hence skewed right, the

difference in scores has a roughly symmetric distribution that is very close to Normal, as shown by the nearly

linear Normal quantile plot. The overall mean point spread is about 2.3 points, meaning that on average the

home teams scored 2.3 points more than the road teams, and therefore tended to win. The standard deviation of

the point spreads was about 14.4 points, meaning the middle 95% of point spreads range from about -26 points

to 31 points (roughly2.3 ± 1.96(14.4)). The Normal approximation to the probability that the home team wins is

P(Z < (0-2.3)/14.4) � 0.56, which almost perfectly matches the actual home-team winning percentage of 432/768

= 0.5625. Note that I do not apply the continuity correction in any calculations in this paper, although that would

certainly be appropriate. It might also be worthwhile to factor in the fact that a winning margin of 0 is essentially
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Figure 1: Point totals and winning margins for the home team for the football games played during the

2004-2006 NFL seasons.

ruled out (with sudden-death overtime, no ties have occurred in an NFL game since 2002). These issues could

make for interesting discussions even with classes where the students would not actually be expected to carry out

such computations.

Figure 2 shows that the distribution of the difference between the actual spread (home – road) and the

Vegas spread is approximately Normal. The average deviation over the past three seasons was -0.34 points, with

a standard deviation of 13.15 and standard error (n=768) of 0.47 points. Zero is squarely in the 95% confidence

interval for the mean deviation, but this alone doen’t imply that the any particular Vegas spread is unbiased for

the actual spread. It would be possible, for example, that Vegas underestimates the high spreads and over-

estimates the low spreads in such a way that they average out to have a mean deviation of 0. To see that this

doesn’t happen, we can fit a linear model to predict the actual margin from the betting spread.
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Actual Spread - Vegas Spread (H-R)
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Figure 2: The deviation between the actual winning margin for the home team and the Vegas betting

spread for 768 NFL games played between 2004 and 2006. The distribution is very close to Normal with

a mean of 0 and a standard deviation of 13 points.

3. Simple Linear Regression Model
The least squares fit of the actual point spread (H-R) against the Vegas spread (Vegas H-R) yields a

prediction equation that is very nearly the identity y=x. That is, the estimated mean winning margin is essentially

the Vegas betting spread. From the JMP output in Figure 3 we see that the regression assumptions appear to be

met, with the residuals showing symmetric variation about 0, and roughly the same standard deviation for all

Vegas H-R values. The estimated residual standard deviation is given in the output as the Root Mean Square

Error, which is about 13 points. Assuming Normal errors, we can use this to estimate game outcomes. If Dallas

were favored by 7 points, for example, the probability of Dallas losing (according to the fitted model) is

approximately the probability that a Normal variable would be more than 7/13 standard deviations below its

mean: P(Z < (0-7)/13) � 0.3. By symmetry, we can say that 7-point favorites in the NFL (whether the home or

road team) win about 70% of the time.

The fitted intercept and slope are within a standard error of 0 and 1, respectively. To test simultaneously

that the slope is 1 and the intercept is 0, we can carry out an “extra sum of squares F test.”   From the output in

Figure 2 we see the Sum of Squares Error (SSE) for the simple regression of actual point spread (H-R pts) on the

Vegas betting spread (Vegas H-R)  is 132,633.9, with two regression parameters fit. This is computed by

summing the squared deviations between the actual H-R pts and the fitted values based on the Vegas spreads:

Fitted Point Spread = -0.402 + 1.025(Vegas H-R).

The reduced model assumes the mean H-R pts is exactly the Vegas H-R value:

Fitted Point Spread = 0.00 + 1.00(Vegas H-R)

with no regression parameters fit. The sum of squares error for the reduced model is the sum of the squared
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Bivariate Fit of H-R pts By Vegas H-R
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RSquare Adj 0.166899

Root Mean Square Error 13.1587

Mean of Response 2.334635

Observations (or Sum Wgts) 768

Analysis of Variance

Source DF Sum of Squares Mean Square F Ratio

Model 1 26779.09 26779.1 154.6572

Error 766 132633.90 173.2 Prob > F

C. Total 767 159413.00 <.0001

Parameter Estimates

Term Estimate Std Error t Ratio Prob>|t|

Intercept -0.402204 0.523344 -0.77 0.4424

Vegas H-R 1.0250634 0.082426 12.44 <.0001
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Figure 3: Simple regression of margin of victory for the home team (H-R pts) on the Vegas betting

spread (Vegas H-R). The prediction equation is essentially y=x, meaning the Vegas spread is nearly

unbiased for the actual winning margin.
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deviations in Figure 2. This can be found from the sample mean and standard deviation of the difference

between H-R pts and Vegas H-R pts for game i:

yi
2

i=1

768

� = (n �1)sy
2
+ ny 2

= (768�1)(13.16)2
+ 768(�0.335)2

= 132,919.5.

The reduction in sum of squares error due to fitting the intercept and slope from the data is 132,919.5-

132,633.9 = 285.6. This is the “extra sum of squares” that represents the error in the reduced model, with the

intercept and slope fixed at 0 and 1, that is not present in the full model, with an arbitrary intercept and slope.

This reduction was achieved at the cost of fitting two additional parameters, so the mean square reduction (MSR)

is 285.6/2 = 142.8. If the true intercept and slope were in fact 0 and 1, the MSR would be an unbiased estimate

of the residual variance �2. If the true intercept and slope differed from these values, the MSR would typically

overestimate �2. The mean square error (MSE) from the full model is an unbiased estimate of �2, regardless of

the true parameter values (assuming a linear model is appropriate) and for this regression takes the value 173.2

(the square of the root mean square error, or the SSE divided by 768-2=768, the degrees of freedom for error).

As this estimate is larger than the MSR there is no reason to think that the MSR is overestimating �2, meaning

there is no evidence to reject 0 and 1 as the true intercept and slope.

Under the usual regression assumptions, we can do a formal test of the null hypothesis

H0: �0 = 0 and �1  = 1, against the alternative that either �0 or �1 (or both) differ from these values. With Normal

errors, and assuming H0 is true, the ratio F =  MSR/MSE follows an F distribution. In this case, the degrees of

freedom in the numerator is 2, the difference in the number of parameters fit (2-0 = 2) and the denominator

degrees of freedom is 768-2=766, the number of observations minus the number of parameters fit in the full

model.  If H0 were not true, then fitting an intercept and slope allows for a better fit and a greater reduction in the

SSE, meaning the MSR and the ratio of MSR to MSE would tend to be larger than if H0 were true. So the test

rejects H0 for large values of F. We observe F =  MSR/MSE = 142.8/173.2 � 0.82. The mean of any F

distribution is larger than 1.0, so an F statistic smaller than 1.0 will never provide significant evidence to reject

H0. This does not mean we can claim the Vegas spread is in fact unbiased for the final point spread (we don't get

to conclude H0 is true), only that the observed point spreads have been quite consistent with this assumption over

the past three seasons.

3. Multiple Regression Model
The partial-game point spreads allow for numerous multiple regression possibilities. Figure 4 shows JMP

output for the multiple regression of the final point spreads (H-R pts) on the betting spreads (Vegas H-R) and the

half-time spreads (Q2 H-R). I also have data on the scores after the first and third quarters, but these aren't as

appropriate as predictors because the game doesn't re-start after these breaks as it does after half-time. American

football is a game of field position, and a team's position on the field is preserved after the first and third quarters

(although they change directions and move to the opposite end of the field). So if one team were very close to

the opponent's end-zone at the end of the first quarter, they would start the second quarter with a higher

probability of scoring quickly than at the beginning of the game or of the second half, when there are kick-offs.

An extra sum of squares F test shows that using the half time points for both the home-team and road-team as

predictors does not improve the fit significantly over using only the half-time point spread (Q2 H-R). The

prediction equations for the simple regression model of Section 2 and for this multiple regression are:

Fitted Point Spread = -0.40 + 1.025(Vegas H-R).

Fitted Point Spread = -0.60 + 0.493(Vegas H-R) + 0.926(Q2 H-R).
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Multiple Regression Model: Final Margin on Vegas Spread and Half-time Margin
Response H-R pts
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Parameter Estimates
Term Estimate Std Error t Ratio Prob>|t|
Intercept -0.601116 0.369154 -1.63 0.1039
Vegas H-R 0.4933015 0.061188 8.06 <.0001
Q2 H-R 0.9263356 0.033273 27.84 <.0001
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Figure 4: Multiple Regression of the margin of victory for the home team (H-R pts) on the

Vegas betting spread (Vegas H-R) and the half-time winning margin for the home team (Q2 H-R).
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The Vegas H-R coefficient is reduced by about 50% when the half-time (2nd quarter) point spread is

included in the model, but it is still significantly larger than zero (p < .0001). This means the betting spread still

provides useful information about the outcome even after observing the half-time score. However, knowledge of

the half-time score increases the R-square value to 59% from 17% in the regression on Vegas spread only,

showing that partial-game point spreads explain much more of the variability in actual point spreads than does

the prior expert opinion. And there is still considerable uncertainty remaining (about 41% of the variability is

unexplained) at the mid-way point in the game.

As an example, last December 25 the Philadelphia Eagles (my local team) played the Dallas Cowboys in

Dallas, Texas. The Cowboys were favored by 7 points, but at half-time the Eagles were winning by 6 points (13-

7). The linear models allow us to estimate the distributions of the final point spread before the game began and at

the half-way point. The Vegas H-R value was 7 points for the Cowboys, and the residual standard deviation is

about 13.16. So before the game began, the probability of the Cowboys winning was approximately P(Z > (0.0-

7.0)/13.16 = P(Z > 0.53) � 0.70.

At half-time, however, the probability of winning sways slightly in favor of the Eagles, who were leading

13-7. The Cowboys were at home, so Q2 H-R = 7 - 13 = -6. The residual standard deviation estimate for the

multiple regression is about 9.28 points (the Root Mean Squared Error) and the fitted final winning margin for

the Cowboys at half-time is

Fitted point spread = -0.60 + 0.493(7) + 0.926 (-6) � -2.7 points.

The negative fitted value indicates the Cowboys are more likely to lose than to win. Now the approximate

probability of the Cowboys winning is

P(Z  >  (0 - (-2.7))/9.28) = P(Z > 0.29) � 0.39.

The probability that Dallas would go on to “cover the spread” (in this case, win by more than 7 points) so

that people who had bet on Dallas would win money was approximately

P(Z  >  (7 - (-2.7))/9.28) = P(Z > 1.045) � 0.15.

In my first A Statistician Reads the Sports Pages column in Chance Magazine, I made estimates after the

first quarter of this game when I had to turn it off and go to a holiday party. The first-quarter spread is a

significant predictor with or without the Vegas spread, but when it is added to this model with the half-time

score it is not at all significant. The output below shows that the parameter estimate for Q1 H-R is very close to

0, and far from significant (p > 0.9). This would be intuitive to most sports fans, as knowledge of the score later

in the game makes any earlier scores irrelevant. So this provides an easy context for discussing the interpretation

of multiple regression coefficients.

Parameter Estimates

Term Estimate Std Error t Ratio Prob>|t|

Intercept -0.600528 0.369424 -1.63 0.1045

Vegas H-R 0.4935139 0.061252 8.06 <.0001

Q1 H-R -0.007927 0.064906 -0.12 0.9028

Q2 H-R 0.929579 0.042588 21.83 <.0001

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 992 -



4. Logistic Regression Model
Throughout, I have used the linear regression models to estimate the probability of one of the teams

winning the game. Logistic regression is a tool for predicting such probabilities directly, without considering the
margin of victory. Below is JMP output for a logistic regression of “Winner” (Home or Road team) on the Vegas
betting spread and the half-time point spread.

Nominal Logistic Fit for Winner
Parameter Estimates

Term Estimate Std Error ChiSquare Prob>ChiSq

Intercept -0.1703115 0.101806 2.80 0.0943

Vegas H-R 0.10846001 0.0172967 39.32 <.0001

Q2 H-R 0.14948959 0.01266 139.43 <.0001

For log odds of Home/Road

The linear fit for a logistic regression is an estimate of the log-odds of the home team winning vs. the road

team winning. To find the fitted probability that the home team wins, first find the estimated log-odds, then solve

the equation to find p. For example, with the Eagles-Cowboys game, Vegas H-R = 7 and Q2 H-R = -6. So the

estimated log-odds is

Fitted log-odds = -0.170 + 0.108(7) + 0.149(-6) = -0.308 �  ø  =  log(p/(1-p)).

The odds are computed as p/(1-p), where p is the probability of the home team winning, and the logs are

taken with base e � 2.718. So for log-odds ø = -0.308, inverting this equation to estimate p yields

p =
eø

1+ eø
=

1

1+ e�ø
=

1

1+ e�(�0.308)
� 0.42.

This estimate doesn’t differ much from the multiple regression estimate of 0.39, despite ignoring

information about the margins of victory. The NCAA has required that Bowl Championship Series (BCS)

computer ranking models for college football recognize only who wins, and not by how much, when assessing

the relative strengths of the teams. Logistic regression is the simplest model for making such estimates with one

or more continuous or categorical predictors. However, the NCAA would certainly balk at the use of betting

spreads to rank teams.

REFERENCES
Stern, H. S. (1991). “On the Probability of Winning a Football Game,” The American Statistician, Vol. 45, pp. 179-183.

Everson, P. (2007). A Statistician Reads the Sports Pages: “Describing Uncertainty in Games Already Played.” Chance,

Volume 20, number 2, pp. 49-56.
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ABSTRACT

Scores in professional American football games follow a distribution that is noticeably

skewed towards larger values. However, the difference between the home teams’ scores and the

road teams’ scores (the point spreads) do follow a distribution that is very close to Normal.

Furthermore, the residuals from linear regressions of the point spreads on the Las Vegas betting

spreads and on partial game point spreads (e.g., the point spreads at half-time) are also very close

to Normal, and suggest that a linear model is appropriate. These data are also suitable for logistic

regression problems, such as estimating the probability that the home team wins given the betting

spread, the half time score, or both. This presents an ideal setting for teaching simple and multiple

linear regression and logistic regression procedures for any level of statistics course.
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1. Introduction

There have been various efforts over the years in teaching introductory courses in statistics based

on examples from sport (Reiter 2001; Albert 2002; Kvam and Sokal 2004; Lock 2006). However, to

my knowledge, there are only two graduate level courses in statistics departments that have a primary

focus on sport. STAT832 (Statistics in Sports) at the University of Nebraska-Lincoln is a two-credit

course which is offered every other year. It is described as a course which introduces statistical

methodology useful for analyzing sports-related data. This paper describes aspects of a full-credit

special topics course STAT890 (Statistics in Sport) that was first taught at Simon Fraser University

during the summer semester of 2004. A description of STAT890 is provided by navigating to the

Teaching link at www.stat.sfu.ca/∼tim.

2. Rationale

In contemplating a graduate course on statistics in sport, I wanted students to gain experience

in three areas:

1. statistical modelling

2. the reading of scientific papers

3. statistical methodology

These three areas might be explored adequately by a type of Data Analysis course that is

common in many statistics graduate programmes. However, it is my belief that a focus on sports

related topics can provide an enjoyable and direct route to experience in the above three areas as now

argued.

2.1 Statistical modelling

In order to propose realistic statistical models, it seems a prerequisite to have at least some

understanding of the underlying physical processes in a system. Even in the case of black box method-

ologies such as neural networks, one’s level of understanding must be sufficient to collect meaningful

covariates.

A feature of sports related topics is that we often have immediate intuition of the underlying

physical processes. For example, contrast a typical sporting event (say, basketball) with some biological

phenomenom (say, cancer). In basketball, we typically know what to measure in terms of performance

(e.g. score differential) whereas in cancer research, it is not clear what should be measured as there

is uncertainty whether malignant stem cells are the root cause of cancerous growth (O’Brien, Pollett,

Gallinger and Dick 2006). Most students have at least a vague understanding of what covariates are

important in basketball (e.g. assists, rebounds) and they do not require hours of instruction before

models can be proposed. We contrast this with the enormous amount of background instruction needed

in basic genetics and physiology to have an appreciation of the issues related to cancer research.

Generally speaking, our potential to model sporting events is due to the simplicity of games (e.g.
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well defined rules and activities of short duration) when contrasted with the complexity of biological

systems.

Statistical modelling is facilated when there is a scientific question of interest, and sport is full

of such questions. For example,

• Who is the better player?

• Which lineup is preferred?

• What is the probability of an event occuring?

• What is an optimal strategy in a given situation?

are questions that could apply to a number of sports.

Another factor that facilitates statistical modelling in sport is the wealth of data that is available

in almost every sport imaginable. For example, ball-by-ball results of international one-day cricket

matches for over 100 years are recorded in the CricInfo website (www.cricinfo.org).

2.2 The reading of scientific papers

My experience is that students in graduate programmes in statistics often have a difficult time

reading scientific papers. Yet, it is clear that reading papers is a valuable activity and forms an

important component of graduate level training. To that end, I believe that it is helpful if a student’s

introduction to reading articles begins with papers that are relatively easy to read. Statistics in sport

papers often satisfy this requirement. A statistics in sport paper typically begins with a question that

is easily understood, and often, standard techniques are utilized to explore the question of interest.

In STAT890, the papers listed below formed a reading list for the course. The volume of papers

exceeded the amount that I have asked of students in other graduate courses yet the students were

able to complete their reading assignment without great difficulty. They found this to be an enjoyable

activity and gave them confidence in reading papers.

• Verducci, T. (2004). Welcome to the new age of information. Sports Illustrated, April 5, 50-62.

• McKeon, J. (2004). This is the ultimate? Bull! Sports Illustrated, April 5, 67.

• Blount, R. Jr. (2004). As so often happens. Sports Illustrated, April 5, 68-73.

• Beaudoin, D. and Swartz, T.B. (2003). The best batsmen and bowlers in one-day cricket. South

African Statistical Journal, 37, 203-222.

• Insley, R., Mok, L. and Swartz, T.B. (2004). Practical results related to sports gambling. The

Australian and New Zealand Journal of Statistics, 46, 219-232.

• Tversky, A. and Gilovich, T. (1989). The cold facts about the “hot hand” in basketball. Chance,

New Directions for Statistics and Computing, 2 (1), 16-21.

• Larkey, D., Smith, R.A. and Kadane, J.B. (1989). It’s okay to believe in the hot hand. Chance,

New Directions for Statistics and Computing, 2 (4), 22-30.

• Tversky, A. and Gilovich, T. (1989). The “hot hand”: Statistical reality or cognitive illusion?

Chance, New Directions for Statistics and Computing, 2 (4), 31-34.

• Hooke, R. (1989). Basketball, baseball and the null hypothesis. Chance, New Directions for

Statistics and Computing, 2 (4), 35-37.
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• Wardrop, R.L. (1995). Simpson’s paradox and the hot hand in basketball. The American

Statistician, 49 (1), 24-28.

• Dorsey-Palmateer and Smith, G. (2004). Bowlers’ hot hands. The American Statistician, 58

(1), 38-45.

• Duckworth, F.C. and Lewis, A.J. (1998). A fair method for resetting the target in interrupted

one-day cricket matches. Journal of the Operational Research Society, 49, 220-227.

• de Silva, B.M., Pond, G.R. and Swartz, T.B. (2001). Estimation of the magnitude of victory in

one-day cricket. Australian and New Zealand Journal of Statistics, 43 (3), 259-268.

• Beaudoin, D. and Swartz, T.B. (2003). The best batsmen and bowlers in one-day cricket. South

African Statistical Journal, 37, 203-222.

• Swartz, T.B., Gill, P.S., Beaudoin, D. and de Silva, B.M. (2004). Optimal batting orders in

one-day cricket. Computers and Operations Research, to appear.

• Bingham, D.R. and Swartz, T.B. (2000). Equitable handicapping in golf. The American Statis-

tician, 54 (3), 170-177.

• Stern, H.S. and Wilcox, W. (1997). Shooting darts. In the column, A Statistician Reads the

Sports Pages, Chance, 10 (3), 16-19.

• Stern, H.S. (1998). Football strategy: Go for it! In the column, A Statistician Reads the Sports

Pages, Chance, 11 (3), 20-24.

• Berry, S.M. (2000). My triple crown. In the column, A Statistician Reads the Sports Pages,

Chance, 13 (3), 56-61.

• Berry, S.M. (2001). How Ferocious is Tiger? In the column, A Statistician Reads the Sports

Pages, Chance, 14 (3), 51-56.

• Simon, G.A. and Simonoff, J.S. (2002). Were the 1996-2000 Yankees the best baseball team

ever? Chance, 15 (1), 23-29.

• Berry, S.M., Reese, C.S. and Larkey, P.D. (1999). Bridging different eras in sports (with discus-

sion). Journal of the American Statistical Association, 94, 661-686.

• Gill, P.S. (2000). Late game reversals in professional basketball, football and hockey. The

American Statistician, 54, 94-99.

• Stern, H.S. (1994). A brownian motion model for the progress of sports scores. Journal of the

American Statistical Association, 89, 1128-1134.

2.3 Statistical methodology

The lecture component of the course involved discussion of the papers in section 2.2 with extra

attention given to unfamiliar methodologies. Below is the course outline for the first 8 weeks of the

course with the technical content covered during the lectures. The students appeared to gain an

appreciation for the methodologies as they saw relevance to interesting problems.

• May 03

– introduction to the course
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– provision of reading materials

– introduction to one-day cricket (for future lectures)

• May 10 and May 17

– sports gambling

∗ lines, odds: American and European

∗ parlays, teasers, futures, etc

∗ vigorish, middling, scalping (i.e. arbitrage)

∗ testing for profitable systems and the issue of multiple comparisons

∗ money management: fixed wagers, fixed percentage wagers, Kelly system

– technical material in lecture: expectations, hypothesis testing, bootstrapping, Gauss-Seidel

algorithm

• May 17

– the hot hand: does it exist?

– technical material in lecture: hypothesis testing, simulation

• May 24

– Victoria Day holiday (class cancelled)

• May 31 and June 07

– one day cricket

∗ the Duckworth/Lewis method

∗ quantifying the margin of victory in matches

∗ performance measures for batting and bowling

∗ optimal batting orders

– technical material in lecture: regression, simulated annealing, goodness-of-fit, log-linear

models, Markov chain Monte Carlo, delta method

• June 14

– handicapping in golf; issues of fairness

– modelling the outcomes of major league baseball games

– technical material in lecture: simulation, order statistics, distribution theory, CART

• June 21

– questions of interest from ”A Statistician Reads the Sports Pages”

∗ where to aim in darts?

∗ under what circumstances should you kick on fourth down in American football?

∗ when do you pull the goalie in hockey?

∗ how many majors will Tiger Woods win in his career?

– technical material in lecture: goodness-of-fit, dynamic programming, distribution theory

• June 28

– comparing performances from different eras

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 997 -



– comebacks in team sports

– technical material in lecture: density estimation, logistic regression, hierarchical models,

distribution theory, Brownian motion, probit regression

3. Further Remarks

The remaining weeks in the course involved student presentations. This was a major component

of the course, and involved a research project in statistics in sport. I asked students to begin with

a sports question that caught their fancy. They were asked to collect data and utilize sensible sta-

tistical analyses. Classmates were encouraged to think critically about the presentations and provide

classroom discussion. Students worked in teams.

My impression was that this was also an enjoyable experience and provided some students with

their first foray into problem solving using statistics. In fact, one of the problems was subsequently

developed into a publishable paper (Summers, Swartz and Lockhart 2007).
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ABSTRACT

This paper describes a graduate course in statistics in sport that was first offered in the summer

semester of 2004 at Simon Fraser University. In this paper, we describe the topics that were covered

in the course and we provide a rationale for introducing such a course. Specifically, we suggest that

the course provides an immediate avenue to statistical modelling, an easy introduction to the reading

of scientific papers and an introduction to an array of statistical methodology. It is further argued that

the course provides an enjoyable experience in advanced statistical training.
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1. Introduction  
The establishment of computer networks has brought about an age of substantial information 

disclosure, in which various branches of knowledge and types of technologies that read and utilize statistical 
data are becoming increasingly important. In university education, regardless of the field—natural sciences 
or social sciences—the knowledge of statistics is essential in conducting experimental studies. For this 
reason, various faculties and departments in many universities adopt basic courses related to statistics.  

In basic statistics education, where it is expected that positive analyses will be conducted, a practical 
type of education in which each student will be capable of using quantitative analytical skills is being 
increasingly regarded as highly desirable. A survey was conducted by Takeda (1995) and Senuma (2004) in 
Japan to determine what students were expected to study through mathematical studies at universities; this 
survey was conducted on all the companies listed in the Tokyo Stock Exchange. The results revealed that 
statistical education, which enables students to use data substantially, is regarded as highly desirable.  

On the other hand, numerous statistics teachers in social science departments are of the opinion that 
students, in general, are hesitant to study the type of statistics that emphasizes mathematical aspects. Course 
materials utilizing the Internet and other multimedia resources have recently been developed and put to 
practical use in university education. Multimedia materials emphasize audio and visuals that can be 
interactively operated and verified. It is hoped that the use of multimedia will positively affect university 
education; however, no concrete lecture form that will create that positive effect has been standardized in the 
field of statistics. One of the possible reasons for this failure is that most of the syllabuses that are publicly 
available are developed in text form and are not based on Internet awareness or the course materials being 
converted into multimedia formats.  

For the above reasons, we formed the “statistics” group from the social science-related fields within 
the Cyber Campus Consortium (CCC), which was developed at the Japan Universities Association for 
Computer Education. Further, we constructed a next-generation computerized syllabus system in order to 
initiate the establishment and use of databases for common development and so that multimedia course 
materials can be used in a concrete form for the purpose of standardizing the methodology of effective 
statistics education utilizing IT at universities (Watanabe and Yamaguchi 2006).  

In a statistical education, it is needless to say that the motivation improvement to the student's study is 
important for the learning effect. It is also important that students have the analysis experiences by actual 
data in the study of statistics. It was not fictitious data, and the analysis practice that used actual data was 
done repeatedly by such a viewpoint in Rikkyo University. The lecture and the analysis practice has used 
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several real data sets including sports data in 2006, convenience store data collected though the point of sale, 
POS, as well as the social survey data.. This paper reports on educational trials using the sports data. 

2. Sports data  
Our group has used data sets which were provided by a company which provides data of several types 

of professional sports, to media and professional teams. Students could use real data sets from professional 
sports, baseball games and football matches in Japan. Almost all students were interested in such sports data. 
In Japan, baseball is one of the favorite sports and football is also very popular. 

We introduce two examples we used in the basic statistics classes.  

2.1  Baseball data: pitching data to study basic statistics and distributions 
In the basic statistics course, one of the most important objectives is that students can understand the 

variations. Pitchers throw many types of balls. We can use two types of data. One is types of pitching balls, 
and another is speed of the balls, these are categorical and continuous data, respectively. Using these data 
sets, students learned how to summarize variations of data. Students used frequency tables, histograms, box 
plots and so on.  

Figure 1 shows a distribution of speed of pitches by Daisuke Matsuzaka who is one of the most famous 
professional baseball players. He is playing for Boston Red Sox this year.  

The distribution is multimodal, because the data includes six types of balls, for example, fastball, 
breaking ball, cut ball and so on. The student learnt the necessity for the classification. They considered what  
the overall mean represents in this case, and concluded that the overall mean did not have any role of 
presentation for the pitcher’s skill.  

Figure 1 : A Histogram of the pitch speed (km/h) 
(left: all data, right: after classification)

Table 1: Mean and Standard deviation of each type of pitch

1560 147.1 2.8
814 129.1 3.7
339 140.0 2.6
172 117.7 3.1
281 126.0 3.8
155 134.8 3.1
3321 138.1 10.1

Table 1 shows the mean and standard deviation of each ball. Using this data set, students also studied 
the normal distribution, mean, standard deviation, and model fits. Mixture models were also introduced. 
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Figure 2 shows a result of fitting a mixture model of two normal distributions to the distribution of pitch 
speed of sliders. 

Figure 2: A Histogram of the pitch speed (km/h) of sliders and two fitted theoretical 
distributions( )3.3,8.128(93.0)7.1,9.136(07.0 22 NN  and )7.3,1.129( 2N ).

2.2 Baseball data: numbers of homerun and strike out to study correlation and causation 

 From baseball games, we could get several types of data. There are many good examples for the 
multivariate analysis. For example, the regression, principal component, and factor analysis, etc.  

We usually observe positive correlation between the numbers of homerun and strikeouts (see the 
Figure 3.). Student can easily understand that correlation does not necessarily mean causation. Student can 
easily imagine the third variable in this case (Figure 4).  

Figure 3: A scatter plot of the numbers of strike out and homerun 
SO 

HR

SO 

HR
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Figure 4: A path diagram for the numbers of strike out and homerun 

3. Discussions  
Seven important topics in basic statistics education have been introduced by Utts (2003), “Cause and 

effect”, “Significance versus importance”,  “No effect versus low power”, “Biases in surveys/questions”, 
“Probable coincidences”, “Confusion of the inverse”, and “Average versus normal”. The final example is a
material for “Cause and effect”. Students can understand “Average versus normal” by distributions of 
pitching speed. Our project group is investigating good materials from sports data to for teaching such topics. 
Data sets from football games were also used. For example, numbers of goals, yellow or red cards are useful 
for studying the Poisson distribution.  

Other examples we have used will be shown in our presentation. 
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Discussion:

I have made comments on each paper in this session, and conclude with a summary of the 
entire session. 

Clarke:  " Studying Variability in Statistics via Performance Measures in Sport"

Steve Clarke continues in his lifelong quest to use statistics to understand sport, and to 
use sport to teach statistics. Clarke's paper is an excellent example of both aspects of his 
work.  The paper documents several surprising sport phenomena that are understood by 
the creative application of some simple measures of variability.  At the same time, the 
examples demonstrate why measures of variability are so important to understand, not 
only for analytical strategies, but for descriptive measures as well. 

The remarkable thing is that the multi-billion dollar sports industry worldwide can be 
understood so much better with a few basic statistical strategies, and yet these strategies 
are little known by sports analysts, and seldom taught by statistics instructors. Those of 
us responsible for this pedagogic lack tend to think that once we teach students about 
measures of variability, they will see how to use them in their area of interest.  Steve's 
paper provides examples that have often been overlooked by both students and teachers 
of statistics.  Unless students are motivated to internalize variability measures through 
interesting examples, they will not be able to use them properly in any applications. I am 
not merely saying real data is useful for teaching variability – I am saying that for 
students to gain a useful understanding of variability, they need to be involved with 
applications for which variability measures are of primary interest to the students.  The 
mathematics of variability modeling does not convey the necessary mental stimulus.
Even applications that treat variability as an adjunct to location measures will tend to 
distract the student from the interpretation of the variability measure per se.

Most of us are teachers of statistics, and we will regularly be trying to convince students 
that measures of variability are important for data analysis.  You may use arguments to 
show that the variability of measurements is the key to making reproducible comparisons.
But how often are you able to show that measurements of variability are themselves key 
descriptors of a process?  Clarke shows that measurements of variability are not only 
useful for comparing means, but also descriptive of important aspects of a sport. 
A good example is that variability of golf scores at a particular hole is a more important 
measure of the difficulty of the hole than the average number of strokes required. And he 
provides many other examples in golf, triathalons, basketball, cricket, tennis, football and 
baseball.  Clarke has drawn our attention to the wealth of motivation available for 
teaching that is available from the sports industries that engage such a large portion of 
our population. 

Clarke also includes the role of simulation in assessing or predicting sport outcomes.
This is another under-taught strategy.  We use simulation to demonstrate CIs or the 
sampling distribution of the sample mean, but we can also demonstrate sport outcome 
variability in situations where we know the underlying model, and compare this
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variability with real life sport contexts.  This is another way to inform students of the 
surprising effects of randomness in sport and, by implication, in other contexts. 

In summary, this is an excellent paper for any instructor, but particularly for those at the 
beginning of their teaching career.  If I had read this paper in 1969, my teaching would 
have been much improved!

 Swartz: " A Graduate Course in Statistics in Sport"

When sports examples are used for teaching statistics, they tend to be used in very simple 
contexts, and often in first courses.  But as any statistical consultant knows, there is no 
such thing as a "routine application of statistics".  A serious look at almost any data 
analysis problem will inevitably present analytical complications that should be explored 
if time permits.  Swartz' graduate course using sport contexts reinforces this point.  The 
list of techniques involved include things like MCMC, CART, hierarchical models, 
Brownian motion and the Gauss-Seidel algorithm.  This is not a course for beginners!  It 
is a real graduate course for graduate students of statistics. 

The course procedure involved guided experiences with review of 24 published articles in 
sport.  Each article was reviewed with the instructor providing background material in the 
sport context as well as stimulating discussion about statistical techniques unfamiliar to 
students.  Students were required to prepare presentations in the last third of the course, 
and teams were used to encourage peer discussion of the ideas.  Even though such 
presentations are always stressful for students, they apparently felt the experience was 
interesting and worthwhile. 

The course described by Swartz is an example of a "process" course rather than a 
"product" course.  The idea is that students learn a useful skill by engaging in a sort of 
detective experience, where data-based information is rooted out using whatever 
techniques can be found.  Those who worry about the coverage of a prescribed list of 
topics will be afraid that many topics will be missed.  But one has to consider the purpose 
of statistics education at the graduate level: Are we still teaching basics, or are we 
teaching the process of finding techniques appropriate to the data-based problem at hand? 
If the latter, then the curriculum can be defined as a series of case-study-explorations
rather than a series of topics in advanced statistics.

Everson "Teaching Regression Using American Football Scores"

Commercial sports gambling is very big business in North America.  In spite of the fact 
that expected returns are generally negative, there appears to be great interest in 
combining spectator sports with sports gambling.  Even those who do not wish to 
participate in gambling can find much of interest in the data on sports betting and 
outcomes. For example, we can see the extent to which sports outcomes are predictable, 
and the extent to which outcomes depend on apparently "random" influences, by 
examining this data. 
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The gambler's interest in sports is based on predicting outcomes.  The gambler would like 
to use whatever information is available to try to find situations in which the return might 
be positive, at least on average.  An important lesson to teach students about regression 
methods is that it is for prediction or predictive models (and not simply "curve fitting").
So a situation in which prediction is needed is ideal for motivating regression. Everson 
uses this motivation to introduce regression of sports outcomes based on one or two 
pieces of key information. 

The contextual information that the student needs to understand to take advantage of this 
teaching context is non-trivial.  While sports gamblers are comfortable with the point 
spread as summarizing the progress or outcome of a football game, many students will 
find this a new idea. However, once mastered, the context does provide for some 
interesting regression results.  One result is that the booky's spread offered before the 
game is very close to an unbiased estimate of the outcome spread. The booky's business 
success depends on this capability, but it is still surprising that the booky is so successful 
at it, in view of the apparent chaotic nature of sports contests.  Another result is that the 
quarter time spread has no additional predictive power once the half-time spread is used. 
While this seems necessary logically, it is nice to see the machinery of least squares, 
applied to real data, complying with logic. 

This paper is an interesting introduction to the use of statistics in sports gambling, and for 
students sufficiently motivated to learn the rules of the game, it will help to convey the 
utility of linear regression. 

Yamaguchi, Sakaori, Watanabe:

"A Trial of Statistical Education using Sports Data in Japan"

In an effort to change the perception of statistics, a working group in Japan has proposed 
making more use of sports statistics.  Apparently the social science students have an 
especially hard time coping with a mathematical approach.  This paper describes the 
classroom use that could be made of some baseball data.

In Japan and in North America, part of the interest in baseball derives from the numerical 
summaries of the game and its players.  Because of this it is natural to use baseball 
statistics to reach math-alienated social science students.  The authors use the distribution 
of types of pitches (fast ball, slider, et al) to show how a mixture distribution can reveal 
its components. They also point out the futility of ignoring components in using mixed
data to describe a process.

Another use for the baseball data suggested is to discuss the correlation-causation
difference.  They comment that batters with high home-run rates also have high strike out 
rates, so the tendency to swing at a pitch causes both outcomes.
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Summary

I have commented on the relevance of the papers in this session to the teaching & 
learning of statistics.  As an even briefer summary, I would suggest the following:
1. The Clarke paper explains how sports contexts can be used to demonstrate the
importance of measures of variability, and to illustrate the use of simulation in studying
complex phenomena. 
2. The Swartz paper shows that the sports context can motivate the study of a wide 
variety of advanced statistical procedures and can stimulate interest in these techniques. 
3. The Everson paper shows that the sports gambling context can provide real world 
demonstrations of subjective probabilities having some objective validity.  It also shows 
how regression can be used for prediction – and not only for estimating predictive 
relationships.
4.  Yamaguchi et al show how real data on pitch distributions in baseball provide a good 
example of a mixture distribution, and suggest how this might be used in the classroom. 

Overall, the message is that sports contexts are excellent for demonstrating the 
implications of unexplained variation – in other words, randomness – and that we should 
exploit this area to motivate enthusiastic learning of statistical strategies.

K.L. Weldon
Department of Statistics and Actuarial Science
Simon Fraser University
Canada
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Charles University of Prague, Dept. of Probability and Mathematical Statistics

Sokolovská 83, CZ – 186 75 Prague 8 – Karĺın, Czech Republic
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& PdF UHK, nám. Svobody 301, CZ – 500 00 Hradec Králové, Czech Republic

E-mail: Michal.Cihak@uhk.cz

1 Introduction

The use of computers in teaching at secondary schools is quite often discussed nowadays. Most of

the schools are endowed with modern computer laboratories and ask for learning software, tutorials,

methodical books, etc. It is evident that these materials should be designed to increase the efficiency

of the educational process and not to lead to a mere brainless playing with computers only. Therefore,

our principal goal was to combine teaching probability with elements of algorithmization and com-

puter programming. The idea is obviously not new. There exist some successful projects concerning

computer aided teaching probability theory and statistics in university courses, see, e.g., list of projects

mentioned in references. However, only a small number of projects deals with teaching probability at

secondary schools.

We address three different types of audience:

1. Teachers of conventional classes, who want to variegate their lessons. The students of today like

working with computers and enjoy using of nontraditional and modern teaching methods. If

properly supervised and guided, they can understand important basic principles of the probabil-

ity through the trial and error method and, at the same moment, try to guess the results of given

problems and verify them by computer simulation. The next step is, evidently, to discover basic

probability principles and phenomena. For this purpose probability theory provides enough at-

tractive problems. In addition to its practical importance the probability is, without any doubt,

one of the most entertaining branches of mathematics. The general idea behind our project is

thus the hope that students will find probability both interesting and useful and, perhaps, they

will choose stochastics for their future study.

2. Teachers of mathematical classes, leaders of mathematical bees, camps and solving seminars.

More generally all those who prepare students for mathematical competitions. There is a sig-

nificant difference between what is taught at most of the secondary schools through standard

lessons of mathematics and what is expected from the participants of mathematical competi-

tions. For them we included more advanced notions and topics as random variables and random

walks. All these problems have been collected by the authors during the long standing work with

mathematically talented students.

3. Mathematically talented students, who cannot attend a mathematical bee or solving seminar at

their secondary school. For them we prepared a collections of tasks related to some interesting

problems. At first, these tasks are arranged to lead students to discover basic probability princi-

pals and/or phenomena. At second, multiple solutions to problems are provided in order to give

students possibility to compare different problem solving strategies. At third, many exercises
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are available that enable students to practice solving methods and strategies and understand

basic principals in more details.

The amount of the study material is rather great. It is a pity that there is not enough time

for probability, and stochastics as well, in contemporary secondary schools curricula, at least in our

country. From this point of view we do not expect that the teacher familiarizes students with all the

material. Wide variety of topics enable the teacher to choose content of his/her lessons according to

his/her own pedagogical attitude and experience.

2 Teaching probability (at secondary schools)

From the methodical point of view we accepted the theory of cognitive process, which can be summa-

rized in the following four stages:

1. Motivation.
2. Acquiring experience.
3. Birth of knowledge.
4. Crystallization and automatization of knowledge.

In our opinion these four stages should be respected when teaching not only at secondary schools.

The motivation stage is necessary initiate for the cognitive process. It is clear that careful choice

of probability problems to be solved is very important for this purpose. These problems should be

attractive, meaningful and suitable for the students. The natural process of acquiring experience is one

of the most important concepts in learning mathematics at the secondary school level. Especially in

the field of probability students lack practice with phenomena of the chance. Unfortunately, without

understanding this phenomena students do not understand the theory and their knowledge is formal.

These problems are usually realized when students meet a paradox, untypical task or if they must

apply the theory in real life.

Experiments such as tossing a coin, rolling a dice, spinning a roulette wheel, taking a card from

a well-shuffled deck are suitable for acquiring experience with the phenomena of the chance. Here is

an example: In the first lesson of probability students are equipped with coins, dices and a deck of

poker cards. The teacher opens the lesson with three introductory problems:

a. What sum of the points is most often obtained if two dice are rolled repeatedly?
b. What is the chance of obtaining three heads if three coins are tossed?
c. What are the odds that two cards of the some denomination appear in five-card poker hand

taken from a well-shuffled deck?

Students work in pairs. The first performs trials repeatedly and the other records the results. After

performing a certain number of experiments, students formulate hypotheses and compare them with

other students. Practical realization of such experiments is highly time-consuming. However, with

the aid of computers, thousands of such experiments can be simulated very fast. Therefore, computer

simulations are often used instead.

The moment of a birth of knowledge has an important role in the process of forming human

psyche. This is the moment of strong feeling of a joy. The teacher should not miss this unique

opportunity to encourage students’ interest in mathematics. However, without previous two stages

this moment cannot be reached. For this reason the problems must be sorted in order to give students

sufficient experience and then lead them to discover new pieces of knowledge.

The last stage of the cognitive process involves crystallization and automatization of the knowl-

edge. Therefore, it is important to provide students with many exercises to evolve their knowledge

and skills.
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3 Teaching computer programming (at secondary schools)

Most of the projects related to the computer aided probability and statistics teaching present simu-

lation algorithms only as an instrument for demonstration of the chance phenomenon, i.e., students

are not forced to create their algorithms. We decided to use a different approach which resulted from

our experience in supervising computer programming courses for beginners. It suggests that creating

and/or modifying simulation algorithms is of great mean to familiarize students with the essential

foundations of programming.

In any case, natural question which programming language is suitable for this purpose arises.

On one hand it had to be designed for mathematical calculations and to have graphical tools for

visualization of the results. On the other hand this language should be simple to learn for secondary

school students. There are several powerful mathematical systems available such as Derive, Maple,

Mathematica, Matlab, etc. However, they are rather complicated and, in addition, they are very

expensive, at least for our secondary schools.

While looking for a cheap but high-quality system, we realized that the computer algebra system

MuPAD was available for free for educational institutions. This system has a simple programming

language similar to Pascal, many built-in mathematical functions and a congenial graphical tool. Its

help system is also very sophisticated. It consists of dvi file viewer with hypertext functionality and

direct linking to MuPAD. This enables the users of TEX to create high-quality interactive teaching

materials. Aside that, when studying the electronic interactive text, the reader can run all included

algorithms simply just by a mouse-click.

4 Basic probability concepts covered

In this section we specify most important probability and programming concepts used in our approach

together with some remarks and comments.

Notice that the conversion of our codes into the MAple codes is very easy thanks to the resem-

blance between both languages. As pointed out by Z. Karian, who had available longer version of this

paper, the transcription was immediate. Analogously we can imagine conversion of our codes into

the language of Mathematica or Matlab, e.g. However. the inner logic of these languages seems to

us quite complicated, especially for beginners in programming of basics mathematics who prevail in

secondary schools.

4.1 Introduction to MuPAD

The main goal is to introduce the computer algebra system MuPAD and to show how to control

MuPAD environment efficiently. For this purpose some examples of numerical and symbolical com-

putations have been prepared, such as counting all digits of 21234, looking for the prime factors of the

huge numbers or factoring algebraic expressions. Demonstration of MuPAD 2D and 3D graphics is

also included together with description of the MuPAD Help Tool. General attitude is to show the

students different possibilities of the MuPAD system that can help them to understand better some

other parts of mathematics taught at the secondary school.

4.2 Computer simulation methods

This is an introduction to the computer simulation methods. Students learn how to use random

number generator to simulate tossing a coin, rolling a dice, spinning a roulette wheel or taking a

card from a well-shuffled deck. They familiarize basic MuPAD programming structures such as for,

while and repeat loops and if-then-else and switch-case branching instructions. With a view to
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saving data from simulation experiments students learn how to handle variables and arrays. Finally,

they make the acquaintance with the visualization of their results using the MuPAD graphics tool.

Many problems, which are designed to demonstrate all the above mentioned elements of the MuPAD

programming language, are included here.

4.3 Probability

The aim of the previous part was to offer the students an occasion to acquire enough experience with

phenomena of the chance. While solving the problems by computer simulations, students understand

several basic principles concerning relative frequency of outcomes of random experiments. After this

preliminary stage students are prepared to learn relevant topics from the probability theory.

Basic concepts of probability as outcomes, events and sample space of random experiment are

defined as is usual in the textbooks for the secondary school level. However, more emphasis is given

on making interconnections between new ideas and students’ previous knowledge of elementary set

theory. For this reason all concepts such as inclusion, intersection, union and difference of events are

illustrated on several types of Venn diagrams. Exercises to practical construction of a sample space

and events related to the experiment are also included.

The most important is definition of probability, which is introduced by the reference to the

previous knowledge. Relative frequency motivation is also used for the definition of probability of an

event. Classical definition of the probability results as an evident consequence.

4.4 Properties of probability

The main goal is to cover several important prepositions concerning the probability. In the effort of

respecting theory of cognitive process described in Section 2, special care is devoted to the selection

of motivation problems. Before announcing a new preposition or theorem, one or more examples are

solved using computer simulation method. According to our experience acquired from real teaching,

students usually discover the idea of preposition before teacher “announces it”. The moment of

discovering some principle or idea is very stimulating for students as mentioned in Section 2. The

most important theorem of this part concerns addition of probabilities.

4.5 Independent trials

Concept of independent trials can be understood as a special case of more general concept of in-

dependent events. Therefore, in advanced textbooks it is usually skipped or just briefly mentioned

within the topic of conditional probability and independence. Unfortunately, in the secondary school

curricula this topic comes as optional and, due to the limited time space, it is often omitted. However,

without introducing the notion of independent trials many elementary problems must be solved in

rather complicated way. For example, important concept of Bernoulli scheme that has many practical

applications is based on ideas of independent trials and multiplication of probabilities. For this peda-

gogical reason we devote separate space to this topic which should precede optional and more general

notions of conditional probability and independence.

4.6 Conditional probability and independence

In this part we start with several simple programming exercises that help students to understand the

difference between particular trials and compound trial. Another aim of these exercises is to show

students some useful programming techniques. For many of them it is rather surprising that one of the

presented algorithms can be used, after slight modification, for conversion of numbers from decimal

to binary system, etc.
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While topics presented in the previous parts are usually included in compulsory part of secondary

school curricula, the concept of the conditional probability belongs to the optional part. Therefore,

thanks to the permanent lack of time, teachers often omit it. In authors’ opinion it is a real pity because

the understanding of relationship between conditional probability and independence enable students

to gather more general view about probability. According to our point of view, conditional probability

can be taught in two different ways. The first way is shorter. The teacher briefly introduces two main

concepts, i.e. the conditional probability and independence and then typical secondary school problems

are solved. Usually both computer simulation and theoretical calculation solutions are presented and

their results compared. More advanced topics such as the Bayes theorem and independence of three

or more events are skipped. This amount of subject matter can be captured within common classes.

The second way is intended for mathematical classes or mathematical seminars. After introduction

of conditional probability, the theorem of the total probability and the Bayes theorem are formulated

and proved. Then several interesting and practical problems, for example from medical research, are

solved.

4.7 Random variables

This optional part starts with the definition of discrete random variable and distribution of probability.

These two important concepts are illustrated by many examples. After that, basic ideas of binomial

and geometric distribution are introduced using computer simulations. Results of these simulations

are always plotted using the bar charts which help students to create visual conception of individ-

ual distributions. Continuous random variables are not discussed. After this introductory part the

students are ready to make acquaintance with all important ideas of the expected value of a random

variable. It is again motivated by computer simulations.

4.8 Random walks

In this optional part relatively untraditional method of solving some kinds of probability problems is

presented. It has been created by virtue of very inspirative article of Engel (1975). The basic idea

is that many probability problems can be visually modeled by random walks on graphs. Thanks to

this “embedding” many rather difficult problems can be solved more easily. Students learn how to

calculate the probability of the absorption representing typically the end of the game, as well as the

mean time to this absorption among others.

5 Verification of the teaching method in practice

Methodical materials have been verified repeatedly during the second author’s pedagogical practice

at the Gymázium (grammar school) of F.M. Pelzl in Rychnov nad Kněžnou. Experimental teaching

was performed with four different groups of students.

• Conventional class. There are typically thirty students in this class from which roughly one third

chose mathematics for the school-leaving exam. During last year of studies, when probability

is usually taught, the following teaching model was used: In three consecutive weeks students

spent one lesson performing simulation experiments in a computer laboratory and then two

lessons learning theory and solving problems using conventional methods. From the theory only

compulsory topics were discussed, while conditional probability, random variables and random

walks were omitted. Programming was not taught in these classes because of the lack of time.

Because of small number of workstations (16 computers) in the computer laboratory, this class

was divided into two groups. The first group worked at the time of regular lessons, whereas
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the second group worked in the morning before regular lessons. Relatively a small number of

students in groups gave the teacher the possibility to monitor work of individual students in

order to acquire information about their troubles and mistakes and, on the other hand, about

their success and good ideas. Notice that this organizational model is quite time consuming for

the teacher.

• Optional course of mathematics. This course is designed for students of the last classes who want

to prepare for school-leaving examination and university entrance examination in mathematics.

There are typically eighteen students in this course. In the computer laboratory some students

work in couples on one computer. Three two-hour lessons are dedicated to teaching probability

theory together with introduction to programming in MuPAD. Thanks to the fact that more

talented and more interested in mathematics students participate in this course, more emphasis

can be given to the optional topics. Students go through the parts comprising conditional

probability (without the Bayes’ theorem) and random variables (without the olympiad-level

problems) but skip topics on random walks.

• Mathematical seminar. This seminar is designed for participants in mathematical contests and

students who are seriously interested in mathematics. In contrast to the optional course of

mathematics students attended this seminar in their free time. Content of this seminar is aimed

especially as preparation for mathematical competitions. At the time of the experiment this

group consisted of five talented students. (Two of them participated in the international physical

olympiad and most of them usually participated in national mathematical olympiad.) Concern-

ing the theory, conditional probability, random variable and random walks were revisited. More

advanced topics such as the Bayes’ theorem and the inclusion-exclusion principle were discussed

and illustrated with olympiad-level problems. A very small number of students in this group

allows them to discuss all their ideas with the teacher and classmates and to compare their

solutions. Because of students’ interest in programming, usually about a half of the lesson was

dedicated to creating algorithms in MuPAD. It was very stimulating for the teacher that based

on this experience one student also participated at programming category of the mathematical

olympiad.

• Optional course of informatics. This course is intended for students of the last classes who

wanted to study computer science or who were simply interested in computers and programming.

There are usually fifteen students in this course. Taking into account that students are typically

beginners in the computer programming, the teacher starts with the preliminary course in basics

of algorithmization. It consisted of five lessons of programming in the Karel language, which is in

authors’ opinion optimal for the beginners. Then eight lessons of MuPAD programming followed.

Within these lessons only small amount of necessary probability theory was explained, because

main emphasis was devoted to the algorithmization. For this reason most of the probability

problems were solved only by the computer simulation. During the course students became

familiar with basic programming structures (for, while and repeat loop, if and case branching

statements, procedures and functions) and basic data structures (numerical variables, arrays and

strings). After MuPAD language course, Pascal language course follows and concentrates on

additional programmers’ acquirements such as manipulating files, controlling input and output,

computer graphics etc.

During these “educational experiments” increase in students’ activity and interest was observed.

Students mastered MuPAD environment very quickly especially thanks to its simplicity. They suc-

cessfully solved most of the exercises and homeworks. On the other hand, it should be emphasized

that teaching by those methods have much higher demands on the teacher’s preliminary preparation

than usual.
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6 Conditional probability – an example

In Subsection 4.6 we have discussed the most important concepts of our approach concerning the

conditional probability and independence. To get a flavour of our examples and solutions, we include

an example about the eccentric warden together with the solution using both the simulations and

probability considerations.

Prisoner’s problem1. In a prison there is a prisoner sentenced to death. Fortunately, the eccentric

warden offers the prisoner a chance to live. The warden gives the prisoner 12 black balls and 12 white

balls, two urns and tells him that tomorrow the executioner will randomly choose an urn and will

draw one ball at random from it. If a white ball is drawn, the prisoner will be set free, if a black ball

is drawn, the sentence will be carried out. How should the prisoner arrange the balls in the urns to

maximize his chance for freedom?

Computer simulation: Following algorithm simulates a random choice of a urn and a random draw of

a ball from the chosen one:

>> k:=7: // number of balls in the first urn

i := 4: // number of white balls in the first urn

n := 100: // number of experiments

p := 0: // frequency of lucky experiments

for j from 1 to n do // perform n experiments

urn := random(1..2)(); // randomly choose an urn

if urn = 1 then // first urn

ball := random(1..k)(); // draw a ball at random

if ball <= i then // if the drawn ball is white then

p := p+1: // increase number of lucky experiments

end_if:

else // second urn

ball := random(1..24-k)(); // draw a ball at random

if ball <= 12-i then // if the drawn ball is white then

p := p+1: // increase number of lucky experiments

end_if:

end_if:

end_for:

print(float(p/n), "rel. freq. of experiments within the prisoner is set free");

0.56, "rel. freq. of experiments within the prisoner is freed"

Students have many possibilities to experiment with this algorithm. Thay can modify values of

variables k and i and try to form the hypothesis for which values of these variables the prisoner has

the greatest chance to be set free.

Theoretical solution: Assume that no urn is empty. If the prisoner puts for example k balls into the

first urn from which i are white, then the second urn has to contain 24 − k balls from which 12 − i
are white. We denote by A an event “the drawn ball is white”, by U1 an event “the executioner

chooses the first urn” and by U2 an event “the executioner chooses the second urn”. Since U2 is a

“complement” of U1, we can apply the theorem of total probability to get

P (A) = P (A|U1)P (U1) + P (A|U2)P (U2)

=
i

k
P (U1) +

12− i
24− kP (U2) =

1

2

( i
k

+
12− i
24− k

)
=

12i− ki+ 6k

k(24 − k) ·

1This problem is taken from the book Anděl (2001) which can be recommended to students of secondary schools for

additional study.
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Let us denote P (k, i) = P (A) to emphasize that P (A) is a function of two variables, i.e. k = 1, . . . , 12

and i = 0, 1, . . . , 12. Now the teacher anounces the competition for students aimed at first finding the

values k and i which maximize the function P (k, i) and proving his/her result. Except the formal prove

students can also use other arguments. They can, for example, count all possible values of P (k, i) using

MuPAD or spreadsheet, draw a 3D graph of this function in MuPAD etc. It is appropriate if all these

possibilities are discussed and compared in the classroom together with formal proof that maximum

of this function is P (1, 1) = 0.739. Following algorithm counts and prints all 2 + . . . + 13 = 90 values

of P (k, i) that are of interest and find the greatest value between them and its “place”:

>> DIGITS := 3: // No. of sig. digits in float. point numbers

pmax := 0: // maximum value of probability P(A)

for k from 1 to 12 do // number of balls in the first urn

for i from 0 to k do // number of white balls in the first urn

p := (12*i - k*i + 6*k)/(k*(24 - k)): // count probability P(A)

print(NoNL, float(p), " "): // print its value

if p > pmax then // look for the maximum value of P(A)

pmax := p: // save this maximum value

km := k: // save respective value of variable k

im := i: // save respective value of variable i

end_if:

end_for:

print(): // print new line

end_for:

print(float(pmax), "maximum value of P(A)"):

print(km, "value of variable k", im, "value of variable i"):

Despite the fact that above code looks very simple for experienced programmer, for most secondary

school students it is an interesting exercise to write it down themselves.
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[1] Anděl J. (2001). Mathematics of Chance. J. Wiley, New York.

[2] Blom G., Holst L. and Sandell D. (1994). Problems and Snapshots from the World of Probability. Springer-

Verlag, New York.

[3] Engel A. (1975). The probabilistic abacus. Educational Studies in Mathematics 6, 1 – 22.

[4] Gerhard J. (2000). MuPAD Tutorial: A Version and Platform Independent Introduction. Springer-Verlag,

Berlin.

[5] Grimmett G. and Welsh D. (1986). Probability: An Introduction. Oxford University Press, New York.

[6] Grinstead Ch. M. and Snell J. L. Introduction to Probability (electronic text). Darthmouth College. (avail-

able on http://www.dartmouth.edu/~chance/)

[7] Majewski M. (2002). MuPAD Pro Computing Essentials. Springer-Verlag, Berlin.

[8] Ross S. M. (1988). A First Course in Probability, 3rd ed. Macmillan Publishing, New York.

[9] Simon J. L. and Holmes A. (1969). A really new way to teach probability and statistics. The Mathematics

Teacher 62, 283 – 288.

[10] Simon J. L., Atkinson D. and Shevokas C. (1976). Probability and statistics: Experimental results of

radically different teaching method. The American Mathematical Monthly 83, 733 – 739.

[11] Simon J. L. Resampling: The New Statistics (electronic text). Resampling Stats. (available on

http://www.resample.com/)

[12] Stirzaker D. R. (1994). Elementary Probability. Cambridge University Press, Cambridge.

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 1016 -



MATHEMATICAL STATISTICS WITH MAPLE

ALEX POTAPCHIK

Abstract. Widely adopted by universities, colleges, research institu-
tions, and companies, Maple delivers the comprehensive environment
and support resources to visualize and explore mathematical concepts,
develop application tools, and share mathematical information and doc-
uments through the Web. Combined with hundreds of free add-on pack-
ages and applications available through the Maple application centre,
Maple constitutes a flexible analytical tool for professors, researchers,
and students. The goal of my talk is to demonstrate some of the bene-
fits of using Maple for teaching mathematical statistics. I will focus on
the new Statistics package.

The Statistics package - introduced with Maple 10 - is a collection of func-
tions and interactive tools for mathematical statistics and data analysis. It
supports a wide range of common statistical tasks, such as quantitative and
graphical data analysis, simulation, and curve fitting. In contrast to purely
numerical/graphical systems such as SPSS, JMP, Gauss, the package was
designed to take advantage of Maple’s symblic power. The tools available
in the Statistics package can greatly facilitate various tasks that are of pri-
mary interest in mathematical statistics such as calculations with abstract
random variables and symbolic manipulation of likelihood functions.

1. Probability Calculations

At the most basic level, the Statistics package can be used as a reference
tool to get information about various continuous and discrete probability
density functions.

Example 1. The following Maple command will return the mean of a
random variable which has a Weibull distribution with scale parameter b
and shape parameter c.

> Mean(Weibull(b, c));

This yields

b · Γ
(
c+ 1
c

)
.

Here is the standard deviation:

Maplesoft, Waterloo, Canada.

1
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2 ALEX POTAPCHIK

> StandardDeviation(Weibull(b, c));

√√√√b

(
Γ
(
c+ 2
c

)
−
(

Γ
(
c+ 1
c

))2
)

(Note that the latex code for the above output was also generated by Maple).
We can also get the corresponding probability density function

> f := PDF(Weibull(b, c), t);

{
0 t < 0

ct−1+ce−( t
b )

c

(bc)−1 otherwise
,

and evaluate it at various points

> eval(f, t = 1);

ce−(b−1)c

bc

> eval(f, [t = 1, c = 1/6, b = 1/3]);

1/6 6
√

3e−
6√3

Note that Maple stores only the most important facts about any given dis-
tribution in the data base. Everything else is calculated on the fly.

In the next set of examples we will define an abstract random variable
and calculate some quantities of interest.

Example 2. The following command defines a random variable X ≡
Normal(a, b), where a and b are parameters.

> X := RandomVariable(Normal(a, b));

X

Note, thatX is a perfectly valid Maple object. It can be used as an argument
to Maple functions and can appear as a part of larger expressions. Just as
a simple test, let’s compute the mean and the variance of X

> Mean(X), Variance(X);

a, b2.

Here is the 5th moment of X
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MATHEMATICAL STATISTICS WITH MAPLE 3

> Moment(X, 5);

15 b4a+ 10 b2a3 + a5

We can also calculate the mean of X2:

> Mean(X^2);

a2 + b2

For that matter, we can also calculate the whole density function of X 2

> PDF(X^2, t);

⎧⎨
⎩

0 t ≤ 0

1/4
√

2
(
e−1/2

(
√

t+a)2

b2 + e−1/2
(−

√

t+a)2

b2

)
1√
t

1√
π
b−1 0 < t

Similarly, we compute the density of ((X − a)/b)2 and compare the result
with the χ2-density.

> PDF(((X-a)/b)^2, t) = PDF(ChiSquare(1), t);

{
0 t ≤ 0
1/2

√
2e−1/2 t√

π
√

t
0 < t

=

{
0 t < 0
1/2

√
2e−1/2 t√

π
√

t
otherwise

Example 3. As a little more complicated example, consider five random
variables Xi each having a standard normal distribution. We will assume
our random variables to be independent.

> X := seq(RandomVariable(Normal(0, 1)), i = 1..5);

Here is the density function for their sum:

> PDF(X[1]+X[2]+X[3]+X[4]+X[4]+X[5], t);

1/10
e−1/10 t2

√
5
√

2√
π

and their sum of squares

> PDF(X[1]^2+X[2]^2+X[3]^2+X[4]^2+X[4]^2+X[5]^2, t);
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4 ALEX POTAPCHIK{
0 t ≤ 0
1/6 t3/2

√
2e−1/2 t√
π

0 < t
.

Again, it may be instructive to compare the result with a χ2 density with 5
degrees of freedom:

> PDF(ChiSquare(5), t);

{
0 t ≤ 0
1/6 t3/2

√
2e−1/2 t√
π

0 < t
.

2. Regression and Parameter Estimation

The following set of examples demonstrates the use of Maple’s symbolic
capabilities for parameter estimation.

Let us create a sample data set.

> S := Sample(Weibull(2.3, 3.7), 1000);

Here is how our data looks like.

0.7

0.6

0.5

0.4

0.3

0.2

0.1

0.0

4.03.63.22.82.42.01.61.20.80.40.0

We would like to fit a Weibull distribution to this data set.
One of the simplest methods is the method of moments. Since we have

two parameter in our distribution, we need two equations to calculate them.
So we will match the corresponding moments of the data set and the distri-
bution.

Here is the first equation.
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MATHEMATICAL STATISTICS WITH MAPLE 5

> E[1] := Moment(Weibull(a, b), 1) = Moment(S, 1);

aΓ
(
b+ 1
b

)
= 2.043681895

Here is the second equation.

> E[2] := Moment(Weibull(a, b), 2) = Moment(S, 2);

a2Γ
(
b+ 2
b

)
= 4.532388451

Now all we need is to solve these equations.

> fsolve({E[1], E[2]}, {a, b});

We thus obtain our first solution.

{a = 2.260287371, b = 3.828867240}
We can refine the estimate using the maximum likelihood method. The
procedure is very simple. We build the likelihood function symbolically and
find the values of a and b that maximize the value of this function.

> F := LogLikelihood(Weibull(a, b), S);
> NLPSolve(-F, a = 2.1 .. 2.4, b = 3.5 .. 3.8);

This gives our second solution

[901.045550122, [a = 2.261386112, b = 3.788696941]]

Yet another option is to use rank regression. First we will rank our data set
and convert the ranks to probabilities.

> A := map(t -> 0.001 t, Rank(S));
> f := CDF(Weibull(a, b), t);
> g := NonlinearFit(f, S, A, t);

To find a and b we simply solve the equations.

> solve({eval(f = g, t = 2), eval(f = g, t = 1)}, {a, b});

This gives our third solution.

{a = 2.255897938, b = 3.776849178}
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6 ALEX POTAPCHIK

3. Random Variate Generation / Simulation

The package provides optimized algorithms for simulating from all sup-
ported distributions as well as tools for creating custom random number
generators.

Example 1. The following command will generate a random sample drawn
from the standard normal distribution.

> Sample(Normal(0, 1), 10^6);

Alternatively, the Sample command can return a Maple procedure which can
be used to generate random samples drawn from the normal distribution.

> F := Sample(Normal(0, 1));
> F(10^6);

Consider the following two random variables

> X := RandomVariable(Logistic(0, 1));
> Y := RandomVariable(Logistic(10, 2));

Let’s compare the two densities.

14124

0.0

−4 8620−2

0.15

0.25

0.2

0.05

0.1

2010 1816

We would like to consider a new random variable, which is X with prob-
ability 1/5 and Y with probability 4/5.
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> U := RandomVariable(Bernoulli(1/5)):
> Z := U*X+(1-U)*Y:

We can generate a random sample drawn from this distribution.

> S := Sample(Z, ^(10, 6));

Here is the result of the simulation.

14121086420

0.25

−2

0.2

0.15

−4

0.1

0.05

0.0

201816
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1. Introduction 
In the last decade, a possibility of teaching with the use of computers has increased at both elementary 

and secondary schools in the Czech Republic very rapidly. It obviously concerns also bases of statistics. 
Unfortunately, statistics and probability are not involved in the obligatory content in mathematics at 
secondary schools. In spite of it, some activities to teach students of secondary schools probability using 
computers have been born; see [1]. 

There exist three main reasons for teaching in more interesting way by modern methods at secondary 
schools, i.e.: 

better understanding principles of the discipline by students, 
finding the talented students, and 
support of talented students. 

The aim is to make the discipline interesting for larger number of students. It gives possibility to 
discover hidden talents. This does not concern only statistics and probability. This problem is similar in other 
specializations, too. The support of talented students in chemistry in the Czech Republic can be mentioned as 
an example. This support gives talented students assumptions to be successful during their studies at 
universities, including in PhD programs being a good base for finding jobs and further career. 

2. Teaching probability with MuPAD 
Considering limited financial funds which can be invested to the improvement of teaching, mainly 

cheap software systems are used at secondary schools. In the textbook [8], teaching probability with the use 
of the MuPAD system is presented. MuPAD is a symbolic computing system which can be used also for 
numeric computing. In the textbook, mainly numeric computing is shown. However, students use own 
programs for these purposes. By creating a program, they express their requirements in a symbolic way. 
They learn programming language close to Pascal and probability together. The most examples use random 
number generation. Students obtain figures (or graphs) as results. However, each student has own generated 
values and own result and has to interpret his (her) own task. In some cases, the number of trials is a 
parameter and so a student has a tool for solving different problems obtained by changing this parameter. 

The textbook has eight parts. They consist of the introduction to MuPAD, simulations, probability, 
calculations with probabilities, independent trials, conditional probability, random variables and random 
walks. In the first chapter, the principles of programming are explained. However, the book is mainly a 
textbook on probability. It includes theory needed for learning probability, a lot of examples and their 
solutions. The MuPAD system is applied for the illustration of some parts. For example, students can 
compare results based on a generation of a lot of random values and results obtained by calculations 
according to the formulas. Relative frequency of the occurrence of the certain event can be compared with 
the theoretical value of corresponding probability. 

The book covers only discrete distributions (binomial, geometric) and characterization of them by a 
mean and variance; continuous distributions are not included. It is a textbook for such secondary schools in 
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which students learn the basics of the probability theory. It is a suitable tool for better understanding its 
principles. It can be also used for motivation of talented student because examples from Mathematical 
Olympiads are included. Since the probability theory is not involved to the obligatory content in mathematics 
at secondary school in the Czech Republic (and it cannot be involved to Mathematical Olympiads), there are 
examples from Mathematical Olympiads from Czechoslovakia, Hungary, Russia and Poland. 

However, for talented students which attend mathematically oriented secondary school, a range of the 
theory and illustrative examples could be broadened by continuous distributions. In these specialized schools, 
students learn to differentiate and integrate. So, computations needed in the case of continuous distributions 
can be included in teaching of the probability theory. In this case, further possibilities of the symbolic 
computing system could be used. The advantage of such software systems is a possibility of combining 
symbolic and numeric approaches. 

The probability theory is taught both in some secondary schools and also at universities, usually as a 
part of courses of statistics. So, a proposed way of teaching of probability theory can be applied also at 
universities.

3. The use of MuPAD in teaching statistics in Poland 
According to the Internet resources it seems that the MuPAD system is expanding in Poland. Since 

2002, MuPAD workshops and MathPAD conferences on using MuPAD have been held in Poland; see 
[5, 6, 7]. In [5], the MuPAD system is used for describing the data file both by figures and graphs. The 
examples on computing median, modus, mean, variance and standard deviation, and plotting frequency 
graph and boxplot are included. It means that numeric calculations and plotting are involved but computation 
of mean and standard deviation is explained by means of programming, i.e. in a symbolic way. 

In [7], plotting graphs is explained. It includes bar and pie charts, histogram and boxplot. As concerns 
of histogram, input data are generated by simulation of rolling three dices. Each value represents the sum of 
number of pips on these three dices. Moreover in [6], graphical representation of time series is described. 

4. Teaching statistics with Derive 
Beside of MuPAD, the Derive system, see [12], is used in the teaching in the Czech Republic. This 

software system is recommended for teaching at elementary and secondary schools by the Ministry of 
Education, Youth and Sports of the Czech Republic. It is also used at some universities. For example, a lot of 
tools for teaching with this system have been prepared at the Faculty of Management in Jind ich v Hradec 
(University of Economics), e.g. [2, 3, 4]. Derive is used in teaching of economy, mathematics, econometrics, 
and, obviously, in probability and statistics. 

In [4], following examples are solved in the part on statistics: computation of the parameter value in 
the probability density function (integral of this function equals one), calculations of probability density 
function from the cumulative density function and vice versa, computation of modus, mean, variance and 
standard deviation of the continuous random variable, and the example of probability computation. These 
examples could be used in teaching at secondary schools, too. In some examples, numeric computation is a 
main aim. However, for its achievement, it is necessary to transform expressions, integrate and differentiate, 
and so symbolic computing is applied as well. 

At other universities and at elementary and secondary schools, Derive is used mainly in teaching 
mathematics; see [9, 10, 11]. Concerning the probability theory, the parts of textbooks concerning 
combinatory analysis can be used. This problem is included, e.g., in [9]. 

In the same way, other symbolic computing systems, as Maple or Mathematica, are available to 
students at some universities in the Czech Republic, can be used in teaching of probability theory. In fact, 
they are used mainly in mathematics. 

In Slovakia, the system Derive is also promoted. In 2004, the workshop Mathematics with Derive 6 
was held as a part of the INFOVEK 2004 conference on techniques in teaching at elementary and secondary 
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schools. The Ministry of Education of the Slovak Republic was a sponsor of this conference. In the 
annotation of the workshop, the topics of probability and statistics are mentioned, see [14]. 

5. Conclusion
In [8], teaching probability at secondary schools using MuPAD is proposed. However, only discrete 

distributions are involved in this textbook. It would be suitable to broaden teaching of talented students of 
secondary schools by introducing continuous distributions as well. On the other hand, to teach students at 
universities by means of symbolic computing systems is also important. In some universities, statistics is 
scheduled for the first year of studies. Teaching probability theory in more interesting way using computers 
helps to find the talented students and to support them further. 

Some algorithms described in the textbook [8] on MuPAD can be realized by means of tools designed 
for web pages management. In 2000 and 2001 we created the interactive textbook of statistics – IASTAT, see 
[13]. As concerns probability theory, for selected discrete distributions (binomial, Poisson, hypergeometric), 
probabilities, mean, variance and standard deviation can be computed on the basis of specified parameters. 
Rolling a die is also applied but it is involved in chi-square goodness-of-fit test. 

In the Czech Republic and Poland, several papers, textbooks and web pages concerning using 
symbolic computing system were prepared. On the Internet, documents on Derive (in the Czech Republic) 
and MuPAD (in Poland) are available. 
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Combining surveys and administrative data to obtain a richer
picture
Lievesley, Denise
Consultant and Former Chief Executive, Information Centre for health and social care
E-mail: d.lievesley@uclmail.net

Introduction

This paper describes the context of projects combining surveys with data which are by-products of
administrative processes.   I draw on examples from education,  health  and employment to illustrate  the
purpose of such linkage and to outline some of the outstanding issues involved in this work.  Thanks are
particularly due to my former colleagues of the UNESCO Institute for Statistics, Diane Stukel and Michael
Bruneforth,  and  to  Mary  Sweetland  at  ISD, Scotland  for  material  to  enliven  the  topic  with  concrete
examples.

I distinguish between three main types of data linkage: bringing together data from different sources
at an aggregate level without direct linkage; data integration at an area level or for other units of analysis;
and data integration at an individual level.

 
Bringing together data from different sources 

All too often the dissemination of official data focuses on a single data source and even when data
are related and could have significant added value through combination they are released separately.  For
example the annual reports on the numbers and age-specific rates of people screened for breast cancer in
England, on hospital admissions for breast cancer, and on mortality due to breast cancer are all released
separately without cross-referencing.  

Cutbacks  in  staffing  levels at  many official  statistical  agencies  together  with pressures  for  rapid
dissemination of data to meet pre-publicised release dates mean that data analysis is often pared down to a
minimum and concentrates on each source individually.   The problem is exacerbated by the organization
of statistical agencies whereby statisticians work in silos building expertise on particular sources of data.
The methodologies for administrative and survey data have developed in parallel. with few connections
between them.  Thus it is very unusual for staff to work on both survey and administrative data and this
limits innovation in the combined use of these data.  Where there are exceptions such as the recent report
on drugs produced by the Information Centre for health and social care – bringing together survey data on
reported drug taking amongst adults and school children with administrative data on drug-related hospital
admissions,  on  drug-related  crime  and  on  the  take-up  of  places  on  drug  rehabilitation  sources
(http://www.ic.nhs.uk/news-and-media/press-releases/april-2007)  –  they  capture  the  interest  and
imagination of the media and obtain substantially more coverage than the individual reports.  

Given the shortage of resources, there are major advantages to be gained by fostering relationships
with  academic and  other  not-for-profit  researchers,  which  can  result  in  rich  theme-based  publications
exploiting multiple data sources.  Such uses can be encouraged by depositing data in an academic or public
data archive (see CESSDA), a practice for which there is a strong tradition in many countries but only in
relation to surveys.  However the creation of public use samples from administrative sources is much less
common,  though it  may be more important  as  it  is  usually  impossible  for  researchers  outside official
agencies to replicate such data.
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Integration at an area level 

Integration at an individual level requires common labelling of the individuals to permit such linkage
and a common sample or  at  least  a substantial  overlap  of individuals on the two frames.  Since these
conditions  are  not  often  met  or,  for  reasons  of  confidentiality,  access  is  not  provided  to  the  full
identification labels in either the administrative source or the survey source, it is very common to link at a
higher level of unit of analysis, particularly at an area level.  There are a number of ways in which this
might take place.  Data may be brought together at an area level in order to present a richer description of
the circumstances of a population.  This is the philosophy underpinning the UK government’s statistical
service  system  of  neighbourhood  statistics,  which  has  provided  information  to  identify  small  area
variations and needs with a focus on inequalities.  The data cover nine themes including:

• Health and Care
• Physical environment
• Access to Services 
• Community well-being & social environment
• Crime
• Housing

The Information Centre for health and social care has responsibility for much of the data relating to
the first of these themes. Survey data provides information on healthy lifestyles from the Health Survey for
England and other national surveys.  Administrative sources include hospital episode statistics and data on
access  to  primary  care  services  such  as  GPs,  NHS  dental  surgery,  pharmacies  and  ophthalmic
organisations.  (See http://neighbourhood.statistics.gov.uk)

Sometimes data from a different source are added as an explanatory variable in order  to identify
variations in health & social status amongst communities.  In the health field this has allowed us to 

• Compare and benchmark performance among service providers
• Identify hotspots 

- Disease or (ill)health
- Poor performance

• Put information at the heart of decision-making
- Local and national

The combination of data can allow new questions to be explored at a local level (for some examples
of such work see http://www.ic.nhs.uk/webfiles/Popgeog/pilotcasestudies.pdf).

Area  level  linkage is  often  a  key element of  small  area estimation  whereby data  from different
sources  (often  with  complementary  strengths  and  weaknesses)  are  integrated  through  a  synthetic  or
composite  estimation  process.   There  have  been  increased  opportunities  to  turn  data  collected  for
administering the public system into accessible and relevant information.

The advantages of using administrative data include:
• Unrivalled and untapped level of detail
• Administrative data may have full coverage and better temporality
• Reduced burden on respondents
• Potential cost benefits
• Local ownership and involvement

Survey data has sample size limitations in particular they often have national samples in which the
sampling error may be too high for fine-grained geographical analyses

On the other hand surveys have the advantage that the definitions and classifications can be designed
with the particular research question in mind, they can be cross-nationally comparable and they are not
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subject  to  administrative  biases.   Although  they  are  subject  to  sampling  error,  there  can  be  more
opportunity to manage (or at least to measure) non-sampling error than with administrative sources which
might not be under the control of the statisticians.  Increasingly surveys incorporate panel elements which
are rarely available from administrative data and thus the combination of survey data with administrative
data gives improved precision in the estimates of change over time.

The  measurement of  unemployment was  probably  the first  area to  exploit  this  complementarity,
bringing together  – at  an area level  – data  from official  registers  of  the unemployed with survey data
collected using the ILO classification of unemployment.  This remains a very active area of research.  For
example structure-preserving estimation is currently used to derive small-area estimates of unemployment
in  New  Zealand  using  data  from  the  Household  Labour  Force  Survey  and  the  Ministry  of  Social
Development.  (Chungui  Q.  2005).   David  Steel  addresses  the  use of  claimant  counts  to  improve  the
estimation of unemployment derived from the Labour Force survey for the UK (Steel D.  1997)

Example
Out of school children

Until recently, the UNESCO Institute for Statistics (UIS) and UNICEF published separate figures for
the proportion of out-of-school children based on different sources of data.  To track “in school” rates, the
UIS used data on enrolments sourced from a combination of administrative data collected annually from all
countries  of  the world  and  population  census  data  collected  by  UN Population  Division.  In  contrast,
UNICEF used  attendance  rates  from two  household  surveys  each  administered  in  about  80  countries
roughly every five years - the Demographic and Health Survey, sponsored by USAID, and the Multiple
Cluster  Indicator  Survey,  sponsored  by UNICEF. The gulf  between the  figures  published  by  UIS and
UNICEF has been significant, clearly indicating a need for a unified approach.  As a preliminary step, the
two agencies worked together to develop a single number based on both sources of data but only reflecting
a single point in time at which both sources of data are available - see UNESCO Institute for Statistics
(2005). Since change over time is of paramount importance to the user community, it was clear that what
was needed was an estimate based on the two sources of data but consistent over all available time points
(including those when the survey data are not available).  Thus the UIS engaged an eminent theoretical
statistician to develop such a methodology. This methodology has been delivered and reviewed but needs
substantial  empirical  validation  before  it  can  be  implemented  to  produce  estimates  of  out-of-school
children. This work is currently underway. See Singh, A. (2006) for more details. 

Individual data linkage 

Data linkage is sometimes defined as ‘the bringing together, from two or more different sources, data
that relate to the same individual, family, place or event’. (Holman D. informal presentation).    Where
administrative and survey data have common identifiers (such as registration numbers) and the information
governance procedures permit, linkage more complex and exciting research questions can be answered.
Data linkage projects have developed most extensively in the health area:
 (  www.populationhealth.uwa.edu.au/welcome/research/dlu/linkage  )    and have a long history:

‘Each person in the world creates a Book of Life. This Book starts with birth and ends with death.
Its pages are made up of the records of the principal events in life. Record linkage is the name given to the
process of assembling the pages of this Book into a volume’ (Dunn H.L. 1946)

Significant research has taken place in two areas – the methodology of matching records particularly
in data sources subject to error and the protection of confidentiality (known as disclosure control) in linked
data sets.
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The  Scottish  Record  Linkage  system is  one  of  the  most  important  and  influential  data  linkage
projects. This linked data set  is  maintained by ISD Scotland.  The database includes  General/Acute In-
patient  and  Day Case admissions,  Cancer  Registrations,  data  on mental  health and Registrar  General's
death records. Probability matching methods have been used to link together individual hospital records for
each patient, thereby creating "linked" patient histories. Variables added to administrative data are sourced
from surveys, e.g. deprivation indices, or other administrative sources e.g. costs of acute care.  It is argued
that this improves the productivity per research dollar by making possible previously unaffordable research
and by basing conclusions on sound evidence.

Example
Building the secondary uses service NHS

Although the primary purpose of medical records is to support and improve individual patient care,
medical records can be used in other ways ( “secondary uses”) to support and improve public health and
the health system as a whole by providing management and research information.  Thus the term refers to
the use of data for purposes other than direct patient care.  In practice, this covers a very wide spectrum
including:

• Improving  the  quality  of  local  clinical  care,  for  example  through  the  audit  of  clinical
practice;

• Protecting the health of the public through the surveillance of infectious diseases and other
environmental threats to health, monitoring adverse effects of therapeutic interventions, and
informing and evaluating screening; 

• Improving  the  management  of  the  health  system,  for  example  by  supporting  the  more
efficient commissioning of services and payment by results;

• Identifying patients who interact with multiple parts of the health system in order to monitor
equity of access and provision;  

• Ensuring that health policy is evidence-based through carrying out empirical research
• Providing better information to the general public about healthy lifestyles
• Improving the quality and safety of care or reducing the impact of new risks to population

health through for instance 
o research by the patient’s clinical team
o research by others using data collected by the care team but involving no contact with

the team's patients, or 
o research which requires further contact with patients or former patients;

There are many benefits from the use of information to support the above activities.  The health and
well-being  of  the population  are  improved by activities  such  as  disease  surveillance,  screening,  needs
assessment and preventative activities.

Research has led to major benefits in health practice such as the treatment of duodenal ulcers, spina
bifida and breast cancer, and in the carrying out of hip replacements.  It has also reduced risks through a
greater understanding of HIV prevention, the relationship between smoking and lung cancer and the effects
of the use of aspirin for children.  In the UK as in other countries, the regulation of new medicines and
other treatments relies on evidence of safety and efficacy from clinical trials.  Trials and other research also
provide fundamental  evidence  to  inform guidance from the  National  Institute  for  Health  and  Clinical
Excellence. 

The implementation of an individual Care Record for all interventions within the English National
Health  Service  provides  an  opportunity  to  build  a  longitudinal  information  base  across  the  whole
population with significant potential benefits for both public health and research. In December 2005, the
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report of the Academy of Medical Sciences on the use of data for research purposes (UK Academy of
medical  sciences,  2005)  identified  a  number  of  such  benefits  whilst  expressing  concern  that  overly
conservative access controls might hinder research activity and hence the realisation of the benefits.

This reinforces the need to ensure that “secondary use” activities are carried out in the context of the
Guarantee made to patients concerning the use of their care records and within the legal and professional
obligations for ensuring confidentiality of personal information.

There  is  currently  a  tension  between  the  important  opportunities  for  using  such  data  and  the
increasing need to safeguard patient confidentiality in a way that builds trust and understanding.  Differing
interpretations  of  the  law and  a  lack  of  clear  guidelines  and  protocols  have  led  to  inconsistency  of
application.   A working group was established  (CRDB working group on  Secondary  Uses Service)  to
address  these  issues.   Its  recommendations  will  be  published  shortly  and  will  be  consistent  with  the
following principles:

i. The expectation would be that data for secondary uses should be provided in unidentifiable
(aggregate  or  anonymised)  form  except  where  specific  justification  can  be  made  and
approvals provided.   Thus the default  is  the use of data  which cannot be linked back to
individuals.

ii. Where the case is made for access to data relating to identifiable individuals, the informed
consent of these individuals should be obtained wherever feasible. An individual patient has
the  right  to  determine  that  no  identifiable  information  about  them  should  be  used  for
secondary  purposes,  except  where  statutes  apply  or  an  unequivocal  argument  of  public
interest over-rides this request.

iii. Where access to identifiable data is required, and where patient consent cannot be obtained,
a full justification would be needed. In all cases an approval process would be followed, with
the involvement of an appropriate lay person.  Approval would not be automatic and would
depend upon the extent to which it had been demonstrated that the use of identifiable data
would:
o benefit current, former or future patients in either the short or long term or
o benefit the population by improving the cost-efficiency of the NHS and/or Social Care.  
o and (in either of the above cases) where it is not reasonably feasible to achieve these

benefits through consent or the use of anonymised data.
iv. All users of data for secondary purposes should be subject to enforceable standards regarding

confidentiality and security of data.
v. The process of determining and granting access to data  should be transparent and follow

principles of good communication with all parties in order to achieve the appropriate balance
between individual privacy and public benefit.  The involvement of patients and the public
must be regarded as essential. 

Quality of data

In this review paper I have concentrated on the combination  of data  for purposes of  providing a
richer  presentation  of  material  or  to  improve  the  inferential  power  of  the  data  through  composite
estimation.  There is a further important reason for combining data from different sources, namely the use
of triangulation to build a better understanding of the relative strengths and weaknesses of the different
data  sources.    Holman in his presentation (Holman D.  informal presentation) claims that,  in Western
Australia health data, tens of thousands of duplication errors and other inaccuracies have been corrected as
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a  result  of  the  data  linkage.   Very  influential  work  was  carried  out  by  survey  researchers  using
administrative data to validate survey data (see for example the research of Charlie Cannell in Michigan
spanning several decades from the 1950s on measurement error  in surveys) most notably on collecting
sensitive information  and  recall  error,  by  linking  survey  respondents’  answers  with  their  hospital  and
medical records.

Examples
1. Out of school children

The work on developing a composite estimate of the number of children out of school drew attention
to a number of quality issues with the two different sources of data -  the UIS administrative data and the
household survey data used by UNICEF- which has resulted in further investigations into the quality.  Ten
small studies have been undertaken the overall aim being to explore the extent to which the gulf between
estimates  derived  from the  two  different  sources  is  due  to  data  quality  issues  rather  than  conceptual
differences. The outcome of these ten studies will be reported on in a forthcoming paper. (Stukel D at al,
forthcoming)

2. Vaccine data
Yellow fever  (YF) is a mosquito-borne vaccine-preventable  disease with  high mortality.  In West

Africa, low population immunity increases the risk of epidemic transmission. A survey was conducted to
determine the effectiveness of a mass immunization campaign using YF vaccine in camps for internally
displaced  persons  following a  reported  outbreak  of  YF in  Liberia  in  February  2004.  A questionnaire
eliciting demographic information, household size and vaccination status was administered to randomly
selected  internally  displaced  persons  in  a  cluster  design  drawn from 17,384 shelters.  The  vaccination
coverage rates  of  administrative  reports  were compared with  this  survey  data.  Among 87,000 persons
estimated to be living in these camps, administrative data recorded 49,395 (57%) YF vaccinated persons.
Of the survey respondents, 92% reported being vaccinated during the campaign and 84% possessed a valid
campaign vaccination card. Further investigation of these differences indicated that the administrative data
overestimated the camp population by at least 20% and an emergency, mop-up vaccination campaign was
avoided.  The  conclusion  of  this  research  is  that  coverage  surveys  can  be  vital  in  the  evaluation  of
emergency  vaccination  campaigns  by  influencing  both  imminent  and  future  immunization  strategies.
(Huhn G. 2004)

Conclusion

In this paper I have provided a context for the combined use of data from administrative and survey
data.  The increasing dependence of statistical systems on administrative sources together with the scrutiny
to which surveys are subjected because of increasing costs and reduced response rates argues for further
development of this area of statistical work.  It is a prime area for international collaboration.  Plans are in
train for improved collaboration across the health linkage studies and to establish formal arrangements with
the  World  Health  Organisation.   All  existing  centres  will  be  invited  to  participate  and  there  will  be
encouragement  of  the  expansion  of  membership  from  countries  developing  new  health  information
systems.

I hope that the ISI will support and foster this and similar initiatives.
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Using Multiple Imputation with Multiple Data Sources to Adjust for

Measurement Error in Public Use Data

Jerome Reiter
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ABSTRACT

Many surveys data contain non-sampling errors from sources other than nonresponse bias. For exam-
ple, respondents can misunderstand questions or provide incorrect information; interviewers can affect
respondents’ answers; and, the recording process can generate errors. When possible, it is prudent for
the the agency releasing the data to the public to correct measurement errors before dissemination.
The multiple imputation framework is well-suited for this task: the agency replaces values with mea-
surement errors with draws from probability distributions designed to correct for the errors, creating
“ideal” datasets. Analysts of these datasets can use standard methods rather than measurement er-
ror techniques, since the adjustments for measurement error are automatically included in the ideal
datasets. Releasing multiply-imputed ideal datasets enables analysts to incorporate the uncertainty
due to simulation. In this talk, I discuss multiple imputation for measurement error when the data
used to build the imputation models are external to the data planned for release. In this context,
Rubin’s (1987) rules for combining the multiple variance estimates lead to biased estimates of variance
and overly conservative confidence interval coverage. I present an alternative variance estimator with
better properties.

Keywords. Multiple imputation, missing data, measurement error.
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Introduction

Statistics Finland has, for decades, been working to develop the use of administrative registers for
purposes of statistics production. In Finland the earliest uses of administrative data can be traced back to
census collections in the eighteenth century, while modern statistical uses began in connection with the 1970
population and housing census. After two decades of systematic expansion, the 1990 census was collected
exclusively from registers, without any direct data collection from the population.

Simultaneously with the growing need of administrative registers for statistical purposes, amendments of
legislation, changes in the practice of the data owner or changes in the IT-system of data owner can
complicate their use for it. This paper presents as an example a production model of occupational data in the
Finnish register-based census system and how there has been adapted to the changes of data sources. One
very important source for occupational data has been taxation. The quality of this data has declined as the tax
proposal procedure has gradually been introduced into taxation.

Data on occupations on the entire employed labour force and the derived data on socio-economic status
have conventionally been produced at five-year intervals in connection with population censuses. According
to recommendations on population censuses, data on occupations are among the basic data of population
censuses. Since 1990 data on occupations have been produced primary on the basis of registers by utilising
the occupation titles in the society’s administrative and other registers.

The significance of data on occupation for e.g. employment policy planning, education planning and as
the basic data of various kinds of research and studies has grown in the past few years as economic structures,
availability of labour and competence requirements have changed and the importance of advance planning
has become increasingly clear. Similarly, data by area are increasingly needed as the information basis of e.g.
policy aiming at regional equality. Data on occupations combined with data on education are necessary for
designing the supply of education and the associated advance planning. The data on occupations produced
annually at a less detailed classification and regional level in the Labour Force Survey do not meet the
above-mentioned information needs.

Various administrative registers are still the most important sources of data on occupations, but some of
the data on the occupations of the employed labour force has to be collected directly from enterprises.
Among the administrative registers, employment relationship registers are prioritised as sources, but, inter
alia, the population register and the job seeker register are used as supplementary sources of data. For some
employed persons the data on occupation is estimated on the basis of his/her background information.

Register-based-population census system in Finland

The register-based population census system is built around a set of basic registers which contain
comprehensive data on the units that are to be described in the population census. These registers include the
data maintained by the Population Register Centre under the population information system and the Register
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of Buildings and Dwellings, as well as the data from the Business Register that is maintained by Statistics
Finland. These registers cover all people resident in Finland, the buildings and dwellings in the country as
well as all business companies and their establishments. All statistical units can be linked to one another by
means of the identification systems: persons can be linked to families and household-dwelling units, to the
dwelling and building in which they live, and to the employer for whom they are working. Similarly, all units
can be located on the map using map coordinates.

In addition to the unit and attribute data contained in basic registers, the register-based population census
system makes use of some 30 administrative registers which cover either the whole population or certain
sub-populations. The most important among these sources are:

1. data on employment from different employment pension scheme/registers
2. taxation register data (e.g. data on income, type of income, data on employer);
3. data on unemployment from the register of job applicants;
4. data on pensions from pension registers; and
5. data on students from different registers describing studies;
The key to the system lies in the identification systems of the different registers, which allow for

accurate cross-linking of data. The registers may include overlapping data, but also contradictory data. Most
importantly, the registers complement one another: the overlap that is built into the system means that if the
required information for example on an employment relationship is not obtained through the Taxation
Register, for instance, it is still available through the earnings-related pension system.

Figure 1. Data sources of the population and housing statistics

The population census data are produced using the method of register estimation, in which several
register sources are used simultaneously to define for each statistical unit the value of the relevant variable.
The decision rules are defined in such a way that the data they produce come as close as possible to the data
collected by means of questionnaires. Data from earlier population censuses and register data from the same
point of time are also consulted in constructing these rules. These include rules on prioritisation between
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different sources in the event of contradictory data.

General pre-conditions for register-based statistics production

In the light of the Finnish experience there are certain key preconditions that facilitate the extensive use
of register sources in statistics production. In Finland these have included the following:

1. Legal basis
2. Public approval
3. Unified identification code systems
4. Comprehensive and reliable register systems developed for administrative needs
5. Cooperation among administrative authorities

All these are very important and it is maybe impossible to prioritise them but three of them are extremely
important in the view of statistical production.

Legislation provides a key foundation for the use of administrative data sources for statistical purposes.
In Finland, national legislation reflects the broadly held view that it makes good sense to take advantage of
existing administrative data sources rather than re-collect them for statistical purposes.

One major factor that facilitates the statistical use of administrative data records is the application of
unified identification systems across different sources. In the absence of such unified systems it is extremely
difficult and laborious, if not impossible, to link different registers, which is absolutely central to register-
based statistics production. A bare minimum requirement is to have a unified identification system for key
basic registers.

In Finland the compilation of administrative data registers has initiated from the needs of the functioning
of society and development of administration. It has also been closely tied in with the development of social
security and tax systems. Both the people and the authorities in Finland have always shown high confidence
in the accuracy of register sources, which after all are the basis for many individual basic rights and activities.

Source material of occupation data

Finland moved over to a register-based population census in 1990. Data corresponding to population
census data, data on occupations excluded, was produced for some years even before that. The major part of
the population census data in Finland has been produced annually since 1987. Data on occupations and the
derived socio-economic status have been one exception. These data have been produced primarily in
population census years. After the introduction of the register-based population census, data on occupations
for the employed labour force have been produced for the years 1990, 1993, 1995, 2000 and 2004.

In years 1990, 1993 and 1995 also the production of the data on occupations was entirely register-based.
After 1995 the quality of register-based data has declined as the tax proposal procedure has gradually been
introduced into taxation. Therefore data on occupations have no longer been updated into the Tax
Administration’s databases and so this significant data file has no longer been relevant for the production of
data on occupations.

The major part of data on occupations is still obtained from various administrative registers, but already
in the population census of 2000 inquiries had to be sent out to some enterprises requesting data on the
occupations of all members of personnel.

As from 2004 data on the occupations of the employed labour force are produced annually in connection
with employment statistics. Data on the occupations of persons employed during the statistical year are
collected into the database on the basis of various registers of employment relationships and inquiries to
enterprises. More than one data on occupation can exist for one person.

The most important data sources are in the following table (per cent share refers to the share of the data
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source in the production of data for 2004).

Table 1. Data sources in the production of occupational data for 2004

Primary sources:
Employers’ organisations’ data (statistics on wages and salaries) 31%
Local government sector data on employment relationships 20%
Central government sector data on employment relationships 7%
Other data on employment relationships 1%
Inquiry on occupations 8%

Secondary sources 16%
Estimation 17%

Data on a person’s employment relationship are obtained mainly from three different sources:
1. private sector employment relationships from the Finnish Centre for Pensions
2. local government sector employment relationships from the Local Government Pension Institution,
3. central government sector employment relationships from the State Treasury

The principle is that data on occupations are obtained from the same source as data on a person’s
employment relationship whenever possible or if the sources are different, to confirm that both data refer to
the same employer. Data files on employment relationships in the local and central government sectors also
include data on a person’s occupation, in which case the employment relationship and the occupation
correspond to each other very well. With regard to private sector data on occupations, data collected from
employers’ organisations by the statistics on wages and salaries and an inquiry conducted by the statistics on
wages and salaries are used as a source. In these cases the correspondence of the person’s job and occupation
is confirmed on the basis of data on the employer (Business ID). If the occupational title is not found with
the same employer (Business ID) then occupation data is tried to find to persons inside the employer in same
sector (private, central government, local government).

Data on the occupation of employees who work for an organised employer (employer’s organisations’
data on occupations) as well as for those non-organised employers who belong to the sample of the statistics
on wages and salaries, are obtained from the statistics on wages and salaries. The data are collected jointly
with employer organisations so that they collect data from their own member enterprises while Statistics
Finland collects data from non-organised enterprises. The collected data mainly relate to October.

These primary sources and the data already used and utilised by Statistics Finland account for roughly 60
per cent of the data on occupations. The rest of the data on occupations are obtained with an inquiry
conducted by the employment statistics, from secondary registers and by estimation.

The employment statistics inquiry on occupations covers those non-organised employers who employ at
least 3.5 persons and who do not belong to the sample of the statistics on wages and salaries. The number of
enterprises in the inquiry totals about 24,000. The largest enterprises are covered by the inquiry every year
while the smallest are covered every three years. This is designed to lessen the enterprises’ response burden.
In 2004 the data on occupations in the population information system and the 2000 population census,
among others, were used as secondary sources. In the future the objective is to utilise also the occupational
titles obtained from the register of job seekers.

Those employed persons for whom data on occupation could not be obtained from any administrative
register or inquiry, the occupational code was estimated on the basis of the person’s background information.
Such background information includes professional status, industry and education. For the majority of all
entrepreneurs the occupational code was estimated on the basis of data on industry.
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Handling the data

Occupations are coded according to the 2001 Classification of Occupations, which corresponds to the
ISCO-88 (COM) until the 4-digit level. To accommodate national needs, a 5-digit level has also been created
for some occupational groups. The objective has been to classify all occupations all the way to the most
detailed level, but it has not been possible to separate some occupational titles/occupational classes reliably
from one another, in which case the less detailed occupational code has been used.

A large part of the occupations of the employed persons in employment statistics were obtained already
coded from the statistics on wages and salaries or by using the conversion keys included in the statistics on
wages and salaries, with which the code of an occupational title in the source data is converted into an
occupational code. Ready codes were available primarily for the data of the employers' organisations and the
conversion keys were used for the data of the local and central government sectors.

Occupational titles obtained from other register data and inquiries were coded principally with the help
of an automatic software application for the coding of occupations. The application is based on the so-called
dictionary of occupations, which contains occupational titles in plain language. An occupational code
corresponds to a title either directly or conditionally. Therefore the occupational title may cover a single
concept (it is always given the same code) or more than one concept, in which case the coding relies on also
other background information, e.g. the industry. For example, the occupational title “teacher” is assigned the
code

1. 23222 “Vocational and professional education institution lecturers” with the industry condition 8022
(Technical and vocational secondary education)

2. 2321 “Secondary education teaching professionals” with the industry conditions 8021
(General secondary education) and 801 (Primary education)

The occupational title “journalist” is assigned the code
1. 24512 “Journalists, editors and critics” with the industry condition 22 (Publishing, printing

and reproduction of recorded media)
2. 24513 “Radio and television journalists” with the industry condition 922 (Radio and

television activities)
The dictionary of occupations is supplemented with new search words and conditions as new

occupations surface in sufficient numbers from various sets of data. In addition the application allows for
bulk corrections of typos in occupational titles. For example one common typo is to spell “päällikkö”
(director) with only one k "päällikö”. In the application the user can search all such typos and correct them,
after which automatic coding is possible.

The dictionary of occupations also includes synonyms for titles, which can also be abbreviated versions
of the main term. Synonyms are coded in the same way as the main term. E.g. the title “toimittaja”
(journalist) has synonyms such as “avustava toimitt.” (assisting journalist), “freelance toimittaja” (freelance
journalist), “uutistoimittaja” (news journalist) etc. All these synonyms are assigned to the same occupational
group as “toimittaja” (journalist).

Even though the objective is to obtain occupational codes automatically either as ready made, with a
conversion key of with automatic coding, there are always some occupational titles which do not pass the
automatic coding. Such titles are dealt with case-by-case by so-called manual coding. Manual coding is very
time-consuming and the aim is to decrease its share to a minimum by developing automatic coding
procedures. A person’s background information is used in manual coding: sex, age, education, income,
employer and former occupation.

In the 2004 statistics 8 per cent of occupations had to be coded manually or recorded as unknown due to
insufficient background information.
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Table 2. Occupations in the 2004 data by coding method

Automatic coding (with the dictionary of occupations) 13%
Conversion keys, separate runs 35%
Ready code 44%
Manual coding 5%
Occupation unknown 3%

Checks and production of data

After the coding and before releasing the data, various quality improving measures are performed on the
files to ensure, among other things, that different data sets have been coded uniformly. Such checks include
the following.

1. Occupational codes obtained from registers are often at a relatively undetailed level. The aim is to
code them to a more detailed level with the help of e.g. information on industry. The contents of an
occupational group, i.e. which titles are included in which occupational group, are also checked from
register data. These checks aim at producing occupational groups with similar contents.

2. Data are also compared with those from the previous year and when coding has changed,
explanations are sought for the differences. Sometimes classifications change and the contents of the
groups change.

3. All the occupational titles in the occupational groups are checked at the end to make sure they are in
the correct group.

Summary

Statistics Finland has, for decades, been working to develop the use of administrative registers for
purposes of statistics production. Simultaneously with the growing use of administrative registers for
statistical purposes, amendments of legislation, changes in the practice of the data owner or changes in the
IT-system of data owner can complicate their use for it. Statistics producers have to adjust to the changed
situation and find a new way to produce reliable statistics regardless of the changes. One possibility is to try
to find and use multiple data sets for combining the needed data.

The production process of data on occupations conventionally done every five years is a heavy and
resource-intensive project. Producing data on occupations every five years is not the most effective way of
producing the data. Annual data collection spreads the resource demands over more years. Direct data
collection with forms can be divided to different years in a rotating manner, and efforts can be directed at
only the changes which occur during the year. Rotating data collection minimises the response burden.
Annual production would also improve the quality of the data. The establishment of a register on occupations
also promotes the interconnectedness and co-operation of different Statistics Finland statistics and improves
the possibilities of describing the activities of e.g. different occupational groups (occupations concerned with
information, labour force in cultural occupations, leadership etc.).
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Abstract
EU-SILC is the major new source of comparative statistics on income and living conditions 

in EU Member States and some neighboring countries. It has been developed as a flexible yet
comparable instrument covering data and data sources of various types: cross-sectional and
longitudinal; household-level and person-level; economic and social; from registers and interview 
surveys; from new and existing national sources. It involves the creation of one or more micro-
data bases, in each country, to be used for the follow-up and monitoring of poverty and social 
exclusion at the EU and national levels. EU-SILC replaces European Community Household panel 
(1994-2001), and represents a shift away from a panel design to a rotational panel design. Noting
the diversity of arrangements possible under EU-SILC, the present paper presents a typology of 
EU-SILC data sources, taking into account the distinction between its cross-sectional and 
longitudinal components, as well as between income-related and non-income ‘social’ variables. 
Essential features of cross-sectional and longitudinal sample design and selection are discussed.
Above all, we discuss the standard ‘integrated design’, which has in fact been adopted by a
majority of the countries so far. Finally we note the relative merits and limitations of the ECHP
panel versus the EU-SILC rotational panel design. 

Keywords: Rotational panels; poverty; living conditions; EU-SILC; ECHP; integrated design. 

1. Introduction

The European Community Household Panel (ECHP) has proven to be an extremely successful 
undertaking, as for instance demonstrated by the very large volume of policy and academic research 
published using ECHP data. It indeed became the reference source of comparable statistics on income and 
living conditions in the European Union for the 1990s. 

The ECHP was a standardised survey co-ordinated and supported by Eurostat. It began in 1994 in 12 
Member States of the then European Union and subsequently expanded to include the additional members of
EU-15. The survey involved annual interviewing of a representative panel of households and persons in each 
country, covering a wide range of topics concerning income and living conditions. Its distinguishing 
characteristics included: a multi-dimensional coverage; a household panel design in which starting from an 
initial sample, households and individuals are followed-up over time; and a strong dimension of cross-
national comparability (Verma and Clemenceau, 1996). With the development and dissemination of
standardised microdata in the form of a users' data base, accessibility and extensive use of its data became
another characteristic feature of the ECHP. 

ECHP data collection was concluded in 2001 and it was decided develop a new instrument to replace 
the ECHP. This new instrument is called EU Statistics of Income and Living Conditions (EU-SILC). The 
rationale underlying the choice of the structure and design of this new instrument is the subject of this paper. 

EU-SILC has been developed to overcome, or at least ameliorate the main shortcomings of ECHP. 
These included the following: the problem of sample attrition in a fixed panel, loss of representativeness, and 
excessive respondent burden with increasing duration of the panel in the absence of any renewal of its 
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sample; lack of flexibility in the design and content of the survey (again because of its panel structure) in 
response of changing needs and priorities; a certain lack of timeliness in the production of the data; and also 
a lack of sustainability of the survey in its present form for various institutional reasons. 

EU-SILC represents a more flexible and sustainable alternative replacing the ECHP. Its objectives and 
contents are very similar to ECHP, but the context and structure differ. On the basis of common substantive 
requirements and technical standard, EU-SILC aims to utilise, in the interest of national circumstances and
preferences, and above all in the interest of economy, diverse structures and data sources. 

As noted in EU-SILC Regulation (Official Journal of the European Union, 2003a), depending on the
country, micro-data could come from:
(1) one existing national source (survey or register); 
(2) two or more existing national sources (surveys and/or registers) directly linkable at micro-level;
(3) one or more existing national sources combined with a new survey – all of them directly linkable at 

micro-level;
(4) a new harmonised survey (or survey system) to meet all EU-SILC requirements.

Indeed, EU-SILC aims to be a flexible yet comparable instrument covering data and data sources of 
various types: cross-sectional and longitudinal; household-level and person-level; economic and social; from
registers and interview surveys; from new and existing national surveys or other sources. 

Following pilot surveys in 2003, full-scale EU-SILC surveys were conducted in 15 countries in 2004, 
and 25 in 2005. Thereafter, the number is expected to reach around 30 countries, including all EU Member
States.

The present paper elucidates the structure and main characteristics of the EU-SILC surveys and various 
technical considerations involved in the design and implementation of samples for EU-SILC. Many features
of the EU-SILC survey structure are in fact based on recommendations originally made by one of the present
authors (Verma, 2001). Noting the diversity of arrangements possible under EU-SILC, the paper presents in 
Section 2 a typology of EU-SILC data sources, taking into account the distinction between its cross-sectional 
and longitudinal components, as well as between income-related and non-income ‘social’ variables. 

Essential features of the cross-sectional and longitudinal sample design and selection, including tracing
rules involved in the follow-up of households and persons over time in the longitudinal sample, are also 
discussed. Minimum effective sample sizes for country EU-SILC surveys have been specified in relevant 
European Commission Regulations; Section 2.4 explains the logic underlying these specifications. Finally, in 
Section 3 we explain the strength of EU-SILC as an instrument for the measurement of poverty and social 
exclusion; we also highlight the limitations imposed by a rotational panel survey for the analysis of poverty
dynamics.

2. The EU-SILC rotational panel surveys 

Most micro-level income statistics are confined to the population living in private households. This was
the case with ECHP, and is so for EU-SILC. Excluded from the target population of private households are 
all persons living in collective households or in institutions on a permanent or long-term basis, and persons 
temporarily in collective households or institutionalised but not included as members of any private
household on the basis of certain specified criteria. 

Households form the basic units of sampling, data collection and data analysis. It is important to clearly
define and consistently implement criteria for the grouping of individuals into households. This requirement
is common to all surveys using households (or other such units) for sampling, so as to ensure that individuals 
in the population of interest are correctly covered in the survey, without omission or double-counting. 

For income (as well as household budget and similar) surveys, this requirement is doubly important:
how individuals are grouped into households directly determines the statistics which are measured and 
analysed. Given the specific purpose that EU-SILC is the reference source of comparative income 
distribution statistics of households and persons at EU level, a rigorous and harmonised definition of the 
household is necessary for all countries to ensure comparability of key indicators.1

The household is the conventional unit defining income, and is the recommended choice for this
purpose in EU income analysis (Eurostat, 2004b). While most of the information on income may pertain to 

1 In the standard EU-SILC definition, a private household means a person living alone or a group of people who live together in the
same private dwelling and share expenditures, including the joint provision of the essentials of living. This general definition is 
supplemented by rules for treating particular categories of persons concerning household membership (Official Journal of the
European Union, 2003a).

2
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and be collected directly from individual persons, it is only at the level of the household that analytically
meaningful variables on income can be constructed. True, the individual person rather than the household is 
often the preferred unit of analysis in the construction of income distribution and related statistics; however 
this is on the basis of household level measures ascribed to individuals on the basis of their membership of
the household. 

2.1 The substantive dimension: income versus ‘social’ variables 

In terms of the substantive content, four types of data are involved in EU-SILC: (i) variables measured
at the household level; (ii) information on household size and composition and basic characteristics of 
household members; (iii) income and other more complex variables measured at the personal level, but 
aggregated to construct household-level variables (which may then be ascribe to each member for analysis);
and (iv) more complex non-income or ‘social’ variables collected and analysed at the person-level. 

For set (i)-(iii) variables, a sample of households including all household members is required. 

Households and household members

Among these, sets (i) and (ii) are normally collected from a single, appropriately designated respondent
in each sample household – using a household questionnaire for set (i) and a household member roster for set 
(ii). Alternatively, some or all of these data may be compiled from registers or other administrative sources. 

Household and personal income

Set (iii) – concerning mainly, but not exclusively, the detailed collection of household and personal 
income – must be collected directly at the person level, covering all persons in each sample household. 
Generally, these income and related variables are collected through personal interviews with all adults aged 
16+ in each sample household. This collection will be normally combined with that for set (iv) variables, 
since the latter also must also be collected directly at the person level. These are the so-called ‘survey
countries’.

By contrast, in ‘register countries’, set (iii) variables are compiled from registers and other
administrative sources, thus avoiding the need to interview all members (adults aged 16+) in each sample
household for the purpose of collecting the income variables. 

Personal ‘social’ variables

Set (iv) variables are normally collected through direct personal interview in all countries. These are too 
complex or personal in nature to be collected well by proxy, nor are they available from registers or other 
administrative sources. For the ‘survey countries’, this collection is normally combined with that for set (iii)
variables as noted above. Consequently both are normally based on a sample of complete households, i.e.
covering all persons aged 16+ in each sample household. 

However, from the substantive requirements of EU-SILC, it is not essential that – in contrast to set (iii)
variables – set (iv) variables be collected for all persons in each sample household. It is possible to do this
collection on a representative sample of persons (adults aged 16+), such as by selecting one such person per
sample household. This option is normally followed in ‘register countries’, since for these countries
interviewing all household members for set (iii) is not involved. In countries which choose to do so, the 
sampling process involved will be the selection of persons (usually one adult member aged 16+ per 
household) directly, or optionally through a sample of households. 

2.2 The temporal dimension: cross-sectional versus longitudinal data 

Both cross-sectional and longitudinal data are required in EU-SILC. The cross-sectional component
covers information pertaining to the current and a recent period such as the preceding calendar year. It aims
to provide estimates of cross-sectional levels as well as estimates of net change from one period (year) to 
another. The longitudinal component covers information compiled or collected through repeated
enumeration of individual units, and then linked over time at the micro-level. It aims at measuring gross 
(micro-level) change and elucidating the dynamic processes of social exclusion and poverty.

Both cross-sectional and longitudinal micro-data sets are updated on an annual basis. However, the first 
and clear priority is given to the production of comparable, timely and high quality cross-sectional data. 
Longitudinal data are limited in content and possibly also in sample size. Furthermore, for any given set of 
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individuals, micro-level change is followed up only for a limited duration. A period of four years is taken as
the minimum duration for longitudinal follow-up at micro level in EU-SILC. 

The cross-sectional and longitudinal data can come from separate sources, i.e., the longitudinal dataset 
does not need to be ‘linkable’ with the cross-sectional dataset at the micro-level, though such linkage is not
precluded and would normally be possible when the two types of data come from the same source. 

Sample rotation over time

This refers to the relationship between annual samples. The annual cross-sectional component can be 
based on independent samples, a rotational sample, or a long-term panel. 

A rotational sample design appears to be the most suitable option for a cross-sectional survey, without 
precluding the other options in particular circumstances.

Independent samples reduce respondent burden and permit more efficient cumulation of the data over 
time, if required; in certain circumstances they may also be easier to control and implement, and result in 
somewhat better response rates. However, their major drawback is the reduced efficiency in measuring
trends or net change over time, which is an important consideration in EU-SILC. Fieldwork costs are also
likely to be higher than repeated use of the same units. 

A long-term household panel can also yield cross-sectional estimates, as has been done in the case of 
the ECHP. The major drawback is the loss of cross-sectional representativeness due to cumulative sample
attrition over time. Costs and complexity are also increased, often substantially.

For the annual longitudinal component the samples must of course be related over time, allowing only
the last two options: a rotational sample, or a long-term panel. 

Since flexibility is an essential feature of EU-SILC, the country datasets may comprise different types
and combinations of data sources, with different designs. Section 2.3 describes a typology of the structure 
and design of EU-SILC data sources, concentrating on aspects pertaining to sampling. The development of
such a typology is helpful in a number of ways:
(1) It clarifies the type of data-source structures which are possible and acceptable, given the EU-SILC 

objectives.
(2) Within each type of arrangement, it helps in identifying the basic design choices and providing a 

framework for their systematic elaboration. 
(3) It also facilitates the documentation of the EU-SILC methodology in each country.

2.3 Defining basic components of EU-SILC

It is useful to summarise the essential features of EU-SILC data requirements as they determine the 
types of survey and sample structures permissible.

As noted, in each country EU-SILC involves the provision of cross-sectional and longitudinal data, 
each for income and social target variables as defined above. Combining these dimensions gives four basic 
data components in EU-SILC: 

(CI) Cross-sectional income component
(CS) Cross-sectional social component
(LI) Longitudinal income component
(LS) Longitudinal social component
Substantive requirements of EU-SILC impose certain conditions on the samples for these components.
Firstly, as noted above, total income of the household can be collected only by obtaining detailed

information on the income of each household member. This means that the income components, whether 
cross-sectional or longitudinal (CI, LI), must be based on a sample of households and all household members 
potentially receiving an income (all members aged 16+). 

Secondly, while the social component may normally be collected on the same sample as the
corresponding income component (i.e., CS=CI, LS=LI), this is not a requirement in EU-SILC. The social 
component must be included in the income component (it makes no sense to collect social information on
units without collecting information on their income), but it can be a subsample of the latter in two respects:
(i) it may be applied to a subsample of one or more persons in each sample household; and/or (ii) only to a 
subsample of households to which the income component has been applied.

Another point concerns the required micro-level linkage in EU-SILC data. It is required that all data
(household, income, social) be ‘linkable’ at the micro-level for the cross-sectional component; and also 
separately for the longitudinal component. Linkage between the cross-sectional and longitudinal components
is not included in the minimum EU-SILC requirements.
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On the basis of the above requirements, the basic (essential, minimum) condition which must be 
satisfied by any data structure in EU-SILC means that the social data must be collected on the same sample
as the income data, or on a subsample of the latter. The condition applies separately to both the cross-
sectional and the longitudinal components.

Such a structure ensures that social data are linked to income data at the micro-level: CS to CI for the 
cross-sectional component; and LS to LI for the longitudinal component. However, no such relationship is 
mandatory between cross-sectional and longitudinal data. The two types of data can come from separate 
sources and need not be linked at the micro-level. Of course, as already noted, such linkage is not precluded, 
and would normally be possible when the two types of data come from the same source. 

Different types of data structures (and the related sampling arrangements) are possible in EU-SILC 
depending on how the four components (CI, CS, and LI, LS) are combined.

Figure 1 of Verma and Betti (2006) illustrates a typology of possible data source structures. 
Arrangement [A], the integrated design, is by far the most common one adopted by countries up to now. 
This consists in a single integrated source covering all components – cross-sectional and longitudinal, 

income and social. This is the most suitable design in situations where a new survey is to be developed for 
EU-SILC.

Figure 1. EU-SILC data source structures 

A typology of EU-SILC data sources

Variables
income (I) social (S) income (I) social (S)

Time dimension

cross-sectional (C) CI CS CI CS

longitudinal (L) LI LS LI LS

cross-sectional (C) CI CS CI CS

longitudinal (L) LI LS LI LS

cross-sectional (C) CI CS CI CS

longitudinal (L) LI LS LI LS

[D] ECHP type Panel [E] 'disparate'

EU-SILC components [A] Integrated Design

[B] Two Surveys [C] Register + Survey

Source: Verma and Betti (2006) 

The basic idea is as follows. At any one time, the sample is made up of 4 short-term panels or
subsamples. Each year one new subsample is added to stay in the survey for 4 years, and then dropped to be 
replaced by another new subsample. Each susample provides a longitudinal sample of the chosen duration (4 
years). Movers from the original sample are followed up to their new location for up to the time the
subsample remains in the survey.
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The units present at a given time from all the subsamples are appropriately put together to constitute the
cross-sectional sample.

An important advantage of this scheme is that both cross-sectional and longitudinal data are obtained 
from the same common set of units. This overlap is highly economical, and also maximises internal
consistency between longitudinal and cross-sectional statistics produced from the survey.

2.4 Specified sample size requirements

The choice of sample size is a complex issue, involving compromises in several dimensions. These
include: substantive requirements (scope of the information to be collected, precision requirements, required
disaggregation and analyses of the results); cost constraints (budget, technical resources, response burden);
and practical considerations (feasibility, sustainability, quality control, etc.). 

A comparative, multi-country undertaking such as EU-SILC involves a number of additional factors.
The data are needed not only for national analyses, but also for comparative analyses at the EU-level. Even 
for an individual country, judging its place in the collectivity of countries depends on the availability of
sufficiently reliable and comparable information on all the other countries. 

Yet, despite these multitude of statistical and practical considerations, one must ultimately decide on a
single number as the target sample size. In the context of EU-SILC surveys, the sample size requirements
have been specified using the concept of ‘minimum effective sample size’2. Below we explain this concept, 
and describe the rationale underlying this choice of sample sizes. 

In EU-SILC, the distinction needs to be made, as already explained, (i) between income and social
variables, and (ii) between the cross-sectional and longitudinal components.

The income variables need to be measured on complete households, i.e. for all members of each 
household. The social variables may also be measured on complete households (as in the so-called ‘survey
countries’), or on a sample of adults (normally one per household, as in the ‘registers countries’). In the 
former case, a sample of households is selected, and all persons aged 16+ are interviewed in detail covering 
both income and social variables. 

The required ‘minimum effective sample size’ is in this case defined on the basis of households, while 
the expected number of individuals interviewed (aged 16+) is calculated on the basis of this size. 

By contrast, for countries which chose to have a sample of individuals (one person aged 16+ per sample
household) for the detailed person interview on social variables, the minimum effective sample size is given 
in terms of personal interviews, and hence also the number of households (for household-level data and basic 
data on household members) in the sample. In these countries, income data are compiled from registers and
other administrative sources for all persons aged 16+ in those households; the number of such persons in the
households are therefore estimated from the minimum effective sample size. 

As to the longitudinal sample, according to EU-SILC Commission Regulations the required minimum
effective sample sizes for the longitudinal component will be 75% of the corresponding cross-sectional 
sample sizes. 

Why minimum effective sample size? By this is meant the required minimum sample size if the survey
were based on simple random sampling (design effect = 1.0). The actual objective in EU-SILC regulations is 
to specify a minimum level of precision, at least for the most important estimates from the survey. Precision 
depends on three main factors: actual or achieved sample size (na), design effect (deft2), and the (population) 
coefficient of variation (cv). Empirically, cv does not tend to be a major source of variation across EU 
countries.3 In a multi-country undertaking such as EU-SILC, design effects cannot be specified at a central
level since they depend on structure of the sample, which each country must be completely free to choose in 
the light of its own circumstances and requirements so long as common sampling standards are adhered to. 
Specification of the precision requirements in terms of effective sample size, n , removes the 
dependence on deft. Countries may choose the design, and hence the implied design effects for the variables 
of prime interest, and then determine the actual sample size to be achieved (n

2
ae deft/n

a) so as to meet the minimum
effective sample size requirement (ne).

2 These ‘minimum effective sample size’ requirements have been stipulated in the form of EU-SILC Commission Regulations 
(Official Journal of the European Union, 2003b), supplemented by technical descriptions in EU-SILC DOC 065 (Eurostat, 2004a), 
and EU-SILC Sampling Guidelines (Verma, 2001).

3 For example, based on ECHP data, cv for the variable equivalised household income was mostly in the range 0.6 – 0.8. For 
statistics similar to a proportion, such as poverty rate, cv is of course insensitive to moderate variations in the statistic. 
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The selected sample size has to be larger still in order to take into account the loss due to non-response. 
The requirement is in terms of the minimum sample size needed; the actual sample size may be larger than 
this in particular countries, for instance to meet country-specific needs such as a more detailed regional 
breakdown. In fact, a number of countries have chosen to have effective sample sizes significantly larger 
than the stipulated minimums in order to meet country-specific needs. 

3. Comparing the two longitudinal surveys for poverty measurement

The European Community Household Panel first, and the EU-SILC later, have been undertaken with 
the aim of providing accurate and timely statistics on income, poverty and living conditions in the European 
Union.

The ECHP was a very successful multi-country undertaking of the 1990s, but it could not be sustained
for many reasons we cannot discuss here. EU-SILC is its replacement with similar substantive objectives and 
contents, but also with many differences – both technical and non-technical. 

In this concluding section we comment on the implications of a fundamental difference in the structure 
of the two surveys which is the following. ECHP was a simple panel in which a sample once selected was 
followed, in principle for an indefinite duration. Such a sample provides an extended period of observation
on the same individuals, but in the absence of refreshing, does not represent new entrants into the population,
and suffers increasingly from cumulative (and ultimately destructive) attrition, conditioning, respondent 
fatigue and other well-known problems of prolonged observation. 

By contrast, the rotational panel of EU-SILC provides only a limited span of observation on any
individual, precluding prolonged longitudinal analysis. At the same time, it is refreshed continually, thus 
remaining much more representative of the current (cross-sectional) population. No less importantly, this 
makes it more representative of the longitudinal population as well, albeit only for the limited duration for 
which its panels remain in the survey.

These fundamental differences determine the relative merits or limitations of the two systems.
A limitation of a rotational panel design like EU-SILC consists in the impossibility of estimating

models which, by their nature, need the availability of repeated observation on the same units for more than
four periods (years). Such models are very useful when the scope of the research consists in identifying
socio-economic characteristics that can cause poverty or a bad situation in living conditions; very often these
models are based on micro-level differences of some variables between consecutive periods, which further
reduces the differences available for analysis.

Another category of models that need the presence of genuine panel data consists of panel regression 
models with variance components; Betti et al. (2002) firstly proposed this category of models for estimating
poverty dynamics in the British Household panel Study (BHPS). A further limitation of a rotational panel 
survey is the impossibility of estimating the so-called life-cycle models, very useful for observing the 
behavior of individuals over a period certainly longer than four years.

In compensation, the EU-SILC type rotational panel design is more suited for the – perhaps simpler but
much more widely referred to – measures of poverty and inequality, both cross-sectional and longitudinal. 
These measures include the cross-sectional poverty rate and other measures of cross-sectional poverty and 
inequality, such as the poverty gap between the poverty line and the mean or median income of the poor, the 
Gini index, the ratio of the share of the richest to that of the poorest sections in the income distribution, and
so on. The same is true of the measures of net change of these indices from one time to another, and of their 
aggregation or averages over time often needed to gain sampling precision especially for domain estimation.

There is also a great scientific and policy interest in robust measures of longitudinal poverty. Most
important among these are proportions in poverty continuously over several years, in persistent poverty
meaning for a majority of the years during a period, and any-time poverty meaning for at least one of the
years. The important point in that normally such measures are usefully defined over limited durations, such 
as 2-5 years, for which the rotational panel design remains the most appropriate one. 
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1. BACKGROUND 

The German “IAB Establishment Panel” is a unique data base for investigating the demand side of the 
labour market. It provides representative information on employment dynamics and the underlying 
determinants for establishments of virtually all sizes and in all industries in Germany. It was launched in 
1993 by the Institute for Employment Research (IAB), the research institute of the German Federal Labour 
Agency. The IAB Establishment Panel is an ongoing longitudinal survey with annual interviews carried out 
by TNS Infratest Sozialforschung.  

The survey started in 1993 with a net sample of 4,265 establishments in Western Germany. Geographic 
coverage and sample size were increased step by step. In 1996 when the most turbulent phase of the 
economic restructuring after the reunification was supposed to be finished the survey was extended to 
Eastern Germany and first boost samples for regional analyses at the level of some federal states (“Laender”) 
were introduced. Consequently the total sample size was doubled in 1996. In the following years boost 
samples for regional analyses were implemented in additional federal states as well as a special boost sample 
for the East German producing industries. In 2001, the IAB Establishment Panel reached its present sample 
size of approximately 16,000 net interviews in West and East Germany. The vast majority of the interviews 
are conducted face-to-face, only for parts of two regional boost samples data collection is made on the basis 
of a mail survey.  

With its present tenure of 14 years, its size and its comprehensiveness the IAB Establishment Panel is 
one of the most outstanding representative surveys among firms and public institutions in the world. Results 
are published in an annual overview report (cf. Bellmann et al, 2006) and in numerous articles. Data are 
accessible for the scientific community through the Research Data Centre of the Federal Employment 
Agency at the Institute for Employment Research (http://fdz.iab.de).  

This paper presents the key methodological elements of the German IAB Establishment Panel with a 
special focus on the following issues:  
1. Sampling: Address source, stratification  
2. Maintaining panel stability: How to cope with panel attrition and panel mortality  
3. Cross-sectional and longitudinal weighting. 
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2. SAMPLING 

For investigating the demand side of the labour market you have to consider all organisations which 
employ people, regardless of the legal status and the size of these organisations. Therefore the IAB 
Establishment Panel includes all types of employers, private firms as well as public institutions or non-profit 
organisations. 

There are three major challenges related to the design of a representative survey among organisations: 
The universe has to be clearly defined, an appropriate address register has to be available for sampling and 
solid statistical background information about the size and the structure of the universe is necessary for 
controlling the net sample and weighting. From a theoretical point of view this sounds trivial. However, in 
practice there are major difficulties related to each of these issues.  

For the exact definition of the universe newly founded establishments are a special challenge. One has 
to decide when a newly founded company qualifies for being included in the universe: When it has been 
legally registered or when it does start operating? Also, in the case of multi-site companies a decision has to 
be made about the unit of enquiry: Shall information be collected at the level of the entire company (i.e. the 
corporation as a legal unit) or at the level of the local (operational) units?  

Often available address registers are not very explicit with regard to these questions. Also address 
registers often do not systematically cover all interesting units (e.g. exclusion or severe under-coverage of 
the public sector, under-representation of small units).  

The same applies for the statistical background information. In most European countries statistical 
information about companies is rather poor, often confined to certain industries and/or companies above a 
certain minimum size threshold (cf. Riedmann et al. 2006: 55 ff.).  

As a consequence for practical reasons most of the company surveys are confined to a more or less 
large part of the organisations which act as employers. Many organisational surveys exclude small units 
below a certain minimum size threshold or concentrate on private companies. E.g. the Dutch “OSA Labour 
Demand Panel” – a longitudinal survey which is run every two years since 1989 – includes establishments 
with a minimum of five employees only (OSA 2007). The British Workplace Employee Relations Survey 
(WERS) 1997-8 does not include the Standard Industrial Classification (SIC) groups A-C (agriculture; 
hunting; forestry and fishing; and mining and quarrying) and P,Q (private households with employed persons 
and extra-territorial bodies) and is confined to establishments with 10 or more employees in its cross-
sectional part and to establishments with 25 or more employees in its longitudinal part (Airey et al. 1999). 

For the purposes of the IAB Establishment Panel a consistent solution for the above-mentioned 
challenges could be found.  

The universe of the IAB Establishment Panel includes all organisational units with at least one 
employee for whom social security contributions have been paid at the reference date for the drawing of the 
sample. This means that the universe comprises only those operational units which have surpassed the 
threshold of at least one “regular” dependent employee. Excluded are small businesses where the only 
persons who are active are the self-employed owner(s) and family workers. This definition is appropriate for 
a survey designed for monitoring employment dynamics. The advantage is that there is an exact operational 
definition when a newly founded unit enters (or leaves) the universe – an issue which is often somewhat 
blurred in other data bases.  

As part of the administration handling the employers’ and employees’ social security contributions the 
Federal Labour Agency has the data necessary to build a complete register consisting of all organisational 
units belonging to the universe. As an administrative register it includes the whole universe, presently 2 
million units with 26 million employees liable to social security contributions. The register is up-dated at 
least once a year. It comprises information about the number of employees liable to social security 
contributions and about industry of the registered unit. This allows the drawing of a stratified sample (by size 
and industry).  

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 1054 -



ISI2007_IPM48_Bielenski_Bellmann_20070429.doc  3

The sample of the IAB Establishment Panel is drawn from the establishment register of the Federal 
Labour Agency. It includes all establishments of different sizes and different industries – private companies 
as well as public institutions or non-profit organisations. Only private households with employed persons and 
extra-territorial bodies are excluded for practical reasons. Large parts of the questionnaire do not fit for 
private households acting as employers; extra-territorial bodies usually do not participate in surveys and are 
quantitatively negligible.  

The sample is drawn disproportionately to the size of the establishment; large units are overrepresented 
and small units underrepresented accordingly. The original sampling matrix in 1993 was defined by 10 sizes 
and 16 industries. Within each cell of the sampling matrix the gross sample is drawn at random. The 
distribution of the gross sample over the cells of the sampling matrix is calculated by means of an algorithm 
which takes into account the actual variance of the number of employees within each cell (principle of 
optimal stratification, cf. Pfanzagl 1978). Overrepresentation of large units is indispensable. The majority of 
establishments is small and medium-sized. In the universe there are only very few large establishments. 
Consequently strictly proportional sampling would result in a net sample with very few interviews among 
large units. However, for many analyses there is a special interest in looking at large establishments – among 
others due to their relative importance for employment in general. In Germany only 0.08% of all 
establishments have 1,000 or more employees, while 13% of all employees liable to social security 
contributions work in such large establishments. 

Statistical background information for weighting (redressment of the disproportional sample) can be 
drawn from the sampling source for the date of the drawing of the sample. This ensures a unique quality and 
consistency in the sampling and weighting procedure.  

At present the net sample comprises 0.8% of all registered establishments with approximately 10% of 
all employees liable to social security contributions in Germany.  

3. MAINTAINING PANEL STABILITY 

The composition of the sample is complex. For the first wave of the IAB Establishment Panel in1993 a 
random sample was drawn from the establishment register of the Federal Labour Agency representing all 
establishments with at least one employee liable to compulsory social security contributions as per 30 June 
1992. All interviews in the first wave were conducted face-to-face by trained interviewers of the TNS 
Infratest staff. Response rate in the first wave was as high as 71% (Kölling 2000: 294). The organisations 
which participated in the first wave were interviewed every year since then. The same applies to the new 
entities which were added to the sample either to compensate panel mortality and attrition or as part of the 
various regional boost samples. A small part of the regional boost samples was not carried out face-to-face 
but by means of a postal survey. The following descriptions refer to the face-to-face part of the sample only, 
which stands for approximately 95% of the total net sample. 

Panel stability is extraordinarily high: Every year more than 80% of the previous year’s respondents 
are successfully interviewed again (2005: 84%, 2006:83%). Unit non-response has two different reasons.  

The first reason is panel attrition, mostly unwillingness to participate again. Panel attrition is 13%-14% 
of the gross ample, i.e. of last year’s respondents.  

The second reason for unit non-response is due to panel mortality: The unit interviewed in the last year 
does not belong to the universe any more, i.e. it has no employees liable to compulsory social security 
contributions. Every year approximately 3% of the previous year’s net sample is lost due to this reason. In 
the universe as such volatility is much higher: Every year more than 10% of the organisational units exit 
from the universe because they do not any longer employ at least one person liable to social security 
contributions. Roughly the same percentage share are “new” units in the sense that they pass the minimum 
threshold for the first time (or again after a period without dependent employees). Volatility mostly occurs 
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among the small units which are deliberately underrepresented in the sample of the IAB Establishment Panel. 
The core of each year’s gross sample consists of those units which were successfully interviewed in 

the last year. In order to keep the net sample size stable over time the gross sample is amended every year by 
two different additional samples which are specifically designed for the compensation of the two different 
types of unit non-response. Panel attrition is compensated by a boost sample drawn from the stock of 
establishments while panel mortality is compensated by a special additional sample of “new” establishments. 
On the one hand this procedure keeps the sample size stable and on the other hand it ensures that economic 
change is reflected adequately over time. Both aspects are important for maintaining panel stability in an 
organizational panel and ensure the representativeness of the sample for cross-sectional as well as for 
longitudinal analyses. 

The annual additional samples (boost sample and sample of “new” establishments) are integrated in 
the panel sample and are treated the same way as the other units, i.e. respondents in one wave form the gross 
sample for next year’s wave. This aspect requires special attention when designing the annual amendments 
of the sample. Size and structure of the two additional samples have to be carefully adjusted in order to avoid 
a structural bias of the net sample in the future. The importance of this can easily be understood by reflecting 
the long-term consequences of two extreme alternatives. If one would replace panel mortality and panel 
attrition by an annual boost sample only drawn from the stock of establishments one would systematically 
underrepresent “new” establishments – with the effect that in the long run the net sample would be severely 
biased towards organisational units which are stable over time. The other extreme, a boost sample which 
consists only of “new” establishments would lead to a dramatic overrepresentation of such units in the net 
sample. Both alternatives are unacceptable for analyses. Theoretically the bias could be compensated in a 
weighting procedure. However – as will be shown below – this would make weighting unnecessarily 
complicated and ineffective. Therefore the German IAB Establishment Panel carefully balances the size and 
the structure of the two additional samples in order to achieve a net sample structure which can easily be 
handled in future waves and does not create extra problems in the weighting process. Once the total sizes for 
the two additional samples are determined, the addresses for the gross samples are drawn according to the 
same principle as the original sample of 1993. The only difference is that the regional structure is controlled 
for the additional samples. 

While response rates for last year’s respondents are stable at a high level (more than 80%), response 
rates for those units which are to be interviewed for the first time as part of the annual additional samples 
have significantly decreased over time. In the first half of the nineties, response rates of around 70% could be 
achieved, at present response rates for new units are around 40%. This reflects the increasing reluctance of 
establishments to participate in surveys. Companies have increasingly become the target of surveys. Since 
the universe is limited in size especially medium-sized and large companies meanwhile are frequently 
included in samples for various surveys. Many companies still make a deliberate selective decision whether 
or not to participate in a survey – depending on the topical issues, the institution behind the survey and the 
reputation of the fieldwork agency. Some of them, however, started to refuse participation systematically in 
any survey which is not obligatory. Against this background the German IAB Establishment Panel with its 
high stability is an outstanding example.  

There are a number of success factors that contribute to the high acceptance of the German IAB 
Establishment Panel among the interviewed companies. First, the research institute of the German Federal 
Labour Agency is a renowned institution. Companies accept that the Federal Labour Agency needs a solid 
information basis for doing a good job and are willing to contribute to this by participating in the survey. 
Second, the survey is officially supported by the German Employers’ Organisation (BDA). A letter of 
recommendation signed by the President of the BDA is sent to all establishments belonging to the gross 
sample. Third, the majority of the fieldwork is carried out face-to-face by trained interviewers from one of 
the most renowned fieldwork organisations in Germany. The importance of the motivation skills of the 
interviewers is clearly visible when comparing response rates of the face-to-face sample with those of the 
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mail sample: Response rates in the face-to-face sample are 20 percentage points higher than in the mail 
sample, and this applies to both, the initial response rates as well as to panel stability from year to year. 
Fourth, special efforts are made to design the questionnaire as convenient as possible for the respondent. 
Although interviews are usually conducted face-to-face, the questionnaire is designed in a way that it can 
also be used for self-completion. This enables interviewers to leave the questionnaire with the respondent for 
completion of those questions which could not be answered spontaneously (e.g. questions about economic 
indicators or about the structure of the workforce).  

4. CROSS-SECTIONAL AND LONGITUDINAL WEIGHTIING 

In this section the paper describes possibilities and limitations of the weighting procedure. The net 
sample is weighted every year in order to allow descriptive analyses. Weighting compensates for the 
deliberately chosen disproportionate stratification (a genuine sample effect) as well as possible selective unit 
non-response (a fieldwork effect). For cross-sectional and longitudinal analyses separate weighting 
procedures are adopted.  

4.1 Cross-sectional weighting 

Cross-sectional weighting readjusts the net sample to the structure (size, industry and region) known 
for the reference date for the year of data collection. Weighting is made as a projection to the universe, i.e. 
the net sample of approximately 16,000 interviews is projected to the 2 million units of the universe. The 
weighting matrix is defined by size (10 classes), industries (originally 16 categories, meanwhile – due to 
changes of the official classification system – 17 categories) and region (17 units). Theoretically the 
weighting matrix consists of 2,890 cells. Actually the matrix is a bit smaller since there are some blank cells 
in the universe. Sometimes there is the need to combine a number of cells in the weighting process if there 
are too few net interviews in one cell in comparison to the target (total number of units in the corresponding 
cell in the universe). Because weighting is made as a projection, average weighting factors are relatively high 
(12.5 = 2,000,000/16,000). Cross-sectional weighting redresses the deliberate disproportional structure of the 
sample. Therefore weighting factors have a large variance, mainly depending on the size of the company. 
Average selection probabilities (i.e. the ratio between net sample and universe) range from 1/323 in the 
smallest size (1-4 employees) to 1/3 in the largest size (1,000+ employees). Weighting factors are the inverse 
of the selection probabilities. The range of the weighting factors is higher than the range of the average 
selection probabilities because of the disproportionate regional structure of the sample and because there is 
selective unit non-response to a certain extent. Cross-sectional weighting factors vary between 1 and 3,000.  

The weighted sample reflects the size structure of the universe, i.e. the distribution of organisational 
units across sizes. Since the vast majority of establishments are small ones weighted results are strongly 
dominated by the situation in small firms. The data set of the IAB Establishment Panel also contains the 
number of employees for each single case. Therefore it is possible to calculate “employee-proportional” 
distributions. There are significant differences between both perspectives if characteristics to be investigated 
strongly correlate with the size of the establishment. One example may illustrate this: In the year 2005 the 
proportion of establishments with a sectoral or firm-level bargaining agreement was 38% in Western 
Germany and 19% in Eastern Germany. However, since the incidence of a collective agreement increases 
with the size of the establishment, as many as 59% of all employees in Western Germany (42% in Eastern 
Germany) work in organisations with a collective agreement (cf. Kohaut and Schnabel 2007). 

The large variance of the weighting factors creates the problem of outliers. This problem is rarely 
encountered in surveys among individuals but a normal phenomenon in organisational surveys which 
necessarily are based on disproportionate samples. Outliers are interviews which are correct as such, but 
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which have a too high weighting factor in the sense that the interviewed unit does not really stand for as 
many units in reality as the projection factor suggests. The problem emerges when an interviewed firm 
significantly differs from other units in the same cell (e.g. defined by size and industry) and when weighting 
factors are very high. The problem becomes the more severe, the smaller the analytical units are. One 
specific case might be no problem at all in nation-wide analyses, but might be a strong outlier in a 
descriptive regional analysis. The problem of outliers cannot satisfactorily be solved in the weighting process. 
Practically this means that responsibility for controlling outliers is shifted to the analysis phase. Researchers 
working with the data have to be aware of the fact that descriptive results can seriously be influenced by 
outliers and therefore have to control the empirical data base accordingly. 

The large variance of the weighting factors caused by the disproportionate stratification of the sample 
by size and region makes it impossible to use standard tools for the estimation of the sampling error in the 
analysis phase. A realistic estimation of the sampling error can only be made on the basis of bootstrapping 
techniques (cf. Efron and Tibshirani 1993). 

4.2 Longitudinal weighting 

Longitudinal weighting follows the same principles as the cross-sectional weighting procedure. 
Additionally, it takes into account developments over time. Longitudinal weighting has to reflect the process 
that organisational units enter and exit the universe. While cross-sectional weighting is confined to adapt the 
structure of the net sample to the structure of the universe at one given moment, longitudinal weighting has 
to refer to all units which belonged to the universe in at least one of the waves included in the reference 
period. Longitudinal weights have to be calculated in a way that cross-sectional structures are adequately 
reflected for each wave included in the reference period. Additionally units which have entered the universe 
within the reference period must be correctly represented. The same applies to those units which were part of 
the universe at a given moment but did not belong to the universe afterwards because they no longer had any 
employee liable to social security contributions.  

Fixing the basic structures for each year (distribution of the universe by size, industry and region, 
number of new entrants and of exits) is a challenging task if the reference period is long. For longitudinal 
analyses of the German IAB Establishment Panel four different reference periods were defined up to now: 
1993-2006, 1996-2006, 2000-2006, and 2003-2006. The longest reference period (1993-2006) comprises 14 
waves. This means that the longitudinal weighting factor for this period must adequately reflect the cross-
sectional structure for 14 different moments in time plus the number of new entries in 13 periods (1993-1994, 
1994-1995, 1995-1996 etc.) plus the number of establishments which left the universe in the same 13 periods.  

One of the most difficult challenges in the framework of longitudinal weighting is the handling of units 
which significantly grow or shrink over time. As was shown above selection probabilities and weighting 
factors differ largely depending on the size (number of employees) of the establishment. If an interviewed 
unit is allocated in different sizes in different waves then for cross-sectional weighting different weights have 
to be applied. For longitudinal weighting, however, only one single weighting factor has to be calculated 
which is applicable for all waves within the reference period. Theoretically it would therefore be necessary to 
define growing or shrinking units as separate groups in the longitudinal weighting process. However, since 
there are 10 different sizes and between any two waves in a reference period movements occur between most 
of them, the number of combinations is very large. For the longitudinal weighting procedure of the IAB 
Establishment Panel a practical solution is adopted which takes into account movements between sizes but 
avoids over-complexity of the sampling process. 

For the correction of disproportional panel attrition between two waves specific analyses are made 
taking into account practically all variables from the questionnaire of the last wave in which the non-
respondents participated. The main explanatory factors (in a statistical, not a causal sense) are identified by 
means of a multi-variate analysis. The results of the analysis are used as one step in the longitudinal 
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weighting procedure (cf. Bellmann et al. 2005, Bellmann et al. 2003, Hartmann and Kohaut 2000). The other 
steps are adaptations to the size and sector structure for each wave included in the reference period, 
adjustment of new establishments and those which left the universe, adaptation of growing and shrinking 
units.

Longitudinal weighting is a highly complex process. The variety of variables which ideally should be 
taken into account is much larger than the net sample size reasonably allows. Therefore in the longitudinal 
weighting process a number of practical compromises have to be made. The ultimate goal is a fairly adequate 
reproduction of each cross-section within the reference period (structure by size, industry and region, but 
also of the actual distribution of the answers to the questions asked in each wave) as well as an adequate 
reproduction of the dynamics (new entries, entities which left the universe and growth processes). It is self 
evident that – even in such a large survey like the IAB Establishment Panel – the result of the longitudinal 
weighting procedure can only be a more or less good approximation.  

It is definitively not possible to achieve and exact adaptation to all target structures. This has to be 
taken into account when working with longitudinal weighting factors. Nevertheless longitudinal weighting is 
indispensable for all descriptive analyses – and those are usually necessary for communicating analytical 
results to policy makers or to a broader public audience. More sophisticated analytical methods can help to 
overcome the shortcomings of longitudinal weighting of establishment panel data.  

The longitudinal data set of the IAB Establishment Panel is a unique source of information for 
scientific research as well as for consultancy in the policy making process. Longitudinal analyses require 
careful planning and high skills in order to reduce the extremely high complexity to a reasonable level which 
can be handled practically with the analysis and which can be communicated to the audience.  

SUMMARY
As a unique data base for the investigation of the demand side of the labour market, the IAB 

Establishment Panel has restored new balance in scientific research in Germany since 1993. As a long-term 
organizational panel it requires careful design in all stages of data collection: sampling, fieldwork, weighting.  

With respect to sampling the clear definition of the universe is essential. The universe is defined as all 
organizational units with at least one employee for whom social security contributions are to be paid. The 
German Federal Labour Agency has a complete register of these units. The sample is drawn from this 
register – disproportionately to the size of the establishment; large units are overrepresented and small units 
underrepresented accordingly. 

Statistical background information for weighting is available from the register for the date of the 
drawing of the sample. This ensures a unique quality and consistency in the sampling and weighting 
procedure.

The organisations included in the sample of the IAB Establishment Panel are to be interviewed every 
year. Almost all interviews are conducted face-to-face by trained interviewers of the TNS Infratest staff. 
Panel stability is extraordinarily high: Every year more than 80% of the previous year’s respondents are 
successfully interviewed again. Panel attrition is compensated by annual boost samples drawn from the stock 
of establishments, while panel mortality is compensated by specific samples of new entities.  

The net sample is weighted every year in order to allow for descriptive analyses. Weighting 
compensates the deliberate disproportionate stratification of the sample as well as possible selective unit 
non-response. For cross-sectional and longitudinal analyses separate weighting procedures are adopted.  

Cross-sectional weighting readjusts the net sample to the structure known for the reference date for the 
year of data collection. Weighting is made as a projection to the universe, i.e. the net sample of 
approximately 16,000 interviews is projected to the 2 million units of the universe. The weighting matrix is 
defined by size, industry and region. The large variance of the weighting factors caused by the 
disproportionate stratification of the sample requires estimation of the sampling error by means of 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 1059 -



ISI2007_IPM48_Bielenski_Bellmann_20070429.doc  8

bootstrapping techniques. 
Longitudinal weighting follows the same principles as the cross-sectional weighting procedure. 

Additionally it takes into account developments over time. Longitudinal weighting has to reflect the process 
that organisational units enter and exit the universe. While cross-sectional weighting is confined to adapt the 
structure of the net sample to the structure of the universe at one given moment, longitudinal weighting has 
to refer to all units which belonged to the universe in at least one of the waves included in the reference 
period. Longitudinal weights have to be calculated in a way that cross-sectional structures are adequately 
reflected for each wave included in the reference period. Additionally units which have entered the universe 
within the reference period must be correctly represented as well as units which do not employ people liable 
to social security contributions any more. Fixing the basic structures for each year (distribution of the 
universe by size, industry and region, number of new entrants and of exits) is a challenging task if the 
reference period is long. Nevertheless longitudinal weighting is indispensable for all descriptive analyses – 
and those are usually necessary for communicating analytical results to policy makers or to a broader public 
audience.

With its prospective design, its long tradition and its size the IAB Establishment Panel is well prepared 
for the future. It will continue to provide solid data for the investigation of the demand side of the labour 
market and its development over time.  
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1. Introduction 
 Indonesia is perhaps the only developing country with a 30-year manufacturing establishment panel 
survey. The Industry Survey has been conducted annually by the central statistics agency (BPS-Statistics 
Indonesia) since 1975 to track development of non-oil manufacturing, the sector which has been the primary 
focus of national economic policymaking since the early 1980s and the one responsible for the country’s 
impressive growth in the 1990s. Unlike surveys covered in the companion papers, this survey was not 
designed specifically to cover a fixed panel of establishments. Rather, it was designed to capture all medium 
and large establishments, defined as those employing an average of at least twenty workers during the year. 
Yet, given its frequency, long history and the apparent stability of that sector, the survey has resulted in 
several long panels: one including two thousand establishments with a 30-year history and several dozen 
averaging about fifteen thousand with at least a 10-year history since 1980. 
 How does BPS capture virtually every such establishment every year? Do panel member 
characteristics differ from those of other establishments? How costly is that system and why does it continue 
to be used? These are the questions addressed in this paper. 

2. Directory System 
 The creation and updating of an establishment directory for this survey have undergone three major 
distinct phases: a) the first phase, covering the period between 1975 and 1990, was characterized by 
complete coverage only in census years and significant under-coverage in between; b) the second phase, 
between 1991 and 1994, was a transition period in which a new more systematic approach was designed and 
tested to capture all existing establishments every year; and 3) finally the third phase, beginning in 1995 and 
continuing to this day, was characterized by the application of a comprehensive computerized system of 
continual updating of the directory which handles about 25,000 establishments per year that we will be 
describing below. One should emphasize that without the experience and problems faced during the first 
phase, the system used during the third phase would not have been created. That is why we begin by 
describing briefly the old procedure. 

2.1  1975-1990 
 During this period, coverage was basically inconsistent: during a census year (e.g. 1985) and when a 
special effort was exerted by BPS to ensure high coverage (e.g. 1988), the number of establishments 
captured in the directory would show a spike then virtually no growth. A close examination of this trend, 
given the serious potential implications for national policy, revealed the following major flaws in coverage 
procedures:

1 The authors would like to acknowledge the valuable assistance of Rifa Rufiadi and Sagap Aliktipo, respectively the 
former and current sub-division chiefs for directory development and management in the Directorate of Industry of 
BPS-Statistics Indonesia. 
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The responsibility for updating the directory resided fully with the provincial offices, with 
little oversight from the head office: only an annual letter from the Director General was 
sent requiring, broadly, that all establishments be covered, with no special forms or specific 
instructions on how to do so. The result was that enumerators, who were employees of the 
local offices, had tremendous leeway in picking establishments in response to the existing 
incentive system. 
The incentive system was geared toward maximizing response rather than adequately 
tracking all establishments in an enumerator’s area, with an honorarium allowing for a 
maximum of three visits to the establishment. Such a system appears reasonable on paper, 
but it had some serious drawbacks: enumerators tried avoiding “difficult” establishments 
(i.e. those which required multiple visits because completion of the questionnaire required 
that the establishment circulate it between different offices to complete various blocks; or 
simply those which were not likely to respond) and establishments located in distant areas. 
When, from time to time, such establishments would come to the attention of their 
provincial supervisors, enumerators would make an additional effort to obtain response. One 
serious implication of this was that it created a gap in coverage: one establishment would be 
covered one year but not another. 
Assignment of establishment identifiers, which was done in the head office, was a one-step 
procedure: new establishment names lacking identifiers were assigned new identifiers 
without first attempting to match them with existing establishments having identifiers. This 
resulted in double-, and in some cases, multiple-counts of establishments, particularly those 
covered inconsistently over time. 

These drawbacks were rather significant. A comprehensive five-year record-by-record evaluation and 
adjustment of survey data found the following (Jammal, 1993, p. 18): 

The number of  establishments in the survey had been substantially understated between 
1975 and 1989 with a relative coverage gap of 14% in 1975 increasing to 46% in 1984, then 
narrowing considerably during the 1985 census and continuing to narrow following BPS’s 
discovery of the undercoverage problem and institution of initial remedies (see Table 1). 
The same pattern applied to employment and value added, with a substantial number of the 
missing establishments in the early period being large and getting smaller in the latter 
period.

Table 1: Actual Coverage Rate of the Number of Establishments, Employment and Value Added 

1975 1976 1977 1978 1979 1980 1981 1982 1983 1984 1985 1986 1987 1988 1989
Establishments 0.86 0.77 0.77 0.74 0.71 0.70 0.66 0.63 0.58 0.54 0.81 0.79 0.77 0.88 0.88
Employment 0.78 0.76 0.75 0.74 0.72 0.74 0.73 0.72 0.70 0.69 0.91 0.89 0.88 0.95 0.91
Value added 0.57 0.51 0.54 0.56 0.67 0.71 0.74 0.74 0.75 0.78 1.02 0.96 0.96 0.99 0.98
Source: data derived from Table 6, Jammal (1993). 

These findings prompted BPS to devote substantial resources into designing a more effective directory 
updating system. The design and testing of that system took about four years. The result is what we describe 
next.

2.2  1995-present 
 For a directory updating system to be effective in capturing all establishments in temporary or 
permanent operation in any year, BPS’s pre-1990 experience suggested that such a system would have to 
satisfy the following conditions: 

It had to be operated primarily by people in the field who were most familiar with the 
territory (i.e. provincial offices), but with adequate oversight by the central office given its 
unique position to see the “big picture”. 
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It had to cover all possible sources of information about establishments (i.e. from different 
licensing authorities) with all establishments field-checked when convenient to the field 
offices.
It had to be computerized in order to minimize manual tampering or errors, with adequate 
entry checks and validation rules. 
It had to have clear instructions covering all possible cases that may be encountered in the 
field including, among others, temporary/permanent closures, mergers, whether new or old, 
whether small in the past etc. 
It had to allow the provincial offices the task of assigning the unique establishment identifier 
following clear instructions and checks to ensure that the identifier is truly unique. 
Finally, it had to allow the updating to become a continual operation undertaken as new 
information is obtained by the provincial offices rather than just during one particular month 
of the year. 

These are in essence the main characteristics of the system that has been used by BPS since 1995. The 
directory updating cycle, depicted graphically in Figure 1, follows three phases:2

1) The starting point is the previous year’s directory of all active establishments in the survey (Form I-A). 
Since the Industry Directorate in the head office is the last to produce the full list of active establishments 
following the data cleaning and estimation operation in preparation for the final publication, the directorate 
produces that list, divides it into provincial, district and sub-district lists and forwards them electronically to 
the relevant provincial BPS offices. 

2) The second phase involves identifying new candidates for addition to the directory. This is the most 
critical phase, and it involves four steps: 

The head office first compiles a list (form I-SL(C), which is an abbreviation for “Sorted 
List, Central office”) of new candidate establishments to be included in the survey from 
various other government agencies providing licenses and registrations (e.g. the ministries 
of Industry, Trade, Finance and Manpower, the Chamber of Commerce and industry 
associations). The list is then sent electronically to the provincial offices. 
Provincial offices then add any new candidates obtained from other provincial authorities 
(e.g. provincial offices of the ministries of Industry or Trade) and send the cumulative list 
(form I-SL(P)) to the district offices. 
District offices in turn add any new candidates obtained from district authorities then 
forward the cumulative list (form I-SL(K)) to the sub-district offices for field checking. 
Enumerators in the sub-district offices would then check (by using a separate form labeled I-
B) if (1) the new candidates truly exist and (2) they qualify to be included in the survey (i.e. 
they are in the manufacturing sector and they employ at least 20 workers). In addition, the 
enumerators would add any new establishment they observe during their field checks which 
was not in the original list. 

The new updated composite list becomes the frame for the current year’s survey. 

3) The third phase includes conducting the actual survey: all establishments in the frame would be 
enumerated. The enumerator delivers the full questionnaire (form II-A) to the establishment for completion 
within a set timetable and schedules a number of revisits to obtain the filled questionnaire. If the 
establishment is not in operation at the time or has employed an average of less than 20 workers in the past 
year, a special form (II-B) needs to be filled describing its main characteristics (e.g. temporary closure, 
permanent closure, merger, movement to another province, not in manufacturing etc.). The same form is also 
used if no response is obtained from the establishment within the set timetable. At this stage, a new 
directory, including all enumerated establishments minus closures, becomes the preliminary directory for the 
following year.  

2 The write-up in this section relies on the description of the initial proposed system in Korns (1991) and adds 
subsequent modifications introduced by BPS. 
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      Figure 1: Annual Directory Updating Cycle 

3. Establishment Panels 
 With over 40,000 establishments surveyed in the past thirty years, and a complete frame fully updated 
every year covering over 20,000 establishments annually, several panels can be constructed covering 
different time periods. The longest panel, covering the full thirty-year period of the survey, includes over 
2,000 surviving establishments from a list of over 8,000 in 1975. Panels of establishments with at least ten 
years of continuous operation have averaged about 15,000 establishments since 1980. With such large 
panels, in-depth analyses can be conducted on various aspects of establishment behavior over time not only 
at the national level, but also by sector, region and size class. Analyses of entry and exit, sectoral and 
regional distributions, establishment graduation to a higher size class or fall into a smaller class are examples 
of what such panels allow. In this paper, we will not attempt such elaborate analyses. Instead we will 
provide a brief illustration of the substantial usefulness of such panels by focusing on two important 
dimensions: size and attrition. Establishment size is one of the most critical variables in any establishment 
survey since it tends to be one of the most stable variables and an important determinant of establishment 
behavior. Sample attrition is the most common challenge of panel surveys. However, it has not been a 
problem in this case. Instead, it can be looked at as another analytical dimension of the survey, allowing 
evaluation of establishment death rates in conjunction with birth rates in determining sources of growth. To 
make it more manageable, our analysis in this paper will also be limited to a subset of panels: those of at 
least ten years and including only establishments still in operation in 2004, the last year for which complete 
clean data are available. 
 When looking at size, two aspects are of particular interest: the first is the average size of panel 
members and the other is their growth over time. Table 2 depicts the average size of panel members in the 
year of entry into the survey in comparison with other new entrants in the same year as well as all 
establishments surveyed in that year. Figure 2 shows the employment paths of panel members from entry 
until 2004. Three interesting points emerge: 

Panel members, i.e. survivors, constitute on average about one third of new entrants to the 
survey every year. 
Panel members tend to be larger than other establishments that enter the survey in the same 
year. On average they have tended to employ one third more workers than the average new 
establishment. So size may have been one reason for their survival. 
There is considerable variability in the growth path of different cohorts. But, clearly, the 
overall picture is that of survivors showing much faster growth rates compared to the 
average establishment. 
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Table 2: Number and Average Employment of New Entrants to Panels vs New Entrants to Survey by Entry Year 

Entry Year 
1975 1976 1977 1978 1979 1980 1981 1982 1983 1984 1985 1986 1987 1988 1989 1990 1991 1992 1993 1994 1995

Establishments 
 Panel entrants 2007 220 228 247 262 333 322 374 451 469 748 402 429 668 572 945 956 956 807 1007 1087
 Survey entrants 8926 1010 836 858 938 1089 1151 1180 1412 1670 2789 1088 1220 2112 1727 2565 2421 2395 2002 2359 2583
 All establishments in survey 8926 9586 10218 10818 11486 11932 12504 13265 14234 15500 16970 17399 18132 18551 19133 20708 21183 22110 22794 23886 25415

Average Employment 
 Panel entrants 214 129 57 66 54 71 74 85 59 70 53 71 57 63 90 123 92 90 84 93 82
 Survey entrants 104 64 41 56 47 53 54 53 43 44 40 49 50 54 71 83 74 75 65 74 62
 All establishments in survey 104 110 108 109 110 116 117 117 116 116 116 117 119 127 141 147 157 163 169 172 171

Source: authors’ calculations based on special tabulations provided by BPS. 
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Figure 2: Growth Paths of Average Employment per Establishment for Panels of 10-30 years (entry year = 1.00) 

 As for attrition rates, the aggregate average annual attrition rate is a relatively stable 5-6%, suggesting 
an average establishment life span of 16-20 years. However, attrition rates show great variability by entry 
cohort. Table 3 provides average attrition rates of different cohorts for every 5 years of operation. Despite 
the variability in rates, one detects two interesting phenomena: 

Newer panels tend to have higher attrition rates than older ones, presumably because they contain 
smaller establishments. 
Attrition rates tend to converge to the historical aggregate average rate of 5-6% after about 15 years. 

Table 3: Average Attrition Rates by Entry Year (%) 
Entry year Number of Years After Entry Into the Survey 

1-4 5-9 10-14 15-19 20-24 25-29 
1975-79 2.9 5.1 6.2 5.1 4.9 4.8 
1980-84 3.0 6.5 5.7 5.4 5.6 
1985-89 6.8 6.5 6.2 5.8 
1990-94 7.3 7.2 7.6 
1995-99 8.1 8.5 
2000-03 8.3 
All years 5.9 6.6 6.3 5.3 5.1 5.0 

Source: authors’ calculations based on special tabulations provided by BPS.
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4. Costs and Benefits of the System 
 Undoubtedly, producing an annual census of over 20,000 establishments is a highly costly operation. 
In terms of human resources, it involves the following: 

The full time of a sub-division chief in the head office, assisted by 3 professional staff and 
19 clerical staff. 
One half of the time of a provincial professional manager assisted by one professional staff 
and at least one clerical staff. BPS has 33 provincial offices. 
One quarter of the time of the manager of the district office assisted by one professional and 
at least one clerical staff. The country has 344 district offices in areas with industrial activity 
(out of a total of 440 district offices). 
One fifth of the time of about 3,000 staff at the sub-district level. 

 In sum, the operation costs the equivalent of about 400 man-years of professional staff and a similar 
amount of clerical staff time. At all levels above the sub-district, the staff are supported with personal 
computers, internet and networking facilities for continuous communications and data exchange. At the sub-
district level, staff are provided with transport facilities. In its annual budget request, BPS estimates the cost 
of this operation at about 7.1 billion rupiah ($0.8 million). That is about $37 per establishment per year. 
These represent only the cost of maintaining the system year after year with the existing infrastructure.  
 Such annual costs are clearly not insignificant for a lower income country such as Indonesia. 
However, it is clear that BPS statisticians as well as policymakers in Indonesia, who decide the budgets to 
allocate to BPS, believe that the benefits that the country has been deriving from this survey far outweigh 
these costs. We can think of at least two reasons why this may be the case: 

The survey has been the main source of information for industrial policy for the country, 
which has been the focus of national development policy since the mid-1980s. That sector’s 
performance has been the main engine of the country’s impressive growth over the past two 
decades. Regular tracking of the main sources of growth of establishments by size, location 
and sub-sector has been an important component of government policy. The country’s 
decentralization drive following the 1997/98 economic crisis made the distributional 
implications (down to the sub-district level) derived from that survey all the more important. 
The survey serves as the benchmark for the single most important determinant of quarterly 
GDP growth, namely the monthly (previously quarterly) index of industrial production. That 
index is regularly and closely watched, and decisions on macroeconomic policy hinge on 
interpretation of its short-term changes and year-to-year behavior. 

 To sum up, what began as just an annual survey of manufacturing establishments ended up becoming 
a critical annual census of the sector driving the country’s impressive growth, covering dozens of panels 
over a thirty-year period. Despite its relatively high costs, its benefits have been far higher, and BPS plans to 
continue this operation in the foreseeable future. 
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ABSTRACT 
 Indonesia is perhaps the only developing country with a 30-year panel survey of manufacturing establishments. 
The Industry Survey has been conducted annually by the central statistics agency (BPS-Statistics Indonesia) since 1975 
to track development of non-oil manufacturing, the sector which has been the primary focus of national economic 
policymaking since the early 1980s and the one responsible for the country’s impressive growth in the 1990s. Unlike 
surveys covered in the companion papers of this meeting, this survey was not designed specifically to cover a fixed 
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panel of establishments. Rather, it was designed to capture annually the full cross-section of medium and large 
establishments, defined as those employing at least twenty workers. Yet, given its frequency, long history and the 
apparent stability of that sector, the survey has resulted in several long panels: one including two thousand 
establishments with a 30-year history and several dozen averaging about fifteen thousand with at least a 10-year 
history since 1980. This paper describes the system used by BPS to capture these establishments annually. It also 
describes briefly the main characteristics of the surviving panel members. Needless to say, a practically annual census 
operation such as this entails significant costs. However, Indonesian policymakers and statisticians clearly believe that 
the survey’s benefits over the years far outweigh these costs. 
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Political context

At the Lisbon Summit in 2000, the European Council defined a strategy for increasing growth
and competitiveness in Europe. This strategy, known as the "Lisbon strategy", advocates more 
social cohesion in the European Union (EU) as a path towards these two objectives. It was also 
stated that more social cohesion would be best achieved by sharing experiences and best practices
in combating against poverty (the so-called Open Method of Coordination). Key elements of this 
approach are the definition of commonly agreed objectives for the European Union, the 
development of appropriate national action plans to meet these objectives and the periodic reporting 
and monitoring of the advances made.

Social exclusion is defined in the EU as persons, families or groups of persons which have 
limited resources (material, cultural, social), so they cannot reach the minimum standards of living 
of their country. This definition calls for a multidimensional and dynamic approach for social
exclusion. The focus has been put on relative definitions of poverty rather than absolute concepts.
Social exclusion is thus defined at country level and the EU wide approach is not at stake in a still 
heterogeneous Europe. 

The main indicators of social exclusion are based on monetary resources. The key indicator is the 
at-risk-of-poverty rate, defined in each country as the percentage of persons with an equivalised
disposable income below 60% of the median income. Equivalised disposable income is taken here
as a proxy of economic well-being. Inequality measures such as the Gini coefficient and the income 
quintile share ratio S80/S20 are also key indicators as well as the relative median poverty gap, which
measures the intensity of the poverty. Finally, a measure of persistence in poverty has been 
introduced so as to propose a picture of poverty that is independent of fluctuations in collected
annual incomes. This "at-risk-of-persistent-poverty" rate has been defined as the risk of being poor 
over at least 3 of the 4 consecutive years. 
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ECHP

At the launching of the Lisbon strategy, the European Community Household Panel (ECHP)
was the main source of social cohesion indicators. ECHP was a pure panel, which had been running
since 1996. Twelve countries were using the same questionnaire (input harmonization) and there
were ex-post output harmonization for three of them. However, ECHP was thought to suffer from 
major drawbacks:

� Timeliness: it took in general years to deliver longitudinal data and the indicators were
often considered outdated and not reliable.

� Informative initial non-response and selected attrition after 7 years had raised concerns 
about cross-sectional representativity.

� Non-coverage of all the 15 EU Member States and the difficulty to integrate the acceding 
countries in the structure.

� The difficulty to have ECHP recognized at national level as the official source of social 
indicators statistics because of its double status as a research tool and an official tool.

� A pretty low quality of the ex-post output harmonization in two major countries.

EU-SILC

In 2001, it was decided to give up the ECHP and to launch a new instrument called EU-SILC.
EU-SILC is basically the response to the increasing political demand for timely, high quality and
comparable social indicators at EU level. This project has been developed by Eurostat in 
collaboration with the EU National Statistical Offices. Besides, EU-SILC was a unique chance to 
adhere to the new international recommendations for the collection of income data (the Canberra 
recommendations).

EU-SILC has been designed as a survey of private households aiming at collecting data on 
income and living conditions. The survey has both a cross-sectional and a longitudinal dimension. 
In particular, for measuring persistence in poverty, individuals are followed for at minimum 4 
consecutive years.

The coordination of the survey has been modified in comparison with the ECHP: the concepts 
and variables have been defined at EU level, while the countries are in charge of the 
implementation (survey design, fieldwork, weighting, data editing and imputation…). However, 
minimum quality requirements and recommendations have been issued by Eurostat in order to 
define a common framework for the instrument at EU level. The main features of this framework 
are the following:

� The income concepts are defined according to the Canberra recommendations and the
social benefits correspond to the ESSPROSS classification.
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� A list of common target variables is defined together with implementation 
recommendations.

� Minimum effective sample sizes in each country have been calculated (assuming simple 
random sampling) to set out minimum precision requirements at national level.

� Sample selections should be probabilistic. Sample weights have to be computed taking
into account the underlying sample design. Minimum initial response rates of 60 % are 
required. Calibration techniques are recommended. Income data have to be imputed.

� Flexibility of data source. The Nordic European countries have statistical registers which 
have proved to be of good quality for many variables like income and demographic status.
They have been used by those countries to collect income information. Regarding "non-
income" variables (health status, deprivation variables…), they are collected in households 
by interviewing one of the members (the "selected respondents"). Other countries don't 
have income registers and have to interview all the household members to get both income 
and non-income data.

As far as the longitudinal dimension is concerned, common tracing rules have been edited. In the 
minimal configuration where individuals have to be followed-up for 4 years only, it was considered 
reasonable from a practical point of view to follow only the persons aged 14 and over at the time of 
selection of the panel. In addition, non-responding households at the first wave are not followed as
well as households which were failed to contact twice. Non-response and drop-out have to be 
compensated using re-weighting schemes.

In the "survey" countries, the initial sample is made of all the current members of the selected 
households. Each individual aged 14 and over is followed-up. "Co-residents" i.e. persons living 
with a member of the panel are interviewed in order to collect complete household information. 
However, they are not followed in time if they move out from the household.

In the "register" countries, the initial sample is generally made of "selected respondents" aged 14
and over. As already said, income information is collected from registers while questions on non-
income items are only asked to the selected respondents. Only selected respondents are traced over 
time.

EU-SILC had started in 2003 in 7 countries  (Austria, Denmark, Ireland, Iceland, Norway, 
Luxembourg and Greece) on the basis of a Gentleman Agreement. In 2005, all the 27 countries 
involved in the project (EU-25 + Norway and Iceland) were carrying it out.

Among the 27 countries, 6 (Norway, Iceland, Denmark, Finland, Sweden and Slovenia) use the 
“selected respondent” model and then combine both interview and register data. France and Norway
have extended the longitudinal dimension: France is developing a 9-year ro tational panel and
Norway an 8-year panel. Luxembourg and Sweden use a pure panel with annual complementation
to ensure cross-sectional representativity. In 2006, cross-sectional indicators with reference to year 
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2005 were computed for the first time for all the 27 countries. Longitudinal data for 15 countries 
and pertaining to the first 2 years will be received for the first time in 2007 and released by Eurostat.
The next section is a first attempt to evaluate the quality of the longitudinal component from an EU 
perspective.

Quality of the EU-SILC longitudinal component

The evaluation of quality of the longitudinal component of EU-SILC is at the moment mainly 
based on the theoretical assessment of 2003 recommendation having considered early results from 
implementation form countries. The oral presentation will give more empirical evidence based on
the first longitudinal data received at Eurostat. The analysis relies on the quality dimensions 
developed by the European Statistical System, namely relevance, accuracy, timeliness and 
punctuality, accessibility and clarity and comparability. 

1) Relevance

Relevance for EU policy monitoring is at the core at the instrument given it has been designed as 
an answer to EU policy need. At national level, EU-SILC seems also to become the official source 
for national indicators and in this respect, national implementation have taken into account specific 
national needs. Of course, the instrument does not cover difficult to reach subpopulations which are 
often exhibited as the most striking aspects of social exclusion such as homeless, old age persons in 
institutions, prisons …. The relevance of a yearly survey to monitored social exclusion is still to be 
demonstrated. The limited accuracy (see below) might prevent to detect year to year evolution of 
social phenomena which extend over longer period of time. The apparent evolution might give a 
misleading signal to policy driver if sampling errors are not taken into account. The annual period 
seems actually more related to organizational issues.

The crucial point for relevance of the instrument is the deliberate choice to limit the longitudinal 
dimension to 4 years only in order to be able to compute the persistent risk of poverty. This choice 
has not been shared by all countries. France, Norway, opted for panel duration of respectively 9 and 
8 years and Sweden and Luxembourg for a pure panel with annual refreshment. The relevance of 
the longitudinal dimension is in direct balance with the relevance of the cross sectional aspects of 
the instrument. A fast rotational design ensure cross sectional representativity given that ¼ of the 
sample is drawn from it and does not suffer from attrition that might be selective. However, limiting 
longitudinal to 4 years almost prevent longitudinal analysis in the academic sense, studying the 
determinant of socio economic of the complex dynamic aspect of social exclusion. However, the 
longitudinal component will allow for computing gross change and thus having a fairly good 
description of the instantaneous dynamic of social exclusion. Finally, it is believed that cumulating 
over time of events will allow analyzing the socio economic conditions of specific transitions.
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2) Accuracy

a) Sampling errors

All the indicators estimated from the EU-SILC data are affected by sampling errors, caused by 
observing only a fraction of the target population. In practice, the variance is the standard statistic 
used for measuring sampling errors. Eurostat has developed a systematic approach for computing 
sampling errors in both the cross-sectional and the longitudinal dimensions. Basically, this is an 
"analytical" approach i.e. it consists in working out explicit variance estimators taking into account 
the main features of the sample design. 

At the first step, the target indicators have been "linearized", which means they were 
substituted with linear approximations. Then, variance estimates have been calculated for those 
linear approximations using appropriate software tools (in the present situation, the software Poulpe
developed in the French Statistical Office INSEE has been used). The linearization technique makes 
variance estimation (through analytical calculations) tractable as it solves the intrinsic problem 
caused by the complex structure of the EU-SILC indicators.

The above approach was tested with success on the cross-sectional indicators. It is now being 
tested on the longitudinal indicators (persistence-to-poverty rate). The main shortcoming at this 
stage is the description of the sample design to the software. In particular, non-response (attrition) 
will be viewed in Poulpe as a Poisson sampling phase. This model should become inappropriate in a 
longitudinal survey where non-response is somehow more complex and involves many more factors 
than in a pure cross-sectional survey. More elaborate non-response models should be developed. 

Despite these technical difficulties, we can all the same draw some general lessons from the 
2004 and 2005 cross-sectional experiences. Some of them could be extended to the longitudinal
component:

� In 2004, the relative standard errors for the at-risk-of-poverty rate varied from 1.6% (Italy) 
to 4.6% (Austria). 

� Overall, the standard errors appear to be closely correlated with the corresponding effective 
sample sizes. In particular, domain indicators, they are generally worse than for national 
indicators.

� Nevertheless, design factors have also impacted the standard errors: clustering, dispersion of 
the weights…see below.

� Inequality indicators (Gini coefficient and mean income) are generally estimated with a 
rather good accuracy (around 1%).

In the next table, some estimated design effect factors (Deff) for the at-risk-of-poverty rate are 
presented. This clearly shows that sample design has a significant impact on accuracy, so must be
taken into account in variance calculations.
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Table 1. Estimated Deffs for the at-risk-of-poverty rate 

Spain Italy Portugal France Ireland

1.43 1.41 1.22 1.13 1.30

 Source: EU_SILC 2004

b) Non sampling errors

The EU-SILC survey is also affected by other kinds of errors, called non-sampling errors. One of 
the most critical is attrition. Basically, attrition happens when a sample person is no longer willing 
to cooperate. On a long-term perspective, attrition may seriously damage the quality of a panel as
this kind of non-response is correlated by definition to the targets of the survey. In practice, in order 
to deal with attrition, survey practitioners will have to use all the information available about the 
non-responding units, and particularly information obtained at the previous waves.

It is important to make the distinction between attrition ("hard" non-response) and what is 
usually denoted wave non-response ("accidental" non-response). In practice, they should be 
corrected separately and using different models and techniques (in general re-weighting for attrition 
and imputation for wave non-response). Actually, the EU-SILC tracing rules implicitly make this 
distinction: persons who don't want to cooperate are not re-contacted the next years. On the other
hand, a household which is temporarily away is going to be re-contacted the next year. It will be 
definitely eliminated after a second failure.

On the next tables, non-response rates are set out for 4 countries. For all of them, the longitudinal 
period is 2004-2005.

Table 2. Non-response rates 2004-2005

Spain Greece Luxembourg Belgium
In the household at 
the previous wave

76.86% 82.87% 81.53% 72.25%

Moved into this 
household from 

another household in 
the sample

0.78% 0% 0.76% 0.69%

Died 0.53% 0.54% 0.25% 0.30%
To a 

private
household

1.07% 0.67% 0.75% 0.44%
Moved

out

To a 
collective
household

or

0.05% 0.21% 0.08% 0.04%
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institution
Abroad 0.09% 0.13% 0.33% 0.07%

Lost 1.12% 0.71% 0.79% 0.53%
Non-response 19.50% 14.88% 15.50% 25.68%

The non-response rates which are reported in table 2 are rather high. On the other hand, the 
percentages of units which become out-of-scope between 2004 and 2005 are quite small. Actually, 
one should be careful when reading the above table because the non-response rates are calculated 
regardless of the reasons for non-response ("hard"/"accidental"). Further investigation is needed in 
the future on this point. 

Finally, the ongoing longitudinal exercise has raised issues regarding the implementation of the 
tracing rules in the countries using samples of persons. A common statement for the longitudinal 
dimension is all the persons, of all ages, who are members of households selected at wave 1 are to 
be followed-up as long as they remain in the target population. For simplicity, it was decided to 
exclude from the follow-up children below 14 and "moving alone", and to consider them as non-
respondents. The bias created by this kind of non-response is likely to be negligible as it should 
concern very few cases. In the "register" countries using samples of persons, a procedure similar to 
the above has to be applied. It means all the members of the households that are selected at wave 1 
are eligible for follow-up. Income information and other data from registers are compiled for all the 
persons in the original sample, even if their current household has no "selected respondent" in it.
We think no tracking all the individuals from the initial sample would systematically lead to under-
representing split-off households, and then ignoring the impact splitting may have on poverty and 
living conditions. This would increase bias when computing the “persistent at-risk-of-poverty rate” 
and decrease the quality and the relevancy of this indicator. There should not be much trouble in 
applying this rule as individuals are followed-up through registers. 

3) Accessibility and clarity

Furthermore to the availability of key indicators and standard aggregated data, the accent has 
been put on accessibility to anonymised micro data for research purposes. Under license agreements, 
researchers can have access to micro data together with detailed documentation such as variable 
dictionary, methodology, data alerts and quality reports. The price policy has been revised so to 
allow a wide access. Anonymisation rules have been designed taking into account risk monitoring 
rather risk avoidance, in contact with researchers. Access to micro data is believed to foster 
exchange between research and official statistics and to increase the quality of the micro data. As 
regard the specificities of the EU-SILC longitudinal components, the accent has been put on the 
linking of individuals in order construct trajectories using unique and hierarchical identifiers, 
benefiting form the experience of the ECHP. Each individual interviewed received a unique 
identifier and a unique link to current household information. Different set of weight are prepared 
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study transition over different time spell. Each year, all trajectories ending at the current reference 
period are put together in one file coming from 3 different panels in different step of their 
development (1 panel of 4 years, 1 panel of 3 years and 1 panel of 1 ye2 year). Different set of 
weights are designed to allow transition over 4 years, over 3 years and over 2 years. After some 
time, complete 4 years trajectories will be gathered in one historic file.

4) Timeliness and punctuality

Timeliness was at the core of the policy needs. The instrument had to deliver timely cross 
sectional data: aggregated results (indicators) to be available 12 months after the end of the 
reference period and micro data to be available after 15 months. The theoretical separation of cross 
sectional and longitudinal component has allowed having different time scales imposed by the 
addition burden cause by longitudinal checking: longitudinal indicators and aggregated tables are to 
be available 18 months after the end of the last reference period and longitudinal micro data after 20 
months. The current achievement of EU-SILC instruments concerns 2004 and 2005 cross sectional 
components.  Indicators were released respectively within 16 and 13 months and the micro data 
both within 14 months. The first longitudinal indicators will be computed on the 2004-2006
components to be release din 2008. The at risk of persistent poverty will be available by March 
2009 for a limited number of countries and by March 2010 for all Member States.

5) Comparability

Comparability is increasingly considered a most central requirement of data quality. This 
dimension of quality is particularly important in the context of a multidimensional undertaking such 
as EU-SILC. The instrument structure based ex ante output harmonization, referred to in the 
CHINTEX project (ref) and consequently implementation arrangements are more diverse in EU-
SILC, compared with ECHP. This choice is the result of a trade-off between coverage of register 
countries in EU-SILC and full comparability. In this context, comparability is fostered by the 
edition precise definitions of target concept (concept comparability) rather then editing common 
questionnaire (input harmonization). The comparability assessment derives from the comparison of 
national implementation described in national quality reports and from analysis of output looking 
for patterns which appear implausible in the light of all the available information. Much effort has 
been put to set up a framework for assessing comparability of EU-SILC (Verma – ref) and focus 
studies are currently running. The main source of non comparability identified is not specific to the 
longitudinal component. In this respect comparability might be affected by different patterns in the 
tracing rule implementation and in the success of follow-up strategies. For instance, the impact of 
the different tracing rules for register countries and survey countries on the poverty indicators still 
need to be assessed. At the same time, different selective attrition pattern which cannot be corrected 
might hamper comparability. Empirical evidence still needs to be collected.

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 1075 -



1073

IPM 48 DISCUSSANTS:

Leandro D’Aurizio, E-mail: leandro.daurizio@bancaditalia.it
Paloma Seoane Spiegelberg, E-mail: pseoane@ine.es

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 1076 -



ISI 2007 The German IAB Establishment Panel: Design, maintenance and longitudinal weighting (1993-2006) 
(by Harald Bielensky and Lutz Bellmann) and Design and Maintenance of Panel Data in Business 
Surveys: the Case of Indonesia’s Medium and Large Manufacturing Survey (by Jammal, Yahya and 
Dwijosumono, Subagio). 
Some comments 

1 

 

The German IAB Establishment Panel: Design, maintenance and longitudinal weighting 
(1993-2006) (by Harald Bielensky and Lutz Bellmann) and Design and Maintenance of Panel 
Data in Business Surveys: the Case of Indonesia’s Medium and Large Manufacturing Survey 
(by Jammal, Yahya and Dwijosumono, Subagio) 
Some comments 
 
Leandro D'Aurizio 
Bank of Italy – Economic Research Department 
Via Nazionale 91 
Rome 00184 Italy 
leandro.daurizio@bancaditalia.it  
 
1. Introduction  

Business surveys are increasingly used as a support for economic policy, because of the wealth of 
information that can be gathered with this instrument (Cox et al., 1995). The statistical unit can be either the 
enterprise or the establishment. Local conditions of a given country (in terms of its legal institutions and its 
stage of economic development) are elements to take into account in determining whether a variable is best 
collected at the enterprise or the establishment level. 

Business survey data (such as output, inventory levels, value added, etc.) are routinely fed in aggregate 
form into the different systems of national economic accounts. Besides that, micro econometric analysis can 
be used to study the relations between economic data and the structural characteristics of the statistical units 
(such as sector of economic activity, geographical area).Micro data on firms or enterprises are also a useful 
source of information about employment, as seen on the side of the employers. Information gathered in this 
way can be broken down up until a detail of economic activity, which cannot be obtained by using data from 
Labour Force Survey at the individual level.  

Panel surveys enable researchers to study transitions and dynamics in ways that would not be possible 
by using only repeated cross-sectional samples (Baltagi, 1995). The fact that statistical units are followed in 
the time dimension and repeatedly observed allows to control for individual heterogeneity and producing 
results free of bias. Panel data are better able to identify and measure effects simply undetectable in pure 
cross section or pure time-series data. Studies in industrial economics such as the evolution of the production 
scale, the rate of adoption of Internet – based technologies and many others are based on this form of data 
organisation. Variables such as number of employees, composition of the workforce and total hours worked 
enter many panel –based micro econometric analyses (for example about the evolution of the Total Factor 
Productivity). 
2. Main features of the IAB Establishment Panel and specific comments 

This business panel survey covers establishments (organisational units) with at least one employee, 
representing all kinds of economic activity. The size of the target population is 2 million units, whereas the 
sample size jumped from around 4,300 units at the beginning of the nineties to 16,000 units presently. Some 
geographical areas of Germany have been over – sampled for special interests of economic research. Units 
are included in the sample with probability increasing with their size (in terms of number of employees) and, 
as a result of this sampling scheme, a sampling ratio of 0.08 % in terms of the population of establishments 
turns into a sampling ratio of 13 % if one refers to the population of employees. Every year units no longer 
willing to participate in the survey are replaced by a random sample from all the establishments, whereas 
those leaving the target population (because no longer employing anybody) are substituted by newly born 
units. 
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2.1. Apart from a general remark on the “employment dynamics and the underlying determinants”, 
some general comments on the kind of variables covered are missing and would be very useful. 

2.2. Labour Force Surveys are carried out in Germany, as in all the European countries belonging to 
the European Union. It would be interesting to know whether results derived from the IAB survey are 
comparable with those coming from this other extensive source based on individuals. 

2.3 The authors refer to a “principle of optimal stratification” as the tool used to define the sample size 
within the strata. Since Neyman’s schemes (Cochran, 1977) are those most commonly known and used, it 
could improve the clarity of the paper to understand the links between the two solutions, which by and large 
should produce similar results. 

2.4 The description of the two additional samples routinely needed in order to preserve the sample 
representativeness is clear. I think it would become exhaustive with two or three concise lines on how the 
relative sizes of the two samples are determined. 

2.5 Given the sample size, one marvels at the complexity of the cells cross-sectional weights are 
adjusted to. I wonder whether it is really needed for the detail of tabulations that can be produced. Maybe a 
simpler weighting matrix could produce slightly biased results with much less variance (and a consequent 
gain in terms of Mean Square Error). 

2.6 In the section devoted to cross sectional weights, the problem that bigger units are under 
represented by a weighting system reproducing the population of establishments is extensively treated. The 
solution used to alleviate the problem is however not clearly explained (there is just a hint at “employee – 
proportional distribution”). In my opinion two solutions can be adopted: the first is the construction of an 
alternative system of weights reproducing the distribution of employees. These weights are recommended 
whenever the analyst wishes to place more emphasis on answers provided by bigger units. An alternative is 
offered by calibration techniques (Deville et al., 1992 and 1993), which produce one set of weights satisfying 
multiple constraints. This latter solution might however have an unacceptable increase in the variability of 
weights as an aftermath, so a balance must be struck between unbiasedness (obtained with many constraints) 
and Mean Square Error of the estimates. 

2.7 The problem of outliers is recognised and discussed. Controlling for their presence is left to the 
analyst, since no weighting system could reduce the contribution of influential observations on estimates. As 
an alternative, robust estimates (Huber, 1981) could be produced together with the usual ones, like for 
example winsorised estimates (Kocic and Bell, 1994, Smith et al., 2004). The difference between traditional 
and robust estimated reveals to the analyst the influence of outliers and therefore he is dispensed from this 
task. 

2.8 Bootstrapping techniques are used for variance estimation, given the practical difficulty of using 
analytical formulas. A wide body of research stresses however the asymptotical superiority of jackknife over 
the other computer – intensive solutions (Shao and Tu, 1995), therefore a comparison is suggested between 
results obtained by jackknife and bootstrap methods, particularly over small domains. 

2.9 A detailed technical description of the longitudinal weighting process could not be provided in such 
a short presentation. I however feel the need of some short remarks on the following points: 

a) methods of revision of the weights through the waves; 
b) how longitudinal weights account for the different selection process /response patterns (typically 

different between unit interviewed for the first time and more than once ) and changes in the unit size; 
c) how the link between longitudinal weights and cross sectional weights is established. 
2.10 The usefulness of longitudinal weighting could best be highlighted by describing some estimates 

obtained based on them. A discussion about whether they are routinely used for standard data dissemination 
or just for special analyses could also be a major improvement. 
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3. Main features of Indonesia’s Medium and Large Manufacturing Survey and specific comments 
The survey appears to be a complete Census of the Indonesian establishments with 20 employees or 

more (in terms of average employment level during the year), carried out yearly. The choice of average 
employment, less easy to collect that end-of-year employment, is generally dictated by the need to clean the 
data from the seasonal variations. The choice of a Census, as opposed to that of a representative sample was 
dictated by the need to follow a sector that, using the authors’ words “has been the primary focus of national 
economic policymaking since the early 1980s and the one responsible for the country’s impressive growth in 
the 1990s”: this role is the main justification for the vast resources lavished in the course of the years. The 
survey relies on a list of all the units to be enumerated, which is built and updated with multiple-level 
interventions either at the central and the peripheral level. As an aftermath of regularly conducting a survey 
throughout the years, a panel of continuously participating establishments has been formed. It is a real pity 
that results for years posterior to 1995 are not shown. 

3.1 The list needs frequent updating, even because it must take in only entities with a time-varying 
characteristic above a given critical threshold (number of employees). Its maintenance is described as a 
multi-level task, involving central end peripheral interventions. The coordination of such intervention is 
critical and efforts should be devoted to it. Uniform definitions and standard should be outlined and applied, 
in order to manage all the cases uniformly and avoid duplications in the list. Some actions have surely been 
undertaken by survey managers and could be more extensively documented. 

3.2 Units contacted, but unwilling to participate in the survey, are present. They tend to be smaller than 
the average unit. If totals for the target population are available (maybe in the form of list counts), it could be 
useful to compute grossing – up weights to apply to responding units, so as to compensate for total non 
responses (Verma, 2000). Weights could be computed both at the cross-sectional and the longitudinal level. 
The latter would be more suitable for studies of changes and transitions, but they require the choice of many 
possible reference populations. A future discussion about this point and whether or not such solutions have 
been contemplated would be interesting. Surely weights are not needed for variables with high concentration, 
such as value added, basically determined by bigger units that tend to persist in the survey, but could be 
useful for employment. 

3.3 The attrition mechanism of the panel is not random (Duncan et al., 1989), since smaller units tend 
to leave the sample earlier (or to participate intermittently in the survey). If the survey is used to trace the 
evolution of some variables (such as employment, value added, output) even for small domains, one should 
check for a given year t whether units not present the following year t+1 behave differently or are similar to 
those participating in t+1 but not in t. This documentation could be greatly appreciated by potential survey 
users. 

3.5 The panel that has accumulated over the years was not planned from the beginning and its 
capability to represent the target population might vary in the time. This aspect is already described in the 
paper, but deserves further analyses. 

3.4 The number of units enumerated every year is steadily increasing and one should expect it to keep 
on growing in a fast developing country such as Indonesia (fig. 1). This fact might suggest the need to 
frequently check costs and benefits of carrying out a Census, which has so far entailed relevant and well-
documented costs. A possible risk caused by an increasing workload is that of attaining critical levels of non 
sampling errors (Lessler and Kalsbeek, 1992), which could potentially offset the benefits of complete 
enumeration. This point is critical, even if it cannot be adequately translated in terms of financial costs. Even 
as an exercise, alternatives could be explored that mix complete enumerations of bigger establishments (for 
example those with more than 99 employees) and representative samples of smaller entities. 
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ISI 2007 The German IAB Establishment Panel: Design, maintenance and longitudinal weighting (1993-2006) 
(by Harald Bielensky and Lutz Bellmann) and Design and Maintenance of Panel Data in Business 
Surveys: the Case of Indonesia’s Medium and Large Manufacturing Survey (by Jammal, Yahya and 
Dwijosumono, Subagio). 
Some comments 

4 
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Figure 1 

Number of establishments enrolled in Indonesia’s Medium and Large Manufacturing Survey 

 
 
 
 
 
 
 
 
 
 
 
 
 

4. Conclusion 
The authors of the first paper have achieved an extensive description of the IAB survey. A laudable 

effort has been made in documenting how panel stability is kept throughout the years. A bit of work might be 
still needed in addressing the specific points raised in the Section 3 of this document.  

The survey presented in the second paper is surely a powerful tool for the production of 
macroeconomic indicators. Further studies are needed to assess its validity for more detailed analyses, which 
exploits the panel dimension. 
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1 Introduction

We address the problem of performing a logistic regression in a secure way on pooled data collected
separately by several parties (agencies) without actually directly combining their databases. Specif-
ically, the parties want to fit a model and make inferences using the pooled data in a way that no
party’s data is disclosed to any other party. The partitioning of data may occur in several ways. When
the parties have exactly the same variables but for different data subjects, we call the situation (pure)
horizontally partitioned data. At the other extreme, when the parties hold disjoint sets of attributes
for the same data subjects we call the situation (pure) vertically partitioned data. Examples of parties
are government agencies or competing business establishments.

In this paper, we consider a structured mixed case. Attributes are partitioned among parties,
but not every data record is common to all parties. There is a horizontal partitioning component as
well: one party may be the only one holding any attributes for some records. The assumption that
attributes are partitioned is central: it avoids reconciling possibly different attribute values in multiple
databases. But, it eliminates potentially important cases such as “party A holds attributes 1, 2, and 3
for some of its subjects and 4, 5, and 6 for others, while the opposite is true for party B.” The analysis
we consider is logistic regression. In the case of categorical predictor variables we can carry out the
analysis directly on the logistical scale or indirectly via the examination of corresponding log-linear
models. Each strategy offers distinct advantages in specific instances, cf. Bishop et al. (1975), Fienberg
(1980), and the application for horizontal partitioning in Fienberg et al. (2006).

The full implementation of our approach will be described in a longer paper, but here we
provide background, methodological details, especially those linking to the more traditional statistical
and machine learning literature, and we briefly describe a practical application.

2 Background

In the computer science literature, the problems we address are termed privacy-preserving data mining
(PPDM). Often the emphasis is on algorithms rather than full statistical analyses. Examples include
the results of the application of association rules and K-means clustering. For details, see Clifton

1Supported in part by NSF grant EIA–0131884 to the National Institute of Statistical Sciences, by NSF grant DMS-

0631589 and Army contract DAAD19-02-1-3-0389 to Carnegie Mellon University, and by NSF grant SES-0532407 to

Pennsylvania State University.
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et al. (2006) and for a partial explanation why these are not the same as shared secure computation,
see Fienberg et al. (2006).

The PPDM literature tends to focus on either the horizontal or the vertical partitioned cases.
For results concerning horizontally partitioned data, see Fienberg et al. (2006), Ghosh et al. (2006)
(adaptive regression splines), Karr et al. (2005) (regression) and Karr et al. (2007) (regression, data
integration, contingency tables, maximum likelihood, Bayesian posterior distributions; regression for
vertically partitioned data).

Sanil et al. (2004) and Sanil et al. (2007) treat secure linear regression for vertically partitioned
data from two very different perspectives. Under the often unrealistic assumption that the agency
holding the response attribute is willing to share it with the other agencies, Sanil et al. (2004) apply
the algorithm for derivative-free quadratic optimization due to (Powell, 1964) to solve the least squares
minimization problem directly, yielding the estimated coefficients β̂. Only limited diagnostic informa-
tion is available, however. Sanil et al. (2007) use a form of secure matrix multiplication to calculate
off-diagonal blocks of the full-data covariance matrix. These calculations occur pairwise between agen-
cies, and do entail loss of information. In Sanil et al. (2007), it is shown how to minimize this loss. An
advantage of this approach is that rather complete diagnostic information can be obtained with no
further loss of privacy. Analyses similar to ordinary regression (e.g., ridge regression) work in the same
manner. Du and Zhan (2002) and Du et al. (2004) describe similar, but less complete, approaches.

We do not emphasize data pre-processing in this paper, but the issues are complex. Measurement
error creates problems of record linkage and resolution of the quantities to be used in a calculation. To
do secure computation in the sense we describe we require that all data to be in the same units, and
records must be linked unambiguously. Determining which records are common to all parties without
unnecessary revelation of information is itself a daunting challenge.

3 Logistic Regression for Vertically Partitioned Data Bases

Let Y1, . . . , Yn be independent Bernoulli variables whose means πi = E(Yi), depend on some covariates
xi ∈ R

p+1, through the relationship

(1) logit(πi) =
p∑

j=0

xijβj = (Xβ)i ,

where logit(π) = log[π/(1 − π)], X is the associated n × (p + 1) design matrix whose first column is
unity, and (a)i stands for the i-th element of the vector a.

For vertically partitioned data held by K parties, we have X = [X1, X2, . . . , XK ], where each Xk

is an n × pk matrix, except for X1, which has 1 + p1 columns (one for the intercept). The parameter
β has a similar block structure. Thus we can rewrite equation (1) as

(2) logit(πi) =
K∑

k=1

(Xkβk)i .

This additivity across parties is crucial. Indeed, virtually all of the work noted in §2 for horizontally
partitioned data depends on “anonymous” sharing of analysis-specific sufficient statistics that add
over the parties.

We can now write the log-likelihood function, up to an additive constant, as

(3) l(β) = yt

(
K∑

k=1

Xkβk

)
−

n∑
i=1

log

[
1 + exp

{
K∑

k=1

(Xkβk)i

}]
.

We must obtain the maximum likelihood estimator β̂ of β through an iterative procedure. We
show below how to implement a secure Newton-Raphson algorithm to find roots of the likelihood
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equations. Karr et al. (2007) describe a similar approach to numerical maximization of likelihood
functions for horizontally partitioned data. For simplicity of presentation, we focus on K = 2, and
remark, at the end, on how to generalize to a multi-party scenario.

Let X = [U, V ], and β = [α, γ]. Differentiating the log-likelihood with respect to α and γ, we
obtain the gradient ∇l(β) = (lα(β), lγ(β)), where

(4) lα(β) = U ty −
n∑

i=1

ui exp{−(V γ)i}πi and lγ(β) = V ty −
n∑

i=1

vi exp{−(Uα)i}πi.

The Hessian Hl(β) is the matrix with sub-block matrices lαα(β), lαγ(β), lγα(β), lγγ(β), given by

(5)
lαα(β) = −U tΛV

1 U lαγ(β) = V tΛU
2 U

lγα(β) = U tΛV
3 V lγγ(β) = −V tΛU

4 V

for diagonal matrices ΛV
1 = diag

{
πi(1 − πi) exp{−(V γ)i}

}
, ΛU

2 = diag
{
π2

i exp{−(Uα)i}
}
, ΛV

3 =
diag

{
π2

i exp{−(V γ)i}
}
, and ΛU

4 = diag
{
πi(1 − πi) exp{−(Uα)i}

}
.

The Newton-Raphson algorithm updates a current value β̂OLD via

(6) β̂NEW = β̂OLD − H−1
l (β̂OLD)∇l(β̂OLD) .

Over the past twenty years, computer scientists developed a number of efficient algorithms to
securely evaluate a function whose inputs are distributed among several parties, known as secure multi-
party computation (SMC) protocols (Goldwasser, 1997; Yao, 1982). Specifically, we will be using the
secure summation protocol—a secure algorithm to compute a sum without sharing distributed inputs
(Benaloh, 1987), and a secure matrix multiplication—a secure way to multiply two private matrices.
We assume that the parties involved are semi-honest, i.e., (1) they follow the protocol and (2) they
use their true data values. But parties may retain values from intermediate computations.

The first party, holding design matrix U , picks an initial choice α(0). Likewise, the second party,
holding design matrix V , picks an initial choice γ(0). Together they form β(0) = (α(0), γ(0)). Using
the two-party secure summation protocol, they jointly obtain π(0) by equation (2). (Strictly speaking,
secure summation is not possible for two parties, but this is not an issue in the general case.) Plugging
this into expressions (4) and (5), the parties can utilize a secure matrix multiplication (e.g., as in Sanil
et al. (2007)) to have also the gradient ∇(0)

l , and the Hessian H
(0)
l . At this point, each party can

calculate H−1
l ∇l, and thus obtain the next point of the Newton-Raphson sequence β(1). Because of

numerical complexities, however, there are subtleties (Karr et al., 2007), e.g., the parties must agree on
the value of the Newton-Raphson iteration. Also the parties must be willing to share their estimated
values of their components of β. This is a non-trivial assumption for pure vertically partitioned data
and may reveal some confidential information.

For K > 2 parties, we use a true multi-party secure summation protocol and apply the matrix
multiplication protocol to every pair of parties.

4 Logistic Regression in the General Case

We now consider the case described in §1: attributes are partitioned among parties, but not every
data record is common to all parties. It is natural to put this case into a missing data framework.

As before, let X = [X1, . . . , XK ] for parties A1, . . . , AK , but each sub-block matrix Xk may now
contain missing values (for those records that party Ak does not have in its possession). Therefore,
we expand the covariates xi ∈ R

p+1 as xi = (xoi
i , xmi

i ), where oi,mi stand for the observed and
missing attributes, respectively, and they are both further expanded as xoi

i = (xoi
i (A1), . . . , xoi

i (AK))
and xmi

i = (xmi
i (A1), . . . , xmi

i (AK)).
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We begin with a simplified version of the general case. We assume that there is no overlapping
of variables between different parties, and that an exact match can be made using unique identifiers
that the parties share. We are missing data element and thus choose to view the problem in a missing
data framework, where we can make distributional assumptions regarding the variables and then use
the EM algorithm to impute missing values. There are two cleanly identifiable cases, involving solely
continuous covariates or solely categorical ones. We defer a discussion of the latter case to the full
paper where we also consider the related log-linear model formulation.

Following Williams et al. (2005) we presume that the covariates xi follow a Gaussian mixture
model (GMM) with two components to the incompleteness, associated with the mixture parameter
and with the Gaussian distribution parameters which correspond to genuinely missing data elements,
xmi

i . We apply a version of the EM algorithm simultaneously to both components.
If only one party is involved (or that the parties are willing to share their data). The formulation

of the GMM and the EM algorithm is as follows. Let φ(·, μ,Σ) denote the multivariate normal density
with mean vector μ, and variance matrix Σ. Let the distribution of xi = (xoi

i , xmi
i ) be given by:

(7) f(xi) =
J∑

j=1

πjφ(xi ; μj ,Σj),

where μj = (μoi
j , μmi

j ), and Σj is a partitioned matrix with sub-matrices Σoioi
j ,Σoimi

j , Σmioi
j , and Σmimi

j .
Denote by Z the missing component, where Zij = 1 if observation xi originated from the j’th mixture
component. For θ = {(πj , μj , Σj) , j = 1, . . . , J}, the complete log-likelihood is then

(8) lc(θ|X, Z) =
n∑

i=1

J∑
j=1

Zij [log φ(xi ; μj , Σj) + log πj ] .

The E-step evaluates the conditional expectation of lc(θ|X, Z) given the observed data Xo =
{xoi

i , i = 1, . . . , n}. Here we simply need the standard calculation regarding the expectation of normal
random variables. Maximization with respect to the mixture parameter is also easy, and yields

(9) πj =
1
n

n∑
i=1

α̂ij , where α̂ij =
φ(xoi

i ; μ̂oi
j , Σ̂oioi

j )π̂j∑J
k=1 φ(xoi

i ; μ̂oi
k , Σ̂oioi

k )π̂k

.

The hats in (9) emphasize the fact that computations use values of θ from a preceding iteration. The
updating equations for the normal parameters using an EM algorithm given by Williams et al. (2005)
are:

(10) μj =
1∑n

i=1 α̂ij

n∑
i=1

α̂ij

[
xoi

i

Êij

]
,

(11) Σj =
1∑n

i=1 α̂ij

n∑
i=1

α̂ij

{([
xoi

i

Êij

]
− μj

)([
xoi

i

Êij

]
− μj

)t

+

[
0 0
0 V̂ij

]}
,

where Êij , and V̂ij denote, respectively, conditional expectation (the imputed values) and conditional
variance of xmi

i given xoi
i , with respect to the parameters from the previous iteration (and normal

component j).
To incorporate the fact that the parties are unwilling to (or cannot) share their values we perform

a secure logistic regression in two steps. The first step involves the generalization of the updating equa-
tions to the case under which K > 1 parties hold private data. In the case of only two parties A and B,
the parameters take the form: μj = (μoi

j (A), μoi
j (B), μmi

j (A), μmi
j (B)), and Σj is, again, a partitioned

matrix with sub-matrices in an appropriate form, e.g., Σoioi
j (A,A), Σoioi

j (A,B), . . . ,Σmimi
j (B, B). We
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must then show how to use secure protocols to evaluate these equations. The second step may use the
MLE’s of θ = {(πj , μj ,Σj) , j = 1, . . . , J}, or the imputed values together with a standard Newton-
Raphson algorithm to estimate the logistic parameters, through the approach presented for vertically
partitioned data.

Now suppose that K parties, A1, A2, . . . , AK , are involved. By repeating the arguments from
the E-step and M-step, we end up with similar expressions for the parameters. Expression (9) for πj

remains identical. We only need to take care when analyzing it since xoi
i is decomposed now into the

different parties’ values. The expressions for μj , and Σj have the same structure, as one expects. The
term Êij may be written as: Êij = (Êij(A1), . . . , Êij(AK))t, with each component given by:

(12) Êij(Ak) = E

(
xmi

i (Ak)|xoi
i , Zij = 1, θ̂

)
= μ̂mi

j (Ak) + Σ̂mi,oi

j (Ak, ·)Σ̂−1,oioi

j (·, ·)(xoi
i − μ̂oi

j ), k = 1, . . . , K.

The notation Σ̂mioi
j (Ak, ·) is used to denote the covariance (under mixture component j) between

xmi
i (Ak) and xoi

i = (xoi
i (A1), . . . , xoi

i (AK)). Other uses of this notation are to be understood similarly.
The term V̂ij is the (conditional) variance-covariance matrix of xmi

i given (xoi
i , Zij = 1, θ̂). This

matrix is a partitioned matrix whose blocks may be written as

(13) V̂ij(Ak, Al) = Σ̂mimi
j (Ak, Al) − Σ̂mioi

j (Ak, ·)Σ̂−1,oioi
j (·, ·)Σ̂oimi

j (·, Al),

where k, l = 1, . . . ,K.
We now show how to iterate in a secure fashion using the updating equations. For πj , note that

the numerator involves essentially the sum:

(14)
K∑

k,l=1

xoi
i (Ak)tΣ̂−1,oioi(Ak, Al)x

oi
i (Al) .

The (sub-)sum over all k = l, whose addends are local to each party, may be computed by a secure
sum protocol. The sum over k �= l involves different parties and may be computed by a secure dot
product protocol (Sanil et al., 2007). Together, we securely find πj for every j.

Consider next the terms Êij(Ak), and V̂ij(Ak, Al). We may proceed as suggested in Reiter et al.
(2004). We group together records in the database according to missing data patterns. The parties
will only have to share summary statistics (see (17) and (18) below). Let us assume that the parties
are willing to share the values of μj , and Σj . Assume further that there are no missing values in the
private raw data held separately by the various parties, that is, xi(Ak) is either xoi

i (Ak) or xmi
i (Ak),

and also μ̂mi
j (Ak) = μ̂j(Ak).

Under the previous assumptions, the V̂ij(Ak, Al), given by (13), can be computed by each of the
participating parties. The only troublesome term is the second term in (12), namely,

(15) Σ̂mi,oi
j (Ak, ·)Σ̂−1,oioi

j (·, ·)(xoi
i − μ̂oi

j ).

While the matrix Σ̂mi,oi
j (Ak, ·)Σ̂−1,oioi

j (·, ·) is shared by party Ak and the rest, the vector of observed
xoi

i is composed of private block vectors and is not available to party Ak.
Let M be the number of missing data patterns. Let {I1, . . . , IM} be a partition of {1, . . . , n},

i.e., I1, . . . , IM are mutually disjoint and ∪M
m=1Im = {1, . . . , n}. Referring to (10), we only need to care

about the missing components
∑n

i=1 α̂ijÊij . Decomposing the sum over all observations according to
the missing data patterns, for party k we write

(16)
n∑

i=1

α̂ijÊij(Ak) =
M∑

m=1

aj,k,m

∑
i∈Im

α̂ij +
M∑

m=1

bj,k,m

[∑
i∈Im

α̂ijx
oi
i

]
,

where aj,k,m, and bj,k,m are functions of μ̂j , Σ̂j , and are fixed within any missing pattern Im (c.f.
equation (12) in Reiter et al. (2004)).
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All parties know α̂ij , and can calculate it securely. Therefore, the first addend in (16) poses no
disclosure limitation problem. For the second addend, we assume that the parties are willing to share
a linear combination of their values:

(17)
∑
i∈Im

α̂ijx
oi
i , for every ,m = 1, . . . , M.

Every party l computes
∑

i∈Im
α̂ijx

oi
i (Al), for every j, m and shares it among the other parties. This

reveals nothing to party k. One drawback is that the parties need to share the linear combination
every iteration since α̂ij changes.

Consider now the updating of Σ̂j through (11). There are essentially three sums of matrices
which we need to regard,

∑n
i=1 α̂ijx

oi
i (xoi

i )t,
∑n

i=1 α̂ijx
oi
i Êt

ij , and
∑n

i=1 α̂ijÊijÊ
t
ij . We assume that the

parties are willing to share

(18)
∑
i∈Im

α̂ijx
oi
i (xoi

i )t, for every m = 1, . . . , M,

as well as the linear combination (17). This is a matrix whose entries are inner-products. It is straight-
forward to see that we can calculate the three sums securely using secure inner-product protocols.

5 Illustrative Example

In the full paper from which the present one is extracted we illustrate the approach described above
and our secure logistic regression protocol using a restructured version of data from the 1993 US
Current Population Survey. Versions of these data have been used previously to illustrate several
other approaches to confidentiality protection. There are 48,842 cases with 8 categorical variables,
listed in the Table 1, which, for purely illustrative purposes, we partition in Table 2 among K = 3
agencies, designated as A, B, and C, whom we presume wish to jointly, but securely, analyze the data.

Variable Label Categories
Age (in years) X1 < 25, 25 − 55, > 55
Employer Type (Empolyment) X2 Gov, Pvt, SE, Other
Education X3 <HS, HS, Bach, Bach+, Coll
Marital status (Marital) X4 Married, Other
Race X5 White, Non-White
Sex X6 Male, Female
Hours Worked (HrsWorked) X7 < 40, 40, > 40
Annual Salary (Salary) Y < $50K, $50K+

Table 1: Description of the response variable (Y ) and explanatory variables (X1, ..., X7) used for
illustration of the secure logistic regression protocol.

Consider m = 3, the third missing data pattern illustrated in Table 2. The entries of the table
are aligned by missing data patterns. Party A wants to impute its missing values for variables x1, x2

and records {10201, ..., 22481} = I3. Note that α̂5j and α̂6j are known to both party A and parties
(B,C). Party B computes

∑
i∈I3

α̂ij(xi3, xi4, xi5)t and sends it to party A. Likewise, party C computes∑
i∈I3

α̂ij(xi6, xi7)t and sends it to party C. Party A then computes the elements of μ̂j corresponding
to its variables, and it does not get to see the observed variables (xi3, xi4, xi5, xi6, xi7) themselves.

6 Discussion

What are the privacy issues we are likely to encounter in this shared computation setting compared
with those in single data base problems? Almost always the parties holding the databases wish to
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Agency A Agency B Agency C
n X1 X2 X3 X4 X5 X6 X7

1
√ √ √ √ √ • •

...
√ √ √ √ √ • •

9000
√ √ √ √ √ • •

9001...10200
√ √ • • • √ √

10201...22481 • • √ √ √ √ √
22482...48842

√ √ • • • • •

Table 2: An example of an (aligned) concatenated database. Party A records values of x1, x2

and observations 1 − 10200, 22482 − 48842, Party B records values of x3, x4, x5 of observations
1 − 9000, 10201 − 22481, and Party C records values of x6, x7 of observations 9001 − 22481.

protect the identities of their data subjects as in single part settings. In latter, however, in order
to prevent “identity disclosure,” an agency will remove explicit identifiers (name, address and social
security number, for instance), and then aggregate, top-code or alter the data in some other way (data
swapping) before sharing. In context of distributed databases, one goal is to perform the analysis on
the unaltered data, by anonymously sharing sufficient statistics rather than the actual data. In order
to perform secure logistic regression, however, unique record identifiers must exist that are common to
all the databases. These alone do not constitute identity disclosures, because no associated attribute
values are shared. As we noted in §2, there are risks associated with determining which records appear
in more than one database, since an agency may not be willing to include in the logistic regression
records for which only it holds any attributes.

Secure logistic regression also poses attribute disclosure risks: if the analysis reveals that at-
tributes held by agency A predict those held by agency B, then A gains knowledge of attributes held
by B. This is equally true, though, even for linear regression on pure vertically partitioned data, e.g.,
see Sanil et al. (2004). The secure EM protocol is preformed with in each data missingness pattern
identified in the “global” aligned database. Reiter et al. (2004) discuss risks associated with this.
Finally, secure matrix operations are not disclosure-free. Two parties participating in such a com-
putation each relinquish information to the other, in the form, e.g., of vectors orthogonal to their
respective databases (Sanil et al., 2007).

The secure logistic regression protocol is computationally intensive since the secure matrix op-
erations need to performed at each iteration of the Newton-Raphson algorithm. For example, a linear
combination of weighted sums must be shared at each iteration. Fienberg et al. (2006) point out that
for horizontal case log-linear “secure” computation is more efficient. We are still developing some of
these ideas, and the full paper from which this has been extracted includes the implementation of the
currently proposed methodology, as well as exploration of log-linear/logit versions when the covariates
are all categorical.
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RÉSUMÉ (ABSTRACT)

We consider the problem of performing a logistic regression in a secure way across partially
overlapping data bases, owned by multiple parties. The idea is to have a shared computation for the
purposes of model fitting and assessment using the pooled data, in such a fashion that no party’s
data is directly disclosed to any other party. We describe the relationship of this problem to other
well-formulated statistical ones. We then discuss the computational details, the meaning of secure
computation in this context, and the implications for the protection of privacy, both for data base
owners and for the individuals whose data are incorporated into the calculations.
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1.   Introduction 

Statistical Agencies have to assess the disclosure risk involved in the release of sample micro-data 
when the population is unknown or only partially known based on marginal distributions from current 
population estimates. When the sample is given in the form of a frequency table, disclosure risk arises when 
both the sample and the population have small counts in some cells defined by cross-classifying identifying 
key variables (i.e., sex, age, marital status, ethnicity, place of residence, etc.). This allows an “intruder” who 
has the sample data and access to some information on the population to identify an individual in the sample 
with high probability.  
     Various individual and global disclosure risk measures estimation methods have been proposed in the 
literature based on probabilistic models, see e.g., Bethlehem (1990), Benedetti, Capobianchi and Franconi 
(1998), Skinner and Holmes (1998), Elamir and Skinner (2006), Rinott (2003), Rinott and Shlomo (2006). In 
the context of such methods, the question of computing the variance of a given risk estimator, and a related 
confidence interval is natural, and was raised frequently in conferences.  
     In this paper we present a simple method for calculating approximate confidence intervals for global 
risk measures under probabilistic models. In Section 2 we provide a short description of the Poisson log-
linear model which we use here, and describe our variance estimation procedure, based on the model 
selection method of Skinner and Shlomo (2006) which we briefly review. Section 3 provides simulation 
results based on a real data set drawn from the 2001 UK Census. We conclude in Section 4 with a discussion. 

Calculating precise estimates and confidence interval for global disclosure risk measures is a hard 
problem due to the fact that risk measures are not ordinary parameters. In fact they depend both on the 
sample counts (random, observable data) and on the population counts (unobservable parameters), and 
therefore are not parameters in the classical sense.  Furthermore, model based risk estimation requires 
model selection in order to obtain unbiased risk estimates in a sense described in Section 2, which is a very 
hard problem in the relevant sparse frequency tables, and as a result one must settle for approximations, and 
cannot expect very precise results. 

An agency which considers releasing the sample is interested in the risk of the given sample and a 
confidence interval for it, and not in the potential risk of other samples of this type. As mentioned above, risk 
measures depend both on the sample and the population. A risk measure in a given sample and its variance 
may depend, for example, on the number of sample uniques and population uniques. Given the sample and a 
risk measure estimate, its variability and the need for a confidence interval is due to the fact that the 
population is unknown and assumed random in our model. A confidence interval should provide information 
on how precise the risk estimate is for this sample, and not across all possible random samples. Therefore, 
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for the problem at hand, it is natural to provide conditional confidence intervals with a coverage probability 
which is conditional on the given sample. Since our assumed structure is of a Bayesian type, we can consider 
confidence (or credible) intervals based on the posterior distribution of the parameter given the sample. 
However, since this distribution contains unknown parameters which are estimated from the sample, we are 
led naturally to empirical Bayes confidence intervals. For a general discussion of such intervals see, e.g., 
Laird and Louis (1989) and references therein, and for a discussion and references on the issue of estimating 
parameters of the type considered here which involve both the known sample and unknown parameters, with 
a brief discussion of the relevance to disclosure control, see Zhang (2005).  
 
2.   Risk Estimates and Probabilistic Models 

Using the notation of Skinner and Shlomo (2006) and Rinott and Shlomo (2006), let }{ kf=f denote 
an m-way frequency table, which is a sample from a population table }{ kF=F , where ),...,( 1 mkkk =  
indicates a cell and kf  and kF  denote the frequency in the sample and in the population cell k, 
respectively. Formally the sample and population sizes in our models are random and their expectations are 
denoted by n and N, respectively and the number of cells by K. We can either assume that n and N are known, 
or that they are estimated by their natural estimators: the actual sample and population sizes, assumed to be 
known. Throughout this paper, when we write n or N, we formally refer to their expectations.  

We assume that the m attributes in the table are the identifying key variables, i.e. variables which are 
accessible to the public or to potential intruders and can be used to identify individuals. Disclosure risk arises 
from cells in which both kf  and kF  are positive and small, and in particular when 1== kk Ff    
(sample and population uniques). We focus here on two global disclosure risk measures which are based on 
sample uniques, but the approach is easily extended to similar measures. We consider 

     ∑ === )1,1(1 kkk FfIτ ,  kkk FfI /1)1(2 ==∑τ ,  
where I denotes the indicator function. Note that 1τ  counts the number of sample uniques which are also 
population uniques and 2τ  is the expected number of correct guesses if each sample unique is matched to a 
randomly chosen individual from the same population cell. Note also that 2,1, =iiτ  involve both the 
sample and the population, and therefore they are not ordinary parameters. 

We consider the case that f is known, and F is an unknown parameter (on which there may be some 
partial information, and a prior family of distributions) and the quantities 1τ  and 2τ  should be estimated. 
The methods discussed in this section consist of modeling the conditional distribution of f|F , estimating 
parameters in this distribution and then using estimates of the form:  

)1|1(ˆ)1(1̂ ====∑ kkkk fFPfIτ ,  ∑ === ]1|/1[ˆ)1(ˆ2 kkkk fFEfIτ ,             (1) 
where P̂  and Ê denote estimates of the relevant conditional probability and expectation. Note that the 
quantities in (1) are in fact estimates of )|( fE iτ  for 2,1=i  rather than iτ . 

The method described in this paper is based on the Poisson distribution and the use of log-linear models 
to estimate the parameters of the distribution, however other models could be considered with the present 
approach.  

 
2.1 Variance Estimates and Confidence Intervals 
    We first describe the assumptions and method in general, and in Section 2.2, we describe the 
Poisson log-linear model which we shall use.  
    In general we assume that }|{ kk fF are (conditionally) independent with a distribution 
depending on a parameter kλ  which can be estimated from the observations }{ kf . Consider first 

∑ === )1,1(1 kkk FfIτ . Given the sample }{ kf  it is a sum of Bernoulli random variables over 
sample uniques, taking the value one with probability )1|1( == kk fFP . Thus  
        ))1|1(1)(1|1()1()|( 1 ==−====∑ kkkkkk fFPfFPfIVar fτ .              (2) 
As in (1) we estimate the variance of (2) by   

 ))1|1(ˆ1)(1|1(ˆ)1()|( 1 ==−====∑
∧

kkkkkk fFPfFPfIVar fτ ,               (3) 
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provided we can estimate the indicated conditional probabilities (see Section 2.2). In a similar way we have 
        ∑ === )1|/1()1()|( 2 kkkk fFVarfIVar fτ ,                                  (4)  
which is estimated by replacing the latter conditional variance by its estimate based on the estimated 
conditional distribution of }|{ kk fF  to yield 
        ∑ ===

∧∧
)1|/1()1()|( 2 kkkk fFVarfIVar fτ .                                (5) 

In order to construct confidence intervals, we use the approximation that conditionally on }{ kf=f , 
)f|( ii E ττ −  is normally distributed with variance as in (2) for 1τ  and (4) for 2τ .  Since we do not 

observe )|( fiE τ  we replace them by their estimates iτ̂  2,1=i  given in (1).  Following Skinner and 
Shlomo (2006), see details in Section 2.2, we assume a Poisson log-linear model, and select the model which 
minimizes the bias (or rather an estimate thereof)  

  )f|(ˆ iii EB ττ −=                                                  (6)              
and then use the approximate confidence interval of the type 
 
       )|(2ˆ fii Var ττ

∧
± ,                                                         (7)         

where the variance estimates are those of (3) and (5).  Since we replace )f|( iE τ  by iτ̂ , this is a 
reasonable approximation provided iB  is indeed small, and thus the utility of this approximation depends 
on the quality of the model selection and parameter estimation. Here we rely on the method of Skinner and 
Shlomo (2006), however, the approach we present here can be adapted to other models and model selection 
methods.  
 
2.2  The Poisson Log-Linear Model  

A common assumption in the frequency table literature is )(~ kk PoissonF λ , independently, where 
NFkk =∑  is a random parameter. Binomial (or Poisson) sampling from kF  means that 

),(~| kkkk FBinFf π  independently, where kπ  is the sampling fraction in cell k. By standard 
calculations we then have: 

)(~ kkk Poissonf πλ  and, ))1((~| kkkkk PoissonffF πλ −+ , (8) 
where kk fF |  are conditionally independent.  

Assuming a simple random sample design where Nnk /== ππ  and setting πλμ kk = , Skinner 
and Holmes (1998) and Elamir and Skinner (2006)  proposed using the sample counts }{ kf to fit a log-
linear model: βμ kk x′=log  in order to obtain estimates for the parameters: πμλ /ˆˆ

kk =  . Assuming that 

kf  are the outcomes of independent  )( kPoisson πλ  random variables, the maximum likelihood (MLE) 
estimator β̂  may be obtained by solving the score equations: 0)]exp([ =′−∑ kkkk xxf β .  

Using the second part of (8), it is easy to compute the expected individual disclosure risk measures for 
cell k, defined by: 

)1()1|1( πλ
λ

−−=== k

k
efFP kk , )]1(/[]1[)1|/1( )1( πλπλ

λ −−== −−
kkk

k

k
efFE . (9) 

Plugging kλ̂ for kλ  in (3) leads to the desired estimates )1|1(ˆ
ˆ == kk fFP
kλ  and 

]1|/1[ˆ
ˆ =kk fFE
kλ  and then to 1̂τ  and 2τ̂  of (1). 

 
2.3  Model Selection 

Skinner and Shlomo (2006) developed a method of selecting the model for risk estimation based on 
estimating and (approximately) minimizing the bias 2,1, =iBi  of the risk estimates 1̂τ  and 2τ̂ . The 
bias of 2,1,ˆ =iiτ  is estimated by statistics denoted by 2,1,ˆ =iBi  which are asymptotically normal 
with variances which can also be estimated under the model.   

We briefly review the procedure of Skinner and Shlomo (2006), with a slight change of notation. 
Write ∑ == )()1()|( kkk hfIE λτ f and )ˆ()1(ˆ kkk hfI λτ ==∑  where for 1τ  we take 

)1|1()( === kkk fFPh λ  and )1|1(ˆ)ˆ( === kkk fFPh λ , the estimate of )( kh λ  obtained by 
plugging in the estimated parameters kλ̂ . Similarly for 2τ  set )1|/1()( == kkk fFEh λ and 

)1|/1(ˆ)ˆ( == kkk fFEh λ .  We have the approximation 
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∑ −== )]()ˆ()][1([ kkkk hhfIEB λλ .   (10)       
A Taylor expansion of h, leads to the approximation  

]2/)ˆ)(('')ˆ)((')[exp( 2
kkkkkkkkk hhB λλλλλλλπλ −+−−≈∑   

and the relations  kkEf πλ=  and 222 )ˆ(])ˆ[( kkkkk EffE λλπλπ −=−−  lead to a further 
approximation of B of the form 

)]2/(])ˆ)[(ˆ('')ˆ)(ˆ(')[ˆexp(ˆˆ 2 πλπλλπλλπλ kkkkkkkkkk ffhfhB −−+−−−≈∑ . 
 

The method of Skinner and Shlomo (2006) selects the model which minimizes the standardized bias estimate 
2,1,ˆ/ˆ =ivB ii , where iν̂  are estimates of the variance of iB̂  which will not be discussed here.    

 
2.4  Variance Estimates and Confidence Intervals under The Poisson Model  
     Using the second part of (8), we have ))1(exp()1|1( πλ −−=== kkk fFP  and therefore we obtain  
     )]1(ˆexp(1)[1(ˆexp()1()f|( 1 πλπλτ −−−−−==∑

∧

kkkk fIVar .   (11)          
For 2τ  we use (8) again to compute a series approximation of )1|/1( =kk fFVar  as a function of kλ  
and plug in kλ̂  to obtain the estimate ).|( 2 fτ

∧
Var   

Now the confidence intervals of (7) can be computed using 1̂τ  and 2τ̂  of (1) (using (9) as described 
above), and the variance )|( 1 fτ

∧
Var � of (11) and the corresponding )f|( 2τ

∧
Var . 

Taking into account that we have done many different approximations such as Taylor series and normal 
approximations, and used plug-in estimates, we must expect a rather imprecise coverage level of the intervals. 

This will be studied by simulations.  
 

3. A Simulation Study  
We assess the coverage rate and utility of the proposed confidence interval method by three types of 

simulation experiments which we now describe. 
Part 1.  A frequency table of real data taken from the 2001 UK Census representing a population of 

size N was constructed. A random sample of size n was drawn from this population. Since both the 
population and the sample are known, we can compute the true risk measures 1τ and 2τ .  

A model selection procedure as in Section 2.3 was performed on the basis of the sample only, (however, 
due to complexity of computations we sometimes used heuristic algorithms which do not look at all the 
models, similar to the well-known forward or backward selection algorithms). The corresponding parameters 

kλ̂  were estimated. The risk measure estimates 1̂τ  and 2τ̂  of (1) and (9) and the variance )|( 1 fτ
∧

Var  of 
(11) and the corresponding )|( 2 fτ

∧
Var  were then computed along with the resulting confidence intervals 

of (7). Since 1τ  and 2τ  are known, we can see if the confidence intervals cover them, or whether they 
seem to be in the ballpark. This was repeated several times and the results are given in Table 1.  

The error in the coverage rate is due to many approximations as described above and the fact that the 
Census population used cannot be expected to follow any Poisson log-linear model precisely. The next 
simulation is aimed at eliminating the latter reason.  

Part 2.  We chose a log-linear model which fits the population in one of the examples of Part 1, and 
estimated its parameters. Using these parameters we generated a new population using )(~ kk PoissonF λ  
independently. We now have a simulated population which satisfies the assumptions of the model. We 
continue as in Part 1 above, that is, we draw a sample from the generated population, select a model for risk 
estimation and estimate the parameters, construct the confidence intervals, and check their coverage rate by 
repeating the whole experiment 100 times, that is, with the same parameters we generated 99 more 
populations, samples, etc., (except that we did not select a new model for the risk estimation in each 
repetition, but rather used the model selected based on the first sample; this is expected to reduce the 
coverage rate). The intervals are based on a normal approximation, model selection and parameter estimates, 
and are therefore approximate; however, the population now satisfies the assumptions of the model. 
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     Part 3.  Now we generate the population as in Part 2 and draw a sample. However, the risk estimates 
are computed using the same parameters that were used to generate the population and not their estimates. 
This eliminates another source of noise, and should improve the coverage rate, which is again estimated by 
repeating the experiment 100 times.   

In Table 1, we present results of Part 1 for some real data sets taken from the 2001 UK Census. The 
population size N, the sample size n, the number of cells in the table K and the attributes (key variables) are 
given in each table with the number of categories in each attribute in parentheses. The table shows the 
resulting parameters iτ  and their estimates iτ̂ , the selection parameters ,ˆ/ˆ

ii vB and the confidence 
intervals. The confidence intervals contain the true 1τ  in all but one experiment, while 2τ  is contained in 
about 50% of the experiments, however when it is outside the interval, it is very close and the approximation 
seems reasonable and useful. 

Table 1:  Coverage rates for the estimated confidence intervals of the disclosure risk 
measures of samples from a UK Census population as described in Part 1.  

 
Model 1τ  1̂τ  11 ˆ/ˆ vB )|ˆ(2ˆ 11 fττ v±  2τ  2τ̂  22 ˆ/ˆ vB

 

)|ˆ(2ˆ 22 fττ v±  

Example 1: N=1,468,255  K=5,563,080 
area(3),sex(2),age(101),marital status(6),ethnicity(17),work status(10),religion(9) 

 n= 7,341 212  195.7 1.31 178.8 - 212.6 444.3 421.4 0.80 410.4 - 432.4

 n=14,683 359 384.0 1.10 360.6 - 407.4 783.5 800.3 0.74 784.9 - 815.7

Example 2: N=1,468,255  K=618,120 
area(3),sex(2),age(101),marital status(6),ethnicity(17),work status(10) 

 n= 7,341 88 87.4 0.87 75.3 - 99.5 225.2 211.8 1.16 203.9 - 219.7

 n=14,683 167 167.5 -0.17 150.4 - 184.6 408.1 423.2 0.53 411.9 - 434.7

 n=14,683 147 171.5 0.60 154.4 - 188.6 403.6 413.3 0.57 402.2 - 424.4

 n=14,683 180 190.0 0.90 172.9 - 207.1 435.6 423.6 0.27 412.6 - 434.6

Example 3: N=1,468,255  K=741,744 
area(36),sex(2),age(101),marital status(6),ethnicity(17) 

 n=14,683 142 142.2 0.09 126.4 - 158.0 379.0 376.2 1.51 365.7 - 386.7

 n=14,683  136 135.7 1.02 120.1 - 151.3 364.2 366.0 0.55 355.6 - 376.4

 n=14,683 152 146.5 -0.65 130.7 - 162.3 373.0 373.5 -0.03 363.0 - 384.0

Example 4: N=944,793  K=412,080 
area(2),sex(2),age(101),marital status(6),ethnicity(17),work status(10) 

 n= 9,448   159 152.2 0.88 136.5 - 167.9 355.9 343.3 1.73 332.1 - 354.5

 n=18,896  263 277.0 -0.27 255.7 - 298.3 628.9 638.1 0.92 625.8 - 650.9

Example 5: N=51,620,597,  K=443,520(*) 
region (11), age (96), sex (2), number of residents(7), marital status(6), number of cars(5) 

 n= 16,651 18.0 18.6 -0.21 13.0 - 24.2 83.0 83.9 0.06 29.9 - 87.9

 n= 54,560  24 33.8 1.24 25 - 42.6 220.3 211.0 0.54 204.6 - 217.4

 n=119,618  64 74.4 0.56 61.6 - 87.2 446.6 441.7 0.03 432.4 - 451.0 

 n=357,888  211 189.5 -0.08 168.4 - 210.6 1193.8 1147.2 0.21 1131.6 - 1162.8
(*) These samples are based on a complex survey design based on clustered samples. 
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Table 2 shows the results of the simulations in Part 2. The data was generated using the model which 

was selected in the first experiment of Example 2 of Table 1 among those based on n=14,683. This model 
contains six interaction terms, {area*work status}, {sex*work status}, {age*marital status}, {sex*marital 
status}, {age*ethnicity}, {age*work status} and parameters estimated from the whole original population. 
For each population generated, a sample of n=14,683 was selected and the risk measures estimated. We 
selected separate models for the estimated risk measures 1τ  and 2τ  in order to ensure a small (and 
positive) ii vB ˆ/ˆ , i=1,2 statistic for each of the measures as described in Skinner and Shlomo (2006). 
Based on the chosen model the experiment was repeated a further 99 times as described in Part 2. The 
models chosen were:  
• For 1τ , the following interactions were included in the model: {area*age}, {area*ethnicity}, 

{area*work status}, {sex*marital status}, {sex*work status}, {age*marital status}, {age*ethnicity}, 
{marital status*ethnicity}, {ethnicity*work status}. This produced for a true 2561 =τ  an estimate of 

)30.0ˆ/ˆ(1.246ˆ 111 == vBτ . 
• For 2τ , the following interactions were included in the model: {area*work status}, {sex*marital status}, 

{sex*work status}, {age*ethnicity}, {age*work status}, {marital status*ethnicity}. This produced for a 
true 2.5042 =τ  an estimate of )98.0ˆ/ˆ(3.504ˆ 222 == vBτ . 

 
As shown in Table 2, 74% of the repeated samples had the true risk measure 1τ  within the confidence 

interval of )f|(ˆ2ˆ 11 ττ arV± , and 93% in the interval of )|(ˆ3ˆ 11 fττ arV± . The results for the risk 
measure 2τ  are similar. From these results, we suggest using confidence intervals based on three standard 
deviations, say, in order to take into account the numerous approximations of the method.  

 
Table 2:  Coverage rates for the confidence intervals of the disclosure risk measures for 

Part 2. 
 

Number of samples within confidence interval out of 100 Disclosure risk 
measures 
  

 
)f|(2 iVar τ

∧
±

 
)|(5.2 fiVar τ

∧
±

 
)|(3 fiVar τ

∧
±  

1τ  74%  89%  93%   

2τ   76% 84% 93%  
 
For Part 3 one should expect coverage close to 95% for confidence intervals of ±  two standard 

deviations, since the only approximations are that of iτ  to the normal, and the strong law approximation of 
replacing the risk measure by its expectation based on the true (rather than estimated as in Part 2) parameters. 
These are good approximations in the presence of a large number of sample uniques. Indeed we obtained that 
the percentage of samples that were in the confidence interval out of 100 repeated experiments was 95% for 

1τ  and 94% for 2τ .  
 

4. Discussion  
     The precision of an estimate is often described by a confidence interval. For risk measures estimates, 
confidence intervals would allow to compare the risk in different samples, and to identify samples which are 
significantly more risky than others. 

We presented a method of computing approximate confidence intervals for estimated risk measures of a 
given sample. The risk measures involve both the given sample and the unknown population which is 
modeled as random. The confidence level is conditional on the given sample. The method is based on a 
Poisson log-linear model, and the model selection procedure of Skinner and Shlomo (2006). Besides the 
assumptions of the model, the method involves various approximations such as a normal approximation to a 
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sum of random variables, the approximations involved in the model selection procedure and the subsequent 
parameter estimation, and in using plug-in estimators of the risk measure and their variances.  

Nevertheless, the simulations indicate that these rough approximations yield reasonable results, and 
given a risk measure estimate for a given sample, we can obtain a useful measure on its precision by using 
the proposed confidence intervals.  

The method was tried also on other models such as the Poisson and Negative Binomial smoothing 
polynomial described in Rinott and Shlomo (2006). Our impression is that given a good model selection 
procedure, which in the latter paper means selection of the degree of the smoothing polynomial and 
neighborhood sizes (or weights) for the fit, confidence intervals can be constructed in the same way. In fact 
the present approach applies to any probabilistic approach, such as Argus, see Benedetti, et al. (1998), in 
cases where its assumptions are realistic, and provided it comes with a method which yields roughly 
unbiased estimates. 
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RÉSUMÉ (ABSTRACT)   
Nous étudions l'évaluation du risque de révélation d'un échantillon de micro-données sous forme d'une table de 

fréquence. Lorsque l'on calcule des estimateurs de mesures de risque, la question de leur précision se pose 
naturellement. Nous répondons à cette question en fournissant des estimateurs de la variance et des intervalles de 
confiance approchés pour une certaine classe d'estimateurs de mesure de risque basés sur la structure de la table et sur 
un modèle probabiliste Bayésien. Les intervalles sont basés sur la distribution a posteriori de la mesure de risque 
estimée, qui implique une estimation de paramètres, et sont par conséquent des intervalles de Bayes empiriques.  

Les niveaux de couverture approchés de ces intervalles sont fonction de l'échantillon. Une étude par simulation 
sur des données synthétiques et des données réelles montre l'utilité de la méthode. 
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1. Introduction
Statistical agencies wish to assess the protection provided by statistical disclosure control (SDC)

methods. In previous work (Skinner and Holmes, 1998; Elamir and Skinner, 2006; Skinner and Shlomo,
2006) we have shown how disclosure risk may be assessed for survey microdata, under the assumption that
an attempt has been made to match a microdata record to the population using a specified set of categorical
identifying key variables. The disclosure risk may then be defined as the probability that an apparent match
is correct. We have shown how this risk measure can be estimated using probabilistic models based on
distributional assumptions about the population and sample counts in a contingency table spanned by the key
variables. This work has typically assumed that the key variable values in the microdata are not subject to
misclassification, nor other kinds of deliberate perturbative masking techniques which a statistical agency
might employ to reduce the risk of disclosure.

In this paper, we extend this risk assessment approach to capture the impact of perturbative masking
techniques, including record swapping and the post-randomisation method (Gouweleeuw et al., 1998), which
lead to misclassification of the key variables in the microdata. Our extension also provides a means of
assessing the impact on disclosure risk of measurement error occurring naturally in survey data on
categorical key variables.

2. Identification Risk under Misclassification
We consider the release of a microdata file consisting of records for a sample drawn from a finite

population U of size N. We suppose an intruder seeks to match a known external unit B U∈ to a record
in the file using C categorical key variables 1,..., CX X . The variable formed by cross-classifying these
variables is denoted X and its values are labelled 1,2,...., K . The value of X recorded in the microdata
for a sample unit A is denoted AX� and the value observed by the intruder for external unit B is
denoted BX . The difference between X and X� allows for misclassification. Let kf

� denote the number of
microdata records with X k=� . Suppose that the intruder observes a match between a sample unique record
and an external unit. Thus, the intruder knows an external unit B for which BX j= and observes 1jf =� . Let
A denote the unique sample unit for which AX j=� .

We define the identification risk for this sample unique record as the probability that A and B are
identical units given the data available to the intruder. To assess this probability, we assume that the values
of X are fixed for population units and let jF be the (fixed) number of units in the population with
X j= . Suppose the microdata sample is drawn from U using Bernoulli sampling with probability π and
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that the values of X� for the records in the microdata are determined independently by a misclassification
matrix M, where

jkMjXkX === )|
~

Pr( (1)
In order to obtain an expression for the identification risk, we treat the data here as consisting solely of

the event 1jf =� so that the risk becomes:
Pr( | 1) Pr( , 1) / Pr( 1)j j jA B f A B f f= = = = = =� � � .

The unique record could consist of any of the N population units. Let aE be the event that population
unit a is sampled and is classified as j and that no other population unit is both sampled and classified as j
( 1,..., )a N= . Then the identification risk is

Pr( | 1) Pr( ) / Pr( )j B aa
A B f E E= = = ∑� (2)

Writing aX k= , we have under our model that:
Pr( ) /(1 )a j jk jkE M Mα π π= − , where (1 ) lF

j jl
l

Mα π= −∏ .
Hence

Pr( | 1) [ /(1 )] /[ /(1 )]j jj jj k jk jkk
A B f M M F M Mπ π= = = − −∑� (3)

and it follows that
Pr( | 1) 1/j jA B f F= = ≤�

with equality holding if there is no misclassification. The extent to which the left hand side of this inequality
is less than the right hand side measures the impact of misclassification on disclosure risk.

If the sampling fraction is small we may approximate (3) by:
)/()1

~
|Pr( ∑≈==

k jkkjjj MFMfBA .
Moreover, if the population size is large, we have approximately jk jkk FMF

~≈∑ , where jF� is the number
of units in the population which would have X j=� if they were included in the microdata (with
misclassification). Hence a simple approximate expression for the risk, natural for many social surveys, is

jjjj FMfBA
~

/)1
~

|Pr( ≈== (4)
An alternative approximation to expression (3) is obtained by assuming the misclassification is small,

say (1 )jj jjM δ φ= − and jk jkM δφ= ( j k≠ ), where the φ are fixed and 0δ → . In this case, we have:
)]}1/(/[]

~
[1{)1

~
|Pr( 1

jjjjjjjjjjj MMFMFFFfBA π−−−≈== − (5)
or

]
~

)1/()/[()]1/([)1
~

|Pr( 2
jjjjjjjjjjj FMMFMMfBA +−−≈== πππ (6)

Note that none of approximations (4), (5) or (6) depend upon jkM for j k≠ and so knowledge of
these probabilities is not required in the estimation of risk if ‘acceptable’ estimates of jjM and jF� are
available. Expressions (5) and (6) also require estimates of jF .

The definition of risk in (2) applies to a specific record. It is of interest also to define aggregate
measures. In particular, we consider the sum of these record-level measures across sample unique records,
defined from (3) as

[ /(1 )] /[ /(1 )]jj jj k jk jkj SU k
M M F M Mτ π π∈= − −∑ ∑ , (7)

where SU is the set of key variable values which are sample unique. This measure may be
interpreted as the expected number of correct matches among sample uniques.

We also consider, for comparison, a related measure which could be used if the misclassification status
of microdata records is known. Let SUCC denote the set of key variable values which are sample unique and
where these sample unique values have been correctly classified. The measure is given by

* 1/CC jj SUCC
Fτ ∈= ∑ (8)

and again may be interpreted as the expected number of correct matches among sample uniques. We also
define *τ as the corresponding measure of risk in the absence of perturbation, that is the sum of 1/ jF �

across key values which are unique in the sample with respect to X .

3. Numerical Example
To illustrate the impact of misclassification on risk, we consider a simple set-up where the C key
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variables 1,..., CX X are independent and binary. Their values in the external information and the microdata
are denoted cX and cX� respectively, 1,...,c C= . We suppose that Pr( 2)cX p= = ,
Pr( 1) 1cX p= = − , 1Pr( 2 | 1)c cX X θ= = =� and 2Pr( 1| 2)c cX X θ= = =� for 1,...,c C= . The
misclassification probabilities jkM in (1) will thus consist of products of C terms, each term being one of

1 1 2,1 ,θ θ θ− or 21 θ− . To force X and X� to share the same marginal distribution we set

2 1(1 ) /p pθ θ= − so that Pr( 1)cX p= =� and, to simplify, write 1θ θ= .
In our experiment we generated values of X for a population of size N, drew a sample of size n by

simple random sampling and then generated the values X� . Various choices of ( , , , , )N n C p θ were
considered. We also generated X� for all population units so that jF� could be computed.

We report values of risk measure (4) summed over sample uniques ∑ ∈SUj jjj FM
~

/ in Figure 1 for
N=100,000, n=2,000, 0.2p = and for various choices of C and θ . Note that the number of sample
uniques increases as we add in more binary key variables. For C=11 we have about 240 sample uniques and
for C=30 we have about 1,960 sample uniques.

Figure 1. Risk measure for different numbers of key variables and rates of misclassification
�
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In the absence of misclassification we find that the risk increases monotonically and rapidly with C.
This is because the number of population uniques is increasing with C and the fact that any observed match
with a population unique must be a true match. On the other hand, in the presence of misclassification, we
find that the risk does not increase monotonically, rather it reaches a maximum and then declines. From this
experiment, we see that the more misclassification that is in the data, the lower the disclosure risk and the
quicker the decline.

4. Risk Estimation
An agency wishing to apply an SDC method to survey microdata will generally not know the values of

jF or jF� appearing in the risk expressions. We do suppose that the values of jkM are known. Skinner
and Shlomo (2006) discuss the estimation of risk in the absence of misclassification based on a Poisson – log
linear model. In this case, the expression in (3) reduces to 1/ jF and their broad approach is to predict this
quantity using data for the corresponding sample counts Kjf j ,...,1, = for which a log-linear model is
fitted. Expression (4) provides a simple way to extend their approach to misclassification provided jjM is
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known. Since the Kjf j ,...,1,
~ = represent the available data, all that is required is to ignore the

misclassification and estimate 1/ jF� from the Kjf j ,...,1,
~ = as in Skinner and Shlomo (2006), that is

by fitting a log-linear model now to the Kjf j ,...,1,
~ = following the same criteria as before. This results

in an estimate )1
~

|
~

/1(ˆ =jj fFE based on the assumptions of the Poisson distribution for the population
and sample counts. These estimates should be multiplied by the jjM values and summed if aggregate
measures of the form in (7) are needed. It would appear to be rather more complex to estimate the
expressions including terms in jF .

In order to assess identification risk for microdata that have undergone perturbative masking techniques
such as record swapping, the post-randomization method (PRAM), or synthetic data that have been partly
generated from a model, it is common to use forms of probabilistic record linkage techniques (see, for
example: Yancy, Winkler and Creecy, 2002, Domingo-Ferrer and Torra, 2001). In general, implementing a
record linkage experiment to assess identification risk is both complex and time consuming. The experiments
are usually carried out by comparing the perturbed data set to the original data set before the
misclassification mechanism is applied. Using this approach, the risk assessment is very conservative since
an ‘intruder’ would not have access to the original dataset. In addition, the risk measures do not take into
account the a priori protection that is inherent in the microdata by the fact that only a sample was drawn from
the population. In Section 6 we compare briefly our proposed method and the use of record linkage for
identification risk assessment.

5. Perturbative masking techniques
In this section we consider two perturbative masking techniques used at statistical agencies: record

swapping and the post-randomization method (PRAM). Both techniques introduce misclassification of the
key variables to lower the probabilities of identifying individuals. We present examples of how to assess the
impact of these techniques on identification risk. Since the misclassification is under the control of the
statistical agency, the misclassification matrix M is known.

5.1 Record Swapping
The method of record swapping is based on exchanging the values of one or more key variables

between pairs of records. In order to minimize bias, the pairs of records are typically selected within strata
defined by control variables, such as the age and sex of the individual. In addition, record swapping can be
targeted at high-risk records that are more likely to be population uniques. It is common that geography
variables are swapped between records for the following reasons:
• For given values of the control variables, the sensitive variables are likely to be relatively independent

of geography and therefore it is assumed that less bias will occur. In addition, swapping geography
will not normally result in inconsistent and illogical records. By contrast, swapping a variable such
as age would result in many inconsistencies with other variables, such as marital status and education
level.

• At a higher geographical level and within control strata, the marginal distributions are preserved.
• The level of protection increases by swapping variables which are highly “matchable” such as

geography.
For this experiment, we carried out a very simple record swapping procedure where the geography

variable of Local Authority (LAD) is exchanged with a paired record. We ignored the issue of control
variables or targeted variables in order to calculate more easily the misclassification matrix of the record
swapping mechanism. For this experiment we have a population size of 255,468,1=N from the 2001 UK
Census and drew a 1% sample (n=14,683). We define six key variables: Local Authority (LAD) (11), sex
(2), age groups (24), marital status (6), ethnicity (17), economic activity (10), i.e. K=538,560. The
geographical variable LAD with 11 categories, was swapped between pairs of individuals in the sample. This
was carried out by first drawing a sub-sample of 20% of the individuals in each of the LADs. The remaining
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80% of the individuals were not changed. On the 20% sub-sample, half of the individuals in each LAD were
flagged. For each flagged record, an unflagged record was randomly chosen within the sub-sample to
produce the pair for swapping, on condition that the record chosen was not previously selected for swapping
and that the two individuals did not have the same LAD. In other words, no individual was selected twice for
producing a pair. For each randomly selected pair within the sub-sample, the LAD variables were swapped
between them. It is possible that at the end of the process, a record is not swapped because no pair was found
for it (for example, in the case of an odd number of records in the sub-sample).

The misclassification matrix M for this simple record swapping design can be expressed simply in
terms of the 1111× misclassification matrix, denoted [ ]g g

jkM M= , for the LAD variable, since none of
the other key variables are misclassified, The values g

jkM ��denoting the probability of being classified as
LAD k given LAD j , are calculated as follows:
1. On the diagonals: 0.8g

jjM =
2. Off the diagonal: 0.2 /( )g

jk k ll j
M n n≠= × ∑ , where kn is the number of records in the sample

from LAD k , 1,...,11k = .
3. We also calculated estimates of g

jkM � given by the observed proportion of sample units originally in
LAD j which were classified as LAD k after the record swapping process in order to compare with the
above misclassification matrix. There was only a slight difference between the results reported in Table
1 based on the two matrices.

5.2 The Post-Randomization Method (PRAM)
A more direct method that is used for exchanging values of categorical variables is PRAM. For this

method, values of categories in a given record are changed or not changed according to a misclassification
matrix and a stochastic process based on the outcome of a random multinomial draw. The misclassification
matrix can be developed in such a way as to preserve the expected marginal frequencies of the original
variable. This is called invariant PRAM. Indeed, we can also preserve the exact marginal frequencies of the
original variable by implementing a selection process for the records to be changed, similar to the selection
process for record swapping.

Let cf be the row vector of sample frequencies of the different categories of key variable cX and
/c cp f n= be the corresponding vector of sample proportions, where n is the sample size. On each record

of the data set, the category of cX is changed or not changed according to the probabilities in the
misclassification matrix cM .

Let cf� be the row vector of perturbed frequencies. Then ( | )c c c cE f f f M=� , where the
expectation is with respect to the misclassification mechanism. Assuming that the matrix cM has an
inverse 1cM − , this can be used to obtain an unbiased estimator of the original frequency vector:

1ˆ c c cf f M −= � . In addition, we can place the condition of invariance on the matrix cM , i.e. c c cf M f= ,
and preserve the expected marginal frequencies. This releases the users of the perturbed file of the extra
effort to obtain unbiased moment estimates of the original data, since cf� itself will be an unbiased estimate
of cf .

To obtain an invariant transition matrix, the following two stage algorithm is applied (see: Willenborg
and De Waal, 2001): Let cM be the misclassification matrix: Pr( | )c c c

jkM X k X j= = =� where j
represents the original category and k the perturbed category. Now calculate the matrix Q using Bayes
formula by Pr( | ) Pr( ) /[ Pr( )]c c c c c c c

kj jk lkl
Q X j X k M X j M X l= = = = = =∑� . We estimate the entries of

this matrix by ˆ /( )c c c c c
kj jk j lk ll

Q M p M p= ∑ , where c
jp is the sample proportion in category j. The matrix

ˆc c cR M Q= is invariant, i.e. c c cp R p= , since [ / ]c c c c c c
ij j ik jk lk lk l

R p M M M p= ∑ ∑ and
c c c c c
i ij j ik ji k

p R p M p= =∑ ∑ . The vector of the original proportions cp is the eigenvector of R . In
practice, ˆ cQ can be calculated by transposing matrix cM , multiplying each column j by c

jp and then
normalizing its rows so that the sum of each row equals one. We define * (1 )c cR R Iα α= + − where I is
the identity matrix of the appropriate size. *cR is also invariant and the amount of misclassification is
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controlled by the value of α .
We conducted a second experiment using the same data and set-up described in Section 5.1, using

PRAM to perturb the same geographical variable LAD. For the 11 categories of LAD, a new
1111× misclassification matrix cM was developed where the diagonal elements were 0.8 and the off-

diagonal elements were all equal to a probability of 0.02 (i.e., 0.2/10). The invariant misclassification matrix
with 55.0=α was calculated and this caused slight deviations from the original diagonal elements of

8.0=c
jjM .. For each record, a random uniform number between 0 and 1 was generated and the category of

the LAD was changed (or not changed) if it was within the interval defined by the aggregated probabilities.

5.3 Results
Since we know the misclassification matrix M and the true population counts jF in these experiments,

we can assess the performance of expressions (4)-(6) as approximations to expression (3). We do this by
summing all the expressions across sample unique records, as in the aggregate risk measure τ in (7) and
comparing the resulting sums. In addition, we consider the more practical situation when neither the jF nor
the jF� are known to the agency, all that is observed is the “misclassified” sample. The matrix M is also
assumed known. In this case, we carry out the risk estimation as described in Section 4 through the use of the
Poisson-log-linear model on the sample counts jf

~
. The log-linear model that was chosen takes into account

a forward search algorithm and the outcome of goodness of fit statistics as developed in Skinner and Shlomo
(2006). We calculate the naïve estimated risk measure obtained from the log-linear model on the
misclassified sample and the adjusted estimated risk measure taking into account the misclassification matrix.
Table 1 presents results for both record swapping and the PRAM method of data masking, each for one
simulation experiment. We did repeat these experiments with the stochastic masking methods applied again
independently and found that all of the experiments produced similar results.

Table 1. Results of identification risk estimation under misclassification for perturbative
methods of SDC

Risk Measures Record Swapping
experiment

PRAM
experiment

Risk for unperturbed data�

Risk for original key variable values- *τ
(Number of Sample Uniques)

362.4
(2,827)

358.1
(2,759)

Identification risk measures for perturbed data with known population counts�

Risk Measure τ based on (7)
(Number of Sample Uniques)

298.9
(2,831)

299.7
(2,779)

Approximation based on (4) 298.4 299.3

Approximation based on (5) 280.4 283.5

Approximation based on (6) 298.9 299.8

Risk measure *
CCτ given in (8) 292.6 294.2

Estimated risk measures

Naïve risk measure from Poisson-log linear model on
misclassified sample

358.6 345.3

Estimated risk measure based on Poisson-log linear
model and adjusted for misclassification

286.8 280.1

The values in both columns of Table 1 are similar, which is not surprising since the misclassification
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matrices are similar. Misclassification reduces the risk in the file from about 360* =τ to about
294* =CCτ . This decrease in these experiments is modest since 80% of records remain unchanged.

The three approximations to the risk measure in (7) all provide good results although the approximation
in (5) is slightly underestimating. The measure in (7) relies on knowledge of both the full misclassification
matrix M and the population counts jF . In contrast, the approximations (4)-(6) only require knowledge of
the probability of not misclassifying a record, i.e. the probabilities on the diagonals. The alternative risk
measure *

CCτ in (8) also turns out to behave similarly to (7).
In practice the population counts will generally be unknown to the statistical agency for survey data.

We therefore consider the method in Section 4 based upon the Poisson- log linear model. The resulting
estimated aggregate risk measures are given in the last row of Table 1. The estimation methods appear to
perform well with estimates for the risk measure under misclassification of about .284ˆ =τ

In Figure 2, we compare the individual per-record risk measures in (3) for the sample uniques with the
estimated adjusted risk measures (as described in section 4) based on the Poisson-log-linear model for the
experiment based on record swapping. In addition, we compare the distribution of the sample uniques
within groupings of the individual per-record risk measures in Table 2. In both of the analysis we see a good
fit between the risk measures in (3) to their estimated risk measures. The Spearman’s rank correlation was
0.91.

Figure 2. Comparison of individual per-record risk measures in (3) to estimated risk
measures based on Poisson-log linear model under record swapping

Table 2. Cross-classification of individual per-record risk measures in (3) against
estimates based on Poisson log linear model for sample sniques within bands under record
swapping

Estimated risk measures from Poisson-Log-linear ModelIndividual risk
measures in (3) 0 – 0.1 0.1 – 0.5 0.5 – 1 Total

0 – 0.1 1,961 133 4 2,098

0.1 – 0.5 180 325 76 581

0.5 – 1 8 69 75 152

Total 2,149 527 155 2,831

� �
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6. Discussion
In this paper, we developed the theory for assessing identification risk under misclassification and

demonstrated the method on real data sets after applying perturbative methods of disclosure control which
purposely introduce misclassification into the statistical data. In addition, statistical data is often subject to
misclassification from non-sampling errors that can be caused by missing data which may have been imputed,
errors in the recording and coding of the data, etc. We have shown that in order to assess identification risk,
it is enough to gain knowledge about the diagonal probabilities of the misclassification matrix that a category
has not been changed for a specific variable, provided that these probabilities are large compared to the
probabilities of misclassification. These diagonal probabilities can be learnt by carrying out evaluations on
similar test data or auxiliary data, or carrying out repeated sampling experiments. In addition, the method
developed in the paper accounts for the typical situation where the population counts are unknown and must
be inferred from the sample through probabilistic models such as the Poisson- log linear model.

In Chapter 2 of Willenborg and De Waal (2001) an odds ratio statistic was developed for microdata risk
assessment which conditions on the inclusion of a given record into the sample. For categorical key variables,
the statistic reduces to kF/1 which is the probability of a correct match to the population for a given
record in the microdata under the assumption that there is no difference in the way the key variables are
recorded. We have expanded the theory to allow for misclassification as defined in statistic (3), and thus have
provided a basis for converging the risk assessment framework to the probabilistic record linkage theory of
Fellegi and Sunter (1969). The odds ratio statistic for probabilistic record linkage is based on an agreement
pattern between the matching (key) variables and allows for deviations between the two datasets due to
misclassification.

REFERENCES
Domingo-Ferrer, J., and Torra, V. (2001) A Quantitative Comparison of Disclosure Control Methods for

Microdata in (P. Doyle, J. Lane, J. Theeuwes, and L. Zayatz, eds.) Confidentiality, Disclosure Control and Data Access:

Theory and Practical Applications, Amsterdam, The Netherlands: North Holland, pp. 111-134.

Elamir, E. and Skinner, C. (2006) Record-Level Measures of Disclosure Risk for Survey Micro-data. Journal of

Official Statistics, 22, pp. 525-539.

Fellegi, I. and Sunter, A. (1969) A Theory for Record Linkage. Journal of the American Statistical Association,

64, pp.1183-1210.

Gouweleeuw, J., Kooiman, P., Willenborg, L.C.R.J., and De Wolf, P.P. (1998) Post Randomisation for Statistical

Disclosure Control: Theory and Implementation. Journal of Official Statistics, 14, 463-478.

Skinner, C. and Holmes, D. (1998) Estimating the Re-identification Risk Per Record in Microdata. Journal of

Official Statistics 14, pp. 361-372.

Skinner, C. and Shlomo, N. (2006) Assessing identification risk in survey microdata using log-linear models.

Southampton Statistical Sciences Research Institute, Working Paper M06/14.

Willenborg, L. and De Waal, T. (2001) Elements of Statistical Disclosure Control in Practice. Lecture Notes in

Statistics, 155. New York: Springer-Verlag.

Yancey, W.E., Winkler, W.E., and Creecy, R. H. (2002) Disclosure Risk Assessment in Perturbative Micro-data

Protection. In: Inference Control in Statistical Databases (ed. J. Domingo-Ferrer). New York: Springer, pp. 135-151.

RÉSUMÉ
Nous considérons le risqué de divulgation statistique pour les méthodes pour protéger la confidentialité des

micro-données d’enquêtes.
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1 Introduction

Database privacy can be split in three dimensions:

1. Respondent privacy is about preventing re-identification of the respondents (e.g. indi-
viduals like patients or organizations like enterprises) to which the records of a database
correspond. Usually, respondent privacy becomes an issue only when the database is to
be made available by the data collector (hospital or national statistical office) to third
parties, like researchers or the public at large.

2. Owner privacy is about two or more autonomous entities being able to compute queries
across their databases in such a way that only the results of the query are revealed.

3. User privacy is about guaranteeing the privacy of queries to dynamic databases, in order
to prevent user profiling and re-identification.

The technologies to deal with the above three privacy dimensions have evolved in a fairly
independent way within research communities with surprisingly little interaction:

• Respondent privacy is pursued mainly by statisticians and a few computer scientists work-
ing in statistical disclosure control (SDC), also known as statistical disclosure limitation
(SDL) or inference control [6, 12].

• Owner privacy is the goal of privacy-preserving data mining (PPDM, [2]), a discipline
born in the database and data mining community. Interestingly enough, the term privacy-
preserving data mining independently and simultaneously appeared in the cryptographic
community [7, 8] to denote a special case of secure multiparty computation where each
party holds a subset of the records in a database (horizontal partitioning).

• Finally, user privacy has found solutions mainly in the cryptographic community, where
the notion of private information retrieval was invented (PIR, [3]).

Among the papers in this Invited Paper Meeting 49, Skinner-Shlomo [11] and Rinott-
Shlomo [9] deal with respondent privacy and specifically with evaluating the risk of disclosure
for respondents. The third paper by Fienberg et al. is in line with the cryptographic PPDM
tradition that mainly pursues owner privacy and offers some respondent privacy as a side
property.
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2 Respondent privacy

The Skinner-Shlomo paper draws on previous literature by the same authors and others on
estimating disclosure risk for survey microdata. In those previous contributions, a measure of
risk was obtained by using probabilistic models based on distributional assumptions about the
population and sample counts in a contingency table built using the key variables. The novelty
of this paper is that it goes a step beyond: whereas the usual assumption is that key variables
in the microdata sample are unperturbed, the disclosure risk estimation presented here can still
be used for microdata subject to perturbative masking (specifically, for misclassified key data).

The analytical disclosure risk measure proposed for masked microdata is very relevant
and it can save a lot of work. So far, the only practical alternative to assess disclosure risk
after microdata masking were record linkage experiments. As the authors point out, such an
empirical approach is cumbersome, it does not take sampling into account and, in many cases,
it leads to conservative data protection: record linkage experiments proceed as though the
intruder had access to the original dataset for matching original and masked records.

Skinner and Shlomo illustrate the operation of their method by applying it to categorical
data masked using record swapping and PRAM. Those two masking methods are such that
the matrix M of misclassification probabilities can be easily determined (in fact, for PRAM
the matrix M is an input parameter). It would be interesting as an extension of this work
to see how the proposed measure can be applied to other masking methods where analytical
computation of the misclassification matrix M is less straightforward (e.g. microaggregation or
synthetic data). Another challenge is whether the proposed risk measure could be extended in
any way for continuous data. Progress in any of those two directions would be extremely good
news for data protectors, who would be increasingly relieved of painful record linkage work for
disclosure risk assessment.

The second paper in IPM49, by Rinott and Shlomo, also starts from the probabilistic
disclosure risk estimation literature, but its objective differs from the one in the Skinner-Shlomo
paper. The contribution by Rinott and Shlomo is to compute the variance and a confidence
interval for a specific risk estimator, namely the Skinner-Shlomo method [10].

Indeed, risk measures depend both on the sample and the population. As the authors
point out, a risk measure in a given sample and its variance may depend, for example, on the
number of sample uniques and population uniques. The variability of a risk measure estimate
and the need for a confidence interval are due to the fact that the population is unknown and
assumed random. A confidence interval reflects how precise the risk estimate is for a particular
sample, and not for all possible samples.

Future interesting extensions of the Rinott-Shlomo paper would be to specify the adap-
tations to models other than Skinner-Shlomo, mentioned at the end of the paper. It would be
interesting to compare empirical results on the coverage rates for the confidence intervals under
these alternative methods.

3 Data owner privacy

The paper by Fienberg et al. is about performing logistic regression on pooled data collected
by several parties without actually combining their databases (data owner privacy). It is an
interesting cross-disciplinary paper in that it originates in the statistical community but makes
use of secure computation techniques partly developed in the cryptographic community. The

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 1107 -



paper considers the case of mixed horizontal and vertical partitioning, where neither the sets
of data subjects nor the sets of variables in the different databases are in general coincident
(although they may overlap).

The paper first describes the computation of logistic regression for vertically partitioned
databases, where each party holds a subset of variables in his/her database. Then it is discussed
how to make this computation privacy-preserving by using a secure summation protocol (a
secure algorithm to compute a sum without sharing distributed inputs) and a secure matrix
multiplication protocol (a secure method to multiply two private matrices). After that, logistic
regression in the general case (mixed vertical and horizontal partitioning) is discussed and a
numerical example of this case is given.

This paper is a significant contribution to private statistical computation based on cryp-
tographic PPDM techniques. As any groundbreaking piece of work, it raises several issues for
future investigation:

• In order to perform secure logistic regression, unique record identifiers must exist that are
common to all databases. Those unique identifiers do not imply themselves any direct
identity disclosure because they can be random nonces. However, if there are many
databases and an intruder can link all records across the databases that correspond to
the same individual, he might learn a lot of variables on that individual, which might
lead to identity disclosure.

• Also interesting are the remarks by the authors on attribute disclosure. It turns out that
matrix operations are not disclosure-free, in that parties co-operating in the computation
leak information to each other. Coming up with minimum-disclosure secure matrix oper-
ations or, more generally, with minimum-disclosure secure logistic regression is a quite a
challenge.

• As usual in cryptographic PPDM, the actual computation being pursued by the co-
operating parties is assumed known to all of them. Thus, there is no query privacy, that
is, no user privacy. Making cryptographic PPDM compatible with user privacy is an
open issue. (Non-cryptographic PPDM is probably less private, but it is compatible with
user privacy. Indeed, it relies on non-interactive data perturbation (e.g. [2] is based on
noise addition and [1] uses multivariate microaggregation in the style of [4]), so that the
perturbed versions can be released for subsequent private querying.)

Disclaimer

The author is solely responsible for the views expressed in this paper, which do not
necessarily reflect the position of UNESCO nor commit that organization.
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RÉSUMÉ

Cet article contient des idées pour la discussion des trois contributions de la session IPM49
“Contrôle de la révélation statistique des micro-données”. Il y a deux contributions portant sur
des modèles d’estimation du risque de révélation et une troisième contribution portant sur le
calcul privé de la regression logistique.
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1. Introduction 
Each data collection mode has its strengths and weaknesses. Face-to-face interviewing may be the best 

mode to keep the survey error as small as possible. It is, however, also the most expensive mode. Telephone 
and Web interviewing are much cheaper, but lead to under coverage. By using multiple data collection modes 
the strengths of single interview modes can make up for the weaknesses of others. The combination of data 
collection modes, therefore, has very promising features. For a discussion of the benefits and drawbacks of 
mixed-mode data collection strategies we refer to Dillman (2000), Schonlau, Fricker and Elliott (2002), De 
Leeuw (2005), Janssen (2006), Pierzchala (2006) and Roberts, Jäckle and Lynn (2006). 

Two main components of the total survey error are response and nonresponse bias. Both contribute to 
so-called mode effects, i.e. the differences in survey estimates that originate from a change of interview 
mode. Mixed-mode surveys provide us with a number of datasets that result from different data collection 
strategies. Each strategy will result in a different interplay of response and nonresponse bias. The question 
thus arises how one can combine this data, so that it can be used for statistical inference. 

At Statistics Netherlands a number of mixed mode studies was conducted over the last three years. 
These studies involved various household surveys with a wide range of survey topics and all involve Web 
interviewing next to the more traditional modes face-to-face, telephone and paper. In this paper we give an 
overview of the response and nonresponse bias in the various mixed-mode strategies. Furthermore, we 
describe a number of adjustment methods for nonresponse that vary in the amount of information that they 
use, from administrative sources as well as from the fieldwork process. We discuss the estimation of key 
statistics in one pilot study.  

2. Mixed-mode data collection pilots at Statistics Netherlands 
Over the last three years Statistics Netherlands conducted four pilots that incorporated Web data 

collection in a mixed-mode setting. Three of the pilots were linked to a reference survey which was 
conducted approximately at the same time. Table 1 gives an overview of the pilots together with their basic 
design. All surveys have persons as the units of observation. In Table 2 we give the mixed mode strategies 
that are used in the pilots. In three of the four pilots the mixed mode strategy consisted of a sequence of 
attempts with different modes. In the pilots a maximum of four attempts can be distinguished. In case of a 
Web survey, the respondent was sent an advance letter containing a login to a secured Statistics Netherlands’ 
website. In case paper was combined with Web, the respondent could also apply for a paper questionnaire by 
a return postcard. 

Table 1: Details of the four pilots at Statistics Netherlands in 2004 – 2007.
Pilot Survey Modes in pilot Size Original mode Period Target 
ICT ICT I: Web, paper, CATI 

II: Web, paper, CATI 
8691
1832

CATI 2005 12-74 y

SM-1 Security Monitor Web, CATI, CAPI 3750 CATI + CAPI 2006 >14 y 
IE Informal Economy I: CAPI 

II: Web, paper  CATI 
1857
1857

No reference 2006 >15 y 

SM-2 Security Monitor Web, CATI, CAPI 3000 CATI + CAPI 2007 >15 y 
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Table 2: The mixed mode strategies in the four pilots. 
 Pilot 

 ICT IE 
 I II 

SM-1&2   
I II 

1 Web + paper CATI Web CAPI Web + paper 
2 Web Web + paper Web  Web 
3 Web + paper1 Web Web  Web + paper 
4  Web + paper CAPI + CATI  CATI 

1Preceeded by a paper or telephone reminder. 

The first pilot was linked to the ICT survey. This survey is CATI and deals with the usage and 
knowledge of ICT within households and by individuals. As it was also the first experience with Web as a 
data collection mode, the pilot was directed at the design of mixed-mode strategies including Web as a mode, 
the composition and size of response in such strategies and the logistics that are concerned with the data 
collection. In the pilot two groups were formed. The first group was a new sample. In the third attempt this 
group received a reminder either by mail or by telephone. The second group consisted of nonrespondents 
(refusals and non-contacts) in the regular ICT survey. Hence, their first attempt was CATI. The subsequent 
attempts mimicked that of the first group, but without telephone reminders. From the results of the ICT pilot, 
Janssen (2006) concluded that it is technically and logistically possible to incorporate Web interviewing into 
survey designs of Statistics Netherlands. Furthermore, he found that the telephone reminder resulted in a 
small, cost-ineffective increase in response rates. When it comes to logistics the ICT pilot formed the basis 
for the other pilots. This pilot itself was not designed to analyze mode effects, and therefore not suited to 
investigate response bias. The pilot, however, is suited to study nonresponse bias.  

The second and fourth pilot both have the Security Monitor as the survey of reference. The main topics 
of the Security Monitor are the perception of security and police performance. The survey itself is a mix of 
CAPI and CATI. Persons with a listed land-line phone number are interviewed in CATI, the remaining 
persons are interviewed CAPI. We will refer to the pilots as SM-1 and SM-2. SM-2 was designed following 
the conclusions and recommendations of the pilot SM-1 and is, therefore, a continuation of that pilot. In both 
pilots all persons first received an advance letter with a login that gave access to a Website where they could 
fill in a Web questionnaire. Nonrespondents were assigned to CATI in case they had a listed land-line phone 
number, and otherwise were assigned to CAPI. The main difference between the two pilots, is that in SM-2 
respondents were made aware of the (interviewer assisted) follow-up survey in case of nonresponse to the 
Web approach. At the time of writing the fieldwork of SM-2 has just been finished. Conclusions for this pilot 
are, therefore, preliminary.  

The third pilot, Informal Economy, was not linked to an existing survey. It deals with unpaid labor, or 
moonlighting. Within the pilot it was decided to allocate one half of the sample to CAPI and one half of the 
sample to a mix of Web and CATI. Like the pilots SM-1 and SM-2, the second half of the sample received a 
letter with a Web login and an application form for a paper questionnaire. Nonrespondents were assigned to 
CATI, but only if Statistics Netherlands disposed of a phone number. No attempts were made to contact non-
respondents without a phone number. Hence, for this pilot we compare two mixed-mode strategies without 
choosing a reference survey. We will refer to this pilot as IE. For details we refer to De Heij (2007). 

3. Mode effects; response and nonresponse bias 
We refer to mode effects as the sum of changes in survey errors that arise from a change of mode, 

except for a change in coverage of the target population. Clearly, the mode of interview may affect the 
coverage of the population under investigation. It is known that both telephone and Web interviewing lead to 
under coverage as a part of the population does not have a listed phone number or access to the Web. 
Statistics Netherlands does know beforehand for which households no phone number is available but not 
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whether a household has internet access. In all pilots the mix of modes was chosen in such a way that all 
persons were able to respond. In all mixed-mode strategies either face-to-face or paper were available as one 
of the modes. As it turned out only small proportions of the respondents used paper questionnaires, we will 
also restrict analyses to the persons for which Statistics Netherlands disposed of a phone number to exclude 
systematic differences between the subpopulation with and without a listed land-line phone. We will first 
deal separately with response bias and nonresponse bias. Next, we move to the combination of the two 
sources of error. 

3.1 Response bias 
Response bias is the result of two types of errors; measurement errors and processing errors. 

Measurement errors arise in case the respondent either deliberately or accidentally gives an incorrect answer 
to a survey question. There is a broad spectrum of causes for such errors; questionnaire wording and lay-out, 
context and interviewer effects all may play a role. Processing errors have the same impact as measurement 
errors, however, the causes are different. Processing errors result from errors during the processing of 
completed questionnaires by the survey organisation itself. Aspects that contribute to the differences in 
response bias between modes are the presence or absence of an interviewer, available communication 
channels (aural versus visual), whether control of the question stimulus is by the interviewer or the 
respondent (Dillman et al. 1996) and type of questions asked. We will not investigate the causes for response 
bias in the case of our pilots but we do use the pilots to observe differences in response bias between 
different mixed-mode strategies. Our research shows that respondents may present answers that are 
significantly different for different modes.  

For the IE pilot we observe differences in the weighted percentage of moonlighting for the two mixed-
mode strategies that were followed; face-to-face and the mix of Web, paper and telephone. These differences 
are significant at the 0,05 level. Moreover, observed differences are also significant for a subset of 
moonlighting activities, namely the weighted percentage of moonlighting for which a financial compensation 
is offered. However, for this pilot we cannot completely disentangle response bias from nonresponse bias. 
The survey estimates are adjusted for nonresponse bias by weighting with a set of auxiliary variables. Within 
the strata that are formed by the weighting adjustments, nonrespondents may still be different from 
respondents. We can, therefore, not exclude that observed differences are attributable to a missing-data-
mechanism that is not-missing-at-random. According to the literature, see e.g. Dillman, (2000), self-reporting 
modes are expected to produce more honest answers to sensitive questions. We regard the main topics of the 
IE pilot as sensitive to the respondents. The IE mode strategy contained two such modes; Web and paper. 
However, surprisingly, both Web and paper lead to estimates of the percentage of moonlighting that are 
lower than the estimates following from the face-to-face data collection. We found that the CAPI estimates 
resemble most the Web estimates. Adding paper telephone questionnaires only enlarges the differences in 
estimates for the proportion of individuals that have income from moonlighting. We do not have an 
explanation for this phenomenon other than selective response.  

The SM-1 pilot shows that incorporating Web in the mixed-mode strategy significantly (at 0,05 level) 
affects the answer patterns to scalar questions. For other types of questions we found no systematic effects 
However, we have to make the distinction that sample size of the pilot is relatively small in comparison to 
the sample size of the reference survey. The scalar questions include questions on traffic inconveniences, 
degradation of neighbourhood and the availability of police. The pilot sample showed an evident increase of 
the percentage of respondents that choose a neutral answer. This shift is primarily caused by the Web 
respondents. In some questions the shift occurs at the expense of both the positive and negative answer 
categories; in other questions only at the expense of the positive answer category. A more specific problem in 
the SM-1 pilot was the "don’t know" answer category, which in CAPI or CATI questionnaires is mostly 
implicitly deduced by the interviewer. The interviewer does not pose this answer category, but fills in this 
answer in case the respondent lingers to give an answer. This approach cannot easily be translated to self-
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administered questionnaires. Although we found no significant increase of "don’t know" answers, more 
research is necessary. On the basis of the SM-1 pilot it also is hard to find an unambiguous explanation for 
the observed response bias. It is possible that through Web interviewing a specific divergent group of 
respondents is interviewed that normally would not participate face-to-face or by telephone. For some 
questions the difference in answers may be explained by the so called recency effect, see De Leeuw (2005). 
For other questions the presence of an interviewer may lead to more positive answers and, thus, may form an 
explanation, see e.g. Christian, Dillman en Smyth (2005). However, these explanations cannot be 
extrapolated to all questions where differences in answer patterns were found. 

Hence, in both studies we observed differences that are at least partially attributable to measurement 
errors. In general it is difficult to disentangle response bias and nonresponse bias. By changing the mode also 
the response behavior is altered. In the IE pilot we cannot distinguish the two types of biases beyond the 
resolution of the auxiliary variables that are used in the weighting of survey estimates. For the SM-1 pilot we 
are able to investigate the overall effect of incorporating Web as a data collection mode in case we assume 
that the response has approximately the same composition.  

3.2 Nonresponse bias 
Nonresponse bias is another source of error that may seriously affect the quality of survey estimates. 

Literature, e.g. Groves et al. (2002), has shown that nonresponse is often selective with respect to 
demographic characteristics like age and household composition and socio-economic characteristics like 
income, educational level or the employment status. Different modes lead to different response levels and 
different compositions of the respondent pool. Nonresponse bias thus may have a different impact when 
differentiated to the mode of data collection. 

There are various causes for nonresponse; the most important being non-contact and refusal. Other 
causes are language problems, illness, handicap or a moving of the household. See also Groves and Couper 
(1998). Various methods have been developed to adjust for the effects of nonresponse. All methods make use 
of auxiliary information that is available at the sample or population level. Nonresponse is adjusted by 
calibrating observed response distributions of auxiliary variables to known population distributions. For an 
overview see Kalton and Flores-Cervantes (2003).  

Apart from respondent characteristics one may also employ fieldwork process data to adjust for 
nonresponse. Examples are the experience and composition of the interviewers, the interviewer district, the 
timing, result and number of contact and refusal conversion attempts, and the mode of data collection. 
Process data are only available at the sample level; non-sampled units are not allocated to interviewers and 
data collection modes. Hence, incorporation of such data implies that nonresponse adjustment must be 
performed in at least two steps; one step from response to sample and one step from sample to population. 

Table 3: Response rates in the four pilots (total and restricted to listed land-line phone numbers).
Pilot Group Mode strategy Response rate - total Response rate - telephone 
ICT Reference survey CATI - 65% 
 Pilot CATI  Web + paper 

Web + paper 
55% 
38% 

69% 
41% 

SM-1 Reference survey CATI + CAPI 69% 72% 
 Pilot Web  

Web  CATI + CAPI 
29% 
63% 

30% 
65% 

IE Pilot CAPI 
Web + paper 
Web + paper  CATI 

61% 
37% 
53% 

65% 
39% 
62% 

SM-2 Reference survey CATI + CAPI 67% 71% 
 Pilot Web  

Web  CATI + CAPI 
30% 
65% 

32% 
67% 

Table 3 gives an overview of the response rates in the four pilots for the total sample and for the 
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sample that has a listed phone number, respectively. The general picture is that response rates increase when 
the sample is restricted to listed phone numbers. This result confirms earlier findings, e.g. Cobben and 
Bethlehem (2005), where it was concluded that households without a phone number more often refuse to 
participate; even when a data collection mode other than telephone is used. Table 3 shows that in general 
interviewer assisted strategies lead to higher response rates. In all cases the response rates to mixed-mode 
strategies that only employ paper and Web, are low compared to strategies that also encompass face-to-face 
and telephone interviewing1. This implies that in the self-reporting strategies the risk of nonresponse error is 
much higher. However, it does not mean that the nonresponse bias is indeed larger. To get insight into the 
impact on nonresponse bias we need to consider the composition of the response.  

For the analysis of the nonresponse bias, we restrict ourselves to the SM-1 pilot. We fitted a 
multivariate logistic regression model to the response indicators. The auxiliary variables in this response 
model are age, ethnicity, type of household and urbanicity. These variables are available from administrative 
data for both respondents and nonrespondents. With respect to these variables, we can determine the R-index. 
See Schouten and Cobben (2007). The R-index is a measure for the representativity of the respondent pool, 
with respect to the chosen variables. It is based on the variance of response propensities. The value of the R-
index varies between 0 (no representativity) and 1 (perfect representativity).  

Table 4 displays the results for the SM-1 pilot. The obtained response in the Web approach alone is less 
representative with respect to the auxiliary variables. When the response in the CATI and CAPI group is 
added, the representativity increases and approaches the representativity of the reference survey, even though 
the sample size of this survey is much larger. The reduction in costs that is realized by employing a mixed-
mode data collection with Web as one of the modes has not caused a decrease in representativity with respect 
to these auxiliary variables. 

Table 4: Analysis of nonresponse bias for the SM-1 pilot.
Pilot Group Mode strategy R-index 
SM-1 Reference survey CATI + CAPI 96,5% 
 Pilot Web  

Web  CATI + CAPI 
95,3% 
96,2% 

3.3 Statistical inference 
In the previous two sections we investigated the impact of response and nonresponse bias in the pilot 

studies at Statistics Netherlands. In this section, we investigate the implications for survey estimates, i.e. how 
we can make statistical inference using mixed-mode data. We focus on nonresponse bias alone and ignore the 
response bias. We restrict the analysis to the SM-1 pilot study. 

In general, we identify five approaches to adjust for nonresponse bias in a mixed-mode setting. These 
approaches differ in the way they: 1. account for the mixed mode design; 2. distinguish between different 
response processes over modes; 3. include mode specific (process) data; 4. estimate the population 
characteristics (see Table 5). There are two possible designs for a mixed mode data collection, sequential and 
concurrent. See De Leeuw (2005). These designs impose restrictions on how to use the adjustment 
approaches. For instance, in a sequential design the nonrespondents to the initial mode are followed-up in a 
different mode and therefore the sample for a sequential mode depends on the response process in preceding 
modes. This implies that we are not modeling the response process in the different modes, but in stead we 
model the process in the different paths that a person has followed. We will see an example of this when we 
apply model 3 and 4 to the SM-1 pilot. 

The five approaches differ in the amount of information that is used for adjustment and in the 
efficiency with which this information is incorporated. As a consequence, the approaches differ also 
considerably in their complexity, ease of implementation and required computation times.  

However, the most recent pilot (SM-2) obtained a response rate that is very close to that of the reference survey.
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Table 5: Approaches for statistical inference in a mixed mode setting.
Model Account for design Adjustment per mode Use of process data Simultaneous estimation

1 - - - - 
2 Yes - - - 
3 Yes Yes - - 
4 Yes Yes Yes - 
5 Yes Yes Yes Yes 

The first approach combines the data from all modes into one dataset. Adjustment techniques are 
applied to the combined data. This approach needs no additional effort and can be performed using standard 
weighting methods. The second approach also combines all data into one data set, but the adjustment 
technique accounts for the mode in which a response is obtained. The mode variable is not a population 
variable. One way to implement this approach is to artificially extrapolate the mode totals to population 
totals. Another way is to weight all data separately using the same model and then to aggregate all separate 
estimates using the proportions in which units are allocated to modes. The third approach is similar to the 
second approach, however, now each group of respondents in a different mode strategy is adjusted using 
(possibly) different models. The fourth approach additionally incorporates process data into these separate 
models. Also, a distinction between different types of nonresponse can be made. The fifth approach is almost 
identical to the fourth, with the distinction that this approach simultaneously estimates the survey statistics. 
This approach cannot be implemented using standard methodology. We discuss the last two approaches in 
somewhat more detail. 

The fourth approach explicitly incorporates the data collection process in weighting models. It does so 
for each mode separately. An example is that non-contacts and refusals are weighted in a hierarchical way as 
these types of nonresponse are nested; one cannot refuse until contact is established. First, respondents are 
calibrated to all units that are contacted, i.e. the answers of refusers are predicted using the answers of 
respondents. Next, all contacted units are calibrated to the sample. Finally, the sample is calibrated to the 
population. This approach was proposed for instance by Nicoletti and Peracchi (2005) who incorporated the 
nested nonresponse types by application of bivariate probit models. Clearly, one may distinguish other 
nonresponse types as well and extend the hierarchy of nonresponse types. The fourth approach is, however, 
only meaningful in case process data is available and is related to survey questions. A good example is the 
relation between employment and contactability. Persons that are more difficult to contact are more likely to 
have a job. One may use the number of contact attempts as a proxy for contactability. 

The fifth approach is a refinement of the fourth approach in that it models also the mixed-mode 
strategy itself. One may picture this approach by a tree-shaped hierarchy in which branches are modes and 
vertices are the types of response and nonresponse. Hence, the adjustment for nonresponse bias is done 
simultaneously for all modes. The main motivation is efficiency; by combining all data the relation between 
survey topics and auxiliary variables can be modeled based on larger sets of respondents. Consequently, the 
accuracy of estimators is improved, however, to the expense of complexity and computation times. For 
details we refer to Cobben and Schouten (2006). We leave it to say that again this approach is only useful in 
case the data collection process itself is related to survey topics. 

We applied the first four approaches to the SM-1 pilot. All adjustments are implemented by the 
technique of linear weighting. The implementation of approach five is a topic of future research. For the 
analysis, we linked a number of administrative variables to the survey that are available for respondents and 
nonrespondents. For a detailed description of the analysis we refer to Cobben et al. (2007). For a detailed 
description of the SM-1 pilot and the survey topics, see Van den Brakel et al. (2007). In this paper, we only 
outline the results of the analysis and the main conclusions. 

Table 6 displays the different approaches for the SM-1 pilot. Subscripts denote the number of strata. 
Table 7 contains the survey estimates for the various approaches. In the last column, the adjusted estimates in 
the reference survey are displayed.  
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Table 6: Various mixed mode models for SM-1 pilot.
Model 

1 marital status4 + urbanicity5 + region13 + size of household5 + age11 x gender2 + telephone2 x age6
2 Model 1 + mode3

Web to CAPI Web to CATI 
3 urbanicity5 + place in household4 urbanicity5 + ethnicity3 + place in household10

4 place in family4 + gender interviewer2 urbanicity5 + ethnicity3 + place in household10 + number of 
contact attempts8

Table 7: Survey estimates for four survey topics in pilot SM-1 using approaches 1 – 4.
Survey topic 1 2 3 4 reference 

Very satisfied or satisfied with
police performance 

40,8% 41,3% 53,0% 40,9% 42,5% 

Opinion on availability of the police 
Inconvenience caused by traffic 

4,78 
3,90 

4,83 
3,78 

6,34 
3,66 

4,85 
3,74 

4,80 
3,60 

Degradation of neighborhood 3,13 3,06 2,92 3,02 2,94 

In the first approach we applied linear weighting using the weighting model from Van den Brakel et al. 
(2007). The second approach is quite straightforward; the same model as in approach 1 is applied, with an 
additional variable mode that indicates in which mode the response is obtained (Web, CATI or CAPI). We 
weighted the totals to the initial sample, since there is no population data for the mode variable. For the third 
approach we have to perform three consecutive adjustment steps. First, we modeled the response process for 
the persons that ended up in the CAPI-approach. Next, we did the same for the group that ended up in the 
CATI approach. Finally, we combined the unweighted Web-respondents with the weighted CAPI and CATI 
respondents. 

When we look at the estimates in Table 7, we see that this approach leads to quite different estimates. 
The weighting models for CAPI and CATI are small, containing 2 resp. 3 variables. This is not surprising, 
since the groups are small (613 resp. 1824 persons) so less data is available for fitting a model for the 
response process. In a sequential mixed-mode design approach 3 models the different paths a respondent can 
follow (e.g. Web non-respondent to CATI respondent), and not the response process in the different modes. 
As can be expected, a similar situation occurs in approach 4; with one important difference. For both CAPI 
and CATI we have information about the data collection process. The information is mode specific and both 
approach 1 and 2 do not allow this information to be used. In modeling the response processes in each mode 
separately, it is possible to use these variables. It turns out that the process data explain the response process 
for both CAPI and CATI because in each approach the process variables end up in the models (see Table 6). 
Also here, we used the weighted CAPI and CATI respondents in the last step.  

We assume that the survey topics in the reference survey are a reference for the survey estimates in the 
pilot. When we compare the different estimates to the estimates in the reference survey, we see that approach 
2 and 4 seem to approach these values the best. For the first two survey topics, approach 2 is best. The last 
two topics are better approached by the fourth adjustment approach. So far, the results are not unambiguous. 
We will need to investigate the different approaches in more detail to be able to recommend the mixed-mode 
estimation procedure. But, from this application we can conclude that the approaches that separately model 
the different modes in a sequential mixed mode design are only profitable if there is mode-specific 
information that can be used (like the process data).  

So far we ignored response bias. All approaches assume implicitly that response bias is not present in 
the survey response. If some or all modes do suffer from response bias, then the adjustment techniques will 
in general also lead to biased estimates. The approaches all balance the response bias in the different modes, 
but each to a different extent. Approach 1 simply increases the amount of response bias where the response is 
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high. Approaches 2 to 4 mix the response bias according to the proportions in which the modes are mixed in 
the sample.  

4. Discussion 
At Statistics Netherlands four mixed-mode studies were conducted over the last three years. All studies 

employed Web as one of the data collection modes. There are many aspects to data collection strategies using 
combinations of modes. In this paper we focused on two main components of survey error: response bias and 
nonresponse bias. By response bias we mean the sum of measurement and processing errors. In this paper we 
discuss adjustment methods that deal with nonresponse bias and allow for statistical inference. 

First, we analyzed the response bias and nonresponse bias in the studies. We conclude that response 
rates increase when the sample is restricted to listed phone numbers. In general interviewer assisted 
strategies lead to higher response rates. In all pilots the response rates to mixed-mode strategies that only 
employ paper and Web are lower than the strategies that also encompass face-to-face and telephone 
interviewing. This implies that in the self-reporting strategies the risk of nonresponse error is much higher. 
For the nonresponse bias analysis we looked at the representativity of response to the SM-1 pilot. From the 
analysis we can conclude that, with respect to age, ethnicity, household type and urbanicity, the 
representativity of the mixed mode data collection is similar to that of the reference survey, at a lower cost 
and with a smaller sample size. 

Next, we identified five possible adjustment strategies that differ in the amount of auxiliary variables 
that they employ and in the complexity of the underlying models. These models are still based on the 
traditional notion that the observations obtained from the sampling units are true fixed values, observed 
without error. They correct at least partially for difference in nonresponse bias, but the response bias is only 
balanced and not adjusted for. We applied four of the approaches to the SM-1 pilot. We conclude that the 
approach that separately models response processes per mode strategy only is profitable when there is mode 
specific information that otherwise could not have been included in the adjustment procedure. 

Future research is directed at refining and elaborating the adjustment strategy. 
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���	 ����	 ��	 ��2���������	 ��������	����	 #���	 ��������������	���	 ��	 8���4	 ��	 8�����4	 ���������*�	 ���-
���������������	#���	��������������	���	��	���	�����	��	�	��������	�����	���	�	�����	��	���������	�����*	
��	 ����������	 ��������� 	 $����������	 ���"���	 �����	 ���	 ������	 ���	 ������	 ��	 ������	 ������	 ��	
���"��	 ���	 ������	 2�������	 ��	 ���	 ����������4�	 ����������	 ��	 ����	 ���	 ��2�����	 �������	 �������	 ��	
�����������	��	���	������	��	�����������	���"���	����� 		

3�����	 ������������	 ����	 #���	 $�!����	 +;<9	 ���	 ��	 �������"*	 ������	 "����	 �����������	 ?	 ������	
�������������	 ��	 �������������	 ?	 ������	 ���	 ����	 ��������	 ���������	 ��������	 ��	 �����	 ��	 �������	
����������	��	�	����	����������	�����	����	���������	���	����	���"��	"����	������� 	.��	����������4�	
"����������	��	������	�����	���"���	����������	���	��������	����	����	���"�	��	��	����������	��	���	
���������	 �������	 ��	 ���	 ������	 ��������	 ���	 ���������	 ������	 ����������	 ���	 �������	 ���"���	 ���	
��������"��	 ���	 ���������� 	 $����������	 ���"���	 �����	 ��	 �����	 �������	 ���	 ������	 ��	 ����	 ��	
�����������	��	���	������	��	������	������������	����	���"���	����� 	1�	����	���	�������	�����������	��	
��	��"	����	"���	������	�����������4	��������	�������	��	���	����	��	2��������	��	"���	��	��	���	����	
��	����	#@������	+;<<'	�������	%&&A* 		
�
��	
��������	�������	�����������	��

��������	 ������	 ���������	 �������	 ���	 ���������������	 ��	 ����	 ���������	 "���	 ���������	 �����	 ��	
���������	 �����������	 ��	 �	 ������	 ��	 2������	 ����������	 ���	 ��	 �������	 ���	 �����������	 ��	 ��������	
�������������	 #����	 ���	 ��������	 B�"�����	 
�����	 ���	 @����	 +;A9'	 C�����	 ���	 >����	 +;A;'	
C����������	!������	���	������	%&&&* 	.��	2������	����������	��������	#���	��	(���"	���	���	���	
D��"���	+;<<*	 �������	 ����������	��	���)��	������	 ����	��	 ���	 ����	 ����	 ���-��������	 ����	 ������	
�����������	��	����	�������	���	����	������	��	���������	��	����-�����	2���������	���	����	������	
��	���������	��	8����	���	����	�����4	2���������	��	����������	��	��������	�������
�	����	��	�����������	
"���	 ��������	 ���� 	.��	 ����	 ����	 ��	 ����	 ���������	 ��	 ����	 ���	 �����������	 ��	 ���	���	��2�	����	 ��	 ���	
���������	�����	����� 	�����������	�����	����	�������	���	����	�����	���"�	�����	��	���	����������	
��	�����	����������	�����������	�����������	��	���������	������	����� 		


�	@�����	���	�������	��"�����	/�����������	������������	��	�	����������	�����	��	���	�����������	
����������	��	�	����	2������	������������	���"���	�"�	�������0	#+;<<�	� %A5* 	B�	��������	�����	�����	
�������	 ����	 ����	 ��	 ����������E	 ���	 ������	 ��F��	 ���	 ���������	 ��	 ���	 ����������	 ���	 ���������	
�����������	�������	"����	�����	�������	���	����	����������� 	3�������	����	����	�����"���	"�	����	
�������	����	��	���	������������	��	���������	���	������	��	������	�����	��������	����	���	�33	����	
����������	�����	���	������������ 		
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!���	����������	��������	���	������	���������	��	�"�	�����	��	�������E	�����	���������	�������	

��	����	����������	#@������	+;<<'	��	(���"�	%&&)*�	"����	��	�������	������	��	���	����	��	��������	
"���	 ��	 �������	 ������	 ��	 �������	 �����	 ���	 �������	 ����������	 ��	 ��������	 �	 8����4	 ����	 ������ 	
3�����	 �����������	 �������	 ���������	 �����������	 �����	 ���	 �������	 ��	 ���������	 �����	 ��	 ����	
������������� 	 3����	 ����	 ������	 "���	 ������	 ��	 ����	 ���������	 ���	 �������	 ��	 �����	 ��	 ���������	
��������	 ������	 ���-��������	 ����	 ���	 2������������	 #���	 B�������	 ��	 ��	 %&&,*�	 �������	 ����	 ����	
�������	������	��	������������	����	 ��	�����	�����������	��	 ���	����	������	���	������	��	����	 ��	
�������	 ����	 �������	 ��	 �����	 �������� 	 1�	 ���������	 ���	 ������	 ����	 ��	 �����	 ���	 ����	 ������������	
�������	 ��	�������	 ��	 �������	 ���	 ������	��	����	��	������������	�����������	�����	���������������	��	
���	 ������ 	 3���	 �������	 ���	 �������	 �������	 ���	 �������	 ��	 ���������	 ���������������	 ��	 ������	 ���	
��������	 ���	 �������	 ��	 �����	 ���"������	 ��	 ��	 ���	 ��������	 ��	 ���	 ��������"��	 ��	 ����-��-����	
��������"� 		

.��	 �����	 ����������	 ��	 ����	 ����	 �����������	 ���	 ������	 ��	 ����	 ��	 �����������	 ��2�����	
������������	��������	����	����	���	����	����������	���"���	�������	��	���	����	����	���	��������	�� 	
:���	�����	����	�������������	 ���	�����������	 ��	���������	��	����������	 ��	 ���	����'	 ��	���	�����	
������	�������	���"���	���	��������	���	������	��	����	��	����������	"���	�����	�����	����������� 		

����)��%	.�	�����	�����������	����	�������	"���	�����������	��	��������	���	���������	���	�33	
����������	����	���������	��������	����������	�������	�����������	��	������	���	����	���	����-��-����	
���	 ���������	 ������� 	 3���������	 ���	 �����������	 ��	 �������������	 ���	 �������	 ��	 ������������	
������������	 ��	 ��	��������	�����������	 ��	����	�	��	 ���	����������� 	.��	�33	�����	1	 �����������	
���	 ��������	 "��	 �	����	 �����	"����	 �����������	 "���	 ��������	���������	 ��	 ����-��-�����	 ���������	
���	"��	���	����-����������	����	����	���	������	��	����������� 	6���	����	�	������	���	�����������	
��	���������	���	�������	��	����������	��	���	�����	#������	�������	"����	�����	���	8��������4	�������	
����	������	���"����	���	����	2��������	����������	����	��	�	���������	����* 	.���	��"����	�����	
��	���	����	��	����	��������	�����	8����-"����4	������	 ��������"�	���	���������	���������	�����	2����	
���������	���������	��	�����������4	������	"���	������	�������	��������	��� 	

$����������	 ��	���	2������������	���	�������	��������	 ���	������	��	���� 	
��������	��	$������	
#%&&&*	 ���	 ��	 ���	 �������	 ������	 ��	 ��������	 ����	 �������	 ��	 ���	 ��������	 ���	 2��������	 ��	 ��	
�����������	�����������	���	���������	�����	��	2������������� 	1�	���	����	��	���������	���	����-��-����	
��������"����	�	�������	���������	�����������	����������	 ��	���	���	��	���"����� 	.����	���	��������	
�����������	��	���������	�����	��	����������	������	��	�����������	��	���	���	��	������	����	?	��	��	�����	
�����������	���"���	���	������	����	��	���	������	��������	"���	���	��������"��	��	���������	����	���	
����������	 ��	 ���	 ��������� 	 .�	 �����	 ����	 ��������	 $������	 ���������	 ���	 8�������4	 ������������	
��������	 ��	 2������������	 ������	 ���	 ���������	 ��������	 ��	 "����	 2��������	 ���	 ��������	 ����	 ���	
������	 ��	��	 ��������	 ���	 ��������������	 ��	 ���	 ����� 	 	B�"�����	 ��	���������	 ����	 ������	���������	
�����������	 ������	 �����	 ��	 ����	 ����������	 ���	 �����	 ��	 ��	 ���	 �������	 ��	 ��	 ��������	 ������	���	
2������������	������	���	���	������	��	�����������	��	���	������	��	2��������	��	���	�������	���� 	

����)��%	 1�	 ���	 �33	 ������	 ���	 �����������	 ��	 ���������	 ���	 ��	 ���	 ���	 ��	 ���"�����	 ���	
�����������	 ���	 ��	 �����	 ����	 �����������	 "���	 ����������	 ��	 ���������	 �����	 ���������	 ������E	 +*	
����-��-����	 "���	 ���"������	 %*	 ����-��-����	 "������	 ���"������	 ���	 ,*	 ����������	 "���	 ���	 ����	
2������������	 ��	 �����	 %* 	 8.���4	 ����	 �����������	 �����	 ���������	 ��	 ����������	 ��	 ����������	 ��	
������	%*	���	,* 	$����������	���	��	���������	������������	���-��������	��"����	��������	�	������� 	
.��	��������	�����	"���	����������	��	����	��������	���	��"	#,%G	��	���������	���	,,G	��	����-��-	
����* 	 .��	 ���������	 ������	 ���	 �	 �������������	 ��"��	 ����������	 ��	 ����	 ������	 "������	 ���	
�����������	"���	��"	���������	������ 	.����	"���	��"����	��	�����������	������	�����	��	����	���	
���	���	����������	��	"��� 	.���	��	����������	"���	���	��������	��	�����	�������	#� � 	B�������	��	�� �	
%&&,* 	
	
��� ��	��������������������������	��

.��	������	����������	��	����	��	���	������	�����������	�������	������	�����	���	��	���-���������	
����	���	�����	���	����	�������	����	��	�������	���	����	����������� 	����������	�����	�����	�����������	
���	��	�������	 ��	 ���	����	�������	��	 �������� 	:��	������	��	����������	 ���	�����������	 ��	������	
�����������	"���	�������	���	�2���������	��	����������	��	��	"�����	������������	��	���	������	����	
����	 ��	 ��������	 ���	 ���������������	 ��	 ���	 8���������4	 ������	 #���	 ���	 �������	 H������	 ��	 �� �	 %&&)* 	
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�������������	 ������������	 #����������*	 ����������	 ���	��	����	 �������	 ��	 ������	 �����	 ��	 �����	 ��	
������������� 	H��	���	������	���������	����������	:(3	�����������	���	��	�����	���������	���	������	
���������������	���	�	����	�����	��	�����������	��������� 	
	�-����	���	����	��	���������	��	����	���	
����	 ����������	 ����	 ���	 ����	 �����������	 ��	 ���	 �������������	 ���������	 ����	 F��� 	 1�	 ���	 ����	 ��	
�������	�����������	����������	�����������	������	���	��	�����	"����	���	�	���������	�����	���	����	��	
���	��������	���������� 	H��	�������	�����������	����������	����	��	���	�����������	����������	�������	��	
���	 �33�	 ���	 ����������	 �����������	 ���������	 ��	 ���	 ��������	 ���	 ��	 ����	 ��	 ��������	 ����	
������������	������ 	.��	������������	����	���������	������2��	#����	��������	��	��	����������	����	
�����	 #:4��������	 %&&5*	 ��������	 ����������	 ������	 ��	 �������	 ����������	 �����	 #(����	 +;;A*	 ���	
���������	 ��	 @������	 ���	 6�����������-C�����	 #%&&9*	 ���������	 ���	 ����	 ������	 ���������	 ���	
���������	 �����������	 �2���������	 ��	 �������	 ���� 	 H��	 ��	 �������	 ��������	 "���	 9	 ��������	
�����������	 ���	 ��������	 ���	 ������������	 ����	 �����	 ��	 �2��������	 ��	 ����������	 ���	 ��2�����	 ��	
������	 ��������	 �����������	 ��	 I���#34-*�	 I���#345*	 ���	 I���#34!*�	 ���	 ���	 ���������	 ����������	
����������������	��	���	��������	���������� 	.��	�����	����������	���	������������	��	��	�2���	��	����	
��	 ���	 ����������	 �������	 "����	 �������	 ����	 ����������	 8�����4	 ���	 ������������	 ��	 ���������	
���������������	 ������	 ���	 ���������� 	 1�	 ���	 ����	 ��	 ����	 ��������	 ���	 �����	 "����	 ������	 ����	 ��	
���������	�����������	���	����	���	����	����������	��	��������	����	����-��-����	������������	����	����	
�����	������	��	�������	��	���	��������	���������� 	.���	����������	��	������������	����	���	��"����	
���	���� 	1�	�����	����	��������	��	���	������	��	����	�������	�����	����	���������	������	�������	����	
����������	 #���	 �������	 8�����4	 ��	 �	 �����	 ����	 ��������	 �����	 ��	 ��������	 ��������*	 ���	
������������������	 ���������	 ��������	 ����	 ����	 �������	 ���	 ���	 ������������	 ������	 ��������	
���������� 		

.��	����������	����	����	���	�	������������	������	��	���	��������	����������	�����	���	��	������	
�����	)��	���	������������	����	������ 	1�	����	����	�����������	���������	���	"����	���	������������	
����	 ����������	 �����	 ���	 �����������	 ��	 ��	 �2����	 "����	 ���������	 ���	 "����	 ���	 ����������	 ��	
��������	���	����"��	��	����	������	 ���	����������	���������������� 	.���	�����	 ��	 �����������	 ��	
3����	��	6�������	#%&&5* 	.��	����������	����	�	����"����	����"���	���������	����������	��������	"���	
�	 �����	 �������������	 ��	 ���	 ����	 ���	 ��	 ����������	 ��������	 �������	 "����	 �	 ���������	 ���	 ��	
������������	 ��	 ���������	���	 ����	������	���	���������	 ��������	�����������	 ���	���������	���	"����	
���	 ����������	 ��	 ������������	 ����	 ������	 �����	 ��	 6���	 �����	 ��	 ���	 �2���������	 ��	 ������������	
������	�2������� 	H��	 �����	"����	 ���	������������	����	����������	������	 ���	��������	 �����	��	 ���	
������	 ����	 �����������	 ���	 ��	 ����	 ��	 ����	 ���	 ������������	 ��	 ����	 �������	 ��	 ���	 ��������	
������������ 	 H��	 �����	 "����	 ���	 ������������	 ����	 ����������	 ����	 ���	 �����	 ���	 ���	 ����	 ���	 ���	
�������	 ������	 ��	 ����	�����	6���	 �����	 ��	 ���	 =����	 ����������	 ����	 ���	 ����	 ������������	 ����	 ���	
������	 ��	 ����������	 ��������	 ����������������	 �2���	 F����	 ��	 "���	 ��	 ���������	 ���	 ������������	 ��	
����	������������	����	����	����� 		
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�
����)��E	6�	����	���	�������	������������	����	�����	��	����	���	�2���������	��	���������	��	���	

�������	����� 	H��	���	�����	�������	��	.����	+�	���	2�������	�����	��������	��	���������	���	������������	
����	 ����������	 ���	 ���	 ���� 	 .��	 ���������	 �������������	 ��	 ��������	 ���	 ����	 ��	 ���	 ����������	
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�������	 ���"	 ����	 ���	 ������	 ��	 ����	 "��	 ���	 ������E	 ���������	 �����������	 "���	 +, %%	 ����������	
������	����	 ������	 ��	���	 ����	"���	 82����	 ����������4	 ����	����-��-����	������������	���	��	 ������	 ��	
���	 ����	 "���	 8����	 ����������4 	 @�	 ��������	 ���	 ����	 ������	 ��	 ���	 2�������	 �����	 ��"	 ���2������	
�����������	��	���	����������	��������	6��	������������E	 ���������	�����������	"���	����	 ������	 ��	
�������	8������4	��	8�����4	���	����	������	��	���	8������������4�	8���������4	��	8���2������4 	3����	���	
�"�	2��������	���	��������	��	��	���	�������	"��	����	���	����	�	������	������	��	���	����	���	�	���-
������	������	��	���	����� 	

3���������	�2������	���������	��	��	�����������	������	��	���������	�2���������	��	����������� 	
@������	���	6�����������-C�����	#%&&9*	��������	����	��������	"���	���	������������	����	������	
���������	�����	���	����	����	��	������	�2���������	��	���	�����������	�����	������	%+	���������	��	
���	 �����	"���	 ��	 ���	�33 	.��	�������	 ���������	 ����	 ����������	 ������	 ������	��"��	 ���	 ����	 ���	
�������������	����	�����	"��	���	���������	����	���������	������	��	�������	���	�2���������	��	(�����	
�����	����� 			

6�	"����	����	����	�����	��	������	���	������������	�������	����������	��	������	�����	����������	
����	 ��	 ��������4�	 �����	 ��	 �������	 ���	 �����������	 ���	 �����������	 ��	 �����	 ��������	 ��	 ���������	
����� 	1�	���	���	"�	�����	����	��"�����	�������	���	��������������	��	3����	����	���	����"	���	���	
��	"�������	���	"�	���	���	����	��	"���	�	������������	��������	���	�������	���	�����������	��	����� 		
�
 �� !���������	�����"��������������	���

!���	 ����	 ����������	 �������	 ������	 ���	 ������	 ��	 "����	 ���	 ����	 ��	 ����	 ����������	 �������	
�����������	 �����	 �����	 ��	 �����������	 �������������	 ��	 ��������	 ���	 ��F�	 ��	 �����������	 ��	 ���������	
������	����� 	H�"	�������	�����	��"�����	���������	��	������	���	������������	��	���	��������	�������	
��	�����	��	"������	���	��"	����	�����	������	���	�����������	�����������	���"�	��	����	�������� 	6�	
"����	 �����	 ����	 ����������	 "������	 ����	 �������	 ����	 �������������	 ��2�����	 ������	 ����	 ��	
����������	��	���	������	��	���)������	��	��	����������	��	���	������	��	��	���	�� 		

.��	�����	����������	��	����	����	�����������	��	���������	������	�����	���	������	��	����	�����	
��	����������	���	���	��	������ 	����������	���	������	��	����	���������	�������	��	���	�����������	��	
"����	 ���	 ����	 ���	 ��� 	 $�	 (���"	 #+;;%*	 ���������	 ������	 ����	 ���	 ���������	 �����	 ��	 �������	 ��	
����������	 ���������	 ��	 ���	 ������	 ��	 �����	 ��������	 ���	 �������	 ��	 ����	 ��	 ��������� 	 
�	 "���	 ��	
�������	 ���	����������	����	�������	 ��	���������	������	#����	��	��2���������	��	 ���������*�	���	����	
������	 ���	 ������������	 ����	 �������	 #����	 ��	 ���	 �����������	 ���	 �����������	 ��	 �����	 ���������	 "���	
���������	 �����*	 ���	 ������������	 ����	 �������	 #��	 ����-"����	 ������������	 ��	 ����������	 �2������	
������* 		

����)��%�1�	���	�33	�����	���	����	������	�����	��	�	���	��	 �����	���������	���������	��"���	
�����������	"��	%+ &5	���	����-��-����	���	%% <A	���	���������	#IJ& &&+�	,	�����	"���	9	����������	
����	,	�����	"���	++	�����������	"����	������	������	���������	�����	��	������	��	�����������* 	3���	
�	 ����������	 �����	 ����	 ��������	 ��	 �����	 ����	 �����������	 �����������	 �����	 ���"���	 ����������	 ��	
����������	 ���	"����	 ���	 ����	"���	 ���������	 "���	 ���������	 ����� 	.��	�������	�����	��	 �����	 ����	
����	 ��"�����	 ���	 ��	 ��	 ����	 ���	 �����������	 ��	 ������	 ���"���	 ����������	 ���	 ���	 �����������	 ��	 ���	
������������	 ��	 �����������	 ��������� 	 6�	 ���������	 ������	 "������	 ����	 ��������	 ���	 ������������	
"���	�����	����������	 ���������	�	������	��	������	 ����������	#"������	 ��	"����	"������	�����	 ��	 ����	
����������	 "������	 �����	 ���	 �	 ������K�����	 ��	 ���������K�������	 �����	 ���	 "������	 ���	 ������	 ��	
��������*�	 ���	"����	 ���	 ��������	 �������������	 "���	 ��	 ���������	 ������	 �����'	 ����	++-�����	 �����	
�����	#�����	��	�������	����	������������	���	�����������*�	��	"����	����	�����������	���	���������	��������	
�������������	 ������	 �����'	 ���	 ���	 ������	 ��������	 ������	 ���	 ���������	 ��������	 ���	 ������-����	
����������	 ����	 ��	 "����	 ���	 ���������	 �������������	 ������	 ���	 ����� 	 ����������	 "��	 ���	 ������	
�����	���	�	������K�����	�����	��	"���	����	���������	"���	�����	����	������	��	����	������	�����������	
������'	�����������	"��	"���	��	"���	��	���	����	��	��	��������	��	���	�������������	��	��������	���	
��"��	 ������	 ��	 ���	 �����������	 ����� 	 !���	 ���	 ���	 ������	 ���	 �������������	 "���	 ���	 ��	 ���	 ;	
�����������	 ������	 ���	 �������	 "����	 ���	 ����������	 ���"���	 ������	 ���	 ���-������	 �����������	 ��	
���������	 ���� 	 .���	 ��������	 ����	 ����	 ��	 ��������	 "���	 ��	 �����	 ���������	 �����������	 �����	 ���	
������	��	�����������	��������	������	���	������	�������	��������	"���	���������	������	�����������	
�����	����������2�	6���	��27���)������	���	��	��������(		
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���"���	��������� 	6������	 �����	������	 ��	���������	 ����	 ���	"������	�����������	������	������������	
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�������	��	���	 ��������������	��	�������	��	����	����� 	$����������	��	���������	����	���������	�����	
���	��	������������	���	����	����	���	��	�������������	��������� 	1�	$�	(���"4�	#+;;%*	���������	���	
��������	 ���	 ���������	 ������������	 ��	 ����������	 ��	 �	 ����������	 �2������	 �����	 "���	 ����������	
������	�����'	�����	��������	 ����������	��"����	�������� 	�����������	�����	���	 ������	��	����	��	
����	�������������	"���	���������	������	���������	��	"����	������	��	���	��=������	��	���	�������� 		
	
#�� $����	����������������	��


	�������	����	��	����������	���	������	��	����	��	����	2������	���������	��	@�����	#+;<<*�	��	��	
=����	 "����	 ����	 ��������	 ������	 2������	 ���� 	 .���	 ���	 ��	 ����	 ��	 ���������	 ���������	 "���	
��������	 ��������	 ���������	 ��������	 ��������	 ��	 ����������	 ��	 �����	 ��	 �����	 ���"�����	 �����	 ���	
���������	 ��	 �������	 "����	 ���	 �������	 ������	 ���������	 ��	 ���������	 ����������	 ��	 =�����	 ��	 ������ 	
.���	 ��������	 ��������	 �	 ���������	 "����	 ���	 ������	 ������	 ��	 ����	 ��	 ������	 ���	 ����	 "����	
��������	���� 	1�	����	�����������	��	"����	���������	�����	������	�����	���	�����	�����	��	��"����	
�	 ���-���������	 �������	 �����	 "����	 ��	 ���	 ����	 ��	 �	 �����	 ��	 ��������	 �����-���������	 �����	 ���	
�������	����	����	�����������	��	�����	������� 	.��	2�������	����	��	���	"����	����	��������	�����	
��������	�������	���	"������	���	������	��	���������	�����	���	����������	#@�����	%&&,* 	1�	������	���	
���	�����������	����	�����������	�����	�����	�����	���	����	����	��	����������	�����������	�����	
�����������	���"���	������	�������	"�����	�	�����-��������	���	����	�����	�����������	����	���� 		
	
��	���

.��	��������	����	���	������������	�����	����������	���	�33	����	��	��������	���	�����������	��	
����"���	 ���������	 ��������"���	 �����	 �������	 ���������� 	 .�	 �������F�	 ���	 ��������	 ��	 ���	 ����	
�����������	 "�	 �����	 �����������	 �����������	 ��	 ���������	 ���"���	 �����	 ���	 +A	 ��	 ���	 %<	 �������	
�����	 ������ %	 H��	 ++	 ��	 �����	 �����	 ���	 ����	 ������	 "��	 �������	 ����	 ����	 ���������	 �����������	
������������	 ��������	 ������	 ��	 ��"��	 ��������	 ����������'	 ���	 5	 �����	 ���	 �������	 "���	 ���-�������	
"����	����	��������	���	��������	��	������	��������	����������	������������������ 	
�	���	����	�����	
����	���	���	��"����	������	���������	�������������	���"���	��������� 	.��	�������	���������	���������	
����	����"���	���������	��������"���	 ��	��������	��	���	�������	����-��-����	 ��������"���	�����	������	
���������	��	�������	���	"����	���	�����������	������	���������	��	�������������	���"���	��������� 	6�	
�����	��"����	���	�������	���	�����	��	��"	��	������	"������	�	�����������	����������	��	���������	��	
���������	"����	������	��	���������	�����	����	"����	������	��	���	��������	�����������	�������������� 	
1�	���������	�����	��	��	����������	������	��	������������	���	"����	�����	����	���	��	�����	"����	"�	
���	 ����	 ���	�������	 ������ 	
��	 �����������	 �����	 "������	 ����"���	 ���������	 ��������"���	 ��	 ���	
�33	"���	������	��	��������	���	������	�����������	�����������	���	���	���������	������������� 		

!���	2��������	����	������	�����	��"	��	�������	�2��������	2��������	���	���	���	��	�����������	
�����	 ����	 "���	 ��������	 ���	 ����������	 ��	 ���������	 ��	 ���	 ����	 ������ 	 .��	 ����������	 "��	 ����	
��������	 ��	 ����	 ����	 ����������	 �����	 ���	 ������	 ��	 ����	 ������� 	 .��	 ��������	 ���������	 ����	
�����������	 "���	 ������	 ���	 ��	 ���	��������	 ��	 ���	 ��������"��'	 ���"�����	���	 ���	 ������	 ��	 ������	
��������� 	 .��	 ����	 ����������	 ��������	 ��	 ��	 ����	 ������	 ������������	 ����	 ��	 ���	 ���������	 ����	
����	 ����-��-����'	 ��"�����	 �����	 "��	 ��	 ��������	 ����	 ���������	 �����������	 "���	 ����	 ������	 ��	
��������� 	 
	 ��=��	 ����������	 ��	 ���	 ������������	 �����	 "���	 ��"�����	 ����	 ��	 ����	 �	 ������������	
��������	�������	��	���	�33	2�������������	"����	��	��������	��	����	��������	��	���2����	����	��	���	
����������	 ����������	 ���	 ���������	 ����������	 ��	 �����������	 ��	 ���������	 ��������"� 	 :���	 ��	
����������	����	��������"�	��	���������	���	"�	���������	"������	��	���	�����������	�������	���	������	
��	��	�����������	��	����	2������ 	I�����	���	����	������	?	���	������	��	�������	���	����������	��	������	��	
�������������	��	 ���������	�	 ����	������	2������������	 ����	 ����	����	 ��	 ���	�33	?	 ���	����	 ������	
�����	��	���	�33	�����	����	��������	"���	�������	���������	����	�	���� 	

H�������	�����	���	�����	��������	����	"����	����	��	��	����	���	����-�������	��������	��	����"���	
���������	 ��������"����	 "����	 ���	 �����	 �����"� 	.��	�33	�����������	 ��	 ���	����	 �������	 ��	 ���	
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Disparate Modes of Survey Data Collection 
Pierzchala, Mark (Pierzchala) 
Mathematica Policy Research, Inc., Survey and Information Systems Division 
600 Maryland Avenue, SW, Suite 550 
Washington, DC, 20024, United States of America 
MPierzchala@mathematica-mpr.com 

This paper looks at the use of disparate modes in a multimode survey. Survey modes are disparate for a 
survey concept when a different optimal question form or structure is used between modes (excluding 
modest differences in question text). Where optimal question forms are different between modes, the survey 

researcher must choose between (1) using different question forms across modes in order to measure the 
same concept, or (2) reducing optimality in one or more modes in order to use the same question form across 
modes. The word optimal may refer to historic industry practice in formulating a question in a mode, mode-
specific question structures based on methodological research, or the opinion of the survey researcher. While 

this paper focuses on differences in question form between modes, there can be other differences. Questions 
may be in a different order between modes, there can be different uses of question attributes such as Refuse 
or Don't Know, or question text can be completely variable in dynamic modes such as CATI and Web. 

Regardless of whether a survey concept is disparate between modes, there is the important question of 

mode effect. There can be mode effects when question form is the same between modes, and there can be 
absence of such effects when question form is different between modes. An instrument design approach that 
seeks to keep question form the same between modes is called a unimode approach whereas an approach that 
seeks to optimize measurement in each mode is called a generalized mode approach (De Leeuw, 2005). This 

paper merely notes that mode disparity does occur and points to some of its causes related to dimensions of 
each mode. 

Mode disparity complicates specification, programming, testing, layout of paper forms or computer 
screens, as well as merging data, back coding, and other post collection processes. For these reasons alone, 

Mathematica Policy Research, Inc. (MPR) and other organizations strive for a unimode approach where 
possible, but it isn't always possible. Mode disparity can occur whether one computer software system is 
used for all modes, or where two or more systems are used. It is more obvious and easier to assess when one 
system is used. MPR has learned how to efficiently render disparate modes; still there are increased costs that 

may be justifiable or necessary. 
An example of such a concept is a monetary amount such as expenses where survey researchers usually 

prefer to collect a single numeric value as opposed to a range. On paper, there would usually be a single 
question where the respondent would enter an answer, if indeed the question were answered at all. In a 

dynamic mode such as CATI or Web, the same question would appear. However, if it is left blank or refused, 
it is typical that there would be one or more follow-up questions giving pre-coded income ranges. Figure 1 
shows a Web implementation of such a concept from the Kauffman Firm Survey (KFS) conducted by MPR. 
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Figure 1: Collecting Monetary Amounts in KFS 

If the respondent leaves the box above empty the following browser screen appears. 

The KFS employs both CATI and Web modes but does not employ a paper mode. If it did have a paper 
mode then F17a (from Figure 1) would be, by itself, one question form while F17a and F17b together would 

be a second form for Web and CATI modes. 
Thus, the implementation of the underlying concept between paper and the other modes is implemented 

in two different ways, each optimal for its mode. Alternatively, it is possible to attempt to measure the 
concept the same way in all modes, by either using a single numeric question in all modes, or by using a 

single pre-coded question in all modes. In either of these latter two implementations, however, the optimal 
question form is sacrificed in one or more modes. Therefore, the concept of expense is disparate between the 
paper mode on one hand and CATI and Web modes on the other.  

There are a few underlying reasons why a numeric concept such as a monetary amount is disparate 

between paper and the other modes. First, paper is a passive mode whereas CATI and Web modes are 
dynamic. The latter modes can react to the behavior of the survey respondent. Second, on paper, the 
respondent can see all questions before answering (i.e., it is non-segmented)1 and to have a pre-coded 
question appear as an alternative to the numeric question would defeat the purpose of having the numeric 

question on a sheet of paper. In the segmented CATI and Web modes, the respondent does not even know of 
the possibility of the alternate pre-coded question if the numeric question is answered. However, both paper 
and Web are self administered; ultimately, the respondent can ignore prompts in Web. 

1 Segmentation refers to seeing only one or a few questions at the same time on a computer screen, as opposed to seeing 

the entire questionnaire at once on paper (Groves et al. 1980). 
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Types of Disparity 
Table 1 illustrates some of the different kinds of mode disparity that have been found in MPR surveys. It 

is not exhaustive, but gives the idea of how and where this can occur. 

Table 1: Types of Differences in Question Form 
Type Examples 

Additional questions are added to a 
mode in order to follow up. 

Numeric monetary questions can be followed up in a dynamic mode 
with a pre-coded range, but not in a passive mode (Figure 1). 
Code-all-that-apply in one mode versus a series of Yes/No questions in 
another mode. 
One question in a visual mode becomes two or more questions in an 
aural mode due to length of question or response labels (Figure 2). 

Question forms are totally different 

A coding task lists codes on paper whereas in the web or CATI modes 
this is presented as a series of branching questions (Figure 3). 

Question order is different. 
Individual questions may have a 
different order or the order of sub 
sections may differ. 

The researcher finds that the questions flow better in a different order 
between two modes, usually to give better context to the aural mode 
where the respondent cannot see related questions (Appendix A, 
questions A17). 
Randomised or rotated blocks of questions.  Questions rely on mode-specific 

capability including special 
interfaces. Self-administered modules for sensitive questions in a CATI or CAPI 

survey. 
Number of instances of a roster is 
different. 

Computer modes can record a larger number of roster elements than 
paper, which has space limits (Appendix A, questions A17). 

Researchers often use different question forms between modes for a variety of reasons: (1) the researcher 
believes that the differing question forms have cognitive equivalence between modes, (2) a given question 
form just won't work for a mode, (3) the survey was historically done in one mode and researchers are 

reluctant to change the specification for that one mode even as other modes are implemented in necessarily 
different ways, (4) specification is done sequentially for each mode with each subsequent specification 
viewed as a modification of the previous one(s), or (5) designs for different modes (of the same survey) are 
done by separate people or organizations without reference to the other modes. Differences in 

implementation for the latter 3 reasons may not truly reflect mode disparity. In these latter situations, if all 
modes are considered at one time in a re-specification effort, it is usually possible to reduce differences. For 
example, code-all-that-apply questions that are common in paper-only surveys can be reformulated to a 
series of yes/no questions that work well across all modes. 

MPR's Experience 
The term 'disparate modes' was first used in MPR in a paper (Pierzchala et al. 2004) about the 2003 

National Survey of Recent College Graduates (NSRCG). It appeared again in 2006 in a paper about MPR's 

multimode experience in 3 different surveys (Pierzchala et al. 2006). The term was explained more fully later 
that year (Pierzchala 2006) in a paper explicitly about mode disparity. Nearly all MPR multimode surveys 
include differences in question form for one or more items. In the 2003 NSRCG, about half of the items had a 
different question form for one of three modes (CATI, Web, paper) and a few items had a different question 

form for all three modes, a classic generalized mode design (see Appendix A). The fact that in MPR all 
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modes are represented in one electronic instrument makes it easier to conduct an item-by-item inspection to 
find where survey concepts were implemented the same and where they were not. It is possible to further 
explain differences by speaking with specification writers. Reference to the survey literature is also valuable, 

a good starting place being De Leeuw (2005). 

Dimensions of Multimode Surveys 
Survey researchers often compare multimode surveys along several dimensions including: (1) 

presentation, that is how the respondent receives the question (aural vs. visual), (2) how the respondent 
answers (oral, written, typed), (3) whether the questionnaire is segmented (segmented, partially segmented, 
not segmented), (4) whether the survey is self administered or interviewer administered, (5) whether the 
mode is dynamic or passive, (6) the pace of the interview, (7) the survey medium (paper, computer screen, 

telephone line, in-person), and (8) channel of communication (telephone, web, in-person). Pierzchala (2006) 
concluded that most sources of mode disparity were due to 3 critical dimensions, these being aural vs. visual 
presentation (1 above), self versus interviewer administration (4 above), and dynamic versus passive mode (5 
above). Other dimensions may contribute to mode disparity in special situations. Pierzchala et al. (2004), 

Pierzchala et al. (2006), and De Leeuw (2005) contain many references that discuss each of these dimensions. 
In order to assess which combination of modes might result in the highest degree of mode disparity 

Pierzchala (2006) assessed each mode against the three critical dimensions and counted up their differences. 
These results are repeated in Tables 2 and 3 below. 

Table 2: Attributes of Common Survey Modes Against Three Critical Dimensions 
Dimension / Mode CATI / CAPI Web Paper 
Presentation Aural Visual Visual 
Administration Interviewer Self Self 
Dynamic vs. Passive Dynamic Dynamic Passive 

Table 3: Degree of Disparity Between Common Modes of Survey Administration 
Mode Combination CATI / CAPI Web Paper 
CATI / CAPI - 2 3 
Web 2 - 1 
Paper 3 1 - 

Paper and web modes have 1 degree of disparity because they differ only in one critical dimension, that 
of dynamic versus passive. The web and CATI/CAPI mode combination has 2 degrees of disparity; they are 
both dynamic, but differ on presentation and administration. Paper and CATI/CAPI modes are most disparate 
because they differ on all three dimensions. Table 3 is a guide, not a certainty. It is possible to have a survey 

in all three modes without any disparity at all depending on the kinds of questions that are asked. Pierzchala 
(2006) presents three tables comparing the three critical dimensions, two at a time. Each two-way 
comparison of critical dimensions is analyzed against types of questions and indicates whether each question 
type within a two-way comparison tends to result in a different question form (a generalized mode design). A 

use of Table 3 is to explain or predict whether you may end up with mode disparity. For example, a design 
that is suitable for 2 modes may be disturbed by the addition of a third mode.  
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This work on disparate modes is in early stages. It is possible that Tables 2 and 3 would be revised based 
on a broader inspection of in-the-field instrumentation of multimode surveys. Especially where surveys are 
fielded in two or more systems, the number and type of mode differences may surprise researchers. 

A Few Examples 
Following are examples of questions that were disparate between modes, and their underlying reasons.  

Example (long text): Questions with long question text or long category text are difficult to ask aurally 
because this puts a burden on the respondent to remember the question and the possible answers. In this 
example, the Web mode was similar to the paper mode, but for CATI, the question had to be broken up. 

Figure 2: Description of Employer in Paper, Web, and CATI Modes in the 2003 NSRCG 

Paper Web 

CATI 
B14_1. Was your principal employer during the week 
of October 1, 2003. . .   
1. a private company or individual (go to B14_3) 
2. a government agency at any level (go to B14_4) 
3. were you self-employed (go to B14_2) 
4. did you work for some other type of employer (go to 
B14_specify) 
DK, RF 
B14_2. Were you. . . 
1. Self-employed in your own NOT INCORPORATED 
business, professional practice, or farm 
2. Self-employed in your own INCORPORATED 
business, professional practice, or farm  
DK, RF 

B14_3. Was that . . .  
1. A private for-profit organization or individual paying 
your wages, salary or commissions 
2. A private not-for-profit, tax-exempt, or charitable 
organization 
DK, RF  
B14_4. Was that. . . 
IF EMPLOYER WAS A SCHOOL: [State schools, 
colleges, universities are “state government” and 
schools run by local school districts are “local 
government”]. 
1. Local government, such as city or county government 
2. State government 
3. U.S. military service, active duty or commissioned 
corps, such as USPHS or NOAA 
4. U.S. government as a civilian employee  
DK, RF 
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Example: (Complex coding): Education and occupation coding are commonly employed in social 
surveys. In the NSRCG, education coding was employed several times for major and minor for each degree.  

Figure 3: 2003 NSRCG Education Coding Web and on Paper 

The paper questionnaire had a code list of many field of study on the back page. In CATI and web modes, 
this was not feasible and a branching mechanism was employed. In these dynamic modes, a description was 
typed (A17d above) and if the field could be auto-coded, the whole branching sequence was skipped. If the 
description could be partially auto-coded then the program skipped to an appropriate sub-branch. 
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Conclusion 
The concept of disparate modes was developed at MPR in order to understand why implementation of 

different modes was different for some items. The degree that this happens ranges from a few items per 

survey to as much as half the questionnaire. This work helped to understand the origin of mode disparity 
both in the essential dimensions of the modes themselves, and in the various specification processes that took 
place. Unimode designs are easier to put into operation, however an organization should not be afraid to 
employ a generalized mode design where necessary. 
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Appendix A: NSRCG Instrument Differences Between Modes
The table below displays differences between modes, excluding question text differences, for Section A 

of the 2003 NSRCG questionnaire (there is not enough space to list all sections). Depending on the type of 
question in Section A, modes had the same question form for all modes (PCW), for paper and CATI (PW), 

CATI and Web (CW) or all modes were done separately (P) (C) (W). Sections B and D have items where 
Paper and Web modes had the same form (PW).  
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Question Paper CATI Web Notes 

Section A – Education Background 
Model row P C W
Screener C W ID verification and eligibility 
A1 P C W
A1a P C W

Browser display and routing 

A2_1 P C Blaise coding for state / territory 
A21 W Browser drop-down for state / territory 
A2_2 P C W Blaise coding for country vs. browser string type 
A3 P C W 
A4 P C W 
A5_1 P C W
A5_2 P C W

Browser display and routing 

A6Branch C W 
A6Code P

Education coding. C/W: Auto-code on verbatim and/or 
ask series of branching questions. P: Enter 3-digit code. 

A7 P C W 
A8 P C W 
A9 P C W 
A10 P C W 
A11 P C W 
A12 P C W 
A13Branch C W 
A13Code P

Education coding. C/W: Auto-code on verbatim and/or 
ask series of branching questions. P: Enter 3-digit code. 

A14_1 P C W 
A15 P C W 
A16 P C W 
A17a P
A17b P
A17c P
A17d P
A17e P

Paper:  Allow 3 degrees.  
- Sub-blocks in order of a-b-c-d-e. 
- Education coding: Enter 3-digit code for primary and 
secondary major. 
- Degrees entered in any order. 
* CC for sample degree, CB for other degrees 

A17c C W 
A17b C W 
A17a C W 
A17d C W 
A17e

C W 

CATI/Web: Allow 9 degrees.  
- Sub-blocks in order of c-b-a-d/e-d/e. 
- Education coding: Auto-code on verbatim and/or series 
of branching questions for primary and secondary major. 
- First degree is sample degree and is transferred in large 
part from the screener. 
* CC for sample degree, CB for other degrees 

A18U P C W
A18G

P C W

CATI: series of Yes/No. 
Paper/Web: Mark all. 
CATI/Web: Auto-fill and route past if no degree at level.  
Paper: Fields on route regardless of degree level. 

A19UBorrow P C W
A19UOwe P C W
A19GBorrow P C W
A19GOwe P C W

CATI: series of 4 numeric (currency). 
Paper/Web: Mark all. 
CATI/Web: Auto-fill and route past if no degree at level.  
Paper: Fields on route regardless of degree level. 
Web: Side-by-side browser display.

A20 P C W 
A21 P C W 
A22 P C W 
A23 P C W 
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Using Multiple Modes to Collect Data in Surveys

Edith de Leeuw
Methodology and Statistics, Utrecht University
Heidelberglaan 2, De Uithof Utrecht
PO Box 80.140
NL-3508 TC Utrecht, The Netherlands
E-mail: e.d.deleeuw@uu.nl / edithl@xs4all.nl

1. Introduction
In multiple mode survey designs there is an explicit trade-off of cost and errors, focusing 
on coverage error, nonresponse error and measurement error. Coverage error is 
concerned with the question if the whole population of interest is covered by the 
sampling frame used; in other words, is everyone really sampled or does the researcher 
miss out on some (undercoverage) or do some units appear more than once in the 
sampling frame (overcoverage). Nonresponse error focuses on the percentage of the 
sample that does not respond and the differences between the respondents and 
nonrespondents on important variables. Measurement error is error introduced by the act 
of measurement itself, such as interviewer effects, social desirability, and question 
wording or question format effects (see also Biemer and Lyberg, 2003; Groves, 1989). 

Some examples: although more and more people have access to the World Wide 
Web, internet penetration is far from complete and ranges from 75% coverage for 
Sweden to 3.6% in Africa and 2.4% (www.internetworldstats.com, data from January 
2007). Thus, many countries have a considerable coverage problem when Internet 
surveys are used. Furthermore, those covered differ from those not covered, with the 
elderly, lower educated, lower income, and minorities less well represented online. To 
compensate for coverage error in web surveys, mixed-mode strategies are employed, 
such as telephone- internet and mail- internet surveys, where respondents who cannot be 
contacted through the Internet are approached by phone or postal survey to reduce 
undercoverage of those who have no web access. A second example is nonresponse 
reduction. Following up the nonrespondents in a mail survey by telephone or face-to- face
interviews can increase response further and reach and convince missing respondents 
better than simply sending a reminder by mail; a good example is the American 
Community Survey (Alexander and Wetrogan, 2000). 

In the above two examples, coverage error and nonresponse error are reduced by 
using a mixed mode design, which is positive for the quality of the survey. But, there also 
is a potential risk associated with using multiple data collection methods in one survey. A 
potential problem with mixing modes in one study is that the survey mode itself may 
have an effect on the measurement, and thereby on the data that are collected, and one 
may rightly question whether data collected with different survey modes can be 
combined and compared. In other words, mixing modes may increase the measurement 
error (Dillman and Christian, 2003; De Leeuw, 2005). 

2. Implications 
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There are several types of mixed-mode survey systems (De Leeuw, 2005). Sequential 
mixed mode contacts with a single mode data collection do not pose any problems from a 
data integrity point of view. When different modes are only used for precontact, 
screening, and reminders and not for the data collection itself, mixing modes has only 
advantages. The main data collection is being done in one mode only with its known 
characteristics and data quality implications, while the (pre) contacts and follow-ups use 
different modes that can be used to their special advantages: a win-win situation.

However, when multiple modes are being used for the data collection itself, the 
situation is far more problematic. In mixed mode data collection, questions of data 
integrity play a role, such as, “can data that are collected with different modes be 
combined?” and “can data be compared across surveys or countries or time points?”

 There is only one situation in which a multiple mode design has well documented 
positive effects on data quality. This is the case in which a second more private mode, for 
instance a self-administered questionnaire, is used for a subset of special questions to 
ensure more self-disclosure and less social desirability. While an interviewer is still 
available for assistance and poses those less sensitive, but perhaps complicated questions 
that may benefit from interviewer assistance. The expected mode differences between 
self-administered and interviewer-administered surveys for sensitive behavioural and 
attitudinal questions are precisely the reason why researchers combine these two data 
collection methods and use one method for one subset of questions and a second method 
for another subset of one questionnaire. Here the combined effect ensures better data. 
Examples are a paper questionnaire within a face-to-face interview, or (Audio-) CASI 
within a CAPI- interview. In all other cases, be it sequential or concurrent, mixed mode 
approaches for data collection can have negative consequences for the resulting data. 

Depending on the survey situation one has to decide upon the optimum design, 
carefully appraising the potential sources of error (coverage, sampling, nonresponse, and 
measurement). Only after careful consideration can one decide if the expected mode 
effects and the associated measurement errors are serious enough to avoid mixed-mode
designs or if the advantages of mixing modes in reducing coverage and nonresponse error 
outweigh the risks. If a researcher opts for multiple data collection modes there are 
certain safeguards one can implement in the data collection procedure to reduce potential 
mode effects; among these are carefully constructed robust questions and a specially 
designed questionnaire.

3. Designing questionnaires for multiple mode surveys

Whenever a multiple mode survey design is used, one should be aware of potential mode 
effects and the questionnaire has to be specially designed to reduce these effects as far as 
possible. For an optimal design it is especially important to analyze the original research 
question and distinguish between two completely different situations: 

1) There is one main or preferred data collection method plus some additional 
auxiliary data collection methods. For instance, a longitudinal survey with 
screening and recruitment done by face-to-face interviews, but the chosen data 
collection methods in all waves is by telephone interview.

2) There is a truly multiple mode design in which the different methods are equally 
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important. For instance, a web/ mail or web/telephone mix, in which respondents 
are given the choice. 

In the first case, a main mode should be chosen that accommodates the research 
question and the survey situation best. This preferred data collection mode is used to its 
maximum potential. Other modes are used as auxiliary or complementary modes only, 
and to avoid mode effects these auxiliary data collection methods are adapted to the main 
and preferred mode of data collection. This may imply that the auxiliary methods are not 
used to their fullest potential. For instance, because the main mode is a telephone survey 
and a face-to-face interview is only used for screening and recruitment or nonresponse 
follow-up, the questionnaire is designed for auditory presentation only and a limited 
number of response categories is used for each question. 

This is the mixed-mode situation Biemer and Lyberg (2003, pp208-210) describe, 
where the design is optimized for the main or preferred mode, while the auxiliary mode is 
adapted to the preferred mode. In a mixed-mode study that uses such a design one 
presents the same questions in the same layout, optimized for the preferred mode, with 
the risk of not using the auxiliary modes to their fullest potential. This avoids questions 
about data integrity when combining the data collected by the preferred and the different 
auxiliary modes.
In the second case, there is not really a preferred versus an auxiliary mode, but all modes 
are considered equally important. A good example is the study by Pierzchala, Wright, 
Wilson, and Guerino (2004), who used a mail, web, and CATI mix in a survey of college 
graduates. In this case, there is not really a main versus an auxiliary mode, but all modes 
are equal. For this specific situation Dillman (2000, p.232-240) presents a number of 
principles for unified or uni-mode design that are helpful in minimizing mode differences 
between the data collection modes used. The goal of unified-mode or uni-mode design is 
to construct the questions and the questionnaire in such a way that the survey is not 
sensitive to mode effects. Examples of uni-mode design principles are to make response 
options the same across modes, not to use category labels in a visual mode if they cannot 
be used in the aural mode, not to use a ‘check all that apply’ format for a set of questions 
on an Internet survey if there is a telephone mode where all these questions are asked as a 
sequence of yes/no questions. For practical examples of how these principles were used 
in constructing equivalent questionnaires for different modes, see De Leeuw (1992, pp 
36-38), Wilmot and Dewar, 2006.

Finally, designing for multiple modes is important, but even after careful unified (uni- )
mode design it is possible that differences between modes still remain. To cope with 
these, it is useful to collect additional data in the survey on possible mode effects, for 
instance by planning a mode comparison experiment in the pretest phase or as part of the 
data collection phase itself. These data give insight in potential remaining mode effects 
and, if necessary, can be used in the analysis phase to correct for mode differences by 
statistical adjustment.

4. Research agenda
Multiple mode research is still work- in-progress and much research is needed. This 
session provides us with an excellent opportunity to bring our knowledge one step-
further. It also raises new questions.
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Mixed or multiple mode systems are not new, but new modes emerge and with 
them new mixes. This means that we have to update our knowledge about the influence 
of modes on data quality. We need comparative studies on new modes and mode effects; 
the paper of Jackle and Roberts is an excellent example of the type of studies that have to 
be done. Hopefully, a growing number of papers on multiple mode surveys and mode 
effects will also lead to an integration of findings through meta-analysis in the near 
future.

Multiple mode contact strategies are employed to combat survey non-response. Still 
we need more research on the optimal mixes, preferably including other indicators 
besides response, such as bias reduction and costs. The exiting paper of Cobber et al. 
leads the way in this new field

Hardly any theoretical or empirical knowledge is available on how to design
optimal questionnaires for mixed-mode data collection (e.g. uni-mode and generalized 
mode design). Christian, Dillman and Smyth (in press) give an overview of how
graphical tools and survey mode affect answers. In his thought-provoking paper,
Pierzcala takes the discussion on question design even one step further and describes 
optimal designing in disparate modes. He argues for abandoning the one-questionnaire
fits all paradigm to optimize data quality. These exciting ideas call for new research to 
establish what constitutes the same stimulus across different modes, and especially how 
new media and new graphical tools will influence this.

Finally, adjustment or calibration strategies for mode mixes are still in their early 
phase, and much more research is needed 
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Putting People on the Map: 
Protecting Confidentiality with Linked Social-Spatial Data1

Myron Gutmann 
University of Michigan 
Department of History and Inter-university Consortium for Political and Social Research 
PO Box 1248 
Ann Arbor, Michigan 48106-1248 USA     gutmann@umich.edu 

RESUME  
This paper is a summary of a report issued by the U.S. National Research Council, the oper-

ating arm of the U.S. National Academy of Sciences. The report, published in March, 2007, addresses 
issues that arise when remotely sensed data are linked to social data in a spatially explicit way.  Al-
though such linkages offer tremendous potential to address questions of social importance, they in-
crease the possibility of identifying research subjects and breaking promises of confidentiality.  The 
report considers the scientific value of linking remotely sensed and self-identifying social science 
data; discusses and evaluates tradeoffs involving data accessibility, confidentiality, and data quality; 
considers the legal issues raised by releasing remotely sensed data in forms linked to self-identifying 
data; assesses the costs and benefits of different methods for addressing confidentiality in the dis-
semination of such data; and suggests appropriate models for addressing the issues raised by the com-
bined needs for confidentiality and data access.  The report includes discussions of ways to make 
datasets available that link spatial and self-identifying data while maintaining confidentiality; data 
sharing policies for research funding agencies that are sensitive to confidentiality issues; and issues 
that should be considered by institutional human subjects review organizations.  The report is ad-
dressed to: scientists involved in creating integrated datasets, managers of data archives, managers of 
institutional review processes, specialists in privacy rights, funders of social science research that uses 
remotely sensed and other spatially precise data, and research policy makers. 

1. Introduction 
Spatial information that is precise and accurate is revolutionizing social science. While there 

is little that is new about the availability of data that identify where individuals live, work, go to 
school, or take part in other activities, more and more researchers are collecting such information as 
part of surveys and administrative records, and more and more opportunities exist to use those data for 
analysis. These opportunities have significantly expanded what we can learn about society. At the 
same time, if data are spatially precise there is a corresponding risk that that the individual respon-
dents in a survey or administrative database might be identified, and the confidentiality promised in 
the survey might be breached. With breach of confidentiality comes risk of harm, and the need for 
those who steward social science data to understand the risk of identification and harm, and to find 
ways to protect against those risks. 

This paper is a summary of a report produced by the National Research Council of the Na-
tional Academies of the United States, and it focuses on the opportunities and challenges that arise 
when accurate and precise spatial data on research participants, such as the locations of their homes or 
workplaces, are linked to personal information they have provided under promises of confidentiality.   
Open public access to linked social and high-resolution spatial data greatly increases the risk of 

                                                     
1 Much of this paper is drawn directly from National Research Council (2007), which was prepared by a panel 
consisting of myself, Marc Armstrong, Deborah Balk, Kathleen O’Neill Green, Felice Levine, Harlan Onsrud, 
Jerome P. Reiter, and Ronald Rindfuss, with an outstanding contribution from Paul Stern of the NRC.  This is 
their paper as much as mine. I thank them for their assistance, as well as all those we consulted in preparing the 
report. I encourage those who would think of citing this paper to cite the underlying report instead. Beyond the 
work of the report (which had its own federal support), this work has been supported by Grant number P01 
HD047531 from the National Institute of Child Health and Human Development. 
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breaches of confidentiality.  At the same time, highly restrictive forms of data management and dis-
semination carry very high costs:  by making it prohibitively difficult for researchers to gain access to 
data or by restricting or altering the data so much that they are no longer useful for answering many 
types of important scientific questions.  

Putting People on the Map summarizes the benefits and risks associated with these forms of 
data, and with various approaches that can be used to limit the risk of disclosure.  It draws conclusions 
that emphasize the great scientific potential of linked social-spatial data as well as the risks and uncer-
tainties associated with them.  It finds that technical solutions are not yet adequate to ensure wide-
spread and safe access to the data, and that without satisfactory technical solutions, institutional solu-
tions must continue to be developed.  The recommendations emphasize future research that needs to 
be done, promising approaches, and institutional processes that need to be developed. 

2. Benefits and Risks 
Social data collected from individuals and households can lead to dramatically increased un-

derstanding of social processes when they are linked with spatial data about them (Butz and Torrey 
2006). While based on many years of experience with Geographical Information Systems and re-
motely sensed data, recent advances in geographic information science and in remote sensing make it 
possible to connect individuals and households to their geographic and biophysical environments, and 
to understand changes in those environments, at much more finely resolved geographical, social, and 
temporal scales. Some of the progress that has taken place is in the area of human interactions with 
the natural environment (NRC 1998, 2005a), in studies where researchers have combined household 
surveys with data about land use change to better understand changes in land use and their social, en-
vironmental, and economic consequences (Walsh et al 2005; Moran 2005).  Health research is another 
area where progress has been rapid. Gordon-Larson et al (2006) show that the availability of exercise 
options near where people live, including features as simple as a sidewalk, improve health and fitness. 
Work by Balk et al (2005) shows that combining demographic survey data with environmental vari-
ables can reveal that household factors (composition, size, assets), maternal education, and soil fertil-
ity are all determinants of child hunger in Africa. 

The data that allow this research contain elements that make them vulnerable to intrusion and 
if compromised offer risks to research subjects (Van Wey et al 2005). Precise locations can almost 
always be linked to the people to whom they apply, especially if there are multiple locations, such as 
home and work, or home and school (Goss 1995; Armstrong and Ruggles 2005). Moreover, when this 
ability to identify is combined with survey questions that have the potential to bring harm to the re-
spondent, the risk involved in public release of data is very great. This would be the case if a study 
that had precise spatial identifiers also collected compromising information about the respondent, for 
example the sexual history of a minor, questions about drug or alcohol use, or criminal activities.  

The tradeoff between benefits and risks is especially important because we work in a re-
search culture that strongly encourages data sharing. In the U.S., both professional ethics and agency 
policies endorse sharing of data.2 The promise of confidentiality to respondents means that those who 
are charged with stewarding the data, whether those who originally collected the data or those who 
manage data archives for secondary use, need to balance the obligation to share with the obligation to 
protect confidentiality.  

3. Approaches to Protecting Confidentiality: Ethical, Legal, Institutional, and Technical 
Putting People on the Map surveys legal and ethical issues relating to social-spatial data, and 

finds strong ethical reasons both to share data and to protect confidentiality (Levine and Sieber 2007), 

                                                     
2 See, for example, the codes of ethics of the Urban and Regional Information Systems Association 
(http://www.urisa.org/ethics/code_of_ethics.htm); the American Sociological Association 
(http://www.asanet.org/page.ww?section=Ethics&name-Ethics) and the Association of American Geographers 
(http://www.aag.org/Publications?EthicsStatement.html).  Also see, for example, the policies of the National 
Institutes of Health (http://grants1.nih.gov/grants/guide/notice-files/NOT-OD-03-032.html) and the National 
Science Foundation (article 36 at http://nsf.gov/pubs/2001/gc101/gc101rev1.pdf). 
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and a relatively weak set of legal principles to guide researchers and data stewards (Gellman 2007). In 
general, there is a lot of information about protection of privacy, but little about protection of confi-
dentiality, if we think of the latter as the promise given by the researcher to the respondent to prevent 
the respondent’s identification and to prevent a third party from knowing that the respondent provided 
a specific set of responses in the data. 

Institutional approaches are widely used to control access to sensitive data. What is central to 
these approaches is the notion that the greater the risk of disclosure or harm, the more restricted access 
should be. Data stewards conceptualize the existence of tiers of risk, which are then matched to tiers
of access restriction. Small sample surveys, as well as the public-use microdata samples of the U.S. 
Census, all of which either have few identifiable variables or few cases spread over a larger territory, 
have the lowest risk. These data may be disseminated over the web with little risk of disclosure. At 
the highest tier of risk, with the most restrictions on use, are data that can be absolutely identified, 
such as those pertaining to business establishments or those with precise spatial identifiers (NRC 
2005a).  In general we can imagine a set of steps that goes from full public use and public access, 
through increasingly restricted access governed by contracts, to the greatest level of restriction, where 
data may only be consulted through an interactive system or by working in a limited-access room, 
sometimes called a data enclave.  Institutional approaches facilitate balancing the risk of breach of 
confidentiality against access limitations, with consequences for data availability. The more restricted, 
the less the data are available. On the other hand, data that are widely available often lack critical vari-
ables for valuable analysis (such as spatial precision), and therefore are less useful to researchers. 

Technical approaches are an alternative and a complement to institutional approaches. The 
report notes four major types. Data limitation manipulates the data to restrict the number of variables, 
the number of values for responses, or the number of cases that can are available, in order to reduce 
the number of unique values (reducing risk of identification), or to reduce an intruder’s certainty that 
he or she has correctly identified a specific respondent. Data Alteration changes the values of the data 
to reduce the risk of identification, either by swapping values, or by masking them -- especially by 
transforming locations (Armstrong et al 1999, Skinner et al 1994). Secure Access is an emerging set 
of techniques that provide users with the results of computations on data without allowing them to see 
individual data values. This can involve specially constructed data sources on CD-ROM, or remote 
access to special servers that are designed to allow researchers to obtain results but not to see the data 
or to perform operations such as cross-tabulation (Boulos et al 2006; Gomatam et al 2005). Data 
Simulation allows data providers to release synthetic (simulated) data with characteristics that are 
similar to the genuine data. This approach has the potential to preserve both confidentiality and mean-
ingful data analysis (Rubin 1993; Raghunathan et al 2003; Reiter 2002, 2004). All these technical ap-
proaches have promise, but none have demonstrated themselves capable of resolving all the chal-
lenges in sharing linked social-spatial data. 

Putting People on the Map describes the challenge of preserving confidentiality while facili-
tating research in an era of increasingly detailed data about research participants and their geographic 
locations.  The report’s findings help ensure that both explicit and implied pledges of confidentiality 
are kept when social data are made spatially explicit, and provide access to important research data for 
analysts working on significant basic and policy research questions.  In doing so, the report comes to 
four conclusions and makes eight recommendations, reprinted below in boldface.  

4. Conclusions 
The first two conclusions in the report confirm the core understanding that the panel drew 

about linked social-spatial data: that they are extremely valuable and promise important findings for 
research and policy, and that they pose new and significant risks.  

Conclusion 1:  Recent advances in the availability of social-spatial data, and the development of 
GIS and related techniques to manage and analyze those data give researchers important new 
ways to study and suggest solutions to important social, environmental, economic, and health 
questions, and are worth developing further.  
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Conclusion 2:  The increasing use of linked social and spatial data has created significant uncer-
tainties about the ability to protect the confidentiality promised to research participants.
Knowledge is as yet inadequate concerning the conditions under which and the extent to which 
the availability of spatially explicit data about participants increases the risk of confidentiality 
breaches. 

Given the need to encourage research while protecting respondents, the report’s third and 
fourth conclusions evaluate what the panel learned about technical and institutional approaches to pre-
serving confidentiality. The report finds that it will remain difficult to reconcile these conflicting ob-
jectives by technical strategies alone.  Continuing efforts will be necessary to identify effective tech-
niques, a variety of methods and procedures will be optimal for different applications, and the best 
approaches will develop over time. Institutional approaches hold promise, but they require continued 
development and must address issues of shared responsibility for the production, control, and use of 
data among primary data producers, secondary producers who link additional information, data users 
of all kinds, research sponsors, IRBs, government agencies, and data stewards. It is also essential that 
users of the data bear the burden of confidentiality protection for the data they use. 

Conclusion 3:  Recent research on technical approaches to reducing the risk of identification 
and breach of confidentiality has demonstrated promise for future success. Nonetheless, no 
known technical strategy or combination of technical strategies for managing linked spatial-
social data adequately resolves conflicts among the objectives of data linkage, open access, data 
quality, and confidentiality protection across datasets and data uses at this time.

Conclusion 4:  Because technical strategies will be not be sufficient in the foreseeable future for 
resolving the conflicting demands for data access, data quality, and confidentiality, institutional 
approaches should be pursued to provide options for balancing those demands. 

5. Recommendations. 
Putting People on the Map builds on more than two decades of reports from the National Re-

search Council and others (starting with NRC 1985 and continuing with NRC 1993, 2000, 2004 and 
2005a), which have advocated sharing data while simultaneously protecting respondent confidential-
ity. The report especially endorses the recommendations of two recent reports, Protecting Partici-
pants and Facilitating Social and Behavioral Sciences Research (NRC, 2004) and Expanding Access 
to Research Data: Reconciling Risks and Opportunities (NRC, 2005a). Those reports provide general 
guidance about issues of confidentiality and data access for microdata, and are limited to data col-
lected and held by federal agencies; they do not deal with the special issues that arise when spatial and 
social data are linked.  Putting People on the Map extends their recommendations to include data col-
lected by other institutions, and makes it imperative that research sponsors, research organizations 
such as universities, and researchers pay special attention to data that record exact locations. 

Recommendation 1. Research on Technical and Institutional Approaches
Beyond the general endorsement of earlier recommendations, Putting People on the Map

adds eight recommendations. These begin with a strong endorsement for additional research in this 
domain. While much has been learned, and we have not seen evidence of a disaster that has occurred 
because of breach of confidentiality involving social-spatial data, it is essential that we undertake 
more research into both technical and institutional approaches. This research should operate in three 
areas. First, it should focus on adapting existing techniques and developing new approaches in social 
science, computer science, geographical science, and statistical science that have the potential to deal 
effectively with the problems of linked social-spatial data. Second, research should include work to 
understand how the publication of spatially explicit material using linked social-spatial data might 
increase disclosure risk and thus to increase sensitivity to this issue.  Third, research should consider 
how to improve institutional mechanisms for disseminating linked social-spatial data while protecting 
confidentiality and maintaining the usefulness of the data for social-spatial analysis. 
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Federal agencies and other organizations that sponsor the collection and analysis of linked so-
cial and spatial data, or that support data that could provide added benefits with such linkage, 
should sponsor research into techniques and procedures for disseminating such data while pro-
tecting confidentiality and maintaining the usefulness of the data for social-spatial analysis.  
This research should include studies to adapt existing techniques from other fields, to under-
stand how the publication of linked social-spatial data might increase disclosure risk, and to ex-
plore institutional mechanisms for disseminating linked data while protecting confidentiality 
and maintaining the usefulness of the data.

Recommendation 2. Improve Education and Training
Education is an essential tool for ensuring that linked social-spatial data are organized and 

used in ways that balance the benefits of the data for developing knowledge, the value of wide access 
to the data, and the need to protect the confidentiality of research participants. Hence, the second rec-
ommendation is about education. Training, both for students and as part of continuing education and 
the preparation of members of institutional review boards, require materials that go beyond ethical 
principles and address practical applications.  

Faculty, researchers, and organizations involved in the continuing professional development of 
researchers should engage in the education of researchers, including the next generation of in-
vestigators, in the ethical use of spatial data. Professional associations should participate by es-
tablishing and inculcating strong norms for the ethical use and sharing of linked social-spatial 
data.    

Recommendation 3. Training in Ethical Issues
The third recommendation extends the concept of training to emphasize the importance of 

ethical issues. Education in ethical issues has particular salience for linked social-spatial data, as it 
does for any area where particularly sensitive or easily identified data are involved. This training 
needs to work in two directions. Graduate-level courses and professional workshops addressed to 
ethical considerations need to include attention to social-spatial data.  Similarly, institutes, courses, 
and programs focusing on spatial methods and their use need to incorporate consideration of ethical 
issues.

Training in ethical considerations needs to accompany all methodological training in the acqui-
sition and use of data that include geographically explicit information on research participants. 

Recommendation 4. Outreach
Expertise on these issues is not uniformly distributed across research disciplines and fields. 

As its fourth recommendation, the report suggests that funding agencies, scientific societies, and re-
lated research organizations take steps to ensure that expertise in the conduct of research with human 
participants is broadly accessible and shared, especially among groups that work with spatially ex-
plicit data but do not normally deal with social science data, or those who make use of social science 
data but do not normally use spatially explicit data.   

Research societies and other research organizations that use linked social-spatial data and that 
have established traditions of protection of the confidentiality of human research participants 
should engage in outreach to other research societies and organizations less conversant in re-
search with issues of human participant protection to increase their attention to these issues in 
the context of the use of personal, identifiable data.  

Recommendation 5. Research Design
The challenges of working with linked social-spatial data start at the very beginning of the 

research enterprise, meaning that researchers need to consider the tradeoffs between data utility and 
confidentiality at the start of their research, when they are making commitments to sponsors, design-
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ing procedures to obtain informed consent, and presenting their plans to their institutional review 
boards. The fifth recommendation of the report emphasizes the importance of making data sharing 
and protection of human subjects a core element in research design. We should not let a generation’s 
work at finding norms for sharing of data not be lost, while all the same preserving an equally long 
effort to ensure the safety of human research subjects.  

Primary researchers who intend to collect and use spatially explicit data should design their 
studies in ways that not only take into account the obligation to share data and the disclosure 
risks posed, but also provide confidentiality protection for human participants in the primary 
research as well as in secondary research use of the data.  We recognize the difficulty of recon-
ciling these three objectives, but primary researchers should nevertheless assume a significant 
part of this burden. 

Recommendation 6. Institutional Review Boards
Under federal regulations, Institutional Review Boards have a special responsibility for pro-

tecting human subjects.  The specialized knowledge needed to understand social-spatial data, and the 
pace with which change occurs in this area puts particular pressures on IRBs, which need to learn 
what they do not know and develop plans to consult with experts when appropriate.  Moreover, until 
now IRBs have concerned themselves with the collection of data more than with than its dissemina-
tion, but that may have to change.  Government agencies, the Association for the Accreditation of 
Human Research Protection Programs, research organizations and IRBs need to be concerned with 
these issues. 

Institutional Review Boards and their organizational sponsors should develop the expertise 
needed to make well-informed decisions that balance the objectives of data access, confidential-
ity, and quality in research projects that will collect or analyze linked social-spatial data.  

Recommendation 7. Data Enclaves
Data enclaves have begun to play an important role in allowing research while protecting the 

confidentiality of respondents. This seventh recommendation, which deals with data enclaves, en-
compasses three issues. The first is the need for academic and other research organizations to expand 
the number of place-based data enclaves to hold more extensive collections of social-spatial data.
Currently, many such data enclaves are maintained by a data producer and contain only the data pro-
duced by that organization.  The panel recommends an alternative model in which organizations that 
store research they produce also house data sets produced elsewhere, or that institutions that manage 
multiple enclaves combine them into a single entity. Second, “virtual enclaves,” in which data are 
housed in a remote location but accessed in a secure setting by researchers at their own institution un-
der agreed rules, deserve further development.  One key issue in the management of virtual or remote 
enclaves is the location of the “watchful eye” that ensures that the behavior of restricted data users 
follows established rules. Third, access to restricted data through virtual or place-based enclaves 
should be restricted to those who agree to abide by the confidentiality protections governing such 
data, and meaningful penalties should be enforced for willful misuse of the data. 

Data enclaves deserve further development as a way to provide wider access to high-quality 
data while preserving confidentiality.  This development should focus on the establishment of 
expanded place-based enclaves, “virtual enclaves”, and meaningful penalties for misuse of en-
claved data.  

Recommendation 8. Licensing
The final recommendation in Putting People on the Map deals with licensing agreements, 

which have the advantage of being relatively simple and straightforward ways to deal with the need to 
make data available while simultaneously protecting confidentiality. Licensing agreements place the 
burden of confidentiality protection on the data user.  Strong licensing that requires data users to take 
special precautions to protect the shared data, can make sensitive data more widely available than has 
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been the case to date.  Data stewards and research sponsors who support sensitive research should 
recognize that licensing agreements provide an appropriate mechanism for providing increased access 
in many situations. At the same time, research planning should envision the need to create and to use 
licensed data. Sponsors of primary research should ensure that plans are developed at the outset, with 
sufficient resources provided (e.g., time to do research, funds to pay for access) to prepare datasets 
that facilitate analysis by secondary data users.  Finally, enforcement is important. Explicit language 
should be included in contracts and license agreements, and funding agencies and research societies 
should scrutinize confidentiality breaches that occur and take appropriate actions. 

Data stewards should develop licensing agreements to provide increased access to linked social-
spatial datasets that include confidential information.  

6. Conclusions 
Putting People on the Map sees much that has been done to improve the availability of linked 

social-spatial data, which at the same time ensuring the promises of confidentiality that researchers 
give their respondents. The report also proposes a set of recommendations that will lead to even more 
effective research and protection in the future. Research is essential to maintain the pace of change in 
this field, and to ensure that solutions are developed more rapidly than intruders can plan attacks on 
the confidentiality of research subjects. Beyond research, the report recommends other improvements 
to the research environment. These improvements take place throughout the research life cycle, be-
ginning (recommendations 2, 3, and 4) with training of researchers and outreach to those for whom 
the core concepts involved may be new. The process of data collection and management also needs 
improvement, leading to recommendations for changes to research design and the work of institu-
tional review boards (recommendations 5 and 6). Finally, nearer the end of the research life cycle, 
when data are made available for use by secondary users, the panel recommends improvements in the 
ways that both data use licenses and restricted data enclaves are constructed and administered (rec-
ommendations 7 and 8). Assuming these recommendations are followed, the environment will im-
prove for both researchers and respondents. 
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Abstract

This paper addresses the problem of privacy and anonymity of location and mobility data, on the

basis of the experience gathered in a large-scale European research initiative, the GeoPKDD project

Geographic Privacy-aware Knowledge Discovery and Delivery 1 which is coordinated by the speakers.

The wireless networks gather highly informative traces about the human activities in a territory,

essentially due to two factors: pervasiveness and positioning accuracy. The number of mobile phone

users worldwide was estimated at 1.5 billions in 2005, and the numbers are still increasing at a high

speed. Moreover, the location technologies currently used by wireless carrier operators are capable

of providing a good estimate of user location, and better localization is expected in the near future,

due to the integration of various positioning technologies (GPS-equipped mobile devices, Wi-Fi and

Bluetooth for indoor positioning, sensors and sensor networks for ubiquitous computing).

A scenario of opportunities opens up: on one side, better and better location-based services

can be delivered to the end-user, and on the other side, ever more sophisticated forms of analytic

1http://www.geopkdd.eu
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knowledge can be discovered from the traces left behind by mobile users in the information systems of

wireless networks. As a concrete example, from the traces of our mobile phones or other location-aware

devices it is possible to reconstruct our mobile behaviour, the way people move, and this knowledge

may enable us to improve decision-making in mobility-related issues.

Unfortunately, at the very basis of this positivists scenario, lies a flaw of potentially dramatic

impact, namely the fact that making this data publicly available for the mentioned purposes would

put at risk our own privacy, our natural right to keep secret the places we visit, the places we live or

work at, the people we meet all in all, the way we live as an individual.

Geographic Knowledge Discovery

A flood of data about moving objects is becoming available, due to the automated collection

of telecom data from mobile phones and other location-aware devices, from sensor networks, from

ubiquitous computing. The term geographic knowledge discovery represents a special case of knowl-

edge discovery in databases that required specialized tools and provided unique research challenges

to deal with space and time. In this context, the general goal of the GeoPKDD project is to de-

velop theory, techniques and systems for knowledge discovery and delivery, based on new automated

privacy-preserving methods for extracting user-consumable forms of knowledge from large amounts of

raw data referenced in space and in time. Particular emphasis is placed upon:

• Devising methods for representing, storing and managing moving objects, which change their

position in time, and possibly also their shape or other features, together with their trajectories,

with varying levels of accuracy and certainty;

• devising spatio-temporal knowledge discovery and data mining methods and algorithms for mov-

ing objects and their trajectories;

• devising native techniques to make such methods and algorithms intrinsically privacy-preserving,

as data sources typically contain personal location-aware sensitive data.

The motivations for undertaking this direction of research are rooted in the consideration that

spatio-temporal, geo-referenced datasets are, and will be, growing rapidly, due to, in particular, the

collection of privacy-sensitive telecommunication data from mobile phones and other location-aware

devices, as well as the daily collection of transaction data through database systems, network traffic

controllers, web servers, sensors.

The large availability of these forms of geo-referenced information is expected to enable novel

classes of applications, where the discovery of consumable, concise, and applicable knowledge is the

key step. As a distinguishing example, the presence of a large number of location-aware wirelessly

connected mobile devices presents a growing possibility to access space-time trajectories of these

personal devices and their human companions: trajectories are indeed the traces of moving objects

and individuals. These mobile trajectories contain detailed information about personal and vehicular

mobile behaviour, and therefore offer interesting practical opportunities to find behavioural patterns,

to be used for instance in traffic and sustainable mobility management, e.g., to study the accessibility

to services. As a prototypical application scenario, assume that source data are log transactions from

mobile cellular phones, reporting user’s movements among the cells in the network; these are streams of

raw data (log entries) about users entering a cell – (userID, time, cellID) – or, in the near future, even

user’s position within a cell – (userID, time, cellID, X, Y) and, in the case of GPS/Galileo equipped

devices, user’s absolute position. Indeed, each time a mobile phone is used on a given network, the

phone company records real-time data about it, including time and cell location. If a call is taking

place, the recording data-rate may be higher. Note that if the caller is moving, the call transfers
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Figure 1: The GeoPKDD process

seamlessly from one cell to the next. In this context, a novel geographic knowledge discovery process

may be envisaged, composed of three main steps: trajectories reconstruction, knowledge extraction,

and delivery of the information obtained, described in the following (see Figure 1).

However, successful applications of geographic knowledge discovery are not common, despite

the vast literature on knowledge discovery in databases. One important reason is that, although it is

relatively straightforward to find patterns in very large spatio-temporal databases, privacy concerns

may prevent from sharing the extracted knowledge.

In particular, how can trajectories of mobile individuals be stored and analysed without in-

fringing personal privacy rights and expectations? How can, out of privacy-sensitive trajectory data,

patterns be extracted that are demonstrably privacy-preserving, i.e., patterns that do not disclose

individuals’ sensitive information? These questions, which call for answers at a combined technical,

legal and social level, address a crucial point, both from the ethical point of view and that of social ac-

ceptance - solutions that are not fully trustworthy will find insuperable obstacles to their deployment.

On the other hand, demonstrably trustworthy solutions may open up tremendous opportunities for

new knowledge-based applications of public utility and large societal and economic impact.

Obtaining the potential benefits by means of a trustable technology, designed to protect indi-

vidual privacy, is a highly challenging goal; if fulfilled, it would enable a wider social acceptance of

many new services of public utility that find in geographic knowledge a key driver, e.g., in sustainable

mobility, urban planning, environmental monitoring, and collaborative location-based services.

Privacy Issues in the Context of Geographic Knowledge Discovery

Privacy needs to be addressed from the beginning of the geographic knowledge discovery and

therefore needs to be integrated into the complex relationship between patterns and information

metaphors. In legal frameworks as well as in the database community, the concept of privacy is

generally translated into data protection, or more specifically, the protection of personal data through

protection of identities. Personal data is any information relating to an identified or identifiable natural

person [...]; an identifiable person is one who can be identified, directly or indirectly, in particular by

reference to an identification number or to one or more factors specific to his physical, physiological,

mental, economic, cultural or social identity (EU Directive 95/46/EC, Art. 2 (a)). This definition
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has two effects: first, it focuses the attention on data (as opposed to people), and second, it focuses

the attention on the identification of a natural person as the problem. Thus, it implicitly declares

data-processing activities to be privacy-preserving if and only if they do not (better, if they provably

cannot) involve the identification of the natural person who is the carrier of a record of attributes.

This notion is reflected in the knowledge discovery literature by regarding goals such as k-anonymity

as the defining properties of a privacy-preserving data mining algorithm; we will present our approach

to this

However, the privacy literature suggests that a people view of privacy involves not one but

many identities which can be supported by a number of identity management schemes, and that there

are concerns over profiles independently of identification, and that context is all-important. A true

geographic knowledge discovery process should transcend the algorithm-centric and data-centric views.

As a result, it should involve a better understanding of an application domain, and the evaluation of

the lessons learned from previous cycles of a geographic knowledge discovery process. Different mobile

entities release trajectory data in different contexts as a result of complex sets of interactions; and

different mobile entities have partially conflicting interests in the information processed and available

through such systems, and each particular system exists in an environment populated by many systems.

Further, positioning data, and hence trajectory models, are particularly sensitive information

to sensor carriers because of the specific characteristics of a geographic environment. The sensor car-

riers cannot avoid being at a location at any point of time (one cannot opt-out of being somewhere).

Therefore, their impression of lacking self-control and comprehensiveness of surveillance is particularly

pronounced in comparison to data miners and experts concerns about privacy. In addition, position-

ing data sets in combination with geographic information allow many inferences because of rich social

background knowledge. One reason is that because of physical constraints, the number of interpreta-

tions of being at one location is often bounded (e.g., visits to a doctor specialist in the treatment of

AIDS victims). Another reason is that there are typical spatio-temporal behaviour patterns (a loca-

tion where a person habitually spends the night without moving is most likely that person’s home).

This may bring further constraints on the positioning data to be collected, processed and released by

data miners as well as experts of an application domain.

The preservation of privacy in ubiquitous environments during data collection is difficult, if not

impossible. Multiple channels collect different kinds of physical information (e.g. radio frequency

fingerprints) that can be used to precisely identify the trajectories of a given sensor carrier. Therefore,

opting out may not be a possibility during data collection, and may bring about legal or social

conflicts. Especially since trajectories coupled with a-priori knowledge on places and social contexts,

can be analysed by data miners to infer individual identities used to link profiles of individuals, or

classify persons into previously defined groups.

In the rest of this paper we present some technical issue about privacy and anonymity in location

and movement-aware data mining, that we are tackling within the GeoPKDD project.

Hiding Trajectory Patterns

The process of discovering relevant patterns holding in a database, was first indicated as a threat

to database security by O’ Leary in [11]. Since then, many different approaches for knowledge hiding

have emerged over the years, but due to the inherent challenges of protecting privacy while discovering

knowledge, most of the work so far has focussed on simple, flat relations and on classical data mining

tasks, such as decision trees, clustering, association rules and frequent itemsets. But nowadays, the

real-world applications call for more advanced analysis of more structured and more complex data.

It is a goal of our on-going research to develop techniques to hide sensitive trajectory patterns

from a database of moving objects. As a concrete example, consider a traffic management application
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on a city road network, where the trajectories of vehicles (equipped for instance, with a GPS device)

are recorded and analyzed by the city municipality traffic management office (we are aware of existing

real-world projects of this kind). Suppose that the office owning the data is going to provide the data

itself to a third external party, for reach of poster analysis. The reach of a poster defines the percentage

of people who have at least one contact with a given poster or poster network within a specified period

of time. The reach allows to determine the optimal duration of some advertisement and to tune the

formation of poster networks (analysis performed, for instance, by the Swiss Poster Research project

[1]). Suppose now that the mobility data collected by the municipality office contains also some typical

mobile behaviours (i.e., trajectory patterns), that are related to police and/or military daily activities,

and as such, they must be kept secret Obviously, many other examples of sensitive patterns exist.

Informally, our problem is how the data owner can sanitize, or in other terms transform, the

city mobility database prior to publishing it, in such a way that:

• sensitive patterns can no longer be extracted, by means of data mining techniques, from the

sanitized (and published) database;

• the sanitized database maintains as much as possible the information of the original database;

• the sanitized database is still consistent with the city road network, i.e., we want to avoid

transforming the database such that we end with unreal trajectories: cars driving on the river,

or trough buildings, or driving at 300 Km/h in the city center.

As a preliminary step in this direction, in [2] we shift the problem of knowledge hiding from the

usual frequent itemsets, to contexts where both the data and the extracted knowledge have a sequential

structure.

Let D be a database of sequences, where each T ∈ D is a finite sequence of symbols from an

alphabet Σ: T = 〈t1, . . . , tTn〉 where ti ∈ Σ, ∀i ∈ {1, . . . , Tn}. We denote the set of all sequences as Σ∗.

A sequence U ∈ Σ∗ is a subsequence of a sequence V ∈ Σ∗, denoted U � V , if U can be obtained by

deleting some symbols from V . More formally, U = 〈u1, . . . , um〉 is subsequence of V = 〈v1, . . . , vn〉 if

there are m indices i1 < . . . < im such that u1 = vi1 , . . . , um = vim .

The support of a sequence S ∈ Σ∗ is the number of sequences in D that are supersequences of

S: supD(S) = | {T ∈ D |S � T} |.
The classical problem of mining frequent patterns requires, given a database D and a mini-

mum support threshold σ, to compute all patterns that have a support larger than σ: F(D, σ) =

{S ∈ Σ∗ | supD(S) ≥ σ}.
The sequence hiding problem instead is defined as follows.

Problem 1 (The Sequence Hiding Problem) Let Sh = {S1, . . . , Sn} with Si ∈ Σ∗, ∀i ∈ {1, . . . , n},
be the set of sensitive sequences that must be hidden from D. Given a disclosure threshold ψ, the Se-

quence Hiding Problem requires to transform D in a database D′ such that:

1. ∀Si ∈ Sh, supD′(Si) ≤ ψ;

2.
∑

S∈Σ∗\Sh
|supD(S)− supD′(S)| is minimized.

The problem requires to sanitize the input database D in such a way that a set of sensitive

patterns Sh is hidden, while the most of the information in D is maintained. The resulting database

D′, is the released one.

The first requirement asks all sensitive patterns to be hidden in D′, i.e., they must have a support

not more than the given disclosure threshold.
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The second requirement asks to minimize the sanitization effects on all non-sensitive patterns

(regardless of their frequency). Note that this is equivalent to keep D′ as similar as possible to D.

This is a very general definition which does not say how the sanitization is actually performed.

In [2] we studied this general problem statement and some theoretical issues including NP-

hardness of the problem. We also developed a polynomial sanitization algorithm and an experimental

evaluation on location data, showing the feasibility and effectiveness of the proposed framework.

Anonymous Sharing of Spatio-Temporal Knowledge

By focusing on individual privacy through principles of non-identifiability as the ones expressed

at the European level by Directive 95/46/EC (Oct. 24, 1995) and followings, we should ask ourselves

whether the disclosure of patterns extracted by data mining techniques may open up the risk of

privacy breaches that may reveal individual identity. A solution to this problem would be an enabling

factor of many emerging applications based on knowledge discovery. The trajectories of moving

individuals contain detailed information about personal and vehicular mobile behaviour, and therefore

offer interesting practical opportunities to find behavioural patterns, to be used for instance in traffic

and sustainable mobility management, e.g., to study the accessibility to services. Clearly, in these

applications privacy is a concern. As an example, an over-specific pattern may reveal the behaviour

of an individual (or a small group of individuals) – even if the identity of Mr. Smith is concealed, it

can be reconstructed by knowing that there is only one person living in a specific place that moves on

a certain route at the specific time. How can trajectories of mobile individuals be analyzed without

infringing personal privacy rights? How can, out of privacy-sensitive trajectory data, patterns be

extracted that are demonstrably anonymity-preserving?

In [5, 4, 3] we concentrate on the notion of individual privacy protection in frequent itemset

mining, and provide a formulation that achieves to shift the concept of k-anonymity from source

data to the extracted patterns. The notion of k-anonymity is of crucial importance in spatio-temporal

environments, since it is proved to be an effective way for protecting individuals’ location privacy [7]. It

was first introduced in the context of databases in the work of Samarati and Sweeney [12, 13], where

the authors demonstrated that protection of individual sources is insufficient to guarantee privacy,

when these sources are cross-examined. Thus, the objective of k-anonymity is to eliminate such risks

of inferring private information through cross linkage by ensuring that each shared information regards

at least k individuals. Data mining models and patterns (such as frequent itemsets), in order to ensure

the minimum required statistical significance for the production of rules, aim at representing a large

number of individuals; thus, they are expected to conceal individuals’ identities. However, as shown

in [5, 4], this belief is ill-founded. Depending on the special characteristics of the dataset, minimum

support and privacy thresholds used, it may be possible for an adversary to identify individuals

“hidden” within certain frequent patterns.

Example 1 Consider the following association rule:

a1 ∧ a2 ∧ a3 ⇒ a4 [sup = 80, conf = 98.7%]

where sup and conf are the usual interestingness measures of support and confidence as defined above.

Since the given rule holds for a number of individuals (80), which seems large enough to protect

individual privacy, one could conclude that the given rule can be safely disclosed. But, is this all the

information contained in such a rule? Indeed, one can easily derive the support of the premise of the

rule:

sup({a1, a2, a3}) =
sup({a1, a2, a3, a4})

conf
≈ 80

0.987
≈ 81.05

Given that the pattern a1∧a2∧a3∧a4 holds for 80 individuals, and that the pattern a1∧a2∧a3 holds

for 81 individuals, we can infer that in our database there is just one individual for which the pattern
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a1 ∧ a2 ∧ a3 ∧ ¬a4 holds. The knowledge inferred is a clear threat to the anonymity of that individual:

on one hand the pattern identifying the individual could itself contain sensitive information; on the

other hand it could be used to re-identify the same individual in other databases. It is worth noting

that this problem is very general: the given rule could be, instead of an association, a classification

rule, or the path from the root to the leaf in a decision tree, and the same reasoning would still hold.

Moreover, it is straightforward to note that, unluckily, the more accurate is a rule, the more unsafe it

may be w.r.t. anonymity.

We formalize the threats to anonymity by means of inference channels through frequent itemsets,

and provide practical algorithms to efficiently and effectively identify these threats and eliminate

them by means of controlled pattern distortion. The goal in this procedure is that produced k-

anonymous patterns need to be as close as possible to the real patterns holding in the data. The overall

framework provides comprehensive means to reason about the desired tradeoff between anonymity

preservation and quality of the collection of patterns, as well as the distortion level required to block

the threatening inference channels. An interesting observation is that the trivial solution of first

k-anonymizing the data and then mining the patterns is effective in eliminating inference threats,

but can lead to the production of patterns that are impoverished by information loss, intrinsic in

the generalization and suppression techniques. Since the objective is to extract valid and interesting

patterns, k-anonymization needs to be postponed to occur after the actual mining step. Currently, we

developed two algorithms for the detection of inference channels, which may lead to anonymity threats

in the outputted frequent itemset patterns, and two techniques, namely additive and suppressive

sanitization, for blocking all potential inference channels.

The work in [9] shows that our k-anonymous pattern framework is also suitable in a distributed

scenario in which the dataset (e.g., a trajectory warehouse) is partitioned into several sites. Two algo-

rithm for two-party computations are presented: one is based on secure distributed k-anonymization of

data, followed by secure mining; the other one is instead based on the secure computation of inference

channels. Both algorithms end up with a set of k-anonymous frequent itemsets and their supports,

without sharing the original data among sites.

In the following we discuss some work related to spatio-temporal data privacy which are likely

to be extended in order to obtain first techniques for Spatio-Temporal Knowledge Sharing. In [6, 10]

k-anonymity techniques are adapted in order to handle different time granularities, motivated by

location-based service applications. Limitation of straightforward application of existing techniques

are shown, and a time-generalization algorithm for anonymizing database tables with time-dependent

tuples is provided. Another recent work on anonymization of spatio-temporal data is described in [7].

The authors describe algorithms and ad-hoc data structures to generalize effectively spatio-temporal

data coming from mobile users of location-based services. Both space and time issues are addressed,

and performance are measured through simulations. We believe that privacy-aware mining techniques

in [3, 9] can be extended to spatio-temporal mining by expoiting the existing work developed in

the context of databases. Another way we want to investigate to achieve privacy-preserving spatio-

temporal mining is turning recent spatio-temporal data mining algorithms (such as the trajectory-

based approach described in [8]) into privacy-preserving ones, again exploiting literature on data

privacy and privacy-aware knowledge sharing.

Conclusions

Knowledge discovery from location data is an important area of research with different location-

based applications. We showed that privacy issues may prevent such applications to be enabled.

In some application scenario, a telecommunication company is willing to mine the mobility data it

owns, but since the company lacks the needed expertise, it is forced to give the data to a third party
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for mining. In this scenario, both privacy constraints imposed by the legal regulations and secrecy

constraints imposed by business strategies, may hold. Even when mining is possible, results need to be

post-processed in order to achieve enough anonymity of people whose location data has been mined.

We proposed two general privacy-preserving data mining frameworks to address both privacy issues.
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1. Introduction
Statistical information related to small geographic areas is of great interest to users of data, but causes 

serious confidentiality protection problems for suppliers of the data. Fine geographical breakdowns often 
result in higher disclosure risk, so agencies providing this data cannot guarantee its confidentiality, which 
limits their ability to respond on requests for information. 

The New Zealand Inland Revenue Department (IR) and Statistics New Zealand (Statistics NZ) have
undertaken a research project as part of the government-funded Official Statistics Research (OSR) 
programme.  The project was focused on the protection of confidentiality in administrative tabular data, such 
as data with geographically fine breakdowns. Statistics NZ has had a consultative role in this research project 
with the bulk of this research being conducted by Inland Revenue.  

2. Background
IR collects tax specific information on individuals and entities who participate in the New Zealand 

economy.  Section 81 of the Tax Administration Act, 1994, exists to protect the integrity of the tax system, 
and in particular protects the confidentiality of taxpayers' individual affairs.

IR in certain situations provides tabular summaries to aid cross departmental research projects.  It is 
current practice to provide collapsed tabular data that protects confidentiality in line with the Tax 
Administration Act, 1994.  No formal assessment of other protection methods and the processes used to 
identify confidentiality has been completed.
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The major aim of this project was to assess confidentiality protection methods that are currently being 
used by government agencies, and the resulting information loss from the application of these methods on 
tabular administrative data.  Therefore the research outcomes from this work are:

1. Recommendations on the measuring of disclosure risk and information loss, which may be used by 
IR and other government departments to assess optimal methods of providing confidentiality in 
administrative tabular data when sharing information. 

2. Comparative analysis of different confidentiality protection methods, or groups of methods, 
considering disclosure risk, information loss and methods’ performance (time costs). 

3. Recommendations on where each of the methods selected for consideration works better in terms of 
confidentiality protection versus information loss trade-off, providing the required level of 
confidentiality.

3. Methodology

This section describes key definitions, methods and measures used within the project.

Data. This project was primarily focused on tabular data, which is the traditional means of the tax
agency to disseminate information.  Under the requirements of the Tax Administration Act, 1994, IR very 
rarely disseminates micro-data.  Therefore, micro-data was outside the scope of this project. For the same 
reason, we limited the research by considering only individual tables.

Tabular data can be divided into two kinds: frequency count tables and magnitude tables.

Frequency count tables. Count the number of respondents with specified characteristics. For example, 
in a two-dimensional frequency count table an individual cell may reflect the number of people in a 
particular region with a particular sex.  

Magnitude tables. Contain a response variable that reflects some form of magnitude. For example, in 
an aggregate magnitude table of two dimensions an individual cell may reflect aggregate income of people
in a particular region with a particular sex.  

Disclosure risk. Identity disclosure occurs with the association of a respondent’s identity with a 
disseminated data record (Duncan et al 2001). Attribute disclosure occurs with the association of either an 
attribute value in the disseminated data or an estimated attribute value based on the disseminated data with 
the respondent (Duncan et al 2001).

Information loss. We define information loss as the difference in the results of analytical procedures 
that use both the protected and non-protected data; the greater the differences between these results, the 
greater the information loss.

Measures of information loss for tabular data. Minimisation of the information loss should be the 
main focus of the agency that publishes tabular data, providing that tables have been protected for disclosure 
risk, measured as defined above.

For this project, the following measures have been selected to assess information loss at the individual 
cell level for tables of counts and tables of magnitudes. All these measures require a cell comparison of the 
original table and the protected table.

Information loss measure one (IL1) reflects the average percent deviation that has occurred as a result of 
applying a particular SDC method:

                      IL1
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ijT , 'ijT - cell totals in the initial table and the modified table accordingly; 
I, J - numbers of rows and columns accordingly in the table.

Information loss measure two (IL2) calculates the squared difference to assess the ‘cost’ of a particular SDC 
method:

                       IL2
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Information loss measure three (IL3) is a simple count of cells that have actually been modified.  This 
measure reflects the number of cells that have undergone some movement from the original data.  

Information loss measure four (IL4) extends IL2 by linking the disturbance and original data:  
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Statistical Disclosure Control (SDC) Methods. There are numerous methods that can be used to 
protect respondent confidentiality, many of which are data dependent.  The available methods generally form 
two subsets; summation and suppression, and perturbation.  

Aggregation (summation) and suppression. Reduce the level of detail available to the information 
consumer generally by collapsing categories in the rows and/or columns of a table.  This method can be used 
by both frequency count and magnitude tables.

Suppression of cells that have a disclosure risk is known as primary suppression.  Primary suppression 
is not usually enough as suppressed cell values can be re-calculated by use of a table’s marginal totals.  
Secondary suppressions are therefore required which suppress further information in the table in a bid to 
eliminate the option of such re-calculation.

Perturbation. Involves the adjustment, in some way, of the original cell information.  There are 
numerous methods in this category and it appears to be a growing field.  Methods of perturbation can range 
from simple random rounding to controlled tabular adjustment.

Within the scope of this project, we test and compare the following methods of confidentiality 
protection:

Aggregation (as described, for example, in (Willenborg and De Waal 2001, p.33));
Suppression (based on approach, described in (Shlomo and Young 2005, p.3));
Simple random rounding (based on approach, described in (Duncan et al 2001, p.144));
Graduated random rounding (same as previous; method modification with decreasing rounding base 
has been used).

4. Experimental design
The research team has used an experimental approach in a bid to generate some robust findings and 

conclusions about the appropriateness and application of the outlined SDC methods. The experiment 
consisted of three steps:

a) Data generation
Tabular data was generated using the real administrative micro-data, both frequency count and 

magnitude tables with 30 tables being produced – 15 frequency count and 15 magnitude tables. The tables 
reflected the level of details (such as data related to fine geographical area) that IR might be requested to 
supply to external agencies.
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Each frequency count and magnitude table has been categorised based on the proportion of sensitive 
cells to populated cells that each table contains.  The three categories are:

1. low sensitivity; less then 20% of cells are sensitive 
2. medium sensitivity; between 20% and 60% of cells are sensitive 
3. high sensitivity; more than 60% of the table is sensitive.

Each of the above defined three categories has 10 tables; 5 frequency count and 5 magnitude tables.  
Sensitive cells have been defined using the threshold rule and the P% rule1.  The parameters chosen for this 
experiment is =10 for the threshold rule and p=20% for the P% rule2.

b) Method application
The 30 tables outlined above then underwent protection via the application of the SDC methods. 

Frequency count tables had all four SDC methods applied to each table, i.e. aggregation, suppression,
simple random rounding and graduated random rounding.  Information loss measures have been calculated 
either directly, or after imputation that allowed the performance of each SDC method to be assessed.   

Magnitude tables had only two SDC methods applied to each of the tables: suppression and 
aggregation.  Information loss measures have been again calculated after imputation that allowed the 
performance of each SDC method to be assessed.

c) Assessment
Following the previous two steps, recommendations have been developed that may help guide IR in 

the application of confidentiality protection methods that provide minimum information loss3.

5. Results

a) Frequency count tables
Fifteen two-dimensional frequency count tables underwent all four SDC methods.  Examples of tables 

include family numbers by district office, entity type by service centre and the number of enterprises by 
industry.

The following documents the characteristics of these 15 frequency count tables:
the smallest table had 54 cells and the largest had 390 cells  
the number of ‘non-null’ cells ranged from 41 to 179  
a wide variety of populations ranged in total from 160 to 412,528  
the average cell value ranged from 3 to 8,517
the number of sensitive cells ranged from 3 to 137
the proportion of sensitive cells to the number of cells ranged from 5% to 53%
the proportion of sensitive cells to the number of ‘non-null’ cells ranged from 6% to 94%

From the above characteristics it can be seen that the 15 tables contained a suitable range of sensitive 
cells. Each of the four information loss measures was then calculated to assess the performance of each 
method.

The table below documents for each SDC method the total number of tables where information loss 
was minimised i.e.; for IL1, eleven of the tables tested had minimal information loss when graduated random 
rounding was applied.

                                                          
1 See, for example, Willenborg and De Waal (2001).
2 These parameters do not reflect Inland Revenue policy and are an arbitrary choice by the project team for this research 
project.
3 Some additional imputation was required to assess information loss for suppression and aggregation. We followed an 
approach suggested in [3, page 3] for suppression. For aggregation a simple imputation approach has been used which 
distributes the aggregated cell value evenly over the number of aggregated cells. 
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Measure Simple Random 
Rounding

Graduated Random 
Rounding Suppression Aggregation

IL1 11 3 1
IL2 11 2 2
IL3 1 14
IL4 2 11 1 1

From the above table, graduated random rounding out-performs the other SDC methods on all 
information loss measures, aside from IL3.

Based on the experimental results, we have recorded the following observations:

Rounding – both random and graduated random rounding
Both of the rounding procedures that were implemented and tested in this research generate small 
perturbations for a large number of cells – this can be shown by the good performance of IL1 and the 
relatively poor performance of IL3.  
Perturbation is directly linked to the rounding base chosen.
The graduated random rounding method, with the decreasing base as implemented in this research 
project, is a more preferable method, in terms of the above information loss outcomes, than simple 
random rounding.

Suppression
Primary suppression targets sensitive cells only and hence minimises IL3; however, then it requires 
secondary suppression.
The choice of secondary suppression is a complex area. To implement secondary suppression, we 
have chosen to use an external freeware product that provided both the method to select secondary 
cell suppression and a tool to audit the protected dataset4.
Suppression may not always be applicable to datasets where a substantial number of suppressions 
have to occur – the resulting dataset may be of little informational value.
The imputation process that the research team has used may be less than optimal and possibly have 
affected the information loss measures considerably.

Aggregation
The aggregation method was felt to be less formalised than the other methods tested.  
In some instances aggregation may not be appropriate.  When the level of aggregation required is 
substantial, there can be very little of the original table detail left.  The method may be also 
constrained by the nature of the data (hierarchical data, ordinal or interval data, etc.).

b) Magnitude tables
Fifteen two-dimensional magnitude tables underwent two SDC methods that were appropriate for this 

form of data: suppression and aggregation. Examples of magnitude tables include the mean number of 
children by parents’ age groups and service centre, and total expenses by industry code and district office.

The following documents the characteristics of these 15 frequency count tables:
the smallest table had 48 cells and the largest had 8,760 cells  
the number of ‘non-null’ cells ranged from 35 to 3,503  
the average cell value ranged from 90 to 384,305,891
the number of sensitive cells ranged from 3 to 2,159
the proportion of sensitive cells to the number of cells ranged from 5% to 31%
the proportion of sensitive cells to ‘non-null’ cells ranged from 5% to 65%

                                                          
4 Tau Argus (version 3.03, default settings, hyper-cube approach to secondary suppression), a Statistical Disclosure 
Control package for table statistics developed by Statistics Netherlands as part of the Computational Aspects of
Statistical Confidentiality (CASC) project funded by EU. 
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Each of the four information loss measures was then calculated to assess the performance of each 
method. The table below documents for each SDC method the total number of tables where information loss 
was minimised i.e.; for IL1, eight of the tables tested had minimal information loss when suppression was 
applied.

Measure Suppression Aggregation
 IL1 8 7
IL2 14 1
 IL3 15
IL4 3 12

From the above table, suppression out performs the other SDC method on all information loss 
measures aside from IL45.

All observations in regard of suppression and aggregation made for frequency count tables (see page 5
above) have been also proved for magnitudes tables.

6. Recommendations
According to the project objectives, we focussed the recommendations on specific situations where 

each of the analysed SDC methods works better in terms of information loss, providing the required level of 
confidentiality.

As this project was an exploratory study, its recommendations are constrained in terms of the range of 
options that could be explored, and in the amount of analysis that could be applied.  The constraints, of both 
the project and the recommendations, come from the following factors:

1. Context. The two sets of 15 tables exemplify the tables that IR could be asked to produce.  The 
conclusions relate to tables like these, and do not necessarily relate to tables from other sources.

2. Measures of information loss. Four measures were chosen, but others exist and could be similarly 
investigated.

3. Parameter values. The values used are appropriate to the IR needs, but other values could be tested, 
and could give different results.

Therefore, we do not consider these recommendations as comprehensive or mandatory for selecting 
specific SDC methods; rather they should be used as hints for choosing preferred options in particular 
situations while dealing with tables of frequency counts and tables of magnitudes.

a) Frequency count tables

1. The comparative analysis of the four SDC methods shows that graduated random rounding 
consistently out performs the other tested SDC methods.  This performance is based on the 
measurement of cell perturbation i.e. information loss measures IL1, IL2, and IL4.  The suppression 
method however reflects the best results in terms of information loss measure IL3 that measures the
number of modified cells.  

Practically these results can be converted into the following recommendations:

Graduated random rounding with a decreasing rounding base is considered the preferred 
SDC method for tables of counts when the degree of perturbation is more important than the 
number of modified cells. 

Suppression is considered the preferred SDC method for tables of counts when minimising the 
number of modified cells is more important than the degree of perturbation. 

                                                          
5 In practice, the two methods are often used in sequence: a level of aggregation is chosen that will minimise the 
amount of suppression needed.
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2. Graduated random rounding consistently out-performs simple random rounding in relation to all four 
measures of information loss.  This is true however only when a decreasing rounding base is used 
(rounding base for sensitive cells is higher then rounding base(s) for non-sensitive ones).  
Practically, this may be converted into the following recommendation:

If rounding is selected to protect confidentiality in tables of counts, then graduated random 
rounding with decreasing bases is considered the preferred method.

3. Technically, the most straightforward way of applying the graduated random rounding method is to 
make the rounding base for sensitive cells equal to the disclosure risk threshold.  All other rounding 
bases (for non-sensitive cells) can be smaller than the disclosure risk threshold.  Practically, this may 
be converted into the following recommendation:

If graduated random rounding is selected to protect confidentiality in tables of counts, then the 
recommended rounding base for sensitive cells is equal to the disclosure risk threshold.  

b) Magnitude tables

1. The experimental results show that suppression consistently out-performs aggregation in terms of 
information loss measure IL3.  This means that:

Suppression is the preferable SDC method in the situation when minimising the number of 
modified cells is of high importance.

2. The perturbation-based measures, i.e. information loss measures IL1, IL2, and IL4, vary 
considerably between the both methods.  Suppression consistently out-performs aggregation in terms 
of information loss measures IL1 and IL2, but the opposite is true for IL4. Aggregation results 
demonstrate lower variation for these three information loss measures.  

One fact seems to be useful for selecting an SDC method in this situation: information loss measured 
by IL2 in case of suppression strongly correlates with the number of sensitive cells in a table, while 
for aggregation this correlation is insignificant.  This means that:

If the number of sensitive cells in a table of magnitudes is high, aggregation may be considered 
as the preferable method; otherwise suppression often produces better results.

3. When choosing between suppression and aggregation, it may be wise to consider factors of a non-
statistical nature.  For example, if the total number of suppressed cells is notably high, publishing of 
such a table may cause a negative reaction from the users.  This means that:

For tables of magnitudes with a substantial number of sensitive cells, aggregation should be 
considered as a better alternative. 

4. The aggregation method has some natural non-statistical limitations.  For example, when dealing 
with ordinal or interval data (age intervals, income bands, education levels, etc.) we are able to 
aggregate only adjoining values or intervals.  This situation may result in a substantial number of 
modified cells to eliminate disclosure risk.  Similar situation may appear in case of hierarchically 
organised data (geographical areas/sub-areas, etc.).  It means that:

In situations where the nature of data affects the aggregation method, suppression may be 
considered the preferable method. 

During the experiment the project team also assessed time costs in the application of different SDC 
methods.  It has been found, however, that for practical reasons time is not a substantial parameter that may 
influence the choice of a specific SDC method.  One exception should be mentioned, however: while 
rounding and suppression algorithms do not need anything except an inbound table to start working, the 
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aggregation method may need a carefully designed aggregation strategy to be developed for the specific 
table.  Development and application of such a strategy may require extra time and effort.   

7. Further research
The project team realises that this research does not cover (and was not intended to cover) all aspects 

of SDC method comparison.  We would like to extend the frame of the research in future by including the 
following research tasks.

1. Structural measures analysis. All information loss measures used in this research are based on 
measuring the number of modified cells and on the distortion to distributions. In some situations 
(although more typical for the academic community rather than for public sector research) users of 
protected tables would like to minimise perturbations in structural properties of these tables.  
Specific information loss measures should be introduced and investigated to achieve this goal.  

2. Wider set of methods and parameters. Considering the strict time and budget limitations for this 
project, only a limited number of well known and widely used SDC algorithms have been 
investigated.  In future the project team intends to analyse rounding, suppression and aggregation 
methods in more detail, including the following:

Parameterisation for graduated rounding algorithms (how changes in rounding bases affect 
information loss);
Comparison of suppression methods (a wide range of suppression methods has been developed 
and reported, mostly with different approaches to secondary suppression);
Comparison of different imputation approaches (different imputation methods for suppressed 
and aggregated cells may affect measuring of information loss and, therefore, the methods’ 
selection).
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E-mail: Eltinge.John@bls.gov 
 
 
1.  Probabilistic and Algorithmic Approaches to Survey Nonresponse 
 
 In work with complex survey data, nonresponse is an important practical issue.  For many 
applications, primary concern focuses on the risk of nonresponse bias.  In some other applications, 
nonresponse bias is considered small relative to the corresponding standard errors (e.g., due to nonresponse 
mechanisms that are noninformative, or due to the use of estimators designed to adjust for specific types of 
informative nonresponse mechanism), and attention focuses on variance inflation attributable to the loss of 
effective sample size through nonresponse.  In both of these cases, nonresponse can have a serious impact 
on the performance of the resulting point estimators and inference procedures.   
 Three complementary approaches to survey nonresponse center, respectively, on initial design of the 
collection instrument and field procedures; follow-up of nonresponding sample units; and adjustment of 
estimators to account for residual nonresponse.  Historically, each of these approaches generally have been 
based explicitly or implicitly on the fact that for estimation of a population mean of a survey variable Y  
within an estimation cell, nonresponse bias is proportional to the covariance between the variable iY  and 
the response probability ip  for the units i  within that cell; and that for cells with homogeneous response 
probabilities p  , say, the variance of the cell-level mean estimator (relative to the variance under full 
response) is inflated by a factor equal to 1)1( −− p .          
 In keeping with the title of this session, “Prioritizing Non-Response Follow-Up to Minimize Mean 
Squared Error,” this paper considers probabilistic and algorithmic approaches to nonresponse, with primary 
emphasis on the application of these methods to nonresponse follow-up.  Section 2 presents two motivating 
examples that illustrate some of the practical complications that arise in work with nonresponse and follow-
up efforts.  Section 3 reviews some general concepts related to probabilistic and algorithmic modeling, and 
suggests some potential applications to modeling of survey data subject to nonresponse.  Section 4 
considers nonresponse follow-up to evaluate and reduce bias.  Section 5 explores nonresponse follow-up 
work to reduce variance for cases in which bias is believed to be relatively small.  Section 6 concludes with 
some suggestions on additional areas for research related to follow-ups.   
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2.  Two Motivating Examples 
 
2.1 The Current Employment Statistics Program 
 
The Current Employment Statistics (CES) program of the Bureau of Labor Statistics uses a large-scale 
establishment sample survey to estimate total civilian non-agricultural employment and mean wages at the 
national level, and for a large number of subpopulations defined by the intersection of industrial 
classification with geographical classification (generally states or metropolitan areas).  For the current 
discussion, four points are of special importance.  First, the original sample design involved unequal-
probability sampling within strata defined by state and industry.  Establishment size (as defined through 
administrative records provided through the Quarterly Census of Employment and Wages, or QCEW) 
provides an additional implicit stratification factor through systematic sampling.   
 Second, CES computes a weighted link relative (WLR) estimator of employment, defined to equal 
the QCEW employment report from March of the preceding year, multiplied by the product of estimated 
employment growth rates for each subsequent month.  CES computes the WLR separately for each of a 
large number of “estimation cells” generally defined as the intersection of state, industry and size class.  
Sample units that do not respond for both the current and previous month are effectively dropped from 
calculation of the current month’s cell-level employment growth rate.  Thus, the estimation cells effectively 
serve as nonresponse adjustment cells.  The resulting implicit nonresponse adjustments will produce 
approximately unbiased estimators of total employment, provided establishment-level response probabilities 
are approximately independent of establishment employment growth rates within each cell; and provided 
each cell has a relatively large number of expected respondents.   
 Third, if a cell has a relatively small number of responding sample establishments, then it is 
collapsed with a related cell.   
 Fourth, although CES is a monthly survey, it receives some sample establishment responses after 
the deadline for inclusion in the customary BLS Employment Situation report, generally issued on the first 
Friday of each month.  Thus, for a given reference month, BLS publishes a series of three employment 
estimates, based on data received by the first, second and third closing deadlines.  BLS incurs significant 
costs in nonrespondent follow-up and data processing for the second and third closings.  Consequently, it is 
of interest to study the reduction in nonresponse bias or variance in the third-closing estimators, relative to 
the first-closing estimators; and to evaluate trade-offs between these prospective quality gains versus the 
costs for data collected and processed after the first closing.    
 
2.2 The Job Openings and Labor Turnover Survey 
 
The Job Openings and Labor Turnover Survey (JOLTS) is a BLS establishment survey designed to estimate 
total job openings, hires and separations at the national level, and within specified subpopulations defined by 
industry and geographical classification.  The sample design uses a stratified simple random sample, with 
strata defined by the intersection of nine industry divisions, four Census regions and six employment size 
classes.  A certainty stratum includes all units with employment of 5000 or more, as reported in the QCEW.  
Each cell defined by the intersection of industry and region serves as a candidate adjustment cell for 
weighting adjustment to address unit nonresponse.  JOLTS also uses the same cells to carry out nearest-
neighbor imputation to address item nonresponse.  This imputation work determines “nearest neighbor” 
status through rank-ordering of units based on reported employment; units that fail to report employment are 
classified as unit nonrespondents.  JOLTS uses a two-closing estimation system, with one month between 
the first and second closings.  Unit-level response rates for the first and second closings are approximately 
58% and 61% respectively.  Between the first and second closings, there is follow-up work both with unit 
nonrespondents and with review of some problematic data from first-closing respondents.  Thus, given 
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constraints on overall resource availability, work between the first and second closings will involve some 
trade-offs between nonresponse follow-up and other forms of data quality improvement.      
 
2.3 Nonresponse Follow-Up for CES and JOLTS 
 

Both CES and JOLTS have some self-representing establishments.  Non-self-representing 
establishments are included through a rotation sample design.  For the first six months after initiation of a 
new sample unit, each survey collects data through a relatively expensive Computer Assisted Telephone 
Interview (CATI) process.  During this period, follow-up of nonresponding units occurs through the CATI 
process on a systematic basis.  Following this six-month period,  each survey attempts to convert the 
sample unit to a less expensive mode of data collection, primarily through fax response or touchtone data 
entry (TDE).  Nonresponse follow-ups continue as needed, but in some cases problematic units are returned 
to CATI data collection.  Thus, for both of these surveys nonresponse follow-up involves potential mode 
changes, as well as some degree of judgement by supervisory field personnel.       
 
 
3.  Algorithmic Modeling Approaches to the Analysis of Survey Data  
 

Breiman (2001) distinguishes between “data modeling” (or “probabilistic modeling”) and 
“algorithmic modeling” approaches to the analysis of data.  Within his conceptual framework, data 
modeling has its foundation in specific stochastic models for the relationship between input variables X  
and outcome variables Y , with strong emphasis on formal model validation.  In contrast, Breiman 
characterizes algorithmic modeling as based on algorithms intended to find functions )(Xf  that provide 
adequate predictors of the observed outcomes Y , where adequacy of fit is evaluated only on the basis of 
predictive accuracy, as evaluated through forms of cross-validation.  Examples of algorithmic modeling 
include CART (Classification and Regression Trees), random forests, SVMs (Support Vector Machines), 
pattern discovery, and some forms of cluster analysis; the applicable literature often uses the umbrella terms 
“data mining,” “machine learning” and “knowledge discovery” for work in this area.  The general literature 
on algorithmic modeling has grown rapidly in recent years, and has exhibited a number of controversies.  A 
comprehensive coverage is well beyond the scope of the present work, but three ideas warrant discussion 
within the context of follow-up work for survey nonresponse.   
 First, some of the initial ideas for algorithmic modeling appear to have arisen in survey applications.  
Most prominently, the automatic interaction detection (AID) methods developed for nonresponse bias 
analysis are closely related to CART methods that evolved subsequently.  For some early background on 
AID and related methods developed within a survey context, see, e.g., Sonquist and Morgan (1963), Morgan 
and Sonquist (1964), Sonquist (1970), Morgan and Messenger (1973), Doyle (1973), and Van Eck (1980).  
However, with some notable exceptions (e.g., Reiter (2005) on the use of CART on construction of synthetic 
public-use data; and Pfeffermann and Nathan (1985) and Malec et al. (1997) on the use of cross-validation 
with survey data), the sample survey literature has devoted relatively little attention to algorithmic methods 
in recent years.      
   Second, although Breiman (2001) and some other authors draw a sharp distinction between “data 
modeling” and “algorithmic modeling” a substantial portion of randomization-based sample survey theory is 
conceptually compatible with some of the algorithmic-modeling literature.  Specifically, consider a sample 

hs  of size hn selected with replacement (possibly with unequal probabilities) from a single stratum h .  
Define the vector ),,,( hihihihihi wrxyz =  to be a vector of observations for the i -th unit selected 
sequentially under this design, where hiy  is the outcome variable of interest, hix  is a corresponding vector 
of auxiliary data, hir  is a response indicator, and hiw  is the customary weight defined to equal the inverse 
of the probability of selection for unit i .  (In the current discussion, for nonresponding units i , the survey 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 1169 -



variable hiy  is defined to equal a missing-value label, while the auxiliary variable hix  is still observed.) 
Then the vectors hhi niz K1, =  are independently and identically distributed random vectors.  Thus, the 
standard theory regarding the predictive performance of algorithmic methods, and regarding the use of cross-
validation to evaluate that predictive performance, can apply to prediction of new observations hiz  and to 
functions of the hiz , e.g., standard sample survey point estimators and variance estimators.  This 
conclusion, however, involves three important cautionary conditions.   
 

(C1)  In keeping with traditional design-based theory, the predictive distribution in question  
pertains to the distribution of newly selected sample units i  and their associated vectors   

hiz , and does not pertain directly to the finite population of values hhi Niy K,1, =  , say.  
In some cases, the linkage of empirical results on predictive performance with customary 
measures of estimator performance can be nontrivial.    

 
(C2)  Direct application of standard results on algorithmic models are based on the assumption of  

sampling with replacement from a given stratum.  This may be a reasonable approximation 
to the true designs used with many establishment surveys, but may be problematic for some 
household surveys with only a small number of primary sample units selected per stratum.  
In addition, standard results on algorithmic models do not appear to extend directly to 
surveys that have some self-representing units that are subject to nonresponse, unless one 
assumes equal probabilities of response within a class of self-representing units identified a 
priori. 

      
(C3)  Extension of results to independent sampling with replacement across multiple strata  

generally requires additional work.  Examples include selection of sample units for 
inclusion in, respectively, the training and validation datasets used in cross-validation; 
combining measures of predictive performance across strata; and the extent, if any, to which 
one could fit a common algorithmic model to data collected from more than one stratum.   

 
Third, while giving appropriate consideration to the cautionary statements above, algorithmic modeling 
methods have some potential to be useful tools in the development and evaluation of nonresponse follow-up 
designs and adjustment methods.     
 
 
4.  Nonresponse Follow-Up to Evaluate and Reduce Nonresponse Bias 
 
Direct contemporaneous evaluation of nonresponse bias is problematic because the true population 
parameters of inferential interest generally are unknown at the time of design.  Consequently, analysts often 
use four standard approaches to indirect evaluation of this bias.  In sequential evaluation, one considers a 

sequence of K  adjusted estimators Kθθ ˆ,1̂ K , based on progressively more refined use of auxiliary 

information X , e.g., progressively finer-level adjustment cells.  Conditional on the use of appropriate 

auxiliary variables X  and regularity conditions, convergence of the final estimates KK θθ ˆ,ˆ
1−K  provides a 

limited indication that  Kθ̂  is approximately unbiased, and also leads to an estimator, Kθθ ˆ
1̂ − , of the bias 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 1170 -



in the initial estimator 1̂θ .  In auxiliary-variable evaluation, one compares means or quantiles of auxiliary 

variables X  computed for the respondent and nonrespondent groups, respectively.  Substantial differences 
in the computed quantities for the respondent and nonrespondent groups suggest the presence of nonresponse 

bias in unadjusted estimators, and often lead directly to adjustment procedures based on X .  Third, in 

temporal evaluation, one considers a sequence of estimators KK ,ˆ,ˆ,ˆ
21 TtTT θθθ  where Ttθ̂  is computed 

from responses available at time t .  In work related to temporal evaluation, several authors have 

considered callback-based estimation, in which responses may receive different weighting based on the 
number of callbacks that a given unit received before providing a response.  The general idea behind this 
approach is that the “hard core” nonrespondents may be more similar to the late-responding units than to the 
early-responding units, and so the late-respondents should be weighted to “represent” the hard-core 
nonrespondents.  For some specific applications of this and related ideas, see, e.g., Drew and Fuller (1980), 
Drew and Ray (1984), Kalsbeek et al. (1989), Potthoff et al. (1993), Elliott et al. (2000), Laaksonen and 
Chambers (2006) and references cited therein.   

 Fourth, in some cases, one may obtain the true values of some population parameters θ  from 
alternative sources, e.g., from census or administrative-record data that become available only after the initial 
survey design, collection and estimation work is complete.  For such cases, the resulting direct comparison 

of θ  with realized values of the estimator  θ̂   arguably produces the best statistical basis for bias 
evaluation.  The CES discussed in Section 2 is an example for which direct comparison is feasible.  

However, the nominal true population parameters θ  are known only approximately five to eight months 
after the reference period, and in some cases there are definitional issues related to comparison of the CES 

estimates with the nominal true values θ .      
 When feasible, the abovementioned methods work well for evaluation of the nonresponse bias for 

estimators of a modest number of predetermined parameters θ .  For many large-scale surveys, however, a 
statistical survey organization must consider production of a large number of estimates associated with, e.g., 
different combinations of geographical area, industry, occupation, demographic group and other 
classification variables.  For such cases, it is of serious practical interest to consider the extent to which 
algorithmic models may provide additional exploratory tools for the identification of specific subpopulations 
for which a given estimator may display substantial nonresponse bias; and to explore alternatives to standard 
cell structures based, e.g., on the intersection of industry, geography and size class.  In addition, one could 
consider the use of algorithmic models to identify specific cells for which the association between response 
indicators and survey variables may be nontrivial; one would then focus subsequent nonresponse follow-up 
work on sample units contained within those cells.        
 
5.  Nonresponse Follow-Up to Reduce Variance Inflation  
 
In some cases, an analyst has reasonably strong evidence that the nonresponse mechanism is uninformative 
for estimation of the parameters θ  of primary interest.  In some cases, this is based on the fact that strata 
and nonresponse adjustment cells already incorporate substantial amounts of auxiliary data related to 
plausible nonresponse mechanisms.  In addition, Groves (2006) and others have suggested that in temporal 
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evaluation of nonresponse, under certain conditions approximate convergence of the sequence 
KK ,ˆ,ˆ,ˆ

21 TtTT θθθ  by time 0tt =  may indicate that nonresponse bias is relatively small for Ttθ̂ , 0tt ≥  .    
If nonresponse bias is legitimately considered to be relatively small, then nonresponse follow-up 

should focus on reduction of variance for the estimators θ̂  of primary interest.  Thus, under regularity 
conditions, one would prefer to focus follow-ups in cells that currently make relatively large contributions to 
the overall variance of θ̂ .  It would be of interest to explore the use of algorithmic modeling and cross-
validation methods to identify these high-variance cells.   
 
6.  Additional Research Issues 
 
The preceding sections have noted several areas that would warrant further research on the use of 
algorithmic models for analyses and adjustments related to nonresponse.  We close with two additional 
areas that would warrant further research.   
 
Fixed and Variable Cost Components Related to Nonresponse Follow-Up.  Practical work with callbacks 
and other forms of nonresponse follow-up will often depend heavily on a detailed understanding of the 
associated components of fixed and variable costs.  Examples include the relative costs of a mailed or 
telephoned reminder, a scheduling attempt conducted through e-mail, telephone or personal visit; re-
assignment of a difficult case to a nonresponse conversion specialist; or reduction of an interview attempt to 
a simplified collection effort akin to the Basic Question Procedure discussed in, e.g., Bethlehem and Kersten 
(1985).  In addition, as noted in Section 2, some practical follow-up procedures involve changes in contact 
or collection mode, with a corresponding impact on the incremental cost of a follow-up effort.           
 
Impact on Other Components of Survey Data Quality.  Statistical agencies generally take a broad view of 
survey data quality, and seek to develop and implement procedures that will balance stakeholders’ needs 
across multiple components of data quality.  For example, Brackstone (1999) identified six dimensions of 
data quality: accuracy, timeliness, relevance, interpretability, accessibility and coherence.  This paper, like 
most work with nonresponse, has focused primarily on the “accuracy” component, which includes essentially 
all properties of a survey related to, e.g., bias, variance, and mean squared error.  However, follow-up 
procedures can have a serious effect on other components of data quality.  For instance, rules on timing of 
follow-ups can have a direct impact on the timeliness of subsequent survey publications.  In addition, “basic 
question” procedures and other efforts to collect partial data from reluctant respondents can impact the 
relevance, interpretability and coherence of the resulting data.      
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RÉSUMÉ (ABSTRACT)  
 

This paper explores some ways in which one may use algorithmic models (e.g., Breiman, 2001) to evaluate the effects of 

nonresponse and to provide some guidance to nonresponse follow-up efforts. The paper gives separate consideration to 

follow-ups directed toward bias reduction and variance reduction, respectively; and suggests a number of open research 

questions that would warrant additional study.  Some of the proposed methods are motivated by nonresponse follow-up 

issues encountered in the U.S. Current Employment Survey and the U.S. Job Openings and Labor Turnover Survey.    

 
Key words:  Automatic Interaction Detection (CH-AID); Callbacks; Classification and Regression Trees (CART); 

Design-Based and Model-Based Inference; Machine Learning; Propensity-Based Nonresponse Adjustment Cells; 

Random Forests; Weighting Adjustment.  
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1. Introduction 
From July to December 2005, Statistics Netherlands performed a large scale follow-up survey among 

refusers and non-contacts of the Dutch Labour Force Survey (LFS). For this purpose condensed 
questionnaires were used containing key questions from the LFS. This approach is also known as the Basic 
Question Approach, see Kersten and Bethlehem (1984). The follow-up survey was conducted with a mixed-
mode data collection strategy and resulted in an additional response close to 45%. The questionnaires were 
designed for telephone, paper and web interviewing. The interviewers received only a short introduction to 
the condensed questionnaire and no additional training in refusal conversion. A control group received the 
same treatment in order to assess a possible response bias of other variables. 

The objective of the Basic Question Approach is to obtain additional response for a selection of key 
survey questions. The additional data can be used to analyse the non-response bias, i.e. to analyse whether 
the non-respondents differ from the respondents with respect to these basic questions. Moreover, the 
additional data can be used in procedures to adjust for non-response bias.  

Clearly, response rates are only one side of the coin. Recent non-response literature, e.g. Stoop (2005), 
concludes that easy-to-convert refusers are very similar to respondents. Moreover, there is a risk of 
increasing response bias among converted non-respondents. We tested these two hypotheses. In the 
investigation we consider the representativeness of the response. We do this for the LFS response and for the 
combined response of LFS and follow-up study. For this purpose we make use of so-called representativity 
indicators, see Schouten and Cobben (2007). These indicators measure the similarity between the 
composition of the response and that of the sample for auxiliary variables that are available from 
administrative data. 

This paper compares the representativeness of the original LFS response with the enlarged response 
that results from the follow-up survey. Furthermore, the use of a follow-up survey with basic questions in 
regular fieldwork is discussed. Section 2 gives a description of the basic question approach and the 
implementation of this approach for the Dutch LFS. Section 3 discusses the role of response rates and 
representativeness as quality criteria. Next, section 4 contains the result of the pilot study. Finally, the paper 
is concluded with a discussion in section 5. 

2. A follow-up with basic questions 
One implementation of the basic question approach is to let face-to-face or telephone interviewers 

suggest the basic questions immediately after they are confronted with a refusal for the main questionnaire. 
However, somewhat paradoxically, this may lead to higher non-response rates for the main questionnaire, as 
was found for instance by Van den Brakel and Renssen (1998). They conclude that the interviewers resort to 
the basic questions too soon and, as a consequence, shorten the doorstep interaction with the respondents. In 
the study we, therefore, decided to follow up non-respondents in a second approach. This approach was also 
adopted by Voogt (2004) in a study of election research. He combined a follow-up of non-respondents with 
both the original questionnaire and a questionnaire with basic questions. The basic question follow-up in his 
study resulted in an additional response of 20%, while the response rate of the original survey was 51%. 
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Hence, about 41% of the initial non-respondents participated in this follow-up 
Lynn (2003) proposes a method, PEDAKSI (Pre-Emptive Doorstep Administration of Key Survey 

Items), that is very similar to the basic question approach. The main difference is the length of the condensed 
questionnaire. While Kersten and Bethlehem (1984) propose to ask only two or three questions, Lynn (2003) 
uses questionnaires that contain a larger number of questions.  

In the LFS study we follow Lynn (2003) in that the condensed questionnaires contain in the order of 10 
questions. The motivation for this choice is the risk of non-sampling errors, which is a possible drawback of 
the basic question approach. By changing the questionnaire and usually also the data collection mode, 
differences in survey answers may result in a response bias. As a consequence, it is not clear whether 
differences are to be attributed to non-response or questionnaire and mode-effects.  

The main topic of the LFS is the employment status of individuals. The employment status is derived 
from a set of questions which involve job search activities, the desired number of working hours and the 
availability to start a job. We mimic this variable as close as possible by copying the questions that are 
relevant for the derivation of employment status. However, even when we copy these questions, there is a 
risk of mode effects. Therefore, in the pilot the basic question approach was applied to two groups. The first 
group is a control group that consists of 1000 persons. The second group is a sample of non-respondents 
from the regular LFS and consists of 853 persons.  

The design and questionnaire were exactly the same for both groups. The sample of the control group 
follows to a large extent the design of the LFS. The LFS is a two-stage sample with municipalities as primary 
sampling units and addresses as secondary sampling units. Every household on a sampled address, up to a 
maximum of 8 households, is asked to co-operate in the survey. Within each household, all persons of 15 
years and older are eligible. In the follow-up study a third stage is added to the design; a random selection 
procedure was applied to select one single person within the address. Only this person had to answer the 
basic questions, namely the person that is the next to have its birthday. Based on the conclusions by Binson 
et al. (2000) and Gaziano (2005) it was decided to apply this method to select persons within addresses. In 
case of multiple households we aimed to select the person whose birthday comes first of all households. In 
the follow-up of non-respondents we applied the same selection strategy. The selection of only one person is 
a concession to the main idea behind the basic question approach; to obtain as high a response rate as 
possible. 

Table 1: Sample sizes and response rates. 
Group Phone Sample size Response rate 
LFS Yes 10137 68% 

No 7939 55% 
Control group Yes 667 80% 

No 333 25% 
Non-response Yes 573 55% 

No 280 23% 

The data collection design of the follow-up study was mixed-mode and employed paper, web and 
telephone questionnaires. Since the questionnaires are very short, it takes at most three minutes to answer the 
questions. As a consequence, due to travel times, it is relatively costly to conduct the basic question 
interview face-to-face. Furthermore, we want the interview to be computer-assisted. As it takes several 
minutes to start and abort a laptop interview session, it is difficult to explain to both respondents and 
interviewers that the interview is face-to-face as time is one of the motivations for cooperation. We want the 
basic question approach to be a quick and inexpensive way to obtain additional response. For these reasons 
we did not employ face-to-face interviewing. Addresses for which a listed, land-line telephone number could 
be linked were approached by telephone. The addresses for which such a link could not be established, were 
approached by a paper and a web questionnaire. A pre-notification letter with a paper questionnaire was send 
to the selected addresses, and in the letter the selected person in the household was given the choice to fill in 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 1176 -



the questions on the web or to return the paper questionnaire by mail. The follow-up study, therefore, used a 
mixed-mode design with both interviewer-assisted and self-reporting modes.  

In the follow-up of initial LFS non-respondents we sampled only non-contacts, refusers and addresses 
that had not been processed during the LFS fieldwork as a result of illness or holidays of interviewers. Non-
response that was caused by problems with language, illness or handicap was not selected for follow-up as 
we did not want to return to those households.  

In table 1 sample sizes and response rates are given for the LFS, the control group and the non-
response group, differentiated with respect to the availability of a phone number. The LFS response rates 
correspond to households of which all eligible members filled in the questionnaire. In the follow-up study 
only one person is selected per household. Hence, the denominator in both response rates consists of 
households. The LFS is a face-to-face survey, but we can artificially split the sample in two parts by linking 
the indicator for a listed phone number. The overall response rates of the LFS, control group and non-
response group can be derived from table 1 and are, respectively, 62%, 62% and 44%. Hence, the overall 
LFS and control group response rates are the same. However, the difference in response rates is large when 
we differentiate with respect to having a listed phone number as the response rate to the web and paper 
questionnaires is very low. If we omit this group, then the response rate of the control group is 12% higher 
than that of the LFS; 80% as opposed to the 68% in the LFS.  

3. Response rates and representativeness 
Non-response has two main consequences for survey estimates. First, it reduces the sample size, i.e. it 

decreases the precision of estimates. Second, it deteriorates the sampling design. The inclusion probabilities 
that were chosen in the design do not longer hold as the propensity to response is not known. As a 
consequence non-response may also introduce bias to the estimates. The decreased precision can be dealt 
with by an increased sample size. Without any auxiliary information about the sample units, not much can be 
done, however, about the bias that is introduced. One needs to assume that non-respondents are on average 
the same as respondents when it amounts to the key survey topics. In case auxiliary information can be 
linked from administrative data or in case good auxiliary population statistics are available, then the 
corresponding auxiliary variables can be used to calibrate the response to sample or population totals. The 
auxiliary information can, however, also be employed to measure the impact of the non-response. 

With the analysis of non-response came the concept of a continuum-of-resistance, see e.g. Fitzgerald 
and Fuller (1982), Lin and Schaffer (1995), Lynn et al. (2002) and Stoop (2005). Households are thought to 
behave along two dimensions, ease-of-contact and ease-of-participation. Attached to those dimensions are 
individual contact and response probabilities, and when combined overall individual response probabilities. 
Clearly, these probabilities are unknown but can be modeled using the available auxiliary information. 
Associated with the continuum-of-resistance is the level of effort of the survey organization. The more effort 
the survey researcher invests in contacting households and converting reluctant respondents, the higher the 
response rate. The question arises whether increased efforts, apart from a higher response rate, also help 
enhancing the response, or in other words lead to a response that is more ‘representative’ of the sample. 

Schouten and Cobben (2007) propose indicators for the similarity between the response to a survey 
and the sample or the population under investigation. The response is representative of the sample with 
respect to a pre-defined set of auxiliary variables in case there is no statistically significant difference in the 
distribution of the auxiliary variables for some chosen level of significance. They make this concept 
measurable by estimating individual response probabilities and by measuring the variation in the estimated 
response probabilities. In this paper we will apply these ideas to the data following from the LFS study. 

Let Ni ,,3,2,1 K= be the unit labels for the population. By is we denote the 0-1-sample indicator, 
i.e. in case unit i is sampled it takes the value 1 and 0 otherwise. By ir we denote the 0-1-response 
indicator for unit i . If unit i is sampled and did respond then 1=ir . It is 0 otherwise. The sample size is 
n . Finally, iπ denotes the first-order inclusion probability of unit i . The key to the concept of 
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representativeness lies in the individual response propensities. Let iρ be the probability that unit i
responds in case it is sampled. We estimate iρ using a logistic regression model applied to the LFS 
response alone and to the combined response of the LFS and the follow-up study. The estimated response 
probabilities are denoted by iρ̂ .

As an indicator of representativeness we apply the scaled standard deviation of the estimated response 
probabilities 
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ρρ is the Horvitz-Thompson estimator of the average population response probability. 

The indicator )ˆ(ρR attains values between 0 and 1. A value of one is attained in case all response 
probabilities are equal, i.e. if there are no significant correlation between response and auxiliary variables. 
The more the response probabilities vary, the lower the indicator; with a minimum of 0 in case the average 
response probability is one half and one half of the response probabilities is zero and one half of the response 
probabilities is one. 

Schouten and Cobben (2007) show that )ˆ(ρR sets a maximum to the non-response bias of categorical 
variables. If αρ =)ˆ(R , then for any categorical survey variable y it holds that its bias )ˆ(yB satisfies 

ρ
α
ˆ4

1|)ˆ(| −
≤yB . (2) 

As the upper bound in (2) holds for any categorical survey variable, we can view this upper bound as 
independent of the survey questions. We use (2) to derive the maximal absolute bias which again takes 
values in the 0-1 interval. The larger the maximal absolute bias the stronger the potential impact of non-
response. 

4. Results for the Dutch LFS 
We divided the analysis of the follow-up study in three steps. First, we investigated whether the within-

household selection of respondents caused any errors. Second, we investigated the presence of mode-effects 
by comparing the control group response to the LFS response. Third, we analyzed the composition of the 
response in the follow-up of non-respondents. In this paper we do not go into the details of the first two steps, 
but restrain to the conclusions of these analyses.  

From table 1 it becomes clear that response rates for households without a listed phone number are 
very low. This group was supposed to return a paper questionnaire or to fill in a questionnaire on the web. 
We did not send any reminders to those addresses. Clearly, the low response rates are the result of the passive 
collection of data when using the web. No interviewers are involved. However, also in case reminders are 
sent, response rates may remain low. A result that is confirmed by Janssen (2006). In the subsequent analyses 
we focus attention to the addresses for which we have available a listed land-line phone number. However, 
for the investigation of representativeness we consider both the full population as the population made up by 
households with a listed land-line phone number. 

In the analyses we were able to make use of a large set of auxiliary variables from administrative 
sources. The following variables were linked to the sample: degree of urbanization (5 categories), region of 
the Netherlands (4 categories), province and 4 largest cities (16 categories), gender of household core (3 
categories; all male, all female, or a mix), ethnic group of household core (8 categories; all native, 6 non-
native groups, or a mix), value of house (12 categories), type of household (6 categories), paid job in 
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household core (2 categories yes or no), disability allowance in household core (2 categories; yes or no), 
social allowance in household core (2 categories; yes or no), subscription to unemployment office in 
household core (2 categories; yes or no), unemployment allowance in household core (2 categories; yes or 
no), self-employed member of household core (2 categories; yes or no), and average age of household core 
(3 categories). All auxiliary variables were aggregated to the household level since non-response is a 
household level rather than a person level characteristic. We do not observe which member of the household 
is responsible for a refusal. Obviously the household as a whole is responsible for a non-contact. For this 
reason we have chosen to use the household as the unit of investigation. 

Cobben and Schouten (2006) conclude that for approximately 16% of the households with more than 
one person, an error occurred in the next-birthday selection. In those cases the respondent was not the person 
whose birthday was the first to come. However, Cobben and Schouten also conclude that there is no strong 
evidence that these errors relate to the employment status of the respondent. Next, Cobben (2007) finds that 
there is no strong evidence either that the employment status that is derived from the basic questions suffers 
from mode effects. Both results only hold for the households with a listed phone. However, from these 
results we conclude that we can directly compare the employment status of follow-up respondents to LFS 
respondents in order to assess the non-response bias. 

First, we investigated whether the follow-up respondents resemble the follow-up non-respondents for 
the set of auxiliary variables. If this is true, then this is an indication that the follow-up with basic questions 
selects a representative subset of the non-respondents in the LFS for which a listed land-line phone number is 
available. For this purpose we fitted a logistic regression model to the response indicator in the follow-up 
study. Table 2 contains the variables and parameter estimates of the resulting model. We find that only two 
auxiliary variables, the average age of the household and self-employment of a household core member, give 
a significant contribution at the 5% level. None of the other variables give an additional significant 
contribution to the explanation of response behavior in the follow-up. It turns out that the propensity to 
respond decreases with increasing age and that self-employment also lowers the response rate. 

Table 2: Parameters in logistic regression of response in follow-up study. The estimation is 
restricted to addresses with a listed phone.
Category Parameter Standard error p-value 
Intercept 1.07 0.23 < 0.001 
Self-employed    

No 0   
Yes -0.67 0.27 0.01 

Average age of household    
< 35 0   

35 – 54 -1.10 0.27 < 0.001 
55 + -1.28 0.28 < 0.001 

Table 3: Parameters in weighted logistic regression of response in LFS versus response in the 
follow-up study. The estimation is restricted to addresses with a listed phone.
Category Parameter Standard error p-value 
Intercept 0.90 0.19 < 0.001 
Degree of urbanization    

Very strong 0   
Strong 0.08 0.21 0.70 

Moderate 0.38 0.24 0.12 
Little 0.63 0.25 0.01 
Not 0.50 0.24 0.04 

Average age of household    
< 35 0   

35 – 54 0.50 0.18 0.01 
55 + 0.49 0.20 0.01 
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Next, we looked at the follow-up response from a different angle; we compared the additional follow-
up response to the regular LFS response. If both groups of respondents are different, then again there is 
indication that the follow-up adds respondents that we do not have in regular surveys and possibly leads to a 
better reflection of the population as a whole. We introduced an indicator that is one in case a household 
responded in the LFS and zero if it responded in the follow-up. Again we modeled this indicator by a logistic 
regression model. However, now the model incorporated both the auxiliary variables and the employment 
status that is derived from the answers of the respondents. As table 3 shows, two variables are significant at 
the 5% level: average of the household and the degree of urbanization of the living address. Hence, we find 
again that the average age affects the difference in response propensity; LFS respondents are older than 
follow-up respondents. Furthermore, we find that LFS respondents more often live in the less urbanized 
areas of the Netherlands. Hence, in the follow-up study we find more young households and more 
households that live in cities. This is a promising result as these groups usually have lower response rates in 
regular household surveys. Another result is that employment status did not enter the model, i.e. within 
classes defined by the auxiliary variables we do not find that employment status is significantly different for 
LFS respondents and follow-up respondents. Hence, we do obtain a different group of respondents but there 
is no indication that they are very different with respect to employment.  

Finally, we turn to the representativeness of the combined response of the LFS and follow-up as 
opposed to that of the LFS alone. To this end we estimated response propensities for LFS response and for 
the combined response. We did so for the whole population and for the population that follows from a 
restriction to listed land-line phones. Consequently, we fitted four logistic regression models. In the model fit 
for the combined response indicator we used weights to account for the sampling of households in the 
follow-up study. The following two models, for LFS response and the combined response, respectively, 
resulted from the model fits to the whole population 

degree of urbanization + household type + social allowance + phone + gender + region + ethnic group (3)

degree of urbanization + social allowance + phone + gender + ethnic group + age + paid  job.  (4) 

The next two models were fitted to the smaller population of listed land-line phone owners and again for  
LFS response and the combined response, respectively, 

degree of urbanization + household type + social allowance + disability allowance          (5) 

degree of urbanization + gender + age + paid job + social allowance.               (6)

Models (3) – (6) contain only main effects and no interaction effects, as indicated by the ‘+’. First, it may be 
noticed that the models (5) and (6), fitted to the reduced population, are smaller than those fitted to the whole 
population, models (3) and (4). Furthermore, models (5) and (6) are also subsets of the models (3) and (4) 
except for the indicator for a disability allowance that turns up in model (5).  

The appearance of the availability of a phone number in model (4) is not surprising as response rates 
were very low for the paper and web questionnaires in the follow-up. It is, however, surprising that this 
variable also turns up in model (3), since the regular LFS is a face-to-face survey. This finding is confirmed 
by other studies in the Netherlands, e.g. Schouten (2004). For obvious reasons the variable phone availability 
disappears from the models when restricting to registered phone numbers only. But also the ethnic 
composition of the household core is no longer an explanatory variable if we make this restriction. If we 
restrict ourselves to the population of households with a phone, then the response is representative for ethnic 
composition when corrected for other auxiliary characteristics. 

Clearly, the form of the logistic regression models does not state anything about the size of the impact 
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of the non-response. We do, however, see that in model (6) the indicator for a paid job enters the model, 
while in model (5) this variable was absent. Also, in model (6) the indicator for a social allowance did not 
disappear from the model. These two variables relate to employment status which is a discomforting result. 
The follow-up study is not able to fully remove selective response with respect to variables that closely relate 
to employment status. 

We obtain an overall indication of the composition of the response by application of representativeness 
indicator (1). We computed this indicator and the upper bound (2) based on the estimated individual response 
propensities using models (3) – (6). Table 4 gives the corresponding values next to the response rates. 

From table 4 we see that the response increased 14% for the whole population, from 62% to 76%, and 
15% for the phone population, from 68% to 83%. The representativeness indicator shows that the 
composition of the response has improved when the follow-up is conducted for households with a phone; it 
increases from 85% to 87%. For the whole population the opposite occurs; the composition gets worse and 
drops from 79% to 77%. Hence, for the population with a phone the follow-up is beneficiary in general, for 
the whole population it is not. If we look at the maximal absolute bias then we see that it follows the same 
pattern for the phone population. However, the maximal absolute bias in the whole population decreases by 
the addition of the follow-up as a result of the increased response rate. 

Table 4: Response rates, indicators for representativeness and maximal absolute bias for LFS 
response and for the combined response of LFS and follow-up study. The response rate, indicator 
and maximal absolute bias are given for all addresses and for the addresses with a listed land-line 
phone only.
Response Group Response rate R-indicator Maximal bias 
LFS All addresses 62% 79% 17% 
LFS Listed phone numbers only 68% 85% 11% 
LFS + follow-up  All addresses 76% 77% 15% 
LFS + follow-up Listed phone numbers only 83% 87% 8% 

5. Discussion 
We applied the Basic Question Approach to non-respondents in the Dutch LFS using a mix of 

telephone, web and paper questionnaires. The non-respondents for which we had available a listed land-line 
phone number were interviewed by telephone. The other non-respondents received a letter and were asked to 
fill in either a paper or web questionnaire. As basic questions we used the set of questions that is needed to 
derive the employment status of an individual. The employment status is one of the key statistics from the 
LFS and is an obligatory statistic for the EU. In the follow-up we obtained an additional 44% response 
among the former non-respondents at relatively low costs. We investigated whether the additional response is 
also representative of the non-response as a whole.  

In order to investigate the non-response bias in the regular LFS and the follow-up, we first had to 
ascertain that mode effects did not affect the answers to the basic questions. We concluded in an earlier study 
that there is no strong evidence that the answers to the basic questions do suffer from response bias.  

We analyzed the composition of the LFS response and compared this composition to that of the 
combined response of the LFS and follow-up study. For this purpose we performed logistic regressions and 
applied the representativeness indicator proposed by Schouten and Cobben (2007). We draw the following 
conclusions from the analyses: 
• The composition of the response gets worse for the whole population in case the follow-up response is 

added to the LFS. This is mainly caused by the low response rates to the paper and web questionnaires; 
• The composition of the response improves for the population of households for which a listed land-line 

phone number is available when the follow-up respondents are added; 
• Although the composition as a whole improves for the population of households with a phone number, 

the follow-up study does not fully remove selective response with respect to variables that relate to 
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employment status. LFS respondents cannot be distinguished from follow-up respondents with respect to 
employment status. Potentially, non-response bias may, therefore, still be present in estimators that are 
based on the combined response. 

We conclude that the basic question approach as we implemented it, is suitable for the enhancement of 
response for households with a listed phone. It is, however, not suitable for the population as a whole in its 
present form. In order to become a suitable tool, the response rates to paper and web questionnaires must be 
increased significantly. Potential measures to reduce the non-response of households without a phone are 
incentives, paper reminders and paper-and-pencil interviewing. An incentive may be included in the pre-
notification letter and we may send one or two reminders. Although face-to-face interviewing of basic 
questions is a less interesting option from the cost perspective, we can make it more interesting if 
interviewers use paper questionnaires instead of computer-assisted questionnaires. As about 70% of the 
households have a listed phone, the trade-off between quality and costs may turn in favor of the option to 
interview the basic questions for the remaining 30% of the households by a face-to-face interviewer. 
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Introduction 
In recent years in all types of surveys in all countries, the willingness to participate is on the decline. There 
are five ways to cope with this. Firstly, one can spend extra funds and make extra efforts to maintain sur-
vey response at an acceptable level. This strategy is followed in the European Social Survey, a bi-annual 
survey in 30 European countries that specifies a target response rate of 70% (Billiet et al., 2007). A second 
strategy is to be creative in computing response rates (Smith, 2002; Schnell, 1997; Groves and Couper, 
1998). Once noncontacts are ignored, or the denominator of the response rate is the number of persons 
who have agreed to participate on the telephone, more appealing response rates will result. A third option 
is to exclude groups that may be hard to reach or loathe to participate. Excluding non-native speakers, the 
elderly and the institutional population and using the phone directory as a sample frame (excluding the ex-
directory phone numbers and the mobile only) is also likely to provide higher response rates and satisfied 
customers. The fourth option is getting increasingly popular: do not draw a random sample but conduct a 
survey among members of an online panel who enjoy completing questionnaires. The final option is to 
settle for a low response rate and claim that the resulting sample is ‘representative’. 

The current focus on response rates (Biemer and Lyberg, 2003) ignores that low response rates are not 
necessarily a problem (although they lead to smaller samples and smaller precision). High nonresponse 
bias is, however. As survey researchers know (Groves and Couper, 1998) low nonresponse rates limit the 
possible nonresponse bias but on the other hand there is no clear-cut relationship between response rate 
and nonresponse bias (Groves, 2006) The importance of nonresponse bias rather than response rates im-
plies that the last four of the five strategies mentioned above are no guarantee at all for improving data 
quality. And even the first strategy – aiming for a high response rate – is neither always successful nor 
always effective in combating bias. Rather than aiming for high response rates one should try to minimize 
nonresponse bias. This is even more difficult than enhancing response rates. Firstly, whereas a response 
rate is a relatively straightforward target – if standard guidelines in computing response rates are used – 
aiming for minimal bias will be difficult to implement in practical fieldwork protocols. Secondly, within a 
survey nonresponse bias can vary substantially across variables (Groves, 2006). Finally, it is often very 
difficult to assess nonresponse bias as this requires either population information with respect to the core 
variables of a survey, or similar information on nonrespondents. Both are rarely available, at least in 
surveys on opinions, attitudes and values. 

Many researchers grapple with these problems. Not many researchers have to cope with nonresponse bias 
in cross-national surveys. In this case the situation is even more complicated. In order to compare survey 
results one would ideally have minimal nonresponse bias in every country. As this will not be possible, a 
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second best is a similar nonresponse bias in every country. This appears to be equally problematic. In the 
European Social Survey – where the target response rate is 70% and a wide range of efforts is made to 
pursue this – actual response rates vary between 35% and 80%. In addition, the composition of the non-
response – noncontact and refusal – differs across countries. Furthermore, the composition of the response 
with respect to socio-demographics also differs. Finally, there are indications – based on information from 
converted refusals – that respondents and refusals differ. The next sections describe the response patterns 
and nonresponse composition in the ESS, efforts at weighting for nonresponse for age, sex and education, 
and analyses of bias based on converted refusals. The paper ends with current efforts to collect auxiliary 
information on final nonrespondents. Information from this follow-up data collection will hopefully make 
it possible to assess nonresponse bias and to adjust for nonresponse. 

European Social Survey 
The European Social Survey (ESS: www.europeansocialsurvey.org) is an academically driven research 
structure and instrument, funded jointly by the European Commission, the European Science Foundation 
and scientific funding bodies in 30 European countries. The survey is conducted bi-annually; in each of 
the approximately 30 participating countries 1,500 to 2,000 respondents have to answer a one hour ques-
tionnaire in a face-to-face interview and to complete a short supplementary questionnaire either face-to-
face or on paper. The ESS aims at serving two main purposes. The main aim of the project is to chart and 
explain the interaction between Europe’s changing institutions, its political and economic structures, and 
the attitudes, beliefs and behaviour patterns of its diverse populations. An equally important objective is to 
develop and demonstrate an approach to the conduct of rigorous quantitative multinational social surveys 
in Europe that matches that of the best national surveys in Europe and the USA. Therefore, one of the 
distinguishing features of the ESS is its objective to achieve the highest methodological standards of 
cross-national and cross-cultural survey research, thereby striving for optimal comparability in the data 
collected across all participating countries. The ESS tries to ensure a high level of consistency and 
standardisation through a number of rigorous procedures and protocols concerning sampling design, 
questionnaire and translation issues, and fieldwork specifications. One of the concrete aims of the study is 
to achieve a response rate of 70% and a maximum noncontact rate of 3%. Fieldwork is closely monitored 
and detailed record are kept of the fieldwork process by means of detailed contact forms and call record 
(Stoop et al., 2003). 

Figure 1 presents the response rates in Round 1 (2002/2003) and Round 2 (2004/2005). It clearly shows 
that the response rate of 70% is exceeded by a small number of countries, more or less possible in a larger 
group and too difficult a target in at least nine countries. It also shows that especially the R1 low response 
countries achieved a substantial improvement in R2. Figure 2 again presents the response rate (on Round 
2) on the horizontal axis. The vertical axis depicts the share of nonresponse due to refusal as a percentage 
of nonresponse due to both refusal and noncontacts. In this study nonresponse is more due to refusal than 
noncontacts in most countries1. The figure also shows that there is no relationship at all between the 
response rate and response composition: in Poland (high response rate and in Switzerland (low response 
rate) almost all nonparticipation is cause by refusals, whereas in Turkey (low response rate) and in 
Slovenia (high response rate) the share of refusals is less than two thirds. 

Composition of nonresponse 
From figure 2 it will be clear that at similar response levels substantial variation can exist in the composi-
tion of the nonresponse. This can have an effect on survey outcomes as contacting respondents and ob-
taining their cooperation are generally seen as two different parts of obtaining survey cooperation, and as 
noncontacts and refusals are likely to be two different groups (Groves and Couper, 1998). In an overview 

                                                 
1 In the Czech Republic and in Slovenia technical reasons caused the relatively high share of noncontacts among nonparticipants. In 
the former country a fairly large number of sample units were not used in the field. These are considered as noncontacts/ 
nonresponse. In Slovenia a 70% response rate was reached when the number of noncontacts was still relatively high. Because of 
budgetary reasons fieldwork was finished, however, as the target response rate had been reached. 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 1184 -



 3

of the literature Stoop (2005) identified hard to contacts as big-city dwellers, men, those who are in paid 
employment and students, and easy to contacts as members of larger families (especially with small chil-
dren), the elderly, women and the unemployed. Indicators of survey cooperation are less conclusive. 
Willingness to participate is often higher among the better educated, although not in governmental surveys 
(Groves and Couper, 1998, p. 128; Stoop, 2005, p. 71). With respect to cooperation, the topic of the sur-
vey and the type of sponsor is likely to be important. These substantive factors are less likely to have an 
impact on contactability. Given these results it can be assumed that the differences in nonresponse com-
position will have an adverse effect on comparability due to differential nonresponse bias in the ESS. For 
this reason, the importance of minimizing the noncontacts rate was emphasized in Round 3. If a maximum 
of 3% noncontacts is reached, the remaining nonresponse will be mainly due to refusal and thus more 
homogeneous. 

A second indication of the heterogeneous composition of nonresponse is given by Vehovar and Zupanič
(2007). They computed weights for the ESS Round 2 data by post-stratification or raking based on popu-
lation information on age, sex and education. They found small differences with regard to sex and age, 
except in a few countries: “Except in Austria, where those older than 35 were underestimated in the 
national sample compared to the population structure; Belgium and Luxembourg where those older than 
55 were underestimated in the national sample compared to the population structure; and Spain, Ireland, 
the Netherlands and the United Kingdom where people aged 15 to 34 were underestimated in the national 
sample compared to the population structure” (p. 36). Neither of these differences seems to be related to 
the share of noncontacts among the nonrespondents. 

Notes:  
Information based on standard computation from contact form information (call records) except for CZ, 
FR, IC, SI, TU, UA and UK (in these countries response rate based on national reports). 
EE, IC, SK, TU and UA did not participate in Round 1. For these countries the response rate from R1 is 
set equal to the one from R2 
Based on Billiet and Pleysier (2007) 

Figure 1. Response rate in the European Social Survey in the first two rounds
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Vehovar and Zupanič (2007, p. 36) 
did find differences with regard to 
education: “As regards education 
structure, the picture is different as 
in most countries at least one cell 
was underestimated in the national 
sample compared to the population 
structure. In Austria, France, Ice-
land, Luxembourg, the Netherlands, 
Norway, Sweden and the United 
Kingdom the middle educated were 
underestimated in the national sam-
ple compared to the population 
structure; and in Switzerland, Czech 
Republic, Germany, Estonia, Hun-
gary, Norway, Slovenia, Slovakia 
and Ukraine those less educated 
were underestimated in the national 
sample compared to the population 
structure”.

After weighting the median relative 
change of the estimates was about 
1.4% of their values, generally due 
to the impact of education. The 
largest effects occurred in the areas 
of media use (especially newspaper 
reading), political interest, attitudes 
towards immigrants and religion. 
Vehovar and Zupanič found that the 
larger the nonresponse rate the 
higher the estimates nonresponse 
biases, a result that underlines the 
importance of aiming for high 
response rates. Their analyses are of 
course based on the usual – and un-
tested – assumption of missing at 
random given covariates (MAR) 

which implies that survey participation depends on observed characteristics (such as education, sex, and 
age) of potential respondents, but the variable of interest is not different within segments, allowing 
modeling of the nonresponse. With the proper auxiliary information and adequate weighting techniques, 
this kind of nonresponse can be adjusted for. 

Nonresponse and converted refusals 
Another approach to study nonresponse bias is to study converted refusals. Here the underlying assump-
tion is that with less field efforts these would have been final refusals, and with even more field efforts 
additional refusals could have been converted (Lin and Schafer, 1995; Groves and Couper, 1998). This 
underlying assumption cannot always be tested, has received support (Voogt, 2004) and has been refuted 
in a number of cases (Stoop, 2004, 2005). On the other hand, using information from ‘difficult’ respon-
dents is often the only option to find out about possible bias and especially when additional information is 
available on the original refusal (reason for refusal, the strength of the refusal) this is a useful approach. 

Notes: 
Information based on standard computation from contact form 
information (call records) except for CZ, FR, IC, SI, TU, UA and UK (in 
these countries response rate based on national reports). 
Based on Billiet and Pleysier (2007) 
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Figure 2. Response rate and refusal/ (refusal+noncontact) 
in the European Social Survey Round 2 
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The contact forms and call records from the ESS record detailed information on the recruitment 
procedure. Billiet et al. (2007) present the results of a comparison between those who immediately co-
operated, the easy-to-convert refusals and the hard-to-convert refusals. Easy-to-convert refusals are those 
who were easy to persuade and who decided to cooperate at the second contact with the interviewer. Hard-
to-convert refusals participate after several attempts only or when special incentives were brought in to 
persuade them. The analysis is based on 19 countries in the first round of the ESS.  

Figure 3 shows what happened after refusal in a selection of the ESS countries in Round 1. The total 
length of the bar indicates the percentage of initial refusals. To the left are those initial refusals who are 
not re-approached (vast majority in Luxembourg, small minority in The Netherlands). To the right are the 
initial refusals who are re-approached, subdivided into those for whom this additional effort turned out to 
be successful (a very minor share in Italy, a substantial part in The Netherlands) and those who refused 
again (the majority in all countries). Efforts at refusal conversion and the success of refusal conversion 
attempts greatly differ across countries. In a number of countries initial refusers were very rarely re-
approached (Luxembourg, Ireland). Other countries tried hard but with little success (Switzerland, Great 
Britain). In the Netherlands almost all initial refusals were re-approached which resulted in a substantial 
number of converted refusals and a substantial increase in response rates. If converted refusals differ from 
initially cooperative respondents, one can expect substantial differences in nonresponse bias across coun-
tries because of these differences in conversion efforts and conversion results. 

Figure 4 gives a different view of refusal conversion. The length of each bar indicates the percentage of 
respondents who initially refused (more than 20% in the Netherlands to almost nobody in Hungary and the 

Figure 3. Refusal conversion efforts in the ESS Round 1 (% of eligible sample units)

Note: insufficient information for the Czech Republic, Denmark, Germany and Portugal  
Based on Billiet et al. (2007) 

-35 -30 -25 -20 -15 -10 -5 0 5 10 15 20 25 30 35

LU

IT

ES

AT

BE

IE

IL

PL

HU

FI

SI

GR

GB

CH

NL

not reapproached unsuccessful attempt successful attempt

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 1187 -



 6

Czech Republic). A smaller part of these converted refusals were hard to convert: they required several 
conversion attempts or additional incentives. The others were ‘easy’ to convert. Understandably, the share 
of converted refusals (or initially reluctant respondents) is largest in the Netherlands and very small in 
countries where initial refusals are largely left alone. The distinction between easy and hard to convert 
may be due to national fieldwork practices. Given the fact that in Ireland none was easy to convert but a 
small percentage was hard to convert (and cooperated) it can be assumed that there might be cross-
national differences in registration of field efforts.  

Billiet et al. (2007) tested whether cooperative and reluctant respondents differed on a number of attitude 
scales in five countries in which enough initial refusals were converted, namely Austria, Great-Britain, 
Switzerland, Germany and the Netherlands. The attitude scales measured political trust, political partici-
pation, political interest, social trust and perceived threats from immigrants. Participation in the last elec-
tion was also in the models. The differences were small. Against expectations, political participation was 
higher among the converted respondents in Austria. The perceived threat of immigrants was – as expected 
- higher among converted refusals in Great Britain, Switzerland, Germany and the Netherlands. 

In the latter two countries enough converted refusals were available to perform a regression analyses with 
type of respondent (cooperative, converted refusal) as a predictor and attitude scale as a dependent 
variable. For each of the scales the effects were in the expected direction, results were significant for 
political trust, political participation, social trust and perceived threat from immigrants in Germany and for 
political trust, political participation, and perceived threat from immigrants in the Netherlands. After 
controlling for a number of background variables (education, urbanisation, social participation and age) 
the effect for political trust, political participation and social trust remained significant in Germany, and 
the perceived threat of immigrants in the Netherlands. 

Figure 4. Refusal conversion in the ESS Round 1 (% of respondents)
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In Germany and the Netherlands easy- and hard-to-convert respondents could be distinguished. The 
results from the regression analyses with cooperative respondents as the reference category, again in a 
simple analysis and after controlling for background variables were mixed. Effects for political interest 
and social trust were small. With respect to the other scales hard-to convert refusers differed significantly 
from cooperative respondents whereas those who were easy to convert did not (especially in the 
Netherlands). A problematic aspect of outcomes like these is that converted refusals, and especially those 
who refused more than once, will be interviewed at the end of the fieldwork period. A quick look at the 
Dutch results of round 2 shows that late respondents were much less positive about the impact of 
immigrants on Dutch society than early respondents. Nine out of ten of these late respondents were 
converted refusers. Cooperative respondents who participated late were equally negative, however. It is 
not clear yet what has caused this. 

Billiet et al. (2007) describe their results as ‘traces of bias’ partly because the amount of converted 
refusals in most countries is very small (so no bias can be found) and partly because there is no guarantee 
that converted refusals are (more) similar to final refusals, which would suggest nonresponse bias. One of 
the major finding of their study is that the relationship between type of respondent (cooperative, reluctant, 
easy or difficult to convert) and attitudinal scales and background variables differs across countries. This 
implies that the size of nonresponse bias is still unknown and that it is highly likely that nonresponse bias 
differs across countries. 

Collecting auxiliary information on nonresponse bias 
About nonresponse bias in the comparative ESS we now know the following: 
• there are substantial differences in response rates
• there are substantial differences in the composition of the nonresponse (the proportion of refusals) 
• there are differences with respect to survey participation for age and sex in the composition of the 

response. These differences do not seem to have an impact on survey estimates 
• there are differences with respect to survey participation in different educational levels. Weighting for 

education (and age and sex) has an impact on survey estimates with regard to media use (especially 
newspaper reading), political interest, attitudes towards immigrants and religion 

• there are substantial differences in efforts and outcomes of refusal conversion. In those countries 
where a fair share of initial refusers were converted, it could be shown that cooperative respondents 
differed somewhat from converted refusers, and easy-to-convert refusers from hard-to convert 
refusers. Effects were mainly in the area of political trust and perceived threat from immigrants. The 
effects differed across countries, however. 

Based on these results we can assume that there is nonresponse bias and that nonresponse bias differs 
across countries. We cannot actually prove, however that there is nonresponse bias as there is a varying 
but substantial share of refusers in each country and we have no information at all about opinions, values 
and attitudes of these refusers. The assumption that converted refusals are similar to final refusals has not 
been uniformly accepted in earlier studies, and cannot be taken for granted in this case. In addition, the 
ESS provides no uniform pattern when comparing cooperative and reluctant respondents. 

There is only one way to really know about bias and that is to collect information from nonrespondents. 
This is exactly what is going on in the ESS right now (Billiet, 2006). In 2007 data are collected that will 
allow a straightforward comparison of respondents and nonrespondents2 in three countries, namely Poland 
(high response), Finland (high response), and Switzerland (low response). The abbreviated questionnaire 
                                                 
2 A new EC Infrastructure (I3) grant to the ESS - started in June 2006 – comprises a Joint Research Activity (JRA) in which the 
Catholic University of Leuven, ZUMA (Mannheim), the university of Ljubljana and SCP (Den Haag) cooperate in improving 
representativeness and estimating nonresponse bias. This JRA comprises analyses of the ESS contact forms and call records, a 
study of adjustment for nonresponse by weighting (Vehover and Zupanič, 2007 is one of the deliverables of this JRA) and a follow-up 
study among nonrespondents in a number of countries. 
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has two versions, one of 4 pages with 17 questions, and even shorter one with 7 questions. This classical 
follow-up survey (see f.i. Stoop, 2005) will be conducted among respondents and nonrespondents. In this 
way it will be possible to avoid the confounding effect of fieldwork period (see above) and of instrument 
(short version). In two countries a different design has been implemented. In Germany and Belgium (both 
medium response rates) a small set of questions will be asked at the moment of refusal. This approach is 
similar to the Basic Question Approach of Kersten and Bethlehem (1984) and the Pre-Emptive Doorstep 
Administration of Key Survey Items (PEDAKSI) approach from Lynn (2003). The results of the follow-
up study should provide answers to the following questions: 
• What is the amount of nonresponse bias estimated by this method?  
• Is the bias detected by the two methods (comparing cooperative and reluctant respondents in the main 

study and comparing respondents and nonrespondents in the follow-up study) similar?  
• Is the bias stable over countries?  
Both in design, analysis and results it will be clear that studying nonresponse in cross-national studies is 
vastly more intricate than in national studies. And even in national surveys the study of nonresponse bias 
is far from simple. What does this mean for the options to handle nonresponse mentioned in the introduc-
tion? High response rates are a means toward data quality. Low nonresponse bias is an indicator of data 
quality. We should aim at minimizing bias during fieldwork, and at analyzing bias both to improve field-
work design and adjust for nonresponse. 
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What Child Welfare Agency Administrative Records Tell Us about 
the Accuracy of Survey Reports of Abuse or Neglect 

Paul Biemer, Ruben Chiflikyan, Kathryn Dowd and Keith Smith 
RTI International 

1. Introduction  
The National Survey of Child and Adolescent Well-Being (NSCAW) is a national probability study of children 

investigated for child abuse and neglect.  The survey is conducted in 92 counties of the U.S. where a sample of 5400 
children ages 0-14 are selected from child welfare agency records on child abuse or neglect investigations.  A panel survey, 
the NSCAW is currently in its fifth round of data collection.  Parents or other permanent caregivers, foster parents for 
children removed from the home, and the children themselves are interviewed.  For children in out-of-home placement, the 
caregiver from whom the child was taken is also recruited for interviews.  Investigative child welfare workers (CWWs) at 
the baseline, and service workers in subsequent rounds if the family is receiving services, are also interviewed about the 
case.  In addition, an annual teacher survey is conducted for children in grades K-12. (See NSCAW Research Group. 
(2002) for a complete description of the study.)  

Key in the analysis of the NSCAW data, especially related to analyses of child safety, is the measurement of re-
reports.  In the child well-being literature, a “re-report” has been defined in several ways.  For example, re-reports can be 
defined as any report after the child's first exposure to the child welfare system.  However, since NSCAW is not a study of 
first-time entrants into the system and, hence, does not capture information on reports prior to a child’s selection into the 
NSCAW sample, it is not possible to determine with certainty the child’s first exposure to the system.  A re-report might 
also be defined relative to a particular caregiver arrangement or setting rather than a child’s entire lifetime.  However, for 
most analytic purposes, a broader definition of a re-report is often required.  For the present study, we will define a re-
report as any report to the CPS involving the NSCAW child after the “index” investigation; i.e., the investigation which 
made the child eligible for inclusion in the sampling frame.   

Re-report data have been used extensively and in varying ways in data analysis.  For example, some researchers define 
an indicator variable to denote the presence or absence of a re-report for each child. This variable has been used primarily 
as an indication of CPS system functioning or dysfunction. Since one of the fundamental goals of CPS is to ensure 
children's safety, the presence of a re-report may be an indication that the previous investigation(s) did not wholly achieve 
this goal, and that the child's safety was still at risk at the time of the re-report.  In addition, this indicator variable may be 
included in a model of child well-being to test whether the presence or absence of re-reports relates to lower 
functioning/developmental status, or higher levels of risky behavior among older children.  Another area of research 
explores whether children with one or more re-reports have higher levels of service receipt, including out-of-home 
placement, than children with no re-reports. 

In addition to a dichotomous indicator, the number of reports involving a child is also of interest in analysis.  As an 
example, for permanence, it may be hypothesized that children in in-home care and who experience higher numbers of re-
reports are at lower levels of permanence due to the increased risk of placement out-of-home.    

Given the criticality of the re-report data for a range of research interests, a high degree of accuracy is required for 
these data.  However, we may anticipate that this is not the case in the NSCAW for several reasons.  First, since 
information on re-reports in the NSCAW comes from caseworker interviews, children in the sample who did not have a 
caseworker (i.e., children who were not receiving child welfare services) since the last completed caregiver interview will 
have no associated caseworker interview.  Thus, no re-report data were collected for these children even though they may 
have had a re-report since the last interview.   Second, the re-report data for children for whom a caseworker interview was 
conducted is also subject to error.  During the interview, caseworkers typically rely on information that is available in their
case files.  These files may be incomplete, out-dated or may contain information that is erroneous leading to missed or 
false re-reports.  In addition, information about the re-reports such as dates, circumstances, etc. may be erroneous.  Finally,
there is nonresponse at both the caseworker and caregiver levels.  Caseworkers may refuse to be interviewed and children 
and families move away from the NSCAW PSUs and be lost to follow up at subsequent data collection waves.   

The net effect of these errors is to underestimate the number of re-reports captured for the sample children.  Although 
we anticipate there could be a substantial negative bias in the number of re-reports, to date there has been no attempt to 
quantify the magnitude of the under-reporting.  This report seeks to investigate the extent of the errors in the re-report data,
their causes and the implications of the errors on the most common types of analyses that may be conducted using the re-
report data.   

To conduct this evaluation, RTI collected administrative data from child welfare agencies participating in the study 
representing approximately 60% of the NSCAW target population.  Our efforts continue to increase this proportion by 
pursuing agencies which have not yet responded to our request for administrative data. In our analysis, we considered these 
administrative data to be the gold standard for evaluating the accuracy of the caseworker supplied data on re-reports, since 
those data are considered the “official” record and provide the most complete source of information on re-reports.  Note 
that administrative data were not sought from agencies not sampled for NSCAW due to restrictions placed on the effort by 
the RTI IRB. 

The next section describes the administrative data that were collected from state and local child welfare agencies.  
Section 3 describes the process that was used to match the caseworker and administrative data records on re-reports.  
Section 4 provides the results of an analysis of re-report error and biases.  Finally, in Section 5, we summarize our findings 
and discuss implications for analysis employing re-report data.  
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2. The NSCAW Re-report Data  
This paper uses two types of data – information from services caseworkers collected at Waves 2, 3 and 4 and 

information gathered from state and county systems.  Caregivers were not asked about reports since the index report and 
investigation.  The following section describes how each of these types of data was collected. 

2.1 Caseworker Re-report Data 
At Wave 2 a caseworker interview was triggered in two situations – if the child or family was designated in a Services 

Received (or Open Case) domain at the time of sampling or if the caregiver interview at Wave 2 indicated that CPS 
services had been received since the baseline interview.  The services caseworker who had spent the most time with the 
family was identified through the agency liaison. Interviews were sought whether or not the child remained in the 
jurisdiction of the agency sampled for and participating in NSCAW. The questionnaire administered to services 
caseworkers included a module that sought information about reports since the baseline interview.  Specific items are 
included in Appendix A.  In Waves 3 and 4 the same procedures were implemented, with the exception that service 
caseworker interviews were sought only if the caregiver indicated that services had been received since the last completed 
caregiver interview. 

At Waves 2 and 4 checks of this approach – seeking interviews when the caregiver indicated service receipt – were 
made in a small number (20-40 cases) of randomly selected cases in which the caregiver did not indicate service receipt.  
In order to verify that no services had been received, calls were made to the agency liaison who was asked to confirm that 
services had not been provided.  Only one case in Wave 4 indicated that service receipt might have been omitted in 
caregiver provided information.  Note that only service receipt was asked; re-reports were not checked. 

We hypothesize that there are several reasons that re-reports were not provided during the caseworker interview.  
While caseworkers were asked to consult the case file during the interview and field representatives anecdotally indicated 
that they did so about 70 percent of the time, some caseworkers did not have the file readily available and did not use the 
case file to complete the interview.  In those situations, caseworkers would be more likely to forget and exclude one or 
more re-reports in their interview responses.  Caseworkers with a large caseload, in very urban settings, and in agencies 
where case folders are warehoused offsite or expurgated after a certain amount of time would be less likely to have case 
folder information to consult during the interview.  Lack of case folder or personal organization, in addition to individual 
personality traits and disengagement in the interview process, would also reduce the likelihood that historical documents 
would have been consulted during the interview.  Additionally, given the burden of the interview and their work overload, 
some caseworkers may have not provided complete information.   

For example, some caseworkers may have collapsed two separate reports that were temporally proximate into one re-
report response.   For example, if reports were received from a neighbor and a teacher about the same bruises on a child, 
the caseworker may have only provided information about the teacher’s report.  Finally, caseworkers could not provide 
information about reports outside the agency’s jurisdiction (e.g., a report made in a state the child had lived in previously.)

In some agencies the system that collects report information and conducts investigations is quite separate from service 
provision.  In these highly specialized agencies, it is possible that the case folder consulted during the caseworker interview
did not contain information about unsubstantiated reports.  This might also occur in states that are centralized and have one 
system (e.g., a state hotline) for reports and investigation decision-making. 

2.2 Agency Report Data 
In order to assess the quality of re-report data gathered from caseworkers we sought administrative data from state and 

county agencies sampled for NSCAW.  In Appendix B we provide the specifications that were attached to our request 
which described our data requirements to the agencies.  Due to IRB concerns about blinding agencies to participation 
status, agencies were asked to provide report data for all children sampled.  The reference period was from October 1999 to 
the data of the request (generally, summer 2005.)  However, some agencies expunge reports (especially prevalent for 
unsubstantiated reports) after a certain amount of time or do not allow information about unsubstantiated reports to be 
released to researchers (as was experienced during sampling.)   

As we can all attest from personal experience, recordkeeping in various levels of government is not error-free.  
Jurisdictions vary widely in the resources and priority they put to CPS recordkeeping, although requirements (e.g., state 
laws regarding timeliness of investigation start after report, AFCARS, CFSR) and resource provision for system 
construction (SAQWIS) have generally improved the situation.    

2.3 Administrative Data as the “Gold Standard” 
Among different types of CPS data, reports of abuse and neglect are one of the highest priorities for accurate 

recordkeeping because of state law or practice requirements that mandate the amount of time between report and 
investigation start, and systems that monitor those response times. 

3. Matching the Two Files:  Agency to Caseworker File Match 
Re-reports from the caseworker interview data were matched against the re-reports obtained from the administrative 

files to determine the degree to which a match between the two exists.  With the agency data considered “truth,” re-reports 
on the agency file but are missing from the caseworker file may be deemed “false negatives.”  Likewise, re-reports on the 
caseworker file not on the agency file may be deemed “false positives.”  The focus of present analysis is on false negative 
error (i.e., missing re-reports) in the caseworker data, since it is likely the most prevalent and most damaging error for data
analysis.  However, we will consider false positives and their implications in future examinations. 
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The first step of the matching process was to remove duplicate records from both files.  Duplicate records were 
defined as records with the same report date for a child.  Following the unduplication process, the agency report records 
that were outside the caseworker reference period (i.e., the time period for which the caseworker was asked about re-
reports) were also deleted from the data file.  The final analysis file then consisted of all unique re-report events that were
within the time period and scope of the NSCAW interviews for all survey waves (i.e., Waves 1 through 4.) 

To determine whether a re-report on the agency file appears on the caseworker file and vice versus, a number of 
criteria for determining a match were considered.  All the criteria used some combination of the following four attributes of 
the report: 

Report date 
Abuse type 
Perpetrator relationship to child 
Substantiation 

Of these four attributes, the most important is the date of the report since, for any child, it can uniquely identify a re-
report.  However, some allowance must be made for error in the report date since it is subject to human error at various 
points in the process.  We consider criteria that allow the dates to be within five days of each other to determine a match.  
In addition, when dates differ by more than five days, we can use other attributes to help us determine whether two reports 
match.  Although many different criteria can be created using the above four report attributes, we selected five criteria that 
span the range of possible criteria.  These are: 

1. Exact match on date 
2. Dates within five days of each other 
3. Dates not within five days of each other, but match on abuse type, perpetrator relationship to child and 

substantiation 
4. Dates not within five days of each other, but match on any two of abuse type, perpetrator relationship to child and 

substantiation 
5. Dates not within five days of each other, but match on anyone of abuse type, perpetrator relationship to child and 

substantiation 
Criterion 1 is the strictest criterion since it requires that the dates on two reports match exactly to be declared a match.  

Criterion 2 slightly relaxes this by allowing reports that have dates that are within five days to be declared a match.  
Criteria 3, 4 and 5 essentially ignore date and for that reason are not feasible for defining a match.  They are included here 
merely to gauge the effect on the match rates of relaxing the criteria by degrees to extreme levels of match tolerance.  
Criterion 3 declares reports that share the same abuse type, perpetrator relationship and substantiation status to be a match 
regardless of date.  Criterion 4 declares a match for reports that share any two of these three attributes in Criterion 3 and 
Criterion 5 declares a match for reports that share any one of the three attributes in Criterion 3. 

Table 1 provides results on applying these matching criteria.  For Table 1, each agency report was assigned to one of 
seven match categories corresponding to the match criteria described above. The first row of percentages in the table 
corresponds to the proportion of reports in the agency file that could be matched to reports in the caseworker data using 
Criterion 1.  This is shown for six key states, Other (i.e., all other states) and All (i.e., all states).   The next row shows the 
results of applying Criteria 2.  The second half of the table shows the results of applying criteria 3, 4 and 5 for re-reports 
not satisfying Criterion 2.  The last two categories in the table are no match on any of the attributes and no reports for the 
child in the caseworker data.   The first of these two categories contains all reports in the agency file that could not be 
matched to any report in the caseworker file for children that had at least one re-report listed in the caseworker file.  The 
second category contains all reports in the agency file for children that had no re-reports at all in the caseworker file.    

Table 1.  Re-report Match and Non-match Rates Based Upon Alternative Criteria (%) 

*Other states include: AR, AZ, DC, GA, IN, MD, MN, NM, NV, OK, OR, SC, UT, VA, WV, WI 

In discussing this table, we use results for Criterion 2 as our best estimate of the match rate for these data since it is 
probably the most liberal matching criterion that is still acceptable.  Table 1 indicates considerable variability across states

Match Criteria TX OH PA IL FL NC Other* All 
Matches       
Exact date matches  33.0 34.1 29.8 7.0 41.7 47.2 23.4 31.1
Matches within 5 days including 
exact matches 

39.3 42.9 42.1 10.5 45.4 55.7 30.5 37.8

Non-matches       

Date > 5 days difference and         
     Match on 3 of 3 attributes 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
     Match on 2 of 3 attributes  0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
     Match on 1of 3 attributes  4.9 4.6 0.0 2.9 0.9 1.9 4.1 3.3
     no match on any attributes  5.3 6.5 21.1 5.8 5.1 7.5 3.8 6.1
No re-reports in CW file for child 50.5 46.1 36.8 80.8 48.6 34.9 61.5 52.8
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in the match rates.  Illinois’ match rate is only about 11% while North Carolina’s is almost 56%.  Overall, only about 38% 
of the agency reports can be found in the caseworker file.  Note that, even when the most liberal match criteria are used, 
this rate only increases slightly to 41%.  If we are willing to use the agency file as the gold standard, it can be concluded 
that between 59% and 62% of the re-reports are missing from the caseworker data. 

Next we examined the reasons for missing re-reports in the caseworker file. Three possible reasons for missing 
caseworker re-reports were identified:  

Ineligibility: to be eligible for a caseworker interview, the child or child’s family had to receive agency 
services since the last caregiver interview; thus, a caseworker interview was not conducted if the caregiver 
reported that no CPS services were received by child or the child’s family. 
Caseworker error: the caseworker interview was completed; however the report that appears on the agency 
file was not obtained during the caseworker interview. 
Caseworker non-response: the caseworker was eligible for an interview (i.e., the child or child’s family 
received services); however, an interview with the caseworker was not completed. 

As Table 2 indicates, the two main reasons for the missing re-reports in the caseworker file are ineligibility (44.8%) 
and caseworker error (54.5%).  Very few missing re-reports were due to caseworker non-response (0.7%).   

Table 2.  Reasons for Missing Re-reports in the Caseworker File 

REASON N %
   
Ineligibility 456 44.8
Caseworker error 553 54.5
Caseworker non-response 6 0.7

Total 1015 100

4. Analysis of Matching Error
In the previous section, we estimated that the NSCAW caseworker interview missed about 60% of the re-reports that 

administrative records indicate occurred for NSCAW children.  Such a high rate of missing data raises questions as to 
whether analysis based on re-reports can ever be valid.  In this section, we attempt to provide at least a partial answer to 
that question.   

Whether and the extent to which analysis based upon caseworker re-report is valid depends in large measure on the 
type of analysis that is conducted with these data.  We consider the potential bias in using the caseworker re-report data for 
three types of analysis in which researchers might engage.  First, as discussed in Section 1, researchers may wish to define 
an indicator variable which takes the value 1 if the child has ever been re-reported and 0 if there is no re-report.   This 
indicator may be used as either a dependent variable in a model of system functioning or an explanatory variable in a 
model attempting to explain variations in child outcomes.  For such analyses, it would be very important to have a highly 
accurate indicator of the presence or absence of a re-report. 

Another type of analysis of interest is similar, but instead of defining an indicator variable for re-reported children, the 
researcher may wish to use the number of re-reports either as a dependent or independent variable in analysis.  Here again, 
a large number of missing re-reports would have substantial biasing effects on the results of these analyses. 

A third type of analysis seeks to characterize children who have been re-reported at least once and compare their 
characteristics with children who have not been re-reported.  In rare cases, an analyst may wish to use the re-report itself as
the unit of analysis. In particular, they may be interested in whether re-reports are associated with certain ages, settings or
substantiation statuses – in other words, are re-reports that are missing associated with children having very different 
characteristics than those with re-reports that are not missing.   

To address these three types of analyses, we begin by defining Y to denote the caseworker re-report status for a child 
where Y=1 denotes that the child has at least one re-report and 0 denotes that the child has no re-reports.  Likewise, let X
denote the corresponding agency classification which is taken to be the gold standard in this analysis.  In other words, we 
assume X is the truth.  Let G denote a grouping variable such as age, gender, race or other variable.  Finally, let P denote 
the average Y in the population; i.e., P is the proportion of children who have at least one re-report based upon the 
caseworker data.  Corresponding to P, let denote the average of X; i.e., the true proportion in the population. 

Now consider the first type of analysis described above where we wish to use Y either as a dependent or independent 
variable in an analysis.  To evaluate the bias in this type of analysis, we consider the bias in the estimator of the proportion

 for some domain or subgroup defined by G.  It can be shown that the testing for a significant bias in our estimate of 
from the caseworker data, which may be written as P- , is equivalent to testing for symmetry in the 2×2 YX table for group 
G.   

To see this, let P(Y=1,X=0|G) denote the proportion of the population in group G who have a re-report in the 
caseworker file (Y=1), but no re-report in the agency file (X=0). We call all such cases false positives since X is assumed to 
be the truth.  Likewise, let P(Y=0,X=1|G) denote the proportion of false negatives in group G.  It be shown that P-  = 
P(Y=1,X=2|G) - P(Y=2,X=1|G) which is 0 if P(Y=1,X=2|G) = P(Y=2,X=1|G), i.e., the table is symmetrical.  

Therefore, we wish to test the hypothesis 
H0: P(Y=1,X=2|G) = P(Y=2,X=1|G)

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 1196 -



If H0 is rejected, then the bias in P is statistically significant and we can conclude that using caseworker data would be 
biasing for this type of analysis. 

The results of testing this hypothesis for a number of child characteristics (G) are shown in Table 3. These results 
suggest that, for every subgroup in the table, the symmetry hypothesis is rejected.  Therefore, estimates of the proportion of 
children having at least one re-report with be significantly and, in most cases, substantially biased.   

Table 3.  Test for Symmetry (Bias) by Characteristic 

Variable Group (G) P(Y=1,X=2|G) P(Y=2,X=1|G) Diff S.E. 
of
Diff 

Age 0-2 0.080 0.558 -
.478 

0.059

 3-10 0.102 0.373 -
.271 

0.068

 >=11 0.052 0.592 -
.541 

0.098

Race Black/Non-Hispanic 0.065 0.422 -
.357 

0.066

 Other 0.093 0.477 -
.384 

0.051

Hispanicity Hispanic 0.131 0.491 -
.360 

0.112

 Other 0.078 0.453 -
.375 

0.047

Setting In Home 0.084 0.462 -
.378 

0.050

 Other 0.087 0.446 -
.359 

0.053

Maltreatment Sexual Maltreatment 0.087 0.630 -
.543 

0.136

 Other Maltreatments & 
Exploitation 

0.079 0.494 -
.415 

0.073

 Other 0.091 0.393 -
.302 

0.057

Gender Male 0.080 0.405 -
.325 

0.058

 Female 0.088 0.514 -
.426 

0.062

Substantiation Yes 0.106 0.514 -
.408 

0.049

 No 0.073 0.429 -
.356 

0.063

Now consider a similar type of analysis where instead of using the indicator variable Y we wish to use the number of 
re-reports for a child.  This type of analysis would be biased if the number of re-reports based upon the caseworker data is 
significantly less than the number of re-reports based upon the agency data.  Table 4 shows the weighted mean number of 
re-reports based upon caseworker data and agency data for various child characteristics.  The last column in this table is the 
relative difference expressed as a percentage and defined as the ratio of the difference between the caseworker and agency 
means to the agency mean.  It is clear from this table that the number of re-reports using the caseworker file is substantially
biased for every group shown in column 1 of the table.  On average, the relative bias in the number of re-reports using 
caseworker data is about 37%.

A third type of analysis we considered aims to characterize children who are re-reported and compare them with other 
children.  For this research objective, there are two possibilities.  Researchers may be interested either using children or the
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re-reports themselves as the units of analysis.  To assess the potential bias for analysis which uses the re-report as the unit
of analysis, Table 5 compares child characteristics for re-reports that are missing with re-reports that are not missing from 
the caseworker file.  Note that, across all the child characteristics in the table, there are no significant differences between
caseworkers provided and missing re-reports.   

As an example, the distribution of child age for matched re-reports is very similar to that of non-matched reports.  The 
chi-square test of homogeneity between the two distributions in not significant ( 2 = 5.14, p=0.18).  The biggest difference 
occurs in the oldest category.  As shown in the Table 2, 25% of the non-matched re-reports are associated with children in 
the 11-15 age range but only 16.2% of the matched re-reports falls in this category, a difference of 8.9 percentage points.  
In fact, despite the finding that some of the differences between the two distributions are quite large, none of the 
distributions differ significantly at the alpha = 0.05 level.  This suggests that characterizations of re-reports using the child
characteristics in the table will not be significantly biased by missing caseworker-provided re-report data.     

Table 4.  Comparison of Mean Number of Re-reports from Caseworker and Agency Files 

  Caseworker Agency Relative 
  File File Difference 
Age      0-2 0.37 0.62 -40.3
      3-5 0.53 0.84 -36.9

      6-10 0.43 0.55 -21.8

      11-15 0.28 0.64 -56.3

Gender      Male 0.43 0.64 -32.8
      Female 0.38 0.67 -43.3

Race/Hisp      Black/Non-Hisp 0.42 0.77 -45.5

      White/Non-Hisp 0.41 0.60 -31.7

      Hispanic 0.36 0.64 -43.8
      Other 0.33 0.53 -37.7

Baseline 
Setting/Services

     In-Home, No Services 0.32 0.54 -40.7

      In-Home, Services 0.61 0.93 -34.4
      Out-of-Home 0.37 0.65 -43.1

Abuse Type      Physical Abuse 0.34 0.60 -43.3

      Sexual Abuse 0.27 0.45 -40.0

      Failure to Provide 0.43 0.59 -27.1
      Failure to Supervise 0.45 0.80 -43.8

      Other 0.51 0.66 -22.7

Substantiation      Yes 0.44 0.66 -33.3
      No 0.39 0.66 -40.9

Next we consider the bias when the child is the unit of analysis and we wish to characterize children who are re-
reported at least once according to the caseworker data.  Recall this was denoted by Y=1.  As before, let X denote the 
corresponding agency classification which is again taken to be the gold standard in this analysis and let G denote a 
grouping variable.  Then we wish to fit the model 

logit[ ( 1)] X G GX
x g gxP Y w w w w  (1) 

where w is the intercept, X
xw  is the main effect for X, G

gw  is the main effect for G and GX
gxw is the interaction term.  Of 

primary importance is the test of hypothesis H0: GX=0.  The GX interaction term essentially determines whether either 
false positive or false negative error rates differ by the grouping variable, G.   If we reject this hypothesis then we can 
conclude that error rates differ by the levels of the grouping variable.  Otherwise, we say there is no evidence that one 
group has higher error rates than the other.  Also, using this model, we can obtain the predictive marginal probabilities 
P(Y=2|X=1,G), the false negative probability for group G and P(Y=1|X=2,G) the false positive probability for group G.  
Table 3 shows these results for a number of child characteristics. 

Again, there is no evidence that any of the child characteristics examined in this table have any effect on the error rates 
of the caseworker interview.  For example, consider the results for the last variable in the table, Substantiation.  For this 
variable, the false negative rate for substantiated children is 51% compared with 43% for unsubstantiated children.  
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Likewise, the false positive rate is 11% and 7%, respectively.  However, the p-value associated with H0 is 0.11 suggesting 
that the hypothesis cannot be rejected at the 5% alpha-level.  Thus, the false positive and false negative rates cannot be 
declared statistically different.  However, this does provide some weak evidence that substantiated children have a higher 
false negative and higher false positive probabilities than unsubstantiated children.  

Table 5.  Comparison Child Characteristics for Matched and Non-Matched Re-reports 

Characteristic Matched  
(%) 

Nonmatched (%) Difference  Chi-square and p-
value 

    
Age at sampling    5.14
     0-2 18.5 20.1 -1.7 0.18
     3-5 32.3 27.6 4.7 
     6-10 33.1 27.3 5.9 
     11-15 16.2 25.0 -8.9 
    
Gender    1.15
     Male 51.7 45.4 6.3 0.29
     Female 48.3 54.6 -6.3 
    
Race    1.17
     Black/Non-Hisp 36.4 41.1 -4.8 0.76
     White/Non-Hisp 44.2 38.6 5.6 
     Hispanic 14.6 14.8 -0.3 
     Other 4.9 5.4 -0.5 
    
Baseline 
Setting/Services 

   2.08

     In-Home, No 
Services 

46.8 46.1 0.7 0.36

     In-Home, Services 42.6 36.4 6.2 
     Out-of-Home 10.6 17.5 -6.9 
    
Abuse Type    5.48
     Physical Abuse 23.1 21.9 1.2 0.26
     Sexual Abuse 6.0 10.7 -4.8 
     Failure to Provide 17.8 18.2 -0.4 
     Failure to Supervise 32.7 38.1 -5.5 
     Other 20.5 11.0 9.4 
    
Substantiation    1.61
     Yes 35.6 41.6 -6.1 0.21
     No 64.4 58.4 6.1 

5. Summary
Although this is a somewhat limited investigation of the quality of the NSCAW re-report data, we believe we can 

conclude that re-reports are substantially under-represented in released NSCAW data.  Based on our comparison of 
caseworker data and agency administrative files of re-reports, we estimate that between 59% to 62% of all re-reports are 
missing from caseworker interview data.  There are two sources of missing data:  approximately 45% of the missing re-
reports can be attributed to the NSCAW method for identifying the need for a caseworker interview.  The other 55% is 
primarily due to a failure of the caseworker interview to capture the re-report due to interviewer error, respondent 
(caseworker) error, errors in the case files consulted during the interview, or other interview related reasons. 

For analysis which seeks to produce estimates of the proportion of children re-reported at least once, the missing data 
will have severely biasing effects.  There are considerable negative biases for virtually every subgroup we considered 
including estimates at the state level.  This bias is due to the lack of symmetry in the errors; i.e., the number of false 
negative errors in the data file far outweighs the number of false positive errors, which means a net underestimation of the 
proportion of children who had at least one re-report.  In addition, analysis which uses the number of re-reports as either a 
dependent or independent variable will be severely biased.  
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Table 6.  False Positive and False Negative Probabilities for Child Characteristics 

CHARACTERISTIC FALSE POSITIVE 
PROBABILITY 

S.E. FALSE 
NEGATIVE 
PROBABILITY 

S.E. 

Age (p=0.61)     

0-2 0.080 0.020 0.558 0.056

3-10 0.102 0.027 0.373 0.062

>=11 0.052 0.015 0.592 0.097

Race (p = 0.17)    

Black/Non-Hispanic 0.065 0.018 0.422 0.064

Other/Non-Hispanic 0.093 0.021 0.477 0.047

Hispancity (p=0.36)    

Hispanic 0.131 0.067 0.491 0.090

Other 0.078 0.015 0.453 0.045

Setting (p=0.94)    

In Home 0.084 0.018 0.462 0.047

Other 0.087 0.020 0.446 0.049

Maltreatment (p=0.54)    

Sexual Maltreatment 0.087 0.038 0.630 0.131

Other Maltreatments & 
Exploitation 

0.079 0.029 0.494 0.067

Other 0.091 0.017 0.393 0.055

Gender (p=0.28)    

Male 0.080 0.018 0.405 0.055

Female 0.088 0.021 0.514 0.058

Substantiation (p=0.11)    

Yes 0.106 0.025 0.514 0.042

No 0.073 0.018 0.429 0.060

  However, for analysis that seeks to characterize children based upon a dichotomization -- whether or not the child has 
been re-reported -- the results are more positive.  For the child characteristics considered in our preliminary assessment, we 
found no significant differences between children who were correctly classified as having been re-reported based on 
caseworker interview data and those who were incorrectly classified.  These findings suggest that using the caseworker-
provided re-report data in current NSCAW releases as a basis for characterizing children who were re-reported should not 
lead to important biases or false inferences. 

Our investigation is limited for several reasons.  First, the administrative data that we acquired from the agencies and 
that we consider the gold standard for much of our error analyses, may themselves be subject to error.  If re-reports are also 
missing from the agency files, than our estimates of the caseworker false negative error rates are understated.  However, 
this would not change our conclusions that the NSCAW data are not appropriate for estimating the proportion of children 
who were re-reported or the average number of re-reports per child.  Secondly, several important agencies have not yet 
responded to our request for administrative data and, consequently, were not included in this preliminary 
analysis.  Data used only represent 60% of the NSCAW population.  We are continuing to work with nonresponding 
agencies and will issue an updated report on our findings as these data become available.   
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Abstract
Over the last decades many surveys have seen a decline in response rates, which is of particular concern 

for major government surveys. In addition to decreasing response rates, there is indication that the type of 
nonresponse may have changed over time, leading to a potential change in nonresponse bias. It is thought that 
both factors may affect, potentially severely, the quality of survey data. To increase response rates in surveys 
and to improve adjustment methods in the presence of nonresponse, such as imputation and weighting 
methods, it is crucial to gain a deeper understanding of the nature and causes of nonresponse.  

To be able to investigate the reasons for nonresponse as well as indications for nonresponse error it is 
important to have reliable data on both the responding and nonresponding units. The analysis presented here 
is based on the 2001 UK Census link study, a unique data source containing an unusually rich set of auxiliary 
variables, comprising individual and household level census variables, information obtained from the 
interviewer and area information. The data also include interviewer observations, information about the 
interaction process between the household and the interviewer at the ‘doorstep’ and information about the 
experience and attitude of the interviewer. All of these variables are available for respondents and 
nonrespondents. Another advantage is that several major government surveys are included in one study, 
allowing for comparisons of surveys with different designs and subject matters as well as the analysis of 
survey specific and survey independent effects. 

This paper investigates household unit nonresponse and interviewer effects in government surveys 
using a multilevel multinomial modelling approach. The models are guided by current conceptual frameworks 
and theories of survey participation. The paper discusses implications for survey practice to improve the 
quality of survey data and estimation. The project is carried out in collaboration with the UK Office for 
National Statistics (ONS).

Key Words: multilevel multinomial models, survey unit nonresponse, noncontact, refusal, theories of 
survey participation, census link study, interviewer effects.  

1. Introduction 
Nonresponse rates and nonresponse bias may both affect the quality of survey data, with potentially 

serious consequences for data analyses underpinning social science research. For this reason an important 
goal of survey research is to develop ways to minimise nonresponse, through survey design and data 
collection methodology, and to reduce the impact of nonresponse bias through modification of data analysis 
methods and the improvement of adjustment methods, such as imputation and weighting methods. As a key 
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intermediate aim, and of social science interest in itself, it is crucial to gain a better understanding of the 
nature and causes of nonresponse.

The aim of this paper is to investigate factors influencing household unit nonresponse in government 
surveys and to develop nonresponse models with the aim of improving the quality of survey data. A key 
feature of the paper is that it makes use of census data, interviewer observation data and interviewer 
information linked to both respondents and nonrespondents of several surveys. Two types of unit 
nonresponse, refusal and noncontact, are distinguished. The paper uses a multilevel multinomial modelling 
approach to incorporate the hierarchical structure of the data, including households and interviewers. It is 
generally recognised that interviewers have an effect on the response behaviour of a household, for example 
when establishing contact with a household and, in particular, when influencing the decision of the household 
to take part in the survey. The paper analyses interviewer effects on both types of nonresponse, refusal and 
noncontact, and the possible connections between both effects.  

To be able to investigate nonresponse behaviour and factors related to nonresponse it is important to 
have reliable data on both the responding and nonresponding units to a survey, which is often very difficult to 
obtain. The advantage of this study is that it makes use of a rich set of auxiliary variables, available for 
respondents and nonrespondents, comprising individual and household level variables from the UK 2001 
census, area information and information obtained from interviewers at the time of the survey interview, 
which includes interviewer observations about the household, fieldwork and interviewer calling data, 
information about the interaction process between the household and the interviewer at the ‘doorstep’ and 
information about the experience and attitude of the interviewer. Another advantage of the study is that 
several major government surveys are included in one study, allowing for comparisons of surveys with 
different designs and subject matters. It enables analysis of the nonresponse process across and within 
surveys, rather than focusing on just one survey at a time, as in many previous studies (O’Muircheartaigh and 
Campanelli, 1999; Pickery and Loosveldt, 2002 and 2004). The study discussed here, using such a wide 
variety of variables, is unique in a European context and aims to contribute to a more general framework for 
understanding unit-nonresponse in household surveys. 

The paper is structured as follows. Section 2 briefly discusses the theoretical framework of nonresponse 
theories. Section 3 describes the available data. The methodology and multilevel multinomial models are 
discussed in section 4. Initial results are presented in section 5 and further research is outlined in section 6.  

2. Theoretical Framework 
Current conceptual frameworks for survey participation have identified a number of key factors 

influencing nonresponse, such as individual and household characteristics, interviewer attributes, the social 
environment and survey design features. Theories of survey participation are based on psychological concepts 
such as social exchange (Goyder, 1987; Dillman, 2000), civic engagement (Brehm, 1993) and social isolation 
and integration (Goyder, 1987), concerned with the role of individual and household characteristics on survey 
cooperation. A more recent theory is the leverage-salience theory (Groves, Singer and Corning, 2000), 
focusing on the interaction between individual sample member characteristics and survey design features. 
These theories incorporate important phenomena to explain survey participation, such as the distinction 
between influences on access to the sample unit and cooperation of the sample unit with the survey request, 
the influence of the social context on individual action, the interplay of multiple effects on survey 
participation, and the mechanisms by which characteristics of the sample unit affect the performance of the 
survey design. The models developed here are guided by such theories on nonresponse and current conceptual 
frameworks.  

2
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3. Rationale and Design of the UK 2001 Census Link Study Database 
The data consist of the response outcome of in total six UK government household surveys linked to 

2001 UK census data on a range of household and individual characteristics, interviewer observations about 
the household, extensive information about the interviewer, and area information. The study includes only 
face-to-face surveys carried out by means of an interviewer. Here, for space reasons, only the main features of 
the data and the study design are described. In this paper the survey outcome is defined as household response 
or nonresponse to each of the six surveys, distinguishing the two main components of nonresponse, refusal 
and noncontact of the household. Only unit nonresponse will be discussed. The six household surveys 
included in the study, recorded around the time of the 2001 UK census, are: the General Household Survey 
(GHS), the Expenditure and Food Survey (EFS), the Family Resources Survey (FRS), the Omnibus Survey, 
the National Travel Survey (NTS) and the Labour Force Survey (LFS). All survey data are treated as cross-
sectional data, and any panel data information, such as from the LFS, is not available for this study.  

The fully linked dataset comprises the following data components, available for each household in the 
six surveys:  
- 2001 UK census information, which comprises individual information of the household reference person, 

as a representative of the household, and household level information, such as characteristics about the 
household, socio-demographic and some attitudinal information;  

- interviewer observation data, where the interviewer recorded information about the household for each 
visit of the household, even if no contact was made, for example characteristics of the accommodation, 
the people living in the household as well as information about the interaction between the interviewer 
and the household at the ‘doorstep’ if contact was made;  

- fieldwork and interviewer calling data, which comprises information of the frequency of the calls to the 
household, the time and date and the outcome of each call; 

- interviewer attitude data, obtained via a separate survey of the interviewers at around the time of the 
survey and census data collection period. Interviewers were asked about their socio-demographic 
background, their work experience, their interviewing strategies and their attitudes towards their work, 
and towards gaining contact and cooperation; 

- area information, which provides details about the environment and the area the household belongs to. 
This information was obtained primarily as aggregated data from the 2001 census based on local authority 
level.

The linkage of the different data sources with the response outcome of each survey was carried out by ONS. 
The linkage itself raised a number of methodological challenges, which, however, will not be discussed here. 
More information about the design of the study, the data and the linkage can be found in White, Freeth and 
Martin (2001). It should be noted that the design of the study is not an interpenetrated sampling design, where 
interviewers are allocated at random to areas or households. Since the data contains household, interviewer 
and area level information it has a hierarchical structure, where interviewer and area levels are not strictly 
nested but are cross-classified. In this paper, we focus on the analysis of the household and interviewer level. 

4. Multilevel Multinomial Modelling 
Multilevel multinomial models are used to explore the effects of household and interviewer 

characteristics on household nonresponse, distinguishing refusal and noncontact. A multilevel model allows 
for similarity in nonresponse rates for households allocated to the same interviewer that cannot be explained 
by observed interviewer characteristics alone. Failure to account for clustering by interviewer leads to 
underestimated standard errors and therefore incorrect inferences, particularly for coefficients of interviewer-
level variables. A multilevel multinomial modelling approach was also adopted by O’Muircheartaigh and 
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Campanelli (1999). The advantage of using a multinomial model, rather than fitting separate binary logistic 
models for each type of nonresponse, is that the effects of household and interviewer characteristics on the 
probability of refusal and noncontact may be evaluated simultaneously and tested for equivalence. 
Furthermore, we can allow and test for correlation between the unobserved interviewer influences on the 
different types of nonresponse. We denote by  the outcome for household i  of interviewer  which is 
coded

ijy j

0 cooperation

1 refusal

2 noncontact.
ijy =

The response probabilities are denoted by , . Taking cooperation (full or 
partial) as the reference category, the multilevel multinomial model can be written 

( ) Pr( )s
ijij y s= = 0, 1, 2s =

( )
( ) ( )( )

(0)log , 1, 2
T

s
ij s ss

ij j
ij

u s= + =x     (1) 

where  is a vector of household and interviewer level covariates and cross-level interactions, ( )s
ijx

( )s  is a 
vector of coefficients, and ( )s

ju  is a random effect representing unobserved interviewer characteristics.   
Model (1) consists of two simultaneous equations. The first equation ( ) models the probability of 

refusal versus cooperation as a function of covariate and interviewer effects, and the second (  models 
the probability of noncontact versus cooperation. The above specification allows for a different set of 
covariates to be included in the refusal and noncontact equations. This is important because previous studies 
have found that the refusal and noncontact processes are quite different (Groves and Couper, 1998), although 
in practice there may be some overlap in their predictors. 

1s =
2s = )

The interviewer random effects are also outcome-specific but are assumed to follow a bivariate normal 
distribution, i.e.  where(1) (2)( , ) ~ ( , )j j ju u N=u 0

2(1)

(12) 2(2)
= .

The variance parameters  and  are respectively the residual between-interviewer variances in 
the log-odds of refusal versus cooperation, and the log-odds of noncontact versus cooperation. The parameter 

 is the covariance between the unobserved interviewer influences on the probabilities of household 
refusal and noncontact. A positive residual covariance would be expected if interviewers who have low (high) 
noncontact rates tend also to be good (weak) at securing a household’s participation. The multilevel 
multinomial model is estimated using Markov chain Monte Carlo (MCMC) methods (Browne, 2004). 

2(1) 2(2)

(12)

5. Results
Table 1 shows the results of a multilevel multinomial model allowing for household and interviewer 

effects. The choice of variables for consideration as predictors of survey participation is guided by the socio-
psychological concepts and theories proposed in the survey research literature. The results from the statistical 
model are discussed in terms of the support they provide for these theories. We note, however, that we expect 
imperfect matches between the theoretical constructs and the auxiliary data available and the mapping of 
characteristics at the household or interviewer level to one or more of such concepts may be difficult. Often 
only proxy indicators can be used to investigate a theory, and these might be imperfect measures. The analysis 
also focuses on the identification of the response behaviour of different subgroups within the population. 

The model incorporates household-level variables, which include individual characteristics of the 
household representative, household characteristics, information about the area in which the household is 
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located and interviewer observations about the household, as well as interviewer-level variables. Two-way 
interactions between household variables and the survey indicators are tested to determine whether the effects 
of household characteristics are the same across surveys. Evidence of interactions between characteristics of 
the sample unit and survey suggests that the effects of survey design and subject matter vary across subgroups 
of households. These interaction effects provide empirical evidence for the leverage-salience theory. The 
results have potential implications for survey practice and may provide guidelines on how different designs 
and survey topics may work for different subgroups of the population, and how best to approach certain 
sample units. 

There has been little exploration of the statistical interactions between interviewers and householders in 
previous research on nonresponse (Groves and Couper, 1998; O’Muircheartaigh and Campanelli, 1999; 
Pickery and Loosveldt, 2002, 2004). Here, interactions of interviewer-level with household-level variables 
have been explored and information on such cross-level interactions between household and interviewer 
characteristics may be used to match interviewers to sample units. We consider interviewer random effects for 
both noncontact and refusal rates. The significant, positive random effect correlation suggests that 
interviewers with low (high) refusal rates tend also to have low (high) noncontact rates. We also find support 
for the idea of tailoring interviewing strategies to sample units or subgroups rather than the use of general 
interviewing strategies. The analysis of interviewer effects may inform interviewer allocation, training and 
performance. 

The relationship between nonresponse rates and nonresponse bias is not specifically investigated here. 
However, the results suggest that characteristics of sample units that affect response rates may influence the 
composition of the sample. The analysis has shown that rules for survey participation may vary by subgroups. 
Serious nonresponse bias may occur if a variable indicating differential nonresponse propensities is correlated 
with the survey target variable on which an estimate is based. 

Table 1: Estimated coefficients (and standard errors in parentheses) of multilevel multinomial model (for 
space reasons not all coefficients of the model are shown). † 

ˆ ˆ( ( )steVariable
(0 = Reference category) 

Categories )
refusal  

ˆ ˆ( ( )ste )
noncontact

Constant -0.316  (0.199) -1.821 (0.675)* 
Household level variable
Survey indicator** 
(0  EFS) 

1  FRS 
2  GHS 
3  OMN 
4  NTS 
5  LFS 

-0.135  (0.094) 
-0.504  (0.090)* 
-0.446  (0.090)* 
-0.444  (0.093)* 
-1.110  (0.109)* 

 0.199  (0.291) 
-0.548 (0.295) 
 0.521 (0.238)* 
-0.872 (0.336)* 
-0.779 (0.309)* 

Highest qualification (HRP) 
(0  No academic qualification) 

1  O/A levels, GCSEs 
2  First/Higher degree  
3  Other qualifications 

-0.204 (0.052)* 
-0.509 (0.064)* 
-0.222 (0.085)* 

-0.210  (0.117) 
-0.154  (0.129) 
-0.157  (0.194) 

Indicator if house** 
(0 not house, e.g. flat, mobile home) 

1  House -0.018 (0.057) -1.170 (0.224)* 

Dependent children present  
(0 not present) 

1 Present -0.277 (0.053)* -0.645 (0.108)* 

London indicator** 
(0 not London) 

1 London  0.381 (0.137)*  0.508 (0.319) 

Rural indicator** 
(0 Urban) 

1 Rural  0.002 (0.130) -0.299 (0.169) 
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Gender (HRP)** 
(0 Male)  

1 Female  0.138 (0.055)* -0.155 (0.111) 

Economic Activity** 
(HRP)
(0  Employee) 

1  Self employed 
2  Unemployed 
3  Retired 
4  Looking after family 
5  Other (incl. student, 
permanently sick etc) 

 0.582 (0.130)* 
 0.229 (0.104)* 
-0.159 (0.092)* 
-0.118 (0.130) 
-0.004 (0.086) 

 0.098  (0.140) 
-0.237  (0.299) 
 0.125  (0.310) 
-0.563  (0.361) 
-0.015  (0.269) 

Pensioner in household 
(0 No pensioner in household) 

1  Pensioner in 
household  

-0.144 (0.067)* -0.604 (0.241)* 

Perception on health (HRP) 
(0 Good) 

1  Fairly good 
2  Not good 

 0.121 (0.045)* 
 0.126 (0.061)* 

-0.066 (0.097) 
-0.052 (0.148) 

Carers in household  
(0 No) 

1 Yes -0.131 (0.051)* -0.087 (0.115) 

Household type 
(0 Single household) 

1  Couple household 
2  Multiple household

 0.078 (0.051) 
 0.185 (0.127) 

-1.299 (0.286)* 
-0.092 (0.471) 

Adults in employment 
(0 No adults) 

1  One adult 
2  Two or more adults 

--  0.506 (0.239)* 
 0.420 (0.261) 

Age (HRP) 
(0  16 - 34) 

1  35 - 49 
2  50 - 64 
3  65 - 79 
4  80 and older 

0.134 (0.062)* 
0.120 (0.070) 
0.028 (0.128) 
0.127 (0.165) 

-0.167 (0.105) 
-0.520 (0.126)* 
-0.777 (0.311)* 
-0.761 (0.425) 

Car Ownership** 
(0 One car or more) 

1 No car 0.239 (0.089)* 0.174  (0.103) 

Household moved during last year  
(0 No) 

1 Yes -0.136  (0.078)* 0.009 (0.130) 

Interviewer observations
House in a better or worse condition than 
others in area 
(0  Better) 

1 Worse 
2 About the same 

 0.442  (0.090)* 
 0.104  (0.064) 

 0.770 (0.177)* 
 0.069 (0.146) 

How safe would you feel walking along in 
this area after dark?  
(0 Unsafe) 

1  Safe -0.184 (0.063)* -0.260 (0.116)* 

Household level interactions
Survey*Self-employed indicator 
(0 EFS and 0 not self-employed) 

1  FRS - self-employed 
2  GHS- self-employed 
3  OMN- self-employed 
4  NTS- self-employed 
5  LFS- self-employed 

-0.657 (0.211)* 
-0.222 (0.199) 
-0.098 (0.196) 
-0.374 (0.208) 
-0.849 (0.247)* 

--

…
Interviewer level variables
Pay grade 
(0  Interviewer) 

1  Advanced Interviewer 
2  Merit 1 
3  Merit 2 
4  Merit 3 
5  Field Manager 

-0.017 (0.097) 
-0.085 (0.090) 
-0.185 (0.091)* 
-0.417 (0.104)* 
-1.047 (0.892) 

-0.385 (0.219) 
-0.446 (0.208)* 
-0.243 (0.231) 
-0.745 (0.249)* 
-0.879 (1.497) 

Years of experience  
(0  Less than 1 year) 

1  1 to 2 years 
2  3 to 8 years 
3  9 years or more 

 -0.038 (0.075) 
  0.019 (0.096) 
  0.283 (0.114)* 

-0.010 (0.156) 
 0.176 (0.208) 
 0.483 (0.240)* 

Interviewer gender 
(0 Male) 

1  Female -0.029 (0.060) -0.161 (0.133) 

Can convince reluctant respondents** 
(0  Less confident) 

1  More confident -0.655 (0.177)* --

Should persuade most reluctant 
respondents 
(0  Strongly agree) 

1  Agree 
2  Neither agree nor 
disagree 
3  Disagree/Strongly 
disagree 

 0.076 (0.054) 
-0.151 (0.091) 

--

 0.156 (0.071)* 

Refusal should be accepted 1  Agree -0.332 (0.158)* --
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(0  Strongly agree) 2  Neither agree nor 
disagree 
3  Disagree 
4  Strongly disagree 

-0.406 (0.149)* 
-0.417 (0.150)* 
-0.230 (0.166) 

Random Effects§

How often do you leave phone number 
behind
(1 Always) 

2 Frequently 
3 Sometimes 
4 Rarely 
5 Never  

-0.015 (0.066) 
-0.050 (0.064) 
-0.140 (0.073) 
-0.091 (0.091) 

-0.300 (0.156) 
-0.349 (0.147)* 
 0.063 (0.161) 
 0.493 (0.220)*  

Interviewer level interaction
Survey indicator * Interviewer can 
convince reluctant respondents 
(0 EFS and 0 Less confident) 

1  FRS -more confident 
2  GHS-more confident 
3  OMN-more confident 
4  NTS-more confident 
5  LFS-more confident 

0.415 (0.239) 
0.224 (0.226) 
0.362 (0.218) 
0.454 (0.221)* 
0.554 (0.221)* 

--

Cross-Level Interaction
Gender of household reference person * 
interviewer gender 
(0 Male and 0 Male) 

-0.176 (0.077)* -0.196 (0.170) 

Interviewer variances ( refusal, (1)var( )ju ;

 noncontact, (2)var( )ju

0.055
(0.030; 0.087)

0.394
(0.254; 0.531)

(1) (2)cov( , )j ju u 0.028
(-0.018; 0.078)

0.193(1) (2)co ( , )j jr u u

† The estimated coefficients and their standard errors are the means and standard deviations of parameter values 
across 80,000 Markov chain Monte Carlo samples, after the burn-in of 5000 and starting values from second 
order PQL estimation. The missing value categories have been suppressed to save space. 

*    significant at 5% level 
**  survey specific effect  
HRP information based on household reference person 
… further variables or interactions included in model but for space reasons omitted from this table 
§ Estimates (with 95% credible intervals) of the between-interviewer variance-covariance matrix. The values in 

each cell are the point estimate (the means of 80,000 MCMC samples, with burn-in of 5,000) and the 
corresponding 95% interval estimate (the 2.5% and 97.5% points of the distribution).

6. Further Research 
The interpretation of interviewer effects can be greatly complicated by their confounding with area 

effects. Further research will extend the multilevel multinomial models developed so far to multinomial cross-
classified models, aiming to separate area and interviewer effects and taking account of the cross-classified 
nature of area and interviewer data. An important aspect of the investigation of interviewer effects is the 
interaction process between the household and the interviewer. The models will be extended to analyse 
interviewer effects and their interactions with individual and household characteristics in more detail, 
including the investigation of survey specific and survey independent effects. We will investigate the use of 
specific interviewing strategies and the tailoring of approaches to individual sample members or subgroups of 
the population. Both the effects on nonresponse rates and bias will be considered. The dataset available also 
contains some further information about the interaction at the ‘doorstep’ recorded by the interviewer after 
establishing contact with the household. It is anticipated that this research will inform survey practice about 
the interaction between household and interviewer, how best to match interviewers to sample members and 
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how best to tailor interviewing techniques to certain individuals or subgroups to achieve higher response rates 
and to reduce nonresponse bias.  

To reduce noncontact, it is important to understand mechanisms for effective interviewer calling pattern 
and to design optimal interviewer calling strategies, taking into account prior information about the household 
and the environment the household lives in. Also the interplay between contact and subsequent refusal or 
cooperation is important and should not be regarded as two independent processes. So far, interviewer calling 
behaviour has mainly been analysed at the interviewer level and research is needed to explore the interplay 
between individual and/or household level characteristics and interviewer calling patterns to inform efficient 
interviewer calling strategies. The research will make use of so-called process data or paradata, such as 
records of calls, interviewer observations about the household and information about the interviewer-
household interaction, linked to census information on individuals, households and areas. 

One important focus of further work will be analysis of nonresponse bias and the link between response 
rate and nonresponse bias, which is possible since information on both respondents and nonrespondents is 
available from the census. In particular, research is needed to understand the mechanisms underlying response 
behaviour and their links to survey measures and bias. The project will focus on implications for survey 
practice to improve the quality of survey data collection and estimation. An important aim is the development 
and improvement of post-survey adjustment methods, such as weighting, taking into account the hierarchical 
as well as the multi-phase structure of the survey nonresponse process, interviewer information and 
considerations about nonresponse bias effects. 
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1 Introduction

During the last four decades, Statistics Norway has made systematic efforts to integrate the collection
of public data for administrative and statistical purposes. As a result, a substantial part of official
statistics has its base in the register system. Also the development of statistical methodology has been
substantially influenced by the extensive use of administrative registers. In this paper we present some
of our experiences gained in the field of non-sampling errors such as nonresponse and measurement
error. In the first part of the paper we report some key moments of how auxiliary information from
administrative registers has given insight into the nature of the effects of nonresponse, and made it
possible to develop a recommended practice manual for coping with nonresponse (Thomsen, Kleven,
Wang, and Zhang, 2006). In the second part of the paper we present a few selected cases involving
measurement errors. A major theme here is how to separate the effects of measurement error from
those of nonresponse, with the help of auxiliary data from the registers. This is important because
nonresponse is by and large unavoidable in practice. Without taking it into account, one can easily
be misled when drawing conclusions about the suspected measurement errors.

2 Nonresponse as an indicator of data collection process

Once the sample has been selected, data collection is a process that starts with 100 percent nonresponse
and ideally ends up with 100 percent response, although a certain amount of nonresponse is practically
unavoidable. The progress of the data collection process over time is thus paralleled by a steady
decline in the nonresponse rate. Eurostat (2005) recommended to improve product quality through
the use of process variables, and four factors have been identified that may influence nonresponse,
including organization and supervision, measurement method, interviewer and methodology. In our
experiences relevant administrative register data are highly useful when it comes to the assessment
and interpretation of the various process variables.

As an example, an important aim of data collection process management is to find a good balance
between the quality and the efforts and time spent. This requires what we call an analysis of process
efficiency (ANOPE), where a product quality is considered as a function of the time and resources that
result in a continuous decrease of the nonresponse rate. In Figure 1 we present a Process Efficiency
Graph (PEG) for the Business Tendency Survey (BTS), which aims to capture the economic outlook
as perceived by the business community. Each sampled business unit is asked to judge the expected
outcome during the following quarter compared to the present one. Typical variables are production,
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sales and employment. A Diffusion Index (DI) is then estimated as the share of all employees which
are working in the units that expect a positive development, plus half of the share of employees that
are working in a unit that expects no change. By definition the DI has a critical value of 50. A
common way to interpret an index value of 50, is to say that half of the community expect an increase
and the other half a fall. Moreover, an increasing DI at or above 50 indicates that the growth rate
is expected to increase, while a falling DI at or above 50 indicates a falling rate of growth, contrary
to an index below 50. Using a PEG like this, we are able to monitor simultaneously the nonresponse
rate and the estimated DI and its precision as indicated by the confidence interval, as a result of the
efforts made to collect data. The information can be valuable e.g. when it comes to questions such as
possible shorter production process, or flash estimates at a much earlier stage.

Figure 1. Process efficiency graph: nonresponse and product quality in the BTS 4th quarter 2004

We notice that the ANOPE can take several forms. For instance, it can be applied to sub-
samples formed according to the ease (or readiness) of response. The target variables may be studied
marginally, as well as jointly though measures of associations, such as regression coefficients and corre-
lations. It is often helpful to carry out the ANOPE for auxiliary variables, of which we have complete
knowledge through the administrative registers. It is also worth mentioning that the technique is
useful even when no auxiliary information is available.

3 Weighting in the presence of nonresponse

Insight into the response rates and their relationship with auxiliary information found in the various
administrative registers is vital during data collection. Afterwards this insight is of secondary value. By
this we mean that auxiliary information used in the weighting, typically by means of post-stratification
(Thomsen, 1973, 1978) or calibration or both, is chosen based on its ability to predict important target
variables and not its influence on response rates. Indeed, we recommend in practice that an auxiliary
variable should not be included in the weighting if it does not improve the prediction of the target
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variables, regardless whether it may have high association with nonresponse.
It is convenient to express the basic ideas in the setting of post-stratification. If nonresponse is

absent, the post-stratified estimator is unbiased. If the post-strata are chosen as homogenous groups,
considerable variance reduction may be gained. If nonresponse is present, the efficiency gain remains
provided it is there given the complete data. Also the unbiasedness remains if the response probability
is constant within each post-stratum. This assumption of homogenous response is generally hard to
verify and often clearly wrong. Nevertheless, post-stratification can reduce the nonresponse bias,
compared to weighting under the assumption of missing completely at random (Rubin, 1976), if the
response rates vary between the post-strata. In order to assess the potential bias that remains, we
prefer to conduct an analysis under a particular informative nonresponse model, where we assume that
the response probability only depends on the target variable, and is conditionally constant across the
post-strata given the value of the target variable. The approach in the case of binary data is outlined in
(Zhang, 1999). Both the post-strata response-homogeneous model and the target-variable dependent
response model amounts to simple assumptions of conditional independence between nonresponse and
some other part of the data. For this reason we sometimes refer to them as Markov models.

Figure 2. Estimates of quarterly employment rate (NLFS, 2001 - 2004):

Unweighted (solid), Post-stratified (dashed), Informative nonresponse adjusted (dotted).
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To illustrate the approach, three estimates of the proportion of employed persons from the
Norwegian Labour Force Survey (NLFS) are shown in Figure 2. It is seen that the post-stratified
estimate, according to the register employment status that can be linked to the NLFS sample through
a unique Personal Identification Number, is consistently lower than the unweighted sample mean.
This we believe is due to nonresponse. The response rate among employed persons in the register
is clearly higher than the response rate among non-register-employed persons. The post-stratified
estimate thus adjusts the sample estimate in the correct direction. A more elaborate post-stratified
estimator provides currently the basis for the official LFS estimates. For an idea on the extent to
which post-stratification reduces the nonresponse bias, we derive informative nonresponse adjusted
estimates under the informative Markov model. It is seen that this estimator is consistently below the
post-stratified estimator. This seems reasonable since people who are not employed are expected to
have a lower response rate than employed people, conditional on their register status. The informative
nonresponse adjusted estimates are not disseminated, but we interpret them as an indicator that the
post-stratification removes at least 50% of the nonresponse bias in the unweighted sample mean.

Finally it should be noted that more detailed studies (Thomsen and Zhang, 2001; Zhang, 2005)
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Table 1: Election turnout rate in national and local selections 1997 - 2005. Obs: number of respon-
dents. Mea-Err bias: Difference between rate of voting in register and survey for respondents. Non-Res
bias: Difference in register rate of voting between respondents and gross sample.

By Register Voted Not Voted Bias
By Election Survey Voted Not Voted Voted Not Voted Obs Mea-Err Non-Res
National Election 1997 0.852 0.008 0.032 0.108 2055 0.030 0.050
Local Election 1999 0.731 0.005 0.033 0.231 3191 0.027 0.063
National Election 2001 0.812 0.017 0.062 0.110 2050 0.059 0.059
Local Election 2003 0.672 0.003 0.059 0.267 2735 0.056 0.064
National Election 2005 0.857 0.003 0.039 0.100 2001 0.036 0.070

suggest that, while it has big effects on the level estimates, nonresponse seems to have little effect on
the estimate of change over time. This is comforting since one important use of the LFS estimates is
to serve as short-term economic indicators.

4 Measurement errors and cognitive process of response

Response to a survey question involves a cognitive process (Tourangeau, 1984), including compre-
hension of the question, retrieval of information, judgment and estimation and reporting the answer.
Studies have shown that respondents often skip some part of the process (Krosnick, 1999; Tourangeau,
Rips, and Rasinski, 2000). The assumption based on the cognitive response model is that flaws in the
cognitive operations can produce wrong answers, or measurement errors. Groves, Fowler Jr., Couper,
Lepkowski, Singer, and Tourrangeau (2004) listed seven problems that can lead to measurement errors
in a survey: (1) failure to encode the information sought, (2) misinterpretation of the questions, (3)
forgetting and other memory problems, (4) flawed judgment or estimation problems, (5) problems in
formatting an answer, (6) more or less deliberate misreporting, and (7) failure to follow instructions.
In short, just like nonresponse depends on willingness and availability, accurate response depends on
the respondent’s willingness and capability to report the right answer. And it can be argued that
measurement errors in some answers are unavoidable. If the errors are systematic in some way they
will produce a bias, if they are completely random they will produce an extra variance. It is thus
important to monitor the measurement errors and their effects on a regular basis.

One may try to identify and work with process variables under the cognitive framework of
response. For instance, at Statistics Norway, income (Siring, 1980; Epland and Kirkeberg, 2002),
education (Kleven and Ringdal, 2006) and voting (Kleven and Normann, 2002) are commonly used
as indicators for a social desirability mechanism, that can be related to the aforementioned problem
(6). By this we mean that one may have a tendency to present oneself in a favorable light by under-
reporting undesirable attributes and over-reporting desirable ones. Other response errors that have
been studied include memory problems, misinterpreting the question and so on.

Relevant administrative register data are particularly useful in this respect. For instance, in the
election surveys the variable “voted” or “not voted” is routinely controlled against information from
the local election committee (Table 1). For all the five election surveys between 1997 and 2005 the
average proportion of “right” answers on election turnout is about 95 percent. Many textbooks in
survey methodology focus on the danger of getting a social desirability effect in this question (Sudman
and Bradburn, 1982; Groves, Fowler Jr., Couper, Lepkowski, Singer, and Tourrangeau, 2004), which
implies more “wrong” answers of people who claim to have voted but are not confirmed by the register.
Our data support this hypothesis, although an average agreement of 95% is not bad. In fact, the bias
caused by nonresponse is on the whole much larger than the bias caused by measurement error.

Meanwhile, in election survey 2005 the variable of education “Low”, “Middle” or “High” was
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Table 2: Election turnout rate by education in election survey 2005
Register Education Survey Education

Education Voted Register Voted Survey Voted Register Voted Survey
Low 0.83 0.86 0.81 0.84
Middle 0.84 0.88 0.82 0.86
High 0.92 0.95 0.92 0.95

also collected. (This was because the data were to be submitted outside Statistics Norway, and the
use of register information is not permitted in such cases.) The agreement with the register variable of
education is only 57% among all the respondents: 26% respondents reported a higher education level
than the register, and 17% reported a lower level. There is thus considerable disagreements between
the two sources, and also here a social desirability effect seems to be present.

In Table 2 the two indicators for potential social desirability effects are combined to yield the
conditional turnout rates among the respondents under all four possible data situations. A social
desirability effect remains conditionally, since all the conditional turnout rates ares higher in the
survey given either the register or survey education variable. There is also a positive correlation
between measurement errors in the two variables: persons who present themselves more favorably (i.e.
higher education) also tend to behave in a more desirable way (i.e. higher election turnout). Otherwise,
one should have observed more dissimilar patterns of the conditional turnout rates. Nevertheless the
correlation is not quite perfect, since both the true and claimed turnout rates are slightly higher
conditional on the register education level than the education level reported in the survey.

5 Assessing measurement-error effects

The election survey data presented above represent a special case where direct comparisons between
survey and register variables are available. Often, however, an assessment of measurement-error effects
requires analysis under some assumptions. A key issue here is to distinguish the effects of measurement
error from those of nonresponse, as e.g. in Table 1, because otherwise one can easily be misled when
drawing conclusions about the suspected measurement errors. Below we present two cases where
auxiliary data made available from the administrative registers play an important role.

5.1 Misclassification of outcome variable

Indirect or proxy interviews provide a cost-efficient means for collecting data that otherwise would
have been missing. For instance, in the NLFS, a person can give answer to certain questions, such
as the employment status, on behalf of other absent household members. About 10-15 percent of the
data on employment status are proxies. How accurate are the proxy data? Or, equivalently, what
are the potential bias due to proxy interviews? For simplicity we shall illustrate our approach using
binary data, but note that it can be adapted to other types of data as well.

Denote by Y = 1 “employed”, and Y = 0 “not employed”. Let Z = 1 denote direct interview,
and let Z = 0 denote proxy interview. Let Ỹ be the observed employment status. For our purpose here
we may assume that Ỹ = Y provided Z = 1. If this is true, whereas the proxy data are subjected to
possible misclassification, then the potential proxy effects are due to measurement errors. Otherwise,
without assuming perfectly measured direct-interview data, we may regard the systematic difference
between Ỹ given Z = 1 and Z = 0 as instrument effects, i.e. the difference would have disappeared
had direct interview been administered to all the respondents.

Without the possibility of direct comparisons, evaluation of the proxy effects must depend on
assumptions about the process by which the proxy data arise. We therefore need to distinguish the
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potential instrument bias from selection bias, which is present whenever the distribution of Z is not
completely random. Administrative registers can provide auxiliary information (or covariates) that
can be used to check, as well as adjust for, the perceived selection bias. In particular, it is conceivable
that Z and Y may be confounding, even after one has controlled for the relevant covariates. That is,
there is dependence between Z and Y beyond what can be accounted for through the covariates X.

Table 3: Observed Employment Status in NLFS in First Quarter 2005
X = 1 X = 0

Z = 1 Z = 0 Z = 1 Z = 0
Y = 1 Y = 0 Ỹ = 1 Ỹ = 0 Y = 1 Y = 0 Ỹ = 1 Ỹ = 0
11918 572 1287 151 1544 4730 258 1105

We can readily borrow from the missing data terminology. Assume that Y is observed if Z = 1,
but it is missing if Z = 0. Consider Ỹ as an imputation for Y . Assumptions about the process by
which the proxy data arise are then assumptions about the missing data mechanism; and the selection
bias is the bias caused by nonresponse. To start with, we have P (Z|Y, X) = P (Z), if Y is missing
completely at random (MCAR, Rubin, 1976) or, equivalently, Z = 0 is a simple random sample of all
the responses. It then follows that E(Y |Z = 0) = P (Y = 1|Z = 0) = P (Y ) = P (Y = 1|Z = 1), and
there is no selection bias. For the NLFS data in Table 3, where X = 1 if a person can be found in
the employment register and X = 0 otherwise, we obtain Ê(Y |Z = 0) = P̂ (Y = 1|Z = 1) = 0.717.
Meanwhile, Ê(Ỹ |Z = 0) = 0.552. All the difference is attributed to the instrument effects, such that
Ê(Ỹ − Y |Z = 0) = −0.166, which suggests a substantial proxy bias.

However, since the distribution of X differs considerably given Z = 1 or Z = 0, the MCAR
assumption is clearly mistaken, and it is necessary to control for the selection bias. Consider a
missing-at-random (MAR) assumption P (Z|Y, X) = P (Z|X). It follows that E(Y |X, Z = 0) =
P (Y = 1|X,Z = 0) = P (Y = 1|X, Z = 1) and, thus, Ê(Ỹ − Y |X = 1, Z = 0) = −0.059 and
Ê(Ỹ − Y |X = 0, Z = 0) = −0.057. The proxy effects are much smaller than under the MCAR
assumption, because a major part of the difference Ỹ −Y given Z = 0 is due to the selection bias, which
has been accounted for through conditioning on X. Moreover, notice that if the MAR assumption is
correct, then proxy interviews are unnecessary, no matter how small the proxy effects are.

Table 4: Imputed Employment Status in NLFS in First Quarter 2005
X = 1 X = 0

Imputation Proxy MAR NMAR Proxy MAR NMAR
Y ∗ = 1 1287 1372 1289 258 335 167
Y ∗ = 0 151 66 149 1105 1028 1196

But the MAR assumption is hardly correct as mentioned in Section 3, and (Z, Y ) are most
likely confounding variables. A possible scenario is provided by the not-missing-at-random (NMAR)
assumption P (Z|Y,X) = P (Z|Y ), i.e. the Markov model of informative nonresponse, under which we
obtain Ê(Ỹ −Y |X = 1, Z = 0) = −0.001 and Ê(Ỹ −Y |X = 0, Z = 0) = −0.067. The conditional proxy
effect given X = 0 is about the same as that under the MAR assumption, whereas it is non-existent
given X = 1. The details are given in Table 4.

To summarize, combining the direct and proxy data, we find the observed sample mean to
be 0.696. Under the MCAR assumption about the proxy interviews, the expected would-have-been
sample mean is 0.717; it is 0.703 under the MAR assumption, and it is 0.691 under the NMAR
assumption. Without distinguishing between the instrument bias and the selection bias, one would
have been led to believe that the proxy interviews should be abolished. However, a more careful
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analysis suggests that the proxy interviews in fact provide informative data that otherwise would have
been missing. Indeed, such proxy data would be even more helpful in situations where one lacks good
auxiliary information that could be used to, at least partially, adjust for the selection bias.

5.2 Misclassification of auxiliary variable

Post-stratification is a highly useful estimation technique that can achieve a number of beneficial
effects (Thomsen and Holmøy, 1998). An example is the register employment status used in the
NLFS estimation. In many countries, however, it is not permitted to link the relevant register to
the sample at the unit level. It is then tempting to collect the information directly through the
survey. This is an example where misclassification of the auxiliary variable can arise, which may cause
potential bias in the subsequent post-stratified estimation. For instance, Steel (1997) reported that
such an attempt to utilize the claimant register in the UK was abandoned due to the perceived bias
in the resulting estimates. The theory can easily be described in the binary data setting.

Let Y be a binary variable of interest. Let X be a binary auxiliary variable according to which
the post-stratification is defined. Let X̃ be the observed X in the sample. Assume simple random
sampling. Let the joint distribution of (X, X̃, Y = 1) in the sample be given by

θij = P [(X, X̃, Y ) = (i, j, 1)] = qijpij

where qij = P [(X, X̃) = (i, j)] and pij = P [Y = 1|(X, X̃) = (i, j)]. Let the interest parameter be

θ = P (Y = 1) =
∑
i,j

θij =
∑
i,j

qijpij

Denote by θ̂pst =
∑

i qi.ni.1/ni.. the true post-stratified estimator, where qi. =
∑

j qij and similarly for
ni.1 and ni... It is unbiased because E(nij1|ni..) = ni..qijpij/qi.. However, assuming that only X̃ is
observed, the ostensible post-stratified estimator is given by θ̃pst =

∑
j qj.n.j1/n.j. instead. We have,

then, E(θ̃pst) =
∑

j θ.jqj./q.j , such that the bias can be given by

E(θ̃pst) − θ = (q10 − q01){P (Y = 1|X̃ = 1) − P (Y = 1|X̃ = 0)}

The ostensible post-stratified estimator is unbiased if q10 = q01, i.e. the frequency of misclassification
is equal in both directions and the errors cancel out each other. Generally, we have

|E(θ̃pst) − θ| ≤ |q10 − q01| where q10 − q01 = q1. − q.1 = P (X = 1) − P (X̃ = 1)

and P (X = 1) is known, whereas P (X̃ = 1) can be estimated based on the survey. In particular,
provided positive correlation between X̃ and Y , i.e. P (Y = 1|X̃ = 1) > P (Y = 1|X̃ = 0), under-
reporting of X by X̃ implies q10 − q01 > 0 and, thus, over-estimation by the ostensible post-stratified
estimator, which was the case for the estimation of unemployment in the UK (Steel, 1997).

However, the matter becomes more complicated in the presence of nonresponse. For the
NLFS post-stratification by register unemployment status adjusts the unemployment total upwards
Hagesæther and Zhang (2006). Assume under-reporting of the register unemployment status had
the question been asked in the NLFS, as in the UK data, the ostensible post-stratified estimator
would then yield adjustment in the same direction as the true post-stratified estimator. Since we do
not have such proxy register data in the NLFS, it is not possible to find out whether the ostensible
post-stratification would have been useful. But the possibility seems worth taking into consideration.
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1. Introduction 
The U.S. Bureau of Labor Statistics’ Current Employment Statistics (CES) program, a federal-state 
cooperative program, collects data each month on employment, hours, and earnings from a sample of 
establishments. Using the CES sample, the Bureau of Labor Statistics (BLS) publishes estimates of these 
economic indicators by industry at the national, state, and metropolitan statistical area (MSA) levels.  See 
the BLS Handbook of Methods (2004, Chapter 2) for further details.  

The BLS maintains the Longitudinal Data Base (LDB) which uses information from the Quarterly Census of 
Employment and Wages program. Among other items, the LDB contains monthly employment data for every 
U.S. business establishment covered by the Unemployment Insurance (UI) tax laws, which is virtually a 
census. The LDB is updated quarterly, on a lagged basis, approximately 6 to 9 months after the reference 
period.  For the CES survey, it provides a sampling frame and the benchmark data. Information from the 
LDB can be used for research purposes. See Section 5 for a description of Monte-Carlo simulations based on 
the data from the LDB. 

The CES survey uses a stratified simple random sample of the UI accounts which are clusters of 
establishments.  The state, industrial supersector (based on a North American Industry Classification 
System, NAICS), and employment size class form the strata.  Approximately one-third of all non-farm 
payroll workers are covered by the active CES sample. Optimal allocation is used to minimize the sampling 
variance of the statewide total private employment level.  For further details, see Butani et al. (1997).  

 The CES uses a weighted link relative (WLR) estimator to produce monthly employment estimates. The 
WLR estimator ( ) of  the employment for month t ( ) is given by , where is a known 

population employment (benchmark employment) in a certain month in the past, and  is an estimator of 
t̂Y tY 0 1t t

ˆ ˆY Y R ...R̂ 0Y

tR̂

tR , the employment growth rate for month t. The employment growth rate is estimated by, 

,
ˆ

t j j t j j , 1tR w y w y , where jty  and jw  are the employment and sampling weight for the jth
establishment for month t , the sum being taken over all establishments reporting nonzero employment for 
both months t and t-1  in the sample belonging to the population of interest.  This is essentially a standard 
ratio estimator and hence is approximately unbiased under the randomization principle.  For further details 
on the CES survey methods, see Butani et al. (1997), and Harter et al. (2003).  

The BLS uses a balanced half sample replication (BHS) method for variance estimation.  Such BHS 
variance estimation performs well at the national level. However, BHS variances are very unstable at the 
state by industrial supersectors or lower levels. For these levels the repeatedly grouped BHS (RGBHS) (Rao 
and Shao, 1996) method is used. In this paper, we evaluate the randomization properties of the ratio 
components  of the WLR estimator and their associated variance estimators at the state level by 
industrial supersectors using a design-based Monte Carlo simulation study. The ratios appear to perform well 
in terms of both design-bias and design-variance. The BHS and RGBHS variance estimators have good bias 
properties. However, they are very unstable in terms of their design-based variances. 

ˆ
tR
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4. A Delta Method  
In this section, we use a delta method to develop a new variance formula that captures the CES sampling 
design. To this end, we introduce some notation. We focus on the estimation for the industries within a state. 
Let the subscript i denote the industry under study. The CES has a stratified cluster design. Within each state, 
a UI account, a collection of establishments, represents a cluster. Most establishments in a UI account belong 
to a certain, dominant, industry, which is used to define a UI selection industry stratum. The UI accounts are 
stratified by this dominant industry and the employment size class. In general, establishments from other 
industries may be a part of a given UI account. Thus, after the sample is drawn, for the purpose of estimation 
related to an industry, establishments that belong to other industries are removed and establishments that 
belong to the industry under study are included in the estimation regardless of the industry from which they 
were selected as a part of a UI cluster. 

Let hlkty  and  be the month t employment and the associated sampling weight for the kth
establishment of the lth UI account belonging to the hth stratum..  Note that the sampling weight does not 
change over time. Let a denote an independent sample from which a given establishment is selected as part 
of a UI cluster. The ratio estimator of the monthly employment growth is given by 

hlkw

;
1

1
; 1

1

ˆ
ˆ ,

ˆ

it

it

A

hlk hlkt y at
s a

it A
hlk hlkt

y ats
a

w y
R

w y

where
;ˆy at

is the estimator of the employment total 
;y at

 from ath independent sample and  is a set of 
establishments that report positive employment in both months t-1  and t.

its

It is possible that we do not have establishments belonging to the industry of interest i for every stratum from 
each independent sample. In calculating the cluster total, we simply add up the employment of all the 
establishments of the industry i (the theory is valid by treating employment as zero for other industries).  

Throughout the paper, we use  and  to denote the design-based expectation and variance. We use 
and  to denote the expectation and variance with respect to an assumed model.  An estimator of 

 the design-based variance of , is given by 

dE dV

mE mV

ˆ( ),d itV R ˆ
itR ;

2
2

2
1 11

1ˆ (1 ) ,
ˆ

a
e hat

HA

it ha ha
a ht ha

s
V N f

n

where

2
; ;

2
;

( )

1
ha

e hlat e hat
l s

e hat
ha

s
n

, ; ;
1

ha

e hat e hlat
l shan

, and ,; ; ;
ˆ

e hlat y hlat it y hlatR 1

;y hlat  is the total of the variable y at time t for the lth cluster of the hth stratum selected in , the hth

stratum from the ath sample;  are the population size, sample size and the sampling fraction 
for the hth stratum from ath sample respectively. 

has
,  ,  ha ha haN n f

As expected, in our simulation  performed well in terms of the design-bias.  However,  is very 
unstable in terms of the design-variance. This may be due to the small sample used to estimate the finite 
population variance for an industry.  It is interesting to note that Cho et al. (2002) and Huff et al. (2002) 
noticed similar instability of the BHS variance estimator based on exploratory data analyses and not on a 
design-based simulation. 

îtV îtV

5. A Synthetic Method 
In this section, we attempt to obtain a variance estimator that is expected to perform well in terms of its 
design-variance. We need a suitable model to compensate for the small sample problem mentioned in Section 
2. It is well-known that certain salient design features can be captured by using an appropriate model.  In 
fact, for many commonly used sampling designs, standard design-based variance estimators can be produced 
from a model-based approach (see, e.g. Lohr 1999). But, a model-based approach is flexible enough to 
produce alternate variance estimators that may be desired in an attempt to rectify some deficiencies of the 
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design-based estimator.   

The above discussions motivate us to obtain an estimator of  by estimating , the variance 

of  with respect to a working model.  We call this a synthetic variance estimator since this approach 

implicitly assumes that .  This is an assumption that is likely to fail. 

ˆ( )d itV R ˆ( )m itV R
ˆ

itR
ˆ( ) ( )d it m itV R V R̂

Let 1ity , ity  denote vectors of sample observations for industry i at months t-1 and t, respectively. We 
have explored several models for ity  given 1ity  and finally decide to choose the following  model.  We 
recognize that this model could be improved and so we are calling it a working model. 

Model 1: Conditional on 1ity , observations in ity  are uncorrelated with 

    1 1[ | ] , 2
1 1[ | ]m hlkt it t hlktV y yym hlkt it it hlktE y R yy .

Using the variance decomposition formula, 1
ˆ ˆ ˆ|m it m m it it m m it itV R E V R V E Ry 1| ,y  we now derive 

the variance of  under Model 1.  ˆ
itR

Note that the second term in the variance decomposition is zero: 1
ˆ | 0m m it itV E R y .

For the first term, we have: 

2
1

2
1 2

1

ˆ | it

it

hlk hlkt
s

m m it it t m

hlk hlkt
s

w y
E V R E

w y

y .  Thus, we have the following synthetic estimator of 

 : ˆ( )d itV R

2
1

2
2

1

ˆ ˆ ,it

it

hlk hlkt
sS

it t

hlk hlkt
s

w y
V

w y

where
2

2 1

1

ˆ( )1ˆ
t

t

hlkt it hlkt
t hlk

shlk hlkt
s

y R yw
w y

 and  contains 

observations from all industries. 

ts

In our simulation,  performs much better than the corresponding design-based estimator  in terms 

of the design-variance.  However, it is worse than  in terms of the design-bias property.  Essentially, 
this approach avoids the problem of estimating the individual industry variances and thereby improves on the 
design-variance property at the expense of increasing the design-bias. 

ˆ S
itV îtV

îtV

6. A ELB Method 
In this section, we take advantage of the good design-bias property of the design-based estimator and good 
design-variance property of the synthetic estimator in proposing a new ELB estimator.  We propose to 
achieve this objective by considering a two-level model that accounts for the sampling variability of and
the variability of a model that attempts to link the design-based estimator to a corresponding alternate 
variance estimator (e.g., ).

îtV

ˆ S
itV

We concentrate on a fixed month, so from now on we shall drop the subscript t. Let  denote the 

corresponding finite population, and  
iY

i iV iVY  denote true design-based variance of .ˆ
iR
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We consider the following two-level model : 

Model 2: 
ˆ : [ | ]  andd i i iE V VLevel 1 Y 2ˆ[ | ] .d i i i iV V Y Y

2 : [ ]  and [ ] .m i i m iE V V VLevel 2

We use Level 1 to incorporate the sampling distribution of   and Level 2 to link toîV iV i , an auxiliary 
information about . Level 2 essentially implies the existence of a superpopulation model that generates 
the finite population.  Note that Model 2 is a robust model since we do not need any distributional 
assumptions beyond the specifications of the first two moments. 

iV

In order to stabilize the variance, we take a log-transformation. Define  and consider the 
following model on the transformed variable :

ˆln( )iu Vi

iu
Model 3: 

 [ | ]   andd i i i iE uLevel 1 : Y Y 2[ | ] .d i i i iV u Y Y

 [ ]  and m i i iELevel 2 : Y 2[ ]m i iV .Y
Note that we can view both Model 2 and Model 3 as robust Bayesian models.  In both cases, Level 1 and 
Level 2 can be treated as the sampling and the prior distributions respectively.  We can also treat them as 
robust mixed models where random effects are introduced through the specification of a superpopulation for 
the finite population.  Similar models were considered in Ghosh and Lahiri (1987) and Ghosh and Meeden 
(1997) . 

We are interested in estimating (in the Bayesian approach) or predicting (in the classical prediction approach) 
. We shall first estimate  i i iV V Y i i iY .

We define the model MSE (same as the integrated Bayes risk) of an arbitrary estimator ˆ of i i  as 
 where the expectation is taken with respect to the marginal distribution of Model 3.  

The linear Bayes estimator (LB) that minimizes MSE in the class of all linear estimators is given by 

2ˆ ˆ( ) ( ) ,i i iMSE E

i
ˆ ( ) (1 ) ,LB
i i iB u B i  where 

2

2( ) ,i i
i

B B 2 ,i m i iE Y 2( , , )i i .

In practice,  is unknown and needs to be estimated from the data. We assume the following relationship 

between i  and the synthetic estimator :ˆ S
iV i ix , where ˆln[ ]S

i ix V  and  is an unknown slope.  

We estimate  i  from the sample by 
2

ˆ ˆ[ | ] ˆ ,ˆ
d i i

i
i

V V
V

Y
 where  is a design-based estimator of 

.  For estimation of 

ˆ ˆ[ | ]d i iV V Y

ˆ[ | ]d i iV V Y 2  and , we use the method given in Fay and Herriot (1979).   

Plugging in the estimator 2ˆˆ ˆ ˆ( , , )i  for , we obtain the following empirical linear Bayes (ELB) 

estimator of i :   Finally, we take the reverse transformation to get an estimator of 

our parameter of interest: 

ˆ ˆ ˆ ˆ( ; ).ELB LB
i i i iu

ˆˆ exp( )LB LB
i iV .

Remark: If both Level 1 and Level 2 of Model 2 are normal, we can use the log-normal mean formula to 

obtain the exact LB of   It is given by.iV 1ˆˆ ˆ ( ) exp( ).
2

LB LB LB
i i i i iV V B   Plugging in  for  in 

 we obtain the following ELB:  Some bias corrections can be made using 
Chambers and Dorfman (2003).  However, we shall not pursue this approach here since our simulation 

ˆ

ˆ ( )LB
iV ˆ ˆ ˆ( ).ELB LB

i iV V
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results provide an evidence of non-normality of Level 1. 

7. Monte Carlo Simulation 
The main focus of this section is to evaluate the performances of different variance estimators of the ratios 

 used to estimate monthly relative employment changes, in terms of bias, variance and mean squared 
error with respect to the randomization principle.  We draw 10,000 independent samples from the universe 
data set for the State of Alabama using a design which approximates the CES sampling design. These 10,000 
simulated samples allow us to compute the statistics needed in Tables 1-3: relative bias 

ˆ
itR

ˆ ˆ
dRB V E V V V , coefficient of variation ˆ ˆ

dCV V V V V ,  relative root MSE 

2 2ˆ ˆ ˆRRMSE V CV V RB V , and confidence intervals based on the assumption of normality for 

an estimator  of variance V .V̂

Note (Table 1) that the point estimators themselves, the ratios , are highly efficient, the highest CV being 
2.5%.  In contrast, the CV’s of the variance estimators are generally very high (as high as 195.4%), showing 
the instability of the design-based variance estimators. 

ˆ
itR

We compare bias and variance properties of three different design-based variance estimators in Table 1. Their 
performances are very similar: they exhibit small relative biases, however, their CV’s are all very high, the 
BHS method being even more unstable for the domains considered here than the other two.   Our delta 
method improves on both the BHS and RGBHS in terms of the CV. 

Table 2 presents relative biases, CV’s and relative root mean squared errors of the direct (based on Taylor 
series), synthetic and ELB variance estimators.  In terms of the MSE, the ELB method performs the best 
among the three different variance estimators.  For some of the industries, the ELB variance estimator cuts 
down the relative root MSE by more than half.  It is interesting to note that although the ELB estimator is 
derived under a model it is doing a great job in terms of the design-based property. 

For each of the simulated samples based on the estimated variances, we constructed the 90-percent 
confidence intervals under the assumption of normality. The coverage properties of the estimators are 
presented in Table 3. In most industries, percent of the samples covered by the interval based on the direct 
estimator is only slightly lower than nominal. Depending on the direction of the bias, the synthetic 
estimator’s intervals give either under- or overcoverage. Coverage of the ELB estimator’s intervals in most 
industries is close to that of the direct estimator’s.   In terms of the average length, ELB is comparable to 
the design-based method.  However, in terms of the variability of the length, ELB is superior to the design-
based method. 

8.Concluding Remarks 
Reporting standard errors along with estimates has been a norm of any standard official publication.  We 
observe that the ability to produce good design-based estimates does not necessarily guarantee good design-
based variance estimates.   In this paper, we have demonstrated that it is possible to improve on the design-
based variance estimation by considering a suitable two-level robust model.   We have proposed a variance 
estimator of the standard design-based variance estimator, a factor needed in generating our ELB variance 
estimates.  Although, our method works reasonably well in our simulation, there is scope for further 
research in improving the variance estimator of the standard design-based variance estimator.  Modeling is 
another issue that needs special attention.  In spite of these possible criticisms, our paper provides a general 
framework to attack the important variance estimation problem.  When a naïve normality-based confidence 
intervals of the growth rate are applied using our variance estimators, our method is quite comparable with 
the other methods.  But, we reiterate that the problem of interval estimation is a different problem for which 
one needs to study the distribution of the estimated growth rate carefully in order to produce a better interval 
estimation procedure.  The usual form of normality-based confidence interval, i.e. estimate plus or minus 
the margin of error is just too naïve for this purpose.  More research is needed to address the problem of 
interval estimation.    
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Table 1. Relative biases and CV’s of the direct variance estimators and CV’s of the point estimator (in 
percentage)

Relative bias CV
Industry Taylor 

Series BHS RGBHS Taylor 
Series BHS RGBHS

CV of the
Point

Estimator
1 -2.2 1.0 1.3 152.6 173.3 158.3 2.5
2 -3.0 -2.3 -2.3 73.3 100.0 75.9 1.5
3 -0.6 0.0 0.2 47.2 73.4 49.7 0.5
4 -1.6 0.7 1.1 48.0 73.9 51.3 0.5
5 -1.6 0.4 -0.2 91.2 125.8 93.9 1.0
6 -4.0 -4.4 -3.9 29.0 64.7 32.5 0.6
7 -10.2 -7.1 -8.4 195.4 221.7 198.7 1.2
8 4.5 7.0 7.3 94.3 104.1 97.3 1.4
9 1.9 3.5 2.8 59.4 92.6 62.7 0.7

10 -18.5 -18.1 -17.2 192.2 202.1 198.7 1.0
11 -3.2 -3.2 -2.7 38.5 75.4 42.5 0.6
12 1.2 1.2 1.9 34.2 69.0 37.6 0.8
13 0.5 3.2 1.9 46.0 89.7 49.6 1.7

Table 2. Relative biases, CV’s, and relative root MSE of the direct, synthetic, and ELB estimators (in 
percentage)

Relative bias CV Relative root MSE 
Industry

Direct Synthetic ELB Direct Synthet
ic ELB Direct Synthetic ELB

1 -2.2 66.8 -14.5 152.6 44.7 68.1 152.6 80.4 69.6
2 -3.0 -43.0 -28.4 73.3 14.4 27.5 73.3 45.3 39.5
3 -0.6 12.2 -11.0 47.2 31.1 29.5 47.2 33.4 31.4
4 -1.6 -9.4 -15.1 48.0 28.2 31.2 48.0 29.8 34.7
5 -1.6 144.6 1.6 91.2 65.2 53.3 91.3 158.6 53.3
6 -4.0 29.2 -7.4 29.0 32.3 23.4 29.3 43.5 24.5
7 -10.2 -7.5 -35.9 195.4 25.6 57.6 195.6 26.7 67.9
8 4.5 -1.1 -20.4 94.3 28.7 57.6 94.4 28.8 61.1
9 1.9 180.3 13.6 59.4 73.6 54.6 59.5 194.7 56.3

10 -18.5 -28.4 -41.6 192.2 18.9 39.7 193.1 34.2 57.5
11 -3.2 63.1 -4.5 38.5 41.4 30.8 38.6 75.5 31.1
12 1.2 -31.9 -10.4 34.2 17.5 20.4 34.2 36.4 22.9
13 0.5 69.5 1.4 46.0 44.0 36.8 46.0 82.2 36.8
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Table 3.  Coverage probability with average length and CV of length (in parenthesis) for different methods 
(nominal: 90%) 

ndustry Direct Synthetic ELB True 

1 88.4
(0.073, 54.7) 

95.4
(0.108, 12.8) 

89.7
(0.074, 33.5) 

91.4
(0.084)

2 89.0
(0.046, 31.2) 

79.0
(0.036, 12.1) 

84.1
(0.041, 17.6) 

90.4
(0.049)

3 89.8
(0.016, 21.8) 

91.1
(0.017, 13.2) 

88.1
(0.015, 16.0) 

90.2
(0.016)

4 88.5
(0.015, 23.1) 

87.6
(0.015, 14.4) 

86.4
(0.014, 18.0) 

90.5
(0.015)

5 89.5
(0.031, 34.8) 

98.3
(0.051, 12.8) 

91.2
(0.032, 24.7) 

90.3
(0.033)

6 88.9
(0.019, 14.8) 

93.1
(0.022, 12.0) 

88.5
(0.019, 12.6) 

90.0
(0.020)

7 88.7
(0.032, 59.0) 

91.3
(0.037, 13.3) 

86.3
(0.030, 31.9) 

92.8
(0.039)

8 84.9
(0.041, 50.8) 

88.6
(0.045, 13.9) 

84.2
(0.038, 38.5) 

90.2
(0.045)

9 89.3
(0.024, 27.5) 

99.2
(0.040, 12.5) 

91.5
(0.025, 24.0) 

90.2
(0.024)

10 89.3
(0.025, 53.1) 

90.7
(0.027, 12.6) 

86.9
(0.024, 23.2) 

95.3
(0.032)

11 89.7
(0.018, 18.7) 

95.7
(0.023, 12.1) 

89.5
(0.018, 15.7) 

90.2
(0.018)

12 89.9
(0.025, 15.5) 

82.0
(0.021, 12.3) 

87.9
(0.024, 11.1) 

89.9
(0.025)

13 89.2
(0.055, 22.3) 

96.2
(0.072, 12.4) 

89.7
(0.055, 18.4) 

90.0
(0.056)
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Introduction

Small-area estimation is concerned with population summaries of one or several variables for the

districts of a country or, more generally, for a partition of the survey domain. Common examples of a

variable to be summarised are socioeconomic indicators, such as employment status, income, housing

circumstances and use, availability and quality of certain public services; environmental indicators,

such as perceived or clinically measured quality of air, noise level and personal security; and opinions,

such as satisfaction with political representation, popularity of political parties and public personalities

and voting intention.

In principle, district-level summaries can be defined for any national (population) summary. Demand

for estimation of the former is often motivated by the common usage and understanding of the latter.

For example, the rate of unemployment and wage inflation used to be considered only for countries,

and are generally regarded as key economic and fiscal indicators. More recently, the search for more

detailed information about the state of the labour force and progression of wages has lead to interest

in these indicators for the regions and smaller divisions of the country. Increasing the sample size for

the survey domain and other adjustments of the survey sampling design may respond to such demand,

but analytical methods, the subject of small-area estimation, can also make a substantial contribution

to efficient estimation.

Although small-area estimation is practical to apply only to large-scale (national) surveys, it is a

small-sample problem, since it is particularly pertinent to districts that are represented in the survey

by very few subjects (elementary-level units). For districts that are represented in the survey by a

substantial fraction of the sample, small-area estimation is not effective, because it improves on the

standard design-based estimators only slightly. In some settings, using some estimators may even be

detrimental. In any case, an improvement is often least necessary for such districts. At the other

extreme, small-area estimation can be very effective for districts not represented in the sample; here,

there are no design-based estimators, whereas the national estimator is in some circumstances quite

efficient.

Small-area estimation is a generic example of a problem for which design-based methods have no

suitable solution. Their deficiency can be traced to the historical emphasis on unbiased estimation,

epitomised by the Horvitz-Thompson estimator and its extensions. They are appropriate for large

samples or subsamples, but are poorly suited for small subsamples. The contribution of model-based

methods to small-area estimation can be characterised by the term ‘borrowing strength’, attributed to

Efron and Morris (1973). It can be interpreted as combining the direct (within-district) and synthetic

(external) information, trading off unbiasedness of the former for a reduction in the sampling variance

of the latter.

Composite estimators pursue the same goal of efficient estimation without an intermediation of the

linear models. Sets of district-level summaries (usually sample means) are combined with their ‘na-

tional’ (domain) versions so as to minimise the mean squared error (MSE) of the combination. The

optimum is not attained, because the sought coefficients depend on unknown quantities and have to

be estimated. Model-based methods have the same problem, often compounded by model uncertainty.
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Models for small areas

A hierarchical (linear) model is posited for the target variable Y and a selected set of covariates X. The

regressions E (Y |X = x, d) within districts d = 1, . . . ,D are constant with respect to some covariates

in X and vary with respect to others:

yid = xid β + zid δd + εid ,(1)

where β is the vector of regression parameters for a typical district, z is a subvector of the regression

vector x and δd is the vector of deviations of the regression coefficients for district d from the typical

regression xβ. We say that the variables in Z are associated with (district-level) variation. Marginally,

δd are a random sample from N (0,ΣB), independent from the random sample {εid} drawn from

N (0, σ2). A more compact version of (1) is

yd = Xdβ + Zdδd + εd ,(2)

where yd = (y1d , y2d , . . . , yndd)
�, εd = (ε1d , ε2d , . . . , εndd)

�, and Xd and Zd are formed by vertical

stacking of the respective rows xid and zid , i = 1, . . . , nd . To ensure various reasonable properties of

model invariance with respect to linear transformations, the columns (variables) of Zd are a subset of

the columns of Xd and both Xd and Zd contain the column of constant ones, 1, which represents the

intercept. Most common is the model in which Zd = 1, that is,

yd = Xdβ + δd + εd .(3)

Here the within-district regressions E (Y |X, d) are parallel. Algorithms for fitting the models in (2)

and (3) are described, for example, in Longford (1993) and Pinheiro and Bates (2000) and their

computer implementations are widely available. Bayesian versions of the model formulation require

priors for β and the variance σ2 and variance matrix ΣB = var(δd) in (2) or variance σ2
B = var(δd) in

(3). Bayesian estimates are obtained by Markov Chain Monte Carlo (MCMC) methods.

The choice of the variables in X and Z is a well appreciated problem in both frequentist and Bayesian

perspective. All the common model selection procedures, such as based on information criteria, have

no simple means of incorporating the model uncertainty, the fact that hypothetical replications of the

sampling and model-selection processes may yield different models. However, the appropriate (valid or

‘correct’) model that is meant to be selected is a characteristic of the studied population, not a sample

attribute. Even though a model is selected based on the data, the properties of the estimators are

quoted as if the appropriate model were identified a priori. Disregarding the model selection process,

standard model comparison and diagnostic procedures are used to confirm the appropriateness of the

selected model. We reassess the validity of this general approach.

Design- and model-based criteria

We contend that the model in (2) is not valid in aspects that leave no trace in the data. In particular,

it is not appropriate to associate the districts d (or their deviations δd) with random effects, because a

hypothetical replication of the survey would involve the same districts of the same country, with their

populations unaltered (frozen), and the same population quantities δd . In brief, δd should be regarded

as fixed, otherwise their estimation is not a meaningful proposition. This might seem to destroy the

rationale for the random-effects models. We take up a more constructive position, in which these

models are useful, but the properties of the small-area estimators they yield should be assessed with

respect to the assumptions more appropriate than those used for estimation. Also, efficiency of two

sets of estimators, the direct and model-based, should be compared by the same criterion. The current
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practice does not do so; direct estimators are assessed by design-based MSE, whereas model-based

estimators are assessed by model-based MSE, assuming that the adopted model, often selected using

the analysed data, is valid. The ubiquitous caveat

“if the model is valid”

is both discomforting and misleading, because a hypothetical replication of the survey may end up

with a different selected model, and validity and parsimony are necessary in general. Of the two types

of MSE for assessing the two sets of estimators, we prefer the design-based criterion because its sole

caveat is

“if the sampling design is correctly specified.”

Methods for dealing with missing data (Longford, 2005, part I), however imperfect they may be, can

address imperfections in the implementation of the survey. Sensitivity analysis can explore the impact

on the inferences of departures from some of the untestable assumptions made about the nonresponse.

Another argument in favour of design-based assessment is that a natural way of assessing estimators

empirically is by generating a single artificial representation of the entire domain, and applying the

sampling and estimation processes to it, adhering to the design-based perspective. In some settings,

such a representation may be available, for example, in the form of an administrative register of the

values of variables related to those recorded in the (planned) survey.

In the model-based perspective, each replication of the sampling and estimation processes would start

by generating a new (replicate) representation of the domain according to the adopted model. A

small-area estimator for a district would be difficult to evaluate empirically, because each replication

would be based on a different set of districts, drawn at random from an infinite superpopulation. In

brief, in the absence of a good alternative, we regard model-based estimators as suitable, but insist on

references to and estimation of their design-based MSEs. This posture introduces the difficulty that

MSEs depend on the target itself, and so their naive estimation is problematic. By way of an example,

consider the model in (3) with no covariates, that is,

yd = μ+ δd + εd .

Ignoring the uncertainty about μ, σ2 and σ2
B , the so-called best linear unbiased estimator (BLUP) of

μd = μ+ δd is given by

μ̃d = μ+
ndω

1 + ndω
(ȳd − μ)

=
1

1 + ndω
μ +

ndω

1 + ndω
ȳd ,(4)

where ȳd is the sample mean of the outcomes in district d and ω = σ2
B/σ

2 is the variance ratio. As

the sampling variance of this estimator, the conditional variance of δd is adopted:

var (μ̃d |yd) =
σ2

B

1 + ndω
;(5)

apart from the (global) model parameters σ2
B and ω, it depends only on the subsample size nd . Suppose

districts 1 and 2 have the same positive subsample size, n1 = n2 > 0, and their means differ; district

1 has mean equal to the ‘national’ mean μ, δ1 = 0, and district 2 has mean substantially greater,

δ2 � 0. For both districts, the same coefficients are used in (4), and the conditional variances of μ̃1

and μ̃2 coincide; var(μ̃1 |y1) = var(μ̃2 |y2). However, their biases differ substantially, since

E (μ̃d |μd)− μd =
−1

1 + ndω
(μd − μ)(6)
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and μ1 = μ, whereas μ2 � μ. The qualifier ‘unbiased’ in BLUP is misleading, because our evaluation

of the bias is based on a fixed value of δd .

From (4) and (6), and assuming that var(ȳd) = σ2/nd , we conclude that

MSE (μ̃d ;μd) =
ndω

2

(1 + ndω)2
σ2 +

(μd − μ)2

(1 + ndω)2

=
ndω σ

2
B + δ2d

(1 + ndω)2
.(7)

It is rather inconvenient that this MSE depends on the target μd or the deviation δd = μd − μ itself.

If we replace δ2d by σ2
B , its expectation over the districts, we obtain the right-hand side of (5). Thus,

equation (5) is ‘correct’, but only on average, with the following qualifications. Instead of var we should

write eMSE, the expected mean squared error, defined as the MSE averaged over the distribution of

δd . We cannot interpret the right-hand side of (5) as the average MSE for the districts that have

subsample sizes nd in the survey, because for most values of nd there are only a few districts with this

subsample size and the mean of the corresponding values of μd need not be close to μ, even if μd and

nd are not associated.

We discussed the simplest case, with Xd = Zd = 1, but the conclusions carry over to (linear) regression

models. When Xd and Zd in (2) contain several covariates the vector of deviations δd is estimated by

δ̃d = Ω̂
(
I + Z�

d Zd Ω̂
)
−1

Z�

d

(
yd −Xd β̂

)
,(8)

where Ω = σ−2ΣB is the scaled variance matrix, the multivariate version of ω, and carets denote

(maximum likelihood) estimates. The population mean for district d is estimated by

μ̃d = x̄d β̂ + z̄d δ̃d ,(9)

where x̄d and z̄d are the estimates of the respective vectors of population means of X and Z in district

d. The components of x̄d may be based on sources external to the analysed dataset. For example,

some components may be known precisely, based on an available enumeration, and others may be

estimated from another survey with much greater precision than the subsample mean in the analysed

survey.

In estimator μ̃d given by (9), we recognise another weakness of the general approach of basing all

the inferences on a single model, whether selected or specified a priori. Suppose a variable X, with

within-district population means X̄d , has little or no between-district variation, that is, vard

(
X̄d

)
is

small. If estimation of X̄d is based only on the few subjects in the analysed data, then the sample

mean x̄d introduces a lot of noise in (9). We might have done better by replacing its contribution

x̄d β̂x with a constant. As an alternative, variable X could have been dropped from the model, even

if it is judged as a useful predictor by the standard model-selection criteria.

Composite estimation

Composite estimators (Longford 1999 and 2005) can be motivated by (8) and (9). If the global

parameters in β, ΣB and σ2 were known, μ̃d would have the form of a linear combination of the

sample means of the variables and of cross-products, n−1
d Z�

d yd and n−1
d Z�

d Xd . When Zd = 1 (model

with parallel regressions), this reduces to the sample means. In composite estimation, we select

(unbiased) district-level estimators of the means of the target and other variables, and combine this

vector with its national version. Let ûd = (û1d , û2d , . . . , ûKd)
� be an unbiased estimator of the vector

ud comprising of the population means of the target and auxiliary variables for district d. Further,

let u and û be the ‘national’ counterparts of ud and ûd . Suppose the target of estimation is w�ud .

For example, if we are interested in the first component of ud , then w = (1, 0, . . . , 0)�, the indicator

of the component. The composite estimator of μd = w�ud is defined as the convex combination

μ̃d = (w− bd)
�

ûd + b�

d û ,(10)
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in which the vector of coefficients bd is set so as to minimise the MSE of μ̃d . The optimal choice of

bd is

b∗

d =
(
Vd + V−Cd −C�

d + BdB
�

d

)
−1

(Vd −Cd) ,

where Vd = var (ûd), V = var (û), Cd = cov (ûd , û) and Bd = ud − u. All the expectations are

evaluated with respect to the sampling design. The matrix BdB
�

d is replaced by its finite-sample

(design-based) expectation over the districts, ΛB . Although it has to be estimated, most of the data

contribute to ΛB , so it is estimated with high precision when there are many districts well represented

in the sample. Further, the variances in V are usually much smaller than those in Vd , and the

diagonal entries in Cd are also much smaller than the corresponding variances in Vd . Therefore, b∗

d ,

after averaging, is well approximated by

w� (Vd + ΛB )−1
Vd ,

which leads to the multivariate shrinkage estimator

μ̃d = w�

{
(Vd + ΛB)−1

ΛBûd + (Vd + ΛB)−1
Vd û

}
.

A practical advantage of such a composite estimator is that it is based on the design-based estimators

ûd , so that evaluation of Vd , V and Cd are standard tasks in sampling methods. For example,

when the vectors of estimators ûd are mutually independent and û = A1 û1 + · · ·+AD ûD for suitable

matrices of constants Ad , d = 1, . . . ,D, we have the identity Cd = VdA
�

d . No problems with sampling

weights or complex sampling designs arise, except those involved in direct design-based estimation of

ud , as for example, when using the Horvitz-Thompson estimator.

Composite estimators can exploit auxiliary information in a variety of formats. Components of ûd

may be (known) population quantities, estimates of the mean of the same or a similar variable from a

different context (time or subpopulation) or a different data source (another survey or a register), or

variables defined for districts. Thus, we can exploit the information from the survey in one or several

previous years, estimation for one sex can be improved by using the other sex as the auxiliary context

and administrative registers can be made use of without requiring to match the subjects’ records in

the survey with their records in the register.

Composite estimation of standard errors

Apart from the uncertainty about σ2
B and σ2, evaluation of the MSE in (7) is hampered by having to

estimate δ2d . It can be estimated naively, as (μ̂d − μ̂)2, by its bias adjustment,

M1 = (μ̂d − μ̂)2 − σ̂2
(
n−1

d − n−1
)
,

or by M2 = σ̂2
B , the estimated expectation of δ2d over the districts. Instead of choosing one of these

estimators, an idea dismissed long time ago for small-area estimators, we combine the alternative

estimators M1 and M2 . To motivate this, consider the two cases of extreme sample sizes for district

d. If nd = 0, we have no choice other than M2 , because we have no information about δd . For a

district with large nd , M1 is better suited because it is unbiased and has a small sampling variance. For

intermediate cases, we combine the M1 and M2 , aiming to minimise the MSE of the combination. This

MSE depends on the squared deviation δ2d , so we have to resort to averaging, replacing δ2d by σ2
B , but

such averaging is applied at a stage later than the averaging of (7) which leads to (6). For simplicity,

we assume that σ2 and σ2
B are known, otherwise the computations would not be tractable, and the

complications entailed would distract from the point we want to make. The impact of uncertainty

about these variances can be assessed by simulations; see Longford (2007) for such a study.

The MSE of a convex combination of M1 and M2 ,

M = (1− bM)M1 + bMM2 ,
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is

MSE (M ;Sd) = (1− bM)2 V1 + b2MD2 ,(11)

where Sd = MSE (μ̃d ;μd) is the target, V1 = var (M1) and D = B (M2 ;Sd) is the bias of M2 in

estimating Sd . Note that M1 , V1, C and D are specific to district d; the index d is omitted to simplify

the notation. The MSE in (11) attains its minimum for

b∗M =
V1

V1 +D2
,(12)

and the minimum attained is

T ∗ =
V1D

2

V1 +D2
.

We cannot estimate MSE (μ̃d ;μd) with this MSE, because b∗M depends on unknown parameters and

itself has to be estimated. Nevertheless, T ∗ is smaller than both MSE (M1 ;Sd) and MSE (M2 ;Sd),

because M1 and M2 correspond to the respective choices bM = 0 and 1, and b∗M ∈ (0, 1), except when

μd = μ. By composition, we aim not merely to match the more efficient of the estimators M1 and

M2 , but to estimate the MSE more efficiently than both of them.

To evaluate the coefficient b∗M , we require the following expressions:

V1 =

(
1

nd
− 1

n

)2 3σ4

(1 + ndω)4

D =
σ2

B − δ2d
(1 + ndω)2

.

The expression for V1 assumes that the estimators μ̂d and μ̂ are normally distributed with respective

variances σ2/nd and σ2/n. Substitution to (12) yields the expression

b∗M =
3g2

3g2 +
(
σ2

B − δ2d
)
/σ4

.

We remove the dependence on δ2d by averaging, taking the expectation over the posited district-level

distribution of δ2d . Assuming that it is normal, we obtain the coefficient

b◦M =
g2

g2 + ω2
,

where ω = σ2
B/σ

2 is the variance ratio. Apart from the assumptions of normality, this coefficient

entails two problems. First, we derived it by averaging, so it is not optimal for district d; however,

we applied averaging at a stage later than in (7). Second, b◦M depends on the variance ratio which

has to be estimated. The within-district variance σ2 is usually estimated with high precision, so the

uncertainty about it can be ignored, but estimation of σ2
B is associated with at most D degrees of

freedom, and usually much smaller, because districts with subsample size nd < 2 do not contribute to

the estimation of σ2
B , and those with small nd contribute with only a fraction of a degree of freedom.

Discussion

Model-based methods are the approach of choice of many researchers and practitioners of small-area

estimation. Hierarchical (random-coefficient) models have been proven to be much more flexible and

better suited for the general problem than design-based methods. However, model-based methods rely

on the ubiquitous caveat of model validity, together with parsimony, and have weaknesses that cannot

be identified in the data and cannot be resolved. First, standard approaches ignore model uncertainty,

which in some settings is of the order of magnitude comparable with the sampling variation conditional
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on the selected model. Second, the assumption that the deviations associated with the districts

are random is not appropriate, because in the natural replication framework the districts and their

populations are fixed. The assumption is expedient, taking advantage of the accumulated research

in algorithms for fitting random coefficient (hierarchical) models, but its appropriateness should be

critically assessed with respect to both data-based and data-generation (sampling) criteria.

The established ‘wisdom’ that model validity and parsimony imply efficiency is also questionable,

because some (patently) invalid models may be more efficient for some targets — lack of validity

implies a bias, but it may be more than offset by variance reduction. For example, variables that have

nearly identical distributions within the districts may contribute to the model fit, but they may be

detrimental to the efficiency of the small-area estimators, because the corresponding product x̄d β̂x in

the linear predictor x̂d β̂ is mostly noise; it has a large sampling variance, but its population version

X̄dβx has very small (district-level) variance.

BLUP estimators for small areas can be interpreted as convex combinations of direct and synthetic

estimators. We prefer composite estimators, which are also convex combinations, but bypass the model

building exercise which we regard as misleading and not serving the purpose of efficient estimation.

We applied the general idea of composition to estimating the MSE of the BLUP small-area estimator.

Similar principles apply to the estimation of the MSE of composite small-area estimators.

Composition is a universal complement or alternative to selection (of models, estimators, predictors

or similar objects). The standard approach to selecting one of the available alternatives, or doing

so in stages, can easily be demonstrated to have served the intended purpose of efficient estimator

very poorly (Longford, 2005, Chapter 11), because it is oriented toward increasing the conditional

probabilities of appropriate selection. These probabilities are not compatible with the goal of small

(minimum) MSE estimation, because the small fraction of the replications in which an inappropriate

selection is made may have catastrophic consequences on the efficiency of a target. For a different

target, the consequences of of inappropriate selection may be innocuous, so we need not be concerned

with the probabilities of appropriate selection. In brief, minimising these probabilities is not always a

good proxy for minimising the MSE.
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ABSTRACT

Small-area statistics is concerned with estimating the means, proportions and similar population

summaries of variables in the divisions (districts) of a survey domain, such as a country. Model-based

methods, and empirical Bayes methods in particular, have been proven to be superior to design-based

approaches in several aspects and in a wide range of contexts.
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Model-based methods assess the efficiency of the estimators with respect to the assumptions

made, and these differ radically from the assumptions of design-based approaches. In particular, in

the former, small areas are associated with random effects, whereas in the latter the populations in the

small areas are fixed. Comparisons of the efficiencies of the two approaches are not of like with like

because they refer to different assumptions (models and replication schemes).

An estimator is derived for the mean squared error (MSE) of the empirical Bayes and composite

estimator of the small-area mean in the standard setting. The motivation for it is that the inferential

target is a fixed quantity (not altered in hypothetical replications), whereas its model representation

is by a random variable. The MSE estimator is a composition of the established estimator based on

the conditional expectation of the random deviation associated with the area and a naive estimator of

the design-based MSE. Its performance is assessed by simulations. Variants of this MSE estimator

are explored and some extensions outlined. The advantage of composition of estimators over choice

among them as alternatives is emphasised throughout.
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1 Introduction

Statistical registers compiled from relevant administrative sources provide an important means for
small area (or domain) statistics. That relevant administrative registers can provide enormous amount
of data at lowering costs and response burden is a major advantage of this approach over survey
sampling. The data available from a combined register system is even much richer that what can
be collected in a census. Indeed, in a number of countries including the Nordic states in particular,
register-based census-like statistics are already a reality. As many have pointed out, e.g. Holt (2007),
measuring the quality of such register data presents new challenges.

In this paper we consider a particular problem which arises from the fact that the different parts
of a statistical register often have varying qualities. As a result the register-based sub-population
counts may contain systematic errors and are therefore biased. Our case-in-point is register-based
household data, where a key quality element is whether a register household has a dwelling identity
number (DIN). The DIN has long been in use for statistical purposes in countries such as Finland
and Denmark. In Norway, the DIN was introduced through the last census in 2001. At the moment,
however, about 6% of the residents still lack the DIN in the register system. It is perceived that
a register-household is less reliable without the DIN. Nevertheless, historic as well as cross-country
comparisons suggest plausible national totals of various kinds. But changes from the last census are
unlikely large in certain Municipalities; hence creating a small area problem. In particular, this is the
case in the capital city Oslo, where e.g. the increase in the proportion of single-person households
is almost three times as high as it is in the rest of the country. An important key to explanation
lies in the DIN. The DIN-registration rate varies over the household types, and is the lowest among
people who are young and unmarried. This leads to bias. For instance, cohabitants living without
children appear as two single-person households in the register when the DIN is missing. In addition,
the DIN-registration rate varies across the Municipalities, and is the lowest in Oslo. A large part of
the problem in Oslo is then due to a combination of high proportion of cohabitants living without
children and low DIN-registration rate.

For a framework of our approach in this paper we divide a statistical register into two parts,
where one of them may be considered good enough for producing census-like population counts, while
the other one is not. We now treat the acceptable part of the register as ‘observed’ and the unacceptable
part as ‘missing’. It is convenient to borrow from the existing terminology of statistical theory on
missing data. In particular, we have informative (or non-ignorable, Rubin, 1976) missingness, when
the two part of the register differ systematically in a way that can not be accounted for through the
available information known for the whole population. Moreover, we shall assume unbiased register
marginal totals. The issue of interest is then entirely one of the between-area variation of data, in the
presence of informative missing data.

Our data can be arranged in the form of a contingency table. By small area compositions we
mean a two-way table where one dimension refers to the small areas, and the other refers to the
categories of interest, and the cell counts summarize to a fixed area total that may or may not be
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known. For instance, each person in the population can be classified according to the household type
the person belongs to. The sum of the various counts of persons by household type is the fixed, total
number of persons within each small area. As such small area compositions are the most basic form
of small area cross-classifications.

Longford (1999) applied an empirical Bayes approach to survey-based estimation of small area
composition. A framework for hierarchical Bayes approach was given by Ghosh, Natarajan, Stroud,
and Carlin (1998). From a frequentist point of view, Purcell and Kish (1980) outlined the so-called
“Structure preserving estimation” (SPREE), which operates by modifying the small area estimates
in a way so that they vary from one area to another in accordance with the variation that exists
in another known auxiliary table of the same dimension. Typically the auxiliary table is obtained
from a previous census, or some administrative register containing similar information. A distinct
feature of the SPREE is to approach the data simultaneously as a contingency table, rather than
separate multivariate random variables. Zhang and Chambers (2004) developed a generalized SPREE
(GSPREE) approach, under which the restricted log-linear model underlying the SPREE is a special
case. This provides means for reducing the bias of the traditional SPREE estimates.

In this paper we extend the GSPREE approach in the presence of informative missing data.
This is useful also when the data for small area estimation come from large scale surveys, where
nonresponse is unavoidable. In the context of small area compositions, the missing-data mechanism is
informative provided it varies across the categories of interest. In addition, the overall rate of missing
differs from one area to another. Together they lead to distortion of the data, and bias of the small
area estimates if the estimation is carried out as if the observed data were complete. We develop a
double-mixed modeling approach. On the one hand, a hierarchical random effects GSPREE model is
used to describe the population and the latent complete sample. On the other hand, another random
effects model is introduced for the informative missingness. The fact that in our application here the
data are ‘missing’ from a ‘census’ means that conceptually the hierarchy of the model is one level
fewer than in the case of estimation based on survey data. Otherwise the methodology is the same,
providing a unified approach to register- and survey-based situations.

When it comes to the assessment of estimation uncertainty, Booth and Hobert (1998) argued for
the conditional mean squared error of prediction (CMSEP) given the observed data. We extend their
approach, and derive approximate CMSEP in the current multivariate incomplete-data situation. This
results in a three-part decomposition of the CMSEP, corresponding to a naive prediction variance, a
positive correction that accounts for the uncertainty in the estimation of the parameters based on the
latent complete data, and another positive correction for the extra variation due to the missing data.
Due to the limit of space the details concerning the CMSEP are omitted in this paper.

The rest of the paper is organized as follows. In Section 2, we describe the double mixed-
modeling approach in details. Estimation of small area compositions is outlined in Section 3. The
methodology is applied to the Norwegian register household data in Section 4.

2 Models

2.1 GSPREE population models

The small area compositions can be arranged in a two-way contingency table, denoted by X = {Xak},
where a = 1, ..., A indexes the small areas and k = 1, ..., K the categories of interest. The interest of
estimation is the within-area proportions given by

θX
ak = Xak/Xa. = Xak/

K∑
j=1

Xaj
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Typically under the GSPREE approach we assume that the marginal totals {Xa.} and {X.k}, also
known as the allocation structure, are either known or can be reliably estimated, in which case
estimating {θX

ak} is equivalent to estimating {Xak}. Otherwise, we can still use the models below to
estimate {θX

ak} but not {Xak}.
Assume that we have available an auxiliary table of the same dimension, denoted by X0 = {X0

ak},
and the corresponding within-area proportions {θ0

ak}. Zhang and Chambers (2004) introduced the
following generalized linear structural mixed model (GLSMM)

(1) μX
ak = λk + βμ0

ak + vak where
K∑

k=1

λk = 0 and
K∑

k=1

vak = 0

and va(1) = (va2, ..., vaK)T have a multivariate normal distribution with covariance matrix G = G(δ),
and μX

ak is the multinomial standardized-log (mslog) link function given by

(2) μX
ak = log θX

ak − K−1
K∑

j=1

log θX
aj for

K∑
k=1

θX
ak = 1

and μ0
ak is the mslog link for θ0

ak, similarly. The term “structural” refers to the fact that this is a
model of the finite-population parameters {θX

ak} directly, although the emphasis is not common in the
small area estimation literature. For instance, the well-known Fay-Herriot model (Fay and Herriot,
1979) is “structural” in the same sense.

Alternatively, and more generally, we can consider the finite population {Xak} to be generated
from an infinite super-population by some random process. Let {θak} be the within-area proportions
in the super-population. For instance, we can imagine that the finite population is taken from the
super-population by simple random sampling. Conditional on Xa. =

∑
k Xak, the within-area counts

(Xa1, ..., XaK)T will then follow a multinomial distribution with parameters (θa1, ..., θaK)T . Whereas
a multinomial standardized-log mixed model (MSLMM) of {θak} can be given as

(3) μak = λk + βμ0
ak + vak where

K∑
k=1

λk = 0 and
K∑

k=1

vak = 0

Since the difference between θX
ak and θak becomes negligible as the finite population size grows

to infinity, it is more convenient in such cases to adopt the GLSMM, because one does not have to
deal with one extra level of hierarchy from the super population to the finite population. However,
the distinction may be necessary if the areas are very small, in which case the variation between the
super and finite populations may be comparable to that between the latter and the sample. This is
certainly so for our case-in-point, where there is no difference between the latent complete sample
and the finite population. An inspection of the population household data reveals clearly that the
difference θX

ak − θ0
ak has an increasing variance once the Municipality is sufficient small (Figure 1).

Introducing the distinction between the super and finite populations allows us to account for this
aspect of the data. Alternatively, it may be possible to introduce scaling parameters, so as to allow
the covariance matrix G to depend on the small area size. But we do not pursue the option here.

There is an important interpretation of the models above of the within-area proportions in terms
of the log-linear interactions of the two-way contingency table. Zhang and Chambers (2004) showed
that the GLSMM is equivalent to the following proportional interactions mixed model (PIMM)

(4) αX
ak = βα0

ak + vak + Op(A−1/2)

where {αX
ak} are the first-order interactions of {Xak} subjected to the marginal constraints. By the

standard theory of log-linear models (e.g. Agresti, 2002), we have

log Xak = log Xa. + log θX
ak = αX

0 + αX
a + αX

k + αX
ak
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where αX
0 = (AK)−1

∑
a,k log Xak, and αX

a = K−1
∑

k log Xak −αX
0 , and αX

k = A−1
∑

a log Xak −αX
0 ,

and αX
ak = log Xak − αX

a − αX
k − αX

0 , such that
∑

a αX
a =

∑
k αX

k =
∑

a αX
ak =

∑
k αX

ak = 0. Similarly
for {α0

ak}. The λk’s in the models above do not entail any model restriction beyond the PIMM, and
they do not affect the interactions. The parameter β is called the proportionality coefficient. Clearly,
the SPREE based directly on the association structure {X0

ak} amounts to setting β ≡ 1 and vak ≡ 0.
For this reason we may refer to the models (1) and (3) as GSPREE models, which contain both fixed
and random effects extensions of the traditional SPREE approach.

2.2 Quasi-likelihood model of gross sample

Assume gross sample compositions x = {xak} without missing data. Let

ta = (ta1, ..., taK)T = (t1(xa), ..., tK(xa))T

be such that E(tak|v) = θX
ak or θak, where v = {vak}, depending on whether the GSPREE model (1)

or (3) has been chosen. We assume that ta is independent of ta′ for a �= a′. The conditional variances
and covariances among the components of ta are given by

(5) V (tak) = ν1ωk(Xa, θa) and Cov(tak, taj) = ν1ωkj(Xa, θa)

where ωk(·) and ωkj(·) are specified variance and covariance functions, and ν1 is the dispersion param-
eter that may or may not be known. In our application later we assume ν1 = 1. This is essentially
the quasi-likelihood set-up for dependent data (McCullagh and Nelder, 1989). Notice, however, that
the possible dependence on the finite population totals Xa allows us to incorporate the sampling de-
sign effect when it is appropriate to do so, in which case the expectations in (5) may be evaluated
with respect to the sampling distribution. This is an important reason why we use the quasi-likelihood
specification, instead of directly assuming that the distribution of ta belongs to the exponential family,
as in the case of generalized linear mixed models (GLMM).

2.3 A random effects mixed model of informative missing data

Due to the missing data, we do not observe x directly. Instead assume that we observe y = {yak} and
m = {ma.}, where ma. =

∑
k mak, and mak = xak − yak is the missing cell count. We suppose that,

conditional on xak and a random effect ba,

(6) E(yak|xak, ba) = xakpak and V (yak|xak, ba) = ν2cakpak(1 − pak)

where cak is a known constant, and ν2 is the dispersion parameter. In our application later, we
assume ν2 = 1. Moreover, we assume that yak is independent of yaj for k �= j, i.e. the missingness
is independent from one cell to another. The model (6) is a special case of the quasi-likelihood
specification (5) above. The covariances are zero due to the assumption of independent missing data.
The explicit variance function cakpak(1−pak) is due to the binary nature of missingness. The parameter
pak gives the probability of observation (or response). To see this, let the units in the gross sample
cell (a, k) be indexed by i = 1, ..., nak. Let ri,ak = 1 if the i-th unit is observed, and ri,ak = 0 if
it is missing. Let xi,ak be the contribution of the i-th unit to xak, i.e. xak =

∑nak
i=1 xi,ak, such that

yak =
∑nak

i=1 ri,akxi,ak, and

E(yak|xak, ba) =
nak∑
i=1

xi,akE(ri,ak|ba) =
nak∑
i=1

xi,akP (ri,ak = 1|ba) = xakpak

Finally, we assume that pak depends on ba through the logistic normal regression model

(7) ηak = log(pak/(1 − pak)) = ξk + ba where ba ∼ N(0, σ2)
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The fixed effects ξk’s allow the missing-data mechanism to depend on the categories of interest, whereas
the area-level random effect ba allows the rate of missing to vary across the areas.

Clearly, under (7), estimates of λk’s in the GSPREE model would be biased if the fact that
y �= x is simply ignored. When the allocation structure is given, the problem can be alleviated by
means of iterative proportional fitting (IPF) or raking (Deming and Stephan, 1940) starting with
the estimated association structure. However, this can not remove all the bias because the missing
data also distort the estimation of the first-order interactions. We have, log pak = (ξk + ba) − γak

where γak = log(1 + exp(ξk + ba)). The first-order interactions of {pak} are given by {−γ̃ak}, where
γ̃ak = γak − γ̄a. − γ̄.k + γ̄.. for row and column means γ̄a. and γ̄.k and the overall mean γ̄... The γ̃ak’s
are non-zero unless ξk = ξ. By (6) the interactions of the expected observed table E(y|x,b) are given
by αx

ak + αp
ak = αx

ak − γ̃ak �= αx
ak, such that the estimates of {αX

ak} will be biased if y is treated as x,
causing biased estimates of {Xak} even after the raking.

The random effects in (7) are area specific. Allowing for component-wise random effects may
cause identification problems. For instance, assume simple random sampling from the finite popula-
tion, we have α

E(x)
ak = αX

ak because E(x) ∝ X. With component-wise bak in the model (7) we have,
log pak = ξk + bak + γak where γak = log(1 + exp(ξk + bak)). It follows from (4) and (6) that the
interactions of the expected table E(y|x,b) is given by βα0

ak +vak +bak− γ̃ak. But there is not enough
information in the observed data to distinguish the two component-wise random effects vak and bak.

2.4 A nuisance informative missingness assumption

There is a special informative missingness assumption that deserves some consideration. Assume

(8) pak = φaψk

where the parameter ψk allows the missingness to depend on the categories of interest, and φj allows
it to vary across the areas in addition. Now, the model (8) is not well defined: it does not respect the
range restriction 0 ≤ pak ≤ 1, and the number of parameters φa’s increases with the number of areas.
Nevertheless, it is possible to proceed under the assumption, because the ψk’s and φa’s are nuisance
parameters under (8). For instance, provided non-informative sampling from the finite population
such that E(xa) ∝ Xa, we have E(yak|Xak) ∝ Xakpak. Since the log-linear interactions of {pak} are
all zero under (8), we obtain

(9) αy
ak = αX

ak + εak where E(εak) = 0

It is possible, at least approximately, to work out the covariances between the εak’s. Together with
the GSPREE model, this yields a hierarchical model that can be used to estimate {αX

ak}.
Under the assumption (8), estimation of {Xak} is extremely simple in our case where x = X.

Due to the large number of observations despite the missing DINs, it is feasible to start the raking
with the observed table y directly. To distinguish from the standard last-census-based SPREE as
well as the GSPREE approach above we shall refer to this as the direct SPREE (DirSPREE). The
DirSPREE updates the association structure automatically, in a way that accounts for a special kind
of informative missingness. This simple procedure of raking based on the observed ‘sample’ counts
would be too unstable to be useful based on survey data. However, comparisons between the respective
missing data mechanism (7) and (8), where the latter leads to a hierarchical model arising from (9),
can be helpful in assessing the effects of the missing data on the small area estimates.

3 Estimation

The structure of the data suggests an iterative procedure similar to the EM algorithm (Dempster,
Laird, and Rubin, 1977). Given the current values of the parameters and the random effects, we

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 1239 -



calculate at the E-step the conditional expected complete two-way table E(x|y,m). At the M-step we
then estimate the two mixed effects models separately, where we calculate maximum penalized quasi-
likelihood (MPQL) estimates (Zhang and Chambers, 2004) instead of genuine MLEs. This results in
an EMPQL algorithm. The details are omitted here due to the space limit.

Suppose first that the GLSMM, defined by (1) in combination with (5), has been estimated, upon
which we obtain μ̂X

a , and θ̂X
ak = exp(μ̂X

ak)/
∑

j exp(μ̂X
aj). When the marginal totals Xa. and X.k are

known, it makes sense to apply the raking, starting with the estimated table {θ̂X
ak}. On convergence

we obtain the estimated small area compositions, denoted by X̂ = {X̂ak}, and the corresponding
adjusted proportions, denoted by θ̌X

ak = X̂ak/
∑

j X̂aj to differ from the direct model-based estimates
θ̂X
ak. Often in practice, while the area totals {Xa.} are known, the marginal totals {X.k} need to be

estimated based on the survey data available, using directly methods appropriate for the aggregated
level. The raking still makes sense as long as these estimated marginal totals can be considered more
reliable than the aggregated small area estimates

∑
a Xa.θ̂

X
ak. The reason for this can be seen in terms

of the log-linear identity of the mslog link function given by μX
ak = αX

k + αX
ak. Now that the estimated

interactions are preserved in the raking, i.e. αX̂
ak = α̂X

ak, the difference between θ̂X
ak and θ̌X

ak can be
attributed to the difference in the estimates of the main effects {αX

k }. Thus, less biased estimates of
{X.k} correspond to less biased estimates of {αX

k } and, thereby, less biased estimates of {θX
ak}.

Suppose next that the differences between the finite-population parameters {θX
ak} and the super-

population parameters {θak} are non-negligible, and the MSLMM defined by (3) and (5) has been
estimated. We may express the interest of estimation, i.e. {μX

ak}, as follows. Put

za = μa+ea = Haζ+Bava+ea = Haζ+Bava+eX
a +ex|X

a = μX
a +ex|X

a = Haζ+vX
a +ex|X

a

where ζ contains the fixed effect parameters of the GSPREE model, and Ha and Ba are suitably defined
design matrices, and ea = Q(ta−θa) where Q = ∂μa/∂θa is the Jacobian matrix of partial derivatives,
and eX

a = Q(θX
a − θa) and ex|X

a = Q(ta − θX
a ). Let Ra = RX

a + R
x|X
a , where Ra = Cov(ta, ta|θa)

and RX
a = Cov(θX

a , θX
a |θa) and R

x|X
a = Cov(ta, ta|θX

a ). Let Va = BaGBT
a + QRaQ

T be the marginal
covariance matrix of za. Having estimated the parameters by the EMPQL algorithm, we obtain

μ̂X
a = Haζ̂ + (BaĜBT

a + Q̂R̂X
a Q̂T )V̂ −1

a (ẑa − Haζ̂)

The rest follows as above where μX
a is estimated directly under the GLSMM.

4 Register-based Municipality household compositions

We now apply the approach outlined above to our case-in-point. The Municipalities are fixed as small
areas of interest with A = 433. The population of interest contains simply persons living at multiple-
dwelling addresses at the beginning of year 2005 who do not belong to households of married couples
or registered partners, which are excluded because the DIN is not critical for the statistics of these
people. The population is also the gross sample, i.e. x = X. The households that have registered
DINs are treated as the ‘observed’ sample, yielding y. In this way our population consists of 713387
persons, of which 558136 persons have registered DINs. The overall rate of missing is about 22%.

The households are classified into 4 categories: k = 1 for “Single-person”, k = 2 for “Single-
parent”, k = 3 for “Cohabitants”, and k = 4 for “Other”, i.e. K = 4. Let i index the households,
and let xi be the number of persons living in the household. The reason for this is that the area
total number of persons is known, but not the area total number of households. Let Xak = xak

be the number of persons in the (a, k)-th cell in the population, and let yak be the corresponding
‘observed’ number of persons, i.e. persons with registered DINs. Moreover, let Nak be the number
of households in the (a, k)-th cell, and let nak be the corresponding number of ‘observed’ households.
Provided cell-specific probability of DIN-registrations, an estimator of Nak based on X̂ak is given by
N̂ak = nakX̂ak/yak. We may therefore concentrate on the estimation of Xak instead.
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Let {X0
ak} be the auxiliary counts from the last census in 2001. Let X ′ak = yak + m′ak be the

register counts, where m′ak is the number of persons without the DIN. A register household can be
considered as a particular form of imputed household when the DIN is missing. The register area
total is correct, i.e. X ′a. = Xa., whereas the register national totals {X ′.k} are considered acceptable,
as mentioned earlier. The problem to be addressed is that the within-area proportions {θX′

ak } are
clearly biased in a number of Municipalities including the capital city Oslo. Six different estimators
are illustrated in Figure 1 for the proportion of Single-person households (i.e. k = 1).

Figure 1: Difference between estimates of proportion of Single-person households and census counts in 2001
against log Municipality size: Register households (top-left), Households with registered DINs (top-right),
SPREE based on census (middle-left), DirSPREE based on households with registered DINs (middle-right),
SupGSPREE of super-population proportions (bottom-left), and ImpGRSREE of imputed finite-population
proportions (bottom-right). The dashed line marks no difference.
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To start with, we have the direct register proportions θX′
a1 in the top-left plot, and the ‘observed’

proportions θy
a1 based on the households with registered DINs in the top-right plot. On average the

proportion is increased based on the entire register compared to the census in 2001, whereas it is
slightly decreased according to the ‘observed’ part only. This demonstrates clearly that the missing
DINs are informative. Inclusion of the register households without the DINs raises the proportion of
Single-person households. The increment, however, is implausible in some of the largest Municipalities,
such as Oslo which is the largest of them, coinciding with the low DIN-registration rate there. Of
course, large bias caused by the missing-DINs also exists among the smaller Municipalities, but these
are not easily detectable in a plot like this one.

From the top-left plot it can be clearly seen that the variance of change from the census increases
as the Municipality size decreases. The assumption of constant variances of random effects va is
unattainable when the Municipality population is less than, say, exp(7). Modeling at the super-
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population level is necessary. Notice that we are dealing with estimation at a very low level of
aggregation here, where e.g. the median value of all the register cell counts {X ′ak} is only 70.

The SPREE estimates based on the census in 2001 are given in the middle-left plot. There is
an almost constant adjustment of the census proportions, with negligible change in the between-area
variation. Clearly, this can not be justified as we move further away from the census in time. The
DirSPREE estimates are given in the middle-right plot, which provide desirable adjustments of the bias
in e.g. Oslo. Denote by SupGSPREE the GSPREE estimates of {θak}, and denote by ImpGSPREE
the GSPREE estimates of {θX

ak}. The ImpGSPREE estimates are calculated at the E-step of the
EMPQL algorithm directly, and are rather similar to the shrinkage estimates described in Section 3.
The GSPREE estimates are given in the bottom-row of Figure 1. The SupGSPREE estimates are
clearly over-shrunk among the smaller Municipalities.

Finally, the double-mixed GSPREE approach provides a means to check on the assumption
(8) underlying the DirSPREE. The first-order interactions of the estimated {pak} are small but not
entirely negligible compared to those of the estimated {Xak}. Nevertheless, direct comparisons show
that the DirSPREE estimates are on the whole closer to the ImpGSPREE estimates than to the
register counts. We conclude that the DirSPREE provides useful correction of the bias of the register
counts even though its underlying assumption is not entirely correct. The DirSPREE also entails a
loss of efficiency compared to the GSPREE approach. All things taken into account, however, the
simplicity of the DirSPREE approach is considered to outweigh its perceived shortcomings, and it is
currently being used to produce census-like register-based household data.
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Münnich, Ralf T.
University of Trier, Faculty IV, Economic and Social Statistics Department
Universitätsring 15
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1. Introduction

Small area estimation methods are becoming increasingly important in applied statistics. Nowa-
days, also Official Statistics is producing statistics using small area estimates. In many countries a
reluctance applying small area methods is still prevailing instead of seeing the opportunities of these
new methods. One critical issue, which still prevents many producers of statistics to publish small
area estimates, is the adequate measuring and reporting of the quality of its products. On the one
hand, this yields to comparing classical statistical methods, such as Horvitz-Thompson or generalized
regression estimates, with modern model-based methods which are traditionally measured in their
own world. On the other hand, the estimation process of these measures may yield other conclusions.

The present invited paper meeting (IPM 54) deals with three outstanding contributions, measur-
ing and reporting quality of small area estimates focusing on the mean squared error in three different
directions.

2. Data quality measurement

Within the European Statistical System (ESS), measuring and reporting quality focuses on
applying the European Statistics Code of Practice (see Eurostat, 2005). This general principle covers all
aspects of statistical production. Nevertheless, with regards to quality measurement, special emphasis
is paid to relevance, accuracy and reliability, timeliness and punctuality, coherence and comparability,
as well as accessibility and clarity. An overview of measuring quality of survey estimates in general
can be drawn from Rao (2005).

In this context, immediately the question arises whether the classical principles of quality mea-
surement and especially accuracy measurement have to be reconsidered while considering model-based
statistical production. Producing small area estimates certainly may influence accuracy and coher-
ence. Accuracy, since model assumptions have to be considered that may be violated in practice, and
coherence, since the main scope of applying small area estimation methods is used to gather statis-
tics of many areas or domains at once. These estimates have to account for coherence of tables and
aggregation levels, and possibly also for a mixture of methods with regards to different aggregation
levels.

3. Small area estimation in Germany

The following example considers early simulations from the Census sampling project (cf. http:
//www.statistik.uni-trier.de/index.php?4779) for the register-based Census in Germany 2011
(cf. Münnich et al., 2007). The aim of this simulation which is based on a realistic but synthetic
universe is to estimate the total population of 52 communities within the federal state Saarland. The
population register can be used as a source of auxiliary variables of registered people, including age
and sex. As sampling design, simple random sampling within the communities (GEM) with addresses
as sampling units was applied. The sample sizes are 550 addresses in large communities (large areas

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 1244 -



within Figure 1 and 2) as well as for the capital Saarbrücken, and considerably smaller sample sizes
in small communities.

Within the simulation, the classical Horvitz-Thompson (HT) and generalized regression (GREG;
small area, separate and combined) estimators are compared to synthetic and EBLUP estimators
on unit level (model A) and area level (model B). Details of these standard estimators are given
in the EURAREA or DACSEIS reports (cf. http://www.statistics.gov.uk/eurarea/ or http:

//www.dacseis.de). Further, two different models for over- and undercounts were applied with focus
on a more moderate and homogeneous under/overcount rate (M02.D) and a more clustered in larger
addresses and higher over/undercount rate (M07C.SAL). In all cases, 1000 Monte-Carlo runs were
performed to gain point and variance estimates for the different estimators and over/undercount
models.
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Figure 1: Relative root mean squared error (left) and relative bias (right) of estimates

of the total population in the communities of the federal state Saarland with respect to

two different over- and undercount models

One can observe from Figure 1 the efficiency of the combined and small area regression estimator
as well as the synthetic A model to estimate the total population in the communities. Although, a
severe difference between relative root mean squared error and relative bias within the simulation shows
the difficulty of choosing an adequate measure to compare the results. Additionally, the communities
with very small sample sizes generally cause stronger problems in classical estimation whereas the
impact of model validity may spoil model-based estimators.

Despite choosing classical measures, which are generally based on variance or MSE estimation,
one may consider other ideas which may be of major importance in practice. A deeper discussion of
alternative measures and ideas can be drawn from Eltinge (see Jiang and Lahiri, 2006, pp. 80).

In general, in Germany, the population counts are used as a basis for financial equalisation, e. g.
on federal state or community level. Classical measures as described above, are unlikely aware to
account for disparities between estimates of interest. Hence, one may be also interested in estimating
Lorenz curves. In Figure 2, one can see a possible drawback of model based estimation if the model
fails to be sufficiently good due to inadequate estimates of area counts amongst each other. The
Horvitz-Thompson estimator, however, suffers from possibly higher variations of the estimates. Similar
graphs applied to counting the total population would give very stable Lorenz curves estimates for
the synthetic estimators as well as for the combined and small area regression estimators.
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Figure 2: Lorenz curves of the Horvitz-Thompson (left) and synthetic A (right) estima-

tors for the total of overcounts (red line) and of the corresponding 1000 estimates (green

lines) for model M07C.SAL

The preceding examples have shown, that small area estimation methods restart the discussion
about adequacy of measures to be applied. The first problem arises due to the trade-off between bias
and variance reduction, the second problem is connected to the validity of model assumptions. Hence,
additional measures of interest seem to be needed and further developed, like the triple goal estimator
(cf. Rao, 2003, pp. 211).

4. Contributions to the IPM 54

The three papers address very important areas in the context of measuring and reporting small
area estimates.

Dr. Zhang refers to a new approach of register imperfections which are an essential source
for high quality estimates and nowadays also for register-based Censuses. He extends the GSPREE
approach to account for informative missingness. As a measure of quality, he applies an approximate
conditional MSE of predictions. In an example of the Norwegian household decomposition, he shows
the estimation procedures and the accuracy of the methodology in comparison to standard methods.
One important assumption in the model is the given allocation structure. Zhang indicates the model
validity if the allocation structure is reliably estimated. The given model shows the possible gains in
efficiency by using a dwelling identity number, even if it is suffering from (informative) under-reporting.

The paper of Gershunskaya and Professor Lahiri (2007) focuses on variance estimation of em-
ployment growth rate estimates in the US Current Employment Statistics Survey. Several variance
estimation methods are compared in the given context. The parallel estimates of industry classes
suffer from the different quality of variance estimates. These are stabilized by introducing a small area
problem for the variance estimates as a model-based variance estimator. In this paper, high emphasis
is put on the quality of variance estimates and therefore on stabilized estimated confidence intervals
of moderate size. This very inspiring approach seems to overcome a trade-off between optimized
point estimation versus optimizing and stabilizing variance estimates. Would it be worth to account
for an adequate variance estimation in designing surveys and estimates while possibly loosing some
efficiency? I guess no. The given approach may help to avoid these types of questions to be raised.
One should also note that this model-based approach also performs well in a design-based world and

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 1246 -



a design-based simulation respectively.
Finally, Dr. Longford puts strong emphasis on pointing out ubiquitous caveat of ’If the model is

valid . . . ‘. The major concern deals with a fair context of measuring and reporting small area estimates.
Nowadays, and especially in a context where theoretical results hardly give precise recommendations
in practice, Monte-Carlo studies are prepared to underpin research results in a real world example.
Although, the controversy of applying the right measures which can only be correctly viewed (not
estimated) in simulation studies in a certain real context is put on another basis: what is the correct
simulation study? Can we judge on practical results in a model-based context? Longford (2007b) gives
a deeper overview of the impact of simulation study designs on the dispute between the model-based
and design-based world.

5. Summary

The development of small area estimation methods is a fast and a still growing field of research.
Future statistical production will surely be more and more influenced by model-based estimation
strategies, especially in the context of small domains and areas. But this may raise also the needs
of reconsidering the measurement and reporting of these estimates – especially in the context of a
design-based world which is still dominant in practice. This controversy will surely also influence
future studies. In my opinion, a real world example still can hardly be seen as a single outcome of
a meta-model. Nevertheless, classical design-based studies also should consider possible inclusions of
impreciseness in terms of a sensitivity or robustness analysis.

Additionally, some further development of the measurement process itself seems essential. The
political impact cannot be measured by a relative root mean squared error or its estimate. Even
if in many well-posed problems most measures tend to recommend the same solutions, the critical
situations which generally occur in applications of small area estimation methods possibly need more
attention on ’what is to be measured’ and does this apply to all areas in the same way.

Despite some critical remarks, I would like to take the opportunity to congratulate the authors
of the three papers for their highly interesting and inspiring contributions to measuring and reporting
the quality of small area estimates and Professor Daniela Cocchi for organizing this invited paper
meeting which gives all of us some notions to develop further ideas concerning this field.
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Prediction Models and Quasi-random Response Models When 
Calibrating for Unit Nonresponse 

Kott, Phillip 
National Agricultural Statistics Service 
3251 Old Lee Highway 
Fairfax, VA 22030 
E-mail: pkott@nass.usda.gov

 Probability surveys are often plagued by unit nonresponse.  Calibrating sample weights to outside 
benchmarks is an increasing popular method for handling such nonresponse. There are two ways to justify 
this practice, either by assuming a quasi-random response model in which each unit has an estimable 
probability of reponse or by assuming a prediction model in which the dependent value of interest is a linear 
function of auxiliary variables. By employing both justifications simultaneously, calibration can provide 
protection against either one of the two models failing (but not both).  
 Much of the literature on calibration as a method for treating nonresponse has focused on quasi-
random response modeling.  We will concentrate here on prediction modeling.  This will allow us to adjust 
variance estimators for small-sample bias in a way unavailable with asymptotically-based quasi-random 
modeling.   
 Recently, calibration weighting has been proposed in situations where the explanatory variables of 
the response model differ from the benchmark variables.  We will explore this proposal from a prediction-
model perspective.    
  
1.  Calibration Weighting

 Linear calibration weights can be put in the form:

  (1) wk = dk(1 + hkg),  
                                                                                                      
where {dk} is the set of original sample weights − the inverses of the element selection probabilities, perhaps 
after some adjustments;  hk = (hk1, ..., hkP)  is a row P-vector of (possibly) instrumental variables with hk1 = 1;  
g = (ΣS djxj'hj)

-1(ΣU xj −ΣS djxj)'; xk  is a row P-vector of benchmark (or calibration) variables for which ΣU xj is 
known; S is the sample, and U is the population.  For convenience, we will always assume matrices encoun-
tered in this paper, like N − 1

ΣS djxj'hj, are of full rank.  
 The weights in equation (1) are constructed so that the calibration equation,  

  (2) N − 1
ΣSwkxk = N − 1

ΣU xk,  

holds.  In most multivariate applications, the vector hk coincides with xk, but that will rarely be the case here.  
 Under mild conditions we assume to hold,  t = ΣS wkyk is a randomization-consistent estimator for T = 
ΣU yk.  In addition, t is an unbiased predictor for T under the linear prediction model:  

(3)    yk = xkββββ + εk,   

for each k ∈U,  where  

  (4) E(εk |{xj, hj, Ij ; j∈U}) = 0,  

and Ij = 1 when  j ∈S, 0 otherwise.  
Although not originally designed for it, linear calibration can also be used to adjust (implicitly) for 

nonresponse.  Redefining S as the subset of sample respondents, t remains a prediction-model unbiased 
predictor for T.  Equation (4) requires that the prediction model in equation (3) hold whether or not k is in S.  
This now means the response mechanism, like the sampling mechanism, is ignorable.
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An alternative justification for linear calibration as a method of nonresponse adjustment treats 
sample response as an additional phase of probability sampling.  Each element in the population is assumed 
to have a Poisson probability of response equal to 

  (5) pk  = ρ(hkγγγγ) = 1/(1 + hkγγγγ).   
                                                                                      

If g ≈γγγγ , then  t = ΣS wkyk ≈ ΣS dk(1 + hkγγγγ)yk would be randomization consistent under mild conditions.  This 
was first noted by Fuller et al. (1994) for the hk = xk case.    
 The form of the response model in equation (5) is unlikely, but it may be reasonable to assume a 
response model of the form 

   (6) pk  = ρ(hkγγγγ) =1/ f (hkγγγγ)           
                                                                               
where  f (δ) is an appropriately-chosen monotonic and twice differentiable function.  Subject to a set of mild 
conditions, if a vector g ≈γγγγ  can be found that satistifes   

  (7)  ΣS dk f (hkg)xk  = ΣU xk, 

then using the calibration weights, wk =  dk f (hkg), results in a randomization consistent estimator under the 
response model.  
 Folsom and Singh (2000) describe an iterative method for finding such a g when hk = xk.  Kott 
(2006) provides the obvious extension to a more general hk.  This extension allows the explantory variables 
in the response model to differ from the benchmark variables in the calibration equation.  Chang and Kott 
(2007) call f (δ) the “back-link function” because it is the inverse transformation of the link function in the 
generalized-linear-model literature.  See, for example, see McCullagh and Nelder (1983).     
 When a g satisfying equation (7) can be found, t = ΣSwkyk = ΣS dk f (hkg)yk is both quasi-randomiza-
tion consistent (randomization consistent under the response model) and prediction-model unbiased for T
under mild conditions.  The former property is defined with respect to the model in equation (6) and the 
latter to the model in equation (3).  Observe that only one of the two models need hold for t to be a nearly 
unbiased estimator for T in some sense.  

Note that if the back-link function in the response model is incorrect, then g defined implicitly by the 
equation (7) bares no relationship to γγγγ as defined in equation (6).  In fact, from a response-model-free point 
of view, γγγγ is simply the limit of g as the sample size grows arbitrarily large.  Some may argue that taking 
such a limit assumes a quasi-randomization framework.  Perhaps, but the actual Poisson response proba-
bilities need not conform to a known back-link function f (δ). 

2. Estimating Variance 

 To simplify matters, let us restrict our attention to the situation where the original sample is Poisson, 
and all the sample and calibration weights are large (i.e., , 1k kd w � ).  If the εk are uncorrelated, and 

2( )kE ε =
2 ,kσ then the model variance of t (as a predictor for T) is (approximately) 2 2

S k kw σ∑ .  Following 
arguments in Kott (2006), a nearly unbiased estimator for both the prediction-model variance and quasi-
randomization mean squared error of t (under the respective models) is 

  (8) 2 2 ,k kS
v w e=∑

where   (9) ek = yk − xk[ΣS dj f1(hjg)hj'xj]
-1 

ΣS dj f1(hjg)hj'yj,  

and  f1(δ) is the first derivative of  f (δ).  The f1(hjg) terms in the definition of the ek assure the nearly 
unbiasedness of v as an estimator for the quasi-randomization mean squared error of t.  They are no more 
than arbitrary constants from the prediction-model point of view 
 The relative (prediction-model) bias of v as an estimator of the prediction-model variance of t is 
O(1/n) under mild conditions, while the relative bias of  v as an estimator of quasi-randomization mean 
squared error of t is OP(1/n1/2) .  Nevertheless, it is troubling that this prediction-model bias is positive when 
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each 2 2( ) ,k kE e < σ  as will almost always be the case.  We can develop a sharper estimator for prediction-

model variance if we knew − or were willing to assume we knew − the 2
kσ  up to an unspecified constant; that 

is, 2 2
k ksσ = λ  for known 2

ks .  In particular, an unbiased estimator for the prediction variance of t, assuming we 
specified the prediction model correctly, is  

  (10) 
2 2

2 2
2 2 2 2 2

,
( | )

k kS
k kS

k k k kS

w s
v w e

w E e s

λ

=

σ = λ

∑ ∑∑

( )

( ) ( )( )

1-1 2 2 2 2 2 2 2 2
1 1

1 12 2 2 2
1 1 1

where ( | ) 2 ( ) ( )

( ) [ ( )] ( )

k k k k k k k k k j j j j k k kS S S S

k k j j j j j j j j j j j j j kS S S S

w E e s w s w s d f d f

w d f d f s d f

−

− −

′ ′λ σ = λ = − +

′ ′ ′ ′

∑ ∑ ∑ ∑

∑ ∑ ∑ ∑

x h g h x h g h

x h g h x h g h h h g x h x

(note that the expectation of 2
ke is conditioned on {xj, hj, Ij ; j∈U}, but we have dropped that from the nota-

tion above for convenience).  This expression is also a nearly unbiased estimator of the quasi-randomization 
mean squared error of t assuming we specified the response model correctly.  

 Another approach avoids specifying 2
kσ  up to a constant, at least initially, by replacing 2

ke  in equation 
(8) by  

  (11)  
( )

2
2

1

1 1

.
1 ( ) ( )

k
k

Sk j j j j k k k

e
r

d f d f
−

=

′ ′− ∑x h g h x h g h
    

Only on rare ocassion will this procedure remove the entire prediction-model bias of v, but it will usually 
remove most of it, and the bias of the resulting prediction-model variance estimator will have an ambiguous 
sign.  A ratio adjustment like that in equation (10), which again requires assuming something like k ksσ ∝

2 2 , 
could remove the rest of the bias if deemed necessary.    
 A third approach is to parallel the cumbersome and computationally-intensive method described in 

Kott and Brewer (2001).  This creates unbiased, but unstable, estimators for each 2
kσ .   The resulting exactly 

unbiased estimator for the prediction-model variance of t may be more trouble than it is worth.      

3. Nonignorable Nonresponse

 Perhaps the most commonly used form of calibration is poststratification, in which the entire popu-
lation is divided into P mutually exclusive model groups.  The components of  xk = hk  are group-member-
ship indicator functions.  In economic surveys, the model groups are often sales classes based on previously-
collected frame information.  Kott (2005) points out that, although it may be necessary to create benchmark 
variables − the components of  xk − based on frame information, the response-model variables in equation  
(6) − the components of hk − are more reasonably based on survey information.  This is possible because it is 
not necessary to know the population totals of the these components let alone the individual values for 
nonsampled or nonresponding elements.
 From a prediction-model point of view, when the instrumental variables in hk are not deterministic 
functions of the xk, it may be desirable to replace the requirement in equation (4) with a weaker variant:  

  (4’) E(εk |{ hj, Ij ; j∈U}) = 0. 

This allows the possibility that the response mechanism is nonignorable under the model in equation (3) as 
usually stated;  that is to say,  the linear prediction model holds with  E(εk |{xj ; j∈U}) = 0, but not neces-
sarily with E(εk |{xj, Ij ; j∈U}) = 0.  
 Some care is necessary when equation (4’) replaces (4), because g in wk = dk f (hkg) is a function of 
the sampled xj.  As a result, the strict prediction-model unbiasedness of t becomes near unbiasedness under 
mild assumptions.  One such assumption is that the limit of g exists as the sample size grows arbitrarily large 
and is not a function of the sampled xj.  In particular, if g = γ + OP(1/n1/2), then E[N −1(t – T) |{ hj, Ij ; j∈U}] = 
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E(N −1
ΣS wkεk|{ hj, Ij ; j∈U}) = E(N −1

ΣS dk f(hkg)εk|{ hj, Ij ; j∈U}) = E(N −1
ΣS dk f(hkγ)εk|{ hj, Ij ; j∈U}) + 

OP(1/n1/2) = OP(1/n1/2). 

4. A Measurement-error Model 

 An example of a framework in which equation (4’) is sensible follows.  Suppose the yk can be fit by 
this prediction model:  

(12)  yk = hkθθθθ + τk,  

where E(τk |{hj, Ij ; j∈U}) = 0.  In addition, suppose the benchmark variables can be fit by a “measurement-
error” model:  

(13)    xk = hkΓ + ξk, 

where E(ξk |{hj, Ij ; j∈U}) = 0 (“measurement-error” is in quotes because this use of measurement-error 
modeling in idiosyncratic).   It is not hard to see from equations (12) and (13) that ββββ in equation (3) is ΓΓΓΓ

-1
θθθθ, 

while εk is τk − ξkΓ-1
θθθθ.  If the (τk, ξk) are serially uncorrelated, then so are the εk.  This is handy for predic-

tion-model variance estimation as described in Section 2 and modified to allow the assumption in equation 
(4’) to replace that in (4).    
 Both the prediction model in equation (12) and measurement-error model in (13) assume the 
response and sampling mechanisms are ignorable conditioned on hk  rather than xk.  Indeed, the components 
of hk have become model (explanatory) variables just as in the quasi-randomization framework.   
  Equation (12) need not be a causal model.  Indeed, the components of xk are often frame variables 
determined before the sample is enumerated, while the components of hk can include survey values, perhaps 
even yk itself.  It is important to remember that our goal is to estimate T in a nearly unbiased fashion.  It is not 
to estimate θθθθ, Γ, or ββββ = Γ-1

θθθθ.   The estimation of model parameters is, at most, a means to an end.  

5.          When There are Fewer Model Variables Than Benchmark Variables 

 Chang and Kott (2007) discuss quasi-randomization justified calibration for nonresponse when there 
are Q < P components of hk.  They show that under mild conditions finding a g that minimizes the objective 
function:  

      S = ( ) ( )
2 1( ) ( ) ,U S U Sk k k k k k k kN d f d f− − ′

− −∑ ∑ ∑ ∑x h g x Λ x h g x

where Λ  is a positive-definite P x P matrix, will produce a randomization consistent t = ΣS wkyk =  
ΣS dk f(hkg)yk under the response model in equation (6).   
 For a given ,Λ this means finding a g such that  

  (14) ( )
2 1

1( ) ( ) ,U S Sk k k k j j j jN d f d f− −

′− =∑ ∑ ∑x h g x Λ h g x h 0

In some sense, the optimal choice for Λ  is the quasi-randomization variance of  Q = (n1/2/N) 1( )S j j jd f ′∑ h γ x , 

but that variance cannot be estimated directly because γγγγ is unknown.  As a result, Chang and Kott suggest 

replacing Λ  in equation (14) with Λ̂ (g), an estimator for the randomization variance of Q under the 

assumption that γγγγ = g.  This value, which is Λ̂ (g) = (n/N 2) 2
1 1{[ ( )] ( )}S j j j j j jd f d f ′−∑ h g h g x x  in our special 

case, gets revised in each iteration of the process used to find g.  
 From a prediction-model viewpoint, given a P x Q matrix A of full rank, we can transform the 
calibration equation in equation (2) into N − 1

ΣS wkxkA = N − 1
ΣU xkA.  In addition, as long as the matrix A is 

not a function of the sampled xj, we can replace xk in equation (13) with

     xkA = hkΓΓΓΓA + ξkA  
 or 

   (15)       kx� = hkΓ�  + .kξ�
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The results of the prediction-model analysis then follow with kx� replacing xk, and N − 1
S k kw =∑ x�

1
U kN − ∑ x� replacing the calibration equation.     

 Effectively, Kott and Chang set   

(16a)    1 1
1

ˆ ( )S j j j jN d f− −

′= ∑A Λ h g x h , 

or 

  (16b)    1 1
1

ˆ ˆ ( ) ( )S j j j jN d f− −

′= ∑A Λ g h g x h

and ˆˆ
k k=x x A .  From this perspective, equation (14) simply restates the calibration equation as  

N − 1
ΣS wkxk Â  = N − 1

ΣU xk Â    
Either version of Â in equation (16) is a function of the sampled xj violating an assumption needed 

from a prediction/measurement-error viewpoint to transform E(ξξξξk |{hj, Ij ; j∈U}) = 0  into the analogous

E( kξ� |{hj, Ij ; j∈U}) = 0.  We can get around this problem by letting A be the asymptotic limit of Â , which 
we assume to exist whether or not the back-link function in equation (6) is specified correctly.  Moreover, 
this limit is assumed not to be a function of the sampled xj.  Consequently, with some work we can establish 
that t is nearly prediction/measurement-error model unbiased for T under mild conditions.  In addition, after

xk is replaced by ˆˆ
k k=x x A , when defining the ek in equation (9),  the prediction model variance of t can be 

estimated by v in equation (8).   Finally, although analogues to the sharpened versions of prediction/ 
measurement-error model-variance (actually mean-squared-error) estimation described in and around 
equations (10) and (11) do not provide exact unbiasedness, they should lead to improvements over v.   

6. Concluding Remarks 

 Lundström and Särndal (1999) make a quasi-randomization-based case for using linear calibration to 
treat unit nonresponse.  Their hk and xk have the same dimension but, unlike in Fuller et al. (1994), the two 
vectors are not necessarily equal.   In their treatment of  mean-squared-error estimation, Lundström and 
Särndal effectively replace each f1(hjg) in equation (9) by f (hjg), which is 1 + hjg for linear calibration (as 
opposed to f1(hjg) = 1).  Since the authors cannot prove theoretically that their variance estimator actually 
estimates randomization mean squared error under the response model in equation (5) (or any other back-
link function), they provide empirical examples where that appears to be the case (see also Särndal and  
Lundström (2005))  Using the reasoning developed here, linear calibration as a treatment for unit nonre-
sponse can be justified under a prediction-model framework.  It is not hard to show that the Lundström/ 
Särndal approach to variance estimation can produce a nearly unbiased estimator of prediction-model 
variance if not quasi-random mean squared error.  This provides an alternative explanation for the authors’ 
empirical results.     

A major limitation of randomization-based inference even in the absence of nonresponse is its 
frequent inability to provide guidance into choosing among estimation strategies.  For example, given two 
rival benchmark vectors one containing all the component of the other, the conventional generalized 
regression estimator (GREG) employing the larger benchmark vector will almost always appear the more 
asymptotically efficient from a randomization viewpoint when n << N.   This is because randomization-
based theory is limited to the estimation of asymptotic mean squared error.  An estimator like v in equation 
(8) treats the unit sample variances, the ek in equation (9) with f 1(δ) = 1 and xk = hk, as if they were the unit 
population variances, the Ek = yk − xk(ΣU xj'xj)

− 1
ΣU xj'yj.  Unit sample variances tend to shrink in absolute 

value without penalty as the dimension of xk increases.  Consequently, the higher the dimension the smaller 
the estimated randomization mean squared error. 

A penalty can be imposed by taking a prediction-based approach.   Equation (11) describes a way to 
modify the ek in a nonresponse-adjusted context.  This modification generalizes an earlier full-response result 
in, among other places, Kott and Brewer (2001).   

Prediction models fails.  That is the principal reason for limiting the choice of an estimation strategy 
to a randomization-consistent one.   In the presence of nonresponse, using a calibration technique that can be 
justified both by a response and a prediction model is a prudent policy.   If only one of the two models fail, 
the strategy remains nearly unbiased in some sense.   
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Once we include within hk enough model variables that nonresponse can be assumed ignorable, the 
sharper variance estimators described in Section 2 can be used to help select which additional variables 
should be put into hk and, if their population totals are known, xk.  

When the sampling fractions are not all ignorably small, a better estimator than v for the prediction-

model variance of t as an estimator of T is 2 2( )SM k k kv w w e= −∑  (Kott and Brewer ( 2001)).   This, or one of 
its sharpened versions, can be a good estimator for quasi-randomization mean squared error as well but only 
under certain sampling designs.  Under other designs, it seems prudent to construct something that is 
simulteously a nearly unbiased estimator for prediction-model variance and quasi-randomization mean 
squared error along the lines described in Kott (2006).   That way, variances are nearly unbiased in some 
sense as long as either of the two model justifications is correct.  
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One of the unique features of sample survey data is that the sample is often drawn with unequal

probabilities, at least at one stage of the sampling process. The selection probabilities are generally known

and accessible for the sampled units in the form of sampling weights (inverse of the sampling probabilities

adjusted for nonresponse or calibration). The sampling weights are in common use for randomization-based

inference on finite population quantities of interest by weighting the sample data in proportion to the weights.

In this paper we focus on model based inference.

There are three main reasons for the use of models in sample survey inference:

1- Models are used in cases where the randomization distribution over repeated sampling is not operational

or is inefficient. Examples for the first case are prediction problems, such as the prediction of a time series or

of a small area mean for an area with no sample units. Another example is the modelling of measurement

errors in values of the target outcome variable, where again no randomization-based theory exists. A direct

estimator of an area mean, which is based on a very small sample in the area is an example where a

randomization-based theory exists but is very inefficient, requiring instead the use of a model that allows

borrowing information across the areas or over time.

2- Models are often used to aid in the specification of the sampling design and the choice of the

corresponding estimators of the finite population quantities. However, the inference process is in most cases

based on the randomization distribution, rather than on the model assumptions. This is known in the

sampling literature as ‘model assisted inference’ (to distinguish from ‘model based’ inference that is based

entirely on the model). Stratified sampling and the classical stratified estimator of the population mean are

essentially driven by the one-way analysis of variance model with unequal variances. Poststratification into

weighting cells in order to adjust for nonresponse is another example of the implicit use of a model before or

after the sample is drawn. The ratio estimator, the regression estimator and the generalized regression

estimator of finite population totals are motivated by appropriate regression models, but their bias, variance
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and consistency are evaluated under the randomization distribution.

3- The third reason for the use of models in sample survey inference is the same as in other statistical

applications, i.e., the identification and estimation of functional relationships between variables, prediction of

unobserved values etc., with no direct reference to the prediction of finite population quantities like means or

proportions. Examples include the estimation of elasticities of demand from household expenditure surveys,

assessing the effects of variables explaining the prevalence of a disease using data from health surveys,

assessment and comparison of students’ proficiencies from educational surveys, etc.

In what follows we distinguish between the model holding for the population data, hereafter the

population model, and the (conditional) sample model holding for the sample data. When the selection

probabilities are correlated with the outcome values even after conditioning on the model covariates, the two

models can be very different and the sampling process needs to be accounted for in the modelling process

and when using the model for prediction. Theoretically, the sampling effects can be accounted for by

including among the model covariates all the variables and interactions that are related to the outcome values

and affect the sample selection and response probabilities. However, this paradigm is often not practical

because there may be too many variables to include in the model and some or all of them may not be known

or accessible to the modeler. Notice also that by including these variables, the resulting model may no longer

be of scientific interest, requiring to integrate them out of the model at a later stage, which again can be very

complicated and not always feasible. Alternatively, one could include in the model the sampling weights as

surrogates for the design variables, but this strategy may again distort the interpretation of the model and

hence requiring integrating out the weights from the model. This is a feasible procedure for estimating the

sample model because the integration is then with respect to the conditional distribution of the sampled

weights given the covariates, which can be assessed from the observed weights and the covariates. However,

for estimating the population model, or the model holding for units outside the sample (needed for prediction,

see below), the integration of the sampling weights must be with respect to the population model of the

weights given the covariates, or with respect to the sample-complement model of the weights given the

covariates. The feasibility of this integration practically requires knowledge of the weights for all the

population units, which is often not the case, particularly in a secondary analysis.

A third approach, and the one in common use, is to estimate the population model by weighting the

sample values in the model estimating equations by the sampling weights. When the estimating equations are

defined by the score function, the use of this approach is known in the sampling literature as ‘pseudo

likelihood’ estimation. It is limited, however, mostly to point estimation, and probabilistic inference like the

construction of confidence intervals or tests of hypotheses generally require large samples normality

assumptions. The inference is based on the randomization distribution and as such, it does not permit

conditioning on the selected sample, for example, conditioning on the observed covariates or the selected

clusters in a multi-level model. As mentioned before, the use of this approach does not lend itself to

prediction problems other than the prediction of finite population quantities, and the estimators often have

large variances, depending on the distribution of the weights. See Pfeffermann (1993, 1996) for review and

discussion of the various approaches of modeling survey data, with appropriate references.

In this paper we review an alternative approach of modelling survey data. This approach is general and

it accounts for the possible bias resulting from the sample selection (known in the sampling literature as
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informative sampling). As will become evident, the use of this approach overcomes the limitations of the

other approaches, but at the expense of having to model also the sampling weights. The idea is to fit a model

to the sample data and base the inference on the sample model. Denote the population model by ( | )pf y x ,

where y is the outcome variable and x is a set of covariates. Following Pfeffermann et al. (1998), the

sample model is defined as,

Pr( , ) ( ) ( , ) ( )
( ) ( , )

Pr( ) ( )

def
i i p i i p i i i p i i

s i i i i
i p i i

i s y x f y x E y x f y x
f y x f y x i s

i s x E x

�

�

�
� � � �

�
, (1)

where Pr( )i i s� � � is the sample inclusion probability and ( )pE � defines the expectation under the

population model.

Remark 1. The definition of the sample model already pertains to conditional inference.

Remark 2. By (1), the sample model is the same as the population model if Pr( , )i ii s y x�

= Pr( )i ii s x y� � , in which case the sampling process is ignorable.

Remark 3. Pr( , )i ii s y x� is generally not the same as i� , which may depend on all the population values

{ , },i iy x i U� and possibly also on design variables iz used for the sample selection. However, the use of

the sample model only requires modelling Pr( , )i ii s y x� , thus avoiding the need to include the design

variables among the model covariates, which as mentioned before could be problematic.

The following relationship between the population model and the sample model in (1) is established in

Pfeffermann and Sverchkov (1999), where 1/i iw �� and ( )sE � is the expectation under the sample model.

( , ) ( )
( )

( )
s i i i s i i

p i i
s i i

E w y x f y x
f y x

E w x
� . (2)

Thus, one can identify and estimate the population model by fitting the sample model ( | )s i if y x to the

sample data and estimating the expectation ( , )s i i iE w y x , again using the sample data.

We can distinguish between the sample selection and the response mechanism by denoting the original

sample before nonresponse by s� and defining a response indicator variable R , taking the value 1iR � if

sample unit i responds;

( | , , 1)i i if y x i s R� �� =
Pr( 1 , , ) ( | ) ( | )

Pr( 1 , ) ( | , )
i i i s si i p i i

i i s si i i

R y x i s E w x f y x

R x i s E w y x

� �

� �

�

�
. (3)

�

Note that where as the sampling weights 1/ Pr( )siw i s� � � are generally known and can be used for

modeling and estimating ( | , )s si i iE w y x , the probability Pr( 1 , , )i i iR y x i s� � � is generally unknown and

needs to be modeled. However, the goodness of fit of the resulting sample model in (3) can be tested using

standard test statistics since it refers to the sample data. In what follows we assume full response such that

, si is s w w� �� and ( )s i if y x in (1) defines the model for units selected to the sample.

Example 1: suppose that the population model is logistic regression with a discrete covariate and A possible

values for the outcome y . Assuming that the expectation ( | , )s i i iE w y a x k� � is not a function of the

parameters indexing the logistic function, it can be estimated as, ˆ ( | , )s i i i akE w y a x k w� � �

[ ( , )] /[ ( , )]j j j j j
s s

w I y a x k I y a x k� � � � �� � , where I(F) is the indicator function for the event F. The

estimator ˆ ( | , )s i i i akE w y a x k w� � � is an application of the method of moments. The expectation
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( | )s i iE w x k� can be evaluated then as,

1

1 1

( | ) 1/ ( | ) ;

( | ) Pr ( | ) ( | , )

Pr ( | ) / ( | , ) Pr ( | ) /ˆ

s i i p i i

A

p i i p i i p i i i
a

A A

p i i s i i i p i i ak
a a

E w x k E x k

E x k y a x k E y a x k

y a x k E w y a x k y a x k w

�

� �

� � �

� � � � � �

� � � � � � � �

�

� �

, (4)

Substituting the logistic function for Pr ( | )p i iy a x k� � in the last expression of (4) yields the estimator

ˆ ( | )s i iE w x k� as a function of the logistic model parameters. Substituting ˆ ( | , )s i i i akE w y a x k w� � � and
ˆ ( | )s i iE w x k� defined by (4) in (2), yields the sample model,

1

Pr ( | ) [P r ( | ) / ] / [Pr ( | ) / ]
A

s i i p i i ak p i i ak
a

y a x k y a x k w y a x k w� � � � � � �� (5)

The sampling weights feature in the sample model, but not by application of randomization based inference.

When the outcomes and the sampling weights are continuous, the sample model generally contains as

unknown parameters the parameters indexing the population model and the parameters indexing the

expectations ( | , )s i i iE w y x , but as mentioned before, the latter parameters can usually be estimated directly

from knowledge of the sampling weights, the target outcomes and the covariates observed for the sample

units. Pfeffermann and Sverchkov (2003) discuss alternative approaches of estimating the population model

parameters featuring in the sample model. Note in this regard that if the outcomes are independent under the

population model, they are also ‘asymptotically independent’ under the sample model when increasing the

population size but holding the sample size fixed. See Pfeffermann et al. (1998) for details.

Denote the population by P and the population model by ( | ; )pf y x � , where 0 1( , , ..., ) ’k� � � ��

represents the model parameters. The vector � can be defined as the unique solution of the equations,

�� � � �p p pi i
i P

W E x� � � �� , (6)

where ,0 ,1 ,d ( , ,..., ) log ( | ; ) /pi pi pi pi k p i id d d f y x � �	� � 
 
 is the thi score function. One possible approach

for estimating � is to redefine (6) with respect to the sample model. Assuming that the conditional

expectations ( | , )s i i iE w y x are known or have been estimated, and that the expectations

i( | ) ( | , ) ( | ; )s i i s i s i

y

E w x E w y x f y x dy�� � are differentiable with respect to � , the parameter equations are,

1 ( ) {[ log ( | ; ) / ] | } {[d log ( | ) / ] | } 0s s s i i i s pi s i i i
i s i s

W E f y x x E E w x x� � � �� 
 
 � � 
 
 �� � . The vector parameter

� is estimated under this approach by solving the equations,

1 , ( ) [d log ( | ) / ] 0s e pi s i i
i s

W E w x� �� � 
 
 �� . (7)

Note that (7) defines the sample likelihood equations.

Remark 4. Instead of basing the likelihood on the sample distribution, one could use instead the ‘full

likelihood’ based on the joint distribution of the sample data and the sample membership indicators,

s

( x x ) Pr( | , ) ( ) [1 Pr( | )]s s s i i p i i j
i s j

f s, y | , = i s y x f y | x - j s x� �  , (8)

where Pr( | ) Pr( | , ) ( | )i i i p i i ii s x i s y x f y x dy� � �� ; see, e.g., Gelman et al. (2003), Pfeffermann and

Sverchkov (2003) and Little (2004). The use of (8) has the theoretical advantage of employing the

information on the sample selection probabilities for units outside the sample, but it requires knowledge of
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the covariates for every unit in the population, unlike the use of (7). Modelling the joint distribution of the

covariates and integrating them out of the likelihood could be very complicated and seems formidable with

high dimensional covariates. Pfeffermann et al. (2006) compared the use of the sample likelihood in (7) and

the full likelihood in (8) for multi-level modelling in a Bayesian framework and obtained very similar results.

The second approach of estimating the model parameters considered in Pfeffermann and Sverchkov

(2003) uses a relationship established in Pfeffermann and Sverchkov (1999), that for pairs of random

variables ( , )u v , with population values { , ; }i iu v i P� ,

( | ) ( | ) / ( | )p i i s i i i s i iE u v E w u v E w v� . (9)

Assuming a random sample from the sample model and applying (9) yields the parameter equations,

2 ( ) ( d | ) 0s s i pi i
i s

W E q x� � �� , (10)

where / ( | )i i s i iq w E w x� . The vector � is estimated under this approach by solving the equations,

2 , ( ) d 0s e i pi
i s

W q� � �� . (11)

A third approach uses the property that if � solves the equations in (6), it solves also the equations

( )pW �� (d ) [ (d | )]p pi p p pi i
i P i P

E E E x� � �� � 0 . Application of (9) to each of the terms (d )p piE (without

conditioning on ix ) yields the following parameter equations for a random sample from the sample model,

3 ( ) ( d ) / ( )s s i pi s i
i s

W E w E w� � �� 0. (12)

The corresponding estimating equations are,

3 , ( ) d 0.s e i pi
i s

W w� � �� (13)

See Pfeffermann and Sverchkov (2003) for variance estimation under each of the three approaches.

Remark 5. The equations (13) coincide with the familiar pseudo-likelihood equations obtained by estimating

the ‘census’ likelihood equations (the equations obtained if all the population values were observed) by the

Horvitz-Thompson estimator. For the concept and uses of the pseudo-likelihood approach see the discussion

and references in Pfeffermann (1993). Comparing (11) with (13) shows that (11) uses the adjusted weights,

/ ( | )i i s i iq w E w x� instead of the standard weights iw used in (13). The weights iq account for the net

sampling effects on the target conditional model of | xi iy , whereas the weights iw account unnecessarily

for the sampling effects on the joint distribution of ( , x )i iy , resulting therefore in higher variability.

Example 2: suppose that the population model is, i i iy x � �	� � ; ( | ) 0p i iE x� � , 2 2( | )p i iE x� �� .

Application of (11) yields the estimator,
1ˆ [ ]q i i i i i i

i s i s

q x x q x y� 	� � � . Application of (13) yields the familiar

‘probability weighted’ estimator,
1ˆ [ ]q i i i i i i

i s i s

w x x w x y� 	� � � .

� � � � �The sample distribution can be used also for non-parametric estimation. Consider a space of functions

as a parameter space and define the parameter equation, {[ -g( )] | }p p i i iW g E y x x� � �

{ [ -g( )] | } 0s i i i iE q y x x� � (follows from (9)). Replacing the conditional sample expectation by a kernel

estimate of the regression function with h(x) as the bandwidth leads to the estimating equation,
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ˆ( ) [ -g( )] 0
( )

i
s i i

i s

x x
W g k q y x

h x

�
� � � �� , or the non-parametric estimate,

ĝ( ) ( ) / ( )
( ) ( )

i i
i i i

i s i s

x x x x
x k q y k q

h x h x

� �
�� � . (14)

See Chambers et al. (2003) for other applications of the relationship in (9) to non-parametric estimation.

So far we considered model estimation but as mentioned before, the sample distribution enables also to

predict missing population values. For this we define the sample-complement model,

Pr( , ) ( ) [( 1) , ] ( )
( ) ( | , ) ...

Pr( ) [( 1) ]

def
i i p i i s i i i s i i

c i i i i
i s i i

i s y x f y x E w y x f y x
f y x f y x i s

i s x E w x

� �
� � � � �

� �
, (15)

with the last equation established in Sverchkov and Pfeffermann (2004). The sample-complement model is

again a function of the sample model ( | )s i if y x and the expectation ( , )s i i iE w y x , and thus can be

estimated from the sample. The optimal predictor of the population total under a quadratic loss function is,

ˆ ( , )i j j
i s j s

Y y E y x j s� � �� �
[( 1) ]

( )
[( 1) ]

s j j j

i c j j i
i s j s i s j s s j j

E w y x
y E y x y

E w x

�
� � � �

�
� � � � . (16)

The second equality follows from (15), with the sample expectations in the numerator and the denominator

either being modelled based on the sample data, or simply estimated by the corresponding sample means

(application of the method of moments). As shown in Sverchkov and Pfeffermann (2004), familiar estimators

of finite population totals such as the Hajek estimator, the Ratio and the Regression estimator and the GREG,

are all obtained as special cases of this theory by specifying appropriate population or sample models.

Remark 6. When having to predict the outcome values for a specific nonsampled unit (say, a unit with a

given set of covariates), or the mean of a given nonsampled area in a small area estimation problem, and the

sampling process is informative, there seems to be no alternative but to model and estimate the sample-

complement distribution. Classical randomization based inference is suited for estimating finite population

quantities of the population from which the sample is drawn, but not for prediction problems.

If the sampling fraction is very small as is often the case, the sample selection probabilities are

likewise small for at least most of the population units. By (15), if i� �� with probability 1,

( )c i if y x � ( )(1 )p if y x � �i| where /(1 )� � �� � � � � , such that for � sufficiently small the difference

between the population distribution and the sample-complement distribution is accordingly small (Sverchkov

and Pfeffermann, 2004). In such cases one can use the population model for prediction. However, when this

is not the case, the use of the population model for prediction under informative sampling can yield large

prediction bias. An example of this situation is Small Area Estimation (SAE) where the number of selected

areas may even exceed the number of unselected areas.

Example 3: suppose that there are M areas with iN units in area i . Consider the following two-stage

sampling design. In the first stage m areas are sampled with probabilities , 1...i i m� � ; in the second stage

a sample is of in units is sampled from selected area i with probabilities |j i� . Let the small area sample

model be the ‘nested error regression model’,

2’ ; | 1 ~ (0, )
ind

ij ij i ij i i uy x u e u N� �� � � � � , 2| 1 ~ (0, )
ind

ij ij ee N �� � , 1,..., ; 1,..., ii m j n� � . (17)

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 1260 -



Assume that the sampling weights | |(1/ )j i j iw �� within the sampled areas can be modeled as,

| |( | , , , 1) ( | , , 1)si j i ij ij i i si j i ij ij iE w x y u E w x y� � � � � exp( )i ij ijk ax by� � , (18)

where a and b are fixed (possibly unknown) constants. By Pfeffermann et al. (1998), under the sampling

scheme (18) the population model is also of the form (17), but with different parameters, if additionally the

areas are selected with probabilities i� satisfying 0( | ) exp[ ’ ]i i i iE z� � � � ��� where i i iX u� �� � , iz

represents area level design variables and ( 0 ,� � ) are fixed coefficients. However, in what follows we only

assume knowledge of the forms of the sample model (17) and the conditional expectations in (18), but not

the form of the population model or the relationship between the area selection probabilities and the area

means. Note in this regard that the sample model (17) and the expectation in (18) refer to the sample

distribution within the sampled areas and hence can be identified directly from the observed data. On the

other hand, the relationship between the first-stage sampling weights 1/i iw �� and the area means is more

difficult to detect since the area means are not observable. See Pfeffermann et al. (2006) for examples of

modeling the area selection probabilities.

Using the relationship (15) between the sample model and the sample-complement model, Pfeffermann

and Sverchkov (2007) show that under (17) and (18) the mean iY of sampled area i can be predicted as,

ˆ ( | , 1)p i s iE Y D � � � ˆ ˆ{( ) [ ( ) ’ ]i i i i i i iN n n y X x� �� � � � 2ˆ ˆ( ) }/i i e iN n b N�� � , (19)

where ˆ ˆˆi i iu X� �� � is the optimal predictor of the sample model mean ’i i iX u� �� � ( | )si i iE Y u� . The

last term in (19) corrects for the sample selection effects, that is, the difference between the sample-

complement expectation and the sample expectation in sampled areas. Note that if b=0 in (18), the predictor

(19) reduces to the optimal predictor under noninformative sampling, (Rao, 2003, Eq. 7.2.37).

The area mean of a nonsampled area is predicted as,

ˆ ( | , 0)p i s iE Y D � � � 2ˆˆ ˆ'i eX b� �� � ˆ[ ( 1) / ( 1)]i i i
i s i s

w u w� �� � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � (20)

The term ˆ( 1) / ( 1)i i i
i s i s

w u w� �� � corrects for the fact that the mean of the random effects for areas outside

the sample is different from zero under informative sampling of the areas. Pfeffermann and Sverchkov

(2007) outline the basic steps in computing the predictors for sampled and nonsampled areas under a general

model fitted to the sample data, with continuous or discrete outcomes and fixed and random effects. The

authors show also how to estimate the MSE of the prediction errors and how to test that the selection of areas

or within the areas is indeed informative. See Pfeffermann and Sverchkov (1999, 2003), Chambers et al.

(2003), Wu and Fuller (2005) and Eideh and Nathan (2006) for other tests of informative sampling using the

sample distribution. Clearly, if the null hypothesis of noninformative sampling is not rejected, one can use

the population model, which is usually simpler and contains a smaller number of estimated parameters.

Summary. We reviewed briefly the main properties of the sample model and illustrated some of its possible

applications. The sample model accounts for the sampling weights but very differently from the

randomization based approach. The advantages of the use of this model are as follows:
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1. It accounts for selection bias under informative sampling.

2. Once the model is specified, it lends itself to standard model based inference such as maximum likelihood

estimation, Bayesian inference or semi-parametric modelling.

3. The use of the sample model lends itself to conditional inference, given the selected sample.

4. As illustrated in the references cited in this paper, the use of the sample model generally yields estimators

with lower variances than the variances of randomization based estimators.

5. The sample-complement model allows predicting the outcome values for nonsampled units or nonsampled

area means in a small area estimation problem.

.6. The use of the sample model enables testing whether the sampling process is informative.

We are presently investigating the use of the sample model for handling NMAR nonresponse.
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The Robust Bayesian Approach to Sample Survey Inference 
Roderick J Little       Hui Zheng 
Department of Biostatistics, University of Michigan Massachusetts General Hospital 
1420 Washington Heights     50 Staniford Street, Suite 560 
Ann Arbor, MI 48109      Boston, MA, 02478 

RESUME. There are many Bayesian statisticians, and many sampling statisticians, but very few Bayesian 
sampling statisticians. We consider why this is the case. We offer our recipe for successful application of 
Bayesian ideas in the survey sampling setting; Bayesian models for surveys generally need to take into account 
features of the survey design like clustering and stratification, limit strong parametric assumptions, and 
incorporate weakly informative prior distributions. Examples are provided to show that Bayesian inferences with 
these features can have good repeated sampling properties and improve on frequentist methods.  

1. INTRODUCTION 

 This paper considers the objective Bayesian approach to statistical inference for sample surveys of finite 
populations. We first provide a brief overview of what distinguishes sample survey data from others kinds of 
data that statisticians analyze, and how the Bayesian approach is applied in this setting. We then consider why 
the Bayesian approach is not common in sample survey practice, describe the key elements in the application of 
the Bayesian approach in this setting, and give some examples where gains are achieved over more classical 
frequentist approaches.
 The two most popular approaches to finite population survey inference are design-based inference, where 
probability statements are based on the distribution of sample selection, with the population quantities treated as 
fixed; and frequentist superpopulation modeling, where the population values are assumed to be generated from 
a superpopulation model that conditions on fixed parameters, and inferences are based on repeated sampling 
from this model. The Bayesian approach to surveys has a long history (e.g. Ericson 1969; Scott 1977; Binder 
1982; Rubin 1987; Ghosh and Meeden 1997), but has been almost totally ignored by practitioners of finite 
population survey sampling. 
 A distinctive feature of survey inference is its primary (though not exclusive) focus on estimands that are 
functions of values in a population with a finite number of elements, often simple quantities like overall or 
subgroup means or totals. Bayes seems particularly suited to inferences about such quantities, since they require 
predicting values of variables for non-sampled items; the Bayesian approach is very natural for predictive 
inference. Other aspects of finite population sampling seem to survey practitioners to be less compatible with the 
Bayesian approach. Here are the features, with our view of the appropriate Bayesian response to them: 

(A) The use of a probability mechanism to determine which units in the population are selected. In the 
design-based approach this sampling distribution forms the basis of the inference. Some Bayesians have argued 
that probability sampling is not useful for a Bayesian, since the statistical inference is based on the model, not 
the selection mechanism. On the contrary, we think probability sampling ensures that the sampling mechanism is 
ignorable for Bayesian inference, thus simplifying the inference and reducing dependency on questionable 
assumptions. 

(B) The need to account for "complex" sampling design features such as stratification, differential 
probabilities of selection, clustering and multistage sampling. Survey statisticians reject theoretical 
arguments suggesting that such design features can be ignored if the model is correctly specified; models are 
always misspecified, they argue, and model answers are suspect even when model misspecification is not easily 
detected by model checks. See for example Kish and Frankel (1974), Holt, Smith and Winter (1980), Hansen, 
Madow and Tepping (1983) and Pfeffermann and Holmes (1985). Models that ignore these design features are 
not considered seriously by survey samplers. We believe that aspects of the design like clustering and 
stratification can and should be explicitly incorporated in the Bayesian model to avoid sensitivity of inference to 
model misspecification. This point is illustrated in the examples below. 
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(C) A production-mode environment that precludes detailed modeling. Bayesian inference, with careful 
eliciting of models and prior distributions, is perceived as too time-intensive in a production environment (e.g. 
Efron 1986). However, while some attention to model fit is important under Bayesian or frequentist paradigms, 
"off-the-shelf" Bayesian models can be developed that incorporate survey sample design features, and for a 
given problem the computation of the posterior distribution is prescriptive, via Bayes Theorem. This aspect 
would be aided by a Bayesian software package focused on survey applications. As for the choice of prior 
distribution, surveys often involve large amounts of data, and conventional reference priors that are dominated 
by the likelihood often work well, with appropriate care about their well-known quirks.

(D) Antipathy towards methods that involve strong subjective elements or assumptions. Surveys are often 
conducted by agencies that need to be viewed as objective and shielded from policy biases. Concerns about 
subjectivity can be addressed by using models that make relatively weak assumptions, with noninformative 
priors that are dominated by the likelihood.  

(E) Concern about repeated sampling properties of the inference. There is a long tradition in the survey 
world of assessing properties of survey inferences in repeated sampling under the chosen design, and this aspect 
cannot be ignored by Bayesians. Our view is that the frequentist performance of Bayesian procedures can and 
should be evaluated, and indeed such assessments play an important role in a calibrated "objective" Bayesian 
approach to inference, which we find attractive (Box 1980; Rubin 1984; Little 2004, 2006). 

2. BASICS OF BAYES FOR SURVEYS 

Using the notation of Chambers and Skinner (2003), let {1,..., }U N  denote a finite population of N
elements, let ( ), 1,..., ;U tjy y j J t U denote the values of J variables in the population, and let ( )UQ Q y
denote the finite population quantity of interest. Let 1( ,..., )U Ni i i  denote the vector of inclusion indicators, 
where 1ti  if unit t is selected in the sample and 0ti  otherwise. Write inc exc( , )Uy y y , where incy  is the 
set of sampled values and excy  is the set of nonsampled values. Let Uz  be a set of design variables available for 
all units in the population. We assume initially that these design variables are recorded and available for 
analysis; the case where they are only recorded for the sample is discussed in Section 4. The full Bayesian 
approach (e.g. Gelman et al. 1995) specifies a model for both the survey data and the sample inclusion 
indicators. Parametric models can be formulated as:  

( , | , , ) ( | , ) ( | , , )U U U U U U U Up y i z p y z p i z y ,

where ,  are unknown parameters. The likelihood of ,  based on the observed data is then: 

inc inc exc( , | , , ) ( , | , , ) ( , | , , )U U U U U U UL z y i p y i z p y i z dy

In the Bayesian approach the parameters ,  are assigned a prior distribution ( , | )Up z . Analytical 
inference about the parameters is based on the posterior distribution: 

inc inc( , | , , ) ( , | ) ( , | , , )U U U U Up z y i p z L z y y .

Descriptive inference about Q = Q( Uy ) is based on its posterior distribution given the data, which is 
conveniently derived by first conditioning on, and then integrating over, the parameters: 

( ( ) | , , ) ( ( ) | , , , , ) ( , | , , )U U inc U U U inc U U inc Up Q y z y i p Q y z y i p z y i d d .
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This general formulation requires a model for the inclusion process. When the units are selected by probability 
sampling, ( | , , ) ( | )U U U U Up i z y p i z  is a known distribution, and by Rubin's (1976) theory, the posterior 
distribution reduces to the simpler form 

( ( ) | , ) ( ( ) | , , ) ( | , )U U inc U U inc U incp Q y z y p Q y z y p z y d ,

which does involve or require a model for the inclusion indicators Ui . This simplification is an important 
motivation for a Bayesian to favor probability sampling as a method of selection. For it to happen, the model 
for Uy  and prior distribution for  need to condition on the design variables Uz . For simple random sampling 
this conditioning is not important, but features such as stratification and clustering need to be built into the 
model via the design variables Uz  to obtain a satisfactory Bayesian inference.  
 For example, consider stratified random sampling for a continuous outcome Y (Little 2003). The 
population is divided into H strata and hn  units are selected from the population of hN  units in stratum h. 
Define Uz  as a set of stratum indicators, with components 1tz  if unit t is in stratum h and 0tz  otherwise. 
This selection mechanism is ignorable providing the model for ty  conditions on the stratum variables tz . A 
simple normal model that does this is 

2 2[ | , { , }] ~ ( , )t t h h ind h hy z h N , (4.3) 

where N(a, b) denotes the normal distribution with mean a, variance b. For simplicity assume 2
h  is known and 

the flat prior 
( | ) .h Up z const

for the stratum means. Routine Bayesian calculations lead to 2 2
st st[ | ,data, { }] ~ ( , )U U hy z N y , where 

st
1

H

h h
h

y P y , the stratified mean where ,h hP y  are the population proportion and sample mean in stratum h,

and 2 2 2
st 1

(1 ) / , /H
h h h h h h hh

P f n f n N . This posterior distribution leads to Bayesian credibility 

intervals that are equivalent to standard design-based confidence intervals for this design. With unknown 
variances and a uniform prior on 2log( )h , the posterior distribution of Uy  is a mixture of t distributions, thus 
propagating the uncertainty from estimating the stratum variances.  A model that does not allow for stratum 
effects, as is obtained by setting 2 2,h h , yields unweighted estimates that are too vulnerable to model 
misspecification.   

3. ESTIMATING THE MEAN FROM PROBABILITY PROPORTIONAL TO SIZE (PPS) SAMPLES. 

The Bayesian approach in the example just considered yields similar results to the frequentist approach, at 
least in large samples. There are other situations where the Bayesian approach yields improvements. One such 
situation concerns probability proportional to size (PPS) sampling. Specifically, suppose a size measure Z is 
known for all units in the population, and unit t is selected with probability t  proportional to its size tz . PPS 
samples can be selected in a number of ways, but a practical and common design is the following: from a 
random starting point, units are selected systematically from a randomly-ordered list, at regular intervals on a 
scale of cumulated sizes (Kish 1965, Ch. 7); units that would be selected with probability one are removed and 
put in a "certainty" stratum. We consider statistical inference for the finite population total T of a continuous 
outcome Y.
 The standard design-based estimate for PPS samples is the Horvitz-Thompson (HT) (1952), which 
weights sampled units by the inverse of their probability of selection:  
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HT
1

ˆ /
n

t t
t

T y ,

where the summation is over n sampled units. This is also the projective estimator (Firth and Bennett 1998) for 
the following HT model: 

2 2
ind| ~ ( , )t t t ty z N z z .

If units selected with certainty are excluded, the same model is obtained by replacing tz  by the selection 
probability t , since they differ by a constant multiple. It is well known that the HT estimator is design 
unbiased, but can be inefficient when this HT model is not a good approximation to reality. Zheng and Little 
(2003, 2005) replace the HT model with a weaker penalized spline model (Ruppert, Wand and Carroll 
2003),which assumes a flexible relationship between the outcome and design variable tz :

2 2 2
ind

0
1 1

2 2
1 ind

2 2
0

( | , , ) ~ ( ( , ), )

( , ) ( )

( ,..., | ) ~ (0, )

( ,..., , log , ) const.

k
t t t t

p p m
j m

t j t j t j p
j j p

p p m

p

y z N f z z

f z z z

p N

p

.

 Here, k is a known constant reflecting assumptions about the error variance, 1,... m  are known constants 

representing positions of knots for the spline, and ( )m mu u  if u > 0, and 0 otherwise. In the spirit of Ruppert 
(2002), and Ruppert, Wand, and Carroll (2003), we favor a modeling strategy that places a large number m of 
knots (for example, 15 or 30) at pre-specified locations, and then achieves smoothness by treating 1,...,p p m

as random effects centered at 0. With a large sample, prediction under this model is conveniently carried out by 
restricted maximum likelihood (REML); with small samples a fully Bayesian approach is preferable. 
 Zheng and Little (2003, 2005) show the ability of inferences from this weak model to match or improve 
on design-based inferences (specifically, the HT estimator and more sophisticated generalized regression 
estimators, with a variety of associated variance estimates). Five artificial populations were simulated by adding 
independent errors with variance 0.2 to the following mean functions relating outcome and the 
inclusion probabilities t :

(NULL) ( ) 0.3tf ; no relationship; 
(LINUP) ( ) 3t tf , linearly increasing function with a zero intercept; 
(LINDOWN) ( ) 0.58 3t tf , linearly decreasing function with positive intercept; 
(EXP) ( ) exp( 4.64 26 )t tf , an exponentially increasing function; 
(SINE) ( ) 1 sin(35.69 )t tf , a sinusoidal function; 

A sixth population was generated to yield an "S" shaped function with heteroskedastic errors: 
(ESS) 1

ind0.6logit (50 5 ), ~ (0,1)t t t ty N .

Figure 1 shows plots of the simulated populations. Table 1 presents root mean squared errors (RMSE) of 
point estimates from the following methods: HT, the Horvitz-Thompson estimator of the mean; GR, the 
generalized regression estimator with predictions from a simple linear regression, assuming a constant error 
variance; and P-Spline, a p-spline prediction estimator constant residual variance and 15 knots. For each of the 
six mean structures, the RMSE's are based on estimates for 500 PPS systematic samples of size 96. Table 1 
suggests that the Bayesian approach has smaller empirical RMSE than HT or GR for the populations with  
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Figure 1. Six simulated populations (N=300) X-axis: pi(i); Y-axis: y(i) with normal errors 

Table 1.  RMSE of three point estimators: P0_15, HT and GR 
N=1000,n=96 

HT GR P0_15 
NULL 35 24 22 
LINUP 27 34 26 

LINDOWN 63 35 27 
SINE 113 95 45 
EXP 35 54 27 
ESS 11 30 10 

Table 2. Average Width (AW) and Noncoverage rate (NC) of  95% C.I.s over 1000 samples 
(target 50 +/- 20). Comparisons of HT = Horvitz Thompson with random groups variance 
estimate, GR = Generalized Regression with Yates-Grundy variance estimate, P0_15 = P-spline 
with Jackknife variance estimate. N = 1000, n = 100. 

 HT GR P0_15 
 AW NC AW NC AW NC 

NULL 131 68 88 80 89 28 
LINUP 109 42 123 64 98 48 

LINDOWN 230 82 124 82 94 62 
SINE 446 60 340 74 145 86 
EXP 135 42 193 96 105 54 
ESS 48 14 109 84 37 66 

nonlinear mean structures (SINE, EXP and ESS), similar RMSE to GR when the mean function is linear (NULL, 
LINUP and LINDOWN), and similar RMSE as HT for the population LINUP, which favors the HT estimator. 
 Table 2 shows that the P-Spline model, with standard errors computed using the jackknife, yields narrower 
confidence intervals with coverage properties comparable to that of HT and GR. The only case where P-Spline 
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has poor coverage is the SINE model, and this problem is resolved by increasing the number of knots for the 
spline. For more details and additional simulation results, see Zheng and Little (2003, 2005), and for extensions 
to two-stage samples, see Zheng and Little (2004). 

4. INFERENCE FOR PPS SAMPLES WHEN DESIGN WEIGHTS ARE AVAILABLE ONLY FOR THE 
SAMPLED UNITS 

In Section 3 the size variable was assumed known for all the units in the population. This information is 
needed in order for the sampler to implement PPS sampling, and hence in principle is available for analysis. 
However, standard design-based estimators like the Horvitz-Thompson estimator only need the sizes (more 
specifically the sampling weights) of the sampled units, and as a consequence, design information on the non-
sampled cases is often not include on public use data files. Some authors (Pfeffermann, Krieger and Rinott, 
1998; Pfeffermann and Sverchkov, 2003) have argued that the fully Bayesian approach is too hard in this 
situation, and have advocated instead an analysis based on the likelihood that conditions on the cases t that are 
included in the sample, for which 1ti . We conclude by showing how the Bayesian approach is applied for the 
model in Section 3 when sampling weights are not known for the non-sampled cases. 
 We consider PPS sampling as in the previous section, in the situation where the selection probabilities t

(or the size measures tz ) are only available for the sampled cases, but the number of non-sampled cases N – n is
known. Bayesian inference then requires a Bayesian model for the size variable Z, with prior distribution ( )Zp .

Draws from the posterior distribution of Y  can then be simulated by the following procedure: 

(a) For non-selected units t, draw predictions ( )d
tz  of the sizes from the posterior distribution 

( | data, 0)tp z i  of the size, given that these units are not selected. This requires a model for the size 
distribution with prior distribution ( )zp . The required posterior distribution is related to the posterior 
distribution of size for selected cases by the expression 

Pr( 0 | ,data) (1 ( )( | data, 0) ( | data, 1) ( | data, 1)
Pr( 1| ,data) ( )

i z zp z i cp z i cp z i
i z z

,

where c is a normalizing constant. 
(b) For non-selected units t, draw ( )d

ty  from the posterior distribution of Y given the drawn value of the 

size, ( )d
tz . One possibility is to use the same penalized spline model as in Section 3. 

(c) The resulting draw from the posterior distribution of Y  is the average of the observed values ty  for 

units t in the sample and the predictions ( )d
ty  of units t not in the sample. 

Steps (b) and (c) are identical to Bayesian simulation for the model in Section 3, where the sizes are available for 
the nonsampled units; the only modification here is that drawn sizes ( )d

tz  from (a) replace actual sizes tz .
 Little and Zheng (2007) describes this approach with the following Bayesian bootstrap (BB) model for the 
sizes. Let 1{ ,..., }Kx x  denote the set of distinct sizes for the sampled units, and let kn  be the number of sampled 

cases with size kx ,
1

K
kk

n n . They assume that these counts are multinomial with probabilities 1( ,..., )K ,

which are assigned a Dirichlet(0,...,0) prior distribution. This model makes the assumption that only the selection 
probabilities that arise are those seen in the sampled cases; though unrealistic, this assumption does not seriously  
 impact the quality of the resulting inferences. The posterior distribution of 1( ,..., )K  is then Dirichlet 

( 1,..., Kn n ). Let *
kn  be the number of non-sampled cases with size measure kx , *

1

K
kk

n N n . The posterior 

predictive distribution of these counts is then multinomial with probabilities * *
1( ,..., )K , with 
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* (1 ) /k k k kc , where k  is the selection probability for units of size  kx . The transformation from k  to 
*
k  is the required modification of the standard BB model to account for PPS selection. The modified BB 

consists of drawing values ( ){ }d
k  from their Dirichlet posterior distribution, and then drawing predicted counts 

( )*{ }d
kn  from a multinomial distribution with probabilities ( )* ( ) (1 ) /d d

k k k kc . Little and Zheng (2006) 
show gains for this Bayesian approach over standard design-based approaches, in preliminary simulations. 

5. CONCLUSION 

We have suggested some features of a successful application of Bayes methods to survey sampling 
problems involving stratification, clustering and PPS sampling -- specifically, models with weak parametric 
assumptions and non-informative priors that take account of features of the survey design. In the case of PPS 
sampling, we review work indicating that prediction based on a penalized spline model can yield inferences that 
improve on standard design-based approaches, when the sizes of non-sampled units are known or need to be 
estimated. In future work we plan to study inference properties of BB models for PPS sampling in more detail, 
and extend it to sample designs involving clustering of units. 

REFERENCES 

Binder, D. A. (1982). Non-parametric Bayesian models for samples from finite populations. Journal of the Royal 
Statistical Society, 44, 3, 388-393. 

Box, G.E.P. (1980). Sampling and Bayes inference in scientific modelling and robustness (with discussion). 
Journal of the Royal Statistical Society Series A 143, 383-430. 

Chambers, R.L. & Skinner, C.J. (2003). Analysis of Survey Data. Wiley: New York 

Efron, B. (1986).Why isn't everyone a Bayesian? The American Statistician, 40, 1-11 (with discussion and 
rejoinder).

Ericson, W.A. (1969). Subjective Bayesian models in sampling finite populations (with discussion). Journal of 
the Royal Statistical Society, B, 31, 195-233. 

Firth, D. & Bennett, K.E. (1998). Robust models in probability sampling. Journal of the Royal Statistical 
Society, Series B, 60, 3-21. 

Gelman, A., Carlin, J. B, Stern, H. S., & Rubin, D. B. (1995). Bayesian Data Analysis. Chapman & Hall: 
London. 

Ghosh, M. & Meeden, G. (1997). Bayesian Methods for Finite Population Sampling. Chapman & Hall: London. 

Hansen, M.H., Madow, W.G. and Tepping, B.J. (1983). An evaluation of model-dependent and probability-
sampling inferences in sample surveys, Journal of the American Statistical Association, 78, 776-793 (with 
discussion).

Holt, D., Smith, T.M.F., & Winter, P.D. (1980). Regression analysis of data from complex surveys. Journal of 
the Royal Statistical Society, A, 143, 474-87. 

Horvitz, D.G., & Thompson, D.J. (1952). A generalization of sampling without replacement from a finite 
universe.  Journal of the American Statistical Association, 47, 663-685. 

Kish, L. (1965). Survey Sampling. New York: John Wiley. 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 1269 -



Kish, L. & Frankel, M.R. (1974). Inferences from complex samples (with discussion). Journal of the Royal 
Statistical Society B 36, 1-37. 

Little, R.J.A. (2003). The Bayesian approach to sample survey inference. In "Analysis of Survey Data," R.L. 
Chambers and C.J. Skinner, eds., pp. 49-57. Wiley: New York. 

Little, R.J.A. (2004). To model or not to model? Competing modes of inference for finite population sampling.  
Journal of the American Statistical Association 99, 546-556. 

Little, R.J.A. (2006). Calibrated Bayes: a Bayes/Frequentist roadmap. The American Statistician, 60, 3, 213-223. 

Little, R.J. & Zheng, H. (2007). The Bayesian Approach to the Analysis of Finite Population Surveys. Bayesian 
Statistics 8, J. M. Bernardo, M. J. Bayarri, J. O. Berger, A. P. Dawid, D. Heckerman, A. F. M. Smith and M. 
West (Eds.), 1-20 (with discussion and rejoinder).  

Pfeffermann, D. & Holmes, D.J. (1985). Robustness considerations in the choice of method of inference for 
regression analysis of survey data.  Journal of the Royal Statistical Society, A, 148, 268-278. 

Pfeffermann, D., Krieger, A.M. & Rinott, Y. (1998). Parametric distributions of complex survey data under 
informative probability sampling. Statistica Sinica, 28, 1087-1114. 

Pfeffermann, D. & Sverchkov, M. (2003). Fitting generalized linear models under informative probability 
sampling. In Analysis of Survey Data, Eds. C. Skinner and R. Chambers, New York: Wiley, 175-195. 

Rubin, D.B. (1976). Inference and missing data. Biometrika, 53, 581-592. 

Rubin, D.B. (1984). Bayesianly justifiable and relevant frequency calculations for the applied statistician. Annals 
of Statistics, 12, 1151-1172. 

Rubin, D. B. (1987). Multiple Imputation for Nonresponse in Surveys. Wiley: New York. 

Ruppert, D. (2002). Selecting the number of knots for penalized splines. Journal of Computational and Graphical 
Statistics, 11, 735-757. 

Ruppert, D., Wand, M.P., & Carroll, R.J. (2003). Semiparametric Regression. Cambridge, UK: Cambridge 
University Press. 

Scott, A.J. (1977) "Large-sample posterior distributions for finite populations," Annals of Mathematical 
Statistics, 42, 1113-1117. 

Zheng, H. & Little, R.J. (2003). Penalized spline model-based estimation of the finite population total from 
probability-proportional-to-size samples. Journal of Official Statistics, 19, 2, 99-117. 

Zheng, H. & Little, R.J. (2004). Penalized spline nonparametric mixed models for inference about a finite 
population mean from two-stage samples. Survey Methodology, 30, 2, 209-218. 

Zheng, H. & Little, R.J. (2005). Inference for the population total from probability-proportional-to-size samples 
based on predictions from a penalized spline nonparametric model. Journal of Official Statistics, 21, 1-20. 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 1270 -



1254 CHAPTER 1. INVITED PAPER MEETINGS (IPMS)

IPM 55 DISCUSSANT:

T.M. Fred Smith, E-mail: tmfs@soton.ac.uk

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 1271 -



IPM 56 : New Methods of Sampling
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Introduction

Royall and Herson (1973) and Scott et al. (1978) advocated for the use of balanced sampling
designs, because such sampling designs ensure the robustness of the estimators of totals. The cube
method, that allows the selection of balanced samples, was developed at the Institut de la Statistique
et de l’Analyse de l’Information in France (see Deville and Tillé 2004, 2005, Tillé 2001). This method
was dedicated to the selection of primary units in two-stage sampling, because the execution time was
proportional to the square of the population size. This method has been already applied to several
important statistical problems. For instance, the rotation groups of municipalities and addresses of
the French renovated census were selected by means of the cube method (Dumais and Isnard 2000,
Bertrand et al. 2004). The cube method is actually a family of algorithms whose application admits
many variants. In this paper we propose a very fast implementation. The originality consists of
applying the basic step to a subset of units and not to the whole population. This subset evolves at
each step of the algorithm, and the execution time does not depend any more on the square of the
population size. Another issue, called stratified balanced sampling, is discussed ; this technique was
originally dedicated to the sampling design of the small municipalities in the French renovated census.
SAS macros, implementing the algorithms presented in this paper, are available from the authors.

Notation and balanced sampling

Consider a finite population U of size N whose units can be identified by labels k ∈ {1, . . . , N}.
The aim is to estimate the total Y =

∑
k∈U yk of a variable of interest y that takes the values yk, k ∈ U,

for the units of the population. Suppose also that the vectors of values xk = (xk1 . . . xkj . . . xkJ)′

taken by J auxiliary variables are known for all the units of the population. We assume without loss
of generality the J vectors (x1j . . . xkj . . . xNj)′, j = 1, . . . , J, to be linearly independent.

A sample is denoted by a vector s = (s1 . . . sk . . . sN )′, of RN where sk takes the value
1 if k is in the sample and is 0 otherwise. A sampling design p(.) is a probability distribution on
the set S = {0, 1}N of all the possible samples. The random sample S is a random vector of RN

that takes the value s with probability Pr(S = s) = p(s). The inclusion probability of unit k is the
probability πk = Pr(Sk = 1) that unit k is in the sample, and the vector of inclusion probabilities is
π = (π1 . . . πk . . . πN )′. Note that

π = E(S) =
∑
s∈S

p(s)s ∈ RN .

The joint inclusion probability πk� = Pr(Sk = 1 and S� = 1) is the probability that two distinct
units are jointly in the sample. The Horvitz-Thompson estimator given by Ŷ =

∑
k∈U Skyk/πk is an
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unbiased estimator of Y. The Horvitz-Thompson estimator of the jth auxiliary total Xj =
∑

k∈U xkj

is X̂j =
∑

k∈U Skxkj/πk. The Horvitz-Thompson estimator vector,

X̂ =
∑
k∈U

Skxk/πk,

estimates without bias the totals of the auxiliary variables, X =
∑

k∈U xk.

The aim is to construct a balanced sampling design, i.e. a sampling design such that X̂ = X,

and that satisfies a predetermined vector of inclusion probabilities π. Nevertheless, in most cases,
an exact balanced sampling design does not exist. The objective is thus to find an approximately
balanced design, that is, one for which X̂ ≈ X. If ak = xk/πk, and A is a p × N matrix such that

A = (a1 . . . ak . . . aN ),

then a balanced sampling design is such that

AS = Aπ,(1)

which is called the system of balancing equations.

The cube method

The cube method is based on a geometric representation of a sampling design. The samples
s can be viewed as vertices of an hypercube in RN given by C = [0, 1]N . The system of balancing
equations given in (1) defines a subspace in RN given by K = π + KerA. The basic idea consists of
selecting randomly a vertex of K ∩ C, by means of a sequence of random displacements in K ∩ C.

The cube method is composed of two phases called the flight phase and the landing phase. In
the flight phase, the constraints are always exactly satisfied. The objective is to round off randomly
to 0 or 1 almost all the inclusion probabilities. The landing phase consists of managing as well as
possible the fact that the system of balancing equations (1) cannot always be exactly satisfied. The
flight phase is described in Algorithm 1.

If T is the last step of Algorithm 1 and π∗ = π(T ), Deville and Tillé (2004) have shown that,

1. E(π∗) = π,

2. Aπ∗ = Aπ,

3. if I = card{k|0 < π∗k < 1}, then I ≤ J, where J is the number of auxiliary variables.

Vector π∗ can be a sample, but in most cases, there are at most I non-integer elements in π∗.
If I > 0, the rounding problem, i.e. the fact that the system of balancing equations cannot be always
satisfied, is processed by the ‘landing phase’. Two solutions are possible for the landing phase (Deville
and Tillé, 2004). The first one consists of relaxing a constraint and to run the flight phase again, until
it is no longer possible to ‘move’ within the constraint hyperplane. The constraints are thus relaxed
successively. The second solution uses a linear program for obtaining the best approximated balanced
design (Deville and Tillé, 2004). The flight phase consumes most of the execution time. The new
implementation concerns only the flight phase, and the landing phase remains unchanged.

Due to the complexity of the cube algorithm, the joint inclusion probabilities cannot be derived
exactly. Deville and Tillé (2005) have however shown that the variance of a balanced sample can be
well approximated and estimated without knowing the joint inclusion probabilities.
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Algorithm 1: General balanced procedure: flight phase

First initialize at π(0) = π. Next, at time t = 0, ...., T, repeat the three following steps.

Step 1. Generate any vector u(t) = {uk(t)} �= 0, random or not, such that u(t) is in the kernel of the matrix
A, and uk(t) = 0 if πk(t) is an integer.

Step 2. Compute λ∗
1(t) and λ∗

2(t), the largest values of λ1(t) and λ2(t) such that 0 ≤ π(t)+λ1(t)u(t) ≤ 1, and
0 ≤ π(t) − λ2(t)u(t) ≤ 1. Note that λ1(t) > 0 and λ2(t) > 0.

Step 3. Select

π(t + 1) =

⎧⎨
⎩

π(t) + λ∗
1(t)u(t) with probability q(t)

π(t) − λ∗
2(t)u(t) with probability 1 − q(t),(2)

where q(t) = λ∗
2(t)/{λ∗

1(t) + λ∗
2(t)}.

This general procedure is repeated until it is no longer possible to carry out Step 1.

A very fast implementation of the Cube method

The aim of this new implementation is to obtain a reduction of the execution time. In the
general algorithm, the search for a vector u in KerA is extremely expensive. The basic idea is to use
a submatrix B containing only J + 1 columns of A. Note that the number of variables J is smaller
than the population size N, and that rank B ≤ J. The dimension of the kernel of B is thus larger or
equal to 1.

A vector v of KerB can then be used to construct a vector u of KerA by complementing v with
zeros for the columns of B that are not in A. With this idea, all the computation can be done only
on B. This method is described in Algorithm 2.

If T̃ is the last step of the algorithm and that π̃ = π(T̃ ), then we have

1. E(π̃) = π,

2. Aπ̃ = Aπ,

3. if Ĩ = card{k|0 < π̃k < 1}, then Ĩ ≤ J, where J is the number of auxiliary variables.

In the case where some of the constraints can be satisfied exactly, the flight phase can be
continued. Suppose that C is the matrix containing the columns of A that correspond to non-integer
values of π̃, and φ is the vector of non-integer values of π̃. If C is not full-rank, one or several steps
of the general Algorithm 1 can still be applied on C and φ. A return to the general Algorithm 1 is
thus necessary for the last steps.

Implementation and numerical results

The implementation of the fast algorithm is quite simple. Matrix A never has to be completely
loaded in memory and thus remains in a file that can be read sequentially. For this reason, there is
no restriction on the population size. The execution time depends linearly on the population size.
The search for a vector u in the submatrix B limits the choice of the direction u. In most cases, only
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Algorithm 2 : Fast algorithm for the flight phase

1. Initialization

(a) Before applying the algorithm, the units with null inclusion probabilities are removed from the
population and the units with inclusion probabilities equal to 1 are definitively selected in the
population. The algorithm is thus applied on the the remaining units such that 0 < πk < 1.

(b) The inclusion probability are loaded in vector π.

(c) Vector ψ is made up of the first J + 1 elements of π.

(d) A vector of ranks is created r = (1, 2, . . . , J, J + 1)′.

(e) Matrix B is made up of the first J + 1 columns of A.

(f) Initialize k = J + 2.

2. Basic loop

(a) A vector u is taken in the kernel of B,

(b) Only ψ is modified (and not the vector π) according the basic technique.
Compute λ∗

1 and λ∗
2, the largest values of λ1 and λ2 such that 0 ≤ ψ+λ1u ≤ 1, and 0 ≤ ψ−λ2u ≤ 1.

Note that λ∗
1 > 0 and λ∗

2 > 0.

(c) Select

ψ =
{

ψ + λ∗
1u with probability q

ψ− λ∗
2u with probability 1 − q,

where q = λ∗
2/(λ∗

1 + λ∗
2).

(d) (The units that corresponds to ψ(i) integer are removed from B, and are replaced by inclusion
probabilities of new units. The algorithm stops at the end of the file.)
For i = 1, . . . , J + 1,

If ψ(i) = 0 or ψ(i) = 1 then∣∣∣∣∣∣∣∣∣∣∣∣∣
If k ≤ N then

∣∣∣∣∣∣∣∣∣∣∣

π(r(i)) = ψ(i)
r(i) = k;
ψ(i) = π(k)
For j = 1, . . . , J,B(i, j) = A(k, j)
k = k + 1

Elseif Goto step 3(a)

(e) Goto Step 2(a)

3. End of the first part of the flight phase

(a) For i = 1, . . . , J + 1,π(r(i)) = ψ(i).

one direction is possible. In order to increase the randomness of the sampling design, the units can
possibly be randomly mixed before applying the algorithm.

Another option consists of sorting the units by decreasing order of size. Indeed, from experience,
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Table 1: List of the sociodemographic variables
NLOG Number of households
NLOGCO Number of households in collective addresses
H0019 Number of men, age less than 20
H2039 Number of men, ages 20 to 39
H4059 Number of men, ages 40 to 59
H6074 Number of men, ages 60 to 74
H7599 Number of men, age more than 75
F0019 Number of women, age less than 20
F2039 Number of women, ages 20 to 39
F4059 Number of women, ages 40 to 59
F6074 Number of women, ages 60 to 74
F7599 Number of women, age more than 75
ACTIFS Number of working persons
INACTIFS Number of nonworkers
NATFN Number of people with French nationality by birth
NATFA Number of people with French nationality by acquisition
NATHE Number of foreigners outside European Union
NATUE Number of foreigners from European Union

with the general algorithm, we have noticed that the rounding problem concerns often units with
large size i.e. large inclusion probabilities or large values of ak. With the fast algorithm, the rounding
problem concerns often the units that are at the end of the file. If the units are sorted by decreasing
order of size, the fast algorithm will try to balance first the big units, and the rounding problem will
rather concern small units. Analogously, if we want to get exactly a fixed weight of potatoes, it is
more efficient to put firstly the big potatoes on the balance, and to finish with the smallest potatoes.
This popular idea can also be used to balance a sample, even if the problem is more complex because
it is multivariate.

Algorithm 2 has been implemented by means of a SAS-IML macro. We have tested the processing
capacity of the algorithm to select samples in large populations with a lot of balancing variables. We
have used a population of 313,702 units, corresponding to the addresses of the big municipalities
(10,000 inhabitants or more) of the Rhone-Alpes French region. All the units are selected with the
same inclusion probability equal to 1/5. The balancing variables are:

• a constant in order to obtain a fixed sample size,

• 18 sociodemographic variables, which are presented in Table 1,

• 81 variables that are the products of an indicator variable of the presence of the addresses in the
81 municipalities and the number of households in the addresses.

The last 81 variables ensure that the number of households is balanced in each municipality. One
hundred balancing variables are thus used. A sample of 62,741 addresses is then selected, by means
of a personal computer (Pentium 3, 1 Gh). The population has been sorted in decreasing order of the
size of the address. The selection has been completed in about 1 hour and 50 minutes. The condition
of fixed size is perfectly realized. With the former version of the algorithm the execution time should
be multiplied by about 3000. Next we have computed the ratio of the square of the difference between
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Table 2: Ratio of the square of the difference between the Horvitz-Thompson estimators of the total
of the variances under simple random sampling
Variable Ratio Variable Ratio Variable Ratio
NLOG 2.7 10−5 H7599 1.2 10−4 ACTIFS 9.7 10−7

NLOGCO 2.5 10−5 F0019 6.0 10−6 INACTIFS 2.3 10−5

H0019 1.4 10−6 F2039 1.9 10−6 NATFN 2.0 10−5

H2039 8.2 10−5 F4059 2.0 10−6 NATFA 1.3 10−5

H4059 3.0 10−7 F6074 8.6 10−5 NATHE 7.8 10−5

H6074 3.2 10−5 F7599 6.7 10−5 NATUE 5.8 10−4

the Horvitz-Thompson estimators of the total and the variances of the Horvitz-Thompson estimator
under simple random sampling:

R =
(X̂j − X)2

varsimple(X̂j)
.

These ratios are presented in Table 2, and show the dramatic improvement of accuracy.

When J = 1 and that the only auxiliary variable is xk = πk, then the problem of balanced
sampling amounts to sampling with unequal probability. In this case, A = (1 . . . 1). At each step,
matrix B = (1, 1) , and u = (−1, 1)′. Algorithm 2 can be simplified dramatically as presented in
Algorithm 3 that is a very simple method of sampling with unequal inclusion probabilities. Actually
Algorithm 3 is an implementation of the pivotal method (Deville and Tillé, 1998) in the framework of
the splitting method.

Algorithm 3: Pivotal method for unequal inclusion probabilities

• Definition a, b, u real; i, j, k integer;

• a = π1; b = π2; i = 1; j = 2;

• for k = 1, . . . , N : sk = 0;

• k = 3;

• while k ≤ N :∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

u = uniform random variable in [0,1];

if a + b > 1 then

∣∣∣∣∣ if u < 1−b
2−a−b : b = a + b − 1; a = 1;

else : a = a + b − 1; b = 1;

else

∣∣∣∣∣ if u < b
a+b : b = a + b; a = 0;

else : a = a + b; b = 0;
if a is an integer and k ≤ N then si = a; a = πk; i = k; k = k + 1;
if b is an integer and k ≤ N then sj = b; b = πk; j = k; k = k + 1;

• si = a; sj = b.
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Global balancing and stratified balancing

We keep the same notation as in part 1. We suppose here that U is divided into H non-
overlapping strata U1, . . . , UH . We remind that the sampling design is said to be balanced on the
variable x if ∑

k∈U

Skxk

πk
=
∑
k∈U

xk .

We say that the sampling design is balanced by strata on the variable x if
∑

k∈Uh

Skxk

πk
=
∑

k∈Uh

xk, for all h = 1, . . . , H .(3)

Note that if a sampling design is balanced by strata, it is globally balanced on the whole popu-
lation.

This technique has been used in the French renovated census for the building of the rotation
groups of small municipalities; in each French region, these rotation groups are made up by selecting
samples balanced globally on socio-demographic variables, and balanced by French department on the
number of households, in order to ensure that a reasonable number of municipalities of each depart-
ment can be found in any of the five rotation groups.

Stratified balanced sampling can be performed by selecting a sample directly in the whole
population. Indeed, (3) is equivalent to

∑
k∈U

Sk(xk 1k∈Uh
)

πk
=
∑
k∈U

xk 1k∈Uh
for all h = 1 . . . H

We thus only need to select a sample in U , balanced on the variables equal to the product of the
balancing variables x1, . . . , xp and the indicator variables:

1k∈Uh
=

{
1 if k ∈ Uh

0 otherwise,

which means balancing on H × p variables. This method has several drawbacks:

• If H × p is too big, we can’t perform the landing phase by searching the sample that gives a low
difference to the balancing state, because the number of possible samples is too important. The
only landing option available is the first one that consists to progressively remove the constraints.

• All strata do not have the same quality of balancing. With the first option for the landing phase,
the balancing is worst for the stratum corresponding to the variables removed first.

• The fixed size cannot be obtained in each stratum.

We developped a SAS macro to perform stratified balanced sampling. The program draws its
inspiration from a remark on the treatment of big data bases (Rousseau and Tardieu, 2004). The idea
is the following:

• We first try to balance by strata: we perform a flight phase independently on each stratum, in
order to balance in the stratum, on the auxiliary variables.

• When it is no more possible to balance by strata, we look for a global balancing: we gather
the units that have not been sampled or rejected during the flight phases in the strata, then we
perform a last flight phase on all these units before landing.
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• The landing phase is then applied on the units that are not selected nor rejected.

Simulations on an artificial population, not presented here, show that the balancing performed by
the macro is of high quality, for the strata and for the whole population as well. Though theoretically
possible, in many cases the drawing could not be performed with the first macro of balanced sampling,
due to the numerous balancing variables needed.
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Deville, J.-C. and Tillé, Y., Unequal probability sampling without replacement through a splitting
method, Biometrika, 1998, 85, pages 89–101
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Tillé, Y., Théorie des sondages: échantillonnage et estimation en populations finies, Dunod, 2001, Paris

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 1280 -



�������	
���
����������
����
�����
�
�����
��������


�������	
����	
���������
���������
���
 
 

���������	�
����	�
���������	
�
	�
�����������������������������
��������������������� �� �
�!��"�#����"�$��%%����"��&��'$'�� �
�

�����


�����	�������	���		��������	����������������������	��������	����������	�����	���������������
����������	������� ������������ �������	�!������� ������������������� ���	��	��������	�"� #	����
� ������
������� ���  �� ����� �$�� ��	����� �	� ������ ��� �������� �� ���� ���� ���%��� ��� ����� ��������� ��� %��!� ��	��
�����������	���������&�������	���	���������	���
��%�	���������	�'"�����!
��	!���������	�����������	������
������������%��������� ��� ����%������%�����������������	����%��!����(����
��%�	��%��!� ��	���	����"�����
����������	���������������������������� ���	$�������������������	������������������������	�����������)*����(
��	��	����+� ����������������������"������ ���������������������� �	�%��� !����� �������� ������	� ������������
���	���	�	,��	����
������� ��� ���������$�����������������	�����������!��������������	��& !�����
����
�����	�����'�������� ������������������������	�!���������������������	�������	"�-�
������� ��� ���������
�.������%��������	������	����	��&��%�	����!
��%�	� !���������������������'
��	����������������)�����(����+�
��������	�������������	���	���������� �����������������%�������%��!��������	�������������	���������&���	��
�	���������	���
��%�	���������	�/'"�0�����$�����������	���	�	����������	���!��.����� �����������������
�����������
������ !�����
�������������������������	������������	�������"�0	�������	����!�������� %����������
�����	���$���	��������	�
�	�����!�
����������(������	��*����(��	��	����������������������������������	�������
�����	���%��������������������	���	��������������$�"�

����������%�������� ��������������������%�� 1���� ��$���� ������� ���!�%��!� ����	����	�����	��� �	�
������ ��� ���	�������	� �	�� �������� ��� ���� ����"� -�� ��������	�����  �� ������ ��� ����	�� ���� ��*������	��� �	�
�����������������������	������������	���%�����%�	��������������������	�������
������2���������#	��������	�
-!����
������.�����"� �

3����	�����%�������	�������������	��!������$���	���������	�����	�4�
(� 3�����	����������� �����	���������������%����	�������������������������������	���	����������

������	��	����
����������	��%�������	���	��������������������	���	�������������"�
(� 3�����	���������		�������������������%���������� �����������	������*����������	�������������

o �����������������&�%�	������(���	����'�
o ��	�������������&�%�	��	��������	��	���������'�
o ������������4����������	��
��%�	��������������"�

-���������������� ��	����	������������������(����������	��������������������������� �������,��	�������
�����$���	��������	�������������	��!���	�����	������������������������	��
�����������������������������������"�
-�
����$	��������������	��� ��� �����������%��&	�����������'��������������������%��������	�������	����
�������������	����� �����������	���� ���������������"�5������ �����	����������$�	���!��������� �����������
��	��������	���������������	�� ���������������
� �	�� ��������������$��	���������� ������������� �������
��	�������	����%��
��������	��������������.�����������������	��������������	�������	"�3������������	��
����������� ��� ��������������%���������������	�������������	���������&2��$!
����6'��������������������
�����	�"� �

����� ������� �����	�� ���  ����� �	� �������� ���%�!� �����	�� �������
�  ��� ��*������ ���	�����	��

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 1281 -



�		�%����	������%����������� �������	��	�����	��������������"�#	����
�������	����	������	�*����������������
������ ��� ���� �	������� 	������ ��� ���� ����"� ��������	����� ��	�  �� ��� ���� �!���4� ��.��� ��� �����	�� &2��$!
�
7� �����	�����������	�
����6'"� �

������ ��� ����� ���� ����� ����� ���� ����!��� ��������	� �	�%��� !� ��	������� ��� ���� ����	��� ��	���	��� �	�
������4��	�������������	�
��������������$���������� �� ���������������������	��	��	� �	���������!
���� �	�
&5�%�8�
�����'"�

����
���� �����  ���� �� ������ ��� ��	�������	� ���%��� ����	�� ����� ���� �������	� �����	�����	��
������� �	��	� �	���������!������ ��������� ������������	�� ����� ����������� &�	������!
� ������� ������������
���������	�������������9�	�������%����� ��	�����!������� ������	���%��������������	���������������'"�

-�%���������	���%��	������������������	���	� ���������  ��������������	�������������$�	�����4�3�����
 ���	�����������������������!��	�������	�4��	��������	������������$����������!���$�	
�������������������������
��������� ���"�#����	������ ������
��	�����!
���������%�������� �������	�������	"�����������%���	�����
 ���������������������������!
���� �	������!� !� �����	�	������������������� �$��������������������� ������	��
�����"�����
������� ��� ����� ����)�����	�+��� ��	��������	���������������	�������%��� ��%���� ��
�
������������	�������	������������%��"�

���
����������������������!����������	�� ��	�����	���	����	��%���� ��
� !����	��������������	��
�	���%���������	�������:��	�����2����	�	�����������	����	��:��	�����2����	�	���	�!���"����	
�������
�������� ���� ���$�  !� �������	�� ����� ��������� ���	��� �	� ���� %����	��� ������������ �������	�� �����	� ��
��	����	����������$"�3����������������	�������	������������������7��%��9(�������	����������������	���
��������$� ��� �.���������	� ��� ���%��� ��� ��	�������	� ��� 	�	(�!	����	���� ���������	��
� �	�� �����
	��������!� ��������
� �	���� ���� ���������	� ��� �	����	��	���  �����	� ���� �������	�� �	�� ������ �����	�
�����������"�3��������
��	���	�����	
������������������������������	����	���%���
������.����������	��������(
�����������������$������ ��	���������	���	���	����	��%���� ��������$����	��"� � �

�
����
�����
�
�����
��������
�������	
����	
���������
���������
����
�

� � �
�
3����� ���	��������
��	����������
������������	��������	�������������$�	���	��������	�
��	�����!
�����

)�������	����%�	���+�������������������	���	�����������	��������	����������������������������	
��������
������������������������������������	���������������������	��&����� �%�'"�#	����
������� ���	���������
�	���*������������	��	�������������	����	������	�������	����%�"�#	��������	������������������ ���	����������	�
���������	�&�$�������(���	���������
������.����'
����������������������%�����%�����������������%������
 ��������	���������� �����������������(������������������	������������������������������������	���������
�������������	���	�����	����������������������������� �	�(��������	�������� ���������!�����������
��	���	�
�������	��������������������"� �

������������� !�;��	(2�������%����	��<%�����8��	�&��%��
���8
����='
������� ���	����������	�
 ��	���� ��������	�%���� ��������� �	�� ���� �����������	���	�������� �������� �����������	����������
����
� �����  ��	�� ��	���� �	�
� �����������%��
� ����� �	�*��� ��� � ������>� ���� ��� ������  �� � �� ���
 ��	���������������������������������������������	�������	����%���%������������������������������������ �
�
�%�	��*��
�����������������	�������	����%�"����	���������� ��	����	�������	���&�%�	�����'����%���� ���

(� ) +

(�

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 1282 -



�	����������������	����	�������	��%��������������!�����	��	����������������������������	"������!
����
����	��	� �	��	��!����%���� ��� �����������������������%����� �� ��	���,� �	����
� �������%��
���������������
��������� ��� �������	�� ����� ��	��	����� �����"� ���
� �	������ ��� ���$�	�� �	�  ����� ���%��
� ��� �������� ���
�������������� !����	������%����������������	�����	�*��
���������� ����!������	�"�?��
��������������!�
������������	����������������������������������������	�.�������$�4�3����	��������������������������	�����
��������������	�������	
��������������
��%����������������������!������	���������!����������	������
��	���
����������������������������������������	������������������"�3����������	��	���	
������%�����������%������
���� ��������� �%��� ���� !����� ����� �	�� ����
� ��� ��	� ����� �%��� ���� ����� ������� �������� ���� ���� ��� �����
��	�������	��������������"�3��������������������%���������������������=@�����������
���������������!�
�%��� ����� ��� ����
�  !�  ����	�� ��  ��	���� ������ ���	�� �� ���� �%��� �� �	��������	� � &��� ������
��	�������	�����%����%����������=������������������!��������'"�-�%����������������������������$���������
���� ������ A=� ���������	������ �����.������	� ������ ��3�%���� ������������	
��������A=� ���������	������ ��������
%���� ���!� ��� ���� ��� �� ��	����	�� :��	����� 2����	�	�� �	�!���"� �� ������ �����	�� ���� ����� �	�*���
��� � ������
����������	����������%���������������������������	�������	���	����������������������������"�

�
�
3�����$����	��������=���������������	����	������������������������	�������	�������	���������������

�����!����������	���������!���������& �����	������ �������	������� �����
�����'"������������������������
���$���������������9����������������������%��;�&��������������������*��������B����&���=''"�����
������%�4�

�

& ' & ' & '

�

(
" " "

( )
)

* � �
=

= +�
������ & '"

(� ��� & '"
(� � �	������� ��������%�!� ���� �����.������	� �	�� ���� ������ ��� ���� �%�� ;� ��� ����

��	�������	����	��C&�'�� ������������������
�����&D�������	���
��EEF'"� �
5��� ��� 	������ ������ 	��� ����� ���� �	���� ��������!� ��� �� ��%���� ������������	� ������ ��� ����� ����

�����.������	���	������������������	����������������%�����������.������	���	����������������������������	�"�
����
�������������C�0��������������	�
� +�+

)� ��� +�+
(� ���������.������	��	�������������	������%��;���������

���	�
������%�4�

[ ]& ' & ' G �
+�+ " +�+ "
( ( ( )

" "
� � �� � � ) (= = ∀ ∈� �

����� ���	�� ��	�  ��������	� ��� ���� ������� �������	�� ���	��4� �� ������ �����.������	� �	�� �������	��
������������%���������������	�"�������	��������������	��� ��	�������������	�������H���	�����	��� & '"

(� �
�	� & '"

(� & ��� ���� +�+
)� ��� +�+

(� '� ��	�� ����	���� ����������H�� ����������� ���H;� �	��3;"�3����%�� ����
�����	������������4� �

( )�� E � �� � �""" ) (
) ) ( ( (, , , �� , , - �� , , -=
= −⊂ ⊂ ⊂ = + ⊕ = ⊕

3;���������������	���������	�����H;��	�H;(�"� �
���	
� �� ���	�����H;� ��	� �� ���	� �$���	������.������	� ���	�
�%������ �	�H;������������	������;
$
� $�

) +

/

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 1283 -



��$�	��%���������������
���=
�( � �	������.����"�

���
���������	��	������$�	�����������A=�������	�������� ����HA��� (�����"�7����������������������
�����.������	���������������������
��	����������
�������������	���	�
��	��������
��������	�������������������
������������"���������������%�������.������	�� !����	��7������%����������	����4�

� � �

� �

���������	
������
�����������
��
����
�����������
��������
�����
���
��
�������������
�����������������
�������
����������� !�

�
�

���	$�� ��� �����������!�&�'�����	�� �%�
������	������������������ ���� �������������	��� 
@
+�+
.� � ����� ����

������	����� & '

@
"

.� � ������	��������������������� �� �	� ������ (������HA
�������������	�����	���� � �������

"π � �$�������4�

{ }
& '

@


@
I 
 �
"""
A=

"
.+�+

.
" 	 "

�
� .

π∈

= ∀ ∈� � � � � &='�

5������	���������������������	������
��	������������������	���������������������
����������$��	�	�	(
�!	����	������������
����������������	�����$"�

����
�������	��������	������ ��	���������� !����	��������2J?����&2���%��
���8
����='��	��&��8
�
���A'�����
������ ����	������������������$�	���������� ����������������� ��	��	���*�����	�����������
����� �������	�4�

{ }
& '

@


@ 
 �
"""
A=
"

.+�+
.

" 	 "

�
� .

π∈

= ∀ ∈�

����
������	���������������������������������������	�������	��	����������	����� ����������������
���	� !��	��.���������	�������������	�*������ � ������������	"�#����������������������������������&���"�'�
�	�����������	���� ��&�� ���'"� �

�

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 1284 -



3����%������ ��� ����� ��������������1�����	��������"����� ��������	�������������	�� �	� ����A=� ��	��	��
�*�����	��	�������A=�������������.������	����������	��
� �������A=����������	�����%�	�����������%���� ���!��	�
���� ����!� ��������	� &����� ����	��� ��� ����!�	�� ���� 	�	(�	���� ������������	�� �	� ��%����'"� ���� ����	��
��	���������� ��	��	���	�����������A=��������������:��	�����2����	�	���	�!�����	��������=����������	��"� �

3���������
��	��������
�������������������������������������	����������	���%���������	���	�����������
�	������4�

�

�
�����"���	
������
��
����������
��������
�������
�������������������

�
3������������	��%��!������� �����%���	��������������	�������	����	���� �	������������	�������

�	��������	���� ��	���������������	������������������	������	������������)�������	����%�	���+��������
���	���	���������""�#����%��!��	�������	�����	����!������������������	� ����	���������������������!��������
�
��������%������������������	�����!��������"����	
������������������������	�������������$���������������������
��	�������	� ����	�� ����� �������
� ����� ��� ����������� ��� ��� ���� �	�� ��� ���� !���
� ����	�� 2����������
&���������	�
����A'"� �

�
��������������������������
���������� ������������9���������������4�

�
#����������	
������
��
����������
��������
�������
��������������������
������"$$$%������!�

stat erreur_pi erreur_cube1 erreur_cube2 erreur_cube3
Mean 2,88% 0,44% 0,55% 0,51%
Median 2,91% 0,42% 0,53% 0,49%
First Decile 2,53% 0,39% 0,47% 0,39%
Last Decile 3,34% 0,50% 0,64% 0,63%
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Introduction

In the category of sampling designs with unequal probabilities and fixed sample size, the class
of order πps sampling schemes is relatively a recent one (Rosén, 1997a,b). In order sampling, a finite
population of size N has its units ordered by a ranking variable and then, a sample of the first n

units is drawn. For order πps sampling, the target inclusion probabilities λ = (λk)N
k=1 are computed

using a measure of size which is correlated with a variable of interest. The quantities λk, however,
are different from the true inclusion probabilities πk. Because using λk in place of πk introduces bias
in estimations, different methods to compute πk exactly are given in the literature. Several also take
into account the viceversa computation of λk from πk.

We discuss methods to compute πk from λk and viceversa in all three cases of order πps sampling
design (uniform, exponential and Pareto). We do not emphasize here discussions on comparative
efficiency of different methods, nor of the situations where one or another of the methods is best.
Instead, references are noted where additional details about the implementation tips are given.

Some details on order πps sampling schemes

We consider probability sampling without replacement defined on the set of all possible samples
of size n selected from a finite population U = {1, . . . , k, . . . N}. The order sampling designs adhere
to the following basic idea. Suppose we have N independent random variables X1, . . . , Xk, . . . , XN ,

where each variable is associated to a unit; these variables are usually referred to as ‘ordering variables’
or ‘ranking variables’. Each Xk has a continuous cumulative distribution function (cdf) Fk defined on
[0,∞), and a probability density function fk, k = 1, . . . , N. Order sampling with fixed sample size n

and order distributions
F = (F1, . . . , Fk, . . . , FN )

is obtained by ordering the values of Xk by increasing magnitude and taking from U the first n

units in this order. The variables X1, . . . , Xk, . . . , XN follow the same type of distribution, but are
not always identically distributed. When X ′ks are identically distributed, a simple random sampling
without replacement is obtained, and the inclusion probabilities are equal. Otherwise, the inclusion
probabilities are unequal.

We focus on the πps sampling, where the quantities λk (called ‘target inclusion probabilities’)
are computed according to

λk =
nzk∑N
�=1 z�

, k = 1, . . . , N.

The quantity zk > 0 represents auxiliary information associated to unit k which is known for all units
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in the population. We assume that 0 < λk < 1, ∀ k = 1, . . . , N .
Rosén (1997a) defined the order πps sampling design with fixed distribution shape H and target

inclusion probabilities λ = (λk)N
k=1 by setting

Fk(t) = H
[
tH−1(λk)

]
,

and

Xk =
H−1(ωk)
H−1(λk)

,

where H is a distribution function defined on [0,∞), and ω = (ωk)N
k=1 is a vector of independent and

identically distributed U [0, 1] random variables. This type of sampling is known as asymptotically
πps sampling (Rosén, 1997a).

Different distributions Fk lead to various types of order sampling. In particular, we have:

1. Uniform order πps sampling or sequential Poisson sampling (Ohlsson, 1990, 1998), which uses
uniform ordering distribution. In this case,

Xk =
ωk

λk
, Fk(t) = min(tλk, 1),∀ k ∈ U.(1)

2. Exponential order πps sampling or successive sampling (Hájek, 1964), which uses exponential
ordering distribution. In this case,

Xk =
ln(1 − ωk)
ln(1 − λk)

, Fk(t) = 1 − (1 − λk)t, ∀ k ∈ U.(2)

3. Pareto order πps sampling (Rosén, 1997a,b; Saavedra, 1995), which uses Pareto ordering distri-
bution. In this case,

Xk =
ωk/(1 − ωk)
λk/(1 − λk)

, Fk(t) =
tλk

1 − λk + tλk
, ∀ k ∈ U.(3)

The way to generate the ranking variables Xk, k = 1, . . . , N, is related to the ratio-of-uniforms
method for generating random variables having continuous nonuniform distributions (Kinderman and
Monahan, 1977): to generate a random variable X with density f(X), a couple (U, V ) of random
variables distributed uniformly over Cf = {(u, v)|0 ≤ u ≤ f1/2(v/u)} is considered; X = U/V has the
desired density f. In the case of ranking variables, however, the quantity H−1(λk) is not a random
variable.

In the literature, Pareto πps sampling is the most studied scheme. It has the advantage of
minimizing the estimator variances in the class of order sampling schemes with fixed shape (see Rosén,
1997b). For Pareto order πps sampling, see also Aires (1999, 2000); Holmberg and Swensson (2001);
Aires and Rosén (2005). For a formula of the probability function of this sampling design, see Traat
et al. (2004); Bondesson et al. (2006).

Order πps sampling design has a number of attractive features, notably for sample co-ordination
by permanent random numbers. Numerical investigations have shown that there are no differences be-
tween the three schemes (uniform, exponential and Pareto) concerning the quality of the co-ordination
of two or more samples. For this reason, we investigate methods to compute πk for all three cases.

A review of existing methods

We give a brief outline of several methods to compute πk from λk, k ∈ U, for an ordered sample of
size n. The first method proposed in the literature is due to Aires (1999), who provided an algorithm
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to numerically compute the first-order and second-order inclusion probabilities in the Pareto case.
More recently, a second method for computing the first- and second-order inclusion probabilities in all
three cases (uniform, exponential and Pareto) was given by Ng and Donadio (2006). A third method
was given by Bondesson, Traat and Lundqvist (2006) for the Pareto case. Finally, Matei and Tillé
(2007) studied the πk computation for all three cases. All these methods use numerical integration.
Briefly, the proposed methods are:

1. the Aires’s method for the Pareto case consists in computing

πN = λN (1 − λN )
∫ ∞

0
(1 − FN−1

n (t))/ (1 + λN (t − 1))2 dt,

where FN−1
n (t) is computed using the double recursion

FM
k (t) = FM−1

k (t)
1 − λk

1 + λk(t − 1)
+ FM−1

k−1 (t)
λk

1 + λk(t − 1)
,(4)

k = 1, . . . , n, M = 1, . . . , N, with FM
0 (t) = 1,∀M and ∀0 ≤ t < ∞. The other πks are computed

in the same way, after relabelling the population units.

Similar computations are used to compute the second-order inclusion probabilities for the Pareto
case. For implementation details of this method, see also Aires (2004).

2. the Ng and Donadio’s method:

Following the original notation of these authors, let U−k = U \ {k}, U r−1
−k = {s ⊆ U−k, |s| =

r− 1}, R′ = U−k \R, where by |s| we denote the size of set s. Generally, the first-order inclusion
probability for unit k is

πk =
n∑

r=1

∑
R⊆Ur−1

−k

Pk(r,R),

with

Pk(r,R) =
∫ ∞

0
fk(t)

⎡
⎣∏

j∈R

Fj(t)

⎤
⎦ ∏

j∈R′
(1 − Fj(t)) dt, k = 1, . . . , N.

Denoting now θj = H−1(λj), j = 1, . . . , N, one obtains:

• for the Pareto case:

Pk(r,R) = θk

⎛
⎝∏

j∈R

θj

⎞
⎠∫ ∞

0

tr−1

(1 + θkt)
∏N

j=1(1 + θjt)
dt;

• for the exponential case:

Pk(r,R) =
∫ ∞

0
θke
−θkt

⎛
⎝∏

j∈R

(1 − e−θjt)

⎞
⎠
⎛
⎝∏

j∈R′
e−θjt

⎞
⎠ dt;

• for the uniform case:

Let ψ1 > ψ2 > . . . > ψL be the distinct values of θ1, θ2, . . . , θN with the multiplicities
m1,m2, . . . ,mL, respectively. If θk = ψa, and Xk ∈ [0, 1/ψa], let

Pk(r, �) = Pr

(
Xk = X(r) and

1
ψ�−1

< Xk <
1
ψ�

)
,
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where � ∈ [1, a], 0 < 1/ψ1 < 1/ψ2 < . . . < 1/ψa−1 < 1/ψa, and ψ0 = ∞. Let

Un�
� = {j ∈ U−k | θj < ψ�−1, Xj > Xk, Xk = X(r), n� = r − 1 − M�},

where M� =
∑�−1

j=1 mj . It is shown that

Pk(r, �) =
∑

R∈U
n�
�

∫ 1/ψ�

1/ψ�−1

θk

⎛
⎝∏

j∈R

θjt

⎞
⎠ ∏

j∈R′
(1 − θjt)dt,

and

πk =
n∑

r=1

a∑
�=1

Pk(r, �).

Similar computations are used to compute the second-order inclusion probabilities for all three
cases (for details see Ng and Donadio, 2006).

3. the Bondesson, Traat and Lundkvist’s method:

This method is based on a very nice relationship between Pareto sampling and Conditional
Poisson sampling (Hájek, 1964, 1981). Denoting by πPar

k the first-order inclusion probabilities
for the former and by πCP

k the same quantities for the latter, Bondesson et al. (2006) showed
that:

πPar
k =

∑
�∈U c�π

CP
k�∑

�∈U c�π
CP
�

,(5)

with

c� =
∫ ∞

0

xn−1

1 + τ�x

∏
i∈U

1 + τi

1 + τix
dx and τ� = λ�/(1 − λ�), � = 1, . . . N.

Methods to compute the first- and second-order inclusion probabilities for Conditional Poisson
sampling were studied by Chen et al. (1994); Chen and Liu (1997); Aires (1999); Deville (2000)
and more recently by Traat et al. (2004). Bondesson et al. (2006) gives a similar formula to
compute the second-order inclusion probabilities for the Pareto case, using the second- and the
third-order inclusion probabilities for Conditional Poisson sampling.

4. Matei and Tillé’s method:

This method follows the Aires’s method, but uses another method to compute the cdf of an
order statistics. Thus, a simple recursion is used to compute the cdf of the kth order statistic in
the case of independent, but not identically distributed random variables. The accuracy of the
numerical results is controlled by the condition

∑
k∈U πk = n.

Let XN−1
(n),k be the nth order statistic out of N − 1 random variables X1, . . . , Xk−1, Xk+1, . . . , XN

(without Xk). The first-order inclusion probability πk is:

πk = 1 −
∫ 1

0
FN−1

(n),k

[
g(t)

g(λk)

]
dt,(6)

where FN−1
(n),k (t) denotes the cdf of XN−1

(n),k and g = H−1 depends on the sampling: in the uniform
case, g(t) = t; in the exponential case, g(t) = − ln(1 − t); in the Pareto case, g(t) = t

1−t . The
computation of FN−1

(n),k (t) is based on the following results of Cao and West (1997):

F(r)(t) = F(r−1)(t) − Jr(t)[1 − F(1)(t)], for r = 2, . . . , N,
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where

F(1)(t) = 1 −
N∏

�=1

F �(t), Jr(t) =
1

r − 1

r−1∑
i=1

(−1)i+1Li(t)Jr−i(t),

and

Li(t) =
N∑

�=1

[
F�(t)
F �(t)

]i

, with J1(t) = 1, and F �(t) = 1 − F�(t),

where F(r)(t) denotes the cdf of the rth order statistic out of N independent, but not identically
distributed random variables.

This method is used to compute the first-order inclusion probabilities in the case of uniform,
exponential and Pareto order πps sampling designs. Details on the implementation method are
given in Matei and Tillé (2007). The method can be extended to compute the second-order
inclusion probabilities as well.

The viceversa method to compute λk from πk was studied by Aires (2000) and Matei and Tillé
(2007). In practice, the first-order inclusion probabilities π = (πk)N

k=1 are fixed, and the objective is to
compute λ from π. Knowledge of λ = (λk)N

k=1 enables us to draw an ordered sample. Let φ(λ) = π,

with φ = (φk)N
k=1. Using the Newton method, an iterative solution for λ is constructed according to

λ(i) = λ(i−1) − D−1φ(λ(i−1))[φ(λ(i−1)) − π],(7)

with D−1φ being the inverse of the Jacobian of φ. The choice of λ(0) = π as the starting point in
this iterative process assures a fast convergence in (7). The iterative process in (7) is applied until
the convergence is attained. The efficiency of this method can be improved. Since π and λ are
nearly equal, one may set φ(λ) � λ, in order to avoid lengthy D−1φ computation. Thus, D−1φ is
approximated by the identity matrix. In this case, expression (7) reduces to

λ(i) = λ(i−1) − φ(λ(i−1)) + π.(8)

Unfortunately, for the method given in (8), we do not have a mathematical proof demonstrating its
convergence.

As in the previous case, we briefly present the two methods:

1. Aires’s method consists in obtaining an iterative solution using equation (8) for Pareto case and
the following φ function:

φN (λ) = πN =
∫ ∞

0
(1 − FN−1

(n) (t))fN (t),

where FN−1
(n) (t) is defined by the recursion given in (4). The other φk(λ) values are computed

in the same way, after relabelling the population units. In order to assure a local convergence
of (8), the following normalization is applied:

λ
(i)
k =

nλ
(i)
k∑

�∈U λ
(i)
�

, k = 1, . . . , N.

Even with this normalization, however, the convergence of this method is not assured.

2. Matei and Tillé’s method proposed to use equation (8) and the following φ function:

φk(λ) = πk = 1 −
∫ 1

0
FN−1

(n),k

[
g(t)

g(λk)

]
dt, k = 1, . . . , N.

The formula above is applied in all three cases of order πps sampling using the corresponding g

function. According to our practical experience, the method given in (8) converges quickly.
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Related to different computations for order πps sampling, note also the probability function for
this sampling in the general case given in an earlier version of Traat et al. (2004):

p(s) =
N∑

j=1

sj

(∫ ∞
0

fj(x)
Fj(x)

N∏
i=1

[Fi(x)]si [1 − Fi(x)](1−si)dx

)
,(9)

where sj = 1 if unit j is selected and 0, otherwise. The probability functions for the three cases
(uniform, exponential and Pareto) are obtained using the corresponding Fj and fj in expression (9).

Extension to sampling on two occasions

As previously mentioned, order πps sampling is used in sample co-ordination with permanent
random numbers (PRNs). Suppose that the finite population U is surveyed two times. For these two
occasions, which we call the previous (1) and the current (2) occasions, respectively, let us denote
the ranking variables as Xk and Yk, k = 1, . . . , N. The cdfs are denoted as Fk for Xk and Gk for Yk.
On the previous occasion, a sample s1 is drawn from U with fixed size n1. On the current occasion,
a sample s2 is drawn from U with fixed size n2. Both s1 and s2 are ordered samples of the same
family (both are uniform, exponential or Pareto ordered samples). The target inclusion probabilities
are denoted as λ1 and λ2, respectively. Xk and Yk are dependent random variables since

Xk =
g(ωk)
g(λ1

k)
, Yk =

g(ωk)
g(λ2

k)
,

with ωk ∼ U [0, 1]. The co-ordination of s1 and s2 is possible since the same PRN ωk is used in each
occasion for all k ∈ U. We focus on positive co-ordination, where the objective is to maximize the
overlap between the two samples.

Let XN−1
(n1),k be the nth

1 order statistic out of N −1 random variables X1, . . . , Xk−1, Xk+1, . . . , XN

(without Xk), and Y N−1
(n2),k be the nth

2 order statistic out of N−1 random variables Y1, . . . , Yk−1, Yk+1, . . . , YN

(without Yk). The following formula can be used to approximate the quantity π1,2
k = Pr(k ∈ s1 ∩ s2) :

π1,2
k ≈ 1 −

∫ 1

0
max(FXN−1

(n1),k
, FY N−1

(n2),k
)
(
F−1

max(Xk,Yk)(t)
)

dt,(10)

where F−1
max(Xk,Yk) is the inverse of the cdf of max(Xk, Yk), FXN−1

(n1),k
, FY N−1

(n2),k
are the cdf of XN−1

(n1),k, Y
N−1
(n2),k,

respectively.
Numerical investigations to compare the approximated values of π1,2

k with simulated values are
given in Matei and Tillé (2007). Note that an exact method to compute π1,2

k for the exponential case
can be given by adapting the formula of Ohlsson (1996) for two samples of size 1, respectively. We
have written ‘adapting’, since Ohlsson used the following form for the exponential ranking variables
Xk = − ln(1 − ωk)/λk, k = 1, . . . , N. Unfortunately, until present, his method cannot be generalized
for a larger sample size.

Conclusions

A notable criticism for the described methods is the use of numerical methods to approximate
integrals, since an error is introduced in the computation of πk. This error is not studied in any of
the mentioned papers. It is currently unclear, however, which of the four methods produce accurate
results in general. For this reason, an analytical and universal method for computing πk is desired,
and may be realizable.

The necessity to compute the first-order inclusion probabilities for order πps sampling is not
shared by all the specialists (see, for example, Saavedra and Weir, 2003, in the Conclusions and
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Possible Improvements section). Since πk and λk are very close to one another, the target inclusion
probabilities are sometimes used instead of the true ones. There is the first proposition of Rosén
(1997a) for Pareto case, who also proposed to use the following estimator for the total t =

∑
k∈U yk

t̂ =
∑
k∈s

yk

λk
.(11)

The estimator in (11) has some bias. In a complex numerical study, Aires and Rosén (2005) studied
the bias of using λk instead of πk for Pareto πps sampling and they concluded that ‘the estimator bias
is negligible in almost all situations met in survey practice’. It is still relevant, however, to investigate
methods to compute πk for order πps sampling designs.
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ABSTRACT

In the category of sampling designs with unequal probabilities and fixed sample size, the class of
order πps sampling schemes is relatively a recent one. Order πps sampling design has a number of
attractive features, notably for sample co-ordination by permanent random numbers. In order sampling,
a finite population has its units ordered by a ranking variable and then, a sample of the first n units
is drawn. For order πps sampling, the target inclusion probabilities are computed using a measure of
size which is correlated with a variable of interest. These quantities, however, are different from the
true inclusion probabilities. We discuss methods to compute the true inclusion probabilities from the
target ones and viceversa, in all three cases of order πps sampling design (uniform, exponential and
Pareto), with possible extension to sampling on two occasions.
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1

Opinion Polls: Do They Do More Harm Than Good? (sic)1

The History of Opinion Polling in Britain 
Opinion polls in the modern sense have existed since George Gallup pioneered them, but even 
then they were not new; only the application of a new more scientific method to an old task. 
The Arabian Nights tells of the Caliph travelling incognito among the people to gauge public 
opinion. As early as 1824, the Harrisburg Pennsylvanian was using straw polls for voting 
prediction in election reporting, and Wall Street betting odds were used for commentary on 
the US Presidential Election long before Gallup. Gallup’s innovation in 1935 was to use the 
scientific approach, and the following year successfully produced polls to predict Roosevelt’s 
re-election. Gallup’s methodology rested on the following: the use of sound sampling through 
interview of a representative sample of the population; and they used carefully-written 
unambiguous, non-biased or leading questions.  

Britain was one of the first countries to follow the US. Opinion polls were introduced by a 
Gallup subsidiary in 1937. Since then, public opinion polling has been used by political 
parties/governments in Britain and the US, to inform their strategic options, and by newspaper 
groups/broadcasters to inform their copy and entertain their audiences. During the 1960s, Dr. 
Mark Abrams first worked with Labour leader Hugh Gaitskell and, subsequently, Harold 
Wilson, in the 1964 and 1966 elections, and when Dr. Abrams became a civil servant, he was 
succeeded by Robert Worcester who was first employed by the Labour Party in the 1970 
British General Election, and then continued to work with the Labour Party for 19 years, 
through six general elections. The Tories first used NOP, then National Opinion Polls 
founded by R.M.P. (Mick) Shields, whose head of political research was Humphrey Taylor, 
and then encouraged Taylor and his client, Tommy Thompson who had been head of 
communications at Conservative Central Office, to set up Opinion Research Centre, which 
then conducted the polling for Edward Heath in 1970 and the two 1974 elections. Since then a 
whole host of polling organisations have worked with a variety of political parties in Britain 
at different levels of access to strategic decision-making. In Britain, unlike the United States, 
the same polling organisations tend to work for both the media, doing polls for publication, 
and the political parties, for their private use. Almost all opinion polling in Britain is 
conducted by commercial market research companies, rather than by stand-alone political 
polling companies or university departments. These companies are politically independent 
and neutral of any particular party or point of view.  

Although election prediction in the media is their most publicised function, it is only one of 
their uses (and perhaps the one to which they are least well-suited, given the tendency of 
journalists to ignore margins of error and assume they are more accurate than they can 
reasonably be expected to be2. According to the rules of statistics and sampling, polls of 1,000 
should be within plus or minus three percent, 19 times out of 20; to get closer than that a pollster 
must not only be skilled, but lucky.) Polls also measure opinion on a range of other political 
and non-political issues, and – often more important – the relationships between them.  

The Uses of Private Opinion Polls in Elections 
Polling organisations provide information for the candidate/party that enables strategy teams 
to make more educated decisions. Generally, polling organisations can provide information 
on the following:  

                                                     
1 We would just note for the record that perhaps the most difficult task of the survey researcher is in the framing of questions, but 
no self-respecting survey researcher in the world would phrase a question in the same way as the biased question which was 
given to us as the title for this track!   
2 A sadly-typical example: on 28 April 2007 news bulletins on Classic FM, a British national radio station with an audience of 
several million, reported that the latest poll in the French presidential election showed that Ségolène Royal was closing on 
Nicolas Sarkozy. This report was based on Royal’s poll rating being half a percentage point higher than in the previous poll. 
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Image building and policy communication – polls provide a picture of how voters 
perceive parties as an input to repositioning exercises, e.g. British Labour Party after the 
1992 British General Election. Yet, opinion polls in Britain tend to be used by parties for 
policy communication rather than policy development (Worcester and Baines, 2006). 
Issue and voting intention tracking – newspapers report polls to indicate relative positions 
of political parties in the ‘horserace’ and relative importance political issues to the general 
public. Often, polling information is misreported in the news media.  
Competitive analysis - political parties use polls to determine their own and competitors’ 
potential weaknesses and strengths at any one particular time. One of the co-authors, 
Robert Worcester, used daily tracking polls in the February 1974 general election in Great 
Britain for the Labour Party and its Leader, then the former Prime Minister Harold 
Wilson.  But the American Bob Teeter was the first we know of to set up daily 
interviewing of voters in 1972 as a precursor to “Wirthlin’s use of the tracking poll in the 
1976 New Hampshire Primary” (Moore, 1995: 198). 
Voter segmentation and targeting – besides asking questions on issues, pollsters include 
questions that enable them to classify voters in numerous ways including by 
geodemography (e.g. ACORN3); geography (e.g. by marginal constituency), 
psychography (e.g. voter attitudes to specific issues); and behaviour (e.g. party loyalty 
and previous vote) (see Baines, 1999). 

Public Opinion Polls in a Democratic Society 
The role of polls, surveys and assessment of public opinion is as the provider of both 
objective and subjective information, obtained systematically and objectively, analysed 
dispassionately and delivered evenly (Worcester 1991). Political decisions should be made in 
the knowledge of the public’s view, rather than in the absence of it. Palmer (1936) cites 
Necker, the minister of finance in the pre-Revolutionary France of the 1780’s, making this 
point: “Only fools, pure theorists, or apprentices fail to take public opinion into account”. 
Equally, the journalist Walter Lippmann (1922) argued that “representative government, 
either in what is ordinarily called politics, or in industry, cannot be worked successfully, no 
matter what the basis of election, unless there is an independent, expert organisation for 
making the unseen facts intelligible to those who have to make the decisions.”  But over 
eighty years on, we still see the hesitance of politicians and senior civil servants to fund, 
encourage, utilise, and employ objective, systematic, interpreted, independent research tools 
that, in the intervening years, have become almost instantaneous, statistically sound and, 
relatively, free from bias. The question arises: why do policy-makers fear the findings of 
survey research?  Some pick at it as a bird picks at crumbs on a table, seeking the bit that 
supports their own prejudice, so they can hold it up to the assembly, quote it to the media and 
build it into their speeches. Certainly, more research should have been conducted by 
government before the Community Charge became Government policy in the Thatcher Era 
and before the decision to enter the Iraq War in Britain but who should have commissioned it 
and when is more difficult to answer. There is an argument that public interest demanded that 
the public be consulted far more objectively and systematically than it was as to its fairness, 
acceptability and its cost to the public. After all, whose pockets paid billions for it, anyway? 
Interestingly, when the policy relates more to government self-interest, research has been an 
integral part of the policy formulation. For example, privatisation: where sale to the public 
and the political aim of wider share ownership were among the objectives; and the tracking of 
public opinion on the siting of cruise missiles in the eighties. At the same time, polls provide 
information to the public themselves about what their fellow citizens are thinking, and by 
informing the news media offer an objective and disinterested antidote to the subjective and 
interested assessments by politicians (and columnists) of what the people think, want or 
believe. “Spirals of silence”, by which people are inhibited from expressing apparently 

                                                     
3 ACORN is a geodemographical classification system using census and postcode data to categorise 
households in terms of residential type, lifestyle and lifestage. 
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unpopular or minority opinions to such an extent that they may eventually come no longer to 
hold them, are well-established. Opinion polls help to protect against the suppression of 
opinions in this way and against a vocal minority successfully portraying itself as a majority. 
Properly conducted opinion polls have no axe to grind, or incentive to guide/manipulate the 
decision-making process of the voter. They are not there to persuade a person to act, think or 
vote in a certain way, but to provide information about what the members of the public think. 
Politicians, and some newspaper proprietors/editors, are guided by a desire to see a certain 
election outcome.

Banning Publication of Opinion Polls 
On occasion, the polling industry tackles the question of whether or not public polls should be 
banned, as they are in France, formerly for seven days, now for just one day. We suggest that 
pollsters, as “economic” actors, might be tempted to favour a ban, because parties would then 
have to conduct more private polls, and the financial community would fall all over 
themselves to commission/use/leak polls for their own benefit. As in France now, pollsters, 
psephologists, pundits, political writers, politicians and their friends would all know the 
results of the latest set of private polls; the only people in the dark are those for whose benefit 
elections are supposed to exist, the voters and the general public. On the Sunday of first round 
voting in France, the French polling organisation, CSA was reported in The Sunday Times in 
Britain, but not published in France, with its estimate of the state of the candidates and parties 
on the day of the election and carried into France via broadcast media including the internet. 

Banning the publication of results of polls is illiberal; removing the one objective and 
systematic form of information about the view of the electorate to the electorate. Yet calls still 
come from some pundits and politicians, and some members of the public, to ban poll 
findings during elections so as to ‘protect’ the electorate from knowing what people are 
thinking. But there is danger in this approach. For example, in France, publication of opinion 
polls was banned in the final week before polling. In the Giscard election of 1981, as soon as 
the seven-day banning of the publication of the polls started, the Chirac forces orchestrated 
their efforts to suggest that their candidate's campaign was taking off (leaking or 
manufacturing private polling results that he would be the one to go through with Giscard into 
the final round, thus ensuring two conservatives in the French Presidential run-off). This 
frightened the Communist candidate’s (Marchais) supporters into switching to Mitterand, the 
Socialist candidate, to ensure the left had a challenger in the final contest. The politicians, 
pundits and psephologists in Paris all knew what the private polls were finding; the only 
people in the dark, were the French voters themselves. More recently there has been the 
ludicrous spectacle of polls being commissioned daily by banks and stockbrokers during the 
period of the ban in the week before the 1992 referendum on Maastricht, and by German and 
British media, published in, for example, the Daily Mail on the Friday before polling and in 
The Sunday Times on polling day itself, although not in the French edition, although the BBC 
head of policy saw no reason why they should not report on the findings of the poll, despite 
being heard by French listeners. On the Sunday following the French referendum on 
Maastricht there was a regional election, so technically it was illegal to publish any reports of 
French opinion poll results. When the figures were published, the week after the vote on the 
referendum, the French Commission on Opinion Polls wrote to the French polling agencies to 
say that they were being prosecuted because their Maastricht findings had been published!  
Nothing, however, has transpired, so it seems that the French law is really a paper tiger. It has 
subsequently been revised to ban publication for only one day, but even that has been flouted, 
again, by The Sunday Times. One proposal tabled some years ago in Ireland proposed the 
banning of the taking, not just the publication, of polls during elections defining a poll as any 
political questions asked of 100 or more people. Irish pollsters and press pointed out that 
multiple polls of 99 people might be commissioned, and added together, to breach the spirit, 
if not the letter, of the proposed legislation and the draft legislation was withdrawn. In 1985, a 
Council of Europe Parliamentary Assembly Committee held hearings to investigate proposals 
for the “harmonization” of laws to regulate the publication of polls. The Chairman of the 
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French Commission on Opinion Polls, Pierre Huet, gave evidence to the Committee's 
hearings in Strasbourg stating that if it were not already enacted, it would not and should not 
be, saying “restrictions of freedom of information were objectionable on principle” (Council 
of Europe, 1985). After extensive investigation, a review of the practices of its member 
governments, and considerable testimony taken from academics, journalists/editors, 
legislators/government officials, the Parliamentary Assembly concluded “having heard all the 
evidence, the Committee is not of the opinion that strong controls are shown to be desirable or 
necessary and there is no need or value in attempting international harmonization” (Council 
of Europe, 1985). The Belgian ban, enacted early in the eighties, was tested in 1985 by the 
news magazine Knack whose editor Frans Verleyen commissioned a poll and, four days 
before the General Election, published it in deliberate violation of the law. The law was also 
tested by De Morgen and De Standard. Knack quoted article 18 of the 1831 Belgian 
constitution in its defence, which states: “the printed press is free; censorship can never be 
introduced”. In an article by a distinguished Belgian jurist, Knack went further, proposing the 
law banning polls was not only in violation of the Constitution but also of Article 10 of the 
European Convention on Human Rights. More recently, the Supreme Courts in India and 
Canada have vetoed bans on polls, citing similar clauses in their own constitutions. Survey 
researchers maintain that such abuses should be dealt with by the profession and by educating 
the public to evaluate and criticize poll results, rather than by government regulation. 

The (Non-)Argument for Banning Polls 
Whilst arguing for the free taking and publication of polls, we also postulate that a sizeable 
proportion of the British electorate are actually interested in them too, and that this sizeable 
proportion, has changed little over the course of the last two decades (see Table 1). 

Table 1: Interest in Public Opinion Polls in Britain since 1992 
Q How interested would you say you are in what the opinion polls say about the election? 

 20-24 MAR 1992

%

25-28 APR 1997

%

29 MAY 2001

%

29 APR- 
1 MAY 2005

%

Very interested 8 7 5 8 
Fairly interested 32 26 30 31 
Not particularly interested 33 38 34 29 
Not at all interested 25 28 30 30 
Don’t know 2 1 1 2 

Source: MORI 
Base: c. 1,000 GB residents aged 18+ in each survey 

We could adopt a paternalistic attitude, i.e. just because a sizeable minority of voters want to 
see public opinion polls published, we should defy them and ban them anyway because they 
influence people’s vote. But we find little evidence that they actually do exert such influence 
(see Table 2). Critics’ allegations of a “bandwagon effect”- that people switch their votes to 
the candidates whom the polls show to be ahead – are questionable. Is it the business of the 
state to dictate what voters should or should not take into account in making their voting 
decisions? There is little evidence that such a theory is true in most democracies. In Britain, 
many observers would argue the opposite, that voters tend to swing away from the party they 
perceive to be ahead to limit its majority. However, only a very small minority, 3-4% of the 
electorate, say that opinion polls influenced the way they actually voted in 2001 and 2005 
(Table 2). When we asked voters if opinion polls should be banned, only around one in seven 
voters indicated that they should be (15%), a figure which has decreased since the 1980s. As 
many people in the 2005 British general election felt that party election broadcasts (i.e. the 
only form of legal political promotion on TV and radio) should be banned (see Table 3).  
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Table 2: Media Influences on Voters, 2001 and 2005 
Q Which of these items, if any, have influenced the way you intended to vote? 

24-30 MAY 2001 5-10 MAY 2005 
All Con Lab LD All Con Lab LD MEDIA TYPE 
% % % % % % % % 

Internet 1 1 1 2 2 3 2 4 
Newspapers 15 20 15 18 14 15 14 17 

Opinion polls 4 2 5 3 3 2 4 5 
Party election broadcasts 14 16 18 12 12 11 13 17 

Political leaflets through your letterbox 6 7 6 8 8 7 6 14 
Posters on billboards 2 3 2 2 3 3 4 4 

Telephone calls from political parties 1 0 1 1 * * * * 
The TV debate between the party leaders 21 18 24 24 18 17 20 26 

The views of your local candidates 13 12 16 16 12 11 11 22 
Video received from political party 0 0 0 0 * * * * 

Other 4 3 4 5 7 6 7 8 
None of these 50 54 44 46 52 54 51 35 

Don’t know 2 0 2 1 1 1 * 1 

Source: MORI 
Base: 2,058 GB residents aged 18+, 5-10 May 2005 

Table 3: Banning polls and other election coverage 
Q During an election campaign, do you think there should or should not be a ban on…? 

% “YES, SHOULD BE BAN” 
1983

%
1987

%
1992

%
1997

%
2005

%
…publication of opinion polls 22 25 24 16 15 

…party election broadcasts of the election on TV and radio 14 25 24 20 14 
…all coverage of the election on TV and radio 13 24 21 15 11 

…all coverage of the election in newspapers 9 16 13 10 10 
Average 14.5 22.5 20.5 15.25 12.5 

Source: MORI 
Base: c. 1,000 GB residents aged 18+ in each survey 

Perceived Inaccuracy 
It has been argued that opinion polls are inaccurate and may deceive the electorate. However, we 
can find no evidence for this proposition either. The record of the professional pollsters had 
actually been relatively good from 1945 to 1970, as Figure 1 illustrates. During the seven 
elections before 1970 in Britain they averaged just less than 1.5- percent error per party share in 
their final polls before election day. Then, in 1970, which was a close election, all the polls 
except one, ORC, forecast a Labour victory. ORC pioneered a last minute recall of people 
interviewed a week earlier, and found, and reported, a narrow Tory win. Again, from 1974 up to 
1992, polls were remarkably accurate in forecasting the outcome of elections. 

But pollsters do not always get it quite right. Asher (1995: 125) cites the 1989 New York 
Mayoralty and the 1989 Virginia Gubernatorial in the US when pollsters greatly over-
estimated the winner’s lead, with clear reluctance among white respondents to admit their 
preference for an alleged racist candidate, a problem plaguing French pollsters measuring Le 
Pen’s voters’ opinions. In the 1992 British General Election, with all the pollsters relying on 
what turned out to be inaccurate population data (the only available Census was 11 years old), 
they predicted a vote share which implied – assuming uniform swing in all constituencies 
around the country - a hung parliament. “The five major pollsters, Gallup, Harris, ICM, 
MORI, and NOP averaged a 1.3 percent Labour lead, which would have brought about a hung 
parliament, (when) the final result was a 7.6 percent lead for the Conservatives” (Worcester, 
1992). The Tories actually won by a 21-seat majority. However, given the electoral system in 
Britain, if one person in two hundred who voted Tory in 1992 had voted for the second party in 
the constituency, it would have been a hung Parliament. 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 1303 -



6

Figure 1: Accuracy of the Polls 1945-2005 

651.63.7Average
70.51.72005
41.64.22001
52.14.41997
52.78.71992
61.43.71987
61.44.51983
41.01.71979
41.44.51974 Oct

61.62.41974 Feb
52.26.61970

41.43.91966

41.71.21964

40.71.11959

20.90.31955

32.25.31951

21.23.61950
11.53.51945

Number of pollsAverage error in 
party share

Average error in leadYear

Source: Worcester, Mortimore and Baines (2005) 

Table 4: Final Poll Accuracy in the 2005 British General Election 

Pollster/Client Fieldw
ork 
Dates

Con% Lab% LD% Other
%

Con
Lead

%

Av error in 
lead% 

Average error 
in party share 

ICM/Guardian 1-3 
May

32 38 22 8 -6 -3 0.9 

MORI/Evening Standard 3-4 
May

33 38 23 6 -5 -2 1.1 

NOP/Independent 1-3 
May

33 36 23 8 -3 0 0.2 

You/Gov/Telegraph 3-4 
May

32 37 24 7 -5 -2 1.1 

Populus/Times 2-3 
May

32 38 21 9 -6 0 1.4 

Harris Interactive 3-4 
May

33 38 22 7 -5 1 0.9 

British Election Survey 
(BES)

28
April-
3 May 

33 36 23 8 -3 0 0.2 

Average Poll of Polls 33 37 23 8 -4 -2 0.5 

Actual Result (GB) 33.2 36.2 22.6 8 -3 

Source: Worcester, Mortimore and Baines (2005) 

In 1997 and 2001, pollsters got the result right but overestimated the Labour lead. Now, the 
better to correct for turnout and better estimate refusals and don’t knows, pollsters use notably 
different methodologies. Adjustments are made when calculating voting intention either 
through weighting (all use demographic weighting, and some use other criteria e.g. using 
previous voting intention or likelihood of voting) or filtering (by certainty to vote on a scale 
of 1 to 10 where 1 is absolutely certain not to vote and 10 is absolutely certain to vote and 
only reporting those respondents who select 10/10 or more than 8/10 etc.) to take account of 
electors unlikely to vote, or both. In 2005, every one of the pollsters made a final prediction 
which was well within the margin of error. Despite differences in methodology, the final polls 
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undertaken for Great Britain (i.e. excluding Northern Ireland) in the 2005 election were 
remarkably consistent. Average error in the lead of the seven final polls was a 1.7% over-
estimate of the Labour lead, an average error in each party share of around only half a point – 
a remarkable achievement. (The joint MORI/NOP ITN/BBC election poll was spot on exactly 
predicting a 66 seat majority.) The last time pollsters collectively predicted a lead so close to 
the actual result was Thatcher’s victory for the Conservatives in 1979. Not since the first 
election poll in Britain was conducted, when the Attlee government came to power in 1945, 
have they so accurately predicted the parties’ shares of the vote. Certainly polls are a better 
method of forecasting the result than any other method, although the betting companies allege 
that their punters are better guides than the pollsters, but where, ask the pollsters, do the 
punters get their guides to the outcome.  Some econometricians claim they are better 
forecasters, and they may be right sometimes, or in retrospect, but their record is decidedly 
patchy; and deterministic predictions which in essence deny any free will to the electorate 
during an election campaign would raise questions of their own as a substitute for polls, 
which communicate directly with the prospective voters and offer them a voice. 

Criticisms and Justifications of Opinion Surveys 
In a paternalistic way, commentators often suggest that most members of the public are not 
familiar with the details of complex policies (e.g. governing tariffs, trade or missile defence 
systems) and, so, opinion researchers should not ask questions about them because the results 
are meaningless and misleading, as respondents would be reluctant to admit their ignorance. 
Critics suggest that many people hold inconsistent opinions e.g. the same person may favour 
larger government expenditures and simultaneously be opposed to higher taxes. However, 
although we acknowledge that these problems exist, we maintain that in the first instance, 
these are also true of voting itself, and were used by those in past centuries to maintain that 
only men with property, only those 21 and older, and then only men, before women suffrage, 
should be allowed the vote. For the most part, these problems can be overcome by careful 
survey procedures and by proper interpretation of results. Surveys commonly include ‘filter’ 
questions, which help to separate those familiar with an issue from those who are not. They 
complain that surveys undermine representative democracy, since issues should be decided by 
elected representatives on the basis of the best judgment and expert testimony—not on the 
basis of popularity contests. Other candidates find out from polls what the public wants and 
merely pander to popular preferences rather than run on their convictions about what is best 
for the country. Those engaged in election research concede that polls may dissuade some 
candidates and inhibit campaign contributions. But they also point out that candidates and 
contributors would have to make their decisions on some basis anyway. If there were no polls, 
other and less accurate methods would be used to test public sentiment; columnists and 
political pundits would still make forecasts. As far as the bandwagon effect is concerned, 
careful studies have failed to show that it exists. Nevertheless, we recognise an abuse, by both 
critics and pollsters; that of leaking partial or distorted results from private polls to the press. 
We are not in favour of ‘management by opinion poll’ by governments, by political parties, 
by charities and institutions such as universities and hospitals, by commerce and industry, but 
we are convinced that the prime ministers and presidents, CEOs and chairmen, board 
members and trustees are better able to make good decisions in the knowledge of what the 
publics of importance to them think, than in the absence of such knowledge, acting only on 
their own prejudices. Critics also sometimes argue that opinion polls are contributing to 
‘interviewee fatigue’, and that the proliferation of opinion polls places an unfair burden on the 
public (but they are being surveyed anyway for product and services marketing purposes for 
much less important considerations in citizens’ lives). Nevertheless, insofar as public 
resistance to polling is concerned, we point out that while the ‘refusal’ rate in most surveys is 
low, although it is growing at least in the most developed countries and especially where 
telemarketing is more prevalent. Many people, in fact, seem to enjoy answering the questions. 
Politicians and pundits sometimes confuse responsible survey results with 'voodoo poll' data. 
Increasingly, Web sites allow users to employ some of the tools of surveys, without the rigour 
of sampling or representativeness, thus rendering them useless as nothing more than the views 
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of those who choose to respond, have a connection, or are on line at any one point. Many 
newspaper, radio, TV and now internet organisations use telephone phone-in (‘phone-y’) 
‘polls’ and internet clickback polls which are even more insidious because they are not 
representative, and often are not preceded by a ‘health warning’ indicating how the sampling 
was or more likely was not undertaken. Such polls are worse than worthless as a 
representative measure of public opinion. The limitations of self-selecting samples are 
obvious because the spread of views expressed by the callers on a broadcast radio phone-in, 
or the selection of letters written to parliamentarians are only representative of the opinions of 
the self-selected people in the audience. The problem is that voodoo polls are increasingly 
prevalent. The BBC has been caught out many times on this, by the ‘most outstanding 
statesman of the 20th Century’ phone-in poll that was swamped with votes for Kemal Atatürk, 
then swung back by an orchestrated Greek vote for Winston Churchill to stop a Turk winning.  

Concluding Remarks 
When polls are conducted properly, using a scientifically representative sample, and a 
reasonable set of questions, on issues that matter to the general public, that in both their 
private and public forms, they are a fundamental component of the British representative 
democratic tradition. The claims that they mislead the electorate are wide of the mark; they 
influence the votes of very few, and even if they do, is this a bad thing?  Claims that polls are 
inaccurate are inaccurate per se. On balance, we suggest that the British (and others 
countries’) political system(s) benefit more from knowing what the public are thinking at any 
point in time, than in not knowing, at both the level of political strategy decision-making and 
at the level of public information as communicated by the news media. What must be guarded 
against by the polling community and the media generally however is the increasingly 
widespread use of voodoo polls, poor sampling approaches, improperly conducted surveys, 
and irresponsible (and inaccurate) reporting of polling results by journalists (who, with some 
notable exceptions, seldom take the time to understand the science behind the sampling).
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Defending Opinion Polls from Themselves
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ABSTRACT

This paper will discuss some of the changes in the way opinion polls are used in contemporary politics,
with special attention to the rise of media polling and the increased dependence on poll results. Some
political scientists and theorists have criticized polls as replacing public activity and changing the
meaning of public opinion from that freely expressed by the people to one controlled by the polling
elite. Others complain about the public’s lack of knowledge and question their ability to answer polling
questions about policy matters. A third group studies the relationship between poll results and policy
decisions. In recent years, polls in the United States and elsewhere have been subject to methodological
criticisms (declining response rates, questions of non-coverage, weighting and definitional issues), while
the level of partisan sniping has increased. Today’s increased criticism may reflect the greater reliance
on polling data, as well as a (possibly) misplaced expectation for polling precision. This paper reviews
the typical topics covered in current public opinion polls in the United States and the media coverage
of those polls, with a focus on three specific examples: the role of polls in the impeachment of Bill
Clinton in 1998-99, the polarization of polling reporting and criticism during the 2004 presidential
election, and the dependence and demand for exit poll results on Election Day. In each of the above
cases, there were charges of harm to the political system; the paper will review polling’s impact and
assess its value.
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Do Opinion Polls do More Harm than Good?
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ABSTRACT

Public opinion polling is becoming an increasingly popular enterprise with the results of polls appear-
ing daily worldwide on television, in newspapers, in magazines, and on Internet sites. Despite its
popularity, opinion polling is also a relatively new enterprise, dating back (in our opinion) only seven
decades to George Gallup’s accurate forecast of the outcome of the 1936 U.S. presidential election.
Not only did Franklin D. Roosevelt defeat Alfred Landon, as Gallup predicted, but Gallup’s method
of “scientific polling” also triumphed over the “if it ain’t broke, don’t fix it” approach of the Literary
Digest magazine. Although many a statistician has quibbled with Gallup’s use of the term “scientific”
to describe his sampling method, no one can dispute the impact of the 1936 election on the growth of
opinion polling. An entire industry emerged led by pollsters like Gallup, Elmo Roper, and Archibald
Crossley, all of whom were quick to point out that polls were good for a democracy inasmuch as they
were the best means by which the voice of the public could be heard. But not everyone is on board
with this notion. Some critics maintain, for example, that polls dumb-down complex issues, cause
politicians to pander, and unduly influence whether and how people vote. Others posit that polls at
times rely on methodological approaches that are more rickety than reliable, witness the failure of
the major polling organizations to forecast correctly the 1948 U.S. presidential election and the 1992
British general election. In our opinion, as we will argue here, polls can do a lot of good but they can
also do harm. But on balance, they do a lot more good than harm. Perhaps Winston Churchill got it
right when he said (to paraphrase) that they are “. . . the worst way to measure and understand public
opinion–except for all the others.”

Keywords. Opinion polling, democracy, sampling.
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Opinion Polls and the Involvement of Statisticians
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ABSTRACT

Opinion polls play a significant role in the political process in most countries in the world. They are
helpful in many ways in the effort of governments and political parties to investigate the attitudes of
the citizens between elections and to take this into consideration in formulating policies. They are
also used by the media to inform citizens about issues, which they consider important. From the
methodological point of view it seems that it is mostly political scientists that develop new methods
and investigate the validity of the methods used. Although credited with all the major advances in the
methodological area, statisticians do not appear to be sufficiently engaged in the study of the methods
used and their possible shortcomings. In this talk, I will be discussing some of the issues that arise
in the interpretation of opinion poll results, especially those related to forecast election results, their
implication in the democratic process and the need for a greater involvement of statisticians in them,
so that the methods are improved to the benefit of society and democracy.
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1.  Introduction 

Small area estimation is a collection of techniques often based on generalized linear mixed models 
(eg McCulloch and Searle, 2001) that fits formal statistical models to a dataset and may incorporate 
information from other data sources, to produce estimates at a much finer level than is possible using 
only the information available from each small area considered in isolation. In some circumstances fixed 
parameter models and/or linear rather than generalized linear models are used. The data set modelled is 
often sample survey data, and any supplementary data from a census (eg Haslett and Jones, 2004; Jones 
and Haslett, 2004a; Haslett and Jones, 2005; Haslett and Jones, 2006) but other possibilities include 
models fitted to census data with some model parameters updated using a survey data (eg Green, Haslett 
and Zingel, 1998; Noble, Haslett and Arnold, 2002) In either case, when the statistical model is correct, 
the model-based small area estimates are generally more accurate than the direct or traditional sample 
survey estimates for the small areas (which can be based only on information within each small area). 
Although there may be advantages in not relying on a statistical model, direct estimates from survey data 
may not even be possible, for example if small areas have no sample taken from them. A comprehensive 
technical reference on small area estimation is Rao (2003). 

In third world countries, small area estimation is most often used for poverty assessment. The 
variables modelled are most often economic, eg income or expenditure analysed on a log scale, but 
modelling of health is also a priority (eg stunting, underweight and wasting in children). Such analyses 
are usually undertaken under the auspices of the central government statistical agencies but funded by 
international aid agencies. For example, World Bank small area projects tend to focus on economic 
measures, while the United Nations World Food Programme is more interested in the health and 
nutritional status of children. For both these agencies, small area estimation provides information used to 
target aid within countries, and to monitor any progress against Millennium Development Goals (MDGs). 
There is also a wider context: in the competition between countries for targeted aid, sound small area 
information is a useful, and increasingly an essential, negotiating tool. 

2.  Data sources 

Much small area modelling is critically dependent on sound sample survey and often census 
information. In developing countries surveys and even censuses can pose particular problems, not only 
because resources in terms of time, finances, equipment and expertise may be limited, but also because 
the necessary funding is often provided by external agencies and tightly linked to specified projects and 
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outcomes within a time frame. Continuity is consequently often dependent on external funding.  
Nevertheless with sound design and implementation, third world surveys and censuses can be very 

good. Indeed they often have one major advantage over data collections in the developed world: even for 
surveys, response rates in the 90%+ range are not unusual. For a general reference, see Groves et al 
(2002). In some countries however, (eg Uganda: Walter et al, 2003; Haslett, 2004) the political situation 
is not sufficiently stable to allow surveys and censuses to cover all regions of the country, while in others 
(eg Philippines: Jones and Haslett, 2004b) the roading and communication infrastructure in not sufficient 
to give adequate access to all remote areas.  

3.  Small area estimation techniques for developing countries 

As Rao (2003) makes clear, there is a very wide range of small area estimation techniques. 
Nevertheless, the methods used for small area estimation of poverty are much more limited. This is not 
because the wider range of techniques is irrelevant to poverty estimation, but instead it reflects history 
and sources of funding.  

In 2003, Elbers, Lanjouw and Lanjouw published a seminal paper on small area estimation of 
poverty. For brevity, the Elbers, Lanjouw and Lanjouw (2003) paper has been referred to elsewhere as 
ELL, and this convention will be used here too. ELL used linear models fitted to log-transformed 
household expenditure data from a sample survey; the model was then used as a predictor at household 
level for all households in the census, and these estimates amalgamated to small area level. Standard 
errors, conditional on the model being correct, were estimated via the bootstrap so as to incorporate 
variation at area (ie cluster and household) level. Their publication was a major advance in poverty 
estimation at a fine level and was the culmination of a series of more explicit World Bank reports 
estimating expenditure or income poverty in a number of third world countries (eg Elbers, Lanjouw and 
Lanjouw, 2001). The studies had been funded by the World Bank, which has since then produced 
standard software for fitting such models (PovMap: Zhou, 2006). PovMap is available as a free download 
from the World Bank website, perhaps reflecting Peter Lanjouw’s position at the Bank, and to some 
extent because the software is readily available and to some extent because the World Bank is often the 
funder of small area studies in third world countries, it has become an ‘industry standard’. This is not to 
say that the ELL method is perfect or has even been completely assessed by statisticians, although some 
preliminary research has been done (eg Haslett and Jones, 2005).  

Even the PovMap software leaves certain matters open to the user: eg checking the variables used in 
the survey model and in the census-based predictions are ‘equivalent’ or ‘match’ for example in terms of 
categories used or means and variances; whether the survey data is finely subset and separate models 
fitted to each subset to increase the apparent percentage of variance explained; which variables are 
included in the model from what is often a surprisingly large pool and how that choice is made. 

Certain other matters are proscribed in PovMap: eg how survey based models incorporate weighting 
and clustering; how variance components for random area effects are estimated and incorporated into the 
census predictions.  

Even putting aside any current debate on its more technical statistical aspects, using the ELL 
method and PovMap requires statistical sophistication. It is not a plug-and-chug operation. This is even 
more the case if the PovMap software is not used, tailored individual programs written (for example in 
Stata), and the ELL methods modified to fit more standard statistical practice (eg Haslett and Jones, 2004, 
2006; Jones and Haslett, 2004a). As a consequence of the complications, the first time small area 
estimation of poverty is carried out, the statistical expertise is almost invariably brought into the country 
as part of a short term contract, with a contract brief not only to carry out the small area estimation and 
produce usable results including poverty maps, but also to train local staff either within the local office of 
the aid agency or (more often) in the central government’s statistical office.  
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In the case of a number of their projects, World Bank personnel have been directly involved in the 
small area modelling, although the pool of available personnel even there is relatively small, indicating 
the World Bank’s focus on general economics, rather than econometric or mathematical statistics. For the 
World Food Programme, there is considerable Geographical Information System (GIS) expertise even at 
country level, for example within Vulnerability and Mapping units in Nepal and Bangladesh, but formal 
statistical or econometric qualifications at PhD or even Masterate level are much rarer, so that small area 
estimation is not generally an internal WFP exercise. 

The theme of this conference session is “How ISI can encourage donor and international 
organizations to strengthen their own statistical capacities?” For small area estimation the question cannot 
be isolated from a parallel question “How ISI can encourage central government statistical agencies in 
third world countries to strengthen their own statistical capacities?” Since the survey data required for 
small area estimation is often collected by central government and the census data almost certainly is, and 
since data collection is the precursor to small area estimation, it is this second question that needs to be 
addressed first.

4.  Infrastructure in third world government statistical offices 

It is not easy to generalize simply from first hand experience on statistical agency internal 
infrastructure, as there are many countries and any individual’s background is almost surely limited. I 
have been involved in research projects with government statistical agencies in Azerbaijan, Bangladesh, 
Nepal, New Zealand, Philippines, Samoa, Thailand, Uganda, United Kingdom, United States, and 
Vietnam. (See, for example, the additional references: Ehrhardt et al , 2005b; Haslett, 2005b, 2005c; 
Sarntisart et al, 2002; Haslett, 2002; Haslett, 2001; Ehrhardt et al, 2005a.) These projects have often 
required extensive contact. My conclusion from this albeit limited range is that while there are definite 
resource differences between first and third world countries, there is also considerable variation among 
the third world countries, not only in terms of equipment available and personnel skills but also in the 
relative independence of operational context from political process. 

In the more limited technical context of small area estimation projects in third world countries, 
there are a number of issues. Some of these issues are relevant generally (eg Haslett, 2005a; Haslett, 
2005b). Table 1, for example, is modified from Haslett (2005a), where it is used in the more general 
context of monitoring. The issues in central statistical offices are essentially the same for small area 
estimation of poverty as they are for monitoring, or surveys (see for example Groves et al, 1989), 
although their relative emphasis is different, because of the high level of statistical and related technical 
expertise needed to produce accurate small area estimates and poverty maps. 

To elaborate, small area estimation of poverty by the World Bank method, or any other that takes 
advantage of census data, is critically dependent on data access from central government. In practice the 
required official government agreement or sanction is seldom a problem, since the small area project 
funding is almost invariably sourced from the aid agency involved, and further aid funding toward the 
country’s MDGs is contingent on or at least related to having the small area estimates. Small area projects 
are a little difficult to cost in advance, as indirect costs (such as staff time within both aid agencies and 
government statistics offices) depend on project management (over which neither has complete control) 
and agreement (which often involves different aid agencies, other parts of government, and the local 
political situation). For example in Nepal in 2005-2006, the political instability, which led to the king 
stepping down and the formation of an interim government, meant that the council to which the Nepal 
Central Bureau of Statistics reports was in abeyance for a period, and even interagency agreement on 
project timing (for example between the World Bank and the World Food Programme) was as a 
consequence not seen as the immediate priority. The direct costs are travel and expenses plus time of any 
external personnel, computers, large scale plotters for maps, and software (both statistical and GIS). 
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These costs are generally met by the aid agency, either by direct funding or via a loan made by the agency 
to central government. Project time for skilled statistics personnel is of the order of half a person year 
minimum, and more much more if local statistical office personnel time is also included. Elapsed time 
varies but can easily become a year or more after the date that the necessary, clean survey and census data 
become available. Equipment and software, like clean data, need to be set up in advance, and given the 
compute intensive nature of the statistical techniques used to fit small area models (eg bootstrap of census 
data to estimate standard errors) new computer equipment and software is almost invariably needed. The 
original version of PovMap was written in SAS but, since few Third World statistical agencies can afford 
the ongoing licencing costs, there is little SAS in-house programming expertise. Stata is the most 
common software because, in addition to the usual analyses for independent data, it also has routines for 
analysis of sample survey data. Of course other packages such as WesVar and Sudaan are also 
possibilities for survey analysis, but these tend to be linked with SPSS and SAS respectively in their most 
easily used forms. They are usually not seen by government agencies as being as cost effective as Stata, 
so that programming expertise within the government statistics agencies is often limited to or focused on 
Stata (eg .Bangladesh, Nepal, Philippines).  

Table 1: Small Area Estimation of Poverty - Requirements and Constraints 

Support:     data access 
 official sanction 
Funding: source 
 extent 
Time: total  
 duration / timeline 
Personnel: availability 
 level of experience 
 requirement for training 
Expertise: statistical 
 technical  
Equipment: hardware  
 software  
Communication: mechanisms and language

As a consequence, downstream infrastructural development and maintenance for in-country 
statistical agencies, even from well-funded surveys and certainly fro small area estimation, can be 
limited: overseas experts are often brought in because locals expertise is unavailable; hardware and 
software are circumscribed by the project; and the infrastructure, even if developed during a large scale 
survey, is often difficult to maintain in the absence of guaranteed, ongoing international agency funding. 

5.  Statistical infrastructure in donor and international organizations

My impression is that statistical infrastructure is seen as a low priority by some international donor 
organizations. This is not surprising – these organizations do not have the collection of statistics as their 
main function. They are much more interested, and rightly so, in the delivery of aid. 

In the case of the World Food Programme, for example, the focus is on alleviating acute food 
shortages. Statistics generally, and small area estimates in particular are nevertheless increasingly 
important in monitoring and allocation of food aid. Donors want results, and without statistics there can 
be no measure of aid effectiveness. WFP, in Asia at least, tend to rely on external agencies such as 
universities for specialist statistical expertise. WFP are nevertheless also very interested in training of 
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their existing staff in basic statistical methods, and are initiating use of interactive statistical teaching 
software (such as CAST: Stirling, 2007) that facilitate online learning. 

The World Bank’s focus is more on provision of ‘top-down’ policy and finance, so it is also not 
surprising that, among its employees, economists are considerably more common than statisticians. 
Where statistics is used beyond providing evidence for policy, such as in ELL and developing the 
PovMap software, this has a distinctly econometric focus.  

In both agencies, statistics (beyond summary statistics) is seen as an essentially backroom technical 
activity, rather than one that has an integral part to play in policy formation. This is a situation that could 
and should be improved, but it will take time and a better understanding of the real benefits that statistical 
modelling can bring (even if only in terms of better policy formation). At least one person in a key 
position within the aid agency, whether that be as a statistical expert, or a manager who recognizes 
statistical needs and can ensure implementation of the required changes is central. 

For small area estimation of poverty, mapping of estimates (eg income, expenditure, percentages 
under a poverty line, stunting, underweight, wasting etc.) is one direct output of the statistical estimation. 
The small area estimates and their estimated standard errors under the statistical model are usually 
tabulated in detail. For most people however, a table of numbers is not as enlightening as a map or a 
series of maps showing some aspect of these statistics. Certainly maps have immediate impact and are 
useful for overview. But it is not possible to have ‘one poverty map’ that explains all relevant phenomena. 
The poverty problem is more complex, so that it is the interrelationship between maps and sound 
interpretation of those interrelationships that is a statistical skill which would be a useful first step in any 
aid agency’s general statistics training programme. A clear understanding of statistical errors and 
estimated standard errors would also be useful. Firstly estimated standard errors from small area 
modelling are conditional on the model being correct. Secondly, when there are nearly 1000 small areas 
(as there are for ilaka-level estimates in Nepal, for example) there are nearly 500,000 possible pairwise 
comparisons between ilaka, so that at 95% confidence level 25,000 of these comparisons will be 
apparently significant unless adjustment is made for the number of statistical tests. The over-
interpretation of differences in small area estimates is consequently a high risk. The actual problem is 
more subtle, since the small area estimates are often listed in ascending or descending order. In summary, 
data interpretation skills, an understanding of what models and statistical variation are, and appreciation 
of the multiple testing problem are core components in any elementary statistics training for aid agency 
staff using small area estimates of poverty and poverty maps.  

One very useful corollary to estimation, generally much more useful to aid agency staff than a 
technical report on small area estimation such as Haslett and Jones (2004) is an atlas of maps with a 
commentary, such as produced by the World Food Programme for Bangladesh following publication of 
the small area statistical report (WFP, 2004). 

At the more technical level of small area estimation itself, much stronger statistical skills are 
required. While aid agencies may choose to keep the number of such skilled staff to a minimum and 
subcontract such research projects, it is imperative that someone within the organization is able to assess 
the merits of different statistical methodologies, at least in principle, in order ensure that research 
contractors have the necessary skills and that what is provided is sufficiently accurate for purpose. This 
requirement extends well beyond small area estimation or poverty mapping per se. In essence, statistical 
methodological skills both within and outside the donor agency need to be properly acknowledged and 
their core role in providing sound policy advice and aid allocation better recognized. The cost of even a 
few well trained statistics staff is negligible in comparison with uncounted cost of wasted financial and 
other resources as a consequence of poor data collection, analysis or utilization.  

Of course, such staffing issues cannot be considered in isolation. Statistics staff need to be an 
integral part of the organization, not simply back-room technicians peripheral to the main activity.  

There also needs to be within-agency recognition that maximum utilization of in-house and any 
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external statistical expertise requires adequate computer facilities, specialist statistical software, and 
uncomplicated access to the required databases. Indeed where databases are operational and transactional, 
simple methods for providing a ‘database snapshot’ are required. Consulting with statisticians as well as 
information systems personnel when designing such databases is highly recommended

6. The need to maintain adequate links between statistical agencies and donor organizations. 

Possible solutions to the quantitative information problem require sound, and overlapping statistical 
systems in donor agencies and local government statistical agencies. The co-ordination needed is not just 
of effort but of statistical expertise, as well as hardware and software. It is of little use, for example, if 
donor organisations use and have expertise in a statistical software package if the government statistics 
agencies in-country lack the resources to maintain the required software licence beyond the end of the 
current collaborative project.  

Examples of requirements include clear and consistent protocols from donor agencies and basic 
infrastructure funding linked to development of better, internationally consistent statistical systems. The 
in-country agency’s needs include a planned maintenance program for equipment and software, staff 
training and retention schemes (from basic courses through to opportunities including scholarships), and 
most importantly continuity of funded workflow.  

The underlying metric is changing rapidly, and this is making better recognition of inter- and intra-
agency statistical needs both critical and urgent. As Felligi (1999) quotes from the Economist (1996), “If 
cars had developed at the same pace as microprocessors over the last two decades, a typical car would 
now cost less than $5 and do 250,000 miles to the gallon”. In 2007, this changing perspective is even 
more apparent. Enhanced computer processing and storage power is affecting not just statistical 
methodology. It is also altering the relative cost and importance of databases, and raising expectations 
that statistics, including Official Statistics, will be able to provide sound answers to complex policy issues 
(see Holt, 2007; Brackstone, 2007; Norwood, 2007 for a more complete discussion). These changes are 
slowly but inexorably altering staff requirements within funding agencies and government statistical 
offices, increasing the need for sound statistical skills at both elementary and advanced levels (eg 
mathematical statisticians, survey researchers, survey methodologists). It is this that creating the need to 
reassess donor agency and government statistics office staffing priorities. As the theme of this conference 
session indicates, ISI has recognized its responsibility to make the situation clearer to both government 
statistical agencies in third world countries and the aid-funding agencies. It is however the donor agencies 
who are in the better position to resource the required changes in both types of organisation. 

7. Conclusion 

The need to encourage donor and international organizations to strengthen their own statistical 
capabilities is clear. The solution is more difficult.  

At the more elementary level, web-based courses in basic statistics are a relatively inexpensive, 
utilitarian option for aid agencies, but there are more fundamental and complex issues which involve the 
link between statistics and evidence based policy that cannot be addressed in this way. The problem is 
chicken-and-egg. Without donor agencies making staff appointments in statistics at a sufficiently senior 
level and recognizing the role statistics can and should play in their core operation, statistics runs the risk 
at best of being relegated to a back room activity. As a backroom activity, statistics has little chance of 
impinging on the organization’s operation, despite the important gains that would result if it did. In some 
aid organizations the problem is recognized. The minimum initial requirement is someone within the 
agency with sufficient authority and resource to make sure statistics are developed and used where 
necessary, and that external experts are brought in as specialists. In the end, this may be the required 
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circuit-breaker – it is the success of such interventions and the results of statistical projects that ‘sells’ the 
need for better statistics. In the case of small area estimation, the utility of fine-level poverty maps in aid 
allocation makes the benefits of sound statistics clear even to non-statisticians. What remains important 
nevertheless, even in this context, is that the necessary complexity of the statistical modelling involved is 
recognised as integral to the donor agency’s functions, not an isolated and dislocated activity for ‘techos’. 
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Introduction 

Much has been written about the need for statistical capacity building in developing and transition 
countries.  The weak statistical capacity of developing countries limits the ability of national governments to 
make evidence-based decisions about the allocation and management of scarce resources, and to enable 
citizens to make informed choices.  Because statistics are of low quality and little use is made of them, there 
is a vicious cycle of under-use, under-funding, and under-performance.  The poor quality of national 
statistics is reflected in international databases, where missing or unreliable data limit cross-country analysis 
and undermine efforts to implement global programs (World Bank 2006a). 

A national statistical system encompasses the production, dissemination, and use of data in a country.  
To give some idea of the complexity and magnitude of this undertaking, in the United Kingdom, 45 different 
government institutions are defined as contributors to the national statistical system; in Sweden, 25 
institutions are officially designated as contributors, in 22 areas of statistics; and in the United States, over 70 
agencies are involved.  These contributors include line ministries, other government agencies, and economic 
actors, including the national statistical office, and through it, households and individuals in the country 
(Muñoz and Scott 2004).  In developing countries, changing demands for data to fill the needs of such 
initiatives as Poverty Reduction Strategies (PRSPs) and the Millennium Development Goals (MDGs) place 
additional burdens on the, in many cases, already overstretched national statistical offices (NSOs).  Because 
NSOs in developing countries generally have limited personnel and budget, the demands of data collections 
from international organizations and donor countries can lead to less resources and time for other priority 
responsibilities (David 2001). 

There have been calls for developing a new way of thinking when trying to help countries build 
capacity (Schacter 2000).   

• Do not measure the results in terms of funds transferred by the development agency, but 
rather in terms of the development agency’s contribution to building the recipient’s capacity to plan, 
implement and evaluate their own development progress.  The ultimate desired result is that the 
recipient will no longer need support to do its work. 

• Quality should be measured in terms of the degree to which the project/program design is 
“owned” by the developing country and is built upon local commitment. 

• The common project cycle is not well adapted for capacity building because it assumes that 
it is possible to identify solutions at the start of the process and implement the features of the project 
within a projected time line.  Because capacity building requires a learn by doing approach, it is 
often difficult to make the project fit within standard practices. 
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• Reward staff equally for focusing on building capacity as well as generating traditional 
development agency outputs. 

• Attract and select staff who understand the problems and approaches related to capacity 
building. 

The Living Standards Measurement Study (LSMS) is a program that was developed by the World 
Bank in the 1980’s as a research project to explore ways of improving the type and quality of household data 
collected by NSOs in developing countries.  Over time, the LSMS expanded to include methods to help to 
improve the ability of NSOs to not only collect, but also to analyze their household survey data.  The 
objective is to explore the linkages among the various assets and characteristics of the household on the one 
hand, and the actions of government on the other, and, thus to understand the forces affecting each sector, set 
of behaviors or outcomes.  The goal of the program is to increase the accuracy, timeliness and policy 
relevance of household survey data collected in developing countries.  This goal requires that NSOs are not 
only able to collect quality household data, but also to understand the use of those data beyond the mere 
reporting of frequencies and averages. 

This paper investigates ways that international organizations, in particular the World Bank through the 
Living Standards Measurement Study, transfer knowledge and build statistical capacity within the national 
statistical systems of the countries they serve. 

The LSMS and Other Micro-level Data Initiatives  

The LSMS was designed as a response to the need for quality microdata, initially for analysts and 
researchers.  As the LSMS developed, the use of the analyses of the data for policy making became another 
focus of the study.  After a five-year period of work that included reviewing existing household surveys and 
extensive consultation with researchers and policymakers to determine the types of data needed, as well as 
with survey methodologists on how best to design the actual field work procedures, the first LSMS surveys 
were piloted in Côte d’Ivoire and Péru in 1985.  These two first surveys were research projects testing the 
full methodology to determine the usefulness and quality of the data that could be obtained.  Since that time, 
over 60 LSMS surveys have been done in over 40 countries around the world.1   

Initially, LSMS survey projects focused almost exclusively on data collection; little attention was paid 
to building capacity.  Over time, however, it became recognized that capacity building was an important 
component of maintaining a comprehensive data collection system.  It was also acknowledged that this need 
for capacity building is not limited to the NSOs which implemented and analyzed surveys.  Capacity 
building also needs to be done among policy makers, local researchers, and academics. 

Over the years the demand for micro-level, household survey data has grown.  Poverty Reduction 
Strategies are being designed by countries receiving concessionary lending from the World Bank and the 
International Monetary Fund.  These strategies require data for ascertaining levels and types of poverty, and 
for monitoring and evaluating success in completing the strategies.  The Millennium Development Goals 
(MDGs) require data to measure poverty and key social indicators.  The PARIS21 initiative was founded to 
support the improvement of data used in monitoring and evaluating poverty alleviation programs.   

1 For a more detailed account of the history of the LSMS, see Grosh and Glewwe 1995. 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 1326 -



3

 International organizations have provided assistance to collect data that are needed for countries to 
monitor and evaluate wide ranges of important issues.  The Demographic and Health Surveys, funded by the 
U.S. Agency for International Development, provide key indicators in areas of population, health and 
nutrition.  The Multiple Indicator Cluster Survey, funded by UNICEF, monitors the situation of children and 
women.  The ILO’s International Programme on the Elimination of Child Labour fields surveys to determine 
the levels and forms of child labor.  These are just a partial list of the surveys which provide useful 
information to NSOs as well as the organizations that fund them. 

Many NSOs, faced with limited budgets, will agree to do the work in order to gain the funding.  
However, the capacity building possibilities that are available are not fully realized as the few staff capable 
of completing the work are assigned to all the projects in order to complete the work within the deadlines. 

Building analytic capacity needs to be an explicit goal.   This increases the use of data, thus helping to 
create demand for future data sets.  In addition, increasing the skills of the NSO staff and, thus the NSO’s 
profile within government, may entice staff to stay on.  Finally, outside forces may also help to increase the 
demand for data.  The long term nature of such goals can help to foster monitoring and evaluation systems 
that rely heavily on household surveys such as the LSMS surveys along with administrative and project data.   

Using Living Standards Measurement Surveys to Build Analytic Capacity  

The World Bank's efforts to strengthen analytic capacity in conjunction with LSMS survey projects 
date from the late 1980s and early 1990s.  NSOs are encouraged to partner with other government agencies 
and to develop a cadre of in-country researchers and academics with experience in using the data, standard 
statistical software packages and statistical techniques associated with household survey data. 

An early review of statistical capacity building efforts through the LSMS (Blank and Grosh 1999) 
demonstrated that integrating efforts to build analytic capacity with data collection efforts provides 
immediate, relevant and useful resources that can be used as a learning device.  These lessons may be 
obvious, but are often ignored.  Broadly, there are two groups of lessons: (a) requirements for building 
capacity; and (b) tools for building capacity. 

Requirements for Building Capacity 

• Explicit Planning.  Project managers need to develop plans based on the amount of capacity 
that already exists within the country, and the types of capacity to be built.  The plan must detail 
which agency or agencies will be responsible for the various phases of data collection, processing, 
analysis and dissemination.  It must also be precise regarding which aspect(s) of capacity will be 
strengthened. And it must spell out the technical assistance, training and equipment required. 

• Resources.  Capacity building takes significant investments in time and money.  Generally 
the lifespan of a typical project  will be insufficient to reach the goal.  In addition, the funding cannot 
come solely from outside sources.  There must be ownership of the capacity building program within 
the country for it to be successful. 

• Open Data Access Policy.  Open data access is required because the bulk of policy analysis, 
and the activities to build it, probably take place outside the NSO.  In addition, the statistical skills 
needed by the NSO must be developed in the education system of the country.  Faculty and graduate 
students from various disciplines need access to the data in order to develop skills to use the data. 
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• Demand for Policy Analysis.  In order for capacity building at the NSO to be effective, 
policy makers need to know that data exist and how they can use those data to enhance public policy 
decisions.  Getting policymakers informed about survey results can be key to generate excitement 
about the potential contribution of analyses to policy decisions. 

Tools for Capacity Building 

• Training.  Because sending large numbers of individuals abroad for training is neither 
feasible nor desirable, approaches to in-country training should incorporate a mix of short- and long-
term options.  Analytical capacity covers a range of techniques from simple descriptive tabulations 
to complex statistical analyses.  Sustainable capacity building will require strengthening tertiary 
education and graduate programs in a range of statistical techniques. 

• Technical Assistance.  Experts, either local or external, need to work closely with the NSO 
and any partners, ensuring that they do training and do not substitute for local staff.  Short term 
consultants and twinning arrangements, where an external agency serves as a mentor for a local 
agency over several years, have proven to be effective in many countries. 

• Research Apprenticeships.  The technical assistance provided to NSOs should serve a 
mentoring function.  Research done using the household survey data can be designed to help refine 
the skills of the staff members, much in the same way as an apprenticeship. 

 The LSMS is not the only mechanism that the World Bank uses to help governments in developing 
countries build statistical capacity.  Over time, it has become clear that projects designed to implement 
surveys as one-off projects are not always effective in helping NSOs to develop information systems.  
Rather, projects need to encourage the use of surveys within a well defined system of data collection efforts 
that address the micro- and macro-level needs for information. 

 One mechanism that has proved useful for increasing capacity are regional initiatives.  Notable 
among these is the joint program of the Inter-American Development Bank, the U.N. Economic Commission 
for Latin America and the Caribbean (ECLAC), and the World Bank for Improving Surveys of Living 
Conditions, or MECOVI as it is known by its Spanish acronym.2  The MECOVI program combined regional 
workshops and seminars with activities in the individual countries to promote improved communication 
between the statistical offices and improved techniques for household survey data collection and analyses.  
The program has been instrumental in: (a) diagnosing the situation of the surveys; (b) creating awareness 
among donors and countries of the needs for mounting concerted efforts to mobilize financial and technical 
resources; and (c) organizing reasonably successful multilateral efforts to build regional and country capacity 
to conduct household surveys.  An evaluation of this program found, among other things, training offered 
through workshops and courses is essential to enhancing technical capacity as well as for creation of a 
network of cooperation (World Bank website).3

 The Trust Fund for Statistical Capacity Building (TFSCB) is another tool that provides grants to 
developing countries for statistical capacity building activities.  It provides technical and financial resources 
to kick-start a sustainable capacity building process.  The TFSCB provides a global facility to make 

2  Programa para el Mejoramiento de las Encuestas y la Medición de las Condiciones de Vida en América Latina. 
3http://lnweb18.worldbank.org/External/lac/lac.nsf/Sectors/Poverty/BDB032D977CDB224852567EC00713A71?Open
Document 
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investments at the national, regional and global levels to improve the collection, processing, analysis, 
storage, dissemination and use of timely, good quality statistics. 

The World Bank Institute (WBI) is the capacity development arm of the World Bank and helps 
countries share and apply global and local knowledge to meet development challenges.  WBI’s programs are 
designed to build skills among groups of individuals involved in performing tasks, and also to strengthen the 
organizations in which they work.  Through the Development Grant Facility (DGF), initiatives in individual 
countries exist to improve the capacity of governments to build and strengthen sustainable human and 
institutional capacity.  Examples include the Partnership for Capacity Building in Africa which is providing 
funding and long-term support for the development of technical and professional capacity in Africa.  The 
Marrakech Action Plan for Statistics was developed, in conjunction with other international donor 
organizations, to support the achievement of better development results by improving the availability, quality 
and use of national and international statistical data. 

Despite the opportunities that exist, or can be developed in the future, there are several problems that 
are encountered when providing training to employees and researchers from developing countries.   

• Funding.  Finding the funds to either bring the students to the training, or the training to the 
students can be difficult.  Support can be provided by international organizations like the World 
Bank and the United Nations, but these funds are often limited. 

• Language.  If the training is done in an international setting, translating the materials into the 
languages needed can be time consuming and expensive (Kalton 2002).  In addition, finding trainers 
who are able to train in the necessary language(s) can be difficult.  Translation is often difficult 
because of the complicated and/or technical nature of the subject. 

• Sending the correct individuals.  If the training is to be provided in foreign countries, it is 
sometimes viewed as an opportunity for department heads or officers in the statistical office to have 
a trip to that country.  These individuals will not use the training upon returning to their country. 

• Keeping the trained individuals in the NSO after they have been trained.  In many cases, 
after receiving the training, the trained individuals will leave the NSO in order to take employment 
in a better paying private organization or in the development organizations where the training was 
provided.  While the overall goal of building capacity for the country is filled, the need to constantly 
provide training to the NSO becomes a problem. 

Conclusion 

There remains a large need for statistical capacity building in developing and transition countries.  
Lack of statistical capacity in developing countries limits the ability of national governments to make 
evidence-based decisions about the allocation and management of scarce resources, and to enable citizens to 
make informed choices.   

• Capacity building cannot be business as usual.  It requires explicit planning that takes into 
account the information needs of the country, the capacity that already exists within the country, and 
the type of assistance and training that is required.  
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• There must be a system in place to provide the structure within which the NSO works.  This 
system provides the framework of surveys and data collection activities that are needed for the 
policy making, as well as the reporting, needs of the country.  It informs the country of the work 
being done and the donor community of the need for funds. 

• Programs like the LSMS, or other donor funded initiatives, can only provide assistance to a 
small part of that system.  NSOs are complex institutions with many needs and much competition for 
limited resources.  Any capacity building that these initiatives can provide cannot benefit the NSO as 
a whole, but rather only a limited portion of that organization. 

• There needs to be an academic background in the country that can provide minimally 
prepared individuals to fill the positions in the NSO and other organizations that use and interpret 
information.  This includes the journalists in a country that report on the results so that those results 
can be understood by the population.  This academic background is also crucial for the policy 
makers to be able to interpret what the information says about issues in the country.  They need to be 
able to rely on the information to make informed decisions. 

• There are multiple levels at which capacity building must be done in order for a country to 
sustain a successful data collection efforts.  There must be capacity within the education system at 
large so that policy makers, academicians and students in the national education system can be 
trained.  This training is not only so that the NSOs will have a pool from which to draw employees, 
but also so that the policy makers and their staff will understand the needs for information and how 
to interpret the information when it is supplied. 

• There must also be capacity within the NSOs so that quality based information is collected 
and that the analyses derived from that information is useful and viewed as reliable by the policy 
makers and the population. 

• Providing funding for training is not sufficient.  Reforms are often needed within the 
government in order to provide the budgets needed for NSOs and research groups in the line 
ministries to attract and keep trained personnel.  These reforms include, but are not limited to, 
making the salaries for NSO staff competitive with the private sector, and ensuring sufficient 
funding for a system of data collection efforts to meet the informational needs of the government. 

Programs like the World Bank’s Living Standards Measurement Study can be used to help build the 
statistical capacity of NSOs in developing and transition countries.  By doing so, the quality of the data 
collected by those organizations will be improved.  With improved data, policy making within the country 
will be enhanced, the position of the NSO within the government will be improved, and more reliable use of 
the data could be made by users outside of the NSO. 
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ABSTRACT 

The issues surrounding capacity building for the collection of micro level data will be examined within 
the framework of the twenty years of experience of the World Bank’s Living Standards Measurement Study 
(LSMS).  In that time, over 60 LSMS surveys have been done in developing countries in all parts of the 
world.  Much has been written about the success, or lack thereof, of donor and international organizations’ 
attempts to transfer knowledge and to build statistical capacity within National Statistical Offices (NSOs) in 
developing countries.  Evaluations of statistical capacity building projects have provided long lists of 
“Lessons Learned” that synthesize the aspects of statistical capacity building projects that have been of 
benefit to NSOs in developing countries, and those aspects that have not.  The diverse nature of the work that 
is done in NSOs - both macro level and micro level data must be collected and processed - mean that there 
are diverse needs for capacity building within the same institution.  One of core features of the Living 
Standards Measurement Study is the development of statistical capacity for collecting, processing and 
analyzing micro level data on household living standards and welfare.  In order to have sustainable capacity 
building within an NSO, it is necessary to not only provide training and assistance to the NSO, but also to the 
local policy makers, academic researchers, and the university system at large.  Developing systematic 
information collection that can be used to inform policy decision making and, at the same time, training the 
policy makers about the utility of the information to make informed decisions is key to having sustainable 
statistical capacity within the country.  Mechanisms for donor/international organization coordination also 
need to be established in order to build sustainable systems for the collection of statistical information.   
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Thoughts on Enhancing the Effectiveness of Istat in International

Statistical Co-Operation

Achille Lemmi
University of Siena
E-mail: lemmi@unisi.it

Vijay Verma
University of Siena
E-mail: verma@unisi.it

Salvatore Favazza
Istat, Rome

Michelle Jouvenal
Istat, Rome

ABSTRACT

The Italian Statistical Institute (Istat) has played a useful role in international statistical co-operation.
Such activity is carried out within a geographical framework, covering Medstat, Transition and Devel-
oping Countries, and is supported by the Italian Co-operation for Development (Ministry of Foreign
Affairs), European Union and World Bank. The co-operation activity involves two major inter-linked
aspects: technical assistance and institution building. The former aspect is typified by assistance in
carrying out censuses and sample surveys, constructing price index systems and national accounts,
etc.; the latter aspect involves projects on, for instance, the modernisation of the statistical system,
operational rules, technical procedures and information systems. Evaluation of this co-operation ac-
tivity has given generally positive results, but also points to shortcomings, relating in particular to
the rigidity and complexity of the bureaucratic procedures involved and the constraints hindering a
government institution in a competitive international environment. The paper examines the positive
and the negative aspects of the Italian statistical co-operation, keeping in view the likely develop-
ments over the next decade. We explore ways in which Istat can improve its own capacity in diverse
aspects of statistical practice, with the aim to enhance its effectiveness in technical assistance and
institution building functions, and in transferring knowledge and skills to recipient national statistical
organisations. Where possible, we draw international comparisons. In order to assess problems and
possibilities in a realistic and concrete setting, we develop a framework and use this to solicit views
of important actors - decision makers, experts, recipients, and other participants in the most relevant
and significant projects - involved in the Italian technical co-operation in statistics.

Keywords. Istat, international statistical co-operation, technical assistance, institution building.
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Turning a Flood of Data into a Deluge: “in silico” Genotyping for

Genome-wide Association Scans

Abecasis, Goncalo
University of Michigan
E-mail: goncalo@umich.edu

ABSTRACT

With millions of single nucleotide polymorphisms (SNPs) identified and characterized, genome-wide
association studies have begun to identify susceptibility genes for complex traits and diseases. These
studies involve the characterization and analysis of very high-resolution SNP genotype data for hun-
dreds or thousands of individuals. Nevertheless, and despite continuing improvements in SNP genotyp-
ing technologies, most genome-wide association studies only directly genotype a subset of all existing
SNPs. I will review computationally efficient approaches for estimating unmeasured genotypes and
evaluating the association between these unmeasured genotypes and relevant traits. These approaches
all rely on the intuition that even apparently unrelated individuals will share stretches of chromosome
that include many SNPs. Once one of these stretches has been characterized in detail in a few indi-
viduals, the alleles it contains can be imputed in other carriers, with different degrees of accuracy. I
illustrate the performance of the method and its potential utility using data from ongoing genome-
wide association scans, including both scans that examine samples of related individuals and scans
that examine samples of apparently unrelated individuals. I also examine the performance of these
approaches in different populations, using data from the Human Genome Diversity Panel.

Keywords. Genome association studies; Genotype data; Human Genome Diversity Panel.
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Recent Developments in Semiparametric Methods for Analysis of

Case-Control Studies in Genetic Epidemiology

Nilanjan Chatterjee
National Cancer Institute, USA
E-mail: chattern@mail.nih.gov

ABSTRACT

Logistic regression has been the standard method of analysis for case-control studies in epidemiology.
The classical justifications (Prentice-Pyke, 1979, Biometrika) for the efficiency of the estimates of
odds ratios from such prospective analysis, despite the retrospective case-control sampling of subjects,
depend on the nonparametric treatment of the distribution of the covariates in the underlying popu-
lation. In this talk, I will describe methods for analysis of case-control data in genetic epidemiology
using an alternative semi-parametric inferential framework that can lead to major efficiency gain by
exploiting natural covariate distributional constraints, such as Hardy-Weinberg-Equilibrium (HWE)
and gene-environment independence. Unlike logistic regression, however, the novel methods may pro-
duce biased estimates of odds-ratios when the underlying distributional assumptions are violated. To
strike a balance between bias and efficiency, we then further introduce an empirical Bayes estimation
methodology within the proposed semi-parametric modeling framework. Both simulation studies and
real data examples are used to illustrate the efficiency advantage of the proposed methodologies over
standard logistic regression. It is concluded that the novel methods could be potentially very use-
ful for discovery and characterization of genetic associations and gene-environment interactions from
case-control studies.

Keywords. Profile-likelihood, shrinkage estimation, Hardy-Weinberg-Equilibrium, Gene-
Environment Independence.
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Allowing for Gene-gene Interaction when Searching for Genotype-

phenotype Interaction

David Clayton
Cambridge University
E-mail: david.clayton@cimr.cam.ac.uk

Juliet Chapman
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ABSTRACT

Recent advances in technology have lopened up the possibility of screening hundreds of thousands
of genetic polymorphisms for association with disease and quantitative traits. Currently most inves-
tigators test polymorphisms either one at a time, or in small groups defined by contiguity on the
genome. The emerging pattern is of small effects, requiring large sample sizes in order to demonstrate
significance at convincing levels. However some geneticists suggest that multiple genes will interact
in complex manners and that small marginal effects may reflect larger interaction effects. This paper
discusses tests which allow for gene-gene interaction and explores consequences for the power to detect
iassociation after appropriate correction for multiple testing.

Keywords. Gene-gene interaction, Genetic association studies, Multiple testing.
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Retrospective Analysis of Haplotype-Based Case-Control Studies Un-

der a Flexible Model for Gene-Environment Association

Chen Yi-Hau
Institute of Statistical Science, Academia Sinica
E-mail: yhchen@stat.sinica.edu.tw

ABSTRACT

Genetic epidemiologic studies often involve investigation of the association of a disease with a ge-
nomic region in terms of the underlying haplotypes, that is the combination of alleles at multiple
loci along homologous chromosomes. We consider the problem of estimating haplotype-environment
interactions from case-control studies when some of the environmental exposures may be influenced
by genetic susceptibility. We specify the distribution of the diplotypes (haplotype pair) given en-
vironmental exposures for the underlying population based on a novel semiparametric model that
allows haplotypes to be potentially related with environmental exposures, while allowing the marginal
distribution of the diplotypes to maintain certain population genetics constraints such as Hardy-
Weinberg-Equilibrium. The marginal distribution of the environmental exposures is allowed to re-
main completely nonparametric. We develop a semiparametric estimating equation methodology and
related asymptotic theory for estimation of the disease odds-ratios associated with the haplotypes,
environmental exposures and their interactions, parameters that characterize haplotype-environment
associations and the marginal haplotype frequencies. The problem of phase-ambiguity of genotype
data is handled using a suitable Expectation-Maximization algorithm. We study the finite sample
performance of the proposed methodology with data simulated under both correct and misspecified
models for diplotype-environment associations. An application of the methodology is illustrated using
a case-control study of colorectal adenoma, designed to investigate how the smoking-related risk of
colorectal adenoma can be modified by the NAT2 gene that may potentially influence susceptibility
to smoking itself.

Keywords. Case-control studies; Gene-environment interactions; EM-algorithm; Haplotype; Semi-
parametric methods.
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A geostatistical exploratory analysis of precipitation extremes 

in southern Portugal 
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1. Introduction 
In Mediterranean climate regions, prolonged periods of unusually dry conditions reduce the 

availability of water resources and affect vegetation cover; while other areas can be affected by an increase in 
the number of heavy precipitation events, with an increase in the flood risk (Hidalgo et al., 2003). Issues 
such as drought and erosive rainfall have been raising concern about the risks of land degradation and 
desertification (Lázaro et al., 2001). The main objective of this paper is to provide an insight of the 
geographic distribution of extreme precipitation events in the southern region of continental Portugal, as a 
basis for a future study of the relationships between extreme rainfall patterns, both spatial and temporal, and 
desertification processes. 

The data used in this study are a set of 105 station records with daily precipitation observations for the 
period 1940-1999. This 60-year period was chosen to optimize data availability across the region, taking into 
consideration the quality control analysis performed. Among the numerous indices of extreme precipitation 
described in the literature, we selected three of them for an exploratory analysis: one index representing dry 
conditions, another one representing extremely heavy precipitation events and another index representing 
flood events. 

Most of the studies analysing extreme precipitation indices focus on temporal linear trends, rather than 
space-time patterns, because many of them aim to assess climate changes, whereas for others a spatial 
analysis is not feasible due to the sparse number of monitoring stations over large study regions (e.g. Klein 
Tank and Können, 2003). However, that kind of analysis is extremely important for impact studies related 
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with the desertification phenomenon and therefore, for each of the three extreme precipitation indices 
calculated, yearly trends and decadal space-time patterns are investigated. 

2. Study area and data 
The studied area is located in the south of continental Portugal, and an original set of 106 monitoring 

stations with daily precipitation data was selected. Most of them were extracted from the National System of 
Water Resources Information (SNIRH – Sistema Nacional de Informação de Recursos Hídricos) database 
(http://snirh.inag.pt), and three of them were compiled from the European Climate Assessment (ECA) dataset 
(http://eca.knmi.nl). Each station series data was quality controlled by several procedures: gross error check 
(e.g. check negative precipitation and non-existent dates); records flagging using several criteria (data 
outlying pre-fixed thresholds and graphical analysis); cross control among highly correlated series; consider 
as possible errors the data that markedly disagree with the rainfall in other stations highly correlated; set to 
missing the observations that were considered erroneous or extremely suspicious; ‘flat line’ check procedures, 
which identify data of the same value for at least three consecutive days (not applied to zero precipitation 
data).

Figure 1 – Study domain and stations’ locations with selected daily precipitation series. Station dots are scaled with 
the length of the time series within the 1940-99 baseline period.

Furthermore, for each station, annual precipitation series were computed and studied for homogeneity 
through the application of six statistical tests, by means of the hybrid approach proposed by Wijngaard et al.
(2003). In addition, 62% of the long-term series were also checked through relative approaches (testing 
procedures that use records from reference stations), comprising the application of five homogeneity tests 
which are capable of locating the year where a break is likely (Costa and Soares, 2006; Costa et al., to 
appear). Only the longest homogeneous period was used to build the extreme precipitation indices whenever 
at least one of the tests identified a break year. One station’s data was rejected because multiple breakpoints 
were identified and the homogeneous periods were too short and unreliable. Hence, the data used in this 
study are a set of 105 station records with daily precipitation observations within the period 1940-1999 (Fig. 
1). The extreme precipitation indices are sensitive to the number of missing days, thus the selected stations 
satisfy the following criterion. The daily records are as complete as possible, with less than 16% of data 
missing in each year. Hence, for each station, the indices for a specific year were set to missing if there were 
more than 16% of the days missing for that year (Haylock and Goodess, 2004). 
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3. Extreme precipitation indices 
Numerous extreme precipitation indices are described and analyzed in the literature. Some indices 

involve arbitrary fixed thresholds, such as the number of days per year with daily precipitation exceeding 
10mm or 20mm (e.g. Klein Tank and Können, 2003; Kostopoulou and Jones, 2005). Other indices are based 
on statistical quantities such as percentiles, which are more appropriate for regions that contain a broad range 
of climates (Haylock and Nicholls, 2000; Klein Tank and Können, 2003). Indices based on the count of days 
crossing certain fixed thresholds are beneficial for impact studies as they can be related with extreme events 
that affect human society and the natural environment (Klein Tank and Können, 2003). Since numerous 
extreme rainfall indices described in the literature are largely inter-correlated, we selected one index 
representing dry conditions (RL10) and two for wet conditions (R30 and R5D). 

The index RL10 is defined as the number of days per year with precipitation amount below 10mm, 
thus measures the frequency of dry events. The index R30 measures the frequency of extremely heavy 
precipitation events and is defined as the number of days per year with precipitation amount above or equal 
to 30mm. The index R5D is defined as the highest consecutive 5-day precipitation total in each year and 
provides a measure (in mm) of the magnitude of strong precipitation events. In the present study only 
annually specified indices are considered. 

4. Methodology for assessing trends and space-time patterns in precipitation extremes 
The extreme precipitation indices were calculated for each station and were then averaged over all the 

stations to obtain the regional average of each extreme index per year. The average number of stations series 
used by year to build the regional-average anomaly series is equal to 47. The slopes of the trends in the 
indices of precipitation extremes were calculated by least squares linear fitting and trends significance 
determined using Student's t-tests. The regression coefficient b (slope) multiplied by 10 gives the change per 
decade (Klein Tank and Können, 2003). 

The spatial interpolation of precipitation has been the focus of much research (e.g. Prudhomme, 1999; 
Goovaerts, 2000; Daly, 2006). However, the number of studies analysing space-time patterns of extreme 
precipitation indices is very limited, as the large majority of the studies focus on the temporal linear trends in 
the indices. An exception is the work of Hundecha and Bárdossy (2005) in which the station values of the 
daily precipitation were interpolated on a 5km x 5km grid through external drift kriging, using a digital 
elevation model as secondary information and, afterwards, several extreme precipitation indices were 
calculated on grids of 5, 10, 25 and 50 km. 

In this study, the extreme precipitation indices were calculated for each station using data within the 
baseline period 1940-1999. Afterwards, the space-time patterns of the indices were assessed through ordinary 
kringing on a 800m x 800m grid, for each year, using the space-time variogram model fitted for each decade. 
Ordinary kringing was preferred over other methods incorporating secondary information such as cokriging, 
because of the poor relationships (assessed through Pearson’s correlation coefficients) between the three 
indices and variables such as the elevation and the geographical coordinates of the stations’ locations. 

5. Results and discussion 
5.1 Time trend analysis 

The frequency of dry events, measured by the regional average of RL10 within the period 1940-99, is 
increasing (the change per decade is equal to 0.582 days), but the trend is not statistically significant (the p-
value of the t-test is equal to 0.214). The regional average of R30 shows a decrease in the frequency of 
extremely heavy precipitation events (the change per decade is equal to 0.009 days) but it is not statistically 
significant (the p-value of the t-test is equal to 0.937). The magnitude of strong precipitation events, 
measured by the regional average of R5D, is also decreasing (the change per decade is equal to 0.132 mm), 
but the trend is not statistically significant (the t-test p-value is equal to 0.939). 
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The variability of the regional-average anomaly series of RL10, R30 and R5D does not show 
significant trends either (Fig. 2, left graphics). 

Figure 2 – Left graphs: least squares linear fitting (red line) and weighted local polynomial fitting (LOWESS 
smoothing introduced by Cleveland, 1979) with a time span of 10 years (grey line) for each regional-average 

anomaly series. Right graphs: least squares linear fitting of the regional standard-deviation of RL10, R30 and R5D. 

5.2 Space-time continuity analysis 
The space-time analysis was done on periods of 10 years: 1940-49, 1945-54, 1950-59, 1954-65, 1960-

69, 1965-74, 1970-79, 1975-84, 1980-89, 1985-94, 1990-99. Experimental space-time semi-variograms were 
calculated for the eleven decades for each extreme precipitation index and exponential models fitted. For 
sake of simplicity only the variograms of RL10 for 3 decades are shown in Fig. 3. The parameters fitted for 
each variogram are summarized in Table 1, showing that there are no relevant tendencies in what concerns 
the temporal component of the semi-variograms, which is consistent with what was previously discussed 
about the series time trends. However, it is important to call attention to the fact that the variograms also 
show that the spatial continuity of the three indexes increases over time. 
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Figure 3 – Space-time variograms of RL10 and exponential models fitted. Graphs a), b), c) show the spatial 
componente, and graphs d), e), f) show the temporal component for the decades 1945-54, 1975-85 and 1990-99, 

respectively. 

Table 1 – Parameters of the space-time variograms for each precipitation index by decade. 

Index Decades a1 (m) a1 (years) c1 

 1945-54 120000 5 70.406 

RL10 1975-85 160000 7.5 56.461 

 1990-99 275000 4 71.366 

 1945-54 60000 4 11.598 

R30 1975-85 100000 4.5 7.675 

 1990-99 150000 4.5 8.984 

 1945-54 120000 2.5 2885.47 

R5D 1975-85 120000 3.5 1704.018 

 1990-99 160000 1.4 2803.646 

a)
)

b)
)

c)
)

d)
)

e)
)

f)
)
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5.3 Space-time inference 
Ordinary kriging was used to estimate in space and time the extreme precipitation indices, producing 

one map for each index per year. One map from the decade 1945-54 and another one from the decade 1990-
99 of each extreme precipitation index are shown in the following figures. The estimated maps of RL10 
represent the driest years of those decades, namely 1954 and 1992 (Fig. 4). While the estimated maps of R30 
represent the wetter years of those decades, namely 1947 and 1996 (Fig. 5). The estimated maps of R5D 
refer to the years with more accumulated precipitation in 5 days, namely 1949 e 1997 (Fig. 6). 

Figure 4 – Spatial distribution of the RL10 index for 1954 (left graph) and 1992 (right graph).

Figure 5 – Spatial distribution of the R30 index for 1947 (left graph) and 1996 (right graph).
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Figure 6 – Spatial distribution of the R5D index for 1949 (left graph) and 1997 (right graph).

According with the experimental space-time variograms in the previous section, the spatial 
distributions of the 3 precipitation indexes show an increase of the spatial continuity along time as expected. 

6. Final remarks 
The results show no statistically significant trends in the regional-average anomaly series within the 

period 1940-99, although the signs of the slopes are as expected (Klein Tank and Können, 2003; ECA project, 
http://eca.knmi.nl, retrieved April 2007): for the index representing dry conditions the slope is positive and 
both indices representing wet conditions show negative slopes. However, there is no significant change in the 
temporal variability of the three regional extreme indices. 

All extreme precipitation indexes analysed show increased spatial continuity along time. 
The results of this application open perspectives for new approaches of the analysis of extreme climate 

events, particularly in the context of impact studies related with the desertification phenomenon. 
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RÉSUMÉ (ABSTRACT)

The authors are engaged in an ambitious research programme whose objective is the use of
statistical models to make inferences concerning the climate of Europe for the past 15,000 years. The
modelling approach is that of Bayesian Space-Time processes. The basic data are multivariate counts
of pollen at different depths in lake sediment. Modern data on climate and vegetation provide the
essential training information which allows inference on past climate. The essential hypothesis is that
climates at times past in eg Ireland corresponds to climates somewhere on the Earth in modern times.

Considerable uncertainty surrounds the entire exercise: radiocarbon dating and sediment depth
allow inference about the calendar age of the samples; the multivariate response of vegetation (and thus
pollen) to multivariate climate does not lend itself to parametric modelling; pollen counts are hugely
zero-inflated and are also subject to sampling variation; several species comprise sub-types which favour
separate climate regimes, but have pollen that are indistinguishable. The likelihoods for pollen given
palaeo-climate are thus rich with challenge. A joint prior for palaeoclimate space-time history provides
possibilities, when inferring the palaeoclimate corresponding to a single sample, for borrowing strength
from other samples at other locations in space-time. The essential feature of the joint prior is a model
in which climate changes smoothly in space and time; however there is strong evidence of occasional
very rapid episodes of past climate change.

The computational methodology relies on MCMC and, for large models such as this, convergence
is not assured even by very long runs, of days and weeks. Here we report on progress with (a) avoiding
MCMC and (b) uncertainties in modelling chronologies. Here we focus exclusively on the time domain
and discuss reconstruction at a single site.

1 Introduction

This paper reports on progress towards a Bayesian approach to quantitative palaeoclimate reconstruc-
tion of Europe. Here we illustrate the methodology by application to a relatively small yet statistically
challenging problem, the reconstruction from fossil pollen, at Sluggan Moss in Ireland, of one aspect
of the climate. The period under study is the last 13,000 years, to a time before the last glacial stage.
Here we focus on GDD5, the Growing Degree Days above 5o (GDD5), being a measure of the length
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of the growing season. See Figure 1; past dates are referred to in thousands of calendar years Before
Present (kCal BP).
Highest Posterior Density intervals convey the uncertainties in the reconstruction. The modern climate
is seen to be quite different from that of the late glacial. Cleqarly visible is the rapid transition, at
about 10kCal BP ago, to the modern climate of the Holocene period. The data give mixed signals at
about 12kCal BP; this covers a period of climate change known as the Younger Dryas. The transition
to the Holocene climate is rapid, but there is considerable uncertainty as to the length of the transition
period. By way of contrast, Greenland ice cores provide strong evidence that this transition period
was of the order of 20 years, at least in Greenland. Our overall goal is a model of uncertainty with
which to address such detailed issues on a the scale of European-Holocene space-time.

Figure 1: GDD5 reconstructions for Sluggan Moss.

The methodology is computationally demanding involving Markov Chain Monte Carlo methods. Its
application to the relatively small Sluggan Moss data set provides many insights into the challenges
ahead. Further, it may serve as a useful vehicle with which to attract the attention of Bayesian
and other researchers seeking challenging and useful applications. The authors have reported else-
where on the research; see Haslett et al (2006). Related papers and discussion may be found at
http://www.tcd.ie/Statistics/JHpersonal/Palaeo-papers.htm for more detailed discussion. This paper
reports progress on some two aspects of the work: response surface modelling via Gaussian surfaces
and chronology modelling via a Compound Poisson Gamma process.

2 Statistical statement of the problem

Statistically, the simplest version of the problem may be stated as follows. For each of a number
of samples, nm modern and nf fossil, vectors of compositional data pm = {pm

j ; j = 1, . . . , nm} and
pf = {pf

j ; j = 1, . . . , nf}, are available for study; these are often referred to as ‘pollen assemblages’
or ‘pollen spectra’. For the modern sample, vectors of climate data cm = {cm

j ; j = 1, ..., nm} are
also available as covariates; the climate values cf for the fossil sites are missing. One objective is to
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estimate these missing values and thus to reconstruct the prehistoric climate at the aqssociated times.
We have proposed a parametric hierarchical Bayesian model for π(cf |pf , cm, pm), the distribution of
cf given the data. In section 3.1 we discuss an important subset of the parameters. The model is
formulated in the forward sense in terms of the ‘response’ of pollen to climate change; Monte Carlo
methods are used to explore the inverse distribution. In this study nm = 7815, nf = 115 and the
vectors pj are of length 14. The modern data are often referred to as training data. Throughout we
use the word ‘site’ to refer to each of the 7815 + 115 sediment locations from which samples have
been taken; they may be thought of as ‘cases’. Important aspects are priors which impose a degree
of smoothness on both pollen response to climate and on climate change itself. The central challenge
is to model - efficiently - the uncertainties at many stages in the reconstruction. In this study the
pf arise from nf = 115 samples, corresponding to different depths in a core extracted from the lake
sediment and thus to 115 different times in the past. Here the cj are pairs, being MTCO (the Mean
Temperature of the Coldest Month) and GDD5. For brevity, we report in Figure 1 only on GDD5.
As depths correspond to dates in times past, our initial interest is thus focussed on 115 values of the
unobserved bivariate climate cf , here 2× 115 values, which describe the varying climate over a period
in the past. But these times are themselves uncertain, for only 23 of these have been radiocarbon
dated, and this dating is itself uncertain. The main sources of uncertainty are described in Section
3.2. Given data, our interest is thus on the joint posterior distribution of GDD5 in past continuous
time. In Figure 1 we summarise a very large number of climate histories, sampled at a frequency of
20 calendar years from the posterior distribution of past climate, given the data.

3 Progress

Our overall approach is modular and Monte Carlo. Here we focus on three aspects of the problem:
response surface modelling, temporal uncertainty and climate reconstruction; we report on progress
on the first two of these.

3.1 Response Surfaces

Response surfaces Θ = Θ(c) = {θj(c); j = 1, . . . , m} characterise the way in which changes in m types
of vegetation can be modelled by changes in climate. Given Θ and an arbitrary climate c we can state
a probability model for the corresponding compositional pollen vector. Thus we can study the impact
of climate change on the change in propensity of the vegetation to produce pollen grains (attributed to
one of m = 14 distinguishable taxa) which are found in laboratory samples taken from lake sediment.
The response surfaces for each taxon j are modelled, via Gaussian priors, as smooth random functions
of climate sampled from the multivariate posterior distribution of θj(c), given the modern training
data. The establishment of this posterior distribution via MCMC has been a major computational
challenge, consuming days and weeks of CPU time; further there are serious misgivings concerning
convergence. Here we report briefly on a non-MCMC approach. This aspect of the work has been in
collaboration with Havard Rue.
In Figure 2 we present aspects of a response surface and a measure of its uncertainty for the taxon
Alder, scaled on a logit scale to the unit interval. The surfaces depicted here are the posterior mean
and standard deviation of a mixture of Gaussian surfaces obtained by a numerical integration over the
hyperparameters. The posterior mean response is shown only within the data support; there are no
modern instances (within our data) of climates outside this region. The region at about MTCO = 8
and GDD5 = 2000 is seen to be particularly suitable for Alder. Thus fossil samples with high
proportions of Alder pollen will be more likely to be associated with this climate than any other. On
the other hand the uncertainty associated with this is relatively high, as it corresponds to a small
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region on the very edge of climate space. There is some weak evidence in Figure 1 for such a climate
at 12kCal BP. Conversely, samples with low proportions of Alder will be unlikely to correspond to
such a climate.
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Figure 2: Posterior mean of the response of Alder to 2D climate (gdd5 and mtc0) and associated
transformed standard deviations.

The surfaces are smooth functions of multi-dimensional climate; we refer to this as climate space.
In previous work these functions have provided, at a given point in 2-dimensional climate space, the
parameters Θ(c) of a 14-dimensional multinomial distribution. The smoothness of the functions in
climate space, is modelled via a 14-dimensional Gaussian process prior (subject to the linear constraint
of summation to one). We study the posterior of this process, given the count data. Recent work has:

• Expanded on the model to allow for ‘zero-inflation’, following a suggestion by Alan Gelfand.
Counts of zero can arise by sampling variation; this is modelled by zero-inflated multinomial
distributions. But very often the taxa (as opposed to the pollen) are just not present at a site.
The data are ‘zero-inflated’. We now model this explicitly; see below.

• Used a pseudo-likelihood approach in which we model not the likelihood (under the zero-inflated
multinomial model) but the pseudo-likelihood, being the product of the full-conditionals, them-
selves zero-inflated binomial distributions. This facilitates modelling the taxa separately.

• Used an approximation to each posterior. Specifically, following Rue, we model the posterior as
(a mixture of) Gaussian processes. The mixing is with respect to parameters in the precision
matrix defining the smoothness of the processes.

We adopt the following model for conditional likelihood of the pollen counts xj given a count N−j

for the other pollen. With probability qj(c) the taxon is present in regions with climate c; given that
it is present, the variation in the laboratory sample of sediment is Binomial, with parameters rj(c)
and N−j . Dropping the argument c for simplicity of notation, we further adopt the simple modelling
relationship qj = r

αj

j , with αj positive, noting that values of zero and one for q imply equal values for r.

Thus E[xj |qj , rj ] = r
1+αj

j (c)Nj = μjN−j ; but the proportion of zeroes may greatly exceed that of the
Binomial distribution with parameter μj . To ensure smooth variation of pollen response with climate
we adopt, as a prior model for rj(c), a suitable transform of a zero-mean Gaussian process zj(c) in
climate space. As whole regions of climate space may be completely unsuitable for this taxon we adopt
the transform rj(c) = logit(zj(c)) if zj(c) > z0j , a suitable threshold, with r(c) = 0 if zj(c) ≤ z0j . Thus
realisations of μj(c) (arising from realisations of zj(c)) are precisely zero over possibly large parts of
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climate space. Rue’s key approximation is that the posterior of zj(c) is Gaussian, given smoothness
hyper-parameters. Figure 2 may be regarded as summaries of the unconditional posterior distribution
of μj(c).
In the context of this project, Monte Carlo realisations of (rj(c), qj(c)) are a key part of the study of cf

given pf and the training data, and thus a key input to the reconstruction of palaeoclimate histories.
The progress is that it is no longer necessary to use Markov Chain Monte Carlo.
The model is thus richer than previously, by virtue of better models of the variation in pollen pro-
duction. Crucially, MCMC is completely avoided. The mixing is conducted by numerical integration
and the (approximately) Gaussian components being described by numerical determination of the
posterior modes and precision matrices. This latter has allowed, in comparison with previous work, a
much denser ‘coverage’ by a regular grid of the real valued 2-dimensional climate space. (In previous
work we have used 740 points on a regular grid; we now use 10,000.) Further details of this aspect of
the research will be reported elsewhere.

3.2 Temporal Uncertainty

The fossil data correspond to regular depths within the sediment and thus to irregular points in past
time. The distribution in time is important, for this allows - at the stage of climate reconstruction at
a given time in the past - the exploitation of pollen data that is ‘nearby’ in time (and more generally,
in space-time). We use an explicit stochastic process prior such that climate changes ‘smoothly’ in
time, in a well-defined stochastic sense that we do not develop here.
In previous work the dates of the 115 samples have been (a) defined in radio-carbon years and (b)
taken to be known. Here we report progress on a better modelling of the uncertainties involved; we
acknowledge the input of Caitlin Buck. The right panel of Figure 3 presents, via HPDs, the marginal
uncertainties in age, in kCal BP, associated with the samples at Sluggan Moss.

Figure 3: Left panel: realisations of the CPG process on the unit square (see text); right panel:
Chronologies with associated marginal uncertainties for Sluggan Moss

As stated, there are two sources of uncertainty in establishing the calendar dates of the 115 sam-
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ples. Firstly only a limited number of samples (23 in this case) have been radiocarbon dated; given
the depths of all samples, previous modelling used piece-wise linear interpolation to establish the
radiocarbon dates for the remaining samples. We outline below a convenient model for ‘stochastic
interpolation’. Secondly, we have previously ignored uncertainties in (a) laboratory measurement and
(b) the link between radiocarbon years and calendar years ( itself a product of the varying historical
process of the creation of 14C in the upper atmosphere) which underlies ‘calibration’, that is the map-
ping from 14C dates to calendar dates. We now model both of these latter processes explicitly. Our
reconstructions are now somewhat ‘blurred’ (ie smoother) in time.
The process of calibration involves laboratory estimates of the radiocarbon age and uncertainty for each
of the dated samples. We use this information, together with the internationally agreed radiocarbon
calibration curve, to transform each date into calendar years via MCMC. In the scenario for which
we have data here (lake or peat bog cores) individual radiocarbon dates are often unreliable, being
taken from bulk sediments. In this case we use an outlier detection method involving a binary flag
parameter applied to a Gaussian shift parameter to account for biased radiocarbon dates.
The relationship between calendar age and depth in the sediment is monotone. Depth may be thought
of as an integral over time of a time varying sedimentation rate, which is necessarily positive. We
have used a new stochastic process model, based on a Compound Poisson Gamma process, which
is Markov, monotone and has continuous sample paths. It is remarkably tractable, having only
two free parameters. In particular it makes very easy the (conditional) sampling from the joint
posterior distribution of entire chronologies, that is to say ensembles of length 115, having regard
to the laboratory 14C data and the calibration uncertainties. Here we outline only the conditional
simulation, for it contains the basic features of the model; realisations of this process are in the left
panel of Figure 3.
We consider only the posterior distribution of true calendar age at arbitrary depths d1, d2, . . . , dM

in a depth interval for which we know the true calendar age of the two end-points. For simplicity
of notation we consider these as scaled to the unit square such that the two known end-points have
age-depth pairs which are (0,0) and (1,1). Then we take 0 < d1 < d2 < . . . dM < 1 and seek to
attribute random ages a1, a2, . . . , aM in the range (0,1) to these depths, the ensemble of ages being a
sample of length M from the conditional distribution of continuous monotone sample paths passing
through the opposite corners of the unit square. This distribution is defined by two parameters (λ, α).
The algorithm is:

• Draw a value of N from Po(λ).

• Drop N points, D1, D2, . . . , DN , uniformly on the depth axis. The points may thus be considered
as a sample of points in an interval from a renewal process with iid exponential increments, that
is a Poisson process, given that there are N in the interval.

• Drop N points, A1, A2, . . . , AN , on the age axis such that the differences A1−0, A2−A1, . . . 1−AN

follow a Dirichlet distribution with elements in the parameter vector all being equal to α. The
points may thus be considered as a sample of points in an interval from renewal process with
iid Gamma increments given that there are N in the interval. The Gamma distribution has
shape parameter α and (without loss of generality, given the scaling onto the unit line) unit
scale parameter.

• Plot (Di, Ai) pairs and connect linearly to form a realisation of a piece-wise linear sample.

• Use the sample path with d1, d2, . . . , dM to determine the corresponding ages a1, a2, . . . , aM .

The process constructively described above has sample paths which are continuous with respect to
time (age) if α > 2. The Markov property is inherited from the implicit Poisson process. For λ = 0
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the sample path is the line connection the opposite corners. Further it can be shown that this is also
the limiting case for large λ.
The right panel of Figure 3 provides HPDs at depths corresponding to the 115 samples. The unre-
stricted HPDs for the 23 samples are shown, as are HPDs for the all 115. These latter have been
restricted by the monotonicity requirement of the CPG model for the 23 dated samples. There are
two outliers at about 13 and 10 kCal BP; these have been identified by the model, which also provides
posterior distributions for the CPG parameters. These in turn have been used to provide ‘stochastic
interpolation’ for the dating of the 115 − 23 other samples.

3.3 Climate Reconstruction

For a given set of pollen counts and depths (pf
i , di), i = 1, . . . , nf the task is to draw from the corre-

sponding conditional distribution of ancient climates and ages (ci, ai), i = 1, . . . , nc. Here the ages are
ai = 20i; i = 1, . . . , 650. We proceed as in our previous work by sampling from ci given pf

i (the inverse
of the response surface model) subject to a joint prior on the set C = (ci; i = 1, . . . , nc). This joint
prior reflects ‘climate smoothness’, the joint distribution of C, given their calendar dates; this inhibits
to an appropriate degree, ensembles C which have imply (over-)rapidly changing climate. The GDD5
reconstruction is shown in Figure 1.

4 Conclusion

We will report elsewhere on more details of this work. Here we remark only that the net effect of the
new modelling is that by virtue of (a) a fast method of sampling from the posterior distribution of
the response surfaces and (b) a flexible but simple model for modelling entire chronologies, we may
now proceed with more confidence to the remaining very large goal, drawing realisations of entire
space-time ensembles from the posterior distribution of the European palaeo-climate.
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There is substantial empirical and climatological evidence that precipitation extremes have be-
come more extreme during the twentieth century, and that this trend is likely to continue as global
warming becomes more intense. However, understanding these issues is limited by a fundamental issue
of spatial scaling: that most evidence of past trends comes from rain gauge data, whereas trends into
the future are produced by climate models, which rely on gridded aggregates. To study this further,
we have fitted the Generalized Extreme Value (GEV) distribution to the right tail of the distribution
of both rain gauge and gridded events. The rain gauge data come from a network of 5,873 U.S. sta-
tions, and the gridded from a well-known re-analysis model (NCEP) and on climate model runs from
NCARs Community Climate System Model (CCSM). The results of this modeling exercise confirm, as
expected, that return values computed from rain gauge data are typically higher than those computed
from gridded data. We also find evidence of an increase in return values over time, though it is not
uniform over all seasons or all regions of the country However the main contribution of this paper is
the development of a family of regression relationships between the two sets of return values, that also
take spatial and temporal variations into account. Based on these results, we now believe it is possible
to project future changes in precipitation extremes at the point-location level based on results from
climate models.

Climate Model Background and Motivating Questions

Quantification of precipitation extremes is important for flood planning purposes, and a common
measure of extreme events is the n-year return level. Climatologists are interested in precipitation
return levels under various climate scenarios such as current climate conditions, future climates under
current levels of greenhouse gases, future climates under enhanced levels of greenhouse gases, etc.

The motivating questions are: Can regional climate model return level estimates be used to
obtain return level predictions at the station level? Does this relationship extend to climate models
such as the Community Climate System Models (CCSM) grid-cell data and point station data? Is
there a temporal trend for predicted extreme return levels?

GEV Distribution and Estimation Techniques

The Generalized Extreme Value or GEV distribution is defined by

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 1357 -



Pr{Y ≤ y} = exp
{
−
(
1 + ξ y−μ

ψ

)−1/ξ

+

}
.

In practice, however, fitting the GEV directly to sample annual maxima has a number of dis-
advantages. Many of the observational series are short (less than 25 years), and most observational
series contain missing values.

To take account of these deficiencies, an alternative class of methods, the Peaks Over Thresh-
olds (POT) approach, is considered. For the distribution of the excess values, a common family of
probability density functions is the Generalized Pareto Distribution (GPD):

(1) Pr{X ≤ u + x | X > u} = 1 −
(
1 + ξ

x

σ

)−1/ξ

+

One drawback in the POT model is that the parameters are directly tied to the threshold value, u.
A third approach, the point process approach (Smith 1989, 2003, Coles 2001), although opera-

tionally very similar to the POT approach, uses a representation of the probability distribution that
leads directly to the GEV parameters (μ, ψ, ξ). The PP approach is similar to the peaks over thresh-
old method: all observations over a given threshold are considered, and the tail of GEV is estimated.
However, in the PP approach, the parameters are not tied to the threshold value.

The Point Process method considers N peaks, Y1...YN , observed at times T1...TN . Pairs are
viewed as points in the space [0, T ] × (u,∞) (u=threshold), which form a nonhomogeneous Poisson

process with intensity measure: λ(t, y) = 1
ψ

(
1 + ξ (y−μ)

ψ

)− 1
ξ
−1

+
.

By standard formulae for a Poisson Process, the likelihood is of the form:

L(μ, ψ, ξ) =
N∏

i=1

λ(Ti, Yi) · exp
{
−
∫ T

0

∫ ∞
u

λ(t, y)dtdy

}

=
N∏

i=1

λ(Ti, Xi) · exp

{
−T

(
1 + ξ

u − μ

ψ

)−1/ξ

+

}
.(2)

In practice we work with the negative log likelihood, � = − log L,

(3) �(μ, ψ, ξ) = N log ψ +
(

1
ξ

+ 1
) N∑

i=1

log
(

1 + ξ
Yi − μ

ψ

)
+

+ T

(
1 + ξ

u − μ

ψ

)−1/ξ

+

where T is the length of the observation period in years and the (...)+ symbols essentially mean that
the expression are only evaluated if 1 + ξ u−μ

ψ > 0 and 1 + ξ Yi−μ
ψ > 0 for each i (if these constraints

are violated, L is automatically set to 0).
Maximum likelihood is performed by numerical nonlinear optimization. In practice it is conve-

nient to replace (μ, ψ, ξ) by (θ1, θ2, θ3) where θ1 = μ, θ2 = log ψ, θ3 = ξ (defining θ2 to be log ψ rather
than ψ itself makes the algorithm more numerically stable, and has the advantage that we don’t have
to build the constraint ψ > 0 explicitly into the optimization procedure).

Provided the GEV model fits the data, the PP approach should produce equivalent parameter
values as the POT approach, but the parameters are independent of the threshold allowing for esti-
mation error. The ideal threshold is determined by considering where the parameter values stabilize.
The n-year return level, yn, can be directly obtained using the estimated GEV parameters.

(
1 + ξ yn−μ

ψ

)−1/ξ
= 1

n leads to: yn =

{
μ + ψ nξ−1

ξ if ξ �= 0,

μ + ψ log n if ξ = 0.
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Data

Point-source daily precipitation data were obtained from the National Climatic Data Center,
covering the period 1950-1999 over 5873 stations. Grid-cell data are from the National Center for
Environmental Prediction (NCEP) covering the period 1948–2003 with no missing data on 288 2.5o

grid cells, converted to the same units (tenths of a millimeter) as the NCDC data. Rainfall values are
considered over the four seasons (DJF, MAM, JJA, SON). The CCSM data cover periods 1979-99 and
2079-99 with no missing data on 820 1.4o grid cells, converted to the same units as the NCDC data.

The relationship of grid cell 100-year return levels to the 100-year return levels at point locations
is explored. In Figure 1, the grid level returns are plotted at each station within that grid, and
compared to the point level returns at the corresponding station. The patterns are similar, but the
scales differ. Therefore, there is a need for a model to translate between grid level and point level
returns.

The initial analysis detailed in this paper was performed on the NCEP grid cell data. The
analysis was repeated for the CCSM grid cell data, and compared for consistency in the results.

Figure 1. NCEP Grid 100-Yr Return vs Station 100-Yr Return

Parameter Diagnostics and GEV Model Fit

The GEV parameter estimates are obtained and checked through various diagnostics. The GEV
parameter estimates are used to generate n-year return levels at grid and station levels. Consistency
is checked across time and season. Point-level return values are modeled using grid-level return values.

Figure 2. GEV Density Plots

The GEV densities on Grid Cell 19 (along the San Francisco coast) show the expected pattern.
The grid density, shown with the solid black curves, mirrors the pattern of the point-station densities
(dotted grey curves.) The location of the grid vs point-station densities show the difference in the
density means, and indicates once again the similar pattern but different scales. The 100-year return
value is estimated from the 99th percentile of the GEV density curves. The point-station densities
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show more variation, and support the idea of incorporating individual station information into any
predictions. This can also be seen in the density plots of grid cell 71, which is located in Montana.

The GEV densities on Grid Cells 185 (Alabama) and 218 (Key Largo, FL coast) do not show the
same pattern as the others. The grid density is clearly distinct from the pattern of the point-station
densities. The point-station densities show high variation from the grid densities.

The same patterns are seen across the CCSM data grids. The question of the discrepancy
between the grid and the point-station densities is one for further exploration.

As seen in Figures 3-5, the parameter estimates show consistent patterns, including spatial
dependence, across grid cell and point station return levels. This further suggests modeling the
relationship between point-level and grid-level returns. The Point Process Approach for estimation of
the GEV parameters considered two possible threshold values: the 95th and 97th of the grid cell data
and point station data. The parameter estimates using the 95% threshold are virtually identical to
those obtained using the 97% threshold at both the grid cell and point station level, validating the
use of the GEV model for parameter estimation.

Figure 3. μ Parameter: Comparing 95th and 97th Thresholds

95th Grid Cell 95th Point Station 97th Grid Cell 97th Point Station

Figure 4. logψ Parameter:

95th Grid Cell 95th Point Station 97th Grid Cell 97th Point Station

Figure 5. ξ Parameter:

95th Grid Cell 95th Point Station 97th Grid Cell 97th Point Station

Preliminary Model Fits

We have found that there is a discrepancy between return levels computed from station data and
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those computed from grid data. We try to model this discrepancy using regression methods, where
we use both grid-cell return levels and elevation to estimate station-data return levels. Simply using
the grid values to predict the station return values shows a lot of dispersion, and does not capture the
trend nor the scale of the point returns. This is also seen in the corresponding high magnitudes of
the standardized residuals. Using the log of the station return values corrects for the scaling issues.
However there is still dispersion around the trend line. Including station elevation as a covariate in
the model accounts for much of the dispersion around the trend line. Later, we also add latitude and
longitude to the covariates. A first attempt to do this is in Table 1.

Table 1. Model Coefficients by Season and Threshold

WINTER - 100 OBS AIC Intercept X1 X2
95 log(Pt)∼ Grid+Elev 4025 3425 5.3186 0.0030 -0.000124
97 log(Pt)∼ Grid+Elev 4013 3356 5.3074 0.0030 -0.000113

SPRING - 100 OBS AIC Intercept X1 X2
95 log(Pt)∼ Grid+Elev 4138 1924 5.8960 0.0023 -0.000258
97 log(Pt)∼ Grid+Elev 4145 2282 5.9736 0.0021 -0.000281

Looking across the two threshold values considered, there is no significant difference between the
model coefficients at 95% and 97% thresholds, as indicated previously in the GEV analysis. Further
analysis uses the 95% threshold for NCEP data, and the 97% threshold for CCSM data.

Looking across the seasons, Winter (DJF) vs Spring (MAM), a seasonal trend is apparent in
the different parameter values. This indicates the need for a seasonal component in the model, or for
seasons to be addressed separately. Further analysis will focus solely on the Winter season.

Investigation of Spatial Trends

The linear model including elevation appears to do an adequate job of predicting the point-
station return values. However, the residuals indicate a spatial correlation between stations that is
currently not being accounted for in the model.

Figure 6. Fitted 100-Yr Return Values Residuals

As a result, models including station latitude and longitude are considered. Linear, quadratic,
and cubic models in latitude and longitude are investigated. The cubic model is found to address the
spatial trend, confirmed by the lack of spatial pattern in the residuals and in a variogram analysis
performed on the residuals. The spatial dependence is apparent in the variogram for the linear model.
However, in the variogram for the cubic model, the spatial dependence in the residuals has been
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accounted for. R2 = 0.77 and standard errors are within 1.008 and 1.056 tenths of a millimeter.

Figure 7. Cubic Returns Cubic Residuals Linear Variogram Cubic Variogram

Other Models Considered

Quadratic and quartic models in elevation were also considered. Looking at the spatial trend
across the standard errors, the standard errors for the calculated log of the point-level 100-year return
values show a spatial trend. The plot of the Point Return Standard Errors versus the difference be-
tween the predicted Point 100-year return values for the quadratic and cubic models shows that the
difference is generally less than the standard errors for the point returns. Comparing the standard
errors from the quadratic model to the standard errors from the cubic model, the cubic model shows
less spatial trend among the standard errors. The cubic and quartic models show little difference
in the remaining spatial trend. In the cubic model, all terms and interaction terms are significant.
However in the quartic model, some terms are no longer significant, including the elevation covariate.

Diagnostics indicate that the cubic model accounts for the spatial trend better than the quadratic
model, and the inclusion of quartic terms was not needed. Thus the cubic model in latitude and
longitude which includes station elevation was selected to model the point-station return levels.

Community Climate Systems Model Analysis

The parameter estimates show consistent trends, including spatial patterns, across grid returns
and point returns, analogous to the NCEP data. Also seen is the similarity in return pattern across the
two time periods: 1970-1999 and 2070-2099. This validates the use of the GEV model for parameter
estimation. As seen with the cubic model for the NCEP grid data, the cubic model in station latitude
and longitude for the CCSM grid data shows better coverage than using elevation alone. The same
trend is seen in the 2070-2099 model runs.

Predicted Returns: Future versus Present

The ratio of the present day model predictions to the future model predictions is of interest. In
Figure 8, the ratios of predictions from present day CCSM runs (1970-1999) to future runs (2070-2099)
show predictions of extreme precipitation values of the same magnitude for many areas. However it
also indicate areas of the Gulf Coast where the future predictions are up to three times the magnitude
of the current extreme precipitation extremes. The question of increasing return levels over time is
also explored for the NCEP grid cell data in the next section.
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Figure 8. Ratio of 2070 Predicted Values to 1970 Predicted Values (CCSM Grid Data)

Accounting for Spatial Dependence: Cubic Model Predictions versus Ordinary Kriging

Approximately 1450 stations out of 5873∗ were not used in the regression analysis due to non-
convergence. To investigate the effectiveness of accounting for the spatial dependence between stations,
ordinary kriging is performed using an exponential covariance structure with range parameter 10 miles
to obtain predictions at the unused sites. The kriged values are compared to the predictions obtained
through applying the cubic model.

The extreme precipitation levels at the unused stations are very similar for the cubic model
predictions and kriged predictions. This suggests that the cubic model has accounted for the spa-
tial correlation between stations with similar effectiveness as a more costly run-time kriging analysis.
Looking across just the unused stations at the ratio of kriged to modeled predictions, it can be seen
that the kriged and modeled return levels produce very similar predicted values.

Figure 9.

1970-1999 Modeled Predictions Kriged Predictions Ratio of Kriged to Modeled

*There is still some sparseness in the smoothing due to the available latitude and longitude readings
for only the 5873 stations’ data.

Time Trend Analysis for NCEP Grid Cell Data
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Table 2. Extreme Precipitation Medians Across Time Periods

Grid 1949-65 1966-82 1983-99 Point 1949-65 1966-82 1983-99
North West 352.1 349.3 316.1 601.4 573.6 590.5

West North Central 204.8 171.1 229.1 * 317.3 263.4 297.3
East North Central 328.4 350.6 432.5 * 416.9 444.7 460.9 *

North East 444.1 488.5 471.4 657.2 694.9 738.6 *
West 298.9 396.8 333.2 1126.3 1091.5 1080.1

Southwest 196.3 203.5 226.4 * 359.5 345.7 382.5 *
South 394.3 423.2 429.4 * 864.0 885.7 1124.5 *

Central 439.6 470.2 472.0 * 825.2 820.6 916.8 *
South East 415.2 446.8 493.4 * 1085.2 1024.2 1097.8 *

Our analysis so far has not addressed the question of time trends within the observational data
record. In Table 2, we have broken the 1949-1999 period into three 17-year intervals, and computed
100-year return levels from each time period. Within each of nine U.S. climate regions defined by
NCDC, we have taken the median 100-year return level over all stations or NCEP grid cells in the
region. An asterisk indicates that the largest of the three return levels was during the 1983-99 time
period. For both grid and point data, six out of the nine climate regions had the highest return level
during the 1983-99 period. The results shown here are for the winter season but similar results were
obtained for other seasons. This confirms an overall pattern of increasing return levels during the time
period of the available data, but the pattern is not consistent across all regions or seasons.

Conclusions and Future Work

Modeling the tail of the GEV Distribution produces stable GEV parameter estimates and model
coefficients within seasons and across 95% and 97% thresholds. 100 year return levels are successfully
modeled by season at the point (station) level using grid-level returns, station elevation, and station
latitude and longitude. The regression relationship between climate model predictions and future
modeled extremes is best expressed through a cubic model in latitude and longitude to account for
the spatial correlation. The cubic relationship also holds for the CCSM data.

There is evidence of increasing extremes over time, as indicated by the median comparisons
across the three time periods for the NCEP/NCDC return values. This is also evidenced in the CCSM
grid cell data along areas of the Gulf Coast where the future predictions are up to three times the
magnitude of the current modeled precipitation extremes.

Future work includes incorporation of seasonal model component and investigation of spatial
covariance structure.

This work was supported by the National Oceanic and Atmospheric Administration and the
National Science Foundation. The project originated during a visit by the first two authors to the
National Center for Atmospheric Research. We thank Doug Nychka and Dan Cooley for their advice.
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Probabilistic Climate Forecasting: Escaping Bertrand’s Paradox

Myles Allen; David Frame
University of Oxford, E-mails: myles.allen@physics.ox.ac.uk; dframe@atm.ox.ac.uk

Abstract: The conventional approach to probabilistic climate forecasting is modelled on ensemble weather forecasting,

in essence a simple Bayesian updating procedure. An ensemble of forecasts is generated with a numerical model;

ensemble members are weighted by some measure of likelihood, or goodness-of-fit to observations, and a forecast

distribution is inferred from the weighted results. Unfortunately, climate forecasting is a fundamentally different

problem to weather forecasting: the climate problem is dominated by uncertainty in how the real world should be

modelled, whereas the weather problem is dominated, at least on short timescales, by uncertainty in its current

trajectory. The problem of model error can be papered over in ensemble weather forecasting because a sequence of

forecast verifications allow the ensemble prediction system to be tuned to give any desired spread-skill relationship.

No such tuning is possible for the climate problem. Establishing a consensus on the ”correct” treatment of model

error in the absence of any conceivable verification has proved impossible because arbitrary and obscure decisions

made in the design of the ensemble prediction system turn out to have a critical influence on results in the climate

problem. Forecasts of variables that are non-linear functions of observable quanities, such as the long-term warming

response to a stabilisation of atmospheric greenhouse gas concentrations, are particularly vulnerable. We will argue

that an approach based on likelihood profiling, in which the forecast distribution is simply equated with the relative

likelihood of the most likely (realistic) model as a function of the forecast variable of interest, has a much better chance

of establishing a model-independent consensus forecast than the conventional Bayesian approach. We formalise the

approach described in Frame et al (Geophys. Res. Let., 32:L09702, 2005) and extend it to the multi-parameter problem.

Key words and phrases: Likelihood profiling; Bayesian inference; ensemble methods.

——————————————————————————————————————————————–
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ABSTRACT 
A new method of non-linear curve fitting is applied to some global climate data, leading to the 

calculation of recent decadal trends in world temperature. The method is evaluated in the inversion of a 
large number of synthetic datasets, with different histories and noise levels. An analysis of those results 
suggests an empirical rule for the practical use of the method with real data. Finally, the method is used as 
a tool for the analysis of spatially distributed time series, namely global analyzed annual mean 
temperature, suggesting the existence of large scale structures in the global warming trends. 

Introduction 
In a climate changing world, the analysis of trends in time series of climate data, observed or 

inferred, is a very relevant issue. While past trends do not help us very much in the estimation of 
future climate scenarios, they do have a significant role in the assessment of the pace of climate 
evolution, and in the evaluation of the performance of climate models.  

In 2001 the IPCC evaluated the XX century temperature trend at +0.6ºC /century (IPCC, 
2001), using processed meteorological observations. In 2007 the centennial trend was re-evaluated 
to +0.74ºC/century, a 20% difference in 2 datasets which have 95 years in common. This result may 
be considered a clear sign of accelerating global warming. The latter report (IPCC, 2007) also 
stresses evidence of faster warming in recent decades. 

Karl et al. (2000) suggested that the analysis of global temperature trends should be done on a 
decadal time scale, not on the centennial one, due to clear signs of interdecadal variability, unrelated 
with greenhouse gases forcing. Karl et al. (2000) developed a method to fit a set of continuous line 
segments to a time series of global temperature data, in a two step procedure: first, they used Haar 
wavelets to locate discontinuities in the “local trend”; then, they solved the linear least squares 
problem of fitting a set of continuous line segments to the data, with prescribed breakpoints. The 
result of that methodology was an estimated rate of recent global warming at +2.5ºC/century, from 
1975 to 2000. 

Indeed, the time series of global temperature (Figure 3) offers a clear example for the 
usefulness of the proposed approach, because a large fraction of its slow mode variability is clearly 
captured in the form of a change in the decadal climate trend. The slight global cooling observed in 
the period 1945-1975, which has been rightly reproduced in GCM simulations (Stott et al. 2000), is 
an important feature in the XX century climate. It had a clear impact in the centennial trend, 
delaying the onset of global warming in some world areas, notably North America. 

Tomé and Miranda (2004, 2005) proposed a more general approach to solve the non-linear 
problem of fitting of a set of continuous line segments to climate data series, where the different 
parameters of the fitting, including breakpoint location and segment slopes, are jointly optimized. 
The method has been applied to global and local temperature data, and also to the North Atlantic 
Oscillation index, and to the paleoclimatic reconstruction of Mann and Jones (2003).  

In the present paper we review the methodology developed by Tomé and Miranda (2004), 
exploring its ability to invert synthetic data made by the addition of an idealized signal, made of a 
set of continuous line segments with given trend change at the breakpoints, plus prescribed white 
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noise of varying amplitude. By doing the inversion with a large number of random signals we are 
able to quantify the sensitivity of the method to noise, defining empirical rules for the success of 
such inversion. Furthermore, we verify the performance of the method as a “detrending tool”, 
comparing its results with those of the method proposed by Peng et al. (1994). Finally, we use this 
time series analysis technique to analyze the large scale structure of the 1951-2004 global warming, 
as seen by the NCEP-NCAR reanalysis datasets (Kalnay et al. 1996). 

The method applied to synthetic data 
The method proposed by Tomé and Miranda (2004) consists in the least-squares fitting of a set 

of continuous line segments, with unknown lengths and slopes, to a given time series. Consider the 
example shown in Figure 1. The top curve is an example of a possible solution, which in this case 
consists of 3 segments with significantly different slopes. We will call “breakpoints” the two points 
in that curve where we have a change of slope.  

Because the location of the breakpoints is unknown the inversion is a non linear problem, 
which may be solved by standard approaches (cf. Tomé and Miranda 2004, for details). However, it 
may be solved by the iterative solution of a large number of linear problems, a number that grows 
exponentially with the size of the time series. In the case of small size time series, such as the one 
shown in Figure 1, with 100 data points, it may be easily solved. For larger time series, some well 
thought constraints might rule out most of the possible solutions, allowing for an efficient algorithm 
strategy (Tomé and Miranda 2005).  

In all cases, it is clear that the inversion requires the prescription of some constraints, unless 
one is willing to accept the obvious, and useless, solution that the best fitting is given by one 
segment connecting each two consecutive data points. The method can accept a mix of conditions, 
including the prescription of a minimum size for the segments, a minimum change in trend between 
consecutive segments or a maximum number of allowed breakpoints. In Figure 1, the inversions are 
made with two conditions: a minimum length of 15 data points per segment and a minimum trend 
change of 0.1/datapoint. The top curve shows the solution, which coincides down to round off errors 
with the inversion of the series when it is done without any added noise. The three other curves 
show time series affected by different values of the standard deviation of the white noise, and the 
corresponding broken-line inversions. In this case, we get successful inversions for white noise with 
a standard deviation of 0, 1 and 2, but not when the standard deviation of the noise is 5. Note that 
the white noise series are not independent, as they were obtained by rescaling. 

The example shown in Figure 1 shows that, as is the case of any curve fitting method, results 
are sensitive to noise. In order to use the method for practical purposes, one needs to assess, for a 
particular case the level of confidence of the inversion. Because the methods developed for linear 
trend fitting are not usable for the proposed fitting, one may use numerical experimentation to 
establish an empirical scale of confidence. Figure 2 shows the results from 100000 inversions of 
random time series consisting each of 100 data points. Each series is a sum of a broken line (similar 
to the top curve in Figure 1, but with a random number of segments) plus some white noise with 
prescribed standard deviation. The first five panels in Figure 2, from (a) to (e), correspond to 
different conditions: (a) each segment has at least 15 data points, and there is a change in trend of at 
least 0.1/datapoint at each breakpoint; (b) same conditions as (a) but the segments are at least 20 
data points in length; (c) same conditions as (a) but the segments are at least 30 data points in length; 
(d) the segments are at least 25 data points in length and the change in trend is not smaller than 
0.3/data point; (e) as (d) but the change in trend is not smaller than 0.6/data point.  
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Figure 1 – Broken-line fitting of a time series with an increasing level of noise (shown in labels). All values 
are non-dimensional. 

In each panel of Figure 2(a-e), the bars show the frequency of success in breakpoint location, 
as a function of the noise level. In all cases, the inversions are entirely successful for zero noise, and 
the rate of success decreases monotonically with the intensity of noise. Comparing the different 
panels, it is easy to conclude that, for a given noise level, the rate of success increases with the size 
of the minimum allowed segments and with the amount of minimum allowed change in the trend at 
breakpoints.  

Each of the panels in Figure 2(a-e) also shows a set of 3 curves describing the distribution of 
errors in the computed segment slopes, for the cases of successful breakpoint location. In all cases, 
one finds that even at the higher noise levels, which vary from panel to panel, the frequency of large 
errors in the slopes (50% error) is rather small, indicating that the breakpoint location is the essential 
step in the inversion. In other words, if the breakpoints are rightly positioned it is unlikely that the 
method will lead to large errors in the slopes of each segment. 

The relative similarity between the five first panels Figure 2(a-e) suggests the possibility of an 
empirical rule, covering all cases, by appropriate rescaling of the results. Figure 2f shows the results 
of that exercise, presenting the rate of successful breakpoint location as a function of the square the 
minimum segment size multiplied by the minimum segment size and divided by the standard 
deviation of the noise. The synthetic results indicate that the success of inversion increases 
monotonically with the defined factor, attaining a 95% value at around 45. Equivalent results may 
be obtained for other constrained inversions, using different conditions. 
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Figure 2 – Rate of success of the fitting of random synthetic time series consisting of a set of continuous line 
segments with added noise of varying standard deviation: (a) at least, trend change 0.1/datapoint, 15 

datapoints per segment; (b) like (a) but with at least 20 datapoints/segment; (c) like (a) but with at least 30 
datapoints per segment; (d) at least, trend change 0.3/datapoint, 25 datapoints per segment; (e) like (d) but 
with a minimum trend change of 0.6/datapoint; (f) all results. The bars represent the frequency of successful 

breakpoint location, the lines represent  the distribution of relative errors in the computed trends. 

Detrending the Northern Hemisphere mean temperature 
The Northern Hemisphere mean temperature, computed by the Climate Research Unit (Univ. 

East Anglia, UK) is an excellent candidate for the proposed inversion. Figure 3 shows the data set, 
the computed linear trend and the broken line fitting. The latter was obtained under two conditions: 
a minimum change segment length of 15 years and a change of trend signal at each breakpoint. The 
inversion fits a set of 4 segments, with breakpoints in 1912, 1943 and 1975. The figure also shows 
the results of “detrending”, obtained by subtracting the fitted curve from the dataset. 

Figure 4 shows a similar exercise with another method, DFA (Detrended Fluctuation 
Analysis), proposed by Peng et al. (1994). As shown, the latter method fits a set of discontinuous 
line segments. While the variance of the detrended series in both methods is almost identical, with a 
standard deviation of around 0.11 in both cases, the proposed method offers a more natural 
approach, and, more importantly, a much simpler description of the slow evolution of the series: 4 
continuous segments, against 7 smaller discontinuous segments in DFA.  
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Figure 3 – Fitting of the CRU Northern Hemisphere mean temperature. 
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Figure 4 – As Figure 3, using the Detrended Fluctuation Analysis of Peng et al. (1994) 

Spatial structure of global warming 
Climate fields have both time and spatial dimensions. As shown in different studies, past 

global warming has not occurred at the same pace in all continents and oceans. Hansen et al. (1999) 
analyzed the 1950-2000 temperature trends using the GISS global dataset, obtained by the 
interpolation of surface observations to a regular grid, and found large differences in those trends. 
While the global and hemispheric temperatures showed a clear warming sign in that period, North 
America showed a large area of net cooling.  

In this section we will do a similar analysis using, instead of linear trends, the broken-line 
approach described in the previous sections. For that purpose, we will use the NCEP-NCAR 
reanalysis of 2m temperature, available on a 2.5 2.5º grid, without any missing data points in the 
period 1951-2004. The reanalysis data is not generally considered the best option for climate change 
analysis, due to the heterogeneity in the data associated with changes in the data collection system, 
notably the introduction of satellite data after 1979. However, it has been used for that purpose 
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(Kalnay and Cai 2003) and is a good dataset for the present purpose of methodological 
development. 

Considering the global temperature evolution, similar to the Northern Hemisphere mean 
temperature shown in the previous section, we will look for a fitting with only one breakpoint in the 
period 1951-2004, with a minimum segment length of 10 years. However, we will accept all 
possible changes of slope at the breakpoint, at each spatial grid point, including changes in slope 
sign. Figure 5 shows the spatial distribution of the time evolution of mean temperature, organized in 
4 classes: continuous cooling, warming followed by cooling, cooling followed by warming and 
continuous warming. As expected, most of the world area follows the averaged world evolution 
(cooling followed by warming), including most of the Northern Hemisphere continental areas. A 
significant fraction of the southern ocean, and of the eastern tropical Pacific are, tough, best fitted by 
the opposite behavior: warming followed by cooling.  

Even for regions with the same broad behavior, e.g. cooling followed by warming, the timing 
of trend change is an important element to help us understanding the dynamics of global warming. 
That timing is shown in Figure 6, organized in 5 year intervals for easier visualization. Even if one 
considers only the northern Hemisphere, where the normal behavior (cooling then warming) is 
dominant, Figure 6 indicates that there are great differences in the recent temperature evolution, with 
earlier (1960s) warming trends in northern Eurasia, later joined by the subtropical to northern 
Atlantic and southern Europe (1970s). The regions with later onset of warming include Greenland 
(1990s).

Finally, Figure 7 shows the most recent decadal trends, corresponding to the slope of the most 
recent linear segment, indicating very large trends in areas of recent trend change, most notably 
Greenland.

Figure 5 – Spatial distribution of the classification of the temperature evolution in the 1951-2004 NCEP-
NCAR 2m temperature reanalysis. The cases of continuous cooling and continuous warming include 2 

segments with the same slope sign.  
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Figure 6 – Timing of trend change in annual temperature. 

Figure 7 – Recent (after trend change) decadal trends of annual temperature. 

Discussion
We have reviewed a non-linear fitting technique recently proposed by Tomé and Miranda 

(2004) to analyze time series, which fits a set of continuous linear segments to a given series, by 
jointly optimizing the location of the line breakpoints and the individual segment slopes, subject to a 
number of chosen constraints. For detrending applications the method was here compared with the 
alternative DFA procedure of Peng et al. (1994), showing some interesting advantages, including a 
simpler model of the slow component of the time series and an at least comparable detrended series.  

The method was also used as a tool to the analysis of the spatial structure of climate change 
fields, by comparison of the best fit slow series in different world locations. The comparison 
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indicated that there are large scale contiguous regions of similar behavior, a feature that suggests 
dynamical climate adjustments at comparable scales. 
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1 Introduction

Conditional autoregressive (CAR) models, and the more general Markov random field models, are
excellent tools for analyzing data laid out on spatial lattices. These lattices may be regular, such
as the grids associated with images, remote-sensing data, climate models, etc., or irregular, such as
U.S. census divisions (counties, tracts, or block-groups) or other administrative units. Besag (1974)
laid out the basic framework for Markov random field models. For random variables y1, . . . , yn observed
at n locations on the lattice structure, the collection of conditional distributions f(yi|y−i), i = 1, . . . , n

(where y−i refers to all random variables except the ith one) can be combined under certain regularity
conditions to form a joint distribution f(y1, . . . , yn). Rue and Held (2006) can be consulted for an
excellent exposition of the theory of Markov random fields; see also the reviews in the texts by Cressie
(1993), Banerjee et al. (2004), and Schabenberger and Gotway (2005). CAR models are Gaussian
Markov random fields. It should be noted that they are not the same as the so-called simultaneously
specified autoregressive (SAR) models and are actually a more general construction (see Haining, 1990,
and Cressie, 1993, for discussion and comparison of these two formulations).

1.1 Univariate CAR Models

The CAR model has Gaussian conditional distributions, and hence it remains to specify the conditional
means and variances. For i = 1, . . . , n, E[yi|y−i] = μi +

∑n
j=1 bij(yj − μj) and var[yi|y−i] = τ2

i , where
bii = 0, bijτ

2
j = bjiτ

2
i (symmetry), and bij = 0 if j �∈ Ni, where Ni is a collection of indices defining the

neighbors of the ith location on the lattice. As long as the non-zero bij are chosen appropriately to
ensure that the resulting covariance is symmetric and positive-definite, these conditional distributions
will yield a joint distribution that is Gaussian with mean μ = [μ1, . . . , μn]′ and a covariance matrix
given by (I−B)−1T, where B = (bij) and T = diag(τ2

i ). Note that the μi can be written as a function
of covariates and often the τ2

i and bij are assumed to be proportional to some fixed constants. See,
for example, the discussion in Stern and Cressie (1999).

An important feature of the CAR model is that it is parameterized through the inverse of
the covariance matrix. The off-diagonal elements of the inverse covariance matrix are either zero,
implying conditional independence between observations that are not neighbors, or −bij/τ2

i , implying
conditional dependence. In other words, the specification of the non-zero bij and the τ2

i controls
the nature and degree of the conditional covariance between neighbors and the implied unconditional
spatial dependence between observations across the lattice. It should also be noted that the inverse
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covariance is often sparse which can be exploited for significant computational gains when maximizing
a likelihood or when implementing Markov chain Monte Carlo for a Bayesian analysis.

1.2 Multivariate CAR Models

Mardia (1988) laid out the basic framework for extending the CAR model for multivariate observa-
tions at each point on the lattice. This multivariate framework is similar to the univariate case for
Gaussian conditional distributions. Conditional means (that include linear combinations of neighbor-
ing observations) and variances are specified, and these conditional distributions can be combined to
form a joint Gaussian distribution. This and other multivariate versions of CAR models have now
been explored by a number of authors, including Billheimer et al. (1997), Kim et al. (2001), Pettitt
et al. (2002), Carlin and Banerjee (2003), Gelfand and Vounatsou (2003), Sain (2006), and Sain and
Cressie (2007), among others.

Sain and Cressie (2002, 2007) propose an alternative multivariate structure to that given by
Mardia (1988). The basic idea is to consider the multivariate observations on, for example, a two-
dimensional lattice, as univariate observations on a series of “stacked” two-dimensional lattices. De-
pendencies in these CAR models can be thought of as connections between vertices on a graph of
the spatial locations. In this case, the spatial dependencies for a particular variable are represented
by connections between vertices on a particular level. Cross-dependencies between the variables are
represented as connections between levels. The multivariate covariance matrix associated with this
alternative specification takes the form, D(I −∑k Bk(ϕk))−1D, with D being a diagonal matrix of
scale parameters. The matrices Bk(ϕk) represent a specific type of connection in the lattice, e.g. the
neighbor connections within a level or across levels, and ϕk are parameters that control the conditional
dependence implied by these connections.

2 Combining Climate Model Output

The climate system is comprised of a number of components, for example, atmosphere, oceans, terres-
trial and marine biospheres, sea ice, land surface, etc., and these components interact to determine the
Earth’s climate. Climate models attempt to represent various aspects of the climate system as well as
the impact of human intervention. Atmosphere-ocean general circulation models (GCMs) couple an
atmosphere model with an ocean model and typically have grid boxes on the scale of 200 to 500 km.
Many of the smaller-scale climate processes are often simplified or approximated in such models.

Recently, the focus of climate models has shifted from global perspectives to impacts of climate
and climate change on regional scales. Regional climate models (RCMs) are similar in concept to
GCMs, but with grid boxes typically on the scale of 20 to 100 km. This allows for more explicit
modeling of the smaller-scale processes that are often only approximated in GCMs.

2.1 A Regional-Climate-Model Experiment

Leung et al. (2003a,b) describe a regional-climate-model experiment using the MM5 RCM to produce
a control run from 1995-2015 and three future runs (ensembles) from 2040-2060. The domain was the
western United States and part of western Canada, and the model used a “business as usual” climate
scenario implying a 1% annual increase in the amount of greenhouse gases.

The n = 2464 (44×56) grid boxes form a regular lattice, and, for this analysis, ten-year seasonal
averages of mid-point temperatures were computed for each grid box for the control run (1995-2004)
and the three future runs (2040-2049). Differences between the future and control temperatures were
computed for winter (December, January, and February) and summer (June, July, and August).

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 1376 -



Hence, there are two variables (change in average midpoint temperature for winter and for summer)
and three ensembles, giving six fields to be analyzed.

2.2 The Statistical Model

Let Yij denote the n-vector of observations on the model output grid for the ith ensemble (i = 1, 2, 3)
and the jth variable (j = 1, 2). We then propose the following hierarchical structure:⎡

⎢⎢⎢⎢⎢⎢⎢⎣

Y11

Y21

Y31

Y12

Y22

Y32

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

X 0
X 0
X 0
0 X
0 X
0 X

⎤
⎥⎥⎥⎥⎥⎥⎥⎦
[

β1

β2

]
+

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

ε11

ε21

ε31

ε12

ε22

ε32

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

.

The regression matrix X contains an intercept and covariates longitude, latitude, elevation, and an
indicator for grid boxes that are in the ocean.

Based on the alternative specification of the CAR model in Sain and Cressie (2002, 2007),
the errors, ε = [ε′11, . . . , ε

′
32]
′, are assumed to be Gaussian with zero mean and covariance Σ =

M1/2H−1M1/2, where

M =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

σ2
1M1 0 0 0 0 0
0 σ2

1M1 0 0 0 0
0 0 σ2

1M1 0 0 0
0 0 0 σ2

2M2 0 0
0 0 0 0 σ2

2M2 0
0 0 0 0 0 σ2

2M2

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

,

and M1 and M2 are diagonal matrices of constants. Often, the elements of Mi are related to the
number of neighbors or other constants that impact the scale of the data. In this case, M1 = M2, and
the diagonal elements are the inverse of the total number of neighbors (number of nonzero elements
of each row of H).

The matrix H is given by,

H =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

H1 0 0 G 0 0
0 H1 0 0 G 0
0 0 H1 0 0 G
G 0 0 H2 0 0
0 G 0 0 H2 0
0 0 G 0 0 H2

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

.

The n × n matrices H1 and H2 control the spatial dependence and have the form,

Hi = I − φ1iC1 − φ2iC2,

where C1 and C2 are incidence matrices that define neighborhoods for 1st-order and 2nd-order neigh-
bors, respectively. Note that this is a slightly different neighborhood structure that allows for more
smoothness than is typically found using only the first-order neighbors that share boundaries. Using
only the first-order neighbors is similar to using an exponential covariance function. However, an
exploratory analysis suggested that the extra smoothness was warranted. This is further justified by
noting that the “data” are actually averaged output from a deterministic model, which often results
in smoother spatial fields than that found with observational data. Finally, the cross-dependence
between Yi1 and Yi2 is controlled by G, which has the form G = −ηI.
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Figure 1: Mean fields for the predictive distribution of the change in winter (left) and summer (right)
temperature.

It remains to specify priors for the parameters. We adopt a general philosophy of non-informative
priors. The prior distribution for the regression parameters, βi, is N(0, σ2

β) where σ2
β is large. For

σ2
i , the prior is taken to be proportional to (σ2

i )
−1. Finally, the parameters φij and η must be

chosen to ensure that H is positive-definite and Σ is a bona fide covariance matrix. Hence, the prior
distribution for these dependence parameters is taken to be uniform over the range of values that will
yield a positive-definite covariance matrix.

3 Results

Markov chain Monte Carlo methods can be used to probe the posterior distribution of the parameters
as well as the predictive distribution for the spatial fields representing the climate change implied by
the three ensembles of climate-model output. Considering the nature of the model and the size of the
climate-model output, this approach is a computational challenge and is still a work in progress.

However, an initial study to finding point estimates of the parameters was conducted. Using
numerical optimization, the mode of the posterior distribution for the parameters was found; a point
estimate for a parameter is given by its posterior mode. These parameter estimates are then plugged
into the predictive distribution for the spatial fields (i.e., the conditional distribution of a new “obser-
vation” given the three ensembles of climate model output) to explore the behavior of the predicted
climate change. Since there is no direct correlation between ensembles other than the mean structure,
the joint distribution between new fields (Y∗1,Y∗2), conditional on the three ensembles, is multivariate
normal with mean (Xβ̂1,Xβ̂2) and covariance given by[

σ̂1M
1/2
1 0

0 σ̂2M
1/2
2

][
Ĥ1 Ĝ
Ĝ Ĥ2

]−1 [
σ̂1M

1/2
1 0

0 σ̂2M
1/2
2

]
,

where β̂1, β̂2, σ̂2
1, and σ̂2

2 are parameter estimates and Ĥ1, Ĥ2, and Ĝ are constructed from estimates
φ̂11, φ̂21, φ̂12, φ̂22, and η̂.

Mean fields from the predictive distribution are shown in Figure 1. Both show warming through-
out the west for both summer and winter, although the warming appears to be more severe in the
northwest U.S. during the winter and more north-central during the summer months.
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Figure 2: Top row are the three model output winter temperature change fields, i.e. the “data.”
Bottom row are three realizations simulated from from the posterior predictive distribution.

3.1 Statistical Modeling Issues

The additional smoothness by including the second-order neighbors improves the spatial correlation
structure and produces realistic looking posterior fields (see Figure 2). However, a drawback to the
model is that there is no correlation between ensembles built into the statistical model. Granted,
the common mean structure captures the larger-scale behavior across the ensembles, but there is still
apparent smaller-scale correlation that is not accounted for in this model.

Conceptually, this is a simple addition to the covariance structure. For example, letting Gi =
−ηiI, then H can be rewritten as

H =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

H1 G1 G1 G3 0 0
G1 H1 G1 0 G3 0
G1 G1 H1 0 0 G3

G3 0 0 H2 G2 G2

0 G3 0 G2 H2 G2

0 0 G3 G2 G2 H2

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

.

However, computationally, this additional structure is a much larger issue. To compute the likelihood
portion of the posterior, the determinant of H must be computed. Capitalizing on the sparse structure
of H, a sparse Cholesky decomposition is used to compute the determinant. Unfortunately, the
Cholesky decomposition of a sparse matrix is not necessarily sparse, and the degree to which the
Cholesky is sparse is determined by the structure of the original matrix. To make the sparse Cholesky
decomposition as efficient as possible, there is a step that involves a reorganization of the original
matrix to move as much of the dense structure as close to the diagonal as possible. Adding the
additional structure to connect the ensembles would mean that there would be more elements further
from the diagonal in this reorganization step, leading to considerably more time to compute and store
the Cholesky decomposition. However, there are ways where this can potentially be overcome through
more efficient implementations.

A second issue that arises is the nonstationarity of the resulting covariance matrix. Figures
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Figure 3: Spatial correlation functions for selected locations.

Figure 4: Scale associated with grid location.

3 and 4 are based on the estimated covariance matrix for the predictive distribution given in the
previous section and demonstrate the issue. The impact of the boundary and neighborhood structure
can be clearly seen in the correlation functions in Figure 3. For grid boxes towards the interior of the
grid, the contours of the correlation function are roughly spherical. However, grid boxes closer to the
boundary and the corners are clearly affected by their position.

Perhaps more importantly, the scale associated with each grid box (diagonal of Σ), shown in
Figure 4, clearly shows the affect of the boundary, with larger variability near the center of the domain.
Rue and Held (2006) discuss some of these issues and potential corrections. These include embedding
the grid of interest into a larger domain or even a torus that would minimize boundary effects. There
are also potential computational benefits to such an approach. However, it is unclear how to adapt
these ideas to the more complex, multivariate lattices considered here.

4 Discussion

The statistical model and results outlined here are clearly a work in progress. A fully Bayesian
approach, using computational Markov chain Monte Carlo to probe the posterior distribution of the
parameters, would give posterior spatial fields for climate change that would more appropriately
characterize the climate model variability and also the variation in the parameter estimation. The
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computational issues are challenging, but not outside the realm of possibility with modern computing
technology. A more thorough analysis of this model output, as well as other regional climate model
output, is currently underway.

Finally, this study is a prelude to a larger-scale analysis that will be the focus of the experiments
associated with the North American Regional Climate Change Assessment Program (NARCCAP;
http://www.narccap.ucar.edu), which is a large, multi-agency, multi-institution program designed
to study and quantify the uncertainties in projections of regional climate change. In this program,
four global climate models will be used to provide boundary conditions for six regional climate models.
The domain consists of a 155× 130 grid spanning a region covering most of North America. The goal
is to examine the downscaling and the sources of uncertainty in these models as well as to provide
assessments of regional climate change and the uncertainty in these assessments.
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Discussion of “Climate Change” Invited Papers 

Switzer, Paul
Stanford University, Statistics Department
390 Serra Mall
Stanford, CA 94305-4065, USA
switzer@stanford.edu

Pedro Miranda
Broken-Line Analysis of Climate Trends

Pedro Miranda’s paper discussed how adaptive broken lines are used to flexibly 
and economically summarize changes in time trends.  Separately estimated broken-line 
trends are then compared spatially. Parameterization of the broken-line trend model 
depends on threshold specifications for minimum change in slope and minimum time 
intervals. A natural question is whether these thresholds be chosen in some automatic 
way.  It would also be interesting to know what are the links to other methods for change-
point detection in time series, as well as the links to spline function fitting?  The 
assignment of standard errors for estimates of change points and trend slopes should take 
account of the entire fitting procedure.  In the application to spatial patterns of climate 
change broken-line parameters are estimated independently at each grid location with no 
spatial modeling to impose spatial regularity.

Stephan Sain
Combining Regional Climate Model Output via a Multivariate Random Field Model

Stephan Sain’s paper described CAR models of spatial dependence that are spatial
lattice models with unexpected inter-point correlation properties and boundary artifacts. 
Such lattice models changes in unpredictable ways if the data density changes. Their 
main advantage is computational, in that the spatial dependence structure can be 
described in terms of local interactions and the inverse spatial covariance is sparsely and 
economically represented. In contrast, geostatistical spatial modeling is not tied to the 
observation lattice but loses the sparseness of the lattice models. 

Sain’s application to estimation from model ensembles raises some natural 
questions --how the predictive distribution is affected as the number of ensemble fields.
In particular, if the size of the ensemble is large does this mean that we can do away with 
spatial modeling, normal distributions, etc.  What if we try to account for residual cross-
correlation among ensemble replicates.  In the modeling structure of the paper it would 
be interesting to know what happens when additional models are introduced, e.g., does 
the variability in the predictive distributions increase or decrease?
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Myles Allen
Constraining Climate Forecasts: The Role of Prior Assumptions

Myles Allen’s paper points out difficulties and inconsistencies resulting from the 
necessity of specifying prior distributions on competing models in a Bayes framework, 
used to assess uncertainty of predictions of future climate indicators. A proposal of this 
paper is to implicitly use model priors that that yield pre-specified predictive distributions 
of the chosen climate indicator, such as a uniform distribution over a chosen range of the 
climate indicator.  Implied model priors are therefore different for different climate 
indicators.  This leads to a “profile” likelihood approach -- the likelihood of the data, 
maximized over models, for each fixed value of the climate indicator.  The profile 
likelihood is then interpreted as a relative predictive distribution for the climate indicator.

The toy example below illustrates some properties of the proposed profile 
likelihood, interpreted as a predictive probability distribution.  The example shows 5 
models with their corresponding data likelihoods and their predictions of a 2-state [0,1]
future climate.  The data likelihood is interpreted as the historic probability of a correct 
prediction, taken here to be the same whether the prediction is “0” or “1”.  Allen’s profile 
likelihood method gives odds of 2:3 against future climate “0”, versus somewhat similar 
odds of approximately 1:2 using a Bayes-like calculation with a uniform prior over the 5 
models.  On the other hand, if all 5 models agree on future climate “0”, then profile 
likelihood cannot provide relative probabilities, whereas the Bayes method gives odds in 
favor of future climate “0” of 7:3.  If we had only the prediction from Model 5 then the 
Bayes odds would have been 9:1, which illustrates an anomaly of the Bayes method. This 
argues for considering joint historic data likelihoods for combinations of model 
predictions.

Model Data
Likelihood

Predicted
Climate

Predicted
Climate

PL Odds Bayes Odds 
[uniform prior]

1 0.5 0          0 0.6 1.7

2 0.6 0          1 0.9 3.3

3 0.7 1

4 0.8 1

5 0.9 1
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Volatility for Point and Marked Point Processes 
Brillinger, David 

University of California, Department of Statistics 
367 Evans 
Berkeley, CA 94720, USA 
E-mail: brill@stat.berkeley.edu 

Introduction 

Volatility has become an important topic for time series generally and for financial series particularly. The 
topic arises in point process problems also. Volatility is a vague concept, capable of being formalized in a 
variety of ways. A persistent notion is local variability. A definition from the financial world is: “A 
statistical measure of the dispersion of returns for a given security or market index. Volatility can either 
be measured by using the standard deviation or variance between returns from that same security or market 
index. Commonly, the higher the volatility, the riskier the security.”

One can ask, what is the point of studying the topic? An important product of the study of volatility can be 
better assessment of risk. This will be discussed below. Studying volatility can also lead to better 
forecasting, and to checking that a process is under control.

Volatility measures are important in risk analyses involving ordinary time series, particularly many 
questions of risk analysis involve some form of variability. For example in insurance considerations the 
safety loaded pure risk premium can take the form 

1P(t) + 2 (t) + 3 (t)2

where the ‘s are weights, P(t) is the fair premium and (t), or (t)2, is the volatility at time t. The above 
expression is (10.2.6) in Daykin et al (1994).  

Another measure of financial risk is the so-called Value at Risk (VAR). It has been defined as the maximum 
expected loss over a specified time period with a given confidence level. Losses in the time horizon will 
exceed the VAR only with prespecified probability . Estimates of something like (t) are required in its 
computation. 

There will be more discussion of the time series case in the next section, but the motivating consideration of 
is a study of the concept of volatility in the point process case. It seems tied in with the issue of over and 
under-dispersion having the Poisson process as standard. One can ask if the local rate of a point process is 
varying. The definition of volatility could be the level. A basic issue is how to display point process data to 
bring out the presence or absence of volatility? 

The subject matter of finance can be brought into the problem by imagining that there is a price of $1 
associated with each event. 

The layout of the paper involves discussion of the time series concept, and then the point process one. The 
material here is tutorial. A variety of empirical examples from various fields and some theory will be 
presented at the talk itself. 
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The Time Series Case

Let {Y(t), t=0,  ±1, ±2, …} denote a real-valued time series. One might consider the Dow Jones Industrial 
Average (DJIA) for example. It is based on the prices of some 30 stocks. In fact there is a stock, DIAMONDS 
(DIA) that can be purchased to mock the Index’s level. The return, defined as R(t)  = log Y(t)/Y(t-1), is 
studied for volatility.

Naïve estimates of volatility include: 

      ave{  |Y(s) – Y(s-1)|}   and  ave{  [Y(s) – Y(s-1)]2}

The figure below plots the return and one naïve estimate of volatility.

One sees the volatility of the upper figure confirmed in the lower. There are seen to be intervals of high 
volatility corresponding to: the crash period of 1929, the Black Monday period of 1987, and the 9/11 period
of 2001. 
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In a nonparametric formal approach one can consider 

   E{[Y(t) – Y(t-h)] 2} = 2[c(0) – c(h)]   -2c"(0)h2

in the stationary case, where h is small. If one views the series {Y(t)} as locally stationary, then with this 
definition volatility is getting at whether the second derivative at 0 of the autocovariance function changes 
much as one slides along the series. 

Discussion of the topic in the literature often turns to GARCH models such as 

R(t) = μ(t) + (t) (t)

(t)2 = 0 + i (t-i)2 + j (t-j)2 with the ’s and ’s non-negative. 

This is a is a parametric approach. Once the parameters are estimated an estimate of  (t) can be fed into risk 
computations. 

The Point Process Case 

The preceding material has been by way of easing into the point process case. Time is now continuous time 
and the process is on the real time line. One can denote a realization of the point process by a non-
decreasing sequence, { j}, or a non-decreasing function, N(t), counting the number of points up to and 
including time t, starting at time 0 say. 

Point processes are a common data type and they are they are also building blocks of time series 
processes. There are both parametric and nonparametric forms of analysis.

Consider var{dN(t)} as a measure of volatility of a point process. Writing dt = h, and supposing h small, 
one has 

   var{N(t)-N(t-h)} = [pN (r-s) + qNN(r-s)]drds  pNh + qNN(0)h2

with the process assumed stationary, having rate pN and covariance density qNN(·) and (·) is the Dirac delta. 
Viewing the process as locally stationary the volatility is seen to relate to how near constant pN and qNN(0)
are. The Poisson variability shows itself in the ever presence of the term pNh. The Poisson is the standard 
against which other processes are measured. 

Depending on the sign of qNN(0) there can be over- or under-variation. It is direct to set down examples, 
theoretical and empirical, of each. 

There is a time-series approach to working with point processes on the line. One considers the discrete time 
series of successive values j - j-1 i.e. the interarrival times. Interestingly if N(t) is stationary, so too is the 
series { j }. One can look for volatility in each. 
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A parametric approach to the point process case has also been proposed by Engle and Russell 
(1988). The autoregressive conditional duration (ACD) model is a model for a point process in 
which the conditional intensity has the form 

(t|Ht ) = 0 ((t-tN(t))/ N(t)+1)/ N(t)+1

i  = E(xi  | xi-1, xi-2, … , x1) , xi = ti  - ti-1

and xi = i i for some i.i.d. i . 0 is a baseline. Estimation and prediction procedures have been 
developed.

Extensions

Various extensions are possible: the spatial case , the vector case, the marked point process, the long-tailed 
case and the integer-valued case. One might also consider random effect models. 

Discussion and Summary

The work has provided some measures of local variability for point processes – both parametric and 
nonparametric. Locating volatile time periods may suggest explanatories, such as the 1929 stock market 
crash phenomena, or an understanding of a seasonal effect. 
 There is general discussion and empirical examples in Tsay (2002). 
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ABSTRACT
The intention is to propose and investigate several definitions for the concept of volatility in the case of point and 
marked point processes, for both the temporal and spatial domains. Volatility is a vague concept that can be, and has 
been, made precise in a number of ways. Point processes are basic to risk analysis, and volatility is often mentioned in 
work in that field so a useful extension of the concept can be anticipated cases are presented.. The Poisson case will 
provide a bench mark. Applications to financial statistics and other 
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Model-free prediction
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Introduction

In the classical setting of an i.i.d. (independent and identically distributed) sample, the problem
of prediction is not very interesting. Consequently, practitioners have focused on estimation and
hypothesis testing in this case. However, when the i.i.d. assumption breaks down, the prediction
problem is both important and intriguing; see Geisser (1993) for an introduction. Typical examples
include regression problems and/or dependent data.
Some key models are given below. The data are {Yt, for t = 1, . . . , n}, the errors εt are assumed
i.i.d. (0, 1) throughout, and Xt is a fixed-length vector of explanatory (predictor) variables. Letters
σ, a, ai, bi, etc. represent model parameters, b is a parameter vector, and μ(·) and s(·) are functions.

• Regression: linear/homoskedastic

Yt = X ′
t b + σεt, t = 1, . . . , n.(1)

• Regression: nonparametric/heteroskedastic

Yt = μ(X t) + s(Xt) εt, t = 1, . . . , n.(2)

• Time series: parametric (ARMA/ARCH)

Yt = b +
p∑

i=1

biYt−i + (a +
p∑

i=1

aiY
2
t−i)

1/2 · εt, t = 1, . . . , n.(3)

• Time series: nonparametric/heteroskedastic

Yt = μ(Yt−1, · · · , Yt−p;X t) + s(Yt−1, · · · , Yt−p;X t) εt, t = 1, . . . , n.(4)

The above examples represent some popular models for regression and time series data. The models
are general enough to include possible heteroskedasticities in the error variance in addition to their
potential nonparametric components. Given any one of these models, the optimal model-based pre-
dictors can be formed. Nevertheless, in what follows we show how the prediction problem can be
addressed in a model-free setting.

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 1391 -



A general model-free prediction principle

In models such as (1)—(4), the predictive distribution of Yn+1 given the data Y n = (Y1, . . . , Yn)′ in
general may depend on Y n and on Xn+1 which is a matrix of observable, explanatory (predictor)
variables; for concreteness, assume the predictors are deterministic although provisions for random
regressors can be made. The notation Xn here is cumulative, i.e., Xn is the collection of all predictor
variables associated with the data Y t for t = 1, . . . , n; for instance, in the linear regression example
of eq. (1), the matrix Xn would be formed by concatenating together all the fixed-length predictor
vectors Xt, t = 1, . . . , n.
Let Yt take values in the linear space B which typically will be Rd for some integer d. The goal is
to predict g(Yn+1) based on Y n and Xn+1 without invoking any particular model; here g is some real-
valued (measurable) function. The key to successful model-free prediction is the following model-free
prediction principle. In a nutshell, the basic idea is to transform the non-i.i.d. set-up to an i.i.d.
dataset for which prediction is easy—even trivial—, and then transform back to the original setting
to obtain the model-free prediction.

Model-Free Prediction Principle.
(a) For any natural number m, suppose that a transformation Hm is found that maps the data

Y m = (Y1, . . . , Ym)′ and the explanatory variables Xm onto the i.i.d. sequence ε
(m)
m = (ε(m)

1 , . . . , ε
(m)
m )′

where each ε
(m)
i , i = 1, . . . ,m has distribution Fm, and Fm is such that Fm

L=⇒ some F as m → ∞.

(b) Suppose that the transformation Hm is invertible for all m (possibly modulo some initial condi-

tions denoted by IC), and—in particular—that one can solve for Ym in terms of Y m−1,Xm, and ε
(m)
m

alone, i.e., that

Ym = gm(Y m−1,Xm, ε(m)
m )(5)

and

Y m−1 = fm(Xm; ε
(m)
1 , . . . , ε

(m)
m−1; IC)(6)

for some functions gm and fm and for all m = 1, 2, . . ..
(c) Then, the L2-optimal model-free predictor of g(Yn+1) on the basis of the data Y n and the predictors

Xn+1 is given by the (conditional) expectation
∫

Gn+1(Y n,Xn+1, ε)dFn+1(ε) where Gn+1 = g ◦ gn+1

denotes composition of functions.

(d)The whole predictive distribution of g(Yn+1) is given by the distribution of the random variable

Gn+1(Y n,Xn+1, εn+1) where εn+1 is drawn from distribution Fn+1 and is independent to Y n. The

median of this predictive distribution yields the L1-optimal model-free predictor of g(Yn+1) given Y n

and Xn+1.

Typically, the distribution Fn+1 will be unknown but it can be consistently estimated by F̂n, the
empirical distribution of ε

(n)
1 , . . . , ε

(n)
n , under the assumed convergence in part (a). The estimator F̂n

can then be plugged-in to compute estimates of the aforementioned (conditional) mean, median, and
predictive distribution.
The abovementioned predictive distribution in part (d), and the expectation in part (c) are both
conditional on the value of Y n (and the value of Xn+1 when the latter is random). Note also the tacit
understanding that the ‘future’ εn+1 is independent to the conditioning variable Y n; this assumption
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is directly implied by eq. (6) which itself—under some assumptions on the function gm—could be
obtained by iterating (back-solving) eq. (5). The presence of initial conditions such as IC in eq. (6)
is familiar in time series problems of autoregressive nature where IC would typically represent values
Y0, Y−1, . . . , Y−p for a finite value p; the effect of the initial conditions is negligible for large n. Note
that in regression problems the presence of initial conditions would only be required if the regression
errors are not independent.

Remark 1 The above empirical estimates of the (conditional) mean and median would typically be
quite accurate but the empirical estimate of the predictive distribution may be a bit too narrow, i.e.,
possessing a smaller variance and/or inter-quartile range than ideal. The reason is that a true predic-
tive distribution should incorporate the variability of F̂n; in other words, the predictive distribution’s
width/scale should be an increasing function of the degree of uncertainty regarding the shape of F ,
i.e., the variance of F̂n, and the same is true concerning estimation/fitting of any parameters in the
‘model-like’ equation (5). The only general way to practically capture such a widening of the predic-
tive distribution is given by resampling and/or subsampling methods should these be applicable in the
setting at hand; see e.g. Efron and Tibshirani (1993), or Politis, Romano and Wolf (1999).

Remark 2 Eq. (5) with ε
(m)
i being i.i.d. from distribution Fm looks like a model equation but it

is more general than a typical model. For one thing, the functions gm and Fm may change with
m, and so does ε

(m)
i which, in essense, is a triangular array of i.i.d. random variables. Furthermore,

no assumptions are made a priori on the form of gm. However, the process of starting without a
model, and—by this transformation technique—arriving at a model-like equation deserves the name
model-free model-fitting (MF2, for short).

Remarks on model-free model-fitting

The prediction principle sounds deceptively simple but its application is not. The task of finding
a set of candidate transformations Hn for any given particular set-up is challenging, and demands
expertise and ingenuity. Once, however, a set of candidate transformations is identified (and denoted
by H), the procedure is easy to delineate: Choose the transformation Hn ∈ H that minimizes the
(pseudo)distance d(L(Hn(Y n)),Fiid,n) over all Hn ∈ H; here L(Hn(Y n)) is the probability law of
Hn(Y n), and Fiid,n is the space of all distributions associated with an n-dimensional random vector
whose B–valued coordinates are i.i.d., i.e., the space of all distributions of the type F × F × · · · × F

where F is an arbitrary distribution on space B. There are many choices of distance or pseudo-distance
for d; see e.g. Hong and White (2005) and the references therein.
The application of the prediction principle appears similar in spirit to the Minimum Distance Method
(MDM) of Wolfowitz (1957). Nevertheless, their objectives are quite different since MDM is typically
employed for parameter estimation and hypothesis testing whereas in the prediction paradigm there
is no interest in parameters. A typical MDM searches for the parameter θ̂ that minimizes the distance
d(F̂n,Fθ), i.e., the distance of the empirical distribution F̂n to a parametric family Fθ. In this sense,
it is apparent that MDM sets an ambitious target (the parametric family Fθ) but there is no necessity
of actually ‘hitting’ this target. By contrast, the prediction principle sets the minimal target of
independence but its successful application requires that this minimal target is more or less achieved.
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Remark 3 If a model such as (1)—(4) is available, then the model itself suggests the form of the
transformation Hn, and the residuals from model-fitting would serve as the ‘transformed’ values ε

(n)
t .

Of course, the goodness of the model should now be assessed in terms of achieved “i.i.d.”—ness of
these residuals. It is relatively straightforward—via the usual graphical methods—to check that the
residuals have identical distributions but gauging their independence is trickier. Nevertheless, if the
residuals happened to be (jointly) Gaussian, then checking their independence would be easier since
in this case it would be equivalent to checking for correlation; for example, in the time series case a
standard correlation test is the Ljung-Box.

The above ideas motivate the following variation of the prediction principle that may be of particular
usefulness in the case of dependent data.

Transformation into Gaussianity as a Prediction Stepping Stone.

(a) For any natural number m, suppose that a transformation Hm on Bm is found that maps the

data Y m = (Y1, . . . , Ym)′ into the jointly Gaussian vector W
(m)
m = (W (m)

1 , . . . ,W
(m)
m )′ with covariance

matrix Vm whose eigenvalues—viewed as sequences in m—are bounded above and below by positive

constants.

(b) Also suppose that the transformation Hm is invertible (possibly modulo some initial conditions

denoted by IC), and—in particular—that one can solve for Ym in terms of Y m−1,Xm, and W
(m)
m

alone, i.e., that

Ym = g̃m(Y m−1,Xm,W (m)
m )(7)

and

Y m−1 = f̃m(Xm; W
(m)
1 , . . . ,W

(m)
m−1; IC)(8)

for some functions g̃m and f̃m for m = 1, 2, . . .. Finally, define the vector ε
(m)
m = (ε(m)

1 , . . . , ε
(m)
m )′ to

equal V
−1/2
m W

(m)
m where V

1/2
m is a square root of matrix Vm. Note that Ym = g̃m(Y m−1,Xm,W

(m)
m ) =

g̃m(Y m−1,Xm, V
1/2
m ε

(m)
m ) which we can rename as gm(Y m−1,Xm, ε

(m)
m ) since the random vector (ε(m)

1 ,

. . . , ε
(m)
m−1)

′ is related in a one-to-one fashion to Y m−1 (by induction on m).

Let Fn denote the common normal distribution of ε
(n)
1 , . . . , ε

(n)
n that are i.i.d. by construction. Then,

the L1 and L2–optimal model-free predictors and the predictive distribution of g(Yn+1) given Y n and

Xn+1 are given verbatim by parts (c) and (d) of the Prediction Principle.

In applications, the covariance matrix Vn must be estimated from W
(n)
1 , . . . ,W

(n)
n using some extra

assumption on its structure (e.g., a Toeplitz structure in stationary time series), or an appropriate
shrinkage and/or regularization technique—see e.g. Bickel and Li (2006) and the references therein;
then, the estimate V̂n must be extrapolated to give an estimate of Vn+1. As before, the distribution
Fn+1 can be consistently estimated by F̂n, the empirical distribution of ε

(n)
1 , . . . , ε

(n)
n , or by a Gaussian

distribution with unit variance and estimated mean; the former option may be more robust in practice.
Applying the Gaussian ‘stepping stone’ can be formalized in much the same way as before. To
elaborate, once H, the set of candidate transformations is identified, the procedure is to: choose the
transformation Hn ∈ H that minimizes the distance d(L(Hn(Y n)),Φn) over all Hn ∈ H where now
Φn is the space of all n-dimensional Gaussian distributions on B. Many choices for the distance d are
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again available, including usual goodness-of-fit favorites such as the Kolmogorov-Smirnov or χ2 test;
a pseudo-distance based on the Shapiro-Wilk statistic is also a valid alternative.
However, now that Hn is essentially a normalizing transformation, a collection of graphical and ex-
ploratory data analysis (EDA) tools are also available to facilitate this search. Some of these tools
include: (a) Q-Q plots of the W

(n)
1 , . . . ,W

(n)
n data to test for Gaussianity; (b) Q-Q plots of linear com-

binations of W
(n)
1 , . . . ,W

(n)
n to test for joint Gaussianity; and (c) autocorrelation plots of ε

(n)
1 , . . . , ε

(n)
n

to test for independence—since in the (jointly) Gaussian case, independence is tantamount to zero
correlation.

Application to financial time series

We now consider data Y1, . . . , Yn arising as an observed stretch from a financial returns time series
{Yt, t ∈ Z} such as the percentage returns of a stock price, stock index or foreign exchange rate. The
series {Yt} will be assumed stationary with mean zero which—from a practical point of view—implies
that trends and other nonstationarities have been successfully removed.
The modeling work-horse in such a context is given by the well-known ARCH/GARCH models. The
simplest ARCH(p) model of Engle (1982) is described by eq. (3) with b = b1 = b2 = · · · = 0 and
errors εt that are i.i.d. N(0, 1). Observe that, under such an ARCH(p) model, the quantity εt =
Yt(a +

∑p
i=1 aiY

2
t−i)

−1/2 is thought of as perfectly normalized and variance–stabilized as it is assumed
to be i.i.d. N(0, 1). Thus, as in Remark 3, the ARCH model seems to suggest the form of a normalizing
transformation.
However, as practitioners realized early-on, the residuals from ARCH and GARCH fitting do not

look normal; see e.g. Shephard (1996). Rather than discarding the ARCH model altogether, we may
instead attempt to tweak it in order to obtain a proper normalizing transformation for the Gaussian
‘stepping stone’ prediction approach. Note that the ARCH model residuals appear to be studentized
returns, i.e., the return divided by a (time-localized) estimate of its standard deviation. But there is
no reason—other than coming up with a neat model—to exclude the value of Yn from an empirical
estimate of the standard deviation of the same Yn based on the data {Ys, s ≤ n}.
So, we may define a new studentized quantity

Wt :=
Yt√

αs2
t−1 + a0Y 2

t +
∑p

i=1 aiY 2
t−i

for t = p + 1, p + 2, . . . , n(9)

with Wt = Yt for t = 1, . . . , p; here s2
t−1 = (t − 1)−1

∑t−1
k=1 Y 2

k is an estimator of V ar(Y1). The order
p and the vector of nonnegative parameters (α, a0, . . . , ap) are chosen by the practitioner with the
normalization of Wt as target. As shown in Politis (2003a,b), it is always possible to find data-based
configurations of the above parameters so that the normalization goal is indeed achieved. Note that
eq. (9) can be uniquely solved for Yt to give:

Yt =
Wt√

1 − a0W 2
t

√√√√αs2
t−1 +

p∑
i=1

aiY
2
t−i for t = p + 1, p + 2, . . . , n.(10)

Thus, as desired, the transformation from Y n to Wn is invertible (given the initial conditions Y1, . . . , Yp)
with an explicit formula relating Yt to W1, . . . ,Wt, i.e., a ‘model-like’ equation of type (5).
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Eq. (10) looks like a regular ARCH(p) model with the non-normal errors Ut = Wt/
√

1 − a0W 2
t . Now if

the Wts are deemed to be independent, then this is indeed true and leads to a particular suggestion for
a heavy-tail distibution for the errors; see Politis (2004). However, if the Wts are not independent, then
the prediction principle associated with eq. (10) will yield quite different predictions than an ARCH
model with heavy-tailed errors. Furhermore, if the objective is just prediction, say of g(Yn+1), then
the predictor follows immediately from the prediction principle, and modelling issues are superfluous.
For example, in predicting squared returns, i.e., g(x) = x2, Politis (2007) shows empirically that
the model-free prediction principle outperforms predictors arising from ARCH/GARCH models with
normal and/or heavy-tailed errors. In addition, it is conceivable that the prediction principle would
be more robust in practice since it is totally data-based and, in the end, an empirical distribution
is the driving force. This robustness is being corroborated by simulations and real data examples in
Politis and Thomakos (2007) who show the superior performance of model-free predictors in many
problematic settings such as time series with structural breaks, regime switching, local—as opposed
to global—stationarity, etc.
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ABSTRACT

Some principles of model-free prediction are laid out based on the notion of transforming a given
set-up into one that is easier to work with, e.g., i.i.d. or Gaussian. An application to financial time
series is discussed in detail, namely the problem of prediction of squared returns. As it turns out, the
transformation technique outperforms the well-known ARCH/GARCH models in terms of predictive
accuracy.

RÉSUMÉ

Quelques principes de prévision sans-modèle sont présentés ont basé sur la notion de transformer
une installation donnée en une avec laquelle est plus facile de travailler, par exemple, indépendance
ou Normalité. Une application à la série chronologique financière est discutée en détail, à savoir le
problème de la prévision des retours carrés. Pendant qu’elle s’avère, la technique de transformation
surpasse les modèles bien connus ARCH/GARCH en termes d’exactitude prédictive.
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Exploring volatility from a dynamical system perspective
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1 INTRODUCTION

In econometric time series analysis, volatility is typically associated with the lack of short-term
predictability. A standard approach to quantify volatility is based on the conditional variance (if it ex-
ists) given the past information, in that volatility is reflected by a non-constant (i.e. state-dependent)
conditional variance (function). This approach is clearly important and relevant. It has motivated the
popular (generalised) autoregressive model with conditional heteroscedasticity (or (G)ARCH model
for short) and its numerous extensions. Fisrt, it is relevant to note the following points, which perhaps
deserve to be more widely known.

(1) Non-constant conditional variance function can also be observed in many real time series outside
economics. In fact, non-constancy is more the rule than the exception. For example, benchmark time
series such as the Canadian lynx data, the sunspot numbers and the Australian blowfly data all exhibit
such non-constancy.

(2) The property of non-constancy (more precisely state-dependency) of conditional variance is actually
shared by many older nonlinear time series models. As a typical example, the self-exciting threshold
autoregressive (SETAR) model generally has non-constant conditional variance (Tong and Lim, 1980,
equation 4.2, and Tong, 1990, 372-374). The stylised clustering of volatility is of course related to the
state-dependency, which is expressed discontinuously in the SETAR model but continuously in the
GARCH model. Note that smoothing the regime-switching in SETAR by following Chan and Tong
(1986) results in the so-called smooth threshold autoregressive (STAR) model, which is close to the
GARCH model in spirit. Simply compare equations typified by εt = ηt

√
α + βε2

t−1, ηt ∼ IID(0, σ2)
in (G)ARCH models with equations typified by εt = ηtF ((εt−1 − r)/δ) in STAR models, where F (·)
is a cumulative distribution function.

(3) The stylised leptokurticity in the study of volatility can be easily captured by SETAR models.
Consider the very simple SETAR model

Xt =

{
εt if Xt−1 ≤ 0,

βεt if Xt−1 > 0,

where {εt} is a sequence of independent standard Gaussian random variables, has the stationary
marginal probability density function f(·), which is a mixture of standard Gaussian densities φ(·),
given by the leptokurtic density (for β �= 1)

f(x) =
1
2
[φ(x) +

1
β

φ(
x

β
)], −∞ < x < ∞.

Now, we re-visit something developed in quite a different context and in some sense non-
parametric, with the hope that we might gain further understanding of volatility and perhaps even
come up with some complementary tools.
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Instead of the conditional variance, we focus on the conditional distribution. For the sake of
simplicity, we shall restrict the exploration to a real-valued scalar time series in discrete time, denoted
by {Xt}. We shall denote the information available at time t by Ft; initially we take Ft to be the sigma-
field generated by Xt. We shall also assume that the conditional distribution of Xt given Xt−1 = x

admits a (conditional) density denoted by gt(·|x). It is often convenient, although not essential, to
assume strict stationarity so that we may drop the suffix t and write simply g(·|x). We shall assume
strict stationarity unless stated otherwise.

As in deterministic dynamical systems, we are interested in a quantification of the difference
between g(·|x) and g(·|x + δ) when x is disturbed to x + δ.

2. THE DIVERGENCE APPROACH

Obviously there are various ways to do the quantification. See Chan and Tong (2001). (Note
that for convenience of reference, instead of referring to the original sources in each case, we shall
generally although not invariably refer to Chan and Tong (2001), which lists the original papers.) Let
us explore the following divergence introduced by Yao and Tong (1994).

K(x; δ) =
∫
{g(z|x + δ) − g(z|x)} ln{g(z|x + δ)/g(z|x)}dz.(1)

Remarks:

(i) Strict stationarity can be relaxed in K(x; δ).

(ii) K(x; δ) has an obvious connection with statistical inference. Specifically, for small δ, we have the
approximation

K(x; δ) = δ2I(x) + o(δ2),(2)

where

I(x) =
∫

(ġ(z|x))2/g(z|x)dz,(3)

and ġ(z|x) denotes dg(z|x)/dx. If we treat the value x as a parameter of the distribution, I(x) is the
Fisher information, which represents the information concerning the value X0 = x contained in X1.
Roughly speaking, the conditional density depends more sensitively on the given (i.e. initial) value x

if and only X1 brings more information about x.

(iii) We can generalise the discussion to the case in which Ft is the sigma field generated by Xt, . . . , Xt+1−p, p ≥
1. See Chan and Tong (2001) for details.

(iv) We can also generalise the discussion to the conditional distribution/density of Xt given Ft−m.

See Chan and Tong (2001) for details.

Let us consider the following stochastic dynamical system

Xt = f(Xt−1) + εth(Xt−1),(4)

where εt is a sequence of independent standard normal random variables. (Note that the normality
of ε can be relaxed.) For convenience, we shall assume that both f(·) and h(·) are differentiable with
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first derivatives ḟ(·) and ḣ(·). Now, routine calculations show that for the above system

K(x; δ) =

(
(ḟ(x))2 + 2(ḣ(x))2

(h(x))2

)
δ2 + o(δ2).(5)

Thus unless f(·) is linear and h(·) is a constant, K(x; δ) is generally x-dependent, implying that, as
measured by K, different parts of the state space (i.e. R) excite the system differently, resulting in
non-uniform degree of reliability of prediction across the state space.

3. Higher Dimension

A generalisation of the stochastic dynamical system (4) is

Xt = f(Xt−1, . . . , Xt−p) + εth(Xt−1, . . . , Xt−q),(6)

where p and q are positive integers. Then by denoting the stacked vector (Xt−1, . . . , Xt−p) by Yt−1 a
more general version is

Xt = f(Yt−1) + ηt,(7)

where ηt = Xt − E(Xt|Yt−1). Note that {ηt} is only assumed to be a martingale difference sequence.

Suppose we observe {Xt : 1 ≤ t ≤ N}. To estimate f(y) and ḟ(y) = df(y)/dyT we may use
the locally weighted least squares approach. Specifically, we minimise the following weighted sum of
squares with respect to the scalar a and the vector b,

N−1∑
t=1

{
Xt+1 − a − bT (Yt − y)

}2
Wp

(
y − Yt

k

)
,(8)

where Wp(·) denotes a smoothing kernel in the form of a pdf on Rp, and k = k(p;N) is a bandwidth.
Simple calculation yields

f̂(y) = â =
T0(y) − ST

1 (y)S−1
2 (y)T1(y)

S0(y) − ST
1 (y)S−1

2 (y)S1(y) + k2
,(9)

ˆ̇
f(y) = b̂ =

S1(y)T0(y)S−1
0 (y) − T1(y)

S2(y) − S1(y)ST
1 (y)S−1

0 (y)
,(10)

where

S0(y) =
1

N − 1

N−1∑
t=1

Wp

(
y − Yt

k

)
,(11)

S1(y) =
1

N − 1

N−1∑
t=1

(y − Yt)Wp

(
y − Yt

k

)
,(12)

S2(y) =
1

N − 1

N−1∑
t=1

(y − Yt)Wp

(
y − Yt

k

)
(y − Yt)T ,(13)

T0(y) =
1

N − 1

N−1∑
t=1

Yt+1Wp

(
y − Yt

k

)
,(14)

T1(y) =
1

N − 1

N−1∑
t=1

(y − Yt)Xt+1Wp

(
y − Yt

k

)
.(15)
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Under general conditions, including among others the smoothness of f(·), choice of k(p;N) in
the form k(p;N) = N−θ, θ ∈ (0, (2 + p)−1/2) and some mixing condition on {Xt}, Yao and Tong
(1994) have proved that, as N → ∞, for y in the support of the pdf of Yt, (i) f̂(y) converges to f(y)

in mean-square and (ii) ˆ̇
f(y) converges to ḟ(y) in probability.

We can use the local least squares method again to estimate E[X2
1 |Y0 = y] by

ζ̂(y) =
V0(y) − ST

1 (y)S−1
2 (y)V1(y)

S0(y) − ST
1 (y)S−1

2 (y)S1(y)
,(16)

where Sk(y), k = 0, 1, 2 are as given above, and Vk(y), k = 0, 1 are defined in the same way as Tk(y)
but with X2

t replacing Xt. Now, if p ≥ q, then V ar[X1|Y0 = y] = (h(y))2. The case p < q can be
handled similarly but with obvious modification by considering Yt = (Xt, . . . , Xt−r), r = max(p, q). In
fact, model (6) for Xt implies the following model for X2

t :

X2
t = f2(X2

t−1, . . . , X
2
t−p) + h2(X2

t−1, . . . , X
2
t−q) + ξt,(17)

where {ξt} is a martingale difference sequence given by

ξt = (ε2
t − 1)h2(X2

t−1, . . . , X
2
t−q) + 2εtf(X2

t−1, . . . , X
2
t−p)h(X2

t−1, . . . , X
2
t−q).

Note that the arguments of f and h can be relaxed to be non-consecutive in each case.

Note that for model (6) with a nonlinear function f(·), even if h(·) is a constant function (i.e.
homogeneous noise), var[Xt|Xt−1 = x] is typically x−dependent as long as f includes in its arguments
a term Xt−j , j �= 1.

We estimate σ2(y) = V ar[X1|Y0 = y] by

σ̂2(y) = ζ̂(y) − [f̂(y)]2.(18)

We note the following.

(i) Under conditions similar to those touched on earlier, σ̂2(y) converges to σ2(y) in probability as
N → ∞.

(ii) For finite sample size, the positivity of σ̂2(y) is not always guaranteed.

(iii) Although the bandwidths for ζ̂ and f̂ need not be the same, in practice we might use the same
bandwidth for convenience.

4. A Decomposition Theorem

If the current position is at y ∈ Rp, then a natural 1-step-ahead prediction would be f̂(y). In
the mean-square sense, σ2(x) measures how good this prediction performs. Suppose the true current
position is at y + δ ∈ Rp instead, ‖δ‖ being small. What effect would this have on prediction efficacy?
Let us consider E{[XN+1 − f̂(y)]2|YN = y + δ}. Now,

E{[XN+1 − f̂(y)]2|YN = y + δ}
= E{[XN+1 − f(y + δ) + f(y + δ)

−f(y) + f(y) − f̂(y)]2|YN = y + δ}
= E{[XN+1 − f(y + δ)]2|YN = y + δ} + {f(y + δ) − f(y)}2

+E{[f(y) − f̂(y)]2|YN = y + δ} + RN ,
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where RN represents the sum of conditional expectations of cross products, which is negligible for large
N . The mean-square consistency of f̂ implies that E{[f(y)− f̂(y)]2|YN = y + δ} is also negligible for
large N . Thus,

lim
N→∞

E{[XN+1 − f̂(y)]2|YN = y + δ}

= σ2(y + δ) + {δT ḟ(y)}2 + R , (a.s.),(19)

where R = o(‖δ‖2) as ‖δ‖ → 0 . Yao and Tong (1994) has given precise conditions under which the
above result holds, and referred to it as the Decomposition Theorem. A few remarks are now in order.

(i) In the presence of inexact information concerning the current position y, the mean-squared error
of prediction is inflated by the factor {δT ḟ(y)}2. This result generalises in an obvious way to an
m−step ahead prediction, which is related to the sensitivity of the underlying skeleton through
ḟ(y). In particular, when p = 1, ḟ(y) is generalised to

E

{
m∏

k=1

ḟ(Xk−1)|Y0 = y

}
.

In this sense, dynamical system considerations have benefitted statistics.

(ii) In a purely deterministic model without any dynamic noise, the term σ2(·) would be absent.
Thus, adopting such a purely deterministic approach is tantamount to relying on only the term
{δT ḟ(y)}2 to quantify the impact of any measurement error. Examples of purely deterministic
models for the modelling of volatility and long memory exist in the literature usually allied to
deterministic dynamics. As an example, see Bhansali et al. (2003) and the references therein.
It is, however, unclear as to how realistic these models are for real data. It can be argued that
stochastic noise is ubiquitous, even if the ’true’ underlying dynamics is deterministic. See, e.g.,
Chan and Tong (2001, p. 29).

(iii) If f is linear (and stable), then ḟ(y) is a constant vector with norm less than 1 and the term
{δT ḟ(y)}2 can therefore be ignored. However, for a system with large ḟ over some parts of the
state space, the term {δT ḟ(y)}2 can no longer be ignored.

5. Cross Validation

To estimate the usually unknown dimension, p, of Y in model (7), in which the noise sequence
is only assumed to be a martingale difference, we can use the cross-validation (CV) approach. (See
e.g. Chan and Tong, 2001.) Briefly, we delete the summand corresponding to t = s in expression(8) to
obtain, after minimisation, the so-called delete-one estimate f̂s(y). The CV sum of squares for model
(7) involving the p−dimensional vector Y is defined by

CV (p) =
1

N − 1

N−1∑
s=1

{Xs+1 − f̂s(ys)}2.(20)

By minimising CV (p) with respect to p over the set {0, 1, · · · , L}, L being a pre-selected upper
limit, we obtain the CV estimate of the dimension of Y . This estimate can be shown to be consistent
under general assumptions. (op. cit.) In practice, we usually standardise the data to zero mean unit
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Table 1: Cross-validatory residual sum of squares for CRSP daily returns and the absolute returns.

daily returns absolute returns
lags cv cv
1 0.95274 0.89835
1,5 0.95658 0.89266
1,2,5 0.95664 0.90193
1,2,5,6 0.95929 0.90658

Table 2: Selected lags for 6 non-overlapping sub-series of the CRSP daily returns and the absolute
returns, based on the cross-validatory residual sum of squares. Each sub-series is of length 1,000.

period I II III IV V VI
daily returns 1 1 1,2,5 1 1 1
absolute returns 1,2,5,6 1 1,2,5 1,5 1 1,5

variance.

Note that the above CV procedure can be generalised to allow the vector Yt−1 in model (7)
to be a more general stochastic regressor. For example, it can be some non-consecutive subset of
{Xt−1, Xt−2, . . .}. We can also repeat the CV procedure with X2

t . Note that if the CV estimate based
on data {X1, . . . , XN} and that based on {X2

1 , . . . , X2
N} are different, then we have evidence of con-

ditional heteroscedasticity of ηt.

5. The CRSP Data

We now illustrate the potential of the above tools, namely ˆ̇
f(·) and the CV estimate of the

dimension of Yt, with the data from the Center for Research in Security Prices at the University of
Chicago and summarise our experience first reported in Chan and Tong (2001).

The CRSP series consists of 6345 returns, Xt, of the value-weighted portfolio of the Center for
Research in Security Prices at the University of Chicago, from July 3, 1962, to September 30, 1987.

Table 1 suggests that, for the CRSP returns, lag 1 of the daily return enters significantly into
the conditional mean function. However, lags 1 and 5 of the absolute return are useful for predicting
the absolute return. The computing of the local linear predictors is based on moving windows, each
of which encompasses 500 data points, so as to speed the computation and render the result robust
to mild changes of the underlying dynamics over time. Indeed, we have repeated the order selection
procedure on six sub-series of the CRSP data, with the results reported in Table 2.

It can be seen that the selected orders change somewhat over the 6 periods; however, we may
generally conclude that the conditional mean function depends only on lag 1 of the daily return, but
the conditional variance via its proxy in the form of the conditional mean of absolute return (-see
Chan and Tong, 2001, p. 12) may depend on both lags 1 and 5 of the return. In particular, it seems
that there is some evidence of weekday effects on the volatility (conditional variance) of the CRSP
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returns.

The volatility of the CRSP series may be further studied using ‖ˆ̇
f(y)‖ , based on a nonparametric

model of the absolute return at lags 1 and 5. The following features are revealed.

1. The first half of the CRSP series is more volatile than its second half, suggesting that the market
becomes more mature with time.

2. Volatile periods tend to form clusters.

Chan and Tong (2001) have given other real examples.

6. Some Conclusion

We have reported some potential relevance of initial value sensitivity in stochastic dynamical
systems and order determination in a stochastic regression framework to the study of volatility. It is
hoped that our work will encourage a more systematic study in this direction.
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Bank Failure Prediction: A Two-Step Survival Time Approach

Evelyn Hayden
Austrian National Bank (OeNB)
E-mail: evelyn.hayden@oenb.at

Michael Halling
University of Vienna
E-mail: michael.halling@univie.ac.at

ABSTRACT

In this paper we develop a novel bank failure prediction approach that uses the output of a multiperiod
logit model to assess banks’ risk situations and then estimates a survival time model for the subset of
at-risk (“ill”) banks. Our empirical analysis reveals that this two-step approach significantly outper-
forms benchmark logit models with respect to out-of-sample prediction performance. Furthermore,
we identify important differences between the subset of at-risk banks and the entire population of
banks regarding the set of significant predictive variables. Management efficiency and size relative to
geographically close competitors, for example, are important default predictors for at-risk banks but
not for the entire banking population. Consequently, these results have notable policy implications
for the design of off-site.

Keywords. Default Prediction, Survival Time Analysis, Bank Regulation.
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Introduction
The IMF has recently2 published a series of Financial Soundness Indicators (FSIs) based on a 

common methodology (the FSI Guide) for 62 countries, including all EU countries. The European Central 
Bank (ECB) has an interest in monitoring the development of the IMF initiative on the FSIs in the context of 
its own work in compiling macro-prudential indicators (MPIs), jointly with the ECB’s Banking Supervision 
Committee (BSC)3 4. The key aim of this paper is to identify the main similarities and differences between 
the IMF and the ECB/BSC approaches, with a particular emphasis on highlighting some methodological 
issues that need to be taken into account when implementing the FSI Guide in the European context.5 This 
exercise may also help in explaining possible sources of discrepancies between figures which appear in IMF 
and ECB publications which, on the surface, may be seen as measuring similar concepts. 

There are two main areas for investigation. First, the consolidation approaches recommended in the 
FSI Guide are geared towards allowing for a treatment of the financial sector that makes it possible to 
aggregate it with (and to keep it distinct from) the other economic sectors.6 Although broadly in line with 

1  This paper does not necessarily reflect the view of the ECB, the IMF or the institutions represented in the BSC. One 
of the authors has recently moved to the Financial Stability Forum (FSF) at the Bank for International Settlements (BIS). 
This work was completed during her stay at the ECB and does not necessarily reflect the views of the FSF or the BIS. 
2 The IMF published a first set of countries’ FSIs on 29 January 2007. Data for the remaining countries involved in the 
CCE are expected to be published later on, in the course of 2007. As of 25 April 2007, FSIs for 52 countries have been 
made available. All EU countries’ data, except Denmark and Finland, have been published. 
3 The BSC is composed of central banks and banking sector supervisory agencies of the EU member countries. 
4 The ECB Statistics Committee provided support in relation to the non-supervisory data used by the ECB/BSC. 
5 For the ECB/BSC approach, see Grande and Stubbe (2002), Mörttinen et al. (2005) and various issues of the ECB 
Financial Stability Review. For the IMF, see IMF (2006). 
6 The two approaches, as labeled in the FSI Guide, are the domestically controlled cross-border (DCCB) consolidation 
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supervisory and accounting standards, FSIs concepts are primarily drawn from macroeconomic measurement 
frameworks, which have been developed to monitor aggregate activity in the economy. Conversely, the 
approach applied in the compilation of the MPIs focuses primarily on the financial sector, with the banking 
sector at its core, and introduces the other economic sectors as sources of counterparty and market risk for 
banks. Moreover, all economic activity that is headed by a bank is reported under the parent bank. This 
requires a cross-border and cross-sector consolidation approach, which also corresponds to national 
supervisory practices and standards of the EU. The ECB/BSC approach is considered more appropriate for 
the monitoring of financial vulnerabilities, because it allows for a complete view of the vulnerabilities and 
risks building up within banking groups. Second, the supranational perspective of financial systems (e.g. 
European Union (EU) and euro area) is missing in the IMF framework. In Europe, the adoption of a common 
currency (or, from an EU perspective, the creation of the single market) has fostered the opening up of new 
linkages across banks (and markets) operating in the euro area (or the EU), thereby creating new possibilities 
for contagion. In this vein, a national and a regional perspective could be usefully combined to provide a 
richer financial stability assessment also for other countries sharing crucial cross-border links in the financial 
sector. 

The paper concludes with an investigation of potential areas for convergence between the IMF and 
ECB/BSC approaches.  

Section 1 – The ECB macro-prudential indicators 
The ECB/BSC has been developing a framework for financial stability analysis over the past decade, 

not least because of increasing integration across European financial systems (see ECB, 2007). An important 
component of the analysis has been the construction of indicators for assessing the condition of the financial 
system and of its resilience to stress. The ECB/BSC have been working towards addressing this practical 
need by creating a set of MPIs, which cover the entire financial system, but which place special emphasis on 
the banking sector.7

The primary geographical scope of the financial stability analysis conducted at the ECB is the euro 
area and the EU. A factor that has greatly facilitated the regional analysis conducted at the ECB is the fact 
that all EU countries collect rather similar supervisory banking data, due to the adoption of the same EU 
Directives, allowing this information to form the core of the quantitative information to compute MPIs. Such 
data are compliant with the Basel I (and, from 2008, Basel II) supervisory requirements, which take a 
consolidated view of banking groups. In particular, this requires consolidation both across sectors and across 
borders, with the data collected by the ECB/BSC having been appropriately cleaned of double-counting 
across EU countries’ banking sectors.8 As for future changes, it has been decided that revisions to the 
templates for collecting banking data will be in accordance with the recent regulatory changes that have 
taken place in accounting and supervisory data as a result of the implementation of the International 
Accounting Standards/International Financial Reporting Standards (IAS/IFRS) and Basel II respectively.9 In 
this respect, work undertaken by the Committee of European Banking Supervisors (CEBS) to develop 
common reporting templates incorporating IAS/IFRS and Basel II is expected to provide a useful benchmark 

basis and the domestic consolidation (DC) basis (see section 2) 
7 Mörttinen et al (2005) and ECB (2005 a and b) describe the main components of the ECB approach. The ECB 
publishes the results of its analysis in the Financial Stability Review, on the euro area, and, in cooperation with the BSC, 
in the EU Banking Sector Stability Report on the EU.   
8 To the extent that cross-border integration of EU banking sector deepens, or for countries whose banking sector is 
mostly foreign-owned, the concept of banking sector operating in a country and domiciled in the same country will 
move further apart. But the Basel-consolidation approach was still considered more appropriate to provide a full view of 
risks within the banking sector. 
9 The only main exception in this respect is the limitation of the cross-sector consolidation scope under IFRS to the 
guidelines under Basel II (i.e., consolidation only within the financial sector), also for the profitability, balance sheet 
and asset quality indicators, which are not directly affected by Basel II. 
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for the revision of the MPIs. 
Turning to the MPI framework, mostly referring to the banking sector, it is composed of three blocks. 

The first block consists of an assessment of conditions in the banking sector, based on backward looking 
MPIs such as balance sheet, profitability, asset quality and capital adequacy measures (these indicators are 
similar to the CAMELS10 supervisory ratings assigned by national supervisory authorities). The second 
block is forward looking and is aimed at the identification of the major sources of risk facing the banking 
sector. This analysis is based on several information sources including market intelligence, contacts with EU 
national supervisory authorities and central banks, as well as internal risk assessment conducted by the ECB. 
Several MPIs are constructed to summarise the available quantitative information and they cover competitive 
conditions in the banking sector, credit growth and banks’ exposures concentration, asset price developments, 
market-based assessment of risks, business cycle and monetary conditions, as well as indicators of financial 
fragility in the counterparty sectors (primarily households and non-financial corporation). Because the 
analysis needs to focus on a broad range of sources of risk facing the banking sector the analysis, the relevant 
MPIs must provide information on 1) pockets of vulnerabilities building up within the banking sector, also 
on the basis of the backward looking MPIs (i.e. endogenous sources of risk), and 2) sources of risks 
originating in banks’ operating environment (i.e. exogenous sources of risk). For this reason, the MPIs used 
in this step of financial stability assessment go beyond the banking sector and cover also general 
macroeconomic conditions, as well financial conditions in the household and corporate sectors. The third 
block is a set of indicators for the assessing the resilience of the banking sector, based on its risk-absorption 
capacity given its financial conditions and the main sources of risks outlined in the first two blocks. Some 
MPIs, mostly market-based – distance to defaults, earnings-per-share, expected default frequency, price-
earning-ratio, ratings – have been developed for this block as well, but the overall assessment is based also 
on qualitative information, including dialogue with supervisory authorities, and on the overview of the 
indicators used in the first two blocks. The third block carries the greatest complexity and challenge as it 
requires combining the backward looking component of the first block in the analysis with the forward 
looking identification of major risks in the second block. 

The ECB/BSC approach to the design and use of MPIs is under continuous refinement, independently 
of the supervisory and accounting changes already mentioned, although the link with the Basel II 
requirements allows for MPIs to provide a consistent framework in which banks and the ECB/BSC measure 
risk, for example to recognise risk transfers, counterparty credit risk transfers, credit and risk derivatives and 
securitisation. In addition, the increasing complexity of the financial system, and the special role of the so-
called Large and Complex Banking Groups (LCBGs), given the potential impact that the failure of any of 
them could have on the financial system, has required the development of new MPIs and/or the selection of 
new banking sector population samples. Moreover, the fact that LCBGs often have sizeable positions in 
markets for derivatives, especially credit derivatives, provides further motivation for assessing their financial 
condition. MPIs based on public disclosures issued by LCBGs have become an essential part of the financial 
stability analysis conducted at the ECB, and they have the additional benefit of improved timeliness of the 
information. Given that LCBGs are often listed on stock exchanges, market-based indicators can also be 
extensively used for gauging the assessment of market participants of their ability to weather adverse 
financial disturbances. Additional efforts are being made to develop new MPIs for the monitoring of crucial 
banking sector risks, such as interest rate and liquidity risks, and in developing frameworks for stress testing 
that would eventually be used to test the resilience of the EU/euro area banking sector to large but plausible 
adverse disturbances. In this context, MPIs may eventually be used for conducting stress-tests at the euro 
area/EU level. 

10 The term CAMELS denotes Capital adequacy, Asset quality, Management (i.e., efficiency), Earnings, Liquidity, 
Sensitivity to interest rates. See also Evans et al. (2000) for an overview on micro-prudential indicators. 
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Section 2 - The IMF framework to measure financial soundness  
As a consequence of the 1997 financial crises in Asia and of previous recessions, financial stability 

became part of IMF agenda, complementary to other initiatives undertaken to strengthen financial systems. 
Following an initial consultative meeting of experts and a survey of member countries, the IMF Executive 
Board endorsed a list of core and encouraged Financial Soundness Indicators (FSIs) in June 2001. In January 
2004, the IMF Executive Board endorsed the development of a Compilation Guide on FSIs (Guide), an 
analytical work to enhance the role of FSIs in macroprudential analysis and finalised the list of FSIs with the 
specification of list of core and encouraged indicators. The core indicators concern only the deposit-taking 
sector (which corresponds to MFIs in the EU terminology), while the encouraged indicators cover also other 
sectors. This distinction between a core and an encouraged set of FSIs is helpful, since the availability of a 
small number of carefully selected indicators (a core set) in all countries could help prioritise future work. 
The IMF has organized a first stocktaking for the compilation of these FSIs. This exercise (called 
Coordinated Compilation Exercise – CCE) has involved 62 countries, including all 27 EU countries. Since 
this is a one-off exercise, certain aspects of the methodology recommended by the Guide (such as the data 
timeliness and frequency) have not been tested yet. Moreover, it has not yet been decided whether the FSI 
compilation will turn into a regular exercise. 

Nevertheless, the FSIs represent a new body of economic statistics for the assessment of the strengths 
and vulnerabilities of financial systems. The most important characteristic of the FSIs is that they are 
intended to measure the soundness of the financial system as a whole, not the performance of the individual 
units. For this reason, they differ from the indicators generally used by supervisors. In this respect the 
methodology in the Guide explains how to aggregate and consolidate data reported by each unit within the 
sector in order to produce the total representing the system’s strengths and vulnerabilities and to provide an 
the assessment of the sector’s strength. In order to obtain the sector level data, all positions and flows 
between the units within a group and most positions and flows between reporting entities within the sector 
are eliminated. As a result, for the FSI compilation, the total is not simply the sum of its parts (e.g., the 
sector-wide data on capital and reserves are smaller than the simple sum of data on capital and reserves of all 
units within that sector). Therefore, sectoral measures of risk, capital adequacy, or profitability will not 
necessarily be simple aggregations or averages of individual institution data. The Guide defines the deposit 
takers and the other sectors broadly in line with the 1993 SNA classification, which significantly enhances 
the usefulness of these indicators.  

The indicators in the core set are exclusively for the deposit takers and are distinguished in the 
following sets: capital adequacy, assets quality, earnings and profitability, and liquidity indicators. Capital 
adequacy indicators determine the robustness of financial institutions to withstand shocks to their balance 
sheets. There are three core indicators for capital adequacy: regulatory capital to risk-weighted assets, 
regulatory Tier 1 capital to risk-weighted assets, non-performing loans net of provisions to capital. For the 
asset quality there are two core indicators: non-performing loans to total gross loans, sectoral distribution of 
loans to total loans. Deposit takers’ asset quality is affected by the performance of their customers and is 
exposed to risks associated with loan concentration. In fact, a deterioration in the financial health and 
profitability of non-financial corporations often contributes to impairment of deposit takers’ assets and the 
lack of diversification in the loan portfolio can be an important cause of deposit takers’ vulnerability11.
Earnings and profitability indicators are to assess deposit takers’ financial health, and are also important to 
monitor their efficiency in using resources. Differences in capital structure and business mix highlight the 
need to analyse the related ratios at the same time. There are four core indicators for earnings and 
profitability: return on assets, return on equity, interest margin to gross income, and non-interest expenses to 

11 This may be much less the case at present because of an increasingly widespread use of credit risk transfer (CRT) 
techniques, even tough this applies mainly to the more advanced financial systems. Moreover, CRT techniques increase 
the need for more information on other (sub-)sectors to whom the risk is transferred, such as the hedge funds.
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gross income. Finally, liquidity indicators are meant to detect the level of liquidity, which affects the ability 
of a banking system to withstand shocks. For instance, a large shock could contribute to credit or market 
losses, which in turn could cause a loss of confidence in the banking sector. As a result, a liquidity crisis may 
occur and push solvent banks into insolvency. There are two core indicators for liquidity: liquid assets to 
total assets (liquid asset ratio) and liquid assets to short-term liabilities.  

The encouraged set, on the other hand, comprises indicators constructed not only for the deposit-
takers’ sector, but also for the non deposit-takers sectors12, financial markets and real estate markets. 

A crucial feature of the Guide is the consolidation approach13 The main consolidation approach for 
deposit takers recommended in the Guide is the domestically controlled, cross-border consolidation basis 
(DCCB) (para. 5.18-5.19 and 5.31). The Guide recommends this approach mainly because it ensures 
consistency with the national accounts, which in turn facilitates coordinated monetary policy and financial 
stability analyses. Under this approach, only deposit takers are consolidated (i.e., including only subsidiaries 
that are deposit takers). The Guide does not recommend the cross-sector consolidated approach primarily 
because under this approach, the clarity of the institutional sector information would diminish. Similarly, 
relationships with other non-deposit-taking members of the group are not detected, such as connected 
lending between the deposit-takers and its non deposit-taking affiliates. This could complicate the early 
detection of emerging weaknesses in the performance of deposit-takers. Also, interpretation of these data 
might prove problematic, particularly in periods of merger and acquisition activity among units in different 
institutional sectors. As a consequence of the consolidation approach recommended by the Guide, a number 
of potentially complex intra-sector adjustments become necessary. 

The Guide recommends further data adjustments as financial data compiled in accordance with 
international accounting standards (IAS/IFRS) do not fully comply with the spirit of the Guide. In particular, 
according to IAS 27.12, or Basel principles, consolidated accounts should include all parents’ subsidiaries, 
including financial non deposit-takers and non-financial corporations. Conversely, as mentioned above, the 
Guide (5.21) recommends consolidation of deposit-taking entities only. The entire core FSIs would be 
affected by this approach to consolidation. A key concern for the implementation of the FSIs is that many 
countries are likely to use data sources consolidated according to IAS or Basel principles for the purpose of 
FSI compilation. As a consequence, in these circumstances, and as a medium-term objective, countries who 
are constructing the FSIs are recommended to apply adjustments (deconsolidation) in order to converge 
towards the recommendations of the Guide. In this context, during the CCE, the IMF circulated guidelines 
and examples illustrating how to adjust data stemming from IAS/IFRS-compliant financial statements and/or 
from Basel-compliant supervisory returns.  

Section 3 – Comparison of the two approaches 
The frameworks of the IMF and the ECB/BSC share the same goal: to create useful and sound 

benchmarks for the computation of quantitative indicators of financial resilience for the banking sector, 
which are broadly comparable across countries. Moreover, the methodology applied for the IMF FSIs and for 
the MPIs collected and published by the EU-27 countries is similar on many points, as for instance both are 
based to a large extent on existing supervisory and accounting standards and many of the indicators are 
similar if not identical (especially for the core FSIs).14

However, there are also a few differences between the two frameworks. The identification of these 
differences is important due to the costs associated with setting up two different reporting methodologies for 
the MPIs and the FSIs for the 27 EU countries. On the one hand, the reporting burden for national 

12 The non deposit-takers’ sectors are other financial corporations, household, non-financial corporations.
13  Compiling data series for calculating FSIs involves two levels of consolidation: intra-group or group-level 
consolidation and inter-group or intra-sector consolidation. 
14 The present comparison applies only for the 27 EU countries, albeit the IMF framework has potentially a worldwide 
applicability. 
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supervisory authorities and central banks must be taken into account, especially when considering the 
provision of new data series required by the IMF and not already used for the MPIs. Moreover, a difference 
between the two series of indicators would require careful explanation, as, when referring to banks, they 
strive at capturing the same sources of vulnerabilities of the banking systems. Furthermore, for the general 
public, it may be difficult to interpret similar indicators of banks’ profitability or solvency that may very well 
have different numerical values in the IMF and ECB publications, where data are reported at a country-level. 
The differences between the ECB and IMF approaches to the compilation of MPIs/FSIs concern three main 
aspects: 1) the conceptual approach, 2) key methodological aspects and 3) strategic and legal issues. 

Concerning the conceptual approach, while the IMF approach presented in the Guide aims at creating 
a statistical and conceptual underpinning for a set of macroeconomic statistics on the basis of a 
methodological framework that draws to the extent possible (but not exclusively) on existing statistical, 
accounting and supervisory standards, the ECB approach focuses on the collection of available data through 
a broad range of indicators. Although the ECB approach involves data being compiled in accordance with 
international accounting and supervisory standards, where applicable, it is silent on some detailed 
methodological issues which the FSI Guide addresses, such as the issue of intra-sector adjustments to avoid 
double counting of income and capital, the accounting guidance, etc. The conceptual approach devised by the 
IMF has its ground on the need to cope with the heterogeneity of financial systems worldwide, while in the 
EU (and even more so in the euro area) differences are not as wide, as there is a common currency (for the 
euro area countries), a common payment infrastructure, and rather similar financial systems. Moreover, 
many data definitions used by the ECB/BSC have a common minimum denominator in several EU 
Directives which must be applied by all Member States. 

Although until recently the consolidated banking data collected by ECB/BSC have not relied on a 
common methodology, important convergence has recently been promoted by the CEBS, which has 
developed a reporting scheme for the consolidated accounts under IAS/IFRS (called FINREP) and solvency 
disclosure requirements (called COREP) of banks and other financial institutions. While the implementation 
of FINREP and COREP at national level and for supervisory purposes is a matter of national discretion, most 
EU countries indicated that have or will soon take advantage of these common templates. This development 
will materially enhance the harmonisation of the data collected by the ECB.  

The methodological differences are summarised in table 1. 

Table 1. Main methodological differences between the IMF and ECB approaches 
Differences ECB MPIs IMF FSIs 

Frequency Annual Quarterly 

Timeliness 5-7 months after reference date 1 quarter after reference date 
Consolidation DCCBS DCCB, DC 

Sector level 
adjustments 

Rejected, except for some implicit deductions 
for regulatory capital  

Yes 

IFRS deviations None, except for the scope of consolidation Yes 
Publication of 
metadata 

No Yes 

Geographical
scope of indicators 

Country level, euro area, EU Only country level 

Accounting
guidance

Limited (link to EU Directives). In the future, 
possible link to FINREP/COREP 

Yes 

These differences concern first of all the frequency and timeliness of data reporting, as the ECB 
requires annual data with a 5 to 7 month time lag, while these criteria are more demanding, but still untested 
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in the CCE. The different consolidation approaches recommended by the IMF and the ECB have, as 
mentioned above, their pros and cons. In particular, the ECB approach allows for an aggregate view of risks 
at the banking group level, taking into account the principle of universal banking underlying EU rules and 
regulations. Moreover, as discussed above, the increasing importance of LCBGs further motivates the 
requirement to adopt a consolidated approach to properly monitor all risks relating to the banking sector. 
Certainly, the adoption of the DCCBS approach complicates the delineation of the other financial institutions 
(OFIs) sector for FSI purposes, i.e. no symmetric recording between sectors is guaranteed under this 
approach. This may have a bearing to the monitoring of increasingly important OFI sub-sectors such as 
hedge funds. A consequence of using the DCCBS approach is the need to make users aware that the sectors 
of OFIs and deposit takers cannot be aggregated, due to double-counting. This is one of the reasons why the 
IMF does not recommend this approach. In general, when considering the consolidation approach across 
different sectors, consistency across various FSIs is important for the quality of the CCE and in the event that 
the CCE turns into a regular exercise. The aim of the CCE was to identify the extent to which countries could 
indeed compile data consistent with the FSI methodology. 

A related implementation issue concerns the extent of (intra-sector and IAS/IFRS-related) adjustments 
needed to compile internally consistent indicators, which are much more elaborated in the IMF framework. 
Whilst, from a theoretical point of view, these adjustments are appropriate, they may raise various practical 
difficulties, due to the possible lack of readily available data. The outcome of the CCE indeed showed that to 
date only few countries15 were able to make some of the intra-sector adjustments recommended by the 
Guide.  

The remaining methodological differences concern the publication of metadata (which is envisaged in 
the IMF framework but not yet foreseen in the ECB one), the geographical scope of indicators (which is 
limited to the country dimension in the IMF framework, while it reaches a regional dimension in the ECB 
framework), and the accounting guidance (which is much more detailed in the IMF framework).  

Concerning the strategic and legal differences between the IMF and ECB approaches, it should be 
borne in mind that, in the IMF case, the CCE has been the first opportunity to implement the approach in 
practice, while the ECB approach has already been implemented for several years. Moreover, while the ECB 
approach is based on a voluntary memorandum of understanding among the national supervisory authorities 
participating to the BSC, it is not yet decided whether the CCE will turn into a regular exercise, and whether 
countries will be required to (or simply invited to) continue the compilation of FSIs, for instance in the 
framework of the SDDS and/or FSAP and/or Article IV consultations. A decision in this respect may be 
taken later this year by the IMF Executive Board.  

Assuming that the compilation of FSIs remains a voluntary exercise, compilers would rely on the FSI 
Guide, which is necessarily rather stringent when it addresses strategic and managerial issues. In particular, it 
recommends that the compilation of FSIs should be coordinated by a lead agency, through a system of inter-
agency cooperation. This is important to ensure the effectiveness of the coordination work on FSIs, the 
consistency in the concepts, definitions, and framework used by different agencies to compile FSI data, and 
to facilitate the dissemination of FSIs in a single centralised website and in regular publications, as 
recommended in the Guide. The Guide also reviews legal and other aspects of data collection, processing, 
and dissemination, such as data confidentiality. In particular, the FSI Guide recommends obtaining legal 
support for data collection, in line with the IMF’s Data Quality Assessment Framework (DQAF). The legal 
backing for statistical collection should cover a number of dimensions: scope, flexibility, compliance, 
confidentiality, integrity and confidence. 

15 From a preliminary analysis, the countries that made the intra-sector adjustments are: Cyprus, Indonesia, Korea, 
Lebanon, Malaysia and Malta. However, further countries may have done these adjustments, even though not fully 
consistent with the Guide. 
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Section 4 – Can the main areas of divergence be narrowed? 
In this paper we have identified many points of convergence between the ECB and IMF approaches in 

compiling indicators of financial stability but also a number of differences. In this concluding section, we 
focus on two differences. These refer to the issue of compiling indicators on a regional basis and to the 
consolidation basis. 

As for the first issue, the construction of FSIs on a regional basis is not discussed in the Guide. For the 
purpose of the CCE, the concept of FSIs was viewed as a national level issue, with FSIs to be compiled by 
authorities in each country. Conversely, the ECB approach primarily focuses on compiling indicators for 
economic regions, such as the euro area, and only as a second step it compiles selected indicators also for 
each EU country. Indeed, regional MPIs represent a benchmark for national MPIs for the countries in the EU 
and are important for the ECB to assess the stability of euro area/EU financial systems as a whole.  

In general, there are challenges to constructing regional FSIs because data are not fully comparable 
across countries, especially when comparing countries outside the EU. The consolidation process on a 
regional basis also imposes the additional burden of requiring information on cross-border positions and 
transactions within the region, in order to carry out intra-region adjustments, as is done by the ECB in the 
context of collecting supervisory banking data. Moreover, from a conceptual point of view, conducting 
financial stability analysis at the regional level requires the identification of meaningful geographical areas 
for which a regional analysis usefully complements the national-level one. Although for the ECB the 
necessity to adopt a regional approach was unquestionable, further study on this matter in the Guide would 
be welcomed. 

Concerning the issue of the consolidation approach, the recommended approach in the Guide and the 
one used by the ECB/BSC are substantially different, as they reflect the different approaches to modelling 
the macroeconomy and the financial sector within it. Moreover, the attempt in the IMF Guide to design a 
fully consistent statistical framework for all economic sectors requires sectoral adjustments, while the 
primary focus of the ECB/BSC on the financial sector allows doing without them.16 To conclude, while links 
to macroeconomic statistics may be more amenable in one of the two approaches, the decision to opt for 
either approach would benefit from taking into account existing international accounting and supervisory 
standards and practices, to avoid undue increase in reporting burden. More importantly, the decision should 
depend on which approach provides the most appropriate information to monitor fragilities building up 
within the financial sector, especially banks. In short, the preferred approach should provide a 
comprehensive view of the vulnerabilities within the financial sector. 
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1. Introduction 
The Asian Crisis in 1997–98 revealed major gaps in statistical coverage of the domestic financial 

sector and the external sector that permitted serious vulnerabilities to remain undetected. Such gaps meant 
that national authorities lacked information needed to take timely and appropriate steps to improve 
conditions and that the IMF did not have sufficient information for an effective oversight of the economies 
of its member countries. In response to this situation, the IMF launched several major statistical initiatives to 
improve coverage of potential financial and external vulnerabilities—the Template on International Reserves 
and Foreign-Currency Liquidity, External Debt Statistics, and Financial Soundness Indicators. This paper 
will focus on Financial Soundness Indicators, or FSIs, which are aggregate measures of the current financial 
health and soundness of the financial institutions in a country and of their corporate and household 
counterparties. It will briefly describe the history of the FSI project and the development of the FSI 
methodology; the results of an international coordinated compilation exercise (CCE) undertaken by the IMF 
and participating member countries; some key methodological challenges; and possible next steps for taking 
forward the work of the IMF in this area.  

2. History and Development of the FSI Methodology 
The FSI project grew out of the need for better data and tools to monitor financial risks and 

vulnerabilities of national financial systems. This was a new area of work. The IMF has been collecting 
monetary statistics from countries, but these statistics do not focus on the compilation of soundness and risk 
information. Information about bank soundness is available to national supervisors; however, it focuses on 
the soundness of individual banks. Translating this type of individual bank information to information for the 
sector was not necessarily straight-forward. This called for a careful investigation of the types of information 
needed to assess aggregate soundness and risk, as well as of data availability. The IMF began this process in 
1999 by calling a meeting of a group of experts and officials of countries, regional and international 
organizations, and standards setters. They confirmed that there was an urgent need for this type of 

1 This paper has benefited from inputs and comments from the FSI team in the Financial Institutions Division 2 of the 
Statistics Department: Andreas Georgiou (team leader), Florina Tanase, Xiu-zhen Zhao, and Agus Firmansyah. 
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information and identified a number of important indicators that should be compiled. However, they 
concluded that there was no generally accepted model that identified the types of information to collect. To 
gain further information, the IMF conducted in mid-2000 a Survey on the Use, Compilation, and 
Dissemination of Macroprudential Indicators. The survey asked member countries about the types of 
indicators they needed, the availability of the data, and the standards they used for compiling the data. There 
was a very strong response from over 100 countries that allowed the IMF to identify a core set of financial 
soundness indicators that all countries should compile and an encouraged set of important indicators that 
countries might choose to compile depending on national circumstances. The survey also provided important 
information about accounting and compilation practices for the indicators. On the basis of the survey 
information and after several rounds of extensive consultation with experts from international agencies, 
standard setting bodies, and member countries, the IMF completed and published the Compilation Guide: 
Financial Soundness Indicators (Guide).2

The Guide provides guidance on the concepts and definitions, and sources and techniques for the 
compilation and dissemination of internally consistent, cross-country comparable set of indicators that could 
provide information about the current soundness of the aggregate financial system. The methodology in the 
Guide was highly innovative, combining elements of macroeconomic frameworks, including monetary 
statistics, bank supervisory framework, and international financial accounting standards. For example, 
standards for defining the boundaries of the national financial system and the definitions of the sectors of the 
economy, the types of financial instruments, and the concept of sectoral consolidation were drawn from 
monetary statistics. The use of these definitions allowed for ready comparison of FSIs with macroeconomic 
information about national economies used for economic and policy analysis. Additionally, supervisory 
standards, as embodied in the work of the Basel Committee on Banking Supervision, provided the 
definitions of many of the measures of soundness or risk, such as the definition of capital adequacy, 
exposures to market risk, liquidity, currency exposures, earnings ratios, etc. And much material was also 
drawn from the International Accounting Standards (IASs), with its greater focus on accrual standards, use 
of market or fair value accounting, and rules on impairment and provisioning. An integrated underlying 
framework was developed that draws on information on bank income in addition to balance sheet positions.  

2 The Guide was released in electronic format in 2004 and issued as an official IMF publication in 2006. 
(http://www.imf.org/external/pubs/ft/fsi/guide/2006/index.htm ). It has been translated into French, Russian, and 
Spanish. Arabic and Chinese versions are forthcoming.  
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Table 1. Financial Soundness Indicators: The Core and Encouraged Sets 

Core Set 
Deposit-takers  

Capital adequacy Regulatory capital to risk-weighted assets 
Regulatory Tier 1 capital to risk-weighted assets 
Nonperforming loans net of provisions to capital  

Asset quality Nonperforming loans to total gross loans 
Sectoral distribution of loans to total loans 

Earnings and profitability Return on assets  
Return on equity 
Interest margin to gross income 
Noninterest expenses to gross income 

Liquidity Liquid assets to total assets (liquid asset ratio) 
Liquid assets to short-term liabilities 

Sensitivity to market risk Net open position in foreign exchange to capital 

Encouraged Set 

Deposit-takers Capital to assets 
Large exposures to capital 
Geographical distribution of loans to total loans 
Gross asset position in financial derivatives to capital 
Gross liability position in financial derivatives to capital  
Trading income to total income 
Personnel expenses to noninterest expenses 
Spread between reference lending and deposit rates 
Spread between highest and lowest interbank rate  
Customer deposits to total (noninterbank) loans 
Foreign-currency-denominated loans to total loans 
Foreign-currency-denominated liabilities to total liabilities 
Net open position in equities to capital 

Other financial corporations Assets to total financial system assets 
Assets to GDP 

Nonfinancial corporations sector Total debt to equity 
Return on equity  
Earnings to interest and principal expenses 
Net foreign exchange exposure to equity 
Number of applications for protection from creditors 

Households Household debt to GDP 
Household debt service and principal payments to income 

Market liquidity Average bid-ask spread in the securities market3

Average daily turnover ratio in the securities market3

Real estate markets Real estate prices 
Residential real estate loans to total loans 
Commercial real estate loans to total loans 

3 Or in other markets that are most relevant to bank liquidity, such as foreign exchange markets. 
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3. The Coordinated Compilation Exercise 
With the completion of the Guide, the focus shifted to promoting compilation of the indicators. The 

IMF launched a Coordinated Compilation Exercise (CCE) with voluntary participation of 62 systemically 
important countries. The CCE aimed at (1) developing the capacity of member countries to compile FSIs 
important to the surveillance of their financial systems, (2) promoting cross-country comparability of FSIs, 
(3) coordinating efforts by national authorities to compile FSIs, and (4) disseminating the FSI data along 
with metadata, to increase transparency and strengthen market discipline. The participating countries agreed 
to compile the 12 core FSIs and could choose to also compile some or all encouraged FSIs. (Please see box 
on core and encouraged FSIs above). For comparability, countries were to attempt to apply the methodology 
in the Guide and to prepare data for a common time period – year-end 2005 for positions data and year 2005 
for flows data. In addition, the participating countries were requested to prepare detailed metadata (textual 
descriptions of the data), including information on data sources and compilation methodology.  

As of April 2007, 52 CCE countries have finalized their FSI data and metadata, which are now 
posted on the IMF website (http://www.imf.org/external/np/sta/fsi/datarsl.htm). This site provides the 
common set of indicators along with detailed metadata that describe the standards underlying the indicators 
and the compilation practices. The data and metadata are presented in a uniform manner using a standard 
format developed under the CCE to facilitate cross-country comparison. More than half of these countries 
are in Europe; nine are in the Western Hemisphere, and eight are in Asia and the Pacific. The rest are in the 
Middle East and Africa. Almost 90 percent of the countries reported all core FSIs and the rest except one 
reported at least 10 of the 12 core FSIs. Forty four countries reported encouraged FSIs for deposit takers; the 
majority of countries reported 7 to 12 FSIs and only six countries reported all 13 encouraged FSIs for deposit 
takers. Fewer countries reported encouraged FSIs for other sectors. 

4. Key Methodological challenges
As mentioned above, the FSI work employs an innovative conceptual framework that draws from 

statistical, supervisory, and business accounting frameworks to construct indicators relevant for assessing the 
current soundness of the financial system of countries. However, there remain some differences in views on 
the FSI methodology and these differences have been reflected in the data and metadata reported by 
countries for the CCE. These methodological issues were discussed at the plenary meeting of the CCE 
during May 30-31, 2007 to review the results of and experience from the CCE. Nevertheless, the broad scope 
of the integrated FSI framework and its key elements remain firmly in place. This section will summarize 
three of the salient conceptual issues of the FSI framework, namely the consolidation basis and consolidation 
adjustments, valuation of financial instruments, and recognition of current income and expenses. 

5. Basis for consolidation (institutional coverage) 
 The first, and most controversial, issue is the standard to use as the basis for consolidating the data 
of individual reporting banks to obtain the sector-wide data. The Guide describes various consolidation 
approaches to cover different country circumstances and analytical needs. The domestic consolidation (DC) 
basis consolidates only the data for banks and their branches and subsidiaries that exist within the national 
bounds of the country. These data allow linkage to national macroeconomic data and focus on the 
interactions between the national financial system and current national economic activity. In contrast, the 
cross-border consolidation encompasses the activity of the parent bank and its local and worldwide branches 
and subsidiaries. This is a supervisory perspective that focuses on the income and capital of the parent bank 
and the strengths and risks facing the global enterprise. The consolidation includes only banking institutions 
(domestically controlled cross-border consolidation -DCCB), which is the Guide’s preferred approach, or it 
could be on a cross-sector basis (domestically controlled cross-border and cross sector consolidation-
DCCBS) that includes diverse types of financial institutions following the approach of the Basel Committee. 
The cross-border consolidation could cover all domestically incorporated deposit takers (CBDI) to also 
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capture resident foreign-controlled deposit takers, particularly when they play a significant role in the 
domestic financial system. The CBDI could also be on a cross-sector basis (CBCSDI). These data could then 
be disaggregated into separate FSIs for domestically controlled deposit-takers and for foreign controlled 
deposit-takers. 

The Guide recommends that the DCCB  basis be used to compile FSIs for the deposit takers. For the 
CCE, however, the countries could choose to use the consolidation basis other than the DCCB basis. The 
results of the CCE showed that the DC approach was mostly used, followed by the DCCBS and DCCB basis, 
respectively. Twelve of the CCE countries used multiple consolidation bases (all 12 countries used a cross 
border consolidation basis and 9 countries used the DC basis). The choice of the consolidation basis in part 
reflected differences in practices among countries depending on the sophistication of their financial 
systems—smaller, less complex economies may need only national data, but financial center economies need 
information on the global activity of their banks. It also reflected the attempts made by some countries to 
move their practice closer to the Guide.

As an increasing number of countries are preparing to implement Basel II and IASs,4 some countries 
have proposed to explore ways to use these two international standards as bases for compiling FSI data in 
order to minimize compilation and reporting burden. 

Consolidation Basis – Core Set Consolidation Basis – Encouraged FSIs  
for Deposit Takers 

Consolidation basis used by countries for the CCE 

DCCB: Domestically controlled cross-border consolidation basis; DCCBS: Domestically controlled cross-border and 
cross-sector consolidation basis; DC: Domestic consolidation basis; CBCSDI: Cross-border and cross-sector for 
domestically incorporated deposit takers; O: other consolidation basis.

6. Consolidation adjustment 
Because FSIs are indicators for the sector as a whole, all inter-bank balance sheet positions and 

income flows except debts and financial derivatives between unrelated deposit takers are to be eliminated 
from the sector-wide data to avoid double-counting of income and capital of the sector. Debts and financial 
derivatives between unrelated deposit takers in the reporting population are not to be eliminated as they are 
useful for assessing the contagion risks. The Guide (paragraph 5.1) underscores the significance of these 
consolidation adjustments in compiling FSIs. Furthermore, it (paragraph 5.52) states that the relevance of 
each adjustment will depend upon national circumstances. Some adjustments might be generally applicable 
whereas others may not. Compilers should make a judgment on the costs and benefits of the collection of 

4 Basel II and IASs apply different consolidation bases. Basel II suggests that the group consolidation should cover all 
banking activities and other relevant financial activities, excluding insurance activities conducted within a group, while 
under IASs the group consolidation should cover the parent and all of its subsidiaries, regardless of whether they are 
financial or nonfinancial entities. 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 1420 -



  6  

new data. If available evidence suggests that an adjustment is not relevant or would be insignificant, the 
benefits of collecting such information may not outweigh the potential costs to reporters and the compiling 
agency. 
 The results of the CCE showed that while most countries carried out intra-group consolidation 
adjustments (albeit with less than full consolidation adjustments for some FSIs), intra-sector (inter-group) 
consolidation adjustments were not made or only partially made by many countries (about two-thirds of the 
CCE reporting countries). The EU countries commented in a joint statement that, from a statistical point of 
view, intra-sector consolidation adjustments are appropriate, but noted practical issues, including lack of data 
for carrying out such adjustments.5

7. Valuation of financial assets and liabilities 
The intention of the Guide is to obtain the most realistic current value of the sector’s financial assets 

and liabilities and capital. Realistic and current valuation is stressed because it provides the best estimate of 
the actual worth of financial instruments and their availability to provide a buffer against financial risk. This 
requires that current market or fair values of tradable instruments be used rather than historical valuations, 
interest and other accruals be on a current basis, and that any impairment in the realizable value of financial 
instruments be accurately reflected in current valuations, either through application of market or fair values, 
or by appropriate provisioning. Concerns about the FSI approach have been that additional volatility will be 
introduced into the income statement and balance sheet if some held-to-maturity instruments are valued at 
market/fair value for FSI purposes. It is further noted that the IASs permit amortized cost valuations for held-
to-maturity instruments. In contrast, the underlying principle in the Guide is that the volatility is a real 
reflection of market movements and is an important information in itself, and that the current market 
valuation provides the best actual measure of the condition of the firm and its resilience in the face of 
economic stress. It may be noted that the new International Financial Reporting Standard 7, paragraph 25, 
requires disclosure of the fair value of each class of financial assets and liabilities whenever they differ 
markedly from carrying values. Moreover, the Consolidated Financial Reporting Framework of the 
Committee of European Banking Supervisors collects fair value information on all financial instruments 
carried at amortized cost on the balance sheet (loans and receivables, held-to-maturity investments, and 
financial liabilities measured at amortized cost).  

8. Recognition of income and expenses 
 The recognition of income and expenses in general and the recording of specific income items, such 
as gains and losses on financial instruments, in particular are important for compiling income-based FSIs. 
The intention of the Guide is to capture the relative importance of the current income from the financial 
assets and liabilities recorded at market or fair value. In contrast to the Guide, IAS39 suggests that some 
unrealized gains and losses on available for sale instruments and the effective portion of the gain or loss on a 
cash flow hedge or hedge of a net investment in a foreign operation, and potentially on a hedge for the 
foreign currency risk of a firm commitment, be recognized directly in equity, thus underestimating gains and 
losses on financial instruments and net income as defined in the Guide. In addition, under IASs interest 
income and expense comprises interest and other income (fees, commissions, and similar charges) directly 
related to loans and other assets that earn interest that are used in calculating effective interest rates 
according to IAS 39. Accordingly, in contrast to the Guide, noninterest income does not include fees and 
commissions receivable which are directly related to loans, while the interest margin includes such fees and 
commissions.  

5 This comment was provided in the note attached to the letter of the ECB’s Directorate General Statistics dated 
September 26, 2006 to the IMF’s Statistics Department. 
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9. Future work on FSIs
The results of the CCE were reviewed and discussed at the end of May this year in a meeting of 

regional and international organizations and financial sector standards setters6 and a meeting of countries 
participating in the CCE. The discussions in these meetings covered the data and metadata produced by 
countries participating in the CCE, the experiences of the national compilers, methodological and 
compilation issues, possible changes to the list of indicators, and the feasibility of setting up an ongoing 
system to compile and disseminate FSIs. The views and conclusions from these meetings will be reflected in 
a paper that will be submitted to the IMF’s Executive Board for discussion before the end of 2007. In 
particular, the paper will report the CCE participating countries’ views and experience in compiling FSIs and 
the lessons learned in carrying out the exercise. The paper will address whether the goals of the CCE were 
achieved and the potential follow-up initiatives. Issues related to follow-up initiatives include (1) approaches 
to expanding the number of countries compiling FSIs, including modes of technical cooperation, (2) the 
potential for greater convergence towards the Guide’s recommendations and fostering greater FSI data 
comparability, (3) addressing the challenges of compiling FSIs in accordance with the Guide in the context 
of evolving accounting and supervisory standards, (4) modification to the core and encouraged FSIs, (5) 
amendments to the advice provided in the Guide, and (6) the potential for inclusion of FSIs in the IMF’s data 
dissemination initiatives such as the Special Data Dissemination Standard.  

Decisions on the future work of the IMF on FSIs will be largely shaped by the implementation of the 
IMF’s Medium-Term Strategy that focuses on enhanced financial sector surveillance amidst new budget 
realities for the institution that require work prioritization, belt-tightening, and streamlining. Regardless of 
the form and nature of the follow-up initiatives on FSIs, one thing is certain—the data and metadata 
produced by countries under the CCE and disseminated by the IMF have significantly advanced the 
knowledge and experience in this new field of statistics and have set a good foundation for the regular 
compilation of FSIs by these countries. 

6 These institutions comprised the Reference Group of the CCE, which was established to provide views on emerging 
issues in the CCE. 
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This article presents new asset based measures of bank liquidity which capture and quantify the dynamics of liquidity

flows within the French banking system between 1993 et 2005. We consider net changes in the “stock” of liquidity in

banks’ balance sheets as the result of two simultaneous “flows”: the purchases and sales of liquid assets. Our “flow

approach” allows us to assess the intertemporal dimension of liquidity fluctuations within the banking system

(expansions, contractions and overall reallocation) on the basis of individual bank data.

From a policy perspective, the results suggest that under normal circumstances, the cross checking of liquidity ratios

and liquidity flows could prove useful to design a robust prudential approach to liquidity. Under extreme

circumstances, the traditional concept of “bank liquidity” could be complemented by considerations about the liquidity

of monetary and other financial markets when emergency liquidity provision is envisaged.
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1| MEASURING BANK LIQUIDITY
Our analysis of bank liquidity at the aggregate level is presented below. After a discussion of the
concept and measurement of “gross liquidity flows” (1.1), methodological considerations associated
with this concept are underlined (1.2). Aggregate liquidity measures are then presented (1.3).

1|1 Gross liquidity flows: concepts and measurement

The concept of “gross flows” originates from labour market turnover studies. Key references in this
area include Davis and Haltiwanger (1992). More recently, estimates of gross credit flows have been
conducted in an analogous way, see Craig and Haubrich (1999) and Dell’Ariccia and Garibaldi
(2005). Our efforts to measure and quantify liquidity dynamics in the banking sector build on this
literature. This approach allows us to describe gross quantities of liquidity that flow in and out of
the French banking system’s balance sheet, as well as the rate at which liquidity is overall
reallocated across banks. In turn, these fluctuations lend themselves to an insightful cyclical
analysis.

An individual bank expands (contracts) liquidity in a given quarter if its liquidity growth is positive
(negative). For example, a bank holding € 100,000 worth of liquid assets in 1993:1 and € 110,000
(resp. € 90,000) in 1993:2 would have expanded (resp. contracted) liquidity in this quarter at a rate of
10%. At the aggregate level, gross liquidity expansion (contraction) is proxied by the sum of the
absolute values of all liquidity changes across banks with positive (negative) liquidity growth. Gross
rates of expansion and contraction are then computed. For example, if the banking system is
composed of two banks of similar size which expand and contract liquidity at the same rate, then
we consider that liquidity stagnates at the aggregate level. A formal definition of those concepts is
presented in Box 2.

At the bank level, liquidity contraction (represented by a negative value of the grow rate of
expansion) can stem from either the active reduction in liquid portfolios, or from the fact that a
temporary operation (e.g. a repo) is not rolled over at maturity and does not correspond to an
increase in other liquid items. Both events lead to a reduction in liquidity.

The interpretation of the aggregate series thereby obtained depends on how one measures growth at
the bank level. In this article, we distinguish between gross nominal and gross idiosyncratic liquidity
flows. First, nominal flows measure growth in absolute terms, as illustrated above. They reflect
nominal liquidity expansion or contraction within the banking system on aggregate. Second,
idiosyncratic flows measure liquidity growth relative to aggregate trend growth. They are qualified
as “idiosyncratic” in that they reflect purely bank specific factors (specific trading strategies,
isolated liquidity shocks, changes in corporate governance or internal structures…). For example, a
bank may increase its liquidity holdings by 10% in a given quarter when the banking industry
increases its liquidity holdings by a 6% trend. The idiosyncratic component of that bank’s liquidity
inflow is equal to 4%. Idiosyncratic flows reflect the degree of heterogeneity of banks when
expanding or contracting liquidity.
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Box n°1
Measuring bank liquidity

Liquidity management within a financial institution obeys two main criteria. First, the institution should be sure that appropriate,
low cost funding is available at short notice. This might involve holding a portfolio of assets that can easily be sold, holding
significant volumes of stable liabilities, or maintaining credit lines with other financial institutions. Second, liquidity management
also needs to comply with profitability requirements. Financial stability issues lie exactly at this liquidity/profitability nexus:
conditions should be ensured for banks to manage liquidity stocks and flows in the most profitable manner that at the same time
does not jeopardise financial stability.

In France, bank liquidity is monitored on the basis of a liquidity ratio.1 The Commission Bancaire’s liquidity requirement consists
in a monthly report on banks’ global liquid assets and liabilities, which includes cash positions, claims including repo related claims
with at most one month remaining maturity, negotiable securities, as well as off balance sheet commitments and available liquidity
lines. Using this information, the Commission Bancaire establishes the ratio of liquid assets to liquid liabilities using a weighting
scheme to reflect the likelihood of items being rolled over or being available in event of a liquidity squeeze. The weighting scheme
thereby recognises that assets that are liquid may be realized only with some delay and at some risk. This ratio has to be maintained
above 100 percent at all times. The liquidity coefficient used by the Commission Bancaire belongs to the family of “Asset Liability”
liquidity coefficients, based on measures of both liquid assets and liquid liabilities. Those coefficients are traditionally preferred for
supervisory purposes on grounds that bank liquidity management relates not only to the liquidity of their assets but also to the
nature, structure and transformation of their liabilities.

The measure presented in this article departs from the current prudential approach along two main lines. First, it is exclusively
asset based. Second, it is to some extent “agnostic”, in that it does not rely on a normative weighting scheme across asset categories,
and no threshold value is proposed to assess whether a bank is “too little” liquid. We chose to concentrate exclusively on assets in
order to decouple the monitored indicator from fluctuations induced by changes in the liability side of banks balance sheet. No
information stemming from the current prudential ratio is used in this process. The value added of our indicator lies in its dynamic
(flow) and panel based dimensions. Our liquidity measure is based on the following asset categories: cash management and
interbank transactions, securities bought under repurchase agreements, trading securities, investment securities, to which we add
net off balance sheet financing commitments (i.e. financing commitments received minus financing commitments given to credit
institutions). This measure belongs to the group of “Asset based” liquidity indicators and is independent from the liability
structure of banks’ balance sheet.

In that respect, it should be kept in mind that our aim is to propose a methodology and assess its performance on a broad based
liquidity measure. Alternative indicators that could be ranked according to their degree of liquidity could be in turn generated. For
example, one may ask whether investment securities are “liquid enough” to qualify for the construction of a liquidity measure, as
those assets are meant be purchased with the aim to be durably kept in the books. Since investment securities are fixed income
instruments that may be sold promptly in case of emergency need, we decided to keep them in our measure. Another suggestion
could be to concentrate only on specific sub items of the chosen liquidity categories (in particular in the cash management and
interbank transactions category, which is rather broad). Although a first check of alternative measures seems to produce outcomes
coherent with the results presented in this article, refined applications of this approach would certainly generate fruitful and
potentially new insights regarding bank liquidity. In fine, the cross checking of such measures with liquidity ratios (like the
coefficient currently monitored by the Commission Bancaire) may prove informative and robust for prudential purposes.

1|2 Methodological issues

Before describing the proposed liquidity measures in more detail, it should be noted that they are
subject to two main methodological issues. Firstly, they ignore liquidity expansions and contractions
that may simultaneously occur within each reporting entity, i.e. within each bank. This biases our
estimates downwards, since liquidity reallocation is likely to occur across different desks (for

                                                          
1.
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example between the repo desk and the treasury desk) of a bank. However, our data does account
for liquidity flows across entities of the same banking group, as we use the BAFI 4000 Reporting
Files that are collected institution by institution in a non consolidated way. The French supervisory
authority, the Commission Bancaire, collects quarterly balance sheet data on an individual and
consolidated basis for all banks falling under its regulation. Complete balance sheets are available
from 1993:1 to 2005:1.2

Secondly, flow measures may overestimate gross flows by recording unwarranted liquidity
reallocations due to merger and acquisitions. This bias is potentially problematic. We therefore
chose to clean the data on the basis of merger files provided by the Banque de France unit –
DECEI/CECEI – that registers bank creations, closures and mergers (see Box 2 for details).

1|3 Aggregate liquidity measures

Gross liquidity flows are constructed as a cross sectional aggregation of positive and negative
changes in stocks as measured in quarterly balance sheet statements. The positive/negative partition
of the cross sectional distribution is done in two ways, nominal and idiosyncratic. Nominal
aggregates are the sums of the individual banks’ liquidity growth rates relative to zero, weighted by
market share. Idiosyncratic aggregates are the weighted sums of the individual banks’ liquidity
growth rates relative to the industry trend. The construction of liquidity measures is presented in
Box 2..

The two aggregation strategies shed light on different dimensions of liquidity dynamics. Nominal
growth rates show the macroeconomic evolution of liquid balance sheet items. This evolution may
be substantial in a context where, for exogenous reasons, aggregate liquidity grows strongly. An
example would be the steep growth in bank liquidity witnessed since the start of Stage III of EMU,
also reflected in the strong dynamics of nominal monetary aggregates in the euro area. Nominal
measures are therefore fit to study the cyclical properties of bank liquidity. Idiosyncratic flows
reflect, in a banking system that grows along a trend, individual differences in bank liquidity
management. These flows are the macroeconomic symptom of heterogenous bank behaviour at the
microlevel.

We can also derive net growth rates of liquidity together with “shadow” measures of liquidity
reallocation. Net flows simply indicate whether banks lost or gained liquidity over a quarter.
“Shadow”, or excess, flows, picture the extent to which overall liquidity reallocation actually occurs
across banks. For example, a bank whose liquidity grew in net terms by 1% over a given quarter
may in fact have actively engaged in liquidity trading to a much deeper extent than what the net
variation alone would suggest. These effects can be accounted for by looking at nominal
reallocation, i.e. aggregate expansion and contraction in excess of the net liquidity change, and
idiosyncratic reallocation.

                                                          
2 Liquidity flows occuring between banks of the same group can not be isolated from those effected across different groups. As a result, negative and 
positive flows coexisting across banks that belong to the same group may reflect the intra-group reallocation of liquidity. Intra-group liquidity 
management has gained importance in France – in particular for mutualist banks – as the consolidation process proceeded. 
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Box n°2

Bank liquidity flows

Using the individual bank balance sheet data described in Section 2, we define lit as the value of liquid assets of bank i at quarter t. The
change in total liquidity is then given by lit = lit lit 1. The bias introduced by bank mergers (see Section 1.2) is corrected as follows.
Consider that bank i absorbs bank j between t and t 1. In absence of any other change in the structure of balance sheets, the liquidity
registered for bank j at time t will be zero, while that registered by bank j will be equal to the sum of its own liquidity plus that of the
absorbed bank j. Taking into account the changes in liquidity that occurred between t 1 and t, the liquidity of bank I at t will be equal
to its own liquidity at t 1, plus the changes in its own liquidity, plus the liquidity of bank j at t 1, plus the changes in bank j’s liquidity
between t 1 and t. In parallel, the liquidity of bank j at t will be zero. Without further corrections, the liquidity of j at t 1 would be
counted twice, leading to an overestimation of both positive and negative liquidity flows. We therefore need to substract the t 1
liquidity of bank j to the t liquidity of bank i, and add it to the liquidity of bank j at t. Formally, our corrected measure l’it reads

N

k itittkiktitit lBlAll
1 1,'

where Aikt and Bit are indicator variables and N the total number of banks at time t. Aikt takes the value 1 when bank i absorbs bank j at
t, 0 otherwise. Bit takes the value 1 when i is absorbed at t, 0 otherwise. Note that this approach allows for simultaneous mergers where
one bank absorbs more than one institution.

The adjusted growth rate of liquidity is therefore given by
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for each bank i. At the bank level, all liquidity contractions (resp. expansions) give rise to a negative (resp. positive) value of git. The
cross section of gits obtained for each quarter is then aggregated using two simple positive/negative partition rules.

Partition rule 1: nominal gross liquidity flows

Nominal gross flows are defined according to a partition rule around zero. The aggregate liquidity expansion rate between t 1 and t

t
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The term in parenthesis weights individual growth rates by the bank’s average share of the total liquidity. Likewise, the aggregate

liquidity contraction rate is defined over the absolute value of aggregated weighted growth rates:t
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Nominal measures are principally useful to analyse cyclical properties of liquidity flows.

Partition rule 2: idiosyncratic gross liquidity flows

Idiosyncratic gross flows are defined according to a partition rule around the trend followed by the banking industry as a whole. This
relative measure reflects the extent to which each bank distinguishes itself from the industry trend. This latter is proxied using the

Hodrick Prescott filter of the aggregate liquidity growth (noted ) with a standard quarterly smoothing parameter . For each banktr
tg

i, we obtain an idiosyncratic growth rate equal toid
itg

tr
tit

id
it ggg

The idiosyncratic positive and negative liquidity flows rates are defined as
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Idiosyncratic measures are relevant for the analysis of average liquidity flows.

Overall, one should keep in mind that at the aggregate level, negative flows do not necessarily reflect a generalised reduction in
liquidity buffers. Likewise, positive flows do not imply an expansion of liquidity buffers. Positive and negative flows may coexist, but
only the net measure of liquidity flows can tell whether the liquidity of the banking system’s balance sheet has expanded or contracted
as a whole. Net liquidity flows are simply defined as

t
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t
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t
id

t
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t
nomNET pictures the net growth rate of gross liquidity, while reflects the cyclical component of net liquidity growth.t

idNET

Finally, one may wish to get a sense of the overall reallocation of liquidity that occurs between banks. In the nominal case, the total, or
“excess”, liquidity reallocation needs to be corrected for the net liquidity changes, i.e.
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In the idiosyncratic case where the trend component has already been adjusted for, the overall reallocation growth is simplyt
idTOT

the sum of the positive and negative flow measures, i.e.

t
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t
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t
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2| RESULTS

2|1 Gross nominal liquidity fluctuations

Estimates of gross nominal liquidity flows are reproduced in Chart 4. Their examination reveals that
on average, positive flows have been larger than negative flows, resulting in net nominal liquidity
flows growing by some 1% per quarter. This is not surprising in a context where bank liquidity is
overall expanding. More interestingly, substantial liquidity expansion and contraction take place
simultaneously along the sample, to the order of 6% and 5% per quarter (Table 1), implying an
active market trading beyond an already substantial growth in aggregate bank liquidity. A check at
the behaviour of each liquidity subcomponent reveals that this trading intensity has occurred in all
market segments involved in liquidity trading (money markets as well as capital markets for liquid
instruments).
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Chart 1 
Gross nominal liquidity flows 
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Source : Authors’ calculations. 

Negative  and net nominal  flows  reveal  that  aggregate behaviour may have been  atypical  at  two 
occasions,  in early 1996 and early 2000. Both  in 1996 and 2000,  liquidity outflows markedly – but 
temporarily – increased, translating into large negative net liquidity adjustments.  
 
Although  causality  can  not  be  assessed,  it  is  very  likely  that  developments  in  2000:1  depict  a 
correction of liquidity loadings in anticipation of Y2K.  
 
The 1996:1 episode is less straightforward to explain. A closer look at regulatory events around that 
time reveals that this quarter coincides with the implementation of a number of European Council 
Directives  geared  towards  the  harmonisation  of  banking  activities.  In  particular,  the  Directive 
authorising  the  inclusion  of  legally  binding  netting  agreements  for  prudential  purposes  was 
approved and implemented at that time.3 However, nothing guarantees that solvency regulation is 
the crucial point. After all, measures of own funds are usually determined on the basis of liabilities 
positions with at best an ambiguous  effect on  the  sign of  liquidity  flows.  In  this  light,  it  is more 
likely  that  the  prudential  acknowledgement  of  netting  agreements  simply  led  to  a  reduction  of 
liquidity risk exposure for commercial banks, allowing them to hold less liquid assets. 
 
Turning to deviations of flows from the industry trend, the idiosyncratic building‐up of liquidity is 
substantial  (idiosyncratic  and  nominal  positive  flows  have  comparable  orders  of  magnitude), 
suggesting  that a  large number of banks expand  in excess of  trend growth. We visually  checked 
whether  idiosyncratic positive  flows  could  result  from  aggregation  issues or  aggregate  structural 
changes (that could be due to factors affecting the banking sector as a whole) and found that only a 
small  part  of  aggregate  heterogeneity  seems  to  be  accounted  for  by  composition  effects  across 

                                                           
3  Preparatory work authorising the inclusion of legally binding netting agreements for prudential purposes had led to a common proposal adopted by the European Council 
on 5 September 1995. The European Directive was finally approved early 1995.  In parallel, the post-BCCI European Directive ensuring that the structures of a group 
whereto a credit institution belongs does not prevent its control, was adopted by the European Parliament and the European Council on 29 June 1996 and implemented in 
the first quarter 1996. At the same time, the Basel Committee on banking supervision finalised its framework on the prudential treatment of market risk (extension of own 
fund covering to market risk and acknowledgement of internal credit risk models. See Commission Bancaire (1996). The inclusion of netting agreements in prudential ratios 
de facto reduced own funds requirements underlying solvency ratios, as off balance sheet interest rate and foreign exchange instruments would, as from then, be taken into 
account in net and not gross terms, i.e. after all contracts termed with a given counterpart had been compensated. Such an adjustment would only show up once for all in 
liquidity growth rates. 
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liquidity lines or by differences across banks of different sizes. This conjecture could be investigated
more formally.

Finally, total, or “shadow”, liquidity reallocation, the expansion and contraction in excess of net
changes, amounts to about 8% per quarter. In other words, some 8% of the aggregate liquidity in the
banking system’s balance sheet is reshuffled among individual banks each quarter.

Table 1
Nominal and idiosyncratic liquidity flows – Descriptive Statistics

Flows Obs. Average Std. Error Min Max

Nominal

Positive 49 0.059 0.021 0.000 0.122

Negative 48 0.052 0.041 0.020 0.281

Net 48 0.009 0.049 0.232 0.093
Idiosyncratic

Total reallocation 48 0.081 0.022 0.039 0.134

Positive 49 0.041 0.031 0.000 0.175

Negative 48 3.58e 8 3.22e 8 1.02e 8 2.25e 7
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1. Introduction

Public revenues typically consist of taxes on earnings, capital income, value added etc. These are used

to finance public spending that may include social, educational, and health services, in addition to such

forms of collective consumption as military, judicial, traffic and communication systems. Part of the

pension system may also be included in the public sector. If tax revenues are not sufficient to cover the

expenses, a government sells bonds (i.e., borrows money) to make up the difference. The fiscal

sustainability of the public sector is then  “basically about good housekeeping. It is essentially about

whether, based on the policy currently on the books, a government is headed towards excessive debt

accumulation” (Blanchard et al. 1990).

Although the house-hold analogue compactly expresses the most important aspect of sustainability, it

conceals a difference. The life expectancy of a government, or a state, has no limiting factors of the kind

that biology puts on an individual, or a household. Apart from political upheavals we may expect a state to

continue to exist indefinitely. Thus, an assessment of sustainability leads to the consideration of an infinite

horizon (cf., Auerbach et al. 1997).

Official demographic forecasts are updated every few years. This helps keep forecast errors in control.

However, evaluations of past forecasts have shown that errors of demographic forecasts have been much

larger than is generally recognized (Bongaarts and Bulatao 2000). This is crucial for questions of

sustainability because of the long time horizon. In particular, the determination of whether or not the

government is “headed towards excessive debt accumulation” is uncertain. The purpose of this paper is to

describe some statistical and demographic models that have been used in this area, and to illustrate them

with empirical data.

In Section 2 we describe the so-called cohort-component system of demographic book-keeping in

matrix form. We point out the special case of deterministic stable populations, in which the basic aspects

sustainability can be directly seen. Section 3 starts out by discussing cost accounting of the public sector

using deterministic stable population theory, but then adds stochastic economics, and stochastic

demographics. We conclude in Section 4 by pointing out some on-going work on extensions.

2. Cohort-component book-keeping

2.1. Matrix formulation

The population of year t will refer to the population in the beginning of the year. For concreteness, we

let t = 0 to correspond to the time of interest. Age x = 0 refers to those whose exact age is in the interval [0,

1) etc. The highest possible age � refers to the interval [�, �). As is usual in formal demography, births are

attributed to women only. The lowest age of childbearing is �, and the highest age of childbearing is �.

Realistic choices for these parameters are � = 15, � = 49, and � = 100. In order not to complicate the

notation, we will exclude males from the formal discussion. (Alho and Spencer 2005, pp. 180-186, presents

a general formulation that includes males and allows for several regions.)

Population of year t is a vector of the form
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(2.3)

where V(x,t) is the number of women in age x. The cohort-component book-keeping of population

evolution can be written as

where R(t) = (R(x,y,t)), is a matrix with R(x,y,t) = 0, unless x = 0 and � � y � �; or y = x - 1; or x = y = �.

In the case of female population we have R(0,x,t) = average number of girls born during t, per woman in age

x, who survive to the beginning of next year; R(x, x - 1, t) = proportion of survivors from age x - 1 at t to

age x at t + 1; and R(�, �, t) = proportion of survivors in age �. Similarly, we define N(t) = (N(0, t), . . .,

N(�, t))  where N(x, t) is the net-number of female migrants who are alive in the population of interest, inT

age x, at t + 1.

Assuming that we have an estimate of the jump-off population V(0) and that we have forecasts R(u)
^^

and N(u) for u = 0, . . ., t - 1, then the cohort-component forecast of V(t) can be calculated recursively from
^

(2.2).

2.2. Stable populations

The classical demographic stable population theory assumes that N(t) = 0 (the population is closed to

migration), and that R(t) = R (fertility and mortality do not change over time). If all fertility rates for � � x

� �, and all survival probabilities for 0 � x � �, are strictly positive, then the theorems of Perron and

Frobenius (Gantmacher 1959) imply that R has a unique, strictly positive eigenvalue, say e , that is larger�

than the absolute value of other, possibly complex, eigenvalues. The corresponding right eigenvector w and

left eigenvector u can also be chosen real and nonnegative. It follows that for t ��,

where ~ means that the element-wise ratios of left hand side and right hand side converge to 1. In the long

run, V(0) influences only the level of population, and the asymptotic age-distribution is completely

0 �determined by w = (w ,...,w ) . The population grows exponentially at the so-called intrinsic rate �.T

0 x x xOne can show that if we take w  = 1, then for x = 1,..., � - 1, we have w  = e p , where p  is the-�x

xprobability of surviving to age x (obtained from R = (R(x,y)) as p  = R(1,0) ��� R(x, x - 1); the formula

extends to x = � if we take R(�,�) = 0). This shows that growing populations (with � > 0) have younger

age-distributions than declining populations.

Despite the lack of realism of the stable model, it is useful in providing insights. For example, in

industrialized countries female mortality is quite low in ages � �, so the intrinsic growth rate of the

population is almost entirely determined by fertility. When the number of girls a new born baby-girl is

expected have, falls below 1, a closed population will eventually start to decline. In Mediterranean and

Central Europe, the expected number is about 0.65, and in Northern Europe it is about 0.85, so the

population of all these countries would be expected to turn into decline, if it weren’t for migration that has

helped to maintain growth. Roughly speaking, suppose all fertility were concentrated at the mean age at

childbearing, which is about 30 years. Then annual births would be multiplied by a factor of about 0.85 in

Northern Europe, over a 30 year period. This translates to an annual rate of change of about log(0.85)/30 =

-0.0054, or about -0.5%. In Southern Europe the annual rate of change would correspondingly be -1.4%.

2.3. Stochastic population change

Classical view of the stochasticity of population evolution involves binomial or Poisson type random

variation. For example, if �(0,x,t) � E[R(0,x,t)] is the expected number of births per woman in age x at time

t, then the actual number of births to all women of age x, could be modeled as a Poisson count, B(x,t)

~Po(�(0,x,t)V(x,t)). However, it has long been known (e.g., Pollard 1973) that this type of random variation
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is not nearly adequate to explain the large variation that has been observed in studies of past fertility.

Instead, the realistic approach is to assume that the expectation itself is random. In other words, for each x

we take �(0,x,t) to be a stochastic process indexed by t. The primary challenge in modeling demographic

evolution is, therefore, in finding an acceptable description for those elements of (2.2) that are unknown at

time t = 0, i.e., for {R(t), N(t) � t = 1, 2,...}. A description of the various approaches is given, e.g., in Alho,

Cruijsen and Keilman (2007). Here we note briefly some general aspects.

First, predictive distributions of age-specific mortality rates can be based on time-series models,

because, for several countries adequate data exist to allow for reasonable model identification, estimation,

and diagnostic checks (cf., Box and Jenkins 1976). The bilinear model of Lee and Carter (1992) has been

shown to fit well to data in industrialized countries. Booth et al. 2006  review recent modifications of the

method.  However, there is evidence that improvements in life expectancy may be faster than those

predicted by models of this type. Oeppen and Vaupel (2002) have shown that the so-called best-practice life

expectancy (defined as the life expectancy at birth of the country that has the highest life expectancy at any

given time) for females has increased by about 0.25 years per calender year, in 1840-2000. For comparison,

the forecast of Lee and Carter (1992) of the life expectancy (of both sexes combined) expects an annual

improvement of only about 0.14 years per calender year in the United States, in 1990-2065. Keilman et al.

(2007) show data on female life expectancy from 18 European countries, in 1900-2000. The average

increased during 1900-1950 from 50 to 70, or by about 0.40 years per calender year.  In 1950-2000 the

average increased to 80, or by 0.20 years per calender year. As all these empirical estimates are higher than

those implied by the bilinear model, there is cause for concern that the uncertainty estimates provided by the

method are too low.

Figure 1. Total fertility rate (including male births) in 22 European countries, 1750-2000. Horizontal line is

the replacement level.

Second, there is similarly extensive historical data on fertility, and time-series modeling is a

possibility (e.g., Ortega and Poncela 2005). However, one difficulty is that these time-series show major

changes of trend that are not well understood. Figure 1 shows the variation observed in 22 European

countries. For example, we still do not fully understand the causes of the post world War II baby-boom.

Similarly, in 1969 official forecasts of Italy assumed that fertility would remain at its current level, but it

fell by 50%, instead, in the next two decades (Alho and Spencer 2005, p. 95). Despite the many interesting

findings related to the fertility developments of the Mediterranean countries (e.g., Kohler, Billari and

Ortega 2006), this decline appears not to be well understood.

Third, when it comes to migration, problems of data quality make the situation worse. For most

countries of the world it is not easy to even establish the recent past level of migration accurately, because

direct estimates migration at borders are either lacking, unreliable, or infeasible, and there is no population
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register to compensate for this. The difficulties are compounded by erratic trends. Alho et al. (2006)

displays the estimated net migration to 18 European countries, in 1960-2000. The overall finding is that

Europe has established itself as a net receiving region. Yet, a key challenge in forecasting future migration

is in deciding, whether the linearly increasing trend from 1970 onwards continues, or whether it would be

better to view the series as varying around a constant mean of the data period.

An alternative, or a supplement, to time-series modeling is the analysis of the accuracy of past

forecasts (Keilman 1990). This approach has the merit of directly addressing the question of uncertainty,

and it does not involve intricacies of model choice. From a statistical point of view the primary drawback of

this approach is that the available data for an empirical analysis are scarce. Especially, if lead times of

several decades are entertained, the number of data points available for estimation is small in all countries

of the world.  In an effort to alleviate the data problems related to the evaluation of actual forecasts, in Alho

(1990) we proposed to use naive or baseline forecast for the same purpose. It had been noted by Lee (1974),

for example, that forecasts of future fertility in the U.S. have essentially assumed that the current level

persists indefinitely. This has been the case in many other countries, as well. Therefore, a realistic

assessment of the accuracy of fertility forecasts can be obtained by studying the accuracy of a forecast that

assumes no change. For mortality, a similar baseline forecast can be based on the recent rate of decline.

Given the difficulties of obtaining estimates of uncertainty, it is comforting that in those cases in

which estimates have been made using both time-series methods, analysis of past errors, and naive

forecasts, the results have been comparable (e.g., Alho and Spencer 2005, p. 255).

Our empirical illustrations are based on estimates developed in the so-called UPE project

(http://www.stat.fi/tup/euupe/index_en.html), using all three methods, and exercising judgment, when

necessary. This was the case, notably, for migration.

Technically, we have used the so-called scaled model for error to represent the uncertainty of future

fertility and mortality rates. The full details require complex notation, but we simplify. Let Y(t) denote a

future value of interest, such as R(0,x,t). We write this in the form where is

the point forecast and X(t) is the relative error. Without loss of generality we can write X(t) = �(1) + ... +

�(t). The error increments are assumed to be of the form �(t) = S(t)(� + 	(t)), where � ~ N(0, 
) is

independent of the i.i.d. variables 	(t) ~ N(0, 1 - 
). Thus, the scale of error is Var(�(t))  = S(t). Intuitively,1/2

we think of the error consisting of a random walk around a random line. The parameter 
 regulates the

relative weight of the two components. The fact that the scales depend on t allows for changes in volatility.

Alho and Spencer (2005, pp. 280-283) present more details, e.g., on correlations across age and sex. The

calculations were carried by using stochastic simulation, as implemented in the program PEP

(http://joyx.joensuu.fi/~ek/pep/pepstart.htm).

3. Cost accounting

3.1. Cost functionals and discounting

To account for different types of (positive or negative) costs, we define cost functionals,

jwhere � (x,t) = cost of type j = 1, 2,... in age x at time t. Thus, the total cost of type j, at time t, equals

To make costs associated with different time points comparable, they have to be discounted. As

discussed in Alho and Vanne (2006b), a meaningful discount rate for the government’s future costs, is the

real interest rate of bonds. For example, the German real interest rate in the post-war period 1955-2000 had

the average of 3.8%, and M. Friedman has estimated the historic real non-risk interest rate as 3.25%. In any

case, if the discount rate is � > 0, then, the discounted value of type j = 1, 2,... costs equals
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when costs incurring at t = 0 are included.

3.2. Burden and equity in the stable case

 Modeling government’s costs, suppose j = 1 corresponds to (negative) tax payments received, and j =

1 22 corresponds to (positive) public benefits provided. A necessary condition for sustainability is that   + 
< +� (This assumes that the government can additionally service the public debt that may exist at t = 0.)

j jSuppose now that the cost functionals do not depend on time, or � (t) � � , and that the population is

1 2stable. Using the notation of Section 2.2, let us define C = (� + � ) w. If C < 0, then the annual costs underT

stability are negative, i.e., the government collects more than it spends. If C = 0, annual costs are zero and

the system is in balance every year. However, if C > 0, the government spends an amount Ce  more than it�t

collects, in each year t > 0. The discounted value of the total excess spending is

In order that this be finite we must have � > �. If we use the German real interest rate mentioned in the

previous section and a growth rate of 0.0 or less, the finiteness condition is easily satisfied.

Note that under an unchanging age-structure each individual has an identical life course, so the system

is fair for all cohorts. However, the role of the growth rate is far from innocuous.

Consider a simplified case of a PAY-AS-YOU-GO pension system, with � = age of entry into work

force, and � = age of entry into retirement. Consider the cost of a unit pension. A moment’s reflection

shows that his is (cf., Alho and Spencer 2005, pp. 55-57)

I.e., it is the ratio of the pensioner population to the working population. To develop some intuition on the

effect of �, consider the case � = 0 first. For concreteness, let us take survival probabilities from the Finnish

female life table from 2005 that has life expectancy at birth of 82.3 years (http://www.stat.fi/til/kuol/2005).

Let us take � = 20, and � = 63. In this case the numerator of (3.5) equals 21.0 and the denominator is 41.9.

thus, c(0) = 21.0/41.9 = 0.500. In other words, the size of the life table population in ages [20, 63) is exactly

twice the size of the population in ages [63, �). For comparison, we note that during the 20  century,th

Finland’s average rate of growth was a bit above 0.5% per year, but the intrinsic rate of growth implied by

the current fertility and mortality is a bit below -0.5%. The cost of the unit pension implied by these growth

rates are c(0.005) = 0.421 and c(-0.005) = 0.595. If we take the former as basis of comparison, we note that

demographic change (caused primarily by decrease in fertility) is expected to increase pension costs by a

factor of 0.595/0.421 = 1.413, or by a 41%, even in the absence of any change in mortality. Thus, in a

declining stable population the burden posed by pensions on  the workers is much higher than in a growing

population.

3.3. Effect of stochastic productivity in the stable case

During a recession, government’s tax revenues are low. Even though some costs increase (e.g., those

related to unemployment), the major implication of reduced revenues is that they lead to cost cutting

measures. When the economy improves, the revenues increase and more is spent again. To be sure, there are

mediating factors, but our conclusion is that changes in productivity influence both the revenues and outlays

of the government in a roughly similar manner. Thus, Alho and Vanne (2006) assumed that the time

variation of government’s costs could be approximated by a model of the form

(3.5)
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(3.7)

(3.8)

twhere g  is a measure of productivity. For this, a carefully constructed Gross Domestic Product (GDP) per

capita series of Hjerppe (1989) was used. It measures real growth, so it is not influenced by inflation. In

addition, it reflects both productivity per person, and labor force participation. The logarithm of the GDP

per capita series has a roughly linear trend, in 1860-2000. Apart from a few outliers (notably during World

War I and the depression of the 1930's), the development is fairly regular. The first differences of the series

appear stationary, around a mean of 0.022 (standard error is 0.005). In other words, the average growth of

t t-1 t tproductivity has been approximately 2.2% per year. An MA(1) model g  - g  = e  + 0.32 e , where the

tinnovations are of the form e  ~ N(0, 0.045 ), was identified.2

The counterpart of (3.3) becomes now a random,

To gain some intuition about this variable, let us consider a stationary population with � = 0, assume the

0 tdiscount rate � = 0.038, and g  = 0. For t > 0, we can approximate g � 0.022 t + �t + 1.32 (	(1) + ... + 	(t)),

where � ~ N(0, 0.005 ) is independent of the i.i.d. sequence 	(t) ~ N(0, 0.045 ). It follows that the exponent2 2

thas approximately the distribution:  -0.038 t + g  ~ N(-0.016t, 0.005 t  + (1.322× 0.045) t). We see that2 2 2

under the identified model, the series in (3.7) becomes infinite, with a small, but positive probability. This is

caused by the uncertainty in the estimation of average productivity. However, if we constrain � < 0.016,

then the series is convergent. The resulting random variable can be studied with simulation.

However, if we ignore the standard error of the mean of productivity altogether, then the random walk

part can be handled analytically. We omit the details, but note that in this case, the expectation of (3.7)

becomes 70.8×C, and its standard deviation becomes 26.5×C, where C is the surplus or debt that is created

at t = 0. It follows that the coefficient of variation of the random part of (3.7) is 26.5/70.8 = 0.374. Thus,

considerable uncertainty is caused by the uncertainty of the future economy.

3.4. Adding uncertain demographics

 In Alho and Vanne (2006a, 2006b) a stochastic forecast of the population of Finland for 1999-2050

(Alho 1998) was extended for 50 years. It was combined with empirical cost profiles from 1990-2000, and a

time-series model of productivity, as discussed in Section 3.3. The total fertility rate (both sexes combined)

was assumed to stay at 1.80 for the entire forecast period. An empirical estimate for its uncertainty was

derived from naive forecasts, such that at lead time 50 years a 67% prediction interval for total fertility was

[1.3, 2.5]. Decline in mortality rates was assumed to continue, and naive forecasts were used to assess

forecast uncertainty. The result was that after 50 years, a 67% prediction interval for life expectancy was

[78.6, 87.3] for males and [84.5, 91.1] for females. Net-migration was assumed to stay at the recent past

level of 4,000 per year. The error model for migration was based on a time-series analysis of data from

1945-1995, but judgmentally calibrated. For the year 2030, a 67% interval was [-6,300, 14,300].

Thus, we had a full predictive distribution for the unknown elements of (2.2). Their values were

stochastically simulated, and a total of 1,500 population simulations were carried out. Alho and Spencer

(2005, p. 260) compare the results for the total population, to an empirical analysis of errors in past U.N.

population forecasts. For lead times t = 10, 30, 50, the ratio of the upper end point of the 95% prediction

interval to the median forecast was 1.030, 1.153, and 1.407, whereas the U.N. forecast based analysis yields

the ratios 1.032, 1.142, and 1.309. Thus, the two analyses of uncertainty essentially agreed.

Figure 2 presents a histogram of the distribution of total public liability. One unit represents the GDP

1 2of year 2000. What is depicted is the distribution of the random variable   +   - L, where

(3.6)
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Figure 2. Predictive Distribution of Random Public Liability.

jwith the  (t)’s defined in (3.2) and (3.6). The term L is the liability created before time t = 0. Unlike most

countries, Finland’s public sector has net wealth. (This is, primarily, due to the fact that the statutory

pension system is partially prefunded.) In 2000, we had L = -0.59, or the public sector’s assets exceed the

debt by 59% of the GDP. This wealth was also evaluated in terms of the cash flows it creates in the future,

so that it was also random. The median of the distribution is -0.18, in other words, the existing net wealth is

expected to be depleted, but remain positive. In fact, the probability that it is positive is 55%. On the other

hand, the mean of the distribution is 0.07, which reflects the long right hand tail of the distribution.The

standard deviation of the liability is 1.63, indicating the results based on expectations alone cannot be

trusted very much.

Economic variables (productivity per capita, stock and bond yields) were assumed to be independent

of population development. To assess their relative roles, we can set the uncertainty of the economic

variables to zero. In this manner we can determine that the share of demographic uncertainty of the variance

of (3.8) is 30%. The uncertainty caused by productivity is 54%, and the remainder derives from the initial

wealth. The decomposition is not unique, because (3.7) is not linear in the variables. Yet, the result shows

that demographics has an effect on uncertainty that is comparable in magnitude to that of economics.

4. Concluding remarks

We have looked at sustainability problems from a static economic perspective, in the sense that the

economy and demographics have no interaction. Similar calculations have been made by Lee and

Tuljapurkar (1998), in connection with the U.S. Social Security system. In a forthcoming book, Alho,

Hougaard-Jensen and Lassila (2007), several experiments are reported in which demographic uncertainty is

introduced into economic general equilibrium models. A general finding is that even though one can, in a

deterministic setting, run the economic model under alternative demographic scenarios, the range of

variation one typically gets in economic variables (e.g., in pension contribution rates) is much less than the

variation one gets when empirically estimated predictive distributions are used. Thus, the new models bring

the uncertainty of demographics to the forefront.
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          Abstract: In this paper, we study entry into the first conjugal union among young women in Bulgaria 
in 1980 through 2004 based on data from the national Gender and Generations Survey conducted in 2004. 
We use an extension of piecewise-constant hazard regression to analyze jointly the transition into a 
cohabitational union or alternatively directly into marriage. This extension will allow us to compare the 
relative risks of covariates across the two competing transitions, a comparison which infeasible otherwise. In 
this manner we find, among many other things, that, as recorded, women in the Roma sub-population have 
more than twice as high a tendency to start a cohabitation as to start a marriage at each age, ceteris paribus, 
while for ethnic Bulgarian women the relationship is more like 1.5. We also find that a pregnancy that starts 
before any union leads to a dramatic increase in the rate of both kinds of union formation; the increase is by a 
factor of 25 for marriage formation and “only” a factor of 10 for entry into cohabitation, again ceteris 
paribus. The standardized marriage intensity for non-pregnant women without children has fallen strongly 
by a factor of more than six over the period of investigation; the standardized rate of cohabitation has been 
much more stable and has only fallen by some forty percent, mostly toward the end of the period. Such a 
pattern makes maintenance of one aspect of the theory of the second demographic transition problematic in 
Bulgaria; the theory would predict an increase in cohabitation over time. 

 This text in an abbreviated version of the paper. A complete version can be downloaded from 
http://www.demogr.mpg.de/papers/working/wp-2007-020.pdf.  

1. Introduction 

          As fertility dropped in Central and Eastern Europe after the fall of communism, demographers 
generally assumed that the new freedoms would induce demographic behavior to adapt to the winds from the 
West. Some of the adjustment would be changes in family forms and living arrangements; the expectation 
was that previously unconventional arrangements, particularly non-marital unions, would take over territory 
from standard marriage. This change in behavior had already occurred extensively in Northern and Western 
Europe, and a general theory of a Second Demographic Transition was formulated to cover changes assumed 
to reflect more individualistic attitudes to life, including attitudes to union formation.  

In the present paper we provide a new analysis of union formation over the most recent twenty-five years in 
Bulgaria, based on data from the first wave of the Bulgarian Gender and Generations Survey (GGS), 
collected in 2004. A corresponding study using slightly older data has been published recently by Koytcheva 
(2006), and Kostova has work underway with a focus on other aspects of union formation in Bulgaria, based 
on the GGS data (Kostova 2007 and elsewhere). The special contribution of the present paper is that we 
study entry into marital and non-marital unions jointly, in a manner that allows for a direct comparison of the 
relative risks connected with each covariate across the competing transitions. The conventional approach is 
to use hazard-regression analysis to study each competing risk separately, and then a joint analysis across the 
two transitions is not feasible. With our procedure we can compare the baseline hazards directly and see the 
effect of age attained on each transition, standardized for the other covariates. We can also study trends 
across calendar time in the two competing risks and thus provide a direct check as to whether a drop in 
marriage is compensated by a counterpart increase in cohabitation (it is not). Our method is very easy to 
apply and is close to perfect for initial exploration. 

2. Data 

           The Gender and Generations Surveys is a program of national demographic surveys where data are 
collected in most countries of Europe and beyond. The first round of each survey collects complete 
retrospective childbearing histories as well as histories of union formation and disruption. It also has a 
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rudimentary educational history and some information about occupational activity; the plan is to collect more 
complete educational and employment histories in the second panel wave. We use data from the first wave of 
the Bulgarian GGS; plans are in hand to obtain the second wave soon.  

The event we study is self-reported marriage formation, alternatively the start of a consensual union. In 
Bulgaria, a couple will often move together as soon as they are engaged to be married, often in the dwelling 
(house) of one of their parents; we assume that such a move would normally be recorded as a pre-marital 
cohabitation in our data. This old-standing tradition has been most common in rural areas, but no only there, 
and it seems to have been a social norm in socialist times as well. This practice makes it difficult to pin-point 
a change in behavior following the fall of communism. In addition there is a ubiquitous inaccuracy of 
reporting of starting dates of non-marital unions in Europe in any case. For reasons of this nature, we count a 
union as a direct marriage even if the respondent reported the start of a non-marital union in the same month 
as the marriage, or one month earlier. 

In our hazard analysis we use age attained as process time. We have computed it from the date of birth as 
reported in the interview and grouped it into ages 15-19, 20-24, 25-29, and 30-34; we have only used these 
age intervals. Other covariates available to us are  

• self-reported ethnicity (ethnic Bulgarian, Turk, Roma, other), 

• parity or pregnancy status (childless not pregnant, childless and pregnant, of parity 1  
 or more; time-varying covariate), 

• current calendar period at process time; we have used it as a time-varying covariate  
 (1980-84, 1985-89, … 2000-2004), and  

• the respondent’s educational attainment by the time of the interview, including month 
 of attainment. 

. . . . 

From the information about educational attainment we have imputed a time-varying covariate by “assuming” 
that the respondent was in education until the date of attainment reported in the interview, and out of 
education (with the level attained) between the date of attainment and the interview. This also “assumes” that 
the effect of being in education on the intensities of union formation is the same for all levels at which one 
may take education. We have grouped educational levels as follows:   

 - low education means primary school, basic and incomplete secondary school; 
 - middle education means completed secondary school (with final exams), 
 - high educations means every education higher than secondary, including all levels of 
   university education.  

The educational covariate is strongly anticipatory, i.e., it features conditioning on the future at each process 
time before the interview, namely conditioning on not having returned to take more education. Such 
covariates tend to give biased estimates of the regression parameters for genuine time-varying variables, so 
we are quite suspicious of what their coefficients tell us about real behavior and to not want to place much 
confidence in results based on them. There may be a saving grace in findings that suggest that their biases 
may be rather limited in experiments where such constructs are compared with their genuine counterparts, at 
least in educational systems where there are limited dynamics of return to the educational system once 
education has been completed (results soon to be published by Cordula Zabel). 

3. Method of analysis 

          In our analyses we have used multiplicative intensity-regression (or proportional-hazard) models with 

a piecewise-constant baseline hazard. As such this method is well known (see, e.g., Hoem, 1971, for an early 

description in similar terms), but we have used an extended version of it in order to analyze both competing 

decrements jointly. To simplify the presentation of our approach, suppose that beside age (Factor A) there 

are only two covariates, namely a fixed factor B and a time-varying factor C. Also suppose that initially we 

only work with a single decrement, say marriage formation. The effect of age is assumed constant over some 
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given intervals, and we use i(t) to denote the number of the interval that covers age t. Let an individual, 

indexed by the letter h, have a fixed value hj on factor B and the value ( )hk t on factor C at time t. Then at 

time t, this individual’s transition intensity has the format 

( ) ( )( )
h hh i t j k tt a b cμ = . 

The constants 1,b 2b , and so on are the effects of Factor B and the constants 1c , 2c  and so on are the effects 

of Factor C. To get identifiable parameters we pick a baseline level 0j on Factor B and a baseline level 0k  on 

Factor C, which means that we set 
0j

b =1 and 
0kc =1. This makes jb the transition risk for an individual with 

level j on Factor B, relative to the corresponding risk for an individual with level 0j on the same factor, 

ceteris paribus. Similarly kc  is the transition risk for an individual with level k on Factor C, relative to the 

corresponding risk with level 0k on Factor C, when we control for Factors A and B. The function ( )i ta  is the 

baseline intensity, which is the effect of age in a group that has the baseline levels 0j  and 0k  on the two 

factors B and C. In other words, ( ) ( )i t ha tμ=  if 
hj

b =1 and ( )hk tc =1. If we do not want to emphasize the role 

of the individual respondent h and the dependence on t of the time-varying variables ( )i t  and ( )hk t , we can 

write the intensity formula in a simplified format as ijk i j ka b cμ = . 

For individual h, our observations consists of his or her occurrences hijkD and exposures hijkR . Here, hijkD is 

the number of transitions recorded (in our application: the number of first marriages formed) while this 

individual has ( )i t i= , hj j= , and ( )hk t k= . For each individual, most hijkD equal 0, but occasionally one 

hijkD =1, namely if for individual h we record a marriage when Factor A has level i, Factor B has level j, and 

factor C has level k. Correspondingly, individual h is observed as exposed to the risk of marriage formation 

for hijkR months during periods when the three factors have levels i, j, and k, respectively.

To establish the likelihood of the recorded observations for all respondents, we aggregate over the 

individuals and define ijk hijk
h

D D=∑  and ijk hijk
h

R R=∑ . Then the likelihood is

       exp{ } { } ijkD
ijk i j k i j k

i j k i j k

R a b c a b cΛ = −∑∑∑ ∏∏∏ . 

We get the maximum-likelihood estimators ˆ
ia , ˆ

jb , and ˆ
kc for our parameters by maximizing Λ with respect 

to the three sets of parameters. This is most easily done iteratively by means of some computer program (of 

which there now exist many; we used one called EVhA that has been developed by colleagues at the 

MPIDR). Such a program uses the matrix D = { }ijkD  of occurrences and the matrix R = { }ijkR  of exposures 

as input. (Some programs produce these matrices internally from more rudimentary input.) At the cost only 

of some notational complication these ideas are extended trivially to more than two covariates and to 
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situations where covariates operate in interaction. To test our substantive hypotheses we have defined four 

time-constant and four time-varying covariates.  

As a first step we have used a simple proportional-risks model of union formation for marital and non-

marital unions separately and have listed the estimated relative risks of union formation in the columns of 

Table 1. We display more sophisticated analyses later. Since we have used age attained as our “Factor A”, 

the first panel in Table 1 contains the baseline intensity, given as events per 1000 person-months. 

On occasion it happens that the effects of a covariate is roughly the same for two competing risks. For a 

prime example, see the effects of age in Table 1. One can then combine the data for the two risks and analyze 

then jointly, by which one can attain sharper results. To see how this is done, first extend the above 

mathematics by introducing an extra subscript, say l , for the cause of decrement (type of union formed), and 

get the formula 

       ( ), , ( ),( )
h hh i t j k tt a b cμ =l l l l

for the intensity of decrement l , with l =1, say, for entry into a non-marital union and l =2 for entry into a 

marriage. In simplified format the intensity will look like ijk i j ka b cμ =l l l l

Corresponding to the two types of decrement there will be two occurrence matrices, D1 = 1{ }ijkD  and D2

= 2{ }ijkD , but there will only be one matrix of exposures, namely the same matrix R as before. Since we 

operate with two competing risks (namely risks of marital and non-marital union formation), an individual of 

course has the same months-exposed-to-risk for both types of transitions, and this holds also in the 

aggregate. We introduce the combined occurrence and exposures matrices 

1

2

⎛ ⎞
= ⎜ ⎟
⎝ ⎠

*

D
D

D
 and 

⎛ ⎞= ⎜ ⎟
⎝ ⎠

*

R
R

R
. 

Note that the exposure matrix R appears twice in the definition of *R . Using the combined occurrence and 

exposure matrices corresponds formally to entering the type of decrement as an extra factor, say Factor D, in 

the analysis.1 A formula like the one for ( )h tμ l  above would then correspond to operating with Factor D in a 

two-way interaction with each of the factors A, B, and C. The result would be the same as in separate 

analyses of the two decrements. 

Now suppose first that 1 2j jb b= for all j and that also 1 2k kc c=  for all k. In other words, suppose that Factors 

B and C have the same effects on both decrements. For the moment we do not make a similar assumption for 

Factor A, so at present we allow each transition intensity to have its own profile, defined by the two sets of 

parameters 1ia{ } and 2ia{ } . Operating with a model where Factor D appears in interaction with Factor A but 

                                                  
1 When there are two competing risks, D has the two levels we have indicated. Extension to several competing risks is 

trivial. 
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not in interaction with Factors B and C would then produce estimates 1iâ{ } , 2iâ{ } , jb̂{ } , and kĉ{ }  of the 

various effects, and we would have exploited the facts that Factors B and C had the same effects for both 

decrements.  

Suppose alternatively that 1 2i ia a=  for all time intervals i, that also 1 2k kc c=  for all k, but that the jb l  may 

depend on the decrement l  as well as on the level j on factor B. To attain identifiable parameters we let 

01 1jb = . We do not need to also let 
0 2 1jb =  and do not make this assumption at present. Simple substitution 

of the parameters into the intensity formulas gives 
0 1/ijk ij k jbμ μ =l l , which shows that under these 

conditions jb l  can be interpreted as the risk of entry into a union of type l  when Factor B has level j (for 

any choice of levels i and k on Factors A and C), relative to the corresponding risk on entry into the same 

type of union when Factor B has level 0j . Similarly, 2 1/j jb b  becomes the risk of entry into a union of type 

2, relative to the risk of entry into a union of type 1 (e.g., the risk of starting a marriage relative to the risk of 

starting a consensual union), ceteris paribus, because 2 1/j jb b  = 2 1/ijk ijkμ μ . This kind of relative risk only 

appears when one uses the technique we have described here. We have found these ideas useful in our 

analysis (see below). 

If the restrictions on the { }ia l and the { }kc l  hold only approximately, then joint analysis of the two 

decrements based on the { }jb l  can still be used to produce compact descriptions of patterns in the data. 

Furthermore, the use of the { }jb l  for such compact descriptions does not really use the intensity model 

ijk i j ka b cμ =l l , where the effects of Factors A and C appear in a multiplicative manner. It is enough to have 

ijk ik ja bμ =l l , i.e., Factors A and C may appear in complete interaction, so long as their combined effects are 

the same for both decrements. Also, mathematically speaking, Factors B and C appear symmetrically in the 

arguments above, and it does not really matter that one of them is a fixed covariate and the other time-

varying. 

As we have explained, the trick above is to introduce the cause of decrement as an extra “factor” and to 

operate with it in one or more interactions with the “ordinary” factors, which one may also interact with each 

other. The procedure has been described before in different words by de Leon and Potter (1989) and by 

Pierce and Preston (1993), but we find our own description easier to follow.  

4. Results 

          . . .  our account is based on a hazard regression model with an interaction between calendar period 
and parity/pregnancy status, but no such interaction with the respondent’s age (the baseline representing the 
effect of process time), her ethnicity, or her own educational attainment. To distinguish the two types of 
union formation from each other, we have interacted the single two-way interaction mentioned above with 
the cause D of decrement. We have also interacted the respondent’s age, ethnicity, and educational 
attainment separately with this Factor D. In each case we pretend that we can act as if the regression 
parameters are pairwise equal for the covariates not involved in the current interaction. The outcome of this 
exercise is given in Table 2. In an attempt at locating further trends across calendar periods, we have also 
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tried interacting each separate covariate with the calendar period, but have not found any interesting pattern 
in the outcome. Probably the data set is not large enough to allow such refinements. 

. . .  

4.4. Parity-and-pregnancy status

          We have recorded 26958 person years of exposure before any first-union formation for non-pregnant 
nullipara, 266 person years for pregnant nullipara, and 1133 person years for mothers. We cannot see any 
pattern in the trends in marriage risks over time for the latter, . . .  

By far the largest group of exposures is that of women who have no children and are not pregnant. Both their 
(standardized) union-formation risks have neat trends, as we see in Figure 2. We find several features of this 
diagram remarkable.  
 -- First, cohabitation has traditions going back to well before our study period, and in this period 
the risk of entry into cohabitation is very stable; there is little effect of the system change in 1990.  
 -- Second, we are surprised to see that there is no visible effect on the marriage intensity either, 
and that it has such a strong decline when the other intensity is so stable. There does not seem to be any 
compensatory movement in any one form of union formation in response to the trend in the other. 

So much for the non-pregnant women. We see a rather similar story in the corresponding diagram for 
pregnant Bulgarian nullipara (Figure 3). Their intensities are some ten to twenty-five times as high as those 
in Figure 2, and the entry intensity into a non-marital union has almost doubled over our study period, mostly 
before the fall of communism. Throughout our twenty-five years long study period a pregnancy must have 
been strongly motivational for union formation, and in particular for marriage. Again there is not much 
visible effect of the system change in 1990 on either intensity. The marriage intensity has declined smoothly 
by almost forty per cent since the late 1980s, and the timing of the early rise and subsequent stability in the 
other intensity does not fit with any theory about even a partial “compensation” in new consensual unions in 
response to the decline in marriage.  

. . . 

5. Reflections

          In this paper we have studied union formation in Bulgaria by means of a method that allows us to 
address entry into marital and non-marital unions simultaneously. The method is simple and efficient; it has 
enabled us to quickly outline the main patterns of first-union entry behavior. We have found a striking 
stability in entry into cohabitation – such unions have a long tradition in Bulgaria, perhaps mostly as a 
precursor of formal marriage, and this form of partnership seems to keep its place in union-formation 
behavior to this day. By contrast, formal marriage is ceding ground all the time, at least when a first union is 
initiated – what happens later is beyond the range of the present investigation. An obvious further step in the 
empirical study is therefore to follow the cohabitors through the subsequent phase of their lives to see how 
they convert their unions into marriages, as has been done by Koytcheva (2006) and Kostova (2007).  

A piecewise-constant hazard regression analysis with categorical covariates is the simplest non-trivial type of 
event-history analysis, and our method is a simple extension of a procedure that has now become 
commonplace. As we have mentioned above, there are precursors in the literature, but the joint analysis of 
competing risks is not often encountered; it is our hope that we shall contribute to making it more popular.  

We also believe that the basic trick of formally including the cause of decrement as an additional (fixed) 
covariate can be transferred to other methods of hazard regression, indeed this has been shown already by 
Andersen et al. (1993, p. 495) and Lunn and McNeill (1995) for a Cox model where the baseline hazard is 
nonparametric.   

From a substantive point of view we are convinced, however, that the road to progress lies in getting better 
covariates. More complete educational histories would be a valuable first step in that direction, as would 
occupational or employment histories. Demographers may need to learn more about analytical methods, but 
above all they should strive for better data collection. 
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Figure 2. Relative risk of union formation; 
non-pregnant  nullipara; trends over time
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Figure 3. Relative risk of union formation; pregnant Bulgarian nullipara; trends over time. 
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The aim of this paper is to build a Bayesian framework for modelling population migration flows.

In many countries, migration patterns may be the key determinant of population change, and accurate

estimates of place-to-place population migration flows are essential for making population estimates

and population projections. There are many difficulties inherent to modelling the process of migration

and migration flows. Countries may have different definitions of migration and different data-collection

techniques possibly operating over different time intervals. For example, in the Scandinavian coun-

tries, the reported immigration and emigration estimates are based upon their population registration

systems, whereas other countries such as the UK and Ireland report migration estimates based upon

surveys. For some flows of interest there may be no reported values available at all. For example, the

UK provides estimates of a gross migration flow, and provides only some origin-to-destination specific

estimates. Two countries may provide quite different estimates for the same migration flow. For

example, country A may report that the number of people emigrating to country B is very different

to the reported number of immigrants country B claims originated from country A. The aim of this

paper is to create a modelling framework capable of combining all of the reported data available, to

obtain reliable estimates with meaningful measures of precision.

The motivation for this work stems from a paper by Raymer (2007) and particularly his analyses

of various migration tables. He outlines three distinct stages of modelling aggregate levels of migration.

The first stage focuses on estimating the gross flows of migration, i.e., in-migration and out-migration

between regions or immigration and emigration between countries. These estimates form the marginal

totals of a migration flow table. The second stage, focuses on estimating the spatial patterns using

spatial interaction or log-linear models. The third stage focuses on estimating the age patterns of

migration. The modelling framework introduced in this paper applies to only the second stage as

described here; it is assumed that the marginal totals of a migration flow table have already been

constructed. The hope is for the Bayesian modelling framework developed to be capable of performing

in one direct step, through a Markov chain Monte Carlo (MCMC) approach, a similar analysis to the

more ad hoc sequential approach implemented by Raymer (2007). The paper is structured by first

describing origin-to-destination migration flow tables and a small 4 by 4 example. An introduction

to, and development of, the new methodology is then proposed. An initial hierarchical model is fully

outlined, and MCMC simulations are utilized to generate the estimated migration flows for a 4 by 4

migration flow table. This small table enables an understanding of the functioning of the proposed

model. Further extensions to the proposed model are also discussed.
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Origin-to-destination Migration Flow Tables

The data of interest can be conveniently expressed in a two-way contingency table or matrix

showing the origin-to-destination flows with the cell counts corresponding to the number of migrants

in a specified period. Consider the 4 by 4 origin-to-destination migration flow table in Fingleton

(1984, p. 142) and presented in Table 1. The only areas considered are an amalgamation of the more

important centres of population, the Metropolitan Counties. The data come from a 10% sample of

the 1971 British Census and describe the place of residence in 1966 and 1971 for a particular subgroup

of migrants, namely, British residents born in the New Commonwealth. We are concerned only with

modelling actual migration flows, rather than people who have remained within a particular region

over an interval. The aim is to develop a modelling process that generates estimates for an origin-to-

destination flow table given either a corresponding table of reported values, or a subtable of the true

flow table.

Table 1: Migration among four areas of Britain between 1966 to 1971 for British resi-

dents born in the New Commonwealth

Residence in 1971

Central Lancashire West Greater

Residence in 1966 Clydeside & Yorkshire Midlands London Total

Central Clydeside 118 12 7 23 160

Lancashire & Yorkshire 14 2 127 86 130 2 357

West Midlands 8 69 2 548 107 2 732

Greater London 12 110 88 7 712 7 922

Total 152 2 318 2 729 7 972 13 171

A Modelling Framework

The proposed framework is designed to predict the true values of an origin-to-destination flow

matrix, with associated measures of precision. We take as a starting point two assumptions: 1) the

margins of the true origin-to-destination migration flow matrix are known, and 2) we have either

some reported values, or some known subsection of the true migration flow matrix. Assumption 1, i.e.,

known margins, is unlikely to be true in practice. However, we assume that some prior analysis has

been conducted which has resulted in acceptably accurate estimation of the table margins. Clearly,

Assumption 2 is necessary, since without any reported values or known migration flows, there is little

we can do other than simply fit a quasi-independence model to the margins.

The initial model considered forms a framework from which more complex models can be devel-

oped. We start with a matrix Z of reported migration flows and a matrix Y of true migration flows

with unknown entries, but known fixed margins.

Z =

⎛
⎜⎜⎜⎜⎜⎜⎝

0 z12 z13 . . . z1n

z21 0 z23 . . . z2n

z31 z32 0 . . . z3n
...

...
...

. . .
...

zn1 zn2 zn3 . . . 0

⎞
⎟⎟⎟⎟⎟⎟⎠
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Y =

⎛
⎜⎜⎜⎜⎜⎜⎝

0 y12 y13 . . . y1n

y21 0 y23 . . . y2n

y31 y32 0 . . . y3n
...

...
...

. . .
...

yn1 yn2 yn3 . . . 0

⎞
⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎝

y1+

y2+

y3+
...

yn+

⎞
⎟⎟⎟⎟⎟⎟⎠

(
y+1 y+2 y+3 . . . y+n

)
Initially we assume that the matrix Z is complete. The matrix Y is the true unknown origin-

to-destination migration flow matrix. The marginal sums of the matrix are assumed known, i.e., we

know yi+ for all i and y+j for all j. We assume that the relationship between the true flows Y and

reported flows Z is:

log zij ∼ N(log yij, σ
2), i �= j,

where the log zij are independent. We choose to use the lognormal distribution for computational

tractability. A Poisson model for the counts would be traditional and might be considered more

appropriate. However, for the large counts observed in many migration tables, we expect a normal

approximation to be adequate. Here, we are are making two implicit assumptions. Firstly, that each

of the reported counts are of the same accuracy. If this was not considered a reasonable assumption

we could instead use σ2
i , σ

2
j or σ2

ij accordingly. Secondly, we assume that the reported counts are

unbiased, on the logarithmic scale. Typically, we may anticipate migration estimates to suffer from

undercounting, as people are missed by registration systems, or do not properly complete surveys.

We assume that the true migration flows, log yij, follow a prior distribution which is centered

on quasi-independence

(1) log yij ∼ N(μ+ αi + βj , τ
2), i �= j.

The main idea behind the initial model is to produce estimates which best reflect the observed

values given that they must also satisfy known margins, and given that quasi-independence fitted

values often provide reasonable estimates of the true migration flows. Note that (1) expresses an

additive relationship in the mean of the log counts, and is used here as an approximation to the usual

quasi-independence model which is an additive relationship in the log of the mean cell counts.

The Initial Model

We introduce normal prior distributions for the parameters α, β and μ, and gamma distributions

for σ−2 and τ−2. These distributions are conditionally conjugate which makes computation more

straightforward. The full hierarchical model is:
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log zij ∼ N(log yij, σ
2), i �= j

log yij ∼ N(μ+ αi + βj , τ
2)× I

[∑
j

yij = yi+,
∑

i

yij = y+j

]
i �= j

μ ∼ N(0, σ2
μ)

αi ∼ N(0, σ2
α), i = 2, . . . , n

βj ∼ N(0, σ2
β), j = 2, . . . , n

α1 = β1 = 0

σ−2 ∼ Gamma(a1, b1)

τ−2 ∼ Gamma(a2, b2)

where σ2
α, σ

2
β , σ

2
μ, a1, b1, a2, and b2, are hyperparameters all required to be specified and I[·] denotes the

indicator function, maintaining the constraint that the yij must have the fixed marginal totals. The

values for σ2
α, σ

2
β ,and σ2

μ are chosen to be large enough that the quasi-independence fitted parameter

values are well supported (here, 2, 2 and 5 respectively). For the variance parameters, we set a1 =

a2 = 3 and b1 = 4b2 = 0.02. This corresponds to a prior median and 99th percentile of approximately

0.085 and 0.215 for σ and approximately half those values for τ . These numbers can be calibrated

by noting that error on the log scale is approximately the same as relative error. Here, the difference

between the two priors gives a stronger prior weight to the quasi-independence model, than to the

data. In any example, these hyperparameters should be set by considering expected data quality and

belief in the appropriateness of the quasi-independence model.

The Posterior Distribution

Under the model, the full joint probability density of the reported and true migration flows,

together with the unknown model parameters can be expressed as:

f(Z,Y,α,β, μ, σ2, τ2) = f(Z|Y, σ2)f(Y|α,β, μ, τ2, {yi+, y+j})f(α)f(β)f(μ)f(σ2)f(τ2)(2)

∝ (σ2)−
n(n−1)

2 exp
(
− 1

2σ2

∑
ij

(log zij − log yij)
2
)
×

(τ2)−
n(n−1)

2 exp
(
− 1

2τ2

∑
ij

(log yij − μ− αi − βj)
2
)
×

exp
(
− 1

2σ2
α

∑
i

α2
i −

1

2σ2
β

∑
j

β2
j −

1

2σ2
μ

μ2
)
×

(σ2)−(a1+1) exp
(
−b1/σ2

)
(τ2)−(a2+1) exp

(
−b2τ2

)
×

I
[∑

j

yij = yi+,
∑

i

yij = y+j

]
The posterior distribution for the unknown true flows, together with the unknown model parameters

is the derived conditional distribution obtained (up to proportionality) by substituting the reported

flows Z into (2)

Markov Chain Monte Carlo Methods

As the model is too complex for direct computations, we use MCMC methods to learn about the

posterior distribution of the migration flow matrix Y. MCMC proceeds by generating a dependent

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 1452 -



sample of parameter values from the full posterior distribution by constructing a Markov chain whose

stationary distribution is the required posterior, and generating from the chain, each new set of

parameter values depending on the previous one. Summaries of the posterior distribution can then be

estimated using the generated sample values. To construct a Markov chain with a limiting distribution

as required we use a hybrid of Gibbs sampling and the Metropolis-Hastings algorithm. The matrix

Y must always satisfy the marginal constraints. Hence, our MCMC approach generates a proposal

Y′ by selecting two (different) rows and columns such that the four cells of intersection all lie off the

diagonal of the current Y. Then, we set

Y′ = Y +

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 0 0 0

0 0 +ε 0 −ε 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 −ε +ε 0

0 0 0 0 0 0

0 0 0 0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

where ε is generated from a uniform distribution with lower and upper bounds determined by the

selected rows and columns to ensure that none of the entries in the proposal can be negative. For

example, if the four entries of Y selected are a, b, c and d such that the collapsed matrix of selected

entries is:(
a b

c d

)
, then: ε ∼ Uniform(−min{a, d},min{b, c}).

For the Metropolis-Hastings algorithm, a proposal Y′ is accepted with probability min{1, f(Y′)/f(Y)},
where f is given by (2) with all other parameters at their current values. If the proposal is rejected,

then the value of Y remains unchanged. The acceptance probability has this simple form because the

proposal distribution is symmetric, in the sense that the probability of proposing the reverse move is

identical.

Note that although the true migration flows must be integers, we do not insist that ε and hence

the proposals are integers. This relaxation makes construction of an irreducible Markov chain to

sample from the posterior distribution much more straightforward.

The rest of the updating scheme is a standard Gibbs sampler. All the other parameters are

generated individually using their exact posterior conditional distributions derived from (2). The con-

ditional conjugacy in our chosen priors ensure that these conditional distributions are straightforward

to sample from. The exact posterior conditional distributions required are given explicitly by Brierley

et al. (2007).

The sufficient statistics for the quasi-independence model are the margins. Since we assume that

the marginal totals of the true migration flow matrix Y are known, we can use the iterative proportional

fitting (IPF) algorithm to generate an initial Y matrix for the MCMC simulation. Allowing non-integer

counts also makes this procedure much more straightforward. The quasi-independence fitted values

are also useful for comparison with the results of the MCMC analysis.

Results of the Initial Simulation

The data from Table 1 was used for the Z matrix of reported values, and the true margins

of this table (Z) were used as the known margins of Y. The advantages of using a small table are

twofold: firstly, in a practical sense, it is easier to discover errors with the code used for the MCMC

simulation and ensure the MCMC process is working correctly, and secondly, even in this scenario, it
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is not intuitively obvious what the expected results are. It is not clear if the sampled densities of each

of the elements of Y will favour the observed values or the quasi-independence fitted values. We might

anticipate the densities to peak somewhere in between these two values, but the relative location and

the shape of the densities is not at all trivial. By working on this smaller dataset, an understanding of

the behaviour of the Markov chain can be gained prior to working on larger more complex datasets.

The priors that were set for the model were as given earlier, and the MCMC simulation was

run for 500 000 iterations. That is, starting from initial Y values, we successively update the param-

eter values for Y using the Metropolis-Hastings step, and α, β, μ, σ2 and τ2 using the conditional

distributions of each of the parameters considered in the model. The limiting distribution is the joint

posterior distribution over all unknowns.

Figure 1: Estimated posterior densities for each off-diagonal entry of Y. — =

Observed values. — = Q.I. fitted values.

Figure 1 shows estimates of the posterior density for each entry of the true migration flow
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matrix Y. The densities are estimated from the MCMC sampled values. They are all maximized close

to the observed values, but in cases where there is a discrepancy between observed and estimated

(under quasi-independence) values, the posterior distribution can be bimodal indicating considerable

uncertainty as to the magnitude of the true flow. Corresponding interval estimates, derived from the

posterior distribution, can be quite wide. Different prior distributions lead to different behaviour. If

we allow τ2 to take larger values, representing lower confidence in the quasi-independence model, then

the secondary mode around the quasi-independence estimate diminishes. Correspondingly, interval

estimates become narrower.

Figure 2: Scatterplot showing the relationship between σ2 and τ2

The sampled values of σ2 and τ2 are also interesting since they reflect the posterior estimates

of the variance of the observations, and deviance from the quasi-independence model. Figure 2 is

a scatterplot showing clearly that they are highly negatively correlated. In the MCMC simulation,

we switch between periods where σ2 hovers very close to zero, whilst τ2 is larger and more variable,

and periods where this is reversed and τ2 becomes very close to zero whilst σ2 increases and becomes

much more variable. This pattern continues throughout, rather than some balancing equilibrium

being reached, and this is the same phenomenon that causes the densities to be bimodal, rather than

unimodal. The means of the sampled values are 0.070 and 0.069 for σ and τ respectively, showing

that for this posterior distribution the discrepancies are approximately balanced

The remaining parameters in the model are less interesting for interpretation. The MCMC

sample means are μ = 0.422, α = (0, 2.09, 1.72, 2.17)T and β = (0, 2.10, 1.84, 2.50)T ; comparing these

to the maximum likelihood estimates under the quasi-independence model shows that they are very

similar.

Discussion and Model Extensions

This paper has introduced a Bayesian modelling framework to provide place-to-place migration

flow estimates with associated measures of precision. The approach followed assumes that the margins

of an origin-to-destination migration flow matrix have already been accurately estimated, and a MCMC

simulation provides estimates for the individual migration flows.

One assumption made in the Bayesian model which is questionable is that the relative error

of the reported values is the same regardless of their magnitude. In the modelling procedure, for
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instance, where there is a reported value of 20 and a fitted value of 10, the fitted value is considered

as deviant from the reported value as if the reported value were 20 000 and the fitted value 10 000.

In practice, we are unlikely to believe this is accurate, instead we would expect the relative error to

be much larger for these smaller migration flows. There are a various possible modifications we could

introduce to reflect this, without making the computation significantly less efficient.

In this paper we assumed that the our prior belief concerning the underlying structure of the

true migration flow matrix is that it satisfies quasi-independence. In reality, this structure is likely

to be oversimplistic; countries or regions which share borders, common languages or are closer socio-

economically or historically are likely to have greater migration flows than the quasi-independence

model predicts, since there will be an interaction term which the model lacks. Again, the model can

be modified to account for this. For example, it is possible to add a fixed parameter for contiguity into

the modelling process. It is straightforward to directly incorporate this into the modelling framework

already created. The new model becomes:

log yij = μ+ αi + βj + γdij i �= j

dij =

{
1 i, j share a border.

0 otherwise.

The modelling framework that we have created is based on the assumption that the true margins

are known absolutely. This assumption can be relaxed to allow for error in the margins, presumably

with a smaller variance than the errors in the cell counts.

Finally, in international migration it is common to have multiple sources of data on flows (based

on immigration and emigration data sets). A natural extension to the modelling process would be to

include two Z matrices into the model, where Z1 is the matrix of the reported immigration data and

Z2 is the reported emigration data, and model these as

log z1ij ∼ N(log yij , σ
2
1ij), i �= j

log z2ij ∼ N(log yij , σ
2
2ij), i �= j.

This approach is appealing as we make full use of the available data, and allows greater weight to be

placed on flows with two reported values in agreement. It is probable that our prior should favour

σ2
1ij < σ2

2ij as the reported immigration data is likely to be more accurate. It is likely that we would

use common σ2
ij parameters for particular groups of flows, e.g., to differentiate between countries that

use registration systems to generate the reported values and countries that use surveys.

The Bayesian framework created here seems a natural way to combine multiple data sources,

with their differing levels of error, and prior information about the structure of the migration process

into a single prediction with an associated measure of uncertainty. For further discussion of these

models and related issues, see Brierley et al. (2007).
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Abstract

Probability forecasts are becoming more and more common, as users facing decision problems under
uncertainty are increasingly aware of the fact that probabilistic forecasts provide much more infor-
mation than “deterministic” (point) forecasts. Studying probability forecasts is likewise appealing to
mathematicians, as the calculus of probability offers an answer to every possible question a forecast
user might have—at least in principle. The reality of ensemble forecasting however, especially in the
weather and climate sector, looks a little bit less rosy. The epistemological challenges the reality of
ensembles forecasting puts onto a mathematically minded person are considered. The procedures by
which current operational centres produce ensemble weather forecasts are revisited, which exhibit a
number of deficiencies, some being due to limited resources and some being due to inherent theoretical
limitations of the problem. We are thus lead to contest the view that the resulting distributions should
be considered probabilities, either in a frequentist’s sense or a subjectivist’s sense, as these forecast
distributions neither coincide with observed frequencies nor could possibly represent any (reasonable)
forecaster’s opinion on future weather events. Nonetheless, ensembles have been shown to contain in-
valuable information. How can the view that current ensemble forecasts do not represent probabilities
in any meaningful sense be reconciled with the claim that, as rational humans, we should be able to
express our uncertainty concerning future events in the form of probabilities?

1 Introduction

In this paper we will often speak of forecasts, which seems to imply that what is to be forecast lies
in the future, but what we have to say equally well applies to “now-casting” and reconstruction of
past events. The events are nonetheless assumed to be generated by a dynamical process and hence
have a temporal component, like weather events. The forecasts investigated in this paper consist of
probability assignments. These probabilities are generated by what will be referred to as a probabilistic
forecasting system (PFS). This might consist not only of a model of the dynamics, but also of a network
of measurement devices as well as a mechanism to assimilate the observations into the system.

The days when authors found it necessary to write introductory words or even a section defending
probability forecasts against deterministic ones are over. The main arguments though are certainly
worth being looked at again. It seems that two main types of arguments can be distinguished. The
first one asserts that probability forecasts contain more decision relevant information than determinis-
tic forecasts. It has more than amply been demonstrated that this is the case for currently operational
medium range weather forecast systems. But this is not necessarily a compelling argument for prob-
abilities. Decision relevant information might be produced and conveyed by other means, and we will
discuss a simple example in Section 4. The second argument asserts that probabilities are necessary for
the framework of decision theory to apply. Probabilities aid the user in calculating his or her exposure
to risks. By minimising his expected risk he or she can arrive at an “optimal” decision. This argument
might have been overrated. It has to be kept in mind that in order to be usefully employed in decision
making, a probability has to satisfy certain requirements which go beyond just being a normalised
density function. In Section 3, deficiencies of currently operational ensemble forecasting systems are
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discussed. The main point here is not that these systems fail to reproduce the true dynamics, but
that they fail to represent our knowledge (and ignorance) of the problem adequately. Although this is
to some extend unavoidable due to limited time and computational resources, it leads us to argue (in
Section 4) that currently available “probability” forecasts do not sufficiently fulfil the requirements of
probability theory. What remains (in our opinion) of the case for probabilities is outlined in Section 2.

2 Why we want to issue probability forecasts

Although the usefulness of currently operational probabilistic weather forecasts has amply been demon-
strated, the case for probabilities as the ideal means to present forecast information is, at least in our
opinion, less compelling than the amount of work devoted to probabilities in weather forecasting might
suggest. This section will still argue for probabilities, but tries to do so using minimum amount of
assumptions. The essential requirement is that we, the forecasters, want to give consistent advice to
our customers. The math in this section closely follows [11], Section 8, although the interpretation
is slightly different. As will be demonstrated, a certain form of consistency is ensured by basing this
advice on probabilities. Beyond the reasons stated in this section, we have not yet found any which
favour probability over other concepts that convey the same amount of information to the forecast
user.

Suppose the highly idealised situation where the weather has only two states, rain and sunshine. We
give (or sell) decision support to two customers A and B with weather dependent business. Depending
on what decisions they take in advance and whether it will rain or not, they will incur losses (or wins,
which we will count as negative losses). Hence the losses LA(a, y) of customer A (resp. LB(a, y) of
customer B) are functions of the act a taken and the weather y which actually obtains. An example
which assumes that both customers can act in only two ways is summarised in the two panels of the
following table:

Cust.A Rain Sunshine
a = 1 3 1
a = 2 0 2

Cust.B Rain Sunshine
a = 1 1 1
a = 2 0 4

As forecasters, we are supposed to aid the two customers in reaching a decision. It should be intuitively
clear that telling customer A to choose a = 1 while telling customer B to choose a = 2 (a decision
which we will denote by [1, 2]) is bad advice. The total loss for both customers is 5 for sunshine
and 3 for rain, which is in any case inferior to decision [2, 1], which would give accumulated losses
of 3 for sunshine and 1 for rain, respectively. The customers could pool these losses and arrange for
pay-outs which at any rate would leave them better off than with decision [1, 2]. Such a strategy
would not require any knowledge of the weather but only of the loss structure. Another way to see
the deficiency of decision [1, 2] is to think of the customers A and B being in fact only one customer
with two businesses. We (the forecasters) would face embarrassment as soon as the customer behind
the straw men A and B reveals his true identity.

The problem in the above mentioned example is that the decision [1, 2] is dominated by decision
[2, 1] in that the overall loss incurred is smaller for the latter, no matter if it is rainy or sunny. It
seems to be a reasonable minimum requirement that forecasters should only support decisions which
at least are not dominated by any other decisions. A sufficient criterion for a decision a not to be
dominated by another is that it is supported by a probability p, by which we mean that

pL(a, 1) + (1 − p)L(a, 0) ≤ pL(α, 1) + (1 − p)L(α, 0)

for any other decision α (here 1 might stand for “rain” and 0 for “sunshine”). In other words, a
decision a is supported by a probability p if it minimises the expected loss with respect to p. Indeed,
if a is dominated by another decision b, then L(a, 1) > L(b, 1) and also L(a, 0) > L(b, 0), whence for
all p

pL(a, 1) + (1 − p)L(a, 0) > pL(b, 1) + (1 − p)L(b, 0).

For the following considerations, the reader might find Figure 1 useful. For any decision a, we can
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Figure 1: Possible decisions (a, b, c) and corresponding affine functions.

consider the functions
I(a; p) := pL(a, 1) + (1 − p)L(a, 0)

which are linear in p (three of those are plotted in Figure 1). They define a concave function

J(p) := min
a
I(a; p).

We can say that a sufficient criterion for a decision c not to be dominated by another is that there is
a probability p̄ so that the linear function I(c; p) is a line of support of J(p) at p̄ (cf. Figure 1). The
converse is true only if we assume the following:

Condition (C): Every linear function that is nowhere smaller than J(p) can be represented as I(a; p),
that is, corresponds to a decision.

Suppose that a certain a is not supported by a pa (for example I(a; p) in Figure 1). This means that
it is possible to draw a line between I(a; p) and the function J(p) (for example I(b; p) in Figure 1).
Because of condition (C), this line represents a possible decision which dominates I(a; p).

In the preceding example of customers A and B, we were concerned with two decision problems
described by two loss functions LA and LB. Now any pair of decisions [aA, aB] made by the customers A
and B, respectively, can be considered as a compound decision a for the loss function L := LA + LB.
This decision corresponds to the linear function

I(a; p) := IA(aA; p) + IB(aB; p).

As was argued before, the decision a = [aA, aB] is not dominated by any other decision if there is a
pa so that I(a; p) is a line of support of the concave function

J(p) := min
a
I(a; p) = JA(p) + JB(p)

at pa. In particular, this is the case if aA and aB are supported by the same pa. However, the latter
is also necessary if we again assume condition (C) for both customers. Suppose that the decision
a = [aA, aB] is not supported by a pa. Hence a line λ(p) parallel to I(a, p) can be found which is a line
of support of J(p) at a certain pλ. Any such line can be represented as a sum of two lines supporting
JA(p) and JB(p) respectively at the same point pλ. As was assumed in (C), both lines correspond to
decisions which the customers have at their disposal, and the combined decision (which corresponds
to the line λ(p)) dominates a.

To summarise this section, it has been demonstrated that supporting decisions by probabilities
provides a sufficient safeguard against incoherent decisions, especially in more complex decision prob-
lems. Under condition (C), which requires a certain richness of decisions available to the customer,
probabilities even naturally come about if incoherent decisions are to be avoided. The presented argu-
ments though by no means assert that probabilities are a necessary or natural or even practical way
to convey forecast information to end users or to provide decision support.

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 1461 -



3 Typical Deficiencies of Probabilistic Dynamical Models

In this section some typical deficiencies of probabilistic forecasting systems (PFS) in general and
ensemble forecasting systems in particular will be revisited. The deficiencies considered could be
labelled either a priori or a posteriori. Any modelling process inevitably involves approximating or
simplifying our understanding of the problem, often due to limited computational resources. Hence
the PFS is known to be deficient a priori or before the model has actually been put to a test. In
other words, a priori deficiencies are those that would go away if the model faithfully represented the
forecaster’s knowledge about the process under concern. For example, the fact that global circulation
models use only finite grid resolutions could be labelled an a priori deficiency. It is known that
processes on a sub-grid scale matter for the overall dynamics of the weather [15, 10]. However, a priori
deficiencies are not limited to inadequate representations of the laws governing the phenomenon under
concern. Another important reason for a priori deficiencies is inadequate representation of the laws of
mathematics and especially probability theory. A particularly interesting example is the problem of
assimilating observations into the system. In order to make forecasts, the model has to be initialised
at a suitable initial condition, depending on the history of observations. These observations are
usually corrupted by noise, whence the initial condition is in fact a distribution of initial conditions.
Calculating this distribution is often referred to as data assimilation in geophysics [9], while the term
filtering is used in the engineering and stochastics literature [6, 8]. Data assimilation is known to be a
formidable problem. Ideally, data assimilation should yield the conditional probability of the model’s
state given the past history of observation. According to the laws of probability, this problem has
a mathematically well defined solution called the optimal filter, but calculating it typically involves
solving an infinitely large set of dynamical equations (see, for example [1]). In other words, proper data
assimilation is an infinitely complex problem.1 Obviously, any operational PFS needs to compromise
here. Finally, it should be noted that ensembles are in some sense but a simplified way to issue
probability assignments. Often this is referred to as sampling error, although it is doubtful whether
currently operational ensembles are even only a sample from the probability distribution the forecaster
would issue if he could. Hence this not–sampling from the desired probability distribution could be
seen as yet another a priori deficiency.

By a posteriori deficiencies we denote disagreement between forecasts made by the PFS and actual
observations. These deficiencies evidently require the PFS to have been compared to observations. For
example, in order for the forecasts to actually bear any connection with reality, the issued probabilities
should agree (up to expected sampling error) with actual observed frequencies. To give a rather simple
example, suppose the problem is to forecast (on a day–by–day basis) the occurrence of rain in London.
Every day, our PFS issues a probability pn, where n enumerates the days. Let us fix an interval
B ⊂ [0, 1] and consider the collection IB of all days where pn falls into B, that is

IB := {n; pn ∈ B}. (1)

Considering the observed frequency fB of rain over all days in IB, we should expect fB to fall into B
as well, or more precisely, we should expect fB to be equal to the mean value of the set {pn;n ∈ IB}.
This property is often referred to as reliability or alternatively the forecasts are called calibrated [14].
Reliability generalises to more complicated PFS thus: Let the variable to be forecast be denoted by Yn

and the range of values of Y , the observation space, by E. Examples are an only finite set of possible
outcomes (only two in the case of the previous rain/no-rain example) or the real line. Suppose at time
n, the PFS issues a probability assignment Pn over E, which can be a probability density function,
a cumulative distribution function or even a measure. This Pn subsumises our current information
on Yn. Reliability (or calibration) means that Pn describes the distribution of Y conditioned on the

1It should be said that there are notable exceptions to this statement, namely linear systems with Gaussian uncer-
tainties. In this situation, the Kalman Filter provides a complete solution to the optimal filter. In nonlinear situations
though, the Kalman Filter fails to apply, and with very few exceptions, optimal filtering is an infinite dimensional
problem.
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Figure 2: Relative skill of two forecasts for 2m–temperature anomaly at London Heathrow, noon. Left
panel: logarithmic AUC score, right panel: Brier score.

currently available information, or in symbols2

Prob(Yn|Pn) = Pn. (2)

As checking reliability involves the estimation of a rather complicated conditional probability on the
left hand side of Equation (2), various simplified measures of reliability have been proposed in the
literature (PIT [2], Talagrand diagrams [14], minimum spanning tree histograms [4]) which generally
form but necessary conditions for Equation (2). Using these measures, it has amply been demonstrated
that operational ensemble forecasting systems are not reliable. In the next section we will discuss a
very simple experiment that yields further evidence to that, but at the same time demonstrate the
immense potential value of the output of operational ensemble forecasting systems.

4 The Interpretation of Probabilistic Forecasts

This section starts with the discussion of a very simple experiment which will demonstrate (yet again)
that the output of operational ensemble forecasting systems does not reach its full potential if em-
ployed directly as probability forecasts. Figure 2 shows the relative skill of probabilistic forecasts for
temperature anomalies at London Heathrow weather station. The event to be forecast is whether the
temperature exceeds a certain normal provided by a third order harmonic polynomial fitted to the
archive of observations. Two types of forecasts are generated using the ECMWF global medium range
ensembles, consisting of 51 members. The first simply consists of the fraction of ensemble members
that exceed the normal. In other words, if xn = [x(1)

n . . . x
(51)
n ] is the ensemble at day n, the first

forecast investigated is given by

pn :=
1
51

∑
i

{x(i)
n ≥ νn} (3)

where νn is the normal. This approach will be referred to as counting approach. The second forecast
was generated using the ansatz

qn := f(xn; θ) (4)

where f is a linear combination of 15 different statistics generated from the ensemble, such as the mean,
standard deviation, interquartile range etc. The coefficients θ where determined using regularised
(ridge) regression (see [5]). This approach will be referred to as regression approach (cf [13], where
logistic instead of linear regression was used). The two forecasts where then compared in terms of the
difference of their respective scores, where the forecast obtained through counting was subtracted from
the regression approach. Two scores were considered, namely the logarithmic AUC score (Figure 2,

2A somewhat different formulation of reliability (and in fact of the entire forecasting problem) has been given in [2].
We conjecture that the formulation though is entirely equivalent to ours if the quantity Gn(x) in [3], “the distribution
from which Nature draws”, is replaced by Prob(Yn = x|Pn).
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first graph) and the Brier score (Figure 2, second graph). For a discussion of these scores see e.g. [14].
Both indicate a significant superiority of the regression approach (note that the log-AUC score is
positively oriented, i.e. a higher score indicates a better forecast, while the Brier score is negatively
oriented). The obvious conclusion is that the ensemble contains more information about the problem
than what is revealed by the simple counting approach, or in other words, considering the ensemble a
bunch of equally likely scenarios of the future weather under-exploits it.

Both because of the preceding example and what has been discussed in Section 3 it seems at least
questionable whether the pure ensemble should be termed a probability forecast. First note that there
are (at least) two distinct interpretations of probability, namely the frequentist’s and the subjectivist’s
view, although both agree on Kolmogorov’s axioms as the proper mathematical formalism for proba-
bilities. The frequentist’s view essentially asserts that probabilities are limiting observed frequencies
of repetitive independent trials. The notion of probability only applies in situations where limiting
observed frequencies exist (or at least are a reasonable idealisation of the true circumstances). In other
words, a probabilistic forecast is a probability forecast only if it is reliable. As was already mentioned,
currently operational weather forecasts are not reliable. In particular, failure of the counting approach
demonstrates that the ensemble is not a sample from a reliable forecast distribution. Hence, the en-
semble fails to get the frequentist’s seal of approval. It might be argued that what the forecast needs
is recalibration, thereby ensuring a better agreement with observed frequencies (and hence, probabili-
ties). This is certainly a reasonable approach for problems as simple as the one presented above, and
the mentioned regression approach can be understood as a means to recalibrate the forecast. Recali-
brating more complicated forecasts though quickly becomes a formidable program, invariably suffering
from lack of data. In weather forecasting, large recurrence times and frequent model changes already
hamper the calibration of one dimensional continuous forecasts, and estimating higher dimensional
conditional probabilities seems utterly impossible. Note that, in some sense, the model changes even
on a daily basis, as the configuration of the observation network can differ quite drastically from day to
day. As a summary, it seems quite hard to thoroughly carry out the frequentist’s program in weather
forecasting. The situation of the frequentist appears to be even more challenging conceptually (to say
the least) for seasonal or climate forecast. It seems quite hard to interpret a probability assignment
for the global mean temperature in 2050 (be it conditioned on a certain CO2–scenario or not) in a
frequentist’s sense.

Another important interpretation of probability is the personalist approach [12, 7]. Personalist
views hold that probability represents the degree of someone’s belief that a certain proposition (for
example that it will rain tomorrow) holds true. That the laws of probability hold for personal prob-
abilities can be deduced from certain assumptions on the individuum being “rational” (according to
some axioms of rationality). This does by no means assume the person to be omniscient or entirely
logical. Two people, equipped with the same body of evidence, might still hold different personalist
probabilities on whether it will rain tomorrow. Personalist views on probability aim at providing a
framework of consistent behaviour in the face of uncertainty. Consequently, various approaches to
defining personal probabilities proceed along similar lines as presented in Section 2 of this paper (see
[11]). Above the frequentist’s interpretation, the personalist view has the advantage of being still
well defined even under the above mentioned circumstances, which seems to suggest this interpreta-
tion as the more suitable for weather and especially climate forecasting. The personalist approach
to probability does not give any kind of guidance though as to how possible inconsistencies in the
decision making process might be removed. The theory only guarantees consistency of decisions if
the laws of probability are obeyed. In Section 3 however, we saw that doing so can be of enormous,
if not insurmountable difficulty in practice. Current data assimilation systems work with a plethora
of approximations, resulting in inconsistent probabilities. Concessions due to limited resources are
inconsistent with rational behaviour, as required by the personalist view on probability. The per-
sonalist view does not take into account that scrutinising all possible courses of action in advance
might require prohibitively large amounts of time and computer power. In a particular situation it
is of course almost always possible to devise a probabilistic model simple enough to allow for exact
mathematical solutions and hence fully consistent probability assignments, but usually at the cost of
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Figure 3: Left panel: Ensemble forecasts for 2m–temperature at London Heathrow for 2. Nov. 2002,
noon and ECMWF’s deterministic forecast (circles). The verification is plotted as a straight line.
Right panel: Forecast summary (for details see text).

discarding essential knowledge about the phenomenon under concern. We might for example propose
that the temperature at London Heathrow Airport at noon follows a white noise process (thereby ob-
viating any need for data assimilation). Such a model would be a valid personalistic model, although
an utterly useless one.

To finish this section, a simple example will be discussed how ensemble forecasts can convey useful
information without using probabilities at all. The left panel of Figure 3 shows a set of ensemble
forecasts for 2m–temperature at London Heathrow Airport. The ensembles possess different lead
times (shown on the x–axis), but all of them verify on 2. November 2002 at noon. To be able to
distinguish between the individual ensemble members they have been plotted with a slight jitter along
the abscissa. The circles represent ECMWF’s deterministic forecast, generated by using a model with
a very high resolution. Finally, the verification (i.e. the actual temperature) was about 14oC and is
plotted as a straight line. Examining this figure closely, a couple of interesting facts emerge. The
deterministic forecast first underestimates the temperature until it jumps to roughly the correct value
at lead time 168h. The ensemble though seems to anticipate the correct temperature well before that,
as a large fraction of ensemble members are close to the correct value even at 240h. Hence, the error in
the deterministic forecast could have been anticipated. It is fair to say though that at lead time 120h,
a large fraction of ensemble members indicate a temperature of about 8oC, whence the deterministic
forecast is expected to overestimate the temperature while it is in fact quite correct. A comparison
with other dates would furthermore reveal that the ensemble spread at lead time 120h is unusually
large, thereby indicating the whole synoptic situation to be uncertain; a fact that is probably of interest
to the user. A possible way to summarise the mentioned features is presented in Figure 3, right panel.
The deterministic forecast is plotted, while black squares in the row above (resp. below) the axes box
indicate likely over-forecasting (resp. under-forecasting) of the deterministic forecast. Furthermore,
an exclamation mark in the row labelled < s > indicates an unusually large ensemble spread. Further
symbols could for example indicate when the ensemble shows bi-modality, which seems to be present
here for lead times 144h and 120h. Although we do not deny that probabilities are implicit in this
example as well (and even should be, as was argued in Section 2), it shows that probabilities do not
have to be explicit in decision support. An enlighted user, if sufficiently instructed, is able to form his
own opinion about how to use the forecast product, or, as a personalist would put it, form his own
personal probabilities given the provided information.

5 Conclusion

It was discussed how a small set of assumptions in principle compels the forecaster to issue probability
forecast. On the other hand, issuing probabilities which are acceptable by either a frequentist or a
personalist meets with considerable difficulty. This is due to a number of typical deficiencies in prob-
abilistic forecasting systems. The problem is not our limited understanding of the phenomenon, but
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our inability to express our understanding in the form of forecasts, mainly due to restrictions in time
and computational resources. We noted that issuing the information at hand through probabilities is
but one possibility, and a probability–free way of summarising an ensemble forecast was presented.
It should be obvious though from this discussion that either a modified interpretation of the proba-
bility concept or something different is needed, most likely obtained by relaxing the requirements of
probability somewhat. We are not only unable to say exactly what will happen, but that we are even
unable to say exactly what we think will happen. This somehow has to be taken into account, lest
the forecast user be mislead about what the forecasts actually mean.
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ABSTRACT

Probabilistic weather forecasting consists of finding a joint probability distribution for future weather
quantities or events. Information about the uncertainty of weather forecasts can be important for decision-
makers as well as the public, but currently is routinely provided only for the probability of precipitation,
and not for other weather quantities such as temperature, wind or amount of precipitation. It is typically
done using a numerical weather prediction model, perturbing the inputs to the model (initial conditions,
physics parameters) in various ways, and running the model for each perturbed set of inputs. The result
is viewed as an ensemble of forecasts, taken to be a sample from the joint probability distribution of the
future weather quantities of interest. This is often uncalibrated, however, and is typically underdispersed.
Our goal is to develop calibrated probabilistic forecasting methods.

We describe a principled statistical method for postprocessing ensembles based on Bayesian Model
Averaging (BMA), that models the predictive distribution conditionally on the ensemble by a finite mixture
model. For probabilistic forecasting of an entire weather field, we describe a spatial extension of the
BMA method that perturbs the outputs from the numerical weather prediction model rather than the
inputs. Forecasts are available in real time at www.probcast.washington.edu, and the free R packages
ensembleBMA and ProbForecastGOP are available to implement the methods.

1
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Introduction

Modern weather forecasting started in 1837 with the invention of the telegraph, which gave forecast-
ers knowledge of weather conditions further upwind. From then until 1955, practical weather forecasting
was done primarily by assembling and studying charts of weather conditions elsewhere.

In 1904, the Norwegian meteorologist Vilhelm Bjerknes proposed a more systematic approach
(Bjerknes 1904). He proposed that the state of the atmosphere be summarized by seven variables: the
three components of air speed or wind, density, pressure, temperature, and humidity. He postulated
seven partial differential equations governing these seven variables and hence describing the physics of the
atmosphere. Then, in principle, if the current state of the atmosphere were known at every point, these
seven equations could be integrated forward in time to obtain the state of the atmosphere at any future
time. This was the beginning of numerical weather prediction, and Bjerknes’s equations remain the basis
of almost all weather forecasting done today.

At the time, Bjerknes’s proposal was no more than a wild idea, because the data and computational
resources needed to carry out his program were not only not available, but almost unimaginable. In 1922,
the British meteorologist Lewis Fry Richardson dared to imagine and propose concretely how Bjerknes’s
program could be implemented; he envisaged a building housing 64,000 people all doing parts of the
needed calculations (Richardson 1922). At last, in 1955, the emergence of the first computers, notably
ENIAC, made Bjerknes’s and Richardson’s dream a reality, using machines rather than people to do the
calculations. For the past half-century, most weather forecasting has been based on numerical weather
prediction carried out using the Bjerknes equations.

These forecasts are deterministic, arising as the solution of a set of deterministic differential equa-
tions. In practice, most weather forecasts issued to the public are deterministic. The only long-term
exception to this of which we are aware is the public probability of precipation forecasts that have been
issued regularly by the US National Weather Service and other agencies for the past 30 years. For other
quantities of great public interest, such as temperature, amount of precipiation and wind speed, reliable
probabilistic forecasts are not widely issued to the public, even to this day.

There is, however, great interest in probabilistic weather forecasting. For example, reliable estimates
of the probability of freezing can be important to farmers for deciding whether to cover their crops,
and to transportation departments for deciding whether to treat roads to prevent freezing. The main
efforts to generate probabilistic weather forecasts have centered around forecast ensembles, consisting
of a set of forecasts obtained by perturbing the initial conditions and rerunning the numerical weather
prediction model (Epstein 1969; Leith 1974). Forecast ensembles have been produced on a daily basis
since December 1992 by the US National Weather Service and the European Center for Medium-Range
Weather Forecasting, and more recently by other agencies. The ensemble forecasts are, however, in general
underdispersed and so uncalibrated, and as a result have generally not been judged of adequate quality to
be used as the basis for publicly issued probabilistic forecasts of most weather quantities. For an overview
of the literature on this point, see Buizza et al. (2005).

In this article, we will give a brief overview of a project that has been underway for the past 6 years
at the University of Washington to develop calibrated probablistic forecasting methods and effective ways
of communicating them to the public. This is an interdisciplinary project bringing together meteorologists,
statisticians and cognitive psychologists. Our general approach is to statistically postprocess the ensemble
forecasts using data on observations and forecasts from a training period; in many cases our method of
choice is Bayesian Model Averaging (BMA). We will describe methods for probabilistic forecasting of
temperature, precipitation, and entire spatial weather fields.

2
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Ensemble Forecasts and Bayesian Model Averaging

We now describe an approach to obtaining calibrated and sharp predictive PDFs of future weather
quantities or events from the output of ensembles that may not be themselves calibrated. By calibrated
we mean that intervals or events that we declare to have probability P contain the truth, or happen, a
proportion P of the time on average in the long run. Sharpness is a function of the widths of prediction
intervals. For example, a 90% prediction interval verifying at a given time and place is defined by a lower
bound and an upper bound, such that the probability that the verifying observation lies between the two
bounds is declared to be 90%. By sharp we mean that prediction intervals are narrower on average than
those obtained from climatology. Clearly, the sharper the better. We adopt the principle that the goal
of probabilistic forecasting is to maximize sharpness subject to calibration (Gneiting, Balabdaoui, and
Raftery 2007).

To achieve this, we propose a statistical approach to postprocessing ensemble forecasts, based on
Bayesian Model Averaging (BMA). This is a standard approach to inference in the presence of multiple
competing statistical models, and has been widely applied in the social and health sciences; here we review
its extension to forecasts from dynamical models. In BMA, the overall forecast PDF is a weighted average
of forecast PDFs based on each of the individual forecasts; the weights are the estimated posterior model
probabilities and reflect the models’ forecast skill in the training period, relative to the other models. The
weights can also provide a basis for selecting ensemble members: when they are small there is little to be
lost by removing the corresponding ensemble member. This can be useful given the computational cost
of running ensembles.

Standard statistical analysis, such as, for example, regression analysis, typically proceeds condition-
ally on one assumed statistical model. Often this model has been selected from among several possible
competing models for the data, and the data analyst is not sure that it is the best one. Other plausible
models could give different answers to the scientific question at hand. This is a source of uncertainty
in drawing conclusions, and the typical approach, that of conditioning on a single model deemed to be
“best”, ignores this source of uncertainty, thus underestimating uncertainty. Bayesian model averaging
(Leamer 1978; Kass and Raftery 1995; Hoeting, Madigan, Raftery, and Volinsky 1999) overcomes this
problem by conditioning, not on a single “best” model, but on the entire ensemble of statistical models
first considered.

BMA was extended from statistical models to dynamical models by Raftery, Gneiting, Balabdaoui,
and Polakowski (2005). The basic idea is that for any given forecast ensemble there is a “best” model,
or member, but we do not know what it is, and our uncertainty about the best member is quantified by
BMA. We denote by y the quantity to be forecast. Each deterministic forecast can be bias-corrected using
any one of many possible bias-correction methods, yielding a bias-corrected forecast fk. The forecast fk

is then associated with a conditional PDF, gk(y|fk), which can be interpreted as the conditional PDF of
y conditional on fk, given that fk is the best forecast in the ensemble. The BMA predictive model is then

p(y|f1, . . . , fK) =
K∑

k=1

wk gk(y|fk),(1)

where wk is the posterior probability of forecast k being the best one, and is based on the performance
of forecast k in the training period. The wk’s are probabilities and so they are nonnegative and add up
to 1, i.e.

∑K
k=1 wk = 1.

When forecasting temperature and sea-level pressure, it often seems reasonable to approximate the
conditional PDF by a normal distribution centered at a linear function of the forecast, ak + bkfk, so that
gk(y|fk) is a normal PDF with mean ak + bkfk and standard deviation σ.

3
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The resulting model (1) is estimated on the basis of a “moving window” training set of recent data
consisting of forecast-observation pairs at meteorological stations or observation points in the region of
interest. We have estimated it by maximum likelihood using the EM algorithm. We have experimented
with different possible training period lengths, and have consistently found that lengths in the range of
20–40 days work well.

This model can be thought of in three different ways. First, it can be thought of as a predictive
distribution that takes account of uncertainty about which ensemble member is best. Meteorologists often
refer to different forecasts as being generated by different “models,” referring for example to their current
preferred forecast as the “model of the day.” Thus it can be thought of as analogous to BMA for linear
regression models, except that which model is best is allowed to change over time.

Alternatively, it can be thought of as a conditional mixture model, with one mixture component for
each ensemble member. Finally, it can be thought of as a form of prediction via regression on the ensemble
members, with a conditional mean that is a bias-corrected linear combination of the ensemble forecasts,
nonnegative regression coefficients, and a conditional variance that is positively related to the ensemble
spread. A direct regression method with these characteristics has been implemented for temperature and
works well (Gneiting, Raftery, Westveld, and Goldman 2005).

Examples of BMA in practice for temperature are given by Raftery et al. (2005), Gneiting and
Raftery (2005) and Wilson, Beauregard, Raftery, and Verret (2007). In general it has been found that,
while the raw ensemble is typically underdispersed, the BMA predictive distribution is well calibrated.

BMA for Precipitation and Wind

The normal-based BMA used for temperature and pressure does not work for precipitation (rain,
snow), or for wind speed. This is because precipitation amount and wind speed are constrained to
be nonnegative, and their distribution, given that they are non-zero, is strongly positively skewed. In
addition, the amount of precipitation has a positive probability of being exactly equal to zero.

For probabilistic forecasting of precipitation, a modification of BMA has been proposed by Sloughter,
Raftery, Gneiting, and Fraley (2007). It proceeds as before, similarly to (1) above, except that the normal
distribution we used in (1) for temperature is replaced by a distribution that is itself a mixture of two
components, one giving the probability of there being no precipitation, and the other representing the
conditional distribution of the amount of precipitation given that there is some. For precipitation the two
components are: (i) a point mass at zero, whose probability is specified by logistic regression on the cube
root of the forecast amount, and (ii) a power-transformed gamma distribution, whose mean and variance
depend on the forecast.

Estimation proceeds as before using the EM algorithm. However, the M-step can no longer be
carried out analytically and requires numerical optimization. The length of the sliding window training
period found to be best is about the same as for temperature, and Sloughter et al. (2007) used a 30-day
training period. The method was found to give well-calibrated forecasts of the probability of precipitation,
better than those yielded by the raw ensemble. It also gave well-calibrated probabilistic forecasts of the
amount of precipitation, where again the raw ensemble was poorly calibrated.

Probabilistic Forecasting of Entire Weather Fields

So far we have focused on probabilistic forecasting of individual weather quantities, such as, say,
the temperature in Lisbon 48 hours from now. However, many decisions depend on future weather over
an entire spatial region. One example is whether or not to pretreat a mountain road with chemicals to

4
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prevent the road freezing and the road from being closed or dangerous. The question there is, what is the
probability that there will be ice or snow anywhere on the road? Another example arises in planning a
flight path, where one tries to find a path over which the probability of extreme turbulence at any point
is low.

To answer questions such as these, we need a predictive probability distribution of the entire weather
field of interest. For example, we might require the joint predictive distribution of temperature at all points
in a region of space at a given time in the future.

Gel, Raftery, and Gneiting (2004) developed a way of doing this by generating a statistical ensemble
of forecasts of the field. This starts with one (deterministic) forecast of the field, produced by a numerical
weather prediction model. The statistical ensemble is produced by perturbing the forecasts, i.e. the outputs
of the model, rather than the inputs (usually the initial conditions and the lateral boundary conditions).
The perturbed values are simulated from a joint conditional distribution of the values of the weather
quantity at the different points in space (typically all the points on the model grid at which forecasts are
produced), conditionally on the forecasts.

The steps in doing this for temperature fields are as follows:

1. A spatial geostatistical model is used for the forecast errors and estimated from available data
consisting of forecast-observation pairs.

2. A fast and exact simulation method (Wood and Chan 1994) for high-dimensional multivariate
normal distributions is used to generate a statistical ensemble of forecast errors. The dimension of
the simulated vector is typically on the order of 10,000.

3. The resulting ensemble of forecast fields is used to answer the question of decision interest, such
as the probability that it will freeze somewhere along the mountain highway being considered for
pretreatment.

This is called the Geostatistical Output Perturbation (GOP) method. In experiments, it successfully
reproduced both the marginal behavior and spatial correlation of future temperature fields (Gel et al.
2004).

One possible shortcoming of this method is that it does not take account of the information available
in dynamical ensembles obtained by perturbing the model inputs. The geostatistical model captures linear
departures of the actual weather from the forecast, i.e. departures whose distribution can be captured by
a spatially stationary Gaussian random field. In weather, nonlinear departures can also occur due to the
nonlinear dynamics of the atmosphere, and these can be captured by dynamical forecast ensembles based
on perturbations of the initial conditions.

It would therefore seem to be a good idea to combine the statistical and dynamical perturbations
for probabilistic forecasting of entire weather fields. The BMA method described earlier does this for
individual weather quantities. A combined method, called Spatial BMA, was proposed by Berrocal et al.
(2007). First the BMA method described earlier is run to estimate the weights for the ensemble members,
wk. For each ensemble member k, wkN realizations are simulated using the GOP method, to yield a
statistical ensemble of size N .

The problem of forecasting the probability of snow or ice on a mountain highway was addressed by
Berrocal et al. (2007). This involves forecasting the probability of precipitation and freezing temperatures
both occurring, and so involves forecasting two weather fields simultaneously.

5
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Figure 1: An example screenshot from the Probcast system (www.probcast.washington.edu)

Displaying Real-Time Probabilistic Forecasts

Probabilistic weather forecasts are complex objects, and the question of how best to communicate
them to users is a difficult one. Typical public users are not highly trained in probability and uncer-
tainty and do not have much time to devote to the forecasts, although they often are highly motivated,
particularly when they have important weather-dependent decisions to make.

We have developed a prototype Probabilistic Weather Forecasting, or Probcasting, real-time website
for public use at http://www.probcast.washington.edu (Tewson and Raftery 2006). This displays
probabilistic forecasts of temperature and precipitation up to 3 days ahead for the North American
Pacific Northwest. Our idea in making this website available is that it would serve as a first draft and
possible model for probabilistic forecasting websites more generally. As far as we know, it was the first
website of its kind to be established anywhere in the world. An example screenshot is given in Figure 1.

This page was designed in collaboration with our cognitive psychologist colleagues Susan Joslyn
and Earl Hunt, drawing on the results of their cognitive experiments to find the best ways to display
uncertainty. It was adopted by the American Statistical Association as the official weather website for

6
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its 2006 annual meeting, the Joint Statistical Meetings held in Seattle. The National Research Council
(2006) has recommended a move to probabilistic forecasting by the US National Weather Service , and
has cited this work as an example of how this could be achieved.

The Probcast website is designed for public use and so is designed to be simple and easy to use. A
more extensive website, the University of Washington Ensemble BMA Website, provides much more detail
and is designed for meteorologists and scientists rather than for the broader public. It is also updated
daily, and is available at http://bma.apl.washington.edu.

Conclusion

Weather forecasting has been based on numerical weather prediction models for the past 50 years,
and these are largely deterministic. There is, however, a great demand and need for probabilistic forecasts.
For the past 15 years, this has been met primarily by ensemble forecasts obtained by perturbing the inputs
(initial conditions) to numerical weather prediction models, but these have turned out to be underdispersed
and so uncalibrated.

Our project has developed calibrated probabilistic weather forecasting methods for temperature,
precipitation, wind, as well as ways of effectively communicating the resulting forecasts to users. It applies
to weather fields as well as weather at individual points in space. Most of the methods used are based
on Bayesian Model Averaging (BMA), and free R packages to implement the methods, ensembleBMA and
ProbForecastGOP, are available from CRAN at http://www.r-project.org.

Much remains to be done. Probabilistic forecasting methods for other weather quantities of interest,
such as snow, cloud cover and turbulence, need to be developed. Better ways of converting the probabilistic
forecasts of weather fields directly into answers to questions of decision interest need to be worked out. As
decision-makers use these methods more extensively and provide feedback, important other problems for
future research will doubtless appear. Probabilistic weather forecasting is a rich and relatively undeveloped
area of statistical research, and provides many opportunities for statisticians.

Acknowledgements

We are grateful to our meteorological collaborators Clifford Mass, Eric Grimit and Jeff Baars for
discussions and data, and to our psychological collaborators Susan Joslyn, Earl Hunt and David Jones for
helpful discussions and for their work on the cognitive aspects of communicating uncertainty. We thank
Patrick Tewson for setting up and maintaining the Probcast and UW Ensemble BMA websites. Raftery
thanks Miroslav Karny, Gilles Celeux, the Institute of Information Theory and Automation, Prague, and
INRIA, France, for hospitality during the preparation of this article. This research was supported by the
DoD MultiDisciplinary Research Initiative (MURI) program administered by the Office of Naval Research
under Grant N00014-01-10745.

References

Berrocal, V. J., A. E. Raftery, and T. Gneiting (2007). Combining spatial statistical and ensemble
information in probabilistic weather forecasts. Monthly Weather Review 135, 1386–1402.

Berrocal, V. J., A. E. Raftery, T. Gneiting, and R. C. Steed (2007). Probabilistic weather forecasting for
winter road maintenance. Technical Report 511, Department of Statistics, University of Washington.
Available at http://www.stat.washington.edu/tech.reports.

7

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 1473 -



Bjerknes, V. (1904). Das Problem der Wettervorhersage, betrachtet vom Standpunkte der Mechanik
und der Physik. Meteorologische Zeitschrift 21, 1–7.

Buizza, R., P. L. Houtekamer, Z. Toth, G. Pellerin, M. Wei, and Y. Zhu (2005). A comparison of
the ECMWF, MSC and NCEP global ensemble prediction systems. Monthly Weather Review 133,
1076–1097.

Epstein, E. S. (1969). Stochastic dynamic prediction. Tellus 21, 739–759.

Gel, Y., A. E. Raftery, and T. Gneiting (2004). Calibrated probabilistic mesoscale weather field fore-
casting: The geostatistical output perturbation (GOP) method (with discussion). Journal of the
American Statistical Association 99, 575–590.

Gneiting, T., F. Balabdaoui, and A. E. Raftery (2007). Probabilistic forecasts, calibration and sharp-
ness. Journal of the Royal Statistical Society, Series B 69, 243–269.

Gneiting, T. and A. E. Raftery (2005). Weather forecasting using ensemble methods. Science 310,
248–249.

Gneiting, T., A. E. Raftery, A. H. Westveld, and T. Goldman (2005). Calibrated probabilistic fore-
casting using ensemble model output statistics and minimum CRPS estimation. Monthly Weather
Review 133, 1098–1118.

Hoeting, J. A., D. M. Madigan, A. E. Raftery, and C. T. Volinsky (1999). Bayesian model averaging: A
tutorial (with discussion). Statistical Science 14, 382–401. A corrected version with typos corrected
is available at www.stat.washington.edu/www/research/online/hoeting1999.pdf.

Kass, R. E. and A. E. Raftery (1995). Bayes factors. Journal of the American Statistical Association 90,
773–795.

Leamer, E. E. (1978). Specification Searches. New York: Wiley.

Leith, C. E. (1974). Theoretical skill of Monte-Carlo forecasts. Monthly Weather Review 102, 409–418.

National Research Council (2006). Completing the forecast: characterizing and communicating uncer-
tainty for better decisions using weather and climate forecasts. Washington, D.C.: The National
Academies Press.

Raftery, A. E., T. Gneiting, F. Balabdaoui, and M. Polakowski (2005). Using Bayesian model averaging
to calibrate forecast ensembles. Monthly Weather Review 133, 1155–1174.

Richardson, L. F. (1922). Weather Prediction by Numerical Process. London: Cambridge University
Press.

Sloughter, J. M., A. E. Raftery, T. Gneiting, and C. Fraley (2007). Probabilistic quantitative precipi-
tation forecasting using Bayesian model averaging. Monthly Weather Review . In press.

Tewson, P. and A. E. Raftery (2006). Real-time calibrated probabilistic forecasting website. Bulletin of
the American Meteorological Society 7, 880–882.

Wilson, L. J., S. Beauregard, A. E. Raftery, and R. Verret (2007). Calibrated surface temperature
forecasts from the Canadian ensemble prediction system using Bayesian Model Averaging. Monthly
Weather Review 135, 1364–1385.

Wood, A. T. A. and G. Chan (1994). Simulation of stationary Gaussian processes in [0, 1]d. Journal of
Computational and Graphical Statistics 3, 409–432.

8

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 1474 -



Validation of Probabilistic Predictions

Talagrand, Olivier

Laboratoire de Météorologie Dynamique, École Normale Supérieure

24, rue Lhomond

75231 Paris cedex 05, France

E-mail: talagrand@lmd.ens.fr

Candille, Guillem

Division de Recherche en Prévision Numérique, Service Météorologique du Canada

2121, Route Transcanadienne, 5ième étage

Dorval, Québec, Canada H9P

guillem.candille@ec.gc.ca

Meteorological predictions will always be affected with some uncertainty. And, as far as we

can tell, that uncertainty will always vary significantly, not only with the range of the prediction,

but also will the current state of stability, or instability, of the flow.

With the purpose of ‘forecasting the forecast error’, several major meteorological centres

have developed Ensemble Prediction Systems (EPSs). In such systems, a number of numerical

forecasts (typically a few tens) are produced in parallel every day. The dispersion of those forecasts

is meant to sample the uncertainty of the future state of the atmosphere. The predicted ensembles

can be used, among other possible applications, for estimating a priori quantitative probabilities of

occurrence for specific meteorological events, or even probability distributions for meteorological

variables. Among the presently existing EPSs, one can mention the systems of the European Centre

for Medium-range Weather Forecasts (ECMWF), of the (United States) National Centers for

Environmental Prediction (NCEP), and of the Meteorological Service of Canada (MSC). Those

systems are described, and their relative performance compared, in Buizza et al. (2005),

The objective validation of Ensemble Prediction Systems, and more generally of Probabilistic

Prediction Systems (i. e., systems that predict probabilities or probability distributions) still raises a

number of questions. Consider for instance a predicted probability of, say, 40% for the occurrence

of rain. Neither the subsequent occurrence of rain, nor its non-occurrence, can be considered as

making the forecast a success or a failure. Except in some extreme situations, the quality of an

individual probabilistic forecast cannot be objectively evaluated. The evaluation of probabilistic

prediction can only be, at best, statistical. In the present example, an obviously desirable property is

that it rains with a frequency of 40% in the circumstances when rain has been predicted to occur

with probability 40%. That property is called reliability. It is obviously necessary, for instance for

users who, in face of a possible meteorological risk, must take a decision involving a financial risk.

The degree to which a given probabilistic prediction system is reliable can be objectively assessed,

provided a large enough of realizations of the system is available.

Now reliability, if necessary, is obviously not sufficient for a probabilistic prediction system to

be useful. A system that would always predict the climatological frequency of occurrence of rain

would be reliable in the sense that has just been defined, but would nevertheless be devoid of any
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practical utility. In the above example, it is desirable that the predicted probabilities for occurrence

of rain, in addition to being reliable, be always, or at least often, close to either 0 or 1. It is

fundamentally equivalent to say the predicted probabilities have as large a dispersion as possible.

That additional property will be called here resolution.

More generally, let F be a probability distribution for a variable (or a numerical probability

for an event). We will denote F‘(F) (or F‘ when no ambiguity is possible) the conditional observed

distribution of the variable under consideration (or the observed frequency of occurrence of the

event under consideration), given that F has been predicted. The above condition of reliability

generalizes to the condition that F‘(F) = F for any F. This condition can be objectively checked

for any given F, provided F has been predicted often enough so that F‘(F) is known with

sufficient accuracy. Now, if F‘(F) turns out to be different from F, so that predictions of F are

not reliable, the user, the next time the system predicts F, can decide to predict F‘(F) instead. Lack

of reliability can thus be corrected to the same degree it can be diagnosed, and the a posteriori

calibration F � F‘(F) renders reliable a system that was not in the first place.

Concerning resolution, it is the property that probability distributions that can be reliably

predicted have as large dispersion as possible. It can therefore be evaluated by any measure of the

dispersion of the frequency distributions F‘(F).

It is seen that reliability and resolution of a probabilistic prediction system can be objectively

evaluated, provided a large enough number of realizations of the system is available. One purpose

of the present work is to discuss the limits which the number of available realizations (together

with other causes of uncertainty) imposes on the evaluation of Probabilistic Prediction Systems.

For any probability distribution F, let g(F) the relative frequency with which F is predicted.

The statistical properties of a Probabilistic Prediction System are entirely determined by the

frequency distribution g(F) and the mapping F � F‘(F).

The questions raised by the objective validation of Probabilistic Prediction Systems ultimately

result from the fact that the predicted object, namely a probability distribution, is not better known

a posteriori than it was a priori. Worse than that, that object, which is only an a priori estimate of

our uncertainty on the state of the system, has no objective existence, and cannot be ‘observed’.

A number of statistical objective diagnostics, which measure either reliability or resolution, or

both, are used for the evaluation of meteorological EPSs. These diagnostics are presented and

discussed in, e. g., Wilks (1995) or Toth et al. (2003). A few of them are briefly discussed here.

The Brier score (Brier, 1950) and its generalizations (Ranked Probability Score, Continuous Ranked

Probability Score) are relative to the prediction of a (possibly infinite) collection of events Ei. They

are of the general form

B � E[�i(pi - oi)
2] (1)

where E denotes an average taken over all realizations of the prediction system. For any i, pi is the

a priori predicted probability of occurrence of Ei, and oi is what can be called the a posteriori
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‘observed’ probability of occurrence, defined as being equal to 1 or 0 depending on whether the

event Ei has been observed to occur or not. There is no condition on the collection of events Ei

(as for instance that they be mutually exclusive, or globally exhaustive), and the summation in (1)

is to be replaced by an appropriate integral when the collection is infinite. In agreement with the

notation used above, for any sequence F � {pi} of predicted probabilities for the events Ei, we

denote F‘(F) � {pi’(F)} the sequence of conditional observed frequencies of occurrences of the Ei‘s,

given that F has been predicted. The score B then decomposes into

B = E[�F - F‘�
2] - E[�F’ – Fc�

2] + �i [E(oi

2
) – (E(oi)

2)] (2)

where �.�
2

denotes the squared Euclidean distance [�F - F‘�
2
� �i(pi – p’i)

2
], and Fc � E[F’] =

{E(oi)} is the sequence of overall observed frequencies of occurrence of the events Ei.

Decomposition (2) generalizes a classical decomposition by Murphy (1973). The first and second

terms on the right-hand side respectively measure reliability and resolution. The third, residual, term

is independent of the performance of the prediction system.

The so-called Relative Operating Characteristics (ROC) curve defines another score,

appropriate for prediction of binary events. That score measures resolution, as has been defined

above.

The Rank Histograms, relative to the prediction of a scalar variable, define the statistical

distribution of the verifying observation with respect to the values produced by an ensemble.

Flatness of the histogram is a necessary condition for reliability. An extension of the rank histogram

to the case of a multidimensional variable has been proposed, in the form of the Minimum

Spanning Tree, by Smith and Hansen (2004) (see also Wilks, 2004).

The Reduced Centred Random Variable (Candille and Talagrand, 2005), also relative to the

prediction of a scalar variable, is defined as the ratio s � (� - μ)/�, where μ and � are respectively

the expectation and standard deviation of the predicted probability distribution, and � is the verifying

observation. For a reliable prediction system, s must have expectation 0 and variance 1.

Three elements at least cause some uncertainty in the very process of validation of EPSs. The

first element is the finiteness of the predicted ensembles, which results in uncertainty in the

predicted probability distribution. The second element is the fact that the verifying observations are

affected by errors. And the third is the unavoidable finiteness of the verifying sample.

Concerning the size N of the predicted ensembles, a first question is which values of N can

be useful in practice. As already said, N has values of up to a few tens in present operational

EPSs. Values as large as N = 200 have been considered. It is actually difficult to imagine in which

circumstances a user will ever make the difference between forecasts of, say, 123/200 and 124/200

for the probability that it will rain to-morrow. And even if such a difference is deemed to be

potentially significant and useful, the question arises of how large a verifying sample will be

necessary before one can be sure the difference is reliable. Concerning the Brier score (1), the

value BN obtained with ensembles of size N (assuming an infinite verification sample) varies with
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N as (Talagrand et al., 1999, Richardson, 2001)

BN = B + A/N (3)

where A is a constant depending on the mutual dispersion of the predicted probabilities (the more

dispersed those probabilities, the larger A). This equation shows that increasing N decreases the

numerical value of the score, i. e., improves the estimated performance of the system. That

improvement corresponds only to smoothing of sampling noise, and has of course no real meaning

as to the fundamental performance of the system (no analytical expressions seem to have been

obtained for the reliability and resolution components of the score separately, but numerical tests

performed by Candille, 2003, show a similar monotonic variation).

More importantly, diagnostics performed on operational EPSs, as well as numerical simulations

(Candille, 2003), show that the objective scores of validation of EPSs saturate for ensemble sizes N

in the range 30-50 (in eq. (3), A is always a fraction of B). This is in independent of the values

of the scores. The fundamental reason for that saturation is not clear, but it may have to do with

the fact that, because of the fundamentally limited size of the verification sample (see below),

diagnostics are in practice limited to the prediction of n–outcome events (with n of the order of a

few units) and of one-dimensional variables. That may explain why relatively small ensembles are

sufficient to properly sample the underlying probability distributions. On the other hand, there may

be applications, such as for instance estimation of the variances of the underlying probability

distributions, for which larger ensembles are necessary. Tables for �2�variables show that, with an

ensemble with size N=50, there is a 20%-probability that the estimate of the variance will be

erroneous by at least 25%. One can also note that, the accuracy with which probabilities are

predicted may be less than the 1/N accuracy that is allowed in principle by ensembles with size N.

Additional work is necessary in order to determine to which value the size N of predicted

ensembles can be usefully increased, but it is clear that the performance of EPSs increases very

slowly with N.

Errors in the verifying observations introduce noise in the scores. One way to take

observation errors into account is to perturb the predicted ensemble elements by the same random

noise that is assumed to be present in the observations, and then to use scores appropriate for exact

observations. This however amounts to evaluating the forecasts as predictors of observations, and

not of reality. Candille (2003) has considered the observation as defining, together with the

associated error, a probability distribution for reality. That ‘observed’ probability distribution can

then be introduced into Brier-like scores of form (1). It suffices to take for the a posteriori

‘observed’ probability oi the conditional probability that the event Ei has occurred, given the

observations. Decomposition (2) into a reliability and a resolution components remains valid. The

observed probability distribution can also be introduced into the ROC curve score (it cannot

however be introduced in either the Rank Histogram or the Reduced Centred Random Variable).
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Simulations performed by Candille (2003) show that, as a general rule, use of the observed

probability distribution degrades reliability, and improves resolution, in comparison with the real

scores, i. e., the scores that would be obtained if the observations were exact. As recently remarked

by Bowler (2006), it must in principle be possible to obtain those real scores, at least if the

observation error is a independent random variable added to the real physical signal. For a given

predicted probability distribution F, the conditional frequency distribution of the verifying observation

is the convolution product F’’ � F’ * B, where B is the probability distribution of the error, and

F’, in agreement with the notation used above, is the conditional frequency distribution for the real

physical variable. Knowing B, it is in principle possible to invert the convolution product, and to

determine F’.

Objective evaluation of probabilistic predictions requires that the verification sample must be

large enough for the various scores to be reliably estimated. In case of EPSs, there is a close link

between the size N of the predicted ensembles, or at least the accuracy with which probabilities are

predicted, and the size M of the verification sample. It is obvious that M must increase with N.

Considering for instance the prediction of the occurrence of a particular event E, a basic question

is the following. What is the size of the verification sample that is necessary for evaluating whether

a (1/N)-probability forecast is reliable ? Assuming L forecasts are produced for every date, and

making simple hypotheses as to how different probabilities are predicted over those L forecasts, the

answer is that the event E must have occurred at least �N/L times, where � is of the order of a

few units, before the reliability of the (1/N)-probability forecast can be evaluated. If the event

occurs as frequently as 4 times a year, one must wait 10 years for N = 100, and 50 years for N =

500. We have mentioned above that objective scores for validation of EPSs saturate for values of N

in the range 30-50. We find here, on the basis of a totally different argument, that objective

validation of EPSs with larger values of N would in practice be impossible.

More generally, explicit determination of the conditional frequency distributions F’ (that

explicit determination is necessary for direct verification of the reliability condition F’ = F, or for

the determination of decomposition (2) of Brier-like scores) requires partitioning the realizations of

the prediction system into classes within each of which the predicted probability distribution F is

considered to be the same. The classes must be numerous enough so that the partitioning is

physically useful, and the individual classes must contain enough elements so that the determination

of F’ is statistically reliable, Those two constraints are fundamentally contradictory. Those aspects

have been studied in detail by Candille and Talagrand (2005) in the case of the evaluation of

probabilistic predictions for an individual meteorological variable. Partitioning the predicted

probability distributions amounts to partitioning the domain of variation of the variable into

subdomains. The conclusion is that, with N=50, the number of subdomains can be at most about 10

for one-day forecasts, and about 5 for 5-day forecasts (for which the number of predicted

probability distributions is much larger). This also imposes strong limits on the degree to which

probabilistic predictions can be objectively validated.
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Ensemble Prediction has now become a standard tool of meteorology, and has already

significantly contributed, both directly and indirectly, to the improvement of meteorological forecasts.

Numerous problems remain however as to how ensemble forecasts can be objectively and reliably

validated. It is also clear that, because in particular of the unavoidably (relatively) small size of the

verifying samples, strong limits exist on what can be obtained from Ensemble Prediction. Solution

of those problems, and identification of those limits, are necessary.
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IPM 67 DISCUSSANT:

John Haslett, E-mail: jhaslett@tcd.ie
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IPM 68 : A Panel Discussion on “Issues in Business and
Industrial Statistics in the Developing and Developed Worlds”

Organizer: Bovas Abraham, E-mail: babraham@uwaterloo.ca
Sponsors: GTC, ISBIS

Discussants:

Bovas Abraham
David Banks
Eugenio K. Epprecht
Jacky Galpin
Yulia R. Gel
Yves-Laurent Grize
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IPM 68 DISCUSSANTS:

Bovas Abraham, E-mail: babraham@uwaterloo.ca
David Banks, E-mail: banks@stat.duke.edu
Eugenio K. Epprecht, E-mail: eke@ind.puc-rio.br
Jacky Galpin, E-mail: jacky@galpin.co.za
Yulia R. Gel, E-mail: ygl@math.uwaterloo.ca
Yves-Laurent Grize, E-mail: yves-laurent.grize@baloise.ch
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Issues of Business and Industrial Statistics in the Developing and Developed Worlds
- A Panel Discussion

Organizer: Bovas Abraham, University of Waterloo, Ontario, Canada

In this panel discussion we will address many issues facing the implementation of
Statistics in Business and Industry in the developing and developed worlds. We also like 
to look at future directions for Business and Industrial Statistics. 

The issues facing the developing world may be different from those in the developed 
world. Available resources and technology, the variation in cultures, geography etc. 
contribute to the differences. In addition countries may have aspects of both developing 
and developed worlds. For instance, in certain business areas a country may be among the 
best in the world (eg banking services or technology).  In other areas that country may 
face some challenges. It is important to examine 'developing countries' in the light of 
different sectors, and to discuss how the different sectors can and could interact. In 
addition, there is often an overlap between the input of statisticians and other 
professionals such as operations researchers, but often insufficient collaboration between 
them. It is necessary to build systems for collaboration.

Statisticians have devised many tools for application and these are available to be utilized 
for general business improvement and industrial problem solving. However, there is a 
wide gap between the available tools and what are practiced in business, finance and 
industrial organizations. Thus it is important for statisticians to direct serious attention to 
bridging this gap if statistics is to be relevant in business and industry and to the society 
at large. The reasons for this gap can be different from organization to organization and 
country to country. However, some of these reasons may be similar within the developing 
world (or within the developed world) while they can be quite different in the two worlds. 
What are the strategies for bridging these gaps? In this 21st Century many business, 
financial and industrial organizations are multinationals which brings positive and 
challenging aspects for implementation. The multinational reality of organizations can be 
used to create systems for interaction between the two worlds. Business organizations in 
certain countries like China and India are changing fast adding new dimensions to the 
implementation issue. 

Implementation involves an understanding of the structure and culture of organizations.
In addition it involves training consulting, and education. For short term, there has to be 
appropriate training and consulting systems to deal with the training of people at different 
levels of an organization. For long term, universities need to educate students who are
going to work in organizations. Thus academia and business organizations need to 
interact and collaborate. Curriculum design, delivery of the material etc need to be 
considered in this context. The approach for training and consulting in the two worlds can 
be quite different. Developing university-business-industry collaboration in the 
developing and developed worlds needs care and often different approaches.
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The panel will consider and discuss issues and look at the future directions for business 
and industrial statistics. The panel will have representations from different regions of the 
world. The format of the session will be as follows: 
Each panelist will make a presentation for about 10-15 min, followed by a floor 
discussion for 30min. Then there will be final comments by the panel members.

Panelists:
David Banks (USA), Eugenio Epprecht (Brazil), Jacky Galpin (South Africa),
Yulia Gel (Canada/Russia), Yves Grize (Switzerland).
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IPM 69 : When Genomics Meets Genetics : How to combine
Linkage,Allelic Association,Gene Expression, and

Proteomics Studies to dissect Complex Traits

Organizer: Steve Horvath, E-mail: shorvath@mednet.ucla.edu
Sponsors: GTC, LS

Speakers:

Steve Horvath
Ning Sun
Hongyu Zhao

Discussant:

Grace Shwu-Rong Shieh
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Weighted Gene Co-expression Network Analysis and Complex Dis-

ease Gene Mapping

Steve Horvath
University of California, Los Angeles
E-mail: shorvath@mednet.ucla.edu

ABSTRACT

Integration of gene expression, genetic marker, and phenotype data via genetical genomics strategies
allows the characterization of interactions among clusters of genes simultaneously. As such, genetical
genomics – which focuses on identifying genetic pathways responsible for traits – is increasingly used
in complex trait mapping. Closely related to “genetical genomics” are “systems genetic” approaches
that emphasize network methods to describe the relationship between the transcriptome, physiological
traits, and genetic markers. Here we describe a particular incarnation of a systems genetic approach:
integrated weighted gene co-expression network analysis (WGCNA). By focusing on modules rather
than individual gene expressions, WGCNA greatly alleviates the multiple testing problem inherent in
microarray data analysis. Instead of relating thousands of genes to the physiological trait, it focuses
on the relationship between a few (eg. 10) modules and the trait. Because modules may correspond
to biological pathways, focusing the analysis on module eigengenes (and equivalently intramodular
hub genes) amounts to a biologically motivated data reduction scheme. WGCNA starts from the
level of thousands of genes, identifies clinically interesting gene modules, and finally uses intramodular
connectivity and causality testing to identify the key genetic drivers underlying the clinical trait.

Keywords. Systems genetics, genetical genomics, statistical genetics, module, hub gene.
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A Bayesian Error Analysis Model to Integrate Genomics Data for

Dissecting Transcriptional Regulations

Ning Sun
University of California, Los Angeles
E-mail: shorvath@mednet.ucla.edu

ABSTRACT

Transcriptional regulation is a fundamental biological process, and extensive efforts have been made
to dissect its mechanisms through direct biological experiments and regulation modeling based on
physical-chemical principles and mathematical formulations. Despite these efforts, transcriptional
regulation is yet not well understood due to its complexity and limitations in biological experiments.
Recent advances in high throughput technologies have provided substantial amounts and diverse types
of genomic data that reveal valuable information on transcription regulation, including DNA sequence
data, protein-DNA binding data, microarray gene expression data, and others. In this article, we
propose a Bayesian Error Analysis Model to integrate protein-DNA binding data and gene expression
data to reconstruct transcriptional regulatory networks. There are two novel aspects in this proposed
model. First, transcription initiation and transcription elongation are modeled as a two-stage bio-
chemical reaction, and a linear system model with clear biological interpretation is developed where
the reactions are assumed to attain equilibrium. Second, measurement errors in both protein-DNA
binding data and gene expression data are explicitly considered in a Bayesian hierarchical model
framework. Model parameters are inferred through Markov chain Monte Carlo. The usefulness of this
novel approach is demonstrated through its application to infer transcriptional regulatory networks in
the yeast cell cycle.
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Genetic Linkage and Association Analysis in the Genomics Era

Hongyu Zhao
Yale University
E-mail: hongyu.zhao@yale.edu

ABSTRACT

Recent technological advances have made it possible to monitor the expression levels of all the genes in
a sample, and the field of “genetical genomics” is evolving at rapid pace. Instead of analyzing one or a
few traits, tens of thousands of traits defined by transcript abundances coupled with more traditional
phenotypes are examined in such studies. In this presentation, we will discuss the opportunities
and challenges presented by such data with a focus on integrating diverse data sources and borrowing
information across genes to more efficiently identify genetic variants underlying traits of interest. Data
fro yeast crosses will be used for illustrations.

Keywords. Linkage, association, microarray, functional genomics, data integration.
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1472 CHAPTER 1. INVITED PAPER MEETINGS (IPMS)

IPM 69 DISCUSSANT:

Grace Shwu-Rong Shieh, E-mail: gshieh@stat.sinica.edu.tw

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 1490 -



IPM 70 : Design of Experiments in Marketing and

Advertising Testing

Organizer: Johannes Ledolter, E-mail: johannes-ledolter@uiowa.edu
Sponsors: GTC, ISBIS

Speakers:

Gordon Bell
Martin Koschat
Leonard Roseman

Discussant:

Peter Hackl
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Robust Test Designs for Dynamic Marketing, Retail, and 
Advertising Programs 
Bell, Gordon 
LucidView 
80 Rolling Links Blvd. 
Oak Ridge, TN 37830  USA 
E-mail: gbell@lucidview.com 

Introduction 
 Marketing and advertising managers began “scientific advertising” in the early 1900s with 
split-run newspaper tests. Large publishers printed two runs of the same newspaper. Placing 
different versions of their advertisement (with a unique mail-in coupon) in each run, managers 
could measure the number of orders from each. This offered a simple way to test new pictures, 
copy, prices, and other variables, simply by making one change to the ad in the second run. For the 
last 90 years, the majority of marketers and advertisers have continued to use the same one-
variable-at-a-time testing method.   
 The birth of design of experiments began around the same time. But as this specialized field 
grew, the marketing world persisted with one-variable tests, largely unaware of multivariable 
methods. The chasm between the science and practice of marketing testing continued. Even today, 
most market leaders have at best a passing awareness of scientific “multivariable testing” (as design 
of experiments has come to be called in marketing).   

Challenges of In-Market Testing 
 The unique challenges of testing in marketing, retail, media advertising, and Internet 
programs also create immense opportunity for applying advanced experimental design techniques 
(this paper uses “test” and “experiment” interchangeably). The primary challenge is the lack of 
market control. Controlled environments—whether engineering laboratory, manufacturing plant, or 
even market research study—have seen more widespread use of experimental design. Closer to the 
“front lines” of marketing, statistical issues are overshadowed by myriad human, operational, cost 
and control issues. The textbook statistics are secondary to “getting the mail out the door… closing 
the sale… staying on budget…” and managing the daily demands of every marketing program. Like 
the framing of a house, the statistical structure must be built correctly on a solid technical 
foundation. Yet all the elements of the marketing-mix built upon that framework ultimately 
determine the attractiveness and value of the outcome. Successful marketing testing combines the 
efficient use of powerful experimental design techniques along with skill in the art of marketing and 
test execution. In spite of the challenges, large marketing investments and a high potential financial 
return are making experimental design an important tool for improving performance in competitive 
markets. 

Unique Requirements of Experimental Design in Marketing 
 Factorial, fractional-factorial, and other experimental designs have been widely used in 
manufacturing, but seldom in marketing, retail, and advertising applications. The few published 
examples tend to focus on market research applications and small retail tests using full-factorial or 
fractional-factorial experimental designs.   
 Recently, market leaders have achieved considerable benefit from large in-market 
fractional-factorial (and related) test designs1. This may be due, in part, to the unique characteristics 
of marketing testing not found in a manufacturing environment: 
 1. A large number of potential test factors 
 2. Few well-established “laws” of marketing 
 3. Constant change in the marketplace (high variability and instability) 
 4. Limited window of opportunity – both for testing and applying results 
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A nearly endless list of marketing-mix variables can be tested. In particular, creative 
changes—like the words, pictures, and layout of a direct mail package—can be defined and tested 
in numerous ways. Whereas a manufacturing process often has a discrete number of “knobs” that 
can be adjusted, the intangible nature of marketing programs removes many physical limits on the 
potential number of factors. For example, even a simple concept like “price” is very flexible. The 
absolute price (e.g., $9.99) cannot be separated from the creative presentation: the number of times 
price is shown, along with the size and location, highlights and starbursts, and other ways of 
presenting that price point to the consumer. 
 Physical properties of materials and manufacturing processes are often well understood.  
“Laws” of the marketplace are more nebulous. The impact of the words in a newspaper ad, or color 
of an envelope, or product packaging on supermarket shelves cannot be distilled down to a physical 
law or mathematical equation. Expert copywriters, graphic artists, and retailers do follow 
established rules of effective marketing, but these rules encompass greater variability and 
subjectivity than the laws of nature. There are simply many questions that one can ask in 
marketing—numerous ideas than can become valid test factors. 
 Experimenting on an unstable process is difficult, yet markets tend to be in constant flux.  
Customers, products, marketing programs, and the competitive environment learn, evolve, change, 
and react. Instability may be an objective in itself—catch the customer’s attention with an exciting 
new product and offer, presented in a unique mailing, e-mail, or advertisement that stands out above 
the “common cause” competition. In effect, marketers regularly try to create a “special cause.”  
 For this reason, factors are best tested at a stable point within an unstable market. Testing 
many variables at once—in one mailing, randomized across one group of customers, using the same 
products and promotions—can provide statistically valid results. Though results cannot necessarily 
be extrapolated to future campaigns, proving the significance and hierarchy of effects and 
interactions at a single point in time gives marketers clear insights to help them plan future 
campaigns. With the speed of change, immense market uncertainty, and endless possibilities, large 
fractional-factorial tests provide an immense quantity of valuable insights. 
 In dynamic and “noisy” markets, speed and test power are imperative. In-market tests often 
require significantly larger sample sizes than manufacturing experiments, not only due to market 
noise, but also because many tests focus on response rate (binomial versus variables data)—does 
someone respond to the mailing or e-mail, or buy a product online or in the retail store. With the 
normal response to a credit card offer perhaps 0.4%, a test mailing of 500,000 is common. The 
speed of market change also leads to a focus on short-term metrics and rapid implementation of 
results.   
 The variability of factor effects on purchase behavior tends to increase as testing moves 
“upstream” from the point of purchase.  Therefore, in-market testing can measure buyer behavior 
better than market research studies measuring opinion or intent. Even within in-market tests, 
variability increases as the test is executed farther back from the point of purchase. For example, in 
the retail environment, in-store tests tend to have less noise than advertising tests. A newspaper 
advertisement or circular reaches a broader audience than the population of potential buyers and is 
separated by some length of time and distance from the purchase decision. Each step in the 
process—between exposure to the advertisement and payment at the cash register—adds a layer of 
variation to the test. Media advertising tests can be valuable, but the sample size (number of people 
exposed and/or the length of time the test runs) must often be greater. This is likely one reason why 
experimental design appears more widely used in marketing channels with a direct-response 
mechanism (like direct mail, catalogs, e-mail and Internet campaigns). That said, the financial 
investment and potential return in retail and advertising testing is so large that these applications 
should be pursued, simply with larger sample sizes. In addition, the selection of bold factors and 
stable test units can help overcome the challenges of high variability. 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 1493 -



3

Fractional-factorial Designs 
 One downside of experimental design in marketing is that each treatment combination (also 
called a test recipe) can be costly to develop and execute. Website and e-mail tests can have lower 
per-recipe costs and therefore use larger test designs. In contrast, direct mail and advertising tests 
often require efficient designs with minimal test recipes. The selection of test design is primarily 
driven by: 

1. The number of factors desired 
2. Interest in analyzing interactions along with main effects 
3. The cost of additional test recipes 
4. The number of levels tested for each factor 

If test recipes were free, every test could use a full-factorial design. This would provide an 
independent calculation of every main effect and all possible interactions. In the following direct 
mail case study (starting on page 5) with 19 factors, each at two levels, a full-factorial design would 
include 524,288 versions of the mailing (219 test recipes). Clearly this is not possible, so some sort 
of fractional (or non-orthogonal) test design is necessary. Effect sparsity, effect heredity, and effect 
dissipation (the author’s term leveraging the earlier concept of hierarchical ordering) justify 
fractional-factional designs with the principles that: 

 • Few effects tend to be significant 
 • Interactions tend to include factors with large main effects 
 • Two-factor interactions tend to be smaller than main effects and  

higher- order interactions (3-factor, 4-factor, and so on) rapidly disappear. 

More factors require a larger minimum test design. Seven two-level factors requires at least 
eight test recipes; 15 factors requires at least 16 test recipes. Small test designs are appropriate when 
the marketing team wants to focus on a few variables already proven important. Large test designs 
are an efficient way to test many new ideas at once to rapidly optimize a marketing program by 
identifying the most important tactics (and avoiding costly changes that have little effect).  
 Designs with a lower ratio of recipes-to-factors primarily test main effects. If interactions 
are important or may be large (as is often the case with price testing), then a test of more 
combinations of fewer variables may be most appropriate. However, “low resolution” main-effects 
designs (in which many two-factor and higher-order interactions are correlated with main effects) 
can allow for a limited analysis of select two-factor interactions, as shown in the case study, below.  
 Higher per-recipe costs usually dictate a smaller test design. A 32-recipe fractional-factorial 
design may be most effective for a 15-factor Internet test (to reduce “confounding error” at minimal 
cost), but a 16-recipe design may be preferable for a direct mail test.  

Orthogonal versus Optimal Test Designs2

In marketing tests, the number of levels for each factor is nearly as limitless as the potential 
list of factors. Unfortunately, a test of three of more levels can lead to a factorial or fractional 
design with an unmanageable number of recipes. Design of experiments offers one solution with 
optimal designs. Whereas orthogonal factorial and fractional designs have zero correlation among 
columns in the test matrix (all main effects and, at times, certain interactions can be estimated 
independently), optimal test designs have some correlation among effects but are designed to limit 
the number of recipes while optimizing a selected design characteristic. For example, D-optimal 
designs are set up to minimize the volume of the confidence region of the effect estimates 
(considering the variances and covariances of these estimates).   
 Optimal designs allow you to test under sub-optimal conditions where certain combinations 
are constrained, the cost of testing is immense, or the “response surface” has abnormal 
characteristics. Fortunately, these constraints are seldom necessary in marketing tests. In marketing 
testing, the most “optimal” test design is usually one with a straightforward execution, clear 
analysis, and easily-understood results.  
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Instead of testing multiple levels at once, marketers may decide to: 
 • Test bold levels in an efficient two-level design, followed by further “refining”  

tests, analyzing significant effects at new levels (running a series of tests similar to 
response surface methodology). 

 • Break multiple levels into multiple test designs. For example, if two customer  
segments cannot receive the same offer terms, each can be tested in a separate  
orthogonal design, rather than combining both into one optimal design with a  
constrained design region. 

 • Use centerpoints to test for curvature of the effects—adding one test recipe with all 
factors set at a level directly between the high (+) and low (-) levels. If curvature is 
significant, then further tests (or additional design points) can be run to further  
assess curvature. 

 • Test three or four levels along with a 2-level orthogonal test design. A three- or  
four-level factor can be included within a two-level test matrix, but this adds  
complexity. Often a more efficient strategy is to add one or two additional “splits” 
(one-variable test recipes) onto a standard 2-level test design, allowing for the  
analysis of additional levels of one factor (but requiring additional sample size)  
without detracting from the robust two-level design. 

 • Define multi-level ideas as a combination of two-level factors. 

For example, a Conde Nast Publications e-mail test3 included four ways to present the 
special subscription price: with a simple message, adding “that’s less than 85¢ an issue” highlighted 
in a red dot, adding “that’s like getting 18 issues free” in the text, and showing a graphic with the 
cover price crossed out and the special subscription price highlighted. Instead of defining a 4-level 
factor, this “price presentation” concept was defined as three separate factors: 

The test design included all combinations of these three factors among the test recipes: recipes with 
all three “no” (a simple price message without any of these) and recipes with one, two, and all three 
of the factors. Not only did this eliminate the need for a 4-level factor, but also provided data on 
interactions among all three.  

Plackett-Burman Designs 
 Fractional-factorial techniques offer a way to test a large number of factors with a fraction 
of the test recipes. One practical drawback is that all fractional designs are a power of two, with no 
alternatives between designs with 4, 8, 16, and 32 (and so on) test recipes.  8-15 factors require a 
16-recipe fractional design. Adding one more factor then doubles the size of the design—testing 16 
factors in 32 recipes. 
 Plackett-Burman designs are orthogonal two-level designs similar to fractional designs, but 
with the number of recipes a multiple of four. Plackett-Burman designs with 12, 20, 24, and 28 
recipes (and so on) offer alternatives to minimize the number of test recipes.  
 The confounding schemes of Plackett-Burman designs are different than with standard 
fractional designs. In a fractional-factorial design, interactions are fully-confounded in one column 
of the test matrix. In contrast, Plackett-Burman designs have interactions partially confounded in a 
number of columns. Two benefits are that (1) each interaction does not add as much “confounding 
error” to any one effect and (2) certain interactions may be estimated along with main effects, 
whereas in a fractional design, interactions and main effects have 1:1 correlations, so cannot be 

(-) level (+) level

"85¢ an issue" dot No Yes
"Like 18 issues free" text No Yes
Strikethrough pricing graphic No Yes
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separated mathematically. Two drawbacks of Plackett-Burman designs are (1) the complex 
confounding scheme and (2) that each interaction—though not fully confounded with any one 
column—is partially confounded within numerous columns. 
 The complexity of Plackett-Burman designs is likely the reason for their limited application 
historically. However, as the following case study shows, a well-run Plackett-Burman design can 
overcome these drawbacks and offers a method for testing more factors very efficiently. 

Direct Mail Test: 19 Factors in a 20-recipe Plackett-Burman Design4

The financial industry—including insurance, investment, credit card, and banking firms—
was among the first to use experimental design techniques for marketing testing. The project 
described here is from a leading Fortune 500 financial products and services firm. The company 
name and proprietary details have been removed, but the test strategy, designs, results, and insights 
are accurate.  
 The firm’s marketing group regularly mailed out credit card offers and wanted to find new 
ways of increasing the effectiveness of their direct mail program. The 19 factors shown in the table, 
below, were thought to influence a customer’s decision to sign up for the advertised product. 
Factors A – E were approaches aimed at getting more people to look inside the envelope, while the 
remaining factors related to the contents and offer inside. Factor G (sticker) refers to the peel-off 
sticker at the top of the letter to be applied by the customer to the order form. Factor N (product 
selection) refers to the number of different credit card images that a customer could chose from, 
while the term “buckslip” (factors Q and R) describes a small separate sheet of paper that highlights 
product information.     

The 19 test factors and their low and high levels (called the “control” and “new idea”) 

The 20-run Plackett-Burman main effects design, below, was created to test these 19 factors 
in the fewest test recipes. 

Factor (-) Control (+) New Idea
A Envelope teaser General offer Product-specific offer
B Return address Blind Add company name
C "Official" ink-stamp on envelope Yes No
D Postage Pre-printed Stamp
E Additional graphic on envelope Yes No
F Price graphic on letter Small Large
G Sticker Yes No
H Personalize letter copy No Yes
I Copy message Targeted Generic
J Letter headline Headline 1 Headline 2
K List of benefits Standard layout Creative layout
L Postscript on letter Control version New P.S.
M Signature Manager Senior executive
N Product selection Many Few
O Value of free gift High Low
P Reply envelope Control New style
Q Information on buckslip Product info Free gift info
R 2nd buckslip No Yes
S Interest rate Low High
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The 20-recipe Plackett-Burman design with response rates for each mailing 

In a Plackett-Burman design each pair of factors (columns) is orthogonal, which by 
definition means that each of the four factor-level combinations, (- -), (- +), (+ -), (+ +), appears in 
the same number of recipes. In the 20-recipe design (above) for every pair of columns, each of the 
four combinations appears five times. As a consequence of orthogonality, the main effect of one 
factor can be calculated independently of the main effect of all others. Plackett and Burman showed 
that the complete design can be generated from the first row of +’s and –’s. In this matrix, the last 
entry in row 1 (–) is placed in the first position of row 2. The other entries in row 1 fill in the 
remainder of row 2, by each moving one position to the right. The third row is generated from the 
second row using the same method, and the process continues until the next to the last row is filled 
in. A row of –’s  is then added to complete the design. 

Sample Size 
 The focus of the direct mail test was on increasing response rate: the fraction of people who 
respond to the offer. The overall sample size (the number of people to receive test mailings) was 
determined according to statistical and marketing considerations. The chief marketing executive 
wanted to limit the number of names to minimize the cost of test mailings performing worse than 
the control (especially when testing a higher interest rate) and to reduce postage costs. Of the 
500,000 total packages that were mailed, 400,000 names received the “control” mailing (the current 
highest-response version of the mailing) that was run in parallel to the test, while 100,000 were 
used for the test. Therefore, each of the 20 test cells in Table 2 was sent to 5,000 people, resulting in 
the response rates listed in the last column. 
 For each factor in the experiment, 50,000 people received a mailing with the factor at the 
plus level and 50,000 people received a mailing with the factor at the minus level. Each main effect 
is obtained by comparing average responses from these two independent samples of 50,000 each. 
Because the design is orthogonal, the same 100,000 people are used to obtain independent estimates 
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Test 
Cell A B C D E F G H I J K L M N O P Q R S Response 

Rate
1 + + - - + + + + - + - + - - - - + + - 52 1.04%
2 - + + - - + + + + - + - + - - - - + + 38 0.76%
3 + - + + - - + + + + - + - + - - - - + 42 0.84%
4 + + - + + - - + + + + - + - + - - - - 134 2.68%
5 - + + - + + - - + + + + - + - + - - - 104 2.08%
6 - - + + - + + - - + + + + - + - + - - 60 1.20%
7 - - - + + - + + - - + + + + - + - + - 61 1.22%
8 - - - - + + - + + - - + + + + - + - + 68 1.36%
9 + - - - - + + - + + - - + + + + - + - 57 1.14%

10 - + - - - - + + - + + - - + + + + - + 30 0.60%
11 + - + - - - - + + - + + - - + + + + - 108 2.16%
12 - + - + - - - - + + - + + - - + + + + 39 0.78%
13 + - + - + - - - - + + - + + - - + + + 40 0.80%
14 + + - + - + - - - - + + - + + - - + + 49 0.98%
15 + + + - + - + - - - - + + - + + - - + 37 0.74%
16 + + + + - + - + - - - - + + - + + - - 99 1.98%
17 - + + + + - + - + - - - - + + - + + - 86 1.72%
18 - - + + + + - + - + - - - - + + - + + 43 0.86%
19 + - - + + + + - + - + - - - - + + - + 47 0.94%
20 - - - - - - - - - - - - - - - - - - - 104 2.08%

Orders
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of each main effect. Using one-variable testing techniques, a sample size of about 25,000 would be 
required for each of 19 one-factor tests, for a total sample size of 475,000. Therefore, 375,000 more 
people would have to be tested to obtain the same statistical power as the Plackett-Burman design.     

Test Results 
 The estimated effects, which are differences between average responses at the plus and 
minus levels of the factor columns, are shown below. In the chart, effects are ordered from the 
largest (at top) to the smallest (at bottom), in terms of their absolute values. The sign of each effect 
shows which level is better: For positive effects, the “+” level increases response; for negative 
effects, the “–” level increases response.  

Main effects estimates: Plackett-Burman design 

Significance of the effects was determined by comparing the estimated effects with their 
standard errors. The result of each experimental run is the proportion of customers who respond to 
the offer. Each proportion is an average of n = 5,000 individual binary responses; its standard 
deviation is given by  n)1( ππσ −= , where π is the underlying true proportion. Each estimated 
effect is the difference of two averages of N/2 = 10 such proportions. Hence its standard deviation 
is

n
)1(N4

n
)1(

N
2

n
)1(

N
2)Effect(StdDev ππππππ −=−+−=

Replacing the unknown proportion π by the overall success proportion (averaged over all 
runs and samples),  01298.0000,100/298,1)/()(# === nNPurchasesp , leads to the standard error 
of an estimated effect, 

00072.0
000,5

)98702.0)(01298.0(204)Effect(StdError ==

Test Results: Main Effects
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The standard error is 0.072 if effects are expressed in percentage terms. Significance (at the 
5 percent level) is determined by comparing the estimated effect with 1.96 times its standard error, 
±1.96(0.072) = ±0.141. The dashed line in the chart separates significant and insignificant effects. 

The following five factors had a significant effect on the response rate: 

S- or Low interest rate: Increasing the credit card interest rate reduces the response by 0.864 
percentage points. The financial gain from the higher rate would be much less than the loss 
due to the decrease in the number of customers.  

G- or Sticker: The sticker (G-) increases the response by 0.556 percentage points, resulting 
in a gain much greater than the cost of the sticker. 

R- or No 2nd buckslip: Adding another buckslip reduces the number of buyers by 0.304 
percentage points. One explanation offered for this surprising result was that the buckslip 
added unnecessary information.  

I+ or Generic copy message: The targeted message (I-) emphasized that a person could 
chose a credit card design that reflected his or her interests, while the generic message (I+) 
focused on the value of the offer. The creative team was certain that appealing to a person’s 
interests would increase the response, but they were wrong. The generic message increased 
response by 0.296 percentage points.  

J- or Letter headline #1: The result showed that all “good” headlines were not equal. The 
best wording increased the response by 0.192 percentage points.  

The response rate from the 400,000 control mailings was 2.1%.  The average response for 
the test was 1.298%. The predicted response rate for the implied best strategy, starting with the 
overall average and adding one-half of each significant effect, amounted to 2.40%. This represented 
a 15% predicted increase over the response rate of the “control.”  

Conclusions 
 The divergent paths followed by experimental statisticians and marketers for decades have 
begun to converge. Business leaders have started to embrace efficient multivariable test methods 
that offer new opportunities to test more elements of the marketing mix, reduce the time and cost of 
testing, gain greater market intelligence, and pinpoint the most effective marketing tactics. The 
challenge is applying advanced techniques with proactive restraint: using manageable yet robust 
test designs, focusing on strategic testing to maximize return-on-investment, and balancing the 
quest for speed and simplicity with the need to test bold new ideas and manage the uncertainty of 
dynamic markets.  
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Introduction

The information needs of a firm that brings a product to market usually vary 

depending on the phase of the product’s life cycle.  Broadly, there are three separate 

phases, each with distinct needs for insight. Early on, there is usually a high degree of 

uncertainty, and the firm’s primary question is: “Will customers buy?”  During the 

second phase, the product is established and recognized in the market place and the 

firm’s primary question becomes: “Who is buying and why?” During the final phase – 

which in terms of duration and revenue contribution may well be the most important 

of the three phases – the primary question becomes: “How can we serve our 

customers better and more profitably?” 

The data sources and the analytical tools that can be applied to these data 

usually vary significantly by product lifecycle phase.  During the first phase data tend 

to be sparse, unreliable and often opportunistically acquired.  Analytical methods that 

allow the data to “reveal themselves” – so to speak – are here highly valued.  It is 

typically only during the later phases that systematic investigation, including 

experimentation, becomes viable.  During the second phase the systematic dialogue 
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with customers, facilitated by the panoply of survey instruments, is the primary source 

of insight.  For analyzing these types of data, market researchers find a well stocked 

box of statistical tools.  During the third phase, transactional databases fed by CRM, 

or store scanning systems, are amenable to analysis by a broad variety of data mining 

and econometric tools, and they often provide a rich view of the market place. 

As noted, it is largely during the second and third phases that systematic 

acquisition of data through experimentation becomes viable, and in many leading 

marketing organizations experimentation does indeed play a prominent role in gaining 

market insight during these latter phases.  The opportunities and the analytical 

challenges vary across the latter two phases as we will illustrate in the next two 

sections of this note. 

A Few Considerations 

 The bulk of analytical problems in market research consists of explaining 

customer and market responses such as preferences or sales – which we will denote 

by s – in terms of a vector of observed market variables which are under the 

marketer’s control – which we will denote by a  – and a vector of unobserved 

variables – which we will denote byb .   (Typically there is also a third set of variables 

affecting the response, namely variables that are observed but not under the 

marketer’s control.  The following discussion is not going to be affected by the 

presence of such variables, and we therefore do not include them for further 

consideration.)

 Under an additive response model with a priori unknown parameter vectors 

and the response is explained as 
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ba tts .

For inference regarding the unknown we consider, for a sample of size N, the 

statistical model  

Nns nnn ,...,1,tt ba .

The challenge of market experimentation is then three-fold.  The first is 

managing )( tbvar , the variance of the second summand where both variables and 

parameters are unknown.  There are at least two widely used methods to reduce this 

variance.  The first is via model specification.  By a suitable choice of the response 

variable one can often eliminate the effects of nuisance parameters that unnecessarily 

add to the variance of the response.  For example, instead of looking at absolute sales 

levels for the experimental units it is often preferable to look at differences which 

could be increments over each unit’s historical sales levels or differences from sales 

of a suitably chosen “twin”.  The second method is paying close attention to the 

execution of the experiment to insure that the conditions that account for changes in 

the b variables remain stable from one experimental run to the next.   

 The second experimental challenge is to protect against spurious results where 

an unobserved variable that is correlated with one of the experimental variables drives 

an apparent relationship between the experimental variable and the response variable.  

In statistical terms, the issue here is the potential correlation between thea and the 

b variables.  Randomization is a well-known and powerful tool to effectively cope 

with this problem. 

 The third experimental challenge is parsimony, that is, getting a maximum of 

insight with a minimum of effort.  Addressing this challenge has traditionally been the 

focus and the strength of Statistical Experimental Design (see e.g. Ledolter and 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 1502 -



Swersey 2007, Wu and Hamada 2000).  It is worth noting that parsimonious 

experimentation can occur on two levels.  One is on the level of the experimental 

execution where it might be desirable to keep the number of experimental runs small 

because of the cost associated with executing an individual run.  The other is on the 

level where the experimental treatments are prepared.  Parsimony on this level may 

mean keeping the number of treatments small because of the cost associated with 

preparing each treatment.  

 It needs to be emphasized that the viability of run-parsimonious 

experimentation depends on the magnitude of )( tavar relative to )( tbvar .

If the latter is large compared to the former, run-parsimonious experimentation may 

be elusive because large sample sizes might be necessary to separate the signal from 

the noise.  Even though run-parsimonious experimentation may not be viable 

treatment-parsimonious experimentation is usually still is an option. 

Some Implications 

Conjoint analysis is one of the most widely used surveybased market research 

methods.  It provides insights into how consumers value the different features that 

characterize a product or service.  Arguably invented by Luce and Tukey (1964), the 

application of the method in Marketing was pioneered by Greene (see the widely 

quoted case study by Wind, Green, et al. 1989).   In conjoint analysis, the response 

variable s is an expression of consumer preference while the a  variables are the 

categorical variables corresponding to the product’s features and each feature’s levels.  

In an interview session, consumers are asked to evaluate several feature combinations.  

During such a session, typically lasting between 15 and 30 minutes, the unobserved b
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variables that also affect the consumer’s perceptions are unlikely to change in a major 

way.   Hence, run-parsimonious designs are feasible and actually highly desirable as 

consumers tire of such evaluation tasks relatively quickly.  Traditional parsimonious 

designs have been successfully used and, as of late, dynamic parsimonious designs 

hold great promise (Toubia et al. 2003).    

 In actual market experimentation )( tbvar  is usually the dominant variance 

component, and run-parsimonious experimentation is often elusive.   Treatment-

parsimonious experimentation is, however, still possible and often necessary.  The 

degree to which experimentation “by the book” is possible depends on the problem 

context.

 In direct marketing, the preparation and administration of different treatments 

can be a significant expense and it is therefore beneficial to apply the principles of 

Statistical Experimental Design to the preparation of the treatments.  The distribution 

of material to a large number of customers and the associated expenses, on the other 

hand, are part of standard operating procedure and the randomized assignment of 

different treatments to different consumers is usually not much of a logistic challenge.  

Under such circumstances, a careful statistical analysis of the experiment does not 

pose a serious challenge.  Furthermore, as sample size is less of a concern, 

economically significant results can be produced relatively easily.   

 In retailing, where experimentation takes place at the store level, the 

constraints of the distribution channel are often such that the assignment of a specific 

treatment to a particular store may not be easy or even possible.  Under such 

circumstances, the limitations to “good” experimental design require an often 

significant effort to correct for a design’s shortcomings.   
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 A frequent challenge to a careful analysis of market experiments is the 

presence of second order effects that manifest themselves in a heteroscedastic error 

structure.  Under such circumstances text book models for analyzing experimental 

data no longer suffice and a special effort is required to such data justice (for 

examples see, e.g. Koschat and Sabavala 1994, Weerahandi and Koschat 2007). 

Conclusion 

Marketing is a discipline that can, and does, significantly benefit from 

experimentation.  In tightly controlled settings, such as interviews for Conjoint 

Analysis, the principles of Statistical Experimental Design can often be applied 

verbatim.  In market experimentation, on the other hand, the focus on a parsimonious 

determination of the first order effect often needs to be balanced by a concern for 

second order effects that manifest themselves in heterscedasticity and that need to be 

properly accounted for in a statistical analysis. 
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Experimental Design in Marketing: Designs for Predicting 
Changing Consumer Behavior  

Leonard Roseman  
Capital One Financial  

Abstract
Formal designed experimentation has been applied to many fields of inquiry.  When applied 
to problems in marketing, the results inform decisions such as whether to market to a 
consumer, how to market to them, and how to treat them if they respond. Learning the right 
treatment for each individual consumer requires an iterative process of planning, testing, 
modeling, and implementation called Quantitative Continuous Learning (QCL). Two 
experiments drawn from work in database marketing and financial services illustrate how real 
world experimental designs used in the testing phase of QCL reflect three fundamental 
characteristics of marketing science: (1) constantly changing consumer behavior is the 
phenomenon under investigation, (2) marketing decisions require prediction rather than 
parameter inference, and (3) the cost of each observation may range over several thousand 
dollars positive or negative over the design space of an experiment. In theory, creating good 
designs requires explicitly tying information and cost together since optimal experimental 
designs are those that maximize information return for a given cost.  In practice, creating 
good designs requires three decision components to be clearly specified: a prior belief about 
the function being estimated, a measure of cost of an experimental unit in a particular 
treatment, and a measure of value tied to the decisions to be made. 

Introduction  
That the requirement for formal experimental design is a consequence of the variability of 
experimental material has been recognized since early in the 20th century (e.g. Harris (1915)). 
When variability is low and observations are inexpensive, “… an elaborate experimental 
design is not required.” (Federer (1955)).  Low variability may be common in the physical 
sciences, but it is unusual in the biological sciences where the modern theory of experimental 
design was developed (e.g. Fisher (1949)), and it is also unusual in marketing where the goal 
is to understand and predict human behavior. Moreover, in marketing the cost of an 
observation may range from very small (an email message) to very large (risk estimation in 
consumer lending). Due to this inherent variability and the need to control costs, marketing is 
fertile ground for experimental design.  

Modern marketing must support modern production, in particular mass customization: 
meeting individual customer needs with the efficiency of mass production (Pine 1993).  In 
one type of mass customization, collaborative customization, firms interact with customers to 
determine the precise product that best serves the customer’s needs (Gilmore 1997). 
Therefore, experimentation for modern marketing must support decisions such as whether to 
market to a consumer, how to market to them, and how to treat them if they respond.  
Experimentation in marketing is embedded in an iterative learning cycle by which the firm 
updates its predictions about consumer behavior as it learns more and as consumer behavior 
changes. Box et al. (1978) describe the learning cycle of scientific research as a four-step 
process: (1) building hypothesis by induction from available data, leading to (2) designing 
experiments to test this hypothesis, followed by (3) collecting data about the true state of 
nature, and then (4) comparing the new data to the deductions from the initial hypothesis 
which leads back to (1).  Marketers find it useful to divide this process into the eight steps of 
Quantitative Continuous Learning (Kahn 1999):  
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(1) Data Collection: Assembling all relevant data about the customer including demographic, 
psychographic, and behavioral covariates.  

(2) Financial Metric Creation: Determining the financial metric which the firm will use to 
‘keep score’. Preferably this should be some measure of long-term customer value such as 
net present value (NPV), but often this is some intermediate metric like response, 
purchase, or purchase size.  

(3) Ideation: Hypothesizing treatments that could change customer behavior in a way that will 
impact the financial metric.  

(4) Experimental Design: Designing an efficient way and cost effective way to measure the 
impact of the treatments on customer value in the presence of noise and within the 
constraints imposed by the experimental process.  

(5) Experimental Execution: Executing the design as intended, that is, without  
blunder.

(6) New Data Collection: Picking up the response from each experimental unit in the design.  
(7) Analysis: Modeling the response as a function of treatments, covariates, and their 

interaction in order to determine the customized treatment that will create greatest 
financial value.  

(8) Decisioning: Applying the learning, that is the model developed from the analysis, to the 
target population while reserving a random sample from the population for the next 
iteration of the learning cycle.  

In marketing, not only is the true state of nature observed with noise as in the chemistry 
experiments underpinning Box et al., but also the phenomenon under investigation, consumer 
behavior, is constantly changing. This constant change in the ‘true state of nature’ is the 
primary impetus for iterating the learning cycle.  

Two experiments drawn from work in database marketing and financial services illustrate 
how real world experimental designs used in the testing phase of QCL reflect three 
fundamental characteristics of marketing science: (1) constantly changing consumer behavior 
is the phenomenon under investigation, (2) marketing decisions require prediction rather than 
parameter inference, and (3) the cost of each observation may range over several thousand 
dollars positive or negative over the design space of an experiment. An experimental design is 
made up of two pieces (Milliken and Johnson 1993): treatment design, that is, the choice of 
treatment combinations that will be tested in the experiment and sampling (or unit) design, 
that is, the assignment of treatments to experiment units. The first experiment has a full 
factorial treatment design and the simplest possible unit design: simple random sampling. The 
second experiment has the simplest possible treatment design: one treatment, and a very 
complicated sampling design. In theory, creating good designs requires explicitly tying 
information and cost together since optimal experimental designs are those that maximize 
information return for a given cost. In practice, creating good designs requires three decision 
components to be clearly specified: a prior belief about the function being estimated, a 
measure of cost of an experimental unit in a particular treatment, and a measure of value tied 
to the decisions to be made.  

Database Marketing: Turkey Mail   
In 2002, an experiment was designed for Butterball (a brand of poultry from ConAgra foods), 
in order to understand what was the best way to communicate to a group of consumers who 
had signed up for a series of emails to be sent in November.  The ‘best way’ here means what 
emails to send to which people in what sequence.  A uniform prior on a full interactions 
model for response to the email when the marginal cost of each email is identical and 
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essentially zero led to a fully crossed factorial design of the form: 232 3 xx (that is 432 
treatment combinations).  A full factorial design like this with hundreds or thousands of 
treatment combinations, without any fractionation, is unusual in agriculture, manufacturing, 
or direct mail, but very common in internet marketing where marginal costs are vanishingly 
small.   

The Butterball Turkey Mail experiment has been described and analyzed by Kahn and 
Roseman (2006). Their description was used as the basis for the following introduction to the 
business problem. 

Butterball, which sells over a billion dollars a year in poultry-related products, provides a 
website for consumers, which is viewed by the brand managers as the premier site for 
information about poultry products, their preparation, and use. Consumer interest in turkeys 
peaks around (U.S.) Thanksgiving and by the beginning of November 2002, 57,584 
individuals had signed up to receive a series of weekly emails culminating in the days before 
Thanksgiving. This was the sample population for the experiment.  Inferences, in the form of 
understanding and predicting consumer behavior would then be used to determine treatment 
assignment for the consumers who will sign up in 2003.  

In line with the QCL process, we (Kahn and Roseman) started with (1), Data Collection, by 
determining what information was available about the consumers who had signed up for 
Turkey Mail.  In general, this information may be demographic, geographic, psychographic, 
or behavioral. Here, some demographic information such as age and title (Miss, Mrs., Mr., 
Ms.) was gathered during registration for most registrants, and the actual date of registration 
was available on every person in the database.   

For the next step, (2), Financial Metric Creation, it is not possible to connect marketing 
activities to purchases and hence an increase in value, in this setting. Therefore, the activities 
of opening the email, clicking through on the embedded links, and subsequent activity on the 
Butterball website were used as proxies for measures of economic value.  

To drive step (3), Ideation, we engaged the marketing team in a brainstorming session to 
create hypotheses about potential treatments that could lead to consumer engagement in the 
form of increases in response. The group identified and prioritized factors and their levels, 
including timing, subject line, personalization, graphical content, reading level, number of 
links, and others.  
In Step (4), Experimental Design, we constrained the factors and levels to ones that would be 
easy to execute given the email creation process and settled on the following: subject line 
theme (Planning, Elegance, Festive), part of the week (middle, late), and weeks before 
Thanksgiving (3, 2, 1, 0). For the three weeks before Thanksgiving all subject lines were 
allowed, the emails were sent out on either Tuesday or Friday, and all sequences of subject 
line and email day were possible.  Therefore, each week a registrant could be assigned to one 
of 2X3 day-subject combinations, and over three weeks there were 332x possible sequences. 
For example, one registrant might get the subject line Planning delivered on Tuesday for three 
weeks, while another might get Planning on Tuesday in week 3, Elegance on Friday in week 
2, and Festive on Friday in week 1. All emails had links to three web site pages with the links 
and the pages stressing the three themes.  For the final week, all emails had the same subject 
line but were sent out on either Wednesday or Friday.  The final design treatment design was 

232 3 xx and the final sampling design was completely randomized.  
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The factors were all treated as categorical. By using a balanced full-factorial design, we were 
able to estimate all factors and factor interactions to all possible orders with equal precision. 
Since a full factorial design is D-optimal for a model containing all factors and factor 
interactions, and a D-optimal design can be derived from Bayesian considerations, implicitly 
this design can be considered to be Bayesian D-optimal for inference with a non-informative 
prior on all factors and factor interactions (see e.g. Bernardo 1979). Bayesian D-optimal 
designs are optimal for parameter inference for the linear model if the utility function is the 
expected gain in Shannon information (Lindley (1956)). Whether this is an appropriate utility 
function is a topic of some discussion (see e.g. Chaloner (1984)). 

Since this paper is focused on experimental design, details on steps (5) Experiment Execution 
and (6) Data Collection, for this experiment are not provided here.  The interested reader is 
referred to Kahn and Roseman (2006).    

Step (7), Analysis, requires models of the financial metric(s) as functions of the effects in the 
design, the covariates, and the effects X covariates interactions. We built a logistic regression 
model of click-through to the web site (Yes, No) from the body of the email. Of particular 
interest is the presence of important effects X covariate interactions since these are the ones 
that imply that not all customers necessarily respond the same to the treatments, that is, it is 
these interactions that enable mass customization.  A particularly strong and surprising result 
was that recent registrants were more likely to respond to the Planning subject line while 
earlier registrants were more likely to respond to the Festive subject line (Figure 1).  

Figure 1. A Factor by Covariate Interaction 

Step (8), Decisioning, consists of two activities, applying the predictions from the analysis to 
the majority of a new population and using the results to develop new hypotheses and thus to 
drive further experimentation on a small random holdout.  An example of the former would 
be to decide that next year recent registrants would get only Planning emails while earlier 
registrants would get only Festive emails since this would maximize click-through.  An 
example of the latter would be to create an informative prior based on the model developed in 
step (7) and create an optimal design based on that prior. That is, next year’s experiment 
would be designed to provide less precision on some effects and interactions than others. 
However, consumer behavior might be somewhat different next year and so the design should 
allow for the fact that the model from 2002 might be incorrect. DuMouchel and Jones (1994) 
show how to create designs which are resistant to bias from incorrect model specification 
using a D-optimal approach in an explicitly Bayesian framework.  
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Financial Services: Credit Cards through the mail  
Direct mail marketing of credit cards is an enormous marketing activity in the United States. 
In 2000 some 3.5 billion solicitations were sent by direct mail, with a response rate of 0.6% 
(Smith 2001). According to the Federal Reserve, by 2002, this had grown to almost 5 billion 
solicitations sent out by about 25 credit card banks (Federal Reserve 2003); in the subsequent 
years, solicitations have increased and response rates have decreased. In this highly 
competitive marketplace, it is critically important that the credit card issuer efficiently decide 
how to market offers (the ‘creative’), what products to offer (the ‘terms’), and to whom to 
make these offers (the target population). Each of these decisions is informed by extensive 
ongoing experiments.    

In this section I will describe an experiment that is very much simplified from actual practice. 
This example will focus attention on the sampling design component of the experimental 
design.  In real world experiments in this area the treatment design is also complicated 
requiring choices among many treatments combinations (constructed from creative design 
factors and term factors such as interest rate (APR), credit line, balance transfer interest rates, 
reward structures, etc.) . This simple example will facilitate discussion of some of the 
difficulties faced in creating good designs in this area: (1) consumer behavior is constantly 
changing, (2) the financial metric is a non-linear function of the factors and covariates, and 
(3) the cost of an observation varies widely across the design space.  

Consider a single product marketed with a single creative where the only decision is whether 
to mail someone an offer or not.  For step (1) of QCL, assume that the only information we 
have about a consumer is a single ‘risk score’ which is calibrated to be a measure of the 
probability that they will default (not pay back – this is called ‘charge-off’ in the industry) on 
a debt over some fixed period of time.  A commonly used risk score is the ‘credit score’ from 
Fair-Isaac (FICO) which extends over a range from about 350 to about 850 with higher scores 
related to lower risk. In actuality, this measure of risk of the consumer (the experimental unit) 
is only one of thousands available at the time of marketing.  

For step (2), Financial Metric Creation, a common measure of value in this area is Net 
Present Value (NPV), which accounts for the upfront marketing costs (MC) and the 
expected (and discounted) future cash flows (DCF). In real credit card marketing, each of 
these value components is a function of many factors (x), covariates (z), and time (t). This 
simplified example will treat these components as functions of only the scalar risk score (z),
that is,
NPV (z) =DCF(z) MC(z). The cash flows can then be further decomposed into ‘behavioral’ 
components:whether the consumer responds (R=1) or not (R=0), the (appropriately time 
discounted) net profit on the account while the account is open (P), and the (time discounted) 
cost of account termination.  For simplicity, the only cost associated with account termination 
will be a discounted loss if the account closes in default (D=1), Net Charge-off (NCO). The 
NPV can then be decomposed into its behavioral components:  
NPV (z) =R(z)((DCF(z) D(z)(NCO(z)) MC(z)  
which has an expected value:  
E(NPV (z))=Pr(R =1| z)(E(DCF | z) Pr(D =1| z)E(NCO | z)) E(MC | z).  
Assuming that the discounted cash flows, net charge off, and marketing costs, are fixed 
constants (not functions of risk z) leads to:  
E(NPV (z))=Pr(R =1| z)(E(DCF ) Pr(D =1| z)E(NCO) E(MC) which focuses attention on 
the need to understand the probability of response and the probability of charge-off.  
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Simulated, representative probability curves, and the associated NPV curve (in dollars) when 
E(MC)=$0.5 and E(NCO)=$1100 are shown in figure 2.  

2. Response and Default probability as a function of risk score and associated Net Present Value 

The dominating features of this system is that response and charge-off rate both decrease as 
risk decreases (higher scores) leading to a non-linear NPV(z) function which goes from 
strongly negative (-$1100) at low scores (high response and risk), to moderately positive ($3) 
at medium scores (medium response and risk), to slightly negative (-$0.5) at high scores (low 
response and risk).  

Step (3), Ideation, is not really applicable in this example because there is only one 
treatment. 

Step (4), Experimental Design, reduces to determining a sampling design stratified on risk 
(z). Specifically, how many solicitations should be sent out for each value of z in order to 
estimate the non-negative support of NPV(z) without incurring excessive cost? (In the real-
world business problem where there are alternative products that could be mailed the 
estimation of the function itself is necessary.)  Clearly the cost is driven by sampling in the 
highly negative NPV region, that is, z<500 in Figure 2.

Qualitatively, a good design is one that is cost efficient for the information obtained.  Here, 
the cost of observation is the same as the function being estimated (NPV(z)), and that 
function is strongly nonlinear.  What is an optimal design in this circumstance?  

One way to answer this question is to take the explicitly Bayesian approach of Lindley 
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(1956) as explicated by Chaloner (1995):  
… a good way for designing experiments is to specify a utility function reflecting the 
purpose of the experiment, regard the design choice as a decision problem, and select a 
design that maximizes the expected utility. 
In order to specify a suitable utility function, suppose the decision will be to mail everyone 
who is not highly NPV negative, that is, to identify the leftmost boundary of the non-negative 
support – the mail cutoff (denoted z ).  Furthermore, z  should be known with some precision, 
for example:  
Pr*(NPV (z ) < 1.0) =0.05 (1) ,  
(here Pr* denotes an appropriate posterior probability). In other words, the posterior 
probability that the actual NPV is somewhat negative for the mail cutoff should be 
suitably small.  Finally, the cost of the experiment should be finite (C),

CzNPVzni )()(          (2) 
with )(zni denoting the number of solicitations at each value of z. An optimal design, )(zni is

one that minimizes C in (2), subject to (1). In practice, good designs are found by 
approximately solving this constrained optimization problem iteratively:

1) Specify prior specifications for the parameters in the response r(z) and default d(z) 
models and determine the associated prior distribution on NPV(z)

2) Start with a sample design with equal sample size nzni )(
3) Use the prior distribution and current sample design to find a Bayesian D-optimal 

design 
4) Find the a priori z  for which E(NPV(z ))=0 .
5) Evaluate the left hand side of equation (1) above assuming the functions in step (1). 

Multiply ni(z) by a constant N if necessary so that equation (1) is satisfied.  
6) Evaluate the cost function Ci (z) =Nni (z)NPV (z) and the total cost of the experiment C
7) If C is acceptable stop; otherwise adjust the sample design )(zni by decreasing it 

where )(zCi is high and return to step 3) with the new sample design

Once the design is complete from step (4), it can be ‘dropped’ into the mail for step (5), 
Experimental Execution. 

Step (6), New Data Collection, is unusual in that the response driver of NPV is measured very 
quickly (a matter of months) but the risk driver is measured slowly (a matter of years). 

Step (7), Analysis, updates the models for r(z), d(z) (once it can be measured), and thus 
NPV(z).

Finally, for step (8), Decisioning, the new NPV model is used for decisioning most of the 
target population, and the cycle begins again using this model as the basis for a new 
experiment. 

Conclusion
Experimentation in marketing requires an iterated process of planning, testing, modeling, and 
implementation which can be further decomposed into the eight steps of the QCL cycle. As 
illustrated by the two examples discussed here, creating good designs requires three decision 
components to be clearly specified: a prior belief about the function being estimated, a 
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measure of cost of an experimental unit in a particular treatment, and a measure of value tied 
to the decisions to be made. 
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1. Introduction

Option prices are a valuable source of information concerning risk assessments from investors

about future financial payoffs. The information is summarized in the state price densities (SPD),

the continuous counterpart (normalized by a constant) from Arrow-Debreu security prices. Under

no arbitrage assumptions the state price densities - corresponding to a risk neutral measure Q - are

derived from option prices as in Breeden and Litzenberger (1978). In contrast to the state price

density, the historical density p(x) describes the random variations of the underlying price.

In a utility based framework, investors facing financial risk have preference-indifference relations

represented by a utility function. Standard economic theory enforces that the utility function is

concave or equivalently, that investors are risk averse. Equilibrium and non-arbitrage arguments, as

in Merton (1973), show that preferences from investors are related to the state price and historical

densities, allowing to conclude the functional form of one given the functional form of the remaining

two. Part of this relation is given by the pricing kernel (PK).

In this paper we investigate pricing kernels from DAX and ODAX data in a time varying ap-

proach and consider their term structure. In order to approximate and analyse the complex dynamic

structure from pricing kernels and risk preferences across different maturities, we use dynamic semi-

parametric factor models (DSFMs). The obtained PKs exhibit risk proclivity in certain regions of

returns and maturities. The dynamics of risk aversion and proclivity from investors preferences is

investigated through sensitivity analysis with respect to the basis functions.

In the sequel pricing kernels are defined (section 2), their relation to utility functions and the

DSFM estimation method are described (section 3). In the empirical part (section 4) pricing kernels

are estimated from DAX and ODAX data sets and sensitivity analysis based on estimated loading

coefficients and basis functions is performed.

2. Pricing Kernels

A flexible approach in a complete market is to assume that the price of a security follows a

diffusion process described by

dSt

St
= μ(St, t)dt + σ(St, t)dBt(1)
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where t ∈ [0, T ], Bt is a standard Brownian motion under measure P . Defining

λt =
μ(St, t)− r
σ(St, t)

(2)

as the market price of risk, the risk neutral measure Q is obtained by dQ
dP

∣∣∣
Ft

= ζt where with (2)

ζt = exp

(
−
∫ t

0
λudBu − 1

2

∫ t

0
λ2

udu

)

The pricing kernel, or stochastic discount factor is defined for maturity τ = s− t, 0 ≤ t ≤ s ≤ T as:

Mt,τ = e−rτ ζs
ζt

(3)

Assuming the existence of a representative investor with utility function u, constant interest rates r

and defining a wealth {Ws} and a consumption process {Cs}, Cs = 0, the investor adjusts the amounts

{ξs} invested in the asset Ss at times s and consumes all his wealth at T , CT = WT . That means, he

chooses ξs via the Merton optimization problem:

max
{ξs,t≤s≤T}

E[u(WT )]

subjected to Ws ≥ 0 and dWs = {rWs + ξs(μ− r)}ds + ξsσdBs. In equilibrium all wealth is invested

in the asset, at the end all wealth is consumed CT = WT = ST . In the Merton model the PK is path

independent and (3) is equal to the marginal rate of substitution:

u′(ST )

u′(St)
= Mt,τ = e−rτ qt(ST )

pt(ST )
(4)

Here qt, pt denote the risk neutral and historical density at time t. The functional relation between

the utility u and the densities qt, pt is given by

u(ST ) = e−rτu′(St)

∫
qt(ST )

pt(ST )
dST(5)

3. PK Estimation with Dynamic Semiparametric Factor Models

Breeden and Litzenberger (1978) showed how the SPD qt(ST ) may be obtained from option

prices. Ait-Sahalia and Lo (1998) used the estimate:

(6) q̂t(ST ) = erτ ∂
2Ct,BS{St,K, τ, rt, σ̂t(κ, τ)}

∂K2

∣∣∣∣
K=ST

where Ct,BS is the Black-Scholes price at time t and σ̂t(κ, τ) is a nonparametric estimator for the

implied volatility.

Implied volatilities may be estimated from option prices. On each day i = 1, . . . , I there are

Ji options traded. Each intra-day trade j = 1, . . . , Ji corresponds to an implied volatility σi,j, and a

pair of moneyness and maturity Xi,j = (κi,j , τi,j)
�. Moneyness is defined as κi,j = K

F (ti,j)
where K

is strike and F (ti,j) = Sti,j exp(rτi,j
τi,j) are futures prices. Figure 1 depicts the implied volatilities

corresponding to trades on ODAX in day 20000502 (dates are written as year, month, day).

Dynamic semi-parametric factor models (DSFM), Fengler et al. (2007), employ the time series

structure of implied volatilities regressing log implied volatilities Yi,j = log σi,j on Xi,j using smooth

basis functions ml, l = 0, . . . , L weighted with factor loadings zi,l:

Yi,j =
L∑

l=0

zi,lml(Xi,j) + εi,j(7)
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Figure 1: Call and put implied volatilities observed (left), data design (right), ODAX on

20000502

where εi,j is noise and zi,0 ≡ 1. Following Borak et al. (2007), the basis functions are expanded using

a series estimator for functions ψk : R→ R and coefficients γl,k ∈ R

ml(Xi,j) =

K∑
k=1

γl,kψk(Xi,j)

Defining the matrices Z = (zi,l), Γ = (γl,k) for i = 1, . . . , I, k = 1, . . . ,K and l = 0, . . . , L we obtain

the least square estimators as

(Γ̂, Ẑ) = arg min
Γ∈G,Z∈Z

I∑
i=1

J∑
j=1

{
Yi,j − z�i Γψ(Xi,j)

}2

where zi = (zi,0, . . . , zi,L)�, ψ(x) = {ψ1(x), . . . , ψK(x)}� , G =M(L+ 1,K), Z = {Z ∈M(I, L+ 1) :

zi,0 ≡ 1} and M(a, b) is the set of all (a × b) matrices. The estimators for the basis functions in (7)

are m̂l(x) = γ̂�l ψ(x) where γl = (zl,1, . . . , zl,K)�. Denoting m̂ = (m̂0, . . . , m̂L)�, the implied volatility

at time i is estimated as σ̂i(κ, τ) = exp
{
ẑ�i m̂(κ, τ)

}
.

Using (6), the state price density may be approximated by

q̂t(κ, τ, ẑt, m̂) = ϕ(d2)

{
1

Kσ̂t
√
τ

+
2d1

σ̂t

∂σ̂t

∂K
+
K
√
τd1d2

σ̂t

(
∂σ̂t

∂K

)2

+K
√
τ
∂2σ̂t

∂K2

}∣∣∣∣∣
K=ST

(8)

where ϕ(x) is the standard normal pdf, d1 =
log
(

St
K

)
+(r+ 1

2
σ̂2

t )τ

σ̂t
√

τ
and d2 = d1 − σ̂t

√
τ . As in Ait-Sahalia

and Lo (2000) we define an estimate M̂t(κ, τ) of the PK as the ratio between the estimated SPD and

the estimated p:

M̂t(κ, τ, ẑt, m̂) = e−rtτ q̂t(κ, τ, ẑt, m̂)

p̂t(κ, τ)

Here p̂t is estimated by a GARCH(1,1) model. It is our interest in this paper to examine the dynamic

structure of (9).

4. Empirical Results

Here SPDs and PKs are estimated from intraday DAX and ODAX data. The options data ranges

from 20010101 to 20020101 corresponding to 253 trading days. The SPD q̂t (8) is estimated with 4 basis
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Table 1: Loading factors, descriptive statistics

min max median mean std.dev.

ẑt,1 0.36 0.75 0.66 0.63 0.09

ẑt,2 -0.37 0.49 0.01 0.00 0.05

ẑt,3 -0.07 0.05 0.00 0.00 0.02

Jan01 Apr01 Jul01 Oct01 Jan02

−0.2

0

0.2

0.4

0.6

0.8

1
z

Figure 2: Loading factors ẑt,l, l = 1, 2, 3 from the top

functions. The historical density p̂t is estimated with GARCH(1,1) from the last 240 observations.

The time series of loading factors {ẑt,l} and basis functions m̂l, l = 0, . . . , 3, t = 1, . . . , 253 are in

figures 2 and 3. The summary statistics from loading factors series are in table 1. From (8) and (9)

we obtain a sequence of 253 SPDs and PKs moving on time over a grid of moneyness and maturities,

figure 4 shows one shot of this sequence, at day 20010710.

Risk averse utilities u are concave. Hence, (4) implies that under risk aversion pricing kernels

are monotone decreasing in moneyness. Figure 4 shows that DAX PKs - similarly to S&P PKs,

Ait-Sahalia and Lo (2000) - present risk proclivity at certain moneyness levels (PKs are increasing

between 0.9 and 1) and these levels vary across maturities, hence we verify the empirical pricing kernel

paradox.

In order to analyse the dynamics of risk aversion and proclivity implied in PKs we focus on the

SPDs, as these contain information about preferences from investors. In figure 5 we can see that the

mean of q̂t(ST ) and the factor loadings ẑt,1 from the basis function m̂1 are correlated. We investigate

the influence of the basis functions m̂l on the mean, variance and skewness of SPDs by sensitivity

analysis to changes in the loadings {ẑt,l}: the SPDs are recalculated with new loadings, where one of

the coefficients varies linearly and the remaining are hold fixed.

We define scenario loadings W l corresponding to a linear increase on factor l in N steps from

levels dl to ul. The remaining coefficients are held constant at median of estimated values. The

matrices W l = (wl
n,j), l, j = 0, . . . , 3, and n = 1, . . . , N contain the scenario loadings to factor l as

wl
n,j =

{
dj +

n− 1

N − 1
(uj − dj)

}
1(j = l) +med(ẑt,j)1(j �= l)

with levels given by dl = min ẑt,l− 0.5|min ẑt,l| and ul = max ẑt,l + 0.5|max ẑt,l|. SPDs estimated with

loadings W l are under influence of variations in factor l while the remaining factor are constant at a

typical level (median). The observed changes in mean, variance and skewness may be considered as a

typical effect of variation in factor l.
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Figure 3: Basis functions m̂l, l = 0, . . . , 3 clockwise
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Figure 4: Estimated SPD (left) and PK (right) across κ and τ at t = 20010710

0 50 100 150 200 250

0.4

0.6

0.8

1

1.2

Figure 5: Mean from SPD for τ = 25, . . . , 75 days (above), ẑt,1 (below)
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Figure 6: Mean, variance and skewness from SPD (from the top) plotted against n. For

W 1, W 2 and W 3 (from the left), τ = 25 (full), 40 (dotted) and 75 (dashed) days, N = 50
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Figure 7: PK obtained with loadings W 1 (left pair), W 2 (middle pair) and W 3 (right

pair), τ = 25 (first) and 75 (second in each pair) days, n = 1 (dotted), 25 (dashed) and 50

(full)

Figure 6 shows the mean, variance and skewness of SPD obtained with W l, for l = 1, 2, 3,

N = 50 and three different maturities (25, 40 and 75 days) plotted against n. From the middle

column, we verify that increasing factor 2 decreases mean while increasing variance and skewness

for short maturities (full lines) and increases mean while decreasing variance and skewness for long

maturities (dashed lines). From the left column, we verify that increasing factor 1 increases mean

while decreasing variance and skewness for all maturities.

Figure 7 plots PKs obtained with W l, for l = 1, 2, 3, N = 50 and two maturities, short (20) and

long (75 days), against moneyness. The pricing kernels are calculated with weak (n = 1) medium (25)

and strong (50) loadings from each factor. The influence of factor 1 is represented by the left pair in

figure 7: for both maturities weak loadings result in risk proclivity for κ > 1 while strong loadings in

risk proclivity for κ < 1.

In the middle pair we see that factor 2 has the opposite influence at short maturities: weak

loadings result in risk proclivity for κ < 1, strong loadings for κ > 1. This effect is not clear at long

maturities. Increasing loadings of the factor 3 shifts the risk proclivity region to higher values of κ in

both maturities, as observed in the right pair of figure 7.
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ABSTRACT

Information about risk preferences from investors is essential for modelling a wide range of

quantitative finance applications. Valuable information related to preferences can be extracted from

option prices through pricing kernels. In this paper, pricing kernels and their term structure are

estimated in a time varying approach from DAX and ODAX data using dynamic semiparametric factor

model (DSFM). DSFM smooths in time and space simultaneously, approximating complex dynamic

structures by basis functions and a time series of loading coefficients. Contradicting standard risk

aversion assumptions, the estimated pricing kernels indicate risk proclivity in certain levels of return.

The analysis of the time series of loading coefficients allows a better understanding of the dynamic

behaviour from investors preferences towards risk.
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ABSTRACT

We investigate the effects of outlier treatment and estimation of the seasonal component in electricity
markets. Typically, electricity spot prices exhibit features like seasonality, mean-reverting behavior,
extreme volatility and the occurrence of jumps and spikes. Hence, an important issue before the
estimation of stochastic models for electricity spot prices is the estimation of a component to deal
with trends and seasonality in the data. Unfortunately, in regression analysis classical estimation
routines (e.g. OLS) are very sensitive to extreme observations and outliers. Improved robustness of the
model can be achieved by (a) cleaning the data with some reasonable procedure for outlier rejection,
and then (b) using classical estimation and testing procedures on the remainder of the data. We
examine the effects on model estimation for different treatment of extreme observations in particular
on determining seasonal patterns and parameter estimates of stochastic models for electricity spot
prices. Our findings point out the substantial impact the treatment of extreme observations may have
on these issues.

Keywords. Power Markets, Outlier Treatment, Robust Estimation, Seasonality, Spot Price Modeling.
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High Frequency Market Microstructure Noise Estimates and Liquid-

ity Measures

Yacine Ait-Sahalia
Princeton University
E-mail: yacine@Princeton.EDU

Jialin Yu
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E-mail: jy2167@columbia.edu

ABSTRACT

This paper decomposes the transaction prices of NYSE stocks into a fundamental component and a
microstructure noise component. We relate the two components to observable financial characteristics,
and in particular to different observable measures of stock liquidity. More liquid stocks have lower noise
and noise-to-signal ratio measured recent developments in the high frequency econometric literature.
Using daily liquidity measures, we construct a single index for microstructure noise which allows
extrapolation back when intra-day data are unavailable.

Keywords. Market microstructure noise, volatility, high frequency data, liquidity, stock return.
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DISCUSSION ON “IPM 71 – Statistics of risk aversion”

Byeong U. Park
Seoul National University
E-mail: bupark@stats.snu.ac.kr

ABSTRACT

I will give a discussion on the four papers presented in this session.

Keywords. Dynamic factor models, risk behavior.
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gregation
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1 Introduction

What is meant by database privacy largely depends on the context where this concept is
being used. In official statistics, it normally refers to the privacy of the respondents to which
the database records correspond (respondent privacy). In co-operative market analysis, it is
understood as keeping private the databases owned by the various collaborating corporations
(data owner privacy). In healthcare, both respondent and owner privacy are implicitly required:
patients must keep their privacy and the medical records should not be transferred from a
hospital to, say, an insurance company. In the context of dynamically queryable databases
and, in particular, Internet search engines, the most rapidly growing concern is user privacy,
that is, the privacy of the queries submitted by users (especially after scandals like the August
2006 disclosure of 658000 queries by the AOL search engine). Thus, what makes the difference
is whose privacy is being sought.

Statistical disclosure control (SDC, [5, 19, 11]) was born in the statistical community as
a discipline to achieve respondent privacy. Privacy-preserving data mining (PPDM) appeared
simultaneously in the database community [3] and the cryptographic community [12] with the
aim of offering owner privacy: several database owners wish to compute queries across their
databases in a way that only the results of the queries are revealed to each other, not the
contents of each other’s databases. Finally, private information retrieval (PIR, [4]) originated
in the cryptographic community as an attempt to guarantee the privacy of user queries to
databases.

Thus, the technologies to deal with the above three privacy dimensions (respondent,
owner and user) have evolved in a fairly independent way within research communities with
surprisingly little interaction. Fortunately, it turns out that some developments are useful for
more than one privacy dimension, even if all three dimensions are independent ([8]). Such is
the case for k-anonymity, which is a useful property both for respondent and owner privacy.
Thus, refining the concept of k-anonymity and presenting efficient computational methods to
meet this property are especially relevant objectives. These will be treated in this paper.
Section 2 discusses k-anonymity for respondent and owner privacy, and recalls how to compute
it using microaggregation. Section 3 discusses p-sensitive k-anonymity and presents a new
computational procedure to achieve it, also based on microaggregation. Section 4 is a concluding
discussion.

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 1543 -



2 k-Anonymity via microaggregation

k-Anonymity is an interesting approach to face the conflict between information loss and dis-
closure risk, suggested by Samarati and Sweeney [15, 14, 16, 17]. To recall the definition of
k-anonymity, we need to enumerate the various (non-disjoint) types of attributes that can
appear in a microdata set X:

• Identifiers. These are attributes that unambiguously identify the respondent. Examples
are passport number, social security number, full name, etc. Since our objective is to pre-
vent confidential information from being linked to specific respondents, we will assume in
what follows that, in a pre-processing step, identifiers in X have been removed/encrypted.

• Key attributes. Borrowing the definition from [6, 14], key attributes are those in X that,
in combination, can be linked with external information to re-identify (some of) the
respondents to whom (some of) the records in X refer. Examples are job, address, age,
gender, etc. Unlike identifiers, key attributes cannot be removed from X, because any
attribute is potentially a key attribute.

• Confidential outcome attributes. These are attributes which contain sensitive information
on the respondent. Examples are salary, religion, political affiliation, health condition,
etc.

We now have:
Definition. A protected dataset is said to satisfy k-anonymity for k > 1 if, for each

combination of key attributes, at least k records exist in the dataset sharing that combination.
If, for a given k, k-anonymity is assumed to be enough protection for respondents, one

can concentrate on minimizing information loss with the only constraint that k-anonymity
should be satisfied. This is a clean way of solving the tension between data protection and data
utility. The original computational approach to achieve k-anonymity relied on suppressions and
generalizations, so that minimizing information loss translated to reducing the number and/or
the magnitude of suppressions.

The drawbacks of partially suppressed and coarsened data for analysis were highlighted
in [10]:

1. Satisfying k-anonymity with minimal data modification using generalization (recoding)
and local suppression has been shown to be NP-hard in [13, 2];

2. Using global recoding for generalization causes too much information loss, and using local
recoding complicates data analysis by causing old and new categories to co-exist in the
recoded file;

3. There is no standard way of using local suppression (at the tuple level, at the attribute
level, with blanking, with replacement by neutral values, etc.);

4. Analyzing partially suppressed data usually requires specific software (imputation soft-
ware, censored data analysis, etc.);

5. Last but not least, when numerical attributes are generalized, they become non-numerical.
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Joint multivariate microaggregation (in the way of [9]) of all key attributes with mini-
mum group size k was proposed in [10] as an alternative to achieve k-anonymity; besides being
simpler, this alternative has the advantage of yielding complete data without any coarsening
(nor categorization in the case of numerical data). In [1], masking through condensation (ac-
tually a special case of multivariate microaggregation) is proposed to achieve k-anonymity in
the context of privacy-preserving data mining, and thus with the aim of owner privacy.

Example. We show in Table 1 a dataset giving, for 11 small or medium enterprises
(SMEs) in a certain town, the company name, the surface in square meters of the company’s
premises, its number of employees, its turnover and its net profit. Clearly, the company name is
an identifier. We will consider that turnover and net profit are confidential outcome attributes.
A first SDC measure is to suppress the identifier “Company name” when releasing the dataset
for public use. However, note that the surface of the company’s premises and its number of
employees can be used by a snooper as key attributes. Indeed, it is easy for anybody to gauge
to a sufficient accuracy the surface and number of employees of a target SME. Therefore, if the
only privacy measure taken when releasing the dataset in Table 1 is to suppress the company
name, a snooper knowing that company K&K Sarl has about a dozen employees crammed in a
small flat of about 50 m2 will still be able to use the released data to link company K&K Sarl
with turnover 645223 Euros and net profit 333010 Euros.

The parenthetical values in Table 1 show the changes caused by 3-anonymization: the
company name has been suppressed and the two key attributes have been microaggregated
with k = 3 and minimum within-groups sum of squares. �

Table 1: SME dataset. Parenthetical values result from 3-anonymization

Company name Surface (m2) No. employees Turnover (Euros) Net profit (Euros)
A&A Ltd (suppress) 790 (747.5) 55 (46) 3212334 313250
B&B SpA (suppress) 710 (747.5) 44 (46) 2283340 299876
C&C Inc (suppress) 730 (747.5) 32 (46) 1989233 200213
D&D BV (suppress) 810 (756.67) 17 (8) 984983 143211
E&E SL (suppress) 950 (756.67) 3 (8) 194232 51233
F&F GmbH (suppress) 510 (322.5) 25 (33) 119332 20333
G&G AG (suppress) 400 (322.5) 45 (33) 3012444 501233
H&H SA (suppress) 330 (322.5) 50 (33) 4233312 777882
I&I LLC (suppress) 510 (756.67) 5 (8) 159999 60388
J&J Co (suppress) 760 (747.5) 52 (46) 5333442 1001233
K&K Sarl (suppress) 50 (322.5) 12 (33) 645223 333010

3 p-Sensitive k-anonymity via microaggregation

In [18], an evolution of k-anonymity called p-sensitive k-anonymity was presented. The idea is
to avoid that records sharing a combination of key attributes in a k-anonymous data set also
share the values for one or more confidential attributes. In this case, k-anonymity does not
offer enough protection.
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Example. Imagine that an individual’s health record is k-anonymized into a group of k
patients with k-anonymized key attributes values Age = ”30”, Height = ”180 cm” and Weight
= ”80 kg”. Now, if all k patients share the confidential attribute value Disease = ”AIDS”, k-
anonymization is useless, because an intruder who uses the key attributes (Age, Height, Weight)
can link an external identified record

(Name=”John Smith”, Age=”31”, Height=”179”, Weight=”81”)

with the above group of k patients and infer that John Smith suffers from AIDS. �
Based on the above remarks, the following definition can be given
Definition. A dataset is said to satisfy p-sensitive k-anonymity for k > 1 and p ≤ k if it

satisfies k-anonymity and, for each group of tuples with the same combination of key attribute
values that exists in the dataset, the number of distinct values for each confidential attribute is
at least p within the same group.

The computational approach proposed in [18] to achieve p-sensitive k-anonymity is an
extension of the generalization/suppression procedure proposed in the original k-anonymity
papers. Therefore it shares the same shortcomings pointed out in [10] and listed above.

Like we did for k-anonymity in [10], in [7] we showed a way to achieve p-sensitive k-
anonymity via microaggregation. The proposed algorithm is as follows:

Algorithm (p-sensitive k-anonymization).

1. If p > k, signal an error (”p-sensitive k-anonymity infeasible”) and exit the Algorithm.

2. If the number of distinct values for any confidential attribute in X is less than p over
the entire dataset, signal an error (”p-sensitive k-anonymity infeasible”) and exit the
Algorithm.

3. k-Anonymize X using microaggregation as described in [10]. Let X′ be the microaggre-
gated, k-anonymized dataset.

4. Let k̂ := k.

5. While p-sensitive k-anonymity does not hold for X′ do:

(a) Let k̂ := k̂ + 1.

(b) k̂-Anonymize X using microaggregation. Let X′ be the k̂-anonymized dataset.

The above algorithm in based on the following facts:

• A k + 1-anonymous dataset is also k-anonymous;

• By increasing the minimum group size, the number of distinct values for confidential
attributes within a group also increases.

The resulting p-sensitive k-anonymous dataset does not contain coarsened or partially
suppressed data. This makes its analysis and explotation easier, with the additional advantage
that numerical continuous attributes are not categorized.
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4 Concluding discussion

Respondent privacy, owner privacy and user privacy are independent, yet compatible properties:

• Respondent privacy relies on data masking (e.g. for k-anonymity) or on query control
(needed if dynamic queries against original databases are allowed). Since query control is
hardly compatible with user privacy, k-anonymization through data masking stands out
as the most realistic option to make respondent privacy compatible with user privacy.

• Owner privacy relies on cryptographic or non-cryptographic PPDM. Being based on in-
teractive multiparty computation, cryptographic PPDM assumes that the joint computa-
tion being carried out is known to all parties, which is not compatible with user privacy.
Therefore, non-cryptographic PPDM seems a wiser choice if owner privacy is to be made
compatible with user privacy. Most forms of non-cryptographic PPDM rely on perturbing
the original data. If this perturbation is such that the underlying data are k-anonymized,
then owner and respondent privacy are simultaneously achieved.

Hence, one possible way to fulfill the three privacy dimensions is for a database which is
not originally k-anonymous to be k-anonymized (via microaggregation-condensation, recoding,
suppression, etc.) and to be added a PIR protocol to protect user queries.

Thus, given the central role of k-anonymity in conciliating the three dimensions of database
privacy, good computational approaches to meet this property and its evolved p-sensitive vari-
ant are especially relevant. This paper proposes microaggregation as a computational principle.
Alternative computational procedures for k-anonymity or even ways other than k-anonymity to
conciliate the three database privacy dimensions should be in the agenda of privacy researchers.
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RÉSUMÉ

Le k-anonymat est une méthode d’équilibrage entre la perte d’information et le risque de
révélation: chaque combinaison des valeurs des attributs-clé doit apparâıtre au moins k fois
dans le fichier anonymisé. Le k-anonymat p-sensible en constitue une évolution, qui exige qu’il
y ait au moins p valeurs différentes de chaque attribut confidentiel pour chaque combinaison des
valeurs des attributs-clé. Le procédé de transformation d’un fichier initialement suggéré dans
la littérature pour atteindre ces deux propriétés se base sur la généralisation et la suppression.
Cet article montre une voie alternative par le biais de la micro-agrégation et en souligne les
avantages.
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National statistical agencies, health administration agencies and others currently face a dilemma.
On the one hand, analysis of the growing electronic data archives they hold can be vital for informed
decision making, effective policy development and evaluation of the impact of decisions, policies and
interventions. On the other hand, the use and analysis of these data archives must be conducted in
such a way as not to compromise standards of privacy and confidentiality.

Current technological solutions to this dilemma fall into three main approaches. In the de-
identification approach, identifying attributes are removed from the data set and the remaining fields
are released to analysts with no further modification and under strict controls. In statistical disclosure
control the aim is reduce the risk of a breach of privacy or confidentiality while still providing useful
data to an analyst. The data set is de-identified and then “confidentialised” by making various
modifications such as rounding, deleting values or adding random noise to data elements (Doyle et
al. 2001; Willenborg and de Waal 2001; Domingo-Ferrer and Torra 2004). Remote analysis servers
are designed to deliver useful results of user-specified statistical analyses with acceptably low risk of
a breach of privacy and confidentiality. Remote analysis servers release no data or a limited sample.

None of these technologies provides the full resolution of the dilemma, for each must be imple-
mented with appropriate legislative and policy environment and governance structure, user community
management and IT security including user authentication, access control, system audit and follow-up.
It is useful to develop a range of solutions because different scenarios may have different requirements.

Remote Analysis Servers

This paper is about remote analysis servers, which do not provide data to users, but rather
allow statistical analysis to be carried out remotely. A user submits a statistical query, an analysis
is carried out on the original data in a secure environment, then the user receives the results of the
analysis. The results of the analysis may be filtered or modified to protect confidentiality, or no results
provided. For reviews of systems in use in national statistical agencies, see (Rowland 2003, O’Keefe
2007). Despite the technical challenges in addressing, for example, missing data, outliers, selection
bias testing and assumption checking (Sparks et al. 2005), it seems to be generally agreed that remote
analysis servers will play an important role in the future of data dissemination (Reiter 2004).

Early work in this area proposed combining a remote access server for query restriction with
statistical disclosure control techniques applied to the underlying data set (Duncan and Pearson 1991;
Duncan and Mukherjee 1991; Keller-McNulty and Unger 1998; Schouten and Cigrang 2003). Later,
table servers have been developed to respond to users’ requests for marginal sub-tables of a large,
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high dimensional contingency table of counts or sums. The sub-table provided may be modified to
reduce disclosure risk, or the request may be refused. In static mode the set of allowable responses
for a given table is pre-computed, while in dynamic mode the response to each query depends on the
queries that the server has previously answered, in that the disclosure risk of a given query is assessed
in the light of responses given to previous queries. See for example (Karr et al. 2002; Karr, Dobra
and Sanil 2003; Dandekar, Domingo-Ferrer and Torra 2004).

More general remote analysis servers are not free from the risk of disclosure, especially in the
face of multiple, interacting queries (Reiter 2003; Reiter and Kohnen 2005; Gomatam et al. 2005;
Reznek 2006; Sparks et al. 2005; Sparks et al. 2007). Reiter (2003) also noted that to be most
useful a remote analysis server for fitting models should also enable users to check the fit, without
disclosing actual data values. To address this challenge, Reiter (2003) suggested releasing synthetic
regression diagnostics, while Reiter and Kohnen (2005) suggested releasing grouped diagnostics for
regressions involving categorical explanatory variables. Sparks et al. (2005; 2007) described a range
of disclosure risks associated with the response to a single request to a remote analysis server, for
exploratory data analysis, survival model fitting, linear regression modelling, tree based modelling and
generalized linear modelling, and time series analysis. Mitigating strategies are proposed to reduce the
risk of a user reading or inferring any individual record attribute value, and a software demonstrator
(Privacy-Preserving Analytics R©) is described. In particular, Sparks et al. (2007) suggest replacing
each diagnostic scatterplot (such as residuals versus each explanatory variable and residuals versus
fitted value) with a display of parallel boxplots constructed on the actual data, and to replace each
qq-plot of actual data values versus specified distribution quantiles by a fitted robust non-parametric
regression line, after removing outliers. Disclosure risks for multiple, interacting queries to model
servers are discussed by Gomatam et al. (2005), and measures of risk and data utility are proposed
primarily for static regression servers.

In this paper we use simulated data sets to enable a visual comparison of synthetic regression
residuals with displays of parallel boxplots. We propose measures of disclosure risk and data utility
for a display of parallel boxplots, and show on simulated data how these measures can be used in a
trade-off to choose desirable parameters for the construction of a display of parallel boxplots.

Regression Diagnostics in Remote Analysis Servers

In Reiter’s approach (2003), synthetic values are first generated for all variables in the data. For
each regression request, synthetic residuals and synthetic fitted vales are generated dynamically for
that regression. The synthetic variables, synthetic fitted values and synthetic residuals are provided
to the user for constructing regression diagnostics such as scatterplots of the synthetic residuals versus
the synthetic explanatory variables or versus the synthetic fitted values, and qq-plots.

In Sparks et al.’s approach (2007), a linear regression model is fitted to a random 95% sample
of the original data. Parameter estimates and standard errors are rounded to 3 decimal places before
release, and p-values are grouped into categories for release. Instead of each traditional diagnostic
scatterplot, a corresponding display of parallel boxplots on the Winsorised data is constructed and
released. (Winsorising is the transformation of outliers in statistical data.)
Construction of a display of parallel boxplots: Values greater than four standard deviations from
the mean are treated as outliers and Winsorised. Choose a number of bins, determine the minimum
and maximum values of the bin variable and calculate bin cut points. If any bin has frequency less
than a predetermined threshold, combine it with the neighbouring bin of smaller frequency. On each
bin, compute the median ym, upper quartile yuq and lower quartile y�q. If the interquartile range is
zero then combine the bin with the bin closest to its midpoint. Let the extreme of the lower whisker
be y�w = ym − 6(ym − y�q) and the extreme of the upper whisker be yuw = ym + 6(yuq − ym). Round
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the values of y�w, y�q, ym, yuq and yuw. On each bin construct a box and whisker plot as follows. Plot
ym then draw a box extending from y�q to yuq. Draw a whisker from y�q to y�w and from yuq to yuw.

We now give examples to enable a comparison of these approaches, using eight simulated data
sets with n = 100 observations each, as in Reiter (2003). Each data set has one explanatory variable
x1 with values drawn randomly from a normal distribution with mean equal to five and variance equal
to one. The values of the response variable x2 differ across the data sets, as described in Table 1.
Unless otherwise indicated the ε are drawn from independent, standard normal distributions.

Table 1: Description of simulated data sets used in examples

Description Generation model for dependent variable
Good fit, high R2 x2 = 10x1 + ε

Good fit, medium R2 x2 = x1 + ε

Good fit, low R2 x2 = 0.25x1 + ε

Heteroscedastic x2 = 10x1 + ε, εÑ(0, x2
1)

Influential point x2 = 10x1 + ε + 200δ, δ = 1 for largest x1

Outliers x2 = 10x1 + ε + 30α − 25β, α = 1 for x1 = 3.8; β = 1 for x1 = 5.8
Curvilinear x2 = 10(x1 − 5) − 5(x1 − 5)2 + ε

Piecewise x2 = 20 + ε, x1 < 4.5
x2 = 10 + 8x1ε, 4.5 ≤ ε < 5.5
x2 = −4 + 14x1 + ε, x1 ≥ 5.5

In order to investigate the relationship between the (standardised) residuals and the explanatory
variable, we generated synthetic residuals as in (Reiter 2003) and a display of parallel boxplots for
each of the data sets, see Figure 1. In a display of boxplots, a row of asterisks indicates that the
original data set included outliers more than four standard deviations from the sample mean.

Reiter (2003) noted that the synthetic values constructed for the Influential point and Outliers
data sets did not include points corresponding to actual extreme values. In repeatedly generating
synthetic diagnostics for these data sets, we found this sometimes to be the case, but more often
the generated synthetic diagnostics actually did contain extreme values. This indicates a possible
disclosure risk for explanatory and response variables with extreme values.

Reiter (2003) also noted that the utility of synthetic regression residuals may be limited for
weaker relationships in the data. For example, in the Influential point and Outliers data sets the
linear relationship x2 = 10x1 is virtually obscured in the synthetic residuals. It is possible that the
display of parallel boxplots may not obscure such relationships to the same degree.

Risk and Utility Formulations for a Display of Parallel Boxplots

For tables, Duncan, Fienberg, Krishnan, Padman and Roehrig (2001) proposed the reciprocal of
entropy to measure the disclosure risk of a suppressed cell value. Specifically, they used the reciprocal
of the entropy H(p) = −∑ω∈Ω pωlogpω, where pω is a data user’s probability that the cell value is
ω ∈ Ω. Later, Domingo-Ferrer, Oganian and Torra (2002) modified this to the reciprocal of conditional
entropy to allow for inclusion of the data user’s knowledge as the conditioning variable. Duncan,
Fienberg, Krishnan, Padman and Roehrig (2001) also proposed mean squared precision (reciprocal
of mean squared error) to measure tabular data utility. We investigate the applicability of these
approaches to assessing disclosure risk and data utility associated with a display of parallel boxplots.
Assessment of Disclosure Risk: In a display of parallel boxplots, let B be a boxplot constructed
as above. Any instance of the bin variable in [xi, xj ] can therefore be considered to have a distribution
p which is constant on each of the intervals [y�w, y�q], [y�q, ym], [ym, yuq] and [yuq, yuw], and has one
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Figure 1: Comparison of Actual Diagnostics, Synthetic Diagnostics and Display of Parallel Boxplots
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quarter of its mass in each of the intervals.
Unfortunately the generalisation of the entropy formula to a probability density function p can

take negative values, and so is not a good measure of uncertainty. A common solution is to use
relative entropy, which is the Kullback-Liebler divergence h(p) =

∫∞
−∞ p(x) log p(x)/q(x)dx from the

distribution p to a reference measure q (Kullback and Liebler 1951). Relative entropy is always non-
negative, and is zero if and only if p and q coincide. For each data set, we propose the reference measure
q to be the uniform distribution on the range of that data set. We believe that it is appropriate to
use a reference measure which is constant across the boxplots in order not to disrupt the relationships
between the entropy values. We define the disclosure risk associated with a single boxplot B to be

4

[
log

(
range4

44(y�q − y�w)(ym − y�q)(yuq − ym)(yuw − yuq)

)]−1

.

If any intervals have zero length then the formula needs to be adjusted, for example if [yuq, yuw] has
zero length then the disclosure risk is 4

[
log

(
range3/43(y�q − y�w)(ym − y�q)(yuq − ym)

)]−1
. A data

custodian is likely to be interested in both the maximum and the median of the disclosure risks for
the set of boxplots in a display.
Assessment of Data Utility: For a boxplot B as above, let {(xTi , yTi) : i = 1, . . . n} be the set of
actual (“True”) data points on which it is based. We define the utility of the single boxplot B to be

1
1
n

∑n
i=1(ym − yTi)2

.

A data custodian is likely to be interested in both the minimum and the median of the data utilities
for the set of boxplots in a display.

Figure 2 shows, for the residuals of the Piecewise simulated data, the displays of parallel boxplots
on 4, 8 and 20 bins, together with the values of median disclosure risk and median data utility. In
Table 2 we give the minimum and median data utility and median and maximum disclosure risk for
displays of parallel boxplots with 30 bins for residuals in each of the data sets in Table 1.
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Figure 2: Risk and Utility for displays of 4, 8 and 20 parallel boxplots on the Piecewise data

Using Risk and Utility to select number of bins in a display of parallel boxplots

It is desirable that the output from a remote regression server have both high data utility and
low disclosure risk, however these can be conflicting objectives. The R-U Confidentiality Map has been
proposed as a tool for tracing the impact on risk (R) and utility (U) of changes in the parameter values
of a disclosure limitation procedure, see (Duncan and Fienberg 1999; Duncan, Fienberg, Krishnan,
Padman and Roehrig 2001; Duncan, Keller-McNulty and Stokes 2001; Duncan and Stokes 2004;
Gomatam et al. 2005). We investigate Risk-Utility maps for the displays of parallel boxplots associated
with the diagnostics for a query to a remote regression server, and give examples.
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Table 2: Minimum and Median Utility and Median and Maximum Risk

Data Set Med Util Min Util Med Risk Max Risk
High R2 1.07 0.55 0.36 0.71
Medium R2 1.09 0.57 0.35 0.58
Low R2 1.09 0.62 0.39 0.76
Heteroscedastic 1.49 0.26 0.82 2.04
Influential point 50.67 31.67 3.90 4.37
Outliers 2.77 1.72 2.52 2.89
Curvilinear 43.20 0.79 2.39 2.76
Piecewise 58.91 4.12 2.44 2.82

The construction of a display of parallel boxplots requires the choice of a number of bins. We
therefore regard the number of bins as a parameter and calculate the risk and utility associated with
the display of parallel boxplots arising from different choices of this parameter. A scatterplot of the
resulting values enables a formal tradeoff between disclosure risk and data utility to be considered in
the choice of the number of bins, as the number of bins can be selected to give the highest utility for
acceptable disclosure risk, for example.

Figure 3 shows Risk-Utility maps for displays of parallel boxplots for the residuals corresponding
to data sets on 1000 points constructed as in Table 1, where the number of bins varies from 1 to 100.
The maps for the High R-squared, Low R-squared, Influential Point and Curvilinear plot the median
disclosure risk and the median data utility, while the maps for the Medium R-squared, Heteroscedastic,
Outliers and Piecewise data sets plot the maximum disclosure risk and the median data utility.

The plots in Figure 3 show that risk generally increases with increasing utility, as expected. In
fact, most of the plots seem to suggest a broadly linear relationship between risk and utility. The plot
for the Curvilinear data residuals shows that both risk and utility increase very quickly as the number
of bins increases to about 20, after which the increase slows. In looking for a possible explanation, we
note that the Curvilinear data residuals exhibit a much steeper rate of change in neighbouring values
than the other data set residuals, and narrower bins show the underlying pattern with more definition.
The plot for the Piecewise data residuals appears to suggest a more complex relationship between risk
and utility, possibly related to the strong underlying pattern in the residuals and the consequent need
to have enough bins to reveal such a pattern.

Conclusion

In this paper we have investigated and compared two proposals for methods by which remote
server diagnostics can be released without significant disclosure risk, namely synthetic diagnostics and
a display of parallel boxplots. We have provided examples on simulated data sets, to enable a direct
visual comparison of the outputs of two methods.

We have also proposed quantitative measures of disclosure risk and data utility for a display of
parallel boxplots. We have given examples on simulated data sets and have constructed Risk-Utility
maps to demonstrate how a formal tradeoff between disclosure risk and data utility can be made in
the choice of parameters for a display.

The results of this preliminary investigation would appear to be promising, however the use-
fulness of the approaches needs to be further evaluated on real data sets. Our experimentation has
underlined the impact on risk and utility of the exact location of the bin cut points in a display of par-
allel boxplots, and our future research will concentrate on better binning techniques and improvements
to the definitions of risk and utility.

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 1554 -



● ●

●●●●
●●
●

●
●

●●
●● ●

●
●● ● ●

●

●
●●

●●
● ●

●
●●

●●● ●
●●

●●●
●

●

●
●
●

●
●

●
●●

● ●
●

●
●●● ●

●
●

●
●

●
● ●
●

●

●

●●●
●
●

●●

●

●

●

●
●

●

●

●●● ●● ●●

●

●
●

●

● ● ●●

●

1.0 1.1 1.2 1.3

0.
2

0.
4

0.
6

0.
8

High R−squared

R
is

k

Median Risk

●● ●●
● ● ●● ●● ●●●●
● ●●
● ●●

●●
●

●
●●

●

●
●
●

●●
●●

●●

●
●

● ●● ● ●

●

●
●

●

●

●
●

●
●

●

●
●

●

●●
●
●
●

●

●

●●

● ●
●●●

●

●
●

●●

●

● ● ●

●

●

●

●
●

●

●

●

●

●

●

● ●●

●

●

●

●

●

●

1.0 1.1 1.2 1.3 1.4

0.
5

1.
0

1.
5

2.
0

Medium R−squared

Maximum Risk

●

●●● ●
●●

●

● ● ●●
●

●
●

● ●
●

●
●● ●●●

● ●●● ●

●
●●

●
●

●● ●●● ●
●

●

●●● ●

● ●●●
●● ●

● ●

● ●
● ●

●
●

●
●●

●●
●● ●●

●
● ● ●

●

●
●●

●
●

●

●

●

●
●

● ●●

●

●
●

●
●

●●

● ●●
●

1.0 1.1 1.2 1.3

0.
1

0.
3

0.
5

0.
7

Low R−squared

●
●

●
● ●

●●●●
●
● ●● ●●●

● ●● ●
● ●● ●●●

●
●
●● ● ●●

●

●●●
● ●● ●●

●●
● ●●

●●● ●
● ●●

●● ●
● ● ●●●

●
● ● ● ●● ● ●●

●
●

●● ●
●●● ●

●●

● ● ●●

●

●● ●

●

●

●

●
●

● ●● ●

1.4 1.6 1.8 2.0 2.2

1.
0

1.
5

2.
0

2.
5

3.
0

Heteroscedastic

●
●●

●●●
● ●●

●●
●●

●

●● ● ●
● ●●

●
●●

●
● ●●●

● ●

●

●
●

●

●
●

●
● ●

●●●
●●●

●
● ●

● ●●
●●

●

●
●

●●

●

●

●
●●

● ●

●●

●

● ●

●

●
●● ●

●●● ●
● ●

● ●
●

●●
●●

●
●

●
●

●
●

●

●
●●

45 50 55 60

3.
7

3.
9

4.
1

Influential point

● ●●● ●●● ● ●● ●● ●●● ●●
●

●
●●

●
● ● ●

●
● ●

● ●●●●

● ●

● ●●
●

● ●● ●

●

●
● ●●

●
●

●
●

●
●

●
●

●
● ● ●

●
●

●

●
●

●

●

●

● ● ●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●●

●

●
● ●

●●

●

●

●

2.6 2.8 3.0 3.2 3.4

2.
5

3.
5

4.
5

5.
5

Outliers

●

●

●

●
●

●
●

●

●
●
●
●●●
● ●●●

● ●● ●●●
●●●● ●

●● ●●● ●● ●●
●●● ●●● ●●● ●● ●●●●

●● ●●●● ●●
● ●●●●●●●● ●●●● ●● ●●

●●●● ●●●
●●●●●●● ●●● ●●●●

10 20 30 40 50

1.
0

1.
5

2.
0

2.
5

Curvilinear

Utility

●
●
●
●

●

●●
● ●● ●

●
●●

● ●
●●● ●

●●
●

●● ●●●● ●
●
●●● ●●●

●●

●

●● ●●●

●●
●

●●●
● ●

●
●●
●●●

●●●
●●

●
●

●

● ●
●

●

●

● ●
●

●
●

●●

●

●

●
●

●●
●

●●

●●
●

●

●

●

●

●
●

● ●

0 20 40 60 80

1
2

3
4

Piecewise

Figure 3: Risk-Utility Maps for Displays of Parallel Boxplots
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Is Six Sigma a Management Fad? Pros and Cons

Bo Bergman
Chalmers University of Technology
E-mail: bo.bergman@chalmers.se

ABSTRACT

In the late 20:th century a large number of management ideas have flourished. By many, these have
been considered management fashions or management fads. In fact, many academics reject most new
management ideas as just fads. However, that may be too simplistic an explanation. One explanation
of the creation and transmission of management ideas goes as follows: Managers and company leaders
are facing problems they try to solve. From different kinds of comparisons with companies said
to be successful they try to extract the essence of how these other companies have solved similar
problems. The solutions are then translated and tried. Later, these translation efforts are completed
and packaged by consultants and others interested in spreading the idea. The business consultants
find a new business case – creating a need for the management idea they recently have succeeded in
packaging. Another interpretation starts from the success of a company. In efforts to understand the
basis for the success of this company consultants or/and academics study the strategies, operations,
and other possible kinds of success factors in the successful company. Some patterns are extracted and
translated into some kind of generic language to describe a new management idea – a generic package
of the new management idea. In the hands of consultants this new management idea becomes an
interesting business case. In their efforts to sell the idea (and corresponding services) the consultants
might create a need or they might make an earlier latent but not yet conceived need manifest. In which
cases are management ideas best characterised as fads? In this paper we will discuss the occurrence
and development of Six Sigma, later modified to Lean Six Sigma, in the light of management fads. Is
the interpretation of (Lean) Six Sigma to be regarded as a fad or is there more to it? Is the suggestion
that Six Sigma is a fad a tenable position?

Keywords. Quality management; quality control.
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1. Introduction 
Lean Six Sigma is a widely applied program for company wide quality improvement. It is the synthesis of 

Six Sigma and Lean. Six Sigma was developed by Motorola in the 1980s, but gained momentum after its 
adoption by General Electric in the mid 1990s. Lean is an outgrowth of the Toyota Production System. A few 
years ago Linderman, Schroeder, Zaheer and Choo (2002) remarked that: “While Six Sigma has made a big 
impact on industry, the academic community lags behind in understanding of Six Sigma”. In the last few years 
several members of the Institute for Business and Industrial Statistics of the University of Amsterdam (IBIS 
UvA) have tried to fill this gap, by carrying out some in depth research on the topic. In this paper we give an 
overview of the research on Lean Six Sigma which has been carried out by members of IBIS UvA. This institute 
supports quality and efficiency improvement initiatives based on its expertise in the field of statistical 
methodology. IBIS UvA has over 10 years of experience with Lean Six Sigma, and has supported Lean Six 
Sigma initiatives at General Electric Plastics, Sara Lee-Douwe Egberts, Paccar-DAF Trucks, Perlos, LG.Philips 
Displays, Philips Lighting, Getronics, TNT Mail Netherlands, Achmea Pensions, ABN AMRO Bank, Wolters 
Kluwer, Red Cross Hospital, Canisius Wilhelmina Hospital, Virga Jesse Hospital, and many more Dutch and 
international organizations.  

The institute is owned by the University of Amsterdam, and promotes itself internationally as a center of 
expertise in Lean Six Sigma and industrial statistics (De Mast and Does, 2006). The members of the institute are 
frequent publishers in the international scientific literature as well as the professional literature. Members of the 
institute have authored books about Lean Six Sigma (De Mast, Does and De Koning, 2006) and Statistical 
Process Control (Does, Roes and Trip, 1999). 

IBIS UvA sees the interaction between scientific research on the one hand, and the application of 
technology in business and industry on the other as its core.  

- Research focuses on statistical methodology for quality and efficiency improvement, and on the business 
economic context of quality and efficiency improvement.  

- Consultancy focuses on the support of Lean Six Sigma implementation programs, in which the institute 
plays the role of master black belt (project support, training, program support). 

Currently, the staff of IBIS UvA consists of nine enthusiastic members. The advisors have had an 
extensive scientific education. Three of the staff members combine their activities at IBIS UvA with a 
professorship at the University of Amsterdam. Along with a broad scientific knowledge, advisors of IBIS UvA 
BV have an extensive experience in business. 

2. Organizing quality improvement 
Before turning to the scientific study of the methodological aspects of Lean Six Sigma, we first elucidate 

the organizational structure prescribed by the program. The key principle is that projects are run by people with 
intimate and detailed understanding of the process and problem at hand (see for an introduction the book of De 
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Mast, Does and De Koning, 2006). That implies that mostly projects are executed by people from the line 
organization, and not by staff personnel (let alone external consultants). The motivation is of course that line 
persons are aware of the treacherous details that are part of the problem, its solution, and that pose limitations on 
improvement directions. Moreover, since improvement actions ultimately are handed over to the line (to the 
employees, operators and process engineers), it is important that the solution is such that they can work with it, 
and that they accept it. Typically, a Lean Six Sigma project is run by a team consisting of: 

- One or more Black Belts (BBs) and/or Green Belts (GBs), who are typically selected from middle 
management. They are thoroughly trained in becoming effective project leaders, and they work either full-time 
or at least a considerable part of their time on the project. 

- Several Yellow Belts (YBs): persons that the BB or GB calls in as advisors, typically operators or 
employees who execute the process, but YBs could as well be technical specialists, marketing specialists, or 
whoever the BB or GB thinks could bring in relevant knowledge. On a limited number of occasions input from 
the YBs is requested, and they may be called upon to collect data. 

The difference between a BB and a GB is interpreted differently in various organizations, and the precise 
role of a BB and a GB should be adapted to the situation in one’s own organization. In some companies, a BB 
refers to project leaders who work full time on their project, whereas GBs work two or three days per week on 
their project. BBs then run the tougher projects. But a different approach is to have projects executed by a full-
time BB from a staff department, assisted by one or two part-time GBs from the line.  

The above implies that improvement projects are not run from a central staff department (such as quality 
assurance or troubleshooting). Rather, the idea is that GBs and BBs are dispersed over the organization. The 
danger of such a decentralized approach to improvement is that there is no integration of activities, and that 
efforts are wasted on issues that are not of strategic importance. For this reason, projects are selected and 
monitored by so-called Six Sigma champions. The champion is the project owner, in the sense that he is 
responsible for the process that the project aims to improve. Preferably, the champion is also the hierarchical 
superior of the BB or GB. Loosely said, the champion owns the problem, and hires the BB and GBs to solve it. 
Given his position in the company, the champion should be able to relate the project to the bigger picture of the 
company’s strategy and other initiatives. During its execution, a project is reviewed several times by the 
champion, thus allowing him to adjust the direction that the BB or GB chooses. This control mechanism is 
intended to assure that the project remains focused on issues of critical importance to the company. 

The structure just described has firm roots in the scientific literature about theory of the firm. Jensen 
(1998) discusses the merits of this organizational structure in dealing with quality improvement (albeit in the 
case of Total Quality Management). 

3. Core elements of sound methodology 
Part of theoretical grounding of Six Sigma may be found in De Mast and Bisgaard (2007). They show that 

several elements in Six Sigma’s methodology constitute its sound basis in scientific methodology. In this section 
we give some highlights of their paper in the context of Lean Six Sigma. 

Central to a scientific attitude towards process improvement is the idea that to control a system we have to 
understand how it works. Without understanding of the mechanics of a problem, we are likely just fighting 
symptoms and applying makeshift solutions. To understand a system means: to have a theory that relates the 
system’s behavior to its causal factors. De Koning and De Mast (2007) draw the conclusion that “Six Sigma 
does not offer standard cures, but a method for gaining understanding of the causal mechanisms underlying a 
problem”. 

The next principle is that we have to define problems in a crystal clear, operational form before attempts at 
finding a solution are made. Targets and objectives are often formulated in abstract terminology: “to become a 
number one supplier“, “to be best in class”, “to become an empowered organization”. Although such objectives 
are useful in stating an intention and providing a sense of direction, they are too vague to manage upon. 
Objectives should be translated into a tangible and measurable form. An objective is operationally defined if its 
formulation is so tangible, that one can determine precisely and unambiguously whether the objective is met. In 
Lean Six Sigma problems are translated into measurable quantities, called critical to quality characteristics 
(CTQs). A commonly used tool to go from a project definition to these specific and measurable CTQs is the CTQ 
flowdown (De Koning and De Mast, 2007). It aims to make explicit and structure the rationale underlying the 
project. Furthermore, it shows how CTQs relate to higher level concepts such as performance indicators and 
strategic focal points. Downward it shows how CTQs relate to measurements. 

A third cornerstone of Lean Six Sigma’s methodology is the emphasis on quantification. Customer 
satisfaction versus production costs, crime prevention versus privacy of citizens, pollution and noise nuisance of 
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airports versus economic interests: most interesting problems are trade-off problems. The issue is not “either / 
or”, but “how much of one, and how much of the other?” If problems are not quantified, their trade-off nature is 
obscured, and people tend to treat them as either/or-problems (and frequently politicize them in addition). 

The fourth principle indicates that before attempts are made to solve the problem, a data-based diagnosis 
is needed. In Lean Six Sigma this takes the form of a process capability study. This shows the nature and size of 
the problem. The nature of the problem guides the direction of the improvement actions, the magnitude of the 
problem facilitates prioritization. The importance of prioritization cannot be overemphasized. The saying has it 
that “every ounce helps”, but this proverbial wisdom does not work in business. With unlimited time and 
resources one could bother about ounces, but in reality one must focus on the strategically important issues. Or 
in Lean Six Sigma’s terminology: each minute spent on the trivial many issues is a minute lost; it is the vital few 
issues that determine the success of a project. Without data-based diagnosis improvement actions are likely to be 
wasted on many trivialities, not on the few drivers of performance. 

A final element of Lean Six Sigma is its emphasis on data-based testing of ideas and improvement actions 
to reality. In a world where no-one is likely to have sufficient knowledge to be consistently right the first time, 
feedback is crucial. One should experimentally verify one’s ideas for two reasons. In the first place, to get rid of 
misconceptions, misjudgments and myths. And secondly (and equally important), to fine-tune a coarsely 
developed idea to the specifics and complications of the real life situation. Ideas that are not tested before they 
are implemented are often either misconceived, or appear to be based on a wrong notion of proportions and 
priorities, or fail because of the many ignored growing pains. 

The principles outlined above were put in an operational form in the form of the DMAIC roadmap. It 
employs five phases: Define (D), Measure (M), Analyse (A), Improve (I) and Control (C). The roadmap guides 
BBs and GBs through their projects, helps them ask the right questions, shows them when certain tools and 
techniques can be used, and forces them to organize their findings in a structured manner. The five phases are 
briefly characterized as follows: 

1. Define: Select project and BB or GB. 
2. Measure: Make the problem quantifiable and measurable. 
3. Analyze: Analyze the current situation and make a diagnosis. 
4. Improve: Develop and implement improvement actions. 
5. Control: Adjust the quality control system and close the project. 
Each of these phases is discussed in depth in De Mast, Does and De Koning (2006). Each of the MAIC 

phases is broken down in three steps. For each step a list of end terms is defined as well as a set of techniques 
that are typically used to achieve them. BBs and GBs report the progress of their projects following these steps, 
which makes it easy for program management to track progress.  

Hence Lean Six Sigma elevates problem-solving and quality improvement to a more professional level by 
providing a method that follow scientific method and by training BBs and GBs in an attitude that can be 
described as scientific. Improvement actions are not based on perception and anecdotal evidence. But neither are 
they based on the notion of the omniscient specialist who, sitting behind his desk, derives a remedy by making 
clever deductions from his expert knowledge. The attitude that Lean Six Sigma represents, is an adventurous 
and open-minded eagerness to go out to the process under study and learn from it, and the willingness to correct 
one’s own misconceptions on the basis of experimental results and empirical feedback. That is in a nutshell the 
tenor of Lean Six Sigma’s methodology. 

4. How to research a methodology? 
Scientific investigation of statistical improvement programs, such as the Lean Six Sigma program, is 

needed and should provide a better understanding and suggest directions for improvement. Such an investigation 
confronts the scientist, however, with the problem that Lean Six Sigma, like other statistical improvement 
programs, has many aspects that belong to different disciplines in science, such as statistics, methodology, 
management science, economics and quality engineering. Many of these aspects can be studied using standard 
research approaches. However, there will be aspects for which the scientist cannot fall back on a standard 
approach, but is forced to work-out a research design himself. 

In this section we will work-out a scientifically sound approach for studying the validity and applicability 
of Lean Six Sigma’s DMAIC method for improvement projects. Note that we only take into consideration the 
program’s methodological aspects, which includes its method, tools, and concepts, but excludes issues like Lean 
Six Sigma’s organization, training, project selection, etc. We consider several research methodologies, 
whereupon a grounding research approach is developed. A comparison of the results of a literature review and 
the proposed research approach learns that current literature on the methodological aspects of Lean Six Sigma 
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does not meet scientific standards of precision and consistency (De Koning and De Mast, 2005).  
An important aspect of Lean Six Sigma's method is that it guides project leaders through a quality 

improvement project. It can therefore be characterized as a system of prescriptions: guidelines that tell a project 
leader what to do in order to reach a certain goal. One could consider to study the Lean Six Sigma’s method 
following the approach of empirical research. In that case prescriptions (or rather, their application and the 
outcome of their application) are regarded as empirical phenomena. Measuring the success of their application, 
one could single out the successful elements of Lean Six Sigma’s methodology from the less successful. 
Although the study of records of past uses is an important element of the approach that envisaged, it is not 
sufficient. Merely recording which prescriptions correlate with successful applications and which do not, gives 
no explanation of the way Lean Six Sigma’s methodology works.  

In order to gain insight in how successful prescriptions work, we must understand the internal logic of  
Lean Six Sigma’s methodology. The Lean Six Sigma method is formulated in unscientific language (ranging 
from imprecise and incoherent to meaningless and silly), so the efforts should first focus on explication 
(”rational reconstruction”). The second step is aimed at understanding the internal logic of the Lean Six Sigma 
method. Thus, the research design contains the following elements: 

Rational reconstruction of the methodological aspects of the Lean Six Sigma program. 
Grounding (=validation) of the methodological aspects of the Lean Six Sigma program. 

A rational reconstruction presents a given problematic complex (the object of reconstruction) in a similar, 
but more precise and more consistent formulation (the product of reconstruction). The given problematic 
complex is typically intuitive, tacit knowledge. The simplest form of rational reconstruction is explication: the 
formulation of exact definitions for loosely defined concepts. Linguistic research is often reconstruction research 
(where one attempts to make explicit the grammatical rules that native speakers of a language know intuitively), 
as well as research in law (trying to reconstruct intuitive notions of right and wrong) and aspects of mathematics 
(e.g., the axiomatic set-up of probability as an attempt to formalize intuitive notions of probability). Rational 
reconstructions could have a purely descriptive impetus. The emphasis is on reconstruction as “again”-
construction (“re-” as “again”), i.e., making the object “more equal to itself” by extracting essential elements 
and reformulating and restructuring them. The main criteria for adequacy in this case are clarity, exactness and 
similarity to the original. One step further is a rational reconstruction with a prescriptive impetus. The emphasis 
is on “new”-construction (“re-” as “new”). The original material is taken as a starting point, but based on critical 
examination (on the basis of external formal criteria such as logic), it is corrected. Besides clarity and exactness, 
we have in this case the criterion of consistency, which replaces the criterion of similarity. We could regard the 
Lean Six Sigma method as an attempt to reconstruct the know-how needed to conduct a quality improvement 
project. A rational reconstruction of the DMAIC methodology may be found in De Koning and De Mast (2006).  

Grounding research is an investigation into the rationality of prescriptions, or in general of actions. 
Actions are called rational if they can be criticized and can be grounded. Rational actions embody certain 
presumed knowledge, and therefore imply a validity claim. For example, if a person performs a certain action 
with a specific purpose in mind, he implicitly claims the effectiveness of the chosen action in attaining the 
purpose. Or if a person makes a statement about certain matters of fact, he claims the truth of his statement. The 
rationality in these actions consists of their claimed effectiveness or truth. To ground an action is to show that 
these claims are warranted, i.e., that the knowledge on which they are based is true. Different types of actions 
raise different validity claims (“effectiveness”, “truth”), and should, consequently, be grounded differently, 
depending on the precise manner in which the action relates to the knowledge that underpins it. One of the 
reasons why the rationality of actions matters, is that their criticizability makes it possible to improve them. 
Thus, grounding is closely related to learning.  

In order to ground Lean Six Sigma’s methodology (as we have already noted, a system of prescriptions), 
we have to formulate the validity claims that it makes, and next, verify that these claims are warranted. The 
basic form of a prescription is:  

(1) Given a certain situation, then take action X in order to attain a certain goal Y.  
The validity claim that a prescription makes, is ”usefulness”. This claim is composed of two claims: 
(2) The goal Y is legitimate; 
(3) Cause (action) X results in effect (goal) Y. 
In order to ground (i.e., validate the usefulness of) a prescription of the form (1), one would have to 

validate the legitimacy of goal Y (Value grounding), and validate the explanatory argument (3). Argument (3) 
could be validated either by providing empirical evidence that confirms the stated X-Y relation (Empirical 
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grounding), or by another statement or theory, which is valid and which implies (3) (Theoretical grounding). 
Finally, one should specify the situations in which Lean Six Sigma is applicable. In the paper of De Koning and 
De Mast (2005) these grounding aspects are discussed for the Six Sigma program. 

5. Recent new applications of the Lean Six Sigma program 
In this last section we deal with the question under what conditions and in what branches is Lean Six 

Sigma applicable. An important observation is that any organization, be it a business enterprise or a not-for-
profit organization, could be conceived as a collection of routine operations. Manufacturing, sales, back-office 
processes, and nursing are all functions performed in a routine manner. Lean Six Sigma projects are about the 
improvement of these routine operations, seeking to make them more effective and more efficient, striving for 
processes that run like clockwork. Many of the routine operations suffer from recurring problems and crises. 
Line management and personnel are usually over-occupied keeping things running. Dealing with problems 
typically takes the form of fire fighting, and quick and dirty solutions are applied before rushing off to the next 
crisis. Recurring problems make good Lean Six Sigma projects. Lean Six Sigma brings understanding of the 
root causes of the problem, and provides a definitive and optimal solution. Even if a process does not suffer 
from severe problems, there is a lot to gain from periodical process overhaul. Processes evolve over time, and 
typically they grow in the direction of more complexity, more malfunctions plus makeshift solutions, and more 
obsolete or redundant work. Moreover, the staffing is usually not based on calculation, but has historically 
grown. Lean Six Sigma projects optimize processes, eliminate waste, and provide a quantitative basis for 
staffing and line balancing. 

Besides tackling internal problems, Lean Six Sigma projects are deployed to attack issues perceived by 
customers as problematic. Customer feedback shows which aspects of a business are perceived as substandard, 
but they can also point to new potential business. Projects tackle dissatisfiers, but can also develop or enhance 
latent opportunities for growth. 

The improvement of routine operations is what Lean Six Sigma projects do, and in fact, Lean Six Sigma 
provides a management structure and methodology that turn systematic improvement of routine operations into 
a routine operation itself. Traditionally, Lean Six Sigma projects have been mainly targeted at improvement of 
manufacturing processes and back-office processes in the service industry. But sales, accounting, a physician’s 
consulting hours are routine processes just as a manufacturing process, and Lean Six Sigma projects are 
increasingly deployed in improving their quality and efficiency as well.  

The manufacturing industry has invested in the systematic exploration of opportunities for quality 
improvement, cost reduction and efficiency improvement for many years. Hence this industry has used Lean Six 
Sigma already for many years. However, there are sectors which are lagging behind such as Healthcare and 
Financial Services. Recently, IBIS UvA has implemented Lean Six Sigma in several hospitals and financial 
service institutions. It is gratifying to note that the application of Lean Six Sigma in these sectors generates a lot 
of interesting research questions. For example: Is it possible to standardize Lean Six Sigma projects in 
healthcare respectively in financial services?; What is the best way to implement Lean Six Sigma in healthcare 
respectively financial services?; Are there interesting case studies from these areas? 

Healthcare, as any other service operation, requires systematic innovation efforts to remain competitive, 
cost efficient and up to date. Some operational inefficiencies are associated with the direct medical service 
delivery process. Others are associated with the administrative, logistical and operational side of the healthcare 
delivery system. Both areas can benefit from systematic process innovation activities.  

It would not be a surprise if some object to the notion of industrialized healthcare delivery. 
Industrialization is essentially a conversion of artisan methods to more efficient, cost effective, streamlined 
systems for the delivery of products or services. However, healthcare is not a business like other. There are 
multiple decision makers, and conflicting goals and incentives. Take for instance a hospital: doctors are 
responsible for the cure; the nursing is responsible for the care; the patient (client) is part of the process; 
management has in general no control over the doctors. Nevertheless, Lean Six Sigma has recently also been 
applied in the healthcare sector. We have published several papers on these subjects. In Van den Heuvel, Does 
and Vermaat (2004) we present several case studies. In Van den Heuvel, Does and Bisgaard (2005) and Van den 
Heuvel, Does, Bogers and Berg (2006) the way to implement Six Sigma in a hospital is explained. Van den 
Heuvel, Bogers et al. report the results of the implementation over a period of five years. In De Koning, Verver 
et al. (2006) and Van den Heuvel, Does and De Koning (2006) the synthesis of Lean with Six Sigma in a 
hospital is described. In Does, Vermaat, et al. (2006) the generic project structure in healthcare is discussed. 
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Financial services institutions face increasing competition primarily because of globalization. Companies 
have to compete with domestic competitors as well as with best-in-class firms in a global context. Moreover, 
competitors from abroad usually play the strategy game according to different rules, making it harder to respond 
effectively. Thus to compete it is imperative to improve operational efficiency and effectiveness. Improving 
operational efficiency and effectiveness include quality improvement, cycle time reduction, productivity 
improvement, waste reduction and elimination of rework. Financial services companies need to eliminate 
operational inefficiencies, not just to gain competitive advantage, but even more fundamentally, to avoid 
competitive disadvantages and to stay in business (De Mast, 2006). 

Operational inefficiency is typically associated with the direct financial services delivery process. 
However, the administrative, logistical and operational side of the financial services delivery system may also be 
ripe for improvement. Indeed all areas can benefit from systematic process innovations (Bisgaard and De Mast, 
2006). We sometimes cling to pre-industrial notions about what service is and how it should be delivered. In 
fact, the type of innovations that have produced significant leaps in efficiency in the industrial environment have 
so far not been sufficiently applied to reduce inefficiencies in the financial services sector, or many other service 
sectors for that matter. We are involved in the implementation of Lean Six Sigma in financial services since 
2000. We have published our findings in financial services in De Mast, Does and De Koning (2006), Does and 
De Koning (2006), De Koning, Does and Bisgaard (2007), and De Koning, De Mast, Does, Vermaat and Simons 
(2007).
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ABSTRACT 
The twentieth century saw an incredible development of professional organizations. The impact of 

technological advances is obvious, but besides these, innovations in management structures and methods have 
resulted in the highly productive organizations of today. When the race for outperforming competitors on 
quality and efficiency gained momentum, companies started to copy each other’s best practices. Consultants 
and management gurus quickly jumped in and started giving names to these best practices: total quality 
management, just-in-time, business process reengineering, statistical process control, quality circles, lean 
manufacturing, continuous improvement, et cetera. Out of these methods, principles and approaches time has 
singled out the ones that really have added value. And while most approaches have been presented as panaceas 
at one time or another, time has shown that they are in fact complementary.  

Lean Six Sigma is not revolutionary. It is built on principles and methods that have proven themselves 
over the twentieth century. It has incorporated the most effective approaches and integrated them into a full 
program. It offers a management structure for organizing continuous improvement of routine tasks, such as 
manufacturing, service delivery, accounting, nursing, sales, and other work that is done routinely. Further, it 
offers a method and tools for carrying out improvement projects effectively. In an economy which is determined 
more and more by dynamics than by static advantages, continuous improvement of routine tasks is a crucial 
driver of competitiveness. 

Lean Six Sigma builds on field-tested and proven principles that have been developed in quality 
engineering, management and industrial statistics over the twentieth century. We  show in this paper that Lean 
Six Sigma’s method has a sound basis in science, thus aiming to provide a case for Lean Six Sigma based on its 
core principles, rather than rhetoric. Furthermore, we give some insight in recent applications of Lean Six 
Sigma in healthcare and financial services. 
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Abstract
Six-Sigma is a useful problem solving methodology and provides a valuable
measurement approach. It has a statistical base and with proper utilisation of
methodologies can help to improve the quality of both product and process. In
addition to providing data driven statistical methods for improving quality, Six-sigma
also focuses on some vital dimension of business processes reducing variation around
mean value of the process. In general, it creates a link between the effective use of
quality improvement and statistical tools to deal with customer focus, measurement
and continuous improvement which are also the partial requirement of the Business
Excellence measurement system.
Unlike six-sigma the Business Excellence Measurement System (BEMS) provides a
comprehensive and holistic approach methodology for business improvement by
integrating all the stakeholders’ performances.
The Business Excellence Measurement System is a means of measuring customers’,
employers’ and stakeholders’ satisfaction simultaneously within an organization in
order to obtain a comprehensive evaluation of the organizational performance (Kanji
2002). Here the measurement system, that is statistical methods, can be used to
measure how well different areas of the organization are performing. In reality some
Six-Sigma methodologies such as statistical techniques can be used for this purpose.
In this paper the author will discuss how well Six- Sigma can be incorporated into the
Kanji’s Business Excellence model (KBEM).

Introduction
At present we are experiencing a wave of Six-Sigma activity. For instance, General
Electric highly publicized their successes and the interest in Six-Sigma went from
gentle wave to tidal wave. All type of companies are joining the Six-Sigma band
wagon and leading companies such as GE, Gillette, JP Morgan, Chase, Sony, Eastman
Kodak, American Express and many others are using it. The Six-Sigma wave has
moved from the USA to Europe and is gradually making an impact in the Asian
countries.
At Motorola during the late 1970 Mr. Bill Smith developed the Six-Sigma approach to
drive quality forward with an objective to control defects at parts per million.
The Japanese were already controlling quality at parts per million (PPM) level during
late 1970.
With its roots dating back to the teachings by Dr. W.E Deming and Dr. J. Juran the
Six-Sigma idea was further developed in the late 80’s by Mr. Mike Harry, at
Motorola. According to Mr Harry Six-Sigma is a high performance, data driven
method for improving quality by removing defects and their causes of business
process adverse activities. It concentrates on those out puts which are important to
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customers. It focuses on root causes of business processes thus reducing variation of
occurrence around mean value of process data.

Six Sigma Methodologies
I n general the cost of poor quality for a company is about 20 to 30 percent. The
purpose of Six-Sigma is to create project improvement activities within the
organization to reduce the poor cost of quality. The prioritization of Six-Sigma for its
vital success is therefore to select a suitable project on which to work. The Six-Sigma
concept should also be developed in the early stages of a process or product design of
the project.
As we know that Six-Sigma is primarily a methodology for improving the capability
of business processes by using statistical methods to identify and reduce or eliminate
process variation. So, the main purpose of the Six-Sigma project is to improve the
project by error reduction or elimination.
A six-Sigma project requires a structured approach providing an effective execution
for its success. One of the basic concepts for Six-Sigma is DMAIC - Define, Measure,
Analyze, Improve and Control.
Other characteristics also incorporate:

- Senior management leadership
- Rapid project completion
- Clearly defined performance measurements
- A sound statistical method

Although Six-sigma is primarily based on statistical methodologies it has integrated
other quality management tools such as Cause-and-Effect Diagram, Poka-Yoke,
Kaizen, Kanban, Lean Manufacturing and QFD etc... Fundamentally Six-Sigma is a
problem solving methodology which uses systematic and organized project
management tools.
Six-Sigma Setup
The Six-Sigma organization is built according to customer requirement. A Six-Sigma
project recognises performance gap and goes through DMAIC steps before attempting
a solution for the reduction of variation.
In reality Six-Sigma started with process improvement goal within the frame work of
the properties of a normal distribution. Subsequently, to improve quality further they
adopted 3.4 defects per million opportunities in a given process. When it became
obvious that quality was dependent on the multiple functional activities, six-sigma
provided a common quality metric (DPU) around which the efforts of other function
could be aligned
In Six-Sigma methodology the first step starts with “Define” which assures that
customer needs and requirements are very important. Second most important aspect of
Six –Sigma is “Measurement”.
Six-sigma is therefore, a useful problem-solving methodology but it is not a
comprehensive management system.

BUSINESS EXCELLENCE

The most important role of quality in the 21st century is to achieve Excellence in all
aspects of business. The complexity of present day business is manifest in low cost
opportunities, quickly expanding global markets, the boosting of operating
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efficiencies and the delivery of better and more personalised customer service, thus
we can already see that business excellence is transforming the way we work.
Business excellence has no boundaries. Our challenge for the 21st century is to turn
the organisational vision into reality. In a nutshell it is the best window for the reality
of corporate life, setting before us the following visions:

1. Develop quality Culture because it is a way of life, a life-time business
commitment; it is not a pastime.

2. Excellence in business is not by chance, it is a choice.
3. Business Excellence must denounce the evils of sloppy organizational cultures.
4 A successful business will not lower its standard; it will build on its success.
5. Systems approach in Business Excellence must demonstrate how the organization’s
vision can be turned into reality.
6. Never let continuous improvement rest, until good business is better and better
business is best.

In following the above vision you must also realise that the quality culture of an
organization is committed to customer satisfaction through continuous improvement.
Hence, to fulfil the vision and achieve high customer satisfaction levels (Delight the
customer); the organization must improve continually all aspects of its operation
(Continuous improvement). This can be achieved through leadership making
decisions on objective evidence of what is actually happening (Management by fact)
and by involving all employees in quality improvement activities (People based
management). The ultimate outcome will be Business Excellence.
Our task is, therefore, to help to build a highly well integrated Business Excellence
culture utilising its critical success factors for achieving the vision of reality.

In general, organizations that have achieved higher levels of Business Excellence
have demonstrated very high growth in their customer base thus improving overall
profitability and stakeholders’ values.
To follow the real path of quality improvement and ultimately to achieve Business
Excellence, organizations must choose the Performance Measurement system which
provides a holistic and a systematic approach.
By knowing the real path of excellence and following the systems approach of
performance measurement an organization will be able to know where to improve and
how limited resources can be more effectively used for the improvement.
Performance measurement thus requires not only a systems approach but also a
systematic assessment of the organization against a set of criteria that should relate to
its critical success factors.

However, designing and operating such a system is not without difficulties and
requires proper skill and investment. Therefore it is important to identify and
implement a good performance measurement system in order to achieve meaningful
interpretation of business activities.

A performance measurement system must incorporate all the quality principles and
integrate all the quality concepts in order to measure and evaluate business processes.
Hence the requisites for a good performance measurement system are as follows:
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1. Provision of Holistic and Systems approach.
2. Provision of multipurpose and interrelated activities.
3. Links to the organizational values and strategy.
4. Links to the organizational critical success factors and quality principles.
5. Provision of valid, reliable and easy to use models and methodologies.
6. Comparison of results and monitoring of progress.
7. Improvement opportunities and improvement strategy.

In reality, the approach to Quality Culture will depend on competitive landscape,
strategy, objective and resources. Whatever you choose, make sure that you follow a
systems approach to Business Excellence that provides a reliable and valid method.
Such a systems approach can be found in Kanji’s Business Excellence model.

KANJI’S BUSINESS EXCELLENCE MODEL (KBEM)

In this section the models that make up KBEM are described in some detail. Each of
its dimensions is presented and some indications given on how they can be
implemented

In introducing the pyramid model Kanji says that "TQM is about continuous
performance improvement of individuals of groups and of organizations". Therefore,
to improve performance, people need to know what to do and how to do it, and have
the right tools to do it, to be able to measure performance and to receive feedback on
current level of achievement.

Kanji's pyramid model is based on the proposition that to achieve high customer
satisfaction level (delight the customer), the organization had to improve continuously
all aspects of its operation (continuous improvement); this can only be achieved
through leadership by making decisions on objective evidence of what was actually
happening (management by fact) and by involving all employees in quality
improvement activities (people-based management), leading ultimately to business
excellence. Each of these principles is translated into practice by using two core
concepts, as shown in Table 1.

Principles Core Concepts

• Delight the Customer • External Customer Satisfaction
• Internal Customer Satisfaction

• Management by Fact • All Work is Process
• Measurement

• People Based Management • Teamwork
• People Make Quality

• Continuous Improvement • Continuous Improvement Cycle
• Prevention

Table 1: Principles and core concepts in KBEM

Leadership is designated as a prime in the model that controls the behavior of every
principle and core concept of the model. Kanji believes that leadership is crucial in
promoting and supporting a culture where quality improvement activities could
flourish and enhancing performance of individuals and groups in an organization by
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way of provision of appropriate tools, knowledge and skills associated with their
tasks.

Kanji's pyramid model in its original form is quite difficult to implement because the
relationships among variables were not provided. For this reason, later Kanji
transforms the pyramid model into the Business Excellence model (see Figure 1),
which is a conceptual network of a prime, principles, core concepts, and business
excellence.

Figure1: Kanji’s Business Excellence Model (Kanji, 1998)

The constructs and paths to business excellence suggested in KBEM are analysed in
detail in Measuring Business Excellence (Kanji, 2002). In this paper, we provide a
brief review of each dimension to facilitate its implementation in each organisation in
particular.

Leadership
Leadership is the prime requisite for putting TQM principles and core concepts into
practice (Kanji, 2002).
In fact, senior manager’s commitment has been described as the most important
determinant of successful TQM implementation
Leaders have major roles in developing and implementing the organisation values,
vision, mission and strategy in line with the TQM philosophy.
In addition, organisations need a management structure that facilitates TQM
deployment and putting that in place is another key leadership responsibility.

Delight the Customer

TQM is, by definition, a customer-oriented philosophy. Delight the customer
involves, first of all, identifying who the customers are. Both external customers and
internal customers must be considered. Expectations are dynamic in nature.
Therefore, an organisation must be in close contact with its customers and have in
place mechanisms to determine their expectations and measure their levels of
satisfaction.

External customer satisfaction
TQM stresses the importance of involving everyone in the process of "customer
driven" continuous improvement.
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Organisations should not assume they know what their customers want and expect
from them. On the contrary, they are required to collect customer feedback (through
surveys, focus groups, etc) and use that information to effectively improve.
Measurement of customer requirements is thus an important part of customer
satisfaction. Not only it helps quality improvements to be focused on those aspects
that customers value most, but also it serves as a tool to foster cross-functional
cooperation.

Internal customer satisfaction

External customer focus is not enough. Many writers emphasise the need to get
internal relationships working properly in order to satisfy the external customer
(Kanji, 2002).
TQM recognises that everyone in the organisation provides a service and has its own
customers. Accordingly, “anyone with whom an employee has a job-related
relationship” is a customer.
Internal customer satisfaction basically is the degree to which employees believe that
their needs are systematically taken into consideration and, as much as possible, being
met.
Management by Fact

In order to improve decision-making, TQM calls for systematic collection, analysis
and report of quality facts. Dissemination of information on performance is critical to
encourage innovation and learning.
Management by fact requires a strong emphasis on process management. Within an
organisation, all work is process and therefore can be mapped, analysed and
streamlined. Measurement of the key business processes is essential.

All work is process

TQM views an organisation as a set of processes. For every process, customers’
requirements and expectations must be identified.
The quality of the products and services delivered depends on the processes by which
they are designed and produced.
Within process management, variability is undesirable. It is a source of nonconformity
and waste and, consequently, needs to be reduced and controlled. Various statistical
methods are used with that purpose. However, to be effective, quality control
techniques should not be exclusively used by specialists, but rather applied by the
whole staff on their daily activities. In this sense, education and training on TQM
tools is crucial.

Measurement

A good quality information system, which provides timely, reliable and relevant
measurements, is essential to support management by fact and guide improvement.
Measurement of processes, external customer satisfaction, and internal customer
satisfaction is fundamental and must be conducted on a regular basis.
To promote organisational excellence, such measurements need to be integrated.

People-based management
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People make quality provided they are given the necessary resources and rewarded for
their achievements.Research has often shown that customer satisfaction and employee
commitment are highly correlated. Therefore, obstacles that prevent employees from
doing a good job must be removed. By creating the need to meet customer
requirements and to continuously improve, TQM provides people with opportunities
to learn and develop new skills.
People perform better if they work in a cooperative and friendly environment.
Moreover, the nature of most organisational problems requires a high degree of inter-
functional interaction. Therefore, Teamwork should be encouraged and developed.

People Make Quality

The idea that People Make Quality arises from the conviction that employees are
“able to derive pride of workmanship, satisfaction and committed from the work they
do”. TQM assumes that people naturally want to do a good job and will try to
improve, as long as they are provided with the necessary training and resources.
Employee involvement in continuous improvement is essential, as the best process
innovation ideas usually come from people who actually perform the job.
Thus, quality improvement can only be achieved if all staff is given the space and
responsibility to innovate and make decisions.

Teamwork

Teamwork is universally accepted as a key mechanism for involving people in quality
improvement.
Moreover, teams are commonly regarded as good alternatives to deal with complex
problems, which require multi-disciplinary approaches. Cross-functional teams have
more talent available to address issues that are not confined to a particular
organisational sphere.
Teamwork builds collective responsibility, develops trust and facilitates co-operation.

Continuous Improvement

Continuous improvement calls for a climate that is conducive to learning and requires
an organisational culture that constantly encourages members to innovate.
Since this is a never-ending journey, a continuous improvement cycle must be in
place. Improvement comes from learning with mistakes, implementing corrective
actions and, based on the feedback gathered, trying new things.
Inter-functional design and statistical tools are essential to support a prevention
attitude.

Continuous Improvement Cycle

The continuous improvement principle cannot be effectively implemented unless the
organisation creates a supportive environment, by minimising fear and providing
members with a rich and diverse set of tools.
Benchmarking should be encouraged and the best practices communicated throughout
the organisation.
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Additionally, improvement opportunities must be continuously identified and
feedback collected from external and internal customers.

Prevention

Prevention avoids problems from happen. Simplicity of product and service design is
part of a prevention attitude, minimising the likelihood of errors to occur and
enhancing product reliability and serviceability.
Quality design should include the formation of cross-functional teams with the
participation of customers, whenever possible.
To drive failures out of the system several tools, such as the Failure Mode and Effect
Analysis (FMEA), need to be applied.

Conclusions
Its role in business Excellence is the measurement of business processes which
integrates into the business system. Six-sigma naturally strengthens Business
Excellence process through a strategic approach by way of executive participation,
practical training and bottom-line accountability. In general Six- sigma does not
provide security of success and the training is expensive. It is often difficult to
identify the specific path leading to success and some projects even do not turnout as
expected. Six –sigma methodology is also inadequate to solve problems which are
related to the organizational system. Six-sigma is a useful problem solving
methodology and provides a valuable measurement approach. It has a statistical base
and with proper utilisation of methodologies can help to improve the quality of both
product and process.
Six-sigma also focuses on some vital dimensions of business processes reducing
variation of processes. In general, it creates a link between the effective use of quality
improvement and statistical tools to deal with customer focus.
It provides measurement and continuous improvement which are also the partial
requirement of the Business Excellence Measurement System.

On the other hand, unlike six-sigma the Business Excellence Measurement system
(KBEMS) provides a comprehensive and holistic approach methodology for business
improvement. It integrates all the stakeholders (Internal & external) performances to
provide a single index to measure and compare overall performance of the
organization
KBEMS creates performance measurement of all the stakeholders simultaneously and
provides a comprehensive evaluation of organizational performance. It also uses some
powerful statistical methods to understand how well different areas of the
organization are performing.
Quality dimensions that are used in the KBEMS provides structural model combining
quality measurement theory and Business Excellence processes. A pre- defined
structure is provided in order to be able to analyse interaction and to drive cause-
effect relationship.
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The Essence of Japanese TQM and Six Sigma

Shu Yamada
University of Tsukuba
E-mail: shu@mbaib.gsbs.tsukuba.ac.jp

ABSTRACT

The importance of quality is invariant at anytime and anywhere in order to survive and prosper. On
the other hand, appropriate approach to obtain high quality is depending on the culture, business
environment and so forth. One of the evidence of this fact is that Japanese TQM and Six Sigma
have some different approaches, while the target is consistent. This paper reviews Japanese TQM
and American Six Sigma from some specific viewpoints in order to clarify the essence of these quality
management activities. For example, Japanese TQM typically expresses that TQM aims to obtain
high quality and once high quality is obtained, profits will be brought by high quality. On the
other hand, Six Sigma stresses profits and high quality is recognized as a method to attain the
profits. Another example is a driving force of quality management activities. Policy, Daily and Cross-
functional management play a role of driving force in Japanese TQM, while project based activities
and organizational structure, such as Champion, Master Black Belt, Black Belt, play a similar role.
Furthermore, problem solving QC story and task achieving QC story are widely applied to improve
quality while DMAIC and DFSS are applied in Six Sigma. The comparison discussed in this paper
gives organizations hints to progress quality management activities. Specifically, organizations that
have promoted Japanese TQM can find a hint to progress by utilizing the essence of Six Sigma shown
in the comparison. In the same manner, organizations that have promoted Six Sigma can find a hint
by utilizing the essence of Japanese TQM..

Keywords. Company-wide activity; Problem solving; Project base; Quality improvement.
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Sensor Networks
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Embedded Networked Sensing

Mark Hansen
University of California, Los Angeles
E-mail: cocteau@stat.ucla.edu

Sheela Nair
University of California, Los Angeles
E-mail: snair@ucla.edu

ABSTRACT

Embedded networked sensing (ENS) combines innovations in sensor technology, comptuing and low-
power communications. These resulting sensing devices can be “embedded” (deployed) in both natural
and built environments to provide data at unprecedented resolution about how these places “function,”
and the phenomena that unfold there. In short, ENS systems are transforming how we observe physical
(and recently, even social) processes. As with many advances in information technology, we might
view these new observational capabilities in purely technological terms, as triumphs of engineering
or computer science. But delivering on the technological promise requires tight collaborations with
statisticians and other “data scientists.” This talk will provide a brief overview of ENS technology and
then focus on research questions related to data quality and integrity for embedded sensing.

Keywords. Embedded sensing, Computer networks, data quality.
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Modelling Ecological Presence-absence Data along an Environmental

Gradient: Threshold Levels of the Environment

Christian Damgaard
University of Aarhus
E-mail: cfd@dmu.dk

ABSTRACT

A methodology for estimating environmental thresholds of binary presence-absence data is presented
where the level of the threshold is parameterised. Presence-absence data is fitted to three complemen-
tary different models: an independent null-model, a monotonically increasing or decreasing model, and
an optimum model. The range of the three models is strictly between zero and one and the models
are therefore well suited for modelling presence probabilities. The results of the three models may be
combined by using Bayesian model selection methodologies. The proposed methodology is exemplified
on observed binary presence-absence data of Bauera rubioides along an elevation gradient.

Keywords. Presence-absence data, threshold levels, environment.
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Power calculations for species monitoring schemes 
Elston, David A. 
Biomathematics and Statistics Scotland, 
Macaulay Institute, Craigiebuckler, 
Aberdeen AB15 8QH, UK 
E-mail: d.elston@bioss.ac.uk 

Sims, Michelle 
Duke University Marine Laboratory,  
135 Duke Marine Lab Road,  
Beaufort, NC  28516, USA  
E-mail: m.sims@duke.edu

Nevison, Ian M. 
Biomathematics and Statistics Scotland, 
JCMB, The Kings Buildings, 
Edinburgh EH9 3JZ, UK 
E-mail: ian@bioss.ac.uk

Statistical power calculations should always play a central role in the planning of any monitoring scheme.  

We can use them either to provide information about the design required to give a fixed probability of 

detecting given trends or differences in trends, or we can use them to provide information about the size of 

trends or differences in trends which are likely to be detected by a proposed monitoring scheme.  In either 

case, the technical problem is to estimate  

π( α, D, μ, θ) = Pr( t > tc(α)| D, μ, θ)      Eq (1) 

where t is a test statistic of interest,  tc(α) is a critical value set to control the type 1 error rate α, D denotes 

the design, μ is the scalar-valued true trend or difference in trend of interest, and the vector θ contains the 

parameters underlying the assumed model of random variation. 

Whilst there are many types of design that can be considered, careful thought can lead to candidate values for 

μ and we are used to setting a value for α, it is often much more difficult to defend a particular choice of θ.  

The central issues are that, without a great deal of existing data, it may be difficult to distinguish between 

candidate models of random variation and within any model of random variation wide ranges of values θ
may be plausible.  We begin by presenting some case studies in which the central issues are the choice of 

the model for random variation and whether or not to pool data to estimate θ.  We end by questioning the 

wisdom of conditioning on θ in Eq (1), and present the case for averaging over the likelihood for θ in an 

analysis of existing data to estimate the probability that a monitoring scheme will achieve the requisite power. 

Case Study 1 
Construction of a funicular railway was proposed in the 1990s to improve visitor facilities at the ski 

resort in the Cairngorm Mountains, Scotland.  The area affected had multiple international conservation 
designations, as a result of which the establishment of a scheme to monitor the impacts of the development to 
the satisfaction of a government agency, Scottish Natural Heritage, was a condition of granting of planning 
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consent.  After considerable deliberation involving many organisations, an overall strategy for the 
monitoring scheme was agreed, and BioSS was a partner in the contract to undertake baseline measurements 
of vegetation condition both along footpaths and in the mountains more widely.  This latter monitoring was 
based on a stratification of the mountain areas into 23 topographic units (TUs).  Four transects, each of three 
relocatable quadrats, were established in each TU in the first year of monitoring, and the covers of indicator 
species appropriate to each TU were recorded from each quadrat.  Following concerns about 
pseudoreplication, the central quadrat was dropped for the second year, and four further transects were 
established in each TU. 
     The statistical challenge was to estimate the power of continuation monitoring, both using the 
established quadrats and with additional quadrats as required.  For each species in each quadrat, the data 
could be analysed using a multi-stratum analysis of variance (Table 1).  Statistical powers were calculated 
on the basis of the residual mean squares for change at the transect level, although there was little evidence 
these were greater than the residual mean squares for change at the quadrat level.  These power calculations 
indicated that each TU had some indicators for which reasonably high statistical power could be achieved 
with little increase in the number of transects to be monitored.  However, the uncertainty in variance 
estimates with just three degrees of freedom is a cause for considerable concern, and the power calculations 
were repeated using as variances the fitted values from a generalised linear model making use of the fact that 
each TU drew from a relatively small pool of candidate indicator species.  The model was fitted to the year 
by transect residual mean squares, treating each estimate as having a gamma distribution, with a log link 
function, and  allowing for a relationship between variance and the initial mean cover, m, by including 
log[m(1-m)] as a covariate.  In comparison with the initial power calculations, these revised power 
calculations showed fewer high values and so suggested that greater numbers of transects would be required 
if the monitoring was to have high power (Figure 1).  Some compromise between these figures can be 
achieved by treating the variances as derived from chi-squared distributions, but allowing for overdisperion 
from the linear predictor in a generalised linear mixed model setting. 

Case Study 2 
Within the UK, there is a well-established Environmental Change Network with agreed protocols for 

recording a large number of important variable at either terrestrial or freshwater sites.  Whilst the network 
has great value in having so many variables measured at each site, the number of terrestrial sites, twelve, is 
low because of the high costs involved.  Current interest in estimating trends in biodiversity due to climate 
change and air pollution will require biodiversity measurements to be made at a much larger set of sites.  
There are distinct advantages if these sites are relatively large and under relatively stable management, as 
trends in species are then most likely to be due to large-scale, external drivers.  The advice sought by the 
sponsors of this work was on the number of sites that would be required to give a high statistical power to 
detect trends of stated size. 

We assumed the principal objective was to estimate a difference in mean trends between two groups of 
sites, each group being of size n and with each site being monitored annually.  This would be appropriate if, 
for example, the sites could be split into two groups of equal size according to expected temperature increase 
(at the planning stage) or realised temperature increase (during implementation).  In truth, the data will be 
modelled using regression relationships, but this simplification assisted both with the calculations and with 
the exposition, and the hypothetical scenarios of the regression and two-group situations are closely related.  
Multiple-year, multiple-site data were made available to us on birds, butterflies and vegetation.  
Combination of species data across sites is complicated by absence of many species from many sites, and so 
more robust results will be obtained by combining species that fall into particular functional groups to form a 
range of indices.  We analysed the indices for functional groups of birds, butterflies and higher plants using 
linear mixed models, with the added complication for the plants that there were multiple plot records per site.  
Candidate models for random variation required estimation of at least five variance parameters:  we either 
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allowed for site specific trends using random regression coefficient models, or we considered the within-site 
trends to follow independent first-order autoregressive time series.  In general, the auto-regressive models 
fitted better than the random regressions coefficient models, although not all indices provided strong
empirical evidence for differentiating between the models.  For the butterfly and bird indices, the 
hypothesised true changes were expressed in terms of mean differences in annual percentage changes to the 
index values.  The powers calculated were generally slightly higher for short monitoring intervals with the 
random regression coefficients model, although these were exceeded for longer monitoring intervals by the 
powers calculated using the autoregressive model.  The explanation for this is that once enough information 
has been gained from each site to estimate each site-specific trend well there is little to be gained from 
further monitoring at these sites.  The vegetation indices used were bounded both above and below, so it 
made sense to structure the power calculations round the anticipated differences in changes between groups 
over the monitoring interval.  This had the effect of making the estimated powers decrease with increasing 
monitoring interval (Table 2), as the balance between the size of effect to be detected and its standard error 
changes unfavourably as the monitoring interval increases.    

Case Study 3 
The UK is internationally important for its seabird breeding colonies, and particular efforts are made to 

monitor trends in the numbers of breeding pairs or species.  Monitoring takes place at a small number of 
colonies each year, augmented by less regular monitoring of a wider set of colonies and decadal census visits 
to all known colonies.  We focus here on the design of monitoring schemes at a specific colony, using data 
on common guillemots (Uria aalge) from the Isle of May, near Edinburgh, Scotland.  Previous studies have 
looked at various aspects of the design, estimating in particular the powers associated with monitoring 
schemes revisiting a set total number of plots each year with a given number of counts per plot per year 
(Harris et al. 1983, Sims et al. 2006).  This case study takes a methodological look both at the effect of 
conditioning on the estimates of parameters in the model for random variation (Sims et al. in press)   
     We fitted a linear mixed model to the logarithms of the counts on each plot on each day, allowing for 
random year effects, correlated plot effects and plot-specific trends, plot-by-year interactions and day effects.  
The model for random variation then has seven parameters, including the residual error variance which we 
shall consider sufficiently well-known to treat as fixed.  From estimates of parameters in the variance model, 
it is straightforward to calculated powers for monitoring schemes involving repeated visits to plots across 
years with a set pattern of daily counts at plots within years.  However, even though we were using data 
cumulated from 11 plots over 14 years, there is still considerable uncertainty in variance parameters.  We 
have estimated the uncertainty associated with these power calculations by treating the residual likelihood as 
a probability density function for the variance parameters and sampling from this, either taking an 
importance sampling approach using reweighting of independent draws from a single proposal distribution or 
a Metropolis approach in which proposed changes in value are interspersed with likelihood evaluations.  
Both methods give similar results, but crucially the data give substantial support to combinations of variance 
parameters that have widely varying powers (Figure 2).  Hence designs that have a power of 0.8 using the 
variance parameter values estimated by REML have an estimated probability of 0.5 or lower of achieving the 
target power (Figure 3), and the realised power which depends on the true varainces may be much lower than 
required.  

Discussion 
These three case studies, taken together, illustrate many of the problems encountered by statisticians 

undertaking power calculations in an environmental or ecological context.  The principal issue is the 
unknown amount of random variation, compounded by the belief that studies of other species at other 
locations provide little useful information about the random variation to be encountered in any focal study.  
Even where data are available that can reasonably be used to estimate variances of future estimates of trend 
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or differences in trend, we must determine a model for the random variation with limited formal support for 
this model from the available data but knowing that the choice of model will have an important bearing on 
the power calculations.  We have done some work in allowing for uncertainty in parameters in models of 
random variation.  Whilst we are certainly not the first to do so (see e.g. Dudewicz, 1972, Taylor and Muller 
1996) this formal approach to allowing for variance uncertainty does not seem to be widely used.  The 
results of our calculations are that selecting a design to achieve a target powers will often lead to a design 
that is in reality considerably underpowered.  It seems clear to us that there is considerable additional work 
to be done, both in streamlining the calculations required and in making this approach more widely available.   

Acknowledgements 
We thank the many individuals, organisations and funding bodies that have contributed to the case studies 
used.  This presentation was prepared under a research project funded by SEERAD (Scottish Executive 
Environment and Rural Affairs Department). 

Table 1 
Sample ANOVA of angular-transformed cover of an indicator species in a single topographic unit 

 Source          d.f.      s.s.     m.s.    
transect      3  170.3    56.8 

 transect.quadrat   4 112.5    28.1   
 year              1    0.2      0.2   

year.transect         3    6.1      2.0    
year.transect.quadrat    4    4.8     1.2 

 Total            15     294.0 

Figure 1 
Comparison of powers calculated using the same design but using variances either taken directly 
from the analysis of variance tables or taken from the fitted values of a generalised linear model.   
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Table 2 
Powers for detecting effects on Ellenberg W index from vegetation data collected annually, 
estimated using both the random coefficients model (deviance of fit to data = -635.8) and the 
auto-regressive model (deviance of fit to data = -634.2).  The differences in changes (Change 
over interval) are assumed to be between two equally sized groups formed from the stated total 
number of sites with six plots per site. 

Table 16 

Powers for detecting effects on Ellenberg W from data collected annually, estimated using both 

the random coefficients model (deviance of fit to data = -635.8) and the auto-regressive model 

(deviance of fit to data = -634.2).  The differences in changes  (Change over interval) are 

assumed to be between two equally sized groups formed from the stated total number of sites 

with six plots per site. 

Random coefficients 

model with total number 

of sites 

Autocorrelated errors 

model with total 

number of sites 

Time interval 

(years) 

Change over 

interval 

30 60 100 30 60 100 

12 0.05 13 19 25 17 26 36

12 0.10 28 44 62 40 63 82

12 0.15 47 73 90 67 91 99

12 0.20 67 91 99 87 99 99

12 0.25 84 98 99 96 99 99

24 0.05 8 10 12 13 18 24

24 0.10 13 19 25 26 42 59

24 0.15 20 30 43 45 70 88

24 0.20 28 45 62 65 90 98

24 0.25 37 60 79 81 98 99

48 0.05 7 7 8 10 14 17

48 0.10 8 10 12 19 29 41

48 0.15 11 14 18 31 49 68

48 0.20 13 19 25 45 70 88

48 0.25 16 24 34 60 86 97
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Figure 2 
Distribution of powers for a single design for monitoring common guillemots allowing for 
uncertainty in estimation of the parameters in the model for random variation. 

Figure 3 
Effect of allowing for variance uncertainty in two designs of monitoring schemes for the 

common guillemot on the Isle of May.  Both schemes were designed for an 80% power using the 
estimated variance components, but averaging over alternative variance component values,  
weighted by their residual likelihood the probabilities that they achieve this power are close to 
0.4and 0.5 (dashed lines in a and b respectively).  More generally, for given target powers 
(horizontal axis, qs), the vertical axis indicates the probability of the power exceeding the target 
power allowing for uncertainty in the values of parameters in the model for random variation.  
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1. Introduction 

     The Swedish Parliament has established a number of environmental quality objectives to 

guide Sweden towards a sustainable society (Swedish EPA, 2006). One of these objectives is 

“A Varied Agricultural Landscape” which includes expectations that endangered species and 

habitat types should be protected and preserved, and further that alien species, that may be a 

threat to biological diversity should not be introduced. 

To judge upon whether such expectations can be met, monitoring programs for meadows and 

pastures will play an important role. In this paper we will use the common word “grassland” 

for these two types of habitats. It is of great importance that abundances of species of grass in 

such areas have a distribution with substantial weights on desirable species and less or no 

weights on alien species. Further, this distribution should preferably change with time 

towards a composition that has even higher weights on desirable species, or at least is stable 

over time. Monitoring programs for grasslands must then be designed so that changes with 

time, either in positive or negative direction could be detected with high probability. The 

main obstacle for such progress is cost, and we cannot expect inventories of grasslands to be 

done more frequently than in periods with 5-10 years in-between. In addition, the inventory of 

a particular grassland cannot be total, but instead a (usually small) number of sample plots are 

used. Typical grasslands in Sweden would often contain about 100 different species which 

means that an inventory most often result in information that is high in dimension but with 

small samples. 

Quantification of inventories can be done differently depending on the current objective of a 

study. An inventory of animal species most often result in observed absolute frequencies for 

different species and such data can be summarized by different conglomerate measures of 

richness, evenness and diversity (Lande et al, 2003). Common for these measures is that they 

are simple overview numbers that can be compared between different inventories, but they do 

however not provide any details about the composition of different species in the community 

Conglomerate measures can be applied on inventories of plant species, although abundances 

in such inventories are reported as relative quantities instead of absolute frequencies. 

Univariate conglomerate measures can be used for assessment of temporal or spatial changes 

in abundance distributions, and important is the construction of powerful statistical tests 

which in the framework of environmental objectives can be designed tools for judging about 

the achievement of particular goals. Construction of such tests depends heavily on the 

distribution of data. Previous studies have shown that abundance distributions in general are 

skewed and can be modelled either by compound distributions or by general skew 

distributions such as the lognormal (Lande et al, 2003). In this work we shall avoid such 

modelling and instead assess the temporal change in abundance distributions by resampling 

univariate conglomerate measures.    
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2. Data material 

In this study we use data obtained by manual inspection of n=28 sample plots in a grassland 

in the south-west of Sweden at one occasion in each of the years 1977, 1985 and 1994. There 

is no systematic pattern in the spread of sample plots over the grass-land, besides an intention 

to make them represent the whole area. The inspection is carried out in such a way that one 

person estimates the percentage of a plot that is covered by each of m=86 different species. 

These percentages (from now on denoted coverage levels) should with some arguments lie 

between 0 and 1, but it is possible that their sum is different from one, as there may be areas 

in the plot not covered by any kind of plant and there may also be areas where one plant 

grows higher than another, but both can be observed. 

The inspection is thus subjective and the resolution of the measurements is 0.5 %. Not 

unexpected, the data material contains a lot of zeros, i.e. the coverage level is estimated as 0 

%. Whether this means that some species are actually absent in the plot (so-called structural 

zeros) or that their coverage levels are below the detection limit of the inspection (incidental 

zeros) is not known. This is a crucial point of the data analysis, as structural zeros should be 

treated differently from the other coverage levels. The distinction between different kinds of 

zeros will be discussed further below, but through the analysis we will simplify by assuming 

all zeros being incidental.  

3. Methodology 

3.1  Diversity indices 
Lande et al (2003) reviews a number of diversity indices of which Shannon entropy and 

Simpson diversity stand out to be preferable. 

Shannon entropy stems from information theory where entropy is an important measure of 

variance. Its definition is 
m

i
ii ppH

1

log

where pi is the frequency of species i (i = 1,…, m) in the population studied. The measure is 

built on the fact that a species (or any item seen from an information theory point-of-view) 

with a very high frequency implies that the other species in the population would be rare, and 

thus the population is not so diverse. This entropy measure is defined for the whole 

population and must be estimated from a sample, in which we replace the theoretical 

frequencies with sample counterparts. Such an estimate is not unbiased but in Lande et al 

(2003) empirical studies point towards asymptotic unbiasedness. In our case frequencies will 

be replaced by scaled coverage levels, which are not based on an integer-valued sample size. 

We assume that our sample plots are big enough to ensure that the bias of an estimator of H is 

not crucial, although this assumption cannot be verified. Our estimator of H is the mean of the 

corresponding measurements for each of the n = 28 sample plots, i.e. 
n

j
jH

n
H

1

ˆ
1

ˆ  where  and p
m

i
ijijj ppH

1

logˆ ij is the scaled coverage level of species 

i in sample plot j.

The probability that two plants (selected by random) in one population are the same species 

is , where p
m

i ip
1

2
i as above is the frequency of species i in the population. For a diverse 

population we wish this probability to be small or conversely a high number of 
m

i
ipD

1

21

would correspond with a population with large biodiversity. The quantity D is called the 

Simpson diversity index. A sample-based estimator of D is not unbiased but its bias is much 

smaller than a sample-based estimator of H.
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3.2  Trend assessment and resampling 
Assume we have computed from data some diversity index I for each of two years, i.e. we 

have two statistics I1 and I2 and assume also that I1 I2  0. The difference I1 I2 is an 

estimate of the difference in the corresponding indices 1

~I and 2

~I  that would be valid for the 

whole grassland. How do we know whether the observed difference I1 I2 is significant or 

just random? With the kind of data we have, it is questionable to use standard normal 

inference to judge upon this, partly because the small-sample statistical properties of these 

statistics cannot be expressed on an explicit form (Lande et al , 2003), but mostly because of 

the high dimension of data and the skew distributions in each dimension. 

To assess the significance of the observed difference we instead suggest resampling of the 

data. Resampling, stemming from the original idea of the bootstrap (Efron, 1979), has become 

a wide-spread method for assessment of estimators when assumptions about the underlying 

distribution are difficult to make. Resampling is straightforward for samples of  independent 

and identically distributed observations, but needs different kinds of modifications to work on 

observations that may have e.g. different means. Methods for data following a multiple 

regression model can be found in Hjorth (1993) and of special interest is the concept of 

residual resampling. When an underlying structure governs the way observations occur, it is 

most reasonable to estimate this structure and resample from the residuals obtained after 

estimation.  

Let for one year xij = the (adjusted) observed coverage level for species i in plot j, i=1,…,m;

j=1,…,n.  A common model for an underlying structure is that of factors: 

ijpipiij FaFax 11    (1) 

where F1,…,Fp , p < m , are factors common to all data and ij is the particular error term for 

the observed value of species i in plot j. In many applications the error terms are modelled 

with a multivariate normal distribution and the factors are estimated by the method of 

Maximum Likelihood. When it is difficult to make any assumptions about the underlying 

distribution, factors can be obtained by estimating the principal components of the data. More 

details can be found in Johnsson  & Wichern (2002).  

For our purposes model (1) gives an opportunity to perform resampling in a fashion similar to 

the regression case. However, to make use of the assumption that all observed zero coverage 

levels are actually values under the detection limit, we suggest applying the probit transform 

on the original data with a defined threshold representing the detection limit. 

Let 00 11

ijijijijij xifdyandxifxy , where (·) is the 

cumulative distribution function of the standard univariate normal distribution and d is the 

chosen threshold. The choice of transformation is not crucial, but the link function must be 

strictly increasing and have its support completely on the interval (0,1). Other transformations 

like the logit could therefore be an alternative. 

Now, assume model (1) is valid with xij replaced by yij, i.e. 

ijpipiij FaFay 11 i=1,…m ; j=1,…,n (2)

Estimate the m principal components W1,…,Wm from the m n matrix of transformed data 

ijy . In matrix notation we can write  YBWWAY  , where Y stands for 

the m 1 variable representing the coverage levels of the whole grassland, W denotes the 

principal components vector and A and B are the m m matrices of coefficients defining the 

linear relationships.  The coefficients and the principal components are calculated from the 

estimated correlation matrix of Y.

Let W (p) be the vector of the first p principal components and A (p) be the m p coefficient 

matrix obtained by deleting the m p right-most columns of A. We can the write 
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)()(

)( j
pp

j eWAy j=1,…,n , where y(j) is the vector of transformed coverage levels 

in plot j and emjj yy ,1 (j)  is a vector of residuals. Now draw randomly n vectors 

 with replacement from the set of vectors
*

)(

*

)1( , nee )()1( , nee . A resampled set of 

transformed coverage levels is then obtained by 

*

)(

)()(*

)( j
pp

j eWAy j=1,…,n , where =
*

)( jy **

1 , mjj yy  and the from  the 

corresponding resampled coverage levels is computed as 

*

ijy

dyifyx ijijij
***

and = 0 otherwise. The vectors
**

1 , mjj xx , j = 1,…, n are 

scaled so that their components sum to one. 

We are now ready for the assessment of the difference between the computed diversity 

indices I1 and I2. First we express these statistics as functions of the original data: 
)2(

2

)1(

1 ; ijij xIIxII , where 
)(t

ijx stands for the matrix of adjusted observed 

coverage levels in year t and I ( · ) is the generic function by which the index is computed. We 

resample the two matrices 
)1(

ijx  and 
)2(

ijx B times each and for each resampled version, I is 

computed, i.e. we compute 
)*(t

ijxI , t=1,2. This will give B resampled versions of I1 and I2,

i.e.  and , and based on the empirical distribution of these sets we can 

estimate the mean and variance of the difference I

B
b

bI
1

)*(

1

B
b

bI
1

)*(

2

1 I2 and calculate a confidence interval for 

the difference in the corresponding indices for the whole grassland, i.e. for 21

~~ II .

More formally, let and*Pr *E  denote the probability measure and expectation 

respectively under the law of the resampling. The bias of I1 I2 as an estimator of  21

~~ II  can 

be approximated by 21

*

2

*

1*

* IIIIEBIAS  , and by finding and  so 

that

*

2/1q *

2/q
1)(Pr *

2/21

*

2

*

1

*

2/1* qIIIIq , an approximate 100·(1 )%

confidence interval for 21

~~ II  is 
*

2/121

*

2/21 , qIIqII  . 

4. Some results

We will apply the suggested methodology on the data set presented in section 2. The two 

parameters defining the threshold, d, under which a resampled value is set to zero and the 

number of principal components retained, p, need to be set. The criteria selected in this work 

are (i) minimizing bias of the estimates (ii) maximizing efficiency of the estimates, and (iii) 

preserving as good as possible the proportion of zeros in resampled sets of data compared 

with the original observations. The latter is particularly important if the objective is to 

produce pseudo-data for use with other methods of assessment than those suggested in this 

paper.

4.1  General setup for the experiment 
Our data material is collapsed into a number of overlapping subgroups of sample plots. The 

28 original plots will then play the role of being the entire grassland under study and a 

subgroup is a random sample from this “grassland”.  Each subgroup is the resampled a 

number of times and the comparison of properties of resampled data and estimates with data 

and estimates in the subgroup can be validated against the corresponding relations between 

the subgroups and the original 28 plots.  

In more detail the experimental setup is: 
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1. The 28 original plots are collapsed into 100 subgroups for assessing the proportion of zeros 

and 200 subgroups for assessing the properties of the temporal change estimates. 

2. The parameter p is varied from 1 to 9 and the parameter d is varied in a range between – 

4.0 and – 1.65. This range is chosen from the perspective that it covers approximately the 5% 

lowest values in the support of the function . The upper limit – 1.65 is a compromise 

between the observed resolution in data of 0.5% and the fact that the inspection is done 

manually, with substantial risk of bias in the judgements. Higher values than – 1.65 is 

however not very realistic as they would correspond with thresholds higher than 5%. 

3. To find optimal values of p and d we construct different grids in which p varies from 1 to 9 

while d varies with different steps in subintervals of the range. The grids will be different 

depending on the objective, i.e. whether we seek values that would preserve the proportion of 

zeros in pseudo-data or values that would minimize bias and optimize coverage of confidence 

intervals for the temporal change estimates. 

4. For each combination of p and d we produce B = 200 resamples for each subgroup. This 

number if chosen as a compromise between precision and computer effort. 

We have used the data from 1977 to seek values that would preserve the proportion of zeros 

in pseudo-data, and naturally the data from all three years to seek values that would minimize 

bias and variance in the temporal change estimates.  

4.2   Assessment of the preservation of zeros
In figure 1 are plotted differences averaged over all subgroups between the mean number of 

zeros in the 200 resampled vectors and the number of zeros in the corresponding subgroup. 

Plots are done for three numbers of retained principal components (1, 2 and 3). 

We observe that retaining two or three components seems equal, while retaining one is non-

sufficient. The conclusion is that d should be close to –2.14 for the best performance in this 

sense. A value close to –2 means that the threshold will be between 2.5 and 3%, if we use the 

standard normal density as reference. Although we have indicated above that the resolution 

by definition should be much finer, this result makes sense as in the current data set no 

species was reported with a value between 0% and 3%.  
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Figure 1: Average differences between mean number of zeros in resampled data and number 

of zeros in corresponding subgroups for different values of d. Number of retained principal 

components is for diamonds ( ) one, for circles ( ) two and for triangles ( ) three. 

4.3 Assessment of bias and coverage
In figure 2 are shown mean relative absolute bias: |ˆˆ| BiasBiasaverage adjusted   for 

 and where the adjustement is made with 21
ˆ II 21

*

2

*

1*

* IIIIEBIAS ), in 

the Shannon entropy for different choices of d and the same number of retained principal 

components as above (i.e. p = 1, 2, 3). In figure 3 the corresponding plot for the Simpson 

diversity is given.  
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Figure 2: Mean relative absolute bias Figure 3: Mean relative absolute bias for for 

the Shannon entropy for different for the Simpson diversity for different 

values of d and for p = 1, 2 and 3. values of d and for p = 1, 2 and 3. 

The conclusion from the above plots is that a threshold around –3 would minimize the bias of 

the estimates. 

In figure 4 are shown the mean obtained coverage (in %) for 95% empirical percentile 

intervals for the difference in Shannon entropy for different choices of d and p as in figure 4.2. 

The corresponding plot for Simpson diversity is shown in figure 5. 
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Figure 4: Obtained coverages for Figure 5: Obtained coverages for empirical 

95% percentile intervals for the empirical 95% percentile intervals for the 

difference in Shannon entropy for different difference in Simpson diversity for different 

values of d and for p = 1, 2 and 3. values of d and for p = 1, 2 and 3. 

The above plots indicate that the lower the threshold, the higher the coverage and within the 

experiment it has not been possible to reach the intended level of 95%. 

We finally give results on the trend assessment for the particular data set. In table 1 estimates 

pairwise differences of Shannon entropy and Simpson diversity for the three years 1977, 1985 

and 1994 are shown. 
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Table 1: Pairwise differences (value of column year  value of row year) in Shannon entropy 

and Simpson diversity for each pair of the years1977, 1985 and 1994.  

Shannon entropy Simpson diversity 
Year 1977 1985 1994 1977    1985 1994

1977  * 0.073 0.004 * 0.007 0.013 
1985 0.073 * 0.070 0.007 * 0.006 
1994 0.004 0.070 * 0.013 -0.006 *

We note that there might be negative trends in both Shannon entropy and Simpson 

diversity from 1977 to 1994. For each year we now resample the matrix of coverage 

levels B=2000 times. Two principal components are retained and the threshold value is 

set to –3.5. The point estimates, bias adjusted estimates and 95% confidence intervals for 

the differences in indices of the whole grassland are shown in table 2. 

Table 2: Point estimates, bias adjusted estimates and 95% confidence intervals for differences 

in Shannon entropy and Simpson diversity for the whole grassland.

Shannon entropy Simpson diversity 
Difference
between years 

1985 and 

1977

1994 and 

1977

1994 and 

1985

1985 and 

1977

1994 and 

1977

1994 and 

1985

Point estimate 0.0732 0.0035 0.0696 0.0072 0.0131 0.0058 

Bias adjusted 

estimate 

0.0709 0.0684 0.0036 0.0062 0.0308 0.0244 

95% Confidence 

interval
( 0.0808, 

0.2240) 

( 0.0625, 

0.2003) 

( 0.1442, 

0.1331) 

( 0.0197, 

0.0324) 

(0.0065, 

0.0552) 

(0.0001, 

0.0476) 

As we can see, the suspected trend in Shannon entropy cannot be significantly justified, 

whereas for Simpson diversity the differences between the third and each of the first and 

second year are significantly large than zero. Thus we have empirical evidence for saying 

that a positive trend exists in this diversity measure.  

5. Conclusions and discussion 

A general conclusion from the experiment is that the number of principal components 

retained should be few. From a resampling point of view this makes sense as there will be less 

variation in the residuals when the number of retained components increases. A comparison 

between the assessment of preserved proportion of zeros and the assessment of bias and 

coverage level in the estimates points towards diverging results in that the threshold should be 

kept quite low for the estimates to work well, but should be substantially higher for the 

proportion of zeros to be well retained.  This divergence needs further work on the subject, 

especially if our objective is to develop a resampling method that is general and not depends 

too much on the  specific objective of the study.  

However, we must keep in mind that the assessment of the experiment solely rests on the 

properties of a particular data set and general conclusions is difficult to make before we have 

investigated the behaviour using a much larger and more dense data material 
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ABSTRACT 

The shared species of two populations are of interest, and one observation is drawn 

with replacement from each population at a time.  Suppose that the sampling is 

terminated after n pairs of observations and k shared species were discovered. Then 

we will receive payoff h(k) − cn, where the reward function h is non-decreasing and 

the sampling cost c is non-negative.  Similar to Rasmussen and Starr (1979), we 

show that the optimal stopping exists if h is bounded and propose a Turing type 

estimate.  The probability of discovering new shared species can be used as stopping 

indicator for comparing two populations with respect to the similarity index.  We 

show by simulation and real example that this is a feasible approach in practice, 

which can help to reduce the sample size. 

1. INTRODUCTION 
Comparing the similarities of two populations has gained a lot of attention recently 

and its applications in search engines are especially noticeable. The keywords used 

for searching web sites are crucial in the accuracy of finding the desired web sites.  

The role of keywords in search engines is similar to the shared species in biology and 

ecology, via computing the similarity indices. Among all similarity indices, the 

Jaccard index and the Morista index are two frequently used similarity indices, and 

both indices are functions of the shared species and/or their proportions.   

Although many comparisons are done via similarity indices, there is a practical 

issue. If the numbers of observations from two populations are not sufficient, the 

samples obtained might not be able to reveal the population structures. There is a need 

to know if we have collected enough information or more observations are needed. In 

other words, more observations imply more sampling cost while insufficient 

information indicates less accurate decision. We need to incorporate sampling cost 

and decision loss at the same time.  

Rasmussen and Starr (1979) studied the optimal strategy for discovering a new 

species from a population, via a decision theory approach which considers both the 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 1604 -



sampling cost and decision loss. If the sampling stops, there are n observations and k

species. Then, the payoff is equal to h(k)− cn, where the reward function h(k) is 

non-decreasing and the sampling cost c is non-negative. Since the probability of 

discovering a new species is non-increasing, the optimal stopping rule exists provided 

that h is bounded and c > 0.  Rasmussen and Starr also proposed an adaptive rule for 

stopping and they used the Turing estimate for the probability of discovering a new 

species. Although the Turing estimate is over-biased, it does provide a good 

approximation if the sample size is sufficiently large.  

In this study, we extend the idea of Rasmussen and Starr to two populations (i.e., 

shared species) and use the result in determining the stopping time.  We first explore 

the optimal stopping rule for discovering new shared species of two populations. A 

Turing type estimate of the probability of discovering new shared species is also 

studied.  This estimate is used as the stopping time for comparing two populations. 

We shall first explore the optimal stopping strategy in the next section. Note that the 

simulations conducted in this study are based on a IBM-Compatible PC, using the 

statistical software R, version 2.4.0. All simulation results are from 1,000 simulation 

replications. 

2. OPTIMAL STOPPING FOR DISCOVERING SHARED SPECIES 
Suppose there are two populations. Let ),,,( 21 spppp …

� = and ),,,( 21 sqqqq …

� =

denote the species proportions of two populations, where s is the number of species. 

Let the random variable  

( ) )2()0)(,0)(()0)(,0)((
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12
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∑

∑

=
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=>×+>=×+
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S

i
iiii

nYnXIqnYnXIp

nYnXIqpnv

be the probability that the shared species not yet been discovered, where )(nX i and 

)(nYi are the numbers of occurrences for species i from n observations in populations 

1 and 2, respectively.  In other words, v(n) is the conditional probability that a shared 

species will be discovered from taking the draw n+1 from each population.  

 Suppose the payoff function of discovering shared species is of the form 

cnnshnw −= ))(()( 12 , where h is a non-decreasing function, s12(n) is the number of 

observed shared species in n pairs of observations, and sampling cost c ≥ 0. Then the 

expected payoff of taking the (n+1)th pair of observations is 

),1()()1)(())(1())(()|)1(( 1212 +⋅−⋅++−⋅=+ ncnvnshnvnshFnwE n

where Fn is the observed information based on first n pairs of observations. Thus, the 

sampling will be terminated, i.e., ),()|)1(( nwFnwE n ≤+  if and only if  
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( ) cnvnshnsh ≤⋅−+ )())(()1)(( 1212 , 

and the following result holds.  

Theorem 1. If the reward function satisfies that )()1( nhnh −+ is non-increasing, then it 

is optimal to stop sampling at time  

})())](()1)(([:0inf{ 1212 cnvnshnshns ≤⋅−+≥= .   (1) 

Proof: The proof is similar to that of Theorem 1 in Rasmussen and Starr (1979), and 

we will only show the part that is different. Rasmussen and Starr are interested in the 

number of new species in one population and the proof is via the following inequality: 

( ) 1

1

)()1(1 −

=

−+−>∑ nhnhcp
n

i
i .  

For discovering new shared species, we can define a similar inequality:  

( ) 1)()1(1
1

−

∈
−+−>∑ nhnhcqp

Ii
ii , 

where I1 is a subset of {1, 2, …, s} and has n members. Because the expected sample 

size needed to discover the shared species i is not larger than },max{ 11 −−
ii qp , it is 

immediate that ∞<)(sE . The rest of the proof is similar to that of Theorem 1 in 

Rasmussen and Starr and is omitted.    

3. SIMILARITY AND OPTIMAL STOPPING 
In comparing two populations, a frequently asked question is whether the sample size 

is large enough for a reasonable comparison.  If the sample is not well representing 

the population, the result of comparison is likely to be misleading.  If the sample is 

well-representing, then more observations won’t change much the current sample 

structure. In other words, there are very few or even no new information to be 

discovered, and it is possible that all the important information regarding population 

comparison is in the samples. Or, loosely speaking, all the shared species are 

discovered or the remaining shared species are almost impossible to be discovered.  

Using the notion of shared species, continue sampling would be not cost effective. 

Adapting the idea of cost effectiveness in comparing populations, we can use the 

probability of discovering shared species as the stopping indicator. In specific, we 

want to know if the observed similarity index after n pairs of observations differs 

significantly to the true similarity index. In this study, we use the similarity index 

proposed by Yue and Clayton (2005), and readers can choose their own similarity 

indices.   

Example 1. Suppose the species proportions of two populations follow geometric 

distribution and i
ii qp α∝= with α=0.8. Also, similar to Example 1, let the numbers 

of species in two populations be 30, and the number of shared species be 15 and 30. 

The results are all based on 1,000 simulation runs. In addition, we consider three 
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types of shared species for the geometric distribution. Type 1 is that shared species are 

dominated in both populations, Type 2 is that shared species are dominated in one 

population but rare in the other, and Type 3 is that the shared species are rare in both 

populations.  

Table 1. Similarity indices of Geometric distribution 
(Numbers inside the parentheses are the standard deviations.) 

s12 = 15 
n

Uniform Type 1 Type 2 Type 3 
50 .1906(.0634) .7630(.1274) .0036(.0051) .00049(.00104)

100 .2412(.0197) .8610(.0598) .0039(.0037) .00060(.00076)
200 .2806(.0397) .9250(.0317) .0040(.0024) .00058(.00047)
500 .3101(.0272) .9665(.0141) .0040(.0016) .00060(.00026)

1000 .3209(.0197) .9818(.0073) .0041(.0011) .00061(.00018)
2000 .3291(.0111) .9922(.0026) .0042(.0007) .00062(.00010)
True .3333 .9975 .0042 .00062 

s12 = 30 
n

Uniform Type 1 Type 2 Type 3 
50 .4702(.0831) .7633(.0928) .0079(.0077) -- 

100 .6390(.0714) .8644(.0558) .0080(.0053) -- 
200 .7768(.0472) .9267(.0336) .0082(.0038) -- 
500 .8969(.0255) .9700(.0136) .0083(.0023) -- 

1000 .9452(.0139) .9843(.0072) .0083(.0016) -- 
2000 .9715(.0073) .9921(.0038) .0084(.0013) -- 
True 1 1 .0084 -- 

 Table 1 lists the similarity indices for uniform distribution and three types of 

shared species structures of geometric distribution.  The differences of the true 

similarity values and the observed similarity values are within two times standard 

deviations in both Types 2 and 3.  When the sample size is large, the differences of 

the true similarity values and the observed similarity values are about two times 

standard deviations in Type 1, no matter s12 = 15 or 30.  This is similar to that in the 

uniform distribution and s12 = 30.  This might suggest that it the shared species are 

dominated or almost all species are shared and uniformly distributed, then the sample 

required may be larger than the unbalanced cases.  

 Note that, from Example 1, the observed similarity values are good approximates 

to the true value, provided that the sample size is large enough.  In practice, it is 

difficult to know if the sample size is large enough and there are always conflictions 

between sampling more (i.e., sampling cost) and make a decision now (i.e., decision 

loss).  The idea of discovering news shared species discussed in the previous section 

deals exactly the sampling cost and decision loss. We can use the probability of 

discovering new shared species as a stopping indicator. 
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Karl Pearson in Russian Contexts

Nicholas Fisher
University of Sydney, E-mail: nickf@maths.usyd.edu.au

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 1614 -



Pearson and Fisher

Stigler, Stephen M.

University of Chicago, Department of Statistics

5734 University Avenue

Chicago, Illinois, 60637, USA

E-mail: stigler@galton.uchicago.edu

Karl Pearson was born on March 27, 1857; Ronald A. Fisher was born nearly 33 years later,

on February 17, 1890. Pearson began his work in statistics and biology in 1893, when Fisher was

barely three years old, and by the time Fisher entered Cambridge University as a scholarship

student in 1909, with an interest in mathematics, Pearson was already established as a major figure

of the time. As Fisher’s interests developed in biology and eugenics, and when in 1912 he studied

the theory of errors, there would have been no other living British figure looming larger on his

intellectual landscape than Pearson. The two made at least indirect contact in 1912, when Fisher

sent William Sealy Gosset (“Student”) a brilliantly original derivation of the t distribution, which

Gosset sent on to Pearson (it was cryptic and unintelligible to both men). And in 1914 Fisher sent

Pearson his solution to the problem of the distribution of the Pearson product moment correlation

coefficient, a problem that had defeated Pearson, for publication in 1915 in Biometrika.

Pearson and Fisher were then clearly very much aware of each other in 1915, and in a sense

there should be no surprise in the course their relationship took. Pearson was then 58 years old,

building a legacy in mathematical biology while immersed in war work, running a department and

two laboratories, and editing a journal. Fisher was 25 years old, embarking slowly on a career of

his own, with interests increasingly aligned with Pearson’s and a technical facility that Pearson

could neither match nor fully understand. That Fisher wished to impress Pearson, that Pearson had

limited patience for the bright young man, that Fisher was not eager to be a mere assistant: all of

these are understandable, even predictable. But the precise course the relationship took, and the

changes it wrought to the ways our field worked and thought, would not have been foreseen by

anyone.

I have reviewed a part of this story in an earlier paper, Stigler (2005), wherein may be found

references to other important historical discussions of this topic recently by Aldrich, Edwards, Hald,

and Porter, and earlier by E. S. Pearson and others. In brief, Pearson rejected a superficial

submission to Biometrika in 1916 by Fisher on the topic of statistical estimation, while challenging

him to undertake a more thorough investigation. Fisher’s attempts to join with Pearson’s “Co-

operative study” of correlation were less than warmly welcomed, while Fisher’s path breaking work

on a calculus of correlations among relatives in genetics was not understood (and unenthusiastically

reviewed) by Pearson, to be published only in 1918 in Edinburgh.

Fisher declined a 1919 invitation to serve as an assistant in Pearson’s laboratory, choosing

instead to work independently on agricultural statistics at Rothamsted Experimental Station, and in

1921 he presented to the Royal Society of London a response to Pearson’s challenge: a well-

developed theory of estimation, published in 1922 in the Society’s Transactions. Over the next

decade Fisher developed this theory, based upon his novel framework of parametric families of

distributions (Stigler, 2007). In the Lisbon presentation I will attempt to show precisely how two

now widely recognized errors of Pearson, on chi-square degrees of freedom and on the distribution

of frequency constants, helped lead to Fisher’s important breakthrough and its development.
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RÉSUMÉ (ABSTRACT)

The relationship between Karl Pearson and Ronald A. Fisher was a difficult and fascinating one. Some

aspects of their relations are reviewed, and its effect upon Pearson's legacy discussed, including chi-squared

and maximum likelihood.

Cet article rend compte de l’influence décisive qu’a eu Karl Pearson sur Ronald Fisher.
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Exploiting administrative data to enhance tourism statistics

MacFeely, Steve & O’Hanlon, Niall

MacFeely, Steve
Central Statistics Office,
Skehard Road,
Cork,
Ireland.
Steve.macfeely@cso.ie

O’Hanlon, Niall
Central Statistics Office,
Skehard Road,
Cork,
Ireland.
Niall.ohanlon@cso.ie

1. Introduction

For every National Statistical Institute (NSI) response burden and cost effectiveness are pressing
issues that must be balanced with an exponential growth in demand for data. In Ireland, the Central Statistics
Office (CSO) is continually striving to develop better and more comprehensive statistics.  It has been
particularly active in recent years in developing a more considered and strategic approach to addressing data
gaps with regard to tourism statistics.

Consequently the authors welcome the call for papers on “Improvements in the dissemination and
Utilisation of Tourism Data Sets” as not only timely but appropriate.  We are delighted to be given the
opportunity to share with you a number of recent developments that have impacted on CSO thinking and
helped develop our view of what tourism statistics should measure. Some of the resultant tangible outputs
will also be examined.

This paper is divided into 8 parts.  Parts 2 and 3 provide some general context, outlining the move
towards a more integrated and coherent statistical system in Ireland and highlight the implications of having
built a Tourism Satellite Account (TSA).  Parts 4 and 5 outline the rationale for redeveloping our Country of
Residence Survey and the methodological changes made to survey.  Part 6 summarises the new airport
pairings database and how dissemination considerations played a central role in its design.  Part 7 details
some potential benefits arising from this work, gains that go far beyond what was originally envisaged.  Part
8 contains some concluding remarks.

2. Building a Statistical System

In 2003 the National Statistics Board (NSB), the statutory body charged with guiding the strategic
direction of official statistics in Ireland, published a “Strategy for Statistics”, covering the period 2003 –
2008 (NSB, 2003a).  The thrust of this medium-term strategy centred on the need to develop a coherent
“whole-system” approach to the compilation of official statistics in an “information age” and argued that a
fundamentally new approach was required.

In broad terms, the NSB proposed that a statistical system must be; needs driven, user oriented,
quality certified and cost effective.  Cost in particular, poses a challenge, as Ireland’s small size makes
statistical surveys comparatively expensive.  However it has long been recognised that various Government
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Departments and State Agencies hold islands of potentially useful administrative data.  Consequently, one of
the fundamental tenets of the NSB report was to “harness all the potential of existing data sources”.  It was
also recognised that, with a growing emphasis on Government transparency and accountability a statistical
system must be able to support “evidence-based policy making” (Ruane, 2006) and permit objective policy
and performance evaluation.

A key pillar of the NSB strategy was that the CSO should work with Government Departments and
Agencies to maximise the use of administrative data to generate statistics.  To support this objective, a series
of SPAR (Statistical Potential of Administrative Records) projects were undertaken between 2003 and 2005.
A central outcome of the subsequent NSB report “Developing Irish Social and Equality Statistics to meet
Policy Needs” (NSB, 2003b), was the Government decision that a formal data/statistics strategy should be
developed by each Government Department.  Furthermore it was decided that the NSB, supported by the
CSO, would develop best practice guidelines for Departments for the preparation and implementation of
these strategies.

3. The positive influence of the Tourism Satellite Account

The “First Steps” TSA was a joint project involving the Republic of Ireland and Northern Ireland and
was conducted under the auspices of the British-Irish Council (BIC), which was established to promote
mutually beneficial development across the various jurisdictions within Britain and Ireland.  Prototype TSAs
were built for the Republic of Ireland and Northern Ireland with the assistance of two Irish universities and
the results were published in 2004 (Deegan et al, 2004).

The importance of this project for the development of Irish tourism statistics can not be overstated
(MacFeely, 2006).  Not least, the “First Steps” project identified a number of data gaps which, in the
absence of any formal review of Irish tourism statistics, was very useful.  Of equal importance from a CSO
perspective was that it placed tourism statistics in context, emphasising the links to the National Accounts
and Balance of Payments and that it obliged CSO to reconsider what purpose tourism statistics ultimately
serve.  Finally, it encouraged the Department of Arts, Sports and Tourism (DAST) and the State tourism
Agencies to question more precisely their respective requirements with regard to tourism statistics.

DAST was one of the Government Departments that CSO studied as part of the SPAR project
mentioned in Part 2.  Officials in that Department, having already received the TSA report, had little
difficulty articulating their data requirements.  The resulting list of data requirements and improvements was
long and varied and included, for example, the introduction of a day visits survey, detailed expenditure
breakdowns and improved data on tourism spanning both Ireland and Northern Ireland.  Also high on the list
was the need for an improved Country of Residence Survey capable of producing monthly inbound
estimates by country of origin.

4. The Country of Residence Survey 1981 - 2004

The CSO’s Country of Residence Survey (CRS) was introduced in January 1981, with the objective of
producing robust annual estimates for resident and non-resident passenger breakdowns on all air and sea
routes into and out of Ireland.  This was used as input into the Balance of Payments (BoP) calculations. The
results of the CRS were applied to those of the Passenger Card Inquiry (PCI), another continuous frontier
survey collecting such variables as reason for travel, length of stay and expenditure. Prior to the introduction
of the CRS, PCI data were weighted on the basis of ticket origin figures received from the air and sea carrier
clearing houses.

In the newly introduced CRS country of residence was captured according to 19 countries or country
groupings based on the principal tourist origin countries at the time.  However the level of published detail
was aggregated to 5 groups: Ireland, Great Britain, Other European, North American and Other Areas
reflecting BoP requirements. Bord Failte as the Irish Tourism Agency was then known, also used the
country of residence breakdown of overseas visitors to Ireland as an important input into their marketing
strategy and their tourism statistics.
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The 1981 sample was conducted at the 3 principal airports and 4 sea ports which between them
accounted for almost all overseas travel.  It was designed as a 1% sample survey with approximately 55,000
passengers surveyed across 44 strata from a total of 6 million journeys.  The stratification was designed to
produce separate estimates for each air and sea port and yield a high degree of precision by dividing the
travelling population into more homogeneous sub-populations.  Survey results were compiled into their
respective strata and then weighted to the corresponding population totals.

With respect to air travel, stratification was organised on the basis of Irish Airport,
scheduled/chartered flights, Irish/foreign carrier and route.  Routing was aggregated into 3 groups; Cross
Channel (i.e. to/from Great Britain), Continental European and North American (see Figure 1). These strata
reflected the air travel patterns of the time.

Figure 1. – CRS (air travel) Stratification

The airports initially provided the passenger numbers for each of the sub-populations.  However these
aggregation cells had to be specially compiled by airport authorities, as they were not naturally utilised or
occurring within the industry.  As the tourism and travel industry developed and a greater number of routes,
airlines, baggage handlers and booking methods were established, the quality of the estimates provided by
the airport authorities became increasingly uncertain. By 2004 the sample had grown to 585,000 passengers
covering 24 million journeys.  Calculating sub-populations for the air strata had become so problematic for
the larger airport authorities that they stopped estimating them.  Instead they began sending passenger
movement numbers at differing levels of aggregation to the CSO where considerable time and effort was
then spent trying to recreate the strata totals required for weighting.

By this time it had also become obvious that the air travel strata designed in 1981 were decreasingly
homogenous and did not reflect emerging travel patterns. The dramatic increase in the number of carriers
and routes and the use of regional airports also raised serious questions within CSO and the industry about
the accuracy and relevance of data published from the CRS. Increasingly frequent requests for more detailed
non-resident data from BoP, the tourism industry and other data users went unanswered, as the survey
wasn’t designed to deliver robust detail beyond highly aggregated data.  Over-sampling of particular routes
within strata was a growing source of sample error and also made it difficult to provide the level of detail on
country of residence which the industry required. Both the “First Steps” TSA report and the SPAR exercise
highlighted this as an unacceptable weakness in such a large and costly survey. Given such problems with
the collection, processing and use of administrative data and the requirements for more detailed outputs, a
complete redesign of the CRS was necessary.

Irish Airport

SCD CHT

IRL FOR IRL FOR

CC CE NA CC CE NA CC CE NA CC CE NA

SCD - Scheduled Flights FOR - Foreign Airlines CC - Cross Channel NA - North American

CHT - Chartered Flights IRL - Irish Airlines CE - Continental European
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5. The redesigned CRS

Discussions with the various airport authorities in early 2005 revealed that their preference was to
supply monthly passenger movement data to the CSO on a more disaggregated level, in the form of airport
pairings i.e. the total number of passengers embarking and disembarking on each airport to airport route.
Each of the airport authorities already had these data compiled for administrative purposes and so they were
no longer required to perform any aggregation, adjustment or manipulation prior to transmission.
Consequently data could be received much faster – over a month earlier in some cases. Although the airports
were transmitting more detailed and useable passenger data with a reduced time lag, their response burden
was significantly reduced.  All nine of the Irish airports readily agreed to provide this increased level of
detail to the CSO.

Sub-populations based on airport to airport pairings represent highly homogenous stratification
groups.  Passenger traffic through airports in the same country can present varied characteristics depending
on regional location, and is typically influenced by factors such as proximity to cities, holiday resorts or
other amenities.  However airports separated by the shortest of distances can also display vastly differing
passenger profiles if one of these airports is an international (or even a “low cost”) hub. Importantly, the
effect of over-sampling on an airport to airport pairing stratum does not impact on survey quality beyond the
inefficient use of resources.   It was clear therefore to the CSO that airport pairings presented the best
solution for the creation of new strata both in terms of the availability of the administrative data required and
the vastly improved level of homogeneity accruing.

Irish Airports display flight data using IATA1 airport codes. Therefore utilising these codes in the
CRS allows for a standardised coding process from survey data capture through processing and on to
dissemination.  In addition the redesigned survey has moved away from capturing country groupings and
instead captures country level detail i.e. travellers are now being coded to individual countries of residence
rather than country groupings, affording much greater flexibility in respect of detailed dissemination.

Weighting of survey returns to airport pairing totals is also relatively straightforward.  Returns for
each airport pairing in a month are totalled and then weighted to the administrative passenger totals on the
corresponding route.  Where there is no survey coverage on a route in a particular month values are imputed
using 1 of 8 nearest neighbour conditions.  During 2006 the CRS was conducted at 5 of the busiest of the
country’s 9 airports (there are plans to extend the survey to the remaining 4 airports by 2008).  The sample
size of the 2006 survey was almost 666,000 passengers from 29 million journeys.  An analysis of survey
data from August 2006 shows there were 412 different overseas air routes comprising of scheduled,
chartered and private flights. Over 81% of total air passenger movement was accounted for by the 155 routes
sampled. Most of the unsampled routes were imputed using nearest neighbour conditions and manual
estimates were applied for the remainder.

The redesigned CRS allows for the production of far greater detail than its predecessor.  Estimates for
passengers travelling from any country of residence on any route are easily extracted.  A comprehensive set
of statistics is now published approximately 6 weeks after the end of each reference period.  The monthly
“Overseas Travel” report disseminates inbound traveller estimates for 24 individual countries and 8 residual
country groupings.  These data fully meet the requirements for an improved survey of overseas travel
highlighted by the TSA and SPAR exercises.  Crucially, the redesigned survey operates at no extra cost to
the CSO and places a reduced burden on data providers by utilising existing administrative data.

6. The Airport Pairings Database

During the initial discussions with some of the airport authorities regarding the transmission of their
airport pairing data it became apparent that a central dissemination resource for this data would be of
enormous benefit to the industry and beyond.  The usefulness to the air travel industry in Ireland of data
                                                          
1 IATA – International Air Transport Association
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published by the Civil Aviation Authority in England, in the absence of an equivalent Irish resource, was
singled out as an example.  The industry therefore encouraged the creation of such a resource and the CSO
saw this as an opportunity to provide a new statistical output at relatively little cost.

Many decisions must be made during the design of a survey.  Key among them: what are the outputs
required and at what level and by what method are those results to be disseminated?  One of the clear
lessons from the SPAR project was that it is virtually impossible to anticipate the full gamut of user needs.
For every new set of data produced, a new set of users will emerge, deriving an unanticipated set of benefits
from that data. Examples in the Irish case include projects using outbound tourism statistics to model
demand for vaccines and to estimate tourism related exposure to cosmic radiation.

To meet identified requirements, and to provide a system which could cater for those unanticipated
needs, the CSO considered that detail should be published at the lowest level of route – airport to airport
pairings.  Residuals will only occur where routes are not known beyond country detail or where
origin/destination airports are not IATA coded, thus preserving the integrity of the data.  The dataset will
contain a matrix of 9 Irish airports by over 500 foreign airports, resulting in almost 5,000 data cells per
month. It will be published on the CSO’s online database (Database Direct) allowing users navigate or
search for relevant datasets/data tables, subset and restructure them before viewing on screen or saving to a
file type of their choice.  The combination of completeness and integrity of data with the functionality of a
powerful dissemination tool will ensure its appeal to a very broad spectrum of user, ranging from students to
professional industry researchers.  The database will allow 4 different levels of search or aggregation,
Airport, City, Country and Continent (see Figure 2).  Sub-national regional strata may be added later.

Figure 2. – Search Functionality of Airport-Airport Database

It is expected that the database will be disseminated from early July 2007.  It has been agreed with the
data providers that there must be a 6 month lag in making monthly data public in order to safeguard market
sensitivities.  Of course aggregated data in the form of the monthly “Overseas Travel” report will still be
available after around 6 weeks.  It is also envisaged that the CSO’s own internal CRS database will be an
extension of the airport pairings database allowing it to be analysed using the same metadata..  The ability to
analyse survey and qualitative data and seasonal patterns by specific country of residence or airport pairing,
or even both, will be an important improvement.
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This approach dovetails into a new CSO dissemination strategy.  In broad outline, there are three main
strands to the strategy.  Firstly, it aims to move away from static paper based reports, particularly for short-
term and rapid indicator type results to electronic dissemination.  Secondly the construction of a more
comprehensive electronic data repository will facilitate the move towards a more fluid electronic
dissemination, allowing users to construct their own tables.  With the functionality now available from web
based tools, such as PC-AXIS for example, the focus will shift towards empowering users by giving them
the widest choice possible, subject to quality and confidentiality constraints. Thirdly, the CSO is putting
increased emphasis on thematic and cross-cutting reports.  Again, emerging from SPAR, it was clear that
many users found the segregation or compartmentalisation of data quite frustrating.  While traditional
“survey results” remain of prime importance there is clearly a growing demand for “big picture” or
contextualised thematic reports that provide a comprehensive analysis on a particular topic.  In this regard
the dissemination strategy is explicitly designed to complement the efforts being made to maximise the
potential of existing administrative records.

Cross-cutting issues are very important considerations when deciding how best to disseminate tourism
statistics.  Tourism is a sub-set of travel and is inextricably linked with transport.  Equally tourism is both a
social and an economic phenomena.  Any comprehensive analysis of tourism requires consideration of a
wide range of themes.  Consequently, the decision to build a publicly accessible database, where users could
construct their own tables was a very deliberate one.  It was decided that publishing a passenger traffic
report would undoubtedly be a valuable resource in its own right.  However a database that affords the
facility to construct tables at various levels of aggregation is obviously a much more powerful tool.
Allowing users to download data for manipulation in their own systems or assisting linkages with other
databases is what really empowers them.

7. Potential value added

As already stated, it is often very difficult to anticipate additional uses of data.  Certainly, when the
airport pairings database was first envisaged the full potential was not recognised and arguably it still hasn’t
been.  Nevertheless other possibilities for the data are now emerging.

The CSO is currently developing a new inbound visitor interview, based on the UN-WTO model for
border surveys.  It is expected that this survey will be implemented from 2008.  It will capture data on
reason for journey, additional activities, regions visited, accommodation used, trip frequency, booking
method, pre-trip and trip expenditure broken down by type.  There will also be supplementary questions on
travel in Northern Ireland.  This survey will be weighted to the results of the CRS at airport to airport
pairings level.  There will, therefore, be a direct link between visitor behaviour and specific route of travel.
In fact it will be relatively simple to link unit level traveller data to the route data provided by the airport
authorities.  Detailed data on tourist behaviour will now have a precise routing dimension.

The use of secondary or regional airports by low cost airlines has enormous implications for regional
tourism.  The airport pairings database will provide invaluable data on the growth or decline of traffic and
route volumes through regional airports in Ireland.  When allied to detailed visitor behaviour data available
from the frontier tourism surveys it will also facilitate greater analysis of the contributions of different
passenger categories to the regional economies. The potential to examine the profile, behaviour and
contribution of travellers to Ireland on non-direct routes will also be of great importance.

With environmental sustainability quickly emerging as an important issue, particularly for tourism,
which relies so heavily on transport (a sector generally viewed as a heavy polluter), the airport pairings
database offers a tantalisingly rich potential.  As it stands the airport pairings database provides passenger
traffic by route.  Simply adding the actual distance travelled (KM) for each of these routes will allow a ready
analysis of passenger-KM generated by passenger traffic in and out of Ireland.  Linking the airport pairings
database to the CRS also offers other possibilities beyond those outlined above.  For example, passenger-
KM by nationality of passenger could also be calculated.

As noted earlier, the initial impetus to develop the airport pairings database emerged indirectly from
the development of tourism statistics.  As a result, IATA airport codes were deliberately used facilitating a
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direct link to the CRS data. But interest in air passenger traffic volumes has an audience beyond tourism.  In
particular the crossover or overlap with aviation transport statistics is substantial.  Consequently one of the
next steps in the development of the airport pairings database will be the addition of the ICAO2 airport
codes, which are more typically used in transport statistics.  This will magnify the potential of the airport
pairings database considerably.  Equally ICAO aircraft type designations (2007) could be added as a
variable to each route allowing a fine-tuning of emissions estimates.  If a carrier split were added (i.e. airline
information) then passenger-KM by airline could also be calculated.  It could also potentially facilitate
capacity (load factor) or utilisation analysis to be done by linking airport pairings data to data being
compiled under EU Regulation 437/2003.

8. Conclusion

The demand for data continues to grow and users, as well as dissemination techniques, are becoming
increasingly sophisticated.  Therefore NSI’s must continually reassess what data is required and how those
data are being compiled and disseminated.  Before the costly exercise of collecting more data is begun,
existing data holdings should be re-examined to ensure they are being utilised to the full.

The CSO in Ireland recognises that facilitating or empowering users to exploit data themselves will
usefully supplement our efforts to provide a first class statistical service.  In tandem it is understood that
secondary data sets are of immense potential value. The possibilities afforded by technology, particularly in
regard to dissemination, are also seen as central to achieving this goal.

The “First Steps” TSA and the SPAR projects played an important role in outlining what was required
to develop a comprehensive and coherent set of tourism statistics, not least in highlighting the need for
ample information on inbound tourism.  Those projects, along with a new approach to dissemination had a
significant influence on the approach taken to addressing that need.

The CRS redesign resulted in significant changes to both methodology and production cycle and has
yielded more robust estimates and a new set of rapid indicators.  Central to this redesign was the more
efficient use of administrative data.  Crucially this has been a positive experience for all parties concerned.
From a CSO perspective we get highly disaggregated data affording a range of improvements such as better
sampling schemes, imputation methodology and greater flexibility and timeliness of dissemination.

From the airport authority perspective, despite the greater level of detail provided, the data are easier
and faster to compile and consequently the burden to them has reduced.  Their confidence in the CRS has
increased as the strata used in the CRS now matches industry data.  The improved use of administrative data
has also yielded an entirely new database with potential far beyond the CRS. It has the potential to link
aviation tourism, travel and transport statistics together, with enormous positives for environmental and
regional statistics.

Finally and crucially, the redesign of the CRS and the development of the airport pairings database
have delivered on the four main criteria, outlined by the NSB for a sustainable statistical system: needs
driven, user oriented, quality certified and cost effective.  As noted above, there is much work to be done but
nevertheless, we hope this project may serve as a tangible example for other data compilers considering
similar projects.

                                                          
2 ICAO – International Civil Aviation Organisation
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Dealing with complexity: improving Italian Tourism Districts
competitiveness by means of data sharing
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30034 Oriago - Venice, Italy
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1. Conceptual framework

Tourist destinations that today want to reach, maintain, defend their competitive position on the global
market place, need to use methods and tools functional to the evaluation of the current competitive position,
the competitive environment, future development scenarios and strategic options, to be used for managing
the destination based on quality, value and sustainable criteria.

This is why the understanding of a tourist destination does require a systemic and interdisciplinary
approach that necessarily must be transferred to the whole analysis, planning, management and control
process of tourist destination development. Destination management myopia, management of tourist
destination not planned on the basis of a complete systemic and interdisciplinary framework, in fact, may
have drastic consequences on destination competitiveness and certainly would harm local actors’, tourists’,
local community’s interests, as outlined by Manente and Cerato (2000).

The understanding of the destination as a system is critical to destination policy, planning and
development. This approach implies the need to be aware of linkages and interactions among the actors of
the destination as well as how competitive environment affects the destination system. This means the
comprehension of the destination competitive position, and particularly the destination’s products position
within the competitive environment, by analysing destination system resources and strategic capabilities,
how they are developed, planned, organised, managed and controlled in order to fulfil market segments
needs and expectations by providing specific products and experiences. Recently, Ritchie-Crouch (2003)
provided an interesting and exhaustive framework on this topic to which we chose to mainly refer in this
paper. In particular, within their “general conceptual model of destination competitiveness”, they state that
“Without some fundamental data on the significant attractions and resources, historical performance, current
visitors and other vital information, the formulation of a policy framework .. remains an abstract exercise”.
Within this context, they identify three major elements of analysis/evaluation: collaborative analysis (how
the destination relates and compares to other destinations); audit of the destination and its attributes,
strengths and weaknesses, competitive, monitoring and evaluation of policies and their outcome.
Furthermore, the multiplicity of stakeholders involved in the tourism system (such as national, regional and
local administrations; national and international economic operators; professional associations; private
companies; organisations and interest groups as well as local community, etc.) implies different needs in
terms of typologies of information: from tourism demand, to economic role and impacts of tourism, human
resources and so on; from statistical data to qualitative analyses and methodological reports. The final result
is an enormous and growing request for information investigations at different levels (territorial, sectoral,
temporal, etc.), which requires different approaches and a huge effort of co-ordination, homogenisation and
control mainly in terms of definitions, methods of collection, methodologies of analysis, and then overall
quality of the information. Two are the main concepts underpinning with this complexity: data sharing, on
one side, learning, i.e. knowledge discovery from data, on the other. Following the approach of Han &
Kamber (2006) “we believe that Data Mining should be a human-centred process. Rather than asking a data
mining system to generate patterns and knowledge automatically, a user will often need to interact with the
system to perform exploratory data analysis”.

Starting from the Ritchie-Crouch general conceptual model, this paper describes the project of
implementation of a knowledge system for the Tourist District of the Provinces of Venice, Rovigo, Vicenza
and Treviso (Veneto Region) based on data sets provided by the stakeholders and whose development will
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be based on the use of data mining techniques. The concept of “tourist district” comes out from the original
Marshallian concept of industrial district (1920), followed in the 80s by the first theoretical descriptions of
the economic reversal of spatial hierarchies, i.e. the decline of the old industrial regions and the emergence
of new regions whose spontaneous dynamism was surprising (Aydalot, 1985; Pecqueur, 1986).

In Italy, following Becattini contributions (1990, 2000), normative acts define Districts as “territorial
systems characterized by a high concentration of small enterprises and by an accentuated specialization of
their production” (Law 317/91 and further modifications and Ministry Decree Law 21/4/1993).

Starting from this original definition ISTAT, the Italian national statistic institute, has elaborated
outcomes of the last enterprises census in order to experimentally define Tourist Districts. The main
inspirational concept is tourism production chain based on the territorial analysis of the development degree
of some economic sectors and activities directly or indirectly connected to tourism. Consequently, Tourist
District includes municipalities with a high level of specialization in the following four relevant tourism
activities: a) accommodation (hotels), b) outdoor accommodation and b&b, c) restoration, pub, night clubs,
d) services for tourists (travel agencies, tourist guides). Other conditions indicated by Law 317 are
entrepreneurship density of the area (ratio between the number of specialized industries and the number of
inhabitants) and concentration (ratio between employees of a specific activity and total employees of the
district).

Figure 1 connects the above-mentioned aspects and sketches out the process from which the case
study discussed in the paper moves, with the final objective to create a tool to support tourist district policy,
planning and development.

In the Paragraph 2 the case study is presented: in the first part the case history and the Operational
Framework are described while in the second part technical aspects are outlined with special attention to
Data Mining techniques.

The Paragraph 3 deals with future developments under both operational and technical aspects.

Fig. n°1 Conceptual framework
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2. The Observatory of Tourist District

2.1 Goals and organisation

The destination on which we apply the above described approach is the Tourist District of the
Provinces of Venice, Rovigo, Vicenza and Treviso. In 2005 the four Provinces and Chamber of Commerce
of Venice, Rovigo, Vicenza and Treviso involved other local public authorities, private associations and
operators in order to make a District Agreement and to be officially recognised as Tourist District by the
Veneto Region.

One of the main goals of such alliance was to share data and provide all the Stakeholders with useful
information to support common decision making process and effective tools to value the success of tourism
policies. Therefore District Agreement subscribers planned to create the Observatory of the Tourism District.

The main topics to be investigated by the Observatory are so defined:
- tourist demand
- tourist supply
- tourist production chains and integration
- human resources
- environmental sustainability
- building area and real property (for example hotels, camping sites)
- Public Administration (laws, projects and economic incentives for tourism activities, infrastructures,

environment,..)
With reference to such purpose, it has been clear that a huge quantity of information is available from

several data sources about different aspects connected with Tourism like obviously number of hotels and
arrivals but also services offered in each hotel, spending habits of foreign tourists, tourist attractions visitors,
employees’ numbers and employees’ profiles requested and so on. This abundance of data presents very
heavy negative aspects and limits: existing data sources are not always updated at the same date and are not
always referred to same geographical subdivisions; data availability is also very limited: each subject know
its own data but cannot access other data sources easily; classifications and denomination used might be
different from a source to another, and so on.

Therefore in this case the point is not to have information but to select and organize the exiting
information produced by several offices in a tourism-oriented coherent and affordable system.

The first condition to start with the implementation of such activity is that each subject agrees to share
data with other operators. Each operator has to choose between collaborative or competitive approach,
weighting the following aspects:

Table n° 1: Operators’ perspective

Pro collaboration Pro competition

���� “We are all connected in the same
destination perspective, therefore we should share
information in order to increase our performances”
���� Public funds are mainly directed to
collaborative projects
���� Sharing other partners’ solutions / spreading
best practices

���� “Share information about my business could
show my weaknesses to others subjects which could
take an advantage against me”
���� Some firm could beware of taxation or fiscal
aim in getting information by Public Offices
���� Partnership means ‘costs’ and the ‘benefits’
are not guaranteed

In our case study the partners seemed to assume a ‘coopetition’ approach as described by Crouch-
Ritchie.

In accordance to that approach, the Partners commissioned a third party (CISET – University of
Venice) to implement the Observatory which should guarantee a scientific approach, mediate different points
of view, provide tools to support common decision by the Partners, finding out innovative solutions
acceptable for all the Partners . Therefore a dedicated Staff was enrolled. The Partners and the Staff agreed to
set up Steering Committee composed by a representative of each Partner and by the member of the Staff; its
main tasks are to define the guidelines of the activities, outline short-middle-long term goals, verify activities
progress, validate Observatory results, define operational protocols.
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The three subjects: Partners, Staff, Steering Committee are strictly connected each other and are
mainly entitled to Data Sharing. This relationship is vital in order to meet the objectives of the Observatory.
Because of such relevance, an Operational Handbook has been provided to discipline timetables, activities
and roles of each subject involved.

With reference to Staff activities, the main goals defined by the Steering Committee are:
���� Make available to the Partners a lot of information already stored in several Offices,

owned by the Partners and by others (collect/select data)
���� Identify and measure both tourism demand, supply and production chain

(disaggregate data and compose again under a new point of view)
���� Provide partners with effective tools in order to support decision making process

with reference to different aspects above mentioned (results interpretation)
For these purposes the following characteristics should mark Staff activities out:

- timeliness of data updating and reporting;
- verifiability: the Steering Committee can access data sources in order to validate data before official

publication;
- consistency and integration with other Observatories;
- relevance: results should be useful for public and private stakeholders of the District;
- periodical monitoring should be planned using same elaborating procedures in order to properly

compare results;
- availability and diffusion of results should be highly pursued (reports, website, newsletters,…)

Since the Observatory is substantially free in commenting data and results, it can adopt clear and
effective communication (maps and graphs) and friendly language for operators. The only few constraints
refer mainly to privacy restrictions; for example if only one hotel three stars is located in the analysed area,
arrivals and nights are aggregated with others hotels of the same area.

In order to meet the defined goals, the Observatory Staff needs to implement and manage an
information system, named DIST (District Information System for Tourism), composed by the proper
Information System (data base) and by the web site.

In other words, as it will be shown in the next paragraph, the Staff has to activate and manage the
Implementation Process, which starts from collecting data stored by different data sources and leads to
shared knowledge.

Communication and negotiation skills are highly appreciated in the Staff activities.
Secondarily, the Staff activity leads to the achievement of quality objectives not explicitly planned at

the beginning of the project but derived from its implementation:
� accessing several databases and comparing data: outliers and errors can be detected;
� using software to extract data from databases: the related procedures and predefined queries

can be effectively tested;
� integrating data from different sources, gathering the desiderata of the Stakeholders and the

need of database enrichment or of specific surveys: further variables can be identified.
In fact, the role of the Observatory Staff results also in a sort of supervision of the Partners’

information systems, providing Quality Control and identification of weaknesses.
On the other hand, the Observatory Staff could identify or facilitate possible synergies between the

Stakeholders. For instance, the Administrative Borders sometimes represent real knowledge barriers between
homologous Public Administration. The role of the Observatory Staff is to operationally break those barriers
and to increase the power of data in providing useful information.

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 1629 -



Manente_ISI_2007.pdf

5

Fig. n°2 Operational framework

2.2 Technical aspects

As described in the previous pages, in this case study the crucial factor is data sharing. The process
starts from the identification and collection of different data sets. Then follow data selection, data
integration, data pre-processing and data preparation.

After these base but very time-expensive activities the first data exploration can be performed.
Available data are produced by different sources and characterised by different structures. Therefore,
exploratory analysis could be developed only with the adoption of different tools.

On the supply side, a data base (RVT) produced by the Provinces contains information about all the
accommodation establishments (capacity, prices, services) and a data warehouse (STOCKVIEW) produced
by the Chambers of Commerce summarizes the whole company supply of the Tourism District.

Employment is described by a data warehouse (EXCELSIOR) derived from a yearly sample survey
held by the Chambers of Commerce Union.

On the demand side, a data base (TURISTAT) produced by the Provinces allows to count arrivals and
nights spent by tourists in the accommodation establishments and a data base (UIC) produced by a sample
survey held by Italian Foreign Exchange Office provides information on tourists’ characteristics.

Comparing data from the different sources or data from the same source along time by means of
appropriate indicators allows their evaluation.
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Fig. n° 3: Implementation process: steps

When the data source has the structure of a data warehouse, many OLAP operations can be performed
on the Data Cube to summarize at different detail levels the data: roll-up (aggregation by climbing up a
concept hierarchy for a dimension or by dimension reduction), drill-down (getting more details by stepping
down a concept hierarchy for a dimension or introducing additional dimensions), slicing (performing a
selection on one dimension), dicing (performing a selection on two or more dimensions)

Then a Discovery-Driven Exploration of the data cube - i.e. the identification of anomalies or data
exceptions which roughly corresponds to Outlier Detection in a data base - can be performed.

The next step is called Attribute-Oriented Induction, based on a database query followed by Data
Generalization. This method is obtained by either attribute removal or attribute generalization after the
examination of the frequency of distinct values of each attribute.

Data presentation and visualization is the conclusion of both data exploration and data mining.
The generalized descriptions of the data cube obtained from the previous steps can be displayed by

means of three main different tools:
� Crosstabs
� Graphs
� Maps.

Crosstabs can be used to summarize the count variables and perform the most basic form of
descriptive data mining: Concept (or Class) Description.

Class Description is obtained adopting two kinds of percentage values: t-weight (tuple typicality) and
d-weight (tuple discriminability). T-weight is used to determine Class Characterization (the description of
the target class i.e. its percentage composition), d-weight is used to determine Class Comparison (the
discrimination between the target class and the contrasting classes i.e. the comparison of their percentage
weights).

Class Description can be effectively visualised also with graphs, above all bar charts and pie charts.
Since the case study data is referred to geographical areas, thematic maps (or data maps) seem to be a

very useful visualizing tool for they are indeed a valid means to get an immediate reading and interpretation
of data. They also can suggest similarities or differences, i.e. identify clusters.

They are the most useful tool in order to represent at the same time data of over 300 municipalities
(corresponding data tables could not do it in a so easy way) and can achieve the principles of graphical
excellence stated in Tufte (2001) which inspired our work:

“Graphical excellence consists of complex ideas communicated with clarity, precision and efficiency.”
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“Graphical excellence is that which gives to the viewer the greatest number of ideas in the shortest
time with the least ink in the smallest place.”

In the most simple kind, data maps can represent within the same image areas (i.e. geographical
coordinates) and the values of a variable using different colours to distinguish different values or range of
values.

More complex typologies show multivariate data - for instance indicators such as number of
accommodation establishments per square kilometre or number of tourist arrivals per inhabitant.

Thematic maps can also be enriched with bar charts or pie charts to show the values of a set of
variables or the percentage distribution of a categorical variable for each of the areas defined within the map.

Fig. n° 4: Implementation process: details

3. Future developments

Looking at future developments, it is possible to outline two lines: wideness (organisational aspects)
and deepness (technical aspects).

Referring to organisational aspects the first point is to enlarge the number of partners within the
current District area, involving for example other subjects or professional associations who could be
interested in Observatory activities; the second point is to enlarge Observatory investigation fields by
accessing other databases; the third point is to enlarge geographical area extending the Tourist District
agreement to the remaining three Provinces.

It is vital for future to avoid the risk of ‘black-out’: interruption even for a short period of Tourism
Observatory activities means to loose the ‘regularity’ in monitoring data.

For the above described purposes it is needed a political will and communication efforts.
Referring to Technical aspects, after the main components of the supply (economic environment), of

the local (socio-demographic, cultural and natural) environment and of the demand have been identified by
means of the exploratory analysis, one or more multivariate indicators will be constructed.

Multivariate indicators are difficult to be effectively visualized: spider plots (or radar charts) are very
useful tools to this aim. Maybe the first examples referred to Tourism can be found in Grabler K., Maier G.,
Mazanec J.A., Woeber K., (1997) but a variety of applications have been developed and successfully
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implemented by CISET within different projects: Manente, M. and Pechlaner, H. (2006), CISET - WTO
(2004), Eurostat (2006).

Spider plots can represent multivariate indicators - measuring either competitiveness or sustainability
of the destination - by means of polygons. They can both be adopted to perform longitudinal analysis –
comparing more spider plots referred to the same area over time - and to identify clusters through the
recognition of similar patterns – comparing spider plots referred to different areas.

Depending on the choice of the indicators they can also generate a global score - based on the area of
the polygon - to ‘measure’ the competitiveness or the sustainability of the destination.

Further analysis methods – whose suitability to the available data should be more investigated - are
Cluster Analysis (mainly the classic Hierarchical Agglomerative Clustering techniques based on different
cost functions such as Within Groups Average, Complete-Linkage, Ward and different measures such as
Euclid, Cosine, �2) and Association/Correlation Rules Analysis.

The possible development of data maps is the definition of an interactive Geographical Information
System, which could be implemented with the partnership of other specialized organizations (Veneto Region
Cartography Office, IUAV).

It should be clarified that every effort in increasing and improving Observatory activities and
procedures should be made in order to encourage Partners collaboration and synergy; Tourism Observatory
shows to have high potential in promoting participation, interest, consent between partners creating a
widespread common understanding about tourism development of the area.

Starting from such common knowledge it is possible to define common strategies and policies whose
results can be measured by Tourism Observatory and verified by the stakeholders who can change or
confirm their strategies accordingly as in a ‘virtuous cycle’.
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The USA Travel/Traveler DIRECTIONS® Database
Shifflet, Douglas
D.K. Shifflet & Associates Ltd. (DKS&A)
1750 Old Meadow Rd., Suite 620
McLean, VA 22102), USA
E-mail: dshifflet@dksa.com

The DKS&A DIRECTIONS® Travel Intelligence SystemSM is based on large scale, projectable travel
surveys of the U.S. population with over 20 years of history. The system involves linked studies that
primarily run monthly. These studies identify and measure American travelers and non-travelers
demographically, plus their travel behavior and attitudes. The data is very detailed including geography with
origin-destination and penetration, brand use and ratings in several travel verticals, multiple metrics
including spending by category, plus descriptive and driver models. Seasonal and annual trends are
identifiable for essentially all traveler subgroups, segments, niche markets and brands both in and across
industry verticals/sectors.

The heart of the DIRECTIONS® system and the study described in this paper is the DKS&A
PERFORMANCE/MonitorSM. This study is the largest in the DKS&A system and the only all travel
inclusive, monthly traveler/non-traveler study of the US and we believe, the largest and most complete travel
study of any traveler group from any market in the world. The Performance/Monitor provides the essential
context and linkage for the other studies and data in the system. The other studies measure key travel
components in greater depth, such as brand
awareness and image, attribute drivers and
product feature positioning value. For
example a recent DKS&A hotel amenities
study identified the relative value of twenty-
six popular improvements hoteliers could
spend money on from flat screen TVs to
wireless internet connections and better beds
and linens; the results demonstrated that
hoteliers have been spending for lower ROI
results than they could have with this data
since many more Americans would change
hotels to get a totally smoke free hotel
experience, which actually saves the hotel
money rather than costing more – total
cost/benefit analysis found to be positive even considering the loss of smoker traffic.

Methodology – DKS&A PERFORMANCE/MonitorSM

Samples utilized in the Performance/Monitor are large and projectable to the U.S. population. Each
month, questionnaires are mailed to 50,000 U.S. households comprising a U.S. census based projectable
population sample. Samples are different each month. About 50% return their questionnaire (panel based
system) and provide travel information parameters for the past year, and detail for the past three months
based on recall and personal records. Since day-trips are often underreported, five thousand respondents are
surveyed separately with a day-trip focus.

DKS&A now also conducts monthly, parallel online travel surveys at increasing levels, currently
generating traveler returns of about three to five thousand per month. For years DKS&A has worked with
online survey data to gain confidence in this much more variable data source and has now developed a
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dynamic system for integration of the online data with the mail data resulting in consistent, verifiable
datasets which meet our benchmark requirements. There are apparently no other ongoing systems that have
effectively integrated online data with industry standard mail tracking to create this acceptable outcome.

The recall period for recent travel is three months in the Performance/Monitor. This means that since
each new month obtains travel from the past three months, each month of the year is measured three times, in
position as first month of recall, then second recall month then third. The result is mail contacts of over
130,000 or over 65,000 returns for each month of each year. This in turn reduces the bias caused by
memory influencers that may occur in any one month such as travel related deaths in particular locations.
Additionally the system allows for the creation of algorithms to correct for types of forgetting in the second
and third months, such as the forgetting of short, boring trips or inconsequential travel from the respondent’s
perspective.

Quality Control is applied in-depth utilizing multiple internal consistency measures and analyses.
This work is overseen by the QC committee. The Study Results have been benchmarked against well
accepted measures in multiple industry verticals such as hotels, airlines and client internal data, with
consistent small variances identified. The DKS&A data has become the travel industry standard and is
accepted and used by the US Dept. of Commerce, Bureau of Economic Analysis, the American Hotel &
Lodging Association, the Travel Industry Association and their related government policy statements, and
multiple foreign governments in assessing travel volume and travel patterns from the US.

Content Development – Questionnaires

Questionnaire content was primarily developed by working backward from the output requirements, to
the analytical plan, to the questions required as input to that analytical plan.

The original information output for decisions and therefore identification of the questions to be
included in the Performance/Monitor where designed in 1983 based on the key marketing decisions DKS&A
“knew” from experience that clients need to make. This was determined from fifteen years of new product
work in packaged good companies and at Marriott Corp. and additionally from discussions with marketing
associates.

Since that original development effort, the level of decision making to be supported and the resultant
questionnaires have evolved based on client requests, and internal analysis of potential opportunities.
Potentials were seen in meeting the needs currently unidentified by clients in travel that have been utilized in
more sophisticated package goods organizations, and the opportunities to support related verticals such as
credit card companies.

Content Development – Output/Reports

Output from the Performance/Monitor is provided in several forms. For clients desiring to work
directly with the data, an easy to use, proprietary program from DKS&A called DIRECTABSSM is available
and can readily be used by non-statisticians via drop-down menus and easy to use excel output, which can be
transformed directly in graphics.

Reports are provided to most clients even if they use DIRECTABSSM in paper or digital form, often in
PowerPoint format for client’s internal presentations. Reports also come in several content forms depending
on the client’s needs. Reports typically contain DKS&A expert industry analysis with trends, special
analyses and key insights. Given the dramatic amount of information provided by this study, the report is
organized by sections, each with a specific decision focus (see below). Within each section, standard
analyses with graphics are provided plus one or more summarizing models are used integrated the data into a
decision framework. Also client issues are analyzed based on prior consultation with the client.
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Market Assessment

What � Size of key components and how they are changing

Identify the volume/size, seasonality, geography plus Industry Sector(s) trends.
Decide which markets/segments/niches to capitalize on based on analyses and combined with Client and
Competitive Brand abilities to “win” (see below).

Targeting

Who � Demographics, frequent travelers, who travel with, spend level

How � Transportation, methods of reservations and payment

Identify and describe essentially all target groups of interest in the marketplace. Profiles include the normal
demographics with geography, plus travel frequency by travel type and travel club memberships. Size/value
and trends are provided, plus Competitive Brands’ strengths/weaknesses by target group using fair share v.
current share quadrant analysis for client and competitive brands.
Decide who to most profitably target.

Positioning

What � Use ratings (satisfaction, value+), room composition, repeat usage

Why � Trip purpose (business+, leisure+), activities, users of competitors

Identify how each segment/competitive set and brand is used in travel by purpose and travel
pattern for each target; and how effective each brand has been in satisfying the users, providing value, etc.
Models demonstrate brands’ strengths and weaknesses by target by purpose and pattern of use.
Decide brand positioning to “win” profitable guests; identify problems/opportunities and actions to take to
improve competitive position(s) and create appropriate communications.

Communicating

Where � Origin/destination, accommodation type, brands

When � Month/year of travel, season by type of trip

Identify where key targets live, what media they use, where they go, and when they go there.
Test communications with linked products.
Decide where, when, and how to reach key targets for maximum leverage.

Analytical and Consultative Services

DKS&A provides informational analytics and information application consultation for
DESTINATIONS from national governments to states/provinces to cities/places and for BRANDS in all
verticals from hotels, timeshares and cruise lines, to airlines to rental car companies and theme-parks, to
financial institutions and credit card, and more.

Custom/proprietary studies are conducted to analyze critical issues that are beyond the information
available in the DIRECTIONS® Syndicated Database system; however, since the Performance/Monitor and
other studies screen thousands of travelers each month, it is common to identify the proper sample for the
custom study from respondents identified in the syndicated studies thus adding efficiency. Samples
developed in this manner bring with them additional data on the travel behavior which is appended to the
custom study and creates valuable context for interpretation of the custom studies. The contextual
information is leveraged to overcome seasonal bias in the custom study which is typically a point in time
read of consumer attitudes and behavior. Further the syndicated context often provides insights into the level
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of interpretation of the custom data and can completely alter the interpretation and improve the decision to be
made.

Typical analytical services include data mining to subset brands, brand acceptance levels, timeframes,
geographies, travel frequencies, and spending levels by purpose of travel and modeling the data to create
profiles, segments, clusters and identify drivers. Applications are often used for destination or brand
repositioning, product development and ROI based enhancements. Further direct applications include
database overlays and propensity modeling for CRM. The DKS&A PERFORMANCE based data are also
used in several models with our clients and Joint Venture Partners for promotion propensity list
development, and as critical inputs for Economic Impact Models and Travel Satellite Accounts (TSAs).

Consultations are provided for technical research application issues, but more often insights based on
DKS&A’s expertise in the specific industry. Expertise allows for enhanced interpretation of the information
and models for specific application to the client’s destination or brand.

Client Base – Types

Because of the breadth and depth of information, many types of travel industry vertical participants
find value in this database. A few of the most common user types include:

o Leading Associations such as the Travel Industry Association (Industry Leader)

o Governments: U.S.A.., Canada +

o Destinations: 30 States, 52+ CVBs

o Attractions: 3 Major Theme Park Operators

o Hotels: 35+ Chains

o Timeshare: 2 Companies

o Financial: Accounting Firms, Wall Street

o Plus Credit Card Companies, Rental Car Companies and Airlines

Additionally, businesses with indirect interest in travel find the base of value; for example a beer
company whose target consumers travel at a relatively high rate finds utility in information on their target’s
travel behavior, travel interests and patterns.

Industry and Client Data Applications

Market Segment Trends Change Marketing Dynamics
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Targeting Changes with Trends and Product Subgroups
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Models developed by DKS&A to integrate and summarize the data for specific decisions are not
shown here due to limitations of this paper. The brief range of preceding examples is intended to
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demonstrate a few applications based on time-series trends that alter the clients’ focus for product
development and marketing. Clearly knowing the extent to which leisure travel now dominates the market
rather than business travel dramatically changes: who they target and market to, fragmentation marketing;
their marketing message; and the product features that are to be enhanced and promoted to make their
product more competitive.

Knowing where the market is headed and how competitively effective the client is in their brand
positioning and marketing efforts, compared to their competitors, further allows for more effective budget
development, product tuning, spend leveraging by season and market and avoidance of waste through ROI
based decision making.
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A Pilot Study of the Well-Being of Young People in Palestine, Jordan and Lebanon 

Faisal Awartani, Alpha International and Birzeit University, Ramallah,  
Faisal@alpha.ps; Faisal@birzeit.edu 
and Mary W. Gray, American University, Washington D.C.  
mgray@american.edu

Abstract
 To engage children and young people more proactively in discussion related to 
their learning environments, pilot surveys were conducted in Palestine, Jordan, and 
Lebanon with the purpose of using the results to enhance the survey design and its 
relevance to children and young people.  This exploration of the views of young people 
and children of their learning environment, which will be adapted and replicated in other 
regions of the world, is part of a highly complex study of the concept of their well-being, 
defined as the realization of that physical, emotional, mental, social, and spiritual 
potential.

 The cluster samples of 50 sections of 10th grade students selected from data bases 
of all public and private schools, single sex and mixed, in each country  included 1697 
students in Palestine, 1340 in Jordan and 1500 in Lebanon (between 57 and 52 percent 
female).  Among the results were a high perception of overall good or very good health 
(96 to 98%),   On the other hand only 66.9% (Palestine) to 74.5% (Lebanon) were 
satisfied or very satisfied with their academic achievement.  While a substantial majority 
expressed satisfaction with such things as relations with their family and their ability to 
deal with different life challenges, the preponderance of the answers in the first instance 
fell in the “very satisfied” category but in the “satisfied” category in the second.  One 
striking difference among the countries was in comfort level with friends from the 
opposite sex:  51% for Palestine, but 85.7% in Lebanon.  Other results involved relations 
with teachers and general feelings of security, happiness, frustration, control of 
surroundings, detachment, hope, and optimism.   

Introduction 

The mental well-being of school students is of growing interest for public health workers, 
schools administrators and families.   In an attempt to quantify well being levels of 10th

grade students, the Universal Education Foundation sponsored a survey that was 
conducted in three countries Palestine, Jordan and Lebanon.  In this survey various 
indicators of well-being were introduced.  This survey comprises the pilot phase in trying 
to come up with a standardized measure of well-being among school students that can 
reflect the effect of learning environment on students well-being.  
This exploration of the views of young people and children of their learning environment, 
which will be adapted and replicated in other regions of the world, is part of a highly 
complex study of the concept of their well-being, defined as the realization of that 
physical, emotional, mental, social, and spiritual potential. See [1], [2],[3]. 
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 The sampling method used in this research was a single staged cluster, using 10th 
graders as the sampling unit. In each country 50 sections from 10th grade male and 
female were chosen which included 1697 students’ in Palestine, 1340 students’ in Jordan, 
and finally 1500 students’ in Lebanon. The results found were extensive regarding their 
learning environment and all that it included as, feelings of security and teachers, 
happiness, frustration, control of surroundings, detachment, hope, and optimism.  

Students’ general satisfaction 

When the students responded about their physical health there was a high percentage of 
students that were very satisfied or satisfied 94.7% in Palestine, 94.6% in Jordan, and 
95% in Lebanon. There was no significant difference found between the students that 
were unsatisfied and totally unsatisfied in all three countries with 5.4% in Palestine, 5.4% 
in Jordan, and 5% in Lebanon.

66.6% of students in Palestine were satisfied or very satisfied with their academic 
achievement, where as 74.3% in Jordan, and 74.5% in Lebanon. On the other hand there 
was a considerable about of students that were either unsatisfied or totally unsatisfied 
with their academic achievement 33% in Palestine, 25.7% in Jordan, and 25.5% in 
Lebanon.

As for the students ability to deal with different life challenges there was no significant 
difference between students being satisfied or very satisfied with 80.2% in Palestine, 83% 
in Jordan, and 84.4% of students in Lebanon. There was also no major difference in the 
students who are either unsatisfied or very unsatisfied 19.8% in Palestine, 17% in Jordan, 
and 15.6% of students in Lebanon 

Students’ level of comfort around others 

When students were asked to rate their comfort level in situations such as, being with 
friends from the same sex or with friends from the opposite sex there was similarity 
between all three countries and their comfort levels with friends from the same sex. 
However there was a significant difference between their comfort levels with friends 
from the opposite sex.  94.5% of students in Palestine feel comfortable being with friends 
from the same sex where as only 51% feel comfortable in the presence of a friend from 
the opposite sex.  95.3% of students in Jordan are comfortable being with a friend from 
the same sex, with only a 60.3% comfortably with the opposite sex. Lebanon having 
94.1%  who have either high or very high comfort level with students of the same sex, 
and 85.7% of students being comfortable being with a friend from the opposite sex which 
is a rather considerable difference from Jordan and Palestine.   
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 Students were asked to describe their current psychological condition 

 The results ranged relatively high by students feeling happy always or sometimes 85.3% 
in Palestine, 85% in Jordan, and 90.2% in Lebanon. 

 Similarly the students’ feelings of security on a general level is not much different 88.5% 
in Jordan, 89% in Lebanon and slightly lower in Palestine with 78.3% of students feeling 
secure always or sometimes. However one noticeable difference among the countries was 
students’ feeling detached with the surroundings always or sometimes; 41.5% in 
Palestine, 40.5% in Jordan, and 34.6% of students in Lebanon. 

 As for feelings of frustration always or sometimes: 58.9% in Palestine, 60.9% in Jordan, 
and 53.5% of students in Lebanon. On the other hand a considerably higher majority felt 
optimistic and hopeful always or sometimes; 82.2% in Palestine, 83.8% in Jordan, and 
86.8% of students in Lebanon.

Students feeling of safety and security 

Students feeling of security at school had slightly different outcomes in all three countries 
especially between Palestine and Lebanon. . 81.4% in Palestine, 85.1% in Jordan, and 
90.1% of students in Lebanon had a high or very high sense of security at school. 
The majority of students specified having high or very high feeling of security at home. 
There was no significant difference between all three countries. 93.7% in Palestine, 
94.9% in Jordan, and 96.7% of students in Lebanon.

When asked about how they feel regarding security in general students in Palestine 
ranked the lowest among the countries with only 80% of students feeling high or very 
high sense of security. On the other hand students in Jordan (87.9%) and (90.3%) in 
Lebanon feel a greater sense of security. Security is a very important factor in measuring 
the extent of children and young peoples well being.

Students’ feelings while in the classroom 

Do to the considerable amount of time students spend in their classrooms, it is important 
to understand how they feel when present there. 83.7% of students in Palestine feel happy 
always or sometimes in the classroom while 16.3% of students rarely or very rarely feel 
happy in the classroom. In Jordan 87.2% of students feel happy in their classrooms, while 
12.8% are rarely or very rarely happy in their classrooms. Likewise in Lebanon 84.1% of 
students are either happy always or sometimes in their classrooms, while the remaining 
15.9% are rarely or very rarely happy in their classrooms. 
Even though majority of students stated feeling happy in their classrooms, more than half 
of the students from all three countries feel bored or frustrated always or sometimes; 
58.7% of students in Palestine, 62.4% in Jordan, and 66.4% in Lebanon. 
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However a good majority of students feel the desire to learn in the classroom always or 
sometimes; 89.2% of students in Palestine, 90.8% of students in Jordan, and 92% of 
students in Lebanon.
 When students answered the question on feeling distracted in class, more than half feel 
distracted always or sometimes in their classroom. 64.8% of students in Palestine, 58.2% 
of students in Jordan, and similarly 58% of students in Lebanon. 

 51% of students in Palestine feel afraid always or sometimes of being humiliated by 
teachers in the classroom, and the remaining 49% of the students rarely or very rarely 
have this fear. This comparison shows an interesting factor that students in Palestine are 
almost equally divided on their fears of being humiliated and not being humiliated by 
teachers. Whereas students in Jordan are slightly less to those in Palestine with 45% of 
students who fear being humiliated always or sometimes and 54.9% of students’ rarely or 
very rarely fear humiliation by teachers. Similar to Jordan, Lebanon has 42.7% of 
students who always or sometimes fear humiliation and 57.3% of them rarely or very 
rarely have this fear.

 It is important to know what students relate their classrooms to in order to get a better 
understanding of what influences their academic environment. 30.6% of students in 
Palestine associated their classroom with the image of a prison. 32% of students in Jordan 
associated their classroom with a home, and 44.1% of student in Lebanon have the same 
image of their classroom.  

Students’ perception of their teachers 

Approximately 38% of students in Palestine perceive their teachers to be good role 
models. Ironically enough the same amount of students (38%) feel that few or none of the 
teachers are particularly good role models. In Jordan 46.5% of students feel either all or 
most of their teachers are good role models. Similarly in Lebanon 49.8% of students feel 
the same as their counterparts in Jordan.  
As for teachers catering to students’ special needs 44.1% of students in Palestine feel that 
all or most of their teachers address this issue. While 51.4% of students in Jordan, and 
57.6% of students in Lebanon feel that their teachers focus on their special needs in 
learning.
 Teachers’ style of teaching, it is very important in order to keep the students attention. 
When the students were asked whether they feel their teachers’ style of teaching is fun 
44.6% of students in Palestine, 44.2% of students in Jordan, and 53.4% of students in 
Lebanon feel all or most of their teachers have a fun style of teaching.

With what images do students associate their teachers with? 

When asked if the students associated their teachers to a policeman more than half of all 
the students did not make that connection. From all the choices the students were given, 
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the majority of all the students feel that their teachers remind them of a coach. 64.6% of 
students in Palestine, 70.2% of students in Jordan, and 83.4% in Lebanon.

In conclusion, the well being of students and the effect it has on their learning 
environments is an area of research that is relatively new in the region.  Through this 
research our aim is to bring us closer in understanding these internal and external 
components that impact the students well being. As for the results of the research it is 
clear that well being in the learning environment differ in Palestine, Jordan, and Lebanon 
but they all share one commonality, which is being in the 10  grade. Some results were 
similar depending on the subject. The results above are just a few of the many results 
highlighted to give an idea of the type of questions asked in the research that brings us 
steps closer in understanding what influences the well being of children and young 

eople.
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Child Labor in Philippine Agriculture: Researching Occupational

Safety and Health Indicators of Hazardous Work for Children

Charita Castro
U.S. Department of Labor
E-mail: castro.charita@dol.gov

ABSTRACT

Children who work in agriculture encounter various occupational safety and health risks that may
result in fatal or non-fatal injuries. In the Philippines, there are approximately 2.5 million children
working in agriculture. Article 3(d) of the International Labor Organization’s (ILO) Convention 182
on the Worst Forms of Child Labor and Recommendation 190 calls on member states to undertake
tripartite consultations to specify and create a list of “hazardous work” for children. Furthermore,
trading partners with the United States are also required to demonstrate commitments to eliminating
exploitive work to children. Through the ILO’s Statistical Information and Monitoring Program on
Child Labor (SIMPOC) around 50 countries have received technical assistance to carry out national
child labor surveys. Many of these surveys collect data on important occupational exposures and
risk factors for non-fatal injuries and illnesses that can assist in identifying hazardous work. This
study presents a systematic methodology to identify hazardous work and highlights key risk factors
for non-fatal injures to children working in agriculture. Using data from the 2001 Philippine Survey
on Children, an ILO-sponsored SIMPOC survey, with a nationally representative sample of 6,058
children, findings from this study demonstrate that children working in agriculture had a five times
relative risk of injury compared to children working in other industries. Adjusted odds ratios from a
logistic regression model indicated that the most robust risk factor for the occurrence of an agricultural
injury to a child included the use of tools/equipment, increasing the odds of injury by three times.
Agricultural sectors with elevated risks of injury included children working in hunting and logging, hog
farming, rice, corn, coconut, banana, and sugarcane sectors. Recommendations for future research on
identifying hazardous work for children and preventing occupational injuries in agriculture are also
discussed.

Keywords. Child labor; risk factors; injury hazards; labor standards; agriculture.
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The Invisible Citizens: 
Pakistan’s Infant Mortality 
Mubarka Haq 
American University 
9452 Deramus Farm Court  
Vienna, VA 22182, USA 
haq@american.edu

INTRODUCTION 

Out of a study of 220 countries, the CIA World Factbook ranks Pakistan as the 33rd highest country in infant mortality with 68.84 
deaths/1,000live births estimated in 2007.  That is approximately 1 out of 14 infant dies in Pakistan compared to a country like the 
United States where 1 out of 156 infant dies.  This source also estimates the World 43.52 deaths/1,000live births with rates 
ranging from the highest at 184.44 deaths/1,000 live births for Angola to the lowest at 2.3 deaths/1,000live births for Singapore.

The histogram in Figure 1 provides a closer view of how Pakistan ranks in infant mortality among the other regions in 
South-Central Asia.  The area has an infant mortality median of 53.49 deaths/1,000live births, and a mean of 60.79 
deaths/1,000live births.  Pakistan has the fourth highest incidence of infant mortality in the area.  Considering Afghanistan as an 
anomaly due to uncontrollable circumstances in the country, Pakistan would be viewed as the third highest in the region, just 
behind Bhutan and Uzbekistan.  

Figure 1 

South-Central Asia Infant Mortality Rates - 2007(est) 
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Data source: CIA World Factbook 

In observing the historical series graphically of infant mortality in just the South Asian region in figure 2, although 
Pakistan has reduced its incidence of infant mortality over the past several decades, it has been unable to keep up with its South
Asian counterparts.  In fact, according to the World development indicators, several of the countries that were lagging behind 
Pakistan, such as India, Bangladesh, Maldives and Nepal have now surpassed it in reducing the incidence of infant mortality.   
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Figure 2         

South Asia: Infant Mortality Comparision 1960-2004

0

50

100

150

200

250

1960 1970 1980 1990 2000 2004

Years

In
fa

nt
 M

or
ta

lit
y 

ra
te

 (d
ea

th
s/

10
00

 li
ve

 b
irt

hs
)

Afghanistan Bangladesh
Bhutan India
Maldives Nepal
Pakistan Sri Lanka

Data source: World Development Indicators 

While there are several socio-economic factors accounting for these statistics, there are also just as many different paths 
that could be taken to help reduce the infant mortality rate in Pakistan.  In re-conceptualizing our purpose, we must understand the 
complexity of the social reality these women are going through and know that all the multiple and simultaneous causality 
variables affecting women will not be resolved in the short term.  For the purpose of this paper, we will limit the scope by 
discussing one Province of Pakistan and analyze which factors play the greatest role in attributing to infant mortality in that area 
and how prenatal care can help in reducing the incidence of infant mortality in Pakistan.   The first step in our analysis then must 
be to give some background on Pakistan. 

BACKGROUND 

Pakistan is situated in South Asia with India on its east, Iran and Afghanistan on its west, China on its north and the Arabian Sea 
laying on its south.  It is basically comprised of four provinces, two territories and two Pakistani-administered areas.  The four
provinces are: 1) Baluchistan; 2) North West Frontier Province; 3) Punjab; and 4) Sindh, the two territories are: Islamabad Capital
Territory and the Federally Administered Tribal Areas, and the Pakistani-administered areas are Azad Kashmir and Federally 
Administered Northern Areas. 

Table 1 exhibits the Area, Population, density and Urban/rural proportions by administrative units as of 1998.  It is 
apparent from this table that the majority of the population resides in the rural areas.  And although Baluchistan is the largest
geographical area with 347190 sq km, Punjab contains the largest population of 73,621,290, which is approximately 55 percent of
the total population of Pakistan.  

There are many rivers that run through Pakistan, with the Indus being the largest.  The five major rivers Chenab, Ravi, 
Sutlej, Jhelum, and Beas that run through Punjab gave this specific region its name of “Punj” five “ab” water.  Three of the five
rivers run through the Pakistan portion of the Punjab and the other two run through the Indian portion of Punjab.           
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Table1

AREA POPULATION 1998  PROPORTION 
ADMINISTRATIVE 

UNIT
( SQ. 
KM.) Number Percentage

POPULATION
DENSITY 

PER SQ. KM. URBAN RURAL 
1 2 3 4 5 6 7

PAKISTAN 796096 132352279 100 166.3 32.5 67.5 
N W F P * 74521 17743645 13.41 238.1 16.9 83.1 
FATA ** 27220 3176331 2.4 116.7 2.7 97.3 
PUNJAB 205345 73621290 55.63 358.5 31.3 68.7 
SINDH 140914 30439893 23 216 48.8 51.2 

BALOCHISTAN 347190 6565885 4.96 18.9 23.9 76.1 

ISLAMABAD 906 805235 0.61 888.8 65.7 34.3 

*N W F P stands for North-West Frontier Province.  
 ** F A T A stands for Federally Administrated Tribal Areas. 

Data source: Population Census Organization 

With a total population in Pakistan of 153, 829, 500 in 2005, of which women comprise 47.97 percent, and a percentage 
of approximately 96 percent Muslims in Pakistan, it is inherit to mention Islam and women’s role in the Pakistani society.  
Pakistan is officially known as the Islamic Republic of Pakistan, and although it “was demanded and achieved on the basis of 
Islam, with social and economic considerations in mind”(Saeed 1994: 73), “Mohmmad Ali Jinnah, the founder of Pakistan, 
intended the country to be a Muslim homeland but a secular state” (Goodwin 1994: 54).  But given its history, Pakistan leans 
towards its colonial and feudal past and has been unable to break those bonds.  “Pakistan is still a feudal-colonial state in which
the political thinking is feudal and the ‘modern’ state structures are colonial.  It is by no means an Islamic state…A real Islamic 
state will naturally breed Islamic consciousness” (Hussain 1984: 216).   

The historical and cultural baggage continues to be transported from generation to generation making us ‘victims of evil 
customs’- Jinnah (Goodwin1994:55).  We can not disregard the fact that religion has been misconstrued to be used and abused 
over the years to fulfill personal and political agendas –“For political ends, the Prophet’s intent regarding women is both 
misinterpreted and misapplied, and his sympathy for women’s rights is frequently no longer reflected in the law and practices of
modern government” (Goodwin 1994:9). The lack of knowledge about the Qur’an has lead to the misuse of the text and its 
message, and has created a haven for manipulation and destruction.  “The biggest weakness in the application of the Qur’anic 
doctrine has been in its interpretation.   As a consequence, interpretations and regulations are made arbitrarily.  This is believed in, 
practiced, and presented as an ‘Islamic way of life’ and has thus devastated societies.”  (Saeed 1994: 58).  And the Patriarchal
interpretation has only further degraded the value of women and illustrated disrespect for the essence of the Holy Scriptures–“The
one thing is clear that interpretations of Islam by men have certainly suited their own interests…to keep Muslim women 
subordinated to male role expectations” (Hussain 1984:3). 

The Prophet abolished such sex-discriminating practices as female infanticide, slavery, and introduced concepts 
guaranteeing women the right to inherit property, and the right to exercise full possession and control over their own wealth 
(Goodwin 1994: 30).  It is “ironic that the most outstanding contradiction regarding the inequities suffered by Muslim women is
that Mohammad (PBUH), the founder of Islam, was among the world’s greatest reformers on behalf of women…Islam, in fact, 
may be the only religion that formally specified women’s rights and sought ways to protect them” (Goodwin 1994: 30).    

Women “…constitute the majority of the poor, the underemployed, and the economically and socially disadvantaged in 
most societies” (Sen & Grown 1987: 23).  Women are not only subjected to the oppressions of the centre-peripheral problems as 
men, but they are also trying to cope with the internal anguish of gender-based inequalities and subordination.  “Mohmmad Ali 
Jinnah, the founder of Pakistan, stated that “there was no Koranic injunction for the women to be confined…we are victims of evil
customs…let us try to raise the status of our women according to our own Islamic ideals and standards” (Goodwin1994:55), and 
he added that “no nation can make any progress without the co-operation of its women”(Hussain 1984:200).  The seclusion of 
women, in general, is less about religion and more about customs and culture intrinsic to the native land, and of course, it is a 
means to control and maintain power over women,  because “women are considered the repository of their family’s 
respectability”(Haddad & Esposito 1998:126).                                                                                                                                             
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LITERATURE REVIEW 

Infant mortality is defined as neonatal mortality plus post neonatal mortality and “neonatal deaths are generally associated with
elements linked to maternal care during pregnancy and delivery, while socio-environmental factors become more important 
determinants of infant survival during the post-neonatal period” (Fikree, Azam & Berendes 2002: 271).  While the literature on 
infant mortality is extensive, there are several authors who have discussed infant mortality as it pertains to prenatal care, with
different levels of care and complexity, and sought to define it as they perceive it in the context of their individual scopes.  This is 
not to equate all the texts that have been analyzed, nor is it to equalize their strengths and weaknesses.  The basis of our analysis is 
the similarity that comes about from all of the sources to derive a consolidated view of what we perceive to be key factors of 
infant mortality.   

In his article on “Fundamental Factors in Infant Mortality”, Dr. Richard Bolt discusses how there are many controllable 
and preventable factors attributing to infant mortality that need to be addressed.  This sensitive index is no longer viewed as just a 
number but now reveals a country’s sanitary status, socio-economic and moral aspects.  

He classifies the direct causes of infant mortality into four basic groups, 1) Prenatal, Natal and Neonatal; 2) Gastro-
Intestinal Diseases; 3) Respiratory Diseases; and 4) Infectious Diseases.  And other contributing factors are 1) Character of the
Population; 2) Meteorological; 3) Births; 4) Nationality; 5) Conditions of the Mother; 6) Standards of Public Health; and 7) Social
and Economic Conditions.      

Although a large number of deaths have been reduced in gastro-intestinal diseases and some respiratory and acute 
diseases, the neonatal period is not given enough emphasis.  He asserts that “the prenatal and neonatal factors bulk largest in our 
present infant mortality” (Bolt 1921:11) and that “it is conservatively estimated that 40 percent of the neonatal deaths could have
been prevented by proper prenatal and obstetrical care” (Bolt 1921:10).  

Improvements in sanitation and hygiene, better social and economic circumstances and more intelligent understanding of 
mothers in the care of their babies can help reduce infant mortality and help future generation (Bolt 1921:9).  And although 
sanitation and infant hygiene has reduced infant mortality in the sixth, seventh and eighth month, little change has occurred on
birth mortalities.  He stresses that the welfare of the mother has both a direct and an indirect bearing upon the health of her unborn 
child and that prenatal care is synonymous with maternity welfare.  “The nationality of the mother, her age, the number of her 
previous pregnancies, her social and economic status—all have more or less of a bearing upon the outcome of her pregnancy and 
the welfare of her baby” (Bolt 1921:12).     

He notes that there is much variability in infant mortality, not only in that it is geographically, socially, racially and 
seasonally different but also different within the same country, neighboring cities and hospitals.  For this proper measurements
must be taken over several years to account for such fluctuation and to get a better understanding of the situation. 

In Summary, Dr. Bolt admits that there are ultimately many factors attributing to infant mortality and no one issue can be 
overlooked.  It is vital to look at each and try to apply all resources available to reduce infant mortality in each area.  And that the 
largest emphasis needs “to be extended to prenatal, natal and neonatal causes of death and to the final conquest of syphilis and
tuberculosis”(Bolt 1921:15).      

Zeba Sathar 1987 report on “Seeking explanations for high levels of infant mortality in Pakistan” in the Pakistan 
Development Review reveals that 1) poverty, 2) in childbearing and childrearing practices and 3) in the sparse distribution of 
health care and 4) in the lack of individual attention and care given to children by parents as a result of widespread ignorance and 
literacy are the main reasons for deaths of infants in Pakistan.  In her in depth study she attempts to uncover which of these factors
contribute most to the incidence of infant mortality.  
 She asses that the problem with studying infant morality in Pakistani is the lack of data and the vital registrations and 
census available do not help much either  The main reliance has been on primarily on sample surveys for estimates of mortality.
In her study, she used the Fertility Module of the Population, Labour Force and Migration (PLM) Survey conducted in 1979, 
which is a replication of the 1975 PLM survey.  She notes that the PLM survey is twice that of the Pakistan Fertility Survey (PFS)
sample and is therefore is somewhat else subject to sampling errors.  Roughly 9810 ever married females were selects from 
11,000 households and 54,000 children were included in the PLM survey.  The advantage she found in using data from 
reproductive histories is that each child could be treated as a unit of analysis.  She was able to look back thirty five years before
the survey and ascertain the trends.  “Another major advantage of the data from reproductive histories is that the risks of dying can 
be broken down by exact period of exposure (such as neonatal, postnatal periods) as information is available on exact age-at-death
of each child”  (Sathar 1987: 57).  She found that the data had some immeasurable errors that came from imputation of dates and
age reporting errors and although the two surveys were conducted five years apart, she found that both the PFS and the PLM 
showed sign of systematic bias in the data sets, which showed increasing trends in infant mortality for the last five years before the 
survey.     
 In her first analysis she looks into poverty and how it affects infant mortality.  First she sees whether low levels of income
are responsible for high levels of infant mortality by comparing infant mortality in countries in the region with their respective low 
per capita income.  She finds that although Pakistan ranks quite high among low-income level countries it still experiences high
levels of infant mortality compared to the neighboring countries in the region.     
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 Then she looks at the relationship between infant mortality and total household income by comparing infant mortality 
Rates by total household income in urban and rural Areas.  She finds that “Infant Mortality portrays the expected negative 
association with income in the urban areas and a U – shaped association in rural areas” (Sathar 1987: 58).  She also found that the 
lower incomes in the two groups were similar, which seemed unusual to her and she attributed reporting problems in the rural 
areas to it whereas the higher income groups it is clear that urban mortality was much lower.                    
 To further test her hypothesis she measures wealth and infant mortality by comparing Infant mortality rates by selected 
economic characteristics of the rural Farm Population.  She uses variables in size of farm, tenure status, occupation and tractor
ownership.  She finds that land size is not a good indicator of real wealth in Pakistan as it refers to operational holdings and not 
necessarily to land ownership and the land may be rented.  She found tractor ownership to be a better evidence of prosperity and a 
more reliable measure of wealth.  She found that 20 percent lower infant mortality amongst households which owned tractors.   
 When comparing the differentials in infant mortality to farm populations classified as farmers or landlords, she notices 
that “approximately 40 percent higher infant mortality is experienced by farmers as compared with landlords” (Sathar 1987: 60).
Kammis (lowly artians), shopkeepers and landless labourers experienced the high levels of infant mortality.  Owner operators 
found to have experienced lower mortality than share-croppers and contract lessors with contract lessors having the highest infant
mortality.        
 Then she investigates economic status by comparing occupational status and employment status in the urban areas.  She 
found that the higher the status by the head of household the lower the infant mortality in urban areas.  Household heads who are
employers are expected to have higher economic status and infant mortality is markedly low in those e urban homes.  She also 
found that heads who are self employed and employees have roughly similar levels of mortality.  Occupational groups and 
professional and clerical workers have lower levels of infant mortality than those in sales work and unskilled and skilled laborers.
Although the distribution of wealth is a part of the infant mortality problem, Sathar did not feel that this completely explained the 
high levels of infant mortality in Pakistan.   
 In the next part of her analysis she looked into how child –bearing and child rearing practices affect the levels of infant 
mortality in Pakistan by looking at Infant Mortality rates by survival status and length of breastfeeding of previous child and
preceding interval length.  She found that there was a “strong negative association between child spacing and mortality is on of the 
strongest demographic relationships found”(Sathar 1987: 61).  Short preceding and succeeding interval lengths, which are 
associated with higher fertility levels, were found to be positively related to infant and child mortality in Pakistan.  When she
repeated the tables for neonatal and post-neonatal mortality rates, she found that there are several mechanisms at work.  “In the
case of neonatal mortality, the mechanism is likely to be linked with recuperation of mother’s health and nutrition and the smaller
chance of low birth weight babies or of childbirth complications when spacing is longer.  However, in the case of post-neonatal
mortality, the length of breast feeding of the previous child seems to be of greater relevance”(Sathar 1987: 63).    She also found 
that there is “evidence of gender discrimination which leads to relatively lower mortality of male children”  (Sathar 1987: 64).  In 
previous analyses she also found that first order children and higher than fifth order children experience higher deaths as do 
children of youngest and oldest mothers (<20 and 40+).   
 When discussing the availability of health care in Pakistan, Zeba Sathar explains that it is not surprising that infant 
mortality is lower in urban areas than in rural areas since the “policy for improving health is based on a “trickle down” philosophy 
whereby it is expected that the benefits of health will trickle down to the community as a country undergoes the development 
process”  (Sathar 1987:65).  Approximately 1 percent of the GDP is allocated to the development of hospitals and training of 
doctors, but that not enough is allocated to the building and staffing hospitals and medical schools.  And since these facilities are 
mainly concentrated in urban areas only very primitive medical facilities are available in rural areas.  She attributes the large
difference to be in “higher neonatal rate in rural areas, presumably an outcome of poorer pre-natal care and childbirth conditions
there” (Sathar 1987:65).  She assesses that most infants die in the first month due to neonatal tetanus and illness related to the
digestive system.  Neonatal tetanus is largely attributed to poor conditions of delivery and lack of availability of anti-tetanus
injections and the latter is the result of a combination of poor access to potable water and poor weaning habits.  The availability of 
injections and potable water are less likely to be a problem in urban areas and more so in rural areas; therefore, attributing to the 
higher rates of infant mortality in the rural areas.  
 When discussing the role of parents, Sathar explains that “the most direct influence of infant mortality can be attributed to 
simple practices such as suitable feeding and cleaning, ie. practices which can prevent many diseases among young children” 
(Sathar 1987:65) which is  hindered by the woman’s restricted mobility and the mother’s education.  She asserts that maternal 
education has been found, in most countries including Pakistan, to have lower levels of infant mortality.  But she does not 
necessarily equate mother’s education with schooling but with more of an understanding, “maternal education ought to be a good 
indicator of mother’s greater awareness of seeking help at the right time from the right place and handling health problems of 
children more efficiently”(Sathar 1987:66).  In comparing infant mortality y education of mother and urban-rural residence, Sathar
found that urban and rural women with some education had lower mortality levels than with their uneducated counterparts 
“indicating that there is direct impact of maternal education on mortality, independently of health service availability”(Sathar
1987:66).  She also found that it is wife’s education, rather than husband’s education, which has the stronger negative impact on
infant mortality. 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 1652 -



6

 She then looked in the infant mortality rates by household heads and type in urban and rural areas.  Although female 
headship is not typical in Pakistan unless there are unusual circumstances where the male is unavailable for one reason or another,
but female-headed household have shown lower infant mortality rates.  And nuclear households have proven to provide more 
attention to children than extended households.   
 Sathar conducted a multivariate analysis on Infant mortality by Urban-rural residence, education of mother, age of mother 
at birth, total household income and previous birth interval to see the effects of these independent measures on infant mortality.  
What she found was that all the factor played a role in the high level s of infant mortality, but “in the absence of any radical socio-
economic changes in Pakistan, changes in childbearing and child-rearing can also provide policy makers with effective means of 
reducing, to a large extent, the disconcertingly high levels of infant mortality” (Sathar 1987:69).             
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John Curry
The Food and Agriculture Organization of the United Nations
E-mail: john.Curry@fao.org

ABSTRACT

Over the last two decades there has been an increased interest in the development and use of indica-
torsqualitative and quantitativerelated to the health and social status of women and children. This
increased interest in indicators for women and children has received impetus largely through a series
of international mandates. Similarly, major mandates for indicators on the child have stressed the
need for indicators on child well-being (including physical health and child perceptions of well-being)
and child protection/human rights. The papers presented to this session offer a number of lessons
that can be learnt for future work on indicators on women and children. Laczkas discussion of the
retabulation of the Hungarian Agricultural Census to produce a gender-disaggregated data set is a
useful case study of an attempt to fill the gender data gap in agricultural statistics. Castros study
provides compelling evidence of how hazardous agricultural work is for children. Her methodology
may also be useful for ILO Member States who are in the process of refining their hazardous work lists.
Haqs paper illustrates the challenges of disentangling the complexity of underlying causes of infant
mortality and other indicators. The paper by Awartani and Gray was for me a fascinating foray into
documenting and quantifying adolescent perceptions and attitudes towards their well-being, safety
and their school environment in a very important cultural and political setting.
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Dietary BSE exposure in UK and human-to-human transmission of vCJD 
Sheila M Bird, MRC Biostatistics Unit, CAMBRIDGE CB2 2SR 

 
Abstract 
Brief history of scientific, veterinary and public health discoveries about the epidemiology of transmissible 
spongiform encephalopathies (TSEs) in ruminants and man is followed by recent results from active surveillance 
of TSEs in sheep and vCJD in humans. 
 
1. A brief UK history: primary vCJD 
1.1 November 1986 heralded clinical and neuropathological confirmation of bovine spongiform 
encephalopathy (BSE) in UK1. There followed a series of key measures in 1986, 1988 and 1989 to protect UK’s 
ruminant and other animal feed, and human food, from BSE contamination2. Epidemiological investigations by 
veterinarians, the Southwood Committee, experimental and field transmission studies (for example: dam to calf3) 
and the deliberations of UK’s Spongiform Encephalopathy Advisory Committee (SEAC) all contributed 
importantly to the determination of these measures2-7. 
 
1.2  Implementation failures in UK’s risk management at abattoirs were finally confronted by: a) ban on 
mechanically recovered meat (MRM) in December 1995 because residual spinal cord and dorsal root ganglia 
remained attached to bovine vertebral columns, b) ban on the recovery of head meat because of the risk of brain 
contamination, c) Over Thirty Month Scheme (OTMS) in April 1996, by which bovines aged over 30 months 
were to be incinerated after being slaughtered in designated abattoirs, and d) re-inforced feed ban from 1 August 
1996 which heralded a dramatic decrease in BSE-affected cattle born after the re-inforced ban (so-called 
BARBs). OTMS was a key measure to protect human health and had swiftly followed UK’s parliamentary 
announcement on 20 March 1996 of 10 human cases of variant Creutzfeldt-Jakob disease (vCJD)8-10.  
 
1.3  As early as 1988, the Medical Research Council (MRC) had established a Working Party on Human 
Transmissible Spongiform Encephalopathies (TSEs). It oversaw re-activation of UK’s CJD surveillance in 1990 
- to alert to any changes in the age, dietary or occupational correlates of CJD that might signal cattle-to-human 
transmission of BSE. Atypical presentation was anticipated and, in 1996, demonstrated neuropathologically8. 
The National CJD Surveillance Unit had fulfilled its remit spectacularly, but tragically, well – as UK’s BSE 
Inquiry acknowledged subsequently.  
 
1.4  Very quickly after March 1996, MRC’s Prion Unit confirmed that vCJD and BSE had the same 
molecular signature11,12. And, the Biotechnology and Biological Sciences Research Council/MRC 
Neuropathogenesis Unit reported that vCJD and BSE had the same characteristics in transmission studies in 
mice13.  
 
1.5  In March 1996, SEAC had assumed that the major route for UK human dietary exposure to BSE was 
prior to 1990, and MRM. MRC’s Biostatistics Unit later quantified UK’s BSE dietary exposure in 1980-96 by 
decade, birth-cohort, and gender2,14. Quantification relied on BSE back-calculations, experimental studies on 
tissue infectivity, expert opinion on how abattoir processes changed over time, and calendar year UK 
consumption of  foods containing bovine MRM or head meat. Exposure was greater in 1990-96, implied a 58:42 
male excess of primary vCJD, and showed that the young age of vCJD cases was not explained by their BSE 
dietary exposure. The 1940-69 birth-cohort was the most exposed but, among its clinical vCJD cases, those born 
in 1965-69 were over-represented relative to exposure14. As first conjectured by Valleron et al.15, there had to be 
age-dependent susceptibility to clinical progression after dietary BSE exposure to explain the age-distribution of 
vCJD cases. UK’s lack, thus far, of any 1990-born dietary vCJD cases supports Boelle’s estimation that clinical 
susceptibility, given dietary BSE exposure, is maximum between 8-15 years, and otherwise falls away nearly 
exponentially16, see also17,18.  
 
1.6  Meanwhile, the National CJD Surveillance Unit (NCJDSU) had master-minded other seminal 
epidemiological research on human TSEs including: a) quality-assured CJD surveillance across Europe (see 
http://www.cjd.ed.ac.uk/), b) diagnosis of vCJD by tonsil biopsy, risk factors and interventions19-22, c) 
retrospective testing for abnormal prion accumulation in stored tissue from patients who had undergone 
appendicectomy23 (mainly) or tonsillectomy in 1995-99 – which discovered a prevalence of sub-clinical vCJD of 
1 in 3,000 in appendix tissue from the majority age-group (20-29 years) against a prior expectation of 1 in 
40,000 by back-calculation from vCJD cases24-26, see also27, and d) UK’s discovery of human-to-human vCJD 
transmission in blood - by the prescience to have flagged for mortality those who had received blood/tissue from 
donors who subsequently developed vCJD28-30, see also31-34. Two of UK’s three retrospectively and anonymously 
tested positive appendix samples were atypical, and later proved to be from patients who were valine 
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homozygous at codon 129 of the prion protein35, whereas all vCJD cases to date have been methionine 
homozygotes (MM): but see36. Importantly, these results in man, of which an MRC/Department of Health (DH) 
Steering Group for Studies of Detectable PrPSC had oversight, were anticipated by MRC Prion Unit’s vCJD 
transmission experiments in humanised mice. 
 
1.7  Following UK’s announcement on 20 March 1996, a series of short-term vCJD projections was made, 
initially characterised by vast uncertainty37. This narrowed progressively as vCJD cases became more 
informative14,15,38, and the predicted burden reduced. Or did, until sub-clinical carriage by non-MMs35,36 threw a 
numerical spanner in the works39. Also, blood-borne human-to-human vCJD transmission loomed. It was 
forewarned of9, anticipated by leucodepletion of UK’s blood supply, but became more acutely threatening when 
experiments in sheep demonstrated BSE transmission by blood transfusion half way through the BSE incubation 
period of donor sheep31,32. Blood transfusions would probably give rise to (limited) secondary vCJD cases40 

whereas transmission during operations has the potential to fuel a secondary vCJD epidemic41. 
 
1.8  Major veterinary epidemiological achievements post-vCJD also kicked off smartly: in August 1996, the 
transmission dynamics of BSE, and projections, were reported by Anderson et al.42. These entailed strong 
assumptions: a) of unaltered survivorship for BSE-infected, but not affected, cattle; b) no exposure to BSE 
contaminated feed after March 1996; and c) alternative scenarios for maternal BSE transmission inspired by 
interim analysis of UK’s BSE maternal cohort study3. Projections were least if BSE maternal transmission rate 
was high (around 10% in the last 6 months of dam’s BSE incubation period). Anderson and other scientists 
called for random samples of OTMS cattle to be tested for BSE prior to incineration as a means of checking on 
BSE projections, see also Swiss precedent43,44. 
 
1.9  Out-turn and UK’s BSE projections were seriously at odds by 199945. Eventual testing of 4,000, and 
then 10,000, OTMS cattle (but only those aged 5+ years of age at slaughter) for late-stage BSE re-inforced the 
disparity, caused consternation in the European Union (EU), and necessitated a radical rethink of the 
assumptions underlying BSE’s transmission dynamics 46-48. This re-think was moulded by results from EU’s 
mandatory testing of fallen stock (aged 24+ months) and of healthy slaughter cattle (aged 30+ months) from 1 
January 2001 in all member states (MS)49-51. 
 
1.10   EU’s introduction of mandatory BSE testing had three key supports: geographical BSE risk 
assessments for member states (MSs)50, independently-assessed performance of EU-approved tests for late-stage 
BSE49, and requirements for statistically authoritative BSE/TSE surveys51. Based on exports of feed, cattle or 
bovine carcasses from UK (1981-1999) quinquennially, and the robustness of MSs’ internal measures to avoid 
the recycling of BSE contamination, geographical BSE risk assessments were published for all MSs by the EU’s 
Scientific Steering Committee (SSC)50. With few exceptions, BSE was judged ‘probable at a low level’. 
Consequently, from January 2001, EU introduced a) re-inforced feed ban to protect animal feed and b) 
mandatory post-mortem testing for BSE (by one of four approved tests) of all fallen stock aged 24+ months and 
of healthy slaughter cattle aged 30+ months at abattoirs46. Within two years, EU’s post-mortem surveillance of 
cattle had not only vindicated its published qualitative geographical BSE risk assessments but confirmed, on an 
EU-wide basis, the original observation from Switzerland that BSE prevalence was 10 to 15 times higher in 
fallen stock than in healthy slaughter bovines46. UK’s BSE transmission dynamics were then revised to take into 
account that exit route is highly correlated with late-stage BSE47,48. As a consequence, UK was estimated to have 
had three times the originally-estimated number of BSE infections (over 3 millions, not 1 million).  
 
1.11   It took several years of pressure, and increasing numbers of BARBs45, before UK was persuaded to 
conduct comprehensive post-mortem testing of all cattle born after 1 August 1996 which were slaughtered in its 
OTMS scheme. UK’s counter-argument had been that the untested cattle were a) destined only for incineration, 
and b) lower BSE positive rates are expected prior to 5 years of age which made testing costly on a per-positive 
basis. Ironically, UK was later able to rely on these resisted test results from OTMS bovines under 5 years of age 
in persuading the SSC that UK was truly a moderate BSE risk country in respect of its cattle born after 1 August 
199652. This recognition was key to UK’s own replacement of its OTMS for cattle born after 1 August 1996 with 
comprehensive post-mortem BSE testing, see also6,7. Since the start of 2006, UK has been on a par with other 
member states, with residual restrictions on the export of British beef lifted, see TABLE 1. Since the start of 
2004, EU attention has shifted to BARBs born after 1 January 2001 in any MS, see also53. 
 
1.12   Reliance on post-mortem testing for late-stage BSE in bovines born after 1 August 1996 (instead of 
OTMS) as a protection against cattle-to-human transmission of BSE was  delayed33 despite estimation by 
Ferguson et al. that the human cost of this reliance was unlikely to exceed one extra dietary vCJD case in the 
next 60 years6,7. By comparison, the financial cost of UK’s OTMS was vast: about £500 millions over 5 years33. 
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TABLE 1: UK’s BSE exposure risk year-on-year since 1995 is revealed by tracking BSE positives by birth 
cohort in risk stock 

Year of detection  
Birth cohort 2002 2003 2004 2005 

 
Comment 

1995 137   83   42   22 
1996   22   16     5     4 
1997     8   11     2     3 
1998     3     7     6     3 
1999     1     3     5     5 

Read down diagonals to compare 
year-on-year exposure risk. Note 
change from 1995 to ’96 & further 
reduction from ‘96 to 1997 with all 
in the July/June clearly born after 
the re-inforced feeding ban. 

 
1.13   Sheep and goats are susceptible to BSE, were likely to have been exposed to BSE contaminated feed54, 
yet their distribution of BSE infectivity in tissues means that no part of a BSE-infected adult ruminant should be 
consumed by humans. Concerns about BSE in sheep, together with UK’s muddled bovine and sheep brains 
(http://www.publications.parliament.uk/pa/cm200102/cmhansrd/vo011018/debtext/11018-03.htm, accessed 23 
May 2007), led the SSC to recommend that Member States (MSs) should TSE-test annually 100,000 adult 
healthy sheep at abattoirs; and genotype also a random sample of 500 healthy adult sheep presented at 
surveillance abattoirs44. With some unfortunate deviations from scientists’ recommendations, testing 
requirements came into force from 200246. 
 
1.14          For MSs with over 1 million adult sheep, TABLE 2 summarises TSE active surveillance data for 

2002-2005 in order of the MS’s estimated TSE rate per 10,000 healthy adult sheep.  Estimated flock sizes 
are reported for ease of reference. Notice that: 

a) TSE rates in fallen sheep do not bear a constant ratio to those in healthy slaughter adult sheep; are notably low 
in Germany which prodigiously tests fallen sheep, but high in Greece, very modest in Portugal and Spain, and 
otherwise are around 30 per 10,000. 
b) with the exceptions of Spain (88) and Portugal (99), all MSs have exceeded the SSC threshold of 100 TSE 
positives via active TSE surveillance, and - with the exceptions of Germany and Ireland - MSs have 49+ TSE 
positives via their active surveillance of healthy adult sheep at abattoirs, for which random genotypes should be 
available on the basis of samples of around 500 genotypes annually. 
c) MSs differ in how widely they cast their net of suspicion for clinical scrapie with 7 out of 10 TSE suspects 
being confirmed TSE positives in countries such as France, UK and Italy but only 2 out of 10 in Greece, 
Netherlands and Spain with Ireland’s rate being intermediate and Germany’s quite anomalously low. 
d) With the exception of UK (and to a lesser extent Spain) TSE positive rates in healthy adult sheep were 
effectively identical between the 2-year PERIODS under consideration – despite the intensity of surveillance for 
adult healthy sheep having reduced in PERIOD 2. UK and Spain doubled their reported TSE positive rate in 
healthy adult sheep at slaughter when atypical TSE positives were properly included.  
 
1.15        TABLE 3 reports 96 atypical  scrapie cases which were detected by active surveillance of healthy adult 
sheep. Their observed distribution by genotype  - as summarised by National Scrapie Plan (NSP) classes 1 to 5 - 
is compared with MS-specific expectations based on random genotypes for the MSs’ healthy adult slaughtered 
sheep. Summed across MSs (and likewise observed incidences of atypical TSE positives), the clear inference 
from TABLE 3 is that NSP3 (especially NSPother) is enriched for atypical TSE positives compared to both NSP 
1+2 (relatively scrapie resistant) and NSP 4+5 (genotypes susceptible to classical scrapie). In fact, AHQ/AHQ 
accounted for three out of 17 “NSP3other” atypical TSE positives in healthy slaughtered sheep, and all 17 
invoked the AHQ allele at least once. Note that genotypic information was not available for all atypical TSE 
positives; and differentiation into atypical or other TSE was not available for all TSE positives per MS. For 
example, France had 48 atypical TSE positives in healthy adult sheep but genotype was available for only 36. 
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TABLE 2: TSE positive rates per 10,000 sheep tested in 2002-2005 for MSs with estimated flock size  
of over 1 millions in 2003.  
MS: 
surveillance 
           positives 
(flock*) & adult 
sheep in 2005 

Healthy slaughter 
tests      positives        rate 
                            per 10,000 
                                  tested 

Suspects 
positives   rate 

Fallen sheep 
tests    positives         rate 
                          per 10,000 
                                tested 

Greece:       185 
(10.9m) & 6.6m 

 57,555 112 19.5   154 1,908    4,954   73 147 

Netherlands:167 
(  1.3m) & 1.3m 

 58,641 101 17.2     12 1,765  28,086   66   24 

France:       330 
(  9.5m) & 6.6m 

103,218 109 10.6   206 7,031  71,132 221   31 

UK:             190 
(24.9m)&15.6m 

127,933 121   9.5 1359 7,302  21,814   69   32 

Italy:           116 
(  8.9m) & 7.0m 

  86,785   59   6.8     57 7,215  21,115   57   27 

Portugal:       99 
(  2.8m) & 2.3m 

106,017   72   6.8 ** **  27,276   27   10 

Spain:          88 
(17.9) &  16.8m 

110,749   49   4.4     35 1,636  49,535   39     8 

Germany:    103 
(  2.5m) & 1.5m 

  63,356   23   3.6       4     19 
(bizarre) 

162,512   80     5 

Ireland:       130 
(  6.9m) & 3.2m 

127,776   28   2.2     78 3,920  28,076 102   36 

* Approximations derived by counting the number of sheep per flock of size a – b as (a+b)/2: for example, flock 
size 1-9 counted as 5 sheep per flock, and 500+ as 750. Also shown are Eurostat figures for adult sheep in 2005. 
 
TABLE 3: Atypical TSE positives in healthy adult sheep by genotype compared to expected genotypes 
(Member States with random genotypes for 500+ healthy adult sheep at slaughter). 

 
Member State (MS) 

NSP1: 
ARR,ARR 

NSP2 NSP3: 
ARQ,ARQ 

NSP3: 
other 

NSP4 NSP5 TOTALS: 
Randoms;  
Atypicals 

Netherlands: random 
Atypical: expected(OBS) 

  212: 5% 
0.35 (  0) 

 257:43% 
0.43 (  0) 

 107:18% 
 0.18 (  1) 

    0:  0% 
0.00 (  0) 

   12: 2% 
0.02 (  0) 

   12: 2% 
0.02 (  0) 

    600; 
        1 

France: random 
Atypical: expected(OBS) 

  238:21% 
7.6  (  3) 

 473:42% 
15.1 (10) 

 256:23% 
 8.1   (18) 

  34:  3% 
1.1   (  3) 

   65: 6% 
2.1   (  0) 

   65: 6% 
2.1   (  2) 

  1,131; 
      36 

UK: random 
Atypical: expected(OBS) 

4072:20% 
2.8  (  0) 

8604:42% 
  5.8 (  8) 

2957:14% 
 2.0   (  1) 

2549:12% 
1.7   (  5) 

1156: 6% 
0.8   (  0) 

1320: 6% 
0.9   (  0) 

20,658; 
      14 

Italy: random 
Atypical: expected(OBS) 

  365:15% 
0.60 (  0) 

1051:43% 
  1.7 (  3) 

 784:32% 
 1.28  ( 0) 

  152:  6% 
0.25 (  1) 

    36: 1% 
0.06  (  0) 

   64: 3% 
0.10 (  0) 

  2,452; 
        4 

Portugal: random 
Atypical: expected(OBS) 

    43: 9% 
3.2   (  6) 

 222:49% 
16.6 (10) 

 138:30% 
10.3  (11) 

    18:  4% 
1.35 (  7) 

    16: 4% 
1.20  (  0) 

   18: 4% 
1.35 (  0) 

    455; 
      34 

Spain: random 
Atypical: expected(OBS) 

  106:  7% 
0.5   (  0) 

 521:33% 
 0.33 (  2) 

 768:49% 
  3.4  (  4) 

  104:  7% 
0.46 (  1) 

   14: 1% 
0.06  (  0) 

   54: 3% 
0.24 (  0) 

  1,567; 
        7 

Ireland: random 
Atypical: expected(OBS) 

  107:21% 
0.0   (  0) 

 226:45% 
0.0    (  0) 

   76:15% 
 0.0   (  0) 

   41:  8% 
0.0  (  0) 

   19: 4% 
0.0   (  0) 

   31: 6% 
0.0   (  0) 

    500; 
        0 

Atypicals at abattoir: 
Genotype-expected 
(OBSERVED) 

 
15.0 
(  9) 

 
41.9 
(33) 

 
25.4 
(35) 

 
  4.7 
(17) 

 
  4.2 
(  0) 

 
  4.7 
(  2) 

 
      96 
      96 

 
2. More recent UK history: sub-clinical and secondary vCJD 
2.1    Well before UK’s first case of human-to-human vCJD transmission in December 200328, the case for 
timely UK surveillance at forensic autopsies had been made by the MRC/DH Steering Group for Studies of 
Detectable PrPSC. It not only oversaw the retrospective testing in appendix/tonsil tissue from operations in 1995-
9926,35 but also the establishment of UK’s tonsil archive, and the chairman’s final letter, in October 2004, 
impressed on UK’s Chief Medical Officer the case for additional human surveillance in forensic post-mortem 
tissues (UK to start in 2008), and the need for all recipients of blood from vCJD donors to be autopsied9,10,33,34.  
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The reasons were to estimate age and genotype-specific sub-clinical carriage of vCJD, and for better 
understanding of human-to-human transmission of sub-clinical vCJD (by blood, tissue, or in operating theatres). 
 
2.2     The Swiss had already gone down the autopsy surveillance trail. Moreover, Clarke and Ghani39 had clearly 
demonstrated the incompatibility of back-calculating from UK’s MM clinical vCJD cases with the retrospective 
surveillance for sub-clinical carriage of vCJD26,35,36.  
 
2.3     In December 2003, UK announced in parliament its first case of probable blood-borne vCJD 
transmission28. Diagnosis was made only post-mortem, the patient’s death having also been flagged to NCJDSU 
(see 1.6). There have been three further blood-borne transmissions to date (30 April 2007), one of them sub-
clinical36 in a patient who was heterozygous at codon 129 of the prion protein (and detected at medico-legal post-
mortem: a recipient in her eighties who had died from abdominal aortic aneurysm). The youngest was a recipient 
in his thirties29.  
 
2.4     Between rapid review in October 2004 of attributable testing for abnormal prion protein, database linkage, 
and blood-borne vCJD risks33 and SEAC’s subsequent strong endorsement of the need for additional 
surveillance of detectable PrPSC in humans, and especially at autopsy, UK’s National Institute for Health and 
Clinical Excellence (NICE, see http://guidance.nice.org.uk/IPG196) had been asked by the Chief Medical 
Officer to produce guidance on the cost-effective measures to reduce the risk of vCJD transmission by 
interventional procedures. NICE was offered a poisoned chalice because unacceptable ignorance about UK’s age 
and genotype-specific prevalence of sub-clinical vCJD permeated the cost-effectiveness analyses to give 95% 
uncertainty intervals which ranged from highly cost-effective to infinitely costly. Unsurprisingly, NICE’s first 
recommendation was that research was urgently needed to establish the prevalence of vCJD infectivity in the UK 
population, an echo of MRC/DH several years previously and of SEAC more recently. 
 
2.5     Scotland and Wales had already mandated single-use-only instruments for tonsillectomy. NICE’s guidance 
on the purchase of single-use neuroendoscopic accessories was costed at around £700,000 over 5 years; and 
made on the uncosted presumption that migration of neurological and posterior eye instruments between 
operation sets was prohibited. NICE asked for this prohibition to be audited because, without it, iatrogenic vCJD 
cases could double (25% percentile), treble (75% percentile) or quadruple (95%). Migration had not been 
effectively prevented hitherto. Oddly, cost-effectiveness models neither back-calculated how many high risk 
operative vCJD cases were expected prior to 2006, nor seemed to be calibrated to nil detection of such cases.  
 
2.6     Since 2004, Health Protection Agency (HPA) has had responsibility for UK’s Tonsil Archive from which 
results on 12,000 informative samples are due to be reported in summer 2007. In autumn 2006, HPA was given a 
mandate by SEAC and UK’s Chief Medical Officer quickly to convene a working group to devise a protocol for 
forensic autopsy surveillance. It has done so impressively, with consented tissue collection scheduled to start in 
summer 2007 (target: 75% coverage). UK has at least 120,000 adult forensic autopsies annually. Initially, testing 
by consent will be unattributable, unless or until test results – including by genotype – add to the scientific 
arguments for attribution33. 
 
By comparison with expenditure of £500 millions over 5 years on OTMS, with-consent unattributable testing of 
spleen (and, as available, brain) tissue from at least 100,000 adult forensic post-mortems in England and Wales 
in 2007-2009 is a low cost, high value option (if it operates at an estimated cost of £20m).  
 
2.7     The fascination of TSE science is the interplay of experimental prion science11-13,31,32, ruminant and human 
epidemiology28,36,55-60, and statistical science (from design44 to analysis of infectious disease40,54 models and cost-
effectiveness). TSE scientists have learned to turn around statements of the form: ‘there is no evidence that X . . . 
‘ to ask instead: ‘what evidence is there about X . . .’ because answers depend on study design and on statistical 
requirement for robust surveillance46. 
 
2.8     The X in question has been: how early in BSE incubation period do specific tissues test positive for 
abnormal prion; experimental BSE transmission rate by blood transfusion in sheep31,32; human-to-human vCJD 
transmission rate by blood transfusion9,10,28,29,35,36, or components, from a donor who later develops vCJD; 
human-to-human vCJD transmission by blood transfusion from a sub-clinical vCJD donor who is heterozygous 
at codon 129 (such donors will only be identified via attributable testing for sub-clinical vCJD)33; maternal 
transmission of vCJD to child born in the last year of vCJD mother’s life (no routine follow-up of potentially 
implicated children); TSE prevalence in UK’s wild deer and BSE prevalence in UK sheep (handicapped by 
limited surveillance); relative or absolute resistance to classical scrapie in sheep with ARR/ARR genotype 
(resistance is now known to be relative, thanks to EU’s active surveillance46).  
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2.10     Risk management runs alongside, but not in tandem with, quantification of risks. Thus, there needs to be 
two-way communication: for example, about multiple vCJD exposures. Also, projected future vCJD risks will 
not be as low in practice as scientists expect if risk management is suboptimal so that implementation needs to be 
audited.  
 
2.11     UK’s back-calculation from vCJD cases had initially assumed dietary exposure only until: a) there was 
evidence of blood-borne transmission to recipients from donors who had subsequently developed vCJD, and b) 
some vCJD cases were recognised as having received blood/blood product donations from non-vCJD donors so 
that their donations, rather than the case’s own-dietary BSE consumption, could have caused the case’s vCJD 
progression. Accordingly, in July 2005, UK’s CJD Incidents Panel had to inform such non-vCJD donors about 
their potential vCJD risk. The argument ran as follows: suppose that A, a vCJD case, had received a non-
leucodepleted blood transfusion from each of B and C, both of whom – with some loss of generality – are the 
same gender and birth-cohort as A. Then, given that A has developed vCJD, A’s exposure was either direct (A’s 
own dietary BSE risk) or indirect (B’s or C’s dietary BSE risk transferred to A by blood transfusion).  
 
If we assume a 100% transfer rate by non-leucodepleted blood, then the probability that B is the source of A’s 
vCJD illness, and hence that B is incubating vCJD, is:  

B’s dietary BSE risk /{A’s dietary BSE risk + B’s dietary BSE risk + C’s dietary BSE risk} = 1/3 
If, instead, we assume only a 10% transfer rate, then B’s probability of incubating vCJD is: 
0.1* B’s dietary risk /{A’s dietary BSE risk +  0.1 * (B’s dietary BSE risk + C’s dietary BSE risk)} = 1/12 
 
It matters hugely to B to know if C develops vCJD because, if so, then for practical purposes B’s vCJD risk 
reverts to B’s dietary BSE risk which is small compared to 1/3 or 1/12. Or, if C dies without having developed 
vCJD, it matters for B to know if C was positive in vCJD-informative tests at post-mortem. If C does not give 
consent in life to post-mortem testing, B’s anxiety – and the precautions that the CJD Incidents Panel obliges B 
to take on behalf of us all – continue. 
 
2.12     Risk management and risk quantification are not easily separable in vCJD. I have therefore called for 
those who are caught up in vCJD-transmission networks (whom CJD Incidents Panel has advised to abstain from 
blood/tissue donations and to inform their doctor/dentist/surgeon prior to treatment) to be asked formally to give 
permission in life for vCJD informative tests to be done in the event of their death, see also 2.1. Altruistically, 
some have already done so, who have since died34. At present, persons caught up in vCJD-transmission network 
are not even flagged to ensure that NCJDSU is informed in the event of their death. Nor is any audit made in UK 
of whether doctor/dentist/surgeon are properly informed by them prior to interventional procedures. If they 
continue to do no audits, where do risk managers stand in the event of culpable and reckless transmission of 
vCJD61? 
 
Acknowledgements: Analysis in section 1.15 was carried out with Didier Verloo to demonstrate that Europe’s 
TSE surveillance data in sheep were capable of revealing genotypic associations with atypical scrapie that 
veterinary and other scientists in individual member states were investigating by other means.  
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Abstract
In this contribution, we report on the design of a retrospective cohort study of the metabolic syndrome in 
Japan and some related statistical challenges. Recently, the metabolic syndrome (visceral obesity, 
dyslipidaemia, and hypertension) has been the focus of discussion related to public health and diet, and 
one of the most striking issues has been the establishment of diagnostic guidelines. Worldwide, many 
different sets of criteria have been proposed for the diagnosis of the metabolic syndrome. A common, 
unique feature is that they all recognize abdominal fat accumulation evaluated using the waist 
circumference (WC) measured at the level of the umbilicus as the essential diagnostic criterion. Therefore, 
when planning and conducting a cohort study of the metabolic syndrome, the WC must be known for each 
subject as a baseline measurement. The members of our cohort had undergone comprehensive health 
examinations at the Radiation Effect Research Foundation (RERF) biannually since 1960. Recently, the 
RERF has measured the WC of all of its members, although previously it did not. Therefore, a cohort 
study of the metabolic syndrome is currently not feasible. To surmount this difficulty, Ishida et al. (2007) 
estimated the distribution of WC ten years ago for each cohort member using their health examination 
results accumulated in the RERF.  We refer to the type of uncertainty in the WC as “extended Berkson 
type”. One of the objectives of this paper is to develop a proportional hazards model that adjusts for the 
particular uncertainty using the corrected score method. The method is applied to the RERF cohort data 
in a retrospective manner to assess the biases caused by the measurement error and obtain the corrected 
estimates. 

Key Words 
Metabolic syndrome, measurement error, corrected score, retrospective cohort, Berkson type 
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Introduction 
Measurement error is one of the major causes of bias in epidemiological studies (Carroll 1998). There 

are several ways to characterize measurement errors, and the methods for correcting biases depend on the type 

of statistical models employed. This study deals with survival analysis of retrospective cohort data with 

covariates subject to non-differential measurement errors. These measurement errors are a variation of the 

Berkson type (Carroll et al. 1995), which we refer to as “an extended Berkson type” error. One of the 

objectives of this paper was to develop a proportional hazards model to correct for this type of error, based on 

the corrected score method (Nakamura 1990, 1992).  This was motivated by the design of an epidemiological 

follow-up study for metabolic syndrome (MS).            

To conduct a cohort study for MS, the waist circumference (WC) is required for each subject. The Radiation 

Effect Research Foundation (RERF) recently measured the WC of all relevant subjects. This adds to the 

comprehensive and detailed medical history that has been collected on these subjects since 1958 (Akahoshi et
al. 1996). To use these accumulated data in the study of MS, Ishida et al. (2007) obtained the WC distribution 

of the subjects ten years ago through an extensive analysis of the accumulated health examination data in 

RERF. This paper describes the data, the medical and statistical backgrounds, together with the correction 

methods for the measurement error, and the results obtained from the analysis of the data. 

Methods

Data
al of 3374 men in Nagasaki have received biennial health examinations since 1958 as part of a follow-up 

program associated with the Radiation Effects Research Foundation (RERF), formally the Atomic Bomb 

Casualty Commission. A detailed description of this program has been published elsewhere (Pierce et al. 1992; 

Akahoshi et al. 1996). The examination records for 856 men in 1994-96 (the 19th examination period) and 515 

men in 2004-06 (24th examination period) were analyzed in the present study. The examination items included 

blood chemistry, height, weight, temperature, blood pressure, and other parameters. WC has been measured 

only since 2004. 

Metabolic Syndrome in Japan 
with a WC greater than 85 cm and women with a WC greater than 90 cm are said to have MS if they 

exhibit two or more of the following: 1) dyslipidemia: triglycerides  150 mg/dl and/or HDL cholesterol < 40 

mg/dl; 2) hypertension: blood pressure  130/85 mmHg; or 3) impaired glucose tolerance: fasting plasma 

glucose  110 mg/dl. As far as the authors are concerned, however, the method used to determine the WC 

threshold values (JSSO 2002) is statistically problematic. It does not accurately reflect the abdominal fat 

accumulation, since it is affected by subcutaneous fat (Miyawaki et al., 2005). According to government 

statistics (MHLWJ 2006), more than half of men over the age of 40 have a WC greater than 85 cm. 

Consequently, the implications of the above definition are tremendous among Japanese society. 

(http://www.asahi.com/english/Herald-asahi/TKY200611010177.html

http://www.asahi.com/english/Herald-asahi/TKY200612060143.html)

Statistical Background 
MS is defined using WC y and some other measurement, say z. For the condition of MS, the WC y must 

exceed a certain threshold, say C. In Japan, this threshold is set at 85 cm for men and 95 cm for women. Using 

an indicator function I, defined as “I(q)=1 if q is true and 0 otherwise”, we define f = I(y>C).                      
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Let d denote the health examination results, other than WC, used to define MS. Let us denote by M a set of d’s 

that define g=I(d M ). Then, a subject is classified as having MS if and only if fg = 1. Let random variable T
be the survival time of a subject with covariate f, g, plus z, which is a vector of some other covariates. The 

following proportional hazards model is medically interesting:  

0

0
(t| )= (t)

zz
Tfgf g e, ,            (1) 

where 0 (t) is an unspecified baseline hazard and the ' s are regression coefficients. However, for this study, 

we used 

0 1

0
(t| )= (t)

zz
Ty gf g e, ,          (2) 

since it gives more comprehensive information on the significance of WC related to the covariates.  

WC h

1 2/

as been measured in health examinations only since 2004, so was not included in the data from 10 years 

ago. Therefore, the exact value of y in Eqn. (2) is unknown. In an accompanying paper, Ishida et al. (2007) 

contend that for the results x of some of the physical and clinical examinations for an examinee, performed ten 

years ago,  

U(xx)={ f(xx)} {1+(1/n)+ }            (3) y- 1s T T 1( )X Xx x

is approximately t-distributed with n-2 degrees of freedom. In Eq. (3), 
TX 1( ,......, )nx x , i ix x -x  with a 

vector  of the recent health examination results of the ith examinee for i=1,…,n, ix 1 n...... ) / nx=(x x ,

f(x)= Ty x+ b  is a regression equation obtained from applying the multiple regression model to the current 

examination results D={( ,……, }. The y
i
is the WC of the ith examinee measured at the same 

time that x
i
 was measured, and s

2
 is the usual least square estimate of �2.  Rewriting (3), gives the distribution 

of y

1 1( , y )x n n( , y )x

y=f(xx)+ sU{1+(1/n)+ } 1           (4) T T 1( )X Xx x
2/

where U is approximately t-distributed with n-2 degrees of freedom.  

When n is large, putting w=f(x) leads to the relationship

                        y= w+ ,  ~N(0, 2

x )                       (5) 

referred to as the heteroscedastic Berkson additive model (Carroll et al. 1995). Therefore, we refer to Eq.(4) as 

the extended Berkson error model.  

For linear regression with the homoscedastic Berkson model, simply replacing the true value y with 

the surrogate w=f(x) gives the correct inference. However, for nonlinear regression, things are not that simple. 

Carroll et al. (1995) considered propose using likelihoods assuming a joint density of (y, w). Ishida et al.
(2007) contend that the joint density of (y, w) ten years ago is indeed available and approximately normally 

distributed with known variance. We develop correction methods using the joint density below.
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Brief review of corrected score methods  

Let y be a column vector of independent variables, and v be a random variable whose distribution 

depends on y and a vector  of unknown parameters. Let Y and V denote the sets of independent variables y‘s

and dependent variables v’s, respectively. Denote by ( , Y, V), U( , Y, V) and I( , Y, V) the log 

likelihood, score function ( , Y, V)/ and observed information U( , Y, V)/ , respectively.  

Let x be a surrogate of y. Also let X denote the set of x‘s, and E* the conditional expectation with respect to x’s 

given Y and V. Functions * ( ,X, V), U*( , X, V) and I*( , X, V) are called the corrected log likelihood,

corrected score and corrected observed information when  

E*[ *( ,X, V)]= ( , Y, V) 

E*[U* , X, V)]= U(( , Y, V)  

E*[I*
and

, X, V)] = I(( , Y, V)  

The

hold, respectively.  

 value such that U*( , X, V)=0 is called the corrected estimate, which is asymptotically normally 

distributed about the true value with valid variance estimate under certain regularity conditions (Nakamura 

1990).

Method of correction for measurement error in WC 
For the sake of brevity, we will show a corrected score only for the following model:  

0

0
(t|y, )= (t)

zz
Tye                                  (6) 

where y is the true WC ten years ago and z is a vector of some other known covariates. Let { ( , , , )zi i i it y ,

i=1,…,n} denote a censored random sample with failure times (1) ( )Dt t with no ties. Let iR  denote the 

risk at and set( )it

0

0 0
exp, z

i

T
i

j R
S Y y j j

j

j

The

                            (7) 

1

0 0
exp, z

z
i

j T
i j

j R j

y
S Y y                      (8) 

2

0 0
exp

T

T

z
, z

z z z
i

j j j T
i j

j R j j j j

y y
S Y y

y
       (9) 

n the partial likelihood, score and observed information are, respectively,  

                                      
0

( , , )l Y =              (10) 0

0

1

log( ) ( )z
D

T
i i i

i
y S Y

1 0

0

1

( )

( )

( , , ) /
z

D
i

i i
i i

y
U Y S Y S Y                 (11) 
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and

2 1 1
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I Y

S Y S Y
            (12) 

Since the joint density of (y, w) at 10 years ago is approximately normal (Ishida et al 2007), a linear regression 

model is appropriate to fit the data:  

                                                          w= 0 1 y , 20~ ( , )N

The parameters 0, 1 and 2 are obtained from the analysis of the empirical distribution of (y, w) at the 

present time, and are treated as known constants. It follows from the construction of w that y= w+ ' (5), but the 

regression coefficient 1 of y on w is not necessarily equal to 1. If we set
0( ) /x w 1

, then

. Let X denote the set of x’s. Then, it follows from Nakamura (1992) that the first order 

corrected log likelihood, corrected score and corrected observed information are, respectively, 

2

1
~ ( ,( / ) )x N y

0

* ( , , )l X =
0

( , , )l X
2

2

0

1
2

D
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0 2
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1 1

1
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0
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0

( , , )U X +D
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0
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                                (14) 

and

2

0 0

1

* ( , , ) ( , , )I X I X D                                     (15) 

where                                    0

0
exp z

i

T
i j

j R
S X x j .

(
0

, ) maximizing 
0

l X( * (  the naïve or corrected maximum likelihood estimates 

(MLE), respectively. The MLE’s are easily obtained using the Newton-Raphson method. The asymptotic 

variance estimate is obtained with the sandwich estimate.  

, , ) or X, , )  are

There

0
l

Statistical Analysis of RERF Data 
 were 857 men who underwent the health examination 10 years ago. Since age (years), height (cm), 

weight (kg), HB (g/dl), and temperature (ºC) were needed for calculating w=f(x), records missing any of the 

values above were excluded. The regression equation for WC is   

                        w=log(WC)=0.394+0.00372(age)+0.000244(HB2)

0.00310(height)+0.630log(weight)+0.0452(temperature)           (16) 
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Finally, records with HB outside the range (10.9, 16.9) or temperature < 35.8°C were excluded. These 

exclusions for HB and temperature were applied since the variable were confirmed to be approximately normal 

in the ranges by Ishida et al. (2007). A follow-up of 585 subjects was performed until October 2006. Of the 

subjects, 121 had died, 26 of them from MS-related diseases, or ICD9 (390-459 584 and ICD10 (E10-E14

I00-I99 N00-N99). Table 1 shows the variables used for the analysis. A variable named Semi-MS (SMS) was 

defined as 1 when the conditions of MS other than “WC > 85” cm were present (see Methods), and 0 otherwise. 

Out of 585 subjects, 191 were of SMS=1. The Cox proportional hazards model was applied to the follow-up 

survival data, and both naïve and corrected estimates were obtained. Two endpoints, death due to all causes and 

death related to MS, were treated separately.  

Results
Table 1 shows the simple statistics for the variables used.  

The results of the Cox regression analysis are shown in Table 2 

(MS-related causes of death) and Table 3 (All causes). The tables 

present the naïve MLE obtained from the likelihood (10) with the 

true unknown value y simply replaced by the surrogate w and the 

corrected estimate obtained from the equations (14) and (15) 

without using y. 
Table 1: Variables used for Cox 

regression analysis. 

Table 2: MS-related causes of deaths (Number of the endpoint observed is 26).  

                        Naïve                   Corrected     
Estimate    SE     P      Estimate     

s_ms           1.075  0.415   0.0095        1.19       
w=ln(wc)       -5.076   2.27   0.025       -6.91      

Table 3: All causes of deaths (Number of the endpoint observed is 121). 

                            Naïve                 Corrected     
Estimate    SE       P       Estimate      

s_ms            0.55   0.19    0.004         0.563      
w=ln(wc)        -0.785   1.04    0.45         -1.06     

Discussion 
The results indicate that the risk of MS-related causes of death is clearly related to WC in that the greater the 

WC, the lower the risk. This is surprising, since the recommendation by The Ministry of Health, Labor and 

Welfare is to slim the WC to reduce the risk of MS-related diseases. Our correction for the measurement errors 

does not change the relationships. The implication warrant further investigation from medical points of view. 

On the other hand, the risk of all causes of death is not significantly associated with WC. The significance tests 

for the associations using the naïve estimates in both tables are valid (Stefanski and Carroll 1990) and those 

based on the corrected ones are omitted. 
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.
In dietary assessment at both the population and individual levels investigators are most often 

interested in capturing usual – that is, long-run average – intakes.  The 24-hour dietary recall (24HR), the 
dietary assessment method of choice for surveillance, provides rich details about dietary intake for a given 
day but collecting more than two 24HRs per individual is impractical in large surveys such as the National 
Health and Nutrition Examination Survey (NHANES).  Therefore, it is necessary to employ statistical 
methods to estimate usual dietary intake. 

There is an interest in estimating the usual intake of foods to assess compliance with food-based 
dietary recommendations and to relate food intake to risk assessment. There has been considerable 
concern over the appropriateness of 24HRs for determining the consumption of episodically-
consumed foods, that is, foods that are not typically consumed every day. The main concern is that 
since surveys include only a few administrations of the 24HR per individual, many consumers of an 
episodically-consumed food will report zero consumption if by chance they report on a non-
consumption day. For this reason, an additional instrument, a food frequency questionnaire (FFQ) 
was included in the latest round of NHANES conducted in 2003-2006. In general, estimating usual 
intake of episodically-consumed foods presents the following unique challenges for statistical modeling: (A) 
accounting for days without consumption of a particular food or food group; (B) allowing for consumption-
day amount data that are generally positively skewed and have extreme values in the upper tail of the intake 
distribution; (C) distinguishing within-person variability, which consists of day-to-day variation in intake 
and other random errors, from between-person variation; (D) allowing for the correlation between the 
probability of consuming a food and the consumption-day amount; and, (E) relating covariate information 
(for example, sex, age, race, ethnicity, education level, or FFQ)  to usual intake. 

Two other methods have been used to estimate the distribution of usual intake of episodically-
consumed foods with a few days of 24HR: (i) the distribution of within-person means (WPM), and (ii) the 
method developed at Iowa State University for estimating the distribution of foods (ISUF) described in 
Nasser et al.,1996. The WPM method usually leads to biased estimates of the prevalence of either inadequate 
or excess food intake because it does not meet any of the challenges listed above. In particular, because the 
WPM method does not meet challenge (C), and thereby includes within-person variability, the variance of 
usual intake is inflated.  The ISUF method meets the first three challenges, but it does not allow for 
correlation between probability and amount and cannot incorporate covariate information regarding usual 
intake. 

We describe a new statistical method that was developed at the National Cancer Institute (NCI) to 
meet all five of the challenges noted above, using two 24HRs, and demonstrate its application to both 
estimating the distribution of usual food intake and using regression calibration for predicting individual 
food intake and relating it to health outcomes.
1. METHODS 
1.1 NCI Method 

For person i, denote ijT  true intake on day j; ( 0 | )i ijp T i probability of consuming a food on any 

given day, and ( | , 0)i ij ijA T i T the consumption day amount. True usual intake is by definition 

( | )i ij i iT T i p A . Let ijR denote reported intake on the 24HR. In the NCI method, we assume the 
following measurement error model: 
(i) a food is reported as consumed on a certain day if and only if it really is consumed on that day

0 0;ij ijR T           (1) 
(ii) 24HR is unbiased on a consumption day 
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( | , 0) ;ij ij iR i R A          (2) 

(iii) there is a Box-Cox transformation ( ; ) ( 1)g v v such that, on the transformed scale, within-
person error in the non-zero 24HR is independent of its within-person mean and is normally distributed with 
mean zero and a constant variance 

2( | 0) ,  { ( | 0)},  (0, )ij ij i ij i ij ij ijg R R g R R N       (3) 
Given assumptions (1)-(3), the probability of consuming a food on any day and the consumption day amount 
are described using the (non-linear) two-part mixed model with correlated random effects, namely 

' 2
10 1 1 1 1 1( 0 | ) ( ),  (0, ),  ( ) (1 )v v

ij X i i i uR i H X u u N H v e e                           (4) 

2

'
20 2 2( | 0) ,  

Xij ij i i ijg R R X u        (5) 
2
1 1, 2'

1 2 2
1, 2 2

( , ) ( ; ),  u u u
i i

u u u

u u N u u0

Two or more 24HRs on a number of individuals with reports of the food of interest are required to 
distinguish between- and within-person variation in part two (model (5)). Unlike the ISUF method, in which 
the probability and amount are assumed to be independent and are estimated separately, the NCI method fits 
models (4) and (5) simultaneously, which relates probability to amount in two different ways. First, the two 
random effects iu1 and 2iu  are allowed to be correlated. Second, both parts of the model may share common 
covariates among the members of 1X  and 2X , also inducing correlation between probability and amount. 

Model (4)-(5) is fit by the maximum likelihood method. In addition, the Box-Cox transformation 
parameter is also estimated as part of the likelihood maximization procedure.  The advantage of using the 
transformation within the modeling step, not before modeling as in other methods, is that the 24HR-reported 
amount is transformed to normality conditionally on the covariates in the model.  

From model (4)-(5), usual intake of person i is given by: 

2

1 ' '
10 1 1 1 20 2 2( 0 | ) { ( | , 0)} ( ) *( )

Xi ij ij ij X i i i iT R i E g R i R H X u g X u  (6) 
where from Taylor’s expansion 

2 1
1 2

2

1 ( )( ) ( )
2 e

g vg v g v
v

,

1.2 Estimating the distribution of usual intake  
In general, the usual intake value given by equation (6) is unknown since the random effects 

are unknown. To estimate the distribution of usual intake, the estimated model parameters are used to 
simulate a pseudo-population with usual intake that has the same distribution as usual intake in the sample 
on which the model was fit. First, the estimated intercept and slope(s) for the covariate(s) are used to obtain 
for each individual in the sample an estimate based on the covariate values used to fit the model. To these, 
we add generated random effects from the bivariate normal distribution with mean zero and variance-
covariance matrix estimated from fitting the model. To improve the precision of the estimated usual intake 
distribution, we generate 100 pseudo-persons for each individual in the sample, each with the same covariate 
values but different simulated person-specific random effects.  

Estimates of the distribution of usual intake for a subpopulation may be made in the same way as those 
for the total population, except that covariates that define the subgroup are included in the NCI model. When 
making the estimates for a subpopulation, only the covariate values differ; all other variance components 
remain the same.   This specification leads to smaller standard errors of estimated parameters than stratifying 
by subpopulation. 
1.3 Regression calibration prediction of individual usual intake 

 Regression calibration requires estimation of the conditional expectation of true usual intake given the 
observed 24HRs and covariates 1 2,X X , or 1 1 2

ˆ ( | ,...., , , )i i i iJ i iT E T R R X X . For two 24HRs, we have  

1 2 1 2

10 1 1 1 20 2 2 2 1 2 1 2 1 2 1 2

( | ; , , , )

( ) * ( , | ( ), ( ), , )
i i i i i

X i i X i i i i i i i i i i

E T i R R X X

H X u g X u f u u g R g R X X du du
Now by Bayes’ theorem: 
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1 2 1 2 1 2 1 2 1 2
1 2 1 2 1 2

1 2 1 2 1 2 1 2 1 2 1 2

( ( ), ( ) | , , , ) ( , | , )( , | ( ), ( ), , )
( ( ), ( ) | , , , ) ( , | , )

i i i i i i i i i i
i i i i i i

i i i i i i i i i i i i

f g R g R u u X X f u u X Xf u u g R g R X X
f g R g R u u X X f u u X X du du

From model (4)-(5), it follows that  

ij

1 2 1 2 1 2

I(R 0)( 0)2
20 2 2 210 1 1 1

1 10 1 1 1

( ( ), ( ) | ; , , , )

( )exp( ) 1
1 exp( )

ij

i i i i i i

I R
ij Q i iX i i

j X i i

f g R g R i u u X X

g R X uX U
X U

            (7) 

and  
1 1

1 2 1 2 1 2 1 2 2 1 1 2 2( , | , ) ( , ) ( , ; )i i i i i i u u i u i uf u u X X f u u u u ,
where 1, 2 1 2/( )u u u u and 2 1 2( , ; )z z  denotes the standard bivariate normal density function. 
Combining the above equations we get  

1 2 1 2

10 1 1 1 20 2 2 2 1 2 1 2 1 2 2 1 1 2 2 1 2

1 2 1 2 1 2 2 1 1 2 2 1 2

( | ; , , , )

( ) * ( ( ), ( ) | ; , , , ) ( , ; )

( ( ), ( ) | ; , , , ) ( , ; )

i i i i i

X i i X i i i i i i i i i u i u i i

i i i i i i i u i u i i

E T i R R X X

H X u g X u f g R g R i u u X X u u du du

f g R g R i u u X X u u du du

(8)
where 1 2 1 2 1 2( ( ), ( ) | ; , , , )i i i i i if g R g R i u u X X is given by formula (7). Substituting estimated parameters 
in model (4)-(5), the integrals in the numerator and denominator of expression (8) may be evaluated 
using adaptive Gaussian quadrature or Monte-Carlo draws from the bivariate normal distribution. 
1.4 Applying the method: example of estimating the distribution of usual intake

We used the Eating at America’s Table Study (EATS) data to illustrate the application of the NCI 
method, in comparison with the WPM and ISUF methods. Details of the EATS, conducted in 1997-1998, are 
published by Subar et al., 2001. We used data from 965 men and women, 20 to 70 years of age, from a 
national sample, who completed four 24HRs three months apart followed by the NCI’s FFQ for estimating 
the distribution of usual intake for two food groups, whole grains and dark green vegetables. We also used 
these data to estimate the distribution of usual intake of whole grain consumption for three subpopulations of 
men: those with a high school education or less, those with some college, and college graduates. This was 
achieved by including the indicator variables for education level as covariates in both parts of the statistical 
model. 
1.5 Applying the method: simulation study for estimating the distribution of usual intake 

We conducted a simulation study to evaluate the NCI method and to compare it to other currently 
available methods for estimating usual food intake distributions. Because we were interested in the 
performance of the methods for the minimum number of 24HRs, two days were chosen to compare six 
different methods of estimating usual intake: (1) the two-day WPM, (2) the ISUF method, (3) the standard 
NCI method with the FFQ frequencies as a covariate, (4) the NCI method without FFQ as a covariate, (5) the 
NCI method with independent random effects with the FFQ, and (6) the NCI method with independent 
random effects without the FFQ. By comparing the NCI method both with and without the correlated 
random effects we were able to isolate the effect of this component of the model in this simulation study. 

We simulated 200 data sets, each with 2000 pseudo-persons, based on whole grain consumption by 
women in EATS. For each pseudo-person in a simulated data set, an FFQ frequency value was selected from 
the actual values in EATS.  Next, a probability was generated for that individual, using the average 
probability from the EATS data stratified by FFQ frequency group, and 365 pseudo-days were generated for 
this person, with each one having the underlying probability of consuming a whole grain on that day. Next, 
for the days that were simulated to be consumption days, an average amount was generated for each 
consumption day using the mean consumption-day amounts from EATS. Finally, two correlated random 
effects, corresponding to probability and amount, were generated for each pseudo-person from a bivariate 
normal distribution with a correlation equivalent to that found in the EATS data. 

After combining the simulated probability, consumption-day amount, and random effects, each person 
in the data set has 365 days of pseudo-data, the mean of which is used to estimate true intake. The average 
percentiles estimated from all six methods above were compared to the percentiles of this true intake. 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 1678 -



  Page 4 

1.6 Applying the method: simulation study for evaluating regression calibration prediction of 
individual usual intake

We conducted simulations to check on whether our method removes bias from the estimate of the 
regression coefficient in a linear regression of a health outcome, Y, on transformed usual intake of an 
episodically consumed food. We considered it necessary to check the method, because regression calibration 
has been demonstrated to give consistent results in linear regression when the measurement error model is 
linear, but has not been checked for non-linear measurement error models such as ours. We built our 
simulation to mimic an investigation of the relationship between hair mercury levels and usual fish intake. 
The regression relationship was 1.35 0.8 *Y T , where Y represented log mercury concentration 
(micrograms per gram), and T* represented Box-Cox transformed usual fish intake (grams per day) with 
parameter 0.17 , chosen so as to approximately normalize the distribution. The term  represented 
normally distributed random error with mean zero and variance 1.72. “True” values *T were generated from 
EATS data on fish intake in women by generating pseudo-true intakes as explained above and using age, 
BMI, education, and FFQ frequencies as covariates. 250 simulated data sets were created. Using 2 24HRs 
and covariates, we estimated regression calibration predictors ˆ *iT applying the algorithm in section 1.4 with 
a modified *g to account for the transformed scale for usual intake. The integrals were evaluated using 

adaptive Gaussian quadrature. We then used ˆ *iT  to estimate the regression slope in the relationship of 
mercury and fish intake. Three different sets of covariates were used in the model: (a) intercept only; (b) age, 
BMI, education; and (c) age, BMI, education, and FFQ.
2. RESULTS 
2.1. Estimating the distribution of usual intake in EATS 

Table 1 illustrates the differences among the three methods. For both dark green vegetables and whole 
grains, the four-day WPM method produces estimates that are higher than the ISUF and NCI methods in 
both of the tails, due to the large spike at zero and the longer tail in the upper end of the distribution. Other 
differences between the NCI and the ISUF methods are determined by the strength of the correlation 
between probability of consumption and the amount consumed. This correlation coefficient is not 
significantly different from zero for dark green vegetable consumption by men in EATS, and, as can be seen 
in Table 1, the estimates from the NCI and ISUF methods are similar for men. In contrast, due to 
substantially correlated probability and amount for whole grains (r=0.29 for women and r=0.34 for men), the 
estimates of the number of people consuming less than 0.5 serving and greater than three servings of this 
food group are considerably lower in the ISUF method than the NCI method for both women and men. 

Table 1. Percentage of persons who consume below or above a cutoff number of servings using 
different methods. 

 Women (n=519) Men (n=446)
# servings WPM NCI ISUF WPM NCI ISUF

Dark Green Vegetables 

<0.10 54.3 30.4 26.4 62.3 31.7 30.9 

<0.25 67.6 63.7 51.9 70.6 65.5 59.3 
<0.5 82.0 86.6 89.0 82.3 91.6 92.8 
>1 6.7 2.0 0.5 5.2 0.1 0.0 

Whole Grains
<0.5 37.2 26.0 17.9 27.6 17.2 9.4 
<1 60.5 57.4 55.5 43.3 37.9 29.7 
>2 14.8 8.6 5.4 30.0 29.0 26.4 
>3 3.9 1.1 0.3 13.5 11.1 7.9 
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The percentages of men falling above or below specified cutoff values for servings of whole grains by 
education levels are given in Table 2. It is clear from this table that the proportion of men in EATS who 
consume whole grains differs by level of educational attainment. 

Table 2. Percentages of men who consume below or above a cutoff number of servings of whole grains by 
education levels in EATS. 

High School 
Education or Less 

(n = 83) 

Some College 
(n = 157) 

College Graduate 
(n = 206) 

<0.5 servings 32.3 20.6 9.3 
<1 servings 57.9 44.2 26.4 
>2 servings 14.5 23.3 38.7 

>3 servings 4.2 8.1 16.3 

2.2. Simulation study for estimating the distribution of usual intake 
Figure 1 illustrates the average bias, defined as the difference between the estimate and simulated truth 

(the 365-day mean), of each of the methods. Except at the mean of the distribution, the two-day WPM 
estimate has a much greater bias than any of the other methods. The NCI method with correlated random 
effects either with or without the FFQ produced estimates that are very close to the estimate from the 365-
day mean, with essentially no bias for all percentiles. 

Figure 2 illustrates that the ISUF method and the NCI method with uncorrelated random effects and 
without the FPQ produced very similar curves that are shifted from the 365-day mean curve. By ignoring 
correlation between probability and amount, these two methods tend to overestimate the amounts consumed 
by those with a low probability of consumption, and underestimate the amounts consumed by those with a 
high probability of consumption, leading to biased estimates. The NCI method with uncorrelated random 
effects but with the FFQ led to superior results when compared to the same method without the FFQ.  
Including the shared covariate (the FFQ frequencies) in both parts of the model captured some of the 
correlation between probability and amount, although not as much as incorporating the correlated person-
specific effects. Figures 1 and 2 illustrate that modeling the correlation between probability of consumption 
and consumption-day amount leads to the largest gains over the other methods. 
2.3. Simulation study for relating individual intake to health outcome

Table 3 presents the results of the simulation study of predicting individual fish intake and relating it 
to mercury level. The results reveal some moderate bias in the estimated slope for fish intake when the 
covariates are omitted from the model used to predict usual intake (Intercept only column). However, with 
inclusion of three of the covariates or inclusion of all four the bias becomes very small. The results also 
confirm the gains to be made in precision from including the FFQ in the estimation of usual intake.  

Table 3: Results of 250 simulations regressing log hair mercury (Y) on the estimated transformed usual fish 
intake ( *T̂ )

Model

Parameter Intercept only Age, BMI & 
Education 

Age, BMI, 
Education & FFQ 

True value of slope 0.800 0.800 0.800 

Mean estimated slope 
(SE of mean) 

0.865
(0.015)

0.821
(0.011)

0.813
(0.006)

SE estimated slope 0.230 0.166 0.086 

Root Mean Square Error 0.238 0.167 0.087 

3. DISCUSSION 
A statistical model used for estimating the usual intake of episodically consumed foods using two or 

more 24HRs per subject needs to appropriately account for the characteristics of such data. First, it must 
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account for the spike at zero due to non-consumption of a food on the recalled days. This is achieved in the 
NCI method by representing usual intake as the product of the probability of consuming a food and the 
amount consumed on a consumption day. Additionally, the model must transform skewed distributions of the 
amounts to the scale where 24HRs have additive and independent within-person error. It also must have the 
ability to distinguish within-person variability that results from day-to-day differences in intake and other 
sources of random error from the variability among individuals. Like the ISUF method, the NCI method 
addresses all of these challenges. The NCI method overcomes the limitations of the ISUF method, however, 
by incorporating covariate information and by accounting for the correlation between the probability of 
consuming a food and the consumption-day amount.  Because probability and amount are substantially 
correlated in a majority of food groups, the ISUF method should not be used on most foods according to its 
own criterion. In addition, for the first time in the literature, the NCI method incorporates the means of 
predicting individual intake of foods using regression calibration and relating it to health outcomes 

The importance of using covariates in the model is highly dependent upon the application of interest.  
When interest is on estimating the distribution of usual intake in a subpopulation or population, it is less 
important how the between-person variation is partitioned between the part that is explained by covariates 
and the unexplained component captured by the person-specific random effect, but how well person-specific 
effect and within-person random error can be transformed to normality. Including covariates in the model 
may make normality more realistic, with consequent improvement in estimating the distribution, especially 
its tails. In our example, after allowing for correlated random effects, our simulation study results indicated 
little difference between the NCI method with and without the FFQ.  This may be because the 24HR 
reported amounts for whole grains (the basis for the simulated data) can be transformed to normality almost 
equally well unconditionally or conditionally on the FFQ.  For foods without this characteristic, including 
the FFQ in the model may lead to some improvement in estimating the tails of the distribution. 

When the distribution of usual intake is estimated in subpopulations, incorporating covariates that 
characterize the subpopulation, such as age, sex, race, income, or education, may provide a substantial 
improvement by leading to more efficient estimation than does stratification. This advantage in efficiency is 
expected to increase as size of the subpopulation decreases. In addition, covariates may be used to adjust for 
temporal effects, such as seasonality and day-of-week effects, and the reduction in mean levels of intake that 
can occur with repeat 24HRs, the time-in-sample effect.  This is done simply by including an indicator 
variable into the statistical model as a covariate to indicate that the second recall is being modeled, allowing 
its mean to be adjusted for repeat application of the recall, if necessary.   

For predicting individual usual intake and relating it to health outcomes, the goal is to reduce 
unexplained between-person variation of intake, which may be achieved by including appropriate covariates 
in the model. Different types of covariates may be incorporated in the estimation of usual intake for this 
purpose, including personal characteristics associated with intake, as well as FFQ information. Because the 
FFQ frequencies are associated both with the probability of consuming a food and the amount consumed on 
the consumption day, incorporating food frequency information as a covariate in both parts of the model can 
explain at least part of between-person variation in the 24HR, therefore providing a better estimate of diet-
health relations, as is testified by our simulation example.  

The NCI method was developed to meet the special challenges for estimating intake of episodically-
consumed foods. Although some of those challenges (e.g., requirements (A) and (D) listed in the 
introduction) are unique to episodically-consumed foods, others apply as well to nutrients or foods that are 
consumed on a daily basis. Part II of the NCI model (equation (5)) alone could be used to estimate usual 
intake for foods or nutrients that are consumed on a daily basis by nearly everyone. The ability to easily 
incorporate covariates in the estimation of usual intake makes the NCI method an attractive alternative to the 
ISU nutrient method. 

Although the NCI method appears to present a substantial improvement over existing methods for 
estimating usual intake for foods, it does have some limitations. First, the model never produces a true zero 
intake because the logistic regression that is used to model the probability of consumption does not predict a 
zero value. Furthermore, the model requires that a sufficient number of people consume a given food on at 
least two recalled days. For foods that are consumed very episodically in the population, such as organ 
meats, this condition may not be satisfied.  

Most importantly, the model is based on the assumption that the 24HR is an unbiased instrument for 
measuring usual food intake.  Many recent studies with doubly labeled water have found misreporting of 
energy intake on both the 24HR and FFQ, almost always in the direction of underreporting (e.g., Hill, 
Davies, 2001; Kipnis et al., 2003).  This suggests that at least some foods are underreported as well. A few 
studies have investigated the extent and type of underreporting by food, and it appears that underreporting 
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may be differential by food (e.g., Krebs-Smith et al., 2000); although, unfortunately, it is impossible to know 
which foods, and by how much, are misreported on the 24HR. Due to this uncertainty, we follow the only 
available practical convention and assume that the 24HR is unbiased.  For those foods that are reported with 
bias on the 24HR, the estimated intake will be biased as well. When the FFQ is used as a covariate in the 
model, it is allowed to involve systematic bias as well as random measurement error.  It is important to note 
that, in the NCI method, the FFQ does not replace information from the 24HR but is being calibrated using 
the 24HR as a reference instrument. The method, therefore, includes useful information from the FFQ 
without subjecting the final estimates to its measurement error. 

The NCI method has been developed and illustrated here using data from what we implicitly assumed 
to be a random sample of independent individuals, not a complex survey sample. We are presently working 
on its extension for complex surveys, such as NHANES, so that estimates of the distribution of usual intake 
in the US population may be made using the NCI method. 
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Figure 1. Smoothed distribution curves from simulations based on whole grains for women in EATS. The 
365-day mean represents true usual intake. 

Figure 2. Bias of percentile estimates from simulations based on whole grains for women in EATS. The 
dashed line at zero represents no bias  
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1. Introduction 
The primary aim of this study is to demonstrate how the maximum level of cadmium in rice was 

determined in South Korean food safety and food risk assessment. Because the daily consumption of Korean 
rice was the largest in the world, the Korea Food and Drug Administration (KFDA) has applied a maximum 
level of 0.2 ppm for cadmium in rice since 2000 in order to block the market circulation of highly cadmium-
contaminated rice. It turned out that the cadmium contaminated rice was produced in the close mine area and 
it had been a social issue in Korea for the last few years that highly cadmium-contaminated rice could be 
circulated in the market. However, the maximum level of 0.4 ppm for cadmium in polished rice was
established (WHO 2004, 2006) , which was proposed by the 36th Codex Committee on Food Additives and 
Contaminants (2004), and adopted by the Codex Alimentarius Commission in 2006. Cadmium is a validated 
chemical in terms of human toxicity, causing such ailments as proteinuria by chronic oral exposure and lung 
cancer by inhalation exposure. Its main exposure route is known to be food and drinking water ingestion, 
tobacco smoking, and air inhalation in the case of general population. It has been also confirmed that 
occupational workers in the area of battery production, soldering and pigment production were exposed to 
the cadmium through the fume or dust inhalation. Faced on the internal social concern and an external trade
issue, the KFDA conducted a large scale risk assessment to solve the following two problems; (i) 
determining the current risk level under the maximum cadmium level of 0.2ppm, (ii) determining whether 
we accept the 0.4ppm cadmium maximum level which was recently adopted by the Codex Alimentrrius 
Commission.

2. Materials & Method
2.1 Cadmium Monitoring Data in the Exposure Assessment

A market-based survey was conducted at the places of rice producing area, and markets selling food,
etc. in six large cities of South Korea, (Gangweon Do, Gyeonggi Do, Gyeongsang Do, Jeolla Do,
Chungcheong Do, Jeju Do), during between 2004 and 2005 in order to determined and evaluate the level of 
cadmium exposure through rice ingestion among the general population. The data that samples (n=979) were 
drawn in the six cities passed wet ashing method and the quality assurance and control (QA/QC) applied
Inductively Coupled Plasma Mass Spectrometry (ICP-MS) analytical methods, (cadmium detection limit: 
0.0001ppm), accepted at international agencies, were utilized.

For the estimation of cadmium exposure dose by ingestion of other foods, other than rice, and from the 
environment, monitoring data (n=10,107) for 52 commodities including meat and fishes etc. which were 
consumed frequently by Koreans from 2002 to 2005 were assessed after confirming the homogeneity of the 
analytical method and the detection limit. It could ensure to qualify the exposure level by major cadmium 
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exposure contributing foods, such as highly consumed crops and vegetables, meat, fish/shellfish, etc.. The 
urban air level of cadmium, (0.003 µg/m3; mean), and the urban soil level of cadmium, (0.109 mg/kg; mean), 
was taken for the estimation of cadmium exposure dose by environmental factors, such as air, (inhalation of 
suspended particulates), and soil, (soil ingestion), etc., based on an annual atmospheric environment report,
(Ministry of the Environment, 2004), and an annual environmental statistics report (Ministry of the
Environment, 2005).

2.2 Risk Assessment Leading to the Current Maximum Level of 0.2 ppm of Cadmium in Rice.
The average cadmium exposure level by food and environment in the general population and the 

cadmium exposure level in highly rice ingested groups, based on cadmium monitoring data, were confirmed.

2.2.1 Cadmium Exposure Assessment in the General Population
Cadmium exposure dose and human exposure contributions by rice ingestion for most people was 

confirmed. The numerical formula below has been used in consideration allowing for the differences in rice 
consumption data according to Korean age / gender, (Ministry of Health and Welfare, 2001).

? Cadmium daily exposure dose from rice, other foods, and environmental factors in the general population 
(mg/kg bw/day) 

Where: CR = Concentration of cadmium in rice (median: mg/kg); RI = Rice ingestion value by sex, age 
(mean: g/day); BW = Body weight by sex, age (mean: kg bw); Ci = Concentration of cadmium in other food 
i (median: mg/kg) Ii = Other food i ingestion value by sex, age (mean: g/day); CA = Concentration of 
cadmium in urban air (mean: ? /? ); AR = Air inhalation rate by sex, age (mean: ? /day); CS =
Concentration of cadmium in urban soil (mean: mg/kg); SR = Soil ingestion rate by sex, age (mean:
mg/day).

n
CR × RI ? Ci × I i CA × AR CS × SR=

BW
+

i=1 BW
+

BW
+

BW

Excluding the data pertaining to where the cadmium level in rice exceeded 0.2 ppm, the median value 
was selected and considered in the case the data pattern identified from the distribution revealed a side-
inclined nature. Food consumption data used the data representing the mean value determined among 10,051 
Koreans, according to age/gender. Body weight data used, with the average data of the 14,200 people studied, 
according to age/gender (Ministry of Commerce, Industry and Energy, 2004).

2.2.2. Cadmium Exposure Assessment in Highly Ingested Groups of Rice
An exposure assessment of cadmium for high risk group was conducted in order to estimate the risk 

level of a population group as high consumer group of rice by region. These situations as described above 
high risk group are predicted as occurring only in unusual circumstances. However, the Monte-Carlo
simulation for Probabilistic Risk Assessment was accomplished, and Crystal BallR was utilized as follows: in 
order to confirm the safety of a human population found to be in the 95th percentile in terms of rice ingestion 
value for a small group of people from among a large number of subjects according to the food consumption 
database. For the cadmium exposure assessment in high-level cadmium rice level groups, it was found that a
strong correlation existed between consumption data among rice and other foods, based on the database 
including individual consumption data, (Ministry of Health and Welfare, 2001). A coefficient of correlation 
between two foods was confirmed according to the major exposure contribution food through regression
analysis, so as to confirm the simultaneous high ingestion situation of different other foods in the case of the 
high-level cadmium rice level ingesting groups. Additional exposure of cadmium by other foods and 
environmental factors was estimated by applying the same method for generating the formula above of the 
exposure assessment equation in the general population. To execute the Monte-Carlo simulation, the average 
and variance were estimated after log transformation, based on the distribution of the pollution level of 
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cadmium in rice in specific regions with the highest levels of cadmium in rice, with truncated distribution 
values, except those over the level of 0.2 ppm of cadmium, from the estimated distribution, was utilized, 
with the 95th percentile exposure dose being ultimately calculated, in consideration of the exposure level for 
high risk populations.

2.2.3 Hazard Index Produced from the Risk Characterization
To estimate whether the predicted occurrence of hazardous impacts from human exposure to cadmium 

arose, a hazard index was estimated as follows;

Cadmium daily exposure dose (mg/kg bw/day)
°Hazard Index =

Reference dose of cadmium (mg/kg bw/day)
°Hazard Index > 1 Occurrence of hazardous impact expected

°Hazard Index = 1 Occurrence of hazardous impact not expected

Figure 1. Probabilistic Risk Assessment to Identify Cadmium Exposure Doses in Highly Ingested 
Rice Groups

The daily acceptable level for human exposure of cadmium reference dose (RfD) recommended by the 
US EPA was used as hazard index (‘as allowable human exposure doses for which the occurrence of a 
hazardous impact would not be expected’).

Table 1. Utilized RfD for the estimation of the risk level by cadmium exposure
Critical Effect Experimental Dose Uncertainty Factor Reference Dose (RfD)

Significant Proteinuria Human Studies
involving Chronic exposure

U.S. EPA, 1985

NOAEL (No Observed 
Adverse Effect Level): 0.01 

mg/kg/day

10
Human Variability

0.001
mg/kg bw/day

U.S. EPA, 1994

Distribution of pollution level 
in the place where the highest 
cadmium levels in rice were

indicated (mg/kg)
Estimated average and variance 

following log transformation

Mean 95th percentile

Cadmium level in rice (mg/kg) ? Rice ingestion value by sex, age (g/day)

Body weight by sex, age (kg bw)

Cadmium exposure dose in 
highly ingested rice groups

0.2 ppm 95th percentileMean

Rice ingestion value 
by sex, age

Excluding those over levels of 0.2 
ppm of cadmium, and truncated 

distribution according to the
application of a maximum level 
of 0.2 ppm of cadmium in rice
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3. Results
3.1 Current Risk Value of the Maximum Level of 0.2 ppm of Cadmium in Rice
3.1.1. Cadmium Exposure Dose and the Hazard Index in the General Population

The exposure contribution rate for cadmium by rice ingestion among the general population was at the 
22.9% - 42.3% levels. The population group with the highest contribution rate, at 42.3%, was women older 
than 65 years of age (Table 2). It was determined that the need for a standard establishment was recognized 
preferentially in CODEX if the exposure contribution rate by one commodity kept at 10% of the daily 
acceptable level of human exposure. Considering this, only rice of 4.2% - 8.5% levels was confirmed as 
reaching the recognized level requiring the necessity of a maximum level establishment/maintenance/use in 
Korea at the present time. A hazard index of 0.099 - 0.295 in the total population means that the occurrence 
of proteinuria, as a hazardous result of cadmium exposure, would not be expected.

Table 2. Cadmium Exposure Dose, Exposure Contribution Rate, and Hazard Index among 
the General Population

Sex Age Rice
(mg/kg bw day)

Other Foods 
(mg/kg bw day)

Environmental
Factors

(mg/kg bw day)

Total Cadmium Daily 
Exposure Level 
(mg/kg bw day)

Hazard Index 
(Unitless)

3 - 6 yrs 8.52×10-5 (28.9%) 2.07×10-4 (70.3%) 2.26×10-6 (0.8%) 2.95×10-4 0.295
7 - 12 yrs 6.07×10-5 (28.1%) 1.54×10-4 (71.2%) 1.46×10-6 (0.7%) 2.16×10-4 0.216
13 - 19 yrs 4.31×10-5 (27.5%) 1.13×10-4 (71.8%) 1.09×10-6 (0.7%) 1.57×10-4 0.157
20 - 29 yrs 4.01×10-5 (29.0%) 9.71×10-5 (70.3%) 9.88×10-7 (0.7%) 1.38×10-4 0.138
30 - 49 yrs 4.26×10-5 (26.7%) 1.16×10-4 (72.7%) 9.48×10-7 (0.6%) 1.60×10-4 0.160
50 - 64 yrs 4.63×10-5 (29.2%) 1.11×10-4 (70.2%) 9.12×10-7 (0.6%) 1.59×10-4 0.159

Male

65< yrs 4.29×10-5 (33.8%) 8.30×10-5 (65.4%) 9.53×10-7 (0.8%) 1.27×10-4 0.127
3 - 6 yrs 8.21×10-5 (28.9%) 2.00×10-4 (70.3%) 2.28×10-6 (0.8%) 2.84×10-4 0.284
7 - 12 yrs 5.39×10-5 (26.6%) 1.47×10-4 (72.7%) 1.38×10-6 (0.7%) 2.03×10-4 0.203
13 - 19 yrs 3.53×10-5 (24.8%) 1.07×10-4 (74.7%) 8.39×10-7 (0.6%) 1.43×10-4 0.143
20 - 29 yrs 3.53×10-5 (22.9%) 1.18×10-4 (76.6%) 7.77×10-7 (0.5%) 1.54×10-4 0.154
30 - 49 yrs 3.96×10-5 (25.6%) 1.14×10-4 (73.9%) 7.44×10-7 (0.5%) 1.55×10-4 0.155
50 - 64 yrs 4.27×10-5 (32.3%) 8.87×10-5 (67.2%) 7.10×10-7 (0.5%) 1.32×10-4 0.132

Female

65< yrs 4.20×10-5 (42.3%) 5.66×10-5 (57.0%) 7.40×10-7 (0.7%) 9.94×10-5 0.099

The population group with the highest human exposure levels was males between 3 - 6 years of age, 
having a hazard index of 0.295.

3.1.2 Cadmium Exposure Dose and Hazard Index in Highly Ingested Rice Groups
The 95th percentile exposure dose of the highly ingested rice groups were at 3.31?10-4 - 8.14 x 10-4

mg/kg bw/day, at the maximum level of 0.2 ppm for cadmium in rice (Table 3).

Table 3. Cadmium Exposure Dose and Hazard Index in Highly Ingested Rice Groups (At the 
currently applied 0.2ppm level)

Cadmium Exposure Dose (mg/kg bw/day)

Rice Total Cadmium Daily
Exposure Dose

Hazard Index
Age

Mean 95th percentile

Other
Foods

Environ-
mental
Factors Mean 95th percentile Mean 95th percentile

3 - 6 yrs 2.11×10-4 6.08×10-4 2.04×10-4 2.27×10-6 4.18×10-4 8.14×10-4 0.418 0.814
7 - 12 yrs 1.42×10-4 3.96×10-4 1.51×10-4 1.42×10-6 2.94×10-4 5.49×10-4 0.294 0.549
13 - 19 yrs 9.27×10-5 2.81×10-4 1.10×10-4 9.62×10-7 2.03×10-4 3.91×10-4 0.203 0.391
20 - 29 yrs 8.30×10-5 2.58×10-4 1.08×10-4 8.83×10-7 1.91×10-4 3.66×10-4 0.191 0.366
30 - 49 yrs 1.01×10-4 2.84×10-4 1.15×10-4 8.46×10-7 2.17×10-4 4.00×10-4 0.217 0.400
50 - 64 yrs 1.13×10-4 3.06×10-4 9.98×10-5 8.11×10-7 2.14×10-4 4.07×10-4 0.214 0.407

65< yrs 9.73×10-5 2.62×10-4 6.85×10-5 8.47×10-7 1.67×10-4 3.31×10-4 0.167 0.311
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Human populations with the highest hazard index were males between 3 - 6 years of age, with a 
hazard index at 0.311 - 0.814, considering the 95th percentile human exposure dose of highly ingested rice 
groups.

The hazard index of the total age group did not exceed 1, but it was around 1, at 0.814. Therefore, it 
was determined that the hazard index may exceed 1 if the present maximum level of 0.2 ppm of cadmium 
was adjusted upward. Because each commodity was correlated in terms of intake, the correlations among 
rice, bean, cabbage, tofu, and seaweed items were taken into consideration in estimating the use of the 
Spearman rank correlation tool. The following rank correlations were found: 0.13 for rice-tofu; 0.07 for rice-
cabbage; -0.02 for rice-bean and; -0.02 for rice-seaweed.

It was confirmed that the maximum level of 0.4 ppm of cadmium would be unacceptable, because the 
safety margin for cadmium in all age groups would be excessively narrow in the case of cadmium levels of 
0.4 ppm. The virtual maximum level and the hazard index exceeded 1, among small groups with high rates 
of rice ingestion.

4. Conclusion & Discussion
This study attempted to justify that a maximum level of 0.2 ppm for cadmium in rice maximum is at 

the present level justified to be applied in South Korean food risk assessment. It was found that average 
hazard index and the high-risk group hazard index for the general population was 0.167 - 0.418, and 0.331 -
0.814, respectively. Therefore, these results suggest the need for a risk assessor and a risk manager to control 
food risks, even where hazard indexes did not exceed 1. This assessment was made in consideration of 
highly consumed commodities in Korea measured to accomplish the representative exposure assessment. 
However, it is foreseen that the present hazard index may increase when other consumed commodities were 
included. In addition, the risk assessment predicted that the hazard index in some Korean human populations 
with high levels of rice ingestion may exceed 1 if the recently determined maximum cadmium level of 0.4 
ppm, by CODEX, was applied in Korea. This study also confirmed that the application of the maximum 
level of 0.4 ppm of cadmium in rice would be unable to be accommodated in Korea. It is asserted that this 
risk assessment will need a verification study of future statistics pertaining to utilizing truncated distribution 
data other than contamination levels over 0.2 ppm, into a Monte-Carlo simulation for an appropriate 
Probabilistic Risk Assessment, and that a future discussion area must be how mixed data, including both zero 
and detection data, may be incorporated into a risk assessment.

Generally, if the value of hazard index is not over 1, risk assessor consider that the occurrence of 
hazardous impact would not be expected. In case of cadmium, the hazardous impact is proteinuria by chronic 
exposure. Although the value of hazard index in this study was not over 1, the high risk group was already 
near 1. We predict that the risk value can be increased over risk value estimated in this study by additive
exposure through other food were not involved in monitoring. Also, when we consider the limitation of this 
study which whole ingestion amount of food by  population was covered 25~47 %, we recognized that 
maximum level of rice should not be exceeded 0.2 ppm based on CTC (Calculated Tolerable Concentration)
giving information on the highest maximum level.
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Integration of Omics Technologies in Cancer Research

Henrik Edgren
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ABSTRACT

During the last 5-10 years, a large number of technologies allowing comprehensive characterization
of living cells from different angles have been developed. These so-called omics technologies include
e.g. microarrays for measuring expression and copy number of all genes in a sample, mass spectrom-
etry based methods for measuring protein concentrations or metabolite composition, high-volume
sequencing projects, high-throughput siRNA screening of gene function and many other technologies.
However, each of these alone will give only an incomplete understanding of the cell under study and
only through integration of several different omics technologies can we hope to obtain a deeper under-
standing of biological systems. This is especially important for the understanding of cancer, since it
is well known that many different kinds of errors are involved in cancer development. Integration of
DNA copy number and expression data for all known genes in a sample can be used to identify sets of
putative oncogenes and tumor suppressor genes that are deregulated in each tumor or cell line model.
Large scale siRNA mediated gene silencing on the other hand can be used to establish which of the
amplified and overexpressed genes are required for spesific cancer phenotypes, such as uncontrolled
growth or metastasis. Other techniques, such as cell arrays, can be used to further characterize the
exact role of those genes in normal and cancer tissues. In summary, a combination of different omics
technologies is expected to both greatly increase our understanding of cancer biology, as well as to
lead to improvements in cancer diagnostics and treatment.

Keywords. Cancer, microarrays, omics, siRNA.
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ABSTRACT

The original ‘omics’, genomics, is the study of the complete DNA sequence of an organism enabled
by high throughput sequencing technology. Subsequent high throughput technologies led to the study
of the full set of mRNA transcripts synthesized from the DNA (transcriptomics) and the full set of
proteins produced by these mRNA transcripts (proteomics). The suffix –omics has now been used in
describing the study of many other genome-scale or cell-wide products and processes. Each type of –
omics data may provide biological insight and it is hoped that integrating the data from two or more of
these technologies will provide a systems view enabling the prediction of changes in cell behaviour and
cell fate. The challenges involved in achieving this aim will be discussed and illustrated with examples
from the literature and our own work. These include experimental design, data quality, normalization
and standardization as well as the choice and limitations of analytical methods. However, the issues are
not purely methodological. Huang (2004) caricatures “localists” who see the trees first and “globalists”
who see the wood first. Localists’ hypotheses are at the level of the individual pathways making up the
network, whilst those of the globalists are about the network’s properties. As well as data integration,
integration of these two approaches will be required in order to fulfil the aim of predicting changes in
cell behaviour and cell fate.

Keywords. Omics, data integration.
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The advent of gene expression microarrays, proteomics by mass spectrometry, and metabolomics by 
mass spectrometry and NMR spectroscopy presents enormous opportunities for fundamental biological 
research and for applications in medicine, agriculture, and environmental science. It also presents many 
challenges in data analysis. In this paper, we examine methods for dealing with spectroscopic data, 
particularly in the initial data processing. Most often, this is for proteomics by mass spectrometry, or 
metabolomics by mass spectrometry or NMR spectroscopy.  

Omics data includes a variety of data types as shown in the figure below.   
The Genome: The complement of all genes, or of all components of genetic material in the cell (mostly 

static).
The Transcriptome: The complement of all mRNA transcripts produced by a cell (dynamic).  
The Proteome: The complement of all proteins in a cell, whether directly translated or produced by post-

translational modification (dynamic).  
The Metabolome: The complement of all metabolites other than proteins and mRNA; e.g., lipids, 

saccharides, etc. (dynamic). 

Data on these “omes” are gathered using a variety of 
technologies. Mass spectrometry (MS) is used for 
proteomics and metabolomics, mostly in the form of 
time-of-flight (TOF) instruments. Samples are processed 
to isolate particular molecular categories (proteins, 
saccharides, lipids) and may be further separated (as by 
liquid chromatography). We also show some results from 
a high-precision form of mass spectrometry called Fourier 
Transform Mass Spectrometry (FTMS). In this method, 
masses are not identified directly by ion currents at the 
appropriate time following the ionization, but rather by 
the Fourier transform of the signal generated by trapped 
molecules. For mass spec in general, a peak in the spectrum indicates the presence of a compound at a 
particular mass-to-charge (m/z) level, with higher peaks corresponding to larger concentrations. 1D Proton 
NMR spectroscopy produces a spectrum in which peaks correspond to parts of molecules. This can be used 
for single compounds to determine the structure. Compounds often have specific signatures, so this can be 
used for compound identification if applied to pure compounds (particularly by 2D NMR). For 
metabolomics work, one can use patterns in the spectra for discrimination/classification, and to identify 
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regions of the spectrum which carry the discrimination information. 

There are a number of preprocessing issues for spectroscopic data such as those from MS and NMR. 
These included baseline correction, peak identification, alignment of spectra, data transformation, and 
methods of combining spectra. 

Baseline Correction 

In regions of the spectrum where there is no signal, the data should fluctuate around a baseline that 
represents the average instrumental response when the analyte is not present. For some technologies, the 
baseline is relatively flat; for others (like NMR), it is curved or wavy. It is important to get the baseline 
correct—otherwise comparisons between peak heights or areas from different spectra are biased. It is also 
important for consistent data scaling. The following figure shows the baseline problem conceptually. These 
are artificial data meant to show that the baseline should go through the middle of sections that are noise only, 
and form the bottom of peaks. 

There are a number of methods for estimating the 
baseline. Ours is based on some statistical principles: 1) 
The baseline should run through the data in regions where 
the data are at low levels, presumably corresponding to 
noise regions; 2) In regions with peaks, the baseline 
should outline the bottom of the peak; 3) if the baseline is 
flat, then noise regions can be identified and the baseline 
runs through the middle. Alternatively, the baseline region 
will in general contain the most points, so the middle of 
the baseline should be at the mode of the signal values. If 
we assume that the baseline bi may not be constant 
throughout the range of the data, we can estimate it using the following mathematical formulation: 

2
22max i i

i i i

e

y b
b A

i

where the constant A is chosen so that the baseline would run through the center of normally distributed 
noise data, and B is chosen to achieve the desired smoothness. The baseline values bi are found by iterated 
solution of a banded linear system of p equations in p unknowns, not by fitting splines or other functional 
models. (Here, p is the number of points forming the spectrum; a typical NMR spectrum has p = 65,536, 
while a typical FTMS spectrum can have p = 440,000 or more.) The figure below on the left shows the 
baseline of an NMR spectrum estimated in this way and then the baseline corrected spectrum. The right-hand 
figure shows several different baselines that result from different values of B.

I b y B b
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Peak Identification 

Peaks in a spectrum should be local maxima and not lie entirely in the noise region. This can be used 
on the raw data, but the resulting number of peaks is very large, and many do not represent real compounds. 
If the peak has a roughly Gaussian shape, then on a log scale, the points near the peak lie on a quadratic. We 
are currently using this method to identify peaks, rather than using all the local maxima. 

Spectral Alignment  

ven a high-precision mass spectrometry method 
like FTMS needs to have the spectra aligned. In principle, 
in analytes of a few thousand Daltons, the precision of 
FTMS is as good as 0.001 AMU, or even 0.0001 AMU. 
But peaks that presumably represent the same analyte can 
be as uch as 0.1 AMU apart (see figure to the right). 
This problem is worse for TOF-MS, and much worse for 
NMR. Alignment can be done by hand-identifying spiked 

s and shifting the spectrum until 
they line up. We are working on automatic methods, with 
a firs

Data Transformation  

ms stabilize the variance of data, including peak heights and peak areas, and make 
statistical methods more sensitive. Logarithms cannot be 
not be  transformation  

ll the data so that they are positive and not near 
ated from the data. A possible alternative is only 
ut this can lead to missing data in some samples, 

sue of transformation are contained in a series of 
, but the methods are also applicable to mass 

ometimes it is desirable to combine spectra from different parts of a separation or for different mass 
tra first need to be aligned, but it is an open question whether the spectra should 

be summed on the original ion current scale or on a transformed, logarithmic type scale.  

E

 m

or common compound

t publication using NMR (Lee et al., Analytica 
Chimica Acta, 2004). We are currently developing an 
automated method for FTMS. 

In general, logarith
used for data that are negative or zero, and should 

 used for data near zero. Alternatives include the glog

and the started log (in which some number c is added to a
zero), where the optimal parameters c and  need to be estim
to examine peaks that are significantly above the baseline, b
making the analysis more difficult. Many details on the is
publications from our group focused on microarray data
spectrometry data. 

Combining Spectra  

2
yglog( ; ) lny y

S
ranges. Obviously, the spec
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he figure to the right shows a typical NMR 
spectr m. One can see that there are a very few high 

h bin. A model for the spectrum is

where

The figure below the spectrum gives a plot of 

higher the level of the spectrum, the higher the standard 
deviation, in a near-linear way. Below that is an expanded 
view

4; 
Rocke 2004; Rocke and Durbin 2001, 2003; Rocke and 
Lorenzato 1995; Zh

Continuing with the example, we present two 

s of each, 
but here,

se scale that runs 
from 12

An Illustration from Metabolomics by NMR Spectroscopy  

T
u

peaks, and the rest of the signal is lost in the scale. In 
order to select a data transformation, we will investigate 
the variance behavior of these spectra. The example 
spectrum has 65,536 points. We divide this into 8,192 
bins of 8 points each and compute the mean and standard 
deviation within eac

i

i i i
b e

i
y

bi is the baseline, not presumed to be flat, i is the 
true signal, and i and i are measurement errors, not 
necessarily independent across nearby points. 

the standard deviations vs. the means, showing that the 

of the lowest means, showing that near the baseline, 
the standard deviation is essentially constant. Both of 
theses findings fit with the model above. 

This variance model suggests the use of the 
glog transformation, which has been shown to stabilize 
the variance in many problems with similar behavior 
(Durbin et al. 2002; Durbin and Rocke 2003, 2004; 
Geller et al. 2003; Huber et al. 2002; Purohit et al. 200

ou and Rocke 2005). 

spectra. One of these is from a diseased abalone and the 
other from a healthy one. In the full study from which 
these data are taken, there are several replicate

 for visual clarity, we show only two spectra—one 
in black and one in red. 

On the original scale, little can be seen as to the 
adequacy of the baseline or the differences in the spectra.
The x-axis, as is traditional in NMR, is in units of baseline
shift from a spiked standard in parts per million (ppm)
NMR spectroscopists usually use a rever

. 

 to –2, but we use the standard mathematical
convention of larger numbers to the right. Just to show the
potential for the use of data transformation, we show on
the top of the next page a plot of the same two spectra after
a glog transformation with a somewhat arbitrary .
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We can see that the baselines are not very good 
and that 

he large number of 
peaks an

 baseline shift 
, on th

right is a plot showing the spectra after glog 
transformation and additive normalization on the 
transformed scale. 

Conclusions

Processing spectroscopic data follows many of th
same principles developed with other types of data, but 
there are some unique issues that must be addressed
Baseline correction is needed for comparison of spectr
and identification of peaks that lie above the noise. 
Identification of peaks is needed to locate compounds tha
are present in detectable quantities and to quantitate 
spectr like in any statistical analysis. Data need to be 

is. Spectra sometimes need to be combined for 
. More research is needed to develop good, 

the red spectrum is substantially displaced down 
in some regions. The transformation has allowed us to see 
things that were hidden on the original scale. Still, it is 
hard to see detail in this plot due to t

d complexity of the patterns. 
To see more detail, we look at a limited range of 

data—those from 3.6 to 4.0 ppm. The plot below on the 
left shows the two spectra in this range. It is clear that the 
red spectrum is everywhere below the black one; that 
much detail is hidden in the low range; and that, in 
particular, the baselines do not align. 

The plot above on the right shows a
that appears to be called for by the data. Finally e 

e 

. 
a 

t 
the amounts, at least comparatively. Alignment of 

a is important so that like peaks are compared to
transformed to a suitable scale for good statistical analys
analysis, and developing methods to do this is important
statistically valid methods for these important tasks. 
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RÉSUMÉ (ABSTRACT) — optional 
Many methods of advanced biological measurement are spectroscopic in nature—in particular, mass spectrometry 

for proteomics and metab

for differences between groups, dose-response, etc., many different types of preprocessing are necessary. These 

include baseline co

present methods and observations on statistically based approaches to this problem.   
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What can we Learn from the New Measures of Bank Services in 
National Accounts?  The Case of the US 

By Dennis Fixler, Marshall Reinsdorf and George Smith 
US Bureau of Economic Analysis 

July 2007 

Countries accounting for most of world GDP have recently adopted or made plans to adopt a 
reference rate approach for measurement of the implicitly priced output of commercial banks. 
This change in methods should improve the measurement of GDP and reveal new information 
about the banking industry’s performance and role in the broader economy. This paper examines 
the performance of the reference rate measures that were introduced in the US national accounts 
in December 2003.  We find that these measures do reflect underlying economic developments.    

In calculating GDP, the economic value of a good or service is measured by the price that the 
buyer pays. In the banking industry, however, sales that take place at explicit prices (or fees) are 
not intended to cover costs of production, which include labor, the use of fixed capital assets, 
taxes on production, and intermediate inputs. To obtain a plausible picture of the value added of 
the banking industry, we must therefore recognize that in this industry adjustments to interest 
rates substitute for explicit prices for services. The net interest receipts generated by the spread 
between depositor rates and borrower rates represent sales of implicitly priced output.

The 1993 System of National Accounts (SNA93) terms the implicitly priced output of banks 
“FISIM” (Financial Intermediation Services Indirectly Measured.) It recommends the use of a 
reference rate to split the FISIM into a depositor services and borrower services. The reference 
rate is based on a transaction type that involves no provision of implicitly priced services. The 
absence of depositor services makes the reference rate higher than the rate paid to depositors. 
The absence of borrower services makes the reference rate lower than the rate paid by borrowers. 

1. Conceptual Framework for the Measurement of the Services of Banks  

1.1  Price Concepts Derived from the Theory of the User Cost of Money

The SNA provides no formal theory of the reference rate. However the concept of the “user cost 
of money” does provide a theory. It is an extension of the user cost concept that was originally 
developed to measure the services of fixed capital assets. In a competitive market where 
economic profits are zero, the rental price for a capital asset must equal the difference between 
its starting price, pt , and the present value of its price at the end of the rental period, pt+1/(1+rr),
where rr  is the reference rate of interest. To derive the user cost formula, set the user cost uct
equal to the equilibrium rental price  pt – pt+1/(1+rr), and let the growth rate of pt include a 
depreciation component, t , and an expected general rate of increase in asset prices, t:

uct = pt[1 – (1 + t – t)/(1 + rr)]

 =  pt(rr – t  + t)/(1 + rr). (1) 

Alternatively, if the rental price uct is paid at the end of the period, then uct = pt(rr – t  + t).
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The reference rate represents the opportunity cost of the funds invested in the capital asset. For a 
bank asset, the reference rate is the rate that the bank earns on an asset that entails no provision 
of costly services.1 The bank will earn no economic profit on a loan if the interest received 
covers the costs of providing services to the borrower plus the value of the foregone opportunity 
to earn rr. Similarly, if the marginal return on funds invested (net of costs of providing borrower 
services) is rr, then the marginal economic profit on a deposit will be zero if the interest rate paid 
equals rr less the cost of providing depositor services. Hence, rate spreads compared with rr can 
also be used as guide for decision-making in managing bank assets and bank liabilities.

An expression for a user cost formula for a financial asset with a rate of return of rA that is 
parallel to equation (1) would equal the difference between the asset’s immediate cash value in 
period t, assumed to be yAt, and the present value of selling the asset for an expected price of 
yA,t+1 = (1 + t ) yAt  in period t+1 after receiving income of rA yAt. Here, t represents expected 
changes in asset prices, including those due to changes in creditworthiness for debt instruments. 
The user cost of holding an asset with a rate of return of rA  then becomes:   

r

tAr
At

r

tA
At r

rry
r

ry
11

11  (2) 

The user cost formula in equation (2) assumes that interest is paid at the end of the period and 
that the asset and its user cost are valued at the beginning of the period. An alternative formula 
that values the user cost as of the end of the period is rr – rA t. This user cost formula is also 
appropriate when data on interest flows that occur throughout a year or quarter are used in 
conjunction with data on the average stock of the asset during the year or quarter, with interest 
rates calculated by comparing interest flows to the average stock of the items yielding the flow.      

Banks’ financial assets usually have negative user costs and their liabilities usually have positive 
user costs. To make the signs more intuitive, we define the user cost price of an asset as the 
negative of the user cost, and we define the user cost price of a liability as its user cost. With 
these definitions, a financial product has a positive price if it contributes positively to economic 
profits before non-interest expenses. The arbitrary bank asset i has a user cost price equal to: 

pAi
 = rAi

– rr. (3) 

For liability products, the user cost price is: 

pLi
 = rr – rLi

 .  (4) 

These formulas omit the terms for service charges or other fees because the fees are included 
elsewhere in the national accounts as explicit sales of bank services. We also omit the term for 
expected holding gains or losses, t, from our user cost price formula for assets, but in future 
research we plan to develop a method for estimating expected credit losses.  

1 Most applications of the reference rate, including the 1993 SNA, view the reference rate as a risk-free rate, 
implying that risk-bearing is in services to borrowers.  However, Barnett (1978) describes the reference rate as a 
minimum rate of return that accounts for risk, and Wang, Basu and Fernald (2004) argue for the inclusion of risk 
premiums in item-specific reference rates. 
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In equations (3) and (4), the reference rate of interest represents an opportunity cost that banks 
consider in their deposit-taking and lending decisions. Large banks that are perceived as very 
safe are able to borrow at approximately the reference rate in securities markets, thereby 
avoiding the costs of providing services to depositors.  For loans, the spread must equal the 
marginal cost of providing borrower services if the bank is to be indifferent at the margin 
between investing in the reference-rate asset and investing in higher yielding loans.

User cost prices also have interpretations from the point of view of bank customers. Depositors 
could dispense with the services of a bank and buy a security paying the reference rate of 
interest. By foregoing the opportunity to earn the reference rate, depositors pay an implicit price 
for services equal to the difference between the reference rate and the deposit rate. Loan 
customers of banks are willing to pay a margin over the reference rate because they need services 
that are not provided to issuers of credit-market instruments paying the reference rate. For many 
loan customers, borrowing in capital markets would be very costly or impossible because of the 
problems of asymmetric information noted earlier, and liquidating assets would be not feasible. 
However, loan customers at the margin between borrowing from banks and alternatives could 
either liquidate assets that earn the reference rate or borrow at approximately the reference rate in 
capital markets. For the marginal user of the borrowed funds, the spread between the loan rate 
and the reference rate represents an implicit price paid for bank services.  

1.2  Broad and Narrow Definitions of Includable Assets and Liabilities      

Express the total implicit financial services of banks, V, as the user cost price of assets times the 
volume of assets plus the user cost price of liabilities times the volume of liabilities, or  

iLiLiAA

LLiiAAi

yrrryrrr

ypypV

ii i

iii

)()( .
 (5) 

In the last line of equation (5), the first term is the value of implicitly priced services provided to 
borrowers, and the second term is the value of implicitly priced services to depositors and other 
creditors of the bank.

Banks must use their own funds for acquisitions of assets not funded by the issuance of 
liabilities, so in the 1993 SNA, the amount by which assets exceed liabilities is termed “own 
funds.”  Own funds represent the stockholders’ equity that is used to acquire financial assets. In 
equation (5), V equals net interest income minus the user cost of own funds: 

iiiiii LiAirLLiAAi yyryryrV . (6) 

If all other interest-bearing assets and liabilities are included along with loans and deposits, and 
if inter-bank transactions and uncleared checks are properly netted out on the consolidated 
balance sheet for the banking industry, the last bracketed term in equation (6) measures the 
amount of lending of own funds. For the US banks as an aggregate, we can be sure that own 
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funds calculated in this way will be positive.2  The reduction in the total value of implicit 
services implied by the positive own funds in the last term in equation (6) reflects the absence of 
services to depositors in the case of own funds. Profits on lending stockholders’ equity constitute 
income distributed to the bank, not an implicit payment for services. These profits equal the 
receipts of interest on lending of own funds less the costs of providing services to borrowers, so 
they may be calculated by multiplying the amount of own funds by the reference rate.   

We include all bank assets and liabilities that earn interest in our calculations of implicitly priced 
bank output. An alternative approach (taken in Commission of the European Communities, 
2002) would be to include only loans and deposits in the calculation of FISIM. When the 
definition of in-scope assets and liabilities is narrowed to loans and deposits, the last bracketed 
term in equation (6) is no longer a measure of own funds, and will often be negative.  In practice, 
however, the treatment of balance sheet items other than loans and deposits usually makes little 
difference in the results, because the user cost price of such items is usually tiny or zero.  
(Akritidis, 2007, 31, reports that this is also the case for European countries)  One important 
exception exists, however. Repurchase agreement liabilities to non-bank business customers are 
the functional equivalent of deposits and have about the same interest rate as a deposit.  

Even though the results are mostly insensitive to the choice between the broad and narrow 
definitions of in-scope assets and liabilities, the broad definitions have some advantages. If just 
loans and deposits are included, substitution by banks among types of assets or among types of 
liabilities could distort the measure of change in implicitly priced output. The need to allow for 
such substitution is more than hypothetical: loans rose from just over 40 percent of interest-
earning assets in 1950 to almost 80 percent since the late 1990s, while deposits fell from almost 
100 percent of liabilities to about 70 percent. Recently, an important trend has been for banks to 
bundle loans into tradable securities, some of which are held by banks. Whether or not a loan 
held by a bank has been securitized should not affect its treatment. Finally, some deposits come 
from other banks or represent checks that have not yet cleared. These deposits must be netted 
against the appropriate non-loan class of assets.

1.3  Measures of Interest Rates 

The interest rates used for the estimation purposes can be either market interest rates or book-
value rates computed by dividing the interest received on an asset category by the book value of 
that balance sheet category. The two approaches must not be mixed, however. Market interest 
rates must be used in conjunction with market values of assets (the “creditor approach”), and 
book interest rates must be used with book values of assets (the “debtor approach.”) Our primary 
data source (the Call Reports) contains book values for most assets. We found that estimates of 
depositor and borrower services based on market rates were too volatile and sometimes negative. 
In contrast, the user cost prices were plausible using book-value rates, as shown in figure 1.

The inter-bank rate of interest is not suitable for use as a reference rate. The main inter-bank 
lending rate in the US is so low that using it as the reference rate would imply that  FISIM is 

2 In the US, the FDIC Improvement Act of 1991 has punitive restrictions on banks with tangible capital below 6 
percent of assets, and requires closure of banks with tangible capital below 2 percent of assets. The Basel II Capital 
Accords use risk-weighted assets to fix capital requirements, with risk-free assets assigned a weight of zero, but 
virtually all banks hold some assets that have positive weights. 
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consumed almost exclusively by borrowers. The main type of inter-bank transaction includes an 
element of liquidity services to the creditor. It is very short term, so the creditor bank can obtain 
funds from the debtor bank almost without delay. To compute the reference rate, we therefore 
divide the interest received on Treasury securities by the average book value of these securities 
in the period during which the interest was received. This method of calculating the reference 
rate makes implicit borrower services consumed by the Federal government equal to zero by 
construction. Although imputing no borrower services to Federal government debt may seem 
inconsistent with imputing services to other types of bond issuers, Federal debt imposes virtually 
no liquidity or credit-risk costs on the bank.

2. Effect on Estimates of GDP and Uses of Intermediate Inputs

Businesses have the largest share of loans and leases, while persons have the largest share of 
deposits. Therefore, the use of the reference rate to allocate some of bank output to borrowers 
that had previously been treated as services to depositors increased the amount of implicitly 
priced output of US banks classified as intermediate consumption. This reduced the estimated 
level of GDP. In 2001, the amount of the reduction in GDP caused by the reclassification of bank 
output from final uses to intermediate uses was $21.3 billion.3

Besides improving the estimate of the level of GDP, the reference rate approach provides a more 
accurate picture than the previous approach of intermediate uses of banking services, and of the 
value added of the industries using those services. The total value added of the industries 
consuming implicitly priced bank services is lower under the reference rate approach than under 
the previous approach by the same amount as the fall in the estimate of GDP. The new approach 
shows that, on average, implicitly priced bank services consumed as inputs by private industries 
(which include owner-occupied housing) have been about 1 percent of GDP, about the same as 
the final uses of such services. The use by private industries of implicitly priced services of 
banks in 2001 amounted to about 0.6 of their gross output or just over 1 percent of their value 
added. Industries where these services are more than 2 percent of value added are agriculture, 
utilities, and real estate, including rental and leasing.

International comparability of national accounts will be improved significantly by the 
widespread adoption of the reference rate approach. Previously, the US, Australia and Canada 
included at least some implicitly priced services of banks in their measures of GDP and 
intermediate inputs of nonfinancial business.  Many other countries instead used the SNA93 
option to count implicitly priced output of banks as an intermediate input of an imaginary 
industry, thereby keeping it out of GDP. In France, which had formerly followed the SNA93 
optional treatment, the implementation of the reference rate approach caused a downward 
revision of around 2 percent to estimates of nonfinancial industries’ value added, but an upward 
revision to estimates of final consumption also rose increased the estimated level of GDP by an 
average of 1 percent in 1993 to 2003. The reference rate approach to FISIM is projected to raise 
the estimated level of GDP in the UK by an average of 1.7 percent in 1993-2006.

3  This figure excludes intermediate inputs of $1.5 billion used by nonprofit institutions serving households and the 
reductions for the user cost of own funds and for foreign office deposits used to fund domestic lending.  
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3. Measuring the Evolving Role of Banks in the Economy  

Although the share in US GDP of the value added of the commercial banking industry rose 
during most of the percent from 1960 to 2005, after 1975 weakness in the implicitly priced 
portion of bank output prevented the industry from keeping up with the financial services sector 
as a whole (see figure 2.). The weak growth of implicitly priced bank output did not occur 
simultaneously in depositor and borrower services. We can therefore ask whether the differences 
in behavior between the user cost measures of depositor and borrower services are consistent 
with the history of the banking industry. If the reference rate provides a meaningful breakdown 
of banks’ implicitly priced output, the timing of the periods of weakness in the user cost 
measures depositor and borrower services should reflect historical industry developments.

The period of weakness of deflated depositor services depicted in figure 3, 1975 to 1981, was a 
time when fierce competition with non-banks for the funds of savers caused disintermediation in 
the channeling of funds from savers to borrowers. In the mid-1970s, a large gap emerged 
between regulated rates paid on deposits and prevailing market interest rates, which raised the 
user cost price of deposits. Investors responded with stepped-up direct purchases of Treasury 
notes and other debt securities. At the same time, volatility in stock and bond mutual funds 
generated pressure on mutual fund companies to offer a more stable type of fund. They therefore 
introduced the money market mutual fund, which were similar to deposits but paid high rates.    

To retain deposits, banks needed to lower the user cost price of depositor services. A gradual 
process of deregulation of deposit rates began in the mid-1970s, and culminated with the 
abolition of interest rates ceilings on money market deposit accounts in 1982. But since the 
rebuilding of deposit service volumes was accomplished by a reduction in the price received for 
those services, the nominal value of depositor services stayed weak.

The timing of the periods of weakness in the reference rate measure of borrower services (1982 
to 1986 and 1990-1992) is also consistent with historical industry events. In the mid-1980s, the 
profitability of lending was pressured by regional recessions arising from major downturns in 
locally concentrated industries such as petroleum, agriculture and defense, adverse effects of the 
1986 tax reform on commercial real estate markets and poor loan underwriting decisions. Soon 
after these sources of loss had depleted banks’ capital, stringent capital standards were enacted. 
Many banks were therefore obliged to curtail lending. A sharp downturn in commercial real 
estate in New England also contributed to the weakness in borrower services in the early 1990s.

The measures of borrower services and depositor services behave differently over the business 
cycle. Bank services are not pro-cyclical but the borrower component of these services is not 
(figure 4.) One element of borrower services, explicit services excluding trading revenue, leads
changes in real GDP rather than coinciding with them. (A regression of the change in real GDP 
on the change in deflated explicit borrower services has a slope coefficient of 0.143 with a t
statistic of 3.4.) Changes in explicit borrower services also tend to lead changes in implicit 
borrower services, probably because many explicit borrower fees are charged at the time of loan 
origination. The correlation of explicit borrower services with future GDP growth is consistent 
with the effect of loan supply shocks on the business cycle that has been found in investigations 
of theories of credit crunches or the lending channel effects of monetary policy.  
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Figure 1: Relation between the Reference Rate, the Loan Rate, and the Deposit Rate
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Figure 3: Growth of Depositor and Borrower Services 
(Deflated by the Price Index for Gross Domestic Purchases)
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Figure 4: Borrower Services are Coincident with Real GDP
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Abstract

Financial services constitute the output of financial intermediaries. In order to 
compensate for the operational costs and the risk incurred as a result of providing such 
services, financial intermediaries charges fees. Fees charged for financial services provided 
can be both in the form of explicitly and implicitly priced. Proper allocation of implicitly 
priced financial services or financial intermediation services indirectly measured (FISIM) is 
deemed as an improvement to the national accounts compilation, as more accurate GDP 
levels could be obtained and would reflect the entire value added of financial corporations.  

This paper discusses primarily the concept of FISIM based mainly on SNA 1993 and the 
valuation of implicitly priced financial services provided by financial intermediaries in the 
context of Thailand. Also included is a discussion on whether the methods and input 
parameters recommended by SNA 1993 and those that are used by other countries can be 
applied to Thailand’s FISIM compilation. For constant price FISIM data series, the paper 
will discuss how using different deflators and the use of single and/or multiple deflators can 
affect the outcome of FISIM. The final section discusses outstanding issues or concerns. 

Keywords : Financial intermediation service, FISIM, Reference Rate approach, SNA, 
Thailand

1. Introduction

Financial intermediation services is defined in the System of National Account 1993 
(SNA 1993) as “a productive activity in which an institutional unit incurs liabilities on its own 
account for the purpose of acquiring financial assets by engaging in financial transactions on 
the market” (SNA 93 para. 4.78). The role of these institutional units, defined in the SNA 
1993 to include almost all institutions defined as “banks”, is to provide intermediation 
services by channeling funds between depositors and borrowers. In the process of providing 
such services, financial corporations incur liabilities and place themselves at risk. To 
compensate for the risk, financial institutions charge fees for the services provided.  

Financial services constitute the output of financial corporations. Fees charged by 
financial corporations for financial services provided can be both in the form of explicitly and 
implicitly priced. The measurement of explicitly priced financial services poses no difficulties 
as the output of these services can be valued based on the actual fees or commissions charged. 
However, the valuation of implicitly priced financial services requires the imputation of bank 
services charge as these fees are embedded in the interest rate margin. Proper allocation of 
implicitly priced financial services is important and deemed as an improvement to the 
national accounts compilation, as more accurate GDP levels could be obtained. Furthermore, 
it would accordingly reflect the entire output and value added of financial corporations. 

                                                        
1 This paper has been revised to conform with the number of maximum pages allowed for the ISI invited paper 
session. Full paper (15 pages) can be obtained from the Bank of Thailand’s website or directly from the author via 
e-mail. 
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The estimation of financial intermediation services indirectly measured (FISIM) for 
Thailand is at a premature stage and current SNA compilation does not include the estimation 
of FISIM2. This paper discusses primarily the concept of FISIM based mainly on SNA 1993 
and the valuation of implicitly priced financial services provided by financial corporations in 
the context of Thailand. Also included is a discussion on whether the methodology and input 
parameters recommended by SNA 1993 and those that are used by other countries can be 
applied to Thailand’s FISIM compilation. For constant price FISIM data series, the paper will 
discuss how using different deflators and/or the use of single and multiple deflators can affect 
the outcome of FISIM. The final section addresses outstanding issues or concerns. 

2. What is FISIM? 

FISIM is a measure of the value of financial services which financial intermediaries do 
not explicitly charge. In principle, FISIM refers to “the total property income3 receivable by 
financial intermediaries minus their total interest payable, excluding the value of any property 
income receivable from the investment of their own funds, as such income does not arise from 
financial intermediation” (SNA 93 para 6.125).  

SNA 1993 concept of measuring value on financial services which are not explicitly 
priced recommends the calculation of FISIM based on the “reference rate approach,” that is as 
the “difference between the actual rates of interest payable (to depositors) and interest 
receivable (from borrowers) and a reference rate of interest.” The theory behind this approach 
assumes that there exists a reference rate, which is a pure cost of borrowing fund where the 
risk premium has been eliminated to the greatest extent possible. As financial corporations 
pay lower rate of interest to depositors and charge higher rates of interest to borrowers, the 
difference between the interest payable and receivable and the reference rate is considered as 
an indirect charge for intermediation services rendered. 

3. Estimation of FISIM for Thailand 

The methodology adopted for measuring financial intermediation services in this paper is 
based on the reference rate approach. Because of the linkage between the reference rate 
approach and the “user cost approach4,” for the approach to be effective in measuring 
financial intermediation services necessary pre-conditions must be met. The condition being 
that financial institutions must behave as profit-maximizing firms operating in a deregulated 
environment and are facing interest rates which are fully market driven (Barman and Samanta 
2004).  

In the case of Thailand, as a result of the recent changes to the Thai financial system5, 
competition in the Thai banking system had intensified as the scope of banking business 
broadened. Interest rates on financial products, such as loans and deposits, are mostly 
deregulated with the only exception of specialized financial institutions (SFIs). Thus, using 
the reference rate approach would provide a reasonable estimate of financial intermediation 
services. 

3.1 Determining the scope of financial intermediaries generating FISIM 

                                                        
2 National accounts statistics in Thailand is currently compiled by the National Economic and Social Development 
Board (NESDB), which is currently in the process of migrating to SNA 1993. The migration process is expected to 
be completed by end-of 2007. Current estimation of financial services employs the imputed service charge 
approach. 
3 Property income comprises of interests, distributed income of corporations, and reinvested earnings. 
4 Schreyer and Stauffer 2002 highlighted the concept of user cost of financial capital approach based on many 
FISIM literatures, as the measure the economic return to the financial corporation for providing a financial 
product, where the economic return is the difference between the financial corporation’s opportunity cost of money 
and the holding revenue in the case of an asset and the holding cost in the case of a liability. 
5 Financial Sector Master Plan implemented in 2004, which aims to rationalize the structure and roles of existing 
financial institutions to enhance operational efficiency. 
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Defined in the SNA 1993, financial intermediaries generating FISIM encompasses 
institutional units whose role is to channel funds between depositors and borrowers. Under the 
scope of this definition, financial intermediaries generating FISIM will cover only the 
transactions of “other depository corporations” (S.122) and “other financial intermediaries 
except insurance corporations and pension funds” (S.123). Not included in the calculation of 
FISIM is the output of central bank (S.121) as central banks do not perform commercial 
operations and are non-market producers. The main functions of the Bank of Thailand (BOT) 
are to promote monetary stability and formulate monetary policies, to promote financial 
stability and supervise financial institutions, print and issue banknotes; all functions which do 
not to generate FISIM as part of its output. 

The structure of the Thai financial sector comprises of commercial banks, international 
banking facilities, finance companies, credit foncier companies, specialized financial 
institutions (comprising of mostly government regulated financial corporations, such as the 
Export Import Bank of Thailand, Government Saving Bank, Government Housing Bank, etc.) 
and other depository taking institutions such as cooperatives. Thai banks remain to be the 
major player accounting for more than 80 percent of deposits and loans of financial 
institutions, with the remaining share attributable to deposit taking specialized financial 
institutions, foreign banks, finance companies, credit fonciers and cooperatives.  

This paper will limit the scope of financial intermediaries to cover only commercial 
banks, international banking facilities, finance companies and credit foncier companies, all of 
which are under the supervision of the BOT. Excluded from the calculation are the services 
provided by specialized financial institutions due to the fact that the services provided by 
these institutions are policy driven, and that most of the interest rates on their financial 
products are regulated. Moreover, due to limitations on obtaining disaggregate data on 
cooperatives, transactions of such units will also be excluded. Transactions of non-financial 
corporations are also not covered, as only explicit service charges are deemed to be recorded 
for such units. 

3.2 Determining the scope of financial products generating FISIM 

In line with the recommendations made by the Organization for Economic Co-operation 
and Development (OECD) Task Force on Financial services (Banking services) in National 
accounts concerning the changing nature of financial activities provided by financial 
institutions, the scope of financial products generating FISIM used in this paper will be based 
on the new proposed definition on the production of non-insurance financial corporations. 
The new definition focuses mainly on the output of financial services as a result of risk 
management and liquidity transformation activities to better describe the activities of 
intermediation, and thereby extending the indirect measure of financial services to incorporate 
other financial products passes the traditional deposits and loans.  

This paper will expand the scope of financial products generating FISIM, from the 
recommendation of SNA1993, to include all financial products classified as deposits and 
loans, encompassing transactions in bonds and notes. Interest rates on the aforementioned 
financial products are identifiable. Clear distinctions can be made between the interest rates 
charged and payable on each financial product. Transactions in other financial instruments do 
not acquire service charges which need to be indirectly measured.

3.3 Choice of Reference Rate 

Common practice for many OECD countries is to use the “reference rate approach” for 
measuring indirectly priced financial services. The reference rate represents the pure cost of 
borrowing funds, it is a rate from which the risk premium has been eliminated to the greatest 
extent possible and does not include any intermediation services. The SNA 1993 recommends 
the use of inter-bank lending rate as a suitable choice and recommends that the risk-free 
reference rate used should reflect the maturity structure of the financial assets/liabilities. 
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In practice, using a reference rate such as the inter-bank rates can lead to negative FISIM 
for some sectors. An example of this is cases where actual interest rate on loans is fixed for 
several years and at a lower rate than the reference rate. Furthermore, the use of inter-bank 
lending rate as a reference rate may be volatile. The problem of negative FISIM and volatility 
in the reference rate, can be avoided by using a method suggested in the joint OECD/ESCAP 
meeting on National accounts in 1998; that is to use the mid-point between the average 
deposit rate and the average borrowing rate, with the two average rates being calculated as 
interest payable/receivable divided by outstanding deposits/loans averaged over the period. 
This method is considered to be practical and is recommended for use by many national 
statistics offices, international organizations and communities. However, a drawback in the 
use of the mid-rate lies with the fact that the rates may be inadequate in reflecting current 
economic conditions and the corresponding movements in interest rates. Another method 
suggested by the European Council Regulation No. 448/98 is the use of internal reference rate 
and external reference rate, with the internal reference rate representing the inter-bank lending 
rate between residents financial institutions and the external reference rate as the rate between 
residents and non-residents financial institutions, accordingly. 

Currently, there is no consensus on which reference rate should be adopted, however, the 
selection of reference rate should reflect the country’s economic conditions and should also 
accordingly reflect the maturity structure of loans and deposits. Based on current economic 
conditions and the structure of the Thai financial market, interest rates which can be used as 
reference rate are (1) the Bangkok Inter-bank offer rate (BIBOR) (2) the 14 Days Repurchase 
rate (RP), and (3) the yield on government bonds. All of which are market related.  

The BIBOR rate is the average of the borrowing rates quoted by pre-determined banks6. 
The repurchase rate is the interest rate used in the buying and selling of bonds by financial 
institutions that are members of the repurchase market. The 14-days RP rate7 had also been 
used as a signaling device for the implementation of monetary policy under the Inflation 
Targeting System. As for the yield on government bonds, in the case of Thailand, because the 
Thai bond market is relatively small in terms of size and not very liquid, changes in the term 
structure of interest rates reflect market expectations of future interest rates but, at the same 
time, can also be influenced by demand and supply factors.

In examining the characteristics of the three types of reference rates and due to the fact 
that the BIBOR rate is relatively new and is not quoted for the periods prior to 2005, the 
BIBOR rate can not be used in this empirical study. Hence, the estimation of FISIM in this 
paper will be based on the use of 14 days RP rate as the reference rate. Furthermore, banks 
tend to revise their deposit and lending rates in line with the movement in RP rates, although 
slow pass-through is usually expected.

3.4 Estimating FISIM at current price 

Using the reference rate approach, the spread between the reference rate and the rate on 
deposits should reflect the implicit price paid to depositors and the spread between the 
reference rate and the rate received on loans from borrowers should, accordingly, reflect the 
implicit service charge. The reference rate method requires data on the average end-period 
stock of loans and deposits for different sectors of the economy, as well as the interest rates 
applicable and can be estimated using a simple equation.  

FISIM estimated by this approach is valued at current price. 

  FISIM =  ( rL – rr ) yL + ( rr -  rD ) yD  

                                                        
6 BIBOR is calculated based on data obtained from 16 commercial banks. The average rate is derived by 
eliminating the top and bottom quartiles of the quotes and arithmetic-averaging the remaining rates for the day. 
BIBOR is a reference rate which is fixed at 11.00 a.m. of each working day and published by BOT at 11.15 a.m. 
7 Since January 2007, the BOT has changed the policy rate from 14-days RP rate to the 1-day RP rate. 
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Where : rr = Reference rate 

    rL = Interest rate on loans 

   yL = Average balance on loans 

   rD = Interest rate on deposits 

   yD = Average balance on deposits 

The choice of interest rate on loans and deposits used in the estimation can affect the 
outcome of FISIM. To illustrate this, alternative approaches for estimation of FISIM at 
current price were reviewed. The first approach uses effective rate of interest on loans and 
deposits, which is based on the actual interest flow received and paid by financial institutions. 
Effective rate of interest is calculated by using the following formulas: 

Effective rate of interest on loans 

  = Interest received on loans / Average outstanding on loans 

Effective rate of interest on deposits 

  = Interest paid on deposits / Average outstanding on deposits 

The second approach uses market rate of interest, which is based on the rate announced 
by financial institutions, calculated by using the weights proportional to the average balance 
of deposits and loans. 

Chart 2 illustrates the differences in interest rate calculated using the approaches outlined 
above. The deposit interest rate for both effective and market rates do not exhibit any 
significant divergence. However, in the case of interest rate on loans, significant disparity 
between market rate and effective rate is evident and, to some extent, will have an affect on 
the value of FISIM.  

Using the approaches outlined above and 14 days RP as the reference rate, the resulting 
FISIM value estimated at current prices is shown in Tables 1 and 2. When the resulting 
FISIM value estimated at current price is plotted in Chart 3, it is apparent that the FISIM 
value obtained from using market rate of interest is higher than the FISIM value calculated 
from using effective rate of interest. The differences in value observed, is primarily due to the 
interest rate margin on loans.  

The interest rate margin between effective and market interest rate for loans can be 
attributed to two main reasons. The first reason relates to the practices of financial institutions 
in reporting interest rates. Financial institutions under the supervision of the BOT are required 
to submit reports on the details of interest rate applicable both for lending and deposits to the 
BOT on a quarterly basis. By using data submitted, market interest rate can be estimated by 
applying the weights proportional to the outstanding balances. Interest on loans is assumed to 
be received on the entire outstanding balance, without the deduction of interest on non-
performing loans (NPLs). 

The second reason for the differences is the exclusion of NPLs in the calculation of 
effective interest rate. Effective interest rate is compiled using the interest received recorded 
on the profit and loss statement of financial institutions. This interest accrued excludes the 
interest on NPLs. As a result, the estimated effective interest rate would be lower than the 
announced market interest rate. Consequently, the FISIM value calculated using effective 
interest rate would also be lower than when using market interest rate.

The differences in value obtained from the two approaches highlighted the importance of 
the effect of NPLs on the value of FISIM, which has been the focus of many discussion 
forums and yet remain unresolved. The Advisory Expert Group (AEG) on National Account, 
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in a meeting in Frankfurt 2006, proposed three options8 for recording of interest on NPLs.
Thus, given concept on the treatment of NPLs in the SNA 1993 as well as taking into 
consideration of the options proposed by the AEG on the treatment of NPL and the current 
economic conditions in Thailand, FISIM estimation based on market interest rate best 
reflects the output of the Thai financial sector. The rationale behind this is that financial 
services should be recorded for the services provided, irrespective of whether it is eventually 
paid for or not, as (1) the risk of default would have been priced into the interest rate charged 
by financial corporations, and (2) intermediation services have been provided by financial 
corporations through the channeling of funds to the loan market, thus increases the output of 
financial corporations. 

Chart 4 and 5 illustrates the FISIM value estimated at current price for loans and deposits. 
The overall movement of interest rate for the reference period 2004 – 2006 remained in-line 
with the policy rate; movements are within narrow range which is consistent with high 
liquidity in the financial system. FISIM on loans (chart 4) exhibits a decreasing trend, mainly 
due to economic slowdown as well as excess liquidity in the financial system. Lending rate 
remained low in 2004, and adjusted upwards in 2005 – 2006. Decline in the value of FISIM 
on loans was due to the deceleration in credits following the slowdown in domestic demand, 
particularly in private investment. In contrast, FISIM on deposits (chart 5) exhibits an 
increasing trend, due to the increase in both the deposit rate and deposit balance as banks 
compete to maintain their share in the overall deposit base. For the first half of 2004, deposit 
rate remained low and mostly unchanged; however, short-term deposit interest rates were 
slightly adjusted upwards towards the end of 2004, evidently shown as an increase in FISIM 
on deposit. Continual increased in FISIM on deposits was seen in 2005 and in the first three 
quarters of 2006.  

In addition to the effects of the choice of deposit and lending rates, changes in other input 
parameters such as the reference rate also have impact on the value of FISIM at current price. 
This can be demonstrated through the use of sensitivity analysis, which is the procedure to 
determine the sensitivity of the outcome to changes in the parameter. In the context of the 
Thai financial sector, due to the fact that deposit balance is greater than loan balance, an 
increase (or decrease) in reference rate by 100 basis points will have impact on the value of 
FISIM such that (1) A change to the reference rate at a certain period will effect the value of 
FISIM by approximately between -3% and +3%, and (2) A change of reference rate for the 
entire period will have various effects on the value of FISIM depending on whether the 
reference rate increased or decreased. In the case of an increase in reference rate, the value of 
FISIM on loans will decrease while FISIM on deposit would increase, thereby increasing total 
FISIM. On the other hand, a decrease in reference rate would result in an increase in FISIM 
on loans and reduction in FISIM on deposits, and consequently the reduction of total FISIM.  

3.5 FISIM at constant price 

In order to construct constant price FISIM data series, the total balances of loans and 
deposits would be deflated separately by a general deflator to remove the influence of price 
changes, which would otherwise feed into the volume measure. The resulting balance would 
then be multiplied by the base year "price", which is the difference between the loan rate and 
the reference rate in the base year and, for deposits, the reference rate less the deposit rate in 
the base year.  

                                                        
8 The AEG meeting on National Account in Frankfurt in 2006, suggested three possibilities on the treatment 

of NPL  
(1) Continue to estimate FISIM on NPL and allocate it to the corresponding borrowers but consider how 

unpaid FISIM is recorded in the accounts in such a way as to increment principal outstanding,  
(2) estimate FISIM on interest received (rather than receivable), that is record interest in cash rather than 

accrual basis, so that FISIM is not attributable to NPL, and 
(3) allocate FISIM only to the stock of performing loans. 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 1720 -



- 7 -

The choice of an appropriate deflator will, to a certain degree, impact the value of 
constant price FISIM. At present, there is no consensus on which price deflator should be 
adopted, however the choice of suitable deflator/s should account for the changes in the price 
of money. Many OECD countries use general price index such as the price deflator for GDP. 
In the case of Thailand, the choice of deflator can be of many alternatives such as the implicit 
GDP deflator, producer price index (PPI) and consumer price index (CPI).  

The approach taken in this paper will be of two-fold. As suggested by many FISIM 
literature, the first approach will be the use of (1) a single deflator (GDP deflator) to deflate 
both the balances on loans and deposits. The second approach is to apply multiple deflators to 
deflate the balances on loans and deposits, with the deflators used consisting of (2) overall 
PPI to deflate the balances on loans and CPI to deflate the balance on deposits, and (3) deflate 
the balance on loans using PPI by product groups for the manufacturing sectors and CPI for 
all other sectors and to deflate the balance on deposits. The rationale for choosing PPI to 
deflate the balance on loans is justified by the fact that the structure of the loan portfolio for 
the Thai financial sector is dominated by corporate loans, while consumers loans accounts for 
less than 20 percent and of which two thirds are collateralized housing loans. CPI is used to 
deflate the balance on deposits as the structure of deposits comprises mostly of deposit from 
households. Furthermore, the level of CPI also affects households’ propensity to save and 
consume. Variations of the different alternatives for deflators are given in Table 3. The 
resulting FISIM value at constant price deflated using GDP deflator is given in Table 4. Table 
5 shows the FISIM value at constant price deflated using multiple deflators.

Chart 7 illustrates FISIM at constant price deflated by using single and multiple deflators, 
namely (1) GDP deflator, (2) overall PPI on loans and CPI on deposits, and (3) sectorial PPI 
on loans for the production sectors, CPI on loans of other sectors and on deposits. The 
empirical study showed that there is no significant divergence between the series deflated by 
using single deflator such as the GDP deflator and the series deflated by using more detailed 
multiple deflator such as the use of sectorial PPI to deflate loans for the corresponding 
sectors, CPI to deflate loans of other sectors and CPI to deflate deposits. Moreover, the use of 
multiple deflator of overall PPI to deflate loans and CPI on deposits tends give lower values 
of FISIM at constant price, as compared to the other two series. This difference may be due to 
the fact that the weights applied to each PPI product group are not consistent to the proportion 
of lending made to the corresponding sectors. Nevertheless, due to limitations in time-series 
data used in this empirical exercise, the results obtained are provisional, and thus required 
further study in order to substantiate the results.

4. Issues and Concerns 

Estimation of FISIM based on the reference rate approach requires information on interest 
rates on loans and deposits, and average outstanding balances of loans and deposits classified 
by sector. Data on balances on loans and deposits by sector can be obtained from the balance 
sheet of financial corporations. However, some data gaps remained such as: 

1) The availability of interest rates on loans and deposits by sector. 

2) The feasibility of obtaining historical data at the same level of detail and aggregation. 

3) The availability of suitable reference rate which can be applied to historical data 
series. 

4) The timeliness of parameters used may not be sufficient for the compilation of 
quarterly GDP. 

There are also some concerns over the theoretical aspects outlined the SNA 1993 such as 

1) Limitation to the definitions in SNA 1993 

The definition of financial corporations as defined in the SNA 1993 puts emphasis on the 
activity of financial intermediation and not the services provided, thus limiting the scope of 
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intermediation services and financial products generating FISIM only to the deposit and loan 
business of financial corporations. However, because of the changing nature of financial 
activities, financial corporations are able to provide more variety of services in order to attract 
and invest funds, beyond the scope of loans and deposits.  

Another issue of interest is the role of “own funds” as a source for financial services. The 
SNA 1993 states that lending own funds does not give rise to production and should be 
excluded from the estimation of FISIM. In practice, it may be difficult to distinguish between 
whether the funds available for lending are generated from deposits or own funds. Thus, 
financial services should be considered to be produced generally from accepting and investing 
funds, regardless of where the funds were originated from. 

2) Estimation of trade in FISIM  

The reference rate approach can be used to measure trade in FISIM. For countries with 
foreign exchange controls, such as Thailand, data on balances on loans and deposits by 
currency may not be too difficult to obtain. However, difficulties in the estimation of import 
and export of FISIM lies in the choice of reference rates and whether to use external reference 
rate according to the currencies in which the transactions are denominated or a single 
reference rate. 

5. Concluding Remarks

This paper adopted the reference rate approach in estimating FISIM value. Broadly 
inaccordance with the recommendations in the SNA 1993, the approach described is an 
attempt to illustrate the effect of the use of different input parameters, such as interest rates 
and deflators, on the estimated FISIM valued at current and constant price.  

The empirical results obtained are provisional and showed that the level of FISIM can be 
affected by changes in the choice of parameters, such as the interest rate, reference rate and 
deflators, used in the estimation. In the Thai context, FISIM value estimated using market 
interest rate will best reflect the output of financial corporations as the value of all 
intermediation services is recorded, including on NPL. For constant price data series, in order 
to adequately substantiate the finding of the empirical exercise pertaining the use of single or 
multiple deflators to deflate the balances on loans and deposits, more detail and longer time- 
series data need to be examine.  

More research and empirical studies in this area is required before the estimation of 
FISIM can be fully implemented in the Thai national accounts. 
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MEASURE OF OUTPUT AND PRICES OF FINANCIAL 
SERVICES (BANKING) 

Widodo, Triono 
Bank Indonesia, Directorate of Economic and Monetary Statistics 
Menara Sjafruddin Prawiranegara Tower, 17th Floor. Jl. M.H.Thamrin No 2 
Jakarta 10350, Indonesia 
E-mail: triono_w@bi.go.id 

The Gross Value Added of Banking Sector in the Economy
The share of financial sector in Indonesia Gross Domestic Product (GDP), is relatively small, 

approximately only 8% to GDP.  The share of banking sub sector to the financial sector GDP was relatively 
only 36% (2006) decrease from 48% in 2000. This was due to the increase of the contribution of building 
rental in the financial sector which increased significantly (Graph 1 and 2). 

The measurement of the gross value added of banking sector based on the method namely Imputed 
Bank Service Charge (IBSC) method as suggested by SNA 1968. The IBSC method measured the gross 
value added of banking sub sector by calculated the differences between interest receivable and interest 
payable (imputed services).  In general, IBSC method doesn’t cause the problem when the total of revenue 
still covers the total of expenses. However, the problem will occur when the total of revenue less than the 
total of expenses. This was the case when Indonesia has experienced the crisis during the period of 1997 to 
1998. The banking sector’s gross value added during that period was negative.  

Without Treatment

1997 1998 1999 2000 2001 2002 2003 2004 2005 2006

Output 34,627 -39,389 43,826 70,970 80,181 87,279 95,633 104,042 116,625 126,856

Gross Value Added 29,491 -61,676 43,826 55,063 64,409 68,307 74,499 78,534 88,287 97,708

With Treatment

1997 1998 1999 2000 2001 2002 2003 2004 2005 2006

Output 34,627 42,591 43,826 70,970 80,181 87,279 95,633 104,042 116,625 126,856

NTB 29,491 36,325 43,826 55,063 64,409 68,307 74,499 78,534 88,287 97,708

The existence of negative value had pushed some special treatment applied to bank’s value added. 
Bank Indonesia in cooperating with the BPS (the Statistics Indonesia) had to assume that the operation 
surplus of the banking sub sector was zero, which meant that all lost caused by the interest rate transaction 
was covered by government as subsidy (BLBI). The total lost was then recorded in Reconciliation Account 
as recommended in SNA 1993. 

The Gross Value Added of Banking Sector at constant prices 
 The gross value of the banking sub sector at constant prices, is calculated by using deflation method. 

In the deflation method, the constant price of salary component is obtained by dividing the current value with 
the Consumer Price Index (CPI), while the constant price of other components are calculated by using non 
bank implicit index. 

In general, the gross value of the banking sub sector at the constant price somehow could not reflect 
the development of the banking sub sector very well.  Therefore, BPS is still developing the best way to 
deflate the current price in order to get the constant gross value added.  

Financial Intermediation Services Indirectly Measured (FISIM) 
The implementation of SNA 1993 has a consequence in calculation of gross value added of banking 

sector by means of the recommended method – Financial Intermediation Services Indirectly Measured 
(FISIM) to promote cross country comparability of these data. 
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Theoretically, Financial Intermediation Services Indirectly Measured (FISIM) is the difference 
between revenue (includes interest receivable) and cost (includes interest payable) which is taking into 
account only the third parties funds. In other words, the FISIM method is used to measure the financial 
intermediation services which will be consumed by other sectors including household sector. In practice, 
there are no ideal FISIM methods that can be widely used by many countries.   

As part of the effort to implement the FISIM, Bank Indonesia – in cooperation with BPS - has been 
conducting some simulations by utilizing data of banking accounts (Bank Indonesia as the monetary 
authority and Deposit Money Banks-DMBs) by using Canada Method.  Based on the result of simulations as 
well as technical consideration regarding data cross checking, and the characteristics of financial data of 
Bank Indonesia and DMBs, FISIM method suggested under Canadian Fisim Method is considered to be 
applied for Indonesian case.  

Canada Method and The simulation using Canadian method 
The calculation of FISIM using Canadian methodology subtract the differences between all of the 

interest receivable and the interest payable with banking sectors own funds interest rate.  The measurement 
of FISIM is based on financial intermediation institutions balance sheet.   

The formulas are used as follows: 
FISIM  =  RAB – RLD – [C-(A+B3-D3)] x (RAB + RLD) / (B + D) 
Which is B =   B1 + B2 + B3 
 D =  D1 + D2 + D3 
 RA  =   the actual average interest rate on assets 
 RL  =   the actual average interest rate on liabilities 
The interest rate of banking sector own fund [C – (A+B3-D3)] is not including in FISIM calculation 

and it will reduce the total value of FISIM.  
If [C – (A+B3-D3)] is positive, it means part of credit to debtors are funding by banking sector own 

funds. 
If [C – (A+B3-D3)] is negative, it means parts of fixed assets are funding by third parties funds. 
 Since RAB is interest receivable and RLD is interest payable, therefore RAB – RLD is the net 

interest receivable.  Meanwhile, sources of funds besides securities and loans are banking sector own funds 
(C – A) and net other liabilities (D3-B3).  Then, the difference between net interest receivable and the 
banking sector own funds and net other liabilities is computed as follows: 

- (C-A) + (D3-B3) = - [C-(A+B3-D3)]   
Finally, - [C-(A+B3-D3)], as the reducing factor, is multiplied by (RAB + RLD) / (B + D) which the 

percentage of total interest (receivable and interest payable) and total assets and liabilities.  The percentage 
of total interest and total asset and liabilities is called as implicit interest rate of loans and deposits.  In other 
words, the reducing factor is multiplied by the average of implicit interest rate of loans and deposits.  As the 
result we can get the estimation value of net interest receivable of own fund.  By deducting the net interest 
receivable (RAB – RLD) with net interest receivable of own fund [C-(A+B3-D3)] x (RAB + RLD) / (B + D), 
we can get the value of net interest receivable from the third parties funds which is calculated by average of 
loans and deposits interest. 

Table 1 

Stocks
Interest 

receivable 
Stocks

 Interest 

payable 
A C

B.1. Securities other than shares D.1. Securities other than shares

B.2. Loans D.2. Deposits
B.2.1 Interbank D.2.1. Interbank

- Residents - Residents

- Non-residents - Non-residents

B.2.2 Others D.2.2. Others
- Residents - Residents

- Non-residents - Non-residents

B.3. Others D.3. Other Liabilities
B.3.1 Interbank

B.3.2 Others

TOTAL

Fixed assets, shares and
Account receivable less
payable, other equity

Own funds (net worth and
shares)

 AND THEIR INTEREST INCOMES AND EXPENSES
THE BALANCE SHEET OF FINANCIAL INTERMEDIARIES (DMBs) 

ASSETS LIABILITIES
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After the crisis, the structure of banking sub sector in Indonesia changed sharply. Loan to deposit ratio 
decreased sharply to only about 40% in 2002 and then increased to about 60% in 2006. Central Bank’s 
certificate as well as government’s recap bond mounted to significant amount in almost all the first class 
national and private banks in Indonesia. Applying all formula of FISIM to this kind of situation would result 
in weird number. This suggested that some special treatments would be a consideration.  

Specifically, when doing the simulation using Canadian method, there are some alternatives for 
classifying Bank Indonesia Certificate (SBI) and Recap Bonds. However, those alternatives will not change 
the value of banking sector FISIM.  The classifications are as follows: 
a. SBI and Recap Bonds in Placements (B2) 
b. SBI in Placements (B2) and Recap Bonds in Securities (B1) 
c. SBI and Recap Bonds in Securities (B1) 
d. SBI and Recap Bonds in Securities (B1), meanwhile Placements (B2) are included in Other Placement 

(B2.2.2)  
e. SBI in Securities (B1) and Recap Bonds in Securities (B1) 

 The simulation also showed that the most critical factor in calculating the banking sector gross value 
added is how to determine the value of the reference interest rate. Generally, the reference interest rate for 
lending is calculated based on the ratio between total interest receivable and total outstanding of loans, 
meanwhile the reference interest rate for deposits is calculated based on total interest payable and total 
outstanding of deposits. The suggested special treatment would be to exclude the SBI and Recap bonds 
interest rates, from calculation of the reference rate. This  provides the value which is close to that produced 
by IBSC method. Therefore this method in practice can be accepted as the suitable approach in calculating 
the reference rate for FISIM calculation.  

However, as the Central Bank, BI acts not as commercial bank, which then suggesting that BI as the 
monetary authority, would not produce good result using FISIM method.  FISIM in general, is good to be 
applied to DMBs data, while it would give a weird result if applied to the monetary authority namely The 
Central Bank.

Conclusions 
1. FISIM could not give a reasonable result and pushed the existence of special treatment under the case of 

sharp low Loan to Deposit (LDR) Ratio.  
2. Due to this problem, the old fashioned method namely as IBSC method still be used in calculating the 

Central Bank value added until there exist a good way to address FISIM for Central Bank value added.  
3. In FISIM method, the most critical factor in calculating banking sector gross value added is how to 

determine the value of the reference rate. Since the SBI and Recap bonds interest rates are below that 
market rate, therefore those rates are excluded from the reference rate calculation. 

4. Considered on the characteristics of financial data of Bank Indonesia as the monetary authority, FISIM 
method can only be applied to DMBs data. 

5. Further research should be addressed to FISIM method under very low LDR. It could be a good exercise 
to conduct this research and maintaining the existence of banks under this weird condition. 
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RÉSUMÉ  
It has been a longstanding practice in Indonesia that Bank Indonesia, the central bank of Indonesia, in 

cooperation with Indonesian Statistical office, hereafter Statistics Indonesia, measured the output of financial services 
as a part of Gross Domestic Product measurement. We adopted the method as recommended by the SNA 1968, called 
Imputed Bank Service Charge (IBSC). Under this relatively simple method to apply, the gross value added of banking 
sector is calculated by measuring the difference between interest receivable less interest payable. Such method so far 
has provided fairly representative measurement of financial services in Indonesia. 

As time went on, however, with the occurrence of economic crisis of 1998 and the adoption of more flexible 
exchange rate, a number of issues arise. The prevailing method, at the time, could not address the issue of large 
revaluation due to exchange rate changes and structural changes of commercial banks’ balance sheet as well as very 
large negative interest rate spreads. As s legacy of massive banks bailout in 1998, significant portion of commercial 
banks balance assets turned into government debt’s note (GDN). Therefore, using strict application of IBSC would only 
create what we considered as odd results. 

Later, we adopt a more recent method, namely FISIM (Financial Intermediation Services Indirectly Method) as 
proposed by SNA 1993, to facilitate cross country comparability and better reflect the banking intermediary function. 
But it only did little to address the above issues. We also try to adopt FISIM variant, used by Canada, which we called 
Canadian FISIM. But this too did not help much.  

Finally to address the issue of structural changes in balance sheet, we use our ad hoc method in which we 
average interest rates receivable, excluding interest rates on SBI and GDN.
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APPENDIX
Graph 1.  Share of Finance Sector to GDP 
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Graph 2.  Share of Banking Sub Sector to Finance Sector GDP 
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Graph 3. Gross Value Added of Banking Sub sector 
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Measuring the market value of Shares and other equity 
in the Portuguese financial accounts 

Almeida, Ana; Biscaya, Rita; Cardoso, Anabela 
Banco de Portugal 
Statistics Department, Financial Accounts Division 
Avenida Almirante Reis, 71, 3º,  
1150-012 Lisboa, Portugal 
E-mail: ammalmeida@bportugal.pt 

1. Introduction 
International comparisons from 1997 onwards of the ratios debt-to-equity (D/E)1 and equity-to-Gross 

Domestic Product (GDP) (E/GDP)2 tended to show values for Portugal withdrawn from the respective 
financial accounts which seemed to underestimate the equity instrument. The Portuguese figure of D/E was 
one of the highest at the European level3 in particular in most recent years (above 1.1); E/GDP experienced a 
declining pattern especially from 1999 onwards, the number for Portugal being one of the lowest in Europe 
(around 1.0). 

The historical data of Shares and other equity in the Portuguese financial accounts were firstly 
estimated on the basis of a constant sample of 10,000 non-financial companies available in the Central de 
Balanços (CB, the Portuguese acronym for Central Balance Sheet database) of Banco de Portugal (BP) and 
of extrapolators calculated by the Instituto Nacional de Estatística (INE, the Portuguese acronym for 
National Statistics Institute) using fiscal data on own funds for the year of 1997. Among other constraints, 
the market value available for some companies was not taken into account. It adds that fiscal data were not 
timely available for the compilation of financial accounts to be reported to international organisations. 

With the aim of overcoming these difficulties an alternative methodology was then developed for the 
estimation of the liabilities in the instrument Shares and other equity within the financial accounts. Section 2 
of this paper presents concisely the conceptual framework. Section 3 provides the sources of data. Section 4 
describes the methodology and the estimation algorithm used. The main results obtained are shown in section 
5. And section 6 provides a final brief international comparison.  

2. Conceptual framework 
European System of Accounts (ESA 95) establishes that the valuation of the instrument Shares and 

other equity should be made with recourse to current prices (§ 7.52). For quoted shares, the value to consider 
should be the relevant market price observed in the stock exchanges or in other organised financial markets 
(§ 7.53); for unquoted shares (§ 7.54) an estimate should be produced with reference to quoted shares taking 
into account companies’ differences in liquidity, activity sector and dimension; for other equity (§ 7.56) the 
estimate might use own funds or nominal value (of capital). 

Given the constraints of practical implementation of the capitalisation method, namely due to 
differences observed with regard to the variables mentioned, European compilers4 recommended to use own 
funds as an alternative. Own funds were considered a good proxy of market value for non quoted shares and 
other equity, allowing international comparison and being considered as of easy implementation. Own funds 
comprise nominal capital, supplementary capital, reserves and results.  

1 Measuring the type of financing (own funds or indebtedness) adopted by companies. 
2 Measuring the importance of equity in the total product generated in the economy. 
3 For the calculation of the ratios non-consolidated data from financial accounts of several countries were used, namely, 
the instruments Securities other than shares, Loans, Trade credits and advances and Shares and other equity. 
4 Eurostat’s Working Group on Unquoted Shares and European Central Bank‘s Sub-Group on Shares and Other Equity. 
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The methods used in Portugal for the valuation of the item Shares and other equity, by institutional 
sector of the issuer, are then the following (see Table 1): 

Table 1: Methods of valuation of Shares and other equity 
Quoted Unquoted Other equity

Non-financial corporations Market value Own funds Own funds
Financial corporations Market value Own funds Own funds
Rest of the world Market value Own funds Own funds

Estimated Observed

3. Sources of data  
The alternative methodology found to overcome the difficulties mentioned above, gathers data from 

several sources, namely, from the Ficheiro de Unidades Estatísticas (FUE, the Portuguese acronym for 
Directory of Statistical Units), the Sistema Integrado de Estatísticas de Títulos (SIET, the Portuguese 
acronym for Securities Statistics Integrated System) and the CB: 

-  FUE: this file is based on data compiled by INE and comprised more than 350 000 active non 
financial companies resident in Portugal for the year of 2003. From this file data were gathered 
concerning the legal form of companies, the economic activity sector, the business turnover, 
the number of employees and the nominal capital. 

- SIET: this is a security by security and investor by investor system ran by BP for the purpose 
of construction of portfolio investment statistics, which are then used within a set of financial 
statistics namely the financial accounts; the system compiles data relating to published issues 
of shares in Portugal, including the quotation for all quoted shares in the Portuguese market 
(70 companies in 2003) and the nominal capital for unquoted shares (16 725 companies in 
2003) - the coverage of SIET for unquoted shares is supposed to be practically exhaustive. 

- CB: this is a database ran by BP containing information of non-financial companies answering 
to the respective voluntary annual survey which asks for accounting data concerning balance 
sheet and profits and losses account; the database including data from around 18 000 
companies (in 2003), is characterized by having a good coverage (biased) for large companies 
and with better financial performance and a statistical sample for the others. The database also 
includes data coming from a quarterly survey ran on a mandatory basis together with INE to a 
sample of companies (around 3 500 companies per year). For the purpose of valuation of 
Shares and other equity within the financial accounts information from this database was used 
related to the economic activity sector, the number of employees, the nominal capital and the 
own funds of non-financial companies.  

4. Methodology and estimation algorithm 

4.1. Non-financial corporations 
In the financial accounts, the liabilities of Shares and other equity for Non-financial companies 
)( nfcK  were divided into the following sub-components: 

oenqsqsnfc KKKK

For quoted shares )( qsK  the market value was directly used from the SIET which includes 
quotations for all companies listed in the Portuguese stock exchange. For unquoted shares )( nqsK  and other 
equity )( oeK , in the absence of market values, an estimate of the respective own funds were considered as a 

5
oeK  includes immobile non-financial assets, such as land and buildings, held by non-residents; this value was 

directly extracted from the international investment position. 
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proxy to be used. 

4.1.1 Yearly estimates  
The construction of an estimate for the year of 20036 was a first step in the development of the 

methodology. This estimate was then used as an anchor for the estimation of the set of values applied to the 
whole period of 1997 to 2005. 

Base year 
With regard to unquoted shares )( nqsK , data concerning the nominal capital was compiled from the 

SIET. Then own funds were extracted from the CB for the common companies between the two databases. 
Given the fact that not all unquoted shares companies registered in the SIET reported their figures to the CB, 
extrapolators based on observed ratios in CB of own funds to nominal capital were then applied to the non-
financial companies of the SIET not included in the CB. 

If the CB sample was considered as representative and homogeneous, one could have applied the mean 
ratio of own funds to nominal capital observed in CB to the nominal capital observed in the SIET to obtain 
an estimate for the own funds of unquoted shares companies residing in SIET and not answering to CB: 
unfortunately since the annual survey has a volunteer character, it was reasonable to admit that companies 
answering had, in principle, a better economic and financial performance than the non-answering ones. 
Under these grounds, instead of a single ratio a stratification of ratios according to the economic activity 
sector7 and the dimension8 of companies were felt as necessary. With information concerning the economic 
activity sector and the number of employees from FUE, the unquoted shares companies residing in SIET 
were then distributed by the several strati identified.

Own funds for unquoted shares were afterwards calculated according to the following expression: 

estnqsobsnqsnqs KKK __

obsnqsK _  indicates the value of own funds of unquoted shares companies answering to the CB which 
accounted in 2003 for about 27 per cent of the number of unquoted shares companies in the universe of SIET. 

estnqsK _  was calculated according to the following expression: 

i j
ijestnqsijijestnqs NKK ___ )1(

ijestnnqsNK __ represents the nominal capital of companies registered in SIET not answering to CB, 
pertaining to economic sector of activity i and to dimension class j; 

)1( ij  is the ratio of own funds to nominal capital observed in CB for economic sector of activity i 
and to dimension class j, i.e., 

ijestnqs

ijobsnqs
ij NK

K
__

__1

In general the extrapolators ij  were positive since nominal capital is one of the parcels of own 
funds; however outliers coming from companies with ratios above ten or negative were excluded. 

The coefficients ij  were used in order to calibrate the natural bias of the extrapolators ij  arising 
from the sample of CB. They were attributed a variable weight of discrete values of 1, 0.5 and 0, if the 

6 The choice of 2003 as a base year was due to the fact that the data in the FUE for this year could be considered as 
more complete and with a higher coverage. 

The thirteen economic activity sectors considered were: agriculture, hunting, forestry and fishing; construction; 
education, health and other community, social and personal services activities; hard manufacturing industry; hotels and 
catering (restaurants and others); light manufacturing industry; mining and quarrying; post and telecommunications; 
production and distribution of electricity, gas and water; real estate; rental and supply of services to non-financial 
corporations; transports and storage; and wholesale and retail trade and repair of motor vehicles. 

The five classes considered according to the number of employees were: more than 250; 51 - 250; 9 - 50; 2 - 8; 0 - 1.    
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representatively of the CB sample, in terms of number of companies in each stratus, was respectively over 50 
per cent, between 50 and 25 per cent and below 25 per cent, as compared with the universe of unquoted 
shares companies in the SIET (see Table 2). 

Table 2: CB coverage of unquoted shares by sector of economic activity and dimension class 

E co n om ic  ac tiv ity  sec to r >  25 0 5 1 -25 0 9 -5 0 2 -8 0 -1
A gricu ltu re , hu n tin g , fo restry  an d  fish in g 10 0 % 6 7% 2 8 % 8 % 3 % 17 % C o v erag e  b y  n u m b er o f co m p an ies
C on struc tio n 9 6 % 5 5% 2 4 % 9 % 5 % 22 % m o re than  5 0 %
E d ucation , h ealth  an d  o ther co m m u n ity , so cia l an d  p erso n al serv ices ac tiv ities 9 2 % 6 9% 2 4 % 5 % 5 % 26 % b etw een  5 0 %  an d  2 5 %
H ard  m an ufac tu rin g  in d u stry 9 3 % 5 8% 4 3 % 3 2 % 9 % 53 % less th an  2 5 %
H ote ls an d  cate ring (restau ran ts an d  o th ers) 9 7 % 5 0% 1 8 % 5 % 4 % 24 %
L igh t m an ufac tu rin g  in d ustry 9 5 % 6 8% 3 2 % 1 4 % 5 % 47 %
M in in g  an d  q uarry ing 10 0 % 6 5% 3 7 % 1 7 % 8 % 37 %
P ost an d  te leco m m u n ica tio n s 9 3 % 8 3% 5 0 % 2 2 % 43 % 52 %
P rod u ctio n  an d  d istrib u tio n  o f e lec tric ity , g as and  w ater 8 0 % 8 1% 7 6 % 6 3 % 31 % 56 %
R eal estate 6 7 % 6 1% 3 4 % 1 4 % 7 % 10 %
R en ta l an d  su p p ly  o f serv ices to  n on -fin an cial co rp o ratio n s 8 8 % 4 7% 2 7 % 2 5 % 29 % 29 %
T ran sp o rts an d  sto rag e 9 5 % 5 8% 3 8 % 1 5 % 12 % 38 %
W h o lesa le  an d  re ta il trade  an d  rep a ir o f m o to r v eh ic les 8 8 % 6 2% 3 2 % 1 2 % 6 % 29 %

9 3 % 6 1 % 31 % 1 6 % 1 3 % 27 %

N u m ber o f em p loy ees

With regard to other equity )( oeK , a similar procedure to the one above described was used, the 
difference being the fact that the reference universe was the FUE and not the SIET. For a small part of 
companies (4 per cent of companies of FUE) own funds were directly obtained in CB and for the rest an 
extrapolation exercise was made based on the application of observed ratios in CB to the nominal capital in 
FUE. Since the representatively of the CB sample for other equity was smaller than for unquoted shares, the 
number of calibrators with a nil value showed higher (see Table 3). 

Table 3: CB coverage of other equity by sector of economic activity and dimension class 

E co n om ic  ac tiv ity  sec to r >  25 0 5 1 -25 0 9 -5 0 2 -8 0 -1
A gricu ltu re , hu n tin g , fo restry  an d  fish in g 0 % 3 0% 1 6 % 5 % 2 % 5 % C o v erag e  b y  n u m b er o f co m p an ies
C on struc tio n 7 5 % 2 5% 7 % 2 % 1 % 3 % m o re than  5 0 %
E d ucation , h ealth  an d  o ther co m m u n ity , so cia l an d  p erso n al serv ices ac tiv ities 8 2 % 3 8% 8 % 1 % 0 % 2 % b etw een  5 0 %  an d  2 5 %
H ard  m an ufac tu rin g  in d u stry 7 7 % 3 6% 1 4 % 5 % 2 % 10 % less th an  2 5 %
H ote ls an d  cate ring (restau ran ts an d  o th ers) 10 0 % 2 5% 4 % 1 % 0 % 1 %
L igh t m an ufac tu rin g  in d ustry 9 5 % 4 4% 1 7 % 6 % 2 % 9 %
M in in g  an d  q uarry ing 0 % 5 2% 3 0 % 9 % 5 % 17 %
P ost an d  te leco m m u n ica tio n s 0 % 7 5% 2 0 % 6 % 8 % 9 %
P rod u ctio n  an d  d istrib u tio n  o f e lec tric ity , g as and  w ater 10 0 % 2 8% 3 9 % 1 7 % 24 % 27 %
R eal estate 0 % 1 7% 1 3 % 3 % 1 % 2 %
R en ta l an d  sup p ly  o f serv ices to  n on -fin an cial co rp o ratio n s 6 7 % 2 6% 7 % 1 % 1 % 2 %
T ran sp o rts an d  sto rag e 8 0 % 4 0% 1 5 % 4 % 1 % 4 %
W h o lesa le  an d  re ta il trade  an d  rep a ir o f m o to r v eh ic les 7 7 % 4 9% 1 5 % 3 % 1 % 4 %

7 8 % 3 7 % 12 % 3 % 1 % 4 %

N u m ber o f em p loy ees

The final values obtained for both components of unquoted shares and other equity are presented 
below. One can then conclude that, for both types of capital, the values directly observed in the samples were 
predominant as compared with the ones that were estimated (see Table 4). 

Table 4: Estimates of unquoted shares and other equity for 2003 
Unquoted shares Other equity 

Observed values 84 703 84.7  per cent 34 215 59.6  per cent 
Extrapolated values with ij  = 1 4 344 4.3  per cent 660 1.1  per cent 
Extrapolated values with ij  = 0.5 7 040 7.0  per cent 1 336 2.3  per cent 
Extrapolated values with ij  = 0 3 939 3.9  per cent 21 193 36.9  per cent 
Total 100 026 57 404 

Unit: 106 euros and per cent of total 

In order to validate the ad-hoc values chosen to ij , two linear regressions were constructed, one for 
unquoted shares and another one for other equity, according to the following formulation9:

jj DBTLnNELnNKLnNKKLn )()()()( 321

The regressions tried to explain the difference between the own funds and the nominal capital upon the 
use of the variables available in the FUE, i.e., the nominal capital, the number of employees, the business 

9 Where K stands for own funds, NK for nominal capital, NE for number of employees, BT for business turnover and D 
for a dummy representing the economic activity sector. 
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turnover and the economic activity sector. After running the regressions for the CB companies (for which all 
the data were available), the coefficients  obtained were then applied to the rest of the companies. The 
results of the regressions confirmed the global values of unquoted shares and other equity obtained before. 

Period 1997-2005 
For the period before and after 2003, in the case of companies answering to the CB, the data directly 

compiled from the annual surveys were used. 
In the case of the unquoted shares and other equity companies, for both types not included in the CB 

sample, an hypothesis of evolution of the respective own funds with both the nominal GDP and the figures 
computed for the invariant sample of CB was put forward. 

4.1.2. Quarterly estimates 
From the yearly estimates quarterly figures were obtained with recourse to an indicator whose basis 

reflected the seasonal behaviour of the companies’ own funds. For the construction of the basis of this 
indicator, accounting data from the CB quarterly surveys were used. The time series of the indicator were 
then compiled through the application of the quarterly nominal GDP growth rate to that basis. The quarterly 
indicator was afterwards applied to the annual figures of own funds through the quarterly oriented software 
ECOTRIM. The results obtained show a stable quarterly evolution of both types of capital, unquoted shares 
and other equity (see Figure 1). 

Figure 1: Quarterly Non-financial corporations’ liabilities in unquoted shares and other equity 
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4.2. Extension to institutional sectors other than Non-financial corporations 
The exercise of valuation of Shares and other equity ran for Non-financial corporations was then 

extended to the liabilities of Shares and other equity of the other institutional sectors, namely the Financial 
sector and the Rest of the world. 

For quoted shares, the quotation prices in the Portuguese stock exchange were used. In the case of the 
Rest of the world, although most Portuguese investment abroad is channelled to unlisted companies, quoted 
prices of non-resident companies in the respective stock exchanges gathered through commercial data 
providers were also used for quoted shares. 

For unquoted shares and other equity companies, in the case of the Financial sector, own funds were 
derived from balance sheets. In the case of the Rest of the world, the sources used were, on the one hand, the 
foreign direct investment (FDI) surveys ran on an annual basis by the balance of payments / international 
investment position statistics to the direct investors and asking for accounting data of own funds of the non-
resident companies and for the percentage of participation in the FDI companies and, on the other, the 
transaction prices reported within the SIET foreign securities portfolios held by residents. 

4.3. Transactions estimates 
The estimates above mentioned were applicable to the end of period positions of Shares and other 

equity in the financial accounts. The estimates for flows were derived taking into account the following 
issues: changes in nominal and supplementary capital were considered as transactions; changes in other own 
funds’ components were classified as price changes; reinvested earnings coming from FDI were after 
summed to the transactions; and the capital injections made by the General government in public companies 
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with accumulated net losses were, finally, removed from the Shares and other equity item in the financial 
accounts as they are classified as non-financial operations. 

5. Main results for the period 1997-2006 

5.1. Number and valuation of Non-financial corporations, by type of equity 
In 2003, for a number of Non-financial corporations of around 5 per cent of FUE which constituted the 

reference universe, an amount equivalent to 77 per cent of the market value or own funds could be observed 
either in the SIET (quoted shares) or in the CB (unquoted shares and other equity). That meant the estimation 
of around 23 per cent of the market value or own funds for a number of around 95 per cent of companies (see 
Figures 2 and 3). 

Figure 2: Number of companies  – 2003 – Figure 3: Market value 

In the quoted shares domain, all the stock exchange quotation prices were used, coming from direct 
observation in the SIET. Here the main characteristic is that for a few companies, relevant market prices 
fluctuations may be observed (see Figures 4 and 5). 

Figure 4: Number of companies  – Quoted shares – Figure 5: Stock market value 

In the unquoted shares segment, for 23 per cent of the number of companies of SIET, 56 per cent of 
own funds were in yearly average observed in the CB (the use of a sample since 2000 in CB has also 
contributed to a higher coverage). The main characteristic here is that own funds are more stable than stock 
exchange prices (see Figures 6 and 7). 

Figure 6: Number of companies  – Unquoted shares –  Figure 7: Own funds value 

In the other equity domain, for 5 per cent of the number of companies of FUE, 41 per cent of own 
funds were in yearly average observed in the CB (the use of a sample since 2000 in CB has also contributed 
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to a higher coverage). The main characteristic here is that own funds are again less volatile than stock 
exchange prices (see Figures 8 and 9). 

Figure 8: Number of companies  – Other equity –  Figure 9: Own funds value 

The evolution of the whole item of Shares and other equity for the Non-financial corporations sector in 
the Portuguese financial accounts, which rose from around 148 billion € in 1997 to almost 226 billion € in 
2005, is mainly determined by the evolution of the quoted shares component; its behaviour is in line with the 
peak reached in the stocks’ markets during the late nineties in the last decade and with the following fall of 
the early years of the present century. However, the distribution of the liabilities in Shares and other equity 
by type of equity still shows the unquoted shares as the main component of the Portuguese equity item 
weighting around half of the whole (see Figure 10). 

Figure 10: Non-financial corporations’ liabilities in Shares and other equity, by type of equity 
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5.2. Total liabilities of Shares and other equity in the Financial accounts 
The results obtained with the methodology hereinabove presented, which takes into account the 

international recommendations of market valuation for Shares and other equity in the financial accounts, 
implied a revision in high of around 68 million € per year in the Portuguese accounts; this increase was 
reflected in the stocks accounts from 1997 to 2005 mainly as a result of price revaluations. 

The institutional sector breakdown of the liabilities in Shares and other equity points to the Non-
financial corporations sector as the main responsible for the increase of this item in the period under review; 
the share of this sector in the augment of the whole economy has even increased to almost 100 per cent as 
from 2002 onwards (see Figure 11).  

Figure 11: Changes in liabilities stocks of Shares and other equity, by institutional sector 
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5.3. Total assets of Shares and other equity in the Financial accounts
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The revision in high of the liabilities of Shares and other equity in the financial accounts of Portugal 
led naturally to also an increase of the assets in the same instrument. As such the portfolios of the various 
institutional sectors turned closer to the respective market values. 

For quoted shares, SIET provided market prices data to value the portfolios’ holders on an           
investor-by-investor basis and allowing their attribution to a certain institutional sector. For unquoted shares 
and other equity several sources were used, namely: the Ministry of Finance provided information (at 
nominal value) on the General government holdings, the balance of payments/international investment 
position statistics provided information for the Rest of the world, the Financial corporations balance sheets 
values were adjusted according to the percentage of the sector’s holdings in the total holdings observed in 
SIET and the Non-financial corporations, the Non-profit institutions serving households and the Households 
were identified as a residual using SIET. 

The evolution of the breakdown of the assets in Shares and other equity by institutional sectors shows 
that the Rest of the world enlarged its share in the total from 16 per cent in 1997 to 26 per cent in 2006; on 
the opposite, the General government decreased from 12 per cent to 5 per cent in the same period, which 
may be related to the privatisations (still) running in the Portuguese economy (see Figure 12). These assets 
were, in average for the period 1997-2006, distributed through the several institutional sectors according to 
the following shares: Non-financial corporations with 32 per cent of the total, Households with 23 per cent, 
Rest of the world with 21 per cent, Financial corporations with 16 per cent and General government with 8 
per cent (see Figure 13). 

Figure 12: Evolution  – Holders of assets in Shares and other equity –  Figure 13: Distribution 

6. International comparison 

From the international comparison of the ratios D/E and E/GDP, after reviewing the figures of the 
Portuguese financial accounts, one can conclude that the methodology of estimation of own funds 
hereinbefore described led to values for Portugal which are closer to the ones presented by other countries 
(see Figures 14 and 15).  

Figure 14: Debt-to-equity   Figure 15: Equity-to-GDP 

Non-consolidated values / Source: Eurostat New Cronos 

These ratios and other, like the return-on-equity which is also based on the non-financial companies’ 
equity capital, play a role in the exercise of Financial Soundness Indicators ran by the International Monetary 
Fund.
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Introduction 
A three-dimensional system of the accumulation accounts and balance sheets, with a breakdown of 

the financial corporation sector and of the financial asset and liability categories as proposed for the new 
System of National Accounts (SNA) and by counterpart, opens the possibility of identifying monetary 
aggregates in a matrix, and so analysing monetary developments in the widest possible financial 
framework and in a way which permits them to be related more easily to the economic developments 
recorded in the production and income accounts. The monetary aggregates comprise money stock, and 
changes in it, and are reflected in the developments of the so-called counterparts of money, derived by 
exploiting certain accounting identities. All countries measure monetary developments, in many cases 
considering that monetary growth is related to developments in economic activity and, over the longer term, 
in inflation, or that it contains valuable information concerning financial stability. Numerous definitions of 
money are possible; the national choice is likely to be an empirical matter, depending on what measure or 
measures best relate to developments in the national economy. 

The paper develops such a three-dimensional system to identify the relevant holders, issuers, and 
financial assets, and, among the holders, to distinguish between financial and non-financial sectors, since 
their money holdings may have different implications for economic activity and inflation. The rest of the 
world is assumed to be money-neutral. Financial assets as monetary variables are considered in this paper 
to comprise currency (issued by the central bank), liquid deposits with the central bank and other deposit-
taking corporations and marketable short-term debt instruments issued by the money issuing sector (both 
with an initial maturity of up to one year), and shares or units issued by money market funds. Similarly, 
counterparts to money are identified in the three-dimensional framework like domestic credit and the net 
external asset of money issuers. 

Three constitutional elements of an integrated system of institutional sector accounts 
There are essentially three constitutional elements of an integrated system of institutional sector 

accounts. First, the system is built around a sequence of coherent, consistent and integrated macroeconomic 
accounts and balance sheets. Second, the ingredients of each account as a means of recording of the uses 
and resources or the changes in assets and liabilities during the accounting period and of a balance sheet 
covering the assets and liabilities at the beginning or at the end of this period. Third, these accounts and 
balance sheets are drawn up for all resident sectors of an economy and for the rest of the world. 
Table 1: Transactions, other flows and stocks as presented in the system of accounts 

Transactions

Current account 
Production of goods and services, 
generation, distribution, redistribution, and 
use of income 

Other flows Stocks 

Capital account Revaluation account 
Net acquisition of non-financial assets, 
saving and capital transfers 

Holding gains and losses in non-financial assets, 
financial assets and liabilities 

Financial account Other changes in the volume of assets account 
Net acquisition of financial assets and net 
incurrence of liabilities 

Other changes in the volume of non-financial 
assets, financial assets, and liabilities 

Balance sheet 

Assets Liabilities and  
net worth 

Non-financial 
assets

Liabilities

Financial assets Net worth 
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The sequence of accounts and balance sheets is shown in Table 1. Transactions are the result of 
interactions between institutional units by mutual agreement. They are represented in the current, capital 
and financial account. Other flows are either revaluations or other changes in the volume of assets. They 
are recorded in the revaluation account and in the other changes in the volume of assets account. 

The transactions recorded in the financial account and in the capital account, together with the 
revaluation account and the other changes in the volume of assets account fully explain the accumulation of 
assets, liabilities and net worth between the opening and the closing balance sheet at the end of the 
accounting period (Table 2).  

Table 2: Relationship between flows and stocks 
Stocks of values of assets, liabilities and net worth at the beginning of the accounting period t 

+ flows (changes in assets, liabilities and net worth during the period t due to 
transactions; 
revaluations; and 
other changes in the volume of assets) 

= Stocks of assets, liabilities at the end of accounting period t
The financial account shows transactions of each institutional unit or sector in the national economy, 

and of the rest of the world, in each category of financial asset and liability. A financial balance sheet may 
also be drawn up to show only financial assets and liabilities with net financial assets as the balancing item. 

Financial assets and liabilities are classified according to their legal characteristics, liquidity and 
economic purpose. Table 3 shows the proposed SNA classification of financial assets and liabilities. While 
financial innovation leads to the need of new types of financial assets, the classification is intended to 
provide broad definitions that allow for international comparability and the inclusion of new instruments 
within the existing categories. Provision is made for further subdividing, in particular according to original 
maturity and type of instrument. 
Table 3: Asset and liability classification  
Asset/liability
Non-financial assets (no liability positions) 
Financial assets / liabilities 
Monetary gold and special drawing rights (SDRs) (no liability position for gold bullion)
Currency and deposits (transferable deposits (interbank positions, other transferable deposits), and other deposits) 
Debt securities (short-term, long-term) 
Loans (short-term, long-term) 
Equity (listed shares, unlisted shares, other equity and investment fund shares (money market fund shares/units, 

other investment fund shares/units) 
Insurance, pension, and standardised guarantee schemes (non-life insurance technical provisions, life insurance 
and annuity entitlements, pension entitlements, provisions for calls under standardised guarantees) 
Financial derivatives (options, forwards) and employee stock options
Other accounts receivable/payable (trade credit and advances, other) 

Institutional units are grouped into institutional sectors. The proposed SNA classification of 
institutional sectors as shown in Table 4 foresees nine sub-sectors of the financial corporations sector. 
Table 4: Institutional sector classification  
Institutional sector 
Non-financial corporations  (NFC) 
Financial corporations (FC) (central bank, deposit-taking corporations except the central bank, money market funds 
(MMF), non-MMF investment funds, other financial intermediaries except insurance corporations and pension funds 
(ICPF), financial auxiliaries, other financial institutions (except financial intermediaries and ICPF), insurance 
corporations (IC), and pension funds (PF)) 
General government (GG) (central government, state government, local government, social security funds) 
Households (HH) 
Non-profit institutions serving households (NPISH) 
Rest of the world (RoW)
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It is not always useful that all nine sub-sectors would be distinguished at the same time in a system of 
institutional sector accounts. However, they represent a flexible set of building blocks for alternative 
aggregations to be compiled according to different needs and possibilities. At the same time, further 
disaggregation within one of the sub-sectors may be desirable on occasion, for example to separate 
different types of deposit-taking corporations or insurance corporations. One favourable combination is to 
put together all financial corporations treated as being monetary financial institutions. This would include 
the central bank, deposit-taking institutions and money market funds because they are considered to issue 
financial instruments which are considered to be part of broad money. 

A system of accumulation accounts and balance sheets with counterpart sectors 
The system of accumulation accounts and balance sheets as described so far is two-dimensional. The 

accumulation accounts and the balance sheets have the limitation that they do not reveal counterpart sectors 
to the transactions, the other changes in assets and the balance sheet positions. That is, although they show 
which sectors are acquiring financial assets, and what financial assets they are transacting in, they do not 
identify the sectors which issued those assets. Similarly, while they enable net borrowing sectors to be 
identified, and show how they borrow, the financial account and balance sheet do not show which sectors 
took up and hold the borrowing instruments. The same applies for the other changes in assets. They 
accordingly do not give a complete picture of the financial flows and positions in the economy. How such a 
picture may be drawn is explained below. 

A three-dimensional system of the accumulation accounts and balance sheets, with a breakdown of 
the financial corporation sector and of the financial asset and liability categories as proposed for the new 
SNA and by counterpart, opens the possibility of identifying monetary aggregates in a matrix, and so 
analysing monetary developments in the widest possible financial framework. In this context, the growing 
importance of financial innovation can be better reflected as well as the distribution of risks and rewards of 
the different sources of financing and options of financial investment. Financial flows are also presented in 
a way which permits them to be related more easily to the economic developments recorded in the 
production and income accounts. 

Full analysis of financing and (financial and non-financial) investment requires in addition 
information on the sources and destinations of a sector’s funds. The flow of financial assets through the 
economy and the financial relationships between sectors can then be traced. For example, it is often 
important for policy-makers to know not only what types of liabilities (and financial assets) general 
government is using to finance its deficit, but also which sectors (or the rest of the world) are providing the 
financing. For financial corporations (and those supervising them), it is important to know not only the 
composition of financial assets that they have acquired, but also which sectors these are claims on. In 
addition, it is often necessary to analyse financial transactions between sub-sectors within a sector (central 
government transactions with local government or social security funds or central bank transactions with 
deposit-taking corporations).  

Such detailed from-whom-to-whom accounting information is necessary to understand how 
financing is being carried out and how it is changing over time, affecting the long-term development of 
financial markets and institutions. In particular it is useful, when applying these from-whom-to-whom 
accounts and balance sheets, to relate financial transactions to the behaviour of the non-financial economy. 
The joint presentation of the capital and the financial account (giving a complete record of transactions 
contributing to the net acquisition of assets and the net incurrence of liabilities) provides such a tool to 
combine financial and non-financial investment and the various sources of financing via net saving, net 
capital transfers and net incurrence of liabilities, so establishing a link between the “real” economy and 
financial activity. In the area of financial projections, the use of time-series from relevant parts of the from-
whom-to-whom accounts permits an examination of the implications of parts of an economic projection, 
including testing for consistency of a number of separately prepared sector or market forecasts, and the 
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implications for future financial transactions of a particular set of assumptions about future events (e.g., 
interest rates, exchange rates, growth, sector surpluses/deficits). 

Table 5: A from-whom-to-whom institutional sector financial account  
Net incurrence of debt securities by Debtor sector 

Creditor sector 

Non-financial 
corporations 

Financial 
corporations 

General 
government 

Households 
and non-profit 

institutions 
serving 

households 

Economy Rest of the 
world 

Total 

Non-financial 
corporations 

30 11 67  108 34 142 

Financial corporations 23 22 25  70 12 82
General government 5 2 6  13 19 32
Households and non-
profit institutions 
serving households 

65 43 124  232 43 275 

Economy 123 78 222  423 108 531 
Rest of the world 24 28 54  106 106 

Net 
acquisition 
of debt 
securities 
by 

Total 147 106 276  529 108 637 

The extension of the system of accumulation accounts and balance sheets by including counterpart 
information requires detailed statistical information on transactions from only one counterpart, which can 
then serve to also improve the accounts of the other counterpart sector. Table 5, extended to reveal the net 
acquisition and net incurrence of debt securities by institutional sector, shows what to do by introducing the 
third dimension. The table shows that the debt securities acquired by households and non-profit institutions 
serving households (275) are changes in claims on debt securities issued by non-financial corporations (65), 
by financial corporations (43), by general government (124), and by non-residents (43). The table also 
indicates that non-financial corporations incurred liabilities in the form of debt securities (147). Similar 
tables could be compiled for other financial assets like loans or deposits. All the counterpart information 
revealed in the financial account may be replicated (in terms of outstanding amounts) in an expanded form 
of the balance sheet. 

The counterpart analysis may be extended to subsectors, as it may be particularly helpful in spelling 
out the role of financial intermediaries in mobilizing financial resources and making them available to 
other sectors in appropriate forms through maturity/asset transformation. Banking transactions and 
positions and those relating to insurance corporations and pension funds are likely to be of much interest. 
The further expansion may also reveal a growing (or shrinking) role for other types of financial 
intermediary and financial institutions, and shed light on the nature of their business in terms of the 
counterparties with whom they deal as well as the instruments they transact in. Thus Table 5 may be further 
expanded to show subsectors of the financial corporation sector as creditors of the resident non-financial 
sectors (non-financial corporations, general government and households including non-profit institutions 
serving households) and non-residents. A table containing all debtor/creditor relationships would contain 
numerous cells, many of which would be blank; thus for simplicity, and for purposes of illustration, only 
parts of the tables have been expanded here. Table 6 illustrates an example how to show debtor and creditor 
counterparts where applicable for specific subsectors of the financial corporation sector. These counterparts 
are broken down by type of claim, residency and debtor or creditor sector. Depending on the availability of 
data, different degrees of detail could be shown, such as for currency and deposits (by creditor sector), for 
loans (by debtor sector) or for insurance, pensions and standardised guarantee schemes (by creditor sector). 

The other changes in assets accounts may also be broadened to show the holding gains or losses and 
the other changes in the volume of assets by institutional sector, financial asset or liability and counterpart 
sector. Such detailed statistical information might be provided in future from security-by-security or 
corporate balance sheet databases. 
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Table 6:  Detailed from-whom-to-whom financial account or balance sheet showing the financial 
assets and liabilities of financial corporations by type of claim and debtor/creditor 

Financial assets of financial corporations 

Type of claim and debtor 

Monetary 
financial

institutions1

Insurance 
corporations and 

pension funds 

Other financial 
corporations 

Monetary gold and special drawing rights (SDRs) 
Monetary gold 
SDRs

Currency and deposits
Currency 
Transferable deposits 

Residents
Non-residents 

Other deposits … 
Debt securities 

Short-term 
Non-financial corporations 
Financial corporations 
General government 
Households and non-profit institutions serving households 
Rest of the world 

Long-term … 
Loans

Short-term … 
Long-term … 

Equity and investment fund shares 
Equity

Resident corporations 
Listed 
Unlisted
Other equity 

Non-resident corporations … 
Investment fund shares 

Money market fund shares/units 
Residents
Non-residents 

Other investment fund shares/units … 
Insurance, pension, and standardised guarantee schemes 

Non-life insurance technical provisions 
Life insurance and annuity entitlements 
Pension entitlements 
Provisions for calls under standardised guarantees 

Financial derivatives and employee stock options 
Other accounts receivable 

Trade credit and advances 
Other

Liabilities of financial corporations 
Type of claim and creditor 

Monetary 
financial

institutions1

Insurance 
corporations and 

pension funds 

Other financial 
corporations 

Currency and deposits … 
Currency 

National
Residents
Non-residents 

Foreign 
Residents

Transferable deposits 
by institutional sector 

Other deposits … 
1 Monetary financial institutions cover the central bank, deposit-taking corporations, and money market funds. 

Integration of money into the system of institutional sector accounts 
The three-dimensional system of the accumulation accounts and balance sheets, with a breakdown of 

the financial corporation sector and of the financial asset and liability categories as proposed for the new 
SNA and by counterpart, opens the possibility of identifying monetary aggregates in a matrix, and so 
analyzing monetary developments in the widest possible financial framework and in a way which permits 
them to be related more easily to the economic developments recorded in the production and income 
accounts. The monetary aggregates comprise money stock, and changes in it, and are reflected in the 
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developments of the so-called counterparts of money, derived by exploiting certain accounting identities. 
All countries measure monetary developments, in many cases considering that monetary growth is related 
to developments in economic activity and, over the longer term, in inflation, or that it contains valuable 
information concerning financial stability. Numerous definitions of money are possible; the national choice 
is likely to be an empirical matter, depending on what measure or measures best relate to developments in 
the national economy. 

The section develops a system to identify the relevant holders, issuers, and financial assets, and, 
among the holders, to distinguish between financial and non-financial sectors, since their money holdings 
may have different implications for economic activity and inflation. The money-issuing sector is assumed 
to consist of the central bank, resident deposit-taking corporations and resident money market funds, the 
monetary financial institutions (MFI). Money holders are the remaining resident sectors, including the 
remaining subsectors in the financial corporation sector. Modifications might have to be incorporated in 
cases where central government is treated as a money issuer and only the remaining government subsectors 
as money holders. Holdings of money by the money-issuing sector itself are netted out. The rest of the 
world is assumed to be money-neutral, that is, neither the liabilities of non-residents, nor non-resident 
holdings of money issued by resident money issuers, are counted in the national money stock. Financial 
assets as monetary variables are considered to comprise currency (issued by the central bank), liquid 
deposits with the central bank and other deposit-taking corporations (with an original maturity or period of 
notice of up to one year), marketable short-term debt instruments issued by the money issuing sector (with 
an initial original maturity of up to one year), and shares or units issued by money market funds. 

Table 7a shows in bold italics the money holders’ financial transactions in assets which represent 
monetary claims on money issuers. The outstanding money stock could be identified in a similar way in the 
financial balance sheet. Similarly, counterparts to money may be identified in the three-dimensional 
framework. Counterpart analysis uses the balance sheet identity to relate changes in money to the other 
transactions of the money-issuing sector(s) in an analytically useful way. In Table 7b, the counterparts to 
money are shown. The domestic credit counterpart reveals how the change in money is related to lending 
by money issuers to other residents in all forms, including by the acquisition of securities issued by them. 
This counterpart comprises part of the assets of the money issuing sector, namely loans to, the acquisition 
of securities issued by, and other forms of lending to, all other domestic sectors, including other entities in 
the financial corporation sector. Another part of the assets of the money issuing sector, net of liabilities to 
non-residents, constitutes the external counterpart, the net external assets of the money issuing sector (in 
balance sheet terms), or changes in them (corresponding to transactions in the financial account). 

Table 7a: Monetary aggregates in the framework of institutional sector accounts 
Financial corporations Creditor

Type of  
claim and debtor  (MFI)

Non-financial 
corporations 

Monetary 
financial 

institutions1

Other 
financial 

corporations 
General 

government 
Households 
and NPISH 

Money
holders 

Rest of 
the

world 
Currency and deposits           
 - short term 50 60 5 10 150 215 60
 - long term 10 20 0 0 30 10
Debt securities           
 - short term 10 30 5 5 20 40 30
 - long term 5 10 0 0 10 10
Money market fund shares/units 5 5 2 0 20 27 0
Equity and other investment fund 
shares/units 0 5 5 0 5 2
Financial derivatives and employee stock 
options 2 10 10 0 0 10
Other accounts receivable / payable 1 2 2 0 0 2
Money stock    65    12 15 190  282 
Domestic non-monetary liabilities 18   17 0 45 80
External liabilities          124 
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Table 7b: Counterparts to monetary aggregates in the framework of institutional sector accounts 
Financial corporations Debtor 

Type of claim 
and creditor (MFI) 

Non-
financial 
corpo-
rations 

Monetary 
financial 

institutions1

Other 
financial 

corporations 
General 

government 

House-
holds and 

NPISH  
Money 
holders Rest of the world 

Currency and deposits   80       30
Debt securities 60 40 10 40 110 60
Loans 60 6 20 120 206 45
Money market fund shares/units   5       0
Equity            
Other investment fund shares/units 5 5 10     15 5
Insurance, pension, standardised 
guarantee schemes     3 0

3
0

Financial derivatives and employee stock 
options 2 10 0 0 0

2
5

Other accounts receivable / payable 0 2 0 0 0 0 5
Domestic credit 127   29 60 120 336 
External assets          150 
Net external assets (external counterpart)          26 (=150-124) 

1 Monetary financial institutions cover the central bank, deposit-taking corporations, and money market funds. 

The transactions and positions of the rest of the world correspond (after some rearrangements) to the 
balance of payments and international investment position. Net external assets, summarizing the money-
issuing sector’s transactions with the rest of the world, link to money through the banking balance sheet 
accounting framework. The balance of payments identity may then be exploited to show how the money-
holding sectors’ transactions with the rest of the world relate to changes in money, since the money issuers’ 
balance of payments transactions must equal all other resident sectors’ balance of payments transactions 
with reverse sign (for this purpose it is desirable that errors and omissions in the balance of payments have 
been eliminated when compiling the sector accounts and balance sheets; otherwise they may be attributed 
to the money holding sectors). Table 9 provides a simplified example to show this relationship. 

Table 9: Balance of payments items balancing transaction in the external counterpart of money 
Direct investment Portfolio investment Other investment 

Liabilities
Current and 

capital
accounts

By resident 
units abroad 
(non-MFI1)

By non-
resident units 

in the 
economy 

Assets
(non-
MFI)

Equity Debt 
instru-
ments 

Assets
(non-
MFI)

Liabilities
(non-
MFI)

Financial
de-

rivatives

Errors 
and o-

missions 

Transactions 
in the 

external
counterpart 
of money 

-9 -6 4 -47 32 4 -32 23 -3 6 -26 
1 All institutional units except monetary financial institutions which cover the central bank, deposit-taking corporations, and money market funds. 

There are practical challenges which have to be tackled when integrating money into the system of 
institutional sectors. The definition of money is not necessarily based on the classification of financial 
assets and institutional sectors as described above. One example is the use of different maturity thresholds 
and valuation methods in money and banking statistics and in the compilation of institutional sector 
accounts. Another example refers to a more detailed distinction between money issuers, money holders and 
money-neutral sectors: Central government is often treated as a money issuing sector. 

Money, financing and financial investment 
A final step to be done is to embed money into a table which shows the financing and financial 

investment of the institutional sectors of an economy and of the rest of the world based on data provided by 
the money issuer sector and supplementary data on securities issuances and holdings (Table 10). 

The sources of financing (613) provided by the money issuer sector (MFI) are broken down into 
short-term (467), long-term (107) and other financing (39). Money can be derived by subtracting the short-
term financial investment of the money issuer sector vis-à-vis money issuers (the intra-sector transactions 
95)) and the investment of the rest of the world in money (90) from the non-consolidated short-term 
financing figure (282=467-95-90). It is also directly shown as the financial investment of the money 
holding sectors in monetary variables (currency and deposits, short-term debt securities and money market 
shares/units). Their investment in (domestic) non-monetary liabilities covers the net acquisitions in long-
term deposits, long-term debt securities, equity and other financial assets. Furthermore, the domestic credit
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(336) is shown as the financing by the money holder sector through loans granted by monetary financial 
institutions (206), debt securities (110), equity (15) and other financial instruments (5) as indicated in Table 
10. External assets and liabilities are derived as total financial investment (124) and financing (150) of the 
rest of the world vis-à-vis the money issuer sector. 
Table 10: Money as part of a table on financing and financial investment 

Financial investment Financing 

N
FC

O
th

er
 F

C
 

G
G

 

H
H

 / 
N

PI
SH

 

M
FI

E
co

no
m

y 

R
oW

T
ot

al
 

Item 

N
FC

O
th

er
 F

C
 

G
G

 

H
H

 / 
N

PI
SH

 

M
FI

E
co

no
m

y 

R
oW

T
ot

al
 

65 12 15 190 220 502 90 592 Short-term 30 3 10 60 467 570 22 592 

50 5 10 150 60 275 60 335 
Currency and 

deposits 
335 335 335 

10 5 5 20 30 70 30 100 Debt securities 100 100 100 

5 2 0 20 5 32 0 32
Money market fund 

shares/units 
32 32 32

125 125 125 Loans 30 3 10 60 103 22 125 
15 5 0 45 369 434 22 456 Long-term 95 26 50 60 107 338 118 456 
10 0 0 30 50 90 10 100 Deposits 70 70 30 100 

5 0 0 10 180 195 10 205 Debt securities 60 10 40 35 145 60 205 
126 126 126 Loans  30 3 10 60 103 23 126 

0 5 0 5 10 20 2 22
Equity and other 
investment fund 

shares/units 
5 10 2 17 5 22

3 3 3
Insurance, pension, 

standardised 
guarantee schemes 

3 0 3 0 3

3 12 0 0 24 39 12 51 Other 2 0 0 0 39 41 10 51 

2 10 0 0 17 29 10 39
Financial derivatives 

and ESO 
2 0 0 0 32 24 5 39

1 2 0 0 7 10 2 12
Other accounts 

receivable/payable 
0 0 0 0 7 7 5 12

83 29 15 235 613 975 124 1099 Total 127 29 60 120 613 949 150 1099 

The table provides a somewhat restricted view of the financing and financial investment process 
within an economy. Therefore, the table might be expanded by covering all sources of financing and uses 
of financial investment for all institutional sectors. For non-financial corporations, for instance, financing 
sources to be included are the liabilities incurred vis-à-vis other non-financial corporations, non-MFI 
financial corporations or government. The same applies for the sector’s financial investment of which 
participations play a rather important role. The inclusion of non-financial investment, saving and net capital 
transfers (the capital account) would allow to carry out a complete analysis of corporate investment, 
financing and debt.       
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1. Introduction and summary1 

Census data show that in Italy about 3.4 million nonfinancial enterprises (out of a total of 4 million) 
are sole proprietorships or other unincorporated businesses2. Virtually all are very small “micro-enterprises”. 
Such enterprises account for just less than one half of employees3 in the nonfinancial sector and therefore 
contribute significantly to the overall economic activity. Likewise, their value is likely to account for a 
significant share of national wealth. However, the unavailability of direct statistical sources such as balance 
sheet data makes the measurement of the their value a tricky task.  

According to international statistical standards, unincorporated businesses belong to either the 
household sector (“producer households”) or the nonfinancial sector (“quasi-corporations”), depending on 
size and other characteristics. This distinction makes a difference to financial accounts (FA). The financial 
assets and liabilities of producer-household firms, such as bank accounts or loans received, are recorded in 
the FA as assets/liabilities of households; on the other hand the real assets of such firms, such as buildings or 
machinery, do not enter the financial accounts. The standard is different for quasi-corporations. Since quasi-
corporations are  treated as separate entities, their total net worth should appear in the FA both in the 
household sector, as an asset in the form of “shares and other equity”, and in the nonfinancial sector, as the 
counterpart liability in the same financial instrument. However, this component of equity in the FA is usually 
difficult to estimate and, consequently, it appears to be missing in the published data for many countries—
including, so far, Italy.  

This paper explains the strategy that the Bank of Italy is developing for estimating the net worth of 
nonfinancial quasi-corporations, in order to fill the gap in the national FA. This strategy is mainly based on 
survey data from the Bank of Italy Survey on Household Income and Wealth (SHIW), which contains 
questions on households’ equity holdings in all types of businesses. It also makes use of banking statistics 
and other financial statistics. 

Parallel work, based on a similar methodology, is under way concerning the estimation of the value of 
nonfinancial assets of micro-enterprises that are not quasi-corporations (producer households), with a view to 
producing a comprehensive account of household wealth. This work does not directly impact the FA and will 
not be described here. 

Using micro data on micro-enterprises for the estimation of macro statistics presents some difficult 
conceptual and practical problems. We discuss, among other things, issues of definition, the treatment of 
nonreporting behaviour, as well as the compatibility of estimated totals with independent macroeconomic 
information. 

 
2. Background 

Italy is a country of small firms. According to census data, the average number of employees of firms 
engaged in  nonfinancial activities was 3.7 in 2001. About 4 million nonfinancial enterprises were actively 

                                                 
1We are indebted to Luigi Cannari and Ivan Faiella for their useful comments and suggestions. We also wish to thank 
Gabriele Semeraro and Laura Bartiloro. We remain responsible for any mistakes. The views expressed here are our own 
and do not necessarily reflect those of the Bank of Italy. 
2 Sole proprietorships are defined in Italian law as “ditte individuali”. We use the term “unincorporated businesses” to 
mean “ditte individuali” plus all types of business partnerships, as defined by Italian law, where partners (or some of 
them) have unlimited liability: società in nome collettivo, società in accomandita semplice, società semplici, società di 
fatto. Certain types of unincorporated businesses (società in nome collettivo, società in accomandita semplice) are 
required to hold a complete set of accounts whereas others are not. None is required to publish accounts. 
3 In this papers we use the word “employee” as synonymous of  “worker”. This usage is a bit loose, as the employer and 
his/her family may also count as workers in firm statistics even if they are not employees. The distinction can make a 
significant difference in micro-enterprises. 
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operating in Italy in the same year, about 90 per cent of which had 5 employees or less. Enterprises with up 
to 5 employees accounted for nearly 40 per cent of total employment in nonfinancial businesses, thus 
representing a very significant share of economic activity. Figures have been evolving only very slowly over 
time, with the average number of employees  increasing by 0.1 percentage point in four years, thus the most 
recent updates largely confirm this fact. Fully accounting for micro-enterprises in macroeconomic statistics, 
including financial statistics, is therefore very important. It is also a challenging task. 

For financial accounts, it is not too difficult to account for small enterprises as long as they take the 
form of corporations. However, a large majority of micro-enterprises are constituted as sole proprietorships 
or some forms of unlimited partnership. About 3.4 million nonfinancial enterprises are unincorporated; 
virtually all unincorporated businesses are small. Legally, such entities are not required to publish their 
balance sheets or in many cases even to keep a separate set of accounts in any form. One way or the other, 
they escape statistical recording, hence their value is unknown and needs to be estimated. 

Unincorporated businesses fall into two categories for the purposes of statistical classification. 
According to international recording standards as set out in ESA95, some of them are called “quasi-
corporations” and are included in the nonfinancial sector. Quasi-corporations are defined as organizations 
not having independent legal status, that keep a full set of accounts, and whose economic and financial 
behaviour is different from that of their owners. This is a rather general description and it has to be 
operationalised at the national level. In Italy, the operational definition of nonfinancial quasi-corporations 
includes all firms that take the more formal types of unlimited partnerships (società in  nome collettivo, 
società in accomandita semplice) regardless of size; it also includes simpler partnerships (società semplici, 
società di fatto) and sole proprietorships (ditte individuali), provided they have more than five employees.4 
Enterprises falling within this category are assumed to possess the character of a quasi-corporation and are 
therefore to be recorded in the nonfinancial sector. The rest (i.e., simple partnerships and sole proprietorships 
with up to five employees) are to be recorded in the producer households sub-sector. 

This distinction makes a difference to financial accounts (FA), and more generally to macroeconomic 
statistics. In the case of producer-household firms, no separation is assumed to exist between the firm and its 
owner(s). Consequently, the financial assets and liabilities of such firms, such as bank accounts or loans 
received, are recorded in the FA as assets/liabilities of households. On the other hand the real assets of the 
same firms, such as buildings or machinery, do not enter the financial accounts.  

The standard is different for quasi-corporations. Quasi-corporations are treated as separate entities 
with respect to their owners. Their total net worth should therefore appear in the FA in the form of “shares 
and other equity”, the financial instrument representing items associated with property rights on corporations 
and quasi-corporations. In line with double-entry accounting rules, this value has to be recorded twice:  as an 
equity holding (asset) of the household sector, and as the counterpart liability of the nonfinancial sector, i.e., 
as the net equity (or own funds) component of the liability side of the micro-enterprise’s notional balance 
sheet. However, the value of the net equity of quasi-corporations is usually difficult to estimate, as its 
estimation presents some nontrivial conceptual and practical problems. Consequently, it appears to be 
missing in the published FA for many countries. At the moment, the value of quasi-corporation equity is not 
recorded in Italian financial accounts. 

This paper focuses on quasi-corporations; more specifically, on the estimation of their net worth for 
the purpose of the compilation of the FA. A similar methodology to the one we develop here for quasi-
corporations can be applied to producer households, in order to estimate the value of the nonfinancial 
component of the assets of those micro-enterprises that do not qualify as quasi-corporations. As noted above, 
this component is not included, by definition, in the FA, but it is part of the national private wealth. Parallel 
work on producer households is therefore under way, with a view to producing a comprehensive account of 
household wealth. This work will not be described here. 

In Italy, according to the national definition, quasi-corporations comprise nearly 850.000 firms, 77 per 
cent of which are “micro-enterprises” with up to five employees. These firms account for one third of total 
employees in the nonfinancial sector and are  mainly engaged in trade and other services. Table 1 presents 
more data on the significance and distribution of these firms. 

                                                 
4 The 5-employee threshold is a national convention. Other countries may use different thresholds and/or criteria. 
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Table 1. Quasi-corporations in Italy in 2001 

Nonfinancial quasi-corporations  

Number of quasi-corporations 849’168 
of which:   

- with up to 5 employees 77.1% 
Employees of quasi-corporations 3’465’301 

Share of quasi-corporations in total for 
Non-financial corporations and q-c 

 

Number of units 58.2% 
Number of employees  29.0% 
Value of output  22.1% 

Source: ISTAT (census data, ASIA archive, national accounts)  
 
 

3. Methodology and results 
How much are quasi-corporations worth? As we mentioned earlier, balance sheets of unlimited 

partnerships, as well as those of sole proprietorships, to the extent that they exist at all, are not publicly 
available. Therefore there is no direct information even on the order of magnitude of their value. In what 
follows we examine three independent methods for estimating this value, and suggest an overall strategy that 
combines two of them. 

The first two methods are based on data from the Bank of Italy’s Survey on Household Income and 
Wealth (SHIW)5, which contains direct questions on the value of households’ equity holdings in all types of 
businesses. 

The third method exploits information, available from supervisory statistics, about the financial debt 
of quasi-corporations towards the banking system, and makes an attempt to assess the value of quasi-
corporations in an indirect manner. 

All three methods involve consistency checks with available macroeconomic information. Each 
method has advantages and drawbacks; comparing estimates obtained using different sources and criteria 
gives the benefit of independent appraisals. It turns out that, for the year 2004, the range of estimates is quite 
small, which is an encouraging sign that reasonably reliable statistics may be compiled by making use of this 
information. 
 

Method 1: SHIW-based, net equity per enterprise. In the Bank of Italy Survey on Household Income 
and Wealth, households are directly asked to give an estimate of the value of any enterprise(s) they own. 
Since the survey also contains information on the legal type and the number of employees of such 
enterprises, in principle it is possible to identify the subset QC of households whose firms qualify as quasi-
corporations, based on the national definition explained above. The total value of quasi-corporation could 
then be estimated by using the following straightforward formula: 

 

(1) ∑
∈

⋅=−
QCi

ii WGHTVALnscorporatioquasiofvalueTotal , 

 
where VALi is the market value of quasi-corporations owned by household i, as declared by the same 

household, and WGHTi is the population weight6 of the household. In other words, once households owning 
a quasi-corporation are identified, the value of their firm is simply expanded to the population total. 

However, not all households who declare ownership of a business specify its legal type, therefore it is 
likely that QC is in fact a subset of quasi-corporation owners, and that the estimator (1) has a downward bias. 
The evidence also points in this direction. The number of quasi-corporations actually reported in the SHIW, 
once expanded, is 44% lower than the number of active quasi-corporations provided on a macro basis by the 
                                                 
5 Bank of Italy (2006). 
6 The population weight is the inverse of the probability of inclusion for a given household in the sample. When it is 
applied to the whole survey,  it reflects the sampling design and it reproduces the whole Italian population. See Faiella 
(2006). 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 1748 -



 4 

National Statistical Institute figures (“ASIA” archive). It is thus reasonable to assume that the total value of 
quasi-corporations is underestimated.  

Moreover, among those households that do declare the legal type of their firm, there are some who do 
not report the firm’s value, which must be estimated.  

Estimates have therefore to be adjusted for two types of item nonresponse7: nonreporting of the legal 
form and nonreporting of the value of the business.  

There are two ways to adjust the estimates for nonreporting of the legal form: (a) re-weighting the 
survey data to match the population totals by means of a post-stratification procedure, or (b) imputing 
omitted responses through hot-deck methods. Both procedures increase the variance of the estimates, but this 
is unavoidable. In this paper we use the second procedure. 

Hot-deck imputation requires that a subset of eligible “donor” households be identified. “Donors” are 
households that (a) own a business, (b) did not specify the legal type of their business, but (c) did specify 
other features of that business (such as type of business, branch of economic activity and number of 
employees), which are similar to those of quasi-corporations identified for other households. Once a sub-
sample of suitable records is selected, a number of donors is randomly drawn. Random draws are constrained 
to match the total number and the geographic composition of quasi-corporations resulting from 
macroeconomic data compiled by the National Institute of Statistics, Istat. In this way a new subset of 
households is defined, QC* = QC ∪ randomly drawn “donors”. Estimates adjusted for nonresponse can be 
obtained by replacing QC with QC* in (1).  

Concerning the second type of nonresponse, i.e., declared quasi-corporations with unreported value, 
we imputed a value given by a weighted average of the value of similar firms in SHIW, controlled for branch 
of activity and geographic location.  

Table 2 reports the total estimated value of quasi-corporations before and after the adjustments. The 
estimate is about 108  billion euro before any correction. This rises to 167 billion after the first adjustment 
and to 187 billion after the second8. 

 

                                                 
7 On nonreporting behaviour in the SHIW, see Cannari and D’Alessio (1993). 
8 As mentioned in the text the adjustment for item nonresponse necessarily increases the total variance of the estimator. 
Specifically, the hot-deck procedure adds to the variance of the estimator because of the random draw of “donors”. It 
turns out, however, that the additional variability is not large. We performed a Monte-Carlo simulation of the variability 
caused by the hot-deck procedure, by iterating the process of estimation 1000 times. The outcome is reported below: 

 

Distribution of the outcomes of 1000 iterations 
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As the chart shows, most estimates are concentrated within a range of 175-195 billion euro, while their distance from 
the mean is on average 6 billion euro. 
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Table 2. Method 1: estimates 
(millions of euro) 

Total value of quasi-corporations  2004 

Before any adjustment  107’800 
After adjustment for non-reporting of legal type   167’600 
After further adjustment for non-reporting of business value   187’800 

Memorandum items:   

Geographic distribution of firms ISTAT(*) SHIW 
North 58.2% 59.8% 
Centre 20.5% 17.4% 
South 21.3% 22.8% 

 (*) Source: ASIA (2004) 
 
Method 2: SHIW-based, net equity per employee. As mentioned above, both hot-deck imputation and 

post-stratification increase the variance of the estimator (1). An alternative way to estimate the value of 
quasi-corporations by means of a more efficient estimator involves the so called “ratio estimation”9. 

As in the previous exercise, the set of households declaring ownership of a quasi-corporation, QC,  is 
selected from SHIW. Then the average net equity per employee is computed on QC by means of the 
following formula: 

 

(2)  

∑

∑

∑

∑

∑

∑

∈

∈

∈

∈

∈

∈

⋅

⋅
=

⋅

⋅

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

QCi
ii

QCi
ii

QCi
i

QCi
ii

QCi
i

QCi
ii

WGHTEMPL

WGHTVAL

WGHT

WGHTEMPL

WGHT

WGHTVAL

Employees
EquityNet

, 

 
where EMPLi is the number of employees in quasi-corporation i, and other variables are as in (1). 

Hence the estimated net equity to employees ratio (left hand side of the formula) is the ratio of two weighted 
averages: the weighted average value of quasi-corporations in the numerator and the weighted average of the 
number of employees in the denominator.  

In this case we make no correction for unreported holdings of quasi-corporation. Indeed, unlike under 
Method 1, such a correction would only be necessary in case of selection bias, i.e., if unreported quasi-
corporations had systematically larger or smaller net equity per employee than reported quasi-corporations. 
While this cannot be ruled out in principle, there is no obvious reason why they should, nor would there be 
an indication of the size or even direction of such a bias. On the other hand, computing the ratio on QC* 
instead of QC would increase the variance of the estimator. 

To check whether this procedure gives plausible results, we compute the ratio (2) separately for 5 size 
classes, and we compare the results with the same ratio for other types of firms for which the value of the 
ratio is known. For this purpose we choose unquoted corporations (which may be assumed to be somewhat 
closer in their financial structure to quasi-corporations than quoted corporations, so that such a comparison is 
meaningful). Table 3 reports evidence on net equity per employee10. 

 

                                                 
9 Even though slightly biased, ratio estimation can be more accurate than number-raised estimation if the auxiliary 
variable  is correlated with the variable of interest. Basically, the ratio estimator is in principle more efficient than the  
simple estimator (1) because its variance is lowered by the effect of the covariance between the numerator and the 
denominator. Furthermore, it does not require hot-deck imputation of missing data, as will shortly be explained. 
10 We use Italian Central Balance Sheet Office (Centrale dei Bilanci) data. Balance sheet data do not actually report the 
number of employees. We estimate their number by means of total compensation per employee. 
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Table 3. Net equity per employee 
(thousands of euro) 

 Unquoted corporations Quasi-corporations 
   
Firm size (employees)   

1-5 59 59 
6-9 43 37 
10-30 49 29 
31-100 64 31 
>100 134 n.a. 
   

Average net equity per employee 94 54 
   

 
For all size classes, the ratio is similar in magnitude in unquoted corporations and quasi-corporations, 

but somewhat smaller in the latter. This seems reasonable; the choice of organising a firm as a corporation 
rather than an unlimited partnership, other things equal, is likely to be determined in part by the easier access 
to capital enjoyed by more structured entities; it is therefore to be expected that corporations should have on 
average a higher capital ratio than simpler partnerships of similar size. 

Having established the plausibility of the estimates based on (2), we proceed to estimate the total value 
of quasi-corporations by multiplying the average value of equity per employee in QC by the total number of 
employees of quasi-corporations given by macroeconomic sources (i.e., Istat’s “ASIA” archive). The results 
are presented in table 4. 

 
Table 4. Method 2: estimates 
(millions of euro, year 2004) 

  2004 
   
Number of workers in quasi-corporations  3’533’670 
Net equity per employee(*)  53.7 
Net equity of quasi-corporations (Method 2)  189’659 

                      Memorandum item:   
Net equity of quasi-corporations (Method 1)  187’800 

   
(*) Thousands of euro 
 
The estimate is very close to that given by Method 1, which is encouraging. 
One caveat is however in order. While SHIW underestimates the number of quasi-corporations (as 

explained above under Method 1), it overestimates the number of workers that quasi-corporations employ, 
compared to the macro-total provided by ISTAT. In other words, those quasi-corporations that households in 
the SHIW do report in full are on average larger than the population mean in terms of number of employees. 
In principle, this is a further potential source of bias. We leave the investigation of this point to future 
research. 

 
Method 3. Banking data, equity/bank credit ratio. Methods 1 and 2 both rely on SHIW data. SHIW is 

unique in providing direct information on the net worth of quasi-corporations; on the other hand such 
information may be biased, as the survey sample is designed to be representative of households, not firms 
owned by them. Indeed, as shown above, even estimating the number of quasi-corporations or of their 
employees on the basis of SHIW alone would lead to biased results. In order to provide an independent 
check of them it is therefore useful to search for evidence, albeit indirect, that is based on totally different 
sources. 
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As banking supervisor, the Bank of Italy regularly collects a rich set of data from credit institutions. 
This includes information on bank credit broken down by counterparty (sub-)sector. Data on the debt of  
quasi-corporations towards (Italian-based11) banks is thus available.  

The idea behind the third approach is to estimate the total value of equity for quasi-corporations from 
total bank credit, by assuming that the average ratio between the two (which we term, somewhat loosely, the 
“banking leverage ratio”) is the same for quasi-corporations as for some set of corporations that can be 
assumed to be reasonably similar to them, and for which data are available. Again, we choose unquoted 
corporations. Given that the average number of employees of quasi-corporations is 4, we compute the 
banking leverage ratio for unquoted corporations with 1-5 employees, based on balance-sheet data12. Then 
we compute:  

 

(3) 
leverageBanking

nscorporatioquasiofdebtBankingnscorporatioquasiofvalueTotal −
=−  , 

 
where Banking leverage is computed on small unquoted corporations, as was just explained13. As 

Table 5 shows, the point estimate (179 billion euro) is again very close to those of Methods 1 and 2. 
 
Table 5. Method 3: estimates 
(millions of euro, year 2004) 

  2004 
   
Banking debt of quasi-corporations  81’419 
“Banking leverage ratio”  45.5% 
Net equity of quasi-corporations (Method 3)  178’972 

   
   
                      Memorandum items:   

Net equity of quasi-corporations (Method 1)  187’800 
Net equity of quasi-corporations (Method 2)  189’659 

   
 
 

4. Discussion and conclusions 
The main advantage of Methods 1 and 2 is that they rely on the only direct piece of information on the 

net worth of quasi-corporations that is available, namely SHIW. Moreover, if the macro estimate of net 
worth is based on survey microdata, then it is possible to make microeconomic analysis in a way that is 
consistent with macro aggregates. It is also possible, in principle, to derive estimates at various levels of 
disaggregation in a consistent way, though there is a limit in that the sample size of SHIW is too small to 
give reliable estimates for small subsets of corporations (e.g. by region, industry or size class). 

The main weakness of Method 1 is that its results are suspect as SHIW underestimates the universe of 
quasi-corporations. Any correction for this (e.g., post-stratification or hot-deck imputation) increases the 
total variance of the estimator. 

Method 2 is in principle more efficient than Method 1 and it is also more transparent and easier to 
compute, as it does not require any special manipulation of the data. On the other hand, it also suffers from 
the limitations of SHIW as a sample of quasi-corporations. A point that is especially relevant to Method 2 is 
that SHIW overestimates the number of workers that quasi-corporations employ. Therefore the estimated net 
equity to employees ratio may well be biased, although even the direction of any bias is unclear.  

                                                 
11 Given the nature of nonfinancial quasi-corporations it is unlikely that adding transactions with non-Italian banks 
would make any difference. 
12 Italian Central Balance Sheet Office (Centrale dei Bilanci). 
13 In fact we do not use the overall average leverage ratio of small corporations. We compute a weighted average of the 
banking leverage ratios of small scale (5 employees) corporations belonging to those branches of economic activity 
where quasi-corporations are typically specialized. However further refinement of this procedure is under way. 
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A common problem with SHIW-based methods is that SHIW is only available every two years. 
Therefore any estimates must be interpolated and updated in some way to serve as input to the financial 
accounts, which are compiled quarterly.  

Method 3 is as simple to compute as Method 2, and it provides a useful independent check on the 
other two methods. It is also available at high frequency (monthly). However, it relies on the strong 
assumption that the banking leverage ratio of quasi-corporations is equal to that of corporations with up to 5 
employees. This assumption may not be unreasonable, but there is no direct evidence to corroborate it. 
Furthermore, while the indirect evidence provided by the comparison with SHIW-based estimates is surely 
welcome, it is worth noting that estimates based on Method 3 are rather sensitive to the exact definition of 
the reference set. To get an idea, changing the reference set to unquoted corporations with up to 10 
employees (instead of 5) would increase the banking leverage ratio by 8 percentage points, from 45,5 to 53,5, 
and therefore shrink the estimate of the total net equity of quasi-corporations by 15 per cent (about 27 
million euro).  

All in all, it seems reasonable to use a SHIW-based method as benchmark. Given that the estimator of 
Method 1 has in principle a higher variance, Method 2 seems preferable. Method 3 can be employed as an 
auxiliary method for interpolation and extrapolation, as well as a way to cross-check the results. 

It is encouraging that, when applied to 2004 data, all methods give very similar results, all in the rather 
narrow range of 178-190 billion euro. While further robustness checks are warranted14, we feel confident that 
this is a good starting point for developing a method for regular estimation of the total value of nonfinancial 
quasi-corporations. 

Revising financial accounts to insert this estimate would result in significant changes in some 
important financial aggregates. The total amount of the instrument “shares and other equity” would increase 
by approximately 25 per cent; the value of households’ financial assets would be revised upwards by about 
5-6 per cent and that of the nonfinancial sector’s liabilities by 7-8 per cent.  
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RESUME 
 

This paper explains the strategy that the Bank of Italy is developing for estimating the net worth of 
nonfinancial quasi-corporations, in order to fill the gap in the national FA. This strategy is mainly based on 
survey data from the Bank of Italy Survey on Household Income and Wealth (SHIW), which contains 
questions on households’ equity holdings in all types of businesses. It also makes use of banking statistics 
and other financial statistics. 

Using micro data on micro-enterprises for the estimation of macro statistics presents some difficult 
conceptual and practical problems. We discuss, among other things, issues of definition, the treatment of 
nonreporting behaviour, as well as the compatibility of estimated totals with independent macroeconomic 
information. 

                                                 
14 By end-2007 data from a new wave of SHIW (2006) will become available. 
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Introduction

Suppose that we are interested in estimating the distribution function of resting periods of

migrating birds in a certain habitat area. We denote the true distribution by F0. The birds are

marked individually so that they can be identified, and some of them are captured in mist nets with

a certain probability.

Hampel (1987) assumed that the birds are caught according to a Poisson process with a rate

λ small enough that the probability of catching the same bird three times or more is negligible, and

that F0 has a density, f0, such that limt→∞ f0(t) = 0. Those birds that are caught exactly twice yield

a distribution of observed (minimum) resting periods.

The question is: What is the relationship between the observed resting period distribution to

the true one? Assuming that f0 admits a finite second moment, and if g0 is the density of the observed

spans between two capture dates, Hampel (1987) showed that this relationship is given by

g0(s) =
2

μ2

∫
∞

0
(t− s)+f0(t)dt, s > 0(0.1)

where μ2 =
∫
∞

0 t2f0(t)dt. Inverting (0.1) yields at any continuity point t > 0 of F0

F0(t) = 1− g′0(t)

g′0(0)
,

where g′0(0) denotes here the right derivative of g0 at 0. See also Anevski (2003) for an explicit

derivation.

Groeneboom, Jongbloed, and Wellner (2001b) considered two nonparametric estimators of

g0: The Least Squares and Maximum Likelihood estimators, denoted thereafter by LSE and MLE.

Under the assumption that g′′0 is continuous in the neighborhood of a fixed point t0 with g′′0(t0) �= 0,

they showed that these estimators are piecewise linear, and⎛
⎝ n

2
5

(
ḡn(t0)− g0(t0)

)
n

1
5

(
ḡ′n(t0)− g′0(t0)

)
⎞
⎠→d

(
c0(t0) H

(2)(0)

c1(t0) H
(3)(0)

)
(0.2)

where ḡn denotes either one of the estimators, H is the “invelope” of the process

Y (t) =

{ ∫ t
0 W (s)ds+ t4, t ≥ 0∫ 0
t W (s)ds+ t4 t < 0

(0.3)

in the following sense: H is an almost surely unique random process satisfying:

(i) H(2) is convex (H is 4-convex) on R

(ii) H(t) ≥ Y (t), t ∈ R

(iii) H(t) = Y (t), if H(2) changes slope at t. In view of (ii), the condition (iii) can be also rewritten

as ∫
∞

−∞

(H(t)− Y (t))dH(3)(t) = 0
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(see Groeneboom, Jongbloed, and Wellner (2001a)). Here, W is a standard two-sided Brownian

motion starting at 0. The constants c0(t0) and c1(t0) are given by

c0(t0) =

(
1

24
(g0(t0))

2g′′0(t0)

) 1
5

, c1(t0) =

(
1

243
g0(t0)(g

′′

0(t0))
3

) 1
5

.(0.4)

The asymptotic result in (0.2) does not apply anymore when t0 is replaced by 0. To study the

behavior of the estimators near this boundary point, we focus in this paper on the LSE. The MLE

can be handled very similarly, but it involves much more cumbersome calculations, due mainly to the

nonlinear nature of the characterization of this estimator.

The LSE enjoys the property of preserving the shape restrictions of the estimated density g0,

and any consistent estimator of g′0(0) will yield an estimator of F0, that is a genuine distribution

function (−g̃′n is nondecreasing) and pointwise consistent if g0 is differentiable on (0,∞). This follows

from Lemma 3.1 of Groeneboom, Jongbloed, and Wellner (2001b).

To achieve consistency at 0, methods based on boundary corrections of kernel density estimators

have been suggested (see e.g. Jones (1993) and the references therein). On the other hand, Cheng

(1997) showed how local linear density estimators adjust automatically for boundary effects without

requiring any further correction. Consistent estimation of higher derivatives can be achieved using local

polynomial density estimators as it was shown by Cheng, Fan and Marron (1997). For estimating

g′0(0), where g0 is a compactly supported density on [0, 1] assumed to be twice differentiable, their

Theorem 1 implies that n−1/5 is the optimal rate of convergence, and is achieved by their local

quadratic smoother provided that the kernel function and its derivative are bounded on [0, 1].

In this paper, the goal is to answer the following question: Would it be possible, using only

the already computed LSE, to construct a consistent estimator of g′0(0)? This is possible by following

the same idea of Kulikov and Lopuhaä (2006) of “staying away of 0” which they used to achieve

consistency at 0 in monotone estimation. More precisely, we show that for α ∈ (0, 1/3), g̃n(n−α) and

g̃′n(n−α) are consistent estimators of 0, and that α = 1/5 yields the fastest rates of convergence.

The paper will be structured as follows: We recall in the next section that the LSE fails to be

consistent at 0, and show that its first derivative is not even bounded in probability. Then, we present

the three joint asymptotic regimes of g̃n(n−α) and g̃′n(n−α) depending on whether α ∈ (0, 1/5), α = 1/5

or α ∈ (1/5, 1/3). The optimal rates of convergence, n−2/5 and n−1/5, are attained by our modified LSE

estimator, which is obtained by replacing the original LSE, on the shrinking neighborhood [0, n−1/5],

by tangential extrapolation from the point n−1/5 to the left. To illustrate the theory, we present some

numerical results based on simulations, and finish off with conclusions and some open questions.

Inconsistency of the Least Squares estimator

In this section, we show the the LSE and its first derivative fails to be consistent at the origoin.

Given X1, · · · , Xn n i.i.d. observations from a convex and nonincreasing density g0 and Gn their

corresponding empirical distribution, the LSE g̃n is defined as the unique minimizer of the quadratic

criterion

Φn(g) =
1

2

∫
∞

0
g2(t)dt−

∫
∞

0
g(t)dGn(t)(0.5)

over the class of square integrable convex and nonincreasing functions on (0,∞).

Groeneboom, Jongbloed, and Wellner (2001b) established that the LSE exists, is piecewise

linear, and that it is a density although the minimization is not restricted to the space of densities.

Furthermore, if H̃n(t) =
∫ t
0 (t − s)g̃n(s)ds and Yn(t) =

∫ t
0 (t − s)dGn(s), then the nonincreasing and
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convex piecewise linear function g̃n is the LSE of g0 if and only if

H̃n(t)

{
≥ Yn(t), for all t > 0

= Yn(t), if t is a jump point of g̃′n.
(0.6)

By the inequality condition in (0.6), any jump location τ is a point where H̃n−Yn reaches its minimum.

Therefore, the derivatives of H̃n and Yn at τ have to be equal, that is

τ is a jump point⇒ H̃n(τ) = Yn(τ) and G̃n(τ) = Gn(τ)(0.7)

where G̃n is the cumulative distribution function corresponding to g̃n.

We show now that g̃′n(0) is not a consistent estimator of g′0(0). This is a consequence of the

following proposition.

Proposition 0.1 g̃′n(0) is not bounded in probability.

To prove Proposition 0.1, we recall the following result due to Groeneboom, Jongbloed, and Wellner

(2001b) (see page 1673).

Lemma 0.1 If Y1 and Y2 are two independent standard Exponentials, then

lim inf
n→∞

P (g̃n(0) ≥ 2g0(0)) ≥ P
(

Y1

(Y1 + Y2)2
≥ 1

)
> 0

Hence, g̃n(0) is not consistent.

Proof of Proposition 0.1: By convexity of g̃n, we have g̃n(0) ≤ g̃n(t)− tg̃′n(0) = g̃n(t) + t|g̃′n(0)| for

all t > 0. Hence,

P

(
g̃n(0)

g0(0)
≥ 2

)
≤ P

(
g̃n(t)

g0(0)
≥ 3

2

)
+ P

( |g̃′n(0)|
g0(0)

≥ 1

2t

)
.

By consistency of g̃n(t), the middle term converges to 0 as n→∞. Using the previous inequality and

Lemma 0.1, we conclude that for all M > 0

lim inf
n→∞

P
(|g̃′n(0)| ≥M) > 0

and that g̃′n(0) is unbounded in probability. �

Consistency at 0 and limiting distributions

Let W be a standard two-sided Brownian motion on R starting from 0, and Y the Gaussian

drifting process defined on R in (0.3). For all t > 0, let

Y0(t) =

∫ t

0
W (s)ds and Y+(t) = Y (t).

We consider H+ and H0 the invelopes of Y+ and Y0, defined in the same sense as the invelope H

(see Section 1). Finally, let c0(0) and c1(0) the resulting constants when we replace t0 by 0 in (0.4),

c3(0) =
√
g0(0) and

k2 =
c0(0)

c1(0)
=

(
242g0(0)(g′′0(0))−2

) 1
5

.(0.8)

Our main result is stated in the following theorem:
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Theorem 0.1 Let α ∈ (0, 1/3).

1. If α ∈ (1/5, 1/3) and t > 0, then

⎛
⎝ n

1−α
2

(
g̃n(n−α t)− g0(n−α t)

)
n

1−3α
2

(
g̃′n(n−α t)− g′0(n−α t)

)
⎞
⎠→d

(
c3(0) H

(2)
0 (t)

c3(0) H
(3)
0 (t)

)
.

2. If α = 1/5 and t > 0, then

⎛
⎝ n

2
5

(
g̃n(n−

1
5 k2t)− g0(n− 1

5 k2t)
)

+ 1
2k

2
2t

2g′′0(0)

n
1
5

(
g̃′n(n−

1
5 k2t)− g′0(n−

1
5 k2t)

)
+ k2tg

′′

0(0)

⎞
⎠→d

(
c0(0) H

(2)
+ (t)

c1(0) H
(3)
+ (t)

)
.

3. If α ∈ (0, 1/5), then

⎛
⎝n 2

5

(
g̃n(n−α)− g0(n−α)

)
n

1
5

(
g̃′n(n−α)− g′0(n−α)

)
⎞
⎠→d

(
c0(0) H(2)(0)

c1(0) H(3)(0)

)
.

The proof of existence and almost surely uniqueness of the processes H+ and H0 can be constructed

along the lines of Groeneboom, Jongbloed, and Wellner (2001a) by defining a stochastic Least

Squares problem in the class of convex functions on finite intervals [0, c] and let the intervals grow as

c → ∞. For example, the invelope H+ can be shown to be the limit, in an appropriate sense, of the

processes H+,c as c→∞. Here, H+,c is equal to the second integral of the unique minimizer of

1

2

∫ c

0
g2(t)dt−

∫ c

0
g(t)d[W (t) + 4t3]

over the class of convex functions g on [0, c] such that g(0) = 0 and g(c) = 12c2, and H+,c satisfies

the four boundary conditions H+,c(0) = Y+(0) = 0, H+,c(c) = Y+(c), H ′
+,c(0) = Y ′

+(0) = 0 and

H ′
+,c(c) = Y ′

+(c) = W (c) + 4c3. It can be shown that

(i) H
(2)
+,c is convex on [0, c]

(ii) H+,c(t) ≥ Y+(t), ∀ t ∈ [0, c]

(iii)
∫ c
0 (H+,c(t)− Y+(t))dH

(3)
+,c(t) = 0,

and that these conditions are necessary and sufficient for H
(2)
+,c to be the solution of the above LS

problem. The conditions constitute in essence a finite version of the characterization of the limiting

process H+ defined on [0,∞). For large c > 0, H+,c is an approximation of H+ and we can compute

it using the Haar construction (see Rogers and Williams (1994)) and the iterative cubic spline

algorithm as described in Groeneboom, Jongbloed, and Wellner (2003). In Figure , we present an

example where the plots in dotted lines show the restriction on the interval [0, 1] of H
(j)
+,8 (computed

on [0, 8]) for j = 0, 1, 2, 3 .

In the top left and top right panels, one can see how the invelope H+,8 and its first derivative

H ′

+,8 try to follow closely the processes
∫ t
0 W (s)ds + t4 and W (t) + 4t3 on [0, 1]. On the other hand,

we see in the bottom left and bottom right panels how the convex parabola, 12t2, and the increasing

straight line, 24t, are approximated by the piecewise convex function H ′′

+,8 and the nondecreasing

stepwise function H
(3)
+,8 respectively.
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Figure 1: The solid curves in the top left and top right show plots of an approximation

of Y+ and Y ′
+ while the dotted lines represent H+,8 and H ′

+,8 on [0, 1]. The solid curves in

the bottom left and bottom right show plots of 12t2 and 24t while the dotted lines represent

H ′′

+,8 and H
(3)
+,8 on [0, 1].

Corollary 0.1 The fastest rates of convergence of g̃n(n−α) and g̃′n(n−α) to the true values g0(0) and

g′0(0) are attained for α = 1/5 . Furthermore, if we define the estimator

g̃m
n (t) =

{
g̃n(n−

1
5 ) + (t− n− 1

5 )g̃′n(n−
1
5 ) if t ∈ (0, n−

1
5 ]

g̃n(t) otherwise

then ⎛
⎝ n

2
5

(
g̃m
n (0)− g0(0)

)
n

1
5

(
(g̃m

n )′(0)− g′0(0)
)
⎞
⎠→d

⎛
⎝ c0(0) H

(2)
+

(
1
k2

)
− c1(0) H

(3)
+

(
1
k2

)
c1(0) H

(3)
+

(
1
k2

)
⎞
⎠ .

We will refer to this estimator as the modified LSE estimator.

Proof. If α ∈ (1/5, 1/3), the rates n(1−α)/2 and n(1−3α)/2 are clearly slower than n2/5 and n1/5

respectively. If α < 1/5, the rates n2/5 and n1/5 are optimal for estimating g0(n
−α) and g′0(n

−α), but

not for estimating g0(0) and g′0(0): n−α >> n−1/5 is too far from 0. The joint limiting distribution

of (g̃m
n (0), (g̃m

n )′(0)) follows immediately from Theorem 0.1. �

Illustrations, conclusions and some open questions

We simulated n = 500 independent random variables from the standard exponential distribu-

tion Exp(1) and computed g̃n using the support reduction algorithm, as described by Groeneboom,

Jongbloed, and Wellner (2003) for Least Squares problems. Inconsistency of the estimator and its

first derivative at 0 can be clearly seen on the left panels of Figure , whereas the right panels illus-

trate consistency of the modified estimator and its first derivative. For these simulations we obtained

g̃n(0) = 1.757, g̃m
n (0) = 0.966, and −g̃′n(0) = 74.073,−(g̃m

n )′(0) = 0.655. The fact that the modified

estimators converge to the truth with a negative bias is not due to chance. To investigate this more

precisely, we generated 100 independent invelopes H+ on [0, 8], and the results indicate that the ran-

dom variables c0H
(2)
+ (1/k2)−c1H(3)

+ (1/k2) and −c1H(3)
+ (1/k2) are both negative with large probability:
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Figure 2: The solid curves in the top left and top right plots depict g̃n and g̃m
n while

the dashed curves represent g0(x) = exp(−x), x > 0. The solid curves in the bottom left

and bottom right plots depict −g̃′n and −(g̃m
n )′ while the dashed curves represent −g′0(x) =

exp(−x), x > 0.

The empirical estimates of this probability based on the random sample were found to be 0.94 and 0.97

respectively (here, 1/k2 = (1/24)2/5 ≈ 0.280, c0 = (1/24)1/5 ≈ 0.041, c1 = (1/24)3/5 ≈ 0.148). The

kernel density estimators shown in Figure indicate clearly that both variables are mainly concentrated

on the negative half-line.
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Figure 3: Plots of kernel density estimators of c0H
(3)
+ (1/k2) − c1H

(3)
+ (1/k2) (left) and

−c1H(3)
+ (1/k2) (right). The estimation is based on 100 independent replications of H+

on [0, 8]. Here, c0 ≈ 0.041, c1 ≈ 0.148 and 1/k2 ≈ 0.280.

Based solely on the LSE g̃n of a convex density g0 on (0,∞) with g′′0 continuous to the right of

0 and g′′0(0) �= 0, we found that consistent estimation of g′0(0) is achieved by taking g̃′n(n−α) with α ∈
(0, 1/3), and that α = 1/5 should be chosen as it yields the fastest rate n−1/5. The limiting distribution

involves a process H+, which is the invelope of the Gaussian process Y+(t) =
∫ t
0 W (s)ds+ t4, t ≥ 0.

Our idea was inspired by the work of Kulikov and Lopuhaä (2006) who found that taking the

Grenander estimator at n−α with α ∈ (0, 1) ensures consistency in the monotone estimation problem,

and that α = 1/3 yields the optimal rate n−1/3. It is interesting to note that the penalization approach
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of Woodroofe and Sun (1993) forces rather the data to stay away from 0 with a distance >> n−1:

Their estimator can be viewed as the Grenander estimator for the transformed data λn + γ̂nXj , with

γ̂n →p 1 and λn is the penalization parameter which must satisfy λn n→∞, and hence λn >> n−1.

For the harder problem of estimating the slope g′0(0), an alternative approach based on shifting the

data (suggested to us by Jongbloed (2006)) would probably require to have even bigger shift to the

right of 0. A second approach is to penalize the derivative of the LSE; i.e., to minimize

1

2

∫
∞

0
g2(t)dt−

∫
∞

0
g(t)dGn(t)− λng

′(0)

where g is convex and λn is the penalizing parameter. This gives rise to the following open questions:

How big λn should be chosen to achieve consistency of the first derivative of the estimator? Would λn

have the same order as the shift in the approach suggested by Jongbloed (2006)? Could we choose λn

such that the estimator is a density? How do the rates of convergence rates and limiting distributions

depend on λn?

In the monotone problem, the proofs of Kulikov and Lopuhaä (2006) make use of the so-

called switching relationship introduced the first time by Groeneboom (1985) as a nice geometric

interpretation of the Grenander estimator: If f̂n(x) is the value of this estimator at a point x, and

Un(a) is the location of the maximum of Gn(t)− at over [0,∞), then

f̂n(x) ≤ a� Un(a) ≤ x.
A similar relationship is still lacking in the convex problem. In the latter, the characterization of the

estimator is at the level of its second integral. This makes the geometric interpretation of the LSE

less obvious. However, this does not imply that one should not explore different ways of viewing this

characterization which might enable to simplify many of the arguments used in general in the problem

of adaptive estimation of a convex density.

Finally, we would like to note that our modified LSE estimator can be compared to the simple

estimator of Kulikov and Lopuhaä (2006). Their adaptive estimator is more efficient as it minimizes

the mean square error. In our convex problem, it follows from Theorem 0.1 that

n
1
5

(
g̃′n(n−

1
5 k2t)− g′0(0)

)
→d c1(0)H

(3)
+ (t)

and an adaptive estimator of g′0(0) can be given by g̃n(n−1/5k̂2t
∗), where t∗ is the minimizer of

E[H
(3)
+ (t∗)]2, and k̂2 is a consistent estimator of k2. We would like to investigate this in a future

work as finding an approximate value for t∗ would require a more efficient way to generate a sufficient

number of invelopes H+ on a fine grid on (0,∞).
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Algorithms for the Estimation of a Decreasing or Unimodal Density

using Shape-Restricted Regression Splines

Mary C. Meyer

April 30, 2007

Abstract

The problem of estimating a density that is assumed to be either decreasing or unimodal is
tackled using shape-restricted regression splines. The class of estimators is smooth but flexible, and
the shape restrictions provide some robustness to knot choices. Algorithms using cone projection
are proposed using both maximum-likelihood and least-squares estimation.

1 Introduction

The maximum likelihood estimator for a decreasing density is known to be consistent on intervals
not containing the mode, but there is a spiking problem at the mode, where the estimator is too
large. Various modifications of the estimator have been proposed, including a penalized MLE where
a penalty term for the value at the mode is utilized (Woodroofe and Sun 1990). The MLE and the
penalized MLE are step functions.

The discontinuities of the estimator may be thought unsatisfactory if the smoothness assumption
is warranted. Bickel and Fan (1996) consider the linear spline decreasing density estimator, with
knots at the observations. A consistent linear spline decreasing density estimator was proposed
by Meyer and Woodroofe (2004). They constructed a linear spline estimator that is forced to be
concave on an interval containing the mode.

In this paper, smoothed shape-restricted density estimators are proposed. They are constructed
using regression splines, so that the fit is a linear combination of smooth basis functions. They
have the advantage of being parsimonious in the sense that the number of basis functions is small
compared with the sample size n, but they are flexible enough to capture a wide variety of density
forms. Two regression spline estimators are proposed: for the first, the likelihood is maximized over
densities using the regression spline basis functions, and the second uses a least-squares criterion.

Examples of the various density estimators are shown in the next two figures. In Figure 1 some
decreasing density estimators are compared, using a random sample from an exponential density.
In Figure 2 we see some unimodal estimators, for a random sample from a standard normal density.
In either case, we see that the spline estimator appears to be a smoothed version of the MLE.

1
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Figure 1: Comparisons of decreasing density estimators using a random sample of size n = 50 from
an exponential density. The fits shown are (a) the decreasing quadratic regression spline MLE with
three interior knots; (b) the decreasing MLE and penalized MLE; and (c) the linear spline MLE
with estimator constrained to be concave near the mode.
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Figure 2: Comparisons of unimodal density estimators using a random sample of size n = 100
from a standard normal density. The fits shown are (a) unimodal quadratic regression spline least-
suqares density esitmator with two knots on either side of the mode, and (b) kernel estimator (solid)
with the MLE (dotted). The value of the MLE at the mode spikes to about 0.97.
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2 The Regression Spline Decreasing Density Estimator

Two estimation methods using shape-restricted regression splines are considered. The maximum
likelihood density estimator can be solved through iteratively re-weighted projections onto convex
cones. The least-squares density estimator is more computationally efficient, requiring only a single
weighted projection. Both assume the mode to known, and at zero.

Ramsay (1988) introduced monotone regression splines for least-squares function estimation
and extensions. The spline basis functions are smooth monotone piecewise polynomials. They are
constructed by integrating positive densities called M -splines. The zero-order M -splines are a set
of uniform densities with supports between the knots. The integrals of these densities are increasing
piecewise linear I-splines. The first-order M -splines are a set of triangular densities from which we
obtain piecewise quadratic I-splines with continuous first derivative.

The increasing monotone basis functions are easily converted to the decreasing case. For each
inter-knot interval, exactly one of the basis functions is convex, and another is concave. If we wish
to constrain the function to be concave at the left hand side, we simply do not include the basis
function that is convex at that end. A set of piecewise quadratic basis functions used for decreasing
density estimation with concavity at the mode is shown in Figure 3. The x-values are the random
sample from the half normal density. There are three interior knots, placed at equal x-quantiles,
and marked with X.

We propose a density estimator that is a linear combination of the set of vectors that includes
the basis vectors and the one-vector, where the coefficients in the linear combination are all non-
negative. This set is a convex cone, and the basis vectors are the generators or edges of the cone.

Least-squares projections onto convex cones can be obtained efficiently (Meyer 2006). We
propose to maximize the likelihood function over the cone through a simple iteratively reweighted
least squares algorithm.

The log-likelihood for the density is simply
∑

log[f(xi)]. The MLE for a decreasing density
is obtained by finding f in the set of quadratic regression splines to maximize this sum over the
inequality constraints f(x1) ≥ · · · ≥ f(xn) and the equality constraint

∫
f(x)dx = 1. Let θi = f(xi).

For the linear spline estimators, the integral is as a sum of trapezoid areas, and is easy to write
as
∑n

i=1 ciθi, where the ci > 0. For the quadratic and higher order splines, we can also write the
integral as such as sum, but we are not guaranteed that ci > 0.

Introducing a Lagrange multiplier and determining its value, the function to maximize is

L(θ) =
n∑

i=1

[log(θi) − nciθi]

A necessary and sufficient condition for θ̂ to maximize L over a convex set C is

∇L(θ̂)′(θ − θ̂) ≥ 0, for all θ ∈ C,

and if C is a convex cone, the condition can be written as

∇L(θ̂)′θ̂ = 0, and (1)
∇L(θ̂)′θ ≤ 0, for all θ ∈ C, (2)

3
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Figure 3: The four basis functions for the increasing piecewise quadratic regression splines with
three interior knots. The values for the four edges of the convex polyhedral cone are indicated by
the points.

The left hand side of (2) can be written as

∇L(θ̂)′θ =
n∑

i=1

(
1
θ̂i

− nci

)
θi =

n∑
i=1

nci

θ̂i

(
1
ci

− θ̂i

)
θi,

suggesting a scheme for iteratively re-weighted least squares. Starting with vector of values θ0

satisfying the constraints, we can construct a loop so at the kth step, we solve the weighted least
squares problem, finding θk+1 to minimize

n∑
i=1

wk
i (yi − θi)2 over θ ∈ C,

where yi = 1/ci and wk
i = ci/θ̂k

i . The proof that the algorithm converges to the MLE is similar to
that found in Meyer and Woodroofe (2004).

Note that if there are fewer knots than observations, there is not a unique way to write
∑

ciθi,
because one value of θi may be expressed in terms of two others in the same inter-knot range.
However, using the trapezoid rule we can easily get an expression for which the ci are all positive.
For the piecewise quadratic regression spline, the integral can also be written as such a sum, but
the computation is much messier. The straight-forward approaches to the integral of the quadratic
function are not guaranteed to produce ci values that are all positive. Because the weights used in
the iteratively re-weighted algorithm will be functions of these ci, they must all be positive for the

4
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algorithm to work. Of course, an interior point or other standard convex optimization routine may
be used in such a case.

For the least-squares density estimator, the object is to find f in the appropriately restricted
set to minimize the functional ∫ ∞

0
f(x)2dx − 2

∫ ∞
0

f(x)dFn(x) (3)

where Fn is the empirical c.d.f. Groeneboom, Jongbloed and Wellner (2001) looked at this cri-
terion in regard to convex density estimation. The integral constraint automatically follows i.e.∫

f(x)dx = 1. Moreover, it is analogous to consider the form
∫ ∞
0

(f(x) − fn(x))2dx

assuming fn as “empirical density function” whose integral is Fn.
Let Δ be the n × m matrix with columns containing the edges of the constraint cone plus the

one-vector, and let θi = f(xi). Then we consider estimators θ = Δb for b ≥ 0. We can write (3)
as

b′Hb − 2c′b, (4)

where
Hij =

∫ ∞
0

δj(x)δl(x)dx

and c = Δ′1/n. This quadratic programming problem is easily converted into a cone projection.
Let LL′ be the Cholesky decomposition of the symmetric and positive definite matrix H. Letting
b̃ = L′b and c̃ = L−1c, we seek to minimize ‖ b̃ − c̃ ‖2 with the restriction Ab̃ ≥ 0. Here
A = (L′)−1. The solution is the projection on c̃ onto the m-dimensional cone with edges that are
the rows of L. The density estimate is then found by the reverse linear transformation to b̂, then
θ̂ = Δb̂.

3 The Unimodal Density Estimator

We consider the case where the density and its first derivative are continuous at the mode. Assume
that the mode is known at μ. The sample can be split into two pieces and two separate monotone
density estimators found for either side, but this will result in a discontinuity at the mode. To
enforce continuity at the mode, a single equality constraint is used. Because the the slopes for the
decreasing density estimators are zero at the mode, the slope at the mode for the unimodal case is
also zero.

The mode and the endpoints x1 and xn are defined as knots, so that if there are k1 interior knots
to the left of the mode, and k2 interior knots to the right of the mode, then there are k1 + k2 + 3
knots total. There are m = k1+k2+4 basis functions, defined over the whole range of the data, but
the left end basis functions are zero to the right of the mode and vice-versa. The spline functions
themselves all show abrupt discontinuities at the mode. These are pictured for k1 = k2 = 2 and
μ = 0 in Figure 4. The three spline functions used to fit the density to the left of the mode are in

5

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 1776 -



−3 −2 −1 0 1 2 3

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

x

X X X XX X X X

(a)

−3 −2 −1 0 1 2 3
0.

0
0.

2
0.

4
0.

6
0.

8
1.

0

x

X X X XX X X X

(b)

Figure 4: Six basis functions for the unimodal piecewise quadratic regression splines with two
interior knots on either side of the mode. The knots are marked along the bottoms of the plots.

plot (a), and those used to fit the density to the right of the mode are in plot (b). The seventh and
eighth spline functions are constant on one side of the mode, and zero on the other.

The objective function is minimized over the set θ =
∑m

j=1 bjδ
j , under the inequality constraints

bj ≥ 0 for j = 1, . . . ,m and the equality constraint
∑k1+2

j=1 bj =
∑k1+k2+4

j=k1+3 bj . The intersection of the
constraints on the vector b is a convex polyhedral cone contained in an m−1 dimensional subspace
of IRm.

Meyer (1999) showed that when there are more constraints than dimensions, the number of
edges of the constraint cone can be much larger than the number of constraints. By definition,
an edge of the cone is a vector contained in the cone that can not be written as a positive linear
combination of two or more linearly independent vectors also contained in the cone. For this
situation, there are r = (k1 + 2) × (k2 + 2) edges of the cone for the constraints on b. Each of the
edges is a vector of all zeroes except two elements that are equal to one. Specifically, if the edges
are σj , j = 1, . . . , r, then

σj
i =

⎧⎪⎨
⎪⎩

1 when i = k1 + 3 + j(modk2 + 2)
1 when i = floor

(
j−1
k2+2

)
+ 1

0 otherwise

for j = 1, . . . , r − 1, and σr is the vector of all zeros except the last element is one.
We find b̂ in the set of b =

∑r
j=1 ajσ

j , where the aj ≥ 0, to minimize (4). This is easily done
as a weighted cone projection. Finally, the density estimator is θ̂ = Δb̂, where the columns of the
n × m matrix Δ are the vectors δj .

6

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 1777 -



−3 −2 −1 0 1 2 3

0
.0

0
.1

0
.2

0
.3

0
.4

x

spline estimators

| | | | | |||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||| | | | | |

−3 −2 −1 0 1 2 3
0

.0
0

.1
0

.2
0

.3
0

.4

x

kernel estimators

| | | | | |||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||| | | | | |

Figure 5: Density estimates for a “dataset” consisting of quantiles from the normal density.

4 Examples and Simulations

For a data set consisting of quantiles from a density, one hopes that a density estimation method
produces an estimate that is quite close to the actual density. Some estimates produced with 100
standard normal quantiles are shown in the next figure. On the left are quadratic regression spline
estimators with two, three, four, and five knots on either side of the mode. They lie almost on top
of each other, and mostly on top of the true density shown as a dotted line. Because the regression
spline estimators have support equal to the range of the data, some edge effects are seen. On the
right side we see two kernel estimators. The shorter one has bandwidth 1.06sn1/5 where s is the
sample standard deviation, and the taller one has bandwidth half this height.

Next are brief summaries of some simulations results for the decreasing density estimator,
compared only to the penalized MLE. The PMLE tends to estimate the height at the mode a bit
better, and the spline tends to have a smaller Hellinger distance.
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Half-normal density
Bias of f̂(0) SASEL of f̂(0) Hellinger distance

n PMLE QSPL PMLE QSPL PMLE QSPL
40 -0.0216 -0.0358 0.143 0.170 0.142 0.120
100 0.0137 0.0166 0.104 0.115 0.113 0.0861
200 0.00593 0.00909 0.0811 0.0874 0.0937 0.0707

Exponential density
Bias of f̂(0) SASEL of f̂(0) Hellinger distance

n PMLE QSPL PMLE QSPL PMLE QSPL
40 -0.153 -0.158 0.232 0.259 0.166 0.138
100 -0.138 -0.144 0.193 0.206 0.172 0.122
200 -0.125 -0.131 0.166 0.175 0.108 0.102

Table 1: Comparison of the piecewise quadratic decreasing regression spline density estimator
(QSPL) with the penalized maximum likelihood decreasing density estimator (PMLE) in terms of
height at the mode and Hellinger distance from the true density.
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A General Criterion for Multiscale Inference

Guenther Walther
Stanford University
E-mail: walther@stat.stanford.edu

ABSTRACT

For inference on a density, regression function or hazard rate, it is often advantageous to examine data
on mulitple scales. Duembgen & Spokoiny (2001) introduced a criterion that allows such inferences in
an optimal way. The form of that criterion depends on the tail behavior as well as certain correlation
properties of the local test statistics, and these properties can be difficult to establish in particular
applications. We introduce a criterion that is applicable in quite generality without the need to first
establish such properties, and and also leads to optimal inference. This is joint work with Kaspar
Rufibach.

Keywords. Multiscale, multiple testing.
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Considering Cost Asymmetry in Learning Classifiers

Francis Bach
Ecole des Mines de Paris
E-mail: francis.bach@mines.org

ABSTRACT

Receiver Operating Characteristic (ROC) curves are a standard way to display the performance of
a set of binary classifiers for all feasible ratios of the costs associated with false positives and false
negatives. For linear classifiers, the set of classifiers is typically obtained by training once, holding
constant the estimated slope and then varying the intercept to obtain a parameterized set of classifiers
whose performances can be plotted in the ROC plane. We consider the alternative of varying the
asymmetry of the cost function used for training. We show that the ROC curve obtained by varying
both the intercept and the asymmetry, and hence the slope, always outperforms the ROC curve
obtained by varying only the intercept. In addition, we present a path-following algorithm for the
support vector machine (SVM) that can compute efficiently the entire ROC curve, and that has the
same computational complexity as training a single classifier. Finally, we provide a theoretical analysis
of the relationship between the asymmetric cost model assumed when training a classifier and the cost
model assumed in applying the classifier. In particular, we show that the mismatch between the step
function used for testing and its convex upper bounds, usually used for training, leads to a provable
and quantifiable difference around extreme asymmetries.

Keywords. Machine learning, classification, support vector machine.
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Consistency of Random Forests in Classification

Gabor Lugosi
ICREA and Pompeu Fabra University
E-mail: lugosi@upf.es

ABSTRACT

In this joint work with Gerard Biau and Luc Devroye we consider variants of random forest classifiers
first introduced by Leo Breiman. These rules build randomized tree classifiers repeatedly and output
a decision based of the average of the trees. We show that even though Breiman’s original procedure
is not consistent for all distributions, some simple modifications of it do have a risk converging to the
Bayes risk. We show that averaging consistent randomized classifiers leads to consistent rules. We
also show examples when averaging inconsistent classifiers leads to consistent averaged rules.

Keywords. Classification, random forest.
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Ranking the Best Instances

Nicolas Vayatis
PMA - Université Paris 6
E-mail: vayatis@ccr.jussieu.fr

Clémençon, Stéphan
Université Paris 10
E-mail: sclemenc@u-paris10.fr

ABSTRACT

In applications where ranking is at stake, people often focus on the best instances. When scanning
the results from a query on a search engine, we rarely go beyond the one or two first pages on the
screen. In the different context of credit risk screening, credit establishments elaborate scoring rules
as reliability indicators and their main concern is to identify risky prospects especially among the
top scores. In medical diagnosis, test scores indicate the odds for a patient to be healthy given a
series of measurements (age, blood pressure, ...). There again a particular attention is given to the
“best” instances not to miss a possible diseased patient among the highest scores. In the talk, we will
formulate the local ranking problem in the framework of bipartite ranking where the goal is to focus
on the best instances. We develop statistical learning theory for this problem by formulating special
performance measures and studying empirical risk minimization of dedicated statistics.

Keywords. Ranking, ROC curve, AUC, criterion, empirical risk minimization, rank statistics.
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Analyzing Nutritional Survey Data: Practical Approaches

for Complex Models

Dodd, Kevin W.

U. S. National Cancer Institute, Division of Cancer Prevention

6130 Executive Blvd Room 3129 MSC 7362

Bethesda, Maryland, U.S.A.

E-mail: doddk@mail.nih.gov

1 Introduction

Data from complex surveys are often used to efficiently obtain estimates of population parameters.

Variances of the estimators depend on the survey design and are often difficult to obtain analytically,

especially for nonlinear statistics such as ratios or sample quantiles. Traditional methods for variance

approximation[1] involve one of two strategies: Taylor linearization or replication methods such as

the bootstrap, jackknife, or balanced repeated replication (BRR)[2]. In cases where the estimators

have a complex form (as in the case of quantiles), replication methods are preferred by virtue of

being easier to implement. A sample quantile is the classic example of a nonsmooth estimator for

which the standard delete-1 jackknife is known to give an inconsistent variance estimator[3]. However,

asymptotic consistency of BRR variance estimators for sample quantiles has been established[4] for

the case where the data are observed without error.

The problem we address in this paper arises in the analysis of food consumption data. The United

States National Center for Health Statistics conducts the National Health and Nutrition Examination

Survey (NHANES) to assess the general health status of the population, and to monitor nutritional

adequacy. An important concept in analyzing data from this survey is that of usual intake, defined as

the long-run average daily intake of a dietary component by an individual. To estimate distributions

of usual intake, surveys collect daily intake measurements on individuals for a small number of days.

Due to the small number of observations per individual, the distribution of individual mean intakes

performs poorly as an estimate of the distribution of usual intakes. This is because the variance of

the mean of a few daily intakes contains a sizable amount of within-individual variation. If we assume

that daily intakes of a dietary component for an individual measure the individual’s usual intake with

error, the problem of estimating the distribution of usual intakes can be thought of as the problem

of estimating the distribution of a random variable that is observed subject to measurement error.

Once an estimator of the usual intake distribution is obtained, we can estimate the proportion of the

population with usual intake of some dietary component (e.g., whole grains) below a given level by

evaluating the estimated distribution function at that value.

Several characteristics of dietary intake data make statistical analysis difficult. Intake data are

nonnegative, and the distributions of both daily intakes and individual mean intakes are often highly

skewed. Nuisance effects are often present in the data; daily consumption patterns differ according to

day-of-week and month-of-year. Within-individual variances may vary across individuals, suggesting

that the measurement error variance is not constant. For dietary components that are not consumed

every day by almost all members of the population, which is the case for most foods and food groups,

a large fraction of the observed intakes may be zero. In this paper, we provide a statistical model

appropriate for such episodically consumed foods, and explore the use of balanced repeated replication

as a means to approximate the variance of model parameters and distributional quantiles estimated

from complex survey data. Our validation is based on Monte Carlo simulation.
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2 A Statistical Model for Episodically Consumed Foods

Following Tooze et al[5], let Rij denote the reported intake of a given food for person i on day j. We

assume a two-part model at the individual level

logit (Pr (Rij > 0)) = Xi1β1 + u1i,(1) (
Rλ

ij − 1

λ
| Rij > 0

)
= Xi2β2 + u2i + εij ,(2)

where Xi1 and Xi2 are vectors of fixed covariates, β1 and β2 are fixed effect parameter vectors, u1i

and u2i are normally-distributed individual random effects, and εij is normally distributed random

error associated with measurement j. The random effects u1i and u2i are allowed to be correlated, and

the two parts of the model may share covariates. The parameter λ in equation (2) defines a Box-Cox

transformation used to achieve normality of the random effects u2i and εij .

The first part of this model represents the probability to consume the food on a particular day

and the second part represents the amount consumed on consumption days(days when Rij > 0). From

this model we may estimate usual intake as follows:

Individual i’s usual intake on consumption days is

ai = E {T (Xi2β2 + u2i + εij) |Xi2,β2, u2i} ,(3)

where T (•) is the inverse of the Box-Cox transformation:

T (x) = (λx+ 1)1/λ .(4)

The expectation operator in (3) integrates over the distribution of the errors εij . This expectation

can be approximated using the delta method or numerical integration via quadrature or Monte Carlo

simulation. From (1), individual i’s probability to consume on a particular day is

pi =
exp (Xi1β1 + u1i)

1 + exp (Xi1β1 + u1i)
(5)

By definition, individual i’s usual intake is the product of his probability to consume on a given day

and his usual intake on consumption days:

ri = piai.(6)

3 Model Fitting and Quantile Estimation in Complex Surveys

3.1 Weighted Maximum Likelihood for Parameter Estimation

The model is fit by the maximum likelihood method, using a SAS (SAS Institute, Cary, NC, version

8.2) macro. To account for the correlation, all of the model parameters are estimated at the same time

using a non-linear mixed effects model. In addition, the Box-Cox parameter λ is also estimated as part

of the likelihood maximization procedure. The advantage of using the normality transformation within

the modeling step, not before modeling as in other methods[6], is that the 24HR-reported amount is

transformed to normality conditional on the covariates in the model. Estimates are obtained for the

model parameters presented in equations (1) and (2), for the variances of the random effect terms, and

for the correlation between the person-specific effects. To ensure that parameter estimates appropri-

ately reflect the population, sampling weights are incorporated into the likelihood. By construction,

the sums of weights across individuals in specified demographic subgroups are proportional to known

population counts (control totals) for those subgroups.
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3.2 Monte Carlo Procedure for Quantile Estimation

We wish to estimate the population distributions of pi, ai, and, most importantly, ri. Note that (3),

(5), and (6) are conditional on the covariate patterns Xi1 and Xi2, and also on the individual random

effects u1i and u2i. The distribution of the covariate patterns is estimated by the (weighted) empirical

CDF of the patterns in the sample. The model produces an estimate of the variance-covariance matrix

for the (assumed) bivariate normal joint distribution of the random effects, though individual random

effects are not observed. A Monte Carlo procedure is used to estimate an overall, unconditional

distribution for the population as follows:

1. For each individual covariate pattern [ Xi1 Xi2 ] present in the sample, a large number (say

1000) of draws (u1i, u2i) is randomly generated from the bivariate normal distribution with the

specified variance-covariance matrix. In totality, these draws represent all the individuals in the

population with the same covariate pattern as individual i. Equations (3)-(6) are evaluated for

each of the draws, substituting estimates of β1 and β2 as necessary, and the resulting estimates

are stored.

2. All of the estimates computed in the previous step are combined into a single data set, and the

sampling weight for individual i is assigned to all the results computed based on his covariate

pattern. Next, the weighted empirical CDF of the estimated p’s, a’s, and r’s are computed from

this data set, and the CDF is used to compute summary statistics for the distributions, such as

percentiles and the percent below fixed cutoff values of interest. For some models, there may be

many individuals in the sample with the same covariate pattern. In this case, step 1 is performed

only for the first individual with the particular covariate pattern. Then, in step 2, the sum of

the weights for all individuals with the pattern is assigned as the sampling weight for the stored

estimates. This ensures that the theoretical distribution of the random effects is based on the

same number of draws irrespective of the frequency of the particular pattern, and therefore the

distributions conditional on each covariate pattern are estimated equally well.

4 Variance Estimation Via Balanced Repeated Replication

In national-level surveys such as the US NHANES, the respondents are typically selected according

to a very complex sampling plan to permit accurate estimation for important demographic groups

(oversampling) as well as efficient/low-cost survey administration. For purposes of variance estimation,

survey administrators may approximate the true sampling design with a simpler design for which

variance estimation formulas are readily available. For example, the NHANES survey is treated

as if groups of respondents are sampled from so-called “Primary Sampling Units” (PSUs) within L

predefined strata, where each stratum consists of two PSUs. This choice of approximate design permits

the use of the Balanced Repeated Replication (BRR) variance estimation method, where L sets of

sampling weights (one per stratum of the approximate design) are provided along with the set of

“base” weights that are needed to obtain an appropriate population estimate. The general form of

the BRR estimator of the variance-covariance matrix of an estimated parameter vector θ̂ is given by

V̂ar
(
θ̂
)

=
1

Lf2

L∑
j=1

[
θ̂(j) − θ̂

] [
θ̂(j) − θ̂

]
′

,(7)

where θ̂ is the estimator based on the full-sample weight set, θ̂(j) is the estimator based on the j-

th BRR weight set, and f is a known constant called the “perturbation factor”. The choice of the

perturbation factor and the method of calculating the multiple sets of sampling weights is explained

in the next section.
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5 Simulation Study

5.1 Sampling Design and Weighting

The data used in the simulation study were generated by drawing 2 PSUs for each of 23 strata from a

stratified superpopulation that, on average, reproduces the sex, age, and (3-category) race properties

of the unweighted 2001-2002 NHANES sample. The relationships among demographic properties of

PSUS within the same stratum that were observed in the NHANES sample were incorporated into the

superopopulation generating mechanism. The average number of individuals within each stratum was

300, approximately equally distributed across the consitituent PSUs. Each individual in a full-size

sample as constructed above was assigned an initial weight of unity. This initial weight was ratio-

adjusted to match control totals taken from the NHANES for the 2× 5× 3 = 30 cells defined by the

demographic variables.

The last 23 rows of a Hadamard matrix H of order 24 were used to construct 23 sets of BRR

replicate weights. If the (i, j)-th entry of H is 1, then for replicate weight set j, the full-sample base

weight for each individual in PSU 1 of stratum i was multiplied by a factor of (1 + f) while the

full-sample base weight for each individual in PSU 2 of stratum i was multiplied by a factor of (1−f).

Conversely, if the (i, j)-th entry of H is -1, then for replicate weight set j, the full-sample base weight

for each individual in PSU 1 of stratum i was multiplied by a factor of (1− f) while the full-sample

base weight for each individual in PSU 2 of stratum i was multiplied by a factor of (1+f). In general,

the perturbation constant f is such that 0 < f ≤ 1. The “standard” BRR variance estimation method

uses f = 1, while Fay’s modified BRR uses other values, e.g., 0.9, 0.7, or 0.5. For the simulation

results presented in this paper, f = .7.

Each set of perturbed base weights was ratio-adjusted to reproduce the control totals used in

constructing the set of base weights, and a cumulate-and-round procedure was applied to ensure that

each set of BRR weights had only integer values.

5.2 Individual Intake

At the individual level, 2000 independent single-day 24HRs were simulated according to the model

described by (1) and (2), where variables reflecting gender, race/ethnicity, and age comprised the

Xi1 and Xi2 vectors, with associated parameter values β1 and β2 as shown in Table 1. Random

effects u1i, u2i, and εij with the covariance structure as described in Table 1 were generated via

linear transformation of draws from the multivariate standard normal distribution. To help ensure

nonnegative intakes, extreme values of the initial draws were Winsorized at ±4. The individual’s true

probability of consuming on a day, pi, was computed by applying Equation (5). Then 2000 Bernoulli

draws with parameter pi were made, and for each “success”, a transformed consumption-day amount

was calculated as in the right side of Equation (2). Finally, the inverse Box-Cox transformation (4)

with λ = .30 was applied to transformed amount. The true usual intake for individual i was defined

as the mean of all 2000 generated intakes. The joint distribution of true probability and true usual

consumption-day amount is shown in Figure 1. For each of 200 generated samples of individuals, the

first two generated intakes were used to fit the model.

5.3 Results

As shown in Table 1, on average model parameters estimated from only 2 simulated 24HRs reproduced

the underlying parameters used to simulate the data. Differences between the average estimates and

the corresponding true parameter values never exceeded twice the observed standard error, and most

of the time, the relative bias was less than 5%. As expected, the BRR method performed well in

estimating the sampling variance of the parameter estimates. The empirical coverage of BRR-based
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Figure 1. Joint Distribution of Simulated Consumption Probability and Usual

Consumption-Day Amount

confidence intervals for the parameter estimates is quite close to the nominal 95% level, except for

the Box-Cox parameter λ, which may have been slightly underestimated due to the Winsorizing of

extreme normal deviates when simulating the data.

Percentiles based on model estimates also reproduced the percentiles of distributions for the

known consumption probabilities, the known (consumption-day) intakes, and their product, usual

intake. The relative bias of estimated percentiles is uniformly negligible (Figure 2).

Considering that a percentile (e.g, the median) of a distribution is the classic example of a

non-smooth statistic, the BRR method performed fairly well as a variance estimation method. As

shown in Figure 2, the ratio of the average BRR standard error to the true standard error tended to

be slightly larger than 1 (100%) for most percentiles, but coverage of BRR-based confidence intervals

was close to the nominal 95% target, in spite of the methods tendency to overestimate the standard

error.
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True Average Relative True Average 95% CI

Model Parameter (Coding) Value1 Estimate2 Bias3 (%) Standard BRR Ratio6 Coverage7

Error4 Estimate5 (%) (%)

Part I: Probability

Intercept .820 .830 1.22 .1455 .1554 106.8 94.0

Sex (1,2) -.140 -.141 .71 .0756 .0854 112.9 96.5

Race1 (0,1) .150 .154 2.67 .0848 .0867 102.3 92.5

Race2 (0,1) -.800 -.810 1.25 .1058 .1083 102.4 94.0

Age (per 10 years) -.050 -.049 -2.00 .0295 .0297 100.8 95.0

σ2
u1 1.500 1.521 1.40 .1948 .2022 103.8 96.0

Part II: Amount

Box-Cox Parameter (λ) 0.300 0.283 -5.6 .0091 .0086 0.940 52.2

Intercept .600 .601 .17 .0832 .0862 103.7 96.0

Sex (1,2) -.460 -.466 1.30 .0465 .0470 101.0 94.0

Race1 (0,1) .150 .154 2.67 .0428 .0466 108.8 94.5

Race2 (0,1) -.120 -.127 5.83 .0628 .0635 101.0 95.0

Age (per 10 years) -.090 -.087 3.33 .0162 .0171 105.3 95.0

σ2
u2 .350 .351 .29 .0456 .0444 97.4 94.0

σ2
ε 1.000 1.002 .20 .0452 .0443 98.1 94.0

ρσu1σu2 .450 .455 1.11 .0847 .0784 92.6 92.5

1 Value used to generate the samples of pseudo-individuals 2 Average (over 200 samples) estimate based on two 24HR

3 100 x (Average Estimate - True Value) / True Value 4 Based on variability among estimates across 200 samples

5 Average value of BRR approximation across 200 samples 6 100 x (Average BRR Estimate / True Standard Error)

7 Percent of samples where the BRR-based 95% CI included the true parameter value

Table 1. Evaluation of Model Parameters

Figure 2. Evaluation of BRR Variance Estimates for Usual Intake Quantiles
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Abstract

The case-control study, in which separate samples are drawn from cases (people with a disease of
interest, say) and from controls (people without the disease), is one of the most common designs in
health research. We are interested in a special class of unmatched case-control studies, namely those
in which the controls (and sometimes the cases) are selected using a complex sample survey. The
most straightforward method of analysis is the standard survey approach based on weighted versions
of population estimating equations. In the special cases of simple or stratified random sampling, much
more efficient methods are well-known. We look at extensions of these more efficient methods to
complex survey designs.

Keywords: case-control studies; response-selective sampling; retrospective sampling; weighting.

Introduction

The case-control study, in which separate samples are drawn from ‘cases’ (people with a disease of
interest, say) and from ‘controls’ (people without the disease) and covariate information is subsequently
ascertained, is one of the most common designs in health research. In fact, Breslow and Day (1980)
described such studies as “perhaps the dominant form of analytical research in epidemiology”. Since
the time they wrote that, the rate of appearance of papers reporting on case-control studies appears
to have gone up by a factor of about 20. Note that there are two fundamentally different types of
case-control study: (set-)matched studies, in which each case is matched with one or more controls,
and unmatched studies, in which the case and control samples are drawn independently, although
there may be loose “frequency matching”, with the control sample allocated across strata defined by
basic demographic variables in such a way that the distribution of these variables in the control sample
is similar to their expected distribution in the case sample. We are only concerned with unmatched
studies here.

There are several reasons for the popularity of case-control studies compared to (conceptually
more straightforward) prospective studies, where we take a sample of individuals, obtain their covariate
information, track them through time and then observe whether or not they contract the disease. The
first two reasons concern efficiency; efficiency of time and statistical efficiency. The former comes from
being able to use historical information rather than having to follow individuals through time and
then wait to observe an outcome. We will not discuss this but refer the reader to the first chapter
of Breslow and Day (1980). The statistical efficiency advantages can be huge. For example, suppose
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that we have a condition that affects only 1 individual in 20 on average and we wish to investigate the
effect of an exposure that occurs to 50% of people. In this situation a case-control study with equal
numbers of cases and controls has the same power for detecting a small increase in risk as a prospective
study with approximately 5 times as many subjects. If the condition affects only one individual in
100 then the prospective study needs 25 times as many subjects, while if it affects one individual in
1000 then the prospective study needs 250 times as many subjects! Thus case-control based sampling
designs are very efficient for investigating the effects of explanatory variables on a comparatively rare
response.

A third factor that has influenced the uptake of case-control studies is the simplicity of analysis.
When fitting a logistic regression model including an intercept term to case-control data obtained
from simple or stratified random samples, it is well known, following the landmark papers of Anderson
(1972) for the discrete covariates, and Prentice and Pyke (1979) for general covariates, that efficient
inferences about all coefficients except the intercept can be obtained by fitting a logistic regression
model using standard software as if it had been obtained prospectively. The intercept is completely
confounded with the relative sampling rates of cases and controls but can be recovered using additional
information such as finite population totals of cases and controls (see Scott and Wild, 1986).

An excellent introduction to the strengths and potential pitfalls of case-control sampling is
given by Breslow (1996, 2000). One of the most important and difficult challenges confronting anyone
designing such a study is to ensure that controls really are drawn from the same population, using
the same protocols, as the cases. In the words of Miettinen (1985), cases and controls “should be
representative of the same base experience”. Failure to ensure this adequately in some early examples
led to case-control sampling being regarded with some suspicion by many researchers. Since the essence
of survey sampling lies in methods for drawing representative samples from a target population, it
became natural at some stage to think about using survey methods for obtaining controls. Increasingly
over the last 25 years or so, studies are being conducted in which the controls (and occasionally
the cases as well) are drawn using complex stratified multi-stage designs. A good history of this
development can be found in Chapter 9 of Korn & Graubard (1999). These studies retain all the
efficiency advantages of simple case-control studies but the analysis is no longer quite so simple. It is
this aspect that we want to discuss here. We start with an example to illustrate the sort of problem
that we want to handle.

Example

In 1977-78, the National Cancer Institute and the US Environmental Protection Agency con-
ducted a population-based case-control study to examine the effects of ultraviolet radiation on non-
melanoma skin cancer over a one-year period. This is typical of many large scale studies conducted
by the National Cancer Institute whose personnel have been responsible for much the development of
the area (see Hartge et al 1984, who also give a description of a number of other similar studies). The
study was conducted at eight geographic locations with varying solar ultraviolet intensities. Samples
of non-melanoma skin cancer patients aged 20 to 74 and samples of general population controls from
each region were interviewed by telephone to obtain information on risk factors. At each location,
a simple random sample of 450 patients and an additional sample of 50 patients in the 20-49 age
group were selected for contact. For the controls, 500 households were sampled at each location using
random-digit dialing. An attempt was made to interview all adults aged 65-74 as well as a randomly
selected individual of each sex aged 20 to 64. In addition, a second telephone sample of between 500
to 2100 households was taken and information gathered on all adults aged 65 to 74. This resulted in
samples of approximately 3000 cases and 8000 controls, with the sampling rate for cases being roughly
300 times the rate for controls, depending on age.
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General set-up

Suppose that we have a binary response variable, Y, with Y=1 denoting a case and Y=0 denoting
a control, and a vector of potential explanatory variables, x. We assume that the value of Y is known
for all N units in some target population but that at least some components of x are unknown. We
stratify the population into cases and controls, draw a sample from each stratum based on the variables
that we know for all units, and measure the values of the missing covariates for the sampled units.
(In practice, the control sample is often drawn from the whole population, rather than the units with
Y=0. If the proportion of cases is small, the difference will be negligible. Otherwise it is simple to
adapt the results below to this variant – for a rigorous development, see Lee, Scott, & Wild 2006.)
Typically, we then want to use the sample data to fit a binary regression model for the marginal
probability of a being a case as a function of the covariates. The model used is almost always logistic
with

(1) logit {P (Y = 1|x)} = log
(

P (Y = 1|x)
P (Y = 0|x)

)
= β0 + xT β1

say, and we shall assume model (1) throughout the paper. Extensions to more general regression
models are straightforward in principle (see Scott & Wild 2001b) but the resulting expressions are
somewhat clumsier than those for the logistic model.

How should we go about fitting the model (1)? Efficient methods are straightforward with
simple or stratified random sampling, but we are interested in more complex sampling procedures
here. Very often the complex sampling is simply ignored. Potentially, this could lead to all the usual
problems that arise from ignoring survey structure. Varying selection probabilities can distort the
mean structure, and estimates produced by standard programs may be inconsistent. Intra-cluster
correlation can reduce the effective sample size so that routinely-produced standard errors are too
small, confidence intervals are too short, p-values too low, and so on. One simple strategy that has
been adopted by some researchers to minimize the effect is to keep the numbers of subjects in each
cluster small (see Graubard, Fears and Gail 1989, for example). This reduces the design effect and
hence the impact of clustering, but it is a very expensive remedy. We look at some possible ways of
coping with standard, more cost-effective, sampling schemes in the next few sections.

Survey weighted approach

One obvious possibility is to use the standard weighted estimating equation approach embodied
in most modern packages for analyzing survey data (see Binder 1983). Suppose first that we had data
from the whole finite population. If we assume the marginal logistic model (1) holds, then we could
estimate β by solving the whole-population estimating equations

(2) S(β) =
N∑
1

xi (Yi − p1(xi;β)) = 0,

where

p1(x;β) = eβ0+xT β1/
(
1 + eβ0+xT β1

)
.

(These are the likelihood equations if population units are assumed to be sampled independently but
the resulting estimators are consistent under much more realistic population structures as long as
model (1) holds marginally – see Rao, Scott and Skinner 2000 for more discussion.) Now, for any
fixed value of β, S(β) is just a vector of population totals. This means that we can estimate it from
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the sample, say by

(3) Ŝ(β) =
∑

sample

wixi (yi − p1(xi; β)) ,

where wi is the inverse of the selection probability, perhaps adjusted for non-response and post-
stratification. Setting Ŝ(β) equal to 0 gives us our estimator, β̂. We could use linearization or the
jackknife directly on β̂ to get standard errors. Alternatively, we can expand Ŝ(β̂) about the true
value, β, and obtain as our estimated covariance matrix the “sandwich” estimator

Ĉov
{

β̂
}
≈ J(β̂)−1Ĉov

{
Ŝ(β̂)

}
J(β̂)−1,

where J(β) = − ∂Ŝ
∂βT

=
∑

sample

wip1(xi;β)p0(xi; β)xix
T
i with p0 = 1 − p1. Since Ŝ(β) is a vector of

totals, Ĉov
{
Ŝ(β)

}
should be available as a matter of course for any standard design. Most major

statistical packages can handle logistic regression with complex sampling and weighting routinely these
days so that producing weighted estimates and making associated inferences is reasonably straightfor-
ward.

Strictly speaking, the selection probabilities will themselves often be random variables in our
model-based framework, based on a finite population that we assume is generated from the model.
We can account for this by using the results in Rao (1978), but the correction is of order 1

N and can
be ignored in most large studies.

The downside of weighting in general is that it tends to be inefficient when the weights are
highly variable. (A rule-of-thumb sometimes suggested is that wmax

wmin
should be no more than 10.) In

case-control studies, the variation in weights is about as extreme as it can get. For instance, the
ratio of wmax to wmin is approximately 300:1 in our example and even more extreme ratios are not
uncommon. No experienced survey sampler would be surprised to find that weighting is not very
efficient under these circumstances.

Can we do something more efficient? The answer is certainly “Yes” in some special cases. As
we mentioned in the introduction, fully efficient likelihood methods have been developed in situations
where both cases and controls are drawn using simple or stratified random sampling and these can be
very much more efficient than weighted methods. We review these results in the next section.

Review: Simple case

We start with the very simplest case where cases and controls are selected by simple random
sampling and we have no information about any of the covariates. Here fully efficient semi-parametric
maximum-likelihood procedures are well-developed. Moreover, these methods are very simple to im-
plement using standard software (Prentice & Pyke 1979). (The methods are semi-parametric because
the full likelihood depends on the unknown distribution of the covariates and we do not want to model
this in general.)

It turns out that all we have to do is fit model (1) using a standard logistic regression program
without any weighting at all. This produces efficient estimates of all the coefficients except the
intercept. Perhaps more importantly, all the standard errors and resulting inferences that we get from
the standard program are also valid, again with the exception of anything involving the intercept. It
is simple enough to correct inferences involving the intercept provided that we know the ratio of the
two sampling fractions but we are often only interested in the other coefficients anyway.

The results extend directly to stratified random sampling, provided that separate intercepts for
each stratum are included in the model. Again efficient semi-parametric estimators of all coefficients
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except the stratum intercepts can be obtained simply by running the data through an ordinary (un-
weighted) logistic regression program. Again, the estimated standard errors and associated inferences
are also valid. As with simple random sampling, we can correct the results for the stratum intercepts
provided that we know the stratum sampling fractions but, again, these are usually of minor interest.

Thus in these simple situations, maximum likelihood estimates are simpler to compute than the
weighted estimates, as well as being more efficient. How much more efficient are they? This depends
on the number of covariates, the magnitude of their coefficients and the ratio of the sampling fractions,
but the difference is often substantial. (The weighted estimates are about 50% efficient in our example
of the introduction, for example, and Lawless, Kalbfleisch & Wild 1999 discuss situations where the
efficiency is much lower than this.) Clearly we can pay a very heavy price for a rigid adherence to
population weights.

Finally, we note that the maximum likelihood estimates have yet another advantage over weighted
estimates: they tend to have much better small sample performance, especially in situations where the
efficiency of the weighted estimates is low. Essentially, weighting results in a reduction in the effective
sample size and it is this effective sample size that governs when the asymptotic theory starts to give
a good approximation. (See Scott & Wild, 2001a for more details.)

More complex sampling

In our example,, the controls were obtained from a complex multi-stage survey rather than a
simple random sample. As we noted in the introduction, this is increasingly common in large scale
case-control studies. (Occasionally, as in the example, the cases are also selected using a complex
sampling scheme.) It is possible to derive semi-parametric efficient estimators for stratified multistage
sampling, assuming that primary sampling units are selected independently within strata (which is the
assumption that all the computer packages are making with the survey-weighted approach anyway),
but this requires us to build multivariate models for the vector of responses within a primary sampling
unit. Details can be found in Neuhaus, Scott & Wild (2002, 2006). Unless we are interested in
the within-cluster structure in its own right (as in family case-control studies often used by genetic
epidemiologists, for example), this requires far too much effort for it to be practicable, certainly for
routine analysis.

Can we do something simpler without losing too much efficiency? Weighted estimates are always
available, of course. However, they are just as inefficient with complex designs as they are in the simple
case considered in the previous section. It turns out that we can do considerably better without too
much extra complication.

Return for a moment to the situation of the previous section where we have a simple random
sample of size n1 from the case stratum and an independent simple random sample of size n0 from the
control stratum. Here all units in Stratum � have weight wi ∝ W�

n�

′
where W� denotes the proportion

of the population in the stratum, for � = 0, 1. Thus the weighted estimator would satisfy

W1

∑
cases

xip0(xi;β)

n1
− W0

∑
controls

xip1(xi; β)

n0
= 0,

while the efficient maximum likelihood estimator would satisfy the ordinary logistic equations, which
can be written in the form

ω1

∑
cases

xip0(xi; β)

n1
− ω0

∑
controls

xip1(xi;β)

n0
= 0
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with ω� =
n�

n0 + n1
, for � = 0, 1. Both these are special cases of the general set of estimating equations

(4) λ1

∑
cases

xip0(xi; β)

n1
− λ0

∑
controls

xip1(xi; β)

n0
= 0,

with p0(xi; β) = 1 − p1(xi; β) as before. As n0, n1 → ∞, the solution of (4) converges almost surely
to the solution of

(5) λ1E1 {Xp0(X;β)} − λ0E0 {Xp1(X;β)} = 0,

where E� {·} denotes the conditional expectation given that Y = � for � = 0, 1. If model (1) is true,
then equation (5) has solution β∗1 = β1 and β∗0 = β0 + bλ with bλ = log

(
λ1W0
λ0W1

)
for any positive λ0, λ1

(see Scott & Wild 1986 for details of the proof). Thus the solution to equation (4) produces consistent
estimators of all the regression coefficients apart from the constant term for any λ� > 0 (� = 0, 1). As
in the simple case, it is easy to correct the inferences about the constant term, provided that we know
the proportion of cases in the population.

Now turn to more complex sampling schemes. Since the left hand side of equation (5) just
involves two population means, we can still estimate these means for any standard survey design.
This suggests an estimator, β̂λ say, for general sampling schemes satisfying

(6) Ŝλ (β) = λ1μ̂1(β) − λ0μ̂0(β) = 0,

where μ̂�(β) is the sample estimate of the stratum mean E� {X(1 − p�(X;β))} (� = 0, 1). The co-
variance matrix of β̂λ can then be obtained by standard linearization arguments. This leads to an
estimated (“sandwich”) covariance matrix

Ĉov
{

β̂λ

}
≈ Jλ(β̂λ)−1Ĉov

{
Ŝλ(β̂λ)

}
Jλ(β̂λ)−1,

with Jλ(β) =

(
−∂Ŝλ(β)

∂βT

)
and Ĉov

{
Ŝλ(β)

}
= λ2

1Ĉov {μ̂1(β)}+λ2
0Ĉov {μ̂0(β)}. Here, Ĉov {μ̂�(β)}

denotes the usual survey estimate which should be available routinely for any standard survey design
since μ̂�(β) is just an estimated stratum mean.

All of this can also be carried out straightforwardly in any package that can handle logistic
regression for complex survey designs simply by specifying the appropriate vector of weights. More
specifically, suppose that

μ̂�(β) =

∑
i∈S�

wixi (yi − p1(xi;β))∑
i∈S�

wi
,

where S1 denotes the case stratum (i.e. the set of all units with Y = 1) and S0 denotes the control
stratum (the set of all units with Y = 0). Then the estimating equation (6) can be written in the
form

Ŝλ (β) =
∑

sample

w∗i xi (yi − p1(xi;β)) = 0,

with w∗i ∝ λ�wi∑
i∈S�

wi
for units in S� (� = 0, 1). In other words, we simply have to scale the case weights

and control weights separately so that the sum of the case weights is proportional to λ1 and the sum
of the control weights is proportional to λ0 and put them, along with the usual specification of the
design structure (strata, primary sampling units), into our program of choice.
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We still have to decide on good values for λ1 and λ0. We can get consistent, and sometimes
spectacular, gains using sample weights (λ� =

n�

n
where n = n0 +n1 ) compared with using population

weights (λ� = W�). Scott & Wild (2002) report efficiency gains of 50% or more in Example 2 and
in simulations based on that population. The gains became larger as the strength of the relationship
increased, and as the effect of clustering increased. Moreover the coverage of confidence intervals was
closer to the nominal value for sample weighting in the simulations. Obviously more empirical work
is needed here. In any event, it would seem prudent to fit the model using both sample weights and
population weights routinely. If the coefficient estimates are similar, then we can make a judgement
based on the estimated standard errors. However, significant differences in the coefficient estimates
indicate that the model has been mis-specified. If we are unable to fix up the deficiencies in the model,
then we need to think very carefully about just what it is that we are trying to estimate.

Using sample weights is the most efficient possible strategy when we have simple random samples
of cases and controls but for more complex schemes using the sample weights will no longer be fully
efficient. We might expect weights based on some form of equivalent sample sizes to perform better.
We have done some limited simulation and this does indeed produce some gain in efficiency. However,
the gains are relatively small, at least when the control sample design effect is less than 2, since
Cov

{
β̂λ

}
is very flat as a function of β near its minimum.

Extensions of case-control studies

There are a number of extensions of basic case-control studies in which survey methods are
becoming used more commonly. We have already mentioned case-control family studies, where infor-
mation on family members is added to that of the original study participant (the proband). Some
methods for handling these studies when the original controls are drawn using survey methods are
suggested in Neuhaus et al (2006) but much more remains to be done. Two phase (or two stage)
studies, introduced by White (1982), are also becoming becoming increasingly common as expensive
new techniques for extracting genetic information become more and more widely available. In these
studies, information on some covariates is obtained for all units in a case-control study, while infor-
mation on other, more expensive covariates, is only obtained for a subset of the units. Fully efficient
semiparametric methods are now available for limited class of sampling designs (see Breslow & Hol-
ubkov 1887, Scott & Wild 1997, Lee, Scott & Wild 2007) but methods for more general designs are
still under development. We shall discuss some of these developments
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Introduction
This paper describes some of the issues facing researchers working on health surveys in England. The 

discussion covers both methodological and analytical challenges: falling response rates, coverage of Black 
and Minority Ethnic Groups (BMEG) and statistical analysis of ‘true’ differences between groups. The paper 
describes the current context, along with some of the background literature and focuses on the specific 
experience of the National Centre for Social Research and the Health Survey for England, and our ongoing 
experience of assessing and addressing these challenges.

Declining response rates and the use of incentives
Response rates to social surveys have been declining across the board over recent years, in England 

(and elsewhere), (Carley Baxter et al, 2005). The UK General Household Survey has seen household level 
response fall from 82% in 1993 to 70% in 2003. The Health Survey for England (HSE) household response 
rate has fallen from 81% in 1993 to 72% in 2003. 

This has been attributed to a number of factors, such as the rise in single person households, increase 
in gated communities1 , concerns over confidentiality and data protection, and the rise of telemarketing 
causing increased skepticism among the general public (Groves et al 2002, Atrostic et al, 2001, Carley-
Baxter et al, 2005, Tourangeau R, 2004). 

Maximising response rates and, correspondingly, reducing response bias, are, of course, crucial for the 
reliability of survey estimates. A number of factors have been investigated in an attempt to buck this 
downward trend; in particular the use of incentives. 

A good deal of research has been done in the US and in the UK on the impact of incentives on 
response rates. Studies have looked at a number of factors, including the type and value of the incentive, the 
nature of the survey, the impact on respondents and the impact on interviewers. 

The general conclusion of these studies is that unconditional, pre-paid incentive is more effective than 
the conditional promise of a reward on completion (Goyder 1994). This is thought to be because an
unconditional incentive instigates a sense of goodwill, and a desire to reciprocate. In a meta-analysis of 
postal surveys, Church (1993) found that, compared with the ‘no incentive’ group, unconditional incentives 
increased response rates by an average of 19.1 percentage points, while conditional incentives produced an 
average increase of 4.5 percentage points. Singer et al (1999) replicated this conclusion in a meta-analysis of 
interviewer-administered surveys. 

However, the majority of government surveys in the UK use the Postcode Address File (PAF) as a 
sampling frame, which includes a relatively large number of ineligible addresses (12%). Sending financial 

1 A group of homes surrounded by a barrier to which entry is restricted to residents and their guests.
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incentives to all addresses would involve a waste of resources that would be difficult to justify. Also, 
conditional incentives tend to be used in surveys that are more burdensome for respondents, such as those 
involving diary completion. These payments tend to be of a higher monetary value than unconditional 
incentives paid in advance of the interview (Lynn and Sturgis 1997).

The literature also suggests that monetary incentives tend to be more effective than non-monetary (e.g. 
donations to charities, lottery draws, pens) even when the value is the same (Singer et al 1999). Clearly,
though, the nature of the incentive must be sensitive to the population of interest, and appropriate to the 
content of the survey. For example, it would not be appropriate in a gambling prevalence study (which aims 
to quantify the prevalence of problem gambling) to provide lottery tickets as an incentive. 

Some studies have shown a positive linear relationship between the value of the incentive and the 
increase in response rates (Yu and Cooper 1983). However, evidence suggests that there are diminishing 
returns (Fox et al 1988). NatCen implemented a split-sample experiment on the National Travel Survey, 
using incentives of £10 versus £5 (compared with a control group). The use of incentives significantly 
improved response rates compared with no incentive: 59.3% compared with 50.7%. However, there was no 
statistically significant difference in response rates between the £10 and £5 groups (60.6% compared with 
57.9%), (Stratford et al 2003).

Given the important cost implications of incentives, some studies have looked at only awarding 
incentives to reissues (those who initially refuse) (Ward et al 2001). However, there are underlying ethical 
issues with this approach; indeed, the concept of incentives is often dismissed altogether by ethics
committees. The HSE, which involves a nurse visit to collect biomedical samples (including blood and urine) 
failed to get ethical clearance to offer an incentive, due to the ethics committee’s concern over ‘paying for 
blood’.

The positive effect of incentives on response rates has been attributed both to the impact on the 
interviewer – making them more confident in their approach; and the impact on the respondent – increasing 
their sense of social duty. A split-sample experiment on US Survey of Consumer Attitudes attempted to
separate out the effect of these two factors. An unconditional $5 incentive was sent along with the advance 
letter in two out of the three groups. In the first group, interviewers were unaware that an incentive had been 
sent, and in the second group they were told. The third group received no incentive. Analysis of response 
rates revealed that the incentive increased response, but that there was no interviewer effect, suggesting that 
the impact is on the respondent rather than the interviewer (Singer, Van Hoewyk and Maher 1998). 

Though interviewers do like to work on incentivised surveys, anecdotal evidence from interviewers at 
NatCen suggests that there is a thin line to be drawn between payment to interviewers and ‘payment’ to 
respondents. Further research looking at the separate impact of increased interviewer payment versus
respondent incentives would be useful – but, again, this would have underlying ethical considerations. 

Other studies have looked at the impact of incentives on different respondents in order to ascertain 
whether the effect is across the board, or specific to certain subgroups of the population. If the latter, then 
incentives might actually increase response bias. Results show that incentives do increase cooperation 
among certain groups: low income, low education, minority ethnic groups, younger people (Stratford et al 
2003, Singer et al 2000, Groves et al 2000). Since these are the groups who traditionally do not respond to 
surveys, the use of incentives therefore reduces response bia s. Analysis of the National Travel Survey in 
England showed that the use of incentives improved the sample composition compared with the Census 
(Stratford et al 2003)

To summarise, the literature suggests that incentives do work by increasing respondent motivation
(particularly among certain, traditionally reluctant, groups). Unconditional, monetary incentives are more 
effective than conditional non-monetary ones; and the effect does increase with the amount of the incentive 
(albeit with diminishing returns). The problems are, of course, the extra cost to already expensive surveys; 
the fact that we are potentially raising expectations that all such surveys should be incentivised; and the 
ethical implications of survey ‘payment’.
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Despite the existing literature, a recent experiment on HSE suggests that the case for incentives is not 
clear-cut. Previous studies at NatCen had suggested that even a small incentive can have a positive effect on 
response rates (National Centre for Social Research, 2003). HSE is a large-scale (sample size of up to 
20,000) face to face, continuous survey, using PAF as it sampling frame (which, as previously stated, has a 
high percentage of ineligible addresses). Therefore, the prospect of a small, but effective, incentive is 
appealing. The ethics committee had rejected the idea of financial incentives, so we tried a split-sample
experiment, using an unconditional incentive of a book of postage stamps sent with the advance letter (which 
had been shown to increase response rates on the Family Resources Survey – McConaghy and Beerten 2003). 
Explanations for this effect included the fact that respondents tended to remember receiving the advance 
letter, and/or an increased sense of civic participation.

HSE is a multi-stage household survey comprising an interview and a nurse visit. The stage one 
interviewer visit lasts approximately one hour and the nurse visit lasts about 45 minutes. Since the impact of 
small incentives seemed to be an increased recognition of the advance letter, it was of interest to see whether 
this alone would have an impact on response rates. To test this, a survey branded bookmark was specially 
designed for inclusion with the advance letter, and a three-way experiment was conducted: unconditional 
inclusion of book of postage stamps with advance letter (value of £1.86), unconditional inclusion of 
bookmark with advance letter, advance letter alone. 

Analysis of results showed that there were no significant differences in response between the condition 
types. The household response rate was 70% for those who received the stamps, 68% for those who received 
the bookmark and 69% for those who received the letter only. Anecdotal evidence from interviewers working 
on the experiment did, however, indicate that they liked the inclusion of bookmark or stamps as it gave them 
an additional ‘memory jog’ to use on the doorstep. HSE is a long-running NatCen survey, and many of the 
interviewers have been working on it for several years. It might be that the effect of incentives is greater on 
ad-hoc surveys which are new to interviewers. Experiments will continue to be done at NatCen, but the result 
of this one suggests that the impact of incentives on response rates is not an open and shut case. 
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Inclusion of BMEGs
Though incentives might improve numbers, high response rates alone are not sufficient for reliable 

survey estimates. There has been increasing emphasis in recent years on the need to ensure that coverage is 
equally high across all groups. This can be difficult with certain so-called ‘hard to reach’ groups, such as 
those from Black and Minority Ethnic populations, who are traditionally under-represented in surveys, even 
with the use of incentives (Aspinall P and Jacobson B, 2006). 

The population of BMEGs in England totals 14%, consisting of: Black Caribbean, Black African, Indian, 
Pakistani, Bangladeshi, Chinese, and mixed ethnicity (ONS, 2004). 

Inclusion of these groups in surveys is problematic for a number of reasons: lack of a national sample 
frame coding ethnicity, literacy, inability to speak English, the dispersed nature of some groups (particularly 
the Chinese), and lack of motivation (Hunt and Bhopal, 2004). 

Given the low prevalence of BMEGs in England, a simple random probability proportional to size (PPS) 
survey (using PAF) results in numbers which are too small to analyse separately. And given the substantial 
differences in the socioeconomic profile of individual ethnic groups, ‘lumping them together’ is
inappropriate (Modood et al, 1997). Therefore, a number of UK surveys, including HSE (Erens et al 2000, 
Sproston et al, 2006), have attempted to boost the sample size of these groups. Some studies have used 
surnames to identify ethnicity (Harding et al, 1999). But the correlation between surname and ethnic group is 
far from perfect, since a number of women who use their husband’s surname will be excluded, and many 
common surnames are also English surnames) (Sproston et al, 1999). The recognised ‘gold-standard’ method 
for obtaining a random, probability sample of people from BMEGs in England has long been ‘focused
enumeration’ (FE). This approach was developed jointly by the National Centre for Social Research and the 
Policy Studies Institute as a practical way of screening for minority ethnic groups (Brown and Ritchie 1981).

At each sampled household interviewers ask respondents about the ethnicity of households at
neighbouring addresses. This allows interviewers to identify households belonging to minority ethnic groups, 
reducing the number of addresses they need to visit. Field experience of this method has shown that two 
doors either side of the respondents address is optimal. We recommend this to minimise the number of false 
positives, which waste interviewer time, and false negatives, which leave out potential respondents.

Using FE involves screening far fewer households than a full household screen, and is therefore cost 
effective. When an address is positively identified, it is visited by the interviewer to complete the screen, 
thereby removing any false positives. Inquiring about two addresses either side of the sampled household 
increases the number of screened addresses by a factor of five, as four extra addresses per selected household 
are being included. However, there is an inevitable amount of under enumeration, so the actual number 
covered is lower. This is in part due to false negatives, where the information given by respondents is 
incorrect. In some cases there will by no adjacent addresses, so no extra addresses will be covered. Response 
rates also tend to be slightly lower at FE addresses. Some work comparing full household screening with FE 
found the identification of eligible addresses two doors either side of the respondent’s address using FE to be 
70% of that of a full screen. The lower coverage from using FE compared to a full household screen is 
usually outweighed by the cost savings (Finch et al 2003). 

FE only works well with visible characteristics, i.e. whether the household has children or whether 
household members are from a ‘visible’ minority ethnic group. HSE 1999 and 2004 included an Irish group 
(a non-‘visible’ ethnic group), and these respondents were recruited by asking them whether they were born 
in Ireland or whether their father or mother was born there. 

Another important measure taken in order to increase coverage of BME groups in HSE is translation. 
HSE 2004 included a boost of six minority ethnic groups: Indian, Pakistani, Bangladeshi, Chinese, Black 
Caribbean and Irish. Survey documents were translated into seven languages: Urdu, Punjabi, Gujarati, Hindi, 
Bengali, Mandarin and Cantonese. Bilingual interviewers were used. Initial contact at the address included a 
translated card asking respondents to indicate whether they would like to be interviewed in one of these 
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languages. An appointment with a bilingual interviewer was subsequently made. Clearly, such a process is 
time-consuming and expensive. And while translation of survey documents is far preferable (in that it 
ensures consistency) to ‘ad-lib’ translation by interviewers, there are still issues to be addressed. Some 
dialects do not have a written standard form – for example Sylheti; and those Bangladeshi respondents who 
spoke Sylheti had to be interviewed in Bengali. HSE survey documents are ‘back-translated’. This involves 
the retranslation of translated text into the original language, in order to test the quality of the original 
translation. However, there is also the issue of cross-cultural applicability of words and concepts, which has 
led some to argue that mere back transla tion is not enough (Hunt and Bhopal 2004). This is a valid concern, 
but to examine and ensure cross-cultural applicability of interview material (for an interview lasting an hour), 
and seven languages, would be prohibitively expensive and time-consuming. Moreover, the survey includes 
adults aged 16 and over, and it is likely that cultural understanding varies by age within  ethnic group. 

Statistical analysis of differences between groups
Once you have your sample, including those from Black and Minority Ethnic Groups, how do you tell 

whether there are differences between them? The two Health Surveys in England which have focussed on 
BMEGs, have found major differences in health outcomes between them. But are these real or are they the 
result of confounding factors such as age or social class? 

The age profile of ethnic groups in England varies, as shown in the table below which describes the 
2004 HSE sample.

Table 1 Age profile of HSE 2004 sample, by minority ethnic group 

Age group Minority ethnic group

Black
Caribbean

Black
African

Indian Pakistani Bangladeshi Chinese Irish General
population

% % % % % % % %

Men

16-24 15 23 16 20 24 30 11 15

25-34 14 24 21 29 27 19 13 17

35-44 26 27 22 21 23 14 22 20

45-54 15 15 21 15 13 19 16 16

55-64 11 8 10 6 4 10 21 15

65-74 13 2 8 7 8 6 12 10

75 and over 5 0 4 2 0 1 6 7

Women

16-24 17 20 16 23 30 21 5 14

25-34 15 31 22 33 35 18 16 16

35-44 28 31 23 19 14 27 26 19

45-54 15 11 21 14 10 20 18 16

55-64 11 4 10 7 6 8 18 14

65-74 11 3 5 4 3 4 10 11

75 and over 3 1 2 1 1 2 7 10

As can be seen from Table 1, the general population and Irish groups are older, on average, than the 
BME groups. And, since health is so highly correlated with age, it is almost inevitable that observed results 
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will show that they are in poorer health (on key survey measures). Because of this, epidemiological analysis 
tends to use age-standardised figures as well as (or instead of) observed results (Armitage and Berry, 1987; 
Aspinall and Jacobson, 2006). 

HSE uses age standardisation in order to enable different minority groups to be compared after
adjusting for the effects of any differences in their age distributions. HSE uses the direct standardisation
method, separately within each sex. In the direct method, the age-specific rates from the study population are 
applied to a standard population structure, that is, a standard age profile. We then calculate the overall rate 
that a population with the standard age profile would have if it experienced the same age-specific morbidity 
as the observed population. This is done by multiplying each age-specific morbidity rate by the proportion in 
that group in the standard population. Summing the age groups together results in the average morbidity rate 
for the population – the age-standardised morbidity rate.

Looking at results from HSE 2004, the prevalence of diabetes (type 1 or type 2) is 4.3% among men 
and 3.4% among women in the general population. The observed prevalence is much higher among South 
Asians (Indian, Pakistani and Bangladeshi) and Black Caribbeans, as shown in the table below. When the 
different age profiles of the population are taken into account, these differences remain statistically
significant (see Table 2 and Figure 1).

Table 2 Prevalence of diabetes among different ethnic groups

HSE 2004

Doctor-diagnosed diabetes Minority ethnic group

Black
Caribbean

Black
African

Indian Pakistani Bangladeshi Chinese Irish General
population

Men

Observed % 10.0 5.0 10.1 7.3 8.2 3.8 3.6 4.3

Age-standardised risk ratios 2.05 1.98 2.86 2.72 3.87 1.29 0.67 1

Standard error of the ratio 0.54 0.60 0.43 0.54 0.78 0.36 0.22

Women

Observed % 8.4 2.1 5.9 8.6 5.2 3.3 2.3 3.4

Age-standardised risk ratios 3.03 1.80 2.46 5.32 3.20 1.72 0.84 1

Standard error of the ratio 0.49 0.61 0.46 0.87 0.77 0.48 0.24
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 The observed prevalences, and age-standardised ratios, above follow roughly the same pattern.
However, in some cases controlling for age in the analysis can remove significant differences, or even
reverse the pattern. For example, in HSE 2004 the observed prevalence of angina was lower among 
Bangladeshi women (2.0%) than women from the general population (3.4%) as shown in Table 3 below. 
However, after standardising for age, the risk ratio among Bangladeshi women was twice as high (2.22) as 
for women in the general population (set at 1). This observed prevalence is lower because Bangladeshi 
women are younger, on average, than general population women. This was the only risk ratio to be 
significantly higher than the general population.

Table 3 Prevalence of angina among different ethnic groups

Doctor-diagnosed angina Minority ethnic group

Black
Caribbean

Black
African

Indian Pakistani Bangladeshi Chinese Irish General
population

Men

Observed % 3.4 0.7 4.9 6.9 3.1 1.6 4.0 4.8

Age-standardised risk ratios 0.73 0.36 1.26 2.85 1.24 0.60 0.73 1

Standard error of the ratio 0.22 0.25 0.31 0.75 0.37 0.23 0.22

Women

Observed % 1.5 0.5 3.2 2.5 2.0 1.2 2.5 3.4

Age-standardised risk ratios 0.61 0.19 1.79 2.19 2.22 1.00 0.87 1

Standard error of the ratio 0.23 0.13 0.46 0.65 0.61 0.67 0.28

Summary
This paper has discussed some of the challenges facing researchers on health surveys, with specific 

reference to the Health Survey for England (HSE), run by NatCen. The paper has looked at ways of 
counteracting the trend of falling response rates – particularly the impact of incentives – in order to obtain a 
robust and representative sample. But a robust sample requires coverage of some hard to reach groups, such 
as ethnic minorities who (in England) are difficult to sample due the lack of adequate sampling frame. The 
paper discussed a technique called focussed enumeration – a pragmatic screening method - which is 
currently seen as the ‘gold standard’ method of achieving random probability samples of BMEGs. Once a 
dataset is obtained, a major aim of survey research is to analyse differences between subgroups of the 
population. The paper outlined how HSE uses age-standardised ratios, as well as observed percentages, in 
order to compare the health of different minority ethnic groups in England.

Though some of these issues are specific to the UK context, many are ubiquitous. It is hoped that 
the paper enables information to be shared about some of these challenges, and also about how they might be 
overcome (or, at least, their detrimental effects reduced). 
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Session IP 87 

Discussion by Denise Lievesley  

I wish to begin by thanking the authors for three interesting papers which each make a 
significant contribution to improving the quality of health research.  Since the papers cover very 
different aspects of methodology -   I will address the three papers separately and in doing so will 
attempt to include comments on fruitful areas of research for the future. 

The paper by Kevin Dodd discusses the use of complex models in the analysis of food 
consumption data.  I am interested in the extent to which the approach he outlines can 
handle some of the methodological issues inherent in such surveys.  In the UK our equivalent 
survey is the UK national diet and nutrition survey.  For a description of this survey see 
http://www.food.gov.uk/science/dietarysurveys/ndnsdocuments/  

Non-response is an important issue in surveys of the general population in the UK (as 
discussed in the paper by Sproston).  Examining the survey report from 2004 we see that just over 
one-third, 37%, of the eligible sample refused outright to take part in the UK survey. This 
includes 3% who, in response to the advance letter, contacted head office directly, refusing to 
take part. The remaining refusals were made at the time of the interviewer’s visit and included 
refusals made by the household as a whole, and by the selected respondent. Only 2% of the 
eligible sample were not contacted. The low level of non-contacts is likely to be the result of the 
three-month field period for each wave of the survey, during which several attempts were made to 
establish eligibility and contact with all sampled households. In addition addresses returned as 
non-contacts were reissued to interviewers working in subsequent waves of fieldwork where 
further attempts were made to establish contact.  Overall, 61% of the eligible sample, 2,251 
respondents, completed the dietary interview. To what extent do the approaches which Dodd 
outlines accommodate uncertainty due to non-response especially differential non-response for 
which weighting adjustments are made in the analysis ?  

Surveys on this topic frequently involve multiple stages – they often begin with an 
interview, and respondents to this are asked to complete a diary of food intake.  In the case of the 
UK survey there are additional stages whereby respondents are asked to provide anthropometric 
measurements and urine and blood samples.  47% of the eligible sample completed a full seven-
day dietary record. Each respondent taking part in the survey, regardless of whether they 
completed a dietary record, was asked to consent to having measurements taken of their standing 
height, body weight, waist and hip circumferences, and blood pressure.  For each of these 
measurements, at least 77% of the responding sample and 93% of the diary sample had the 
measurement taken. Overall, 66% of the responding sample and 83% of the diary sample 
consented to making a 24-hour urine collection.  Overall, 63% of the responding sample and 78% 
of the diary sample consented to having a blood sample taken.  

I assume that the NHANES survey has a similar design.  Thus the non-response structure is 
complex with losses at each phase and it is important that the model fitting methodology handles 
this, especially since one might expect there to be some differential attrition.   An independent 
evaluation of the potential impact of non-response bias in the UK national diet and nutrition 
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survey was undertaken by the University of Southampton.  The authors concluded that there was 
no evidence to suggest serious non-response bias, although this should be interpreted with caution 
as estimates of the bias were based upon assumptions about the total refusals and non-contacts for 
whom there was very little information. The authors recommended population-based weighting 
by sex, age and region. Indeed, without weighting for the differential response effect, estimates 
for different groups would be biased estimates because, in particular, they under-represent men 
and the youngest age group (Skinner and Holmes (2001)).  

Similarly I am interested in how well the methods capture uncertainty due to measurement 
error. Do the methods assume their measurement error model is correct?  Is there any robustness 
in the method to departures from the specified model?  

In many health surveys regional or area comparisons are of great interest but the relatively 
small sample sizes often mean that we can carry out only limited comparisons with confidence.  
Surveys which involve home visits by medical personnel for the collection of biometric 
measurements and samples – as is the case in both the UK national diet and nutrition survey and 
the English Health survey described in Sproston’s paper – may be more tightly clustered than 
other surveys in order to make greater effective use of the time of expensive personnel.  Thus data 
for smaller regions might be based on a relatively small number of PSUs.  Did Dodd review how 
well the variance estimation methods could handle this situation? 

   
Kerry Sproston addresses a range of issues both methodological and analytical in the 

conduct of the Health Survey for England.  I must declare an interest since until a few weeks ago 
I was the sponsor of this survey.   

The paper tackles an issue of particular importance to the survey users and sponsors – that 
of the declining response rates in the UK for official surveys as outlined in Martin and Matheson 
(1999).  Sproston reports on an experimental design in which small incentives (a bookmark, or 
postage stamps) were given to random subsamples with no incentive given to the rest, as a 
control.   No significant differences were obtained in the overall response rates amongst the three 
groups despite the fact that the incentives seemed popular with the interviewers.  Sproston 
speculates that the incentives might have a greater impact on new interviewers and thus not be so 
noticeable on the Health Survey for England which tends to be conducted by more experienced 
interviewers.  The Health Survey is extra-ordinarily demanding upon respondents, requiring an 
interview of about an hour and a separate visit by a nurse for some 45 minutes.  Perhaps the 
incentives are too small in relation to the commitment required of respondents to have an impact. 
A talented interviewer can make the value and purpose of the survey appear both important and 
exciting.  In such a situation one needs to be careful that incentives do not inadvertently 
undermine respondents’ perception of the public worth of the survey.  I look forward to future 
research on the use of incentives in interview health surveys, since so much of the literature on 
incentives arises from postal surveys or surveys conducted in the commercial sector and I have 
some doubts about drawing inferences from these areas to this very special research field. 

As I mention above, the overall response rates on the Health Survey for England have been 
falling.  Kerry Sproston highlights the fall from 81% in 1993 to 72% ten years later in 2003.   She 
draws on American research to identify the factors which have lead to decreases.  There are 
cultural differences in some aspects of survey response and I would like to see a more detailed 
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analysis of the reasons for, and impact of, the falling response rates on this survey in particular.  I 
would argue that response rates as low as 72% demand a major review as to whether we can 
continue to rely on these results.  The marginalised and those in situations of disadvantage are 
particularly important in health surveys and we need to be assured that these parts of the 
population are not being increasingly excluded.   

In the target-focussed world of official statistics, the Health Survey for England is used 
extensively to examine changes in the health attitudes and circumstances of the population over 
time, yet the survey design is one of repeated cross-sectional surveys.  Indeed almost all of the 
analysis treats each annual survey as an ad-hoc study.  In the future more attention needs to be 
given to the temporal aspects of the design and analysis of the survey.  In this respect too the 
impact on measures of change of the falling response rates should be examined.  The response 
burden of this survey is already high and would be exacerbated by the introduction of a panel 
element into the design.  It would be interesting to learn how other countries have dealt with this 
dilemma. 

Sproston provides powerful results which demonstrate why it is vital to be able to analyse 
the data separately by ethnic group.  Some health problems and situations are markedly different 
according to ethnic origin, see the Information Centre’s website where the full report can be 
found  http://www.ic.nhs.uk/statistics-and-data-collections/health-and-lifestyles/health-survey-
for-england/health-survey-for-england-2004:-health-of-ethnic-minorities--full-report   After 
adjusting for age, doctor-diagnosed diabetes was almost four times as prevalent in Bangladeshi 
men and almost three times as prevalent in Pakistani and Indian men as in men in the general 
population. Doctor-diagnosed diabetes was more than five times as likely among Pakistani 
women, at least three times as likely in Bangladeshi and Black Caribbean women, and two-and-a-
half times as likely in Indian women compared with women in the general population. We see 
changes in the health of ethnic minorities as they become more like the general population over 
time with increasing obesity and heart disease.  Prevalence of cardiovascular disease increased 
significantly between 1999 to 2004 in Pakistani men (from 4.8 per cent to 9.1 per cent) and 
Indian women (from 2.3 per cent to 4.2 per cent).  

Sproston describes how the sample is boosted for some black and ethnic minority 
populations through the use of ‘focused enumeration’ developed at the then Social and 
Community Planning Research around 1980.  She calls this a ‘gold standard’.  Certainly the 
method is an enterprising way of increasing the numbers in a sample of a recognisable sub-
population  but I am interested in whether it has been recently re-evaluated.  One can hypothesise 
that the many changes to society over the last thirty years – including an increase in the ethnic 
minority population, their dispersion, greater mobility in the population as a whole as well as 
different working patterns resulting in people knowing less about their neighbours - would  all 
have led to a decrease in the efficacy of this method. 

Turning to the paper by Alastair Scott and Chris Wild, I am very pleased to see them 
bring their survey sampling expertise to bear on this important aspect of health research – case 
control studies – in a continuation of their important research of the last ten years.   
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Case control studies have, as the authors report, increased in their use substantially.  They 
can be defined as studies in which the risk factors of people with a disease are compared with 
those without a disease. It is an epidemiological method that begins by identifying persons with 
the disease or condition of interest (the cases) and compares their past history of exposure to 
identified or suspected risk factors with the past history of similar exposures among persons who 
resemble the cases but do not have the disease or condition of interest (the controls). The 
relationship of an attribute to the disease can therefore be examined by comparing affected and 
non-affected individuals with regard to the frequency or levels of the attribute in each group. 

In evaluations of the effects of healthcare interventions, a study in which people are divided 
into groups that are exposed or not exposed to the intervention(s) of interest before the outcomes 
have occurred is called a randomised controlled trial.  These are always prospective studies and 
case control studies never are. Case control studies involve identifying patients who have the 
outcome of interest (cases) and control patients who do not have that same outcome, and looking 
back to see if they had the exposure of interest. The exposure could be some environmental 
factor, a behavioural factor, or exposure to a drug or other therapeutic intervention.   

If I have understood this paper correctly Scott and Wild advocate the use of case-control 
designs and explain how the controls can be obtained via survey sampling methods.  But 
estimation and inverse probability weighting is inefficient in this context because the gains that 
case-controls design 'logistically' achieve (pun intended) have in effect been discarded.  So they 
argue for a stratified logistic framework at the analysis stage, with attention being paid to the 
estimation of sampling errors.  They point out that in most research we are not interested in 
intercepts. Are there circumstances in which we might be interested in the intercepts and how 
might this affect their conclusions? 

Scott and Wild consider the case whereby the cases and controls are drawn independently 
in an ‘unmatched’ way (though they do consider the situation in which the control sample is 
stratified to be broadly comparable with the cases).  Presumably taking this to an extreme would 
be the equivalent of a matched case-control study?  Can they extend their models to address such 
matched designs? 

I believe that an important message from the paper is the need for clarity about what we are 
trying to measure.  Too often we embark on analysis without such clarity.  I am interested in the 
author’s views of the key messages not only for analysts of case control surveys but also 
importantly for those who are involved in seeking appropriate data for the selection of controls.  
Our major studies, such as the Health Survey for England seem to have unexploited potential for 
the selection of stratified, or even matched, controls.  I am interested in the authors comments on 
such sources and how they anticipate taking account of non-response and measurement error in 
their estimation processes.  But overall my question is what are the implications of this research 
for the design of case control studies?       
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Biometric developments related to health surveys: a discussion

A. L. Carriquiry and S. M. Nusser
Department of Statistics, Iowa State University, Ames, IA 50014-1210, USA

Introduction

National health surveys provide critical information for monitoring the health of a country’s population
and for uncovering relationships among risk factors and health outcomes. These surveys often include
reports of behaviors from respondents as well as more objective measures from body sensors worn by the
respondent, medical examinations and laboratory tests. Complex sample designs are a common feature,
especially to oversample under-represented or at-risk groups. In some cases, replicate measurements on
individuals are taken to develop measurement models for noisy variables such as daily dietary intake or
physical activity. Case-control studies represent another important approach to evaluating disease risk
factors in which attributes of persons with a disease condition (cases) are compared with attributes of
individuals from the same population who do not have the disease condition (controls). Increasingly,
complex probability sample designs are being used to recruit controls from a population that matches the
case population on important characteristics related to the disease condition found in cases.

Health surveys are subject to methodological problems common to most surveys, including recruiting a
representative sample with adequate sample sizes for small domains and analyzing data from unequal
probability samples. In addition, challenges arise from the inability to cheaply and/or directly observe key
health characteristics and the heavy respondent burden associated with getting good surrogate measures
of these characteristics. The papers presented in this session represent three important issues in health
studies: sampling, recruitment and comparison estimates for relatively small minority and ethnic groups
in large-scale samples; adjusting for measurement error when estimating population distributions; and
estimating relative risks when controls and possibly cases have been recruited through complex sample
designs. We consider each paper separately in our discussion below.

Obtaining data for cross-cultural comparisons

Sproston focuses on generating credible estimates of health conditions for various subpopulations in the UK.
Difficulties in recruitment affects response rates and sample sizes for minority populations, and development
of estimation methods that provide interpretable comparisons of subgroups is challenging. The first issue
in reporting on a subpopulation is to ensure that its members are sampled in adequate numbers. In the
US, information of the geographic dispersion of minority groups is available in summary statistics from
the U.S. Census Bureau, and list sample companies have gone to great lengths to match individual phone
numbers and addresses with estimates of demographic characteristics that allow targeted sampling of
minority groups. However, in the UK, the sample frame does not include identifiers for important minority
subpopulations. An effective cluster-based method of focused enumeration has been developed to increase
sample sizes for relatively small populations, which could be viewed as a type of adaptive sampling used
to improve recruitment of units with rare conditions (Thompson 1990).

The second issue is to motivate sampled persons to respond. One method of raising response rates is to
use incentives. The use of incentives in surveys has become a vexing problem, particularly as institutional
review boards and accounting units in organizations have begun to scrutinize these payments from their
own perspectives. Prepaid incentives have fewer ethical issues and procedural requirements associated
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with them, but if the sample frame includes a substantial percentage of units that do not belong to the
target population, this is not a cost effective approach. However, post-paid incentives often involve detailed
respondent acknowledgment with confidential information, which may work against the goal of increasing
response. The efficacy of incentives is very difficult to predict, and Sproston’s discussion illuminates the
large role contextual factors play in determining the effect of incentives. Sproston also raises the issue
of whether increasing response rates is an appropriate goal. If the propensity to respond to a survey is
related to the key measures in the survey, then researchers have argued that increasing response rates is
likely to reduce nonresponse bias. However, this depends to some extent on the functional relationship
between propensity to respond and survey variables, and researchers have shown that increasing response
rates may have little effect or possibly increase nonresponse bias (Curtin et al. 2000, Keeter et al. 2000,
Link and Mokdad 2004). Finally, for ethnic groups whose native language differs from the country’s
dominant language(s), a critical barrier is whether the sampled person can understand the questionnaire.
Cross-cultural translation is another area currently receiving a great deal of attention because of increasing
ethnic diversity in many countries and the desire to pursue cross-country studies. This is a complex
challenge, and effective methods for creating translated materials are emerging (Harkness 2006).

The third issue Sproston raises is how to compare prevalence estimates among minority ethnic groups
given discrepancies in the age structures of the population. The author generates comparable estimates by
calculating subpopulation prevalence estimates under the assumptions that each subpopulation follows a
common standard age structure but has its own age- and gender-specific morbidity rates. This raises the
question of what the basis of comparison should be. If one is interested in allocating supporting medical
resources to address conditions in populations, one would use the direct prevalence estimates, which reflect
the actual condition of each subpopulation. The proposed method is appropriate for understanding whether
there is a difference in population that transcends age distributions. However, the choice of age distribution
will affect the magnitude of the estimated differences among subpopulations, and it is not clear what criteria
should be used to choose one approach over the other.

Estimating usual dietary component distributions in the presence of measurement error

The manuscript by Dodd focuses on the issue of estimating the usual intake distribution of episodically
consumed foods or food groups. An example of an episodically consumed food group is green leafy vegeta-
bles. In the US, national food consumption surveys include a subsample of individuals interviewed on two
non-consecutive days. If a food is not consumed almost daily, the probability that an individual will report
no consumption of the food during the two interview days is high, but if consumption is weekly then this
probability is low (Nusser et al. 1996). Thus, one difficulty in the analysis of intake data of episodically
consumed food groups is the large proportion of observed zeros in the data. Further complicating matters
is the fact that some zeros arise from respondents who never consume the food, and it is very difficult to
distinguish between non-consumers and occasional consumers in the course of analyses.

Dodd’s methodology is based on the model proposed by Tooze and others (Tooze et al. 2002, Tooze et
al. 2006) for modeling repeated measures with clumping at zero. Here, Dodd proposes using the Box-Cox
approach to transforming positive food intakes to the nearly normal scale. The vector of parameters to be
estimated therefore includes the power for the transformation. While Tooze and colleagues were interested
in identifying covariates significantly associated with the response of interest, Dodd’s focus is on estimation
of the distribution of the unobservable usual (or long-run) average intake of the food in the population of
interest.

Dodd’s work builds on a method proposed by Nusser et al. (1996) to estimate the distribution of usual
intake of nutrients or foods consumed episodically. Both approaches model the probability of consumption
of the food and the amount of food consumed on consumption days separately. However, the work by
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Dodd, Tooze and colleagues broadens prior methods by allowing the frequency of consumption and amount
consumed to be correlated and by avoiding issues raised by newer health survey designs that involve only
two replicate observations. The method proposed by Dodd also extends his prior work (Dodd et al. 1997),
which modeled the correlation between probability of consumption and amount consumed using a linear
function, but still relied on a reasonably large number of interviews per respondent in order to estimate
the distribution of consumption probabilities. To address these issues, Dodd, Tooze and colleagues model
the logit of the probability of consumption as a linear function of covariates and a subject-level random
effect, which obviates the need for more than two replicate observations on sample individuals. Also,
by letting the subject-level effects in the model for the probability of consumption and in the model for
amounts consumed be correlated within person, this approach provides a more general solution to the lack
of independence between the two response variables.

While the proposed method represents a step forward, it does not reach the stated goal of estimating
the distribution of usual intakes of episodically consumed foods. Using ri = piai (equation 6) and Dodd’s
estimation approach for fP,A(p, a), we propose that the next steps are required to meet the goal of obtaining
the distribution f(r). First consider a bivariate transformation from r = pa and v = a. The Jacobian of
the transformation is defined in the usual way. Then

fR,A(r, a) = fP,A(
r

v
, v)

∣∣∣∣∂(p, a)
∂(r, v)

∣∣∣∣ .
Given fR,A(r, a) it is then possible to estimate the desired usual intake distribution by integrating the
joint distribution of r and a with respect to a. Since the joint distribution of p and a is not available in
closed form, the transformation and the marginalization described above would need to be implemented
numerically.

Finally, researchers in the nutritional and epidemiological sciences often wish to compare the usual intake
distributions across life-stage, gender or socio-economic groups. In the Dodd approach, covariates in the
model permit aggregating intake information across groups presumably to increase the number of non-zero
consumption observations even when the true probability of consumption of the food is very low. It is not
clear, however, how we might then proceed if we were interested in, for example, testing whether an upper
percentile of usual consumption of a certain food is different in adolescent males and adolescent females.
One simple alternative is to fit separate models to adolescents of different genders, although for some foods
there may be very few positive intakes in the sample.

Estimating risk ratios under complex sample designs

Scott and Wild consider estimation of relative risks using data from unmatched case-control studies. In
this kind of study, the cases are usually individuals who have a special disease condition whose risk factors
are being investigated, ideally randomly selected from the full population of diseased persons. Individuals
in the control population do not have the condition found in cases, but their characteristics otherwise
mirror those of the case population, at least with respect to factors that are related to the disease. Ideally,
the control population is well-defined and a probability sample is drawn from this population. Often the
control population is far larger than the case population, which leads to very small inclusion probabilities
and potentially large survey weights for the sampled control respondents relative to those of the cases. If
a complex sample design was to recruit the control population, estimation of regression parameters in a
logistic regression is no longer straight forward.

In this setting, the bias-variance trade-off for the contrasting approaches of using survey weights to obtain
design-unbiased estimates of parameters vs. using models to improve the efficiency of estimated parameters
is rather extreme. Scott and Wild propose a compromise in which the estimating equation for the logistic
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regression is cast as a weighted average of a mean from the cases and a mean from the controls. Given
unbiased estimators for the control and the case means in the estimating equation, a weighted average
of these two estimates is used to obtain the full estimating equation and resulting parameter estimates
expressing the relative risk for a factor.

An issue is which weights to use for the means associated with the case and control components of the
estimating equation. Scott and Wild indicate that the relative sample size for cases and controls (or
effective sample sizes if complex sample designs have been used) has proven effective when compared to
an approach in which relative population sizes are used to weight the components. They also wisely follow
the standard practice of comparing estimates with and without survey weights to evaluate whether the
model is appropriately specified.

The trade-off between bias and variance arises in many other areas of statistics. Often, the mean squared
error is used to balance bias-variance trade-offs and optimal (in the minimum MSE sense) estimators are
desirable. We wonder whether a similar approach might be useful here. For agencies that place a higher
value on unbiasedness than on efficiency, perhaps an objective function that gives more weight to the bias
term could be employed.
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Archiving Global Demographic Data: The Contribution of the

United Nations Demographic Yearbook

Paul Cheung
United Nations Statistics Division
E-mail: paul.cheung@un.org

Srdjan Mrkic
United Nations Statistics Division

ABSTRACT

The paper presents the contribution of the United Nations Statistics Division in archiving demographic
statistics over the past 60 years. It focuses on the description of records in the Demographic Yearbook
archives, their provenance, volume, storage and retrieval. A special emphasis is given to the discussion
regarding the completeness of these archives as a consequence of lack of data for certain countries or
areas. Taking into consideration the significant value of these statistics at international level, the
paper raises the issues of best approaches to increase the completeness of these archives and to fill the
existing gaps.

Keywords. Archives, offical records, official statistics.

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 1822 -



1

  
Rebuilding of the Cambodian Statistical system since the 

downfall of the Khmer rouge- A case study in the lost history 
from Cambodia 

I. Background      by SAN Sy Than 
              DG, NIS Cambodia 

 Since 1979, Cambodia had adopted a decentralized statistical structure. The 
statistical programmes are administered and operated under the authority of separate 
government ministries. The statistical system is constituted of the Department of Statistics 
(DOS) as the central statistics office located under the Ministry of Planning(MOP), with  
statistical bureaus and sections within planning and statistics departments in ministries, and 
statistical bureaus in the planning and statistics services in the  provinces and districts. 

The decentralized statistical units in ministries and departments collected and 
compiled statistics through periodic reports obtained from enterprises and institutions, and 
by processing administrative records. DOS was upgraded to NIS in 1994 and its staff 
strengthened and its functional responsibilities enlarged from one of compiling data 
compiled by decentralised offices to one of collecting primary data through the development 
and implementation of household and establishment survey systems and conduct of census 
operations. The Asian Development Bank, UNDP, UNFPA and others  have been providing 
technical assistance to rehabilitate and strengthen the statistical system of Cambodia.  
 Cambodian Statistical System  benefits from  the  projects on Statistical System 
Development in Cambodia financed by ADB since 1992. This was the first Statistics project 
in Cambodia after Khmer Rouge. In 1992 when we started the first project of ADB and 
UNDP, the staff strength of DOS was around 40 staff at central level and 450 staff at local 
level (provinces and districts).  

According to the Statistics Law enacted in May 2005, the NIS is the Directorate 
General of the Ministry of Planning but the technical independence is ensured by statistical 
legislation. The title of Director of NIS and Deputy Director of NIS has changed to Director 
General and Deputy Director General of NIS in early 2006. The number of staff has 
increased particularly at central level and the budget has reached 6 million US$ in 2007 ( 
2008 is the census year). The NIS has a total  staff strength of 260 at central level and 375 
staff at local offices ( provinces and districts) in 2007. Cambodia participated in the GDDS 
of IMF since 2001. The sub-decree on  Organization and Functioning of NSS was approved 
in January 2007. NIS has opened policies, NIS website launched in December 2000, NIS 
Data Users Service Center  opened to public.  

II. Short History

In the modern period statistical activities  began when Cambodia was a French 
protectorate 1863-1953, however it was only in 1948 that a separate department titled the 
Statistics Department of Cambodia was formally established as a central statistics office. 
Since then, the Department has undergone many transformations due to political, economic 
and social circumstances. Its name, role and activities have changed from time to time. 
Between 1948 and 1953 it was titled the Statistics Department of Cambodia and from 1953 
to 1963 it was named the Department of Statistics and Economic Study and from 1963 to 
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1975 it was known as the National Institute of Statistics and Economic Research under the 
Ministry of Planning. In the 1950’s and 1960s, the Statistical System in Cambodia had been 
comparable to those that obtained in small developing economies. The statistical system had 
deteriorated in the early 1970s and was dismantled in 1975-1979 in the Khmer Rouge 
Regime and it was re-established only in 1979. During this period the qualified statisticians 
and statistical cadres have either died or left the country. From 1979 to 1981 DOS was under 
the Ministry of Finance and it was assigned to the Ministry of Planning (MOP) in 1981 
under which it continued to function.  

In the 1990s, Statistics was not a priority subject. Statistical office lacked authority, 
staff, equipment and funds. In 1992 when we started the first project of ADB and UNDP, 
the staff strength of DOS was around 40 and we had no one computer and the buildings of 
DOS were in the very bad state. A decentralised statistical system with the DOS located 
under the Ministry of Planning and bureaus in line ministries and provincial administration 
was setup. These bureaus functioned practically independently of DOS. DOS did not collect 
primary data and depended on data furnished by line ministries by the periodical reports. 
However, this system of reporting was broken down gradually since early 1990.   

MOP strengthened DOS and upgraded it to NIS in 1994. In September 1997, NIS 
has received the status of Directorate General of the Ministry of Planning. Now, the NIS is 
recognized as important institution serving the needs of various data users. Besides the 
significant achievements under the ADB projects, the population census was conducted 
successfully in March 1998.  

III. Impact of war and civil disaster on statistical system of Cambodia

 The Statistics work came to a complete stop in 1975 to 1979. All of the statistics 
documents, records were destroyed together with publications, books, The statistics 
publications of the 1940s, 1950s, 1960s and 1970s are practically non existent in the 
country. The city was evacuated everybody were working as farmers in the rural areas 
outside Phnom Penh. After the Khmer Rouge Regime, the DOS restarted with new building 
with 21 young staff in 1979. We need to rebuild everything from scratch. The most 
important difficulty we encountered is that the generation of former statisticians were 
missing (generation of 35 years olds and older in 1980): no one statistician remained from 
the past who can tell stories about population census, how prices statistics were collected, 
etc.
The country’s demographic history has been heavily affected by the war and civil 
disturbances before, during and after the Khmer rouge regime 1975- 1979.  

IV. How to rebuild the Cambodian National Statistical System   

 Cambodia statistical infrastructure and capacity were very weak in the early 
1990s after 2 decades of war and internal strife. Starting from 1992, the quality and 
coverage of economic and socio-demographic statistics have gradually improved. A 
significant number of donor-led data collection and compilation activities have been 
undertaken since the country was opened in 1992.

The ADB, after a decade of technical assistance, discontinued its support in 2003. 
The collection of prices in five provinces for the CPI (Consumer Price Index) was started 
with assistance from ADB but NIS continued to collect these data by Government 
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budget. Training activities continued with IMF support. UNDP, the Sida and World Bank 
have funded the 2003/2004 Cambodia Household Socio-Economic Survey, which 
includes an income and expenditure diary. The Asian Development Bank (ADB) and the 
International Monetary Fund (IMF) have provided extensive support on capacity building 
and data collections for macro economic and industrial statistics. Training courses and 
on-the-job training  was given on a variety of topics of economic statistics. The 
Cambodia Socio-Economic Surveys of Cambodia were conducted in 1993/1994 and 1996 
with ADB assistance, and in 1997, 1999, and in 2003/04 with UNDP/Sida funding and 
World Bank execution. Establishment surveys were carried out in 1993, 1995 and 2000 
with support received from ADB. Since ADB ended the assistance, JICA assisted in this 
area starting from establishment listing in Phnom Penh and then expanded to major 
provinces. We have plan in the future to do establishment census also. 

The United Nations Population Fund (UNFPA) provided primary support for the 
1996 Demographic Survey, the 1998 Census, the 2000 Cambodia Demographic and 
Health Survey (CDHS) and the 2004 CIPS. UNFPA, SBJ and JICA provide technical 
assistance to 2008 Population Census. We currently have UNFPA, JICA, Government of 
Japan, German Government assisting the Royal Government of Cambodia in funding the 
2008 Population census. The SIDA project started in 2006 and will last 3 years for the 
first phase. It focussed on continuous households survey, IT strengthening and subject 
matter analyses. The annual households surveys seemed to work well based on diaries 
method. The results will be used greatly for the quarterly national accounts and annual 
monitoring the NSDP contributing to the annual report. USAID, UNFPA, UNICEF, 
DFID/ADB and CDC/GAP financed rounds of the Cambodia Demographic and Health 
Survey in 2000 and 2005. The UNDP is assisting in the statistical governance, legislation 
and coordination. The use of new software SUPERSTAR is being considered and 
approved by NIS management. The WB with IDF Grant and STAT CAP is focusing to 
training in specialized areas such as sampling, questionnaire design, data collection, data 
processing of NIS staff abroad. The grants also assisted in the household surveys , 
training in country and upgrading statistical infrastructures. 

Staff Development through local and foreign training, study tours and 
participation in the seminars . In the early 1990s, several staff were sent to Japan, India. 
Especially, the second and third phase of the TA supported 6 staff for masters degree in 
Philippines and several other staff for diploma and certificates from abroad. With regards 
to In country course, at the same period, several hundred persons have been provided 
with basic training through short training programmes.

Most staff require further training and skills development to get to the levels of 
competency needed to undertake the tasks required. Priority needs to be given to further 
developing leadership and management; methodology; statistical standards; survey 
design and methods; questionnaire design; information and communications technology; 
data dissemination; and writing and presentation skills. These skills need to be used 
continuously in undertaking regular statistical collection, compilation and dissemination 
activities, so that they can be maintained and developed further. Skills development for 
NIS provincial and district office staff, and staff working in the other RGC statistics units 
is the highest training priority. 

JICA project started in September 2005 and focused at the beginning on training 
(more than 500 staff of NIS, line ministries and provinces), census mapping and 
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digitizing, data processing of the census and establishment surveys and later focused on 
2008 population census.  

In January 2001, Cambodia adopted the General Data Dissemination Standards 
(GDDS) framework on core economic and social statistics, and has commenced 
implementation of these standards, in order to expand and improve these statistics.   

 The Statistical Master Plan (SMP) sets out a longer term, prioritized plan for 
Cambodia's national statistical system (NSS). It covers the whole of the NSS including 
the National Institute of Statistics (NIS), statistical units in line ministries and the 
National Bank of Cambodia. The Statistical Master Plan provides the strategic long term 
view and longer term financing plan needed for planning statistical activities. 
 The estimated RGC statistics budget for 2007 taking into account the Population 
census 2008 is estimated at 1,204 thousands US$. Donors contributions are essential for 
the development of NIS and equal to 4,816 thousands US$. In 2010, the budget from 
RGC and donors will be almost equal, the Royal Government increasing by 10 
percentage point of the financing gap a year over the period to 100% by 2015.  
 A number of statistics units do not have adequate staffing levels to effectively 
coordinate, collect, compile, analyze and disseminate statistics. Some ministries do not 
have any statistical staff at all. Staffing levels need to be improved in order to handle 
ongoing statistical activities and to develop the outputs to meet priority emerging needs.  
 There is also considerable scope to improve buildings, equipment, facilities, and 
technology infrastructure, especially for NIS provincial and district offices, and in 
establishing new RGC statistics units. Office space for statistics units need to be 
improved to provide good physical security and there needs to be fully protected 
computer facilities and procedures. Office furniture and equipment (desks, chairs, filing 
cabinets, computers and related equipment, software, telephones, etc.) need to be 
adequate to perform required statistical tasks. 
 Developing and implementing an integrated dissemination strategy for official 
statistics is another high priority project.
 Work plan priorities relating to economic statistics include improving the 
periodicity, quality, and timeliness of macroeconomic, finance and economic sector 
statistics. Improving the quality of annual and quarterly national accounts estimates, in 
current and constant prices, are the highest priority. 
 The NIS urgently needs to conduct agriculture and establishment censuses. The 
censuses are critical as they have never been conducted in Cambodia, and this lack of 
benchmark data has significant implications for the accuracy of GDP levels estimates in 
current prices. Similarly, the lack of producer and trade price indices brings into question 
the quality of GDP constant price estimates. 
 CAMInfo was used to disseminate data and to monitor the progress of CMDG 
since 2003. 

V. Challenges

There are a number of issues which have a direct bearing on the overall 
strengthening of our statistical system in the 1980s and 1990s. 
     1. Paucity of Qualified Staff - Cambodia lost its professional cadres in the mid 1970s 
and now lacks staff to work on different specialised subjects. Curricular reform and 
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upgrading of teaching staff is necessary to locally produce trained statisticians. Cambodia 
must continue to seek long term cooperation with outside to focus on capacity building.
     2. Adoption of new methodology - Work involved is specialised and extensive and 
requires support from UN and other specialised agencies, which established these 
international standards and classification schemes. 
     3. Budgetary constraints - As the revenue base is growing slowly the financing of 
statistical programmes is constrained due to needs of high priority programmes such as 
rehabilitation of agriculture, education, health and physical infrastructure. 
     4. Low salaries of staff : This implies the tendency of flow of qualified, trained staff 
to the private sector, private universities which pay well the staff. To support their living 
condition, some good staff are not working full time with NIS.  
     5. The strengthening of local offices is necessary to ensure the efficacy of the work.  
Our local offices are weak  after the shift from centrally planned economy to the free 
market economy. We still have many statistical staff at the local offices but they need 
more statistical work, training  and equipment to be enable to work in new environment.  
      6. Agricultural census : Cambodia has conducted successfully the population census 
in March 1998  after lapse of 36 years and we need to conduct agriculture census.

VI. Lessons learnt

- The policies “outward look policies” were successful in case of Cambodia for 
rebuilding the statistical capacity because of the openness of the statistical system which 
allow consultants do first in very sophisticated statistical methods and then the transfer of 
knowledge took place. 

- Improving the integration of National Statistical system in the region and in  
the world by participating actively in international workshops, meetings, study tours 
overseas and in various short term, medium term and long term training. The knowledge 
creation occurred subsequently. 
 - The strengthening of statistical legislation as statistical prerequisites seems work 
well.

- Increase the credibility of NIS, improve the quality of official statistics  
released

- Increase the commitment of Government in financing the statistical capacity 
 - The most efficient and organized way to develop the National Statistical System 
is the Statistics Master plan. 
 - Using population census to strengthen further the National statistical system. 
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Records, Archives and Disaster, A Human Right at Risk

Joan van Albada
International Council on Archives
E-mail: vanalbada@ica.org

ABSTRACT

The data available on records and archives lost due to man-made or nature-made disaster are insuffi-
cient for establishing statistics of any sort or for any part of the world – no data have been collected,
and those available are inconsistent. However, any loss will cause potential harm to the interests of
the survivors of disaster or to the memory of those who did not survive. The speaker will briefly
trawl results from disasters affecting records and archives, the loss of evidence, the loss of identity, of
property rights and of memory. He will argue that proper preservation of and access to records and
archives constitute a human right. However, in order to protect this important right, archivists will
have to learn about the appropriate uses of statistics in supporting their textual narratives. A pilot
project organised by ICA’s branch for the Pacific might be a good starting point. The speaker will
call on ISI to assist in developing statistics that will underpin the title of the presentation: Records,
Archives and Disaster, A Human Right at Risk.

Keywords. Records, Archives, Disaster.
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Models for Stochastic Mortality

Andrew Cairns
Heriot-Watt University
E-mail: A.Cairns@ma.hw.ac.uk

ABSTRACT

In this paper we consider the evolution of the post-age-60 mortality curve in the UK and its impact on
the pricing of the risk associated with aggregate mortality improvements over time: so-called longevity
risk. In our work we have compared eight models using a range of quantitative and qualitative criteria.
In the talk we will focus on one of the simplest age-period models to put the main ideas across: a
two-factor stochastic model for the development of this curve through time, the factors modelling level
and slope. We will discuss how results are affected by the inclusion of parameter risk before focusing
on issues relating to pricing. We will present a simple technique founded in mathematical finance for
adjusting prices for risk and then investigate how this affects the prices of various mortality-linked
securities. We will conclude the talk with some remarks on how models that incorporate cohort effects
radically improve the quality of fit.

Keywords. Stochastic mortality, annuities, pensions, life insurance, parameter uncertainty, actuarial
mathematics.
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Modelling Techniques in Reinsurance 

Robert Clark 
IAG, Reinsurance Department 
Level 26, 388 George Street 
Sydney, NSW 2000, Australia 
E-mail: robert.clark@iag.com.au 

Introduction 

This paper looks at the use of modelling techniques in reinsurance focusing on the area of large claims 
and catastrophes. In particular it looks at the application of the various vendor and bespoke catastrophe 
models to insurer data to analyse reinsurance needs and costs and the various issues and problems that can 
arise in this process. 

What does a typical model look like? 
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Data and assumption inputs are combined to produce modelled exposures which are then typically run 
through the following three key components: 

Hazard module 
Vulnerability module 
Financial module 

The hazard module deals with the nature of the event (e.g. storm path, earthquake fault etc).  

The vulnerability module looks at the susceptibility of the underlying risks to this hazard (e.g. type of 
building materials / construction). 

The financial module then deals with the financial impact that this vulnerability then causes on the 
policies (e.g. insured losses, reinstatements, business interruption, policy conditions). 
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The output from the three components is typically then presented in as an event loss table which can be 
converted into loss curves (illustrated in the diagram above) and summarised key statistical data. 

Choice of Model 

Frequently, especially in the more mature markets, a practitioner will be able to select from a wide range 
of models. Given that significant differences can occur in the outputs from the different models, the choice of 
which model(s) to use can become crucial to the conclusions which will be drawn. 

So how should one choose a model? 

1. Be clear about its intended use; 

2. Understand which perils are modelled, how the model works and its limitations; 

3. Ensure it is appropriate to the nature of the business; and 

4. Ensure it is consistent with the quality of the available data 

Models are used for a number of purposes including how much protection to buy, the pricing of that 
protection and the impact on capital requirements either for the company or from a Regulatory or Rating 
agency perspective. 

The different purposes affect what output is of most interest. For example: 

The question of how much protection to buy will usually focus on the attachment point of a 
program (typically a low return period such as 1 in 3-5 years) and a top of the program point (which 
could be 1 in 100+ years); 

An estimate of the reasonable costing of a program will reflect the expected lost costs and hence 
be particularly sensitive to the shape of curves at the higher frequency end of the curve; whereas 

An assessment of the economic capital requirements of a company may well be governed by 
targeting a particular rating and hence be at the more extreme part of the distribution (for example 1 
in 250+ years). 

The overall shape of the curve, the degree of conservatism in the output and the assumptions implicit 
particularly at the extreme event end of the curve can all be important.   

The very nature of attempting to model events which may only occur every once in say 250 years means 
that there is a high level of uncertainty in the output and care therefore needs to be taken in interpreting and 
applying the results. 

In particular, the models should not be used as a black box which provides a definitive answer but rather 
as key inputs to the debate. There is a lot of value in generating outputs from multiple models and indeed 
from generating output from a particular model from multiple sources (e.g. brokers, agencies etc) given the 
importance judgement plays should play in making a final decision. 
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Why model selection matters 

The following graphs show the loss curves produced by three different vendor models for a specific peril 
in a particular territory and clearly demonstrate why model selection is so important.  

The first graph compares the expected loss costs for the three perils as the limits increase (i.e. as 
we move through the layers of a typical reinsurance programme). The shape of all three of the 
curves looks similar and is in line with expectations: 
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However look more closely at the curves for the higher layers (layers 5-9) which are reproduced 
below in a zoom- in version of the previous graph. 
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Note that at: 

point (i.) The curves cross. i.e. The lightest loss cost curve at layer 5 becomes the heaviest at 
layers 6 and beyond; 

point (ii.) The blue curve becomes a constant rate on line for the highest limits; and  
point (iii.) The mauve curve’s rate on line is approximately 300% of the rate for the blue line.  
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If the only information used for a decision on what level of protection should be bought, is the output 
from one model, then simply choosing different models could result in the size of limit being purchased for a 
typical protection level varying by more than 100% (i.e. doubling). Whilst the variance in model output 
should not be surprising given the uncertainty of the extreme events being modelled, the differences can lead 
to quite interesting conversations with key stakeholders on what is the right level of protection to buy! 

If the curves are being used for pricing, the choice of model also has interesting impacts. If we cost a 
typical protection program using each of the three models illustrated in the graphs above, the actual cost of 
the whole program means the most expensive is up to 50% more than the cheapest. It is also interesting to 
note that if the program were being costed in individual layers, the curve producing the cheapest loss cost 
varies as the limit increases. Obviously selecting models for different layers is fraught with danger! 

Data capture and data integrity 

As with any model, the output is only as good as what goes into it. Data accuracy and integrity are 
therefore critical. This is an area where companies should and do invest significant time and resources. 

It is important to ensure that the model chosen is appropriate for the quality of the data – for example 
where risks can accurately be located through geocoding / postcoding, the model should be able to use this in 
its hazard and vulnerability modules. 

Granularity and accuracy of information is crucial and that may have implications for the information 
collected at the point of sale or through the claims process. For example this may necessitate a greater level 
of information from business sold through third parties in order to appropriately map aggregate exposures to 
particular locations. 

Understanding of the nature of the risks being protected and hence the key drivers of that risk are also 
important. For example, the assessment of flood risk may require a much more detailed understanding of 
local topology, construction and design than say hail. 

Assumptions

The choice of assumptions also plays a key role in generating appropriate output. 
Vendor models usually come with defaults for key assumptions which may not be appropriate for your 

own business. Each assumption should be reviewed in the light of the company’s own experience, operation 
and market and revised where necessary.  

Typical assumptions which need to be considered include: 

Underinsurance
Demand Surge 
Portfolio growth 
Additional Living Expenses 
Deductibles
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Validating the model 

Even where the default assumptions are appropriate for the market as a whole, the applicability to a 
particular business can be affected by business practices. For example, the phenomenon of underinsurance in 
the original policy portfolio is likely to be much more widespread when distribution activities are focussed 
predominantly on new customer generation compared to a portfolio where the distribution is focussed on 
retention and up-selling to existing customers.  

Similarly demand surge can be mitigated (but not eliminated) by the nature of specific claims 
procurement arrangements a company has with its key suppliers.   

The assumptions chosen may also be influenced by the nature of particular events (for example size, 
location and timing) and hence link back to how the models are intended to be used. 

Validating the results of the model is always challenging. The high frequency events can be tested to 
some extent by comparisons with past losses using information at company, industry or even country levels. 
The low frequency events are much harder - what is a 1 in 250 year event for example. 

However, where past data can be used it needs to be applied with caution as information can become 
dated quickly as for example changes occur to: 

Granularity or amount of information captured; 
Materials, building code requirements or standards; 
Inflation;
Extent to which construction occurs in particular locations (e.g. increased concentration / 
development in risk prone areas); and 
Environment 

It is important to ensure the past losses only include items which would be claimable under the policy. So 
for example, it may be necessary to cleanse date to exclude items such as any ex gratia payments, or any 
claims for handling or legal costs which are excluded from the policy. 

The ability to map claims to particular events may also prove difficult especially where there may be 
difficulty in establishing the time or date of a claim. 

Potential Pitfalls 

There are a number of areas where problems can arise including: 

Picking the model 
This is most likely to be an issue where a model is chosen simply because of the answer it gives and 

other models are discarded because their results are seen as being inferior. An average of two or three models 
results is often a pragmatic way to produce safer results. 

Non-modelled perils 
The model may only cover some of the perils for which cover is being sought. The inclusion of non-

modelled perils may significantly change the degree of conservatism implicit in a set of results.  
Model defaults 

Most vendor models provide default values for a range of key assumptions and allow these to be turned 
on or off. The results can be materially changed by relying on the default assumptions rather than 
individually reviewing and setting each assumption to reflect the nature of the business being covered. 

Inconsistencies with the terms of any proposed reinsurance arrangements slip 
The terms and conditions of the proposed reinsurance covers can significantly change the level of cover 
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required from a given occurrence and may be inconsistent with how the modelling has determined the 
relevant event set.  

For example the modelling may not recognise situations where: 

Cover is restricted to aggregated claims occurring within a certain time period (e.g. 168 hours); 
The event definition clause causes an event to be treated as two or more separate events; or 

The definition of reasonable claims expenses is inconsistent with actual business practice 
and hence the level of cover potentially being purchased may be materially different from 
what the business expects. 

Model outputs appropriate to purpose 
Where a model is going to be used to determine for say capital purposes, the key output is likely to be a 

loss at a particular return period (e.g. the 1 in 250 year loss). It will be important in this instance to ensure 
that the model at that end of the distribution is appropriate. For example some models fit a probability 
distribution and therefore continue to generate larger and larger losses as the frequency reduces, others 
truncate the distribution at a particular loss (effectively saying this is the maximum loss which can occur). It 
is important at these high loss levels to understand the treatment and make an appropriate choice. 

Inappropriate model for the data 
The model needs to be appropriate for the data used. If for example the data is very granular (e.g. by use 

of geocoding or/postcoding of the risks) than a model which only recognises aggregated data is likely to 
produce materially different results.  

Underlying risks different from those modelled 
This can become an issue where aggregated data is used e.g. for third party distribution and hance the 

risk is not appropriately grouped by location. 
Changing nature of the risks (e.g. trends) 

The models may not allow for changing nature of risks and hence if there is some reason why either 
event frequency or intensity is increasing (decreasing) the results may be mis-stated. This could also arise 
where there are changes in the expected costs due to legislative, building codes, building materials etc.   

Incorrect treatment of deductibles  
The interaction with other covers and treatment of deductibles needs to be closely scrutinised. For 

example the nature of any approximations used by models to handle deductibles may lead to significant 
distortion of the results when the characteristics of the underlying business change. 

Significant variances in outputs between different model runs 
Typically this arises due to the key output being at the extreme end of the loss distribution. This means 

that the results can be very sensitive to changes in the models and changes in the granularity of the data. This 
can be mitigated again by averaging the results of several models. This issue can also arise at the higher ends 
of the distribution where there are significant discontinuities in the event set generated. 
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Conclusion

Catastrophe models play a key role in helping companies to determine their capital and reinsurance 
purchasing requirements.  The effective use of these models can be enhanced by the following actions: 

Be clear in selecting and running models on what your objectives are and how the outputs will be 
 used;  
Understand the “black box”. Don’t outsource the work and hence the expertise but instead develop 
 the skills internally; 
Invest in data capture, quality and integrity so the model best reflects the characteristics of the 
 business;   
Challenge outputs from the model especially for their reasonableness; 
Do not ascribe too much credibility to your own modelling; 
Do not select models because they produce the lowest/ cheapest answer;  
Validate your results externally; and 
Learn from all events. Use them as a means to calibrate/validate the model and its assumptions. 

RÉSUMÉ (ABSTRACT)  
Robert Clark is Head of Reinsurance at Insurance Australia Group (IAG), the largest buyer of reinsurance 
cover for risks in Australia and New Zealand and one of the five largest purchasers of reinsurance cover in 
the world (measured by premium volume ceded to reinsurers). Robert, a qualified actuary, leads a large team 
of professionals that manage the captive reinsurance companies within the IAG group and which seek to 
optimise the IAG world-wide buying program by analysing the underlying risks and covers purchased using 
sophisticated modelling and actuarial analysis. 
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The use of statistics to detect fraud in insurance  
Guillen, Montserrat 
University of Barcelona, Dept. Econometrics, RFA-IREA 
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E-mail: mguillen@ub.edu 
 
Ayuso, Mercedes 
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Diagonal, 690 
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In insurance, fraud is defined as the attempt to hide circumstances or to distort reality in order to obtain 

an economic gain from the contract between the insurer and the policy holder. Nowadays, insurers 
implement statistical tools to detect fraudulent behavior and many companies claim to have benefited 
enormously from putting into operation early warning systems. In this paper, we show some recent 
developments and results from our own experience. 

Insurance fraud can be fought by prevention and detection. Prevention aims at stopping fraud from 
occurring and detection includes all kinds of strategies and methods to discover fraud once it has already 
been perpetrated. It is difficult to analyze insurance fraud data because of the small amount of systematic 
information available about its forms and scope.  
 
Types of fraud in insurance 

The lines of business corresponding to automobile insurance, health insurance, homeowners’ insurance, 
and workers compensation insurance are known to be frequently affected by fraud because the natural claims 
linked to accidents are more likely to occur than any other claims. One of the most common types of fraud 
occurs when the policy holder exaggerates the losses and claims compensation in an amount higher than 
what would have been a just and fair payment. But even before the insurance contract is signed, underwriting 
fraud occurs, because information may be withheld or manipulated in order to obtain a lower premium, or a 
coverage that otherwise would have been denied. 

Criminal fraud, hard fraud or planned fraud are illegal activities that can be prosecuted and end with 
convictions. Soft fraud, build up fraud, opportunistic fraud and abuse are terms usually applied to cases of 
loss overstatement, which is more difficult to identify. In build up fraud costs are inflated, but the damages 
correspond to an accident actually related to the claim. In opportunistic fraud, the accident is also real but a 
portion of the claimed amount is related to damages either fabricated or related to a different accident. Most 
soft fraud is settled by negotiations and the insurer relies on persuasion and confrontation rather than on 
costly or lengthy court decisions. However, there is a positive deterrence effect on fraud of the court 
prosecution (Derrig and Zicko, 2002) and when the actual detection of criminal acts becomes known to the 
general public, a rational economic agent tends to discount the utility of perpetrating fraud (Clarke, 1990). 
 
Fraud deterrence and detection 

Fraud prevention can only succeed if certain mechanisms that induce telling the truth are in place. One 
example of such a mechanism already used by the insurers is the imposition of significant penalties for fraud, 
while another one is the introduction of lower deductibles or lower premiums based on the no-claims record 
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of the insured. A recommended mechanism is to commit the insurer to an audit strategy, that is, to fix 
beforehand the way in which claims are selected for audit on a regular basis and to investigate suspicious 
claims. 

Some studies of the theory of insurance fraud address auditing as a mechanism to control fraud (Picard, 
2000; Bond and Crocker, 1997). This approach is called costly state and it assumes that through incurring an 
auditing cost the insurer can obtain valuable information about the claim. It implies that the audit process 
using models or detection systems and investigation staff always discerns whether a claim is fraudulent or 
not. The challenge is to design a contract that minimizes the insurer costs, including the total claim payment 
and the cost of the audit. Models commonly suggested for that purpose use the claimed amount to decide 
about the application of monitoring techniques. We will see an illustration in the application below. 
Deterministic audits versus random audits were compared by Picard (2000), who recommends to maintain a 
certain proportion of random audits. 

Some authors have proposed other theoretical solutions, such as, the optimal auditing strategies that 
minimize the total costs incurred from build up, or the accounting for the cost of paying undetected fraud 
claims. Costly state verification may be used with the optimal auditing strategy but additional assumptions 
have to be made about claim size, audit cost, proportion of opportunistic insureds, commitment to an 
investigation strategy, and the extent to which the insured is able to manipulate the audit costs. Recently, 
more research has been produced on the calibration of the model on data rather than on the formal definition 
of an optimal claims auditing strategy. 

An automated detection system informs the insurer which claims to audit but it often fails because it 
cannot adjust itself to the continuously changing environment and the emerging new fraud opportunities. A 
fraud detection system, to be effective, requires unpredictability since only randomness puts the perpetrator 
at risk of being caught. It is difficult to calculate the return on investment in detection systems because a 
higher fraud detection rate may reflect an increase in fraudulent activity rather than a better detection system. 
The calculation of costs and benefits of such a system should also take into account the fact that an unpaid 
claim carries a commitment effect value to the customers.  
 
Data for analyzing fraud in insurance 

Fraud indicators are observable characteristics that suggest the occurrence of fraud. One example of is 
a binary variable indicating that when the claim was first reported to the company, the insured seemed too 
familiar with the insurance terminology. Often, such expertise about the way in which claims are handled is 
associated with fraudsters. Some examples of fraud indicators for automobile insurance are: date of 
subscription to guarantee (and/or date of its modification) too close to date of accident, harassment from 
policyholder to obtain quick settlement of a claim, and prolonged recovery from injury (see, for example, 
Weisberg and Derrig, 1991; Artís et al., 1999). 

Datasets related to fraud in insurance are seldom disclosed by insurers. Moreover, in countries where data 
privacy is enforced, it is virtually impossible that insurance companies collect information on customer 
outside their own records. The kind of dataset that is the starting point for implementing a fraud detection 
system is generally characterized by a large number of individual claims information with a reduced number 
of particular claims where fraud has been confirmed. There are three fundamental characteristics related to 
data on insurance claims: i) The amount and quality of information related to claims is not homogeneous, 
because the insurer may have much more historical data about one customer than about another one, ii) 
Many claims may contain some form of fraudulent behavior that is never confirmed by the insurer. So, one 
encounters omission error and, iii) Verification of the existence of a fraudulent behavior is costly, so the 
insurer may want to measure the expected benefits, which means that the detection system has to consider 
the magnitude of the claim, the cost of investigation and the chances to detect fraud, before a detailed 
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investigation is started. 
There are three general sources for data that provide relevant information about policyholders and 

claims: 1) Policy issuing. At underwriting time the insurer gathers information on customer and the insured 
vehicle, typically via standard form filling. During the complete lifespan of the contract the policyholder is 
legally required to disclose all information that could materially affect the risk to be covered or its pricing. 
Examples of items that are usually recorded are: date of birth, address, social security number, type of 
vehicle, date of first driving licence, occasional drivers, and uses of the vehicle. This data is chiefly used to 
calculate the premium. It goes without saying that this information is also useful for developing customer 
profiles that can, for example, afterwards be linked to claims details. We note that those with a primary 
responsibility for marketing are typically in favour of keeping the amount of information to be gathered to a 
strict minimum in order for it to have as little impact as possible on transaction processing efficiency. 2) 
Claims handling. Data gathering during the claims handling phase is related to the actual circumstances of 
the accident. Information is primarily collected for later assessment of the exposure of the insurance 
company to payment of the claim by the claims handling department’s adjusters. Examples of items that are 
usually recorded are: time, place of the accident, report of what occurred, witnesses, and other vehicles 
involved (names, plates, companies, etc.). Most insurers follow the ‘single point of contact’ front office 
strategy for claims handling, in which a single customer contact point (e.g. broker, agent, call center) takes 
care of all the required company-customer communication. Well-structured communication is generally to be 
recommended for consistency in gathering data (e.g. the use of well structured claim report statements). 
Again, there will usually be a trade-off to be made between processing efficiency and ‘lengthy form filling’. 
3) Damage evaluation. Normally there are industry databases for cars and models that provide adjusters with 
a tool for straightforward estimation of the cost of parts and repair. We can therefore assume that the adjuster 
is able to size up an initial claimed amount very soon after the accident occurs. 

Steps for model implementation in detecting fraud 
 
The claims handling process is linked to the steps for gathering the data and building the detection 

system. The steps are as follows: 1) Constructing a random sample of claims, avoiding a selection bias. 2) 
Identifying suspicion indicators. As time passes from the initial submission of the claim, new indicators may 
emerge, for instance, related to medical treatment or repair bills. 3) Assessing fraud. Claims are classified as 
fraudulent or honest externally, however the adjusters and investigators may make a mistake or have 
different opinions. 4) Creating a detection model. Once the sample claims are classified, statistical models 
provide specific characteristics to the categories of claims, and a score is generated for that purpose (Artís et 
al., 1999). However, the fact that claims are classified on the basis of similarity creates a situation of 
potential danger since if a fraudulent claim is identified, similar claims may be also considered fraudulent by 
association.  

Another question is whether the claims have been classified correctly or not. Some models are prepared 
to take a possible misclassification into account (Artís et al., 2002; Caudill et al., 2005). It is also necessary 
to evaluate the prediction performance of the fraud detection model before its implementation. 5) Monitoring 
the results. Expert assessment, cluster homogeneity and model performance are the foundations of the static 
testing. The real-time operation of the model relates to the dynamic testing. The model should be fine-tuned 
and the investigative proportions should be adjusted to optimize detection of fraud. 

The detection model is used to help insurance companies in making decisions about how to select claims 
that need further investigation and to ensure that they are better equipped to encounter insurance fraud. An 
audit strategy with a detection model has to be part of the claims handling process. The adjusting of claims 
usually puts them into two categories: express paid claims (easily paid) and target claims (that need to be 
investigated). Target claims are screened and eventually investigated by specialized investigation units 
(SIUs) which either are part of the insurance company or are contracted externally (Kim and Kwon, 2006). 
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Methodology 
 
Optimal Bayes decision making dictates that given kx ℜ∈ , that denotes the vector of observed 
characteristics of an individual claim, the claim should be assigned to the class { })1(,...,1,0 −∈ Tt  
associated with the minimum expected cost (Duda et al., 2000). In our situation T=2 because we only 
consider two possible claim categories: fraudulent or non-fraudulent. Optimal Bayes assigns classes 
according to the following criterion: 
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where )|( xjp  is the conditional probability of class j given predictor vector x (which is usually obtained 
from the fraud detection model), and )(, xC jt  is the cost of classifying a data object with predictor vector x 
and actual class j as class t.  
The available cost information is typically represented as a cost matrix, where each row represents a single 
predicted class and each column an actual class. This is illustrated in Table 1 for the case of our two classes, 
conveniently coded here as 1 for fraud and 0 for non fraud. The cost of a true positive (observed fraud, 
predicted fraud) is denoted by )(1,1 xC . The cost of a true negative (observed honest, predicted honest) is 
denoted as )(0,0 xC . The cost of a false positive (observed honest, predicted fraud) is denoted as )(0,1 xC , and 
the cost of a false negative (observed fraud, predicted honest) is denoted as )(1,0 xC . Note that if )(, xC jt is 
positive it represents an actual cost, whereas if )(, xC jt  is negative it represents a benefit. 
 

Table 1. Cost matrix 
 Observed Honest Observed Fraud 

Predicted honest )(0,0 xC  )(1,0 xC  
Predicted fraud )(0,1 xC  )(1,1 xC  

 
We assume that the cost matrix complies with two reasonableness conditions (Elkan, 2001). The first 
reasonableness condition implies that neither row dominates any other row, i.e. there are no two rows for 
which the elements of the one of them are all smaller than or equal to the elements of the other one. The 
second reasonableness condition implies that the cost of labelling a data instance incorrectly is always 
greater than the cost of labelling it correctly. It can be verified that, under the above reasonableness 
conditions, the criterion for classification in (1) translates into the rule that assigns class 1 to a data object if  

1,0 0,0

1,0 0,0 0,1 1,1

( ) ( )
(1 | )

( ) ( ) ( ) ( )
C x C x

p x
C x C x C x C x

−
>

− + −
.   (2) 

Whenever a new claim arrives, given the observed characteristics x, a prediction (1 | )p x is made without 
any cost, using an existing model. Based upon that prediction and possibly on the amount claimed, the 
individual is assigned honest or fraudulent. If the claim gets predicted as honest, then it is settled as 
stipulated by the obligations of the insurance contract. On the other hand, if predicted as fraudulent, then the 
claim gets audited, i.e. the prediction triggers a decision to acquire more information at a price. The claim 
investigation typically is costly, but has no (direct) effect on the claim amount. We make abstraction of any 
other strategic reasons to audit claims, either by targeting or at random. We assume that by auditing, we can 
exactly determine the true nature of the claim, i.e. either honest or fraudulent, so no omission error is 
considered here.  
Usually insurers have restrictions on the number of claims (N1) that can be audited, among the total number 
of claims N. This is due to their capacity of handling claims and many other particular circumstances (such 
as the workload of investigators). A usual strategy (which we call “strategy 1”) is to select for auditing those 
N1 claims that have a larger estimated (1 | )p x . Another strategy (which we denote “strategy 2”) is to decide 
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once the claim amount is known, by taking those N1 claims that have a larger estimated difference between 
(1 | )p x  and the bound in (2). For instance, a possible cost structure is the one used by Viaene et al. (2007), 

where the claim cost is observed and the audit cost is fixed at an average. 
Strategy 3 is based on results from a logistic regression model. Consider a grid of cut points, c, in the unit 
interval, for example c in {0.001, …, 0.999}. Then from the estimation results, one can obtain an estimate of 
the number of correctly classified and misclassified observations. For each c, FPc is the estimated overall 
percentage of false positive claims, FNc is the estimated overall percentage of false negative claims, TPc is 
the estimated overall percentage of true positive claims, and TNc is the estimated overall percentage of true 
negative claims. Then, in order to implement strategy 3, the insurer audits those N1 claims that have a larger 
estimated difference between (1 | )p x  and the bound in (3), which is the minimum expected cost, 

{ } 1,0 0,1 1,1 0,00.001,...0.999
(1 | ) min ( ( ) ( ) ( ) ( ))c c c cc

p x FP C x FN C x TP C x TN C x
∈

> + + + .  (3) 

 
Application and results 
 
We have a random sample of claims from a large Spanish insurer for car damages from accidents that 
occurred in Spain during the year 2000. All the claims included here were audited and the insurer classified 
them in two categories, i.e. honest or fraudulent, after the investigation process. The data set contains 2,403 
claims, of which: 2,229 are legitimate and 174 are fraudulent. This means that about 7.24% of the claims in 
our data set are fraudulent. There does not seem to be unanimous agreement about the actual percentage of 
fraud within the market population of claims, but the representation of the classes in the data set is well 
within the 5 to 10 percent range most often cited and reported in industry surveys. The insurer labels a claim 
as fraudulent if the insured party admits that he willfully misrepresented the damages. In Spain, it is 
generally the case that when the insurer seriously suspects fraud, a negotiation with the policyholder starts 
and if the policyholder admits fraud then the claim is not paid and no legal prosecution is necessary. During 
the confrontation the insurer announces that either payment of the claim will be denied or the contract will be 
cancelled. In order to avoid termination of the contract fraudsters then usually admit to having defrauded the 
insurance company. 
The definition of the variables used in the illustration can be found in Table 2, where we also present the 
summary statistics for the overall sample and for the two subsamples of fraudulent and legitimate claims. The 
variables used in our model correspond to information that is obtained from the claim report, including prior 
claim information. Note that we do not consider fraud related to injuries or medical treatment in our 
application. We have also included in Table 2 information on costs, namely the claim amount and the audit 
cost, which are not used as regressors. 
The mean audit cost when investigating fraud is about 231.71 EUR, while the mean cost of a routine evaluation 
of damages by the adjuster is only 59.80 EUR. These results are in agreement with those obtained in other 
studies (the audit cost in Dionne et al. (2003) is equal to 280 EUR). 
We are going to evaluate the performance of the three decision rules explained above. The same sample used 
for estimation will be analyzed here, although analogous conclusions were found by the authors when using 
50% of the sample for estimation and 50% for prediction. The insurer fixes the number of claims that are 
going to be audited, N1, then the predicted probability (1 | )p x  and strategy 1 is used to decide which 
claims in the sample are audited. For strategies 2 and 3, (1 | )p x , the claim amount and an average audit 
cost are used to decide which claims are audited. For each claim in the sample, the estimated cost is to the 
one shown in Table 1, depending on the true nature of the claim and the predicted class. The total estimated 
cost given the number of audited claims N1 is the sum of each claim cost.  
Figure 1 shows the estimated cost per claim as a function of the number of audited claims following strategy 
1, 2 and 3. Note that (1 | )p x  is estimated with a logistic regression model for the fraud response variable 
and all the regressors described in Table 2, except claim amount and audit costs. The reason for excluding 
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costs in the regression model is that the claim amount information generally is not known when the claim is 
reported. The assessment of the claim amount is obtained when the company representative has seen the 
damaged vehicle or vehicles. The same happens with audit costs, which may substantially increase if the 
insurance company decides to start a deep investigation. The logistic regression model is globally significant 
with a LR test equal to 40.28 (P value=0.000). All the parameters have the expected sign, and five are 
individually significant (a complete explanation of the model estimation results can be found in Viaene et al., 
2007, scenario 1). 
 

Table 2. Attributes for the Spanish insurance data set  
Name Explanation Mean 

Total sample 
(N=2403) 

Mean 
Observed  
fraudulent  

claims 
(N=174) 

Mean 
Observed 
legitimate 

claims 
(N=2229) 

Fraud Observed type of claim (fraudulent 
equals 1 and legitimate equals 0) 

0.0724 1 0 

Cov1 Third party liability equals 1; 
otherwise equals 0 

0.23 0.33 0.22 

Cov2 Third party liability plus arson, theft 
and glasses equals 1; otherwise equals 
0 

0.60 0.54 0.60 

Veh1 Automobile for private use equals 1; 
other uses equal 0. 

0.79 0.68 0.79 

Veh2 Motorbike equals 1; other uses equal 
0 

0.13 0.26 0.12 

Age Age of insured driver when the 
accident occurred 

38.46 35.74 38.67 

Gender Insured driver is man equals 1; 0 if 
woman 

0.73 0.87 0.82 

Records Number of previous claims of the 
insured 

1.16 1.15 1.16 

Policyage Number of years the insured has been 
in the company 

4.49 3.41 4.57 

Fault The other driver accepts the fault for 
the accident equals 1; otherwise 
equals 0 

0.79 0.79 0.79 

NFS Use of the Non-Fault System equals 
1; otherwise equals 0 

0.79 0.79 0.79 

Weekend Accident occurred during a weekend 
equals 1; otherwise equals 0 

0.22 0.26 0.22 

Delay Claim not reported to the company 
within the established period equals 1; 
otherwise equals cero 

0.29 0.36 0.29 

Claim 
amount 

Insurer valuation of the car damages 
(once the deductible has been 
discounted, if it exists) in EUR 

818.14 1207.35 787.76 

Audit cost Cost of investigation in EUR 72.26 231.71 59.80 
 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 1847 -



 
Figure 1. Cost per claim  

given the total number of audited claims 
Figure 2. Percentage of fraudulent claims not 

audited given the total number of audited claims 
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Figure 1 plots the expected cost per claim as a function of the number of claims that the company decides to 
audit. The expected cost per claim decreases as the number of audited claims increases under strategy 1, 
which does not use any information on the claim amount. So, under strategy 2, that the insurer should audit 
as many claims as possible in order to maximize benefits. When the insurer uses claim cost information and 
an average costs for auditing claims in the decision on whether to audit claims or not (strategies 2 and 3), the 
expected cost per claim decreases as more claims are audited and even negative values can be obtained, 
which means that the insurer has expected positive savings. When looking at the curves in Figure 1, it can be 
seen that under strategy 2, the insurer expects negative costs (positive savings) for a smaller number of audit 
claims that under strategy 3, but the overall minimum is attained under strategy 3. Table 3 summarizes 
results on the expected costs information, then the performance of the alternative decision rules can be 
compared. If the insurer follows strategy 3, the savings can be as much as 77,730.28 EUR, when about 51% 
of the claims are audited (1,230 claims). The average saving under strategy 3 is 32.35 EUR, so for each 
reported claim, the insurance company expects to save 32.35 EUR and for each audited claim the company 
saves 87.43 EUR. 

Table 3. Cost Summary Results 
 Total cost Total cost  

per claim 
Total cost  

per audited claim 
  

Minimum 
Percentage of 
audited claims 

N1/N 

 
Minimum 

Percentage of 
audited claims 

N1/N*** 

 
Minimum 

Percentage of 
audited claims 

N1/N 
Strategy 1 -39416.62 0.80 N1=1920 -16.40 0.80 N1=1920 -20.53 0.80 N1=1920 
Strategy 2 -75164.53 0.56 N1=1350 -31.28 0.56 N1=1350 -83.19 0.26 N1=620 
Strategy 3 -77730.28 0.51 N1=1230 -32.35 0.51 N1=1230 -87.43 0.27 N1=640 

 
Only if the insurer has a maximum capacity for auditing, i.e. there is a maximum number of claims 

that can be audited in a given period of time, then strategy 2 may be better than strategy 3. When the number 
of audited claims is between 400 and 600 then strategy 2 would be better than strategy 3 because the 
estimated expected cost per claim would be lower. When there is no limit for the number for claims that can 
be audited, then the results in Table 3 show that savings are larger for strategy 3 and that the number of 
claims that need to be audited is smaller for strategy 3 than for any of the other two strategies. We conclude 
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that using claim amount information in the decision process is better for the insurer because the expected 
cost per claim becomes smaller. 
Figure 2 plots the percentage of fraudulent claims that are not detected as a function of the number of audited 
claims. Clearly as more claims are audited, more fraudulent claims would be identified, which is clearly what 
the insurer seeks. In this case, strategies 2 and 3 have a similar behaviour. 
 
Critical assessment of recent developments in the topic and directions for future research 
 
Existing papers do not address how to find a recommendable strategy for the insurance company. Pinquet et 
al. (2007) say that the insurer should keep a certain level of random auditing. If a company wants to 
maximize benefits, strategy 3 seems to outperform the others, but will certainly induce selection bias. 

Practitioners who implement detection models know that new forms of fraudulent behavior appear each 
day and that a completely automatic detection system is not possible. The upgrade of indicators, random 
audits, and continuous monitoring are essential and they are also the most efficient ways of keeping a good 
track of fraud detection systems. They can also help prevent an audit strategy from becoming corrupted. 
Basic measures to monitor fraud detection are total claims savings due to fraud detection and total and 
relative number of observed fraudulent claims. Statistical analysis of the observed fraudulent claims may 
provide useful information about the size and the types of fraud the system is helping to find out. 
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1. Introduction

Proper allocation of database objects to one of a priori specified categories (classes) is a
fundamental problem of computer decision support. Decision support systems are often based on the 
case-based reasoning (CBR) scheme. In this scheme, database record of a new object is used to 
identify previous cases with the most similar database records [1]. A similar paradigm is also used in 
the nearest neighbours (K-NN) technique, originating from pattern recognition [2]. The choice of an 
adequate similarity measure or a distance function to compare the database records can have a
significant influence on the quality of the CBR or the K-NN  rules.

 Database objects are usually represented as feature vectors of the same dimensionality or as points 
in multidimensional feature space. If feature vectors have been assigned an a priori category, they can 
be grouped as reference (learning) sets linked to particular categories. Similarity between two database 
objects can be determined on the basis of the distance between adequate feature vectors. The
Euclidean distance function is commonly used for this purpose [3]. The distance function can be 
modified through linear data transformations. For example, linear transformations can be used for 
simultaneous decorrelation of two data sets [4]. It has been shown experimentally that decorrelation of 
learning sets allows to decrease the error rate of the K-NN rules based on the Euclidean distance 
function [5].
     Linear transformations based on separability postulates are particularly useful for inducing

similarity measures from learning sets. Separability postulates can be implemented through
minimization of the convex and piecewise linear (CPL) criterion functions [6]. The perceptron
criterion function belongs to this CPL family [7].

2. Linearly separable learning sets

     We assume that database objects are represented as the feature vectors x = [x1,......,xn]T, or as points 
in the n-dimensional feature space X[n] (x∈X[n]). The components xi of the vectors x called features
are numerical results of a variety of examinations or measurements of a given object. The feature 
vectors x can be of the mixed, qualitative-quantitative type. This means that each of n features xi can
take a binary value (xi∈{0,1}) or a real value (xi∈ R).

Let us assume that a given database contains descriptions xj(k) of m objects (j = 1,......,m) labelled in 
accordance with one of the category (class) ωk (k  = 1,.....,K). For example, a clinical database contains 
descriptions of m patients xj(k) labelled in accordance with their clinical diagnosis ωk. The learning set 
Ck contains mk labelled feature vectors xj(k) assigned by an expert to the k-th class or category ωk:

Ck =  {xj(k)}   (j ∈ Ik) (1)

where Ik is the set of indices j of the feature vectors xj(k) assigned to the class ωk.
  We will consider a separation of the sets Ck (1) by the hyperplanes H(wk,θk) in the feature space
X[n]:

1 This work was partially supported by the grants KBN 3T11F011 30, by the grant W/II/1/2007 from the 
Bialystok University of Technology and by the grant 16/St/2007 from the Institute of Biocybernetics and 
Biomedical Engineering PAS.
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H(wk,θk) = {x: (wk)Tx = θk}                                                    (2)

where wk = [wk1,....,wkn]T∈ Rn is the weight vector, θk∈ R1 is the threshold. 

  Definition 1: The feature vector x is situated on the positive side of the hyperplane H(wk,θ k) if and 
only if (wk)Tx > θk. The vector x is situated on the negative side of H(wk,θ k) if and only if (wk)Tx < θk.
  Definition 2: The learning sets (1) are linearly separable if there exists such weight vector wk, and 
the threshold θk, that all the vectors xj(k) from the set Ck are situated on the positive side of the 
hyperplane H(wk,θk) (4) and all the vectors xj(k) from the remaining sets Ck' on the negative side of 
this  hyperplane:

(∀k ∈ {1,...,K})  (∃ wk,θk)  (∀xj(k) ∈ Ck)   (wk)Txj(k) > θk                                                  (3)
and (∀k ≠ k')  (∀xj'(k ') ∈ Ck')  (wk)Tx j'(k') < θk

Special (separable) transformations of feature vectors xj(k) allow for reducing the number m of these
vectors or their dimensionality n while preserving the linear separability of the learning sets Ck (1).

3. Linear transformations of feature vectors 

     Let us consider linear transformations of n-dimensional feature vectors xj(k) (1) on the plane
P(a1, a2) defined by two n-dimensional parameter's vectors a1 and a2 (ai∈ Rn, i =1,2):

P(a1, a2) = {x: x = t1 a1+ t2 a2}                                   (4)

where ti∈ R1, (i =1, 2), and the parameters vectors a1 and a2 are linearly independent (not parallel).
Two linearly independent vectors a1 and a2 (4) define the linear transformation of the n-dimensional

feature vectors xj(k) (1) on the points yj(k) (yj(k)∈ R2) of a visualising plane :

(∀k ∈ {1,...,K})  (∀xj(k) ∈ Ck) yj(k) = [y1j(k),y2j(k)]T = [a1
Txj(k), a2

Txj(k)]T          (5)

The linear transformations can be represented in a more general matrix form:

(∀k ∈ {1,...,K})  (∀xj(k) ∈ Ck) yj(k) = [y1,j(k),....,yn′,j(k)]T = AT xj(k)              (6)

where A = [a1,....,an′] is the (n x n′) matrix composed of n′ linearly independent vectors ai.
The above transformations allow to generate transformed learning sets C′k (1), where

C′k =  {yj(k)}   (j ∈ Ik) (7)

If the number n′ of the vectors ai is less than n, then the transformation (6) results in a reduction of 
dimensionality. It is possible for some data structures to maintain  the linear separability (3) despite
dimensionality reduction.

4. Induction of similarity measures through linear data transformations 

  Decision support systems based on the case based reasoning (CBR) scheme or the K-NN rules can be 
modified through changing similarity measures between feature vectors. A similarity measure can be 
modified by data transformations.

As an example, let us consider the distances δ(x0,xj(k)) between the feature vector x0 of a newly 
diagnosed patient and the labelled vectors xj(k) from the clinical database. The labelled feature vectors 
xj(k) can be ranked {xj(1),,....., xj(n)} in respect to the distances δ(x0,xj(k)) between the vectors x0 and 
xj(k):

(∀i∈ {1,....,m}) δ(x0,xj(i)) ≤ δ(x0,xj(i+1)) (8)
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The ball Bx(x0,K) is centred in a point x0 and contains only such K labeled vectors xj(i)(k) (1) that are 
the nearest to x0:

Bx(x0,K) = {xj(k): δ(x0,xj(i)) ≤ δ(x0,xj(K))} (9)

We can assume that the ball Bx(x0,K) contains such K vectors xj(i)(k) that are most similar to x0.
In accordance with the K-nearest neighbours (K-NN) classification rule, the object x0 is allocated 

into this class ωk (k = 1,.....,K') where the most of the vectors xj(k) from the ball Bx(x0,K) (9) belong:

if (∀l∈{1,...,K′})  nk ≥ nl then x0 ∈ ωk (10)

where nk is the number of the vectors xj(k) from the set Ck (1) contained in the ball Bx(x0,K).
 The Euclidean distance δE(x0,xj(i)) between the feature vectors x0 and xj(i) is commonly used in the 

nearest neighbours classification rule (10) [2]:

δE
2(x0,xj(i)) = (x0 - xj(i))T(x0 - xj(i))                                        (11)

The quality of the decision rule (12) can be improved in some cases by modifying the distance 
function δE(x0,xj(i)) (12) [5]. For this purpose, let us use the induced distance function δI(x0,xj(i)). The 
induced distance δI(x0,xj(i)) between feature vectors x0 and xj(i) is defined as equal to the Euclidean 
distance δE(y0,yj(i)) between the transformed points y0 and yj(i) (8).

δI
2(x0,xj(i)) = δE

2(y0,yj(i)) = (y0 - yj(i))T(y0 - yj(i)) =  (x0 - xj(k)) TAA T(x0 - xj(k))  (12)

The induced ball BI(x0,K) is defined by the induced distance function δI(x0,xj(i)) (12).

B I(x0,K) = {xj(k): δ I
2(xI0,xj(i)) ≤ δ I

2(x0,xj(K))} = {xj(k): δE
2(y0,yj(i)) ≤ δ E

2(y0,yj(K))} (13)

where points yj(i) on the visualis ing plane are ranked {yj(1), yj(2),........, yj(n)}(9) in accordance with the 
Euclidean distance function δE(y0,yj(i)) (11). The induced ball BI(x0,K) contains K feature vectors xj(k)
with the smallest induced distance δ I(x0,xj(i)) (14). Let us remark that the Mahalanobis distance 
function δM(x0,xj(i)) = (x0 - xj(k))TΣ -1(xj - xj(k)) can be induced from the Euclidean distance function 
δE(y0,yj(i)) (11) by a special transformation (8) [4].

The case based reasoning (CBR) scheme or the K nearest neighbours (K- NN) type decision rule (10)
can be based on the ball BI(x0,K) (15) induced by the transformation (8) :

If the  most of the labelled vectors xj(k) from the induced ball BI(x0,K) (13)  (14)
belong to the class ωk, then the object represented by x0 should be related to this class.

The decision rule (14) depends on the choice of vectors ai in the linear transformation (6) of the 
feature vectors xj(k) (1). In our approach, the vectors ai are defined through minimization of the 
convex and piecewise linear (CPL) criterion functions [7].

5. Convex and piecewise linear (CPL) criterion functions 

Designing linear transformations (8) involves estimating the vectors ai (i = 1,...., n′) on the basis of 
the learning sets Ck (1). The minimisation of the convex and piecewise linear (CPL) criterion functions
Φi(w,θ) allows to find adequate vectors ai [6], [7]. It is convenient to define the functions Φ i(w,θ) by 
using the positive Gi

+ and the negative Gi
- sets of the feature vectors xj (1). 

Gi
+ = {xj} where j∈ Ji

+ and Gi
- = {xj} where j∈ Ji

-                               (15)
where Ji

+ is the positive set, and Ji
-is the negative set of indices j.
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The augmented vectors zj are introduced on the basis of the sets Gi
+ and Gi

- [2]:

(∀xj ∈ G i
+) zj = [-1,(xj)T]T and (∀xj ∈ Gi

-) zj = [1,(-xj)T]T                               (16)

The augmented parameter vector v = [θ, wT]T is used for the definition of the hyperplane H(v) (3) in 
the augmented, (n+1)-dimensional feature space:

H(v) = {z:  vTz =  0}                                                    (17)

Lemma 1:  The sets Gi
+ and Gi

- (15) are linearly separable (3) if and only if there exists such parameter 
vector v′ that all the scalar products (v′)Tzj are not smaller than one: 

(∃v′)  (∀xj∈ Gi
+∪ Gi

-)   (v′)Tzj ≥ 1                                                                                (18)

It results from the above conditions that all augmented feature vectors zj (16) are situated on the 
positive side of the hyperplane H(v) (17). The below CPL penalty functions ϕ j(v)  are used to force the 
conditions (18):

    (∀xj∈ Gi
+∪ Gi

-) ϕj(v) =  1 - (v)Tzj if   (v)Tzj < 1 or                                            (19)
                                                      ϕ j(v) =  0 if   (v)Tzj ≥  1

The convex and piecewise linear (CPL) criterion function Φ i(v) is defined as the weighted sum of 
the penalty functions ϕ j(v) (21) [8]:

Φi(v) = Σ αj ϕj(v)                                                         (20)
j∈J

i

where αj (αj > 0) are positive parameters (prices), and Ji = Ji
+ ∪ Ji

- is the set of indices j (15).
The perceptron criterion function belongs to the CPL family [2], [6]. Minimization of the function 

Φi(v) allows to find parameters vi
 ∗  which define such hyperplane H(vi

 ∗ ) (17) that  separates two sets
Gi

+ and Gi
- (15) in the best way. 

Φ i
 ∗  = Φ(vi

 ∗ )  = min Φi(v) ≥  0                                                                               (21)
v

The basis exchange algorithms which are similar to the linear programming, allow to find the 
minimum of the criterion function Φ i(v) efficiently , even in case of large, multidimensional data sets 
Gi

+ and Gi
- (15) [9]. The optimal vector vi

 ∗ (23) can be used as the vector ai (ai = vi
∗)  (6).

   It has been proved that the minimal value Φi
∗  (0 ≤ Φi

 ∗ ≤ 1) of the criterion function Φ i(v) (20) is 
equal to zero (Φi

 ∗  = 0) if and only if the positive Gi
+ and the negative Gi

- sets (15) are linearly 
separable (4) [].One of the most important properties of the measure Φ i

 ∗  is their invariance in respect 
to linear, nons ingular data transformations. This means that the minimal value Φi

 ∗  of the function
Φi(v) remains constant if the feature vectors xj are transformed in a linear, nonsingular manner [6]. 
The quantity Φ i

 ∗ can be used as a measure of the linear nonseparabilty of the sets Gi
+ and Gi

- in the 
feature space X[n].

6. Designing separable visualizing planes in the Hepar system

   The Hepar computer system integrates a clinical database with tools for data exploration and 
medical diagnosis support [9]. These tools include diagnostic maps which result from linear data 
transformations aimed at a possibly good separation of selected diseases on the visualizing plane. 

The projection planes P(a1 , a2) (4) are defined in the system Hepar by such optimal parameter 
vectors vi

∗ = [θi
∗ , (wi

∗ )T]T (i = 1,2) which constitute the minimum (21) of two criterion functions Φi(v)
(20). The function Φ1(v) is specified for the first axis and Φ 2(v) is specified for the second axis of the 
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projection plane. The pair {Gi
+,Gi

-} of the positive Gi
+ and the negative Gi

- sets (19) of the feature 
vectors xj (1) is defined separately for each function Φi(v) (i = 1, 2):

Gi
+ = ∪ Ck and Gi

- = ∪ Ck                                                              (22)
  k ∈I(i)+      k ∈I(i)-

where I(i)+ and I(i)- are two sets (I(i)+ ∩ I(i)- = ∅) indices k  that are linked to the i-th axis (i = 1,2).
Lemma 2: If the sets Gi

+ and Gi
- (15) are linearly separable (3) for each of two axes (i =1, 2) then the

projection plane P(v1
∗ ,v2

∗) (4) defined by two parameter vectors vi
∗ (21) has the below structure [9]:

the upper-left quarter –  G1
- ∩ G2

+, the upper-right quarter –  G1
+ ∩ G2

+ (23)
   the lower-left  quarter – G1

- ∩ G2
-, the lower right quarter –  G1

+ ∩ G2
-,

The above relation can mean that all the feature vectors yj(k) (7) from the projected set G1
-∩G2

+ (15)
are located in the upper-left quarter of the diagnostic map.

7. An example of  decision rules improvement through data mapping

Seven learning sets Ck (1) describing 814 patients from the Hepar database [10] have been
considered. Patients from these sets have been described by the feature vectors xj(k) of dimensionality 
n equal to 40. Numerical results of both laboratory tests (xi ∈ R1), as well as patients' symptoms (xi∈
{0,1}) have been used as features xi. The diagnostic  map resulted from separable linear transformation 
yj(k) = [(v1

∗ )Tzj(k), (v2
∗ )Tzj(k)]T (7) of the 40-dimensional feature vectors zj(k) on a visualizing plane. 

The parameters v1
∗  and v2

∗  of this transformation constituted minimum (21) of two criterion functions 
Φ1(v) and Φ2(v) (20), adequately.

Fig. 1: An example of diagnostic map from the system Hepar [10].
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The quality of the diagnostic map has been evaluated by using twice the same K- NN rule (16) with
K = 10 both on the original feature vectors xj(k) as well as on the transformed vectors yj(k) (7) from 
the visualising plane. The K–NN rule has been used for allocating the feature vectors xj(k) and the 
transformed vectors yj(k) (7) to one of the four classes: A, B, C or D composed of the seven learning 
sets Ck (1). The crossvalidation method leave-one-out has been applied in evaluating the allocation 
rule (16) [11]. The results of this evaluation are summarised below in two contingency tables [10]:

Tab. 1: Allocation of the feature vectors xj(k) by the K – NN rule (14) with K = 10.

Allocation A Allocation B Allocation C Allocation D Success rate 
(%)

Class A 2 8 0 33 4.7
Class B 0 353 9 20 94.6
Class C 0 2 7 7 43.6
Class D 4 18 9 357 93.4
TOTAL 88.3

Tab. 2: Allocation of the transformed vectors yj(k) (7) by the K – NN rule (14) with K = 10.

Allocation A Allocation B Allocation C Allocation D Success rate 
(%)

Class A 31 2 1 9 72.1
Class B 0 369 1 3 98.9
Class C 0 3 11 2 68.8
Class D 6 2 3 371 97.1
TOTAL 96.0

The above results show that introducing the diagnostic maps allowed for reducing the error rate of the 
allocation rule (14) by a few percent. The error reduction has been achieved despite the significant
reduction of dimensionality (from n = 40 to n′ = 2),. 
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this kind of scheme, a new object record is used to identify previous cases with the most similar 
records in the database. One of the central problems during the implementation of the CBR or the K-
NN scheme is the choice of an adequate similarity measure or a distance function to compare the 
database records. In some cases it is possible to improve decision rules by inducing similarity 
measures through transformations of reference sets. Linear transformations based on separability 
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minimization of the convex and piecewise linear (CPL) criterion functions.
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ABSTRACT

Three-way data are data associated with three sets of units. As an example of three-way data one
may have scores of a set of individuals on a set of variables at different situations or time points. The
two most common three-way component analysis techniques are PARAFAC and Tucker3 analysis.
In this presentation, an overview is given of these techniques, with a focus on new developments.
Specifically, new developments on extending the models by introducing offset terms are discussed, as
an alternative to preprocessing. Also new developments on choosing the number(s) of components are
discussed. Finally, bootstrap methods for providing confidence intervals for various output parameters
of the methods are described.
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1. Introduction
Cluster analysis or classification usually concerns a set of exploratory multivariate data analysis 

methods and techniques for grouping either a set of statistical data units or the associated set of descriptive 

variables (eventually both), into clusters of similar elements, hopefully homogenous and well separated.  

In this work we refer to three steps of generalization of this paradigm that appear to be particularly 

useful (but not only) when large data bases are used, mostly in a data mining context:   

- classification/clustering of complex or “three-way ” data instead of the most common “two-way” 

data approach. 

-  clustering models using prior knowledge about the underlying data structure as a tool to extract 

knowledge from their clustering structures.  

- comparison and clustering of hierarchical clustering models, based on the affinity of associated 

parameter profiles into some adaptive family of aggregation criteria. 

Let us suppose a set of statistical data units described by a set of variables, where data units represent 

some kind of data sets, for instance: subsets of consumer segments in marketing research; disciplines or 

academic years from a course (data sets of students) in medical education studies; institutions from public 

administration in management and IS; groups of patients in health sciences applications. Variables can be of 

the same or different types. We may assume that statistical data units (e.g. groups) refer to rows, and 

variables (e.g. measurement scales) to generalized columns or sub-tables, where each sub-table may have a 

different number of “modes” (e.g. items) and each cell (crossing each group with each measurement scale) 

may contain different values (a frequency distribution or an interval, for instance, depending on the nature of 

the variable).  

Thus we have a three-way generalized data table. A methodology for finding clustering models or 
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adaptive families of clustering models, based on (successive) generalizations of the so-called affinity 

coefficient (e.g. Matusita, 1951; Nicolau, Bacelar-Nicolau, 1982) has been developed for such kind of data.  

Part of this work was already published and programmed, namely in Bock H.H, Diday E. (2000) and 

associated software SODAS, as well as in Bacelar-Nicolau H. (2002), Bacelar-Nicolau L. (2002) and Sousa 

A. (2005).  

In the next section we give an overview of the three way clustering probabilistic approach based on the 

generalized affinity coefficient. Section 3 illustrates the application of the method to a case study on health 

sciences and Section 4 displays some conclusions.  

2. Classification of Variables in a Complex / Symbolic Context:  
Three-Way Data and Probabilistic Models  
Let us suppose a set of statistical data units D described by a set V of p variables, as depicted in the 

previous section. Here we will be concerned with hierarchical clustering models on the set of variables. 

The generalized affinity coefficient )',( kka between a pair of variables k, k’  V may be defined, in a 

three-way context, as the weighted mean of local affinities between k and k’ over the j-th data unit (j=1,…,n):  

where  aff (k,k’;j) is the local affinity over the j-th statistical data unit, mj represents the number of “modes” 

or “situations” for the j-th data unit, xjkl depends on the type of variables and  0 j  1, j = 1.  

A global affinity coefficient of two complete n-dimensional variables k, k’  V, or n-multivariate 

affinity, might be defined in a similar way over the whole set of pairs ( j, j’) of statistical data units. 

Moreover, using prior knowledge as reference hypothesis may allow us to compute (asymptotic) 

standardized affinity values and the corresponding cumulative distribution function values, giving place to 

new similarity coefficients and to new probabilistic clustering models (PCM), instead of empirical clustering 

models. A reference hypothesis usually stands in this probabilistic approach not only as a convenient 

reference point, but also having a natural interpretation, depending on the type of data and context.  

In a three-way clustering probabilistic analysis, the random variable aff (k,k’;j) has asymptotic normal 

distribution. Under a permutational reference hypothesis R based on the limit theorem of Wald and 

Wolfowitz, the asymptotic mean value and variance are as follows:     

and the generalized affinity coefficient )',( kka between variables k, k’  V is replaced by:    

);',(.)',()',( *

1

*
jkkaffkkakka

WWj

n

j
WW

,

where );',(/));',();',(();',(
2***

jkkjkkjkkaffjkkaff
WWWWWW

.

j
m

l

jk

ljk

jk

jkln

j j

x

x

x

x
jkkkka

1
'

'

.
1

n

1j

j ;',aff)',(

jj
m

1' jk'

'ljk'

m

1 jk

jkl

j

*

WW

x

x

x

x

m

1
j;k'k,

2
m

1l

m

1'l jk'

'ljk'

jjk'

ljk'

2
m

1l

m

1'l jk

'ljk

jjk

ljk

j

2*

WW

j jj j

x

x

m

1

x

x

x

x

m

1

x

x

1m

1
j;k'k,

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 1862 -



Then, under reference hypothesis R a probabilistic coefficient )',( kk
R

between two variables k, k’ 

 V , is the following:  

where  denotes the cumulative distribution function of the standard normal distribution and
*

A

represents an asymptotic standardized random variable. A large value of the probabilistic coefficient means 

that the “observed” affinity value is “significantly” larger than one might expected, under R. Thus the 

probabilistic coefficient validates the affinity coefficient between two variables k, k’ in a probabilistic scale 

(Lerman, 1972; Nicolau, Bacelar-Nicolau, 1982). This is an “intrinsic” validity of any associated PCM 

model. Thus )',( kk
R

is sometimes called “Validity Link” or VL similarity coefficient.  

Several good proprieties of the affinity coefficient between (homogenous or heterogeneous) variables, 

as well as between statistical data units and the corresponding standard and probabilistic coefficients were 

demonstrated. 

In this perspective an adaptive or parametric formula, such as Nicolau & Bacelar-Nicolau extension of 

the Lance & Williams adaptive formula to VL similarity coefficients (Nicolau, Bacelar-Nicolau, 1998) 

generates new aggregation criteria and permits comparisons between probabilistic or semi-probabilistic 

models.

A PCM or a semi-PCM operates in an exploratory framework where prior knowledge about the data 

structure may be used as a tool to extract knowledge from its clustering hierarchical structure. Comparisons 

of such models have so far been developed mainly inside some adaptive families, depending on the set of 

parameter values. Other methods are being studied.  

In the present work we use the following adaptive family: 

         (A,B; , ; ) = (w(A,B) ) g( , ; )

where (A, B) represents an aggregation criterion over clusters (A,B), w(A,B) denotes a basic 

probabilistic aggregation criterion, and g( , ; ) is a function of the cardinals ,  (of A and B), and of a 

parameter space  (Nicolau, Bacelar-Nicolau, 1998). Here we use the function: 

        g( , ; , )= 1+(  ( ) -1) ),  with   ,  [0,1]

When w(A,B) is the maximum of probabilistic similarities between all pairs of variables belonging to 

A B, this family includes the single linkage criterion ( =1, =0) as well as the AVL ( =1, =1) and AVB 

( =1, =0.5) aggregation methods. This is illustrated in the case study of the following section. By varying 

from 0 to 1, with =1, one may f.i. analyze how the VL models evolve, when going from the "chaining 

effect" associated to the first criterion, towards the "symmetry effect" associated to the second one.  

3. Case Study  
The data result from the application of the Parenting Stress Index (PSI) for measuring the stress in the 

parent-child relationship on a sample of three groups of parents: parents of children with attention 

deficit/hyperactivity disorder, parents of children with asthma and a control group of parents of children with 

no diagnosis of deficit/hyperactivity disorder, nor asthma (Magalhães, 2005). 

This study concerns 13 scales of the PSI and the corresponding scale scores (sum of item values in 

“likert” scales), identifying sources of stress within the family. Regarding children there are six scales: 

Distractibility/Hyperactivity (E1); Reinforcement of Parent (E2); Mood (E3); Acceptability (E4); 

Adaptability (E5); Demandingness (E6). Concerning parents there are seven scales: Competence (E7); 

Attachment (E8); Role Restriction (E9); Depression (E10); Spouse (E11); Isolation (E12); Health (E13). 

The purpose here is to obtain a typology of the 13 scales, that is to search for a classification of 

variables, described by the three groups of subjects/ parents. Each group had initially 30 observations, but 

after a missing values analysis, we kept: 25 observations in group 1, 24 in group 2 and 27 in group 3, 

corresponding to a total sample of 77 subjects. All the children are between 6 and 10 years old.  

Hierarchical cluster analysis was thus applied to classifying the 13 PSI scales, using the probabilistic 

k'k,akkk'k,ak'k,APkk
RRR

)',(ˆ)',(
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affinity coefficient as similarity coefficient with j = 1/3, j=1,2,3. Four different aggregation criteria are 

considered in the present work: two non-probabilistic, SL and CL, and two probabilistic criteria, AVL and 

AVB. 

The hierarchical trees or dendrograms obtained are presented below (Figures 1, 2, 3 and 4). Several 

quality statistics were used for each clustering model to choose the most significant partitions of clusters.  

Figure 1- SL Dendrogram ( =1, =0) Figure 2- CL Dendrogram

Figure 3- AVL Dendrogram ( =1, =1) Figure 4- AVB Dendrogram ( =1, =0.5)

The four different hierarchical clustering models present several common clusters, mostly merging in 

the same way, especially in the CL, AVL and AVB cases. Considering the three aggregation criteria 

belonging to the parametric family referred to above, we may easily observe how the dendrograms progress 

when going from SL ( =1, =0) to AVL ( =1, =1) through AVB ( =1, =0.5) methods. This is also 

supported by the usual tables of quality statistics associated to each clustering model and computed by the 

statistical software. Here we mention some of these partitions without giving the corresponding tables of 

values.  
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In summary we may observe that: 

- The following pairs of scales are common to all the models: E2 (Reinforcement of Parent)-E3 

(Mood); E5 (Adaptability)-E7 (Competence); E9 (Role Restriction)-E11 (Spouse); E12 (Isolation)-E13 

(Health).

- In all the models, the cluster E9-E11 joins E4 (Acceptability). 

- In the three models CL, AVL and AVB models, the cluster E12-E13 joins E8 (Attachment). In the SL 

case they are quite near, but the “chain effect” is already working.   

- In the three models CL, AVL and AVB the clusters E2-E3 and E12-E13-E8 merge together at the 10-

th level of the dendrogram, corresponding to the maximum value of the quality statistics, that is to the 

best classification. At this level, AVL and AVB methods propose the same classification in three clusters: 

the previous one, the small-strong cluster E5-E7 and the cluster joining E9-E11 and E4 (Acceptability) to 

E1 (Distractibility/Hyperactivity)-E6 (Demandingness) -E10 (Depression). At the 10-th level CL model 

gives a classification in two clusters.  

We do not go into a psychological interpretation in this work. We just finish pointing out one of the 

first features that appear to be appealing to both the statistician and the psychologist in order to future 

developments: using the generalized affinity coefficient and its probabilistic coefficient re-enforces the 

tendency of joining sources of stress concerning children with sources concerning parents themselves at 

lower levels of the dendrograms.  

4. Conclusion 
In this work we refer to a probabilistic approach of complex or three-way data (also called symbolic) 

classification/clustering. In particular, comparison of hierarchical clustering models is performed, based on 

resemblance of associated parameter profiles in an adaptive family of aggregation criteria. This is the first 

step of the more advanced situation of clustering this kind of clustering models, by using the affinity 

coefficient and related methods on vectors of parameter profiles. We briefly discuss a case-study, where this 

methodology is applied, instead of the common “two-way” data approach classification. As it might be 

expected in this case, results on hierarchical clustering of variables are not very different and they gain in 

quality of typology explanation, when groups/sub-samples instead of subjects of the total sample are used. 

Obviously, the three-way approach here partially described has the more relevance the larger data bases are 

used, mostly in a data mining context.     
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ABSTRACT 
Cluster analysis or classification usually concerns a set of exploratory multivariate data analysis methods and 

techniques for grouping either a set of statistical data units or the associated set of descriptive variables (eventually 

both), into clusters of similar and well separated elements. In this work we refer to three steps of generalization of this 

paradigm that appear to be useful when complex data are present particularly in large data bases, mostly in data 

mining context. A case study issued from health sciences is discussed.     
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The Search for the Lisbon 1755 Earthquake Source

Luis Matias
CGUL/IDL
E-mail: lmatias@fc.ul.pt

ABSTRACT

The 1st November 1755, at 9:40 in the morning, Lisbon was strongly shaken for several minutes,
causing the collapse of a larger number of buildings and killing many of its inhabitants. About forty
minutes later, Lisbon downtown was flooded by a tsunami, adding destruction and victims to the
earthquake. The destructive Lisbon earthquake was generated on a big fault at the Eurasia-Nubia
plate boundary and an estimated magnitude of 8 and 3

4 . Till the end of last century the knowledge
of the oceanic domain offshore SW Iberia was very poor. The only known structure with an adequate
size, close to the inferred plate boundary, was the Goringe Bank and this remained the favoured
source for the Lisbon earthquake. However, including information on tsunami travel times, wave
height and wave first motion, it can be shown that the Goringe Bank source is not compatible with
the tsunami historical information. More recent research performed in the oceanic domain allowed the
identification of other faults that may have ruptured together with the recently discovered Marquis
de Pombal Fault. In the lecture we survey a number of historical and contemporary approaches and
we assess their predicting value for a new “Lisbon-like” tsunami in the future.

Keywords. SW Iberia Margin, Seismotectonics, Geodynamics.
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Short-Term Prediction of Medium and Large-Size Earthquakes Based

on Markov and Extended Self-Similarity Analysis of Seismic Data

Mohammad Reza Rahimi Tabar
SUT & CNRS
E-mail: rahimitabar@iust.ac.ir

ABSTRACT

We propose a novel method for analyzing precursory seismic data before an earthquake that treats
them as a Markov process and distinguishes the background noise from real ůctuations due to an
earthquake. A short time (on the order of several hours) before an earthquake the Markov time scale
tM increases sharply, hence providing an alarm for an impending earthquake. To distinguish a false
alarm from a reliable one, we compute a second quantity, T1, based on the concept of extended self-
similarity of the data. T1 also changes strongly before an earthquake occurs. An alarm is accepted
if both tM and T1 indicate it simultaneously. Calibrating the method with the data for one region
provides a tool for predicting an impending earthquake within that region.

Keywords. Markov Time scale, Extended Self Similarity, Earthquake.
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Time-dependent hazard through nonparametric Bayesian estimation

of the interevent time distribution

Rotondi, Renata

Institute for Applied Mathematics and Information Technologies - C.N.R.

Via Bassini 15

20133 Milano, Italy

reni@mi.imati.cnr.it

Despite the large number of studies on the time-dependent seismic hazard a commonly accepted

model does not exist yet, but there are some more shared conjectures as the dependence on the

time elapsed since the last occurrence, that is, the idea that after each event the probability of the

future process may be the same. From the probabilistic point of view this means to consider renewal

processes. They are appropriate to model sequences of large earthquakes after which one can assume

that the stress accumulation process restarts so as the times between consecutive large seismic events

can be considered as realizations of independent, identically distributed random variables. Various

probability distributions F have been proposed for the intervent times in the literature but the results

were not completely satisfactory, also because the data, generally sparse and irregular, are difficult to fit

through parametric models. A radical solution could consist in assuming that F is a random function

modelled by a Polya tree process which, under mild assumptions, assigns probability one to the space

of the continuous functions. It relies on a binary tree partitioning of the domain R+ obtained through

the quantiles of a generalized gamma distribution, family of distributions properly including the most

used ones for the recurrence time: gamma, Weibull, lognormal. The parameters of such a distribution

are themselves gamma-distributed random variables chosen on the basis of our prior knowledge of

the phenomenon. The definition of this Bayesian hierarchical model is completed by assigning to

each F (Bε), being Bε any set of the partition, a beta distribution with parameters guaranteeing the

continuity of F . The estimation technique is based on a MCMC sampler using Metropolis-Hastings

within Gibbs sampling. We have applied this methodology to the Italian earthquakes with Mw ≥ 5.3

drawn from the CPTI04 catalogue and having epicenter into the seismogenic areas of the database

DISS, subdivided into eight tectonically homogeneous regions. By estimating, for each region, the

density of the intervent time, we have evaluated maps of occurrence probability at different forecasting

horizons.
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Educational Ambassadorship

Martha Aliaga
American Statistical Association
E-mail: martha@amstat.org

ABSTRACT

In order to encourage new international members to join the American Statistical Association (ASA)
and advance cooperation between statisticians around the world, it has been proposed to recruit
a series of Educational Ambassadors from foreign countries. The purposes of this initiative are to
increase communication between the statistical communities in the US and other nations, the spread
of statistical knowledge across international borders in a permanent way and the development of
distance learning between countries. We expect this outreach effort to increase the number of ASA
members and interest in the association in the target countries. The Educational Ambassadorship’s
primary purpose is to promote international cooperation, through the active partnership of the ASA
with statistical societies in other countries. A detailed description of the objectives and procedures
of the initiative will be presented. This program is consistent with the recently declared initiative
of the ASA President: ”Foster an infrastructure that strongly links the statistical sciences industrial
and research laboratory communities with the academic sector and our national and international
institutes”. Looking Forward to see what is coming or could be created to grow ASA and the statistical
profession into an ever more effective community.

Keywords. Communication. Cooperation. Permanent Transfer of Statistical Knowledge.
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Developments in Promoting the Improvement of Statistical 
Education
Neville DAVIES
Director, Royal Statistical Society Centre for Statistical Education 
Nottingham Trent University 
Nottingham NG11 8NS UK 
(neville.davies@ntu.ac.uk) 

1 Introduction 
The Royal Statistical Society Centre for Statistical Education (RSSCSE). www.rsscse.org.uk, exists to 

promote the improvement of statistical education, training and understanding for people of all ages. Over the 
last seven years it has started and/or completed several projects with this aim. In this paper we describe key 
features and outcomes of a number of them.  

In section 2 we describe four schools-based projects, including the RSSCSE’s flagship 
CensusAtSchool project that has been adopted and implemented in four other countries. In the same section 
we provide evidence from a UK-government sponsored project that leads us to believe strongly that teaching 
statistics through a problem solving approach is the best way to motivate learners and get them excited by 
the subject.  In section 3 we discuss the importance of continuing professional development for teachers of 
the subject at all levels and focus on a distance learning course in statistics pedagogy that is suitable for 
statistics teachers in Higher Education. Experience with providing train-the-trainers courses and 
accreditation of statistics departments in countries outside the UK is also presented. In section 4 we describe 
projects that are planned and/or have just started. One of these is designed to capitalise on activities 
associated with the Olympic and Paralympic Games in London in 2012. This project could provide the 
statistics education community worldwide with a unique opportunity to improve the statistical literacy of a 
wide range of people, from learners in primary and secondary schools, to university undergraduate and 
postgraduate students to adult learners and people in the workplace. 

2 Promoting Statistical Literacy for school learners 

2.1 The AtSchool Projects 
There is much research evidence to suggest that the best way to get people to learn is through 

engaging their interest through activities they can see, undertake and relate to. In statistics there is further 
research that shows students of all ages are motivated by real world data about subjects they are interested 
in, particularly data concerned with features and characteristics about themselves and their peers. Relevant 
references include Garfield (1995), Cobb and Moore (1997) and Graham (2006). When the same data are 
used to create teaching and learning resources that combine a variety of Information and Communication 
Technology (ICT) techniques, in particular including the Internet, teachers are stimulated to improve their 
own skills, knowledge and pedagogy. These, in turn, can have very positive knock-on effects on students’ 
attitudes to mathematics, applications of statistics and other subjects.  

Snee (1993) noted that: ‘… the collection and analysis of data is at the heart of statistical thinking. 
Data collection promotes learning by experience and connects the learning process to reality.’  The RSSCSE 
has adopted this philosophy in the development of its school-level projects. A number of these are aimed at 
improving the statistical literacy and knowledge of learners and teachers. Four RSSCSE school projects are 
now summarised.  
1. CensusAtSchool (www.censusatschool.ntu.ac.uk) started in the UK in 2000 and collects real data from 

and about school students in a class ‘census’ unit. It returns the raw data & specially designed teaching 
and learning resources to the class teacher via the Internet. It is also implemented in four other countries: 
South Africa, Australia, New Zealand and Canada. 

2. ExperimentsAtSchool (www.experimentsatschool.ntu.ac.uk) is designed to collect data from                                         
experiments done at school in science, geography, psychology, etc. It was re-launched in March 2005 
and has been adopted as the central ICT theme of the new Centre for Effective Learning in Science 
(CELS) at Nottingham Trent University. 
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3. IssuesAtSchool (www.issuesatschool.ntu.ac.uk)  promotes discussion on controversial biomedical issues: 
class debate is followed by seeking students’ opinions and views and collecting them using online 
questionnaires; teaching & learning resources are produced from these. 

4. SurveyAtSchool (www.surveyatschool.ntu.ac.uk) enables the creation of surveys by school learners using 
the Internet and provides easy access to data responses. Data analysis can be done in Excel or a statistical 
package. Registration gives a school ownership and the space on a server to create on-line surveys. 

The AtSchool projects enrich the curriculum for learners and yield innovative and dynamic ways of 
motivating pupils and produce a rich source of continuing professional development (CPD) in mathematics 
for teachers across a broad range of subjects in primary and secondary schools. The projects are growing in 
popularity every year as more and more teachers adopt their use in the classroom. Statistics New Zealand, 
The Australian Bureau of Statistics and Statistics Canada are using CensusAtSchool in their countries to raise 
awareness of the importance of their national censuses amongst the population as a whole.  

These projects can also help to improve statistical thinking, especially as they use real data and are 
simultaneously linked to using ICT. See, for example, Connor et al (2006). These authors show that using 
ICT to record, retrieve, and present data is an important stimulus for learning in the real data context. These 
activities can add value when compared with simply presenting data to students that someone else has 
produced.

2.2 Teaching and Learning Statistics through Problem-Solving 
This method of teaching has been gradually gaining support over the last 15 years. Early recognition 

of the merits of the problem solving approach is provided by Snee (1993). He urged course designers and 
teachers to act more sensitively in response to real world problems.  

Other authors have also argued (see, for example, Stuart, 1995) that statistics should be taught through 
problem-solving. The same author (Stuart, 2003) has written an introductory level statistics book that 
advocates and uses this approach for business and industry. Authors of other textbooks in statistics are 
beginning to recognize the merits of suggesting that students reinforce their learning by doing projects that 
are problem-based. For example, Agresti and Franklin (2007) adopt a problem-solving approach in an 
undergraduate introductory statistics text and Clarke and Cooke (2004) list 47 projects and give guidelines 
for doing them by following the three criteria of: Aims; Collection of data; and Analysis. These criteria are 
three components of a problem-solving paradigm and, even though many of the projects in Clarke and Cooke 
do not require a great deal of time to complete, students are encouraged to write a report on their findings in 
each case.  

Garfield (1995) extols the virtue of learners gaining real world statistical experience from solving real 
problems with real data. She also summarises educational research views on statistical learning which 
suggest: spending more time developing student understanding; using small group learning activities; 
employing open-ended problems; making use of practice sessions and experimental work. See also Cobb 
(1992), Cobb and Moore (1997).  

All the activities and resources in the New Zealand implementation of the UK CensusAtSchool project 
(www.censusatschool.org.nz/2005/) were developed using the investigative cycle Problem; Plan; Data; 
Analysis and Conclusions (PPDAC). This five-stage cycle was advocated and discussed in detail by Wild 
and Pfannkuch (1999). As is quoted on the NZ CensusAtSchool web site, ‘Statisticians use this cycle and we 
think that it is important that students begin to as well’. See, for example, the delightfully simple guide for 
school students at www.censusatschool.org.nz/2005/resources/how-kids-learn.

We have provided a good deal of evidence that teachers of statistics may be able to be more effective 
at getting students to learn the subject by adopting a problem-solving approach in their teaching. These and 
other findings were used in a study commissioned by the UK Qualifications and Curriculum Authority 
(QCA, www.rsscse.org.uk/qca), and run by the RSSCSE. Following completion of the project it 
recommended that material for trialling in schools be based on a number of statistics topics and those should 
be explicitly taught through problem-solving. The problem solving approach advocated is enshrined in the 
National Curriculum for England and consists of the four stages: Plan; Collect; Process and Discuss.

As part of the same QCA project, the RSSCSE undertook a survey of heads of mathematics in schools 
in England in 2005. This revealed that many of them were less than confident about teaching statistics, even 
at an introductory level. Further analysis showed that many expressed a need for CPD in the subject, 
especially in the context of the use of statistics to solve problems that involve real data.

The RSSCSE is currently developing a range of materials for teaching and learning that use a problem 
solving approach. We are currently creating an Internet-based wizard which classroom teachers will be able 
to use to contribute their own ideas and create similar problems and associated resources using a common 
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template. Such contributions will be subject to a refereeing process for quality, and will subsequently be 
added to a national database. This approach has the potential to enable teachers to become more confident at 
using real data in the problem-solving context. As a consequence teachers should also benefit from CPD, 
both through teaching statistics this way or through designing and creating their own problems for the 
database.

A key part of the RSSCSE mission is to communicate what it does both nationally and internationally. 
In this respect, the RSSCSE made major contributions to the 6th and 7th ICOTS conferences in Cape Town, 
South Africa (2002) and Salvador, Brazil (2006). It made key presentations at the 55th session of ISI and the 
IASE satellite conferences in Sydney in 2005. The proceedings of these two conferences are available on the 
IASE web site at www.stat.auckland.ac.nz/~iase/. Full details of the extent and form of its outreach and 
dissemination activities over the last six years can be found in the six-monthly reports available on the web 
site (www.rsscse.org.uk/about/directorsreports.asp).

3 Continuing Professional Development 
CPD is an activity that is encouraged by a wide range of professions and organisations. For some it is 

compulsory and others use it as a lever for promotion and increased salary. The extent and form of CPD 
naturally varies with each body and employer. For its ordinary fellows and professionally qualified 
statisticians, the RSS has carefully considered what it sees as essential for professional enhancement. The 
Society's CPD Policy was implemented on 1 January 2004, after some five years of careful development 
work. More details of what it expects of its fellows can be found on the Society’s web pages: 
www.rss.org.uk. The RSSCSE is proactive in providing CPD through both education and training routes.

3.1 CPD – Education for teachers of statistics 
The RSSCSE is involved in the design and writing of material that can help provide CPD for teachers 

of statistics both in secondary and higher education. In the latter case in 2002 the Centre launched a distance-
learning course, the RSS Certificate in Teaching Statistics in HE, which is accredited by the Royal Statistical 
Society. The web site for this course can be viewed at www.rsscse.org.uk/activities/tsinhe.asp. The course 
enables teachers in HE to enhance their pedagogy, assuming they already possess adequate knowledge and 
skills in the subject. Comments from successful certificands are available on the web site, including a 
portfolio of activities submitted (successfully) for assessment.  

Encouraged by the success of this HE Certificate, the RSSCSE is currently developing two versions of 
a Certificate in Teaching Statistics at Secondary Level that will focus on both knowledge/skills enhancement 
in statistics and its pedagogy. One aim of these proposed schoolteachers’ certificates will be to get the 
participants to think about and adopt methods for teaching statistics through the approach described in 
section 2.2. See www.rsscse.org.uk/activities/tsise.

3.2 CPD - Training in Africa 
Over the last six years the RSSCSE has provided unique CPD opportunities through training trainers 

of statisticians in National Statistics Offices in African countries. It has also been involved with the RSS in 
helping to accredit the academic and general statistics provision in the Department of Statistics at Kuwait 
University.

The RSSCSE has now provided two teams of statisticians in Malawi and The Gambia with the 
necessary knowledge, skills and course management material to teach the syllabus that can enable trainees to 
sit the RSS Ordinary Certificate (OC) examinations. The reports of these visits included:  
1. a course management document; 
2. detailed recommendations about nominating a course leader;  
3. a procedure for setting up a course committee;  
4. the establishment of a teaching team;  
5. recommendations to purchase key teaching resources. 

However, the most important activity involved the teaching team receiving a two-week intensive training 
session on how best to deliver the syllabus for the RSS OC.  

Competencies and key skills in areas such as communication, the use of ICT, working in teams, self-
improving in learning and performance, problem solving and individual project work are all important in 
statistics. They are very important attributes for practising statisticians. In both instances the trainees from 
the respective government statistical departments can also be awarded the Royal Statistical Society 
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Certificate in Key Statistical Skills, provided they study appropriate material and pass the coursework 
requirements specified by the RSS.  

We recommend that the OC course should take up to 24 two-day sessions. These should be run before 
May in any year in time for the date on which the RSS OC examinations are taken. Half of the time should 
be devoted to teaching, while during the remaining time students should receive tutorial support and 
guidance on problem solving, project work and communication skills. Some extra topics tailored to the 
specific needs of the country, such as elementary demographic and economic statistics, are included and are 
assessed as part of the RSS Certificate in Key Statistical Skills. The Universities of Malawi and the Gambia 
took part in the training in their respective countries with great enthusiasm. Other central statistical offices in 
Africa could benefit from implementing similar procedures in order to provide statistical knowledge and 
skills enhancement for their staff.  

3.3 Accrediting academic and general statistics provision in universities 
In two joint visits, the first in 2005 and the second in 2006, staff from the RSSCSE and the RSS 

assessed the provision of statistics within two undergraduate academic programmes at Kuwait University. At 
the same time, but with different criteria, the wider provision of resources, environment and teaching and 
learning were assessed. Each of these visits was over five days. 

Following recommendations to the RSS Professional Affairs Committee (PAC), it formally accredited 
the Department of Statistics and Operations Research at Kuwait University in respect of the academic content 
of its BSc degree programmes in Applied Statistics and in Applied Statistics & Operations Research and in 
respect of the general nature of its provision. For the degree accreditations it means that a graduate from 
Kuwait University with either of these qualifications can apply for the professional award of Graduate
Statistician (GradStat) from the RSS. Accreditation means that Kuwait University graduates are exempt from 
sitting the RSS Graduate Diploma examinations, which is the normal way to get the award. The accreditation 
at Kuwait University has aroused much interest in the Middle East. A number of other universities in the 
region are exploring similar opportunities to become accredited by the RSS. 

4 Future Activities 
In this section we describe some new ideas the RSSCSE is developing for promoting statistical 

literacy. The first of these is prompted by the Olympic and Paralympic Games being awarded to London in 
2012. It has the potential to be implemented in all countries in the world that are involved in sending 
representatives to the Games. In that respect the project could have enormous potential for improving the 
statistical literacy of all who take part. 

4.1 The Olympics 
The Olympic and Paralympic Games are coming to London in 2012, and there will be huge interest, 

especially among the young in many countries.  We believe the Games could be used to involve students of 
all ages in a large-scale project that answers real questions, using real data, which involves and interests all 
of them. This personal involvement can break down their fear of statistics and motivate their learning.  

The Olympic Games usually motivates people of all ages. The young, in particular, may find fresh 
aspirations to participate and succeed in sporting activities. Some young people, barely into their teens at the 
moment, may become competitors by 2012. Also, students and their teachers are likely to be stimulated by 
Olympics-related activities that are fun to do, but that also promote a designed approach to participating in 
sports.  Measuring and keeping track of their own ‘personal best’ performances is just one example.  Doing 
all these requires a serious amount of design, data collection, analysis and interpretation. But that is what 
statistics is for! 

The AtSchool projects described in Section 2 provide evidence that projects designed around 
collecting meaningful data can help improve knowledge, skills and statistical thinking for students. They 
motivate learning and emphasise how real data and information are important for many subjects across the 
school curriculum. OlympicsAtSchool (www.rsscse.org.uk/olympicsatschool) is a project designed to collect 
data from school age learners who participate in enjoyable activities related to the Olympic Games.  

We believe that a data-driven project that uses the Internet to collect meaningful data on variables that 
students can relate to, but that are also relevant to some or all of the Olympic Sports, will have real benefits 
for everyone involved. Similar to CensusAtSchool, the proposal is that, following the creation of a number of 
clearly-posed questions, sport-related and lifestyle data within the Olympics context should be collected 
from the students themselves and the problem-solving paradigm used to carry out purposeful investigations. 
To illustrate the potential, we could ask the general question ‘What can you do to get better at participating 
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in sports?’ To solve this problem a number of related questions need to be carefully planned in order to get 
useful data. Variables such as diet, health, life-style, fitness, dedication and enjoyment can affect 
performance in sports. Measuring these variables and relating them to Olympic values will produce a wide 
range of activities for people of all ages to get involved in.  

In practice questions will be designed and constructed after consultation with representatives from the 
Olympics and Paralympics movements, previous Olympic athletes and colleagues from subjects that include 
sports science, physical and biological sciences, citizenship, mathematics and statistics.  Persuading schools, 
colleges and universities to become involved in the project will be a key objective. For illustration, here are 
examples of a few specific questions that provide starting points for producing useful data. 
1. In what ways will the London Olympic and Paralympic Games motivate you to take part/improve in 

sports? (Providing a list for them to choose from). 
2. How can you and your school/college/university help to contribute to the London Olympics? 
3. What sports (list) do you like best (i) taking part in (ii) watching?  
4. How many hours of exercise do you do per week? 
5. How many portions of fruit and vegetables do you eat per day, per week? 
6. What is your pulse rate (i) resting (ii) after 2 minutes of exercise? What is your time to recovery? 
7. How fast can you run 20, 50, 100, 200 metres? 

Other questions could, of course, be targeted at specific Olympic and Paralympic sports. But all the
data collected will offer support and opportunities to carry out case studies based on interesting questions 
posed by students and teachers. This will be done by interrogating the database of responses that will grow 
as the project progresses. Participating students and teachers could, in turn, provide knock-on benefits 
through carrying out related cross-curricular activities. Associated learning and teaching resources will be 
created to enrich education in many subjects, not just mathematics and statistics. These will be freely 
returned to teachers and students for teaching and learning.  

Added value for a country’s success at the Games could come from more advanced applications of 
statistics that could help with identifying talented athletes through scrutiny of appropriate data collected for 
each sport. Students and teachers at all levels of education could benefit from participating in an Olympics-
related project that is implemented over the next six years and beyond. In the short and long term it could 
help to make statistics a more motivating subject and improve its image with a lot of people. If anyone is 
interested in getting involved, please make contact. I am particularly keen to hear from: (i) countries that are 
interested in getting their school-aged learners to contribute data and (ii) organisations that would like to 
invest in or sponsor the data-based OlympicsAtSchool project I am proposing.  

4.2 Dynamic Resources Using Interesting Data 
The dynamic worksheet generator using real data is a web based facility provided by the Dynamic

Resources Using Interesting Data (DRUID) project. The facility allows a teacher to generate a unique 
worksheet and data set for each member of a class. Furthermore a solution sheet, with guided instructions, is 
generated for each worksheet. The worksheets and solution sheets are generic in that any statistical package 
may be used to perform the analysis. 

A dynamic worksheet generator using real data is useful to make the worksheet more interesting and 
challenging, and to encourage individual work. In addition the worksheets may be used for assessment 
purposes and can help to deter plagiarism, and the solutions provided can aid the marking of assessments. 
Each unique pair of worksheet and solution sheets are provided as Word documents (RTF) to download or 
preview online. PDF versions will be provided in future versions. The unique data are provided as a csv file 
which may be downloaded into any statistical package. 

5 Conclusions 
The RSSCSE runs or promotes a number of projects that are designed to hook people of all ages into 

wanting to become more skilled at the art and science of learning from data. In the case of school-aged 
learners this is helped by (i) their being motivated by real data that they can relate to and (ii) invariably 
getting excited by the prospect of exploring interesting issues with fellow students in the classroom. In turn, 
their teachers are motivated by innovative use of technology for improving their own knowledge and 
pedagogy. For government statisticians it is clear that they too are enthused to learn more statistics when real
data, that relate to their day-to-day jobs, are used to teach them new methodology and statistical problem 
solving techniques. 

It is inevitable that in the 21st century the use of statistics will become indispensable in evidence-based 
decision-making: the subject provides trustworthy procedures to get information from data that enables ever 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 1879 -



more complex decisions to be made with confidence. For members of the public to be comfortable with the 
reasons for collecting and analysing data that lead to important decisions made on their behalf it is 
imperative that they have the opportunity to become more statistically aware. To that end the RSSCSE is 
working hard to ensure that school-aged learners, their teachers and the general workforce have access to 
ways they can become more statistically literate: this could contribute to their becoming part of a more 
statistical-informed society. 
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RESUME
We describe some of the activities of the Royal Statistical Society Centre for Statistical Education in 

delivering its aim to promote the improvement of statistical education for people of all ages. At school level 
this includes: (i) activities that involve pupils from at least five countries in contributing meaningful real 
data to international databases, coupled with the creation of learning and teaching resources from those 
data; (ii) the results of a major UK government-funded project to review statistics and handling data within 
the school mathematics curriculum for pupils up to age 16. At university level we describe the development 
of the Royal Statistical Society-accredited distance learning course ‘Certificate in Teaching Statistics in 
Higher Education’ and how it can help teachers in Higher Education to improve their pedagogy in statistics. 
For workplace activities we present details of a number of projects undertaken outside the UK, including 
delivering train-the-trainers programmes for government statistical clerks in Africa. Finally, we look to the 
future and describe a project proposal to exploit interest in the Olympic Games that could deliver an 
improvement in the quantitative literacy of individuals in countries that take part.  
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1. Introduction 

Traditional statistics teaching look at statistics more as a branch of mathematics rather than a problem-
based matter. Good statistics should, of course, be identified with purity and mathematical precision, but it is 
also associated with careful thinking. Adopting this paradigm implies, therefore, demonstrating that statistics 
are part of a problem-solving strategy which facilitates statistical literacy for tomorrow’s users and budding 
statisticians. 

Indeed, the teaching and learning of sciences has become more practical, interactive and efficient. Still, 
there is a lot to make in order to promote the literacy of Math’s and Statistics. 

So, what can we do to promote literacy, namely Statistical Literacy in the future? This paper aims to 
discuss the role of the teacher in the process of teaching/learning of statistics and to provide some 
suggestions in order to reinforce teachers’ skills using ALEA resources. A survey has been made in order to 
analyze how educators use ALEA in the teaching of statistics. 

ALEA (Local Action of Applied Statistics) is to be viewed as a project, which aims at providing both 
teachers and students of secondary education with teaching materials for the study of Statistics. These 
materials include a web page containing several educational resources, “statistical” entertainment, and 
downloadable material. This project is a joint idea of the National Statistical Institute (Portugal) and Tomaz 
Pelayo Secondary School, bringing together The Portuguese Ministry of Education and the Statistical office. 

As teachers play an important role in statistical education, we are concerned in knowing whether 
ALEA has been a useful and efficient resource for teachers up to now. Is ALEA used in the classroom 
context? Is it used for personal training? Do teachers with background in mathematics use ALEA in the same 
way compared to teachers that have no background in mathematics?  

We concluded that the majority of the teachers with math’s qualifications use ALEA more often. On 
the other hand, the teachers with other qualifications (Natural Sciences, Economy, etc) use ALEA more 
frequently for “Personal training and to Educational support”. 
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The paper is structured as follows: in section two we discuss some of the paradigms in the teaching of 
statistics. In section three the survey is presented and we discuss the results. Finally, in the last section, the 
conclusions are drawn. 

2. The teaching of statistics 

Rethinking statistics pedagogy 
One reason that pushed us to become more proactive in the area ‘statistics and education’ was that, in 

Portugal, the teaching of statistics was recently included in the O-level (third cycle of basic level 
corresponding to 7th, 8th and 9th years of school) mathematics syllabi. The mathematics programmer of the 
A-level (secondary level corresponding to 10th and 11th years) included statistics already. Elementary topics 
such as the gathering and organization of data, data representation and interpretation, measures of central 
tendency and probability calculation are taught at primary school (first and second cycles of basic level 
corresponding to 1st to 6th years of school), while secondary level students are introduced to more elaborate 
concepts such as probability concepts and inductive statistics. 

This development encouraged us to reflect on the usual introductory courses in statistics. The ALEA 
project, taking advantage of its complementary character in relation to the classic concept of the lesson, is 
equipped to adapt to the new paradigms of teaching statistics. Statistics pedagogy is said to follow four 
paradigms:  

1. Statistics as a branch of mathematics; 
2. as data analysis; 
3. as experience planning; and 
4. as a problem-based matter. 
Traditional statistics teaching focuses on the first three aspects. However, statistical reasoning must 

come before statistical methods. It is not advisable to present statistics at the introductory level as a branch of 
mathematics. Good statistics should, of course, be identified with purity and mathematical precision, but it is 
also associated with careful thinking (Smith, 1998). 

Practical statistics, electronic resources and ALEA
Computers have revolutionized statistical practice (Anderson and Loynes, 1987). They make data 

manipulation easy and stimulate the development of new techniques (such as simulation, bootstrapping, etc.). 
Recently, the Internet allowed for the sharing of projects aiming creating places where both teachers and 
students can take part in solving everyday problems giving rise to reflections of a statistical nature. The 
teachers’ resources available at Statistics Canada web page (http://www.statcan.ca) and the Census at Schools 
project are successful examples of environments in which the use of realistic examples will encourage 
students to use critical thinking skills – an ability for life. 

In Portugal, one of the most well-known resources of this type is ALEA – an instrument to support the 
teaching of statistics to primary and secondary school students and teachers through an interactive page 
(http://www.alea.pt)1. This is a joint project of the National Statistical Office of Portugal and Tomaz Pelayo 

1 Two courses are available online in ALEA: “Statistical concepts” which presents elementary concepts of descriptive statistics and 

“Probability concepts” which provides concepts and exercises on probability. An e-learning environment was also created, based on 

the two statistical courses available on ALEA. Other online resources are available, such as statistical information about Portugal 

(until county level), the European Union (with interactive maps and statistics of all countries) and an interactive statistical summary 

of the countries which have Portuguese as the official language. A set of handbooks dealing with specific topics (such as 

Environment Statistics, Census, History of Statistics, Statistical Software, Surveys, etc) is also available. There is also a special area 

for entertainment (with Games and cartoons) as well as challenges where students can participate, news with a statistical content 

found in the mass media, and a section named “Facts & Names of Statistics”. 
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Secondary School, bringing together The Portuguese Ministry of Education and the Portuguese Statistical 
Institute. An external consultant, Prof. Eugénia Graça Martins – who also consults for the secondary school 
mathematics programmer on which all the statistical concepts presented in ALEA are based – contributes in 
terms of elementary statistical concepts (such as location and variation measures, bivariate statistics, graphs 
and probability theory). 

In this sense, the ALEA aims to create a place where both teachers and students can take part in 
solving everyday problems giving rise to reflections of a statistical nature. It also gives an opportunity to use 
interdisciplinary activities by using and serving other subjects besides mathematics.  

3. Teaching and learning statistics with ALEA - The survey 

Goals and sample definition 
ALEA started in 1999 and has been consulted by tens of thousands of users ever since. The main users 

are teachers, students and general statistics users. As teachers play an important role in statistical education, 
we are concerned in knowing whether ALEA has been a useful and efficient resource for teachers up to now. 
Is ALEA used in the classroom context? Is it used for personal training?  Do teachers with background in 
mathematics use ALEA in the same way compared to teachers that have no background in mathematics?  

A survey has been made in order to answer to some of these questions. This survey was targeted to the 
teachers that use the resources that are available in ALEA’s web page. The questionnaire included 12 
questions that can be clustered in three different groups: the first group involves the scientific, academic and 
demographic background of the individuals in the sample (questions 1 to 6); group 2 deals with the reasons 
regarding the use of ALEA (questions 7 to 10); on the third group we asked teachers to rank separately a set 
of topics available in ALEA and also to rank their contribute to the learning and teaching of statistics 
(questions 11 and 12). 

The survey had as target population the teachers that use ALEA as a resource. We used the data base of 
registered users of ALEA and sent, by e-mail, the survey to all registered users that were, simultaneously, 
teachers, at any level of teaching. About one thousand questionnaires have been sent and, for technical 
reasons 200 have not been delivered. At the end, after validation, the sample included 93 responses. The rate 
answer was small but it is framed in this kind of electronic survey. 

Results 
We start by presenting some general characteristics of the sample and then proceed with univariate and 

bivariate statistics. A demographic outline of the sample is important because it defines the profile of the 
users we are studying. The average time of working in the sample is approximately 17 years, with a standard 
deviation of 9 years (the median being 15). The most part of the individuals of the sample (66%) have a 
background or degree in Mathematics; each of the remaining areas that we observed (statistics, natural 
sciences, economics and geography) represents less than 10% of the whole sample. For that reason, a new 
variable was created containing two categories: 1–Math’s qualifications; 2–Other qualifications. 

We have also observed that teachers are mainly associated with the third basic and secondary levels, 
representing respectively 50% and 25% of the total sample. The remaining teachers are distributed, by 
importance, by the following levels of teaching: university: 13%; second cycle of basic level: 7%; first cycle 
of basic level: 2%. 

By crossing this information with the variable “number of years working”, we observed that the 
majority of the teachers are from the 3rd cycle of basic level and have between 11 and 20 years of working. 
On the other hand, the teachers of secondary level are mostly included in the group of 20 or more years.  
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Figure I – Time of work and teachers’ level of ministration 

We proceed with the second group of questions concerning the use of ALEA. We can conclude that the 
most part of the respondents are not frequent users, but have used or visited it more than once, as we can see 
in Figure II; a quarter of the sample state that use ALEA frequently. We did not find any association between 
the qualification of the teachers and the frequency in the use of ALEA. 

Figure II – Absolute frequencies of the answers to the question: 
“How often do you use ALEA?” 

In the same group of questions, we asked teachers “why do you use ALEA?” allowing four categories 
of answers: (1) Classroom preparation, (2) Classroom resource, (3) Search of information, (4) Personal 
training and Learning concepts and (5) Entertainment. In terms of absolute frequencies, the most referred 
item was “Search of information”; on the other hand, the less mentioned item was “Entertainment”.  

This question can be analyzed in relative terms if we combine it with teachers’ qualifications. We 
therefore observe that teachers with Math’s qualifications use ALEA more often than others. This conclusion 
is valid for all topics included in the survey except for “Personal training and to Educational support”. In this 
case, teachers having other qualifications declare that use ALEA more frequently than teachers having a 
background in Mathematics. 

Teachers’ background: 
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Figure III – Relative frequencies of the answers to the question:  
“Why do you use ALEA for?” 

Next, we needed to know what the circumstances and contexts involving the use of ALEA are. 
Therefore, to simplify the process in collecting the information, we have previously classified the answers in 
four categories: (1) In the context of the subject matter; (2) School projects; (3) School clubs; (4) To provide 
educational/pedagogical support. For every option, a rank between 1 (few) and 3 (much) was used as answer. 
As it is a multiple response question, teachers could choose more than one option. The figure III contains a 
summary of the answers to this question. 

Figure IV – Relative frequencies of the answers to the question:  
“In what situations do you use ALEA?” 

Concerning teachers with Mathematics qualifications, ALEA is frequently used “In the context of the 
subject matter” and rarely used in “Schools clubs”. In the other side, teachers with other qualifications, use 
more often “In the context of the subject matter” and “To provide educational/pedagogical support”. 

Teachers’ background: 

Teachers’ background:
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In question 11 we asked respondents to grade a set of resources available in ALEA2, and also to rank 
their contribution to the learning and teaching of statistics. Therefore, we created contingency tables by 
crossing the teacher’s qualification with the answers to these questions. The value of Chi-Square was 
computed for each independency test corresponding to every combination of the answers (resources X 
qualifications). One only situation was observed in which the association between teacher qualification and 
the answer became significant. This is the case of “Focus on Statistics3” in which we observed that teachers 
with no qualifications in Mathematics give more importance to the contribution of this resource to the 
learning and teaching of statistics. This result was indeed expectable since “Focus on Statistics” covers 
different subjects and matters, therefore being most used by educators that do not have qualifications in 
Mathematics. 

Tables I and II – Cross tabulation between Qualification and the use of “Focus on Statistics”. 
Contingency table and Chi-square test. 

Contingency tables were computed by crossing teachers’ qualifications with the answers to the 
question 9 (“In what situations do you use ALEA?”). The value of the Chi-Square for independency test was 
calculated for every combination of modalities (situations X qualifications). A statistical significant 
association between modalities of these variables has been observed between teacher qualification and the 
answer “To provide educational/pedagogical support” which indicates that teacher’s qualifications are not 
independent of the use of ALEA intended for pedagogical support. In this case, teachers with no Math’s 
background refer that use ALEA more often for “Pedagogical support”, while teachers with Math’s 
background mention that do not use ALEA often for that purpose. 

Table III and IV - Cross tabulation between Qualification and frequency of “Pedagogical support”. 
Contingency table and Chi-square test. 

2 The resources of ALEA that have been considered in the survey are: ALEA’s Challenges, Statistical and Probability concepts; 

ActivAleas (classroom short activities); Dossiers and resources, Virtual gallery, Focus on Statistics, Alea News (News from Official 

Statistics). 
3  “Focus on Statistics” contains news and other material obtained in the press. It is updated every month. 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 1886 -



When asked about possible improves and new developments to be made and implemented in ALEA, 
the majority of the respondents suggested new scientific material and some improves in navigation. A 
particular suggestion was the conception of a download area by level of teaching. 

4. Conclusions 

One of the goals of this work was to explore the way teachers use the electronic resources of ALEA in 
the learning and teaching of statistics. Therefore we conducted a survey oriented towards teachers that are 
registered users in the ALEA web site. Two different types of users were compared concerning the use of 
ALEA: teachers with a background in Mathematics and teachers of other areas (Natural Sciences, Economy, 
etc.). 

For both groups of teachers, “Search for information” was the most referred motive for the use of 
ALEA; on the other hand, the less mentioned purpose was “Entertainment”. By associating the motive to use 
ALEA and the teacher’s background, we can notice that “Personal training and learning concepts” is more 
referred by teachers that do not have Math’s qualifications. 

Teachers with Math’s background use ALEA more often “In the context of the subject matter” and 
rarely in “Schools clubs”; teachers with other qualifications use it more often “In the context of the subject 
matter” and “To provide educational/pedagogical support”. 

We found a statistically significant association between the teachers’ background and a resource in 
ALEA: “Focus on Statistics”. In fact, teachers with no qualifications in Mathematics give more importance 
to the contribution of this resource to the learning and teaching of statistics. This result was indeed 
expectable since “Focus on Statistics” covers different subjects and matters, therefore being most used by 
educators that do not have qualifications in Mathematics. 

As this is not a random sample, we can not extrapolate the results to the whole target population of the 
teachers that use ALEA as a resource. Nevertheless we are certain about the adequacy and validity of the 
conclusions taken from this survey. 
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ABSTRACT 
Education is the hallmark of modern societies. The lack of literacy, namely mathematical literacy has 

concerned politicians, even in several developed societies. The adjustments and improvements of Math’s curricula, 

as well as the use of electronic resources existing in CD-ROM, web, and in e-learning mechanisms, changed the 

paradigm of learning and teaching in last decade. The teaching and learning of sciences has become more 
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practical, interactive and efficient. Still, there is a lot to make in order to promote the literacy of Math’s and 

Statistics. 

So, what can we do to promote literacy, namely Statistical Literacy in the future? What is the role of the teacher 

in this particular issue? This paper aims to discuss the role of the teacher in process of teaching/learning of 

statistics and to provide some suggestions in order to reinforce teachers’ competences using ALEA resources. 

ALEA (www.alea.pt) provides different tools aimed at facilitating the teaching of statistics in secondary schools. 

By adopting the teaching of statistics as a problem-based matter paradigm we organized several resources as a 

series of applied problems, problems that could very well be taken from news items with a statistical content found 

in the mass media. In this sense, the ALEA project aims to create a place where both teachers and students can take 

part in solving day-to-day problems giving rise to reflections of a statistical nature. 

A survey has been made in order to study the actual competences of the educators in the teaching of statistical 

basic concepts. This survey was applied to the teachers that use the resources that are available in ALEA. In 

addition we plan to identify the way how those competences can be reinforced in the future. Experiences that are 

connected with the interpretation of news in the media, reading and interpretation of graphs and tables and the use 

of spreadsheet will be explored as good practices in the teaching and learning of statistics and of the promotion of 

statistical literacy. 
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1. Introduction 

During the last few years, Coefficient of variation  (C.V) has received the attention of many 
Statisticians, although it was used as a measure of variation by the Scientists in other disciplines. C.V is a 
relative measure of dispersion and is unitless. Thus, it facilitates the comparison of variability measured in 
different units. This is a useful property in the study of plant and animal characteristics such as the 
comparison of the variability in length of ear head and weight of 100 grains in plant sciences and the 
comparison of variability in height, weight, pulse rate etc in human beings. The C.V is also common in 
applied probability fields such as renewal theory, queuing theory and reliability theory.  

Much of the work on C.V assumes that the underlined distribution is Normal. Kendall and Stuart 
(1977) derives the first order approximation for the standard error (s.e) of the sample C.V for a distribution 
having first four finite central moments. This has motivated Rao and Bhatt (1989) to propose tests for C.V in 
one and two populations and to derive Edgeworth expansion for the cumulative distribution function (c.d.f) 
of sample C.V. On the other hand Singh (1993) uses inverse sample coefficient of variation (ISCV) and 
derives the expression for the standard error (first order) for various distributions. However tests for the 
equality of population C.V’s were proposed much earlier by Doornbos and Dijkstra (1983), Sullivan and 
Shafer (1986) and Gupta and Ma (1996). Other works on C.V includes Chaturvedi and Rani (1996), Singh 
(1993), Nairy and Rao (2003) and Ahmed (2002). 

Inspite of all these works, no estimators of population C.V are available for the case of finite 
populations. Some of the areas where such an estimation is required include the estimation of variability in 
crop cutting experiments, variability in house hold expenditure and variability in the  number of species of 
plants/animals in unit area in forests. The Central Statistical Organizations of Government of India conducts 
annually crop-cutting experiments where focal point of interest is the estimation of the yield of various food 
grains. The estimation on the C.V throws further light on the variations in yields in different parts of the 
country, which measures the pressure on the agricultural sector. The National Sample Survey Organizations 
(NSSO) of Government of India conducts sample surveys on a regular basis to find the expenditure pattern 
of the households. Because of the globalization, it is also pertinent to measure the variability in expenditure 
and thereby the income of the households. This has motivated us to propose estimators of finite population 
C.V when the underlined sampling scheme is Simple Random Sampling (SRS With or Without 
Replacement). The first estimator is the sample C.V. Expressions are derived for the mean square error 
(MSE) of this estimator in the case of SRS with replacement schemes (WR). The expression co-incides with 
the expression derived by Kendall and Stuart (1977), while for the Without Replacement Scheme (WOR), 
the expressions are new. 

In finite population studies, auxiliary information is used to improve the estimation of population 
means. They can be broadly classified as ratio estimators and regression estimators (Murthy (1967) and 
Mukhopadhyay (1998 )). Generally the regression estimators are more efficient compared to the usual 
estimators. Some of the recent works on Regression estimation are the following: 

The regression estimator is now widely used in official statistics (Särndal, Swensson and Wretman 
(1992)). Regression is also used in stratified sampling and Han (1988) conducted a MonteCarlo study to 
compare the regression estimators in stratified sampling. Pfeffermann and Kreiger used regression 
estimators for post stratification when the information on strata means and sizes was missing. Regression 
estimators are also used in small domain estimation (see Erik and Hidiroglou (1989) and references are sited 
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there in). Calibration estimators in survey sampling using univariate or multivariate auxiliary information 
were considered by Jean-Claude and Clark-Erik (1992).   

C.V is basically a ratio and the sample C.V is an estimator of this ratio. In this paper, we propose 3 
new estimators of this ratio and 3 new regression estimators of this ratio. The former three estimators are 
developed using regression estimators for mean and variance of the steady variable. Bias and MSE of the 
estimators are derived to the order of O(n-1). A simulation study is carried out to compare the performance of 
the 7 estimators in two real life data settings.  Four of the six new estimators of the C.V. perform well 
compared to the usual estimator (Sample C.V). The regression estimator using the information on the C.V. 
of the auxiliary variable emerges as the best estimator in both the data settings. 
 The organization of the paper is as follows. In section 2 new estimator’s of C.V are proposed and 
expressions for the bias and mean square error are derived to the order of O(n-1). Comparisons of the 
asymptotic performance of the seven estimators are considered in section 3 using two real life data sets. 
Section 4 deals with small sample performance of these estimators. The paper concludes in section 5. 
 
2. New Estimators of C.V 
2.1 SRSWR 

In the sequel, we propose new estimators of C.V. 

2.1.1. Usual estimator ( )
1

ˆ
yθ :  

In theory of sampling it is customary to denote the steady variable by ‘y’ and the auxiliary variable 

by ‘x’. Let Y  and σy
2 denote the population mean and population variance for the steady variable where, 

∑
=

=

N

i
iY

N
Y

1

1
  and  

2
yσ = ( )∑

=

−

N

i
i YY

N 1

21
 

In the following sequel, σy
2 is also denoted as σyy so as to generalize the notations for the higher order 

moments of the steady and auxiliary variables. The primary focus of interest is to estimate 
Y

y
y

σ

θ = . The 

usual estimator is obtained by using the sample mean and sample standard deviation as an estimators of the 
denominator and the numerator respectively. It is given by, 

. ˆ
1 y

sy
y =θ                                                                                                                       ( )1.2  

where y is the sample mean and sy
2is the sample variance and are given by  
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Further the bias and MSE of 
1

ŷθ are given by  
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The derivations are based on the higher order moments of y  and sy

2 . These moments to the order of O(n-1) 
are derived by the author. The expressions for the MSE coincides with the expressions derived by Kendall 

and Stuart (1977;p248) for the infinite population model. Thus we notice that to the order of O(1),  
1

ˆ
yθ is 

unbiased. 
Several estimators of 

1

ˆ
yθ can be obtained by using alternative estimators of σy and Y . In finite population 

studies one can obtain improved estimators of σy and Y  using information on the auxiliary variable x . The 
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commonly used improved estimators are the product estimators (ratio estimators) and the regression 

estimators. The following estimators of yθ  are obtained by using regression estimators of Y  and σy
2 

2.1.2. Estimator ( )
2

ˆ
yθ  

Let 
RŶ denote the regression estimator of Y . It is given by,  

( )                            .ˆ
1 xXbyYR −+=                                                                                     ( )4.2  

where 
1b  denotes the sample estimates of the regression co-efficient of 

RŶ  on X̂ .  

Further Variance of RŶ  i.e. 

 ( ) ( )  ,
1

1ˆ
2

2








+−=

n
O

n
YV yy

R ρ

σ

                                                                                        ( )5.2  

where '' ρ  denotes the population correlation co-efficient between the steady variable '' y and the auxiliary 

variable '' x . For details see Murthy (1967) and Cochran (1977). Using the Regression estimator, the second 

estimator of 
1

ˆ
yθ is given by, 
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 The bias and MSE of 
2

ˆ
yθ  are given by 
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2.1.3 Estimator ( )
3

ˆ
yθ  

 Standard textbooks in theory of sampling do not discuss the estimations of the population variance. 
Thus regression estimators for the estimation of σy

2 (σyy) are not available in these textbooks. Following the 

discussion of the regression estimators for the population mean, we propose the regression estimator of 
2

RYσ  

as  

 ( ). ˆ 22
2

22
xxyY sbs

R
−+= σσ                                                                                                  ( )9.2  

where b2  is the estimator of B2, the regression coefficient of sy
2 on  sx

2 .  

Using this, the estimator 
3

ˆ
yθ is proposed and is given by, 
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.
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Further bias and MSE for 
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yθ  are given as,  
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and                                                                     
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2.1.4 Estimator ( )
4

ˆ
yθ  

 This estimator is obtained by using regression estimators of σyy and Y  respectively and is given by, 
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The bias and MSE of 
4

ˆ
yθ  are given by 
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2.1.5. Regression estimator ( )
5

ˆ
yθ  

The preceding 3 estimators for population C.V consists of estimating the ratio 
Y

yσ

 by using 

improved estimators for the numerator and denominator. We now propose, regression estimator for this 
ratio. The basic logic is the same as in the case of estimation of the mean and some details are omitted.  The 

regression estimator 
5

ˆ
yθ  is useful when we have the knowledge on the population mean X of the auxiliary 

variable. It is given by, 
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where b3 is the estimate of B3 ,the regression coefficient of 
y

s y  on x . 

The bias and MSE of 
5

ˆ
yθ  are given by  
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2.1.6. Regression estimator 
6

ˆ
yθ  

 This estimator is useful when the information for the variance of the auxiliary variable is known and is 
given by, 

 ( ). ˆ 22
46 xx

y
y sb

y

s
−+= σθ                                                                                                     ( )19.2  

where 4b is the estimate of 4B , the regression coefficient of  
y

sy  on 
2

xs . 
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Further the bias and MSE for 
6

ˆ
yθ are given by, 
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2.1.7 Regression estimator ( )
7

ˆ
yθ  

 This regression estimator of the population C.V of the steady variable uses the population C.V of the 
auxiliary variable. In many instances although the information on population mean or variance of the 
auxiliary variable is not known it is likely that the information on the population C.V of the auxiliary 
variable may be known. This is especially true with respect to sampling of forests, agricultural fields etc. 
The estimator is given by, 
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where 5b  is the estimate of 5B , the regression coefficient of 
y

sy  on 
x

sx . 

The Bias and MSE of 
7

ˆ
yθ  are given by, 
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2.2. SRSWOR 

 For SRSWOR design 2
ys  is an estimate of 

( )∑ −

−

=
22

1

1
YY

N
S iy

.Therefore, we define the 

population C.V. for the steady variable ( )y  as . 
Y

S y
y =θ

  The expressions for all the seven estimators are 

similarly derived under SRSWOR. To save space the expressions are not shown here. 
 
3. First order comparison of the performance of the estimators: 
 From the expressions derived for the bias and MSE it is difficult to identify the estimators which 
have smaller bias and MSE . Thus we have considered two data sets to compare the estimators. They 
corresponds to high value of population C.V and low value of population C.V respectively. The results 
corresponding to the data sets are described below.  
 
3.1 Data Set (A). 
 This data sets corresponds to payment on motor insurance in 63 geographical regions of Sweden 
(Source: Swedish Committee on Analysis of Risk Premium in Motor Insurance). The payment for all the 
claims in thousands of Swedish Kronor is taken as the steady variable and the number of claims is taken as 
the auxiliary variable. Population characteristics for the variable x and y are reported in the table(3.1).  
Further frequency polygon for the steady variable y is presented in Figure (3.1) 
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Figure(3.1).Frequency polygon of the 
variable 'y' for the  data set A. 

Table 3.1. Characteristics of the data set A on the 
number of claims (x) and payment towards motor 
insurance payment (y) in geographical regions of 
Sweden. 
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Parameter No.of claims (x) Amount on motor 
insurance (y) 

Mean 22.9 98.18 
Variance 536.66 7505.05 

C.V 1.01 0.88 
Skewness ( )1β  2.32 1.62 

Kurtosis 
( )322 −= βγ  

6.85 3.33 

Coefficient of Correlation        0.91  

The bias and efficiency for the 7 estimators of the C.V (θy) for SRSWR and WOR designs for a 
sample of size  n=20 are given below. To save space the table is not reported here. It is clear that for the 

SRSWR scheme, the estimators having maximum efficiency are the regression estimator 
7

ˆ
yθ where the 

information on the population C.V of the auxiliary variable is used (Efficiency (E)=150.83), followed by the 

regression estimator 
4

ˆ
yθ  where the regression estimators of mean and variance are used to estimate θy with 

an efficiency of 150.50. The estimators having the least efficiency is 
2

ˆ
yθ where improved estimator for the 

mean is used in the denominator of the ratio, 
Y

y
y

σ

θ = (E=18.41). The usual estimator 
1

ˆ
yθ ranks fifth 

(E=39.58), when the estimators are ranked in terms of efficiency in the descending order.  
 
Figure (3.2) reflects the comparative performance of the seven  estimators. A similar conclusion is 

obtained for the SRSWOR scheme (see Figure (3.3)).  

 
3.2. Data Set (B).  
 This real life data set corresponds to cost of living index on grocery items and health care grouped by 
metropolitan areas of the United States (Source: Statistical Abstract of the United States, 120th edition). The 
cost of living index for health care is taken as the steady variable and the cost living index for the grocery 
items is taken as the auxiliary variable. Population characteristics for the variables x and y are reported in the 
table(3.2). Figure (3.4) represents the frequency polygon for the steady variable y. 
Figure (3.4). Frequency polygon of 
variable y for data set B 

Table 3.2. Characteristics of the data set B dealing with cost 
of living index on grocery items (x) and health care (y) for 
the metropolitan cities of the United States.    
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Parameter Grocery Items (x) Health Care (y) 
Mean 101.00 104.32 

Variance 56.74 109.78 
C.V 0.074 0.10 

Skewness ( )1β  0.47 0.45 

Kurtosis ( )322 −= βγ  0.047 -0.301 

Coefficient of Correlation 0.84  
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The bias and efficiency of the seven estimators of C.V (θy) are given below for the SRSWR and 
WOR designs. To save space the tables are not reported here. Since the population size is small the 
numerical calculation reported corresponds to a sample of size 15=n . It follows that for the SRSWR 

scheme, the maximum efficiency corresponds to the estimator 
7

ˆ
yθ where the information on the C.V of the 

auxiliary variable is used (E=6250.00). The estimator having the least efficiency is 
5

ˆ
yθ where information on 

the population mean X  of the auxiliary variable are used (E=3407.16).   
 
Figure (3.5) reflects the comparative performance of the estimators. Proceeding in the same manner 

for SRSWOR, a similar conclusion is arrived (see Figure (3.6)).  

 
4. Small Sample Comparison of the Estimators: 

The bias and MSE’s of the estimators given in section 2 are to the order of O(n-1) and not the exact 
expressions. In order to compare the small sample performance of the estimators, a simulation is carried out 
using the data sets A and B reported in section 3 using version 6.5 of the Matlab software. For the dataset A, 
2000 replicated sample of size n=20 were taken with replacement and numerical values of bias and MSE are 
computed using these replicated samples and are reported below. For the case of SRSWOR 2000 samples of 
size n=20 were also selected without replacement using the subroutine  “rand perm” (refer Peter J. Acklam 
(2000)) of the Matlab software. To save space the computed values of bias and MSE for SRSWOR scheme 
are not reported here. 

For the data set A it is clear that the maximum efficiency corresponds to the estimator 7

ˆ
yθ

, where the 

information on the C.V of the auxiliary variable is used (E=144.09). The estimator 2

ˆ
yθ

 is having the least 

efficiency, where the improved estimator for the mean is used in the denominator of the ratio Y
y

y

σ

θ =

 
(E=18.32). The comparative performances of the estimators are represented in Figure (4.1). A similar 
conclusion is arrived for the SRSWOR scheme (see Figure (4.2)).  

 

 For the data set B as the population size N=45 is small, 2000 replicated samples of size n=15 are taken 
for the SRSWR and SRSWOR schemes and the numerical values of bias and MSE for this data set are given 
below. To save space the tables are not reported here. It follows that the estimators having maximum 

efficiency corresponds to the regression estimator 
7

ˆ
yθ  (E=4100.04). The estimator having the least 

efficiency is the regression estimator
5

ˆ
yθ  (E=3278.69) where the information on the population mean X  of 

the auxiliary variable are used. 
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 Figure (4.3) reflects the comparative performance of the estimators. Proceeding in the same manner for 
SRSWOR, a similar conclusion is arrived (see Figure (4.4)).  

 
5. Conclusion. 

In this paper six new estimators of C.V were proposed for simple random sampling design. The 
performance of these estimators is compared using two real data sets. The small sample performance of the 
estimators indicates that the four of the proposed estimators performs better than the usual estimator. Similar 
estimators are proposed for other sampling designs and are currently under investigation and the results 
would be reported later. 
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SUMMARY 
 Coefficient of Variation (C.V) is a unit less measure of dispersion. Hence it is widely used in many 
scientific and social investigations. Although a lot of work was done concerning C.V in the infinite 
population models, it has been neglected in the finite populations. Many areas of applications of C.V 
involve the finite populations like the use in official statistics and economic surveys of the World Bank. This 
has motivated us to propose six new estimators of the population C.V. In finite population studies regression 
estimators are widely used and the idea is exploited to propose the new estimators. Three of the proposed 
estimators are the regression estimators of the C.V for the steady variable while the other three estimators 

makes use of the regression estimators of population mean and variance to estimate the ratio
Y

yσ

, the 

population C.V for the steady variable. The bias and mean square error (MSE) of these estimators were 
derived for the simple random sampling design. The performance of these estimators is compared using two 
real life data sets. The simulations indicate that, four of the proposed estimators perform better than the usual 
estimator, namely the sample C.V. The regression estimator using the information on the Population C.V of 
the auxiliary variable emerges as the best estimator. 
 
Key Words: Coefficient of Variation, Finite Population Model, Simple Random Sampling, Bias, Mean 
Square Error, Efficiency. 
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Abstract

This paper introduces first order autoregressive processes with normal-Laplace (NLAR(1))
stationary marginal distribution. The NLAR(1) model is further extended to the generalized case.
Both the processes give combinations of Gaussian as well as non-Gaussian time series models for
the first time and are free from the zero defect problem. Simulation studies are done and sample
path properties are explored. Regression behaviour of the processes are studied. Inference
aspects are also considered. The results are extended to a larger class of distributions called
the Generalized normal-Linnik distribution having a rich variety of applications. The models
discussed here have applications in various contexts such as financial modelling, microarray gene
expression modelling, communications engineering, astrophysics, growth-decay analysis, stress-
strength modelling etc.

Key words : Financial modelling; Forecasting; Gene expression data; Generalized Normal-
Laplace distribution; Infinite divisibility; Levy process; Linnik distribution; Micro array model-
ing; Normal-Laplace distribution; Self-decomposability; Time series analysis.

1. Introduction

Laplace distribution and its generalizations have a wide range of applications, namely
in financial modeling (Anderson and Arnold, 1993), communications engineering, astrophysics
(Mathai et al., 2005), time series modeling (Seetha Lekshmi et al., 2003), image source mod-
eling (Gibson, 1986), modeling micro array gene expression data (Purdom and Holmes, 2005)
etc. Mathai (1993a,b; 1994; 2000), Pakes (1998), Seetha Lekshmi and Jose (2006) discuss the
properties and applications of Generalized Laplace distribution in various contexts such as stress-
strength analysis, growth-decay mechanisms, input-output situations in economics, crop prices,
industrial production etc. Semi-α-Laplace distribution is described in Pillai (1985). Sabu and
Pillai (1987) studied Multivariate α-Laplace distributions. Pakes (1998) introduced a general-
ized Linnik law which is a generalization of Laplace distribution, Linnik and Generalized Laplace
distributions (See Seetha Lekshmi and Jose (2006)). Haubold and Mathai (1995) showed that
the case of dampening of reactions of neutrinos can be modeled by a non-symmetric Laplacian
distribution. Kozubowski and Podgorski (2000) studied many properties of asymmetric Laplace
distributions.

Many time series processes are based on the assumption that the marginals are indepen-
dently and identically distributed as normal random variables. But many naturally occurring
time series are non-Gaussian. For solving such shortcomings of statistical models, we have to
consider non-Gaussian processes. Many authors have studied first order autoregressive (AR(1))
non-Gaussian processes. The AR(1) model for point processes with exponential, Gamma and

1
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mixed exponential marginal distributions have been introduced for the first time in Lawrance
(1978). Gaver and Lewis (1980) made an elaborate study on these models and their properties.
Bondesson (1981) noted that the stationary marginal distribution of an AR(1) process belongs
to class L, otherwise called the class of self-decomposable distributions. For a model with a given
marginal distribution, the general theory relating to a model building approach that consists of
model identification, estimation, diagnostic checking and forecasting is discussed by Sim (1994).

Gibson (1986) used an AR(1) Laplace process for image source modeling in data compression
tasks. Damsleth and El-Shaarawi (1989) introduced an ARMA model with Laplacian innovations
for modeling sulphate concentration data and established that it is more suitable for backcasting
than forecasting. Jayakumar et al. (1995) studied first order autoregressive α-Laplace process
as a generalization of the Laplace process of Lawrance (1978) and Dewald and Lewis (1985).
Many autoregressive processes with different marginal distributions are considered by Seetha
Lekshmi and Jose (2001; 2002; 2003; 2004a,b; 2006). Seetha Lekshmi et al. (2003) applied
generalized Laplacian and geometric α-Laplace distributions in time series modeling. Jayakumar
and Kuttykrishnan (2006) introduced a time series model using asymmetric Laplace distribution
for modeling data from financial contexts.

In this paper Section 2 briefly discusses the normal-Laplace distribution and its properties.
Section 3 deals with the development of an autoregressive process of order one with Normal-
Laplace marginal distribution (NLAR(1)). The strict stationarity of the introduced process is
established. Distribution of sums and bivariate distribution of contiguous observations are ob-
tained. Regression behaviour of the process both in forward direction and in backward direction
are studied. The sample path behaviour of the process is established through simulation stud-
ies. Section 4 explains generalized normal-Laplace distribution. Section 5 introduces generalized
normal-Laplace autoregressive processes. Section 6 gives a brief introduction to generalized
normal-Linnik distribution. Applications of the models are discussed in Section 7.

2. Normal-Laplace Distribution

The Normal-Laplace distribution introduced by Reed and Jorgensen (2004), results from
the convolution of independent Normal and asymmetric Laplace densities. A Normal-Laplace
random variable X with parameters ν, τ 2, α and β can be represented as

X
d
= Z +W (1)

where Z and W are independent random variables with Z following Normal distribution with
mean ν and variance τ 2 and W following an asymmetric Laplace distribution with probability
density function (pdf),

fW (w) =

{
αβ

α+β
eβw , for w ≤ 0

αβ
α+β

e−αw , for w > 0

Here α, β and τ are positive and -∞ < ν <∞. The corresponding Normal-Laplace distribution
shall be denoted by NL(ν, τ 2, α, β ).

Since a Laplace random variable can be expressed as the difference between two exponen-
tially distributed variates (Kotz et al. 2001), a Normal-Laplace random variable X can also be
expressed as

X
d
= Z + E1 − E2 (2)

2
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where E1 and E2 are independent exponential variates with parameters α and β respectively and
Z ∼ N(ν, τ 2) independent of E1 and E2.

The corresponding pdf can be obtained as

f(x) =
αβ

α+ β
φ

(
x− ν

τ

)[
R

(
ατ − x− ν

τ

)
+R

(
βτ +

x− ν

τ

)]

where R(z) = 1−Φ(z)
φ(z)

is the Mill’s ratio where Φ(z) and φ(z) are the cumulative distribution

function (cdf) and the pdf of standard Normal distribution.

From representation (1) it is clear that as τ → 0, the distribution tends to an asymmetric
Laplace distribution; and as α → ∞, β → ∞, it tends to a Normal distribution. If only β → ∞
the distribution is that of the sum of independent Normal and Exponential components and has
a fatter tail than the Normal only in the upper tail. In this case the pdf is

f1(x) = α φ

(
x− ν

τ

)
R(ατ − (x− ν)/τ)

Similarly if only α → ∞ the distribution exhibits extra-normal variation only in the lower tail
and the pdf is

f2(x) = β φ

(
x− ν

τ

)
R(βτ + (x− ν)/τ)

The general NL(ν, τ 2, α, β) pdf can be represented as a mixture of the above pdfs as

f(x) =
β

α+ β
f1(x) +

α

α+ β
f2(x)

The symmetric Normal-Laplace distribution arises when α = β, with pdf

f(x) =
α

2
φ

(
x− ν

τ

)[
R

(
ατ − x− ν

τ

)
+R

(
ατ +

x− ν

τ

)]

Reed (2004) had studied many properties of Normal-Laplace distribution. As already mentioned,
when α = β, it is symmetric and bell-shaped, occupying an intermediate position between a
Normal and Laplace distribution. The parameters α and β determine the behaviour in the right
and left tails respectively. For finite values of α and β, the Normal-Laplace distribution has
fatter tails than a Normal distribution.

3
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Figure 2.1 shows the NL(0,1/3,
√

3,
√

3) distribution (solid curve) which has mean 0 and vari-
ance 1 along with the Normal (dots) and Laplace (dash) distributions with the same mean and
variance. Figure 2.2 shows the NL(0,1,α,1) pdf for values of α =1, 1/2, 1/3, 1/4 and 1/5; while
Figure 2.3 shows the NL(0,1,1,β) pdf for values of β = 1, 1/2, 1/3, 1/4 and 1/5. Hence Figure
2.2 and 2.3 establishes the tail behaviour of Normal-Laplace pdf along with the changes in values
of α and β.

The characteristic function (cf) of NL (ν, τ 2, α, β), which is the product of the cfs of its
Normal and Laplace components is given by,

ψX(s) =

[
exp(iνs− τ 2

2
s2)

](
αβ

(α− is)(β + is)

)
(3)

Expanding the cumulant generating function (cgf) of Normal-Laplace distribution, it is easy to
show that

E(X) = ν +
1

α
− 1

β
and V ar(X) = τ 2 +

1

α2
+

1

β2

Higher order cumulants are,

kr = (r − 1)! (α−r + (−β)−r), for integers r > 2

From the cumulants we can obtain the third and fourth moments directly as k3 = μ3, k4 = μ4−3μ2
2

and can study the skewness and kurtosis of the distribution. The problem of estimating the
parameters of Normal-Laplace distribution is discussed in Reed and Jorgensen (2004).

Now we shall examine whether the distribution is self-decomposable. For that we consider
the following definition.

Definition 2.1. (Maejima and Naito, 1998) A cf ψ is semi-self-decomposable(a) (SSL(a)) if for
some 0 < a < 1, there exists a cf ψa such that ψ(s) = ψ(as) ψa(s), ∀s ∈ R. If this relation
holds for every 0 < a < 1, then ψ is self-decomposable (SD) or the corresponding distribution is
said to belong to L class.

Theorem 2.1. The Normal-Laplace distribution belongs to class L.

Proof. Consider the cf of Normal-Laplace distribution,

ψX(s) =

[
exp(iνs− τ 2

2
s2)

](
αβ

(α− is)(β + is)

)

=

[
exp(iνas− τ 2a2

2
s2)

](
αβ

(α− ias)(β + ias)

)

×
[
exp

(
iν(1 − a)s− τ 2(1 − a2)

2
s2

)](
(α− ias)

(α− is)

(β + ias)

(β + is)

)
= ψX(as) ψa(s)

where ψa(s) is as in (7), which is the cf of the random variable in (8). �

Remark 2.1. Since self-decomposable distributions are subclasses of infinitely divisible (i.d.)
distributions, it follows directly from Theorem 2.1 that Normal-Laplace distribution is i.d.

Remark 2.2. As Normal-Laplace distribution is a convolution of Laplace and Normal distribu-
tion which is not geometrically infinitely divisible (g.i.d.) (Levy-Crammer Theorem, See Mohan
et al.(1993)), it follows that the Normal-Laplace distribution is not g.i.d.

4
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3. First order Normal-Laplace Autoregressive processes

Gaver and Lewis (1980) proved that only class L distributions can be marginal distributions
of a first order autoregressive process. Hence from Theorem 2.1 it follows that there is no doubt
for Normal-Laplace distribution to be the marginal distribution of an AR(1) process.

The first order Normal-Laplace autoregressive process (NLAR(1)) is constituted by {Xn, n ≥ 1}
where Xn satisfies the equation,

Xn = aXn−1 + εn; a ∈ (0, 1) and ∀ n > 0 (4)

where {εn} is a sequence of independently and identically distributed random variables such
that Xn is stationary Markovian with Normal-Laplace marginal distribution. In terms of cf the
model defined in (4) can be given as

ψXn(s) = ψXn−1(as) ψεn(s) (5)

Assuming stationarity, we have

ψε(s) =
ψX(s)

ψX(as)
(6)

=

[
exp

(
iν(1 − a)s− τ 2(1 − a2)

2
s2

)](
(α− ias)

(α− is)

(β + ias)

(β + is)

)
(7)

Now we shall consider Exponentially Tailed distributions.

Definition 3.1. A non-negative random variable, which has an atom of mass ‘a’ at 0 and which
is exponentially distributed with parameter α if positive is called an Exponentially Tailed random
variable with parameters a and α, denoted by ET(a,α).

It may be noted that Gaver and Lewis (1980) obtained the innovation distribution of the EAR(1)
process as the ET(a,α) distribution.

In (7),
α− ias

α− is
= a+ (1 − a)

α

α− is

and
β + ias

β + is
= a+ (1 − a)

β

β + is

Hence from Definition 3.1 and (7), we have

ε
d
= Z + E∗1 − E∗2 (8)

where Z ∼ N(ν(1 − a), τ 2(1 − a2)), E∗1 ∼ ET (a, α) and E∗2 ∼ ET (a, β).
Hence the innovations {εn} can be regarded as the convolution of the Normal and exponentially
tailed densities.

Remark 3.1. One important point to be noted on Normal-Laplace model is that this model
is free from zero deficiency as the distribution of {εn} have no zero component where most of
the non-Gaussian models suffer from zero deficiency which in effect cause recessions in the series
which are runs of geometrically decreasing values.

5
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Remark 3.2. If X0
d
= NL(ν, τ 2, α, β), then the process is strictly stationary.

Proof. For the process to be strictly stationary, it suffices to verify that

Xn
d
= NL(ν, τ 2, α, β) for every n. This can be proved using an inductive argument.

Suppose Xn−1
d
= NL(ν, τ 2, α, β). Then from (3), (5) and (7),

ψXn(s) =

[
exp

(
iνs− τ 2

2
s2

)](
αβ

(α− is)(β + is)

)

Hence the process is strictly stationary and Markovian, provided X0 is distributed as Normal-
Laplace. �

Remark 3.3. If X0 is distributed arbitrarily, then also the process is asymptotically Markovian
with Normal-Laplace distribution.

Proof.

Xn = aXn−1 + εn

= anX0 +
n−1∑
k=0

akεn−k

In terms of cf ,

ψXn(s) = ψX0(a
ns)

n−1∏
k=0

ψε(a
ks)

= ψX0(a
ns)

[
exp

(
iν(1 − a)

n−1∑
k=0

aks− τ 2

2
(1 − a2)

n−1∑
k=0

a2ks2

)]

×
n−1∏
k=0

[
(α− iak+1s)

(α− iaks)

(β + iak+1s)

(β + iaks)

]

−→
[
exp

(
iνs− τ 2

2
s2

)]
αβ

(α− is)(β + is)
as n→ ∞. �

Hence it follows that even if X0 is arbitrarily distributed, the process is asymptotically stationary
Markovian with Normal-Laplace marginals. Thus the following Theorem holds.

Theorem 3.1.The AR(1) process Xn = aXn−1 + εn, a ∈ (0, 1) is strictly stationary Markovian
with Normal-Laplace marginal distribution as in (2) if and only if {εn} are independently and
identically distributed as defined in (8) provided X0 ∼ NL(ν, τ 2, α, β) and is independent of ε1.

3.1. Distribution of sums

We have
Xn+j = ajXn + aj−1εn+1 + aj−2εn+2 + · · · + εn+j ; j = 1, 2, · · ·

6
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Hence the sums are,

Tr = Xn +Xn+1 + · · · +Xn+r−1

=
r−1∑
j=0

ajXn +
r−2∑
j=0

ajεn+1 +
r−3∑
j=0

ajεn+2 + · · · + εn+r−1

= Xn

(
1 − ar

1 − a

)
+

r−1∑
j=1

εn+j

(
1 − ar−j

1 − a

)

Therefore the distribution of the sums Tr is uniquely determined by the cf

ψTr(s) = ψXn

(
1 − ar

1 − a
s

) r−1∏
j=1

ψε

(
1 − ar−j

1 − a
s

)

=

[
exp

(
iν

(
1 − ar

1 − a

)
s− τ 2

2

(
1 − ar

1 − a

)2

s2

)]
αβ(

α− i
(

1−ar

1−a

)
s
) (
β + i

(
1−ar

1−a

)
s
)

×
r−1∏
j=1

{[
exp

(
iν(1 − a)

(
1 − ar−j

1 − a

)
s− τ 2(1 − a2)

2

(
1 − ar−j

1 − a

)2

s2

)]

×
⎛
⎝α− ia

(
1−ar−j

1−a

)
s

α− i
(

1−ar−j

1−a

)
s

⎞
⎠
⎛
⎝β + ia

(
1−ar−j

1−a

)
s

β + i
(

1−ar−j

1−a

)
s

⎞
⎠
⎫⎬
⎭

The distribution of Tr can be obtained by inverting the above expression.

3.2. Bivariate distribution of (Xn, Xn+1)

The joint distribution of contiguous observations (Xn, Xn+1) can be given in terms of bivariate
cf .

ψXn,Xn+1(s) = E[exp(is1Xn + is2Xn+1)]

= E[exp(is1Xn + is2(aXn + εn+1)]

= ψXn(s1 + as2)ψεn+1(s2)

= [exp(iν(s1 + s2) − τ 2(s2
1 + s2

2 + 2as1s2)/2)]

×
(

αβ(α− ias2)(β + ias2)

(α− is1 − ias2)(β + is1 + ias2)(α− is2)(β + is2)

)
(9)

The obtained expression is not symmetric in s1 and s2. Hence it follows that the NLAR(1)
process is not time reversible.

3.3. Regression behaviour of NLAR(1) Process

Now we shall consider the regression behaviour of our NLAR(1) model. Study on regression
of the model is in effect the forecasting of the process. Regression in forward direction explains
forecasting future values Xn while the prediction of past values of Xn can be done through
regression in backward direction. As stated in Lawrance (1978) the practical implication of
regression will be in the statistical analysis of direction-dependent data, since NLAR process is
not time reversible.

7
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From the NLAR(1) model defined in (4), it is clear that the regression in the forward
direction is linear.

E[Xn|Xn−1 = x] = ax+ (1 − a)(ν +
1

α
− 1

β
)

Further the conditional variance is constant.

In the backward direction, the conditional distribution of Xn given Xn+1 = x has non-linear
regression and non-constant conditional variance.
In this backward case we will proceed from the joint cf of Xn and Xn+1 following the steps
described in Lawrance (1978).

ψXn,Xn+1(s1, s2) =
ψX(s1 + as2)ψX(s2)

ψX(as2)

Differentiating this with respect to s1 and setting s1 = 0, s2 = s;

i E[eisXn+1E(Xn|Xn+1)] =
ψ′X(as)ψX(s)

ψX(as)

= ψ′X(as)ψε(s) (10)

where ψε(s) is as defined in (6).
Then (10) reduces to,

i E[eisXn+1E(Xn|Xn+1)] =
exp(iνs− τ 2s2/2)

(α− is)(β + is)

[
ατia

(
1

α− ias
− 1

β + ias

)
− τ 3a2αs

]
(11)

From (11), we can obtain the expression for E[Xn|Xn+1] as described in Lawrance (1978). Also
proceeding with the bivariate cf defined in (9), the conditional expectation E[Xn|Xn+1] can be
obtained by following Gaver and Lewis (1980).

3.4. Estimation of parameters

It can be easily verified, either from (4) or from (7) with the help of cgf that the moments
of the sequence of innovations {εn} are,

E(εn) = (1 − a)(ν +
1

α
− 1

β
) and V ar(εn) = (1 − a2)(τ 2 +

1

α2
+

1

β2
)

Higher order cumulants are,

kr = (r − 1)!(1 − ar)(α−r + (−β)−r), for integers r > 2

From the cumulants the third, fourth and fifth moments can be obtained directly since k3 = μ3,
k4 = μ4 − 3μ2

2 and k5 = μ5 − 10μ2μ3. Hence we can handle the problem of estimating the
parameters of the process in a way analogous to the method of moments.

3.5. Sample Path Behaviour

The simulated sample path for the NLAR(1) process with a=0.80 and a=0.20, are given
in Figures 3.1 and 3.2 respectively. In Figure 3.1(a), 3.1(b), 3.1(c), 3.1(d), 3.1(e) and 3.1(f),
the simulated sample path using 100 observations generated from the NLAR(1) process is given
for a=0.80 with the values of the parameters (ν, τ, α, β) are fixed as (0,1,1,1), (0, 1/

√
3,
√

3,
√

3),
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(0,1,2.5,1), (1,2,1,2.8), (1,1,1,1) and (2,1,1,5) respectively. In Figure 3.2(a), 3.2(b), 3.2(c), 3.2(d),
3.2(e) and 3.2(f), the simulated sample path using 100 observations generated from the NLAR(1)
process is given for a=0.20 with the values of the parameters (ν, τ, α, β) are fixed as (0,1,1,1),
(0, 1/

√
3,
√

3,
√

3), (0,1,2.5,1), (1,2,1,2.8), (1,1,1,1) and (2,1,1,5) respectively.

(a) (b)

(c) (d)
Figure 3.1. Simulated sample path for the NLAR(1) process with a = 0.80

(a) (b)

(c) (d)
Figure 3.2. Simulated sample path for the NLAR(1) process with a = 0.20

The observations in the sample path can be verified by referring to the table showing P (Xn < Xn−1).
These probabilities are obtained through a Monte Carlo simulation procedure. Sequences of
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10,000 observations from NLAR(1) process are generated repeatedly for ten times, and from
each sequence the probability is estimated. Table 3.1 provides the average of such probabilities
from the ten trials along with an estimate of variance for different values of a and for different
combinations of (ν, τ, α, β).

Table 3.1. P (Xn < Xn−1) for the NLAR(1) process.

(ν, τ, (0,1/
√

3, (0,1, (0,1, (1,2, (1,1, (2,1,

α, β)
√

3,
√

3) 1,1) 2.5,1) 1,2.8) 1,1) 1,5)
���

a
0.1 0.50048 0.49980 0.49518 0.49950 0.50030 0.50398

(0.00348) (0.00177) (0.00258) (0.00311) (0.00330) (0.00250)
0.2 0.50051 0.49960 0.49511 0.50179 0.49771 0.50889

(0.00329) (0.00251) (0.00364) (0.00290) (0.00478) (0.00282)
0.3 0.50148 0.49955 0.48874 0.50276 0.50067 0.51082

(0.00308) (0.00410) (0.00311) (0.00380) (0.00307) (0.00334)
0.4 0.50225 0.50029 0.48539 0.50549 0.50092 0.51687

(0.00346) (0.00339) (0.00269) (0.00176) (0.00290) (0.00346)
0.5 0.50469 0.50337 0.48098 0.50781 0.50176 0.52551

(0.00383) (0.00282) (0.00237) (0.00382) (0.00260) (0.00302)
0.6 0.50724 0.50588 0.47479 0.51398 0.50906 0.53861

(0.00306) (0.00391) (0.00220) (0.00306) (0.00410) (0.00344)
0.7 0.51422 0.51616 0.47052 0.51930 0.51644 0.56079

(0.00321) (0.00150) (0.00322) (0.00365) (0.00186) (0.00378)
0.8 0.52198 0.52188 0.45853 0.53736 0.52215 0.60415

(0.00325) (0.00287) (0.00345) (0.00314) (0.00289) (0.00351)
0.9 0.50330 0.50491 0.43688 0.56231 0.50373 0.64993

(0.00473) (0.00225) (0.00404) (0.00477) (0.00341) (0.00354)

4. Generalized Normal-Laplace Distribution

Many financial modelling processes are based on the assumption that the logarithmic returns
log(Pt+1/Pt) on the price Pt are independently and identically distributed (iid) normal random
variables. Mandelbrot (1963) explained the non-normality of log returns by stable laws for which
the variance does not exist. Empirical distributions of the logarithmic returns in high frequency
data usually exhibit excess kurtosis with more probability mass near the origin and in the tails
and less in the flanks than would occur for normally distributed data. Also the degree of excess
kurtosis and the presence of skewness are known to increase as the sampling interval decreases
(Rydberg(2000)). Drawbacks of the statistical model can be disastrous, not only for financial
speculators but also in real life situations. Hedge strategies concerned with holding a certain
portfolio, which is based on a misspecified model will not uncover all the risk involved. Thus
mispricing of derivatives, misspecified models, wrong conclusions etc. are the main reasons to
have good statistical models for financial data sets.

Several models are proposed for modelling financial data namely, discrete time models such
as binomial model introduced by Baxter and Rennie (1996), ARCH model (Auto Regressive Con-
ditional Heteroscedasticity) developed by Engle (1982), stochastic volatility models (Cox (1981),
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Romano and Touzi (1993)); continuous time models such as diffusion processes see Pedersen
(1995), Bibby and Sorensen (1995), Gallant and Tauchen (1996), Gallant and Long (1997) and
Elerian et al. (1998)), Levy type models, the Black and Scholes model suggested in Black and
Scholes (1973), models for high frequency financial data (Autoregressive Conditional Duration
(ACD) model developed by Engle and Russell (1998)) etc. For any infinitely divisible distribu-
tion there is an associated Levy process (Sato (1999)). These jump processes have been recently
used for modelling purposes in a broad variety of different fields, including finance, insurance,
physics among others (see Barndorff-Nielsen et al. (2001); Cont and Tankov (2003)). Such a
distribution named Generalized Normal-Laplace distribution is introduced by Reed (2004) which
exhibits the properties seen in observed logarithmic returns.

Reed (2005) established that

ϕ(s) =

[(
exp(iνs− τ 2s2/2)

) αβ

(α− is)(β + is)

]δ

(12)

where α, β, δ and τ are positive and −∞ < ν <∞ is a cf. A random variable X with cf (12) is
named as Generalized Normal-Laplace (GNL) random variable. The corresponding distribution
is called Generalized Normal-Laplace distribution denoted by X ∼ GNL(ν, τ 2, α, β, δ). This
distribution arises as the convolution of independent normal and generalized Laplace (which is
better known as variance-gamma distribution in the finance literature) components (See Kotz et
al. (2001)). Hence X can be represented as

X
d
= Z +G1 −G2 (13)

where Z, G1 and G2 are independent with Z ∼ N(δν, δτ 2) and G1 and G2 are independent
gamma random variables with scale parameters α and β respectively and having common shape
parameter δ. When δ = 1, G1 and G2 are exponentially distributed and GNL distribution reduces
to NL distribution.

Expanding the cgf of GNL distribution, it is easy to verify that

E(X) = δ

(
ν +

1

α
− 1

β

)
and V ar(X) = δ

(
τ 2 +

1

α2
+

1

β2

)

Higher order cumulants are,

kr = (r − 1)! δ(α−r + (−β)−r), for integers r > 2

GNL random variables possess the additive property, that is the n-fold convolution of a
GNL random variable also follows a GNL distribution. The advantage of this is that for such
a class of distributions one can construct a Levy motion for which the increments follow the
same distribution. This is useful in financial applications for obtaining an alternative stochastic
process model to Brownian motion for logarithmic prices in which the increments exhibit fatter
tails than the normal distribution.

Remark 4.1. From (12) it is clear that GNL distribution is infinitely divisible.

Remark 4.2. From (14) it can be easily established that GNL distribution is self-decomposable
for integer values of δ.
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5. First order Generalized Normal-Laplace Autoregressive processes

For the model defined in (4), with {εn} is a sequence of iid random variables such that Xn

is stationary Markovian with GNL marginal distribution, we can obtain,

ϕε(s) =

[
exp

(
iνδ(1 − a)s− τ 2δ(1 − a2)

2
s2

)][
(α− ias)

(α− is)

]δ [
(β + ias)

(β + is)

]δ

(14)

In (14), [
α− ias

α− is

]δ

=

[
a+ (1 − a)

α

α− is

]δ

(15)

Here (15) gives the cf of convolution of δ exponentially tailed random variables when δ is integer
valued. Similar is the case with the third term of (14). Hence the innovations {εn} can be
regarded as the convolution of the Normal and convolution of exponentially tailed densities.

A simulation study on the sample path properties of GNLAR(1) process gives the following
figures.

(a) (b) (c)

(d) (e) (f)
Figure 5.1. Simulated sample path for the GNLAR(1) process with a = 0.80

In Figure 5.1(a), 5.1(b) and 5.1(c) the simulated sample path using 100 observations generated
from the GNLAR(1) process is given for a=0.80 with the values of the parameters (ν, τ, α, β, δ)
are fixed as (0, 1/

√
3,
√

3,
√

3, 1), (0, 1/
√

3,
√

3,
√

3, 2) and (0, 1/
√

3,
√

3,
√

3, 3) respectively.
Figure 5.1(d), 5.1(e) and 5.1(f) gives the simulated sample path using 100 observations generated
from the GNLAR(1) process is given for a=0.80 with the values of the parameters (ν, τ, α, β, δ)
are fixed as (1,1,1,1,1) (1,1,1,1,2) and (1,1,1,1,3) respectively.

Here the figures with δ = 1 gives the sample path of the process with Normal-Laplace marginals.

Remark 5.1. Many generalizations of the results in Section 3 for NLAR(1) process can be
obtained in this case also.
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Result 5.1. Expanding the cgf and solving, the moments of the sequence of innovations {εn}
are,

E(εn) = (1 − a) δ (ν +
1

α
− 1

β
) and V ar(εn) = (1 − a2) δ (τ 2 +

1

α2
+

1

β2
)

Higher order cumulants are,

kr = (r − 1)! δ(1 − ar)(α−r + (−β)−r), for integers r > 2

Result 5.2. The conditional expectation in the forward direction forecasting is,

E[Xn|Xn−1 = x] = ax+ (1 − a) δ (ν +
1

α
− 1

β
)

Here regression is linear and the conditional variance is constant.

Result 5.3. In the backward direction forecasting, following the steps described in Lawrance
(1978),

i E[eisXn+1E(Xn|Xn+1)] = iδa
[
exp(iνδs− τ 2δs2/2)

] [ αβ

(α− is)(β + is)

]δ

×
[
ν + iτ 2as+

1

α− ias
− 1

β + ias

]

6. Generalized Normal-Linnik (α-Laplace) Distribution

Instead of GNL distribution one can consider Generalized normal-Linnik (α-Laplace) dis-
tribution having cf given by

φ1(s) =
(
exp(iνs− τ 2s2/2)

)δ1 ( λα

λα + |s|α
)δ2

For various combinations of values of α, δ1 and δ2, we get many distributions as special cases.
When α = 2, δ1 = 1 and δ2 = 1 it reduces to normal-Laplace distribution. When α = 2 and
δ1 = δ2 = δ, we get generalized normal-Laplace distribution. When δ1 = 1 and δ2 = 1 it reduces
to normal α-Laplace distribution. For α = 2 and δ1 = 1, we get normal generalized Laplace
distribution. When α = 2 and δ1 = 0, it reduces to the generalized Laplace distribution of
Mathai (1993a,b). When δ1 = 0 and δ2 = 1 it reduces to the Linnik distribution or α-Laplace
distribution of Pillai (1985). For δ1 = 0, it reduces to the Pakes generalized Linnik distribution
discussed in Seetha Lekshmi and Jose (2006). Autoregressive models can be developed in all these
cases. This establishes the wide applications of the Generalized normal α-Laplace distribution.

7. Applications

The importance of Normal-Laplace model lies in the fact that it is the first attempt to com-
bine Gaussian and non-Gaussian marginals to model time series data. Applications of Normal-
Laplace distribution are wide spread in areas like financial modeling, Levy process, Brownian
motion etc. Reed (2004) showed that it is the distribution of the stopped state of a Brownian
motion with normally distributed starting value if the stopping hazard rate is constant. In fi-
nancial modeling, a Normal-Laplace model is a more realistic alternative for Gaussian models as
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logarithmic price returns do not follow exactly a Normal distribution. An exponentiated Normal-
Laplace distribution namely, Double Pareto-Lognormal distribution provides a useful parametric
form for modeling size distributions.

Since GNL distribution possess the additive property, one can construct a Levy motion for
which the increments follow the same distribution. This is useful in financial applications for
obtaining an alternative stochastic process model to Brownian motion for logarithmic prices in
which the increments exhibit fatter tails than the normal distribution. Empirical distributions
of the logarithmic returns in high frequency data usually exhibit excess kurtosis with more
probability mass near the origin and in the tails and less in the flanks than would occur for
normally distributed data. Sometimes the skewness can be present. The GNL distribution can
be either symmetrical or exhibit skewness. It is having positive kurtosis. These properties make
the GNLAR model a good one for the motion of logarithmic stock prices. The results can be
further extended to the generalized normal α-Laplace distribution with a variety of applications
in many areas.
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Abstract

The Rasch model is a popular measurement model that has been using in many practical

situations. Generally, is very common to consider a Gaussian distribution to model the latent trait.

However, this assumption may be not realistic. Furthermore, estimation methods must to take the

latent distribution behavior into account and produce efficient estimatives. In this paper we focus on

in a hierarchical framework for the Rasch model that generates an independent latent t distribution

and in the assessment of the effects of depart from this assumption in fit model. Furthermore we

develop an estimation method based on the augmented data scheme and EM algorithm. Finally,

we consider a simulation study in order to assess the behavior of the hierarchical model and the

estimation method.

1 Introduction

The Rasch model, see Baker and Kim (2004), also known as one parameter model, is very often

used as a measurement model, see Kamata (1998) and Fischer and Molenaar (1995). This model

has interesting features as, for instance, the availability of sufficient statistics for the latent trait, see

Andersen (1997), and the fact that it belongs to the class of Generalized non-linear mixed models, see

Rijmen et al (2003). Particulary, for the one population framework, it has been considering a Gaussian

distribution for modelling the latent trait. However, this assumption may be not realistic, especially

in the presence of outliers. The t distribution, for example, is known to be more robust modelling

approach than the normal one, see Berger (1985). The depart from the true latent distribution may

lead, for instance, to obtain poor estimatives from extreme latent trait values. An interesting way

to consider a robust approach was pointed out by Ghosh et al (2000) that established a hierarchical

framework to latent trait assuming a Gaussian distribution with unknown variance and an inverse-

gamma distribution for the variance, see Gelman et al (2004). This induces a multivariate t distribution

for latent trait. For fit that model, Ghosh et al (2000) considered a MCMC scheme with an adaptive

rejection sampling algorithm of Gilks and Wild (1992). This kind of approach presents a high time

demanding, see Fox (2001). We, on the other hand, consider another hierarchical approach that

generates an independent t latent distribution. Furthermore, we develop an EM algorithm based on

augmented data scheme which was proposed, in IRT context, by Albert (1992), using the idea of

Tanner and Wong (1987). We suggest that this method may be view as an interesting alternative to

fit not only Rasch models but other IRT models. To illustrate our approach we consider a simulation

study to assess the effects of depart from true latent trait distribution. In next section we will show

the model. In section 3 we will develop the estimation method. In section 4 we consider a simulation

study and finally, in section 5 we will make some comments.

2 The model

The probit-link hierarchical Rasch model, for dichotomous items, that is, the probability of a subject

j to answers correctly an item i, considering a set of n subjects and I items is given by
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P (Yij = 1|θj , bj , ψθ) = P (Yij = 1|θj , bj) = Φ(θj − bi) ,(1)

and,

θj |ψθ ∼ N(0, ψθ) ,(2)

ψθ|(α, β) ∼ IG(α/2, β/2)⇐⇒ p(ψθ) ∝ ψ
−α/2−1
θ exp

(
− β

2ψθ

)
,(3)

where θj is the latent trait of the subject j, bi is the difficult parameter of item i, ψθ is the latent

variance and (α, β)t are the hyper parameters associated to the hyper priori of ψθ. The variables Yij

stand for the answer of the subject j to the item i, assuming value 1 for correct answers an 0 otherwise.

Also, N(., .) and IG(., .) stand for a normal and inverse gamma distribution, respectively. This is the

same representation considered by Ghosh et al (2000), which leads on to

p(θ|n, α, β) ∝
⎛
⎝α +

n∑
j=1

θj

⎞
⎠

−n/2−β/2

,(4)

where θ = (θ1, . . . , θn)t. That is, the latent traits are not independent, but they are exchange-

able, Bernardo and Smith (1998), following a multivariate t-distribution. On the other hand, if we

consider θj ∼ N(0, ψθj
) and ψθj

∼ IG(α/2, α/2), we have

p(θ|n, α) ∝
n∏

j=1

(α + θj)
(−1/2−α/2) ,(5)

that is, the latent traits are mutually stochastically independent following a t-distribution with α

degrees of freedom. Then the frameworks given by (4) and (5) provide simple forms to consider a robust

item response analysis. In our work, differently from Ghosh et al (2000), we consider the structure

given by (5). This framework may be analyzed through both classical and bayesian approaches.

The Figure 1 shows standard t densities for some degrees of freedom (d.f.) values and the

standard normal density. We see that as far we consider large d.f. values the t distribution tends

to have the same shape of the normal distribution. On the other hand, smaller d.f induces the t

distribution to present heavy tails.

In next section we present the estimation method.

3 Estimation Method

In this section we consider a suitable fit method for the model presented in the former section. This

method is a genuine EM algorithm framework, which may used in both classical and bayesian ap-

proaches, based on the augmented data scheme. Furthermore, differently from Bock and Aitkin

(1981), we calculate the conditional expectations of missing data directly and no quadrature points

are used. Another feature is that the M-step is carry out without using optimization algorithms. A

review about many estimation methods, in IRT context, may be found in Baker and Kim (2004) and

Azevedo (2003). In the next subsection we establish the augmented data scheme.
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Figure 1: t densities for different degrees of freedom

3.1 Augmented data framework

From the model (1) we define the following variable :

Zij |(θj , bi) =

{
N(θj − bi, 1)II(zij≥0), if Yij = 1,

N(θj − bi, 1)II(zij<0), if Yij = 0.
(6)

As stated in Albert (1992) it is equivalent to use the likelihoods generated by Z .. = (Z11, . . . , ZIn)t

and Y .. = (Y11, . . . , YIn)t. Actually this may be verified considering

Zij |(θj , bi) = II(Yij=1) ,

where II is the usual indicator function, and taking its conditional expectation. This approach

is useful because the Gaussian structure has many suitable proprieties as conjugation, see Bernardo

and Smith (1998), and closed forms to expectations. In the next subsection we present the fit method

itself.

3.2 Augmented data EM algorithm - ADEM

The EM algorithm is a well-known method developed to obtain maximum likelihood estimatives, as

well bayesian ones, in the presence of missing data, see Dempster et al (1977). This approach was

successfully adapted for fit IRT models by Bock and Aitkin (1981), who considered a pseudo EM
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algorithm, through the so called artificial data, and integrating over the latent traits using Gaussian

quadrature points. However, this numerical method may be unfeasible specially in the presence of

longitudinal, multivariate or multidimensional latent structure, see for instance Andrade and Tavares

(2005) or Te Marvelde (2006). In those cases, evaluating the multivariate integrals may be unfeasible

using quadrature points. Furthermore, the M-step is carry out by using of numerical methods of

optimization as, for example, Newton-Raphson or Fisher scoring, see Baker and Kim (2004). Another

point is that, it may be not so easy to consider a distribution different of normal as a latent distribution,

because the necessity of evaluate a multidimensional integral. On the other hand, we propose an

augmented data EM algorithm using the structure defined in (6).

First we will consider that there is no missing data, that is, every subject answers every item.

Also, choosing some appropriate priors distributions and using the usual independence assumptions,

we have that the posterior distribution is

p(z.., θ, b, ψθ|y...) ∝ p(z..|θ, b,y..)p(θ|ψθ)p(b)p(ψθ)(7)

=

⎧⎨
⎩

I∏
i=1

n∏
j=1

p(zij |θ, bi, yij)

⎫⎬
⎭
⎧⎨
⎩

n∏
j=1

p(θj |ψθj
)

⎫⎬
⎭
{

n∏
i=1

p(bi)

}⎧⎨
⎩

n∏
j=1

p(ψθj
)

⎫⎬
⎭ .

where θ = (θ1, . . . , θn)t, b = (b1, . . . , bI)
t and ψθ = (ψθ1 , . . . , ψθn

)t. The priori distributions for Zij ,

θj and ψθ are given by (6), (2) and (3), with β = α, respectively. For difficult parameter a natural

choice is, see Patz and Junker (1999),

bi ∼ N(μb, ψb) .(8)

Thereafter, we may note from (7) that log-posterior is given by

ln p(z.., θ, b, ψθ|y...) = −1

2

I∑
i=1

n∑
j=1

[
z2
ij − 2zijθj + θ2

j + 2(zijbi − θjbi) + b2
i

]− 1

2

n∑
j=1

θ2
j

ψθj

(9)

−
n∑

j=1

1

2
lnψθj

+

I∑
i=1

ln p(bi) +

n∑
j=1

ln p(ψθj
) .

Considering W = (Zt, θt)t the non-observed data and ϑ = (bt, ψt
θ)

t the interesting parameters,

using the EM setup, we need to evaluate the expectation IE(W |ϑ) from (9), that is, IE[ln p(z.., θ, b,ψθ|y..)|ϑ].

However, from equation (7), we have

θj |(.) ∼ N(θ̂jψ̂θj
, ψ̂θj

)(10)

where,

θ̂j =

I∑
i=1

(zij + bi) ,

ψ̂θj
= 1/(ψ−1

θj
+ I) .

and (.) denotes the set of all other variables and parameters. Furthermore, from (6) and (10),

we have, also following Liu et al (1998), page 766, that
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Ẑij = IE[Zij |(θj , bi, ψθj
, yij)] =

⎧⎪⎪⎨
⎪⎪⎩

θj − bi +
φ(θj − bi)

1− Φ(−θj + bi)
, if Yij = 1,

θj − bi − φ(θj − bi)

Φ(−θj + bi)
, if Yij = 0.

(11)

Ẑ2
ij = IE[Z2

ij |(θj , bi, ψθj
, yij)] = (Ẑij)

2 + 1− (θj + bi)
(
Ẑij − θj + bi

)
,(12)

θ̂j = IE[θj |(zij , bi, ψθj
, yij)] =

∑I
i=1 (zij + bi)

I + 1/ψθj

,(13)

θ̂2
j = IE[θ2

j |(zij , bi, ψθj
, yij)] = (θ̂j)

2 + 1/(ψ−1
θj

+ I) .(14)

where φ and Φ denote the density and cumulative function of the standard normal distribution.

Then, we evaluate the expectations given by (11) to (14) in place of IE[W |ϑ]. Notice that, this means

that instead of to calculate the expectation of all set of non-observed variables given the data and

current estimatives of the parameters, we calculate the conditional expectations of one kind of non-

observed variables given another sort of them, the data and current estimatives of the parameters.

That is, we treat in every EM iteration a specific set of missing variables as interesting parameters.

This may be viewed as a slight modification in the original EM algorithm.

The log-posterior expectation thereafter, becomes

IE[ln p(z.., θ, b, ψθ|y...)|ϑ] = −1

2

I∑
i=1

n∑
j=1

[
Ẑ2

ij − 2Ẑij θ̂j + Ẑ2
j + 2(Ẑijbi − θ̂jbi) + b2

i

]
− 1

2ψθ

n∑
j=1

θ̂2
j(15)

−1

2

n∑
j=1

ln ψθj
+

I∑
i=1

ln p(bi) +
n∑

j=1

ln p(ψθj
) .

Then, we need to maximize (15) with respect ϑ. This leads on to the following result

Result 3.1. Under the structure defined by (9) to (15), the ADEM algorithm may be expressed as

follows

E-step Proceed as follows

E-step 1 Given current estimatives of ϑ(t) = (b(t), ψ
(t)
θ )t and current expectations of θ(t) to

evaluate (11).

E-step 2 Given current estimatives of ϑ(t) = (b(t), ψ
(t)
θ )t and current expectations of Z(t+1),

obtained in E-step 1, to evaluate (13) and (14).

M-step Given current expectations Ŵ
(k)(t+1)

, k = 1, 2, to update ϑ through maximizing (15), that

is, to evaluate

b̂
(t+1)
i =

∑n
j=1−Ẑ

(t+1)
ij +

∑n
j=1 θ̂

(t+1)
j − μb/ψb

n + 1/ψb

ψ̂
(t+1)
θj

=
θ̂
2(t+1)
j + α

α + 3
.
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The E-step is straightforward to verify by the definitions of expectations of a normal and

truncated-normal distributions. The M-step is obtained deriving the (15) with respect the vector

ϑ and equaling it to 0. Then we may see that this procedure avoids not only the use of quadrature

points, to evaluate the conditional expectations, but also the use of numerical methods in the M-step,

as in the Bock and Aitkin approach. Then, the ADEM algorithm is an alternative to the pseudo EM

algorithm proposed by Bock and Aitkin (1981).

In next section we will conduct a simulation study.

4 Simulation study

In this section we consider a simulation study in order to assess not only the properties of the hierarchi-

cal model but also the behavior of the estimation method. In order to conduct this study we consider

three sample sizes, namely, n = 500, 1000 and 2000 and three d.f. values, namely, α = (8, 12, 20)t, for

the latent trait distribution. This permits to have a heavy tails, soft tails and approximately normal

behavior for t distributions. For every value of the d.f. of latent distribution, we consider one specific

item set of size 40. In order to ensure the variability we considered R = 30 replicas for simulations,

that is, 30 response sets generated from the same parameter values. Finally, for every situation, we

use a bayesian approach for the ADEM algorithm, that is, an ADEM algorithm with suitable priori

distributions, see section 3.2. All the programs for simulation and implementation of ADEM algorithm

were written in R-language (http://www.R-project.org) and may be asked for via e-mail.

The following statistics were considered to model assessment :

• Variance : the mean of all variances associated to all replicas and all estimatives.

• MSR : the mean of squared residuals among all replicas and their estimatives, e. g., 1
nR

∑R
r=1

∑n
j=1(θj−

θ̂jr)
2.

• Bias: the sum of two former statistics.

• AIC : −2× logver+2×npar, where npar is the number of parameters associated with the model.

• BIC :−2× logver + 2× npar× I, where I is the number of items.

AIC and BIC suggests better fits when they present smaller values.

For the priori distributions of difficult parameter we set μb = 0 and ψb = 1. For the latent trait

were chosen the normal model and five values for the degrees of freedom of the t distribution, see

Figure 1, in order to try to cover all reasonable possibilities. In practice, one may consider some t

distributions, with different degrees of freedom, and to chose that one which presents the smallest AIC

value, for example. Finally, we set a maximum of 50 iterations and a stop criteria equals to 10(−5)

from the mean of the difference from two consecutive estimatives (parameter difficult and the latent

variances) to the ADEM algorithm.

From Table 1 and 2 we may see that the models present similar results and small values for

the statistics. This suggests that the normal model seems robust concerning depart from normality

assumption. Furthermore, the ADEM algorithm produce good results, that is, the estimatives are very

close to true values, see Figures 2 from 7. Those Figures presents the scatter plot from true values

and their estimatives, from sample size 500, only. For the other sample sizes the results are basically

the same and we did not present these Figures. We may also notice that only extreme values, from

latent trait and difficult parameters, were not well estimated. This was because, probably, the priors

and the item parameter sets that were chosen. The Table 3 indicates that the models present similar

results. In a general way, the ADEM show excellent results with similar behavior for the models.
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5 Final comments

The main purpose of this paper was to establish a t distribution for latent trait, through a suitable

hierarchical framework and develop a new estimation method based on EM algorithm and augmented

data scheme, for IRT models. We shown that t latent distribution seems a interesting alternative to

model laten trait behavior even though the normal approach had shown robust results. Furthermore,

our fit method (ADEM algorithm) is an efficient method for fit IRT models, because the small time

consuming and very precise estimatives that we obtained through it. Future works would be to use

ADEM for fit more complex models, e.g., multidimensional, multilevel or longitudinal IRT models and

to consider other distributions as asymmetric t distribution, see Genton (2004).
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Table 1: Statistics of the latent trait estimation

Statistic Model α

8 12 20
n

500 1000 2000 500 1000 2000 500 1000 2000

Variance Normal 0,071 0,072 0,074 0,071 0,071 0,073 0,060 0,060 0,061

t - 3 d.f 0,071 0,072 0,074 0,071 0,072 0,073 0,060 0,061 0,062

t - 5 d.f 0,071 0,072 0,074 0,071 0,072 0,073 0,060 0,061 0,062

t - 8 d.f 0,071 0,072 0,074 0,071 0,072 0,073 0,060 0,061 0,062

t - 15 d.f 0,071 0,072 0,074 0,071 0,072 0,073 0,060 0,061 0,062

t - 20 d.f 0,071 0,072 0,074 0,071 0,072 0,073 0,060 0,061 0,062

MSR Normal 0,120 0,122 0,108 0,094 0,097 0,097 0,077 0,077 0,073

t - 3 d.f 0,116 0,117 0,106 0,093 0,096 0,096 0,076 0,076 0,073

t - 5 d.f 0,116 0,117 0,106 0,093 0,096 0,096 0,076 0,076 0,073

t - 8 d.f 0,116 0,117 0,106 0,093 0,096 0,096 0,076 0,076 0,073

t - 15 d.f 0,116 0,117 0,106 0,093 0,096 0,096 0,076 0,076 0,073

t - 20 d.f 0,116 0,117 0,106 0,093 0,096 0,096 0,076 0,076 0,073

Bias Normal 0,191 0,194 0,183 0,165 0,169 0,170 0,137 0,137 0,134

t - 3 d.f 0,187 0,190 0,180 0,164 0,168 0,169 0,136 0,137 0,134

t - 5 d.f 0,187 0,190 0,180 0,164 0,168 0,169 0,136 0,137 0,134

t - 8 d.f 0,187 0,190 0,180 0,164 0,168 0,169 0,136 0,137 0,134

t - 15 d.f 0,188 0,190 0,180 0,164 0,168 0,169 0,136 0,137 0,134

t - 20 d.f 0,188 0,190 0,180 0,165 0,168 0,169 0,136 0,137 0,134
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Table 2: Statistics of the difficult parmeter estimation

Statistic Model α

8 12 20
n

500 1000 2000 500 1000 2000 500 1000 2000

Variance Normal 0,009 0,005 0,002 0,009 0,004 0,002 0,006 0,003 0,002

t - 3 d.f 0,009 0,005 0,002 0,009 0,004 0,002 0,006 0,003 0,002

t - 5 d.f 0,009 0,005 0,002 0,009 0,004 0,002 0,006 0,003 0,002

t - 8 d.f 0,009 0,005 0,002 0,009 0,004 0,002 0,006 0,003 0,002

t - 15 d.f 0,009 0,005 0,002 0,009 0,004 0,002 0,006 0,003 0,002

t - 20 d.f 0,009 0,005 0,002 0,009 0,004 0,002 0,006 0,003 0,002

MSR Normal 0,061 0,049 0,035 0,025 0,017 0,012 0,007 0,005 0,002

t - 3 d.f 0,060 0,047 0,035 0,025 0,017 0,013 0,007 0,005 0,002

t - 5 d.f 0,060 0,047 0,035 0,025 0,017 0,013 0,007 0,005 0,002

t - 8 d.f 0,060 0,047 0,035 0,025 0,017 0,013 0,007 0,005 0,002

t - 15 d.f 0,060 0,047 0,035 0,025 0,017 0,013 0,007 0,005 0,002

t - 20 d.f 0,060 0,047 0,035 0,025 0,017 0,013 0,007 0,005 0,002

Bias Normal 0,070 0,053 0,038 0,033 0,022 0,015 0,013 0,007 0,004

t - 3 d.f 0,069 0,052 0,037 0,034 0,022 0,015 0,013 0,007 0,004

t - 5 d.f 0,069 0,052 0,037 0,034 0,022 0,015 0,013 0,007 0,004

t - 8 d.f 0,069 0,052 0,037 0,034 0,022 0,015 0,013 0,007 0,004

t - 15 d.f 0,069 0,052 0,037 0,034 0,022 0,015 0,013 0,007 0,004

t - 20 d.f 0,069 0,052 0,037 0,034 0,022 0,015 0,013 0,007 0,004

Table 3: AIC and BIC for simulation
Statistic Model α

8 12 20

n

500 1000 2000 500 1000 2000 500 1000 2000

AIC Normal 10708,0 21007,1 42131,6 11168,6 22495,3 44527,2 14287,7 29175,2 58489,5

t - 3 d.f 10652,9 21128,5 42231,5 11233,8 22361,6 44688,8 14556,0 29004,5 58272,4

t - 5 d.f 10652,5 21127,9 42230,1 11233,4 22360,8 44687,3 14555,8 29004,1 58271,3

t - 8 d.f 10652,3 21127,6 42229,4 11233,1 22360,5 44686,6 14555,6 29003,9 58270,8

t - 15 d.f 10652,2 21127,6 42229,2 11233,0 22360,3 44686,1 14555,6 29003,8 58270,5

t - 20 d.f 10652,2 21127,7 42229,2 11232,9 22360,2 44686,1 14555,6 29003,8 58270,5

BIC Normal 279628,0 1058927,0 4118052,0 280088,6 1060415,0 4120447,0 283207,7 1067095,0 4134409,0

t - 3 d.f 279572,9 1059049,0 4118151,0 280153,8 1060282,0 4120609,0 283476,0 1066925,0 4134192,0

t - 5 d.f 279572,5 1059048,0 4118150,0 280153,3 1060281,0 4120607,0 283475,7 1066924,0 4134191,0

t - 8 d.f 279572,3 1059048,0 4118149,0 280153,1 1060280,0 4120607,0 283475,6 1066924,0 4134191,0

t - 15 d.f 279572,2 1059048,0 4118149,0 280153,0 1060280,0 4120606,0 283475,6 1066924,0 4134191,0

t - 20 d.f 279572,2 1059048,0 4118149,0 280152,9 1060280,0 4120606,0 283475,6 1066924,0 4134190,0
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RÉSUMÉ

Le modle de Rasch cest un populaire modle de mesure que il est utilisant dans une grande quantit

de situations pratiques. Gnralement, est beaucpoup de facile considrer une distribution Gaussiana

pour modeler la trace latente. Pourtant, cette supposition peut ne tre pas raliste. En plus, mthodes de

estimation ils necessitent de considrer le comportement de la distribution latente et produire estimatives

efficientes. Dans cet travail nous nous sommes concentrons dans une structure hirarchique pour le

modle de Rasch, lequel origine une distribution latente t indpendante, et aussi nous voulons examiner

les effets de l’enlvement de cette supposition dans l’ajustement du modle. En plus, nous dveloppons

un mthodo de estimation bas en esquisse de donnes augmentes et dans le algorithme EM. Finalement,

nous considrons un tude de simulation pour examiner le comportament de modle hirarchique et de le

mthode de estimation.
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Figure 2: Scatter plot of estimatives and true values of latent trait : α = 8 and n = 500
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Figure 3: Scatter plot of estimatives and true values of difficult parameter : α = 8 and

n = 500
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Figure 4: Scatter plot of estimatives and true values of latent trait : α = 12 and n =

500
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Figure 5: Scatter plot of estimatives and true values of difficult parameter : α = 12 and

n = 500
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Figure 6: Scatter plot of estimatives and true values of latent trait : α = 20 and n =

500
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Figure 7: Scatter plot of estimatives and true values of difficult parameter : α = 20 and

n = 500
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IPM 94 : Statistics,Knowledge and Policy : how to make the

Chain work?

Organizer: Enrico Giovannini, E-mail: enrico.giovannini@oecd.org
Sponsors: ISI, OECD

Discussants:

Leonard Cook
Jon Hall
Dae You Kim
Pali Lehohla
Walter Radermacher
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IPM 94 DISCUSSANTS:

Jon Hall, E-mail: jon.hall@oecd.org
Leonard Cook, E-mail: len cook@xtra.co.nz
Jon Hall, E-mail: jon.hall@oecd.org
Dae You Kim, E-mail: ckmsisk@nso.go.kr
Pali Lehohla, E-mail: palil@statssa.gov.za
Walter Radermacher, E-mail: walter.radermacher@destatis.de
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“STATISTICS, KNOWLEDGE AND POLICY” – HOW TO GET THE CHAIN WORKING 
 

JON HALL, PROJECT LEADER -  THE OECD’S GLOBAL PROJECT ON MEASURING THE PROGRESS OF 
SOCIETIES, THE STATISTICS, KNOWLEDGE, POLICY WORLD FORUM. 

Introduction 

1. This panel debate at ISI will focus on the outcomes of the second OECD World Forum on 
“Statistics, Knowledge and Policy”, that was held in Istanbul, on 27-30 June 2007.  It will discuss what the 
key next steps should be to take this work forward and how the ISI community should get involved.  

Statistics, Knowledge and Policy 

2. Information plays a vital role in economic and political processes. The increase in available 
information, coupled with advancements in Information and Communication Technologies (ICT) has 
changed the ways in which markets and societies work. The Internet and other media, as well initiatives 
aimed to build information repositories through the collaboration of individuals, such as wikis and blogs, 
make more information available to more people than ever before. And so the ideal of a “fully informed 
decision maker” could be a reality. Unfortunately, this is far from the case: although citizens are constantly 
bombarded by information, this information is not necessarily translated into knowledge.  

3. On the contrary, more and more people are overwhelmed and confused by the amount of 
information available. They are unable to fully understand ongoing debates about public policies and feel 
threatened by the complexity of global issues and the polarity of ‘evidence’ used by those on different sides 
of the debate (climate change, migration, economic globalisation, etc.). The development of Internet has 
shown serious drawbacks: the dissemination of false information, manipulation of public opinion through 
propaganda, and confusion about what is accurate and what is poorly measured is all too common. Gathering 
information has never been easier. Selecting the “right” information and turning it into knowledge is as hard 
as, perhaps harder than, ever.     

4. High quality statistical data is generally recognised as a “public good” and the lifeblood of 
democracy. But disinformation spreads rapidly. Data based on shaky methodology is often quoted in public 
debate as “fact” and correct information can be misinterpreted (so called “mutant statistics”). In those 
countries in which surveys have been undertaken, it is clear that a large percentage of the population does not 
know the key economic and social facts that underpin their country. It seems that ideology is often used as a 
shortcut to make decisions, including voting. 

5. At the same time, citizens are increasingly concerned with their quality of life. A consensus is 
growing around the need to develop a more comprehensive view of progress – one that takes into account 
social, environmental and economic concerns - rather than focussing mainly on economic indicators like 
Gross Domestic Product, which, while an important measure of economic activity, was not developed to be 
the sole measure of a nation’s progress. There is also a broad recognition that the development of cross-
cutting, high quality, shared, accessible information about how a society is doing is crucial to ensure that 
decision-making is simultaneously responsive and responsible at all levels (policy makers, businesses, 
citizens, etc.). 

6. This is a key issue for democracy. The better an electorate is able to hold its policy makers 
accountable through evidence of their performance, the greater the incentive for policy makers to make 
better policy. And smarter indicators of progress could help society to achieve more relevant goals with 
fewer resources.  
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7. In conclusion, without a shared understanding of reality, fruitful democratic debate is almost 
impossible. Unfortunately, although statisticians are getting better at producing reliable and timely statistics 
the “statistics, knowledge and policy” chain is – for a variety of reasons - far from well established in most 
countries. 

Beyond GDP: towards a shared measure of societal progress 

8. A healthy political process needs a citizenry with access to accurate information about the results 
of past policies (i.e. economic and social outcomes) or the expected results of the policies foreseen. There are 
various ways to measure economic and social outcomes and it is quite common that the various parties 
participating in elections make reference to different data to try to get their point across. But what if all 
parties agreed on a “shared information set”, i.e. a set of indicators referring to the overall progress of a 
nation/society that could be used by all parties involved in a policy debate? What if discussion moved from 
disagreeing over the ‘facts’ about what had been achieved in a politician’s last term of office, to a facts-based 
discussion on the whether and how a nation was progressing and what needed to change. To say that this 
could change the political game is an understatement.  

9. But what should the shared information set contain, how should it be defined and by whom? These 
are some of the questions that the Global Project aims to address.  

10. The most commonly used indicator of economic, sometimes national, performance is growth in 
Gross Domestic Product (GDP), measured in both absolute and per-capita terms. But GDP – that quantifies 
economic activity - is not the sole, or many would argue a good, measure of national progress. If it were 
known that the GDP growth over several years came through damage to the environment, large increases in 
social inequalities or reduction in available assets, etc., citizens might choose to vote against a government 
responsible for these outcomes, rather than re-elect them.  

11. Organisations all over the globe are developing measures of a society’s progress (or sustainability, 
wellbeing or quality of life – all terms closely linked to progress). Work is being done at the sub-national, 
national, and international levels, undertaken by the public and private sectors, civil society, academia, and 
the media, sometimes in collaboration, both in developed and in developing countries. Some of these 
measures are based on solid statistical evidence, others just on weak data or methodologies.  Globalisation is 
further complicating the matter, making the measurement and assessment of a country’s overall progress an 
issue requiring statistical and analytical approaches that go beyond national borders.  

12. Many approaches are possible but they generally fall into three broad types: the extension of the 
basic national accounts schemes to cover social and environmental dimensions; the use of a wide range of 
indicators referring to economic, social and environmental dimensions (the use of composite indicators to 
summarise them in a single number is also possible); and the use of “subjective” measures of well-being, 
life-satisfaction or happiness.  

13. At the international level, the Millennium Declaration approved in 2000 by the General Assembly 
of the United Nations paved the way to the monitoring of the Millennium Development Goals (MDGs) 
through a selected set of indicators. After the initial enthusiasm, this process has shown weaknesses and 
obstacles. For example, in several countries, data used to calculate indicators are not being derived from 
national statistics, but are being estimated by international organisations; emerging countries often prefer to 
compare themselves with richer countries rendering the MDGs less relevant for them; and many countries do 
not use MDG indicators for national policy purposes. At the same time, international meetings and governing 
bodies of international organisations have developed a plethora of indicators on almost all dimensions of 
society, resulting in a proliferation of publications and databases, sometimes providing different figures for 
the same phenomena and creating a considerable burden and distraction on those responsible for data 
collection in some of the world’s poorest countries.  

14. International and national Non-Governmental Organisations have developed their own indicator 
systems to monitor economic, social and environmental trends, and the concrete implementation of 
commitments made by national governments in international summits. In several countries, civil society is 
increasingly taking the lead in calling for – and even building – sets of progress measures, while 
governments are seeking new ways to collaborate with civil society to gain legitimacy for their role.    
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Why Did The OECD Launch This Project? 

15. The OECD is very well placed to lead the development of a new approach to measure societal 
progress. The organization has a rich history in developing international statistical concepts and standards 
about new and complicated areas of life (GDP and the overall system of national accounts in the ‘60s, social 
indicators in the ‘70s, education outcome measures in the ‘90s, etc.). And it has a wealth of expertise in 
practically every key area of progress – economic, social and environmental – that one might wish to 
measure, with hundreds of statisticians and analysts working in the Secretariat and thousands of national 
experts attending OECD committees on sectoral issues. Moreover, the World Forum team has considerable 
individual experience in this kind of work. Enrico Giovannini, the OECD’s chief statistician, has published 
extensively on this topic and was the driving force behind the “Statistics, Knowledge and Policy” World 
Forum and the overall Project. And this author, the OECD’s project manager, led one of the first national 
measuring progress projects undertaken anywhere (Measuring (then Measures of ) Australia’s Progress). 

16. The whole organization is engaged in the Project. As Angel Gurría, the OECD’s Secretary General 
indicated in his speech at the 2006 OECD Ministerial meeting about key challenges for the organization: 
“the OECD must develop new methods to measure the progress of societies, integrating the usual economic 
indicators with other social and environmental measures, working with key non-member economies and 
other international organizations to develop a global repository for reliable statistics and data. We have to 
move towards measuring welfare, not just output. It will constitute a major contribution to democracy”. 

Measuring and Fostering the Progress of Societies: A World Forum in Istanbul, June 27-30 

17. The OECD Global Project on “Measuring the Progress of Societies” builds on the first OECD 
World Forum on “Statistics, Knowledge and Policy”, held in Palermo (Italy) in November 2004 and attended 
by 540 participants from 43 countries. Since then, a good deal of work has been done both on the research 
side. The second World Forum in Istanbul (Turkey), on 27-30 June 2007, was a milestone.  Some 1200 
participants from over 130 countries met to discuss measuring and fostering the progress of societies. Some 
speakers included Joaquín Almunia (European Commissioner for Economic and Monetary Affairs); François 
Bourguignon (Chief Economist, World Bank); Paul Brest (President, William & Flora Hewlett Foundation); 
Margaret Chan (Director General, World Health Organization); Kemal Derviş (UNDP Administrator); 
Harvey Fineberg (President of the Institute of Medicine, USA); Mamphela Ramphele (Co-chair, Global 
Commission on International Migration); Recep Tayyip Erdoğan (Prime Minister, Turkey); Ólafur Ragnar 
Grímsson (President of Iceland); Angel Gurría (Secretary-General, OECD); Alan Krueger (Economics 
Professor, Princeton University); Lord Richard Layard (Professor, London School of Economics); Francisco 
Santos Calderón (Vice President of Colombia); David M. Walker (Comptroller General, USA); and Matthew 
Winkler (Editor in Chief of Bloomberg). 

18. At the conference the OECD, the European Commission, the Organisation of the Islamic 
Conference, the United Nations, the United Nations Development Program, UNICEF and the World Bank all 
put their names to an Istanbul declaration (see Appendix I). Statements of support during the Conference for 
the declaration came from every continent and others are now signing up to it (and if you would like to add 
your name, or that of your organisation, to the list of those supporting the declaration then please contact me 
at oecdworldforum@oecd.org). 

19. The conference, and the regional events leading up to it, signalled to the OECD the importance of 
this work and the global interest in it (both geographically and among the public, private and civil sector, 
academia and the media). Initiatives to measure progress at the international, national and local levels are 
proliferating all over the world and there is a concrete demand for the organisation to pursue a global project 
to bring this work together.  

20. Those who have launched initiatives in this field are eager to share their experiences and know how 
with those working in other countries and regions. With its strong reputation, the OECD is seen in developed 
and less developed countries, as an authoritative institution in the field of statistics and policy 
recommendations. Data collection, harmonization and measurement are OECD core business, with the 
organization an acknowledged world leader especially in developing statistical methodologies to measure 
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economic, social and environmental phenomena and using evidence to identify best policy practices. Indeed 
pioneering work in the area of statistics is perceived to be one of the OECD’s greatest strengths. 

21. However, the OECD has some intrinsic limitations (its “developed member” country status perhaps 
the most significant, although the organization works with more than 70 countries from all continents). For 
its long-term success the Project has to involve other key international institutions, as well as international 
networks of civil society organisations, international academic networks, etc. We have been quite successful 
to date, but more can be done. 

Achieving the Project’s Mission 

22. The Project will achieve its mission through advocating the importance of this work, improving the 
state of the art on the measurement and dissemination of progress measures and assisting countries to 
undertake their own measuring progress projects. There are four key goals. 

• Foster a global conversation about what progress actually means. In order to measure and 
achieve progress, people need to know what “progress” looks like. There can be no single answer, 
but by bringing together different communities, cultures and interest groups, the Project will debate 
and recognise differing views and find common ground. Such a discussion will benefit anyone 
seeking to measure progress at the sub-national or national level, but it will be important at the 
global level too. 

 
• Galvanise people and institutions to action. By bringing together an engaged global community of 

practice the project will facilitate the collaboration of diverse groups and the sharing of success 
stories about the development and use of progress indicators, thereby fostering the development of 
evidence-based public choice and a facts-based civic dialogue, improving the democratic functioning 
of modern societies. 

 
• Improve the effectiveness of indicator work and their use for policy making. By sharing best 

practices among those working on indicator initiatives, and strengthening international comparisons, 
the project will improve the ways in which indicator sets are developed, disseminated and, most 
importantly, used. In addition to a technical discussion about indicators, an important element of the 
project will be to foster the debate on the ways in which policies can be improved through the use of 
indicators.   

 
• Make a key contribution to the international discussion in the run-up to 2015 when the set of 

existing MDGs and indicators (mainly designed for developing countries) could be enhanced by a 
wider concept of World Progress measures covering developing, emerging and developed countries. 
The Project will integrate the current top down approach to the development of international 
indicators with a bottom-up effort, to take into account cultural, social and economic differences 
around the world. 

 
23. To achieve its goal, the Global Project will carry out activities in the following areas: 

a) Carry out statistical research on the measurement of societal progress in all its dimensions 

24. The international statistical system is extremely active in the development of methodological 
recommendations on how to measure particular phenomena, but it has not created any focal point to address 
the issue of measuring progress. Therefore, building on the work done by the OECD and other international 
and national organisations in specific subject matter domains, the Global Project will become the worldwide 
focal point on the measurement of societal progress. It will establish an international network of 
initiatives carried out by statistical offices, research institutes, NGOs, international organisations, etc. 
concerning the measurement of progress (wellbeing, quality of life, etc.).  
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b) Design, develop and promote the use of innovative ICT tools to facilitate the transformation of statistics 
into knowledge 

25. Several software houses and large ICT companies are developing new tools to manage and 
disseminate statistics (especially indicators) to both specialised users and the public. Statistical offices and 
other research institutes are improving their dissemination and communication. And there are initiatives 
aimed at measuring societal progress through indicators that have developed innovative solutions to present 
statistical evidence, for example, linking quantifiable policy goals and targets to actual measures of policy 
outcomes. Indeed, some Internet experts envisage the possibility that in the near future politicians will be 
assessed by individual citizens using tools able to link electoral promises (plans) and results (much like 
television rating systems). Finally, civil society organisations have developed interesting tools (videos, web 
sites, blogs, etc.) to advocate their activities; to statistically monitor the implementation of official 
commitments by policy authorities; and to foster fact-based democratic dialogue among citizens starting 
from statistical measures of societal progress.  

c) Establish a global network to foster the measurement of progress in every country 

26. Develop a global infrastructure to facilitate the assessment of societal progress at national and 
global levels to bring about evidence-based policy discussions and decision-making. The existing 
experiences of policy processes based on indicator systems clearly demonstrate the importance of building 
trust among all the participants, especially around the choice of indicators used to monitor policy outcomes. 
As “public choice” models indicate, the process works only if the information is trusted by and shared 
among all participants. Of course, institutional arrangements, historical background, technical, legal and 
organisational capabilities and constraints are extremely important to building successful initiatives. The 
Global Project aims to help each and every country in the world build its national initiative to measure 
progress. 

d) Development of a global infrastructure to facilitate the assessment of societal progress at national and 
global levels, evidence-based policy discussions and decision-making 

27. Hundreds of initiatives have already been launched around the world to measure progress. They 
use different methodologies, languages, indicators and institutional solutions. And there is little recognition 
among them and the public of the existence of a “world movement” in this field. The Global Project will 
represent the catalyst and the driver of this movement, helping individual initiatives identify best practices 
and learn from each other’s experiences and helping them not to reinvent the wheel each time a new project 
begins. But it will also provide an appropriate infrastructure to achieve, on a global scale, the same aims of 
national or local initiatives, i.e. to provide for the assessment of the world’s progress through statistical 
indicators.   

28. As for national initiatives, the infrastructure developed at the global level has to be perceived as 
scientifically strong, statistically sound, politically open to all cultures and sectors of the society and able to 
foster democratic evidence-based dialogue. In short, it has to be seen as a global tool to serve the world’s 
citizens.  

Governance and Next Steps 

29. The Global Project is just beginning and much remains to be decided. Our initial focus (for the 
second half of 2007) will be on establishing a governance structure, securing funds and beginning some 
initial activities. 

Governance Structure: we plan to set up a governing board that can guide the project. It will comprise those 
institutions that are providing financial and in kind support. There will also be a role for key technical 
advisors. 

Regional Working Groups: in the next few months we plan to begin regional working groups who can 
discuss how to measure progress and share best practice with one another as projects are set up at the local, 
national or regional level. Plans are already well underway to begin groups for the Arab region, Africa and 
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Latin America and we would like to hold a first scoping meeting for each region in 2007. We hope also to 
establish groups for South and East Asia, Central Asia and Russia and the Pacific. 

Website:  we will also spend time setting up a project website that will provide a global focal point for those 
wishing to measure progress, or to analyse the progress, of their societies. 

The Use of Indicators: we plan to undertake collaborative research into developing a better understanding of 
how indicators shape decision making among policy makers and the public. 

Improving World Progress: The Expected Impact of the Project 
 
Through its various activities, the Project is expected to have a relevant impact on various areas, both at 
national and international levels, reducing the distance between developed and developing countries and 
contributing to the overall improvement of world progress: 
 
• Foster a global and open conversation about the state of the world, through the use of advanced 

technologies and solid statistical data, to increase awareness of global challenges among citizens and 
identify new ideas to address them;  

• Develop new statistics in unconventional domains, through an international co-ordinated effort to meet 
people’s demand to measure progress encompassing economic, social and environmental domains, as 
well as emerging phenomena.  

• Improve statistical capacity in each and every country, stimulating a higher demand for sound 
statistics on the different aspects of societal progress. 

• Improve citizens’ knowledge, giving them the opportunity to improve their decision making processes 
and to become more aware of the risks and challenges of today’s world. 

• Improve citizens’ numeracy, strengthening people’s capacity to understand the reality in which they 
live through the use of new technologies to better disseminate information about key societal 
phenomena. 

• Improve national policy making, through a better measurement of economic, social and environmental 
outcomes and shared data to advocate necessary reforms and evaluate their impact on societal welfare. 

• Improve international policy making, through the development of a world progress monitoring system, 
valid for developed, emerging and developing countries, based on democratic consensus and able to 
link international and national policies. 

• Change culture, through a continuous assessment of societal progress not simply based on the economic 
point of view, but with the right emphasis on social, cultural and environmental dimensions. 

• Strengthen democracy, through reduction of the information divide between politicians and citizens, we 
will enhance the democratic debate about the ultimate goals of our societies. 

 

QUESTIONS FOR DISCUSSION 

30. The Panel, each of whom was an active participant in Istanbul, are invited to discuss two key 
questions: 

• What, for them, were the key outcomes and recommendations that emerged from the 
Istanbul conference? 

• What should the OECD, NSOs (including their own organisation) and others in the ISI 
community do to best take them forward? 
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APPENDIX I THE ISTANBUL DECLARATION 

We, the representatives of the European Commission, the Organisation for Economic Cooperation and 
Development, the Organisation of the Islamic Conference, the United Nations, the United Nations Development 
Programme, UNICEF and the World Bank,  

recognise that while our societies have become more complex, they are more closely linked than ever. Yet they retain 
differences in history, culture, and in economic and social development.  

We are encouraged that initiatives to measure societal progress through statistical indicators have been launched in 
several countries and on all continents. Although these initiatives are based on different methodologies, cultural and 
intellectual paradigms, and degrees of involvement of key stakeholders, they reveal an emerging consensus on the need 
to undertake the measurement of societal progress in every country, going beyond conventional economic measures 
such as GDP per capita. Indeed, the United Nation’s system of indicators to measure progress towards the Millennium 
Development Goals (MDGs) is a step in that direction.  

A culture of evidence-based decision making has to be promoted at all levels, to increase the welfare of societies. And 
in the “information age,” welfare depends in part on transparent and accountable public policy making. The availability 
of statistical indicators of economic, social, and environmental outcomes and their dissemination to citizens can 
contribute to promoting good governance and the improvement of democratic processes. It can strengthen citizens’ 
capacity to influence the goals of the societies they live in through debate and consensus building, and increase the 
accountability of public policies.  

We affirm our commitment to measuring and fostering the progress of societies in all their dimensions and to 
supporting initiatives at the country level. We urge statistical offices, public and private organisations, and academic 
experts to work alongside representatives of their communities to produce high-quality, facts-based information that can 
be used by all of society to form a shared view of societal well-being and its evolution over time.  

Official statistics are a key “public good” that foster the progress of societies. The development of indicators of societal 
progress offers an opportunity to reinforce the role of national statistical authorities as key providers of relevant, 
reliable, timely and comparable data and the indicators required for national and international reporting. We encourage 
governments to invest resources to develop reliable data and indicators according to the “Fundamental Principles of 
Official Statistics” adopted by the United Nations in 1994.  

To take this work forward we need to:  

 • encourage communities to consider for themselves what “progress” means in the 21
st 

century;  

 • share best practices on the measurement of societal progress and increase the awareness of the need to do so using 
sound and reliable methodologies;  

 • stimulate international debate, based on solid statistical data and indicators, on both global issues of  societal 
progress and comparisons of such progress;  

 • produce a broader, shared, public understanding of changing conditions, while highlighting areas of  significant 
change or inadequate knowledge;  

 • advocate appropriate investment in building statistical capacity, especially in developing countries, to improve the 
availability of data and indicators needed to guide development programs and report on  progress toward international 
goals, such as the Millennium Development Goals.  

Much work remains to be done, and the commitment of all partners is essential if we are to meet the demand that is 
emerging from our societies. We recognise that efforts will be commensurate with the capacity of countries at different 
levels of development. We invite both public and private organisations to contribute to this ambitious effort to foster the 
world’s progress and we welcome initiatives at the local, regional, national and international levels.  

We would like to thank the Government of Turkey for hosting this second OECD World Forum on “Statistics, 
Knowledge and Policy.” We also wish to thank all those from around the world who have contributed to, or attended, 
this World Forum, or followed the discussions over the Internet.  

Istanbul, 30 June 2007  
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Discussion on “IPM 94”

Dae You, KIM
Korea National Statistical Office
E-mail: ckmsisk@nso.go.kr

ABSTRACT

Korea has developed rapidly during last 4 decades. The Korean government carried out the 5-Year
Economic Development Plan. The Statistical develoment in Korea also went side by side with the
economic and social policies. This paper will introduce the role of statistics in the development of
Korean economy, The policy of development and statistics, etc.

Keywords. Policy, statistics .
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Fiscal Policy and Pension Expenditure in Portugal

Cláudia Braz
Banco de Portugal
E-mail: crbraz@bportugal.pt

ABSTRACT

After the beginning of the third stage of EMU, fiscal policy in Portugal assumed a pro-cyclical ex-
pansionary stance. From 1998 to 2000, the increase in the fiscal burden, partly derived from a good
economic environment, and the gradual decline in interest payments allowed the steady rise of primary
current expenditure not to translate into a deterioration of the deficit, which hovered around 3 per
cent of GDP. The driving force behind current primary expenditure developments was the behaviour
of pension expenditure, of both the private sector and the civil servants systems, and compensation
of employees. It is worth mentioning that the first, in the case of the private sector social security
system, had more of a structural nature. In 2001, with the economic downturn, Portugal was the first
Member-state to enter in excessive deficit. Indeed, beyond the fat that the impact of the economic
cycle and interest payments stopped contributing to the reduction of the deficit, primary current
expenditure kept its rising trend. As the measures on the expenditure side take some time to have
positive effects on the budget balance, the correction of the excessive deficit, fulfilled in 2004, was
mainly based on the increase of indirect taxation and measures of a temporary nature. As a result,
Portugal was in 2005 again in excessive deficit. The new Government assumed the commitment of not
using temporary measures but, in a first phase, also had to recourse to the increase in taxation. In
addition, some measures affecting expenditure were implemented. Very recently, in the beginning of
2007, it was approved the legislation on the reform of the private sector social security system, which
is expected to reduce substantially the long-term risk of unsustainability of public finances.

Keywords. Fiscal policy, pension expenditure.
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A First Assessment of Pensions’ Assets of French Households

Dominique Durant
Banque de France
E-mail: dominique.durant@banque-france.fr

Laure Frey
Banque de France
E-mail: laure.frey@banque-france.fr

ABSTRACT

Recording pension entitlements of French households on social security pay as you go schemes, in
addition to the small amount of pension entitlements already accounted for as life insurance reserves,
may shed a new light on their saving behaviour, especially in comparison with countries with large
pension funds, such as the United States. Due to the large impact of the hypothesis on the different
estimates of the pay-as-you-go pension entitlements, one has to be cautious in drawing any conclusion.
However, these entitlements may be estimated to represent about 50% of French households’ total
assets, to be compared to 30% for real estate. Moreover, the uncertainty regarding the value of these
accrued pension rights, measured by the net present value of the financing gap, is limited.

Keywords. Pension entitlements, housholds’savings.
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Abstract 
The pension system in the Netherlands is featured by some particular aspects, among which the large share 
of funded pension schemes - also applicable to (semi-)government employees - is most striking. Recently a 
number of changes, including a larger dependence on average pay pensions, have been introduced aimed at 
making the pension system better able to cope with the ageing of the Dutch population. Both structural 
aspect and recent changes are described shortly. This paper focuses on the treatment of the pension schemes 
for (semi-)government employees in the National Accounts. The proposed changes in the revised version of 
the 1993 SNA and Eurostats decisions on transactions in pension liabilities with respect to EDP Notifications 
are taken into account.  

1. The Dutch pension system: structural features
The Dutch old age pension system is normally described as consisting of 3 pillars.  
• The first pillar is part of social security: the pensions based on the Old Age Pensions Act (Dutch 

acronym AOW). The AOW-pensions are financed on a pay-as-you-go basis. The payment of premiums is 
integrated in the income tax. The AOW covers the whole population. It provides a basic income to 
everybody upon reaching the age of 65. Individual entitlements depend on the number of years a person has 
lived in the Netherlands and/or the number of years he has paid premiums. 

• The second pillar is formed by funded employer pension schemes, which provide a pension 
supplementary to the AOW-pension. These schemes cover 90% of all employees, both government and non-
government employees. This very high participation rate is surpassed by Denmark only (Kakes, Jan and Dirk 
Broeders, ed., 2006). For the majority of employees participation in a pension scheme is compulsory based 
on collective wage agreements. There are two types of funds implementing the pension schemes: corporate 
pension funds - covering single enterprises - and sector pension fund - covering all enterprises in a particular 
business sector. At the request of employers and employees organizations, the Minister of Social Affairs can 
decide that participation in a sector pension fund is compulsory for all enterprises in the same sector. Most 
pension funds are foundations that are governed by employers and employees (pensioners are conspicuously 
absent). Premiums are partly paid by employers and employees. 

Pensions for civil servants and educational staff are covered by the ABP fund. Pensions for healthcare 
and social workers are covered by the PGGM fund. With balance sheet totals of EUR 200 billion and EUR 
70 billion, respectively, they are giant pension funds. 

• The third pillar consists of individually arranged pensions, which are (by definition) funded. To a 
large amount these pensions are arranged through life insurance companies. 

• Actually, there is a fourth pillar, which is mostly neglected because of its rather limited size 
(pension payments under this scheme amounted to 0.16% of GDP in 2005). I am referring to military 
pensions, which until recently were fully paid out of the budget of the Ministry of Defence. This amounts to 
an unfunded system. Since 2000, a mixed system exists: all existing entitlements to a pension (present and 
future) continue to be paid out of the budget; all new entitlements - those earned after 2000 - are funded. For 
this reason, the Ministry has started paying premiums to the ABP fund. 
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2. Recent changes in the Dutch pension system
In recent years a shift occurred from final pay to average pay systems (graph 1). This was one of the 

measures taken with the dual goal of repairing the financial position of pension funds after the fall of share 
prices and strengthening the robustness of the pension system in view of the ageing of the population.  

Graph 1  Types of pension arrangements: the pension base 
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Source: De Nederlandsche Bank, Statistical Bulletin, table 8.6 

In quite a few countries a shift also occurred to defined contribution schemes. Even though the share of 
defined contribution schemes in total pension arrangements slightly increased over the past years, defined 
benefit schemes are still favourite in the Netherlands.   

Graph 2  Types of pension arrangements: the pension base 
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3. Eurostat decisions on pension funds
Over the past years, Eurostat has taken a number of decisions on the application of ESA 95 rules to the 

recording of transactions by pension funds in the National Accounts. Some of these decisions were heavily 
contested both on theoretical grounds and because they strongly affected the outcomes of the government 
deficit/surplus and the government debt. These key indicators have to be reported to the European 
Commission by governments of EU-countries in the framework of the Notifications for the Excessive Deficit 
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Procedure (EDP). They are not allowed to pass certain limits. The government deficit, for example, may not 
be higher than 3% of GDP. 

In October 2003, Eurostat decided on the issue of lump sum payments by public corporations related 
to the transfer of unfunded pension obligations to government (Eurostat, 2003). According to ESA 95 rules 
such pension obligations are not recognized in the system of national accounts. As a consequence - Eurostat 
argued - the counterpart transaction to the lump sum payment is an unrequited transfer, in this case a capital 
transfer. The government deficit/surplus is positively affected; government debt is not affected. Not 
everybody agrees with this reasoning. The justification for the lump-sum payment is that pension obligations 
are transferred to government. The amount of the lump sum is determined by the present value of the future 
pension claims that are transferred. So, effectively the payment is a financial transaction. Eurostat’s decision 
was identical with the decision it had taken in a notorious case in 1996, which related to the transfer of a 
lump sum payment by France Télécom to the French government. However, at the time ESA 79 rules 
applied. 

In February 2004, Eurostat published another decision on a similar issue. This time it was related to 
lump sum payments related to the transfer of funded pension obligations (Eurostat, 2004a). Again, Eurostat 
decided that these lump sum payments should be considered capital transfers. The reasoning behind this 
decision is a little bit more complicated. Clearly, funded pension obligations of public corporations are 
recorded in the national accounts. However, the pension obligations become unfunded after having been 
taken over by government. In Eurostat’s view, the pension obligations are deleted in national account 
bookkeeping before being transferred through an entry in the ‘other changes in assets’ account. A different 
view is that the transaction is a financial transaction - without effect on the government deficit/surplus - 
because pension obligations are transferred from the public corporation to government. Consequently, these 
obligations are deleted in the government accounts, because they become unfunded after the transaction. 

As a matter of fact, Eurostat took two decisions in one: first, it decided - similar to the decision of 
October 2003 - that the transfer of pension obligations can be an unrequited transfer. Second, it made a 
decision on the timing of ‘other changes in assets’ adjustments. In this case, funded pension liabilities are 
deleted before becoming the subject of a transaction because in the national accounts they not recognized as 
a liability of the sector acquiring them. However, they might as well have been deleted (in my opinion this is 
more logical) after the transaction and no justification for either treatment is given. 

In March 2004, Eurostat published some decisions regarding the classification of funded pension 
schemes in case of government responsibility or guarantee (Eurostat, 2004b). One of the decisions was that a 
defined contributions funded scheme cannot be classified as a social security scheme. Another decision was 
that where a government simultaneously manages a funded and an unfunded scheme two different 
institutional units must be distinguished, each classified according to the applicable rules. These decisions 
strongly affected the national accounts recording of pension reforms in a number of EU-countries. Therefore, 
Eurostat allowed a gradual introduction of the effects on government deficit and debt figures in the EDP 
Notifications. 

Eurostat’s decisions on the recording of pension fund related transactions in the National Accounts did 
not affect the Netherlands, due to the characteristics of its pension system. Public corporations or other 
enterprises with unfunded pension obligations do not exist. So, there is no possibility to transfer such 
obligations. Moreover, there is no desire to transform funded obligations into unfunded obligations. The 
Dutch cherish their funded pension system. If there is any change, it is in the opposite direction as proven by 
the change in the funding for military pensions. Finally, defined contribution schemes have not become 
popular at all in the Netherlands.  

It is worthwhile to look a little bit more closely at the transformation of military pensions. Instead of 
choosing the present solution, the government might have opted for making a lump sum payment to the ABP 
in order to make the military pensions fully funded. In this imaginary situation it is still not clear how 
Eurostat’s ruling should be applied. Would this be a capital transfer, because unfunded pension liabilities are 
transferred? Or would this be a financial transaction because the pension liabilities that are transferred are 
funded in the accounts of the sub-sector insurance corporations and pension funds. One continues to be 
puzzled by the wisdom of Eurostat’s decision. What is lacking is a theory on the timing of making entries in 
the ‘other changes in assets’ account. It is to be regretted that Eurostat has not attempted to invent a 
theoretical approach. The economic rationale for paying lump sum amounts is that the pension obligations 
that are transferred have economic value. In that case, it is not logical to treat these pension obligations as not 
existing when they become object of transactions between different economic sectors. This view is relevant 
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for transactions in unfunded pension obligations between different sectors, and more strongly so, for 
transactions in which funded obligations become unfunded or, alternatively, unfunded obligations become 
funded after the transaction. 

4. Revision of the 1993 SNA
One of the most important elements of the forthcoming revision of the 1993 SNA is the change in 

treatment of unfunded pension obligations. The somewhat arbitrary distinction between unfunded and funded 
pension schemes will be abolished. This way, national accounts data become more relevant for the analysis 
of ageing. Moreover, economic statistics and international accounting standards are better harmonized. The 
way this change will be dealt with in the presentation of national accounts data is still under discussion. 
Some are in favour of implementing the new rules in the core accounts; others - mainly representing EU-
countries - are in favour of representing pension obligations of unfunded schemes in supplementary tables 
only. Pension claims that are part of social security still are not recognized in national accounts. 

The effects of the new rules on the recording of Dutch pension schemes will be small. With a minor 
exception, the Dutch pension system is fully funded. So, in this respect there is no change. The treatment of 
military pensions, however, is affected. The unfunded part, which is paid out of the budget, should be treated 
as if it is funded. A particular feature is that no new pension entitlements are being built up. The benefits 
paid by the virtual fund are equal to the benefits paid out of the budget. No premiums are received by the 
fund. In addition, the rendering of financial services is recorded. 

The effect of the new treatment is that - if fully applied in the core accounts - government 
deficits/surpluses become better comparable. In countries, like the Netherlands, where civil servants’ pension 
schemes are funded, the government deficit/surplus has been affected for many years because premiums are 
paid to the ABP fund. Compared to a system of unfunded pensions, the effect on the year-to-year 
government deficit/surplus may be negative or positive. On the one hand, premiums may be higher than 
benefits - the more strongly so in a phase where pension entitlements are being built up. However, a funded 
pension fund also receives income from the investment of its assets or may benefit from price increases of its 
invested assets. Both result in lower premiums. Government debt, of course, will tend to be higher to the 
extent that government has contributed to the building up of the pension funds’ assets. 

The new SNA treatment also has consequences for Eurostat’s decisions on lump sum payments. As 
the difference in national accounts treatment of funded and unfunded employer schemes is abolished the 
lump sum payments can no longer be considered a capital transfer, unless the pension obligations transferred 
become fully part of social security. However, when it comes to ‘creative accounting’, nothing can be 
excluded and, therefore, it is still worthwhile to invent clear rules for the timing of entries in the ‘other 
changes in assets’ account. 
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Introduction  
The population in Europe is ageing. This is not a new phenomenon, but a process common to almost 

all developed and most developing countries. At the beginning of the 20th century barely one in ten citizens 
living in Europe was aged over 65, compared to more than two out of every ten today. Although population 
ageing is likely to be faster over the next 50 years with three out of ten people aged over 65 by 2050, we 
should recognise that this is the continuation of a long-run trend rather than an abrupt break with the past. 

This ageing process is driven essentially by two major forces, an increasing longevity of people and 
decreasing birth rates. Having increased by eight years since 1960, life expectancy at birth is projected to rise 
in the euro area by a further six years for males and by five years for females by 2050, with most gains 
resulting from lower mortality rates at older ages. The low birth rates are generally seen as the main cause of 
the ageing process. In all euro area countries, birth rates are below the natural replacement ratio (which is 2.1 
children per woman) needed to stabilise the size and the age structure of the population. 

The paper describes the ageing of the population in Europe and its economic consequences in section 
two. It analyses further, in section three, the economic consequences in relation to the increase of future 
pension obligations incurred by general government. Progress has already been achieved on how to record 
such pension obligations in the system of national accounts. These new developments are discussed in 
section four, while section five describes some issues related how to measure implicit pension obligations. 

Ageing in Europe and its economic consequences 
Given the overall demographic trends, Eurostat projects that, for instance, Germany’s population will 

shrink from 83 million people to just 78, and Italy’s population from 58 million people to 54. Slight 
population increases are forecast for several European countries suggesting that the euro area population will 
start to shrink in about 20 years. Nevertheless, it is projected that it will remain nearly unchanged in 2050 
compared to 2005. However, by 2050, the old age dependency ratio will have reached almost 55% compared 
with 27% in 2005. In contrast, the US population is projected to increase from 300 to nearly 400 million 
people over the same period of time. 

Ageing in Europe will have important economic consequences. The “slow burn” nature of the 
demographic changes implies that their immediate effects are likely to be moderate. Looking at some details, 
these include changes in the size and composition of labour supply, as the proportion of older workers 
increases and fewer new workers enter the labour market to replace those leaving it. Under the assumption of 
unchanged labour utilisation and labour productivity growth, demographic trends imply a decline in average 
real GDP growth from its average 1995-2005 level of 2.1% to around 1% by 2050. Real GDP-per-capita 
growth could then also decline. 

Impact of ageing in Europe on general government pension obligations 
Population ageing will also put high pressure on general government financing by driving the ageing-

related expenditure as the number of recipients of pensions will rise relative to the number of contributors. In 
this context, the new Code of Conduct of the European Stability and Growth Pact incorporates guidelines on 
the countries’ strategies to ensure the sustainability of government finances, especially in the light of the 
economic and budgetary impact of ageing populations. 

The most important data set concerns the results of long-term budgetary projections for all EU 
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Member States on the expenditures for pensions, health care, long-term care, education and unemployment 
transfers for the period 2005 to 2050 as included in Commission study mentioned above. Its dissemination is 
based on a growing recognition amongst policy-makers that ageing populations will constitute major 
economic, social and budgetary challenges for the European economies in the coming decades. The 
Commission study calculates that the demographic change will cause, in a no-reform scenario, a cumulative 
increase of more than 3 percentage points in the pension expenditures as a percentage of GDP for most euro 
area countries. For the euro area as a whole, this ratio will increase by 2.6 percentage of GDP reaching 
14.1 % of GDP in 2050. 

Increasing pension expenditures have an adverse impact on the pension obligations incurred by general 
government, especially in Europe. In all euro area countries, except in the Netherlands, the government runs 
a pension scheme for large parts of the population (like for civil servants) based on the pay-as-you-go 
principle whereby current contributions finance current benefits. In the Netherlands, like in the United 
Kingdom, mandatory pension schemes are predominantly funded, while private pension contracts play a 
major role in the United States. 

Estimates described in the literature point to the importance of general government pension 
obligations. Studies conducted ten years ago by using the accrued-to-date liabilities concept find general 
government pension obligations between 70% of GDP for the United Kingdom and 350% of GDP for Italy. 
While different methodologies and assumptions, notably with regard to discount rates, have a very sizeable 
impact on the results, the estimates show that these pension obligations in general exceed the stock of the 
outstanding general government debt. The Commission study points to ageing-induced fiscal burdens equal 
to an infinite horizon budgetary cost of more than 4% of GDP for more than half of the euro area countries, 
reaching up to around 8% for some countries. The conversion of these flow data into a net present value at a 
discount rate of 5% yields burdens for the euro area of 174% of GDP in 2005.  

It should be noted that these estimates are derived from current and future pension expenditure data 
which are not a very reliable predictor for pension obligations. Moreover, other factors are even equally 
important like the ‘maturity’ status of pension schemes. Such factors have to be taken into account for the 
appropriate measurement of pension obligations as described in section 5.  

Progress on the recording of government pension obligations 
The 1993 SNA does not recognise implicit pension obligations as liabilities of general government or 

of a corporation. This is done so since such obligations are not seen as liabilities in a strict sense, because 
they can be altered unilaterally at any time. Furthermore, their estimation is highly dependent on a series of 
assumptions that may be subject to major revisions. As the liabilities of the schemes are not recorded in the 
1993 SNA, the impact on the sector’s net lending/net borrowing is only determined by the size of the 
payment of pensions to retired employees minus current employee contributions. However, to increase 
comparability between schemes which record pension liabilities and those which do not record pension 
liabilities, the 1993 SNA proposes to show, as memorandum items, the net present value of such obligations 
in the form of assets of households and liabilities of the sponsor. 

Especially the future treatment of unfunded employer pension schemes sponsored by general 
government in the new SNA was extensively discussed. Meanwhile, a compromise has emerged from the 
response by the IMF on behalf of the Inter-Secretariate Working Group on National Accounts (ISWGNA) to 
comments on pensions by the ECB and from a meeting of the newly established Eurostat/ECB Task Force on 
pensions in September 2006. The proposed compromise was circulated to the ISWGNA and to the Advisory 
Expert Group on National Accounts (AEG), for worldwide consultation. All of this allowed for its approval 
by the UNSC in February/March 2007. In essence, there is now consensus to distinguish between pension 
schemes sponsored by general government which should be recorded in the core national accounts and 
schemes which should be recorded only in a supplementary table on pensions. The updated SNA will include 
such a new mandatory table in which all flows and stocks of all pension schemes will be shown. For the 
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benefit of users of the accounts, all countries will be expected to produce the new table and it was suggested 
that this table would be compulsory for all European Union member states through the updated ESA 
regulation.1

It has been agreed that (implicit) pension liabilities of social security pension funds will be recorded 
only in the proposed supplementary table on pension schemes, but not in the core national accounts. The 
recommendation of the updated SNA regarding the recording of unfunded pension schemes sponsored by 
general government for all employees (whether private sector employees or government’s own employees) 
will be flexible. Given the different institutional arrangements in countries, the updated SNA will permit the 
recording only some of these pension entitlements in the core national accounts. However, it will be a 
requirement that the rationale and criteria be provided to explain the distinction between those schemes 
whose entitlements are carried forward to the core accounts and those for which they are recorded only in the 
supplementary table. The provision of a set of internationally recognized criteria for this distinction has 
already been included into the SNA research agenda and will also be considered during the update of the 
ESA.

Recent work of the Eurostat/ECB Task Force has concentrated on the design of the supplementary 
table. The overall logic of the table is to present the opening and closing stocks of pension entitlements for
all pension schemes in social insurance, and the transactions and other economic flows during the period. It 
is not intended to include social assistance schemes, though the Task Force was concerned that the current 
definition of social assistance may not be adequate to deal satisfactorily with all observed cases. The columns
of the table are split by pension schemes classified either in the core national accounts or not in the core 
national accounts. Furthermore, the employer pension schemes are further broken down into defined benefit 
schemes and into defined contribution schemes. The rows of the table relate to positions, transactions and 
other economic flows associated with pension entitlements of schemes included in the table. 

One of the main functions of the supplementary table is to provide users with a comprehensive and 
consistent set of statistical information which allows the compilation of various alternative key 
macroeconomic variables like household wealth excluding or including (implicit) pension entitlements, 
saving ratios or general government deficit or debt excluding or including the impact of (implicit) pension 
obligations. It also informs on different institutional arrangements in countries concerning the structure of 
pension schemes, and explains the distinction between those schemes carried forward to the core national 
accounts, and those recorded only in the supplementary table. 

Measurement of general government pension obligations in Europe 
To compile this table, harmonised actuarial compilation methods and data sets will have to be provided. 

It is intended that such statistical work will be undertaken by the Eurostat/ECB Task Force for all EU 
countries. The statistical recording of implicit general government pension obligations in the supplementary 
table requires model estimates of the outstanding stocks and the corresponding flows. Only the accrued-to-
date liability concept is appropriate for national accounts purposes. It includes the present value of liabilities 
arising from already accrued pension rights. For example, it covers pension entitlements due to paid pension 
contributions by current workers and remaining pension entitlements of existing pensioners. The method is 
based on observable past events and transactions, such as membership in the pension system and paid 
contributions. However, probabilities need to be estimated that current contributors may die or become 
disabled before reaching the pensionable age. It also covers future changes of the payment stream due to any 
legislation enacted prior to the year for which (implicit) pension obligations are being calculated. This 
method also requires some heroic assumptions on future developments, notably regarding the discount rate 

                                                     
1  The whole process to seek for a world-wide compromise on the pension issue was mainly driven by initiatives based on CMFB 

discussions. In addition, the supplementary table was developed by the Eurostat/ECB Task Force on pensions, while first 
comparative estimates will also be carried out for all EU Member States. 
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for future pension disbursements.  
While country-specific pension models allow the specification of many details of pension schemes 

they lack the common structure and often common assumptions for cross-country comparisons. On the other 
hand, cross-country estimates of the pension obligations to date had to rely on stylised presentations of the 
pension scheme(s) under investigation, rendering the results insensitive to country particularities. As a 
consequence, the same model should be used to produce comparable estimates for different countries. 
Accordingly, first model calculations for the compilation of (implicit) pension obligations for general 
government-sponsored pension schemes in the euro area will be carried out with the World Bank’s “Pension 
Reform Options Simulation Toolkit” (PROST) computer model. In a further step, it is planned to collect the 
estimates based on national pension models and compare them with the results derived from PROST. 

Conclusions
From a users’ point of view there is a need that statisticians and national accountants provide 

comprehensive data on pension obligations, especially of general government. They should be compiled 
based on SNA standards. It means that the current standards for the treatment of pension schemes do not 
change in the core accounts. However, it is foreseen to compile a supplementary table on pensions as 
discussed. This table covers the details of pension flows and stocks that are recorded in the core national 
accounts but also includes those that are not covered. Thus, it will also give a complete view of general 
government pension obligations and household pension “assets.” 

Implicit general government obligations from pension systems are very large for many European 
countries, even though the estimates are sensitive to the underlying assumptions, e.g. regarding the discount 
rate or wage growth. Results diverge across countries, mainly reflecting different demographic prospects and 
pension arrangements. From a methodological point of view, estimations of general government pension 
obligations generally require detailed country-specific data on contribution and benefit arrangements. 
Therefore, work is ongoing to generate consistent and homogenous estimations for a large set of countries. 
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Recent Developments in the Danish System for Access to Micro Data

Lars Borchsenius
Statistics Denmark
E-mail: lbo@dst.dk

ABSTRACT

To facilitate registerbased research Statistics Denmark has given researchers access to de-
identifiedmicro data. The scheme has been changed from on-site to remote access through the In-
ternet. through the new scheme Danish researchers have a unique possibility to use micro data in
their research. The paper presents the background concerning the relevant legislation, the confiden-
tiality principles of Statistics denmark and the organisational framework. The paper presents the
new rules for access to micro data. According to thes rules access to micro data can be granted to
researchers and analysts in autrhorised environments. The use of micro data has incresed markedly
under the new rules. as at 20 April, 2007, 192 such environments have been authorised with over 400
active researchers. The paper finally gives a presentation of the new technical solution. In the coming
period we will change from an UNIX encironment to a Windows solution.

Keywords. Remote access through the Internet, Access to de-identified micro data.
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Remote Access to Confidential Data in the United States 
Gambhir, Vijay   Cox, Lawrence Meyer, Peter   
Centers for Disease Control and Prevention, National Center for Health Statistics 
3311 Toledo Road 
Hyattsville, MD 20782 USA 
LCOX@CDC.GOV 

Introduction 

The National Center for Health Statistics (NCHS) Research Data Center (RDC) is a secure 
facility at NCHS headquarters in Hyattsville, Maryland, where researchers are granted restricted 
access to confidential data files. The confidential data are information collected from individual 
persons, medical practices, hospitals, etc. pertaining to individual persons or establishments that are 
deemed to carry some explicit or implicit disclosure risk and may allow study subjects or the 
sample design to be identified.  Examples include Social Security number (explicit) and a 
combination of occupation, state identifier, and family structure variables (implicit). 
 The NCHS releases a great quantity of data publicly, but cannot release confidential data.  
When a study requires such data the researchers must write a proposal outlining the specific need 
and justification for its use.  The proposal is reviewed by the RDC, the owner of the data system, 
and the NCHS Confidentiality Officer.  If approved, the researcher can be provided access to the 
restricted files through four different modes: 1) Remote access, 2) On-site access, 3) Staff assisted 
access, and 4) Access at other locations in the U.S. through the Census Bureau RDC system (just 
underway).  This paper focuses on the first mode, remote access. 
 The NCHS/RDC was the first statistical organization to develop a remote access system (in 
1998).  It remains the only organization with a remote access capability.  Hence, our title refers to 
operations of the NCHS RDC. 

ANDRE

Although it was envisioned that most of the research would be performed by the data analysts 
onsite, with RDC staff closely monitoring to assure that confidential or identifiable data do not 
leave RDC premises, remote access capabilities were considered an integral part of the fundamental 
set up of the RDC and have been available from the outset (1998).  Software engineers at RDC 
designed and developed an e-mail based remote access system,   ANalytical Data Research by E-
mail (ANDRE) to facilitate this access.  Since then the remote access mode has become used more 
than others. 

The objective of ANDRE is to provide a convenient, reliable, economical, and flexible tool for 
remote data access for statistical analysis.  This is done by allowing researchers to define specific 
variables, both public use and restricted, in an analytic data set that they can then access through 
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emails that contain their programs.  The data set is both unique to the researcher’s needs and 
minimal in that it contains no data or information beyond that required to meet those needs.  After 
an authentication process, the programs are run on the researcher’s data set, disclosure review 
algorithms check for disclosure risk, and then the approved output is sent to the originating email 
address.  The disclosure review process includes blocking inappropriate statistical procedures, 
stripping questionable identifiers from output, and suppressing small cell counts. This allows 
researchers to obtain aggregated responses to their queries without ever physically seeing the 
content of the restricted variables.  Systems similar to ANDRE are in the planning and 
development stages within the U.S. statistical system but there are no other remote access systems 
in operation that perform authentication, data analysis, and disclosure risk analysis. 

ANDRE has changed over time with slight redesigns and additions and now is able to process 
high level requests such as computing variance estimates under complex sample designs such as for 
the NCHS National Health and Nutrition Examination Survey.  ANDRE is able to operate around 
the clock and approximately twenty research cases are active at any given time. 

ANDRE has served the data users’ community very well while strictly adhering to the 
confidentiality restrictions of NCHS.  However, because of changes in technology, advances in the 
data analysis methods, and certain known limitations in the current system are pushing the software 
designers and developers to re-engineer ANDRE. The changes include moving from a networked pc 
architecture to a server based environment, migrating to a new operating software, and eventually 
expanding with a web accessible Graphical User Interface (GUI).  

ANDREW

  The RDC is developing a new remote access system, ANalytical Data Research by E-mail 
and Web (ANDREW). This new system will address research needs of data analysts at all levels.  
It will support multiple statistical languages (SAS, SUDANN, and Stata).  It will address the 
problem of confidentiality risks resulting from cumulative data retrieval through multiple requests 
from the same user, and employ state of the art confidentiality protection algorithms. 

ANDREW will be a fully automated remote access system that will serve registered users round 
the clock without human intervention.  Like its predecessor ANDRE, researchers requesting access 
through ANDREW will undergo a research proposal review.  Once the proposal is approved, the 
user will be provided with login information and guidance as to how to use the system.  A 
registered user may submit data requests from anywhere and at any time, and the output will only 
be released to a specific email address that has been certified as secure and approved by RDC. 

The system will use a multilayered authentication procedure to ward off unauthorized access.  
Upon receipt of a data request, ANDREW will verify login credentials and subscription status of the 
requester. Unauthorized communications will be discarded without any response. 

A user’s program from a validated data request will be scanned online for its suitability for 
execution by ANDREW.  To ensure smooth operations, it will not allow certain commands and 
words in a user’s programs, especially those that can create permanent datasets or files on 
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ANDREW’s disk space or interfere in any way with the underlying operating system. 
To deal with the issues of disclosure limitation, ANDREW will use prevention as well as 

suppression techniques.  To prevent disclosure violations, it will not allow certain commands (e.g., 
print command in SAS) that have little, if any, statistical value.  Also, it will modify certain 
commands in the user’s program to prevent output of sensitive information.  For example, it will 
modify the SAS PROC MEANS command so that it does not produce minimum and maximum 
values.  However, there are certain commands that are important for statistical studies and do 
generate output that cannot be released.  ANDREW will use enhanced suppression algorithms to 
prevent disclosure violations.  It will white out extreme values from PROC UNIVARIATE and 
will use state of the art software to suppress certain low values in one-way and two-way tables with 
a special emphasis on prevention of inferential disclosure violations. 

Although the suppression algorithms employed by ANDRE have performed well, certain 
limitations and constraints have made the system less effective.  For example, ANDRE works 
directly on the SAS output (.lst files) and has to negotiate labels, formatting characters, and 
background information in order to evaluate statistical values and apply suppression algorithms 
developed in the RDC.  ANDREW will develop a set of mapping algorithms that will extract 
values from the SAS/SUDANN/Stata outputs and save them in external files in an appropriate 
format without any background information.  The system will invoke state of the art disclosure 
limitation software. Another set of algorithms will put the validated values back into the original 
SAS/SUDANN/Stata output. 

Since the user interface of ANDREW will have no confidentiality risks, it will be a Web based 
component.  This feature will not only give wider accessibility to the system but will also allow a 
user to get his/her program parsed interactively for suitability before it is accepted for execution by 
ANDREW.  However, all of the confidential data along with the main resident component of 
ANDREW will reside on a set of machines physically located in RDC’s secure area.   The main 
resident component of the system will receive the parsed and validated users’ programs from the 
web component, execute them in the secure environment and send the results to the appropriate 
users.  

Unlike SAS, other statistical languages such as SUDANN produce a very rich variety of output 
patterns.  Remote access systems rely heavily on pattern recognition algorithms to identify 
disclosure violations.  With older technology matching is done at the character level, whereas C# 
has a built in feature called regular expressions that can detect a variety of patterns at a block level 
rather quickly.  This will allow the system to deal with all kinds of patterns generated by 
SUDANN and other languages in a timely fashion. 

The final planned component of ANDREW is the web based access.  This feature will 
implement a GUI that will allow specification of desired variables and the constraints by a few 
mouse clicks.  The GUI will be useful to the users whose SAS skills are rusty/non-existent or who 
want to get quick results.  Use of GUI technology has futuristic implications as it will give a lot 
more control on what a user can specify compared with the current approach of giving free hand to 
a user (via his or her SAS code) once the data set is approved.  The confidential data will also 
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reside in RDC’s secure area and appropriate SAS/SUDANN/Stata codes will be generated and 
executed in the secure environment. 

The re-engineering of ANDRE into ANDREW is currently scheduled to last a year with full 
implementation in June of 2008.  This project will once again move the NCHS/RDC remote access 
system out to the frontier of information technology and keep it there for the foreseeable future.  
We anticipate that the demand of remote access will continue to increase and the new system will 
meet the demand.   
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ConDEnSE – towards an open-source remote analysis system

with jackknife confidentiality protection

Heitzig, Jobst
Amtsgasse 5
60929 Frankfurt am Main, Germany
E-mail: heitzig-j@web.de

Introduction

Many institutions, most notably official statistics agencies, own data of public or scientific interest.
Especially detailed micro-data bears a high potential of getting deep insights by allowing for sophisti-
cated multi-variate statistical analyses. But since most micro-data is related to persons or businesses
and is for this or other reasons confidential, only few owners of micro-data let researchers perform such
analyses with their data. Those who do so, typically restrict access to a small number of approved
users bound by restrictive contracts, and either suppress large parts of the analysis results or perform
various kinds of manipulations with the data which often introduce considerable error and bias into
analysis results.

Different opinions exist about what actually constitutes a breach of confidentiality. Those fear-
ing mostly identity disclosure (the attribution of some record in the micro-data to some actual object,
usually a person, household, or business) often try to avoid this by releasing to interested researchers
manipulated micro-data files, so-called scientific or public use files. In these, not only directly identi-
fying attributes (such as names or addresses) are removed but also some key or confidential attributes
are top-coded, coarsened, classified, perturbed, swapped between or aggregated among several records
(micro-aggregation) or even suppressed (see Ronning et al. (2005) for an overview). Such manipu-
lations make it more difficult to match the data against additional knowledge like public databases
which contain directly identifying data. Also, such anonymised data sets often consist only of a ran-
dom sample of the original records in order to make it more difficult for the user to know whether
some “target” object’s record is in the sample at all and whether a seemingly matching record belongs
to the target object or rather to a similar object only. Typically, all these anonymisation techniques
introduce an error of relative order O(1/

√
no. of observations) into analysis results.

The main problem with this approach is the high effort needed to assess the possible additional
knowledge a malevolent user might have, to simulate possible attempts of de-anonymisation by match-
ing, and to find those attribute manipulations which provide for an acceptable trade-off between the
remaining disclosure risk and the utility of the resulting files for the intended analyses (see Ronning
et al. p. 575 for a discussion). All this requires deep insight into the data and results not only in con-
siderable cost but also in delayed availability of the data. Usually, such files provide unbiased results
for a number of standard analyses only (such as univariate analyses of the centre of the distribution
and linear multivariate models with not too many variables, see Ronning et al.). To allow for some
advanced analysis in a specific research project, one often has to tailor-made such micro-data files.
For some analyses, especially if they involve key attributes like regional detail, this is not possible at
all.

Mainly, the whole problem arises because researchers are shown or given micro-data although
they are actually only interested in the results of certain analyses with the data, not in the data itself.
The natural answer is letting them specify their analysis and running it for them, or even better letting
them perform their analysis themselves without seeing the data, using a remote analysis service that
only shows the relevant meta-data and the analysis results. Precursors of such services are statistical
databases that allow for frequency and sum queries. On the one hand, such an approach makes identity
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disclosure much less probable since no individual records can be seen which could be attributed to an
actual object.

On the other hand, the remote analysis service approach does not automatically prevent a
different form of confidentiality breach: attribute disclosure, the attribution of not a whole record but
of some individual confidential information (e.g., a specific value for income) to some actual object.
Obviously, identity disclosure implies attribute disclosure, but attribute disclosure is also possible from
aggregate data and, in principle, from all kinds of more complex analysis results, even when they are
based on large numbers of observations. Hence some measure of confidentiality protection is needed
with every kind of analysis. But traditional statistical disclosure control using cell suppression requires
high manual or computational efforts, too. Also, cell suppression only works for simple analyses like
frequency or sum tables, and works well only when it is known in advance which tables are to be
released (see, e.g., Giessing (2007)), making it very difficult to use this and related methodologies
for a flexible remote analysis service (see Steel and Reznek (2005) for an example). One promising
alternative is the jackknife methodology which adds a comparatively small “protection error” of relative
order O(1/no. of observations) to every result, just large enough to make it impossible even for a well-
informed user to infer anything useful about a single micro-data attribute (see Heitzig (2005) and
Heitzig (2006) for details and Scheffler (2006) for a discussion).

A state-of-the-art open-source implementation of a remote analysis service

ConDEnSE – confidential data enabled statistical exploration – is an initiative to resolve these issues
by providing a free, easy-to-use software system that allows data owners to provide their interested
audience with a remote analysis service where users specify analysis requests through a graphical user
interface on the web. The analysis is then executed in real-time using the jackknife methodology,
returning results which are both quite accurate if based on reasonably many observations, and which
can be safely reported to and distributed by the user. ConDEnSE focuses on an explorative style of
statistics most often used in the earlier stages of a research project, where interactivity and unbiased-
ness are most important. Since usually the results from these explorative stages make up the larger
part of a research project’s tabular output, the software may help reducing the need for manual output
control from its currently high level to the results of the later stages of advanced research projects.

In order to simplify the development and testing process, open it to all interested developers,
and make the software freely available also to small data-owning institutions, the initiative is hosted as
an open-source project on Sourceforge (www.sourceforge.org/projects/condense), licensed under
the GNU General Public License (GPL), and makes use of state-of-the-art and open-source software
components only.

The front-end graphical interface for both users and service administrators will be implemented
as a plug-in to the content management system and web portal software Plone (see www.plone.org)
which is used by many institutions of various size, scales well, runs on most common hardware plat-
forms, and provides elaborated tools for presentation, documentation, navigation, session and workflow
management, archiving, and an advanced role-based permissions concept. This will allow institutions
to either integrate ConDEnSE into their existing Plone portal or install it as a separate web-site.

All abstract entities needed for a remote analysis service, such as meta-data for micro-data
tables and columns, data types and classifications, analysis tools and parameters, analysis steps and
results will be implemented as content types in Plone. Through the front-end, all these objects can
be generated, documented, edited, maintained, browsed, archived, and integrated with other portal
content (e.g., background documentation or news articles) in a hierarchical folder structure.
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The back-end consisting of the actual analysis and confidentiality protection logic will be imple-
mented as a package for the R statistical analysis software (see www.r-project.org) which is widely
used by the computational statistics community. This makes it easy to extend ConDEnSE’s analysis
functionality by including existing R packages contributed by method developers. The R back-end
can directly access micro-data stored in text files, spreadsheets, or ODBC-enabled databases, and will
use a MySQL database as working space. Communication between Plone and R is realized using the
SOAP protocol for web-services (using the SOAPpy and RSOAP products), which makes it easier to
have a fire-wall between front- and back-ends scanning their communication for IT security reasons.

Setting up a ConDEnSE site will involve installing Plone, R, MySQL, and ConDEnSE, and
registering the micro-data sources’ meta-data. The latter is done by using the front-end’s meta-data
tools to generate a web-site content object for each micro-data table and column, using pre-defined
or custom column types. Deeper knowledge of the data is needed only for specifying the possible
and typical values of each column, this information being required for the jackknife methodology
of confidentiality protection, but a special tool will help determining this information. The meta-
data model also allows to specify advanced attributes such as the precise scale type (nominal, ordinal,
interval, ratio, periodic, etc.) or the approximate distribution or upper bound of possible measurement
error, and this information can also be used by the system’s analysis tools.

Users can then browse these meta-data objects, the available analysis tools (representing R
functions) and their parameters, and all related documentation, with the usual navigation tree on the
left of the screen and possible actions represented by buttons and menus. Analysis can be started
from either the input table or column’s meta-data or from the tool to be used, thereby generating
an “analysis step” content object in the registered user’s home folder or in a temporary folder for
anonymous users. Registered users may additionally keep bookmarks to favourite data and tools, be
notified of changes or of finished analysis by e-mail, document or publish their results on the site,
organise multi-step analyses in an ordered folder hierarchy, and collaborate with others in a user
group’s home folder, all this being configurable Plone functionality.

Analysis results will be presented as multi-dimensional interactive tables which may contain
both numerical information and graphics (high-quality layered SVG generated by R). They can be
browsed in a way known from OLAP tools, allowing the user to increase or decrease detail (“drilling”),
expand or collapse specific branches of the hierarchical dimensions of the table, freely assign these
dimensions to the layout’s row, column, or slice dimensions (“dicing and slicing”), and to sort the
table by a specific row or column. Since this functionality will be implemented as client-side JavaScript
(see www.sourceforge.net/projects/jsmudit), it provides the user with a high level of real-time
interactivity appropriate for data exploration and reduces the server’s request load.

Status of the project

As of April 2007, the project is in the final stage of its planning and modelling phase, some imple-
mentation of univariate analysis tools and presentation logic being done already. Some theoretical
research remains to be done on the jackknife methodology, concerning the question of how the seed
values for the pseudo-random number generator can be chosen so as to minimise the possibility of
reducing the protection error’s variance by combining results of different analyses. We plan to have a
first prototype ready for demonstration in August 2007.

All help with the project is welcome, especially from developers skilled in R, Plone, or the
Python or JavaScript programming languages. Visit www.sourceforge.net/projects/condense to
keep updated.
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ABSTRACT

Existing services for remote analysis typically try to protect confidentiality by either manipulating the
underlying micro-data or by restricting the possible queries and/or suppressing “risky queries based
on heuristic rules. While the former approach often yields insufficient analysis quality for “safe or
complex queries, the latter has known difficulties when users submit many related queries, these reasons
restricting the public availability of such remote analysis services today.

We describe a new initiative to develop a remote analysis system: ConDEnSE – Confidential
Data Enabled Statistical Exploration. By basing it on the jackknife method of confidentiality protection
we hope to avoid the above-mentioned problems. Because ConDEnSE uses only state-of-the-art and
free software components, owners of confidential and non-confidential micro-data can use it, easily
and inexpensively, to allow public users to explore their data statistically through the web. The first
release will focus on uni- and bivariate descriptive statistics, tests, and graphics. The system will be
tightly integrated into the Plone content management system and is designed to be easily extensible to
provide more advanced analyses by using R as a back-end.
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Introduction 
There is a strong need to serve the research community with the high quality microdata files that are 

available at the various National Statistical Institutes (NSIs). However, (inter)national legislation forces NSIs 
to protect the privacy of their respondents. Moreover, respondents are more likely to continue participating in 
surveys if they are assured that their privacy will be respected.  

Traditionally, as microdata files cannot leave the NSI, the research community had to come to the 
premises of the NSIs to be able to work in a safe setting with high quality (and detailed) microdata files. Re-
cently, a new approach was taken by several NSIs in order to facilitate the research community with a way to 
work on detailed, high quality microdata files from their own office. This approach was called Remote Ac-
cess. 

In this paper we will describe the way Statistics Netherlands has implemented this approach. We will 
give a brief overview of the technical aspects, describe the way it is organised, discuss some aspects of statis-
tical disclosure control concerning output of analyses and mention some feedback we got from some of the 
users of the remote access system. 

Technical aspects 
The main idea was that the remote access facility should resemble the traditional on-site situation as 

much as possible, as far as the confidentiality issues are concerned. Moreover, it should have a similar look 
and feel as the traditional on-site facility as well, without the researcher having to travel to the premises of 
Statistics Netherlands. This led to the following technical requirements concerning confidentiality: 

• the data should not leave the premises of Statistics Netherlands, 
• only authorised researchers should be able to make use of the facility. 

In order to make sure that the data will not leave the premises of Statistics Netherlands, the connection 
between the researcher’s computer and the server at Statistics Netherlands is set-up using Citrix software. A 
researcher will connect to a special network, separate from the production network of Statistics Netherlands. 
The connection will be established in stages and will pass through several firewalls. At the final stage, a Ci-
trix secure connection is made. Through this connection, a researcher is only able to run statistical software 
on the microdata, that is located at the remote access servers at Statistics Netherlands. That way, the software, 
the microdata and the results will stay within the secure environment of the remote access facility at Statis-
tics Netherlands. See Figure 1 for an example of a screen of the remote access facility at Statistics Nether-
lands with available software. 

The Citrix software is configured in such a way, that it is not possible to download any data from the 
server at Statistics Netherlands to the local drives at the researcher’s computer. Moreover, it is not possible to 
“cut and paste” any information from a window originating from Statistics Netherlands to a window origi-
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nating from the researcher’s computer. I.e., it is not possible to copy data from e.g., an SPSS file at Statistics 
Netherlands to a Word file at the researcher’s computer. A researcher is only able to copy and paste within 
the environment of the remote access facility of Statistics Netherlands. He/she will have his/her own working 
space at the special network to save his/her results and reports. Whenever a researcher wants to have the re-
sults or reports on his/her own computer, these results will be send to his/her e-mail account following a spe-
cial procedure. 

In order to make sure that only authorised users can make use of the facility, several technical meas-
ures have been taken. In essence the procedure to get access has three layers: a user needs to know some-
thing (user-id and password), have something (smartcard and PKI certificate) and be someone (biometric 
identification). 

The biometric identification is carried out using a combined smartcard and fingerprint reader. On the 
smartcard the researcher’s fingerprint is stored, along with a private part of the PKI certificate. The finger-
print authentication will release the private part of the PKI certificate. In combination with a public part of 
that certificate, a secure connection with a Citrix Secure Gateway server is established. Then the researcher 
will have to provide his/her user-id and password, in order to be able to get access to the remote access net-
work.  

Obviously, measures have been taken at the level of the fileservers on the remote access network as 
well in order to make sure that a specific researcher will only be able to get to his/her own workspace and 
only the microdata that is required for the current project. 

Organisational aspects 
Only a selected group of researchers is granted access to detailed microdata. This group is determined 

by the Act of 20 November 2003 governing the central bureau of statistics (Statistics Netherlands). In that 
Act, several types of researchers that are allowed to use microdata are mentioned explicitly (researchers from 
universities and similar institutes), whilst other researchers are given the opportunity to try to get approve-

Figure 1: Example screen of Remote Access facility at Statistics Netherlands with available software 
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ment by the Central Commission for Statistics (an independent commission that watches over the independ-
ence, impartiality, relevance, quality and continuity of the statistical programme of Statistics Netherlands). 

At Statistics Netherlands, a specific department is responsible for providing access to microdata to re-
searchers. Hence, that department (the Centre for Policy Statistics, CPS) also facilitates the remote access 
environment. Whenever a genuine, approved researcher wants to use the remote access facility some legal 
measures to improve the disclosure control are taken as well. Both the researcher and his/her research insti-
tute have to sign a contract. In that contract, it is determined who is going to do the research, during what 
period of time and using which specific microdata. Moreover, it is mentioned that the researcher should at all 
time take the disclosure control policy of Statistics Netherlands into account (confidentiality statement). In 
case a researcher breaches the confidentiality statement, both researcher as well as its institute will (for a 
specific length of time) no longer be allowed to use any microdata from Statistics Netherlands.  

Obviously, from time to time, researchers will want to get (some of) their results at their own computer. 
Since the secure Citrix connection doesn’t allow the researcher to download anything, the researcher will 
have to ask the Centre for Policy Statistics to send the required output to them by email. The Centre will first 
screen the output for confidentiality aspects and if it satisfies all requirements, it will indeed send the output 
to a fixed and in advance provided email address. In case the output does not satisfy the requirements con-
cerning confidentiality, the researcher will not get the desired output, but will be contacted and an appropri-
ate solution will be discussed. Usually, an employee of the Centre for Policy Statistics as well as an em-
ployee of the division that owns the microdata is involved in checking the output on confidentiality. 

At Statistics Netherlands, no automated system exists that can check output of general statistical analy-
ses for confidentiality. Hence, employees of the Centre for Policy Statistics still need to check the results 
manually. Obviously this may become a problem when the number of users, and hence the amount of output, 
increases. As of April 2007, 75 users from 15 institutes are working on 40 projects using the remote access 
facility. The output produced by those users, is checked by the staff of the Centre that also checks the output 
of the on site researchers (130 users, working on 80 projects). In order to deal with the check on confidential-
ity in a reasonable amount of time, the users are requested to cooperate. First of all, the produced output has 
to satisfy certain specifications. E.g., the Centre for Policy Statistics should be able to understand the output, 
without additional knowledge about the process that resulted in the output. To that end, the output should 
contain clear comments and labels, the meaning of (categories of) constructed variables should be explained, 
the target population should be specified clearly, it is not allowed to “hide” parts of the output, etc. Moreover, 
remote access users are encouraged to write their reports in the remote access environment. That way, is 
might be possible to limit the output that has to be checked to the (almost) final reports. Note that, contrary 
to the traditional on-site situation, not yet checked intermediate results can be viewed at any time, using the 
secure connection. 

Statistical Disclosure Control aspects 
Traditionally, statistical disclosure control (SDC) is applied to either tabular (aggregated) data or to 

microdata directly. When applying SDC to microdata directly, this usually results in microdata files with an 
amount of detail that is not sufficient to all researchers. Indeed, researchers using the remote access facility, 
usually do so because they want to use unprotected, high quality and very detailed microdata. However, on 
microdata that is made available for remote access, some SDC measures are taken anyhow:  

• direct identifiers (like name or social security number) will be removed from the microdata file, 
• only those variables that are needed for the intended research will be provided. 

As mentioned before, the Centre for Policy Statistics will screen the output that researchers want to 
have on their own computer on confidentiality. Often that output will not only contain tabular data, but re-
sults of more complex statistical analyses as well. Statistical disclosure control in case of a general statistical 
analysis is not an easy task: an almost unlimited number of different types of analyses can be performed on 
microdata. Moreover, output can be in the form of tables, model parameters, graphics, etc.  
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In case descriptive statistics (like means, variances, quantiles and outliers) are the output of the re-
search, often disclosure is quite obvious. Indeed, when giving the maximum of the observations, one directly 
discloses information about a single respondent. On the other hand, group-means with small variances might 
give information about identifiable groups of respondents. 

Regression models that contain dummy variables as independent variables may pose considerable dis-
closure risk as well. The cross-tabulation of the variables represented by the dummy variables, could define 
identifiable groups of respondents. The estimated coefficients of the model then would lead to information 
about groups of respondents (group-disclosure). See e.g., Reznek (2003) and Reznek and Riggs (2004). One 
could argue that each category corresponding to a dummy variable should have at least k observations: for 
dummies meeting that requirement, coefficients could be published, for dummies failing that requirement the 
estimated coefficient could be absorbed into the constant term along with the last term of the dummy.  

Other analyses like log-linear models, graphical models and logistic regression can sometimes be re-
lated to frequency tables. In that case, confidentiality rules for frequency tables could be translated to output 
related to those analyses. 

Graphics can be problematic in more than one way. First of all, a fine scale could help an intruder to 
find information about single respondents, especially when these respondents are outliers. Indeed, the upper 
limit of e.g., a kernel density estimation or even a histogram is directly related to the maximum observation. 
Secondly, some statistical packages provide “live” graphics, i.e., graphics in which interactively some pa-
rameters can be changed to show their impact. In order to be able to do this, the actual data are behind these 
kind of graphics. So in essence, releasing “live” graphics is then releasing the microdata themselves. 

Obviously, the above mentioned instances are only a small subset of all possible research output. This 
illustrates that it is virtually impossible to develop a general system that could deal with all kinds of research 
output, without any interaction of a human being. Indeed, statistical disclosure control is always a matter of 
balancing subjective measures like information loss and disclosure risk. 

Feedback from users 
Especially when dealing with economic microdata, the respondents are usually very reluctant to allow 

researchers to access their microdata anyhow. This means that an atmosphere of mutual trust should be estab-
lished between the respondents, the researchers and Statistics Netherlands. One way the Centre of Policy Sta-
tistics tries to achieve this is by organising user-days. During those days, users and providers of microdata 
are invited to discuss their experiences and/or concerns and exchange their knowledge. The general tendency 
is that both users and providers are very pleased with the new remote access facilities. The researchers are 
very pleased with the fact that they now have access to the microdata 24 hours a day and the fact that they do 
not have to travel to get access. On the other hand, the direct contact with other researchers (from Statistics 
Netherlands or from other institutes) in order to share knowledge or to cooperate is obviously much less. 
Moreover, most users of the remote access facility are very pleased with the user friendliness of the system.  

The remote access facility was in pilot until mid 2006. The positive evaluation of that pilot resulted in 
the continuation of the facility. Since then, the number of users has increased considerably and many more 
institutes and researchers are eager to make use of the facility.  
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STCPM 02 DISCUSSANTS:

Nancy Gordon, E-mail:
Eric Schulte Nordholt, E-mail:
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STCPM 03 : Implementing the Updated System of

National Accounts (SNA)

Organizer: Carol S. Carson, E-mail: ccarson@imf.org
Sponsors: ISI

Speakers:

Peter William Harper
Anne Harrison
Andrey Kosarev
Lucie Laliberté
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1. Introduction 

In the course of preparing the 1993 version of the System of National Accounts (SNA), considerable 
effort was devoted to exploring the nature of a non-financial asset.  It was long established that buildings and 
structures, plant and machinery, and vehicles were assets but what exactly were the common characteristics 
they shared that made them so?  Were these characteristics shared by any other items?  Did assets have to be 
goods?  Despite calls to recognise intangible capital, if intangible meant a link to services how could services 
be capital when it was a characteristic of services that they were consumed at the moment their production 
was complete? 

Eventually agreement was reached that an asset needed to satisfy two and only two criteria.  The first 
was that ownership rights are enforced over them by institutional units (individually or collectively); the 
second was that their owners derive economic benefits by holding or using them over a period of time.  
Further, it was recognised that each asset represents a store of value that depends on the same economic 
benefits that accrue to the owner of the asset. 

In the light of this agreement, new assets were added to the previous list of possible assets.  These 
included some non-produced assets such as mineral resources and some intangibles.  Some of these were 
produced, like computer software and entertainment originals and some were non-produced like transferable 
contracts. 

All this was a major step forward in delineating the range of assets within the SNA.  In the course of 
the update of the SNA, the asset boundary has been re-examined but, more importantly, the question of 
valuation has been subject to scrutiny in the light of recent developments in the theory of capital services.  
This theory makes explicit a link between the contribution of an asset to production and part of gross 
operating surplus.  Applying this theory helped to improve recommendations for valuing the common assets 
such as buildings, machinery and vehicles, it helped to clarify the classification and valuation of various 
transactions associated with the acquisition and use of assets; it also helped to develop recommendations on 
the valuation of natural resources and intangible assets; it revealed that consistent accounting approaches 
could be applied to both financial and non-financial assets.  The following sections give a brief overview of 
these aspects of the developments. 

2. Valuation of the traditional assets 

A second-hand asset, such as a truck, has a value though this value is less than the value of a new 
truck and the older the truck is, the lower the value.  The decline in the value of the truck is a cost to the 
producer but what is the benefit the truck contributes to the production process in which it is used?  Picking 
up from a general economic principle, it is assumed that in a perfectly functioning market, the value of the 
truck will represent the present value of the future benefits to be derived from using the truck in production 
in future.  This supposition is equally applicable at every point in the life of the asset.  

Each period the value of the truck declines but this decline is made up of two partially offsetting 
flows.  The first is that the benefits due for the year in question are realised and thus reduce the value.  The 
second is that future benefits become one year nearer and thus their present value is higher than their 
contribution to the value one year ago when another discount factor was appropriate.  Another way of 
perceiving this is to recognise that for the truck to be cost effective, it must contribute enough to production 
over its life to cover both its initial cost and the opportunity cost associated with having this amount of 
resources unavailable for other uses. 
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For many assets, such as a truck, it is often supposed that a new version performs better than an older 
one of the same specification because of the wear and tear imposed on it by use.  For some assets, though, 
this is not the case.  A light bulb, for example, gives the same amount of light every day until one day it 
suddenly no longer functions at all.  The value of the light bulb, though, does decline over time.  Thus a clear 
distinction should be made between the efficiency of an asset and the value of it.  The efficiency of the asset 
contributes to gross operating surplus; the value of the asset appears on the balance sheet.  Although the 
decline in the efficiency is equal to the decline in price only under very specific circumstances, it can be 
shown that for every pattern of efficiency decline there is one and only one pattern of price decline and vice 
versa.  This fact is important in establishing the price of a second-hand asset when there is inadequate 
information on the second-hand prices, perhaps because the goods in question are seldom sold partially used. 

3. Buying, selling and disposing of assets 

While many assets may be kept by their original purchasers until they are of no further use, many 
other assets change hands during their useful lives.  Purchase often involves extra costs, for example, legal 
fees to transfer ownership of buildings, transport and installation costs for some heavy machinery or 
auctioneers’ commissions.  In assessing whether the asset is cost effective, these costs have to be taken into 
account but they are not recoverable on disposal.  When an asset is acquired with the intention of selling it 
later, a separate calculation should therefore be undertaken to allow the acquisition costs to decline to zero 
over the period the asset is expected to be held, rather than over its whole life. 

The default assumption is that the decline in value of an asset over its life length is necessarily the 
same as its purchase price (including costs incurred on acquisition where necessary).  Thinking about assets 
not intended to be kept for the whole of their life shows this is imprecise.  The value to be written off should 
be the difference between the acquisition price and the value when that owner disposes of it.  Even when the 
same unit holds the asset for the whole of its useful life, there may be a scrap value to be realised. 

However, of more import is the case when there are costs associated with disposing of an asset.  These 
may be relatively minor, such as those associated with acquiring an asset described above, but in some cases, 
such as decommissioning nuclear power stations or dismantling oil rigs, the costs may be substantial.  The 
earlier proposition that the value to be written off should be the difference between the acquisition value and 
disposal value holds, except that here the disposal value is negative.  This implies that towards the end of its 
life, the asset may have a negative value.  In this circumstance, the owner could not give the asset away free; 
he would have to pay another unit to assume the disposal costs.  As well as providing a consistent treatment 
for all cost associated with acquiring and disposing of assets, taking disposal costs into account in this way is 
more satisfactory economically than simply having a sudden amount of capital formation in the final year 
that does not find its way onto the balance sheet and is never recognised as a cost to the producer. 

4. Some other implications for physical assets 

Another innovation in the 1993 SNA was the introduction of an item for mixed income when it was 
not possible to separate the return to capital from the return to labour in unincorporated  enterprises where 
the owner is one of the (or possibly the only) worker.  Supposing that the value of the assets used by the 
unincorporated enterprise is known, the paradigm described here can help to disentangle the labour and 
capital elements for use in productivity measurement. 

Practical difficulties arise in estimating the imputed rent of owner-occupied dwellings in almost all 
countries.  But even where the rental market may be shallow and unrepresentative, the value of houses may 
be easier to come by and the implicit benefits to de derived each year can be derived by reversing the link 
between annual benefits and capital value. 

The value of work-in-progress on projects taking several years to complete can also be estimated more 
satisfactorily by recognising that the value during construction should in principle relate to the proportion of 
the final product put in place but with the value of the final product discounted to the period in question. 
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5. Land and other natural resources 

Land is the oldest of all assets and its contribution to agricultural production has long been recognised.  
However, this contribution is seldom identified in the SNA.  Only when a tenant farmer pays rent to his 
landlord is there an entry in the accounts.  Long ago when the rent was expressed as a share of the production 
there was a direct link between rent and production.  Nowadays, the rent paid is an amount agreed between 
the tenant and landlord, possibly many years earlier, and there is no necessary direct link between the 
amount of rent and that of production.  Yet the term rent points to identifying the link.  The economic rent of 
the land can be identified as the excess of operating surplus over the return to all other forms of assets.  It can 
be identified in this manner not only for tenant farmers but also for those farming their own land.  
Ultimately, as with housing, estimates of economic rent on land could be used to make estimates of land 
where sales are too few to establish a value accurately. 

In developing the 2003 version of the Integrated Economic and Environmental Accounts (SEEA2003) 
this approach was used to show how values for other natural resources, such as mineral resources and timber 
could also be developed under a consistent set of assumptions. 

6. Intangible assets 

The definition of an asset as a series of benefits does not necessarily imply that these benefits have to 
be associated with a physical embodiment.  Consideration of some items put forward as intangible assets 
suggests that one characteristic of many, if not all, of them is that they all enable a degree of monopoly profit 
to be earned for a period of time by the protection afforded by copyright, secrecy or simply marketing skill.  
Examples include software, patented entities arising from research and development, franchises and 
customer lists.  The last two can not necessarily be valued in the absence of a sale, but if such happens, these 
marketing assets, like goodwill should be shown in the accounts. 

Seldom do monopoly profits persist forever and when the benefits are acquired through production 
activities, as is the case for software and patented entities, the usual rules about life length and the pattern of 
decline in the power of the monopoly and the value it brings can be used to derive yearly estimates of the 
decline in value and contribution to operating surplus as for physical assets. 

Assets such as goodwill and marketing assets are clearly related in some way to production even if 
tracing the development of their value from year to year is as yet unresolved.  However, it is also possible to 
consider an intangible asset whose existence owes nothing to production activities.  One such is the case of a 
footballer’s contract.  If a football club has a contact with a named player, they may sell the contract to 
another club if the amount offered is much higher than they are committed to pay under their existing 
contract.  Another is where a tenant of an apartment has a contract under which he can practically and legally 
sublet the apartment to a third party.  If the prevailing market price is above his contractual price, he can 
realise the difference by exercising his right to sublet.  

7. The link with financial assets 

The simplest case to consider is that of a financial lease.  If a bank, say, legally buys an aircraft and 
agrees to lease it to an airline for an agreed series of payments over a given period, it is clear that the bank 
has an asset.  But in what circumstance does it make sense for an aircraft to appear on a bank’s balance sheet 
(assuming the aircraft is question is a commercial airline and not an executive jet)?  The accepted practice in 
these cases is to impute a loan from the bank to the airline with which the airline purchases the aircraft.  The 
“rental” payments from the airline to the bank are then shown as payment of interest on a loan and 
repayment of principal, the breakdown between these two following exactly the same principles as dividing 
the return from the use of the aircraft as a decline in value (repayment of principal) and contribution to 
operating surplus (interest). 

There are other instances of financial assets, such as bills and bonds, where their market value is less 
than their face value, the difference being caused by discounting the face value, applying at some future date, 
to the present.  As time passes, there is no decline in value of the face value but the increase in the market 
value under a constant interest rate is regarded as income (interest). 
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8. Possible future developments  

So far, the full implications of asserting that part of operating surplus is not just a residual but that part 
can be identified with the change in value of an asset is still rather novel and understandably some caution 
has been exercised in agreeing how far this should impact the SNA in what is an update and not a full 
revision.  Three examples are given below of areas where further implications might be explored in the 
context of a research agenda to take forward other issues for inclusion in future versions of the SNA. 

Some repairs to and maintenance of physical assets are regarded as themselves comprising capital 
formation.  This is when the repairs and maintenance increase capacity or prolong the life of the asset in 
question.  However, it is undeniably a fact that ignoring repairs and maintenance shortens the life of an asset 
and the contribution to production is less and the decline in the value of the asset is higher than in the case of 
“normal” or “current” repairs and maintenance.  If a unit changed from a position of no maintenance to 
normal maintenance, the life length of the asset would increase and seemingly qualify for treatment as 
capital formation.  This suggests that the criterion that to qualify as capital formation maintenance should 
prolong the life of the asset might be too restrictive; perhaps any maintenance that prevents a shortening of 
the life should qualify as capital formation.   

At present the value of non-market output in the SNA is, by convention, estimated by the sum of costs, 
specifying that this sum includes the value of the consumption of fixed capital.  It has been proposed that this 
sum should be augmented by the return to capital.  In this way, the total benefits of the asset would be 
covered by the sum of consumption of fixed capital and the return to capital.  If this composite item is 
viewed as decomposable into volume and price elements, the price element is often described as the “user 
cost of capital”.  The fact that “cost” features in this description seems to some reason enough to include the 
return to capital in the valuation of market output.  An alternative approach is to think instead of operating 
surplus as being subdivided into an opportunity cost of non-financial capital, equivalent to a risk-free return 
to capital, and an element encapsulating the returns to risk.  The merits of including the first as part of the 
sum of costs of non-market production might then be clearer.  The treatment of transfers of assets between 
private and public sector as under private public partnerships (also known as private finance initiatives or 
Buy-Own-Operate-Transfer schemes) would also be simpler.  The transfer out of the private sector would 
suppress only the risk element and not the opportunity cost also. 

The third example concerns the partitioning of an asset as for example when government has 
ownership of natural resources, such as mineral resources, but licenses another unit to extract the resource.  
Should the resource be shown in the balance sheet of government or of the extractor?  The extractor controls 
how much is extracted in response to market conditions, which looks like a good reason for having the 
resource on his books.  On the other hand, government retains the value of the resource beyond the amount 
due for extraction under the current licence.  If it is all on the extractor’s balance sheet, how does it return to 
that of the government?  A possible approach is to postulate two financial leases.  The first would be for the 
amount of the resource to be extracted under the licence and would be handled exactly as other financial 
leases currently are.  That part of the resource would appear on the extractor’s balance sheet and payments to 
government would represent payment of interest and repayment of principal.  The second financial lease 
would represent the value of the resource left at the end of the licence.  This too would appear on the balance 
sheet of the extractor with a matching loan to government.  However, during the period the licence is current, 
no payment would be made to government with the result that the value of the loan increased until at the 
expiration of the licence the loan is equal to the value of the remaining resource at that point and the 
extractor returns the remaining resource in return for cancellation of the loan.  This would allow the deposit 
to be treated as a single asset throughout and also captures the increasing value of the government’s residual 
asset within the flow account. 

9. A note on references 

This paper refers to work in progress.  Much of the material from which this summary is drawn is 
available  at http://unstats.un.org/unsd/nationalaccount/snarev1.asp . The 1993 SNA and the SEEA2003 are 
also available on the United Nations Statistics Division web site.  A comprehensive list of references for 
work in the capital services area can be found in the OECD manual Measuring Productivity.
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1. Introduction
The purpose of this paper is to discuss selected topics of the Updated SNA 93 implementation in

Russia and other CIS countries, especially focusing on specific areas where technical assistance of 
international organizations would be desirable . Planning the assistance should be based on systematic 
analysis of progress achieved in each country in implementation of the SNA 93, national problems and
priorities, data required by national users. Both multilateral and bilateral basis should be considered while 
thinking over the possible assistance. At the beginning of the process, general seminars could be organized 
for all CIS countries; however, assistance in implementation of particular provisions of the updated System 
would depend on progress in national accounts in each country.

It seems also to be clear that some changes introduced in the updated SNA 93 do not require an 
immediate implementation in the CIS countries due to the present stage of development of national accounts 
and statistics in general, transitional nature of the economy, demand on the national accounts data from users. 
These refer, e.g. to treatment of employer’s pension schemes, non-resident SPEs controlled by the 
government, public - private partnerships, retained earnings of mutual funds and some others.

2. Brief review of areas where further efforts are needed to implement the 1993 SNA
During the last ten years Russia and other CIS countries have achieved a considerable progress in 

implementation of the SNA 93 and at present time they compile major accounts and aggregates of the 
System. CISSTAT contributed to this progress by providing methodological materials on adaptation of the 
provisions of the SNA 93 to peculiarities of the economies in transition and statistical systems.

The actual implementation of the SNA 93 in the CIS countries provides users with necessary data for 
macroeconomic analysis and policy making; but there are some areas where further efforts are needed. Some
of CIS countries tried to compile financial account on experimental basis; however, efforts have not been 
successful so far. The major problem is the lack of comprehensive primary data on major transactions with 
financia l assets and liabilities. Another problematic area is the balance sheet: the CIS countries compile only 
estimates of stocks of selected produced assets, such as fixed assets and inventories. The major practical 
problems in compilation of current accounts refer to measurement of non observed economy, holding gains/
losses. The allocation of FISIM to the relevant items of disposition of output is not yet introduced into 
regular official estimates of GDP. Compilation of regional accounts was initiated in a number of CIS 
countries several years ago; however, some conceptual and practical problems still remain to be solved.
There are some problems in compilation of GDP in constant prices.

3. Areas where  international assistance would be essential in implementing the  Updated 1993 SNA
There are a number of areas where assistance of international organizations could help countries in CIS 
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region to implement the Updated SNA 93. It appears that as a first step it would be essential to introduce and 
clarify to countries the new structure of the updated System with particular focus on new chapters, new 
elements and categories, modifications of the underlying definitions and classifications. One purpose of the 
discussion of the new elements of the Updated SNA 93 should be clarification of the impact of the individual 
changes in the methodology on the GDP and its major components. Some guidance will be useful with 
respect of priorities in implementation of new or substantially modified categories. Attention should be paid 
to clarification of links between the Updated SNA 93 and other systems of macroeconomic statistics such as 
GFS, balance of payment, statistics of external debt, CPI; in particular it would be useful to clarify the 
specific revisions in the manuals on the above mentioned systems.

As the first analysis of the new elements of updated System has shown most of them are conceptually 
acceptable to CIS countries, but their introduction in the regular statistical practice will require solution of 
practical problems. The CIS countries would benefit from guidance on practical methods of computation of 
certain indicators; e.g. clarifications on modified definitions and classifications of non-observed economy 
should be supplemented by recommendations on methods of measuring transactions, including methods of 
obtaining and processing primary data.

The national accountants of the CIS countries would be interested in getting better knowledge on 
integrated approach for measuring capital services, consumption of fixed capital and stocks of capital. They 
should be informed both on the nature of this approach, contents of elements and on the type and sources of 
data needed. It is also worth noting that there is general understanding in CIS countries that they need 
assistance in developing a system of indicators of productivity (labor, capital and total factor productivity) 
for better analysis of economic growth. A particular attention in this context should be paid to the 
methodology developed in the framework of the international consortium (EU KLEMS consortium) set up in 
order to study the impact of factor productivity in different countries on economic growth at the level of 
industries. Russia is considering joining this consortium and the participation in this project require 
understanding of underlying concepts and definitions, the type of data needed for this analysis and so forth, 
other CIS countries may also join this project in a foreseeable future.

Ministries of finance of CIS countries have not yet introduced in their practices the major provisions of 
the IMF Handbook on GFS (2001) and this creates serious practical problems for national accountants. One 
of the serious problems which should be mentioned in this area refers to the failure to make a clear 
distinction in the reports on the execution of the state budget between the various types of transactions: with 
goods and services, income, non-financial assets and financial instruments. It would be useful to organize a 
joint seminar for both experts of ministries of finance and statistical offices of the CIS countries at which this 
topic could be dealt with. Another important topic is transition from cash to accrual basis of registration of 
transactions. Special attention should be paid to clarification of issues pertaining to compilation of accounts 
for public sector, because there is no experience in the CIS region with this type of statistics.

New treatment of expenditure on research and development represents an other topic of interest.
Although this treatment is conceptually acceptable, some guidance will be needed on practical aspects of its 
implementation and, in particular, on capitalization of these outlays to be registered as stocks in balance 
sheets, on measuring consumption of these fixed assets. The above said also refers to modified treatment of 
expenditure on mineral exploration; clarification of the principle of valuation of mineral deposits on the basis 
of present value of future receipts from rent would be particularly relevant.

No CIS country allocates FISIM to specific categories of disposition of output. The issues which 
require clarifications refer to the type of financial instruments and transactions with which generate FISIM, 
the institutional units which produce FISIM, the type of reference rate to be used for computations, the type 
of information on assets and liabilities of the institutional units involved in this process which is required for 
computation and allocation of FISIM. Procedures for computation of FISIM in constant prices are also an 
important topic. The scope of auxiliary financial services has expanded recently in the CIS region and 
clarifications and recommendations on some practical issues of their measuring deserve some attention.
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There is a general understanding among national accountants of the CIS countries that a range of 
issues pertaining to computation of GDP and its major components in constant prices need to be addressed in 
order to raise reliability of figures. These refer to choice of base year, index formulas (Laspeyres, Paashe and 
Fisher), measuring changes in quality of goods and services, effect of substitution, valuation in constant 
prices of new products, application of chained indices and obtaining series in constant prices for relatively 
long period of time, obtaining deflators for construction and other components of capital formation, exports 
and imports, sources of data to be used to obtain deflators. A particular attention should be paid to various 
methods of adjustments of prices due to the differences in quality of goods and services and above all to the 
hedonic indexes which are not used in any CIS countries. Price discrimination is widespread in CIS countries. 
The explanation of the nature of these phenomena and its treatment in the context of CPI would be essential
because actual practice of countries in this area is not clear. There is a general understanding that deflators of 
exports and imports currently used in the CIS countries do not meet the SNA requirements. For Russia and 
some other CIS countries regional differences in the level of prices are quite noticeable and therefore it is 
essential to clarify whether these differences should be treated as changes in volume or in prices to be 
eliminated for constant price measurements. In this context the relevant materials from the latest Handbook 
on CPI should be used for clarification of certain issues. The methods of computation of non-market services 
in the light of recent research and analysis of the best practices should be discussed and clarified.

A range of issues pertaining to sectorization of economy seems to require discussion and clarification. 
A particular attention should be paid to delineation of market producers from non-market, of market output 
from non-market, to clarification of allocation of the units which are controlled/ financed by other units. The 
question of allocation of establishments of enterprises rendering socio-cultural services to their employees 
free of charge or almost free of charge (which in the SNA 93 are considered as NPISH by convention) should 
be reviewed in the light of transformation in this area in CIS countries. The majority of the CIS countries are 
in a position to make distinction in practice between the NPISH producing individual and collective services. 
In the context of this topic some attention should be paid to public/private/ general government sector 
delineation. It should be clarified, in particular, what steps need to be undertaken to compile accounts for 
public sector and how to combine data on transactions of the units allocated to the general government sector 
with those of public corporations.

Some clarifications would be useful on new treatment in the updated SNA of the expenditures on 
military durable goods. Conceptually the proposal to allocate this expenditure to capital formation is pretty 
clear but the implementation issues will require some explanatory comments. These refer to the sources of 
data and methods of their processing, the impact on the balance sheet, the problem of computation of 
consumption of the military durables. It appears that at least in some CIS countries the reports on the 
execution of the state budget do not contain explicit data on this type of expenditure and therefore some 
crude estimates will be needed at the early stage of implementation.

A modification of the valuation of non-market services provided by the general government is another 
topic for discussion with national accountants of the CIS countries. This issue seems to have both conceptual 
and practical aspects. The conceptual aspect implies the need to clarify economic meaning of the 
modification in question, the method of imputation of the return on the government capital used in provision 
of services, impact of the above mentioned imputation on other aggregates in general government sector 
accounts. The practical aspect refers to the implementation of this modification, to the type of data needed,
the problems arising in conditions of the lack of the appropriate data, the possible procedures which could be 
used for obtaining some approximate estimates.

Recommendation to allocate output of the central banks partly to final consumption of general 
government and partly to intermediate consumption of commercial banks appears to be conceptually sound 
and reasonable but its implementation may require considerable efforts on the part of the central banks in the 
CIS countries where the data needed for this allocation are not immediately available. The discussion of this 
issue with statisticians and representatives of the central banks of the CIS countries would be useful. It order 
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to make this discussion productive the central banks of the CIS countries should be requested in due time to 
provide data on availability of data needed for allocation.

Special attention should be paid to a range of issues associated with compilation of balance sheet, 
classification of non-financial and financial assets; many CIS countries seem to have practical problems with 
compilation of data on stocks of non-produced assets (both tangible and non-tangible).

Compilation of data on consumption of fixed capital in accordance with the SNA requirements is the 
topic where assistance of international organizations to CIS countries would be appreciated since there is a 
general understanding that current estimates of this flow are not adequate in the majority of the countries in 
this region. A possibility of using PIM in conditions of the CIS countries can be discussed; another 
possibility is to modify the reports submitted by the enterprises to meet the requirements in this area.

Many CIS countries continue to use old industrial classifications developed in the times of the former 
USSR. Although the transition to ISIC or NACE is intended to be carried out in most of the countries of this 
region in a foreseeable future, assistance in solving practical problems associated with this transition would 
be very useful. Provision of this assistance implies the need to study the structure of the reports submitted by 
the enterprises to statistical offices, and, in particular, a possibility to distinguish establishments in these 
reports. In this context a proposal to modify treatment of ancillary establishments can also be discussed. It 
appears that at present time implementation of this proposal would be problematic in the CIS countries and 
attempts to set up such establishments will result in undesirable implications. 

In the updated version of the Chapter 10 “The capital account” the description of capital transfers does 
not include reference to capital transfers originating as a result of privatization of government property which 
is important in conditions of the CIS countries. In some cases the public property is sold to business at prices 
which are hardly can be classed as market prices and therefore the question arises whether the difference 
between the market price of the asset and actually paid price should not be treated as a capital transfer. 
Clarification of these issues would be useful for the CIS countries where privatization of public property is 
not yet over.

Clarification of provisions of the Chapter 26 “Links to the monetary and financial statistics” would be 
quite relevant for statisticians in the CIS countries; special attention should be paid in this context to 
clarification of link between the category of currency in the financial account and measurement of monetary 
aggregates in monetary statistics.

As noted above financial account is not yet compiled in CIS region however a clear interest in this 
account does exist both among the producers of statistics and users. International organizations may wish to 
provide consultations to CIS countries on both conceptual and practical aspects associated with compilation 
of this account; special attention should be paid in this context to new elements in the updated System such
as unallocated metal accounts, breakdown in equities, employees stock options, investment funds shares 
since transactions with these instruments are relevant for CIS countries.

4. Conclusions 
To summarize the above said, there are a number of topics of the Updated SNA 93 which are 

conceptually relevant for the CIS countries but implementation of which requires solution of some practical 
problems associated largely with adaptation of existing sources of data. At the same time the CIS countries 
would benefit from clarification of certain new or considerably modified concepts, definitions and 
classifications. Therefore there are a number of areas where assistance by the international organizations to 
statistical offices of the CIS countries would be useful. As a first step in this process it is essential to assess 
the current stage of development of national accounts in the CIS region, peculiarities of economies and 
statistics, the users’ demand, the available resources. Establishing priorities in implementation of the updated
System, defining most appropriate modalities of assistance imply the need of close interaction between the 
international organizations and statistical offices of the CIS countries so that needs of the recipients of the 
assistance are identified and the logistic matters are resolved.
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At its 38th meeting1, the UN Statistical Commission (UNSC) requested the Intersecretariat Working 

Group on National Accounts (ISWGNA) to submit a strategy for the implementation of the update of the System

of National Accounts, 1993 (1993 SNA, Rev. 1). The strategy is to be based on regional consultation in 2007, 

reflecting user perspectives and taking into account the different levels of implementation of the 1993 SNA. IMF 

has offered to coordinate within the ISWGNA development of a strategy for the Statistical Commission’s 

consideration, but further consultation in implementation is pending at this writing, and this paper discusses the 

SNA implementation process from IMF’s perspective. 

Drawing from regional outreach seminars2 conducted over the last two years, analysis of UN country 

implementation surveys, and IMF data quality assessments, we explore a set of elements for an implementation 

strategy tailored to the challenges of the next decade of national accounts development. Section A states the case 

for a 1993 SNA, Rev. 1 implementation strategy founded on accumulated experience in implementing the 1993 

SNA. Section B describes, and draws from, international assessments of where countries stand in 1993 SNA

implementation, focusing on developing countries. Based on this evidence, Section C offers a broad diagnosis of 

developing countries’ weaknesses in implementing the 1993 SNA, and, by way of example, touches on two 

changes from the 1993 SNA, Rev. 1 likely to affect SNA implementation in the years ahead. Section D observes 

that the implementation of the 1993 SNA has focused mainly on establishing the SNA “integration framework” 

in countries, using existing data sources and institutional arrangements. While this focus has had its successes, 

the sustainability of national accounts programs remains an issue. The section offers a sketch of an 

implementation strategy for 1993 Rev. 1 that retains the four major modalities of the current implementation 

strategy, but gives greater emphasis to institution building and development of data sources.

1 UN Statistical Commission, Official Records 2007, Supplement No 4, E/2007/24.  

2 See “The System of National Accounts in the Asia-Pacific Region: Implementation Status and Future Challenges” 2005 

Forum for Asia/Pacific Statisticians (APEX I), R. Edwards, 2005 and APEX II, R. Edwards and I. Havinga; and “The 

System of National Accounts in Latin America and the Caribbean: Review of its Implementation and Future Challenges” 

(forthcoming). 
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A. Implementation of Rev. 1 Continues Implementation of the 1993 SNA

The 1993 SNA Revision Project commissioned by the March 2003 UNSC was to maintain the 

fundamentals of the current system as well as ensure consistency with related manuals (Balance of Payments 

Manual, Government Finance Statistics Manual 2001, and Monetary and Financial Statistics Manual). The 

UNSC at its 2007 meeting “took note that this update retains the framework of the 1993 SNA and therefore 

encouraged countries to continue with the implementation of the 1993 SNA.” Thus, in developing countries 

implementing the 1993 SNA, Rev. 1 still is, in large measure, implementing the 1993 SNA.

We can characterize implementing the national accounts according to a set of building blocks of the 

statistical production process. The foundation block comprises the institutional and legal framework, staff, 

technology, and financial resources. The second block comprises the registers and frames from which 

administrative and survey source data are compiled, the third block comprises surveys, the fourth block 

comprises the integration frameworks organizing and summarizing the source data into statistical indicators 

focused on user needs, and the fifth block is dissemination to users of the statistical indicators. The 1993 SNA is 

itself an integration framework, focusing on macro- and meso-economic indicators. However, while it is 

tempting to view implementing the 1993 SNA as emplacing in countries the SNA integration framework, the 

success of the project ultimately is measured at the last block, dissemination of data. Thus, the product at the end 

of the pipe depends fundamentally on the institutional and source data blocks on which both the integration 

frameworks and dissemination operations sit. 

B. The Status of 1993 SNA Implementation 

Among the initiatives that shed light on aspects of countries’ achievement in implementing 1993 SNA is 

the number of countries reporting national accounts statistics to the UN Statistical Division (UNSD). The 

response rates to the National Accounts Questionnaire (NAQ) were virtually 100 percent for developed 

countries, some 50 percent for developing countries, with the lowest response rates in Africa and Oceania. The 

UNSD surveys also showed that almost 100 percent of developed countries, but less than 60 percent of 

developing countries, had reached national accounts scope milestone 2 in 2005.3 The results show some progress 

on the scope of the disseminated national accounts from 2002 to 2005. An additional ten percent of countries 

extended the scope of the national accounts statistics to milestone 2 or higher as compared with 2002. 4,5

The IMF has been using the Data Quality Assessment Framework (DQAF) instrument to assess 

countries’ statistical practices in national accounts, disseminating the results as data modules of the Reports on 

Observance of Standards and Codes (data ROSCs). As of 2007, data ROSCs were published for 72 countries 

(see http://dsbb.imf.org/Applications/web/dqrs/dqrsroscs/). The DQAF embeds the 1993 SNA as the standard for 

methodological soundness (one of the six DQAF quality dimensions) in national accounts statistical practice. 

Thus the data ROSC is measures the quality dimension of 1993 SNA implementation. Many of the assessed 

countries were not in full observance of best practices regarding source data and statistical techniques and had 

not been able to commit enough public and donor resources to sustain a high quality national accounts program. 

The reports of the regional seminars, noted above, also cited staff resources (numbers, training, staff 

turnover, and recruitment) and lack of availability of source data as key impediments to the implementation of 

3 Milestone 2 comprises dissemination of the elements of milestone 1—gross domestic product by industry at current prices 

and in volumes—plus gross national income, the external account of primary incomes and current transfers, and the capital 

and financial accounts for the rest of the world. See United Nations Statistical Commission, E/CN.3/2004/10, Annex III. 
4 See 2005 APEX paper of R. Edwards and 2006 paper of R. Edwards and I. Havinga and C. Carson,” SNA Update: 

Background on the Process, Issues, and Recommendations” April 2007. 
5 As reported to the SC in E/CN.3/2004/10 and E/CN.3/2005/4, respectively. 
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1993 SNA. They confirmed that: the informal sector, which is particularly important in developing countries, is 

either badly measured (focus too much on sector employment measures rather than informal sector production) 

or not measured at all; good quality national statistics are not well promoted among senior government officials; 

coordination among technical assistance and training providers could be better; training could be more 

pragmatic, with a focus on SNA milestones 1 and 2; and strengthening source data is critical to making major 

improvements in national accounts. 

Broadly, these constraints affecting the institutional and source data building blocks have most strongly 

contributed to the slow implementation of the current SNA, rather than inability to use data sources to 

implement the 1993 SNA integration framework. This is expected to hold as well for the 1993 SNA, Rev. 1.  

C. Elements of recommendations of the 1993 SNA rev.1 relevant for developing countries 

The updates to the 1993 SNA fall into six broad themes: globalization, financial instruments and 

institutions, government and the public sector, the “new economy” and non-financial assets, the informal sector, 

and the environment. 6 Two of these themes, globalization and the informal sector, bear acutely on economic 

measurement in developing countries. An example under the globalization theme of how the changes in the 1993 

SNA, Rev. 1 may impact the process building blocks of the national accounts are the new treatments of 

merchanting and goods for processing, which more consistently implement the change of ownership principle. 

Merchanting will now be recorded on a gross basis as trade in goods as the residency of their ownership 

changes, rather than on a net basis as services. On the other hand, goods for processing will be recorded as trade 

in services rather than as trade in goods with imputed change of ownership. The change in treatment of 

merchanting may require new, cross-border data capture arrangements, while the goods for processing change 

will materially affect recording of interindustry flows in compiling the supply and use table of the SNA 

integration framework. Both have their largest potential impacts, not on implementation of the integration 

framework for the external accounts or the supply and use table, but on acquisition of the source data and staff 

resources to routinely produce measures on the new concepts. Similarly, improved coverage of the informal 

sector heavily depends on source data from surveys of household business activity and production for own 

consumption, as well as acquiring and retaining the resources necessary to sustain coverage of these household 

activities.

D. Aspects of an implementation strategy for the 1993 SNA rev. 1

The occasion of updating the 1993 SNA is a good opportunity to revisit the 1993 SNA implementation 

strategy the ISWGNA submitted to the UNSC in 1994. The 1994 strategy rested on four pillars constituting, in 

fact, four modalities for internationally diffusing national accounts standards and expertise: training, technical 

cooperation, dissemination of statistical guidance, and applied research. While acknowledging that these pillars 

are still relevant, the status of the implementation of 1993 SNA and consultation so far at regional seminars 

would suggest reconsidering and sharpening the pillar objectives and adding a fifth pillar: advocacy. A sketch of 

SNA implementation going forward could contain the following elements: 

Organization of meetings, training seminars, and workshops in national accounts. The IMF, OECD, 

UNSD, the UN regional commissions, Eurostat and bilateral donors have supported a variety of course 

and workshop offerings in national accounts since the issue of the 1993 SNA. Actively pursuing these 

initiatives at a regional level should enable countries that have had similar SNA implementation 

experiences to help one another. As important, it will pave the way for better coordination of national, 

6 C. Carson,” The Recommendations of the SNA Update: What Motivated Them? What will It Take to Implement Them?” 

September 2006, paper for the Forum for Asia/Pacific Statisticians (APEX II). 
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regional, and global institutions engaged in national accounts training. A regional approach could 

produce the beginnings of a coherent curriculum whose delivery is shared across the training 

institutions. The focus of training needs to give more emphasis than in the past to operational subjects 

such as reflecting the national accounts integration framework in design of surveys and administrative 

information systems to generate relevant source data, as well as in institution building, such as 

engineering interagency agreements and legislation ensuring smooth interagency data sharing, and 

management and retention of a professional statistical staff. 

Technical cooperation. IMF, OECD, UNSD, and the UN regional commissions as well as a number of 

regional and bilateral donors have undertaken a substantial country-level technical cooperation effort. 

Much of the focus of technical cooperation of the SNA implementation program to date has been on 

using existing data sources and staff to implement the integration framework of the 1993 SNA. This 

presumes that source data exist and that upgraded management and skills of existing staff resources can 

sustain an improved national accounts program. While some opportunity may remain in this direction, 

experience and country feedback shows that the technical cooperation effort to implement the 1993 SNA,

Rev. 1 needs to acquire a parallel focus on broadening source information and retaining a cadre of 

trained statisticians working within a solid institutional structure to sustain a viable national accounts 

program. Notwithstanding the new features of the update, the lack of data sources, staff, visibility in the 

national budgeting process, and coordination among providers of advice and financial resources will 

slow implementation of the 1993 SNA, Rev. 1 as much as they have hindered implementation of the 

1993 SNA. The national accounts implementation strategy going forward thus could focus more than in 

the past on institution building: strengthening the legal framework for statistics, establishing functioning 

intra-governmental data sharing arrangements, and building and maintaining the statistical human 

capital to develop new data sources and improve existing sources. Country-level coordination of 

technical cooperation across providers also is critical in producing coherent national accounts 

improvement plans, especially given the differing specialties of the providers of technical cooperation 

resources in source data development, institution-building, and statistical integration frameworks. 

Publication of a series of manuals and handbooks. Major efforts were deployed in the process leading to 

the 1993 SNA, Rev. 1 to maintain harmonization, for example, with the update of the IMF Balance of 

Payments Manual. Major challenges lie ahead both in identifying areas of as yet unrevised manuals that 

are in need of harmonization with the 1993 SNA, Rev. 1, as well as developing the relevant datasets 

under the harmonized methodology.  

Applied research supporting implementation of concepts from the 1993 SNA, Rev. 1 and its satellite 

accounts. Research should be pursued to ensure robust and rapid implementation of existing and newly 

agreed statistical guidelines as a first priority given rapid technological change and financial innovation. 

Research also should continue on development of new concepts to meet new measurement challenges, 

as laid out in the 1993 SNA, Rev. 1 research agenda. 

Advocacy: Involving senior government officials in promoting good quality national accounts statistics 

is essential in establishing a medium term budgetary framework to sustain a viable national accounts 

program.  
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Implications of the Approval of Treating R&D as Capital in 

the Updated SNA  
Peleg, Soli 
Central Bureau of Statistics, Macro Economics Department 
66 Kanfey Nesharim st., Corner Bachi st. 
95464 Jerusalem, Israel 
E-mail: soli@cbs.gov.il 

1. R&D and the update of the System of National Accounts
The role of research and development (R&D) as an important factor of growth has been recognized for 

many decades. However, in the current System of National Accounts (SNA) from 1993 the impact of R&D 
on production has not been easy to identify, since it has been included as intermediate consumption – as a 
product that is used only once in production and in most cases transformed or used up in the process. 
Intermediate consumption is mostly not visible in the national accounts, since the core accounts are focused 
on value added, obtained after deduction of intermediate consumption. In some sense the importance of data 
on R&D was recognized in the SNA93, since it was recommended identifying separate R&D producing 
establishments, whenever possible. It also recommended preparing satellite accounts covering all 
expenditure on R&D. However, in practice almost no countries have implemented these recommendations. 

Since 1993 the role of R&D has become more prominent with the growth of high-tech production, and 
the rapid spread of ICT. Its role has been studied more widely, and the treatment of R&D in business 
accounting has been changed. The need for data on use of R&D in production has become more pronounced, 
and the issue of R&D was accepted as one of 44 issues considered in the process of updating the SNA.  

R&D statistics as such are well developed and collected in an internationally comparable framework 
developed by the OECD (outlined in the Frascati Manual (FM)). A growing number of countries publish 
R&D statistics - currently 90 countries around the world publish such statistics on a regular basis. The main 
series - gross domestic expenditure on R&D (GERD), is measured by methods that come close (although not 
wholly) to national accounts methods.  

In 2002-2006 international groundwork was undertaken to examine and resolve any remaining 
difficulties of using existing R&D statistics for estimates of R&D assets in SNA. The groundwork indicated 
that R&D statistics may well serve as a basis for estimates of R&D assets in national accounts, and paved the 
way for the recommendations to treat R&D as gross fixed capital formation in the SNA and adopting the 
definition used in the Frascati manual: “research and experimental development comprises creative work 
undertaken on a systematic basis in order to increase the stock of knowledge, including the knowledge of 
man, culture and society and use of this stock of knowledge to devise new applications.” The 
recommendations clarified that the definition should not be interpreted as including human capital as capital 
formation within the SNA. They also clarified that by convention, since much R&D is carried out on own 
account, it should be valued at cost, and that all R&D expenditure that is sold or is expected to bring a 
benefit in the future to its owner (including for the public in the case of R&D undertaken by government) 
should be included. Only R&D that brings no economic benefit discernable at the time of its completion 
should be excluded.  

The recommendations were approved by a large majority of the Advisory Expert Group for the update 
of SNA, and a large number of countries supported them in later comments. However, while supporting the 
recommendations, some countries also expressed concerns about distinguishing R&D expenditures that 
should not be capitalized because ownership is not established or future returns could not be identified. 
Others had reservations about practical implementation, and suggested a need for detailed guidance. 
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Consequently, a recommendation was added concerning the gradual development of R&D estimates, and 
explicit guidance on overcoming measurement difficulties in the updated SNA. The complete set of 
recommendations was approved by the UN Statistical Commission at its annual meeting in March 2007, 
meaning that the major part of R&D will be treated as capital in the updated SNA, following appropriate 
steps of development of comparable R&D estimates.  

2. Conceptual implications  
The SNA93 does not have a general and explicit definition of R&D, but paragraphs spread over the 

manual indicate that the term R&D is intended to coincide with R&D as defined in the Frascati Manual, so 
that explicitly adopting the Frascati definition should not implicate important changes. It covers R&D 
activities of market producers as well as non-market producers such as government research institutes or 
universities, and includes basic research, applied research and experimental development. It is worth 
mentioning that the business accounting has adopted similar definitions – current business accounting rules 
in UK, USA, Australia, Japan give definitions of R&D that essentially are identical to the Frascati definition. 

As mentioned, there have been some concerns about capitalizing non-market R&D. Some national 
accountants has seen such a decision as being in conflict with the definition of an economic asset: “an entity, 
functioning as a store of value, over which ownership rights are enforced by institutional units, individually 
or collectively; and from which economic benefits may be derived by its owner. The benefits from the asset 
may be derived from the use of the assets in production, from property income, or from its serving as a store 
of value”. When non-market R&D is distributed free of charge, the producer has not enforced ownership 
rights on this R&D. However, the current SNA contains several examples of assets where ownership is not 
enforced such as public roads and other public infrastructure, and if wanted, ownership of non-market R&D 
may be enforced by use of patents or other restrictions on use (as is done for military R&D). It may also be 
argued that the fact that ownership has not been enforced does not change the asset nature of such R&D, and 
it is produced taking into account its use over a number of years. Recording such R&D as being used by the 
owner, means that the link to its benefits can only be analyzed for the whole economy, but compared to the 
current treatment as intermediate consumption, the analysis would be improved. However, due to the 
concerns, it was decided that only R&D used in government production should be included as an asset, while 
R&D explicitly intended to be distributed free of charge for use by anyone should not be defined as an asset.  

Another viewpoint brought up has been that only successful R&D activity should be included in 
capital formation. But unsuccessful R&D projects mostly provide information that may be valuable for the 
continuation of successful research. In cases, where both successful and unsuccessful R&D are made within 
one enterprise, the R&D projects are clearly seen together and covered by income from successful R&D. 
Capital venture funds may also be seen to operate in a similar way, financing many projects and taking into 
account a certain amount of uncertainty regarding success. Taking such linkage into account, it is important 
to include all R&D activity, whether successful or not. A similar recommendation is included in the current 
SNA with respect to mineral explorations.  

In the current SNA patented entities are recorded as assets, although not as an outcome of productive 
R&D activity. This treatment leads to an inconsistency: if an enterprise has patented a finished product of 
R&D activity, it will have more assets than a similar enterprise, where the finished R&D product was not 
patented, even if it is put to similar use, and might be protected by using other means. Such inconsistency 
may especially have impaired the accounts in recent years, when high-tech enterprises, with rapidly evolving 
technology, may have used other means, such as secrecy, to protect R&D results. When R&D as such will be 
recorded as assets, the sub-group of patented entities will not be recorded as assets.  

3. Practical implications  
The measurement of capital formation of R&D in the national accounts requires data on supply and 

uses of R&D as presented in table 1. 
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Table 1. Supply and use of R&D, when R&D is treated as capital in national accounts 
At purchaser's prices 

Supply Use 
Total 
R&D 

Domestic 
output of 

R&D 

Imports 
of R&D 

Total 
R&D 

Intermediate 
consumption 

of R&D 

Gross 
fixed 

capital 
formation  
in R&D 

Exports 
of R&D 

Increase in 
inventories of 

work in 
progress on 

R&D 

On the supply side, the most important item – and for some countries perhaps the only item – will be 
the domestic output. Given that the Frascati definition of R&D is adopted, the data supplied by the R&D 
statistics on expenditure may be used as to estimate the value of domestic output of R&D. Only some  
minor modifications based on existing data are necessary. Imports of R&D may be minimal for many 
countries, but if they are significant, the current international extended balance of payments services 
classification (EBOPS) enables the derivation of separate data on imports of R&D from the balance of 
payments data. 

On the uses side, acquisition of R&D by producers of R&D to be integrated in their product will be 
separated as intermediate consumption. Freely distributed R&D, not intended for the benefit of the producer, 
also needs to be separated as intermediate consumption. R&D statistics provide separate data by performer 
of the R&D, by kind of R&D and by purpose, which could help to arrive at approximate measures of such 
freely distributed R&D. Another possibility would be to collect data on protection of R&D in the R&D 
surveys. Exports of R&D may not be important in many countries, but if they are, it should be possible to 
measure them by data from the balance of payments using existing classifications as mentioned above for 
imports. Production of R&D usually takes a number of years, so that the recording of R&D as part of 
increase of inventories of work-in-progress on R&D could be important. However, for production of R&D 
for own use, which is the major part of R&D production, it is difficult to follow the production process, and 
in such cases the SNA recommends to record all current period production as fixed capital formation. The 
recording of work in progress will only be relevant for producers that intend to sell their finished R&D. For 
such producers data on length of the production period will be needed, and could be collected by R&D 
statisticians. Once the above uses are accounted for, the remaining R&D is the part that is used for fixed 
capital formation. Capital formation of R&D should be detailed by industry and measured on a current basis, 
at current and constant prices. 

Measurement of R&D capital stocks may be a challenge. For other fixed capital the measurement of 
capital stocks can be made either directly, through surveys, or through the perpetual inventory method. The 
direct measurement of R&D stocks is more difficult, since a relatively large part is own-account production, 
and evaluation can only be done on the basis of accumulated costs. This means that R&D stocks must be 
estimated using the perpetual inventory method, and that the service lives and depreciation of R&D have to 
be estimated. Various empirical methods may be used to estimate service lives, or estimates may be obtained 
from surveys or expert evaluations, as is currently the case for other fixed assets.  

One practical implication of the recommendations will be the need for close cooperation between 
national accountants and R&D statisticians in the production of data. The recommendations will also 
necessitate changes in classifications and presentation of data in other linked statistical frameworks, such as 
industry statistics.  

4. Impact on main aggregates in national accounts  
The treatment of R&D as capital means that it will be a product for final use – capital formation – 

instead of a product for intermediate use, so that the Gross Domestic Product (GDP) will increase. The use of 
R&D capital stock in production will be recorded as consumption of fixed capital, and as R&D is used over 
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the years the accumulated consumption of fixed capital will approach the initial value of the capital 
formation. The use of the R&D will also be attributed to the non-market producers, which means that the 
cost of consumption of fixed capital will be added to their final consumption expenditure. But net aggregates 
in the national accounts, which exclude consumption of fixed capital, will only be affected by the treatment, 
if the size of new capital formation in R&D is different from the amount of depreciation of R&D. The impact 
on the main aggregates will of course depend upon the importance of R&D in the individual country. USA 
and a number of other developed countries have performed exercises to examine the impact on GDP, and 
found an impact of around one to two and half percent. Table 2. shows the impact for Israel.  

   

Table 2. Impact of treating R&D as capital in Israel's National Accounts, as percent of current GDP 

 Current 
GDP 

Gross fixed 
capital 

formation 
Market  

producers 

Gross fixed 
capital 

formation 
Non-market  
producers 

Less non-
market R&D 

already 
included as 

consumption 

Depreciation 
of R&D of 
Non-market 
producers 

Updating of 
recording 

of R&D as 
work in 
progress 

GDP after 
treating  
R&D as 
capita 

2004 100.0 2.0 1.2 1.2 1.1 -0.8 102.3 

2005 100.0 2.2 1.1 1.1 1.1 -0.8 102.6 

5. Analytical implications and conclusion
Analysis based on the current SNA may link production to labor input and use of tangible assets such 

as buildings, equipment and infrastructure, plus a few intangibles: software and mineral exploration. But by 
and large SNA93 only allows the analysis of production, where the impact of R&D is included in a black box 
called “Changes in technology”, and not as the impact of one variable among others to be changed by 
explicit policy. Data on R&D capital formation, capital stocks, and depreciation of R&D are currently 
constructed mostly by individual researchers, since no official data are available. Policy makers may make 
decisions either on the basis of research papers, or on the basis of more vague assumptions about the 
importance of investing in R&D compared to investing in other assets or inputs used in production. They 
may be aware of the amount of production of R&D in a current year compared to GDP or compared to 
production in other countries. But these data may not necessarily be a good indication of the use of R&D 
within the economy, and will not enable conclusions about the relative importance of R&D. In most cases 
policy makers’ decisions will be founded on the assumption that investing in R&D is worthwhile, but 
probably without a reasonable idea about how much is needed, and where it is needed.  

The recommendation to treat the major parts of R&D as capital in the SNA will ensure that timely, 
frequent and detailed series on R&D capital formation and R&D capital stocks will be available as a useful 
infrastructure of domestic and international comparable data for researchers and policy makers. Decisions on 
investments in R&D by industry and purpose may be based on data on existing assets and past performance, 
and outcomes of decision making in the public and private sectors may be examined and monitored 
thoroughly using data from detailed time series.  
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Nonresponse Issues in a Survey of Katrina Evacuees

Banks, David
Duke University, Institute of Statistics and Decision Sciences
Box 90251
Durham, NC 27708, USA
E-mail: banks@stat.duke.edu

1. Running a Survey After a Disaster

On August 29, Hurricane Katrina struck New Orleans. It was the third-largest landfalling hurricane in
the U.S., and the sixth largest Atlantic hurricane on record. The levees broke. In toto, at least 1,836
people died and $81.2 billion worth of property was damaged. The U.S. disaster response mechanisms
were inadequate and often mismanaged.
As one of many responses to tragedy, the National Science Foundation issued a call for SGER proposals
to study the effects of Katrina, with a submission date of Sept. 26, 2005. A joint proposal by David
Banks at Duke University, Edd Hauser at the University of North Carolina-Charlotte, and John
Lefante at Tulane University in New Orleans was among the successful submissions.

2.1 Planning the Survey

The initial intent was to be in the field by November. But there were many obstacles. The least
problematic were the statistical ones. Organizationally, our proposal required the cooperation of
Duke University, UNC-Charlotte, and Tulane.

• Duke provided the statistical and analytical component (and wrote the initial proposal).

• UNC-Charlotte had the Regional Center for Homeland Security and Major Disaster Management
and a survey call-center for our planned telephone interview mode for cell phone users.

• Tulane had people on the ground in New Orleans for the in-person interview mode, through the
Department of Biostatistics in the School of Public Health.

Duke and UNC-Charlotte could move fairly quickly, but Tulane was in shambles and the paperwork
approval process there was almost unworkable.
Throughout the preparation and well into the execution, communications were a major difficulty. The
Tulane computer center was under water, so university email did not work—people used personal AOL
accounts. Landlines were out and cell phone service was sporadic. Later, Tulane set up a website from
Baton Rouge where the scattered employees could post contact information, and that was invaluable.
The first step in preparing the proposal was to locate the grants officer at Tulane. She had been
relocated to Austin TX. We eventually sent her the NSF proposal on Sept. 23, for approval and
submission by Sept. 29. But Hurricane Rita struck Austin on Sept. 24 and she had to relocate her
office a second time. Nonetheless, she managed to get the proposal submitted on time.
In parallel, we developed the questionnaire and sampling plan. The purposes of the project were to:

• identify factors that affected people’s evacuation decision;

• identify factors that shaped the post-disaster experience;

The questionnaire had four main parts and took about 40 minutes to complete. It included:

• informed consent;
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• basic information about the decision on whether or not to depart, mode of transport, previous
hurricane experience, a checklist of factors;

• time-stamped personal narrative of post-strike circumstances, including the kinds of needs the
respondent had at different phases of the recovery and how those needs were met;

• basic demographic information.

There were minor differences between the in-person and telephone-mode questionnaires.
A significant hurdle was that each institution was to obtain IRB approval. Finding the Tulane IRB
officer was hard—she had relocated to Chapel Hill, eight miles from Duke University.
The IRBs feared the survey would rake up trauma (but in our experience, everyone was eager to talk).
The IRBs were also concerned about the safety of the interviewers—we set up a protocol for teaming,
check-in times, and prearranged sites. And the IRBs wanted strict privacy protection. We strongly
supported this, but it caused problems later when Tulane’s accounting department refused to issue
$50 checks to respondents without Social Security Numbers (they had originally promised that they
could do this). The final IRB sign-off was slow. We did not get into the field until January.

3.1 The In-Person Survey Mode

The in-person survey was intended to stratify on two variables: income and home elevation. But it
soon became clear that these were so correlated that in fact there was a single stratification. Rich
people tended to live on higher ground.
The initial target for the in-person mode was 500 respondents. Based on 2000 Census data on pop-
ulation density, the initial allocation was 120 households in unflooded areas, 380 in flooded areas.
Since most selected households were empty, the initial selection was supplemented as the in-person
interviews proceeded, from January into early May. But despite extraordinary efforts on the part of
the interviewers, the in-person interviews got only 115 responses.
This shortfall was nonresponse bias, not nonrespondent bias. People were happy to talk, and the survey
completion rate for people who were contacted was about 77% (as calculated under the American
Association of Public Opinion Research formula for Response Rate 5). The problem was that most
addresses to which the teams went were unoccupied. The NOLA West Bank and unflooded areas had
population decreases of 2,000 and 5,000, respectively. The flooded area lost 296,000. By August 2006,
returns had leveled off and the current population is now about half the pre-Katrina figure.
The protocol for conducting in-person interviews was to randomly put points on a city map, with
the number of points in each grid square proportional to the pre-Katrina residential population, as
estimated from the 2000 U.S. Census. Interviewers tried to contact the people at the closest residence
to a point.

3.2 Telephone Modes

Starting in April, the UNC-Charlotte call center began telephoning. The original plan had been to
call the cell phone exchanges in New Orleans (i.e., 504-4*0-****). But the call center balked. They
pointed to AAPOR guidelines that said cell phones should not be used for surveys since owners must
pay for the minutes. Such use would disaffect respondents and hurt response rates.
Reluctantly, we had the call center calling landlines in New Orleans and also Baton Rouge (since the
population of Baton Rouge had doubled, and a very significant fraction of households were boarding
refugees). Later, we persuaded the call center to try a half-day pilot with the cell phone exchanges.
They were astonished: they had no complaints, and they got the highest response rate they had ever
had (35%). Based on that, they agreed to do an additional two days of cell phone calling in the first
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week of May. This gave a total of 170 completed questionnaires.
The hope is that the cell phone calls helped patch the gap from the previous modes, which essentially
only found people who had returned to New Orleans (or gone to Baton Rouge). But there are many
potential biases: by May, people who did not intend to return may have let their cell phone accounts
drop (especially the poor); also, the very poor do not have cell phones.
Figure 1(a) shows the results of the this in-person survey effort, broken out by zip-code. Dark areas had
larger numbers of respondents. In this figure, the darkest areas are on high ground, and represented
the bias towards finding people who had returned to New Orleans and whose homes were largely
intact. In contrast, Figure 1(b) shows the pooled responses across all surveys. The cell phone and
landline calls did a lot to improve zip code coverage.

Figure 1(a): In-person responses by zip code. Figure 1(b): Pooled responses by zip code
for all survey modes.

3.4 Survey Findings (Unweighted)

Table 1 reviews the top-level univariate results (without bias correction by weighting).

Table 1: Summary of main demographic factors.

Gender 42% Male 58% Female
Income 20% less than $20K 25% greater than $80K

Race 39% Black 56% White
Home 19% Rent 75% Own

Evacuation 81% Evacuated 19% Stayed

The survey found too many rich people, too many home-owners, too many women (and too many
older Black women, when one looks at the multiway table). This is not surprising given the biases
implicit in the in-person and landline modes.
One of the primary goals of the survey was to discover which factors influenced people’s decisions about
whether or not to evacuate before hurricane Katrina struck. Of those that evacuated, 28 indicated
that the welfare of other family members was key, 14 said it was a personal decision, and 13 referred to
the size and strength of the storm. In contrast, many who stayed did not have an articulated basis for
their decision, although 7 mentioned successful experience with previous hurricanes, and 4 mentioned
illness or injury as their reason to stay. About 15% of the population appears unwilling to evacuate
in advance of a forecast disaster unless the danger is immediate.
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A second objective of this research was to identify factors that affected the post-evacuation experience.
This aspect was strongly reflected in the number of moves one made after leaving New Orleans. One
typical behavior was that a person spent a few days at one location, and then several months at
another location, using that second location as a base for staging a return to the city. At the other
extreme, there were many people who initially went to many different locations, staying at each for
a few days or weeks, before finally finding a long-term housing arrangement. Among these, a much
smaller proportion (about 30%) said they intended to return to New Orleans. Table 2 shows how
these relocation patterns are broken out with respect to some of the other variables in the study.

Table 2: Number of relocations broken out by race, income, and decision to evacuate
before the storm.

Number of Moves
After Leaving NOLA
2-3 4 5 6-11

Race Black 15 14 22 16
White 11 5 8 12

Income <$20K 6 2 5 7
$20K-$40K 4 4 13 8
$40K-$80K 7 7 7 8
> $80K 9 4 6 5

Evacuate Before 25 15 23 17
After 2 5 9 13

From Table 2 it is clearly better to have evacuated beforehand, and it was better to be rich. But
neither made as much difference as one might expect.

3. Conclusions

Some of the traditional survey research problems are less severe after a disaster. People are generally
willing to be interviewed, and often financing is quickly available to fund research. Also, there is
usually greater flexibility for innovative approaches.
Other problems become more severe. The nonresponse bias is probably large, since traditional means
of contacting people are disrupted. One needs to correct for biases concerning the respondents one
was able to reach. Also, the work must be planned, begun, and finished quickly, since the situation
on the ground is fluid and validity of the findings pertains only to a narrow window in time.

RÉSUMÉ

Shortly after hurricane Katrina struck New Orleans, the National Science Foundation provided
funding for a survey of people who had been residents before the storm. The three main purposes of
the survey were to (1) identify factors that affected the decision on whether to evacuate beforehand,
(2) distinguish the broad patterns of the refugee experience, and (3) use network models to determine
what kinds of relief and support were most effective at different phases of the recovery. The survey
posed novel methodological challenges—addresses were mostly unoccupied, mail was disrupted, and cell
phone ownership is not representative of the population. This paper describes the problems and our
attempts to address them. The research was supported by NSF grant REC-0555934.
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A Bayesian Allocation of Undecided Respondents

Balgobin Nandram, WPI, 100 Institute Rd, Worcester MA 01609, and
Jai Won Choi, CDC, 3311 Toledo Rd, Hyattsville, MD 20782

Abstract: Data from survey or polling are typically presented in two-way categorical tables, and

there are many surveys or polls before the actual election in November. For example, in the Buckeye

State Poll in 1998 for governor there are three polls, January, April and October; the ¯rst category

represents the candidates (e.g., Fisher, Taft and other) and the second category represents the

current status of the voters (likely to vote and not likely to vote). There is a substantial number

of undecided voters, and we use a Bayesian method to allocate the undecided voters to the three

candidates. We propose a time-dependent nonignorable nonresponse model for the three tables.

As competitors we also consider two other models, an ignorable and a nonignorable nonresponse

models. Markov chain Monte Carlo methods are used to ¯t the models. We also construct a

parameter that can be used to \predict" the winner among the candidates. This method can easily

applied to health survey. For instance, in 3x3 two-way table of 3 limitations of activity and 3 age

groups, some did not give their limitation of activities with their age known, we can predict the

future limitation of activity by distributing them to proper limitation of activity cells.

1. Introduction
It is a common practice to use two-way categorical tables to present survey data. Our application

is to \predict" the winner in an election using tables constructed from a short series of polls. For
many surveys, there are missing data and this gives rise to partial classi¯cation of the sampled
individuals. Thus, for the two-way table there are both item nonresponse (one of the two categories
is missing) and unit nonresponse (both categories are missing). One may not know how the data
are missing, and a model that includes some di®erence between the observed data and missing data
(i.e., nonignorable missing data) may be preferred. For a general r£ c categorical table we address
the issue of estimation of the cell probabilities of the two-way table. This problem is important
because, with a substantial number of undecided voters, an election prediction based on only the
partially observed data may be misleading.

Essentially there are four two-way tables, one table with all completers and three supplemental
tables. Of the three supplemental tables, the ¯rst with only row classi¯cations and the second with
only column classi¯cations correspond to item nonresponse, and the third without any classi¯cation
corresponds to unit nonresponse. We have extended the ignorable and nonignorable nonresponse
models for two-way categorical tables (see Nandram, Cox and Choi 2003) to accommodate a third
category (e.g., time in a sequence of election polls). We have extended these models even further to
include a time-dependent nonignorable nonresponse structure. The inclusion of the time-dependent
structure can provide a more e±cient prediction. A Bayesian method permits modeling di®erent
patterns of missingness under ignorability and nonignorability assumptions and a time-dependent
nonignorable nonresponse model. (see Nandram, Han and Choi, 2002; Nandram and Choi ,2002
a,b; Chen and Stasny, 2003; Nandram, Cox and Choi, 2003)

1
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In our example of Ohio election, about 73% of the voters are completely classi¯ed, 27% have
no decision about candidacy, only 1% did not know whether they would vote or not, and 5% com-
pletely unclassi¯ed among the 648 participants. The data set, used in our study, is presented in
Table 1 as a 4x3 categorical table of candidate preference and voter's status. Our problem is to
predict the winning candidate by estimating the proportion of ¯nal votes for each candidate. In
this paper, our key contribution is to introduce a Bayesian method to analyze data from an r £ c
categorical table when there are both item and unit nonresponses, and the missing data mechanism
can be nonignorable with a time-dependent structure.

2. Methodology
We have constructed a time-dependent nonignorable nonresponse model for the 1998 Ohio Poll
data. For comparison we have also considered two other models, an ignorable and a nonignorable
nonresponse model. These latter two models are not time dependent because we assume that the
three time points come from the same stochastic process (i.e., no correlation across time) Essentially
we start with the ignorable nonresponse model which is expanded into a nonignorable nonresponse
model, and we extend the nonignorable nonresponse model to a time-dependent model.

Let Itjk`, missing status t = 1; : : : ; T , row j = 1; : : : ; r; column k = 1; : : : ; c; individual
` = 1; : : : ; L denote the characteristic (1, observed or 0, missing) of an individual in the two-way
table (i.e., the row and column the individual belongs to). In our application time T = 3, r = 2
and c = 3. Let J

~
t` = (1; 0; 0; 0), (0; 1; 0; 0), (0; 0; 1; 0), or (0; 0; 0; 1) which of the four tables (one

with completers and three supplemental tables) the `th individual belongs (e.g., J
~
t` = (1; 0; 0; 0)

indicates that the individual belongs to the completely observed table).
Aside from the time dependent model (nonignorable), we have used two other models. Let

(Jl = 1 j Ijkl = 1; Ij0k0l = 0; j 6= j0; k 6= k0) = ¼jk. If ¼jk = ¼, this is ignorable and otherwise it
is nonignorable. We do not know whether an ignorable nonresponse model or a nonignorable non-
response model is appropriate. But one may have uncertainty about the ignorability of undecided
voters in election polls.

Let the cell counts be ytsjk =
nX

`=1

Itjk`Jts`; s = 1; 2; 3; 4 for the four cases. Here yt1jk are observed

and ytsjk; s = 2; 3; 4, t = 1; : : : ; T are missing (i.e., latent variables). For yt1jk we know that the
sum over the cells is nt0. For yt2jk, the sum is utj , where the row margins utj ; j = 1; : : : ; r are
observed. For yt3jk, the sum is vtk, where the column margins vtk; k = 1; : : : ; c are observed.
For yt4jk we know that the sum is wt. In this analysis nt0, ut

~
, vt
~
and wt are held ¯xed (i.e.,

¯xed margin analysis) and known. Denote y
~
t(1) = (y

~
t2; y
~
t3; y
~
t4); y

~
t(2) = (y

~
t1; y
~
t3; y
~
t4) etc.; where

y
~
ts = (ytsjk; j = 1; : : : r; k = 1; : : : ; c); t = 1; : : : ; T; s = 1; 2; 3; 4. Also, the sum of ytsjk over s, j,
and k is nt. We will also use yt

~
= (y
~
t1; y
~
t2; y
~
t3; y
~
t4).

In Section 2.1 we describe the three models, and in Section 2.2 we show how to ¯t the time-
dependent nonignorable nonresponse model. The ignorable and nonignorable nonresponse models
can be ¯t in a similar manner.

Letting I
~
t` = Itjk`. we take I

~
t` j pt

~

iid» Multinomialf1; pt
~
g, where the sum of ptjk is one and

each is greater than zero.

For the ignorable nonresponse model we take J
~
t` j ¼

~
t
iid» Multinomialf1; ¼

~
tg. That is, there is

no dependence on the cell status of an individual. For the nonignorable nonresponse models we

take J
~
t` j fItjk` = 1; Itj0k0` = 0; j6= j0; k6= k0; ¼

~
tjkg iid» Multinomialf1; ¼

~
tjkg.

Above assumption speci¯es that the probabilities an individual belongs to one of the four tables

2
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depend on the two characteristics (i.e., row and column classi¯cation) of the individual. In this
manner we incorporate the assumption that the missing data is nonignorable.

It follows that for the ignorable model, the likelihood function is g(pt
~
; ¼
~
j y
~
t1) and the nonig-

norable likelihood function is g(p
~
; ¼
~
; y
~
(1) j y

~
1)

Note that under ignorability the likelihood function it has two pieces, one that contains the ¼ts
only and the other the ptjk, and inference about these two parameters are unrelated. We specify
prior densities for the hyperparameters for these parameters.

Combining the likelihood function g(p
~
t; ¼
~
; y
~
(1) j y

~
1) with the joint prior density of parameters,

the joint posterior density is
p(¼
~
; p
~
; ¹
~
1; ¿1; ¿2; y

~
(1) j y

~
1);

where y
~
(1) is the latent variables. This posterior density is complex, so we will use Markov chain

Monte Carlo methods to ¯t it. However, it is easy to ¯t the time-dependent model using the griddy
Metropolis-Hastings sampler as we will describe. Also, in a similar manner using the griddy Gibbs
sampler, it is easy to ¯t the ignorable and the nonignorable nonresponse models. We obtain a sample
from the joint posterior density in order to make inference about the parameters. Speci¯cally, we
need to make inference about p

~
t. To run the Metropolis-Hastings sampler, we need the conditional

posterior density of each of the parameters given the others.

3. Data Analysis
In Table 2, we compare inference about the proportions of October voters allocated to the three

candidates by our models and those of Chen and Stasny (2003). The results are based on the prior
¿1. We also present the actual proportions taken from the Chang and Krosnick (1998). The actual
proportions are (.45, .50, .05) for Fisher, Taft and other. Using our time-dependent nonresponse
model these proportions are estimated to be (.44, .49, .07). These compare favorably with the
actual outcomes. The corresponding estimates are (.41, .51, .08) for the ignorable nonresponse
model and (.36, .56, .08) for the nonignorable nonresponse model. The best result of Chen and
Stasny (2003) is obtained from their Model D, and their estimates are (.42, .51,.07); but there is
no measure of the reliability of their estimates. We can provided 95% credible intervals for our
estimates, and this is a clear advantage over Chen and Stasny (2003) who have proposed to provide
measures of variability in the future.
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Table 1: Classi¯cation of October 1998 Buckeye State Poll by voting status and candidate

Candidate

Status Fisher Taft Other Undecided Total

a. January, 1998
Likely to vote 127 183 8 109 427
Not likely to vote 57 94 4 59 214
Undecided 0 2 0 5 7
Total 184 279 12 173 648
b. April, 1998
Likely to vote 114 135 1 61 311
Not likely to vote 104 149 3 78 334
Undecided 2 6 0 3 11
Total 220 290 4 142 656
c. October, 1998
Likely to vote 112 140 23 61 336
Not likely to vote 96 108 21 73 298
Undecided 7 11 1 4 23
Total 215 259 45 138 657

NOTE: These data are taken from Chang and Krosnick (1998); Chen and Stasny (2003) used a
very similar data set.

Table 2: Comparison of the proportion of likely voters for the October 1998 poll for di®erent
models with actual outcome of the November 1998 election

Candidate

Status Fisher Taft Other

Sample Estimate .41 .51 .08
Actual Outcome .45 .50 .05
Chen/Stasny models A,B,C .41 .51 .08
Chen/Stasny model D .42 .51 .07
Chen/Stasny model E .41 .51 .08
IG-model .41 .51 .08
95% CI (.35, .47) (.45, .57) (.06, .12)
Nig-model .36 .56 .08
95% CI (.29, .50) (.42, .63) (.05, .11)
Time-Nig-model .44 .49 .07
95% CI (.30, .55) (.38, .63) (.04, .11)

NOTE: In this table c0 = :65 and ¹0 = :50.

4

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 2003 -



Variance Estimation for Data with Nearest Neighbor Imputation

Kim, Jae kwang
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Consider the situation in which an item is missing from some sample records. Call the records
with the item missing nonrespondents and let records with the item present be called respondents.
Assume that a distance measure can be computed using the items available on all records. Nearest
neighbor imputation (NNI) selects the respondent closest to the nonrespondent and inserts the re-
spondent value for the missing item. The respondent providing the value is called the donor and the
nonrespondent is called the recipient. Chen and Shao (2000) gave conditions under which the bias is
small relative to the standard error and proposed a model-based variance estimator.

Fractional imputation is a procedure in which multiple donors, say M , are chosen for each
recipient. The value for each donor is given a weight equal to a fraction of the original weight,
where the fraction is typically M−1. Fractional imputation was suggested by Kalton and Kish (1984)
and studied by Kim and Fuller (2004). We combine fractional imputation with the nearest neighbor
criterion for selecting donors.

Assume that a finite universe U is generated by a stochastic mechanism and that a distance
measure is defined for the elements. Let a neighborhood of element g be composed of elements that
are close to element g. Assume that an adequate approximation for the distribution of elements in
the neighborhood is

yj
i.i.∼ (

μg, σ
2
g

)
j ∈ Bg, (1)

where i.i.∼ denotes independently and identically distributed and Bg is the set of indices for the elements
in the neighborhood of element g. We assume that response is independent of the y-values so that the
distribution (1) holds for both recipients and donors.

Let a probability sample be selected from the finite universe U with selection probabilities πj .
Let the estimated total for a complete sample be

T̂ =
∑
i∈A

wiyi.

where wi = π−1
i and A is the set of indices in the sample. Then, the variance of T̂ can be written

V

{∑
i∈A

wiyi − T

}
= V

{∑
i∈A

wiμi −
∑
i∈U

μi

}
+ E

{∑
i∈A

(
w2

i − wi

)
σ2

i

}
. (2)

Assume that y is missing for some elements and assume there are always at least M observations
on y in the neighborhood of each missing value. Let an imputation procedure be used to assign M

donors to each recipient. Let w∗
ij be the fraction of the weight allocated to donor i for recipient j,

where
∑

i w
∗
ij = 1 and it is understood that w∗

ii = 1 for a donor donating to itself. Then the imputed
estimator is

T̂I =
∑
j∈A

wjyIj =
∑
i∈AR

αiyi, (3)
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where αi =
∑

j∈A wjw
∗
ij and AR is the set of indices of the respondents. Furthermore,

V
(
T̂I

)
= V

{∑
i∈A

wiμi −
∑
i∈U

μi

}
+ E

⎧⎨⎩∑
i∈AR

(
α2

i − αi

)
σ2

i

⎫⎬⎭ . (4)

Let a replicate of the estimator be formed by creating replicate weights w
(k)
j and w

∗(k)
ij for the

k-th replicate. Let the replicate variance estimator be

V̂
(
T̂I

)
=

L∑
k=1

ck

(
T̂

(k)
I − T̂I

)2
, (5)

where T̂
(k)
I =

∑
i∈AR

∑
j∈A w

(k)
j w

∗(k)
ij yi is the estimate for the k-th replicate, L is the number of

replicates, and ck is a factor associated with replicate k determined by the replication method. If the
replicates of w∗

ij satisfy ∑
i∈AR

w
∗(k)
ij = 1, for all j ∈ A (6)

the expected value of the estimator (4) is

E
{

V̂
(
T̂I

)}
= V

{∑
i∈A

wiμi −
∑
i∈U

μi

}
+ E

⎧⎨⎩
L∑

k=1

∑
i∈AR

ck

(
α

(k)
i − αi

)2
σ2

i

⎫⎬⎭ , (7)

where α
(k)
i =

∑
j w

(k)
j w

∗(k)
ij . If the replicated fractional weights satisfy, in addition to (6),

L∑
k=1

ck

⎧⎨⎩(α(k)
i − αi

)2
+
∑

t∈DRi

(
α

(k)
t − αt

)2

⎫⎬⎭ = α2
i − αi +

∑
t∈DRi

(
α2

t − αt

)
, (8)

where DRi is the set of donors, other than i, to recipients from donor i, the variance estimator will be
unbiased.

Following Kim and Fuller (2004), it is possible to construct fractional replicate weights that
satisfy (6) and (8). We consider replicates formed by deleting a single element. Let the superscript k

denote the replicate where element k is deleted. First the replicates for the variance estimator with
w

∗(k)
ij = w∗

ij are computed, and the sum of squares for element i is computed as

L∑
k=1

ck

(
α

(k)
i1 − αi

)2
= φi, i ∈ AR, (9)

where α
(k)
i1 =

∑
j∈A w

(k)
j w∗

ij . Assume that w
(k)
i are weights such that the variance estimator for a full

sample is unbiased.
In the second step the fractions for replicates for donors are modified. Let the new fractional

weight in replicate k for the value donated by k to j be

w
∗(k)
kj = w∗

kj (1 − bk) , (10)

where bk is to be determined. For fractional imputation with M donors to each recipient, the new
fractional weight for each of the other M − 1 donors, other that donor k, denoted by t, to j is

w
∗(k)
tj = w∗

tj + (M − 1)−1 bkw
∗
kj . (11)
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The variance estimator will be unbiased if bk satisfies

ck

(
α

(k)
k1 − αk − bk

∑
j∈AM

w
(k)
j w∗

kj

)2 − ck

(
α

(k)
k1 − αk

)2

+
∑

t∈DRk
ck

[
α

(k)
t1 − αt + bk (M − 1)−1∑

j∈AM
w

(k)
j w∗

kjdtj

]2 −∑t∈DRk
ck

(
α

(k)
t1 − αt

)2

= α2
k − αk − φk,

(12)

where DRk is defined following (8).
The Census Bureau’s Small Area Income and Poverty Estimate (SAIPE) program requires vari-

ance estimates for poverty and income statistics estimated from Census 2000 long form data for various
age groups for states, counties, and school districts.

The Census long-form sample is a stratified random sample with four strata in each state. Near-
est neighbor imputation was used to impute for the missing items. Estimation uses poststratification
and raking with controls from the Census short form. The grouped jackknife method is used for vari-
ance estimation where the sample is divided into 100 groups. A group is deleted to form a replicate.
The basic estimation procedure is replicated on the replicated sample, where the weighting procedure
consists of two steps. The first step is a poststratification in each final weighting area and the second
step is the raking ratio estimation using the short form population totals as controls. The raking is
not carried to convergence, but the replicated final weights produce very small variance estimates for
the estimates used as controls.

To estimate the imputation variance, a second nearest neighbor is identified for each nonrespon-
dent for each income item. The first donor is used for production estimation and the second donor is
used only for variance estimation. A fractional weight of one is assigned to the imputed value from the
first donor and a fractional weight of zero is assigned to the imputed value from the second donor for
production estimation. The fractional weight is changed for the replicate, when the jackknife group
containing the first donor is deleted. The amount of change is determined so that conditions (6) and
(8) are satisfied. The replicate fractional weights are constructed separately for each income item.

The proposed variance estimation method was applied to data from the state of Delaware. In
Delaware, about 31% of the people age 15 and over have at least one income item imputed. For
state-level estimation, we consider estimators for the total number of people in poverty, the number of
children under age 5 in poverty, the number of related children age 5 to 17 in families in poverty, the
number of children under age 18 in poverty, median household income, and average household income.

Table 1 contains three estimated variances. The “naive” variance estimator incorporates the
stratification in the construction of replicate weights but does not reflect the effects at the raking. In
the naive variance estimator imputed values are treated as observed values. The variance estimator
named “Weighting” incorporates stratification and raking in replicate weight construction but does not
reflect the effect of imputation in that imputed values are treated as observed values. The “imputation”
variance estimator reflects the effects of stratification, raking, and imputation.

The standardized standard errors in the last column are computed by dividing each estimated
standard error by the estimated standard error for the “weighting” procedure. As expected, raking
reduces the variance and imputation increases the variance. Imputation has a greater effect on variance
estimates for the poverty variables than on the variance of other parameters. This is because the
imputation rate is higher for persons with low imputed income than for persons with higher income.

DISCLAIMER

The reported research was supported by the U.S. Census Bureau. Any views expressed are those
of the authors and do not necessarily represent those of the U.S. Census Bureau.
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Table 1: Variance estimation results for Delaware

State Parameter Method Est. SE CV (%) Std. SE
Naive 1,037 1.48 119

θ1 Weighting 870 1.25 100
(Total in poverty) Imputation 1,161 1.66 133

Naive 292 4.03 132
θ2 Weighting 221 3.04 100

(0-4 in poverty) Imputation 260 3.59 118
Naive 429 2.80 117

Delaware θ3 Weighting 366 2.39 100
(5-17 related in poverty) Imputation 467 3.05 128

Naive 571 2.44 125
θ4 Weighting 458 1.96 100

(0-17 in poverty) Imputation 592 2.53 129
Naive 202 4.28 114

Median Weighting 177 0.37 100
HH income Imputation 207 0.44 117

Naive 294 0.49 135
Average Weighting 218 0.36 100

HH income Imputation 264 0.44 121

Chen, J. and Shao, J. (2000). Nearest neighbor imputation for survey data. Journal of Official Statistics.
16, 113-132.

Kalton, G. and Kish, L. (1984). Some efficient random imputation methods. Communications in Statis-
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1. Introduction

The National Health and Nutrition Examination Survey (NHANES III) is one of the surveys used to assess
an aspect of the health of the U.S. population. One of the variables in this survey is body mass index
(BMI, body weight in kilograms divided by [(height in meters)2]) which is currently used as a measure
to diagnose at risk of overweight and overweight in children and adolescents. The NHANES III data are
biased because there are many nonrespondents among children and adolescents, and nonresponse should
not be ignored because respondents may differ from nonrespondents (i.e., nonignorable nonresponse).
Nandram and Choi (2005, 2006) fit hierarchical Bayesian models to accommodate such a nonresponse
mechanism. We seek more robust models, robust to distributional assumptions and outliers.

The Expert Committee on Clinical Guidelines for Overweight in Adolescent Prevention Services
present criteria for overweight to be integrated into routine screening of adolescents. BMI should be
used routinely to screen for at risk of overweight and overweight in children and adolescents. Youths
with BMIs at least the 95th percentile for age and sex (WHO Consultation of Obesity, 2000) should be
considered overweight and referred for in depth medical follow-up to determine underlying diagnoses. The
purpose of this work is to predict these percentiles for the finite population of children and adolescents,
post-stratified by county for each domain formed by age, race and sex and to investigate what

Nandram and Choi (2005) extend a model of Greenlees, Reece and Zieschang (1982) to accommodate
small domains for the NHANES III data, and in addition, they incorporate a regression with linear splines
to accommodate the dynamic relation between BMI and age. The main contribution in Nandram and
Choi (2005) is a Bayesian predictive inference of the finite population mean using a spline regression
model in which the logarithm of the BMI values are modeled. Nandram and Choi (2006) make four
additional contributions; one of them is a model which includes the selection probabilities.

2. Robust Bayesian Methodology

Our method has three main steps. First, we use robust logistic regression model to obtain propensity
scores. Second, using these propensity scores to form adjustment cells, we fill in the nonrespondents.
Third, we fit a linear spline rank-based regression model (Hettmansperger 1984) of the logarithmic BMI
values (respondents and nonrespondents) on the relevant covariates and use this model also to predict
the nonsampled BMI values. We also include the selection probabilities. We will call this model the
robustified logistic regression model; there are two such models, one includes selection probabilities and
the other does not.

We assume that

Iij | {β
˜
, νi, η = ar}

ind
∼ Bernoulli[Tar{(z

˜

′

ijβ
˜

+ νi)/γ}], j = 1, . . . , ni, (1)
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with Tar(·) is the cumulative distribution function of the Student’s t density on ar degrees of freedom,

νi | σ
2 iid
∼ Normal(0, σ2), i = 1, . . . , �, (2)

Pr(η = ar) = ωr, r = 1, . . . , R,
R∑

r=1

ωr = 1, (3)

where γ = π
√

7/27 (see Mudholkar and George 1978) and {(ar, ωr), r = 1, . . . , R} is specified with R the
number of values of η. In our application we take a1 = 3, a2 = 6, a3 = 9, a4 = 12, a5 = 25, a6 = 50.
Here a1 = 3 is near a Cauchy density, a3 = 9 is the approximate logistic density and a6 = 50 is near
a normal density. The construction in (1), (2) and (3) is a prescription of R models, the rth model
having probability ωr. Note that the νi are area effects, and they form a common stochastic process.
Moreover, note that the regression coefficients are not allowed to change over the models; thus facilitating
a borrowing of strength across the counties and this is moderated by the νi.

Finally, a priori we assume that β
˜

and σ2 are independent with

β
˜
∼ Normal(θ

˜
0, Δ0) and p(σ2) = 1/(1 + σ2)2, σ2 > 0, (4)

where θ
˜
0 and Δ0 are specified. We specify θ

˜
0 and Δ0 by performing a standard logistic regression of the

response indicators on the covariates, taking θ
˜
0 as the point estimator of β

˜
and Δ0 as the covariance

matrix inflated one hundred times.
The joint posterior density is
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where γ = π
√

7/27 is a known quantity. We use the Metropolis-Hastings sampler to obtain a sample
(β
˜

(h), η(h), ν
˜

(h)), h = 1, . . . ,M = 1000 (from the joint posterior density) which we use for inference about
the finite population percentiles.

To each value of β
˜
, ν

˜
, σ2, obtained from from the Metropolis-Hastings sampler, we fill in η from its

conditional posterior probability mass function. Thus, we draw a value of η and we compute Tη(
z
˜

′

ij
β
˜

+νi

γ ),

i = 1, . . . , �, j = 1, . . . , ni. At the hth iterate, the propensity scores are Tη(h){(z
˜

ijβ
˜

(h) + ν
(h)
i )/γ}, j =

1, . . . , ni, i = 1, . . . , �, where η(h) is one of the ar, r = 1, . . . , R, and at the hth iterate, we have partitioned
all propensity scores (respondents and nonrespondents in all counties) into five strata (adjustment cells).
We have computed five quintiles (to form the strata) of the propensity scores, and we allocated both the
respondents and the nonrespondents to these strata. So we now know which stratum each individual
(respondent or nonrespondent) belongs, albeit with uncertainty.

For each stratum, we construct a kernel density estimator of the observed values. Then, letting Ls

denote the number of respondents in the sth adjustment cell, we order the logarithm of the BMI values for
the respondents within the sth adjustment cell as x̃sj , j = 1, . . . , Ls. Then, to estimate the density of the

x̃sj , we use the kernel density estimator, g(x̃) =
∑Ls

j=1
1

Ls

1
hopt

φ(
x̃−x̃sj

hopt
), where φ(·) is the standard normal

density and hopt = 1.06

L
1/5
s

min(STD, IQR/1.34) with STD and IQR respectively the standard deviation

and interquartile range of the x̃sj , j = 1, . . . , Ls, s=1,. . . ,5; see Silverman (1986, pg. 47).
Then, to fill in a BMI value for a nonrespondent, we draw a random value form g(x̃). Specifically, we

draw a random sample of size one from the labels j = 1, . . . , Ls, say j′, and then draw the logarithm of
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the BMI value from the normal distribution with mean x̃sj′ and standard deviation hopt. We obtain the
BMI value xsj by retransforming x̃sj (i.e., xsj = exp(x̃sj). The entire process is repeated independently
for all the nonrespondents in each of the five adjustment cells. At the hth iterate, we have done so for
all nonrespondents in all strata. Note that this process includes uncertainty about the formation of the
strata as well because the adjustment cells are formed at each iterate.

Second, a similar procedure, but without using the adjustment cells, can be applied to the BMI values
of the nonsampled individuals, which are needed to obtain the finite population percentiles. Specifically,
we use a linear spline rank-based estimation procedure. In passing, we note that a less robust alternative
is the least squares procedure.

For i = 1, . . . , �, j = 1, . . . , Ni, we let zij0 = 1 for an intercept, zij3 = 1 for non-black and zij3 = 0 for
black, zij4 = 1 for male and zij4 = 0 for female, zij5 = zij3 × zij4 for the interaction between race and
sex. Here zij1 = (aij − 8)+ and zij2 = (aij − 13)+ with again c+ = 0 if c ≤ 0 and c+ = c if c > 0.

We specify the following model for all individuals in the finite population (i.e., sample respondents
and nonrespondents and nonsample individuals). At the hth iterate letting x̃ij denote the logarithm

of the BMI values, we use the model, x̃
(h)
ij = z

˜

′

ij β̃
˜

i + eij , i = 1, . . . , �, j = 1, . . . , Ni, where eij are

independent and identically distributed. Note that x̃
(h)
ij , j = 1, . . . , ri do not change with h because

they are observed, and the unobserved x̃
(h)
ij , j = ri + 1, . . . , ni for the nonrespondents in the sample are

obtained using the kernel density estimator as described for the nonrespondents, without any specific
distribution assumptions. That is, both the BMI values of the respondents and the nonrespondents are
used to estimate the β̃

˜
i. Also, note that the parameters of this model are not related to those in the

robust logistic regression model.

Then, using the rank-based estimators β̃
˜

(h)
i , we obtain the residuals ẽ

(h)
ij = x̃

(h)
ij − z

˜

′

ij β̃
˜

(h)
i , i =

1, . . . , �, j = 1, . . . , ni. Two dispersion functions are used; the first one includes the election proba-
bilities and the second does not. In a manner similar to the nonrespondents, within the ith county and

at the hth iterate, we have constructed a kernel density estimator using the ẽ
(h)
ij , j = 1, . . . , ni. Thus, to

fill in the BMI values for the nonsampled population, we draw a random sample of size Ni−ni using the

kernel density estimator, formed by the ẽ
(h)
ij from the ith county, i = 1, . . . , �. Then, x

(h)
ij = exp{x̃

(h)
ij },

where x̃
(h)
ij = ẽ

(h)
ij + z

˜

′

ij β̃
˜

(h)
i , i = 1, . . . , �, j = ni + 1, . . . , Ni, are obtained.

3. Conclusion

While there are important differences among the counties (Nandram and Choi 2006), we exemplify our
results using one of the domains within one of the thirty five counties. In Table 1, we compare four
models to see the effects of robustification and inclusion of the selection probabilities. We have similar
comparisons for white females, black males and black females.
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Table 1: Posterior means (PM), posterior standard deviations (PSD) and 95% credible intervals for the
85th and 95th percentiles of BMI for white males from county 11 by model and age

85th Percentile 95th Percentile

Model Age PM PSD Interval PM PSD Interval

1 1 18.0 0.23 (17.5, 18.4) 19.7 0.25 (19.2, 20.2)
2 18.2 0.23 (17.8, 18.7) 19.9 0.25 (19.4, 20.4)
3 22.6 0.43 (21.7, 23.4) 24.8 0.48 (23.8, 25.7)
4 25.1 0.84 (23.4, 26.7) 27.5 0.92 (25.6, 29.3)

2 1 18.1 0.15 (17.8, 18.3) 19.4 0.16 (19.1, 19.8)
2 18.2 0.15 (17.9, 18.5) 19.7 0.17 (19.3, 20.0)
3 22.1 0.39 (21.3, 22.8) 23.8 0.42 (22.9, 24.6)
4 24.3 0.78 (22.7, 26.0) 26.2 0.85 (24.5, 28.0)

4 1 17.9 0.35 (17.2, 18.6) 20.3 0.62 (19.3, 21.6)
2 18.0 0.35 (17.4, 18.8) 20.5 0.62 (19.4, 21.9)
3 20.9 0.69 (19.7, 22.3) 23.7 0.95 (22.2, 25.9)
4 25.6 0.40 (24.8, 26.4) 29.0 0.81 (27.7, 30.9)

5 1 17.1 0.22 (16.8, 17.6) 19.4 0.44 (18.6, 20.4)
2 17.3 0.23 (16.9, 17.7) 19.5 0.45 (18.8, 20.5)
3 20.1 0.39 (19.4, 20.9) 22.7 0.63 (21.7, 24.1)
4 25.3 0.35 (24.7, 26.0) 28.6 0.74 (27.4, 30.3)

NOTE. Age: 1 – (2-4), 2 – (5-9), 3 – (10-14), and 4 – (15-19); Model: 1 – (spline regression model), 2 –
(spline regression model with selection probabilities), 4 – (robustified logistic regression model), 5 –
(robustified logistic regression with selection probabilities). Models 1 and 3 do not include selection
probabilities; Models 4 and 5 include selection probabilities.
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Paradata Inference Applications
Fritz Scheuren, VP Statistics 
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Introduction. Paradata can be either macro or micro. Macro paradata is very common 
and widely used. Most of the familiar examples of macro paradata measures are in the 
form of global process summaries, like overall response or coverage rates. The 
widespread dissatisfaction with existing quality measures seems to lie in this area. While 
these producer-based marginal summaries should continue what is needed is a joint 
undertaking of data producers with their clients. At present we assess data quality by 
macro paradata measures that are an outgrowth of the randomization-based approach to 
survey sampling that triumphed in government agencies around the world in the two 
decades after the seminal 1934 paper of Neyman..  
 Micro paradata is less common than macro paradata. A notable exception is that 
good survey systems keep track of and flag, on individual records, data items that have 
been imputed. Seldom are other micro paradata flags provided to survey clients. The 
extra expense involved and simple inertia seem among the reasons why clients seldom 
obtain or use micro paradata. When most of our present measures were developed, 
nonsampling error problems, like nonresponse, were less serious or less well understood. 
Now there is a widespread belief that the randomization paradigm needs to be replaced 
by a more explicitly model-based approach that continues to incorporates features like 
random selection but appeals explicitly (rather than just implicitly) to models when 
making inferences.  
 Finally, and of increasing importance, the client perspective needs to be 
recognized, both organizationally and in the development of metadata and paradata 
systems. We are producing a service and not a product; thus, simply providing producer 
measures of product quality will not be enough, no matter how good they are. In 
assessing the quality of a service, there are three elements to look at, which we have 
expressed in equation form as – 

Quality  = Producer + Client + Joint. 

In most of the survey literature on quality the focus has been on the first term, when it 
may well be the third (interaction) term that is key for survey inference..  

Barriers to Improved Assessment What are the biggest barriers to improving quality 
assessments in surveys? Reciting a few of the perceived barriers, in addition to those 
touched on above, will be done to help frame what comes next.  

(1) Probably the biggest barrier is that the need to make a change is not felt by data 
producers. No compelling case has been made to rethink a process that seems to have 
been highly success historically. Producers, even if they wanted to change, have not been 
given a workable alternative. Clients often do not even realize that they are not fully 
utilizing survey results. They may ignore nonsampling errors altogether or treat them just 
verbally.
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(2) Producers do not usually make it possible for clients to do their own assessments of 
nonsampling error. Existing, so-called, quality measures are often very simple by-
products of survey operations and do not use either modern computational power or, 
indeed to any serious degree, the power of modern statistics. 

(3) Two-way communication and real listening systems are entirely too rare. Producers 
need to better learn the language of their customers and especially to build better listening 
mechanisms, like customer surveys, that get needed feedbacks. Right now, much of the 
producer-client communication that goes on is systematically carried out in only one 
direction. Failure to build adequate listening systems may be among the most serious 
barriers to producer improvement. The idea that the creation of information is done 
jointly with clients has not penetrated deeply enough into producer operating systems.  

(4) Many survey organizations do an extremely good job of providing detailed 
information about their processes and running training classes for users. All kinds of 
interesting general tidbits can be had, except what they might mean to the interpretation 
of a particular client result. The need for “just-in-time” knowledge, like that possible with 
web-based metadata systems, can be a partial answer but this movement is still at an early 
stage.

(5) The slowness of large survey systems to change is discouraging. Budget pressures and 
the need to focus on, in some settings at least, growing nonsampling problems, especially 
unit nonresponse, absorb us. Whatever the reason, there is not enough creative energy 
being expended on finding new and better ways to measure quality. The gap is especially 
noticeable in aiding end-users in the development of the quality measures that “fit their 
use” -- even though we (and they) cannot fully predict what that use will be ahead of 
time. In any event, survey products and documentation have a one-size fits all character 
that needs to be re-examined. 

(6) Fixing individual assessment measures is a trap, unless the overall assessment system 
is fixed too. In an information age, producers alone cannot judge fitness for use; hence, 
the system of assessment must be open to clients. Simply reciting a long list of places 
where failures of different sorts occurred can create a misleadingly bad impression of 
quality. Conversely, as noted already, substituting words for quantification can mislead in 
the opposite direction. Clients need to know when the survey system may be said to have 
“failed safe.” Some errors are corrected and have no bearing on final usefulness. For 
example, adjustments are typically made for nonresponse and coverage, but generally 
there are no measures of the improvement (or sadly occasionally, harm) these 
adjustments may make. 

(7) A major effort is made in most government surveys to eliminate inconsistencies, 
impute missing items, adjust for nonresponse and coverage errors. None of these efforts 
get “scored” in the usual quality measures. For example, the weighted response rate is 
generally employed as a summary measure of how good a survey is, without regard to the 
post-survey adjustment efforts carried out.  
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Two Examples What about alternatives? Put another way, there is no use complaining 
unless something better can be done. Two examples are offered here as illustrations of 
how to incorporate paradata models in assessing survey quality and in making survey 
inference. The first is on unit nonresponse and the second is on measurement error.  
 We are not offering these as more than illustrations. We think, though, that they 
may represent a fresh approach and, if people could only become "unstuck" from 
conventional implicit models, still better ideas might be found. The use of explicit models 
may, in and of itself, help clients, who often operate in a model dependent world. And, 
with producer help, clients might be able to better integrate producer knowledge, if 
imbedded in explicit rather than implicit models, with subject matter knowledge, also 
expressed in explicit models.  

Paradata Capture/Recapture Model to Score Nonresponse Adjustments. Suppose we 
have made two attempts to interview a subsample of a main survey sample. Suppose, 
unlike in the usual refusal conversion process, we attempt to interview both refusals and
previously interviewed cases. This step is being done, of course, to be able to fit the 
model provided next. We could then construct 2X2 tables, within each nonresponse 
adjustment weighting class. Each of these 2X2 tables would have weighted cell entries 
given by the values a, b, c, and d – where the “a” cases had been interviewed twice, the 
entries “b” and “c” once each, and the entry “d”, for those not interviewed at all. Under 
the assumptions of the capture/recapture model -- assumptions equivalent to ignorability 
we can estimate the capturable or ignorable portion of the d cell, denoted dI as dI = bc/a.
The remainder = (d minus dI) is then potentially nonignorable.

Consider as an example the 1999 National Survey of America’s Families (NSAF), 
screener sample, where unit nonresponse weighting classes were constructed from frame 
variables, such as listed/unlisted status, urbanicity (central city, suburban, non-MSA) – 
separately in the 13 NSAF targeted states, plus the balance of the US. When completely 
cross-classified there are 2X3X14 = 84 cells. Within each of these, for the subsample, we 
created 2X2 tables of cells a, b, c, and d. In all, this meant that we had a contingency 
table of 2X2X84 = 336 cells, many of which were very small – some even zero.  

We wanted to carry out the actual capture/recapture estimates in the smallest 
subgroup we could. Because of the cell size limitations, we elected to first smooth the 
overall table by setting the highest order interactions to zero. The results we obtained 
seemed quite in accord with our understanding of NSAF screener refusals. Overall we 
found that about 60% of the 1999 NSAF screener nonresponse is ignorable under the 
models we fit. The rate of ignorability ranged from 75% for telephone exchanges outside 
metropolitan areas to 60% for central cities and 55% for suburban areas. Listed 
telephones had ignorability rates of 67% with unlisted at 52%.

Pertinent to our purpose here, the raw weighted nonresponse rate measure being 
used in NSAF, could be recalibrated to reflect only the potentially nonignorable portion 
of the nonresponse.  In the 1999 NSAF, for example, the response rate at screening was 
76%, with that for the extended interview being about 85%, for an overall response rate 
of (76%)(85%) or about 64%. If we adjusted the screener response rate to leave only the 
potentially nonignorable portion, it would become [100% minus (24%)(40%)] or about 
90%, making the overall nonresponse rate (90%)(85%) or approximately 76%. 
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Paradata Regression Model to Score Residual Measurement Error Generally, except 
for imputation flags, micro paradata are not passed on to clients. Most micro paradata are 
virtually never placed on public use files and seldom passed on to researchers even inside 
a survey organization. Implicitly this producer behavior assumes that the producer has 
“integrated out” all of their analytic value. But really has the producer integrated out, to 
the extent possible, all the measurement impacts f(D,M)dM of such things as field 
checking, weighting classes, editing, imputation, and such context variables as whether 
the interview was in English or Spanish, how many times the household was called 
before contact was obtained, whether an initial refusal had to be converted, etc.? Most 
producers talked too, it turns out, are uncomfortable with this assumption but standard 
practice has not reacted by putting forth an alternative.
 One possibility might be to include micro paradata variables on public use files so 
clients can do their own sensitivity analyses. Consider a regression predicting health 
insurance coverage done on the 1997 National Survey of America’s Families. We began 
with a standard model of insurance coverage that had as independent variables, such 
things as whether the person was employed, where they lived, age, citizenship, and 
ethnicity.  When paradata dummy variables were added to the regression, like whether 
the interview was in English or Spanish, how hard it was to contact a respondent and 
whether there had been an initial refusal, etc., the coefficients on the paradata were also 
found to be statistically significant. The original coefficients in the original model were 
also affected, albeit the changes were not, in most cases, large. Some, however, were 
altered in value up to half their original standard errors.

This attempt, it should be noted, to examine the regression’s sensitivity to paradata 
items was done without more that a cursory effort. Even so, the changes in coefficient 
values might, for some researchers, be enough to alter the inferences that could otherwise 
have been made.. By providing the paradata variables the producer allows clients to 
construct their own quality assessments – assessments that are conditional on the analyses 
they do and not just the unconditional ones that a producer might provide in, say, a 
quality profile. 

Bottom Line In common with much else that is going on in surveys, more use of models 
is warranted in carry out quality assessments. Especially important is (1) being very 
explicit regarding the producer model being chosen and (2) having producers provide 
many more paradata variables to end-users. If these are both done, clients might be able 
to better integrate into their inference producer knowledge, as imbedded in producer 
models, with subject matter knowledge, also expressed in client models. In the presence 
of an increasing amount and deeper understanding of nonsampling errors, the need for 
assessment measures that allow producers to “score” their post-survey adjustments 
deserves a lot more attention as well.  

References  Key references omitted here for space reasons include my paradata talk, and 
the references therein, given at the 2005 Statistics Canada Methodology Symposium.
Also for more background on the history of the ideas here, see my 2004-2006 History 
Corner in The American Statistician. Please accept my apology that space did not allow 
conventional citations. 
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1. Fixed–width confidence interval

Suppose that there exist k independent and normally distributed populations πi : N(μi, σ
2
i ),

i = 1, ..., k, where μi’s and σ2
i ’s are both unknown. Let Xi1, Xi2, ... be a sequence of independent and

identically distributed random variables from each πi. Having recorded Xi1, ..., Xini for each πi, let
us write Xini =

∑ni
j=1 Xij/ni and n = (n1, ..., nk). We are interested in estimating the linear function

μ =
∑k

i=1 biμi, where bi’s are known and nonzero scalars. Let Tn =
∑k

i=1 biX ini . We want to construct
a fixed–width confidence interval such that

Pθ(|Tn − μ| < d) ≥ 1 − α(1)

for all θ = (μ1, ..., μk, σ
2
1, ..., σ

2
k), where d (> 0) and α ∈ (0, 1) are both prespecified.

Takada and Aoshima (1997) gave a two–stage estimation methodology in the spirit of Stein
(1945) to satisfy requirement (1) for all the parameters. For the two–sample problem, see Banerjee
(1967), Schwabe (1995) and Takada and Aoshima (1996). One may refer to Aoshima (2005) for
a review of two–stage estimation methodologies. Later, Takada (2004) gave a modification of the
Takada–Aoshima procedure so as to make it asymptotically second–order efficient in terms of the
sample size. Such a modification had been created and explored for the one–sample problem and
the other problems by Mukhopadhyay and Duggan (1997, 1999), Aoshima and Takada (2000), and
Aoshima and Mukhopadhyay (2002) among others. However, the modification described in those
literatures has as yet been unable to prevent oversampling in two–stage estimation methodologies.

In this paper, we make an improvement on the two–stage procedure so as to make it asymp-
totically second–order consistent with the required accuracy: Along the lines of Mukhopadhyay and
Duggan (1997) and Takada (2004), we assume that there exists a known and positive lower bound σi�

for σi such that

σi > σi�, i = 1, ..., k.(2)

(T1) Having m0 (≥ 4) fixed, define

m = max

⎧⎨⎩m0,

⎡⎣ a

d2
min

1≤i≤k
|bi|σi�

k∑
j=1

|bj |σj�

⎤⎦+ 1

⎫⎬⎭ ,(3)

where a is the upper α point of the chi–square distribution with one degree of freedom (d.f.), and
[x] denotes the largest integer less than x. Take a pilot sample Xi1, ..., Xim of size m and calculate
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S2
i =

∑m
j=1(Xij − Xim)2/ν for each πi, where Xim =

∑m
j=1 Xij/m and ν = m − 1. Define the total

sample size of each πi by

Ni = max

⎧⎨⎩m,

⎡⎣ u

d2
|bi|Si

k∑
j=1

|bj |Sj

⎤⎦+ 1

⎫⎬⎭ ,(4)

where u is chosen as u = a(1 + ν−1ŝ) with ŝ given by (5). Let N = (N1, ..., Nk).
(T2) Take an additional sample Xim+1, ..., XiNi of size Ni − m from each πi. By combining

the initial sample and the additional sample, calculate XiNi = N−1
i

∑Ni
j=1 Xij for each πi. Finally,

construct the fixed–width confidence interval with TN =
∑k

i=1 biXiNi .
Theorem 1. Let τ� = min1≤i≤k |bi|σi�

∑k
j=1 |bj |σj�, where σi� is given by (2). Choose u in (4) as

u = a(1 + ν−1ŝ), where

ŝ = 1 +
(a − 1)

∑k
i=1 b2

i S
2
i − kτ�

2(
∑k

i=1 |bi|Si)2
(5)

with S2
i ’s calculated in (T1). Then, the two–stage procedure (3)–(4) is asymptotically second–order

consistent as d → 0, i.e.,

Pθ(|TN − μ| < d) = 1 − α + o(d2) for all θ.(6)

2. Bounded risk estimation

Suppose that there exist k independent and normally distributed populations πi : Np(μi,Σi),
i = 1, ..., k, where μi’s ∈ Rp and Σi’s are both unknown, but Σi’s are p × p p.d. matrices. Let
Xi1, Xi2, ... be a sequence of independent and identically distributed random vectors from each πi.
Having recorded Xi1, ...,Xini for each πi, let us write Xini =

∑ni
j=1 Xij/ni and n = (n1, ..., nk). We

are interested in estimating the linear function μ =
∑k

i=1 biμi, where bi’s are known and nonzero
scalars. Let T n =

∑k
i=1 biXini . For a prespecified constant W (> 0), we want to construct T n such

that

Eθ(||T n − μ||2) ≤ W(7)

for all θ = (μ1, ...,μk,Σ1, ...,Σk), where || · || is the Euclidean norm.
When p = 1, Ghosh et al. (1997, Chap. 6) considered a two–stage estimation methodology

to satisfy requirement (7). Later, Aoshima and Takada (2002) considered the present problem and
gave a different two–stage estimation methodology. Aoshima and Takada showed that their procedure
satisfies requirement (7) with fewer samples than those in Ghosh et al.

Now, we make an improvement on the two–stage procedure: We assume that there exists a
known and positive lower bound σi� for

√
tr(Σi) such that√

tr(Σi) > σi�, i = 1, ..., k.(8)

(T1) Having m0 (≥ 4) fixed, define

m = max

⎧⎨⎩m0,

⎡⎣ 1
W

min
1≤i≤k

|bi|σi�

k∑
j=1

|bj |σj�

⎤⎦+ 1

⎫⎬⎭ .(9)

Take a pilot sample Xi1, ...,Xim of size m and calculate Si =
∑m

j=1(Xij − Xim)(Xij − Xim)′/ν for
each πi, where Xim =

∑m
j=1 Xij/m and ν = m − 1. Define the total sample size of each πi by

Ni = max

⎧⎨⎩m,

⎡⎣ u

W
|bi|
√

tr(Si)
k∑

j=1

|bj |
√

tr(Sj)

⎤⎦+ 1

⎫⎬⎭ ,(10)
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where u is chosen as u = 1 + ν−1ŝ with ŝ given by (11). Let N = (N1, ..., Nk).
(T2) Take an additional sample Xim+1, ...,XiNi of size Ni − m from each πi. By combining

the initial sample and the additional sample, calculate XiNi = N−1
i

∑Ni
j=1 Xij for each πi. Finally,

estimate μ by T N =
∑k

i=1 biXiNi .

Theorem 2. Let τ� = min1≤i≤k |bi|σi�
∑k

j=1 |bj |σj�, where σi� is given by (8). Choose u in (10) as
u = 1 + ν−1ŝ, where

ŝ =
2
∑k

i=1(tr(S
2
i )/(tr(Si))2)

(
b2
i tr(Si) + |bi|

√
tr(Si)

∑k
j=1 |bj |

√
tr(Sj)

)
− kτ�

2
(∑k

i=1 |bi|
√

tr(Si)
)2(11)

with Si’s calculated in (T1). Then, the two–stage procedure (9)–(10) is asymptotically second–order
consistent as W → 0, i.e.,

Eθ(||TN − μ||2) = W + o(W 2) for all θ.(12)

3. Testing for equivalence

We consider the problem to test the equivalence of two independent normal populations πi :
N(μi, σ

2
i ), i = 1, 2, with μi’s and σ2

i ’s both unknown. We want to design a test of

H0 : |μ| = |μ1 − μ2| ≥ d against Ha : |μ| < d(13)

which has size α and power no less than 1 − β at |μ| ≤ γd for all θ = (μ1, μ2, σ
2
1, σ

2
2), where α, β ∈

(0, 1), γ ∈ [0, 1), and d > 0 (the limit of equivalence) are four prescribed constants. Let us write
Xini =

∑ni
j=1 Xij/ni, i = 1, 2.

When σ2
i ’s are unknown but common (σ2

1 = σ2
2), Liu (2003) proposed k (≥ 3)–stage procedure

having the size α+o(n−1) and the minimum power 1−β+o(n−1). Now, we give a two–stage procedure
for the present problem: We assume that there exists a known and positive lower bound σi� for σi

such that

σi > σi�, i = 1, 2.(14)

(T1) Having m0 (≥ 4) fixed, define

m = max

⎧⎨⎩m0,

⎡⎣δ2

d2
min

1≤i≤2
σi�

2∑
j=1

σj�

⎤⎦+ 1

⎫⎬⎭ .(15)

Here, δ = δ(α, β, γ) is the unique solution of the equation

P (|N(0, 1) + γδ| < R(δ)) = 1 − β,(16)

where the function R(·) is determined uniquely by the equation

P (|N(0, 1) + x| < R(x)) = α(17)

with N(0, 1) a standard normal random variable. Take a pilot sample Xi1, ..., Xim of size m and
calculate S2

i =
∑m

j=1(Xij − Xim)2/ν with ν = m − 1 for each πi. Define the total sample size of each
πi by

Ni = max

⎧⎨⎩m,

⎡⎣ u

d2
Si

2∑
j=1

Sj

⎤⎦+ 1

⎫⎬⎭ ,(18)
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where u is chosen as u = δ2(1 + ν−1ŝ) with ŝ given by (20).
(T2) Take an additional sample Xim+1, ..., XiNi of size Ni − m from each πi. By combining the

initial sample and the additional sample, calculate XiNi = N−1
i

∑Ni
j=1 Xij for each πi. Then, test the

hypothesis by

rejecting H0 ⇐⇒ |X1N1 − X2N2 | <
√

λ
dR(δ)

δ
,(19)

where λ is chosen as λ = 1 + ν−1t̂ with t̂ given by (21).

Theorem 3. Let τ� = min1≤i≤2 σi�
∑2

j=1 σj�, where σi� is given by (14). Choose u and λ in (18)–(19)
as u = δ2(1 + ν−1ŝ) and λ = 1 + ν−1t̂, respectively, with

ŝ = 1 −
∑2

i=1 S2
i

2(
∑2

i=1 Si)2
− τ�

(
∑2

i=1 Si)2
+

∑2
i=1 S2

i

2(
∑2

i=1 Si)2
×(20)

(φ(ε1) + φ(ε2))(η3
1φ(η1) + η3

2φ(η2)) − (φ(η1) + φ(η2))(ε3
1φ(ε1) + ε3

2φ(ε2))
(φ(ε1) + φ(ε2))(η1φ(η1) + η2φ(η2)) − (φ(η1) + φ(η2))(ε1φ(ε1) + ε2φ(ε2))

and

t̂ =
∑2

i=1 S2
i

(
∑2

i=1 Si)2
×(21)

(ε3
1φ(ε1) + ε3

2φ(ε2))(η1φ(η1) + η2φ(η2)) − (ε1φ(ε1) + ε2φ(ε2))(η3
1φ(η1) + η3

2φ(η2))
2R(δ) {(φ(ε1) + φ(ε2))(η1φ(η1) + η2φ(η2)) − (ε1φ(ε1) + ε2φ(ε2))(φ(η1) + φ(η2))} ,

where φ(·) is the p.d.f. of N(0, 1), ε1 = R(δ)− δ, ε2 = R(δ)+ δ, η1 = R(δ)− γδ, η2 = R(δ)+ γδ, and
S2

i ’s are calculated in (T1). Then, the test (19) of (13), with (15)–(18), is asymptotically second–order
consistent as d → 0, i.e.,

size = α + o(d2) and minimum power = 1 − β + o(d2) for all θ.(22)
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1. Kernel Regression Estimation

1.1 Introduction

Nonparametric regression provides a flexible data fitting methodology that has gained in pop-
ularity in recent years. In this paper we consider fitting a kernel regression model to the responses
Y1, . . . , Yn at design points x1 < . . . < xn. That is,

(1) Yi = m(xi) + εi, i = 1, . . . , n

where m(·) is an unknown continuous function and εi’s are random errors with 0 mean and Var(εi) =
σ2, is an unknown constant. The Nadaraya-Watson (NW) estimator of m(x) at a given point x = x0,
is given by

(2) m̂n,NW (x0) =
∑n

i=1 YiKhn(x0 − xi)∑n
j=1 Khn(x0 − xj)

where hn is the band-width, Khn(x) = K(x/hn) and K(·) is a kernel function. This estimator was
given by Nadaraya (1964) and Watson (1964) in their ground breaking papers. Wand and Jones (1995)
gave more general form of an estimator for m(·), called the local polynomial kernel estimator of order
p for p = 0, 1, . . . When p = 0 it reduces to the NW estimator. Further, when p = 1 it gives an
interesting estimator referred to as the local linear kernel (LL) estimator (see Wand and Jones, p.119,
1995). The LL estimator of m(x) at a given point x = x0, can be written as

(3) m̂n,LL(x0) =
∑n

i=1 wiYi∑n
i=1 wi

where wi = Khn (x0 − xi)
[
sn,2 − (x0 − xi)sn,1

]
and sn,l =

∑n
i=1 Khn (x0 − xi) (x0 − xi)l, l = 1, 2.

1.2 Data Design and Assumptions

In this paper we consider univariate fixed design case such that xi+1 − xi is constant for all i.
Thus, for a set of n data points

(4) xi =
i

n
, i = 1, 2, . . . , n.

The following assumptions are used in this study. For more details we refer to Wand and Jones (p.120,
1995):
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(i) m
′′
(x) is continuous for all x ∈ [0, 1]. (ii) K(x) is symmetric about x = 0 and supported on [−1, 1].

(iii) hn → 0 and nhn → ∞ as n → ∞. (iv) The given point x = x0 must satisfy hn < x0 < 1 − hn for
all n > n0 where n0 is a fixed number.

1.3 Asymptotic Properties

Using the assumptions listed in the above section, one can prove the following results for both
NW and LL estimators. Let us generically write m̂n,l(x0) where l = NW for NW estimator and
l = LL for LL estimator. Then

(5) E [m̂n,l(x0)] = m(x0) + Biasl

and

(6) Var [m̂n,l(x0)] = (nhn)−1Bσ2 + o
{
(nhn)−1

}
where Biasl =

{
1
2h2

n [m′′(x0) + m′(x0)]μ2 + o
(
h2

n

)
+ O

(
n−1

)
if l = NW,

1
2h2

nm′′(x0)μ2 + o
(
h2

n

)
+ O

(
n−1

)
if l = LL,

μ2 =
∫∞
−∞ u2K(u)du and B =

∫
K2(u)du.

Theorem 1

Let us choose kernel K(·) such that
∫ |K(u)|du ≤ ∞, lim|u|→∞ uK(u) = 0 and

∫ |K(u)|2+ηdu < ∞,
for some η > 0 and the bandwidth hn satisfies lim nh5

n < ∞. Suppose m(x) is twice continuously
differentiable at x = x0 and E

[|Y |2+η|x = x0

]
exists, then

(7)
√

nhn

(
m̂n,l(x0) − m(x0) − Bias

)→ N(0, Bσ2).

In general the bias of the LL estimator is smaller than NW estimator. However one can choose hn

such that the Bias → 0 as n → ∞ for both these estimators and hence,

(8)
√

nhn

(
m̂n,l(x0) − m(x0)

)→ N(0, Bσ2).

2. Two-Stage Fixed-Width Confidence Interval

A brief description of the modified two-stage sequential procedure considered in this together
with its stopping rule is given below. For comprehensive details of this procedure is given in Ghosh et
al. (1997) and also Mukhopadhyay and Solanky (1994). Also, an application of a two-stage procedure
for kernel density estimation is given in de Silva and Mukhopadhyay (2004).

2.1 Fixed-Width Confidence Interval

The goal is to construct a fixed-width confidence interval In for m(x) at a given point x = x0

with the preassigned coverage probability 1−α, that is, to have P {m(x0) ∈ In} ≥ 1−α for 0 < α < 1.
As in de Silva and Mukhopadhyay (2004), take the bandwidth hn = n−r, 0.2 < r < 1. Now using the
property hn < x0 < 1 − hn one can prove that

(9) r = max

{
0.21,

− log
(
min[x0, 1 − x0]

)
log(n)

}
and n ≥ 4.

Consider the confidence interval In = [m̂n,l(x0) − d, m̂n,l(x0) + d] for fixed d(> 0). Now for
large n, one can prove that

(10) P(m̂n,l(x0) − d < m(x0) < m̂n,l(x0) + d
) ≈ 1 − α
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if n ≥ n∗ where

(11) n∗ =
{

z2
α/2Bσ2d−2

} 1
1−r

and zα/2 is the upper 50α% of the standard normal distribution.

2.2 Modified Two-Stage Procedure

From Mukhopadhyay and Solanky (1994) and (11), the initial sample size, n0 for the modified
two-stage procedure is given by

(12) n0 = max
{

4,

〈{
z2
α/2Bd−2

} 1
(1−r0)(1+γ)

〉
+ 1
}

where γ is a positive number and r0 is a number in (0.2, 1). Let
{
(x1, Y1), . . ., (xn0 , Yn0)

}
be the initial

sample where Yi is the observed value of m(xi) at xi = i/n0 for i = 1, . . . , n0. Now from the optimal
sample size, n∗ given in (11), the stopping rule is

(13) N = max
{

n0,

〈{
t2α/2,νBσ̂2

n0
d−2
} 1

1−r1

〉
+ 1
}

where tα/2,ν is the upper 50α% of the t-distribution with ν degrees of freedom, ν is a computable
number dependent on n0 and from (9), r1 = max

{
0.21,− log

(
min[x0, 1 − x0]

)
/ log(n0)

}
. Here we use

the estimate of σ2 proposed by Gasser et al. (1986), that is,

(14) σ̂2
n0

=
1

6(n0 − 2)

n0−1∑
i=2

(
Yi−1 + Yi+1 − 2Yi

)2
.

In order to comply with the data design in (4) and to continually use the observed data in the
initial sample, take the final sample size, N = n0T where T is a positive integer given by

(15) T =
N

n0
= max

{
1,

〈
1
n0

{
t2α/2,νBσ̂2

n0
d−2
} 1

1−r1

〉
+ 1
}

.

Clearly if T = 1, no additional observations are required in the second stage and N = n0.
However, if T > 1 we need further n0(T − 1) observations in the second stage with

(16) xi =
i

n0T
for i = 1, . . . , n0T and i �= T, 2T, . . . , n0T.

Note that the initial sample data corresponds to (xi, Yi) for i = T, 2T, . . . , n0T . Now use the combine
sample

{
(x1, Y1), . . ., (xN , YN )

}
with xi = i/N to compute the NW and LL estimates for m(x0).

2.3 Simulation Study

A simulation study was conducted to compare the 95% fixed-width confidence intervals con-
structed for NW and LL estimators. Simulations were performed using the

• linear function, m(x) = 4x + 3 with σ2 = 0.25 and

• nonlinear function, m(x) = 2 exp
{−x2/0.18

}
+ 3 exp

{−(x − 1)2/0.98
}

with σ2 = 0.25.

In both cases, 15000 simulation replications were carried out to obtain the final sample sizes required
to estimate m(x) at x = 0.308 given fixed-width, 2d. The following tables give the summary results
obtained from the simulation study. Here p is the coverage probability, n is the average final sample
size and (.) gives the standard error of the estimated value.
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Table 1: Simulation results for the linear model

d n0 n∗ n m̂NW (x0) pNW m̂LL(x0) pLL σ̂2
n

0.10 70 97 133.91 4.5516 0.0001 4.2322 0.9288 0.2381
(0.3139) (0.0004) (0.0001) (0.0005) (0.0021) (0.0004)

0.08 104 152 207.63 4.5472 0.0000 4.2320 0.9337 0.2444
(0.3678) (0.0003) (0.0000) (0.0004) (0.0020) (0.0003)

0.06 175 270 359.15 4.5150 0.0000 4.2322 0.9329 0.2483
(0.4231) (0.0003) (0.0000) (0.0003) (0.0020) (0.0002)

0.04 363 663 807.53 4.4255 0.0000 4.2319 0.9297 0.2496
(1.2369) (0.0002) (0.0000) (0.0002) (0.0021) (0.0001)

0.03 611 1373 1751.21 4.3517 0.0000 4.2319 0.9497 0.2500
(1.7181) (0.0002) (0.0000) (0.0001) (0.0018) (0.0001)

Table 2: Simulation results for the nonlinear model

d n0 n∗ n m̂NW (x0) pNW m̂LL(x0) pLL σ̂2
n

0.10 70 97 133.91 2.9923 0.9176 3.0303 0.9255 0.2381
(0.3139) (0.0004) (0.0022) (0.0005) (0.0021) (0.0004)

0.08 104 152 207.38 2.9926 0.8997 3.0302 0.9258 0.2442
(0.3658) (0.0003) (0.0025) (0.0004) (0.0021) (0.0003)

0.06 175 270 359.44 2.9942 0.8645 3.0296 0.9287 0.2483
(0.4311) (0.0002) (0.0028) (0.0003) (0.0021) (0.0002)

0.04 363 663 810.72 2.9986 0.7972 3.0268 0.9188 0.2496
(1.2542) (0.0002) (0.0033) (0.0002) (0.0022) (0.0001)

0.03 611 1373 1754.27 3.0040 0.8077 3.0244 0.9456 0.2500
(1.7009) (0.0001) (0.0032) (0.0001) (0.0019) (0.0001)

The above tables clearly show that NW estimator is bias and fail to achieve the required coverage
probability. However, LL estimator performed well in both linear and nonlinear cases.

Due to the limitation of the space, other numerical results of the simulations and the complete bibli-
ography will be provided during the presentation of the paper.
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BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 2024 -



Applied Sequential Methodologies: Experimental Psychology

Nitis Mukhopadhyay
Department of Statistics, University of Connecticut, U-4120
Storrs CT 06269-4120 U.S.A.
E-Mail : nitis.mukhopadhyay@uconn.edu

1. Introduction and a Recent Case in Connecticut

The credibility of an eyewitness’ description of a fleeing bank robber, for example,
depends on how far a witness was from a crime scene. So, how “distance” may be perceived
by individuals is an important subject area to study.

In a closely related scenario, we investigated how individuals would guess lengths of
different objects after glancing at them very briefly. If individuals cannot be trusted when
they guess the length of a straight line, why should one trust an eyewitness when s/he
claims to have been 100 or 200 feet away from a crime scene?

Recently, a number of convicted individuals have been proven innocent (through DNA
finger-printing) and released after many years of incarceration! Nearly a year ago, on
Wednesday, July 12, 2006, Hartford Courant reported: “After serving 18 years in prison,
James Calvin Tillman was released by the Superior Court in Hartford, Connecticut. ...
charges against Tillman were formally dismissed because of DNA evidence by Judge Thomas
Miano.” The judge pointed out the shaky reliability of eyewitness testimony: “I would hope
that what we have learned from this on the positive side is that investigators should try not
to rely solely on eyewitness identification by strangers”.

Because of convenience, we decided to implement only two-stage sampling designs (see
Mahalanobis (1940), Stein (1945,1949)) because these are operationally simple. This note
is a follow-up of some recent work that began in Mukhopadhyay (2005). One may refer to
Ghosh et al. (1997) and Mukhopadhyay et al. (2004) for reviews on sequential estimation.

2. A Brief Review: Known Reference Frame

Figure 1. Straight line AB (= μ).

On a 8.5′′ × 11.5′′ cardboard, we had drawn a 5.5′′(= μ) long straight line AB (Figure
1) and showed it to a number of subjects for 10-15 seconds. Each subject estimated the
length AB.

Goal : Estimate μ by a confidence interval In =
[
Xn ± d

]
with fixed d > 0.

Stein’s (1945,1949) two-stage sampling design immediately comes to mind. One would
start with pilot observations Xk, k = 1, ...,m, which would give rise to the following sample
mean and variance:

Xm = m−1Σmk=1Xk and S2m = (m− 1)−1Σmk=1(Xk −Xm)
2,m ≥ 2.
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We found am−1,α/2, the upper 50α% point of the Student’s t distribution with df =
m− 1, and had the final sample size:

(1) N ≡ N(d) = max
{
m,
〈
a2m−1,α/2S

2
m/d2

〉
+ 1
}
.

Here and elsewhere, < u > would denote the largest integer < u. If N = m, one does not
require additional sampling in the second stage. But if N > m, then one records (N −m)
additional observations in the second stage. Finally, based on all observations X1, ..., XN ,
we would propose Stein’s fixed-width (1− α)-confidence interval,

(2) IN =
[
XN ± d

]
for μ where XN = N−1∑N

k=1Xk.

We decided to start with m = 25 subjects, took d = 1
8

′′
, and fixed α = 0.05 so that

am−1 = 2.0639. These gave:

Pilot data: Xm = 6.51 and Sm = 0.453.

Using (1) we found N = 56, so we needed another set of 31 observations. The full data is
shown in Table 1.

Table 1. Data for Example

1st Stage or Pilot Data
6.0 6.3 6.0 6.8 6.9 6.3 6.0 6.8 6.2 6.9 6.3 6.9 6.3 6.5
6.2 6.2 5.8 6.1 7.0 6.0 6.8 7.3 6.7 7.4 7.1

2nd Stage Data
7.1 6.3 6.9 6.8 6.2 7.1 7.4 6.6 6.0 6.0 6.9 5.9 6.6 6.4
6.7 6.2 6.6 5.8 5.4 6.4 5.7 6.2 6.7 6.9 6.7 6.6 7.3 7.3
6.7 6.7 7.1

The P -values for separate tests on the pilot and combined data gave us reasonable assurance
about normality at 5% level.

From the combined data with N = 56, we found XN = 6.54 so that the 95% fixed-width
confidence interval IN from (2) came to [6.42, 6.67] inches.

3. An Improved Procedure: Known Reference Frame

On a 8.5′′×11.5′′ cardboard, we showed two straight lines (Figure 2), where AB is again
5.5′′(= μ) long but CD is 2.25′′(= 1

2μ) long, to chosen subjects for 10-15 seconds. The
subjects did not know that CD was one-half of AB and each guessed lengths of both AB
and CD. Two guesses were highly correlated and the problem was estimation of μ.

Figure 2. Straight lines AB (= μ) and CD (= 1
2μ).

Though this data was paired by design, one could just use data on AB only and apply
Stein’s two-stage sampling method! In Section 2, we reported on that. But, that would not
be exactly right because the observations on CD also had information about μ.

This falls under replicated linear modeling. Chatterjee (1990) developed appropriate
two-stage and sequential sampling methods in replicated linear models. We developed a
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tailored version of that two-stage methodology to suit the special scenario on hand.

3.1. A New Two-Stage Methodology

We start with independent observationsX1,X2, ... distributed as N2(aμ,Σ∗). Here, a2×1
is such that a

′
= (1, δ) with δ(> 0) known. In our application, δ = 1

2 . The rest of the
scenario is formulated as:

(a) X
′
k = (X1k,X2k) where X1k, X2k are the guessed lengths of AB

and CD from the kth subject, k = 1, 2, ... ;

(b) Σ∗ ≡ σ2Σ with Σ =
(
1 ρη
ρη η2

)
with −1 < ρ < 1, η > 0 known.

It may be reasonable to additionally assume:

(i) η is a (positive) fraction since CD < AB, and
(ii) ρ is positive and close to 1.

We continued to seek a fixed-width (= 2d) confidence interval for μ. In Section 2, we clearly
used only the observations X1k’s. That was wasteful since X2k’s were entirely disregarded.

Now, with canonical reduction, one finds the orthogonal matrix:

P2×2 ≡ (P1,P2) = (1 + δ2)−1/2
(
1 −δ
δ 1

)
, with a = P1C

and Cq×q = (1 + δ2)1/2I2×2.

Now, P
′
Xk is renamed as Yk where Y1,Y2, ... are independent observations from the

bivariate N2(bμ,P
′
Σ∗P ) distribution with b

′
= ((1 + δ2)1/2, 0). Also,

P
′
Σ∗P = σ2(1 + δ2)−1H with H = (hij) where h11 = 1 + 2ρδη

+δ2η2, h12 = −δ + ρη − ρδ2η + δη2, and h22 = δ2 − 2ρδη + η2.

We seek a fixed-width confidence interval for μ based on data Y (equivalent to data X).

Conditionally, given Y2k = y2k, the observation Y1k � N(θ, h11.2) where θ = (1 +

δ2)1/2μ + h12h
−1
22 y2k, h11.2 = σ2(1 + δ2)−1h11(1 − ρ∗2), ρ∗ ≡ h12 {h11h22}−1/2 , k = 1, 2, ....

Thus, μ is estimated by μ̂n = (1 + δ2)−1/2
{
Y 1n − h12h

−1
22 Y 2n

} ≡ n−1
∑

n
k=1Uk, a sample

mean of independent observations from N(μ, (1 + δ2)−1h11.2) for n ≥ m(≥ 2).
Now, if σ2 were known, In = [μ̂n − d, μ̂n + d] would be a 100(1−α)% fixed-width (= 2d)

confidence interval for μ provided that n is the smallest integer ≥ z2α/2(1+ δ2)−1h11.2d−2 =
n∗1.2, say. Clearly, n∗1.2 < n∗, but σ2 is unknown!

In n∗1.2, we plug an estimator of σ2 constructed from Yk, k = 1, ...,m(≥ 2). It is clear
that σ2 is unbiasedly estimated by 1

2(1+δ2)trace
(
H−1Sm

)
where Sm = (m−1)−1Σmk=1(Yk−

Ym)(Yk −Ym)
′
with df = 2(m− 1). The final sample size N ≡ N(d) is:

(3) max
{
m,
〈
a22m−2,α/2h11(1− ρ∗2)12tr

(
H−1Sm

)
/{(1 + δ2)d2}

〉
+ 1
}
,

where m(≥ 2) is the pilot size.
This modified methodology is implemented in the same spirit as before. Then, based

on all observations Yk, k = 1, ..., N, we propose the fixed-width (1− α)-confidence interval,
IN = [μ̂N ± d] for μ where μ̂N = (1 + δ2)−1/2

{
Y 1N − h12h

−1
22 Y 2N

}
.
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From pilot observations, we found the estimated correlations between X1 and X2 to
hover around 0.72. We assumed ρ = 0.7, η = 0.6 so that h11 = 1.51, h12 = −0.00 5, h22 =
0.19 and used m = 25, α = 0.05 which furnished the pilot data.

From pilot data, we found Yk, k = 1, ...,m(= 25) where Yk = P
′
Xk which gave Um =

6.56 and Sm = 0.33. We had (2.0639× 0.33/0.125)2 ≈ 29.688 so that from (3) we had
N = 30. We recorded five new observations. The P -values for separate tests on both pilot
and combined data gave us reasonable assurance about normality at 5% level.

From the combined data, we found UN = 6.58 so that we had a 95% fixed-width confi-
dence interval IN = [6.46, 6.71] inches. Again, these subjects over-estimated our 5.5′′ long
straight line AB by nearly an inch!

3.2. Another Consideration

We analyzed the same pilot data assuming ρ = 0.8, η = 0.6,m = 25, α = 0.05. The pilot
gave Um = 6.60 and Sm = 0.299, that is from (3) we had N = 25. So, we needed no new
observations.

With N = m = 25, from pilot data alone, we had UN = 6.60 so that the 95% fixed-width
confidence interval IN = [6.475, 6.725] inches. Again, these subjects over-estimated our 5.5′′

long straight line AB by nearly an inch!

4. Conclusions

1) Subjects over-estimated a 5.5′′ long straight line by nearly an inch.

2) Subjects tended to guess depending on what they thought they saw!

3) Conclusion (1) holds regardless of a sampling design.

4) In the absence of a reference frame (≡ cardboard), the data was more variable.

5) Sampling designs utilizing replicated linear models (Section 3)) were more efficient.
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1 Introduction

During the last years the amount of money invested into stock returns has dramatically increased.
On the one side an investor is interested to have a portfolio providing large expected returns and on
the other side he wants to avoid risks which are usually measured by the portfolio variance. Since
Markowitz (1952) an optimal portfolio is defined as a trade-off between the expected return and the
variance of the portfolio.

During the holding period, however, newly incoming information may change the optimal portfo-
lio composition. Then the portfolio weights must be revised and adjusted to the new market situation.
In financial literature, there is an overwhelming evidence about the presence of structural breaks in
the process parameters (Banerjee and Urga (2005)) which may lead to changes in the optimal portfolio
allocation. Because the investor has to decide at each time point about the optimal portfolio com-
position a sequential problem is present. Such questions are treated within statistical process control
(SPC). The main tool of SPC are control charts (e.g., Montgomery (2005)). In the present case the
parameters of interest are the weights of the optimal portfolio because the investor requires only these
quantities for all decisions concerning the wealth allocation. Here we are dealing with the surveillance
of the weights of the global minimum variance portfolio (GMVP). The GMVP is the portfolio with
the smallest attainable variance.

Golosnoy and Schmid (2007) derived several control charts for monitoring the GMVP weights.
Their schemes are based on exponential smoothing of the estimated portfolio weights as well as its
first differences. Their procedures, however, show a poor detecting ability for some important types
of changes.

In this talk we propose to monitor two other characteristics of the weight process. These
quantities are obtained as approximations to the difference process. The control statistics are based
on applying the exponentially weighted moving average (EWMA) approach to these characteristics.
In order to calculate the control design we determine the first moments of all control statistics. The
introduced schemes are compared with the charts proposed in Golosnoy and Schmid (2007). As a
measure of the performance the maximum expected delay is used.
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2 Monitoring Optimal Portfolio Composition

2.1 Portfolio Problem

We consider a portfolio consisting of k risky assets. Let X denote the vector of the asset returns and
let E(X) = μ and Cov(X) = Σ. The matrix Σ is assumed to be positive definite. Moreover, let
w = (w1, ..., wk)′ denote the vector of the weights. Thus wi gives the fraction of the investor’s wealth
invested in the i-th asset. The portfolio return is given by XP = w′X. The classical Markowitz analysis
(Markowitz (1952)) is based on finding the portfolio proportions w, providing the optimal trade-off
between the mean portfolio return E(XP ) = μ′w and the portfolio variance V ar(XP ) = w′Σw.
Because there are considerable difficulties in estimating the mean returns μ precisely (cf. Best and
Grauer (1991)) GMVP has become quite attractive in practice. It denotes the portfolio with the
smallest attainable variance under the side condition that the sum over all weights is equal to 1. The
vector of the GMVP weights w is given by

w =
Σ−11

1′Σ−11

where 1 denotes the vector whose elements are all equal to one.
Because Σ is unknown in practice we have to estimate this quantity. It is supposed that a

sample of the returns is available. Since the parameters, here μ and Σ, may change over time we use
a rolling window for the estimation step. At time point t the last n observations Xt−n+1, ..., Xt are
used to estimate the unknown parameters. Replacing Σ by the sample estimator

Σ̂t,n =
1

n − 1

t∑
j=t−n+1

(Xj − μ̂t,n)(Xj − μ̂t,n)′, μ̂t,n =
1
n

t∑
v=t−n+1

Xv

we obtain the following estimator of the GMVP weights at time t

ŵt,n =
Σ̂−1

t,n1

1′Σ̂−1
t,n1

.

Assuming that the returns follow an independent and normally distributed random process
the estimated GMPV weights follow a multivariate t-distribution with (see, e.g., Okhrin and Schmid
(2006))

E(ŵt,n) = w, Cov(ŵt,n) = Ω =
1

n − k − 1

(
Σ−1 − Σ−111′Σ−1

1′Σ−11

)
/1′Σ−11.

2.2 Surveillance of the Portfolio Weights

In this paper we make use of a locally constant volatility model (cf. Hsu et al., 1974, Härdle et al.,
2003). This model says that the covariance matrix Σ stays unchanged between two consecutive change
points. These structural breaks in the covariance matrix may alter the optimal portfolio proportions.
For the investor it is of great importance to detect these changes in the portfolio weights as soon as
possible.

In the following we assume that the returns {Xt} are independent and normally distributed.
This is a restrictive assumption for daily returns because of the frequently observed heavy tails (e.g.,
Engle (1982), Rachev and Mittnik (2000)). However, for monthly data it is a quite popular assumption
(e.g., Fama (1976)).

It is assumed that the monitoring phase starts at time point t = 1. Before that time point, i.e.
for t ≤ 0, it is assumed that there is no change. This means that Xt ∼ N (μ,Σ) for t ≤ 0 and thus
ŵt,n ∼ tk(w,Ω) for t ≤ 0.
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We use the notation E0, V ar0, etc. in order to denote that the mean, the variance, etc. are
calculated assuming that Xt ∼ N (μ,Σ) for all t ∈ IN . Thus E0(ŵt,n) = w. Our aim is to detect
deviations from the value w. We say that the observed process is in control if E0(ŵt,n) = w holds for
all t ≥ 1. Otherwise, the observed process is denoted to be out of control.

Golosnoy and Schmid (2007) introduced two different types of control schemes for this problem.
All charts are monitoring the mean behavior of certain characteristics of the estimated weight process.
The first approach is directly based on the estimated weights {ŵt,n}while the second one makes use
of the first differences of the empirical weights, i.e. Δt,n = ŵt,n − ŵt−1,n. Because the process of the
estimated weights behaves like a unit root process its dependency structure can be reduced by building
the differences. The control schemes from Golosnoy and Schmid (2007) are making use of the idea to
apply univariate and multivariate EWMA recursions to these characteristics, respectively. They have
shown that both schemes may have a poor detection ability for some out-of-control situations. Here
will introduce other control schemes which turn out to be more effective.

2.3 Alternative Characteristics

2.3.1 An alternative to the difference process

The starting point of our considerations is the following result.

Lemma 1. Assume that in the in-control state {Xt} is a sequence of independent and normally
distributed k-dimensional random vectors with mean μ and covariance matrix Σ, which is assumed to
be positive definite. Then it holds in the in-control state that as n → ∞

nΔt,n − (I − Σ−111′/1′Σ−11) pt,n
p−→ 0, where

pt,n = − Σ−1
(

(Xt − μ)(Xt − μ)′ − (Xt−n − μ)(Xt−n − μ)′
)

w .(1)

The analysis of the process {pt,n} is easier than that of {Δt,n}. The exact distribution of pt,n

can be easily derived.
In order to decide whether the process {pt,n} is a suitable characteristic it is necessary to study

how a change influences its out-of-control behavior. Assume that Xt ∼ N (μ,Σ) for t ≤ 0 and
Xt ∼ N (μ,Σ1) for t ≥ 1. Then the out-of-control mean of pt,n for t ≥ 1 is given by

E1(pt,n) =

{
0 for t ≥ n + 1

−Σ−1(Σ1 − Σ)w for 1 ≤ t ≤ n
.

This result shows that the change in Σ has no influence on the mean behavior of pt,n for t ≥ n + 1.
This may lead to the undesirable inertia phenomenon, if a chart gives no signal within the first n time
periods.

2.3.2 An alternative to the weight process

The reason for the inertia behavior of {pt,n} is obvious. The right side of (1) shows that the influence
of the change on the mean behavior is canceled for t ≥ n + 1. In order to avoid this undesirable
behavior we introduce the characteristic

qt = −Σ−1[(Xt − μ)(Xt − μ)′ − Σ]w .(2)

Note that qt does not depend on n and that pt,n = qt − qt−n. Let H = Σ−1Σ1Σ−1. It holds that for
t ≥ 1

E1(qt) = −Σ−1(Σ1 − Σ)w and Cov1(qt) = (1′Σ−11)−2 (H 11′ H + (1′ H 1) H).

Thus the change influences the mean behavior of qt for all t ≥ 1.
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3 Control Charts

Let Tt,n denote a weight characteristic. Here Tt,n is either pt,n or qt or equal to the first k − 1
components of {ŵt,n} or {Δt,n}.

3.1 Charts Based on a Multivariate EWMA Recursion

The main idea is to apply a multivariate EWMA recursion to the characteristic Tt,n. This leads to

(3) Zt,n = (I − R)Zt−1,n + RTt,n, t ≥ 1, Z0,n = E0(Tt,n) .

I is the (k−1)× (k−1) identity matrix and R = diag(r1, ..., rk−1) is a (k−1)× (k−1) diagonal matrix
with diagonal elements 0 < ri ≤ 1 for i ∈ {1, ..., k − 1}.

The control chart gives a signal at time t if (Zt,n − E0(Zt,n)′[Cov0(Zt,n)]−1(Zt,n − E0(Zt,n) is
sufficiently large. The control design must be be calculated for the characteristics separately.

3.2 Charts Based on a Univariate EWMA Recursion

Here we first transform Tt,n to a 1-dimensional quantity and after that apply a univariate EWMA
recursion. This leads to

(4) Zt,n = (1 − r)Zt−1,n + rT ′
t,n[Cov(Tt,n)]−1Tt,n t ≥ 1, Z0 = E0(T ′

t,n[Cov(Tt,n)]−1Tt,n) .

The quantity r ∈ (0, 1] stands for the smoothing parameter. The charts gives a signal if Zt,n is large.

3.3 Comparison Study

All charts are compared with each other on the basis of the maximum expected delay. This means that
the control limits of all charts are determined in such a way that the in-control average run lengths
are the same. Using these limits the out-of-control behavior is compared for a worst case situation as
measured by the maximum expected delay.
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1 Introduction

Suppose that we have π0, π1, . . . , πk, independent and normally distributed populations, with unknown

means μi, and, unknown but common variance σ2, i = 0, 1, · · · , k. We consider π0 to be the control

population. The goal is to partition the set of treatments Ω = (πi : i = 1, 2, · · · , k), into two disjoint

and exhaustive subsets, corresponding to “Good” and “Bad” populations compared to the control

population with a pre specified probability of correct partition. Given arbitrary but fixed constants

δ1 and δ2, δ1 < δ2, we define three subsets of Ω along the lines of Bechhofer’s (1954) indifference-zone

formulation, as:

ΩL = {πi : μi ≤ μ0 + δ1, i = 1, · · · , k},

ΩM = {πi : μ0 + δ1 < μi < μ0 + δ2, i = 1, · · · , k},

ΩR = {πi : μi ≥ μ0 + δ2, i = 1, · · · , k}.

(1.1)

We refer to ΩR as the set of “good populations” and ΩL as the set of “bad populations”. The set ΩM

would be referred to as the set of “mediocre populations”. Adopting the Bechhofer’s indifference zone

approach, we are interested in the correct partition of the populations in ΩR and ΩL. And, we will

be indifferent to partition of populations in ΩM . That is, with high accuracy we want to partition

the set Ω into two disjoint subsets PL and PR, such that, ΩL ⊆ PL and ΩR ⊆ PR. Such a partition is

known in the literature as a correct decision (CD). In other words, given a pre assigned number P ∗,

2−k < P ∗ < 1, we seek statistical methodologies ℘ to determine PL and PR, such that

P{CD|μ, σ2, ℘} ≥ P ∗
∀ μ ∈ Rk+1, σ ∈ R+.(1.2)

Also, we will use the following notation in the rest of this paper for convenience:

d = (δ1 + δ2)/2, a = (−δ1 + δ2)/2, λ = σ/a, and,

r =

{
k/2 if k is even;

(k + 1)/2 if k is odd.

(1.3)

Customarily, in many situations it is possible to collect a larger sample from the control population.

We assume, in general, that we observe random variables X0i, X1i, · · · , Xki from π0, π1, · · · , πk, re-

spectively, where X ′

0i = (X0 (i−1)c+1, X0 (i−1)c+2, · · · , X0 ic), in a sequential framework, i = 1, 2, · · · ,

and, c(≥ 1) being an integer. In other words, as needed, we take c observations form π0 and one ob-

servation from π1, · · · , πk. Assuming that σ2 is known, we observe the sequence X0i, X1i, · · · , Xki for

i = 1, 2, · · · , n, where n is to be determined below. We denote X̄0cn = (c n)−1∑n
p=1

∑c
q=1X0 (p−1)c+q

and X̄jn = n−1∑n
p=1Xjp , j = 1, · · · , k . Consider the decision rule ℘ defined as:

PL = {πi : X̄in − X̄0cn < d, i = 1, · · · , k},

PR = {πi : X̄in − X̄0cn > d, i = 1, · · · , k}.
(1.4)

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 2033 -



Let the (k × k) covariance matrix Σr = (σij) be given by

σij =

⎧⎪⎨⎪⎩
1 for i = j,

1/(c+ 1) for i �= j, and, 0 < i, j ≤ r or r < i, j ≤ k,

−1/(c+ 1) for 0 < i ≤ r, and, r < j ≤ k.

(1.5)

Next, along the lines of Tong (1969), let b = b(P ∗, k, c) be the solution of the equation

P ∗ =

b∫
−∞

· · ·

b∫
−∞

(2π)−
k
2 |Σ|−

1
2 exp (−

1

2
Y ′Σ−1Y )

k∏
i=1

dyi.(1.6)

Then, one can immediately note that using the decision rule (1.4), P
[
CD|μ, σ2, ℘

]
≥ P ∗, provided

n satisfies n ≥ b2σ2

a2 ( c+1
c ) (= n∗c , say). In other words, if σ2 is known, and one collects a sample

of size n∗c from each of π1, . . . , πk and a sample of size cn∗c from π0, and, uses the decision rule ℘

given by (1.4) to partition the k populations, then the probability requirement (1.2) is achieved. The

values of the constant b, for selected values of P ∗, k, and, c, have been tabulated in the Solanky and

Wu (2004). For the case when σ2 is unknown, it is known that there does not exist a single-stage

procedure which can satisfy the probability requirement (1.2). So, for the σ2 unknown case, Tong

(1969) constructed a two-stage and a purely sequential procedure for c = 1. Datta and Mukhopadhyay

(1998) studied this problem further for the c = 1 case and constructed a fine-tuned purely sequen-

tial procedure and some other multistage methodologies, emphasizing the second-order asymptotics.

Solanky (2001) has constructed an elimination type procedure for the partition problem for the c = 1

case which takes samples of unequal sizes. The reader is also recommended to look at Solanky (2006)

and Mukhopadhyay and Solanky (1994), who have studied elimination aspect of the procedure and

various multistage procedures respectively. In the rest of this paper, we consider unbalanced purely

sequential procedure of Solanky and Wu (2004) and study the problem of finding an optimal value of c.

The purely sequential procedure starts with observations X0j , X1j , · · · , Xkj , j = 1, · · · ,m, where

m (≥2) is the starting sample size from π1, · · · , πk, and, cm is the starting sample size from π0. After

this, one takes c observations from π0 and one observation from π1, · · · , πk, at each step, according to

the stopping rule

N = inf{n ≥ m : n ≥
b2S∗

n
2

a2
(
c+ 1

c
)},(1.7)

where S∗
n
2 is an estimator of σ2 obtained along the lines of Mukhopadhyay and Solanky (2002). We

write X̄
(p)
0n = n−1∑n

j=1X0 (n−j)c+p , S
2
0n

(p)
=
∑n

j=1(X0 (n−j)c+p − X̄
(p)
0n )2 , p = 1, · · · , c , and, X̄jn, S2

jn,

j = 1, · · · , k, are the usual sample means and sample variances for a sample size n. Then, we define

S∗
n
2 =

∑c

p=1
S2

0n

(p)
+
∑k

j=1
S2

jn

c+k . Note that (n − 1)(c + k)S∗
n
2/σ2

∼ χ2
(n−1)(c+k), and, using the Helmert’s

orthogonal transformation, one can write (n− 1)(c+ k)S∗
n
2/σ2 =

∑n−1
i=1 Yi, where Y ′s are i.i.d. χ2

(k+c)

random variables.

2 Optimal choice of c

The following section is devoted to obtaining the optimal choice of c for the unbalanced purely sequen-

tial procedure of Solanky and Wu (2004). The “optimal choice of c” means choosing c such that the

total expected sampling cost is minimized for the purely sequential procedure. Suppose, the cost of

collecting a single observation form each population is known, denoted as p0, p1, · · · , pk, correspond-

ing to π0, π1, · · · , πk. Then, the expected total cost for the unbalanced purely sequential procedure,

which collects c observations from π0, and one from π1, · · · , πk, at each step, is

C = E[N · c · p0 +N · p1 +N · p2 + · · ·+N · pk](2.8)
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This equals to E[N ][c ·p0 +
∑k

i=1 pi] = E[N ][c+k · (
∑k

i=1 pi)/(k ·p0)] ·p0. Since p0 is a known constant

under our setting, it does not affect the choice of c. Define the average relative price p as p =

∑k

i=1
pi

k·p0
.

Now, (2.8) could be simplified as

C = E[N ] · [c+ kp](2.9)

Using Theorem 2 in Solanky and Wu (2004), E[N ] = n∗c + (ν∗ − 2)(k + c)−1 + o(1). So

C = [n∗c + (ν∗ − 2)(k + c)−1 + o(1)] · (c+ kp)

.
= (n∗c + (ν∗ − 2)(k + c)−1) · (c+ kp).

Note that for given populations and given indifference-zone, σ2

a2 is constant though unknown. Theo-

retically, the value of σ2/a2 affects the optimal choice of c, unless C can be expressed as σ2

a2 · f(c, k, p),

where f(·) is a function that does not depend on σ of a. Hence, it seems that we have to fix σ2

a2 on

some values and to get the optimal choice for c under these different values. Fortunately, in practice,

we do not have to do so. We only assume that σ2

a2 is very large and so is n∗c , such that we can ignore

(ν∗ − 2)/(k + c) compared with n∗c . In practice, ignoring (ν∗ − 2)/(k + c) is reasonable. First, it is

more important to minimize the total cost when the needed sample size gets rather large. So, when

we do not know how large the sample would be, it may be appropriate to find a optimal choice of c

under the condition that the sample size is very large. Second, −0.25 ≤ ν∗
−2

k+c ≤ 0.5 for all possible

combination of k and c. Therefore, under the condition that n∗c is large, ignoring the term ν∗
−2

k+c does

not affect our optimal choice for c significantly. Under these conditions, the goal is to minimize:

C =
σ2

a2
(b2

c+ 1

c
)(c+ kp) given k, p.

This is equivalent to minimizing:

C∗ = b2
c+ 1

c
(c+ kp) given k, p.(2.10)

3 Critical Values for choosing c

To illustrate the procedure, we start by considering the possible range 0 < p ≤ 10. For larger values

the procedure can be updated easily. Suppose c0 is the optimal choice for c for given k and p, then

b2k, c0

c0 + 1

c0
(c0 + kp) ≤ b2k, c0+1

c0 + 2

c0 + 1
(c0 + 1 + kp),(3.11)

holds. Fix c0 and k, the value of b will be fixed. Now the inequality can be solved for p, denote the

result as p ≤ p k, c0 . Do similar calculations for k from 1 to 10 and some c’s that could be optimal

choices for p in (0,10]. It is easy to show that for given k and p, if pc0−1 < p ≤ pc0 , then c0 is the

optimal choice of c for such given k and p, as long as pc0 is monotone with c0, which is the case

here. When p > p k, c0−1, C k, c0 < Ck,c0−1. And because pc0 is increasing with c0, p > p k, c′ for all

0 < c′ < c0−1. Hence, Ck, c0 < Ck, c for all 0 < c < c0. Similarly, Ck, c0 < Ck, c0+1 because p ≤ pc0 and

Ck, c0 < Ck, c for all c > c0 because Pc0 is increasing with c0. In Table 1, the entry corresponding to

c is the critical average relative price of the treatment populations, at which, the expectation of the

total cost for the purely sequential procedures with c and c + 1 observations from π0 and one from

π1, · · · , πk at each step, are the same. Under these conditions, if the tabled entry p k, c is the first

entry that greater or equal to the given average relative price of p in the line that corresponding to

k, then the corresponding c is the optimal choice for the unbalanced purely sequential procedure that

discussed in previous chapter.
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c

k 1 2 3 4 5 6 7 8 9

1 2.00 6.00

2 1.00 2.98 5.94 9.87

3 2.07 4.10 6.79

4 1.57 3.10 5.12 7.64

5 1.28 2.51 4.15 6.18 8.60

6 1.08 2.11 3.47 5.16 7.19 9.54

7 1.82 3.00 4.45 6.20 8.22

8 1.60 2.63 3.91 5.43 7.21 9.23

9 1.43 2.35 3.49 4.85 6.43 8.23

10 1.29 2.12 3.15 4.37 5.80 7.42 9.24

Table 1: Critical value for optimal choice of c

4 Examples for Choosing the Optimal c

Now, give some examples to show how to use this table. Example 1. For k=3 p=5, the optimal choice

of c is 4; Example 2. For k=7 p=9, the optimal choice of c is 9. Next, we consider an example to show

that even when σ2/a2 is large, the term ν∗
−2

k+c does not affect the value p k, c muck. Hence, it does not

affect the optimal choice of c much. Example 3. When k=5, c=2, and σ2/a2, which equal to λ=6,

p k, c is the solution of the equation below:

[
4.33199− 2

7
+ 2.306332 3

2
](2 + 5p) = [

4.86115− 2

8
+ 2.312472 4

3
](3 + 5p)

The values in this equation are obtained from Solanky and Wu (2004) and the result for this equation,

rounded to two decimal places is 1.28, the same as the corresponding one in Table 1. Note that,

for larger k, the σ2/a2 could be even much smaller and we can still keep the p k, c the same as the

corresponding ones in the table.
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Nottingham Trent University, Nottingham NG11 8NS UK 
Pat BEESON 
Australian Bureau of Statistics 
Melbourne, Australia 

1 Introduction
The international CensusAtSchool project (www.censusatschool.ntu.ac.uk) is concerned with

collecting data from and about school-aged learners, and returning the data, together with carefully
constructed learning and teaching resources, to them and their teachers. Connor et al (2006) showed how a
combination of real data, resources and technology, for example in the form of web-based interactive 
activities, can help improve the statistical literacy of school-aged learners. The web-based activities often
involve the production and/or interpretation of simple graphs, charts and diagrams that are designed to tease 
out salient features of the data. In this paper we develop these ideas further using modern data visualisation
methods, including on-going dynamic data interrogation tools that are being developed within the 
CensusAtSchool project in the UK. One of the main motivating factors of the CensusAtSchool project is that
real data, related statistics, graphs and charts become hooks that switch learners on to statistics. 

2 Web-Based Dynamic Data Interrogation Tools 

Figure 1 Coolest fashion accessories for English girls Figure 2 Coolest fashion accessories for English boys 

The Royal Statistical Society Centre for Statistical Education (RSSCSE) is developing an Internet-
based data interrogation tool that is dynamically linked to the databases it hosts for the CensusAtSchool
project. Figures 1 and 2 are produced using this tool - linking it to continually updated databases can be an
excellent way for school-aged learners of statistics to progress. For example, these students are hooked by
the fact that their data contribute to the ‘big picture’ available from a large database. Teachers being able to
dynamically illustrate the position of one or more of their learners relative to their peers, especially if this can 
be done graphically, is a real turn-on for them. Comparing Figures 1 and 2 it is easy to generate classroom
discussion about the distribution of male and female views on the coolest fashion accessories. 

The scatter plot of the height-age relationship for a class of learners at a particular school in the East
Midlands in the UK can be compared with a dynamically created scatter plot of a random selection of height-
age data from the whole database (Figure 3a). This visualisation can be used to illustrate how sampling can 
produce widely differing overlaid scatterplots, and subsequent lines of best fit, which itself can enable the
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learners to carry out informal inference from the different graphs produced. The scatterplot in Figure 3b is 
obtained from a dynamic link between the RSSCSE data interrogation tool and the two variables ‘ground to
bellybutton’ distance and ‘heights’ for UK boys and girls in phase 5 (2004/2005). 

Figure 3a Dynamic scatterplot of age-height data Figure 3b Scatterplot of ground to bellybutton and heights

Figure 4a shows the distribution of over 750,000 heights, in cm, of South African school learners. Few 
software packages can handle this number of observations (we used SAS to plot the data), but with so many 
data points we can take advantage of being able to specify a larger number of bins along the height axis. The
histogram in Figure 4b tells a different story after the number of bins has been (dynamically) increased.

Figure 4a Heights of South African Learners Figure 4b Heights of South African Learners

The story that can be unlocked from these forms of data visualisation concerns the fact that the 
learners, when measuring their heights, tended to round their answers, hence the spikes in Figure 4b.

Figure 5a Starplots - class opinion of five subjects Figure 5b Starplots - class opinion of mathematics
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Starplots provide a highly informative way of presenting several measurements made on one object or 
person. In the phase 5 UK CensusAtSchool questionnaire a continuous 0 – 5 scale was provided for learners 
to express their opinions about subjects they were taught (0 = do not like at all, 5 = like a lot). In Figure 5a
we plot, using the RSSCSE data interrogation tool, the data from 30 learners who expressed their views on 
five subjects. The plots are coloured-coded with the longest arms in each star representing ‘like a lot’ for that
subject. It can be seen there is wide variation of opinion over the five subjects between learners in the class.
In Figure 5b it can be seen that when the same subject, in this case mathematics, is plotted on each arm of the
star, an overall picture can be drawn about the extent to which the same class likes mathematics. It is clear 
that about six pupils really like the subject (larger stars), but about nine do not (smaller stars). 

3 Tinkerplots
TinkerPlots™ software, produced by Key Curriculum Press, is designed to get school-aged learners

excited about what they can learn from data.  It uses a dynamic learning environment in which students 
create visual representations to help them make sense out of real data by allowing them to play or ‘tinker’
with the data. Figure 6a is a diagram that can be created by Tinkerplots – each of the circles represents one

Figure 6a Random sample of 200 UK learners from phase 5 Figure 6b Books read by boys and girls from phase 5 

person from a  random sample of 200 learners from UK phase 5 of the project. The question posed here is 
whether boys and girls like reading different types of book. The tools on the top bar of Figure 6a enable the 
dynamic creation of the diagram in Figure 6b, where clear differences can be seen between the types of 
books boys and girls read. See www.censusatschool.org.nz/2005/tinkerplots/ for further examples.

4 Other Data Visualisation Tools 
There are many other innovative data presentation tools that can help improve statistical literacy in 

school-age and other learners. For example, scatterpolt matrices can be used to assess multiple scatter plots 
of pairs of variables measured on two or more objects, and notched boxplots allow improved interpretation 
of the volume of data that occur between the lower and upper quartile marks. Lack of space in this paper 
prevents us from giving more examples, but a comprehensive list of data visualisation graphs and diagrams 
can be found at the R graph library at addictedtor.free.fr/graphiques/thumbs.php.

5 GIS Plots 
The use of geographic information systems (GIS) within a school framework is in its infancy. GIS is a 

tool for the storage, retrieval and analysis of data and some teachers are increasingly looking for ways to use
it in their classrooms. It has the capacity to develop inquiry-based learning both in an individual- or a group-
based context.  By integrating data stored either in a spreadsheet or database the learner can be introduced to
the management of data, a necessary skill in today’s information- and technologically-rich world. Through 
the visualisation of data, statistics becomes more meaningful and the use of GIS to analyse a real world 
problem enables schools to interact with outside organisations and build relationships with them. Finally, if 
learning can be linked to the learner’s own environment it becomes even more valuable, especially if the
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technology allows them to manipulate and question the data.  Integrating GIS into the curriculum has been 
hampered by poor access to digital maps, data and computer facilities. Also, initially, the high cost of the 
software has been a drawback. Another key difficulty has been the amount of time needed to gain 
proficiency in the software but free on-line mapping is becoming more accessible to teachers. The analysis of 
spatial data helps answer many interesting questions and learning can be very effective.

Figure 7a Comparison of eye colour between countries Figure 7b Access to Technology in Queensland

Figure 7a compares eye colour for randomly derived samples from five countries. Figure 7b is made
using a random sample of 200 students from Queensland schools in the 2006 CensusAtSchool conducted by
the Australian Bureau of Statistics. Twenty eight percent of schools participated with over 112,000 students
taking part. The data have been mapped for the technologies available to students, including mobile phones,
computer games, internet, Game Boy, MP3 player, portable radio, television and a play station. Results were
averaged if several samples were drawn from one postcode. Care must be taken in making inferences from
these data because the sample is derived from schools that self-selected to register for the project.

6 Conclusions
Teachers of statistics are continually trying to find ways to improve the statistical literacy of learners.

Making them comfortable with carrying out informal inference from interpreting innovatively produced
graphs and charts can be a motivating experience. We have presented a number of different ways that can
help the statistical thinking process for school-aged learners, concentrating on data visualisation produced
from dynamic links to the CensusAtSchool databases. The material presented here once again emphasises our
core philosophy that involving individual learners in the statistical process is a key way to improve the
statistical literacy of our world.

REFERENCES
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RESUME
In this paper we use data collected from the international CensusAtSchool project to illustrate ways

in which data visualisation for simple and complex data sets can be used to good effect to help to improve
the statistical literacy of school-aged and other learners. We use commonly available software to illustrate 
the power of different graphical techniques, including a selection from: web-based data interrogation tools
linked dynamically to databases; dynamic histograms; starplots; scatterplot matrices; notched boxplots;
jitter plots; multiple boxplots. We illustrate the use of the innovative software ‘Tinkerplots’ to show how
school-aged learners can become CensusAtSchool interrogators so that information in the data can become
more accessible to them. Finally we demonstrate the usefulness of GIS software to unlock spatial and other
information contained in nationally collected variables. 
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ABSTRACT

OECD is committed to promote informed decision making in all aspects of life: in policy making, in
business decisions, in private life of citizens. OECD is a provider of high quality comparable statistics
that lend themselves very well to international policy analysis and decision making. But first decision
makers must be aware and understand the messages buried inside the data. To many people, and
especially younger audiences, statistics are seen as boring and hard to understand. Thus, they may
never be turned into knowledge. This paper addresses the challenge of making potential users aware of
statistics as an interesting and useful basis for forming an opinion and making decisions. It proposes
to use dynamic graphical methods to make indicators appealing and uncover the messages they hide.
It further proposes increased use of participative approaches on the Internet, encouraging users to
experiment with their own analysis and discuss results and their implications. After surveying some
possible standards for dynamic graphics, the paper explains the strategy of the OECD for making
statistics understandable and enhancing their use.

Keywords. Statistics; knowledge; dynamic graphics; quality; metadata; statistics databases.
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“Make Sense of the World by having Fun with Statistics”

(Gapminder)

Walter Radermacher
German Federal Statistical Office
E-mail: walter.radermacher@destatis.de

ABSTRACT

The German experience in visualisation of statistical information with intelligent graphics may exem-
plify some best practice to make statistics more attractive and even enjoyable. In 2003, the Federal
Statistical Office of Germany (Destatis), in collaboration with the Office for National Statistics of the
UK (ONS), started to add interactive graphics to their internet offerings. It began with an animated
population pyramid for Germany’s 10th coordinated population projection in 2003. A year later, an
interactive mapping application for the European Election, and a database- driven Atlas of Regional
Statistics, extended the range of “intelligent” graphics on the web. In the beginning of 2005 an Index
Calculator for a personalised inflation rate was introduced for a better understanding of price statis-
tics. In 2005, results of the general election were published with an adapted version of the interactive
Atlas. Lastly, in May of this year the Atlas of Foreign Trade was launched - based on a completely
different Internet-Map Server (IMS) Technology. User interaction is the key concept of this online
communication whereby users can explore the data in new ways compared to static publications. An-
imation can make understanding of statistics a lot easier and catch the visitors attention in a very
effective way. With graphics like these traditional publications can be amended tremendously, and
the internet can be used as a medium as its best. The paper will examine the success of interactive
graphics up to this point and identify recent challenges, using interactive graphics on the web as a
means to better communicate statistics.

Keywords. Statistics; graphics; interaction; svg maps.
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How can we develop better communication between producers of statistics and users?  
Communication can be improved by providing innovative ways of presenting data, and by 
providing forums for users to debate the interpretation of data in the public domain.  Most national 
statistics offices (NSOs) allow users to download data.  A few provide discovery tools on line, but 
these are often limited to presenting bivariate data or thematic maps.  Here, we describe some of 
our discovery tools that allow far greater engagement with data.  Users can explore data 
dynamically, make and test conjectures.  Informed citizenship requires that citizens understand 
evidence, and arguments based on evidence.  We believe that NSOs should facilitate this process 
by providing discovery tools that encourage exploration, developed either in house, or in 
collaboration with groups like ours. 
Most issues that governments engage with - such as health, education, economic performance and 
crime - involve multiple variables that interact in non-obvious ways.  For informed citizenship, and 
personal well being, citizens (and politicians and journalists) need to be able to reason with complex 
multidimensional data.  There is a large literature on the problems that students and adults have 
with simple concepts, such as interpreting static 2D graphs, and tabular information.  However, our 
recent studies show that students aged 9 – 14 years can reason with multivariate data, if the data are 
presented on screen, and they are given control of what is displayed.  Our empirical work (e.g. 
Ridgway et al., 2006, 2007b) shows that computer-based multivariate tasks are no more difficult 
than 2D paper based tasks.   
We have designed a number of software ‘shells’ in Macromedia Flash that run on web browsers, 
available as ‘freeware’ downloadable from our website (http://www.dur.ac.uk/smart.centre/), into 
which anyone can load data sets.  Designs are based on a number of key principles: 
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• Interfaces should be ‘transparent’ to new users; 
• Interfaces should encourage users to engage actively with data to construct their knowledge 

– for example, by presenting apparent paradoxes that need to be resolved; 
• Interpretation begins with ‘common sense’, not with previously acquired statistical 
technique. 

Figure 1 shows an interface which illustrates these design features.  Data are presented on the 
incidence of a number of sexually transmitted diseases for males and females of different ages, for 
different years.  Users drag variable names to the x- axis, and to the choice of independent variable 
to be displayed (‘Sex’ in this case), as they see fit, and can use sliders to explore the effects of other 
independent variables.  In Figure 1, we have chosen to plot the incidence of chlamydia for males 
and females of different ages in 2004.   
 

 
 

Figure1: Incidence of Sexually Transmitted Diseases by Age and Sex (2000-2004) 
 
The raw data contain a number of surprises: about 13% of females aged 16-19 years have 
chlamydia, and the incidence in females is more than twice the incidence in males.  The dynamic 
features of the display show the incidence rising by about 50% over a 4 year period, via a process of 
steady growth.  The data have some seemingly paradoxical elements: first, infection rates are 
higher in young women than in young men (which contradicts stereotypes that young men are more 
promiscuous than young women); second, the data for genital warts (contracted in just the same 
way as chlamydia) shows no consistent increase over the same 4 year period.  To resolve these 
apparent paradoxes, one needs to know something about the phenomena being modeled – here 
disease transmission and symptomatology.  It is easier for women to acquire chlamydia, and it is 
more likely to be asymptomatic in women (unlike genital warts).  The data contain some striking 
messages for individuals that do not depend on the mastery of statistical technique (absolute levels 
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of infection; a very fast rise in incidence; interaction with disease entity, and a serious concern 
about the likely spread of AIDS, if it were to reach this population).  Other ways to inspect the data 
(for example, plotting the incidence by year) invite questions about trends over time, and 
interactions between age, sex, and disease – questions that are better answered in the light of some 
statistical knowledge. 
Traditional approaches to interface design have focused on ergonomic factors, and psychological 
analyses of user transactions.  We believe that the quality and appropriateness of an interface can 
best be judged by analysing the interpretations that representative users make of data sets.  All 
other evaluative methods (analyses of transactions and other ergonomic analyses), though important 
during design, are surrogate measures.  This raises questions about how such evidence can be 
gathered.  One approach is to conduct systematic studies on representative users, using novel 
interface designs, in controlled conditions, as we have done, elsewhere.   
A second important approach is to examine the ways that students in school use rich data. (this 
work can also be seen to ‘add value’ to data sets by getting them used more widely).  We have a 
number of on-going projects which use large scale data sets as the basis for work which combines 
geography, citizenship, and mathematics (see Ridgway et al., 2007c).  Such projects are important 
because they require students and teachers to cross boundaries between subjects – statistical ideas 
are introduced as part of addressing a major problem (on disease spread, to understand poverty, or 
as part of an exercise in disaster planning, in three of our contexts).   
A third source of evidence is found on websites such as Swivel (http://www.swivel.com) and Many 
Eyes (http://services.alphaworks.ibm.com/manyeyes/home) that allow users to post data sets 
presented in a variety of simple ways, and to offer interpretations of the data.  These sites give 
some insight into user conceptions; they also offer the prospect of enhancing statistical literacy via 
links to sources such as wikipedia (http://en.wikipedia.org/wiki/Main_Page).  
Great strides have been made by statistical agencies around the world in making data accessible to 
citizens.  Mittag and his collaborators (e.g. Mittag and Marty (2005); Grunewald and Mittag 
(2006)) have developed interfaces that allow some user interaction with OECD data; an important 
feature of this work is a facility to connect to on-line tutorials about statistical concepts.  
Gapminder (www.gapminder.org) is an excellent tool for the exploration of bivariate relationships, 
and has been adopted by the United Nations Statistics Division for the display of the Millenium 
Development Goals.  A number of countries have initiatives to encourage use of large scale data 
sets in school (e.g. Canada http://www.statcan.ca/start.html; Portugal http://alea-
estp.ine.pt/ingles/index.html; and England http://www.stats4schools.gov.uk/default.asp).  More 
engagement, and more engaging, interfaces, are needed. 
However, there are deeper problems that may need to be addressed.  Conceptions about the nature 
and role of ‘statistics’ can be a barrier to communication.  In (for example) government reports, 
stories are told, and actions are recommended on the basis of a number of factors, just one of which 
is a set of analyses of available data.  Understanding and modeling data is extremely important – 
but is just one of the kinds of reasoning involved in modeling situations, as the earlier example on 
the incidence of sexually transmitted diseases showed.  The practices and tools of professional 
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statisticians (e.g. Silva, 2006) are no longer aligned with school courses in statistics (Ridgway et al., 
2007a).  Contemporary statistics (according to Silva) focuses on building statistical models that 
match situations (for example in biology or geography).  Much of statistics education in school 
focuses on the mastery of techniques developed almost 100 years ago, in a pre-computer era, 
designed to address rather simple statistical questions.  To engage users with evidence, it will be 
necessary to engage them in the process of modeling situations, not simply modeling data with 
inappropriate standard tools – in short, to function rather like professional statisticians.   
We believe that many of the ‘craft skills’ that statisticians bring to data (‘check that the effect size is 
a lot bigger than the measurement error’; ‘disaggregate the data – do things still look the same?’ 
etc.) can be communicated effectively, and are more powerful aids to understanding multivariate 
data than is the ability to do a t-test.  There is an urgent need to identify core skills needed to 
understand multivariate data, to understand the development of statistical concepts in an untrained 
population, in parallel with the development of simple tools for understanding multivariate data.  
Reform of statistics curricula in schools and universities should be part of this agenda.   
 
Helping citizens to acquire ‘uncommon common sense’ is an important goal for statisticians, 
educators, and democracy.  We welcome ideas for collaborative ventures.  Examples of our work, 
and freeware can be found at: http://www.dur.ac.uk/smart.centre/ 
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Small Area Estimation for Profiles Using Semiparametric

Mixed Models

Breidt, F. Jay
Colorado State University, Department of Statistics
102 Statistics
Fort Collins, CO 80523-1877, USA
E-mail: jbreidt@stat.colostate.edu

Studies of the physical and chemical properties of soils rely on measurements obtained from
soil core samples. Within each core, measurements are recorded at multiple depth increments. These
data represent not the instantaneous value at a particular depth, but the total or average over the
increment at that depth. Specification of a parametric model in this context is difficult, and methods
in common use may lead to biased or inefficient results. Breidt, Hsu and Ogle (2004) developed a semi-
parametric mixed model for such increment-averaged data. The model uses parametric fixed effects
to represent covariate effects, random effects to capture correlation within studies, and an integrated,
smooth function to describe effects of depth. The depth function is specified as an additive model,
estimated with penalized splines using standard mixed model software. Smoothing parameters are
automatically selected using restricted maximum likelihood.

In Breidt, Hsu and Ogle (2004), this methodology was applied to the problem of estimating
differences in soil carbon from paired experiments of agricultural soils under different kinds of tillage
management. The results were profiles of soil carbon differences; namely, the difference in soil carbon
between the two compared management methods as a function of depth. Such profiles are needed for
assessing the amount of carbon stored in soils due to a change in tillage practice, an assessment of
interest in carbon credit accounting.

In this paper, we extend the methodology to apply it to the problem of small area estimation
for soil chemistry profiles. The small areas in this context are soil map units, which are delineated
regions of a landscape with similar soil properties, indexed by an alphanumeric code called the map
unit symbol (MUS). Cores are sampled from this landscape during a soil survey, and from the small
number of cores in each soil map unit, it is of interest to describe the properties of the soil chemistry
as a function of depth. The data used here are from the Major Land Resource Area 107 Pilot Project,
which sampled two counties in western Iowa using a multiphase sampling design. Here, we focus on
the third phase, in which horizon-specific laboratory data were collected on many study variables of
interest, including pH, carbon, sand, coarse silt, fine silt, clay, nitrogen, calcite, dolomite, and CaCo3.
For these variables, we seek to estimate area-specific profiles.

Several key features of these data are depicted in Figure 1, which shows scatterplots of pH
versus depth in four particular map unit symbols: 1D3, 112D3, 10C3, and 1E3. First, the data are
obtained by increment averaging. The measurements are not depth-specific but are obtained over a
depth increment determined by natural soil horizons. Thus, the scatterplot consists of horizontal line
segments instead of points. Second, observations taken from successive horizons in the same core tend
to be alike, hence may have positive autocorrelation. Third, there are possible non-linear features,
namely asymptotes. Finally, the sample sizes are small for many soil map units; e.g., only one soil
core for 112D3 and 10C3.

The goal then is to borrow strength across map unit symbols (small areas) to obtain profiles
for each map unit symbol, using a model that accounts for the key data features. Figure 1 shows the
result of this small area estimation of profiles, as the curves that track the data in each subplot. The
remaining curve in each subplot is the global profile, which would be the estimated profile for a small
area with no data.
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Figure 1. Raw pH horizon averages (horizontal segments), fitted small area profiles

(curves that track the data), and global profile (curves that are common to all four

plots) for four map unit symbols.

These profiles are obtained by extending the classic small area estimator of finite domain means
{θg}G

g=1, based on a nested error regression model (Battese, Harter, and Fuller 1988):

θg =
1

Ng

∑
s∈Dg

θgs =
1

Ng

∑
s∈Dg

(
xT

gsβ + Ug + ηgs

)
,(1)

where Dg is the finite small area g,
∑

s∈Dg
xT

gs is a known summary of covariate information for small
area g, β are unknown regression parameters, {Ug} are uncorrelated, zero-mean random intercepts
and ηgs are uncorrelated, zero-mean noise terms. One observes {Ygs} = {θgs} for a sample of units in
a standard application. Battese, Harter, and Fuller (1988) developed this model and applied it to the
problem of small area estimation of crop acreages within counties, using the model

actual crop acres = (satellite corn acres, satellite soybean acres)T β

+county-specific intercept

+noise.

The first generalization of the nested error regression model is to allow for other types of random
effects (see, for example, the review in Ghosh and Rao 1994):

θg =
1

Ng

∑
s∈Dg

θgs =
1

Ng

∑
s∈Dg

(
xT

gsβ + zT
gsu + ηgs

)
.(2)

Note that one needs auxiliary information
∑

s∈Dg
xgs and

∑
s∈Dg

zgs in order to use this formulation
for small area estimates.
The next generalization of the classic nested error regression model is from a finite population to an
infinite population:

θg =
1

|Dg|
∫

Dg

θgs ds =
1

|Dg|
∫

Dg

(
xT

gsβ + zT
gsu + 0

)
ds.(3)
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Note that one needs auxiliary information∫
Dg

xgs ds and
∫

Dg

zgs ds

in order to use this formulation for small area estimates. Further, we now drop the assumption that
the measurements are obtained without error, and instead consider Ygs = θgs + εgs for uncorrelated
noise {εgs}.
Finally, we make the extension from a single small area parameter to a continuous parameter, the soil
profile indexed by depth t:

θg(t) =
1

|Dg|
∫

Dg

θgs(t) ds =
1

|Dg|
∫

Dg

(
xT

gs(t)β + zT
gs(t)u

)
ds.(4)

Note that one now needs ∫
Dg

xgs(t) ds and
∫

Dg

zgs(t) ds

in order to use this formulation for small area estimates. It is unlikely in practice that depth-specific
covariates are separately available for each small area; more likely is that the covariate is indexed
only by g (e.g., remotely-sensed surface characteristics) or only by t (e.g., polynomials or spline basis
functions).
Further, the observations are not continuous curves but instead are horizon averages:

Ygsj =
1

dgsj − dgs,j−1

∫ dgsj

dgs,j−1

θgs(t) dt + εgsj .(5)

Let (·)+ = max{·, 0} and model the profile for a single core as

θgs(t) = m(t) + mg(t) + Ugs(t)

= (global profile) + (smooth area-specific deviation)

+(stochastic, core-specific deviation)

=

(
β0 + β1t +

K∑
k=1

ak(t − κk)+

)

+

(
b0g + b1gt +

K∗∑
k=1

bk+1,g(t − κ∗
k)+

)
+Ugs(t)(6)

and, following the increment averaging approach in Breidt, Hsu and Ogle (2004), model the jth horizon
average in the gth map unit symbol and sth core as

Ygsj =
1

dgsj − dgs,j−1

∫ dgsj

dgs,j−1

θgs(t) dt + εgsj

= β0 + β1
dgs,j−1 + dgsj

2
+

K∑
k=1

ak

2

{
(dgsj − κk)2+ − (dgs,j−1 − κk)2+

}

+b0g + b1g
dgs,j−1 + dgsj

2
+

K∗∑
k=1

bk+1,g

2

{
(dgsj − κ∗

k)
2
+ − (dgs,j−1 − κ∗

k)
2
+

}
+

1
dgsj − dgs,j−1

∫ dgsj

dgs,j−1

Ugs(t) dt + εgsj ,(7)

where K and K∗ are known positive integers, and {κk}K
k=1 and {κ∗

k}K∗
k=1 are sets of fixed, known knots.

Further, we make the distributional assumptions that

{ak} iid N(0, σ2
a),

{[
b0g

b1g

]}
iid N(0, Σ), {Ugs(t)} ≡ {Ugs}iid N(0, σ2

U )

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 2052 -



{bk+1,g} iid N(0, σ2
b ), {εgsj}iid N(0, σ2

ε ).

With this formulation, it is possible to regard the semiparametric profile model as a linear mixed model,
to estimate its variance components by restricted maximum likelihood, and to estimate the remaining
fixed and random effects using the standard empirical best linear unbiased estimation/prediction
methodology. See Ruppert, Wand, and Carroll (2003) for an extensive treatment. All of this can be
implemented in standard software.
Further, model comparisons can be conducted using likelihood ratio tests to assess the need for different
levels of complexity in the model. Table 1 shows the results of such testing on four key variables. Note
that for pH, the model reduction from (global spline)+(area-specific intercept) to (global line)+(area-
specific intercept) is strongly rejected, indicating that the global model should include the nonlinearity
allowed for by the spline. Similarly, the model reduction from (global spline)+(local line) to (global
spline)+(local intercept) is strongly rejected, indicating that the area-specific deviation from the global
model should at least include a linear term. Finally, the model reduction from (global spline)+(local
spline) to (global spline)+(local line) is not rejected, indicating that a (global spline) + (local line) is
adequate for pH. This is the model depicted in Figure 1. By contrast, carbon appears to need the full
model complexity: (global spline)+(local spline).

Table 1. Likelihood ratio tests for model comparisons on four soil chemistry variables;

the first term in each sum corresponds to the global profile, and the second to the smooth

area-specific deviation. A rough approximation to the 0.10 critical value for the test is

5.528, the 90th percentile of 1
2χ2

2 + 1
2χ2

3.

carbon nitrogen pH clay

# horizons 393 432 1192 1192
# cores 75 75 193 193

# map unit symbols 46 46 97 97
MODEL REDUCTION

spline+intercept → line+intercept 40.6 61.5 49.1 0.0
−2 log RLR spline+line →spline+intercept 80.9 40.6 286.0 129.3

spline+spline→spline+line 20.7 0.0 2.4 5.0
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1. Introduction

Propensity weighting is a form of adjusting for unit nonresponse in surveys. Under this pro-
cedure, the sampling weights of the units remaining in the sample are increased using estimates of
the probabilities that these units will respond to the survey. These probabilities are also referred as
response propensities, when they are seen as a function of the auxiliary information available. General
descriptions of propensity weighting to adjust classical survey estimators for nonresponse are given in
Nargundkar and Joshi (1975), David et al. (1983), Cassel et al. (1983) and Little and Rubin (2002),
among others.

The traditional way of implementing propensity weighting is by estimating the response propen-
sities adopting parametric models. These models imply a specific parametric form for the response
propensities, also referred as the response propensity function. Typical choices for this function are the
logit and probit transformations (Kalton and Maligalig 1991), as their fitting algorithms are usually
available in most statistical computing softwares. However, other suitable link functions for binary
data can also be considered. In general, the validity of the adjustments made depend on how well the
response propensity function is correctly specified. When that is not the case, the resulting adjusted
estimators of the population quantities might be biased.

Another approach to estimate the response propensities that might avoid the bias caused by
a misspecified response propensity function is by estimating this function through nonparametric
methods. The use of these nonparametric methods in the survey nonresponse context goes back
at least to Giommi (1984), who considered kernel smoothing, in the form of the Nadaraya–Watson
estimator, as the estimation method of the response propensities. Theoretical and practical properties
of Giommi’s estimator were studied in detail by Da Silva and Opsomer (2006), where the consistency
of adjusted estimator for the population mean, the rates for the asymptotic bias and the variance, and
the properties of a Jackknife variance estimator were established.

We will here consider here the estimation of the response propensity function by local polynomial
regression, which is described for instance in Wand and Jones (1995). This method is a kernel–
based nonparametric method that generalizes Giommi’s estimator. We use the resulting estimates
to construct propensity weighting adjustments for the mean of the finite population and evaluate
its properties under the joint distribution of the sampling design and a nonparametric model for
the response or the nonresponse process. We will also consider variance estimation by replication
procedures. Practical properties of the proposed approaches are evaluated through Monte Carlo
experiments.
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2. The propensity weighting procedure

Consider a population of N units U = {1, 2, . . . , N}. Suppose that a probabilistic sample s

is drawn from U , according to some probabilistic sampling design p(s). Let n be the size of s and
πi = Pr{i ∈ s} =

∑
s : i∈s p(s) be the inclusion probability of unit i, for all i ∈ U . It is of interest to

estimate the population mean of a study variable y, namely ȳN = N−1
∑

i∈U yi, where yi denotes the
value of y for the i–th element of U . Assume first that the values xi of an auxiliary variable x are
fully observed for all units i selected to the sample.

When the sample contains unit nonresponse, then we only observe the values of the study
variables for the units in a subset r ⊂ s. To account for the information that was not observed into
the estimation of the parameters of interest, it becomes necessary to model the response process. To
define this response model, let Ri be an indicator variable assuming the value one, if the unit i respond
to the survey, and the value zero, otherwise, for all i ∈ s. We assume that, given the sample is fixed,
the response indicators are independent Bernouilli random variables with

Pr{Ri = 1 | i ∈ s, y, x} = φ(xi) ≡ φi, for all i ∈ s,(1)

where the exact form of φ(·) is unspecified, but it is assumed to be a smooth function of xi with
φ(·) ∈ (0, 1]. The response probabilities φi in (1) are also known as the response propensities (David
et al. 1983). In this terminology, we shall refer to the function φ(·) as the response propensity function.

The relationship in (1) implies that the propensity to respond of unit i does not depend on the
values of any study variable, but it may depend on the auxiliary variable only through xi. If these
propensities were known, then possible estimators of ȳN would be given by

ȳπφ =
1
N

∑
i∈r

π−1
i φ−1

i yi(2)

and

ȳπφ,rat =
∑
i∈r

π−1
i φ−1

i yi

/∑
i∈r

π−1
i φ−1

i .(3)

Estimators (2) and (3) are unbiased and approximately unbiased, respectively, under the quasi–
randomization model of Oh and Scheuren (1983). Under this model, the statistical properties of
the estimators are evaluated using the joint distribution of the sampling design and response model
(1).

However, since the response propensities are unknown in practice, we need to replace the φi in
(2) and (3) by estimates φ̂i satisfying 0 < φ̂i ≤ 1. The resulting propensity weighting estimators are

ȳ
πφ̂

=
1
N

∑
i∈r

π−1
i φ̂−1

i yi(4)

and

ȳ
πφ̂,rat

=
∑
i∈r

π−1
i φ̂−1

i yi

/∑
i∈r

π−1
i φ̂−1

i .(5)

The latter form has the desirable property of being location–scale invariant because the summation
of its adjusted weights is equal to one.
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3. Estimation of response propensities by local polynomial regression

The procedure to estimate the response propensities φ̂i in (5) by local polynomial regression is
as follows: Let K(·) be a continuous and positive kernel function and h be its bandwidth. Consider

the vector β̂i =
(
β̂0i, β̂1i, . . . , β̂ki

)T
as the value of β = (β0, β1, . . . , βk)

T that minimizes

∑
j∈s

(
Rj − β0 − β1(xj − xi) − · · · − βk(xj − xi)k

) 1
πjh

K

(
xj − xi

h

)
.

The local polynomial regression estimator of degree k of φi = φ(xi) is given by

φ̂i ≡ φ̂(xi, k, h) = β̂0i = e1
T β̂i,(6)

where e1 denotes the column vector of order k + 1 with the value one in its first component and zero
elsewhere.

One special case of (6), where an analytical expression can be derived for φ̂i ≡ φ̂(xi, k, h), is the
zero order (k = 0) local linear polynomial estimator

φ̂(xi, 0, h) =
∑
j∈s

K

(
xj − xi

h

)
π−1

j Rj

/∑
j∈s

K

(
xj − xi

h

)
π−1

j .

This estimator corresponds, except for the weights π−1
j that were included, to the Nadaraya–Watson

estimator used by Giommi (1984). A formula for the local linear polynomial estimator (k = 1) is
not difficult to be obtained, but it will not be given here (see Wand and Jones (1995)). Instead, we
provide a general formula for φ̂(xi, k, h) using matrix notation. Define the n × (k + 1) matrix

Xsi =
[
1 (xj − xi) · · · (xj − xi)k

]
j∈s

,

the n × n matrix

Wsi = diag
{

1
πjh

K

(
xj − xi

h

)
: j ∈ s

}
,

and let Rs = (Rj : j ∈ s)T . Hence, assuming that XT
siWsiXsi is invertible, the local polynomial

regression estimator (6) becomes

φ̂i ≡ φ̂(xi, k, h) = e1
T (XT

siWsiXsi)−1XT
siWsiRs.(7)

4. Results

Properties of the adjusted estimators ȳ
πφ̂

and ȳ
πφ̂,rat

, using the response propensity estimator
(7), are demonstrated using simulation experiments. More specifically, we compare performances
of these estimators under some response propensity functions, implementing the local polynomial
procedure over a range of bandwidths and varying degrees of the polynomials fitted.

We also examine the properties of a replication procedure to estimate the variance of ȳ
πφ̂

and

ȳ
πφ̂,rat

. The procedure considers a set of replicates θ̂(1), θ̂(2),..., θ̂(L) of one of the estimators of interest,

denoted by θ̂, and uses as the variance estimator the quadratic form

L∑
�=1

c�(θ̂(�) − θ̂)2,

for suitable constants c�, � = 1, 2, . . . , L.
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RÉSUMÉ

Propensity weighting is a procedure to adjust for unit nonresponse in surveys. A form of imple-
menting this procedure consists of dividing the sampling weights by estimates of the probabilities that
the sampled units respond to the survey. Typically, these estimates are obtained by fitting parametric
models, such as logistic regression and probit analysis. The resulting adjusted estimators may become
biased when the specified parametric models are incorrect. To avoid misspecifying such a model, we
consider the nonparametric estimation of the response probabilities by local polynomial regression. We
describe practical properties of the proposed approach.
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Introduction and Motivation

Mixed effects models are quite popular in many areas of statistics. In recent years they have

attracted a good amount of attention, especially in small area statistics, and for the analysis of panel

data. This holds e.g. for biomedical, economic and social sciences. Most recently they have entered

the nonparametric world, see Ruppert et al. (2003) and Opsomer et al. (2005), between others.

However, asymptotic theory was missing for estimation in semiparametric mixed models. Lombard́ıa

& Sperlich (2006) introduced an estimation procedure for generalized partial linear mixed effects

models, a semiparametric model specification test, a bootstrap procedure, and provided asymptotic

theory for all methods.

The model is defined as follows. For response Ydj ∈ IR with covariates Xdj ∈ IRp including the

intercept, the classical generalized linear Mixed Effects Model (MEM) with known link g(·) can be

written as

E [Ydj |ud,Xdj ] = g
{
Xt

djβ + Zt
djud

}
, d = 1, . . . ,D; j = 1, . . . , nd;(1)

with Zdj ⊆Xdj of dimension �, β ∈ IRp the fixed effect, and ud ∈ IR� the i.i.d. unobservable random

effects with mean zero and of which the variances-covariance matrix Σu has to be estimated. We

have sample size n =
∑D

d=1 nd and D is the number of areas (domains or groups) with the typical

assumption of D →∞ at rate O(n). An essential and crucial assumption for the existing methodology

is that ud is independent from Xdj and that g(·) is known. If g is the identity, model (1) includes

the nested-error (Zdj = 1 and ud ∈ IR), the random regression coefficient (Zdj = Xdj), and the

Fay-Herriot model (only area specific information), see Prasad & Rao (1990) for a summary.

Let us concentrate on the nested error model, which is the most popular one in practice. Then,

the corresponding Fixed Effects Model (FEM) is

E [Ydj |Xdj ] = g
{
X t

djβ + cd

}
, d = 1, . . . ,D; j = 1, . . . , nd;(2)

with cd being an area (domain or group) specific fixed effect without the independence assumption

with respect to the individual effects Xdj .

For a better understanding of our work, recall first two striking facts. The MEM is basically

motivated as follows: So far one models the area effect by random effects because this seems to beat

any other parametric model when predicting. This is due to the fact that in the moment of prediction

they add the estimated random effect to the predictor. The additional variance of the prediction

caused by assuming this random effect is only slightly larger than the one of a fixed effect estimate

based on few observations. But the modelling of the new variance structure allows for a more efficient

estimation of β. However, this gain is a self-deception because it might improve prediction in the mean
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but under the quite unrealistic assumption of independence between area effects and covariates as well

as individual effects. Thus, even if MEM leads to a better sample fit, it does with the cost of biased

estimates. Further, it does not at all contribute to a better understanding of the underlying process.

Finally, a method to do valid inference is not (or hardly) available. Indeed, all available methods

for testing or prediction intervals are inconsistent if for example, there is some correlation between

area and individual effects. We therefore propose a flexible modelling of area effects that allows the

model to move smoothly from a MEM without area specific covariates over a Semiparametric Mixed

Effects Model (SMEM) to a FEM. This way we resolve several problems at once: we model and thus

explain the area or group effect, can get rid of the dependence problem, obtain this way consistent

estimates and valid inference; all this without losing the advantages of MEM and without running

into the problems we would face in a FEM (2).

Let W ∈ IRq denote the area specific covariates and the rest as in (1) restricting to the nested-

error model (i.e. Zdj = 1 and ud ∈ IR). Then, we suggest the following SMEM:

E [Ydj |Xdj ,W d, ud] = g
{
Xt

djβ + ηv(W d) + ud

}
(3)

where ηv : IRq
→ IR is an unknown nonparametric function with a given parameter of smoothness

v with E[ηv(W )] = 0 for convenience. Let us think of v as a parameter such that e.g. for kernel

estimates h = v · n−2/(4+q) is the bandwidth. Then, for one extreme we have η0(W d) = cd with∑D
d=1 cd = 0 and on the other extreme η∞(W l) = 0. It is clear that in the first case we get ud = 0 for

all d such that we indeed get a FEM (2), whereas for h =∞ we obtain a MEM (1),

E [Ydj |Xdj ] = g
{
Xt

djβ + cd

}
←→ E [Ydj |ud,Xdj ] = g

{
X t

djβ + ud

}
.

For the ease of presentation we define θ as the variance components vector of the model. We

assume that V ar[Ydj|Xdj ,W d, ud] = σ2
e and σ2

u = V ar[ud] are unknown parameters, for all d =

1, . . . ,D, j = 1, . . . , nd, then we take θ = (σ2
e , σ

2
u).

We have a sample of n =
∑D

d=1 nd replicates {(Ydj ,Xdj ,W d)}
nd,D
j=1,d=1. Suppose the conditional

distribution of Y is from the family of densities {f(Y |u,X,W ; ηv, δ) : δ ∈ Δ, ηv(W ) ∈ M} with M

and Δ being compact sets, where δ = (β,θ). The observations are taken independently, (X,W ) from

compact supports X ⊂ IRp and W ⊂ IRq respectively, and are independent from the random effect.

Note that the relationship between X and W doesn’t have to be of independence. Finally, let p(u;σ2
u)

denote the up to the finite parameter known density of the random effects.

For the classical parametric mixed effects models there exist basically two different approaches

to estimate the unknown parameter: a penalized quasi likelihood method for maximizing the posterior

mode of f(β,u|Y,T ,X ;m,θ), see for example Breslow and Clayton (1993), and the so called integral

approach maximizing the marginal conditional density of Y after having integrated out the random

effects. The version based on the Breslow and Clayton (1993) approach may be the most popular,

because of its availability and easy handling. In SAS for example it is implemented as procedure

GLIMMIX. However, in the last few years the integral method has also gained popularity; see e.g. the

procedure NLMIXED in SAS. While the first one is easier to calculate in practice, the second one is

much easier to handle conceptually including asymptotic theory. For reasons of an easier notation we

continue here with the latter one whereas the first one is discussed in detail in Lombard́ıa and Sperlich

(2006).

For the integral method one defines likelihoods based on

f(Ydj |W d,Xdj ; ηv, δ) =

∫
f(Ydj|u,W d,Xdj ; ηv,β, σ2

e)p(u;σ2
u)du.(4)

provides us with objective function, see e.g. McCulloch and Searle (2001) for more details in the
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parametric case. Taking the logarithm one considers

l(Y ; ηv , δ) =
D∑

d=1

nd∑
j=1

log f(Ydj|W d,Xdj ; ηv, δ) .(5)

To obtain an estimator of the nonparametric part we first have to fix a point w0 on which we aim to

estimate function ηv(·). We again consider (5) and take the empirical counterpart of

E [log f(Y |W ,X ; ηv, δ)|W = w0]

which is, in terms of kernels Kh(·),

ls(Y ; ηv , δ) =
D∑

d=1

nd∑
j=1

Kh (w0 −W d) log f(Ydj |W d,Xdj ; ηv(w0), δ)(6)

with Kh(·) a q-dimensional product kernel, and h = (h1, . . . , hq) the corresponding bandwidth vector.

This is also called the smoothed likelihood function.

We propose the following estimation algorithm:

Step 1: For all values w0 = wdj and fixed δ, calculate η̂v(δ) = argmax
{ηv∈M}

ls(Y ; ηv, δ) .

Step 2: The estimator of δ is defined by δ̂ = argmax
{δ∈Δ}

l(Y, u; η̂v(δ), δ) .

Step 3: With the estimates obtained in steps 1 and 2, set finally η̂v = η̂
v(δ̂)

.

It is straight forward to adapt these three steps to the Bayesian approach of maximizing the posterior

mode of β and u.

As the methods are based on maximum likelihood estimation, Lombard́ıa & Sperlich (2006) can

provide asymptotic properties for the estimators. For details and explicit expressions for the expo-

nential family we refer to that article.

Corollary
Suppose n =

∑D
d=1 nd tends to infinity and under some regularity conditions. Then, it holds that

a)
√

n(δ̂ − δ)
d
−→ N

(
0, I−1

δ

)
, where Iδ is the (marginal) Fisher information matrix.

b) defining hprod =
∏q

j=1 hj and hmax = max1≤j≤q hj , w0 being from the interior of the support of

W , and pW (·) its density function, then√
nhprod (η̂v(w0)− ηv(w0)−Bη(w0))

d
−→ N(0, V arη(w0)) ,

with bias Bη(w0) = O(h2
max)

and variance V arη(w0) =

∫
K(w)2dw

pW (w0) E

[
∂

∂ηv
l(Y ;ηv,δ0)

2
|W =w0

] .

We propose a parametric bootstrap method to estimate the parameters of the model and the

prediction. It is the following:

Assuming that the distribution of Ydj |(Xdj ,W d, ud) 	 F (μdj , σ
2
e) and the distribution of the

random effects ud 	 G(0, σ2
u) are both known, then:

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 2060 -



Step 1: From sample, calculate the estimator δ̂ = (β̂, σ̂2
u, σ̂2

e).

Step 2: Take a pilot bandwidth g, and calculate η̂g(·). This is done in order to try to reproduce the

same bias incurred in the real world.

Step 3: Generate u∗

d from G(0, σ̂2
u), d = 1, . . . ,D.

Step 4: Given the auxiliar variables Xdj ,W d and the bootstrap random effect u∗

d, draw Y ∗

dj from

F (μ∗

dj , σ̂
2
e), with μ∗

dj = g
{
X t

djβ̂ + η̂g(W d) + u∗

d

}
.

Step 5: From the bootstrap sample {Y ∗

dj ,Xdj ,W d} and the estimation algorithm before, we can get

the bootstrap estimators δ̂
∗

= (β̂
∗

, σ̂∗2
u , σ̂∗2

e ) and η̂∗v .

Illustration:

The simulation results confirm all points made in the introduction and motivation of our pro-

cedure. First, under the wrong assumption of independence the parameter vector β is estimated with

a strong bias in the MEM. This leads to rather unreasonable out-of-sample predictions. Surprisingly,

also the variance of β̂ is larger than the one in our SMEM. Similar statements hold true for the θ̂. A

real data application shows serious differences between the outcomes from FEM, MEM, and SMEM.

When it comes to area level predictions, the SMEM predictions mostly lie between MEM and FEM.

Note finally that Lombard́ıa & Sperlich (2006) provide methods of statistical inference which can be

applied to this model straight forwardly.
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RÉSUMÉ (ABSTRACT) — optional

We introduce a semiparametric model that includes mixed and fixed effects models as its two

extreme cases. We have include a nonparametric term that allows the practitioner to shift the model

smoothly between these extremes, depending on his data and underlying problem. There, the smooth-

ing parameter serves as his switcher. We highlight the positive implications of using this model, in

particular for small area statistics.1
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Systematic sampling is widely used in surveys of finite populations due to its appealing simplicity
and efficiency. The method was first studied by Madow and Madow (1944), in which the expression
of design-based variance for the sample mean was developed. However, it is impossible to derive an
unbiased design-based estimator for this variance, because systematic sampling is equivalent to cluster
sampling with only one cluster selected (Iachan, 1982). Some less-than-perfect approaches for dealing
with this problem exist in literature, including those reviewed by Wolter (1985), where eight biased
variance estimators were described and guidelines for choosing among them were given.

An alternative approach, which will be further explored here, is to construct model-based vari-
ance estimators where the populations are considered random realizations from a superpopulation
model. For the case of a linear superpopulation, Montanari and Bartolucci (1998) proposed a model-
based variance estimator, which is approximately unbiased for the anticipated variance, i.e. the expec-
tation of the design-based variance for the sample mean under the superpopulation model. However, it
may lack accuracy and efficiency due to a higher contribution of the bias if the systematic component
of the superpopulation is significantly different from linear. A new class of unbiased estimators that
includes some simple nonparametric estimators was proposed by Bartolucci and Montanari (2006) and
was shown to be unbiased under linear superpopulation models.

Suppose the study variable for an ordered finite population is Y1, Y2, · · · , YN , with population
mean

ȲN =
1
N

N∑
j=1

Yj .

Let n denote the sample size for a systematic sampling design and k = N/n denote the corresponding
sampling interval. For simplicity, we assume k to be an integer. So the bth systematic sample Sb

(b = 1, · · · , k) consists of the observations with the following labels

b, b+ k, ... , b+ (n− 1)k.

The bth sample mean is

ȲSb
=

1
n

∑
j∈Sb

Yj

and the design-based variance for sample mean ȲS , denoted by Varp(ȲS), is

Varp(ȲS) =
1
k

k∑
b=1

(ȲSb
− ȲN )2.
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We can rewrite the design variance as

Varp(ȲS) =
1
kn2

YT NY,(1)

where N = MT HM, with M = 1T
n ⊗ Ik and H = Ik − 1

k1k1T
k . Here ⊗ is the Kronecker product and

1r is a column vector of 1’s of length r.
In the model-based context, the population is considered to be generated from a superpopulation

model. Let Yj ∈ < (j = 1, 2, · · ·) be a set of independent and identically distributed random variables.
Let Xj ∈ <d (j = 1, 2, · · ·) be vectors of auxiliary variables, which we consider as fixed and known for
the population. We assume that there is a relationship between the Yj and Xj , and would like to use
this in the formulation of a model-based variance estimator. Frequently, Xj will be the variable on
which the population is sorted for the systematic design, but we will not require this as part of our
variance estimation approach.

Parametric formulations of the relationship between the Yj and Xj are appropriate when we
can correctly specify the superpopulation model. However, if the superpopulation model is incorrectly
specified, parametric method may result in biased or inefficient estimation. We propose a consistent
variance estimator under a nonparametric model, which avoids having to select a specific parametric
form for the relationship, and instead only assumes that the relationship exists and is smooth.

We study the case where d = 1. Let Y = (Y1, Y2, · · · , YN ) and X = (X1, X2, · · · , XN ). Let
m(·) be a continuous and bounded function, and define m = (m(X1),m(X2), · · · ,m(XN )). The
nonparametric superpopulation model, denoted by NP , is

Y = m + ε,(2)

where ENP (Yj |Xj) = m(Xj) and VarNP (ε) = σ2Ω with Ω = diag{ω1, ω2, . . . , ωN}. For simplicity, we
assume that the ωj ’s are bounded and positive known constants. Under model (2), the expected value
of Varp(ȲS), frequently referred to as the anticipated variance, is

ENP (Varp(ȲS)) =
1
kn2

mT Nm +
1
kn2

tr(NΩ)σ2.(3)

As an estimator for ENP (Varp(ȲS)), we propose

V̂NP (ȲS) =
1
kn2

(m̂T Nm̂) +
1
kn2

tr(NΩ)σ̂2
b .(4)

In this expression, m̂ = (m̂(X1), . . . , m̂(XN )) where m̂(x) is the local polynomial regression estimator
of the function m(·) at x obtained for the sample Sb. The estimator m̂(x) for a value of the covariate
x is defined as

m̂(x) = eT
1 (XT

bxWbxXbx)−1XT
bxWbxYb,

where e1 is the (q + 1)× 1 vector having 1 in the first entry and all other entries 0, Yb is the vector
containing the Yj , j ∈ Sb, Xbx is the n× (q + 1) matrix with jth row equal to

Xbx =
(

1 (Xj − x) · · · (Xj − x)q
)
,

and the matrix Wbx defined as

Wbx = diag
{
K

(
Xj − x
h

)
1
h
, j ∈ Sb

}
,

where h denotes the bandwidth, q denotes the degree of local polynomial regression and K (·) is the
kernel function. We refer to Wand and Jones (1995) for more information on the local polynomial
regression estimator. The estimator σ̂2

b in (4) is defined as

σ̂2
b =

(Yb − m̂b)T Ω−1
b (Yb − m̂b)
n

,(5)
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with m̂b a vector containing the m̂(Xj) for j ∈ Sb.
In this presentation, we describe the statistical properties of V̂NP (ȲS). We show that, under

some mild regularity conditions on the model, it is a consistent estimator of the anticipated variance
ENP (Varp(ȲS)), and a consistent predictor of the design variance Varp(ȲS) (which is random under
the model).

Simulation experiments illustrate that the nonparametric variance estimator V̂NP (ȲS) is a more
precise estimator of the anticipated variance and the design variance than commonly used alternative
estimators such as those based on the simple random sampling (which ignores the sorting induced by
the systematic design) or the two-per-stratum design approximations. This finding holds for a variety
of model situations, including those in which the ordering is only weakly related to the auxiliary
variable Xj , and across a broad range of bandwidths.

In the application we are considering, data are available for a systematic sample of 968 field
plots, selected on a regular (5km × 5km) spatial grid for a region of ecological interest in Northern
Utah (USA). This grid is embedded in a finer (1km × 1km) grid of 24,980 locations over the same
region, which we treat as the population of interest. These data were previously analyzed in Opsomer
et al. (2006) using nonparametric model-assisted estimation. A number of forestry variables were
collected in the early 1990s, and the goal is to estimate the variance of the sample means for those
variables. To apply the nonparametric variance estimator, we consider a simple nonparametric model
in which the Xj are the spatial coordinates, and a more complicated nonparametric model that also
includes elevation as a covariate. We compare the variance estimates obtained using these models
with those based on simple random sampling and stratified approximations.
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RÉSUMÉ

L’échantillonnage systématique est une technique fréquemment employée pour les enquêtes, grâce
à sa simplicité d’implémentation et son efficacité par rapport au plan de sondage. Un désavantage
important de l’échantillonnage systématique est qu’aucun estimateur direct de la variance par rapport
au plan n’est disponible. Nous décrivons un nouvel estimateur de l’esprance basée sur le modèle de la
variance par rapport au plan (souvent appellée la variance anticipée), sous un modèle nonparamétrique
pour la population. Le modèle nonparamétrique est suffisamment flexible qu’il puisse compter se tenir
au moins approximativement pour beaucoup de situations pratiques. Nous décrivons les propriétés
statistiques de l’estimateur proposé de la variance, sur le niveau théorique et par des expériences de
simulation. Nous appliquons l’approche nonparamétrique d’estimation de la variance sur des données
d’une enquête de ressource de forêt en Utah (Etats-Unis).
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Nonresponse can harm the quality of the estimates of a survey. In particular, since we have to
accept that those who respond are in general different from those who do not respond, bias is introduced
in the estimation process of population parameters. In this paper we will not deal with imputation,
but only with design weights modification to adjust for bias. Commonly, a two-phase approach is used
with the response mechanism as the second phase; this is based on quasi-randomization theory where
the response mechanism has corresponding response probabilities assumed to be independent of the
realized sample (e.g., Särndal et al., 1992, Chapter 9). In practice such response probabilities have to
be estimated assuming a response model.

Lundström and Särndal (1999) propose, and Särndal and Lundström (2005) treat in more detail,
a simple approach for the treatment of nonresponse based on calibration. It constructs a single set
of weights for all variables of interest that is based on the design weights and satisfies benchmark
constraints on known auxiliary information. The simplification occurs in that no explicit model is
specified for the nonresponse mechanism. In addition, no discrimination is made within the set of
auxiliary variables available to the researcher: a single set of variables is employed at the same time
for nonresponse treatment, sampling error reduction and consistency among estimates. Calibration
has been shown to implicitly rely on a linear regression model between the variable of interest and
the set of auxiliary variables employed. This might be inefficient when the underlying relationship
is indeed not linear. We argue that the approach in Särndal and Lundström (2005) can be usefully
extended to more complex modeling through semiparametric regression (Ruppert, Wand and Carrol,
2003) without loosing in simplicity. Semiparametric regression based on penalized splines has been
usefully employed for model-assisted inference in the case of complete response (Breidt, Claeskens and
Opsomer, 2005). More easily than with kernel smoothing, it allows for the treatment, at the same
time, of categorical and continuous auxiliary variables. The first ones can be inserted parametrically,
while the second ones can be accounted for nonparametrically. This provides enhanced flexibility,
especially for the implicit modeling of the nonresponse mechanism. In what follows, calibration with
particular regards to the treatment of nonresponse is first reviewed and then extended through the
use of semiparametric regression.

Proposing an extension of the work by Lundström and Särndal (1999), notation here will
be very close to theirs to facilitate comparisons. Consider a finite population of N elements U =
{1, . . . , k, . . . , N}; the aim is to estimate the total Y =

∑
U yk, where yk is the value of the variable

of interest y for the kth unit. We will use the shorthand
∑

A for
∑

k∈A, with A ⊆ U an arbitrary
set. A sample s of size n is drawn from U through the sampling design p(s) that induces first order
inclusion probabilities πk. We will denote with dk = 1/πk the design weight of unit k. Since nonre-
sponse occurs, the response set r of size m is obtained, with r ⊆ s and m ≤ n. Lundström and Särndal
(1999) consider auxiliary information at two levels separately. In particular, x is a vector of auxiliary
variables assumed to contain information for reducing both the sampling error and the nonresponse
bias. If xk is the value of the vector of variables on unit k, the two following “information levels” are
considered: xk is known for all k ∈ s (Info-S);

∑
U xk is known and xk is known for all k ∈ s (Info-U).

In the first case, information goes up to the sample level, while in the second case, it is more extensive
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and pertains the population. A combination of the two – info-US – is accounted for in Särndal and
Lundström (2005) but not pursued here.

Design weights dk for responding units are on average too small to produce reasonable Horvitz-
Thompson estimates of totals when there is nonresponse. They need to be adjusted by a factor vk.
Calibrated weights wk = dkvk used to compute the estimator Ŷw =

∑
r wkyk of Y are obtained so

that they satisfy calibration equations given by
∑

r wkxk =
∑

s dkxk (Info-S), or
∑

r wkxk =
∑

U xk

(Info-U). A simple choice for the factors vk may be vk = 1+ξT xk (see Särndal and Lundström (2005),
Chapter 6, for other choices). The vector ξ is determined after substitution in the binding constraints.
The calibration estimator in these cases takes the following forms:

info-S: Ŷw =
∑

r dkvskyk, with vsk = 1 + (
∑

s dkxk −∑r dkxk)T (
∑

r dkxkx
T
k )−1xk, for k ∈ r;

info-U: Ŷw =
∑

r dkvUkyk, with vUk = 1 + (
∑

U xk −∑r dkxk)T (
∑

r dkxkx
T
k )−1xk, for k ∈ r.

In case of full response, when r = s, Ŷs =
∑

s dkyk, i.e. the Horvitz-Thompson estimator for info-S, and
Ŷs =

∑
s dkgkyk, with gk = 1 + (

∑
U xk −∑s dkxk)T (

∑
s dkxkx

T
k )−1xk, i.e. the generalized regression

estimator for info-U. When there is nonresponse, it is interesting to note that the nonresponse bias
of Ŷw jointly under the sampling design and the response mechanism is approximately zero if there
exists a constant column vector ζ such that

θ−1
k = 1 + ζT xk, for k ∈ U,(1)

with θk the response probability of unit k (Lundström and Särndal, 1999, Prop. 4.3). This result sets
some light on the implicit modeling of the response mechanism done with this one-step calibration
technique. It guarantees the linear form of the calibrated weights as also found by Fuller et al. (1994),
but may well not guarantee implicit response probabilities with values within the reasonable range
[0, 1]. In addition, recall that calibration might be inefficient when the underlying relationship between
the variable of interest and the set of auxiliary variables is not linear. We try to address both these
issues using Semiparametric regression based on penalized splines (see Ruppert et al., 2003, for a
thorough treatment of p-splines and their applications). We will first describe p-splines in the general
context of model-assisted estimation (Breidt et al., 2005) regardless of nonresponse and then move to
semiparametric regression based calibration for treatment of nonresponse.

Let us first consider only smoothing with one covariate z. In Breidt et al. (2005) a nonparametric
superpopulation regression model is written as yk = m(zk) + εk, where the errors εk are independent
random variables with mean zero and variance v(zk). The p-spline estimator of the unknown function
m(·) may be given by

m(z;β) = β0 + β1z +
L∑

l=1

β1+l(z − κl)+,(2)

where (t)+ = t if t > 0 and 0 otherwise, κl for l = 1, . . . , L is a set of fixed knots, β = (β0, β1, . . . , β1+L)T

is the coefficient vector made of a parametric portion (the first 2 coefficients) and of a spline part (the
last L coefficients). The latter portion of the model allows for handling departures from a linear fit in
the structure of the relationship. If the number of knots L is sufficiently large, the class of functions in
(2) is very large and can approximate most smooth functions. In the p-splines context, a knot is placed
every 4 or 5 observations; however, to avoid an excessive number of knots (and therefore parameters),
a maximum number of allowable knots, say 35, is recommended. The spline model (2) uses a truncated
linear spline basis to approximate the function m(·). Other bases can be used; more details on bases
and knots choice can be found in Ruppert et al. (2003, Chapters 3 and 5).

Given the large number of knots, model (2) can be over-parametrized; the influence of the knots
can be limited by putting a constraint on the size of the spline coefficients. Estimation can be ac-
commodated by including this constraint into the least squares criterion, so that the census level
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estimator of the parameters vector is given by the minimizer of
∑

U{yk − m(zk;β)}2 + λ
∑L

l=1 β2
1+l

for some fixed positive constant λ. The smoothness of the resulting fit depends on the value of λ,
with larger values corresponding to smoother fits. Choice of λ will be discussed later. Let zk =
(1, zk, (zk −κ1)+, . . . , (zk −κL)+)T and Λ = diag{0, 0, λ, . . . , λ} be an L+2 diagonal matrix. Then the
census level penalized least squares estimator of the coefficient vectors has the following ridge regres-
sion representation βU = (

∑
U zkz

T
k + Λ)−1∑

U zkyk. Under the conditions in Breidt et al. (2005),
consistent design-based estimates of βU can be obtained as βs = (

∑
s dkzkz

T
k + Λ)−1∑

s dkzkyk.

Finally, sample based fits m̂k = m(zk; βs) are used to define the model-assisted p-spline estimator

Ŷs,spl =
∑
U

m̂k +
∑
s

dk(yk − m̂k) =
∑
s

dkgk,splyk(3)

with gk,spl = 1 + (
∑

U zk −∑s dkzk)T (
∑

s dkzkx
T
k + Λ)−1zk. Breidt et al. (2005, Section 2.2) discuss

in detail the properties of this estimator. Here note that it can be seen as a calibration estimator in
which calibration constraints are met for the first two variables (1, z) and are relaxed for the other L.
The amount of relaxing depends on the smoothing parameter λ.

Now, we want to exploit the enhanced flexibility provided by using p-splines in a model-assisted
framework and keep the simplicity of the proposal of Lundström and Särndal (1999) to handling
nonresponse. To achieve this we introduce the following calibration estimator based on p-splines:

info-S: Ŷw,spl =
∑

r dkvsk,splyk, with vsk,spl = 1 + (
∑

s dkzk −∑r dkzk)T (
∑

r dkzkz
T
k + Λ)−1zk,

info-U: Ŷw,spl =
∑

r dkvUk,splyk, with vUk,spl = 1 + (
∑

U zk −∑r dkzk)T (
∑

r dkzkz
T
k + Λ)−1zk.

It is easy to see that in case of full response, i.e. r = s, then Ŷw,spl reduces to the Horvitz-Thompson
estimator for info-S and to Ŷs,spl in (3) for info-U. Let us now consider the auxiliary information
required to compute these estimators. The vector zk indeed pertains only one variable z, so that
Info-S needed to compute it reduces to zk known for each k ∈ s, i.e. the same information needed
to compute Ŷw with x = (1, z). As of Info-U, on the other hand, the information required grows; in
particular, we need in addition to Info-S,

∑
U zk to be known. This means that we need population

counts and totals in strata defined by the knots,
∑

U I(zk > κl) and
∑

U zkI(zk > κl). Note that with
other nonparametric techniques, like local polynomials, the amount of auxiliary information required
is much higher; in particular zk has to be known for all k ∈ U .

A particularly valuable property in the survey estimation contexts of Ŷw,spl – inherited by Ŷs,spl

– is that of being a linear estimator. This result assumes that the number and placement of the
knots, and the value of the penalty constant λ are all determined and fixed before the model is fitted.
The efficiency of the estimator will depend on the choice of these factors. However, for p-splines it
is sufficient to focus on the choice of λ, since the choice of the other settings has a limited effect on
the final fit once the value of λ is allowed to vary (Ruppert et al., 2003). Note that in the survey
context, trying to find the optimal penalty is not as relevant as in the standard context: the estimator
is not constructed for a single variable, but for a large set of variables collected during the survey. A
penalty that is optimal for a variable, may well not be adequate for another one and using different
sets of weights would not be feasible for practical purposes and for coherence issues. We will therefore
consider λ fixed and try to give some guidelines to select its value. Recall that the penalty provides
the degree of smoothness of the final function fit. In particular, the degrees of freedom used to model
the relationship between y and z can be computed as the trace of the smoother matrix, that, for the
properties of the trace, can be also written as follows:

df(λ) = trace
{
(
∑
r

dkzkz
T
k + Λ)−1

∑
r

dkzkz
T
k

}
.

We can see that increasing values of λ provide a decreasing number of degrees of freedom. A crude rule
of thumb would be that of choosing a value of λ for which the degrees of freedom are between 4 and 7,
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i.e. neither too few and some more complex relationship may not be captured, nor too many so that
overfitting may represent an issue. Of course, this is a compromise that accounts for the multipurpose
aim of a survey and simulation studies are needed to actually investigate the effect of this choice.

The properties of the proposed estimators can be inherited from those of Ŷw by adding a condi-
tion on the value of λ as the population and sample sizes increase. In particular, if λ remains constant
or goes to zero as n → ∞, then the penalized coefficient vector converges to the unpenalized one and
the properties coincide. On the other hand, if λ is allowed to grow with n, then consistency of the
estimator is guaranteed if it grows at a lower rate.

The mean squared error of Ŷw under both the design and the nonresponse mechanism depends
on the efficiency of the generalized regression estimator in the case of Info-U. Therefore, we can
expect that the more flexible model introduced by using p-splines may reduce this part of the error
by reducing the residuals between the response variable and the fit. Simulation studies conducted
in the full response case show this reduction for all m(·) functions studied, with little losses when a
linear model is indeed true (Breidt et al., 2005). As of the bias, we noticed earlier that a condition to
approximate the bias to zero is that of equation (1). Using the spline portion in the vector of auxiliary
variables does not guarantee that the implicit modeling of the response probabilities provides values
within the interval [0, 1], but grants extra-flexibility that reduces this chance. Simulation studies are
being conducted to study the performance for finite samples of the proposed estimator for a set of
variables of interest and as a function of λ.

Finally, note that additional auxiliary variables can be easily inserted parametrically by adding
them to the binding part of the calibration procedure; namely, they will be part of the set of auxiliary
variables for which the calibration constraints are met exactly. Additional continuous variables can be
added nonparametrically by adding the linear part to the binding part of the calibration procedure,
and another set of relaxed constraints with a different penalty on the non-binding one. In particular,
assume that we want to insert the vector x of p variables parametrically and the variables z1 and z2

nonparametrically. The vk weights of the proposed estimator can be then written in these cases as

info-S: vsk,spl = 1 + (
∑

s dkx̃k −∑r dkx̃k)T (
∑

r dkx̃kx̃
T
k + Λ̃)−1x̃k,

info-U: vUk,spl = 1 + (
∑

U x̃k −∑r dkx̃k)T (
∑

r dkx̃kx̃
T
k + Λ̃)−1x̃k,

where x̃k = (1,xT
k , zT

1k,z
T
2k)

T , zik = (zik, (zik − κi1)+, . . . , (zik − κiLi)+)T for i = 1, 2 with L1 and L2

number of knots for z1 and z2, respectively. In addition, Λ̃ = diag{0p+1, 0, λ1, . . . , λ1, 0, λ2, . . . , λ2},
with p + 1 zeroes on the diagonal – intercept and x variables – followed by a zero and L1 penalty
constants λ1, and by a zero and L2 penalty constants λ2.
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Analysis of Vague Data: Rough Fuzzy Sets Approach

Slavka Bodjanova
Texas A&M University-Kingsville
E-mail: kfsb000@tamuk.edu

ABSTRACT

Granular structure of vague data is studied. Any vague concept defined on a set of objects X can be
described by a fuzzy set F and it can be approximated in the knowledge base created by an equivalence
relation on X. Clusters from the crisp partition associated with the equivalence relation decompose
fuzzy set F into fuzzy set granules and create an external granulation of F . External granulations
occur frequently in decision tables where condition concepts are represented by fuzzy sets and decision
concept by a crisp partition (or vice versa). Membership grades of fuzzy set F can be drawn together to
create an internal granulation of F . Internal decompositions are used in the process of partial or total
defuzzification of a vague concept. Imprecision of approximation of a fuzzy set granulation by a rough
fuzzy set is studied. This imprecision will be called granular nonspecificity. Axiomatic definitions of
granular nonspecificity and granular specificity are proposed. A general approach to construction of
measures of granular nonspecificity (specificity) is suggested. Some numerical examples illustrate how
evaluation of granular nonspecificity can be used in exploratory analysis of vague data represented by
fuzzy sets.

Keywords. Vague data, fuzzy sets, rough fuzzy sets, measures of nonspecificity.
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González-Rodŕıguez, Gil
European Centre for Soft Computing
C/ Gonzalo Gutiérrez Quirós, s/n
33600, Mieres, Spain
E-mail: gil.gonzalez@softcomputing.es
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Imprecise data arise in many real-life problems as the outputs of certain random mechanisms.
In this way, several description/judgement/classification/perception processes can be identified with
such a type of random mechanism.

Statistical analysis of these problems is frequently developed by handling imprecise data as
categorical ones. For the last decades several studies are being carried out by modeling imprecise
values as fuzzy sets, and the random mechanisms generating them as fuzzy random variables (as
introduced by Puri and Ralescu, 1986).

Whenever imprecise data are properly modeled by means of fuzzy sets, the statistical methods
based on suitable metrics between fuzzy data (like the one by Körner and Näther, 2002, we will consider
in this paper) exploit all the information contained in their “meaning”. In contrast, when imprecise
data are treated as either categorical or ordinal the unique exploited information is usually whether
these values are or nor different, or whether they occupy different positions in a certain ranking.

This paper deals with the main testing problem (equality of means) in a one-way analysis of
variance when the response variable is assumed to be fuzzy set-valued and ‘effects’ are supposed to be
fixed. This study is a generalization of that in Gil et al. (2006), in which the response variable was
assumed to be simple and belonging to a more restrictive space.

Before proceeding to introduce the formal aspects of the problem, some specifications should be
made clear. In connection with random experiments, fuzzy data are a special case of functional data
having a very intuitive interpretation and ease to model many real-life imprecise data. Furthermore,
several tools have been expressly developed to manage fuzzy data in a probabilistic setting. Among
these tools, fuzzy arithmetic (based on Zadeh’s extension principle) is a key one, and the space of
‘fuzzy values’ endowed with the sum and the product by a scalar is a nonlinear one. Through the
support function and Körner and Näther’s metric, this space can be isometrically embedded into a
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closed cone of a Hilbert space. However, because of the nonlinearity of the space of fuzzy values, most
of the methods for the so-called FANOVA (see, for instance, Cuevas et al., 2004, Abramovich and
Angelini, 2006) would fail in being particularized to fuzzy data. This justifies the need for specific
results which take into account the particular features of fuzzy data.

Preliminaries

Let Fc(IRp) be the class of fuzzy values, or [0, 1]-valued upper semicontinuous mappings on IRp

with bounded image. In other words, U ∈ Fc(IRp) is a mapping U : IRp → [0, 1] whose α-levels
(i.e., Uα = {x ∈ IRp |U(x) ≥ α} for all α ∈ (0, 1] , and U0 = cl({x ∈ IRp |U(x) > 0})) are compact
closed sets. Zadeh’s extension principle (1975) allows us to endow the space Fc(IRp) with a sum and
a product by a scalar which satisfies that

(U + V )α = Uα + Vα = {u + v |u ∈ Uα, v ∈ Vα}, (λ · U)α = λUα = {λu |u ∈ Uα}

for all U, V ∈ Fc(IRp), λ ∈ IR and α ∈ [0, 1]. The space (Fc(IRp),+, ·) is not a linear one.
A fuzzy value U ∈ Fc(IRp) is characterized by its support function (see Klement et al., 1986,

Diamond and Kloeden, 1994) which is the Lebesgue function sU : Sp−1×[0, 1] → IR given by sU (u, α) =
supw∈Uα

〈u,w〉 for any u ∈ Sp−1 and α ∈ [0, 1], where Sp−1 and 〈·, ·〉 are the unit sphere and the inner
product in IRp, respectively. The class s(Fc(IRp)) = {sU |U ∈ (Fc(IRp)} is a closed cone of the space
of the Lebesgue integrable functions L(Sp−1 × [0, 1]).

L(Sp−1 × [0, 1]) can be equipped with a generic inner product in L(Sp−1 × [0, 1]), which for
f, g ∈ L(Sp−1 × [0, 1]) is defined as follows:

〈f, g〉K =
∫

(Sp−1)2×[0,1]2
f(u, α)g(v, β) dK(u, α, v, β),

where K is a positive definite and symmetric kernel.
A Fuzzy Random Variable (FRV) associated with a probability space (Ω,A, P ) is a mapping

X : Ω → Fc(IRp) which is a DK-Borel measurable where for U, V ∈ Fc(IRp) the DK-distance between
U and V is given by

DK(U, V ) =
√
〈sU − sV , sU − sV 〉K

(that is, DK coincides with a generic L2 distance on L(Sp−1 × [0, 1]), leading to a Hilbert space
including s(Fc(IRp)) as a closed cone). This notion can be proved to be equivalent to the one stated
by Puri and Ralescu (1986).

If an FRV X satisfies that E
(
supx∈X0

‖x‖) < ∞, then its mean (see Puri and Ralescu, 1986) is
the unique E(X ) ∈ Fc(IRp) such that (E(X ))α = Aumman’s integral of Xα for all α ∈ [0, 1], that is,

(E(X ))α = {E(f) | f : Ω → IRp, f ∈ L1, f ∈ Xα a.s. [P ]},

this notion being coherent in the SLLN’s sense with the arithmetic considered on Fc(IRp).

One-way ANalysis Of VAriance testing problem with fuzzy data

Consider a factor which can act at k possible different levels and having fixed effects, and a
fuzzy random response variable determining k independent populations. Formally, let X1, . . ., Xk

be independent Fc(IRp)-valued FRVs, and let mi = E(Xi) ∈ Fc(IRp), i = 1, . . . , k the corresponding
population fuzzy means. From Xi we can generate a simple random sample, Xi1, . . . ,Xini (i = 1, . . . , k).
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The aim of the problem to be considered is testing the null hypothesis

H0 : m1 = . . . = mk versus H1 : mi1 6= mi2 for some i1 6= i2

on the basis of the available sample fuzzy information of size n = n1 + . . . + nk.
Occasionally sample data could satisfy a linear model such as

Xij = mi + εij ,

where mi ∈ Fc(IRp), and εij being FRVs such that E(εij) = B ∈ Fc(IRp) (which would mean that the
fuzzy expected value of Xi equals the sum of a constant fuzzy value B plus a fuzzy value mi which can
vary for different levels of the considered factor). Nevertheless, in contrast to the real/vector-valued
case, this model is very restrictive since (Fc(IRp),+, ·) is nonlinear. Anyway, the tests to be developed
would be applicable irrespectively of the linear model assumption being or not true.

For purposes of testing H0 we first consider approaches based on the natural extension An of
the between-group variation in the classical ANOVA statistic based on DK , which is given by

An =
k∑

i=1

ni

[
DK(X i·,X ··)

]2
,

where

X i· =
1
ni
· (Xi1 + . . . + Xini) , X ·· =

1
n
· (X11 + . . . + Xknk

) =
n1

n
· X 1· + . . . +

nk

n
· X k·

On the basis of the Large Sample Theory and the properties of DK and the support function,
one can prove that

Theorem 1. Assume that for each i ∈ {1, . . . , k} the FRV Xi is nondegenerate and ni → ∞,
ni/n → pi > 0 as n → ∞. Under the null hypothesis H0 the sequence {An}n converges in law to the
distribution of

A =
k∑

i=1

∥∥∥∥∥Zi −
k∑

l=1

√
ail∑k

l′=1 ail′
Zl

∥∥∥∥∥

2

, ail = pl/pi,

where Zi are centered independent Gaussian processes in L(Sp−1 × [0, 1]) with covariance function

Ki(t1, t2) = Cov (sXi(t1), sXi(t2))

for t1, t2 ∈ Sp−1 × [0, 1].

The above asymptotic result involves some population “parameters” which are usually unknown
in practice. Furthermore, techniques based on asymptotic results require having large samples to get
suitable approximations.

By using the bootstrapped central limit theorem for empirical processes indexed by classes of
functions by Giné and Zinn (1990), and being inspired by González-Rodŕıguez et al. (2006), we can
develop an operational method. Thus, for each i assume that the FRVs X ∗

i1, . . . , X ∗
ini

determine a
bootstrap sample chosen at random from Xi1, . . . ,Xini . Then,

Theorem 2. Assume that for each i ∈ {1, . . . , k} the FRV Xi is nondegenerate and ni → ∞,
ni/n → pi > 0 as n →∞. Under the null hypothesis H0 the sequence {A∗n}n, where

A∗n =
k∑

i=1

ni

[
DK(X ∗

i· + X··,X ∗·· + Xi·)
]2

,

converges in law to the distribution of A.
Therefore, in testing the null hypothesis H0 : m1 = . . . = mk at the nominal significance level

α ∈ [0, 1], H0 should be rejected whenever
An > zα,

where zα is the 100(1− α) fractile of the bootstrap distribution of A∗n.
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On the other hand, the conclusions based on the above test can be improved by incorporating
the natural extension of the within-group variation, Bn, with

Bn =
1
n

k∑

i=1

ni∑

j=1

[
DK(Xij ,X i·)

]2
.

More precisely,

Theorem 3. Assume that for each i ∈ {1, . . . , k} the FRV Xi is nondegenerate and ni → ∞,

ni/n → pi > 0 as n →∞. Under the null hypothesis H0 the sequence
{

An

Bn

}

n
converges in law to the

distribution of A/B, where A is the one given in Theorem 1 and

B =
k∑

i=1

piE
(
[DK(Xi,mi)]

2
)
6= 0.

Algorithms could be developed for a bootstrap approximation of the results in Theorem 3, and
the associated test for H0.
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RÉSUMÉ (ABSTRACT)

In this paper a bootstrap approach to testing the one-way ANOVA hypothesis for general fuzzy
set-valued random elements is presented. This approach is based on the support function of fuzzy sets,
a generic metric between fuzzy values, and result which guarantees the consistency of the classical
bootstrap on Banach spaces. The approach leads to a technique which can be applied without relevant
constraints.
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There are many functions characterizing the distribution of any discrete random variable,
namely, the probability function, the distribution function, and the characteristic function. Char-
acterizations of random variables can be used for descriptive purposes, probabilistic developments, or
to solve inferential problems involving them. Well-known statistics for testing either the goodness-of-fit
or the equality of distributions are based on these functions.

An alternative way of characterizing distributions of random variables through certain fuzzy sets
has been recently introduced (see González-Rodŕıguez et al., 2006a, Colubi and González-Rodŕıguez,
2007). The characterizing fuzzy sets correspond to the expected values of certain fuzzy random
variables (the so-called ‘fuzzy representations’) based on a family of fuzzy-valued transformations of
the original real-valued ones. This family has been shown to be very useful for inferential purposes,
especially when the mean value plays a key role in the original distribution. Nevertheless, the graphical
display associated with this type of functional characterization is not informative enough about either
the relevant parameters of the original or the characterizing process itself. In this respect, a new
family of fuzzifications with suitable graphical properties is proposed (see Colubi et al., 2006). The
characterizing fuzzy expected value will be also shown to capture the whole information on discrete
distributions with finite second-order moment.

The paper is organized as follows: since the characterization is based on the expected value
of certain fuzzy random variables, in Section 1 some preliminaries concerning these special random
elements are collected. The new family of fuzzy representations is presented and illustrated in Section
2. In Section 3 the characterization result is established, and some implications are finally underlined.

1. Preliminaries

Let Fc(R) denote the class of the normal upper semicontinuous functions U : R → [0, 1] with
bounded support, that is, Fc(R) is the family of the fuzzy subsets U of R such that the α-level sets
Uα is a nonempty compact interval for all α ∈ [0, 1] (where Uα = {x ∈ R |U(x) ≥ α} for α ∈ (0, 1]),
and U0 = cl{x ∈ R |U(x) > 0}). The sendograph of a fuzzy set U ∈ Fc(R) is the region enclosed by
U and the x-axis on U0.
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Concerning the arithmetic on Fc(R), two operations extending those in the usual interval arith-
metic can be considered, namely, a sum and a multiplication by a scalar so that (U +V )α = Uα +Vα =
{u + v |u ∈ Uα, v ∈ Vα} and (λU)α = λUα = {λu |u ∈ Uα} for all U, V ∈ Fc(R), λ ∈ R and α ∈ [0, 1].
This arithmetic agrees with Zadeh’s extension principle (1975) and it is quite natural and intuitive to
interpret in the setting of fuzzy sets, although it does not induce a linear structure but a conical one.

A fuzzy random variable (for short, FRV) associated with a probability space (Ω,A, P ) in Puri
& Ralescu’s sense (1986) is a mapping X : Ω → Fc(R) such that for each α ∈ [0, 1] the α-level
interval-valued mapping Xα (such that Xα(ω) =

(X (ω)
)
α

for all ω ∈ Ω) is a random set (that is, Xα

is a Borel-measurable mapping w.r.t. the Borel σ-field generated by the topology associated with the
well-known Hausdorff metric dH on K(R)).

Formally, the condition supposed for an FRV is equivalent to assume that the real-valued map-
pings inf Xα : Ω → R and supXα : Ω → R are random variables whatever α ∈ [0, 1] may be.
Furthermore, an FRV can be equivalently defined as an Fc(R)-valued random element (i.e. a Borel-
measurable mapping) when the Skorohod metric is considered on Fc(R) (see Colubi et al. (2002). As
a consequence, concepts as the induced distribution, independence, and so on, can be stated as the
usual ones for random elements in metric spaces.

The expected value of an FRV X : Ω → Fc(R) satisfying that max{ | inf X0|, | supX0| } ∈
L1(Ω,A, P )) is the unique Ẽ(X ) ∈ Fc(R) such that

(
Ẽ(X )

)
α

= Aumman’s integral of the random set
Xα for all α ∈ [0, 1] (see Puri and Ralescu, 1986), that is,

(
Ẽ(X )

)
α

= [E(inf Xα), E(supXα)] for all α ∈ [0, 1].

2. The exploratory fuzzy representation

Let (Ω,A, P ) be a probability space and X : Ω → R a random variable. A fuzzy representation
of X is the composition of a fuzzifying measurable mechanism ϕ : R→ Fc(R) with X, that is, an FRV
ϕ(X) : Ω → Fc(R). The interest of fuzzy representations depends on the context they are being used.
They can be motivated either by methodological questions (like in Fuzzy Control) or by technical
targets, as in this work. In this paper we follow the lines in González-Rodŕıguez et al. (2006a),
where a family of fuzzy representations of real-valued random variables was defined with the goal of
capturing information about the distribution of these variables on the basis of the of the associated
fuzzy random variable. In other words, the aim is to obtain suitable functional representations of the
distribution in the space of fuzzy sets.

The fuzzy representations presented in González-Rodŕıguez et al. (2006a) lead to characteri-
zations of the distributions with suitable properties in an inferential context, although the graphical
displays are not informative enough. To overcome this inconvenience a new family of fuzzifications has
been recently proposed in Colubi et al. (2006), where the graphical behaviour has been analyzed but
the characterizing result has not been discussed. The family is now recalled for purposes of analyzing
the characterizing result for discrete distributions in the next section.

The considered representations are based in an auxiliary functional γf : [0, +∞) → Fc(R), which
is illustrated in Figure 1(a), and can be written as

[γf (x)]α =





[0, B(x)− C(x)α] if 0 ≤ α ≤ f(x)

[0, A(x)(1− α)] if f(x) < α ≤ 1

for all α ∈ [0, 1] and x ∈ [0,∞), where A(x) =
x2

(1− f(x))
, B(x) =

x2

f(x)
, and C(x) =

x2

f(x)
1− f(x)

f(x)
.
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An exploratory fuzzy representation can be described by means of a triple θ ∈ Θ = {(x0, a, f) |x0 ∈
R, a ∈ R+, f : [0,∞) → [0, 1] injective}, where x0 means a kind of ‘symmetry’ point, a represents
a ‘scale’ parameter, and f is the above referred function. Thus, if sig(x) denotes the sign of x,
γθ : R→ Fc(R) is defined for all x ∈ R and θ = (x0, a, f) so that

γθ(x) = 1{x} + sig(x− x0)γf

(∣∣∣∣
x− x0

a

∣∣∣∣
)

.

If X : Ω → R is a real-valued random variable so that EX2 < ∞ and f : [0,∞) → [0, 1] is an
injective function such that (f(X))−1 ∈ L1(Ω,A, P ), then the exploratory fuzzy expected value is given
by Ẽ(γΘ ◦X).

For instance, if θs = (EX, 1, f .001
.6 ) ∈ Θ is considered, then the γθs-fuzzy representation of a

random variable allows us to easily visualize features like the central tendency (which corresponds to
the 1-level set), variability (which is the area of the sendograph), skewness (which is related with the
asymmetry of the fuzzy expected vale), the number of values (related to the non-derivable points),
and the existence of extreme values (connected with large-spread 0-level sets). As an illustrative
example, in Figure 1(b) the exploratory fuzzy expected value of two random variables with binomial
distributions are shown.

0 x
2

x
2
/f(x)

0

1

f(x)

(a)
0.5 1.5 2.5 3.5 4.5

0

.5

1

(b)

Fig. 1. (a) Representation of the fuzzy set γf (x); (b) Comparison of the exploratory

fuzzy expected value associated with B(5, .5) and B(5, .1)

3. The characterizing result

It can be proved that the exploratory fuzzy representations above also characterize the distribu-
tions of discrete random variables with finite second order moment. Actually, the probability of the
different values is related to the derivatives functions as follows:

Theorem 1. Let (Ω,A, P ) be a probability space and let γf : R → Fc(R) with f : [0,∞) → [0, 1]
be a continuous injective function. If X : Ω → R is a discrete random variable so that EX2 < ∞
and (f(X))−1 ∈ L1(Ω,A, P ), then Ẽ

(
γf ◦ X

∣∣ P
)

characterizes the distribution of X. Moreover,
the probability of the different values can be computed as a function of the right-hand and left-hand
derivatives at each point.

The graphical features of the fuzzy representations considered in this paper, along with this char-
acterizing result, make this way of capturing the information about discrete distributions to be quite
interesting. The distributions are represented through the expected values of fuzzy random variables,
that is, through simple and intuitive [0, 1]-valued functions. In this respect, the new characterization
can be used for exploratory purposes to describe population or sample distributions by underlying
relevant parameters of the distribution. On the other hand, in the last years several inferential studies
concerning the expected values of fuzzy random variables have been carried out. These procedures
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have shown quite powerful behaviour (see, for instance, González-Rodŕıguez et al., 2006b, Montenegro
et al., 2004 and Gil et al., 2006).

As a result, the characterizing fuzzy representations in this paper can be used in an inferential
study for estimating and testing about distributions through the inferences developed for the fuzzy
expected value. The techniques developed in this way will be omnibus, in the sense of being applicable
to any type of distributions. At the same time they are directed, in the sense of they paying special
attention to the above-mentioned relevant parameters.

Acknowledgement

The research in this paper has been partially supported by the Grant from the Spanish Ministry
of Education and Science MTM2006-07501. This financial support is gratefully acknowledged.

REFERENCES (RÉFERENCES)
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RÉSUMÉ (ABSTRACT)

A new way of capturing and representing the whole information about the distribution of discrete
(real-valued) random variables is presented. This way has been shown to be very useful from a graphical
descriptive/exploratory point of view. It has been also proved that any discrete distribution with finite
second order moment can be characterized by means of a certain fuzzy set, which corresponds to the
expected value of a fuzzy random variable obtained by transforming properly the discrete real-valued
variable. From a graphical viewpoint, the interest of this characterization is due to the easy way in
which relevant information about the distribution (as central tendency, variability, skewness, and so on)
can be displayed and visualized. Moreover, the characterizing result entails the possibility of developing
statistical inferences about discrete distributions on the basis of those which have been already developed
about fuzzy expected values.
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ABSTRACT

Quantitative microbial health risk assessment (QMHRA) help design programs to address the emerging
waterborne diseases. This describes a computational system in which the microbial hazard reaches its
host and cause harm. This involves the use of mechanistic models that include many uncertain and
highly variable parameters. Currently, the uncertainties in these models are treated using statistical
approaches. However, not all uncertainties in data or model parameters are due to randomness. Other
sources of imprecision that may lead to uncertainty include scarce or incomplete data, measurement
error, data obtained from expert judgement, or subjective interpretation of available information.
These kinds of uncertainties and also the non-random uncertainty cannot be treated solely by statistical
methods. In this paper we propose the use of fuzzy set theory together with probability theory to
incorporate uncertainties into QMHRA. Based on the form of available information, fuzzy set theory
or probability theory, or a combination of both can be used to incorporate parameter uncertainty
and variability into mechanistic risk assessment models. In this study, bathing in beaches is used
as the source of exposure to virus/bacteria such as Adeno virus, Entro virus, Heptatis, and Rota
virus. Eating shell fish is considered as an exposure pathway too. The amount of shell fish consumed
and amount of water intake during swimming are taken as fuzzy variables while remaining other
variables are considered as random for which the probability distributions are identified. Combined
utilization of fuzzy and random variables produces membership functions of risk to individuals at
different fractiles of risk as well as probability distributions of risk for various alpha-cut levels of the
membership function. The proposed method provides a robust approach in evaluating QMHRA when
there is both uncertainty and variability in the model parameters.

Keywords. Quantitative health risk assessment, probability theory, Fuzzy set theory, Uncertainty,
Variability, Virus.
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Abstract Classical reliability is based largely on precise information. However, some information about
an underlying system, might be imprecise and represented in the form of vague numbers. Thus, it is necessary
to generalize classical methods for real numbers to vague numbers. On the other hand, Bayesian approaches
have shown to be useful when there are some prior information. In this article, Bayesian reliability in vague
environment is investigated. For applying the Bayesian approach, the parameters of the model are assumed as
vague random variables with vague prior distributions. This approach will be used to create the vague Bayes
estimate of system reliability, by introducing and applying a theorem called ”Resolution Identity” for vague sets.
Keywords: Bayes estimator, Vague number, System reliability, Mellin transform.

1 Introduction

Our understanding of must physical processes is based largely on vague concepts and imprecise human
reasoning. This imprecision is nonetheless a form of information that can be quite useful to humans
in decision making, control processes, prediction, etc. Examples of imprecise information are that
the product quality is ”good”, or that the lifetime of a lamp is ”approximately 2000(h)”, or that the
necessary dose of a certain chemical material in a drug must be ”about 20%”.
During past decades, many approaches and theories treating imprecision and uncertainty have been
proposed, among them fuzzy set theory has a key role. On the other hand, intuitionistic fuzzy set
theory [1] and vague set theory [4] are proposed to be the extensions of the classic fuzzy set theory, to
investigate the uncertainty in a more realistic manners.
These theories have been considered in many research areas, especially in reliability theory. Here, we
briefly review some important works in this topic. Viertl and Gurker [8], considered the reliability
estimation with fuzzy lifetime data. Cai et al. [2] considered the fuzzy system reliability on the basis of
fuzzy state assumption and probability assumption. Wu [9] proposed the fuzzy probability to study the
system’s reliability. He also proposed a Bayesian approach to system reliability assessment under fuzzy
environment [10], (for Bayes approach in fuzzy environments see, for example, [7]). After introducing
the vague set theory, the reliability analysis in vague environment was investigated by some authors.
Chen [3] presented a method to analysis the fuzzy system reliability based on vague set theory. Kumar
et al. [5] developed a method for analyzing the system reliability using interval valued vague sets.
In this article, the fuzzy Bayes approach to estimate the system reliability is incorporated into the
vague set theory to deduce the so-called vague Bayes estimator. In Section 2, we introduce the concept
of vague random variable and investigate the vague Bayes estimator that is constructed from the
conventional Bayes estimators by applying a ”Resolution Identity” for vague sets. In Section 3, first
we recall the concept of Mellin transformation and then, we study the Bayesian approach to system
reliability. In Section 4, we apply the proposed method to obtain the vague Bayes reliability of a series
system.

1
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2 Vague Bayesian point estimators

Definition 1 Let U be a universal set. A vague set Ã of U is characterized by a truth membership
function tÃ : U → [0, 1], and a false membership function fÃ : U → [0, 1], where tÃ(u) + fÃ(u) ≤ 1,
∀ u ∈ U .

Definition 2 Let ÃtÃ,fÃ
be a vague set of U ⊆ R. Then, we define αt-cuts and αf -cuts of Ã as the

crisp sets of U given by

Ãαt = {u : tÃ(u) ≥ αt}, αt ∈ [0, 1], Ãαf
= {u : 1 − fÃ(u) ≥ αf}, αf ∈ [0, 1].

Definition 3 A vague set ÃtÃ,fÃ
of R with continuous membership functions tÃ and fÃ is called to

be a vague number if and only if Ãαt and Ãαf
, for all αt, αf ∈ (0, 1], are bounded closed intervals; i.e.

Ãαt = [ÃL
αt
, ÃU

αt
], Ãαf

= [ÃL
αf
, ÃU

αf
].

We denote the class of all vague number by V(R).

Proposition 1 (Resolution Identity for Vague Sets) Let ÃtÃ,fÃ
be a vague set of U . Then

tÃ(u) = sup
αt∈[0,1]

αt.IÃαt
(u), 0 ≤ αt ≤ 1, fÃ(u) = sup

αf∈[0,1]
αf .IÃαf

(u), 0 ≤ αf ≤ 1,

where IÃ(.) is the indicator function of Ã.

The following definition is an extension of the concept of fuzzy random variable introduced by Puri
and Ralescu [6].

Definition 4 Let X̃ : Ω → V (R) be a vague valued function. Then X̃ is called to be a vague random
variable if X̃L

αt
, X̃U

αt
, X̃L

αf
, X̃U

αf
, for all 0 ≤ αt, αf ≤ 1, are (ordinary) random variables.

Let X̃ be a vague random variable, whose distribution depends on a vague parameter θ̃. Based on def-
inition 4, θ̃L

αt
, θ̃U

αt
, θ̃L

αf
, θ̃U

αf
are parameters of the distributions of (crisp) random variables X̃L

αt
, X̃U

αt
, X̃L

αf
, X̃U

αf
,

respectively. Our purpose is to estimate θ̃, based on a Bayes approach. In this approach θ̃ is considered
as a vague random variable, so that the crisp random variables θ̃L

αt
, θ̃U

αt
, θ̃L

αf
, θ̃U

αf
have some distributions

with parameters (η̃1)L
αt
, ..., (η̃m)L

αt
, (η̃1)U

αt
, ..., (η̃m)U

αt
, (ζ̃1)L

αf
, ..., (ζ̃m)L

αf
, (ζ̃1)U

αf
, ..., (ζ̃m)U

αf
, respectively.

Concerning Definition 3, we can find the Bayes point estimator θ̂, for each θ ∈ [θ̃L
αt
, θ̃U

αt
]. Consider

Aαt = [min{ inf
αt≤βt≤1

̂̃
θL
βt
, inf
αt≤βt≤1

̂̃
θU
βt
},max{ sup

αt≤βt≤1

̂̃
θL
βt
, sup
αt≤βt≤1

̂̃
θU
βt
}],(1)

then Aαt contains all of the Bayes point estimators for each θ ∈ [θ̃L
αt
, θ̃U

αt
]. The same argument can be

established for θ ∈ [θ̃L
αf
, θ̃U

αf
]. Now, using Proposition 1, we can define the membership function of the

vague point estimator.

Definition 5 The vague Bayes point estimator for vague parameter θ̃, is defined to be a vague
number ˆ̃

θtÃ,fÃ
, where

tˆ̃
θ
(u) = sup

αt∈[0,1]
αt.Iˆ̃

θ
(u), 0 ≤ αt ≤ 1, fˆ̃

θ
(u) = sup

αf∈[0,1]
αf .Iˆ̃

θ
(u), 0 ≤ αf ≤ 1.(2)

2
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3 Bayesian system reliability

3.1 Mellin transformation

In Bayesian approach to reliability, some prior distributions are assigned to the components of a
system. Then the posterior distribution of each components reliability can be found by Bayes theorem.
Therefore, we can drives the posterior distribution of system reliability from the posterior distribution
of each components reliabilities. The key method in this approach is that the system reliability can
be expressed as a product of independent random variables of which corresponds to either component
reliability (for series system) or component unreliability (for parallel system). Therefore, we can need
to use the method of Mellin integral transform.

Definition 6 Let X be a non-negative random variable with pdf f(x). The Mellin transform of f,
with respect to the complex parameter u, is defined by

M(f ;u) =
∫ ∞

0
xu−1f(x)dx.(3)

Theorem 1 Let X1, ..., Xk be independent random variables with pdf’s f1, ..., fk, respectively. Let
gk(y) be the pdf of the Y =

∏k
i=1Xi. Then, M(gk;u) =

∏k
i=1M(fi;u).

With the help of Theorem 1, we can obtain the posterior distribution of system reliability from the
posterior distribution of component reliabilities. But the Bayes estimator of system reliability, under
the squared error loss function, is the mean of the posterior distribution, so that we can use equation
3, for u=2, to obtain the Bayes estimator of system reliability.

3.2 Bayesian approach to system reliability

Consider a system consists of k independent component with reliabilities r1, ..., rk. In addition, suppose
that ni items of the ith components, i = 1, ..., k, are tested and that si survivors are observed. It
is obvious that the probability distribution of the number of survivors of component i is Binomial
distribution with parameter ri, i = 1, ..., k. To use a Bayesian approach, let the reliability of ith
component be a random variable Ri, with the prior distribution πi(ri), i = 1, ..., k. Since the appropriate
prior for the parameter of the Binomial distribution is Beta distribution, we consider Beta(sio, nio) as
the prior distribution for Ri; i.e.

πi(ri) =
Γ(nio)

Γ(sio)Γ(nio − sio)
ri

sio−1(1 − ri)nio−sio−1, 0 ≤ ri ≤ 1, sio, nio > 0 .(4)

Then, the posterior distribution of Ri is Beta(sisio, ninio), i.e.

πi(ri | si) =
Γ(ni + nio)

Γ(si + sio)Γ(ni + nio − si − sio)
ri

si+sio−1(1 − ri)ni+nio−si−sio−1,(5)

and the Mellin transform of πi(ri | si) is obtained to be

M{πi(ri | si);u} =
(ni + nio − 1)!
(si + sio − 1)!

1
(u+ si + sio − 1)(u+ si + sio)...(u+ ni + nio − 2)

.

4 Vague Bayesian reliability in series system

Consider a series system consisting of k independent components. The system reliability is R =∏k
i=1Ri. So, by use of Theorem 1, the Mellin transform of the π(r | s;n) of system reliability R is

given by

M{π(r | s);u} =
k∏

i=1

[
(ni + nio − 1)!
(si + sio − 1)!

1
(u+ si + sio − 1)(u+ si + sio)...(u+ ni + nio − 2)

].(6)

3
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Finally, using Eq. (3) (with u = 2), the Bayes point estimator of system reliability R, would be

E(R | s) = M{π(r | s);u = 2} =
k∏

i=1

(
sio + si

nio + ni
).(7)

Now suppose that the component reliabilities cannot be sured as exact numbers, but they are considered
as vague random variables R̃i with the assumption that nio is a known integer (representing the pseudo
number of item for the component) and s̃i is a known vague number (representing our non-precise
information about the pseudo number of survivors). In fact, since the number of survivors may not be
recorded precisely, s̃i is assumed as a vague number. In such a case, from Eq. (7), the Bayes point
estimates of r̃L

αt
,r̃U

αt
, r̃L

αf
, r̃U

αf
are, respectively (for all α ∈ [0, 1])

̂̃rL
αt

=
k∏

i=1

((s̃io)L
αt

+ si)
nio + ni

, ̂̃rU
αt

=
k∏

i=1

((s̃io)U
αt

+ si)
nio + ni

, ̂̃rL
αf

=
k∏

i=1

((s̃io)L
αf

+ si)

nio + ni
, ̂̃rU

αf
=

k∏
i=1

((s̃io)U
αf

+ si)

nio + ni
.

According to the discussion in Section 2, let

Aαt = [min{ min
αt≤βt≤1

̂̃rL
βt
, min
αt≤βt≤1

̂̃rU
βt
},max{ max

αt≤βt≤1

̂̃rL
βt
, max
αt≤βt≤1

̂̃rU
βt
}],(8)

Aαf
= [min{ min

αf≤βf≤1

̂̃rL
βf
, min
αf≤βf≤1

̂̃rU
βf
},max{ max

αf≤βf≤1

̂̃rL
βf
, max
αf≤βf≤1

̂̃rU
βf
}].(9)

The above intervals contain all of the Bayes estimator for each r ∈ [r̃L
αt
, r̃U

αt
] and each r ∈ [r̃L

αf
, r̃U

αf
].

Now using Proposition 1, the truth membership function and the false membership function of the
vague Bayes estimate of r̃, denoted by ˆ̃r, is obtained by

tˆ̃r(r) = sup
αt∈[0,1]

αt.IAαt
(r), 0 ≤ αt ≤ 1, fˆ̃r(r) = sup

αf∈[0,1]
αf .IAαf

(r), 0 ≤ αf ≤ 1.
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1. Notation and Preliminaries

Throughout the whole paper λ denotes the Lebesgue-measure on R, B(Rd) denotes the Borel σ-algebra
on Rd, Kc(Rd) denotes the family of all non-empty compact convex subsets of Rd and 2R

d
denotes

the power set of Rd. As ususal δH denotes the Hausdorff metric on Kc(Rd), and cls(A) denotes the
topological closure of a set A ⊆ Rd.
The following definition of fuzzy numbers and fuzzy vectors will be used:

Definition 1 A d-dimensional fuzzy vector ξ? is a real-valued function on Rd with the following
properties:

1. 0 ≤ ξ?(x) ≤ 1 ∀x ∈ Rd

2. ∀α ∈ (0, 1] the so-called α-cut [ξ?]α, defined by [ξ?]α := {x ∈ Rd : ξ?(x) ≥ α}, is a non-empty
compact convex set.

For every d-dimensional fuzzy vector ξ? the support supp(ξ?) is defined by

supp(ξ?) := cls
({x ∈ Rd : ξ?(x) > 0}).(1)

If d = 1 then ξ? is called fuzzy number.
The family of all d-dimensional fuzzy vectors will be denoted by Fc(Rd), the family of all d-dimensional
fuzzy vectors with compact support will be denoted by Fc,c(Rd).

The common sum (defined via the Minkowski sum of the α-cuts) of two d-dimensional fuzzy vectors
ξ?, η? ∈ Fc(Rd) will be denoted by ξ? ⊕ η?.
In order to define a notion of convergence for sequences of fuzzy numbers and fuzzy vectors the
following two types of metrics on Fc,c(Rd), see Krätschmer (2002) and Puri & Ralescu (1986), will be
used:

δ?
H,∞(ξ?, η?) := sup

α∈(0,1]
δH

(
[ξ?]α, [η?]α

)
(2)

δ?
H,p(ξ

?, η?) :=
( ∫

(0,1]

(
δH([ξ?]α, [η?]α)

)p
dα

)1/p

(p ≥ 1)(3)

If (Ω,A,P) is a probability space and X? : Ω → Fc(Rd) (d ≥ 1) is a fuzzy-valued function on Ω, then
the subsequent notation is applied for every ω ∈ Ω and every α ∈ (0, 1]:

Xα(ω) := [X?(ω)]α =
{
x ∈ Rd :

(
X?(ω)

)
(x) ≥ α

}
(4)

The following definition of a fuzzy random vector will be used, see Puri & Ralescu (1986):
1Supported by the Jubiläumsfondsprojekt Nr.11460 of the National Bank of Austria
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Definition 2 Let (Ω,A,P) be a probability space, then a function X? : Ω → Fc(Rd) is called (d-
dimensional) fuzzy random vector if

{ω ∈ Ω : Xα(ω) ∩B 6= ∅} ∈ A(5)

holds for every B ∈ B(Rd) and every α ∈ (0, 1]. If d = 1 then X? is called fuzzy random variable.

Definition 3 Suppose that (Ω,A,P) is a probability space and that both X? : Ω → Fc(Rd) and
Y ? : Ω → Fc(Rd) are d-dimensional fuzzy random vectors. Then X? and Y ? are said to be independent
if the following equality holds for every α ∈ (0, 1] and arbitrary Borel sets B1, B2 ∈ B(Rd):

P(
Xα ⊆ B1 , Yα ⊆ B2

)
= P(

Xα ⊆ B1

) · P(
Yα ⊆ B2

)
(6)

2. Fuzzy relative frequencies

One possible approach for defining fuzzy relative frequencies works as follows:
Suppose that A ⊆ Rd and that x?

1, x
?
2, . . . , x

?
n is a sample of d-dimensional fuzzy vectors. For every

α ∈ (0, 1] the lower relative frequency of level α, denoted by hn,α(A), and the upper relative frequency
of level α, denoted by hn,α(A), of the set A are defined by

hn,α(A) :=
1
n

#
{

i ∈ {1, . . . , n} : [x?
i ]α ⊆ A

}

(7)

hn,α(A) :=
1
n

#
{

i ∈ {1, . . . , n} : [x?
i ]α ∩A 6= ∅

}
.

It is easy to see that
(
[hn,α(A), hn,α(A)]

)
α∈(0,1]

is a monotonically decreasing family of non-empty
compact intervals (for n and A fixed) in α. Since in general, it is not a family of α-cuts of a fuzzy
number (see Trutschnig (2006)), the convex hull, denoted by h?

n(A) ∈ Fc,c(R), is considered:

(
h?

n(A)
)
(x) :=

{
0 if x 6∈ [hn,α(A), hn,α(A)] ∀α ∈ (0, 1]

sup
{
α ∈ (0, 1] : x ∈ [hn,α(A), hn,α(A)]

}
otherwise.

(8)

The fuzzy number h?
n(A) will be called fuzzy relative frequency of A with respect to x?

1, x
?
2, . . . , x

?
n.

Because of the simple structure of the family
(
[hn,α(A), hn,α(A)]

)
α∈(0,1]

the α-cut of h?
n(A) coincides

with [hn,α(A), hn,α(A)] for all except finitely many α ∈ (0, 1].
For the most important properties of h?

n(·) as Fc,c(R)-valued set function on 2R
d

see Trutschnig (2006).
Figure 1 depicts a concrete example of a fuzzy sample and the corresponding fuzzy relative frequency.

In 1992 Niculescu and Viertl observed another construction of a fuzzy relative frequency based on
the Extension Principle, which works as follows:
Again given a fuzzy sample x?

1, x
?
2, . . . , x

?
n and a set A ⊆ Rd then their fuzzy relative frequency ϕA of the

set A with respect to x?
1, x

?
2, . . . , x

?
n is a real-valued function on the set {0, 1/n, 2/n, · · · , (n− 1)/n, 1},

defined by

ϕA

(
l

n

)
= sup

(z1,...,zn)∈Rn:
Pn

i=1 1A(zi)=l

min
i∈{1,...,n}

x?
i (zi)(9)

for every l ∈ {0, 1, 2, · · · , (n− 1), n}.

Although the two approaches are based on different ideas, they lead to essentially the same result,
which is depicted in Figure 1 and Figure 2.
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Theorem 4 Suppose that x?
1, x

?
2, . . . , x

?
n is a d-dimensional fuzzy sample and that A ⊆ Rd is an

arbitrary set, then the following equality holds for every l ∈ {0, 1, 2, · · · , (n− 1), n}:

ϕA

(
l

n

)
=

(
h?

n(A)
)( l

n

)
(10)

Proof: Suppose that ϕA(l/n) = β > 0. Then for every fixed α ∈ (0, β) there exist (z1, · · · , zn) ∈ Rn

such that both
∑n

i=1 1A(zi) = l and mini∈{1,...,n} x?
i (zi) ≥ α is fulfilled, which implies that both

#
{
i ∈ {1, . . . , n} : [x?

i ]α ∩ A 6= ∅} ≥ l and #
{
i ∈ {1, . . . , n} : [x?

i ]α ⊆ A
} ≤ l holds. Consequently

l/n ∈ [hn,α(A), hn,α(A)] is satisfied. Since α ∈ (0, β) was arbitrary it follows from equation (8) that(
h?

n(A)
)
(l/n) ≥ β. This proves equality for the case that β = 1.

For β ∈ (0, 1) proceed as follows: Suppose that
(
h?

n(A)
)
(l/n) > β holds. Then there exists γ > β

such that l/n ∈ [hn,γ(A), hn,γ(A)] is fulfilled which implies that #
{
i ∈ {1, . . . , n} : [x?

i ]α ⊆ A
} ≤ l ≤

#
{
i ∈ {1, . . . , n} : [x?

i ]α ∩A 6= ∅}. Having this it follows immediately that ϕA(l/n) ≥ γ > β, which is
a contradiction to ϕA(l/n) = β. This completes the proof for the case that ϕA(l/n) = β > 0.
Equality for β = 0 can be proved in the same manner. ¥
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Figure 1: Fuzzy sample of size 10 and corresponding fuzzy relative frequency h?
n([1, 2])
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Figure 2: Fuzzy sample of size 10 and corresponding fuzzy relative frequency ϕ[1,2]

according to Niculescu and Viertl

3. Fuzzy probability distributions induced by fuzzy random vectors

Assume that X : Ω → Rd is a d-dimensional random vector that can not be observed precisely, but that
it is possible to observe the fuzzy random vector X? : Ω → Fc(Rd) fulfilling X(ω) ∈ X1(ω)∀ω ∈ Ω.
Having in mind Dempster’s construction of upper and lower probabilities (see Dempster (1967)) it
seems natural to proceed as follows:
Define families (πα)α∈(0,1] and (πα)α∈(0,1] of upper and lower probabilities on B(Rd) by

πα(A) := P({ω ∈ Ω : Xα(ω) ⊆ B})
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(11)
πα(A) := P({ω ∈ Ω : Xα(ω) ∩B 6= ∅}),

and aggregate them (using the convex hull) to a fuzzy number P?(A), defined by

(
P?(A)

)
(x) :=

{
0 if x 6∈ [πα(A), πα(A)] ∀α ∈ (0, 1]

sup
{
α ∈ (0, 1] : x ∈ ([πα(A), πα(A)]

}
otherwise.

(12)

The Fc,c(R)-valued set function P?(·) on B(Rd) is called fuzzy probability distribution induced by X?.
For the most important properties of P?(·) see Trutschnig (2006).

Given a sequence (X?
n)n∈N of pairwise independent d-dimensional fuzzy random vectors with the same

distribution as X?, for every A ∈ B(Rd), every n ∈ N and every ω ∈ Ω the fuzzy relative frequency
h?

n(A,ω) of A with respect to X?
1 (ω), X?

2 (ω), . . . , X?
n(ω) can be constructed according to equations (7)

and (8). In this situation P?(A) induced by X? can be estimated by means of h?
n(A,ω):

Theorem 5 Suppose that X?, X?
1 , X?

2 , · · · is a sequence of pairwise independent, identically distributed
d-dimensional fuzzy random vectors and that A ∈ B(Rd) is an arbitrary Borel set. Then the fuzzy rela-
tive frequency h?

n(A, ·) is a strongly consistent estimator for the fuzzy-valued probability P?(A) with
respect to the metric δ?

H,∞ and with respect to the metric δ?
H, p for every p ≥ 1.

Proof: The paper containing the proof of the theorem has already been submitted.
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RÉSUMÉ

Two different ways for generalizing the classical concept of relative frequencies to samples of fuzzy
numbers or fuzzy vectors x?

1, . . . , x
?
n are observed. One is based on hitting and missing frequencies of

the corresponding α-cuts of the sample and the other one is based on Zadeh’s Extension Principle.
Although the two approaches originate from completely different ideas it can be shown that there is a
simple and strong interrelation between the corresponding notions of fuzzy relative frequencies.
Furthermore analogous to A. Dempster’s interval-valued probabilities induced by random intervals
fuzzy-valued probabilities induced by fuzzy random vectors are introduced and it is shown that fuzzy
relative frequencies in the above sense can be interpreted as consistent estimator for the corresponding
fuzzy-valued probability with respect to various metrics.
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Introduction

An aircraft is a complex structure subject to vibration and aeroservoelastic forces� A critical

aircraft instability phenomenon is known under the name of �utter� Flutter results from an unfavor�

able interaction of aerodynamic� elastic and inertial forces� and may cause major failures �	
� Modeling

the aircraft with a linear state�space model� the aircraft dynamics can be summarized by the set of

eigenvalues and eigenvectors of the state transition matrix� the so�called modes and mode�shapes�

Based on data recorded from e�g� accelerometers under natural �turbulent� and non�measured exci�

tation conditions� these parameters can be estimated using output�only covariance�driven subspace

identi�cation ��� 
� Online in��ight �utter monitoring aims at the early detection of a deviation in

the modal parameters before it develops into �utter� Change�point detection is a natural approach

in this context� For a scalar instability criterion � and a critical value �c� the idea is to test online

between two hypotheses H� and H� about �� typically � � �c and � � �c� for a stable and unstable

aircraft� respectively�

Because of the unknown excitation� a likelihood ratio approach cannot be used� A residual built

on the estimating function associated with subspace identi�cation can be handled instead �
� Thanks

to the local approach� the residual is assumed to be Gaussian� and manifest the change from H� to H�

as a change in its mean� A Cusum test can be run as an approximation to the optimal test� Several

solutions of that type are described� based on di�erent stability criteria �� The performances of the

Cusum test for di�erent statements of H� are discussed�

Subspace�based residual for modal monitoring

It is well known ��
 that the vibration�based structural monitoring problem boils down to the

problem of monitoring the eigenstructure of the state transition matrix F of a linear dynamic system��
Xk�� � F Xk � Vk��

Yk � H Xk
��

namely the roots ������ of det�F � �I� � �� �F � �I� �� � �� Let ��
�
� H��� and �

�
�

�
�

vec�

�
�

where � is the vector containing the ��s �called modes�� � is the matrix whose columns are the ���s

�called modeshapes�� and vec is the column stacking operator� A reference parameter �� is assumed

available� identi�ed on data from the system in a reference state� using output�only covariance�driven

subspace�based identi�cation algorithm� It is based on the key factorization of the output covari�

ances� Ri
�
� E YkY

T
k�i � HF iG with G

�
� E XkY

T
k � and it consists in computing the svd of the

empirical Hankel matrix bH�
p���q �lled with bRi�s� Based on the subspace interpretation of the svd� the

parameter �� can be characterized by�

U����
T bH�

p���q � ����

where orthonormal matrix U is subject to

U����
T Op������ � ����

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 2089 -



and Op����� is the observability matrix in modal basis� Although not unique� matrix U can be treated

as a function of �� For detecting a change in � w�r�t� ��� the solution in �
 handles a statistics �residual�

built on the parameter estimating function in ����

�n����
�
�
p
n vec

�
U����

T bHp���q

�
���

where bHp���q the empirical Hankel matrix for new data from the �possibly changed� system�

Testing if � � �� holds true or not � or equivalently deciding that residual �n���� is di�erent

from zero � requires the probability distribution of �n���� which is generally unknown� A possible

approach is to use the statistical local approach ��� �� �
 and assume close hypotheses�eH� � � � �� and eH� � � � �� ���
p
n���

where vector � is unknown� but �xed� Let E� be the expectation when the actual system parameter

is �� and de�ne the mean deviation �Jacobian� and the covariance�

Jn���� ��
�
� �

p
n 	�	�� E� �n����

���
�����

� �n���� ��
�
� E�

�
�n���� �n����

T
�

���

Then� provided that �n���� �� is positive de�nite� and for all �� the residual �n in ��� is asymptotically

Gaussian distributed under both hypotheses in ����

�n���� ��
���� ��n����� Jn���� �� ��

n��� N ��� I����

Thus a deviation � �� � in the system parameter � is re�ected into a change in the mean of �n�

Consistent estimates of Jn���� �� and �n���� ��� based on a data sample recorded on the reference

system� are given in �
 and ��
� respectively� Assume now that Jn���� �� is full column rank �f�c�r���

It may be preferable to handle the following normalized residual�

�n����
�
� Kn���� �� �n���� � Kn���� ��

�
� �n���� ��

���� Jn���� ��
T �n���� ��

��� �

where �n���� ��
�
� Jn���� ��

T �n���� ��
�� Jn���� ��� From ���� �n���� is asymptotically Gaussian��

�n����� �n���� ��
��� �

�
n��� N ��� I��	�

For an on�line detection algorithm� a data�driven computation for �n���� in � � is preferable to

the covariance�driven computation in ���� Assuming n � p� q and introducing

Y�T
k�p��

�
� � Y T

k 
 
 
 Y T
k�p � and Y�T

k�q
�
� � Y T

k 
 
 
 Y T
k�q�� �� the statistics � � writes as the sum�

�n���� �

n�pX
k�q

Zk�����
p
n � where Zk����

�
� Kn���� �� vec

�
U����

T Y�k�p�� Y�Tk�q

�
���

From �	� and ����
Pn�p

k�q Zk�����
p
n is asymptotically Gaussian distributed� with mean zero under eH�

and ����� ��
��� � under eH�� The arguments in ��
�����
 lead to another approximation� for n large

enough� and k � � 
 
 
 � n� one can regard Zk���� itself as if it was i�i�d� and Gaussian� with mean � if

no change in � occurred before time k� and with a non�zero mean after a change occurred�

Those properties hold true whatever Jn in � �� ��� is� For monitoring any function ����� one

should replace Jn���� �� in � � with Jn���� �� J �
��� where J �

�� � 	��	�j���� �

CUSUM test for monitoring a scalar parameter

The crossing of a critical threshold �c by a scalar � is re�ected into a change of the same sign

in the mean � of the independent Gaussian variables Zk����� The Cusum test may be used for testing

between the hypotheses�

H� � � � � and H� � � � ���
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Figure � Solution � with �� at V � ��m�s and �xed J �� �Left�� Solution � with �c at V �  �m�s

and online recursive computation of Jn��n �Right�� Both solutions with �m � �
�

Since neither the actual hypothesis when this processing starts nor the sign and magnitude of the

change in � that will occur are known� a relevant procedure consists in�

i� Setting a minimum change magnitude �m��� and testing between H�����m�� and H������m���

Sn����
�
�

n�pX
k�q

�Zk���� � �m� � Tn����
�
� max

k�q�����n�p
Sk���� � gn����

�
� Tn����� Sn����

H�

�
�
H�

���

ii� Running two tests in parallel� for a decreasing and an increasing �� respectively!

iii� Making a decision from the �rst test which �res!

iv� Resetting all sums and extrema to zero and switching to the other one afterwards�

The choices of the magnitude �m and threshold  are generally well decoupled ��
�Chap���
�

Using and tuning the CUSUM test

For detecting aircraft instability precursors with the Cusum test ��� and the procedure above�

it is necessary to select�

a� An instability criterion � and a critical value �c!

b� A reference state for the system� for identifying �or computing� �� and computing U���� in ���!

c� Estimators of the Jn���� �� and �n���� �� matrices!

d� A minimum change magnitude �m and a threshold �

Two di�erent solutions for b��c� are reported here� of which the second is new�

�� ��
�
� �� identied on reference data for the stable system� and Jn��n estimated once for all on

those data� namely� Jn���� ��
�
� J ���� and �n���� ��

�
� �����!

�� ��
�
� �c� a critical parameter �closer to instability� computed using both the reference �� and an

aeroelastic model� and Jn��n estimated recursively with the test data using an algorithm as in � 
�

Solution � has been investigated with di�erent parameters �� decreasing damping coe"cient

��
 or �utter margin ��� �
� pairs of time�varying frequencies or damping coe"cients ��
� modeshapes

correlations ��
� Both solutions� run with the �utter margin as �� are now compared on a wing model�

The undamped aeroelastic Hancock rectangular wing model ��
� a rigid wing with constant

chord allowing two degrees�of�freedom in bending and torsion� is considered� Matrix F in �� is

expressed as a function of the airspeed V � the eigenvalues are computed for every V � and updated

from data simulated with �# damping ratio� The �utter airspeed Vf �  	m�s is estimated from a

�utter margin decreasing to zero� Two�dimensional signals with sample size ���� are simulated for

airspeeds V � f��� ��� ��� ��� ��� ���  ��  ��   m�sg� Figure  displays solution � with �� at V � ��m�s

�Left� and solution � with �c at V �  �m�s �Right�� both solutions with �m � �
� It is seen that�

when the Cusum test is run with �� � �� taken too far from the instability �solution ��� the alarm is

raised much too early at V � ��m�s because ����� � �
���� � ����jV���� When the test is run with

�� � �c �solution ��� the result is much better� because ���c� � �c � �
���� is very close to the �utter

value ����jV�	
 � ��
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Discussion and conclusion

In this paper� we have described a solution to online detection of instability precursors� based

on a model�free subspace statistics� a local approach� and a Cusum test� A more involved solution

requiring both an analytical model for �utter prediction and recursive computation of the covariance

matrix has been sketched� Results shown for a small simulated structure suggest the relevance of

the approach� A number of limitations should be mentioned� among which the cost of the online

covariance computation and the availability of a �utter prediction model which may be unrealistic in

real cases� Another major issue is related to the actual dimension of the parameter vector � to be

monitored and the high number of correlated �scalar� instability criteria to handle at a time�
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The area of stochastic filtering, linear and nonlinear, has been developed primarily due to its engi-
neering applications such as signal processing, computer vision and robotics (see, for example, Doucet,
de Freitas & Gordon (2001) and the references therein). However, in recent years, the stochastic fil-
tering framework has been applied to an increasing number of mathematical finance applications such
as market state estimation, asset price volatility estimation, parameter estimation for CIR models of
the term structure of interest rates, individual and collective credit risk assessment (see, for exam-
ple, Brigo & Hanzon (1998) Chiarella, Pasquali & Runggaldier (2001), Cvitanic, Liptser & Rozovskii
(2006), Gombani, Jaschke & Runggaldier (2005), Gombani & Runggaldier (2001), Nakagawa (2001),
etc).

The focus of the stochastic filtering is the estimation of a stochastic process X = (Xt)t which, in
a financial context, can be in some applications a model for the evolution of the price of an untradeable
asset or, in other applications, a model for the state of the economy. The process X is called the signal
process and is usually assumed to be a Markov processs with associated infinitesimal generator A. X is
not directly available to us, rather a partial measurement of the signal, modelled by another continuous-
time process Y = (Yt)t is. The process Y is called the observation process and models for example,
the evolution of the price of a traded asset. For any time t ≥ 0, Yt is usually assumed to be a function
of the signal X and some ‘market’ noise Wt,

Yt = ft (Xs, s ∈ [0, t] ;Wt) , t ≥ 0.
Let (Yt)t≥0 be the filtration generated by the observation process Y,

Yt = σ (Ys, s ∈ [0, t]) , t ≥ 0.
The problem of stochastic filtering for the partially observed system (X,Y ) comprises the construction
of πt, the conditional distribution of Xt given the σ-field Yt.

The process π = (πt)t is a probability measure valued process for which, in general, there is no
closed form. For example if Y satisfies the evolution equation

Yt = Y0 +
∫ t

0
h(Xs)ds+Wt, t ≥ 0,(1)

where W = (W i)ni=1 is a m-dimensional Brownian motion independent of X and h = (hi)mi=1 : S →
Rm (S is the state space of the signal), then π satisfies the stochastic partial differential equation,
known as the Fujisaki-Kallianpur-Kunita or the Kushner-Stratonovitch equations1:

πt(ϕ) = π0(ϕ) +
∫ t

0
πs(Aϕ)ds+

m
∑

i=1

∫ t

0
(πs(hiϕ)− πs(hi)πs(ϕ))(dY ks − πs(hi)ds).(2)

In (2), ϕ is suitably chosen test function ϕ : S → R.
As expected for a topic with such a diversity of applications there has been an enormous effort

to produce good numerical algorithms to solve the filtering problem. Particle filters have enjoyed a
1Here and later, we denote by µ (ϕ) , the integral of the test function ϕ with respect to the probability

measure µ, µ (ϕ) = ∫ ϕ (x)µ (dx) .
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period of fast development in the last fifteen years both from the theoretical and from the applicative
viewpoint (see, for example for example, Doucet, de Freitas & Gordon (2001) or Crisan (2006) and the
references therein). The success of this class of methods is due to the fact that it is very convenient to
describe a probability measure µ by using the empirical distribution associated to a sequence of points
(particles) {x1, x2, ...xn} randomly chosen from the potential parameter set according to the given
probability measure. Any marginal distribution of the probability measure µ (ϕ) can then be easily
approximated: µ (ϕ) ≃ ∑nj=1 ϕ (xi) . Whilst the target probability measure is essentially an infinite
dimensional object, the (approximating) set of particles forms a finite dimensional system (albeit high
dimensional).

The following is a typical example of a particle filter for the continuous time framework. Let
πn = {πnt ; t ≥ 0} be a sequence of measure valued processes representing empirical distributions of
systems of weighted particles. For each n, πnt is the empirical measure of mnt (random) particles with
varying weights

πnt =
mnt
∑

j=1
ānj (t) δvnj (t), t ≥ 0.

At time 0, we start with n particles with positions vnj (0) , j = 1, ..., n, chosen independently and
identically distributed with common distribution π0. We also assume that ānj (0) = 1

n j = 1, ..., n,
hence

πn0 = 1
n

n
∑

j=1
δvnj (0).

We partition the time interval [0,∞) into sub-intervals of equal length δ and describe the evolution
of the particles on the interval [iδ, (i+ 1) δ], i ≥ 0. At the begginning of the interval, the j-particle
is situated at vnj (iδ) for any j = 1, ...,miδn . During the interval, the particle moves as an independent
realization of the signal X and independent of Y . Hence

{

vnj (t) , t ∈ [iδ, (i+ 1) δ)
}

is a Markov
process with associated infinitesimal generator A. The corresponding weight ānj (t) is the (normalized)
likelyhood of the trajectory of the particle given the observation Y . For example if Y satisfies (1), then

ānj (t) = anj (t)
∑nk=1 ank (t) , t ∈ [iδ, (i+ 1) δ),

where
anj (t) = 1 +

m
∑

i=1

∫ t

iδ
anj (s)hi

(vnj (s)
) dY is , t ∈ [iδ, (i+ 1) δ).(3)

In other words
anj (t) = exp

( m
∑

k=1

∫ t

iδ
hk (vnj (s)

) dY ks − 1
2

m
∑

k=1

∫ t

iδ

(hk (vnj (s)
))2 ds

)

, t ∈ [iδ, (i+ 1) δ).

At the end of the interval, each particle branches, independently, into a random number of particles.
The distribution of ξij, the number of offsprings of the j particle, is given by

ξij =
{ [nānj (t)] with probability 1− {nānj (t)}

[nānj (t)] + 1 with probability {nānj (t)} ,

where [x] is the integer part of x ∈ R and {x} = x− [x] is the fractional part of x.
Each offspring inherits the space position of its parent and, after branching, all the (unnormal-

ized) weights anj ((i+ 1) δ) are reinitialized back to 1. After branching we re-index all particles.
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The branching procedure is, basically, a variance reduction method. It is used as, over time,
most of the weights decrease to zero with only a few becoming very large. By branching, particles with
small weights are removed. Simultaneously more particles are added in places where the existing ones
have large weights.

The above particle filter does not keep the number of particles fixed. However, tight bounds for
the oscillations of the number of particles can be obtained. The higher the initial number of particles
is, the smaller the oscillations will be. This is not surprising as we expect πnt to be ‘close’ to πn and
since ānj (t) ≈ 1

n for small δ, we get mntn ≈ 1. The number of particle itself is therefore an indicator of
whether n is high enough for the particle filter to offer a good approximation.

If the practitioner requires a particle filter with constant number of particles then an alternative
branching mechanisms or sampling procedure should be used. The sampling with replacement (one
samples n times from the population of particles with the distribution given by the normalized weights)
produces a particle filter with constant number of particle, which has been extensively analyzed (see,
for example, Del Moral (2004)). Other branching mechanisms that produce particle filter with constant
number of particles use stratified sampling or the tree based branching algorithm (see Crisan (2006)).

There is a large number of convergence results that apply to various classes of particle filters.
In the following, we only state two. The proof of these results, the conditions under which they hold
and other related topics can be found in Crisan and Xiong (2007). The results apply for the case when
X is d-dimensional Markov process with the infinitesimal generator given by the following second order
elliptic differential operator

Aϕ (x) = 1
2

d
∑

i,j=1
aij (x)∂i∂jϕ (x) +

d
∑

i=1
bi (x)∂iϕ (x) .(4)

To state the first result we need to introduce the following metric on the space of finite measures over
Rd: For arbitrary finite measures ν1 and ν2 define the distance d(ν1, ν2) by the formula d(ν1, ν2) =
∑∞k=1 2−k (|ν1 (fk)− ν2 (fk)| ∧ 1) , where {fk}k is a convergence determining set of functions fk :
Rd → R . We also assume that {fk}k are continuous and bounded, have continuous and bounded
partial derivatives up to the order 4 + [d/2] with all their supremum norms uniformly bounded in
k. Both theorems apply for interbranching times of order n−2α,that is δ = O ( 1

n2α
) .

Theorem 1. For any t ≥ 0, there exists a constant k = k (t) such that

E
[

sup
0≤s≤t

d(πnt , πt)2
]

≤ k (t)n−(1−α).

Theorem 2. n 1−α
2 (πnt − πt) converges weakly to measure valued process ζ = {ζt, t ≥ 0} which is the

unique solution to the following evolution equation:
dζt (ϕ) = ζt (Aϕ) dt−

m
∑

i=1

(πt
(ϕhi)− πt (ϕ)πt

(hi)) ζt
(hi)dt

+
m
∑

i=1
ζt

(ϕhi − ϕπt
(hi)− hiπt (ϕ)

)dνit

−πt (ϕ)
∫

Rd





( m
∑

i=1
|hi(x)− πt

(hi) |2
)1
2

π(t, x)




1
2

B(dtdx)

where νt = Yt − ∫ t
0 πs(h)ds. Also (t, x) → π(t, x) is the density of the probability measure πt and B is

space-time white noise and ϕ is a test function chosen from a suitable class of functions.
It follows that, in order to obtain the best convergence rate, one needs to keep the inter-branching

times fixed (independent of the number of particles) as is the case in all numerical experiments. In
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other words, applying the branching/correcting procedure too often may deteriorate rather than improve
the performance of the particle filter.

Finally we note that it is usually the case that the trajectories of the particles comprising the
particle filter cannot be usually computed exactly. An additional procedure is then required to approx-
imate them. If the signal is the solution of an SDE, then classical numerical schemes can be applied.
Moreover, following the recent work of Kusuoka, Lyons, Ninomiya and Victoir in the area of weak
approximations of solutions of SDEs, one can approximate the trajectories by using solutions of certain
systems of deterministic ordinary differential equations. Particle filters that use these new methods are
expected to require a lot less computational effort than those for which classical approximating schemes
are required.
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RÉSUMÉ (ABSTRACT)
A particle filter is a recursive algorithm that approximates the solution of the nonlinear filtering

problem using the empirical distribution associated with a ”cloud” of evolving and interacting particles.
The particles explore the state space following the law of the signal and carry weights that measure
the likelihood of their trajectories given the accumulated information up to the current time. As
the accumulation of observational data makes more and more particle trajectories, the number of
particles that carry large weights diminishes. A correction is then applied to kill off unlikely trajectories
and multiply of the ”right” ones. A mean square convergence result and a central limit theorem are
presented.
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Introduction and motivation

The need for statistical surveillance has been noted in many different areas, including quality
control (see for example [2]), epidemiology (see for example [13]), medicine (see for example [4]),
machinery monitoring, seismology, finance (see for example [1]) etc. In this work, we address the
problem of the detection of two-sided alternatives in a Brownian motion model. This model is the
continuous time equivalent to the discrete time Gaussian observation model. For stochastic systems
with linear dynamics and linear observations that are driven by Gaussian noise, the Kalman-Bucy
innovation process is known to be a sequence of independent Gaussian random variables. Such models
can be used to study systems subject to system component failures and other systems involving small
non-linearities ([16, 12]). Fault detection in a navigation system, where an abrupt change in the
model parameters corresponds to an abrupt change in the mean of the Kalman filter innovations is an
instance of such a situation ([10, 2]). The sign of the change depends on the signs of the gyro errors
([15]). Another instance of such a model can be seen in sensor failure detection for the monitoring of
traffic incidents on freeways. Each sensor is placed in different locations on the freeway and records
the mean velocity and density of cars. An abrupt and systematic change in these recordings would
trigger an abrupt change in the Kalman filter innovations in either direction depending on whether
the sensor is consistently overestimating or underestimating (see [14]). Identification and removal of
the faulty sensor becomes essential. The continuous version of the Kalman filter innovations in all of
the above linear Gaussian models is seen to be a Brownian motion ([8]). Other applications includes
the detection of a rhythm jump of the heartbeat during an ECG (see [3]) and in the detection of a
positive or negative drift in the log of stock price dynamics.

This paper is concerned with the quickest detection of two-sided alternatives in the drift of
a Brownian motion. In particular, we find the best 2-CUSUM stopping rule with respect to an
extended Lorden criterion. Although, the mathematical formulation is done in the context of the one-
dimensional case, extension to the vector case that corresponds to the Kalman innovations in linear
systems described above is straightforward (see [7]).

1This research was supported in part by the U.S. National Science Foundation under Grant No. CCR-02-05214.
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Mathematical formulation and main results

We sequentially observe a process {ξt} with the following dynamics:

dξt =





dwt t ≤ τ

µ1dt + dwt

or
−µ2dt + dwt

t ≥ τ

where τ , the time of change, is assumed to be deterministic but unknown; wt is a standard Brownian
motion process; µi, the possible drifts to which the process can change, are assumed to be known,
but the specific drift to which the process is changing is unknown. Both µ1 and µ2 are assumed to be
positive.
The probability triplet consists of (C[0,∞],∪t>0Ft), where Ft = σ{ξs, 0 < s ≤ t} and the families
of probability measures {P i

τ}, τ ∈ [0,∞), whenever the change is µi, i = 1, 2, and P∞, the Wiener
measure.
Our goal is to detect a change by means of a stopping rule T adapted to the filtration Ft. As a
performance measure for this stopping rule we propose an extended Lorden criterion (see [5])

JL(T ) = max
i

sup
τ

essup Ei
τ

[
(T − τ)+|Fτ

]
.(1)

This gives rise to the following min-max constrained optimization problem:

inf
T

JL(T )

subject to E∞ [T ] ≥ γ,(2)

where the constraint specifies the minimum allowable mean time between false alarms.
In this paper we seek the best 2-CUSUM stopping rule in the sense described in (2). The 2-CUSUM
rules have been proposed and used extensively due not only to the simplicity in the calculation of
their first moment(see [9]), but also to their asymptotically optimal character (see [5], [11]).
We begin by defining the CUSUM statistics and stopping rules of interest.
Definition Let ν1 > 0 and ν2 > 0. Define

1. u+
t =

log
dP1

0
dP∞ |Ft

µ1
= ξt − 1

2µ1t; m+
t = infs≤t u+

s ; y+
t = u+

t −m+
t ,

2. u−t =
log

dP2
0

dP∞ |Ft

µ2
= −ξt − 1

2µ2t; m−
t = infs≤t u−s ; y−t = u−t −m−

t ,

3. T1(ν1) = inf{t > 0; y+
t ≥ ν1}, and

4. T2(ν2) = inf{t > 0; y−t ≥ ν2}.

The 2-CUSUM stopping rules are then of the form T (ν1, ν2) = T1(ν1) ∧ T2(ν2).
We also define the following stopping rules, the use of which will become apparent later.
Definition For a > 0 and b > 0, we define

1. U+(a) = inf{t > 0;u+
t ≥ a},

2. U−(b) = inf{t > 0;−u−t ≤ −b}, and

3. Π(a, b) = P (U+(a) < U−(b)) .
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For any 2-CUSUM stopping rule T we have (see [5]) JL(T ) = max{E1
0 [T ] , E2

0 [T ]}.
We now classify 2-CUSUM rules according to the class G = {T (ν1, ν2); ν1 = ν2} of harmonic mean
rules and the classes C1 = {T (ν1, ν2) | ν1 > ν2 > 0} and C2 = {T (ν1, ν2) | ν2 > ν1 > 0} of non-harmonic
mean rules. For simplicity of display and notation we finally define the constants m = min{ν1, ν2},
M = max{ν1, ν2} and the functions Cm(x, y) = fm(x)2

fm(x)+fm(y) , λx(y) = 1
yfx(y)+x , f∗y (x) = fx(y) =

eyx−yx−1
y2 . We now summarize the main results.

Theorem Let T (ν1, ν2) = T1(ν1)∧ T2(ν2) be any 2-CUSUM stopping rule and denote T (ν1, ν2) by T .
Then, the following is true under any of the measures P∞, P 1

0 and P 2
0 :

1. for all T ∈ C1, m = ν2, M = ν1, we have

E [T ] = E [T2(m)] ·
[
1− E [T2(m)]

E [T1(m)] + E [T2(m)]
lim

n→∞Π
(

1
n

, m

)(M−m)n
]

,

and

2. for all T ∈ C2, m = ν1, M = ν2, we have

E [T ] = E [T1(m)] ·
[
1− E [T1(m)]

E [T1(m)] + E [T2(m)]
lim

n→∞

(
1−Π(m,

1
n

)
)(M−m)n

]
.

Corollary Let T (ν1, ν2) = T1(ν1) ∧ T2(ν2) be any 2-CUSUM stopping rule and denote T (ν1, ν2) by
T . Then, for all T ∈ C1, m = ν2, M = ν1 and

E∞ [T ] ≤ 2fm(µ2) ·
[
1− Cm(µ2, µ1)

fm(µ2)
e−λm(−µ1)(M−m)

]
,(3)

E∞ [T ] ≥ 2fm(µ2) ·
[
1− Cm(µ2, µ1)

fm(µ2)
e−λm(µ2)(M−m)

]
,(4)

E1
0 [T ] ≤ 2fm(µ2 + 2µ1) ·

[
1− Cm(µ2 + 2µ1,−µ1)

fm(µ2 + 2µ1)
(e−λm(µ1)(M−m)

]
,(5)

E1
0 [T ] ≥ 2fm(µ2 + 2µ1) ·

[
1− Cm(µ2 + 2µ1,−µ1)

fm(µ2 + 2µ1)
e−λm(µ2+2µ1)(M−m)

]
,(6)

E2
0 [T ] ≤ 2fm(−µ2) ·

[
1− Cm(−µ2, µ1 + 2µ2)

fm(−µ2)
e−λm(−(µ1+2µ2))(M−m)

]
, and(7)

E2
0 [T ] ≥ 2fm(−µ2) ·

[
1− Cm(−µ2, µ1 + 2µ2)

fm(−µ2)
e−λm(−µ2)(M−m)

]
.(8)

Similar results hold for T ∈ C2. For more details please refer to [6].
Theorem The best T ∗ 2-CUSUM stopping rule exists and is unique and we distinguish the following
cases

1. If µ1 < µ2 then T ∗ ∈ C2.

2. If µ2 < µ1 then T ∗ ∈ C1.

3. If µ1 = µ2 then T ∗ ∈ G.

We refer the reader to [6] for a detailed proof of all of the above results and other interesting corollaries.
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Introduction

The sequential change detection problem (binary hypothesis case) has received extensive research

attention (see the book and survey papers [1, 2, 3]). The goal of this paper is to describe the recently

developed optimal theory of change diagnosis (detection and isolation) with nuisance parameters

[4, 5, 6, 7, 8, 9, 10, 11] and its application to the network traffic flows anomaly monitoring. The

problems of anomaly detection-isolation and network security have been recently discussed in [12, 13].

Problem Statement and Theoretical Background

Let us assume that the measured data Yt are viewed as the output of the following static (to

seek the simplicity) system :

(1) Yt = F(Xt,θt, ξt, t)

where Xt is an unknown state vector (nuisance parameter), ξt is a random noise, θt is the informative

parameter vector. The parameter θ can change within the data sample at an unknown instant, change

time, t0, and thus is a function of time t :

(2) simple hypotheses : θt =

{
θ0 if t < t0
θl if t ≥ t0

, composite hypotheses : θt ∈

{
Θ0 if t < t0
Θl if t ≥ t0

,

where l = 1, . . . ,K. Under normal operation conditions the parameter vector is θt = θ0. If a fault

of type l arrives at an unknown time instant t0, the parameter vector becomes θt = θl, l = 1, . . . ,K,

for t ≥ t0. The change detection-isolation algorithm has to compute a pair (N, ν) based on the

observations (Yt)t≥1 where N is the alarm (stopping) time at which a ν-type change is detected-

isolated and ν, ν ∈ {1, . . . ,K}, is the final decision.

To explain the criterion, let us consider the following simple statistical model : there is a finite

family of distributions P = {Pl, l = 0, · · · ,K} with densities {fl, l = 0, · · · ,K}. Let (Yt)t≥1 be an

independent random sequence observed sequentially and Y1, Y2, · · · , Yt0−1 have distribution P0 while
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Yt0 , Yt0+1, · · · have distribution Pl. The change time t0 and number l are unknown (but non random).

Let P l
t0 be the distribution of the observations Y1, Y2, · · · , Yt0−1, Yt0 , · · · when t0 = 1, 2, · · · , Yt0 is the

first observation with distribution Pl and E
l
t0 is the expectation under P l

t0 . For some safety-critical

applications, it is necessary to warrant prescribed levels of false alarm and false isolation. It seems

that a tractable criterion consists in minimizing the maximum mean delay for detection-isolation (see

[7, 10]):

(3) E(N)
def.
= sup

t0≥1,1≤l≤K
E

l
t0(N − t0 + 1 | N ≥ t0)

subject to the constraints : E0(N) ≥ γ, supt0≥1 P
l
t0(ν = j 6= l|N ≥ t0) ≤ β for 1 ≤ l, j 6= l ≤ K,

where E0(N) is the mean time before a false alarm and supt0≥1 P
l
t0(ν = j 6= l|N ≥ t0) is the worst

case probability of false isolation. An asymptotic lower bound n(γ, β) for the maximum mean delay

for detection-isolation (3) over the class

Kγ,β =

{
(N, ν) : E0 (N) ≥ γ, max

1≤l≤K
max

1≤j 6=l≤K
sup
t0≥1

P
l
t0(ν = j|N ≥ t0) ≤ β

}
is given by (see [10]) :

(4) n(γ, β)
def.
= inf

(N,ν)∈Kγ,β

E(N) & max

{
log

γ

ρ∗d
, log

β−1

ρ∗i

}
as min{γ, β−1

} → ∞,

where ρ∗d = min1≤j≤K ρj,0 and ρ∗i = min1≤l≤K min1≤j 6=l≤K ρl,j, ρl,j = E
l
1

(
log fl(Yt)

fj(Yt)

)
. An optimal

recursive algorithm (Nr, νr), which asymptotically reaches the bound n(γ, β) has the following form

(see [7, 10]):

(5) Nr = min
1≤l≤K

{Nr(l)}, νr = arg min
1≤l≤K

{Nr(l)},Nr(l) = inf

{
t ≥ 1 : min

0≤j 6=l≤K
[gt(l) − gt(j) − hl,j ] ≥ 0

}
where gt(l) = (gt−1(l) + zt(l))

+ with zt(l) = log fl(Yt)
f0(Yt)

, g0(l) = 0, for every 1 ≤ l ≤ K, gt(0) = 0 for all

t ≥ 1 and (·)+ = max{·, 0}. The thresholds hl,j are chosen by the following formula:

(6) hl,j =

{
hd if 1 ≤ l ≤ K and j = 0

hi if 1 ≤ l, j ≤ K and j 6= l
,

where hd is the detection threshold and hi is the isolation threshold. The choice of the detection and

isolation thresholds hd and hi are discussed (with practical comments and simulations) in [7].

Volume anomaly detection-isolation in network traffic flows

Let us consider a network composed of r nodes and n monodirectional links γ(ℓ) [14] where yt(ℓ)

denotes the volume of traffic (typically in bytes per second) on the link γ(ℓ) at time t. In practice, the

link volumes are provided by Simple Network Management Protocol (SNMP) measurements [15]. Let

xt(i, j) be the Origin-Destination (OD) traffic demand from node i to node j 6= i. The traffic matrix

Xt = {xt(i, j)} is stored in the lexicographical order as a column vector Xt = (xt(1), . . . , xt(m))T where

XT denotes the transpose of the matrix X. Let us define the n × m routing matrix A = (a(ℓ, k)),

where 0 ≤ a(ℓ, k) ≤ 1 represents the fraction of OD flow k volume that is routed through link ℓ.

This leads to the following linear model : Yt = AXt. Without loss of generality [14] the matrix A

is assumed to be full row rank, rank (A) = n. The main problem with the SNMP measurements is

that usually n ≪ m. Therefore, the estimation of the traffic Xt from the SNMP measurements Yt is

ill-posed. To overcome this difficulty a parsimonious linear model of non-anomalous traffic has been

used. The idea of this model is that the non-anomalous (ambient) traffic can be represented by using

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 2102 -



a known family of basis functions (polynomial splines) superimposed with unknown coefficients : i.e.

Xt = Bµt, where the m × q matrix B is assumed to be known and the coefficient vector µt ∈ R
q

is unknown. The resulting matrix H = AB is assumed to be full column rank. Therefore, because

q < n ≪ m, the detection-isolation problem becomes solvable. Hence, when the traffic carried by the

network is anomaly-free, we have the following linear model :

Yt = ABµt + Aξt, ξt = φ ξt−1 + εt, εt ∼ N(0,Σ)

where Yt = (yt(1), . . . , yt(n))T and Σ is a known m × m diagonal covariance matrix.

Methodology for the anomaly detection-isolation problem

This paper is essentially interested in detecting and isolating a “localized” additive volume

anomaly of unknown change amplitude occurring in OD flow l, where 1 ≤ l ≤ m. Our goal is to

detect and isolate (identify which OD flow is contaminated by) an anomaly. Hence, let us assume the

following model where the AR component is eliminated by pre-filtering :

(7) Ỹt = Yt − φYt−1 = Hµ̃t + εt + [θ = θa(l) possible anomaly], 1 ≤ l ≤ m

where µ̃t = µt − φµt−1, and a(l) denotes the normalized l-th column of A and εt ∼ N(0, AΣAT ).

Since µ̃t is unknown (µ̃ ∈ R
q), it is considered here as a nuisance parameter because it can mask

the anomalies. It is easy to see that the problem remains invariant under the group of translations

G = {g : g(Y ) = Y + HC}, C ∈ R
q (see an introduction to the principle of invariance in [16]).

The maximal invariant statistics (also called “parity vector”) Zt = WỸt is the transformation of the

measured output Ỹt into a set of n − q linearly independent variables by projection onto the left

null space of the matrix H. The matrix W T = (w1, . . . , wn−q) of size n × (n − q) is composed of

the eigenvectors w1, . . . , wn−q of the projection matrix PH = In − H(HT H)−1HT corresponding to

eigenvalue 1, where A−1 is the inverse of A [17, Ch. 1.5.3]. The matrix W satisfies the following

conditions : WH = 0, W TW = PH , WW T = In−q. To seek the simplicity, let us use below the

following statistics Z̃t = Σ̃−
1
2 WỸt, where the covariance matrix Σ̃ = WAΣATW T is assumed to be

known. To simplify the problem, since the OD flow anomaly amplitude θl is completely unknown, it

has been assumed that this amplitude is uniformly distributed on [−θl,2;−θl,1] ∪ [θl,1; θl,2]. To avoid

the false isolations in the case of large variations of the euclidian norm of signatures l 7→ ‖v(l)‖2 over

[1;m], the values θl,1 and θl,2 are so chosen that θl,1‖v(l)‖2 = θ̄1 and θl,2‖v(l)‖2 = θ̄2 for all l ∈ [1;m]

where θ̄1, θ̄2 are two prescribed amplitudes. The detection-isolation problem applied to the statistics

Z̃t is then solved by using the above mentioned recursive algorithm (5) - (6). This algorithm has been

evaluated on some SNMP link flow data measured on a large Tier-2 network. This network has 50

nodes, 168 measured links and 2450 non-zero OD flows. Hence, n = 168 and m = 2450. A typical

behavior of the decision functions gt(l) and st(l) = min0≤j 6=l≤m[gt(l)−gt(j)−hl,j ] is shown in Figure 1.

In the oral presentation a special attention will be paid to the problem of anomaly detectability and

isolability.
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Abstract 
 

Changepoint detection schemes are geared to detect a change in the state of a process, where the 
information about its state is obtained by a temporal sequence of observations.  Generally, the observations 
are noisy, and the problem is translated to detecting a change of their distribution.  Classical detection 
schemes invariably assume knowledge of the pre-change distribution of the observations.  Here we regard a 
situation where this distribution is unknown.  We present a surveillance procedure based on the sequential 
ranks of the incoming observations. 
 
 
1.  Introduction 
 

Consider a process that generates a sequence of independent observations that have a density f0.  If at 
some time point  X  the state of the process is altered, the density of the observations becomes f1.  The 
changepoint  X  is not known, but by monitoring the sequence of observations, the change of their 
distribution may be discovered, and a signal would be raised to this effect.  The ideal detection strategy 
minimizes the expected time of delay (from change to detection) while satisfying a constraint on the average 
run length (ARL) to false alarm. 
 

Classical detection procedures (Shewhart control charts, Cusums, exponentially weighted moving 
average schemes) invariably assume that the pre-change distribution F0 is known.  (In practice, F1 is 
unknown, and in effect usually a putative value for F1 is utilized.)  More modern methods deal with the case 
that F0 belongs to a known parametric family but the pre-change parameters are not known (cf. Yakir, 1995, 
and references therein).  McDonald (1990) and Bell and Gordon and Pollak (1994, 1995, 1997) proposed 
nonparametric surveillance schemes for the case that nothing is known about the pre-change distribution.   
 

The nonparametric papers mentioned above provide omnibus methods; i.e., the schemes may have a 
high relative efficiency for many parametric families, but may not be 100% efficient for any family.  Here 
we propose a nonparametric method that is geared to 100% asymptotic relative efficiency for a given 
parametric family, yet has ARL to false alarm validity for all distributions.  We extend our method to obtain 
a scheme that is asymptotically minimax with respect to a gross error model of the post-change distribution. 
 
 
2.  The basic method 
 

Consider a sequence of independent observations X1,X2,… that are identically distributed with density 
f0 and cdf F0 as long as there is no change and have density f1 thereafter.  The Shiryayev-Roberts procedure 
(cf. Pollak, 1985) calls for calculating 

(1)  ¦
� �

�

��
��� n

k nkk

nkk
n XfXfXf

XfXfXf
R

1 0100

1111

)(...)()(

)(...)()(
 

(if both f0 and f1 are specified) and stopping (to declare a detection of a change) at 
(2)  }|min{ ARnN nA t  
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where A is a pre-specified constant.  If a change never occurs (i.e. X=f), the sequence {Rn-n} is a martingale 
with zero expectation, so that 0)(  ��� AN NRE

A
� .  Since by definition  AR

AN t ,  it follows that the 

ARL to false alarm ANE A t��� .  Hence, if the requirement on the ARL to false alarm is that it exceed a 

value B, setting A=B satisfies the requirement.  (The inequality can be replaced by a renewal-theoretic 
approximation.  See Pollak, 1987.) 
 

Suppose one believes that the pre-change density is approximately f0, but is not really sure.  Since the 
ARL to false alarm is notoriously sensitive to misspecification of f0 (van Dobben de Bruyn, 1968), a 
nonparametric approach may be in order.  Define the ith sequential rank   

(3)  ¦ � d n

j iji XXIXrank
1

)()(  

(where I is the indicator function) and 

(4)  
1

)(
1

� ¦	

n

Xrank
r

n

i
i

n . 

When X=f, the sequential ranks are independent and the asymptotic distribution of rn is Uniform(0,1) when  
nof, regardless of the true distribution of the X’s.  Therefore, when X=f, the asymptotic distribution (as 
nof ) of 

(5)  )(1
0 nn rFY


  

is F0.  Therefore, it makes sense to stop and raise an alarm at 

(6)  ¦
� �

�

��
��� n

k nkk

nkk
n YfYfYf

YfYfYf
R

1 0100

1111

)(...)()(

)(...)()(
 . 

If no change occurred by observation n and n is large, then Yn will be approximately equal to Xn, and the 
same will apply to the first post-change Y’s if the change does not occur early.  Therefore, if the change does 
not take place early on, this procedure will yield a rule that ought to have approximately the same ARL to 
false alarm as NA.  (Note that if pre-and post-change distributions are unknown, then a change occurring at 
the onset of surveillance is indistinguishable from there never being a change.  Therefore, evaluation of a 
surveillance procedure is naturally made only when regarding average delays for changes that do not occur at 
the onset.)  In order to ensure that the ARL to false alarm exceed A, one can define 
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and the stopping time  
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3.  An example 
 

Suppose that the observations are independent and normally distributed.  Putatively, one wants to 
detect a shift of  T   standard deviations in mean level should a change take place.  A straightforward 
calculation yields  
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This preserves the martingale structure (of { nRn ��
} ), so that the ARL to false alarm is at least  A  if the 

stopping time is }|min{ )()( ARnN nA t ��
.  Note that 1][
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, so that if no 

change occurs before the nth observation and  n  is large, then  )( $
nR  is very close to nR  (with  f0  and  f1  

being normal densities with means 0 and T  respectively and unit variance).  Therefore, the expected delay 
will be very similar to the expected delay of the scheme designed for the case where all parameters are 
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known, i.e. it will be very efficient.  It should be emphasized that all of this is valid even though the initial 
mean and the variance are unknown. 
 

Other constructions are possible.  For instance, if one does not want to choose a putative  T   but is 
willing to put a mixing measure G on T .  Define 
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where  Cn  are such that  1),...,|( 11 � *+,
G
nn

G
n RYYRE -   for all  n.  (This is a construction that is slightly 

different from the previous one; taking G to have a point mass at  T  yields a procedure that  differs from the 
one above.)  Note that it is easy to calculate  Cn  (recursively);  since  Cn+1  is independent of  Yn+1 ,   
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In general, to make life easy, the mixing measure G can be taken to be a conjugate prior (in this case, a 
normal distribution).  In any case, asymptotically the actual choice of G makes little difference (since it 
"washes out" in the long run), and the resulting procedure is asymptotically very efficient (cf. Pollak, 1978 
and 1987). 
 
 
4.  An asymptotically minimax procedure 
 

Consider the case where one believes the pre-change density to be approximately  f0  and one chooses 
a putative  f1  to be approximately the post-change density.  (To fix ideas: imagine  f0  to be the standard 
normal density and  f1  to be  f0  shifted by a specified  T .)  A possible formulation of "approximately" is the 
gross error model:  let 0!H ,  let  F0  and  F1  be the cdf’s associated with  f0  and  f1  respectively and define � � ,1|{ jjjjj HFFFD HH ��   where Hj is any cdf and jH  is any number > @H,0� }  for j=1,2.  Recall 

that (to first-order) the best achievable asymptotic expected delay of a surveillance scheme with ARL to false 
alarm  A  and with pre- and post-change cdf’s  Q0  and  Q1  respectively is  � � )(loglog 011 dQdQEA <=  

(Lorden, 1971).  Therefore, a nonparametric asymptotic H-minmax procedure may be obtained by taking 

0
*
0 DQ �  and 1

*
1 DQ �  that minimize )(log 011

dQdQEQ  over 00 DQ �  and 11 DQ �  and substituting 

these for  F0  and  F1  in Section 2. 
 

Minimizing )(log 011
dQdQEQ  over 00 DQ �  and 11 DQ �  is mathematically tractable.  For 

instance, if � � � �� � � � � �� �> @³³ >> ���dd dxxfxfdxxfxf 0101 10 H , it can be shown that the minimum is 

attained at H1=H2=H and H0, H1 that have respectively densities 
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where f��� 0
1

10 JJ   are such that  h0  and  h1  are bona fide probability densities.  (If  H  is larger, an 

analogous result can be obtained.) 
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1 Introduction

The design of systems for the tracking of objects is a well-studied problem. However, the typical
design problem assumes the use of a few sophisticated and high-power sensors to make observations
about the object. In contrast, the emerging paradigm of sensor networks will use many low-power
sensors to make observations. The use of sensor networks for the purposes of object tracking gives
rise to several areas for research.

In this work, we focus on the issue of energy e�ciency. We assume that a sensor in the network
can be in one of two modes. The first mode is an active mode in which the sensor can make observations
about the object. The second mode is a sleep mode in which observations cannot be made but in
which energy is conserved. Furthermore, we assume that a sensor that is in sleep mode cannot be
woken up by external means. Instead, the only means for waking a sensor is the expiration of an
internal sleep timer that is set to an initial value when the sensor enters the sleep mode and counts
down while the sensor sleeps.

It is clear that having sleeping sensors that cannot be woken up by external means could re-
sult in reduced tracking performance. Thus there is a tradeo� between energy savings and tracking
performance in the network. Our goal in this paper is to select sleeping strategies that optimize this
tradeo�.

In previous work on this problem, we have generated near-optimal policies (see [1]). However,
in that research we used a simple sensing model that, although amenable to analysis, was unrealistic.
In this work, we allow for more sophisticated sensing models. The result is a more di�cult problem
due to the presence of cooperation among the sensors in locating the object. Nevertheless, using our
previous experience as a guide, we derive several suboptimal sleeping policies and provide simulation
results characterizing their performance.

1.1 Notation

In this paper, we will use the following notational conventions: Scalars are written in lower case (e.g.
c). Matrices are written in upper case (e.g. P ). Unless otherwise specified, vectors are row vectors
and are written in bold face (e.g. p). The vector ei is a vector with a one in the ith position and zeros
elsewhere. The indicator function is written as 11{·}.
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2 Problem Formulation

2.1 General System Description

We consider a sensor network with n sensors. However, to provide a means for centralized control,
we assume the presence of an extra node called the central controller. The central controller keeps
track of the state of the network and assigns sleep times to sensors that are awake. In particular, each
sensor that wakes up remains awake for one time unit during which the following actions are taken:

1. The sensor makes an observation about the object and sends this observation to the central
controller.

2. The sensor receives a new sleep time from the central controller (which may equal zero), initializes
its sleep timer to this new sleep time, and enters the sleep mode.

The sensor will come awake again only when its sleep timer expires.

2.2 System State

The state of our system consists of two parts. The first part of the state is the current location of the
object at time k, denoted bk. We assume the object location can take on one of m possible locations
within the boundaries of the sensor network. However, we also append a special absorbing terminal
state, denoted as T , that occurs when the object leaves the network. Thus, there are m + 1 possible
states for the object and we will refer to the terminal state as both T and m + 1. The statistics for
the object movement are described by a (m + 1) × (m + 1) probability transition matrix P such that
Pij is the probability of the object being in state j at the next time step given that it is currently in
state i. We can describe the evolution of the object location stochastically as

(1) bk+1 ∼ ebk
P

Admittedly, this is a simplistic model for the movement of an object. However, this model should be
su�cient for the purposes of designing sleeping policies.

The second part of the state of our system is the values of the sleep timers at the sensors. Let
rk,` denote the value of the sleep timer of sensor ` at time k. We call the n-vector rk the residual sleep
times of the sensors at time k. Also, let uk,` denote the sleep time input supplied to sensor ` at time
k. We can describe the evolution of the residual sleep times as

(2) rk+1,` = (rk,` � 1)11{rk,`>0} + uk,`11{rk,`=0}

We see that we have a discrete-time dynamical model that describes our system, with state xk =
(bk, rk) and control input uk. The state evolution equations are given in (1) and (2). Unfortunately,
not all of xk is known to the central unit at time k since bk is known only if the object is currently
being tracked perfectly. Thus we have a dynamical system with incomplete (or partially observed)
state information.

2.3 Observations

At each time k, an n-vector yk of observations is generated by the sensors. The sensing model for
these observations is described by a conditional distribution as

(3) yk ∼ pY |X(y|xk)

However, we add two additional restrictions. First, we dictate that if bk = T then the observation
vector takes on a unique value that signals that the object has left the network. Second, we dictate
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that if the object has not left the network and a sensor is not awake at time k, its observation is an
erasure. Mathematically, we say that bk 6= T and rk,` > 0 imply yk,` = E .

The above sensing model is quite general. Let us now examine a sensing model that might be
encountered in practice. If we suppose that the object to be tracked contains a transceiver that can
communicate with the sensors in the network, then the sensors can use the received signal strength
from the object as their observations. Conditioned on the current object location, the received signal
strength observations could be modeled as independent random variables that follow a lognormal
shadowing model. It can be shown that in such a case, a sensor ` at a distance d from the object can
construct a noisy measurement of its distance to the object that has a lognormal distribution as

(4) yk,` ∼ 1√
2�sy

exp

(
�
(
ln
(y

d

))2
2s2

)

where s is a parameter that depends on the lognormal shadowing process. We anticipate that in
many scenarios of interest, the observations available to the sensors will take the form of such noisy
measurements of distance since sensors will likely not have the resources to determine the angle at
which the object is located.

2.4 Dealing With Partial Observability

As stated earlier, our state xk is only partially observable. For optimal decision making, we must
therefore base our selection of sleep times at time k on all information that may help resolve any
uncertainty in our knowledge of the state. If we denote the available information at time k as Ik, we
have

(5) Ik = (y0, . . . ,yk, u0, . . . ,uk�1)

Unfortunately, this information is unbounded in memory as k increases. To remedy this, we seek a
su�cient statistic for optimization that is bounded in memory. It is a standard argument (see, e.g.
[2]) that a su�cient statistic for our problem is given by the probability distribution of the state xk

given Ik. Since the residual sleep times portion of our state is observable, the su�cient statistic can
be written as vk = (pk, rk), where pk is a row vector of length m + 1 that denotes the probability
distribution of bk given Ik. Mathematically, we have

(6) pk,` = P(bk = `|Ik)

However, since the evolution of bk defined in (1) does not depend on the sleep time inputs, we can
rewrite this as

(7) pk,` = P(bk = `|y0, . . . ,yk)

The task of recursively computing pk for each k is a problem in nonlinear filtering. Although
in many contexts nonlinear filtering is a di�cult problem, in the present context the solution is quite
straightforward. This is due to our simple model for the movement of the object. In short, pk+1 can
be computed using standard Bayesian techniques as the posterior distribution resulting from prior
distribution pkP and observations yk+1.

2.5 Cost Structure and Optimization Problem

We now identify the two costs present in our tracking problem. The first is an energy cost of c for
each sensor that is awake. The second is a tracking cost that is a distance measure between the actual
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and estimated object locations. Denoting the estimated object location at time k as b̂k, we write
the tracking cost at time k as d(bk, b̂k). One example of tracking cost that we might consider is the
squared Euclidean distance between the actual and estimated object locations. Another example is
Hamming distance where we incur a cost of 0 if we estimate the object location correctly and a cost
of 1 otherwise. If the object leaves the network (bk enters the terminal state), we assume the problem
terminates and no further cost is incurred. Thus, the total cost at time k is given by

(8) g(xk) = 11{bk 6=T }

(
d(bk, b̂k) +

n∑
`=1

c11{rk,`=0}

)

Note that c is the parameter used to tradeo� energy consumption and tracking errors.
Although we can think of b̂k as a new control input that only a�ects the cost, the selection of

the optimal choice of b̂k is known a priori. This optimal choice is

(9) b̂k = arg min
b

Epk
[d(bk, b)]

where Epk
denotes an expectation with respect to the distribution pk. Thus we do not need to add a

new control input to our design problem.
The sleep time inputs k are allowed to be a function of vk, i.e.,

(10) uk = �k(vk)

The vector-valued function �k is the sleeping policy at time k. The total cost (over a possibly infinite
horizon trajectory) for the system is given by

(11) J(v0, �0, �1, . . .) = E

[ ∞∑
k=1

g(xk)

∣∣∣∣∣v0

]

The goal is to compute the solution to

(12) J∗(v0) = min
µ0,µ1,...

J0(v0, �0, �1, . . .)

The solution to this optimization problem for each value of c yields an optimal sleeping policy.

Our presentation will address the solution to this optimization problem. Although an optimal solution
is intractable, several good suboptimal policies can be designed. We characterize the performance of
these policies via bounds and simulation, and our results indicate that the key to exploiting the tradeo�
between energy cost and tracking cost is to accurately model the cooperation among the sensors.
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José Rebelo dos Santos
Maria da Conceição Rego
Gertrudes Saúde Guerreiro
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Births in Portugal 
Is there a month effect?1  
 
Caleiro, António 
Universidade de Évora, Departamento de Economia 
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7000-803 Évora, Portugal 
E-mail: caleiro@uevora.pt 
 
1. Introduction and motivation 
 

Portugal is characterised by a noteworthy decline in fertility, which is a phenomenon that requires 
some intervention given the costs, namely economic and political, associated with it. Notwithstanding the 
downward trend in fertility, a careful observation of the data on the number of births in Portugal indicates 
that there months where the number of births is clearly higher as well as others where the number of births 
seems to be smaller. This impression is confirmed by a time series analysis of the data, which shows that, in 
general, May and September are, indeed, months where more babies are born and that December and 
February are months where fewer babies are born. This fact is also evident from a prevision of the number of 
births throughout a whole year. Of particular importance is the detection of the factors explaining those two 
peaks in births as they may be manipulated by a demographic policy leading to an increase in fertility.  

The remaining part of the paper is structured as follows. Section 2 describes the data. Section 3 applies 
the specific time series methodology that is used in this study. Section 4 concludes.  
 
2. The data on births in Portugal 
 

The source of the data, which is monthly and covers the period January 1969 until December 2004, is 
the Eurostat. We retrieved data for the number of live births in Portugal throughout that period, which means 
432 observations. Roughly speaking, the data shows that, from 1969 until around 1977, the number of births 
followed a U-shaped trajectory. After 1977 a general decline started, which was halted around 1996 when a 
tentative increase until 2001 could be observed. Plainly, given the distinct duration of months in what 
concerns the number of days, a better picture can be obtained by simply dividing the total number of births in 
each month by the number of days of that month. Unexpectedly, the trajectory of the daily averages of live 
births (henceforth, births) is in perfect agreement with the one about the monthly data as mentioned above. In 
a visually clearer way, Figure 1 adds up the representation of births with the trend of the data obtained by the 
use of the Hodrick-Prescott (HP) filter. 
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Figure 1 – The HP trend of the daily average of live births in Portugal 

                                                 
1 This paper makes part of the Project POCTI/DEM/59445/2004 – ‘Fertility in Portugal: a macro/micro economic 
perspective’, whose financial support by the Fundação para a Ciência e Tecnologia we would like to acknowledge. 
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Clearly, besides confirming the u-shape,downward,inverted u-shape pattern, the trend also shows that 

– as it clearly should be – there are positive and negative cyclical components. These components can be 
associated with a seasonal effect if, indeed, the above-trend values tend to occur in the same months, the 
same happening for the below-trend values. In fact, from a closer look at the data it results an impression of 
seasonality in the data. A correlogram confirms that, indeed, the number of births presents evidence of 
seasonality. Indeed, in the graph of correlogram, the Autocorrelation Functions present a smooth linear 
decline and there are significant seasonal spikes of Partial Autocorrelation Functions at lags 1 and 13, that is 
a 12-period seasonality.  
 
3. The application of the methodology 
 

The observation of the pattern exhibited by the number of births, in accordance with the evidence of 
seasonality, brings about a crucial question: if there are months that are characterised by a number of births 
that is significantly distinct from the rest, in which there are peaks and in which there are troughs in the 
number of births? Plainly, the identification of peaks and troughs in the number of births may serve as an 
instrument for a demographic policy based upon the manipulation of the factors that may explain the 
decisions behind that established fact. In particular, it seems obviously important to understand what may 
lead couples to have more babies at some particular months of the year, which indeed may result from 
planned or unexpected pregnancies. 

One way to proceed is by detecting the peaks and troughs in the number of births. A simple approach 
to this problem consists on the following. An observation, bt, is considered to be a peak with tolerance w if it 
assumes a value higher than the assumed by the previous w observations and by the subsequent w 
observations. Plainly this means that, within the width tolerance parameter, there are no higher peaks but it 
may exist lower peaks. As a consequence, the higher is the tolerance parameter the less peaks (but higher) 
exist. Mutatis mutandis, the same approach can be considered for the troughs. 

The results after applying this methodology are as follows.2 It is immediate to acknowledge the regular 
existence of peaks in the number of births associated with the months of May and September. January seems 
also to be a month where much more babies are born but, in fact, this is an apparent result that occurs given 
that January is surrounded by months of fewer births. In what concerns the troughs, it seems conciliatory to 
accept their existence in the number of births associated with the months of November, at the beginning of 
the period, December and February, throughout most of the period, and March more recently.  

Undoubtedly the robustness of the above presented results must be checked. One way of attaining this 
goal is by the consideration of some sort of statistical approach. In fact, the counting of peaks and troughs as 
done above requires that a reasonable tolerance width w must be considered in order not to make an error in 
the classification of peaks. This procedure, yet, tends to exclude other potential candidates with a tolerance 
near w. Moreover, the issues related with the variance of the observations are completely ignored. Therefore 
we propose another approach, which serves as a complement to that used above. The proposal consists on 
considering an observation, bt, to be an annual peak with confidence (90% or 95%) if it assumes a value 
higher than the average of the twelve last observations plus (1.645 or 1.960) times the standard error of those 
twelve observations. In accordance to this procedure, an observation bt, is considered to be an annual trough 
with confidence (90% and 95%) if it assumes a value smaller than the average of the twelve last observations 
minus (1.645 or 1.960) times the standard error of those twelve observations. 

Following the procedure described above, the results in what concerns the peaks in the number of 
births are, in general, in accordance to the previous ones, being evidenced September where more babies are 
born in Portugal. Concerning the troughs, the results are, again, in accordance to the previously pointed out. 
November and December, as well as February can, indeed, be associated with months were less babies are 
born in Portugal. 

Finally, we would like to further confirm those results by the use of the well-known ARIMA 
methodology. First of all, in what concerns the series for the number of births a problem seems to be in place, 
given that the series must be stationary in order to implement the ARIMA methodology. From the line graph, 
you can see that the time series of births is likely to have a downward trend and seasonal spikes, which 
implies level non-stationary. Therefore we decided to use the methodology behind the SEATS/TRAMO 
approach as it handles, in a correct way, with all the problems that the original series seems to present. 

                                                 
2 The detailed results are available upon request. 
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Given the objectives of our study, the detection of seasonal factors, within the ARIMA methodology, is 
obviously crucial. Table 1, which presents the seasonal factors, confirms the importance of September as a 
month where, in a regular way, (much) more babies are born.  
 
Table 1 – The forecast of seasonal factors 

Seasonal Factors Period 
Forecasts  S.E. 

1 99.68 1.118 
2 97.53 1.101 
3 98.03 1.111 
4 97.79 1.109 
5 100.7 1.143 
6 98.29 1.115 
7 101.6 1.154 
8 100.2 1.141 
9 108.7 1.244 
10 101.7 1.174 
11 98.82 1.155 
12 96.77 1.151 
13 99.68 1.290 
14 97.53 1.269 
15 98.03 1.278 
16 97.79 1.276 
17 100.7 1.315 
18 98.29 1.283 
19 101.6 1.327 
20 100.2 1.312 
21 108.7 1.428 
22 101.7 1.345 
23 98.82 1.320 
24 96.77 1.310 

 
A 2 years forecast of the number of births, i.e. until December 2006, is particularly appropriate as it 

confirms in a condensed way, all the results. Figure 2 shows the forecasts. 
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Figure 2 – The forecast of births in Portugal 
 
3. Conclusion and directions for further research 
 

This paper was about the existence of a month effect in the number of births in Portugal. The main 
conclusion is that there is some evidence that September and May are months where more babies are born, 
whereas February and December are months where fewer babies are born. 

One way of proceeding further is by the use of more sophisticated statistical methods, namely those 
adequate to study the distribution of maximum and minimum values. 
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1. Introduction and motivation 
 
Recently, Portugal and Spain had experienced, as all the others Southern European Countries, 
the lowest-low period fertility levels (Kohler, Billari and Ortega, 2002). This paper considers 
the levels and trends of fertility in those countries in the last decades (since 1975 till 2000) and 
the different characteristics of their young populations that could contribute for the future 
childbearing tendency.  The explanation of fertility decision is usually connected with the 
behaviour of a set of variables which includes a person’s educational level, his/her participation 
in the labour market and his/her marital status (Engelhardt and Prskawetz, 2004; Billari, 2004). 
The childbearing decision may also vary with the sex, the age.  Besides, it is also assumed that 
the fertility decision may be related with social and psychological variables (Mendes, 1992). It 
is very difficult to find those variables that permit to identify the values which are relevant to 
define some specific fertility behaviour. We believe that belonging to a particular religion, not 
to be born in the country, to inhabit in a big city or in its surrounds, to vote, the positioning in 
the left right political scale, to give importance to the family in a person’s life, could be 
considered as variables that could characterise different values and attitudes. The planning of 
childbearing concerning the next three years following the inquiries date was questioned in the 
European Social Survey (Round 2). Using those data we used a multivariate model to analyse, 
in an exploratory way, which characteristics of the southern Europeans (particularly Spanish 
and Portuguese) are more relevant for deciding to be parents? 
Figure 1 and 2 give a picture of the difference in the shape of the fertility curves observed in 
Southern European Countries in the beginning of the 80’s and in the turning of the century.  
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Fertility Curve (1980)
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Figure 1 - Total Fertility Rates, by group of ages, in 1980 
 

Fertility Curve ( 2000)
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Figure 2 - Total Fertility Rates, by group of ages, in 2000 
 
It is visible the difference in the design of the curves, as in what concerns the periods of time 
(1980 and 2000), as in what refers to the countries themselves. In the last period, Portugal and 
Spain shows a total different behaviour of the fertility rates by group of ages, namely in the 
chose of those which concentrated the highest number of births. Besides, in the most recent 
years the period fertility rate, in Spain, experienced a slight increase while the Portuguese one 
decreased continuously. The paper intents to give an answer to the following question: What are 
the main characteristics that differentiate the people who plan to have a child in the next three 
years, in Southern Europe?  
The rest of the paper has the following structure: section 2 presents the data and the 
methodology; section 3, the results; section 4, concludes. 
 

2. Data and Methods 
 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 2118 -



We use the European Social Survey (Round 2 – 2004/2005) data1 . The survey had been carried 
out between the final of 2004 and the beginning of 2005 (exception for Italy, 2006). The sample 
includes 1511 Portuguese, 1729 Spanish, 2566 Greeks and 1207 Italians. We use a multivariate 
model for analyses of qualitative data (HOMALS) to estimate the optimal quantifications for the 
parameters and to analyse the associations between the multiple variables (Carvalho, 2004). The 
measures of the model fit are presented in Table 1.  
 
Table 1 – Measures of model fit 

Observations 4120 
Fit 0,200396 
 Dim. 1 Dim. 2 
Eingenvalues (by dimensions) 0,111 0,089 

 
The results of the homogeneity analyses evidence, in the dimension 1, the age group, “to do the 
housework”, “to be married”, “to live with children in the household” and “to have voted in the 
last national election” (Figure 3). 
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Figure 3 - Homals 
 
 
After this exploratory treatment of the data we used a logit model to evaluate the differences in 
the probability of planning proximate fertility in a positive way. We find that the majority of the 
model variables influence significantly the plan of childbearing (variable fpais), specially the 
educational level (educ and educ1), the participation in the labour market (pw) and the marital 
status (lms). See Table 3. 
 

                                                 
1 We use data from the European Social Survey (Round 2), 2004/2005, available in 
http://ess.nsd.uib.no/; we thank to the team of the Norwegian Social Science Data Services.  
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Table 3 – Logit model 
 

 
 

3. Results 
 
For the same level of education and for each type of labour market participation, the planning of 
childbearing has higher probabilities inside the 25-29 and 30-34 years old group ages. Spanish 
young people always showed higher probabilities of being parents than the Portuguese ones for 
all the fertile ages. The marital status still is a key variable explaining the fertility decision. 
Concerning the human values, religion belonging, placement on left right political scale and the 
importance of the family in a person’s life did not significantly influence the childbearing 
decision. So, we can expect that the fertility rates in Spain will maintain higher values than the 
Portuguese ones, in the next future.  
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Abstract  
When the postponement of the entrance in the job market and the decrease of fertility in Portugal are a 

primary concern in Society it is important to understand the patterns associated with this problem.  

This paper uses the data from the Portuguese Labour Force Survey (data source: National Statistics Institute) 

from 1998 to 2004 in order to study the evolution of the entrance age in the job market and the relation 

between entrance age, sex, and qualification level.  

The multinomial logit model shows that being a woman, young or having a higher qualification implies that 

the entrance in the job market later. Being a man, elder, or having low qualifications implies an earlier 

entrance in the job market. 

Keywords: age of entrance, labour market, fertility, multinomial logit 

 

Introduction 
In this document it is first analysed the entrance age in the labour market related with the sex, the age and the 

qualification level. Next it is described the relation between the late entrance and the decrease of fertility in 

Portugal.  

To estimate the age of entrance in the labour market were used the Portuguese Labour Force Survey micro 

data (data source: National Statistics Institute) from 1998 to 2004 and a logit model.  

The multinomial logit model shows that being a woman, young or having a higher qualification implies that 

the entrance in the labour market occurs late. On the other hand, being a man, older, or having low 

qualifications implies an earlier entrance in the labour market. 
 

1 Evolution of age of entrance in the labour market 

The recent empirical literature on the entrance in the labour market focuses mainly on the differences 

between sex and qualification level with few studies exploiting the variation of the age of entrance into the 

labour market in each age group. 

To the highest education levels correspond a higher possibility of being employed (Dias and Mata 1997) 

though the entrance into the labour market in these cases occurs specially between the ages of 20 and 29 

(Santos and Mendes, 2007) The female participation is much lower than the male (Dias and Mata, 1997). 
 

1.1 Descriptive statistics 

The following table of descriptive statistics provides a summary of average, median and modal classes of 

the age of entrance into the labour market.  
 

Table 1 – Mean Age, Median Age, Modal Age of entrance into the labour market 
 

 

 

 
 

 

 
 

 
 

 

 
 

 

 

 

 

 

Source: INE, IE’s 1998, 2000, 2002, 2004  

Total Mean Median Mode 

4º T. 1998 17,03 16 14 

4º T. 2000 17,23 16 14 

4º T. 2002 17,09 16 14 

4º T. 2004 17,54 17 14 

Male    

4º T. 1998 15,92 15 14 

4º T. 2000 16,16 15 14 

4º T. 2002 16,05 15 14 

4º T. 2004 16,61 16 14 

Female    

4º T. 1998 18,47 17 14 

4º T. 2000 18,69 18 14 

4º T. 2002 18,37 17 14 

4º T. 2004 18,64 18 18 
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In 1998, the median age of the labour market entrance was 16 years old and the median 17, 03. In 2004, the 

median age was 17 years old and the average age 17, 54. 

This analysis shows that the ages of entrance increased being therefore later and later.  
 

Table 2 – (%) Active population by age group  
 15-19 20-24 25-29 30-34 35-39 40-44 45-49 50-54 55-59 60-64 

4º T 1998 23,3 60,2 75,3 72,6 67,2 64,7 60,2 49,9 36,3 20,5 

4º T 2000 23,4 59,9 76,4 74 71,4 64,9 59,5 50,8 36,9 22,1 

4º T 2002 22,4 63 79 75,5 71 68,1 63,3 53,3 39,4 22,3 

4º T 2004 17,8 59,2 79,1 79,7 73,9 70,7 65,4 57,4 42,3 21,8 

Source: INE, IE’s 1998, 2000, 2002, 2004 

 

The percentage of active population shows a substantial diminution in the 15-19 age range and also a 

diminution less significant in the 20-24 age range (table 2). In all the other groups there is an increase which 

is more considerable in the 50-54 and 30-34 age ranges. This illustrates the postponement of the entrance 

into the labour market. A factor that contributes for better understanding the causes of the postponement of 

entrance in the active life is the extension of the studies.  

 

Table 3 - (%) Students by age group  

 15-19 20-24 25-29 30-34 

4º T 1998 68,4 25,5 5,1 0,5 

4º T 2000 67,6 29,0 6,0 0,5 

4º T 2002 69,6 27,1 5,3 0,7 

4º T 2004 75,4 33,6 6,6 0,5 

Source: INE, IE’s 1998, 2000, 2002, 2004  

 

Analysing table 3, it is possible to verify a substantial increase in the 15-19, 20-24 and 25-29 age ranges, 

being evident that they continued their studies (in the first group the percentage of students goes from 68,4 to 

75, in the second from 25,5 to 33,6 and in the third from 5,1 to 6,6, being this increase less significant).  

Comparing the facts in tables 1 and 2 and in the graph 1, it is visible that in the periods where the mean age 

is higher, and therefore the participation in the labour market lower, the fertility rate decreases (except in 

2000) However, this only indicates a possible connection between the facts. 

 

Graph 1 – Total fertility rate  (TFR) in Portugal 
Total fertility rate (TFR)
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Source: INE - Estimativas da População Residente e Estatísticas Demográficas 

 

The TFR is a measure of the level of fertility than the crude birth rate, since it refers to births per woman 

(Nazareth, 2004). This indicator shows the potential for population growth.  

 

1.2. Multinomial logit 
We used a logit multinomial analysis to identify the evolution of the age of entrance in the labour market by 

age group, sex and education level. The variables used are in the following table. 

The categories that serve as term of comparison (base outcomes) are: in the case of the dependent variable 

the category 1 (up to the age of 14); in case of  the independent variables, the category 10 (the 60-64 age 

range); the category 4 for the without instruction; the category male for the variable sex. 
 

Table 4 – Means of the selected variables used in Multinomial logit  
 

 

variables Description Categories  
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Ieq3 Sex 
1. Male 

2. Female 

Grupinser 
Age Group of Entrance in the 

Labour Market 

1. inst up to 14 

2. inst  15-19 

3. inst  20-24 

4. inst  25-29 

5. inst  30 to 34 

6. inst  35 to 39 

7. inst 40 and over 

Grupoetario Age Group 

1. 15-19 years old 

2. 20 a 24 anos 

3. 25 a 29 anos 

4. 30 a 34 anos 

5. 35 a 39 anos 

6. 40 a 44 anos 

7. 45 a 49 anos 

8. 50 a 54 anos 

9. 55 a 59 anos 

10. 60 a 64 anos 

Instrnivel Education level 

1. seminstrução 

2. básico 

3. secundário 
4. superior 

dependent variable Description Categories 

Grupinser Age Group of entrance  7 categories 

independent variables Description Categories 

Female Female Female=1 if ieq=2, female=0 others 

Male Male Male =1 if ieq3=1,male =0 others  

age15-19 15-19  Age 15 to19=1 if age group =1, age15 to 19 = 0 others 

idade20a24 20-24 years old Age 20-24 =1 if age group =2, Idade20a24=0 others 

idade25a29 25-29 years idade25a29 =1 if age group =3, idade25a29=0 others  

idade30a34 30-34 years idade30a34 =1 se grupoetario=4, idade30a34=0 others  

idade35a39 35-39 years  idade35a39 =1 se grupoetario=5, idade35a39=0 others 

idade40a44 40-44 years  idade40a44 =1 se grupoetario=6, idade40a44=0 others  

idade45a49 45-49 years  idade45a49 =1 se grupoetario=7, idade45a49=0 others  

Idade50a54 50-54 years  idade50a54 =1 se grupoetario=8, idade50a54=0 others  

Idade55a59 55-59 years  idade55a59 =1 se grupoetario=9, idade55a59=0 others 

Idade60a64 60-64 years  idade60a64 =1 se grupoetario=10, idade60a64=0 others  

Seminstr less than elementary seminstr=1 if instrnivel=1 seminstr=0 others 

Instrbas Elementary instrbas=1 se instrnivel=2, instrbas=0 others 

Instrsec Secondary instrsec=1 se instrnivel=3, instrsec =0 others 

Instrsup Tertiary instrsup=1 se instrnivel=4, instrsup=0 others 
            

Source: INE, IE’s 1998,2000,2002 e 2004  

 

Table 5 – Estimated Results (1998-2004) 

 1998 2000 2002 2004 
observations 31477 18901 18566 21269 

Log Likelihood ratio -29492,234 -21250.642 -20216,802 -23702,755 

LR chi2 (78) 13031,91 (78) 9678,64 (78) 9548,27 (78) 11088,11 

Prob > chi2 0,0000 0,0000 0,0000 0,0000 

Pseudo R2 0,1810 0,1855 0,1910 0,1896 
  

Source: INE, IE’s 1998,2000,2002 e 2004  

 

All the models presented significance (table 5), except in the case of the omitted variables in table 6. 

The results can be summarized this way: the age of entrance generally occurs later for women; for those who 

have a higher education it occurs essentially when they are 25-29 and 30-34 years old and those who are 35-

49 started working very young  

 

Table 6 – Logit of Age of entrance into the labour market, by age group, sex and education level  

Grupinser (Age Group of Entance) Var. Indepen. RRR1998 RRR2000 RRR2002 RRR2004 

2 (15a19) idade15a19 11.20404 24.56862 31.27961 35.58731 

2 (15a19) idade20a24 1.884252 10.32792 14.45849 22.42344 
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2 (15a19) idade30a34 .6932585 3.894915 4.089633 5.021401 

2 (15a19) idade35a39 .6488141 3.454199 3.500308 3.495164 

2 (15a19) idade40a44 .4396577 2.179998 2.858849 3.342867 

2 (15a19) idade45a49 .4335054 1.946375 1.824333 1.879027 

2 (15a19) idade50a54 .5110925 1.37777 1.768742 1.600284 

2 (15a19) idade55a59 .6943375 1.447779 1.233261 1.288531 

2 (15a19) sexofeminino 2.450243 1.220336 1.163481 1.194644 

2 (15a19) Instrsup 6.63244 19.49405 15.37659 16.11067 

2 (15a19) Instrsec 10.4339 15.75912 10.90878 12.2597 

3 (20a24) idade20a24 8.320729 13.42397 20.54334 23.7503 

3 (20a24) idade25a29 5.909937 6.058392 8.262119 8.64275 

3 (20a24) idade30a34 5.357311 4.094558 3.70186 3.874705 

3 (20a24) idade35a39 4.475555 3.118894 3.764042 3.368265 

3 (20a24) idade40a44 2.941589 2.399196 3.377368 3.187563 

3 (20a24) idade45a49 3.171572 1.993571 2.372549 2.132731 

3 (20a24) idade50a54 2.443857 2.018817 2.287049 1.868291 

3 (20a24) sexofeminino 2.288624 2.048803 1.876107 1.71808 

3 (20a24) Instrsup 260.0046 290.5693 274.0443 148.4128 

3 (20a24) Instrsec 114.2221 74.72818 67.6913 33.84669 

3 (20a24) Instrbas 3.948603 3.350007 2.948226 1.679475 

4 (25a29) idade25a29 3.361504 3.523101 3.25679 3.901113 

4 (25a29) idade30a34 3.016863 2.926989 2.162893 2.640775 

4 (25a29) idade35a39 2.801518 2.619103 1.862497 1.77352 

4 (25a29) idade40a44 1.489127 1.494082 1.608889 2.114201 

4 (25a29) sexofeminino 2.576331 2.25102 2.436635 1.800653 

4 (25a29) Instrsup 364.4852 534.3868 448.094 212.9646 

4 (25a29) Instrsec 83.26218 58.97752 46.09533 18.15018 

5 (30a34) sexofeminino 7.059765 6.726109 6.407277 4.322743 

5 (30a34) Instrsup 83.00601 216.6682 114.8431 91.7766 

5 (30a34) Instrsec 33.92508 37.88794 22.66319 13.84554 

5 (30a34) Instrbas 3.228649 5.354673 2.517049 2.418828 

6 (35a39) sexofeminino 24.28451 11.67763 16.67852 9.74077 

6 (35a39) Instrsup 41.3503 34.15193 16.13819 14.58973 

6 (35a39) Instrsec 17.51219 7.114673 20.26054 4.331104 

7 (40emais) idade40a44 .2051166 .0815604 .3400376 .4699622 

7 (40emais) sexofeminino 51.91474 86.99355 41.72085 73.7059 

7 (40emais) Instrbas 3.0648 2.887524 2.045342 2.323472 

Source: INE, IE’s 1998,2000,2002 e 2004  

 

Conclusion 

The facts presented reveal the postponement into the labour market, which is apparently due not only to the 

continuation of studies but also to the difficulty in finding a job, particularly in the case of women 

A parallel fact is the decrease of fertility which threatens the substitution of generations and eventually may 

be related with the mentioned postponement 
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Abstract 

At the beginning of the XXI century Portugal includes a group of countries with the 

lower fertility levels in Europe (Kohler et al., 2002). So low fertility levels have 

demographic and socioeconomic consequences and raised attention to the fertility 

behaviours, their causes and probable future evolution.    

 

In 1980 Portugal was considered as having a high fertility level, compared to the 

other European countries, still allowing the generation replacement. However, at 

that time, Portugal had an imbalanced fertility in terms of regions, particularly 

between north and south and between the continent and the islands. Although 

being a small country, Portugal always had consistent regional differences 

concerning fertility rates. The north and the islands, with higher fertility, contrasted 

to the south where decay in fertility was evident for many years (Nazareth, 1974, 

Mendes, 1994, Bandeira, 1996). The fast reduction of the Portuguese fertility, 

started from 1980, was a consequence of the fastest decay observed in the regions 

with traditional higher fertility rates, which flattened at a low fertility rate for all the 

country (Mendes, 1994).   

 

In this study we have based in the regional component, the municipalities 

“concelhos”, in order to understand the overall low Portuguese fertility. Based on 

the 2001 census, we’ve identified geographical areas with a homogeneous 

behaviour in terms of fertility.   

 

The analysis was centred in those variables whose behaviour could be different 

from region to region, so explaining differences in regional fertility behaviour. The 

selected variables were, according to the suggested in the bibliography: men and 

women levels of education; the participation of men and women in the labour 

market (proportion of actives and employees); the percentages of domestic females 

and of the women retired or working in part time; the male/female ratio; the 

                                                
1  This study was performed under the Project POCTI/DEM/59445/2004 – ‘Fertility in Portugal: a 
macro/micro economic perspective’, financed by the Fundação para a Ciência e Tecnologia. 
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percentages of married men and women; the fertility rates by age groups and the 

proportion of residents in population clusters lower than 2,000 inhabitants.    

 

According to the objectives, we’ve formulated a model to explain the fertility rate 

values observed by analysis of data form the 2001 census. By following the 

econometric methodology of discarding the non significant variables, the proposed 

model allowed the following conclusions:   

 

1) There was a surprising inverse relationship between the percentages of married 

women and the fertility rates. However, this could be a consequence of an older 

population linked to an increase in the average age at marriage.    

 

2) Although with contradictory signs, the existence of foreigner immigrants was 

significantly related to the fertility rate.  

 

3) The level of scholarship, which significantly explained the observed fertility, was 

linked to the superior level thus contributing, as expected, to a lower fertility rate.  

 

4) Concerning women occupation, the results accorded to the expected: higher 

percentages of retired and of part time working women were related to lower 

fertility rates. Low salaries could also explain the observed direct relationship 

between full participation in the labour market and fertility.  

 

5) Finally, the average age of fertility was inversely related to the fertility rate. 

Apparently, nowadays, women not only delay to have children but also have fewer 

ones. This is a key question in the literature related to the fertility. The delay in 

having children doesn’t necessarily determine a reduction in the number of children 

women can have at the end of their fertile life. According to the available data, the 

higher fertility corresponds to the 25-29 and 30-34 years old age groups. We 

wonder if these women would end their fertile life with a different fertility if they 

had concentrated births when younger (15-19 and 20-24 years old).  

 

The results suggest the relevance of the spatial dimension in the fertility analysis. If 

the values observed for a specific variable reflect a spatial dimension, it is 

recommended the utilisation of econometric techniques which adequately reflect 

that spatial dimension. This dimension can exist because, by force of “contagious 

effects”, there is a systematic spatial dependence between variables geographically 
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nearby, which seems to be the case in what the Portuguese fertility rates it 

concern.      

 

The special auto regressive model with exogenous variables (SAR) allows to 

consider the two main sources of special dependence, namely the spatial interaction 

between the relevant variables and the spatial auto correlated errors. The model 

estimation (1), allowing a comparison with the results obtained through the 

minimum mean-square error method, led to the following results2:  

 

TFR = 0.441 – 0.194 X1 – 4.584 X2 + 5.100 X3 – 1.047 X4 – 1.115 X5 + 0.756 X6 – 
0.064 X7 (2) 
 

being X1 the proportion of married women, X2 the proportion of foreigner women, X3 

the proportion of foreigner men,  X4 the proportion of women with a tertiary level of 

education,  X5 the proportion of retired women, X6 of part time working women and   

X7 the average age of fertility.          

 

The results allowed the conclusion that considering the spatial dimension doesn’t 

modify the type of influence of the explaining variables on the fertility rate but, 

clearly, the magnitude of those influences suffer modifications, which allow an 

estimation of a more plausible intercept. In particular, we should stress the 

influence of the women tertiary level of scholarship on the fertility rate.     

 

All of the performed tests revealed an inverse relationship between level of 

scholarship and fertility. The fertility behaviour in Portugal didn’t obey the 

traditional distribution patterns between north and south or between coastal and 

continental interior regions: rather it seemed to react to factors of territorial 

contiguity, which will be evaluated ahead.    

 

The variables traditionally considered in the literature as determinants for the 

fertility were, broadly, significant. Particularly, in what women is concerned, the 

education at the superior level negatively influenced fertility. It was also confirmed 

the relevance of the influence on the fertility of the average age at which women 

decide to have children.  

 

References: 

                                                
2 Estimation was done by utilizing the “toolbox” for Matlab of Kelley Pace, available at www.spatial-
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1. Introduction and motivation 
 

The paper considers the fertility rates for Portuguese women aged between 16 and 48 years old for the 
period 1971-2002, provided by the Eurostat. Figure 1 gives a picture of the evolution registered by fertility. 
 

 
Figure 1 – The evolution of fertility in Portugal [1971-2002] 
 

Clearly, in the overall, there seems to exist evidence of a sustainable decrease in fertility but it is also 
true that the numbers on the fertility rates by women ages show different realities. At the first sight, the 
decline in fertility of younger women has been the result of a postponement of births given that a general 
increase in fertility rates has been observed for older women. A question that then comes up is the following: 
are these observed trajectories sustainable in the sense of reflecting persistence in time or are just mere 
phases of a cycle in fertility? The paper intents to start giving an answer to that question by the use of 
statistical techniques, in a univariate approach, which are adequate to measure the degree of persistence over 
time. Before doing that, an aspect of apparent importance, as it is the correlation between fertility rates, is to 
be presented. 
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In fact, in accordance to figure 1, it seems that, despite the inevitable high correlation, in fertility, for 
women with close ages, given the usual time lag between births, the correlation may increase after a certain 
amount of time. This is certainly important to be taken into account in the assessment of the results in what 
concerns the detection of the women’s ages for which fertility is more persistent. Figure 2 plots the 
correlation coefficient of fertility among the distinct ages. 
 

 
Figure 2 – The correlation between fertility rates 
 

Generally speaking, what figure 2 shows is that the correlation coefficient of fertility rates decreases 
when the distance in ages increases but only to a certain distance, as for certain ages, women sufficiently 
separated in age are more similar, in terms of fertility. 

That being said, the rest of the paper has the following structure. Section 2 analyses the fertility 
persistence. Section 3 concludes. 
 
2. Measuring fertility persistence in Portugal 
 

As the previous section has shown, in accordance to the women’s ages, the fertility rates in Portugal 
have gone through evolutions that are clearly distinct. A question that then comes up is the following: are 
these observed trajectories sustainable in the sense of reflecting persistence in time or are just mere phases of 
a cycle in fertility? We start giving an answer to this question by the use of statistical techniques, in a 
univariate approach, which are adequate to measure the degree of persistence over time. 

Since some time ago, some authors have started to pay attention to persistence in (economic) time 
series as a phenomenon that reveals to be crucial to policy measures, namely at the inflation level. In fact, to 
the best of our knowledge, all the applications of the statistical techniques to measure the level of persistence 
have considered the inflation rate case (see Hondroyiannis & Lazaretou, 2004, Levin & Piger, 2002, 
Marques, 2004, Minford et al., 2004, and Pivetta & Reis (2004). We propose to apply those statistical 
techniques, developed by Andrews & Chen (1994), Dias & Marques (2004) and Marques (2004), to fertility 
rates in Portugal. In this sense, the novelty in the approach is supposed to be a contribution to filling the gap 
in the demographics literature. 

Starting with a simple definition, fertility persistence is the speed with which fertility returns to 
baseline (its previous level) after, say a shock, i.e. some event (for instance, a demographic policy measure) 
that provoked an increase (or decrease) in the fertility rate. This definition, in other words, implies that the 
degree of fertility persistence is associated with the speed with which fertility responds to a shock. When the 
value is high, fertility responds quickly to a shock. On the contrary, when the value is small, the speed of 
adjustment by fertility is low. To put it clearer, a variable is said to be the more persistent the slower it 
converges or returns to its previous level, after the occurrence of a shock. 

Quantifying the response of fertility to a shock is indeed important not only because it may allow 
assessing the effectiveness of demographic policy measures but also because it may, indeed, show at what 
time is more essential to act, through those measures, in order to overwhelm a harmful effect of a shock over 
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fertility. By definition, quantifying the response of fertility to shocks implies evaluating the persistence of 
fertility.  

As the estimates of persistence at time t will express how long we expect that a shock to fertility will 
take to die off (if ever), given present and past fertility, authors have proposed to obtain those estimates by 
the use of autoregressive models. As it is well known, a univariate AR(k) process is characterised by the 
following expression: 

∑
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where ft denotes the fertility rate at moment t, which is explained by a constant µ, by past values up to lag k, 
as well as by a number of other factors, whose effect is captured by the random variable εt. Plainly, (1) can 
also be written as: 
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In the context of the above model (1), or (2), persistence can be defined as the speed with which 
fertility converges to its previous level after a shock in the disturbance term that raises fertility at moment t 
by 1%.  

The techniques allowing for measuring the persistence are based on the analysis of the autoregressive 
coefficients αj in (1) or (2), which are subject to a statistical estimation. Plainly, the most simple case of the 
models (1) or (2) is the so-called AR(1) model, that is: 

ttt ff εαµ ++= −11 .    (4) 

Clearly, the variable εt in this kind of models has a particular importance given that it may be 
associated with policy measures leading to a shock in the fertility rates. A positive shock, at moment t, will 
significantly last for future moments the higher is the autoregressive coefficient α1. Following this approach, 
Andrews and Chen (1994) proposed the sum of the autoregressive coefficients, (3), as a measure of 

persistence. The rationale for this measure comes from realizing that for 1<ρ , the cumulative effect of a 

shock on fertility is given by 1/(1 – ρ). 
Following the approach above described, some autoregressive models (1) were estimated for Portugal, 

considering all women’s ages between 16 and 48, for the period 1971 to 2002. The results are available upon 
request. A general comment on the obtained results is that, not surprisingly, for many ages, a simple AR(1) 
(with or without constant) appears to be a congruent model in explaining the fertility rate. Yet there are a non 
ignorable number of cases where a higher order autoregressive model is suggested by the data. This fact 
poses a problem from the viewpoint of measuring persistence in the fertility rates, as it will be described 
below. 

Quite recently, Marques (2004) has suggested a non-parametric measure of persistence, γ, based on the 
relationship between persistence and mean reversion. In particular, Marques (2004) suggested using the 
statistic: 

T
n−= 1γ ,     (5) 

where n stands for the number of times the series crosses the mean during a time interval with T + 1 
observations, to measure the absence of mean reversion of a given series, given that it may be seen as the 
unconditional probability of that given series not crossing its mean in period t. 

As Dias & Marques (2004) have shown, there is a one-to-one correspondence between the sum of 
autoregressive coefficients, ρ, given by (3) and the non-parametric measure, γ, given by (5), when the data 
are generated by an AR(1) process, but such a one-to-one correspondence ceases to exist once higher order 
autoregressive processes are considered. In other words, only in the particular case of a first-order 
autoregressive model, AR(1), either one of the two measures can be used to quantify the level of persistence, 
as both transmit the same result, but as soon as higher order autoregressive models are considered, i.e., AR(k) 
with 2≥k , the monotonic relationship between ρ and γ no longer exists, therefore leading to possibly 
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crucial differences when measuring persistence in the series. Furthermore, Dias & Marques (2004) show that 
the use of the alternative measure of persistence γ has some important advantages. Given its nature, such 
measure of persistence does not impose the need to assume a particular specification for the data generation 
process, therefore does not require a model for the series under investigation to be specified and estimated. 
This is so given that γ is indeed extracting all the information about the persistence from the data itself. As it 
measures how often the series reverts to its means and (high/low) persistence exactly means that, after a 
shock, the series reverts to or crosses its means more (seldom/frequently), one does not need to specify a 
particular form for the data generation process. 

That being said, it resulted clear that, in order to measure the persistence in the fertility rates in 
Portugal, one should rely on the use of the non-parametric measure γ, as given by (5). Clearly, in order to 
compute the estimative for women by ages, the mean of each series has to be computed. As suggested in 
Marques (2004), a time varying mean is more appropriate than the simple average for all the period under 
investigation. In our case we followed that suggestion by using the well known Hodrick-Prescott (HP) filter 
in order to compute the mean. 

As it is well known, the HP filter is a very flexible device since it allows approximating many 
commonly used filters by choosing appropriate values of its smoothing parameter. Given that the data is of 
yearly frequency, authors have suggested using values for this parameter between 7 and 13. In order to check 
the robustness of the results we considered all these values when computing the estimates of the non-
parametric measure of persistence for the fertility rates by the ages under consideration. The detailed results 
are available upon request. 

From the results, one can conclude that there are two particular groups of women that reveal to possess 
higher levels of fertility persistence. The first group is composed by women with ages between 22 and 25 
years old, notably 24 years old, and a second group composed by women whose age is 30 or 31 years old. 
 
3. Conclusion and directions for further research 
 

This paper has explored the question of fertility persistence in Portugal. The main conclusion is that 
there are two groups of women that are of particular relevance for demographic policy measures, namely 
women between 22 and 25 years and those aged between 30 and 31 years old. 

As directions for further research we would like to further explore the lagged correlation analysis in 
order to discern about the moment in time where women started to change their relative behaviour towards 
fertility. 
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Fertility and Education in Portugal: is there a U shaped relationship? 

Isabel Tiago de Oliveira 

Education—in particular women’s education—has long been considered a key to 

understanding fertility. The basic argument is that higher educational attainment is 

associated with higher status, higher income and a greater inclination towards career 

than towards family; consequently, this means greater female employment, resulting in 

higher costs associated with maternal care. This has also been associated with the 

tendency to practice methods of contraception more effectively, and to delay marriage 

and fertility.

This paper examines male and female fertility according to differing levels of 

educational attainment. Four levels are compared: up to the sixth year, nine years of 

schooling, completed high school and college graduates, for both men and women.  The 

period being studied is 2000-01. This is the most recent period for which it is possible to 

calculate accurately fertility indicators for the different educational levels. 

The total fertility rate is based on the synthetic cohort approach. Consequently, the 

values resulting from these calculations do not correspond to any real generation, but 

rather to a hypothetical generation that follows the fertility curve during the woman’s 

life-cycle. The calculation of this indicator for different educational groups is not a 

standard procedure and raises some questions. The total of the age specific fertility rates 

depends on educational attainment stability for the entire reproductive life. The idea of 

permanence can be separated into two phases: 

1. If an individual has a determined educational attainment upon reaching the middle of 

reproductive life, he will tend to remain at that level of education. This is generally true 

since the social norms about usual life-cycle phases (education—work—marriage—

family) are compelling. In the majority of cases, the birth of a child whilst the mother is 

in education will lead to the abandonment of studies and the beginning of the next 

phase. It is very difficult for someone with young children to return to education; for 

that reason, if a parent renews its schooling commitment, it is generally only when their 

reproductive cycle has ended. 

2. Before a certain age, individuals are often students with constantly changing levels of 

education. In this situation, we are faced with the question of how to use age specific 

fertility rates to calculate accumulated fertility in a synthetic cohort up to the age of 25. 

The solution is based on the mean age at which individuals complete their education in 

each of the four groups, as revealed in the 1997 Family and Fertility Survey. Before this 

age, we assume that the total of the specific fertility rates is zero; after this age, the rates 

are summed up for the period corresponding to the difference between the average age 

at completion of education and the final of the corresponding age group, and all the 

periods thereafter. 
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More than conferring a real value to any group or generation, the figures have a 

synthetic and conjunctural reading that permits an understanding of the differences 

between different educational groups. 

In Figures 1 and 2 we can see the number of children for both males and females with 

different academic qualifications. The graphs for both sexes show fertility distribution 

in the shape of a ‘U’-curve; although it is interesting to note that the female curve is 

more weighted to the left, while the male curve is more weighted to the right.  

Figure 1: Total fertility rates for men and women, according to educational attainment 
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For men, the ‘U’-shaped relationship is obvious, showing a clear rise in fertility as 

increases the parents’ educational attainment since the second level. The curve in the 

graph for females is less obvious, and while the rise in fertility is visible, its extent is 

small (5.4 percent). In order to understand why this is so, it is worth exploring this 

question further. 

Total fertility rate is based on the demographic translation method, so it is necessarily, 

affected by changes in the mean age at childbearing (Ryder 1964, Bongaarts and Feeney 

1998). These variations in the timing of childbearing are possibly very different in the 

four educational groups. The best solution, therefore, would be to compare the intensity 

of fertility at the end of the reproductive life-cycle. 

The 1997 Fertility and Family Survey enables us to compare the fertility of several 

ages-groups with different levels of educational attainment. With the timing of 

childbearing being dependent upon educational attainment, the number of children by 

women ought to be calculated after the effects of birth postponement. The best indicator 

of fertility intensity is the total number of children that a woman ultimately has by the 

end of her reproductive life. Presently, in order to obtain a larger sample and ensure that 

the data refers to the most recent cohorts, we considered the mean number of children 

for men and women over 40. 
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Figure 2: Mean number of children by educational attainment and gender, over 40 years old, in 

the 1997 Fertility and Family Survey 
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In this later phase of men and women lives, the mean number of children declines and 

then increases as the parents’ educational attainment also rises. In other words, data 

from the Portuguese survey clearly shows the existence of the ‘U-shaped’ relationship 

for female fertility, and confirms its existence in the case of male fertility. 

It is important to note that this result is not typical. At the present time, it is impossible 

to know whether we are seeing a new tendency or whether we are dealing with a result 

that is purely circumstantial. Whatever the explanation may be, it is worthwhile to tap 

the full range of arguments. 

The classical theory states that there is an inverse relationship between fertility and 

education. From this perspective, the greater the educational attainment, the lower will 

be female fertility. This is a view that is deeply rooted in Becker’s idea of the relative 

cost of children, which increases as the level of female education rises. This perspective 

presupposes that there is a conflict between women’s work and motherhood, which is 

amplified by the tendency of better educated women to have a career and to receive 

higher salaries. In recent years there has been a considerable growth in the number of 

women in the labour force and an increase in the number of children in pre-school 

education. This ought to lead to a reassessment of Becker’s thesis. 

With the effects of education, work and income being intrinsically linked, it is necessary 

to understand the effect of education in the context of the increased prevalence of 

working women, and the salary differences that are a consequence of educational 

attainment. 

Up to a certain level of academic qualification, it is possible that differences in 

educational attainment will have a negative effect on fertility for the simple reason that 

the probability of women working will increase, albeit in jobs in which educational 

attainment makes little difference to salary levels. In such cases, greater educational 

attainment will have an effect on fertility, fundamentally by increasing the probability 

of women entering the labour force.  
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After a certain point, the situation shifts, and differences in educational attainment do 

result in improved salaries; simultaneously however, differences in the probability of 

working are not significant: higher salaries—within the context of generally available 

and effectively used childcare—can result in a reduction of the relative cost of having 

children. 

Figure 3: Average salaries, female and male employment according to educational 

attainment (2002). 

Education   

Average salary 

(euros) 

Women employed (%) 

(25-64 years) 

Men employed (%) 

(25-64 years) 

Six years 611 60 82 

Nine years 770 77 88 

Secondary 947 80 85 

Higher 1815 87 91 

Sources: 1) Average salary—Direcção de Estudos, Estatística e Planeamento do Ministério do Trabalho e 

Segurança Social (2002), Quadros de Pessoal , 2002, Table 98 - “Ganho médio mensal, por actividade 

económica, segundo a habilitação”. 2) Women and men employed—OCDE (2004), Education at a 

Glance, Table A10.1a – Employment Ratios and Educational Attainment (2002). 

As proposed, improvements in the schooling level by those with lower levels of 

educational attainment are associated with the greater probability that woman will be 

working, although income gains are limited. For those who have—at a minimum—

completed high school,  increases in education do result in clear income gains, while the 

percentage of women who work rises much less than the salaries. Thus, this data on 

salaries and work supports the hypothesis that differences in fertility are a function of 

educational attainment related to an ‘education-work’ effect amongst those in the less 

educated groups and to an ‘education-income’ effect amongst the more educated. 
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Household Statistics to Support Policy Analysis 
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E-mail: mbohman@ers.usda.gov 
 

Agricultural policy issues in the United States and other countries have evolved over time from a focus 
on the levels of income and their variability to encompass new issues including rural development, pollution, 
and farmers’ choices of technologies.  At the same time, farms and rural communities have changed to 
become more integrated into the national and international economy and farm households have adopted 
varied strategies to manage their businesses and provide a livelihood for their families.  For example, some 
farms have expanded the size of their business and adopted the latest technologies to compete on costs with 
farms around the world.  Other farms have focused on providing a differentiated product such as organic 
crops or have mixed on-farm activities such as tourism or off-farm jobs with their farm business.  In order to 
understand the effects of policies on today’s diverse agricultural sector, policy analysts need to consider not 
only farm businesses but also farm households and their varied sources of income and goals.   

Household statistics provide the foundation to assess the full range of policy decisions facing 
agriculture around the globe.  Statistics on household income and wealth serve to measure and explain the 
levels and pattern of well-being for farmers and farming communities.  The same household statistics 
provide the tools to sort out the factors that determine farmers’ decisions about the choice of technology and 
farm practices.  Findings reported in this paper draw on the U.S. Department of Agriculture’s (USDA) 
household survey of farm businesses, the Agricultural Resource Management Survey (ARMS).  Information 
on best practices for agricultural household surveys and a compendium of existing surveys can be found in 
“The Wye Group Handbook” (UNECE). 
 
Income and well-being statistics 

Poverty on farms in the beginning of the 20th Century played an important role in the creation of a suite 
of policies to support commodity prices as a means of income support.  When introduced, agriculture 
accounted for the largest share of rural economic activity and farmers were largely dependent on sales of 
farm products for income.  Over time the nature of the farm and rural economy has changed.  Today, farm 
households rely on varied sources of income with sales of agricultural products accounting for a small share 
of the total in the United States.  Intertwined with the changes in the sources of farm household income has 
been the diversification of the rural economy to include manufacturing and service sector jobs, thus enabling 
farm families to seek off-farm jobs. 

With most of farm household income originating outside agriculture, household statistics provide the 
basis for assessing the degree of poverty on farms.  According to the official definition, a farm in the United 
States need only sell (or have the potential to sell) $1000 in agricultural products.  Household statistics show 
that farms differ not only in sales, but also in the goals of the farm operator.  Breaking farms into a typology 
of three groups provides a basis for analyzing income while controlling for differences in business goals and 
sales (Figure 1).  Rural residence farms (65 percent of total) have sales less than $250 thousand and the 
operator declares an occupation other than farming as their primary occupation.  Operators of intermediate 
(27 percent of total) and commercial farms (8 percent of total) list farming as their primary occupation and 
differ by sales with commercial farms having at least $250 thousand in annual sales.   

Farm household statistics paint a different picture of well-being than solely relying on farm business 
income.  On average, in all years the average household income for farm households exceeds the national 
average ($63,344 in 2005).  For commercial farms, income from farming alone exceeds average income and 
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off-farm income constitutes a small share of total household income.  Rural residence and intermediate 
farms rely heavily on off-farm income for their livelihoods, with negative farm income in some years for 
rural residence farms.  Incomes are most variable for commercial farms.  Farm income accounts for the 
variability with off-farm income contributing a relatively constant, smaller share.  In contrast, incomes for 
rural residence and intermediate farms are less variable given the larger share of more stable off-farm income. 

Figure 1.  Average Farm Household Income, by Farm Typology 2002-2007f 
 

Household data show that low incomes no longer pose a problem for farms in general.  The same 
picture emerges from data for farm household wealth and consumption.  However, the averages do mask the 
existence of poverty on some farms.  A group defined as “limited resource farms” according to both income 
and wealth comprises approximately 11 percent of all farms and are found in the low sales group.  These 
farms have negative farm income on average and off-farm income well below the national average for all 
households.  Government farm programs which use current or past commodity production quantities as the 
basis for the distribution of payments result in limited resource farms receiving only 2.4 percent of total 
payments.  Commercial farms, with the largest share of past and current production, receive the largest 
share of payments. 
 
Adoption of new technologies 

The rapid growth in the productivity of agriculture over the 20th Century in the United States and other 
developed countries stemmed from the adoption of new technologies including modern seeds, mechanization, 
and manufactured chemicals.  Farmers choose technologies based on a variety of factors including profits, 
ease of implementation, and farm characteristics.  Recent studies of technology adoption by farmers using 
only farm business statistics produced several puzzles.  One is the rapid and widespread adoption of 
herbicide resistant soybeans which grew 70 percent in just 5 years after being introduced in 1996 despite no 
evidence of higher farm profits than using conventional seeds.  Another is the slow pace of adoption of 
precision agriculture which has been shown to reduce input costs through use of intensive management. 

Using farm household data provides the answers to these puzzles by factoring in decisions about off-
farm work and its relationship to the management intensity of specific technologies.  Reports in the 
agricultural press speculated about the importance of saving management time in explaining the rapid 
adoption of herbicide tolerant soybeans, but household data has allowed agricultural economists to test this 
hypothesis and quantify the effect.  Fernandez-Cornejo (2006) reports on a series of studies that find a 
negative relationship between off-farm income and adoption of management intensive technologies (Figure 
2).  For herbicide tolerant soybeans, an increase of 16 percent in off-farm income results in a 10 percent 
increase in the probability of adoption of the management saving technology.   
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Figure 2.  Managerially Intensive Technologies Are Associated With Lower Off-Farm Incomes 
 
Studies of three other technologies confirm the relationship between management saving technology 

and higher off-farm income.  A positive relationship was found for conservation tillage which also saves 
labor and has been shown to reduce soil erosion.  The adoption of yield monitors is associated with 
precision agriculture and requires intensive management as supported by the finding that increases in off-
farm income decrease the probability of adoption.  An 8.4-percent decrease in off-farm household income is 
associated with a 10-percent increase in the probability of adopting yield monitors.  The adoption of Bt corn 
did not show a significant relationship to off-farm household income.  Fernandez-Cornejo explains that 
before the commercial introduction of Bt corn in 1996, most farmers accepted yield losses rather than incur 
the expense and uncertainty of chemical control.  For those farmers, the use of Bt corn reportedly resulted in 
yield gains rather than pesticide savings, and savings in managerial time were small. 
 

Conservation practices and policies 
Similar to new technologies, farmers voluntarily adopt conservation practices and choose to participate 

in government conservation programs.  Conservation practices and programs can be broken into two general 
types:  land retirement and conservation on working lands.  Household statistics show that farms and farm 
households that retire land differ from those that apply conservation practices on working lands.  Lambert 
and Sullivan develop a four category farm typology to analyze farmer decisions about the adoption of 
conservation practices and programs.  They break farms whose operator declared an occupation other than 
farming as their primary occupation into two categories—retirement and residential/lifestyle farms—and use 
a different break point for farms where farming is the primary occupation—high sales/commercial farms 
have sales above $100,000 (Figure 3).   

The pattern of adoption of land retirement reflects both farm and farm household characteristics.  
Farmers can retire either an entire farm or only an environmentally sensitive parcel.  Perhaps not 
surprisingly farmers who declare that they have retired have the highest rate of participation in land 
retirement practices and are more likely to retire entire farms.  Retirement farms also have a higher rate of 
participation in government programs that pay a market based rental rate for entering into long term land 
retirement contracts.  Also consistent with farm household characteristics, residential lifestyle farms, where 
the operator has another primary occupation, have high participation rates in land retirement, but the 
minority do so as part of a government program.   

Adoption of working land structures follows a strikingly different pattern than land retirement with 
adoption increasing with farm sales.  These practices include installing grass waterways, filter strips, and 
other structures compatible with working lands.  Lambert and Sullivan find that farms that installed 
working-land conservation structures had operators who were more likely to consider farming their primary 
occupation, slightly younger, and less reliant on off-farm income than farm operators who retired whole 
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fields from production.  Working land structures represent relatively management intensive practices and 
adoption appears to be consistent with the finding that commercial farmers have higher adoption rates of 
management intensive technologies.   
 

Figure 3.  Adoption of Conservation Practices and Programs Varies by Farm Type 
 
Conclusions 

Farm household statistics provide an essential tool to develop indicators of well-being for the farm 
sector and to understand decisions about technologies, conservation practices, and participation in 
government programs.  Indicators of well-being based on farm business statistics provide valuable insights 
about the relationship between farm size, farm business practices, and farm profitability.  However, only 
farm household statistics provide the information to understand that average farm household income exceeds 
that of all U.S. households.  Some puzzles that emerge by only considering farm business statistics can be 
solved with a broader analysis of the farm household.  The adoption of herbicide tolerant soybean seeds 
provides one such example where business data shows no profit advantage, but the seeds reduce 
management time and household data shows that their adoption is positively associated with higher levels of 
off farm income.  

Policy analysis benefits from household data in developing indicators of well-being and in 
understanding decision making.  Decisions about the adoption of new technologies and conservation 
practices have social implications and are intertwined with decisions about off-farm income.  Household 
characteristics explain participation in specific programs (e.g., land retirement).  As new programs are 
developed or as funding shifts across programs, the types of farms participating will likely change as well. 
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1. A comparison of the efficiencies of agricultural statistics projects based on area frames 

In area frames, sampling units are portions of the territory; in agricultural projects, most frequently 

used sampling units are area units, with a regular geometric shape or delimited by physical boundaries 

(roads, railways, etc.), or points, clustered or not. In some countries, some aspects of the area frame projects 

for agriculture statistics have progressively changed. Where censuses with high coverage are carried out 

frequently, sample surveys based on area frames have assumed less importance, as well as in countries where 

administrative data have become the main source for agricultural statistics (Carfagna 2004). In other 

countries, the need of estimates for small domains has determined the increase of resources devoted to area 

frame projects. 

For example, in Italy, Agrit project had the aim of estimating area and production of the main crops at 

a regional level between the early 90’s and 2000 and was based on a sample of about 5,000 segments with 

physical boundaries (FAO 1998). From 2001, in three northern regions, estimates for smaller domains 

(provinces) were required, thus the sample size was increased and a frame with un-clustered points was 

adopted. The basic idea was that points should be more appropriate for producing estimates for small 

domains and, at the same time, for reaching high precision of estimates for larger domains. Point sampling 

was adopted also in two southern regions where estimates at regional level where still produced. In 

remaining Italian regions, the previous methodology was used and segments with physical boundaries were 

surveyed. From 2002, the two phase sampling plan was extended to the whole country.  

The regression estimator was adopted for combining ground and Landsat TM remote sensed data for 

improving estimates precision in 2001 as well as in 2002. In 2002, remote sensing data were used also for 

reducing ground visits by excluding points for which the absence of vegetation in spring can be reliably 

determined from the satellite images. About 13 % of the sample points were considered not covered by 

winter crops thus, ground visit was not performed in spring, but only in summer, for detecting summer and 

permanent crops. Money saved in spring visits allowed increasing the sample size. 

The comparison of the coefficients of variation (CV) for the two years does not confirm that the 

project performs better with points than with segments. In fact, as showed in fig.1, the reduction of the CV is 

relevant for crops with very large area, but these estimates had good precisions also with segments. 

Concerning crops with smaller area, we have a little decrease of the CV for three crops: tomato, tobacco and 

barley, but for colza, sunflower, soy-bean and sugar beet the CVs increase. Consider that the cost of the 

project in 2002 was higher than in 2000, since the cost for the ground survey of points in 2002 was equal to 
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the cost in 2000 for ground survey and digitization, plus an amount of money for producing more detailed 

estimates (province level) in four regions (Piemonte, Lombardia, Veneto and Campania). 

Another experiment of change of the sampling plan was made in Greece within LUCAS (Land 

Use/Cover Area-frame Survey) project: in 2002 a non-stratified, systematic, two-stage sampling plan was 

adopted, 41,600 points (SSU) were surveyed. In 2004, 30,000 un-clustered points were selected and 

observed on the ground. The ratio between the CVs for 2004 and 2002 was always less than 0.5. However, 

the ground survey was not carried out with the same cost in the two years; in fact, the cost of an un-clustered 

point is higher than 1.39 times the cost of a point in a cluster.  

CV 2002 / CV 2001  for area estimates of various crops
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Fig. 1 Ratio between the CV of various crops in 2002 and in 2001 in Italy and in 2004 and 2002 in Greece 

Gallego (2007) faces a similar problem using LUCAS data in about 60% of the area covered by EU 

25; he computes the number of un-clustered points which give the same information provided by a cluster of 

10 points in a rectangle of 1500 x 600 m following a grid of 18 km. For main crops, it ranges from 3 to 6, the 

median value is 5; thus, un-clustered point sampling is more efficient than two stage sampling with 10 points 

per PSU if visiting 5 un-clustered points is cheaper than visiting a cluster of 10 points. Travel costs depend 

on the characteristics of the area and strongly affect this comparison. 

 

2. Efficiency of stratification of area frames 

When agriculture statistics are produced by a sampling frame of segments, an efficient and low cost 

stratification is the percentages of agriculture derived from photo-interpretation of remote sensing images. 

When a point frame is adopted, very detailed information is need for stratification, such as aerial 

photographs. Does a much more detailed and expensive work produces a much more efficient stratification? 

In Agrit project, until 2000, strata were defined by classes of percentage of agriculture, using Landsat TM 

satellite data. In 2001, in a part of the country, a two phase sampling of un-clustered points was performed. 

In the first phase, a systematic sample was selected with a 500 m grid and stratified according to the photo-

interpretation of 200 x 200 meter square blocks of ortho-photos. The following strata were created: “arable 

land”, “permanent crops”, “permanent grass”, “forest”, “isolated trees and rural buildings”, “other” (artificial 

areas, water, etc.). In the second phase, a random subset of points was selected from the agricultural strata 

and visited on the ground. All points which were photo-interpreted as “forest” and “other” did not undergo 

the second phase sampling and the ground survey. In the remaining Italian regions, the previous 

methodology was used and segments with physical boundaries were surveyed. From 2002, the two phase 

sample design was extended to the whole Italian territory. In 2001, the detailed stratification of points 

showed to be approximately as efficient as the nine years old stratification of segments. After four years, the 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 2144 -



relative efficiency of the stratification was worse for durum wheat, barley, sunflower and tomato and about 

the same for the other crops. We can draw the conclusion that the stratification based on the photo-

interpretation of the first phase points on aerial ortho-photos is less efficient than the stratification of 

segments based on the percentage of agriculture using medium resolution satellite data. 

The relative efficiencies of the stratification created on purpose for LUCAS 2006 (Gallego 2007) are 

similar to the ones of the eight years old stratification of Agrit in 2000. Furthermore, the part of the territory 

where agriculture is supposed to be absent is surveyed in LUCAS but is not surveyed in Agrit projects; thus, 

the relative efficiency of the stratification is a bit underestimated in Agrit. 

 

3. Efficiency of estimators combining ground and satellite data for area and point frames 

Relative efficiency of remote sensing is the ratio between the variance of the estimator applied to the 

ground data and the variance of the estimator combining ground and remote sensing data. The relative 

efficiency of estimators combining ground and remote sensing data is lower when the ground survey is 

performed on a sample of points rather than on a sample of segments. In Italy, with segments, the relative 

efficiency of the regression estimator ranged from 1.4 (colza) to 8.6 (soy-been); instead, in 2002, with points, 

it ranged from 0.9 (colza) to 1.2 (soy-been and soft wheat). 

In Agrit 2004, 2005 and 2006, the usual regression estimator was replaced by the Empirical Best 

Linear Unbiased Predictor (EBLUP). The relative efficiencies for 2005 and 2006 are higher than the ones 

obtained with points in 2002 but considerably lower than the ones obtained in 2000 with segments. 

 

4. Risks of bias 

EBLUP has a strange effect on the area estimates: in 2005 the area estimate for durum wheat increases 

and for all other crops decreases, up to - 4.42 % (tomato). In 2006, all EBLUP estimates are lower than direct 

expansion estimates (from - 0.56 to - 7.29). These results suggest that, probably, a bias has been introduced 

by the model; consider that the coefficients of variation of the direct expansion estimator applied to the 

ground data are very low for the area of main crops; in 2005, the area reduction per cent due to the EBLUP is 

higher than the CV per cent for maize, sunflower, soy-bean, sugar beet and tomato and in 2006 for soft wheat, 

barley, maize, sunflower, sugar beet and tomato. 

Another serious risk of bias can derive from the practice of excluding from the sampling frame areas 

where agriculture is supposed to be absent, according to the stratification. Elaborating CORINE Land Cover 

(CLC) (a harmonized land cover map in nearly all countries of central and Western Europe), we have found 

that excluding from the sampling frame areas where agriculture was supposed to be absent determined a bias 

for the area estimation of main crops of about 4%; consider that the targeted coefficient of variation ranged 

from 1% to 2% at national level. 

Similar results were obtained comparing the ground survey carried out in 2005 in Agrit, with the 

photo-interpretation, in 2006, of the points of the first phase sampling. 37 per cent of the points attributed to 

non-agricultural strata in the photo-interpretation belong to agricultural strata according to the ground survey 

and particularly, 6 per cent to arable land and 18 per cent to permanent crops. Since the project does not 

foresee to select points in non-agricultural strata, the risk of severe bias is high for area estimates of crops. 
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5. Using administrative data in area frame projects  

The percentage of agriculture as well as the photo-interpretation of points on aerial photos does not 

discriminate between crops within arable land stratum; thus, administrative data could be used for 

subdividing the arable land stratum into areas with similar association of crops. An experiment carried out in 

Italy showed that a cluster of municipalities, based on the percentages of main crops (derived from the 

census of agriculture), could improve the relative efficiencies of stratification for annual crops when 

segments are used (the median relative efficiency is 1.24). A similar attempt was done with the point frame, 

using clusters of municipalities based on census data as well as on the Integrated Administrative and Control 

System (IACS) data. No increase of precisions was obtained with both kinds of clusters. 

IACS data could also be used as auxiliary variable in the regression estimator. An experiment was 

carried out, for durum wheat, in two Italian regions, with an area frame of segments. The CVs of estimates 

were reduced from 4.8 % to 1.3 %, in Puglia and from 5.9% to 3.0% in Sicily. Similar improvements have 

not been reached for a point frame, because the regression estimator requires the overlay of the two sources 

of data and attempts to overlay sampling points and parcels of IACS have given poor results. 

 

6. Conclusions 

Photo-interpretation of points on ortho-photos is less efficient than photo-interpretation of medium 

resolution satellite data. Point sampling requires very detailed and geo-referenced information, which seldom 

is available and tends to become obsolete in a short time. Estimators combining satellite and ground survey 

data have proved to perform better when the ground survey is carried out on segment than when point frames 

are used. These estimators should be used with much care because the increase of estimates precision can 

correspond to a decrease of the accuracy, due to the bias. Also excluding from sampling frame strata photo-

interpreted as non-agricultural, on remote sensing images or aerial photographs, determines a serious risk of 

bias. All the phases of a project for land cover area estimates should be controlled very carefully, since each 

phase can affect considerably the accuracy of the estimates. Single stage sampling of points tends to be more 

efficient than two stages sampling where visiting 5 un-clustered points is cheaper than visiting a cluster of 10 

points. If we compare the efficiency of an area frame with segments and one with un-clustered points, 

besides the relative efficiency of the sampling plans we should consider the efficiency of the stratification 

and of the use of other auxiliary variables, such as remote sensing or administrative data.  
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The objective of agricultural statistics is to provide the most comprehensive representation of a 
nation’s agriculture by covering almost all output of agricultural activity. One can only achieve this objective 
if the subjects of such data collections are clearly defined, i.e. one has a lucid knowledge of those whose data 
must be collected. The scope of observation is defined to some extent by the type of activity, the legal form 
of business, but the examination of the volume or size of the business in question is also important. One 
needs to set a size limit to sort out the units that fall beyond the scope of observation. In statistics this size 
limit is the threshold value. The units that reach or exceed the threshold value that are deemed farms in 
statistical terms constitute the population of agricultural censuses and surveys.   

 
 
1. Criteria of farm concept in statistical terms 
 

• The threshold value may be defined by using physical indicators such as cultivated area, the 
number of livestock, or a combination of such physical indicators. The disadvantage of a statistical 
threshold expressed in terms of several physical indicators is that it is not suitable for the cases 
where all the physical indicators involved are below the threshold, but the total output exceeds the 
performance defined in terms of any of the constituent physical indicators taken separately. The 
other disadvantage of the threshold value defined in terms of physical indicators is that it is not 
suitable for managing the farm as an economic unit.  

 
• A possible solution is to define a threshold value for a farm expressed in a monetary unit (for 

example value of products sold). In contrast to the physical indicators a threshold value expressed in 
monetary terms can be used for measuring the performance of a unit involved in agricultural activity. 
There are, however certain difficulties: inquiring the value of products turned out and sold may often 
be risky because of the reluctance of the respondents to provide financially relevant information. 

 
• A method to overcome the above mentioned difficulties could be the use of a coefficient, such as the 

estimated number of standard man-days expended on the agricultural activity in question. If the 
measure of the threshold values is the labour input, then the labour cost of the agricultural activity in 
question can be used to determine output. A query into the full labour costs may be more productive 
than pursuing the productive value.  

 
• Finally the concept of the farm may be defined in terms of a single indicator such as the gross 

production value of the unit involved in agricultural activity or the standard gross margin in the 
European Union.  

 
 
2. Threshold value in the European Union  
 

The recommendations and requirements of international organizations (FAO, EUROSTAT) propose 
a general framework of observation but allow the application of the farm concept in countries of diverging 
structure and different characteristics. Though the experts make efforts to meet the international 
recommendations, requirements in defining the farm concepts at national level, the farm concepts created are 
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at variance owing to the broad variations in the farm structure. An example of diverging farm concepts is the 
variety of terms used to define farms in agricultural statistics in the Member States of the European Union. 

 
The key pillar of the Community’s agricultural statistics is the system of Farm Structure Surveys. 

According to the Regulation No. 571/88 ECE on Farm Structure Survey the survey shall cover: 
 
• agricultural holdings where the utilised agricultural area for farming is one hectare or more, or 
• agricultural holdings where the utilised agricultural area for farming is less than one hectare, if they 

produce a certain proportion for sale or if their production unit exceeds certain physical thresholds. 
 
Member States which use a different survey threshold commit themselves to fixing this threshold at a 

level excluding only the smallest holdings which together contribute 1 percent or less to the total Standard 
Gross Margin.   
 

The regulation is flexible enough to allow the Member States to define national threshold values in 
accordance with the national characteristics of agriculture.  
  
  
3. Statistical unit ~ the farm 
 

In order to cover 99 percent of the output of agriculture – in case of a structure consisting 
predominantly of a large number of units producing exclusively for family consumption – such agricultural 
units become subject of statistical data collection that may not be regarded as farms in economic terms. It 
could be acceptable, but how could statisticians interpret that issue?    
 

By the economic reference literature the fundamental economic activity of households is 
consumption, one of the key economic function is the final consumption of the goods and services produced. 
Business units are created for the purpose of producing goods and services; the purpose of business units is 
to earn profit and increase income by addressing the uncertainties and risks in the market.  
 

Applying the above mentioned statements on agricultural activities it means that we shall define the 
borderline (so called second threshold) between the households producing exclusively for family 
consumption and households producing for market with a purpose to earn income. The units that reach or 
exceed the second threshold could be defined as farms in economic terms.  
 
 
4. Hungarian system of agricultural statistics - Hungarian agricultural households, farms 
 

In Hungary the first agricultural census was carried out in 1895. The censuses implemented in 1935, 
1972, 1981, 1991 and 2000 were in line with the FAO recommendations, the latest census met the 
requirements of the European Union as well. Based on the results of censuses interim surveys – since 1962 
sample surveys – have been conducted in Hungary.  
 

Over the latest three decades two groups of agricultural units were defined, the first one was the 
group of business units the second one was the group of households. All of the business units engaged in 
agricultural activities were obliged to complete their questionnaires by post, while the households engaged in 
agricultural activities were visited by surveyors in the framework of sample surveys.   
 

The first threshold value on private holdings - expressed in a combination of physical indicators - 
was defined in 1972. That time the criterion was to cover the small units which contribute to the agricultural 
output significantly – recommended by the FAO.   
  

Starting from the agricultural census of 1972 the threshold value on private holdings has been 
defined as a combination of physical indicators having only marginal changes in the past 30 years to assure 
long term comparability of data.  
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Table 1. 

Thresholds used in the Censuses of 1972-2000 
 

1972 1981 1991 1994 2000 Denomination 
year of the census 

Total productive land area, hectare  0,15 0,15 0,15 0,15 0,15 
Orchard, vineyard, garden, hectare  0,08 0,08 0,08 0,08 0,05 
Cattle, heads 1 1 1 1 1 
Pigs, heads 1 1 1 1 1 
Horses, heads 1 1 1 1 1 
Sheep, heads 1 1 1 1 1 
Poultry, heads 50 50 50 50 50 
Bee hives, pcs  20 20 25 25  5 
Rabbit, heads 20 20 25 25 25 
Other small animals, heads  -  - 25 25 25 
 
 

In order to define the farm concept in economic terms calculations were carried out based on the 
agricultural census 2000 database. In 2000 8 000 business units were engaged in agricultural activities. In 
case of agricultural business units there was no doubt about that the objective of production for market, about 
earning profit even if their agricultural activities are secondary activities. Therefore there was no need to 
define threshold value in case of agricultural business units; they were qualified as farms by their legal status 
and type of activity.   
  

It was not the case on private holdings. In 2000 almost two million households were engaged in any 
kind of agricultural activity in Hungary. Among these households 960 thousand households reached or 
exceeded the threshold value which guaranteed the 99 percent coverage of agricultural output. As it was a 
well known fact in Hungary that substantial share of agricultural households produce exclusively for family 
consumption, the following questions were included into the survey questionnaire: does the household 
produce exclusively for family consumption, does the household produce for market, or does the household 
sell the surplus over family consumption? 
 

Based on the census results the size of agricultural production was examined in the group of 
households that produce for family consumption, in the group households that produce for market and in the 
group of households that sell the surplus over family consumption.   
 
Graph 1. 
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Over the physical indicators the size of production was expressed in European Size Unit (which is a 

value indicator) as well. On the bases of our analyses it was found that the households producing only for 
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family consumption and the households selling just a small amount of products over the family consumption 
fell under the size group of 1 European Size Unit. That means that in Hungary the threshold of farms (in 
economic terms) can be defined in 1 European Size Unit.   
 
Table 2. 

 Number of farms and SGM value, 2000 
 

Coverage, percent Size 
number of farms SGM 

         ≤ 1,0 ESU 81,2 15,3 
     1,1–2,0 ESU 9,4 7,7 
     2,1  ESU ≤ 9,4 77,0 
          Total 100,0 100,0 
 

According to the EU Economic Accounts for Agriculture (EAA) regulation the smallest units are 
also subject of the calculations. The units – producing exclusively for own consumption – are divided into 
two groups. 

  
The units involved in subsistence farming produce due to economic necessity; in other words, 

production is not primarily a hobby but rather an activity complementing their income. The primary 
objective of hobby farming is not economic but rather the pursuit of a healthy and beneficial pass time. 

 
By the position of the EU the first category qualifies as an economic activity, therefore the 

production of such units must be included in the total output of agriculture. Though the second category is 
still not deemed part of agricultural production, under the new regulation the Member States have an option 
to apply it due to the difficulties of handling this category. In case of Hungary the private holdings under 1 
European Size Unit are subsistence farms therefore they are covered by the EAA calculations.  They produce 
15 percent of the total output of the Hungarian Agriculture.  
 

The Farm Accountancy Data Network is, in fact, a regular representative survey using the data from 
farm accounts, providing a clear picture about the earning capacity of various groups of farms of a region, 
country and the entire European Union. Therefore – in contrast with the Farm Structure Surveys, Economic 
Account for Agriculture – the Hungarian Farm Accountancy Data Network (FADN) was elevated to 2 
European Size Unit; accordingly the scope of observation of the FADN covers only the farms ~ business 
units engaged in agricultural activities (which produce 77 percent of the total output of Hungarian 
agriculture). 
 
Conclusion:  
 

In Hungary the threshold on households – which guarantees the 99 percent coverage of the output – 
shall be expressed in a combination of physical indicators. At the same time – in order to distinguish the 
farm concept in economic terms – so called second threshold has to be defined. Based on my analyses the 
second threshold is 1 European Size Unit. With knowledge of the facts that economical threshold (1 
European Size Unit) can be acceptable in case of new EU member States or in case of the Mediterranean EU 
Member States. 
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Measuring the Agriculture Indicators in South Africa
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ABSTRACT

History shows that measuring of the agriculture indicators in South Africa has been a challenging
exercise. This has been born from the fact that the challenge started in identifying surveys that can
be used to measure the indicators. The surveys used in the past had limited agricultural activity due
to lack of representative agricultural frame and followed by the challenges encountered on collection
of the data due to political and socio-economic influences. The paper tries to draw these challenges
and the impact they have on the final products.
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Agricultural statistics are generated within the framework of the EU programme on surveys on farm 
structure conducted by all EU members in order to have up-to-date, comparable information on the member 
states, with the purpose of being used as a basic tool for designing the Common Agricultural Policy (CAP). 
This programme establishes that an Agricultural Census shall be performed every ten years and three sample-
based surveys in the intervening years. In these censuses, which are exhaustive, all the existing farms are 
researched, while in the Surveys on Farm Structure the population studied is defined by less broad criteria, 
which limits the comparability of the survey data with the census data. 

The calendar for the surveys to be held in all Member States is agreed by the Agricultural Statistics 
Committee of the European Commission. For a given survey year, Member States have to conduct their 
surveys within the agreed time-frame, thus all the data are as much as possible comparable. 

The FSS are organised in all Member States on a harmonised base. As the characteristics are based on 
the community legislation, the same data are available for all countries in case of each survey. 

The main aim of the Community Farm Structure Surveys (FSS) is to provide a common list of 
characteristics observed using common rules and procedures, thus ensuring the possibility of holdings 
comparison all over the European Union. As a result a complex statistical data set is established. 

Both the full censuses and the intermediate sample surveys are subject to producing various 
information on specific CAP targets, as well as providing a basis for extrapolating Farm Accountancy Data 
Network (FADN) data. This tool is enough flexible for following the policy changes in agriculture. 

Information regarding the following characteristics-groups is available for each unit: 
• general information: location of the holding and farming system (organic farming, owner or tenant 

farmed agricultural area); 
• management and farm labour force: all persons responsible for the holding and/or working on the 

holding; 
• land area and its utilisation: size and distribution of the land area of the holding, in particular the 
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utilised agricultural area (arable land, kitchen gardens, permanent crops and meadows and pastures), as 
well as crops produced; 

• livestock: animals kept on the holding (cattle, sheep, goats, pigs, poultry, equidae and other animals); 
• machinery and equipments necessary to cultivate the land or manage the holding activity; 
• secondary activities (activities directly related to the holding using the resources and/or products of the 

holding) and agro-environmental aspects. 
The data on individual agricultural holdings are collected by all Member States and sent to Eurostat. 

The aggregated results are disseminated through statistical tables. 
Data are available on three different geographical levels. The NUTS nomenclature is used to define the 

geographical units: countries, regions and districts. The coverage is the whole EU through the enlargements. 
Norway provides data since 1999/2000 and Bulgaria and Romania since 2003. Since 2003, French overseas 
departments are covered and data are included. 

The structure of the European agriculture is extremely different among Member States and inside a 
single Member State. The variability of farm size is a relevant structural characteristic at Community level. 
Most of the holdings have a small size and are not important in economic terms even if they are interesting 
for analysis of rural development. On the other side a limited number of large farms represent a relevant part 
of the population in standard gross margin (SGM) terms and they are always included in the sample. 

In case of the basic surveys usually all holdings are observed, but there is the possibility to carry out 
the census on a sample base for certain characteristics. 

For intermediate surveys a random sample base can be used excluding the smallest units. 
According to the Community legislation the statistical unit observed in FSS is the agricultural holding 

defined as a single unit, both technically and economically, which has a single management and which 
produces agricultural products, which has 
• an utilized agricultural area of 1 ha or more, 
• an utilized agricultural area less than 1 ha if it markets products on a certain scale or if its production 

units exceed certain natural thresholds. 
A different survey threshold could be used by the Member State in order to exclude only the smallest 

holdings which together contribute 1% or less to the total standard gross margin (SGM), (Article 6 of 
88/571/EEC Council Regulation). 

Practically, this approach fixes a common rule leaving Member States free to choice an appropriate 
threshold. 

A better option to define the smallest holdings comes from the cut-off sampling theory (Bee, Benedetti 
and Espa, 2007). In sampling theory the large concentration of the population with respect to most surveyed 
variables constitutes a problem which is difficult to tackle by means of classical tools. One possible solution 
is given by cut-off sampling, which explicitly prescribes to discard part of the population; in particular, if the 
population is constituted by firms, the method results in the exclusion of the “smallest” firms. Whereas this 
sampling scheme is common among practitioners, its theoretical foundations tend to be considered weak, 
because the probability of inclusion of some units is equal to zero. 

Cut-off sampling is a procedure commonly used by national statistical institutes to select samples, but 
it is not easy to give a unique, clear-cut definition of the methodology. Roughly speaking, the population is 
partitioned in two or three strata such that the units in each stratum are treated differently; in particular, part 
of the target population is usually excluded a priori from sample selection.  

The basic formulation (Hansen et al. 1953, pagg. 486-490, Sarndal et al. 1992, pagg. 531-533), 
frequently employed in the field of price collection, is characterized by a threshold such that the units above 
this threshold are included in the sample with probability one and the units below the threshold are discarded, 
namely their probability of being included in the sample is zero. In this case, as noted by Haan et al. (1999), 
the sampling variance is zero by definition. An alternative interpretation is proposed by Hidiroglou (1986), 
who considers a stratum where, as before, all the observations are included in the sample, and a second 
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stratum where the units are not discarded but sampled. Finally, the most general approach considers three 
strata whose units are respectively enumerated completely, sampled and discarded. This type of stratification 
is particularly appropriate in agricultural surveys, because agriculture tend to have skewed distributions with 
many small firms and very few large firms. Thus, size has a considerable impact on the precision of survey 
estimates, and failure to notice that such populations should be stratified in the aforementioned manner may 
cause an underestimation of the population characteristics. When the distribution of the selection variable is 
concentrated in few large establishments, this methodology provides the investigator with a sample whose 
size is rather small but whose degree of coverage is high. 

In the sample design of the FSS the main problem concerns the choice of the stratification of the EU 
population. The stratification aims to divide the population into groups called strata using a stratification 
variable in a way that a precision of estimation for a variable of interest is minimal. 

Stratification is introduced into sampling designs for a number of different reasons: e.g. the need to 
take the sample from local frames or the need to obtain reliable estimates for sub-populations (domains) or 
the need to improve the estimators’ efficiency of global population parameters. 

In most situations, populations are either naturally stratified or can be easily stratified on the basis of 
practical considerations such as administrative subdivisions. In other cases, strata are established in order to 
satisfy interest in identifying characteristics of sub-populations. 

Most of the literature on “optimal stratification” (Horgan, 2006; Kozak, 2004) relies on the early works 
of Dalenius (1950) and Dalenius and Hodges (1957), whose solutions are still widely popular in applied 
survey sampling. 

This approach produces optimal stratification, in the sense of a minimum variance for the stratified 
estimator of the population mean, under the assumption that the (univariate) character of interest Y is known 
for each population unit. Since Y is unknown before sampling, a linearly approximated solution based on a 
“highly correlated” auxiliary variable (or set of variables) X, known for the entire population, is proposed. 
The optimality properties of these methods rely on distributional assumptions regarding the target variable Y 
in the population (Cochran 1977), the assumed linear relationship between Y and X, the type of allocation of 
sample units to the strata (whether proportional or optimal allocation, for example) and the sampling design 
within strata (typically simple random sampling). 

In the case of FSS the univariate stratified sampling is not the optimal solution because of the number 
of “target“ variables collected (UAA, livestock, labour force, means of productions). This suggests a more 
complex stratification scheme.  

In this paper we propose two multivariate stratified sampling for FSS survey: a Tree-Based Approach 
(Benedetti, Espa and Lafratta, 2007) and a Simulated Annealing Algorithm. 

The Tree-Based strategy plans to approach jointly the definition of a rule to partition the population 
into strata and the allocation of sampling units in the selected strata when the survey is multipurpose and 
multivariate information, quantitative or qualitative, is available. Strata are formed through a hierarchical 
divisive algorithm that selects finer and finer partitions by minimizing, at each step, the sample allocation 
required to achieve the precision levels set for each surveyed variable. In this way, large numbers of 
constraints can be satisfied without drastically increasing the sample size, and also without discarding 
variables selected for stratification or diminishing the number of their class intervals. Furthermore, the 
algorithm tends not to define empty or almost empty strata, thus avoiding the need for strata collapsing 
aggregations. The procedure was applied to redesign the Italian Farm Structure Survey. The results indicate 
that the gain in efficiency held using our strategy is nontrivial. For a given sample size, this procedure 
achieves the required precision by exploiting a number of strata which is usually a very small fraction of the 
number of strata available when combining all possible classes from any of the covariates. 

The second approach is based on an estimation model which assumes known the weight of the 
discarded units with respect to each variable; we compute the variance of the estimator and the bias, which is 
caused by violations of the aforementioned hypothesis. We develop an algorithm with minimizes the MSE as 
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a function of multivariate auxiliary information at the population level. Considering the combinatorial 
optimization nature of the model, we resort to the theory of stochastic relaxation: in particular, we use the 
simulated annealing algorithm. 
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ABSTRACT 
The European Community survey on farm structure gives comparable information on the member states, with the 

purpose of being used as a basic tool for designing the Common Agricultural Policy (CAP). This programme 

establishes that an Agricultural Census shall be performed every ten years and three sample-based surveys in the 

intervening years.  

According to the Community legislation the statistical unit observed in FSS is the agricultural holding defined as a 

single unit, both technically and economically, which has a single management and which produces agricultural 

products, which has an utilized agricultural area of 1 ha or more or an utilized agricultural area less than 1 ha if it 

markets products on a certain scale or if its production units exceed certain natural thresholds. 

A different survey threshold could be used by the Member State in order to exclude only the smallest holdings which 

together contribute 1% or less to the total standard gross margin (SGM), (Article 6 of 88/571/EEC Council Regulation). 

A statistical alternative to define the smallest holdings comes from the cut-off sampling theory, which explicitly 

prescribes to discard part of the population; in particular, if the population is constituted by firms, the method results in 

the exclusion of the “smallest” firms. 

In the sample design of the FSS the main problem concerns the choice of the stratification of the EU population. 

Most of the literature on “optimal stratification”, gives solutions that are still widely popular in applied survey 

sampling. 

In the case of FSS the univariate stratified sampling is not the optimal solution because of the number of 

“target“ variables collected (UAA, livestock, labour force, means of productions). This suggests a more complex 

stratification scheme.  

In this paper we propose two multivariate stratified sampling for FSS survey: a Tree-Based Approach and a 

Simulated Annealing Algorithm. 
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1.  Introduction 
 The new World Programme for the Census of Agriculture 2010 (WCA 2010) was issued by 
FAO in 2005 to help countries plan and conduct their national census of agriculture to be carried 
out during any year of the decade 2006-2015. This is the ninth programme in the series of World 
Censuses of Agriculture, and the seventh decennial programme issued by FAO. The Programme 
includes international concepts, definitions, standards and methodology for use by national 
institutions.  
 The new programme, besides maintaining the conventional role of agricultural census as provider of 
key structural data at lower geographic level, sees the agricultural census as the heart of the national food and 
agricultural statistics system.  Its role towards monitoring of Millennium Development Goals (MDGs), and 
monitoring and measurement of poverty and food security is steadily increasing. The new programme gives 
special attention to this aspect. It especially shows how agriculture-related community level data, e.g. the 
effectiveness of agricultural produce markets, could be collected easily through the agricultural census, to 
meet increasing demand for such information. These are particularly useful for preparing targeted 
programmes for development of rural areas. 
 Additional new features of this programme are the following: 

• A modular approach has been introduced. The core census covers all agricultural holdings but 
collects only a limited range of items. Supplementary modules are administered on samples chosen 
from the core census;  

• Emphasis is given to integrating national agricultural and population censuses for greater synergy 
and cost-effectiveness; 

• The option of combining the agricultural and the aquaculture censuses is included; 
• The option to include households that are not agricultural producers is considered; 
• Data content, concepts, definitions and classifications have been updated and improved. 
• A concept of sub-holding has been introduced to better capture the data on contribution of women. 

 In order to increase the utility of data collected through the agricultural census the concepts and 
classifications recommended for WCA 2010 have been aligned to standard international practices, 
particularly to the national accounting framework. In particular, the classification of crops has been 
harmonized with the latest version of Common Product Classification (CPC). The classification of land use 
has been fine-tuned to collect data for seven elementary land categories which could be further broken down 
by countries according to their needs. A classification on livestock and one on agricultural machinery have 
been included in the new document. The scope of agricultural census within the framework of International 
Standard Industrial Classification of all Economic Activities (ISIC) has been examined in detail to establish 
clear linkage with the national accounts framework.
 This paper reviews new features concerning data items to be covered, the relation between the 
agricultural census and related surveys and censuses, and the role of agricultural census in monitoring 
emerging concerns at world summits. 

2.  Expanded list of data items and Modular approach 
The new programme (WCA 2010) has recognized the need for international comparison as well as the 

challenge faced by countries to collect data on a variety of new subjects. The new programme gives guidance 
to countries on a large set of data items, in addition to 16 key items recommended for inclusion in countries’ 
census programmes. They are grouped into 12 themes. The concepts relating to many completely new data 
items have been explained, particularly in the areas of: 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 2156 -



2

• Agricultural practices; 
• Agricultural services; 
• Aquaculture; 
• Irrigation and water management; 
• Livestock rearing cycles; and 
• Management of the holding.  

 The new programme offers to the countries a great amount of flexibility to design their census 
programme taking into account their needs, priorities and resource availability through the adoption of a 
modular approach. Under this approach, a core census module, to be conducted on a complete enumeration 
or large sample basis, will provide a limited range of key data at lower administrative level. The programme 
lists 16 items for inclusion in the core census module of all countries for key international comparison 
purposes. The core module also provides frames for further data collection operations to be carried out in 
agricultural sample surveys. One or more census supplementary modules could be conducted on a sample 
basis as part of the census or soon after it to provide more in-depth data on a selected field. These optional 
items would be important for national policy-making, and would at the same time be useful for making inter-
country comparisons. As these selected modules are integrated to the core census items, even though they are 
carried out at different points of time, they will offer a cost-effective solution to data production and enhance 
the scope for analysis. 
 Responding to a great demand for data at village or commune level, the new programme has specially 
addressed this issue. The programme identifies a list of data items which may not be suitable for collection 
from agricultural holdings. The appropriate statistical unit for gathering such data is the community.  There 
are 33 community level data items identified in the programme covering the data domains of: geography of 
the community, socio-economic conditions, community infrastructure, services and development 
programmes. The programme encourages the countries to include this component according to national 
circumstances and data requirements. While selecting the data items for inclusion in the agricultural census, 
it is to be noted that ample opportunities to interface this data with other similar data from other sources also 
exist. 

3.  Agricultural Census in the National Statistical System 
 National censuses are extremely large and costly undertakings. However, in the past, many countries 
have seen their agricultural census as an independent statistical exercise separated from their programme for 
the collection of other agricultural statistics. Such an approach tends to be costly and often leads to divergent 
data from various surveys. The new programme provides for agricultural censuses to be conducted as the 
central component of the system of agricultural sample surveys. Under this scenario, the agricultural 
census/survey programme can be viewed as having two related elements: (i) the agricultural census; and (ii) 
the series of agricultural sample surveys based on the agricultural census, called the thematic agricultural 
surveys. 
 There is also considerable commonality between the population and housing census and the census of 
agriculture.  For this reason, FAO has worked closely with the United Nations Statistics Division to explore 
ways in which the relationship between the two censuses can be strengthened that can save costs and enhance 
the usefulness of the data. The possibilities of integration of the two censuses exist in the following ways: 

• use of common concepts, definitions and classifications; 
• sharing field materials; 
• using the population census as a household frame for the census of agriculture; 
• making use of agriculture-related data from the population census; 
• collecting additional agriculture-related data in the population census; 
• linking data from the two censuses; 
• conducting the two censuses as a joint field operation. 

 The WCA 2010 stresses that the opportunity for coordinating the various national census activities 
should be actively explored at an early stage in the census planning process, and be taken into consideration in 
developing national statistical plans. Countries should make the necessary administrative arrangements to foster 
close collaboration between the census development teams and to ensure that all avenues for coordination are 
explored.  
  An opportunity for integration of an agricultural census with an aquaculture census also exists, wherever 
aquaculture production industry is important and such a census is to be conducted. There is a strong interest in 
many countries to link aquaculture with agriculture by carrying out the agricultural and aquaculture censuses 
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together. Agriculture and aquaculture are seen to be closely related because:  
• Aquaculture involves the raising of fish in captivity or cultivation of aquatic plants, which is 

analogous to rearing of livestock or cultivation of crops under agricultural production.  
• Aquaculture is often integrated with agricultural production, such as in rice-cum-fish culture.  
• Aquaculture and agriculture commonly share the same inputs, such as machinery and labour.  

  The WCA 2010 provides an option to conduct an aquaculture census at the same time as the census of 
agriculture to cover all aquaculture production, and yet keeping it conceptually separate from agricultural 
census. Countries are strongly urged to examine this option if aquaculture is an important sub-sector in their 
economy. 
 The integrated approach to survey/census planning could particularly prove cost-effective in small island 
countries where carrying out a statistical operation such as a census is a rare opportunity. Integrating the 
surveys and censuses also increases the scope of analysis of data gathered through various statistical operations, 
and hence enhances the utility of existing data for policy makers.  

4.  Agricultural Census and World Summits 
 FAO has been entrusted the task of monitoring progress towards the targets set by the World Food 
Summit by 2015. The Organization also contributes to the targets specified in the Millennium Development 
Goals (MDGs). As country level policies are the main instruments for achieving the MDGs, the country-
level monitoring of the progress towards these Goals has thus become an important element in formulating 
economic development strategies, and countries have begun to focus on the need for MDG-related indicators 
as a key component of the national statistical programme. A variety of data sources are being sought for this 
purpose. Considering that a census of agriculture is one of the largest national statistical operations 
undertaken by a country, WCA 2010 advocates its use as a potential source of data for monitoring the 
MDGs.  The programme shows that at least eight indicators to monitor five different MDGs could be 
obtained to a great extent through agricultural census programme. Agriculture census data could be 
particularly useful in monitoring: 

• Eradication of extreme poverty, 
• Achievement of universal education, 
• Promotion of gender equality and empowerment, 
• Ensuring environmental sustainability, 
• Development of global partnership for development. 

  The new modular approach recommended for the current round of agricultural censuses, based on the 
census core and supplementary modules, together with the programme of agricultural surveys, enhances the 
usefulness of the agricultural census/survey programme as a source of data for MDG monitoring. Countries 
should endeavour to carry out regular agricultural surveys, using frames obtained from the census of 
agriculture, to provide additional MDG-related data to complement the data collected in the census of 
agriculture.  
 Newer strategies for sustainable development and agrarian reform are being sought. The focus of 
these searches often tends to be on the challenges confronting the under-privileged communities in rural 
areas around the globe. FAO has been given the mandate at the International Conference on Agrarian 
Reforms and Rural Development (ICARRD) in March 2006 to identify the indicators to monitor the 
implementation of the latter’s declaration. The declaration reiterated the importance of traditional and family 
agriculture, and other small-holder production as well as the roles of rural communities in contributing to 
food security and the eradication of poverty. Community-level data, at the village or the commune level, can 
be useful for this purpose. Information on the infrastructure and services available to holdings would help in 
formulating, executing and evaluating community projects. Data on whether the community is prone to 
natural disasters or subject to seasonal food shortages can also be of interest for food security analysis, 
particularly of rural people.  
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ABSTRACT 
The new World Programme for the Census of Agriculture 2010 has been issued as guidance to 

countries in the preparation for their agricultural censuses to be undertaken during the decade 2006-2015. It 
has many new features as compared to the previous Programmes, in particular the data items to be covered, 
the relation between the agricultural census and related surveys and censuses, and the role of agricultural 
census in monitoring emerging concerns at world summits. The paper presents these new aspects focusing 
on the recommendations to: (i) collect data at community level to help meet the increasing demand for such 
data by policy makers, planners and development partners; (ii) include new data items on agricultural 
services, agricultural practices and aquaculture; (iii) adopt a modular approach for the census taking; (iv) 
establish linkage between agricultural census and other major statistical undertakings such as population 
census; and (v) the role of agricultural census in obtaining indicators useful for monitoring the Millennium 
Development Goals. 
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This paper addresses the question of how to design a set of standard tables efficiently in order to avoid 
that numerous higher level aggregates must be suppressed as a consequence of too much detail in the tables. 
The structure of the paper is as follows: It briefly introduces into cell suppression methods for complex 
tabular structures and in particular into the modular optimization method of the software package τ-ARGUS 
we used for our experimentation. In order to define linked tables protection problems that can be solved 
efficiently, we suggest to eventually redesign hierarchical tables. Section 2 proposes methodology to 
determine a suitable recoding of a hierarchical variable. The methodology has been tested using data of the 
German turnover tax statistics. Some empirical results are reported in section 3. 
 
1. Background: Cell suppression in linked tables 

Apart from information about respondent economic activity and geographic location, statistical offices 
collect information on several other properties (like size class) that might be used for grouping respondents. 
While with modern technologies it is no problem anymore to generate any kind of tables, or, by means of 
data-warehousing systems, to allow users to construct their own tabulations, solving the corresponding 
disclosure control problems consistently by means of secondary cell suppression is still a very complex task. 
A naïve approach would be to construct a huge n-dimensional table, set up by cross-combination of all 
potentially interesting grouping variables, and to process this as a single table by cell suppression. 
Unfortunately, this strategy will never work in practice. Not – at least not in the first way – because of the 
enormous computer resource requirement problems that it may impose, but because of the effect that more 
detail in a table leads to more secondary suppressions – and unfortunately a part of that additional 
suppression tends to affect higher level aggregates. This cannot be justified, considering that the majority of 
cells in such a huge n-dimensional table will be neither statistically meaningful, nor relevant, and must in 
fact be suppressed anyway in most cases. Instead, statistical agencies usually produce several standard tables, 
designed to cover most of the user interest. Usually those tables overlap each other, e.g. they are linked and 
must be protected consistently. 

When tables are linked through simple linear constraints, secondary cell suppressions must obviously 
be coordinated between those tables. Otherwise it might for instance happen that the same cell is suppressed 
in one table because it is used as secondary suppression, while within another table it remains unsuppressed. 
Basically, there are two alternative options to prevent this: the first option is to include all the linking 
constraints into the formulation of one single secondary cell suppression problem. The alternative is to break 
this big, original cell suppression problem into a set of sub-problems, e.g. to select secondary suppressions in 
a set of individual tables (or sub-tables1, respectively). While processing those individual (sub-) tables 

                                            

1 Note that throughout this paper, when referring to sub-tables, we think of sub-tables that are 

without substructure. For an introductive discussion of hierarchical table structures in the context 

of tabular data protection see [2]. 
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separately, we note any secondary suppression belonging also to one of the other (sub-) tables, suppress it in 
the other (sub-) table as well, and carry out (if necessary: repeat) the cell suppression procedure for this other 
(sub-) table. This approach is called a ‘backtracking procedure’. Although within a backtracking process the 
cell-suppression procedure will usually be repeated several times for each (sub-) table, the number of 
computations required for the process is normally much smaller compared to the processing of a single big 
problem. 

The software τ-ARGUS offers a choice between four different approaches for the selection of 
secondary suppressions. Of those four approaches, based on the results of extensive testing with large, 
hierarchical, mostly 2-dimensional (in a few instances: 3-dimensional) tabular economic data, [2] 
recommends use of the method Modular [1]. This method takes a backtracking approach, applying the 
Fischetti/Salazar Linear Optimization algorithm [4] to select secondary suppressions within the individual 
sub-tables. 

Unfortunately, the current version of τ-ARGUS does not yet offer processing of general linked tables 
with Modular. Users are left to construct their own specific backtracking applications, and to somehow 
integrate τ-ARGUS calls into them. Section 4.3.3 of [2] gives an idea of how to construct such a procedure. 

In some instances, iterative backtracking can be avoided. This is the case, if only secondary 
suppressions selected in the table processed first must be carried over to the other tables, because it can be 
achieved that in the other tables all cells belonging also to one of the other tables remain unsuppressed, 
except those which were already suppressed in the first table. We refer to this as non-iterative processing in 
the following. 

Often however, the Modular method will be unable to provide a feasible a solution, when all cells 
which remained unsuppressed in tables processed in an earlier step of the procedure are made ineligible for 
suppression. Backtracking cannot be avoided then. In order to avoid the additional computational complexity, 
except for the addition of new suppressions, backtracking procedures normally do not allow changing the 
suppression pattern of a table once the table has been processed. Therefore, obviously, there is no general 
guarantee that a backtracking process will come to a non-trivial solution, e.g. it may turn out in the worst 
case that all cells are suppressed finally. If a backtracking process is the only option to protect a set of linked 
tables, those tables must not be too detailed - otherwise overprotection problems will arise. The amount of 
detail in the tables should be balanced which may require some initial table redesign. In hierarchical tables 
this can easily be achieved by recoding a hierarchical classification2. 

 
2. A method to determine a suitable recoding for a hierarchical classification 

We address the following situation: there is a table T0 where at least one classification variable has 
detailed hierarchical tree structure H0 . We assume T0 to be part of each table in the set of linked tables. 
Except for those common T0 cells, there are no other links between the tables. We further assume that there is 
a certain order of ‘importance’ in the set of linked tables, e.g. tables are constructed, and processed in such a 
way that the first table gives the most relevant information, while the information given in the other, 
subsequent tables may also be of some relevance, but is less important. As a consequence we consider 
recoding of H0 to be allowed concerning any subsequent table Ts, but not regarding the first table. We say a 
recoding of H0  is adequate for table Ts, if it is possible to protect the corresponding recoded table T`s 
together with the first table by non-iterative processing. The following describes a strategy to obtain for a 
particular subsequent table the most detailed recoding of H0 that is adequate. 

We begin by trying to protect Ts
l together with the first table by non-iterative processing at l = 1,2,…. 

By Ts
l we denote the recoded version of table Ts corresponding to the level-l-recoding of H0, where level-l-

recoding denote the part of the hierarchical tree of H0 including all the nodes of H0 from the lth level on up to 
the top-node. After obtaining l*, the maximum l for which the non-iterative processing is successful, we 

                                            

2 See section 4.4.2.2 of [3] for illustration. 
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attempt to protect subtables Us
i together with the first table and Ts

l by non-iterative processing for i = 1,2,….. 
By U1s

i we denote the subtable of the Ts that is given by cross-combination with the categories that 
correspond to the ith node of H0 and the nodes belonging to it on then next lower level l* + 1 . Let I1 denote 
the set of nodes for which the non-iterative processing was successful. If i + 1 is not the lowest levels of H0 , 
we then attempt to protect U2s

i together with the first table and Ts
l by non-iterative processing for all i in I1. 

U2s
i denote the extract (i.e. set of subtables) of Ts given by cross-combination with the categories that 

correspond to the ith node of H0 and the nodes belonging to it on the two next lower levels l* + 1 and l* + 2. 
Let I2 denote the subset of nodes in I1 where the non-iterative processing was successful. If K* is the number 
of levels of H0 below level l*, we continue the process until in the same way we have determined the subset 
IK*  of IK*-1 by attempting to process table extracts UK*s

i. Finally, we merge Ts
l* with any of the extracts Uks

i 
(k = 1,…, K*) where i belongs to Ik, . The recoding of H0 that corresponds to the resulting table is the most 
detailed recoding to H0 that is adequate. The corresponding redesigned versions of the subsequent tables can 
obviously be protected together with the first table by non-iterative processing. 

It may, however, be difficult to integrate this kind of processing a set of linked tables into an actual 
production process, unless offered as a functionality of τ-ARGUS (which is not the case). In order to avoid 
having to do the subtable-processing with τ-ARGUS, we analyzed certain properties of the subtables, 
attempting to construct a score function that allows to determine a recoding of H0 that is similar to the ‘most 
detailed adequate’ one simply by evaluating certain subtable properties, like the number of primary 
suppressions, or of the secondary suppressions of the first table carried over to this subtable, etc.. Naturally, 
it cannot be expected for this ‘similar’ recoding that a corresponding redesigned subsequent table can be 
protected together with the first table by non-iterative processing. But hopefully the backtracking will stop 
after a few iterations for these not too detailed tables, and not cause too much oversuppression. 

 
3. Empirical Results 

We have tested the method of section 2 on a set of three tabulations of the variable ‘turnover’ of the ca. 
2.9 mio records of the German turnover tax statistics resulting from cross-classifications of the variables 
NACE, Region, SizeClass and LegalForm. The NACE classification for the tabulations involves 1650 
categories within a 7-level hierarchical structure, considered as tree structure H0  The first table is given by 
cross-classification of H0 with the 4-level hierarchical classification REG-4 of Region down to the district 
level, involving 496 categories. The 2nd level of REG-4 consists of the 16 state-level categories. The two 
subsequent tables are T2 (turnover by NACE, state and size class) and T3 (turnover by NACE, state and legal 
form). Both, the size class and the legal form classification are non-hierarchical and involve 9 categories 
each. The common table T0 is thus the table ‘turnover by NACE and state’ with 25728 non-zero cells and 
3764 primary suppressions. 

Protecting the first table with the Modular optimization method of τ-ARGUS resulted in about 2500 
secondary suppression in T0 . An attempt to process T2 ignoring the linked tables problem caused about 3200 
secondary suppressions in T0 . About 550 of the secondaries resulting from protecting the first table were not 
selected as suppressions. A backtracking procedure would force those to be suppressed in T2 as well. So, 
after processing T2 in the first iteration we would probably end up with much more than 3200, i.e. much 
more than 700 additional suppressions in T0 .We considered this as too much.  

The method of section 3 provided the following results: l*= 5 for both, T2 . and T3 . On that level (a.k.a. 
‘3-digit-level’ of NACE) there are 106 nodes. I1 and I2 turned out to contain 34 and 20 nodes in the case of 
T2 ., 44 and 17 nodes in the case of T3. Exploration of the subtables and table extracts corresponding to the 
nodes falling into I1 and I2 provided some evidence that the score-function S could be useful to determine a 
recoding of H0 that is similar to the ‘closest adequate’ one in certain situations: 

S(i) = P_marg(i) - U(i) - 0.5 U_inner(i) , where P_marg, U and U_inner denote decile-ranks of the rate 
of suppressed (U) and unsuppressed cells (P) in the marginals of the subtable (_marg), i.e. those cells that 
also belong to the first table and to T2

5, and those that do not, e.g. the _inner cells, resp.. 
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Figure 1 below shows that the utility of including a node i into the recoding of H0 expressed as the rate 
of unsuppressed (i.e. publishable) inner cells of the corresponding subtable(s) after protection together with 
the first table and Ts

l by non-iterative processing3 tends to increase for larger values of the score function. 
When attempting to construct a suitable recoding one could thus start by replacing I1 of the procedure of 
section 2 by the set of nodes with the highest values of the score function. But note, that even at high score 
values we observed nodes where processing the corresponding subtable(s) together with the first table and Ts

l 
by non-iterative processing fails. It must therefore be expected that, if a recoding is determined by using the 
score-function instead of the subtable-processing with τ-ARGUS, some backtracking will be necessary. 

 
Figure 1: Subtable Utility by value of the score function 

    

a) I1 node subtables of Table 2 b) I1 node subtables of Table 3 c) I2 node extracts of Table 2 d) I2 node extracts of Table 3 
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RÉSUMÉ (ABSTRACT) — optional 

Cell suppression backtracking heuristics are a common method for table-to-table protection of large 2- 
and 3-dimensional linked tables. Depending on the amount of detail in the tables, backtracking may lead to 
massive over suppression. In this paper, we suggest to redesign some of the tables in advance of (or in the 
course of) disclosure control processing. We particularly address the common situation where tables share a 
hierarchical table. The idea is to use recoded variants of this hierarchy for redesigning some of the tables. 
Ideally, the recoding should be the most detailed recoding of the original classification with the property that 
a selected original table can be protected together with another table redesigned according to the recoded 
hierarchy by non-iterative processing as explained in the paper. The best recoding can be determined by 
solving a set of sub-table protection problems. Alternatively, a suitable recoding could be determined using a 
score-function that evaluates certain sub-table properties. 

The concept was tested on tabulations of the German turnover tax statistics, using τ-ARGUS Modular 
as secondary cell suppression algorithm. It has been established that for larger values of the suggested score-
function the rate of unsuppressed cells of a subtable actually tends to increase. Further research will be 
necessary to identify score values that indeed help to set up linked tables problems that can be solved 
efficiently. 

                                            

3 Rate set to zero for i not in I1 
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Software for Tabular Data Protection 
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Methodology, 3311 Toledo Rd., Room 3121,  Hyattsville, MD 20782, U.S.A. 
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Abstract
A major responsibility of U.S. federal statistical agencies is the protection of confidential data provided by 

sample person and establishment respondents through different types of surveys (population-based, establishment, 
vital records, mail, telephone, or web-based).  Survey respondents agree to provide and trust agencies with 
confidential data in return for agencies’ pledge (under penalty of law) that this information will only be used for 
statistical purposes and not be used for identifying respondents. These data are an absolute necessity for making 
national health policy, for decision-making in public health matters, and for protecting the lives and well-being of 
the American people. The two major types of data that are of concern in protecting are microdata and data that have 
been summarized as counts in tables. Even if the collected microdata have been stripped of personal identifiers, there 
is always the possibility of an outside user gaining more information about specific records (persons or 
establishments) by linking the microdata file with external files. Therefore, extreme caution must be exercised when 
releasing public use files. For tabular data, respondents may be identified directly from small cell counts or 
respondent contributions to heavily concentrated cells of magnitude data that may be approximated by the same cell 
value. Indirect disclosure is possible in tables through manipulation of additive tabular relationships between cell 
values and marginal totals in two-way tables.  Two-way statistical tables are essential in producing official statistics. 
This paper describes a desktop software system (see Gonzalez and Cox [1] for further details) that implements four 
standard disclosure limitation techniques for protecting tabular data in two-dimensional tables: complementary cell 
suppression, minimum-distance controlled rounding, unbiased controlled rounding, and controlled rounding subject 
to subtotals constraints, and a fifth, new method:  controlled tabular adjustment, and summarizes the five methods. 
Copies of this software have been shared throughout the world.

Introduction
The National Center for Health Statistics (NCHS), Centers for Disease Control and Prevention, is a U.S. federal 

statistical agency which collects, summarizes, and releases health information (vital and health statistics) in the form 
of microdata and tabular data in its publications. The data collection operations and data dissemination activities of 
the NCHS depend upon the voluntary cooperation of States, of establishments, and of individuals who provide the 
information required by its programs under an assurance that such information will be kept confidential and be used 
only for statistical purposes (NCHS [2]).
 Data collection and data dissemination activities of the NCHS must adhere to the authority and restrictions of
Section 308(d) of the Public Health Service Act ([3]) which provides in summary that no information obtained in the 
course of its activities may be used for any purpose other than the purpose for which it was supplied, and that such 
information may not be published or released in a manner in which the establishment or person supplying the 
information or described in it is identifiable unless such establishment or person has consented. 
 Moreover, the NCHS and other federal statistical agencies have an ethical responsibility to preserve respondent 
confidentiality, stemming, e.g., from the Code of Professional Ethics of both the American Statistical Association 
and the International Statistical Institute.  By pledging confidentiality of identifiable data, federal statistical agencies 
can maintain high respondent confidence, high response rates, and data accuracy.   
 Data that could be used to identify a respondent are perturbed or removed from microdata files prior to release 
of public use files. The other type of statistical disclosure is the possible identification of individuals or 
establishments via tabular data.   It is possible to directly identify respondents from small cell counts in tables of 
categorical data or, in magnitude data, where respondent contributions to heavily concentrated cells may be closely 
approximated by the cell value.  It is also possible to indirectly identify respondents in tables through manipulation 
of additive tabular relationships between cell values and marginal totals, e.g., manipulating rows and column totals 
in a two-way table. Two-way statistical tables are essential in producing official statistics. In collaboration with 
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OptTek Systems, Inc., the NCHS has sponsored the development of statistical disclosure limitation software for two-
way tables. This paper outlines features of the software and the five different statistical disclosure limitation (SDL) 
functions used:  cell suppression; minimum-distance controlled rounding; unbiased controlled rounding; controlled 
rounding subject to subtotal constraints; and controlled  tabular adjustment.  This software represents the first 
product that implements these SDL procedures in a common mathematical and software framework.  The software 
system is referred to as the NCHS Confidentiality Protection Utility for Tables (NCHSCPUT). 

Data Protection Methods
 This paper outlines features of the software and the five different SDL functions used: cell suppression; 
minimum-distance controlled rounding; unbiased controlled rounding; controlled rounding subject to subtotal 
constraints; and controlled tabular adjustment. Each of the five subsections that follow describes one of these SDL 
functions and some features of the corresponding software module. 
 Two-dimensional tables enjoy mathematical properties absent from higher-dimensions (Cox [4]).  Fortuitously, 
a two-dimensional table can be modeled as a mathematical network which can result in considerable reduction in 
computational time when optimizing certain functions. Some complex optimization functions involving integer 
variables, which could require exponential computing time, can be performed instead by using computationally 
efficient continuous linear methods, which require only polynomial (quadratic) computing time.  Since two-
dimensional tables are widespread in statistical analysis, the NCHS sponsored the development of this software 
suite.

Complementary Cell Suppression Function 
The complementary cell suppression function suppresses from publication the values of all small cell counts 

(the disclosure or primary cells) representing direct disclosure of confidential data on individual respondents. In 
addition to suppressing disclosure cells, this function suppresses a sufficient number of appropriately selected  
nondisclosure cells (the complementary cells) to ensure that a third party cannot reconstruct or narrowly estimate 
confidential respondent data by manipulating rows or columns containing released and suppressed table values. 
 The criterion for ascertaining which cells are at risk (disclosure cells) is determined by applying a quantitative 
disclosure rule to the cell data.  Typically, for count data, a nonzero cell is considered at risk  (i.e., a disclosure cell) 
if its value is below a specified threshold, e.g., n = 5.  Cells which contain zeros can be, but most frequently are not, 
regarded as disclosure cells. For magnitude data, many disclosure rules are possible, but notable is the p-percent rule
that declares disclosure whenever the cell value minus the contribution of the second largest contributor is less than 
(100 + p)-percent of the contribution of the largest contributor.  This rule protects each contributor from having its 
contribution divulged to a competitor any closer than p-percent of its value. 
 If a cell is identified as a disclosure cell and suppressed using the disclosure rule, the question then  arises as to 
how much additional protection is necessary to reach an acceptable level of disclosure risk.  Cox ([5]) provides a 
methodology for doing so, which has been incorporated within this software.  For the n-threshold rule, the answer is 
n minus the cell value. For the p-percent rule, the answer is p-percent of the largest contribution minus the sum of 
the “smaller” contributions, viz., the 3rd, 4th, etc. largest contributions.  The amount of additional protection required 
for each disclosure cell, called its protection limit, must be maintained in each equation (row, column, etc.) 
containing the cell, as well as in combinations thereof.   
 The cell suppression problem presents a mathematical and computational challenge. The objective is   to select 
complementary cells that provide sufficient disclosure protection while minimizing the amount of information lost 
due to suppression. In cell suppression, information loss is typically measured as: number of cells suppressed, total 
value suppressed, total percent of value of suppressed, or other functions such as total of logarithm of one plus value 
suppressed.  Consequently, the choice of objective function is an important one for the data provider: the 
mathematical methods and software will produce an optimal solution with equal ease for different objective 
functions, but the resulting solutions can be quite different.  It is important that the provider, through prior 
experimentation or established policy, understand the qualitative difference likely to result from the specification of 
a particular objective function. 
 The complementary cell suppression function in the NCHSCPUT is a method based on mathematical networks 
of Cox ([6]).  This optimization procedure which is implemented in the software performs via (network) linear 
programming. 
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Controlled Rounding Function
The second SDL function in the software is controlled rounding  which replaces each entry (including totals) in 

a one- or two-way table A by an  integer multiple of a specified positive integer rounding base B subject to the 
following requirements:  

(1) each entry in table A is rounded to an adjacent integer multiple of B; that is, an entry  is rounded to either 
B[a/B] or B([a/B] + 1), where [ ] is the greatest integer function, and

a

 (2) the sum of the original values for any row (or column) of table A equals the rounded value of the 
corresponding row (or column) for the rounded table, R(A). Similarly, rounded values of the row and column totals 
both sum to the rounded grand total. 

Minimum distance (or optimal) controlled rounding can be achieved by presenting this problem as a capacitated 
transportation problem whose objective function is minimized with respect to the lp  norm, 1 p < , where the 
objective function is the pth  root of the sum of the pth powers of the absolute values of the differences between 
rounded and unrounded entries of A. That is, the objective function to minimize with respect to lp  norm is: 

m n
1/pp

p ij
i=1 j=1

[  R(A), A] = ( R( ) - .)l a ija

 It was shown by Cox and Ernst [7] that this objective function can be expressed as a linear function of 
appropriate variables, thus defining a linear program.  In general, this function has a geometrical, and not statistical, 
interpretation (namely, minimum of a corresponding Euclidean distance).  However, other linear functions can be 
employed to optimize statistical properties, e.g., sum of differences between rounded and unrounded entries 
minimizes change to the table mean resulting from rounding.   
 The methodology that the controlled rounding function in the software is based on is described by Cox and 
Ernst [7] and Causey, Cox, and Ernst [8].  Ernst [9] showed that, unfortunately, controlled rounding cannot be 
extended to three- or higher-dimensional tables in all cases.  Often, exact methods for two-dimensional tables as 
described here are applied iteratively to the vertical planes of a three-dimensional table to produce approximate 
results.

Unbiased Controlled Rounding Function
 The third SDL function in the software is unbiased controlled rounding. The objective here is to construct a 
controlled rounding table R(A) of A satisfying: E[R (aij)] = aij for all table entries.  In lieu of optimizing with respect 
to a Euclidean measure of distance, the desired solution preserves original values with respect to the statistical 
criterion expectation.  Each table entry which relies on a probability measure is rounded down or up, as follows.  Let 
r denote the remainder of the cell value after division by the rounding base B; 0 < r < B.  Round the cell down with 
probability (B - r)/B; round the cell up with probability r/B.  The implementation does not rely on linear 
programming per se but on a specialized algorithm from mathematical programming known as the stepping stones 
algorithm.  See Cox ([10]) for details. 
 The conditions for unbiased controlled rounding are that every entry a of table A satisfy the following:
1. R(a) = B[a/B] or  B([a/B]+1)

2. R(A) is additive 

3. R(a) - a  < B 

4. E[R(a)] = a.
 The unbiased controlled rounding function that is used in the software is based on the methodology of Cox ([10]).  

Controlled Rounding Subject to Subtotal Constraints
 The fourth SDL function in the software is controlled rounding subject to subtotal constraints function that is 
used in the software is based on the methodology described by Cox and George [11].  The methodology used in this 
function is similar to that used for controlled rounding as discussed earlier, but seeks as well to preserve additivity to 
subtotals along rows or columns of the table, at least to within “base” units of the original subtotal.  It was shown by 
Cox and George [11] how this could be done along any number of  rows or columns of the table, and in addition that 
one may fail if trying to preserve subtotals along both rows and columns.  Recall that controlled rounding for a two-

3
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way table was presented as a capacitated transportation problem.  This function extends that methodology to tables 
with subtotals along one, but not both, dimensions.  

Controlled Tabular Adjustment Function
 The fifth SDL function in the software is a newer method, controlled tabular adjustment (CTA) which was 
introduced by Dandekar and Cox [12] as an alternative to complementary cell suppression.  The Dandekar-Cox 
method replaces the value of each disclosure cell by either of its closest safe values, viz., cell value plus or minus the 
protection limit, and uses linear programming to make small adjustments to other cells to restore the additive tabular 
structure.  For count data, the safe value is either zero or the threshold n. Adjustments to other values are controlled 
by capacitating changes to be small. In the output file (table), the disclosure cells are highlighted in blue on the 
computer screen; other cells that are modified are highlighted in red on the computer screen.
 In the current software implementation, a factor is used to randomize the results of tabular adjustment. 
Therefore, performing the procedure more than once on the same input file will generate different outputs.   

Future Research and Development
 The software developed for this project is a tool which features some of the different SDL methods for 
protecting potential disclosure cell values in two-way tables.  One of the goals of this project is to develop 
production level software that can be embedded into NCHS data analysis activities, for example, the NCHS 
Research Data Center (RDC). We expect to incorporate new and improved methods into the software as they 
become available. SDL research continues at NCHS and elsewhere, in particular, controlled tabular adjustment 
(CTA) research is ongoing.  As a result of all the SDL research that has transpired, a large body of research (risk vs. 
utility) has risen in the area of data quality as a result of applying SDL procedures. An example of research 
addressing data quality and data confidentiality concerns (via CTA) is Cox and Kelly ([13]).

REFERENCES
1. Gonzalez Jr., JF and Cox, LH. Software for tabular data protection. Statistics in Medicine, 2005; 24:659-669. 
2. National Center for Health Statistics Nondisclosure Affidavit (unpublished internal document). 
3. National Center for Health Statistics website (http://www.cdc.gov/nchs/about/policy/confiden.htm)
4.  Cox LH.  On properties of multi-dimensional statistical tables.  Journal of Statistical Planning and Inference
2003; in press.
5.  Cox LH.  Linear sensitivity measures in statistical disclosure control.  Journal of Statistical Planning and 
Inference 1981; 5, 153-164. 
6. Cox LH.  Network models for complementary cell suppression.  Journal of the American Statistical 
Association 1995; 90, 1453-1462. 
7. Cox LH, Ernst LR.  Controlled rounding.  INFOR 1982; 20, 423-432. 
8. Causey BD, Cox LH, Ernst LR..  Applications of transportation theory to statistical  problems.  Journal of the 
American Statistical Association 1985; 80, 903-909.
9.  Ernst LR .  Further applications of linear programming to sampling problems.  Technical Report–
Census/SRD/RR-89-05.  1989; Washington, DC: US Census Bureau, Department of Commerce.  Available: 
http://www.census.gov/srd/www/byname.html
10. Cox LH.  A constructive procedure for unbiased controlled rounding. Journal of the American Statistical 
Association 1987; 82, 520-524.
11. Cox LH, George JA.  Controlled rounding for tables with subtotals.  Annals of Operations Research 1989;
20, 141-157.
12. Dandekar RA, Cox LH.  Synthetic Tabular Data - An Alternative to Complementary Cell Suppression 
(unpublished manuscript), February 27, 2002.
13.  Cox LH.,  Kelly JP.  Ensuring data quality and confidentiality for tabular data. Proceedings of the 
UNECE/Eurostat Work Session on Statistical Data Confideniality (Invited Paper), April 2003, Luxembourg; to 
appear.  Available: http://www.unece.org/stats/documents/2003.04.confidentiality.htm

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 2168 -



The Argus Software  
Hundepool, Anco 
Statistics Netherlands, Methodology Department 
Pr. Beatrixlaan 428 
P.O. Box 4000, 2270 JM Voorburg, The Netherlands 
E-mail: ahnl@cbs.,nl 
 
Introduction 

Privacy protection is getting more and more important these days. On the one hand side the individuals 
become more and more aware of the consequences of the possible abuse of their private information, so they 
are interested in the protection of this information. On the other hand the governments are facing the threats 
of groups trying to undermine our modern society and therefore the governments try to use all options to 
protect the society. Sometimes they think that the collection of vast amounts of (privacy sensitive) 
information will help them. The balance between the right to know and the right to hide is at risk. 

Traditionally National Statistical Institutes (NSIs) collect vast amounts of information, with the sole 
intention of describing the society. High quality information about society is a prerequisite for good 
government. Decision-makers demand for good reasons more and more detailed statistical information. So 
there is a growing tension between the amount of detail that NSIs can publish and the privacy protection. As 
NSIs have collected very rich detailed databases with individual information for these tasks and as modern 
researchers have the capacity to perform complex statistical analysis on their powerful PCs there is a natural 
desire from the researcher to perform their statistical analysis on these rich databases. 

Therefore there is a growing pressure on the statistical offices to publish more and more detailed 
information. But the Statistical Institutes have to preserve the balance between their task as a data provider 
and their obligation to preserve the privacy of the respondents, who have trusted their individual information 
to them. Without respondents no statistical information. All NSIs face the same problems here and this has 
led to several European research projects to study these problems and to develop solutions. The 4th 
framework SDC-project and the 5th framework CASC-project have resulted in many advances in 
methodology, but centrally in these projects the development of practical tools played an important role. As a 
result of these projects the software twins ARGUS have been developed. µ-ARGUS for the protection of 
microdata and τ-ARGUS for the protection of tabular data.  

In the remainder of this paper we will give an overview of these two software packages. 
 

Microdata 
Risk assessment 
µ-ARGUS is based on a view of safety/unsafety of microdata that is used at Statistics Netherlands. In 

fact the incentive to build a package like µ-ARGUS was to facilitate data protectors at Statistics Netherlands 
to apply the general rules for various types of microdata easily and to relieve them from the tedious tasks that 
producing a safe file in practice can involve. Not only should it be easy to produce safe microdata, it should 
also be possible to generate a logfile that documents the modifications of a microdata file. 

The aim of statistical disclosure control is to limit the risk that sensitive information of individual 
respondents can be disclosed from data that are released to third party users. In case of a microdata set, i.e. a 
set of records containing information on individual respondents, such a disclosure of sensitive information of 
an individual respondent can occur after this respondent has been re-identified. That is, after it has been 
deduced which record corresponds to this particular individual. So, the aim of disclosure control should help 
to hamper re-identification of individual respondents represented in data to be published. 

To assess the disclosure risk, both a basic threshold rule has been implemented as well as the Italian 
approach by Franconi and Polettini (2003), based on more elaborate statistical models. 
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Figure 1. A graph showing the risk distribution in µ-ARGUS 

 
Reidentification 
To avoid re-identification several techniques are available in µ-ARGUS, like global recoding 

(grouping of categories), local suppression, PostRAndomisation Method (PRAM), adding noise, rounding 
and microaggregation, rank-swapping and top- and bottom-coding.  

Global recoding: In case of global recoding several categories of a variable are collapsed into a single 
one. The effect will be that the number of records with the same key will increase. And the risk of re-
identification will diminish. This technique is applied to all records in a datafile. 

Local suppression: In case local suppression is applied one or more values in an unsafe combination 
are suppressed, i.e. replaced by a missing value. This removes the possibility to use this combination any 
longer for re-identification. There is a balance to keep in mind between the effects of global recoding and 
local suppression. It is a question of the level of detail versus the number of (imputed) missing values. 

Top- and bottom-coding: The extreme values of a variable are always more at risk when it comes to re-
identification. These records are more visible. So the scores of the extreme values are replaced by one value 
(e.g. a mean) to reduce the disclosure risk.  

Post-Randomisation: PRAM is a disclosure control technique that can be applied to categorical data. 
Basically, it is a form of deliberate misclassification, using a known probability mechanism. Applying 
PRAM means that for each record in a microdata file, the score on one or more categorical variables is 
changed. This is done independently of the other records, using a predetermined probability mechanism. 
Hence the original file is perturbed, so it will be difficult for an intruder to identify records (with certainty) as 
corresponding to certain individuals in the population. Since the probability mechanism that is used when 
applying PRAM is known, characteristics of the (latent) true data can still be estimated from the perturbed 
data file. 

Microaggregation: This is a family of statistical disclosure control techniques for quantitative 
(numeric) microdata, which belong to the substitution/perturbation category. The rationale behind 
microaggregation is that confidentiality rules in use allow publication of microdata sets if records correspond 
to groups of k or more individuals, where no individual dominates (i.e. contributes too much to) the group 
and k is a threshold value. Strict application of such confidentiality rules leads to replacing individual values 
with values computed on small aggregates (microaggregates) prior to publication. This is the basic principle 
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of microaggregation. 
µ-ARGUS: All these above mentioned methods have been implemented in the current versions of 

µ-ARGUS. We will continue to extend and improve µ-ARGUS, as our goal is to make all the SDC 
methodology easily available for the data-protectors. However it must be stressed that these software tools 
can only be applied by people with a basic understanding of the SDC-theory. They are not ‘black-boxes’, 
which will automatically produce a safe file. 

The current version (4.1) of µ-ARGUS can read and write fixed format and free format microdata as 
well as a SPSS systemfiles. There is a strong pressure on us to extend the number of formats as well as 
implementing a batch version.  

 
Tabular data 

Tabular data is the traditional output of NSIs. However even the aggregated information has many 
risks of disclosure. E.g. if a cell contains the information of only one or two enterprises there is a clear risk of 
disclosure, because that cell is in fact the score of one or two contributors. The first step is to identify the 
cells that are directly at risk, using the primary rules. It is clear that these cells have to be suppressed. 
Subsequently these cells have to be protected against recalculations due to the structures in the table. 

Primary rules. Traditionally the dominance rule is used for this. There is a strong tendency to replace 
the dominance rule by the p%-rule. The p% rule is more focusing at the protection of individual enterprises. 
Both rules are easily available in τ-ARGUS. Also a special rule (request rule) used in foreign trade statistics 
is available. Using that rule only companies asking actively for protection will be protected. It should be 
noted that these rules work fine for quantitative tables, more frequency tables different approaches are 
needed. Rules are only emerging here.  

Global recoding Similar as for micro data global recoding (restructuring the table) can often help to 
reduce the number of unsafe cells. Easy procedures for this are available in τ-ARGUS. 

Secondary cell suppression Due to the structure of the table, it is not enough to remove only the 
primary unsafe cells. Additional cells need to be suppressed to get a safe table. Several approaches are 
available in τ-ARGUS: 

Hypercube: A solution based on suppressing hypercubes of cells; quick and able to protect very large 
tables, but with some risk of over-suppression. 

Optimal: Developed by Fichetti and Salazar; gives an optimal solution, but might take a lot of 
computing time. This method is based on complex optimization models. 

Modular: A heuristic based on the optimal model. It is applied to a large number of smaller subtables. 
By combining these results and with some back-tracking it results in very good solutions. 

Networks: A network based approach, quick but only for a limited class of tables (only one hierarchy) 
Controlled rounding: Cell suppression is not the most appropriate way to protect frequency tables. In 

many cases rounding could be an alternative. (Controlled) rounding in higher dimensions is 
a complex task. Based on similar optimization models as for cell suppression Salazar has 
developed controlled rounding, taking into account protection levels for unsafe cells. This is 
now available in τ-ARGUS. Of course this method can also be applied for rounding 
problems for presentation.  
Even adjustments will be made if the input table is not completely additive. 

 
Data structures The first versions of τ-ARGUS could only read microdata (both fixed and free format). 

This gives you the full power of τ-ARGUS to do the primary and secondary cell suppression, as τ-ARGUS 
needs not only the cell-total, but also the largest contributors per cell. Only then the primary suppression 
rules can be applied. But now it is also possible to run τ-ARGUS with tabular data input. But if the 
information provided to τ-ARGUS is restricted also a reduced set of options (settings and methods) is 
available. 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 2171 -



Batch version and SuperCross: Originally τ-ARGUS was developed as an interactive program. 
However more and more demands from the field for a bath-version have resulted in an extension. A batch-
version of τ-ARGUS is now also available. This allows you to protect a similar table e.g. every month. But 
this batch-version opened also the possibility to link the functionality of table protection of τ-ARGUS to the 
SuperCross tabulation package. It is now straightforward to build a table with SuperCross, call directly 
τ-ARGUS for the protection and automatically get the results back into SuperCross 

 

 
Figure 2: τ-ARGUS presentation of a table 

Future plans 
It is our aim to continue to extend the ARGUS packages. Ongoing research will lead to new methods. 

If feasible we will try to include these methods in ARGUS. It is our aim to make the ARGUS software a 
control centre for Disclosure Control. This way it is very easy to compare the results of different methods for 
both tabular data protection and micro data protection.  
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Disclosure Avoidance Software used at the U.S. Census Bureau 
Paul B. Massell and Jeremy M. Funk
Statistical Research Division 
4600 Silver Hill Road 
Washington, D.C. 20233, U.S.A.  
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1.   Introduction 
 At the U.S. Census Bureau, statistical activities have traditionally been categorized as either demographic 
or economic. Demographic activities include the very well known Decennial Census of Population and Housing. 
This census has been conducted since 1790. Of more recent vintage is the American Community Survey, which 
has been producing data products for only a few years. In addition, there are many other demographic surveys, 
some of which are solely the product of the Census Bureau and some are conducted in conjunction with, or for, 
other federal agencies. Users can download or create their own demographic tables from census and ACS data 
using the online American FactFinder system. In the economic area, a census is conducted every five years. This 
census covers nearly the entire U.S. economy which is classified into about 20 economic sectors. There are also 
a large number of economic surveys and statistical programs, some conducted with other agencies. The census 
and some of the other economic programs supplement survey data with administrative data.  
 In this paper we follow this demographic/economic dichotomy since the type of data products and 
disclosure issues for these two areas are quite different. In the demographic area, the traditional data products are 
sets of (frequency) count tables. In recent decades, the decennial census has released a microdata file and for 
most surveys a microdata file is the main data product. The census (and now ACS) microdata files contain only a 
fraction of the total number of records collected. Demographic surveys typically release a full set of records. In 
both cases though, identifying variables are removed, continuous variables (e.g., age, income) are top-coded and 
geography is provided only at a high-level. In the case of count tables, an effort is usually made to restrict the 
release of tables that have a high percentage of cells with counts of 1 or 2. This is based on determining which 
level of geography will produce non-sparse tables for a given table definition. In general, low counts in census 
tables are to be avoided because that information could possibly be used for re-identification of persons (see 
below). In the economic area, no microdata are currently released, only tables. For tables, the cell values are 
typically some magnitude variable such as receipts, payroll, or number of employees. For magnitude variables, 
the disclosure protection goal is to ensure that a data user cannot derive a very precise estimate of any company=s
or establishment’s contribution to a cell. The number of contributors to a cell is not a concern, because the 
identity of companies contributing to a given cell is often well known to data users. 
 In addition to microdata and tables, statistical models are produced by various divisions at the Census 
Bureau. For example, in the Center for Economic Studies, researchers who have Special Sworn Status have 
access to confidential microdata files. The results of models they develop, when protected against disclosures, 
typically appear in academic journals. Also, the Longitudinal Employer-Household Dynamics Program (LEHD) 
releases tables and/or microdata files that combine demographic and economic data (LEHD, 2007). A model 
development tool, called the Microdata Analysis System, is also in development by the Statistical Research 
Division. Its short term goal is to allow users to develop a class of regression models that run against confidential 
microdata stored inside the Census Bureau firewall with only the resulting non-confidential regression 
coefficients released to the user.

2.   Software for Protecting Demographic Microdata
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 In this section, we discuss the major classes of data products produced by the demographic area, the major 
related disclosure risks, and the software that provides the required protection. Of course, it is possible to discuss 
disclosure risks and software (to protect against them) more generally without reference to the subject matter. 
 We first discuss microdata risks and protection software. The most serious type of demographic disclosure 
is one in which a data user, using only released Census Bureau data products, is able to associate an individual’s 
identity with any personal information, including survey participation.  This includes identifying variables, such 
as name, address, telephone number, or social security number, with one or more demographic variables. These 
demographic variables may be standard variables such as sex, age, race, marital status, size of household, or 
descriptive variables such as income or the number of times a person has been a victim of a crime during some 
time interval. This type of disclosure is called re-identification. An extreme case would be disclosure of the 
entire microdata record for an individual (in some demographic program’s microdata file). A traditional first step 
in protecting the microdata, assuming it is to be released, is the removal of all obvious identifiers, and a 
modification of the remaining variables that is extensive enough to ensure there are no unique records based on a 
key set of variables.  Modification in this context includes top and bottom coding of variables and combining 
variable categories, e.g., combining races when the frequency is small in some region. Operations such as these 
may be viewed as the simplest types of protection methods. They are very basic forms of disclosure avoidance 
and the Census Bureau has software that performs these operations.  

2.1   Swapping
 Due to the special role that decennial census counts have in the U.S. congressional system, the Census 
Bureau is required to maintain exact counts for the set of individuals 18 years old or older in each jurisdiction. In 
addition, it is desirable to maintain the counts of the microdata with respect to common demographic variables 
(above). Data swapping is one way to (nearly) maintain these latter counts while protecting against disclosures. 
In this approach, two unique records that have some basic demographic variables in common (e.g., households 
with the same number of adults and children) may have their locations swapped. This can be viewed as a 
>perturbative= approach in that the resulting microdata are not 100% accurate. This lack of accuracy provides the 
required protection against disclosure. However, the effect of this type of swapping on the tables likely to be 
generated from the microdata would be minor, and depends on the geographic level of swapping.  Above that 
specific geographic level, the tables are unaffected, while below that level the effect depends on the extent of 
swapping and controls used in matching records (SWAP, 2003; Funk, informal note, 2007). 

2.2   Synthetic Data 
 When the traditional methods for protecting microdata are not effective, newer methods, such as partially 
(or fully) synthetic data can be used. Generating partially synthetic data consists of two major operations; 1) 
identifying records that are at ‘risk’ of disclosure, and 2) blanking and imputing values for these records in order 
to protect them. While programs are available that perform the complicated and relatively new methodology 
used in partially synthetic data procedures, they are quite recent. The LEHD program (LEHD, 2007) has used 
these methods in innovative ways, such as in the ‘On the Map’ interactive program that allows users to get 
detailed estimates of commuting patterns for workers. The Quarterly Workforce Indicators program of LEHD 
uses a combination of synthetic data and noise (see 4.2) to construct protected tables. LEHD released a "beta-
version" of a partially synthetic variant of the 1990-1996 panels of the Survey of Income and Program 
Participation that have been linked to two types of administrative data. Researchers have recently designed 
software to implement partially synthetic data procedures for ACS data for residents of group quarters. Future 
work will involve standardizing these programs, making sure the method provides new data with statistical 
properties close to those of the original data, and developing software that can be used and understood 
throughout the Census Bureau. 

3.   Software for Protecting Demographic Tables
AAttribute disclosure@ is a less direct form of disclosure but is one which the Census Bureau nevertheless 

must avoid (WP22, 2005, p.11) Here is an example. Suppose from a set of demographic count tables, a user is 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 2174 -



3

able to derive the fact that there is only one female of Asian ancestry living in some city. Since >sex= and >race=
are often considered to be characteristics that a person can identify visually, if a neighbor sees the female of 
Asian ancestry, he or she may be able to identify her as such. Then if another table reveals that the average 
income of females of Asian ancestry in that area is $70K, the table user could deduce that the income of that 
particular female Asian is $70K. This latter type of disclosure can be avoided by ensuring that no table cells with 
a count of 1 or 2 are published or are derivable from those cells that are published. For the decennial census 
tables, the elimination of all tables that contain low count cells would result in a severe reduction of releasable 
tables. Fortunately, the swapping of decennial census microdata (above) provides an alternative way of 
protecting against this type of disclosure.   

3.1   The Advanced Query System (AQS) of the American FactFinder
 The goal of the AQS is to allow online users to submit requests for user-defined tables to be generated 
from Census 2000 data. Requests pass through a firewall to an internal Census Bureau server that houses a 
previously swapped, recoded, and topcoded microdata file. The tables created are reviewed by a program for 
disclosure problems. These problems are divided into two categories. The “query filter” limits the type of table 
that can be formed. For example, for 100% data, block group is the lowest level of geography permitted, while 
for sample data, the lowest level allowed is tract (which is larger than a block group). A minimum population is 
also required for each area. For many variables, a user must choose from predefined category groups (e.g., ‘age’ 
is available in multi-year intervals). A user specifies a universe, a geographic level, and up to 3 variables for a 
given table. 
 The “results filter” is applied to a table that has passed the query filter. For each area for which a table is 
requested, certain numerical criteria are designed to prevent the release of sparse tabulations.  If a table does not 
meet the criteria, the user receives a message indicating the non-release is for confidentiality reasons. 
Specifically, the system computes the median cell size for all internal (i.e., non-marginal) cells. If the median is 
less than a fixed parameter value, the system does not allow the tabulation to be released to the user. Many tables 
will have a few cells with a count of 1. Protection of these tables derives from the fact that the underlying 
microdata have been swapped (Zayatz, 2003). 

3.2   The Microdata Analysis System (MAS) 
 The Microdata Analysis System allows users to specify simple estimation models through a web interface. 
The user is able to choose the population universe, dependent and independent variables, dummy variables and 
transformations and interactions. In the prototype, only regression models can be specified. When fully 
implemented, the Census Bureau will have the ability to run users’ models on confidential microdata 
(specifically, those records that are not part of the publicly released subset) behind the firewall. When a model is 
submitted, the model and its associated population universe will automatically be examined to determine if the 
model meets confidentiality constraints. If it does, then the model is run against all (or a substantial subset) of 
the specified confidential microdata. The system will check for confidentiality problems in the output before 
returning estimates of model parameters and measures of fit, including synthetic residuals. This system could be 
useful for any microdata set for which the public use microdata are not sufficient for the users’ purposes.   

4.   Software for Protecting Magnitude Data Tables 
The vast majority of tables produced by economic programs are of magnitude data type. Common 

magnitude variables are sales, payroll, and number of employees. Due to the skewness of these variables, users 
often can identify the companies that are the dominant contributors to a given table cell. The goal of magnitude 
tabular data protection methods is to place a limit on the accuracy of a user’s estimate of a given company’s 
contributed value that can be derived from the full set of tables produced by an economic program. 

4.1   Cell Suppression
 Cell suppression software has been used extensively at the Census Bureau for over two decades. The basic 
production software for cell suppression is designed to protect two-dimensional tables, the most common type at 
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the Census Bureau, in an optimal way. The computational module of the program uses a network flow algorithm. 
This program has been extended to work on three dimensional tables. For those three dimensional tables for 
which the extended network flow algorithm is not fully protective and for higher dimensional tables, we can use 
a program based on linear programming techniques. In addition to this production software, there is research 
software related to the use of integer programming to protect tables of counts, and to test variants of cell 
suppression such as controlled tabular adjustment (Jewett, 2003).

4.2   Noise
 In our effort to make more quality data available to the public, the Census Bureau has spent significant 
time investigating the use of random noise to protect economic census and survey products.  The original EZS 
noise method assigns a random multiplier to each microdata record, and applies this multiplier to the record’s 
magnitude variables.  When tables are produced from the ‘noisy’ variables, the sensitive cells are distorted 
enough to provide protection from disclosure, and non-sensitive cells tend to be close approximations of the true 
cell values.  One of the very attractive features of EZS noise is that the software designed to assign noise factors 
is extremely simple and existing tabulation programs need not change. 
 Currently the Census Bureau is working to replace cell suppression with noise in several economic survey 
products (the NonEmployer Statistics program is already using it). Because highly distorted data are less 
valuable to users, we have developed a new version of EZS noise, called ‘balanced EZS’. This method allows 
the data provider to produce noise protected tables in which the non-sensitive cells receive minimal amounts of 
noise and the sensitive cells are protected as they are under random noise.  Even with the additional complication 
of the balancing algorithm, the software is still very simple and easy to implement (Evans, Zayatz, Slanta, 1998; 
Massell, Zayatz, Funk, 2006; Massell, Funk, Bose, 2007). 

Acknowledgments:  Thanks to Laura Zayatz, Phil Steel, Sam Hawala, Jim Fagan, John Slanta, Bob Jewett, Carol 
Blatt and Bei Wang for many informative discussions of disclosure software at the Census Bureau.
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Abstract: A methodological and computational framework for the production of save microdata is presented in this

article. The developed R package includes most methods of the popular software µ-ARGUS [Hundepool et al., 2006] plus

some additional developments. The power of a high-level statistical computing environment like R and the implemented

package sdcMicro enable data analysts to experiment with various methods in an explorative way. The results can be

compared in a flexible way, e.g. with various implemented prints, summaries, plot methods and additional comparison

methods in sdcMicro. One can easily generate various additional graphics and statistical output directly or via batch mode

from another software. Furthermore, reproducibility of any result is provided and can be easily managed. Additionally,

data from nearly all common data formats arising from different statistical software or databases can be easily imported

and exported. The development of sdcMicro might be the first step forward in developing an attractive free-available open-

source software for SDC in R to harmonize the application of methods for all statistical agencies, independently of which

operating system is used. The package is available on the R comprehensive archive network http://cran.r-project.org.

Keywords: Writing R extensions, microdata protection

Motivation

Some people might see the future of dealing with confidential microdata in confidentiality preserving
model servers or in remote access facilities. For the first approach, roughly speaking, researchers can
apply models on data which are hidden for the user and the results of the models will be checked by
the census staff. So, the results of a model are the object of interest instead of the underlying data.
This approach makes only sense when the data originates from a multivariate normal distribution,
but it is neither compatible with a modern statistical world nor with real data containing outliers and
complex structures. In the second approach, called remote access, researchers can look at the data and
can choose a suitable method for analysing the data, however it is not possible to download the data.
Because of the legal situation in many countries including Austria and because of the lack of interest in
additional expenditure remote access may only be partially successful in some countries. Its successful
application also depends on the discipline from which the data originates, because different laws are
applied for data coming from different disciplines. Regarding all these aspects a new open-source
software initiative for microdata protection may be of great interest.

A Flexible Software for Microdata Protection

R [R Development Core Team, 2007] is an open source high-level statistical computing environ-
ment subjected to the General Public License and therefore free available and extendable. Further-
more, R has become the standard statistical software and thousands of people are involved in the
development of R both at universities and companies. Approximately 1000 add-on packages have
been built in the last years.

An important feature of any software dealing with data is the reproducibility of results. An ad-
vantage of a command line interface (CLI) like in R is that any result can be reproduced very easily.
Furthermore, the underlying code is open-source and one can have a detailed look at the code in
each of the steps of the microdata protection procedure for any method. Also very important is the
reproducibility of results when applying different algorithms for SDC on data and doing a validation
and comparison of these different results.

R has very powerful graphical tools implemented and one can generate simple and complex user-
defined graphics easily. This is very important since it is often better to show perturbation effects or
other effects resulting from the protection process with suitable plots than with some other measures
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of information loss (see e.g. also in [Templ, 2006]).
In combination with LATEX in which LATEX-code and R-code can be written and executed in/from

one document with the help of Sweave [Leisch, 2002] dynamical reports can be produced. Of course,
such dynamical reports can also be standardised to get automatically all the results from any data in
a standardised format. Such reports can then be generated very effectively saving time for particular
steps in the production process.

Nearly all common data formats from database software and other statistical software like SPSS,
SAS, STATA, MINITAB, DBF, . . . can be imported. Furthermore, there are also procedures available
to export the data in most of these data formats.

When perturbing numerical data the optimal perturbation method depends strongly on the multi-
variate structure of the data. Therefore, a flexible tool with which various methods can be tried out
and easily compared is necessary. Also for trying out different global recodings on variables or for
playing on some parameters from certain methods a flexible tool easy to grasp comparison plots and
additional evaluation tools is necessary.

For R users it is not common to use a GUI and this might be the main reason why a GUI is not
yet implemented for sdcMicro. But, of course, it is possible to create a GUI on the top of the existing
code for sdcMicro, if there is any demand for this, since with R powerful GUI’s can be produced, e.g.
with the Rtcltk package.

The package can also be run via batch mode. Furthermore, it might be also useful sometimes to
run any other software directly from R.

Implemented Methods and Data

Methods like global recoding, local suppression, the individual risk methodology (see e.g. in
[Franconi and Polettini, 2004]), top- and bottom-coding, rank swapping [Dalenius and Reiss, 1982],
plus more than 10 microaggregation methods (mdav, pca-methods, robustified pca-methods with fast
algorithms and clustering, individual ranking, methods based on robust Mahalanobis distances, . . . )
are among the ones implemented (for further information on these methods see [Templ, 2006]). There
is also a method included for fast generation of synthetic data [Mateo-Sanz et al., 2004] with which
multivariate normal distributed data can be generated according to the covariance of the original
data, without reflecting the distribution of real complex data, of course. Further methods will be
implemented in near future (see below in section Future Developments).

Several test data sets are implemented in the package. There are some very small test data sets
which are used by other authors for demonstration in the past and the test data sets from the CASC
project (http://neon.vb.cbs.nl/casc/testsets.html). One can also use the test data set from µ-ARGUS
[Hundepool et al., 2006].

Design Goals

In package sdcMicro we extensively use the advantages of an object oriented programming language.
In R everything is an object and every object is related to a specific class. The class of an object
determines how it will be treated and generic functions perform a task or action on its arguments
specific to the class of the argument itself. The class mechanism offers the programmer the facility of
designing and writing generic functions for special purposes and this is extensively used in sdcMicro.
Nearly all functions, e.g. for the individual risk methodology or the frequency calculation, produce
objects from a certain class. Different print, summary and plot methods are provided for each of these
objects depending on their class. plot(ir1) will plot e.g. a completely different plot than plot(fc1)
assuming that the objects ir1 and fc1 are objects from different classes, i.e. resulting from different
functions from package sdcMicro.
This object oriented approach allows a simple usage of the package for any user, independently of the
knowledge in R. Furthermore, the users can try out different methods with different parameters and
they can easily compare the methods with the implemented summary and plot methods. Note, that
no metadata management needs to be carried out by the user. You can apply the methods directly

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 2178 -



on your (rectangular) data set. At this stage of the package you must only determine which of the
variables are the key variables, the weight vector and the numerical ones.
There is also an online documentation included in the package. Furthermore, various examples are
included for each of the functions. These examples can be easily executed.

A very small Tour in sdcMicro

Within the limitation of pages only a very small tour in sdcMicro can be shown not including
graphical results, partially suppressed output and sparse explanation. First a very small test data set
from [Capobianchi et al., 2001] is used to show that the package will do the right thing. Comments are
marked with #, the output from R with R>. Please note, that the explorative nature of the package
and the large number of implemented comparison plots can not be showed here. For further details
and a more detailed tour in sdcMicro, please have a look at the examples and documentation which
are included in package sdcMicro.

library(sdcMicro); data(francdat); francdat # load the package, load the data and print the data

R> Num1 Key1 Num2 Key2 Key3 Key4 Num3 w # Very similar data which are use in [Capobianchi et al., 2001]

R> 1 0.30 1 0.40 2 5 1 4 18.0 # In the following, the frequency counts are calculated as

R> 2 0.12 1 0.22 2 1 1 22 45.5 # described in [Capobianchi et al., 2001] and allocated to object f

R> 3 0.18 1 0.80 2 1 1 8 39.0 # which is now automatically of class "freqCalc".

R> 4 1.90 3 9.00 3 1 5 91 17.0 # Objects which are generated from the functions in this

R> 5 1.00 4 1.30 3 1 4 13 541.0 # package are assigned to a specific class and

R> 6 1.00 4 1.40 3 1 1 14 8.0 # each class has it’s own print, summary and plot

R> 7 0.10 6 0.01 2 1 5 1 5.0 # methods included as mentioned in the previous section.

R> 8 0.15 1 0.50 2 5 1 5 92.0 # Object f can be used as input for the individual risk computation.

f <- freqCalc(francdat, keyVars=c(2,4,5,6),w=8) # determine the position of the key variables and the weight vector.

class(f) # class of the generated object f

R> [1] "freqCalc"

f # will show you a print output of object from class freqCalc (suppressed)

names(f) # list of attributes of object f, see the help of sdcMicro for details

R> [1] "freqCalc" "keyVars" "w" "indexG" "fk" "Fk" "n1" "n2"

f$Fk # frequency counts times associated values of the weight vector

R> [1] 84.5 84.5 110.0 110.0 17.0 8.0 541.0 5.0

indivf <- indivRisk(f, method="approx") # indiv. risk computation (personal level); you can also use meth. "exact"

indivf$rk # vector of risks

R> [1] 0.02204233 0.02204233 0.04312367 0.01714426 0.09528771 0.29706308 0.01165448 0.40235948

# Now you can apply local suppression (function localSupp()) on object indivf and f and make then use of the

# implemented print and summary methods...

data(free1); attach(as.data.frame(free1)) # mu-Argus test data set

free1[, "AGE"] <- globalRecode(AGE, c(1, seq(9,79,10), 120), labels=1:9) # global recording

free1[, "DEBTS"] <- topBotCoding(DEBTS, value=9000, replacement=9100, kind="top") # top-coding

data(Tarragona) # Tarragona test data set from http://neon.vb.cbs.nl/casc/testsets.html

Tarragona1 <- swappNum(Tarragona, p=10) # numerical rank swapping on key variables with 10 percent swapping range.

m1 <- microaggregation(Tarragona, method="onedims", aggr=3) # individual ranking method with aggr. level 3.

# now you can use some comparison plots... (see examples of sdcMicro or in [Templ, 2006])

summary(m1) # or the implemented print and summary methods (suppressed)

valTable(Tarragona, method=c("simple","onedims","pca","mdav", "clustpppca")) # measures of information loss (comparison)

method amean amedian aonestep devvar amad acov acor acors adlm apcaload

1 simple 0 3.497 2.115 3.623 1.106 1.811 2.993 5.119 4.227 15.275

2 onedims 0 0.023 0.009 13.709 0.027 6.854 7.053 29.741 17.012 23.103

3 pca 0 2.617 1.527 2.774 1.103 1.387 3.705 9.567 3.222 12.995

4 mdav 0 4.176 2.640 3.437 1.837 1.719 3.845 4.390 1.655 11.059 # clustpppca outperforms other

5 clustpppca 0 2.766 1.425 1.846 1.085 0.923 2.386 7.034 4.844 16.255 # methods.

# in the following a specific disclosure risk and data utility measure (see documentation of sdcMicro for details)

c(dRisk(x=Tarragona, xm=m1$blowxm), dUtility(x=Tarragona, xm=m1$blowxm))

R> [1] 0.9105331 18.6298118 # further plots for data utility and diclosure risk see in [Templ, 2006]

Future Developments

Top- and bottom-coding does not distinguish between extremes which are at low risk for identifi-
cation and extremes which are at high risk for identification. Code for the detection of multivariate
extremes and outliers with robust methods is already written for the package but not yet implemented
in sdcMicro.

S4 class code [Chambers, 1998, see e.g. in] is already written for adding noise methods. Since S4
class style is quite different from the usual S3 class code of R it must be rewritten in S3 class style at
first.
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Code for Latin Hypercube Sampling [Iman and Conover, 1982] for the generation of synthetic data
does also exists. This code may be implemented in some of the next versions of sdcMicro.

Also implemented but not already uploaded to CRAN is the blanking and imputation methodology
[Griffin et al., 1989], but this can as well be done in R with other imputation packages.

Probably, in some of the next version of sdcMico a GUI on the top of scdMicro will also be included.
There is only a raw version of the package on CRAN and the documentation of the methods is

more or less sparse. But, with the given references one should be able to get the necessary information
about the methods.
The package is not fully tested at the moment. Every response and bug reports will be helpful to
achieve a higher quality of the package. Note, that this is the first version of the package and naturally,
it will take some time to find all possible bugs with the help of the users and other developers.

Everybody is invited to contribute to the package. Since every function has its own author the
copyright of the function is held by the author. This copyright means, that nobody can use your
function for a commercial software product and to ensure the intellectual property. But, of course, all
the functions are open-source and everybody can use it.

sdcTable: Since the methods for the production of (hierarchical) tables via linear programming e.g.
from [Salazar González, 2006]) are written in C it will be not so hard to implement these functions
in R. Additionally, in R there exists some interfaces to powerful open-source LP-solvers and there is
also a lot of code already written for this problem.

Conclusion

This first raw version of package sdcMicro is also the first package in R which includes methods for
SDC. The potential capacity of this package can be very high and future versions of this package have
a fair chance to become the most important implementation for SDC in microdata protection. In
addition to this package, one can use the whole power of R to boost the results in any way. All people
are invited to contribute to this package, especially in funded future research projects.
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Combining Auditing and Self-assessment of Data Quality
Carmen Arribas, Dolores Lorca, Alejandro Salinero, Antonio Colmenero 
National Statistical Institute 
Madrid (28040), Spain 
carribas@ine.es, mdlorca@ine.es

1. Introduction

Auditing was the first tool used at Spanish National Statistical Institute (INE) to approach quality 
assessment of statistics. Although the results obtained from internal audits were very satisfactory it was 
decided that for implementing systematic quality management of official statistics it was more appropriate 
that all INE units were directly accountable for the quality of their part of statistical process. 

DESAP (European Self-Assessment Checklist for Survey Managers) was used as a standard
instrument for the self-assessment of the statistical processes and outputs.

 Standard Quality Indicators (SQIs) for statistical processes and outputs were selected relating to 
quality criteria and to process phases. SQIs were linked to one or several DESAP questions. The answers of 
each selected questions have been placed in a measurement scale associated with the indicator in order to 
obtain a figure for each one of them. For each indicator, the weighed average of the selected question values 
is obtained; for each quality criteria or process phase the weighted average of the selected indicators is 
obtained and finally the average of the values of the quality criteria or process phases permit to obtain a 
value of the global quality of the output or the process respectively. The procedure followed to calculate the 
SQIs is implemented in Excel in which the DESAP questions, the measurement scales, the transformations 
rules and the weights are defined. From the electronic version DESAP the SQIs can be automatically
obtained.

2. Standard Quality Indicators of statistical processes and outputs

Eurostat defines statistical quality using the following criteria: relevance, accuracy, timeliness and 
punctuality, accessibility and clarity, comparability and coherence.

SQIs that represent these quality criteria have been identified for each one of them. The objective is 
to have a limited amount of indicators that can be used to measure and to follow up the statistical outputs 
quality over time. The statistical outputs SQI selected by Eurostat Quality Working Group are presented in 
Table 1. 

The statistical outputs are obtained through a process and the quality of both the process and the 
output are closely linked. It is necessary to choose the most characteristic phases of the process in order to 
identify and select their quality indicators. To this end and taking into account the information provided by 
DESAP checklist, the following statistical process phases have been selected: Sample Frame, Coverage, Data 
Collection, Response Burden, Data Editing and Imputation, Sample and Estimation and Documentation. 

The selected phases are just a series among other possibilities. It is an acceptable selection for the 
ongoing study because it can provide adequate information on the process quality. For each one of these 
phases, SQIs have been identified so that survey managers can get to know and improve the phase’s quality. 
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Some indicators appear as process and output indicators due to their special significance and also to the fact
that, all in all, the final product quality depends on the quality of each process phase. Table 2 shows the 
statistical processes SQI series.

TABLE1 STANDARD QUALITYINDICATORS FOR STATISTICALOUTPUTS

Quality component        Indicator 

Relevance R1. User satisfaction index.
R2. Rate of available statistics.

Accuracy A1. Coefficient of variation.
A2. Unit response rate (un-weighted/ weighted).
A3. Item response rate (un-weighted/ weighted).
A4. Imputation rate and ratio.
A5. Over-coverage and misclassification rates. 
A6. Geographical under-coverage ratio.
A7. Average size of revisions.

Timeliness and 
Punctuality

T1. Punctuality of time schedule of effective publication.
T2. Time lag between the end of reference period and the date of first results.
T3. Time lag between the end of reference period and the date of the final results.

Accessibility and 
clarity

AC1. Number of publications disseminated and/or sold.
AC2. Number of accesses to databases.
AC3. Rate of completeness of metadata information for released statistics. 

Comparability C1. Length of comparable time-series.
C2. Number of comparable time-series.
C3. Rate of differences in concepts and measurement from European norms.
C4. Asymmetries for statistics mirror flows.

Coherence CH1. Rate of statistics that satisfies the requirements for the main secondary use.

TABLE 2 STANDARDQUALITY INDICATORS FOR STATISTICAL PROCESSES

Process
Phase

Indicator

Sampling
Frame

SM 1 Time gap between the date reference period and the last  update of the 
sampling frame

Coverage CV 1   Rate of overcoverage
CV 2   Rate of undercoverage
CV 3   Rate of misclassification 
CV 4   Assessment of the coverage 

Data
Collection

DC 1 Techique used
DC 2  Training of interviewers
DC 3  Unit non response rate
DC 4  Item non response rate

Response
Burden

RB 1  Sample rotation scheme
RB 2  Time for completion questionnaire
RB 3  Questionnaire design and interview

Editing and 
Imputation

EI 1   Editing procedures
EI 2   Imputation procedures

Sample and 
Estimation

SE 1  Target and achieved sample size 
SE 2   Sampling errors
SE 3   Efficiency of the survey design
SE 4   Calibration  or re-weighted

Documentation DO 1  Documentation on the process
DO 2  Documentation on courses / manuals

Once the statistical processes and outputs SQIs are identified and defined, it is necessary to
establish a clear methodology for their evaluation. This methodology must be at the same time easy to 
interpret.
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3. Using DESAP as a standard instrument for the calculation of statistical process and 
output SQIs

DESAP is a generic checklist for the systematic assessment of survey’s quality in the European 
Statistical System. This instrument is aimed at the survey’s managers in order to make the statistics 
evaluation easier and to study the necessary measures to improve them. The checklist allows to assess a 
survey’s global quality and also to identify some quality characteristics of the statistical output according to 
Eurostat quality criteria. But, due to its nature, it is not possible to obtain a numerical value of the selected 
SQIs using directly the DESAP checklist. Therefore, in the first place, each indicator has been linked to one 
or several DESAP questions. Secondly, the answers of each selected questions have been placed in a 
measurement scale associated to the indicator in order to obtain a figure for each one of them. 

The chosen measurement scale aims to represent the “quality degrees” of the criteria or process 
phase represented by the indicator. The range starts with value 1 (“none” or “very low” quality degree) and 
ends with the maximum value (“total” or “very high” quality degree). This scale, originally ordinal, may be 
also an interval scale, in which the measurement unit of quality is possible to obtain. So, for each indicator 
the “intensity rating scale” (IRS) together with the transformation rule, must comply with the following 
coherence characteristics: a) The scale is the same for all the direct questions associated to an indicator, b) 
For each indicator, the rule that transforms the selected questions answers into scale scores must be coherent 
so that they can be comparable, c) Under the previously mentioned rule, each selected question, depending 
on its answers in the original checklist, can be associated to the appropriate score within the scale. 

For each indicator, the weighted average of the selected questions values is obtained, for each 
quality criteria or process phase, the weighted average of the selected indicators values is obtained, and 
finally, the weighted average of the values of the quality criteria or the process phase permit to obtain a value 
of the global quality of the output or the statistical process respectively.
For example, let Icij the score obtained from the j-th selected question from DESAP associated to i-th SQI 
and c-th criteria or phase Ici indicator and Wcij the j-th selected question weight, the Ici indicator value is 
calculated by this way:

cij
j

cijic IWI ⋅= ∑

where 0≥cijW  and 1=∑
j

cijW

Due to the fact that the scales associated to each indicator within the same quality criteria or process 
phase could be non-comparable, we need to find transformations of ciI  quality standard indicator values in 

order to establish a common scale that is comparable within the c criteria or phase. These transformations 

can be thus represented: )I(fI cicici = where, in general, fci functions will be linear, that is:

cicicicici Iba)I(f ⋅+=

If Wci represents the weight of ciI  indicator within c quality criteria or process phase, the calculation of the 

synthetic quality criteria of c criteria or phase, denoted by cI , is obtained through the following formula: 
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)I(fWIWI cici
i

cici
i

cic ⋅=⋅= ∑∑

5. Conclusions and final remarks 

In the INE, the systematic quality management was tackled through the establishment of a Delegate 
Technical Commission (DTC) that reports directly to the Presidency. It is formed by statisticians with 
experience in each INE unit. The objective was to involve all the people who participate in any phase of the 
statistical process in the Quality Project.

Since DESAP is a self-assessment checklist, once those related to the most important surveys were 
completed, the answers were verified by “ad hoc teams” formed by two DTC members and the survey’s 
manager. The procedure followed to calculate the standard indicators is implemented in Excel in which the 
questions associated to DESAP, the measurements scales, the transformation rules and the weights are 
defined. Thus, from the electronic version of DESAP the SQIs can be automatically obtain. The flexibility of 
the spreadsheet allows the introduction of the necessary changes (for instance, to add new questions, change 
weights,..) and to obtain easily the new values of the indicators.

SQIs for statistical processes and outputs were calculated for 31 main surveys and, in general, we can 
affirm that the results obtained for the set of analysed surveys are satisfactory. Most of the surveys are 
subject to European Union Regulation and thus their methodology is reasonably good and appropriate since 
it has been jointly defined by experts of the Member States and Eurostat

In conclusion:

• The approach of the systematic quality management that is being carried out in the INE is a self-
assessment process that can be very effective because it facilitates the integration of quality demands and 
requirements in the daily work of all the INE units. 

• It is comparable to the EU approach to implement and follow up the European Statistics Code of Practice, 
which is also a self-regulation process of the countries. 

• It must be underlined the fact that at the Institute, without assigning additional human or financial 
resources it has been able to make a progress in a deep collective reflection about "the way we work" and 
the possible measures that must be taken to constantly improve the statistical outputs and process. 

• The culture of the statistical quality must grow in the Statistical Offices and on the one hand, offer to 
users the required information on the quality of the products through the Standard Quality Reports on the 
statistical outputs, and on the other, provide the highest Offices’ managers with information on the 
processes management through the Standard Quality Reports on the statistical processes.
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1. Background 
 There are many quality initiatives within the European Statistical System (ESS), e.g. on quality 
assessment and quality management. Some initiatives are related to the report in 2001 of the Leadership 
Group (LEG) on Quality with 22 recommendations (Lyberg et al. 2001), and the LEG Implementation Group 
that followed for a few years. Some recent initiatives are related to the European Code of Practice (CoP), 
adopted in 2005 (Eurostat 2005). There have been many quality projects where some National Statistical 
Institutes (NSIs) have worked, sometimes also other institutes and/or organisations. The project that is 
described here is the result of a call in 2005 for handbook(s) recommending good practises. The call referred 
to two LEG-on-Quality recommendations and one CoP principle. Potential handbook areas were stated, and 
one area was: “data quality assessment methods and tools, including ISO 20252 certification”. Five countries 
participate in this handbook project: Germany (coordinator), Hungary, Norway, Portugal, and Sweden. The 
participants are five NSIs and a German regional office. The project lasts for 1½ years, ending June 2007. 
There are about ten persons involved, expected to contribute about 15 working days each (Eurostat 2007). 
 
2. Objectives of the project and scope of the handbook 
 There is a long-term perspective of improving quality in the ESS by providing guidance for a 
systematic data quality assessment. The project contract has a list of five objectives, here summarised to: 
– Give an overview of data quality assessment methods and tools; 
– Check these methods and tools for completeness and appropriateness, and propose further development; 
– Provide the ESS with recommendations on the practical and efficient use of data quality assessment 

methods and tools; 
– Provide the ESS with practical guidance concerning possible approaches towards the implementation of 

the international standard ISO 20252 in official statistics; 
– Facilitate the use of results of previous LEG on Quality implementation activities. 

The objectives lead to a handbook scope – statistical products and processes leading to their production – in 
the context of quality management and with reference to relevant parts of the CoP, as shown in Figure 1. 

 
Figure 1. Scope and setting of the handbook 
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environment 

Statistical products 

Production processes

User needs 

Relevance, accuracy and reliability, 
timeliness and punctuality, coherence and 
comparability, accessibility and clarity 
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Management systems 
and leadership 

Support processes  
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 Figure 1 and discussions in the project underline several facts to consider in recommendations and 
implementation such as:  

 The project outcome cannot be seen in isolation for NSIs – there are some preconditions and there is an 
environment with some institutional standards and user requirements, as Figure 1 shows; 

 Many methods build on results from other methods, and there are many links between methods; 
 Many methods have different ambition levels, so it is adequate to talk about methodological types; 
 A reasonable and wise order of implementation in NSIs is an essential part of the project; 
 The presentation is important – how to make the complexity easy to read; 
 The appropriate focus for an implementation plan, which is NSI rather than statistical product. 

 
3. Structure for methods and tools 
 The main aim is product quality. It is described in terms of the European quality concept with six 
components, which essentially are those of the CoP principles, as shown in Figure 1. Such an assessment 
requires information, direct and/or indirect information. This is true for both the producer and the users. The 
producer has to provide the user with information on quality and can do so in different ways. Summarising 
the above, there are three essential aspects:  
- Characteristics of the product, i.e. product quality – mainly a producer perspective; 
- Perception of the product /quality/ by the user; 
- Characteristics of the production process that are informative – a producer possibility. 

 A summary of the described reasoning has given the picture below. The scope and the methodological 
types are in the middle. The necessary prerequisites in terms of basic measurements and documentation are 
in the lower part, and the environment is shown in the upper part. The lower methodological types are close 
to the basic preconditions with measurements, and the upper types are close to standards and users. 
 

 

Figure 2. The DatQAM Map 
 
 A quality report describes the product quality. There are different ambition levels in terms of covering 
the quality components and in the amount of information: judgements, indirect measures, and direct 
measures. The ESS has a standard format and a handbook for quality reports. The information given in 
quality reports is useful for the producer and for users.  
 
 Quality indicators are measures that refer to the product or to the production process. Hence some 
indicators are process variables as well. Quality indicators are often part of the quality report or a support for 
the description. They may be used for comparative purposes. However, possible uses and interpretations of 
the quality indicators must be stated. For example, non-response rate provides only limited information on 
the effects of the non-response in terms of bias; the effects depend also on causes and possibilities to adjust 
for non-response in the estimation procedure. 
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 Process variables refer to the production process. They have several purposes: for the producer to 
monitor processes, to detect sources of errors and weaknesses, to obtain quality information for allocation 
purposes, and to improve existing processes. They are important in re-current surveys and useful also across 
surveys. Process variables have been used since long, but to a fairly small extent and often not 
systematically. Their direct interest to users is in form of quality indicators.  
 
 User surveys focus on the perceptions of users. They may be directed to known sets of users or to a 
general population. They may have a specific purpose or aim at a general picture, for instance user 
satisfaction. The methods self-assessments and audits, which are reviewing, can serve one or more quality 
aspects. They can focus on product, product perception (simulating users), or the production process. 
Labelling and certification build on other methods; they are related to standards and have outward character. 
 
 The handbook has quality assessment as its main target. Quality improvement is closely related, and 
improvement is one of the reasons to make assessments. Improvement often means quality improvement 
with a given cost, but there are further combinations of quality and costs. An appropriate combination of 
methods provides tools for quality assessment, quality improvement, and cost reduction. 
 
4. Implementation strategy 
 Implementation has to consider needs, links, and resources. Most of the methods can be implemented 
with several, different, ambition levels. The strategy is to start with essentials and expand successively. The 
inter-linkages between methods have to be taken into account when doing so. Typically process variables are 
used as quality indicators and for quality reports. Moreover, statistical products should not be considered 
one-by-one but as parts of a system for statistics. Hence, the ambition level refers to the methods and to the 
amount of surveys/products included. 
 
 One of the project results is the strategy in three broad steps that are called packages. Each package 
consists of a number of methods for which the ambition levels are indicated. Each method is introduced 
either fully or successively with regard to ambition level (and coverage of surveys/products). For example, 
certification is not introduced until the third package, whereas process variables are included in all three 
packages but with different ambition levels. See Figure 3 below. This figure focuses on implementation, 
whereas Figure 2 with the DatQAM map illustrates the positions of the methodological types. 
 

 
Figure 3. Successive implementation 

 The fundamental package includes three of the methodological types – process variables, quality 
indicators and quality reports – in basic forms and a further ingredient: user feedback, which is less formal. 
The steps taken from the fundamental to the intermediate package are: process variables expand from simple 
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to advanced, quality indicators expand from some to an advanced set, quality reports expand from basic to 
more detailed, user feedback is formalised into user (satisfaction) surveys, and basic self-assessments and 
audits are added. The steps taken from the intermediate to the advanced package are: the methodological 
types expand by getting more informative and comprehensive – with process variables as one type, basic to 
other types – and the two types labelling and certification are added.  
 
5. Structure of handbook and communication 
 The handbook consists of an introduction, descriptions of data quality assessment methods and tools, 
description of labelling and certification, and finally a chapter indicating a strategy for the implementation. 
In addition to this main text, there is an annex with a general framework, examples for each chapter, some 
basic quality tools, and a glossary. The structure has been modified several times, which underlines the 
importance and the difficulties in presentation, also the many inter-linkages. 
 
 There are several aspects to cover in the work: above all to obtain an overview, to find suitable 
examples, and to provide recommendations. Each methodological description consists of four main parts: 
(1) definition and objectives, (2) description of the method, (3) experiences in statistical institutes, and 
(4) recommendations for implementation. There are also recommended readings and references. 
 
 A further part of the project is communication – communication with Eurostat and other NSIs in the 
ESS. In particular there was a workshop at the end of February 2007. A preliminary version of the handbook 
had been distributed to the participants. More than 30 delegates came from about 20 statistical offices. 
 
6. Some concluding remarks 
 At this moment there are a few months left of the project work. It is possible to draw some 
conclusions, even if the work is not finalised. It has been fruitful to have several countries and different 
experiences in the project group. The work and the workshop have underlined the importance of this topic, 
the widespread interest, and some inherent challenges. The order of implementation is important and not 
obvious, which is partly due to the many links across methods. A different type of issue is mainly outside the 
project but crucial for quality management: the importance of top management support and involvement. 
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ABSTRACT 
 The development of a handbook is described; a handbook for data quality assessment methods and 
tools that was initiated by Eurostat for the European Statistical System. Five European countries participate 
in writing the handbook that will be finalised in 2007. The main scope is statistical products and processes 
leading to their production. There are preconditions in terms of measurements and documentation, and an 
environment with users and standards, and with the European Code of Practice and quality management. The 
project has concluded on three successive sets of methods and tools. These are called the fundamental, the 
intermediate, and the advanced packages. Process variables are needed in all packages, starting with simple 
process variables, next advanced process variables, and finally systematic measures and analyses of process 
variables. Quality indicators and quality reports are basic in the fundamental package, and they are detailed 
in the intermediate package. User feedback belongs to the fundamental package, whereas user (satisfaction) 
surveys, self-assessments and audits appear in the intermediate package. Labelling and certification are 
included only in the advanced package. A preliminary version of the handbook was presented in a workshop 
at the end of February for feedback. The handbook contains overviews and examples from different 
countries, naturally with emphasis on Europe. 
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1. Introduction 

The European Statistics Code of Practice1 that was adopted by the European Statistical System (ESS) in 
2005 provides an all-encompassing conceptual framework in the field of quality and sets standards regarding 
the institutional environment, the statistical processes and the statistical outputs for the ESS. While it can be 
considered as the general super-structure supporting improvement of quality for the statistical system and 
thus enhancing the credibility of the statistics, it needs to be transformed into concrete quality requirements 
for individual statistics at the level of specific statistical processes and outputs.  

Eurostat and the National Statistical Institutes (NSI's) have undertaken many efforts to develop and 
implement methods and tools at the level of statistical processes and statistical outputs that will ensure the 
quality of the statistical products. In this paper we are looking at recently developed and specifically 
designed checklists aiming at quality improvement by assessing the various quality dimensions and the main 
processes. In particular, the "European Checklist for Survey Managers (DESAP)" that was developed in the 
aftermath of the Leadership Expert Group (LEG) on Quality for assessing the quality of data provided by 
national statistical systems, and the derived "Checklist for Quality Assessment of Statistics Compiled by 
International and Supranational Organisations" developed within the Committee for Coordination of 
Statistical Activities (CCSA) project coordinated by Eurostat on the use and convergence of international 
quality assurance frameworks.  

Finally, the issue of going from existing instruments such as process documentation and quality reports to 
introducing in practice the assessment of underlying statistical production processes as an integrated part of 
quality assurance framework activities in the ESS is discussed.   
 

2. Process quality and product quality 
The product quality is the quality of the output. The characteristics of the statistical output in the ESS are 

defined according to six quality dimensions (relevance, accuracy, timeliness and punctuality, accessibility 
and clarity, comparability, and coherence). These dimensions (or components) can be measured 
(quantitatively or qualitatively, easily or difficultly). The final report of the LEG on Quality (Lyberg et al., 
2001) states that product quality is generated by underlying processes and it is unlikely that the product will 
be of good quality if the underlying processes do not meet the required standards. So improving process 
quality is a key aim and any substantial quality improvement will necessitate changes in the production 
processes. Quality assessment should therefore also take into account the processes. 

It is also clear that a number of business processes are involved in the production of statistics, and that 
these processes have to be described, measured and analysed. The process quality is normally, at least in part, 

                                                   

1 The European Statistics Code of Practice is available in 20 languages on the Eurostat quality website: 

http://europa.eu.int/comm/eurostat/quality 
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covered by process descriptions (both IT- system and content oriented). Continuous process improvement in 
addition requires systematic measurement of the performance of the processes.  

In the “Handbook on improving quality by analysis of process variables”, developed under the lead of the 
Office for National Statistics (UK) and granted by Eurostat (Eurostat, 2004), it is explained how the process 
quality is improved by identifying key process variables (i.e. those variables with the greatest effect on 
product quality), measuring these variables, adjusting the process based on these measurements, and 
checking what happens to product quality. Such key process variables (typical examples are resources and 
time used, response rates and burden, and editing error rates) can be used for an assessment of process 
quality and they should be conceived together with the output quality measures. If a standard set of key 
process variables are to be used, at least a certain degree of process standardisation is also necessary.  

The performance of the processes can be assessed in different ways. A first step can be to undertake 
self-assessments, followed by bringing in external assessors for certification that the process is under control 
and up to the standards. Also, the self-assessments can be done according to different models or 
methodologies. In this paper we are looking at the type of self-assessment which uses quality checklists. 
Such checklists are typically focused on the statistical processes and products. Working with the actual 
processes and products increases the awareness of quality issues and reveals areas in need of improvement. 

 
3. Development of a Self-Assessment Program (DESAP) 

DESAP is the name given to the quality assessment checklist, created by the Eurostat granted project 
for the “Development of a Self-Assessment Programme” led by the Federal Statistical Office Germany (FSO 
Germany, 2003) in response to the Leadership Group recommendation #15, which stated that “A generic 
checklist should be developed for a simple self-assessment programme for survey managers in the ESS”.  

The checklist has been designed to meet two quite different functions. First, it is a tool for internal use 
by managers and teams working with specific statistical domains or outputs, and should support them in 
getting an overall picture of output quality and the underlying statistical production processes. Second, the 
checklist is a tool for the identification of quality improvement issues for specific statistical outputs and 
could facilitate a basic appraisal of the risk of potential quality problems. Additionally, it provides a means 
for comparisons of the level of quality over time and across domains. It could also provide support for 
resource allocation or be helpful for the training of new staff.  

DESAP is structured in a process-oriented way which means that it covers the whole survey cycle from 
the very early stages (decision to undertake a survey and the survey design) until the final steps 
(documentation and dissemination). Even though the primary objective is to assess the overall quality of a 
survey and to compile a quality profile covering the ESS quality dimensions, it also provides guidance in 
consideration of improvement measures and the risk of potential quality problems.  

Given its broad coverage, the DESAP Checklist was used as the main tool within the EU Pilot Project 
1 of the Phare 2002 Multi Beneficiary Statistics Programme (Lot 1) for assessing the data quality situation in 
the ten Beneficiary countries (Bulgaria, Czech Republic, Estonia, Hungary, Latvia, Lithuania, Poland, 
Romania, Slovakia and Slovenia) and providing recommendations for improvement actions. Both business 
surveys and social surveys were included and, as far as possible, the same set of surveys in each beneficiary 
country to facilitate cross-country comparisons of experiences. In all, 60 self-assessments were undertaken. 
The main conclusions (Colledge et al., 2006) from this wide implementation of DESAP were: 

- The checklist is a valuable quality measurement tool. It provides systematic and comprehensive 
coverage of all quality dimensions, thereby alerting survey managers to aspects of quality they would not 
otherwise have considered. 

- The checklist should not be viewed in isolation but as a measurement tool within the context of a 
comprehensive quality management programme. Such a programme includes, amongst other things, 
development and implementation of a set of survey quality and performance indicators and quality related 
documentation, procedures for quality monitoring and improvement, and the corresponding quality 
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measurement tools. 
- The checklist can be considered as a lightweight, interim quality assessment (undertaken, say, every 2 

years) complementing more comprehensive reviews that are carried out less frequently (say every 5-6 years). 
- The interim assessment should involve completion of the checklist by the whole survey team, 

including the survey manager and survey service providers (methodologists, IT specialists, data processing 
staff, analysts etc.) It should be accompanied by review of the quality documentation and indicators, and 
followed by a discussion of the results with senior management.  

- The results for a particular survey should be reviewed over time, and the assessment diagram is 
useful for summary purposes.  

- The checklist is not a suitable tool for cross-survey or cross-country comparisons as it is based on 
opinions not facts. Cross-survey comparisons depend upon completion of comprehensive quality reports. 

- Broad use of the checklist should be accompanied by in-house training on its completion. A half-day 
workshop with examples is sufficient. It is better still if this can be extended to a full day or two day course 
and include discussion of the underlying quality issues as well as checklist completion.  

 
4. Further development and implementation experiences of DESAP 

DESAP is considered to be a standard ESS tool for quality self-assessment. To facilitate this, Statistics 
Lithuania was commissioned by Eurostat in 2004 to prepare an electronic version of the checklist (DESAP-
E). This EXCEL application contains features for data storage and automatic compilation of the assessment 
diagram which is particularly useful for comparing and compiling surveys over time. It is also easy to 
include additional languages. Further developments foreseen will facilitate printing and export of results to 
Word or other software, automatic compilation of a short quality report and quantitative analyses of the 
results. The DESAP-E can be downloaded from the websites of Statistics Lithuania (http://www.stat.gov.lt) 
and Eurostat (http://europa.eu.int/comm/eurostat/quality). 

INE Spain has used DESAP as the standard instrument for self-assessments of the statistical processes 
and outputs in the office. In order to obtain quantitative quality measures, the ESS Standard Quality 
Indicators (Eurostat, 2005) were linked to one or several DESAP questions. The measurement scales were 
standardised together with the transformation rules (equal weighting applied for all quality criteria). The 
survey specific indicators were reported back to each manager together with the average values for the 
corresponding survey group. In total, self-assessments were undertaken for 31 surveys and the experiences 
showed that it is a successful way of combining the process oriented information in DESAP with quantitative 
quality measures. This systematic quality management was implemented through the establishment of a 
Delegate Technical Commission. 

Recently, a generic checklist for the systematic quality assessment of statistics compiled by 
international or supranational organisations has been developed. It builds on the DESAP checklist but its 
focus is on the processes of transformation applied by the international or supranational organisations. It has 
been developed within the CCSA- project, coordinated by Eurostat, on the use and convergence of 
international quality assurance frameworks (CCSA, 2005).  

Since the statistical systems and functions of international organisations vary to a high degree (from 
direct data collection at national level to compilation of already aggregated data from various international 
sources) the modular approach has been further emphasised (compared to the DESAP originally developed 
for National Statistical Institutes) which makes it possible to tailor it better to specific needs such as the size 
and importance of a statistical activity including the periodicity for the production. In particular, the aspects 
of data validation have been extended and split into two modules, one referring to data validation undertaken 
by countries and the other to the data validation done in the international organisations. 

In addition to the DESAP Assessment diagram, a Summary Assessment Report has been added which 
should be used for identifying the main strengths and weaknesses and their importance regarding 
improvement. This report can be seen as a tool for managers for systematic follow-up of the implementation 
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of the recommendations.  
 

5. Enhancement of quality 
The step-wise approach in pursuing quality requires going further from the already existing 

instruments such as process documentation and quality reports towards introduc ing into practice the 
assessment of underlying statistical production processes and to set targets or quality requirements. The self 
assessment checklist presented here facilitates such an assessment of the statistics compilation processes and 
of the statistical outputs. To a certain degree, it relies on a number of preconditions. As it requires some basic 
information on the outputs and processes under consideration, therefore at least a basic systematic quality 
measurement regarding processes and outputs has also to be in place. In addition, this kind of quality 
assessment requires, as a frame of reference, some definition of minimum requirements, guidelines or 
recommendations against which the assessment can be carried out. A standardisation of production processes 
based on the development and implementation of Current Best Methods for statistics production, protocols 
and policy documents largely facilitates effective data quality assessment. 

Effective methods and procedures for the assessment of all aspects of the processes and outputs are 
key factors of any quality assurance framework activities. The quality assurance framework builds heavily 
on the results from statistical data quality measurement which should provide input to strategic planning and 
improvement actions. Furthermore, the tools and methods for assessment have to be fully integrated. For 
example, there is a strong link between quality reports, quality indicators and process variables on the one 
hand and self assessments and auditing on the other. It is of utmost important that the implementation efforts 
build on the methods which are already in place and aim at stepwise standardisation within a systematic and 
regular approach. By having an integrated and office-wide approach, quality improvement can be achieved in 
a systematic way, thereby ensuring comparability between different statistics over different time periods.   
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Since the International Standard Organisation (ISO) has published “ISO 20252:2006 (E) Market, 
opinion and social research – Vocabulary and service requirements” in May 2006 for the first time an 
international standard in the field of data quality is set up.  

The principal objective of international standardization is to facilitate business development and 
growth particularly between different national and regional markets. The intention of ISO 20252:2006 is to 
apply the principles of international quality standards to market, opinion and social research and to 
harmonize other national standards already available. Subsidiary objectives are to define the level of 
requirement for service provision and common work procedures to be applied in processes, including across 
different countries.  

The principles of official statistic in the ESS are laid down in the Code of Practice. Quality reports 
describe the data quality. Numerous regulations contain specific procedures to obtain a defined quality level.  

A comparison between the official and the market orientated approach shows, that ISO 20252:2006 
assures process quality, while the Code of Practice refers to the quality of institutional environment, 
statistical processes and statistical output. 

Table 1 shows, that most of the institutional environment of Official Statistics cannot be compared to 
market research. Professional independence, impartiality and objectivity, and mandate for data collection are 
typical requirements for public services. Adequate funding and cost effectiveness are requirements only for 
non-market institutions. Non-excessive burden on respondents as well as coherence and comparability are 
required, because most official statistics stem from mandatory surveys and contribute to comprehensive 
statistical systems. 

Table 1 1 
The principles of the Code of Practice and ISO 20252:2006 
Principle specific for official 

statistics 
Principle covers or partly covers ISO 20252 

requirements 

1 Professional Independence 4 Quality Commitment 

2 Mandate for Data Collection 5 Statistical Confidentiality 

3 Adequacy of Resources 7 Sound Methodology 

6 Impartiality and Objectivity 8 Appropriate statistical procedures 
9 Non-excessive burden on 

respondents 
11 Relevance 

14 Coherence and Comparability 12 Accuracy and reliability 

10 Cost effectiveness 13 Timeliness and Punctuality 

 15 Accessibility and Clarity 

 
The decision to apply ISO 20252:2006 to official statistics has to take into account the different 

conditions of business enterprise and public service as a survey research supplier with regard to the 
respective national statistical system. On the other hand ISO 20252:2006 gives a detailed guidance following 
the stages of the statistical production process and this is very much the same for statistics of any type. 
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Official statistics complies with most of the requirements of the standards, but it may require numerous 
adjustments and improvements of processes to comply with all.  

As an example one could refer to the process model of the “European Self-Assessment Checklist for 
Survey Managers” (DESAP), a checklist which allows a step-by-step assessment of seven production 
processes. This process structure is roughly oriented according to the “Statistical Value Chain” (SVC) as 
developed by the ONS and the standard process model of the Federal Statistical Office of Germany. 

 
Table 2 DESAP process model and ISO 20252:2006 
DESAP Process Model ISO 20252:2006 
(1) Decision to Undertake a Survey 4.1 Responding to research requests 

(2) Survey Design 4.2 Project schedule 
4.4 Questionnaires and discussion guides 
4.5. Managing sampling, data collection 

and data analysis 
4.6 Monitoring the execution of research 

(3) Data Collection 5 Data collection 

(4) Data Capture and Data Processing 6 Data management & processing 

(5) Data Analysis and Output Quality 

(6) Documentation and Dissemination 

7 Report on research projects 

(7) Improving Statistics  -  

 
Referring to ISO 20252:2006 could give guidance for quality guidelines and assessing the quality of 

the statistical production process chain. It is to be noted, that ISO 20252:2006 focuses on the process of 
statistical production and does not intent to give technical specifications. Therefore it lacks precise quality 
indicators for products as are described in ESS Quality Indicators, but merely states that surveys should 
comply with agreed standards. Auditing according to ISO 20252:2006 would indicate, that an organisation 
has the framework to comply with the standards of the European Statistical System, but would not assess 
these standards themselves. 

 
The main benefits of ISO 20252:2006 are: 

• An external audit by an approved auditor can strengthen the trust in official statistics 
• The system is transparent because the specification is openly drafted; there are no barriers to 

participation, it is published and required to be regularly updated.  
• The audit requirement is clear and an assessment procedure specification enables an application that 

provides consistency and comparability for participants. 
• Within an office the need to clearly define processes and their ownership achieves a higher level of 

staff involvement and comprehension of the process and their own role.  
• The increased awareness of process brought about by standard compliance, enables properly 

managed staff to become more pro-active in seeking quality improvements. 
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1. Introduction 
A quality framework usually distinguishes between product, process and structural quality. Quality 

assessments in statistics are based on the measurement of components of product quality. These are normally 
relevance, accuracy, timeliness and punctuality, comparability and coherence, accessibility and clarity of 
statistics. Product quality is achieved through production processes like data collection and data processing. 
Often process characteristics or variables are used as quality indicators and proxies for data quality. 
Measurements of process variables is hence an important issue linked to quality assessments. Besides, the 
study of process variables is a prerequisite for improving processes and quality.  

In the European Code of Practice for statistics, main headings for indicators linked to the statistical 
processes are sound methodology, appropriate statistical procedures, non-excessive burden on respondents 
and cost effectiveness (Eurostat 2005). Measurement and study of process variables are crucial for 
monitoring these indicators.  

The paper is based on a new handbook on data quality assessment methods and tools (Eurostat 2007). 
It presents a brief summary of current best methodology and practice in the field of measuring process 
variables in statistics, with emphasis on usage in data quality assessments.  

2. Method 
Morganstein and Marker (1997) have described a method for measuring and analysing process 

variables. The method consists of using quantitative indicators in order to monitor processes over time, and 
detect sources of error to assess and improve existing processes. The handbook includes a brief description 
of this procedure.  

The first step in  measuring of process variables is to identify critical product characteristics. For 
statistics in general, these variables normally correspond to all or some of the Eurostat quality components 
(Eurostat 2003). After having mapped the process one should start measuring key process variables.

Key process variables are those factors that can vary with each repetition of the process and have the 
largest effect on critical product characteristics, i.e. those characteristics that best indicate the quality of the 
product (Jones and Lewis 2003). 

Measuring key process variables is a basis for process management and continuous quality 
improvement, but also for data quality assessment by providing input to quality indicators and quality 
reports. Furthermore, a selection of key process variables will assume an important role in self-assessments 
and audits as well as in labelling and in a certification (for example according to the ISO 20252). 

Figure 1 illustrates the main links between process variables and other data quality assessment 
methods. 

To analyse process variables, measurements have to be used for established, i.e. repetitive processes 
that are important for data quality. Often (repetitive) measurements do not exist. This is the case when new 
processes are developed. However, in order to establish a basis for data quality assessments and future 
improvements it is important to start identifying and measuring key process variables anyway.  
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Statistical Output:
Product quality

Statistical Processes:
Process quality  Process variables

 Quality indicators Quality reports

Self assessments Audits and
peer reviews

Certification and labelling
Users

Figure 1. Process variables within the framework of data quality assessment  

Statistical institutes have always measured some process variables. Examples are measurements of 
interviewer performance, non-response of different types, costs and use of time for different processes. 
However, what has often been lacking is a systematic approach to identifying and measuring such variables.  

A continuous monitoring system is needed to be sure that quality remains high, and there should 
always be an objective to improve over time. A process control system that works well should not be used as 
an excuse for not looking for changes, even if the process meets the specifications.  

3. Experiences in statistical institutes 
Even if process variables have often been measured, there are surprisingly few papers on measuring 

and analysing process variables in statistical institutes, despite the fact that study of processes as a basis for 
quality improvements has been in focus here during the last 10 years. Sæbø (2006) mentions that there seems 
to be a gap between theory and practice within this field. This might be a problem of management if they do 
not demand figures, but also an indication that identifying, measuring and applying process variables in 
quality improvement is more difficult than what is taught in courses. 

The main types of process variables used in practice are: 
• Interviewer performance 
• Resources used 
• Time used 
• Response rates 
• Response burden 
• Complaints  
• Error rates (for example in interviewing, editing and coding, disclosure control and dissemination) 

These types may overlap each other (i.e. interviewer performance includes resources and time usage). 
Each type usually consists of several variables by grouping different characteristics, such as type (of non-
response or error), size (for example non-response in businesses) and user group (complaints). 

A handbook by Jones and Lewis (2003) gives a comprehensive overview and state-of-the-art of 
analysis of process variables, and a guidance on how to identify, measure, and analyse such variables.  This 
handbook is the point of departure for Thomsen et al. (2006), who study total response rates, refusal rates, 
non contact rates and number of days used for data collection.  In an earlier paper, Biemer and Caspar (1994) 
discuss an application to coding operations. 

The following key process variables have been identified by Thomsen et al. (2006): 
• Response rate (by time and reminders): Total, refusal rate and non-contact rate 
• Days in field for data collection 

The study considers both household surveys and business surveys, both with interviewers, postal and 
electronic questionnaires, and mandatory and voluntarily surveys. It shows the impact of non-response on 
product quality, i.e. accuracy vs. timeliness. It contains several tools and figures, such as cause-effect 
diagram, flow charts and control charts. One of the studies considered is the European Social Study (ESS). 
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The first example below is taken from this survey (figure 2). It shows the typical response rate development 
by days of fieldwork.  This alone might give some ideas of the relationship between accuracy and timeliness. 

The second example is a control chart for non-response in the Norwegian Quarterly Investment 
Statistics (QIS) survey (figure 3).  It defines the outer boundaries for the accepted variation in a process. If a 
process variable is measured outside one of these boundaries an investigation should be undertaken to 
disclose the source of the abnormal variation (special cause). Typical reasons for this could be human 
mistakes such as forgetting to enclose prepaid reply envelopes or an error in an electronic questionnaire 
making it impossible to send the data via the Internet.  

The figure shows that there have not been any periods with non-response rates breaking the outer 
boundary for what is tolerated. What could also be noticed that the non-response is below the quarterly 
average in the latter quarters. If we believe that the lower non-response has stabilised in the later quarters and 
that this level constitutes the new lower level, we should adjust the boundaries in the control chart by only 
using non-response data from 2003 and onwards in the calculations. The only data to establish this tool is the 
non-response rate at critical dates. 

Figure 2. A typical response rate development. ESS 2004 

Figure 3. Control chart for non-response in QIS for 1st  reminder 
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4. Recommendations  
In addition to general recommendations on implementing systematic quality work, the following 

recommendations are important when it comes to measuring process variables: 
• Promote the measurement of process variables, but start carefully (e.g. by focussing on a specific 

process). 
• Be selective, i.e. choose variables that are really important (key process variables) when starting 

measuring. 
• Try not to ignore process variables which are difficult to measure, but critical for data quality. 
• Suitable areas for starting the use of key process variables include fieldwork, non-response, data entry or 

coding, for which a number of examples are already available. 
• Management should demand measurements and use these for their planning and follow-up. 
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ABSTRACT 
Quality assessments in statistics are based on the measurement of product quality components. These are 

normally relevance, accuracy, timeliness and punctuality, comparability and coherence, accessibility and clarity of 
statistics. Product quality is achieved through production processes like data collection and data processing. Often 
process characteristics or variables are used as proxies for data quality. Measurement of process variables is hence an 
important issue linked to quality assessments. In addition, the study of process variables is a prerequisite for improving 
product quality and efficiency in processes.  

In the European Code of Practice for statistics, main headings for indicators linked to the statistical processes 
are sound methodology, appropriate statistical procedures, non-excessive burden on respondents and cost effectiveness. 
Measurement and study of process variables are crucial for monitoring these indicators.  

Even if process variables have often been measured, and quality work in statistics has been focused during the 
last decade, there are surprisingly few papers on measuring and analysing process variables in statistical institutes.   

The paper is based on a new handbook on data quality assessment methods and tools to be published by 
Eurostat (2007). It presents a brief summary of current best methodology and practice in the field of measuring process 
variables in statistics. It includes a few practical examples. The relevance for data quality assessments is emphasised. A 
more comprehensive summary and more examples are given in the handbook.  
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1 Introduction

The modern computer generates contemporary datasets of enormous size, sizes that can be too
large for those same computers to analyse the data using traditional (classical) methodologies.
For example, a health insurance entity records demographic, medical, family, doctor/hospital
visits, medications, and so on, for millions of individuals. Or, a power company records the
power usage over time (such as daily) for millions of customers. When the number of obser-
vations and/or the number of parameters are too large, the data need to be aggregated to
reduce them to a dataset of a more manageable size. There are innumerable ways to aggregate.
Which way(s) this might be done can be guided perhaps by the following realization. The insur-
ance entity (or, likewise, the power company) is not really interested in the actual medication
prescribed at your specific doctor’s examination for a particular ailment; but rather it is inter-
ested in the medications used for associated ailments for you (over time), or for individuals in
your socio-economic stratum or in your age-gender category, or etc. Therefore, the aggregation
procedure adopted is driven by the scientific question(s) of interest. The resulting dataset no
longer consists of points in p-dimensional space (as for classical data) but may be intervals or
histograms, i.e., hypercubes in p-dimensional space. It is also noted that symbolic data can
take forms other than intervals or histograms, and can also occur naturally rather than as the
result of aggregation (see, e.g., Bock and Diday, 2000, or Billard and Diday, 2006).

This paper focuses on histogram-valued observations. In particular, our interest is on mea-
suring the covariance function between two histogram-valued variables. Bertrand and Goupil
(2000) obtained formula for calculating the empirical histogram, sample mean and sample vari-
ance for interval-valued data. These results were extended to histogram-valued data in Billard
and Diday (2003). Attempts to obtain expressions for the covariance function include those
implied by Billard and Diday (2000), DeCarvalho, et al. (2004), and Laura and Gioia (2006) for
interval data, in the context of fitting a regression model, or Bilard (2004) using copulas. All are
limited in different ways and to varying extents. See Billard (2007) for an extended discussion
and reference list. Recently, Billard (2007) obtained expressions for the covariance function for
interval-valued data, which overcame the earlier difficulties. That approach is extended herein
to histogram-valued data and illustrated by an example.

2 Covariance Function

Let Zj , j = 1, 2, be two histogram-valued random variables with realizations Zuj = {[aujkj
,

bujkj
), pujkj

, kj = 1, · · ·, suj} for observation wu, u = 1, · · · ,m, with
∑suj

ki=1
pujkj

= 1. Note that
when suj = 1 and pujkj

= 1 for all j, u, k values, the realizations are interval-valued. Note also
that when further auj1 = buj1 (and suj = 1 and puj = 1), the realization is a classical point.

By extending Bertrand and Goupil (2000), Billard and Diday (2003), under the assumption
that the possible realizations on any histogram subinterval [a, b) are uniformly distributed as

1
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U(a, b), obtained the empirical mean of Zj as

Z̄j =
1

2m

m∑
u=1

⎡⎣ suj∑
kj=1

(aujkj
+ bujkj

)pujkj

⎤⎦ (1)

and the empirical variance of Zj as

S2
j =

1
3m

m∑
u=1

⎡⎣ suj∑
kj=1

(a2
ujkj

+ aujkj
bujkj

+ b2
ujkj

)pujkj

⎤⎦− 1
4m2

m∑
u=1

⎡⎣ suj∑
kj=1

(aujkj
+ bujkj

)pujkj

⎤⎦2

.

(2)
The expression (2) for the empirical variance can be rewritten as

S2
j =

1
3m

m∑
u=1

suj∑
kj=1

{
pujkj

[
(aujkj

− Z̄j)2 + (aujkj
− Z̄j)(bujkj

− Z̄j) + (bujkj
− Z̄j)2

]}
(3)

By analogy with (3), the empirical covariance function for (Z1, Z2) is given as

Cov(Z1, Z2) =
1

3m

m∑
u=1

su1∑
k1=1

su2∑
k2=1

pu1k1pu2k2G1G2[Q1Q2]
1
2 (4)

where, for j = 1, 2,

Qj = (aujkj
− Z̄j)2 + (aujkj

− Z̄j)(bujkj
− Z̄j) + (bujkj

− Z̄j)2, (5)

Gj =

{
−1 if Z̄uj ≤ Z̄j ,

1 if Z̄uj > Z̄j ,
(6)

and where Z̄1 and Z̄2 are as given in Equation (1) and where

Z̄uj =
1
2

suj∑
kj=1

pujkj
(aujkj

+ bujkj
) (7)

is the mean value of the variable Zj for the observation wu.
The relevance and significance of the sign coefficients Gj , j = 1, 2, becomes clear by analogy

with the discussion of its counterpart for interval data in Billard (2007, q.v.).
It follows that the empirical correlation coefficient is

ρ(Z1, Z2) = Cov(Z1, Z2)/(S1 · S2). (8)

3 An Example

The data of Table 1 are the running times (Z1) on a treadmill for a sample of individuals from
each of m = 10 socio-groups along with the pulse rates (Z2) reached by those individuals. The
running times are recorded as histogram data while the pulse rate data form the special case of
(s = 1) interval data.

Applying the formula (1), (2), (4) and (8) to the data we obtain

Z̄1 = 5.592, S2
1 = 3.270,

Z̄2 = 227.15, S2
2 = 197.611

and
Cov(Z1, Z2) = 22.690, ρ = 0.893.

2
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Table 1 - Histogram-valued Data
wu Y1 = Running Time Y2 = Pulse Rate
w1 {[5.3, 6.2), .3; [6.2, 8.3], .7} [223, 264]
w2 {[5.5, 6.9), .4; [6.7, 9.0], .6} [220, 250]
w3 {[5.1, 6.6), .4; [6.6, 7.8], .6} [219, 241]
w4 {[3.7, 5.8), .6; [5.8, 6.3], .4} [209, 239]
w5 {[4.5, 5.9), .4; [5.9, 6.2], .6} [211, 237]
w6 {[4.1, 6.1), .5; [6.1, 6.9], .5} [219, 245]
w7 {[2.4, 4.8), .3; [4.8, 6.2], .7} [215, 228]
w8 {[2.1, 5.4), .2; [5.4, 6.9], .8} [208, 233]
w9 {[4.8, 6.5), .5; [6.5, 8.2], .5} [229, 253]
w10 {[0.2, 1.1), .6; [1.1, 3.7], .4} [190, 210]

4 A Refinement

For classical data, any observation Z = z is clearly ≤ or ≥ Z̄ completely. However, for histogram
data, Z̄j(j = 1, 2) will typically fall ”inside” some observations, and more specifically, inside
at most one subinterval of an observed histogram Zuj . (Note, an Z̄j could fall ”outside” the
observed histogram for some u values; see, e.g., Z2,1 and Z10,1 and Z9,2 and Z10,2 in the example
above.) As defined in (6), the sign Gj is +1 (or -1) for all components of Zuj regardless of whether
Z̄j is ”inside” or ”outside” Zuj . For those observations Zuj which contain Z̄j , a refinement of
the covariance function can be made as follows.

Clearly, if Z̄j is inside Zuj , then it is inside a subinterval of Zuj , say, Zujq = [aujq, bujq).
(When Z̄j equals a subinterval endpoint, the argument is unchanged.) Then, this subinterval
can be divided into two subintervals

[aujq, Z̄j), pujq1 ; [Z̄j , bujq), pujq2

with
pujq1 = pujq(Z̄j − aujq)/(bujq − aujq), pujq2 = pujq − pujq1 .

There are now (suj + 1) subintervals in the histogram Zuj , but the datapoint Zuj remains a
histogram-valued realization.

A concomitant refinement is for the comparisons in (6) to be with the subinterval midpoints.
Thus, the equation (6) is replaced by, for each kj ,

Gj =

{
−1 if Z̄ujkj

≤ Z̄j ,
1 if Z̄ujkj

> Z̄j .
(9)

For example, take the running time for the first observation in Table 1, Z11. Now, Z̄1 = 5.584,
and Z̄11 = 6.8 since Z̄11 > Z̄1, G1 = 1 throughout Z̄11 in the calculation in (4). By partitioning
the first subinterval, we obtain the new histogram observation as

{[5.3, 5.584), .095; [5.584, 6.2), .205; [6.2, 8.3], ·7}.

Then, from (9), the sign coefficient G1 takes values -1, 1, 1 respectively for the three subintervals
of Z11.

3
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Proceeding in this manner for all observations and all variables, we obtain the refined values

Cov(Z1, Z2) = 22.230, ρ(Z1, Z2) = 0.875,

for this dataset. The empirical means and variances are unchanged.
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RESUMÉ

Formule pour obtenir la fonction de covariance et par conséquent le coefficient de corrélation
pour des donnes histogramme-évaluées sont présentés, et illustrés par un exemple.
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Introduction

The object of cluster analysis is to classify experimental data in a certain number of classes
where the elements of each class should be as similar as possible and dissimilar from those of other
classes. So the goal is to discover natural clusters present in the data. The clustering problem we
are interested in is the following. E = {x1, x2, ..., xn} is a set of objects. On each of the n objects
we measure the value of p quantitative variables Y1, Y2, ..., Yp. The objective is to find a ”natural”
partition P = {C1, C2, ..., Ck} of the set E into k clusters.

A statistical model for cluster analysis based on the homogeneous Poisson process

The Hypervolumes clustering method (Hardy and Rasson (1982), Hardy (1983)) assumes that
the n p-dimensional observation points x1, x2, � � � , xn are a random sample of a homogeneous Poisson
point process N (Karr (1991)) in a domain D ⊂ Rp (0 < m(D) <∞) which is the union of k disjoint
convex compact domains Di (i = 1, � � � , k) (k is fixed beforehand). The problem is to estimate the
unknown domains Di (i = 1, � � � , k). We denote by Ci ⊂ {x1, x2, � � � , xn} the set of points belonging
to Di (i = 1, � � � , k).

The likelihood function LD takes the form

LD(x1, x2, � � � , xn) =
1

(m(D))n

n∏
i=1

ID(xi).

The maximization of the likelihood function LD is equivalent to the minimization of the Hyper-
volumes clustering criterion

max
D1,D2, ···,Dk

LD(x1, x2, � � � , xn) ⇐⇒ min
P∈Pk

k∑
i = 1

m(H(Ci))

where Pk is the set of all the partitions of E into k clusters, H(Ci) is the convex hull of the
points belonging to Ci and m(H(Ci)) is the multidimensional Lebesgue measure of that convex hull.

The maximum likelihood estimates of the k unknown domains D1, D2, � � � , Dk are the k convex
hulls H(Ci) of the k sub-groups of points Ci such that the sum of the Lebesgue measures of the disjoint
convex hulls H(Ci) is minimal.
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The Hypervolumes clustering criterion is defined by

Wk =
k∑

i = 1

m(H(Ci)) =
k∑

i = 1

∫

H(Ci)
m(dx).

In the context of a clustering problem, the objective is to find the partition P ∗ such that

P ∗ = arg min
P∈Pk

k∑
i = 1

∫

H(Ci)
m(dx).

Two tests of hypotheses for the number of clusters.

One of the central problems of cluster validation is the determination of the true number of
clusters. We propose two tests of hypotheses for the number of clusters based on the Hypervolumes
clustering criterion: the Hypervolumes test and the Gap test. The Hypervolumes test (Hardy (1996),
(2002), (2007)) is a likelihood ratio test deduced from the statistical model for cluster analysis based
on the homogeneous Poisson process. We test the hypothesis H0 : t = k against the alternative
H1 : t = k � 1 where t represents the number of natural clusters (k ≥ 1). The test statistic is
given by S(x1, x2, � � � , xn) = Wk

Wk−1
where Wk (respectively, Wk�1) is the value of the Hypervolumes

clustering criterion associated to the best partition into k (respectively, k� 1) clusters. Unfortunately
the distribution of the test statistic is not known. The first solution is to use a heuristic approach
based on an interesting property: S(x1, x2, � � � , xn) belongs to [0, 1[. Recently permutation tests were
used in order to compute p-values associated with that statistic (Hardy, Blasutig (2006)). On the
other hand the Gap test (Kubushishi (1996)) is another likelihood ratio test based on the same model.
We test H0 : the n = n1 +n2 observed points are a realization of a homogeneous Poisson process in D
against H1: n1 points are a realization of a homogeneous Poisson process in D1 and n2 points are a
realization of a homogeneous Poisson process in D2 where D1 ∩D2 = ∅. The test statistic, called the
gap statistic, is the Lebesgue measure of the gap space between the clusters. Exact and asymptotic
distributions are available for the gap statistic.

The new clustering method SPART

Symbolic data analysis (Bock and Diday (2000), Diday and Noirhomme (2007)) is concerned
with the extension of classical data analysis and statistical methods to more complex data called
symbolic data.

Pirçon (2004) proposed five monothetic divisive clustering methods for classical quantitative
data. One of them (SHOPP) is based on the homogeneous Poisson point process. In this paper, we
present an extension of SHOPP to interval data.

A variable Y is termed set-valued with the domain Y, if for all xi ∈ E,

Y : E → D

xi 7�→ Y (xi)

where the description set D is defined by D = P(Y) = {U 6= ∅ | U ⊆ Y}.
A set-valued variable Y is called interval valued if its description set D is the set of closed

bounded intervals of R.
In order to realize the extension of SHOPP to interval data, we use a modelling. We represent

an interval by a point (m, l) in a two dimensional space, where m is the middle of the interval and l

the half-length of that interval. The new method, called SPART, is a monothetic divisive clustering
procedure based on an extension of the Hypervolumes clustering criterion. The main steps of the
method are described below.
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1. Step 1: The splitting criterion.

SPART is a monothetic divisive clustering method. Thanks to the (m, l) modelling, the set
of intervals is transformed into a set of points in a two dimensional space. In order to reduce
the complexity of the procedure, we choose the best bipartition among all the bipartitions
obtained by cutting the cluster C in the (m, l) space by straight lines perpendicular to the
m axis. So we respect the order of the centers of the intervals. The splitting criterion is
an extension of the Hypervolumes clustering criterion. The objective is to find the interval
]mi,mi+1[ such that W ∗

2 = mi+1 � mi + max{li, li+1} � min{li, li+1} is minimum, where mi

is the center of the ith interval, and li its half length. The cut value c is any value in the
interval ]mi,mi+1[ that maximizes W ∗

2 . We define a binary function qc : E �→ {true, false},
and the bipartition {C1, C2} of C is induced by the binary questions ”Is mk ≤ c” where mk is
the center of the interval Y (xk) and c the cut value. So C1 = {xk ∈ C : qc(xk) = true} and
C2 = {xk ∈ C : qc(xk) = false}. The algorithm starts with all the objects in one cluster, and
divides successively each cluster into two smaller ones. The splitting process is stopped after
L iterations (where L is given as input by the user (L is usually larger than the true number
of clusters)) or until a suitable stopping rule is fulfilled (for example, the number of points
in a node). At each level we select the variable and the cluster to split so that the extended
Hypervolumes criterion is minimized.

2. Step 2: The pruning step

In step 1, the nodes are automatically splitted until a stopping rule is fulfilled. At the end of
step 1, we obtain a large tree. A pruning process is applied in order to get a more useful tree.
In order to do that we have the choice between two statistical tests based on the homogeneous
Poisson process: the Hypervolumes test and the Gap test. These tests are applied to each node
of the tree in order to detect the good cuts and the bad cuts. We adopt the following rule: prune
all the ends of branches which contain only bad cuts. At the end of step 2, we have a hierarchic
tree, where the singletons are the clusters obtained at the end of the process. It’s also a decision
tree and the clusters can be interpreted in terms of the original variables.

3. Step 3: The merging process

In presence of some challenging structures (for example, when the clusters are such that no one
of them is linearly separable from the others), the natural partition of the data is sometimes not
obtained at the end of step 2. A merging process is included in the procedure in order to check
if it is relevant or not to merge some of the clusters obtained at the end of step 2. Once more we
propose to use the Hypervolumes test and the Gap test. SPART is then a partitioning clustering
method. An alternative way of determining the best number of clusters is to combine SPART
with NBCLUST, a set of methods for the determination of the number of clusters available for
interval, multi-valued and modal variables (Hardy (2007)).

Illustrations and applications

We compare the results given by SPART with those produced by two other clustering methods
available for interval variables. The first one, SCLASS (Rasson et al (2007)), is a hierarchic monothetic
divisive clustering method based on the nonhomogeneous Poisson process. The criterion is based on
a symbolic extension of the generalized Hypervolumes clustering criterion (Granville (1993)). The
second one, DIV (Chavent (1997)), is also a monothetic divisive method. It is based on an extension
of the within-class variance criterion. DIV, SCLASS and NBCLUST are available in the SODAS 2
software.
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Generated data sets are used in order to illustrate the new clustering method. Some real
applications are also presented.
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ABSTRACT

Symbolic data analysis (Bock and Diday (2000), Diday and Noirhomme (2007)) is concerned
with the extension of classical data analysis and statistical methods to more complex data called sym-
bolic data.

Pirçon (2004) proposed five monothetic divisive clustering methods for classical quantitative
data. One of them (SHOPP) is based on the homogeneous Poisson point process. In this paper, we
present an extension of SHOPP to interval data. The new method, SPART, is a monothetic divisive
clustering method. The cut criterion is based on an extension of the Hypervolumes clustering criterion.
A pruning step is performed in order to reduce the number of leaves of the tree. We use two hypothesis
tests for the number of clusters based on the homogeneous Poisson process: the Hypervolumes test
(Hardy (1996)) and the Gap test (Kubushishi (1996)). The result is a decision tree, where the leaves
are the clusters obtained at the end of the pruning process. A merging step has been added to the
procedure in order to improve (when possible) the resulting partition. SPART is then a partitioning
clustering method.

Artificial generated data sets are used in order to illustrate the method. Some real applications
are also presented.
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1. Introduction

Symbolic data analysis (SDA) is a new direction to generalize standard statistical methods (Bock

and Diday(2000). The generalization of classical PCA is an interesting and important research field.

The extension of the PCA to interval data has been proposed by Chouakria, Diday and Cazes (1998)

as Vertices Principal Component Analysis (V-PCA). Lauro and Palumbo (2000) proposed Symbolic

Object Principal Component Analysis (SO-PCA) as an extended PCA to any numerically hand able

data structure. The author also proposed a generalized PCA based on the generalized Minkowski

metrics (Ichino (1988), Ichino and Yaguchi (1994)).

In this paper, we present a symbolic object principal component analysis (S-PCA) based on a

new quantification method for symbolic objects. In Section 2, we briefly describe the Cartesian system

model (CSM ) which is a mathematical model to manipulate symbolic objects (Ichino and Yaguchi

(1994,1998)). In Section 3, we describe the rank ordering of objects based on the nested covering

for each symbolic feature variable. Each symbolic feature variable is quantified by the ranking val-

ues based on the nested covering. In Section 4, we illustrate the S-PCA based on our quantification

method by using Fats and oils data (Ichino (1988)). Section 5 is a summary.

2. Cartesian system model

Let U be a finite set of N objects as:

U = {ω1,ω2, ...,ωN}.(1)

Let each object be described by d features (attributes), and Let Di be the domain of feature Fi,

i = 1, 2, ..., d. Then, the feature space is defined by the product set

D(d) = D1 ×D2 × · · · ×Dd.(2)

Since we permit the simultaneous use of various feature types, we use the notation D(d) for the feature

space in order to distinguish it from usual d-dimensional Euclidean space Dd.

Each object ωi in the set U is represented in the feature space D(d) as:

Ei = Ei1 × Ei2 · · · × Eid or Ei = (Ei1, Ei2, ..., Eid),(3)

where Eij , j = 1, 2, ..., d, are feature values taken by d features.

The CSM is able to manipulate the following feature types.

1) Continuous quantitative feature: The height and the weight for a person are examples of this feature

type.

2) Discrete quantitative feature: The number of cities in a state and the number of family members

of a person are examples of this feature type.

3) Ordinal qualitative feature: One’s academic background {junior high school, high school, college
or university, graduate school} and military rank are examples of this feature type. We assume an
appropriate numerical coding.

4)Nominal qualitative feature: The distinction of sex {male, female} and blood type of a person
{A,B,AB,O} are examples of this feature type.
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We permit interval values for feature types 1) - 3), and finite set values for feature type 4) . (In the

CSM some tree-type features are also manageable(Ichino and Yaguchi(1994,1998)). The Cartesian

product of the form (3) described in terms of feature types 1) - 4) is called an event.

The Cartesian join,A tB, of a pair of events A = (A1, A2, ..., Ad) and B = (B1, B2, ..., Bd) in

the feature space D(d), is defined by

A tB = [A1 tB1]× [A2 tB2]× · · · × [Ad tBd](4)

where [AitBi] is the Cartesian join of feature values Ai and Bi for feature Fi and is defined as follows.
When Fi is a quantitative or an ordinal qualitative feature, Ai tBi is a closed interval given by

[Ai tBi] = [min(AiL, BiL),max(AiU , BiU )],(5)

where AiL and AiU , respectively, are the minimum and the maximum values of the interval Ai, and

min(AiL, BiL) and max(AiU , BiU ) are the operators which take the minimum and the maximum

values, respectively, among sets {AiL, BiL} and {AiU , BiU}.
When Fi is a nominal feature, [Ai tBi] is the union:

[Ai tBi] = Ai ∪Bi.(6)

The Cartesian meet, A uB, of a pair of events A = (A1, A2, ..., Ad) and B = (B1, B2, ..., Bd) in

the feature space D(d), is defined by

A uB = [A1 uB1]× [A2 uB2]× · · · × [Ad uBd](7)

where [Ai uBi] is the Cartesian meet of feature values Ai and Bi for feature Fi defined by

[Ai uBi] = Ai ∩Bi.(8)

We call the triplet (D(d),t,u) the Cartesian system model (CSM)(Ichino and Yaguchi (1994,1998)).

Table 1 Fats and oils data

Specific Freezing Iodine Saponifica- Major

gravity F1 point F2 value F3 tion F4 acids F5

1.Linseed 0.930 ∼ 0.935 −27 ∼ −18 170 ∼ 204 118 ∼ 196 L,Ln,O,P,M

2.Perilla 0.930 ∼ 0.937 −5 ∼ −4 192 ∼ 208 188 ∼ 197 L,Ln,O,P,S

3.Cotton 0.916 ∼ 0.918 −6 ∼ −1 99 ∼ 113 189 ∼ 198 L,O,P,M,S

4.Sesame 0.920 ∼ 0.926 −6 ∼ −4 104 ∼ 116 187 ∼ 193 L,O,P,S,A

5.Camellia 0.916 ∼ 0.917 −21 ∼ −15 80 ∼ 82 189 ∼ 193 L,O

6.Olive 0.914 ∼ 0.919 0 ∼ 6 79 ∼ 90 187 ∼ 196 L,O,P,S

7.Beef 0.860 ∼ 0.870 30 ∼ 38 40 ∼ 48 190 ∼ 199 O,P,M,S,C

8.Hog 0.858 ∼ 0.864 22 ∼ 32 53 ∼ 77 190 ∼ 202 L,O,P,M,S,Lu

3. Rank ordering by nested covering

Let each object ωi, i = 1, 2, ..., N , be described by event Ei = Ei1 × Ei2 · · · × Eid, and let
[Eik tEjk] be the Cartesian join of a pair of objects, ωi,ωj²U , for a feature Fk. Then, we find objects
ωp satisfy the relation:

[Eik t Ejk] u Epk = Epk.(9)
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When n objects satisfy (9), we say that the object pair ωi,ωj²U covers n objects with respect

to feature Fk, and n is called the generality of the Cartesian join region [Eik t Ejk]. From the above

definition, the generality is in the range:

2 ≤ n ≤ N.(10)

In the following discussion, we are interesting in the maximum generality (i.e., the maximum covering).

In the data of Table 1, objects Perilla and Hog have the maximum generality eight under feature F1.

A sequence of objects ωi1,ωi2, ...,ωim is called a nested covering under a feature Fk, if the

following relations are satisfied:

[Ei1k tEijk] ⊆ [Ei1k tEi(j+1)k], j = 2, 3, ...,m− 1.(11)

In this nested covering, object ωi1 is the starting point and ωim is the end point.

Now, we assign the ranking value 1 for the starting point, ωi1, 2 for ωi2, and finally m for the end

point ωim according to the order of nested covering. In actual problems, however, monotonically

nested covering may not obtained. In such cases, we assign the same ranking values for the portions

which break the monotonic covering. We illustrate this idea by using the data in Table 1. For feature

F1, the pair of objects (2, 8) becomes the maximum covering with the generality eight. Let object 2

be the starting point and object 8 be the end point. Then we see the fact:

(2, 1) ⊂ (2, 4) ⊂ (2, 3), (2, 5) ⊂ (2, 6) ⊂ (2, 7) ⊂ (2, 8).(12)

This result suggests the nested order: 2, 1, 4, {3, 5}, 6, 7, 8. Thus, we assign rank values for each object
as follows:

1→ 2, 2→ 1, 3→ 4, 4→ 3, 4→ 5, 5→ 6, 6→ 7, 7→ 8.(13)

It should be noted that our ranking order is also applicable nominal features. Table 2 is the final

results of ranking orders for the data set in Table 1.

Table 2 Ranking values for Fats and oils data

objects F1 F2 F3 F4 F5
1 2 1 2 1 1

2 1 3 1 2 2

3 4 4 4 3 2

4 3 3 3 2 4

5 4 2 5 2 2

6 5 5 6 2 3

7 6 7 8 4 4

8 7 6 7 5 4

4. Symbolic Principal Component Analysis

When we apply a traditional PCA to the data set in Table 2 based on the variance-covariance

matrix, we have the results: the proportion of the first principal component is 86.68%; the proportion

of the second principal component is 7.45%; and the cumulated proportion of the first two is 94.13%.

In order to obtain a scatter plot for our 8 symbolic objects, we split each object into two objects

corresponding to the maximum vertex and the minimum vertex with respect to five features, where

we assume that maximum = minimum for feature F5. Then, we calculate component scores for each

of 16 objects with respect to the first two principal components. Finally, we construct rectangular
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regions from the maximum vertex and the minimum vertex for each object. As the result, we have

the scatter plot in Figure 1. This figure is very similar to the results of V-PCA (Chouakria et al.,

(1998)) and SO-PCA (Lauro and Palumbo, (2000)), although our approach is very different. When,

we use the first four features, the cumulated proportion of the first two principal components becomes

96.56% which is a high score compared to the results by V-PCA and SO-PCA.

Figure 1 Scatter plot of Fats and oils in the fi rst two principal components.

5. Concluding remarks

This paper presented a new quantification method to realize the symbolic principal component

analysis. In our quantification method, the nested covering plays the central role, and is directly

related to a monotonic structure of symbolic objects. We presented a simple example by using Fats

and oils data in order to illustrate the effectiveness of our approach.
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Spatial Data Mining : Clusters interpretationMohamed Cherif RahalCEREMADE - Paris Dauphine University, Plae du Ml de Lattre de Tassigny75016 Paris, FraneE-mail : rahal�eremade.dauphine.frEdwin DidayCEREMADE - Paris Dauphine University, Plae du Ml de Lattre de Tassigny75016 Paris, FraneE-mail : diday�eremade.dauphine.frSuzanne WinsbergPredisoft, San Pedro, Costa RiaE-mail : suzannewinsberg�predisoft.omABSTRACTHaving a large set of units desribed by standard or symboli data, a grid representation of theseunits ompatible with a spatial hierarhy or pyramid lustering an be done. The quality of the gridan be measured by several riteria. The aim of this work is to failitate the interpretation of a spatialpyramidal lassi�ation built on a symboli/lassial data table using symboli/lassial dissimilarities.Key words. Spatial lustering. Hierarhy. Pyramid. Symboli Data. Purring a pyramid. Seletionof variables. Seletion of lasses and desription. Interpretation of a lassi�ation.1 IntrodutionOur aim is to give a grid representation of a set of units(to be lustered) ompatible with a spatialpyramid or hierarhy. Our methods extend the lassial variables to the ase of symboli data where theentries of a data table are, e. g., sets of ategories or of numbers, intervals or probability distributions(see Billard and Diday (2006)).In this paper we are interested in the quality of the grid and the interpretation of a pyramidal orhierarhial lustering struture. Firstly we present a method of interpretation of the grid produedby a spatial pyramid (hierarhy) based on the orrelation of the position of the lustered units onthe grid and the desriptive variables. Then we fous on the detetion of the best lusters produedby the spatial pyramid (hierarhy). After deteting the best lusters, we use a symboli desriptionmethod, at eah step we selet the best variable and its optimal splitting to optimize simultaneouslya disrimination riterion given by a prior partition and a homogeneity riterion. The method used isbased on a top-down binary tree. The obtained lasses are homogeneous and well disriminated fromeah other with respet to the variables desribing them, and in addition they will be disriminatedfrom eah other with respet to a prior partition. We illustrate the methods on a real dataset.2 Spatial lusteringSpatial lustering (Pak(2005), Rahal and Diday (2006)) onerns any �nite set Ω of units desribedby a �nite set of standard or symboli variables, and for whih a dissimilarity d, an be given. Theaim of a spatial lassi�ation is to assoiate eah unit ω of Ω to a vertex of a grid and to produesimultaneously a lassi�ation struture "ompatible" with the grid and whih indues a dissimilarity
d′ orrelated with d as best as possible.Let Ω = {ω1, . . . , ωn} be the set of statistial units to be lustered. a spatial asending hierarhi-al/pyramidal algorithm an be applied, using a hosen aggregation index (dissimilarity between lus-
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ters, for example Min, Max, Average, ...). Clusters are onstruted : At eah step a new luster C isformed by the aggregation of the previously onstruted lusters Ci and Cj, aording to the desiredlustering struture :� if the struture is a spatial hierarhy : none has been aggregated before ;� if the struture is a spatial pyramid : none has been aggregated four times before, and there is agrid ompatible with the set Ω suh that eah formed luster is a onvex of this grid.3 The grid interpretationFor the interpretation of the grid obtained by a spatial lustering algorithm, we use a method basedon the orrelation between the positions of the units on the grid and the di�erent variables. For eahunit, the position (X,Y ) is added to it's desription (see �gure 1,2). In the example (see �gure 1, Tab.12) we build a spatial pyramid on 16 units desribed by 3 variables (age, weight, height), the resultingpyramid is shown in �gure 1 (left) and the obtained grid in �gure 1 (right). Our method assoiate toeah unit its oordinates from the grid, for example the unit ω1 is plaed in the intersetion of the �rstline and the fourth olumn, in the new table we assoiate to ω1 X = 1, Y = 4. After that, we omputethe orrelation between the variables (age, weight, height) and the oordinates (X,Y ). The resultingorrelation table is in the table 3. We see that the variables weight, height are well orrelated with Xand age, height are orrelated with Y .age weight height
ω1 19 64,31 180,70
ω2 25 75,91 192,24
ω3 24 48,10 195,19
ω4 26 74,89 173,39
ω5 22 48,28 197,69

age weight height
ω6 27 46,56 178,94
ω7 27 50,13 173,89
ω8 27 74,8 176,63
ω9 19 79,81 191,38
ω10 20 74,54 162,16
ω11 21 65,49 187,28

age weight height
ω12 21 81,36 181,91
ω13 27 61,18 163,54
ω14 23 58,73 189,42
ω15 24 62,83 199,03
ω16 26 48,81 152,28Tab. 1 � The data table
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ω1 ω2 ω3 ω4 ω5 ω6 ω7 ω8 ω9 ω10 ω11 ω12 ω13 ω14 ω15 ω16X 1 2 4 2 3 4 3 1 1 1 2 2 3 3 4 4Y 4 2 3 1 3 2 2 1 3 2 4 3 1 4 4 1Tab. 2 � The positions of the units on the grid
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age weight heightX 0,588618261 -0,794272439 0,071052341Y -0,634771926 -0,034035312 0,702987542Tab. 3 � The orrelation between the variables and the oordinates X,Y
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ω15ω16Fig. 2 � An example of 2 grids built on the units of Tab1-left using 2 di�erent on�gurations of the units on the grid :(left) a malformed grid, (right) a well formed grid3.1 The quality of the gridIn this setion we present a method for measuring the quality of the grid obtained by the spatial lus-tering algorithms. We mean by "`quality of the grid"'the preservation of the neighborhood relationshipbetween the units. The priniple of our method is to draw segments on the grid, for eah node (unit)whih join it to its nearest neighbor aording to the initial distane matrix. The less rossings thereare, the better the grid is ompatible with the initial distane. We an see in �gure 2 that the beston�guration is the right one beaause there are no rossings ontrary to the left on�guration.3.2 Cluster seletionIn this setion we present an algorithm of seletion of lusters, whih is an improvement and anextension of the works of Pak and al(2005). We are interested in the external di�erenes of heightsbetween eah luster and its lowest suessor. but also with the internal distanes (suessors). Tworiteria of seletion are used. The �rst riterion is for the seletion of the lusters whih have greatexternal distanes ompared to their predeessors (intra-lass distane) and the seond for the intra-lass distanes ompared to their suessors.
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300Fig. 3 � Seleted lusters4 Clusters interpretationAfter having seleted the best lusters eah luster is interpretated. Our lusters interpretation approahis based on a divisive top-down method, restrited to reursive binary partitions, until a suitablestopping rule prevents further divisions. We use a monotheti approah that is, eah split is arried
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out using only one variable, as it provides a learer interpretation of the obtained lusters (see Limamand al. (2003) and Winsberg and al. (2006)).5 ExampleOur example deals with the same dataset (Tab1) the seleted lass to be desribed (shown in the �gure4) ontaining 9 units from the population Ω of 16 young people. The aim is to explain the arateristipropreties whih disriminate the units of the seleted luster from the rest of the population. Thelass to desribe is C whih ontains 9 young people, C1 ontains the rest. We obtain a disjuntionof desriptions. Eah desription orrespond to a �nal leaf. An example of suh a desription is :[the weight is between 73.50 and 79.5℄, and [The age is between 26 and 29℄, and [The height is bet-ween 185 and 197℄. In terms of �Symboli objet�, this desription is denoted by a(ω) = [[age(ω) ∈

[21, 26]] ∧ weight(ω) ∈ [48, 64]] ∧ [height(ω) ∈ [185, 197]], ω ∈ Ω. The symboli objet assoiated tothe "`red"' luster is : a(ω) = [[age ∈ [21, 26]] ∧ [weight ∈ [53.51, 62.83]] ∧ [height ∈ [189.42, 199.03]]]∨
[[age ∈ [21, 26]] ∧ [weight ∈ [48.10, 53.51]] ∧ [height ∈ [195.19, 197.69]]]
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250Fig. 4 � A desription tree of the red luster (left)6 ConlusionWe provide a new help for the interpretation of a spatial pyramid. These methods are very helpful tounderstand the struture and the lusters produed by a spatial pyramid, but muh work remains tobe done in this diretion.RéférenesBILLARD, L. DIDAY, E. (2006) : "Symboli Data Analysis : oneptual statistis and data Mi-ning". (2006) Wiley. ISBN 0-470-09016-2LIMAM,M., DIDAY,E. and WINSBERG,S. (2003) : Symboli Class Desription with Interval Data.submitted for publiation.PAK, KK. RAHAL, MC. DIDAY, E. (2005) :Elagage et aide à l'interprétation symbolique etgraphique d'une pyramide. EGC 2005, 135-146.RAHAL, M.C. DIDAY, E. (2006) : Spatial hierarhial and pyramidal lustering software. Pro. of10th IFCS. Ljubljana, Slovenia, July 25 - 29, 2006. Editions Springer.WINSBERG, S. DIDAY, E. LIMAM, MM. (2006) : A tree strutured lassi�er for symboli lassdesription. Compstat 2006. Physia-Verlag.
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1 Introduction. 
Symbolic Data Analysis represents an extension of the standard statistical data analysis methods to new kind 
of data, so called symbolic data, with the aim of knowledge extraction in large data base. The objects of the 
analysis are more complex and informative then the classical ones because, in a symbolic data table, a cell 
does not necessarily contain a single quantitative or categorical values. It can contain, interval values, a 
frequency distribution of a categorical variable or a histogram of a quantitative variable. Furthermore, such 
descriptions may enclose relationship and logical rules (Billard, Diday, 2003). 

In classical data analysis the following data decomposition is often considered according to the 
paradigm DATA = MODEL + ERROR. Such a decomposition is usually aimed at reducing the error 
influence in a data mining process also in the perspective of results generalization. 

The current literature stresses the attention to the topic of Knowledge Extraction by Modeling1. In this 
perspective, in the present paper, we propose to describe the cell of a symbolic object by statistical models. 
Each cell will consist of a set of estimated model parameters as well as a measure of data fitting. We assume 
that the models of each symbolic descriptor are realizations of the same parametric family.  

According to this approach, the cells of a symbolic table can contain estimates of univariate density 
models (Gaussian, Gamma, Poisson, Binomial, etc) or multivariate density models (multivariate Gaussian, 
multinomial model, etc.), but also models aimed at representing dependence relationship in the data {arima 
models, simple or multiple regressions, etc.}. Moreover, we can consider non-parametric model families, 
such as Kernel and Splines functions, etc. 

In order to build second order symbolic objects, or class of objects, special distance model functions 

                                                      
♦ This work is financially supported by the MIUR grant (Statistical Methods for regulatory impact analysis) 

coordinated by prof. C.N. Lauro. 
1 We refer, in particular, to the workshop based on such topic, KNEMO ’06 held in Anacapri, Italy, on September, ’06.  
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should be defined based on parameter comparisons but also taking into account - as suitable weights - the 
fitting adequacy of each model. Recently, a model based approach has been proposed by Romano et alii. 
(Romano, Giordano, Lauro, 2005) by examining the effect of introducing the information about the 
explicative power of the part-worth models in a Conjoint Analysis experiment (Green et al., 1990). In 
particular, an inter-model distance based on a convex linear combination of two distances embedding 
information both on the estimated parameters and on the model fitting has been proposed.  

In the present paper we propose an extension of this approach for a multi-criteria Conjoint Analysis. 
The purpose is to develop a clustering strategy on models that includes more than a single criterion as 
response variable. This analysis will be developed in a twofold manner: firstly, utility model for each single 
criteria will be computed; secondly, a hierarchical clustering strategy based on an appropriate model distance 
will be carried out. 

 

2  Clustering model based strategy  
The class of models we deal with is strongly related to the applicative problem we try to solve: to consider 
rating preference on multiple dimensions rather than just one. 

The preference analysis is the metric Conjoint Analysis (CA) technique. In its classical definition the 
CA is a multivariate multiple regression based technique allowing for different model specification and scale 
measurement (ranking or rating). Usually, for each judge (opinion leaders, experts, consumers sample) an 
idiosyncratic utility function is estimated through a set of part-worth coefficients. The CA model decomposes 
the initial global note of preference stated on a set of stimuli (product scenarios) described by attributes and 
levels arranged in a matrix design. Usually, the analysis is performed favouring one trait that corresponds to 
one defined note of preference for each judge.   

The clustering strategy we propose, aims to extract further knowledge from the whole estimated 
models for several judge according to different traits. For a generic trait h (h=1,…,H) the evaluation of judge 
can be described estimating the partial utility model: 

 

h hy = Xb + eh

];

 h=1,…,H (1) 

 

where yh (S,1) is the individual preference vector holding the S global notes according to the h-th criterion; 
the X is a design matrix (S,K), for the S stimuli described by K attribute levels; bh (K,1) holds the part-worth 
coefficients and eh (S,1) the residuals in modelling the generic h criterion. The information summarizing the 
judges’ preference can be recorded considering the analytical functional form and the statistical model fitting 
of the utility functions (Romano et al., 2005). They represent two important characteristic of the model: i.) 

the estimated part-worth coefficients for each attribute level; ii.) the actual predictive power of the model.  
Dealing with N judges the estimated part-worth coefficients are retrieved in the matrix (K,N) and a 

fitting measure (i.e. the Adjusted-R
hB

2 statistic) is retrieved in the matrix Rh.. To deal with H criteria of 
preference the global evaluation can be modelled as follows: 

 

[ ] [1 1 1; ; ; ; ; ; ;h H h h H H= + + +y y y Xb e Xb e Xb e… … … …  (2) 
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The whole information is arranged to define a first order Symbolic Object (Diday, 2000). In this 
framework the ‘first order individual’ is every single model estimated on a set of S stimuli and with respect 
to K attribute-levels (with their own part-worth coefficients). Since each judge gives H notes of preference, 
we may state the data structure as follows: 

 
Table 1: The Model Symbolic Objects data structure. 

Judge Trait 1 … Trait h … Trait H 
1 {b0, b1, …, bK ; R2}1 … {b0, b1, …, bK ; R2}h … {b0, b1, …, bK ; R2}H

… … … … … … 
N {b0, b1, …, bK ; R2}1 … {b0, b1, …, bK ; R2}h … {b0, b1, …, bK ; R2}H

 
We retrieve the information derived from each model in terms of its coefficients and its own model 

fitting statistic arranged according to the following notation: 
 

1 1 ;NmSO ⎡ ′ ′ ⎤≡ ∨ ∨ ⎦⎣B R B RH H  (3) 

 
According to this definition, the model distance as defined in Romano et alii. (2005) can be extended 

to the case of the distance between two model-SOs, m-SOj and m-SOj’. It can be written as the union of the 
distances between any pair of models for each of the h traits:  

1
2

2 2 2
'

01

( , ; ) ( ) (1 ) ; 1, ,
H K

j j h hjk hj k h hj hj
kh

;D mSO mSO b b R R j j j Nλ λ′ ′
==

⎡ ⎤
′Λ ≡ − + − − ∀ ≠ =⎢ ⎥

⎣ ⎦
∑ …∪  (4) 

where the coefficients { }1, , Hλ λΛ ≡ … represent the weight in the definition of H convex linear 

combinations that are joined in equation (4).  

Let us notice that the coefficients λh are individually optimized to define the best distance which 
discriminates among the N individual models. They play the role of weights in merging the two components 
respectively the distance between the estimated parameters and the distance between the Adj-R2 for each pair 
of models. Our proposal consists in performing a hierarchical classification strategy based on the trimmed 
Model distance and the Ward’s aggregating criterion. The choice of the linkage method strongly influences 
the hierarchical tree structure, for the proposed distance the Ward’s method allows to gather minimum intra-
classes variance and maximum inter-classes variance. The definition of the m-SO distance implies the choice 
of a suitable value for the trimmer parameter λ. The choice of the λ optimum is based on the capability of the 

to realize the best tree structure in the sense of the Cophenetic Coefficient. This 

coefficient measures the linear correlation between the original IM distances and the linkage distance 
provided by the tree structure, it allows to measure how the data fits into the hierarchical classification tree.  

'( , ;j jD mSO mSO Λ)

In the trivial case when λ = 1 the distance (4) is defined as just a function of the part-worth coefficients. 
However, it may happens that for some judges the estimated models does not fit adequately. As a 
consequence, the derived clustering structure could not be representative of the actual judges’ behaviour. In 
this case, values of λ≠1 allow to recover such kind of information. Once the m-SOs are grouped the 
description of each class can be done assuming as prototype the m-SO consisting of the set of H average 
models. As an alternative, pursuing a symbolic interpretation, each model can be represented by the interval 
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vector which elements are either the minimum and maximum estimates or some suitable coefficient’s 
quantiles. Starting from the interval description of the m-OSs the characterization of each class can be done 
by using a classical conjoint analysis tool based on the ratio based range of each part-worth coefficient on the 
sum of all the part-worth coefficient for a single model. The union of the most important attribute, related to 
the highest ratio for each model, offer an effective interpretation tool. 

The proposed strategy can be usefully applied in the policy evaluation process with respect to different 
traits. The public policies evaluation is nowadays characterized by a strong component of legal and 
normative procedures which aims to introduce different social, economical, ethical and ecological constraints. 
Nevertheless, every evaluation process is a complex task which can be considered by different point of views. 
Undoubtedly, any decision process, at every level – government, corporate, private citizen – breeds a variety 
of traits which lead to different perspectives in the global evaluation of a policy. Thus, the different criteria 
may refer to the efficiency, the efficacy, the expected benefits of a given policy (Lauro et al., 2004). 
 

3. Concluding remarks 
The present paper aims a clustering strategy of model-SO’s. In this respect, we consider an extension of the 
classical conjoint analysis to the case of a multiple criteria preference model. The core of the proposed 
methodology is based on a suitable inter models distance including a model fitting index. A prospective 
development of this paper will consider more general models (i.e. interval data models) and the possibility to 
define new weighted distances taking into account the importance of each criterion. Such weights could be 
obtained by experts or derived according to the results of a generalized canonical correlation analysis (Lauro 
et alii, 2000) on the single values estimates of each model or, alternatively, by considering the corresponding 
interval estimates. The results interpretation is enhanced, in this case, by the methods of interval 
representation onto factorial plane. 
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Abstract. This paper presents a approach to fitting a linear regression model to symbolic
interval data. The proposed method shows the use of the range’s information improves the prediction
performance. The assessment of the presented prediction methods is based on the estimation of the
average behaviour of the root mean square error and of the square of the correlation coefficient in the
framework of a Monte Carlo experiment with different data sets configurations. Finally, the approaches
presented in this paper are applied to a real data-set.

1. Introduction

Symbolic Data Analysis (Bock and Diday (2000)) aims to extend classical exploratory data anal-
ysis and statistical methods to symbolic data. Symbolic data allows multiple (sometimes weighted)
values for each variable and new variable types (interval, categorical multi-valued and modal variables)
have been introduced. Billard and Diday (2000) presented the first approach to fitting a linear regres-
sion model to symbolic interval data. This paper presents a method to fitting a linear regression model
to symbolic interval data based on midpoint and range informations. The evaluation of the proposed
prediction methods will be based on the estimation of the average behaviour of the root mean squared
error and of the squared of the correlation coefficient, in the framework of a Monte Carlo experiment.
Classical linear regression models can be found in Montgomery and Peck (1982).

Section 2 presents the linear regression methods for symbolic interval data. Section 3 describes
the framework of the Monte Carlo simulations and presents experiments with synthetic and real
symbolic interval data sets with different configurations. The section 4 gives the concluding remarks.

2. Linear Regression Models for Symbolic Interval Data

2.1 The Center Method

This method (called here CM method) has been introduced by Billard and Diday (2000). Let
E = {e1, . . . , en} be a set of examples that are described by p + 1 symbolic interval variables Y ,
X1, . . . ,Xp. Each example ei ∈ E (i = 1, . . . , n) is represented as an interval quantitative feature
vector zi = (xi, yi), xi = (xi1, . . . , xip), where xij = [aij , bij ] ∈ � = {[a, b] : a, b ∈ �, a ≤ b}
(j = 1, . . . , p) and yi = [yLi, yUi] ∈ � are, respectively, the observed values of Xj and Y .

Let us consider X1, . . . ,Xp related to Y according to the linear regression relationship:

yLi = β0 + β1ai1 + . . .+ βpaip + εLi and yUi = β0 + β1bi1 + . . .+ βpbip + εUi.(1)
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Thus, the sum of the squares of deviations of CM method is given by

Scm =
n∑

i=1

(yLi − β0 − β1ai1 − . . . − βpaip + yUi − β0 − β1bi1 − . . . − βpbip)2

that represent the sum of the square of the lower and upper bounds errors. In matrix notation, the
CM method can be rewritten as

yc = Xcβc + εc,(2)

where yc = (yc
1, . . . , y

c
n)T , Xc = ((xc

1)
T , . . . , (xc

n)T )T , (xc
i )

T = (1, xc
i1 , . . . , xc

ip), βc = (βc
0, . . . , β

c
p), εc

= (εc
1, . . . , ε

c
n)T , xc

ij = (aij + bij)/2 and yc
i = (yLi + yUi)/2.

If Xc has full rank p+ 1 ≤ n, the least squares estimates of βc in equation (2) is given by

β̂c = ((Xc)TXc)−1(Xc)Tyc.(3)

Given a new example e, described by z = (x, y), where x = (x1, . . . , xp) with xj = [aj, bj ]
(j = 1, . . . , p), the value y = [yL, yU ] will be predicted by ŷ = [ŷL, ŷU ] as follows:

ŷL = (xL)T β̂c and ŷU = (xU )T β̂c,(4)

where (xL)T = (1, a1, . . . , ap), (xU )T = (1, b1, . . . , bp).

2.2 Center and Range Method

Let Y c andXc
j (j = 1, 2, . . . , p) be, respectively, quantitative variables that assume as their values

the midpoints of the interval assumed by the interval-valued variables Y and Xj (j = 1, 2, . . . , p). Also
let Y r and Xr

j (j = 1, 2, . . . , p) be, respectively, quantitative variables that assume as value the half
range of the interval assumed by the interval-valued variables Y and Xj (j = 1, 2, . . . , p). This means
that each example ei ∈ E (i = 1, . . . , n) is represented by two vectors wi = (xc

i , y
c
i ) and ri = (xr

i , y
r
i ),

with xc
i = (xc

i1, . . . , x
c
ip) and xr

i = (xr
i1, . . . , x

r
ip), where xc

ij = (aij + bij)/2, xr
ij = (bij − aij)/2,

yc
i = (yLi+yUi)/2 and yr

i = (yUi −yLi)/2 are, respectively, the observed values of Xc
j , X

r
j , Y

c and Y r.
Let us consider Y c and Y r as dependent variables and Xc

j and Xr
j (j = 1, . . . , p) as independent

variables that are related according to the following linear relationship:

yc
i = βc

0 + βc
1x

c
i1 + . . .+ βc

px
c
ip + εc

i and yr
i = βr

0 + βr
1x

r
i1 + . . . + βr

pxr
ip + εr

i .(5)

Thus, the sum of squares of deviations of CRM method is given by

Scrm =
n∑

i=1

(yc
i − βc

0 − βc
1x

c
i1 − . . . − βc

px
c
i1)

2 +
n∑

i=1

(yr
i − βr

0 − βr
1x

r
i1 − . . . − βr

px
r
ip)

2

which represents the sum of the midpoint square error plus the sum of the range square error. In
matrix notation, the fitted linear regression model over the ranges is given by

yr = Xrβr + εr,(6)

where yr = (yr
1, . . . , y

r
n)

T , Xr = ((xr
1)

T , . . . , (xr
n)

T )T , (xr
i )

T = (1, xr
i1 , . . . , xr

ip) (i = 1, . . . , n), βr =
(βr

0 , . . . , β
r
p) and εr = (εr

1, . . . , ε
r
n)T .

If Xr has full rank p+ 1 ≤ n, the least squares estimates of βr in equation (6) is given by

β̂r = ((Xr)T Xr)−1(Xr)Tyr.(7)

Thus, given a new example e, described by z = (x, y), w = (xc, yc) and r = (xr, yr), the value
y = [yL, yU ] of Y is predicted from the predicted values ŷc of Y c and ŷr of Y r, as follows:

ŷL = ŷc − ŷr and ŷU = ŷc + ŷr,(8)

where: ŷc = (x̃c)T β̂c, (x̃c)T = (1, xc
1, . . . , x

c
p), ŷr = (x̃r)T β̂r, (x̃r)T = (1, xr

1, . . . , x
r
p), β̂c= (β̂c

0, β̂
c
1, . . . , β̂

c
p)T

and β̂r= (β̂r
0 , β̂

r
1 , . . . , β̂r

p)T .
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3. The Monte Carlo experiments

3.1 Synthetic symbolic interval data set configurations

Consider standard quantitative data sets in �2 and �4. Each data set has 375 points partitioned
in a learning set (250 points) and a test set (125 points). Each point belonging to the standard data
set is a seed for an interval. So, the interval data sets are obtained from these standard data sets.

The construction of the standard data sets and the corresponding interval data sets is carried
out in the following steps: (s1) Let us suppose that each random variable Xc

j is uniformly distributed
in the interval [a, b]; at each iteration 375 values of each variable Xc

j are randomly selected; (s2)
The variable Y c is supposed to be related to variables Xc

j according to Y c = (Xc)T β + ε, where
(Xc)T = (1,Xc

1) and β = (β0 = U [c, d], β1 = U [c, d])T in �2, or (Xc)T = (1,Xc
1 ,X

c
2 ,X

c
3) and β =

(β0 = U [c, d], β1 = U [c, d], β2 = U [c, d], β3 = U [c, d])T in �4 and ε = U [e, f ]; the midpoints of these
375 intervals are calculated according to this linear relation; (s3) Once the midpoints of the intervals
have been obtained, let us suppose that each variable Y r, Xr

j (j = 1, 2, 3) is uniformly distributed,
respectively, in the intervals [g, h] and [i, j]; at each iteration 375 values of each variable Y r, Xr

j are
randomly selected, which are the range of these intervals; (s4) Each interval data set is partitioned
in learning (250 observations) and test (125 observations) data sets. Table 1 shows four different
configurations for the interval data sets.

Table 1. Synthetic interval-valued data set configurations

C1 Xc
j : U [20, 40] Xr

j and Y r : U [20, 40] ε : U [−20, 20]

C2 Xc
j : U [20, 40] Xr

j and Y r : U [20, 40] ε : U [−5, 5]

C3 Xc
j : U [20, 40] Xr

j and Y r : U [1, 5] ε : U [−20, 20]

C4 Xc
j : U [20, 40] Xr

j and Y r : U [1, 5] ε : U [−5, 5]

3.2 Experimental evaluation

The performance assessment of these linear regression models is based on the following mea-
sures: the lower bound root mean-square error (RMSEL), the upper bound root mean-square error
(RMSEU ), the square of the lower bound correlation coefficient (r2

L) and the square of the upper
bound correlation coefficient (r2

U ). These measures are obtained from the observed values yi = [yLi, yUi]
(i = 1, . . . , n) of Y and from their corresponding predicted values ŷi = [ŷLi, ŷUi].

These measures are estimated for the CM and CRM methods in the framework of a Monte
Carlo simulation with 100 replications. At each replication, we fitted a linear regression model to
the training interval data set using each method and predicted the interval values of the dependent
variable Y in the test interval data set. For each measure, the average and standard deviation over
the 100 Monte Carlo simulations is calculated and then a statistical t-test for paried samples at a
significance level of 1% is applied to compare the performance of the approaches. Additionally, for
more consistency in the results, this procedure is repeated considering 50 different values for the
parameter vector β selected randomly in the interval [−10, 10].

For any two methods compared (A and B, in this order), in relation to RMSEL and RMSEU

measures (the higher the measures, the worse the method), the null and alternative hypotheses are
structured as: H0 : Meth. A ≥ Meth. B vs H1: Meth. A < Meth. B; Regarding r2

L and r2
U

measures (the higher the measures, the better the method), the hypotheses are structured as: H0 :
Meth. A ≤ Meth. B vs H1: Meth. A > Meth. B.
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3.3 Prediction Performance of the Methods

The results presented in the Table 2 show the superiority of the CRM method, for all data
sets configuration, when compared with the CM method. Note that the Table 2 indicates an high
rejection ratio of the null hypothesis in behalf of CRM approach.

Table 2. Comparison between CRM and CM methods - Percentage of rejection of H0.

Config. p RMSEL RMSEU r2
L (%) r2

U (%)

C1 1 100% 100% 98% 97%

3 100% 100% 100% 100%

C2 1 100% 100% 99% 98%

3 100% 100% 100% 100%

C3 1 95% 95% 80% 80%

3 100% 100% 100% 100%

C4 1 100% 100% 93% 92%

3 100% 100% 100% 100%

3.4 Cardiological symbolic interval data set

This data set concerns the record of the pulse rate Y , systolic blood pressure X1 and diastolic
blood pressure X2 for each of eleven patients (see Billard and Diday (2000)). The aim is to predict
the interval values y from xj (j = 1, 2) through a linear regression model.

From the fitted linear regression models, we can find the fitted values of variable Y and evaluate
the performance of each method by calculating the RMSEL, RMSEU , r2

L and r2
U measures. From

Table 3, we conclude that the CRM method outperformed the CM method.

Table 3. Performance of the methods on the cardiological data set

Method RMSEL RMSEL r2
L (%) r2

U (%)

CM 11.09 10.41 30.29 53.47

CRM 9.81 8.94 41.54 63.34

4. Concluding remarks

This paper presented a method for fitting a linear regression model to interval-valued data based
on center and range informations. The assessment of the prediction methods was based on the average
behaviour of the root mean square error and the square of the correlation coefficient in the framework
of a Monte Carlo simulation. The performance of the methods were also measured in a cardiological
symbolic interval data set. The comparison between CM and CRM methods showed the importance
of taking into account the range information in models to predict symbolic interval data.
Acknowledgments: The author would like to thanks CNPq, CAPES and FACEPE (Brazilian Agencies)
for their financial support.
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1 Introduction 
 Conducting population censuses and surveys in Benin goes back to the second half of the twentieth 

century, a period following the independence of sub-Saharan African countries. The first Demographic 

Sample Survey in Benin was conducted in 1961. Since then, the National Institute of Statistics and Economic 

Analysis (INSAE) has conducted three National Censuses of Population and Housing, in 1979, 1992 and 

2002.  

2. History of census micro-data, availability and accessibility 
 When the first census of population and housing was conducted in 1979, INSAE did not have the 

necessary means for saving the data or keeping them on electronic or magnetic support. The micro-data were 

then recovered, thanks to the ACAP project (African Census Analysis Project), based at the University of 

Pennsylvania, USA. Unfortunately, the data recovery was not complete, because conditions of archiving the 

census questionnaires were suboptimal until 1999 (old and unsuitable buildings). 

 The potential to conduct in-depth studies, longitudinal or cross-sectional, from the 1979 census data 

is limited by the size of the sample desired, and raises the issue of the representativeness of the data that were 

recovered. On the contrary, data from the 1992 and 2002 censuses are fully available. They are already used 

internally for specific studies. Census information is used primarily by INSAE for conducting other surveys: 

household labor surveys, surveys on budget, consumption, expenses, income, informal sector, and so forth. 

Published reports are available at the INSAE documentation center, and accessible to the public for on-site 

consultation, and photocopying of a limited number of pages. Beyond this, they are accessible for a price 

fixed by the INSAE Financial Service. Government bodies, other research centers, and Non-Governmental 

Organizations (NGO’s) who need to conduct a specific survey may also ask the INSAE to draw a sample 

from the census master sample. 

 Census questionnaires were improved over the years. They contain: 

- Information on the geographical location of the persons: place of residence, district, city, province 

[département, commune, arrondissement], and so forth; 

- Information on the agricultural activity of the households, and when applicable its location; 

- Questions on ethnicity for nationals and country of origin for foreigners were asked together in 2002, 

whereas they were separated in 1992; 

- In both 1992 and 2002 censuses, questions concerning the following items were basically the same: 

location, relationship to the head of household, ethnic group, religion, literacy, level of education, work 

status, branch of economic activity, migration of persons (through questions of current place of residence, 

duration in current residence and previous place of residence), fertility of women, with some minor changes 

(12 years and above in 1992, 10 years and above in 2002, for instance), maternal mortality, and infant 

mortality.  

- Questions about housing were the following: type of construction, usage of the dwelling, ownership status, 

number of rooms occupied, type of roof, type of walls, type of floor. 

- A last series of items deals with the satisfaction of basic needs: type of lighting, source of drinking water, 

toilet facility, sewage facility, garbage disposal, and mode of cooking most often used; 

- Questions on disability and handicaps were asked in 2002. It has allowed one to conduct an analysis of the 

most deprived populations. 

 The specific questions of each census will be presenter later, in the chapter on standardization of 

census micro-data. 

 Indeed, as for any census, the main results and special topics dealing with the data of the three 

national censuses of population and housing were presented by INSAE in its census publication series. 
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 Following the 1979 census, several monographies were published in 1980, followed in 1986 and 

1988 by two main volumes of “Analysis and results” and “Statistical tables”, and by publication for each of 

the six provinces “Listing of villages” and “District maps”. 

 The 1992 census also gave several publications: “Synthesis of Results”; “Provisional Results”, and 

three volumes of “Final results” (1993), “Analysis of results” (1994); “Demographic projections and 

prospective studies” (1994). 

 More data were published later on the population of the districts: « Listing of villages », « maps of 

sous-préfectures” (1994), as well as “Revised demographic projections for Benin, by department for the 

period 1997-2032” (1999), following the Demographic and Health Survey of 1996,  (EDSB, 1996). 

 Following the 2002 census, three CD-ROM were published in 2003 (also available in print since 

2005), containing: “Synthesis of Results”; “Analysis of results”, and “Listing of villages”.  

 All these publications are available at the INSAE, where they can be consulted or bought. 

However, the CD-ROMs were given for free to a number of bodies member of the National Council for 

Statistics, to experts, and to partners of the National Statistical System. 

 Publications are similar from census to census, although for the third census (RGPH3), the analysis 

was further developed for the following topics: “Households, Living conditions and Poverty in Benin”, and 

“Characteristics of Vulnerable Persons in Benin”, topics that were not covered in 1992. 

 Even though data on these topics do exist at INSAE, they have not yet been studied in-depth in 

Benin, and have not yet been fully explored for comparative studies at regional level, or internationally by 

researchers, academics, anthropologists, sociologists, and so forth. The mine of data currently available is 

obviously under-utilized. Data from Benin are still poorly published in international journals or in 

international publications, where other African countries have presented their findings. For instance the book 

entitled “African Households: Censuses and Surveys”, published in London in 2006 (M. E. Sharpe), edited 

par Etienne van Walle, has contributions from numerous countries, such as Senegal, Burkina-Faso, 

Cameroon, Ivory-Coast, but none from Benin. Likewise, among the 45 samples of census micro-data 

collected by the ACAP project, none comes from Benin, even though ACAP has provided help to INSAE to 

recover the 1979 census data1
. In 2005, we participated to a joint research with Professor Robert McCaa 

(IPUMS International), Doctor Khassoum Diallo (WHO) and Mr. Félicien Donat Accrombessy (Benin 

National Agency for Employment), for calibrating indicators of orphan children for several countries (South 

Africa, Kenya, Benin), but we faced serious difficulties in trying to access data from Benin. This difficulty 

seriously limited the authors in their research. 

 Access to census micro-data to researchers, even within INSAE itself, is an issue of much concern 

by the authorities of the Institute. Currently, only the members of the census analysis team have a direct 

access to the data. Researchers who want to conduct specific studies have to get in touch with the 

professionals of the Demographic Studies Directorate in order to ask for producing specific statistical tables 

and maps or for drawing samples. 

 Following the 2002 census, there was some misunderstanding between the local representative of the 

World Bank, and the Director General of INSAE about drawing maps of poverty in Benin based on census 

micro-data, and one should recall that this census had collected the data necessary for doing in-depth analysis 

on poverty. The World Bank asked the authorization to use the data base for letting draw the poverty map by 

its own experts and consultants. However, the Director General of INSAE had rightfully proposed another 

option, that is to draw such maps internally, since they estimated that the institute had the human resources 

necessary for doing so. So, the role of the World Bank would be reduced at supporting logistically the 

project, and to reinforce the technical capability. But, the Bank refused categorically, and INSAE closed 

itself on its census micro-data database. 

 Such a situation appears therefore as unfavorable for promoting the collaboration between Statistical 

Institutes and International Organizations, and at the end it is researchers who are penalized.  

 Currently, INSAE has started to set up a powerful system of integrated data bases for censuses and 

household surveys, named « Jupiter », and to make it accessible to internal as well as external users. As far 

as external researchers are concerned, they will be allowed to access the data through a unique identifier and 

a password obtained after paying for the service. This system is currently in development.  

                                                
1
 Cf. Pr Tukufu Zuberi in Building regional data archives: The African Census Analysis Project, papier présenté à 

l’IUSSP, Tours (france), Juillet 2005 
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3 Harmonization: comparability (or absence thereof-) between censuses, and with international 

standards, section by section 
 The three censuses conducted in Benin have a common rationale, and allow comparisons between 

themselves, as well as harmonization of concepts with other countries. New variables were added or 

modified from census to census. Information on vulnerable populations was added in 2002 through variables 

on disability and handicap. However, inconsistencies remain, due to the categories recorded in the field or to 

the coding, which impede comparisons and harmonization between the 1992 and 2002 censuses. The 2002 

census, as well as the preceding ones, have benefited from the support of international experts, which ensures 

comparison with not only African census data, but also with other countries throughout the world, as long as 

similar information exists.  

a) Social variables.  With respect to marital status, a new category was introduced in 2002, « Polygamic 

with 3 wives », with enables to compare polygamic marriages with three categories (2 wives, 3 wives, 4 

or more wives) as opposed to only two categories in 1992 (2 wives, 3 or more wives”). The categories 

“Irrelevant” and “Unknown” were also suppressed. 

The variable « Relationship with the head of household » was slightly modified, by introducing new 

categories such as “Other parents”, “Placed children”, to capture the link with a widespread new 

phenomenon in the West African sub-region, “child trafficking”, and by deleting the category 

‘Unknown”.  

The variables “Nationality” and “Ethnicity” were combined in 2002, whereas they were separated in 

1992. Categories of the variable “Religion” were more detailed in 2002. In particular, the “Voodoo” was 

separated from other traditional religions. More details were also provided for Christian religions, such 

as: Catholics, Methodists, Other Protestants, Celestials [Célestes], and other Christians. 

b) Administrative divisions (geography) and migration. With respect to the item « Location », 

accessible information will no go beyond the district level [Arrondissement], to avoid providing a level of 

fine details with could enable one to identify a household or a given individual. However, because of the 

changes in the political regime (1990) and of the structure of the territorial administration, the former 

“provinces” [Provinces] became “Departments” [départements], as of the 1992 census, then the number 

of departments increased from 6 to 12, whereas the former “Sous-préfectures” and “Urban districts” 

[circonscription urbaines] became “Communes” [communes], as of the 2002 census. The former rural 

districts [communes rurales] and urban districts [communes urbaines] became, either “Arrondissements” 

or were grouped into “Arrondissements”. Despite the changes in the territorial divisions, comparisons 

between data can still be made, and it remains possible to reconstruct data for administrative levels that 

did not exist prior to the new territorial divisions. 

c) Education variables.  The question on literacy was asked for residents aged 6 years or more in 2002, 

whereas it was asked to persons aged 3 years or more in 1992. 

d) Economic variables.  With respect to the economic activity, the minimum age went from 10 years in 

1992 to 6 years in 2002. The coding for occupation was derived from the local classification (NAEMA), 

which was adapted from the international classification (CITI, revision 3) in 2002, whereas the coding 

used in 1992 was based on the CITI, revision 2. 

e) Demographic variables. Two questions were added in the third census (RGPH3): survival of father 

and survival of mother.  

Similarly, the information on the fertility of resident women were focused on women aged 12 years of 

more in 1992, and on women aged 10 years or more in 2002.  

With respect to the deaths which occurred in the household [in the past 12 months], the third census 

(RGPH3) provides more details on causes of deaths of women aged 10-55 years (maternal mortality). 

Information on the place of burial is now included (at home, in a cemetery and elsewhere), as well as the 

marital status of persons who died at age 10 years or more. However, births in the past 12 months are no 

longer asked, since, in fact, they are redundant.  

In 2002, a variable on disability [handicap] was added, which did not exist in 1979 or 1992. It has 

allowed one to capture the disadvantage for an individual resulting from a disability or a handicap 

limiting or preventing the person in performing daily activities or social roles considered normal given his 

or her age, gender, social status, and cultural factors. 

f) Housing variables. With respect to housing characteristics, the compound [concession] was coded as 

a binary variable (Yes/No) in 2002, but was one category of the type of construction in 1992. 
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4. Conclusion: Extend the research capacity to national and international levels 

 There are considerable opportunities for research further along those lines, not only with the 

“Jupiter” data base which groups the three censuses, but also with all the other household surveys, whether 

demographic or socio-economic, in a large harmonized set with respect to concepts and variables to be used. 

 The collaboration between the National Statistical Institutes and the International Organizations and 

the Partners for development should be developed on a fair basis, with trust and frank cooperation, in order 

to avoid misunderstandings, which at the end impede progress, and maintain an atmosphere of suspicion, 

which does not benefit anybody, and the losers of which are the populations, the persons, men, women and 

children of towns and countryside of our developing countries, for whom we need to understand better and 

more in-depth the demographic and socio-economic characteristics, in order to develop appropriate policies 

in due course. It is at this level that the role of researchers, both national and international, is most important. 

If the states do not always have the financial means to support such studies, the scholars and the doctoral 

students, if they had access to micro-data, could conduct many studies which could later be used by policy 

makers. 

 Furthermore, remarkable efforts for promoting research were developed already inside INSAE, 

under the guidance of the Director General (Dr. Vodounou Cosme, an econometrician), and it is urgently 

needed that this work could be presented to international research groups for publication, diffusion and 

popularization. 

 With this state of mind, it would be most desirable that INSAE could collaborate with a project such 

as IPUMS-International, in order to benefit from the know-how already developed in this field, and to enable 

his own researchers to utilize the international micro-data already available worldwide. This collaboration 

would be most welcome for INSAE, within the framework of his project of integrated databases of census 

micro-data and all demographic and socio-economic surveys and studies conducted in Benin. It is therefore 

important that both parties find a reciprocal interface, and profitable for each of both parties. 

5. References  
a) INSAE, Publications des recensements généraux de la population et de l’habitation (1979-2005) 

b) INSAE, Documentations techniques des recensements généraux de la population et de l’habitation (1979-

2002) 

c) WEB SITES: UNFPA, IPUMS, CEPED, CIRED, US Bureau of Census, etc. 

6. Résumé 

La conduite d’enquêtes sur la population et particulièrement de recensements date de la seconde 

moitié du 20ième
 siècle au Bénin, période postérieure aux indépendances en Afrique sub-saharienne.  

Après l’accession à la souveraineté nationale et internationale du pays, les travaux de recensements ont été 

confiés à l’Institut National de Statistique, qui a pour missions, entre autres de collecter et analyser les 

informations pour la connaissance de l'état de la population, sa structure et ses mouvements, etc. La 1
ère

Enquête Démographique au Dahomey (actuel Bénin) a été réalisée en 1961.  

Ensuite, l’Insae a réalisé successivement 3 recensements généraux de la population et de l’habitation 

(RGPH) en 1979, 1992 et 2002. Les trois recensements ont été réalisés sur la base d’un questionnaire 

unique : le questionnaire ménage. Celui-ci contient plusieurs rubriques qui renseignent sur la localisation du 

ménage, l’existence ou non d’une exploitation agricole, les renseignements individuels sur chacun des 

membres du ménage, la mortalité survenue dans le ménage, et les caractéristiques de l’habitation. Les 

informations collectées ont été ensuite codifiées, saisies, apurés et tabulées à l’Insae. 

Les données du 1
er
 recensement n’étaient pas sauvegardées dans une base de donnée électronique de 

façon en permettre l’accès. Par contre, pour 1992 et 2002, les données sont entièrement bien disponibles. 

Elles sont utilisées à l’interne pour des études spécifiques. Les informations du recensement servent surtout 

de base pour diverses autres enquêtes de l’Institut : enquêtes ménages sur l’emploi, le budget,  la 

consommation, les dépenses, le revenu, le secteur informel, etc. Les rapports publiés sont disponibles à la 

documentation de l’Insae et accessibles au public, pour la consultation sur place. 

Actuellement l’Insae a entrepris de mettre en place un système puissant des bases de données  

intégrées des recensements et des enquêtes ménages nommé ‘’Jupiter’’. 

Il existe une énorme possibilité de recherche en ce sens que non seulement la base de données de 

Jupiter regroupe les 3 recensements mais aussi toutes les autres enquêtes ménages socio-

économiques et démographique en un ensemble harmonisé du point de vue des concepts et des 

variables qui sont utilisés. Il serait toutefois souhaitable que l’Insae puisse collaborer avec des 

projets comme IPUMS International en vue bénéficier du savoir faire développé à ce niveau. 
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The IECM project: Integrating the European Census Microdata 
 
IECM Team1

Centre d’Estudis Demogràfics 
Edifici E-2, Campus de la Universitat Autònoma de Barcelona 
08193 Bellaterra, Barcelona, Spain. 
aesteve@ced.uab.es 
 
Brief Summary 
 

The aim of the IECM projects is to construct an Integrated European Census Microdata research 
infrastructure. By developing and implementing harmonized coding systems the IECM database permits 
intra-European comparisons across countries and time periods based on multiple rounds of population and 
housing censuses in at least 18 European countries. Existing coding schemes will be altered as necessary to 
accommodate new samples. IECM builds on previous efforts to create and disseminate integrated and fully 
documented samples of European census microdata: IPUMS-Europe funded by the National Institutes of 
Health of the United States of America. The IECM project surpasses the IPUMS project by developing 
coding schemes that reflect census practices of European states as well as the principles and 
recommendations of Eurostat with regard to census concepts and nomenclatures. 
 
1. Background and scientific relevance 

 
A vast quantity of census microdata covering Europe in the period since the 1960s survives in 

machine-readable form. Most of these data, however, remain inaccessible to researchers. The Centre 
d’Estudis Demogràfics located at the Universitat Autònoma de Barcelona along with other leading European 
research centers is involved in an international initiative, lead by the Minnesota Population Center (MPC), to 
create harmonized and documented data series based on samples of over fifty Western and Eastern European 
censuses. In collaboration with the national statistical agencies of each country, redistribution agreements 
have been negotiated for the censuses of 18 European countries: Austria, Belarus, Bulgaria, Czech Republic, 
France, Germany, Greece, Hungary, Italy, the Netherlands, Poland, Portugal, Romania, Russia, Slovenia, 
Spain, Turkey and the United Kingdom (see Table 1). Combined, these countries account for over three-
fourths of the population of Europe. The European census microdata series has an important chronological 
dimension. In all seventeen countries, the data span twenty years; for eight countries, thirty years; and for 
three countries, forty years. With over fifty million persons residing in over twenty million households, the 
integrated European dissemination system offer broader chronological scope and greater sample densities 
than any alternative data source. In most cases, the censuses are also the most representative source of 
information available about national populations. 

 
Grants from the National Institutes of Health and the National Science Foundation of the United States 

cover the costs of finding and preserving microdata and documentation, negotiating dissemination 
agreements, developing data cleaning and sampling procedures, creating data conversion and dissemination 
software, and establishing design protocols for data and documentation. Additional funding from the Sixth 
Framework Programme cover the costs of coordination, dissemination and harmonization tasks based in 
Europe. On March 2007, the first European samples were released. Data access is provided for Belarus 
(1999), France (1962, 1968, 1975, 1982, 1990), Greece (1971, 1981, 1991, 2001), Romania (1992, 2002) and 
Spain (1981, 1991, 2001).  

 
The database allows social scientists to make comparisons across European nations and opens the 

doors to European statistical offices for transnational access to one of the most valuable assets for social 
science research. The database is an exceptionally valuable resource for researchers working on a broad 
range of topics. The large samples offered by European census microdata are an invaluable resource of aging 
and retirement in Europe, the region where population aging is most pronounced. Most European censuses 

                                                 
1 The IECM Team is constituted by Anna Cabré, Albert Esteve, Joan García, Antonio López and Miquel Valls. 
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collect detailed information on migration, such as place of previous residence, country of birth, reason for 
migration, citizenship status, country of citizenship, non-resident emigrants, and date of immigration. 
Scholars of immigration within and to Europe will have the opportunity to assess a wide range of topics. 
Low fertility rates in both Western and Eastern Europe have also been a matter of concern to policymakers 
and a key focus of scholarly analysis. The European data series will permit own-child differential fertility 
analysis by occupational class, religion, region, education, size of locality, and a host of other variables at the 
individual, family, or community level. The temporal and geographic scope of the European data will also 
enable researchers to study the implications of state policy (e.g., availability of contraception and abortion, 
family allowances) on population replacement. These topics are intended only as representative examples of 
the kinds of research that can be carried out with the European integrated microdata series. Used in 
combination, the more than fifty datasets spanning four decades of rapid social, demographic, and economic 
change will comprise an unparalleled resource for the study of European population and society. 

 
Table 1. Available Censuses and Sample Sizes by Country 

 
2. The intra-European harmonization of the European census microdata 
 

Contrary to other IPUMS-international integration projects, IECM will convert European censuses 
into a single harmonized database to facilitate intra-European comparative research. To fully capitalize on 
the potential of census microdata, a more focused regional harmonization strategy is needed. The aim of 
IECM is to carry out the intra-European harmonization, ensuring that coding schemes reflect census 
practices of European countries. To carry out the intra-European harmonization, the Integrated European 
Census Microdata project has granted access to these reformatted samples of microdata thanks to a formal 
agreement, included in the IPUMS-Europe proposal, between the CED and the MPC. In fact, the IPUMS-
Europe project promotes actively the involvement of European research centers in coordination, 
dissemination, and intra-European harmonization activities. In this sense, IECM is one important step in the 
direction of assuring the interest and cooperation of NSOs and creating coding schemes that reflects 
exclusively census practices of European countries. 

 
The European censuses employ different numeric classification systems, and reconciliation of these 

codes is a major part of the project. IECM’s design strategy retains all the detail provided in the original 
samples. IECM provides truly integrated database, in which identical categories in different census samples 
always receive identical codes. In simple cases, such as age, sex, the original variables are compatible, and 
recoding them into a common classification is straightforward. For most variables, however, it is not possible 
to construct a single uniform classification without losing information. Some samples provide far more detail 
than others, so the lowest common denominator of all samples inevitably loses important information. In 
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these cases, we construct composite coding schemes. The first one or two digits of the code provide 
information available across samples. The next one of two digits provides additional information available in 
a broad subset of samples. Finally, trailing digits provide detail only rarely available. 

Variables are harmonized taking into consideration codes and concepts available in European 
censuses. As a result, for most of the variables, European coding schemes will differ from those provided by 
IPUMS. Table 2 presents most of the variables included among the 2000 series censuses, classified by 
typology and availability. 

 
Table 2. Selected variable topic availability by country – 2000 Census round 

AUS BLR BUL CZ FRA GER GRE HUN POL POR ROM RUS SLV SPA UK
PERSON VARIABLES
Demographic and social
  Relationship to household head X X X X X X X X X X X X X X X
  Age X X X X X X X X X X X X X X X
  Sex X X X X X X X X X X X X X X X
  Maritial Status X X X X X X X X X X X X X X X
  Age at first marriage . . X X . X X X X . X . . . .
  Citizenship X X X X X X X X X X . X X . .
  Religion X . X X . . . X . X X . X . X
  Language X . X X . . . X X . X X X X X
  National and/or ethnic group . . X X . . . X X . X . X . X
  Children ever born X X X . . X X X X . X X X . .
Education
  Literacy X X X . . . X . . X . X . X .
  School attendance . X X . X X X X X X X X X X X
  Educational attainment X . X X X X X X X X X X X X X
Economics
  Employment status X X X X X X X X X X X X X X X
  Time worked X . . . X X X X . X X . . X X
  Unemployment duration . . . . X X . . X . X . . . X
  Occupation X X X X X X X X X X X X X X X
  Industry . . . . X X X . . . X X X X X
  Socio-economic status in employment X X . X . . X . X . . . X . X
  Class of worker X X . . X X X X . . X X X X X
  Place of work X X X X X X X X . . X X X X X
  Mode of transport to work X . X X X X . X . X . . X X X
  Length and frequency of journey to work X . . X . X X X . . . . X X X
  Disability . . X . . . . X X X . . . . X
Migration
  Place of usual residence X X X . X X X X X X X . X X X
  Size of place, urban/rural X X X . X X X X X X X . X . .
  Place of birth, within country X . X . X . X . X X X X X X X
  Place of previous residence . X X X X X X X X X X . X X X
  Country of birth X X X . X . X . X . X X X X X
  Reason for immigration . X . . . . X . X . . X X . .
  Country of citizenship . X X . X X X X . . X X . . .
  Year/period of immigration . . . . X X X . . . . . X . .

HOUSEHOLD VARIABLES
Household characteristics
  Location X X X X X X X X X X X X X X X
  Tenure status X X X . X . X X . X X X X . X
  Rent X X . . . . . . . X X X . . .
  Number of vehicles . . . X X . . . . . . . . X X
Living quarters
  Ownership X X X X X . X X X X X . X X X
  Vacancy status . . . X X . X X X X X . X . .
  Number of occupants . X X . . . X . . X . X X . .
  Number of rooms X X X . X . X X X X . X X X X
  Useful and/or living floor space X . . X X . . X X . X X X X .
Facilities
  Electricity . X X . . . X . . X X X X . .
  Water / hot water X X X X . . X X X X X X X . .
  Sewage . . X X X . X X X X X X X . .
  Toilet X X X X X . X X X X X . X . .
  Bathing facilities X X X X X . X . X X X X X . X
  Type of heating X X X X X . X X X X X X X X X
  Piped gas . X . X . . . X X . X X X X .
Building characteristics
  Type with regard to constructuion / use X X X X X . X X X X X X X . .
  Period of construction . X X X X . X X X . X X X X .
  Position of dwelling in the building . . . X X X X . . . X X X . .
  Number of dwellings in the building X . X X X . X . . . X . X . .
  Construction materials . X X X . . . X . . . X X . .

Note: a single variable topic in this table can represent multiple variables in the source data.  
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3. (In)Consistencies across European censuses 
 

This section presents a selection of examples of the analysis of the practices followed by the 
countries2 participating in the IECM-IPUMS census microdata harmonization project with regard to the 
concepts and definitions of four kinds of variables: Geographic, Family, Education and Economic 
Characteristics. The section aims at providing the elements to evaluate the general compliance with the ECE-
Eurostat recommendations3 given for each specific topic and assess the degree of comparability across 
censuses4. 

 
As an example of a geographic variable, the ECE recommends the compilation of information on 

“place of usual residence one year prior to the census and/or previous place of usual residence”. Aside from 
Hungary, Austria and the United Kingdom, all countries provide information on previous place of usual 
residence at a certain time prior to the census. However, the time reference changes from country to country 
(i.e. one year for Romania 2002 and ten years for France 1990). 

 
Private households may be defined according to the ‘Houskeeping unit concept’ or the ‘Househol-

dwelling concept’. All countries but France and Austria (only in the 2001 census) used the housekeeping 
definition of private household. Instead, France used the household-dwelling concept. 

 
Regarding the educational characteristics of individuals, all of the countries except France and 

United Kingdom include the topic of educational attainment in their samples of census microdata. In the case 
of France, however, information on educational attainment can be extracted because of the detailed 
classification used for qualifications. The same approach for the United Kingdom is not possible because it 
only reports qualifications that are generally obtained above 18 years old. The age limit applied to collecting 
information on educational attainment varies considerably among countries. In Hungary and Greece 2001 
there is no age limit, so the question is asked to all persons. Aside from these countries, the age limit ranges 
from 10 years or more (Spain 1991, Greece 1991, and Romania) to 16 or more (Austria, France 1962, 1968, 
1975, and United Kingdom). Spain, Greece, Netherlands and Romania asked about the highest level 
completed. In contrast, Austria and Hungary asked about all levels of education completed. In spite of the 
different modalities of asking about educational attainment, in the samples of census microdata each 
individual is associated to a unique level of educational attainment. The classification of levels of education 
of each of the censuses clearly expands the four levels that should be distinguished according to the ECE 
recommendations: primary; secondary-first stage; secondary – second stage; and post secondary. For the 
United Kingdom and Austria, however, not all the four levels suggested in the recommendations can be 
identified. 

 
Finally, with regard to the economic characteristics, the current activity status has been compiled in 

all the samples (economic characteristic of persons). Information on current activity status can be obtained 
using three different approaches: (i) First approach: The entry point in differentiating employed, unemployed 
and inactive population is based on the concept of activity status. The first question included in the sequence 
is of the type What is your current activity status and response focus on the different categories of active and 
not active population (employed, unemployed, student, retired, unable to work, etc)? This approach is 
followed by Austria (1991,2001), Spain (1991,2001), Greece (1991,2001), Netherlands (2000) and Romania 
(1992,2002). (ii) Second approach: The entry point is based on the concept of work. The first question 
included in the sequence is of the type Did you work last week? This approach is followed by France 
(1960,1968,1975,1982,1990,1999), Hungary (1990) and United Kingdom (1991). (iii) Third approach: The 
entry point is the concept of source of livelihood and the first question included in the sequence is of the type 
What are your sources of livelihood? This approach is followed by Hungary (2001). 

                                                 
2 The analysis is based on the following countries and censuses: Austria 1991, 2001; France 1962, 1968, 1975, 1982, 
1992, 1999; Greece 1991, 2001; Hungary 1991, 2001; Netherlands 2001; Romania 1992, 2002; Spain 1991, 2001; 
United Kingdom 1991.  
3 United Nations Statistical Comision and Economic Comision for Europe (1998), Recommendations for the 2000 
Census of Population and Housing in the ECE Region. New York, United Nations. 
4 A complete version of the evaluation report can be downloaded from the www.iecm-project.org  
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The Luxembourg Income Study at Age 25: 
Providing Protected Microdata

for the Analysis of Income, Employment and Wealth 

16 April 2007 

Janet C. Gornick, Markus Jantti, Thierry Kruten, Helen Connolly, and Timothy Smeeding 
Affiliation:  The Luxembourg Income Study 

Abstract:

The Luxembourg Income Study (LIS) is now in its 25th year. LIS enables detailed analyses of 
income and employment using household microdata from 30 countries; soon wealth microdata 
will be made available. This paper and presentation provide a glimpse of the LIS processes, plans 
and operating environment, as well as a review of its history of providing flexible access to 
privacy-protected household income microdata. 

 The Luxembourg Income Study (LIS), a research center and microdata archive, was 

founded in 1983 by Timothy Smeeding, Lee Rainwater, Gaston Schaber and a team of multi-

disciplinary researchers in Europe. With support from the Luxembourg government, LIS became 

an independent non-profit institution in 2002. LIS is organized as a consortium of countries with 

financing from the Luxembourg government, as well as the national science foundations and 

other funders in the participating countries. Since September 2006, LIS has been directed by Janet 

Gornick, a political economist and sociologist based in the United States, and Markus Jantti, an 

economist in Finland who serves as LIS’ Research Director. 

 The four primary goals of LIS are to: 

1) harmonize cross-national microdatasets that have been collected from participating 

countries on disposable income and its components along with demographic and labor 

market data, relying on an expert staff that carries out the harmonization work and 

provides support services for users,

2) provide a secure method that allows researchers to access data that would otherwise be 

unavailable due to country-specific privacy restrictions; 

3) create a remote-access system that allows research requests to be received and quickly 

returns results to users at off-site locations; and 
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4) promote comparative research on the economic and social wellbeing of populations 

across countries. 

 LIS now includes microdata from 30 countries, mostly in Europe and North America, but 

also including Australia, Israel and Taiwan; Japan and South Korea will be added later in 2007. 

The database contains over 160 datasets, organized into six time periods (known as waves) 

spanning the years 1968 to 2004. (A list of countries and years for which data are available can be 

found at http://www.lisproject.org/techdoc/datasets.htm.)

 The data can be accessed in three main ways. The primary means of access is via LIS’ 

remote-access system, which uses a software system (now in its sixth generation) that was 

designed specifically for LIS. Researchers can write programs (in SPSS, SAS, or Stata) and send 

them via electronic mail directly to the LIS server; results are returned to the researcher, with an 

average processing time of under two minutes. To protect the confidentiality, security, and 

integrity of the microdata: (1) researchers are required to register, to sign a confidentiality pledge, 

and to re-register annually; (2) some software commands are disabled, such as those that would 

allow users to print out a dataset, and there is a cap on the length of listings; (3) a manual 

checking system monitors data usage; (4) the LIS servers are highly secure (as established by an 

outside security audit); and (5) use of the data for other than scientific research purposes is 

prohibited.

 Second, there is a web-based tabulator that allows registered users to construct tables on-

line, using keywords. The tabulator allows users to generate research-specific cross-national 

comparisons without the need for programming. Finally, the LIS website provides a set of 

indicators (known as Key Figures), which includes measures of inequality and poverty, for each 

of the datasets in the LIS database.

 In addition, LIS has a Visiting Scholar's Program (VSP), within which it is possible to 

access a subset of the LIS datasets on a non-networked computer in the Luxembourg office. 

Access to the microdata under the VSP is subject to a separate application and is used if the user's 

needs cannot be met within the three main access methods, e.g., if special software is needed. 

  Extensive documentation for each dataset details technical aspects of the original survey, a 

record of the harmonization process, and institutional information on tax and transfer programs 

corresponding to the microdata variables. The LIS website also houses a comparative welfare 

states database, and a family policy database; both contain an array of country-level policy 

indicators. These policy databases are widely used by researchers using the LIS microdata, who 

often seek to link policy variables to micro-level outcomes. 
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 Research based on the LIS data has appeared in books, journal articles and dissertations, 

and is often featured in the popular media. Each completed study is published in the LIS Working 

Paper series, which currently includes more than 450 papers. The LIS website offers a Working 

Papers search engine, a complete set of abstracts, and full-text versions of the papers. 

 LIS has recently expanded its available information by adding a wealth data project. The 

Luxembourg Wealth Study (LWS) established a network of producers of microdata on household 

wealth and has, like LIS, harmonized the country-specific data into a common template, including 

comparable measures of net worth and its components. The LWS project will help to set 

guidelines for wealth data producers, as the LIS project has with income data. The wealth data 

will be available to registered users via remote access in late 2007. 

 LIS conducts annual training workshops that introduce researchers to the database and to 

cross-national research on wages, income, employment, and social policy. Since 1988, over 500 

scholars have attended the workshops. To keep the LIS users informed of LIS’ activities, LIS 

publishes a newsletter twice yearly, which is mailed to over 1400 scholars in 35 countries. 

Use and Results  

The LIS microdatasets include income, employment, and demographic variables at the 

person- and household-level. Since LIS’ inception, these microdatasets have been used by over 

1500 researchers in many countries to analyze economic and social policies and their effects on 

outcomes including poverty, income inequality, employment status, wage patterns, gender 

inequality, family formation, child-wellbeing, health status, immigration, political behavior and 

public opinion. 

 LIS-based research has catalyzed changes in national policies. For example, the work of 

Jonathan Bradshaw (Bradshaw and Chen 1997) has affected British policy toward children. LIS 

studies have also informed the United Nations, the OECD, and other major bodies about poverty, 

inequality, and employment outcomes across countries. Results based on LIS have been 

published in and lauded by Science (Butz and Torrey 2006), The Lancet (Lynch et al. 2001) and 

the major academic journals in the fields of economics, political science, sociology, comparative 

public policy, and social measurement. A 20-year anniversary volume, published by The Socio-

Economic Review in 2004, further summarizes and explains the accomplishments of LIS 

(Smeeding 2004). 
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The Future 

  In 2006, LIS completed a comprehensive internal review of its data template and 

harmonization rules in order to enhance the quality of the LIS data and to identify ways to 

increase cross-country comparability. LIS undertook this effort in response to changes in country-

specific social policies and survey content over the last two decades. This review led to a 

restructuring of the pension and family benefits data, an expansion of the person-level data, and a 

substantial increase in the number of labor market variables included in LIS. These revisions will 

enable the many researchers who use LIS primarily for employment research to go further in their 

comparative analyses. 

  During 2007, LIS anticipates adding new datasets for all of the participating LIS 

countries; the newest wave of data (LIS Wave VI) will cover the period around 2004. In addition, 

LIS hopes to add three new countries; negotiations are underway with Portugal, New Zealand and 

Turkey.  

 Currently, the income surveys used by LIS have mostly come from high-income 

countries, according to the World Bank’s classification system. Of the 30 countries now 

participating, 21 are classified as high-income and 9 are upper-middle-income (Czech Republic, 

Estonia, Hungary, Mexico, Poland, Romania, Russia, Slovak Republic, and Taiwan). One of LIS’ 

main goals over the next five years is to substantially increase the inclusion of middle-income 

countries. LIS hopes to add microdata, covering multiple points in time, from a number of 

middle-income countries (e.g., Brazil, Bulgaria, Chile, China, Indonesia, and South Africa). The 

LIS leadership is actively exploring the prospects for this expansion. LIS staff and World Bank 

staff are working together, evaluating options for collaboration.  
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1. Disability.  Empirical studies on disability across countries and over time may 
provide useful information for designing focused interventions and policy 
recommendations. To better understand health outcomes as well as inequalities, it is 
essential to measure these using reliable data sources (Wang, 2002). One of the major 
concerns in carrying out cross country analysis is the reliability as well as the 
comparability of data sources, both across countries and over time. This problem is 
particularly acute for  disability estimates. 

The census is used by many countries to collect data on persons with disabilities and 
for some countries such data have been collected through the census for a long time. 
Although limited in terms of accuracy and coverage, for many countries the census still 
provides the only source of information on number of persons with disabilities and their 
social and economic characteristics.  

The paper offers a brief overview of the IPUMS-International census microdata 
integration project and discusses the availability and use of comparable census microdata 
on disability across countries and over time. The paper focuses on two related issues. The 
first is to provide information and discussion on IPUMS data dissemination and to offer 
some conclusions and ideas on the methodology and policy issues related to integration 
of disability micro data in IPUMS international and secondly, to analyze data on 
disability prevalence and identify some of the methodological issues that need to be 
addressed in order to improve the quality and comparability of census data on disability. 

2.  The IPUMS-International collaboratory. The IPUMS-International initiative is 
a global collaboratory of universities, National Statistical Offices, and international 
research institutes to preserve, integrate and manage access to high-density census 
microdata samples (Ruggles et. al. 2003).  Begun in 1999 with funding provided by the 
National Institutes of Health and the National Science Foundation of the United States, to 
date the project enjoys the endorsement of National Statistical Offices (NSOs) in sixty-
seven countries, encompassing more than sixty percent of the world’s population. Fifty-
eight NSOs have entrusted microdata to the project for a total of 172 censuses.  
Currently, integrated samples are accessible from www.ipums.org/international for 20 
countries, 63 censuses and 185 million person records.  Densities for most of the samples 
are ten percent, although some are five percent and a few are even less.   

Documentation is essential to the success of the initiative.  The IPUMS-International 
project archives, scans and posts census documentation on the internet.  Currently, at 
www.hist.umn.edu/~rmccaa/IPUMSI/enumform.htm, enumeration forms for 749 censuses 
may be viewed and downloaded.  Instructions to enumerators are available for several 
hundred censuses as well.  Before census microdata are made accessible for any census, 
unstinting efforts are made to obtain copies of complete documentation.  These are posted 
on the project website, in the official language and English translation, at the same time that 
the microdata are released to users.  The IPUMS Dynamic Metadata System facilitates the 
comparison, in English, of any census question in the database for any combination of 
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countries and census years.  By means of a few simple clicks the researcher may compare 
not only the wording on the enumeration form but also the instructions to the enumerators 
for any desired combination of censuses in the database.      

3. IPUMS Integration Methods.  To make census microdata useful for research 
they must be not only thoroughly documented, but also integrated.  IPUMS-International 
adopts uniform coding schemes, nomenclatures and classifications, based where possible on 
the United Nations Statistics Division’s Principles and Recommendations for Population 
and Housing Censuses (first 1998, now 2006) and other international standards. Censuses 
employ differing nomenclatures and numeric classification systems and reconciliation of 
these codes is a major effort. Variables must be easy to use for comparisons across time 
and space. This requires that we provide the lowest common denominator of detail that is 
fully comparable. On the other hand, we must retain all meaningful detail in each sample, 
even when it is unique to a single dataset (Esteve and Sobek 2003, McCaa et. al. 2006).     

In the case of disability variables, we settled upon a yes/no integration classification 
scheme for each type:  disabled, blind, deaf, mute, lower extremities, upper extremities, 
mental, psychological, personal care, mobility, public transportation, work, etc.  Then to 
retain all detail, researchers are offered the original nomenclatures in the “unharmonized” 
variables.  The former may be useful for comparison, while the later is most useful for 
analyzing a single census, yet may be used by the researcher to develop a unique 
integration scheme for two or more censuses.  In either case, the researcher is obligated to 
compare the documentation to understand the nuances of how questions were posed and 
whether variables are comparable between one census and another.  Due to the great 
variety of phrasings, notwithstanding considerable international effort at standardization, 
researchers are urged to use the “unharmonized variables” when studying disability in the 
IPUMS system.   
4. Comparability between countries (2000 census round only): The IPUMS 
international has used post-harmonization technique (Rijckevorsel, 2001) to transform 
some extent incomparable data into a comparable version. The big advantage of it is that 
we can use the existing data, but we do not know whether applying such transformations 
will affect the results. It is understandable that with out making stronger and explicit 
assumptions related to concepts and design of questions, it is impossible to establish a 
micro data that has cross-cultural applicability. So, it is high time to examine such data 
sets and provide proper documentation to users in order to be useful for policy oriented 
research. 

One of the major problems in comparing the disability statistics from different 
censuses is the lack of consistency and terminological uses and classification (Bartley, 
2001). There is a variety of information in our collection on how disability was defined in 
national censuses. What is available shows that disability is defined differently in 
different countries. For example, with regard to 2001 round census, in South Africa, 
disability is defined as a ‘serious condition that prevented the respondent’s full 
participation in life activities such as education, work and social life’. In Ecuador the 
term disability is defined as a ‘permanent difficulty in doing an activity that is considered 
normal, due to irreversible effects from an incurable congenital or acquired disease’ In 
Philippines 2001, it is defined as ‘any restriction or lack of ability (resulting from an 
impairment) to perform an activity in the manner or within the range considered normal 
for a human being’. Uganda speaks to a long term physical condition or health problem 
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lasting 6 months or more. The problem is further compounded by the unsuitability of 
reference period and questions used in assessing disability across countries prior to 2000 
census rounds. As can be seen from these examples, disability in Ecuador was defined in 
terms of activity limitations, in Philippines in terms of impairments and in South Africa 
in terms of participation. The definitions used in national data collection activities may be 
influenced by the use of the data as well as cultural practices and perceptions in the 
countries concerned.  

With regard to the questions used to identify the population with disabilities, there 
are differences in:  (a) the type of questions used, i.e., whether impairment, activity 
limitations or participation based; (b) the wording of the questions with regard to terms 
used; (c) the scope of the questions in terms of the number of disability items included 
and (d) the reference period that was considered to determine a persons disability status 
(Mathiowetz, 2001). According to the available literature, the questions asked to identify 
the population with disabilities in censuses were broadly categorised into 4 types 
(Mbogoni and Angela Me, 2002).  

 Type 1 - A generic/general question on presence of a condition combined with items 
on participation and activity limitations.   

Type 2 - A generic/general question on presence of the disabled or handicapped in 
the household followed by a list of impairments and/or disabilities. 

Type 3 - A checklist of impairments from which respondents are required to choose. 

Type 4: Employment or work related questions used to assess the disability.  

Examples of questions related to the four types and a list of countries that fall in to 
these categories are reported in the main paper. As these questions suggest, there is a lack 
of uniformity in the questions used by countries to identify the population with 
disabilities. There are substantial differences between the censuses in the rates of 
disability prevalence partly as a result of methodological differences with respect to how 
disability is defined; the design of questions used to identify the population with 
disabilities; and the type of disabilities included. Countries that have used type 3 
questions have higher prevalence rates than the other types, for example South Africa, 
2001 (5.1%); Ecuador, 2001 (4.68%); and Uganda, 2001 (3.47%) compared to the type 2 
questions used in Philippines, 2000 (1.53%); Uganda, 1991 (1.14) and type 4 from 
Venezuela, 1981 (1.39). 

5. Comparability between censuses within a single country: To assess the extent 
to which the countries have comparable time series samples and issues involved in such 
comparisons, we have reviewed some of the questions on disability used in countries that 
had their census during the 2000 round of censuses. It was observed from the census 
samples that for certain countries the definitions used, number questions and wording of 
questions on disability has changed over time. For example, in Uganda it was asked that 
‘is there anyone who was in the household on census night disabled and the nature of 
disability’ where as in 2002 sample it was restructured as ‘does (name) have any 
difficulty in moving, seeing, hearing, speaking or learning, which has lasted or is 
expected to last 6 months or more’. In these samples we have observed a significant 
difference in prevalence of disability. In countries like Chile the content and wording was 
same for the samples in 1992 (2.14%) and 2002 (2.2%), where the comparisons are more 
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fruitful.  In Philippines, we have samples from three consecutive censuses. All the three 
samples have administered 2 questions each on obtaining the information on disability. 
So, we can easily compare the time series data in Philippines at least for the prevalence of 
over all disability.  

Further, we examined differentials in disability estimates across various 
socioeconomic and demographic subgroups over time in most comparable census 
samples. The paper also explains the changing inequalities in disability estimates using 
concentration index in order to show how comparable are the time series samples in 
IPUMS international data. 
6. Conclusions: (just before challenges for the 2010 round) IPUMS data are a useful 
and important source on disability that provides information on frequency and 
distribution of disability in the population across countries and over time at national and 
regional/province level. The study suggests that the prevailing scheme of harmonization, 
though the estimates vary by question type and definitions used, is useful in comparing 
time series data to get a better picture on variations in the prevalence of disability as well 
as using the time series data across countries for the monitoring and evaluation of 
services concerning the equalization of opportunities. Whatever concepts, nomenclatures, 
and coding schemes are used in the census operations for the 2010 round of censuses, 
IPUMS will retain the originals nomenclatures in the “unharmonized” variables.  For the 
integrated variables an attempt may be made to go beyond the yes/no classification to a 
more detailed composite coding scheme.  Official statisticians and researchers are invited 
to use the IPUMS data and documentation and make suggestions to enhance not only the 
treatment of disability variables but also the IPUMS system as a whole 
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Summary 
 
CELADE, Population Division of ECLAC, United Nations, has been developing 
since 1982 its micro data processing and analysis software Redatam (REtrieval 
of DATa for small Areas by Microcomputer Redatam+SP).  This development 
has reach a level of development where now it is possible to process and 
analyzed highly compressed census databases in an easily and friendly way 
even through the Internet. The hierarchical structure in which the databases are 
organized in Redatam allows the processing of different entities transparently, 
that is, dwellings, households and persons characteristics combined easily 
among them to derive indicators at the most disaggregated levels, blocks or EDs. 
Even more, the Redatam+SP Web Server provides the general public with an 
interactive system that allows the processing on-line of any census data base 
over the Internet.  Therefore, the Redatam package allows in depth population 
and demographic analysis based on census database or other sources. In this 
paper, an example is provided of micro data processing for the calculation of 
infant and child mortality estimations. The Brazil 1990 and 2000 census micro 
data is used with the Redatam tool specifically developed for indirect estimations 
of infant mortality base in the Brass method. This information is relevant both for 
understanding population trends—for example, the mortality rates can be used in 
population projections—and for the planning and evaluation of health policies 
and programs. Information on child mortality serves the needs of the health 
sector by identifying population groups that are at high risk. 
 

How Redatam+SP was born 
 
One of the main objectives behind the original development of the Redatam 
software in the early 1980’s was the need of the Latin American NSO’s for 
processing specific ad hoc small-area tabulations that could not be included with 
the official census results. This demand, identified in a needs study of institutions 
in selected countries, led CELADE to design a database management tool that 
would manage large volumes of census microdata with hierarchical 
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(geographical) structure down to the smallest area of the census administrative 
exercise, often city blocks or similar-sized areas. The software had to run on a 
personal computer, had to process data rapidly, require as little disk space as 
possible and be easy to use. Originally designed in part to extend the useful life 
of population and housing census data over the period between decennial 
censuses, the scope of Redatam has been widened to permit processing other 
types of data such as agricultural censuses, household surveys, etc. The 
statistical engine allows the processing of millions of records on an off-the-shelf 
computer in minutes, and in tens of seconds with more powerful microcomputers. 
 
The first generation of Redatam, which appeared in 1986, could only process a 
single census; this restriction was removed in the next version to allow the 
combination of information from several censuses and/or other data sources. 
Additionally, the targeted users were extended beyond the NSOs and now 
comprise a variety of other national institutions, including ministries, regional and 
local governmental agencies, universities, research institutions, as well as the 
private sector. The present 4th generation named Redatam+SP and its updates 
have been downloaded, free of charge, by an estimated 5.000 persons.  
 
Currently Capabilities 
 
The Redatam+SP capabilities are built around a standard kernel identified as the 
Redatam+SP statistical engine. This highly efficient set of routines is used to 
create or import databases into a proprietary format —one of the security 
features of the system—, to produce required outputs and to generate new 
variables to be aggregated permanently to the database. External databases are 
generally converted to the proprietary format that compresses, encrypts and 
inverts the original data source in order to combine efficiency and confidentiality 
of information. 
 
The software is particularly efficient for processing information for small areas as 
required by local-level planners and analysts in the public and private sectors. 
Due to its hierarchical structure, large volumes of data, such as, large population 
census are highly compressed without loosing the household and persons record 
location. So, the processing of specific small area record it’s especially fast. 
 
To take full advantage of census and other data, a Redatam+SP database is 
usually constructed with microdata, that is, the variables refer to individuals, 
households, or other elements of analysis so that the variables can be combined 
in tabulations for any geographical area defined by the user. The data is 
organized hierarchically making it possible to derive, for example, new household 
variables based on the number and characteristics of the individuals in the 
house. Any set of sub-areas can be selected in such a way that only the selected 
subset of data is processed, thus speeding up the overall processing to produce 
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various types of output tabulations. Furthermore, all variables that are derived 
may be permanently saved into the database for future use. The program 
contains facilities to process and display maps connected with the geographical 
database levels, that is, an output at the ED level can be mapped with 
geographical EDs of the same area. This allows the user to display spatial 
analysis of the aggregated statistics that are produced by the system for any of 
the geographical level of the database.  Current and future development of the 
Redatam family is aimed at improving the interface, with facilities in the software 
for further demographic and statistical analysis, as well for applying demographic 
analysis techniques. There are currently two modules for demographic analysis, 
one for the Indirect Mortality rates estimations (IME) and the other for the Indirect 
Fertility rates estimations (IFE). Another module for the GINI index calculation is 
also available upon request. 
  
Indirect Mortality Estimation (IME) Redatam Application. The case of Brazil 
 
The Brazil 1990 and 2000 census micro data is used with the Redatam tool 
specifically developed for indirect estimations of infant mortality based in the 
Brass method. The estimation and analysis of infant mortality rates organized 
according to socioeconomic levels has allowed us to identify the progress in the 
reduction of socio-economic disparities in early mortality.  
 
In the table it is shown for Brazil that infant mortality has descended across all 
socio-economic levels of the population, controlled by area of residence (urban – 
rural). However, the magnitude of this reduction has varied in each level affecting 
social inequalities. The infant mortality ratio of the highest to lowest quintile 
provides a first impression of the impact of social inequality on early death risk.  
 

 
Source: Estimates obtained from special processing of census microdatabases withRedatam. ECLAC, 2005. 
 
Brazil has reduce its infant mortality rate significantly in the last few years, 
however, it shows a large intra regional variation which, moreover, failed to 
recede at all in the 1990s. As a conclusion we can say that the recent drop in 
infant mortality in the region (in other countries of Latin America) has not been 
accompanied, at least not systematically, by a decrease in the heterogeneity 
between administrative units. 
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Source: Estimates obtained from special processing of census microdatabases withRedatam. ECLAC, 2005. 
 
 
Final comments 
 
The Redatam system family provides a wide variety of products for disseminating 
census data: All modules have a trade-off between the sophistication of the 
analysis possible and the simplicity of obtaining information: The analytic 
capabilities are maximum with Redatam+SP Process ⎯ since it gives access to 
the Redatam dictionary, allows new variables to be derived and allows the user 
to do anything that the Redatam language if capable of⎯. The analytic 
capabilities are somewhat less with Redatam+SP xPlan and Redatam+SP 
WebServer since they are limited to those determined by the developer. But the 
dissemination of information is much broader through the web and reaches 
millions of user worldwide. The special modules for calculating mortality and 
fertility rates using microdata are wrapped as a different module that helps 
demographers with specific needs of population analysis are provided upon 
request. 
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Development of unified forms of statistical reporting represents one of the directions of improving the 

statistical observation to promote implementing the SNA into statistical practice. Such forms should 

provide the internal coordination of the total system of indicators reconciled with the SNA and designed to 

monitor all main financial and economic processes in the country. The development of the unified forms for 

the statistical observation creates the convenient situation for trying to move closer to international standards 

in the field of statistics and business accounting. The unified forms for the statistical observation could be 

considered as a principal stage of realizing the task of integration of the statistical reporting. The issues of 

integration of the balance of payments and the government finance statistics (actual execution of the state 

budget) with the SNA represent the independent directions in the development of the informational base for 

the SNA which require separate consideration. 

The following issues are considered in connection with the possibilities of the development of the 

unified reporting forms: 

- coverage and regularity; 

- principles of registration of transactions with goods and services. 

In the practice of many countries annual reports represent the main form of reporting which is most full, 

detailed and reliable (comparing with the current reporting in the course of the year). It is sensible to have 

annual reporting (based on the unified forms of the statistical observation) providing the information by 

sectors of economy. The problem of minimizing the program of the statistical observation (in the form of 

statistical reporting) for the very large and specific group of economic units - small enterprises (small 

business) – particularly for current reporting, should be solved taking into account the peculiarities of the 

economic development of the country, mechanism of economic management and legal status of the state 
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statistics bodies. 

While considering the principles of registration of transactions with goods and services it is necessary to 

pay attention on the fact that it is not desirable to cut off the valuation of indicators from the business 

accounting data. Thus, the output should not be derived by valuing the data in physical units at imputed (or close 

to such) prices. 

It is necessary to make some remarks regarding statistical reporting on: output of goods and services, 

investments, financial situation of economic units. 

The indicator of goods dispatched could, in principle, be treated as analogous to the indicator of the sales of 

goods, however, in practice there may be cases of various treatment of the content of this indicator. Thus, a 

part of enterprises accounts it irrespective of receiving the payments (which corresponds to the international 

standards in the area of macroeconomic estimates) while the other part includes goods in it only when the 

payments were received. In the reporting on the agricultural output it is desirable to ensure collecting data on 

cultivating of perennial plantations and other work-in-progress as well as on the finished agricultural goods. 

Non-market agricultural output and work-in progress should be valued at market prices (and not by cost) 

which corresponds to the international standards (SNA 1993). The output of housing services should be 

valued in a similar way. 

The above mentioned specific features of valuation of goods and services should be taken into 

account when estimating GDP by the production and final use methods. 

Investments are treated as the expenditure on formation of non-financial and financial assets. 

Investments in non-financial assets include the expenditure on gross capital formation and acquisition of 

land and other non-produced assets. 

Classification of investments by type of non-financial assets should correspond to the SNA classification of 

these assets. However, the statistical practice in the CIS countries can differ from the international standards. 

Thus, capital repair charges are not treated as a part of capital investments. 

It is desirable to ensure in the reporting the standard grouping of the investments in the financial assets 

(financial investments) by type of assets. It is recommended also to pay attention to the necessity of more clear 

definition of the content of some items which are directly taken from the business accounting. It is 

seen some examples below. Thus, loans should be shown excluding their repayment. The indicator "Shares 

paid off shows the decrease of financial liabilities of economic units of shareholders, so it represents the 
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decrease of financial investments in the given enterprise. If the foreign investment flows are treated as 

counteractions between residents and non-residents (residents investments to the economy of the rest of the 

world and non-resident investments to the economy of the given country), then non-resident investments 

represent financial investments. Such investments, by definition, can not be a part of the gross fixed capital 

formation. 

It is not recommended to cross-classify investments by sources of financing and by type of assets because 

the funds for investing accumulated by enterprises from various sources are usually mixed together when 

they are disposed and such grouping can be  characterized as conventional. 

In the reports on financial state of enterprises (organizations) important are items which characterize 

changes in financial instruments, as well as those ones which directly show the financial state of economic 

units. It is necessary to collect data on all assets and liabilities, their structure and changes in the 

accounting period to provide full and comprehensive characteristics of the financial situation. Thus, such 

reports will become the information basis for compilation of the financial accounts and balance sheets, at least, 

for the sector "Non-financial enterprises (non-financial corporations and quasi-corporations)". 
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Economic inequality characterizes economic processes in two aspects. On the one hand, income 

distribution is resultant from interaction of various mechanisms determining the observed movement of 

income flows and their breaking down into various types of incomes of different population strata. And 

income inequality is determined by the institutional organization of economy to no less degree than by the 

factors of production. It takes shape depending on the distribution and conditions of exercising the right of 

possession, disposition and management, which determine the shares of value added spent on work 

remuneration, payments of rent type and other payments in the economy on the whole and by economy 

branches.

On the other hand, economic inequality is characterized by the conditions of forming the motives and 

choosing the modes of economic and social behavior. Large scale of the general inequality may be 

conditioned by two diametrically opposed causes: firstly, by high intensity of social competition, and 

secondly, by institutionally conditioned advantages of some social strata over the others. Institutional 

structure determines, which economy sectors have the most favorable conditions for deriving income of this 

or that type, and thus motivates struggle for the right of property in these branches and redistribution of 

financial flows for the benefit of these branches.

So, economic inequality characterizes the processes in economy in the aspect revealing direct and 

inverse connections between motivation of economic behavior of people, conditions for realization of this 

behavior and mechanisms of economic and social activity. Economic inequality may be considered as a kind 

of barometer showing the state of economy and measuring the pressure of inner forces, which cause 

economic growth or, on the contrary, stagnation and decline. 

In the world research of inequality there are four main topics: 

1) connection between inequality and economic performance (Kuznets hypothesis), development of 

economic and political institutions;      

2) direct and inverse relation nships between inequality and economic growth; 

3) increase of the income polarization and work remuneration since the 1980s till now and erosion of 

the middle class; 

4) connection of the inequality dynamics in and between countries with globalization.  

The Kuznets hypothesis assumes, that under the restructuring of economy raising its performance, 

income polarization at first increases and then decreases, as more and more people get involved into a more 
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productive activity. This hypothesis was based on the dynamics of income inequality in developed countries 

at the time of industrialization. In modern studies it is often applied in a simultaneous analysis of the 

differences in inequality and productivity by aggregates of countries being at different stages of structural 

transformations and economic growth. But outcomes of numerous empirical studies are not always in line 

with Kuznets’s findings. The hypothesis does not explain most of the cross-country variations in inequality, 

and may be also disproved statistically (1; L; H., Sguire, Zo u H., 1997). 

Current studies are focused on the connection of inequality with political structure of society rather 

than with economic performance. They assume that democracy favors redistribution of incomes and provides 

mechanisms ensuring more equality. But this approach, as well as the Kuznets hypothesis (2; Gradstein M., 

Milanovic B., 2002), yields contradictive results: despite some corroborations of the initial hypothesis1 there 

are findings showing lack of statistically significant differences between income redistribution and social 

policy in democratic and non-democratic countries (3; Mulligan C.D., Gil R., Sala-Martin X., 2003). 

Moreover, in most post-socialist countries development of democracy was accompanied with growth of 

inequality. 

In cross-country statistical analyses there is also no clear answer to the question, whether inequality 

hampers economic growth or, on the contrary, facilitates it to some extent (4; Person T., Yabellini G., 1998), 

R.J. Barro (5; 1999) showed that in low-income countries the rate of economic growth is inversely related to 

the preceding inequality and, on the contrary, in high-income countries it is directly related to inequality. In 

our view, high inequality in poor countries is excessive (connected with poverty) and hampers economic 

growth, while in rich countries it is normal, i.e. it sets no limits to economic opportunities and furthers 

economic activity. Economic growth connected with growth of inequality is differentiated: growth of 

incomes of the rich goes without growth or with a slower growth of incomes of the rest population.  

Growth of income polarization in developed countries since the 1980s shows itself in a simultaneous 

increase in the number of both the wealthier and the poorer strata of population together with growing 

differentiation of their incomes. Some parts of the middle class are moving to the top and bottom ends of the 

distribution, and thus the middle class is being eroded. Income polarization in developed, as well as in 

developing and transition economies, disproves widespread views of the role of the middle class in socio-

economic development (6; Levi F., 1995).  

Growth of inequality and income polarization on the national and inter-national scale is often 

interpreted as a consequence of globalization.  According to the neo-classical theory, development of 

international trade was to result in a convergence of inequality in the countries with an open economy. And 

in fact, globalization has brought about growth of inequality if not in all, but in a considerable number of 

countries. This was shown by B. Milanovic (7; 2002) in his analysis of income dynamics by decile groups in 

88 countries during 1988-1993. In countries with an open economy the relative incomes of the lower 70% of 

the population were declining, and those of the upper 30% were rising. But most gains from globalization 

fell to the richest 10%. Of course, this applies not to all countries. In countries with lower average per capita 

incomes the gains from globalization usually fell to the rich, and the effect of polarization is greater than 
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shown by Milanovic. But in many countries with higher incomes the gains from external trade go also to 

lower and median groups alongside decline in relative incomes of the rich. Nevertheless, his findings reflect 

a general impact of globalization on income inequality. 

International comparisons of income are complicated by national differences in the methods of data 

collecting and processing. Sample surveys of household income and expenditure serve as the main source of 

information on income inequality in all countries, but the definitions used in them, as well as the coverage of 

population strata are often incomparable. 

Surveys in the USA and Western Europe directly collect information on income; but in many countries 

(including Russia) they collect only information on expenditure, and estimates of income inequality are made 

indirectly (as in Russia) or substituted by estimates of expenditure inequality. But even estimates made in the 

same country for the same year and on the same initial data may significantly differ, depending on the 

methods of calculation of final indicators (8; 2000).  

According to the World Bank and Rosstat estimates, inequality of monetary income in the USA and 

Russia in the early 2000s seems to be almost equal. But the World Bank provides sample-based estimates of 

disposable income inequality, where high incomes are underestimated as compared to those based on the 

data from tax statistics. And Rosstat provides model-based estimates of inequality of the average per capita 

income before any payments. These model estimates understate the distribution density in the low- and high-

income ranges. So, official estimates of income inequality are understated both in the USA and in Russia, but 

for different reasons. And official data on income inequality are incomparable in principle.       

Milanovic and Yitzhaki (9; 2003) analyzed distribution of inequality by levels of per capita average 

income at PPP in 110 countries. The obtained results are not quite in line with the Kuznetz hypothesis. They 

show that this hypothesis is to some extent plausible for poor countries, but it is not true for income above 

8000 dollars per capita a year. 

Cross-national inequality has a very weak inverse correlation with income levels (-0.263) and it has 

actually no correlation with the number of population in a country. The most striking is that quite often 

inequality in very poor developing countries is low and gets into the inequality diapason of prosperous West 

European countries.  For example, inequality in Egypt (0.265) and Bangladesh (0.281) is in the interval 

between that in Sweden (0.249) and Germany (0.294).  And inequality in India (0.328) and Vietnam (0.328) 

is between that in France and Great Britain (0.354). All this confirms our standpoint (10; Shevyakov, Kirura 

A., 2002) based on the cross-regional analysis in Russia: indicators of general inequality (without breaking 

down inequality into structural components) do not say anything about the socio-economic differences 

between countries.

Milanovic and Yitzhaki use one more indicator for international comparisons of inequality besides 

average income: rank of a country in the world income distribution. It is defined as a mean value of all 

income levels in this country according to the distribution of the country population by these levels. By the 

Milanovic and Yitzhaki calculations, the rank of the USA is 0.89 and the rank of Russia is 0.73. Provided 

equal average per capita income, the more poor people are in a country  - the lower is the country rank. If we 

replace the average per capita income at PPP by country’s ranking in the world income distribution, the 

relationship assumed in the Kuznetz hypothesis becomes correct (although statistically weak). 
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Relation between economic growth, inequality and inflation can be demonstrated on the example of 

USA, where economic growth underwent cyclical upsurges and slumps. Movement of inflation is ”opposite 

in phase” to the movement of income and inequality. Inflation rate is negatively correlated with inequality 

growth and current inequality. Every rise of inequality accompanied with inflation decline ends with a 

”frustration” followed by declining or even negative income growth rate and upsurge of inflation.  After a 

significant reduction in inequality and in income concentration the process begins to go inversely, when 

inflation rate is declining and income growth rate is rising. So, inequality is a factor of the economic growth 

instability.  

Inequality in the USA reached its maximum in 1929 – just before the economic crisis and the Great 

Depression. In our terms, the crisis and the following depression were caused by an excessive income 

concentration. After the crisis the income concentration reduced, but remained quite high. Concentration of 

income and inequality sharply dropped only during the Second World War and remained rather low till 1980.

Some authors explain this by existence of a highly progressive tax system, which did not allow accumulation 

of excessive financial advantages and growth of income concentration. President Reagan made taxes less 

progressive and thus reduced the tax burden on the rich. Income concentration of the rich jumped up 

reaching its peak in the last year his presidency. During the presidency of the older Bush income 

concentration tended to decline, but under Clinton it began to rise rapidly again. 

So we can say, that inequality growth, which is not restrained by progressive taxes and redistribution 

of incomes, leads to frustration and differentiation of the economic growth, when only incomes of the rich 

are rising. 
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ABSTRACT

The purpose of the research is a reconstruction of statistic time series for Russian regions for a long
historical retrospective. The preference is given to natural time series, because of existence of signifi-
cant complexities, and frequently practically absence of any opportunities of recalculation of monetary
indicators to the comparable view. The results of the research now are the reconstructed and verified
time series for about 90 Russian regions since 1855 to 2005, covering the following sectors:
• Demographics: total population, sex and age structure of the population, urban and rural popula-
tion, births, deaths and natural increase of the population, marriages and divorces;
• Human health: morbidity by category of infectious diseases;
• Environment: monthly and yearly average temperature, precipitation, air pollution from stationary
and mobile sources (since 1965);
• Natural resources: extraction of power resources (coal, oil, gas, peat, slates), deforestation and re-
forestation, hunting and fishery indicators;
• Agriculture: harvested areas, gross harvest and yields of technical and grain crops;
• Employment and incomes: employment and average wage by economic activities (sectors of econ-
omy);
• Prices: consumer prices of main goods.
By using of Russian (Russian Empire, USSR, Russian Federation) official statistics for the indica-
tors and geo-information technologies the author reconstructed the comparable time series in modern
administrative-territorial borders and made some conclusions about the development of Russian econ-
omy on a regional level. The results of the research are base for the scientific monograph of V.N.
Sidorenko (2007) “Natural resources, environment and population of Russian regions for the 150 years
(1855-2005): Statistical vremennik (yearbook)”. Moscow.

Keywords. Historical series, Russian regions, 19th-20th centuries.
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Historical Time Series: Russian Experience 
Program of Compilation and International Comparisons

This Program is made on the basis of generalisation of experience of construction of 

historical statistical series cumulated in Russia for different years of its existence with scope of a 

various circle of parameters and different territories accordingly of the Russian Empire (1800-

1917), Russian Soviet Republic (1917-1922), the USSR (1922-1991) and the Russian Federation 

(since 1991). 

The experience cumulated in other countries and the international experience of 

organisation of data gathering and the publication of historical series, including first of all 

American experience submitted in three fundamental editions under the mutual name «Historical 

Statistics of the USA from colonial times to 1945, 1957 and 1970» accordingly, (1, USA Bureau 
of Census, 1975), and also experience of the current work on updating of the constructed series 

is also taken into account. 

By the present, the exhaustive historical series, with data for a period of 100 and more 

years have been constructed and published except USA in the UK, Germany, Italy, Netherlands, 

France, Japan, Poland, and Sweden and in more than 20 other countries. 

Moreover, there have been implemented trials on construction of historical time series for 

1000 and more years. One of those trials is due to Angus Madisson the emerited professor of 

Groeningen  University (the Netherlands), who has published the growth estimators of GDP, 

population and GDP per capita in the whole world as well as in 10 groups of leading countries 

for 2000 years AD (2; Madisson, 1999). The biggest research and extensive calculations on this 

account have been performed by OECD, Eurostat, World Bank and IMF, the results of which 

being published in the appropriate editions of these organizations (3; Yearbook, 2001).
As a basis of the work the computer technique of feasibility reports of the large-scale 

projects UNIDO (method KOMFAR; 4; UNIDO, 1999) was taken. Which is ensuring 

opportunity of preparation of the Program and realisation of necessary accounts according to the 

requirements of the international standards. 

During the preparation of the Program, available registration and accounting data were 

used, including state, government, corporate and private archival sources, and also published 

works on the history of statistics for 1800-2000 and partly earlier works. 

The realisation of the Program is calculated on 2000-2007 and assumes involving in work 

more than 500 domestic and foreign experts, more than 150 interested domestic and foreign 

organisations, and more than 1,2 thousand executors-collectors of the primary data, library 

workers and Programmers.  
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On the basis of the executed work it is supposed to carry out the edition of «Historical 

Statistical Series of Demographic and Socio-economic Development of Russia for 1800-2000» 

in volume up to 200 p.p. (5; The Program, 2001). In addition, one-volume «Encyclopedia of 

Sources of the Statistical Data on Historical Series of Economic Development of Russia for 200 

Years», which was published in 2001 (6; Encyclopaedia, 2001).
The experts of the Russian Academy of Sciences (RAS), Goskomstat of Russia, Ministry 

of Industry and Science of Russian Federation, Ministry of Education of Russian Federation and 

a number of other related ministries and departments of Russia have taken part in preparation of 

the Program. At separate stages the foreign experts, in particular scientific USA, Great Britain, 

Japan, Republic Belarus and Ukraine, also took part in the work above the Program. 

The Program is discussed and in general is approved to work by Branch of Economy of 

RAS and Goskomstat of Russia at joint session on June 29, 2000. 

The Program consists of seven sections, each of which contains a statement of the general 

approaches and principles of development of a theme. 

In the Program the preconditions and purposes of its development (section 1), its subject 

and scope (section 2), scientific-methodical beginnings of realisation (section 3), basic 

components (section 4) and organisational bases of work (section 5) are consistently submitted. 

A brief timetable of performance of works (section 6) and the plan of their publication (section 

7) are also submitted. 

The Program provides for organisation of work as a whole above a subject in format of 

33 blocks, separately allocated in it.

The separate cases of the present Program have preliminary character and require the 

further specifications and additions. 

In subsequent in process of accumulation of experience and attraction of additional 

resources, and also the elaboration of structure and scale of forthcoming works in adjusted order 

should be developed and in the regular order submitted the technical tasks (TT) and plans of 

performance of works as a whole and on each of 33 separately taken blocks of the Program, 

including the plans of preparation of the necessary feasibility reports (FR), sketchy and 

equipment projects, methodical instructions and instructions on the collection, processing and 

publication of the data. 

Since the publication the Program has received a certain support by scientific society and 

international organizations, including Statistical Committee of CIS, Eurostat, OECD, World 

Bank, ISI and others (7; ISI, 2003).
In the proceeding of Program’s realization in 2000-2006 the Goskomstat of Russia (from 

2004 Rosstat) has published the range of scientific works (8; Simchera, Sokolin, 2001) and 

implemented fragments of separate empirical calculations (9; Holtz, Ponomarenko, 
Fedorenko) on the systematic basis the works have been started on recalculation of long term 

series in 1970-2005 according to international standards and their publication in the official 

statistical editions on regular basis (10; Russian Statistical Yearbook , 2005).
By the beginning of 2006, The Scientific Research Institute of Statistics under my 

direction has implemented a work on constructions of historical series of Russia for 1900-2000, 

and by the end of the same year there has been started an appropriate work on constructions of 

historical series for 200 years (1800-2000) with the extended sphere of considered indicators. 

Based on implemented work on historical series I have published a fundamental book ,

in which there have been represented methodology and results of implemented experimental 

calculations on the data for 1900-2000 in 11 chapters and 5 appendixes (11; Simchera, 2006). 
In some chapters there represented historical series characterizing: The growth of national 

wealth in Russia for 100 years – Chapter 1.; The growth of productive, natural, scientific and technical 

potential in Russia  for 100 years –  Chapter 2.; The growth of population in Russia for 100 years –
Chapter 3.; The growth of industry production in Russia for 100 years – Chapter 4.; The development 

of the energy industry in Russia for 100 years – Chapter 5.; Agriculture in Russia for 100 years – 
Chapter 6.; Building and construction in Russia for 100 years – Chapter 7.; External trade of Russia for 
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100 years – Chapter 8.; The development of knowledge’s in Russia for 100 years – Chapter 9.; The 

efficiency of utilization of national resources in Russia for 100 years – Chapter 10.; The economic 

growth and increase of the populations living standards in Russia for 100 years – Chapter 11; Program of 

compiling the historical series, which are characterizing the long-term development of Russian economy 

– Appendix 1;  The chronology and correlation of most significant history and economic events and 

factors in Russia and the rest of the world (X-XX centuries) – Appendix 2.; Computer program algorithm 

for forecasting a historical series Computer program algorithm for the correlation of historical series –  

Appendix 3 (special); The significant indicators, characterizing the economic growth of Russia for 100 

years (package of tables) Appendix  4.; Graphs and diagrams, which are characterizing the trends and 

cycles of the economy and institutional growth in Russia within 1900-2004 years – Appendix  5.  

 The famous scientists of Russia Dmitry S. L’vov and Nikolay P. Fedorenko have presented the 

book for publication. 

 In total there have been presented more than 250 series, including 96 series in graphical 

presentation, 23 series of which characterizing key positions of economical dynamics of Russia for 100 

years, as illustration of overall results of the work, are listed in the table 1(11; Simchera, 2006, p. 352):

Table 1. The growth of key socio-economic indicators in XX century in Russia (1900=1.0) 

  1900 1913 1917 1940 1950 1960 1970 1980 1990 2000 2004
1901

-2000 

1901

-2004 

National wealth 1.0 1.1 1.1 3.5 4.8 12.5 25.9 49.6 83.7 79.0 156.3 4.5 5.0

National property 1.0 1.1 1.0 2.7 3.4 8.7 18.7 38.2 65.8 81.5 149.5 4.3 4.9

GDP 1.0 1.3 0.8 6.5 10.8 28.0 53.0 88.0 115.6 78.9 99.7 4.5 4.5

National income 1.0 1.3 0.8 6.6 10.5 29.0 58.7 93.0 116.5 79.3 102.5 4.5 4.5

Capital funds 1.0 1.1 1.0 2.7 3.4 8.7 18.7 38.2 65.7 89.1 91.2 4.6 4.4

Industrial capital funds 1.0 1.1 1.0 2.9 3.6 9.1 20.9 46.2 80.3 78.1 79.8 4.5 4.3

Industrial production 1.0 1.8 0.6 7.7 131.0 40.0 92.0 163.0 222.0 216.3 267.2 5.2 5.2

Production of means of  

production 1.0 1.9 0.7 13.0 21.0 84.0 214.0 391.0 359.0 182.0 195.6 5.3 5.2

Production of 

consumption items 1.0 1.6 0.6 4.6 5.7 15.0 30.0 50.0 77.0 35.6 65.6 3.6 4.1

Agricultural production 1.0 1.0 0.8 1.4 1.4 2.3 3.2 3.5 4.2 2.2 2.5 0.8 0.9

Loads sent by all types of 

transports 1.0 1.1 0.8 8.1 14.6 56.0 95.2 152.0 152.0 170.0 213.5 5.3 5.3

Passanger turnover of all 

types of transports 1.0 1.2 0.8 4.0 3.7 9.4 20.4 32.4 42.0 29.4 29.0 3.4 3.3

External trade 1.0 2.2 0.7 0.4 2.2 7.8 17.0 72.4 101.2 83.0 153.9 4.5 5.0

Number of publications 1.0 1.9 1.7 1.8 1.7 2.7 2.8 2.8 2.4 3.3 4.5 1.2 1.5

Number of employed 10.0 1.1 0.8 2.8 3.3 5.1 7.4 9.2 9.6 8.8 9.0 2.2 2.1

Production of public 

labour 1.0 1.2 0.6 5.9 10.1 15.8 43.2 63.6 80.4 40.2 49.4 3.8 3.8

Labour productivity in 

material production 1.0 1.2 1.1 2.3 3.2 5.4 7.1 9.5 11.9 9.0 11.1 2.2 2.3

Labour productivity in 

industry 1.0 1.6 0.8 5.9 8.5 17.2 28.6 44.8 54.4 56.6 78.3 4.1 4.3

Yield of capital 

investments (GDP/Funds) 1.0 1.2 0.8 2.4 3.2 3.2 2.8 2.3 1.7 0.9 1.1 -0.1 0.1

Labour equipped with 

funds 1.0 1.0 1.0 1.0 1.1 1.8 2.8 5.0 8.7 8.9 8.9 2.2 2.1

Population 1.0 1.3 1.3 1.6 1.4 1.7 1.9 2.0 2.1 2.1 2.0 0.7 0.6

Population, mln., 

USSR 133.1 164.4 143.5 194.1 178.5 212.4 241.7 264.5 288.0 - - - -

Russian Federation 70.2 88.3 91.0 110.1 101.4 119.0 130.1 138.3 148.0 146.3 143.5 - -

 Today in Russia under my direction the work on construction of 750 historical series 

for 200 years being implemented and in connection with the results of this work there has to 

be published extended version of my book in which will be added four new chapters on key 
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positions of economic dynamics in Russia which are as follows: The growth of Transport in 

Russia for 200 years (Chapter 12); The development of banks, finance and insurance in 

Russia for 200 years (Chapter 13); The development of institutional units and management 

in Russia for 200 years (Chapter 14); The economic growth of Russia in the context of the 

world economy for 1000 years (Chapter 15).
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Some Extreme Value Problems in Metal Fatigue

Clive Anderson
University of Sheffield
E-mail: c.w.anderson@shef.ac.uk

ABSTRACT

Metal fatigue is the deterioration in the load-bearing capacity of metal caused by repeated application
of stress. It can lead to sudden failure, so an understanding of it is important in efforts to ensure the
safety and reliability of any mechanical system subject to alternating stresses. (Much of modern life, of
course, relies on such systems.) Randomness is intrinsic to fatigue: stresses, environmental conditions
and material quality are all variable, and the fundamental mechanisms of fatigue, the initiation and
propagation of cracks, are governed by the internal microstructure of the metal, which is naturally
described in stochastic terms. Extreme values – for example, strengths of the weakest parts of a
component, or sizes of the largest defects – are key quantities. The talk will try to show how questions
about fatigue are giving rise to interesting new problems – and tentative answers in some cases – in
statistical extreme value theory.

Keywords. Statistical extremes, metal fatigue, inclusions, stereology.
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The Bivariate Generalized Pareto Distribution and Wind Storm In-

surance

Holger Rootzén
Chalmers
E-mail: rootzen@math.chalmers.se

Eric Brodin
Chalmers

ABSTRACT

In January 2005 the wind storm Gudrun struck the southern part of Sweden and caused in excess of
0.4 billion Euros worth of damage to buildings and forests. Windstorms continue to be a serious threat
to Sweden, and to the rest of the world. Motivated by this we explore new theoretical and practical
issues raised by windstorm insurance and apply the results to the wind storm losses for the Swedish
insurance group Länsförsäkringar during 1982-2005. Main problems are: how should estimated risk
be presented and understood; and how should costs be divided between insurers and reinsurers? How
should one handle situations where there are two (or more) different causes of large losses (e.g. building
and forest loss), and one of these (e.g forest loss) is much more serious but also rarer? Recent results of
Hall, Peng, and Tajvidi on prediction intervals provide an important advance for the first problem, but
much remains for future research. The recently derived multivariate Generalized Pareto distribution
is motivated by (a) exceedances (of suitably coordinated levels) asymptotically have a multivariate
GP distribution if and only if componentwise maxima asymptotically are Extreme Value distributed,
(b) the multivariate GP distribution is the only one which is preserved under a (suitably coordinated)
change of exceedance levels, and (c) the multivariate GP distribution describes what happens to the
other components when one or more of the components exceed their thresholds. We study, the far
from obvious questions of how the bivariate GP distribution can be fitted to data, and how it can be
used to solve the second problem. The talk is concluded by an open problem: how should the impact
of portfolio changes be assessed in situations with heavy tailed claims? This is joint work with Erik
Brodin.

Keywords. Extreme values, wind storm insurance, multivariate Generalized Pareto modelling, pre-
diction intervals.
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Estimating capsize risk for a vessel in a following sea
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mrl@email.unc.edu

Introduction.

Capsize of ships, while not a frequent occurrence, does occur and is an important issue for Naval

Architecture in the hull design of new vessels. A natural (perhaps even knee-jerking) approach to

capsize modeling is to view it as an extremal problem to be discussed by the machinery of Extreme

Value Theory. Efforts to do this by fitting specific extreme value distributions e.g. to maximum roll

angle values, have not been overly successful. Further the variety of capsize modes suggests that a

variety of approaches may be required. Our purpose here is to demonstrate this thesis and indicate

alternative methodology for ”broaching” - a commonly considered capsize mode.

For a vessel sailing in a following sea a large overtaking wave may trigger an undesired response

which may end in capsize. There are several ways the capsize event may develop, one of these referred

to as broaching results in sudden change of heading, see e.g. Spyrou (2000). In moderate sea states a

vessel is likely to broach-to if it runs with high speed and is slowly overtaken by steep and relatively

long waves. However it may also occur at lower speeds if the waves are very steep.

In order to assure safe operation of vessels a recommendation is needed for their headings and

speeds in terms of sea conditions, called sea state, encountered during a mission, so that the risk for

capsize during a year is small, e.g. 10−3 or smaller. Here the risk will be neasured by the expected

number of capsizes, which will depend on the type of ship, and operating conditions: sea state, heading,

speed etc. We summarize the operating conditions in a vector of parameters θ, say. For example,

suppose that vessel type and load is chosen, then θ contains; ship heading α; speed v; the sea surface

conditions. Here the sea surface is modelled as a stationary Gaussian field having Bretschneider (1959)

power density spectrum. This spectrum is parametrized by the so called significant wave-height Hs

and the average period T1, viz. θ = (Hs, T1, α, v). Let λ(θ) denote the intensity, measured in years−1

(hours−1) as convenient, of capsizing under the operational conditions θ. Obviously it is not known

in advance how long a vessel will sail in an operating condition θ during a year. The risk for capsize

could be measured by the expected number of capsizes during one year. In this paper only estimation

of the intensity λ(θ) is addressed. It is a simple matter to combine risks for different mission types and

periods using natural independence and Poisson assumptions to obtain an overall risk for any desired

period composed of consecutive periods with different θ-values.

Estimation of λ(θ) - numerical experiments.

The capsizing phenomenon is a result of complicated nonlinear interactions between sea waves

and a vessel and hence the direct computations of risk for capsize based on random model for sea

motion and vessel response are very difficult, perhaps even impossible to obtain. (In addition there

are no real capsize data available.) Consequently one must study the problem using tank experiments

with model ships or by means of computer simulations of the responses.
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Figure 1: Ilustration of an overtaking wave (left). Observed triggering waves (right).

In the problem studied here the responses of a vessel are computed using dedicated software.

For each numerical experiment θ is fixed and the time of capsize and shape of the last wave preceding

the capsize event are recorded. The simulation program can be used for missions up to 12 hours with

relatively fast execution times and reliable results. Such numerical experiments allow for accurate

estimation of λ(θ) of about 0.01 hour−1, i.e. for a sea condition in which one should not sail more

than 5-10 minutes during a year if the yearly allowed risk 10−3 should be kept. The simulations of

missions for 240 hours, which are needed to get estimates of risk for capsize 10−3 hour−1, are as far as

one can stretch the approach. Estimating capsizing intensities for safer sea conditions θ are numerically

prohibitive. Consequently if the allowed yearly risk is 10−3 then one can estimate the intensities λ(θ)

for θ which are extremely dangerous and should be avoided. Note that for safe operating conditons,

when one can sail whole year, λ(θ) should be smaller than 10−7 hour−1.

Estimation of λ(θ) - response surfaces.

The proposed approach is to use the estimated intensities λ(θ) in the range about 10−2, which can

be accurately estimated using 12 hour missions, to model λ(θ), i.e. identify a response surface. Then

the surface is validated, viz. by means of extrapolation λ(θ) is estimated for operational conditions θ

with smaller risks for capsizing, about 10−3. (Such intensities can be estimated using the simulation

program.) Then, if the model predicts risks reasonably well one could use it to predict the anual risk

for real missions.

Standard linear Poisson regression satisfactorily explained the λ(θ), with three parameters

β0, β1, β2 estimated from capsize data in the region studied

(1) λ(Hs, T1, α) = β0 cos(π − α)β1

(
Hs

T1

)β2

,

here speed v was kept constant 15 knots. For the particular vessel the estimates of parameters βi, were

6.9 10−5, −4.73 and 8.04 respectively. Unfortunately this model severely overestimated the risks for θ

in the region λ(θ) ≈ 10−3. Consequently recommendations based on this model are likely to require

missions to be far too safe. Accordingly we investigated somewhat more complicated response surfaces

which will employ also some information that can be extracted from the data, i.e. the shape of the last

“triggering” wave. This type of data is presented In Figure 1, right plot. The waves are taken from

simulations with different θ. The proposed approach is to define an event D, say, describing features

of the geometry of the last observed wave. If the wave having shape desribed by D is overtaking the
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vessel it may trigger a capsize.

Now denoting by µD(θ) the intensity of waves that overtake the vessel (the wave velocity V is

higher then the ships speed v, see Figure 1 (left plot)) with geometrical shape D. Further let µ(θ)

be the intensity of overtaking waves where obviously µD(θ) ≤ µ(θ). Then the response surface is

modelled as follows

(2) λ(Hs, T1, α) = β0µD(θ) cos(π − α)β1

(
Hs

T1

)β2

.

Different possibe definitions of D were investigated. Influenced by the results plotted in Figure 1

(right plot) we proposed to use a relative simple D which gives limits on the wave slope (defined

later) observed at the middle point of a vessel. Then one needs to be able to compute µD(θ) for any

operating conditions θ. As before, the parameters βi were estimated from the available data. For

the particular vessel studied the estimated values were 0.0035, −5.7 and 7.83, respectively. The new

model predicted the intensities of order 10−3 with satisfactory accuracy. Whether it works well for

safer operating conditions is difficult to determine. Next we give formulas for µD(θ).

Longcrested Gaussian sea.

Let W (x, t) be a Gaussian field describing variation of sea surface along the x axis. Let W (t) =

W (0, t) have a spectral density S(ω) (here a Bretschneider spectrum) and suppose that wave travels

with positive velocity, so that

W (x, t) =

∫
R

exp{i(ω t − (ω2/g)x)} dζ(ω)

where the process ζ(ω) is complex valued with zero mean, orthogonal increments, and such that

E(|ζ(ω)|2) =
∫ ω
−∞

S(ω) dω. The physical spectrum S̃(ω, θ), ω > 0, which is more frequently seen in

engineering literature, is defined by S̃(ω) = 2S(ω), ω > 0. The spectral moments are then defined as

follows

mij =

∫ +∞

0

(
−

ω2

g

)i

ωjS̃(ω) dω.

Note that Hs = 4
√

m00, while T1 = 2π m00
m01

.

Velocity of apparent waves

For a monocromatic wave W (x, t) = A cos(ω t − xω2/g) the velocity V = −
Wt(x,t)
Wx(x,t ) = g/ω and

we see that waves travel with different velocities (longer waves travels faster than shorter ones). For

a sea with non-degenerate spectrum it is not easy to define a wave. We give a definition of so called

apparent waves and give distribution of their velocities.

Consider then the sea surface along the path of the vessel. Then, for fixed time t, the apparent

wave is the sea surface observed between two consecutive crossings of the still water level (mean). The

mean level downcrossing is considered as the center of a wave and the velocity of the center is taken

as its speed. Since the velocity varies between the different waves and times it is a random variable

V which here will have Palm distribution. For a Gaussian sea the distribution can be computed

explicitly, see Longuet-Higins and Baxevani et al.,

FV (v) =
1

2

(
1 +

v − v̄√
(v − v̄)2 + σ2/m20

)
, v̄ = −

m11

m20
,

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 2270 -



where σ2 = m02 −
m11
m20

and v̄ is the average wave velocity. We use Rice’s formula for the expected

number of marked crossings, see Leadbetter et al (1983), to derive this formula and similar relevant

results.

Intensity of overtaking waves µ(θ), µD(θ).

A monocromatic wave has wavelength L = 2πg/ω2 and velocity V . For the ship traveling with

speed v > 0 and azimuth π/2 < α < 3π/2, the intensity of overtaking waves is µ(θ) = (V − vx)+/L,

where vx = v cos(α) and a+ = max(a, 0). For the non-degenerate Gaussian sea the intensity of

apparent waves that overtake the ship is given by

(3) µ(θ) = ν E[(V − vx)+] =
ν

2

(
(v̄ − vx) +

√
v2
x + 2vxm11/m20 + m02/m20

)
where ν = 1

2π

√
m20/m00 is the intensity of waves in space.

Intensity of overtaking dangerous waves µD(θ)

We turn now to computation of the intensity of dangerous waves, defined as having slope in the

region

D =′′
−0.4 < Wx(x0, t0) < −0.2′′.

Here x0 is the position of the center of a wave at time t0 and we assume that at t0 the center of

gravity of a ship is also at x0, i.e. the wave is passing the center of ship at time t0. The intensity of t0
such that D is true is denoted by µD(θ) and will be computed next. Using Rice’s formula for marked

crossings, after some analytical derivations (Åberg et al (2006)) one can derive an explicit formula for

(4) FWx(r) =
2

1 − ρ

(
Φ

(
r√

m20(1 − ρ2)

)
− ρ e

−
r2

2m20 Φ

(
rρ√

m20(1 − ρ2)

))
,

where

ρ =
vxm20 + m11√

m20(v2
xm20 + 2vxm11 + m02

and Φ(x) is the standard normal distribution. Now µD(θ) = µ(θ)(FWx(−0.2) − FWx(−0.4)) can be

computed using (3-4).
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ABSTRACT

Recently, discussions and debates about extreme climate events have been appearing on the front page
of many media outlets. This is mainly due to their large economical and human impacts, but also to
the challenging scientific question of how the observed climate change would disturb the amplitude and
frequency of such extreme events. Before answering such a difficult question, the statistical toolbox
of climatologists has to be widened in order to adequately model past observations of extreme events
in a spatio-temporal context. Classically, extreme events are defined as maxima or exceedances above
a given large threshold. These definitions allow the practitioner to apply the univariate Extreme
Value Theory (EVT) to the time series of interest. But these strategies have two main drawbacks.
Firstly, working with maxima or exceedances implies that a lot of observations (the ones below the
chosen threshold) are completely disregarded. Secondly, the univariate modeling does not take into
account of the spatial dependence. Nearby weather stations are considered independent, although their
recordings can show otherwise. To address these two issues, we propose a new statistical bivariate
model that takes advantages of the recent advances in multivariate EVT. Our model is based on a
non-homogeneous univariate mixture originally suggested by Frigessi et al. (2002) and whose strong
point is to model the full spectrum of the dataset (and not only the largest values). Here, we adapt this
mixture and extend it to the joint modeling of two random variables. The performance and flexibility
of this new model are illustrated on simulated and real precipitation data.

Keywords. Precipitation distribution, mixture model, full spectrum, multivariate extreme value
theory.
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ABSTRACT

Max-stable processes arise in the limit of component-wise maxima of independent processes, under
appropriate centering and normalization. In this work, we establish necessary and sufficient conditions
for ergodicity and mixing of stationary max-stable processes. We do so in terms of their spectral
representations by using extremal integrals. The large classes of moving maxima and mixed moving
maxima processes are shown to be mixing. Other examples of ergodic doubly stochastic processes
and non-ergodic processes are also given. The ergodicity conditions involve a certain measure of
dependence. We relate this measure of dependence to the one of Weintraub (1991) [Ann Prob. 19(2),
706-723] and show that Weintraub’s notion of ’0-mixing’ is equivalent to mixing. Consistent estimators
for the dependence function of an ergodic max-stable process are introduced and illustrated over
simulated data.

Keywords. Max-stable processes, ergodicity, mixing, dependence function, spectral representation.
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Official Statistics caught between two stools:  

why a truly European stool might be more comfortable 
Hervé Carré  
Director General, Eurostat, Luxembourg  
 
1. Introduction 
In this STCPM I would like to share with you some thoughts that might help National Statistical Institutes 

(NSIs) to better achieve their mission in an ever more demanding and ever more rapidly evolving society. 

We all know that statistical information needs are becoming more complex and broader while respondents 

are less willing to partic ipate and NSIs face legal and other constraints as well as a shortage of resources. 

Official statisticians are apparently caught between two stools and this even in several aspects. This is by no 

means a very comfortable position, but I am convinced that we can make our position much more 

comfortable. My conviction is based on the experience of many years as a user of official statistics and now 

as Eurostat´s DG in charge of Community statistics and a main player in the European Statistical System. 

2. Current situation 
Let us to begin with looking a little bit closer at the main types of demand and their inherent contradictions. 

Firstly there are our users. There are, however, different types of users and their demand differs as well.  

o The public at large, the normal citizen so to speak, has fairly general interests. What is needed are 

easily accessible and interesting statistics that cast light on key political and social topics and are of 

relevance for the daily life.  

o The same applies to a large extent also to the media. They are natural dissemination partners for 

official statisticians, albeit with their own objectives, as they have to look always for statistics that 

allow telling a story that sells or attracts at least attention.  

o Professionals in contrast have very specific interests. They need statistics for their forecasting, 

planning and decision-making. Timeliness is of utmost importance and so is readability, as they have 

to draw their conclusions as quickly as possible and hopefully quicker than their competitors. 

Reliability and detail, no doubt, are also highly considered, as professionals strive for out-doing their 

colleagues by being faster, having more detailed or being more robust in their conclusions. 

o Empirical researchers are usually interested in detailed statistics and often also in long time series. 

They need a broad coverage and some methodological stability, as this increases the analytical value 

of statistics. They like to look for linkages with other sources and in some fields of research they are 

interested not so much in statistics, but in (anonymised) individual data. 

o Policy makers have a need for politically useful statistics. The political process has become ever 

more numerate. Statistics set the perception framework and accompany the whole political process 

starting with the identification of a politically relevant issue, the public debate, the testing of 

alternative solutions and the monitoring of the implementation of policy decisions. Sometimes even 

decisions are more or less automatically tied to statistical values. 
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It is obvious that official statisticians have to serve very different masters, but they do this with a lot of 

energy. We know from Goldoni’s Truffaldino that this means a lot of stress and he had to serve only two 

masters. Worse, a fully “passe-partout statistic” does not exist, has never existed and will never exist; instead 

each of our masters is entitled to and will have to get all the attention required. Everybody will have to be 

served according to his/her legitimate and publicly/officially recognised needs. 

Secondly there are our respondents. They are asking, and this has become almost a ritual, for a reduction of 

the statistical response burden. However, this cannot and does not imply automatically a reduction in the 

response volume, as official statisticians try to design response obligations in such a way that respondents 

can exploit information held anyway for other purposes. Businesses and increasingly also households are 

getting more numerate and many of their files are kept electronically. However, as there are limits to such a 

conceptual accommodation, it should be borne in mind that official statistics account for only a minute share 

of the general administrative burden and should thus not be exaggerated. 

Thirdly there are various legal authorities. They can limit the type of questions to be asked and even the 

methods to be used. The data protection authorities' insistence on absolutely watertight data protection, 

however justified and necessary this is, does not make life easier for official statisticians. As the access to 

and linkage of administrative sources might well be hampered by confidentiality concerns, there are also data 

protection costs. However, these costs cannot be borne by the official statisticians themselves; instead it is 

either their respondents or their users that have to bear them.  

Finally there are the fiscal authorities. Almost all NSIs have seen a considerable reduction of their budget. 

Staff numbers had to come down and came down in recent years while staff qualification had to go up and 

went up. However successful this austerity policy had been in the past, there are limits and these limits seem 

to be attained now, at least as long as official statistics have to be produced as public good by National 

Statistical Offices linked through the ESS network. 

This pressure has existed almost always in the past and will continue to do so in the future. Technology and 

methodology, however, have helped official statisticians so far to cope quite successfully with often even 

contradictory demands and constraints. This help will in all likelihood continue, but it might not be enough. 

Moreover, both technological and methodological help have also their often-overlooked darker side. The 

objectives of official statisticians and methodological researchers do not necessarily coincide. Sophistication 

and elegance, decomposition and adjustment, flash estimation and back recalculation all have their scientific 

value, but might run the risk of overburdening both users and producers of official statistics. Similar trade-

offs might apply also when it comes to technology albeit not that pronounced. Technology will definitely 

help official statisticians to reduce the burden of quite many of their respondents, especially the 

technologically more advanced ones, but not necessarily all of them. Technology will also help statisticians 

to enhance their service for quite many users, but not necessarily for the technologically less advanced ones. 

However, national statistical offices in their capacity as public service have to treat their partners equally, be 

they less or more sophisticated users or less or more technologically advanced respondents. 

3. The significance of the European Union and the European Statistical System 

Some might think that the European Union is a source for an extra burden on both national statistical offices 

and their respondents. This might be true here and there, although my perception is a different one and my 

overall assessment even a very different one. 
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The European Union with its European Statistical System as a network of national statistical offices offers 

quite a lot of advantages, especially in handling the many pressures. Official statisticians are stronger 

(politically more robust) and thus better positioned to cope with this pressure, 

o when they are united and the EU provides a context that allows them to come together and pursue 

their needs jointly and enables their national institutions to profit from this unity, 

o when they  work on a strong legal base, as this is once again the case for Community statistics, but 

it applies indirectly also to those statistics that are mainly national, 

o when they agree on key methodological choices and this is, of course, also the case for Community 

statistics. 

The very success of Community statistics - and a by now firmly established five year statistical programming 

process - provide a framework for official statistics in the EU.  

Moreover, you are aware that EU statistical requirements are in most cases not an additional burden, but a 

commitment cast into law to continue in a harmonised manner with the production of statistics that would be 

anyway produced for national purposes. No doubt, this does not make NSIs more flexible; on the contrary, 

there is a danger of introducing a certain rigidity since they are bound by a legal obligation and have to 

continue doing their work in a way that was agreed upon even if new ways might be more promising (e.g. 

more cost effective or less burdensome). 

Finally, the decision making structures (the Statistical Programming Committee and other Committees) 

supported by a communication infrastructure (working groups, task forces, advisory bodies of all sorts such 

as CMFB or CEIES) have helped official statisticians to present a united front and work  together. 

Having said all this, it should be quite clear that other institutions using official statistics (OECD, UN, IMF, 
etc.) have of course profited from the collective drive of official statisticians in the EU. No doubt, there are 
cases when they would have preferred if the Europeans had taken their decision early or differently, but by 
and large it would have been much more difficult to keep their even bigger flock of statistical offices 
together. 

4. Conclusions  
What could or should we do now in view of this overall very positive EU experience? From what I have 

experienced over the years first as an observer and now a manager of official statistics, I would suggest the 

following in order to get some relief from the pressures outlined above: 

o More European in our thinking and working  

I am convinced that a formally (European Commission, Council of the European Union, European 

Parliament) agreed upon European work programme (annual as well as multi-annual) combined with 

legal obligations is probably a very efficient protection against both budget cuts and excessive 

demand. 

And I believe that the EU-wide comparability of official statistics is the most attractive feature that 

has nevertheless been insufficiently exploited, probably not by professionals, but undoubtedly by the 

public at large and the media.  

o More official in our understanding of our role  

Our core business should be statistics that can only be produced officially (with a legal response 

obligation, register based sampling framework, legally shaped access to administrative records, etc.). 
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We should be very cautious when it comes to opinion polling. Even voluntary surveys have to be 

handled with care. The reason for this attitude is quite clear, at least for me. We should with all 

means avoid the risk of being seen as casting "subjective" information into "objective" statistics.  

o More statistical in our adequation  

Our permanent challenge is to bridge the gap between what is theoretically meant and what is 

statistically measured. This is what is usually called "statistical adequation". However, the more 

complex the bridge becomes the higher the risks will be. We should therefore be aware that it is the 

observational content that counts in the end and refrain from excessively complex imputations or all 

too abstract transformations. 

o More communicative in our work  

Official statistics have learned that they have to put their statistics in context. Statistics simply do not 

speak for themselves; instead they have to be explained and their usage has to be guided. 

And when speaking about statistics we should have also the courage to speak about the negative 

consequences of statistics that are not available, the so-called "cost of non-statistics". 

o More legal/official in our actions 

Official statisticians seem to have the tendency to promise everything to everybody, not necessarily 

for now but at least for later. Competitive pressure from all sorts of institutions and businesses makes 

them do this, but this is quite dangerous, because it might taint the image of official statistics. We 

should therefore make the execution of statistical work as contingent as possible on explicit political 

support and this not just for development work, but also for ongoing work. 

o Remain pragmatic in our approach  

Finally we should avoid overselling our results. They are not at all absolute truths, instead they are 

conventions cast into numbers. This feature is only all too clear for us, the European statisticians, 

because it is part of our core business, getting agreement about conventions and about ways of 

casting them into numbers. We should therefore allow also pragmatism to prevail. A convention is 

simply what it is: a convention, hopefully the best available. Excessive sophistication, so it seems, 

can become a kind of disease. Instead we should remain as close as possible to data and be prudent 

with excessive condensation through composite indicators or other high-rope operations.  

All in all, I am convinced that our profession has despite all our recent difficulties and the considerable stress 

a bright future. Our societies become ever more numerate and this has consequences not only for the 

economic or social sphere but also for the political sphere. And the European Union is particularly numerate 

in what it is doing. No doubt, others will come out also with statistics, but we, the official statisticians have 

by the very nature of our statistics a privileged position and rightly so. Only if we fail to do what we are 

supposed to do, namely provide statistics that can be provided only officially, we will be in real difficulties. 

So let us recall all the time what we have to do, come up with truly official statistics. And if we manage to do 

it jointly at European level we will be much more attractive and thus much stronger. 
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This paper discusses different purposes and forms of collaboration between central banks and 
national statistical agencies in the area of macroeconomic statistics. Cooperation agreements may 
serve to clarity a division of labor in pro ducing data. Alternatively, agreements may concern the 
provision of specialized data to the central bank for policy purposes. Cooperation may also be 
motivated to help national statistical agencies develop statistical capacity, particularly in countries 
with relatively weak national statistical agencies. In many countries, cooperation between central 
banks and statistical offices has evolved from informal to more formal arrangements. The paper 
illustrates formalized cooperation agreements. 
 
1. Reasons for formal cooperation and sources of information 

Formal cooperation between central banks and national statistical offices can have different 
purposes. Table 1 presents an overview of various types of contracts and their main features. The 
information included in this table builds on a larger study (Dziobek and Tanase, 2007 forthcoming), 
which brings together results of a survey and experiences from the Fund’s technical assistance work 
with member countries. The larger study presents country case studies of the various types of 
cooperation shown in this table.  

When both central banks and national statistical agencies play a role in  producing certain 
statistics, as often the case for external sector statistics, cooperation agreements can serve to clarify 
the division of labor. An example of this is the memorandum of understanding between the European 
Central Bank and Eurostat. Generally, the aim is to specify what data are to be made available by 
each party and on what schedule, thus contributing to a smoother work process. They take on an 
added dimension when a country is committed to disseminate data according to an advance release 
calendar as is the case for the 64 subscribers to the Special Data Dissemination Standard (SDDS). In 
some countries, such arrangements are supported by the central bank seconding staff to the national 
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statistical agency. Secondment can help the national statistical agency in countries where the central 
bank has more experienced specialists. However, there are also examples where secondment of 
central bank staff serve to develop skills in the central bank.  

Agreements between central banks and national statistical agencies can also be motivated by 
the central bank’s need for specialized data than what is currently produced by the national statistical 
agency. For example a central bank following an inflation targeting framework may require more 
detailed data on price trends, such as data on core inflation, which the national statistical agency may 
not otherwise compile. Central banks gene rally refrain from developing such data themselves to avoid 
a conflict of interest. Under inflation targeting regimes, central bank performance is measured by the 
ability to achieve specified price targets, and hence the credibility of the regime requires that the 
relevant data be provided by an independent source. In some countries, such specialized price data are 
produced for the central banks against payment.  
 
2. Different forms of cooperation agreements 

Table 1 shows some examples of different types of contracts. In addition to Memoranda of 
Understanding, there are many different ways in which central banks and national statistical agencies 
cooperate in a formalized way. An interesting approach is the provision of services for 
reimbursement, which is practiced in industrial as well as in emerging market countries. This 
approach is particularly relevant when statistical agencies are not well funded, as is the case in many 
countries. The main features of service contracts are to (1) indicate, where applicable, payments by a 
central bank for services provided by the statistical office; (2) set out the responsibility of each 
institution for producing macroeconomic statistics; (3) provide a framework for the exchange of data; 
(4) establish the forms of cooperation between institutions; and (5) establish procedures for 
monitoring the quality of exchanged data. Similar service or service level agreements also exist 
without direct compensation, although presumably compensation may be provided in a more indirect 
way through the budget process when the statistical agency can make a case for the need to produce 
specific data for policy purposes.  
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 Table 1: Types of Contracts Between Central Banks and Statistical Offices on Data Provision  
 

Type of Contract Main Features of the Contracts 
Concerning Provision of Macroeconomic 
Statistics  

Memorandum of Understanding -guiding principles for defining primary and 
shared responsibilities; 
-modalities of cooperation and exchange of 
information 

Seconding of staff - central bank seconds balance of payments 
statistics staff to the national statistical 
agency to learn about survey technology for 
the Foreign Direct Investment Survey.  

Annual Service Contract - involves payment for service 
- statistical office to provide specialized 
data (e.g. core inflation)  
-statistical office to provide specific surveys 
to the central bank. 

Shared responsibilities for statistical 
program 

- central bank provides managerial and 
technical support to the national statistical 
agency.  
- central bank is represented in the national 
statistical committee that develops the work 
program for the national statistical agency.   

Source: Dziobek and Tanase (forthcoming 2007) 
 

In one instance the central bank is responsible for monetary and balance of payments statistics, 
and it has an annual service contract with the national statistical agency. The contract sets out the 
responsibilities of the national statistical agency to conduct various surveys for the central bank (such 
as on business confidence index, foreign direct investment, family confidence index,  remittances,  
and tourism). This approach was taken in recognition that the statistical office has expertise in 
conducting surveys and has the necessary comprehensive legal framework for data collection. In 
return, the central bank provides payment for the surveys.  

There are also examples of cooperation on a higher level. In one country, national accounts and 
price data are compiled by the national statistical agency, but the central bank cooperates through 
managerial and technical level meetings and through joint commissions. The central bank also has a 
representative in the statistical commission, the  government commission that oversees the national 
statistical agency.  

Sometimes, both agencies cooperate on developing quarterly GDP estimates. While the central 
bank provides some research resources and a focus on up-to-date economic monitoring, the national 
statistical agency is responsible for producing and disseminating national accounts statistics, as it 
produces the main data source and has the greatest familiarity with the data .  
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Conclusion 
Central banks are pro-active users of statistics and can thus play a role as catalysts of statistical 

developments of national statistical agencies. Cooperation agreements with national statistical 
agencies can be highly formalized. In some cases, national statistical offices provide special data 
services to central banks for a fee, which is an approach that is of much interest in many countries 
with relatively weak national statistical agencies. This approach can help both parties as central bank 
obtain the data needed for policy and statistical agencies receive support from the central bank to 
develop their statistical capacity. The examples also highlight that central banks seem to prefer 
entering into arrangements with national statistical agencies rather than expanding their own data 
producing activities.   
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Introduction
In his closing speech at the third European Central Bank (ECB) Conference on Statistics[1], ECB

President Trichet noted that “…euro area statistics lie at the heart of the ECB’s monetary policy-making. At 
the same time, these statistics are embedded in and affected by a globalising world. The key to meeting the 
challenges this poses lies with further enhanced international cooperation among statistics compilers.”

Enhanced international cooperation is also instrumental in tackling other current challenges, such as the
need to i) cope with financial innovation, ii) enhance the communication with the users and the public at 
large and iii) keep the administrative burden for respondents and the resources allocated to the statistical 
function contained, while meeting growing demands.

The first section of this paper deals with the cooperation among EU national central bank (NCB)
statisticians. The second section addresses the cooperation among EU NCB statisticians and those in national
statistical institutes (NSIs). The last section elaborates on some possible avenues to promote further 
cooperation among European statisticians.

Cooperation among EU NCB statisticians
The wide range of high quality euro area statistics available today for policy-making, market 

participants and the public at large, have been developed in roughly only one decade.[2] This would not have 
been possible without the fruitful cooperation between the ECB (and its predecessor, the European Monetary 
Institute) and the NCBs, mainly via their work within the European System of Central Banks (ESCB)
Statistics Committee (STC). Typically, new statistics and new ECB legal acts on its statistical requirements 
(Regulations, Guidelines and Recommendations) are developed and agreed upon after substantial discussions
and a formal merits and costs assessment by the STC, with the technical assistance of its Working Groups 
and Task Forces. Traditionally, the STC has dealt with output harmonisation and the production of euro area 
statistics as an aggregation of national results. In this respect, the traditional division of labour has been that
NCBs identify resident reporting agents and collect (national) data from them, using national collection 
systems adapted to accommodate ECB requirements. They then submit harmonised datasets to the ECB, in 
standard formats. The ECB checks the quality and aggregates and consolidates national data to produce euro 
area statistics.

Over the last few years, the cooperation has developed further in a number of areas, going beyond the 
above division of labour. The most relevant examples of this enhanced cooperation are:

(i) The development of a Centralised Securities Database (CSDB), an ESCB-wide single database with 
benchmark information on all individual securities relevant for the statistical purposes of the ESCB. It is 
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intended to be used as a tool to compile and enhance the quality of a wide range of ESCB financial statistics 
(e.g. statistics on cross-border portfolio investment and on securities issues). It is also expected to bring 
important savings to reporting agents because it allows the NCBs to carry out compilation work that
otherwise should have been done by the reporting agents. The setting up of this database has also required
the sharing of some confidential information among the ESCB and with some NSIs.

(ii) The joint dissemination framework of the euro area NCBs, which allows to simultaneously release 
euro area statistics and the national contributions to these aggregates on the websites of the ECB and of the 
NCBs of the euro area1. With this initiative, the ESCB has provided a valuable service to the users, by 
avoiding the need for them to search in different national websites, with different presentations (including 
languages differences), whenever they search for information on euro area statistics and respective national 
contributions. Indeed, this common dissemination provides exactly the same tables in the languages of the 
NCBs concerned, and the consistency of the data is ensured by using a single (ECB) data bank.

(iii) The launch of the Statistical Data Warehouse (SDW) on the ECB website2, which provides policy-
makers, economists, researchers and other users with a more user-friendly and comprehensive online data 
delivery service for ESCB statistics. It features easy-to-use interfaces that allow users to quickly find, display 
and download euro area data, including national breakdowns in some cases. This has further enhanced the 
ECB communication with the users, the market participants and the general public. Several NCBs have 
announced their intention to rely on the SDW for their work, provided it will also include some additional 
local data. Afterwards they may then relinquish their own internal statistical output database. This shows
their interest in enhancing cooperation in the area of databases within the ESCB. Storing the same data in 
multiple databases within the ESCB is clearly inefficient.

(iv) The ESCB’s RIAD (Registers for institutions and assets database), containing three datasets
reported by NCBs to the ECB (exhaustive registers of EU monetary financial institutions and of eligible
assets and counterparties), which are used for statistical purposes (the first set) and for monetary policy-
making (the last two sets). Upon reception and checking of the data by the ECB, the RIAD system
automatically publishes the output on the ECB website, which can be downloaded and used by reporting
agents (only the register of monetary financial institutions) and NCBs3. Envisaged improvements comprise
the inclusion of new datasets (e.g. registers of investment funds and financial vehicle corporations) and 
making the user interface available to all NCBs, so that the maintenance of local databases may not anymore
be needed. 

Cooperation among statisticians  in NCBs and NSIs
The ECB (Directorate -General Statistics) and the Commission (mainly Eurostat) cooperate intensively 

through bilateral contacts and in the participation in each other’s Committees and Working Groups, thus 
ensuring a close liaison at all levels. Both institutions also participate in the Sub-Committee on Statistics of 
the Economic and Financial Committee. Among the major joint projects in recent years has been the
preparation and annual monitoring of the Action Plan on EMU Statistical Requirements. In this context, the
two institutions have closely co-operated in the preparation of a list of monthly and quarterly Principal 
European Economic Indicators (with a view to increase the availability and timeliness of the most important 
economic indicators at the euro area level[3]), as well as addressing the statistical requirements for structural
policies and the need for an appropriate communication policy on the Harmonised Index of Consumer 
Prices.[4] Another major project, with a crucial involvement of the NCBs and NSIs as well, is the joint
compilation of a system of quarterly financial and non-financial accounts for the euro area. These accounts 
provide a comprehensive and coherent description of economic and financial developments and can be 
considered as full-fledged ‘national accounts’ for the euro area. The ECB’s Directorate-General Statistics

1 http://www.ecb.int/stats/services/escb/html/index.en.html
2 http://sdw.ecb.int/
3 http://www.ecb.int/stats/money/mfi/general/html/index.en.html and http://www.ecb.int/mopo/assets/assets/html/index.en.html
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compiles the quarterly financial accounts for the euro area while the responsibility for the euro area non-
financial accounts is shared with Eurostat. These accounts are released jointly by Eurostat and the ECB as 
from June 2007. The general cooperation between the ECB’s Directorate-General Statistics and Eurostat is 
based on the division of labour as set out in a Memorandum of Understanding, which has served to avoid 
overlaps and gaps in the European statistics.[5]

Particularly instrumental to the good cooperation among statisticians in NCBs, NSIs, the ECB and 
Eurostat is also the joint coordination work through the Committee on Monetary, Financial and Balance of 
Payments Statistics (CMFB)4. This Committee also plays an important role in advising Eurostat on its 
decisions concerning complex statistical issues related to the Excessive Deficit Procedure. Other joint work 
relates to e.g. balance-of-payments issues, the measurement of assets and (implicit) liabilities of (unfunded) 
pension schemes, revisions, and seasonal and working day adjustments.

An intensive, formalised coordination between different statistical authorities, in order to enhance the 
quality of statistics, economise on resources and avoid the collection of similar or even identical information 
from reporting agents, also exists at the national level. Ideally, this cooperation should also involve the 
supervisory reporting, so that the same register and metadata (concepts, classifications) are used and data are 
shared wherever this is possible and meaningful. In the euro area, this objective has been achieved, at least to 
a large extent, in Austria, Belgium, Finland, Ireland, the Netherlands, Portugal and Spain. 

Possible way forward
In view of the need to continue compiling high-quality, relevant statistics in an era of globalisation,

financial integration and rapid financial innovation, while limiting the response burden and the compilation 
costs, a further enhanced collaboration in the EU is indispensable . This may encompass:
- Using more common market data services, IT-infrastructures and tools. 
- Implementing more online and fully automated statistical reporting, possibly using a common tool, with

a subsequent sharing of relevant information.
- Gradually developing a European business register and a unique business identifier. Preferably, this is 

then jointly maintained by EU NSI and NCB statisticians (where appropriate, possibly also by other 
national authorities), according to a well-defined governance (including a distribution of tasks) and 
quality management network structure set out in a Memorandum of Understanding between the different 
systems (the above-mentioned ESCB experience with the RIAD may serve as a useful reference model). 

- Sharing more data and metadata among statistical (and possibly other) authorities (e.g. on units, concepts
and classifications) with a strict confidentiality protection, thus avoiding multiple requests for the same 
information.5

- Reducing the reporting burden of (large) multinationals through a more uniform reporting of (financial)
data.

- In due time, European sampling, supplemented by national samples when considered necessary, could
reduce the number of respondents and increase the timeliness of some European statistics without 
undermining other quality features.

- Assessing the impact of the finding that the collection and compilation of statistics is characterised by 
significant economies of scale. 

- Finally, all this may be supported by a common training for European statisticians and by a commonly 
developed communication campaign to enhance the financial literacy and numeracy of the public at large.
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4 www.cmfb.org
5 Because of confidentiality issues, statistical data can usually not be shared with other authorities.
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[5] “Memorandum of Understanding on Economic and Financial Statistics between the ECB (DG-Statistics) and 
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RÉSUMÉ (ABSTRACT)
Good cooperation among EU Central Bank statisticians since the early 1990ies has delivered a key contribution to 
the development and compilation of the wide range of euro area monetary, financial and balance-of-payments
statistics that are available today to underpin the decisions of euro area policy-makers, market participants and the 
public at large. Moreover, close cooperation between central bank  statisticians and statisticians in statistical 
institutes in the EU has also yielded significant progress, inter alia on a set of principal European economic 
indicators that are crucial for euro area policy making. Notwithstanding these achievements, European statisticians 
continue to face substantial challenges. Both the demand for statistics and the complexity of compiling them 
continue to increase, while resource constraints of both reporting agents and statistics compilers become 
increasingly tight. At the same time, fast progress in information technology creates opportunities for statistical
process innovations at a European scale. This calls, in particular, for a strengthened cooperation and an efficient 
and effective distribution of tasks among all partners involved in European statistics. The paper contains some 
concrete ideas on a possible way forward
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1. Introduction 

Statistics are a public good.  They must therefore be produced efficiently, in order to maximize user 
satisfaction and minimize the overall social costs. In this regard, there are various forms of institutional 
cooperation that can be envisaged for top quality statistics to be compiled through efficient production 
processes, in line with international standards, and in order to comply with commitments to national and 
international organizations. Starting from the Banco de Portugal experience in this domain, we will illustrate 
the main dimensions of institutional cooperation in the field of statistics, specifically the most relevant from 
the point of view of cooperation between National Central Banks (NCBs) and National Statistics Institutes 
(NSIs).      

2. Dimensions of institutional cooperation 

A full coverage of institutional cooperation in the statistical domain involves several levels, depending 
on the entities taking part in the various phases of the production cycle. 

First of all, reporting agents should be considered as the first link in the value chain rather than mere 
providers of raw data. In particular they should regard the final statistical output as a product of their own, 
which is also instrumental in the pursuit of their own interests.  This view enhances the quality of the data 
provided and simplifies the development and updating of statistical requirements. Within this framework, the 
Banco de Portugal promotes a number of practices aiming at sound cooperation with the reporting agents.  
Among these are regular meetings with major financial groups and regular feed-back mechanisms. 

Institutional cooperation is also relevant where national statistical entities are concerned. Best practices 
in this domain have proved to be particularly successful in terms of reducing the reporting burden and 
integrating arrays of statistical products. 

The Banco de Portugal is active in the High Council of Statistics (HCS), the top forum of the 
Portuguese National Statistical System (NSS). This forum allows for sharing of production experiences as 
well as analysis of important statistical results with other participating institutions (such as the National 
Statistical Institute, General Government representatives, data producers’ and data users’ representatives, 
among them industrial associations, trade unions and universities).  
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In this framework there is close cooperation between the Banco de Portugal and other official entities, in 
particular the Portuguese NSI (Instituto Nacional de Estatística, INE). This cooperation takes various forms 
and the following initiatives in this field are worth mentioning: 

(i) In 1998 the Banco de Portugal, the Ministry of Finance and the INE signed a protocol with the purpose 
of defining the co-ordination among these entities in order to fulfil Portugal’s commitment to the IMF 
Special Data Dissemination Standard (SDDS). This protocol was very important to define individual 
obligations and implement the timetable for this Standard. It has contributed decisively to the positive 
assessment of Portuguese participation in the SDDS over the past 10 years. 

(ii) Also in 1998 a protocol was signed between the Banco de Portugal and the INE, relating to 
implementation of the European System of Accounts (ESA 95). This protocol, which was updated in 
2001, defined their joint responsibility in the compilation of Portuguese national accounts. The INE is 
in charge of compiling the non financial accounts whereas the Banco de Portugal took over 
responsibility for compiling the financial accounts. On the basis of this protocol, joint work in this field 
has been carried out, giving a relevant contribution to enhancing the quality of Portuguese national 
accounts.

(iii) Another protocol was signed in 1999 between the INE and the Banco de Portugal, relating to a joint 
venture from the year 2000 onwards. This was for a quarterly survey of non financial corporations, 
carried out since 1997 by the Banco de Portugal. The main purpose of this initiative was to avoid 
undertaking two similar surveys, thereby reducing the reporting burden for the corporations involved. 
In 2001, the sample was updated and the questionnaire adjusted in order to ensure better quality 
information. 

(iv) With a view to launching a survey of Household Indebtedness and Wealth, a protocol was signed by the 
Banco de Portugal and the INE. This survey was carried out for the third time in 2006. 

(v) In the area of balance of payments, two protocols were signed in 2004, with the General Directorate of 
Tourism and the INE. The aim was to collect additional data in order to compile tourism statistics. 
These protocols focus on two statistical operations, one being a survey on cross-border movement of 
travellers and the other a survey on international tourism expenditure. Results for the period 2004-2006 
were first released in April 2007. These surveys will provide an additional source for the compilation 
of the tourism item in the balance of payment statistics. 

(vi) At the beginning of 2006, an institutional cooperation agreement in the field of general government 
statistics was signed between the Banco de Portugal, the INE and the Ministry of Finance, covering the 
following areas: (a) definition and updating of the general government sector entities; (b) compilation 
of the general government accounts (financial and non financial) on a quarterly and annual basis; (c) 
compilation of public debt statistics; and, (d) a close analysis of the Excessive Deficit Procedure (EDP) 
report and the corresponding methodological background. For this purpose, a framework of common 
data sources and procedures has been drawn up by a working group made up of representatives of the 
institutions.

(vii) Finally, the Banco de Portugal, the INE, the Ministry of Finance and the Ministry of Justice have 
developed a joint project aiming to define a harmonized solution for the collection of annual data from 
the financial statements of non financial corporations. This project is known as IES, the acronym for 
“Informação Empresarial Simplificada” (Simplified Corporate Information). It was formally created by 
Decree-Law no. 8/2007 of 17 January. IES is the electronic submission of accounting, fiscal and 
statistical information that companies usually have to remit to the above mentioned authorities. 
Through IES, companies can fulfil four obligations to four authorities through one single electronic 
submission at one moment in time. This initiative integrates a set of measures that have progressively 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 2288 -



streamlined administrative and legal procedures for companies, reducing the current reporting burden. 

Also at a national level, cooperation with the supervisory bodies must be highlighted. The Banco de 
Portugal has informal agreements for regular remittance of data on the supervised entities, from the 
Portuguese Securities Market Commission (the securities markets supervisory authority) and from the 
Portuguese Insurance and Pension Funds Supervisory Authority. 

At international level, cooperation within the European Union assumes a major role.  The Banco de 
Portugal is part of the European System of Central Banks (ESCB) and, as such, has been permanently and 
deeply involved in building up a harmonized European statistical framework, not only directly with the 
European Central Bank (ECB) and the other NCBs but also with the Statistical Office of the European 
Communities (Eurostat) and the National Statistical Institutes, under the umbrella of the Memorandum of 
Understanding on economic and financial statistics agreed between the ECB’s Directorate General for 
Statistics and Eurostat. In this way, it is possible for the ECB and Eurostat to apply the same statistical 
framework to the whole European Union while taking the national contributions into account. There is also 
close cooperation with other international institutions, in particular the IMF, the World Bank, the BIS and the 
OECD. This articulation includes both data reporting and discussion of concepts and methodologies.  

Finally, another domain of institutional cooperation refers to technical assistance. This has comprised 
sharing of good practices, bilateral visits and organization/participation in seminars and workshops. In 
particular, this type of initiative has proved to be very fruitful with Portuguese speaking African countries, 
Brazil and East-Timor.         

3. Golden rules for institutional cooperation 

Best practices in the field of institutional cooperation have to be modelled on certain common rules 
covering knowledge, understanding and acceptance. In fact, a commitment of all parties involved in any 
cooperation process is a necessary condition for it to achieve its full potential. Where recommendations are to 
be followed on a voluntary basis, it is more likely that some cases of non compliance arise, posing a serious 
threat to an efficient statistical process. It is worth mentioning that both the ECB and Eurostat have adopted a 
more strict cooperation model in the sense of creating binding rules and even imposing penalties in cases of 
major deviations. In our view, this embodies a common motivation for obtaining top quality statistics for the 
European aggregates compiled from national contributions. From the beginning, the Banco de Portugal has 
been closely involved in this overall process, together with other European NCBs and NSIs, contributing to 
the building up of the European Statistical System, which is, we believe, recognized internationally as a 
success story. 

One of the most important “rules of the game” is consistency with international standards for concepts, 
definitions and classifications. Only when this is guaranteed is it possible to make international comparisons 
and aggregations, and to ensure consistency across different statistical areas, seeking a perfect match with 
users’ needs. 

Additionally all the parties involved in this network of institutional cooperation need to be fully aware 
of their responsibilities and areas of competence both in order to avoid overlapping domains and to fully and 
efficiently cover the whole statistical spectrum.   
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4. Conclusion

Authorities with statistical responsibilities can only benefit from being engaged in processes of 
institutional cooperation, both nationally and internationally. These processes promote an efficient use of 
resources, avoiding duplication of efforts and reducing the reporting burden. They thus benefit the many 
agents that intervene in the production cycle, from data collection to dissemination. 

Cooperation also enhances the sharing of best practices through multilateral contacts and technical 
cooperation on a bilateral basis. 

Additionally, cooperation with other entities at international level enables the individual country 
representatives to explain specific national characteristics in international fora, respecting diversity within 
unity. 

Moreover, by following international standards, national statistical contributions become part of a 
single harmonized and coherent system, allowing for international comparability and signalling their good 
quality to the users.   

These can be taken as the ingredients needed for continuing successful implementation of a common 
statistical language worldwide. 
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1. Background
Nordic co-operation in the field of statistics has very long traditions. It was first initiated by national 

statistical societies in the late 19th century. Institutional co-operation between the national statistical agencies 
of Iceland, Norway, Sweden, Finland and Denmark was launched after the Second World War. The co-
operation received funding from the governments of the Nordic countries. At the initiative of the Nordic 
Council of Ministers, a special Statistical Secretariat was established in 1969 to manage the co-operation and 
publish, among other things, a statistical yearbook. To support the development of statistics, standing 
committees were set up for various fields of statistics. The Secretariat was responsible for the preparatory 
work of these committees. The heads of the statistical agencies met once a year to define the focus of the co-
operation and to evaluate the progress made. A Nordic statistical conference met in a different Nordic 
country once every tree years.  A regular report was written on the co-operation.

The forms of co-operation underwent radical changes in the early 1990s. Orientation towards broader 
European co-operation contributed to the cessation of government support allocated to the functioning of the 
Nordic Statistical Secretariat. National statistical agencies had to decide whether to continue Nordic co-
operation alongside the co-operation within the European Union framework. Many doubted if the statistical 
agencies would have the drive and will to contribute to this regionally limited co-operation. The Directors 
General of the statistical agencies decided to continue co-operative activities and were ready to dedicate their 
own resources to them. The modes of action were, however, modernised and streamlined. 

The good ten years past have confirmed the importance of Nordic co-operation. New topics and forms 
have continued to arise. Some long established forms of co-operation are still significant. Above all else, 
Nordic co-operation in the field of statistics is about sharing best practices between very advanced statistical 
countries and joint efforts to develop the field of statistics.   

2. Basic elements of co-operation
The basic foundation of the co-operation is naturally the partly common history and the similarity of 

societal development. In addition to the field of statistics, formal and informal co-operation in many spheres 
of life has been extensive. Nordic political decision-makers have learned from each other in developing 
national legislation and setting up administrative structures. In many fields of society, the countries have 
even engaged in a positive competition of excellence. 

The position of official statistics is strong in the Nordic countries. Through history, statistics have been 
needed to support societal decision-making, whether it be about policy on general economic conditions, 
labour, education, social affairs or health. Benchmarking against other, especially Nordic, countries has been 
regarded as important. Ultimately the key objective of co-operation in the field of statistics has been to 
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improve comparability.  Especially in the early days classifications improving comparability were produced 
and statistical methodology was harmonised. Another fundamental objective has been the development of 
entirely new statistics. The Nordic countries are fairly homogenous in terms of level of development, cultural 
background and administrative structures. Therefore they have found it easy to co-operate and have been 
able to benefit in many ways from each others’ innovations and experiences.

 The requirement of comparability naturally covers a much broader area than just the Nordic countries. 
Still, the Nordic countries remain a good location for piloting new methods or statistical concepts and testing 
their functioning. If a method or classification cannot be applied in such homogenous countries, how could 
sufficient comparability be reached among much more heterogeneous countries?

 Nordic statistical co-operation is based on all parties benefiting from the so-called win-win situation. 
Co-operation is purely professional. All parties contribute resources, but at the same time they can be certain 
of receiving benefits. Experts can learn from each others’ good practices and solutions. One excellent 
example could be the development of a register-based statistical system in all Nordic countries. Nordic 
countries represent the international top in utilising register data in statistics production, and this is partly due 
to the mutual long-term co-operation. 

The co-operation is voluntary and equal by character. Not all parties participate in each co-operative 
activity, but everyone has the possibility to join in. Countries are not divided by size or some other factor. 
For many statistical experts, Nordic co-operation has been the first forum of international co-operation.

The co-operation is also characterised by regularity and continuity. One key reason for this is without a 
doubt that the co-operation is directed and strongly supported by the top management of the statistical 
agencies.

3. Forms of co-operation  
Currently co-operation between statistical agencies is conducted with a very light administrative 

structure, even though it is made up of many forms. They are: 

3.1. Meetings of Directors General 
Each country acts as chair for one year and takes care of the chairmanship and secretariat duties of the 

meetings of the Directors General. A one-day meeting is organised every year in the chairing country. In 
addition the Directors General meet when necessary, generally in connection with the meetings of the EU 
Statistical Programme Committee. Once every three years the top managements of the statistical agencies 
come together for a two-day meeting. The agenda comprises generally 4 or 5 different topics, which are 
prepared jointly. The substantive discussions are conducted during the meetings. On the basis of the issues 
discussed, the Directors General may decide to launch special studies if they find them strategically 
important. Resources, timetables and tasks are defined for the studies. During the past few years, such 
studies have been carried out on e.g. the use of microdata, the registration of multinational enterprises 
located in the Nordic countries, and the organisation and costs of interviewing activities. 

3.2. Contact networks 
After the statistical committees, altogether 40 networks have been set up in different fields of statistics. 

They include representatives from each Nordic country. The convenor/chair is selected for three years at a 
time. Most of the networks deal with substance issues in some field of statistics. In addition, there are 
networks that deal with horizontal questions on issues such as dissemination, databases, quality management, 
web-master collaboration and research. Most of the time the members of the networks communicate 
virtually, i.e. via e-mail. Joint meetings are also arranged occasionally in connection with a meeting of one of 
the Eurostat working groups. The networks can propose arranging a separate meeting or seminar, if the need 
arises. Such expert meetings take place a few times a year. 
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3.3. Seminars 
Some of the networks have adopted a habit of arranging a special seminar every other year or every 

five years. The number of participants is generally capped at 40-50 persons. Significant and future-oriented 
seminars have been organised e.g. on labour market statistics and the use of registers. A seminar dealing with 
the methodology and quality issues connected with the use of administrative registers in statistics production 
will take place in 2007.  In addition to the Nordic countries, representatives have been invited from also 
other countries which utilise administrative data in compiling statistics. 

3.4. The Nordic Statistical Conference 
The Nordic Statistical Conference, which convenes once every three years, is a traditional meeting. 

Nordic countries alternate in arranging it, and local statistical societies participate in the organisation. In 
summer 2007, the 24th Nordic Statistical Conference will meet in Reykjavik, Iceland. The topic is 
measurement problems in statistics. The two-day conference is divided into several sessions and a joint 
Nordic group has been preparing it. Roughly 250-300 professionals from the field of statistics in all Nordic 
countries are expected in Iceland.

The practice during the past few years has been to arrange a course on statistical methodology before 
the conference, which is aimed especially at the younger professionals in the field. Nordic experts have acted 
as lecturers, and often they have been joined by some other internationally known expert. This time the one-
day course deals with sampling theory and its applications. 

3.5. Joint projects 
One project with long traditions is the Nordic Statistical Yearbook, which is compiled by Statistics 

Denmark. Its costs are covered entirely by the Nordic Council of Ministers. Other projects funded jointly by 
the Nordic countries include, among others, a project on compiling and developing statistics on the 
information society and a project on commuting. 

Perhaps the best known result of Nordic co-operation in the statistical world is the development of the 
PC-Axis software family. The software is designed for the maintainers of statistical databases in statistical 
agencies as well as in other organisations offering database services. Initially the co-operation started in 
Sweden. Denmark, Norway and Iceland joined in later. Statistics Finland started to participate in the 
development work at a later stage. At present, the co-operation has grown very broad and development work 
is done in over 30 organisations. 

Through the years there have been other projects that have resulted in products which have found users 
also outside the Nordic countries. At their most typical, such projects have dealt with some issue, where there 
was a need to describe the methodology and disseminate information on best practices. The most recent 
example, a handbook on register-based statistics systems, will be published during spring 2007. The authors 
of the manual are Nordic experts in their field. As there is increasing interest in register-based statistics 
systems, the handbook will be published also in English by the ECE.

Another kind of project investigated the future challenges of the statistical service and resulted in a 
booklet titled “What counts in the future - Challenges of official statistics”. The project supported the 
strategic management and planning of Nordic statistical agencies. Many of the future challenges identified 
were and still are relevant for the broader development of official statistics.

3.6. Export of know-how
Sweden, Norway and Denmark have for a long time already been very active in the development work 

in the field of statistics, especially within national development aid programmes. They have both their own 
projects as well as projects involving two or three countries, in which case the experts come from all 
participating countries. Statistics Finland has participated in EU-funded technical co-operation projects 
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primarily with the former Soviet Republics, new EU Member States and the Balkan states. Denmark and 
Finland have also undertaken several EU-funded twinning-projects, in which one country is the leader and 
the other one a so-called junior partner. Statistics Sweden has also participated in some such projects. Even 
though the aim of the projects has always been to assist the beneficiary in developing its own systems, the 
participating Nordic experts have at the same time learned about each other’s best practices.

The background for this co-operation is the Nordic network, which has functioned very flexibly and 
practically. Well functioning co-operation in projects aimed at third countries has been especially important 
when it has transpired that some country cannot offer its experts at a certain time or to certain tasks. In such 
situations experts have been recruited from another country through the contact persons of the network 
involved. This practice was agreed on by the Nordic statistical offices already in the 1990s.

4. Concluding remarks 
Institutional co-operation is often based in agreements and can therefore sometimes be relatively 

formal in character. Nordic co-operation in the field of statistics is based first and foremost on common 
interests and the experience of the importance of sharing good practices. The statistical agencies of the 
Nordic countries can and want to learn from each other and develop new tools together. The co-operation is 
flexible and effective by nature.

The fact that Nordic co-operation is continuing, even though many kinds of international co-operation 
is on offer, is proof of its importance and effectiveness. It is obviously clear that the future of the co-
operation depends very much on the commitment and interest of the managements of the Nordic statistical 
agencies. As long as the co-operation offers opportunities for think-tank sessions with colleagues, Directors 
General appreciate it and see it as being beneficial for the development of their own agencies. The relative 
benefits gained from joint development projects are also significant. 

The rise of the new generation of experts at statistical agencies is going to influence the future of the 
co-operation, as the strong international experience of the younger generation may have been formed in 
European rather than Nordic co-operation. Therefore new incentives for Nordic co-operation may be e.g. the 
opportunity to get work experience from another country’s statistical agency, joint training events and 
participation in joint projects with third countries.  

Many fields of statistics offer content challenges for the future, and meeting them requires continues 
Nordic co-operation. Boarders in traditional economic sense have lost their importance. What are the 
regional entities, which are suitable for economic statistics and analysis? The stronger than before integration 
of economies and especially business as well as changes in the cross-border labour market can be mentioned 
as big statistical challenges.  

Nordic statistical co-operation has produced much value added both in the European context and in a 
broader international context. It might also be useful internationally to learn from many of the forms and the 
models of this co-operation, which have resulted development gains for the Nordic statistical agencies. 
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In recent years finite mixture models have been popularised in applied statistics as a clustering
tool with increasing number of applications in social, economic, medical, and computer sciences.
Marketing science through the concept of market segmentation and psychometrics by conceptualising
discrete latent variables have been two important fields in the widespread application of finite mixture
models.

Selecting a model from a set of competing models is a critical and difficult step faced by the
applied statistician towards the goal of correctly estimating a model. Despite the increasing widespread
application of these models, the decision on the number of components or latent classes to retain
remains an important and unsolved research problem.

The paper deals with the selection of the number of components in a finite mixture model. The
emphases will be put on the information criterion paradigm, the one that best fits the application
of finite mixtures in applied research. Almost all applications of finite mixtures select the number of
components either by AIC - Akaike information criterion or BIC - the Bayesian information criterion
(also known as the Schwarz’s criterion).

The performance of information criteria has been studied extensively in the finite mixture litera-
ture, mostly focused on finite mixtures of Gaussian distributions (McLachlan and Peel, 2000). Growing
evidence shows that for finite mixtures models applied to discrete (manifest) data, the traditional AIC
and BIC may not be the most appropriate criteria. We revise results for latent class models under
conditional independence and assuming conditional dependence within each latent class, in particular
the binary latent class model and the finite mixture of Markov chains. The application of the first
model in applied research has increased considerably as a result of the widespread data collection of
batteries of dichotomous – yes/no – variables. That has added pressure on making available reliable
model selection tools for the number of latent classes. On the other hand, time series or longitudinal
data have played an important role in the understanding of the dynamics of the human behaviour in
most of the social sciences. Despite extensive analyses for continuous data time series, little research
has been conducted on the unobserved heterogeneity for categorical time series data. Exceptions
are the application of finite mixtures of Markov chains, e.g., in marketing (Poulsen, 1990), machine
learning (Cadez et al., 2003) or demography (Dias and Willekens, 2005). Despite the increasing use of
these mixture models little is known about model selection of the number of components. Therefore,
two Monte Carlo studies are designed to assess the ability of different information criteria to retrieve
the true model. We restrict the analysis to widely used and easily computed information criteria.

This paper is organised as follows. First, we set finite mixture models for discrete manifest
variables. Then, we review the literature on model selection criteria from a practitioner’s viewpoint.
Then, the results of two Monte Carlo studies are summarised. The paper concludes with theoretical
and applied implications for model selection in finite mixtures applied to discrete data.

Finite mixture and latent class models

Let y = (y1, ...,yn) denote a sample of size n; T represents the number of manifest or observed
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variables; and yit indicates the observed value for variable t in observation i, with i = 1, ..., n, t =
1, ..., T . The latent class model – a finite mixture model with discrete manifest variables – with
S classes for yi = (yi1, ..., yiT ) is defined by f(yi;ϕ) =

∑S
s=1 πsfs(yi;θs), where the latent class

proportions πs are positive and sum to one; θs denotes the parameters of the conditional distribution
of latent class s, defined by fs(yi;θs); π = (π1, ..., πS−1), θ = (θ1, ...,θS), and ϕ = (π,θ).

For binary data, Yit has 2 categories, yit ∈ {0, 1}. From the local independence assumption – the
T manifest binary variables are independent given the latent class –, fs(yi;θs) =

∏T
t=1 θ

yit
st (1−θst)1−yit ,

where θst is the probability that observation i belonging to latent class s falls in category 1 (success)
of variable t. Therefore, the binary LC model has probability mass function

f(yi;ϕ) =
S∑

s=1

πs

T∏

t=1

θyitst (1− θst)1−yit .

The number of free parameters in vectors π and θ are S − 1 and ST , respectively. The total number
of free parameters is S(T + 1)− 1.

For finite mixture of Markov chains with K states, within each latent class s observation yi is
characterised by a Markov chain, and the probability mass function is

f(yi;ϕ) =
S∑

s=1

πsP (Yi1 = yi1; θs)
T∏

t=2

P (Yit = yit|Yi,t−1 = yi,t−1, θs).

The parameters of the model are ϕ = (π1, ..., πS−1, θ1, ..., θS). The θs includes the transition and
initial probabilities asjk = P (Yit = k|Yi,t−1 = j, θs) and λsk = P (Yi1 = k; θs), respectively, with
j, k ∈ {1, ...,K}. Note that we assume that transition probabilities are time homogeneous, which
means that the second model is a stationary first-order Markov model. A finite mixture of Markov
chains is not a Markov chain, which enables the modeling of very complex patterns (see Cadez et
al., 2003; Dias and Willekens, 2005). The independent parameters of the model are S − 1 prior
probabilities, S(K − 1) initial probabilities, and SK(K − 1) transition probabilities. Thus, the total
number of independent parameters is SK2−1. Moreover, the binary latent class model can be seen as
a zero-order Markov model. The likelihood and log-likelihood functions are L(ϕ; y) =

∏n
i=1 f(yi;ϕ)

and `(ϕ; y) = logL(ϕ; y), respectively. It is straightforward to obtain the maximum likelihood (ML)
estimates of ϕ using the EM algorithm.

Information criteria for model selection

The traditional approach to the selection of the best among different models is using a likelihood
ratio test, which under regularity conditions has a simple asymptotic theory (Wilks, 1938). However,
in the context of finite mixture models this approach is problematic. The null hypothesis under test is
defined on the boundary of the parameter space, and consequently the regularity condition of Cramer
on the asymptotic properties of the MLE is not valid. Some recent results have been achieved (see,
e.g., Lo et al., 2001). However, most of these results are difficult to implement and usually derived for
finite mixtures of Gaussian distributions.

As an alternative, information statistics have received much attention in finite mixture modeling.
These statistics are based on the value of −2`S(ϕ̂; y) of the model adjusted for the number of free
parameters in the model (and other factors such as the sample size). The basic principle under these
information criteria is the parsimony: all other things being the same (log-likelihood), we choose the
simplest model (with fewer parameters). Thus, we select the number S which minimizes the criterion
CS = −2`S(ϕ̂; y)+dNS , where NS is the number of free parameters in the model. For different values
of d, we have the Akaike Information Criterion (AIC: Akaike, 1974) (d = 2), the Bayesian Information
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Criterion (BIC: Schwarz, 1978) (d = log n), and the Consistent Akaike Information Criterion (CAIC:
Bozdogan, 1987) (d = log n+ 1).

Bozdogan (1993) argues that the marginal cost per free parameter, the so-called magic number
2 in AIC’s equation above, is not correct for finite mixture models. Based on Wolfe (1970), he
conjectures that the likelihood ratio for comparing mixture models with p1 and p2 free parameters is
asymptotically distributed as a non-central chi-square with non-centrality parameter δ and 2(p1− p2)
degrees of freedom instead of the usual p1−p2 degrees of freedom as assumed in AIC. Therefore, AIC3
uses d = 3 as penalising factor.

Monte Carlo studies

The relative performance of these criteria for mixtures of conditionally independent Bernoulli
distributions (also known as binary latent class models) and Markov chains are assessed by two different
Monte Carlo (MC) studies. In our simulations, all estimated models have non-singular estimated
information matrix. The experimental designs control the number of variables / time points, the
number of categories, the sample size, the balance of component sizes, and the level of separation of
components for the mixture of Markov chains (Dias, 2007). For the independent case, we allow the
variation of the number of components, but we keep the number of categories fixed at two (Dias, 2006).
The main performance measure used here is the frequency with which each information criterion picks
the correct model. For each data set, each criterion is classified as under-fitting, fitting, or over-fitting,
based on the relation between the true number of latent classes and the estimated number of latent
classes by those criteria. For example, under-fitting means that the estimated number of latent classes
is smaller than the true value. More details on the setting of both MC studies can be found in Dias
(2006) and Dias (2007).

Results from two Monte Carlo studies

AIC AIC3 CAIC BIC

Binary latent class model
Under-fit 18.4 30.3 48.5 45.8
Fit 69.5 69.1 51.5 54.2
Over-fit 12.1 0.6 0.0 0.0

Mixture of Markov chains
Under-fit 12.1 16.5 28.0 25.9
Fit 70.7 82.9 72.0 74.1
Over-fit 17.2 0.6 0.0 0.0

For binary latent class models, the key feature is the overall remarkable performance of AIC and
AIC3, which find the true model 69.5% and 69.1% of the times, respectively. Overall, the BIC-like
criteria perform reasonably well. As in other studies, our results document the tendency of AIC to
over-fit.

For mixture of Markov chains, AIC3 has an overall remarkable performance. While most of the
criteria perform satisfactory, AIC3 identifies the true model 82.9% of the times. The AIC3 presents
minor over-fitting (0.6%), and therefore outperforms other traditional criteria such as AIC, BIC, and
CAIC. AIC presents unacceptable over-fitting (17.2%).

These results show that AIC can be a drastically negatively biased estimate of the expected
Kullback-Leibler information of the fitted model (Hurvich and Tsai, 1989).
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Discussion and conclusion

The main finding is the overall good performance of the AIC3 criterion for discrete data finite
mixture models. AIC tends to over-fit. Because most of the information criteria are derived from
asymptotics, these extensive Monte Carlo studies allowed their assessment for realistic sample sizes.
Moreover, these results suggest that the type of approximation for the marginal likelihood needed for
the derivation of the BIC has to be further studied for finite mixture models.

Despite the widespread application of BIC and AIC for latent class selection, these Monte Carlo
studies show that AIC3 (Akaike information criterion with 3 as penalising factor) tends to outperform
AIC and BIC under conditional dependence (finite mixtures of Markov chains) and independence
(binary latent class model). Applied research using model-based clustering has to take into account
these results, and incorporate AIC3 as a routinely applied model selection criterion.

From a theoretical viewpoint, the Akaike’s information criterion (AIC) is based on the Kullback-
Leibler distance between the true density and the estimated density (Akaike, 1974). We introduce here
the conjecture that the good performance of AIC3 can be explained from a symmetric Kullback-Leibler
divergence’s viewpoint (Cavanaugh, 1999).
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1 Introduction

Over the last decades, there has been an increase in the use of hierarchical models for nested data
structures. In many fields such as medicine, biology, engineering, marketing and social sciences, data
may have a nested, multilevel or hierarchical structure. Examples of nested data structures include
individuals nested within families, pupils nested within schools, patients nested within primary care
physicians, and longitudinal data containing repeated measurements taken from individuals over time.

The observations from such nested data structures cannot be assumed to be independent since
level-1 units (pupils, time points) taken within the same level-2 unit (schools, subjects) tend to be
more alike than level-1 units from different level-2 units. A common way to deal with the correlation
structure in the data in the context of regression analysis is by introducing random effects in the
generalized linear model of interest, leading to the family of generalized linear mixed models (GLMMs)
(Stiratelli et al., 1984; Zeger et al., 1988). Most popular are parametric random effects models which
assume that random effects come from a multivariate normal distribution (Wolfinger and O’Connell
1993). However, such a distributional assumption about the random effects may be unrealistic in
practice. Heagerty and Kurland (2001), Lukočienė and Vermunt (2007), Maas and Hox (2004), and
Neuhaus et al. (1992) found that there may be a light loss of efficiency of the regression coefficient
estimators due to misspecification of the random effects distribution.

An alternative is to use the nonparametric approach proposed by among others Heckman and
Singer (1982) and Laird (1978), which uses a discrete but unspecified mixing distribution. It differs
from the standard parametric random effect modeling in that no distributional assumptions are made
about the random effects. In the nonparametric approach the mixing distribution is not a member
of a family specified by a finite number of parameters, but instead the discrete mixing distribution of
random effects is modeled by means of a finite mixture structure. The unknown parameters of the
discrete mixing distribution are the location of the latent classes or mass points and their corresponding
probabilities or weights. In the nonparametric approach, each individual is assumed to belong to one
of a small number of latent classes that differ with respect to the parameters of the model of interest.
ML estimation of models with discrete latent variables is straight forward using the EM algorithm,
since the likelihood is a finite mixture so that no integration is involved. If the number of latent classes
is chosen to maximize the likelihood, the nonparametric maximum likelihood (NPML) estimator is
obtained (Heckman and Singer, 1984; Laird, 1978; Vermunt, 1997).

In this paper we describe the set up of a systematic comparison of the two random effects
approaches for the two-level random coefficient logistic regression model based on a simulation study.
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This study expands the study by Lukočienė and Vermunt (2007) in that not only models with random
intercepts but also models with random slopes are investigated. The two research questions we wish
to answer are: (1) Is the nonparametric model more reliable in situations in which the underlying
assumptions of the parametric model do not hold? (2) Does it harm if we use a nonparametric model
– say for practical reasons – when the assumptions of the parametric model hold?

2 Model specification and estimation

In this article we deal with a two-level random coefficient model to make a comparison of the parametric
and nonparametric approaches. Let yij denote the response of level-1 unit i, i = 1, . . . , nj , belonging
to level-2 unit j, j = 1, . . . , n. Let xij and zj denote an explanatory variable at level-1 and level-2,
respectively. The linear predictor for yij – denoted by ηij – in a two-level GLMM for this data set
can be expressed as follows:

ηij = β0j + β1jxij ,(1)

where β0j and β1j are the intercept and the slope for the jth level-2 unit. The between level-2 variability
of the intercept and slope can be further specified as follows:

β0j = β00 + β01zj + u0j and β1j = β10 + β11zj + u1j ,(2)

where u0j and u1j denote unobservable common random effects for each level-1 unit in the jth level-2
unit.

Conditionally on the random effects u0j and u1j and the explanatory variables xij and zj , the
responses yij can be assumed to be independent. The conditional mean µij = E[yij |u0j , u1j , xij , zj ] in
the GLMM is related to the linear predictor by the link function as follows:

g(µij) = ηij = β00 + β10xij + β01zj + β11xijzj + u0j + u1jxij .(3)

As was already mentioned, the typical specification in the GLMM is to assume that random
effects u0j and u1j , j = 1, . . . , n, come from a bivariate normal distribution with zero means, variances
σ2

00 and σ2
11, and covariance σ01 (Wolfinger and O’Connell, 1993). Consistent with this assumption,

model parameters are commonly estimated by marginal maximum likelihood (ML) method.
To solve the ML estimation problem we use the EM algorithm (Agresti et al., 2000; Bock and

Aitkin, 1981; Dempster et al., 1977) in combination with Newton-Raphson. The estimation process
starts with a number of EM iterations and switches to Newton-Raphson when the relative change in
parameters is small.

However, in practice the normality assumption of random effects will often not hold. Further-
more, typically either no or very little a priori information is available about underlying distribution
of the random effects. Since misspecification of the distribution of the random effects distribution can
affect the parameter estimates, it may be a good idea to prevent such a misspecification by assuming
that u0j and u1j come from an unspecified mixing distribution concentrated on the finite number of
latent classes (Aitkin, 1999; Heckman and Singer, 1984; Laird, 1978; Vermunt, 1997). To estimate
this model we use the NPML method with the EM algorithm.

The NPML is obtained as a discrete distribution on a finite number of latent classes in the
(u0, u1) plane, with a location of kth latent class (u0k, u1k) and probability pk to belong to this class.
The NPML estimator can be achieved by choosing the number of latent classes K so that the
likelihood function is maximized. The likelihood function is defined by:

L(β) =
n∏

j=1

K∑
k=1

nj∏
i=1

f(yij |u0k, u1k, β)pk,(4)

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 2302 -



where f(yij |u0k, u1k,β) is a class specific density and β = {β00, β10, β01, β11}.
To find the number of latent classes defining the NMPL estimator we take several sets of

starting values for a large number of latent classes. During the EM iterations latent classes may get
a mass equal to zero or classes may get exactly the same location. Classes with zero weights can be
removed and mass points with equal locations can be merged. In the starting sets, we always include
a mass point located at −∞ and another located at +∞ because the estimated mixing distribution
may have nonzero probabilities at these locations (Hartzel et al., 2001; Wood and Hinde, 1987).

3 Design factors

Binary data are commonly used in clinical, public health, environmental health, epidemiologic and
sociological studies (Guo and Zhao, 2000; Webb et al., 2004). Therefore we decided to concentrate on
a simple two-level random coefficient model for binary data with one explanatory variable at the first
level and one explanatory variable at the second level. Since the response variables are binary, the
response probability can be modeled by a logit link function:

logit(µij) = β00 + β10xij + β01zj + β11xijzj + u0j + u1jxij ,(5)

where xij – the explanatory variable for level-1 unit i in level-2 unit j – is assumed to take on the
values 0 and 1 with probability 0.5 and zj – the explanatory variable for level-2 unit j – is assumed to
take on the values 0 and 1 with probability 0.5 independently of xij ; β00 is a mean intercept; β10, β01,
and β11 are the fixed regression coefficients corresponding to the effects of xij , zj , and the interaction
term xijzj on response yij ; u0j and u1j are the random effects for level-two unit j.

Note that because of the logit specification, the level-1 errors have a logistic distribution with a
fixed mean of 0 and a fixed variance of π2/3.

To start the simulation study we had to set fixed regression parameters, the level-one and level-
two sample sizes, and the underlying random effects distribution. Our choices with respect to these
design factors are described below.

The sample sizes we used are following: the number of level-2 units n = 30, 100, and 1000 is
combined with the number of level-1 units nj = 3, 10, and 50. The number of level-1 and level-2 units
were choosing according to Kreft and de Leeuw (1998), Maas and Hox’s (2004) simulation studies, and
what is typical for educational, medical, and social science research. In household surveys and in panel
data set 1000 and 3 frequently occur as the number of level-2 and level-1 units, respectively. According
to Kreft and Leeuw (1998), 30 is the smallest allowed number of level-2 units for a meaningful multilevel
analysis. In organizational surveys, 50 frequently occurs as the number of level-1 units.

One aspect of the distribution of the random effects is the intraclass correlation coefficient (ICC)
for which we used the values ICC = 0.1 and 0.3. Hox and Maas (2001) suggest that the ICC may
affect the accuracy of the estimates, therefore we include this factor in the simulation design. In the
multilevel model, the ICC is estimated from the null model logit(µij) = β00 + u0j .

The variance of random effects σ2
00 is derived from the ICC using the following formula:

ICC = σ2
00/(σ2

00 + π2/3).(6)

According to Busing (1993), the effects of the intercept variance σ2
00 and the slope variance σ2

11

are similar. Therefore, similarly to Maas and Hox (2004), we take σ2
00 = σ2

11 and for simplicity of the
simulation model the covariance σ01 of the random effects u0j and u1j is assumed to be equal to zero.

Finally, we used six distributional forms for the random effects to simulate data sets. Random
effects come from three continuous distributions – exponential, normal and uniform – and from three
discrete mixing distributions with two latent classes with different probabilities – p1 = 0.1, 0.25 and
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0.5 – of belonging to the first latent class. The reason for this choice is that we wanted to have both
symmetric and asymmetric true distributions with different degrees of skewness.

Thus, in total we have 3 × 3 × 2 × 6 = 108 conditions. We generated 1000 data sets under
each condition. For each simulated data set, the parameters were estimated using the parametric
approach assuming that the random effects come from a bivariate normal distribution and using the
nonparametric approach.
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Introduction 
The existence and detection of consumer segments that differ in their taste preferences have important 

implications for food product development. Food manufacturers should understand these different taste 
preferences in order to develop successful new products tailored to each consumer segment. In this paper we 
compare various key driver latent class (LC) regression models to identify relevant segments in a case study 
involving the consumer evaluation of crackers. 

In LC regression models, segments are formed on the basis of predictive relationships between a 
dependent variable (e.g., liking ratings of different crackers) and various sensory attributes (flavor, texture, 
appearance attributes of the cracker rated) as prediction variables. Segments are comprised of consumers 
whose coefficients are similar. By including these sensory attributes as predictors, LC regression models can 
identify the segments and their sensory drivers in one step and thus provide highly actionable results.  

Many consumer segmentation studies show evidence of individual differences in response style (i.e. 
consumers differ systematically in how they use the response scale). When such differences are ignored, the 
resulting segments often display a response level effect - one segment comprising individuals who rate all 
items using the upper end of the response scale, another segment comprising individuals who consistently 
use the lower end of the scale. Usually, the differences in response style are of little substantive interest; 
instead, the researcher is interested in how segments differ in their relative ratings of the items involved. A 
question of considerable practical importance is whether the random intercept is effective in dealing with 
such response style differences. 

Description of Case Study  

In this case study, consumers (N=157) rated their liking of 15 crackers on a nine-point liking scale that 
ranged from "Dislike Extremely" (m=1) to "Like Extremely” (m=9)”. Consumers tasted the crackers over the 

course of three sessions, conducted on separate days. The serving order of the crackers was balanced to 
account for the effects of day, serving position, and carry-over. 

An independent trained sensory panel (N=8) evaluated the same crackers in terms of their sensory 
attributes (e.g. saltiness, crispness, thickness, etc.). The panel rated the crackers on 18 flavor, 20 texture, and 

14 appearance attributes, using a 15-point intensity scale ranging from "low" to "high." These attribute 
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ratings were subsequently reduced using principal component analysis to four appearance, four flavor, and 
four texture factors. The factors are referred to generically as APP1-4, FLAV1-4, and TEX1-4. 

Research Goals 

The objectives of the research are a) to estimate various LC models to determine whether consumers can 
be segmented on the basis of differences in their liking ratings that can be linked to meaningful differences in 
the inferred preferences of various cracker attributes, b) to compare the model fit of these LC models, with 
and without a random intercept and c) to identify and interpret the resulting segments in terms of the sensory 
attributes that drive liking for that segment (in the case of the regression models). 

To address these goals, three sets of regression models are considered here: 
A. Traditional LC regression models.  LC segments differ from each other with respect to both the 

intercept and regression coefficients. 

B. LC regression with a random intercept.  Each LC segment differs with respect to the regression 

coefficients only, individual-level variability with respect to the intercept being modeled 

separately using a continuous latent variable.  

C. Same as B except that the LC segments are modeled using 2 or more discrete latent variables 

(DFactors). 

Ordinal Regression Models with Latent Class Segments 
For each of the following regression models, the ratings are treated as ordinal using an ordinal logit 

model known as the adjacent category logit model. In addition, the models containing a random intercept are 
formulated using a continuous factor F (CFactor).  For further details on the use of CFactors see Skrondal 
and Rabe-Hesketh (2004). 

The homogeneous ordinal logit model without any latent variables to handle heterogeneity can be 
expressed as the following K=1 class model: 

1-Class Model 
m 1 1 12 12logit(Y )= ...m Z

where the Z-variables refer to the 12 attributes and effects coding is used for the 
intercept: 

9

1
0

m

m
m

On the other hand, the LC Ordinal Regression model with K > 1 classes and a Random 
Intercept is expressed as: 

Thus, 

. 1 1 2 2( ) ...im k im x x xK Q

im m i

logit Y Z Z Z
F
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Ordinal Regression Models with Segments characterized by Dfactors 

The DFactor alternative utilizes discrete factors instead of latent classes to deal with heterogeneity in the 

attribute effects. 

Results from Various Regression Models 

The results indicate the following: 

The random intercept models work well 
The DFactor models fit better than the traditional LC models 

Name Random 
Intercept

#
Classes

#
DFactors 

LL BIC(LL) # 
Parameters

1cl No 1 - -4790.8 9677.7 19 

2cl No 2 - -4759.3 9675.3 31 

3cl No 3 - -4744.7 9706.8 43 

1clR Yes 1 - -4729.9 9561.0 20 

2clR Yes 2 - -4686.5 9534.8 32 

3clR Yes 3 - -4744.7 9706.8 43 

2dfacR Yes - 2 -4665.3 9553.0 44
3dfacR Yes - 3 -4643.4 9569.9 56

3clR 
restricted 

Yes 3 - -4682.2 9531.2 33 

2dfacR 
restricted 

Yes - 2 -4671.2 9509.3 33 

3dfacR 
restricted 

Yes - 3 -4657.3 9491.6 35 

Attribute Dfactor 1 Dfactor 2 

JApp1 -0.0960 0.0000 

JApp2 0.4206 0.0000 

JApp3 -0.0906 0.0000 

JApp4 0.1796 0.0000 

JFlv1 0.0831 0.0000 

JFlv2 0.1551 0.1955 

JFlv3 0.2481 0.1942 

JFlv4 0.0000 0.0000 

JTex1 0.0000 -0.1333 

JTex2 0.0000 0.0000 

JTex3 0.1747 0.0000 

2

( )

( )
im m

im

E
V
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Attribute Dfactor 1 Dfactor 2 Dfactor 3 

JApp1 -0.3097 0.0000 -0.1509

JApp2 0.4316 0.2446 0.0000

JApp3 -0.2721 0.0000 0.0000

JApp4 0.0000 0.1715 0.0000

JFlv1 0.0000 0.1497 0.0000

JFlv2 0.1419 0.0000 0.0000

JFlv3 0.2064 0.0000 0.0000

JFlv4 0.0000 0.0000 0.0000

JTex1 -0.3161 0.0000 -0.4870

JTex2 0.0000 0.0000 0.0000

JTex3 0.0000 0.1395 0.0000

REFERENCES 
Skrondal and Rabe-Hesketh. Generalized latent variable modeling: multilevel, longitudinal, and structural 

equation models. Boca Raton: Chapman & Hall/CRC, 2004. 

ABSTRACT 
Latent class (LC) regression models classify respondents into a common segment (latent class) if they share the 

same values on the intercept and regression coefficients. While it is generally desirable that such segments differ on 
the (meaningful) coefficients, quite often they differ only on the intercept, a result that may not be meaningful from 
a strategic perspective. Intercept differences are especially common when the dependent variable is a rating, where 
different values reflect different response style tendencies -- some respondent segments providing more favorable 
ratings than others in all situations.  

In this paper we analyze data obtained from a study involving consumer evaluation of 15 different cracker 
products. We investigate use of a random intercept to remove response level effects so that segments may better be 
differentiated on meaningful attributes (sensory drivers) of the crackers (texture, appearance, flavor) used as 
independent variables to predict the cracker rating. We compare results obtained from traditional unstructured 
latent classes in a LC regression model with a random intercept, to those obtained when the classes are structured 
by two or more discrete latent factors. The analyses are conducted using Latent GOLD version 4.5.  

The results suggest that use of the random intercept is successful in removing the response level effects. In 
addition, the factor regression models fit the data better than the traditional LC regression models. All models 
provided evidence of the existence of segment differences in consumers’ liking ratings.  While some products 
appealed to everybody, other products appealed much more to one segment than another. The differential effects of 
the attributes across the segments suggest that different cracker products can be designed for each segment. 

The authors wish to thank The Kellogg Company for providing the data. 
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ABSTRACT

In this work we propose a mixture of regression models for multivariate observed variables, which
contextually involves a dimension reduction step through a particular mixture of factor analyzers.
In this approach, the observed variables are assumed to have been generated according to a factor
model involving a single latent variable. This factor is assumed to be distributed as a finite mixture of
Gaussians with mean components which linearly depend on a set of covariates. The model estimation is
performed via the EM-algorithm, which also allows to test the significance of the regression coefficients.
The motivating empirical problem we wanted to address through such a model was the study of
students satisfaction towards university courses as function of adequacy of previous knowledge for the
understanding of the course content, the overall satisfaction for the chosen faculty and the course year.

Keywords. Mixture models, Latent class regression, Mixture of factor analyzers.
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Introduction

Skrondal and Rabe-Hesketh (2004) proposed a generalized latent variable modeling framework
integrating 1) factor analytic and random coefficient models, 2) models with discrete and continuous
unobserved variables, and 3) hierarchical models with unobserved variables at different levels. This
framework is implemented in their GLLAMM software package. In this paper I describe a strongly
related framework that is implemented in the syntax version of the Latent GOLD software (Vermunt
and Magidson, 2007). The most important extension compared to the GLLAMM approach is that it
allows defining models with any combination of discrete and continuous latent variables at each level
of the hierarchy. The approach is illustrated with a multilevel application in educational testing; that
is, using a set of mathematics test items taken from pupils nested within schools. An item response
theory model is constructed for the responses on the test items and the between-school differences
in pupils’ abilities and item difficulties is modeled using a discrete mixture distribution at the school
level.

The generalized latent variable model

The generalized latent variable model contains four elements: 1) multivariate responses or depen-
dent variables (y), which may be binary, nominal, ordinal, continuous, counts, or any combination of
these; 2) latent variables (ν), which may be discrete (nominal or ordinal), continuous, or combinations
of these; 3) predictors or independent variables (Z and W); and 4) nested or multilevel observations at
L levels. Using the index k to denote an independent observation corresponding to the highest level
of the hierarchy, the model can be formulated with the following two equations:

g(yk) = Z(1)
k β + W(1)

k Λ(1)νk(1)

h(ν(`)
k ) = Z(`)

k γ` + W(`)
k Λ(`)ν

(`+)
k for ` = 2, ..., L.(2)

Here, g(·) and h(·) are link functions (identity, logit, log, etc.) which may differ across dependent
variables and across latent variables and which typically depend on the scale type of the left hand
variable. The free model parameters are the regression coefficients β, Λ, and γ, as well as the residual
(co)variances (or associations) between latent variables and between dependent variables. Note that
νk denotes the vector of latent variables of observation k at all levels, whereas ν

(`)
k and ν

(`+)
k refer to

the latent variables at level ` and ` and higher, respectively. Details on maximum likelihood estimation
of these types of models using the EM algorithm can be found in Vermunt (2004).

In one aspect, the framework implemented in Latent GOLD is slightly less general than suggested
by the two model equations: the structural equation model for the latent variables at level ` is only
partially implemented. But in other aspects it is even more general than expressed in the above two
equations, including that it allows specification of a Markovian structure for discrete latent variables
at the lowest level, of interaction effects between latent variables, and of many different models for
the residual (co)variances and associations.
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It is important to note that the product term Z(1)
k Λ(1) in equation (1) is what yields the gen-

eralization of both the factor analytic and the random coefficient model. Λ(1) is the factor loadings
matrix of a factor analysis and Z(1)

k is the design matrix of a random coefficient model. This implies
that by setting Z(1)

k = 1 ⊗ I we obtain a factor analytic model and by setting Λ(1) = I we obtain a
random coefficient model. The product Z(1)

k Λ(1) – which Skrondal and Rabe-Hesketh (2004) refer to
as the structure matrix Λ(1)

k – defines the generalized latent variable framework in which the effects
of latent variables on responses may contain parameters, fixed terms, or products of these.

It should be noted that the latent variables νk can be common factors in a factor analysis,
random coefficients in a multilevel model, classes in a latent class model, or mixture components in
a finite mixture model. In other words, the latent variables may be either discrete or continuous and
may be used either to reveal structure (meaningful factors or clusters) or to correct for unobserved
heterogeneity.

Overview of the special cases

Table 1. Nine-fold classification of possible models with latent variables at two levels

Higher-level ν’s
Lower-level ν’s Continuous Discrete Combination
Continuous A1 A2 A3
Discrete B1 B2 B3
Combination C1 C2 C3

Assuming two levels of latent variables and taking into account that the latent variables at each
level may be continuous, discrete, or a combination of these, we obtain the nine-fold classification
provided in Table 1. One of the special cases, in which both the lower- and higher-level latent variables
are discrete (B2), is the hierarchical variant of the latent class model proposed by Vermunt (2003).
Here, lower-level units (cases) are clustered based on their observed responses as in a standard latent
class model, whereas higher-level units (groups) are clustered based on the likelihood of their members
to be in one of the case-level clusters. Vermunt (2003) also proposed a multilevel latent class model
with continuous random effects at the group level which belongs to category B1.

A1 contains both three-level regression models with continuous random effects and two-level
factor analytic and item response theory (IRT) models, such as the multilevel IRT model proposed
by Fox and Glas (2001). In a recent paper, Palardy and Vermunt (2007) used specification A3 for
defining a multilevel extension of the mixture growth model. In the application described below, we
use a type A2 model.

What is clear from the above table is that the presented framework yields a large number of
options. With latent variables at three instead of two levels, the number of possible specifications
increases from 9 to 27. It depends on the specific application which of the specifications should be
selected; that is, whether it is more meaningful and/or practical to define the latent variables at a
particular level to be continuous, discrete, or a combination of the two.

An illustrative application: a multilevel mixture IRT model

The application uses a data set collected by Doolaard (1999), and which was also used by Fox
and Glas (2001) to illustrate their multilevel IRT model. More specifically, information is available
on a 18-item math test taken from 2156 pupils belonging to 97 schools in the Netherlands. The aim
of the analysis is twofold: measuring pupils’ math abilities and assessing differences between school.
The first aim involves building a single factor or IRT model for the 18 math items, while the second
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aim involves introducing school-level random coefficients in the IRT model.
As far as the IRT model is concerned, two different models are considered: the two-parameter

logistic (2-PL) model and the Rasch model, which is also referred to as the one-parameter logistic
(1-PL) model. As in Fox and Glas’s multilevel IRT model, we are interested in school differences in
ability. Unlike Fox and Glas, we also want to know whether the items’ functioning is the same across
schools; that is, we want to perform what is usually referred to as an item bias analysis. This is
feasible using a discrete finite mixture specification for the relevant school differences. The proposed
multilevel mixture IRT model can, therefore, be seen as a practical method for detecting item bias in
situations in which the number of groups is too large for a standard item bias analysis.

Let yijk denote the binary response on item i of pupil j in school k. Note that i, j, and k refer
to a level-1, level-2, and level-3 unit, respectively. Denoting the latent ability of pupil j in school k by
ν

(2)
jk , we can define the 2-PL model as follows:

logit[P (yijk = 1)] = βi + λ
(1)
i ν

(2)
jk for i = 1, ..., I;(3)

where λ
(1)
i is the factor loading or discrimination for item i and −βi/λ

(1)
i is what is usually referred

to as the item difficult. For identification purposes, we will typically restrict one λ
(1)
i , say λ

(1)
1 , to be

equal to 1. The latent ability is assumed to come from a normal distribution with a mean equal to 0
and a free variance. With the restriction λ

(1)
i = 1 for all i, we obtain the Rasch model.

Suppose we wish to take into account the multilevel structure assuming that that schools belong
to one of M latent classes or mixture components with different mean abilities and possibly also
different item difficulties. This can be formulated as follows:

logit[P (yijk = 1)] = βi + λ
(1)
i1 ν

(2)
jk +

M−1∑
m=1

λ
(1)
i,m+1ν

(3)
km for i = 1, ..., I(4)

ν
(2)
jk =

M−1∑
m=1

λ
(2)
imν

(3)
km(5)

logit[P (ν(3)
km = 1)] = γ(3)

m for m = 1, ...,M − 1;(6)

where ν
(3)
km represents one of M − 1 indicator variables taking the value 1 if school k belongs to latent

class m and otherwise 0 (with effect coding ν
(3)
km equals -1 if school k belongs to class M). The λ

(1)
i,m+1

parameters capture differences between school-level classes in item difficulties and λ
(2)
im in average

abilities. In the full model we have to impose identifying constraints on the λ
(1)
i,m+1 parameters; for

example,
∑I

i=1 λ
(1)
i,m+1 = 0 for m = 1, ...,M − 1.

The multilevel mixture IRT model described in equations (4)-(6) can be extended in various
ways. The most obvious and interesting extension is inclusion of pupil-level covariates in equation (5)
for the latent ability and school-level covariates in equation (6) for the school-level class membership.

The following Latent GOLD 4.5 (Vermunt and Magidson, 2007) syntax file defines the model
described in equations (4)-(6):

variables

groupid schoolid;

caseid childid

dependent y coding=first;

independent itemnr nominal;

latent nu2 continuous, nu3 nominal group 3 coding=last;

equations

y <- 1 | itemnr + (lambda1) nu2 | itemnr + itemnr nu3; // equation for y

nu2 <- nu2; // equation for nu2

nu3 <- 1; // equation for nu3
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nu2; // variance of nu2

lambda1[1] = 1; // discrimination of first item fixed to 1

This syntax file is rather self explaining: the first part defines the dependent, independent, and
latent variables which are in the model, as well as the id variables indicating the three-level data
structure. The second part contains the regression equations which are rather similar to equation
(4)-(6). The term ”| itemnr” indicates that a separate constant βi – denoted by ”1” – and a separate
item discrimination λ

(1)
i1 should be estimated for each item. The equations section also contains the

specification for the variance of the latent ability and the identifying fixed-value constraint for the
discrimination (loading) of the first item.

Table 2. BIC values obtained with the estimated multilevel mixture 2-PL and Rasch

models (N=2156)

number of 2-PL Rasch
classes without item bias with item bias without item bias with item bias
1 40701 40701 40750 40750
2 40502 40545 40562 40517
3 40449 40514 40515 40513
4 40455 40502 40524 40485
5 40469 40540 40538 40538

Table 2 reports the fit measures obtained with the estimated 1- to 5-class models. As can be seen,
the 2-PL models perform better than their Rasch counterparts, indicating that the Rasch assumption of
equal discrimination across items is too strict for this data set. For the 2-PL specification, comparison
of the models with and without item bias indicates that there is no evidence for item bias. In this
specification the 3-class model without item bias is selected as the best according to the BIC criterion.
In the Rasch specification, the 4-class model with item bias is the best model. This application shows
that using the too restricted Rasch model may lead to the erroneous conclusion that items function
differentially across groups.
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1. Background

1. The ability of national statistical agencies to make available independent and

politically neutral socio-economic information is critical for ensuring effective development

policy formulation and implementation. Sound data helps ensure that official actions are

taken on a sound basis. But, in many African countries, much of the key data needed to

provide a satisfactory general overview of policy are unavailable. When available, in many

cases, there is also an urgent need to improve the coverage, quality and timeliness of the

relevant statistics. Yet, many African countries are falling behind in providing reliable

statistics for guiding government policy and decision-making. These translate into an

inability to meet corresponding data demands to support the effective monitoring of progress

towards the achievement of Millennium Development Goals (MDGs) and to reach poverty

reduction objectives.

2. In view of the above, the Bank has initiated activities aimed at strengthening

statistical systems in 52 African countries: (1) Core ICP activities; (2) Development and

coordination of the Strategic Framework for Statistical Development in Africa; (3)

Assistance to African countries in the development of their National Strategies for the

Development of Statistics; (4) Research study on PPP based poverty measurement; (5)

Implementation of an initiative on MDG Monitoring and Statistical Literacy in partnership

with UNDP; (6) Support to African countries in the implementation of the 1993 System of

National Accounts; (7) Streamlining and improvement of African countries systems of price

statistics; and (8) Training of country professional and students through Statistical Training

Centers and Universities

2. Current Bank Group Measures to Build Statistical Capacity

in Africa

2.1 Implementation of Core ICP Activities

3. The ADB under its mandate as the Regional Coordinator of ICP – Africa, recognized

the urgent need to go beyond the generation of PPPs for cross-country comparison of

economic aggregates to include assistance to countries in meeting the demands of national

governments and international organizations for relevant development data, which are of

good quality and are available on a timely and regular basis. Under ICP – Africa, the ADB’s
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efforts are targeted towards not only increasing the ICP coverage of the countries in Africa

but also providing technical and financial assistance to the participating countries for ICP

related activities and towards capacity building particularly in national accounts and price

statistics.

4. Since 2003, the program has been carried out in various stages ranging from statistical

assessment of national statistical systems in participating countries to the computation and

publication of the first PPP results, including the organization of regional seminars and

meetings.

5. ICP price surveys relating to household goods and services were conducted on a

monthly basis over a period of 12 months, until June 2006. Surveys on representative items

of the other GDP components such as housing, government services, equipment goods,

construction and civil engineering were carried out once, during a shorter period of time in

2006, in accordance with the established and agreed methodology.

6. The ICP surveys yielded their first results in 2007, in the form of PPPs and household

consumption related price level indices and volume indices for 48 countries that collected

price data and provided detailed GDP breakdown. The relevant publication - Comparative

Consumption and Price Levels in African Countries – was released in March 2007.

2.2 Development of the Strategic Framework for Statistical Development

in Africa

7. In 2004, the ADB, ECA, PARIS21 and the World Bank sponsored the preparation of

the “Reference Regional Strategy Framework” (RRSF) for the development of statistics in

Africa. The framework focuses on strategic direction and appropriate implementation

instruments for improving the planning, financing, management, and coordination of

statistical development activities in Africa. It aims to create much needed synergies, reduce

duplication of efforts and promote sustainable statistical capacity in the African region.

2.3 Development of National Statistical Strategies in African Countries

8. The Bank is leading an international initiative to support African countries,

financially and technically, to develop or update their National Strategies for the

Development of Statistics (NSDS) and improve their statistical systems to international

standards and enhance informed policy knowledge-based decision-making, including

monitoring of PRSPs and MDGs. The Bank is collaborating closely with the World Bank

and Paris21 to ensure that all countries have up-to-date NSDSs by the end of 2007, and with

the OECD-Paris21 Intersect Task Team to design a manual on ‘Mainstreaming Sectoral

Statistics in Africa as a Guide for Planning an Integrated National Statistical System’, to be

published during the second half of 2007.

2.4 Building Capacity for PPP-Based Poverty Measurement

9. The Bank has started a research study on poverty PPPs with the immediate objectives

of: (i) constructing national poverty profiles using price data collected for ICP-Africa and

expenditure weights obtained from household expenditure surveys, with the objective of

supporting national PRSPs, and (ii) addressing long standing issues related to regional and

global poverty analysis, and compile a set of PPPs that are more appropriate for making $1-

and $2-a-day poverty lines operational both for regional and global poverty measurement

and monitoring work, with the aim of producing reliable and timely data to support the

MDGs.
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2.5 MDGs Monitoring and Statistical Literacy

10. The ADB, in collaboration with the UNDP, is assisting countries to build capacity for

monitoring progress on MDGs and national development policies and to improve statistical

literacy. The activity has three main objectives: (i) make data more accessible by enhancing

the capacity of national statistical offices to maintain a central repository of data for MDG

reporting, and monitor national development strategies; (ii) enhance statistical capacity and

literacy by providing training to make better use of MDG data and indicators to improve

evidence-based management of development policy and (iii) support evidence-based

advocacy by strengthening data analysis skills to enable advocacy groups to monitor

progress and tailor appropriate strategies.

2.6 Improving National Accounts

11. The Bank has launched some capacity building activities aimed at assisting African

countries to improve their national accounts by producing: (i) Timely national accounts; (ii)

National accounts drawn up specifically according to the international standards adopted in

the 1993-SNA; (iii) Independent expenditure estimates of the main macro-economic

aggregates of GDP and their primary sub-components; (iv) Detailed expenditure measures

relevant to the household sector, especially those applicable to specific socioeconomic

groups such as the poor and vulnerable; (v) Related price information implicit in these

expenditure estimates; and (vi) Detailed GDP breakdown.

2.7 Streamlining and Improving Price Statistics in Africa: integrating

ICP and CPI

12. The Bank’s support to African countries also aims at resolving problems in price

statistics related to data collection constraints: restricted geographical coverage, limited

scope, editing, weighting structures, price averaging, and timeliness. Data collection is

carried out in technical conditions that impair the quality and reliability of price indices

produced. Sampling and item description do not soundly ensure the relevance,

representativity and characteristicity of items priced. Data collection rarely covers the whole

country; it’s rather restricted to major cities or to the capital city only. In addition, price

outlets are not adequately identified. Items are priced only for household consumption; no

price indices are calculated for the other main components of GDP such as government

expenditure, gross fixed capital formation and net exports. Editing leaves a lot to be desired

in many cases to the extent that actual price movements are not properly reflected in the CPI

as prices quoted are not consistently verified and outliers are not questioned.

2.8 Training of Country Professionals and Students through Statistical

Training Centers (STCs) and Universities

13. National Statistical Offices are facing difficulties in mobilizing human resources to

carry out their statistics programs. The role of Statistical Training Centers is vital in

producing cadres at all levels (technicians and professionals) and so should have access to

resources commensurate with the objectives set forth in their programs and the output

expected there from. The reality is that these institutions, while facing this constraint, are at

the same time under heavy pressure to be more productive and effective.

3. Conclusion

14. The availability of comprehensive, timely and accurate statistical information is

crucial for effective national development policy making, decision taking as well as for

poverty assessment and monitoring processes. However, the quality of statistical
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information in the majority of African countries remains poor and needs improvement. Lack

of statistical capacity -- as manifested in the inadequacy of human and financial resources to

plan surveys, collect, process and disseminate data in a timely manner -- is one of the key

constraints facing the many African countries today.

15. In recognition of this challenge, the Bank has launched a major statistical capacity

building program aimed at addressing these problems through the provision of financial and

technical support under the framework of the ICP. In addition to the core ICP activities of

generating PPP statistics, the Bank has taken a lead role in assisting African countries to

improve their general capacity to support information needs for MDGs, PRSPs and NEPAD.

Implementation of capacity building activities will certainly require an injection of adequate

financial and technical resources from various stakeholders, among which the Bank is

expected and willing to play a major role. Although the current financial support being

provided by the Bank is for the period up to 2007, it is likely to sustain support to the

countries beyond this period given the importance of statistics as a driver for evidence-based

development policy formulation, implementation and monitoring.

ABSTRACT

The African Development Bank is responsible for managing the African component of the International

comparison program (ICP). This marked the first time, since the inception of ICP nearly 40 years ago, that an

African institution has taken the lead position in implementing ICP activities in the region. In addition to

preparing ICP estimates for Africa, the Bank also aims to develop the statistical capacity of participating

countries, including the enhancement of the skills of national statisticians.

The Bank, bearing in mind, the weaknesses of the national statistical systems, is using the ICP-Africa as a

springboard for statistical capacity building in the African countries. The aim of capacity building initiative is

to provide a reliable information base for national, regional and global policy making and for supporting and

monitoring of progress towards achieving Millennium Development Goals, Poverty Reduction Strategy

Papers, New Partnership for Africa’s Development and Results–Based Management and Evaluation Systems

for Development Effectiveness indicators.
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THE FUTURE OF THE INTERNATIONAL COMPARISON PROGRAM - A GLOBAL 
PERSPECTIVE 

Dennis Trewin
Chairman, Global Executive Board, International Comparison Program
38 Mirning Crescent Aranda ACT 2614, Australia
dennistrewin@grapevine.net.au

1.  Introduction

The 2005 round of the International Comparison Program (ICP) looks like it will be a success.  The 
organisation of this round was based on a concerted effort by international and national statistical  
agencies to do a better job than in previous rounds. A review of earlier rounds by Jacob Ryten was a 
major influence.  The more significant discussions about the organization of the ICP were held at the 
United Nations Statistical Commission (UNSC). As a consequence this round of the ICP has been 
better planned, better managed, better resourced with much higher country participation.  Other 
papers and presentations at this meeting will tell you much more about the arrangements. 

My job is to talk about the future of the ICP.  It is a personal view at this this time, provided from the 
perspective of my role as Chairman of the Global Executive Board.  In part, I am putting forward 
some ideas to stimulate debate because there are many others who still have an input into the 
arrangements of future ICP rounds including the Executive Board itself, the World Bank as host of 
the Global Project Office and the major funder, other donors and the organisations who have 
managed the regional activities.  National Statistical offices should also have a say and to help that 
process a Friends of the Chair group was established at the 2007meeting of UNSC under the 
Chairmanship of Oystein Olsen of Statistics Norway.

2.  What have we learnt?

A summary was provided to the 2007 meeting of UNSC (World Bank, 2007).  The following are the 
key points.

1. No country can produce a PPP by itself.  It follows that inter-country coordination is 
necessary.  It is also essential to abide by standards accepted by other countries, share data and 
procedures, and allow data to be subjected to review by others.  While there were letters of 
agreement between regions and countries, and also between regions and the Global Office, 
these agreements fell short in defining the precise requirements.

2. There is a need to evaluate and more clearly define the roles of all the participants particularly 
the Global Office.

3. For many countries it was not easy to take on the additional data collection effort to collect 
prices for several hundred items outside their CPI basket. Expectations on their capacity 
should be reduced in future rounds.

4. The knowledge and expertise required to organize and coordinate a complex statistical 
program is available in the National Statistical Offices of developed countries, often more so 
than in the regional and international organizations.  Some partnering arrangements were put 
in place for this round (eg support was provided by Statistics Canada in Latin America). More 
extensive partnering arrangements should be sought from the very beginning for future rounds.

5. More recognition needs to be given to the fact that not every country speaks the same 
language.  Failure to allow sufficient time and resources for translation caused delays and data 
quality problems.
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6. While the primary work program for the ICP involves the collection of prices, the final result 
is the use of PPPs to deflate national GDPs into a common currency so that per capita and 
structural comparisons can be made. These comparisons lose their credibility if the national 
accounts, and breakdowns into expenditure categories, are weak. Insufficient attention was 
paid to the quality of the national accounts in the early parts of this round.

7. There were inadequate resources to cover the full GDP. AS a consequence there were 
slippages in timetables.

3.  The Friends of the Chair

As mentioned above, an independent Friends of the Chair group has been established by UNSC to 
provide insights that will be useful to the future of the ICP.  The Chairman is Oystein Olsen of 
Statistics Norway.  He has not been involved in the 2005 round. To ensure independent thinking, 
other members are from National Statistical Offices that have not been closely involved in the 
management of the 2005 round at the global or regional levels.

The friends of the Chair group are reporting back to UNSC in 2008 and no doubt will have a 
substantial impact on future ICP rounds.

4.  Key Issues

The key issues revolve around (i) budget/affordability, (ii) quality, (iii) the participation of countries 
and regions, (iv) the capacity of some developing countries to undertake the data collection, and (v) 
engagement with users and potential users of the ICP results.

I have not mentioned governance which could be a potential issue because I think this worked quite 
well in the 2005 ICP round.  The future governance arrangements should build on mostly successful 
arrangements that are currently in place.

About $50m was spent on this round by the global and regional offices. This does not include the in 
kind efforts made by regions and individuals. It does not include the efforts by national statistical 
offices to provide the required data.  It is a large, expensive and somewhat complex international 
project.  Some have argued that the ICP should be every 3 years but the cost is simply not affordable.  
Yet there are large 'start up' costs if the ICP was conducted less frequently.  There is a tension that 
has to be managed and I make some observations on this in the next Section.

The quality of the 2005 ICP round will be far superior than was the case in previous rounds.  But 
some quality problems still exist.  The key quality concerns are because (a) it is clear that in some 
cases comparable data are not being collected despite the concerted effort made to describe the items 
being priced, and (b) the expenditure breakdown of the GDP was not always reliable or comparable 
across countries.

Concern (a) applied to both comparisons within regions and the ring comparison across regions.  
Outliers are relatively easy to manage as long as there are not too many for a single country.  The 
bigger problem exists where there appears to be a systematic difference.

Some sub-regions (eg Carribean, Pacific Islands) were excluded because of budget problems.  Some 
individual countries within regions did not participate usually, but not always, because of capacity 
reasons.  A small number of countries provided data which is unrepresentative which makes it 
difficult to include them in the ICP.

For some developing countries, the ICP has clearly been difficult.  They have lacked the resources 
and infrastructure to collect the required data and/or there were difficulties with national accounts 
data.  Capacity building has been a clear objective of the ICP and it has helped countries make some 
headway particularly in Africa.  But there is more work that needs to be done.
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strong awareness of this round.  Time will tell how successful they will be.



5.  The Future - Some Personal Views

As outlined above, budget affordability is a key issue.  This applies globally, regionally and 
nationally.  We should not look at simply repeating the 2005 ICP on a periodic basis.  Ideally future 
ICP rounds should be more frequent and less expensive.  This is achievable if the ICP is more closely 
aligned with the prices and national accounts works of National Statistical Offices.  This is in effect 
what happens with the 3 yearly OECD/Eurostat comparison.  For them the additional effort required 
for the price comparison is relatively small.  Most of the required data is already collected. This 
strategy may require a reduction in the number of consumption items in the ICP.

Such a strategy has a number of benefits

(i) Clearly it reduces costs on countries.
(ii) The continuity of arrangements will make it easier for global, regional and national offices to 

manage.
(iii) It will be easier to maintain the necessary expertise at all three levels.
(iv) Technical capacity building effort will be very closely aligned with important prices and 

national accounts programs which are already subject to much technical assistance.

The devolution of regional responsibilities to regional bodies, with the co-ordination of the Global 
Office, worked quite well. This should be repeated but with some reflection on how things might 
work better. One issue was that, for some regions, there was not always a clear understanding of 
roles and responsibilities. In the end, the CIS region was linked into the ICP through the OECD/ 
Eurostat program. It has previously been linked in this way to OECD/Eurostat countries. A decision 
to do this should have been much earlier. Also, it is the arrangement that should apply in future 
rounds.

There has to be a clear understanding of the respective roles of the global, regional and national 
offices. Memoranda of Understandings are an important part of this process so roles and 
responsibilities are documented. But they need to be honoured. The "

p
enalties" for not honouring, 

unless mutually agreed, also need to be spelt out and pursued.

One outcome is that some countries will not be part of the official ICP. But estimates of purchasing p
ower parities will be required for them. Imputation methods, using what data are available, need to 

be further developed. This is not entirely satisfactory but probably better than relying on data that is  
clearly wrong. Countries should not be able to choose whether they are in the ICP or not. The choice 
should be whether their participation is based on data they have provided (assuming it is sufficiently 
accurate) or whether their participation is based on imputed data.

The governance arrangements seemed to work quite well at both the global and regional level. Whilst 
no doubt there are some improvements that could be made in light of experience, the basic 
arrangements as agreed by UNSC should be maintained.

A number of important methodological changes were made for this round. Most appear to have been 
successful but this will not be really known until the estimates have been finalised. But we do know 
Toolpack was not used to the extent envisaged. More work needs to be done to determine whether a 
generalised package like Toolpack will be a worthwhile investment in future rounds.

Another aspect that needs to be examined in the future is how the ICP might be improved to provide 
better data for poverty analysis.

To conclude my view is the broad strategy for the next round of the ICP is to build on the  
arrangements for this round identifying improvements that might be made in light of experience. 
There is no need to "start again".

6. REFERENCES

United Nations (2007), Report to the UN Statistical Commission on the International Comparison 
Program
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The ICP—New Methodology, Sustainability, and Lessons 

Learned 
Vogel, Frederic A. 
The World Bank 
1818 H Street  
Washington, DC 20433, USA 
favogel@worldbank.org 
 

1. Introduction 
 

The International Comparison Program (ICP) is a global statistical initiative that supports inter-country 
comparisons of Gross Domestic Product (GDP) and its components using Purchasing Power Parities (PPP) 
as a currency converter.  A problem that has challenged those comparing economic data across national 
boundaries is that the data are expressed in national currencies. National levels of the GDP must be 
expressed in a common currency before making comparisons.  Two common methods to convert data to a 
common currency are exchange rates and PPPs. The long standing deficiencies of exchange rates led to the 
development of the estimation of PPPs.  Purchasing Power Parities are determined using the relationship 
between the prices for a well defined basked of goods in each country to derive the relative purchasing 
power that is independent of exchange rates (ICP Handbook).   

The ICP has become one of the World’s largest statistical activities involving over 140 countries 
including those in the European and OECD regions. The ICP faces unique challenges in providing statistical 
methodology that can be carried out in practice by countries that differ widely in size, culture, and the 
diversity of goods and services available to their populations. Preliminary regional results have been 
published with global results to follow. National Statistical Offices, the regional coordinating organizations, 
and data users are asking about the future of the ICP and whether it will be continued in the future.   

The purpose of this paper is to provide an overview of new methodology developed, how it contributes 
to the sustainability of the ICP, and lessons learned to guide the future of the ICP. 

 
2. Governance 
 

An evaluation of the previous round of the ICP identified governance problems that included a lack of 
overall leadership, a lack of uniformity in the way activities were carried out across regions, and distrust 
between countries because there was no re-assurance that colleagues in other countries were applying 
guidelines and standards consistently.   

For these reasons, a governance structure was put into place that included an Executive Board, a Global 
Office, and coordinating organizations to lead the efforts of the national statistical offices in each region. 
Resources were made available to ensure that representatives of the National Statistical Offices could be 
brought together to agree upon the different steps from determining the products to price to challenging each 
other’s prices prior to publishing the PPPs. Twice yearly workshops brought the regional coordinators 
together to jointly review the new methodology being developed and agree upon work plans and time tables. 

As the program evolved, guidelines were developed and policies established regarding regional and 
global access to national data, minimum requirements for participation, and data submission requirements 
(Executive Board Policy Papers 1-3).  

A lesson learned comes from the fact that no country can produce PPPs by itself. A PPP is determined 
by comparing prices between countries, thus a basic requirement is that inter-country coordination is 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 2323 -



necessary. It is essential for each country to abide by standards accepted by other countries, share data 
collection and national accounting procedures, and allow their data to be subjected to review by others. A 
lesson learned for future rounds is the need to ensure at the beginning that there is mutual understanding 
between the Global Office and the regional coordinators and in turn between countries and regions of the 
requirements for participation in terms of data quality and timeliness, data sharing responsibilities, and 
adherence to prescribed procedures.  
 However, from a sustainability point of view, there was a substantial investment in human capital 
across the regions and national statistical offices.  A major legacy of the 2005 round is the infrastructure and 
statistical capacity now in place for a smooth continuation for future rounds.     

 
3. Methodology 

 

The foundation of the ICP is the comparison of national prices of a well defined basket of goods and 
services. One of the criticisms of the previous round was that regions and countries were given an inflexible 
list of items to be priced.  A fundamental principle established at the outset was to provide a framework in 
which the products would be selected and defined, but to turn the ultimate selection of the products and their 
specifications over to the regions and countries. For these reasons, the procedure to select the products and 
determine their specifications was re-engineered by developing the Structured Product Definition Procedure 
(SPD), allowing each region to develop its own list of products and specifications, and fully engaging 
countries in the process.  The development of the SPDs was a work in progress starting with preparing 
those for food first, then clothing, and through the consumption components of the GDP.  Improvements 
were made as the work evolved with software being developed to support the effort.   

Each region developed its own product specifications and conducted independent data collections 
leading to regional level PPPs. In order to link the regional PPPs, the regional lists were used as the basis to 
prepare a global list of products, which was priced across the globe by a subset of countries.  These data 
will be used to link the regional PPPs to the global level to provide inter-regional comparisons. This global 
list, referred to as the Ring list, is also in the SPD format.  The long term benefit is that the SPD coding 
structure imbedded in the regional and Ring lists provide a starting point for the next round and provide a 
connection between products across time. A lesson learned is that more recognition needs to be given to the 
fact that not every country speaks the same language.  Failure to allow sufficient time and resources for 
translation caused delays and data quality problems.  

Software has been developed to enhance future efforts to update and maintain the product 
specifications.  The regional and ring product lists and accompanying prices will provide a strong basis to 
determine an optimum number of items to price and the item characteristics. The software will simplify the 
process for the future with considerably less time required to prepare for data collection. 

While the selection of products for most consumption items was determined from the bottom up, global 
specifications were prepared for health, education, housing, government, equipment and construction. These 
are the most difficult items to compare with much of the methodology used for the Eurostat/OECD 
comparisons not always appropriate for developing countries. Numerous papers, the ICP Handbook, and 
Operational manual provide background on the effort to develop methodology for these difficult to compare 
components of the GDP. The result was new methodology to compare construction, equipment specifications 
and data collection forms based on the SPD concept were developed, a modified Quantity Approach for 
housing was implemented, and specifications for government were provided that were more representative of 
developing countries. The success of the new methodology is subject to a review of the resulting data. It is 
difficult to develop and implement at the same time; an important lesson learned is the need to control and 
manage any future enhancements before a proper evaluation. However, the considerable re-engineering done 
to improve the data quality of these difficult to measure components along with the resulting data will 
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enhance the estimation of PPPs for these components in the future. 
A huge effort went into developing a suite of software—ICP ToolPack—centered around a data base 

with modules to support everything from determining product specifications through data collection and 
validation, and the estimation of PPPs. The development of the system was a work in progress as new 
modules to meet needs were developed. Initial problems with the installation of the system and the desire of 
many countries to use their own software resulted in the Tool Pack only being used to its full extent in two 
regions. As the process to prepare the global results comes to conclusion, an important lesson learned is the 
requirement that all participants utilize the same software to ensure that data management and methodology 
across countries were consistent.  

The effort to strengthen the regional programs resulted in the need for an additional step which is a 
process to calibrate the regional data to a common global currency to allow comparisons between countries 
in different regions. New methodology coined the Ring comparison was developed (chapters 14 and 15, ICP 
Handbook).  This required the development of a list of products that represents the world and can be priced 
by selected countries in different regions. The global list has been developed and priced by the Ring 
countries.  In principle, the Ring comparison was to be coordinated by the Global Office the same as the 
regions coordinated their regional comparisons. However, resources prevented the global office from 
convening meetings of the ring countries to prepare the product specifications and review survey results.  A 
thorough review of these data provide a lesson learned that in order to ensure consistent and comparable 
results from the Ring, the price experts need to be involved directly in the process the same way they were 
for the regional comparisons. 

An important contribution to the methodology was the addition of statistical diagnostics to identify 
questionable prices across countries and basic headings.  The Dikihanov table is an outcome of using the 
Country Product Dummy (Chapters 11 and 12, ICP Hand book) method to compute Basic Heading PPPs.  
This, plus data validation modules for expenditure weights, equipment, construction and general government 
all contributed to capacity building and data quality. 

Nearly all of the re-engineering of methodology was to improve the data quality of the prices and 
resulting PPPs. However, a primary outcome of the program is the national GDPs converted using PPPs into 
a common currency to allow comparisons of per capita volumes and economic structure. Although early 
attention was given to the review of the national accounts and the breakdown to the 155 Basic Headings, it 
was not until the regions started computing per capita volume measures was it realized that national accounts 
needed more attention. An important lesson learned is that time and resources are required to improve the 
comparability and consistency of the national accounts and the requirement to provide breakdowns for 155 
categories. 

Another lesson learned has to do with the capability of a national statistics office to take on a data 
collection effort for nearly a thousand products that are outside their CPI basket. It is a tribute to the national 
offices that the program is coming to a successful conclusion. The lesson learned is that countries cannot do 
everything at once which is why consumption data were obtained in 2005 and collection for the remaining 
components continued through 2006 and early 2007.  

Closely related to this issue is that the knowledge and capability to conduct a complex statistical 
program is more readily available in the national statistical offices of developed countries than in the regional 
and international organizations. An important lesson learned is that the partnering arrangements and support 
provided by Statistics Canada for Latin America, Australia in Asia, Russia in the CIS region, and both the 
United Kingdom and France in Africa proved to be a valuable contribution.  Such arrangements should be 
sought from the very beginning for the next round.  
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4. Summary 

 

The ICP provides a unique opportunity to improve and harmonize statistical methodology around the 
world.  The ICP shares a common technical language and conceptual framework related to national level 
statistical programs supporting the consumer price index and output of national accounts. The very essence 
of the ICP is based on comparability of results between countries, strict adherence to time schedules, and a 
common understanding of data sharing and confidentiality requirements.  There is no other statistical 
program requiring so much cooperation between national, regional, and international organizations.  

As a result, a significant out come of this effort was statistical capacity building. When national 
coordinators were convened to prepare product specifications or to subject their prices and GDP expenditure 
weights to review by other countries, problems were exposed requiring action. Problems faced in collecting 
data for housing, government, and capital formation were reviewed across countries with them jointly 
sharing knowledge and experience. The ICP Handbook and Operational Manual were revised as 
methodology evolved.  Final additions to the ICP Tool Pack software also contributed to statistical capacity.  

The foundation of the ICP represented by the list of products and specifications are a major contributor 
to sustainability and the future improvement in the program.  

A major legacy of the 2005 round is the infrastructure now in place starting with the capacity of the 
national and regional organizations, the methodology and documentation developed, and the spirit of team 
work established across the national, regional, and international organizations involved.  
  
REFERENCES (RÉFERENCES) 
    ICP 2003--2006 Handbook, and Operational Manual, ICP website:  www.worldbank.org/data/icp..    

ICP Executive Board Papers 1-3, ICP website:  www.worldbank.org/data/icp
 

RÉSUMÉ (ABSTRACT)  
The 2005 International Comparison Program included over 100 countries pricing common baskets of goods and 
services representing their entire economies to estimate Purchasing Power Parities that are used to convert 
national Gross Domestic Products and aggregates to a common currency. The 2005 ICP was re-engineered to 
overcome data quality problems existing in previous rounds.  The paper provides an overview of the new 
methodology, steps taken to enhance the sustainability of the program, and lessons learned for future rounds of the 
ICP. 
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Discussion I on “Re-measuring the World Economies”

Misha Belkindas
The World Bank
E-mail: mbelkindas@worldbank.org

ABSTRACT

The Global Office of the International Comparison Program resided in the World Bank in the Devel-
opment Data Group. The World Bank was also a major donor for the global program. The discussant
will respond to issues about the future of the ICP from this point of view.

Keywords. World Bank, ICP, world economies.
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Discussion II on “Re-measuring the World Economies”

Jacob Ryten
Statistics Canada
E-mail: jacob.ryten@gmail.com

ABSTRACT

The discussant was the author of the Ryten paper prepared for the UN Statistics Commission regarding
shortcomings of the previous round of the International Comparison Program. The recommendations
in this paper established the framework for the 2005 round of the ICP. The discussant also served on
the ICP Executive Board and as a coordinator of the Latin America ICP program. The discussant
will respond to issues about the future of the ICP from this background.

Keywords. World economies, ICP.
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Investing in Statistical Capacity in Developing Countries 
Shaida Badiee 
World Bank, Development Data Group 
1818 H Street, NW 
Washington DC, 20433 USA 
sbadiee@worldbank.org

Misha Belkindas 
World Bank, Development Data Group 
1818 H Street, NW 
Washington DC, 20433 USA 
mbelkindas@worldbank.org 

1. The Nature of Official Statistics 
All governments collect, compile and use statistical data.  In less developed countries, the need for good 

statistics is even greater than elsewhere. The impact of government decisions on the welfare of their people is 
substantial and the cost of bad decisions is immense. And yet, because the production and dissemination of 
official statistics is a function of central government, in many developing countries statistical agencies are under-
resourced and do not function well. Many statistical systems are caught in a vicious cycle, where inadequate 
resources restrain output and undermine the quality of statistics, while poor quality leads to lower demand and 
hence fewer resources (World Bank, 2003). Sustainable improvements to the statistical systems of developing 
countries - true capacity building - require programs to increase both the demand for and the supply of statistics. 
There must be a break in the cycle, encouraging countries to develop the capacity to conduct sophisticated 
statistical activities reflecting their own agenda and to make better use of these data in managing their 
development programs. 

2. The Problem of Weak Statistical Capacity 
There are many examples of the weak statistical capacity of poor counties. One source of evidence is the 

poor quality of national statistics in international databases1, where missing or unreliable data limit cross-country 
analysis and undermine efforts to implement global programs2. Other evidence comes from the extent to which 
countries participate in world and international programs, including the 2000 and 2010 round of population 
censuses. Censuses are important, particularly in countries lacking vital registration systems, because they are 
the only source of data on the geographical distribution and the age and sex structure of the population. Yet in 
Africa, for example, barely half of all residents have been included in a census in the last ten years. Given the 
rapid changes in the populations of many African countries - resulting from migration, changes in fertility and 
the impact of HIV/AIDS - it is almost impossible to monitor poverty or promote results-based management 
using population data that are more than 10 years old. 

Statistical systems are weak in other areas, for example, in the quality and coverage of their economic 
statistics, which are essential for effective economic management, especially in small, open economies. There 
are also major gaps in key social indicators, including those being used to monitor progress towards the 
Millennium Development Goals. For example, a statistical capacity database maintained by the World Bank3

shows that as many as 45 per cent of African countries do not have reliable measures of poverty that are less 
than five years old.  

3. The Changing Demand for Development Statistics 
The past several years have seen a substantial increase in the demand for data to monitor indicators of 

development. This increased demand has been generated from a number of sources, but overall it represents both 
                                                     
1 See, for instance, the Report of the Friends of the Chair on MDG indicators presented at the 37th Session of the UN 
Statistical Commission, New York, March 7-10 2006 (UN Document CN.3/2006/15) 
2 The recent debate over the accuracy of HIV/AIDS prevalence estimates is a case in point. 
3 http://www.worldbank.org/data/countrydata/csid.html 
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a major challenge and a major opportunity for the international statistical community and for the managers of 
statistical systems in developing countries. A central problem that has restricted the development of statistical 
systems in developing countries has been the lack of sustained demand for their products, particularly by the 
governments that allocate resources for statistical activities (Eele, 1989). Processes that lead to an increase in 
demand, therefore, represent an important opportunity to break into the vicious cycle and address fundamental 
problems. 

Internationally, the United Nations Millennium Summit in 2000 and the resulting Millennium Declaration 
placed the need to monitor progress at the core of the development and poverty reduction process. The 
translation of the eight goals into 48 indicators immediately focused a political spotlight on the statistical 
systems that were to generate the data for these indicators. At the national level, in developing countries, a 
number of processes have presented an opportunity to make the case for more sustained investment in statistical 
activities. Following the campaign for enhanced debt reduction, the requirement for least developed countries to 
prepare and implement poverty reduction strategies has created new demand for statistics. The preparation of 
Poverty Reduction Strategy Papers (PRSPs) is a data intensive process involving the identification of both 
indicators and the establishment of annual monitoring mechanisms (World Bank, 2002). In many countries, the 
processes of preparing the PRSP and the political attention given to the document have highlighted weaknesses 
in statistical systems and have allowed managers to make the case for increased resources (Booth and Lucas, 
2001).

4. The Changing Approach to Supporting Statistical Development 
The weaknesses of the statistical systems in many developing countries have long been recognized. 

Capacity building activities, including training, technical assistance, and sponsorship of surveys and censuses, 
have helped to improve the availability of important economic and social indicators. However, much of the 
support to statistical development prior to 2000 was uncoordinated and piecemeal, with limited attention being 
given to statistical systems as a whole and to national priorities. Although there were some attempts at broader 
programs, for example, the Addis Ababa Plan of Action for Statistics in the nineties, on the whole the impact 
was limited (UNECA, 2001). By 2000, it was clear that a different approach was needed. The formation of the 
Partnership in Statistics for Development in the 21st Century (PARIS21) placed a new emphasis on statistical 
capacity building based on country ownership and the preparation and implementation of national statistical 
development strategies. 

5. The Marrakech Action Plan for Statistics 
Following the Monterrey Conference on Financing for Development held in Mexico in 2002, there was a 

broad consensus that increased finance for development could be made available, but that developing countries 
and the international community should together adopt a much more results focused approach, which has 
become known as the results agenda (United Nations, 2002). It was clear that statistics had to be a central part of 
this approach. The lack of good quality data has certainly restricted the capacity of countries to manage for 
development results and from an early stage emphasis was placed on investing in statistical capacity, but in a 
way which would itself produce demonstrable results and which could be sustained. 

At the second international Roundtable on Managing for Development Results held in Morocco in 2004, 
the international statistical community agreed on what was needed to support the results agenda, focusing on the 
challenge of reporting on progress towards the MDGs by 2010. As part of this process what has become known 
as the Marrakech Action Plan for Statistics ( MAPS) was developed. MAPS builds on what has already been 
achieved and identifies six specific actions to be carried out by 2010. Of these six components, three focus on 
support national statistical capacity while the other three aim to strengthen international coordination and 
management in support of national capacity building. The plan has been widely endorsed and, if fully 
implemented, represents a step increase in resources for statistics over the next five years. The challenge is to 
ensure that the program is implemented successfully and to bring together all the different initiatives supporting 
statistics in developing countries to deliver better data for development. 

6. National Strategies for the Development of Statistics 
The basis of MAPS is the recognition that improving the quality and availability international 

development statistics such as the MDG indicators depends on the capacity of national statistical systems. 

2
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Piecemeal approaches that focus on specific data sets or just parts of the statistical system are unlikely to be 
effective. The main instrument, therefore, has been to encourage countries to prepare national strategies for the 
development of statistics (NSDS), promoting an integrated and strategic approach that is managed and controlled 
by countries themselves. While the idea of strategic planning in statistics is not new, its implementation by a 
large number of countries over a relatively short period of time has presented a major challenge to the statistical 
community. What is needed is a holistic approach, based on appropriate investments in management, skilled 
staff and modern technology, supported by better coordination and technical advice from the international 
community. A twin-tracked implementation strategy, which focuses on priority data needs in the short-term and 
developing more efficient and effective statistical systems in the medium to longer term, has proved particularly 
effective.

7. Scaling-up, Moving From Planning to Implementation 
The third international Roundtable on Managing for Development Results, which took place in Hanoi, 

Vietnam in February 2007, acknowledged that a considerable amount has been achieved in statistics over the 
past eight or nine years. The case for increased investment in statistical systems has largely been made and an 
approach which emphasizes country leadership and direction through the preparation of NSDS has been 
developed and rolled out. As yet, however, implementation has not been on the same scale. There are a number 
of reasons for this, but one crucial component has been the difficulty that managers of statistical systems have 
faced in persuading both their own ministries of finance and development partners that statistics is a priority in 
the allocation of resources. The World Bank and other development agencies have increased their support for 
statistics and the Bank, for example, has established a special financing vehicle for statistical projects, a lending 
program - STATCAP - although this does not, of itself, provide any additional resources. Many governments 
still prefer to use aid funds for social programs or for more obviously productive investments. Statistics, while 
acknowledged as being important, is still rarely at the front of the line for development funding. The same is also 
true in respect of domestic budget allocation. Ministers of Finance are often reluctant to increase funds for 
statistics. The Hanoi meeting, therefore, identified that a new approach is needed, which will make more 
resources available and which will provide for some of the most important investments needed to build capacity. 

8. What Can the Statistical Community Do? 
If this initiative is to have an impact and if the investments that are needed in the statistical systems of 

developing countries are to be financed, then it is essential that the international statistical community plays a 
full part in the process. In particular, all UN member states and all partners in the international statistical system 
need to work together to implement the resolution of the UN Economic and Social Council on statistical capacity 
building and to intensify efforts to strengthen national statistical capacity in order to produce reliable and timely 
statistics and indicators 4.

Four areas where support is urgently needed are suggested. First, and perhaps most important, the case for 
investment in official statistics needs to continue to be made. In particular, we need to make the case, not only 
for the financing of specific statistical programs, surveys and censuses, but also for investment in appropriate 
infrastructure, in people and in more effective coordination and management. Second, the statistical community 
needs to engage with development agencies to make the case for increased aid for statistics and for statistical 
agencies. Most poor countries will continue to need aid for investment and even to finance specific statistical 
activities for a number of years. This assistance needs to be well coordinated, but it also needs to be sustained. 
We are all aware of the time it takes to develop capacity and to set up new statistical programs; we need to make 
sure that the people who allocate resources are also aware of this. Third, the statistical community needs to 
mobilize technical expertise and make this available to developing countries. Programs are needed to transfer 
skills and expertise, to make new technology available and to help developing counties improve the effectiveness 
and efficiency of their statistical agencies and their statistical activities. Fourth, advice and support is needed to 
improve management and coordination and to help statistical agencies cope not only with increased demands for 
their services and products, but also the process of change. 

                                                     
4 UN ECOCSOC resolution 2006/06, (http://www.un.org/docs/ecosoc/documents.asp?id=1214) 
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ABSTRACT 
Statistical systems in developing countries are under pressure, but are being called on to provide the data 

to guide development and to monitor poverty reduction. Progress has been made in developing an approach 
based on national strategies for the development of statistics, but we need to move from the preparation of these 
plans to their implementation. In particular, the international statistical community has an important role to play 
in this process. 
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Capacity Building in Africa  
Kiregyera, Ben 
African Centre for Statistics 
P.O. Box 3001 
Addis Ababa, Ethiopia 
E-mail:  Bkiregyera@uneca.org, bkiregyera@yahoo.com 
 
1. Introduction 
 
Many countries in Africa have been trapped in a vicious cycle of statistical under-development. Little or lack 
of appreciation at political and policy level of statistics as a strategic resource for planning, decision-making, 
good governance, accountability and management of public affairs has led to low priority being attached to 
statistical production, low status of the National Statistical Offices (NSOs) and demoralized and despondent 
statistical personnel. Development of National Statistical Systems (NSSs) in many of these countries has by 
and large been ad hoc and piecemeal (intended to meet short-term data needs rather than build sustainable 
statistical capacity), uncoordinated, poorly resourced and largely donor-driven with limited government 
commitment and/or ownership of statistical processes. Under-resourcing has in turn led to poor statistics 
which has led to lack of demand for statistics as well as difficulties for data providers in meeting user 
requirements. But even where monitoring information is available, it is not always used. A recent study by 
the World Bank on understanding the institutions for monitoring poverty reduction strategies in 12 
developing countries including six in Africa concluded that, “…in most of the country studies, there is little 
or no evidence that monitoring outputs are being used either for policy making or advocacy. Demand for 
monitoring information remains weak, the national policy making is based on evidence only at the 
margin…..” [1].   
 
In recent past, however, African and other developing countries have committed themselves to a results-
based agenda which includes the Poverty Reduction Strategies (PRSs), Millennium Development Goals 
(MDGs) and other national development plans. These agendas requires clear and unambiguous systematic 
measurement and reporting on achievement of outputs, outcomes and impact of development policies and 
programmes. The results-based agenda is data intensive and is predicated on there being: capacity to demand 
and effectively use statistics for policy analysis and design (demand side), and national capacity not only to 
produce better statistics, but to do so in a sustainable manner, and on a scale and in a time frame that are 
relevant to policy makers (supply side). However, the focus on development results has brought to bare: the 
weaknesses in statistical capacity, the dearth of data on social and economic indicators required for 
monitoring achievement of results on development policies and initiatives; the unreliability of existing data; 
and unsustainability of current statistical activities in the countries.  
 
Not only does this new development approach present major challenges to already weak and vulnerable 
NSSs but also it presents unprecedented opportunities particularly with regard to increasing demand for a 
variety of statistical information in the short-term and raising the public profile of statistics as well as 
building statistical capacity in the medium to longer-term. One of these opportunities is the recent increase in 
international cooperation and partnerships for statistical development to respond to the unprecedented 
demand for statistics and development indicators. PARIS21 (Partnerships in Statistics for Development in 
the 21st Century) has been catalyzing statistical development in developing countries, the World Bank Trust 
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Fund for Statistical Capacity Building (TFSCB) has been helping countries improve their statistical systems, 
multi-lateral (IMF, African Development Bank (AfDB), UNDP and UN agencies, etc) and bilateral donors 
(e.g. through the GDDS regional project) have been funding capacity building and statistical activities in 
many African countries. The movement to build statistical capacity was given impetus by the International 
Roundtable on Managing for Development Results held in Marrakech, Morocco in 2004. The Marrakech 
Action Plan for Statistics (MAPS), which sets out an internationally agreed set of actions with a focus on 
strategic planning. According to MAPS,”National Statistical Systems can meet the monitoring and 
evaluation requirements of PRSPs, MDGs and other national development plans' through ’integrated 
statistical plans covering all data sectors and users' and to increase the “number of countries with a fully 
costed, integrated statistical action plan”’. MAPS set 2006 as the date by which all poor developing 
countries should have developed a National Strategy for the Development of Statistics (NSDS). In Africa, a 
Reference Regional Strategic Framework for Statistical Capacity Building (RRSF) was developed as the 
regional variant of the MAPS. This paper outlines the purpose, design process, key capacity building features 
and arrangements for RRSF implementation, monitoring and reporting.  
 
2. Reference Regional Strategic Framework for Statistical Capacity Building 
 
Purpose 
 
The RRSF was designed to overcome problems and constraints and meet capacity and data challenges that 
countries in the region face. Its goal is to contribute to improve policy-making, development outcomes and 
good governance in Africa by guiding and accelerating sustainable statistical capacity building activities. Its 
specific objectives are: to raise societal awareness of the role of statistical information, increase user 
satisfaction by enhancing the quality and usability of statistical information, promote greater use of statistical 
information, and achieve synergy, cost-effectiveness, and sustainability in statistical information systems. 
The RRSF is built around three themes: meeting user needs, improving the management of statistical 
systems and ensuring the sustainability and irreversibility of statistical development.  
 
Design process 
 
The RRSF was based on a detailed assessment of the current state of NSSs in Africa. The assessment was 
based on missions undertaken in mid-2005 to more than 20 African countries and 40 sub-regional, regional, 
and international organizations and bilateral development partners. It also leveraged previous assessments of 
national statistical capacities, existing statistical frameworks, and initiatives such as the United Nation’s 
Fundamental Principles of Official Statistics, the IMF’s General Data Dissemination System, and the Data 
Quality Assessment Framework. The assessment helped identify strengths on which to build, weaknesses to 
resolve, opportunities to exploit, and threats to avoid in developing national statistical systems in Africa. The 
RRSF was also based on lessons learnt from the Addis Ababa Plan of Action for Statistical Development in 
Africa in the 1990s (AAPA) whose implementation in countries left much to be desired. The AAPA had 
been designed to reverse the decline in statistical production in Africa in the 1970s and 1980s and to lay a 
firmer basis for statistical capacity building and development in the region. 
 
The development of the RRSF was funded by the African Development Bank (AfDB), the Partnership in 
Statistics for Development in the 21st Century (PARIS21) and the World Bank. The framework was 
prepared by a team of international consultants hired by the three funding partners and coordinated by the 
United Nations Economic Commission for Africa (UNECA). It was endorsed by the meeting of Directors of 
National Statistical Offices (NSOs) in Africa and the 2nd Forum on African Statistical Development 
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(FASDEV)1 held in February 2006 as well as by the UNECA’s Conference of African Ministers of Finance, 
Planning and Economic Development in April 2007.  
 
RRSF capacity building strategies  
 
The framework proposes a number of strategies and actions to meet its objectives including: 
 
Establishing in-house training centres at NSOs:  Realizing the great need for meeting demand for minimum 
competences among personnel who collect and collate statistics in various government institutions and in 
sub-national structures (provinces and districts), the RRSF recommends that each NSO establishes an in-
house training center with adequate staffing, equipment and scholastic materials as an integral part of the 
NSO. Establishing such a centre is not only a cost-effective way to impart knowledge as a big number of staff 
can be trained using the facilities and staff of the NSO, but also hands-on practical-oriented training can be done.  
 
In addition to regular training, the centre should from time to time organize short courses, seminars and 
workshops to meet specific needs of the NSO and other data producers in the country. These can be 
conducted, for instance, on data collection, data analysis, data interpretation, report writing, use of computer 
packages, Geographic Information System (GIS), poverty mapping, new areas in statistics (e.g. poverty 
statistics, governance, environment statistics, etc.).   
 
Strengthening of regional training centres:  There are a number of regional training centres (RTCs) in 
Africa that train statistical personnel at sub-professional and professional levels. The RRSF recommends that 
these centres be strengthened by: helping them to periodically review their curricula to incorporate emerging 
issue in their training programmes; assisting them with consultants to offer training in specialized areas; 
providing them with training materials and equipment (computers, books); assisting to train trainers; 
strengthening linkages between training centres and the national NSOs; re-establishing a forum for training 
centres to meet periodically to exchange experiences and good practices; encouraging women to take courses 
in statistics and to join NSOs; establishing a fellowship program to train professional and middle-level 
statistical personnel from African countries; promoting partnerships (e.g. twinning arrangements) between 
RTCs and other training centers of excellence within and outside Africa; etc. 
 
Building statistical capacity in sub-regional organizations (SROs): Regional economic communities (RECs) 
are playing crucial catalytic roles in statistical development in Africa. They convene annual meetings of 
Directors as well as technical meetings and workshops to address problems of existing data gaps, 
harmonization of statistical concepts and definitions to ensure that countries produce comparable data, and 
methodologies and lack of expertise in specific areas. They also collect, collate and publish data from 
countries and are developing sub-regional databases. The RECs are expected to play a greater role not least 
in the actual implementation as well as monitoring the implementation of the RRSF (see below). However, 
many RECs are under-staffed and under-capacitated. There is, therefore, a need to build statistical capacity 
among the RECs so that they can in turn assist develop statistical capacity in member states. 
 
The Southern Africa Development Community (SADC) has come up with a regional statistical training 
project whose core components are: an in-house and distance learning basic course in statistics to be 
implemented at national level, and a programme of short courses and seminars for professional staff working 
in NSSs of SADC member states. Such a training project will also help to promote common understanding 
                                            
1 FASDEV is a forum of national, sub-regional, regional, and international organizations that seek to 

strengthen cooperation for statistical development in Africa 
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and use of common definitions and concepts within the region, thus contributing to regional integration.  
SADC, like other RECs needs to be capacitated to play the many roles expected of them including assisting 
countries to build statistical capacity.  
 
RRSF implementation, monitoring and reporting 
 
The RRSF identified key stakeholders in statistical development in Africa as well as their interests and roles 
in its implementation, monitoring and reporting. Primary responsibility for implementation lies with the 
countries, the primary beneficiaries of the RRSF. Under the framework, NSOs are expected to create 
awareness about and enlist support for the framework among key stakeholders, designate an official to 
coordinate RRSF implementation at the country level and liaise with coordinators at the sub-regional and 
regional levels, and design and implement the NSDS. Sub-regional and regional organizations are expected 
to create awareness about and enlist support for the framework regionally and internationally, using various 
fora, such as meetings of Ministers and other high level government officials as well as in monitoring and 
reporting on implementation of the framework. In recent past, the statistics function has been strengthened at 
both AfDB and UNECA (joint coordinators of the RRSF) with establishment of a Statistics Department at 
AfDB and an African Centre for Statistics (ACS) at UNECA. This has raised the prospect for better 
coordination of implementation, monitoring and reporting on the RRSF and in statistical capacity building in 
Africa. As part of the monitoring framework, peer review of country national statistical systems and 
statistical work by the sub-regional organizations will be undertaken. 
 
International organizations and donors (bilateral and multilateral) continue to develop statistical 
methodologies and frameworks, fund statistical activities at all levels, and provide technical assistance. They 
will have greater impact if their efforts are coordinated. The role of donors and international organizations in 
developing statistics in Africa is expected to grow in the context of this framework. About $73 million a year 
in additional external assistance will be needed to implement the framework throughout Africa. 
 
Monitoring of framework implementation will be handled on a continuous basis by building on the PARIS21 
Statistical Capacity Building Indicators and the IMF’s Data Quality Assessment Framework. Countries will 
provide a mechanism for monitoring statistical development within their national strategies for developing 
statistics. PARIS21 light reporting exercise for donor programmes and projects will be used to monitor and 
report on donor support. Regular reviews will be conducted, including bi-annual, mid-term (2010) and main 
review (2015), which will be presented to the UNECA Conference of Ministers and the AfDB Board of 
Directors. The African Centre for Statistics has developed an RRSF website where information about RRSF 
implementation in the countries and the region will be posted periodically. 
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AUSTRALIAN EXPERIENCE WITH CAPACITY BUILDING IN THE ASIA PACIFIC 
REGION

Dennis Trewin
Statistical Consultant

1.   Introduction

Australia has invested in statistical capacity building in the Asia/Pacific region through a mixture of 
bilateral and multilateral arrangements.  The paper describes the arrangements and the Australian 
experience with the provision of technical assistance.  This has been rewarding at times and 
disappointing at other times.  Based on my personal experience the paper will provide a personal 
perspective on the key requirements for successful technical assistance programs.

I am writing this from the prospective of being the head of the Australian Bureau of Statistics until 
recently and my involvement in a number of global and regional activities.

2.   Type of Technical Assistance

There are two main funders of technical assistance for statistical capacity building in Australia

(i) AusAID � Australia�s development agency
(ii) Australian Bureau of Statistics (ABS)

AusAID funds a number of providers of statistical assistance.  The ABS is one of the providers of the 
assistance but not the only provider.  There are also a number of private sector providers (sometimes 
using former ABS staff)  Often AusAID will issue a tender calling for expressions of interest to 
provide technical assistance.  As a government agency, the ABS does not enter into competitive 
situations as a matter of policy.  As a consequence, it is not the provider of technical assistance in 
some cases even though it would be the most suitable agency to do so.  But there are situations where 
AusAID approaches the ABS directly to provide technical assistance.

The ABS may provide technical assistance funded by organizations other than AusAID (eg the Asian 
Development Bank).  But it also funds technical assistance itself often through the provision of 
in-kind services.

There is another important aspect of ABS policy � priority is given to technical assistance in the Asia 
Pacific Region.

The nature of ABSs technical assistance varies considerably.

(i) It may be for large global projects (eg the International Comparison Program, 2010 Population 
Census round) but again the key focus will be on the Asia Pacific Region.

(ii) It may be for regional activities eg providing experts to assist with regional training programs 
and workshops.

(iii) It may be for assistance at the sub-regional level.  For example, assistance is currently being 
provided to the Pacific Island countries on strategic planning for statistics.

(iv) It may be bilateral assistance as part of a long term program of technical assistance.  For 
example a program exists with the Indonesian National Statistical Office.  This is codified in a 
Memorandum of Understanding.  In the recent past, assistance was provided to the Thai 
Statistical Offices on the development of macroeconomic statistics.

(v) It may be bilateral assistance for a specific project.
(vi) It may be hosting study tours for one or more of the officials from other statistical agencies.
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3.  When have things worked well and not so well?

Sometimes it is necessary to do the job for the country providing the assistance but generally this is  
not desirable � it is much better to help a country to do the job themselves.  Knowledge transfer will 
be much greater when this happens.  This is clearly the preferred strategy when providing technical 
assistance.

It follows that the host country has to be capable of receiving the assistance.  It must have staff with 
sufficient skills and the financial and other resources for the work to continue after the providers of 
the technical assistance have left the country.  Some basic capability development may indeed be a 
higher priority in the first instance.

Also, some requests for additional information or further assistance can be expected after the first 
assistance is provided.  For example, although the technical assistance programs between the ABS 
and the Thailand National Statistical Office on macroeconomic statistics has been completed, there 
continues to be an ongoing relationship.  These may be in the form of email exchanges, short visits, 
study tours, etc.  It is for these reasons that a National Statistical Office rather than individual 
consultants is best placed to provide technical assistance.

Planning is essential.  This has to be done with the country receiving the technical assistance.  There 
has to be some understanding of their development plans.  National Development Strategies will be 
of great assistance although the technical assistance may only be supporting part of the strategy, it is 
very important to understand how this part fits into the total strategy. Also, consideration should be 
taken of all the providers of statistics within the country.

It is also important to understand the outcomes being sought.  This may require discussions with the 
users of the published information not just the statistical offices.  It may require discussions with the 
Government.  Representatives from more developed offices can be very useful advocates on the 
importance of statistics for nation building.  Statistical development is unlikely to be sustainable 
without the support of Governments.  There is another reason for seeking the support of Government.  
Often statistical developments will require access to administrative and registration data systems.

Often, more than one donor will be working in a country.  It would be easy for them to work in ways 
that are inconsistent which may be confusing to the recipients of the assistance.  It is also wasteful of 
resources  from both the providers and receivers of technical assistance. It will be far more effective 
if a co-ordination arrangement is established within the country.  For example, this may be facilitated 
by the host country or the chief donor or the UN co-ordinator for the country.  Co-ordination is the 
primary issue, the co-ordinator is the secondary issue.

Whilst study tours can be important they generally expose only a small number of people who can 
benefit from this.  Generally, a greater number of people will be exposed if the technical assistance is 
provided within the country.  This can be important where key staff are lost to the national statistical 
office.

Documents and publications can be important sources of material for countries seeking assistance.  
They can now be more readily available through web sites.  But the Offices publishing this material 
should be prepared to answer questions based on that material.

Formal training will be part of technical assistance.  This is far easier to absorb if there is a practical 
element based on real case studies that are relevant to the countries receiving assistance.

4.   Concluding Remarks

Technical assistance in statistical capacity building has increased greatly in recent years but it has not 
always been productive.  The statistical capacity of many countries needs to improve so not 
surprisingly there are many calls for further technical assistance.  But there is also a need to ensure 
that the technical assistance provided is done so in an efficient way.  Based on the foregoing, I would 
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regard the following as some of the key elements of an efficient technical assistance program.

a. Help the host country to do the job � don�t do it for them. Otherwise the assistance is unlikely 
to be sustainable.  Expect to have some form of ongoing relationship with the recipients of the 
technical assistance.

b. Ensure the host country has the capability to absorb the technical assistance.
c. Understand the outcomes that are being sought from the technical assistance.
d. Plan the technical assistance program in close collaboration with the host country.  Ensure that 

is will aligned with the host country�s own strategic development plans. If necessary liase with 
the host Government.

e. Ensure there is co-ordination among all the donors assisting with statistical capacity building 
within the country.

f. Make documentation available.  It is a good point of reference for countries trying to absorb 
new methods.

g. An ongoing relationship is important.  Twinning arrangements might be one way of achieving 
this.

There is another important aspect I have not mentioned � data analysis.  Too often data collections 
are completed but the data is under-analysed because of the lack of analysis skills within the country.  
Alternatively, the analysis may be done outside the country without a great deal of feedback on the 
results of the analysis.  If the full benefits of statistical capacity building are to be obtained, some of 
the effort should be put into the improvement of analysis skills. This is an area where the ISI can 
certainly assist.
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How to Increase the Impact of the Regional Cooperation between

Statistical Societies

Jaromir Antoch
Charles University of Prague
E-mail: jaromir.antoch@mff.cuni.cz

Gejza Dohnal
Czech Technical University
E-mail: dohnal@fsik.cvut.cz

ABSTRACT

In our presentation we will concentrate on the following points:
- What is the impact of the current cooperation with the neighboring statistical societies in the region
of Central Europe.
- How we could improve further the exchange of information between the members of our societies.
- How to increase the exchange of students from our region including such an option into the study
plans and curricula.

Keywords. Regional cooperation, cooperation of statistical societies.
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Professional code of ethics in Slovenia

Blejec, Andrej
National Institute of Biology and
Statistical Society of Slovenia
Vecna pot 111
SI-1000 Ljubljana, Slovenia
E-mail: andrej.blejec@nib.si

Abstract

The professional ethics of the first statisticians, working in Slovenia and consisting the core of
what is now the Statistical Society of Slovenia (SSS), was based on personal professional responsi-
bility. With the growth of public awareness and importance of independent, trustful and relevant
statistical system, the need for more formal concept of statistical professional code was needed. In
1991, Statistical society of Slovenia adopted the Code of ethics that is based on Slovenian translation
of ISI Code of ethics from 1985. It is based on four interconnected principles: obligations to public
and society, relations to funders and employers, obligations to colleagues and obligations to subjects.
The same Code of ethics, accompanied with the European Statistics Code of Practice (2005), is in use
in Statistical office of the Republic of Slovenia (SORS). The independence of the statistical system
in Slovenia is based on Law of statistics, which puts Statistical Office the position to act profession-
ally and independently of politics. The same law defines the use of statistical data and protection of
personal and institutional data.

Introduction

The foundations of statistical system in Slovenia were formed more than 60 years ago as a rel-
atively independent regional part of the statistical system in federal Yugoslavia. Slovenia became an
independent state in 1991 and Statistical office continued the work as the state institution. During the
process of harmonization with European system, Statistical office went through a phase of modern-
ization and established independent and trustful position. In 2004 Slovenia entered European Union
and as a member of UE received position in European statistical system.

In parallel with the official statistical system, use of statistics in industry and research grew from
the modest individual use in the middle of the past century to the important part every analytical
work. Statistics found its place in almost all university programmes, including the graduate studies
of Statistics at University of Ljubljana.

The need for professional society of statisticians resulted in formation of Statistical Society
of Slovenia (SSS) which was formed in 1977. Nowadays SSS has about 150 members, mostly from
academia and official statistics. In 1991 the SSS adopted the Code of ethics that is based on Slovenian
translation of ISI Code of ethics from 1985.

In this paper we present some relations of the Code of ethics with the official and academic
statistics in Slovenia.

Code of ethics

Code of ethics that is presently used in SSS is based on four main interrelated principles: obliga-
tions to public and society, relations to funders and employers, obligations to colleagues and obligations
to subjects. The principles are wide and descriptive and offer the conscientious statisticians from dif-
ferent areas of application a framework, within which they should be able to work comfortably.
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In parallel, more specific European Statistics Code of Practice is in use in Eurostat and national
statistical offices. It is based on 15 principles that are somehow exposing specific points covered in
four general principles of ISI Code of Ethics.

Without any intent to put priority to any principle, we will limit our discussion to professional
independence, quality commitment, use of sound methodology and appropriate statistical procedures,
and accessibility and clarity.

Official statistics in Slovenia

What is now Statistical Office of the Republic of Slovenia (SORS) was in the past integral, yet
relatively independent, part of central statistical system in Yugoslavia. Statistical office of Slovenia
was always one of the best developed in Yugoslavia. It was usually asking for new research programmes
that were not always approved by the central statistical office. Sometimes ideas were too advanced for
the rest, less developed parts of the country, or were not compliant with the general stream of social
development in the country. Yet, the office had a reputation of being reliable and accurate source of
statistical data.

That reputation was proven during the changes that occurred during the process of democra-
tization and movement for independence of the Republic of Slovenia. Director general and his staff
continued to work on modernization of the statistical system, did a great job on harmonization of
statistical system with Eurostat and put SORS in a position of a very respected European statistical
office.

Statistical system in Slovenia is governed by Law of Statistics (1995), which guarantees profes-
sional independence of SORS. No political or other influence can be put on director general, who is
responsible directly to the prime minister. Statistical council, constituted by the same law, serves as
a link between statistical authorities and the government and is the main advisory board for strategic
and developmental planning of statistical programs in Slovenia.

Eurostat is checking compliance of national statistical offices with the Code of Practice by
self-assessment questionnaire. To complement the self-assessments with an external view, all Na-
tional Statistical Institutes and Eurostat will be subject to a peer review during 2006/07 establishing
compliance with the Code in particular in the areas related to the institutional environment and dis-
semination of statistics. Self-assessment of SORS was performed in 2005, while the peer review of
SORS is planned for spring 2006. Both reports are publicly available on Eurostat and SORS web
sites.

According to the self-assessment questionnaire, SORS is professionally independent organization
with the mandate to collect information for the production and dissemination of official statistics is
specified in Law of Statistics. SORS is committed to quality in the sense of the ’Quality declaration of
the European statistical system. SORS cooperates with the scientific community to improve method-
ology. Here, the SSS is playing the major role of connections between official statistics and statistics
at academia. SSS and SORS are organizing international conferences, where current results, methods
and appropriateness of statistical procedures are discussed.

Statistics in science and research

Statistics in research and academia is less committed to officially stated codes. Because it is
not always clear what is the impacts of use of statistics in science and research to everyday life and
decisions, people are less concerned about its use. While statistics in social sciences and economy is
partly close to the official statistics, statistics in natural sciences and technology is used more as a
research tool. Let me point out some reflections related to the possible non-compliances with the code

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 2349 -



of professional ethics in science and research, even if they are not limited to the case of Slovenia.
Researchers are not always completely independent in the way statistics is used. No law is

protecting the statisticians of being asked to produce ”expected” results and in some cases it might
be difficult to protect oneself from such influence, especially in connection with employers. From my
own experience I can tell, that personal honesty had to be supported by the quotation of the Code of
professional ethics.

Important principles of the codes is quality commitment, use of sound methods, use of ap-
propriate statistical procedures, and obligations to colleagues and peers. In scientific publications,
peer-review process is supposed to ensure mentioned aspects. But it is not always so. In many fields,
as important as medical and pharmaceutical research, way too often the inappropriate methods are
used and conclusions are made without understanding some basic statistical concepts. It seems that
anybody, capable of running statistical software, is good enough to perform statistical analyses. The
paradox might be, that since they are not statisticians, they are not obliged to codes of professional
ethics in statistics... On the other hand, ritual use of inappropriate statistical procedures in specific
areas of applications, that were used and published in prior research, is sometimes dictated by authors,
editors and reviewers.

Conclusion

As every other discipline, statistics has to have rules and guidelines of profession. Statistics is
involved in decision making at the governmental, industrial, scientific and personal levels. Therefore
quality of statistical results is of great importance. Statistical Society of Slovenia and its members
are committed to professional honesty and quality. According to the assessments, the professional
independence, organization and working conditions of Statistical office of Republic of Slovenia are
at the level of European standards. The professionalism of statisticians in science and research is
comparable with the international colleagues and is compliant with the Code of ethics of SSS.
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To respect the commitments assumed requires 
more efforts than to define honest principles 
                                                               Seneca 

 
 

Keywords: fundamental principles of official statistics, code of good practice, confidence in 
statistics, credibility, professional ethics 

 
 

Nowadays, it is well recognized that the effective functioning of the economy deeply depends on the 
availability of relevant, reliable, timely and properly interpreted statistical data.  

The trust of users of statistical data and the confidence of those in charge with producing and  
providing data are built on  the professionalism and prestige of the statistical service. The primary goal of 
statistics is to provide an accurate, comprehensive, up- to- date and meaningful picture of the economy and 
of the society as a whole to facilitate the decision- making process and monitoring of economic and social 
policies in different fields and at different levels. 

The core objectives of the statistics in general and of national statistics, in particular, are to improve 
the relevance and quality of official statistics, to increase public confidence in the data and information 
produced and disseminated. This requires an appropriate internal and external environment to operate 
efficiently. Due to the needs of the society on sound statistical information it goes without saying that 
statisticians have to assume their social obligations and to commit themselves to perform their work in a 
professional, competent, well organized and ethical manner. 

By formulating the fundamental principles of official statistics, international statistical family 
marked one of the crucial step towards laying the foundation of the universality of statistics and its 
recognition as an essential basis for the development of the society.  

There is a paradigm that behind any statistical activities and any statistical institutions, either 
national or international, are the people, the statisticians, who are devoting their knowledge, competence, and 
loyalty, with discretion and modesty, to the society by making possible the shortening of the time lag 
between the real status of the past phenomena and processes and their quantitative evaluation. 
 In order to justify this recognition, statistics should legitimate itself through credibility and trust. 
If trying to summarize the substance of the fundamental principles mentioned above, the following criteria 
are to be considered essential for statistics:  

- impartiality, that means statistics should be collected, produced, analyzed and disseminated in an 
objective and independent way, apart from possible pressures coming from outside; 

- scientifically- based statistics, that means the choice of concepts, definitions, tools, methodologies, 
techniques and modalities of dissemination belong to statisticians; 

- professionalism, that means the statistical staff, including those of subsidiary bodies and operators 
involved in statistical process is skilled, competent and ethically formed;      
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- reliability, that means statistics reflect to the highest extent the reality they observe; 
- relevance, that means statistics is compiled according to the needs of the statistical data users; 
- confidentiality, that means that the official statistics authorities observe privacy and social rights of 

the individuals during the whole statistical process; 
- transparency, that means that producers of statistics should make public all the information on the 

legal basis, regulations, sources, techniques, methods and procedures they use.    
There are many norms and standards that go in line supporting, complementing and deepening the 

meaning  and the penetration of the principles in the reality of the statistical process. We are referring 
primarily here to the Code of practice, statistics' quality standards, standards for data dissemination, a.s.o. 

Among them, the Code of ethics plays a special role and, in the views of authors, it represents a 
prerequisite  for reaching the excellency that is performed and recognized through a global attribute 
expressed in the sintagm "credibility in statistics".  

Anyone can easily attach to each of the ten fundamental principles of official statistics synthesized in the 
six general criteria above mentioned, the corresponding professional, moral and ethical norms of a 
statistician working in official statistics, that could be brought together in a Code of ethics. In many 
statistical offices such a Code is already set up and became operational. 

While trying to connect the set of criteria on one side, and of the ethical norms, on the other, the authors 
want from the very beginning to mention that due to the big number of the norms, characteristics and 
features of the profile of an "ideal" statistician, it is rather difficult to have an exhaustive picture of this 
complex approach.  

 
Impartiality :  
Statistician should: 
(1) be neutral as against any political interest and inference or of another nature, as well as against 
influence of partisans opinions;  
(2) avoid pre-conceived ideas and inadequate behavioral patterns; 
(3) not act under compulsion; 
(4) not use his hierarchical position in his interest contradicting internal regulations;  
(5) manifest flexibility and adaptability in the debates within the meetings with participants with 
different views;   
(6) keep aside from the conflict of interests and do not favor any protagonists;  
(7) resist to any pressures or temptations so to target statistical work toward assumed or imposed 
outcomes;  
  
Scientifically- based statistics: 
Statistician should: 
(1) be professional, deserving the appreciation of stakeholders; 
(2) assume professional and social responsibilities; 
(3) manifest freedom in thinking while acting in accordance with legal and institutional rules;  
(4) act in such a way that, by demonstrating personal skills, could contribute to the prestige of the 

statistician's profession; 
(5) always be aware to act in a manner that does not affect the image of the statistical institution; 
(6) be pro-active in the framework of improving statistical activity; 
(7) promptly and adequately react to any miss-interpretation of statistical data; 
(8) mobilize his efforts and intellectual capabilities towards creating and ensuring a sustainable 

statistical system; 
(9) be well-armed with the up-to-date scientific and practical methods internationally applied;   
(11) use only suitable methodology when producing statistical data, being concerned in obtaining valid 
results; 
(12) not automatically share an alternative within an analysis which could be favored by selecting special  
methods and data leading to the confirmation of the a-priori preferred assumption;     
(13) express, whenever the case, the limits of methods applied within a survey and the degree of 
confidence of the statistical results (estimation errors); 
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Professionalism: 
Statistician should: 
(1) observe the ethical values, principles and norms governing the behavior of statisticians;  
(2) be aware of the mutual respect and tolerance in relations with inside and outside actors involved in 
statistics; 
(3) act in the spirit of right, integrity and equity; 
(4) be honest, correct and manifest good will in relations with others; 
(5) contribute to a cooperation climate by promoting confidence, discretion, and solidarity among the 
group; 
(6) accept the rules of loyal competition, collegiality and ability to work in team;  
(7) demonstrate attachment to the statistical institution;  
(8) defend the professional background, dignity and honesty of the statistician's career and reputation of 
the statistical profession; 
(9) improve along the whole lifetime professional background by participating in the process of 
continuous training;  
(10) not interfere outside his area of competence; 
(11) apply modern management standards in fulfilling the current tasks;  
(12) adhere and pro-actively participate within the projects aiming at proliferation of statistical education 
and culture; 
(13) maintain a rational position in advocating statistical approach applied and try to avoid hesitating 
language in supporting his opinion;  respect others' opinions; 
(14) be aware of the social real value of his work and the consequences of how good or bad it is 
performed; 
(15) assess methods and avoid to impute to other fellow- team the misuses and errors or wrong approach;  

 
Reliability: 
Statistician should: 
(1) promote and effectively act in the spirit of objectivity in relation with suppliers of individual primary 

data, all categories of users as well as with partners from different agencies and institutions;  
(2) try to be efficient by being concerned of the effectiveness in undertaking the current duties;  
(3) act in the sense of diminishing the response burden and eliminating the potential redundancies in 

data collection; 
(4) honor his commitments and assume personally the responsibility of own actions; 
(5) avoid automatic application of penalties for errors, delays and others even if they are provided by the 

law not before repeatedly trying, within the frame of the rules, to convince the suppliers to correct 
the provided information; 

(6) correct any errors discovered after data dissemination;  
(7) promote effective and efficient use of statistical data and information by researchers and let them be 

acknowledged on the methods used; 
(8) associate partners in statistical work but try to eliminate through persuasive attitude the duplication 

of the same studies;   
(9) avoid to the extent possible the alternative of having two different figures or time series in a public 

circumstance without technical and methodological explanations within publications or in metadata;  
 

Relevance: 
Statistician should: 
(1) recognize and  apply in practice the priority criteria of the public interest; 
(2) not apply any kind of discrimination in relation with different categories of users, both in respect of 

quality, completeness and simultaneity of disseminating statistical information; 
(3) promote partnership in relation with statistical users;  
(4) try to identify, capture and properly anticipate users' needs; 
(5) be demand-oriented to answer  users' requirements; 
(6) be ready to promptly and correctly answer to any question of the users;  
(7) promote statistical science and institution as a brand; 
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Confidentiality: 
Statistician should: 
(1) be aware in all the circumstances to protect confidentiality and avoid by any means the disclosure of 

confidential data and information; 
(2) use and promote a diversity of means to be sure that any possible disclosure of confidential 

information is excluded;  
(3) participate according to his tasks in the development of procedures to protect confidentiality; 
(4) avoid the risk or imposition on the privacy and confidentiality of statistical research; 
(5) inform and obtain full consent of the respondents when collecting, processing and disseminating 

statistical data;  
 
Transparency: 
Statistician should: 
(1) be open- minded in thinking and be transparent while illustrating in clear, simple, friendly and 

coherent ways the methods he used in fulfilling the tasks he is entitled with; 
(2)  be always open to dialogue with the third parties involved in statistics; 
(3)  promote inter-relationship and communication with all actors; 
(4) support statistical scientific methods and practice when it is unfairly subject of criticism; 
(5) shorten as much as possible the delay between the data validation and their dissemination; 
(6)  avoid any temptation to publicly declare the forecast of the expected results, particularly to the 

mass-media, a category of users slant to anticipate bad or wrong news; 
 

In this paper, the authors have tried to identify those ethical norms of general nature and specifically 
valid for statisticians in their inter-connection with fundamental principles of official statistics with the 
twofold goal: 
- on one side, to focus on the fact that the rules of the game and the ethical and professional 

performance of statistician  are definitely the guarantee of the recognition of the role statistics plays 
within social sciences and in day- to- day human life; 

- on the other side, to select the features of the statistician profile and to put them in a visible and 
relevant "visit card" deserving his respect and recognition. 

 
Finally, by assimilating its valencies as science, described in principles, methods and norms and the 

qualification through ethical and moral code of the statistician, as the main actor, statistics found its ground 
for the continuity in a world marked by permanent and profound changes.  

Based on such strong pillars, credibility in statistics and confidence of the society in its noble mission 
and indispensable role for meeting and facing with optimistim the challenging future is granted.  

We think that it would not be a mistake, but on the contrary, an approapriate assertion to syntetize the 
above in a formula which can be expressed by the following: 

 
CONFIDENCE IN STATISTICS = FUNDAMENTAL PRINCIPLES + CODE OF PRACTICE + 

CODE   OF ETHICS 
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The number of national statistical societies is about 200. Nowadays access to the information about 

the activities of and results achieved by national statistical societies is provided through the use of IT tools 
and via the internet. At the same time the changes in objectives and tasks of the national statistical societies 
over time and the impact of such changes on their respective operations are also worth investigating. Though 
this document is not intended to be exhaustive, it is our intention to show the possible outcome of such an 
investigation through the example of the Hungarian Statistical Society, and what answers to similar questions 
can be expected from the various national statistical societies. 

 
 

1. Missions, objectives 
 

The Hungarian Statistical Society (HSS) was founded in 1922. The Articles of Association of the 
Society identified its mission as follows: “The objective of the Society is to cultivate statistics and 
disseminate related knowledge, and promote in Hungary and abroad the statistical appraisal and investigation 
of national public matters”. The tasks were broken down to three groups including the 

 
• development of the science of statistics; 
• promulgate and popularize statistical knowledge; and 
• inform foreign countries and participate in the international scientific life. 
 

After 26 years of successful efforts the activities of the Society were suspended in 1948 for political 
reasons. During the period between 1953 and 1990 it functioned as a section of the Hungarian Society of 
Economists. HSS, the legal successor of the Society originally founded in 1922, has again been operating as 
an independent entity.  
 
 Though the reorganized Statistical Society committed itself to follow the objectives of the founders, 
some minor changes in the definition of goals have been introduced. 
 
Recently the Mission and objectives of the Hungarian Statistical Society are to 
 

• promote the development of statistical theory and practice; raise the scientific standard of 
statistics, 

• provide a forum for discussion of theoretical and practical issues of statistics; take an informed 
position in professional debates, 

• improve understanding between producers and users, and 
• maintain relationship with ISI and the National Societies. 
 
The key apparent difference is that dissemination and promotion of statistical knowledge has lost its 

initial importance, therefore the Society deems development of statistical science and statistical practice its 
key task. What is the reason of this change? Has the initial priority of promoting and popularizing statistical 
knowledge lost its importance by now? Are the users and the broader public well-versed in statistics, and are 
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they aware of the reason and purpose of using statistics? Do users and the general public know everything 
about statistics in this era of dynamic development of information technology when statistical systems churn 
out volumes of data exceeding anything seen so far? Have National Statistical Societies no duty in promoting 
and popularizing statistical knowledge?  

 
 

2. Activities 
 

With the exception of the summer months the Society established 1922 held panel discussions at 
least once a month, and an official session at least once a year where, in addition to the presentations, the 
great figures of Hungarian and international statistical life were commemorated. The presentations covered 
nearly all areas of business and social statistics and demography. In order to meet the commitment of the 
Society regarding the promotion and popularization of statistical knowledge most of the sessions of the 
Society were held in provincial towns. Foreign lecturers were frequently invited to the sessions held in 
Budapest. The Society maintained contact with most foreign Statistical Societies, and its brochure published 
in French language served the purpose of informing the foreign partners.  
 
2.1. Scientific meetings nowadays 

 
Nowadays General Conferences are organized on an annual basis. In selecting topics for the general 

conferences broad areas are taken into account to meet the interest of statisticians of various fields as well as 
of non statisticians cooperating with the statistical service and users of statistics. In the past fifteen years the 
topics of conferences truly reflected the transformation of and changes in Hungarian economy and society, 
and the changing tasks of statistics. While statisticians concentrated on the critical issues of the period of 
change of political and economic systems in the first part of the nineties, accession to the European Union 
and harmonization of the statistical system were the issues in the forefront of interest in the second half of 
the same decade. 

 
1993. Employment and Statistics 
1994. Economy – Society – Regionalism 
1995. Economic equilibrium as reflected in Statistics 
1996. European integration process – challenges for Statistics 
1997. Regional development and Statistics 
1998. Statistical registers and administrative records 
1999. National information needs – international requirements – Statistics 
2000. Quality of Statistics and statistical activity 
2001. Changing Economy and Social environment – Globalisation – Statistics 
2002. Turn of the new Millennium – Hungarian Reality – Censuses 
2003. National development programs – Statistics  
2004. Statistical Ethics – Censuses – Professional activities 
2005. Quality of Statistics – New approaches 
2006. National Economy – National Society – Professional Ethics 

 
 After the turn of the millennium – and a certain pause - the invitation of international representatives, 
mainly to the annual conferences became a general practice again. 
 
 In addition to the annual conferences two day conferences are held by the Historical Statistics 
Section and by the Section of Regional Statistics every year. One day conferences are organized by the 
remaining Sections and each Section has two-three meetings every year. 
 
 
2. 2. Other activities 
 

The fact of the listing of the Hungarian Statistical Society among the National Interest 
Representation and Social Agencies in 1998 is a powerful indication of the on-going strengthening of the 
reputation of the Hungarian Statistical Society. Accordingly, the Society has the legal authority to state its 
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official opinion on statistical issues related to the work carried out by the Hungarian Statistical Service. In 
the past years the Society has taken position in a number of important social issues. 

 
Since six years the Society has been involved in elaborating the topics of Professional Ethics and in 

formulating the national Professional Ethics. After the time-consuming preparatory work the committees 
established strongly rely on the Professional Ethics of ISI and peer National Statistical Societies. During the 
last year the draft Professional Ethics was submitted for comment to the General Meeting of the Society. 
Some of the most debated issues include the scope of entities covered by the Professional Ethics, the extent 
and types of sanctions brought out against the perpetrators of ethical offence. 
 
 
3. Main characteristics of the Society 
 

Only persons with scientific and practical merits in the field of statistics were eligible as regular 
members of the Society in the years following the establishment of the Society. At the time of establishment 
the number of eligible members was 80, and later the membership was extended to a maximized of 150. The 
Society had honorary members, mainly the illustrious representatives of international scientific life. 
 

Starting from 1990 anybody accepting in a written declaration the objectives of the Society is 
eligible as member of the Hungarian Statistical Society. As a consequence of this “opening” the membership 
of the Society has continuously increased to reach 710 in 2007. We cannot take pride in having international 
representatives among the honorary members. Most of the members are employees of the Central Statistical 
Office of Hungary. Less than 20 percent of the members represent universities and research institutes.  

 
68 percent of Society members working at the Central Statistical Office are women; accordingly 

most of the members of the Society are also women.  
 
 
4. Scientific Sections 
 

Most of the sections of the Society were established in the nineteen-sixties. The first year of 
operation often refers back to the period when HSS existed as a Section of the Hungarian Economics 
Society; at that time the Sections listed below operated as Subsections within the Statistical Section. We do 
take pride in having among founders great figures of international statistical life such as Zoltán Kenessey, the 
former director of ISI. 

 
• Historical Statistics Section (1963, founded by Zoltán Kenessey) 
• Regional Statistics Section (1966) 
• International statistics Section (1967) 
• Economics Statistics Section (1968, founded by Vera Nyitrai) 
• Social Statistics Section (1988) 
• Section of Statistical Education (2006) 
• Demography Statistics Section (1988) 
• Justice Statistics Section (1990) 
 
The most recent Section of the Society, the Section of Statistical Education, was established, among 

others, due to the need for transforming the system of statistical education in compliance with the Bologna 
Criteria, and also the ever diminishing role that statistics currently plays in the basics and secondary 
education in Hungary. 
 
 
5. Strengths and Weaknesses of our Society nowadays 
 

It is to be mentioned among the strengths of our Society that events organised by some of our best 
performing departments are always held before large audiences of interested professionals. Apart from the 
staff of the Hungarian Central Statistical Office people interested in economic and social issues, and also 
academic researchers constitute the audience. Most of the time intense professional debates follow the 
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lectures. Many presentations are held by experts from outside the Society, often representing the 
international community. 

 
Over the past few years one of the key results of the Society has been the spreading of international 

relations of the Society year after year. Relations are established and maintained with international 
organisations and national statistical societies. Another important result is that the representatives of the 
statistical educations are involved in the efforts of our Society. 

 
Another strength of the Society is that the events organised offer great opportunities for academic 

debates outside the formal program, and for deepening relations between different generations of 
statisticians, exchanging views that may be of great use later on in the actual practical work. 

Nowadays the proceedings of the annual conferences are published in print as well as on a CD-Rom. 
It is an achievement that the Historical Statistical Section has published a bibliography of all presentations 
given at the Section’s events since 1962. 

 
A weakness of our Society is that for the past few years it has mostly relied on people working at the 

Central Statistical Office. Over the past few years the Society has successfully opened its doors for 
statisticians outside the Central Statistical Office offering mostly regular membership. The involvement of 
statisticians working in the business sector represents the greatest difficulty. 

 
The distribution of workload among the seven Sections of the Society is uneven. Some Sections 

perform exceptionally well while others tend to engage merely in formal activities. This is obviously 
reflected in the low attendance of events hosted by such Sections.  
 
Conclusion 

 
 A comparison concentrating on some special issues may offer interesting conclusions to the attentive 
reader. It is beyond doubt that a historical retrospect is of interest and may provide guidance in answering 
some of the most critical issues emerging today. 
 
 
Abstract 
 

By the registry of ISI the number of national statistical societies is about 200. Nowadays access to 
the information about the activities of and results achieved by national statistical societies is provided 
through the use of IT tools and via the internet. At the same time the changes in objectives and tasks of the 
national statistical societies over time and the impact of such changes on their respective operations are also 
worth investigating. Though this document is not intended to be exhaustive, it is our intention to show the 
possible outcome of such an investigation through the example of the Hungarian Statistical Society, and 
what answers to similar questions can be expected from the various national statistical societies. 
 

The Hungarian Statistical Society (HSS) was founded in 1922. The activities of the Society were 
suspended in 1948 for political reasons. During the period between 1953 and 1990 it functioned as a section 
of the Hungarian Economics Society. Since 1990 the HSS has continued to operate as an independent entity 
being the legal successor of the Society originally founded in 1922. The current objectives of the Society 
manifest a number of similarities with the initial objectives and tasks of its legal predecessor. We were 
seeking answer to the question: To what extent do these objectives and tasks meet the challenges of today? 
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Professional Ethics in Statistics – a Users Perspective 

Joachim Lamel 
OeSG - Austrian Statistical Society  
Guglgasse 13, A-1110 Vienna, Austria 
E-Mail: joachim.lamel@aon.at 

1. International and national initiatives 
1985 the ISI adopted a “Declaration of Ethics”, 1994 the UN agreed upon Fundamental Principles of 

Official Statistics based on a resolution of the Conference of European Statisticians from 1992. In 1996 the 
IMF approved a Special Data Dissemination Standard (SDSS), in 1997 a General Data Dissemination 
Standard (GDDS). The GDDS provides recommendations on good practice for the production and 
dissemination of statistics (generally less demanding than the corresponding requirements of the SDDS, 
which specially relates to international capital markets). 2005 the Statistical Programme Committee of the 
EU adopted a European Statistics Code of Practice for the national and Community statistical authorities. 

Various national actions accompanied these international initiatives. To cite just a few examples: 1993 
the Royal Statistical Society agreed upon a Code of Conduct, 1999 the American Statistical Association 
approved Ethical Guidelines for Statistical Practice, 2002 the Swiss Public Statistics Charter was 
implemented, including an Ethics Board as a moral authority in a consultative and supervisory capacity1. In 
September 2005 the Statistical Societies of Austria, the Czech Republic, Hungary, Romania, Slovakia and 
Slovenia signed an agreement on cooperation in which the contribution to the elaboration of a Code of Ethics 
in the region is one of the explicitly mentioned objectives. At the 55th session of the ISI in Sydney 2005 the 
Professional Ethics Committee was re-established in order to determine if the existing Declaration is in need 
of a revision. The various initiatives address quite different groups of people and institutions but have a 
number of characteristics in common. There seem to be several reasons for the renewed and intensified 
interest in matters of professional ethics in statistics: misuse of data collected for statistical purpose, 
improper use of methods, lack of documentation, selective presentation of results, manipulation of results 
and incorrect interpretation of statistical results.  

2. At unease with statistics 
There exists a growing awareness about the possible abuse of statistical records. This is mainly based 

on experiences with authoritarian and communist regimes. So the possibility of a contribution of official 
statistics to the Holocaust has become an issue of scientific interest. Manipulation and falsification of 
statistics in the former GDR not only fooled the public, but also the very politicians responsible for the 
‘adjustments’, demonstrating that self-deceit is a very weak basis for political decisions. Even in democratic 
societies activities of official statistics as e.g. the recent provision of tabulations from the US Census Bureau 
to the Department of Homeland Security gave reason for public concern and discussions.  

The advancement of the information society and new technological possibilities lead to the existence of 
huge amounts of data that seem to be easily exploitable by anybody with readily available statistical software 
without any statistical expertise. We all know ‘statistical results’ published by the media, which by no means 
comply with statistical standards. Even in the scientific world findings by statistical experts are subject to 
mistrust. As ISI-President Keiding recently reported, the influential Journal of the American Medical 

                                                     
1 Due to the lack of funds no complete coverage of existing ethical rules for statistical activities or existing codes of 
practice was intended or possible. The cited sets of recommendations have therefore to be regarded as important and to 
some extent pioneering examples. 

1
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Association will no longer publish articles reporting clinical trials sponsored by drug companies, if the 
company’s statistician has performed the statistical analysis. An independent reanalysis is required. Without 
denying possible conflicts of interests, this collective suspicion against a professional group raises a lot of 
questions concerning the perception of professional integrity and is, by the way, one of the reasons to ponder 
an update of the Declaration of Ethics. 

Since more and more political obligations, decisions and measures are linked to certain statistical 
values, other conflicts of interest may arise. The EU Member States contribute to the EU budget according to 
their GNI; the regional eligibility for different measures of the EU Cohesion Policy is based on various limits 
relating to GDP or GNI. One of the best known examples in the EU are the so-called Maastricht-Criteria, 
which are the benchmark for the budgetary discipline of a member state and determine whether a EU 
Member State is fit to become a member of the Euro-zone. The statistically relevant indicators are namely a 
stable price level (measured by a Harmonized Index of Consumer Prices - HICP), a limit for the public 
deficit of 3% of GDP and a level of public debt of 60% of GDP. The violation of the deficit criteria 
(especially the 3% limit) triggers an examination by the EU Commission. If an ‘excessive deficit’ is stated, it 
has to be reported to the EU Council and the procedure may finally result in imposing fines. This Excessive 
Deficit Procedure is politically highly undesirable for any EU Member State. Despite all agreed definitions 
and methods for establishing the relevant data, a creative interpretation of the rules may be tempting. A well-
known case is the revision of the Greek budgetary statistics few years ago. The government deficit for 2003, 
which was initially reported at 1.7% of GDP, stood at 4.6% of GDP after the September 2004 notification. 
The deficits notified to the EU Commission for 2000, 2001 and 2002 were also revised upwards by more 
than two percentage points of GDP. As a consequence of this incident not only the institutions concerned but 
the whole statistical profession suffered from the severe loss of confidence.  

The dubious reputation of statistics in the public opinion mainly comes from misinterpretation of 
statistical information, be it intentional or not, and from reporting only selected appropriate results. But as a 
rule statistics and statisticians are held responsible for the incorrect use of correct statistical information, and 
not the person who used it incorrectly. 

3. Ethics and Codes of Practice 
Ethical shortcomings may occur in the whole realm of statistical professions. Ethics as a branch of 

philosophy deals with the question whether actions are right or wrong. The classification what is right or 
wrong results from a set of norms. These norms may be derived from the morality of the result of an action, 
from morality rooted in the rational capacity of humans, creating certain inviolable laws or from the inherent 
character of persons. For the purpose of our discussions we shall not follow these philosophical 
considerations any further. What we are dealing with is often termed as descriptive ethics; an ethical code 
applied by a group. Nevertheless it is advisable to try to draw some distinctions between the ‘codes’ and the 
ethical guidelines or declarations.

Ethics is a notion that applies to individuals and not to institutions. But the actions of institutions are 
always rooted in the decisions of individuals. A Code of Practice, on the other hand, applies to institutional 
body, and not to individuals belonging to it, who are responsible to adhere to the Code. It should also be 
borne in mind, that the mere consideration whether an action is legal or conform to the policies of the 
government does not guarantee that the action itself is ethically correct. Ethical norms are also guiding the 
regulations of codes of practice. In short, we could say: Ethics guides us to do the right thing; a code of 
practice helps us to do the right things correctly. So ‘ethics’ and ethical guidelines constitute the overall 
umbrella for the usually more operational and technical oriented codes of practice. Ethical principles apply to 
all statistical activities, independent of whether they are performed in institutions of official statistics or in 

2
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universities, research institutes or private firms. Consequently the ISI Declaration of Ethics, the RSS Code of 
Conduct and the Ethical Guidelines for Statistical Practice – to name just these three examples - are intended 
to cover the whole statistical profession. The other codes mentioned are focused specifically on those who 
produce official statistics.  

4. Voluntary or compulsory rules and their enforcement 
In this connection it is relevant whether an ethical guideline or a code of practice is intended for 

guidance or mandatory.  Closely related is the question whether it is enforceable or not and how inadequate 
actions or violations are dealt with. This depends on the legal status of the regulation concerned. The ISI 
declaration aims at ‘providing guidance rather than regulation’. The ASA ethical guidelines are intended ‘to 
help statistical practitioners make and communicate ethical decisions’. A special case constitutes the Code of 
Conduct of the Royal Statistical Society: ‘It is commended of all Fellows of the Society and is mandatory on 
all Professionally Qualified Fellows…’ This is based on the fact that the charter of the RSS gives the Society 
the responsibility of awarding and repealing qualifications, the ‘Chartered Statistician’ being the Society’s 
highest professional award. This indicates statistical qualification, training and experience of the person 
concerned to the public. If a violation of the professional conduct occurs, appropriate action is taken by the 
Society, with the removal of the professional status and expulsion from the Society as the most severe 
punishment.  

The EU Code of Practice is a recommendation of the EU Commission, adopting the Code as a common 
set of standards for the statistical authorities at the European level and recommending its observance to the 
Member States. The Code serves a dual purpose: besides the internal effect on governments, statistical 
authorities and their staff, the external focus is aimed at improving trust and confidence in ‘the 
independence, integrity and accountability of National Statistical Authorities and Eurostat, and in the 
credibility and quality of statistics they produce and disseminate’. The implementation of the Code and the 
adherence to it is to be reviewed by the use of the indicators accompanying each of the 15 principles. In the 
initial phase self-assessment reports by the Member States are requested. In the second stage, more 
developed and structured reports are to be complemented by peer review assessments. In 2008 a report has to 
be submitted to the EU Council and the EU Parliament. 

The Swiss Public Statistics Charter serves as a professional code of ethics for Swiss statistical 
institutions and their employees. The Charter is based on the ISI Declaration and the UN Principles. To 
enforce the Charter, the Ethics Board of Swiss Public Statistics has been created as a commission within the 
Official Statistics Section of the Swiss Statistical Society. It is a small, independent body which aims to 
ensure compliance with the basic principles of the Charter and to take note of non-compliance and misuse of 
official statistics. Any person or institution may submit complaints to the Board. According to the activity 
report for 2006 the Board dealt amongst other things with misleading advertisements of political parties. An 
overview of the cases is published on the website of the Ethics Board and the general public is asked to 
notify the Board when a possible misuse is suspected.  

5. The position of the users 
For the users of statistics it is not always easy to judge the quality of statistical information. Very often 

the simplest facts to judge some quality aspects are missing, e.g. the sample size. Ethical guidelines or codes 
to which the providers of statistics commit themselves are therefore an important indicator for the 
accomplishment of high professional standards and quality. In democratic societies this is expected to be 
already achieved by the legal foundations of official statistics. In terms of marketing, this is the USP (unique 
selling proposition) of official statistics. The explicit adoption of ethical rules and professional codes makes 
the independence and integrity of official statistics more visible to the general public. Despite all these 

3
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safeguards the mere fact of being part of the administration makes statistical agencies susceptible to doubt 
their independence by the public. During the crisis of Eurostat in 2003 some discussants advocated to give 
the European Statistical System a special status of independence like the European System of Central Banks, 
but the EU Commission strongly opposed it. 

For extending the scope of official statistics, statisticians should also rely on suggestions by users of 
statistics, especially on non-governmental users. The civil society should be enabled to contribute to the 
selection of topics for statistical investigation by official statistics to a greater extent than it is already 
established in some countries. In the EU an external advisory body comprising user representatives to 
enhance the credibility of the efforts undertaken to strengthen the independence, integrity, and accountability 
of the European Statistical System was established. This body should also review the implementation of the 
Code of Practice and thus contribute to the enforcement of ethical principles.  

 Other producers of statistics are usually not object to the specific precautions of statistical legislation. 
They operate within the limits of other regulations, especially privacy. How much their statistical 
information is trusted, depends on their reputation. If the professional qualifications of statisticians working 
in such units are guaranteed by an accreditation process like within the RSS, a higher degree of compliance 
with standards can be expected. If no such system exists, it would be advisable for these producers to 
proclaim publicly their adoption of one of the existing ethical declarations or professional codes. The 
affirmation of observance of such a code, if it is meant to be taken seriously by the public, needs to be 
supplemented by the adoption of a framework within which the general public can file complaints, and an 
explicit policy determining how these complaints are handled (e.g. by an independent board).  

With regard to this aspect, the example of the Swiss Ethics Board can offer a viable solution. As 
described above, the Board also deals with misuse of official statistics and therefore serves the statistical 
system as a whole. Also the status of the Ethics Board as a commission within the Statistical Society seems a 
very appropriate construction. It is independent from providers, producers or administrations possibly 
concerned and signals that the statistical profession itself wants to deal with violations of established rules.  
Most complaints in the category ‘how to lie with statistics’ are due to deliberate or accidental misuse or 
misinterpretation of inherently correct data. The reputation of the statistical profession and credibility of 
statistics are improved by making these misuses public.  

Perhaps we should also consider making some kind of ‘package insert’ for the publication of statistical 
data compulsory. Statistics are vital in modern societies and the professional performance of statistical 
processes and analysis is essential for many aspects of our lives. The first of the obligations of the ISI 
declaration of Ethics are the obligations to society, among them the widening of the scope of statistics: 
‘Statisticians should use the possibilities open to them to extend the scope of statistical inquiry and to 
communicate their findings, for the benefit of the widest possible community’. The benefits for the society 
can only be achieved by ensuring the highest ethical and professional standards.  

ABSTRACT 
Due to a growing awareness about misuse of statistical information international and national initiatives to 

provide ethical guidance and rules for excellent professional practices have been developed in the last twenty years. 
Some reasons for public unease with statistics and examples of ethical guidelines and Codes of Practice are described. 
For users the commitment to such rules indicates compliance with high ethical and professional standards. It is 
proposed that all providers of statistical information should adopt such rules explicitly. The establishment of an Ethics 
Board within Statistical Societies to deal with violations of rules and misuses of statistics is advocated. A stronger 
involvement of users could contribute to a better governance of the statistical system including the enforcement of 
ethical principles. 
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Regional cooperation – Slovak view 

Mach, Peter 

Slovak Statistical and Demographical Society 

Mileticova 3 

Bratislava 824 64, Slovak Republic 

E-mail: petermach1951@yahoo.com 

 

1. About the Slovak Statistical and Demographic Society 

Slovak statisticians and demographers established their Society on 28
th
 March 1968. At the time of its 

establishment it was called the Slovak Demographical and Statistical Society at the Slovak Academy of 

Sciences.  

After the well-known social and political changes performed in former Czechoslovakia in November 

1989, the Society went through qualitative changes concerning its activity during the year 1990. With regard 

to the greater number of members professionally focused on statistical sciences, the name of the Society was 

modified to the Slovak Statistical and Demographical Society at the General Assembly of the members in 

Bratislava on 14 Th March 1990. Activities in the field of mathematical statistics were supplemented with 

older activities of the Society in the field of applied statistics, computational statistics as well as demography. 

The mission of the Society is to contribute to development of the statistical science and foster its use in 

the society. In order to spread  knowledge about statistics and demography, the Society organizes various 

conferences, seminars, symposiums, lectures, discussions and professional training courses. The Society also 

provides assistance to its members in their scientific and professional work, while particular attention is 

given to young  experts. The Society also develops its own publishing and edition activities. 

The Society is regionally divided to central agency in Bratislava and branch-offices in Nitra, Banská 

Bystrica, Košice and Prešov. Several sections are also established by the Society on the base of specialized 

activities.  These days the following sections are established: applied statistics, demography, mathematical 

statistics and statistical quality control. Activities are also developed in other areas, e.g. computing statistics 

and others. 

The Slovak Statistical and Demographical Society has approximatelly 300 members. The Society    

strengths is based on the the fact, that membership basis covers practically all branches: universities, 

where statistics is being taught (approximately 38% of members), research, commercial and other    

institutions (27%) and many of its members are employees of the Statistical Office of the Slovak  

Republic including regional branches in all regions of the Slovak Republic (35%).  

Basic information about the Society can be found on the website: www.ssds.sk - in Slovak language. 

 

2. Main activities of the Slovak Statistical and Demographical Society 

The main professional events of the Society are the Slovak Statistical Conference and the Slovak 

Demographic Conference, organised alternately every other year. These three-day events are organised 

alternately by individual branches of the Society, so their venue is changing. The professional and social 

significance of the conferences is underlined also by the fact, that they are regularly organised under 

patronage of prominent state representatives (the 10
th
 Slovak Demographic Conference was organised under 

patronage of the President of the Slovak Republic, the this year’s conference is under patronage of the 

Deputy Prime Minister for knowledge economy) and their openings are regularly attended by prominent 

representatives of local self-government. The main topic of the last-year’s Slovak Statistical Conference was 

statistical methods, in 2008 the 14
th
 conference will be devoted to regional statistics and in 2010 the theme of 

the conference will be “5 years of Slovakia in the European Union”. The main topic of the 11
th
 Slovak 

Demographic Conference in this year is migration, for the forthcoming years the following themes will be 

prepared: Use of GIS in demography (2009) and Demographic comparison of towns and rural areas (2011). 
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Every year the Society organizes a School of Statistics – EKOMSTAT in Trenčianske Teplice. This 

school is designated for further education of interested experts from both schools and industry. In 2007 the 

21
st
 school of statistics will be held. 

The International Conference on Applied Statistics – FERNSTAT, dealing with the areas of finance, 

economics, management and statistical methods of public opinion surveys is held annually (since 2004). 

Since 2002 the Society organises the one-day conference Views of the Slovak Economy, where the most 

significant Slovak prognostic teams present their macroeconomic prognoses. 

The International Seminar Computational statistics, of which 16
th
 year will be held at the beginning of 

December 2007, has also a long tradition. The seminar is connected with presentation of works of young 

statisticians and demographers, where all university students can participate. 

The Society cooperates with the Comenius University in Bratislava and the Slovak Association of 

Mathematicians and Physicists in organising the International Conference PROBASTAT, which is held every 

three years. 

The Section of Demography organises monthly demographic afternoons, which are usually devoted to 

discussion about interesting themes. Last year the topics of demographic afternoons were for example: 

Conclusions of the European Population Conference 2006, introduction of a significant publication 

Encyclopaedia of Slovakia’s Population, presentation about natality in Slovakia in the inter-war period and 

discussion on the theme “What kind of population policy does Slovakia need?”.  

Since 2005 the Society issues the journal FORUM STATISTICUM SLOVACUM. It contains mainly 

contributions from different events of the Society. There are also ad hoc publications: FORUM METRICUM 

SLOVACUM and STATISTICAL METHODS IN SCIENTIFIC AND RESEARCH WORK. 

The Society publishes also special textbooks from all conferences (for example from the Conference 

Views on Economy of Slovakia or Seminar on Code of Practice for the European Statistics) and occasional 

reports (for example from regional events). 

 

3. Bilateral cooperation 

The Society has a long time close cooperation with the Czech Statistical Society which was established 

in Prague on 29
th
 March 1990. Permanent contacts have been kept since that period. 

Participants from the Czech Republic take regularly part in the Slovak conferences. The Slovak 

Statistical and Demographical Society and the Statistical Society of the Czech Republic prepare a joint 

conference on teaching probability and statistics PRASTAN – STAKAN. 

Partnership with other countries is mainly based on the individual participation in some events of 

the Society. We were pleased to welcome P. Khalatbari from Humboldt University in Berlin in the first 

demographic conference in Bratislava in 1975. The representatives from Poland, Hungary, Austria and Great 

Britain participated in other events. Guests from other countries are welcomed at the conferences, however 

they are at a disadvantage because the conferences are held in Slovak language only (although contributions 

can be submitted and presented in English). 

 

4. Regional cooperation 

In 2005 a cooperation with Statistical Societies in the Central European region has been launched and 

the Agreement on Cooperation was signed (in Budapest) between the following Statistical Societies: Austrian 

Statistical Society, Hungarian Statistical Society, Slovak Statistical and Demographical Society, Czech 

Statistical Society, Romanian Statistical Society and Statistical Society of Slovenia. 

In 2006 the Slovak Statistical and Demographical Society organized the second meeting of the 

Presidents of Statistical Societies from the Central European region. The meeting was held at the Statistical 

Office of the Slovak Republic in Bratislava on 29 Th September 2006. It was in line with the Agreement of 

Cooperation signed on 23 Th September 2005 in Budapest, at their first meeting. 

During the meeting, the representatives of Societies shared information about their current and future 
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activities. There was also opportunity for participants to discuss some issues in details. 

The Hungarian Statistical Society presented the contribution "Regional cooperation - Professional 

Ethics – Statistics”. The participants discussed the Hungarian contribution and some general principles 

concerning the Code of Statistical Ethics. 

The participants also discussed the other issues – e.g. deepening of cooperation and support of young 

statisticians. 

The participants of the meeting agreed on: 

• mutual exchange of information on activities of participating Statistical Societies, 

• publishing the list of contacts and web pages of other Societies on their website, 

• approaching Statistical Societies of Poland, Serbia, Croatia and Bulgaria with proposal for cooperation, 

• preparing contribution for ISI Conference in Lisbon in 2007 concerning regional cooperation, 

• the date and place of the next meeting - in Slovenia in 2007, 

• the Slovak Statistical and Demographical Society will send invitation to other Societies for young 

statisticians (university students) to participate in the review of works of young statisticians and 

demographists – part of the seminar Computational statistics in Bratislava. 

 

5. Conclusion 

The Slovak Statistical and Demographical Society welcome the initiative to strengthen the co-

operation of National Statistical Societies in the region. The meetings of representatives from the Societies 

help to deep the contacts and improve information exchange between participating Societies. We find it 

necessary to continue our joint meetings. We recommend discussing possibility of mutual exchange of 

publications published by the Societies. 

 

 

RÉSUMÉ 

Les activités de la Société Slovaque de Statistique et Démographique et aussi sa participation dans la coopération 

bilatérale et régionale sont présentées dans la contribution. La Société accueille l’initiative pour la collaboration 

régionale la plus profonde. D’après l’opinion de la Société, les rencontres annuelles sont considérées comme un 

instrument favorable pour l’intensification des contacts et aussi pour l’echange d’information entre les sociétés 

participantes. 
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2346 CHAPTER 2. SPECIAL TOPIC CONTRIBUTED PAPER MEETINGS (STCPMS)

STCPM 22 DISCUSSANT:

Jean-Louis Bodin, E-mail: jean-louis.bodin@wanadoo.fr
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STCPM 23 : Urban Revitalization Policy and its Effects on the

Urban and Regional Economy

Organizer: Paulo Jorge Gomes, E-mail: Paulo.gomes@ccdr-n.pt
Sponsors: ISI

Speakers:

Francisco Cárdenas
Maryna Ogay
Jan Oosterman
Jose Manuel Viegas

Discussant:

Paulo Jorge Gomes
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Urban Revitalization Policy and its Effects on the Urban and Re-

gional Economy

Cárdenas, Francisco
Agencia de Ecoloǵıa Urbana de Barcelona
E-mail: cardenas@bcnecologia.net

ABSTRACT

Urban revitalization processes and its economic impact at different scales has Public Space as one of
its strategic axes. As a matter of fact, Public Space is the main way to define the city model. It is there
that city life develops and gives consistency to the very essence of this life, through contact, interchange
and communication. Besides, Public Space is an strategic element for the urban system functionality
(human interaction, economic interchange, services...) and it places at the heart of social stability and
cohesion. Apart from its function as a receptacle for mobility networks, Public Space can have other
functions in city life related to enjoying leisure, play, green areas, and so on. In order to achieve this,
the different variables that meet in Public Space –comfort related like heat and noise, or others like
security and accesibility- must be planned in an integral way. In this context, the mediterranean city,
compact and complex, efficient in ressources use and socially united, is the best response to the two
main challenges that urban systems have these days. Those linked with sustainability, on one hand,
and knowledge society, on the other. Cities that outstandingly deal with these challenges will gain the
best positions in an urban world. From a method point of view, it is necessary to build new tools for
a systemic approach to the city that could integrate all the variables that can be found on the ground.
These tools have to be useful as a support-system for decision making. Once the model is clear, it is
possible to define some indicators –few and synthetic- that help to put planning processes in the right
direction.

Keywords. Knowledge society, Urban revitalization.
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Methodological approaches to estimation of quality of services 
delivered at the municipal level

Ogay Maryna, PhD in Economics (Statistics)
National Academy of Science of Ukraine
Institute for Demography and Social Recearch,
Social and Demographic Statistics Department
26, Panas Myrny str.,
01011, Kyiv, Ukraine
E-mail: ogay@ukr.net

The effectiveness of public administration in the sphere of service provision depends to a great 
extent on citizen access to the decision-making process. Taking into consideration the fact that in many 
sectors the government remains the sole provider of services and in view of few incentives and lack of 
competition, it becomes all the more vital to engage citizens in government policy making at the local level.

In this article the basic principles to estimation of quality of services delivered at the municipal level 
of the separate cities population of Ukraine (Alchevsk, Komsomolsk, Kolomyia, Lutsk, Makiyivka and 
Chernihiv). There is the ability-to-pay and its willingness to pay statistical estimation on Khmelnytsky and 
Lutsk cities of Ukraine, Yerevan and Vanadzor cities of Armenia. These research have been executed with 
author’s participation within 2001- 2006 by PADCO advisory firm, same of them by International Center for 
Policy Studies.

One of the main approaches to identifying public opinion on issues concerning their daily lives is the 
organization and conducting of selective sociological surveys using different methods of collecting 
information (focus groups, structural interviews, public opinion surveys, expert discussions, etc.) In recent 
years, the methodology of so-called “report cards” has gained popularity worldwide as a powerful tool for 
evaluating public opinion and providing feedback on the interaction between the community and its 
authorities (Sekhar, Balakrishnan, 1999).

Report cards convey the degree of citizens’ satisfaction with various aspects of service delivery. 
Feedback is sought on a variety of indicators related to quality, adequacy, efficiency and overall satisfaction 
with the services. Report cards also seek feedback on policies, specific projects and alternatives to improve 
service delivery. There is one example of using report card for analysis the six cities of Ukraine.

Table 1. Service Delivery Satisfaction: Project Cities Ranking 
(Based on Survey Conducted in May, 2004)

Cities Ranks (1- highest satisfaction level)

Cities of 
Ukraine

Communal
Housing

Road
Condi-
tion

Cleanliness 
and General 
Appearance
of the City 

Parks
 and 
Green 
Areas

Public
 Safety

Local 
Government 
Interaction

Average 
Rank of
the City

Alchevsk 4 2 4 5 5 2 4
Kolomyia 5 6 5 4 3 6 5
Komsomolsk 1 1 1 2 6 1 1
Lutsk 3 5 2 1 2 3 2
Makiyivka 6 3 6 6 4 5 6
Chernihiv 2 4 3 3 1 4 3

As results of the analysis of these ranks we can see the place of each city among others and which 
services are basically determined its rank.  

However, only ranking is not enough for complex analysis of social and economic development of 
cities. For example, for developing of a tariff policy it is necessary to use scientifically proved approaches to 
estimate the ability-to-pay and willingness-to-pay for the consumed municipal services by citizens.        

Problem of a possibility of the adequate analysis of the ability-to-pay of municipal services 
consumers gets a special urgency in process of dynamic reforming of housing-and-municipal sphere in 
Ukraine and in other post-soviet states. Reliable definition of the population ability- and willingness-to-pay 
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for the consumed municipal services enables development and introduction of an effective social and tariff 
policy, overcoming of a consumer’s debts problem, increase of appeal of the municipal enterprises for 
investors, planning of the municipal development programs, etc. 

As information base at analysis of features of consumption by the population of housing-and-
municipal services as well as ability- and willingness-to-pay for them is expedient to use various information 
that exists or can be received on the local level and directly or indirectly connects with the purpose of 
research.

The main source of information on demographic, economic and social characteristics of population 
on microlevel is the state sample surveys of population (households), first of all Sample Survey of 
Household Living Conditions data. Such data of this survey as household composition, number of children, 
housing conditions, household members’ educational level and employment status, population incomes and 
expenditures, etc enable to establish dependence between household well-being and character of 
consumption of the goods and services by them. The survey also provides information on household property 
stratification. Unfortunately, pointed sample survey data have insufficient level of reliability on local level 
that demands application of special procedures for their specification.

 For increase of estimates reliability of incomes and expenditures indicators the method of composite 
estimation (Rao, 2003).

For adequate research of the ability- and especially willingness to pay it is necessary to execute the 
special population sample surveys on questions of providing of city population with municipal services as 
well as arising problems, which first of all are necessary for solving by local authorities and the municipal 
enterprises.

The important source of information without which the results of analysis of the ability-to-pay of 
municipal services consumers will be incomplete is normative and legal acts, which adjust consumption of 
housing-and-communal services by population, and especially local government acts. Also the account of 
historical aspect of granting and consumption of concrete services is important. 

Let's consider further the approaches to estimation of the population ability-to-pay for the municipal 
services.  The approach, which is effectively used in practice for this problem decision, is the modeling on 
the basis of multiple line regression equation with using the dummy variables (Powers, Xie, 2000).
This model is built on the basis of the data of the specialized sample survey of municipal services consumers 
on city and the municipal enterprises data about the sums of charges for the given to household services. For 
example, with this purpose for Khmelnytsky city of Ukraine in the microdata files were created new 
variables about the agreement to pay more for better services.

To estimation of the population ability-to-pay one of the basis indicator is the average per capita 
water consumption. The model determining this indicator includes the following binary (dummy) variables 
which have been used as independent variables:

3Kvt - a household falls into the third quintile group (1 – yes, 0 – no);
4Kvt - a household falls into the fourth quintile group  (1 – yes, 0 – no);
5Kvt - a household falls into the fifth quintile group (1 – yes, 0 – no);

2NUM - a household  consisting of two persons (1 – yes, 0 – no);
3NUM -  a household  consisting of three persons (1 – yes, 0 – no);
4NUM -  a household  consisting of four persons (1 – yes, 0 – no);
5NUM -  a household  consisting of five persons (1 – yes, 0 – no).

Besides these variables that were included in the model, other binary variables were also considered 
in the process of the study (availability of children, pensioners, employed individuals in a family; location 
and type of housing, etc.). Their impact upon volumes of average per capita consumption turned out to be 
relatively insignificant.

The general form of the linear probability model for each service id defined by the formula:

nno bbbp   ...2211 , (1)

where p  is the average per capita water consumption; ib  are the binary factorial variables, ni ...,,2,1 ; 

0 is the absolute term that has a value of the average water consumption for the household group 
corresponding to the zero values for all binary factorial variables; i  are the regression coefficients 
representing the impact of each factorial variable (at ib =1) on the water consumption.
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 Models (1) were constructed separately on each city for household consuming the services. For 
example, the model for cold water consumption in Yerevan is:

55512439623209.223771559704871.034640017.4 ΝUΜ.ΝUM.ΝUΜΝUΜ.Κvt.ΚvtΚvt.pn 

( 88.02 R , 89.20F )

where np - average per capita water consumption, m3/person/month; 3Kvt  , 4Kvt , 5Kvt - households 
falling into quintile groups 3, 4, 5 respectively by average per capita consumer expenditures;  2NUM , 

3NUM , 4NUM , 5NUM - households consisting of 2, 3, 4, 5 and more members, respectively.  
There are all bases to assert, that connection between productive and the chosen factorial indicators 

is adequately described by the received regress equations because in all cases value of determination factor 
2R  is close to 1 and calculated value of the F- relation is essentially exceeds its critical value Fcr. Using this 

equation, it is possible to calculate willingness to pay more for any type of households.

Table 2 - Interpretation of regression coefficients in the model for average per capita water 
consumption in Yerevan (based on targeted survey of water customers of Yerevan Vodokanal, June 2003)

Model 
Parameters

Value of 
Parameters Interpretation of Values

Absolute term 4.017

This is a constant value – average per capita water consumption 
(m3/person/month) at zero values of other factor feature (i.e. the 
volume of average per capita water consumption by households 
consisting of one member and falling into the first or second quintile 
group by the income level).

Regression 
coefficient at 

3Kvt
0.464

For households falling into the third quintile group, subject to other 
conditions being equal, average water consumption increases by 
0.464 m3/person/month compared to households of the first and 
second quintile groups.

Regression 
coefficient at 

4Kvt
0.871

For households falling into the fourth quintile group, subject to other 
conditions being equal, average water consumption increases by 
0.871 m3/person/month compared to households of the first and 
second quintile groups.

Regression 
coefficient at 

5Kvt
0.597

For households falling into the fifth quintile group, subject to other 
conditions being equal, average water consumption increases by 
0.597 m3/person/month compared to households of the first and 
second quintile groups.

Regression 
coefficient at 

2NUM
-1.377

For households consisting of two people, subject to other conditions 
being equal, average water consumption decreases by 1.377 
m3/person/month compared to households consisting of one person.

Regression 
coefficient 
at 3NUM

-2.209

For households consisting of three people, subject to other 
conditions being equal, average water consumption decreases by 
2.209 m3/person/month compared to households consisting of one 
person.

Regression 
coefficient 
at 4NUM

-2.396
For households consisting of four people, subject to other conditions 
being equal, average water consumption decreases by 2.396 
m3/person/month compared to households consisting of one person.

Regression 
coefficient 
at 5NUM

-2.551
For households consisting of five people, subject to other conditions 
being equal, average water consumption decreases by 2.551 
m3/person/month compared to households consisting of one person.

By results of the executed researches it should be noted the following. Problem of statistical 
estimation of the population ability and willingness-to-pay for consumed municipal services is very urgent
now in Ukraine and in other post-soviet states. 

Methodological approaches to the decision of this problem provides necessity of reliable estimates if 
population incomes on the municipal level and necessity of the special sample surveys carrying out for 
estimation of the population willingness-to-pay for municipal services. Methods of statistical modeling are 
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the important toll of estimation of quality of services delivered at the municipal level.

REFERENCES

1. Sekhar S., Balakrishnan S. Voices from the Capital: A Report Card on Public Services in Delhi. - Public 
Affairs Centre, 1999. – 33 p.
2. Rao J.N.K. Small Area Estimation / J.N.K.Rao.- John Wiley&Sons, 2003. - 314 p.
3. Powers D.A., Xie Y. Statistical Methods for Categorical Data Analysis. – Academic Press, 2000. – 305 p.

SUMMARY

In this article the basic principles to estimation of quality of services delivered at the municipal level 
of the separate cities of Ukraine. Scientifically proved approach to development of a policy at the cities
levels is the important precondition of social and economic development. 

The basic problems that arise at measurement of degree of citizens’ satisfaction with various aspects 
of service delivery and of the ability-to-pay of consumers of municipal services at the local level are 
examined. The certain attention is given to questions of application of statistical modeling methods at the 
estimation of indicators and at the analysis of ability-to-pay of citizens for the consumed services. Examples 
of the ability-to-pay estimation at the local level are resulted. 

RÉSUMÉ

Dans cet article les principes fondamentaux à l'estimation de qualité de services livrés au niveau 
municipal des villes séparées d'Ukraine. L'approche scientifiquement prouvée au développement d'une 
politique aux niveaux de la ville est la condition nécessaire importante de développement social et 
économique. 

Les problèmes fondamentaux qui surviennent à la mesure de degré de la satisfaction de citoyens des 
aspects différents de livraison de service et de la capacité-à-paie de consommateurs de services municipaux 
au niveau local sont examinés. On prête une certaine attention aux questions d'application de méthodes 
posantes statistiques à l'estimation d'indicateurs et à l'analyse de capacité-à-paie de citoyens pour les services 
consommés. Les examples de l'estimation de capacité-à-paie au niveau local sont ensuivis.
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City marketing as a tool for urban revitalization? 

The need for economic change is felt in many European cities. Industrial activities have been moving out 

or do not generate enough jobs for the cities. Therefore, many cities in Europe focus on new economic sectors. 

Especially cities with a traditionally one-sided economy based on traditional sectors, for instance heavy 

industries, manufacturing or agriculture are suffering and need to broaden and transform their economic base. 

They try to attract new sectors, such as  

•  New industries (creative, life sciences, design) 

•  Tourism  

•  Finance 

•  Business services 

More and more Cities see City Marketing and City Branding as an important tool to attract new 

businesses, or new inhabitants, tourists and students.  Even small towns have city marketing budgets and they 

have slogans, logos and festivities to promote their cities.  

The competition in Europe is high. Cities and regions compare themselves with other cities and regions in 

Europe and try to rank higher. A European comparison of economic strengths in metropolitan areas shows that 

different urban regions perform outstandingly in one sector or another, but that big urban areas such as London, 

Paris and Milan are altogether highly ranked. 

 

In this paper I will tell something about my experiences in the City of Rotterdam, where I was working for 

the City Council. I was in different positions in the urban planning department and the economic department. I 

was involved with urban planning and city marketing. I am not a statistician but a policy maker and project 

manager. I give this paper from my own experience, from the perspective of a policy maker who is looking for 

answers. Can city marketing be a good tool for future development? What can we learn from the Dutch situation, 

for example in Rotterdam? 

 

Can City Marketing be a tool for urban revitalization? My answer is yes, but only if city marketing is done 

from an integrated approach. Cities need to attract new businesses, tourists and citizens to stay vital, so it is very 

comprehensive that these cities are active in the field of city marketing. Factors such as cultural climate, 

environmental quality, liveliness, do matter! However, city marketing activities only work from the perspective 

of the target group, with a focused communication. And, most of all, an integrated strategy is required: a strategy 

in which communication, product development, and acquisition go hand in hand.  

 

Just a campaign or a slogan is wasted money. Communication, which is not targeted at a certain group 

with a certain aim, also will not help. Promoting an image of your city that no one believes also would not be 

wise.  
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Integrated approach 

The definition of city marketing that I would like to use is:  

 

‘City Marketing is a strategic process in order to match as good as possible the urban environment and the 

expectations of certain target groups.  

The aim is to create stimuli for social and economic functions and activities for a long period’.  

 

A strategic process involves that you know what you want and that you know how to get there!  

 

Integrated city marketing is a combination of  

- marketing communication   

- product development and  

- acquisition 

 

Product (development), promotion and acquisition from a common shared focus will strongly increase the 

effects of (city) marketing! The process to come from targets to projects can be summarized in the following 

scheme:  

 

1. What targets do we have?:   Target 

2. Who is going to deliver our targets?:  Target groups 

3. Who are we?      Brand/Identity 

4. So what is our point of excellence?  Brand Principles 

5. How this point of excellence is proved   Brand Criteria 

6. Translate it to the organization  Management 

 

The results of good city marketing are the achievement of positive change in behavior at qualified target groups, 

such as businesses, citizens, students or visitors/tourists.  

 

 

Rotterdam: the long way from industrial to creative 

After this bit of theory I bring you to the field; the practice of Rotterdam. `Actions speak louder than 

words’ is the motto of the Rotterdam soccer club ‘Feyenoord’. This is a saying that many people from Rotterdam 

identify with. The Rotterdam resident has great mettle, and it has been said that in the port city of Rotterdam, 

shirts are sold with their sleeves already rolled up. This mentality was very welcome after the rebuilding of the 

city after the bombardment of the Germans in May 1940, forcing the Netherlands to surrender. The massive 

bombardment, which lasted only a few minutes, caused the wholesale destruction of the city center. More than 

80.000 people lost their homes.  

However, in the mid eighties it was time to add thinking to the action; thinking about the future 

development and the transformation of the cities’ economic base. Rotterdam was still a port city, with the 

biggest port of Europe and 600.000 inhabitants, but the number of jobs in the port went down each year. The 

economic competitiveness of Rotterdam also inflated.   

In different steps the city developed a long-term strategy, it identified its specific potentials and developed 

an integrated strategy in which ‘hardware’, ‘software’ and ‘orgware’ were integrated.  

Rotterdam struggled with it’s image. It’s image (what people think about your city) was quite negative: 

working man’s city, industrial, modern, not cozy, ugly, unsafe. It’s identity (what the city really is, the facts, the 

‘DNA’ of the city) was stronger: modern architecture, waterfront, university, famous architects, young 

population, and multi-cultural population. These positive aspects of the city were seen as it’s potentials that 

could be used for the further development and city marketing. The city identified five unique city characteristic 

themes:  

 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 2374 -



1. Multicultural;  

2. Harbor and Water; 

3. Architecture/Design; 

4. Film / Audiovisual 

5. Young and dynamic 

 

Hardware, software, orgware,  

Many of the ‘hardware’ investments on city marketing went to the development of Riverfront: a new 

bridge, a new hotel in the old offices of Holland America Line, a new theater and a new museum and a 

Passenger Cruise Terminal. Another investment was the Watertaxi: a modern and fast taxiboat system 

connecting over 30 points on the riverside.  

But there were also investments in ‘software’; in events that fit well into these five unique themes. The 

city has a strong annual festival program, with a dance parade, a summer carnival and a film festival. The city 

also started in 2000 with the so called thematic years: 2000 EK Soccer (sport); 2001 Cultural Capital of Europe 

(culture); 2003 Year of Water (urban beach) (water); 2005 European Capital of Sports; 2007 Year of 

Architecture; and 2009 Year of Young People.  

The city also invested in its ‘orgware’; its organizational capacity. The city founded two organizations. 

They are mainly funded with money from the city council, but also at a certain distance from the city council: 

The first organization is Rotterdam Marketing, who is responsible for selling Rotterdam to tourist operators; for 

acquisition of conferences and for bringing business interests together. The other organization is Rotterdam 

Festivals, responsible for the festival Calendar and for the support of event organizations.  

 

 

Four key points from the Rotterdam experience 

A) Focus on your identity and your targets as a starting point. In Rotterdam, the definition of the cities identity 

with five themes was quite strong and is still working as inspiration for communications, events and product 

development 

However, targets are hard to define, especially in qualitative sense, but one should still try to do so.  

 

B) The city  center as prime location of attention The city center must be present in your city marketing and 

urban development strategy. The city center is the place where 

• it all begun 

• many historic buildings define the ‘public functions’ of the city 

• the identity of the city is present,  

• the city shows itself to the rest of the world  

 

The name of the city has an economic value, for businesses and tourists. Design companies, artists, but also 

creative departments of big companies are looking for ‘inspiring’ surroundings for their work. 

Also the good accessibility by public transport is an increasingly important asset. The heart of the region must be 

strong, even when many economic functions and jobs have moved out to other areas. A strategy for the future of 

the region can only be successful if there is a strategy for the future of the city center.  

 

C. Shared vision and shared commitment. A long term strategic development can only be done when different 

responsible parties get together in process of giving and taking. The Netherlands show a lot of interesting 

examples of processes in which local and regional authorities work together and also work closely with 

representatives of entrepreneurs. Fortunately in Rotterdam this also worked out well.  

 

D  Think back from the future. (dare to dream) The last point that I want to make is the importance of a visionary 

view of the  future situation. It is very difficult to come loose from the daily troubles and problems. Rotterdam 

had a vision on the bridge and the new Kop van Zuid area, even when nothing was yet visible and there was no 

finance.  

There is no end at the process of investing, cooperation and improving. There is no guaranty for success. 

However, cities only can win with vision, a good strategy and teamwork of public and private stakeholders. 
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ABSTRACT

A vital component of urban vitality is direct interaction among people ñ residents and visitors ñ in
social, commercial, cultural or simply leisurely activity. It is the mass of people from multiple origins
that adds dimension and with it economic support for a range of services that enrich our lives and
experiences and would otherwise not be available. The urban and regional economies benefit from
this not only by the economic impetus generated by the additional transactions, but also because
the multiplicity and diversity of those experiences will increase the sophistication of consumers and
through it push up the quality of suppliers. This will not only increase the added value per transaction,
but also improve the ability of at least some of those suppliers to sell their goods and services in other
markets. Sometimes there will be movement of those goods and services (exports), sometimes the
clients will come to them, in the form of tourism. But high vitality is not a permanent attribute of
cities, as it is easy to conclude by simple comparisons, both transversal (several cities at the same time)
and longitudinal (the same city over a period of decades). A positive combination of factors is needed
to enhance or even preserve urban vitality, ranging from the quality of the physical environment and
the sense of security, to the level of employment and the overall business environment, and to the
affordability of housing and quality of mobility. This paper deals with the latter. In the contemporary
world we are facing the challenge of making cities function efficiently with ever larger numbers of
people, with higher levels of car ownership, but having to perform on a urban layout that was largely
designed and built before or at best in the first decades of the existence of the car. Quite often the
results are appalling, with steady road congestion taking over the lives of people and of the city itself.
These are clear cases in which public intervention is needed, because for most people the rational
individual choice would still be to move by car. It is only when coordinated collective action is
possible that better solutions may be reached. And that is the realm of public interventionÖ High
urban vitality can only be achieved and sustained in a setting of quality of mobility across all transport
modes, which means that a system is in place in which each mode is able to perform adequately and
safely, without being jeopardized by the other modes. Given the limitations of space and the differences
in geographical range of the different modes of transport ñ walking, cycling, various types of public
transport, cars, and delivery vehicles - this implies controlling the total number of cars in use and
making the availability of space for cars in the different parts of the city complementary to the quality
of access by other modes. This approach has been adopted by the author in the work for the Lisbon
Mobility Plan (2003-04), and this paper will highlight some of its key components.

Keywords. Urban revitalization.
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High-Order Spatial Statistics:  Exploring Spatial Random 
Fields and Spatial Cumulants for Modelling Complex, Non-
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e-mail: roussos.dimitrakopoulos@mcgill.ca 

Abstract - Geo-environmental phenomena represent complex, non-Gaussian, natural systems distributed 
in space with non-linear patterns of spatial connectivity. The second-order geostatistical random field 
models used in practice are of limited effectiveness in the presence of natural complexity. A non-linear 
and non-Gaussian geostatistical framework is presented herein based on high-order spatial connectivity 
measures and spatial cumulants. Examples demonstrate the ability of spatial cumulants to describe 
complex spatial patterns.  

1. Introduction

In earth sciences and engineering, measurements of phenomena under study represent complex non-
linear and non-Gaussian systems distributed in space. Frequently, it is required that geo-environmental 
attributes are modeled and their spatial distributions predicted from a limited set of measurements.  
Random field models and stochastic data analysis, termed geostatistics, have long been established and 
used as the key approach to modelling and predicting natural phenomena in a variety of earth sciences 
and engineering fields (eg David, 1977; Journel, 1989; Ripley, 1987; Cressie, 1993; Christakos, 1992; 
Kitanidis, 1997; Hohn, 1999; Goovaerts, 1998; Chilès and Delfiner, 1999). Despite the considerable 
developments over the past three decades, modelling approaches are based on second-order statistics, and 
the spatial information these contain. Concerns articulated during the last decade suggest that current 
modelling frameworks are limited in their ability to account for the spatial complexity and non-linearity 
of the natural phenomena being modelled, that are critical to modelling and predicting spatially-
distributed, location-dependent data (eg Guardiano and Srivastava, 1993). Several attempts to develop 
new techniques dealing with spatial complexity include the multiple-point approach (Strebelle, 2002; 
Zhang et al, 2006), new Markov random field based approaches (Daly, 2004; Tjelmeland and Eidsvik, 
2004), and others. These developments replace the two-point covariance with a training image so as to 
account for high-order dependencies. Although these are novel approaches, there is a need for a well-
defined spatial stochastic modelling framework capable of dealing with the complexity of non-Gaussian 
and/or non-linear geo-environmental phenomena.  The approach advocated herein is based on cumulants, 
which are combinations of moment statistical parameters allowing the complete characterization of non-
Gaussian random variables.  Spatial cumulants are a new concept and it is introduced here because 
cumulants completely characterize non-linear and non-Gaussian stationary and ergodic spatial random 
fields, thus can provide a new consistent framework in addressing issues mentioned above. Related work 
on cumulants of one-dimensional random function models have been developed to deal with the 
identification, analysis and testing of non-linear signals (eg Mendel, 1991; Nikias and Petropulu, 1993). 
This paper outlines basic definitions, summarizes approaches to calculating anisotropic spatial cumulants 
with templates, shows two selected examples, and, finally, comments on some duality relations between 
cumulants and natural process.  

High-order statistics of non-Gaussian spatial random functions 

Let  be a probability space and let ( , , )P ( , ( ))  be a measurable space. A spatial random field 

 is a family of random variables ( ), nZ x x 1 2( ), ( ),Z x Z x  at locations , where each 
random variable is defined on ( ,  and takes values in 

1 2, ,x x
, )P ( , ( )) .  Assuming  is a zero-

mean ergodic stationary random field indexed in , then the rth-order cumulant of the random field 

Z(x)
n

1
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Z(x)  is defined as the vector coefficient  in the MacLaurin expansion of the cumulant generating 
function

v

( ) ln exp( )Tv E jv Z
If its moments up to order r  exists, then 

1 1 1Mom[ ( ) ( ), , ( )] ( ) ( ) ( )r rZ x Z x h Z x h E Z x Z x h Z x h 1

The moments depend only on the distances 1 2 1, , , rh h h . Similarly, the rth-order cumulants of 
( )Z x can be denoted as 

1 2 1 1 1( , , , ) Cum[ ( ), ( ), , ( )]z
r rc h h h Z x Z x h Z x hr

For example, the second-order cumulant of a non-centered random function ( )Z x  known as the 
covariance, is given by 

2
2 ( ) ( ) ( ) ( )zc h E Z x Z x h E Z x

Its third-order cumulant is given by 
c3

z (h1,h2 ) E Z(x)Z(x h1)Z(x h2 ) E Z(x) E Z(x h1)Z(x h2 )

E Z(x) E Z(x h1)Z(x h3) E Z(x) E Z(x h2 )Z(x h3) 2E Z(x) 3

It may be computationally convenient to consider zero-mean random functions as some of the terms 
vanish.  In addition, note that the cumulants of orders higher than three of a zero mean random function 
are related to their moments of lower orders and a combination of their moments of order two. 

2. Calculating experimental anisotropic spatial cumulants 
The calculation of spatial cumulants can be restricted to specific single direction to reflect the 
directionality and anisotropies of environmental and other processes. For this reason, the concept of 
spatial template is introduced here. A spatial template T is defined as a particular geometry of points in 
space; more formally, given a set of directional vectors 1 2, , , rh h h , supported by the direction angles 

1 2{ , ,..., }r , the associated spatial template of order ( 1)n  is defined, considering a spatial location x
as a reference, as 

1 1 2 1 2 1 2( , || ||, || ||,..., || ||, , ,..., ) , || ||, || ||, , || ||n r rx h h h x x h x h x hr

For each of the branches of the template, a corresponding tolerance angle is defined. A tolerance angle of 
360 degrees links to the a definition of cumulants, where only distances are taken into account. For 
example, the r=3 order cumulant with the given template T is computed from 

1 2, 2
1 1

1 ( ) ( || ||) ( || ||), { ; || ||; || ||}
N N

T
i j i jh h

i j
C Z x Z x h Z x h x x h x h T

N

3. Examples and interpretation of third-order cumulants of two- dimensional images 

Two examples using images sharing the same histogram and similar directional covariances are 
considered here. The images are the same as those in Journel (2005), and others, and have been used to 
stress the limits of second-order statistics in distinguishing between different patterns.  In the examples 
that follow, the covariance map and four directional experimental cumulants are shown. Cumulants are 
computed with the templates L-shape, 45 degrees, XX axis and YY axis directions as shown in Figure 1. 

2
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Figure 1: The four experimental third-order cumulant templates used in the following examples. 1- L-
shape, 2- 450, 3-XX and 4-YY. h1 is the distance between z(x) and z(x1) and h2 is the distance between 
z(x) and z(x2).

Example 2 Example1 

Figure 2:  Example 1 (two left columns), from top left to bottom right it is: (1) original image, (2) 
covariance map, and (3) to (6) cumulant maps. Example 2 (two right columns), from top left to bottom 
right it is: (1) original image, (2) covariance map, and (3) to (6) cumulant maps. All cumulant maps are 
based on the templates shown in Figure 3. 

The first image in Example 1 is shown in Figure 2 (1-left two columns) and corresponds to sub-
horizontal lenses with average heights of 15 units and average width of 100 units. The second image in 
Example 2 is also shown in Figure 2 (1- right two columns) and corresponds to a series of horizontal 
channels with a height of about 15 units. The comparison between images in Example 1 and Example 2 
provides several findings. For instance, cumulant maps of images in Example 3 are quite different 
compared to those of Example 1. The anisotropy in the X direction (main direction of channels) appears 
clearly in the cumulant maps in Figure 2 (two right side columns). In particular, the YY direction 
cumulant in Figure 2 (5–right side colums) show a strong difference compared to XX cumulant in Figure 
2 (6–right hand side). These are features not shown in the cumulant maps of Example 1. Also, the L-
shape cumulant of Example 3 (Figure 2 (3- right hand side)) shows the anisotropy in the X direction with 
elongated features in the X axis. The interaction between channels is highlighted by the positive anomaly 
at Y=50, Y=150.

3
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4. Conclusions
Developments towards a new alternative approach to modelling complex, non-linear, non-Gaussian geo-
environmental and engineering data were outlined. The approach proposed is founded upon concepts 
from high-order statistics introduced here in a spatial context. The calculation of spatial anisotropic 
cumulants using spatial templates, and two examples were presented showing that maps of spatial 
cumulants can discriminate patterns that two-point statistics may not. In general, recent research shows 
that third-order cumulants characterize three-point spatial pattern redundancy on images and provide 
relevant information on geometric characteristics, periodicity and anisotropy of existing patterns. The 
sensitivity and amplitude of spatial cumulants are correlated to the orientation of the spatial template 
branches in the main axis of the original image. The choice of the cumulant appears to depend on the 
natural process anisotropy and pattern redundancy. Further research will address the calculation, 
interpretation and duality relations of higher-order spatial cumulants than order three.    
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1. Introduction 

Deposition of pollutants around punctual sources of contamination, such as incinerator, can display 

complex spatial patterns depending on prevailing weather conditions, the local topography and the 

characteristics of the source. Deterministic dispersion models often fail to capture the complexity observed 

in the field, resulting in uncertain predictions that might hamper subsequent decision-making, such as 

delineation of areas targeted for additional sampling or remediation. Geostatistics (Goovaerts, 1997; Chiles 

and Delfiner, 1999) provides a set of methods for incorporating the spatial coordinates of field data in the 

mapping of pollutant levels and the assessment of the attached uncertainty. This paper describes a 

geostatistical methodology to combine field data with the predictions of dispersion model. The approach 

generates a set of equally-probable maps of the spatial distribution of pollutants which can be post-processed 

to compute the probability that target thresholds are exceeded locally or on average over polygons of various 

size (i.e. census units). The methodology is used to delineate areas with high level of dioxin TEQ (Toxic 

Equivalents) around an incinerator in Michigan. The accuracy and precision of the geostatistical model is 

then assessed using recently collected soil data. 

 

2. Modeling the spatial distribution of TEQ values 
 The following information was available to characterize the site around the incinerator: 1) 53 soil TEQ 

concentrations measured during sampling campaigns in 1980-1990s, and 2) air concentration and total 

deposition flux values (dry and wet) predicted at the nodes of a 500×500 receptor grid (spacing = 50 m) 

using EPA Industrial Source Complex (ICS3) dispersion model (US EPA, 1995). The deposition model was 

run using hourly meteorological data (e.g. wind speed, precipitation rate) available for 1987-1991.            
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Figure 1. Grid of 5-year dry (a) and wet deposition (b) values predicted by the dispersion model (units= 
kg/m2). Dots depict the 53 soil TEQ concentrations, while the outlines of census blocks are displayed in 
background. 

 
 

 
 

                 

            

 

 

 
 
 

 
 
 
 
 
 
 
 
 
 
 

Figure 2. Two realizations (subsets of the original 500×500 grid) of the spatial distribution of TEQ values 
(a,b), and the results of the aggregation to census block level (c,d). The probability for each census block 
value to exceed a threshold of 75 ppt is computed from the set of 100 realizations (e).  
 
Major differences were observed between the spatial patterns of dry and wet depositions; while higher air 
concentration and dry deposition are observed on the North-eastern side of the plant (i.e. downwind), 
important wet deposition is predicted on the South-western side of the plant; see Figure 1. The soil TEQ 
concentrations range between 0.60 ppt and 450 ppt, with a mean value of 73.66 ppt. 

The uncertainty attached to the TEQ value within each census block (decision support) was modeled 

using the following geostatistical methodology: 

1. The TEQ concentrations are normal score transformed to correct for the histogram skewness. The 

transformed data are regressed against the air concentration and deposition (wet and dry) values 

(a)                            (b)                                        

(c)                             (d)                     (e)                              

(a)                                    (b)                                     
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predicted by the numerical dispersion model. This regression model, which explains 45.3% of the 

total variance in TEQ data, is used to predict the TEQ concentration and attached standard error at 

the nodes of the 500×500 receptor grid.  

2. The spatial variability of regression residuals is modeled using the semivariogram. The range of 

autocorrelation is 3,000 feet, which indicates the presence of spatially structured variability that 

cannot be explained by atmospheric deposition 

3. Sequential Gaussian simulation (Goovaerts, 1997) is used to simulate the spatial distribution of TEQ 

values conditionally to the 53 TEQ data, the trend model inferred from the calibration of the 

deposition data (step 2) and the pattern of correlation modeled in step 3. The local distributions of 

probability (ccdf) are modeled using the results of simple kriging with varying local means identified 

with the regression estimates. The ccdf mean is the kriging estimate, while the ccdf variance is the 

kriging variance plus the variance attached to the regression estimates of Step 2. One hundred 

realizations were generated using a 500×500 simulation grid with a spacing of 50 m. Two 

realizations displayed at the top of Figure 2 show the largest TEQ values are found close to the plant 

property line. Differences between realizations illustrate the uncertainty attached to the exact TEQ 

value at those locations. 

4. Point simulated values are aggregated within each census block to yield a simulated block value 

(upscaling). This aggregation is repeated for each realization, yielding a set of 100 simulated values 

for each census block; see Figure 2 (c & d). 

5. The empirical distribution of 100 block values is used to retrieve the probability for each census 

block to exceed a negotiated threshold of 75 ppt. The probability map (Figure 2e) shows that census 

blocks located South and East of the plant are the most likely to exceed the threshold of 75 ppt, 

which reflects the impact of the wet and dry deposition patterns displayed in Figure 1.    

 

3. Validation of the geostatistical model 
Census blocks that were the most likely to exceed the threshold of 75 ppt and have the largest 

population at risk were targeted for a recent soil sampling campaign, which led to the collection of 51 new 

soil samples. The soil TEQ concentrations range between 4.90 ppt and 923 ppt, with a mean value of 79.15 

ppt. Each new soil measurement was compared to the set of 100 TEQ values simulated at the closest grid 

node. The correlation between the measured concentration and the averaged simulated value is moderate 

(0.42), and the actual concentrations are clearly overestimated in the vicinity of the plant property line.  

From the distribution of 100 simulated values one can compute, for each of the 51 new sampled 

locations, a series of symmetric p-probability intervals (PI) bounded by the (1-p)/2 and (1+p)/2 quantiles of 

that distribution. For example, the 0.5-PI is bounded by the lower and upper quartiles. A correct modeling of 

local uncertainty would entail that there is a 0.5 probability that the actual TEQ value at that location falls 

into that interval or, equivalently, that over the study area 50% of the 0.5-PI include the true value. The 

scattergram of the estimated versus expected, p, fractions is called the “accuracy plot” (Goovaerts, 2001). 

Figure 3a shows that the geostatistical model of uncertainty is accurate: the proportion of observations that 

fall within probability intervals (PI) exceeds what is expected from the model. For example, the observed 

TEQ value is included in the 0.5-PI for 61% of the 51 new samples (expected proportion=50%). Not only 
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Figure 3. Plot of the proportion of observed TEQ values falling into probability intervals (PI) of increasing 
size (accuracy plot, a). The width of these local PIs is plotted against the width of the global PIs that are 
derived from the sample histogram (b).  
 
should the true TEQ value fall into the PI according to the expected probability p, but this interval should be 

as narrow as possible to reduce the uncertainty about that value. The average width of these local PIs should 

also be smaller than the global PI inferred from the sample histogram. The scatterplot in Figure 3b indicates 

that, for all probabilities p, the local PIs are narrower than the corresponding global PIs, which means that 

the geostatistical model of uncertainty is both accurate and precise.    

 

4. Conclusions 
The approach described in this paper combines the detailed process-based modeling of atmospheric 

deposition from an incinerator with the probabilistic modeling of residual variability. The benefit of 

stochastic simulation over spatial interpolation is twofold: 1) maps of simulated point TEQ values can easily 

be aggregated to the geography that is the most relevant for decision making (e.g. census block, ZIP codes), 

and 2) the uncertainty at the larger scale is simply modeled by the empirical distribution of aggregated 

simulated values. The geostatistical model provided guidance for the collection of new human and soil data 

in the study area. Although these 51 new soil measurements were confined to a few census blocks and so are 

not representative of the entire area that was initially characterized, the validation study showed that the 

model of local uncertainty is accurate and precise. Probability intervals provide a realistic assessment of the 

range of possible TEQ values that could be observed at unsampled locations, and it is more precise than the 

aspatial approach whereby the uncertainty model is based on the global histogram of the data. 
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Rivers and water resources are subject from intensive agriculture to pollution as those of ni-
trates or pesticides while preservation of aquatic biotopes of river becomes a major issue in public
policies. Environmental monitoring of large river networks are usually based on measurement stations.
Compared to the total length of river networks, their number is often limited and it seems natural to
extend pollution rates that are measured locally to the whole river network for management purpose.

To reach this objective using geostatistical methods for spatial interpolation, it is essential to
base them on a distance which is meaningful on a river, i.e. the distance that is calculated along the
hydrographic network. This distance is often called ”stream distance” or ”river distance”. However
the extension of models and methods of geostatistics is not straightforward. First, the stationarity,
i.e. the invariance by translation, must be specifically adapted to the support, or released. Moreover,
the spatial covariance structure must be positive definite for any finite subset of points belonging to
the network whatever they are located at or between branching points. Last, it is necessary to dispose
of a set of spatial covariances to fit the spatial structures that are present in the data and to perform
spatial interpolations by kriging.

Two types of models presently honor these conditions and were recently proposed. Monestiez et
al. (2005) and Bailly et al. (2006) proposed a first kind of geostatistical models based on conditional
independence at branching points. Second, Ver Hoef et al. (2006) and Cressie et al. (2006) proposed
a family of models with total independence between branches. Both are specific and adapted for
characterizing spatial variations on such networks, however, they traduce different hypotheses on the
underlying mechanisms that generate spatial variation on data.

Models

We first introduce few definitions and notations to facilitate the writing of further expressions
of models. Some of them are borrowed to Cressie (2006). Each segment of river is considered as a
continuous support (a segment in R) on which the Random Function (RF) is defined. These river
segments branche at junction points, generally of order 3. A source is defined as an upstream endpoint,
while the downstream endpoints are the river outlets. For all points, we can define its downstream
domain noted ∧.

For all pair of points, a distance is defined. When one of the two points belongs to the down-
stream domain of the other, the stream distance is simply the distance along the river path and the
points are then said flow-connected. If else, the inter-point distance is defined as the sum of the two
distances from each points to the first common junction encountered in their downstream domains.
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Such points are said non-flow-connected.
The first kind of models introduced by Bailly and Monestiez is defined by an hypothesis of

conditional independence of random functions between branches given the realization of the RF on
the intersection of their downstream domains. For all points, the RF is stationary on its downstream
domain and the spatial covariance model simply defined. A strong limitation of this first modelling
was the absence of formal expression of the spatial covariance for pairs of non-flow-connected points,
only approximate values of these covariances could be calculated from simulation. The kriging was
thus particulary difficult and computational to implement for neighborhoods that include more than
flow-connected data points.

750 800 850 900 950

23
50

24
00

24
50

25
00

25
50

nitrate rates (mg/l)

fr
eq

ue
nc

y

5 10 15 20 25

0
5

10
15

20
25

log(nitrates rates +1)

fr
eq

ue
nc

y

1.0 1.5 2.0 2.5 3.0

0
5

10
15

20

Figure 1: Map of the studied river network indicating the location of the 140 monitoring

stations with nitrate measurements. Histograms of the raw nitrate rates and of the

log-transformed values.

The second kind of models were defined by a kernel convolution of a Brownian motion B(x)
(Ver Hoef et al., 2004) and characterized by a total independence between branches. The convolution
kernel g is unilateral and uptream oriented. By construction and due to branching, the resulting RF is
non-stationary. Ver Hoef et al. (2006) proposed additional conditions at junctions which were based
on flows in order to get a stationarity in mean and in variance on the whole network. Cressie et al. then
proposed simpler conditions based on stream order. In both cases, the stationarity in covariance is
verified only for pairs of points that belong to the same river boot, i.e. without intermediate junction.

It is then quite straightforward to show that the first models can be obtained in a similar way
by reversing the orientation of the unilateral kernel downstream.

Ys =
∫

∧s

g(|x− s|)dB(x)

Consequently, limitations from the first formulation of these models can be easily overcome and the
spatial covariance models formally expressed for all pairs of points since an unilateral kernel can be

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 2388 -



exhibited for the targeted 1-D covariance function.

cov(Ys, Yt) =
∫

∧s∩∧t

g(x)g(|t− s|+ x)dx

This generalization and the formal expressions of the spatial covariance makes compatible the use in
both cases of classical methods of statistics and geostatistics; inference of spatial covariance models by
maximum likelihood, model comparison and selection with AIC and cross-validation, ordinary kriging
using a unique neighbourhood.

Case study : Meuse and Mosel basin in the North-East of France

These methods were implemented on a large river network consisting in the Meuse and Mosel
basin in the North-East of France with more than 5000 km of river (fig. 1). The nitrate rate was
measured at 140 monitoring stations scattered on the whole network. The data were log-transformed
to symmetrize the histogram (fig. 1) before the maximum likelihood estimation of the covariance
function parameters. After computation of the experimental variograms for flow-connected and non-
flow-connected pairs, two parametric models of covariance were tested: the exponential model that is
isotropic - same expression for flow or non-flow-connected pairs - and the spherical model that differs
for flow-connected distance and non-flow-connected distance. The model proposed by Ver Hoef was
also fitted using the weighting system suggested by Cressie.

Results and conclusions

The results of the fitting of different parametric models are summarized on the following table :

Table 1: Model selection with AIC and cross validation.

AIC ∆ AIC MSE
First model with Expon. covar. (isotropic) 129.38 0.96 0.137
First model with Spherical covariance 128.42 0 0.136
Ver Hoef’s model with expon., Cressie’s weights 137.51 9.1 0.180

AIC criterion is directly derived from the ML minimization. The Mean Square Error (MSE) is
computed by cross validation following a leave-one-out approach on available data with a prediction
by kriging.

It seem impossible to distinguish between the two models, exponential and spherical, of type 1.
Nevertheless, these two models both seem to better fit the nitrate rates than the model of type 2
proposed by Ver Hoef et al. This result that rejects the assumption of total independence between
branches remains a characteristic of the nitrate variable in our case study and must not be generalized.
For exemple, another variable as the mean temperature of water in summer, which is an indicator of
biotope quality, has a totally different behavior and leads to the selection of the Ver Hoef’s model.

The kriging map was then obtained using a systematic design of points regularly spaced on the
network, i.e. something which is equivalent to a grid, and the spherical covariance model of type 1
previously selected. The map of nitrate rates is displayed on figure 2 jointly with the map of kriging
variances which gives an idea of the accuracy of the spatial predictions.

The kriging approach associated with a relevant geostatistical modelling gave effective results
in interpolating the nitrate rate due to the presence of a strong spatial structure. However, the
error of prediction and the uncertainty of the data justify the use of geostatistics compared to more
deterministic modelling approaches.
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Figure 2: Kriging of a subnetwork limited to the Mosel basin with 82 data points. (left)

Kriged map : circles are proportional to interpolated nitrate rates, black squares are for

actual nitrate rates at sampled sites; (right) Map of the variances of kriging.
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INTRODUCTION 
 

Modeling ground water flow and solute transport requires modeling the spatial distribution of the 
physical parameters that control the physics of these processes. Because multiGaussian random fields cannot 
reproduce the connectivity of complex geological media made up of a mixture of lithologies, the current 
approach consists in modeling first the spatial distribution of the different lithologies and then within this 
discrete field, it consists in modeling the values of the parameters with the classical multiGaussian models 
(de Marsily et al. 2005).  

 
A very important feature when characterizing the spatial distribution of rock types within an aquifer is 

the connectivity of highly permeable or impermeable rocks. The presence of a channel of high permeability 
constitutes a major pathway for groundwater flow but also for contaminants, it controls most of the physics 
of the system. On the opposite a continuous impervious layer may disconnect parts of the aquifer. Identifying 
the presence of those connected features and modeling them adequately is therefore extremely important for 
the hydrogeologists. 

 
Connectivity can be assessed in different ways. One approach is to adress the global connectivity of 

the field by using percolation theory tools such as connectivity functions (Allard and Heresim Group 1994; 
Stauffer and Aharony 1994; Nurafza et al. 2006) or geostatistical tools (Krishnan and Journel 2003). Another 
approach is to consider directly the physics and build connectivity measures related to flow or transport 
(Knudby and Carrera 2005).  

 
Here we do not consider the global connectivity but we focus on the two-point connectivity of binary 

media. The reason for doing so is that often, the two point connectivity is informed from tracer tests in the 
field, while the global connectivity is much more weakly known. Being able to condition simulations with 
two point connectivity data should therefore be of practical implications. This problem has been addressed 
by Allard (1994) who devised an algorithm based on the Gibbs sampler. In this paper, we propose a new 
method to simulate stochastic binary media conditional to connectivity data. The proposed algorithm is based 
on the multiple point statistics paradigm.  

 
METHODOLOGY 

 
We assume for simplicity that the domain of interest is partitioned by a regular Cartesian grid. Each 

cell represents an elementary volume. In this cell, the type of porous media is represented by an indicator 
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variable I that can either take the value 1 (the cell is highly permeable) or 0 (the cell is almost impermeable).  
We define a point or a cell in the domain by its location x which is a vector of three spatial coordinates. We 
consider that the cells x and y are connected (notation: x ↔  y) if it exists at least one path of adjacent grid 
cells that allows to go from x to y while remaining in the permeable phase. Two cells are defined as adjacent 
if they are in contact through one of their faces.  When I(x) is known, a computationally efficient way to 
check that any two cells are connected is to construct a cluster identification function C(x) that identifies 
every group of adjacent cells with a unique value (Hoshen and Kopelman 1976). The function C(x) is equal 
to zero for all the non permeable cells and is equal to a constant integer value different for each cluster; it is 
the identifier of this cluster. 

 
We consider now the problem of imposing two-point connectivity when simulating a binary medium. 

For that purpose, we propose an algorithm that is based on the idea of borrowing connected path from a 
training image instead of iteratively modifying a simulation such that it satisfies both the connectivity and 
the structural constraints (Allard 1994). For the simulation itself, we rely on existing methods. 

 
The coherence between the structural statistical model and the shape of the connected path is imposed 

by using as a training image which is either the same training image as the one used in a multiple point 
algorithm such as snesim (Strebelle 2002), or an unconditional simulated image constructed with the method 
that will subsequently be used to simulate the image.  

 
The input data of the algorithm are: 

- a couple of connected points (x, x’) located on the simulation grid Gt. 
- a binary training image, i.e. an indicator function I(x) defined over a grid Gs 

 
Our aim is then to simulate an indicator variable J(x) such that x and x’ are connected (x ↔ x’). 
 
We start by initializing the algorithm: 

- We define the lag vector d = x’ – x 
- We calculate the cluster function C(x) on Gs. It allows defining all the connected bodies 

existing in the training image. 
- We then scan the training image Gs to find all the grid cells zi such that C(zi)=C(zi +d). In other 

words, we look for all the configurations in the training image that correspond to the situation 
that we need to simulate. The number n of such replicates is stored, as well as the location of all 
the zi values (i=1 ... n). 

- If n=0, then the algorithm stops because it means that the training image (stochastic model) is 
not compatible with the constraint. The problem must be solved by changing the stochastic 
model (providing another training image, or changing the ranges of the model). 

 
At this point, all the preprocessing is done and we enter a loop that is applied for all the simulations: 

- We randomly select one replicate of a connected pattern (all the replicates have the same 
probability to be chosen). 

- The whole cluster is identified and copied from Gt to Gs while its position is translated. 
- Because the whole replicate may occupy a large portion of the simulated image after having 

been copied, it restricts very significantly the possible variability within Gs. Instead of leaving 
the whole replicate, we select randomly within the replicate one of the shortest paths and set all 
the cells along the path to 1. 

- All these cells are taken as conditioning data for the simulation algorithm which is applied as 
usual, whatever the technique and the model. 
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EXAMPLE AND DISCUSSION 
 
The proposed algorithm has been implemented and tested in 2D and 3D. As a point of comparison, we 

used a rejection method which consisted in generating simulations without prior conditioning on connectivity 
and rejection all the simulations that did not satisfy the connectivity constraint. For illustration purposes, 
Figure 1 shows a simple example of simulations with local conditioning to punctual data and simulations 
with connectivity conditioning.  

 

 

Figure 1. (a) exemple of 5 simulations created with the snesim technique conditioned to local 
information (the white circles are the conditioning point) but without connectivity conditioning. The 
grey map is the mean of 100 simulations. (b) exemple of 5 simulations for which the local 
conditioning is complemented by two-point connectivity.  

 
When comparing the proposed method with the rejection method we show that our technique is 

between 2 to 10 times faster than the rejection method. Within the framework of this work, we did not 
compared numerically the method with the Gibbs sampler technique proposed by Allard (1994) and we can 
only discuss in general terms the aim advantages and drawback of our methodology. Based on the 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 2393 -



description of the algorithm made by Allard (1994), our algorithm is certainly faster because it avoid the 
iterative procedure. However, the algorithm of Allard was more general as it could handle both connectivity 
and disconnectivity information.  
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1. Introduction 

To characterize the space-time dispersion of pollutants, geostatistical models have been developed and 
applied, in several practical situations. There are as many approaches to space-time modeling as there are 
specificities of each case study, regarding the amount of available information and the final objectives of the 
study. Examples of such applications can be found in Enyon and Switzer, 1985, Buxton et al, 1994, De 
Cesare et al, 1997. Different formalisms have been used to capture the space and time components of the 
physical phenomena of pollutant dispersion (Kyriakidis et al, 1999, Soares A, 2002). The use of stochastic 
simulations for the uncertainty assessment have been used by Nunes et al, 2005, Kyriakidis et al, 1999, or by 
integrating meteorological deterministic models (Pereira et al, 1997). In most of situations of urban air 
pollution, although the emissions are from diffusive origins (e.g. traffic) they show clear preferential spatial 
paths of concentrations.  The objective of this paper is to present a new approach to characterize those 
situations of urban air pollution, with non-stationary situations in spatial domain. The objective is to use 
stochastic simulations for the space-time uncertainty assessment and for the evaluation of critical situations. 
Hence a new stochastic simulation of spatial component with a space-time trend model is proposed to 
characterize the critical situations at a given present period, or in the very near future period, taking into 
account the data from the past and a space-time trend from the recent past. The space-time trend model, 
calculated for a given period t, taking into account the data from the past, must also weight differently the 
time data accordingly the proximity to the period one wish to characterize. Hence, in first step, a joint space-
time model is used for the first trend model. Afterwards a simulation of residuals is performed for the period 
t, allowing for the local conditional distribution functions characterization and spatial uncertainty assessment. 
As this approach is performed sequentially in the time domain, the space-time trend is sequentially updated 
for every period t. The uncertainty assessment of the extreme joint behavior of the pollutants is assessed with 
the marginal and joint conditional distribution functions, derived from the simulated images of the pollutants. 
This methodology is illustrated with an application of NO2 and particulate matter PM10 pollutants 
dispersion in the city of Lisbon.  
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2. Spatial simulation with a space time trend 
The proposed model was conceived to deal with spatial non-stationary situations. Consider an attribute 

Z(x,t) defined at a spatial location x, x∈D, and at an instant of time t∈T. In this model the attribute value z is 
decomposed into a trend and a residual:  

( ) ),(),(, tRtMtZ xxx +=  (1) 

In reality, only values of Z(x,t) are available and not R(x,t) or M(x,t). Residuals are often estimated 
after an evaluation of M(x,t):  

( ) ),(*,),(* tMtZtR xxx −=  (2) 

This leads to a basic statement of space-time modeling of non-stationary patterns: there is no “true” 
trend or residual values. They are dependent on the particular algorithm used to determine them. 

This approach can be summarized in three basic iterative steps:  
i- Characterization of the space-time trend for a given period t (the present time) 
ii- Simulation of residuals taking into account the data of t and the space-time trend. 
iii- Update the space-time trend with the Ns realizations of ii. Return to ii) for period t+1. 

2.1 Characterization of a space-time trend with a joint space - time models 
For the first image of the space-time trend, the objective is to calculate a trend M(x,t) weighting the 

different periods or spatial location of experimental data according the proximity to the location (x,t). Host et 
al (1995) decomposed the trend in spatial and time components interpreted as spatial and temporal random 
fields. In another application (ecological resources) Santos et al (2000) have used a different approach to 
weight uneven dispersed monitoring stations with the estimation (kriging) variance.  

In this study, one propose to characterize the first image of space-time trend M(x,t)  with a space-time 
simulation - direct sequential simulation  of Z( . ) (Soares, 2001), based on the data observed at the 
monitoring stations in the previous periods t´<t. A stationary space-time covariance model is adopted for this 

first trend images (Soares, 2002, Kyriakidis et al, 1999). At the location (x,t)  the trend M(x,t) is calculated 
by the average of Ns simulated realizations ),( tzi x :  

( ) ),(,
1

tztM i
Ns

i
xx ∑

=

=  (3) 

2.2 Simulation of Z (x,t)  

For the time period t, residuals R(xα,t) are first calculated at the location (xα,t): 
( ) ),(,),( tMtZtR ααα xxx −= and simulated at any spatial location x - ri(x,t) . The simulated value of 

pollutant   zi(x,t) is obtained by adding the simulated residuals to the space-time trend zi(x,t)= 
M(x,t)+ri(x,t). This is equivalent of performing the simulation (direct sequential simulation) of Z(x,t) with 
local means given by the space-time trend.   
2.3 Updating the space-time trend for the next period t+1  

The space time trend is updated by integrating the new data available z(xα,t+1) in the next period t+1 

simulation (direct sequential simulation with local means).  

2.4 Uncertainty assessment: critical areas and time periods characterization  
At any period t and spatial location x, one can assess the local conditional distribution functions of 

Z(x,t) with the Ns simulated realizations zi(x,t). Spatial and temporal uncertainty can be evaluated and, 
consequently, critical situations can be identified by the joint probability of a set of points (xj,ti)  to be 
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greater then a given threshold. 

3- Case Study 
This study was conducted in the city of Lisbon, using NO2 and particulate matter PM10, data 

collected from 2001 to 2003 (Figure 1 for the spatial location of monitoring stations). Although both 
pollutants show in some periods a local positive correlation, one have decided to simulate them separately, 
once we do not have sufficient data to calculate for a new period those correlation coefficients. Figure 2 and 
Figure 3 shows the variograms of NO2 and PM10. Following the methodology of 2.1, the two trends for a 
initial period t have been calculated. Figure 4 shows the initial trend for the day 3559 for both pollutants. 

 
Figure 1. Location of air quality monitoring stations 

 

Figure 2. NO2 variogram fitted with a spherical model: space componente – C0=0, C1=482, a1=5000 m; time 
component - C0=0, C1=210, a1=4 days, C2=140, a2=200 days, C3=132, a3=1300 days. 

 

Figure 3. PM10 variogram fitted with a spherical model: space componente – C0=0, C1=555, a1=10000 m; 
time component - C0=0, C1=320, a1=4 days, C2=90, a2=12 days, C3=145, a3=800 days. 

 
Figura 4. NO2 and PM10 Space-time trend 
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The simulated realizations of t+1 (d=3600) for both pollutants gave rise to the space-time trend of this 
period and to the following probabilities for one pollutant, e.g. NO2 – Prob[z(xu, ti)>zc], or simultaneously 
for both pollutants: Prob[z(xu, ti)>zc,y(xu,ti)>zc], being the PM10 identified with y(.,.).  
Assuming the indicator functions: Izc(xu, ti) =1 if z(xu, ti)>zc otherwise  Iz(xu, ti) =0 and Iyc(xu, ti) =1 if 
y(xu, ti)>yc otherwise  Iyc(xu, ti) =0 then the joint probeability can be estimated by the Ns simulated 
realizations :  

( ) ( )[ ] ( ) ( )txItxIytxyztxzob uy
i

Ns

i
uz

i
cucu ,.,,,,Pr

1
∑
=

=>>  (4) 

Figure 5 shows one example of the probability of a critical situation (both pollutants are 
simultaneously greater then given thresholds) for one period.  

 

Figura 5. Joint probability Zc(NO2)=31 Zc(PM10)=48 

4. Final remarks  
This model – spatial simulation with a space-time trend – showed very satisfactory results in a 

situation of urban air pollution with a clear spatial non-stationarity.  
This sequential simulation allows for calculation of the joint probability of both pollutants exceed critical 
thresholds, given rise to the daily mapping of critical and alert situations.  
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Introduction 

Official statistics are being used in very different areas: government, science, business and society. In 
the Netherlands most of the business statistics are based upon obligations defined by national or European 
law and regulations. In fact, Statistics Netherlands takes the law and regulations as minimum requirements 
for the output produced on business statistics. The input requirements for statistics are ideally directly related 
to the output, and in some cases they also derive from regulations. This is for example the case with the In-
trastat and Extrastat statistics on international trade. Primary data collection (surveys) from business compa-
nies is as much as possible minimized due to complaints about the administrative burden. Where nowadays 
the administrative burden caused by Statistics Netherlands is only 0.12% of the total governmental adminis-
trative burden, the perception of companies is that Statistics Netherlands causes a much higher burden. In 
fact, Statistics Netherlands is ranked high in the top 10 of annoying regulations caused by public instances. 

Our world changes continuously and rapidly with the consequence of a growing need for information. 
The demands to this need of information are diverse: common features are the level of detail, timeliness and 
accuracy of statistics. Developments like globalization and the increasing importance of commercial services 
are issues that are not extensive defined in the existing law and regulations for business statistics. Therefore 
the question is how to make new or more output while keeping the administrative burden acceptable. To 
what consequences do the choices lead to? Besides that, the quality of the statistic outcomes has to be good. 

In this paper I want to place the above questions into the perspective of data collection. First, by look-
ing to the use of register data in statistics. After that, I shortly discuss methodology aspects followed by the 
use of mixed mode data collection. At last, I discuss the consequences for data collection (quality of re-
sponse) due to changes in sampling size. 

I will conclude this paper by taking all above into perspective in trying to formulate the conditions for 
a positive business case with respect to data collection. 

 
Administrative sources 

The policy of Statistics Netherlands is to use register data above data collected from business surveys. 
In fact, since January 1sth 2004 Statistics Netherlands has received a new legal base (statistical law) which 
states that we first have to examine the use of available register data before conducting a survey. Statistics 
Netherlands has, again by law, free access to governmental and semi-governmental administrative sources.  

The possibility of using available administrative sources depends on the timeliness, quality and com-
pleteness of available data. Administrative sources can be used in two different kinds of ways: 
1. used as a replacement of data collected from surveys; additional surveying may be needed 
2. used as additional information to data collected from surveys. 

There is a major difference between the two possibilities. In the first option, administrative sources are 
the base for statistics and additional surveys are conducted when the information does not cover all the 
needed information. Ideally, this portion is zero. But if surveying is needed, most of the time a significant 
smaller sampling size is needed to complete the operation of making statistics. Statistics Netherlands has 
used this method for the Structural Business Statistics since 2004. The result was a 35% reduction of the 
sampling size for the small and medium enterprises. In the second option administrative sources are being 
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used, but because of the fact that the survey is the base for the statistics, the sampling size remains the same. 
However, a reduction of the administrative burden can be reached by a reduction of variables that are con-
ducted from the survey. Putting this into perspective of the perception of administrative burden from a com-
pany view, the latter use of administrative sources will hardly be experienced as a reduction. 

 
Methodology aspects 

A reduction in the sources needed for making adequate statistics also can be found in methodology. 
Econometric models can be very useful in this context. For example, the use of an ARIMA model for impu-
tations in the Short Term Statistics showed that a reallocation of the survey sample caused a reduction of al-
most 30% in certain business areas. Especially industry branches and services branches seemed to benefit 
under this approach.  

The challenge in methodology solutions is to keep the reliability of statistics at a satisfactory level. The 
base of statistics preferably has to stem from observed data, either collected from surveys or from collected 
registers.  
 
Mixed mode data collection 

When conducting a survey it is important in these days to also try to challenge the administrative bur-
den. This is possible by using survey modes that better match business administrations or modes that better 
support the respondent when filling out a questionnaire. The use of electronic questionnaires, often combined 
with the internet as medium, fulfill this purpose. Electronic questionnaires appear in on-line and off-line 
variants. With the online variant we mean that the questionnaire is filled out real-time while being connected 
to the internet. The respondent does not have to download or install any (additional) program. The offline 
variant is a questionnaire that has to be downloaded or is provided on a CD, and often contains some intelli-
gence. This also leads to better quality of response which in return leads to less editing time. Both types of 
questionnaires are extensively used within Statistics Netherlands. In fact, the initial transmission of the struc-
tural business survey of 2006 has been completely electronically.  

Another way of data collection that is very promising is the use of XBRL (eXtensible Business Report-
ing Language). XBRL is a special variant of XML that derives its success from the taxonomy that gives 
meaning to the variables to be collected. With XBRL, survey data can be transmitted directly from business 
administrations to the survey conductor.  

A big advantage of using electronic forms and XBRL is that both the actual administrative burden and 
the perceptual administrative burden reduce. 
 
Quality of response 

When reducing sampling sizes, the quality of the survey response becomes even more important. Elec-
tronic questionnaires alone will not do the job. With electronic questionnaires, hopefully the willingness of 
companies to fill out our questionnaires will grow, or at least, we hope that it will not drop. As a precaution 
we therefore should also consider a professional contact strategy that must aim on motivating companies to 
respond. Another step to go! 
 
Data collection: the business case 

In this paper I shortly discussed some aspects related to data collection for business statistics. Where 
traditionally our statistics where fully based on data collected from surveys, the urgency to reduce the admin-
istrative burden stimulates to search for alternatives. By using register data more and more, we at one hand 
can reduce this burden drastically, but from the other hand, we become more and more dependent from third 
parties. This dependency has to be managed and therefore fall back scenarios are indispensable . I also stated 
that methodology can be of help in reducing the administrative burden. With both of the mentioned cases it 
seems plausible that there remains a portion of data that still has to be collected by a survey. In that case it 
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becomes very important to get the data correct and at time, while trying to make it the respondent as easy as 
possible. The use of XBRL is a good example for this. 

A lot of research still is being done to find the best solution for reducing the administrative burden and 
of course, we should not stop researching, but how far do we have to go? We must realise what originally is 
the purpose of the statistics that we produce: we want to describe economics in objective figures. These fig-
ures have to be of good quality, because for example lots of the official statistics form the basis for govern-
mental and bus iness policies.  

In my opinion, the ultimate quality of business statistics is one of the most important aspects that can 
be of decisive matter for a positive business case. Finding a good balance in quality and administrative bur-
den therefore defines the quest for making modern business statistics. 
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RÉSUMÉ (ABSTRACT) 
Official statistics are being used in very different areas: government, science, business and society. Our world 

changes rapidly and continuously with the consequence of a growing need for information. The demands to this need of 

information are diverse: common features are the level of detail, timeliness and accuracy of statistics. 

   

This paper focuses on business statistics which also faces the same changing demands. Besides that, statisticians 

are also confronted with the demand of reducing the administrative burden for companies. This paper describes the 

challenges this leads to and the consequences we have to face. The easiest way to illustrate the possible contradiction a 

statistician has to deal with is finding an answer to the question: how to produce more information with fewer sources. 

 

As an example we take the Dutch situation where Statistics Netherlands aims to reduce the administrative burden 

for companies as much as possible. To this end it uses existing administrative registrations of both government and gov-

ernment-funded organisations. The information from these files is supplied to Statistics Netherlands free of charge. Only 

if they do not contain sufficient information, Statistics Netherlands is allowed to conduct supplementary surveys among 

companies. What consequences does this implicate to the Dutch statisticians, and what does it ask from data collection 

processes? This paper is in fact a motivation to ask some questions that will be answered in other papers within this 

contributed paper meeting: 

• how do we look after qualitative response? 

• what does it take to combine different sources for statistics? 

• what about the quality of our statistics? 

 

One important question remains; one that matters to all change-management cases: do we have a positive busi-

ness case?  
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Summary 
This paper discusses the question of data editing in modern business surveys. The paper is focused 

on two crucial issues: selective editing approaches and the challenges and opportunities associated with 
Electronic Data Reporting. Some methods used by the INE are presented. 

 

I. Introduction 
Data editing is a crucial part of business surveys, because it directly affects on data quality. 

Moreover, it is an expensive part of the statistical production process. Recently, more and more statistical 
agencies are researching into new methods and strategies in order to improve the efficiency of traditional 
data editing. Many different methods are being used in order to meet this target. For example, several 
generalized methods (i.e. methods which can be used with multiple survey applications) are being proposed. 

This paper discusses two of the most interesting issues relating to data editing in business surveys today: 
selective editing approaches, and the challenges and opportunities associated with Electronic Data Reporting 
(EDR) methods. 

Selective editing approaches try to improve the efficiency of the editing process, selecting only a 
subset of the questionnaires to be edited manually. Although years ago it was considered customary to edit 
manually every questionnaire, today it is considered inefficient because most of the editing work has no 
impact at the aggregate level. Different methods of selective editing are being used in many countries and 
extensive research is being conducted. 

EDR methods offer new opportunities for improving editing tasks. In mail surveys data editing has 
typically been carried out after data collection. However, EDR methods allow data editing to be carried out 
interactively, during data collection. Moving editing closer to respondents can significantly contribute to 
improve editing effectiveness. Hence, EDR offers the opportunity for re-engineering statistical production 
processes, in a way that allows reporting enterprises to play a more active role in data editing and provide 
data of higher quality. 

The outline of this paper is as follows. Section II describes selective editing approaches. Section III 
the challenges and opportunities associated with EDR methods. The paper ends with some final remarks. 
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II. Selective editing approaches 
Several published studies on traditional editing, where all edits failures are manually reviewed, 

show that it cannot be justified on the grounds of improved data quality. Moreover, it has unfavorable effects 
on timeliness, cost and respondent burden. Many statistical agencies devote considerable efforts to solve 
these problems. Selective editing is a method which targets only some of the micro data items or records for 
review, by prioritizing the manual work and establishing appropriate and efficient process and edit 
boundaries.  

During the last twenty years many approaches of selective editing have been proposed, sometimes 
with different names: macroediting, plausibility indicators, significance editing, etc. A frequently used 
approach to selective editing is that of score functions. Score functions try to reflect the importance of 
editing a particular record, identifying data records that need to be followed up. A reason why this is 
convenient is that some records are more likely to improve the quality if edited than some others, either 
because they are more suspect to have an error or because the error if it exists has probably more impact in 
the aggregated data.  

Two approaches are generally considered, edit or estimate score functions. In the first case, the 
function measures how much the data in the questionnaire fails to fulfil a set of edits. In the second case, the 
scores function measures the difference between a variable in the questionnaire and a certain estimate of it. 
Frequently, the different local scores (i.e., the scores given to a specific variable) related to the same business 
are combined into a global score. In building a score functions is necessary to decide the local score 
functions, how to combine them into a global score function, to establish a threshold, and whether the score 
function is computed for all the businesses or only for those which fail a certain edit 

The INE has an important interest on selective editing methods. We use selective editing in both 
structural and short-term surveys. Some research has been carried out on editing short-term indicators using 
time series modeling. For example, an edit and imputation method based on REGARIMA modeling is being 
used to elaborate industrial short-term indicators (Revilla, 2002). The models are used for microediting, 
macroediting and selective editing. Micro and macro imputation are also carried out based on the models.  

Another point of interest for the INE are Score functions. Current methods to define score functions 
are mostly empiric. In our research, we have tried to introduce a theoretical framework to guide in defining 
adequate score functions. (Arbués et al., 2006). We formulate the score function as an optimization problem 
and present a method to solve stochastic optimization problems with constrains expressed in terms of 
expectations. Some results are obtained for Spanish industrial short- term indicators. 

 

III. Challenges and opportunities associated with Electronic Data Reporting methods 
EDR methods offer new opportunities for improving editing tasks and getting high quality incoming 

data. Whereas Computer Assisted Interviewing integrates into one stage previously distinct phases such as 
interviewing, data capture and editing, Computerized Self-Administered Questionnaires (CSAQs) go a step 
further by shifting such activities to the respondent. 

Several advantages could be expected from using CSAQs questionnaires. Improving accuracy 
results from built-in edits, which allow the reporting enterprises to avoid errors as they are made. The 
elimination of data keying at the statistical agency directly gets rid of a common source of error. Some 
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electronic devices (automatic data fills and calculations, automatic skipping of no applicable questions, etc.) 
could help the respondent to fill in the questionnaire easier and faster. The cost for statistical offices to carry 
out a survey using the CSAQs questionnaires could decrease. Savings could be achieved from reducing 
storage, packing, postal charges and eliminating data keying and keying verification. Some of the editing 
task could be reduced from built-in edits. 

Nevertheless, for most of the business surveys, EDR cannot be at the moment the only way of data 
collection. Paper data collection is probably going to stay with us for some years. Hence, a mixed mode of 
data collection (partly paper, partly electronic) should be used. Global strategies should be designed, because 
data editing strategies differ whether using paper or an electronic questionnaire. 

Concerning the edits to be implemented, some crucial questions arise: What kind of edits should be 
implemented on the CSAQs questionnaires? How many? Only fatal edits or fatal edits and query edits? What 
kind of edits should be mandatory? On one hand, we need to include some edits. If we do not, then the 
information collected by CSAQs questionnaires should be treated to the editing procedures in exactly the 
same way as collected by paper. In that case, we would lose an essential advantage of CSAQs questionnaires: 
no need to editing again the information with a suitable set of edits implemented in the CSAQs application. 
On the other hand, we need to be extremely careful in the set of edits to be implemented, because if we 
implement a big set, then respondents will give up and prefer the freedom they have in paper. Too many edits 
could even irritate the reporting enterprises and increase the burden. In that case we will lose all the 
advantages of CSAQs questionnaires, as users will prefer the easy way (paper). 

Many statistical offices are experimenting with the use of different EDR options in data collection 
(CATI, CAPI, XBRL, etc.). Web questionnaires offer some advantages over other more complex EDR 
methods. The Web is a mature technology for EDR because of widespread public acceptance in enterprises 
and institutions. The prerequisites are only a PC, access to the Internet, and a browser. There is no need, in 
principle, to incorporate other software on the reporting enterprises. The Web makes it simple to put 
electronic forms at the disposal of almost every enterprise, whatever its size. 

Like many others statistical agencies, the INE has a significant interest in EDR methods, in 
particular in Web-based data reporting. An example of this was the possibility offered to all citizens to fill in 
the Population Census 2001 using the Internet. Concerning business surveys, Web questionnaires are offered 
as a voluntary option to fill in the questionnaires. A major target of this project is offering the respondents 
another option to fill in the questionnaires, in the hope of reducing respondent burden, or, at least, improving 
our relationship with them. 

Because the reduction in the enterprise burden using Web questionnaires is not always obvious, we 
think that, probably, many enterprises will not change to the Web form. For this reason, we try to encourage 
the use of Web questionnaires. A key success factor in encouraging the use of Web questionnaires is giving 
enterprises some incentives (temporary access to information, free deliveries of tailored data, etc.). Working 
in this direction is the last step in our TQM project of giving reporting enterprises free of charge tailored data 
in exchange for the questionnaires (Arbués et al., 2006). When an enterprise sends a valid form (i.e. passing 
the mandatory edits), it immediately receives tailored data from the server. These tailored data consist of 
tables and graphs showing the enterprise trend and its position in relation with its sector. Offering this data 
through the Web has some advantages (speed, possibility to edit the file) over sending this same data on 
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paper by mail. Taking these advantages into account, we expect more enterprises to use the Web survey. We 
are testing this action in the Turnover and New Orders Survey. This monthly survey uses a very simple form 
that includes only two variables: turnover and new orders, broken down by geographic markets. 

 

IV. Final remarks 
A prerequisite of any editing strategy is getting high quality incoming data. This question can be 

faced from the perspective of the Total Quality Management (TQM). Using a TQM approach, it is 
considered that the suppliers (i.e. the reporting businesses) are part of the productive system. Hence, the 
statistical process begins with the production and transmission of microdata by the reporting businesses. A 
key success factor in achieving high quality incoming data is offering the enterprises free of charge data 
tailored to their needs. According with our experience, this new practice has seen an increase of interest on 
the part of the businesses, which are consequently filling in questionnaires with more care. Moreover, an 
“auditing system” carried by reporting businesses comes from that practice (Revilla, 2005). 

The combination of the TQM approach, the built-in edits used in EDR and the selective editing 
strategy appears very promising. Our target for the future is that, after implementing correct Web edits, no 
traditional microediting will be needed. Selective editing approaches based on statistical modelling and score 
functions will be used in a way that the most influential suspicious values could be detected.  
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Collecting Data for Business Statistics: A Response Model  
Snijkers, Prof. Dr. Ger 
Statistics Netherlands, Division of Business Statistics 
Kloosterweg 1 
Heerlen (6412 CN), The Netherlands 

E-mail: GSKS@CBS.NL 
 

Traditionally, data for business statistics are collected using paper forms. These forms are characterized 
by detailed items to be answered by the business respondents. Furthermore, a lot of technical terms are used, 
and explained by many and long definitions. These definitions stem from government regulations, which 
often are not in line with the information that is available in business administrations. Generally, these 
surveys are mandatory. 

Nowadays, many businesses complain more and more about the completion of these forms. The 
arguments we hear from businesses are: “What is the goal of this survey?’, “What is in it for me?”, “It takes 
too much time to complete.”, “A lot of detailed information is asked for, that I do not have, or takes too much 
time to look for.” Although, a survey is mandatory or is conducted by a government, businesses are aware of 
the burden of surveys, and they no longer comply willingly. The completion of surveys has the least priority. 
This affects the level of response, the timeliness of the response, as well as the data quality.  

These two sides, and their interests, will be discussed in the response model that I present in this paper 
(figure 1). The model evolved out of my experiences with business surveys at Statistics Netherlands 
(Snijkers, 2007), and is based on the framework for business survey participation as presented by Willimack 
et al. (2002), which in itself is based on the response model as defined by Groves and Couper for social 
surveys (1998). Another model is presented by the NSI’s of Sweden, Norway and the UK (Hedlin et al., 
2005). The models contain the same elements, but there are differences in emphasis. In my model, I have 
focused on people, people in businesses, and their response behaviour.  

 
Given a number of conditions, which I will discuss here (like topic, population and sample, resources, 

and legal authority), the survey organization has a number of means to design a survey. These are the mode 
of data collection, the questionnaire and the contact strategy (see figure 1).  

Nowadays, businesses ask for other ways of data collection than the traditional paper form. They ask 
for internet questionnaires, either to be completed on-line or off-line (downloadable questionnaire). A main 
reason for this is that electronic forms are easier to complete, and thus reduce response burden. An advantage 
for the survey organization is that electronic forms result in better data quality than paper forms. With 
automated calculations, range and consistency checks the data are edited during data collection, in stead of 
afterwards. This makes this mode cheaper.  

However, the chosen mode should match the possibilities that are available within businesses. Not all 
business have access to the internet yet, or they cannot download questionnaires due to severe firewalls. In 
order to get response from these businesses other modes should be available, like paper forms, CATI or 
perhaps CAPI. The policy of Statistics Netherlands (Göttgens, Snijkers et al., 2005) is to get as much data as 
possible using the internet, followed by the paper mode. The result is a mixed-mode survey design. 

This means that for all modes, a questionnaire should be developed. These questionnaires should be 
equal as to content, but the design should be adapted to the mode. For example, people expect electronic 
forms to contain some intelligence, like adding-up numbers, and giving feedback on answers that are 
logically not correct. This means that the questionnaires should be respondent friendly. The questions people 
ask themselves, while completing an electronic form are: “What to do next?”, “Where am I?”, “What 
happens when I press this key?”, and “Where should I put these data?” The way to find out whether 
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questionnaires are designed well is pre-field and usability testing. 
An important issue with regard to questionnaire design is the definition of the variables to be collected 

and the order of the questions. Especially in business questionnaires, we find that a lot of technical terms are 
used and explained by many and long instructions. These definitions do not match the information that is 
available within businesses. Furthermore, the order of the variables on the forms is not in line with the 
organization of the business administration. The translation of the variables to be measured into questions 
and the order of the questions is important, in order to get good data and to reduce response burden.  

 
Once the modes of data collection and the questionnaires are designed, the contact strategy has to be 

developed. This strategy brings questionnaire and sample units together, e.g. by sending out advance letters. 
The contact strategy also includes the selection of the right person within businesses, the design of leaflets 
with additional information, and the reminding strategy, as well as incentives. The goal is to get response.  

However, the contact strategy can also be used to motivate business respondents. A study on 
compliance principles (Groves, Cialdini & Couper, 1992) on the contact strategy of Statistics Netherlands 
(Snijkers, 2007) in business surveys showed that Statistics Netherlands most of all uses the principle of 
authority. This principle states that a business is more willing to cooperate if the survey request is coming 
from a legitimate authority. This principle also applies to the mentioning of the mandatory character in letters 
and on the web site. Another principle is the principle of liking. Statistics Netherlands tries to be a likable 
organization by trying to help businesses when they cannot comply. However, we will see later on that 
businesses, at least in Europe, look upon statistics in a different way.  

 
The result of the choices to be made in the survey design, as to data collection mode, questionnaires 

and contact strategy, in order to get good response, is a tailored mixed-mode survey design.  
 
Up till now I have been discussing the situation that only one survey has been sent out. However, in 

the every day practice of an organization like Statistics Netherlands more surveys are conducted. These 
surveys deal with a wide variety of topics, like macro economical development, market prices, inflation, 
employment, environmental investments, international trade, etc. Businesses receive questionnaires on all 
these topics. Furthermore, most of these surveys are conducted every month, quarter, or year.  

While designing a survey, the researcher should be aware of this situation. Samples and questionnaires 
should be geared to one another. Thus, asking for the same information more than once, can be avoided. Also 
by implementing a coherent sample system of distributing surveys among businesses, it can be avoided that 
one business gets many questionnaires, and others get none.  

 
Apart from sending out questionnaires, data can be collected in other ways. Nowadays, more and more 

statistics are based on register data. The data that are available in registers do not have to be collected by 
surveys anymore. The consequence is that questionnaires can be become shorter, and samples smaller. 
Another mode is XBRL (eXtensible Business Reporting Langauge). This is an internet language which 
allows for transmitting financial data without the intermediate of a questionnaire.  

In the Netherlands, as well as in many European countries, the policy of the Statistical Agency is to 
first use as many registers as possible, and then, if necessary, conduct a survey. Based on the Act on Statistics 
Netherlands, which has been effective since the end of 2003, Statistics Netherlands has developed a general 
data collection strategy (see figure 2, Göttgens, Snijkers, et al., 2005).  

The Data Collection Strategy consists of two main steps, preceded by an obliged step:  
0. Determination of the demands with regard to the statistical information including quality standards; 
1. Secondary data collection (registers); 
2. Primary data collection (surveys). 
It is obvious that a clear fine-tuning amongst the two collection steps must be guaranteed. This means that in 
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practice the use of different sources will be combined, resulting in a multi-source data collection design or 
even a multi-source/mixedi-mode design.  

 
An important aspect that underlies the CBS-Act as well as the Data Collection Strategy is the reduction 

of response burden. Although in the Netherlands, the response burden that is caused by Statistics Netherlands 
only is 0,12% of the total of the burden caused governmental regulations, a lot of attention is given to this 
kind of burden in the general and political discussion.  

Since 1994, Statistics Netherlands has reduced its response burden by 75%, going from 80 million 
euros to 19 million in 2005. This fits in the general policy of the Dutch government to reduce this kind 
burden with 25% by the end of 2007, and again by 25% by the end of 2011. Also the European Committee 
has decided to reduce the burden that is caused by European regulations with 25% by the end 2012. This will 
reduce the burden by Statistics Netherlands even more, since most statistics are mandatory because of 
Eurostat regulations.  

However, it is my belief that we cannot compromise the quality of statistics unduly. The solution to 
this problem is not the endless reduction of samples and questionnaires, but multi-source/mixed-mode data 
collection and tailored survey designs, as discussed above. What I expect of politicians is the stimulation of 
more collaboration among organizations that collect data with business, like the Tax Office, the Chambers of 
Commerce, and organizations of trade and industry, with regard to data collection and data sharing. Also it is 
important to stress the importance of good data quality, in order to get good statistics. 

In this discussion on burden and necessity of statistics, the focus is on the burden. This affects the 
survey climate in a negative way. Here, two compliance principles are effective (Groves et al, 1992): 
authority and social validation. The latter principle states that businesses are consistent in their actions and 
policy, with other businesses or organizations with whom they identify themselves.  

 
The policy on how to deal with surveys can also be based upon the consistency principle: businesses 

try to be consistent in their beliefs and deeds. This is an internal factor affecting the decision to participate 
(the response behaviour). Some businesses feel that they should comply, e.g. because they feel that they have 
some responsibility towards society.  

Other businesses feel that surveys only are a nuisance: it only costs money and time, and they get 
nothing in return. These businesses refer to the principle of reciprocation. This is a very powerful 
compliance principle. It states that one should be more willing to comply to a survey request if a gift or a 
favor is received in return. When, e.g. an incentive is offered, people feel obligated to respond. A way to 
motivate businesses, using this principle, is e.g. by presenting benchmark information. 

When businesses are positive about surveys, however, the burden should not be too large. When this is 
the case, they may back-out. Also the chance of getting response is higher when the wanted data are 
available and match their own definitions. This chance is also higher when employees of the business have 
the time to complete the questionnaire en no other priorities need their attention. Also the number of 
questionnaires should not be too large. 

Most of these factors apply for smaller businesses. Larger and important businesses usually are aware 
of the fact that it is impossible to make good statistics without their data. Here the scarcity principle applies.  

 
The last factor that affects the response behaviour is the informant. This is the person within a business 

who actually completes the questionnaires. This person should have the mandate to do the job, have 
knowledge about the data, and should give priority to the job.  

 
In the hart of the model (figure 1) lies the assessment of pros and cons that determine the actual 

decision to participate. The survey organization can influence this decision with the survey design. 
According to me, especially the contact strategy is of importance here. The way a business perceives this 
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survey request depends on the business factors as discussed. In this assessment, the perceived burden is 
much more important than the actual burden. Dependent on the motivation and the burden, the business 
decides what to do. When businesses are motivated to comply, they will also be motivated to fill out 
questionnaires in time, completely and correctly. The result is a statistical picture of a country, which in itself 
is input for businesses again, to assess the economical situation.  
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Quality of Modern Business Statistics 
 
Stewart, Tracy 
Australian Bureau of Statistics 
45 Benjamin Way 
Belconnen  ACT  2611  Australia 
E-mail: tracy.stewart@abs.gov.au 
 
 The pressures currently facing national statistical offices (NSOs) in their quest to continue producing 
quality business statistics are remarkably consistent across organisations. This was highlighted in February 
2007 during the seminar on �Evolution of National Statistical Systems� at the thirty-eighth session of the 
United Nations Statistical Commission. In his summary of the session, Dennis Trewin, former Australian 
Statistician, noted that there were several main themes that had emerged, including the increasing importance 
of administrative data. The pressures listed by NSOs in their papers included: 

• continuing budget pressures; 
• globalisation;  
• rapidly changing society; and 
• increasing pressure to reduce provider burden, and the additional need to manage the perception of 
burden. 

 
 In addition to the commonality of pressures, it is not surprising that the outcomes sought by NSOs are 
also very similar. Several themes come through consistently, including: 

• maintaining the focus on quality and business continuity; 
• improving provider relations; 
• demonstrating strong statistical leadership in an increasingly broadening statistical community; 
• increasing the capacity to respond quickly and flexibly in a rapidly changing society; and 
• the necessity to find efficiencies in operations in order to meet budgetary pressures. 

 
 NSOs have taken various actions in response to efficiency pressures; however several key actions have 
emerged.  These include:  

• establishment of functionally specialised organisational units to improve consistency and 
standardisation;  
• increasing use of administrative by-product and/or whole of government business data collection; 
and 
• systematic evaluation of current practices combining organisational, technological and 
methodological change. 

 
Functionally specialised organisational units 
 
 In 1999 the ABS undertook a strategic review of the drivers for change and required outcomes facing 
the organisation. The review found that the operating environment which existed at that time was not 
sustainable. The Economic Statistics Group, responsible for the collection and processing of business 
statistics, was not "living within its means", and it was expected that the gap between funding and 
expenditure would grow over time. There was therefore an urgent need to find significant efficiencies in 
business statistics operations.  
 
 In addition to the requirement to find efficiencies, the ABS recognised that an opportunity existed to 
introduce a number of measures that would deliver significant benefits around data quality, provider 
relations, statistical leadership and increased capacity.  Throughout this change, the requirement to maintain 
business continuity and output quality continued to be ever present.  The ABS changes have created an 
environment in which it has become easier to introduce improvements such as the application of improved 
quality assurance processes at all stages in the cycle. 
  
 The review concluded that to take advantage of both improved methodologies and new technologies, a 
'common processing environment' needed to be developed where business data were pooled and shared, 
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processes operated across collections, and providers were managed in the context of everything known about 
them. 
 
 A program of substantial organisation redesign was commenced in June 2003, and concluded in June 
2005. The main thrust of the reorganisation was the centralisation and standardisation of processes, which 
provided an ability to impose on survey areas a set of common practices. It also led to a greater 
understanding of, and ability to measure, quality and costs. Both objectives were previously very difficult, if 
not impossible, to achieve.  A unique aspect of the program was the plan to carry out simultaneous 
improvement to organisational, technological and methodological aspects. 
 
 The fundamental shift was from subject matter based organisational units responsible for all phases of 
the statistical cycle within that field of subject matter to more functionally specialised units responsible for a 
particular phase(s) of the cycle across a number of subject matter areas. It was felt that a functionally based 
operation would allow the ABS to: 

• maintaining the focus on quality and business continuity; 
• improve data quality; 
• improve provider relations, improving reporting mechanisms and reduced provider load; 
• increase capacity to respond to emerging statistical demands; 
• strengthen statistical leadership to provide a better national statistical service; 
• create significant operating efficiencies so that the statistical service could be expanded and 
competitive pay and conditions for staff could be sustained; and 
• enhance opportunities for staff. 

 
Increasing use of administrative by-product data 
 
 Many NSOs are facing pressures to make greater use of administrative data, rather than survey data.  
A number, most notably Netherlands, have made significant progress in this respect.  Australia has a number 
of initiatives under way, with one of the largest being the use of business taxation unit record data 
maintained by the Australian Taxation Office. The ABS currently utilises taxation data to some extent for the 
following purposes; benchmarking, supplementation, data substitution, register maintenance, imputation and 
improved stratification. All of these uses reduce respondent burden to varying degrees. The taxation data also 
provides enhanced detail for some datasets and allows for confrontation with ABS survey data, and therefore 
improvements in the quality of both data sources.    
 
 More recently, the Australian Government announced the appointment of a Taskforce to identify 
practical options for alleviating the compliance burden on business from Government regulation. The 
Taskforce delivered its report �Rethinking Regulation: Report of the Taskforce on Reducing Regulatory 
Burdens on Business� (�the Report�) to the Government on 31 January 2006. While the impact of statistical 
reporting was not a key component of the Report, a number of recommendations will have implications, 
potentially quite significant, for the ABS over the long term. The main one, Recommendation 6.3, calls for 
the development and adoption of a business reporting standard similar to the model in operation in the 
Netherlands (the Dutch Taxonomy Project).  
 
 ABS policy requires that metadata about data which have been sourced from another agency and 
published by the ABS should be documented, and that the documentation should be released to the users of 
the data. The ABS is committed to improving the coherence of this documentation and is currently working 
on several projects to develop frameworks to assess quality of administrative datasets through all stages of 
the statistical process. Additionally, the ABS is currently taking the lead in developing a framework for 
describing data for use in the National Data Network (NDN). The NDN is a cross government initiative to 
facilitate acquiring, sharing and integrating of data. The framework for describing data will further provide 
greater consistency in the documentation of quality in government statistics. 
 
 The ABS has recently developed an Input Data Warehouse (IDW) from which all input data relating to 
businesses, including administrative data, is accessed, edited and analysed by ABS staff. Improved access to 
all the data available for individual businesses has improved the analyses necessary to make methodological 
improvements, including extending the use of administrative data. Ultimately, the aim of the ABS is to use 
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the IDW as the repository for all ABS business microdata, regardless of source. In the case of data directly 
collected from survey respondents, it will facilitate the sharing of data across collection boundaries, 
something which the ABS has only had limited success with to date. In the case of administrative data, it will 
provide a single, efficient and safe repository for data that has been traditionally scattered across collection 
stove pipes in large, sometimes poorly managed, datasets.  
 
Systematic evaluation of current practices 
 
 The establishment of functionally based organisational units has provided a platform for systematic 
evaluation and review processes. A new framework for the systematic collection and processing of business 
statistics, encompassing an 'end to end' approach was adopted.  The end-to-end framework breaks the 
statistical cycle into six main processing stages (Acquire Data, Process Inputs, Transform Inputs into 
Statistics, Analysis and Explanation, Assemble and Disseminate and Decision Support) linked in a 
continuous cycle through evaluation, tune and design activities. It provides a set of guiding principles and an 
overarching framework to encourage and facilitate innovation, streamline business processes, implement 
leading practices and harness and encourage ongoing operating efficiencies.    
 
 The ABS is also developing a new suite of facilities for estimation and imputation, called ABS Survey 
Facilities, which are designed for making greater use of auxiliary information.  
 
 Along with improved management and accessibility of its own metadata, the ABS is also seeking to 
provide statistical leadership to public sector organisations collecting and managing large datasets. While 
other NSOs will be very familiar with this role, the role is newer for the ABS. The ABS has instigated the 
National Statistical Service, a program designed to improve the full suite of information produced by all 
levels of government in Australia. 
 
Assessing quality 
 
 The ABS uses a Quality Framework that is similar to the International Monetary Fund's (IMF's) Data 
Quality Assessment Framework.  The ABS's Framework describes six elements of quality: 

• Relevance � reflecting the degree to which data meets the needs of clients; 
• Accuracy � the degree to which the information correctly describes what it was designed to measure; 
• Timeliness � the delay between the end of the reference period and the date the information becomes 
available; 
• Coherence � reflecting the degree to which data can be successfully brought together with other 
statistical information within a broad analytical framework and over time; 
• Accessibility � the ease with which the data can be referenced by users; and 
• Interpretability � reflecting the availability of metadata necessary to interpret and utilise it 
appropriately. 

 
 In managing the quality of its business statistics the ABS weighs the relative merits of each element of 
the Quality Framework according to the requirements of the user community. Although trade-offs are 
required at times, through the activities outlined above the intention is to improve overall quality by 
improving each of the individual elements as far as possible. However, it is not possible to improve each 
element to the same extent � some will be easier to make improvements to than others, depending on the 
particular attributes of the dataset.  In fact, in some cases some elements of quality may decline as others 
improve. 
 
What has been achieved? 
 
 A key achievement of the move to functionally based organisational units was improvements in 
consistency and standardisation of processes.  The focus in the early days after the completion of the 
reorganisation was particularly on those processes at the start of the collection cycle, however improvements 
have been achieved at all phases of the cycle. The implementation of the end-to-end framework has allowed 
for improved evaluation and monitoring of data quality, and for further standardisation and harmonisation of 
business statistics. For example, 'quality gates' are currently being implemented in business statistics 
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collection processes. A quality gate is an explicit point in the collection cycle where quality is scrutinised 
and signed off, in order that the data set proceeds to the next point of the collection cycle at an acceptable, 
and clearly understood, level of quality. The processing of each data set contains a number of gates. At the 
Analysis and Explanation point of the end-to-end framework, improved clearance documentation has been 
established, with a benefit being more standardised documentation allowing easier comparison of quality 
across data sources feeding into a common dataset, such as the national accounts.  Finally, the ABS is 
seeking to make quality statements about data sets more accessible to users, investigating using a standard 
set of reports disseminated via the website. 
 
 One of the new methodologies the ABS has pursued under the new functional specialisation is Total 
Approach Management in respect of its relationships with providers. This research led to the trial and 
successful implementation of improved standard correspondence with providers (covering letters, reminders, 
etc) resulting in more cooperation and hence lower perceived respondent burden by providers of business 
data. Another methodological improvement which improved relationships with providers was the 
introduction of better targeting of non-respondents during the response chasing phases of collections. This 
helps to ensure that the pressure put on non-respondents to comply with ABS requests is more commensurate 
with their individual statistical significance. Similarly, centralising coordination of the handling of written 
complaints from business providers has resulted in improved turnaround of these complaints and more 
consistency in their treatment, all of which are factors impacting on the perception of burden by individual 
providers. 
 
 A logical development flowing from the implementation of the IDW is to use increasingly 
sophisticated techniques for modelling, imputing and estimating the data we need from the data we have, in 
preference to seeking more information from providers. Better approaches to dealing with partial non-
response, late returns and imputation from administrative data are examples. The Statistics Netherlands 
notion of a "virtual census" captures much of what the ABS would hope to achieve in this regard, with the 
goal being that data should never be collected from a provider if it is available from another source or can be 
safely inferred from one. 
 
 New methodological facilities and the use of administrative data are likely to lead to lower respondent 
burden and higher quality estimates through a combination of: 

• using more up to date information from administrative sources for stratification purposes to improve 
sample designs; 
• using administrative data as auxiliary benchmarks in Generalised Regression Estimation; 
• using synthetic/indirect estimation methods based on models to generate statistical output for small 
domains; 
• allowing longitudinal analyses through the linking of survey and administrative data; 
• using data collected over time to improve estimation efficiency;  
• improving sample efficiency by linking sample design to outcomes to be achieved rather than 
desired relative standard errors for key outputs; 
• improving sample efficiency through using administrative data to improve frame quality; and 
• improving efficiency of time series analysis in extracting seasonally adjusted and trend estimates. 

 
 The organisational and technological developments have reached a point where the ABS is able to 
accept new work, and in fact to seek out work which may be of strategic importance to the organisation. 
Units focussing on statistical leadership are now able to separate important underlying issues and data needs 
from more transient "issues-of-the-day". There is a focus on enhanced capability in analysis as a result of 
refocusing activity away from input processes. This has allowed for the development of a general analytical 
capability allowing an improved response to new demands. New client management processes also enable 
these units to respond appropriately to new demands. There is a greater ability to identify external partners 
that may assist in developing new data sources to meet high priority demands.  
 
 
REFERENCES 
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1 Introduction 
 

Most statistical agencies use a variety of data collection modes for business surveys.  Besides offering 
choice and encouraging response to businesses, using different collection modes can offer quality and 
efficiency benefits for statistical agencies.  XBRL or Internet solutions are seen as the future collection 
modes for business data, but for many NSIs, paper currently remains the most widely used and cheapest 
option.  Some organisations utilise telephone interviewing, which can be faster and more effective than 
paper, but it also tends to be more expensive.  Since 1995, the ONS has been using Telephone Data Entry as 
an alternative to paper or telephone interviewing for some of its shorter surveys.  Telephone Data Entry 
(TDE) uses the tones of a telephone keypad (DTMF, or dual-tone multi-frequency) to make responses and to 
allow the respondent to undertake a dialogue with a set of recorded messages.  Whilst maybe not as 
effective as telephone interviewing, it is less costly and it does offer another choice of data collection method.  
Most importantly, it can also speed up the data collection process, particularly for short-term surveys where 
timeliness is so important.   

 
This paper describes how the ONS uses TDE to supplement paper collection, the benefits and drawbacks 

of TDE as a data collection method, and how it fits into ONS’s wider data collection strategy.  
 
2 How TDE is used for data collection for business surveys 

TDE tends to be used as an alternative to paper collection for monthly or quarterly surveys requesting 
limited amounts of numeric data (the current system does not lend itself to surveys collecting more than 10 
data items).  Currently, seven ONS business surveys offer a choice to the respondent to return data via TDE 
or paper, another three surveys offer TDE as its main collection mode, although the respondent can request to 
revert to paper collection.  TDE is also used to collect nil responses where the proportion of zero value data 
(nil responses) is proportionally high (for example Capital Expenditure and International Trade in Services 
surveys).  TDE is also used in a number of surveys to enable the respondent to request a duplicate 
questionnaire. 

 
Overall the current TDE system is used for some 140,000 transactions with businesses each year, 

accounting for around 10% of responses in terms of numbers of questionnaires. 
 
Surveys where TDE is offered as the main collection mode despatch a letter to businesses each period 

instructing them to return the data using the TDE system.  Most respondents return data using the TDE 
system, with less than 3% requesting to respond via a paper questionnaire.  However, due to capacity issues 
with the current system, having TDE as the default mode of data collection for all surveys is not possible, so 
for seven of the ten TDE surveys, paper questionnaires are despatched and the respondent is given the option 
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of responding via TDE.  Giving respondents the option results in a much lower TDE take-up with only 11% 
of responding businesses choosing TDE over paper, compared with some 97% of respondents returning data 
where the default is TDE.  Those surveys where providing the option of returning nil data via TDE fairs 
somewhat better, with nearly 35% of nil data being returned via TDE as opposed to paper.  Similarly, using 
TDE to request duplicate paper questionnaires also fairs well, with over 12,000 duplicates being ordered and 
automatically despatched each year using this mode. 

 
3 Benefits of TDE 

The most significant benefit is more timely data.  TDE eliminates the time-lag caused by using 
returning data by post and reduces data processing (e.g. paper handling, scanning, data entry).  On average 
processing times can be reduced by three days.  Analysis has shown that for some monthly postal surveys, 
up to five per cent of data can be returned in the three days after the survey closure date.  Using TDE means 
that this additional data can be utilised, increasing response rates by up to five per cent.   

 
Using TDE can also improve the quality of the data captured through the introduction of some simple  

validation and edit checks.  All data input by the respondent is relayed back to them so that they can 
confirm or amend the data.  This corrects many of the simple errors such as providing data in the wrong 
denomination at source.  The TDE system also enables automatic validation of data against previous data.  
Where there are unexpected differences the TDE system asks for comments from the respondent, providing a 
vital validation check.  This has the added benefit of reducing the need to go back to the respondent at a 
later date to query the data, thus reducing respondent burden.  

 
TDE also reduces data collection costs by reducing stationery, postage and data processing costs, 

particularly where the main collection method is TDE.  It is estimated that data returned via TDE is 45% 
cheaper than that returned using traditional paper questionnaires. 

  
4 Drawbacks of TDE 

TDE is not suitable for all surveys.  Using pure DTMF (as the current ONS system does) limits the 
number of surveys suitable for TDE to those with up to ten data items.  Although moving to a combination 
of DTMF and speech recognition could provide the option of increasing the volume of data that could be 
collected. 

 
As described earlier, although the number of respondents refusing to use TDE when offered as the 

main collection mode is very small (less than 3%), not offering an alternative mode of collection could have 
a negative affect on response.  A small study of respondents who requested to revert to paper questionnaires 
revealed that the main reason for not using TDE was that they wanted to keep a hard copy of what they had 
returned, not because they found the system difficult to use.  

 
When TDE was initially introduced in the ONS there was some concern about modal bias.  Would 

respondents be inclined to return a nil response to the Capital Expenditure Survey, rather than take time to 
complete the full return?  For Producer Price data collection there was a real concern that the TDE option of 
repeating last period’s price could lend itself to misreporting.  Analyses of both these concerns have proved 
unfounded, with the respondent proving to be no more dishonest or lazy with TDE than with a postal 
questionnaire. 

 
Reliability of the system is another potential drawback.  Nothing frustrates a respondent more than 

not being able to access a system.  Therefore system resilience and capability are essential if you are to stop 
respondents reverting to paper. 
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5 TDE and ONS’s Data Collection strategy 
 

It is anticipated that TDE will continue to be offered as an alternative mode of data collection for 
suitable surveys for some time.  ONS’s strategy is to maximise the use of administrative data, therefore 
reducing survey activity, and to explore the use of XBRL and Internet data collection, including electronic 
data transfer, whilst still offering paper and TDE as an alternative.  Whilst the strategy is focused on 
reducing processing costs and respondent burden, offering a choice of mode of collection will remain an 
integral part of the strategy.  

 
The current TDE system is over ten years old and there have been major technological advances in 

TDE since its introduction.  The ONS is in the process of introducing a greatly enhanced and more robust 
TDE system for business data collection.  The new system will: 

 
• Provide a resilient platform that will provide expansion capability.  
• Allow all current TDE surveys to move to TDE as the main data collection mode (offering paper 

only on request).  This will improve timeliness, quality and reduce processing costs. 
• Provide improved management information to allow better monitoring of the system without 

resorting to valuable IT resources. 
 
The new system will have the capacity to handle 700,000 responses a year by March 2008, an increase 

of some 400% on the current system.  It will also allow ONS to explore the viability of using speech 
recognition to enhance the TDE system.  This has the potential of TDE being made available to longer 
surveys and for collecting alpha data.  While speech processing may be simpler or more natural mechanism 
for submitting data, it may not be sufficiently accurate for statistical data collection, so further investigatory 
work will be needed. 
 
6 Conclusion 

Since the introduction of TDE in ONS in 1995 the use of TDE systems has increased throughout 
society.  In the UK it is now the norm to be confronted with TDE systems when telephoning service 
providers such as banks, cinemas, transport and local authorities.  TDE has played a significant role in 
helping ONS achieve improved timeliness, response rates and efficiency in its business data collection.  It is 
estimated that TDE responses are up to three days faster than paper and can improve response by as much as 
5%, whilst saving approximately 45% of processing costs over paper.   The importance of this mode of 
collection will continue, and indeed increase, with the planned enhanced upgrade.  
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Introduction

Analysis of DNA sequences (Braun and Muller, 1998; Boys et al 2000, 2004) and protein-forming
subsequences (genes) is very important in advancing our understanding of many biological functions,
including hereditary diseases. Genes are composed of coding regions, known as exons, which are
separated by introns. The non-coding introns better preserve transpositions and mutations than
the exons and so act as a record of phylogenic changes over time (Nishio 1995). Identifying their
structure can enable the deciphering of their phylogenic provenance. We present here an analysis
of intron 7 of the chimpanzee alpha-fetoprotein precursor (AFP) gene, which is known to contain
distinct homogeneous segments. This protein plays an important role in embryonic development, and
high levels of this protein have been associated with fœtal genetic disorders such as spina bifida and
Down’s syndrome. This gene is 18867 base pairs long and is comprised of 15 exons separated by
14 introns. The full nucleotide sequence is available from the GenBank sequence database, accession
number U21916. Intron 7 starts at the 11712th base pair from the 5’ end of AFP, ending at the 13679th

(1968 base pairs). This intron is known to contain distinct homogeneous segments (Boys et al 2000;
Nur et al 2007).

Model

Our approach uses an existing model to test the applicability of the approximate Bayesian
computation (ABC) algorithm, a hidden Markov model (HMM) (Churchill 1989, 1992; Boys et al
2000). ABC was applied to determine the model parameters. For the data-based approach of ABC
we modified the existing model so that the parameters of interest were more explicit. These are the
base-to-base transition probabilities and the location of the segment type boundaries. In the previous
HMM the boundaries are inferred from the base transition and segment type transition matrices; in
our model the change points are explicit parameters.

The existing model is as follows. The observed DNA sequence is represented by y1, y2, ..., yn,
with yL ∈ {A, C, G, T}, which is considered a realisation of a random process, Y1, Y2, ..., Yn. Allowing
at most R segment types to be present in the data, the segment type at location L is denoted by
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SL ∈ {1, 2, ..., R}. The segment types have an R × R transition matrix Λ, with elements �ij =
Pr(SL = r|SL�1 = q), for q, r ∈ {1, 2, ..., R}. Following Boys et al (2000), for this preliminary study,
the number of segment types is fixed at 2.

The transition between bases, YL�1 → YL, is modelled by a first-order Markov chain, with
probabilities dependent upon SL. The 4×4 base transition matrices are denoted by P (1), P (2), ..., P (R),
with elements P

(r)
ij = Pr(YL = j|SL = r, yL�1 = i), for r ∈ {1, 2, ..., R}, i, j ∈ {A, C, G, T}.

Our modification of this formulation removes Λ and introduces as parameters an unknown
number of change points, C1, C2, ..., CK . The parameters for this model are then R, K, the Cks and
the P

(r)
ij s. ABC was used to estimate these parameters.

Approximate Bayesian Computation

Approximate Bayesian computation is a likelihood-free parameter fitting algorithm utilising sam-
ples from the model under investigation (Marjoram et al 2003; Beaumont et al 2002). The formulation
of Marjoram et al (2003), was used, which is as follows:

1. Propose a move from � to new parameters � ′ via q(� → �′).

2. Generate a sample X from the model using parameters � ′.

3. Compute a summary statistic �(Y,X).

4. If �(Y,X) < ε, accept the move with probability Paccept = min
(
1, �(�′)q(�′→�)

�(�)q(�→�′)

)
.

5. Return to 1.

Here, �(�) is the prior distribution of the parameters. We selected uniform priors for each P
(r)
ij , with a

proposal distribution of q(�′|�) = N(�, 0.01) for all parameters. The uniformity of � and the symmetry
of q give Paccept � 1.

The distance metric I, which represents the distance of the summary statistics of the observed
and model data sets, was a disjoint version of Wu et al’s first modification of their Kullback-Leibler-
based dissimilarity measure for DNA sequences, I

(1)
n,W (Wu, et al 2001):

(1) �(Y,X) =
R∑

r=1

b∑
n=a

∑
α∈DYr

NXr ,α

v

(
log

uNXr ,α

vNYr ,α

)
,

where Yr = {YL�n+1, ..., YL|YL�n+1 = r} (similarly Xr), DYr is the set of all n-words appearing in Yr

(similarly DXr ), u is the number of n-words in Yr, v =
P

α∈DYr
NXr,α and NYr ,α and NXr ,α are the

number of occurrences of α in Yr and Xr, respectively. a and b are integers. The outer summation in
Equation (1) to enable the measure to distinguish the segment types.

This measure involves the frequencies in each sequence of n-words, subsequences of n base pairs
each, with n = a, ..., b. Given our first-order Markov model, we used a = 1 and b = 2 to judge the
closeness of X and Y using 1- and 2-words (i.e., single base pairs and pairs of base pairs). Higher
values of b judge the sequences’ dissimilarity using longer n-words than our model is able to represent,
and thus b = 2 was deemed the most appropriate value.

Results

We began by estimating all parameters using ABC. It was quickly apparent that the chosen
distance measure was unable to identify the segment locations, with all segment boundaries (using a
fixed number of boundaries) moving from their initial positions to the first 100 base pairs.
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Figure 1: Estimated model parameter distributions
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Figure 1: Histograms of accepted model parameters P
(r)
ij , for r = 1 (thick line) and r = 2 (thin line).

Vertical dotted line is uniform case, 0.25, and vertical dashed line is observed frequency over entire
data. 100000 ABC iterations were used.

The analysis was then repeated using fixed segment boundaries based on the results of Boys
et al (2000), with change points at the 35th and 60th base pairs. This enabled us to test the use
of ABC for estimating the base transition structure for a known good segmentation of the data. A
distance cut-o� of 100000 was chosen as representing good models, based on a preliminary simulation
to examine the distribution of distances). We then estimated the distribution of each P

(r)
i j using the

ABC algorithm, and histograms of these are shown in Figure 1. As expected, di�erences are apparent
between the two segment types, particularly for the base pair “words” AA, CT, GA and TT.

Conclusions

Our results indicate that the scheme should work well if modified to better represent the segment
boundaries. This will require amendment of the distance measure to prevent degenerate segmentation
boundaries, as well as allowing a variable number of segment boundaries.

We believe that this approach warrants further investigation, given the results presented here
and potential benefits of the ABC algorithm for DNA segmentation analysis. These include the ability
to analyse large Markov chain models where likelihoods become untenable, the use of arbitrary models
and the estimation of parameter distributions.
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ABSTRACT

Many DNA sequences exhibit heterogeneity in nucleotide base transition structures in the form of
homogeneous segments, and have been modelled using hidden Markov models (HMMs), describing the
transitions between segment types as well as the base transition structure of each segment. Obtaining
good model parameters is reliant upon accurate estimation of the segment and base transitions at the
same time, with one a�ecting appropriate values of the other.

We propose the use of approximate Bayesian computation (ABC) in parameter estimation for
these first-order HMMs. In this approach, a DNA sequence is generated from the model using some
set of parameters. This sample sequence is then compared to the data, an intron of the chimpanzee
alpha-fetoprotein, using a distance measure, and parameters producing samples which are similar to
the data are kept. We wish to adopt this likelihood-free approach for the future study of higher-order
HMMs as well as more general models for which likelihoods may not be available.

For the intron data, two segment types are assumed in this preliminary study. Using a Kullback-
Leibler-based dissimilarity measure for DNA sequences, we have found that poor estimates of the seg-
ment transition structure result, and suggest that allowance must be made for the expected dissimilarity
of the homogeneous segment types.

Using static segmentation of the data, we obtain estimates of each segment’s base transition
structure, suggesting that a modification which reflects the expected di�erences between the segment
types will enable the concurrent estimation of both segment and base transition structures using ABC.
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A pattern recognition approach, called PARE, is proposed to infer genetic networks from time course 
microarray gene expression data (MGED). PARE learns expression patterns from known genetic interactions 
which were confirmed by qRT-PCR experiments or literatures, and then it can predict gene interactions of 
similar nature. Utilizing yeast MGED in Spellman et al. (1998), PARE predicts genetic interactions and tran-
scriptional interactions checked against 112 pairs of qRT-PCR confirmed interactions and 77 pairs of TIs 
from literature, respectively. The modified true positive rates are 58% to 73%, respectively. 
 
Introduction 

The importance of genetic interactions, which often occur among functionally related genes, lies in the 
fact that they can predict gene functions (Tong et al., 2004). It is a long term endeavour in getting an under-
standing of genetic interactions in order to unravel the mechanisms of various biological processes in living 
cells. With the emergence of modern biotechnologies, such as sufficient amount of data provided by ad-
vanced microarray technology, inferring genetic interactions has become feasible. With the abundant infor-
mation produced by microarray technology, various approaches have been proposed to infer genetic net-
works. Most of them may be classified into three classes: graphical models, discrete variable models and 
continuous variable models. Due to limit of space, we focus on graphical models which are relevant to our 
approach. For the rest two classes we refer to Shieh et al. (2005) for detailed review.  

Recently, there have been a few studies on transcriptional compensation (TC) interactions (Wong and 
Roth, 2005). Following a gene’s loss, its compensatory gene’s expression increases; this phenomenon is 
known as TC. Quantitative RT-polymerase chain reaction (qRT-PCR) experiments showed that besides TC, 
in some cases following a gene’s absence, its partner gene’s expression decreased, and we call this pheno-
menon transcriptional diminishment (TD). Since the mechanism of TC and TD is largely unknown, inferring 
such interactions is of interest. In particular, interactions among 51 yeast genes which is synthetic sick or 
lethal (SSL) to SGS1 or RAD27 (Tong et al., 2001; Tong et al., 2004) is of interest. SGS1 (RAD27) has ho-
mologues in human cells include the WRN, BLM and RECQ4 (FEN1 and ERCC5) genes. Mutations in these 
genes lead to cancer-predisposition syndromes, symptoms resembling premature aging and Cockayne syn-
drome (Tong et al., 2001 and NCBI database).  

The proposed approach was in fact implemented on the indirect interactions among the qRT-PCR con-
firmed TC and TD gene pairs. For ease of description, we utilize AT and RT, which are direct interactions, to 
denote TD and TC, respectively. Among RT-PCR confirmed gene pairs, when the time course microarray 
gene expression  (Spellman et al., 1998) of a target gene T is plotted lagged-1 in time behind that of  A or 
R  in general, AT gene pairs exhibit similar patterns (SP) across time as depicted in Figure 1(a). On the oth-
er hand, RT genes show complementary gene expression patterns (one’s expression increases while the oth-
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er’s decreases) across time, and we call it complementary pattern (CP) (Figure 1(b)). These motivated us to 
develop an algorithm to extract the pattern of pairwise gene expression curves from those known interactions; 
then the trained algorithm can be applied to predict interactions of similar nature. 

Specifically, we extract some characteristics, e.g. the first and second derivatives, of pairwise expres-
sion curves. These characteristics are to approximate the nonlinear similarity or dissimilarity, and dynamics 
between the pairwise curves. From the viewpoint of approximating nonlinear correlation, PARE is relevant 
to EB-GGMs in Schäfer and Strimmer (2005) in which a few partial correlation estimates were introduced. 
However, PARE is a machine learning approach that takes all information in the training set into account. A 
score based on the weighted sum of the characteristics is used to infer future genetic interactions. The 
weights and other parameters are learned from data by the particle swarm optimization algorithm (PSO), and 
we call this approach pattern recognition algorithm (PARE, pronounced as pair).  

The rest of this paper is organized as follows. Section 2 introduces the proposed PARE and the optimi-
zation algorithm PSO. In Section 3, PARE is applied to four sets of real microarray data (Spellman et al., 
1998) to infer TC interactions. The predictions were checked against 112 pairs of qRT-PCR experiments 
confirmed interactions in yeast. Furthermore, PARE is shown to be able to learn patterns of transcriptional 
interactions (TIs) from literatures and to predict other TIs adequately. The performances of PARE on both 
TC and TIs are compared to the EB-GGM in Schäfer and Strimmer (2005). We close with some discussions. 

 
The Proposed Pattern Recognition Approach 

For gene expression curves having SP, their slopes and curvatures tend to share the same signs across 
most time points. On the other hand, for gene expression curves with CP, their slopes and curvatures tend to 
have opposite signs across most time points. To capture characteristics of expression curves with CP and SP, 
two functions based on the products of their first and second derivatives with respect to time were formulated 
as follows.  

( ) ( )D1
,

ji
i j

G tG t
E

t t

′ ∂∂
= ⋅

′∂ ∂
          (1) 

and 

     ( ) ( )22
D2
, 2 2

ji
i j

G tG t
E

t t

′ ∂∂
= ⋅

′∂ ∂
,    (2) 

where t′ = t + 1, Gi(t′) is the lag-1 gene expression level of target gene Gi at time point t′, and Gj(t) is the ex-
pression level of regulating gene j at time point t. Similar patterns of TD pairs will result in positive values of 

  

                               (a)                                                          (b) 

Fig. 1. (a) The gene expression pattern of transcriptional diminishment gene pairs RNR1 and SWE1 across 
time; (b) The gene expression pattern of transcriptional compensation gene pairs RAD51 and HST3 
across time. 
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D1
,i jE  and D2

,i jE . On the contrary, D1
,i jE  and D2

,i jE  of TC pairs will be negative or small positive values. These 
two functions are originally from image segmentation literature, but the formulations are novel. 

We further observed that when the gene expression curves with CP, the areas enclosed by ( )iOG t′  and 
( )jOG t  tended to be large and most of their angles were greater than 90o . Whereas gene expression curves 

with SP enclosed small areas. Thus w summed the areas enclosed by ( )iOG t′ and ( )jOG t  over all time points 
(denoted byℑ ) to form the third function Area

,i jE to distinguish TC from TD pairs, where 

( ) ( )Area

,i j i j
t

E G t G t
∈ℑ

′= − −∑  

and 
( ) ( )

 0 .ji
G tG t

t
t t

′ ∂∂
∈ ℑ ⋅ <

∂ ∂

⎧ ⎫
⎨ ⎬
⎩ ⎭

 

Finally, D1
,i jE , D2

,i jE  and Area
,i jE  are summed together to form the final decision score Ei,j, where 

D1 D1 Area

, , , ,i j i j i j i j
E E E Eα β γ= ⋅ + ⋅ + ⋅ , 

and α, β and γ, are weights to reflect relative importance of D1
,i jE , D2

,i jE  and Area
,i jE , respectively. The interac-

tion between gene Gi and its target gene Gj is predicted to be TC (TD) if the Ei,j score is negative (positive). 
Time course gene expression data are discrete in time, so the partial derivatives in Equations (1) and (2) 

are discretized as the following. 
( ) ( ) ( )( )1i

i i
G t

t
t

G t G t∂
= Δ

∂
− −  

and 

( ) ( ) ( ) ( )( )
2

2
1 2 1i

i i i
G t

t
t

G t G t G t∂
= Δ

∂
− − + + . 

Noises in microarray data may contaminate patterns of TC and TD gene pairs, and this may lead to high false 
positive rates. To prevent this, a threshold TH is incorporated to filter out effects of noises. The filtering 
process is formulated as follows. 

   

if ( ) , set ( ) 0,  and

if ( ) , set ( ) 0. 

i i

i i

G t TH G t

G t TH G t

′ ′

′′ ′′

< =

< =
 

The default value of TH implemented by PARE was 0.1 as commonly found in signal processing literature 
(Monson, 1996). The cutoff value used to predict the interaction between two genes is obtained using scores 
of gene pairs in training set. Gene pairs with scores fall in the interval of threshold would be regarded as 
negative links. The upper bound of the threshold is the smallest score among correctly learned TD pairs in 
training set. On the other hand, the lower bound of the threshold is the smallest negative score among cor-
rectly learned TC pairs. The type of interaction between gene Gi and its target gene Gj is predicted to be TC 
(TD) if Ei,j is smaller (larger) than the lower (upper) bound of the cutoff. 

Parameters of some existing pattern recognition algorithms are tuned manually for each set of data. To 
automatize PARE, the parameters α, β and γ, are estimated by incorporating an optimization technique. 
Three parameters (weights) α, β and γ in PARE need to be optimized to yield promising gene interactions. 
However, optimizing these parameters itself is a tough task. We integrated particle swarm optimization (PSO) 
into PARE so that PSO may result in optimal parameter values using those qRT-PCR confirmed gene inte-
ractions as the training set. The goal of optimization is to maximize the true-positive rate in training set. If 
there are two or more sets of parameters yield the same true-positive rates in training set, the parameter set 
that produces more significant scores in correctly learned gene pairs will be considered as potential best solu-
tion in PSO for estimation of parameters α, β and γ. For more information about PSO, please refer to Eber-
hart and Kennedy (1995). 
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Simulation Results 
We first applied PARE to 112 pairs of genetic interactions (87 TCs and 21 TDs) that were confirmed by 

qRT-PCR experiments. Among these gene interactions, (1-1/k) were randomly chosen to be a training set to 
tune the parameters of PARE, and the rest 1/k formed the test set for k-fold cross validation (CV), where k = 
3 and 112 (leave-one-out CV). PARE was first applied to infer the interactions of these 112 pairs using the 
alpha data set in Spellman et al. (1998). Checked against qRT-PCR confirmed interactions, the mTPRs of 
PARE with 3-fold and n-fold CVs are 70% and 73%, respectively, where 3-fold CV was repeated for 500 
times. Next, since noises in gene expression data may contaminate the patterns, we screened out genes with 
insignificant expression changes over time by 2 fold change, to obtain 35 gene pairs. PARE was applied to 
these 35 pairs using 3-fold and n-fold CVs. Checked against qRT-PCR confirmed gene interactions, the true-
positive rates of PARE with 3-fold and n-fold CVs are 78% and 80%, respectively.  

77 pairs of transcriptional interactions (TIs) collected from published literatures (eg. Mewes et al., 
1999), were utilized as a set known TIs. Using these TIs (consisting 22 RT pairs and 55 AT pairs) and mi-
croarray data in Spellman et al. (1998), we tested the performance of PARE. Among these known TIs, (1-1/k) 
of them were randomly chosen to be a training set to tune the parameters of PARE, and the rest 1/k formed 
the test set for k-fold cross validation (CV), where k = 3 and 77 (leave-one-out CV). The procedure of 3-fold 
CV was repeated 500 times. PARE was applied to predict the TIs using elu data set in Spellman et al. (1998), 
and the true-positive rates of PARE with 3-fold and n-fold CVs are 69% and 71%. In contrast, the true-
positive rate of EB-GMMs is around 56%. 

 
Conclusions and Discussions 

The proposed PARE algorithm can learn gene expression patterns from known genetic interactions, 
wither confirmed by biological experiments or published literatures, then PARE predicts genetic interactions 
of similar nature. Modified true positive rates of PARE applied to the four data sets in Spellman et al. (1998) 
range from 58% to 73%, which are statistically higher than those of the empirical Bayes approach (Schäfer 
and Strimmer, 2005). PARE, being a machine learning approach, has the advantage to infer gene networks 
from short time course microarray data since it borrows strength from all gene pairs in the training set. The 
investigation on applying PARE to each phase (about four time points) of yeast microarray data (Spellman et 
al., 1998) is currently undertaken. The results in the RESULT section indicate that PARE may be an explora-
tory tool to infer gene networks with limited microarray data. Due to time constraint, we limited ourselves to 
double mutant genetic interactions. However, higher order genetic interactions, eg. triple mutant interactions,  
are also of interest as stated in Tong et al. (2004). Furthermore, genetic interactions with lag-k in time, where 

1k > ,  and with multiple activators or repressors do exist. How to infer these interactions with limited mi-
croarray data will be pursued in the future.    
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Seiya Imoto
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ABSTRACT

Using genome-wide DNA microarray gene expression profile data, estimating gene networks has re-
ceived considerable attention in the field of bioinformatics. Recently, several computational methods
have been proposed for estimating gene networks from gene expression data. However, biological
processes in cells are properly performed by gene regulations, signal transductions, and interactions
between proteins or multi-protein complexes. Since microarray data contain only mRNA information,
it is difficult to estimate accurate gene networks from microarray data only. To estimate more reliable
gene networks and extract more information from estimated networks, using other types of genomic
data such as protein-protein interaction, binding site information, localization together with microar-
ray data is considered as an effective solution. Under a Bayesian statistics framework, we introduce
a general framework to combine microarray data and other biological knowledge for estimating gene
networks by using Bayesian network model. We also show some examples that we use binding site
information or protein-protein interaction together with microarray data to estimate Saccharomyces
cerevisiae and Human Umbilical Vein Endothelial Cell gene networks. As a real application of gene
network estimation techniques, computational drug target gene discovery enhanced with gene net-
work inference method has made tremendous impacts on pharmacogenomics. We also show that
our approach is very effective for identifying drug-affected genes, druggable genes, drug-active path-
ways and druggable gene networks and their evaluation. This information plays an essential role in
pharmacogenomics.

Keywords. Bayesian Network, Nonparametric Regression, Microarray Data, Protein Interaction
Data.
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Introduction

Boys et al. (2000) presented a Bayesian solution to segmentation problem using HMMs when
the number of segments is known and generalised their results in 2004 when the number of segments
is unknown. In Boys et al. (2000, 2004), the prior knowledge for base transition probabilities in each
segment was weak but the prior beliefs about the transition matrix for the segment types were strong.
Their articles raise the issue of how far one can refrain from making prior assumptions about a model
while keeping it feasible in practice.

The primary aim of this paper is to implement the use of sensitivity analysis on priors in
Bayesian analysis of DNA sequence segmentation using Hidden Markov models by employing Markov
chain Monte Carlo (MCMC) techniques using a short and easy-to-use program in BRuGS (Bayesian
using Gibbs Sampling in R). The sensitivity analysis includes a traditional approach by varying the
prior distributions for base/nucleotides transition probabilities for the segment types and the transi-
tion matrix of segment types. This paper also includes the importance sampling method using the
MCMC which was found to be computationally efficient algorithm in comparing a large number of
priors simultaneously for sensitivity analysis. The results will be applied to the segmentation of the
benchmarking DNA sequences such as intron-7 of the chimpanzee and human alpha-fetoprotein gene.

The model

A DNA sequence y = y1, y2, ..., yn can be considered as a realisation of a random process
Y1, Y2, ..., Yn where Yt ∈ {a, c, g, t}, t = 1, 2, ...n and n represents the length of sequence. We assume
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that transitions between bases follow a first-order Markov chain, where the choice of transition matrix
is determined by the hidden segment type at location t denoted by St. Suppose that there are at most
r types of homogeneous segment type within the DNA sequence, that is St ∈ {1, 2, ..., r} and further-
more that St is assumed to be a homogeneous first-order Markov chain. Following Boys et al.(2000),
denote the 4× 4 transition matrices for the segment type by P = {P (1), P (2), ..., P (r)}, where P (k) =(
P

(k)
ij

)
. Therefore the update equation for the base transitions are P (Yt = yt|St = st, y1, ..., yt−1,P) =

P (Yt = yt|St = st, yt−1,P) = P
(st)
yt−1yt and the transition matrices Λ = (λij) such that

P (St = st|s1, ..., st−1, Λ) = P (St = st|st−1, Λ) = λst−1st . Assuming that Y1 and S1 follow independent
discrete uniform distributions then the likelihood function for the model parameters P and Λ given the
observed DNA sequence y and the hidden segment types s is L (P, Λ|y, s) = (4r)−1 ∏n

t=2 P
(st)
yt−1ytλst−1st .

Given the multinomial form of the likelihood function in, a conjugate of Dirichlet prior distri-
bution seems to be reasonable as discussed in the next section.

The priors

Suppose a typical row of one of the base transition matrices and a row of the segment types
transition matrices are denoted by pi = (pij) and λk = (λkj) respectively. A conjugate prior distribu-
tion for pi and λk is a Dirichlet π(pi) ∝

∏4
j=1 p

aij−1
ij , 0 < pij < 1, j = 1, 2, 3, 4,

∑4
j=1 pij = 1 and

π(λk) ∝
∏r

k=1 λ
bkj−1
kj , 0 < λkj < 1, k, j = 1, 2, ..., r where ai = (aij) and bk = (bkj) are the positive

parameters of the distribution.
Similar to Boys et al.(2000), it is further assumed that Dirichlet prior distributions for the rows

of each transition matrix are independent. Therefore

p(k)
i =

(
p
(k)
ij

)
∼ D

(
a(k)

i

)
, i = 1, 2, 3, 4, k = 1, 2, ..., r,(1)

λk = (λkj) ∼ D(bk), k, j = 1, 2, ..., r.(2)

The sensitivity that we considered in the fully-version of this paper using (1) and (2) with respect to
the choice of the priors for parameters P and Λ, Dirichlet D and mixture Dirichlet M distributions,
as well as comparison when varying the means or standard deviations within each of the prior as
summarised below.

• Type I. a(k)
i = c(1, 1, 1, 1); bk for fixed E(λkk) = 0.99 and varying s.d(λkk).

• Type II. a(k)
i = c(1, 1, 1, 1); bk for fixed sd(λkk) = 0.01 and varying E(λkk).

• Type III. a(k)
i = c(1, 1, 1, 1); λk ∼M , fixed E(λkk) and varying s.d(λkk).

• Type IV. a(k)
i = c(1, 1, 1, 1); λk ∼M, fixed sd(λkk) and varying E(λkk).

• Type V. a(k)
i = c(1 + δ, 1 + δ, 1 + δ, 1 + δ), δ > 0; λk ∼ D or M , fixed E(λkk) and varying

s.d(λkk).

The results

The intron data that we are interested in is intron 7 of the chimpanzee α-fetoprotein gene which does
contain distinct homogeneous segments. This gene plays an important role in embryonic development
in mammals, and in particular, unusual level in pregnant women are associated with many genetic
disorders in the foetus such as spina bifida and Down’s syndrome. This gene is 18,867 base pairs
long, composed of 15 exons separated by 14 introns. The full nucleotide sequence in the GenBank
sequence database under accession number U21916. Intron 7 starts at nucleotide 11712 from 5‘ end
of α-fetoprotein gene with the length of 1968 base pairs.
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The results in this paper were obtained with burn-in period of 750000 iterations followed by 100000
updates of thinning 10 to confirm the convergence of the chain. A traditional sensitivity analysis ap-
proach was used for prior types I to IV by generating MCMC of parameters of interests as shown by the
posterior mean estimates and its standard deviation in the fully-version of this paper. Unfortunately,
running one chain of the MCMC algorithm in complex models as in DNA segmentation modeling takes
a long time, hence MCMC algorithm is not feasible to produce the chain a large number of times.
To answer this typical problem, Guihenneuc et al. (2007) proposed to use importance sampling on
the first chain for each of the repeated experiment instead of running a new chain. Therefore the
approach was implemented for sensitivity analysis on parameter P using prior of type V to reduce the
computational time.
Figure 1 shows a close up of the estimates of P̂ (St = 1|y) in the first 100 of the sequence, varying the
standard deviation while fixing the mean for a Dirichlet prior and mixture Dirichlet prior respectively.
In case of Dirichlet prior, the plot shows that changes in segment type are less certain as our prior
uncertainty about λkk increases for. For example, in the position 40 to 50 for s.d 0.01, the probability
is about 0.5 that it is segment 1, and with probability of 0.05 that it is segment type 1 for sd 0.003
and 0.005 respectively. In the other hand, mixture Dirichlet prior shows that the variation among the
three standard deviations are less for location 30 to 100.
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Figure 1. Plot of approximate posterior probability of a type 1 segment with r = 3
using Dirichlet prior (left) and mixture Dirichlet prior (right) for the case a fixed mean

E(λkk) = 0.99 and different standard deviations

Figure 2 shows the distance between 15 posteriors, indexed 2 to 16, obtained using various priors for
a combination of δ = 0, 1 of type V compared to the posterior obtained by MCMC using uniform
Dirichlet when δ = 0. It should be noted that the left part of the plot is when a Dirichlet prior is
assigned to parameter Λ with a fixed mean 0.99 and standard deviation 0.01 whereas the right part
is for mixture Dirichlet. It is clear that in some cases, estimates of parameters P is sensitive to the
prior changes, for example for index 2 and 6 which refers to Dir(2,1,1,1) and Dir(2,1,2,1) respectively.
Interestingly for similar situation, this is not the case when a mixture Dirichlet prior was assigned to
parameters Λ, hence it is a less sensitive case as shown in Figure 3.
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Figure 2. Plots of distances using 16 different Dirichlet priors P and Dirichlet prior Λ
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for the case of mean E(λkk) = 0.99 and sd(λkk) = 0.01
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Figure 3. Plots of distances using 16 different Dirichlet priors P and mixture Dirichlet

prior Λ for the case of mean E(λkk) = 0.99 and sd(λkk) = 0.01

We have performed a thorough sensitivity analysis on priors in Bayesian analysis of DNA sequence
segmentation using Hidden Markov models. We have considered a traditional approach by generating
MCMC using different priors of types I,II,III and IV as shown in Table 1. Furthermore, our results
were extended to cover a new approach by embedding importance sampling using the prior of type
VI. There are a number of implications for practice resulting from this work. Firstly, a sensitivity
analysis becomes crucial in complex modeling when a uniform Dirichlet prior was assigned for its
parameter. Secondly, a mixture Dirichlet is more flexible compared to Dirichlet prior to incorporate
the segment type into the model. Thirdly, a traditional sensitivity analysis by generating MCMC using
different priors seems to be less computationally efficient in DNA modeling, even for a small sample
size. Fourthly, importance sampling using MCMC was proven to be a viable and computationally
efficient method for sensitivity analysis on a large number of priors.
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ABSTRACT

This paper focuses on the prior specification and sensitivity on modeling homogeneous segments
of DNA sequences using Hidden Markov model implemented by Markov chain Monte Carlo (MCMC)
methods using BUGS software. We analyse an intron from the chimpanzee α-fetoprotein gene which
plays an important role in the embryonic development in mammals.
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La modélisation informatique des contraintes évolutionnaires qui construisent le monde biologique a 

ouvert des perspectives nouvelles pou  des hypothèses et des concepts 
par le 

paradigme des algorithmes génétiques ces approches simulent des modifications adaptatives, affectant des 
organismes digitaux soumis à des environnements virtuels contrôlés, dans le but  le 
fonctionnement des mécanismes d de facteurs conditionnant divers (i.e. 
environnementaux, mutations, recombinaison du matériel génétique) [1]. Au centre de ce problème 

x caractéristiques essentielles du matériel génétique, à savoir sa charge 
fonctionnelle biologique et la robustesse des structures responsables du stockage et de la transmission de 

héréditaire. La place occupée par chacune de ces deux caractéristiques dans le processus de 
sélection naturelle demeure contestée [2]. Un p

moléculaire. Cette conservation biologique du gène ou de la protéine en 
question, liée à la charge fonctionnelle accumulée au fil  [3,4]
une robustesse structurelle maximale  [5,6]. 

Nous avons investigué, le de simulation informatique, le fonctionnement des deux 
types de mécanismes hypothétiques qui semblent déterminer la sélection des séquences moléculaires dans les 

la spécialisation des unités fonctionnelles ayant pour conséquence une augmentation adaptative de leur 
charge fonctionnelle), dans le but de tester leur éventuelle complémentarité. 

Une approche inspirée par le principe des algorithmes génétiques a permis de modéliser les principaux 
facteurs régissant la dynamique du matériel génétique (i.e. transmission, mutations, recombinaison), ainsi 
que 
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2 
 

fonctionnelle et la robustesse des processus de transcription/traduction au sein du génome. Des techniques 
ont été utilisées pour explorer la relevance 

fonctionnelle des gènes et des protéines  fonctionnelle. 
Le modèle que nous avons choisi implémenté dans la plateforme Aevol 

[7].  
possédant un chromosome circulaire double brin constitué de nucléotides binaires complémentaires 0 et 1. 
Ce matériel génique virtuel contient des séquences codantes et des séquences non codantes. Chaque 
séquence codante définit une protéine qui active ou inhibe une fonction ou processus biologique particulier. 
Pour passer du génotype au phénotype une couche intermédiaire de modélisation, jouant le rôle d  
protéome biologique, évaluation de la charge fonctionnelle biologique de chaque séquence 
codante. Des opérateurs de sélection, recombinaison et mutation agissent sur 
digitaux pour explorer et optimiser le code génétique.  

Bien que ce modèle fût le mieux placé dans nos choix, il n'était pas assez complet pour répondre à la 
question que nous souhaitions aborder. Pour remédier nous l'avons modifié en intégrant la robustesse à la 
traduction sous forme d'un nouveau paramètre qui est soumis aux mêmes contraintes évolutives que les 
autres paramètres conventionnels du modèle. Nous avons également intégré au modèle la quantification de la 
charge fonctionnelle des   construits en 
partant des spectres fonctionnels des protéines virtuelles analysées [8]. Ainsi on considère que deux 
molécules protéiques virtuelles interagissent lorsque , représentés 
sous forme de triangles isocèles dont la base est constituée par le domaine fonctionnel de la molécule et la 
hauteur par le potentiel fonctionnel maximal dans cet intervalle, Cette 
analyse a été réalisée pour chaque génération successive en considérant séparément deux pools de protéines 
obtenues des individus situés en dessous du quartile inferieur et respectivement au dessus du quartile 
supérieur de la distribution de la fitness environnementale de la population. L entre les spectres 
fonctionnels des protéines a été évaluée (i. triangles correspondants) en 
utilisant une technique appelée « Triangle-Triangle Intersection Test » [9]. Les matrices ainsi 
obtenues ont permis ensuite la quantification de la charge fonctionnelle de chaque séquence codante en 
fonction de ses paramètres de connectivité et de centralité dans l . Le 

nécessaire à la construction des réseaux déterminé en utilisant une 
 la 

connectivité dans les réseaux « scale-free 
fourni directement par le modèle de simulation.  

ensemble de ces données a été analysé sur plusieurs générations pour évaluer les relations entre les 
trois paramètres considérés (i.e. le  des séquences codantes, leur charge fonctionnelle 
représentée par la centralité , et la robustesse à la traduction). Ces résultats ont été 
mis en rapport avec les paramètres  utilisé pour la simulation. Celui-ci est 
déterminé au début de la simulation parmi plusieurs possibilités disponibles, et demeure constant pendant 

 de la procédure de simulation. 
Une simulation type : une population initiale comportant 1000 individus est initialisée aléatoirement, 

chaque individu possédant un génome de 5000 bases. Cette taille évolue pendant la simulation en fonction 
des autres paramètres tels que les différents types de mutation, les mécanismes de sélection utilisés, la 
recombinaison, etc. 
est en moyenne de 30 heures. 

Les résultats obtenus illustrent un phénomène intéressant de u optimal de 
robustesse à la traduction, comparable à la e en 
évidence par des travaux antérieurs [7]. Cela semble indiquer termes de robustesse est 
atteint de façon convergente, laissant place à un niveau de variabilité qui facilite Ce phénomène 
est compatible avec des données biologiques récentes 
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  séquences codant des protéines 
placées auparavant dans la phylogénie sous une forte sélection [10].  
 
Sous-titre 

Robustesse aux erreurs de traduction et centralité interactionnelle dans les réseaux génomiques  
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RÉSUMÉ 

La modélisation informatique des contraintes évolutionnaires s par les 
algorithmes génétiques constitue un moyen explorateur indispensable pour comprendre le fonctionnement des 

évolution des génomes. Un problème ouvert est celui de la relation observée entre le niveau 
 et sa conservation phylogénique, tantôt expliquée par la charge fonctionnelle 

accumulée , et tantôt par un mécanisme de sélection positive de la robustesse aux erreurs de 
traduction. Afin rôle de ces mécanismes hypothétiques de sélection génique nous avons utilisé la 
plateforme de simulation Aevol construite modèle organisme digital haploïde. Cette plateforme a été 
modifiée pour intégrer un paramètre codifiant la robustesse aux erreurs de traduction, ainsi que le calcul de la 
charge fonctionnelle des séquences codantes. Cette dernière a été évaluée à de techniques 
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réseaux génomiques de paramètres tels que la connectivité et la centralité dans les 
réseaux. Plusieurs simulations ont été réalisées en modifiant les paramètres environnementaux du modèle. Les 
résultats suggèrent  sélection indi optimal de robustesse aux 
erreurs de traduction, 
antérieurement. 
depuis les pr a été accompagnée une variabilité importante  
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Statistical Integrated Systems: evolution or revolution? 
Aguiar, Maria do Carmo 
Banco de Portugal, Statistics Department 
Av. Almirante Reis, 71 
1150-012 Lisboa, Portugal 
E-mail: mcaguiar@bportugal.pt 

Evolution  
a gradual process of change and development 

Revolution  
a very important change in the way that people do things 

  In “Cambridge Dictionaries Online” (dictionary.cambridge.org) 
1. Introduction 

Information technology developments led to a new trend in the way statistics are produced: traditional 
aggregated reporting is gradually being replaced by item-by-item reporting. The advantages of this approach 
are enormous, ranging from lower reporting costs to higher compilation flexibility. Although item-by-item 
reporting requires dealing with large volumes of data, this has become easier due to the evolution in network 
and communication protocols, database systems and multidimensional analytical systems. Consequently, old 
multiple heterogeneous collection and compilation systems are being replaced by integrated systems. 

Statistical data on securities, periodically released by Banco de Portugal, are compiled on the basis of 
the Securities Statistics Integrated System (SIET – Sistema Integrado de Estatísticas de Títulos). This system 
was developed by the Statistics Department of Banco de Portugal with the purpose of gathering in a single 
repository all the information deemed necessary to comply with reporting requirements on securities. SIET 
makes it possible to meet user needs, at both the national and international level. Quite ambitious in its aims, 
the system has been a challenge for data quality managers and a source of opportunities for data “explorers”. 

With developments in financial markets worldwide, securities statistics have increasingly gained 
importance. Therefore, subjects related to coverage, quality and harmonisation of securities statistics 
produced in the various countries are a growing concern at the international level and, in particular, within 
the scope of the European System of Central Banks (ESCB). In this context, integrated statistical systems 
enable a more efficient and harmonised production of statistical data. SIET, being an integrated system that 
includes data on issues and portfolios and covers all the economy’s institutional sectors, makes it possible to 
cope efficiently with most information requirements in the field of securities statistics. 

This paper overviews SIET architecture: inputs, processing and enrichment modules, and outputs. We 
discuss whether this integrated system is an evolution of previous disaggregated systems or configures a 
revolution, given the new opportunities it creates. A glance into the near future foresees the integration of 
information from the Centralised Securities Database (CSDB), an ongoing project of the European Central 
Bank (ECB). 

 
2. SIET features and main components 

SIET is an information system that stores data on securities issues and portfolios on a “security-by-
security” (“s-b-s”) and “investor-by-investor” basis, except in the case of investors belonging to the 
households’ institutional sector, whose data are aggregated by the investor’s country. This means that data 
considered relevant for statistical analysis are collected, validated and stored for each security, each issuer 
and each investor. The existence of a reference database with individual information on securities and issuers 
allows for the collection of statistical information from reporting entities on a “s-b-s” basis. This approach 
implies lower reporting costs, given that there is no need for reporters to aggregate background information 
according to multiple criteria. Furthermore it enables a better information monitoring and a greater flexibility 
when exploring data and building statistical analysis. 
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SIET comprises two information segments: one on securities issues and another on securities holders. 
In the segment on securities issues, information is collected on securities issued by resident entities in 
Portugal, either issues taking place in the Portuguese market or in external markets. In the portfolios segment, 
information is collected on the securities portfolios of the different resident investors, as well as on the 
portfolios of non-resident investors in domestic securities. Additionally, information on the features of 
foreign securities that are held by resident investors is obtained from commercial databases. 

SIET replaced a relatively large set of procedures for the collection of data on securities, while 
extending the coverage of reporting to all investing sectors and enabling a better quality control. As regards 
data on issues, the procedures for researching and collecting information underwent some evolution, whereas 
reporting on securities’ holders was totally changed. In fact, previously, the report on securities portfolios 
covered only information on external transactions and on operations conducted by monetary financial 
institutions (MFIs). Today all sectors are covered.  

Data on issues are collected from several sources. In accordance with the provisions of Article 13 of the 
Organic Law of Banco de Portugal and of Article 6 of the Guideline of the European Central Bank of 6 
February 2003 (ECB/2003/2) on monetary and financial statistics, Banco de Portugal shall ensure the 
production of securities statistics covering issues by Portuguese residents and it may require of any public or 
private body the direct supply of information deemed necessary for the compilation of these statistics. 

At the securities portfolios level, information is reported according to an Instruction of Banco de 
Portugal on “Securities Statistics - Transactions and Positions”. Based on this legal background, detailed 
information is collected on investments by residents in domestic and foreign securities and on investments by 
non-residents in domestic securities.  

Figure 1 illustrates SIET architecture. The system relies on two relational databases and one analytical 
database. Collected data are stored and validated (first level of quality control) in the “transactional 
database”. Data estimation of missing information is also done in this database. Validated and “enriched” 
data are daily copied to the so called “exploration database”. A second level of quality control is made on 
aggregate data, by carrying out consistency tests and comparisons with other information sources. Statistical 
outputs are produced from the “exploration database” as well as from the “multidimensional database”. This 
analytical database was recently developed and it is a quite powerful tool since it enables user friendly 
multidimensional analysis of the information. 
 

Inputs

ValidationValidation Outputs

Exploration
Database

Exploration
Database

Transactional
Database

Transactional
Database

Data Quality 
Management

Other data 
sources

Data Quality 
Management

Other data 
sources
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Figure 1: SIET architecture. 
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SIET stores information on the type of instrument, the institutional sector and the residency of the 
issuer/investor, prices (quotations), transactions and positions associated with securities issues (issues, 
redemptions and outstanding amounts) and transactions and positions associated with securities portfolios 
(purchases, sales, stocks). Classification of securities and entities follows the European System of National 
and Regional Accounts (ESA/95), complemented by Annex XIX of the Guideline ECB/2003/2. Securities are 
preferably identified through the ISIN code (International Securities Identification Number) and resident 
issuers/investors through the NPC (Portuguese acronym for Legal Person Identification Number). Standard 
unique identification codes are fundamental for sharing and integrating information from different sources. 
The ISIN code accomplishes this purpose for securities. Unfortunately, for entities there is not such code at 
an international level. 
 
3. Opportunities and challenges 

SIET aimed at being a system that would make it possible to address all Banco de Portugal’s needs at 
the level of statistical information on securities. The development and implementation of the system was 
quite challenging and ambitious and the outcome turned out to be very positive.  

While preparing the project, reporters were contacted and the new reporting scheme was discussed. 
One may think that asking the reporters to send individual information on transactions and positions would 
be burdensome. However, most reporters were also developing their own information systems and sending 
individual information was easier and less expensive than aggregating it according to several statistical 
criteria.  

For compilers at the Statistics Department there was the need to deal with much more data. Gradually, 
methods were developed in order to rapidly identify possible errors or discrepancies. Like in all new systems, 
there was a learning curve. 

Having an integrated system with individual data presents several advantages from a statistical 
compilation perspective: 

• Classification of information for statistical purposes is done by statistical experts and follows a 
common methodological framework.  

• Calculations are done locally according to internally defined algorithms.  
• Valuation adjustments follow uniform criteria.  
• Consistency between transactions and positions are monitored in detail.  
• Comparison between issued and held outstanding amounts is done at the security level.  
• Outputs are compiled according to multiple criteria without having to ask the reporters to do so.  
SIET promotes consistency across statistics produced by Banco de Portugal. In fact, securities issues 

statistics are an output of SIET. In addition to the component of analysis and release at the national level, 
these statistics are reported to international organisations, namely the ECB and the Bank for International 
Settlements (BIS). Moreover, SIET’s information is used as input for the compilation of a wide set of 
statistics produced at Banco de Portugal, which are also disseminated at the national and international level:  

• In the field of monetary and financial statistics, SIET enables the validation and detailing of the 
information reported in MFI and non-monetary financial institutions’ balance sheets, as regards 
their securities issues and own portfolios. Additionally, investment funds statistics are also 
produced using SIET. 

• Within the scope of balance of payments and international investment position statistics, SIET data 
on external transactions and positions in securities are used to produce the portfolio investment 
item (assets and liabilities).  

• For the compilation of public finance statistics, SIET information is used in order to obtain the 
issues of the different general government sub-sectors and to determine the share of these securities 
that is taken by general government entities (for data consolidation purposes).  

• Values reported to the central balance sheet data office on the activity of non-financial corporations 
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are also compared with SIET data, for the purpose of quality control, of the information collected 
by both systems, regarding securities issued and purchased by these entities.  

• Finally, at the level of national financial accounts, SIET data are used to compile assets and 
liabilities items of the various institutional sectors of the economy, in debt securities and equities, 
broken down by type of security and maturity. 

SIET is an open system in the sense that new components may be developed and integrated. The 
component related to the estimation of missing information is currently being enhanced and, in the near 
future, information on foreign securities will be obtained from the CSDB (see below), benefiting from the 
increased quality of this information. 

From our experience, the development of an integrated system for securities statistics has provided 
major improvements and opportunities in this field. More than a gradual change on statistical production, this 
configures a very important change in the way things are done, and in that sense we could call it a revolution. 
 
4. The near future 

The compilation of statistical information on securities entails a number of difficulties, both in terms of 
classification and valuation and at the level of the holders’ identification. The problems are not related to the 
lack of information sources, given that there are several commercial databases that provide information on 
individual securities and several ESCB central banks maintain their own databases. However, in some cases, 
there are gaps and, in other cases, information is not consistent among different sources. These were the main 
reasons for the development, at the ECB, of a reference securities database with information on a “security-
by-security” basis – the CSDB. 

The purpose of the CSDB is to set up a database with complete, consistent, validated and updated 
information on all securities relevant to the ESCB’s statistical objectives. The existence of a single database 
should promote consistent results and an efficient data collection and compilation. This database uses 
information from commercial databases and other sources, among which are the National Central Banks 
(NCBs) that maintain “s-b-s” databases. Data quality management will benefit from the cooperation between 
the different ESCB members, the BIS and some national statistical institutes. 

From the statistical viewpoint, the CSDB serves two purposes: to supply information for the 
compilation of aggregates for the euro area, such as securities issues statistics, and to supply reference 
information on securities and issuers, so as to cope with the collection of statistical information on a “s-b-s” 
basis, and enabling the production of improved aggregate statistics.  

The development of the CSDB is being carried out gradually: in phase 1, completed in May 2005, the 
system was implemented at the ECB; in phase 2, currently ongoing, mechanisms will be implemented for 
on-line access and application-to-application communication for NCBs. 

Currently, several countries are already collecting information on portfolio investment on a “s-b-s” 
basis for the production of balance of payments and international investment position statistics. In the near 
future, all euro area members will follow this approach, using the CSDB for the classification of information 
on securities. In this sense, the CSDB will be a major contribution to a more efficient production of 
harmonised statistics.  

Banco de Portugal has actively collaborated in this project since its beginning. Information on 
Portuguese securities, extracted from SIET, is being sent to the ECB on a monthly basis. Also, monthly 
extracts of the CSDB are being used for data quality checking. 

We conclude by re-emphasizing that recent changes in financial markets, due to globalisation and 
innovation, brought new challenges and demands to statistics. Simultaneously, technological evolution 
continues to provide opportunities to develop increasingly integrated systems, based on “item-by-item” data. 
These developments, together with an increasing collaboration between institutions at national and 
international levels, are definitely contributing to the production of more accurate, reliable, and comparable 
statistics. 
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The Portuguese experience in compiling PI statistics 
Casimiro, Paula 
Banco de Portugal, Statistics Department 
Av. Almirante Reis, 71 
1150-012 Lisbon, Portugal 
E-mail: paula.casimiro@bportugal.pt 
 
 

There are different possibilities available when designing a data collection system for portfolio 
investment (PI) statistics, in the context of balance of payments (b.o.p.) and international investment position 
(i.i.p.). The possible systems may differ according to the targeted reporting agents, periodicity and level of 
aggregation and the corresponding results vary in terms of implementation and running costs, data 
availability and quality and of response burden. 

Until 1999, the Portuguese PI statistics relied on an asymmetric system for assets and liabilities. 
Whereas in the later case, the data collection system implemented since 1991 was already based on a 
security-by-security (s-b-s) data model, on the assets side the inexistence of a unique and standardized 
identifier prevented the application of this method, and so data was collected from respondents aggregated 
by type of security, country of the issuer and currency of denomination. Another distinctive feature of both 
systems was the periodicity of the data collected. While monthly flows were available for both PI assets and 
liabilities, in the case of end-of-period positions the data collection ranged from monthly data, for the 
liabilities side, to annual data, for the assets side. 

As already mentioned, the existing data collection system was implemented in the early 90’s and by 
the end of the decade there was the necessity to make some changes and adjustments, mostly due to the need 
to improve the periodicity – of the end-of-period statistics – and coverage – in terms of the variables 
collected – of the PI assets.     
 
1. Selection of a data collection model for PI statistics – level of detail 

A data collection model for PI statistics may be defined as a combination of several features: the level 
of detail of the information collected – aggregated or on a security-by security basis – the type of information 
collected – both stocks and flows or collecting one and deriving the other – the collection method used – 
census or a sample survey – and the reporting channel – indirect reporting (settlement or custodian based) or 
end-investor direct reporting. 

Aggregate reporting has the advantages for the compiler of reduced costs of implementation and 
maintenance, resulting in a relatively small amount of data to keep. However, it also holds the risk of 
potential miscalculation or the use of non-generalized aggregation procedures by the different reporting 
entities and it carries greater difficulties in cross-checking the data and in reconciling flows and stocks. Other 
non-negligible aspect is the greater risk of misclassification or double-counting between portfolio investment 
and direct investment, since this distinction will have to be implemented by each individual respondent and it 
may have limited information about the weight of a given investor in a company’s equity capital. Also for 
respondents aggregate reporting usually means greater reporting burden in terms of details and breakdowns 
to be reported, the need to keep and maintain (in every respondent’s system) a s-b-s database from which to 
derive such breakdowns and the need to make adjustments in the reporting systems every time new or 
additional output requirements emerge. 

On the other hand, security-by-security reporting ensures accuracy and consistency of the data, 
although meaning a shift of costs and work from the respondent to the compiler in terms of aggregation 
procedure and maintenance of an individual securities database. The implementation of new requirements 
becomes more flexible and, in some cases, may not even imply the need to introduce changes in the 
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respondents reporting systems. This type of system can be used to derive flows from high-frequency stock 
data, reducing the reporting burden for reporting agents and allowing for quality checks at a very detailed 
level. The reporting burden will also be reduced since the amount of detail (in terms of breakdowns) to be 
reported by respondents decreases. Finally, s-b-s reporting is useful for the calculation of interest on an 
accruals basis and it may support synergies with other statistics, such as money and banking statistics and 
national financial accounts. The main disadvantages of s-b-s data collection models are the considerable 
costs to set up and maintain and the dependence on the availability of unique securities’ identifiers. 

 
2. Selection of a data collection model for PI statistics – reporting channel 

According to the targeted respondents, three major reporting channels may be distinguished. The first 
option is an indirect settlement-based reporting by domestic banks for their own transactions and transactions 
on behalf of their clients. This alternative has the advantages of keeping the size of the reporting population 
relatively small while providing high-frequency timely data. It is easily adaptable to s-b-s reporting and 
carries minor problems concerning double-counting between portfolio and direct investment. The main 
problems come from the widespread use of netting and clearing techniques, that prevent the collection of 
gross investment and disinvestment, and the need for complementary reporting (e.g. for settlements through 
accounts with foreign banks). Also pure stock statistics will have to be collected separately, through one of 
the other possible channels.  

A second option will be the direct reporting by resident issuers and end-investors which can assure the 
full reconciliation between flows and stocks and the collection of related income on an accrual basis. The 
distinction between direct and portfolio investment does not constitute a problem either. The major drawback 
of this alternative is the potentially large size of the reporting population, namely in the case of households. 
Also in the case of some specific sectors it may be difficult to receive timely and high-frequency data. The 
implementation of s-b-s reporting may be more difficult for sectors unfamiliar with this way of reporting and 
storing of information and, finally, statistical principles and methodology can differ from accounting 
principles used by a great number of respondents. 

The third option is the indirect reporting by custodians or other financial intermediaries involved in 
securities transactions and holdings. This reporting channel has the same advantages of the first alternative 
(timely and high-frequency data, relatively small reporting population, easy to adapt to s-b-s reporting, 
allowing for micro-checks of the data) and at the same time it permits a full reconciliation between stocks 
and flows. However, it will require some complementary information collected directly from the end-
investors in the case of securities held in custody abroad. Additional challenges will be the exclusion of repo-
type transactions/positions or of direct investment holdings.  

The selection of a direct or indirect reporting scheme depends, of course, on the national specificities, 
like the size of the targeted population or the reporting practice. Direct reporting is more suitable for banks’ 
own holdings but indirect reporting may be the only practical approach for households. For other sectors, the 
most suitable reporting channel depends on several factors, like the average size of companies. Indirect 
reporting has advantages in terms of timeliness, efficiency and adaptability to s-b-s. However it may have 
difficulties to collect specific data like repo transactions or in distinguishing between portfolio and direct 
investment and will have to be supplemented with direct reporting in some cases, taking special care to avoid 
gaps (lack of coverage) or overlaps (double counting). 

 
3. The Portuguese approach 

The need to change the portfolio investment data collection system for b.o.p. and i.i.p. purposes led to 
the deep consideration of several dimensions of the problem, including the selection of the more appropriate 
level of detail and reporting channel as described in the previous points. The experience gathered from the 
simultaneous existence of an s-b-s reporting system (for PI liabilities) and an aggregated one (for PI assets) 
facilitated the choice for a data model of the s-b-s type. Some benefits of an s-b-s system as compared to an 
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aggregated approach were evident at that time. On the compilers side, the quality of the final statistics and 
the data control checks are facilitated and enhanced if data is collected on an individual basis. On the 
respondents side, the need to aggregate the data means that each one of them will have to keep a database of 
individual securities and run aggregation procedures, increasing by the number of respondents the workload 
needed to produce these statistics. The contacts held with respondents confirmed that they preferred an s-b-s 
solution and by that time the widespread use of the ISIN code in the financial markets overcame the practical 
difficulties of implementing such system in the case of resident’s investment in foreign securities.   

As to the selection of the respondents, the existing system was based on indirect reporting by resident 
custodians, complemented by direct reporting from end-investors holding securities in custody abroad, and 
this seemed to continue to be an appropriate solution, especially in terms of reliable and timely data.  

As mentioned previously, one of the major drawbacks of an s-b-s reporting system are the significant 
costs involved in its development and further maintenance. The solution envisaged to reduce these costs was 
to adopt the system also for other statistics compiled in Banco de Portugal Statistics Department. In this 
context, it was implemented the Securities Statistics Integrated System (SIET) which collects data not only 
for b.o.p. and i.i.p. purposes, but also for money and banking statistics and for the national financial accounts. 
This option carried additional benefits: respondents do not have to extract from their systems only the 
information that is relevant for b.o.p. and i.i.p., i.e. residents’ investment in foreign securities or non-
residents’ investment in national securities, but they provide data on all investors transactions/holdings in all 
securities; some data needed for financial accounts (residents’ investment in national securities) was not 
available previously; and, an integrated collection system results in more consistent statistics in the end.    

Another interesting outcome of this process was that, although respondents are obliged to report 
monthly flows and quarterly stocks, the large majority of them prefer reporting both monthly flows and 
stocks, arguing that this option brings fewer costs for them and prevents major inconsistency errors.  

The data collected through this system is, therefore, very rich in terms of the information it may 
provide to compilers and users of PI statistics. Not only the traditional variables such as the (detailed) type of 
security, (detailed) institutional sector of the resident investor/issuer and a full geographical breakdown (on 
the assets side) are available, like other possible details may be provided for analysis, like the currency of 
denomination or the institutional/economic sector of the non-resident issuer. Changes in the underlying 
methodology may also be introduced with minor efforts, since the data collection system was designed in a 
broader manner comparing to the required output.    

 
4. Compiling PI statistics 

In the case of the PI liabilities side, the direct reporting option is usually not available and the indirect 
reporting through resident custodians is limited to the extent that non-resident investors use the resident 
financial system. Additionally, the two options are unable to provide a geographical breakdown of liabilities 
by creditor country. The Portuguese case follows a mixed approach, i.e. PI liabilities are calculated based on 
the net balance of all cross-border custody holdings between issuers, central securities depositories (CSDs), 
resident custodians and resident end-investors. The potential risk of misclassification or double-counting 
with direct investment is taken care of by relating the PI data with the direct investment surveys. 

The geographical allocation of PI liabilities’ end-of-period positions and related income by creditor 
country is the main limitation for the time being. It is an important issue for concern since it also limits the 
compilation and dissemination of meaningful bilateral i.i.p. statistics. In this context, the exploratory analysis 
of the Coordinated Portfolio Investment Survey (CPIS) data is being undertaken. Conducted by the IMF on 
an annual basis since 2001 and with 70 reporting countries (2005 edition), the CPIS is considered to be a 
valuable data source for the geographical allocation of PI liabilities. The analysis being done intends to 
derive measures to overcome some of its limitations, such as the existence of non-published confidential data, 
the geographical allocation of securities held as foreign reserve assets (collected through another, 
confidential, survey – SEFER) and the holdings of countries not reporting to the CPIS. 
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In the case of the PI assets, the indirect reporting system via custodians may not be able to capture all 
the relevant data, even when complemented by direct reporting of securities held in custody abroad, 
especially in the case of households. Although this is not considered to be a significant problem for the time 
being, since it is expectable that Portuguese households use the resident banking system for their investment 
decisions, it may become of increasing importance in the future, namely in a context of a more integrated 
financial system at the level of the European Union (EU) and, more specifically, of the Euro Area (EA). In 
this context, a third party reporting (TPR) schema could be further analyzed and developed at the EU/EA 
level.  
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ABSTRACT 
There are different possibilities available when designing a data collection system for portfolio investment 

statistics, in the context of balance of payments (b.o.p.) and international investment position (i.i.p.) domain. The 
possible systems may differ according to the targeted reporting agents, periodicity and level of aggregation and the 
corresponding results vary in terms of implementation and running costs, data availability and quality and of 
response burden. 

Moreover, the developments occurred during recent years in the financial markets also condition the ability of 
these data collection systems to provide the relevant and complete set of data necessary to compile these statistics.  

This paper intends to provide an overview of the Portuguese experience in compiling portfolio investment 
statistics in the context of b.o.p. and i.i.p. statistics, with a special focus in the pros and cons of security-by-security 
data collection systems for integrated statistical production. The complexity of data collection systems based on 
custodians in a world of global financial markets will also be addressed.  
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lack of standardisation. Dutch custodians have indicated they could distinguish a client’s reverse transaction 
from an outright sale only when they represent the lender of the securities. The reason for this was that they 
recorded an entry in their system in anticipation of the redelivery of the securities, simultaneously with the 
order to transfer the securities to the account of the borrower. In the opposite case, the custodian of the 
borrower would only register the receipt of the securities (involving just a FOP transfer) without any 
additional information. In principle, identification of the security (through its ISIN code) and thereby its 
issuer and the residence and sector of the issuer did not appear to be a problem. 

Many intermediaries use the securities of many clients to satisfy the demand of securities borrowers. 
Some intermediaries (mostly custodians) have even developed systems for automatic securities lending. Such 
systems match the demand for securities with the supply from a pool of client portfolios and are able to 
substitute new securities in the case of an early recall. The borrowing is arranged under a fixed contract and 
is carried out without consent of the owner for each individual lending transaction. This means that end-
investors will not always be informed if and which securities are being borrowed from its portfolio. 

Methodological guidelines 
The IMF Committee on Balance of Payments Statistics (re)confirmed in 2001 that reverse transactions 

should be treated as collateralised loans. As a consequence, by viewing the transfer of securities used in 
reverse transactions as the provision of collateral, reverse transactions do not give rise to a change in 
economic ownership of the securities. International discussion has subsequently dealt with the question how 
to exclude reverse transactions from portfolio investment, given the fact that in legal terms there is a transfer 
of title. The market practices summarised above explain the results of research by a number of groups 
(subgroup on repos of the ECB Task Force on Portfolio Investment Collection Systems (TF-PICS) and the 
IMF Technical Group on Reverse Transactions (TGRT)). Both groups concluded that the information on 
reverse transactions is not available from any single group of market participants (either end-investors, 
custodians, brokers or dealers). The experience in the Netherlands described below provides additional 
insight into this question. 

The Dutch collection system for assets 
The new system set up in the Netherlands in 2003 for portfolio investment assets (Dutch holdings of 

foreign securities), replacing the ITRS, is predominantly a direct reporting system. Except for the securities 
held by households, which are covered by a survey of resident custodians, all information is collected from 
the resident end-investors themselves. The most important factor behind this is the fact that Dutch 
institutional investors (pension funds, insurance companies and investment funds) and banks often use the 
services of foreign custodians. A survey of resident custodians would therefore never achieve sufficient 
coverage. A second argument was the participation of Dutch institutional investors and banks in securities 
lending. 

It was expected that end-investors would use information from their custody accounts and that they 
had access to information on all of their reverse transactions. It would therefore not matter if the information 
was collected on the basis of economic ownership or on legal ownership supplemented with data on reverse 
transactions. It seemed clear that the use of information from custodians only would not allow for the 
derivation of economic ownership. Consistency in form design lead to a decision to collect holdership 
information from end-investors on a legal ownership basis (see below). This was supplemented by two 
separate forms which asked for positions and mutations therein on the foreign securities used in reverse 
transactions with non-resident counterparties (the exact type of reverse transaction – repo, sell/buy back or 
lending – is irrelevant). Portfolio investment assets were then compiled as the legal holdings plus foreign 
securities lent minus foreign securities borrowed. The correction on legal holdings for foreign securities lent 
and borrowed to/from non-residents was only partial. No information was collected on foreign securities lent 
and borrowed to/from residents, which resulted in a misallocation of holdings between resident sectors, even 
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though the total of resident holdings across sectors was correct. 
The experiences with this set-up in the following two years proved to be disappointing, even though it 

had been discussed with reporters in advance. The misallocation between sectors turned out to be quite 
material, which had to be corrected on a macro-level using aggregate balance sheet information from the 
sector other MFIs to avoid discrepancy with money and banking data. End-investors did not always have the 
information on securities used in reverse transactions or had to arrange for the provision of such data from 
intermediaries and/or custodians, sometimes at considerable costs. Many declared a preference to report their 
holdings on the basis of economic ownership. There was also confusion on the reporting of coupon payments 
and interest earned on the securities used in reverse transactions and the interest earned on the reverse 
transaction itself. A change in the BoP collection system to facilitate reporting for quarterly sector accounts 
from the beginning of 2006 was used to accommodate the reporter’s preferences. From the beginning of 
2006, all end-investors report their holdings of foreign securities on the basis of economic ownership (short 
positions are reported as negative holdings). They also no longer need to report on the foreign securities used 
in reverse transactions with non-resident counterparties.

The Dutch collection system for liabilities 
The Dutch collection system for portfolio investment liabilities (foreign holdings of Dutch securities) set 

up in 2003 corresponds to the mixed approach (see §85-89 of the final report of the TF PICS). In short, when 
using the mixed approach, portfolio investment liabilities are calculated as the net balance of all cross-border 
custody holdings between resident issuers, CSDs, custodians and end-investors. Because this approach uses 
information from direct and indirect reporters, it was al the more important to analyse the information needed 
on (Dutch) securities used in reverse transactions. If end-investors reported their Dutch securities held with 
foreign custodians (used as a correction on foreign holdings collected from custodians) on the basis of legal 
ownership, the resulting portfolio investment liabilities would also correspond to legal ownership. In order to 
transform this to economic ownership, data was needed on Dutch securities used in reverse transactions with 
non-resident counterparts. This was irrespective of where the securities were/are held in custody before/after 
the transfer. Since this combined neatly with the information required to correct portfolio investment assets, 
the Dutch system asked resident end-investors for holdings of Dutch securities with foreign custodians on the 
basis of legal ownership. 

As indicated before on the experiences with the collection system for portfolio investment assets, this 
approach ran into a number of practical problems with end-investors. Along with foreign securities, reporting 
of Dutch securities held with foreign custodians moved to economic ownership from the start of 2006. 
Unlike for foreign securities though, the compilation of portfolio investment liabilities still required certain 
information on securities used in reverse transactions. Without going into too much detail, analysis showed 
that what was now needed was information on whether the securities used in reverse transactions were held 
with resident custodians, irrespective of the residency of the counterpart. 

Logically, securities lending between residents equals securities borrowing. If most of the lending and 
borrowing from securities kept with resident custodians was done with other residents (most notably the 
central bank), information collected on securities used in reverse transactions would cancel out for a large 
part. An ad-hoc questionnaire was sent out during the fall of 2005 to all relevant groups of end-investors to 
investigate the value of securities and counterparties involved. The results of this questionnaire, summarised 
in table 1, showed that banks were active in both lending and borrowing of shares and bonds. The other 
groups of end-investors were almost exclusively active in securities lending. The net amounts involved 
however, turned out to be very small in comparison with aggregates from the IIP. Net lending of shares from 
the survey came to 0.5 billion euro compared to total liabilities in the IIP of 419.6 billion euro for end 2005. 
The figures for net lending of bonds were -8.4 billion euro and 537.1 billion euro. Moreover, only half or less 
of the reporters was involved in reverse transactions with non-residents (except MFIs) that used securities 
from resident custody accounts. In the end, the conclusion from the survey was that information on Dutch 
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securities held with resident custodians used in reverse transactions could be neglected. It was decided to 
repeat the survey periodically to monitor whether it would be necessary to reintroduce reporting. 

Table 1: Results from the survey on lending of Dutch securities
Proportion of institutions MFIs Insurance 

companies 

Pension 

funds 

Invest-

ment funds 

Active in securities borrowing (%) Shares 41.7 0.0 0.0 0.0 

Bonds 25.0 0.0 5.9 0.0 

Active in securities lending (%) Shares 41.7 45.0 64.7 62.5 

Bonds 75.0 60.0 70.6 37.5 

Uses an exclusive principal agreement (%) N/A 25.0 58.8 37.5 

Non-resident counterparty (%) 58.3 20.0 17.6 50.0 

Net lending (billion EUR) Shares -1.2 0.2 1.2 0.3 

Bonds -5.0 8.4 4.4 0.6 

No. of institutions surveyed 12 20 17 8 

Conclusions 
The type of system chosen for the collection of information on portfolio investment, direct or indirect, 

determines whether the data is on the basis of economic or legal ownership. Dutch end-investors prefer to 
provide information on the basis of economic ownership. There is then no problem of excluding securities 
exchanged under reverse transactions from portfolio investment assets. Custodians and other intermediaries 
are only able to provide information on the basis of legal ownership. For the compilation of portfolio 
investment liabilities, which requires information from both direct and indirect reporters, a practical solution 
could be adopted after an investigation concluded that the error from neglecting securities lending and 
borrowing turned out to be immaterial. 

Another important lesson is the importance to discuss the information needs thoroughly with 
prospective reporters. Even though this was done in the Netherlands before a new direct reporting system 
was implemented, the system proved less effective in practice than it had seemed in advance. The Dutch 
central bank has therefore instituted commissions that meet on a regular basis to discuss reporting issues with 
all its major reporters. 
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ABSTRACT 
This paper addresses the question how to collect information for the compilation of portfolio investment for 

balance of payments statistics. The consensus that portfolio investment should be recorded on the basis of economic 

ownership requires that the exchange of securities in reverse transactions should not be recorded as a transaction. 

Experience in the Netherlands in setting up a new collection system provided a number of useful insights. Dutch 

end-investors prefer to provide information on the basis of economic ownership, whereas custodians and other 

intermediaries are only able to provide information on the basis of legal ownership. This in turn has particular 

consequences for the compilation of assets and liabilities and the information needed from reporters. Current 

market practices learn however, that information on securities used in reverse transactions is not is not available 

from any single group of market participants. Practical solutions may therefore be necessary. 
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1.          Portfolio investment is the category of international investments in instruments covering equity and debt 
securities issued by unrelated non-resident entities, excluding any such instruments which are classified as direct 
investments or reserve assets.   Portfolio managers set aside  a proportion of their funds for investments in 
developing  markets  taking into account risk/return and also as a part of diversification of  their portfolio to 
various markets.  With the opening of economy and  to integrate with  global markets for attracting funds, India 
introduced various liberalization measures in fiscal, financial, trade  and external sectors.

2.      Indian economy ushered in a new era with introduction of measures of stabilization and structural reform 
for liberalization of trade and opening of the economy in 1990-91. The year witnessed external payment crisis 
due to unsustainable macro economic balances with  very low foreign exchange reserves.  Extensive decontrol 
and delincensing was put in place to create a competitive environment to unleash the  productive potential of 
entrepreneurs and putting the economy on higher growth path. The objective was to  improve the BOP at 
sustainable levels though liberalization of international trade, finance and capital inflows and proper exchange 
regime.  In 1994, India accepted the IMF's article VIII and thus the rupee became officially convertible on the 
current account.

 3.      The economy has been on the high growth trajectory with  average rate of growth  at 6.4 per cent during 
2000-01 to 2005-06 and in the last 2 years, growth rates were at 7.5 per cent and 8.4 per cent in 2004-05 and 
2005-06 respectively.  Funds flow with comfortable foreign currency asset position at  US $ 145.1 billion in 
March 2006  further improved by US $ 46.8 billion  to US$191.9 billion..     

4.      Against the backdrop, integration process  with the global economy continued by introducing liberalization 
measures by adopting the best global practices in various sectors of economy.  The Indian financial market was 
opened to the foreign institutional investors (FII)  in 1992. All foreign equity to flow through FIIs, covering 
pension funds, mutual funds, assets management companies, investment trusts and institutional portfolio 
managers registered with SEBI and information flow to RBI was through custodians. FIIs and both in primary 
and secondary market.  

5.       Portfolio investment includes flows through issuance of American Depository Receipts (ADRs)/ Global 
Depository Receipts (GDRs) that usually denote ownership of equity and investment  by Foreign Institutional 
Investors (FIIS) and offshore funds  and others, thus covering the liabilities under  portfolio investments.. 

6.       RBI is the basic source for obtaining information on various components of foreign investments. Foreign 
portfolio investment is compiled by the RBI using FETERS (Foreign Exchange Transactions Electronic 
Reporting System) as principal source of information. RBI also separately gets information from custodians on 
weekly basis details of inflows/outflows into the accounts of FIIs. These different components are compiled and 
consolidated to obtain data on aggregate foreign investments in India. Foreign investments are compiled and 
presented in US $. RBI publishes foreign investment data on a monthly basis in the RBI Bulletin, which inter 
alia provides component wise details for portfolio investments. 

7.        Data on flow portfolio investment published in March 2007 of RBI Bulletin are presented below in Table 
1 indicating annual investment inflows.
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2
Table 1: Foreign Investment Inflows 

US $ million 
Items % share of % share of % share of
a. b. c. col 2 to col 3 to col 4 to

Year col.6 col.2 col.2

Portfolio
Investment 

(a+b+c) GDRs/ADRs 
# # 

FIIs** Offshore
funds
and
others

Portfolio
and Direct 
Investment 

1 2 3 4 5 6 7 8 9
1995-96 2,748 683 2,009 56 4,892 56.2 24.9 73.1
1998-99 –61 270 –390 59 2,401 - - -
2003-04 11,377 459 10,918 — 15,699 72.5 4.0 96.0
2004-05 9,315 613 8,686 16 15,366 60.6 6.6 93.2

2005-
06(P)

12,492 2,552 9,926 14 20,214
61.8 20.4 79.5

- indicates outflow 

** : Represents inflow of funds (net) by Foreign Institutional Investors (FIIs). 
# # : Represents the amount raised by Indian Corporates through Global Depository Receipts  
           Global Depository Receipts (GDRs) and American Depository Receipts (ADRs). 
Source : RBI Bulletin, March 2007 

8.          International Investment Position (InIP) compiled at the end of specific period (end March or end of 
quarters )  is a statement on stock of external financial assets and liabilities of a country which inter alia includes 
Portfolio investment ( equity securities and debt securities ).  Financial assets consist of claims on non-residents 
while liabilities related to country's financial liabilities to non-residents. Under SDDS, data on InIP  which was 
disseminated on annual basis till march 2006, now being released by RBI on quarterly basis  since June 2006 as 
press release with a lag of 2 quarters. Data relating to June and September 2006 were released on January 24 and 
March 23, 2007 respectively.  Data on overall International Investment position indicating Assets and Liabilities 
are presented in Table 2.   

Table 2. Overall International Investment Position 
(in US $ billion) 

Period Mar-05 Mar-06   June 06  September 06  
       (PR)        (PR)      (PR)           (P) 

Net InIP -41.82 -47.83 -46.44 -45.89
A. Assets 168.21 183.45 191.81 199.86
of which  Portfolio Investment 0.81 1.29 1.08 1.19
(i) Equity Securities 0.4 0.65 0.49 0.54
(ii) Debt Securities 0.41 0.64 0.59 0.65
B. Liabilities 210.03 231.28 238.25 245.75
Of which  Portfolio Investment 55.69 64.62 64.82 67.37
(i) Equity Securities 43.16 54.74 52.47 54.78
(ii)  Debt securities 12.53 9.88 12.35 12.59

Note- PR: Partially revised;  P: Provisional 
[figures in the Table have been compiled based on InIP estimates in terms of US $ Million] 

The significant feature had been that  net international investment liabilities increased by 14.4 per cent in March 
2006 over 2005.  On the liabilities side of international investment position accounted for more than one-fourth 
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3
of total liabilities whereas on the assets side, the share of portfolio investments in total assets was less than 1 per 
cent to total financial international assets.  
9       FIIs are from geographically dispersed countries, e.g., Malaysia, Australia, Saudi Arabia, Trinidad and 
Tobago, Denmark, Italy, Belgium, Canada, Sweden, and Ireland etc. The institutions from across the globe 
channeled their funds to the Indian securities markets for investment. As on March 31, 2006, SEBI had 
registered FIIs from 37 countries. The number of FIIs from US was the highest at 342, followed by the UK 
(148), Luxemberg (64), Singapore (47), HongKong (30), Canada (26), Australia, Ireland and Netherlands with 
23 each, Mauritius (32), etc.  Long-term institutional investors like foreign pension funds continued to show 
interest in Indian securities markets. Other categories of FIIs registered belonged to traditional institutions like 
mutual funds, investment trusts, managers of such funds, banks etc. The total number of sub-accounts registered 
with SEBI also increased from 1,889 as on March 31, 2005 to 2,488 by end-March 2006. The increasing 
confidence of FIIs in the Indian stock market emerged as the main factor which include, inter alia, strong 
macro-economic fundamentals of the economy (economy on the higher growth path, comfortable forex reserves, 
buoyancy in the earnings of corporate sector, etc.)  transparent regulatory system, abolition of long-term capital 
gains tax, etc.  FIIs are also allowed to trade in derivative segment in order manage the risk and return.  

Table 3: Gross Purchase/sale by FII  
US $ Million 

Gross
Purchases

Total Gross
Sales

Net
Investment 

Cumulative 
Net
Investment 
at Monthly 
Exchange
Rate

(1) (2) (3) (4) (5)
1993-94 1783 149 1,634 1638
1998-99 3927 4313 -386 8898
2003-04 31494 21545 9,950 25755
2005-06 78086 68754 9,332 45259
Sorce: SEBI 

The concern  have been raised  for  some unregulated entities taking positions in the stock market through the 
mechanism of Participatory Notes (PNs) issued by FIIs. The issue is the sale of PNs issued by FIIs to the 
original investor to another player, many of whom are investing through 'Benami' route' i.e., disguise the identity 
of ultimate beneficiary.. In this regard, in January 2004 it is stipulated that PNs are not to be issued to any non-
regulated entity, and the principle of "know your clients” may be strictly adhered to.    
10.        Coordinated Portfolio investment Statistics (Assets): As a step towards globalisation and integration of 
Indian economy with the world market, the corporate are expanding their business but also through acquiring 
overseas assets and improve their competitiveness in the overseas markets and outward capital flows is 
reflection of development. Acquisitions are funded through a variety of sources, i.e., drawal foreign exchange 
from India, capitalization of exports, balances held in EEFC, share swaps, ECBs/FCCBs. ADRs/GDRs etc. 
(major destinations: US, Europe and also tax heavens- Mauritius and Cayman Islands) Substantial investment 
takes place through SPVs set up for the purpose abroad. Existing WOSs/JVs or the SPVs are being used to fund 
acquisitions through LBO route and such transactions are not captured in overseas investment statistics.  
Capturing data from BOP viewpoint in respect of overseas remittances taking into account the innovative 
funding structure, timeliness, etc.    
Mutual Funds have been recently allowed to increase portfolio overseas in equity and debt instruments to $4 
billion from the current $3 billion which would improve the scale of operations. The scope of Individuals' 
investments in overseas instruments such as equities, mutual funds, private equity funds and hedge funds have 
been widened extending up to $0.10 million and allowed individuals to hedge their risks in overseas investments 
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by participating in forward contract.   Overseas investment under portfolio investment statistics are being 
collected effective from  2004  CPIS survey. 
11.               India is participating in Coordinated Portfolio Investment Survey (CPIS) since 2004  for mandatory 
items giving December 31 position for resident entities covering the security (equity, short/long term debt). Till 
so far 2 surveys for 2004 and 2005 had been completed and we are in process for 2006 survey. The information 
is collected from end investors, namely, banks, mutual funds, insurance companies and non-banking financial 
institutions through surveys- separately for banking sector and for mutual funds, insurance companies and non-
banking financial companies. Only mandatory items i.e. type of securities, classified as equity securities, debt 
securities with an original maturity of one year or less (short term) and  debt securities with an original maturity 
of over one year  (long term) and jurisdiction  of issuer are covered under CPIS.  In these surveys, data are  
directly collected from these entities. The survey for mutual funds, insurance companies and non-banking 
financial companies form part of annual survey of  India's Foreign Liabilities and Assets as on March 31, with a 
provision to report data for December 31. High net worth individuals and corporate are yet to be covered under 
CPIS.

12     International Banking Statistics (IBS), both locational and consolidated banking statistics are being 
collected from banks on quarterly basis covering international assets and liabilities of banks covering currency 
breakdown and sectoral breakdown since December 1999. India is participating in IBS system of Bank for 
International Settlements and data are incorporated in consolidated information released by BIS since March 
2001 quarter. The process is being worked out to unify the data collection through IBS system  relating to banks  
for BIS, CPIS and other components of portfolio statistics to be used in International Investment Position and  
external debt. 

Resume(Abstract) 
        The paper presents a review of portfolio investment statistics (inflows/outflows) relating to India 
and dissemination thereof through various publications and initiatives for  collecting information on 
portfolio statistics.  
            Reserve Bank of India (RBI) is the  source for information on various components of foreign 
investments which are compiled using International Transaction Reporting System (ITRS), supported 
by information from custodians on  flows into the accounts of Foreign Institutional Investors. Foreign 
investment data are released by RBI on monthly basis giving component wise details (GDR/ADRs, 
FIIs, offshore funds and others).
           International Investment position (InIP) compiled at end March/quarter on stocks of 
international assets and liabilities of a country. Net portfolio investments through instruments (equity 
and debt) constituted part of the statement. Under SDDS, data on InIP which was disseminated on 
annual basis till March 2006, are now being disseminated on quarterly basis since June 2006 through 
press releases.
            India is participating in  Coordinated Portfolio Investment Survey (CPIS) since 2004  for 
mandatory items giving December 31 position for resident entities covering the security (equity, 
short/long term debt). The information is collected from end investors, namely, banks, mutual funds, 
insurance companies and non-banking financial institutions through surveys-  separately for banking 
sector and for mutual funds, insurance companies and non-banking financial companies.   
             International Banking Statistics (IBS), both locational and consolidated banking statistics are 
being collected from banks on quarterly basis covering international assets and liabilities of banks 
covering currency breakdown and sectoral breakdown since December 1999. India is participating in 
IBS system of Bank for International Settlements and data are incorporated in consolidated 
information released by BIS since March 2001 quarter.  
             The process is being worked out to unify the data collection through IBS system  relating to 
banks  for BIS, CPIS and other components of portfolio statistics to be used in International 
Investment Position and  external debt.  

---- ---- ---- 
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Cross-border financial asset flow accumulation tripled during the past decade (Figure 1). The growing 
cross-border financial linkages were associated with increased external net liabilities/assets positions (as 
mirrored in the expanding current account imbalances across economies). A recent study1 by the International 
Monetary Fund (IMF) indicated that “Even if greater stability can be expected in the longer run, the process of 
transformation and the specific conditions under which it occurs may temporarily generate additional 
vulnerabilities.” 
 
Figure 1 
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To shed light on some of these vulnerabilities, this paper focuses on the statistical measurement of 
“inter-economy” financial linkages. The first section notes that the analytical framework of the balance sheet, 

                                            
1 Global Financial Stability Report, Spring 2007, page 63. 
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based on position data, is especially relevant to analyze the financial vulnerability of economies vis-à-vis one 
another. The second section reviews selected statistical initiatives in the external sector that help populate the 
balance sheet framework with data. The third section describes how the framework can be used for statistical, 
analytical and policy purposes. 
 
A. Analytical framework to track the financial powers at play in a globalized world 

With deepening financial globalization, economies become more vulnerable to the risks inherent to 
integrated financial markets, namely credit, currency, maturity, and instrument composition risks. An analytical 
approach referred to as the balance sheet framework2—modeled from the System of National Accounts 1993 
(1993 SNA)—may help analyze these risks. Grouping economic agents by broad sectors (e.g., government, 
corporations, nonresidents, etc.), the framework presents metrics on claims and liabilities on individual sectors 
with one another. Depending upon the details of the metrics included, the framework facilitates assessments of 
credit, maturity, currency, and capital structure mismatches, as well as intersectoral linkages and sectoral 
exposure to liquidity and solvency risks.  

This paper calls for strengthening the nonresident sector in the framework, inclusive of its expansion into 
specific bilateral partner economies. The international economic crises of the last two decades may be analyzed 
as the spreading of shocks through the networks of interconnected balance sheets across economies, making it 
important to hone in on the ultimate foreign creditors’ and debtors’ economies. 
 
B. Comparable data on the nonresident sector for the balance sheet framework 

Statistical work on enhancing data on the financial positions of the nonresident sector is proceeding on 
three fronts—increasing data availability from various sources, creating a platform that brings these data sources 
together for worldwide dissemination, and harmonizing methodologies to ensure consistency of these various 
data sources.  

In addition to collecting balance of payments statistics, the IMF has been encouraging countries to report 
international investment position (IIP) data. The number of countries reporting IIP statistics has increased from 
37 in 1998 to 107 at present, albeit with varying degrees of component detail. Reporting on external positions 
was further promoted by the IMF Executive Board’s decision to include the IIP data as a prescribed category of 
the Fund’s Special Data Dissemination Standard (SDDS) as of December 31, 2001.  

Since 2000, SDDS subscribers have also been reporting additional information on reserve assets in the 
Data Template on International Reserves/Foreign Currency Liquidity, with 56 economies currently reporting 
these data. In collaboration with the World Bank, the IMF has also encouraged SDDS subscribers to report 
quarterly data on external debt positions for inclusion in the Quarterly External Debt Statistics (QEDS); as of 
February 2007, 58 subscribers participated in the database. 

In the mid-90s, the IMF launched the Coordinated Portfolio Investment Survey (CPIS) to improve 
statistics of holdings of foreign portfolio investment securities—equities and debt securities. The distinguishing 
feature of the CPIS was the provision of data by partner economies, which permits the derivation of measures of 
foreign portfolio investment liabilities. The survey has been conducted annually since 2001, with some 70 
jurisdictions participating in the 2005 survey. A similar survey of the securities held as official foreign exchange 
reserve assets and securities held by selected international organizations is also conducted to supplement the 
coverage of the CPIS (the bilateral data are released only in aggregate form). Likewise, the IMF approved in 

                                            
2 IMF Working Paper, 06/100, Johan Mathisen and Anthony Pellechio, “Using the Balance Sheet Approach in Surveillance: 
Framework, Data Sources, and Data Availability.” 
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2007 a Coordinated Direct Investment Survey (CDIS), modeled on the CPIS to provide for partner country data. 
The CDIS, which is targeted for the end-2009 reference year, will be conducted in collaboration with several 
partners—the European Central Bank, Eurostat, the Organization for Economic Cooperation and Development 
(OECD), United Nation Conference on Trade and Development (UNCTAD), and the World Bank. As well, the 
Bank for International Settlements (BIS) has a long established collection of international banking data on a 
locational and consolidated bases that provides counterpart country information. 

In May 2006, the BIS, the IMF, the OECD and the World Bank jointly launched the Joint External Debt 
Hub (JEDH) to bring together data that they each compile on external debt of economies, providing for 
worldwide dissemination of these data on a common platform. As of February 2007, the hub contained 
comprehensive national external debt data provided by 58 subscribers to the IMF’s Special Data Dissemination 
Standard (SDDS); external debt data from creditor and market sources and selected foreign assets for over 200 
countries/territories; and data descriptions (metadata). Incorporating data from both creditor and debtor 
viewpoints, inclusive of bilateral data, the JEDH represents a valuable database from which data on the 
nonresident sector of economies’ balance sheet frameworks could be promulgated. 

Bringing data from various sources into a common framework as is done for instance in the JEDH, 
underlines the importance of data consistency, which means data compiled according to common guidelines. The 
Fund’s An Overview of the System of Macroeconomic Accounts Statistics (forthcoming) highlights how the 1993 
SNA, from which the balance sheet framework is modeled, has served as the overarching harmonizing 
framework for the balance of payments, the IIP and external debt datasets and a range of other statistical 
manuals produced by the IMF and other international organizations. The 1993 SNA framework does not call, 
however, for information on the currency composition and remaining maturity positions, metrics that are very 
useful in a balance sheet analytical framework. It should be emphasized that the monetary and financial 
statistics3 published by the IMF provide, calla, for a currency breakdown between domestic and foreign 
currencies, in accordance with the IMF’s Monetary and Financial Statistics Manual 2000. As well, work is 
under way for the new Balance of Payments Manual, sixth edition, to introduce currency composition and 
remaining maturity information into external position data, on a supplementary basis. Technical assistance and 
training programs also support countries’ efforts to harmonize the statistical methodologies across these datasets. 
 
C. Uses of the framework 

A key statistical use of the framework is data validation. The nonresident sector, notably its expansion by 
partner economies in the balance sheet framework, provides a useful tool for validating economies’ external 
data. For instance, in addition to providing the data on assets of a specific economy, the CPIS database can 
improve the data quality of an economy’s data on liabilities (especially by residency of counterparty for holders 
of bearer instruments) on the basis of the other economies’ assets data. As such, it can improve not only the 
coverage but also the geographical breakdown of the liability, as well as validating (and/or improving) 
transactions data in the balance of payments. Another example of data validation is a recent IMF initiative where 
external debt data reported in the World Bank’s QEDS database have been assessed against corresponding data 
series in the IIP reported to the IMF; comparator tables were produced with end-2004 data and, where main 
differences existed, economies were asked to reconcile the discrepancies particularly in sector, maturity, and 
instrument classification. The exercise is being repeated for end-2005 data. 

There are a number of analytical uses of the framework, including the study of home bias. Data have 
suggested a recent decline in investors’ tendency to hold securities issued in their home markets in a larger 

                                            
3 See IMF, International Financial Statistics, Supplement on Monetary and Financial Statistics.” 
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proportion than theory would indicate.4 The international financial integration of OECD, emerging, and 
developing economies has been increasing at a similar, though fairly gradual, pace in the 1970s and 1980s. 
Starting with the 1990s, there has been a marked acceleration of financial integration among OECD countries, 
notably in the European market where cultural traditions, legal origin, and common currency (in a currency 
union) are all factors that reduced home bias. The impact of international financial integration varies across 
economies as evidenced by their net external position. Led by the rapid accumulation in reserve and oil fund 
assets in recent years, the emerging and developing economies show in aggregate a net external asset position. 
This corresponded to higher net liabilities for the United States and, to a lesser extent, other industrial 
economies, with the notable exceptions of net external assets for Japan and Germany. In terms of external 
portfolio composition, emerging and developed countries hold most od external assets and liabilities in the form 
of debt; Japan’s external position shows relatively more debt in assets and equity in liabilities. This is to be 
contrasted to the United States’ assets that are relatively composed more of equity and liabilities, of debt.  

As regards policy relevance, the two key drivers of globalization—deregulation and technical innovation—
led to changes in the financial structure of economies. For instance, the greater availability of funds, such as 
pension, insurance and mutual funds, facilitated the issuance of securities, displacing some of the more 
traditional banking loans and deposits. As well, nonresidents augmented their share of both banking and security 
financings in countries. For policy making purposes, changes in the financial structure affect the transmission 
channel of monetary policies,5 and often reflect forces at play beyond domestic control.  

The balance sheet framework helps to improve data, conduct analysis, and inform policy making. This 
paper’s objective was to show that its effectiveness for globalized economies can be substantially enhanced by 
strengthening the nonresident sector, notably with initiatives that can only be conducted at the international 
level. 

                                            
4 IMF Working Paper, 05/16, Philip R Lane and Gian Maria Milesi-Ferreti, “A global Perspective on External Positions.” 
5 IMF Working Paper, 06/84, Jorge Roldos, “Disintermediation and Monetary Transmission in Canada.” 
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Introduction 

The concept of security-by-security (s-b-s) reporting represents perhaps the most promising approach 
to reducing the statistical burden for reporters while simultaneously improving the quality and level of detail 
of the statistical data. For the compiler of statistics, the processing of s-b-s data requires a substantial change 
in the production environment in that it entails a move away from the simple ‘adding up’ of aggregated 
information towards the processing of micro data in relational databases. A further, and possibly even more 
important change from the compilation perspective is the requirement for securities reference information in 
addition to the information provided by the reporting agent.1 The need for appropriate reference data is often 
seen as a potential risk associated with s-b-s approaches, in particular, in cases where reporting agents are 
likely to hold ‘exotic securities’ which may not be (fully) covered by the reference information. 

This contribution proposes a statistical solution for the compilation of investment fund balance sheet 
and transaction data using a s-b-s approach. It addresses, in particular, the problem of incomplete or missing 
reference information and proposes inherent fallback solutions. These solutions, which are phased out 
automatically with the improvement of the reference data, should allow for the robust production of reliable 
statistics at a stage when the reference information may (still) have some gaps. 

This paper describes a test application for the compilation of investment fund statistics following a s-b-
s approach. Owing to space limitations some details could not be covered, in particular, regarding conceptual 
design and implementation. The most relevant of these issues have been raised in the footnotes. 
 
Practical problems with the application of security-by-security approaches 

From a conceptual point of view, all data reported using a s-b-s approach will be matched (enriched) 
with the respective reference information from a securities reference database to form a comprehensive basis 
for further processing or consistent aggregation according to various requirements. In this respect, gaps or 
errors in the reference data are one of the main practical concerns for compilers of statistics since these data 
are necessary for classifying the statistical information by instrument, currency or residency and sector of the 
issuer. Another practical problem encountered is when the reporting agent cannot provide a valid identifier 
for some securities and instead has to report aggregate information. This means that the s-b-s compilation 
environment must also be able to cope with aggregated data and the related revaluation adjustments.  

 
Establishing an efficient, robust and sound production system in a forward-looking way 

How ‘precise’ does a s-b-s production system for macroeconomic statistics need to be? 
When developing a s-b-s production system for macroeconomic statistics, user needs should be a main 

driver, including data accuracy requirements. One should usually refrain from requiring overall ‘book-
keeping accuracy’, even if it is theoretically feasible and may look appealing to some users or producers of 
statistics. It may not be possible to achieve such a high level of accuracy, given that the reported information 

                                                      
1 The European System of Central Banks (ESCB) will share the Centralised Securities Database (CSDB) for the provision of 

securities reference information. This will ensure a fully consistent approach for the production of Eurosystem statistics. 
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and the reference data come from two independent data sources. Moreover, the cost involved in reaching 
(close to) 100% accuracy and coverage for the reference data would be inappropriately high and is usually 
not justified by a higher usability of the statistical data. With the application of a more efficient (but slightly 
less precise) statistical approach, the data compiled on a s-b-s basis will still be considerably more precise 
and detailed compared with almost all other statistics that are reported only as aggregates. 

Defining the data required from the reporting agents 
S-b-s reporting allows the use of statistical approaches for which the data requirements are much more 

in line with the internal business systems of the reporting agents compared with the alternative of aggregated 
reporting. Consequently, the reduction in the reporting burden is maximised if it is possible to base the 
statistical requirement (only) on this information. On the other hand, s-b-s approaches often enable some 
additional data to be collected at almost no cost, provided that they are available in the business systems. 

Therefore, with regard to the data requirements for the forthcoming new statistics on euro area 
investment fund assets and liabilities, it has been agreed that, subject to the views of the compiling institution, 
reporting agents do not have to report transaction data for securities in the event that they implement a s-b-s 
reporting framework for reporting stocks. This is because transaction data are often not readily available in 
the business systems and are more efficiently derived by the producers of statistics. At the same time, the 
reporters agreed in this case to provide price data for each securities position, which is readily available for 
the funds and which greatly facilitates the production of the statistical data. It is expected that the agreed data 
requirement will enable the production of high quality statistics and is considered to offer a good cost benefit 
compromise by both the reporting agents and the compilers of statistics.2 

Designing the s-b-s production environment 
All s-b-s production environments need to make use of both the reported information and the securities 

reference information. Given that one reference database may be used by several production environments, it 
is clearly more efficient to invest in a sound procedure for setting default values in the reference database 
rather than fix such problems in each individual production environment. However, in order to guarantee its 
robust functioning, each production environment should provide for inherent fallback solutions to fix gaps or 
errors in the reference data in the event that they have not been fixed before. In any case, a default procedure 
is always required inside the production environment to provide for those cases where securities identifiers 
cannot be matched to the reference data owing to a reporting error or a gap or error in the reference data. For 
the sake of overall consistency between different statistics, it is also necessary to ensure that the estimation 
methods inherent in the production system will ‘switch off’ where the reference data is complete. 

Technically, the production environment for investment fund statistics must not only cover the 
processing of s-b-s information, but also be able to cope with data referring to other balance sheet categories 
reported on an aggregated basis and with the aggregated (fallback) reporting of securities positions. It should 
be noted that, owing to limited space here, the processing of such aggregated data is not addressed in detail. 

The entire compilation procedure may be organised in a layered approach, first compiling the stocks 
and then deriving the transaction data based on this information. 

 
Calculation of stock data 

With regard to data on prices and outstanding amounts, the production of securities stock statistics 
according to the described s-b-s approach relies entirely on the s-b-s data reported by the investment funds. 
These data are reported without any further information by instrument category, currency, issuer sector or 
issuer residency, which reporting agents usually deem rather difficult to provide. These data are instead 
sourced from the reference database, independently of the actual reporting. Other (non-securities) balance 

                                                      
2 The data requirement may also cover the reporting of (loans and) deposits positions according to a ‘currency-by-currency’ 

approach, but without any revaluation adjustments. Based on these data, accurate transactions can be derived separately for each 
currency. 
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sheet components, e.g. deposits (and loans), have to be reported with the required breakdowns. 

Fixing gaps in the securities reference data 
Given that the funds report prices as well as outstanding amounts,3 gaps in the reference data only 

have an impact on the statistical breakdowns (categorisation) of the balance sheet components, but not on the 
total value of the securities position. Securities reference data cover the following variables: (1) instrument 
category; (2) issuing currency; (3) issuer sector; and (4) issuer residency. ‘Incomplete’ reference data can 
either mean that the whole securities reference information is missing (security is not covered in the 
reference database or cannot be matched) or that one or more individual variables are missing. The proposed 
estimation method, explained below, aims at filling these gaps by deriving missing information from the 
most similar complete records, thereby exploring the information available to the extent possible. 

Taking into account the four reference variables for stock statistics, there are fifteen possible 
combinations of gaps in the reference data, including the case where no reference data are available at all.  

Table 1  Different error types in the reference information [X marks missing data] 
Error type 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 
Instrument category X    X X X X X X X     
Issuing currency X X   X X     X X  X X 
Issuer sector X X X  X   X  X   X X  
Issuer residency X X X X     X X X X    

After classifying the gaps by ‘error type’, the estimation procedure searches for complete securities 
records with similar reference information for all fields which are filled in, including the complete and 
incomplete record(s). Data are then only estimated for the field(s) with the gap, based on the complete 
record(s). The advantage of this method is that the estimation, for example, of the issuer sector for a short-
term (s-t) debt security issued by a US resident, has no impact on the data referring to securities issued by 
euro area residents. The estimation is carried out separately for assets and liabilities. 

Chart 1  Matching of complete and incomplete records for the estimation of reference data 
 Instrument cat.  Issuing currency  Issuer sector  Issuer residency 

        

Complete record(s) s-t debt  GBP  40% corporates 
60% banks  US 

        

Incomplete record(s) s-t- debt  GBP  ??  US 

Where there is no matching complete security record in which all complete fields coincide, the 
incomplete record is downgraded to a record in which all fields are missing (error type 1 in Table 1) and is 
distributed in a second round of processing according to the overall structure of all complete securities 
records (again separately for the asset and liability side).4 

This estimation procedure guarantees that the statistical categorisation is applied to all balance sheet 
categories where this is required. The whole balance sheet can now be aggregated for reporting.  

 
Derivation of transactions and investment income 

Conceptual approach 
The stock data as presented above form the basis for the derivation of transaction and investment 

income data for securities following a s-b-s approach (i.e. separately for each security). Transactions which 
occurred during a period between t0 and t1 will be derived according to the formulae shown below and using 
the following variables: EQ (number of shares); pEQ (price per share in euro); DT (debt securities, nominal 
                                                      
3 In practice, the funds have to report for each security two out of the following three variables: (1) price; (2) number of securities or 

outstanding amount respectively; and (3) total value of the position. 
4 A solution with a stepwise downgrade is also conceivable. The downgrading procedure would in theory also allow (as a fallback) 

securities positions to be reported as an aggregate without providing any detailed instrument classification, provided that such 
amounts are small in relative terms. Their statistical classification would then be estimated according to the described procedure. 
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amount); pDT (debt securities price in euro); DIV (dividend per share in euro); DAYS (number of days 
between t0 and t1); ACF (daily accrual factor for debt) 

Securities transactions (equity):5 ( ) ( )
2

21
0110

EQtEQt
tttEQt

pp
EQEQTR

+
∗−=  (1) 

Securities transactions (debt):  ( ) ( )
2

21
0110

DTtDTt
tttDTt

ppDTDTTR +
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Dividend income (equity):6  
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+

=
2
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Interest income (debt):  
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tDTt ∗∗
+

=
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21
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Practical problems 
The formulae (1) and (2) above require price information for t0 as well as t1. As price data are reported 

together with the corresponding stocks, they will not be available from the reporting agents where positions 
are zero either in t0 or t1. In such cases, the price information is sourced from the reference database. This 
database will also provide the necessary income information (dividends and accrual factors). 

In practice, the reference database may lack the income information and possibly also the price data. In 
this case, it may not be sufficiently accurate to use only the price in t1 or in t0 to estimate the transactions, in 
particular, during periods with strong moves in share prices. Moreover, an approach is needed to derive 
transactions for those positions where the reference information has been estimated for the stock data, i.e. 
where no price information can be available on a s-b-s basis as there is no link to an individual security. In 
both cases, it is proposed to ‘downgrade’ these records to aggregate information (AGG) and to apply price 
indices derived from those s-b-s records where full price data are available.7 

Deriving transactions using dedicated price indices 
The basic idea behind this approach is comparable to the abovementioned solution for the stock data 

whereby missing information is also derived from the most similar complete records. For transactions, 
volume-weighted Laspeyres8 price indices are derived from the records with complete reference data for 
each equity or debt category (X) of the securities item. These price indices (PRXt0t1) are then applied to price-
adjust the aggregate balance sheet positions in t0 where no complete reference information is available 
(AGG). As a last step, transactions are derived as the difference in (adjusted) aggregate positions. 

Adjustment of positions in t0:  100_0 * tXtXtadjXt PRAGGAGG =   (5) 

Calculation of transactions:   adjXtXttt AGGAGGTR _0110 −=   (6) 

Aggregation and reporting 
Both the transactions and income data that are directly derived and the transactions estimated using the 

indices are stored in a single table together with the statistical reference information by sector, residency, 
currency and instrument category. Based on this information, different (but fully consistent) aggregates can 
be built for the investment fund statistics, but in principle also for other purposes, such as external statistics. 

                                                      
5 If applicable, the number of shares is automatically adjusted for stock splits which occurred between t0 and t1. The relevant 

corporate action information should be available from the reference database. 
6 If applicable, dividends are automatically adjusted for stock splits which occurred between t0 and t1. The relevant corporate action 

information should be available from the reference database. 
7 A similar approach may be considered at some stage for the income data where average accrual factors or dividends may be 

applied to those instruments or positions for which no income information is available.  
8 From a conceptual point of view a Fisher price index may be more consistent with the method for the derivations of transactions 

according to formula (1).  
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Peter Neudorfer and Wolfgang Schwerdt 

1. Introduction 

Compiling statistics using the so-called security-by-security approach requires the provision and continuous 
update of a “masterfile” of instrument reference data. In managing such a database, an important issue is the 
identification of the sub-set of securities that are relevant for statistical data production, as it has a number of 
impacts, reaching from potential for a reduction in data procurement cost to the possibility of giving better 
focus to data processing and Data Quality Management (DQM) efforts. 
The Centralised Securities Database (CSDB) system is designed to be the backbone of a European-wide 
security-by-security data compilation system operated by the European System of Central Banks (ESCB). It 
provides reference and price data for an increasing number of statistics that may - in principle - rely on any 
security issued world-wide. For the reasons mentioned, the ECB reconciles the national core sets of 
securities to sharpen the focus of the ESCB-wide DQM activities on data stored in the CSDB. Although this 
activity has started only recently, first interesting results on the relationship between full market size and 
core sets of securities held are presented in this paper. 
The paper starts with introducing the main concepts of the CSDB (section 2), both the complete (section 3) 
and statistically relevant (section 4) sub-set of financial market information stored in the CSDB are 
described and compared. Section 5 finally summarises the results.

2. What is the Centralised Securities Database? 

The CSDB has been set up to enhance the quality of European financial statistics by providing high quality 
reference data for a new generation of statistics compilation that is predominantly based on the collection of 
micro-data on securities holding and transactions (trades and issuances) from statistical reporting agents 
(banks, custodians, special purpose vehicles and other economic agents relevant to financial markets). 
The CSDB itself is designed as a multi-source system which dynamically combines information on 
individual financial instruments from various commercial and institutional data sources.1

The CSDB covers reference, price (and potentially corporate action) information for debt, equity and fund 
securities that are potentially relevant for statistical purposes in the ESCB. No genuine derivatives (i.e. 
options, swaps, rights or warrants) are loaded into the data base2. Figure 1 presents a breakdown of the 
potentially relevant securities from the perspective of the residency of issuers and holders. 
Once loaded into the system, an automatic data cleaning process identifies the most plausible information for 
each single attribute and generates a “golden copy” for each individual instrument. In addition, the data 
quality in the system is monitored and enhanced by a de-centralised network of data quality managers 
located (mostly) in ESCB institutions. Individual member institutions of this “CSDB-Network” focus on a 
specific sub-set of securities. 
On the output side the CSDB serves the compilation of  
                                                     
1)  As of Q1 2007 the CSDB is fed by 5 commercial and 11 institutional sources, in particular ESCB National Central Banks. 
2  This needs to be distinguished from derivative features of debt or equity securities that are “embedded” in the definition of the 

respective instruments, such as hybrids, convertible instruments etc. Such embedded optionality features are indeed modelled, 
stored and processed in the CSDB system. 
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financial statistics at National Central Banks (NCBs) that have adopted the “security-by-security” (s-b-s) 
approach. It does so by regularly providing updated reference data for individual instruments. This allows the 
compilers to complement and combine nationally collected security level information on financial holdings 
and transactions with a centrally stored consistent set of reference, income and price data. 
The following Euro Area statistics are either already 
being compiled on an s-b-s basis, or are in the 
process of moving towards this approach are  

- Portfolio investment in balance of payments 
/ international investment position statistics 

- Other Financial Intermediary (OFI) statistics 
- Securities Issues (SEC) statistics 
- Government Finance (GFS) statistics 

Table 1: Number of Debt Instruments and Shares (excl. Investment Funds) stored in the CSDB and respective 
nominal Amount Outstanding and Market Capitalisation in  EUR Billions.

Number of
Debt

Instruments
Outstanding

Nominal
Amount

Outstanding,
EUR Bn.

Number of
Shares

Market 
Capitali-
sation,

EUR Bn.

Austria 14,001 470 3,266 2,110

Belgium 1,790 347 6,885 331

Finland 2,918 145 977 365

France 26,560 2,192 30,220 2,835

Germany 128,821 4,418 58,155 3,459

Greece 1,156 219 613 253

Ireland 16,026 863 2,737 232

Italy 46,684 2,426 17,892 1,460

Luxembourg 14,204 517 593 198

Netherlands 37,874 1,667 23,536 1,706

Portugal 3,380 173 28,105 410

Slovenia 160 29 1,091 18

Spain 6,763 1,238 10,888 1,579

Euro area 300,337 14,703 184,958 14,955

Non EMU (excl. UK) 13,878 1,173 37,346 1,203

United Kingdom 75,939 3,518 17,082 6,373

Non EMU 89,817 4,691 54,428 7,576

Canada 52,512 1,587 31,778 1,725

Japan 20,471 6,723 5,845 9,730

Switzerland 14,006 274 55,520 1,647

United States 551,182 36,707 139,885 24,301

Rest of the World + 251,384 10,225 172,320 (*)

Non EU 889,555 55,515 405,348 -

Total 1,279,709 74,910 644,734 -

+
) incl. unknown

*
) so far no plausible data on market capitalisation available
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3. Global Financial Markets for Debt and Equity in the CSDB 

As all securities issued world-wide may be investment targets for European investors, the CSDB loads a 
comprehensive set of securities3. The combination of information received from commercial and institutional 
data sources permits to compile a unique view of global financial markets via the CSDB. 
Table 1 shows the number of securities outstanding at the end of May 2007 as recorded in the CSDB.4
Numbers are broken down by country / economic area (legal residency of issuer) and instrument type (ESA 
instrument type). Volumes are measured by number of securities outstanding and amount outstanding 
(measured by nominal amount for debt / full market capitalisation for equity). 
Assuming that the CSDB has a close to complete coverage for securities issued in the euro area, it is 
interesting to see that for the entire aggregate (the nominal amount of outstanding debt securities and the 
market value of shares are of the same magnitude. 

4. Instruments relevant for EU Resident Portfolios 

As mentioned in the introduction, not all securities issued in world-wide markets are relevant for European 
statistical purposes. This is because they represent issues that are not widely traded or simply not held in the 
portfolios of European investors as reported to statistical compilers. Table 2 (column 1 and 4) shows the 
number and geographical distribution for those securities that National Central Banks of the EU have 
reported to the ECB in a pilot exercise as

o being held by their own resident reporting agents in the context of b.o.p. / i.i.p. statistics (assets) 
and/or.

o representing the issues of their residents held by other residents (liabilities)5.

This list is considered to represent a good indicator of ESCB wide “statistically relevant” or “focused” set of 
securities. In the following, this set is called the “focused list”. Column 2-3 and 5-6 of Table 2 shows the 
percentage over total number of instruments and their volume respective as currently recorded in the CSDB 
(Table 1). Considering the composition of the “focused list” the following broad conclusions for the 
European Union (EU) market can be drawn:  

o Only somewhat more than half (57%) of the debt instruments issued in the euro area are the object of 
cross-border investments. As these securities do however represent more than 80% of the nominal 
amount outstanding the investment strategies obviously target “big” issues. With respect to non-EMU 
issues the ratios are somewhat lower (43% of instruments and 68% of outstanding amounts.). 

o In the case of equities (excl. Investment Funds) the ratio is even more skewed: Less than a quarter of 
euro area shares (22%) are targets of cross-border investment, but they represent almost 95% of the 
market capitalisation. As similar picture applies for the Non-EMU equities. 

Note: in both cases the volumes are not representing the actual holdings of non-resident; the ration only 
reflects the size of the issues, which are (partly) in the hands of foreign investors. 

                                                     
3  An exception are U.S. Municipal Bonds which are excluded from the database, because this market is deemed to be nearly 

exclusively targeting U.S. investors. 
4  More precisely the set of instruments included in the analysis are defined as follows: Debt- instruments with a valid CFI code

(prefix “D”), valid issue and maturity date (with the exception of “Perpetual”), maturing after 31 May 2007; Equities – securities 
with a valid CFI code (Prefix “E”), excluding Funds (i.e. ESA 95 “F.52”) 

5  For four countries this list is including all issues irrespective if held by non-residents or not. 
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Table 2: Focused Subset of Debt Instruments and Shares (excl. Investment Funds) and respective share in 
nominal Amount Outstanding and Market Capitalisation in all securities stored in the CSDB 

Number of
"focused" Debt

Securities
(1)

Coverage 
# debt 

securities
(2)

Coverage 
Amount

Outstanding
(3)

Number of
"focused" 

Shares
(4)

Coverage
# Shares

(5)

Coverage 
Market 

Capitali-
sation

(6)
Euro area 170,296 57% 81% 41,007 22% 94%

Non EMU 38,735 43% 68% 13,346 25% 89%

Non EU + 63,087 7% 34% 33,215 8% (*)

Total 272,118 21% 45% 87,568 14% -

+
) incl. unknown

*
) so far no plausible data on market capitalisation available

With respect to markets outside the EU, the “focused list, which represents the extra-EU portfolios of EU 
residents, only includes around 65,000 debt and 33,000 equity instruments. This represents less than 10% of 
all non-EU debt securities and shares registered in the CSDB. In other words, 9 out of 10 extra EU 
instruments in the CSDB fall in to quadrant (D) of figure 1 and are of no statistical relevance, at least in 
terms of b.o.p./i.i.p. statistics.  

5. Conclusion

This first attempt to identify the “statistical relevant” securities in the CSDB reveals interesting results. From 
a cross-border investment (i.e. b.o.p./i.i.p.) perspective only half of the debt and a quarter of equity securities 
issued in the EU are purchased by non-resident investors. In addition, it can be concluded that predominantly 
large securities, representing highly liquid assets are the target of this investment strategies. 
With respect to the Data Quality Management (DQM) that the members of the CSDB-Network are carrying 
out, the identification of the statistical relevant securities allows to concentrate the efforts to a subset of 
instruments stored in the CSDB. Given the size distribution of the investment targets, a focus on the large 
issuances is expected to bring the data quality of the CSDB quickly to the level needed for the production of 
statistics.
Outside the EU markets, only a relatively small number of instruments are of relevance. If this subpopulation 
can be identified in the databases of external data providers to the CSDB, this might in the future allow to 
improve the efficiency of data procurement strategies. 

RESUME 
The prerequisite for compiling portfolio investment statistics using the security-by-security approach is the 
availability of a “master file” of instrument reference data. An important issue is the identification of those 
securities that are actually relevant for statistical data production as compared to the full set of securities 
issued in international financial markets. In the case of the Centralised Securities Database (CSDB) only 4 
out of 10 instruments stored are necessary for the compilation of the euro area b.o.p. and i.i.p.. For non EU-
securities this ratio is 1:10. Furthermore, the focus of cross-border investments is clearly in securities with a 
high nominal amount outstanding. 
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30 years of experience in database management: the BIS Data Bank1 
Dembiermont, Christian 
Bank for International Settlements, Monetary and Economic Department 
Centralbahnstrasse, 2  
CH-4002 Basel, Switzerland 
E-mail: Christian.dembiermont@bis.org 
 

The dream of every policymaker, economic analyst or statistician is to have access to comprehensive, 
high-quality, well-documented and timely data. In the early 1970s, the Bank for International Settlements 
(BIS) and its major member central banks recognised the benefit of working together to share statistical data 
through a common platform and established a common database called the BIS Data Bank. This note focuses 
on the objectives of the BIS Data Bank and its development over time. It describes the main characteristics 
and operational challenges of this database and finally outlines potential future developments. 

 
Background of the BIS Data Bank 

Established in 1930, the BIS is the world’s oldest international financial organisation. The BIS fosters 
international monetary and financial cooperation and serves as a bank for central banks. It acts as a forum to 
promote discussion and policy analysis among central banks and within the international financial 
community. The BIS is a centre for economic and monetary research and a prime counterparty for central 
banks in their financial transactions. 

One way in which the BIS has fulfilled its mandate is to regularly organise meetings for central bank 
governors and other senior central bank officials. The preparation of these meetings has always required the 
collection of a substantial amount of data from the participating central banks. The fact that the BIS meetings 
leaned on extensive international comparisons made the need for a database even greater. On their part, 
central banks were also interested in data on the economies of their partners in order to conduct their own 
analysis of international economic and financial developments. Central banks therefore agreed to share their 
national data with each other through a common platform to be operated by the BIS. Economies of scale 
were expected as the need for expensive bilateral data exchanges would be reduced. For the BIS itself, the 
Data Bank was a natural public service to its shareholders as well as a tool to facilitate its own work. 

The BIS Data Bank is probably one of the oldest databases in the central banking community. The 
decision to set up a consolidated Data Bank of macroeconomic data was taken by the governors attending the 
BIS Board meeting in March 1975. At that time, many of the experts meetings held at the BIS had their 
origins at the Group of Ten (G-10) initiative in the 1960s. Naturally, the first countries covered by the BIS 
Data Bank belonged to this group of ten rich industrial nations. 

Central banks requested that the data used for the BIS Governors’ meetings followed nationally 
defined methodologies. To accommodate this requirement, a model of decentralised data reporting was 
selected, where each central bank would report its own national data. Confidentiality requirements for some 
statistical information also had to be taken into account (for some unpublished series as well as data made 
available prior to their official release). Therefore central banks decided to limit the access to their common 
database to the central bank community. The objective of the BIS Data Bank is thus to provide a common 
database which is updated and controlled by the central bank community. This goal is still relevant today, 
despite the presence of competitive private databases. 

 

                                            
1 The views expressed in this article are those of the author and does not reflect necessarily those of the BIS. The author is very 

grateful to Madeleine Op’t Hof, Paul Van den Bergh and Kerry Wood for their comments.  
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Coverage 
Currently 41 central banks of the world’s main economies report macroeconomic data to the BIS Data 

Bank. The selection of reported series is based on the principle of “representative series”, ie central banks 
report those series which are used by their economists when analysing their national economies. 

Over time, several additional data sets have been added to the macroeconomic data set in the BIS Data 
Bank. In the 1970s the BIS international financial statistics was the second set of statistics to be developed in 
response to the information requirements of the different G-10 committees located in Basel. The set 
comprises international banking statistics, international and domestic debt securities statistics, and foreign 
exchange and derivative statistics. From the outset, the G-10 committees had aimed to reach out to the 
financial and academic world and to improve the dissemination of financial information outside the central 
bank community. Therefore, a substantial part of the BIS international financial statistics data set is publicly 
available on the BIS web site. However, the unpublished bilateral positions are only available to central 
banks through the BIS Data Bank. Recently, the payment and settlement systems data set was the third group 
of series to enrich the BIS Data Bank. Since 1980, these series have been collected by the Basel-based 
Committee on Payment and Settlement Systems and published in its so-called Red Book. This information is 
now available on, and electronically downloadable from, the BIS Data Bank. 

 
Characteristics 

Participation in the BIS Data Bank has always been voluntary. At inception, the organisational 
agreements between the 11 participating central banks were rather informal. One founding rule was the 
reciprocity principle: a central bank which made its national statistics available to users via the BIS Data 
Bank in return received access to the information reported by the other participants. Each member was, and 
still is, free to withdraw from the Data Bank and there was no legal arrangement that made reporting to the 
Data Bank mandatory. Participants had to organise the regular and timely reporting of time series on a best 
effort basis. They set up a Data Bank Experts group to take care of the governance aspects of the Data Bank. 
This group meets regularly to decide on the future developments in terms of content and technical setup.  

Due to the broadening of the country coverage, the need for a more formal agreement grew, even if the 
basic principles upon which the BIS Data Bank had been built did not change. This led to the adoption of a 
BIS Data Bank Policy by all members in 2005. The policy clearly stated the common understanding between, 
and common obligations of, all parties involved in the Data Bank.  

As the BIS Data Bank has the objective of providing central bank users with high quality statistics, its 
coverage is naturally driven by users’ needs, under the supervision of the Data Bank Experts group. In an 
ever-changing world economy, the macroeconomic variables that economists use to analyse the conjectural 
profile of a country, vary over time. Therefore the content of the Data Bank is constantly evolving. Data 
Bank users are encouraged to request the macroeconomic data which are needed for their analyses but not 
yet included in the Data Bank, as well as additional methodological information on existing series. 

The BIS Data Bank benefits from a consistent code structure in the macroeconomic data set. This 
enables users to navigate easily across the database in order to find the information they are looking for. As 
this code structure is flexible, new series can be added one by one to the BIS Data Bank. This feature gives it 
a strong advantage compared to other databases which usually cover a pre-defined set of indicators, and can 
not easily be extended on a series by series basis. The flexible coding structure is also used to identify the 
discrepancies between definitions across countries. Although several methodological manuals have been 
issued by international institutions in recent years, numerous statistical topics do not benefit from 
standardised definitions yet. Therefore the BIS Data Bank offers to its users the nationally defined series and 
underlines the methodological discrepancies through differences in the series codes. 

Another interesting feature of the macroeconomic data set of the BIS Data Bank is the fact that it 
comprises a broad range of frequencies from annual to daily. International public databases do not usually 
cover daily or weekly frequencies. The numerous data transmissions per day to the BIS Data Bank allow a 
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smooth reporting of daily series, which participants consider as good practice to report within 24 hours. 
 

Challenges 
Since its creation, the BIS Data Bank had faced various challenges. 

Data reliability 

Given the fact that 41 countries report high frequency data to the BIS Data Bank, the probability of 
storing inaccurate data is high. Checking the accuracy of the data on a continuous basis is a prerequisite for a 
clean database. The BIS Data Bank already benefits from the intensive checks performed by reporting central 
banks on their own high-quality databases, but additional checks are performed upon data reception at the 
BIS. The BIS Data Bank has a unique quality control feature, namely the Updates/Revisions (U/R) file. This 
is a huge historical file in which all the vintages of each observation are stored. Every night, the new and 
revised observations received during the preceding day and identified on the U/R file are validated 
automatically. 

Statistical time series are continuously being revised. In order to measure the historical impact of an 
economic variable on policy decisions, economists look for the vintage value of this variable at the particular 
point in time when the policy decision was taken. This information (real-time data) can be retrieved from the 
U/R file, but is not disseminated online. 

Timeliness 

The timeliness of updates is often the main criterion that determines users’ preference for a specific 
database. In the case of the BIS Data Bank, updates for macroeconomic series are loaded only a few minutes 
after they have been received from central banks. The elapsed time between the moment when the data are 
received from central banks and the moment reported series are available to users through the end-user 
application is consequently minimised. 

It is also important to minimise the elapsed time on the reporting central banks’ side. To assist central 
banks in timely reporting of series, the BIS provides them with timeliness reports once every fortnight. Each 
central bank’s report contains a list of the series that should have been updated, but for which updates were 
not received. It also lists the series for which updates are expected within the next month. This timeliness 
report is based on the series reporting calendar, which is provided by the central banks. In case the calendar 
is unavailable, the timeliness report is based on past reporting performance to the Data Bank. 

Motivation of the reporters 

Being organised on a voluntary basis, the BIS Data Bank needs to remain attractive for the 
participating central banks. In the case of the international banking statistics, central banks are very 
interested in becoming reporters, as this status gives them the right to access the individual claims and 
liabilities data of 40 reporting countries vis-à-vis 200 countries. This data set is a unique source of 
information that is very useful for the compilation of the external sector statistics. The macroeconomic data 
set does not benefit from a monopolistic situation as is the case for the international banking statistics. Apart 
from the public databases maintained by other international institutions, numerous private commercial 
databases can provide macroeconomic data to economists to analyse the latest developments of national 
economies. For the macroeconomic data set to be competitive with the other databases, it has to offer other 
advantages like the extensible coverage on demand and the emphasis on national characteristics that was 
previously mentioned. It also has to be on par with private databases in terms of the timeliness of updates.  

As it was mentioned in the previous section, serious efforts are being made to speed up the reporting 
process. However, the best way to differentiate the BIS Data Bank from other databases is by motivating the 
reporters in the participating central banks. The faster they extend the coverage of the Data Bank in response 
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to users’ requests, and the more extensively they answer to methodological questions, the more attractive the 
Data Bank becomes. Challenges may arise from the fact that the reporters are usually central bank 
statisticians working on national data and the users are central bank economists working on international data. 
Moreover, the users and reporters do not work at the same central banks. The role of the BIS is overcome 
this gap between users and reporters and to make the network of reporters aware of the importance of their 
role in this international cooperative exercise.  

The viability of a ”one stop data shop” in the Internet-era 

With the proliferation of web sites that provide increasing volumes of data free of charge, the existence 
of a central hub containing the kind of data that is currently stored in the BIS Data Bank might appear an 
anachronism dated from a time where the Internet was still a theoretical concept. Several international 
institutions associated with the Statistical Data and Metadata Exchange (SDMX) initiative are currently 
promoting a new model of data dissemination, named the pull model. According to this pull model the data 
provider makes the data available via the Internet, for instance by placing a data file, structured in SDMX-
ML format, on a web site. The data collector then fetches all the data he/she needs from this web site without 
storing any data on his/her own database nor in a central hub. This pull model would replace the traditional 
push model where the data provider takes action to send the data to the party collecting the data. The pull 
model seems very promising, but several factors can still justify the existence of a central hub based on the 
push model. Firstly, the technology is not yet reliable enough to allow automatic download of series across 
several web sites without any interruption. Secondly, the classification of internationally homogeneous 
statistical domains has not yet been finalised and a central hub is still necessary to organise national data 
compiled according to different national definitions. Moreover, not all data can be made available on a public 
web site. Some series are confidential and some confidential metadata might be associated with public data.  

Consequently, a “one stop data shop” containing a local copy of data reported by different countries 
will still be a viable model for several years to come. The attractiveness of the central hub is enhanced by a 
homogeneous code structure across countries, centralised timeliness and data quality control as well as by a 
help desk function that provides guidance to the users, like it is the case in the BIS Data Bank. 

 
Future of the BIS Data Bank 

The BIS Data Bank has always aimed to offer to the users as much historical information as possible. 
Discontinued time series - ie historical time series which are no longer updated - are kept in the BIS Data 
Bank and are available to all users, but under special codes. It is deliberately left to the users’ discretion how 
to build “long series” by linking discontinued series with current series. However, the option of leaving each 
user free to construct his/her own long series is no longer favoured by some of the users. Nowadays they 
require more and more “ready-made” long series to save time in their work processes. To respond to this new 
demand, the BIS Data Bank will progressively offer long series in addition to the traditional discontinued 
series. 

On the technical level, it is clear that the pull model represents an interesting solution that will be 
investigated further by the BIS Data Bank staff. Once the internationally defined statistical domains are in 
place, the SDMX technology will offer an opportunity to reduce the storage of similar data across institutions. 

 
Conclusion 

Over a period of more than 30 years, the BIS Data Bank has provided statistical support to the central 
bank meetings organised at the BIS through its original cooperative model. Its objective, to provide a service 
of central hub of data updated by the central banks and controlled by them, is still relevant. Its content has 
been adjusted to reflect the BIS’s move to a more global reach, the bigger focus on financial and systemic 
risks and the users’ changing needs. Technical developments have been substantial too and the potential 
move to a decentralised model is certainly the next challenge that will have to be faced. 
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The Challenge of Disseminating European Statistics.  

Eurostat Experience 
Díaz Muñoz, Pedro 
Eurostat, Statistical Methods & Tools; Dissemination 
5 rue Alphonse Weicker 
L-2721 Luxembourg-Kirchberg, Luxembourg 
E-mail: Pedro.diaz@ec.europa.eu 
 
 
Background 

As the statistical office of the European Union, Eurostat has the role of designing, collecting, 
producing and disseminating European statistics.  An important part of the European activity is to make 
European data available to all users, European institutions, national administrations, enterprises, analysts, 
researchers and the society in general.  The statistical production chain for European statistics starts by the 
collection and production of this data in the National Statistical Organisations, according to standards which 
are developed at European Union level and are usually spelt out in binding legal acts.  The data produced 
by Member States is subsequently transmitted to Eurostat by standard electronic means and formats and it is 
there validated, estimated and transformed before the European totals are finally computed.  The set of 
these treated national data plus the European aggregates is called European Statistics.  As a last step in this 
production chain, these data are disseminated by Eurostat and also by the National Statistical Organisations. 

The statistical dissemination is imbedded in the basic legal act for the production of European 
Statistics.  Currently this dissemination role is enhanced by two different means: 

• The revision of the basic legal act, which is currently being drafted, attaches to dissemination a 
high importance and stresses the need for a good cooperation with the European Statistical System to 
optimise the access of users to the data. 

• The European Statistics Code of Practice, which was adopted by the Statistical Programme 
Committee in February 2005, devotes to dissemination two of the fifteen principles, namely principle 6 and 
principle 15, stressing elements such as impartiality, equal access, clarity and accessibility. 

 
Eurostat Dissemination Policy 

Eurostat Dissemination Policy was substantially redefined at the beginning of 2004.  An internal 
Reflection Group led by Michel Glaude, Director of Social Statistics in Eurostat set up a basic document that 
inspires this policy.  The basic principles are the following: 

1. Information should be available to all users at the same time and under the same conditions.  
Eurostat is currently drafting a protocol of impartiality that clearly spells out the rules governing this 
principle.  Nevertheless, the rules are already in place and are based on the fact that, except in justified 
situations which are made public, data is made publicly available at the same time to everybody.  The only 
exception to this rule is the transmission under embargo in very specific cases and to selected institutions. 

2. All statistical data are disseminated free of charge.  At the beginning of 2004, Eurostat decided to 
put all its information in the portal accessible to everybody and without any cost.  In fact the portal acts as a 
front end to the reference databases where all data which can be disseminated are stored.  The electronic 
versions of printed publications are also stored there. 

3. The main vehicle for statistical dissemination will be the access through the web.  The Eurostat 
portal providing full access to all Eurostat data was made public on 1 October 2004.  From that moment the 
focus of Eurostat dissemination was turned to the online access as the main means to make data available to 
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all users. 
4. Printed publications continue to be a vehicle for dissemination.  Eurostat considers that there is a 

user need for printed publications.  Consequently, a publication programme is maintained even though the 
number of titles has been reduced (currently about 40 per year) and their nature has substantially changed to 
compendium publications and thematic pocket books.  In addition a large number of analytical information 
sheets (Statistics in Focus) and rapid data sheets (Data in Focus) are produced (about 250 per year).  As 
mentioned before, all this information is uploaded on the website. 

5. User feedback as a cornerstone of a statistical dissemination.  By several means, Eurostat 
monitors the use of the site (number of visits, pages views, number of pdf , data and tables downloads  …).  
On the other hand, Eurostat periodically launches user satisfaction surveys on the web in order to get 
important feedback.  Lastly, the User Support activity which is carried out jointly with Eurostat and the 
NSIs is also a very good source of feedback of user satisfaction and future needs. 

6. Cooperation within the European Statistical System should enhance the outreach of European 
statistics.  Eurostat has an ambitious programme of cooperation of dissemination activities.  Cooperation 
projects include a coordinated user support activity, the sharing of tools, the dynamic link to the different 
websites, the exchange of news via RSS feeds and the exchange of data in XML formats to customise the 
display on the national websites.  To keep track and develop these coordination activities, a Dissemination 
Working Group with Member States meets twice per year and several Task Forces are also active. 

 
Future challenges for disseminating European Statistics 

As the Information Society era develops and the accessibility of information evolves, there are 
important challenges for statistical dissemination to play an important role in maintaining users correctly 
informed and in giving sufficient information to stakeholders for taking the decisions.  The time in which 
official statistics were taken for granted as the source of information is behind and now statistical 
organisations have to face a new paradigm in which other information brokers also participate.  I will 
develop in the next paragraphs the main challenges which lie before us.  

First, the need of immediate availability of the data.  This is very acute in the case of European 
Statistics as in almost all or many cases, the corresponding national data has already been published by the 
national organisation, therefore delays in the publication of European data cannot be accepted by users 
already aware of the national components.  Furthermore, delays may encourage information brokers to 
compile their own aggregates that will frame economical decisions even before the European statistics are 
available.  The European Statistical Systems has consequently to develop ways in which as soon as national 
data is available the whole network of the ESS can provide access of its users to this information. 

Second, the global access to global information.  In other words, the fact that at present the 
information needs go beyond frontiers, and users from any part of the world are interested in data from any 
part of the world.  The way to link in a well-structured way the different information offered by different 
statistical organisations has to be enhanced to permit the user to navigate through this vast amount of 
information and to find statistics coherent and understandable. 

Third, as a consequence of the previous paragraph, the access of users to large amount of information 
has to be facilitated.  In that sense, tools that will permit to present information in a synthetic and dynamic 
way so that users can have a quick overview of large databases need to be made available. 

Fourth, since users no longer have to pass obligatorily though information brokers to have access to 
the data, these data must have sufficient and clear explanations that will permit to understand their context, 
their purpose and their limitations.  Therefore meta-information needs to play an essential role in the future 
of dissemination; also navigation and search capabilities have to be enhanced to permit users to find on their 
own the information they need. 

Fifth, users are not all the same, neither have they the same needs.  As the information market 
becomes more global, more different types of users become interested in statistical data.  They have 
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different needs, they have different ways and they also have different reasons to look at the data.  To 
understand and know better all these elements is a challenge that statistical dissemination has to face now. 

Sixth, the optimisation of the access to data by researchers.  The richness of the data collected from 
respondents is not fully exploited in order to protect the disclosure of confidential information.  The current 
protective measures restrict too conservatively the access.  The research community could make a safe use 
of this information if adequate techniques and procedures to grant the access and to evaluate the disclosure 
risk are put in place. 

Last, the competition of private statistical data providers.  In many cases statistical data that measures 
economical social phenomena can be obtained very easily through non-official statistical sources and can be 
made easily available through the web.  How users can discriminate from this information which may not 
have a guarantee of quality, of relevance and of continuity is a role to be played by statistical organisations.  
This role will need to be looked at with attention in the future. 

 
Dissemination in the ESS.  Where are we now? 

The European Statistical System is already reflecting on several means to face the challenges just 
mentioned.  I want to stress some of them in the next paragraphs. 

There are many ongoing projects of cooperation between Eurostat and the statistical offices of EU 
Member States.  Some of them such as the RSS Newsfeeds and the exchange of XML data for customised 
presentation were mentioned before. There is an ESS intranet initiative called INSITE launched in early 2007. 
Most of the Members States already adhere to this initiative. Moreover tremendous efforts were made to 
create and improve a ESSS virtual network. 

There is another strand of international cooperation projects linked to the standardisation of the data 
and metadata models.  This is based on the SDMX (Statistical Data and Metadata Exchange) initiative 
sponsored by several organisations (IMF, OECD, BIS, UN, ECB, Eurostat and World Bank).  SDMX 
permits on one hand the exchange of data and metadata which can be automatically handled by the recipient.  
For that purpose SDMX relies on standard data structures which can be shared by all partners so that 
whenever a data set arrives the recipient can display it according to the shared standard structure.  On the 
other hand, SDMX provides also a set of tools that will actually permit to share information which is placed 
in the websites of different organisations so that eventually a user could pick up data from different data 
providers to produce a table combining all this information.  And this could be done in real-time through a 
registry system that will send a notification at any time new data is uploaded by one of the partners.  
Eurostat is currently working in a project called SDMX Open Data Interchange (SODI) applies this concept 
in order  to use SDMX for the simultaneous dissemination of short term statistics.  

Eurostat currently works on the development of tools for better access and visualisation of data.  By 
the time this conference will take place, a new generation of map and graphs and country profiles will be 
operational in the website of Eurostat and will permit to display graphically the data from selected parts of 
the databases.  In parallel, a more enhanced user interface to access all Eurostat databases from the web will 
also be operational before Summer 2007.  All these tools should be understood as the first phase of a new 
generation of facilities for displaying information stored in large databases that will be gradually deployed in 
the next couple of years.  Many of these tools are jointly developed with Member States. 

The SDMX initiative is also an opportunity for developing standards in the structuring and 
presentation of metadata.  Eurostat is working in that sense and is using the just-mentioned SODI project as 
the test bed for all these actions.  Eurostat has recently reorganised its activities in order to make a specific 
unit with the improvement of content of the information as its main mandate. 

XML publishing is a new initiative to produce publications much faster and to produce simultaneously 
printed (paper and PDF) and web (HTML) publications. Eurostat has launched a task force in order to collect 
existing experiences and to develop a strategy which then can be implemented by both Eurostat and National 
Statistical Offices. 
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Lastly, the search of information has to be improved in order to keep abreast with the higher 
requirements about quick findability of the data.  Eurostat is working on improving the search engines and 
the navigation tools for this purpose. 

 
Conclusion 

Dissemination of European Statistics has been substantially transformed in the last few years to adapt 
to new technologies and changing needs.  But new challenges are ahead, as information is more at the reach 
of all users.  The ESS must jointly develop new tools and policies in order to evolve in parallel with user 
expectations and technical progress. 

 
 
 
 
 
 
 
 

ABSTRACT — The Challenge of Disseminating European Statistics.  Eurostat experience 
This paper describes first the role of Eurostat in the dissemination of European data. Its main specificity is the fact 
of being at the end of a production chain that involves in the initial steps the statistical organisations of the 
Member States.  The paper develops also the legal mandate that defines this dissemination role as well as its 
recent enhancement through the European Statistics Code of Practice and the revision of the basic statistical Legal 
Framework of the EU currently in progress. 
 
Under this background Eurostat dissemination policy is based on 5 principles: 
• Information should be available to all users at the same time and under same conditions.   
• All statistical data should be disseminated free of charge.   
• The main vehicle for statistical dissemination will be the access through the web. 
• Printed Publications continue to be a vehicle for dissemination 
• Cooperation within the European Statistical System (ESS) should enhance the dissemination of statistical 

information 
 
The paper reflects on a series future challenges such as need of immediate availability, the growing need of global 
access to global information, the demand for more explanations on the data, the competition from private statistical 
data providers, the access to very large databases and the diversity of users and users' needs.  These challenges 
frame the need of evolution of dissemination of public statistics. 
 
Some actions are ongoing in the ESS to meet those challenges.  These concern in particular cooperation projects 
within the ESS, development of tools for better visualisation and exchange of data, enhancing search capabilities 
and setting up a comprehensive and coherent system of meta-information. 
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The paper presents the results of a survey of the institutional arrangements to producing 
official macroeconomic statistics. The survey covers 41 countries subscribing to the IMF’s Special 
Data Dissemination Standard (SDDS)—with well developed national statistical systems. It 
demonstrates the popularity of multiple institutional responsibilities for producing macroeconomic 
datasets with an overall lead role for the national statistical agency. Most data producing agencies 
work within well defined legal frameworks, an important basis for integrity and professional 
independence of statistical agencies.  
 
1. Survey of SDDS Subscribers on their Institutional Arrangements  

A survey of SDDS member countries was conducted in November 2006 to shed light on the 
institutional and legal arrangements for producing and disseminating macroeconomic statistics 
(Dziobek and Tanase, forthcoming 2007). Most but not all of the countries that subscribe to the IMF’s 
SDDS have well developed national statistical systems. An important purpose of the survey was to 
better understand the division of labor among data producing agencies in advanced economies to 
provide some benchmarks for countries that aspire to join the SDDS. It is widely recognized that 
clarity of institutional roles and professional independence of statistical agencies are core ingredients 
for producing high quality and impartial statistics (UN Fundamental Principles; IMF Data Quality 
Assessment Framework). The survey therefore, was focused on the institutional roles and their legal 
underpinnings as well as on interagency cooperation agreements governing areas of common 
responsibility. In the survey questions, a distinction was made between the responsibilities for 
collection and dissemination of data as these are sometimes not with the same agencies. For example 
in many countries, the national statistical agency disseminates data on government finance statistics 
while these data are produced by another agency, often the finance ministry. This distinction would 
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appear to be relevant because such separations will require added collaboration agreements. Some 
references are made to how well SDDS countries’ legal and institutional frameworks fare in data 
Reports on the Observance of Standards and Codes, which are comprehensive assessments of data 
quality of macroeconomic statistics. An extension of this study would be a more systematic analysis 
of these quality reports, which would allow more conclusive evidence about links between 
institutional structure and performance. 

Some of the survey results confirm information that is publicly available on the IMF’s Data 
Dissemination Standard Bulletin Board (DSBB), where SDDS subscribers provide contact 
information and agencies for each of the datasets covered by the standards, although such contact 
information does not have to follow the formal legal responsibility. The DSBB is also a valuable 
resource for further research on this subject as the detailed metadata on the institutional and legal 
arrangements now follow the structure of the Data Quality Assessment Framework, which allows 
cross country or cross topic searches by the various quality indicators.  

This survey questions covered national accounts; consumer price statistics; producer price 
statistics; general government operations; depository corporations survey; balance of payments; and 
international investment position. Of the 64 SDDS member countries, 41 responded to the survey. 
The main findings of the survey are summarized below. 
 
2. The institutional arrangements in the majority of the SDDS countries 

The national statistical office is the main data producing agency for national accounts and price 
statistics in about 81 percent of countries, while the central bank is the main agency for producing 
banking and monetary data (depository corporations survey) in all SDDS countries, data on the 
international investment position (about 83 percent of countries), and balance of payments statistics 
(about 78 percent). For balance of payments statistics, about 27 percent of respondents indicated that 
the main producing agency is the statistical office. For general government statistics, the institutional 
arrangements in the SDDS countries are more diverse. The main data producing agency for 
government finance statistics is the ministry of finance in about 63 percent of countries, the statistical 
office in about 22 percent, and the central bank in about ten percent of the countries (see Table 1).  
  

Table 1: Agencies Producing/Disseminating Main Datasets in SDDS Countries (In percent) 

Datasets 

National 
accounts 

Consumer price 
statistics 

Producer  
price 

statistics 

General  
government  

statistics 

Depository 
corporations 

survey 

Balance of  
payments 

International  
investment  

position 

Agency  
Producing 

agency 
Producin
g agency 

Dissem-
inating 
agency 

Producing  
agency 

Producin
g agency 

Dissem
inating 
agency 

Produ- 
cing  

agency 

Produ-
cing 

agency 

Dissemi-
nating 
agency 

Produ-
cing 

agency 

Dissemi- 
nating  
agency 

Statistical Office  80.5 90.2 85.40 82.9 22.0 31.7 0 21.95 26.83 17.1 22.0 

Central Bank 9.8 2.4 4.9 9.8 10.0 14.6 100 78.05 70.73 83.0 75.6 

Min. of Finance  0 0 0 0 63.4 46.3 0 0 0 0 0 

Other Agencies 9.8 7.3 9.8 7.3 4.9 7.3 0 0 2.44 0 2.4 

Total Percentage  100 100 100 100 100 100 100 100 100 100 100 
Source: Dziobek and Tanase (forthcoming 2007) 
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3 The role of the central bank   
As noted above, the ‘mainstream’ model has the national statistical agency as the main 

producer of economic statistics while the central bank is responsible for a more specialized set of 
statistics. An exception are countries in Central America, where the central banks are producing all or 
almost all statistics. A further analysis of these countries’ performance was done by consulting results 
of data Reports on the Observance of Standards and Codes. These  suggest, that the approach 
followed in central America is more the result of pragmatic initiatives by central banks than design. It 
appears that the central banks took on the responsibilities for producing virtually all macroeconomic 
data to fill a void and in view of weak and poorly endowed national statistical agencies. In these 
countries, the central banks  generally lack a clear legal mandate. Nevertheless, this approach has 
produced tangible success in producing economic statistics, and it may bear some lessons particularly 
for small countries.   

 
4. Interagency coordination 

The survey suggests that in most of the SDDS countries, firm cooperation agreements are in 
place between the statistical offices and other agencies that supply data required as input. For the 
compilation of national accounts, the statistical office often note cooperation with the ministry of 
finance (on data pertaining to government operations), central bank, or other agencies that are data 
contributing data. Similarly, for external sector statistics, shared responsibility is prevalent and special 
cooperation agreement are in place between the national statistical agency, the central bank, and often 
involving the ministry of finance or other agency which compiles external debt statistics. Table 1 
shows differences between producing and disseminating agencies only for datasets where these 
differences are noteworthy. (For example for national accounts, producing agencies are also the 
disseminating agencies). There are a number of countries where consumer price indices are produced 
by the national statistical agency but disseminated by either the central bank or by other agencies. 
Similarly, central banks are more often engaged in producing balance of payments statistics than they 
are disseminating these. This suggests that many of the cooperation agreements currently in place 
address or clarify these divisions of labor.   
 
5. The legal basis for assigning responsibilities to institutions and interagency 
collaborations  

The survey responses indicate that a law is the most common legal basis for assigning 
responsibilities for economic data. This holds for statistical offices (about 80 percent of responses), 
central banks (about 90 percent of responses), and to a lesser extent for the ministry of finance (about 
64 percent of responses). Other arrangements include memoranda of understanding, official 
agreements, or established practices. 

Various mechanisms are in place to foster inter-agency coordination. The most common 
mechanism, as indicated by about 70 percent of the SDDS survey responses, relates to working 
groups. Another mechanisms indicated by the survey responses are statistical committees and 
statistical counc ils (about 17 percent of responses). In addition, some other mechanisms described in 
the survey responses are ad hoc expert meetings; regular meetings; consultation by phone; 
cooperation based on mutual trust; operational agreements such as Memoranda of Understanding or 
Official Agreements. 
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6. Can conclusions be drawn on what a model institutional structure for producing 
official statistics? 

SDDS countries have relatively complex structures to produce economic statistics but with 
strong emphasis on clearly defined roles and emphasizing good governance. The group of SDDS 
countries appears to have opted for systems where a national statistical agency takes the lead while 
other institutions, including the central bank have a subsidiary role. However, there are some 
noteworthy exceptions where the central bank plays a central role and these are worth further study as 
they may have lessons for other countries. The role of other data providing agencies is also important 
through the various arrangements that are in place. This mainstream institutional setting appears to 
recognizes, at least in principle, the importance of separating the production and dissemination of 
statistics from policy making, and thus the independence of official statistics from the policy and 
political sphere. The principle of integrity thus sets some important boundaries for developing 
effective statistical systems.  
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1. Introduction 

In recent years the number of data requests received at the Banco de Portugal has been increasing as 
well as the detail and complexity requested by the most frequent and expert users, including 
international organisations.  

This new reality is very welcome but it is also very demanding. It is good to know that people are 
paying attention to the data but, unfortunately, its use is sometimes not the most appropriate. All 
efforts made to produce high-quality statistics can be completely wasted, for example, when a 
newspaper presents the statistics with a wrong analysis of the figures.  

Producers of statistics play a fundamental role in promoting the use of statistics and, in particular, in 
assuring that people understand and make the most appropriate and meaningful use of the information.  

With the release of a completely new statistical dissemination system, the BPstat - Statistics online 
(http://apl1.bportugal.pt/estatisticasweb//Default.aspx?Lang=en-GB), on 19 January 2006, the Banco 
de Portugal confirmed that high-quality statistics dissemination is one of its strategic goals.  

2. High quality statistics – the main component 

The Statistics Department of the Banco de Portugal has been from its inception very much involved in 
producing high-quality statistics. The reporting systems have been designed and implemented in 
cooperation with the data reporters. Most collection systems are based on very elementary data, which 
reduces the burden on data reporters and allows total flexibility and the adoption of extensive quality 
control systems that are a fundamental element in assessing and improving the quality of the statistics.  

These collection systems made it possible to build databases with enormous volumes of data, which 
are a very powerful instrument for statistical analysis. To have all this valuable information and not 
disclose it to the public was not a very comfortable situation, in particular in view of the increasing 
number of statistical data requests that have to be analysed and, when approved, answered. Some 
progress was made with the addition of more tables to the Monthly Statistical Bulletin, but that is not 
the most adequate solution when the objective is to increase considerably the volume of information. 
Instead of the pre-formatted tables it is more appealing for the users to access the data in a flexible 
way.  

It was essential to adopt a new statistical dissemination policy that would give rise to a comprehensive 
and transparent environment where all non-confidential data and metadata would be available to all 
users. However, there are several barriers that need to be tackled to achieve this. Beside the technical, 
financial and operational issues, there are other difficulties in having open and comprehensive 
statistical dissemination systems. First, due to lack of resources it is necessary to implement 

1
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sophisticated quality control systems when considering the disclosure of high-quality detailed 
statistical information. Second, traditional time-series structures would have to be replaced or 
complemented by multidimensional structures.  

In this sophisticated new environment there are dozens of tasks to be organised, managed and planned. 
The level of commitment, motivation and technical skills of the staff that support the system is the 
main component to assure its success.  

3. Data, metadata and functionalities easily available 

The BPstat - Statistics online is the outcome of a significant investment of the Banco de Portugal to 
provide a statistical dissemination service on the web. Its main purpose is to provide quick and easy 
access to the statistics compiled by the Banco de Portugal, as well as to the statistics and economic 
indicators published by other institutions.  

This new statistical dissemination system is completely free. Registration is not mandatory but is 
recommended so that benefits can be drawn from all the services. The system permits user-friendly 
navigation through the statistical information and offers several functionalities and services, namely:  

• Easy access to timely data (on time-series or multidimensional analysis) and metadata; 
information updated at least three times a day; and all relevant statistics available (inflation, 
monetary and financial statistics, non monetary financial institutions statistics; balance of 
payments statistics, international investment position statistics, public finance statistics, financial 
account statistics, foreign exchange rate statistics, payment system statistics, banking system 
statistics, Eurosystem statistics and general statistics), including micro statistics and macro 
indicators;

• Predefined analysis for a quicker access to the main indicators; creation of favourites; a table 
design facility (static or dynamic analysis, automatically updated when new information becomes 
available) to suit users’ needs, allowing data from different business areas to be included in the 
same analysis;  

• Access to the metadata, presented in a clear, logical and standardised manner, including a data 
publication calendar, a comprehensive glossary, a news service providing information on the most 
relevant events, and the possibility to subscribe to the alerts service that allows users to receive in 
advance information on the publication of new statistical data related to the various domains;  

• Fully bilingual (all information is available in Portuguese and English and deployed 
simultaneously in both languages); search facilities; graphic capacities; print and export 
functionalities handling the main formats (of both data and metadata);  

• Online help and through a hot-line available during business hours and via different channels, 
mainly e-mail and telephone; close contact with main users; continuous investment in recovering 
historical information and in the quality assessment of the disseminated data; a record of all the 
instances data was accessed and the functionalities applied in order to better understand the 
demands on and use of the system. 

4. Integrated statistical components 

Behind the Banco de Portugal statistical web service there are five integrated and interconnected 
components. First, a repository of time-series statistics (Statistics Information Database) that includes 
not only the main statistics produced in-house by all statistics work units but also from other 
institutions that produce statistics. Second, for the multidimensional analysis, the cubes are linked to 
the databases in the statistical production systems, allowing full and quick “refreshment” of the data. 
Third, a metadata management system linked to the automatic update system that refreshes the data 
and metadata on the intranet. Fourth, the BPstat intranet system receives the data and metadata from 
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the three components and the final validations are performed. Fifth, after checking that there are no 
errors or inconsistencies, data and metadata are copied into the internet version.  

No need to say that the success of a web system depends very much on its performance – the server 
and the communication channels need to be prepared to deal with a certain number of simultaneous 
visitors. However, there are associated costs and it is fundamental to continuously monitor the system 
to maintain it fully operational and to determine whether it is possible to make improvements taking 
into account the budget constraints.  

The increasing number of users is overloading the system at specific periods, for instance on the day 
the monthly data is released (usually the 15th working day of the month at 11 o’clock). For the 
credibility of the system it is essential to consider all possible measures to ensure that users have no 
problems accessing the statistics.  

5. Full availability of statistical data 

An important goal is to make available all non-confidential statistical data. This requites a huge effort 
since it is necessary to, first, identify all the statistics that each business area can produce and, second, 
assess whether there are any confidentiality problems.  

In the development of a multidimensional analysis in the BPstat, all the dimensions and members were 
identified and a data model for dissemination created. Subsequently all the combinations of the 
different members of all the dimensions were assessed in order to build a “security model” where all 
the possible combinations that could be disclosed to the general public were identified. In the end it 
was necessary to implement the model ensuring that all the rules were properly applied. This task 
needs to be performed regularly. Once the work is finalised and the data enclosed in the BPstat, there 
are no reasons to send data requests to the Banco de Portugal since all data and metadata are readily 
available on the internet.

All statistical data produced by Banco de Portugal is first disclosed through the BPstat - Statistics 
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online, following a pre-announced calendar and within a tight timeframe, to allow users access to the 
data as soon as possible.

6. Comprehensive metadata 

Metadata cannot comprise simply adding information at the end, like in an old-fashioned paper report, 
or having it available in static files. We have to think differently; for instance, at each level of a 
statistical domain, including at the observation level, any relevant information can be disclosed on 
notes appearing as pop-ups. As stated above the metadata must be presented in a clear, logical and 
standardised manner.

In 2005 there was a huge investment in metadata by all work units of the Statistics Department at the 
Banco de Portugal. In 2004 a discussion on the best way to include metadata in the new statistical 
dissemination system on the internet resulted in the definition of two main groups of metadata: 1) 
reference metadata and 2) support metadata.

Regarding reference metadata, it was decided to keep the approach adopted for the Statistical 
Information Database - this level of metadata covers all the characteristics of the series (in the time-
series analysis) and the members and dimensions (in the multidimensional analysis).  

The Support metadata embraces all other metadata and can be divided into three sub-groups: a) 
context metadata that follows the Data Quality Assessment Framework (see SDDS in www.imf.org) 
and provides information on each statistical domain following standardised international methods; b) 
simple metadata that includes small texts (with less than 256 characters) reusable by several 
components (series, members, dimensions) and c) open metadata, which is the only one that does not 
follows any predefined structure and covers documents, pictures, tables, etc., and can be made 
available in the BPstat system or, in most cases, is accessible via a link to the website of the institution 
that has produced it (in most cases the Banco de Portugal, the ECB and the IMF).  

Two important aspects are: 1) the existence of a metadata management application that allows each 
statistics work unit to access all metadata and to manage its own metadata (this application also 
manages the “news”, user profiles, accesses and logs); and 2) an established procedure to validate new 
metadata in order to ensure that it follows the standards defined.  

7. Conclusions and prospects

We are confident in the approach we adopted regarding statistical dissemination but we are also aware 
of the work that still has to be done.  

The BPstat - Statistics online considers the needs of less skilled or demanding users via the traditional 
time-series analysis and, in parallel, includes the multidimensional analysis that has been very well 
received among more intensive statistics users. Our experience shows that most people learn quickly 
and are no longer looking for predefined tables, preferring instead to construct their own personal 
statistical dissemination system using the available functionalities.

There is plenty of room for improvement to add value to statistics, help people understand the figures 
and push them to increase their use of statistics.  

The future of BPstat - Statistics online includes three main goals: 1) to increase coverage (of data and 
metadata), mainly in the multidimensional analysis; 2) to expand the functionalities, improving 
accessibility so that users can use the data directly or via their own applications; and 3) to contribute 
extensively to statistical literacy by, for instance, enhancing contacts with the users and by providing 
more detailed metadata on the concepts, methodology and statistical processes associated with 
statistics production and dissemination. 
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Introduction 
The Directorate General Statistics of the European Central Bank (ECB) is responsible for an efficient 

delivery of the statistics that are needed for the ECB’s monetary policy and the other functions of the ECB, 
the Eurosystem and the European System of Central Banks (ESCB). In addition, it is responsible for 
providing statistics to members of the public and market participants upon request. 

In September 2006, the ECB released the first version of its new online data delivery service, the ECB 
Statistical Data Warehouse (SDW1) on the Internet. The aim of the SDW is to address a wide range of users 
of euro area statistics, varying from one-time visitors searching for a specific most recent statistic or a single 
time-series to more frequent users such as market participants, journalists, analysts and researchers. It 
features robust and simple-to-use interfaces that provide access to many features and functionality designed 
to make data accessible to users regardless of their knowledge of IT systems or of details of statistics. 

The result is an improved service to all European citizens and the world community interested in euro 
area statistics. It increases the transparency of the data underlying the ECB’s decision making on monetary 
policy. About 20,000 different users access the new SDW internet portal per month, compared to just over 
200 users weekly for the tools that were previously available. 

This paper starts by providing a description of the content and of the data and metadata model of the 
SDW.  The main features of the Internet portal are then presented, focusing on their objective relative to the 
categories of users they address.  Some information on plans for the future development of SDW is also 
included. 

Data content 
The SDW contains euro area economic, financial and monetary statistics published by the ECB and 

Eurostat that are relevant for monetary policy.  In particular, all euro area statistics published in ECB 
statistical publications are available in the SDW.  In addition, national contributions to euro area statistics 
calculated by the ECB and jointly published under the Eurosystem joint dissemination framework2 are 
accessible within the SDW.  Finally, euro area national statistics or other national statistics published in the 
ECB publications can also be retrieved using the SDW. 

In principle, ECB data are released on this system at their official pre-announced release time.  

                                                      
1  See http://sdw.ecb.int 

2  See http://www.ecb.int/stats/services/escb/html/index.en.html 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 2484 -



Eurostat data might be available with a short delay due to the transfer time between Eurostat and the ECB. 
The full history of revisions is currently only possible in the ECB internal SDW, although this function 

will be made available to the general public in the course of 20073. 

Data and Metadata model 
Metadata is the information related to data that is necessary for users and computers to locate, retrieve, 

transform, understand, present and analyse data. The ECB uses the SDMX4 standard data model for 
statistical data, as well as for metadata. In IT terms, and for the data part, the SDMX standard is similar to a 
“Star schema”. In that model, datasets are organised in hypercubes (data cube in short). The dimensions of 
the different data cubes can be shared across datasets making it possible to relate data across datasets. 

In the SDW metadata are organised and stored using the following model and terminology: 
 Metadata types are classified according to an extension of the IMF Data Quality Framework 

(DQAF) metadata classification. Additional metadata types are required for some ECB internal 
processes (e.g. publication process); 

 Metadata elements are the values that metadata take, e.g. a string “excluding shares”; 
 Metadata item: a combination of a type and an element; 
 Metadata: is the assignment of a metadata item to a specific part of a data cube (data and 

metadata item together). 
This model eliminates the use of redundant “metadata elements” which need to be present in the 

database only once, and are qualified with a type and can be attached to different data when required. The 
model also makes it possible to attach “metadata items” to any level and to any part of the data structure, 
from an entire dataset, a particular dimension or any combination of dimensions down to the finest 
granularity, the data point. This data and metadata model facilitates the secure storage of all types of 
statistical data and metadata needed for reporting and analysis activities of users of ECB statistics. 

Technology 
The SDW is built by implementing the data and metadata model described above in a data warehouse 

structure in a standard database software. The system allows automatic population of the SDW from different 
statistical production systems. Procedures allow for the easy inclusion of new statistical datasets and 
management of metadata, without involvement of the ECB’s IT department. 

The interaction between users and the database over the Internet is made possible by a web browser 
based user interface. The interface can be used with the most commonly used Internet browsers and on 
different operating systems. 

Types of users 
The SDW user interface has been designed with the objective to facilitate access to users, regardless of 

their level of knowledge of euro area statistics and of their level of patience with database navigation or their 
knowledge of IT tools generally available on the Internet for exploring databases. 

The development of the SDW has been carried out in close co-operation with users. The ECB internal 

                                                      
3  Real Time Data Base. 

4  See http://www.sdmx.org 
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version was developed with continuous feedback from a representative user group, and two different sets of 
usability tests were conducted with representative users prior to the release of the external version. Such 
rigorous testing has made it possible to significantly simplify the user interface. 

Features by levels of expertise 
Users searching for euro area data on the Internet without being aware of the SDW and the ECB website 

One particular design feature of the SDW, which caters for such users, is that all its html pages have an 
URL, and they can therefore be indexed by Internet search engines. Searching for “euro area data economic 
concept” generally returns the relevant pages of the SDW on the first page of the search engine results, 
provided that the economic concept searched is contained in the SDW. Search engine users generally arrive 
in the SDW via the statistical publications entry or via individual time-series pages (quick view) because rich 
textual descriptions lead to those pages. 

Users who are not familiar with the SDW and access the ECB website to find statistics 
These users will come across many links to the SDW on the Statistics section of the ECB Internet site, 

in particular on the page “key euro area indicators”, which is constructed automatically from the SDW and 
includes links to corresponding time-series in the SDW for all the data contained in the page. 

The SDW Home page

 

 
Users looking for key euro area statistics who are not able or willing to navigate the database 

The home page of the SDW contains an interactive table in addition to a chart, covering the most 
frequently requested euro area statistics. Clicking on the radio buttons updates the graph, and clicking on the 
figures displays a page with the corresponding complete time-series, a graph and the most important 
metadata attached to that time-series. This page is referred to as the quick view, and each time-series 
contained in the SDW has this type of page with its own unique URL. The metadata presented in the quick 
view page include exact references to the position of the corresponding time-series in the ECB publications 
and the possibility to go to the corresponding page in the electronic publication in one click. It is possible to 
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perform some basic transformations from the quick view window (e.g. growth rates, frequency conversions). 

Users able and willing to navigate a database 
This type of user might want to use the hierarchical navigation to data by economic concepts. Doing 

so, they will be able to navigate and select from all data contained in the SDW. The time-series selected are 
always associated with the references to the publications in with they appear, so that users can see the 
relative relevance of each time-series and relate what they select to what is published. After they have made 
their selection, users can analyse data in tables and charts, perform basic transformations, view the metadata 
and export data to Excel, CSV, SDMX-ML, Excel Pivot tables and PDF. 

Users familiar with ECB publications or looking for help in references to publications 
It is possible to navigate in the ECB’s statistical publications (Euro Area Statistics Section of the 

Monthly Bulletin and the Statistics Pocketbook) on the SDW. The format options available are daily updated 
PDF pages of each publication or the corresponding selections from the database. 

Users familiar with IT systems but not with statistical classifications or publications 
These users might want to avail of the search engine of the SDW. The search engine searches most 

metadata and returns the time-series attached. This search facility uses a thesaurus, detects typos and 
suggests alternatives to help with the statistical jargon. Search results are ranked by relevance. Relevance of 
a time-series is, for the most part, determined by the number of its appearances in publications and reports. 
Finally, frequent users and expert users of the SDW. 

Frequent and expert users might use all of the above functionalities, plus the data basket function with 
which they can customise their access to data and create and store their preferred data groups. 

Usage statistics 
The number of distinct users has increased from 10,000 per month in September 2006 (when SDW 

was launched) to around 20,000 in March 2007. This is 100 times more that with the previous version of the 
ECB on-line data service. The most frequently viewed pages are the quick view pages accessible from the 
home page. The feedback of various categories of users has been quite positive. The important increase in the 
number of users of euro area statistics has been reflected in a moderate increase in the number of questions 
related to the data content. There are very few questions from users on the functionality of the system. 

Next steps 
As a next step, it is envisaged to further facilitate access for two important categories of users, namely 

those interested only in the main figures, and the frequent and expert users. 
For the occasional user, the quick-view and the home page will be improved to include more 

functionality on the interactive graphs, so as to allow for more immediate analysis of the underlying data. 
With the frequent and expert user in mind, direct connection to the SDW from analytical IT-

applications using web service technologies is envisaged. 
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Reaching users of statistics in Austria

Schubert, Aurel
Director
Oesterreichische Nationalbank, Statistics Section
Otto Wagner Platz 3
A-1090 Vienna, Austria
E-mail: aurel.schubert@oenb.at

Statistical data produced by central banks are public goods.1 The production is paid by the tax payers
and most of the reporting burden falls on banks, businesses as well as on individuals. Therefore, it is a
responsibility of the central banks to make the data easily accessible to interested users. But it is not only a
duty but also a unique opportunity for the central banks to show – one important aspect of - their relevance to
the public. The wealth of central bank statistics is an enormous asset that needs to be put at the disposal of
the public.

The Oesterreichische Nationalbank (OeNB), the central bank of Austria, sees itself in the area of
statistics as the “Austrian Competence Center for Financial Statistics”. As such it is not only its task to
produce financial statistics required by different national, European or international legal commitments but
also to disseminate the data to different user groups and interested parties. In particular, the statistical
function is in charge of monetary statistics, all the data for banking supervision, interest rate statistics,
financial accounts, the balance of payments and the international investment position, investment fund
statistics as well as payment system statistics.2

The mission statement of the Statistics Section of the OeNB:

The OeNB – The Competence Center for Financial Statistics

Compiling financial statistics is a core task of the Oesterreichische Nationalbank. The OeNB is committed to providing a broad

range of current statistics in user-friendly formats to the public and has established a statistics hotline to deal with statistical

inquiries. As the OeNB is involved in the development of and complies with national, European and international standards and

rules on the methodology, consistency and timeliness of statistics, it is well equipped to secure a consistently high quality of the

data.

For reaching users with statistics modern means of communication as well as channels for
dissemination are at the disposal of central banks and many are being used. Due to different data needs and
due to very different technical as well as statsitical knowledge one way of dissemination does not suffice.
There is a need for a mix of different media to reach as many people as possible. Central banks have to view
their users as customers and act accordingly. They also have to address their respective user groups in an
adequate language avoiding to be unnecessarily technical.

What are the main user groups of central bank statistics in Austria besides the policy makers for
monetary and financial stability policy? From the different customer surveys we know that bank/financial
analysts and researchers are intensive users of our data services. Journalists are very important as they are the

1 The views expressed in this article are the personal views of the author and not necessarily the views of the OeNB.
2 The credit register and the balance sheet office are not part of the statistics function of the OeNB.
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main information transmission channel towards the general public. But also businesses, especially lawyers
and notaries have a professional interest in financial data. A large user group are university professors and
students. All in all, this is a very heterogenous population with very diverse data needs.

Therefore, the Oesterreichische Nationalbank uses a wide variety of different distribution channels to
get the information to the different user groups. First of all, the website of the OeNB serves as the main
channel. The Statistics and Reporting domain of the (English version of the) homepage contains the
following items3:

• Statistics and Reporting

• Statistical Publications

• Statistical Data

• Release Calendar

• Economic Indicators according to SDDS

• Standards and Codes

A special challenge is how to organize the data presented on the homepage in a way that the different
user groups find what they need. The wealth of data supplied on the homepage of the OeNB – which also
contains data not produced by the OeNB but used intensively for its policy purposes - is therefore organized
in ten boxes:

OeNB, Eurosystem and Monetary Indicators

Interest Rates and Exchange Rates

Financial Institutions

Securities

Means of Payment and Payment Systems

Prices, Competitiveness

Economic and Industry Indicators

Financial Accounts

External Sector

International Comparisons

In order to allow for customer made queries we have installed the possibility of dynamic queries. In
this way, users can build their own tables, mixing different time series available. The strong demand for data
is highlighted by the fact that around 40% of the page views on the homepage of the OeNB are in the
Statistics and Reporting domain and this share is increasing.

Customer surveys have shown that despite the very complete data supply on the internet there is still a
demand for paper publications. We try to cater for this demand with a quarterly publication that contains –
besides short explanatory articles and longer studies on data developments – also data organized in the same
ten boxes as on the internet – however only covering the most recent time periods. The paper publication is

3 The German language version contains more subdomains.
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also available on the internet and can be downloaded. Until about three years ago we had an integrated
publication that contained statistical tables together with economic articles and research studies. After some
user surveys we decided that the target groups where quite diverse and that two separate publications, one
economics/research oriented and one statistical, would better target our respective user groups.

A statistics hotline is available for any querries from the public. A very special role in the statistical
dissemination policy of the OeNB plays the relationship with the media as the main transmittor to the general
public. More than 40 statistical press releases and about six statistical press conferences a year attempt to
service the needs of the journalists. The very extensive media coverage – from TV to radio, newspapers and
journals – shows that we succeed in reaching a large part of the population with statistical information.
Speeches, special presentations and seminars to selected groups complete our statistical infromation services.
In order to widen our user base to “non-traditional users”, we have started a few years ago with a special
internet service, the so called “Die aktuelle Zahl”. For this purpose we highlight twice a month one figure
from our data supply and explain it in simple language. This service is not only put on our website but also
automatically distributed to subscribers.

Topics of statistical press conferences of the OeNB:

Banking and interest rate developments
Balance of payments
Financial accounts
Foreign direct investment
Savings behaviour of the Austrian households
International investment position

In order to reach as many users as possible, the statistics section of the OeNB cooperates with several
institutions on a regular basis. Among those are the Vienna Stock Exchange, the Austrian Chamber of
Commerce, a banking journal, an industry journal as well as universities.

We are constantly evaluating new initiatives in the area of statistical dissemination. Two of those
planned initiatives are targeted feedback to reporters and the statistical function’s contribution to financial
literacy. Reporting agents are a very important and interesting group for statistical data dissemination. They
supply the micro data for the statistics and thus feel the reporting burden and often complain about it. One
promising way to reduce the “subjective reporting burden” might be to supply relevant, well targeted
feedback information to the different groups of reporters. While this feedback is already well established for
the banking sector more can and will be done for non-financial companies, especially in the area of balance
of payments information. As the national pensions systems require increasing private initiatives to fill the
“pension gap” the issue of financial literacy or capability of the general public rises in importance. Basic
statistical literacy and the supply of relevant data are important feature of such a financial literacy initiative.

One important aspect – besides the quality of the data – is the timeliness of its distribution. As soon as
the data is fit for dissemination it has to be put at the disposal of the general public, not just the internal users
in the respective central banks. After all, it is a public good de facto provided by a public monopolist.
Internal analysts are therefore just one of many user groups and should not have privileged, i.e. early, access
to the (aggregated) data.

The general usefulness of central bank statistics makes them a very valuable asset not only for policy
makers but for the public at large. William Poole, the President of the Federal Reserve Bank of St. Louis, has
summarized it perfectly, when he stated recently,

Of all things on which we spend money in the Federal Reserve, surely the return on our data services
is among the highest.

This applies to most central banks around the world, whether they have already realized it or not. Let’s
open our statistical treasure chests as widely as possible!
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RESUMÉ (ABSTRACT)

Statistics in general and those produced by central banks are a public good. The production is paid by
the tax payers and most of the reporting burden falls on banks, businesses and individuals. It is the
responsibility and the duty of the central banks to make the results accessible to interested users in modern
and easy to use ways. But it is also a unique opportunity for the central banks to show their value and
relevance to the public. The wealth of central bank statistics is an enormous asset.

The Oesterreichische Nationalbank, the central bank of Austria, sees itself in the area of statistics as
the Austrian Competence Center for Financial Statistics. As such it is not only its task to produce financial
statistics required by different national, European or international legal commitments but also to disseminate
the data to the different user groups and interested parties.

For dissemination of statistics central banks have to use modern means and channels. They have to act
in a customer oriented way. They have to take advantage of modern, especially electronic ways of
dissemination.

However, different user groups have different needs and therefore central banks have to use different
channels and different media to get the data to the users.
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Statistical Data Dissemination in the Czech National Bank 

Petr Vojtisek 
Czech National Bank, Monetary and Statistics Department 
Na Prikope 28 
115 03 Prague, Czech Republic 
petr.vojtisek@cnb.cz

Martin Kacer 
Czech National Bank, Monetary and Statistics Department 
Na Prikope 28 
115 03 Prague, Czech Republic 
martin.kacer@cnb.cz

1. Introduction 
Dissemination represents the completion of the whole statistical work which begins with analysing the 
users’ requirements and covers creation of the methodology of respective statistics, design of 
statements and setting the reporting population, collection of necessary information itself and the 
compilation process including dealing with the missing information and grossing up procedures. The 
quality of dissemination can either strengthen or weaken the results and quality of the whole 
compilation process of respective statistics. Therefore the Czech National Bank (CNB) devotes 
significant effort to this part of statistical work. Both the methodological and technical aspects are 
important from this point of view.  

2. Types of dissemination 
We differentiate three basic types of dissemination according to its purpose: internal outputs, external 
publication and reporting to international institutions. Access to the primary data for the people 
dealing with data processing at the CNB is not considered as dissemination in this context. 

Firstly, the compiled statistics are available to analysts in the CNB, mainly in the form of a time series 
database.

Secondly, the only means of external publication is the electronic one, the CNB website. The bulk of 
statistical data is published in the external format of the time series database. In addition to this 
database various publications are also available at the statistical site in pdf format including the figures 
themselves, graphs and short comments. “Monetary and Banking Statistics” and “Development of the 
Balance of Payments” are examples of this kind of publication. SDDS (Special Data Dissemination 
Standards) is another type of publication in a standardised format although it is still a simple but 
structured html table. 

Thirdly, reporting to the international institutions is considered as dissemination as well. Data coded in 
GESMES/TS format are sent regularly to the ECB, EUROSTAT and BIS at various frequencies 
ranging from daily to annual reports. Reporting to further international institutions like the IMF and 
the OECD is carried out mostly in MS Excel format.  

All three types of dissemination are integrated in the CNB and based on a system named ARAD 
(abbreviation from the Czech for “aggregated time series”). It provides data storage structure, work 
flow, division of responsibilities in each processing step and last but not least it is the end-user 
application for data extraction. 

This paper discusses the ways in which the statistical data is disseminated with a special focus on the 
ARAD system which represents the core of the whole process.   
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3. ARAD system  
ARAD is a system for storing various statistical data in one central database and their presentation in 
the form of time series. The first version of this system was created in 1996 in a completely different 
environment compared to nowadays. Data was not available via the Internet, the only form of data 
publication was paper bulletins and the most advanced format was MS Excel. At that time we started 
to build a system which had very simple main goals: 

• to solve the unified storage of statistical data in the form of time series using a central 
database;

• to provide interactive access to data including methodology. 

Subsequently, new requirements in the changed environment have appeared. Two challenges were 
considered as the most important:  

a) to establish a unified basis for both publishing and reporting; 
b) to create a common data interface for different systems. 

Simplicity was the dominant idea in the nineties, when the first version was created. The only way we 
found of meeting these challenges was to make the process very clear and natural without introducing 
any special coding and structures. Nowadays the system is a bit more sophisticated but simplicity still 
remains its basic feature. 

3.1. The main concept of ARAD – general principles 
The basic idea is not to store predefined data series but complete blocks of data – data source. Blocks 
of data are organised according to various business areas. Data sources are described by metadata and 
relevant methodological sheets are provided. The administrators of each business area are responsible 
for the data source structure, methodology and the data itself. Data sources are the first level of the 
system. This level is not normally visible for users and serves only as a data source. The only 
exception is access for internal users which can create their own datasets and therefore it is necessary 
to provide them with the complete structure of database. Creating one’s own datasets is a more 
advanced approach of using ARAD and it enables a fully customized view of the statistical data.  

The second level, available to all users, is represented by the time series of individual indicators in 
ARAD terminology. Technically speaking, one indicator is the formula which refers to the position of 
the data in the data source. The formula allows for elementary calculations such as addition or 
subtraction. Indicators are arranged into groups – sets of indicators. In a simplified way, the indicator 
is a view of the data in the data source. 

The ARAD system primarily serves users therefore it is based on their requirements. Since demands 
change over time, the database is maintained as an open one and it is possible to develop it 
incrementally. The only condition is to keep a well-structured order. A two-level concept allows for 
adding data sources and predefined sets of indicators independently, to a certain extent. In particular, it 
is possible to prepare new data sources while the existing data presentations and relationships are not 
affected and vice versa.  

As regards the data input, the system enables fully automated data loadings through the common 
interface from different primary systems, external sources and outcomes of the compilation processes. 
On the other hand, it was still found useful to support the manual entry for data without a strict format. 
In that case, ARAD is the only place where data are stored in the form of a database. To make manual 
insertion easier, the application is able to read and process pre-prepared MS Excel sheets. 

3.2. User access 
All the tools for the presentation of the time series use the method of hierarchical selection from a 
general level down to specific details. Navigation is considered to be the third level of the system. The 
administrators have prepared the sets of indicators for standard ARAD users and placed them on the 
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respective branches of the hierarchical tree. Therefore, they can use ARAD without detailed 
knowledge of all data sources. Navigation is organised intuitively. 

At the present time, there are six branches at the first level of navigation in the internet version 
reflecting various areas of statistics: monetary and banking statistics, balance of payments, financial 
market, macroeconomic statistics, other indicators and the SDDS branch. One more branch will be 
ready soon – government financial statistics.  

Money and banking statistics provides a wide range of indicators concerning the monetary financial 
institutions from the area of the balance sheet (e.g. monetary and credit aggregates) as well as the 
interest rates applied to clients. This branch also covers information from selected financial sub-
sectors (e.g. collective investment funds and financial corporations engaged in lending). 

There are standard balance of payments and international investment position items and indicators of 
foreign indebtedness in the balance of payments branch. The international reserves are also available 
in the form of the IMF template.     

Financial market statistics provide information on the money, capital and foreign exchange markets 
(e.g. PRIBOR, long-term interest rates, foreign exchange rates including nominal and real effective 
exchange rates indicators and Prague Stock Exchange indices). 

All the above-mentioned statistics are compiled by the CNB. ARAD contains (by mutual agreement) 
the information produced by the Czech Statistical Office. There are four parts of these statistics: 
national accounts (GDP), production statistics, prices (both consumer and producer) and labour and 
wage statistics.    

More advanced internal users can compose their own sets of indicators (in the internal version only) 
and store them in the central database. The fact that the system takes care of any methodical changes 
and data updates is seen as the great advantage of the database format compared to keeping one’s own 
dataset indicators in MS Excel sheets. 

3.3 Data access tools 
There are three versions of user access tools at this moment– local, Intranet and Internet versions. The 
very first local version is still available mainly as an application for manual data entry. Even in this 
case, the data is stored only in the central database. The same approach is applied to other versions in 
use.

There is the Intranet version run in the CNB which naturally contains more detailed and confidential 
data than the public Internet version. The Intranet version is provided with tools which enable access 
to confidential or temporarily restricted data. The Internet version is accessible at the CNB website via 
standard Internet technologies. 

All versions provide standard tools for data gathering such as filtering by setting the time range, full-
text searching and an explicit selection of indicators. There are various output formats which should 
meet different user demands. In addition to a html table for a simple display of the results of selection 
in the web browser, MS Excel is available as the most wanted format for further calculation and 
analysis and CSV file (Comma-separated values) as the all-purpose format for further data processing. 
Moreover, time series can be displayed in charts for a more complex view of the data history. 

As regards the metadata and methodology, the application interactively offers additional information 
for the relevant data area in the form of methodical sheets, news and frequently asked questions. 
Current information on data updates is also available, directly on the main page. Concurrently, 
information is distributed through the RSS (Really Simple Syndication) channel which provides users 
with convenient monitoring of new publications. 
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4. Data dissemination through the ARAD 
As mentioned in previous paragraphs ARAD is the core part of the dissemination system in the CNB. 
There is one further component of the solution which has not been mentioned yet. It is the timetable 
which controls the whole process of dissemination. In very simple terms, the timetable contains what 
must be sent or published and when on any given day, plus additional information such as which 
procedure should be carried out and to whom the notification should be sent.  

Two types of time schedule are maintained in the system. The first is used for managing the time 
series updates based on information from the data sources. The second is used for the orchestration of 
publication and reporting. These two levels are independent. While the data updates schedule deals 
with data sources, the publication and reporting schedule concerns the presentation layer (predefined 
sets of indicators) and must be treated separately. 

A description of the publication day on the CNB website could be the clearest explanation of the latter.  

A properly fulfilled timetable and data prepared in the source database are the necessary conditions for 
the publication process. Data loading from the source system to the ARAD database is the first step of 
the process. It ordinarily takes place one day before the publication day. The publication process itself 
usually begins at 8:30 a.m. when the automatic procedure starts to create the resulting html table 
according to information from the timetable. Fifteen minutes later the file is deployed to the Internet 
Publication System which is used for the managing of our website content. At 9:00 the file is 
transferred to the protected folder where the data is accessible only for registered users such as press 
agencies and journalists. Of course, this information is under embargo till 10:00. They are 
concurrently notified about publication by e-mail. At 10:00 the document is moved to the target folder 
and it is available to the public.

To conclude this example, the whole process is automated and it is controlled by the information from 
the timetables. One subsystem passes data to another according to these instructions. Of course, it is 
possible to enter the process at any stage and do it manually. The structure of the data publication 
describe above has been successfully used for almost 5 years. 

5. Conclusions 
The advantages of our solution have been proved by nine years of failure-free ARAD operation. 
Naturally, every system has its weak points but we believe that advantages outweigh the 
disadvantages. The fact that all data are reported and published from one main source database is 
considered as a fundamental feature of our system. Furthermore, the same data is accessible 
interactively for users complemented by metadata and methodology.  

As we started building the user interface in 1997 the main task was to introduce as simple an 
application as possible in order not to discourage users from using the application. This simplicity 
started to be a limitation at one point. Fortunately users have increased their skills and the technology 
development allowed us to add more sophisticated functions and procedures. At that moment an 
important decision was taken: to both instruct users and at the same time to train them to be 
independent. Instead of preparing personalised outputs for one or a few users we offered them 
standardised datasets (based on their requirements) and instructed (and sometimes forced) them how 
to get the required data in the most effective way. Having the advantage of almost ten years of 
experience we see this fact as probably one of the greatest successes of our work. 
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As a part of its communication strategy the NBS has been on the one side regularly publishing
various set of macroeconomic indicators and on the other side has been receiving a set of data from
financial market participants.

There are two channels of information exchange between NBS and financial market
participants:
1. Data published by NBS web site,
2. Data provided by financial market participants via specific information system:
- STATUS (data from banking sector)
- STATUS DFT (data from capital market participants, insurance and pension companies)

1. Data published by NBS web site

Most of the data published by NBS is on its web site www.nbs.sk and it can be divided on the data for
statistical purposes and for banking and financial market supervision purposes.

1.1. SDDS

The statistical data which is used mainly for the analytical needs of monetary policy department is
from the area of monetary and banking statistics, balance of payments, FDI, foreign indebtness and
foreign exchange statistics. This data is compiled and published in line with „Special Data
Dissemination Standard (SDDS)“ elaborated by the International Monetary Fund (IMF). The Slovak
Republic accessed to the project under a decision of the Government on August 27, 1996. The
Statistical Office of the Slovak Republic is a national coordinator (see “national summary data site”)
and cooperates with the National Bank of Slovakia and the Ministry of Finance of the Slovak Republic
in collecting of the prescribed data. The National Bank of Slovakia is responsible for these categories:
Analytical Accounts of the Banking Sector, Analytical Accounts of the Central Bank, Interest Rates,
International Investment Position, Exchange Rates, Balance of Payments, Gross External Debt and
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International Reserves. On October 7, 1999, the IMF issued an official notice on Dissemination
Standards Bulletin Board (DSBB) that the Slovak Republic fully met SDDS requirements of the
coverage, periodicity and timeliness of statistical data, and of advance dissemination of release
calendars. When clicking in the menu on the English version of NBS web site on data categories of
SDDS, there is direct connection to the IMF DSBB with all relevant information on contact persons
and available data timeliness, coverage and periodicity. In the Slovak version of NBS web site, there is
a link to the Statistical Office of Slovak Republic (SOSR), the national coordinator.

1.2. Data on banking sector

One of the largest categories in published data represents the data on banking sector in SR. The
published data contains complete list of all commercial and savings banks including money market
funds, branch offices and representative offices of foreign banks, information on harmonized monetary
and banking statistics, surveys of financial sector development, international reserves held by banking
sector and foreign exchange market of SR. A part of harmonized monetary and banking statistics is the
legal framework of the ECB and the NBS in the field of statistics and methodological information and
publications.

Methodology

As regards the methodology of harmonized and banking statistics, assets and liabilities of monetary
and financial institutions (MFI's) are broken down in terms of instrument, maturity and currency, as
well as by institutional sector of creditor on liabilities side and debtor on asset side. Particular
institutional sectors are defined according to European System of National and Regional Accounts
(ESA95). NBS together with other central banks has participated on ECB project on common
methodological manuals which evaluate the conformity reached in area of national statistical standards
according to ECB requirements. Manuals describe legal framework and methodology for collecting
and compiling money and banking statistics and financial market statistics in individual European
countries. As a part of methodological work, the NBS has published the Sector manual and the
Revision policy guideline for data reported and published for statistical purposes for the year 2007 and
for previous years. This methodological guideline sets the rules for the revision of the data in reports
submitted to the NBS by individual reporting entities for statistical purposes.

Harmonized monetary and banking statistics data

Harmonized monetary and banking statistics comprises the data from balance sheet items statistics,
monetary aggregates and interest rates. Statistical data from balance sheets of banks and branches of
foreign banks is compiled as stocks and flows. Stocks data is published for all banking sector together
with NBS, data on flows is published only for credit institutions. Flows statistics is used for
calculation of transactions related to acquiring/disposal of assets and/or incur/repay liabilities. Flows
are calculated indirectly through the information on non-transactions, which express all movements in
stocks arisen from 1) Reclassifications and other changes, 2) Exchange rate changes and 3) Price
revaluations of marketable instruments and write-offs/write-downs of loans. True flow = difference in
two subsequent end-month stocks – non-transactions

Ft = (St - St-1) - Ct - Vt - Et

Ft = Flow
St = Stock at the end of actual period
St-1 = Stock at the end of previous period
Ct = Reclassification adjustment
Vt = Revaluation adjustment
Et = Exchange rate adjustment
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Obtained values of flows are used to calculate real changes in monetary aggregates and counterparts of
monetary aggregates.

Data on monetary aggregates that is published as a part of harmonized and banking statistics has been
calculated from MFI's aggregated balance sheets and subsequent consolidation. The consolidation
process means that all mutual relationships among MFI's are eliminated.

As a part of harmonized monetary and banking statistics, on the NBS web site has been also
publishing the statistical information on “Other financial intermediaries (OFIs)”, excluding insurance
corporations and pension funds, whose main goal is to obtain complete picture of monetary
developments. The ESA 95 defines OFIs (S.123) as ‘non-monetary financial corporations and quasi-
corporations (excluding insurance corporations and pension funds) principally engaged in financial
intermediation by incurring liabilities in forms other than currency, deposits and/or close substitute for
deposits from institutional units other than MFIs’. Regarding OFIs, until the end of 2006 there had
been only statistics on investment funds other than money market funds available. Since January 2007
the NBS has started to compile statistical information from leasing, factoring and consumer credit
companies.

A survey of financial sector development

Survey of financial sector development provides information on number of banks and branches of
foreign banks, specialized organizations, associations and other institutions in financial sector of SR.
Besides that, they also update the data on amount of equity and foreign capital and number of
employees working in banking sector.

1.3. Financial market supervision

Banking and financial market supervision data provide information on legislation in that area, main
methodological information and recommendations of the supervisory body. Currently available in
english version is the data on banking sector and securities dealers supervision and the data on pension
saving supervision. The information on capital market and insurance companies is not available at the
moment as this part of the NBS web site is under reconstruction.
Under banking sector and securities dealers supervision besides legislative and methodological
information there is also possible to find analysis of banking sector in Slovak republic since 2004 in 6
months periodicity and regular update of information on fees required by banks and branches of
foreign banks from their clients.

2. Data provided by financial market participants

The data that has been provided from financial market participants has been compiled through
information and communication systems STATUS (for commercial banks) and STATUS DFT (for
other financial market participants). The systems STATUS and STATUS DFT enable all financial
market participants not only free access to all inputs and outputs but also on-line access to reported
statistical data and optional export to excel for analytical purposes. Both systems consist of two
subsystems: STAVYD and STATAN. The access to these subsystems is provided by ID files in which
the role and code of report of each user is specified. The subsystem STAVYD is built on LOTUS
NOTES and serves for data compilation, processing and controlling. It also ensures the following:

- projecting of reports templates including controlling linkages inside and between individual
reports

- creation of aggregated data from various reports for selected groups of subjects
- creation of outputs according to needs of NBS (e.g. presentations) and for the purposes of

ECB
- providing the reporting subjects with methodological instructions and automatized

transmission of all methodological changes in reports
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- automatized sending of urgency notes to reporting subjects that has not provided requested
reports

The subsystem STATAN is built on ORACLE EXPRESS and the main services it provides are:

- analysis of compiled and processed data (e.g. comparing the changes between values in two
subsequent months, creation of data time series)

- special applications that serve for working with dynamic reports, i.e. reports with regularly
changing number of rows

The STATUS has been in work since 1997 and for the last ten years has represented very reliable
statistical communication channel between NBS and all commercial banks in the market. The system
STATUS DFT has been implemented recently, since the end of 2006, and provides effective way of
statistical data and data for supervision purposes exchange between the NBS and capital market
participants, insurance and pension companies.

For the purpose of finding out to what extent are both above mentioned channels of information
exchange between NBS and financial market participants (web site and STATUS/STATUS DFT)
used, the NBS has carried out the questionnaire with commercial banks and branches of foreign banks.
The results has shown that banks as a communication channel prefer internet to STATUS/STATUS
DFT.

The above mentioned process of communication between NBS and all financial market participants
represents inevitable part of feed-back provided by NBS toward data providers. Another way of feed-
back providing is realized through personal meetings, operative consultations, IT support and common
effort to find new solutions in order to provide the most effective way so that to satisfy information
and data needs of all subjects.
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WORKING TOGETHER 
How good relationships with providers can improve the quality of official statistics 

Rochelle Barrow 
Reserve Bank of New Zealand 
PO Box 2498, Wellington, New Zealand 
Email rochelle.barrow@rbnz.govt.nz 

Introduction 
How do you measure the quality of official statistics?  Traditionally quality was based solely on the 
accuracy of statistics; however recently statisticians have widened their definition of quality to include 
other attributes.  The OECD defines the attributes of quality statistics as the relevance, accuracy, 
credibility, timeliness, accessibility, interpretability, and coherence of those statistics1.

This paper discusses how statisticians, through the development of good relationships with data 
providers, can improve the quality of official statistics.  While the statistical benefits of good 
relationships are potentially wide reaching, it concentrates predominantly on improvements in the 
accuracy and timeliness of official statistics. 

The relationship between data provider and statistician  
The role of the statistician is to produce quality, timely statistics for use by decision makers. In order 
to achieve this, statisticians must collect data, which they then transform into statistics for 
dissemination. A statistician’s ability to produce accurate and timely statistics is dependent on the 
supply of quality data, making the relationship between statistician and data provider crucial to the 
production of official statistics. 

The process of supplying data can be costly to the provider; in terms of staff time and system changes 
or enhancements. Providers have an incentive to minimise the time and resources spent completing 
data requests so they sometimes delegate responsibility to junior or new staff with little experience.  In 
addition, the supply of data can be relegated to the bottom of the list of tasks to complete.  Due to the 
sensitive nature of some data supplied, providers may also have data confidentiality concerns.   

The relationship between statistician and provider can be strengthened by statisticians actively 
minimising the impact their data requests have on providers.  This can be achieved in a number of 
ways, including illustrating the time savings to the provider of supplying quality data. 

How good relationships can improve quality 
Statistical user groups continue to demand quality statistics for a variety of purposes.  In order to 
improve the quality of statistics produced statisticians have responded in a number of ways, including 
developing and implementing sophisticated statistical methodologies and reviewing frameworks and 
classifications.  However, in order to work, initiatives like these are dependent on quality data as an 
input.   

Therefore, when producing statistics a significant amount of time is spent verifying the quality of the 
data collected.  Over time statisticians have become more efficient and effective at identifying data 
that does not meet certain quality standards.  This enables the prioritisation of data that needs to be 
addressed. When deemed necessary statisticians query data with providers in order to ensure its 
integrity.   

1 OECD (2003), “Quality framework and guidelines for OECD statistical activities”, OECD Paris.  
www.oecd.org/statistics/qualityframework 
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The process of querying data can be long and drawn out.  Contributing factors can include provider 
absence, competing priorities and misinterpretation of requests.  The accuracy and timeliness of 
statistics can be improved if the statistician is able to increase the speed at which material data issues 
are identified and resolved. 

The diagram below summarises the statistical production cycle and interaction between data providers 
and statisticians.  There are two main ways developing good relationships with data providers can in 
practice improve the timeliness and accuracy of official statistics. 

1. By reducing the need to query data and 

2. Minimising the time required to resolve data queries 

Basic query resolution process  

A good relationship with a data provider can reduce the need to query data by ensuring quality data is 
delivered in the first instance.  Regular contact, involving data providers in the design stage of new 
surveys, spending time learning about the provider’s business, communicating data requirements 
concisely and providing timely support are all ways to minimise provider misunderstanding and the 
reporting of inaccurate data.   

If data needs to be queried a good relationship with the provider can minimise the time taken to 
resolve the data query.  Regular contact at the operational level, face to face meeting and an 
understanding of respective commitments can result in more timely responses to data queries.  Having 
a robust managerial relationship in place ensures that if the need arises issues can be escalated and 
resolved quickly also. 

Compile data 

Query data

Deliver data

Process and 
Validate data 

Derive statistics

Analyse statistics

Publish statistics 

Interpret statistics 
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acceptable? 

Are statistics 
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No
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Fewer data related issues and an increased resolution speed reduce the time required to process and 
transform data into statistics.  This time saving may enable earlier publication of statistics, or a 
reallocation of time to higher value processes of the production cycle to improve quality.   

Developing good relationships has benefits for the provider also.  By working with providers to ensure 
that quality data is supplied in the first instance the statistician is able to reduce provider load.  The 
provider will spend less time answering queries and revising and resending data.  In addition, 
providers can benefit from an increased understanding of statistics available for their use. 

Relationship management initiatives at the Reserve Bank of New Zealand 
The following section describes some practical initiatives at the Reserve Bank of New Zealand to 
improve the relationships we have with our providers, with the intention of improving the quality of 
the statistics we produce.   

We see relationship development as an iterative process that requires continuous effort on our part.  
While it is difficult to quantify the benefit of investing in relationships with our providers we do 
believe that it helps improve the quality of our statistics. 

Respondent visits
The New Zealand banking system is predominantly foreign owned and relatively small compared to 
many other countries2. As a result surveys conducted by the Reserve Bank of New Zealand typically 
have small sample sizes3.  The small number of participants and the level of concentration makes 
visiting providers relatively easy compared with many other countries.

The aim of our visits is to develop or enhance the relationship we have with our data provider.  Visits 
enable us to learn more about the business and address any concerns that providers have.  We also use 
the opportunity to address operational issues, if appropriate. We find having met face to face with data 
providers, working through operational issues on an ongoing basis is a lot easier. 

During our visits we try to emphasis the benefits of supplying quality data, for example a reduction in 
time spent resolving queries. On occasion a provider is also a user of the statistics we produce.  
However, often the person within the business providing data is quite separate from the person using 
the statistics produced.  It can be a challenge to communicate how, while perceived as costly to the 
provider, there are significant benefits realised by the business.  We have found it useful when visiting 
respondents to request both provider and user attendance to raise the awareness of the value to the 
business.  This practice has often helped ensure that providers have the incentive to ensure timely, 
quality data supply.  

Looking forward we would like to formalise our relationship management strategy. We are also 
considering running group refresher sessions for our respondents.  These sessions would cover a 
variety of topics such as questionnaire completion, industry developments and statistics available for 
use.

Electronic templates and data supply   
All of our surveys are electronic and most have basic inbuilt validation checking ensuring that basic 
errors (e.g. addition) are identified by the provider prior to sending in data.  We find electronic data 
supply is more efficient than paper based supply, reducing both load placed on the provider and data 
processing resources4.  Electronic reporting also reduces the need to contact the provider regarding 
simple errors, enabling  the statistician to concentrate on more material data issues.

2 As at 31 December 2006 there were 16 registered banks, with the main four (all Australian owned) holding 90 
percent of total banking system assets. 
3 Our monthly survey of registered banks has 16 respondents, while the sample size of our quarterly survey of 
non-bank lending institutions is approximately 55.       
4 While we prefer the use of electronic reporting we will also cater for a respondents preferred mode of data 
delivery. 
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Questionnaire testing
When developing new surveys and collections we like to involve providers very early on in the 
process.  Discussing data requirements at this stage helps develop further our understanding of the 
conceptual and operational issues related to data supply.  Where possible we actively tailor the mode 
of delivery to best suit the provider and minimise load. 

Availability of support
Ensuring that concise supporting material is attached to questionnaires helps to minimise frustration 
and misinterpretation by providers.  In addition to this we make sure that staff are available to answer 
questions providers have in a timely manner.  We have a dedicated email address for queries and the 
contact details of operational and managerial staff are included on all of our questionnaires.

Customised data supply
Where possible we aim to provide value to our providers.  An example of this is supplying providers 
with customised data.  Most providers use this to calculate and monitor their market share.  In some 
cases providers have encouraged us to collect data from them as they are interested in the aggregated 
market results and believe we are able to ensure the confidentiality and integrity of the data. We are 
currently investigating other ways that we might provide value to our providers such as a regular 
newsletter with useful information for providers.

Challenges  
Developing relationships is not costless.  In the real world, statisticians work with certain resource and 
time constraints. This said we believe that investing in good respondent management can improve the 
quality of the statistics we produce.  Reserve Bank of New Zealand statisticians do however face 
challenges when developing relationships with providers.   

Avoiding additional load
Building relationships with providers should not result in unnecessary load for the provider.  
Relationship building is not only about having direct contact with providers.  It can be as simple as 
ensuring support is available when needed, appreciating and acknowledging commitments and 
competing demands (such as month end reporting) and actively trying to improve the data supply 
process (e.g. electronic templates).   

Working collaboratively with other statisticians or data collectors to reduce load on providers can help 
strengthen relationships.  At the Reserve Bank of New Zealand we work collaboratively with 
Statistics New Zealand on a number of projects.  Our coordinated approach has reduced provider load 
and is appreciated by our providers. It is a challenge for statisticians to look for more of these 
opportunities. 

Appropriate prioritisation of relationship building initiatives
While there is anecdotal evidence that investment in relationships with data providers can improve the 
quality of official statistics it is a challenge to prove it empirically.  Investing in the development of 
good relationships with data providers is not costless.  There are a number of other ways to improve 
the quality of official statistics so statisticians must prioritise this type of work appropriately within 
their work programme. 

Technological advancements in data supply e.g. XBRL
XBRL is an opportunity to improve the efficiency of data collection and significantly reduce the load 
placed on data providers.  It involves electronic data supply in a standardised format that statisticians 
can aggregate for their own purpose.  While the standardisation and automatic data delivery will result 
in less provider load it may also result in less contact with data providers.  This could pose a challenge 
for data query resolution and relationship management in general.
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Increasing the respondents’ involvement in the statistical process. The Banco de 
Portugal’s experience in the field of monetary and financial statistics

Dias, Luís Teles 
Banco de Portugal, Statistics Department 
Av. Almirante Reis, 71 
1150-012 Lisboa, Portugal 
ldias@bportugal.pt 

1. Introductory remarks  
“Nothing is more important for monetary policy than good statistics.”

Alexandre Lamfalussy, 1996 

This famous quotation by the former president of the European Monetary Institute and director general 
of the BIS, stressing the fundamental importance that policy-makers attribute to quality in statistics, has not 
been in any way tarnished by the passage of time. Central banks have to compile significant amounts of data 
so as to suitably accomplish their respective missions. These statistics typically substantiate policy decisions 
that impact the economy – and ultimately peoples’ lives – and provide a service to the community as a 
whole, by fulfilling an important part of its statistical data needs. Therefore, nurturing a culture of good 
practices in central bank statistics, directed to the deliverance of high quality statistical products that meet the 
users’ requirements, is indisputably a design of paramount importance.  

Data quality is often perceived by the public at large as simply the degree to which the statistics 
correctly describe the phenomena they are meant to measure. Central bank statisticians, however, know well 
that such narrow interpretation is insufficient to ensure that the quality of the information is suited for its 
intended uses. Under a strategy that aims at producing statistics that are “fit for use” in terms of the users’ 
needs, as the one adopted by the Banco de Portugal (hereinafter referred as ‘the Bank’), other dimensions of 
quality – e.g., relevance, timeliness, accessibility, interpretability and coherence – certainly have to be 
properly addressed, subject to users’ requirements and priorities.  

This paper, however, does not attempt at defining data quality or its dimensions – it suffices to say that 
we recognize major references in this area, such as the Fundamental Principles of Official Statistics adopted 
by the UN Statistical Commission, the IMF’s Data Quality Assessment Framework, the OECD’s Quality 
Framework or the European Statistics Code of Practice, to name a few; instead, it will concentrate on the 
possible positive influences that a relationship based on transparency, cooperation and mutual trust with the 
respondents who provide the data may have on many of these various quality dimensions, based on the 
experience of the Bank, particularly in the field of monetary and financial statistics. 

2. Wise traditions in central bank statistics

The Bank has been involved in the production of statistics for quite a long time. It is safe to concede 
that, so far, the statistical data compiled and disseminated by the Bank have been able to ensure a high 
degree of satisfaction on the part of the key stakeholders to whom they were directed. To meet the users’ 
requests and to constantly assess whether the information collected by the Bank properly matches the 
possible changes in those data requirements, being in close contact with the industry is essential. 

In fact, the recognition of the good quality of the Bank’s statistics has to be credited, to a certain 
extent, to the policy followed since long ago by the Bank, of actively working together with the data 
providers, fully exploring the possible synergies and mutual benefits that could be derived from such 
partnership – rather than having a more conservative, or pro-reactive, stance towards the respondents. From 
its very inception this approach has proven to be a fitting one.  

A sample of these good practices is shown below: 
(i) respondents are thoroughly informed about the reasons why the statistical information is being 

collected and the expected uses for these data;   
(ii) the data to collect from the respondents, as well as  the practical aspects related with the reporting, 

are unambiguously identified in the Banks’ reporting instructions; these are, in turn, complemented 
by a handbook centred on some elements of a more operational nature (e.g., the technical 
specifications for the data transmission, linear constraints and consistency tests to apply to the 
reported data, a number of practical examples meant to ease the response and even some bridging 
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tables, tentatively aligning the statistical categories in the reporting scheme with the respondents’ 
accounting framework); 

(iii) the Bank provides assistance to the respondents (if necessary by means of specific training courses), 
so that the time and effort asked to them within the context of the data collecting process would be 
kept to a necessary minimum;  

(iv) whenever the situation requires it (e.g., persistent non-compliance with reporting requirements) the 
Bank promotes high-level bilateral meetings with respondents to discuss the issues and try to find 
mutual satisfactory solutions; 

(v) the Bank assumes an informal compromise not to change the statistical requirements for a certain 
period of time (typically a 5-year period), thus guaranteeing stability to the reporting scheme. 

3. Paving the way for further enhancements in data quality 

After the setting up of the Bank’s Statistics Department1, 10 years ago, the relationship with 
respondents experienced a remarkable thrust.  

The ensuing concentration within a single institutional structure (the Statistics Department) of all the 
statistical processes that were previously dispersed by several Departments of the Bank created the 
conditions for: 

(i) Streamlining the existing statistical processes, with a view at using more efficiently the available 
resources while improving the quality of the statistics. One important outcome of this venture was the 
creation of the Integrated System of Securities Statistics, intended to replace three different 
previously existing systems. 

(ii) Eliminating redundant data requests, by using alternative sources of information available at the 
Statistics Department. As a result from this initiative, the statistics on the distribution of bank credit 
by geographic region, branch of activity and some very detailed breakdowns by institutional sector 
started to be compiled on the basis of Central Credit Register’s data, allowing for the discontinuation 
of the reporting of this information by the monetary financial institutions (MFIs), the reference 
reporters for monetary statistics purposes. 

(iii) Performing regular and systematic cross-checks on the data submitted by the respondents by means 
of the, so-called, overall consistency exercises. These exercises aim at evaluating the global accuracy 
of the information reported for statistical purposes, pairing the data from the various sub-systems 
(e.g. monetary statistics, securities statistics, balance of payments statistics, financial accounts 
statistics and the Central Credit Register data).  

These events had important consequences to the quality of the Bank’s statistics. The first two, on the 
one hand, contributed to alleviate the burden on reporters and translated into a more efficient use of the 
available resources. The overall consistency exercises, on the other hand, while delivering obvious gains in 
terms of data accuracy, produced an additional, worth noting, result – one that was neither deliberately 
intended nor entirely expected – on the respondents’ internal processes: faced with the need to justify the 
discrepancies in the data submitted to the Bank for various statistical purposes, the respondents (in particular 
the larger ones) took the initiative of reorganising their own reporting procedures, particularly through a 
higher level of articulation among the different areas contributing to the report and, in some cases, making 
new organizational arrangements to deal with the statistical reporting in an integrated approach. Among 
other interesting outcomes, this led to:  

(i) further improvements in data accuracy and conceptual compliance, thus enhancing the quality of the 
statistical information reported to the Bank;  

(ii) a much better preparedness on the part of the respondents to discuss with the Bank’s statisticians any 
data developments demanding explanation. 

Exogenous factors also played a major role in this context, particularly the advances in information 
and communication technologies, which: 

(i) allowed for the statistical processes, both at the Bank and at the respondents’ level, to be automated, 
thus facilitating the introduction of computerised data validation and enhanced quality control;  

(ii) provided the opportunity for the Bank to developed special computer applications – to be used on a 
voluntary basis and at no cost by the respondents – that, among other functionalities, supports the 
performing of preliminary validation tests (IT tests, coherence and inter-temporal plausibility tests) 

                                                
1  Formerly, the Bank’s core statistical functions (e.g., balance of payments statistics and monetary and financial statistics) were

located in the, now extinct, Research and Statistics Department; other Departments of the Bank, however, were also involved in 
the compilation of statistics.  
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intended to prevent basic reporting errors, with a view at facilitating even more the reporting of the 
statistical data;  

(iii) permitted to evolve, from a reporting scheme based on the physical delivery of the data (e.g., on 
paper, in a diskette), to a much more efficient electronic reporting system, based on an extranet type 
of communications’ infrastructure (named BPnet system) implemented by the Bank. The exchange of 
information within the BPnet system includes sending and receiving files, messages or documents 
and also the mechanisms to implement solutions computer-to-computer based on a dialogue inter-
applications for the exchange of files and messages. 

As one would expect, these developments had a very significant impact on efficiency of the data 
submission process and eased further the reporting burden on respondents. 

4. Fostering a more active respondents’ involvement 

The above described developments were important to augment the Bank’s credibility to its 
respondents. Nonetheless, a central bank can never afford having a complacent attitude towards the statistics 
for which it is accountable. The economy is constantly changing. To retain their relevancy over time, 
economic statistics must cope with the speed and the scope of these ever-present changes. The increasing 
demands for comprehensive, detailed and high-quality statistical data, stemming from Portugal’s Economic 
and Monetary Union membership, suggested that additional steps would have to taken to retain – and, if 
possible, to expand – the high standards already achieved by the Bank’s statistics.  

To deal with the new challenges to the Bank’s ability to preserve the quality of its statistics in a 
shifting and more demanding environment, the Bank decided to deepen the relationship with respondents by 
promoting the extension of their involvement in the statistical process to domains not strictly related with the 
compilation of statistics, particularly at the level of the conceptual phase of the new statistics.  

Intuitively, one may argue that, since statistics are essentially compiled from data originated in the 
respondents’ own information systems, it makes sense to join efforts with the reporting agents in the 
development of new statistics or when existing statistics have to undergo major changes. In this way, a faster 
convergence to an appropriate data collection method, in terms of feasibility, methodological soundness and 
efficiency, is to be expected, while attending to the need to keep the reporting burden on respondents at an 
acceptable level.    

Other arguments may be pointed out in support of a higher involvement of respondents during the 
conceptual stage of the statistical process: 

(i) Respondents are also data users, which means that they have a vested interest in the development of 
new statistics. The Bank’s experience in this area suggests that this interest is not merely theoretical: 
for instance, some years ago, when the Bank was pondering to discontinue the collection of data on 
the geographical distribution of MFIs’ credits and deposits, the respondents persuaded the Bank not 
to take such decision, on the basis of the usefulness for the industry of the aggregated statistics 
compiled from these data.       

(ii) Respondents’ participation may help increasing the accuracy of the initial statistical assessment that 
usually follows the emergence of a new data requirement. In line with the Bank’s tradition, this 
assessment starts with statisticians analysing to what extent the data already available at the central 
bank meet the users’ needs. In the likely event that the Bank is deficient in such data, it is sometimes 
helpful to have a precise idea of the quantitative significance of the new requirements (when the 
empirical importance of the phenomenon under scrutiny is unclear) – to see if it is reasonable or not 
to go ahead with the process. Clearly, without the respondents’ collaboration this quantitative 
evaluation is impaired or not feasible at all. Moreover, the tentative identification of the most 
efficient and sound statistical approach for the collection of data could visibly benefit from a 
respondents’ involvement in this phase – e.g., in discussing possible approaches for the actual 
statistical data collection and assessing its feasibility or efficiency to fulfil the information 
requirement.  
The Bank’s long experience provides abundant evidence of the mutual advantages resulting from a 
well-established relationship between statisticians and respondents. One interesting example 
addresses the classical trade-off faced by statisticians between a higher granularity in the statistical 
requirements and the minimisation of the burden on respondents. Intuitively, one would expect that 
asking for more comprehensive data would be against the best interests of the respondents (in the 
sense that it would presumably increase their reporting burden) and, therefore, would unwillingly opt 
for more aggregate data. Yet, when the Bank discussed this issue with the respondents, it was clear 
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that they favoured exactly the opposite view: from the respondents’ perspective, it is easier and less 
costly to report detailed data than aggregated data. A similar situation was experienced in terms of 
the frequency of the data to be reported. Having different frequencies in a reporting scheme is also an 
undesirable feature from the respondents’ perspective, although it implies extra work for the Bank’s 
compilation systems.  

(iii) Respondents are better positioned to provide an accurate assessment of the costs related to their data 
reporting obligations. For those requirements that are regarded as being technically feasible and 
relevant, the respective implementation and maintenance costs, both for the respondents and the 
Bank, will have to be assessed to see how they compare with possible benefits. The need to procure 
the respondents’ involvement in the evaluation of data reporting costs is obvious and mandatory. 

To increase the effectiveness of the relationship between statisticians and respondents, all along the 
conceptual phase of the statistical process, the Bank opted for promoting, whenever possible and deemed 
necessary, the formation of temporary groupings of experts, comprising Bank’s statisticians and a sample of 
respondents representative of the potential reporting population, to deal with the technical issues related with 
the setting up of a new reporting scheme. These structures are intended to be flexible in the way they operate 
and to convey rapid response to any technical problem arising from the development of new statistics, thus 
facilitating the taking of decisions. 

Another crucial issue related with the involvement of the reporting institutions in the statistical process 
is the feed-back provided by the Bank to the respondents on the basis of the data previously submitted by 
them. Individual indicators, allowing for the calculation of market shares or rankings in specific market 
segments, are recognised by the reporting institutions to be extremely valuable to support their business 
decision-making. The assistance of the respondents in shaping this set of indicators is essential to make it 
worthwhile. Indeed, when the Bank decided, back in 2000, to form a Monitoring Group comprising 
representatives of both the Bank and the reporting institutions (and/or their Associations), with the purpose 
of following closely the functioning of the Bank’s Central Credit Register and proposing possible 
enhancements in its scope, the feed-back indicators were one of the first issues to be addressed. Putting 
together this Monitoring Group has proved to be an extremely successful initiative, even in seemingly 
steady-state situations. Based on the positive outcome of this experience, the Bank has already approved the 
creation of similar structures for other statistical domains. 

5. Concluding remarks

The enhanced combined effect resulting from the cooperative interaction between statisticians and 
data providers has proved to be a key factor at improving the quality of the monetary and financial statistics 
of the Banco de Portugal. 

The approach that has been followed by the Bank in building its data compilation systems, purposely 
taking on board both the users’ and the respondents’ concerns, has been a vital element in achieving high-
quality data, in spite of very demanding deadlines. It also changed significantly the way the statistical 
reporting obligations were perceived by the respondents – from an unavoidable and costly burden to a 
procedure that can be beneficial for their respective businesses. 
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High Quality Data and Collection Systems through Active 
Communication with Data Providers

Debra L. Gruber1

Federal Reserve Bank of New York, Statistics Function
33 Liberty Street, 4th Floor
New York, NY 10045 USA
Debra.Gruber@ny.frb.org

INTRODUCTION

1.1 Thirty years ago, the United States’ banking system was structured by restrictive laws.  As such, it 
was relatively straight forward to identify data reporting responsibilities for each type of reporting entity.
Financial products were fairly routine leading to noncomplex reporting systems.  Over the years, as laws 
were changed and innovative financial products were developed, data reporting has become far more 
complex. As such, it has become imperative to form a partnership with reporting entities.  Discussions of 
market practices, new financial products, maintenance of static data systems, potential burden associated 
with proposed accounting rule and reporting changes are a few examples of information that lay the 
foundation toward effective report form designs and reporting requirements.  Our experience is that reporting 
entities are dedicated to submitting high quality data.  Requirements that are not clear or that force reporters 
to implement overly complex systems or manual workarounds, because the systems are far too costly to 
implement and maintain, cause a majority of data reporting issues.  Effective communication brings these 
issues to light, many of which can be addressed while continuing to meet the users’ needs. More
importantly, the data collected is higher quality because it can be compiled in an effective manner.

BUILDING RELATIONSHIPS

2.1 A key to open and productive communication is a strong relationship with the reporting entities.  We 
start by explaining why the data items to be reported are needed and how they will be used.  We also discuss 
why other data collections do not provide the data that is needed. Proposals for collecting new data items are
provided to reporting entities for comments and suggestions.  There are times that suggested changes from
the reporting community will not produce the data that is needed; however, many times their suggestions can 
be implemented. Suggestions tend to focus on aligning reporting requirements with internal management 
reports and other agency reporting. Reported data that can be used to create internal management reports is 
far more likely to be of superior quality.

2.2 Enlisting the reporting entities in the creation of reporting forms and in changes to current reports
creates a powerful alliance.  When senior managers of reporting entities participate in the design process, 
they become more committed to the changes and ensuring that the appropriate resources are available for 
timely implementation. Another positive result of this reporting entity outreach is that it has created an 
environment where reporting entities are comfortable reciprocating.  Reporting entities provide information 
on new financial products and business lines in order to obtain reporting guidance before the new products or 
business lines are fully implemented.

2.3 Another method for building relationships is our written feedback to reporting entities. The
feedback is provided to senior management within the reporting entity. Letters thanking reporting entities 
for submitting high quality data helps to reinforce sound procedures, controls, and review mechanisms that 
have been implemented.  Alternatively, reporting entities that have submitted lower quality data appreciate 
receiving feedback because it helps them focus their resources for correcting problems and also enables them 
to justify obtaining additional resources to implement changes.

2.4 Particularly large and complex organizations have required more in-depth relationships.  Large
financial institutions tend to be the result of numerous business combinations and changes. Therefore,

1 The opinions expressed are solely those of the author and should not be attributed to the Federal Reserve Bank of New 
York.
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preparing reports almost always involves multiple manual adjustments and hence errors.  Through time, 
reporting entities come to realize that the only way they can have control over the process is to build an 
integrated system with centralized static data (e.g., master customer file, securities database, etc.)  When this 
occurs, we work with them, emphasizing that many of their peers are doing the same thing and that we 
recognize that this will be a multi-year effort, but is the only way to achieve the control that they and we both 
want at a reasonable cost.  We then have regular checkpoint discussions to monitor progress and ensure that 
technical points are being thought about correctly.

DATA VARIANCE DISCUSSIONS

3.1 Active discussions are held with reporting entities to discuss questionable data on their current 
reports as well as variances between report dates.  Trends over time are also reviewed and discussed.  Lastly, 
when reasonable, we compare data items across report forms.  The goal is to formulate a story that explains 
the data movements to our users and perhaps provides insight into future data changes.

3.2 We strive to understand the business strategies and changes to the client base that has led to the data 
anomalies. Understanding a reporting entity’s business strategies helps to reduce questions and enables 
analysts to focus their attention on truly unusual data fluctuations.  Providing the reporting entities with 
fewer, more targeted questions has been a critical aspect of our strategy.  This method enables reporting 
entities to conduct more in depth research into the questionable data items.  This has led to uncovering 
systemic problems, which, when corrected, has improved data quality. The resulting data quality 
improvements may be more wide spread than just the report that initiated the question.

CORRESPONDENCE

4.1 We ask that specific reporting entity questions, especially complex questions, be provided in writing.
We encourage this more formal communication because telephone conversations can be more open to 
misinterpretation, especially when information is being relayed to other individuals.  Our policy is to respond 
to written requests in writing, which provides a permanent resource, in addition to reporting instructions.
Frequently Asked Question (FAQ) documents are maintained in addition to the instructions.  Common issues 
that arise from specific reporting entity questions are added to the FAQ as they arise.

TRAINING

5.1 No matter how well reporting instructions are written, it does not replace face-to-face discussions of 
reporting requirements.  The Federal Reserve Bank of New York (FRBNY) staff devotes a significant 
amount of time to various forms of training each year.  Formal seminars are conducted.  About 200 people 
attend in person and hundreds of additional people attend via Internet web cast.  Small group training is 
conducted for reporting entities with similar reporting structures and reporting responsibilities.  One-on-one
training is conducted to meet the specific needs of a single reporting entity.  Problems discussed are followed 
up on monthly telephone conferences to discuss the status and time line for resolving outstanding issues.  We 
emphasize to our analysts that preparing training materials is a key to demonstrating their understanding of 
the fine points of the reporting instructions, a critical job standard.

REPORT CHANGE PROCESS

6.1 The Federal Reserve Bank of New York collects a wide range of data that supports monetary policy, 
bank supervision, and the creation of international accounts.  Our largest, most complex reporting entities 
typically must file hundreds of reports per year.  To ensure our reporting requirements represent data that is 
actively used and needed, and to reduce wherever possible unnecessary or duplicate reporting, our Office of 
Management and Budget (OMB) requires a comprehensive review of each report every 3 years. In addition, 
when we identify a burden, we act as an advocate to reduce reporting and to eliminate inconsistencies.

6.2 In conjunction with the formal 3-year review, we must formally announce changes (or no changes) 
through a Federal Register Notice (FRN) process at which time any entity or individual can submit 
comments related to the report that is on notice. All comments are reviewed and addressed by the agency 
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responsible for the report.  The comments and the response to each comment are included in the final 
published FRN.

6.3 Although formal communication channels are in place, we believe strongly in discussing possible
changes with the reporting community before the FRN is published.  These conversations either confirm that 
our changes can be implemented and the data reported without adverse burden, or lead to adjustments in the 
details of the reporting changes.  Both cases lead to higher quality data while meeting the users’ data needs.
The conversations with reporting entities also lead to further insights into how their back office systems are 
integrated and the process used to compile data for reporting.

INSTRUCTION CLARIFICATIONS

7.1 There are times that reporting guidance provided in written instructions needs to be clarified due to 
changing market terminology or because the original instructions were not as clear as intended.  If the 
reporting requirements are not changing, then instructions may be updated without going through the FRN 
process.  Reporting entities that specialize in the area of the instructions being clarified, or ones that found 
the originally worded instructions to be confusing, are requested to provide comments on draft instructions.

CONCLUSION

8.1 Active communication takes many forms.  Whether the communication is initiated by FRBNY staff, 
such as training and report proposals, or it is initiated by reporting entities, such as through correspondence, 
the resultant conversations provide both parties with an opportunity to learn and improve data quality.
Building relationships with reporting entities leads to open, two-way communication.  Open communication 
leads to obtaining detailed information, which ultimately leads to higher quality data.
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Relationship with Survey Data Providers: the Bank of Thailand’s

Experiences

Chatwaruth Musigchai
Bank of Thailand
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ABSTRACT

The Bank of Thailand (BOT) collects several economic and financial data via conducting surveys.
During recent years, survey approach has played an important role upon the BOT’s data collection
exercises. While the BOT conducts most surveys on voluntary basis, feedbacks between the BOT and
providers, great mutual relationship and building trust with data providers are the keys to ensure
satisfactory response rates and quality survey results. This paper discusses the roles and summary of
the BOT’s data collection exercises via surveys along with some of major concerns encountered during
survey exercises such as lack of proper legal mandate, data inconsistency due to providers’ high staff
turnover, provider’s lack of incentive to cooperate etc. Concerns from the respondent’s perspectives
are also mentioned; e.g., burdens & resource constraints, data sensitivity issue etc. Some strategies
implemented to strengthen and enhance mutual communication and relationships with data providers
are also discussed in details. For instance, on-site company visits, hosting seminar & get-together
events for providers, how to deal with data confidentiality issue etc. Also included is conclusion
section on the BOT’s future plans: with emphasis upon raising survey efficiency via relationship
building program with key data providers as well as alternative approaches to overcome the lack of
legal mandate problem.

Keywords. Relationship, Survey, Data Providers, Thailand.
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Requesting Voluntary Data from Non-financial Corporations. The

Experience of the Banco de España CBSO

Manuel Ortega Ortega
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ABSTRACT

The Central Balance Sheet Data Office (CBSO) was set up in 1984 with the aim of building databases
of non-financial corporations’ financial statements (balance sheet, profit and loss account, cash flow,
annex, other). These databases have become a source for various uses both internally at the Banco
de España (risk assessment, economic indicators, financial stability analysis, monographic reports on
sectors of activity, among others) and externally, through the recurrent publication of the results of
non-financial Spanish firms (annually and quarterly), providing aggregate data to Regional Govern-
ments about developments at non-financial corporations in their region and, finally, preparing for
contributing firms, in exchange for their collaboration, an individual report comparing the company
with its sector of activity. Ultimately, the main challenge faced by the Banco de España CBSO over
the past 23 years has been the obtaining of data from contributors voluntarily. As there is no legal
obligation to submit the data to the CBSO, that has been both a handicap and an incentive for the
CBSO staff. This paper offers precise information on the two pillars underpinning the voluntary col-
laboration by non-financial corporations:
a) the CBSO’s continuous concern to reduce the reporting burden on companies. That involves
defining precisely the information needed, controlling and checking whether new necessary data are
available at a government source, using and developing new technologies to harmonise and smooth
data production and reception, and, finally, creating synergies with other statistical units.
b) the reciprocity principle, entailing the need to provide something in exchange to reporting firms.
That means the production of new, sufficiently summarised information for use by non-financial cor-
porations’ managers, as they have no time to analyse very complete and difficult statistics.

Keywords. Voluntary data; non-financial corporations; individual report; reducing the reporting
burden.
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1. Introduction 

In recent years, compilers of official statistics have been increasingly concerned about the need to 
improve the overall efficiency and effectiveness of statistical production. Efficiency and effectiveness relate 
to a range of interrelated aspects, from the organization of statistical institutions, to the processes they 
manage, to the quality of products. In the many definitions of "quality" for official statistics (IMF 2001, 
Elvers 2003), the acknowledgement of the importance of the "relevance" dimension is a constant. The 
production of statistics is, in fact, justified as long as it is relevant to users. In addition, the costs of the 
statistical activity should be acceptably sized, properly evaluating the benefits it generates. 

This paper deals with three concepts that are key for the assessment of the relevance of the statistical 
production: products, users and uses, in the framework of balance of payments (b.o.p.) statistics. In particular, 
the focus of the discussion is on the production and use of "micro" statistics, as opposed to "macro", 
provided as feed back data flows to b.o.p. data reporters. The issue is analyzed both from the theoretical and 
the application standpoint, illustrating the experience in Italy's central bank. 
 

2. Macro vs. micro b.o.p. statistics  

Balance of payments statistics aim at the measurement of the economic transactions - in goods, services, 
income, unilateral transfers and financial assets - that the residents of an economy undertake with the 
residents of the rest of the world, during a certain time period (IMF 1993). These statistics are fully 
integrated in the wider set of economic accounts that each country produces; as a result, b.o.p. is strongly 
linked to national accounts and financial accounts statistics.  

Hence, b.o.p. represent, traditionally, a fundamental information tool for macro analysis, for a wide range 
of users, such as governments, international organisations, private enterprises and researchers. The case of 
the euro area can be taken as a paradigmatic example. The European Central Bank uses b.o.p. statistics for 
monetary policy, the European Commission for economic policy and trade negotiations, national 
governments for regional analysis of various kinds. In the private sector, businesses and researchers use b.o.p. 
in the analysis of the structure and the evolution of the general economic framework, and, to the extent that 
detailed data are available, for studies on specific sub-sectors - e.g. trade in services or foreign direct 
investments. 

While macro uses of b.o.p. data are spread and long established, this is not the case for the micro uses of 
the same data. In this paper, b.o.p. micro data are collected from reporters, bank and non-bank firms, to 
compile the b.o.p., and are disseminated back to reporters, after some elaborations, at a relatively high level 
of detail. Given their typical retroaction, the micro data are named here feed back data flows (FDF). A 
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distinctive feature of FDF, as defined in this paper, is that they allow the reporter/user/enterprise1 to identify 
the data referred to the reporter itself. As a consequence, users can analyze the data set to outline, in essence, 
the position of the enterprise, vis-à-vis the whole economy, the industry to which the firm belongs, or a 
specific market segment, as it will be further explained in the following. 

Confidentiality aspects, of course, play a relevant role in the definition of the level of disclosure of FDF. 
Two types of FDF are possible in this respect: 

a) non-disclosed FDF, where the data set disseminated allows the reporter to identify, within the full set 
of data, the data that the reporter itself had provided to the compiler, but does not allow to associate 
the rest of the data to individual other reporters; e.g. firm A can "see" and identify the data it reported 
but it can only see, not identify, the data that firm C reported, as the latter data are presented in an 
anonymous way. One technique to anonymise other reporters' data is to use fictitious, randomly 
assigned, reporters' identification codes; each reporter would only be allowed to identify its own 
code, through an individual key provided by the compiler. 

b) disclosed FDF, where the data set disseminated to reporters allows the reporter to identify, within the 
full set of data, the data that the reporter itself had provided and, also, to associate the rest of the data 
to each individual other reporter; e.g. firm A can see and identify the data it reported, as well as the 
data that firm C reported. This requires that reporters preliminary formally authorize the compiler to 
disclose their information to other reporters. 

The level of disclosure, obviously, strongly affects the information potential of FDFs. While non-disclosed 
FDF only allow the analysis of the position of the enterprise within the industry as a whole, disclosed FDF 
allow to perform comparisons vis-à-vis each other individual competitor. 
 
2. Basic generalization of feed back data flows  

In this paragraph we describe some basic analysis that users can perform on FDF data sets. To this end, we 
preliminary attempt a generalization of FDF characteristics, beyond b.o.p.-specific aspects, in the case of 
quantitative measures on enterprise activities. In this generalized approach, FDF provide the following 
information: 

i. identification code of the reporting enterprise (fictitious or real, respectively, for non-disclosed 
and disclosed FDF); 

ii. period of observation; 
iii. a number of  qualification attributes, e.g. direction of flows (import or export, inflow or 

outflow, etc.), nature of the transaction (type of good, service or financial asset), partner 
country, location of the reporting firm, etc.; 

iv. the relevant quantitative variable (e.g. amount of the transaction, in the case of b.o.p. FDF). 
We name market segment the particular "market" defined by a modality of an individual qualification 

attribute (under iii. above) or by a combination of modalities of two or more qualification attributes included 
in the data set. For example, if the data are disaggregated by direction of flows, nature of the transaction and 
partner country, market segments can be: "exports to Germany" and "imports of communication services 
from France". For each reporting firm, with reference to a specific market segment, the following basic 
indicators can be easily defined: 

- the market segment value for the reporter (SVr,t,s), or the total amount of transactions for enterprise r, 
at time t, and for market segment s; 

- then, with R enterprises, the market segment value for the system (SVSt,s), or the total amount of 
transactions for all enterprises, at time t and for market segment s, is  

                                                      
1 In the following, these terms will be used interchangeably. 
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- and the market share of the reporter (MSr,t,s), for enterprise r, at time t and for market segment s, is 

the ratio 

It is also straightforward to calculate ranks, i.e. the position of the enterprise in the list of enterprises in 
descending order of market shares, for a particular segment and period. If data on more periods are available, 
dynamic analysis are possible, on the evolution of market shares over time. In other words, the following 
further indicator can be calculated: 

- the change of market share of the reporter (∆MSr,t1,t2,s), from time t1 to time t2, for enterprise r and 
for market segment s, is 

strstrsttr MSMSMS ,1,,2,,2,1, −=∆  
Producers of FDF should appropriately account for mergers and acquisitions, which would otherwise 

result in spurious breaks of market shares time series. To this end, the merge of the two (or more) involved 
enterprises should be extended backward. 

The change of market share is a particularly significant synthetic indicator, indicating how the enterprise 
behaved in comparison to competitors. In the case of disclosed FDF, it can also provide an insight of the 
evolution of each individual competitor's market share. 

Provided that the data set is detailed enough, i.e. with a large number of qualification attributes, even 
analysis carried out through the "core" indicators illustrated above, can allow a systematic, fact-based, 
monitoring of the competitive position of reporting firms.  

Of course, an almost unlimited range of more sophisticated analysis is possible, especially in the case of 
large, detailed data sets. For example, FDF can allow: 

- to analyze the structure of market segments in full details (number - and names, in disclosed FDF - of 
firms present in each market segment, degree of concentration of the industry / market, etc.); 

- to define the operational profile of competitors, by identifying the market segments in which they are 
present and  the respective market shares; 

- to perform more comprehensive studies by combining FDF data with other databases, for example, 
with  information on structural characteristics of competitors. 

 

3. An application for banks  

In the mid Nineties, the Ufficio Italiano dei Cambi (UIC), jointly responsible with the Bank of Italy for 
the compilation of Italy's b.o.p., started the production of electronic FDF specifically addressed to resident 
banks (IMF 1995). The source of data is represented by the reports that bank themselves provide to the UIC, 
for b.o.p. purposes, on cross-border settlements carried out on behalf of customers. Two products have been 
developed. The first one ("UIC-MAS"), a non-disclosed FDF, is addressed to all resident banks, the second 
one ("UIC-FIRMA"), a disclosed FDF, is only addressed to the biggest (around 150) ones. Given the already 
mentioned superior information potentialities of disclosed FDF, in the following we will focus on UIC-
FIRMA.  

Banks formally gave their consent to have their data fully disclosed within the sample of banks 
participating to UIC-FIRMA. Data are broken down by reporting bank, period of observation (half-year or 
year), nature of the transaction, Italian province and partner country. As a result, the market segments, as 
defined in previous paragraph, are represented by, for example: the cross-border settlements that banks 

∑
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carried out on behalf of customers in first half-year of 2006, in the province of Milan, for transactions in 
goods vis-à-vis China. For each market segment, each bank market share and rank is indicated. A 
particularly appreciated feature of the product is that the change of market share in each Italian province is 
highlighted through intuitive graphical representations. Bank mergers are appropriately dealt with, to 
preserve time series consistency.  

The product is distributed half-yearly, on CD-ROM, along with an ad-hoc user-friendly application for 
data browsing. A decade after its introduction, UIC-FIRMA proves to be a highly welcome information tool. 
Banks, especially the largest ones, use it extensively in various decision-support and management control 
activities, such as market analysis, budget planning, etc.  

The contents of UIC-FIRMA are periodically re-assessed with users. From banks' feedback it emerges that 
they are mainly keen on the monitoring of the segments of customers' international settlements in the non-
financial area, especially goods and services, with a focus on territorial distribution. Apparently, the 
acquisition of larger market shares, to the detriment of competitors, in this particular field of customers' 
operations, in a specific Italian province, positively affects bank's profits. It can be reasonably assumed that 
customers carrying out 'big' current account cross-border settlements have a profile that is attractive also with 
respect to the bank's other sectors of activity.  
 
4. Private uses of public goods  

Enterprises, banks and non-banks, have to bear an increased reporting burden for b.o.p. statistics. As a  
strategy to offset, even if partially, these costs, feed back data can be returned to reporters. Put in other words, 
official statistics are a typical example of "public good", which in general implies a high cost of production 
but, in the end, is distributed for free. The expansion of the quantity/ quality of the private uses of this public 
good, as proposed in the present paper, can significantly augment its value for the collectivity.  

In particular, microeconomic uses seem possible in the b.o.p. domain, given the relatively high detail of 
information provided. FDF applications for non banks look in principle even more promising than  those for 
banks, as the competition on international markets is even more crucial for them. Moreover, the potential of 
FDF addressed to non banks would be enormously improved if their production and distribution would be 
centralized at a supranational level. This, for example, would allow a French firm producing domestic 
appliances to monitor its competitive position in the Dutch market of refrigerators, not only vis-à-vis the 
other French companies but also, most importantly, with respect to the competitors from the Netherlands, 
Belgium, Germany, etc. 

As a conclusion, FDF can enhance relevance and accuracy of statistics, in a cost-effective way, as they 
seem to show the following positive characteristics: 
• they may increase the effectiveness of statistical production, by widening the range of uses of statistics; 
• they may contribute to the improvement of the accuracy of statistics, as they can motivate reporters to 

provide compilers more accurate figures, in order to receive more reliable data in return, in a sort of 
"virtuous circle"; 

• they are relatively unexpensive, as they are obtained with low extra-costs from the main statistical 
production of compilers, as a by-product. 
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Abstract 
In January 2006, the Oesterreichische Nationalbank (OeNB) switched to a direct reporting system in 
compiling the Austrian balance of payments. To optimize data results and keep reporting burdens to a 
minimum, the OeNB entered into an extensive dialogue with the reporting population at an early date. 
Besides seeking direct contact with Austrian business corporations the OeNB committed itself to 
closely cooperating with the domestic chamber of commerce and the national Financial Market 
Authority and, most important, concluded a master cooperation agreement with the national statistics 
institute (NSI). The positive experiences with the new compilation system support the thesis that 
compilers should above all stress the aspect of service orientation vis-à-vis the reporting agents and 
assert their regulatory authority as little as possible. In the next years, the OeNB will strengthen these 
activities in line with its long-term strategy of serving as a competence center for Eastern European 
countries (“going east”) and for financial literacy in Austria.  
 
1. Introduction 
In January 2006, the Oesterreichische Nationalbank (OeNB) switched to a new system for compiling 
the Austrian balance of payments. In particular, this move involved shifting the reporting population 
away from financial intermediaries towards financial and nonfinancial corporations, households and 
public authorities engaged in foreign transactions. The OeNB’s decision to introduce a direct reporting 
system rather than continuing to compile cash data on payments corresponds to a trend currently 
spreading in Europe. This transformation process has been triggered mainly by the introduction of the 
euro and by the strong increase of in-house cash centers run by affiliates.  
 
In a historical perspective nonfinancial corporations in Austria, unlike the so-called MFI sector, did 
not regularly report to the central bank in the past. Exceptions marked yearly direct investment surveys 
and quarterly reports on external accounts. When developing the concept four years ahead of the 
intended date of introduction, the OeNB therefore put special emphasis on establishing solid 
communication channels with corporations classified in the nonfinancial sector of the Austrian 
economy. This paper describes the communication concepts chosen and the experiences made in 
introducing the new balance of payments system, a project that was divided into three phases, namely 
(i) a planning phase, (ii) a rollout phase and (iii) a stabilization phase.  
       
2. Planning phase  
The leitmotif established by the OeNB’s board of directors for guiding the transformation of the 
Austrian balance of payments system was to “make reporting as easy as possible” for business 
corporations. To this effect, the OeNB’s balance of payments division was required to search for 
potential institutional synergies and to make utmost use of available register and administrative data. 
The OeNB’s efforts to keep the reporting burden to a minimum were considered to be a precondition 
for guaranteeing high response rates and a sound quality of reported data also within the new 
compilation framework. Another prerequisite for establishing a close and sound collaboration with 
reporting agents was the OeNB’s continuing firm commitment to the duty of confidentiality regarding 
individual data. While the efforts mentioned so far focus on the statistical input, the planning phase 
was also meant to raise reporting agents’ awareness for the central bank's statistical tasks and for the 
benefits that official statistics provide for both national and individual purposes. 
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To support these objectives during the planning phase, the OeNB pursued two different organizational 
approaches. First, the OeNB was able to make use of established contacts with selected Austrian 
business corporations to carry out on-site tests to check how well existing accounting records conform 
with the statistical requirements imposed by international standards. Second, the OeNB committed 
itself to cooperating closely with the Austrian chamber of commerce. This effort resulted in the 
establishment of different working groups, including representatives of the central bank, business 
lobbies and business corporations, to revise statistical, fiscal and accounting standards. A case in point 
are the two working groups established at the Austrian association of insurance companies, which was 
able to use the expertise of the Austrian Financial Market Authority.  
 
As an institutional prerequisite to implementing a direct reporting system in Austria, the OeNB 
concluded a master cooperation agreement with Statistics Austria, the national statistics institute 
(NSI). By drawing on the expertise of Statistics Austria in documenting real transactions and the 
OeNB’s expertise in documenting financial transactions, the OeNB was able to capitalize on synergies 
in the field of external statistics. This includes harmonization with the National Accounts, the use of 
varied NSI data sources and well-established NSI contacts to the nonfinancial business sectors. This 
master agreement is supplemented by a service provider contract on the compilation of services 
exports and imports, based upon which the NSI collects data from nonfinancial companies and the 
OeNB from insurance companies and banks, respectively.   
 
The efforts undertaken during the planning phase resulted in the enactment of the foreign exchange 
law 2004. Unlike former legislation, the new law assigns the OeNB the same legal status as the NSI 
regarding the use of statistical information, register and administrative data. At the same time, the new 
law ascertains the confidentiality of individual data. Two reporting regulations adopted alongside 
specify individual reporting items, periodicities and reporting dates, and provide for an annotation of 
terms and concepts. According to the OeNB’s leitmotif, reporting agents may choose among a varied 
range of reporting media, and the central bank has accepted the responsibility to perform 
comprehensive calculations and estimations on its own account in order to make utmost use of 
accounting records as well as of fiscal and supervisory information. Finally, to minimize the reporting 
burden for Austrian business corporations qualified samples dependent on the type of transaction and 
business sector were implemented.  
 
3. Rollout Phase 
Introducing the legal foundation of the new compilation system for the Austrian balance of payments 
was accomplished in time without resistance from either politics or lobbies in Austria. The OeNB 
attributes this fact to the transparent and cooperative approach chosen. The subsequent stage was the 
rollout phase, aimed to inform the reporting population comprehensively and early on to minimize 
frictions during the actual transition period. In accomplishing this task, the OeNB again attached great 
importance to communicating the national as well as individual benefits of the balance of payments 
statistics. As the balance of payments division does for the OeNB’s yearly press balance of payments 
conference, the available data were edited specifically to answer questions about welfare effects of 
foreign trade, and about Austria’s international competitiveness and its quality as an industrial location 
from national, regional and sectoral perspectives.    
 
This information campaign was primarily designed to reach the reporting population in general, 
mainly by organizing two road show series, comprising lectures given by the statistics experts of 
OeNB and Statistics Austria in all regional capitals of Austria. These events were supported by 
external advisers as well as by the OeNB’s department for public relations and its regional branches. 
The first road show series in 2004 concentrated on communicating the reporting requirements for 
compiling the financial account; the second series, organized one year later, dealt with the compilation 
of the current account, focusing on the survey of exports and imports of services among business 
corporations.  
 
To accompany the road shows, the OeNB established a dedicated website designed to answer all 
possible questions on the new balance of payments system. Besides the legal fundamentals, the 
website gave a preview of the new electronic reporting media at that time. The website itself was 
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meant to be transferred into the general balance of payments website of the OeNB once the 
transformation process was completed. Moreover, asking questions directly was facilitated through the 
introduction of a hotline service, supported by the statistics experts of OeNB and Statistics Austria. 
Furthermore, the OeNB created a newsletter service informing reporting agents about important steps 
accomplished in the countdown to the introduction of the new system on January 1, 2006. The general 
part of the rollout phase was completed with advertisements in major national and regional 
newspapers and with briefings for journalists.  
 
Besides the general part of the information campaign, a special event targeted the various economic 
sectors in detail. The statistics experts of OeNB and Statistics Austria gave lectures at the different 
branches of the Austrian chamber of commerce. Articles were published in various professional 
journals, ranging from regional media of the chamber of commerce to the trade newspaper of the 
Austrian electricity industry. The OeNB further aimed at initiating multiplier effects with 
professionals like accountants, tax consultants, financial auditors, lawyers and notaries. Corporations 
providing special software solutions for reporting purposes in Austria were also briefed in detail, and 
on-site consultations of business corporations subject to reporting obligations either to the OeNB or 
Statistics Austria were offered.    
 
To draw conclusions about the rollout phase, benefits no doubt include personal contacts established 
with the reporting agents, learning effects initiated on both sides as well as the promotion of 
transparency and understanding. Furthermore, the networking of the balance of payments division 
with other departments of the OeNB as well as with other institutions and with the media in Austria 
were instrumental in ensuring the success of the information campaign. During this phase both 
statistics providers in Austria, the OeNB and Statistics Austria, recognized and committed themselves 
to the growing importance of closely communicating with reporting agents in particular and with the 
public in general, a major prerequisite for the cooperation envisaged. Inevitably, the OeNB must also 
report some drawbacks, especially sizeable costs concerning time and effort in organizing a nation-
wide information campaign together with sometimes limited effects on reaching the target audience. 
Focusing communication on specific target groups can be seen as superior to broad-based initiatives, 
but inevitably generates follow-up expenses for consulting and support services.   
 
4. Stabilization Phase  
At present, in the early months of 2007, the OeNB is finalizing the balance of payments statistics 
based on the new compilation system for the first reporting year. Overall, we can conclude to have 
managed the transition successfully. For example, Statistics Austria concludes that the introduction of 
the new survey of services exports and imports was most effective concerning the number of 
respondents and the plausibility of first results. Both institutions put their positive experiences down to 
the vast communication with corporations, directly or through intermediaries. Until the first revision 
of the reporting year 2006, data are stabilized by means of recalculations, reconciliation of hybrid data 
sources, for example for travel, and by further developing the plausibility of model assumptions and 
configurations. Concerning insurance corporations, a service level agreement with the national 
Financial Market Authority is currently being concluded modeled on the master cooperation 
agreement with the NSI. 
 
An important second part of the stabilization phase is giving feedback to the reporting population to 
secure the quality of data also in the future. The OeNB is organizing regular events with different 
respondent groups, varying with the type of economic sector and the type of report. Besides discussing 
the development of technical applications and the revision of the annotation of terms and concepts, 
this framework should set the stage for presenting economic and reporting agents the results of the 
Austrian balance of payments in detail and for discussing data plausibility with them. During the 
previous settlement system, the OeNB had already developed such a framework with the national 
banking sector in particular. The OeNB’s experience shows that such feedback to information 
providers encourages the appreciation of the individual benefits of official statistics and the joint 
responsibility for its results.   
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During the introduction of the new compilation system, the additional reporting costs for business 
corporations were argued for by the improved quality of statistical results, including better response to 
economic trends, better comparability with international statistics and the national accounts as well as 
additional detail information. This allows not only for better data for economic analysts and 
researchers, but also for broad data services for business corporations regarding commercial 
objectives. The OeNB has gained indications of such user needs already during the rollout phase and 
considers the cooperation with the Austrian chamber of commerce of vital importance in this respect. 
Both institutions aim at concluding a master cooperation agreement and giving mutual support. This 
should not only assist the OeNB in communicating with business corporations as reporting entities, 
but also facilitate cooperation for commercial events like the export initiative “going international” by 
sharing information about data needs as well as by gaining access to individual data.  
 
The OeNB in general and the balance of payments division in particular have a long-standing tradition 
in communicating statistical results in detail. Following the leitmotif of being “a competence center 
for financial data” in Austria, the OeNB supports the general public as well as researchers and 
business corporations in interpreting the data and offers various service activities like press 
conferences, the Internet and the Statistics Hotline. In the next years, the OeNB will strengthen these 
activities according to its long-term strategy focusing on a competence center for Eastern European 
countries (“going east”) and financial literacy in Austria. Special analyses for businesses shall be 
offered regarding regional market shares, international competitiveness, opportunities to export and 
the attractiveness of Austria as a business location to establish close links between the central bank 
and the economy. To answer these questions, different statistical, register and management data need 
to be combined. With the enactment of the foreign exchange law 2004, the OeNB can make use of 
these data as it is attributed the same legal status as the NSI. Nevertheless, given the continued firm 
commitment to the duty of confidentiality regarding individual data in Austria, the opportunities for a 
general publication of commercial analyses are limited.  
 
The enhancement of the service activities of the OeNB corresponds to a trend supported by 
international organizations like the IMF and the OECD and concurrently realized by various national 
statistics producers, NSIs and central banks worldwide. Following the steadily increasing data needs 
of the modern information society, the costs for the compilation of statistics are rising, both for the 
compiler and the economy. In order to secure the quality of individual reports and – as a result – of 
macroeconomic data, the usefulness of official statistics must be individually perceptible. A concrete 
example for this development is the use of balance of payments data for the export initiative of 
Austrian consultants. A working group established by the chamber of commerce, which next to 
representatives of the OeNB and Statistics Austria comprises those of the ministry of finance and the 
ministry of economy as well as of the national economic research institutes, deals with the export 
potentials of knowledge-based services. The OeNB has supported the task by providing detailed 
information based on historical time series. The new balance of payments data allow for the analysis 
of services exports in much greater detail. Additionally the legal prerequisites have been found to 
enable the OeNB to cooperate with both in-house and external researchers to develop special models 
for answering the respective commercial question, as has been specified above. The case of the export 
initiative of consultants in Austria displays the congruent information needs of statistics producers and 
the economy, which gives evidence of the practical foundations of modern official statistics as well as 
of the growing integration of users and respondents. 
 
CONCLUSIONS 
To conclude, it would appear most important for service providers to focus on service orientation vis-
à-vis the reporting agents and to assert their regulatory authority as little as possible. It is of utmost 
importance – even if sometimes difficult and time-consuming – to convince business corporations of 
the benefits they are able to gather themselves when reporting high-quality data in a timely manner. 
Therefore, the OeNB will continue and increase its efforts to enter into extensive dialogues with the 
reporting population in order to optimize data results and simultaneously keep reporting burdens to a 
minimum.  
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Component of Financial Statistics Quality in 
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Ekaterina Prokunina 
Bank of Russia, General Economic Department, 
12, Neglinnaya Str., 
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1. Introduction 
The quality of data is a key comprehensive criterion used in evaluating official 

statistics in any country. According to the IMF data quality assessment standard 
(DQAF), compliance with this criterion implies not only having the adequate legal 
framework for the collection of statistical data, the use of internationally accepted 
data compilation standards and the accessibility of data for users, but also the 
accuracy and reliability of initial data. The latter depends to a great extent on how 
effective is co-operation between the data-producing agencies and reporting 
entities, how well the respondents understand the importance of information 
requested, know the methodology of data compiling and realise the need to present 
it in time. 

This paper analyses the experience gained by the Bank of Russia recently in 
expanding the coverage of monetary and financial statistical data and arranging co-
operation with the insurance companies and non-government pension funds for the 
purpose of compiling a survey of financial corporations in compliance with the 
requirements of the IMF Monetary and Financial Statistics Manual (MFSM-2000). 

2. Prerequisites of quality of individual data for compiling monetary and 
financial statistics 

The Bank of Russia is the official agency responsible for the compiling of 
monetary statistics in Russia. It has all legal powers in respect to credit institutions 
for the fulfilment of this function and the receipt of necessary data. The Law on the 
Central Bank of the Russian Federation (Bank of Russia) stipulates that the Bank of 
Russia has the power to request and receive from credit institutions information 
about their activities, demand explanation of the information received and establish 
compulsory accounting and reporting rules. The law also empowers the Bank of 
Russia to use penalties for non-compliance with reporting requirements, including 
the revocation of a banking licence in case of significant misreporting.

When the Bank of Russia, like other central banks, compiled the monetary 
survey on the basis of banking sector data, the main source of data for monetary 
statistics was the monthly balance sheets of credit institutions. To ensure their 
reliability at the collection stage, the Bank of Russia 

1/ establishes mandatory rules for compiling and providing reports from credit 
institutions. These rules regulate the methodological and organisational aspects of 
data compilation and submission, including definitions, algorithms, linkages within 
reporting form and with other related reporting data, point of contact and the 
procedure for providing information in case of misreporting; 

2/ discusses with the banking community the drafts of new reporting forms and 
the changes in existing ones and organises their pilot-testing with the sample of 
respondents;

3/ develops for credit institutions the software package for compiling, 
controlling and transferring reported data electronically; 

4/ conducts on-site inspections of credit institutions to verify their reports; 
5/ explains reporting requirements to credit institutions at seminars and 

conferences.
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It is also important that the Bank of Russia organises the collection of reports 
from credit institutions through its branches in the regions where credit institutions 
are registered and supervised. There is a reason to believe that this practice along 
with the measures described above ensures the necessary level of co-operation with 
respondent banks and helps them maintain the quality of individual data for the 
compiling of monetary statistics.  

3. Analysis of capabilities for collecting data from other financial 
intermediaries 

As a result of sustained growth of the financial sector of the Russian economy, 
comprised of banks and other financial institutions, the Bank of Russia faced the 
problem of covering a wider range of respondents for the purpose of further 
implementing the MFSM principles and compiling the financial sector survey. At 
the first stage it selected insurance companies and non-government pension funds 
as the most rapidly growing institutions, which are likely to have some elements of 
money supply in their liabilities. 

The first challenge, which can be identified, was how to obtain the necessary 
data. In order to realize the situation the Bank of Russia studied the legal and 
institutional environment and  resources available. As mentioned above, under the 
law the Bank of Russia is empowered to request and obtain the necessary data from 
the banks. In addition, to compile monetary and balance of payments statistics and 
to analyze economic situation the Bank of Russia has the right to request and 
receive free of charge the necessary information from the federal bodies and legal 
entities. This, however doesn’t mean that these organizations are obliged to pass 
statistical data to the Bank of Russia, as will be shown later in the course of this 
paper.  

On the other hand, agencies that regulate the activities of the financial 
intermediaries (Federal Insurance Supervision Service for insurance companies, 
Federal Financial Markets Service for non-government pension funds) have the 
authority to compile information from them only arising from the functions they 
perform. Furthermore they have to consider financial restrictions because all 
activities of federal bodies, including information needs, are financed out of the 
federal budget. Taking into account that the main functions of the above-mentioned 
agencies are connected with supervision  they have no responsibility to obtain the 
information for compiling macroeconomic financial statistics. 

This forced the Bank of Russia to decide obtaining and processing the 
necessary data from other financial intermediaries  itself using its regional branches. 

To evaluate the financial corporations’ capability of compiling and submitting 
the necessary data, the Bank of Russia requested the top 100 insurance companies 
to fill in a table containing data on assets and liabilities broken down by financial 
instruments and sectors of the economy and make comments on this table.  

The results of the study allowed the Bank of Russia to determine the direction 
in which it should continue to work to receive appropriate individual data: 1/ to 
specify the methodology of break-downs of assets and liabilities by sector; 2/ to 
create an effective legal framework that would require insurance companies and 
non-government pension funds to report data to the Bank of Russia for the purpose 
of compiling financial statistics on a regular basis. The latter proved crucial because 
insurance companies refused to report to the Bank of Russia of their own accord 
(only 29 out of 100 insurance companies provided data requested for the study). 

4. First experience of co-operation with financial institutions in providing 
information for the purposes of the financial sector survey 

Confronted with reluctance of insurance companies to report the data, the 
Bank of Russia drafted on the basis of the survey results reporting forms for 
insurance companies and non-government pension funds, agreed them with the 
corresponding supervisory authorities and sent them to the Federal State Statistics 
Service (Rosstat) for approval. Rosstat issued Resolution No. 61, dated August 9, 
2005, which endorsed these forms and set the requirement for insurance companies 
and non-government pension funds to provide them to the Bank of Russia on a 
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quarterly basis beginning from the reports for 2005. In accordance with the 
established procedure, this Resolution was published and the Bank of Russia began 
to prepare its internal arrangements for the collection and processing of data. 

The publication of the Resolution provoked an unexpected strong reaction. 
The National Insurers Union (NIU), Russia’s largest association of insurance 
organisations, publicly voiced its disagreement with the decision that required 
insurance companies to report to the Bank of Russia. The NIU argued that the 
corresponding supervisory authority already had all the necessary information and 
the provision of additional information to the Bank of Russia would increase 
insurance companies’ costs and, consequently, result in insurance rates rise. The 
NIU urged the Bank of Russia to hold consultations with the insurance community 
and explain to it why it was necessary to collect data in the new form.  

This reaction revealed a serious flaw in the preparations made by the Bank of 
Russia, which concentrated all its efforts on getting approval for the new reporting 
forms by supervisors and Rosstat and, having contact with no other financial 
institutions than banks, it failed to inform the future respondents about its plans. To 
resolve the problem, the NIU initiated the working group, which included 
representatives of the NIU-affiliated insurance companies, the Bank of Russia, the 
Federal Insurance Supervision Service and Rosstat. The participation of the Bank of 
Russia representatives in the working group and the constructive discussion held 
within its framework helped resolve the following urgent issues: 

- the insurance community was to realise the importance of data collection for 
the decision-making process at the macroeconomic level; 

- the sides agreed the specific aspects of compiling data for the first reporting 
period - 2005, which included the use of expert valuations whenever the internal 
sources lacked the necessary data; 

- the participating insurance companies familiarise with the Bank of Russia’ 
procedure for accepting and controlling the reports provided.

The protocols of the working group’s meetings and the decisions it had taken 
were soon put on the NIU website.  

There is reason to say that co-operation with respondents within the 
framework of the working group proved a successful form of relationship, as it 
made it possible to settle all differences and ensure the effective collection of data 
for 2005. The results of the first data collection were satisfactory: 91% of the 
registered insurance companies and 88% of the registered non-government pension 
funds presented reports to the Bank of Russia.

5. Specific forms and methods of co-operation with financial institutions in 
providing information for the purposes of the financial sector survey 

The procedure set by the Bank of Russia for insurers and pension funds to 
report for the purposes of the financial sector survey is based on the existing 
procedure for collecting data from credit institutions. This means that the insurance 
companies and non-government pension funds report to the Bank of Russia 
branches in the regions where they are registered and use the same data preparing 
and transmission facilities as credit institutions. At the same time, differences in the 
regulation of the Bank of Russia data collection from the banks and other financial 
intermediaries determine the specific approaches to the collection of reports from 
the insurers and pension funds and the choice of priorities in the efforts to ensure 
the quality of the data received.  

Thus, the Bank of Russia is now paying more attention to the provision of 
information and methodological support for the data compilation and transmission 
process. A special section of the Bank of Russia website, Reporting by Other 
Financial Institutions, contains the following information:  

- instructions relating to the procedure for compiling and submitting reports by 
insurance companies and non-government pension funds and their co-operation 
with the Bank of Russia regional branches; 

- explanations of methodological issues asked by reporting institutions 
concerning the filling in of the reporting forms; 
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- electronic form templates for insurance companies and non-government 
pension funds with initial data control functions and user instructions; 

- the list of insurance companies reporting quarterly (selected on “cut of tail” 
basis).

NIU capabilities are also used to provide up-to-date information to respondents 
and maintain contact with them. The Bank of Russia provides the NIU with all 
information it needs to put on its website. In addition, within the framework of the 
above-mentioned working group under the aegis of NIU, the Bank of Russia 
organised the discussion of the projected changes in the methodology of compiling 
reports, the need for which became obvious in the course of collecting reports in 
2006. We believe that a preliminary discussion of those changes with reporting 
institutions is useful and should be regarded as an indispensable element of the 
work aimed at ensuring the required quality of individual data. 

Another important aspect of co-operation with respondents is providing them 
with the results of the processing and analysis of collected data. Having summed up 
the results of the 2005 data collection, the Bank of Russia disseminated analytical 
and statistical material through its official publication, the Bank of Russia Bulletin, 
and website. It contains consolidated data on the banking system and other financial 
intermediaries in the form of a survey and separately information on the assets and 
liabilities of insurers and pension funds disaggregated by financial instrument, 
currency and sector of the economy. Made public for the first time, this information 
provoked a positive response from market participants. 

Yet another important aspect of the collection of data from other financial 
intermediaries is a more flexible approach to the dates of the data reporting and 
correction of data necessary for their completeness and  improvement of their 
quality. Specifically, the Bank of Russia allowed financial intermediaries to report 
after the end of the established collection period and ruled that such reports could 
be accepted by its regional branches and passed to the central office within three 
working days after the established deadline or along with the reports as of the next 
reporting date. Should errors be discovered as a result of the verification of reports, 
corrected reports also may be provided during the report acceptance period or later 
for the period no longer than the last four quarters. It is also clear that in its relations 
with insurers and pension funds the Bank of Russia refrains from sanctioning them 
for non-reporting or late reporting, putting on its regional branches the main burden 
of ensuring the required coverage of respondents and the timeliness of reporting.

6. Conclusion 
This paper provides insight into the experience gained by the Bank of Russia 

in creating a database for the compiling of monetary and financial statistics in 
compliance with international standards. This experience serves to show that the 
efforts made by the compilers of macroeconomic statistical data to ensure 
qualitative information can only succeed if they are accompanied by measures to 
build an effective interrelationship with respondents. We would like to hope that the 
approaches of arranging co-operation with reporting institutions used by the Bank 
of Russia prove also useful for other central banks.
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Durham University, Department of Mathematical Sciences
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Coolen-Schrijner, P.
Durham University, Department of Mathematical Sciences
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E-mail: Pauline.Schrijner@durham.ac.uk

1. Nonparametric Predictive Inference

Coolen (1998) presented Nonparametric Predictive Inference (NPI) for Bernoulli random quan-
tities, based on a representation of Bernoulli data as outcomes of an experiment similar to that used
by Bayes (1763), with Hill’s assumption A(n) (Hill 1968, 1988) used to derive direct predictive proba-
bilities for future observations based on available data. The lower and upper probabilities presented
by Coolen (1998) have strong internal consistency properties in the theory of interval probability
(Augustin and Coolen 2004, Weichselberger 2001). Due to the use of A(n) in deriving these lower
and upper probabilities, they fit in a frequentist framework of statistics but can also be interpreted
from Bayesian perspective (Hill 1988, Coolen 2006). NPI is also ‘perfectly calibrated’ in the sense of
Lawless and Fredette (2005). In this paper, we briefly give the main results from Coolen (1998), and
we illustrate their use in two recently developed applications.

Suppose that we have a sequence of n + m exchangeable Bernoulli trials, each with ‘success’
and ‘failure’ as possible outcomes, and data consisting of s successes in n trials. Let Y n

1 denote
the random number of successes in trials 1 to n, then a sufficient representation of the data for our
inferences is Y n

1 = s, due to the assumed exchangeability of all trials. Let Y n+m
n+1 denote the random

number of successes in trials n + 1 to n + m. Let Rt = {r1, . . . , rt}, with 1 ≤ t ≤ m + 1 and
0 ≤ r1 < r2 < . . . < rt ≤ m, and, for ease of notation, let us define

(s+r0

s

)
= 0. Then the NPI-based

upper probability (Coolen 1998) for the event Y n+m
n+1 ∈ Rt, given data Y n

1 = s, for s ∈ {0, . . . , n}, is

P (Y n+m
n+1 ∈ Rt|Y n

1 = s) =

(
n + m

n

)−1 t∑
j=1

[(
s + rj

s

)
−
(

s + rj−1

s

)](
n− s + m− rj

n− s

)
(1)

The corresponding lower probability (Coolen 1998) is derived via the conjugacy property

P (Y n+m
n+1 ∈ Rt|Y n

1 = s) = 1− P (Y n+m
n+1 ∈ Rc

t |Y n
1 = s)

where Rc
t = {0, 1, . . . ,m}\Rt. This conjugacy property agrees with the fact that these lower and upper

probabilities are F -probabilities in Weichselberger’s theory of interval probability (Weichselberger
2000, 2001). These lower and upper probabilities also have attractive properties beyond internal
consistency, as the interval created by the lower and upper probability for an event A always contains
the precise empirical probability for A as based on the observed data, and the lower (upper) probability
increases (decreases) as function of n, for constant s/n.
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2. Comparison of proportions

To compare two or more independent groups of data, each consisting of a number of successes
and failures, for example to compare effectiveness of different treatments, the general upper proba-
bility (1) and the conjugacy property can be used to derive upper and lower probabilities on events
which directly compare m ≥ 1 future observations from each of the different treatments, enabling both
pairwise and multiple comparisons. For general results on NPI pairwise and multiple comparisons,
and more details on the example presented below, we refer to Coolen and Coolen-Schrijner (2007a).
We briefly illustrate NPI multiple comparisons in Example 1.

Example 1.
Spiegelhalter, et al. (2002) present an analysis of several data sets on mortality in heart operations
on children. We use one of those data sets to illustrate NPI multiple comparisons, without comparing
it to other sources of information or discussing the quality of the data. This data set consists of the
number ni, for i = 1, . . . , 12, of heart operations on children under 1 year old at 12 medical centres,
during the period 1991 until March 1995, and the corresponding number si of mortalities. Table 1
also gives si/ni, together with the NPI multiple comparisons results for m = 10 and m = 50, where
‘i > max j′ denotes the event that the future number of deaths in Centre i is greater than that in
all other centres, from m operations at each centre. An aspect of interest in the original study was
whether the proportion of mortalities at Centre 1 exceeds those at the other centres. Centre 1 has the
highest observed proportion of deaths, and we see that the predictive lower and upper probabilities
clearly indicate that, on the basis of our NPI approach, this centre is the most likely one to lead to
the highest number of deaths in m future heart operations. For smaller m there is a higher chance
of two or more centres leading to the same maximum number of such deaths, hence the differences
between the lower and upper probabilities for events ‘i > max j′ and ‘i ≥ max j′ tend to decrease for
larger m. For m = 50, the imprecision is often greater than for m = 10, although this is not a general
effect, mostly due to the fact that the upper probability for many of these centres gets closer to zero
for larger m.

Table 1: Multiple comparisons 12 centres

m = 10 m = 50
Centre (ni, si) si/ni [P , P ](i > max j) [P , P ](i ≥ max j) [P , P ](i > max j) [P , P ](i ≥ max j)

1 (181,43) 0.2376 [0.177, 0.197] [0.369, 0.397] [0.426, 0.482] [0.526, 0.583]
2 (200,27) 0.1350 [0.033, 0.039] [0.112, 0.128] [0.022, 0.032] [0.041, 0.057]
3 (157,26) 0.1656 [0.061, 0.072] [0.173, 0.196] [0.073, 0.098] [0.114, 0.148]
4 (142,15) 0.1056 [0.017, 0.022] [0.067, 0.082] [0.007, 0.011] [0.014, 0.022]
5 (217,36) 0.1659 [0.060, 0.070] [0.173, 0.193] [0.069, 0.089] [0.110, 0.139]
6 (417,49) 0.1175 [0.021, 0.024] [0.082, 0.092] [0.008, 0.011] [0.017, 0.022]
7 (253,27) 0.1067 [0.016, 0.020] [0.067, 0.078] [0.005, 0.008] [0.011, 0.016]
8 (369,57) 0.1545 [0.048, 0.054] [0.148, 0.163] [0.042, 0.054] [0.073, 0.091]
9 (214,28) 0.1308 [0.030, 0.036] [0.104, 0.120] [0.018, 0.026] [0.034, 0.048]
10 (184,31) 0.1685 [0.064, 0.074] [0.179, 0.201] [0.077, 0.101] [0.121, 0.153]
11 (740,67) 0.0905 [0.009, 0.011] [0.046, 0.052] [0.001, 0.002] [0.003, 0.004]
12 (268,32) 0.1194 [0.022, 0.027] [0.085, 0.098] [0.010, 0.014] [0.020, 0.028]
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3. System reliability

We consider inference for reliability of a k-out-of-m system, consisting of m exchangeable com-
ponents such that the system functions if at least k of these components function. We assume that
n such components, also exchangeable with the m in the system, have been tested, of which s func-
tioned satisfactorily. The general upper probability (1) and the conjugacy property can be used to
derive lower and upper probabilities for the event Y n+m

n+1 ≥ k, as this event corresponds to successful
functioning of a k-out-of-m system. We also denote these lower and upper probabilities for the event
that the k-out-of-m system functions successfully, by P (m : k|n, s) and P (m : k|n, s), respectively.
For detailed presentation of this NPI approach for reliability of such systems, see Coolen and Coolen-
Schrijner (2007b). For the NPI lower and upper probabilities for successful functioning of a k-out-of-m
system, the following relation holds

P (m : k|n, s) = P (m : k|n, s + 1)(2)

The result (2) can obviously be used to reduce computational effort, if upper and lower probabilities
are required for all possible values of s. We would also like to emphasize the elegance of this equality,
as it implies that the intervals created by corresponding lower and upper probabilities of successful
system functioning, for s = 0, 1, . . . , n, form a partition of the interval [0, 1]. We illustrate this ap-
proach in Examples 2 and 3.

Example 2.
Consider a series system with 10 exchangeable components (so k = m = 10), and the only information
available is the result of a test of 2 components, also exchangeable with the 10 to be used in the
system. For the three possible values of the number of successes in the tests, s = 0, 1, 2, the NPI
lower and upper probabilities for successful functioning of the system are [P , P ](10 : 10|2, 0) = [0, 1

66 ],
[P , P ](10 : 10|2, 1) = [ 1

66 , 1
6 ] and [P , P ](10 : 10|2, 2) = [16 , 1]. These values illustrate property (2), and

the value 0 (1) of the lower (upper) probability for the case s = 0 (s = 2) reflects that in this case
there is no strong evidence that the components can actually function (fail).

Example 3.
If one aims at testing to demonstrate high reliability, one may only allow the release of a system
for practical use if testing of components revealed zero failures. In risk assessment, it is attractive
to consider reliability requirements in terms of the lower probability of successful functioning of the
system, given the test results on the components. Table 2 presents the minimum number of zero-failure
tests required to achieve a chosen value for the lower probability of successful system functioning, for
k = 8 and m varying from 8 to 12, so one has the option of building redundancy into the system. The
requirement considered is P (m : 8|n, n) ≥ p for different values of p. The main conclusion from Table
2 is that, in order to demonstrate high reliability via zero-failure testing, one requires quite a large
number of successful tests, yet this number can be substantially reduced by building in redundancy.

Table 2: Reliability demonstration: zero-failure tests vs redundancy

m = 8 9 10 11 12
p = 0.75 24 9 6 4 4

0.80 32 11 7 5 4
0.85 46 14 8 6 5
0.90 72 19 11 8 6
0.95 153 30 16 11 9
0.99 792 77 33 21 15
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4. Concluding remarks

In this paper, only NPI for Bernoulli quantities has been illustrated. NPI has been developed and
applied for more situations, including lifetime data with right-censored observations and multinomial
data. Such methods typically required slight variations to Hill’s assumption A(n), together with a
different assumed data representation for the latter case. In addition to several statistical inferential
procedures, NPI methods have also been presented for applications in Reliability and in Operations
Research, for example providing decision support methods for replacement of technical units, which
are fully adaptive to process data (Coolen-Schrijner and Coolen 2004). Coolen (2006) provides a
short overview with further references, and also presents NPI as an attractive alternative to so-called
‘objective Bayesian methods’.

NPI needs to be developed further in order to enhance its practical use. In particular, methods
for dealing with covariates must be developed, together with NPI for multivariate data. Generally
speaking, such methods will require careful development of appropriate exchangeability assumptions,
to then be used in a post-data manner in the same spirit as Hill’s A(n), which underlies NPI.
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1 Introduction

This paper deals with belief models for both (finite) collections and (infinite) sequences of exchangeable random
variables taking a finite number of values. When such collections or sequences are assumed to be exchangeable,
this more or less means that their specific order is irrelevant. One of the reasons why exchangeability is deemed
important, especially by Bayesians, is that, by virtue of de Finetti’s Representation Theorem, an exchangeable
model can be seen as a convex mixture of multinomial models. This has given some ground (de Finetti, 1937,
1974-1975; Dawid, 1985) to the claim that aleatory probabilities and IID processes can be eliminated from
statistics, and that we can restrict ourselves to exchangeable sequences instead.

De Finetti presented his study of exchangeability in terms of the behavioural notion of previsions, or fair
prices. One assumption underlying his approach is that a subject should be able to specify a fair price P( f )
for any risky transaction, or gamble, f . He should therefore always be willing and able to decide, for any real
number r, between selling the gamble f for r, or buying it for that price. This may not always be realistic,
and it has been suggested that we should explicitly allow for a subject’s indecision, by distinguishing between
his lower prevision P( f ), which is the supremum price for which he is willing to buy the gamble f , and his
upper prevision P( f ), which is the infimum price for which he is willing to sell f . The resulting theory of
coherent lower previsions, brilliantly defended by Walley (1991), generalises de Finetti’s behavioural account of
subjective, epistemic probability, and tries to make it more realistic by allowing for a subject’s indecision.

But, even if we allow for a subject’s indecision by considering lower, rather than precise, previsions, it
remains very useful to consider what are the consequences of a subject’s exchangeability assessment. This is
our motivation for studying exchangeable lower previsions here. The exchangeability assessment has a clear
impact on the structure of so-called exchangeable coherent lower previsions. We show how they can be written
as a combination of (i) a coherent prevision expressing that permutations of realisations of such collections or
sequences are considered equally likely, and (ii) a coherent lower prevision for the ‘frequency’ of occurrence of
the different values the random variables can take. This is the essence of representation in de Finetti’s sense: we
generalise his results to coherent lower previsions. We also solve a more practical problem: how to extend a
number of lower prevision assessments to an exchangeable lower prevision that is as conservative as possible.

2 Exchangeable random variables

Consider N ≥ 1 random variables X1, . . . , XN taking values in a non-empty and finite set X . A subject’s beliefs
about the values that these random variables X = (X1, . . . ,XN) assume jointly in X N is given by their (joint)
distribution, which is a coherent lower prevision PN

X defined on the set L (X N) of all gambles (bounded
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random variables) on X N . Let us denote by PN the set of all permutations of {1, . . . ,N}. With any such
permutation π we can associate, by the procedure of lifting, a permutation of X N , also denoted by π , that maps
any x = (x1, . . . ,xN) in X N to πx := (xπ(1), . . . ,xπ(N)). Similarly, with any gamble f on X N , we can consider
the permuted gamble π f := f ◦π , or in other words, (π f )(x) = f (πx) for all x ∈X N .

Now a subject judges the random variables X1, . . . , XN to be exchangeable when he is disposed to exchange
any gamble f for the permuted gamble π f , meaning that PN

X (π f − f ) ≥ 0, for any permutation π (Walley,
1991). Taking into account the properties of coherence (a rationality criterion, see Walley (1991)), this means
that PN

X (π f − f ) = PN
X ( f −π f ) = 0 for all gambles f on X N and all permutations π in PN . In this case, we

also call the joint lower prevision PN
X exchangeable. A subject will make an assumption of exchangeability

when there is evidence that the processes generating the values of the random variables are (physically) similar
(Walley, 1991, Section 9.5.2), and consequently the order in which the variables are observed is not important.

When PN
X is in particular a coherent (precise) prevision PN

X , exchangeability is equivalent to having
PN
X (π f ) = PN

X ( f ) for all gambles f and all permutations π , and this is also equivalent to having pN
X (x) =

pN
X (πx) for all x in X N , where pN

X is the probability mass function of PN
X , defined by pN

X (x) = PN
X ({x}).

This is essentially de Finetti’s (1937) definition for the exchangeability of a prevision. A useful relation exists
between exchangeable coherent previsions and exchangeable coherent lower previsions:

Proposition 1. Let PN
X be the lower envelope of some set of coherent previsions M N

X . Then PN
X is exchangeable

if and only if all the coherent previsions PN
X in M N

X are exchangeable.

Exchangeable coherent lower previsions have a very simple representation, in terms of sampling without
replacement. Consider any x ∈ X N , then the so-called invariant atom [x] = {πx : π ∈PN} is the smallest
non-empty subset of X N that contains x and that is invariant under all permutations π in PN . We can
characterise these invariant atoms using the counting maps T N

x : X N → N0 defined for all x ∈X in such a way
that T N

x (z) = T N
x (z1, . . . ,zN) := |{k ∈ {1, . . . ,N} : zk = x}|, is the number of components of the N-tuple z that

assume the value x. We denote by TN
X the vector-valued map from X N to NX

0 whose components are the T N
x ,

x∈X . Observe that TN
X actually assumes values in the set of count vectors N N

X :=
{

m ∈ NX
0 : ∑x∈X mx = N

}
.

Since permuting the components of a vector leaves the counts invariant, for all y and z in X N it holds that
y∈ [z] iff TN

X (y) = TN
X (z). If TN

X (x) = m, then we denote [x] also by [m]. It has ν(m) :=
(N

m
)
= N!/∏x∈X mx!

elements.
If the joint random variable X = (X1, . . . ,XN) assumes the value z in X N , then the corresponding

count vector assumes the value TN
X (z) in N N

X . This means that we can see TN
X (X) = TN

X (X1, . . . ,XN) as
a random variable in N N

X . If the available information about the values that X assumes in X N is given
by the coherent exchangeable lower prevision PN

X , then the corresponding uncertainty model for the values
that TN

X (X) assumes in N N
X is given by the coherent induced lower prevision QN

X
on L (N N

X ), given by
QN

X
(h) := PN

X (h◦TN
X ) = PN

X

(
∑m∈N N

X
h(m)I[m]

)
for all gambles h on N N

X . Any exchangeable coherent lower
prevision PN

X is in fact completely determined by the corresponding distribution QN
X

of the count vectors.

Theorem 2 (Representation theorem for exchangeable variables). Let N ≥ 1 and let PN
X be a coherent exchange-

able lower prevision on L (X N). Let f be any gamble on X N . Then the following statements hold:

1. PN
X ( f ) = PN

X ( f̂ ) where f̂ is the gamble on X N that is constant on the permutation invariant atoms of X N ,
and given by f̂ (z) = MuHyN

X ( f |m) := 1
ν(m) ∑z∈[m] f (z) for all z ∈ [m], where m ∈N N

X ;

2. PN
X ( f ) = QN

X

(
MuHyN

X ( f |·)
)
, where MuHyN

X ( f |·) is the gamble on N N
X that takes the value MuHyN

X ( f |m)
in m ∈N N

X .

Consequently, a lower prevision on L (X N) is exchangeable if and only if it has the form Q
(
MuHyN

X (·|·)
)
,

where Q is any coherent lower prevision on L (N N
X ).

As MuHyN
X ( f |m) is the prevision associated with the multiple hypergeometric distribution, this theorem implies

that any collection of N exchangeable random variables in X can be seen as the result of N random drawings
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from an urn with N balls whose types are characterised by the elements x of X , whose composition m is
unknown, but for which the available information about the composition is modelled by a coherent lower
prevision on L (N N

X ). That exchangeable coherent previsions can be interpreted in terms of sampling without
replacement from an urn with unknown composition, is actually well-known, and essentially goes back to de
Finetti’s (1937) work on exchangeability. Our result for the more general case of exchangeable coherent lower
previsions and random variables that may assume more than two values is a special case of a much more general
representation theorem (De Cooman and Miranda, 2007).

3 Exchangeable sequences

Consider now a sequence X1, . . . , Xn, . . . of random variables taking values in the same non-empty set X . Then
this sequence is called exchangeable if any finite collection of random variables taken from this sequence is
exchangeable. We can regard the exchangeable sequence as a single random variable X assuming values in
the set X N, where N is the set of the natural numbers. Its possible values x are sequences x1, . . . , xn, . . . of
elements of X . We can model the available information about the value that X assumes in X N by a coherent
lower prevision PN

X on L (X N), called the distribution of the exchangeable random sequence X. The random
sequence X, or its distribution PN

X , is exchangeable if and only if all its X n-marginals Pn
X are exchangeable

for n ≥ 1, where for any gamble f on X n it holds that Pn
X ( f ) = PN

X ( f̃ ), where f̃ is the cylindrical extension
of f to X N: for all x ∈ X N, f̃ (x) := f (x1, . . . ,xn). In addition, the family of exchangeable coherent lower
previsions Pn

X , n ≥ 1, satisfies the following ‘time consistency’ requirement: Pn
X ( f ) = Pn+k

X ( f̃ ), for all n ≥ 1,
k ≥ 0, and all gambles f on X n, where f̃ now denotes the cylindrical extension of f to X n+k: Pn

X should be the
X n-marginal of any Pn+k

X . In terms of the distributions of the count vectors, the time consistency requirement
means that Qn

X
(h) = Qn+k

X

(
∑m∈N n

X

ν(·−m)ν(m)
ν(·) h(m)

)
for all n ≥ 1, k ≥ 0 and h ∈L (N n

X ).
Any collection of n ≥ 1 random variables taken from such an exchangeable sequence has the same distri-

bution as the first n variables X1, . . . , Xn, which is the exchangeable coherent lower prevision Pn
X on L (X n).

Conversely, suppose we have a collection of exchangeable coherent lower previsions Pn
X on L (X n), n ≥ 1

that satisfy the time consistency requirement. Then any coherent lower prevision PN
X on L (X N) that has

X n-marginals Pn
X is exchangeable. The smallest, or most conservative such (exchangeable) coherent lower

prevision is given by EN
X ( f ) := supn∈N Pn

X

(
proj

n
( f )

)
, where f is any gamble on X N, and its lower projection

proj
n
( f ) on X n is the gamble on X n that is defined by proj

n
( f )(x) := infzk=xk,k=1,...,n f (z) for all x ∈X n.

De Finetti (1937 and 1974-1975) has proven a representation result for exchangeable sequences with
coherent previsions that generalises Theorem 2, and where multinomial distributions take over the rôle that the
multiple hypergeometric ones play for finite collections of exchangeable variables. Here, we present another,
arguably even simpler, way to prove the same results, which is moreover valid for coherent lower previsions.
Consider a sequence of IID random variables Y1, . . . , Yn, with probability mass function θθθ , where θθθ is an element
of the X -simplex ΣX =

{
θθθ ∈ RX : (∀x ∈X )(θx ≥ 0) and ∑x∈X θx = 1

}
. The distribution of (Y1, . . . ,Yn) is

Mnn
X ( f |θθθ) = ∑z∈X N f (z)∏x∈X θ

Tx(z)
x = ∑m∈N N

X
∑z∈[m] f (z)∏x∈X θ mx

x

= ∑m∈N n
X

MuHyN
X ( f |m)ν(m)∏x∈X θ mx

x =: CoMnn
X

(
MuHyn

X ( f |·)
∣∣θθθ)

.

It follows from Theorem 2 that the multinomial distribution Mnn
X (·|θθθ) is exchangeable, and that CoMnn

X (·|θθθ)
is the corresponding distribution for the corresponding count vectors Tn

X (Y1, . . . ,Yn). Therefore the sequence of
IID random variables Y1, . . . , Yn, . . . is exchangeable.

For any gamble f on X N , and as a function of θθθ , MnN
X ( f |θθθ) is always a polynomial gamble on ΣX . Now,

if RX is any coherent lower prevision on the linear space V (ΣX ) of all polynomial gambles on the X -simplex,
then one can see that the family of coherent lower previsions Pn

X , n ≥ 1, defined by Pn
X ( f ) = RX

(
Mnn

X ( f |·)
)
,

for any f ∈ L (X n) is still exchangeable and time consistent, and the corresponding count distributions are
given by Qn

X
( f ) = RX

(
CoMnn

X (g|·)
)

for any g ∈L (N n
X ). A converse result also holds:
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Theorem 3 (Representation theorem for exchangeable sequences). Given a time consistent family of exchange-
able coherent lower previsions Pn

X on L (X n), n ≥ 1, there is a unique coherent lower prevision RX on
V (ΣX ) such that for all n ≥ 1, all f ∈L (X n) and all g ∈L (N n

X ) it holds that Pn
X ( f ) = RX (Mnn

X ( f |·))
and Qn

X
(g) = RX

(
CoMnn

X (g|·)
)
.

The crucial step in proving this consists in recognising that any representing RX , if it exists, is only uniquely
determined on V (ΣX ) =

{
CoMnn

X (g|·) : n ≥ 1,g ∈L (N n
X )

}
, each of whose elements is a polynomial func-

tion on the X -simplex. So the basic idea is to define RX on V (ΣX ) as follows: consider any element p of
V (ΣX ). Then, by definition, there are some n ≥ 1 and g ∈L (N n

X ) such that p = CoMnn
X (g|·). We then let

RX (p) := Qn
X

(g). This definition is consistent, and the functional RX thus defined on the linear space VX is
indeed a coherent lower prevision.

Next, consider the sequence of so-called frequency random variables Fn := Tn
X (X1, . . . ,Xn)/n correspond-

ing to an exchangeable sequence of random variables X1, . . . , Xn, . . . , and assuming values in the X -simplex
ΣX . The distribution PFn

, i.e., the coherent lower prevision on L (ΣX ) that models the available information
about the values that Fn assumes in ΣX , is given by PFN

(h) = Qn
X

(h ◦ 1
n) = RX

(
CoMnn

X (h ◦ 1
n |·)

)
for any

h ∈L (ΣX ). So we find the following result, which provides an interpretation for the representation RX , and
which can be seen as another generalisation of de Finetti’s Representation Theorem.

Theorem 4. For all continuous gambles h on ΣX , limn→∞ PFn
(h) = RX (h), and in this specific sense, the

sample frequencies Fn converge in distribution.

4 Extending local assessments to an exchangeable coherent lower prevision

In practice, a subject will usually make an assessment that N variables X1, . . . , XN in a set X are exchangeable,
in addition to specifying supremum acceptable buying prices P( f ) for all gambles in some set of gambles
K ⊆L (X N). Can we turn these assessments into an exchangeable coherent lower prevision PN

X defined on
all of L (X N), that is furthermore as small (least-committal, conservative) as possible?

We start by symmetrising P. On the symmetrised domain Ks := {π f : f ∈K and π ∈PN}, define the
lower prevision Ps by letting Ps(π f ) := P( f ) for all f ∈K and π ∈PN . When K already contains gambles
that are related to each other through (non-trivial) permutations, this may lead to conflicts, but then it makes
good sense to define Ps on such gambles by taking the highest value that P takes on them. In this way, we end up
with the point-wise smallest (most conservative) permutable (Walley, 1991) lower prevision Ps that dominates P
on K . Its natural extension Es to all gambles is the point-wise smallest coherent extension of Ps to all gambles
on X N , and can be determined efficiently (Walley, 1991).

Theorem 5. If Ps avoids sure loss, then there are exchangeable coherent lower previsions on L (X N) that
dominate P on its domain K . The count distribution QN

X
of the point-wise smallest such exchangeable coherent

lower prevision PN
X is given by QN

X
(h) = Es(∑m∈N N

X
h(m)I[m]), for all gambles g on N N

X .
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Abstract

A new semi-qualitative system of inductive reasoning is presented, in which our assumed background
knowledge plays an important role, and some real life examples are given.
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1. Some previous work.

Upper and lower probabilities (pairs of numbers, instead of unique numbers, assigned to pos-
sible events), with a corresponding lack of additivity, were implicitly already used by Jakob (James)
Bernoulli (1713), but then almost ignored until quite recently. Now there is much research and a num-
ber of theories with this kind of basic structure, but with different interpretations and formalisms,
among them Shafer (1976), Dubois and Prade (1988), and Zadeh (1965). There is even an improved
modern version of Wald’s basic minimax criterion in this framework (Cattaneo 2005, 2007). All these
approaches have in common that the upper number is a measure of ”plausibility” of the event in a
vague sense, and that it adds up to one with the lower number of the complementary event. My first
impression is that often the numerical values in some situation given by different theories are rather
similar (cf. Hampel 1998, esp. Sec. 3.2; Hampel 2000), in the same way in which a frequentist and
a Bayesian robust analysis of the same data set may yield basically very similar results (Dempster
1975, Hampel 1975). This is gratifying and may suggest that only the order of magnitude of the
numbers is really important. On the other hand, I normally could not find any precise quantitative
definition of the meaning and operational interpretation of any given such number. By contrast, an
aleatory probability can be checked arbitrarily closely by means of the law of large numbers; and even
epistemic probabilities (with the same value for different independent events) can be tested this way
to a certain extent.

For me, the logarithm of an upper probability is basically an additive measure of the surprise
which I experience when the event occurs, or when I am reliably told that it is true. It is equivalent
to the most important version of ”surprises” in Good (1971). A slightly different, linearized quantity
has a precise interpretation in terms of ”successful bets”, i.e., one-sided bets (or corresponding lower
probabilities) with expected gain ≥= 0 (Hampel 2000). The strict requirement of a frequentist inter-
pretation leads to a number of surprising consequences: e.g., prediction is much more important than
parameter estimation; the length of the predicted future compared with the observed past is relevant;
point estimation of a parameter does not seem to make much sense (and contrary to predictions, it
cannot be tested empirically); one cannot bet successfully on the correctness of a hypothesis, only
on the correctness of a test decision. These consequences run counter to cherished traditions and
require a fresh way of thinking, free of such false prejudices as ”frequentist” being necessarily tied to
”independent replications of the same experiment”, and ”frequentist epistemic probabilities” being an
impossibility. On the other hand, this approach dissolves the old enigma of ”fiducial probabilities” in
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a simple and natural way (Hampel 2005, 2006).

2. A qualitative framework for inductive thinking.

Over the decades, I tried to observe myself and others in inductive reasoning and came to certain
tentative conclusions. Those who disagree about the contents of the conclusions, might still accept
the formalism as basis for a new formal framework.

It seems to me (as indicated above) that precise numerical values (for plausibilities and the like)
are in the end rather unimportant (they might still play a role in the derivations of end results). In
everyday life, we normally act and think as if only the most likely, or most plausible assumptions were
true. (This is a matter of efficiency of life.) If we try to introduce a qualitative ordered classification
with ”plausible”, ”possible”, ”unlikely”, ”extremely unlikely”, and perhaps ”impossible”, then we
normally deal only with ”plausible” and perhaps ”possible” convictions. By the way, it is perfectly
all right that several conflicting statements are all considered ”plausible”; in this way we are allowed
to say: ”I don’t know.” (Decisions are a different matter, cf., e.g., Hampel 1998.) The precise ”degree
of conviction” often being less important, we may in practice often ignore frequentist refinements
of the derivation; thus, for example, Bayesians may incorporate the (basically random) weights of
data derived from classical robustness theory in the ”weighted Bayes’ theorem” (Hampel 2002). New
evidence may change the numerical ”degree of conviction” (in whatever way it is measured) and
sometimes the classification category, but usually to a neighboring one.

But I find much more interesting the cases of a conflict of evidence, of nearly or fully incompatible
claims, which strongly reduces any numerical ”degree of conviction” (if not artificially renormalized),
cf., e.g., Shafer (1976). Here we can, or have to, learn something new.

Now I noticed (as did others, of course) that all our judgments, opinions, convictions, prejudices,
beliefs, and so on are based on a certain ”background” of the things we take for granted, we strongly
believe in, we are used to, we have learned from others or from our own experience. This ”background”
of beliefs is very useful and helpful in everyday life; without it we couldn’t ”function”. (If we always
tried to think of all theoretical possibilities, we could not set a step in front of the door.) However, if
we encounter contradictory evidence, this means that our ”background” belief is wrong and has to be
changed, at least partly, so that the new evidence becomes plausible again. In practice, this can be a
very creative process and a major learning step.

Just formally, one could of course try to include all conceivable ”backgrounds” in an encom-
passing system of ”beliefs” and obtain the new ”background” by mere ”updating”; but this would
require an almost omniscient knowledge and is just not the way we work. For example in physics,
we do not consider all conceivable physical theories and select the most plausible one; rather we stay
with one paradigm (our ”background” in this case) until it becomes necessary to replace (or at least
complement) it by a new one. Cf. also Kuhn (1962).

All our beliefs etc. are conditional on our ”background” system, a fact we should never forget.
It can be very amusing (but also tragic) to observe how persons from different cultural ”background”
systems can clash in their opinions.

3. Some personal examples.

In the city of Zurich, the trams are usually quite reliable (”background”). But if we observe a
tram with the wrong number for that street (”conflicting evidence”), then something must have gone
wrong somewhere, and we better check whether the route we want to take is blocked by an accident,
for example (”new background”). - This simple example is a prototype example: we observe something
unusual (if we are sufficiently attentive) which forces us to change our ”background” beliefs.
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When we ask someone, for example, whether a certain way leads to a certain place, in our
Western culture a ”yes” normally just means ”yes” (unless there are reasons - any evidence? - that
he wants to lead us astray). But as experienced world travellers know, a ”yes” in a different cultural
context can mean many different things, for example: 1. ”Yes”. 2. ”Yes, I understand your question.”
(Perhaps the actual answer comes later.) 3. ”Yes, I heard that you said something (without under-
standing it).” 4. ”Yes - you seem to believe so, and I don’t want to contradict you.” 5. ”Yes - I really
don’t know.” 6. ”Yes - any other answer would be impolite.” - (A wellknown American statistician
once got desperate when he noticed that a new East Asian student of his always said ”yes”, even if he
clearly meant ”no”. They finally found a compromise: if the student meant ”yes”, he said ”yes yes”,
and if he meant ”no”, he said ”yes no”, thereby still fulfilling his rule of politeness of always saying
”yes”.)

In a recent winter, I observed near my home what looked like a flock of Starlings (Sturnus
vulgaris) flying, which was very unusual for that time and place (”unlikely”). But my wife could
hear also the calls; she protested and described them to me; there was no doubt that the birds
were Waxwings (Bombycilla garrulus), which have a similar flight pattern, but which rarely reach
Switzerland in winter from Scandinavia (”extremely unlikely”). Later we heard that in this winter
there was a large invasion of Waxwings in Switzerland (but our joint identification would have been
certain even without that corroboration, though it would have required a more thorough and careful
justification to become scientifically acceptable).

In Switzerland, certain small orchids of the genus Dactylorhiza were always assigned to D.
traunsteineri, itself a somewhat tricky group of forms, until just a few decades ago it was shown
that some populations were indistinguishable from D. lapponica from northern Scandinavia. This has
cast doubt on many old records; and at first glance both species are equally ”plausible” when a new
population is found, unless one starts to condition on the (somewhat shaky) additional information
provided by the plants and their habitat.

Is there life on Mars? Over the centuries, and especially in recent decades, there have been so
many radical changes of the official scientific opinion that I lost trust in such claims. I think it would
be fairer to say that we just don’t know (until we perhaps really have a positive proof).

On Oct. 20, 1962, rather late in the year, I observed at the Kiessee of Goettingen (West
Germany) a Phylloscopus warbler (most of them looking pretty much the same) with a somewhat
strange call. According to the vague call descriptions in the best bird book of that time (recent books
are no better in this respect), there were some indications that it might have been a Phylloscopus
schwarzi, an accidental from Siberia (”extremely unlikely”, to say the least, and almost to be forgotten
immediately). But a few years later, I happened to read that in fall 1962 there was an ”invasion”
of Ph. schwarzi in Western Europe, an unusually large number of records (relatively speaking); and
thus the interpretation of my observation, though still by no means publishable, might be raised to
the status of ”unlikely” and considered worth to be internally discussed.
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Introduction

Symmetric Probability Theory was introduced to ISI by a report presented at the 55th session
of ISI in Sydney, 2005 ([1]). While the main concepts of this approach are described in this report, it
does not contain — in the version included in the CD — any examples or results concerning effects
of applying the methodology generated by the theory. An updated and enriched version of the 2005-
version characterizing the development of Symmetric Theory in the meanwhile can be supplied by the
author (via E-mail: Kurt.Weichselberger@stat.uni-muenchen.de).

The present article aims at demonstrating some of the statements of inverse probability generated
by the concept of duality which features the methodology of inference employing the Symmetric
Theory. While this theory is based on the Logical concept of probability and attributes probability
assessments to W-fields where the elements are arguments — and not events — it can be employed
to solve the Classical inversion problem: If propositions concerning the parameters of a model in
Classical theory are viewed as premises in the primary W-field and propositions on random events as
conclusions in this W-field, their roles are exchanged in the dual W-field. Therefore the dual W-field
attributes assessments of probability to arguments corresponding to Classical statistical inference. The
foundations of Symmetric Theory include frequency-interpretation of probability statements employing
sequences of mutual independent arguments applicable to assessments of primary W-fields as well as
of dual W-fields. Objections against frequency-interpretation of Classical probability according to
the objectivistic view do not apply to the frequency-interpretation in Symmetric theory, since in this
theory mutual independence of arguments is defined without any reference to the concept of probability
([2]).

In Symmetric theory any probability statement is concerned with a premise and a conclusion.
In the case of applying Symmetric theory to a problem of Classical statistical inference the premise of
an argument can be any information about the realized sample — for instance the unweighted sample
mean x̄. While in such a case the dimensions of premise and of conclusion are taken as equal, for some
problems of Classical inference it is possible to employ as premise all the information about sample
elements realized. In such a constellation the question arises, whether probability statements are equal
for two arguments with different premises but the same conclusion: obviously a subject analogous to
the search for a sufficient estimator in Classical statistics.

Whereas the foundations of Symmetric theory admittedly are much more sophisticated than
that of Classical theory — objectivistic view as well as subjectivistic one — the merits of Symmetric
theory with respect to availability of its statements should recommend its employment: Models can be
linked directly, and the outcome of one inference can be engaged as an incontestable, non-subjectivistic
prior probability distribution in order to apply Bayes’ theorem for the next problem.

1In cooperation with Anton Wallner

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 2541 -



Some remarkable results

1. Binomial law Bn(y): The primal W-field is determined by

P1([0; x]||y) =

 x∑
j=0

(
n

j

)
yj(1− y)n−j

 .

The dual W-field is determined by

P2([0; y]||{x}) =

 n∑
j=x+1

(
n

j

)
yj(1− y)n−j ;

n∑
j=x

(
n

j

)
yj(1− y)n−j


resulting in:

P2([y]||{x}) =
[
0;

(
n

x

)
yx(1− y)n−x

]
.

Expectation of an independent “next” sample value x′:

E2(x′||{x}) = P2(x′ = 1||{x}) =
[

x

n + 1
;

x + 1
n + 1

]
.

There is perfect duality between the two W-fields: an unconditional 1-1-relation. �

2. Let the primal W-field be determined by a family of classical distributions F1(x||y) with densities
f1(x||y) in stochastic order and F1(x||y) = F1(x− y||0), so that x− y is a pivotal quantity. The
dual W-field is determined by

f2(y||x) = f1(x||y).

[F.i.: Normal distribution N(y; 1), Cauchy distribution C(y; 1), Rectangular distribution
R(y; 1)]

There is perfect duality in the cases of Normal distribution and of Rectangular distribution —
due to monotone density-ratios. In the case of Cauchy distribution regular duality is given: It
warrants a 1-1-relation between the primal and the dual W-field under the condition that the
linear order of the real numbers is maintained for x as well as for y. �

3. The statistician has the prior knowledge: y ∈ Ω∗ $ ΩB: e.g. y ≥ 0 in the case of N(y; 1).
Provided that P2(Ω∗||x) > 0 — which is warranted for N(y; 1) — the solution of the problem
is produced by employment of the conditional dual probability

P2(B|Ω∗||x) =
P2(B||x)
P2(Ω∗||x)

, ∀B : B ⊆ Ω∗, B measurable. �

4. A sample of size n ≥ 2 which is nominated “independent” sample in Classical theory, is charac-
terized by multiplicativity of probability. If such a sample is converted to an independent sample
in the sense of Symmetric theory, each element of the sample is regarded as being determined by
its own parameter which is irrelevant for all other elements of the sample. The primal W-field
assesses probability to arguments from the premise described by the n-dimensional vector of
parameters ~y = (y1, ..., yn) to the conclusion described by the n-dimensional vectors of variables
~x = (x1, ..., xn).

A theorem of Symmetric theory (Theorem of independent duality) says that due to indepen-
dence the dual W-field is composed by multiplicativity from the n dual W-fields describing
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the probabilities of the arguments xi to each respective yi. Therefore the overall dual W-field
assesses probability to arguments from the premise described by ~x = (x1, ..., xn) to the con-
clusion described by ~y = (y1, ..., yn). Let in the n-dimensional space of ~y be I [1] the subspace
y1 = y2 = ... = yn. Due to an appropriate definition (“D II”) of conditional K-functions in
Symmetric theory the conditional probability inside this space can be calculated, provided the
density f2(y1, ..., yn) is finite and symmetric in (y1, ..., yn), and∫

I[1]

f2(t, t, ..., t)dt > 0.

The result can be interpreted as probability of the conditional argument from the premise ~x to
the conclusion ~y = (y1, ..., yn), if the condition employed is: y1 = y2 = ... = yn.

In the case of primal N(y; 1) this procedure yields dual N(x̄; 1
n), a result also gained in a very

different way: if the W-field describing the arguments with premise y and conclusion x̄ is dualised
according to the procedure described in 2. The agreement of both results may be interpreted as
a demonstration that in the case of N(y; 1) with respect to the conclusions concerning y already
the premise x̄ bears all the information contained in ~x = (x1, ..., xn). �

5. The primal W-field is determined by a family of one-dimensional classical distributions F1(x||y)
with F1(0||y) = 0, ∀y > 0, and densities f1(x||y) in stochastic order where F1(x||y) = F1(x

y ||1),
so that x

y is a pivotal quantity. In this case the dual W-field is determined by

f2(y||x) = f1(x||y) · x

y
.

(a) In case of Normal distribution N(0; y2) for the variable ξ, for x = |ξ| one arrives at

f1(x||y) =

√
2
π
· 1
y
· exp

(
−1

2
· x2

y2

)
, x > 0, y > 0,

and

f2(y||x) =

√
2
π
· x

y2
· exp

(
−1

2
· x2

y2

)
, x > 0, y > 0.

The procedure yields analogous results for other distributions of ξ, e.g.:

(b) ξ obeys Cauchy-distribution C(0; y2), x = |ξ|:

f1(x||y) =
2
π
· y

y2 + x2
, f2(y||x) =

2
π
· x

y2 + x2
, x > 0, y > 0.

(c) ξ obeys Rectangular distribution R(0; y), x = |ξ|:

f1(x||y) =

{
2
y , 0 < x ≤ y

0, x ≤ 0 ∨ x > y,
f2(y||x) =

{
2x
y2 , y ≥ x,

0, 0 < y < x. �
6. In case of a multiplicative sample ~ξ = (ξ1, ..., ξn) from N(0; y2), the χ2-distribution with n

degrees of freedoms determines for x =
∑n

i=1 ξ2
i :

f1(x||y2) =
2−

n
2

Γ
(

n
2

) · x
n
2
−1

(y2)
n
2

· exp
(
− x

2y2

)
,

and since x
y2 is a pivotal quantity:

f2(y2||x) = f1(x||y2) · x

y2
=

2−
n
2

Γ
(

n
2

) · x
n
2

(y2)
n
2
+1

· exp
(
− x

2y2

)
.

Since in 5. for N(0; y2) the dual density f2(y||x) is not bounded, Definition D II is not ap-
plicable and the conditional density of an argument with premise ~ξ = (ξ1, ..., ξn) with condition
y1 = y2 = ... = yn does not exist. �
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7. The same procedure in case of a sample from N(µ; y2) yields for x =
∑n

i=1(ξi − ξ̄)2:

f2(y2||x) = f1(x||y2) · x

y2
=

2−
n−1

2

Γ
(

n−1
2

) · x
n−1

2

(y2)
n+1

2

· exp
(
− x

2y2

)
. �

8. Methods in case of regression with normal errors can be demonstrated by simple linear regression,
presupposing the model

(L.R.) yi = z · ai + w, i = 1, ..., n, n ≥ 3,

where ai are known constants, not all of them equal. Let again ~x = (x1, ..., xn) be the vector
of observations, ~y = (y1, ..., yn) the vector of corresponding values conforming to (L.R.), and
(xi||yi) obeys N(yi; σ2), i = 1, ..., n, so that the arguments (x1||y1), ..., (xn||yn) are mutually
independent. Due to 2. and the Theorem of independent duality the dual W-field determining
the arguments (~y||~x) is ruled by N(xi; σ2) for (yi||xi), i = 1, ..., n and mutual independence.

With ā = 1
n

∑n
i=1 ai, q̄ = 1

n

∑n
i=1 a2

i , (L.R.) produces

(1) z =
n∑

i=1

ai − ā

n(q̄ − ā2)
yi, (2) w =

n∑
i=1

q̄ − āai

n(q̄ − ā2)
yi,

where q̄−ā2 > 0 is warranted because not all ai are equal. The distribution of (z, w) — according
to the argument with premise ~x — is 2-dimensional normal with the following five parameters:

(3) E(z||~x) =
n∑

i=1

ai − ā

n(q̄ − ā2)
· xi (4) E(w||~x) =

n∑
i=1

q̄ − āai

n(q̄ − ā2)
· xi

(5) V (z||~x) =
σ2

n(q̄ − ā2)
(6) V (w||~x) =

σ2q̄

n(q̄ − ā2)

(7) ρ(z, w||~x) = − ā√
q̄
.

Equations (3)–(7) can be employed in order to calculate the distribution of an argument
(bz + w||~x), where b is a given abscissa. The parameters of the resulting normal distribution are:

(8) E(bz + w||~x) =
n∑

i=1

[b(ai − ā) + q̄ − āai]
n(q̄ − ā2)

· xi

(9) V (bz + w||~x) =
σ2

n
+

σ2(b− ā)2

n(q̄ − ā2)
. �

Results which are materially equivalent can be achieved using least squares estimators as
premises, but this aspect as well as possible generalizations of the model employed remain
beyond the scope of this report.

Further information concerning the development of Symmetric theory will be contained in the final
report [3].
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Oversampling of the wealthy in the Spanish Survey of Household Finances (EFF) 

Olympia Bover 

DG ECONOMICS, RESEARCH, AND STATISTICS, BANCO DE ESPAÑA 

1 Introduction 

One distinctive characteristic of the EFF, following the example of the SCF in the US, is that 
there is oversampling of wealthy households. The distribution of wealth is heavily skewed 
and moreover some types of assets are held only by a small fraction of the population. 
Therefore, it was judged important to have a sample that would be not only representative of 
the population but also of aggregate wealth and that would also facilitate the study of 
financial behaviour at the top of the wealth distribution. This oversampling was achieved 
thanks to the collaboration of the Tax Office and the Statistics Office. 

2 Designing the sample 

Basis for oversampling of the wealthy 
In Spain there is a wealth tax (‘Impuesto sobre el Patrimonio’) and it is on the individual 
wealth tax files information that the EFF oversampling is based. This is in contrast with the 
SCF where a wealth index is constructed by integrating the information about asset income 
coming from the individual income tax files since there is no wealth tax in the US. People 
liable to the wealth tax in Spain were, in 1999 (which was the tax year used in selecting our 
sample), those with taxable wealth over 104,000 €. In 1999 around 980,000 individuals 
(corresponding to approximately 700,000 households) filed a wealth tax return. 

The choice of defining the wealth strata was based on the households percentile distribution 
of the wealth tax for Spain. We defined eight strata which were oversampled progressively at 
higher rates. Strata 2 and 3 capture slightly less than half of the distribution of taxable wealth. 
Strata 4, 5 and 6 capture the third and fourth quartiles except for the last percentile and a half 
approximately which is represented by the last two strata. 

Finally, in Navarre and the Basque Country there was no oversampling of  he wealthy 
because the national Tax Office does not hold the personal tax file information for those 
regions.

Confidentiality guaranties 
The Tax Office is subject to very stringent confidentiality requirements and cannot release, 
even to the Statistics Office, any personal tax information (not even in the form of intervals). 
To overcome the problem and enable wealth tax oversampling while preserving 
confidentiality, the National Tax Office volunteered to actually do the random sample 
selection herself following the sample design requirements, as instructed by the Bank of 
Spain and the National Statistics Office. 
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Thanks to the collaboration of both the Statistics Office and the Tax Office there is a unique 
population frame for the sampling. The population frame for the sample was the Continuous 
Municipal Census dated mid-2001, where the units are the households as defined by their 
address. With this information sent by the Statistics Office to the Tax Office, the Tax Office 
constructed for each address three variables based on information from both the wealth and 
the income tax. These data were the starting point for the sampling. 

The first variable, the wealth stratum indicator, is based on total declared taxable wealth for 
the household, which was obtained by adding up the returns of all its members when 
applicable. The second one, for those filing income tax but not wealth tax, is a variable 
indicating to which quartile in the national taxable income distribution the household belongs. 
Finally, information on the per capita income of the household was also added. The income 
variables were helpful in the selection of sample replacements (as we shall see below), and 
to ensure that households from all income levels were selected into the sample. The latter 
was obtained by using systematic sampling with random start in a properly ordered data 
frame. Furthermore, the income quartile indicator was used to correct for non-response in 
large cities. The tax information available at the time was dated 1999. This entailed some 
limited mismatch between the two sources. 

Sampling

First wave 
The sampling design was different for the following three cases: 

1. municipalities with more than 100,000 inhabitants. For large towns, the sampling 
was random within the eight wealth strata. 

2. municipalities with 100,000 inhabitants or less. For small municipalities, the 
sampling was a two stage cluster design, with the primary sampling units (PSU or 
‘secciones censales’) being selected first with probability proportional to their 
population. Further, within PSU the selection of households was different according 
to the number of wealth tax filers in the PSU. 

3. Finally, in Navarre and the Basque Country where no oversampling of the wealthy 
was possible because the national Tax Office does not hold the personal tax file 
information for those regions, the sample was selected according to a two stage 
stratified cluster design with six strata defined according to municipality size. 

Due to confidentiality reasons, stratum and cluster indicators cannot be provided. However, 
to calculate appropriate variance formulas replicate weights are provided instead. 

Second wave 
The second wave of the EFF was designed as a panel with refreshment sample by wealth 
strata. The general principles used in the first wave of the survey were followed in the 
second. Specifically, the aim was to re-interview the 5143 households that participated in the 
EFF2002 and to complement them in such a way as to obtain a sample representative of the 
2005 population, while preserving oversampling of wealth. 

For large municipalities, the refreshment sample needed to achieve the desired 2005 sample 
was selected by wealth strata. In the case of small municipalities there was no oversampling 
of the wealthy for the refreshment sample. In this case a two-stage sampling design was 
performed in the same PSUs used for the EFF2002.
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Replacements
Another relevant aspect of the EFF sample design was the replacement scheme chosen. To 
try and preserve the oversampling scheme as much as possible, tightly controlled 
replacements were chosen. The use of controlled replacements is similar to post-
stratification and weight adjustments done within cells when data collection is finished. An 
important advantage in our case for having controlled replacements was the fact that we do 
not have any indication of the wealth stratum to which the sample households belong so no 
‘directed’ effort could be applied during the field work were we to discover that the response 
rate of certain strata was being particularly low. 

In particular, up to four replacements were provided for each household originally in the 
sample that would serve as replacements of that household only. Those replacements were 
selected to be the two households immediately before and the two immediately after the 
household in a file ranked by income quartile (for non wealth tax filers), wealth stratum, and 
per capita household income. Replacements had to belong to the same income quartile (for 
non wealth tax payers) or the same wealth stratum as the sample household. This was done 
within municipalities in the case of large cities and within PSU in the case of small ones to 
keep replacements geographically not too distant from the original sample household. These 
implied that in some cases less than four replacements were available (and in a few 
instances, none at all). In the case of Navarre and the Basque country a more standard 
scheme of a pool of eight replacement households being potential substitutes for eight 
sample households (within the same PSU) was adopted.  

3 Non-response 

One of the characteristics of wealth and income surveys is high unit non-response due to the 
nature or the difficulty of the questions asked.  

Not possible to establish contact (never at home) 
The number of households for which the interviewer was unable to find anybody at home 
(having confirmed with neighbours etc… that the address corresponds to the household) is 
very high despite at least five attempted visits. The number of these failed contacts as a 
proportion of the total number of attempted contacts by wealth strata has some non-random 
component. Multiple residences was perceived as a potential reason for failing to establish 
contact with high wealth people during the field work. 

Refusal
There is a clear non-random component in cooperation rates [defined as 
completed/(completed+refused)], decreasing as we move up the wealth strata, ranging from 
53.6% to 29.4%. It is clear from this pattern that overall cooperation or response rates are 
not very informative in case of oversampling since they are dependant on the degree of such 
oversampling. For some meaningful comparison, we constructed cooperation rates by strata 
for the 1992 SCF. These cooperation rates for the list sample ranged from 52.6% for stratum 
1 to 20.1% for stratum 7. 

Correcting for unit non-response and weights 
To compensate for differential unit non-response, sample weights are adjusted within the 
cells defined by the various sampling frame variables, including in particular wealth strata 
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and income quartiles. Given the confidentiality restrictions mentioned before, sample and 
non-response weights are calculated by the Tax Office following detailed instructions by the 
Statistics Office. 

4 Oversampling in the final sample and its usefulness 

The degree of oversampling in the final sample 
Finally, in what follows we give some figures about the degree of oversampling in our final 
sample. 

Overall, slightly over 40% of the households that completed the interview correspond to 
wealth tax filers (this was kindly provided by the Tax Office due to the confidentiality 
restrictions). Furthermore, aggregate tax returns information indicates that four per thousand 
of the population of households hold 40% of total taxable wealth. We would therefore expect 
to have at most 20 of such households in a 5,000 random sample, an upper bound since it 
assumes non-differential rate of response. In contrast, our sample contains over 500 of them. 

Regarding actual net worth in the EFF2002 data, we calculate oversampling rates at various 
parts of the distribution. The oversampling rate is defined as the ratio between the number of 
observations actually in the sample for a specific percentile range of the distribution and the 
number of observations one would expect if the sample was randomly drawn from the 
population. A progressive oversampling of the wealthy is achieved. In particular, while for the 
bottom 50% the rate is less than 1% (more precisely, 0.73%) for the wealthier 1% we have 
over seven times the number of observations we could achieve with a random sampling. In 
between, the rates are 0.94% for the 50th to 90th net worth percentile group, 1.67% for the 
90th to 95th one, and 2.55% for the 95th to 99th one. 

Some examples of the benefits of oversampling 
From the EFF2002 we know that the 10% richest households hold 42% of net wealth in 
Spain and invest 10% of their financial assets in unlisted shares. However, only 10% of them 
hold unlisted shares. Therefore, in a random sample of 5143 which is the size of the 
EFF2002 sample, we would expect to have 52 unlisted share holding households while in the 
EFF2002 there are 292 of them. In the case of fixed income securities the expected size 
would be even smaller since only 4.5% of them hold such asset. Hence we would expect 
around 23 households to represent that group compared to 104 in the EFF2002. 

Oversampling is also crucial for precision and hypothesis testing in cross-country 
comparisons of some wealth statistics routinely reported. For example, the percentage of 
wealth held by the top 1% is 13% in Spain. The standard error of this figure (with 
oversampling) is 1.6. If we calculate the bootstrap standard error that would have resulted 
from randomly sampling the Spanish population the figure is 5.31. In that case, the 95% 
confidence interval would be as large as the international variation of 20 percentage points 
found in the literature.  

                                                
1 Spanish population obtained from the EFF2002 sample and its population weights. 
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1. Design of the Survey of Consumer Finances 
 The Survey of Consumer Finances (SCF) is a triennial cross-sectional survey of U.S. households, 
sponsored by the Federal Reserve Board, in cooperation with the Statistics of Income Division (SOI) of the 
Internal Revenue Service.  Since 1992, data for the survey have been collected by NORC, a social science 
and survey research organization at the University of Chicago.  The survey began in 1983 and had a 
substantial revision of both the questionnaire and sample design in 1989.  Since that time, the survey has 
changed marginally and usually in reaction to developments in the financial market place or in response to 
measurement problems. 
 The SCF is designed primarily to collect information on the assets and liabilities of U.S. households, 
their use of financial services, their employment history and pension rights, as well as their demographic 
characteristics, attitudes and other characteristics.1  The survey is widely used to study a range of issues for 
which wealth and financial data are important.  In some cases, such research focuses on the behavior or 
experience of individuals, but in other cases the focus is more on overall market outcomes.  Because of the 
range of purposes for which the SCF data are used, it is particularly important that the survey adequately 
represent the full distribution of wealth in the U.S.  Because the wealthiest 1 percent of households is 
estimated to hold about a third of all household net worth, it is critical that the SCF pay particular attention to 
that rarified group.2  At the same time, the survey is expected to provide adequate representation of much 
less wealthy households as well. 
 The sample design for the SCF is the most basic foundation for the data collection (see Kennickell 
(2005a)).  The survey employs a dual-frame design, including an area-probability and a list component.  The 
area-probability (AP) sample is selected from a geographically based national frame developed by NORC at 
the University of Chicago (O’Muircheartaugh et al. (2002)).  The AP sample is selected in three stages.  At 
the first stage, areas of the country (metropolitan areas and rural counties) are selected using a stratification 
scheme to balance the sample along key dimensions.  At the second stage, sub-areas are chosen, again using 
stratification to balance the sample.  Households are chosen using systematic sampling from address listings 
within the sub-areas such that every household in the overall sample is selected with equal probability.  The 
AP sample provides robust coverage of the nation and good representation of behaviors that are broadly 
distributed in the population.  About two-thirds of the ultimately completed cases derive from this sample. 
 The list sample is used to over-sample households that are likely to be relatively wealthy.  The basis of 
the sample is a set of specially edited individual income tax returns developed by SOI, primarily for use in 
modeling in support of tax policy by the Office of Tax Analysis at the U.S. Treasury and the Joint 
Committee on Taxation of the U.S. Congress, as well as various other researchers.  The individual records 
contain much of the information that would be present on the forms submitted as a part of the annual 
reporting of income for tax purposes.  The SCF selects observations in two steps.  In the first stage, 
observations in areas selected for the first stage of the AP sample are selected; this is a practical 
accommodation intended to control costs on the survey.3  The remaining cases are stratified using a model of 
wealth conditional on the variables in the SOI data that blends two approaches.   One part models wealth as a 
simple grossing up of capital income flows.  The other part is actually estimated using an anonymized match 
                                                 
1 For a review of some highlights of the 2004 SCF and references to technical documentation, see Bucks, 
Kennickell and Moore (2006). 
2 See Kennickell (2006) for an extended discussion of the wealth distribution in the U.S. 
3 Wealthy households appear not to be distributed the same way as population in general (Frankel and 
Kennickell (1995).  Although a substantial number of unusually wealthy people live in relatively thinly 
populated areas, they are more concentrated in the largest metropolitan areas than people in general.  
Nonetheless, the available evidence suggests that the first-stage selection of list sample cases does not induce 
serious distortions in the survey. 
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of sample and survey data for the previous round of the survey.  An important detail is that three years of 
data are used for each SOI case in order to smooth out transitory variations in income that might otherwise 
distort the estimation of the model.  Similarly, the most current three years of data are used in computing 
both parts of the wealth model.  A “wealth index” is calculated for all tax filers by blending the two 
estimates, and this index is used to classify the cases in the sampled areas into seven strata, which are defined 
using percentiles of the distributions of the index to ensure consistency of the stratum boundaries over time.4  
Cases within the areas selected for the AP sample are selected using a systematic sampling approach within 
each stratum.  Higher strata are sampled at progressively higher rates.5 
 Only the larger geographic overlap is common between the AP and list samples.  Otherwise, selection 
is entirely independent.  Although this independence raises some complications at the weighting and analysis 
stages, it provides a useful means of examining the importance of the list sample to the survey. The 
remainder of the paper focuses on a few key contributions of the list sample. 
 
2. The Contribution of the List Sample 
 The list sample serves two main functions.  First, it provides a basis for more precise estimates of 
wealth in general and of narrowly held assets than would be possible in a less-structured sample without a 
much larger sample size.  Second, the structure of the over-sample provides a means of correcting for 
nonresponse, which is differentially higher among the wealthy; thus it provides a means of correcting for 
nonresponse bias in wealth estimates. 
 About 98 percent of SCF cases with at least $5 million of net worth in 2004 derived from the list 
sample; more than 85 percent of cases with at least $1 million of net worth and about 75 percent of the cases 
with at least $500 thousand dollars came from this sample.  Thus, it is clear in an informal sense that the list 
sample adds substantially to analysis that depends on good representation of the upper tail of the wealth 
distribution.  Such a gain might, in principle, be attained if the AP sample were sufficiently large or it there 
were a reliable way of screening households for their wealth.  The efficiency gain will be quantified further. 
 Virtually all non-mandatory surveys suffer from nonresponse.  If the distribution of outcomes for 
nonrespondents is the same as the distribution for respondents, then nonresponse has only the effect of 
reducing the sample size available for analysis—similar to the effect of random subsampling of the original 
sample.  In some cases this may be true, but it is at the least a questionable assumption in the absence of 
evidence.  In a wealth survey, the sensitivity of the subject and time cost for people with complex assets to be 
interviewed should be enough to raise a priori concerns.  For the SCF, there is evidence (Kennickell 
(2005b)) of complex systematic effects.  For example, response rates decline with capital income and rise 
with age and amounts of charitable contributions made.  In the stratum of the SCF list sample that contains 
the respondents likely to be the wealthiest, the overall response rate is only 10 percent.  The survey has often 
been criticized for this low cooperation rate.  Regrettable as this rate is, the fact that it is known is actually a 
strength of the survey.  Presumably, other surveys also have a similar problem, but without some means of 
identifying it, they will fail to correct for an important source of bias in the estimation of wealth.6  In the SCF 
the original frame data for the list sample provides a rich basis to use for adjusting the sampling weights to 
compensate for nonresponse. 

                                                 
4 The sample specifically excludes people who are listed as being members of the Forbes list of the 400 
wealthiest people in the U.S.  According to Kennickell (2006), if the data for this group are taken at face 
value, they account for about 2 percent of household net worth.  However, the Forbes data may have 
measurement problems that complicate their use.  Some of the figures they report are amounts owned by 
extended families or by charitable trusts controlled by (but not legally owned by) a person.  SCF data 
suggests that they also miss some people who are as wealthy as other people included in the list.  The 
argument for excluding this group from the SCF sample is that because such people are typically surrounded 
with levels of staff intended to keep other people away, they would be extraordinarily expensive to attempt to 
interview, and the success rate could reasonably be expected to be quite low.  Moreover, because these 
people are so well known, it would be almost impossible to protect their confidentiality without destroying 
the statistical utility of the data they would provide. 
5 Neither the stratum boundaries nor the sampling rates can be revealed.  However, it can be said that the 
highest three strata correspond approximately to about the wealthiest two percent of tax filers. 
6 Because as a part of its interviewer training and field procedures the SCF devotes substantial time and 
money toward dealing with cooperation problems among the wealthy, the success rate for other less 
specialized approaches would be likely to be lower than in the SCF. 
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Figure 1: Distribution of net worth in 2004 based on full sample minus distribution based on area-
probability sample only, 2004 dollars, by percentile of net worth. 

 A good sense of the importance of the bias correction is given by the information in figure 1, which 
shows the difference at each point in the distribution of net worth between the distribution estimated using 
only the AP sample with the weights for the AP sample adjusted using all factors available for that sample 
and the distribution estimated using the full sample with all the full set of nonresponse adjustments.  For very 
low values, the addition of the list sample appears to make the distribution become more negative.  However, 
closer examination of the values in this range reveals that the plot is merely reflection noise in that region; 
there is no systematic effect there.  From about the 20th percentile and higher, the level of net worth at each 
percentile under the combined AP and list samples is higher than under the AP sample alone.  The 
approximate increase in the level of the wealth distribution from integrating the list sample is $250 (1.9%) at 
the 25th percentile, $3,500 (3.9%) at the median, $13,600 (4.3%) at the 75th percentile, $43,600 (5.5%) at the 
90th percentile and $2,661,000 (74.0%) at the 99th percentile.  At the top of the distribution, the list sample 
fills a niche is that very thinly populated with AP sample cases.  By “displacing” the top of the estimated AP 
distribution downward, the inclusion of the list sample would tend to make the values associated with lower 
percentile points higher.  If one “synthetic case” with a weight equal to one percent of the population and a 
net worth equal to the 99th percentile value under combined samples, this is sufficient to approximately 
reproduce this pattern.  However, the list sample does not simply displace the top one percent of the 
distribution; it also affects the distribution by recalibrating the percentiles of the distribution by adjusting for 
under-representation of households in regions below the very top. 
 The second benefit of the list sample is that it makes possible more stable estimates of quantities that 
are relatively strongly affected by the upper tail of the wealth distribution.  If the SCF were only concerned 
with such estimates, it would attempt to sample each dollar of wealth (or some other such variable) with 
equal probability.  But the survey must serve a number of different purposes, including addressing issues 
largely relevant to the lower part of the wealth distribution.  Thus, the definitions of the list sample strata 
differ from what would emerge from an optimal stratification calculation based on total wealth.  Table 1 
shows the estimate of the shares of total net worth held by different groups defined by percentile ranges of 
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the distribution of net worth, along with standard errors for those figures.  The estimates are presented for the 
full sample and for the AP sample alone.  The standard errors for the AP sample estimates have been 
rescaled downward to account for the overall difference in the sample sizes of the two samples.  Despite the 
large difference in the levels of wealth at the top of the wealth distribution under the two samples, the shares 
of the wealthiest 1 percent are very similar—about one-third of the total.  But the standard errors are quite 
different—5.1 under the AP sample and 1.2 under the combined samples  The differences in standard errors 
are less pronounced for other groups, but the standard error under the combined sample is uniformly smaller. 
 The list sample also makes it possible analysis of portfolio patterns that could not only be supported 
by an enormous AP sample, assuming the absence of nonresponse bias.  For example, in the 2004 SCF, only 
1.8 percent of households had direct holdings of government bonds (other than savings bonds) or 
commercial bonds.  Out of the approximately 400 cases with bonds in the combined samples, only about 10 
percent of the cases were from the AP sample. 
 
 
Table 1: Net worth shares in 2004 for various percentiles of the net worth distribution; area-
probability sample only and combined area-probability and list samples; percent. 
Net worth 
group 

AP sample only AP and list samples combined 

 Share of 
group 

SE of share* Number of 
observations 

Share of 
group 

SE of share Number of 
observations 

Lowest 50% 2.9 0.3 1,642 2.5 0.1 1,741 
50%—90% 30.9 2.8 1,097 27.9 0.9 1,343 
90%—95% 12.9 1.1 132 12.0 0.7 269 
95%—99% 19.7 1.4 109 24.1 1.2 454 
Highest 1% 33.6 5.1 27 33.4 1.2 715 
All 100.0 0.0 3,007 100.0 0.0 4,522 
* Standard errors for the area-probability sample estimates are reduced by √3007/√4522 (0.817); see text for discussion. 
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RESUME 
The Survey of Consumer Finances (SCF) is intended to be a survey of the assets and liabilities of U.S. 
families, but there is a particular need to come as close as possible to representing well the full distribution of 
wealth.  To this end, the survey employs a dual-frame sample, one part of which is based on area-probability 
sampling and the other uses data from administrative data to over-samples people likely to be wealthy.  The 
over-sampling serves two main functions.  First, it provides more precise estimates of wealth in general and 
of narrowly held assets than would be possible with a less-structured sample of larger size.  Second, the 
structure of the over-sample provides a means of correcting for nonresponse, which is differentially higher 
among the wealthy.  This paper provides a brief discussion of the SCF sample and it provides examples of 
the gains from over-sampling by comparing estimates and standard errors of estimates derived using the full 
sample with those obtained by using the area-probability sample alone. 
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I. Introduction 
Information on the level, the composition and the distribution of wealth across households is an 

important element for both economic analysis and economic policy.  

The lack of information on real assets and on the distribution of wealth across households have been 

the leitmotiv for producing a survey on Portuguese households wealth (Inquérito ao Património e 
Endividamento das Famílias, hereafter IPEF) by the central bank in association with the National Statistical 

Institute (NSI)1. This survey is the only statistical source that makes it possible to link information on 

income, expenditure, financial assets, real assets and debts of households. The micro data obtained from the 

survey has been used to study the heterogeneity of households behaviour, namely the differences in the share 

of risky assets in their portfolios and the size of their debts, according to several characteristics like income, 

education levels, age or region. The survey results were also useful to clarify some puzzling aspects in 

macroeconomic analysis, which will be mentioned further on, and to give some inference on the average size 

and structure of households wealth.  

The paper is organized as follows: in the next section, there is a brief reference to the survey’s 

advantages and shortcomings; in the third section, it is presented an example on how the survey results were 

important to understand the macroeconomic developments in the Portuguese economy; in the fourth section, 

macro data derived from the survey on the average size and structure of households wealth are commented; 

and finally, the last section concludes with some remarks.       

II. IPEF advantages and shortcomings 
The IPEF has been conducted by the central bank and the NSI as an additional module of an already 

existing survey2.  The central bank provides financial support, collaborates in the questionnaire conception 

and supplies technical training to the NSI interviewers. The NSI monitors all the field work and produces the 

data base combining the wealth data with information from the associated survey. This data base, after being 

subject to an anonymisation procedure, is then provided to the central bank.  

Hence, the IPEF has not been an entirely independent statistical operation. The reasons for these 

associations were mainly the following: i) the possibility of crossing information on wealth with information 

on other socio-economic characteristics obtained from the other survey; ii) the relatively large sample size, 

including more than 6 thousand households (for the last one it is expected to have information on more than 

8 thousand households); iii) the feature of being monitored by the NSI, gives the IPEF more credibility and 

integrity than in the case of private agencies involvement in data collection. 

However, the survey has an important drawback. The sample design does not take into account the 

specificities of wealth surveys. The consequent problems, that are well documented in the literature3, are

mainly the following: i) as the wealthy households are a small fraction of the population, the probability of 

                                                
1
 Until now, there were three editions of the IPEF: the first in 1994, the second in 2000 (whose results are used in this paper) and the 

third in 2006/2007. Unfortunately, the data from the last one was not yet available when this paper was concluded.
2
 The IPEF was associated with the employment survey in 1994 and with the households budget survey in the other two editions.

3
See for example Kennickell, 2005.
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being selected in the survey sample will be in dramatic contradiction with their relative share in total wealth; 

ii) the propensity to respond to surveys on wealth is smaller in the case of wealthy households; and iii) the 

probability of underreporting the level of owned assets (particularly, financial assets) is also higher in the 

case of wealthy households. Additionally, in absence of adequate incentives, the interviewers may not exert 

the necessary efforts in interviewing rich people. All these aspects would suggest the need for “over-

sampling” the rich households. 

However, the relatively large size of the sample and the availability of information on some benchmark 

variables tend to compensate the above mentioned problems. Moreover, the difficulties associated with the 

under-representation of wealthy households do not seem to affect in the same manner all types of assets and 

liabilities. As a matter of fact, some real assets, like principal residence and related debt, appear to be less 

affected4.

III. The use of micro data in macro-economic monitoring 
In Portugal, in the second half of the nineties, there was a considerable and sudden rise in households 

indebtedness to historical unprecedented levels (from 36 per cent of disposable income in 1995 to 85 per cent 

in 2000). These developments reflected the decrease of interest rates and also changes in the supply side of 

the credit market that allowed more households to enter the credit market (see Ribeiro, 2007). This is 

important to understand why private consumption kept growing above GDP after EMU accession. The 

results of the IPEF provide evidence of a significant lowering of liquidity constraints on households 

expenditures in that period. Chart 1 presents the survey data broken down according to household monthly 

income and age of the representative5. Comparing the results obtained in 1994 and in 2000, for all the 

categories of (age/income) considered, there was a considerable decline of the average debt burden. In fact, 

micro level survey data was very useful in disentangling the growing number of indebted households from 

the increase in the average leverage of individual households. According to the survey data the rise of 

household indebtedness at an aggregated level was not achieved at the expense of increased leverage at the 

individual level. Rather, they are supportive of increased possibilities for household to smooth consumption 

over the business cycle. Since 2000, aggregate indebtedness has continued to rise steadily, so that a more 

recent picture of households' leverage at the micro level is of utmost importance. 

Chart 1 - Average debt burden by sub sample of IPEF – income and age 

IV. Some macro data derived from the survey 
The previous example showed the importance of distributional considerations (only possible with 

micro data) for understanding the behaviour of macroeconomic variables. Micro survey data may also be 

very useful in complementing the usual sources for the compilation of aggregated data. This section of the 

                                                
4

In Portugal most of the households own their residence, and, in general, they tend to a have an associated mortgage.        
5 For details see Farinha (2004). 
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paper presents estimates of the population averages for some key variables. These estimates were obtained 

from the 2000 survey results after adjusting the original sample data. The adjustment aims at reducing the 

consequences of the under-representation of rich households due both to the sample design and the incidence 

of non-response. The next subsection briefly describes the methodology followed. 

IV.1 the methodology 
The methodology followed in this paper corresponds in practice to a special form of adjustment of the 

original micro data
6
. This special form refers to the class of Generalized Regression Estimators (GREG). 

This adjustment makes use of known population values for some of the variables that are potentially 

correlated with non-coverage and non-response. The relation between each variable of interest and these 

auxiliary variables is parameterised using standard linear regression in a multivariate context. For each 

variable of interest, the proposed estimator for the population average is given by: 

GREG S P S
y = y + (X - X ) ˆ

where Sy  is the sample average of the interest variable, PX  and SX  and  are respectively the vectors of 

population and sample values of the auxiliary variables. ˆ  is a vector of estimated coefficients obtained in 

the following regression model: 

   i i i Si = 1, ..., Ny X

where, for household i, iy is the weighted level of the interest variable and iX is the vector of the weighted 

levels of the auxiliary variables. NS is number of sample elements. 

To obtain the population reference values for the auxiliary variables the following sources were used: 

a) 2001 Census data on age, degree of education, number of persons per household, by geographical 

location; b) national accounts data on disposable income; c) Banco de Portugal data on credit to households 

with geographical breakdown7. The variables of interest correspond to the main groups of assets (real and 

financial assets) and liabilities. 

IV.2 the results  
Table 1 presents the results obtained for those variables, in 2000, before and after the adjustment. In 

addition, it includes the results for Italy reported by Brandolini et al (2004), just to have a reference to 

confront with our results in very broad terms8.

Mean Share Mean Share Mean Share Mean Share
Total tangible assets 99322 94,2 157076 90,3 164200 87,1 195500 72,5
     Principal residence 62194 59,0 86055 49,5 94500 50,1 101600 37,7
     Other real estate 23577 22,4 52405 30,1 30900 16,4 52400 19,4
     Other tangible assets 13551 12,9 18615 10,7 38800 20,6 41500 15,4
Total financial assets 11479 10,9 25845 14,9 27800 14,7 77900 28,9
     Transaction and savings accounts 8628 8,2 16661 9,6 13100 6,9 30600 11,3
     Other financial assets 2851 2,7 9184 5,3 14700 7,8 47300 17,5
Total assets 110801 105,1 182921 105,1 192000 101,8 273400 101,4
Debt 5383 5,1 8902 5,1 3400 1,8 3700 1,4
Net worth 105417 100,0 174019 100,0 188600 100,0 269700 100,0

Table 1 - Household net worth in 2000 - euro and percent 

Wealth component

Portugal

Adjusted survey 

data

Adjusted survey 
data

Italy
Unadjusted survey 

data

Unadjusted survey 
data

According to the adjusted figures, the average net worth of the Portuguese households in 2000 would 

have been almost 175 thousand euros. In terms of its composition, the tangible assets were clearly 

predominant and the principal residence was by far the main asset. The financial assets were mainly 

                                                
6

For a survey on these methods see for example Kalton and Flores-Cervantes, 2003.   
7
 Data from Banco de Portugal central of credits register, which has information on all loans granted by credit institutions and

includes several characteristics on each debtor, namely its location.         
8

To facilitate this general comparison, the same terminology was adopted.
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composed by deposits. These results should be taken with caution given the significant statistical limitations 

associated to the adjustment method. In particular, the experience with the IPEF, suggests an underestimation 

of both “Other financial assets” and “Debt”, even after the adjustment. On the contrary, “Other real estate” 

might be overestimated.  

Chart 2 compares the adjusted survey data and Financial Accounts (FA)9. As it can be seen, both in 

terms of assets and of liabilities the figures obtained from the survey are smaller. The main differences occur 

in the “Other financial assets” (bonds, shares and other equity, investment trust units) and in the “Debt”, 

which might indicate that the adjustments made in the IPEF original data, although very considerable, still 

underestimate the population values. The difference in net financial worth is less pronounced.   

Unfortunately, unlike financial wealth, there is no information on total real assets of households. 

However, in a recent study by Cardoso and Cunha (2005), using the perpetual inventory method, the housing 

wealth was estimated to be almost 50 thousand euros per household, in 2000. Nevertheless, according to the 

survey, the unadjusted average value of the principal residence is, by itself, larger than that figure. This 

discrepancy may in part reflect different valuation criteria, but its magnitude suggests the need for further 

work in the estimation of the stock of capital attributed to households. This is an important insight coming 

from the survey, since the stock of capital is a key variable in most macroeconomic structural models.    

Chart 2 -Average financial position of households in 2000 (in euro) 

V. Concluding remarks 
In conclusion, the following remarks deserve to be mentioned: (i) the survey micro data, even without 

any kind of extrapolation is useful for macroeconomic analysis, as the example of the households debt 

burden has shown; (ii) although affected by under representation of wealthy households, it is possible, using 

some population benchmarks, to moderate the impact of this problem on the survey results; (iii) the 

adjustment exercise pointed to an average net worth of Portuguese households of near 175 thousand euros in 

2000, although this value should be taken with caution given the limitations of such exercise; (iv) in fact, 

despite the adjustment made, the households average financial wealth continues to be downward biased 

comparing with FA; (v) finally, in the case of real estate, the survey results point to a possible 

underestimation of the Portuguese households capital stock.
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In order to render the comparison more accurate some adjustments were made in FA (e.g. emigrants deposits were excluded).  
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The under-reporting of households’ financial assets in Italy 
 

1. Introduction 

The main sources of information about Italian households’ financial wealth are the quarterly 

National Financial Accounts (NFA) and the biannual Survey on Household Income and Wealth 

(SHIW), both produced by the Bank of Italy. The two sources are independent  and differ in that the 

first is aggregate, whereas the second is based on micro data, collected from a representative sample 

of Italian households. As a result, they do not provide consistent information, even accounting for 

differences in definitions and evaluation criteria (Bonci et al., 2004). As previous studies have 

shown (Brandolini et al., 2004), two important reasons for those differences  are the low propensity 

of wealthy individuals to participate in the survey (D’Alessio and Faiella, 2002) and the under-

reporting behaviour of participants (Cannari and D’Alessio, 1990).  

This paper mainly focuses on the second issue. Nonetheless, those aspects are strictly related 

since under-reporting is more common among the rich. In the present analysis, under-reporting 

refers both to incorrect statements about the ownership of a specific asset and to errors in the 

declared amount owned. We propose a method for dealing with such problems using data from a 

customer survey conducted by a leading Italian banking group as a supplementary source of 

information.  

 

2. The extended supplementary sample (ESS) 
The “extended” supplementary sample (ESS) comes from a survey carried out in 2003 by a 

leading Italian banking group. In order to maximise data comparability, the survey design and 

implementation were planned to be as similar as possible to those of the SHIW.
1
 The reference 

population consists of customers who authorised the disclosure of their data for research purposes, 

as required by Italian law.
2
 The population is stratified according to geographical area of residence, 

municipality size, and more important, financial wealth held at the bank. The survey collects data 

on 1,834 households. The overall response rate was low (about 18 per cent), but the presence of 

financial wealth brackets as stratification variable enables an appropriate re-weighting for each 

observation to control for selection bias due to non response of rich households.  

The main feature of the ESS is that data were linked with the bank’s administrative 

databases by an exact matching procedure, “extending” the information collected. Each respondent 

answers for his or her financial assets held at the bank and therefore the self-reported wealth is 

comparable with that resulting from administrative records. Financial data were available for six 

aggregate financial assets (deposits and repos, government bonds, private bonds, quoted shares, 

mutual funds and managed savings) and for financial liabilities.  

                                                

1 The survey design was developed together with the Bank of Italy’s Economic Research Department, which 
produces the SHIW. The same market research firm managed the survey field, using, as far as possible, the same 

interviewers as for the SHIW. A Computer Assisted Personal Interviewing (CAPI) methodology was used for data 

collection and, as in the SHIW, only family members self-reportedly well-informed about the household’s financial 

situation were eligible to answer the survey questions. 
2 The target population consists of the current account holders of the bank and excludes customers aged under 

20 and over 80 and those holding less than 1,000 or more than 2.5 million euros. 
4 Since the ESS the respondents know that the survey is conducted by their bank, they might be less reticent 

than the SHIW respondents. This would imply that the adjustment method proposed would not allow us to fully correct 

for the under-reporting.   Unfortunately, the data at hand do not enable us to test such an hypothesis.    
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Assuming that ESS respondents are representative of customers of other banks, the 

information can be extrapolated to the 2002 SHIW data.
4
 In order to control for the different 

demographic composition of the two samples, the sampling weights were post-stratified to 

reproduce the distribution of the Italian population of bank customers. 

3.  The adjustment method 
The econometric framework used is based on the hurdle models (Wooldridge, 2002). The 

approach consists in separately modelling the decision whether or not to invest and the decision 

about the amount to invest. It represents an alternative to regression with censored variables, 

typically carried out with tobit models (see Maddala, 1983 and Gourieroux, 2003).  The adjustment 

procedure is composed of three steps. 

The first step consists in the estimation of under-reporting on ownership. The response 

variable, obtained from the administrative records, is a dummy for the effective possession of an 

asset at the household level. The probability of under-reporting is estimated by including among the 

covariates a dummy for the declared asset ownership in the interview.  The analysis is carried out 

separately for the six financial assets and the financial liabilities. 

Step 2 models the under-reporting on the amount held. This is defined as the ratio between the 

actual and the reported amount for each asset class. This ratio is computed at individual level and is 

assumed to be a proxy for reticence at the household level. The log of the ratio is regressed on the 

household’s declared amount, its square and a set of social and demographic characteristics. 

The third and last step fits the preceding estimates to the SHIW data. We assume that the 

models estimated in the previous steps hold for all Italian households. For each financial instrument, 

the estimated probability of holding a given asset is fitted at the household level. A random 

experiment is then used to impute ownership to households who are likely to possess an asset,
5
 

whether they declare it or not. We reconstruct for every asset the amount owned by the households 

to whom the experiment attributes ownership, even if they did not declare it. Finally, the estimated 

coefficients of misreporting on amounts are fitted to the SHIW data to obtain an inflation factor 

(less often a deflation factor) for the declared amount.
6
 

 

4.  Main results 

The respondents’ reticence, measured by the percentage of sample units not declaring 

ownership but actually possessing it, varies according to the financial instrument: it ranges from a 

minimum of 5-6 per cent per cent for Managed Savings and Government Bonds to a maximum of 

22-27 per cent for Mutual Funds or Private Bonds. As to the under-reporting on amounts, reported 

values tend to be 50 per cent of the corresponding administrative ones. This percentage drops 
significantly for Private Bonds (16.8 per cent), whereas it ranges from 40 to 60 per cent for Mutual 

Funds, Managed Savings and Government Bonds. 

Under-reporting is higher for elderly, retired and low-educated heads of household, in 

particular for Government and Private Bonds and for Mutual Funds. Self-employed heads are more 

reticent in declaring Shares and Private Bonds. Low-educated people under-report primarily 

Government Bonds, while the well-educated under report Shares. Furthermore, under-reporting is 

higher for households residing in the northern regions or located in the upper tails of the 

distributions of income and tangible wealth. 

Fitting the previous results to SHIW data significantly increases Italian households’ 

financial wealth and the complexity of their portfolios. The percentage of households owning at 

least one financial asset increases from about 74.3 per cent to 79.4 per cent (Table 1). The share of 

                                                

5 Symmetrically, the same mechanism attributes the status of non-possession of an asset to households unlikely 

to possess it, even if they declare the contrary: this choice is justified by the fact that over-reporting, albeit on a small 

scale, is present in the ESS data. 
6 To insure the consistency of the estimated coefficients, they are first multiplied by an adjustment factor 

derived from an auxiliary regression (see Wooldridge, 2003). This correction is necessary whenever predicted values 

are derived from a regression with a logarithmic transform as dependent, in order not to under-estimate the true value. 
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those with private bonds jumps from 6.4 to 23.9 per cent. Similarly, the diffusion of mutual funds 

increases from 11.2 to 29.3 per cent. At the same time, the percentage of households with financial 

liabilities increases from 21.3 per cent to 25.9 per cent. The adjusted total financial wealth is about 

2.7 times the original value, inflating the unadjusted value of 22.000 euro to 59.000 euro. 

Looking at the distribution of the financial assets, the adjustment replaces zeroes or low 

values with values closer to the cell average values, thereby reducing the concentration: the Gini 

coefficient decreases from 0.790 to 0.721 (despite the fact that under-reporting is more common 

among the rich) and the decrease is significant when sample variability is taken into account. A 

similar effect works for liabilities, although on a smaller scale (the corresponding Gini coefficient 

goes from 0.925 to 0.914). 

We can produce a synthetic vision of the effects of the adjustment by showing how the 

percentages of households with increasingly riskier portfolios vary (Table 2): the quota with low-

risk portfolios (only deposits and repos) decreases from 56 to 31 per cent, whereas riskier assets 

become more widespread (from 19 to 42 per cent). 

The adjustment procedure allows us to account for a large part of the gap between the SHIW 

and the NFA. As shown in Table 3, the sample estimate for total financial assets increases from 

about 31 per cent to about 85 per cent of the NFA amount. Tthe corresponding percentages for 

liabilities are 47 and 65 per cent. 
 

Résumé. Les estimations des activités financières fondées sur des échantillons se révèlent 

systématiquement inférieures à celles fondées sur des données agrégées. Parmi les causes à la base de cette 

différence, il faut compter la réticence des personnes interviewées à déclarer leurs activités et le montant 
exact correspondant. Notre recherche vise à proposer une procédure de correction des microestimations des 

activités financières des familles, et cela en considération des résultats d’une enquête sur un échantillon de 

familles faisant partie de la clientèle du group Unicredito. Il s’agit d’informations reliées aux données sur les 
montants effectivement détenus auprès des banques du groupe. La procédure appliquée aux données de l’IBF 

corrige la diffusion des moyens financiers et les valeurs possédées par les familles. La moyenne des activités 

financières corrigées pour l'under-reporting correspond à €59 mille – 85% de l'estimation des CF. La 

correction plus importante on l’observe dans les obligations et les fonds communs : son intensité est 
relativement plus élevée dans le cas de familles composées par un seul membre ; elle augmente avec l'âge du 

chef de famille et, encore, dans le cas de chefs de famille possédant un niveau d'étude bas ou sous une 

condition de non-professionnalisme. 
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Tables 

Table 1 

SHIW: effects of the adjustment on the estimates  

 

Assets 

 

Starting values 

 

Step 1 

 

Final Step 

 (percentage of owner households ) 

Deposits and repos....................................................................................................  73.4 73.4 73.4 

Government bonds ....................................................................................................  9.4 12.2 12.2 

Private bonds.............................................................................................................  6.4 23.9 23.9 

Shares .......................................................................................................................  10.1 17.3 17.3 

Mutual funds ..............................................................................................................  11.2 29.3 29.3 

Managed savings ......................................................................................................  2.0 4.5 4.5 

Total financial assets ..............................................................................................  74.3 79.4 79.4 

Financial liabilities...................................................................................................  21.3 25.9 25.9 

Average amount  (euros) 

Deposits and repos....................................................................................................  
11,115 11,115 15,316 

Government bonds ....................................................................................................  
2,426 3,166 5,810 

Private bonds.............................................................................................................  
1,836 6,979 18,736 

Shares .......................................................................................................................  
1,844 3,183 3,703 

Mutual funds ..............................................................................................................  
3,071 7,883 10,715 

Managed savings ......................................................................................................  
1,395 2,868 4,221 

Total financial assets ..............................................................................................  21,687 35,194 58,502 

Financial liabilities...................................................................................................  6,428 
6,666 8,941 

Gini coefficient (total financial assets) ..................................................................  0.790 0.727 0.721 

Indice di Gini (financial liabilities) ..........................................................................  0.925 0.914 0.914 

Step 1: adjustment for non-reporting; Final step: adjustment for misreporting on amounts. 

Table 2 

SHIW: households’ portfolios sorted by increasing levels of risk 
(percentages) 

 
 

Starting values 

 

Final Step 

Deposits and repos only............................................................................... 56.2 31.2 

Deposits and repos + Government bonds .................................................. 5.9 2.4 

Deposits and repos + Government bonds +Other risky assets ................... 4.7 10.4 

Deposits and repos + Other risky assets ..................................................... 18.9 41.6 

 

Table 3 

Comparison between the SHIW and the Italian National Financial accounts: 2002 

 

Assets
(*)

 

 

Starting values 

 

Step 1 

 

Final Step 

National 

Financial 

accounts 
(**)

 

Average amount  (index. Financial accounts=100) Billions of Euro 

Deposits and repos ..........................................................................  55.5 55.5 76.5 421 

Government bonds ...........................................................................  28.7 31.3 57.4 213 

Private bonds ...................................................................................  11.2 38.4 103.1 382 

Shares ..............................................................................................  31.1 51.2 59.6 131 

Mutual funds .....................................................................................  25.5 54.3 73.8 306 

Total financial assets .....................................................................  31.4 51.0 84.7 1.453 

Financial liabilities .........................................................................  
46.6 61.0 64.9 290 

(*) Financial accounts do not produce a separate figure for managed savings. The relative sample estimate has been accordingly attributed to 

the other assets, using external information on the portfolio composition of financial intermediaries (published in the Statistical Bulletin of the 

Bank of Italy). (**) The following assets are not included: Currencies. Insurance technical reserves and Postal deposits. 

Step 1: adjustment for non-reporting; Final Step: adjustment for misreporting on amounts. 
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1. Introduction 

In recent years, the interest in understanding the evolution of top incomes and top wealth has 
increased markedly among economic inequality researchers. A number of studies have 
provided new and intriguing insights about the long-run links between development and 
inequality.1 The recent literature uses data on personal income tax returns from the 
beginning of the twentieth century to create comparable estimates of top income shares for 
the entire period up until today. In this way, they have for the first time presented a consistent 
set of really long series of economic inequality which are also reasonably comparable across 
countries. While limited in their coverage of the population, the series are sufficiently detailed 
and rich, in particular in terms of income composition, to address the theories of Kuznets 
(1953) and others about changes of inequality over the path of development. 

 

This short paper has three objectives: First, it highlights some main arguments for analyzing 
top wealth and incomes in inequality research. Second, it presents recent empirical evidence 
over the long run in the case of Sweden and third, it provides some suggestions on 
considerations for future work. 

                                                 
1 See, e.g., Piketty (2003), Piketty and Saez (2003), Atkinson (2004), and Aktinson and Piketty (2007). 
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2. Why should inequality researchers care specifically about the rich? 

There are many reasons for why people working on income and wealth research should take 
notice of the income and wealth of the rich in society. 

 

First, there is a pragmatic fact concerning the availability of historical data. At least before 
World War II only the high income earners paid income tax in most countries (the same is 
true for wealth taxes). This means that inequality estimates based on top income or top 
wealth shares promise considerably longer homogenous time series than any other of the 
common inequality measures used.2  

 

Second, the available empirical evidence suggests that there is great heterogeneity between 
different groups within the top of the distribution. Such detailed knowledge about the top is 
crucial for distinguishing between different explanations of what drives inequality. For exam-
ple, to differentiate between theories which, on the one hand, focus on changes in the 
relative wages of skilled and unskilled workers and, on the other hand, theories that stress 
the importance of savings and capital formation we must have details about top incomes.  

 

Third, the income and wealth of the very richest are important components of the variation in 
broader measures of inequality, especially the Gini coefficient and, obviously, in decile- or 
quintile-based analyses. In practice, this means that when analyzing trends using the Gini 
one should control for the impact from variation in the top shares, not least to see if this has 
varied over time (which is likely). In particular as the coverage of the rich in household 
income and wealth surveys is likely to be imperfect, either because of an underreporting of 
wealth or to a selective nonresponse (Johansson and Klevmarken, 2006 suggest the latter 
after having double-checked with tax-based registries). Regardless of which, this has a 
potentially huge impact on measured inequality. 

 

Fourth, the rich are an important group in society, possessing a disproportionate share of 
economic influence, being a large tax base and often owners of the corporate sector, with 
direct or indirect political influence. Hence, in order to fully understand the forces of economic 
and political change one needs to carefully characterize the status of those with the highest 
in-comes and wealth holdings. 

3. Income and wealth concentration in an egalitarian society: Sweden 

This section provides some of the most important findings from recent empirical 
investigations of top incomes and wealth in Sweden, allegedly one of the world’s most 
extensive welfare states. 

                                                 
2 In fact, it was the dissatisfaction with the scattered data points in most inequality datasets that spurred Thomas 

Piketty to write his book on French inequality (Piketty, 2001) which started this new wave of research. 
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3.1 Top incomes in Sweden over the twentieth century 
Roine and Waldenström (2007) study the evolution of Swedish top income shares over the 
twentieth century. Figure 1a shows how the share of the top income decile declined secularly 
up to the early 1980s, with most of the decrease taking place before 1950, i.e., before the 
expansion of the welfare state. After 1980, the top shares increase when one includes 
realized capital gains, making Sweden’s experience resemble that of the U.S. and the U.K. 
with their sharp increases in top incomes. Excluding capital gains, Sweden looks more like 
the continental European countries where top income shares have remained relatively 
constant. 

 

The Swedish evidence are in line with previous studies in finding a notable heterogeneity 
between groups within the top income decile. In Figure 1b, the long-run trends of the lower 
half (P90–95) and the next four percentiles (P95–99) appear to be basically flat whereas the 
top percentile (P99–100) decreased much in the same way as the whole top decile (Figure 
1a).3 

 

The heterogeneity within the top is also true for the composition of top incomes. Capital in-
come (interest earnings and dividends) matter most in the top percentile whereas the wages 
are almost all of the income in the bottom half (P90–95).4 

3.2 Long-run trends in Swedish wealth inequality 
The distribution of wealth in Sweden has been studied several times.5 Recent attempts are 
made by Ohlsson, Roine and Waldenström (2006). They analyze the long-run trends in 
wealth inequality and their determinants over the twentieth century, with a specific application 
to comparing multiple wealth concepts.6 In Figure 2, their main series are displayed.  

 

The long run trend in wealth concentration in Sweden over the twentieth century is that the 
top decile has seen its wealth share drop substantially, from around 90 per cent in the early 
decades of the century, to around 53 per cent around 1980, and then recovering slightly to a 
level around 60 per cent in recent years. Looking just at this general trend is, however, in-
complete if one is to really comprehend the evolution of wealth concentration. As in the case 
of income, decomposing the top decile and looking separately at the top per cent (P99-100) 
and the nine per cent below that (P90-99), we see that the majority of the top decile actually 
experiences substantial gains in wealth shares over the first half of the century. The overall 

                                                 
3 Taken seriously, this result suggests that some commonly used inequality metrics, in particular P90/P10 and 

P90/P50, do a poor job in capturing the relative incomes of “the rich”. A more informative analysis would be 
achieved if they were to be accompanied by similar measures of the very top, such as P99/P50 or even 
P99.9/P10. 

4 Notably, the increasing share of capital incomes in the level of total income is not uniform across countries. For 
example, Piketty and Saez (2003) find that today’s top income earners in the U.S. are primarily represented by 
high wage earners. 

5 See, e.g., Spånt (1979), Statistics Sweden (2000) and Klevmarken (2004). 
6 They use three different measures of wealth inequality: tax-assessed values of net worth from wealth tax 

returns, market values of net worth in wealth tax returns (only since 1975) and estate tax material for 1873-77, 
1906-08, 1954/55, 1967, and 2002-03. Previous comparisons of the effect of different definitions and sources 
of wealth on measured inequality were done by, e.g., Atkinson and Harrison (1978), Davies and Shorrocks 
(2000) and Sierminska, Brandolini and Smeeding (2006). 
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drop in the top decile share is explained by such dramatic decreases in the top percentile 
share that this outweighs the increase for the P90-99 group. In the period 1950-80 both 
groups experiences declines in wealth shares but the decrease is larger for the top percentile 
and after 1980 the trend is again the same for both groups but now the gains in wealth 
shares are somewhat larger for the top percentile. 
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STCPM31: Accounting for the very rich in household surveys of income and wealth 
 
Comments on the following papers:  
(1) A. B. Kennickell ("The role of over-sampling of the Wealthy in the Survey of consumer Finances") 
(2) O. Bover ("Oversampling of the wealthy in the Spanish Survey of Household Finances (EFF)") 
(3) R. Lameira, C. Coimbra, L. Farinha ("How to generate macro data relying on survey micro data on 
households’ wealth") 
(4) L. D’Aurizio, I. Faiella, S. Iezzi, A. Neri ("The under-reporting of households’ financial assets in 
Italy") 
(5) D. Waldenström ("Why should inequality researchers care about the rich?") 
 
by Carlos Sánchez Muñoz  
European Central Bank  
Kaiserstrasse 29 
D-60311 Frankfurt am Main, Germany 
E-mail: carlos.sanchez_munoz@ecb.int 

 

I would like to start by thanking the organisers and Federico for inviting me to provide comments on 
these five very interesting papers. With a view to setting a framework for my comments, let me talk for a 
while about an ongoing initiative which is very closely related to the main theme of this session. The 
European Central Bank and the twelve National Central Banks composing the Eurosystem are currently 
collaborating on the design of a survey on household finances and consumption which, if finally approved, 
will be conducted across the euro area in the near future. The initiative is aimed to provide a 
multidimensional picture of the financial decisions taken by households in manifold areas such as 
indebtedness, financial holdings, real estate, consumption, income, savings, future pension entitlements, 
intergenerational transfers, payment habits, etc. Such an ambitious undertaking requires a careful analysis of 
conceptual and practical difficulties linked to survey design and future field work, from which how to 
oversample the wealthiest households was one of the most challenging issues, especially to the extent that 
oversampling or not as well as the application of different methods to do it might affect to a certain degree 
cross-country comparability. 

In analysing how to overcome such difficulties, the experience of currently existing surveys has proved 
to be extremely useful. Among the surveys currently in place within the euro area, in today’s panel three 
authors provide examples of the surveys currently conducted by the Banco de España, the Banca d’Italia and 
the Banco de Portugal, while from outside the euro area, Arthur Kennickell (who also provides consultancy 
advice to the network of experts currently developing the Eurosystem survey) has told us today about the 
survey being conducted by the Fed since the eighties. Although finally not present today, Daniel 
Waldenström from the Sweedish Institutet för Näringslivsforskning has also provided a paper to this session, 
about which I would like to provide a few comments. 

To recall the main theme of this session, the importance of a good coverage of the wealthiest in 
surveys on household income and wealth has been extensively debated when designing the Eurosystem 
survey which I have just mentioned at the beginning of my intervention. The papers presented in this session 
have provided very good arguments which justify why different uses of the survey results make it 
indispensable to have a good coverage of households in the top wealth strata. To illustrate how important this 
may be, I would pick up a couple of figures from the papers: according to Olympia Bover’s paper, 0.4 % of 
the population of Spanish households hold 40% of total taxable wealth in Spain, while according to the 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 2567 -



Spanish survey (EFF), 10% of the population hold 42% of total wealth. This wealth concentration is also 
present in the US, where roughly 1% of the population holds one third of total wealth. In analysing how such 
an accumulation of wealth may affect the selection of a proper sample for income and wealth surveys, Arthur 
Kennickell’s paper notes that in a sample randomly selected from US households purely based on 
geographical criteria, only 27 cases out of more than 3,000 observations would correspond to the 1% richest 
households in the US. In the light of all the figures I have just mentioned, such a sample would presumably 
provide rather poor results for a wealth survey. 

In this regard, one of the first basic questions is which variable might be used to identify the target 
respondents, i.e. the wealthiest households. One of the difficulties of identifying the richest is that the basic 
necessary variable (i.e. household’s wealth) is precisely the one that these surveys should ultimately provide. 
Consequently, other approximations are required to start with the field work of wealth surveys by knocking 
on the right doors. 

Olympia Bover’s paper describes what I would qualify as a close to ideal situation for the design of a 
survey: benefiting from the existence of a wealth tax in Spain, the Banco de España has collaborated with the 
tax authorities (as well as with the Spanish Statistics Office) to design a sample frame in which it has been 
possible to oversample the richest. One may always object that wealth surveys should have the aspiration to 
obtain from respondents information which they may not be keen to reveal to tax authorities, i.e. tax 
information may not be perfect to identify the wealthiest (or at least all the wealthiest). However, the 
existence of this wealth tax in Spain (perhaps not forever as it is subject to some political debate from time to 
time, as also noted by Daniel Waldenström in the case of Sweden) and the collaboration reached by the 
Banco de España with tax authorities looks like a fairly enviable situation. Other than this, the paper 
mentions that for municipalities below 100,000 inhabitants respondents are selected under a two stage cluster 
design whereby the primary sampling units (PSU) are selected with a probability proportional to their 
population and respondents within each PSU are selected according to the number of wealth tax filers, which 
may raise the question of the extent to which less populated areas might be under-represented in the survey 
results. Furthermore, since a panel component has been introduced in the latest wave of the survey, I am 
curious to know (perhaps the author can already provide some insider figures) the extent to which 
convincing the wealthiest to participate for the second time in the survey has proved to be substantially more 
difficult than for other wealth classes, which seems to be the factor behind the non-existence of a panel 
component in the US Survey of Consumer Finances (SCF). 

In contrast to the Spanish case, in countries where such a wealth tax does not exist, as it is the case of 
the US, other alternatives need to be sought. The paper presented by Arthur Kennickell describes the fairly 
sophisticated method applied by the Fed to select the sample population in the US, which is a mixture of a 
national frame based on geographical areas and a list sample aimed to over-sample households that are likely 
to be relatively wealthy. In order to select these latest households, information on capital income flows 
obtained from individual income tax returns are used in collaboration with tax authorities (as in the case of 
the Spanish survey), which are later on complemented by anonymised data from previous rounds of the 
survey. By speaking about "households that are likely to be wealthy", the author implicitly accepts the 
potential lack of correspondence between (capital) income and wealth. The correspondence between income 
and wealth was analysed in a presentation made by Markus Jäntii, Eva Sierminska and Timothy Smeeding at 
the Luxembourg Wealth Study conference that took place in July 2007 in Rome. The presentation entitled 
"Presenting joint distributions of Income and Wealth" was based on data corresponding to five countries 
(namely Sweden, Italy, Germany, Canada and the US) and concluded that despite substantial differences in 
the range of variation across countries (substantially higher in the case of the US), the correlation between 
disposable income and net worth was substantially higher in the US than in the other countries. From this 
one could conclude that, while highest levels of (capital) income might be an acceptable proxy to identify the 
richest in the US, it may fail to work so efficiently in other countries. Another interesting feature revealed by 
Arthur Kennickell’s paper is the extremely low response rate from the households selected through the 
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second approach (i.e. the "list sample"), which seems to confirm that convincing the most interesting 
respondents (the richest) to participate in these surveys is more than a challenge. Since it seems clear that the 
SCF especially cares about covering for such a level of non-response, it would be interesting to know more 
details about the measures applied (the weights extracted from the original frame data which are mentioned 
in the paper) to avoid that such a special care does not ultimately introduce any bias on the overall results of 
the survey. 

While recognising the importance of oversampling the richest, the paper prepared by Rita Lameira, 
Carlos Coimbra and Luisa Farinha reckons that such an approach has not been followed by the Banco de 
Portugal so far because of the non-existence of a stand-alone wealth survey. Wealth questions represent an 
additional module in already existing surveys instead. A relatively large sample of respondents in these other 
surveys is hoped to partly cover for the drawbacks recognised in the paper such as the proportionally higher 
non-response rate and underreporting tendency typically attributed to wealthy households. The paper 
provides good arguments justifying the need to go beyond macro data to understand what is behind 
expenditure behaviour and indebtedness by households in Portugal. The authors also make an attempt to 
adjust the survey results via a methodology that makes use of additional information from census data, from 
national accounts and from the loan-by-loan register of households’ borrowing of the Banco de Portugal. The 
survey figures after the adjustment still range significantly below those provided by financial accounts (from 
approximately 60% of households’ total financial assets to less than 47% of households’ liabilities), which 
seems to be also the case of similar comparisons carried out in other countries like Italy, Spain or the US. 
Users typically wonder which of the two sets of figures can be deemed more accurate. In the case of the 
comparison carried out in Portugal, do the authors suspect that the adjustment for non-response and 
underreporting was too modest or are there any additional explanations for such divergent figures? Given the 
potential benefits that oversampling the wealthiest may have for such surveys (as indeed mentioned in the 
paper) it would also be interesting to know whether there are any plans to find a way to do it so for future 
waves of the survey. 

The paper authored by Leandro D’Aurizio, Ivan Faiella, Stefano Iezzi and Andrea Neri also starts from 
the comparison between macro (financial accounts) and micro (survey) figures and tries to dig into one of the 
two reasons behind the differences observed, namely the natural tendency to under-report quantities by those 
respondents who accept to participate in the survey. Such a tendency was confirmed by an exercise carried 
out with a sample of customers of an Italian banking group. By comparing the banks’ administrative data and 
the results of the survey, it became evident that respondents intentionally or unintentionally tend to under-
value their assets and liabilities. If these results came out of an exercise in which I understand the volunteers 
were made aware of (or at least could suspect) that their data could be cross-checked with data available to 
their banks, should one not suspect that the under-reporting in the case of the Italian Survey on Household 
Income and Wealth may be substantially more acute? Another interesting feature of the exercise is that, in 
addition to an analysis of the phenomenon by financial instruments and by different social classes (ordered 
by age, education, income, etc.), it also allows to isolate the effect of not declaring certain holdings (i.e. 
declaring zero holdings) from other cases in which respondents admit to hold certain assets but report lower 
amounts than actually held. This separation might be important to get a sense of the difference between 
intentional and unintentional underreporting. Such a separation may prove especially useful since a clear risk 
of such a complicated survey is that the presumable increasing fatigue as the interview goes by may invite 
respondents to (intentionally) deny they possess certain assets simply to shorten the duration of the interview. 
If non-response proves to be more intentional than unintentional, these results should trigger additional 
efforts on the part of those responsible for the design of the questionnaire aimed to alleviate somehow the 
admittedly substantial burden imposed on respondents. 

Finally, the paper prepared by Daniel Waldenström looks at income and wealth concentration from a 
user perspective. It is interesting to see that, while the wealth share corresponding to the richest 1% of the 
Swedish population has decreased substantially over the twentieth century (especially up to the eighties), 
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thus contributing to a more widespread distribution of wealth, that is not much the case of the population 
ranging between 90 and 99 % of wealth share, whose share has remained much more constant over the 
period under study, thus confirming the importance of studying in detail the behaviour of different wealth 
strata. Additionally the paper points out that, while the wealthiest are mostly affected by changes in stock 
exchange prices, the rest of the population in the upper half of the wealth distribution is mostly affected by 
changes in real estate prices (which is also confirmed by Rita Lameira’s paper for the average Portuguese 
households). Without decomposing the analysis at such a level of detail (or, in other words, without getting 
access to micro-level information) the resulting conclusions could be deemed incomplete and even somewhat 
distorted. One of the conclusions of the author is that realised capital gains have a role on economic 
inequality for which further information should be made available for researchers. Unlike the author, in my 
view by measuring assets (as well as liabilities) at market prices and thus including in households’ wealth 
both realised and unrealised capital gains (and losses), the necessary information to assess wealth 
(in)equality should be sufficient to researchers. The author finally defends the need to consider public and 
private pensions as part of wealth measurement. I would fully agree with him on this. In fact, the future 
Eurosystem survey which I mentioned at the beginning will indeed aim to cover future pension entitlements 
despite the difficulties attached to rather diverging pension schemes across euro area countries.  

 
I should like to end by thanking the authors for these very interesting papers as well as today’s 

audience for your kind attention. 
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Collaboration for Improved Health Statistics: The Health Metrics 
Network 
 
Carla AbouZahr 
Health Metrics Network 
World Health Organization 
Ave Appia  
1211 Geneva 27 
Switzerland 
abouzahrc@who.int 
 
1. Rationale  
 

Reliable  and timely health statistics are an essential foundation for public health. However, there is an 
ongoing history of underinvestment in a systemic approach to the collection, analysis, dissemination and use 
of health statistics in developing countries. This has resulted in fragile statistical systems, poorly responsive 
to the demands of evidence-based decision-making. (AbouZahr C, Boerma T 2005)   Country health 
information systems have evolved in an erratic, piecemeal way, fashioned by administrative, economic, legal 
or donor pressures. This has resulted in fragmentation, the dispersal and dilution of responsibility, and 
myriad competing interests. Responsibility is divided among line ministries or institutions and coordination 
resisted due to financial and administrative disincentives. For example, counting of births and deaths -  a  
basic building block of the health information system -  is generally undertaken through planning, local 
government or interior ministries; special efforts are needed to ensure adequate coordination and sharing of 
information with the health sector. When this does not happen, countries are unable to produce sound data on 
who dies and from what cause, crucial information for health decision-making. (Mathers CD et al 2005) 
 

Health information systems are further fragmented by disease-focused programme demands often 
driven by donor requirements and well-intentioned international initiatives. (Murray CJL 2007) While 
funding opportunities for HIV/AIDS, malaria and vaccine-preventable diseases offer extraordinary 
opportunities to advance public health in poor countries, they typically involve high expectations for rapid 
implementation and upscaling, as well as disease-specific funding constraints. These factors combined can 
exceed the capacity of country statistical systems. Countries risk being overwhelmed as multiple parallel 
information demands stretch their resources beyond limits. Health workers are overburdened with excessive 
data and reporting demands. Even when data are collected, there is little synthesis, analysis and 
dissemination to users; useful information is in short supply. At the same time, statistics are used as a 
marketing device to promote particular sectional interests. When conflicting messages are produced, there is 
a loss of credibility (Walker N, Bryce J, Black RE 2007). When the public loses confidence in the reliability 
and integrity of the data emanating from the health information system, a vicious cycle of underinvestment 
and further decline ensues. Sound health information is a global public good and as such needs the support of 
the public for continued investment of resources. 
 
2. Standards for health information: the role of the Health Metrics Network  
 

The Health Metrics Network (HMN) was launched in May 2005 in an effort to strengthen coordination 
and collaboration in the field of health statistics.(Health Metrics Network 2007) The Network's goal is to 
increase the availability, quality, value and use of timely and accurate health information by catalysing the 
joint funding and development of core country health information systems. In order to achieve this, the 
Network has three key objectives: 
§ to create a framework and standards for health information systems; 
§ to strengthen health information systems in developing countries through provision of technical and 

financial support for adoption, adaptation and application of the framework;  
§ to improve access to, and quality, value and use of health information through incentives for 

dissemination and application of information at global, regional, country and local levels. 
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The framework defines the vision, standards and processes required of health information systems and 
outlines a road map for countries to undertake an assessment of current status and develop and implement a 
comprehensive plan for the transformation of health information systems (see conceptual representation in 
Figure 1). The framework emphasizes the need to strengthen under-resourced components of the health 
information system such as vital statistics which are currently inadequate in most developing countries. 
Innovative approaches such as sample registration and verbal autopsy and enhanced use of demographic 
surveillance sites will enable countries to take critical steps towards the universal aim of comprehensive vital 
statistics. At country level, it serves to focus investment and technical assistance for the development of 
health information systems, and, at both country and global levels, it guides access to and use of better health 
information. The Network provides technical and financial support especially to low-and middle-income 
countries for implementing the framework. During its first two years of operation, grants have been allocated 
to over 60 countries to enable them to conduct assessments of their current health information systems using 
the Network's tools and to elaborate comprehensive strategic plans in which all partners can invest. 
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Figure 1 HMN Conceptual Framework and Road Map for Implementation 
 
  

The framework describes the standards for health statistics, both in terms of the way in which both 
population-based and health services based data sources are used for the generation of statistics and in terms 
of data availability and quality. Countries use the framework to assess and document their practices and 
procedures in relation to health statistics and to develop and implement plans for improvement. The 
framework seeks to achieve four objectives: 
§ To achieve sustainable improvement in the quality of health data, whereby health statistics are in line 

with international standards, with appropriate coverage, increased frequency and timeliness, improved 
integrity, greater transparency, and easier and more equitable access by all users, including civil society. 

§ To foster increased awareness of the value of quality health data and their dissemination among 
producers and users by engineering more effective communication both among health and statistical 
agencies and with the user community.  

§ To improve country, regional and global cooperation on health information issues. This encompasses 
enhanced cooperation among data producing bodies, cooperation with regional and international 
agencies, and more effective coordination with donors. 

§ To support data dissemination standards, including adoption of standard definitions, regular updating of 
metadata, and data management and archiving. 
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The HMN framework drives better coordination and coherence around the vision, standards and 

processes required to strengthen country health information systems, including adherence to the Fundamental 
Principles of Official Statistics. It offers a roadmap for country plans and stimulates access to and use of 
better health information. The development of the framework has been guided by inputs from many partners 
including developing where the concepts and tools have been developed and tested.  Although the 
framework is primarily technical, its adoption as the global standard for health information requires strong 
political endorsement and consensus-building, through for instance the Health Assembly and the United 
Nations Statistical Commission. The target has been set that, by 2011, the framework will be the universally 
accepted standard for guiding the collection, reporting and use of health information. 
 
3. Innovations for information sharing 
 

Information and communications technology (ICT) can radically improve the availability, 
dissemination and use of health-related data. But implementing the technology requires careful planning and 
training. While ICT can improve the quality of data collected and enhance the timeliness, analysis and use of 
information, it is unfortunately the case that in many settings, ICT is introduced as part of separate, vertical 
health initiatives, resulting in non-compatible systems that aggravate rather than alleviate duplication and 
overlap. Moreover, the introduction of ICT requires careful attention to building human resource capacity for 
utilization and maintenance as well as for analysis. Clear policy and legislative frameworks are essential in 
order to protect individual privacy and confidentiality, notably in settings where HIV/AIDS is highly 
prevalent.  

 
HMN is working with countries to develop more integrated approached to data storage and archiving, 

generally known as a "data warehouse". This has the potential to offer many important benefits, including 
making best use of complementary data and synergies from multiple data sources. By developing a data 
warehouse and a metadata dictionary, it is possible  to create a core integrated health information system.  
High quality data stored in a well structured data warehouse is of little value if it cannot be accessed by users 
to generate information for decision making. It is vital to improve data use at local and district levels where it 
can have the most immediate impact on service delivery. The move to health system decentralization and 
reform reinforces the need for local availability of data. The data warehouse provides an ideal tool for 
immediate feedback of information to facilities and district levels. It improves data access and use at local 
levels by providing immediate access to high-level data-analysis tools. HMN's work in these areas is fully 
aligned with global standards such as SDMXC. 
 
4. The power of the Network 
 
 HMN uses the strengths of its global network to engineer the coordination and alignment of partners 
around a country-led plan for improved health statistics. HMN's potential to stimulate and accelerate the 
transformation of country systems derives from the synergies created among its partners, none of whom 
would be able to undertake the task alone. The reach of different partners working on the various aspects of 
health information at global, national and subnational levels is very broad. Partners include existing networks 
such as PARIS 21 which aims to improve statistical capacity in developing countries (Paris21 2007); the 
Routine Health Information Network (RHINO 2007) focuses on improving capacities to generate and use 
health information derived through service-delivery systems; and the INDEPTH Network (INDEPTH 2007) 
which works to strengthen and harmonize methods for vital-event monitoring in resource-poor settings.  
 

At the international level, HMN partners include both health and statistical agencies including 
EUROSTAT, the United Nations Statistics Division, the United Nations Children's Fund (UNICEF), the 
United Nations Population Fund (UNFPA), the World Bank and the World Health Organization (WHO). 
Among the bilateral donors, Denmark's DANIDA, the UK's Department for International Development 
(DFID), and the United States Agency for International Development (USAID) provide support important 
health information strengthening efforts. Several nongovernmental organizations (NGOs) and research 
institutions are also working to improve different aspects of health information, often pioneering innovative 
approaches that are cost-effective in resource-constrained settings. These include the Africa Population and 
Health Research Center, the Init iative for Maternal Mortality Programme Assessment and the Harvard 
Initiative for Global Health.  

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 2574 -



 
In its collaboration with countries, HMN strongly promulgates the Fundamental Principles of 

Official Statistics in its support to countries. A central principle guiding the work of HMN is the importance 
of bringing together the health and statistical constituencies and to involve health and non health sectors in 
countries in a shared endeavour to improve data availability and quality. Strengthening health information 
systems should be seen as contributing to efforts to strengthen country statistical systems as a whole. 

  
As a new actor in the global statistical system, HMN is working to establish strong working 

relationships with other international organizations.  HMN is fully committed to the Principles Governing 
International Statistical Activities and its approach consists of sharing knowledge among international 
organizations and countries, promoting the full participation and key stakeholders and empowering 
governments to take the lead in the development of a plan for improved health statistics that is fully aligned 
with national statistical systems.  Through its partners, notably WHO, HMN participates in HMN global 
coordination and information sharing mechanisms including the Statistical Commission, the Coordinating 
Committee for Statistical Activities (CCSA), and the Intersecretariat Working Group on Health Statistics.  

 
5. Conclusion 

 
A significant handicap in a country’s efforts to evaluate interventions is the requirement, by multiple 

agencies, to monitor multiple indicators for multiple internationally led projects. Its scarce resources can be 
undermined by the creation of parallel reporting structures, by demands for overlapping surveys for different 
purposes, and by financial support that is skewed to meet the donor’s needs to report internationally. This 
results in an ever-widening gap between national capacity and international expectations. Additional 
investment is required, but it should be directed towards helping countries to strengthen their health 
information and statistical systems to produce the evidence they need nationally and regionally. The Health 
Metrics Network and its partners are working towards this end. 
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RESUME 
 
The health statistics field is characterized by fragmentation along disease-focused lines. Uncoordinated 
monitoring and evaluation demands on the part of donors results in overlap and duplication of effort. This 
paper describes how the Health Metrics Network seeks to redress this situation. The strength of a global 
network is used to stimulate the coordination and alignment of partners around a country-led effort to 
improve the availability, quality and use of data for decision-making. Partners in the Network are forging 
collaboration among the multiple institutions that produce and use health data, including health ministries, 
national statistics offices, the private sector, civil society organizations, donors and development assistance 
agencies. The Network is fostering agreement on goals and coordinated investments in country health 
information and statistical systems. The importance of enhanced collaboration between the health and 
statistics constituencies, at country and global levels will be discussed.  
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Norms and Values in Modern International Statistical 
Cooperation: An ESS Perspective 

Bohatá, Marie 
Eurostat, European Commission 
5, rue Alphonse Weicker  
L-2721 Luxembourg  
E-mail: marie.bohata@ec.europa.eu

Norms and values have always been important for statistical profession and we see the Fundamental 
Principles adopted by the UN Statistical Commission widely shared within the statistical community. It is 
important, however, our professional ethos be translated into concrete actions in the area of statistical co-
operation. Experience shows that effective and efficient cooperation requires a good level of trust among all 
bodies involved. Transparency can be viewed as the crucial precondition. 

Compliance with the highest standards of transparency has become an essential condition for the 
legitimacy of any modern administration. The same applies for statistical authorities. The public is entitled to 
expect efficient, accountable and service-minded statistical authorities providing information as a public 
good. The public certainly also has legitimate expectations that resources entrusted to statistical activities 
including cooperation are handled with care. 

Transparency can "clear the fog" and quash the myths that may exist around the choice of source data 
and methods not only with respect to users but also partners cooperating in a network. A high level of 
transparency can be instrumental in convincing the partners that they are not being subjected to selective 
information practices. Transparency also carries a potential for imposing discipline. 

In recent years, a broad range of concrete measures increasing transparency in statistical activities has 
been put in place in the European Statistical System (ESS). Many of them are linked to quality and better 
service provided to users, such as all types of metadata. Free dissemination of statistical information provides 
a good basis for such a transparency.  Wide consultations with stakeholders help ensure that the concerns of 
users including the general public are properly taken into account.   

ESS transparency initiatives were put into a perspective through the adoption of the European 
Statistics Code of Practice, which can also serve as a benchmark for partners involved in international 
cooperation. Moreover, the joint adoption and implementation of the Code by the ESS has a very important 
trust building element. 

Eurostat as a supranational organisation has a leading role in the ESS which operates on the basis of 
regulations adopted by the co-decision of the European Parliament and the Council, the Commission 
decisions, and self-regulatory tools, mainly the Code of Practice and gentlemen's agreements. What could be 
the driving forces to fully use the cooperation potential within the EU with an extension to the international 
arena? I see two important lines of actions: a well coordinated quality policy and a policy on statistical 
governance. 

Policy on quality in statistics  
This policy that started with the LEG on quality was focused in the beginning on products and services 

and was later extended also to processes and their management. Eurostat has conducted this policy for quite 
a while in close relation with NSIs, as there cannot be high quality Community statistics without high quality 
national statistics to begin with. Nevertheless Eurostat has to ensure that high quality national statistics spill 
over into high quality Community statistics. This is not always an easy task, because for this various national 
quality initiatives have to fit together and this requires co-ordination.  

Moreover, we are ever more aware that we also have to address resource issues in the context of our 
policy on quality, as the improvement of quality obliges us to change and quite often carries a price tag. No 
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doubt, we have seen a lot of quality improvement of official statistics at all levels in recent years, despite 
dwindling resources. The ESS has undoubtedly become more efficient and technology has helped a lot to 
achieve this. However, there are limits to increasing efficiency with constant or even reduced resources. This 
is why priority setting, in particular negative priority setting is becoming ever more important for quality 
assurance in official statistics. 

The quality policy for official statistics is very much a joint policy also going beyond official 
Community statistics. Speaking on behalf of Eurostat, I would like to underline that Eurostat is committed 
not only to continue its (traditional) policy on quality in statistics, but to broaden its scope as well through 
the development of a labelling policy for European aggregates. We believe that such a label will enhance 
transparency for our users as far as the quality of our statistics is concerned. Moreover, it will increase the 
visibility of our statistics and create an incentive for all producers of Community statistics to comply with the 
standards needed to qualify for such a label. This initiative will contribute to a convergence of statistical 
processes and this in turn will improve the chances for a better co-ordinated compilation and dissemination 
of official Community statistics. 

Policy on statistical governance 
We may take for granted that statistics can only be good, if the underlying governance structure is 

robust and efficient. It is worth recalling that the improvement of overall governance structures in official 
statistics is not a new topic for Community statisticians. Our governance structures have changed 
considerably ever since the compilation of Community statistics began in the 50s.  

It all started in a highly fragmented way with domain-specific committees: coal and steel, agriculture, 
foreign trade, etc. and a series of annual and later bi-annual DGINS conferences of the heads of national 
statistical institutes covering, amongst others, overall systemic aspects. Ever since the early 70s this 
governance structure was seen to be inadequate not so much for statistical reasons, but for organisational 
reasons: programme planning, resources, infrastructure, etc. However, it took nearly 20 years for a more 
systemic or system oriented governance structure for Community statistics to be put in place. It was, of 
course, quite helpful that the general Community governance system changed as well with the adoption of 
the Single Act and thus the introduction of the comitology system. 

The governance of statistics is now mainly shaped by the Statistical Programme Committee as the key 
comitology body, the Confidentiality Committee, the CMFB as an advisory committee bringing together 
NSIs and CBs. To this the "Statistical Law" and the Commission Decision on Eurostat have to be added. Of 
course, the special working groups for each subject continue to meet and in these the methods of European 
statistics are continuously developed and improved for each domain. 

This fairly elaborate structure worked quite well but needed to be complemented, in view of recent 
experience. A self-regulatory instrument at least partially outside the classical remit of the Community 
competence in official statistics was seen as a promising step forward and thus the European Statistics Code 
of Practice for the national and Community statistical authorities (in short the Code) was developed. With the 
Code being adopted by the Statistical Programme Committee in February 2005 and promulgated in a 
Commission Recommendation in May 2005 the next step on the way to improved governance structures will 
be the monitoring of its implementation. It is worth mentioning that any measure meant to improve 
openness, participation, accountability, effectiveness and coherence throughout the ESS fits very well with 
the Commission's overall policy of European governance aiming at the very same objectives.  

The European Statistics Code of Practice has obviously been at the centre of our efforts during the last 
couple of years. When developing the Code, we were able to profit from our considerable stock of common, 
widely shared values, as embodied in our professional integrity or our scientific objectivity. The 
Fundamental Principles adopted by the UN Statistical Commission in 1994 first paved the way. The Code in 
a certain way encapsulates our common culture. When putting it on paper we could also draw upon the 
general acceptance of some institutional arrangements. Some of them, such as confidentiality, were already 
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part of the "acquis" in statistics. Others were already cast into a common declaration, as was the case with 
the quality declaration of the ESS. Others still were at least accepted as a matter of principle, as was the case 
for scientific independence. As far as the operational arrangements are concerned the principles laid down in 
the Code were already applied - sometimes with more, sometimes with less success - in our daily statistical 
work.  

Thus there is nothing completely new in the Code. However, I am convinced that putting all those 
principles that are supposed to govern our work (and our thinking) as official Community statisticians 
together in a single document will bear fruit in the years to come. It will in the end represent the essence of 
our statistics culture.  If adhered to by everybody the Code will make us more robust, at all levels of the 
statistical system. If fully respected throughout the Community, the Code will facilitate our daily work and 
prevent that the results of our work are cast into doubt.  

The self-regulatory character implies that Member States and Eurostat have to implement the Code at 
their own speed. However, the self-assessments, peer reviews, benchmarking currently under way and the 
identification of (Code-relevant) best practices will guide the implementing actions. Eurostat will monitor 
the implementation of the Code and report regularly on the implementation progress. All this will generate a 
lot of momentum and give rise to helpful synergies so that we might well see the Code implemented faster 
and more comprehensively than we could have imagined when the whole process started.  

As a major initiative in the context of the Code implementation at Community level a European 
Statistics Governance Advisory Board will be set up.  This body is supposed to report to the European 
Parliament and the Council on the implementation of the Code by Eurostat. Moreover it is expected to advise 
the Commission on appropriate measures to facilitate the Code implementation with a view to improving 
statistical governance. Finally it is meant to assist the Commission in enhancing the credibility of 
Community statistics and in particular in communicating the Code to users and data providers. For this it 
should also formulate recommendations for the updating of the Code. In addition to these Code-related 
activities, we think that it would be very useful if this body could be mandated also to advise on general rules 
and principles of the functioning of the ESS. An outside perspective and opinion on the system as a whole 
could enrich our internal discussions and visions of future developments. 

However, there is more to our policy on improving statistical governance than the Code and its 
implementation. As I said before, we are seeking a balance between regulatory and self-regulatory actions. 
Therefore I will now touch upon regulatory issues. 

Our policy on monitoring compliance with Community legislation in statistics is conducted by 
Eurostat with the aim of improving the quality of Community statistics, most notably their comparability and 
their derived aggregates, and meant to treat Member States in an equal, fair and transparent manner. We are 
convinced that an adequate compliance policy in conjunction with an effective enforcement policy in case of 
compliance deficiencies will strengthen both the trust among official statisticians and the credibility of our 
institutions and results.  

Finally, we are currently in the midst of discussing the revision of Council Regulation 322/97 which is 
a kind of umbrella legislation for Community statistics. This is intrinsically related with our intention to 
improve the (annual and multi-annual) planning process. In order to be effective our programming has to 
take into account the fact that Community statistics at national level are also put to uses other than those 
related to Community policies and Community statistics are derived as part of a highly interdependent data 
collection and statistics compilation process. Our credibility as an institution cannot but suffer if we fail to 
agree on priorities, positive as well as negative ones. For Community statistics to be credible all Member 
States have to go ahead in cadence. Disagreement about priorities will only translate into conflict about 
adequacy, accuracy or comparability. In this framework, we are looking also for a Treaty compatible way to 
recognise the existence of the ESS as a network of statistics producing institutions. In the years to come, we 
have to find better ways of organising our work and above all of sharing our financial and human resources 
throughout the ESS. No doubt, the ESS cannot be transformed into a legal entity similar to the European 
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System of Central Banks, because NSIs as network elements, however independent they are in their 
professional work, are fairly closely tied to the administrative structures of Member States. Nevertheless, an 
institutional bond among NSIs tied to each other in a network is likely to strengthen the network cohesion 
and with this its effectiveness and its robustness, which in the end will translate into a strengthened 
credibility. 

In these reflections, I have been focusing primarily on the ESS. However, I would like to stress that by 
investing in knowledge of the partners, increasing transparency, and enforcing common/comparable ethical 
standards, we shall enhance trust among partners as a common good in the international statistical system, 
strengthen the network and make it more effective and efficient. 
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“UN support for the Global Statistical System”

Paul Cheung, Stefan Schweinfest, United Nations Statistics Division

"Norms and values in modern international statistical cooperation", SCPM 32;

The Global Statistical System

The past decade has witnessed a trend towards the ‘globalization’ of official

statistics. As not only goods and services, but also production factors and environmental

and social phenomena cross borders, our "information interdependence" has become

increasingly apparent. Governments, the private sector, researchers and the public at large

demand comparable and reliable data not only for their own country, but also for other

countries and for regional and global aggregates. Agreements on development policy

frameworks, such as the United Nations Millennium Development Goals (MDGs), are

evidence that the information demand is not merely international, it is global.

The global statistical system consists of the national statistical systems and all

international agencies, at the sub-regional, regional, global as well as sectoral level, that

are active in producing official statistics. This paper argues, that the United Nations

System has not only been a crucial factor in building and strengthening the global

statistical system as it is now, but the UN is also well placed to provide leadership in the

future for a higher level of cooperation, even with a largely increased number of actors.

This paper discusses the respective roles of the United Nations Statistical Commission

and of the Committee for the Coordination of Statistical Activities (CCSA), as well as the

current efforts to better coordinate statistical activities of UN agencies under the 'One

UN' concept, with the UN Statistics Division, as coordinator of the UN Statistical

System.

The UN Statistical Commission

The United Nations Statistical Commission, established in 1946 as a functional

commission of the United Nations Economic and Social Council, is the apex entity of the

global statistical system. The fact that the annual sessions of the UN Statistical

Commission are attended by large numbers of Chief Statisticians from member states as

well as from international organizations, gives the Commission both political and

professional legitimacy. The UN Statistical Commission is the main body mandated to

develop statistical standards and norms at the global level and it has a long history of

successfully doing so, most notably in the areas of principles of official statistics
1
, census

and survey taking
2
, national accounts and economic statistics

3
and classifications. At the

regional and sectoral level the work of the Statistical Commission is supported and

complemented by relevant intergovernmental bodies of the UN system, such as e.g. the

1
Refer to “Fundamental Principles of Official Statistics”. http://unstats.un.org/unsd/methods/statorg/FP-

English.htm.
2

See ECOSOC Resolution 2005/13 “2010 World Population and Housing Census Programme” adopted 22

July 2005.
3

See ECOSOC Resolution 1993/95.
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Conference of European Statisticians and the International Conference of Labour

Statisticians.

The Commission has since the beginning assumed responsibility for the

'management' of the global statistical system. For instance, in the 1990s it commissioned

two reports to review how coordination of statistics at the international level was actually

functioning and how it could potentially be improved. The results were the so-called

"Begeer" and "McLennan" reports
4
. As a consequence of this discussion, an architecture

of international cooperation, consisting of expert groups, inter-secretariat working groups

and so-called city groups was created, allowing countries and international agencies to

work together on specific statistical issues under the overall guidance of the Statistical

Commission. The Commission continues to provide oversight to over 20 such thematic

groups.

Even though the Commission is not formally a Board as known in the business

environment, and even though most of the international agencies have their own

governance arrangements, the Commission, as a global forum, is uniquely placed to bring

both the countries and the international agencies together. However, the Commission can

only be effective if the participating countries state clearly what they think - and

consistently so across the various 'bodies' in which they are represented - and, if the

international agencies listen to the messages. Ultimately, the messages from the countries
shape the programmes and strategies of all international agencies.

There may be ways to improve the functioning of the Commission. Perhaps

another study group on this is needed? Perhaps more explicit communication between

the various inter-governmental bodies needs to be established? Perhaps the leadership of

the Bureau of the UN Statistical Commission will need to be further strengthened?

However, it is clear that the global statistical system will not realize its full potential

unless the Commission has a powerful influence on the work of national, regional and
international statistical agencies.

The Committee for the Coordination of Statistical Activities

The broadest mechanism of inter-agency coordination is the Committee for the

Coordination of Statistical Activities (CCSA). The Committee, for which UNSD serves

as permanent secretariat, brings together the Chief Statisticians of the UN regional

commissions, agencies, funds and programmes, as well as those from other international

organizations with significant statistical programmes (e.g. World Bank, IMF, OECD,

EU). Increasingly, statisticians from sub-regional institutions, such as CARICOM,

ASEAN, ECOWAS, SADC participate in the work of the Committee.

The CCSA was established in response to a request of the UN Statistical

Commission at its 33
rd

Session in 2002, that international organizations “develop a new

4
See E/1993/26, Report of the UN Statistical Commission on its Twenty-seventh session, Chapter II and

E/1997/24, Report of the UN Statistical Commission on its Twenty-ninth session, Chapter XII.A
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system for effective coordination…”. It was purposefully designed in an open and

flexible manner
5
, to create a forum, where all relevant international producers of official

statistics can participate and where a broad range of issues (relating to methods, data

dissemination, technical cooperation) for which coordination is perceived to be needed,

may be covered.

The Committee has been particularly successful in coordinating follow-up to

decisions made at the inter-governmental level and in promoting harmonization of the

methodologies in various fields of statistics (e.g. tourism statistics, national accounts,

quality assurance framework). A recent major accomplishment is the agreement on a set

of principles governing international statistical activities
6

to which almost all

international statistical agencies formally committed. This set of principles de facto

establishes a code of conduct for the international agencies as they engage in statistical

activities with the countries and among themselves. The practical implementation of this

code will occupy the Committee's agenda for some time to come.

Even though CCSA is based on a voluntary agreement to coordinate and does not

have a formal institutional standing, an annual report on on-going Committee activities is

submitted to the United Nations Statistical Commission. After the first five years of

operation, the Committee is set to review its working practices in the forthcoming

meeting in September 2007. The challenge remains to strike a balance between the

openness to allow broad participation of all relevant players, and the focus on specific

topics where the Committee can, indeed, successfully make an impact.

The 'One UN’ concept and the role of the UN Statistics Division

While the United Nations system is changing in response to the increasing calls

for greater programme coherence, the UN entities working in official statistics are

similarly striving to work closer together, to create ultimately a UN Statistical System.

Given that the UN entities are ultimately accountable to the same member states, as

represented in the General Assembly, the Economic and Social Council and the

Statistical Commission, an institutional framework for greater coherence has been in

existence for the past 60 years. The Inter-agency and Expert Group on MDG Indicators

(IAEG), which is responsible for the preparation of data and analysis to monitor progress

towards the MDGs, is an example how in the presence of a clear intergovernmental

mandate and of strong leadership, significant progress towards working together is

possible. Over the past few years, IAEG has brought the UN entities together, working

intensively on the improvement and better documentation of the standards and methods

used in compiling and analysing MDG indicators, including finding ways to aggregate

country data in a meaningful way and overcoming problems of comparability.

The move towards a more unified UN Statistical System will bring the UN closer

to its customers, whether it is countries requesting specific assistance or users accessing

statistical information. This ‘strengthening from within' will help facilitate the overall

5
See http://unstats.un.org/unsd/workpartner_ccsa.htm

6
See http://unstats.un.org/unsd/methods/statorg/Principles_stat_activities/principles_stat_activities.htm.
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coordination process among international organizations in the context of the CCSA

outlined above. In particular, in the near future the UN system could spearhead the

following initiatives:

(i) Strengthen inter-governmental consultation processes and their communication

All statistical work in the UN system is based on the needs of member states and has to

be legitimized through appropriate intergovernmental consultation processes. At the

global level the UN Statistical Commission sets the overall framework. At the regional

level such intergovernmental consultation processes function well in some regions and

need to be strengthened in others. Overall, more effective means of communication,

among these various bodies, including the sectoral intergovernmental bodies, and

between them and the UN Statistical Commission need to be devised.

(ii) Coordinate data collection and dissemination activities

For the past 60 years, the UN system has been collecting statistical data from

member states on a variety of topics. There have been considerable efforts to coordinate

these activities in order to reduce duplication and response burden on member countries,

for instance through formal data sharing arrangements, for which agreed criteria of

quality assurance, harmonized metadata and IT protocols had to be developed. With

regards to data dissemination, however, there has been very little coordination across the

UN system. To move into the direction of a single entry point to UN databases, UNSD

has initiated a project, funded by extra-budgetary resources, to create a web portal

<data.un.org>, where in the future an increasing number of UN databases will be linked.

(iii) Deliver integrated technical assistance programmes

In general, the UN System has done a lot in building statistical capacity in member

countries. In the context of reduced funding for many programmes, effective

coordination and pooling of resources becomes all the more imperative. In spite of the

specialization of the agencies involved and of their organizational independence, concrete

improvements can be made to the level of coordination, through (i) early harmonization

of submissions for statistical technical cooperation projects, (ii) development of a

common approach to evaluation of technical cooperation and training activities and (iii)

sharing of training and other technical cooperation material.

Summary Remark

As the largest statistical organization in the UN, placed at headquarters in order to

assist all UN Secretariat units in all aspects of statistical work, as the permanent

Secretariat of the United Nations Statistical Commission and as the secretariat of the

CCSA, the United Nations Statistics Division is recognized as ‘the central agency for the

collection, analysis, publication, standardization and improvement of statistics serving the

general purposes of international organizations’
7
. UNSD is committed to work towards a

more unified UN Statistical System along the lines outlined above, and to work with all

parties on the advancement of the global statistical system.

7
Standard language used in agreements between the United Nations and Specialized Agencies.
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Critical dimensions of data quality and the implications for 

coordination and cooperation in statistics 
Mayo, Robert  
Food and Agriculture Organization of the United Nations, Statistics Division  
Viale delle Terme di Caracalla  
Rome 00153, Italy 
E-mail: Robert.Mayo@fao.org 
 
Kasnakoglu, Haluk 
Food and Agriculture Organization of the United Nations, Statistics Division  
Viale delle Terme di Caracalla 
Rome 00153, Italy  
E-mail: Haluk.Kasnakoglu@fao.org 
 

The once rather static domain of agricultural statistics has undergone some rather dramatic changes in 
the past few years. These changes are being driven from both within and outside the agricultural domain. In 
most developed countries agriculture has lost its once major position of importance in the economy to 
manufacturing, industry, services and international trade. However, recent interest in topics such as bio-
energy fuels, climate change and genetically modified organisms (GMOs) have emerged. Specifically of 
interest to developing countries are trends towards mono-agriculture, new trade restrictions for exporting 
agriculture and agricultural based products, reliance on agriculture for development, and the focus on value-
chains for development. The appearance of these issues has highlighted the need to review the agricultural 
statistics domain and deal with such issues with fresh approaches. 
 
Changing demands for agricultural statistics 

The changing nature of agriculture in developed and developing countries has posed new data 
demands on agricultural statisticians for agricultural policy development such as:  

• demands for data from diverse domains for analysis; 
• demands for micro-data, spatial/geo-referenced; 
• demands for timely and complete datasets. 

On first appearance these demands don’t appear too new or too complicated, but on reflection from the 
perspective of statisticians working in the agricultural sector we find they pose many new problems. High 
quality data is required for agricultural policy development, but many of the developing countries likely to be 
most affected by emerging issues are in the worst position to respond to these new data demands. To 
illustrate this point it is useful to use the bio-energy topic as an example to examine the multi-dimensional 
nature of the demands and subsequent complications involved. The statistical data required for the 
monitoring and analysis of the bio-energy topic comes from diverse domains, such as: 

• Agricultural Production domain (commodity quantities). 
• Trade domain (quantity and value of energy imports and exports, agricultural product imports 

and exports). 
• Prices domain (energy imports/export prices, commodity prices) 
• Food security domain (famine early warning systems, household food security assessments, 

hunger surveys). 
• Environmental domain (land-use, fertilizer, pesticides, water). 
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• Resources domain (land-use, fertilizer, pesticides, labour). 

Agricultural policy analysts need the data from these diverse domains in both quantity and value terms 
to analyze food security and environmental impacts of changes to bio-energy fuel production. As bio-energy 
fuels crops compete with food crops when policy decisions are to be taken on whether to use land and water 
for one or the other activity.  Famine early-warning systems rely on a combination of traditional crop 
production data as well as household food security assessments and hunger surveys. A possible switch either 
locally or internationally to bio-energy crops can have dramatic impacts on vulnerable populations. These 
policy decisions are especially critical when countries facing food security challenges have to address them. 
Both developed and developing countries need the above mentioned data to identify and assess their bio-
energy potential and any other possible problems to ensure that bio-energy is not only environmentally 
sustainable but also socially equitable.   

 The prices of many agricultural commodities have recently increased after a sustained decline.  
Data is required to understand the multi-dimensional nature of these changes: is it due to mainly market 
fundamentals or new factors affecting commodity prices such as the rapid economic growth of China and 
India and the effect of crude oil prices on those agricultural products that can be used to produce bio-fuels?  

Data demands for assisting in international negotiations such as the Doha Development Round of the 
World Trade Organization or the monitoring of the UN Millennium Declaration add to the demands for 
timely and complete data. 

The key tools that national and international statistics offices can use to meet these new and critical 
demands in agricultural statistics are: integrated statistical frameworks, common classifications and 
definitions; standard metadata; analytical datasets and data quality frameworks.  
 
Integrated statistical frameworks 

Integrated statistical frameworks are a key tool for agricultural statisticians to meet the above 
mentioned demands as they allow data to be combined from diverse domains thus meeting the needs of 
agricultural policy analysis. If the same frameworks are used both nationally and internationally then data 
interchange is facilitated. There are however some prerequisites to the practical implementation of such 
frameworks. In particular, all statistical data included in the statistical framework must use the standard 
definitions and classifications to allow it to be fully integrated.  In addition, standard statistical metadata 
elements to facilitate data interchange within the framework and with the other database modules. Practical 
examples of statistical frameworks are those used in the FAOSTAT system and CountrySTAT system - a 
country-based FAOSTAT (see figure 1).  
 
Figure 1: The FAOSTAT Statistical Framework 
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Essential elements of data quality in agricultural statistics 
The current work of the Committee for the Coordination of Statistical Activities (CCSA) and the 

Statistical Office of the European Communities on harmonization of data quality concepts and frameworks 
has provided international organizations with valuable tools and a blueprint for data quality monitoring. 
From the perspective of FAO agricultural statistics, the focus on data quality evaluation has been specifically 
on whether: appropriate metadata is available for the data series; international classifications are used; an 
update schedule is provided for the data series; the data series provides global coverage; the data series is up-
to-date and whether the data series in the databases are integrated within a statistical framework. It has 
become apparent to us that not all dimensions of data quality are equally important and that some are 
dependent on others. The most critical element of data quality is the integration of statistical data in 
frameworks as without a comprehensive integration we will not be able to address the data needs of our users. 
The other most important dimensions are the completeness and timely delivery of data to users.  

 
Official and analytical datasets 

International statistics offices have traditionally seen themselves as the international repositories of 
official national data, with the value they add being a central location where users can obtain all official 
country data on a specific topic. Additional value has also been added by generation of indicators, indexes 
and further data analysis, etc., on the country data. High user demand for complete, timely and integrated 
datasets cannot be met through this traditional international statistical approach to data collection and 
dissemination. The problems national statistics offices face in many developing countries are of a level that it 
is unrealistic to see in the short-term major changes in their capacity to provide the same quality of data as 
most developed countries. Not all national statistics offices are able to provide international statistical offices 
with data on a regular reporting yearly schedule. International statistics offices have to decide if they should 
wait for all countries to report before releasing a dataset, or release a partial dataset, or supplement the 
dataset with estimates and release sooner. If we refer to the trade domain in the bio-fuel example we see that 
we need trade data on: quantity and value of energy imports/exports; agricultural product imports and 
exports. Unfortunately in the trade domain we are faced by regular data gaps and delays. International 
merchandise trade statistics have the perennial problems of non-reporting or delayed reporting by some 
countries as well as asymmetric data reporting.  Total exports by one country do not equal total imports by 
the partner country, world exports do not equal world imports. If we want to have world total exports on bio-
fuel crops, then we need to have the data gaps filled.  

The development of analytical datasets is one possible response to providing users with the best 
possible complete datasets for analytical purposes. Analytical datasets provide statistical agencies with the 
flexibility to not only fill data gaps with estimated data, but also as in the trade domain example to ensure 
aggregates such as world exports equal world imports. As data does become available from countries then it 
should be used to replace the estimates. Users need to be made aware that it is an analytical dataset and 
advantages and disadvantages of using such datasets. Metadata on how data was estimated needs to be 
readily available for the user so they have the opportunity to replace the estimated data with their own 
estimated data if they feel they can do better.  The FAOSTAT Core is an example of an analytical dataset 
which addresses the issue of filling empty data cells when official doesn’t exist. This allows the generation of 
complete regional and world aggregates and allows users to generate indicators or perform multi-
dimensional analysis without the problems associated with missing data cells. Statisticians should be aware 
that if they do not take the step of producing complete and timely datasets, then users will be forced into 
producing their own. With the flexibility provided by the internet, the production and distribution of 
statistical data is possible at very low cost. The major risk to international statistics offices of not producing 
analytical datasets is that analytical datasets will be produced by commercial organizations or users and they 
will be widely distributed.  
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Statistical coordination and cooperation 
The interaction between international statistical offices has increased in recent years and this trend is 

likely to continue especially with the multi-dimensional nature of our work, as demonstrated in the bio-fuel 
example our work cannot be performed in isolation. The coordination of data collection from countries, 
processing and sharing with sister agencies and the development of related indicators cannot be undertaken 
without substantial international statistical coordination and cooperation.  

The experiences of FAO so far with the implementation of the frameworks have been very positive, 
especially with regard to involving non-traditional national partners in multi-dimensionality agricultural 
statistical issues. The development of statistical frameworks provides FAO not only with a tool for data 
integration at the national level but more importantly as a mechanism for coordination and cooperation in 
agricultural statistics at the national and international levels.  

The demands for more and more timely and complete datasets are likely to continue to increase. The 
response of international organizations to these demands will no doubt involve greater coordination and 
cooperation especially when integrated datasets covering multiple domains are made available. The main 
outstanding question is whether international statistics offices will take the bold step of meeting the demand 
for more timely and complete datasets by producing and disseminating analytical datasets or will wish to 
remain as only data repositories?   
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1. Introduction 

The statistical programs of the Statistics Department of the International Monetary Fund (IMF) respond 

to changes in the IMF’s oversight of the international economy stemming from globalization of markets. The 

IMF was created after the Second World War to take a leadership role in promoting international monetary 

cooperation and international exchange and financial stability. The IMF Statistics Department provides 

statistical products and services that support the analytical and policy needs of the IMF, its membership, and 

the international community. Its key activities encompass data management and publication; stewardship of 

statistical methodologies; development of standards for data dissemination and data quality; support for IMF 

surveillance; capacity building and training; and international statistical collaboration. The IMF Statistics 

Department developed innovative collaborative methods to provide technical assistance, introduce 

international statistical standards, and promote compilation of comparable statistics across countries needed 

to analyze the increased globalization and integration of countries’ products and financial markets. Recent 

changes at the IMF—as embodied in the so-called “Medium-Term Strategy” to respond to increasingly 

globalized markets—have validated the IMF Statistics Department’s statistical priorities and collaborative 

methods for implementing statistical projects. Internationally coordinated compilation exercises provide a 

resource efficient approach to introduce statistical standards and encourage member countries to exchange 

information, and compile and disseminate new statistics. Coordinated compilation exercises call for 

strengthened collaborative efforts and information exchanges with national, regional, international, and 

supranational agencies. This paper discusses three IMF statistical initiatives that use the coordinated 

compilation approach—the coordinated compilation exercise for financial soundness indicators, the 

coordinated portfolio investment survey, and a planned coordinated direct investment survey. 

2. Changes at the IMF: The Medium-Term Strategy 

A new IMF policy framework addressing challenges presented by globalization of financial markets is 

affecting statistical priorities. In 2004, the Managing Director of the IMF initiated a review of how the IMF 

should respond to changing market conditions. In September 2005, a Medium-Term Strategy (MTS) was 

approved that provides a framework for the future directions of the IMF. In April 2006, specific proposals 

for implementing the MTS were presented and adopted, and subsequently a Task Force was created on 

integrating analysis of the financial sector into on-going IMF surveillance of its membership. The IMF 

1 Lucie Laliberté, Robert Heath, and John Joisce, all in IMF’s Statistics Department, provided inputs to this paper. 
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Statistics Department has been pro-active in considering how the MTS would and should affect its statistical 

programs. The work is carefully being prioritized to be able to carry out its core statistical functions and the 

goals of the MTS in the current tight budget situation.  

The IMF’s Medium-Term Strategy 

The MTS covers all aspects of the IMF’s activities. It promotes: new directions in the IMF’s 

surveillance of its member countries (including emphasis on risks to economic stability, 

payments imbalances, currency misalignments, and financial market disturbances; and 

highlighting the role of regional issues and multilateral negotiations); new roles in crisis 

prevention in emerging market economies; more effective engagement in low-income 

countries; capacity building to help members to be able to implement reforms; dealing with 

the new budget realities that require belt-tightening, streamlining, and building a new income 

model for the IMF; and addressing governance of the IMF to improve representation. 

3. Enhanced Focus on Collaborative Efforts  

 Traditional types of technical assistance are giving way to more multilateral approaches. The 

traditional approach for statistical technical assistance involves a short visit by IMF staff, usually lasting two 

weeks, to review and assess the country’s statistics, train local compilers in statistical methodology and 

compilation, and make recommendations for upgrading the quality of the statistics. An action plan is agreed 

with the authorities, including benchmark actions, to monitor progress. This traditional approach will remain 

relevant in specific situations, but the IMF Statistics Department is increasingly shifting toward multilateral 

forms of technical assistance, often in the form of coordinated exercises. Coordinated efforts promote 

improvements in statistical practices and compilation for many countries simultaneously. 

 Coordinated exercises involve the active cooperation among the IMF staff, national compilers, 

regional and international organizations, and international standards setters. Some of the elements of the 

coordinated exercise include:  

The IMF draws upon its expertise to provide technical advice and leverages its global mandate to 

promote communication and coordination between national and regional players. 

Countries learn from each other’s experiences. 

The IMF staff learn from the countries’ experiences and gain perspective on the conditions and data 

needs in countries in widely different settings.  

Regional and international organizations, and standards setters are invited to participate. Various 

organizations have specific areas of expertise or institutional focus, by topic or by geographic area, that can 

make them preferred partners to deal with specific statistical issues.  

Implementation within specific areas is often affected critically by the institutional arrangements and 

decision-making processes in the field or region. By respecting those aspects, and working within preexisting 

institutional frameworks, projects can often be implemented quickly and cost effectively. 

Moving into new areas of statistics requires consideration of the linkages between statistics, 

accounting, and regulatory perspectives. The synergy is maximized for harmonizing standards and reducing 

the reporting burden on member countries. 

4. Coordinated Compilation Exercises and Surveys 

Internationally coordinated compilation exercises and surveys are resource efficient methods to 

support statistical capacity building, produce internationally comparable statistics that facilitate multilateral 

surveillance, and produce new statistics in support of IMF bilateral surveillance. Three such coordinated 
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exercises are described below—the coordinated compilation exercise for financial soundness indicators, the 

coordinated portfolio investment survey, and coordinated direct investment survey.  

5. Coordinated Compilation Exercise for Financial Soundness Indicators  

Following the financial crisis in the late-1990s, there were calls for better tools and 

information to assess the strengths and vulnerabilities of financial systems. In response, the IMF 

produced the Compilation Guide: Financial Soundness Indicators (Guide) to encourage countries to 

compile and disseminate indicators of the soundness of their financial systems. Financial soundness 

indicators are indicators of the current financial health and soundness of the entire sector of 

financial institutions in a country, and of the corporate and household sectors that are the financial 

institutions’ clients. The indicators represent an innovative and new field of macroeconomic data. 

The Guide’s methodology draws from diverse frameworks of monetary statistics, national accounts, 

financial accounting, and bank supervision. As such, the preparation of the Guide involved several 

rounds of intensive and extensive consultation with experts from IMF member countries, 

international and regional organizations, standards-setting bodies, and the private sector. 

With the completion of the Guide, the focus shifted to the implementation phase. Several important 

considerations influenced the decision on the approach to take. 

1.     FSIs are a new type of statistics in which the practical experience of IMF staff and national 

compilers is still limited. 

2.     The implementation of the Guide was to be undertaken within existing resources of the IMF 

Statistics Department. 

3.     There was an urgent need to compile FSIs for surveillance of the financial sector by countries and 

the IMF. 

4.     Since the FSI framework draws from various frameworks, enhanced collaboration with regional and 

international organizations, and standard setters is critical. 

The traditional mode of delivering technical assistance was deemed not to be the appropriate approach. 

Hence, a coordinated compilation exercise was adopted. This model would rely on multilateral consultations 

and cooperation to help implement the new methodology and support statistical compilation in a large 

number of countries in a cost-effective manner.  

The Coordinated Compilation Exercise (CCE) for FSIs was launched in 2004 with voluntary 

participation of 62 systemically important countries. The IMF convened the first meeting of country 

coordinators and compilers from the participating countries as well as of representatives from regional and 

international organizations at its Headquarters. At that meeting, the terms of reference and modalities of the 

CCE were adopted. The participating countries agreed to compile the core indicators and could choose to 

compile some or all of the encouraged FSIs. For comparability, countries were to attempt to apply the 

methodology in the Guide and to prepare data for a common reference period—year-end 2005 for position 

data and year 2005 for flows data. Countries agreed to provide detailed metadata, or descriptions of the 

national practices used in compiling the FSIs, to help assess the comparability of the FSIs and understand 

differences in the national methodologies that might affect the interpretation of the data. The IMF Statistics 

Department held two rounds of regional seminars with the participating countries to discuss the FSI 

methodology and the CCE reporting forms and arrangements. 

To support the CCE, a Reference Group was formed. The Reference Group consisted of interested 

regional and international organizations, and key financial sector standards setters.
2 The Reference Group 

2 The original CCE Reference Group comprised representatives of the Arab Monetary Fund (AMF), the Asian 

Development Bank (ADB), the Association of Supervisors of Banks of the Americas (ASBA), the African 

Development Bank (AfDB), the Bank of Central African States (BEAC), the Bank for International Settlements (BIS), 

the Central Bank of West African States (BCEAO), the East Caribbean Central Bank (ECCB), the European Central 

(continued) 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 2590 -



  4  

provided views on emerging issues in the CCE, including possible next steps for the work of the IMF on 

FSIs. It also served as a conduit of feedback from its constituent institutions to the IMF on issues arising in 

their jurisdictions regarding the CCE. In some cases, members of the Reference Group also attended the 

regional seminars with the coordinators and compilers.  

Results of the CCE—FSI data and metadata—are now posted on the IMF website.3 In May 2007, the 

CCE participating countries and the Reference Group met again in Washington to review the results and 

experience of the CCE, and discussed possible next steps in the work of the IMF on FSIs. Their views will 

be reflected in a paper that will be discussed by the IMF’s Executive Board towards the end of 2007.  

6. Coordinated Portfolio Investment Survey  

The Coordinated Portfolio Investment Survey (CPIS) collects cross-border year-end positions data of 

equity and debt securities, at market price, by counterpart country of issuer. Approximately 70 jurisdictions 

participate in this survey, which has been conducted annually since 2001. Sectoral holdings are provided on 

an “encouraged” basis by about 50 jurisdictions. Estimates of liabilities, by counterpart country of the asset 

holder, are derived by the IMF. The CPIS data are available at the IMF website.4 The exchange of survey 

results permits countries to use counterparts’ data to validate their own methods and data or to derive their 

own data. 

7. Coordinated Direct Investment Survey 

In light of the success of the CPIS, the IMF has decided to undertake a Coordinated Direct Investment 

Survey (CDIS) of direct investment positions, by counterpart country of investment, as of end-2009. The 

results will be broken down between equity and other capital. In conjunction with its interagency partners 

(the OECD, the ECB, Eurostat, the World Bank, and UNCTAD), the IMF Statistics Department carried out a 

study to assess (i) whether it would be possible to conduct such a survey and (ii) how many jurisdictions 

would be prepared to participate. Approximately 80 jurisdictions responded (out of about 90 contacted) and 

very high proportions were very strongly in favor of conducting a CDIS for both inward and outward 

positions. In view of the complexity of the survey, the results will not be available until late 2011.  

8. Conclusion  

The IMF Statistics Department has responded to important changes in the IMF work program and to 

the globalization of financial markets by developing collaborative multilateral projects to capture statistical 

information on financial markets’ soundness and international capital flows. New methods of interaction 

with national authorities focus on coordinated exercises that bring together the IMF, national authorities, and 

international and regional organizations and standards setters. These efforts can help promote adherence to 

international standards and best practices and achieve the maximum collection and dissemination of data and 

improvements in practice given the tight budget situation. 

Bank (ECB), the International Accounting Standards Board (IASB), the Inter-American Development Bank (IADB), 

the Organization for Economic Cooperation and Development (OECD), and the World Bank. In 2007, the Committee 

of European Bank Supervisors (CEBS) and the Islamic Financial Services Board (IFSB) were invited to the Reference 

Group. 

3 http://www.imf.org/external/np/sta/fsi/datarsl.htm

4 http://www.imf.org/external/np/sta/pi/cpis.htm.
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    In recent years there has been an increase in the employment of statistical methods to help resolve 

environmental problems, as can be seen by the increasing number of conferences dedicated to this subject, 

by the growing importance of specialized statistical journals, by the number of essays on this matter featured 

in multipurpose statistical journals, and by the interest shown by scientific societies. Statistics is of relevance 

to a great number of environmental topics, and produces results which differ from those of other quantitative 

methods employed in environmental studies. The contribution of statistics to environmental studies in the 

past has been closely associated with specific studies rather than the adoption of any concerted common 

approach, and as such has often been situated within the context of specific, isolated projects. At present, and 

probably in the near future, statistical methods may be used as a pivotal bond between interdisciplinary 

environmental studies, while statisticians provide a link between researchers with a variety of different skills. 

The most recent developments seem to favor scientific communication among subjects rather than 

specialization, particularly within the field of environmental analysis.   

 

Statistical methods as suitable tools for dealing with complexity and uncertainty  

The ability to deal directly with uncertainty and complexity is one of statistics’ strengths. Statistics is 

able to come up with methods for reducing dimensions and for coping in multidimensional situations. 

Moreover, it is capable of considering probability and different forms of variability within one model: for 

example, when it is constructed as a hierarchical model, or as a component of variance model. This 

peculiarity enables statistics to bring together the contributions made by different subjects to form one model. 

This is typical of those models linking pollution data and health data, or pollution data and meteorological 

data. Statistical reasoning helps us construct models where probability plays an important role as a quantifier 

of uncertainty. As a consequence, decisions can be made on the basis of the controlled uncertainty of model 

outputs. Statistical modeling therefore relies on probability, with a particular emphasis on parameter 

estimation and the forecasting of unobserved or future events. A statistical model is parsimonious, elegant, 

albeit rather too simplistic, when compared with a deterministic model conceived within the framework of a 

substantive subject. 

One example is the study of particulate matter (PM) vertical profiles. New methods of studying the 

atmospheric dispersion conditions in relation to PM pollution levels have been recently proposed by aerosol 

experts (Ferrero et al., 2007): the study of PM vertical profiles is a highly promising area of investigation. 

Newer techniques (compared with the more traditional ground level measurement) are now possible. A 

monitoring site, set up in Milan, started taking measurements in December 2005 using an optical particle 

counter and a portable meteorological station deployed on a 4 m tethered balloon. This method provides a 

direct measure of the PM profile by height, with a direct evaluation of the mixing layer (ML) height. The 

instrument monitors particulate matter vertical profiles, particle number concentrations and particle size 

distributions (14 classes between 0.3 and 20 µ m). A massive amount of data has been collected, and ways 

of classifying and interpreting such data as a whole need to be found. Chemists’ experience suggests that 

under stable conditions, the ML separates two zones in the lower troposphere: a lower zone in which the 

influence of directly emitted PM is evident; and an upper zone where old PM is present. Statisticians were 

asked to test this conjecture. In order to give an answer, the proportions of PM classified according to 

particle size were jointly analyzed, following the theory of compositional data (Aitchison, 1986) according to 
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two complementary perspectives. Firstly, the relative proportions of particle sizes (compositions) were 

modeled as linear functions of meteorological variables. Their influence is seen to be stronger above the ML, 

probably because only the oldest particles reach such heights before dilution occurs. Their influence was 

weaker below the ML as a result of the combination of particulate emission and the persistence of older 

particulate, and accumulation processes occur. Then the evolution of PM composition was studied along the 

vertical profile. A hierarchical model including random effects related to launch, composition and height, has 

been constructed. The main conceptual difficulty has been that of defining the subsets of launches which can 

be considered to be homogenous and repeats of the same process. By means of this model, data relating to 

launches deemed homogeneous have been used to evaluate the evolution of composition in relation to height 

by means of probabilistic tools (see Figure 1). The main finding is that the finest compositions are more 

important below the ML, whereas the largest particles become more influential above the ML. The added 

value of statistical methods consists in the inferential assessment of the chemists’ exploratory conjecture. As 

a conclusion, the ML levels are of crucial importance, in both approaches, in the vertical regions above and 

below the ML. 

  

Figure 1 Outcome of modeling the evolution of PM compositions along height 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Dealing with complexity and uncertainty: official environmental statistics 

Assessing the environmental situation in a region or a country means having access to a number of 

diverse indicators. Recommendations for evaluating environmental risks implicitly require a great deal of 

information in order to quantify the different features of such risks. The European Commission, for example, 

considered seven specific strategies of primary interest in the Sixth Work Program, including the “Urban 

Environment”. The aim of the program is to improve people’s quality of life by adopting an integrated 

approach focused on urban zones. The program recommends acting in order that the pollution level does not 

have harmful effects on human health and the environment, through the creation of a sustainable urban 

environment. The actual creation of a system of indices capable of monitoring the adopted strategy is not an 

easy task. The sixth European Environmental Working Program (1600/2002/CE) considers 4 main action 

areas: Climatic changes; Nature and biodiversity; Environment, health and quality of life; Natural sources 

and waste. The monitoring of the urban environment pertains to at least three of these areas.  

 One needs to ascertain whether an environmental index exists or not in a given region. If it does exist, 

one then needs to evaluate whether it is of a satisfactory nature or not. If the index quality is poor, then 

policies ought to be implemented in order to improve it. If there is no such index, then the list of available 

indicators ought to be prepared, together with a proposal for data collection and for the construction of those 
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indicators which are actually needed. Quality is important, since some elementary data are directly measured 

values, while others are the result of a process of estimation, and others again are produced by a probabilistic 

model. Another important feature of data is their availability over time, their comparability and their 

coherence. In all the above cases, the precision of the published values has to be accounted for. The use of 

probability when constructing environmental indices sheds new light on indices that seem to be conceived as 

descriptive, non-random quantities. Considering environmental indices as random quantities enables us to 

see each index value as the realization of the outcome of a statistical model (Bruno and Cocchi, 2007; Åberg 

and Guttorp, 2006). 

 

Inputs to environmental statistical models 

In statistical models designed for environmental monitoring purposes, inputs are not necessarily 

elementary measured data. Recent studies, which tend to favor interaction between statistics and various 

scientific subjects, use the outputs from complex deterministic models as the input for a statistical model. 

The issue of data quality is, in turn, a reason for the preliminary treatment of elementary data in order to 

ensure that they constitute a suitable input for more complex statistical models. Two very important 

examples of this first situation are meteorological forecasts and hydrological forecasts, while examples of 

improving data quality are the statistical methods used for misaligned data and for calibration. 

In the field of meteorology, meteorologists usually forecast the weather by running deterministic 

numerical models. Forecast uncertainty is quantified in Ensemble Prediction Systems (EPS) by means of an 

empirical resampling approach: a deterministic model is run several times with randomly perturbed starting 

conditions. The ensemble of model outputs is then interpreted as a set of equally probable scenarios, and its 

spread is seen as an indicator of forecast reliability. Two difficulties characterize EPS: firstly, the number of 

replicated scenarios is limited by the quantity of computational resources, which tend to be scarce in the case 

of local, small-scale meteorological services; secondly, there is no comparison with true, observed data when 

evaluating forecasting errors. Hierarchical statistical models for weather forecasting based on EPS outputs, 

which include observed data in their structure, can be proposed (Raftery, 2005). Such models can be easily 

estimated using MCMC methods, where explicit predictive distribution functions of target variables can be 

calculated, based on the history of observed forecasting errors. Moreover, large numbers of 

deterministic/statistical weather scenarios can be simulated at a limited computational cost. Hybrid scenarios 

can be viewed as a form of statistical-error dressing of the original EPS numerical output.  

When a complex model is constructed, data quality may differ from one part of the model to another, 

and the data sources may not be perfectly compatible. While statisticians are particularly sensitive to such 

topics, researchers in other fields have become more likely to include this issue in the general construction of 

a model. For instance, many environmental analyses depend on the spatial allocation of data. Spatial data 

misalignment is quite common, as a result of input from a variety of different subjects which gather data 

from very different perspectives. This leads to the performance of statistical analyses using data collected on 

different supports: measurements are generally available on points (point data) or on areas (block data). Very 

often, data spatial resolution does not reflect the nature of the measured variable. This always happens when 

the variable is continuous: for example, air pollution data are collected from monitoring networks producing 

point data, while the air pollutant’s spatial distribution is of course continuous. In other contexts, the 

measurement of the variable’s real spatial resolution may well be possible in principle, but the problem is 

that data are not available on such a spatial scale. For example, epidemiological data are very often available 

as counts of deaths/diseases in administrative regions (count data), while a more suitable scale would be the 

point scale giving the exact spatial location of every death/disease event. The so-called Change of Support 

Problem (COSP) arises when an inference regarding the process is to be made in a support other then the 

data support (Gelfand et al., 2001). For example, in order to estimate average pollution levels within certain 

administrative regions, one needs to change the support of the available point data, treating the particular 

case of COSP in question as one of point-to-block prediction. In the case of a single variable, changing the 
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data support is necessary if one is interested in the spatial distribution at points or blocks other than those at 

which it has been observed. When a complex phenomenon is to be studied, solutions to the COSP problem 

are needed if different variables involved in the study are collected with different spatial resolutions: 

addressing the COSP enables data to be combined across the spatial scale (Gotway and Young, 2002). This 

issue can be viewed as a problem of the combination of various information sources, which can be managed 

by hierarchical modeling so that the associated uncertainties are correctly propagated throughout the model 

itself. 

Another similar issue is related to calibration problems, and occurs when different measuring 

instruments are employed. They are solved by practitioners using ad hoc exogenous correction coefficients. 

For PM measurements, monitoring networks are very often equipped with heterogeneous measuring 

instruments. Low Volume Gravimetric (LVG) is the reference sampler for the PM measurement according to 

European Community directives, and air quality standards are set according to LVG samplers. Despite 

general recognition that LVG samplers are the most effective instruments for measuring PM concentrations, 

monitoring sites are very often equipped with inefficient automatic samplers such as the Tapered Element 

Oscillating Microbalance (TEOM) sampler. Such instruments are known to underestimate the level provided 

by the reference method. Since standards are set according to the LVG samplers, statisticians have to 

calibrate TEOM measurements in order to evaluate compliance with environmental standards. A non-

standard calibration problem arises when calibration parameter estimates are needed but different 

measurements on the same sites are not available. Statistical methods are very effective in dealing with this 

problem because they are able to exploit the only existing information that allows for the calibration of  PM 

measurements, i.e. the spatial correlation characterising the process measured by the different kinds of 

samplers (Cocchi et al., 2007; Fassò and Nicolis, 2005). 
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Uncertainty in water quality data and its implications for trend detection
Anders Nordgaard, Karl Wahlin and Anders Grimvall

Department of Mathematics, Linköping University, SE-58183 Linköping, Sweden

Introduction
The classical statistical techniques for separating anthropogenic trends from various types of errors or

random fluctuations are based on univariate time series models in which the individual error terms are regarded as
independent random variables with mean zero (Esterby, 1996). Such models can be justified if both the spatial and
the temporal correlation of the error terms are negligible and systematic errors are rare, but that is seldom the case.
Weather-driven fluctuations can have large-scale or cyclic components that create spatio-temporal correlations in the
collected data. Furthermore, changes in sampling, sample handling, or analytical methods in the laboratory can
cause synchronous patterns in data representing different collection sites. Hence, there is a strong need to develop
statistical methods for joint analysis of multiple time series of data and efficient detection of synchronous changes in
the measured state of the environment.

Here, we demonstrate how a class of semiparametric regression models introduced by Grimvall and co-
workers (2007) can be employed to extract synchronous temporal patterns from multiple time series of water quality
data.

Database
We analysed data from 34 rivers in Sweden, with drainage areas ranging from 100 to 47000 km2. In

addition, we analysed time series of water quality data from one site in Lake Vättern and two sites in Lake Vänern.

Statistical methods
For a discussion about the statistical methods used, we refer to Grimvall and co-workers (2007).

Synchronous changes in water quality data

Total phosphorus

When we plotted phosphorus concentrations measured at Swedish river mouths as time series, we noted that
in most of the rivers the observed levels decreased from 1980 to 1983 and then increased. Furthermore, there
seemed to be a drop around 1996. This temporal pattern emerged more clearly when semiparametric regression
models were used to normalize the observed concentrations and trend surfaces were subsequently fitted to matrices
of annual normalized concentrations for selected groups of rivers. Figure 1 shows the results obtained for fifteen
rivers flowing into the Gulf of Bothnia when the observed levels of total phosphorus were normalized with respect
to water discharge and to the amount of particulate matter measured as the difference in absorbance between
unfiltered and filtered water samples. It can be seen that the temporal changes in the early 1980s and around 1996
were remarkably synchronous in the investigated rivers.

Figure 2 shows the unweighted mean concentrations obtained for rivers discharging into the Gulf of Bothnia
and rivers discharging into Kattegat and Skagerrak. It appears that in both regions there was a trough in the
normalized concentrations around 1983.

In search of further evidence of synchronous changes in phosphorus concentrations, we also analysed data
from one site in Lake Vättern and two sites in Lake Vänern. Lake Vättern has a hydraulic residence time of about 80
years. First, we noted that the temporal changes in phosphorus concentrations were almost synchronous at all depths
in Lake Vättern. Second, both the trough in the early 1980s and the drop around 1996 could be discerned in data
from that lake. Similar results were obtained for the two sites in Lake Vänern, which has a water residence time of
about nine years.

The techniques used to estimate the trend lines in Figure 2 and the trend surface in Figure 1 may have
smoothed out step changes to produce gradual changes. To ascertain whether such smoothing effects did occur in
our study, we plotted the estimated trends along with the originally measured concentration values for sampling sites
at which the natural variability was particularly small. The results revealed that the decrease around 1996 was
actually a step change, whereas the decrease in the early 1980s seemed to include minor changes spread out over
several years.
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Figure 1. Trend surface fitted to normalized annual summaries of total phosphorus
concentrations in fifteen Swedish rivers flowing into the Gulf of Bothnia. The normalization was done with
respect to water discharge and amount of particulate matter, measured as the difference in absorbance
between unfiltered and filtered samples.
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Figure 2. Trend curves for the unweighted mean of the normalized concentrations of total phosphorus in
riverine input to the Kattegat/Skagerrak and the Gulf of Bothnia. Normalization with respect to water
discharge and amount of particulate matter, measured as the difference in absorbance between unfiltered
and filtered samples.

Together, our fidings regarding phosphorus concentrations showed that major changes in the reported levels
occurred simultaneously in a large number of rivers and lakes representing a very wide range of hydraulic residence
times and anthropogenic pressures.

Total nitrogen

Statistical analyses of total nitrogen measurements based on persulphate digestion (Tot-N(ps)) revealed a
pronounced downward trend that started in the mid 1990s. In northern Sweden, where the average nitrogen
concentration is lower, the downward trend was weaker.

Total nitrogen levels can also be determined by computing the sum of Kjeldahl nitrogen and nitrite and nitrate
nitrogen. In principle, these computed concentrations (Tot-N(Kj)) should be strongly correlated with the Tot-N(ps))
values. However, a scatter chart revealed that there were substantial measurement errors or other causes of deviating
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concentrations. For example, there seemed to be a set of water samples for which the computed Tot-N(Kj) value was
only about half the Tot-N(ps) value. After examining time series plots from the sites responsible for these anomalies,
we concluded that some of the Tot-N(ps) values were twice as large as they should be due to calculation or dilution
errors in the chemical analysis.

Here, we conclude the statistical analysis of nitrogen data by estimating temporal trends in the two measures
of total nitrogen, Tot-N(ps) and Tot-N(Kj). Figure 3 illustrates the results obtained by estimating temporal trends in
the two measures of total nitrogen, Tot-N(ps) and Tot-N(Kj) in the riverine input to the Kattegat and Skagerrak.
Apparently the choice of measure of the nitrogen content has a dramatic effect on the conclusions that can be drawn
about recent temporal trends.
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Figure 3. Trend lines and associated 95% confidence bands for the arithmetic mean of flow-normalized
concentrations of Tot-N(ps) and Tot-N(Kj) in seven rivers discharging into the Kattegat and Skagerrak.

Discussion
Our study of water quality data provided numerous examples of temporal changes that were remarkably

synchronous in rivers representing a wide range of hydrogeological conditions and anthropogenic pressures. There
are several possible explanations for such coinciding fluctuations: (i) large-scale human interventions; (ii) large-
scale variation in weather conditions; (iii) advertant or inadvertent alterations in sampling and laboratory practices;
(iv) artefacts in the statistical procedures used to analyze the collected data.

In some cases, it is advocated that adjustments can create spurious trends, and it is even possible to construct
data sets for which such effects can appear. However, in general, adjustments reduce the noise in the measured data
and, consequently, such methods usually decrease the risk for spurious trends. In addition, the major trends we
found in the adjusted data were also present in unadjusted data from water bodies for which the noise was
comparatively small and adjustment thus had a negligible effect. Hence, we rejected the hypothesis that the
synchronous trends were merely an artefact of the adjustment.

Like any other trend analysis, our method of fitting trend surfaces can distort true trends. Above all, we
noticed that a step change could be smoothed out when a trend surface was fitted to annual data from a set of
stations. However, the risk of undesired smoothing was generally small because the smoothing factors were selected
to optimize the predictive power of the underlying regression model. In particular, we found that the smoothing
across rivers was negligible when the trends in the investigated rivers were clearly dissimilar. Furthermore, it should
be noted that we analysed data from different regions separately, which ruled out the possibility that the remarkably
synchronous changes in water quality were merely an artefact of the fitting of trend surfaces.

Total phosphorus

Our analysis of total phosphorus levels showed that there was a significant drop in 1996. Closer inspection of
that decline revealed the following: (i) the levels decreased simultaneously in water bodies representing a wide
range of anthropogenic pressures and hydraulic residence times ranging from less than a year to about 80 years; (ii)
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the decreases in Lakes Vänern and Vättern were step changes that were too large to be caused by sudden
fluctuations in either point emissions or riverine inputs to the lakes. Accordingly, anthropogenic interventions
cannot be a major explanation for the observed shift in the level of total phosphorus.

Internal loading triggered by specific weather conditions can occasionally cause relatively rapid changes in
concentrations of phosphorus in a body of water. However, in our analysis, the weather effects were suppressed by
normalizing the river water data with respect to flow and particulate matter, and the lake water data with regard to
temperature. Moreover, inspection of water discharge and temperature data did not reveal any events that could
explain why the decrease in total phosphorus was so pronounced both in both northern and southern Sweden in
1996, whereas the interannual variation was subsequently much smaller. Inasmuch as the drop in total phosphorus in
1996 coincided in time with introduction of a new instrument for measuring phosphorus in the laboratory
conducting the chemical analyses, and such a change in instrumentation has been reported to influence
determination of low concentrations, we concluded that the decrease in 1996 was due to altered laboratory
procedures.

The trough in the early 1980s was observed from south-western to north-western Sweden in rivers containing
low or moderately high levels of total phosphorus. Based on the same argument as given above, we rejected the idea
that these temporal changes had been induced by human interventions in the drainage area. We also dismissed the
idea that they were due to internal loading triggered by weather events for the following reasons: (i) the major
weather-driven effects should have been removed by our statistical adjustments (normalizations); (ii) visual
inspection of water discharge and water temperature data did not indicate that there were any pronounced nation-
wide temporal patterns in 1980-1985; (iii) the trough was apparent in water bodies representing a very wide range of
hydraulic residence times. Using the method of exclusion, we concluded that the observed trends in total phosphorus
that occurred in the early 1980s were strongly influenced by changes in sampling or laboratory practices.

Total nitrogen

In our search for possible explanations for the reported decreases in total nitrogen we were informed that the
instrument used to analyze that parameter by persulphate digestion was so old that its performance could be
questioned. Hence, we concluded that the downward trends shown in Figure 3 were due to measurement errors.

General conclusions
Some of the data quality problems exemplified here could and should have been detected if the measured

data had been adequately visualized before they were entered into the database. Other data problems did not emerge
until the whole history of measurements from an entire network of sampling sites was scrutinized. In particular, we
noted the following: (i) Meteorological/Hydrological adjustment can reduce the noise in the collected time series of
data and thereby clarify other sources of variation, such as human interventions in the drainage area, or advertant or
inadvertant changes in sampling and laboratory practices. (ii) Simultaneous analysis of several time series of
adjusted data can help reveal patterns caused by changes in laboratories or laboratory practices. (iii) Calculating
ratios or differences between interrelated water quality parameters can facilitate detection of data quality problems.

Finally, we claim that it is essential to find new paradigms for environmental monitoring. It is an extremely
difficult task to maintain high and even quality of measured environmental data. Personnel and analytical
instruments and methods change over time, and numerous things can go wrong in the long chain of steps from
sampling in the environment to reporting of measured values. In our study of Swedish water quality data we found
that even though the laboratory that had conducted field measurements had long been accredited and practiced
conventional quality assurance, there were nonetheless numerous and serious errors in the values compiled in the
investigated database. This shows the need for a system in which conventional quality assurance is complemented
with thorough statistical follow-up of reported values. Perhaps, a system adopted by the National Aeronautics and
Space Administration (NASA) in the United States could serve as a model, since it accepts and encourages peer
evaluation of data quality by qualified external reviewers or committees composed of such experts
(sti.nasa.gov/STI-public-homepage.html).
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RÉSUMÉ (ABSTRACT)  
 

Many of the environmental challenges confronting society today are posed as questions about change – is 
global temperature rising, how fast are headline species declining, how much will CO2 levels rise in the 
future and what is driving these changes? Monitoring programmes are often at the cornerstone of much of 
the quantitative information about environmental change, but the data series may be incomplete, short, and 
subject to changes in measurement methods and in limits of detection.  Often the sampling frame for the 
monitored data on which any effects are evaluated is mis-matched to the spatial and temporal scale at which 
the changes may operate. Other confounding factors may also make any effects difficult to directly attribute. 
Addressing the question of environmental change must first consider which attribute of the environmental 
system may have changed (most commonly change is phrased in terms of the mean or average, but changes 
in the variation, the seasonality or the extremes are of increasing interest and concern).  Secondly, the 
evidence base for change, which might involve combining results from observational or experimental studies, 
process models and expert knowledge must be gathered.  Finally, the evaluation of all the evidence in a 
statistical framework, inference concerning the change, its magnitude and attribution, the uncertainty in the 
change estimate and being able to predict future changes must be completed.  Statistical involvement 
includes design and evaluation of monitoring and sampling networks and appropriate sampling strategies, 
the analysis of observational records and evaluation of trends, in both space and time, modelling of extreme 
events, prediction and assessment of uncertainty.   
These issues present challenging statistical problems and as environmental statisticians, we need to ensure 
that environmental science is served by good statistical science.  
 
1. Introduction 
Many of the environmental challenges confronting society today are posed as questions about change – is 
global temperature rising, how fast are headline species declining, how do changes in ice cover in the Arctic 
relate to sea level rises around Europe, how much will CO2 levels rise in the future and what is driving these 
changes?    Questions at both policy and societal level concern whether there has been a change, and if so, 
which attribute has changed, how much of a change has there been and what has caused the change.  A 
second tier of questions concerns future changes and societies’ abilities to both mitigate and adapt to such 
changes. Answers to these questions require statistical modelling to account for natural environmental 
variation and to quantify uncertainty in the results.   
Further, the many Environment Agencies around the world are, on a daily basis, advising on, implementing 
and monitoring the effects of policies and instruments to manage environmental change, but in 2001, the 
EEA in a report commented ‘how much or how little we know about the links between environmental policy 
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measures and their actual impact in the environment” and  “much of the information gathered is of limited 
use in assessing the impact of environmental measures” ((Nigel Haigh, foreword of Environmental Issues, 
Report 25/EC).  More recent work has attempted to improve policy effectiveness evaluation but this ‘is 

complex and requires multi-disciplinary efforts, including assessment of changes in environmental quality 
that have been observed’.     
Evidence of change can take many forms, and can include expert knowledge, commissioned research, 
stakeholder consultation (DEFRA, 2005) as well as the more commonly recognised observational data from 
monitoring.  Evidence-based policy is seen in the UK as a cornerstone of the modernisation of government.  
It is ‘the integration of experience, judgement and expertise with the best available external evidence from 
systematic research” (Davis, 1999) and “….opinions and judgements of experts constitute high quality, valid 
and reliable evidence”.  Evidence of change can also be controversial and disputed, open to different 
interpretations (Lomborg, 2001) 
Environmental change may have global scope or may be much more local.  The changes may be poorly and 
only semi-quantitatively defined, causality issues and the fact that other confounding factors may also play a 
part make any effects difficult to directly attribute.  Environmental pollution is often trans-boundary (such 
as nutrients in major rivers, or acidifying compounds in the atmosphere).   Monitoring programmes are at 
the cornerstone of much of the quantitative information about environmental quality and changes thereof, but 
often the sampling frame for the monitored data on which any effects are evaluated is mis-matched to the 
spatial and temporal scale at which the changes may operate.  The data series may be incomplete, subject to 
changes in measurement methods and to changes in limits of detection.  Extraneous effects, such as those 
due to climate change, further confuse the inferences concerning change.   
 

2. Environmental change 
Environmental changes of interest may be both long-term and short-term, due to changes in natural 
conditions (geological or solar cycles for example), or changes resulting from anthropogenic activities and 
may be local or global in extent.  They may require an immediate evaluation and response, such as the 
ascertainment of the magnitude and impacts of accidental pollution.  In the policy setting context, they may 
require quantification of reference conditions and determination as to whether the system is returning to 
reference conditions (ECWFD, 2001). 
In answering questions concerning environmental change, we must consider which attribute of the 
environmental system has changed (most commonly change is phrased in terms of the mean or average, but 
changes in the variation, the seasonality or the extremes are of increasing interest and concern).  Secondly 
the evidence base for change, which would include the design of the observational or experimental studies, 
quality assuring data, combining data from different sources, of especial interest here is the use of process 
models and data assimilation and using expert knowledge, must be gathered.  Thirdly, the evidence must be 
assessed, using inferential tools to describe the magnitude of any change, its attribution, and uncertainty.  In 
the final step, our ability to predict future changes may become important in environmental management.  
Statistical involvement is great in all these steps and includes designing and evaluating monitoring and 
sampling networks and sampling strategies, analysis of observational records and evaluation of trends, in 
both space and time, modelling of extreme events and overall assessment of uncertainty.   
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3. EnvironmentalTrends 
One of the commonest forms of questions concerning environmental change is phrased in terms of trend 
typically in an observational time series.  State of the environment reports (such as European environment 
outlook, 2005 and the State of the Scotland’s environment, 2006) focus on trend, often in a set of key 
environmental indicators.  In environmental science, trend is usually considered to refer to a linear trend, 
and the trend coefficient quoted as the gradient or slope (often with an associated p-value) of a fitted straight 
line.  Occasionally, the trend is defined in percentage terms as the relative change in an index between two 
time points.  This is commonly used in describing trends in environmental indicators (SNIFFER, 2006), 
particularly climate trends.  When dealing with environmental indicators it is still uncommon to see any 
estimate of uncertainty on the trend (beyond the p-value).  Figure 1 shows the plot of three bird 
environmental indicators (Scottish Executive, 2006), with the linear trend superimposed, Figure 2 shows a 
smooth trend fit to the same data, and when emphasizes the complexity of the change with time. 
A statistical trend is a long-term change in the mean level (Chatfield, 1996); long-term movement (Kendall 
and Ord, 1990) or the non-random function m(t)= E (Y(t)) (Diggle, 1990).  Trend is a long-term behaviour 
of the environmental process, including the mean, variance and extremes.  There is no assumption that the 
trend must be linear or even monotonic.  The varying coefficient and generalised additive modeling families 
provide new, powerful tools to model and predict environmental trends (Ferguson et al, 2007).  When the 
problem, as is often the case in environmental science, concerns change through time and over space, the 
statistical model becomes more complex and often simplifying assumptions, such as space-time separability 
are made.  Yet the need is clear, as exemplified in the IPCC WGII Fourth assessment report “Observational 
evidence from all continents and most oceans shows that many natural systems are being affected by 
regional climate changes, particularly temperature increases.” (IPCC, WGII, 2007). 
 

 
Figure 1: Time series plot of three bird species showing a smooth trend and a linear trend. 
 

4. Conclusions 
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Environmental change detection is often based on classical (well accepted) simple procedures such as the % 
change between two time points (the slope), or the p-value or a 95% confidence interval for the slope, and is 
often insufficient to describe the complexity of environmental behaviour.  More sophisticated statistical 
models for trends can give added value to routine monitoring data, better descriptions of complex change 
behaviour and begin to tease out subtle effects in environmental quality and thus bring considerable benefit. 
When dealing with environmental change over both space and time, it is clear that the need for appropriate 
statistical models is even greater.  Statistical modeling tools while important are not the only area where 
statisticians should be involved.  Statisticians can and are becoming increasingly involved in the design and 
framing of environmental regulations and standards.   They should also be involved in the design and 
implementation of monitoring schemes and they should be instrumental in the analysis and in determining 
the effects of policy changes.  Quantitative skills are increasingly essential in environmental sciences; the 
research questions and the management decisions require that the scientists have the capacity to apply 
complex quantitative techniques to interrogate their data.    
As environmental statisticians, we need to ensure that data are gathered under good statistical principles and, 
to ensure that good environmental policy is served by good statistical science.  
 

REFERENCES (RÉFERENCES) 
Chatfield C (1996) The   The analysis of time series, an introduction.  Chapman and Hall, London 
Davies P T (1999). What is evidence-based education?  British J of Educational Studies, 47(2), 108-121. 

DEFRA, (2005).  Evidence based policy- making: if it exists, what makes it robust?  A discussion paper.   

http://www.defra.gov.uk/science/documents/EVIDENCE%20BASED%20POLICY%20MAKING.pdf 

Diggle P (1990).  Time series, a biostatistical introduction.  Oxford Statistical Science, Oxford University press, 

Oxford., England. 

European Parliament (2001). ‘Directive 200/60/EC of the European Parliament establishing a framework for 

community action in the field of water policy. Official Journal of the European Communities, 327, 1-72. 

European Environment Agency  (2005).  European Environment outlook.  Report 4. Copenhagen 

European Environment Agency  (2005).  Policy effectiveness evaluation.  Report 2. Copenhagen. 

European Environment Agency  (2001).  Reporting on environmental measures: are we being effective? Report 25. 

Copenhagen. 

Ferguson C, Bowman A W, Scott E M, Carvalho, L (2007).  Model comparison for a complex ecological system.  

Journal of the Royal Statistical Society, Ser A, 170(3), 1-21. 

IPCC (2007).  Climate Change 2007. Impacts, Adaptation and Vulnerability.  IPCC Working group II report.  

Geneva 

Kendall M and Ord J (1990).  Time Series.  Edward Arnold, London. 

Lomborg B (2001).  The Skeptical environmentalist.  Measuring the real state of the world.  Cambridge University 

Press, Cambridge. 

Scottish Environment Protection Agency (2006).  State of Scotland’s environment.  SEPA, Stirling. 

Scottish Executive (2006).  Key Scottish Environment Statistics.   http://www.scotland.gov.uk/Publications/2006/ 

SNIFFER (2006).  A handbook of climate trends across Scotland. SNIFFER, Edinburgh. 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 2604 -



Detecting change in vegetation response 
Smith, Rognvald I 
Centre for Ecology and Hydrology Edinburgh 
Bush Estate, Penicuik,  
Midlothian EH26 0QB, UK  
E-mail: ris@ceh.ac.uk 
 
Cape, J Neil 
Centre for Ecology and Hydrology Edinburgh 
Bush Estate, Penicuik,  
Midlothian EH26 0QB, UK  
E-mail: jnc@ceh.ac.uk 
 

Detecting a change in an ecosystem is not necessarily straightforward, particularly when there may be 
several possible drivers. For example, a change in the vegetation composition associated with a rise in 
temperature may result from a relatively direct effect, such as an ability to withstand water stress, or may be 
through more complex pathways with plant nutrient status, soil processes or other factors determining the 
response. Therefore the detection of small but important signals may be hidden by noise. On the other hand, 
it can sometimes be easy to detect statistically significant changes in chemical composition within a plant 
without knowing if these changes have any real effect on the plant’s ability to function within its ecosystem. 
There are a series of issues: detection of change, assessment of the importance of the change and attribution 
of the change to a specific driver. 

The UK, like other European countries, has or is establishing networks to monitor environmental 
change, or in particular to detect, characterise and quantify ecological changes which are taking place. 
Existing effort has often not had sufficient statistical power to confirm any observed changes, and the 
networks have essentially been to enhance other activities and to formulate hypotheses to be investigated in 
more structured studies. Morecroft et al (2006), in proposing an extension to current monitoring activity, 
suggests a minimum of 50 sites, preferably 100, would allow biologically significant differences in trends in 
biodiversity between two groups of sites with contracting climate or pollution conditions to be detected as 
statistically significant. The statistical power analysis looked to detecting differences over a 12-year period. 
Therefore, in the short term, any detection of change in biodiversity is likely to come from other studies. 

Recent work on the effects of nitrogen at low concentrations on ecosystems is reviewed to see how 
ecosystem changes have been detected in these studies. 
 
National vegetation surveys 

In the UK there is a national Countryside Survey about every 10 years primarily to quantify change in 
the countryside without necessarily associating it with specific drivers. Smart et al (2004) investigated the 
change between botanical recordings within a random sample of 1 km squares used in the survey in 1990 and 
1998 in relation to nitrogen deposition. Within each 1 km square, cover estimates to the nearest 5% were 
recorded on up to 27 fixed sampling plots of 200 m2. Plots were only included in this analysis if their 
vegetation type was responsive to nitrogen addition – basically classed as semi-natural grassland, 
heaths/bogs or woodland – and they had remained in a similar state between the 2 sampling dates. The 
response variable was the difference in mean cover-weighted Ellenberg fertility value (a measure of soil 
fertility based on the ideal conditions for each species), and this was compared to modelled estimates (at 
5 km scale) of nitrogen deposition derived from concentration measurements across the UK. 

Using a mixed-model analysis of variance with the 1 km sample square as a random factor, Smart et al 
showed a significant linear relationship between change in mean cover-weighted Ellenberg fertility score and 
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reduced nitrogen deposition (NHx) for semi-natural grassland, heaths and bogs, but not for woodland. There 
was no statistically significant relationship for oxidised nitrogen deposition (NOy). Table 1 shows that the 
majority of the variation was between plots within 1 km squares, and only the large numbers of plots and 
squares allow detection of statistical significance. 
 
Table 1: Partitioning of variation in vegetation change between 1990 and 1998 explained by NHx 
deposition 

Vegetation type No. of plots Between square 
NHx deposition 

Between square 
unexplained 

Within square
unexplained 

Semi-natural vegetation 700 0.7% 11.8% 87.5% 
Heaths and bogs 1345 1.6% 14.7% 83.7% 

 
The response to reduced nitrogen differed with the increase in cover-weighted Ellenberg 

fertility score for semi-natural grassland over 50% greater than the response rate for heaths and 
bogs, possibly indicating a difference in phosphorus limitation between the two vegetation types. 
This highlights the issue that vegetation response is dependent on combinations of factors, and 
strong relationships with specific drivers in some locations may be entirely inappropriate when 
applied in different circumstances. Another factor considered by the authors was the range of 
estimated nitrogen deposition. In the UK there is much greater spatial variability in the ammonia 
concentration over semi-natural vegetation than in any other component of nitrogen deposition, 
reflected in a greater range of deposition for reduced than oxidised nitrogen and possibly a better 
chance of detecting a response. Many ecosystems occur primarily within a restricted subset of the 
variation in environment seen at the country scale. If relating change to identified drivers requires 
the driver to vary substantially, then detection of these changes without experimental intervention 
may be rather difficult. 

Biodiversity change is often measured by a change in a composite index, as in this study. The 
preference for indices is mainly because variability at the species level can be extremely large and it 
is helpful to combine information across species groups and regions. However, as Buckland et al 
(2005) note, this raises a number of technical issues affecting the value of the index to measure 
change (which species to monitor? what spatial scale? how to monitor? how to combine 
information? … ), and they conclude that no single index can capture all aspects of biodiversity 
change. If so, it may be better to consider a series of simpler indices rather than compositing too 
much information into one value. 

  

The critical level for ammonia 
The critical level is defined as the concentration in the atmosphere above which direct effects on the 

receptor occur according to present knowledge. Critical levels are used to protect ecosystems from damage 
by air pollution, in that emission control policies across Europe are designed to minimise exceedance of the 
critical level. In the UK, the current critical level for ammonia is not an issue as other pollution control 
measures are already triggered in almost all circumstances where the critical level might be a concern. 
However if the critical level is set too high, then there may be effects on vegetation below the critical level 
which could be important. 

Setting a critical level requires the detection of an ecosystem response. Evidence for ammonia effects 
come from (a) controlled experiments with low background concentrations and (b) from point source studies 
where the declining concentration gradient has been monitored. These studies may indicate if there are 
responses below the current critical level. 

At Whim bog, near Edinburgh in the UK, ammonia gas has been released from a line source when the 
wind direction takes the pollutant across an area of semi-natural vegetation since 2002. Passive samplers 
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monitor the monthly average ammonia concentration down a line transect from the source and there are a 
series of quadrats for vegetation studies. 

 
Figure 1: Relationship between NH3 concentration and the nitrogen content of plant tissue in  
(a) the moss Hypnum jutlandicum and (b) the heather Calluna vulgaris 
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 Table 2: Concentrations of ammonia above which changes are measurable 
 

N content of moss S.E.Scotland 0.9 μg m-3 

N content of heather S.E.Scotland 1.0 μg m-3 

arginine in moss S.W.England 2.2 μg m-3 

NH4
+ in moss S.W.England 2.8 μg m-3 

Lichen A-N index S.E.Scotland 0.7 μg m-3 

Lichen A-N index UK survey 1.6 μg m-3 

N content of lichen Italy 2.0 μg m-3 

δ15N content of lichen Namibia 0.05 μg m-3 

 
Figure 1(a) shows the linear regression line with 95% confidence limits for the effect of ammonia 

concentration on the moss Hypnum jutlandicum. The releases of ammonia at Whim bog give much higher 
concentrations than would normally be observed over semi-natural vegetation and there is substantial visible 
damage to the vegetation near the source, but outside the fumigation area concentrations are low. Supposing 
the linear relationship is valid and the lowest observed concentration is effectively the natural background, 
the 95% upper limit for the line at the lowest observed ammonia concentration gives a pragmatic indication 
of the highest expected nitrogen content of a moss population which has not been damaged. Moving to the 
right back to the regression line identifies the ammonia concentration, 0.9 μg m-3, which predicts a nitrogen 
content of the moss above that of an undamaged moss, so indicating a likely direct effect on the moss above 
this concentration. Figure 1(b) shows a similar calculation for heather, Calluna vulgaris, but giving a slightly 
greater suggested critical level of 1 μg m-3. 

The current critical level for ammonia concentration of 8 μg m-3 was set using data primarily collected 
in the Netherlands, where the background concentrations of ammonia are higher than in the UK. Other 
studies using lichens and mosses as indicators used ammonia sources such as poultry farms and seal colonies, 
and the evidence collated indicates that the critical level may have been set too high (Table 2). The Lichen 
A-N index is a comparison of the abundance of two different groupings of lichens, acidophytes and 
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nitrophytes, but otherwise chemistry was used to detect levels of change. There seems little difference in 
performance between the simple index (indicator) and the foliar analysis, with all showing effects from 
ammonia concentrations at 1-3 μg m-3 indicating that effects can be detected close to background 
concentrations. 
 
Discussion 

The detection of a change in biodiversity using the Ellenberg fertility score was successful with a large 
number of sites and a proposed driver, reduced nitrogen deposition, with a significant gradient across sites. 
Even with these benefits, the change attributable to the nitrogen effect was small compared to the very much 
greater variation between plots. In this study, there was a difference in spatial support for the driver and 
response, so a closer spatial matching might have detected a stronger relationship. At the present time, 
models of deposition do not provide the accuracy at a specified location that would be desirable for these 
studies, so indicating a requirement for further measurement. 

The studies to investigate change in vegetation at low ammonia concentrations focus on lichens and 
mosses being responsive to nitrogen input, and rely on establishing (linear) responses over a range of 
ammonia concentrations. The critical level concept only requires that change is detected, and this concept is 
flawed in that smaller and smaller changes will be detected over time. Also a change in the internal chemistry 
does not conclusively prove there has been a change in the biodiversity of the ecosystem. Vegetation can 
adapt and the functional capability of the ecosystem may continue. However the simple Lichen A-N index 
may be a more useful tool in terms of biodiversity as it can measure loss of specific species groups and it is 
useful in this case that results are similar to those from the chemical analyses. There is less variability in the 
response in these studies and a stronger relationship with the driver, helped by the large range of ammonia 
concentration and the substantial damage to vegetation at the higher observed concentrations. As presented in 
this paper, these studies did not investigate interactions between drivers, but there are current studies in the 
UK looking at, for example, the relationships between nitrogen and phosphate within lichens to explain 
different responses to nitrogen deposition, again using chemical analyses to quantify the changes. 

In summary, environmental change relating to small changes in climate or pollution deposition is 
difficult to detect in terms of changing biodiversity of plants, requiring a large number of sites and as large a 
gradient in the drivers as possible. Change was easier to detect in lichens and mosses for nitrogen, so choice 
of particularly sensitive species helps. However this may avoid the question of how biologically significant 
is the detected change. The ammonia studies show that change is detectable close to current background 
concentrations, but identifying the best responders relied on using high as well as low concentrations. In the 
survey example that range in the driver was not available, as would generally be the case with long-term 
monitoring activities without very substantial investment. Overcoming the level of variability within the 
environment remains the major challenge in detecting early stages of environmental change. 
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Extremes of Wildfires: Are they getting more Extreme?

Kamil Feridun Turkman
University of Lisbon
E-mail: kfturkman@fc.ul.pt

ABSTRACT

In Portugal, due to the combination of climatological and ecological factors, large wild fires are a
constant treat and due to their economical impact, a big policy issue. The data suggest that there is
an increase both in the numbers and the sizes of large fires over the years. However, it is not clear
if these tendancies are due to change in climatological or other factors. In this work, we will look at
the relationship between the extreme firesizes and other climatological time series. The objective is to
assess through wildfires sizes if the impact of extreme weather events is more prevalent than before.

Keywords. Generalized Pareto distribution, Bayesian Hierarchical models, Return periods.
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Challenges in the cross-national measurement of health 
states. 
 
Somnath Chatterji 
Department of Measurement and Health Information 
World Health Organization, Geneva 
chatterjis@who.int 
 
Background: A health state is a multi-dimensional attribute of an individual that reflects his or 
her levels on the various components or domains of health at a given point in time and differs 
from pathology, risk factors or etiology, and from health service encounters or interventions. 
Intuitively all societies have a notion of being ‘in a good state of health’ that allows us to make 
statements such as an individual ‘A’ is in a better state of health than another individual ‘B’. 
These non-fatal aspects of an individual’s health state have been the focus of an extensive 
literature that has grown steadily in the last three decades and have been incorporated into 
national and international health statistics such as the regular reporting by the World Health 
Organization (WHO) of Disability-Adjusted Life Years (DALYs) and healthy life expectancy 
(HALE) which are essentially individual health states aggregated to population levels (WHO 
2002).  Comparable measurement of health states is essential in order to examine relationships 
between current levels of health to other aspects such as future non-fatal health outcomes or risk 
of mortality. Despite efforts to enhance comparability that have focused on encouraging different 
investigators and statistical agencies to use identical items that have been carefully translated, 
back-translated and evaluated for cultural relevance,  the results across individuals, groups or 
populations may not be comparable (Sadana et al 2002). The way people report their own health 
varies systematically with factors such as education, sex, age, or other cultural factors. Various 
people use different response category cut-points across cultures or population sub-groups, and 
this 'response shift' implies that self-report categorical data are not comparable across individuals.  
Consequently, these responses on ordinal scales cannot be directly used to measure health states 
without adjustment. In order to ensure that data from self-reported interview surveys are truly 
comparable four essential steps need to be followed: 1) agreement on a common conceptual 
framework for the measurement; 2) agreement on a measurement strategy that identifies a 
parsimonious set of domains and items for measurement; 3) ex-ante harmonization of questions, 
response scales and calibration strategies across languages and population groups and 4) ex-post 
harmonization of data using the calibrated responses. Each of these four strategies will be 
discussed briefly with a focus on innovations with regard to ex-post harmonization. 
 
Agreement on a common conceptual framework: The World Health Organization constitution 
notes that health is a multidimensional concept. The International Classification of Functioning, 
Disability and Health (ICF) provides a standardized international framework for understanding 
these multiple domains of health (WHO 2001).  While the ICF gives a large number of domains 
and sub-domains, a limited set of core domains capture most people’s understanding of the key 
aspects of a health state.  An individual’s health state must reside within the individual and thus 
must be an attribute of the individual. In ICF terms, therefore, the most appropriate concept to 
measure is the individual’s intrinsic capacity to function in a given set of domains that most 
parsimoniously captures the entire breadth of functioning. Albeit for measurement purposes in 
self-reported interview surveys the concept of capacity in some domains may be indistinguishable 
from performance of the individual in that domain in his / her real-life situation.  
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Agreement on a measurement strategy: It is necessary also to agree on what domains to measure 
and what items to include within each domain. It is necessary to agree on what outcome one is 
interested in measuring and how one determines its validity: is the intent to capture intuitive 
notions of health in the general population or some special population groups, to explain the 
values that people place on health, to explain other aspects of health such as the effects of risk 
factors or diseases, or to predict future non-fatal and fatal health outcomes. Items will range from 
relatively easy items that may be endorsed by only a small proportion to more difficult items that 
are likely to be endorsed by a substantial proportion. In addition, the choice of domains and items 
must be such that it captures decrements that are associated with the wide range of physical and 
mental health conditions in order to provide a comparable metric. 
 
Ex-ante harmonization: Most internationally developed and used instruments to measure health 
states rely on an approach that attempts to ensure that questions are understood in the same 
manner in different populations and that the same underlying concept is being conveyed. This 
strategy relies on the formulation of items and interview instructions in language that is likely to 
be universally understood and free of culture-specific idioms. Intensive efforts are made through 
cognitive testing and translation protocols and the devising of appropriate local examples to 
ensure that concepts are transportable across population groups. Though these strategies have 
indeed improved the comparability of data and reduced variability, additional safeguards need to 
be built in to ensure that after the data is collected systematic reporting biases can be identified 
and corrected for. Theses strategies include mechanisms to detect biases or measures of ‘truth’. 
The latter include strategies such as vignettes or measured performance in the given domain of 
interest that are discussed later. 
 
Ex-post harmonization: The three steps mentioned above are necessary but not sufficient to 
ensure cross-population comparability of data. Once the data has been collected, statistical 
methods must be devised that detect systematic reporting biases, determine factors that are 
responsible for these systematic biases and correct for these in order to approximate the true 
underlying level in the latent quantity of interest. In recognition of this, the WHO World Health 
Surveys (WHS), used a set of questions across a core set of domains to measure health states and 
employed vignettes to detect and correct for biases in self-report in order to adjust for response 
category cut-point shifts (Ustun et al 2003).  
 
 

 
Figure 1 Self report and vignette ratings for India and Malaysia; WHS 
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An anchoring vignette is a brief description of a concrete level on a given health domain that 
respondents are asked to respond to with the same questions and response scales applied to self-
assessments on that domain as if the person described in the vignette is the respondent herself / 
himself. Vignettes fix the level of ability on a domain so that variation in categorical responses is 
attributable to variation in response category cut-points.  There are two key requirements for the 
use of anchoring vignettes: response consistency: this requires that an individual will have the 
same cognitive mind set when evaluating hypothetical scenarios as when providing a self-
assessment; and vignette equivalence: the requirement that the underlying domain levels 
represented in each vignette are understood in approximately the same way by all respondents, 
irrespective of their age, sex, income, education, country of residence or other characteristics. 
Once the self-report and vignette responses area available we apply the CHOPIT model, 
described elsewhere, to analyse the data (Tandon et al 2003). We present below illustrative results 
from WHO’s World Health Survey for the domain of cognition. Figure 1 above shows the self 
report on the two questions on cognition (difficulty with concentrating and remembering and 
difficulty with learning a new task). with responses ranging on a five point scale from no 
difficulty to extreme difficulty / cannot do, on the bottom two stack bars and the same questions 
being responded to on the vignettes that range from a person with no problems in cognition 
(vignette 1) to a person  with severe cognitive impairment (vignette 5). The results are shown 
pooled across all respondents for two countries: India and Malaysia. 
 

 

 
Figure 2. Cognition raw and adjusted self-reports by age – India and Malaysia; WHS 
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Examination of the self-reports would suggest that on aggregate a larger proportion of 
respondents in India have severe and moderate difficulties with cognition as compared to 
respondents in Malaysia. However, a closer examination of the vignette ratings show that 
respondents in India also have higher standards, i.e., with lower levels of difficulties described in 
the vignettes a larger proportion of respondents rate them as having extreme or severe difficulties 
as shown in the differences in responses to vignettes 3, 4 and 5. We then use the CHOPIT model 
to adjust for these systematic reporting biases. The results are shown in Figure 2 below where we 
plot the mean unadjusted self-report and the adjusted self-report by age for the two countries. 
 
The raw self reports, as is evident from the earlier description, suggest that respondents in India 
have a much worse level of cognition  and also the expected decline in cognition with age is not 
apparent in the Malaysian respondents. Adjusting for reporting biases (see figure two, second 
panel)  clearly show the age related decline and though respondents in Malaysia have slightly 
higher levels of cognition across the age spectrum, these are not as marked as they were in the 
raw scores thereby narrowing the differences between the countries. 
 
If measured performance tests on cognition were available, the performance measure could also 
be used to adjust for the same reporting biases. Furthermore, a triangulation between the self-
report, vignette adjusted and performance test measure would perhaps provide the best 
approximation of the true underlying ability on that domain. 
 
Conclusion: In conclusion, we have demonstrated a method to improve comparability of self-
reported health states. However, we need to continue to improve the methods and instrumentation 
in the following ways: vignettes need to be refined such that they are better understood by all 
respondents and are consistently ordered irrespective of background characteristics of 
respondents to improve the response consistency and equivalence; the analytical methods need to 
be further refined as currently they are computationally intensive and with large data sets with 
inconsistent rating patterns may fail to converge; the measured performance tests on a set of 
domains need to be improved for implementation in a consistent manner in a variety of survey 
settings; and surveys could in the future include biomarkers that would further validate the 
adjusted self-reports. 
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Measuring Population Health Status in Surveys and Censuses 
Jennifer H. Madans, PhD 
National Center for Health Statistics, CDC 
3311 Toledo Rd 
Hyattsville, MD 20782 USA 
JMadans@cdc.gov

Abstract:  The primary objective of the Budapest Initiative is to develop an internationally accepted 
standard set of questions for assessing health state using modern sample surveys.  These measures would be 
used to develop a core set of health indicators at the local, national and international level.  Health state is 
operationalized as functional ability across a variety of general health domains as opposed to other aspects of 
health such as determinants, risk factors, or environment facilitators or barriers.  In this context, functioning is 
measured in terms of capacity not performance.  This approach is sometimes referred to as ‘within the skin’ and 
addresses the level of individuals’ functioning without the use of aids or equipment in a reasonable environment.  
The Budapest Initiative has developed a short module that measures health state and can be easily added to 
ongoing national or international surveys to produce data that are internationally comparable.  In developing the 
question set, it was necessary to demonstrate that the questions operated in consistent fashion in different 
countries. To do this, a standard cognitive testing protocol was developed.  While extremely helpful, the 
experience of developing the protocol raised very basic issues about how best to combine results from multiple 
test sites and to transform test results into evidence that can be shared.  The Budapest Initiative will continue to 
develop the health state question module.   The results of the cognitive test and information gained as these 
questions are fielded will be used to develop new questions and alternate approaches to question design. These 
questions will also require testing so the work towards developing ways to standardize testing protocols as well 
as to rigorously analyze test results will also continue.  

1. Background: The measurement of health status is a particularly complex endeavor and the complexities are 
compounded when one of the objectives of the measurement process is to produce data that are internationally 
comparable.  As a result, there currently is no agreed upon set of core health measures that can be used at the 
local, national, and international levels.  This is not to say that there are no indicator sets.  On the contrary, there 
are numerous examples of projects designed to identify measures of health status and many indicator sets are 
available. What is lacking is an internationally accepted set of core indicators and standards for producing the 
data needed to construct them.  The Budapest Initiative (BI) was set up as a means to make progress in defining 
a set of core measures and identify ways of obtaining the needed data primarily within the framework of 
national official statistics.  If done within prospective of official statistics, the probability that core health data 
will be produced on an ongoing basis is increased but, for this to be successful, the core items need to be kept to 
a minimum. 

The objective of producing highly comparable core data on health as a part of national official statistics places a 
unique requirement on the BI. To meet the requirement of international comparability, it was necessary to focus 
on aspects of health that are more likely to produce comparable data.  In addition, it was also necessary to pay 
close attention to developing consistent implementation procedures for the core questions.  While other methods 
of achieving higher levels of comparability should be investigated, the techniques will only be implemented if 
they result in very small amounts of additional burden on the national data collection.  In addition, adoption of 
the core elements will be maximized if the measures chosen are important at the national level as well as of 
interest at the international level.  It will be easier to justify the costs of data collection and analysis if the 
measures are useful domestically as well as internationally.   

The need to keep the module short will require that the BI focus on only a few aspects of health which will 
necessarily result in an incomplete picture of health status.  While the long term goal would be to expand the 
measures, in the short term, it is more important to develop a smaller set of core items and do it well than to 
have a larger set but without the resources to properly administer them.   If time, resources, and energy allow, 
the BI could develop a more extended set of measures.  However, at the onset, energies have been directed 
toward the small set of questions that can most easily be incorporated into national systems so as to maximize 
the number of 
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countries that will adopt them for the purpose of monitoring and comparing health status over time and across 
nations.

2.  History 
The Budapest Initiative started life with the rather unwieldy title of the Joint UNECE/WHO/Eurostat Task Force 
on Measuring Health Status.  It was established at the 2004 Joint UNECE/WHO/Eurostat Meeting on the 
Measurement of Health Status and was approved in October 2004 by the Bureau of the CES with the objective 
of developing a common instrument to measure health status in its multiple dimensions.  In 2005, a second Joint 
UNECE/WHO/Eurostat Meeting on the Measurement of Health Status was held in Budapest, at which the work 
of the Task Force was presented to delegates from Member Countries and international organizations. From this 
meeting onward, the work of the Task Force has been referred to as the Budapest Initiative (BI). 

As has been discussed, the Task Force has accomplished the following:  developed a conceptual framework 
defining the concepts of health status and health state, decided on a set of criteria for selecting the functional 
domains to be included, selected a set of domains, developed a question set to measure the selected domains, 
written a testing protocol to evaluate the questions, evaluated the results of tests conducted in 4 member 
countries (Australia, Canada, Italy and the US) and as part of the test of the European Health Interview Survey.
At it’s January 2007 meeting, the Task Force finalized and approved the survey module to be used to produce 
internationally comparable estimates of the measurement of health state for the next 2 to 3 years (referred to as 
the Budapest Initiative Mark 1 (BI-M1) module). 

During 2005, the Task Force produced three papers defining the scope of its work. These papers are entitled 
Health as a Multi-dimensional Construct and Cross-population Comparability, Criteria for and Selection of 
Domains for the Measurement of Health Status, and Conceptual and Logistic Issues in Item Construction and 
Proposed Questions for Domains. Additional documents produced by the Task Force are the testing protocol and 
reports of the cognitive testing in each of the four countries. For further information, please see the following 
website: http://www.unece.org/stats/documents/2005.11.health.htm

3. The Concept and Measurement of Health State 
The BI has chosen to focus on the measurement of health state.  Health state is operationalized as functional 
ability across a variety of domains as opposed to other aspects of health such as determinants, risk factors, or 
environmental context.  For example, the focus is not on the prevalence of conditions or the need for or use of 
care, but in the level of function that results from the condition.  In this context, functioning is measured in 
terms of capacity not performance.  This approach is sometimes referred to as ‘within the skin’ and addresses 
level of functioning without the use of aids or equipment in a reasonable environment.  Also of interest to some 
members is the development of a summary measure.  Although creation of a summary measure is not a primary 
criterion for selecting domains and questions, the specific selection of domains and questions should not 
preclude the possibility that preference measures could be derived and a summary measure produced.  As 
previously described, an important task was the selection of a parsimonious number of domains that would 
capture most of the variation in health state based on agreed upon criteria.  The next step was to identify a 
limited number of questions per domain that would adequately capture functioning in that domain.  Cognitive 
testing using a standard protocol and based on the results of the tests, a question set was adopted.  While it was 
agreed that the question set represented an advance and would improve international comparability, the 
cognitive testing revealed some new, and many known, challenges in obtaining health related information.  It 
was not possible to include all domains in the Mark I module given the test results and improvement can be 
made in all questions.  Domain specific test findings have been reported. 

4.  Strategies for testing 
An important component of the work of the BI was the testing of proposed question battery.  The first concern 
was that it would be difficult to interpret the results of independently conducted cognitive or field testing.  In 
order to determine if the test questions were working in a similar manner in all countries, it was necessary to 
construct a cognitive testing protocol that would standardize as much as possible the parameters of the test so 
that it would be possible to compare test results across sites.  It was important that any differences be due to 
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differences in question interpretation and not differences in test methodology.  It was also the case that many of 
the questions being considered had been tested previously but there were specific concerns about how the 
questions were being interpreted.  In addition to being standardized, the test protocol was designed to provide 
specific information on question characteristics in addition to the information usually obtained from a cognitive 
interview.  The test included different versions of the questions and response categories and these were 
administered in differing orders. 

The use of a standardized protocol provided the basic information needed to evaluate test results across sites but 
a methodology for doing so was lacking.  Each site produced its own report using its own standard format.  This 
made it difficult to combine across reports.  It was not easy to determine the magnitude of reported problems or 
to understand the underlying issues.  A way to summarize the raw results from the test that could be used by all 
sites and that would allow the investigators to determine the characteristics of the response patters was needed.  
Such a methodology was developed and was piloted using the BI test results from the U.S. and Italy.  The 
methodology had the unanticipated benefit of revealing basic issues of how test results are used as evidence of 
question performance.   

5. Future Work 
The next steps of the Task Force are to continue to refine the BI survey instrument and to develop and test 
newly developed questions. The testing suggested some general areas where research is needed and the 
Budapest Initiative hopes to continue to work in some or all of the following areas:  

The effect of using a binary question filter question with follow-up questions rather than a single 
question with multiple responses on the distribution of responses on severity of limitation. 
The difference obtained when asking dimension specific questions (eg., duration, frequency and 
intensity) rather than questions that require the respondent to combine across dimensions.  
The identification of the domains that are needed for a parsimonious description of population health 
state.
The impact of using proxy respondents. 
The implication of measuring both the higher or lower extremes in functioning. 
The effect of using preambles or instructions in the question as a means of orienting the question as 
opposed to crafting questions that are themselves more explicit. 
The effect of revising the question so the tone is neutral rather than in the negative. 

As new questions are developed, it will be necessary to test those questions.  In parallel to the work on the 
questions themselves, work on methods of conducting international tests will also proceed.  It is hoped that this 
work will advance efforts to make questions internationally comparable and will also address issues of how to 
develop evidence from test results in a way that will have meaning and acceptance in the survey methods 
community. 

The work of the BI is closely related to other international endeavors to create internationally comparable 
question sets on health statistics.  In particular, the work of the Washington Group on Disability Statistics (WG) 
complements the work of the BI.  The WG is a city group sponsored by the United Nations Statistical 
Commission.  Its mission is to develop internationally comparable measures of disability that can be used on 
censuses and surveys.  The WG first addressed developing and testing disability questions for censuses.  This 
work will be drawing to a close as a short question has been developed, tested and adopted by the WG 
membership for use in the 2010 round of censuses.  The WG will now turn its attention to developing extended 
question sets that can be used on surveys. This work relates to the work of the BI and the two groups will be 
investigating ways to work more closely together.      
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Cognitive testing results for the Budapest Initiative questions 
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This work is part of an international joint project whose objective is a questionnaire module for producing 
internationally comparable statistics on the health state of the population. After the selection of health domains, a set 
of corresponding survey items was constructed based on an iterative process of literature review and focus group 
discussions. These items were then subjected to cognitive testing at four sites: Canada, USA, Australia, and Italy. The 
major goal of the testing was to determine whether participants had an accurate and consistent understanding of the 
intent of the items. (More information on the questions tested can be found at: : 
http://www.unece.org/stats/documents/2005.11.health.htm) 

 
More specifically, the following major research questions were explored: 

1. Did respondents use the specified recall period for the questions (i.e., four weeks)? 
2. Did respondents' "natural" open-ended answers to the questions match their answers on the following graded 
scales that might be used on a household survey? 
3. Were respondents able to accurately use physical distance indicators provided for questions on personal abilities 
(e.g., difficulties in walking 500 meters, seeing 4 meters away)? 
4. Did respondents understand the health concepts and terminology as intended? 

The current paper provides a very brief summary of the testing methods and results, focusing primarily on the 
common issues that emerged across sites.  A more complete summary is under preparation. Work is also underway 
to develop methods of combining results across tests sites to facilitate documentation of these results in a way that 
provides evidence for decision making. 
 
1. Methodology 

A common interviewer protocol was used at all four sites varying order according to three different domain 
orders, in order to ensure that the best quality information was collected for all eight health domains. The three orders 
of administration of the protocol were: 
A) 1.Vision 2.Hearing 3.Mobility 4.Cognition 5.Affect 6.Pain or Discomfort 7.Fatigue 8.Social Relationships 
B) 1.Cognition 2.Affect 3.Pain or Discomfort 4.Fatigue 5.Social Relationships 6.Vision 7.Hearing 8.Mobility 
C) 1.Fatigue 2.Social Relationships 3.Vision 4.Hearing 5.Mobility 6.Cognition 7.Affect 8.Pain or Discomfort 

In the protocol, each question was asked twice, the first time in a open-ended manner, and the second time a 
response set was proposed. Two alternatives were available: 
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A: none mild moderate severe extreme  
B:  none a little some a lot unable 

In Canada, USA and Italy, Set A or B was chosen each time by the interviewer, ,who attempted to avoid the 
set containing a response used in the initial, open-ended question. In Australia, the response sets were randomly 
assigned to each interview so that half the sample received each set. A translation of the protocol in French and 
Italian was provided.  

At each of the four testing sites, face-to-face interviews were conducted in a cognitive laboratory, except for 
Italy where face-to-face interviews were conducted in private locations. The interviews were tape- or video- 
recorded. Interviews took between 30 and 110 minutes in Australia, between 50 and 110 minutes in Italy, and 60 
minutes on average in Canada and the U.S.. 
Number of respondents 
Australia:  25 respondents  
Canada: 22 respondents, 11 in French and 11 in English 
Italy: 18 respondents 
U.S.A.: 40 respondents 
Recruitment Strategies 

In Australia, Canada and the U.S., respondents were recruited via newspaper advertisements and received a 
reimbursement for their assistance, while in Italy most of the respondents were selected through contacts with 
organisations working in the field of disability. Respondents were selected in a purposeful manner, with preference 
given to subjects having disabilities/health problems in a wide range of modalities (vision, hearing, mobility, 
depression, chronic diseases, etc.). In Canada, it was necessary to divide the sample evenly between Francophone 
and Anglophone respondents.  
 
2. General findings 
2.1 Response categories 

The cognitive testing showed that some respondents had difficulty distinguishing between categories like ‘a 
little’ and ‘some’ or ‘mild’ and ‘moderate’. Therefore, for some questions it was decided to leave only 4 answer 
categories. However, for three domains (specifically vision, hearing, and mobility / walking), there are several 
questions, which means that de facto there are at least five response categories within each, though they are not 
necessarily clearly ordered. The only domain which clearly has only four response categories is cognition - 
“memory.” However, this is planned to be the subject of further work so that, either within the question itself or 
possibly in combination with a question for the cognition – “thinking clearly” domain, there would be a more fine-
grained number of categories. While consistent response categories are desirable across domains, it was also 
recognized that this does not need to be applied rigidly. 
 
2.2 Time frame 

The testing showed that respondents did not consistently use the 4-week time frame across all domains. 
Prompting respondents in the cognitive testing with an explicit time frame sometimes caused them to refer in their 
response to a specific and generally unusual episode or state. Thus, it was suggested to omit reference to any time 
frame for those abilities that are more stable over time (e.g., Vision), using it only for items pertaining to domains 
that show more temporal fluctuation (e.g., Pain, Affect). In general, it was chosen to include 1-week time frame for 
interviewers’ instructions to provide a context for those domains with no explicit reference to any time frame (in 
the event that the respondent requested a specific reference period). Respondents’ ability to average over time is 
also at question, and the solution adopted of including 1-week time frame goes towards this direction too, as it will 
be easier for respondents to average over 1 week instead of 4 weeks. 
 
2.3 Distance indicators 

Respondents had problems with the physical distance indicators provided in the vision and mobility/walking 
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questions.  As a result, for Vision, it was decided to use a different specification of distance using “across a room” 
instead of the specification of 4 meters. For Mobility, countries should adapt the distances specified in meters to 
national circumstances/examples. 
 
2.4 Assistive devices 

Assistive devices are explicitly referenced in the questions on vision, hearing, and walking – where they are 
to be taken into account for vision and hearing, but explicitly excluded for walking. This question, however, is only 
implicit with regard to the use of medications in pain and depression, which can also be considered assistive 
devices. It was agreed to leave the wording as is (i.e. the guidance for respondents to take account of their 
medications in the interviewers’ instructions only), subject to further testing.  
 
3. Domain specific findings 
3.1 VISION DOMAIN 

The term “normal” in the use of glasses instruction created problems of interpretation and it was decided to 
say “when using glasses or contact lenses”. Cognitive testing showed that recognizing a face was misinterpreted as 
a cognition rather than a seeing task. It was agreed to exclude “recognizing” and refer to “clearly seeing”. The word 
“clearly” may address the need to anchor the question, although this has not been tested. The interpretation of near-
vision activity (seeing printed text) seemed to work generally well, but it was decided to specify the reference to 
“clearly seeing” also for this question. The response category set referring to amounts (some, a lot, etc) was more 
meaningful to respondents. 
 
3.2 HEARING DOMAIN 

The two questions related to a one-to-one conversation and a conversation with several people aimed at 
measuring hearing capacity in a quiet environment and in a noisy environment. However, some respondents in the 
cognitive testing considered other factors such as concentration. The solution adopted was to focus on the one-to-
one conversation specifying in the wording of the first “in a noisy environment” and in the second “in a quiet 
environment”. Testing showed that response Category B worked better than A. 
 
3.3 MOBILITY DOMAIN 

The goal of testing questions on both "walking" and "moving around" was to decide which was more 
appropriate to use. Overall, the testing showed that the "walking" questions were easier to understand than the 
"moving around" question since they referred to a very specific activity.  Difficulties were found in Italy with the 
translation of the concepts of moving around/getting out and about, and this came out also from different 
experiences in other European countries. The TF decided to focus on the “walking” questions and discard ‘moving 
around’.  As already noted, for the walking questions, the cognitive testing evidence showed that some 
respondents in some countries had problems with understanding the specified distances. 
 
3.4 COGNITION DOMAIN 

In Australia, Canada, and Italy, respondents had problems answering the first cognition question because it 
related to two different domains (remembering and concentrating), while in the US this did not seem to be a 
problem. There was agreement that memory should be included and that the question should specify that it relates 
to “important things”, to avoid problems encountered in the test with people picking up trivial difficulties with 
memory. The second cognition question on solving problems also seemed problematic because of the different 
circumstances people refer to. “Thinking clearly” also had a translation problem in Italy. There was a general sense 
that more data on the correlation between the different elements of cognition and further cognitive testing were 
needed. In the end, the task force felt confident at this stage to include only one question on “remembering 
important things”. Other questions covering other aspects of the cognition domain will need further testing, though 
it was agreed that at least one further question that tapped into the notion of ability to think clearly was needed for 
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the overall BI question set.  
 
3.5 AFFECT DOMAIN 

Cognitive testing identified difficulties with both questions; taboos on admitting depression may have been a 
barrier. Respondents often did not think the three terms (e.g., sad, low, and depressed) meant the same thing, and 
were responding separately to each one.  Being depressed seemed to be a more severe condition than feeling sad. 
Response categories were both grammatically incorrect, and set B did not seem to match the question. Respondents 
in their open-ended responses sometimes used the frequency option to respond. Severity categories seemed to work 
better, but the distinction between severe and extreme may not exist. It was agreed to change the response 
categories to match the question. 
 
3.6 PAIN DOMAIN 

The term ‘Bodily discomfort’ was difficult to understand for some respondents, and created some problems 
in translation, although this language has been used in other instruments in the past. It was decided to ask about 
‘physical’ pain and ‘physical’ discomfort. Inconsistencies were reported in taking medication into account. A wide 
range of severities of pain were also being considered by respondents.  
 
3.7 FATIGUE DOMAIN 

The results of the test raised discussion of the scope of tiredness or fatigue to be included in the module. The 
idea was to capture fatigue beyond that appropriate to the person’s level of activity. For this reason, the phrasing 
“how much of a problem with…?” was used in the question rather than “how much fatigue…?”. However several 
respondents referred about episodes of “normal” fatigue (e.g., resulting from hard work), and others seemed 
uncomfortable with the phrasing “how much of a problem with…?” because they interpreted ‘problem’ in terms of 
the impact of fatigue on other domains rather than fatigue per se or seemed uncomfortable with the question as it 
implies that people will be having a problem. The TF decided to remove this domain from the module and leave 
further development and testing of this domain for a later stage.  
 
3.8 SOCIAL RELATIONSHIPS DOMAIN 

This question raised the most difficulties in the cognitive testing. The types of relationships reported by 
respondents were very diverse, which some Task Force members interpreted as showing that the question was 
tapping into more than one underlying concept. Based on this, there was majority agreement to remove the domain 
of social relationships from the module for the present. While there continues to be general agreement that this is a 
fundamentally important domain for understanding and assessing individuals’ health state, the cognitive testing 
revealed that considerably more effort is required to clarify the underlying construct, as well as to develop an 
appropriate question. 
 
4. Conclusions 

At it’s January 2007 meeting, the Task Force finalized and approved the survey module to be used to produce 
internationally comparable estimates of the measurement of health state for the next 2 to 3 years (referred to as the 
Budapest Initiative Mark 1 (BI-M1) module).  This version was provided to Eurostat for possible inclusion in the 
upcoming round of the EHIS. The TF also agreed that more development work and testing are needed improve the 
comprehensiveness (both within domains and adding domains) of the question set and further improve data quality 
and comparability.  
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Defining Health Status - Criteria and Domains 

Michael Wolfson (wolfson@statcan.ca), Statistics Canada, ISI Session 34, Lisbon, August 2007 

ABSTRACT:  The most ubiquitous measure of a population's health status is life expectancy.  This is ironic, 
because life expectancy is no more than an average of age-specific mortality rates.  A true measure of 
population health status should also include information on the health status of the living.  There are many 
challenges, however, in defining and operationalizing such a measure, particularly in the context of a planet 
with diverse languages and cultures.  The Budapest Initiative, a joint effort of WHO, UNECE, Eurostat and a 
number of interested countries, has developed a short form questionnaire intended to provide the basis for 
comparable standardized information on population health status.  Underlying this questionnaire is a 
conceptual foundation defining individual health states which included the identification of a core set of health 
domains and the development of a set of criteria for selecting priority domains.  This paper summarizes the 
criteria and domains of the Budapest Initiative measure of population health. 

At the joint UNECE/WHO/Eurostat Meeting on the Measurement of Health Status held in Geneva, 24-26 May 
2004, a broad consensus was reached that there are a number of classes of indicators that need to be 
measured to provide a full statistical picture of population health. These include broad social determinants 
and risk factors, health status, health interventions, participation in society, and well being.  The main 
recommendation from the meeting was that a Task Force (TF) should be set up to focus on the development 
of a common instrument to measure health states in their multiple dimensions or domains. Health states of 
individuals are understood to be one of the components of health status, along with morbidity (diseases and 
injuries) and risks for morbidity and mortality  

This TF was mandated to start from the principles that:   
 The focus is on measurement of health states of individuals in surveys;  
 Health state measurement needs a multi-dimensional approach (i.e. a focus on a core UsetU of 

domains of functioning rather than on a single global question); and  
 The focus of measurement is on an individual's capacity to function, as compared to their actual or 

usual performance, in each domain. 

The main work of the Task Force is on development of a common instrument to measure health states of 
individuals in the context of an interview survey.  To begin, it is important to be clear about the definitions of 
health state or functional health status. 

Determinants of health are separate from health status.  This is essential from an analytical point of view, in 
order for data to be collected in a way that allows the strength of association between a determinant of health 
and health state to be assessed empirically.  Correspondingly, health state is clearly distinguished from 
overall  well-being and quality of life.  While there is no doubt that health state is a major factor determining 
well-being, it is not the only one.  It is also important to distinguish health state from  
physiological markers like blood pressure and cholesterol levels, and from clinically or bio-medically defined 
disease.  Health state is essentially a rigorously structured but vernacular or plain language description of an 
individual’s functional health status. 

At the May 2004 meeting, as a first step in the development of an internationally standardized measure of 
functional health status, a series of criteria were proposed in order to guide the choice of specific kinds of 
functioning – the core domains of functional health status, or health state.  The TF subsequently refined 
these criteria, and they were agreed at a meeting in Budapest in November 2005 (after this, the joint 
UNECE-WHO-Eurostat process has become known as the Budapest Initiative).  The criteria for the selection 
of domains were organized under the broad headings of relevance, feasibility, and measurement.  Following 
is a listing with a  brief description of the criteria that have been adopted. 
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URelevance U –  Face Validity 

Face validity here means that the domains of health selected will be immediately seen as plausible and 
reasonable by ordinary individuals.  For example, a given health domain should be a likely response to a 
question such as “when you think of being healthy / ill, what more specifically do you think of?”   A 
fundamental reason for this criterion is that the health state measures need to be credible with a broad 
public. 

One corollary of face validity defined in this way is that the domains must be expressible in plain language, 
using non-technical terms.  In turn, this means that the domains are not bio-medically defined diseases, as in 
the International Classification of Diseases (ICD). 

URelevance U –  Breadth of Domains  

The domains should span the main aspects of health experienced by the population.  This does not mean 
that they should cover everything (see “parsimony” below); but that they should touch on a wide range of the 
major aspects of health. 

URelevance U – Importance for Population Health Monitoring 

The domains should all be seen as significant aspects of individuals’ health.  As such, they should, in 
combination, be useful for monitoring patterns and trends in population health.  Patterns of health include 
inequalities and differences between population sub-groups at a point in time, while trends refer to changes 
over time.  The domains in combination should be sufficient to support observations as to whether one 
population is healthier than another, and whether a given population’s health is increasing or decreasing over 
time.

URelevance U – Draw on Selected Key Ideas of the ICF 

The World Health Assembly endorsed, in 2001, a revised International Classification of Functioning, 
Disability and Health (ICF), as a successor to the 1980 International Classification of Impairment, Disability 
and Handicap (ICIDH).  There was considerable controversy surrounding the details of this classification 
system.  However, there was broad acceptance of some key ideas in the overall conceptual framework as 
outlined in the introductory chapter to the ICF as adopted, especially as an improvement over that of the 
ICIDH.

The key ideas in the ICF conceptual framework which have been built upon for purposes of  this effort to 
define domains of health status are: 
 agnosticism with regard to aetiology – the causes and sequalae of a given health state are not relevant; 

what matters is how the individual is able to function, 
 a focus on “components of health”,  
 a distinction between “functioning and disability” (characteristics of the individual) and “contextual 

factors” (characteristics of the individual’s social and physical environment),  
 a distinction between capacity and performance, and  
 a distinction between activity and participation. 

The latter two points were the area of great debate in the development of the ICF.  The distinctions regarding 
capacity and activity on the one side, and performance and participation on the other was to be as clear as 
possible with regard to those characteristics that are intrinsic to the individual, and those which are 
significantly dependent on both the individual’s characteristics, and those of his physical and social milieu. 
These last two points, as well as the third, are tied closely to other criteria outlined below.  As a result, the 
domains selected by the Budapest initiative do not bear any particular relationship to the remainder of the 
ICF, including the detailed classification structure of the ICF in its current form. 

Feasibility – Suitability for Use in Health Interview Surveys
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The main purpose of the set of health questions defined by the criteria described here is to collect 
information on population health, and the main vehicle for doing so is health interview surveys.  Thus, one 
criterion is that the domains are such that the implied questions can be included on surveys with a 
reasonable expectation of high quality responses from samples of the general public. 

Part of survey feasibility is already implied by the criterion of face validity above.  A further aspect of 
feasibility is that the domain allow for the construction of short unambiguous questions.  This requires that 
the domains be succinct and clearly defined, to ensure a consistent interpretation by the lay people from 
whom the data will be collected. The domains should also be amenable to collection over the telephone, by 
personal interview, through the mail, or over the internet.  

Feasibility – Consistent Meaning in Different Social Contexts (cross-cultural comparability) 

This criterion means that those domains, and the questions developed to measure them, are preferred which 
are more likely to have close to the same meaning in different populations, especially those from different 
cultures.  This criterion includes, but usually requires more than, accurate translation between languages.   

Assessing cross-cultural comparability is challenging, and the methods for doing so are currently an active 
area of research.  In turn, applying this criterion may be conceptually or methodologically difficult in current 
practice. 

The previous two criteria (suitability for interview surveys and cross-cultural comparability) together are 
important reasons for a focus here on capacity rather than performance, and on activity rather than 
participation, key pairs of concepts developed in the WHO’s revised ICF.  The main reason is that questions 
which are most likely to be translatable in a way that preserves their meaning across cultures are ones 
where the (often implicit) roles of the physical and social milieu is minimized. 

Feasibility – Heterogeneity 

Individuals’ levels of functioning on the domains that are selected should manifest a reasonable degree of 
heterogeneity within the population.  Domains where everyone is at or near the same level of functioning 
should be excluded, because they will add almost no information.  For example, in Canada there is little 
variation on the domain describing speech on a national health survey, with 99% of the general population 
reporting full functioning. This domain would therefore be of less use in describing population health than one 
with a higher degree of variation within the population.  

Feasibility – Parsimony of Domains 

The total number of domains should be small.  The main reason is to keep interview length short, so the 
question set can be easily understood and can become widely used.  Another is to reduce the volume of 
work required for question development, testing, validation, and translation. 

Measurement – Statistical Independence 

Statistical independence in this context means that in most populations of interest, the levels of health on 
one domain are unlikely to be correlated with levels of health on another.   Achieving complete statistical 
independence is not a feasible goal.  For example, some of the domains may be jointly affected by common 
external factors such as age or a highly prevalent disease (e.g. musculoskeletal) which simultaneously 
affects more than one domain (e.g. pain and mobility).  Therefore, although some statistical dependence is to 
be expected, and can be accepted, the goal remains to minimize such dependence, and to focus on a set of 
domains that provide the most information on the population’s health.   

Measurement – Structural independence  
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Structural independence is distinct from statistical independence.  It refers to logical or conceptual 
dependence among domains.  Structural independence applies when an individual’s level on one domain in 
no way pre-determines his or her level on the other domain.  An example is pain and seeing.  Structural 
independence entails that domains are not redundant.  On the other hand, structural dependence, which 
should be avoided, occurs when an individual’s level on one domain can, to a large extent, be explained or is 
determined by their level on another domain.  An example of such dependence is mobility and usual 
activities. A lower level of mobility typically results in restrictions in usual activities; so as a matter of logic, an 
individual’s levels on the two domains will be correlated.   Every effort should be made to ensure that 
domains are structurally independent.  

Measurement – Clear Series of Levels within each Domain   

Health state in each domain is characterized by one or another level of capacity to function.  The descriptors 
for these levels should not be too numerous, but there should be enough to describe appropriately the 
domain in question.  The levels should be graded in severity in an ordered fashion.  The descriptors of these 
levels should be expressed in plain unambiguous language, and in a way that anticipates and minimizes 
differences in interpretation across individuals, across languages, and across cultures. 

Measurement – Within, On or Near the Skin 

This criterion means that the domain refers to something that is intrinsic to the individual.  In other words, it is 
independent (to the extent possible) of external factors such as the physical or social environment.  While 
aids like eyeglasses or pain medication can be considered to be essentially “within the skin”, wheelchairs 
and wheelchair accessible public transport are not. 

This criterion generally is implied by / implies two of the choices with regard to ICF concepts – specifically the 
focus on “functioning and disability” and not “contextual factors”, and the focus on more elemental “activity” 
and not the more complex and typically socially mediated “participation”. 

This criterion also greatly enhances the prospects for another criterion, cross-cultural comparability. 

Measurement – Suitability for Preference Measurement

Preference measurement involves a separate process wherein individuals are asked to express their choices 
among health states, defined in this case as a series of levels on each of several health domains.  The 
preference function thereby derived is used to assign a numerical score to any possible combination of levels 
on each of the set of health domains.  This preference function can then be used to aggregate health survey 
responses into an overall or summary measure of health for each individual.  In other words, the result of 
preference measurement is the ability to map a vector of ordered categorical variables (levels of functioning 
for each domain of health) into a cardinal index (e.g. the zero to one interval) in a way that draws on 
empirical observations of the actual preferences of a representative population sample. 

This exercise of defining health domains is not intended to provide health state preferences, nor summary 
measures of any sort.  However, this criterion of suitability means that at some later time, the domains 
selected have not precluded the possibility that preference measures could be derived. 

It may be noted that the above criteria of face validity, parsimony, clear levels, consistent meaning, and 
structural independence are key to being able, later, to estimate a preference function over health states. 

Finally, based on these criteria, a set of functional health status domains were selected for development of 
specific questionnaire items.  These domains are:  vision, hearing, mobility (walking), cognition – memory, 
cognition – thinking, affect – depression, pain, fatigue, and social relationships.  Other papers in this session 
describe the cognitive testing phase of development of specific questionnaire items for these domains, the 
challenge of assessing cross-cultural comparability of survey results, and the broader contexts in the 
international statistical system for this kind of functional health status measurement.   
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Empirical process techniques for locally stationary processes

Dahlhaus, Rainer
Institut für Angewandte Mathematik, University of Heidelberg
Im Neuenheimer Feld 294
69120 Heidelberg, Germany
E-mail: dahlhaus@statlab.uni-heidelberg.de

Polonik, Wolfgang
University of California, Department of Statistics
Davis, CA 95616-8705, USA
E-mail: wpolonik@ucdavis.edu

In recent years several methods have been derived for locally stationary time series models. In
this paper we emphasize the relevance of the empirical spectral process for locally stationary time
series. We show how large parts of the existing methodology on empirical processes for iid data can
fruitfully be used for time series analysis of locally stationary processes. In our setup the role of
the empirical distribution of iid data is taken over by the empirical time-varying spectral measure.
Throughout this paper we call a process Xt,n locally stationary if it approximately (for details see
Dahlhaus and Polonik (2007)) admits a time varying spectral representation

(1) Xt,n =
∞∑

j=−∞
a(

t

n
, j) εt−j

and the coefficients fulfill certain (weak) smoothness conditions. In particular we assume that a(u, j)
is of bounded variation in time direction u and has a uniform decay supu |a(u, j)| ≤ K

|j| log1+κ |j| . The
function

(2) f(u, λ) :=
1
2π
|A(u, λ)|2 with A(u, λ) :=

∞∑

j=−∞
a(u, j) exp(−iλj)

is the time varying spectral density of the process. The empirical spectral process is defined by
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(
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)
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∫ 1

0

∫ π

−π
φ(u, λ) f(u, λ) dλ du

and

Fn(φ) =
1
n

n∑

t=1

∫ π

−π
φ(

t

n
, λ) Jn(

t

n
, λ) dλ(5)

with the pre-periodogram

(6) Jn

( t

n
, λ

)
=

1
2π

∑

k:1≤[t+1/2±k/2]≤n

X[t+1/2+k/2],nX[t+1/2−k/2],n exp(−iλk).

If X[t+1/2+k/2],nX[t+1/2−k/2],n is regarded as a (raw-) estimate of c( t
n , k) then Jn( t

n , λ) can be
regarded as a (raw-) estimate of f( t

n , λ) - however, in order to become consistent Jn( t
n , λ) needs to be

smoothed in time and frequency direction.
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The empirical spectral process plays a major role in many applications. Here we just mention
parametric Whittle-type estimation, nonparametric quasi likelihood estimation, goodness of fit testing
and different local estimates. Below we study in detail kernel estimates for parameter curves of locally
stationary processes and prove a uniform rate of convergence result. We stress that although our
concept is based on empirical process techniques in the frequency domain, most applications are in
the time domain.

In Dahlhaus and Polonik (2007) we have proved a central limit theorem for En(φ) and a func-
tional central limit theorem indexed by a function class, furthermore an exponential inequality, a
maximal inequality and a Glivenko-Cantelli type theorem. In Dahlhaus and Polonik (2006) slightly
stronger results (including a Bernstein type inequality) have been proved under the additional as-
sumption of Gaussianity. In this paper we state the central limit theorem and the maximal inequality
and give an application to the uniform convergence of local Whittle-estimates. We prove these results
essentially under the assumption that we have bounded variation in both components of φ(u, λ). Let

(7) V (g) = sup
{ m∑

k=1

|g(xk)− g(xk−1)| : 0 ≤ xo < . . . < xm ≤ 1, m ∈ N
}

and

V 2(φ) = sup
{ `,m∑

j,k=1

|φ(uj , λk)− φ(uj−1, λk)− φ(uj , λk−1) + φ(uj−1, λk−1)| :(8)

0 ≤ uo < . . . < u` ≤ 1; −π ≤ λo < . . . < λm ≤ π; `,m ∈ N
}

.

For simplicity we set

‖φ‖∞,V := sup
u

V
(
φ(u, ·)), ‖φ‖V,∞ := sup

λ
V

(
φ(·, λ)

)
,

‖φ‖V,V := V 2(φ) and ‖φ‖∞,∞ := sup
u,λ

|φ(u, λ)|.

Theorem 1 (Central limit theorem) Let Xt,n be a locally stationary process and φ1, . . . , φk func-
tions with ‖φj‖∞,V , ‖φj‖V,∞, ‖φj‖V,V and ‖φj‖∞,∞ being finite (j = 1, . . . , k). Then

(
En(φj)

)
j=1,...,k

D→ (
E(φj)

)
j=1,...,k

where
(
E(φj)

)
j=1,...,k

is a Gaussian random vector with mean 0 and

cov
(
E(φj),E(φk)

)
= 2π

∫ 1

0

∫ π

−π
φj(u, λ) [φk(u, λ) + φk(u,−λ)] f2(u, λ) dλ du

+ κ4

∫ 1

0

(∫ π

−π
φj(u, λ1)f(u, λ1) dλ1

)(∫ π

−π
φk(u, λ2)f(u, λ2) dλ2

)
du.

In the stationary case where φj(u, λ) = φ̃j(λ) and f(u, λ) = f̃(λ) this is the classical central
limit theorem for the weighted periodogram.

We now state a maximal inequality for the function indexed empirical spectral process
(
En(φ), φ ∈

Φ
)

under conditions on the richness of Φ measured by the metric entropy. For each ε > 0, the covering

number of Φ with respect to the metric ρ2(φ) :=
( ∫ 1

0

∫ π
−π φ(u, λ)2dλ du

)1/2 is defined by

N(ε, Φ, ρ2) = inf {n ≥ 1 : ∃ φ1, . . . , φn ∈ Φ such that∀ φ ∈ Φ ∃ 1 ≤ i ≤ n with ρ2(φ, φi) ≤ ε},

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 2629 -



and the metric entropy of Φ with respect to ρ2 by

(9) H(ε, Φ, ρ2) = log N(ε, Φ, ρ2).

For technical reasons we assume that H(ε,Φ, ρ2) ≤ H̃Φ(ε) with H̃Φ(·) continuous and strictly mono-
tonically decreasing. Let

τ∞,V := sup
φ∈Φ

‖φ‖∞,V , τV,∞ := sup
φ∈Φ

‖φ‖V,∞,

τV,V := sup
φ∈Φ

‖φ‖V,V and τ∞,∞ := sup
φ∈Φ

‖φ‖∞,∞.

Theorem 2 (Maximal inequality) Let Xt,n be a locally stationary process with E|εt|k ≤ Ck
ε for

all k ∈ N. Suppose that Φ is such that τ∞,V , τV,∞, τV,V , and τ∞,∞ are finite and

sup
φ∈Φ

ρ2(φ) ≤ τ2 < ∞.

Then there exists a set Bn with limn→∞ P (Bn) = 1 and constants L, c1, c2 such that for all η satisfying

(10) η ≥ 26L max{τ∞,V , τV,∞, τV,V , τ∞,∞} (log n)3√
n

and

(11) η ≥ 72
c2
2

∫ α

0
H̃Φ(s)2ds with α := H̃−1

Φ

( c2

4

√
η

τ2

)
,

we have

(12) P
(

sup
φ∈Φ

|Ẽn(φ)| > η , Bn

)
≤ 3 c1 exp

{
−c2

4

√
η

τ2

}

and

(13) P
(

sup
φ∈Φ

|En(φ)| > η , Bn

)
≤ 3 c1 exp

{
−c2

4

√
η

τ2

}
.

For more details on L, c1, c2 and the set Bn we refer to Dahlhaus and Polonik (2007).

We now study kernel estimates for parameter curves of locally stationary processes and derive a
uniform rate of convergence from the maximal inequality. We investigate locally stationary processes
where the time varying spectral density is of the form f(u, λ) = fθ(u)(λ) with θ(u) ∈ Θ ⊆ Rd for all
u ∈ [0, 1]. Examples are ARMA-processes with time-varying coefficients. Let

θ̂n(u) := argmin
θ∈Θ

Ln(u, θ)

with

(14) Ln(u, θ) :=
1
4π

1
n

n∑

t=1

1
bn

K
(u− t/n

bn

) ∫ π

−π

{
log 4π2fθ(λ) +

Jn( t
n , λ)

fθ(λ)

}
dλ.

We assume that the kernel K has compact support on [−1
2 , 1

2 ] and is of bounded variation with∫ 1/2
−1/2 xK(x) dx = 0 and

∫ 1/2
−1/2 K(x) dx = 1. Furthermore let bn → 0 and nbn → ∞ as n → ∞. In

case of a tvAR(p)-process θ̂n(u) is the solution of the local Yule-Walker equations. We now derive a
uniform rate of convergence for θ̂n(u).
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Theorem 3 (Uniform convergence of local parameter estimates) Let Xt,n be a locally
stationary process with E|εt|k ≤ Ck

ε for all k ∈ N and time varying spectral density f(u, λ) = fθ0(u)(λ).
Suppose

(i) θ is identifiable from fθ (i.e. fθ(λ) = fθ′(λ) for all λ implies θ = θ′) and θ0(u) lies in the interior
of the compact parameter space Θ ⊆ Rd for all u;
(ii) θ0(u) is twice differentiable with Lipschitz continuous second derivative;
(iii) fθ(λ) is twice differentiable in θ with Lipschitz continuous second derivative;
(iv) f−1

θ (λ) and the components of ∇f−1
θ (λ), ∇2f−1

θ (λ) are uniformly bounded in λ and θ;

(v) the minimal eigenvalue of I(θ) := 1
4π

∫ π
−π

(
∇ log fθ(λ)

)(
∇ log fθ(λ)

)′
dλ is bounded from below

uniformly in θ.

Then we have for bnn >> (log n)6

sup
u∈ [bn/2 , 1−bn/2]

∥∥θ̂n(u)− θ0(u)
∥∥

2
= Op

( 1√
bnn

+ b2
n

)
,

that is for bn ∼ n−1/5 we obtain the uniform rate Op(n−2/5).

We conjecture that the above rate is the optimal rate of convergence.
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Introduction

Time series analysis is used extensively in neuroscience in order to study the interdependence
between two simultaneously recorded signals [Pereda et al. (2005)]. Neurophysiological time series
are inherently non-stationary and so the covariance structure between the series may vary with time
[Lachaux et al. (2002)]. The detection of these changes is very important as they reflect changes in
the functional connectivity of the system and therefore allow us to make inferences on how segregated
areas of the brain are interacting [Salinas & Sejnowski (2001)]. Our aim is to develop a method of
localised coherence in order to analyse simultaneous recordings of neural activity taken from two areas
of a rat’s brain: the hippocampus and the prefrontal cortex, as in the experimental set-up of Jones &
Wilson (2005).

While the cross-correlation function provides a natural estimate of the relationship between two series
in the time domain, the cross-spectral density function, defined as the Fourier transform of the cross-
covariance function, can be used similarly in the spectral domain [Brillinger (1975)]. The coherence
function is derived from the normalisation of the cross-spectrum by the individual spectra and, roughly
speaking, measures the correlation between the signals as a function of frequency. The main problem
with this approach is that it assumes stationarity of the series and, therefore, is of limited relevance
to our problem. An extension to Fourier analysis, to allow for non-stationarity, is windowed Fourier
analysis which splits the signal into (possibly overlapping) sections [Daubechies (1992)] . Although
this overcomes the assumption of global stationarity, it still requires stationarity within each segment.

Since wavelets are localised in both time and scale, they provide a natural approach to the mod-
elling of series with time varying spectral characteristics (see Vidakovic (1999) for an introduction
to wavelets). Unlike time resolved Fourier coherence which employs a constant window width for all
frequencies, the wavelet transform uses shorter windows for higher frequencies, which leads to more
“natural” localisation (see Daubechies (1992) for more on this topic). Wavelet coherence is an in-
creasingly popular method in neuroscience, see for example Lachaux et al. (2002). In this paper we
propose a new measure of wavelet coherence termed ‘locally stationary wavelet coherence’. This is
derived from the Locally Stationary Wavelet time series model of Nason et al. (2000). Following the
work of Dahlhaus (1996), the model adopts the rescaled time principle, replacing the Fourier basis
representation by a system of non-decimated wavelets. Due to the particular bias correction implied by
the model, our new statistic differs significantly from wavelet coherence measures proposed previously.
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Wavelet coherence using the LSW model

Definition 1. The bivariate LSW process (X(1)
t,T , X

(2)
t,T )t=0,...,T−1, for T = 2j ≥ 1 is a triangular

stochastic array with mean-square representation

X
(1)
t,T =

−1∑
j=−∞

∞∑
k=−∞

W
(1)
j (k/T )ψj,t−kξ

(1)
j,k(1)

X
(2)
t,T =

−1∑
j=−∞

∞∑
k=−∞

W
(2)
j (k/T )ψj,t−kξ

(2)
j,k(2)

where {ψk,t} are discrete, real valued, compactly supported, non-decimated wavelet vectors with scale
and location parameters j ∈ {−1,−2, ...} and k ∈ Z, respectively. For each j < −1, the functions
W

(i)
j (k/T ) and ρj(k/T ) are assumed to be Lipschitz continuous, and are defined on rescaled time

z = k/T ∈ [0, 1] which enables asymptotic estimation. Also, ξ(i)j,k are zero mean orthonormal identically
distributed random variables with the following properties

• cov(ξ(i)j,k, ξ
(i)
j′,k′) = δj,j′δk,k′

• cov(ξ(1)j,k , ξ
(2)
j′,k′) = δj,j′δk,k′ρj(k/T )

where δi,j is the Kronecker delta function, giving δi,j = 1 for i = j and 0 otherwise.

The parameters W (i)
j (k/T ) can be thought of as time and scale dependent transfer functions

while the non-decimated wavelet vectors, ψj , can be thought of as building blocks analogous to Fourier
exponentials in a spectral domain representation. Here the notation j = −1 denotes the finest scale
wavelet, j = −2 the next finest scale and so forth.

This formulation parallels the univariate case of Nason et al. (2000), but in extending this to the
bivariate setting we must allow for a potential correlation structure between the two series, given by
ρj(k/T ). It is this quantity that we wish to estimate, with the functional sequence {ρj(k/T )}−1

j=−∞

providing a multiscale decomposition of the cross-correlation structure between X(1)
t,T and X(2)

t,T .

The locally stationary wavelet coherence, ρj(z), can be represented as ρj(z) = Cj(z)q
S

(1)
j (z)S

(2)
j (z)

where

Cj(z) is the locally stationary wavelet cross-spectrum Cj(z) = W
(1)
j (z)W (2)

j (z)ρj(z), and S(1)
j (z), S(2)

j (z)

are the evolutionary wavelet spectra defined as S(i)
j (z) = (W (i)

j (z))2 as in Nason et al. (2000). The
locally stationary wavelet coherence, ρj(z), ranges from -1, indicating complete negative correlation,
to +1 indicating complete correlation. A value of close to zero indicates a lack of correlation between
the two series at the given scale and location.

Estimation Theory

Definition 2. For the LSW processes X(i)
t,T for i = 1, 2, constructed using the wavelet system ψ, the

empirical non decimated wavelet coefficients are given by

d
(i)
j,t,T =

∑
s

X
(i)
s,Tψj,s−t(3)

Although the use of other types of wavelets is possible, we use Haar wavelets for our estimator,
following the theory of Nason et al. (2000). The wavelet coefficients are used to construct the cross-
wavelet periodogram and wavelet periodogram, defined as follows.
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Definition 3. The wavelet periodograms for the LSW processes X(i)
t,T , for i = 1, 2, are given by

I
(i)
j,t,T = |d(i)

j,t,T |
2(4)

The wavelet cross-periodograms is given by

I
(1,2)
j,t,T = d

(1)
j,t,Td

(2)
j,t,T(5)

Proposition 1. The expectation of the cross-periodogram, I(1,2)
j,t,T , is given by

EI(1,2)
j,t,T =

−1∑
i=−∞

W
(1)
i (t/T )W (2)

i (t/T )ρi(t/T )Aij +O(T−12−j)(6)

Also, the variance is given by

V arI
(1,2)
j,t,T =

−1∑
i=−∞

S
(1)
i (t/T )Ai,j

−1∑
i=−∞

S
(2)
i (t/T )Ai,j

+
( −1∑

i=−∞
W

(1)
i (t/T )W (2)

i (t/T )ρi(t/T )Ai,j

)2
+O(2−2jT−1)

where Ai,j is the autocorrelation wavelet inner product matrix Ai,j =
∑

τ Ψi(τ)Ψj(τ).

We can see from Proposition 1 that the expectation of the wavelet cross-periodogram is com-
posed of the sum of wavelet cross-spectra, Cj(z). The cross-periodogram is therefore a natural es-
timator of the wavelet cross-spectrum, but we first need to correct for the bias incurred by the ma-
trix Ai,j . Also, since the cross-periodogram has non-vanishing variance, it needs to be smoothed
to obtain consistency. For this we use simple moving average smoothing. Other, more advanced
smoothing techniques (see for example Nason et al. (2000)) are potentially viable and will be
considered in future work. The estimator is therefore constructed by first smoothing the peri-
odogram to give Ĩ

(1,2)
j,t,T = 1

2M+1

∑M
m=−M I

(1,2)
j,t+m,T , and then correcting the smoothed periodogram

using Ĉl(t/T ) =
∑−1

j=−J∗ Ĩ
(1,2)
j,t,T A

−1
l,j for some J∗ < log2(T ) to be specified later, chosen to ensure the

consistency of Ĉl(z).

Proposition 2. Let J∗ = α log2(T ) where α ∈ (0, 1). The estimator Ĉl(t/T ) converges in probability
to W (1)

l (t/T )W (2)
l (t/T )ρl(t/T ) provided that MTα−1 → 0 as T →∞ and M →∞ for each fixed scale

l.

The wavelet periodograms, I(i)
j,t,T for i = 1, 2 are smoothed and corrected similarly to give

Ĩ
(i)
j,t,T = 1

2M+1

∑M
m=−M I

(i)
j,t+m,T , and Ŝl(t/T ) =

∑−1
j=−J∗ Ĩ

(i)
j,t,TA

−1
l,j .

Proposition 3. Let J∗ = α log2(T ) where α ∈ (0, 1). Then Ŝ
(i)
l (t/T ) converges in probability to

S
(i)
l (t/T ) provided that MTα−1 → 0 as T →∞ and M →∞ for each fixed scale l.

Given estimates of the cross-spectrum, Ĉl(t/T ), and individual spectra, Ŝ(i)
l (t/T ) of each process

and provided that S(1)
l (t/T ) > 0 and S

(1)
2 (t/T ) > 0 the estimator of the locally stationary wavelet

coherence given by

ρ̂l(t/T ) =
Ĉj(t/T )√

Ŝ
(1)
j (t/T )Ŝ(2)

j (t/T )
(7)
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converges in probability to ρl(t/T ) by Slutsky’s theorem [Davidson (1994)].

Having demonstrated how to estimate ρl(t/T ), the result provides us with a multiscale decompo-
sition of the local dependence structure between the two series. The decomposition allows us to
distinguish between fine-scale and coarse-scale dependence.
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Testing temporal constancy of the spectral structure of a time series
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Second order stationarity is an important assumption in the statistical analysis of stochastic
processes allowing for the development of an asymptotic theory capable to investigate properties
of many classical statistical inference procedures. However, the assumption that the second order
characteristics of a process remain constant over time is often not justified in practice. Many time
series show a nonstationary behavior due to smooth changes of their second order structure over time.
During the last decade, statistical inference for processes showing such a nonstationary behavior has
attracted considerable attention in the literature. In this context, asymptotic statistical inference has
been made possible by considering arrays of double indexed processes having time varying spectral
characteristics together with a time rescaling approach which allows for increasing information on the
local structure of the underlying nonstationary process as the sample size increases; see Dahlhaus
(1997) and the related concept of locally stationary process.

This paper deals with nonparametric tests of stationarity against the alternative of a time varying
spectral structure. The idea underlying our testing approach is to compare local sample spectral
density estimates based on a moving window of data with a global estimate using the whole set of
observations, and to evaluate the difference between the two quantities over the different frequencies
and time segments considered using an appropriate L2-type distance measure. To be more specific,
the proposed test is based on a smoothed version of the local sample spectral density (tapered local
periodogram) rescaled by a global spectral density estimator, the later being obtained using the whole
stretch of data. For a given time point, the corresponding smoothed statistic squared and integrated
over all frequencies is a measure of deviation between the local spectral structure of the observed time
series and a global spectral structure associated with the hypothesized stationary behavior.

Calculating this local quadratic deviation measure for different instants of time and building
a time averaged version lead to a global measure of stationarity which is used for testing purposes.
The asymptotic distribution of the so obtained test statistic is derived under the null hypothesis of
stationarity. It is shown that this test statistic appropriately centered, converges weakly to a Gaussian
distribution. Additionally to this global measure of deviation we also investigate time-localized versions
of it where the corresponding statistic is indexed by the rescaled time parameter. Weak convergence
of the associated process to a Gaussian process is established. This result enables the derivation of
within neighborhoods simultaneous confidence bands which are useful for exploring the possible time
varying behavior of the time series considered, i.e., for identifying regions of stationarity or regions
where changes in the spectral structure occur.

The power properties of the test are also discussed. We first establish consistency of the test
proposed for a large class of alternatives where the underlying processes have time varying spectral
characteristics. Furthermore, the asymptotic behavior of the test for different classes of contiguous
alternatives is investigated and the asymptotic distribution under such classes of alternatives is estab-
lished. In this context, rigorous asymptotic investigations are possible by using the aforementioned
theoretical framework of locally stationary processes. Moreover, the power behavior of the test for
fixed alternatives belonging to the class of locally stationary processes is discussed and the asymptotic
distribution of the test statistic for this class of fixed alternatives is derived. This result leads to useful
approximations of the power function of the test and of the probability of type II error.
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Finally, the testing procedure proposed is applied to several real-life data sets and the capability
of the testing methodology to detect changes of the spectral structure is demonstrated.
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1 Introduction

Over long periods of time the assumption of stationarity is often considered unrealistic. To address this

issue several nonstationary models have been proposed. A notable model, which has been used in a

variety of disciplines (signal processing, geostatistics etc.), is the evolutionary spectral density defined

in Priestley (1965) (see also Priestley (1988)). The treatment of the evolutionary spectral density was

rigourised in Dahlhaus (1996) and Dahlhaus (1997), where rescaled asymptotics was used to define

the notion of local stationarity and obtain sampling properties of estimators. An example of a process

with an evolutionary spectral density is an autoregressive process with time-varying parameters. By

using rescaled arguments, Dahlhaus and Subba Rao (2006) and Subba Rao (2006) have shown that

several processes which have an evolutionary spectral density or time-varying parameters, can be

represented as the sum of stationary processes whose coefficients are time-dependent. This means,

roughly speaking, if {Zt} were a locally stationary process with time-varying spectral density (eg. a

time-varying autoregressive process), then Zt satisfies

Zt = Xt + tẊt +
t2

2
Ẍt + εt,(1)

where εt = Op(t
2), {(Xt, Ẋt, Ẍt)} is a stationary vector time series, and Ẋt, Ẍt can be (informally)

considered as ‘derivatives’ of Zt with respect to t.

Studying (1) we see that it is analogous to the multiple linear regression model, where the

explanatory variables are (1, t, t2). The main difference is that the ‘parameters’ in this model are not

constant but stationary processes. Since the regressors are polynomials in t, despite the stationarity

of {(Xt, Ẋt, Ẍt)}t, {Zt} is a nonstationary processes. Now there can arise situations where other

explanatory variables could influence the response Zt. To include this case, let us consider the general

model, where {Zt} satisfies

Zt =
m∑

j=1

αt,jXt,j + εt,(2)

where {αt,j} are observed explanatory variables, {εt}t are independent, identically distributed ran-

dom variables, {Xt} is an unobserved stationary vector time series, with E(Xt) = 0 and Xt =

(Xt,, Xt,2, . . . , Xt,m). We will focus on model (2) in this paper. Due to its similarity to linear regres-

sion models one can consider (2) as a ‘nonstationary regression model’. Comparing models (1) and

(2) we see that, except for the different errors εt, (1) is a special case of (2), where αt,j = tj/j!. To

summarise, if the regressors αt,j vary smoothly over time, then we can show that Zt can locally be

approximated by a stationary process. This notion can be rigourised by using the rescaling device

and supposing that there exists smooth functions αj(·) - for example a functional basis - such that

αt,j = αj(t/T ). In other words, for suitably chosen explanatory variables, (2) approximates well sev-

eral locally stationary stochastic processes with time-varying spectral density. However it is worth

mentioning that (2) is not restricted to being an alternative representation of locally stationary pro-

cesses. If the coefficients {αt,j} do not vary slowly over time, then (2) can not locally be approximated

by a stationary process. Hence (2) can be used to represent a rich class of nonstationary processes,

including locally stationary processes and also more ‘rougher’ nonstationary processes.
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In this paper we propose a method to estimate the spectral density of Xt. Our estimation

procedure is motivated by the Whittle likelihood (first proposed in Whittle (1953)). We mention

that the Whittle likelihood has been used to estimate the spectral density in many situations (c.f.

Dzhapharidze (1971), Hannan (1973), Dunsmuir (1979) and Taniguchi (1983)). For nonstationary

processes, Dahlhaus (1997) used a localised version of the Whittle likelihood to estimate the time-

varying spectral density. In the parametric setting Dahlhaus (2000) used the Whittle likelihood to fit

parametric nonstationary models to data. There are several applications where an estimator of the

spectral density is of interest. For example, it is straightforward to show that the covariances associated

with the spectral densities can be used to predict the response Zt, given past observations of {Zt−k}k≥1,

and the explanatory variables {αt,j}. Moreover the idea of prediction sits more comfortably for model

(2) than some time-varying models, since one does not have to assume that the process is stationary

over the ‘prediction horizon’.

2 Estimation

Let us suppose we observe {Z1, . . . , ZT } and the explanatory variables {{αt,j}; t = 1, . . . , T}, where

Zt satisfies model (2). In this section we consider a parametric estimator of the spectral density of

{Xt}t. Let fθ0 denote the spectral density matrix of the stationary vector time series {Xt}t and f jk
θ0

the joint spectral density between {Xt,j}t and {Xt,k}t.

To estimate the spectral density of a stationary process one often uses periodogram as the basis

of the estimator. This motivates us to study the periodogram I
[0,T ]
Z (ω) associated with {Zt}, where

I
[n1,n2]
Z (ω) =

1

n2 − n1
|

n2∑
t=n1+1

Zt exp(−iωt)|.

We observe that the expectation of I
[0,T ]
Z (ω), for large T , is approximately

E

{
I

[0,T ]
Z (ω)

}
≈

∫ ⎧⎨⎩∑
j,k

f jk
θ0

(ω − λ)J
[0,T ]
j (λ)J̄

[1,T ]
k (λ)

⎫⎬⎭ dλ + E(εt),

where

J
[n1,n2]
k (λ) =

1√
(n2 − n1)

n2∑
t=n1+1

αt,k exp(−iωt).

and J̄
[n1,n2]
k denotes the complex conjugate of J

[n1,n2]
k . We note that J

[n1,n2]
k (λ)J̄

[n1,n2]
k (λ) can be

treated as the periodogram of the explanatory variables {αt,k}. It is therefore plausible that the

following criterion which is motivated by the Whittle likelihood

L̃
[0,T ](θ) =

∫
I

[0,T ]
Z (ω)∫ {∑

j,k f jk
θ (ω − λ)J

[0,T ]
j (λ)J̄

[0,T ]
k (λ)

}
dλ + σ2

θ

dω(3)

can be used as a basis for obtaining an estimator of the true parameters θ0. However, we observe the

denominator of (3) could be the same for different functions fjk, meaning that {fjk} is not uniquely

identifiable. To ensure this does not happen we place the following assumptions on the explanatory

variables and use as our criterion a modification of (3). Define the empirical covariance on the interval

[n1, n2] as

c
[n1,n2]
jk (r) =

1

(n2 − n1)

n2−n1−r∑
t=n1+1

αt,jαt+r,k.
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Assumption 2.1 Suppose {Zt} satisfies model (2).

(i) The smallest eigenvalue of fθ(ω) is uniformly bounded away from zero, for all ω and all θ ∈ Θ

(where Θ is a compact parameter space).

(ii) Let T0 = 0 and Tk = �T/m�k. Define the m2
×m2 dimensional matrix ΔT (r), where ΔT,k,d(r) =

c
Tk−1,Tk

(d mod (m)+1),1+[d−d mod (m)]/m(r). Then for all r, ΔT (r) is a non-singular matrix, and for each

r the smallest eigenvalue of ΔT (r) is uniformly bounded away from zero for all T .

Assumption 2.1(ii) ensures that the spectral densities are identifiable. Roughly speaking it implies

that the explanatory variables {αt,j} do not behave as if they are second order stationary and vary

over time.

We define the criterion

LT (θ) =
m2

−1∑
q=0

L̃
[Tq ,Tq+1](θ)

and use θ̂ = arg minθ∈Θ LT (θ) a estimator of θ0, where fθ0 is the true spectral density. It can be shown

that the estimator is asymptotically consistent and the details will be reported in a future paper.

Remark 2.1 (The time-varying AR(1) process) Let us consider the time-varying AR(1) process

Xt,T = a(
t

T
)Xt−1,T + ηt.

It can be shown that

Xt,T = Xt(0) +
t

T
Ẋt(0) + O((

t

T
)2),

where Xt(u) = a(u)Xt−1(u)+ηt and Ẋt(u) = ȧ(u)Xt−1(u)+a(u)Ẋt−1(u). We use as an approximation

of Xt,T , Yt,T where

Yt,T = Xt,1 +
t

T
X2,t + εt,

where Xt,1 = Xt(0), X2,t = Ẋt(0) and εt are iid random variables. The spectral density of Xt =

(Xt,1, Xt,2) is fa(0),ȧ(0), where

fa,b =

(
1

|1−a exp(iω)|2
b

(1−a exp(iω))2(1−a exp(−iω))
b

(1−a exp(−iω))2(1−a exp(iω))
b2

|1−a exp(iω)|4

)
.

The estimation procedure described in this section can be used to obtain an estimator of a(0), ȧ(0).
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RÉSUMÉ

In this paper we consider nonstationary processes which can be represented as the sum of station-

ary processes. We propose a method for estimating the spectral densities of the stationary processes

given observations from the nonstationary process. We mention that several locally stationary pro-

cesses can be represented as the sum of stationary processes where the coefficients are time-dependent.

Hence the class of models considered in this paper include locally stationary processes as well as more

‘rougher’ nonstationary processes.
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RÉSUMÉ 

The aim of this paper is to provide new evidence related to low-income households and their members 
in Spain, analyzing the determinants of poverty and social exclusion. We are especially interested on 
measuring the factors related to situations of low income. For this purpose, the most recent database 
published in Spain will be used: the Living Conditions Survey (2004). This survey supplies plenty of 
information about income, level and composition of poverty, so as social exclusion at a highly disaggregated 
level, becoming a perfect tool for this analysis.  

The characterization of poverty will be faced using several approaches: a descriptive analysis, different 
poverty measurement indexes and a truncated regression model. Descriptive statistics will provide an initial 
overview of low-income households and individuals living conditions and situations dealing with social 
exclusion which highlights the main differences with non-poor. Then, a battery of different well known 
poverty measurement indexes will summarize the available information. The use of these indexes will enable 
the possibility of comparisons with results of previous studies for the Spanish case. Finally, in order to 
identify the determinants of poverty, a discrete choice model will be proposed. Specifically, we offer a 
truncated regression mode for the poor, explaining the factors affecting households and individuals´ welfare 
(approached by income).  

1.- Introduction 

Poverty analysis is a complex task in which many factors have to be considered: who are regarded as 
poor people, how poor they are, what factors are determining poverty situations, and what kind of public 
policies may improve their situation. For this reason, a generic definition of poverty is difficult, due to its 
multi-faceted complexity in which many circumstances are difficult to categorize. In addition, the poverty 
concept used will certainly have implications in results and conclusions derived of poverty analysis. In very 
broad terms, there are basically two approaches to measure poverty: considering it as a lack of material 
resources or as a multidimensional issue including aspects as non-access to housing, social participation or 
personal development. This latter notion is more related to what is called social exclusion, and is broader 
than the first. In this study, we will concentrate in the first definition of poverty, that is, economic poverty, 
analyzing the factors determining poverty situations in Spain in 2004, following a static framework.  

2.- Data and methodological issues 

Poverty studies benefit from the use of micro-data sources, which allow more accurate results. In this 
sense, the most recent database of these characteristics in Spain is used: the Living Conditions Survey 
(2004). This survey supplies an abundance of information about income, level and composition of poverty, 

1 The author is grateful to Salvador Ortiz for his valuable comments and suggestions. All errors are of my sole responsibility.
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such as social exclusion, becoming a perfect tool for this analysis. This survey is displayed at a highly 
disaggregated level, which provides information concerning households (15,355) and the individuals living 
in them (44,647). Once the database is chosen, some methodological decisions must be taken in order to 
measure poverty. These choices are relevant and may influence the results obtained.  

First of all, it is important to select the variable measuring purchasing power2: expenditure or income. 
The first option seems to be a better proxy for long-life consumption. The latter is argued to be a better 
indicator of potential consumption in short term analysis and to be more useful for international 
comparisons. In our case of study, expenditures are not available for this survey, and so income variables are 
used, following a cross-section perspective.  

The next question refers to the unit of analysis: individuals or households. If household is considered, 
all individuals’ income flows would be summed. A social and economic reality would be taken into account, 
considering most members of the family handle economic decisions and jointly benefit from these revenues. 
On the other side, poverty is a concept related to individuals’ welfare, that is, we are concerned about people 
living within these poor households more than the poor households themselves. For this reason, the usual 
empirical practice is to study an income distribution in which every individual is assigned their own 
household equivalent income or expenditure. This choice leads to the following subject: how to compare 
households with different size and composition. Equivalent scales are usually employed for this purpose. 
Equivalent scales are measures of the relative income (or expenditure) needed by different kinds of 
households to keep unaltered their economic position. There is not only one way to obtain an equivalent 
scale, neither a unanimously chosen one. In this study, the OCDE equivalent scale3 is used, not because of its 
superiority respect to other scales, but for the possibility of making comparisons with previous results in 
Spain.

Finally, a poverty threshold must be chosen, that is, the limit to consider a household to be poor. There 
are several ways to determine this threshold: subjective (what a society or a person thinks a poor person 
means to be) and objective procedures (fixing an arbitrary minimum necessary to be out of poverty). The 
latter can also be absolute (the cost of a basic basket is estimated, considering to be poor all the people not 
reaching that minimum) or relative (a share of mean or medium income). In our case of study, a relative 
concept of severe poverty is adopted, choosing a 25% of mean OCDE equivalent income as the threshold for 
being considered poor. This choice gives a share of 3.34% of poor households related to total population. It 
means an 8% increase of poor households in relation to results in 1990.  

3.- Poor households’ socioeconomic profile 

Once methodological issues are considered, it is useful to give an overview of some of the 
socioeconomic characteristics of poor households, emphasizing differences with non-poor households. 
Summarizing some of the main results (which are not shown here for lack of space), we can say that poor 
households have a larger share in the following characteristics, related to non-poor households: one person or 
very numerous families are predominant in poor households, living in medium or small towns, with no wage 
recipients in the family, with a lone parent family structure. Related to the head of the household 
characteristics, we may say that males or females between the age of 30-49 have more representation in poor 
households. Related to the maximum level of studies, primary studies are predominant, while in labor status, 
unemployed and house working household head are common in poor households. There seems to be no 
differences in their health status.  

2 Economic position is a proxy for welfare, with all the drawbacks implied under this assumption (Zubiri, 1985). 
3 With this formulation: EOCDE (n1, n2) = 1+ 0,7 (n1 – 1) + 0,5 (n2), where n1 represents number of adults and n2, number of children.  
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For continuous variables, difference means tests have been calculated for poor and non-poor 
households. Results show (which are not shown here for lack of space) a higher and statistically significant 
share of children in poor households, and lower initial and final income so as individuals’ in cash transfers. 
Only households’ in cash transfers seem not to be different between both groups. 

4.- Measuring poverty 

Empiric literature provides several indexes for measuring different aspects related to poverty4. In Table 
1, some of these indexes are offered, differentiated by the head of household’s sex and level of education. 
First column shows a larger poverty gap when the household head has Secondary studies. The rest of the 
columns refer to Foster, Green and Thorbecke (1984) family indexes (known as FGT). FGT(0) reflects the 
proportion of poor people related to total population. This share is slightly deeper for woman, and 
considerably larger in case of having achieved the lowest level of education. FGT(1) jointly considers 
incidence and intensity of poverty. Again household heads with secondary studies show the worse results. 
Finally, FGT(2) adds the measurement of inequality, maintaining the previous results.  

Table 1. Poor households’ poverty indexes for different head household’s characteristics. 
Mean of poverty gaps (poverty

line - yd_ocde) amongst the poor 
(€) FGT(0) FGT(1) FGT(2)

Total 1,408.22 3.35 1.62 1.15
Woman 1,282.16 3.64 1.60 1.04

Man 1,463.46 3.24 1.62 1.20
Primary studies 1,356.71 4.04 1.88 1.32

Secondary studies, 1st. Stage 1,543.60 3.62 1.92 1.43
Secondary studies, 2nd. Stage 1,570.11 3.72 2.00 1.51

Higher Education 1,455.12 1.97 0.98 0.71
FGT(0): headcount ratio (proportion poor) (%)
FGT(1): average normalised poverty gap (%)
FGT(2): average squared normalised poverty gap (%)
Source: Author’s own calculations from Living Conditions Survey, 2004.

5.- Characterization of poverty.  

We are interested on studying the socioeconomic factors affecting households’ probability of being 
poor. In order to analyze this dummy dependent variable, a probit model is proposed5, similar to Ayala and 
Palacio (2002). Table 2 reports the change in probabilities of being poor when independent variables vary, 
providing four alternative models (to avoid multicolineality problems). Results show that, in relation to the 
reference group (see below Table 2), when the household head is a male under 49 or he/she works part time, 
the probability of being poor raises. Lone parents’ households seem to increase also the probability of being 
poor. The rest of variables confirm that households receiving public transfers or wages or having more 
educated householders, living in big cities and somewhere else from Ceuta y Melilla, have a lower 
probability of falling into severe poverty situations.  

To extend the conclusions of this study, we are interested in studying the specific socioeconomic 
factors affecting poor households’ income. A truncated regression model for equivalent income is carried out 
(results are not shown here for lack of space), where the income threshold splits up the population in poor 
and non-poor households. Certain calculations must be done to obtain the best estimators for both sub 
samples. Preliminary results show that some of these factors affect income in a different way for poor and 
non-poor.  

4 For a detailed description of poverty indexes, see Gradín and Cantó (2002) and Ortiz and Marco (2006). 
Further explanations about probit models are available in Green (1998). 
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Table 2.Probability of a household being poor.  
Model 1 z Model 2 z Model 3 z Model 4 z

Male, <30 years 0.0154 2.56 0.0180 2.75 0.0122 2.26 0.0139 2.39
Male, 30-49 years 0.0068 3.54 0.0086 4.35 0.0061 3.48 0.0076 4.19
Male, over 64 years -0.0094 -3.42 -0.0114 -4.34 -0.0082 -3.31 -0.0101 -4.2
Woman, <30 years 0.0064 1.02 0.0105 1.53 0.0068 1.15 0.0108 1.64
Woman, 30-49 years -0.0030 -1.38 0.0032 1.32 -0.0025 -1.24 0.0033 1.45
Woman, 50-64 years -0.0154 -8.23 -0.0145 -7.12 -0.0137 -7.8 -0.0127 -6.62
Woman, >64 years -0.0174 -8.68 -0.0179 -8.91 -0.0156 -8.58 -0.0160 -8.77
Secondary studies, 1st stage -0.0088 -6.05 -0.0090 -6.03 -0.0072 -5.3 -0.0074 -5.22
Secondary studies, 2nd stage -0.0087 -5.13 -0.0087 -5.02 -0.0073 -4.63 -0.0073 -4.45
Higher education -0.0134 -7.67 -0.0141 -7.9 -0.0111 -6.84 -0.0117 -6.96
Working full time -0.0164 -6.59 -0.0164 -6.51 -0.0142 -6.31 -0.0142 -6.22
Working part time 0.0062 1.49 0.0064 1.53 0.0078 1.95 0.0077 1.92
Retired -0.0196 -9.19 -0.0207 -9.55 -0.0175 -8.99 -0.0185 -9.35
 Incapacitated -0.0136 -5.7 -0.0139 -5.73 -0.0122 -5.6 -0.0125 -5.61
House working -0.0007 -0.22 -0.0026 -0.89 0.0000 0.01 -0.0020 -0.71
Other inactivity -0.0001 -0.02 -0.0004 -0.12 -0.0002 -0.05 -0.0007 -0.21
Public  transfers recipient -0.0080 -5.08 -0.0069 -4.38 -0.0080 -5.49 -0.0071 -4.84
1 wage recipient -0.0257 -18.66 -0.0266 -19.06 -0.0243 -19.19 -0.0252 -19.58
2 wage recipients -0.0293 -18.53 -0.0305 -18.7 -0.0272 -18.59 -0.0284 -18.64
3 wage recipients -0.0172 -9.66 -0.0177 -9.84 -0.0157 -10.18 -0.0162 -10.3
Couple without children -0.0114 -4.5 -0.0105 -4.56
One parent, 1 child or more 0.0138 2.9 0.0123 2.81
Couple, 1 child -0.0089 -3.45 -0.0081 -3.4
Couple, 2 children -0.0089 -3.22 -0.0085 -3.38
Couple, more 2 children -0.0096 -3.84 -0.0091 -4.02
Other households without children -0.0140 -5.45 -0.0126 -5.34
Other households -0.0106 -3.82 -0.0096 -3.76
Household size: 2 -0.0089 -3.33 -0.0083 -3.42
Household size: 3 -0.0099 -3.83 -0.0089 -3.75
Household size: 4 -0.0097 -3.47 -0.0092 -3.58
Household size: 5 -0.0130 -5.54 -0.0120 -5.61
Household size: 6 -0.0100 -3.44 -0.0095 -3.62
Household size: over 7 0.0023 0.45 -0.0001 -0.02
Highly populated city -0.0062 -4.08 -0.0056 -3.68
Medium populated city 0.0022 1.32 0.0028 1.61
Andalucia -0.0151 -7.91 -0.0164 -8.64
Aragon -0.0149 -7.35 -0.0156 -7.87
Asturias -0.0130 -6.08 -0.0138 -6.45
Baleares -0.0089 -3.35 -0.0105 -4.17
C.la Mancha -0.0124 -6.42 -0.0134 -7.03
C.Leon -0.0122 -6.5 -0.0132 -7.12
C.Valenciana -0.0152 -8.67 -0.0163 -9.31
Canarias -0.0126 -6.54 -0.0133 -6.99
Cantabria -0.0137 -6.85 -0.0144 -7.52
Cataluña -0.0170 -8.99 -0.0182 -9.74
Extremadura -0.0098 -4.27 -0.0113 -5.22
Galicia -0.0124 -6.49 -0.0135 -7.31
La Rioja -0.0127 -6.58 -0.0134 -7.15
Madrid -0.0200 -11.3 -0.0209 -11.92
Murcia -0.0076 -2.9 -0.0086 -3.36
Navarra -0.0088 -3.16 -0.0103 -3.93
Pais Vasco -0.0146 -8.47 -0.0155 -9.14
Number of observations 37,928       37,928       37,928       37,928       
Wald chi2(29) 1,268.39    1,291.68    1,450.14    1,484.59    
Prob > chi2 0.0000 0.0000 0.0000 0.0000
Pseudo R2 0.1724 0.1650 0.1897 0.1824
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Note. Reference household: Male aged 50-64, living on his own, non wage neither public transfers receipt, unemployed, living in
Ceuta o Melilla, in a low populated town. 
Source: Author’s own calculations from Living Conditions Survey, 2004.
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1. Contextual background  
 

There is now a well-developed literature on household poverty, including specific subgroups such as 
children and older people. This is in contrast to the literature on youth poverty which is now only emerging 
(Aassve et al., 2005; Fouarge and Muffels, 2000). Whereas this literature convincingly shows that youth tend 
to be more prone to poverty than many other groups, it does not consider explicitly the issue of poverty per-
sistence. This is an unfortunate shortcoming, since poverty persistence is an important dimension of social 
policy, and youth is often a vulnerable group. So it is of great interest to establish to what extent their poverty 
experience (if any) tends to be persistent and if so, what are the characteristics and determinants of those in-
dividuals experiencing several time periods being poor. Thus, our interest lies in whether a high youth pov-
erty rate (from a cross sectional point of view) is mirrored by higher rates of persistence.  

The distinction between static and dynamic dimensions of poverty is important (Muffels et al., 2000). 
Whereas the static dimension relates to the household income at a certain point in time, and is useful to gen-
erate poverty maps, the dynamic aspect concerns how poverty evolves over time. Similarly, analysis of pov-
erty entry, stability of households’ income situation, and whether poverty is a recurrent phenomenon or not 
all require a dynamic perspective. The dynamic aspects are consequently the medium within which poverty 
occurs and shapes the experience of being poor (Walker, 1994: 11)” (Muffels et al, 2000). Needless to say 
the time dimension is of crucial importance. In the short run households may be able to make ends meet by 
drawing on their savings and reduce their expenditures, but for the longer run these strategies are often insuf-
ficient to cope with the income shortfall” (Muffels et al., 2000).  

It is well established in the literature that household poverty differs substantially across the European 
countries; this is also the case for youth poverty (Aassve et al., 2006). It is argued that country institutions 
and regulations play an important role in a country’s income distribution and therefore its experience of pov-
erty (Fouarge and Layte, 2003). As the previous literature has shown, somewhat unexpectedly, youth poverty 
rates tend to be high in Scandinavian countries. It is of interest to assess to what extent this is reflected by 
higher persistence as opposed to being a temporary phenomenon or a transitional phase that most young 
Scandinavians tend to experience, but overall tend to be a short-lived experience, alleviated by a favorable 
labour market and social benefits. Would such patterns be different to countries where the cross-sectional 
youth poverty rates are lower? These questions are of paramount interest to policy makers, since those ex-
periencing several spells of poverty in a persistent manner are the ones that are most vulnerable, and there-
fore need policy makers’ attention most. 

Some studies on poverty persistence in Europe have been undertaken. In their comparative study on 
Netherlands, Germany, and UK, Muffels et al. (2000) find that the young Netherlander heads of households 
are much more prone to poverty persistence than the elder ones, as well as male heads of households are less 
likely persistent poor than female ones. They also notice that living arrangement situation has a great impact 
on poverty persistence. The number of children, as well as separation during the observation period, is very 
influent on the likelihood of persistent poverty. Labour market variables appear to exert even a stronger im-

                                                      
* This research was partially financed by Italian MIUR ex-60% fund on “I fattori e le determinanti della vulnerabilità sociale: un’analisi longitudi-
nale”, and developed during funded visits to ECASS (European Centre of Analysis in the Social Science), University of Essex (UK). 
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pact on persistent poverty, but it is also interesting to look at the impact of human capital variables. A low 
educational level has a positive impact on poverty persistence, in the sense that the lower the education the 
higher the permanence in poverty. Education, even at the lower layers of the labour market, pays in terms of 
preventing people from persistent poverty.  

More recent studies on poverty persistence (Fourage and Layte, 2003) provide evidence on the extent 
to which EU welfare states promote their citizen’s welfare, the efficiency of labour market mechanisms in 
terms of reducing the risk of long-term poverty, and on the effect of the (changing) household context on 
poverty risk. They illustrate that country welfare regime strongly influences long run poverty, Layte et al. 
(2003) also observe that the experience is more equal across the population if it is viewed from a longitudinal 
perspective. In our research we will not try to analyze the poverty extents, but only the total number of years 
of poverty across a period, or the duration of poverty spells.  

 
2. Data and methodology 
 

This paper addresses these issues explicitly by using a fully balanced sample (11,792 individuals) from 
the ECHP database (1994-2001). The survey is longitudinal and, for each country, contains rich information 
about incomes, labour force behaviour and other demographic characteristics of the respondents.  

We propose here a measure of poverty persistence, based on the observed sequences of poverty (and 
non-poverty) considering the length of recorded poverty spells. A poverty sequence consists of a string of 
ones and zeroes. A long sequence of ones represents a persistently poor individual. A string of zeroes obvi-
ously represents an individual with no poverty experience. However, given that an individual may have any 
combination of zeroes and ones, the sample consists of a rather heterogeneous collection of possible poverty 
strings or sequences; in total we have 128 different poverty sequences. We considered different ways to cate-
gorize the 128 poverty sequences, but there is no easy way to provide an intuitive meaning and interpretation 
to the obtained groups. For simplicity we consider here three groups of poverty profiles: 1) “never poor”, 2) 
“socially vulnerable” or “in&out poor”, and 3) “permanent poor”. Young individuals (aged 16-29 at the first 
wave) who are never poor belong to the first group. In the second group we include those who experience at 
maximum two consecutive years of poverty and those who experience three consecutive years in poverty but 
have no others episodes of poverty along the seven waves. Finally, people experiencing at least four consecu-
tive years of poverty, or only three consecutive periods of poverty but in addition other occasional spells in 
poverty, belong to the third group. This creates a simple but effective response variable that captures multiple 
spells of poverty taking into account either the most significant sequence of years in poverty and the possibil-
ity to have multiple episodes of poverty during the period even if not consecutive. 

To investigate the determinants behind the patterns of poverty persistence, we specify a statistical 
model using the three poverty persistency categories defined previously. We chose the Partial Proportional 
Odds Model (PPOM) which allows the model producing different estimates for each of the poverty persis-
tence profiles if the IIA hypothesis is violated (Kang Fu, 1998; Williams, 2006). We might thus find that 
some variables are significant for certain poverty profiles (and of different magnitudes), but not significant 
for others. The PPOM can be written as a Generalized Ordered Logit model (Williams, 2006). Stated that M 
is the number of categories of the ordinal dependent variable, and βj is the parameter specific for each j (so 
that if the assumption IIA is not violated then βj=β), the PPOM can be expressed by the following expres-
sion: 

jj)jY(P
)jY(Pln Xβα +=⎥
⎦

⎤
⎢
⎣

⎡
≤
>    ,   j=1,2, …, M-1  (1) 

It is evident that the probability is expressed in terms of Y>j in contrast with the probability in terms of Y≤j 
so that the reference group for the log-odds interpretation is always different from one status to the other. 

The PPOM in our case is estimated starting from the persistency of poverty in this way j=1 for “persis-
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tent poor”, j=2 for “in&out poor”, and j=3 for “never poor”. Consequently, the first cumulative logit model 
(say logit 1) compares “social vulnerable and never poor” vs. “permanent poor”, while the second logit 
model (say logit 2) refers to “never poor” vs. “permanent poor & social vulnerable”, so that each group is 
compared to a poorer group.  

Moreover, the determinants of the response variable may or may not be of a dynamic nature. Some of 
explanatory variables are clearly time-invariant (e.g. gender), whereas others are time-variant since changes 
might have occurred during the period in which the sequence was recorded (e.g. the respondent’s age or 
marital status). In our models we control for both types of variables, but obviously expressed in a static way. 
We also include the values of the time-varying variables measured at the initial time period. These variables 
will control for the initial status whereas their time varying version will capture the effects of changes in 
these variables during the spell in which the poverty sequence was measured. So many variables are included 
twice: first in their initial state in the first wave (say impact variables), and secondly through any changes 
taking place during the panel (say transition variables). The variables of interest span issues such as personal 
characteristics (e.g. age, sex); family characteristics (marital status, cohabitation status, left parental home 
(yes/no), etc.), and socio-economic characteristics (education, activity status: student, worker, unemployed, 
etc), as can be seen in tab.1. In addition consider that, for the reasons previously mentioned, our poverty 
analyses are carried out by clustering countries into similar groups, according to welfare state typologies, as 
defined by Esping-Andersen (1990) and modified by Ferrera (1996).  

 
3. Main results 
 

Estimated coefficients for the two PPOMs are displayed in table 1. It is not clear the effect of the age on the 
poverty of the young European (even because it is quadratic). It seems that increasing the age is a protective 
factor for being safe from poverty, implying that young adults tend to have lower poverty persistence as they 
get older. 
 
Table 1 - Results of PPOM on poverty persistence profiles (Odds-ratios estimates)  
 

IMPACT VARIABLES 

Personal characteristics Logit 1 Logit 2 

Age at first wave 0.8427 

Squared age at first wave  1.0050*   

Female   1.2105*** 

TRANSITION VARIABLES 

Socio-economic characteristics  Socio-economic changes Logit 1 Logit 2 

Higher Second. School (ref. Tertiary School) 0.5232*** Increase of 1 level in education 1.2339** 

Below the Upper Secondary School  0.2116*** 0.2751*** Increase of 2 levels in education 1.7376*** 

Student (ref. worker >15 hours) 0.3803*** % of years as student (ref. <50) 0.5826*** 0.9311 

Unemployed 0.3158*** % of years as unemployed (ref. <50) 0.1775*** 0.2715*** 

Non labor forces 0.3766*** % of years as non labor forces (ref. 50) 0.7290*** 

Living arrangement characteristics  Living arrangement characteristics 

Live with a partner  2.6986*** Mean number of kids (all waves)   0.5514*** 

Left parental home 0.6378*** % of years in cohabitation (ref. <50)   0.5515*** 

Lone parent            1.0009 % of years out of parental home (ref. <50)     0.7293***  

Social Democratic 0.9550 % of years as separated or divorced (ref. <50) 0.3650*** 0.6489 

Mediterranean 0.3871*** 0.5829*** % of years as lone parent (ref. <50) 0.3458*** 

Y= 1 � permanent poor, Y=2 � in&out poor, and Y=3 � never poor * p<.05, ** p<.01, *** p<.001 

 
Women experience a smaller degree of persistence when falling in poverty. Again we find education to 

be important, and generally education protects against persistent poverty. This is the case independent of 
whether education is measured at the beginning the period or during the time the person is observed. Addi-
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tional education certainly gives further protection against persistent poverty.  
Activity status has a similar effect. Students and unemployed individuals face stronger poverty persis-

tence whereas those in full time employment have considerably lower degrees of poverty persistence. There 
is a also a clear relationship between how long you occupy these states (i.e. being a student, unemployed or 
out of the labour force) and the persistent poverty.  

Living arrangements also matters, having left home increases poverty, whereas living with a spouse or 
a partner has a not so clear effect. In fact at the beginning having a partner highly reduces the possibility of 
experience a long lasting poverty, but it seems that the enduring of this life experience could have a negative 
effect on poverty persistence. One possible explanation is related to the birth of children in the new families, 
due likely to cross-effect with the probability to have children, but this is not valid for all the cases. Poverty 
persistence is also stronger for families with many children. As for activity status, the longer since you left 
home, lived as a single person, or as a lone parent, the stronger is the likelihood of persistent poverty.  

 Despite controlling for all these background variables, the welfare regime still seems to matter. As 
well as providing a convenient and theoretically-motivated way to simplify the interpretation of our analyses, 
this kind of welfare-regime analysis also prompts considering the links between the welfare state and youth 
poverty persistence. Results are consistent with the fact that the reference category comprehends the less 
poor countries (France, Germany, and Belgium). The effects are significantly differentiated in the two mod-
els, highlighting a different impact of the welfare systems on the poverty profiles, but there is no statistical 
evidence for social democratic countries which share a similar welfare system respect to the reference group.  
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Introduction 
In this work we present an exploratory comparative analysis  (geographical study1) on the issue of 

Social uneasiness among the European regions. This work compares the results obtained in our previous 
study with 1994 data (Petrucci, Schifini, 2002) ten years later in order to identify differences and similarities 
that have in risen within the European Union. 

Our aim is to show that the analysis of many social phenomena at the regional (sub-national 
administrative units) level tend to be more relevant than at the national level.  

Europe is becoming an increasingly mixing society. This raises the demand for regional or 
“disaggregated” statistical analysis in opposition to national or “aggregated”  information. 

Social uneasiness can be seen as a negative realisation of a multidimensional concept that may be 
related to an array of phenomena: social, economic, political, cultural, environmental, etc. Social uneasiness 
requires suitable social indicators capable of describing and measuring it adequately.  

There are many expressions in the literature that are used to identify situations of disequilibrium with 
respect to the national average behaviour. The measurement of diversity in the European society represents a 
crucial topic of EU social policies. In many comparative European studies such expressions appear with an 
increasing frequency. In recent years the term “social exclusion” has come to occupy  a central place in the 
discussion of social end economic inequalities in Europe. Despite the fact that the term has acquired 
important strategic connotations, the precise meaning remains somewhat elusive. There are many theories of 
social exclusion. However, it is often not possible to verify such theories on the basis of the available 
statistical data. Social exclusion is characterized by the persistence of deprivation over time and, therefore, 
its measurement requires the inclusion of time as an important variable. Moreover, social uneasiness is a 
relative concept in the sense that an individual can suffer from social uneasiness only in comparison with 
other members of a society; hence there is no absolute social exclusion or poverty. 

Social uneasiness leads to social exclusion, but not necessarily. In fact, social uneasiness could 
represent only a temporarily phenomenon which motivates its spatio-temporal monitoring and analysis. 

It is a challenging task to identify the components that have to be included to construct a 
comprehensive indicator of social exclusion. It is difficult, indeed, to construct exhaustive social exclusion 

1 This study is carried out by means of a Geographical Information System (GIS) which is a computer technology for 
handling "geographic" data i.e. data where the detailed physical location is an essential element. GIS technology is a 
combination of digital mapping techniques and specialised data base management procedures. GIS are used to encode, 
store, maintain, retrieve, process, analyse and display data in their spatial context. GIS gives substantial advantages in 
data handling, analysis and presentation. The ability to link and display from different data sets (not necessarily with 
one identical geo-coding system) is both a powerful analytic tool and a way of presenting results with maximum 
impact. In this paper we considered the GIS for this ability to facilitate the statistical cluster analysis. 

1
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indicators on the basis of the data available from Eurostat. Therefore, we prefer to concentrate our attention 
on social uneasiness.

The indicators considered in this study are constructed from objective data.. However, we would like 
to stress the importance of integrating objective sources with subjective sources. Often subjective indicators 
are able to detect the beginning of a degeneracy process which leads to social exclusion  

The data 
The statistical sources of the study is the  Eurostat Yearbook, EU (Regions) in which one finds 

economic, social and demographic information at three levels of territorial groupings (Nuts 0, Nuts 1, Nuts 2, 
and Nuts 3). The comparison is made on 115 European observations in 10 Nations. 

We underline the need for improvement in the quality and comparability of European statistics, 
particularly considering the ever increasing need for comparison in this area. 

As in our previous analysis, some difficulties are related to the definition of the character surveyed, 
and to their content.

There is a large consensus on the use of some variables as “direct” social uneasiness indicators, such as 
unemployment of young people, females, etc. While other indicators of social uneasiness should be 
interpreted as “indirect” measurements i.e. suicide rate, infant mortality rate, death for ischemic heart 
disease, etc. This information is integrated with structural demographic indicators such as, ageing population 
index, fertility rate, etc.  

All the indicators are rescaled between zero and one hundred in order to made them comparable. Since 
our objective is focused on outlining uneasiness areas, the observational unit that assumes a higher value 
than the indicator is that which presents greater uneasiness in that category.  
We have aggregated the data and obtained 11 indicators: 

Demographic uneasiness (demographic aging , low birth rate ) 
Economic uneasiness (complement of per capita GDP) 
Employment uneasiness (unemployment of youth, adults, women) 
Gender Disequilibrium (among the working and unemployed populations) 
Uneasiness in the healthcare system (beds/pop., doctors/pop.) 
Percentage growth of agricultural population 
Low percentage of population in industry 
Low percentage of population in the service sector 
Lack of roads infrastructure (highways/sqkm, cars/pop.) 
Social uneasiness (suicides rates) 
Deaths for environmental causes (cardiovascular deaths, tumours) 

Some of these correspond to the initial indicator (i.e. GDP/pop., suicide rate); others are the result 
of an aggregation (death/pop. for environmental reasons) so as to obtain a synthetic indicator. The 
lack of information in some cases prevented further probing. 

Results
We performed a cluster analysis using the Ward method on the selected indicators. We have identified 

the 2004 uneasiness areas and we have compared them with those of 1994. In particular, the dendrogram cut 
line was selected in order to get 20 clusters as in 1994. We classify as uneasiness cluster that in which the 
value of at least two cluster indicators are greater that 80.

The aggregations represent uneasiness areas that are homogenous from an economic, social and 
demographic point of view. The relevance of one or more indicators allows to characterize the type of 
uneasiness.

2

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 2655 -



Figure 1. Social uneasiness clusters in 10 European Nations in 2004 (source: our elaboration) 

The social uneasiness areas of 2004 are 5 and have common features. All the areas show a high level 
of economic uneasiness as measured by the complement of the GDP per capita. The following list describes 
the most relevant features of the clusters: 

cl.14 –  7 south Italian regions  (Campania, Sicilia, Calabria, Sardegna, Puglia, Basilicata, Abruzzo- 
Molise) and 1 Spanish region (Estremadura). This cluster is characterised by the highest level of economic 
uneasiness in terms of the complement of the GDP per capita, high unemployment and a high gender 
disequilibrium in the active population. As far as Italy is concerned, after ten years no differences are found: 
the same Italian regions that belonged to the older cluster are present in the current one. On the contrary, 
only one Spanish region (Estremadura) is now part of this cluster while in 1994 two regions (Estemadura, 
Andalucia) belonged to the cluster. Moreover, in 1994 also the Acores regions (Portugal) was part of this 
cluster. At the present, with the exception of Estremadura this cluster clearly captures an Italian situation.  

cl. 11 –  6 Spanish regions (Asturias, Galicia, Murcia, Castilla y Leon, Castilla la Mancha, Andalucia) 
and 1 Portughes (Acores) region. This cluster is also characterised by the highest level of economic 
uneasiness in terms of the complement of the GDP per capita and gender disequilibrium in the active 
population but the level of uneasiness is lower than that of cluster 14. Respect to the 1994 situation, a 
rearrangement of Spanish regions is achieved. The aggregation observed is in fact different. The Andalucia 
which in 1994 belonged to a cluster composed by Italian regions and Estremadura goes with the this cluster 
composted by mainly Spanish regions. It should be underline that four Spanish regions goes out from the 
cluster (Cantabria, La Rioja, Aragon, Valencia) (see also cluster 14). In particular, this cluster is mostly 
composed by Spanish regions as is shown in figure 1.  

cl. 8 –  All the German regions of the eastern area  (Brandenburg, Sachsen-Anhalt, Sachsen, Thüringen, 
Mecklenburg-Vor.) where demographic and economic uneasiness in terms of the complement of the GDP 
per capita and unemployment are very high. Regarding to the uneasiness situations in which generally a 
gender disequilibrium is observed, in this cluster the disequilibrium is very small and even less than the one 
noted on all other clusters. The cluster remains compact and consistent with 1994.  

3
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cl. 13 – 1 Spanish (La Rioja) and 1 Portuguese (Norte) region. This cluster is characterised by a high 
level of uneasiness as a consequence of the lack of services. In the former study the Spanish region (La 
Rioja) belonged to the same cluster of the Spanish regions (see also cl. 11) whereas now La Rioja joins to a 
Portuguese region (Norte). 

cl. 19 – 2 Portuguese (Centro, Alentejo) regions. This cluster is characterised by the highest level of 
economic uneasiness in terms of the complement of the GDP per capita and lack of medical services. 

We also acknowledge the presence of emerging areas of social uneasiness that is determined by the 
indirect indicators. 

In 1994 Centro was part of another cluster with the Norte region.
cl. 5. – 3 Belgian regions (Namur, Liege, Hainaut). This cluster is made of regions that in 1994 were 

part of other clusters that did not have any uneasiness problems. This cluster unifies areas with a high level 
of economic uneasiness  in terms of the complement of the GDP per capita and suicide rate. It should be 
stressed that this is the only uneasiness cluster where is present a situation of economic uneasiness together 
with a strong effect of indirect  economical development (suicide rate).  

There are also two clusters (not shown in the figure 1) that are characterized by a high level of 
mortality rates linked to environmental causes but that at the same time have other indicators performing 
remarkably well. 

In order to study socio-economic uneasiness looking at the internal situation within each nation, we 
can see that there are uneasiness zones characterized by their economic, social, and cultural uniformity.  

With respect to our 1994 results from our data it emerges that the uneasiness areas tend to be delimited 
and identified within the national borders. 

The availability of more detailed information with the integration of more subjective indicators would 
allow researchers a more accurate characterization of uneasiness in Europe. 
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RÉSUMÉ
Etude territorial (GIS) par indicateurs socio-économiques finalisés à la mesure du  malaise social dans 114 
régions européennes. Il s’agit d’une comparaison dans le temps (1994-2004) des changements arrivés dans des 
groups de régions (cluster analysis) analysées par les mêmes indicateurs. 
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      The discussion includes three papers entitled Social uneasiness in Europe: a comparison of the 
situation in 1994 and ten years later by Alessandra Petrucci and Silvana Schifini D’Andrea, 
Characterization of poverty in Spain by Maria Gil-Izquierdo, and Poverty persistence among youth: a 
comparative analysis by Daria Mendola, Annalisa Busetta, Arnestein Aassve, and Maria Iacovou; all three to 
be presented within the meeting STCPM36 (Poverty and Social Living Conditions Measurement). It refers to 
the items subject, data sources, approach, and results.  
     Subject of Petrucci’s and Schifini’s paper is the measurement of social uneasiness, some kind of social 
status and a soft term which occurs in relative categories and which might lead to social exclusion or poverty. 
Its data refers to 2004 downloaded from Eurostat website, and it compares the results with a similar study of 
2002 using data of year 1994 drawn out from Yearbooks of Eurostat for Regions of 1995-96 and 1997. Its 
source includes economic, social and demographic data on level of Nuts 0, 1, 2, and 3; it compares the 10 
countries of EU in Western Europe. In its approach it considers 11 indicators: (1) demographic uneasiness 
measured by demographic aging and a low birth rate, (2) economic uneasiness measured by Gross Domestic 
Product per capita, (3) employment uneasiness measured by unemployment of youth, adults, and women, (4) 
gender aspects measured by the gender disequilibrium within working and unemployed population, (5) 
healthcare uneasiness by beds and medical doctors per populations, (6) social uneasiness measured by 
suicide rates, (7) growth of agricultural population in percentage, (8) low percentage of population in 
industry, (9) low percentage of population in the service sector, (10) lack of roads infrastructure measured by 
highways per square kilometre and by cars per population, and (11) deaths from environmental causes 
measured by cardiovascular deaths and by deaths from tumours. In order to have comparable data, it rescales 
all indicators in a scale between zero and one hundred, constructs a comprehensive indicator, executes a 
cluster analysis using the Ward method like in the previous analysis with data of 1994, and using a 
Graphical Information System GIS in the end it shows the results as clusters in these 10 countries. A cluster 
is defined as a cluster of uneasiness if at least two indicators show rescaled values over 80. Result are five 
areas of uneasiness in Western Europe which are: 1) Seven regions in south Italia (Campania, Sicilia, 
Calabria, Sardegna, Puglia, Basilicata, Abruzzo-Molise) an one in Spain (Estremadura) with high 
unemployment and high gender disequilibrium, 2) six regions in Spain (Asturia, Galicia, Murcia, Castilla y 
Leon, Castilla la Mancha, Andalucia) with the same characteristics but on lower level, 3) Five German 
regions (Brandenburg, Sachsen-Anhalt, Sachsen, Thüringen, Mecklenburg-Vorpommern) of former German 
Democratic Republic with very low GDP per capita, and big demographic uneasinesse, 4) one Spanish 
region (La Rioja) and one Portuguese region (Norte) with high level of uneasiness because of lack of service 
sector of economy, and 5) two Portuguese regions (Centro, Alentejo) with very low GDP per capita and lack 
of medical services. Obviously, this approach is oriented at supply and quality of data by Eurostat, and by 
facilities of the used GIS. The authors underline the need of improvement in quality and comparability of the 
data. In general, I missed a discussion of the representativeness of the eleven indicators. Without this the 
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measurement of uneasiness by this set of indicators is close to a mere assumption. To include deaths for 
environmental reasons, I think it is necessary to include longitudinal data of a cohort analysis. Looking at the 
results, it is obvious that all these clusters of uneasiness refer (also) to the economic index GDP per capita, 
hence I encourage the authors to use this data source and GIS for a comparison of these clusters with the 
result of the measurement of uneasiness based on this indicator, only. The latter, I suppose, correlates with 
different indicators of the chosen set to measure uneasiness. Why? My assumption and hint is based on my 
knowledge about the situation in the former eastern parts of Germany which appear 1994 and 2004 as a 
cluster in this empiric approach. Because of desolate economic situation, up to now one of three Euros spent 
in those regions is provided by the western regions, a lot of people especially young and those in the working 
age migrate to the western part. Clear indication is the considerable decline of the population figures in these 
regions since 1991. Among remaining people are a lot of social weak ones who can’t migrate; impacts are 
deconstruction of buildings and infrastructure, a higher need for medical care, etc. which influence the 
indicators included into the index of uneasiness. Reversely, if the authors can reject this hypothesis about the 
basic role of the GDP per capita within their approach it would valorise not only their empiric elaboration but 
also the concept of uneasiness itself. 
      Subject of Gil-Izquierdo’s paper is the measurement of determinants of poverty in Spain which is 
considered as lack of material resources and not as lack of access to housing, social participation, and 
personal development. It uses micro-data of the Living Conditions Survey of 2004 in Spain which includes 
income variables of over 15 thousand households with nearly 45 thousand individuals. It applies the OCDE 
equivalent scale to compare income variables of households with different size and composition. It measures 
poverty by the mean of poverty gaps amongst the poor, according its (preliminary) results these gaps differ 
from narrow 1,3 to narrow 1,6 thousand Euros for different level of education of the head of a household; it 
compares these results with different family indices of Foster, Green and Thorbecke of 1984 known as FGT-
indices; and it concludes a confirmation of the worse results with the latter if the head of a household has 
level of 2  stage of secondary studies. Referring to Green (1998) and a previous study of Ayala and Palacio 
(2000) it estimates changes of probabilities of being poor for different socio-economic factors of a household, 
its head, and the regional zone; and it tests the significance of the results. Preliminary results show for 
instance that in relation to a reference household (equal: male aged 50-64 years, living on his own, non wage 
neither public transfer receipt, unemployed, living in Ceuta or Melilla, in a low populated town) this 
probability increases if the household head is male below 49 years. Different (preliminary) results seem to 
confirm other results that households receiving public transfers or wages or having a better level of education, 
living in big cities and not in Ceuta or Melilla have lower probability of being poor. As I am not familiar with 
living conditions in Spain, I feel not competent to evaluate the final results in detail but undoubtedly, the 
approach using data of micro-analysis is closest to the reality and hence probabilities derived from micro-
data should not be underestimated.    

nd

     Subject of the paper of Mendola, Busetta, Aassve, and Iacovou is a longitudinal analysis of poverty 
persistence among youth. Data source is the European Household Panel Survey between 1994 and 2001 with 
data about income, labour force behaviour and demographic characteristics. A persistently poor individual is 
defined by a long string of ones, and a persistently non-poor by a long string of zeros. Looking at the 
different strings with combinations of zeros and ones, the authors found 128 different poverty sequences in 
total, scaled them into three profiles (permanent poor, socially vulnerable or poor during some time, and 
never poor) according the experience with poorness of youth in consecutive periods between 1994 and 2001. 
Using a probabilistic concept of Kang Fu (1998) with so-called logit models, especially the Partial 
Proportional Odds Model PPOM in the notation of Williams (2006), the logarithm of the odds ratio from one 
profile to the next are estimated for each profile separate, and tested on different levels of significance. I 
encourage the authors: The oral presentation should explain this PPOM approach and its results more clearly, 
explain the meaning of symbols X and α j especially, and give an example how to interpret a figure of the 
final table with the results of the odds-ratio estimates; without this I was not able to understand the very 
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interesting seeming results which deliver a high significance to special personal, socio-economic and living 
arrangement characteristics. The result that a better level of education is an important characteristic against 
persistent poverty meets not only results of different studies but also confirms the social policy in European 
countries to prevent persistent poverty by providing a better level of education, especially for youth with 
background of immigration.  

     All in all the three contributions represent interesting and ambitious social analyses on base of 
different approaches and data sources in order to look more inside the structure of the phenomenon of 
poverty which exists in European countries, indeed, and not only in underdeveloped countries. Measuring 
poverty and its social environment is a necessary step to control the efficiency of political programs against 
this challenge. And because of “the eradication of poverty is essential for sustainable human settlements” 
(cite from the Goals and Principles of UN Habitat Istanbul Declaration II, Article 28, source: 
www.un.habitat.org) all endeavours are needed and useful. In this context finally I mention the concept to 
measure poverty by indicators of the natural world which turn out as social and biometric indicators in 
human society, see CPM101 Measuring Poverty, Inequality and Income Diostribution: New indicators to 
measure wealth and poverty within the natural world, an approach to respond to the global challenge of 
poverty of the author.  
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RÉSUMÉ 

Poverty is very often identified with deprivation, that is, with lack of the essential goods and services 
that are necessary for survival. But within the E.U. poverty is usually associated with exclusion, in 
accordance with the definition of poverty given by the Council of Europe. 

This alternative approach to the concept of poverty opens a number of questions, very often related 
with the lack of opportunities. The fact that a household is momentarily deprived of goods and services that, 
although not essential, are enjoyed by the great majority of households in the country, although undesirable, 
is not as worrying as the persistence of this situation along a significant period of time. Uneasiness is thus an 
issue to be identified and analyzed with objective and subjective indicators.  

Particularly interesting is the persistence of poverty among the young households. Youth is the stage 
of life in which the access to certain opportunities will most probably shape the future and determine the 
living conditions of these young people for the rest of their lives. So the persistence of poverty in this group 
is an issue of particular concern, and should be very carefully studied with the help of dynamic methods. 

The characterization of the poor, that is, the identification of the features that have a significant 
incidence in the probability of a household being poor is also a crucial topic, the analysis of which will not 
only give an interesting insight into the relations between lack of opportunities and poverty, but will also 
provide an essential guidance for policy design and policy making. 

Here three very stimulating papers on these topics are presented. All of them bring forth interesting 
contributions to the state-of the art in poverty analysis, and will probably lead to future developments in the 
field.

1.-Social uneasiness in Europe 

An exercise of comparative static has been initiated by Alessandra Petrucci and Silvana Shifini 
D´Andrea, from the University of Florence, by reproducing with data from 2004 some previous study that 
had been carried out with similar data from 1994.  

The authors already stress the difficulties related with the definition of the character surveyed and to 
their content. But when concepts are not clearly defined, the identification of the variables that can be used 
as the basis for the construction of a sensible and meaningful indicator is a problematic task, and the results 
can provide a poor and unreliable measure of the phenomenon under study.  A clear distinction between 
exclusion and uneasiness, as well as the characterization of absolute exclusion versus relative exclusion is a 
necessary step previous to any analysis in this field.  

On the other hand, the final selection of variables with which the study is performed is a very risky 
issue. A careful analysis of each of the variables and of the correlations between them will give an interesting 
insight into the nature of the connections of the variables with the phenomenon that is being measured, as 
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well as of the validity and significance of the measurements. 

The identification of uneasiness at regional level within the E.U. has been carried out in this paper by 
means of an analysis cluster following the Ward method. Cluster analysis is a soft and flexible technique. It 
has the advantage that it can be applied under very general conditions. But it has also some disadvantages:  
the theoretical foundations of the method are very weak and, consequently, the robustness of the results is not 
guaranteed, and should be checked with the help of other multivariate techniques or alternative clustering 
methods. This is particularly important when some of the results are not the ones that could be reasonably 
expected.

In this study most of the results appear as sensible. Still, some of them are not so obvious. For 
example, the inclusion of the Spanish region of La Rioja among the areas of social uneasiness is a rather 
unexpected result that calls for a robustness analysis as well as for an accurate distinction between social 
uneasiness and poverty.   

A comparison of the current results with those obtained for 1994 would probably provide some 
interesting insight on the changes experienced by the poorest E.U. regions during these ten years, and on the 
effectiveness of E.U. policies on cohesion and regional development.   

2.-Poverty persistence among youth

The persistence of poverty is a matter of particular concern within the European Union.  Temporary 
spells of low income can very often be balanced by giving off some of the wealth accumulated in previous 
savings. Also, the transitional poor can usually rely on a supportive social net of relatives and friends, ready 
to help in emergencies. But these advantages are not usually attainable by households in which the situation 
of low income extends over a long period of time. A long spell of poverty will not only affect the current 
living conditions of a household: it will most probably limit also the chances of the household to cross over 
the poverty threshold in the future, so forcing it to a state of permanent poverty. 

This result appears as particularly worrying when the members of the household involved are young.  
To be deprived of the basic opportunities of access to education at a young age will condition the future 
development of these people, and reduce their prospective quality of life, so sentencing them most probably 
to a lifelong poverty.  

The European Household Panel is an excellent instrument for analyzing the persistence of poverty, as 
it allows for the following up through a long period of time of each single household in the sample and each 
single member of these households.  A considerable number of interesting longitudinal studies on the 
dynamics of poverty have been implemented on the basis of the European Household Panel.  

One of them is presented here by Daria Mendola, Annalisa Busetta, Arnestein Aassve and Maria 
Jacovou, from the Università degli Studi di Palermo and the University of Essex. In this paper they classify 
the individuals in the sample into several categories or groups, according to their sequence of poverty as 
recorded in the Panel. Groups range from the permanent poor, that is, the individual that has been 
permanently classified as poor along the  years considered to the never poor, and includes also the categories 
of socially vulnerable and in&out poor.  

On the basis of this classification a Generalized Ordered Logit Model has been applied in order to 
identify the characteristics that have a significant incidence in poverty persistence among the young. It 
appears that education is a determining factor. Other variables that contribute to explain the persistence of 
poverty in this particular group are the activity status, the family arrangement (living or not in the parental 
house, with a partner) and the number of children. 

A most interesting issue is pointed out by the authors in this paper: the role of the different 
organizations and regulations and the different redistributive polices applied within the European Union, 
according to each of the national social cultures and traditions will probably have an incidence in the 
persistence of poverty among the young, thus inducing patterns of performance that will probably differ from 
one group of countries to another. Analyzing the differences between the Scandinavian and the 
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Mediterranean countries, for example, would probably be a most enlightening exercise on the effectiveness 
of the welfare policies applied in each group. 

3. The characterization of poverty 

Another step towards the identification of the determinants of poverty and social exclusion is given 
in the paper presented by Maria Gil-Izquierdo, from the Universidad Autónoma de Madrid. 

This paper is an exercise on static analysis, which has been implemented with the most recent data 
available in Spain: those from the new Living Conditions Survey of the E.U from 2004. This survey is 
similar in many ways to the former Household Budget Panel but, as it was only started in 2004, has not yet 
provided the amount of information that would allow for dynamic studies. 

On the basis of the household equivalent income, as calculated from this survey using the OECD 
equivalence scales, an analysis of poverty has been implemented with several indices from the Foster, Greer 
and Thorbecke family. Moreover, making use of the property that these indices are additively decomposable 
their value has been calculated for several separate strata; among them, for the different education levels 
considered in the survey. 

This exercise provides a most interesting insight on the distribution of poverty. Some of the results, 
however, are rather striking. For example, the conclusion that intensity of poverty is stronger among the 
households with a secondary education than among the ones that have received only primary education 
should be analyzed with some care. The size of the final samples resulting from stratification into education 
levels should be examined, particularly taking into account that, having fixed the poverty threshold in the 
25% of the average income –that is, having considered severe poverty- the total share of household poverty 
at national level amounts only to the 3,34%. Also, calculation of confidence intervals would be most 
advisable in this case.

Then, a probit model is applied, defining on the sample of households a dichotomous variable -poor 
or non-poor- in order to identify the factors that can be at the origin of poverty.  Once again, youth happens 
to be a determinant factor, together with education. The fact that a household receives welfare subsidies 
seems to have also explanatory power.  

The author suggests her intention to complete this paper with another study in which income would 
be taken as a continuous variable and a truncated regression model following Heckman method would be 
applied. That would certainly be a most interesting addition to this study, as it would allow for validating, 
and confirming or rejecting, the results obtained so far.  
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ABSTRACT

From 1948 through the 1990’s UK dentists were paid on a simple fees-per-service basis. This was heav-
ily criticised because of the widespread belief that some dentists would tend to perform unnecessary
procedures. An alternative system was capitation, whereby practitioners received a set amount for
each NHS-patient registered with them. The perceived drawback of capitation was that some dentists
tended not to carry out all the necessary procedures (supervised neglect). Since 1990 there has been
a growth in private practice in the UK, with an increasing number of dentists leaving the NHS or at
least limiting their contribution to the NHS dental services.
Objective: Our main objective is to do an evaluation of the impact of the evolution of the dental
public service on the behaviour and performance of dentists in the UK, with particular emphasis on
the incentives, comparing our results with other countries and arriving at optimal policy recommen-
dations.
bf Methods: We perform an overview of the incentives and performance on the dental workforce in
the UK and other countries.
Results: The new dental public health system in the UK has the potential to allow local authorities
to direct investment where it is most needed, whilst the system by which dentists are paid, contracted
to carry out a certain amount of procedures a year, should in the long term help to foster a more
preventative attitude within the profession. The government should fund audits to check that the sys-
tem is working as intended. Evidence-based research should focus on incentives that optimize human
resources. The incentive of allowing dentists to do private work but not allowing to do it in the same
premises where they discharge their national health services duties should be carefully explored in the
context of a controlled study that addresses problems of design, consultation and implementation.

Keywords. Overview, dental public health, workforce management, national health service, multiple-
job holding.
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ABSTRACT 

Prediction of stand yields in terms of volume is an important forestry problem. In view of diverse uses of wood, 
volume is the most generally accepted variable for measuring growth. The purpose of this study is to predict the 
total volume of Azadirachta Indica without felling them, using the age of the plantation. In this context four well-
established sigmoidal growth models were selected, fitted and compared to establish relationship between 
volume and age on the basis of fit and validation statistics for Azadirachta Indica planted in and around Jodhpur, 
Rajasthan, India growing under different plantation types. A combined analysis of all the data from different 
plantation types has shown that the Schumacher model can be recommended for estimating the volume of 
Azadirachta Indica in terms of its age in the study area. 
 
Key words: Growth model, Azadirachta Indica, diameter at breast height (dbh), growth, fit statistics, Root Mean 
Square Error (RMSE), Standard Error of Estimate (SEE), Bias, Fit Index (FI).  
 

INTRODUCTION 
The arid regions of India cover nearly 40 per cent area. The region is spread over seven States viz. Rajasthan, 
Gujarat, Punjab, Haryana, Maharashtra, Karnataka and Andhra Pradesh. The northwestern part of the country 
itself constitutes almost 90% of the total arid zone area. Rajasthan alone accounts for 60% of the arid zone of 
India. The total water resource in the State is less than one per cent in the country and the rainfall in most part of 
the State is erratic and scanty (Verghese, 1999). Jodhpur falls in hot arid agro-ecological western plains of India  
(Yadav et al., 2002). The arid regions harsh environment limits the choice of trees that can be planted there. 
Various tree species are recommended for sandy plains and shallow soils. Azadirachta Indica is common for both 
soil types. It has wide climatic adaptability and can be established in hot and dry regions receiving low annual 
rainfall of 500 mm or less (Tewari, 1992). Moreover, in recent times, Azadirachta Indica has attracted global 
attention as a multipurpose tree. Looking at the uses of the Azadirachta Indica based on wood itself, we can find 
a diverse spectrum of products. The wood is valued for household furniture, carts, boards and panels, agricultural 
implements etc. Small branches and twigs provide firewood. Volume estimates of such an important tree species 
will not only assist in the determination of potential product harvests, but also will be useful for estimating the 
amount of carbon locked up in the forests which is important in greenhouse gas studies and fire research.  
 
Growth is the biological phenomenon of increase in size with time. Growth is also defined as the change in an 
attribute over time (Davis and Johnson, 1987). Analysis of growth data is important in many fields of study. 
Forestry is one of the best examples among them. Estimates of stand growth are needed to decide the health of 
the forest, the volume of material that can be harvested (yield) without violating the sustainability of the forest, the 
trees which can be cut, and for other decision making in forest policy (Puneet Verma and Kishan Kumar, 2006). 
Obviously, one would like to work with simple and straightforward models as far as possible. These models 
should be well designed to get reliable and at least logical long-term forecasts. The management oriented growth 
models are useful and relevant to the forest managers who require reliable predictions within specified limits. The 
models developed in the present study are in consonance with this principle. The developed models can be 
applied effectively by the forest managers for taking management related decisions and formulating plans for the 
sustainable management of Azadirachta Indica plantations in the study area and in other areas having conditions 
similar to the study area. It is heartening that volume tables and above ground biomass estimates for this 
important species of the arid region are available for a neighboring and somewhat similar region in India (Jain et 
al. 1997; Kishan Kumar and Tewari, 1999). Estimation of the volume of a tree or section consists of measuring 
the appropriate dimensions and reading the corresponding volume from a graph, table or formula. When volumes 
are obtained for individual trees, the usual procedure is to measure one or more of the characteristics and from 
previously established relationships of these dimensions with volume, the volume is calculated. A volume table 
reduces the tedious task of measuring individual tree volumes to the relatively simple task of measuring a few 
dimensions on the trees encountered.  

MATERIALS AND METHODS 
DATA AND FIELD PROCEDURE – Initially a pilot survey was conducted in the area to find out incoming 
difficulties and problems during the final survey and data collection. This survey was very useful to make a 
complete plan. There are some well-known disadvantages of using arranged experiments for collecting modeling 
data (Hägglund, 1981). Silvicultural treatments in the experimental stands are on the higher level and better 
controlled than in commercial forests. Growth models based on such kind of the data are likely to over estimate 
growth predictions when applied to general forests and therefore, such sites were not considered. The pilot 
survey revealed that the existing Azadirachta Indica trees in the study area could mainly be grouped into the 
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following three types.(1) Agro Forestry Plantations (AFP)- planted on boundary of the agricultural fields/farms (2) 
Institutional Plantations (IP) - planted in temples, schools or in any private campuses (3) Avenue Plantations 
(AP)- planted on roadsides. 
 
The differences in these plantations are mainly due to the differences in the management operations carried out 
in them. The trees in IP were found fairly protected against cattle etc. In AFP, they are more protected than those 
in IP and are generally maintained by one host. In AFP they receive more water and manure than others. In case 
of AP they are generally left to the nature. They face more pollution from vehicles and are subject to heavy biotic 
interference like frequent lopping.  Data on age, dbh and height of the trees was collected from Nagaur road, 
Barmer road, Pali road and its surrounding areas from available AFP, IP and AP in which the ages of the trees 
were readily known. A total of 53 plantations were selected randomly for the purpose and the data was collected 
during May - July 1999 and May - July 2000. Same period was adopted to avoid any heterogeneity in the data. 
Trees with multiple stems were treated as separate trees. In AFP where trees were planted on the boundary of 
the farms and for AP where trees are planted in a single or many rows systematic sampling with a random start 
was adopted, whereas for IP since there was no spacing regime, random selection was adopted. Table 1 shows 
the number of trees that were enumerated in each type of the plantations. Data on age of the trees and dbh and 
height were recorded for each tree. 

TYPE OF THE PLANTATION NUMBER OF TREES MEASURED 
AFP 91 
IP 52 
AP 71 
Total 214 

TABLE 1. NUMBER OF TREES ENUMERATED IN EACH TYPE OF PLANTATIONS 
 
DATA SEGREGATION - The role of validation in examining the predictive ability of a model before its application 
has been stressed by various authors (Goulding, 1979; Reynolds et al., 1981). The data set was divided into two 
through random procedure for the purpose of obtaining fitting and validation data sets following the method 
suggested by Tewari and Kishan Kumar (2003). The data was randomly divided into two parts with the help of 
the random number table such that one set was consisting of 70% and the other set was consisting of 30% of the 
original data. The first set (70% of the original data set) was used for model fitting whereas the second data set 
(30% of the original data set) was used for its validation purpose. These data sets would henceforth be referred 
to as fitting and validation data sets respectively.   
 
VOLUME CALCULATION – For the present study we have used the following equation for calculating Total 
Wood volume Over Bark (TWOB) given by Jain et al. (1997) for Azadirachta Indica of Gujrat region in terms of 
height and dbh. In the study volume was calculated only for the trees of more than 5 years of age. 
TWOB = -0.009886 + 0.00001838 * D * H+ 0.00004381 * D2 * H (where D is dbh and H is height of the tree) 
 
MODEL SELECTION - For simplicity generally linear regression can be applied; but linear assumptions are rarely 
true after transforming the data. Further, some transformations alter the relationship between independent and 
dependent variables. Nonlinear regression is a general technique to fit a curve through data points. Though 
nonlinear regression requires an intensive computation and iterative approach, it is more versatile than linear 
regression. Nonlinear regression can fit data to any model, even a linear one. According to Rawlings et al. 
(1998), the use of prior information on the behavior of a system in building a model will often lead to nonlinear 
models. This prior information may be nothing more than recognizing the general shape of the curve. On the 
basis of scatter diagrams and from forestry literature based on their wide applications as given by Spurr (1952), 
Loetsch et al. (1973) and Clutter et al. (1983) following four well established sigmoidal growth equations were 
considered in this study for establishing relationships between volume and age of Azadirachta Indica.  
S. NO EXPRESSION MODEL NAME 
1 b1 * (1- b2 *exp( -b3 * x 2)) Gauss (Vierira and Hoffman, 1977) 
2 b1 * exp (-b2 * exp (-b3 * x)) Gompertz  (Medawar, 1940; Yang et al. 1978) 
3 b1 * exp (-b2 / (x + b3)) Schumacher (Schumacher, 1939) 
4 b1 * (1-exp(-b2 * x)) Chapman-Richards (Richards, 1959; Chapman, 1961) 
Here b1, b2 and b3 are the regression constants. These constants were estimated using least square estimation. 
All these equation were fitted on the fitting data sets for all three types of the plantations and pooled data set and 
then validated on the corresponding validation data sets.  
 
MODEL FITTING - The Least-square principle was used to estimate the parameters of the above-considered 
non-linear equations. Statistical Package for Social Sciences (SPSS) was used for such analysis with Levenberg- 
Marquardt numerical algorithm method (also called Marquardt method) given by Levenberg (1944) and 
Marquardt (1963). This algorithm has been proved a good general-purpose algorithm for least square problems. 
Generally they are robust and work well (Seber and Wild, 1989). The convergence value for sum of squares was 
taken at 1.00E-08. The same convergence limit was taken for parameter convergence. A maximum of 999 
iterations were performed. The validity of most assumptions relating to regression theory is confirmed through the 
production of graphs on residuals. Normal Probability Q-Q plots were also applied on residuals to check the 
adequacy of the developed models. A single or a set of observations may be inconsistent with the rest of the 
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observations in the data set. This inconsistency may be due to the dependent variable or any one or more of the 
independent variables having values outside expected limits. These data point/s may be outlier/s or a potentially 
influence point because of errors in the conduct of the study or because the data point is from a different 
population. In this study ‘Box plot’ method was used for detecting outliers.   
 
QUALITY OF FIT – It is useful to distinguish between models for prediction and models for understanding 
(Bunnell, 1989). After checking the adequacy of the fitted nonlinear regression, the aim was to find the quality of 
fitted model for selecting the best performing model. According to Draper and Smith (1981) each regression 
equation is assessed according to some criterion. In this study the quality of all fitted models were checked on 
the basis of the following criteria. 
 Root Mean Square Error (RMSE) 
 Fit Index (FI) - for the non-linear regression a FI is analogous to R2 in linear regression (Cornell and Berger, 

1987), which is computed as 

FI =
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value corresponding to ith observation and h =  mean of the observations. A rank was assigned to each equation 
based on each criterion (Cao et al. 1980). The smaller the rank the better the performance of the model. The 
ranks were then summed up to arrive at the final fit rank for each model, which is indicative of its performance 
with respect to the criteria considered.  
 
MODEL VALIDATION - The equations obtained from the fitting data sets were applied to corresponding 
validation data set. The standard error of estimate (SEE) and the average difference between predicted and 
observed values for the ith tree in the validation data set (the average bias, denoted as B) were used as 
evaluation criteria for model validation (Cao et al. 1980; Gordon, 1983; Biging, 1984; Fowler and Rennie, 1988; 
Trincado et al. 1996). The SEE and average bias were calculated as follows  
SEE =    
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iĥ , h and n are as above. Separate ranks were assigned to each criteria and the final rank (the sum of these 
ranks) was taken into consideration for selection the best model/s. This method of validation has recently been 
used in the case of Eucalyptus Camaldulensis (Tewari and Kishan Kumar, 2003). 

RESULTS AND DISCUSSION 
Two outliers were detected in AFP and IP on the basis of scatter plots of calculated volume on the original data 
sets and confirmed through box plot diagram. Hence these points were deleted from the analysis. Table 2 shows 
the estimated values of the corresponding constants for all four considered equations for volume against age. It is 
evident from the table that all the asymptotic standard errors, except for constant b3 of equation 3 are 
considerably low. 

Type  Eq. Est. b1 Asy. Std. Error Est. b2 Asy. Std. Error Est. b3 Asy. Std. Error 

A
FP

 1 -1.1033 0.5190 1.0587 0.0467 -0.0006 0.0002 
2 15.0151 19.1910 5.9390 0.9841 0.0235 0.0094 
3 218.3460 451.4970 463.3423 332.8558 52.6646 26.8765 
4 -0.1347 0.0201 -0.0660 0.0040     

IP
 

1 0.4590 0.0380 1.3196 0.1414 0.0071 0.0017 
2 0.4264 0.0262 80.3457 98.6649 0.4239 0.1185 
3 0.6598 0.1271 6.9466 3.3945 -5.0197 1.6145 
4 -0.7281 0.8993 -0.0215 0.0218     

A
P

 

1 3.4473 0.6940 0.9998 0.0023 0.0002 0.0000 
2 2.3178 0.2446 5.4787 0.1951 0.0403 0.0034 
3 10.0235 2.1269 152.9622 22.8255 19.3259 3.7437 
4 -0.1890 0.0191 -0.0378 0.0018     

P
oo

le
d 1 1.7170 0.2290 1.0065 0.0156 0.0006 0.0001 

2 1.7611 0.2338 5.4242 0.6366 0.0606 0.0093 
3 4.7574 1.4027 74.0579 21.4496 8.7352 4.8968 
4 -0.5811 0.1479 -0.0238 0.0040     

TABLE 2: ESTIMATED VALUES OF CONSTANTS WITH ASYMPTOTIC STANDARD ERRORS  
 
The plots of residuals were checked model adequacy for any prevailing trend for all equations.  There was no 
evidence of any convincing pattern in any case. Normality of the residuals were checked through normal 
probability Q-Q plot. All normal probability Q-Q plots for the corresponding residuals for all considered models 
were almost in straight line and were not showing any prevailing pattern. From the plot of residuals and normal 
probability plots it can be concluded that all the models considered are adequately fitted.   
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FIT STATISTICS FOR VOLUME AGAINST AGE - The quality of the fitted equations was examined in terms of fit 
index and RMSE. Table 3 shows both the criteria for all considered models.  

Type Eq. Fit Index (FI) FI rank RMSE RMSE rank Sum of ranks Final rank 
A

FP
 1 0.90 2 0.00727 3 5 3 

2 0.90 2 0.00734 4 6 4 
3 0.90 2 0.00725 2 4 2 
4 0.91 1 0.00658 1 2 1 

IP
 

1 0.82 2 0.00666 3 5 3 
2 0.84 1 0.00584 1 2 1 
3 0.82 2 0.00647 2 4 2 
4 0.69 4 0.01121 4 8 4 

A
P

 

1 0.99 1 0.00120 1 2 1 
2 0.99 1 0.00132 3 4 3 
3 0.99 1 0.00120 1 2 1 
4 0.98 2 0.00210 4 6 4 

P
oo

le
d 1 0.80 1 0.01375 2 3 2 

2 0.80 1 0.01384 3 4 3 
3 0.80 1 0.01367 1 2 1 
4 0.78 4 0.01475 4 8 4 

TABLE 3: FIT STATISTICS  
  
From the table it is indicated that on the basis of final rank different equations performed best for different types 
of the plantations. The equation 4 got 1st rank for both the criteria and hence stood first among all considered 
equations for AFP. In IP, this equation is pushed to the last position and equation 2 captured the first position. For 
AP, equation 3 shared the first position with equation 1 and equation 4 again got last positions. In case of pooled 
data set, equations 1, 2 and 3 shared the first position for FI but on the basis of the final rank equation 3 occupied 
1st position and equation 1 and 2 got 2nd and 3rd position respectively. The equation 4, which performed best for 
AFP, again stepped last.  
 
VALIDATION STATISTICS - Table 4 shows the validation statistics corresponding to all considered four 
equations, which comprises bias and SEE, calculated on validation data set. Overall ranking based on fit and 
validation ranking are also shown in the table. The table indicates that in all types of the plantations and pooled 
data set, the equations (4 for AFP, 2 for IP, 1 for AP and 3 for pooled data set), which got first position on the 
basis of fit statistics confirm their superiority for validation statistics and overall ranking as well. 

Type Eq. Bias Bias 
rank SEE SEE 

rank 
Sum of 
ranks 

Final rank 
(Rv) 

 (Rf) Rv + Rf Overall rank  

A
FP

 1 -0.01524 2 0.00546 4 6 3 3 6 3 
2 -0.02005 4 0.00515 3 7 4 4 8 4 
3 -0.01975 3 0.00507 2 5 2 2 4 2 
4 -0.01383 1 0.00483 1 2 1 1 2 1 

IP
 

1 -0.13181 3 0.11673 4 7 4 3 7 4 
2 0.00841 1 0.01270 1 2 1 1 2 1 
3 -0.15244 4 0.06109 2 6 3 2 5 2 
4 -0.11351 2 0.10216 3 5 2 4 6 3 

A
P

 

1 -0.0215 1 0.00388 1 2 1 1 2 1 
2 -0.02289 2 0.00468 4 6 2 3 5 3 
3 -0.02415 3 0.00429 3 6 2 1 3 2 
4 -0.03789 4 0.00398 2 6 2 4 6 4 

P
oo

le
d 1 -0.0416 3 0.01039 3 6 3 2 5 2 

2 -0.03036 2 0.00879 2 4 2 3 5 2 
3 -0.02717 1 0.00787 1 2 1 1 2 1 
4 -0.06781 4 0.01441 4 8 4 4 8 4 

TABLE 4: VALIDATION STATISTICS  
CONCLUSION 

In view of above results and discussion it may be concluded that the following forms of the equations are the best 
for the corresponding plantations and for pooled data set for volume against age modeling for this range of 
independent variable (age). Schumacher model in pooled data set should be used with caution because of the 
involvement of slightly high asymptotic standard errors for to the estimates of its regression constants. 

Plantation Best model Form of the equation 
AFP  Chapman-Richards Vol =-0.1347 * (1-Exp (0.0659 * age)) 
IP Gompertz Vol = 0.4264 * Exp (-80.3457 * Exp (-0.4239 * age)) 
AP Gauss Vol = 3.4473 * (1- 0.9998 * Exp (-0.0002 * age2)) 
Pooled Schumacher Vol = 4.6530 * Exp (-86.4248 / (age + 12.8884)) 
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Enhanced Detection of Genes and Environment by Exploiting Inter-

action

Nilanjan Chatterjee
National Cancer Institute, USA
E-mail: chattern@mail.nih.gov

ABSTRACT

In this talk I will examine strategies for integrated analysis of genetic and environmental data in
epidemiologic studies for enhancing the detection of the underlying risk-factors for the disease under
study. A conceptual framework will be first introduced to pose the null hypothesis of no association
of the disease with an individual exposure, such as a gene, that may interact with another exposure,
such as an environmental agent. In this setting, the potential utility of an ”omnibus” statistics will be
then studied by evaluating its power relative to two commonly used tests of associations, one ignoring
interactions and the other based on ”sub-group” effects. I will then describe how the power of such
”omnibus” tests can be further enhanced by : (i) reducing d.f based on parsimonious modeling of
interaction (ii) exploiting assumption of gene-environment independence and (iii) stratified sampling
designs. I will illustrate these ideas in the context of a variety of real studies, including a planned
genomewide association study of lung cancer.

Keywords. Score-test, Tukey’s 1 d.f. model for interaction, two-phase design.
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A Simple and Improved Correction for Population Stratification in

Case-Control Association Studies

Michael Epstein
Emory University School of Medicine
E-mail: mepstein@genetics.emory.edu

ABSTRACT

Population stratification remains an important issue in case-control studies of disease-marker associa-
tion, even within populations considered genetically homogeneous. Campbell et al. (Nature Genetics
2005 37:868-872) illustrated this by showing stratification induced a spurious association between the
LCT locus and tall/short status in a European-American sample. Furthermore, existing approaches
for controlling stratification using substructure-informative loci (genomic control, structured associa-
tion, principal components) could not resolve this confounding. To address this problem, we propose a
simple two-step procedure. In the first step, we model the odds of disease given data on substructure-
informative loci (excluding the test locus). For each participant we use this model to calculate a
stratification score, which is that participant’s estimated odds of disease calculated using his or her
substructure-informative-loci data in the disease-odds model. In the second step, we assign subjects
to strata defined by stratification score, then test for disease/test locus association within these strata.
The resulting association test is valid even in the presence of population stratification. Our approach
is computationally simple and less model dependent than existing approaches for controlling stratifi-
cation. To illustrate these properties, we apply it to the Campbell et al. data and find no association
between the LCT locus and tall/short status. Using simulated data, we show our approach yields a
more appropriate correction for stratification than principal components or genomic control.

Keywords. Case-control design, association, confounding, gene.
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Copulas as An Alternative Dependence Measure and Copula Based Simulation 
with Applications to Clinical Data. 

Pranesh Kumar, Department of Mathematics, University of Northern British Columbia,             
Prince George, BC, V2N 4Z9, Canada. (kumarp@unbc.ca)

Abstract:  For analyzing multivariate data, we discuss copula based methodology as an 
alternative to the correlation based analysis. We describe the application to assess the accuracy 
of Doppler echocardiography in determining aortic valve area in a prospective clinical study. 

1. Introduction 

An important issue in modeling multivariate data is the choice of the appropriate 
dependence measure.  The commonly practiced dependence measure is the 
Pearson’s correlation coefficient (r). However correlation as a measure of 
dependence has several drawbacks (Embrechts, McNeil and Straumann, 1999; Frees 
and Valdez, 1998; Schweizer, 1991). Correlation is not a complete description of 
dependence structure even when there is a straight-line relationship between two 
random variables. Other classical non-parametric measures of dependence are 
Spearman’s rank correlation  and Kendall’s rank correlation . Both  and 

measure the degree of monotonic dependence while r measures the degree of 
linear dependence only. An alternative to measure the dependence structure is 
copulas which overcome the limitations of correlation as a dependence measure 
(Sklar, 1959; Nelson, 1999; Genest and Rivest, 1993). Copulas are functions that 
join or couple multivariate distribution functions to their one-dimensional marginal 
distribution functions where the one-dimensional marginals are uniform on the 
interval [0,1]. In this paper, we describe the copula based simulation methodology 
which can be used in analyzing clinical data.  

2. Methodology

To describe the methodology, we use data to assess the accuracy of Doppler 
echocardiography (DE) in determining aortic valve area (AVA) from a prospective 
study of 30 patients with a clinical diagnosis of aortic stenosis. All patients 
underwent simultaneous Doppler echocardiograpic (DE) and cardiac catheterization 
(CC) with dual catheters in the ascending aorta and left ventricle using the transeptal 
technique.  

2.1. Copula functions

Let the bivariate distribution of DE aortic valve area, X and CC aortic valve area,Y
be ),( yxH  with marginal distributions )(xF  and )(yG . Then for uniform random 

variables U and V defined on [0,1], there exists a bivariate copula function or simply 
copula ),( vuC such that  

).,,()](),([],Pr[),( vuCyGxFCyYxXyxH                 

If )(xF and )(yG  are continuous then ),( vuC  is unique, else ),( vuC is uniquely 

determined on range of )(xF  range of )(yG . A special class of copulas termed as 
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Archimedean copulas is given by ,)()(),( 1 vuvuC  for all 1,0,vu  and 

where )(t  is a generator function containing parameter, , such that for all ),1,0(t
;0)1( 0)(' t ,i.e., )(t  is decreasing function of t and ,0)('' t i.e., )(t  is 

convex. One-parameter families of the Archimedean copulas with their generator 
functions are tabulated in Nelson, (1999, page 94). The parameter  in each case 
measures the degree of dependence and controls the association between the two 
variables.  When 0 there is no dependence and if there is perfect 
dependence. Schweizer (1991) show that the dependence parameter  which 
characterizes each family of Archimedean copulas can be related to Kendall’s .

2.2. Copula and Tail Dependence  

Tail dependence refers to the amount of dependence in the tails of a bivariate 
distribution. The upper and lower tail-dependence are defined as: 

)],(1|)(1[Pr
1

lim uFXuGY
uupper  and )],(1|)(1Pr[

0
lim uFXuGY

ulower

for )1,0(u and )(1 uF and )(1 uG are the inverse distribution functions of X and Y 

respectively. The distribution is upper (lower) tail dependent if 0)( lowerupper and

upper (lower) tail independent if 0)( lowerupper . An equivalent definition (for 

continuous random variables) of tail dependence in terms of C(u,v): 
),1/()],(21[

1
lim uuuCu
uupper and ./),(

0
lim uuuC

ulower    

2.3. Algorithm to Generate Archimedean Copulas 

To generate random variables ),( VU whose joint distribution is an Archimedean 

copula ),( vuC  with generator function )(t :

1. Generate two independent uniform random variables p and q on [0,1]. 

2. Set ),(1 qKt C where ttttKK CC
'/)( .

3. CK is a copula function ).,( vuC
4. Set tpu 1 and .11 tpv
5. Find uFx 1  and .1 vFy
6. Repeat n times steps 1 through 5 to generate n pairs of data .,...,1),,( niyx ii

For implementing the algorithm, the codes are given in Melchiori (2003). To identify 
the best copula (Genest and Rivest, 1993; Frees and Valdez, 1998):Determine the 
pseudo observations iT {Number of )( ij xx such that )( ij xx and )( ij yy }/ .1n ,

and the empirical copula )(tKE = proportion of .10,' ttsTi  Choose that copula 

which minimizes the non-parametric distance measure

).()()(: 2 tdKtKtKDM EEC
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3. Results

We have first empirically estimated the marginal distributions as: AVACC ~ Gamma 
(9.316, 14.045); AVADE ~ Gamma (11.194, 16.707). The correlation coefficient r = 
0.701 (p < 0.0001) and non-parametric Kendall’s rank correlation =0.893 (p < 
0.0001). Based on the assumption of normality, the estimates (M.) and 95% 
confidence intervals (CI) of mean and difference (D) of AVADE and AVACE in cm2

are: 411)0.5855,0.7CI(95%0.6633DEM , 417)0.5983,0.7CI(95%0.6700CCM ,

0417).-0.0284,0.CI95%and0.35tailed-(one0.0067,: pDECCMD It is noted 

when ,0u the lower tail dependence tends to zero for both – normal and Gumbel 

copulas and when ,1u the upper tail dependence for the normal copula tends to 
zero, however, it remains almost constant for the Gumbel copula. Thus, the Gumbel 
copula have upper tail dependence but does not have the lower tail dependence 
whereas the normal copula have neither.  

Three copulas of the Archimedean family, namely Gumbel (1960), Clayton (1978) 
and Frank (1979) copulas, and empirical copula are estimated from the application 

data. The values of non parametric distance measure )()()(: 2 tdKtKtKDM EEC

for the Gumbel, Clayton and Frank copulas are respectively 6.6020, 6.9670 and 
6.6960 implying that the Gumbel copula is the best fit. To compare the difference in 
mean aortic valve area measured by Doppler and Catheter, data are simulated using 
the Gumbel copula with the estimated marginal distributions as gamma and normal 
also for the sake of comparison. For 03n patients, 50, 100 and 200 Monte Carlo 
simulations are performed to replicate data sets using the Gumbel copula. For the 
parameter mean difference of the aortic valve area measured by Doppler and 
Catheter, point estimates, the 95% confidence intervals and width of the confidence 
intervals are presented in Table 1. The results in Table 1 indicate that the non- 

Table 1. 95% Confidence Intervals of difference in means of aortic valve area (cm2)
measured by Doppler and Catheter. 

Simulation Estimate1 95% Confidence Interval (CI) Width  

DECCMD : Lower Limit Upper Limit of CI 

Application  0.0067 -0.0284 0.0417 0.0701 
 50 0.0050 -0.0276 0.0376 0.0652 
Gumbel copula 100 0.0069 -0.0299 0.0399 0.0658 
(Gamma margins) 200 0.0078 -0.0253 0.0410 0.0663 
 50 0.0097 -0.1667 0.1710 0.3377 
Gumbel copula 100 0.0048 -0.1652 0.1749 0.3401 
(Normal margins) 200 0.0090 -0.1605 0.1798 0.3403 

1 Mean Difference of AVADE and AVACE measurements.

invasive Doppler Echocardiography technique is as accurate in identifying and 
assessing the severity of aortic stenosis as the Catheterization. Another noteworthy 
indicative conclusion which is evident from Table 3 is that the confidence intervals 
and their width remain more or less the same for 50, 100 and 200 simulations.  
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Thus, it is not necessary to carry out a large number of simulations when using the 
copula based methodology. For comparing two methods, the predicted aortic valve 
areas from both the copula and correlation based prediction models and actual data 
are calculated and plotted in Figure 1. As expected, the predicted aortic valve areas 
Figure 1. Predicted aortic valve areas using Gumbel copula and correlation based 
prediction models.
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from both models are close; however, differences are noticeable for the 
measurements on the upper scale of the data. This is because of copulas being a 
more appropriate dependence measure than the correlation for the skewed endpoint 
data.
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The Expectation-Substitution Method in Haplotype Analysis 
 
Peter Kraft and Daniel O. Stram 
 
Departments of Epidemiology and Biostatistics,  
Harvard School of Public Health 
655 Huntington Avenue,  
Boston, Massachusetts   02115 
 
Division of Biostatistics, Keck School of Medicine, 
University of Southern California,  
1540 Alcazar Street, 
Los Angeles, CA 90033 
 

Haplotypes play what is likely to be an increasingly important role in genetic inference with some 
notable examples [1] highlighting the functional significance of synonymous variations and suggesting the 
importance of haplotypes over single-nucleotide polymorphisms for analysis of genetic variations. A number 
of recent articles [2-5] have considered the problem of haplotype-specific risk estimation, specifically when 
haplotypes are not observed directly but must imputed from unphased genotype data. We have been involved 
in a number of recent analyses of haplotype specific risk [6-9] in which a simple “expectation-substitution” 
[10, 11] approach is taken to this problem. The expectation-substitution method was first described for 
haplotype analysis by Zaykin et al 2002 [10], but has analogues in many parts of biostatistical analysis 
dealing with measurement errors [12, 13].  Consider a model in which the number of copies carried of a 
certain haplotype, h, is related to the odds of disease in a log linear fashion. The expectation-substitution 
method works as follows: Since the number of copies, nh, carried of the risk haplotype, is unknown for most 
individuals when only genotype data is available, one replaces this unknown quantity with its conditional 
expectation, E(nh|G), where G is the observed set of (unphased) markers and the expectation is generally 
computed assuming that the haplotype frequencies are known and under the assumption of Hardy Weinberg 
equilibrium. This expectation (which generally takes non-integer values between 0-2 and thus is definitely 
not equivalent to using the most likely value of nh (which must take values 0, 1, or 2) is then used as if it was 
the true value of, nh, with no other allowance for the uncertainty of the estimation of nh. In particular we form 
score tests and likelihood ratio tests of the null hypothesis (that h is unrelated to risk) as if nh was known for 
all subjects. This method is not limited to log-linear penetrance models, and can be extended to dominant, 
recessive or co-dominant models by calculating the expected values of appropriate diplotype codings [14].  It 
has been used in a large number of recent analyses of haplotype-specific risk in candidate gene studies (e.g. 
[6-9]).   
 
The following issues arise in the application of this method 
 

(1) Because haplotype frequencies must be estimated from a finite amount of genotype data 
the calculation of the expectation is itself uncertain, and this uncertainty is being 
neglected. What effect does this have?  

(2) Because odds ratio models are not strictly linear in nh, the expected OR as a function of 
nb is not equal to the OR function applied to E(nb). Is this an important problem? 

(3) Doesn’t case control sampling distort haplotype frequencies? Should the expectation be 
applied separately to the cases and controls, or should the cases and controls be 
combined to compute the expectation? 

 
Regarding (1): it turns out [15] that the score test arising from the expectation method is both valid and 
asymptotically fully efficient for testing the null hypothesis of no haplotype-specific risk associated with 
haplotype h against the alternative (that disease odds are loglinear in nh). Thus, for score tests under the null 
there is no need to account for the uncertainty of the estimates of the haplotype frequencies upon which the 
calculation of E(nh) is based. Similarly, under the null hypothesis, case control sampling doesn’t distort the 
distribution of the risk haplotype so the calculation of the expectation is not affected. This means that we 
don’t need to account for case control sampling either when testing the null hypothesis.   
 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 2678 -



Simulations under the alternative hypothesis [14] tend to show that under the alternative hypothesis (that 
disease is associated with haplotype count), the expectation-substation method also gives quite reasonable 
estimates and confidence limits for the value of the risk parameter (log OR per copy of h) in most practical 
settings. Here we present the results of two simulation experiments. We considered estimating the 
association between five-SNP haplotypes and disease risk in two situations: low haplotype diversity (Table 
1) and high haplotype diversity (Table 2). For the first situation, only seven haplotypes were present: 00000, 
00001, 00010, 00011, 00100, 01000 and 10000  with frequencies 0.35, 0.15, 0.15, 0.05, 0.1, 0.1, and 0.1, 
respectively (Rh

2>0.7 for all haplotypes, where Rh
2 is the squared correlation of expected versus true 

haplotype counts [16]). For the second situation, all 32 possible haplotypes were equally likely. This is 
something of a worst case scenario for haplotype association analysis, both because of the high ambiguity in 
haplotypes given the genotypes ( Rh

2 ≈0.43 for all haplotypes) and because all haplotypes are relatively 
uncommon (frequency<.0.04). We compared the performance of logistic regression using the true 
haplotypes, the most likely haplotype pair given the genotype data, the expectation-substitution method, and 
the prospective likelihood implemented in the haplo.glm function of the R package haplo.stats [17]. This last 
approach is similar in spirit to that advocated by Lin and Huang [18], as it maximizes a likelihood that 
integrates over the missing haplotype phase information. 
 
Table 1. Comparison of haplotype association methods under low haplotype diversity 
 
Relative Risk = 1.0 
Method Bias MSE Var(�) E(Var) Cover
True haplotypes 0.005 0.016 0.016 0.016 0.960 
Expectation-substitution 0.006 0.021 0.021 0.018 0.940 
Maximum likelihood 0.006 0.021 0.021 0.018 0.940 
Most likely haplotypes 0.004 0.016 0.016 0.015 0.948 
 
Relative Risk = 1.5 
Method Bias MSE Var(�) E(Var) Cover
True haplotypes 0.009 0.016 0.015 0.015 0.938 
Expectation-substitution 0.008 0.017 0.017 0.017 0.968 
Maximum likelihood 0.009 0.017 0.017 0.017 0.968 
Most likely haplotypes -0.026 0.015 0.014 0.014 0.946 
 
Relative risk = 3.0 
Method Bias MSE Var(�) E(Var) Cover
True haplotypes 0.005 0.013 0.013 0.015 0.958 
Expectation-substitution -0.002 0.015 0.015 0.017 0.968 
Maximum likelihood 0.000 0.015 0.015 0.017 0.968 
Most likely haplotypes -0.069 0.017 0.013 0.014 0.919 
 
(Each sub-table based on 500 simulated studies of 600 cases and 600 controls. Genotypes drawn conditional 
on disease status, assuming the haplotype structure described in the text and a log-linear model for disease 
risk, with risk haplotype 00001 and baseline disease probability of 1%. For each method, log odds ratios for 
six haplotypes (the 00000 haplotype was set as reference) were estimated jointly. Abbreviations: 
Bias=average estimated log odds ratio – true log odds ratio; MSE=mean squared error in estimate for risk-
haplotype log odds ratio; Var(β)=variance of estimated log odds ratio; E(Var) = mean of estimated parameter 
estimate variance; Cover=empirical coverage of nominal 95% confidence interval.) 
 
As can be seen from Table 1, under low haplotype diversity the expectation-substitution and the maximum 
likelihood method give indistinguishable results. In fact, the average Euclidean distance between the vectors 
of haplotype log-odd ratios for the two methods is smaller than 0.007 for all of the situations presented in 
Table 1, and the average distance between the haplotype frequency vectors was smaller than 0.001. Neither 
methods have noticeable bias, and both have appropriate coverage for odds ratios of 1.5 and 3.0. The most-
likely haplotype method is slightly biased towards the null. 
 
On the other hand, both the expectation-substitution and maximum-likelihood show evidence of bias under 
high haplotype diversity (Table 2). The expectation-substitution method shows modest bias towards the null, 
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while the maximum likelihood method shows stronger bias away from the null. Moreover, the nominal 95% 
confidence intervals for the expectation-substitution method have appropriate coverage, while those for the 
maximum likelihood method are far too small, and the average estimated variance for the log odds ratio 
estimated is noticeably smaller than the observed variance in the maximum-likelihood estimates. We 
hypothesize that this is due to the relatively large number of highly co-linear parameters (64) that must be 
jointly estimated from data on 600 cases and 600 controls. We emphasize that the high-diversity situation 
should not often arise in practice, because haplotype association analyses are generally restricted to regions 
of low haplotype diversity (appropriately so, in our opinion), but it is interesting that even in this situation 
the expectation-substitution method shows only modest bias and retains appropriate coverage, while the 
maximum-likelihood method performs poorly, perhaps because of numerical difficulties.  
Table 2. Comparison of haplotype association methods under high haplotype diversity 
 
Relative Risk = 1.0 
Method Bias MSE Var(�) E(Var) Cover
True haplotypes -0.003 0.111 0.111 0.113 0.950 
Expectation-substitution -0.007 0.683 0.684 0.587 0.952 
Maximum likelihood -0.027 1.241 1.242 0.205 0.590 
Most likely haplotypes -0.008 0.288 0.288 0.257 0.950 
 
Relative Risk = 1.5 
Method Bias MSE Var(�) E(Var) Cover
True haplotypes 0.036 0.102 0.101 0.104 0.952 
Expectation-substitution -0.019 0.485 0.485 0.508 0.970 
Maximum likelihood 0.069 0.986 0.984 0.166 0.618 
Most likely haplotypes -0.271 0.301 0.228 0.196 0.884 
 
Relative Risk = 3.0 
Method Bias MSE Var(�) E(Var) Cover
True haplotypes 0.039 0.086 0.085 0.098 0.960 
Expectation-substitution -0.046 0.335 0.336 0.414 0.980 
Maximum likelihood 0.213 0.886 0.849 0.142 0.551 
Most likely haplotypes -0.697 0.634 0.150 0.163 0.449 
 
(Each sub-table based on 500 simulated studies of 600 cases and 600 controls. Genotypes drawn conditional 
on disease status, assuming all 32 possible five-SNP haplotypes are  equally likely and a log-linear model for 
disease risk, with risk haplotype 00001 and baseline disease probability of 1%. For each method, log odds 
ratios for six haplotypes (the 00000 haplotype was set as reference) were estimated jointly. Bias calculated 
relative to the true odds ratios for the risk haplotype: ) 
 
Our conclusions based on this type of simulation is that the expectation substitution method provides very 
reliable inference (correct type I error rates under the null), good power under alternatives, and little bias in 
either overall estimates or in confidence limits. It appears to be only when the true OR’s become extremely 
large that some problems occur with the method, and frankly, from an epidemiological perspective, we 
should be so lucky as to have very many association studies with this problem! 
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Retrospective or Prospective Likelihood for Assessing Genetic Asso-

ciations in Case-Control Studies

Lue Ping Zhao
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ABSTRACT

In a typical genetic association analysis of case-control data, a common approach is to assess the
disease associations with alleles/haplotypes or genotypes/diplotypes by estimating corresponding log
odds ratios in the logistic regression and by making statistical inferences on whether or not log odds
ratios are significantly different from zero. There are two estimation methods: one method uses the
prospective likelihood formulation [Zhao et al., 2003; Lake et al., 2003], and the other uses retrospective
likelihood [Satten and Epstein., 2004; Spinka et al., 2005; Lin and Zeng., 2006]. The conventional
wisdom is that the former approach is known to be robust to any distributional assumption of paired
haplotypes, and the latter approach is known to be more efficient due to exploiting Hardy-Weinberg
equilibrium (HWE) between paired haplotypes, commonly assumed in genetic analysis. However,
when HWE is violated, estimated odds ratios from the retrospective likelihood maybe biased, whereas
the prospective likelihood estimates are unbiased [Satten and Epstein., 2004]. In this paper, we provide
an analytic evaluation on efficiency and bias of both retrospective and prospective likelihood methods
for single SNP genotype association, reaching the same conclusion. On haplotype association with
multiple SNPs, we perform simulation studies, the result from which suggests a limited efficiency
gain by the retrospective likelihood method and yet potential biases in estimating corresponding odds
ratios when HWE is violated. On balance, the retrospective likelihood method could become preferred
to the prospective likelihood method, if one is interested genotypic/diplotypic associations and HWE
assumption holds. For allelic/haplotypic associations, the prospective method may be preferred for
both efficiency and robustness.

Keywords. Case-Control Studies, Genetic Associations, Haplotypes, Hardy-Weinberg Equilibrium,
SNPs.
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Summary 
 

Efforts made by the Statistical Institute for Asia and the Pacific in developing national accounts 
compilation capacities in the Asia and the pacific region are presented in the paper. The training 
approaches followed in various courses on national accounts meant for levels of officials in the national 
statistical offices of the region and the challenges involved have been indicated. 

 
Introduction 
 
 National Accounts represents the core of the system of economic statistics, providing the conceptual 
and actual tool to bring to coherence all of available statistical sources, besides the degree of development of 
countries and their available data sources. The main objective of the SNA is to provide a comprehensive 
conceptual and accounting framework which can be used to create a macroeconomic database suitable for 
analyzing and evaluating the performance of an economy. The system may be implemented at different 
levels of aggregation and some countries may be able, at least initially, to calculate only a small number of 
accounts and tables for the total economy with little or no desegregation into sectors. Despite flexibility, the 
system is very complex and complicated, demanding high level knowledge performed by a large range of 
experienced teams.  
 
 A university degree is not enough to compile national accounts and around the world the number of 
national accounts statisticians is reduced. In this context, it is clear that appropriate, oriented and well 
coordinated training in national accounts is one of the most important requirements around the world for the 
capacity development and quality improvement of the macroeconomic aggregates. The efforts by the 
Statistical Institute for Asia and the Pacific (SIAP), in this regard, in the Asia and the Pacific region are 
presented in this paper. 
 
 SIAP has been functioning since 1970, (Initially until 1977 known as Asian Statistical Institute) as 
an international center to bring about regional cooperation in training government statisticians from 
developing countries of the Asia and the pacific region. SIAP acquired the legal status of a subsidiary body 
of the Economic and Social Commission for Asia and the Pacific (ESCAP) as of 1 April 1995. SIAP is a pre-
eminent institution for training of government statisticians from the developing countries of the ESCAP 
region. Its mission is to improve the national capability in official statistics for the developing countries of 
the ESCAP region through practically oriented training for economic and social development planning. 
 

SIAP addresses building up the SNA statisticians’ capacities in the ESCAP region, as a process of 
continuous learning and that raises many challenges. The ESCAP region, which spans across a vast 
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geographical area across the globe, is made up of more than 50 countries which are much differentiated in 
the level of statistical development. In most cases, infrastructures and systems are inadequate and contain 
large gaps in the coverage of economic and social descriptions, while published data lack accuracy and 
timeliness.  Since the responsibility for the production of official statistics rests with the government, the 
development of the statistical infrastructure remains to be its key responsibility. Moreover, the total number 
of SNA statisticians in the region is not small. There is strong need for conducting training with a multiplier 
effect so that training impact is faster in the National Statistical Offices (NSOs) to meet the demand. Thus 
SIAP attaches appropriate attention to mix in the training courses the presentation and training skills with a 
view of producing trainers for training and not just trained officers. All TMA based courses have inputs of 
ICT, presentation and training techniques provision built in.   
 
Training Programmes of SIAP 
 
 Mainly two categories of courses, one conducted at SIAP's premises in Tokyo Metropolitan Area 
(TMA based) and other in the outreach programme.  Participants are selected from nominations received 
from their governments upon invitation by SIAP. For regular TMA based training courses fellowships for 
attending group training courses are normally funded by Japan International Cooperation Agency (JICA) as 
follows: 
 
I. Group Training Course in Modules on Fundamental Official Statistics 

II.  Group Training Course in Application of Information and Communications   Technology to Production 
and Dissemination of Official Statistics 

III.  Group Training Course in Analysis, Interpretation and Dissemination of Official Statistics 
IV.  Area-focused Training Course in Collection and Analysis of Official Statistics for Central Asian 

Countries 
 

 For the outreach programme that complements the courses conducted in the TMA based and is 
carried out with the collaboration of NSOs, related training institutes, international organizations, and donor 
agencies. The courses, normally conducted at country, sub-regional and regional levels, are of short-term 
duration and cover a wide range of topics, those in demand by some or a group of developing countries.  
Since the ESCAP region comprises of heterogeneous groups of developing countries at different stages of 
statistical development, statistical training in the region requires a mix of modalities to address the diverse 
capability building needs. As of April 2007, a total number of 10,353 statisticians have been trained by SIAP.  
A total of 2,567 participants received their training in Japan while another 7,961 participated in the outreach 
programme with training activities organized at the country/sub-regional/regional levels. 
  
 Several initiatives have been undertaken to infuse greater dynamism in the training programmes of the 
Institute and in a cost-effective manner.  Developing collaboration and partnership arrangements with the 
NSOs and relevant international agencies for the organization of training activities of the Institute has 
yielded good results.     
   
Training on National Accounts in Various Programmes of SIAP 
   
(a) Group Training Course in Modules on Fundamental Official Statistics 
 
 Out of three Modules of the Course, one full Module of two months duration is devoted to National 
Accounts and Economic Statistics. The Course is for junior level officers working in the NSOs of the 
countries in the region and aims at introducing the concepts, principles, and macroeconomic accounting 
framework of the 1993 System of National Accounts (SNA) and satellite accounts. It also familiarizes with 
the various economic data sources required for the compilation of national accounts and other economic 
statistics. Topics covered include basics of macro-economic, building blocks of SNA, supply and use tables 
and input-output accounts, GDP estimates by three approaches, GDP estimates at constant prices, current and 
accumulation accounts, balance sheets and satellite accounts. The course also includes enterprise and 
establishment surveys for familiarizing with the data sources required for the compilation of national 
accounts. The approach adopted for training is a mix of lectures and workshops. 
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(b) Group Training Course in Analysis, Interpretation and Dissemination of Official Statistics 
 

This two months course is for junior and middle level officers working in the NSOs, and in the 
alternate year focus is on economic statistics. The Course aims at acquiring practical up-to–date knowledge 
and techniques of statistical analysis, interpretation and dissemination of economic statistics. Topics covered 
in the course include analytical framework, main SNA aggregates, real sector, rest of the world sector, 
government sector, financial sector, and sectoral statistics. The approach adopted for training is a mix of 
lectures and workshops. Besides, the participants of this course are also required to do a project work using 
their country data on economic statistics including national accounts to demonstrate their analytical 
capability.  

 
(c) Area-focused Training Course in Collection and Analysis of Official Economic Statistics for Central 

Asian Countries 
 
 This two months course is specifically designed for the participants from Central Asian countries and 
is conducted in Russian language. In alternate year focus is placed on economic statistics. Participants learn 
from this course first how economic statistics is collected through enterprise and establishments surveys and 
survey methodology, and followed by the 1993 SNA framework at length elaborating the topics such as 
overview of the SNA, classification systems in SNA, supply and use tables and input output tables, current 
and accumulation accounts, GDP estimates- three approaches, GDP estimates at constant prices, and 
quarterly GDP estimates. Emphasis is also made on measurement of informal activities which is a 
challenging task to the countries represented in the course. 
   
(d) Regional Course on System of National Accounts and Integrated Economic Accounts 
 
 Under SIAP outreach programmes, regional courses have been very effective and useful. Officials at 
middle level in the NSOs from 20 countries are invited and the host country is free to add around five of its 
officials at its cost. Regional course on National Accounts has been in great demand in the region. This three 
weeks course includes basics of macro-economics, building blocks of SNA, input-output accounts, current 
and accumulation accounts, balance sheets, GDP estimates by three approaches, treatment of special 
transactions, GDP estimates at constant prices, quarterly national accounts and satellite accounts. Course 
conducted in 2006 also touched upon 1993 SNA Updates, the current task being undertaken at the aegis of 
Inter Secretariat Working Group on national Accounts (ISWGNA) under the direction of Advisory Expert 
Group. In the current year the course has been modified to also include topics of Monetary and Financial 
Statistics, Government Financial Statistics and Balance of Payments beside details of SNA. 
 
(e) Country Courses on National Accounts. 
 
 In the outreach programmes of SIAP such courses play a vital role for a country as these are tailor-
made to the requirements of the country. Twenty to thirty officials of the NSO can take advantage of the 
training in their own country.   
   
(f) Research based Regional Course 
 
 In this six weeks course the participants are provided some lectures and workshop training on 
analysis, report preparation, and presentation techniques. Participants basically do a research study (which 
includes topics of national accounts compilation challenges) under the guidance of an expert at the course 
venue, but have a month’s time to revise and improve their report back home.  
 
 Training SNA Statisticians in various SIAP courses described above demonstrate clearly that 
different courses address to the needs of a category of SNA Statisticians in the region. Thus basic training for 
the beginners is addressed in the Group Training Course in Modules on Fundamental Official Statistics. 
Middle level SNA Statistician’s need is addressed in the Regional course on National accounts and some in 
the Analysis course. Needs of Central Asian Countries is met altogether in the specific course meant for 
them. Typical needs of countries at developing stage are met by the country courses that are tailor made. The 
training technique adopted generally is a mix of lectures, workshops, assignments. In country courses 
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generally some time is devoted to practical aspects of compilation of aggregates with the available data 
sources.  
 

The participants of TMA based courses are also required to make an Action Plan which invariably 
includes delivering seminars back home country in their offices to impart knowledge they receive at the 
Institute to their colleagues. The monitoring of the process is done by taking feed back from the participants 
and their offices periodically. 
 
 The Institute is planning to introduce distance learning as a new initiative to provide training on 
official statistics through the use of the most recent ICT developments.  This will enable the Institute to reach 
out to a wider clientele across the entire Asian and Pacific region. A short programme on an ICT topic has 
been done as a pilot. A small programme on introduction to SNA is being planned. 
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Integrated National Accounts Training at International Level

Maria Teresa Ferreira
Instituto Nacional de Estat́ıstica
E-mail: mteresa.ferreira@ine.pt

ABSTRACT

The 1993 SNA provides a qualified and broadly appropriate conceptual pillar of macro-economic
statistics for use in economic analysis, decision-taking and policy making. Being a matter of great
importance, the demand for more timely data has increased dramatically. All this implies that na-
tional statistical institutes and international organizations should have adequate resources to compile
comprehensive, consistent, reliable and timely statistics. Being a so important tool it should also be
mentioned that, as yet, no country in the world compiles the full system described in the SNA on
a regular basis. In fact, despite of is flexibility in the use, the system of national accounts is very
complex and complicated, demanding high level knowledge performed by a large range of experienced
teams. It is also truth that in national accounts, a great deal of competence and skill is not so easy
to document or describe. We may refer to intangible, implicit or tacit competence - that competence
which is built up of accumulated experiences over long periods of time. It is clear that appropriate,
oriented and well coordinated training in national accounts is one of the most important gains for the
capacity development and quality improvement of the macroeconomic aggregates around the world.
We know of different strategies developed by countries which have recognised that training is a vital
investment. International organizations also have several programs of training and technical assistance
projects. Shouldn’t international statistic community made more efforts to coordinated international
training at the level of national accounts and establish integrated programs with different kinds of
approaches?

Keywords. National Accounts; Training; Coordination of international training.
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1. Introduction 

 

The National Accounts are an immensely complicated inter-connected system of economic accounts, based on a 

large number of data sources. The System of National Accounts (SNA93), the worldwide methodological standard, is 

some 670 pages long and covers both non-financial and financial accounts. This complexity, and the practical 

difficulties in marshalling and reconciling data sources, mean, that few practitioners master all aspects, and that it may 

take 2-3 years for an individual to become proficient enough to work productively in compiling national accounts. This 

assumes that there is adequate training available, since very few universities offer training in national accounts to their 

students. 

 

2. Eurostat’s general role in statistical training 

 

Eurostat has been involved in statistical training since its earliest days, both for its own staff and for staff of national 

statistical institutes and related bodies. Owing to the (test based) recruitment system for European Commission civil 

servants, it is extremely rare that new recruits have a background in the specific statistical areas covered by Eurostat. It 

also became apparent that there are economies of scale to be realised in organising training courses as a European level 

for national staff. 

 

Eurostat currently runs a “European Statistical Training Programme” (ESTP), which is the successor to previous 

programmes aimed at training national institutes’ staff. This programme offers a wide range of statistical training – for 

example, business registers, labour force surveys, administrative data sources and national accounts. Courses may take 

place in Luxembourg (where Eurostat is located) or in a Member State, with teachers from Eurostat or national 

institutes. Participation is free for national institute staff and in some cases a limited number of Eurostat staff may also 

participate. 

 

Eurostat, and the European Commission more widely, also organises an extensive internal training programme for 

its staff. These range from several-day courses to lunchtime information sessions. All staff should ideally complete 10 

days of training on average per year, based on an annual “Training Map” agreed with their superiors. 

 

3. National Accounts training in Eurostat 

 

Eurostat’s training activities in national accounts fall into three categories: 

 

i) Internal courses for Eurostat staff 
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Eurostat’s national accounts experts initiated an internal “Introductory” course on national accounts in 2001. This 

was intended for a wide audience of both statisticians and support staff from across Eurostat (i.e. not just practitioner 

statisticians working on national accounts). The programme of the most recent course, held in March 2007, is attached 

at Annex 1. 

 

At end of 2005, the new Eurostat Director for Economic accounts initiated a major training course in national 

accounts. This was in response to an unprecedented level of new recruitment to Eurostat units dealing with economic 

accounts, and therefore a pressing need to provide quick training. An internal course of 12 days was organised during 

2006, based on the following three-day modules spread through the year: 

 

Module 1: Introduction to national accounts 

Module 2: Goods and Services 

Module 3: Sector Accounts 

Module 4: Quarterly Accounts and use of national accounts – it is useful to add that, in the EU, national accounts are 

used extensively for administrative purposes as well as for economic analysis and policymaking. 

 

One important feature of this course was that national experts were asked to teach a half-day session to give a 

flavour of practical application of national accounts (in 2006 from the UK, Netherlands, Belgium and Germany). This 

was highly appreciated by the students. 

 

ii) ESTP courses for staff of National Statistical Institutes of the EEA 

 

In the past Eurostat has organised the following two courses, which took place in alternate years (i.e. one course per 

year): 

• ESA951 Goods and Services – a three day course looking at the production account, supply/use tables and 

input/output tables. 

• ESA95 Sector Accounts – a three day course looking at distributive transactions and the sequence of accounts. 

 

There was also a course on ESA95 Financial Accounts in the past which has not been taught recently due to lack of 

teaching resources on this issue at Eurostat. A session on financial accounts was introduced into the Sector Accounts 

course to provide students with a basic introduction and linkage to the non-financial accounts. 

 

In 2007 Eurostat is organising for the first time a one week ESTP course in “Advanced National Accounts”. This 

course replaces the two previous courses and is intended to be run on an annual basis. It draws on much of the material 

developed for the 2006 internal Eurostat course, with the innovation of two half day ‘break-out’ workshops for small 

groups on certain specific topics which need a greater depth. The programme is attached at Annex 2. All teachers on the 

programme are drawn from Eurostat staff. 

 

Owing to the importance of government accounts within the EU (for the purposes of the Stability and Growth Pact – 

Excessive Deficit Procedure), Eurostat is also organising for the first time in 2007 a two week ESTP course on 

Government Finance Statistics, in collaboration with a private contractor. There has been close collaboration between 

the organisers of this course and those for the national accounts course to ensure that they are complementary. 

 

For some years Eurostat has also offered grants to certain national statistical institutes to provide training in national 

                                                      
1 The European System of Accounts (ESA95) is the European equivalent of the SNA93, and is a legal regulation which 

requires EU Member States to apply its methodological guidance in national accounts. 
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accounts. In recent years these courses have been organised by the CBS in the Netherlands – a two week course with a 

strong emphasis on goods and services aspects of the national accounts – and Statistics Finland. 

 

iv) Bespoke courses 

 

From time to time, according to available resources, Eurostat organises courses for specific groups of students. This 

may be because there is a critical mass of students who would otherwise wait years to attend an ESTP course or because 

Eurostat has a certain vested interest. Examples include: 

• A training course in price and volumes in national accounts organised in collaboration with the Munich Centre 

for Economic, Environmental and Social Statistics for developing country statisticians. 

• A training course for Portuguese national accounts and finance ministry staff, which allowed a large number of 

relatively new recruits to benefit from initial training in national accounts. There was also an opportunity to 

discuss specific issues of concern in Portugal. 

• A training course for staff working in the Directorate General for Economic and Financial Affairs (DG ECFIN) 

in the European Commission. This 2-day course is run once per year to ensure that economists and support 

staff are familiar with national accounts concepts and available data. It has proven very successful in making 

DG ECFIN staff more aware of Eurostat’s work, and fostering working level contacts between the two 

organisations. 

 

4. Lessons learned from national accounts courses 

 

Over the years of preparing and teaching national accounts courses, Eurostat has learned several lessons which it 

has applied to new courses. 

 

a) The target audience 

 

There are several different types of potential students in national accounts courses. Eurostat has found that it is 

important to separate introductory courses from more advanced courses. The former courses are useful for beginners, 

data suppliers to the national accounts and those who work in a very limited capacity of national accounts (i.e. to give a 

chance to see 'the forest' instead of just 'the tree'). The latter develop basic skills. It is nevertheless important to stress 

that a practising national accountant of several years may still be a "naïf" in some aspects of the accounts (for example 

someone who works exclusively on supply/use tables could have little knowledge of the sector accounts and distributive 

transactions). 

 

This also has an implication for the balance of theoretical and practical material in the courses. There is a strong 

danger that the courses become just a presentation of the principles of SNA93 and ESA95 with little indication of 

practical compilation issues. This is helpful to many introductory students if time is limited, but for more involved 

courses it is considered important to give information on practical difficulties and (in some cases) invite practitioners 

from countries to describe their experiences. The courses organised by national statistical institutes, mentioned above, 

are an ideal opportunity to cover practical issues in depth. 

 

It is also worth noting that for specific courses, Eurostat has found it useful to tailor the material to suit students. A 

good example of this is the national accounts course for DG ECFIN where a more "economic" approach is taken and a 

larger proportion of the course is devoted to government finance issues in national accounts. 

 

b) The method of teaching 

 

Eurostat's courses are delivered using a mixture of three approaches: 
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� Traditional lectures on theoretical and practical issues – the lectures are made using Powerpoint slides, with an 

opportunity for students to ask questions both during and at the end of the presentation. 

� Group discussions – these can be very useful for some issues where national accounts are in development or 

does not provide a firm answer (e.g. allowing for quality change in prices and volumes. Eurostat is expanding 

the use of these sessions in its 2007 ESTP course. 

� Exercises – small exercises undertaken during the course can give a break for students and help to cement their 

understanding of issues. In general it is thought helpful to have one exercise in each half day of a course. 

 

c) Teaching materials 

 

Since the Eurostat courses are organised as collaborations between a number of teachers, teaching materials are 

developed on shared computer network drives so that all teachers can have access to all the material and develop cross-

links / remove duplications. Exercises and slides can be checked for accuracy by peer review. All course materials are 

distributed to students at the start of the course, with some reading materials distributed several weeks in advance of the 

courses to allow the students to undertake some preparation. 

 

d) Language issues 

 

All Eurostat courses are delivered in the English language, since this is considered appropriate for courses delivered 

to a wide range of nationalities. Eurostat has not found any major difficulties with this, provided that materials are clear 

and teachers (particularly native English teachers) present slowly. There is a large amount of "jargon" in national 

accounts, so this needs to be explained carefully when used for the first time to allow non-native students to grasp the 

concepts. Some students have found it helpful to bring along a copy of ESA95 in their native language so that they can 

easily find the translation of a particular term. 

 

e) Financial accounts 

 

As mentioned above, financial accounts are often treated separately from non-financial accounts (even the national 

institutions preparing financial accounts are often different). Eurostat's recent approach has been to cover financial 

accounts briefly alongside sector accounts, but not to prepare specific training courses. 

 

f) Benefits 

 

Eurostat has discovered that there are wider range of benefits from organising national accounts courses than might 

be first thought of: 

� Internal Eurostat staff benefit from a wider grounding in national accounts which enables them to see their 

day-to-day tasks as part of a system and makes them aware of work being conducted by their colleagues. 

� National Institute staff likewise benefit from a wide view of national accounts and the chance to discuss 

specific issues with colleagues from other countries. Often these staff are regularly in contact with Eurostat on 

their data, so the courses allow them to establish good contacts and see why Eurostat takes the approach it does. 

Over time Eurostat sees many former students representing their countries at international meetings. 

� Data suppliers to the national accounts can appreciate why they are asked to supply data to a certain format and 

timescale, and why their data may be adjusted by national accountants. 

� Users of the data appreciate the scope of available data and some of its potential strengths and weaknesses. 

This has been valuable for example during the training course in national accounts for the economists of DG 

ECFIN. 

� The teachers themselves benefit from the chance to develop their teaching skills and, through questions and 

group discussions, to better understand the subject matter and practical application in countries. 
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1

Understanding National Accounts
Training in and…limitations of national accounts.1

François Lequiller

This paper is the conjunction of two different objectives.  The first is to present “Understanding 
National Accounts”, the recent training manual published by the OECD. The second is to go 
beyond this manual and share with readers some personal questions on the limitations of the 
national accounts. As these questions are “heretical”, this paper should be strictly considered as a 
personal paper.  It does not commit my former employer (OECD) nor my new (INSEE).

Growing importance but less training
National accounts are gaining more and more in importance for informed users, who want better 
and more precise data . Moreover, the choice made by the EU countries to use national accounts for 
the monitoring of public finance (Maastricht) has significantly increased this importance, while, at 
the same time, the “A” in SN”A” has become reality concerning general government accounts.
Overall, the danger is not that national accounts is becoming out of fashion, the danger is that the 
national accounts are not able to face correctly these new challenges. Faced to this growing 
importance of usage, it is the more surprising that, when you surf the web nowadays for “national
accounts” you hardly find any recent manual in English which has the open objective of training 
students and teachers in national accounting. This is why the OECD Publication Directorate 
requested me to prepare “Understanding National Accounts”.

When drafting this manual I had several objectives: (1) do not address it to experts, but make it 
digestible by ordinary readers, (2) be direct: go to the fact, (3) always link the definitions with real 
data and real policy recommendations, (4) do not shy to explain the limitations and the
“conventions” of national accounts, (5) explain the sources, the internal “cuisine” and their 
problems.

Another interesting feature is the creation of a web site devoted to the manual2, which allows free 
downloading of the entire manual and  having access to the detailed answers to the many exercises
and to series of “Statlinks” (Excel tables containing the data which appears in the various tables of 
the manual).  These features make of Understanding National Accounts one  of the first “E-books”
of the OECD.  I was told by some non expert readers that the result was “something which, for a 
book on national accounts, was not boring (sic)”.  I would be fully rewarded if this comment is
shared by other readers. Based on the first months of sales, the OECD is contemplating editions in 
several languages, starting with Spanish.  A Portuguese version is also under discussion.

“T” accounts
An originality of the manual is the extensive use of “T” accounts as a pedagogical tool.
 “T” accounts are well known by business accountants.  They take their name from their format: 
they look like the capital letter T, as in:

Expenditures Receipts

a)
b)
c)  etc.

a)
b)
c)  etc.

1 This paper is a short version of a paper that was circulated during the 2007 ISI conference in Lisbon.
2 http://www.oecd.org/document/58/0,2340,fr_2649_34245_38445370_1_1_1_1,00.html .
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The SNA contains in its Annex V a complete set of examples of the full sequence of accounts for 
each institutional sector in form of T accounts, including the financial accounts and balance sheets.
This should not be a surprise; institutional sector accounts are similar in spirit to business 
accounting. But, in practice, many national accountants do not have the habit of thinking in terms of 
a complete sets of T accounts, probably because T accounts are not adapted to time series and also
because few national accountants have both  the experience of non financial accounts and financial
accounts.

But my experience of the treatment of difficult transactions in the national accounts is that T 
accounts are the right tool to understand how these transactions should be recorded3. This is why, in 
the manual “Understanding National Accounts”, I have strongly insisted on the ir importance (and
the associated codes4), in particular in the chapter on government accounts. For this sector, we are 
doing now more accounting than statistics and we have to deal with complex transactions
(securitisation, PPPs, exchange of pension liabilities, capital injections, standard guarantees, etc…).
It is my view that the only pedagogical way to obtain a correct and complete accounting solution is 
to illustrate the case with an example using T accounts that cover both non financial transactions 
and the corresponding financial transactions.  Any other way of presenting such complex 
transactions tend to be imprecise and do not allow experts to converge on a good solution. I had 
one recent confirmation of this during the recent discussion on the recording of imputed flows for 
pay-as-you-go defined benefits pension schemes.

I think that if this manual will only have contributed to convince some national accountants to use
more T-accounts and the SNA/ESA codes, I would be satisfied to have worked on it all these hours.
While I did not shy in the manual to discuss also the problems and limitations of national accounts, 
I did not go as far as what I am going now to develop in the following sections.   However, I seized 
the opportunity of this paper to share with you some of my heretical thinking.

An over-identified “System”
Many will say that one of the main positive features of the SNA is that it is a “System” (thus the 
“S” in SNA). In principle, in national accounts, supply is equal to uses, GDP is the sum of 
expenditure components, compensation paid by employers are equal to compensation received by 
employees, etc… What economists liked5  in national accounts was that statistical discrepancies
were rare: this is perfect for econometric modeling.

My view is somewhat heretical in that I think that this “System” is too rigid. I think, for example,
that the SNA “model”, where the three approaches of GDP are equal by definition, is very attractive
but does not function in all cases.  What is annoying is that national accountants, rather than 
recognize that it does not function in all cases, have transformed this attractive simplified model 

3 This idea of the importance of T accounts  originates from my French colleague Jacques Magniez, from 
whom I benefited of much of my (limited) knowledge in national accounts.
4 European national accountants are now fully familiar with SNA/ESA codes (S13, D21, etc…) and do not 
have any more to be convinced on the usefulness of the reference to these codes in international debates and 
data transmissions.  They allow better focused discussions, with more precision, and of course are 
indispensable for a sound world wide system of exchange of data.  My view is that codes should be 
compulsory even in national processing systems!  The non EU OECD countries are yet neither familiar nor 
convinced, because they do not use these codes in their own processing systems.  This is a shame, and even 
worse for persons that have responsibility in SNA drafting and are at the same time unconvinced of the 
importance of codes.
5 I say “liked” and not “like” because chain linking has strongly blurred this advantage of national accounts. 
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into a taboo with the consequences of generating religious like discussions that result in non 
optimal recordings, while some flexibility in concepts would easily resolve these issues.

Using mathematical language, the “System” is in my view over-identified.  Over-identification
happens when you have too many equations compared to the number of variables, and thus no 
solution fits to all equations.  I think there are indeed two major over identifications in the SNA.
The first one is that we systematically want to integrate  institutional accounts with the goods and
services accounts, while the two are based on different concepts: goods and services are based on 
the concept of production, institutional sector accounts are based on the concept of ownership .  And 
these concepts may sometimes be in conflict and to impose the view of one side to the other will 
automatically reduce the relevance of the latter.  The second origin of over-identification is that we 
systematically want that the view of one agent on its own balance sheet is the same as the view of 
its counterpart (quadruple accounting).  Well, in the reality, the views of one agent on the other 
agent may be different from the reverse.  The last section of this paper reviews some examples.

Consolidation of government
Today, even governments may install one of their units outside of the economic territory.  For 
example, it could be perfectly possible for a unit of an EU continental government to open a bureau 
in the City of London, because of the importance and innovative character of this financial hub.
Who owns this unit? Obviously, the continental EU government. It is therefore logical that the 
accounts of this unit are consolidated with the accounts of this government, exactly as any other 
unit of this government.  In other words, it is not because this un it is located outside the economic 
territory that, in terms of institutional sector, it should be treated differently than any other unit of 
this government.  On the other hand, where does the production of financial services by this unit 
takes place? Obviously, in London (the work force is in London).  It is therefore logical that the 
value-added of this unit is included in the UK GDP.  This simple basic example created a very hot 
debate among national accountants experts in government accounts and balance of payments 
experts, because there saw an intrinsic contradiction.    In my view, the response should not be that 
one presentation prevails on the other: both are correct. A compromise should be found through a 
bridge table between the goods and services accounts and the institutional sector accounts, in which 
the differences in the classification of units between the two sets of data would be shown.

Holding gains
The issue of holding gains was raised in the recent SNA review, because, during the remarkable
period of 1995-2000, a puzzling (including for Alan Greenspan) phenomenon appeared: household 
disposable income was impacted negatively because of the increase in tax on holding gains while 
SNA household disposable income was not impacted by the increase in holding gains, because, 
holding gains are, by definition, excluded from the SNA definition of income.  So the tax was 
deducted from income, while the tax base (the realized holding gains) was not included in income!
Why is this strange thing possible?  Simply because the System wants to verify the “fundamental” 
equation that GDP output is equal to GDP income.  But users are not stupid and would perfectly 
understand that there is a bridge table between GDP output and GDP income which would include 
the impact on income of the part of the income which is not due to production but to revaluation.
Once more flexibility would be welcome. 

Mobile phone licenses
Non national accountants cannot imagine the number of papers, Emails, discussions, meetings 
which were and continue to be linked to this issue which epitomizes many of the problems posed by 
this over-identification. The solution finally reached is unsatisfactory6: it results in overestimating 

6 For more detail, the longer version of the paper should be consulted.
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the operating surplus of the holder of the licence; it hurts the point of view of government finance 
experts who see this large sum of revenue as a tax, while the solution shows it as a negative 
expenditure (sale of an asset). In my view, there simply cannot be a single solution because the 
points of view of the  economic agents are not the same.  We need therefore flexibility, for example, 
treating the receipt of government as a tax, and, at the same time, the licence as an amortizable asset 
of the company.

Provisions.
Provisions in business accounting have a double characteristic: (1) they are not certain: they are 
defined as a liability of uncertain  timing or amount, (2) they can be asymmetric: some provisions 
have a clear identifiable counterpart (the debtor in the case of bad loans) but many have no 
identif iable counterpart.  For example, a nuclear energy company will record a provision for the 
future dismantlement of its nuclear producing units, but it is impossible to know who precisely has 
the corresponding asset, as the company chosen to operate this dismantlement will be only selected 
in many years.  It would be unfair to say that no progress on provisions has been made by the SNA 
in the recent years.  The new “SNA 2009” will use the term provisions for insurance technical 
“provisions”, it will recognise provisions for standardized guarantees, and has introduced as a 
memorandum item the value of impaired assets (which corresponds to a provision, but on the asset 
side).  However, it has not been possible to obtain the full recognition of this category of debt in the 
SNA, while it is part of the basic  definitions in business accounting standards (see IAS 37).

My interpretation of this inability to accept this idea is the continued rejection of anything which is 
not symmetrical in the accounts.  National accountants thus prefer to ignore a problem than to 
include an additional non symmetrical element in their accounts, even if the information on this is 
immediately available as part of official business or public sector accounts.  This ostrich policy will
blow, in some time, in the face of national accountants, especially for general government accounts.
Indeed, as general governments are increasingly going to apply business accounting standards, they 
are going to be obliged to start recording provisions for various things.  The problem will then be 
forwarded to national accountants, and they will not know what to do with these provisions.

Conclusion
I know that some of the ideas developed in this paper will be severely criticized and I will be 
accused of “spitting in the soup” as we say in French. However, I think I have, through 
“Understanding National Accounts” (among other activities), showed my dedication to national 
accounts. Please understand that I do not want to throw the baby with the water of its bath (as we 
say in French). I do not reject the overall model, I simply ask for some flexibility.

My principle objective is to avoid, in the future, discussions that are bound to be unsatisfactory
because of this over-identification of the model.  The worse for me is to hear somebody say that we 
cannot record one given transaction in a rationale way for this agent because of the counterpart 
entry in this other agent’s account, in other words because we simply want the tables to be 
symmetric.  How can symmetry be a rationale for an aggregate concerning one agent? I have the 
feeling that practical solutions, involving bridge tables, are not so far from reach.  But they can only 
function if, at the start, national accountants are less dazzled by the “S” of SNA, or at least, like me, 
interpret this “S” more as “Statistics” than “System”.
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 “Behind complexity, there is always simplicity to be revealed. Inside simplicity, there is always 
complexity to be discovered.” Chinese proverb 
 

Introduction 
 
The 1993 System of National Accounts (1993 SNA) consists of a coherent, consistent and integrated 

set of macroeconomic accounts, balance sheets and tables based on a set of internationally agreed concepts, 
definitions, classifications and accounting rules. The accounts themselves present in a condensed way a great 
mass of detailed information, organized according to economic principles and perceptions, about the working 
of an economy. Although flexible, the system of national accounts is very complex and complicated, 
demanding a high level of knowledge and practical skills on statistics and economic matters. In this 
perspective, building up and developing the 1993 SNA statisticians’ capacities in order to achieve training 
effectiveness, raises many challenges involving a process of continuous learning as well. 

 
The main objective of this paper is to briefly systematize some topics about the best training practices 

for strengthening national accounts capacities. Despite universally suitable for any country or region, this 
point of view also stresses the experience and lessons learned on working and training 1993 SNA recently in 
context of developing countries. The proposed reflection includes: 1) the main factors affecting the national 
accounts (NA) developing capacities (here designated ex-ante assessment factors); 2) some relevant training 
modules for building-up, improving and developing an accounting system; and 3) the selection of the most 
adequate type of training.  
 
1. Main factors affecting the NA developing capacities (ex-ante assessment): 
 

Well targeted programs for adequate SNA training, based on tangible training needs for each country 
or region is one of the core factors for achieving success on national accounts sustained capability.  
 

The effectiveness of the national accounts statistical training supplied depends on other ex-ante factors 
that may still be more challenging and problematic in context of developing countries. These factors could 
also represent a symptom why several developing countries have difficulties in fully succeed in 
implementing the 1993 SNA minimum requirements, delineated by the ISWGNA1. In a few words, we may 
consider three major critical features to place in the picture when designing the 1993 SNA training strategies 
that might affect the success and effectiveness of the training: i) the context of the institutional and statistical 
environment; ii) the data sources availability, accuracy and reliability; and iii) the national accounts staff 
development capacities. 

                                            
1 Intersecretariat Working Group on National Accounts (ISWGNA) 
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i) Institutional and statistical environment 

• Country / region statistical culture and statistical literacy in general; and the authorities’ awareness of 
the importance of statistics, as well as, in particular, their commitment to endow the National 
Statistical System (NSS) with the adequate resources.   

• The NSS implementation and dynamics on statistics production, including institutional instruments 
to facilitate the data access and data share between the SNA compiler agency and other data 
producer agencies. 

• Human resources competences in the NSS agencies, in particular the compiler statistical office, on: 
economic statistics; SNA concepts, methods and techniques; computers and software tools. 

* Comments: specially in developing countries, access to data is difficult; and human resources within the 
NSS are often limited.  

 
ii) Data sources availability, accuracy, reliability and timeliness 

• Available economic and social statistics surveys; and complementary administrative data (taxes, 
external trade, etc.). 

* Comments: in countries with few and/or poor data derived directly from surveys, the SNA compilation 
techniques are more complex and exigent; administrative data, often with registering, scope and 
methodological problems are some times the only alternative national accounts data source.    

 
iii) National accounts staff development capacities 

• Staff motivation and incentives to develop good compilation practices and for improving and 
strengthening the SNA compilation capacities and skills; 

• Compilers SNA quality awareness. 
* Comments: in particular in developing countries, there are serious human resources constraints, including 
lack of staff with basic training in statistical concepts, methods and techniques; deficiencies on computers 
and software training; as well as high staff turnover are problems to face. The technical absorptive capacities 
of the national accounts staff in particular are some times relatively low, representing an obstacle for the 
effectiveness of the training provided. 
 

The international organizations with missions on statistics area – like the United Nations (UN), and 
UN regional agencies, the IMF, the OECD, the Eurostat, Paris 21 and many others -, have embodied an 
important role in developing initiatives to help countries to implement high quality standards in context of 
their national statistics system, providing recommendations on good practices for the production and 
dissemination of statistics.  
 
 
2. Building up, improving and developing an integrated accounting system (endogenous factors) 

 
The 1993 SNA promotes the integration of economic and related statistics in a system that is based on 

consistent economic and statistical concepts and methods. In order to develop good statistical practices on 
building up, improving and developing an integrated accounting system, the compiler should have the 
perception of the relationships between the various economic variables within the whole system. Further 
guidance on how to understand, interpret and cross-validate different data sources, as well as exercise on 
analysis of economic statistics and analysis of economic phenomena are also relevant practical skills for 
strengthening national accounts staff capacities. 
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The macroeconomics aggregates are not derived in a straightforward way from microeconomics 
neither by simply summing up or applying a specific formula. The national accounts compilation is rather a 
continuous and sequentially process of compilation and analysis. In addition to the theoretical and practical 
training on the overall 1993 SNA framework, concepts and methods, other complementary topics will 
increase compilers quality awareness, also being significantly useful to a sustainable improvement of the 
SNA capacities, such as:      

 
a) 1993 SNA Special Topics 

• For example: constant prices estimation; informal sector; sector accounts; IO tables; satellite 
accounts; SUT, IEA and Cross-classification by industry and sectors 

• Simplifications of the SUT and IEA by aggregating sectors and transaction items and also by 
eliminating some of the accounts 

 
b) Data sources analyses and evaluation 

• To develop skills to understand surveys and their methodologies (statistical methods and 
techniques, coverage/scope, classifications used, data validation, sampling errors, etc.) 

• To develop the ability to critically: “find” / search source data; to investigate alternative source 
data and alternative treatments; evaluate source data in terms of quality (methods, coverage, 
accuracy) and consistence; and to decide what kinds of NA data can be derived from on them.  

 
c) Economic analysis, that will also help the compiler in taking decisions during the compilation process 

and will develop his quality awareness of the ultimate estimations as well:  
• How to interpret indicators derived from NA (basic economic and social indicators);  
• The problematic of critically interpret ratios, price and volume indices, and growth rates; 
• The impact of compilation methods on analysis; the impact of direct indicators and indicators 

ratios used during particular phases of the compilation process and to the ultimate data estimated; 
• The interaction between micro, macro accounting and analysis; the integration between 1993 SNA 

and policy analysis; 
• How to extend the indicators analysis to the Social Accounting Matrix and other satellites 

accounts: economic, social and environment indicators  
 
 
3. Selection of training resources and tools – What type of training will be more appropriate? 
 

“Tell me and I'll forget; show me and I may remember; involve me and I'll understand.” 
 

Develop training programs in order to promote understanding and competence in 1993 SNA, as a 
process of continuous learning, raises many challenges. Attention to the learning process is a core key to the 
SNA capacity enhancement. 

 
On a quickly changing world as we share it nowadays, the following-up and monitoring the training 

process, to measure practical results and revaluate training programs, will contribute to a more effective 
approach for improving and strengthening national accounts capacities, paying attention to each 
country/region circumstances, and to each country/region statistical system resources and development. 

 
The SNA and ESA Manual are often difficult to read and absorb, in particular on jumping up from 

theory (the standard, the general rule) into the detailed compilation practice. It is expected that the compiler 
do have the competence to decide which 1993 SNA technique will be most appropriate for that particular 
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compilation element, with the data sources available and its limitations; frequently, this is a complex 
technical task. The type of SNA training and the practical tools and materials provided to the compiler will 
be often decisive for his abilities in deciding correctly.   

 
 We can envisage different and complementary kinds of training, aiming to provide effective and 

sustainable capacity development on 1993SNA: training for juniors and advanced training; short, medium or 
long courses; workshops and seminars; distance learning and e-learning; on-job- training.  

 
Based on experience, and paying attention to the trainees’ opinion, I found that 1993 SNA workshops 

with emphasis on practical exercises, either integrated in specific courses or developed autonomously, will 
result in more effective and sustainable SNA training tools.  

 
Finally, it is for sure pertinent to encourage universal practices of regular thematic workshops to be 

included in the activities plan of the SNA staff team – inviting staff of other statistics production departments, 
if possible and relevant -, in order to share knowledge, and to discuss practical compilation issues. These 
practices create synergies, improve the methodological national accounts soundness and will develop the 
SNA compilation capacities integrated in the national statistical system. 
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Techniques of Teaching National Accounts

Robin Lynch
Office for National Statistics, United Kingdom
E-mail: Robin.Lynch@ons.gov.uk

ABSTRACT

National Accounts is an accounting framework with an associated conceptual model. This enables the
economic transactions in an economy to be categorised and tabled in accounts. Accounts balancing
items are useful measures for economic and fiscal policy purposes. It is a mathematical discipline and
so great efforts must be made in the teaching of it to make the discipline real and relevant to the
student’s experience. The use of flow diagrams and pictorial aids is one way to achieve this, and a
simple example is given which illustrates how a simple picture of the reality of economic life can be
transformed into the mathematical discipline of national accounting. In a similar vein, the student can
best learn national accounts concepts and production methods through trial and error – relating the
rather abstract principles to examples from familiar economic events. Such trial and error techniques
include the Socratic method of lecturing, using question and answer rather than simple exposition.
Another technique is group discussion and debate on an issue posed, with feedback and general class
discussion. This promotes an atmosphere of exploring, of trial and error leading to real learning. A
third method is the use of worked examples, where the student has to carry out the production of
a set of national accounts and associated derived balancing items. Then the feedback of the correct
analysis again in an open group environment facilitates real learning through error and correction.
Finally, the implication for the teaching of the System of National Accounts is briefly discussed, and
a set of products to promote this teaching is described.

Keywords. National Accounts.
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Time Use in Rural Areas: A Case Study in Turkey 
Erkan Erdil; Ozan Eruygur; Zehra Kasnakoglu, Aysegul Eruygur 
Middle East Technical University, Department of Economics  
Inonu Bulvari, 06531 Ankara, Turkey  
E-mails: erdil@metu.edu.tr ; eruygur@gmail.com ; zkasnak@metu.edu; corakci@metu.edu.tr 
 

1. Introduction 

 Time use surveys are conducted i) to measure and analyse time spent within daily and between 

daily activities to gain more insight on the productive and leisure activities of household members, ii) to 

obtain information on the division of both paid and unpaid labor between women and men and other 

groupings, iii) to learn more about the productive activities such as subsistence work, casual work and work 

in the informal sector and iv) to provide data to improve significantly the estimated contributions, to GDP 

and employment, of domestic services of household industry. 

Time use survey data provide vital inputs to policy analysis. These data supply valuable information on 

the allocation of time to household production for the market as well household’s own consumption, and 

hence on the allocation of time to leisure activities. This information is generally not available in the 

databases of household income and expenditure surveys.  

The literature on the urban households though limited are not scarce, yet the number of studies on the 

rural households is very limited in number and scope. There are very limited studies focusing on the roles of 

women and children in agriculture and their contributions to production activities that take place outside the 

market (Elson, 1999; Turner, 2000). The relationship between wage labor, leisure time and time spent on 

income-generating activities in rural households is frequently represented as an implicit trade-off. However, 

such relationships significantly contribute to the shaping of agrarian economies. While the main interest of 

traditional economic analysis is to scrutinize the hours supplied to income-earning activities, the labor supply 

of individuals cannot be fully understood without taking into account the hours allocated to other non-market 

activities (Ruben and Ruiter, 2002; Kasnakoglu and Dayioglu, 2002; Apps, 2003). 

In this study, emphasis is placed on rural household work and leisure time and how they are allocated 

among various activities and between genders. The first section will discuss the methodological issues and 

describe the data collected in this study. The second section will provide results of the analysis carried out 

with compiled data. The last part will be devoted to the concluding remarks. 

2. Methodology and Data Collection  

The questionnaire employed in this study consists of two main parts.1 The first part concentrates on 

the socio-economics status of the household. This part is also divided into two subsections. The questions in 

the first subsection attempt to obtain a general picture of the household’s socio-economic situation and are 

addressed to the head of the household. The questions such as the household size, the number of income 

earners in the household, household’s assets, ownership of land and livestock, type of agricultural product 

produced are requested to be answered by the head of the household. The second subsection focuses on the 

socioeconomic status of the members of the household who are above 12 years of age. The questions in this 

                                            
1 Questionnaire is available from the authors upon request.  

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 2708 -



subsection are directed to obtain information on the sex, age, education, occupation, employment status of 

the household members. This subsection further investigates the social and cultural habits of household 

members like reading newspaper and watching TV and the status of their residence. 

The second part of the questionnaire targets the time use patterns of the household members. A time 

use table is asked to be completed by each household member containing information on the type of activity 

he or she performs, the duration of the activity, the place of the activity, for and with whom the activity is 

performed, and if relevant, the second activity performed simultaneously. Moreover, each respondent is 

asked to complete the time use table for two different days of the week: one for an ordinary weekday and the 

other on the day of the local bazaar. While the respondents were provided with a guiding list of activities; 

they were instructed to limit their answers to the list. 

The questionnaires were administered between May-October 2003. The respondents were asked to fill 

out the questionnaire during three different months of the year namely, May, August, and October to be able 

to capture the seasonal differences in time use patterns during the different cycles of the production activity. 

The survey team has visited 31 households in Karacaoren and 26 household in Hacıomerli. In total 138 

household members from these two villages have participated in the survey.  

The socio-economic characteristic of households interviewed can be summarized as follows: i) Average 

household size is 3.5 and the average number of workers is 1.4; ii)Dominant livestock activities are cattle, 

sheep, and poultry; iii) The main agricultural products are barley, wheat and chickpeas, iv)Both land and 

livestock ownerships are unequally distributed v) Males are more educated than females, vi) Main 

information channel is visual media. 

3. Findings on Time Use Patterns 

In this section, we turn our focus to the time use patterns of household and their relationship with the 

socio-economic characteristics of the households. The study classifies activities taking place during a given 

period as agricultural economic activities, non-agricultural economic activities, activities for personal 

development, and other activities. This classification of activities is used to derive the descriptive statistics 

and also for testing the differences in time use patterns by socioeconomic characteristics of household 

members. The differences in time use patterns are tested using one-way ANOVA analysis for sex, age and 

education. Furthermore, differences between the villages for a given day as well as differences between 

bazaar days and ordinary days for a given village are also tested. The aggregated tables presented below are 

constructed by employing all the observations from the two villages and treating each visit as an independent 

observation.2  

Figure 1 illustrates the average time use patterns for males, females and the total. On the average, the 

villagers spend over half of their non-sleeping time on non-economic activities including personal 

development. The time spent on agricultural and non-agricultural economic activities is about the same and 

constitute little less than half of their time spent. The males on the average spend more time on all activities 

than females except for personal development which is contrary to our expectations regarding the schooling 

by gender.  

                                            
2 The detailed ANOVA tests and descriptive statistics for each activity, for each month, in different villages, for 

different days are available from the authors upon request.   
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Figure 1: Summary of Time Use Patterns by Gender and Activity 

 

Furthermore, the following generalizations can be drawn from detailed results which are also based on 

the averages of the persons reporting a specific activity: 

• Differences are not significant for average times spend on different activities between the days if gender 

groups are treated individually. The only exception is non-agricultural economic activities for females. In 

the case of females, there are statistically significant differences for mean time spent on non-agricultural 

economic activities between the two days in which the activity is realized.  

• For all age intervals, average time spend on activities is higher for males, apart from “less than 25” and 

“more than 50” age groups for non-agricultural economic activities. For males, there are statistically 

significant differences in average time spent on all activities by age groups. On the other hand, the 

situation is slightly different for females. We do not observe any statistically significant differences 

between age groups in the case of agricultural economic activities. In other words females devote their 

time more or less equally on the agricultural economic activities independent of age. 

• For education groups, in all categories except less than primary case for non agricultural economic 

activities, the averages of time spent by males are higher than those of females. In the case of male 

education groups, we only find statistically significant differences for non-economic activities. For 

females, the analysis produces statistically significant results for non-agricultural economic and other 

non-economic activities. 

• In Karacaoren, there are statistically significant differences in the average time spend between males and 

females for agricultural economic activities on the bazaar day in October and August. Males tend to 

devote more time on those activities in October and August. Only females are engaged in agricultural 

economic activities on the bazaar day in May. 

• In Hacıomerli, more or less the same trend is observed, but the periods of the year change. We only 

observe statistically significant differences for agricultural economic activities on the bazaar day in 

October and May. 

• In Hacıomerli statistically significant differences in time use for agricultural economic activities exist in 

October and August like in Karacaoren. 

• Both during the bazaar day and the ordinary day, no statistically significant differences exist among the 

males or females of the two different villages, except for non-economic activities on bazaar day in 

August. 
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4. Concluding Remarks and Directions for Further Research 

The study suggests the following conclusions: 

• Time use patterns change during different days of the week and months of the year. The differences in 

time use patterns between the bazaar day and an ordinary day have been clearly demonstrated by the 

findings of this study. 

• Time use patterns change by socio-economic characteristics of the household namely, age, gender, and 

education of the individuals.  

• Time use patterns show variations between regions both in terms of economic activities and in terms of 

socio-economic characteristics.  

• Time use patterns differ by the type of activity. Furthermore, time use for different activities differs by 

household and individual characteristics.  

• Significant differences exist in time use patterns, rather than magnitudes for different genders.  

• Women contrary to expectations do not spend more time in agricultural economic activities as compared 

to men, although differentiation of men’s and women’s roles is observed in agriculture.  

To the best of our knowledge, this is the first attempt to study rural time use behavior in Turkey. The 

methodology proposed in this study can be applied in the future to different regions of Turkey to gather a 

larger set of time use data to draw a clearer picture of regional differences in time use patterns together with 

different socio-economic characteristics of each region. Such a study might provide valuable insights in the 

formulating regional as well as national policies. 
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RESUME 

This study aims to analyze rural household work and leisure time and how it is allocated among various 

activities and by socio-economic characteristics of individuals. The analysis is based on a survey carried out 

in two central Anatolian villages in Turkey. The results show that, time use patterns change during different 

days of the week and months of the year and there is a high correlation between time use patterns and socio-

economic characteristics of the households. In general there are statistically significant differences in the 

average time devoted to activities by education and age groups. Finally, significant differences are observed 

in the patterns of time use rather than magnitudes by gender. As expected, differentiation in men’s and 

women’s roles is observed in agricultural activities.  
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The field of time use research has long recognised that people living in rural areas may order their 
daily activities into patterns that differ from the behaviour of people living in urban environments. In part 
such changes may reflect differential access to resources accompanied by differing travel times and transport 
options to access services or other people, but such behaviour change also may reflect differing patterns of 
social interaction at least partly associated with different community structures predominant in urban or rural 
settings. Time use surveys offer potential value to policy research in part as they are one of the more efficient 
instruments for measuring unpaid work, but largely as they generate a database facilitating analysis of  
activities both in the contexts (duration, time of day, location, mode of transport, who else present, 
technology used, and the like) in which these activities take place as well as in the sequences of activities 
which precede and follow any activity of interest (Gershuny 2000, Michelson 2005). 

While major comparative time use surveys, from the 1965-66 Multinational Comparative Time-Budget 
Research Project  (Szalai 1972) through the more recent Harmonised European Time Use Surveys project 
(HETUS) have collected information about the rural or urban environments in which participant diarists live, 
little research has compared rural and urban time use (indeed the topic is absent from the major reports using 
the Szalai and HETUS datasets). While a number of historical time use studies in developed countries have 
examined the daily schedules of farming families and other rural populations (see for instance Minge-
Klevana 1980), and while investigation of time use patterns in rural areas has been an important source of 
estimating standard national accounts as well as the production activities of people (particularly women) 
making a living outside the formal paid economy in some developing countries (as examples see FAO 2001, 
UNSD 1998), limited research considers differences between rural and urban areas in developed countries. 

This paper derives from an exploratory research project in the United Kingdom using the National 
Survey of Time Use conducted by the Office of National Statistics as a part of HETUS from June 2000 to 
August 2001. This survey drew a random national sample of households, and collected a household 
questionnaire as well as individual questionnaires and two time-use diaries from all household members aged 
8 or older. One diary covered a week day, and the other a weekend day. Diarists completed their main 
activity, any simultaneous activity, and location/mode of transport in their own words on time grids which 
began at 04:00 and ended at 04:00 on the following morning and were divided into 10-minute time slots. The 
diaries additionally collected who else was present information with tick box options for each 10-minute 
interval. We make use of both the original data released through the UK Data Archive as well as the 
Multinational Time Use Study harmonised version of the same data (Gauthier et. al. 2006). We selected 
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cases of people living in England and Wales who produced quality diaries (fewer than 91 minutes missing, at 
least 7 episodes in the diary, and instances of at least three of four basic activities – eating/drinking, 
sleep/rest, travel/exercise, personal care) only. 

We have worked in conjunction with the Rural Evidence Research Centre at Birkbeck College, 
University of London. The RERC have developed an eight-category scheme of location type for England and 
Wales at the post-code level (Bibby and Shepherd 2004). This scheme distinguishes two sets of four location 
categories based on population density and settlement type (accounting for such factors as land use, 
economic activities, and mix of residential and non-residential addresses): more dense distinguished from 
more sparse urban communities, towns and urban fringe communities, villages, and isolated 
dwellings/hamlets. The RERC maintains a post-code level matrix which allowed matching of their categories 
to the households in the time use data. As this new definition has yet to receive formal clearance from the 
Office for National Statistics certifying the protection of identities of participants, this element of the data is 
not yet available for use outside our project. 

Our research addresses two key questions: Are there differences in time use patterns between rural and 
urban areas? Does the new definition of urban and rural settlement types reveal information that may 
improve the design of rural policy? 

Until the RERC settlement type definition became available, the only variable included in the data is 
based on population density. The MTUS defined rural households (a dichotomous variable) as those in areas 
with fewer than 60 people per hectare. We compared total minutes rural and urban diarists spent in ten 
categories of activity (personal care, market work and education, voluntary and civic activities, unpaid 
domestic work and child care, paid work-related travel, other travel, out-of-home leisure, in-home leisure, 
visiting people, and unrecorded time) separately in OLS regression models controlling for age, age squared, 
sex, in/not in a couple, education, income, number of children in the household, and household size. We 
compared the UK results with results from HETUS surveys conducted in two other countries, France 
(February 1998 to February 1999) and Sweden (October 2000 to September 2001). Like the ONS, INSEE 
used a definition of rurality based on population density per hectare, while Statistics Sweden uses a 
definition of rurality more similar to the new definition developed by the RERC. We found significant 
differences between rural and urban time use in these three countries in most categories of time use, but only 
three findings in common across the countries. In all three countries, there was no significant difference in 
time spent visiting people between rural and urban areas. Additionally, in all three countries, people in rural 
areas spent more time in unpaid domestic work and child care than people in urban areas (β for UK 14.0; 
France 21.6; Sweden 27.8, in all cases p<0.000). In France and Sweden people in rural areas spent less time 
in in-home leisure (the result is  in the same direction but not significant for the UK). Our preliminary 
analysis suggests that time use patterns in rural as opposed to urban areas in these developed countries does 
differ sufficiently to be of policy interest, but at the level of aggregated time use, the potential implications of 
the definition of rurality is not evident. As the MTUS presents only aggregated total time in a 24-hour diary 
in main activity information at this time and as a harmonised full-diary data set is not yet available, our more 
detailed investigations use the original UK HETUS data only. 

We then turn to use of the RERC settlement type definition in the British data. Here we note that 
sample sizes for sparse urban and sparse hamlet settlements in England and Wales, as well as the more 
populated hamlets in Wales are small. Research into many activities in such areas would either require a 
larger sample size (in this case over 11,500 people participated in the survey) or a over-sampling of these 
settlement types.  

As this research prepares a preliminary assessment, we engaged in ANOVA analysis comparing mean 
times in constructed categories of social time, though we also consider median times and participation rates 
where ANOVA results are significant. We chose social time for investigation as social capital resources have 
been linked with employment prospects, quality of life (loneliness, depression, happiness, ability to cope 
with problems, and so forth) and knowledge of information to access resources (Putnam et. al 2005). We 
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look at prevalence of six categories of social time for the whole population as well as for social groups of 
particular social policy interest: people with disabilities, retired people, single parents, households with 
children aged under 5, and low-income households.  

We used a hierarchical definition to define categories of social time and non-social time. First, we 
identified primary social time where either the main or secondary activity falls into a socially engaged code. 
We opted not to make a distinction between main and secondary activities in these cases, as we decided there 
is minimal qualitative difference for our purposes between reading to a child on a train or socialising in the 
bar of a cross-channel ferry as a secondary activity while the main activity is travel and reading to children or 
socialising in a bar as main activities. If the activity is not primarily social, we then identified social 
voluntary activities (committee meetings, fundraising in town centres etc), care activities involving the care 
recipient, communication with others who are not present (e-mail, phone conversation, text, etc. – though 
readers should note that very short calls and e-mails tend not to be recorded in 10-minute activity time-slot 
diaries – so time in this activity mostly represents cases where the diarists spent 7 or more minutes on the 
phone or computer, and also this category excludes time on the phone during primary social activities), 
lower-intensity social contact (activities which involve contact with other people but at a less engaged level – 
such as purchasing items in a shop or using public transport at rush hour), and social activity with an animal 
(defined as either care of a pet or dog walking) when other people are not present. 

We found no significant differences in the total minutes per day of primary social and lower-intensity 
social contact between rural and urban areas using the population density definition. Nevertheless, using the 
RERC settlement type definition, we found differences suggesting the inadequacy of the population density 
measure of rurality. People in sparsely populated urban areas spent a median 3 hours in primary social 
activity, compared with  a median of 2.5 hours in sparsely populated hamlets and 2 hours 20 minutes in more 
populated hamlets. In sparse urban areas, people spent a median of 40 minutes in low-intensity social contact 
per day, compared with a median of 10 minutes in most other settlement types. Not surprisingly, people 
living in sparse hamlets spent the longest time alone with animals (an average of 15 minutes per day), 
followed closely by people living in sparse villages (11 minutes per day on average). People in more dense 
areas spend less time with animals, but the least time, only 2 minutes per day, is spent with animals in sparse 
urban areas. 

In some cases, we did find differences in time use that had an association with population density – 
people in less-populated areas tended to spend more time in communication with others not physically 
present than people in more populated areas, though the association is not strictly linear. Nevertheless, a 
pattern does emerge by settlement type. People in all more populated settlement types spent an average of 4 
minutes in communication with others not present each day. The average is 5 minutes in similar 
communications for people living in sparse villages and hamlets, 6 minutes in sparse urban areas, and 9 
minutes in sparse towns.  

We also found that differences in time use for people in groups of policy interest not only tended to be 
loosely associated with population density, but also that the settlement type where conditions might be 
considered more and less favourable differed across these groups. As some examples, people with 
disabilities enjoyed the most primary social time (mean 22 minutes) in hamlets (whether sparse or dense), 
and the least primary social time (mean 15 minutes) in towns (sparse and dense). Over a third of people with 
disabilities in hamlets (sparse and dense)  and sparse villages spent some time with animals, compared with 
only 13% in sparse towns and urban settings. Nearly all adults in households with children aged <5 living in 
sparsely populated settlement types (98%) engaged in some primary social time on any given day, compared 
with closer to 90% of similar adults in more dense urban, town and village environments, and 81% of similar 
adults in more dense hamlets. Adults in households with children aged <5 are nearly three times as likely to 
engage in social voluntary activities in more dense than sparsely populated areas, but their participation is 
highest in the dense urban areas. While people living in sparsely populated areas generally spent more time 
in communication with others not present, only 1% of adults living with young children recorded time in 
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such activities if they lived in sparse areas, compared with 4% in most dense settlement types and 10% in 
more dense villages. 

While this work represents only the first stage of a longer research endeavour, we conclude that 
examination of time use in rural and urban settlement types in industrialised countries does have potential 
interest to policy makers. Though having more categories of settlement type offers the possibility of more 
refined observations, the settlement type as opposed to population density variable proves more revealing in 
terms of understanding behaviour. 
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ABSTRACT 

Though most time use surveys collect information to distinguish rural from urban households, apart of a limited 
number of small-scale surveys focussed on specialised rural populations, scant research has examined differences 
in the daily activitiy patterns of people living in rural and urban areas of developed countries. This paper arises 
from a wider research project in the UK seeking to refine the understanding of the concept of rurality in terms of 
settlement types rather than simply the concentration of people in a given area. This wider project has demonstated 
that the more crude consideration of the number of people per hectare is less revealing than considering the 
organisation of communities as well as the number of people living in an area in modelling time use. This paper 
undertakes an initial exploration of activity patterns in the UK using the 2000-2001 national time use study which 
contributed to the wider HETUS project to explore the potential policy uses of time use data in the design of public 
policy for rural areas with a specific focus on patterns of social activity in urban and rural areas. The paper then 
makes use of the main, secondary, location and who else is present information to construct measures of social 
interaction, and compares differences in social time in rural and urban communities in England and Wales. We 
also compare summary results from the UK with summary time use in France and Sweden. We find that not only do 
general patterns of social interaction differ across the settlement types, but knowledge of settlement type may prove 
useful in shaping services for populations of particular policy concern, including single mothers, households with 
only elderly members, households including children aged under 5, people with disabilities, and people on low 
incomes. 
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Introduction 
 

The family as an entity, which consumes trains and supplies labor and produces non-market goods, has 
long been considered by economists to be homogeneous. However, decisions are taken by each of the family 
members and these decisions influence the behavior of the other members and the aggregate family behavior. 
Decisions taken within the households are related to income, wealth and time distribution intra and inter 
households, fertility choices, human capital investment, labor market participation and retirement. Gronau & 
Hamermesh (2003) survey the household time allocation theories. For a good summary of household theory 
until 80’s see Gronau (1986), who also has a seminar article on intra-family time allocation (Gronau, 1973). 
Time allocation related with household production was presented and discussed by Pollak & Wachter (1975, 
1977). 

Non-unitarian household models, have contributed to a better understanding of household decisions1 and 
private transfers, in money, time or kind are important because they contribute to both the objective and 
subjective well-being of the individual, either as receiver or as donor, and affect the final outcome of public 
policies of distribution, fertility decisions, inequality or equality across generations, saving and wealth 
accumulation (Shoeni, 1997).  

The consideration of both time and money households and intra-household transfers, as far as we know, 
is relatively scarce in the economics literature. Altonji et al. (1996) and Schoeni (1997) pioneered the 
empirical analysis in this field using PSDI- supplement 1988 survey data. They studied ‘inter vivos’ transfers 
and tested altruism and exchange models. A recent literature survey (Laferrère and F.C. Wolff, 2006) in this 
domain considers the lack of information in general and in time transfers in particular one of the reasons for 
inconclusive empirical results about transfer models. The same problem was identified by Cox (1997).  

This paper, focusing on time use data drawn from time use databases (ATUS and MTUS), helps address 
that information shortfall. Models Probit and Logit predicting the private transfers are empirically tested and 
illustrative results presented. 

 
1. Intergenerational Private Transfers in Money and Time: Altruistic and Exchange Models 
 

From the economics literature on intergenerational transfers, 2  seven motivations for transfer are 
identified: i) altruism, in which the utilities of donors and receivers are connected; ii) exchange, which 
considers separate utilities for donors and receivers; iii) insurance, which is related with income fluctuations; 
iv) access to credit; v) comparative advantage of the family members; vi) ‘warm glow’, which considers the 
donor’s behavior, independent of the receiver’s needs; (Cox, 1987) vii) demonstration effect for the next 
generation.(Wolff, 2001)  

These motivations have inspired alternative private transfer’s models, which differ in several respects: 
the reasons for the transfers; the agents between whom the transfers take place (e.g. parents and adult 
children); the transfer flux direction (e.g. from adult children to parents, or vice versa); the nature of the 
transfers (e.g. financial, in kind, care time or other); the dynamics and elasticity of the transfers according to 
the changes occurring in donors’ or receivers’ characteristics (e.g. positive or negative). Besides the altruistic 
model with many variants and the exchange model, there are also other mix models that combine elements of 
both.  

                                            
1 For example Kooreman & Kapleyn (1987). 
2 The intergenerational transfers can also be considered in relation with public programs, in a macroeconomic perspective. For example Wolfson 
(2006) analyses the intergenerational fairness of public programs in Canada. The focus of the present paper is exclusively household/family and 
microeconomic related. 
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The altruistic model assumes that transfer is done (for example from parent to children) independently of 
present or future reciprocity. The donor increases the well being of the recipient but is not expecting any 
present or future compensation for it.  

The exchange model considers that present transfers, for example from parent to children (Tt) are done 
for the latter ‘acquisition’ at t+n of old age support. So, in this case, the transfer includes a qui pro quo. 
Following the presentation of Cox (1987) and Cox et al. (2004) the two competitive models could be 
represented by (1). The utility of the donor (Ud) depends of the donor consumption (Cd), and the recipient 
well-being (V). Both utilities are also dependent of s. 

 (1)  Ud = U ( Cd, s, V( Cr, s) )  
The s, labeled as ‘services’, could represent future financial transfers from the present receiver (r) to the 

present donor (d). But, what is more interesting because related directly with time allocation, the s could also 
represent the help with home production and other aspects and services not provided by the market such as 
affection and companionship. Note that Cox (1987) considered that childcare had no effective equivalents on 
market services. The budget constrains of the donor and the receiver are (2a) and (2b), where Ii are the pre-
transfer income and T are the financial transfers. Note that the author does not include in the expression the 
time budget constrain. 

(2a)  Cd = Id-T (2b)  Cr = Ir + T 
For summarizing and analyze the intergenerational transfer’s categories, Fontainha (2006) proposed an 

input-output matrix representing the flux between three generation (G1 Grandparents; G2 parents and G3 
Children) and a fourth category “Others” if the ‘from who’ and ‘to whom’ transfers are unknown.  

 
2. Models of Private Transfers in Time. Some Empirical Results 
 

As outlined by Cox (1987) and followed by posterior analysis, the transfer decision for analytical 
proposes must be separated in two stages: the decision of make a transfer or not and, if to be made, the 
decision about transfer amount.  

This separate and sequential approach is adopted in the present paper estimating first the Probit models 
for the decision of participate or not in time transfer activities (childcare time was the activity considered) 
and after a the Tobit models for the amount of transfers (amount of time spent on child care).  

The global empirical research, which partial results are presented includes the following countries and 
years from MTUS-Multinational Time Use Study (MTUS, 2005)3: US (2003; N=11,914), South Africa 
(2000), Slovenia (2000;N= 9,970), Canada (1998; N=7.260), France (1998; N=14,961), UK (1995; N=1,906), 
Netherlands (1995; N=3,227), Germany (1992;25,775 ), Austria (1992;25,162), Norway (1990;N=6,129) and 
Italy (1989; N=37,764).  

From the estimation results of Probit models, the predictors that are associated positively with the 
intergenerational transfer for Canada, France, Italy, Slovenia and US, and correctly predicting more than 
82% are: being female, educational level, children under 18 years old living at home. For the US, being 
owner of the habitation has also a positive association.  

The predictors associated negatively in all countries estimates are: participating in the labor market. The 
results for other variables differ among countries considered or, for the same country, depending on the 
model considered. Income level retired exhibits more often a negative association. Household size and being 
retired shows mixed effects. It must be pointed out that the comparison across the countries must be done 
very carefully, because the concepts, categories and codes classification differ on the surveys. 

In the case of the Probit models the relevant information are the marginal effects. Table 1 shows the 
marginal effects of each of the predictors in the case of Model 1 for Canada. The value .126922 for 
female_YN  means that being a female increase the probability of give child care by about 12,7% per day.  
Being retired (retired_YN) decrease that probability by about 12%. The Tobit censored estimates are not very 
strong. The pseudo R squared is respectively 0,0341 and 0,0568 for US and France.  

The coefficient values for the variable female (female Y_N) for US and France are similar: 87.74113 
(4.598347) and 86.3896(3.405487) respectively. It must be pointed out that they are obtained from databases 
with different structures and dates (USA from ATUS 2003 and France TUS-MTUS 1998). The values around 
87 (Table 2 for US) are interpreted as follows: the partial effect evaluated at the sample mean values of the 
other values of independent variables represents that being female is estimated to increase expected time care 
by about 39, 2 minutes per day. 

                                            
3 “This document presents results drawn from the Multinational Time Use Study (MTUS), but the interpretation of this data and ot
her views expressed in this text are those of the author. This text does not necessarily represent the views of the MTUS team or an
y agency which has contributed data to the MTUS archive. The author bears full responsibility for all errors and omissions in the i
nterpretation of the MTUS data. “ 
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Table 1 - Marginal effects after Probit; Canada 1998 (Model 1) 
(Dependent Variable: Transfer in time children care/ time child; Yes=1, No=0) 

Variable       dy/dx   Std. Err.    z P>z [    95% C.I.   ] X 
Female_YN*    .126922  .00933    13.61 0.000 
hhlsize_m     .1326544  .00423    31.37 0.000 
Married_YN*   -.0952288  .01015    -9.38 0.000 
Retired_YN*    -.1200518  .01173   -10.24 0.000 
Income_m      -.0645518  .00687    -9.40 0.000 
Educ_cat       .0578183  .00622     9.30 0.000 
PAID_YN*    -.021477  .00973    -2.21 0.027 

 .108639  .145205 .526446 
 .124366  .140943 2.58375 
-.115121 -.075337 .405234 
-.143039 -.097065 .141185 
-.078015 -.051088 1.95179 
 .045637      .07 2.35496 
-.040553 -.002401 .50303 

(*) “dy/dx is for discrete change of dummy variable from 0 to 1”. Marginal effects for all the models estimated ,  output (Stata format) available 
upon request from the author. Data base: Canada Time Use survey 1998 as available on MTUS. 

. 
Table 2 – Tobit  Model of the transfers 

(Dependent Variable : Amount of transfer in time children care time child) 

Independent 
Variables 

US  
(2003)  

N=11,914 a) 

 

female_YN 
87.74113  

(4.598347)  
 

age 
-8.596077  

(.1584792)  
 

empstat_YN  
-51.99879  

(5.199688)  
 

constant 
380.6688  

(9.696616)  
 

Pseudo R-squared 0.0341  
Log-Likelihood Value -50995.512   

σ̂  248.0922   

Data base: ATUS 2003 for US and MTUS microdata base for other countries. Notes: a) 9966 left-censored observations at totcare1st502<=0, 9697 
uncensored observations,0 right-censored observations. 
 
3. Conclusions and Future Avenues of Research 

  
The time use data represents an original data source of transfers between and within households, 

particularly time and in-kind transfers; it is also an original source for well-being evaluation.4 The prediction 
of transfers in time were estimated and a clear empirical evidence was found concerning the influence of 
gender and education. Females and more educated people are likely to participate more and spend more time 
in intergenerational transfers of time.  

Income (considered as three categories low, middle and high shows a negative relation with time 
donated. This is related with the time constrain associated with employment status.  

The altruistic model was not tested in all aspects because of the lack of data. However, the results for 
altruistic behavior based on ECHP5 show that there is a specialization among the family members which 
seems to be unrelated to comparative advantages. The altruistic behavior is related to some specialization 
among the family members but no ‘comparative advantage’ of the members was found. The opportunity cost 
of altruistic members (more than 90% are females) of the household6 is generally as high as the wage of the 
other members of the family who participate in the labor market.  

The household categories in official statistics are generally organized in such a way as to make it 
difficult or even prevent more thorough research into private transfers. Moreover, it is not updated in terms 
of the new/evolving patterns of household arrangements. Recent demographic trends in families (e.g. 
increasing divorce, decrease of family size, the delay of adult children in leaving the nest)  

The majority of the categories of households are focused on the existence or non-existence of children 

                                            
4 The contribution of time use data in general and ATUS in particular to the knowledge of time allocation within households is discussed for example  
by Schwartz and Frazis (2002) answering Winkler (2002). 
5 Results from microdata from European Community Household Panel (ECHP 1994-2001, Portugal). In Niemi (2004) tabulated data for European 
countries converge with this results. 
6 The altruistic behavior was evaluated by the responses to the question dealing with looking after children or other persons – preventing the donor 
from undertaking the amount or kind of paid work which the donor would otherwise undertake. Details not presented in this paper. 
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and alternatively, do not consider the presence or non-presence of elderly members what difficults the study 
of transfer in time between extreme generations (G3 and G1) 

This paper has several shortcomings and limitations, which the author intends to overcome in a future 
improved version: i) the comparability between countries using time use data is to be looked/should be 
carefully reviewed, because the methods, categories, samples and variables intervals differ for each time use 
survey. They also differ for the same country across the time; ii) the information on income is available from 
MTUS in 2 formats : the original income categories of income in each country survey and the harmonized 
intervals computed by the MTUS Project. In the paper, in general, only the second classification was used. It 
is difficult to carry out a more detailed analysis by family/household type in each country using this option. 
For example, there is no possibility of an accurate, or even approximate, measure of income per capita; 
iii)not all of the data refers to the same period of time. iv) there is no detailed data on the receivers of  time 
transfers (in particular, the income level of receivers); v) the categories of households considered in the 
majority of the inquiries are not adequate/appropriate for this type of study on intergenerational families.  
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Time Use Survey 
The Statistical Office of the Slovak Republic welcomed raising of the priority of the Time Use 

Survey within the EUROSTAT action programmes and the opportunity to prepare conditions for a successful 
realisation of the national Time Use Survey through a Pilot Project.  

 
Objective 
The objective of the project was to implement a pilot Time Use Survey in households in the Slovak 

Republic according to the EUROSTAT TUS methodology. This was based on used classification, TUS 
methodology itself and other relevant TUS methodological documents like questionnaires, diaries, further 
basis documents for coordinators at Regional Offices, documents for interviewers, a technical project for 
computing surveyed data and documents for treating analysis and compiling final tables. Within the frame of 
methodology there were studied in detail the Guidelines on Harmonized European Time Use Survey as well 
as other appropriate papers and materials downloaded from Internet sites concerning Time Use Survey 
provided in other European or not European countries.  

 
Sample 
Within the frame of sample size and sample design internal material about Census held in Slovak 

Republic in 2001 were studied. From these papers containing information about different type of households 
and tables about population, the methodological explanation of households was overtaken and the size of the 
sample was set. There was a kind of household chosen as a household sharing its expenditures. Such 
household is formed by persons or members, which share a common dwelling, they finance the bigger part of 
their expenditures like payments for dwelling, eating, maintenance of the dwelling, expenditures for heating, 
electricity, gas and other things and their accommodation is considered as a permanent one. There exist 
about 2 009 thousand census households resided in family houses or in flats, in which reside about 5 261 
thousand persons, from other point of view there are 607 thousand family households in the Slovak Republic 
with about 862 thousand permanently resided houses, about 1 713 thousand flats in which together reside 
 5 299 thousand persons, from which there are 1 178 thousand dependent children.  

From this basic file 200 households sharing expenditures were chosen and they were included into 
the sample of Pilot project Time Use Survey. Included households came from the whole country. 

The sample should contain households with one single person (man or woman), household with a 
couple without children, household with a couple with children, household with elderly persons who are 
retired, incompletely households in the head of household with a man or a woman with child or children. The 
sample was made as a pointed one with respect to the Pilot Project, to verify, how responded people will 
react to the questions, to verify the comprehensibility of the questions, to verify the adequacy of the 
methodological instructions for the interviewer, if interviewers could be successful with their work and could 
get the answers, if the respondents could understand the questions, to verify which part of questions could be 
improved. The questions had to be answered by all responded persons older than 10 years (set by a birth 
day), the upper limit for elderly people was not set.  

 
Implementation 
The pilot data collection was performed in accordance with the Harmonized European Time Use 

Survey Methodology. 4 questionnaires were designed (household questionnaire, individual questionnaire, 
questionnaire for persons older than 15 years, questionnaire for children of age 10 to 15) and a diary. The 
questions were fully borrowed from Guidelines on HETUS, edition 2004, with an exception of national 
changes in some fields, e.g. range of salaries and income was adapted to the national rules, completed 
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education were adapted by ISCED and national classification, voluntary work for other organizations and 
voluntary help from other persons or organization was adapted to the national patterns.  

On the first page of every questionnaire there was an identification part with information code of the 
Regional Office, where data were collected, further interviewer code, household code and code of responded 
person, who was answering the questions. These four codes formed the complete array to differentiate every 
record of data and for putting the appropriate 5 questionnaires together for computing. Further there was 
information about the responded person’s day of birth for defining to what age-category the respondent 
belong, the information whether the person is a man or a woman, and an information about the interview-day 
(date and week day).  

It was decided to develop an accumulative diary with a reason, the respondent can better understand 
and choose a prescribed accommodate activity and draw it in a prescribed table which included a net with 
time schedule, so some activities were cumulated to activity groups. For defining of kind of activity there 
were prescribed categories of activity (travelling, reading, breaks at work or at school, stay at home or 
elsewhere, and stay with whom). For these categories the different code lists were used. The form of the 
diary was chosen in a manner that the respondent could every time keep entire category code lists in sight 
during the filing in the diary.  

 
Trainings 
There were provided some trainings: a training of coordinators from the Regional Offices of the 

Slovak Republic (they had to supervise the work of interviewers and editors at the Regional Offices, to test 
the preliminary framework of the questionnaires, test the programme software for data collection, they 
performed training of interviewers, they participated at performing of editing of data, in the field of testing 
and checking of interviewers work, verified the interviewers work sheets and evaluated the methodology and 
work on TUS project activities); a training of editors from the Regional Offices (they also participated at 
testing of programme software for data collection and editing and operate at editing itself); and finally a 
training of interviewers provided by the regional coordinators at Regional Offices with recommendations 
from TUS project solvers and project leader from SOSR.  

 
Programme software 
It was developed the software for data processing of measured data. This programme was covered by 

a technical project consisted from 3 parts.  
1. part included the caption of variable used at the editing of the surveyed data. The programme DC2000 was 
adapted to the conditions and requirements of the answers to TUS questions. The household questionnaire, 
individual questionnaire, questionnaire for persons older than 15 years, questionnaire for children of age 10 
to 15 were processed as a closed ones, they each encompassed as much records as much respondents were 
answering the questions. The diary was processed as an open file, it encompassed as much records as much 
different activities were used by all the respondents. The main key to different the records were constructed 
from the code of the Regional Office, interviewer code, household code, and code of responded person.  
2. part included the method to describe the names of used files, method to save files at a server and a time-
table for the programme work. 
3. part included description of variable and file names used for compiling the final tables, tables heading, 
legends, classifications and sorting, description of conditions for compiling the output tables.  
 

Staff engaged 
At the central level the staff of the Statistical Office of the Slovak Republic involved a project leader, 

9 experts, 2 support staff. At the regional level Regional staff involved 8 Regional Offices with 9 
coordinators, 16 editors and 24 interviewers. 

 
Evaluation 
In general the 4 questionnaires and the diary were positively accepted by the interviewers as well as 

by the respondents although they incorporate a lot of questions. The type of the interview (face-to-face) was 
accepted as helpful for both sides. Providing of the code lists were evaluated as welcomed, the respondent 
could every time keep entire category code lists in sight during the filling in the diary. Also within the 
programme software were a lot of variables and a lot of coding lists, but the processing of the measured data 
passed off without any problems. We did not find any category of respondent’s not willing to cooperate. 
However there were some difficulties noticed by answering the questions concerning the income of the 
household or income of the responded person.  
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Example of results – table, diagrams, first and last page of the Diary 
 

Number of respondents total   
Number of children younger than 14   
Number of persons 15 to 25 years  
Number of persons 26 to 59 year  
Number of retired persons over 60 
Number of non-respons 

511 
  41 
108 
287 
  72 
   3 

Number of respondents men   
Number of respondents women   

227 
284 

 

Daily activities w ithout employment and sleeping  

Resting
7%

Cleaning
4%

Travelling
15%

Reading
6%

Hobby
8%

PC, Internet
5%

Ow n child 
care
5%

Other child care
1%

TV, radio, video
49%

Resting Cleaning Travelling Ow n child care Other child care
TV, radio, video Reading Hobby PC, Internet

 
Kind of  respondent's travel

0

1000
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car on f oot bus bicy cle tram motocy cle train taxi other
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Purpose of respondent's travel

0
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Activities group and description
(See notes on the right side) 

1 Sleeping 1 X X
2 Resting (do nothing, break, waiting) 2

3 Washing, dressing etc. 3 X X
Eating, drinking 4 Eating, drinking (at home or outside) 4 X X

5 Preparing of food/drinks, cooking, washing up 5 X
6 Cleaning, tidying house/flat 6

7 Washing, ironing, mending clothes 7

8 House maintenance, DIY, gardening 8

9 Pet keeping and care (incl. pet walking etc.) 9

10 Travelling 10 X X
10a Kind of travel (use the letter-see right page) 10a W W T T
10b Purpose of travel (use the letter-see right page) 10b E M M

Payed 
employment

11 Employment (incl. paid or unpaid hours and work brought home. 
Exclude lunch and other breaks) 11 X X

Break at work 11a Breaks at work (snack, lunch, smoking break) 11a

12 Formal education, school 12

12a Breaks at school 12a

12b Homework 12b

13 Recreational courses and informal study 13

Voluntary work 14 Voluntary work on behalf of an organization, charity, sports club etc. 14

15 Looking after/caring for own/step children, playing with them etc. 15

16 Caring for/looking after other childen 16

17 Helping and caring of adults, who live with you at your household 17
18 Helping and caring of adults, who do not live with you at your 
household(not as voluntary or paid work) 18

Shopping and 
visits

19 Shopping (incl. Internet), banking (Internet-banking), post-office, 
doctor, dentist, coiffeur, plumber etc. 19

20 TV, video, DVD watching, radio, music listening 20

21 Reading 21

22 Playing sports, excercising 22

23 Spending time with friends, family, neighbours, at home or at their 
home 23

24 Visit restaurants, disco alone or with friends, family, neighbours etc. 24

25 Contact with friends and family by telephone, fax, e-mail, sms, letter 
etc. 25
26 Visit to cinema, theatre, concerts, sports events, museums, galleries, 
library, historical monuments etc. 26

27 Attending church, cathedral, mosque, synagogue, or other religious 
meetings, praying alone, attendingt political/other meetings 27

28 Hobbies and other leisure activities 28

PC using and 
Internet

29 PC/Internet using  or Internet access. Write down the code for Internet 
using, e.g. Internet-banking - line 19, playing games - line 28, e-mailing - 
line 25 etc. 29

Other 30 Other activities not listed (write down with words) 30

Where? 31 Where were you? At Home (inc. garden/yard) or Elswhere. Write down 
for each activity. 31 H H E E

With who?
32 With who were you during providing activity? Write down for each activity. 
(Other households members, own/step Children till 9 years, Known persons)

32
C
O

C
O

E X A M P L E

Activities 
group

Morning
6 early morning 7 morning 8 morning 9 morning

30 30 30 30

Personnel 
carrying

Home work

Travelling

Education and 
courses

Child care and 
adults care

Leisure

30 30

Morning

30 30

6 early morning 7 morning 8 morning 9 morning

Notes and instructions
Number refer to code of activity at the very left side

1 Include an intention to sleep or to go sleep

2 Include doing nothing, thinking during sitting, smoking breaks

Notes: 3 Include make-up, beauty activities, taking medicin

To the line 10a - Kind of travel: 4 Include food, snacks and drinks

W - walking 5

C - bicycle 6

M - motobike, motor boat 7

A - car 8

D - lorry, van, tractor
9 Include dog walking but also the code travelling as secondary activity by 

veterinary visit

T - taxi 10a cAr/van, Walking/jogging, biCycle, Bus, Train, Other
B - bus, minibus 
E - tram, troleybus 
T - train

10b
Escort, e.g. travel with somebody, Walking/driving/cycling, e.g. driving 
for pleasure, eMploymemt, school, Shopping or Other.

L - plane 
N - ship, boat 
O - other transportation

11 Travelling in connection with employment, e.g. way to work, to a meeting; write 
down employment as a primary activity and the travelling as a secondery one. 
Exclude travelling for persons who earn their living by travelling, e.g. bus/taxi 
drivers, delivers etc.

11a Include breaks: Snack, Lunch, Smoking, Coffee, Jogging, Other

To the line 21 - reading: 12 Formal education (study), courses,  school, and other.

N - newspapers 12a Breaks at school between classes

M - magazines 12b Homework

R - belletry, novels, poetry, prose, fairy tales, stories 13 Recreational courses and informal study as improving of qualification

P - popular-educational literature, encyclopedia, non-fiction literature 
B - bibel, church literature

14 Include work on behalf of political organizations, help, caring other persons, if it is 
done for a voluntary organization or charity etc.

S - school books, text-books 
O - other specially literature

15 Include step/adopted/foster children. In case of secondary activity the caring a 
child has a priority over other secondary activity.

16 Exclude caring for children as part of job (crib, pre-school etc.) 
17 Include caring for husband, wife, partner.
18 Include help to neighbour or friends.
19 Include telephone/internet banking, paying of bills, home shopping. Include 

appointments with the purpose of shopping at household.
20 Exclude Internet access/e-mailing through digital TV
21 Write down, what did you read - see the table on the left.
22 Include jogging, walking with the purpose of sports, it has to be coded as 

travelling as secondary activity.
23
24 Include unplanned contacts with persons, e.g. occasional meeting a neighbour in 

the street.
25 Include e-mail and SMS, it has to be written down with the code: Using PC as 

secondary activity (code 29).
26
27
28 Include time spent in the park.
29 Include Internet access using digital TV, games console, mobil phones etc. Write 

down the purpose of using PC/Internet, e.g. playing games (code 28 - hobby), 
Internet shopping (code 19 - shopping), e-mail to a friend (code 25 - social 
contact) etc.

30 If you record more than one activity "Other", please indicate what time was the 
activity running, if necessary continue on this page.

31 For every daily activity indicate whether at home or elswhere outside. At home 
means also in own garden, yard etc.

32 Record for every activity with whom you are/were. Be with somebody does not 
mean, that you both do the same thing, but that you are with the person at the 
same place, in the same room, yard, garden etc. If you were alone, write down A. 
If you were together with parents, adult brothers/sisters, adult children, write down 
"Other family members". If you were with children younger than 9 years, write 
down "Children less than 9". If you were with friends, relatives or known persons, 
who do not live with you at your home, write down the code "Other Known 
persons".
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GLT (Good Life Time) -- Toward A Summary Indicator of Well-Being 
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Abstract  There is a long history of efforts to define a reasonable summary statistical indicator of socio-economic well-
being for nations, and similar population groups.  These efforts include Sir Richard Stone's System of Social and 
Demographic Statistics (SSDS) in the 1960s, the OECD Social Indicators movement of the 1970s, and the Genuine 
Progress Indicator of the 1990s.  The concept of GLT (Good Life Time) is proposed as such an indicator.  It builds on the 
well known concept of life expectancy, as well as key ideas from Stone's SSDS, Guy Orcutt and microsimulation, and 
Tom Juster and time-based social accounts, as well as the explosion in both longitudinal data sets and the statistical tools 
that have been developed for their analysis (e.g. event history analysis) over the past few decades.  In essence, GLT 
generalizes life expectancy to focus on the portion of life time spent in good health, with adequate time and money.  The 
paper gives more explanation of the methods, and provides estimates for Canada. 

General Context  There is a long history and growing concern that the principle indicators used to measure social 
progress are inadequate.  On the one hand, the most widely used indicators focus primarily on the economy (GDP and 
GDP per capita), to the exclusion of other major domains of life.  On the other hand, social indicators in areas such as 
health and time allocation, and well-being more generally, are typically fragmentary and lack a widely accepted 
conceptual framework comparable to the role played by the System of National Accounts (SNA) which underlies GDP. 

Efforts have been made since the 1960s to remedy what is seen as an imbalance in popular statistical indicators of socio-
economic progress.  One of the most broadly based efforts was that of the OECD in the 1970s to develop an international 
consensus on a core set of social indicators.  However, none of the efforts to date have achieved the acceptance and 
widespread use of the SNA. 

General Proposal  We propose here an initial family of summary socio-economic indicators which could, with sufficient 
effort and development, complement the SNA and be comparable in terms of conceptual soundness, coherence and 
breadth.  This project is part of an effort, sponsored by the Atkinson Foundation, to develop a set of Canadian Indices of 
Wellbeing or CIW. 

The core idea is to start with people and how they live their lives, with a focus on those social and health factors which are 
most important to people’s overall well-being.  This orientation is based on a generalized version of the widely used notion 
of life expectancy – extended in order for it to encompass a number of major life domains.  In the first instance, these 
domains are health, income and time allocation. 

While this is an ambitious proposal, it is only feasible because of the rich history of previous intellectual efforts in this 
area, and due to a number of prescient data developments by Statistics Canada.  (To paraphrase, great things become 
possible when you can stand on the shoulders of giants.) 

Key amongst the intellectual precursors are Sir Richard Stone’s work for the United Nations in the 1960s on a System of 
Social and Demographic Statistics, Thomas Juster’s work on time-based social accounts, Guy Orcutt and Richard and 
Nancy Ruggles’ work on microanalytic (rather than macro) approaches to data and analysis, and Sullivan’s creation of an 
index of health-adjusted life expectancy. 

As with life expectancy, the core concept involves: 

 focusing on complete individual lifetimes or life cycles; 

 from the perspective of a representative and realistically heterogeneous population; and 

 using time spent, or durations, as the unit of measure. 

In the case of life expectancy, the durations in question are the expected lengths of life in the population.  These vary 
because individuals die at different ages.  Life expectancy is simply the average of these life lengths.  The proposal is to 
generalize the concept of life expectancy to a coherent family of measures of how long individuals can expect to live in 
various socio-economic conditions -- specifically good health, having adequate income, and having sufficient balance 
between paid work, unpaid work and free time. 

One of the main innovations is to bring together into one framework these three otherwise disparate socio-economic 
domains.  There are data available on each of these areas of life, but they each tend to have their own approaches to 
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measurement and styles of indicators.  This is fine, and indeed highly useful.  But what has been lacking is some sort of 
overall index, analogous to GDP for the economy, that can be used to track multiple facets of socio-economic well-being 
for a population. 

Note that we are talking here of a framework, and not just an indicator.  A summary index (one kind of indicator) is highly 
useful from the viewpoint of parsimony, and communicating with a broader public.  But as with GDP in relation to the 
SNA, more sophisticated users will always want to be able to “drill down” to see what factors underlie observed changes 
in the summary indicator over time, or to see whether some population groups are having the same experiences as 
others, or there are important disparities. 

The Concept in Somewhat More Detail  As a thought experiment, let us suppose that we have complete longitudinal 
data for a representative sample of the population.  For each person in the sample, we have data for every year of their 
lives.  More specifically, within each of those years we have measures of their income, health status, and time allocation – 
all core elements of well-being.  This data set can be represented by a “data cube” for the population, as shown below.  
The horizontal axis is age, the vertical axis represents the three attributes of well-being, and the two together represent, in
a plane or sheet, a kind of summary statistical biography of the individual.  Finally, the third dimension of the data cube, 
going back into the page, indicates the representative sample of individuals. 

Of course, individuals’ well-being depends on more than their income, health, and time balance.  Still, it is hard to imagine 
anyone saying their well-being is high if they are severely lacking in any of these domains.  Also, any statistical framework 
contains elements of arbitrariness, features where choices have to be made that are inherently not easily grounded in a 
clear conceptual choice.  The SNA is not immune from such arbitrariness, TP

1
PT though its strength derives from the fact that 

these areas of judgment are not that large given its conceptual framework. 

One of the major strengths of the SNA is its “measuring rod”, the numeraire of money.  Here (following Juster), an equally 
simple and ubiquitous measuring rod is used – time spent, or duration.  Two major elements of arbitrariness or judgment, 
however, are involved.  One is the specific choice of the three attribute continua themselves.  Each one in fact is more 
complex than it may look at first glance.  For example in the case of living standards, should we use individual income or 
the income of the household in which he or she resides?  Should health status be measured in terms of bio-medically 
defined disease, or capacity to function in society?    And just what constitutes an appropriate balance between work 
(paid and unpaid) and free time?  These questions are being addressed by the partners in the CIW project. 

The second area of judgment is to define cut-points for each of three continua (income, health status, time allocation) that 
divide the attribute level between “adequate” and “not adequate”.  There is a long history of defining just such a cut-point 
in the case of income, with the widely used notion of a poverty line (or as Statistics Canada insists, “low income line”).  
However, where this cut-point is placed on the income continuum is inherently arbitrary, and reasonable people can and 
do differ.  Nevertheless, the prevalence of “poverty” (actually “low income”) is one of the most widely used and popular 
social indicators, despite its arbitrariness.  One reason is that the cut point is easily communicated to journalists and the 
general public, so they can make their own judgments as to whether or not it is reasonable.  Another reason is that data 
on the underlying full income distribution are always available so that more probing analysis is always possible.  Here we 
need three cut-points, one each for income, health status, and  time allocation – which we do in a way that is transparent, 
plausible (has face validity), and allows more sophisticated analysts to “drill down” to the underlying distributions. 

                                                     

TP

1
PT Obvious examples include where to draw the “production boundary” (e.g. including imputed rental income from owner-

occupied housing, but not imputed homemaking services), splitting returns to capital and to labour for self-employed 
business, choice of method for constructing price deflators and purchasing power parities, and measuring the “output” of 
the public sector by its inputs. 

Income (Living Standard) 

Health Status (Healthy Populations) 

Time Balance 

Age (and time) 
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As already noted, life expectancy is simply the average of the life lengths in the population.  Analogously, we can 
compute “life expectancy with adequate income”, “… with adequate health”, and “… with adequate work/life balance”.  
Finally, we can ask what is life expectancy with all three at once – being alive with adequate income and health and time 
allocation.  This is the proposed summary index for Canadian’s well-being – which for short we might call GLT = good life 
time.  Since the summary index is derived from a full underlying data cube with the levels of income (measured in dollars), 
health (measured in some sort of score), and time allocation (measured in average hours per day), any interested user is 
able to “drill down” to generate any of a coherent family of companion indicators, including: 

 GLT by age group (as well as sex);  

 life expectancy with adequate levels of each of the three domains one at a time;  

 life expectancy with adequate levels of at least two of the three domains; and 

 life expectancy with “barely” or “fully” adequate levels – based on lower or higher cut-points, as a sort of 
distributional or sensitivity analysis; 

Assembling the Data Cube  There are two main steps in assembling the data cube – conceptual and empirical.  The first 
conceptual step is to recognize that complete lifetime longitudinal data on (a representative sample of) individuals do not 
exist.  The simple response, exactly analogous to the ubiquitous life expectancy measure, is to use cross-sectional rather 
than longitudinal data, analogous to period rather than cohort life expectancy.  The second empirical step is assembling 
the needed cross-sectional data.  This is a challenge, because each of the time / money / health kinds of data must be 
drawn from a different survey.  Moreover, the surveys need to be integrated in a more fundamental fashion than mere 
juxtaposition of cross-tabulations derived from each, since the core idea of the GLT is to estimate when, over the life 
course, individuals have adequate income, health, and time.  Hence, we need the joint distribution of these characteristics 
at the individual or microdata level. TP

2
PT

Synthetic matching is a well-developed methodology for producing these estimates.  As well, the three surveys in 
question all have enough data elements in common that the synthetic matching process likely generates reasonable 
results.  And Statistics Canada has decades of experience in this area (especially the regular construction of the Social 
Policy Simulation Database and Model, SPSD/M).  As a result, the process for constructing the data cube shown above is 
relatively straightforward, albeit technically demanding.  

Main Results  For each of the three basic domains, detailed distributional results from the synthetically matched micro 
data based have been explored.  For example, with the time domain, two different approaches to adequate time have 
been examined.  The first is based on time budgets, where three different measures of leisure time were defined, as 

shown in the graph at left.  The basic definition of 
adequate time was taken to be at least two hours of 
leisure time per day, where leisure includes social 
activities such as dining out as well as active and 
passive leisure pursuits such as sports and watching 
TV respectively. 

However, many people spend extended periods of 
time sleeping (> 9 hours per day), shopping (> 1 hour) 
and in personal care (> 2 hours), so as a second 
definition times in excess of these amounts have also 
been included as leisure.  And given the growth in 
time spent commuting, with the simultaneous 
improvements in the quality of automobile sound 
systems and walkman / MP3 players, a third definition 
added time in excess of 1 hour per day spent 
commuting as part of leisure.   

                                                     

TP

2
PT For this initial analysis, we are using the Sullivan method, which simply applies the age- and sex-specific multivariate 

joint distribution of time, money and health from the synthetically matched survey to the period life table.  The next phase 
of analysis will use longitudinal data, where available, to estimate empirical dynamics, and then monte carlo 
microsimulation in order to generate not only the results presented here, but also a much richer set of indicators based in 
turn on a version of the data cube that preserves not only age- and sex-specific joint distributions, but also micro level 
multivariate transition dynamics. 
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The first graph at left shows for all three of these 
definitions, that the least available leisure time is 
among those in their prime child-rearing years.  Not 
surprisingly, the elderly generally all have adequate 
leisure time. 

A second general notion of adequate time can be 
derived from the same time use survey, based on a 
series of questions designed to tap into the concept 
of “time crunch”, for example, “Do you consider 
yourself a workaholic?” and “Do you plan to slow 
down in the coming year?”  Unfortunately, there 
does not seem to be a very strong correlation 
between actual hours of leisure time (using the first 
definition above) and time crunch, as shown in the 
graph at left.  The horizontal axis indicates how 
many, out of the ten “time crunch” question, were 

answered “yes” (99 denotes incomplete response), while the vertical axis shows minutes of leisure time.  While it is 
inevitably a judgment call, for this analysis we have adopted a minimum of two hours per day leisure time from the time 
budget data for measuring adequate time. 

Finally, the graph below- shows the basic results of the data and methods just outlined for 1998, where T = adequate time 
defined as leisure of more than 2 hours per day;  M = income (money) at least two-thirds the (family size adjusted) 
median;  and H = healthy, defined as a McMaster Health Utility Index score of at least 95%.  MH denotes adequate 
money and health, but not necessarily income, TH adequate time and health, but not necessarily money, TM adequate 
time and money but not necessarily health, and TMH adequacy in all three major life domains.  Finally, LE is overall life 
expectancy. 

This graph shows that among the three domains (and given the rather stringent cut point), health is the most limiting.  Out 
of an overall life expectancy of about 80 years (77 for men, 82 for women), only about 50 years are spent with adequate 
health.  About 65 years are spent with adequate money, and over 70 years with adequate time.  The time domain is the 
one that shows the greatest difference between men and women, with men having about 5 fewer years of life with 
adequate time, roughly corresponding to their shorter life expectancy. 

However, when these three domains are considered jointly, “good life time” spent with all three of adequate time, money 
and health (“TMH” in the graph) is much shorter, at under 40 years.  The reason is those phases of the life cycle where 
health is typically fine, the prime child-rearing years for example, are less likely to be years with adequate time.  Similarly,
years in old age typically are ones with plenty of time, but often either inadequate income or health. 

Future developments will extend the time series back to 1992 and forward to 2005, the years when time use surveys were 
conducted.  They will also move the estimation process from the cross-sectional Sullivan method to a dynamic 
longitudinal microsimulation framework. 
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SUMMARY 
In this paper I study reading socialization in German families whereas the main focus is on differences 
concerning education and time. I hypothesize that conventional social differences with respect to reading 
socialization in families, which are primarily due to education or educational status or the family are not as 
evident if taking the time dimension into account. The analysis is based on time survey data. The results 
show that differences between families of different educational status are greater on weekend days than on 
working days and they are greater between fathers than between mothers. Furthermore, educational 
differences concerning reading are greater between staying-at-home mothers than between full-time-working 
mothers. There are some hints that these circumstances might affect reading socialization of children, but 
with conflicting effects. 

INTRODUCTION AND THEORETICAL FRAMEWORK 
This paper deals with the underlying circumstances in the family with respect to reading socialization. 

In general "[s]ocialization refers to all processes by which an individual learns the ways, ideas, beliefs, 
values, and norms of his particular culture and adapts them as part of his own personality in order to function 
in his given culture" (Schneewind, 2001, p. 14507). Modern approaches about socialization are mostly based 
on the assumption about "individual development [..] [which is seen as] a dynamic interaction process which 
evolves in a sequence of reciprocally patterned person-environment transactions" (Schneewind, 2001, p. 
14508).  

Reading socialization refers to the process of becoming literate when using books and other media 
(e.g., television, computer). According to current research the term "reading socialization" comprises the 
process as well as the conditions under which children are becoming readers (or non-readers) and users of 
media (see Hurrelmann, 1999). Furthermore, reading socialization is supposed to take place in three main 
social institutions: at home, at school and in peer-groups (e.g., Groeben & Hurrelmann, 2004). Additionally, 
there has been an ongoing discussion on pre-school institutions (e.g., kindergarten) for some years where 
early forms of reading socialization take place as well (see, e.g., Strecker & Pfarr, 2002).  
The study presented here concentrates on the family as the primary institution of reading socialization. Van 
Peer (1991), e.g., has pointed out that "the family is quite a fundamental institution for bringing people into 
contact with literature [or more generally spoken: media]" (p. 540). Not only in Germany the family is 
regarded as the earliest and the most "important" institution, where reading socialization takes place (see, e.g. 
Hurrelmann 2004b; Verboord & Van Rees 2003).  

There is high consensus among researchers that reading socialization is positively affected by parents’ 
educational status. There is much empirical evidence for the positive relationship between education and the 
amount of reading (see, e.g., Groeben, 2004b; Tullius, 2002). One of the main findings of the PISA-study in 
2000 referred to the positive relationship between home background (including educational resources) and 
reading literacy, which was strongest in Germany compared to the other countries in the OECD (e.g. 
Baumert & Schümer, 2001).  

At the same time the strength of the relationship between education and reading has declined for some 
years especially with respect to people of younger age: "Higher education does not necessarily mean a higher 
book reading frequency, whereas lower education does not necessarily go along with less book reading 
frequency" (Fritz, 1991, p. 39; [own translation]. Whereas the amount of different media equipment and 

                                                
1 This paper is part of my work related to my doctoral thesis on reading socialization in the family under change.  
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media content has steadily increased since the 1980s (see, e.g., Rager & Werner, 2004), the time-budget for 
leisure activities has not increased to such extent. Not only in relation to media availability and media-use 
time has become a scarce and valuable resource for family members.  

There is an ongoing discussion about a growing scarcity of time, especially with respect to the dual-
earner-family which has become the norm in current societies (see, e.g., Daly 1996, 2001; Hochschild, 
1987). Obviously, reading as well as the process of reading socialization takes time. Time is needed to act as 
reading model, for example. Furthermore, time flexibility is required to chose the "right" point in time (e.g., 
evening hours) to be at home together with the child.  

The concept of “social capital” (Coleman, 1988) has been broadly used in education research (see, e.g. 
Baumert & Schümer 2001). Social capital is supposed to increase children’s further productivity (e.g., in 
reading achievement), but investments depend on the relationships in which children are embedded. One 
dimension of social capital includes the social network within the family, that is to say the presence of 
parents (and other members of the family) and the time spent with children. Using the concept of social 
capital Bianchi & Robinson (1997), for example, have studies how cognitive and social development is 
affected by reading time and time they spent on watching TV, and how that time varies by educational status 
and (mother’s) employment status. This leads to the conflict between high amounts of educational resources 
and a lack of family time. On the one side high-educated parents seem to be more concerned with their 
children’s academic needs (e.g., reading). For example, Bianchi & Robinson (1997) have shown that they
spend more time with their children in achievement-related activities. On the other side, parents with high 
education are often those with a greater lack of (family) time because the usually spend more time on paid 
work than the average (see, e.g Hochschild, 1987). Therefore, the study at hand takes into account education 
and time resources in the analysis of reading socialization in the family.  

The following hypotheses will be explored: Educational status of the family affects the conditions in 
the family with respect to reading socialization: The higher the educational status the more time parents 
spend on reading and the less time parents spend on TV viewing. The higher the educational status the more 
time children spend on reading and the less time children spend on TV viewing (Hypothesis 1). Time 
resources affect the parents’ activities with respect to reading socialization: More time-restricted families 
(time-poor) are supposed to spend less time on reading than families with more time resources (time-rich) 
(Hypothesis 2). Taking time and education into account I assume that traditional differences in reading 
matters between educational groups are more difficult to capture when analysing time and education 
simultaneously (Hypothesis 3).  

DATA AND METHOD 
DATA: The study at hand is based on the German Time Use Survey 2001/02. The original quota 

sample consisted of 12,012 persons in 5,171 households. The whole spectrum of daily activities was 
collected on three days (two weekdays and one weekend day) from members of German households aged 10 
years or older. The diary method allows the collection of activities a person attends to during a 24-hours day 
by the individuals themselves. The participants were asked to fill out a diary structured by 10-minutes 
intervals by paper and pencil. Later that information was recoded into a standardized activity scheme (of 
about 220 sub-categories). Participants had to indicate whether the activity was done as main or secondary 
activity. The underlying subsample consists of 758 parents living together with children, with at least one 
child (student) 10 years or older. After matching individual data of family members belonging to the same 
family it has been possible to look at the family as unit of analysis. Because of analytical reasons the term of 
family is here defined as a joint household of two parents living together with children. There is no value 
judgement entailed in the exclusion of other forms of families, like single-parents living together with 
children. 30.1 percent of the sample are families with low educational status, 47 percent are medium 
educated families whereas 22 percent are families with high educational status.  

MEASURES 
Reading Socialization: To capture the circumstances in the family concerning reading socialization the 

parents’ time budget for reading and TV viewing is taken into account. Furthermore children’s time-budgets 
for reading and TV viewing are measured to capture the effect of reading socialization in the family on the 
children’s media habits. The family members’ media habits are supposed to be stable over a long time. Only 
time-budgets for main activities are considered whereas secondary media use is neglected. 

Education: Formal education of mother and father is measured by three categories. Low educational 
status is captured by the qualification "Hauptschulabschluss", described as an extended primary education 
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(consisting of 9 years of schooling). Medium education is operationalized by "Realschulabschluss", a form of 
secondary education which prepares pupils for vocational training. High education is operationalized by 
"Abitur/Fachabitur", a form of secondary education which prepares pupils for attending a university. The 
values range from 1 (1 = low education), 2 (2 = medium education) to 3 (3 = high education). Treating 
education as an ordinal variable the family’s educational status is calculated by summing up the values of 
mother’s and father’s educational status whereas the sum is subdivided by 2. The overall family’s 
educational status is finally measured by three categories: low education status (including the values 1 or 
1.5), medium education (including the values 2 or 2.5) and high education (including the value of 3). 

Time: Time resources of parents are firstly measured by the employment status on three categories 
defined as high (1 = no paid work), medium (2 = part time work) and low (3 = fulltime work). Secondly, 
weekend and working days are mainly looked at separately. As more than 90 percent of fathers belonging to 
the sample are fulltime workers, only the mother’s employment status is considered. All calculations were 
weighted by the factor individual time use as has been recommended by the Federal Statistical Office 
Germany 

RESULTS  
The following results were generated using one-way- or two-way analysis of variance (ANOVA). In 

the first step, reading and TV viewing time of parents with different educational status were analysed on 
working days and weekend days (circumstances of reading socialization). In the second step reading and TV 
viewing time-budgets of children of different educational status were calculated for working days and 
weekend days (effect of reading socialization). With regards to reading habits surprisingly no significant 
differences were found between mothers of different educational status on working days. On weekend days, 
however, there is evidence for the theoretic for the hypothesis that education and reading habits are 
positively correlated. Educational Differences in reading are strongest for fathers and children on weekend 
days. This might lead to the conclusion that time-poverty, which is greater on working days than on weekend 
days, might reduce the effect of education when looking at reading. Concerning TV viewing habits the 
results point in the same direction, with one exception: Differences between fathers of different educational 
groups are stronger on working days than on weekend days.  

Table 1: Reading and TV viewing Time Budgets of Families with Respect to Education between Working 
Days (WO) and Weekend Days (WE) (in Minutes; Arithmetic Means) (N = 758)  

  Circumstances of Reading Socialization in the 
Family  

Effect of Reading 
Socialisation 

  Mother  Father . Child  
 Education WO/ η2

=.005 
WE/ η2

=.015 
WO/ η2

=.017 
WE/ η2

=.029 
WO/ η2

=.014 
WE/ η2

=.025 
Reading Low  28 (36) 28 (49) 21(33) 26 (42) 18 (34) 21 (41) 
 Medium 33 (43) 39 (58) 25 (40) 36 (55) 25 (43) 32 (52) 
 High 35 (39) 48 (67) 36 (49) 53 (58) 32 (49) 46 (65) 
 Education WO/ 

η2=.010 
WE/ 
η2=.029 

WO/ 
η2=.040 

WE/ 
η2=.027 

WO / η2

=.015 
WE/ η2

=.014 
TV Low 100 (82) 128 (103) 117 (90) 162 (120) 122 (110) 147 (126) 
 Medium 89 (81) 109 (91) 93 (79) 143 (112) 99 (91) 134 (120) 
 High 69 (74) 79 (80) 69 (63) 107 (94) 90 (95) 105 (116) 
Note: all values (arithmetic means) in bold are statistically sig. at a minimum level of p < .05. Standard deviations are in 
brackets.  

In order to get a more exact picture of the time-effect in connection with education reading time of 
mothers with different education and different employment status was explored. In addition, the children 
belonging to these groups of mothers were explored with respect to their reading habits. When comparing 
time-poor (fulltime working) mothers no great variation was found between mothers with different 
education. A lack of time might here straight out the reading effect of education, so far. In contrast, stay-at-
home mothers differ considerably in their reading amount with respect to educational status. Conflicting 
results are found when looking at children.  
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Table 2: Mother-Child-Dyads in Families of Different Educational Status and Time Resources  
  Mother   Child    
Education Low Medium High  η2 Low  Medium High η2

28 (30) 35 (36) 39 (34) .029 19 (28) 27 (37) 36 (42) .027 
Employment         
Stay-at-home 26 (23) 45 (44) 50 (38)  19 (26) 33 (42) 28 (32)  
Part-time 30 (30) 31 (30) 34 (28)  19 (28) 27 (37) 40 (46)  
Full-time 26 (40) 23 (23) 29 (31)  23 (39) 14 (22) 37 (46)  
Note: all values (arithmetic means) in bold are statistically sig. at p < .01. Standard deviations are in brackets. 
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Abstract 
 

In this work we show an alternative way of presenting the History of Statistics. The idea is 
to get a closer look at this history via its characters, using anecdotes within a comic presentation. 
Rather than stating fundamental results, the aim of this work is to give a pleasant and easy to 
understand view of the History of Statistics. To this aim we make use of the cartoons made by a 
drawer. 

 
Keywords: Bernoulli family, books, cartoon, history of statistics and probability, Russian 

school 
 

 
Introduction 
 

History does not often consist of a sequence of clear and ordered events. Searching for the 
first contributions to statistics is like entering in the origin of civilizations. Prehistory of 
Statistics and Probability is closely related to the first human settlements. Presence of 
knucklebones (heel bones of mammals) in archaeological excavations seems to confirm that 
random games are more than 40000 years old. The first evidence of accounting registers was 
found in Swaziland. It is the bone of a baboon with 29 well marked nicks. It is dated around 
35000 before Christ.  
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Figure 1. The bone of a baboon with 29 marked nicks is one of the first evidences of 

accounting registers 
 
 
In ancient civilizations randomness had a divine origin. In Greece and Rome, priests and 

fortune-tellers used a combination of the result after drawing four knucklebones (the 
knucklebones had four different faces) in Gods temples, as a procedure by which the fortune, 
the fate and the destiny could express their wishes. It was a way to forecast the future. 

 
During centuries the problem of determining the probability of a particular result when 

drawing the dice remains unsolved, since, for gamblers and fortune-tellers random events were 
associated to incomputable quantities. This belief was the consequence of plenty of 
unsuccessful prediction trials. Despite the great fondness of the game of dice among Egyptians, 
Greek, and Romans, these did not realize that, in the long run, the proportion of times that a 
particular face appeared was the same for every different face, if the die was properly build. The 
equiprobability of the elementary events remained unnoticed.  

 
In ancient cultures, based on determinism, prediction of the result of a die draw was 

regarded as impossible. Rather than that, this result was thought as divine will. In Christian 
times this belief starts slowly changing. According to Saint Augustine (354-430), the hand of 
God was present everywhere and nothing happened without cause, nothing was random. Much 
later, Saint Thomas of Aquino (1226-1274) considers that chance and luck exist.  
 
Section 2: The Renaissance. 
 

With the new view of the World starting in the Renaissance some liberation movement 
starts as a reaction of the Middle Ages spirit, that imposed theological notions that limited 
human possibilities. As a consequence of this new view, theological explanations of chance are 
abandoned and random experiments are reconsidered. The invention of press, in the middle of 
the fifteen century, allowed to spread out the existing knowledge, which promoted the 
development of probability calculus. The first scientists concerned with statistical problems 
were Italian: Pacioli, Cardano, Tartaglia and Galileo. 

 
The main characters of this period will be presented using some anecdotes that influenced 

their lifes, without forgetting their main contributions to probability and statistics. 
 
Section 3: Outstanding statisticians and probabilists. 
 

By means of the correspondence held between Pierre de Fermat and Blaise Pascal we will 
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enter in the beginning of probability calculus. We will also present the contributions of the 
Huygens brothers. 

 
The Bernoulli is one of the most famous families in the history of mathematics. Some 

section will be devoted to the contributions of this curious family, emphasising those members 
that were outstanding by their contributions in probability or statistics: Jacob, Nicholas I and 
Daniel.  
 

 
 

Figure 2. One of the cartoons with the Bernoulli family as main characters 
 
As an example, a problem studied by Jacob Bernoulli is mentioned. Two people 

condemned to death penalty are offered a game. They draw the dice and the one who gets a 
larger score is forgiven, while the other one remains condemned. If both of them obtain the 
same value, the penalty is cancelled for both. The expectation of not being executed for one 
person is 7/12, which does not mean that the expectation of the other is 5/12, but 7/12, since, 
obviously, both expectations have to be equal. This gives a joint expectation of life of 7/6, 
which is more than one life. The reason is that there is not a single event in which both will die. 
However, there are several cases where both will survive. 

 
It was not easy to choose the characters to be included in the list of outstanding 

statisticians and probabilists. Some of the candidates had to be in that list without any doubt, 
like Bayes, De Moivre, Laplace, Gauss and Poisson. 

 
A section was devoted to the Russian school, including Chebyshev, Markov, Liapunov 

and Kolmogorov. Some of the outstanding British statisticians have also been included: Galton, 
Karl and Egon Pearson, Gosset and Fisher. Special mention were done to the famous Indian 
statisticians Mahalanobis and Rao and to other famous statisticians of the 20th century as 
Neyman, Scheffé, Tukey and Box.  

 
The Basic idea is to get a closer look to the main contributions of statistics in a pleasant 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 2740 -



way. This is oriented to the public interested in quickly improving their knowledge about this 
science. It is not our intention to replace academic books already published or to be published in 
the future about the History of Statistics.  
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1  Introduction 

Which is the oldest national statistical office in the world? There is no easy answer to this question. To 
qualify, several conditions are required. First the office must have had a reasonably wide coverage of subject 
areas, e.g. not only population statistics. It should preferably have an unbroken history since its start, and 
furthermore, its country should have a similar unbroken history. One thing that is certain is that Statistics 
Sweden cannot lay claim to this honour; when it was inaugurated in 1858 many European countries already 
had national statistical offices. 

Sweden can, however, claim to have the oldest statistical agency in the world. In 1756, the Tables 
Commission was created in order to collect, process and publish the tables from the first annual population 
statistics in the world, Tabellverket, which we choose to name Book of Tables here. This paper traces the 
background to the Tables Commission and charts its early existence. 

 
2  Sweden around 1750 
 In the middle of the eighteenth century, Sweden was a country in search of a new identity. Early in 
the century, it had lost its possessions on the other side of the Baltic and was no longer a dominant power in 
northern Europe. It had exchanged a very strong monarchy for a weak constitutional one. Sweden was 
mainly an agrarian society and its rulers were very concerned about the lack of modern infrastructure, 
factories, etc. To its credit, Sweden was entering a golden age scientifically, with brilliant scientists like 
Linnaeus and Celsius who have left their mark in the world.  
 One main concern of the country was the lack of information on the size of the population. However, 
there had been attempts to calculate this figure, one of which was surprisingly successful. A set of unique 
circumstances allowed Sweden to move ahead with the creation of the first continuous population statistics 
in the world:  
 At that time Sweden – which also included Finland – was religiously very homogenous. It was 
simply illegal for a Swedish citizen to belong to anything but the protestant State Church. Furthermore, all 
citizens belonged to a territorial parish, where the clergy was charged with keeping a record of everything 
that was important to the church: Births, marriages (there were, of course, no divorces), deaths, number and 
composition of households, and migration into or out of the parish.  
 Bishops saw the potential of this system, and created crude systems to get an idea of the size their 
flocks. And in 1746, the Swedish Academy of Science and a member of parliament independently came up 
with sketches for a permanent system. After a very quick process, parliament passed a law that created 
Tabellverket, or the Book of Tables, effective from 1749. 
   
3  Birth of Swedish population statistics 
 The Book of Tables consisted of three tables: 

Table I listed number of births, deaths, marriages and marriages dissolved (by death). All data was 

listed by month and was further broken down, e.g. by sex. 
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Table II listed causes of death (according to 33 specified causes) together with the age/sex of the 

deceased. 

Table III was the most complicated and recorded the size of the population by age, sex, marital 

status and occupation at the end of the year. For good measure, some information on the number of 

households, taverns, etc. was thrown in. 

 The forms that were used were simply the same as the tables; the word “table” was actually used to 

refer to the forms, whereas the aggregates up to counties and all of Sweden were called “general tables”. The 

tables were completed by the parish priest and sent upwards in the hierarchy until it reached the one person 

charged with handling the Book of Tables, Edvard Carlesson. Carlesson actually had this as an extra job in 

addition to his position as chairman of the Academy of Science and his regular position in Kanslikollegiet, an 

office that roughly corresponded to a Foreign Office. Evidently, more thought had gone into the construction 

of the tables than into the system for collecting and processing the data.   

 
4  The Tables Commission is established  

Against this background, it is not surprising that it took some time to finalise the first results from 

the Book of Tables. This was not done until December 1755, and after that three persons had been appointed 

to help Carlesson: Academy members Jacob Faggot, Ulrik Rudenschiöld and Pehr Wargentin. These men 

were also expected to do this work as an unpaid side job.  

Wargentin, the permanent secretary of the Academy took the lead. He became the “editor in chief” 

of the reports from the Book of Tables and also published a number of his own papers on population 

statistics in the annals of the Academy. Originally an astronomer, he is deservedly called “The father of 

Swedish statistics”.  

The next organisational step was taken in 1756 when the Tables Commission was established. It 

consisted of the four persons that were already involved, plus a secretary. The secretary was the only one that 

was paid, a practice that would become permanent. As the clergymen and others involved in the data 

collection did this as part of their ordinary work, the costs to the state were confined to printing costs and the 

salary of the secretary. An inexpensive organisation, indeed. 

The Tables Commission soon gained an independent status, and thus the first statistical agency in 

the world had been established. However, its mandate was strictly limited to population statistics. And of 

course, the word “statistics” was never used in connection with either the Commission of Tables or the Book 

of Tables at that time; it would still be some forty years before this term got its modern meaning. 

After strong protests from the clergy that the workload placed upon them was too heavy there were 

some early changes in the data collection process. As a result, the cumbersome third table was only collected 

every fifth year. After that, Sweden had yearly statistics on changes in the population complemented by 

figures for the population stock at five year intervals. Everything was based on administrative data. Sweden 

would in principle keep this system into the twentieth century. 

Efforts to simplify the forms themselves were, however, unsuccessful. The reason was that all tables 

that would be needed for the next 25 years had already been printed in 1748. And the prudent parliament did 

not want to throw this investment away.  
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5  The first results 
When the 1755 results from the Book of Tables were ready, they were not published, but rather 

were handed over to a standing committee of the parliament, aptly called the Secret Committee. The results 

were even kept from the parliament as a whole; when another standing committee needed access to the 

results, its members had to take a special oath not to reveal the population figures. 

What was the reason behind all this secrecy? Evidently the small size of the population: 2 132 619 

persons in all of Sweden (including Finland). At a time when armies largely relied on manpower, it was clear 

that the Swedish population could not support a large army, a fact that should not be revealed to Sweden’s 

neighbours. However, it was soon realised that the secrecy was not only difficult to maintain, it also 

effectively negated the positive influence that the Book of Tables was supposed to give. In 1763 a 

compromise was reached: Members of the Tables Commission could publish results from the Book of Tables 

in scientific articles. But not until 1818 were the results from Book of Tables published. 

 

6  Analysis and recommendations 
 The 1755 report from the Tables Commission was rather short and essentially consisted of the 

general tables with some comments and recommendations. The comments mainly concerned the small 

population of the country. The recommendations are interesting, as they are typical for the period and with 

more than a hint of political arithmetic. 

 The first recommendation was to limit or even outlaw emigration. This recommendation was based 

on a mistake: All mismatches in population figures were attributed to emigration. Wargentin later showed 

that whereas the net emigration had initially been estimated to be in the magnitude of 5 000 persons a year, 

the real figure was only a few hundred. 

 The second and third recommendations were to introduce better childcare, especially vaccination 

against smallpox, and the hiring of more midwives. These suggestions were firmly founded in the figures for 

causes of death.  

 The fourth recommendation was to increase the number of physicians or educate the clergy in basic 

medicine; this was not so much aimed at better health for the population as at better figures for the 

statisticians. It was evident from their analysis that the figures for causes of death were very uncertain. To 

give but one example, 40% of infants’ deaths were attributed to “unknown children’s disease”. 

The fifth and final recommendation was to remove obstacles for marriage. Aside from the low 

population figures, there seems to be little statistical foundation for this suggestion.  

The second report appeared in 1761 and had a much higher level of ambition (and a reasonably long 

time series as a foundation). It consisted of six “articles” that covered all aspects of the Book of Tables: size 

of population, population by age, sex and occupation, immigration and emigration, marriages and fertility, 

deaths, and changes in population. Two aspects of this report are interesting: 

Firstly, the level of detail in the data, especially the monthly figures on births, deaths, etc. in the 

data provided some first-ever analyses. As an example, the corresponding seasonal variations were for the 

first time recorded for a larger region. These variations were also studied together with possible explanatory 

variables, e.g. for births, the number of marriages nine months earlier and the outdoor temperature for deaths. 

Secondly, great use was made of proportions. These of course included inhabitants per old Swedish 
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square mile (461 – far too low) as well as workers per factory (22 – also too low) and taverns in the cities (1 

per 91 inhabitants – too high). And the number of murderers was only 1 per 85 776 inhabitants, which was 

interpreted as a sign of good morale. 

 

7  A break, reconstruction and end of the Commission  
After this promising start, the Commission produced two further reports in 1765 and 1771, but then 

its activity came to a virtual stand-still, as the constitution of Sweden was once more changed (after what 

was essentially a royal coup d’etat). The new Swedish King Gustav III paid homage to the Table 

Commission and its work, but for 20 years no new members were appointed and while the tables continued 

to be collected, no results were forthcoming.  

 In 1791 however, the king appointed one of his closest advisors as head of the Commission together 

with some new members, and most important of all, Henric Nicander was named secretary. Like Wargentin, 

this man was an astronomer and also the permanent secretary of the Academy of Science. Under Nicander’s 

tenure of the post he firmly re-established the Commission and the Book of Tables. He began with the 

staggering task of going through all the material that had been accumulated, tried to find missing forms, 

made estimates of data that could not be reconstructed, etc. In 1798, he was able to submit the report for the 

years 1773–1795 to the king. Nicander also wrote a number of articles about methodological aspects, i.e. 

interesting analyses of the quality of the data. 

 After Nicander’s death in 1815, the Tables Commission had just one more secretary. Johan Adolf 

Leyonmarck succeeded in keeping the results from the Book of Tables coming. However, the impetus behind 

the Commission seemed to have vanished and it became increasingly obvious that what had once been a 

pioneer effort was now outdated. It seems only too symbolic that Leyonmarck, at the age of 79, disappeared 

without a trace in late 1853 (to be found drowned in the spring of 1854).  

 In 1854 the government appointed a committee to explore the possibilities to establish a national 

statistical office and in 1858 a new statistical agency was created in Sweden. This agency initially consisted 

of two parts: an executive office and a coordinating committee. When the latter was reorganised in 1886, it 

was renamed the Tables Commission, in reverence of its predecessor.  

    The executive branch that was created in 1858 was Statistics Sweden, which can thus celebrate 

its 150th anniversary next year, while tracing its origins a further one hundred years back.   

   
REFERENCES  
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ABSTRACT 

The Swedish Tables Commission was established in 1756 and is probably the oldest statistical agency in the world. 

The Commission was responsible for Sweden’s population statistics, Tabellverket, and had the opportunity to make 

some of the first analyses in the world of birth and death rates on a national scale. The Tables Commission existed for 

over one hundred years, until it in 1858 was succeeded by the current Swedish statistical agency, Statistics Sweden. 
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Foreign direct investment and International trade in China 
Xiaoyue, Liu 
Research Institute of Statistical Sciences, National Bureau of Statistics of China 
57 Yuetan Nanjie, Xichengqu 
Beijing 100826, China 
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Since openness and reform of Chinese economy, China has got great achievement in making use of f
oreign capital. Foreign investment enterprises have developed so well that they’ve filled gaps of capital an
d technique. These enterprises stimulate Chinese economy; increase export, taxation and employment. For
eign investment makes the structure of industries optimized and also promotes techniques. It has played a 
very important role in Chinese international trade, trade balance and the stabilization of exchange rate of R
MB, which accelerates the speed of China’s entering into the international world. 

I Review of development of foreign investment in China 
Yr 1978- Yr 2006, FDI in China has been 28 years. Especially, since 1995, FDI in China has been 

ranked the top for consecutive more than 10 years among developing countries. 
Generally, FDI in China has experienced five stages. 
Yr 1979- Yr 1986 was the starting period. In this stage, FDI in China was mainly from HK, Macao 

and Taiwan. Most items were featured with labor intensive, spreading from processing industry, hotels and 
service, etc. Foreign Investment enterprises mainly located in the provinces of Guangdong, Fujian and 
other seaside areas. 

Yr 1987- Yr 1991 was the steady developing period. In this stage, the structure of FDI in China 
changed heavily. There were more productive items and exporting enterprises than before. Producing lines 
of electronic products displaced to east seaside areas. The proportion of service using foreign capital 
decreased. Foreign investment widened both in investing areas and in industries. Capital from Taiwan 
became more than before. 

Yr 1992- Yr 1994 was the developing period with high speed. In this stage, FDI in China increased 
sharply. The average scale of projects was larger and the development of real estate was fast. More and 
more brand new investing fields had expanded. And FDI began to put capital into central and west part of 
China.

Yr 1995- Yr 2001 was the adjusting period. In this period, FDI in China slowed down its pace. FDI 
in manufacturing increased. Industries of assemble manufacturing such as IT industry gradually dispersed 
both in Zhu triangle economic area and Chang triangle economic area. The Tertiary Industry began to take 
advantage of FDI in certain fields. Economic climate of central and west areas had been improved. Also in 
this stage, China began to treat foreign investment enterprises by Principle of National Treatment. 

Yr 2002- till now is transition period after entering WTO. FDI in China has changed so much. We 
pay much attention to the quality and optimize structure of foreign capital. More and more famous 
international companies invest in China. Resource of capital and structure of techniques are improved 
further. Investing fields are widened. Structures of industry are more reasonable. Especially since 2003, 
some heavy industry and equipping industry have landed in China. China has become one of making 
centers of high-tech products in the world. In service industry, R&D, software engine have developed very 
fast in China. 

(i) Information of the usage of foreign investment in China 
The amount of foreign investment was US$ 22.6 hundred million in 1983 and was US$ 638.1 

hundred million in 2005. It is 28.2 times more within 22 years’ time. The average growth rate is 16.4% per 
year. 
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Tab.1   Structure of Actually Used Foreign Investment in China 
Amount of 

Foreign
Capital

actually used 

FDI Foreign
Loans

Other
Investment FDI/GDP  

(ii) Industrial distribution of FDI in China 
Since openness and reform of Chinese economy, FDI in China mainly focuses on the Secondary Ind

ustry, the proportion in which is about 70%. From 2000 till now, FDI in manufacture has increased greatly.
 In recent three years, proportion of FDI in manufacture has reached 70%. The proportion of FDI in Prima
ry Industry keeps lower than 2%. The proportion of FDI in Tertiary Industry is between 20%-30%. 

Tab.2             Yr 1997-2004, Actual FDI by Sector  

Primary 
Secondary
Manufacture
Tertiary 

iii FDI by regions 
From 1997 to 2003, FDI in east was 85% of the total and 10% in the central area, 5% in the west. 

Tab.3                 Actual FDI by Regions 

East
Central
West 

II International Trade in China 
Since openness and reform of Chinese economy, the scale of foreign trade keeps expanding. 

Meanwhile the structure of goods imported and exported is largely bettered than before. 
(i) Scale of trade keeps expending 
The average growth rate of overall trade from 1990 to 2005 was 18.22% that was 6 more percentage 

than 1980s. In which, from 2000 to 2005, the overall trade grew at the rate of 24.56%. 
(ii) Structure of foreign trade is improved 
Before 1995, export in China concentrated on labor-intensive products, and imports were mainly sec
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ondary and high-tech products. After 10 years development, structure of export begins to focus on seconda
ry and high-tech products. Even though labor-intensive products are still the 1/4 of the total export, its shar
e has already had a downward trend. The share of high-tech products has the opposite trend. It is 18 percen
t more than that of 1995, becoming the leading products of export and substituting labor-intensive goods. F
or import, primary and high-tech products has bigger share. The share of resource products, labor-intensive
 products, low and medium-tech products have downward trend, especially the share of medium-tech prod
ucts. Comparing with export of medium-tech products, it shows China’s ability of producing medium-tech 
products has improved, meeting the demand of domestic and foreign countries.  

Tab.4     Growth Rate of International Trade in China

Periods Total Value of Imports 
and Exports Exports Imports 

III The impact of FDI on China’s international trade 
Since 1980s, China has begun to open manufactured industry step by step. Scale of foreign 

investment is becoming larger and larger, the share of which in GDP was up to 2.7% in 2005, from 0.3% in 
1983, especially in 1994, reaching 6%. Foreign investment increases in quantity and involves different 
industries, from labor-intensive industry and low-tech industry to middle and high-tech industry, resulting 
in great change of structure of China’s foreign trade. 

(i) The impact of FDI on developing speed of foreign trade 
1. The trade increasing speed of foreign investment enterprises is higher than domestic ones. 
2. For foreign investment enterprises, its growth rate of export is higher than that of import. But 

domestic enterprises has the opposite style, its growth rate of export (10.7%) is lower than that of import 
(14.7%). 

ii Affection of FDI on structure of foreign trade 
1. Imports and exports of foreign investment enterprises has great share of trade in China. 
2. Trading structure of foreign investment enterprises has great impact on structure of trade. 

Tab.5 The proportion of exports of foreign capital enterprises in China’s exports of classified 
products

Exports Imports 

Primary products 
Manufactured products 
Resource intensive products 
Labor intensive products 
Low-tech products 
Medium-tech products 
High-tech products 

3. Export structure of foreign investment enterprises and domestic ones 
4. Structure of China’s foreign trade 
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Tab.6   Structure of exports in domestic & foreign capital enterprises (%) 
Export structure of 
foreign investment 

enterprises

Export structure of 
domestic enterprises 

Primary products 
Manufactured products 
Resource intensive products 
Labor intensive products 
Low-tech products 
Medium-tech products 
High-tech products 

5. Modes of China’s foreign trade 
iii Influence of FDI on China’s foreign trade 

Through the contrast, we can find, first, ten years ago foreign investment enterprises worsened China
’s trade balance. Second, labor-intensive products are still the main reason why there’s surplus. Third, abou
t medium-tech products, the scale of trade deficit and its increasing extent of foreign capital enterprises are
 exceeding than that of domestic units. Forth, it’s different from 10 years that China has insufficient natura
l resource to be exported. 

IV Conclusion 
From development of foreign trade in China, it can get that FDI aids China to create a brand new 

advantage of trade, which shows in two fields. 
First, it has broken through the restriction of resource that China has in current stage and improved 

efficiency of traditional sectors. During 20 years of economic openness, increasing of economy has 
become mainly stimulated by investment, which is the result of bringing FDI and advanced producing 
technology. In this stage, competition isn’t expressed by relative price of certain factors, but by efficiency 
of producing standard goods. Currently, China’s competition of trade comes from international different 
nature of certain factors, and also comes from increase of invest. Especially, increase of FDI brings higher 
productivity to China and make China have advantages of cost and efficiency when producing a great deal 
of standardization of manufactured goods and become one of the world’s processing factory. 

Second, it helps China form the trade pattern of export oriented and multi-forms of labor-intensive 
industry. Traditional export goods of China focused on clothes, shoes, toys that are labor-intensive sectors, 
but increasing potential of export in these sectors are restricted. Therefore, finding more industry that can 
be exported can guarantee increase of China’s export. To make it real, it should depend on FDI. FDI helps 
China acquire ability to export more goods, such as IT products, consumed electronic products. And also 
FDI helps these industries can join into the international producing line in quite a short time, provide more 
job opportunities and bigger export amount. Even though China’s role in these sectors is still the part of 
packing and testing which has low value added and is labor intensive, yet these are the parts that grow 
fastest in international trade which are also the parts have little trade protective barriers. These 
untraditional sectors of export expand so rapidly that they bring a new way for China’s labor to enter 
international market, easing off exporting pressure of traditional labor intensive sectors, securing export 
develop consistently in China. 
References: 
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Innovations in Database Technology for Monitoring Human Devel-
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Pron, Nicolas
UN DevInfo
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ABSTRACT

A. Overview. DevInfo is a UN supported database system to compile and disseminate data on
human development. DevInfo provides methods to organize, store and display data in a uniform
way to facilitate data sharing across development partners. DevInfo has simple and user-friendly
features that produce tables, graphs and maps. The software supports both standard indicators (the
48 MDG indicators) and user-defined indicators. DevInfo is compliant with international statistical
standards to support open access and widespread data exchange. DevInfo is distributed royalty-free
to all Member States and UN agencies for deployment on both desktops and the web.

B. Highlights. The vision that DevInfo supports is a day when member states use common database
standards for tracking national human development indicators, containing high-quality data with
adequate coverage and depth to sustain good governance around the agenda of achieving the MDGs.
DevInfo is being used to add value to national statistics systems by complementing existing databases
and bridging data dissemination gaps.

C. Innovations. DevInfo 5.0 has evolved from a decade of innovations in database systems that
support informed decision making and that promote the use of data to advocate for human devel-
opment. A major innovation of DevInfo 5.0 is the introduction of data and metadata standards to
encourage open access and use of data across organizations, platforms, and systems. DevInfo has
adopted international standards in the areas of indicators (SDMX ISO/TS 17369:2005), data sources
(DDI/Dublin Core) and digital maps (ISO 19115:2003).

D. Results. The DevInfo initiative is being implemented with more than 20 UN agencies. Over
10,000 professionals have been trained in the use of DevInfo. 80 national agencies have officially
launched an adapted DevInfo database with their user-specified requirements. Since 2005, the UN
Statistics Division is publishing the official UN data on MDGs indicators in an adaptation of DevInfo,
called MDG Info.

Keywords. Millennium Development Goals Monitoring, United Nations, Data Dissemination, Inter-
national Standards.
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APPORTS ESPAGNOLS AU CALCUL DE PROBABILITÉS 
Martín-Pliego, F. Javier 
Santos, Jesús 
Universidad Rey Juan Carlos, Estadística Económica y Empresarial 
Paseo de los Artilleros s/n 
Vicálvaro, 28032 Madrid, Spain 
jesus.scerro@uclm.es

ABSTRACT
La Statistique, telle qu’elle est conçue aujourd’hui, est un domaine de connaissance relativement jeune 
puisque le développement de ses techniques et de ses concepts de base s’est produit au cours du XXème 
siècle. Une première idée dont il faut tenir compte est le fait que la Statistique actuelle procède de la fusion 
de deux domaines de connaissance scientifique, en principe bien différents: celui des statistiques en tant que 
science chargée de fixer les critères pour rassembler et présenter «les statistiques» et celui du Calcul de 
Probabilités.

On pense généralement que le processus de révolution probabilistique qui avait lieu au cours du XIXème 
siècle dans les principaux pays européens, ne s’est pas initié avant 1930 en Espagne et qu’il n’y a pas eu 
d’apports importants de la part des espagnols dans ce processus, pour ne pas dire aucune. Nous allons 
démontrer qu’il s’agit là d’une erreur incompréhensible qui a été accepté jusqu’ici comme un axiome de la 
part de la communauté scientifique des statisticiens espagnols sans pour autant vérifier la vraisemblance de 
cette affirmation. 

À notre avis, il y a trois grands apports des espagnols à la genèse de la probabilité: 
- L’influence du probabilisme moral hispanique dans le processus de conceptualisation de la 
probabilité à la fin du XVIème et au début du XVIIème siècle. 
- L’œuvre de JUAN CARAMUEL, auteur contemporain de PASCAL et FERMAT 
- L’intuition de JOSEF VALLEJO sur l’estimation maximum de vraisemblance. 

Cependant, et comme nous le verrons, on peut trouver un certain nombre de travaux réalisés par des 
espagnols concernant les thèmes probabilistiques au cours de la période de référence de ce travail. 

1. Apports espagnols au Calcul de Probabilités 
Au cours du processus d’élaboration du  Calcul de probabilités, les premiers écrits sur les jeux de hasard 
commencent à apparaître à la Renaissance, à la fin du XVème siècle. Chez PACIOLI, CARDANO et 
GALILÉE nous trouvons de petits opuscules qui ont pour objet le résolution de problèmes bien spécifiques 
aux jeux de hasard (principalement aux jeux de dés). 

Ce sont les antécédents immédiats à ce qui est considéré habituellement comme la naissance du Calcul de 
Probabilités: la correspondance que PASCAL et FERMAT ont entretenu, vers le milieu du XVIIème, à partir 
de certains problèmes proposés au premier par le chevalier de Méré. Cependant, le premier manuel édité sur 
le calcul de probabilités, est celui de HUYGENS intitulé De Ratiociniis in ludo aleae, apparu en 1656. Et 
c’est à cette époque qu’apparaît le premier espagnol qui s’intéresse à l’application des calculs arithmétiques à 
la résolution de problèmes dérivés des jeux de dés. Il s’agit de JUAN CARAMUEL, théologien cistercien, 
homme typique de la Renaissance et très culte ; il s’est intéressé à des sujets très variés et a écrit plus de 220 
œuvres consacrées aux mathématiques, à l’architecture, à la météorologie, à la théologie, etc. 

Dans son œuvre intitulée Mathesis biceps (vetus et nova), publiée en 1670, on trouve un petit traité de 24 
pages sous le nom de Kybeia, quae combinatoriae genus est, de alea et ludis fortunae serio disputans. Dans 
cette Kybeia, terme grec qui fait référence aux jeux de dés, il réalise une analyse très poussée de questions de 
jeux et de paris en appliquent la théorie combinatoire. Pour ceux-ci, CARAMUEL, en premier lieu, et, 
probablement, pour apaiser sa conscience chrétienne, incompatible à l’époque avec la récréation ludique, 
établit que tous les jeux doivent être justes. En ce sens il dit: pour que l’on puisse conserver cette équité 
(dans le jeu) il faut que l’argent corresponde au danger, de manière que ceux qui s’exposent à un tel danger 
puissent obtenir une somme équivalente, mais, par contre, ceux qui s’exposent à un danger inégal puissent 
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obtenir une quantité d’argent inégale, de sorte que celui qui s’expose à un plus grand risque doit  déposer une 
moindre quantité et, contrairement, celui qui s’expose à un moindre risque doit déposer une plus grande 
quantité. CARAMUEL décrit différents jeux d’osselets, de dés et d’autres jeux de hasard et se concentre sur 
la résolution du problème de la répartition du fond de paris quand le jeu s’interrompt avant sa conclusion. Il 
établit aussi le théorème des probabilités composées ou règle de la multiplication. L’œuvre de CARAMUEL 
est le deuxième traité sur la probabilité qui a été publié dans le monde après celui de HUYGENS. 

Mais ce n’est pas seulement à cette époque que l’on a commencé à créer le corps théorique du Calcul de 
Probabilités comme arithmétique de hasard. Les différentes idées et conceptions de la probabilité sont aussi 
apparues comme conglomérats indistincts de quantification mathématique de l’incertain avec l’idée 
philosophique du probable de la Grèce des classiques. Le probable fait référence à tout ce qui étant 
contingent semble être approuvé par tout le monde, par une majorité, ou était contenu dans l’opinion 
autorisée des plus sages. La notion et l’applicabilité de l’idée du probable s’étend au quotidien à travers le 
probabilisme, qui naît en Espagne au XVIème siècle et se répand dans toute l’Europe dans le cadre de la 
théologie morale. Il est communément admis que le dominicain BARTOLOMÉ DE MEDINA a été le 
fondateur de ce courant de normes pragmatiques utilisées dans les problèmes moraux. Au cours des 
premières années du XVIIème siècle le probabilisme oral hispanique dépasse nos frontières pour s’installer, 
de manière généralisée, en France, en Italie, en Allemagne, etc. Cette situation d’usage généralisé des 
normes souples et subjectives du probabilisme ne pouvait être plus favorable pour l’apparition des 
polémiques les plus vives. Face à cette attitude plus ou moins détendue des jésuites s’est opposé la rigueur 
accentuée des jansénistes. C’est ici où, à notre avis, se produit un autre point de jonction de l’influence de la 
pensée hispanique de l’époque avec la conceptualisation de la notion de probabilité. Les défenseurs les plus 
représentatifs de la rigueur janséniste se sont concentrés autour du célèbre cercle de Port Royal, dont les 
chefs de file sont ANTOINE ARNAULD et PIERRE NICOLE; ils profitèrent de la facilité d’écriture de 
PASCAL dans la rédaction des célèbres Lettres Provinciales, où ils exposèrent leur polémique avec les 
jésuites. Dans ces Lettres Provinciales apparaît la notion de probabilité épistémologique qui reprend une 
partie de l’apport des auteurs espagnols probabilistes. Il semble aussi que PASCAL ait participé à la 
rédaction des derniers chapitres de cette œuvre janséniste très connue intitulée la Logique de Port Royal,
précisément dans ceux qui ont trait et où a été introduit pour la première fois, le mot probabilité pour la 
désignée dans sa conception statistique. Dans les textes espagnols de l’époque sur le probabilisme, il apparaît 
clairement que la probabilité admet des degrés et qu’en plus on peut accepter la probabilité subjective de 
chaque personne. Dans ce débat intervient aussi CARAMUEL qui publie un traité à ce sujet intitulé 
Apologema pro antiquissima et universalissima doctrina de probabilitate, qui défend, cette fois, ses idées 
souples, et qui devient avec PASCAL, une des deux figures de l’histoire de la probabilité depuis le point de 
vue arithmétique du probable et d’autres de contenu plus philosophique. 

Nous devons avancer d’un siècle pour trouver un texte sur la probabilité édité en castillan. Dans ce cas il 
s’agit d’une traduction. CLAVIJO a traduit, comme Vice-Directeur du Cabinet Royal d’Histoire Naturelle 
d’Espagne, l’encyclopédie Histoire Naturelle de GEORGES LOIUS LECLERC, Comte de Buffon, l’Essai
d’Arithmétique Morale apparu en France en 1777 dans le quatrième volume du Supplément à L’Histoire 
Naturelle a été repris dans le Tome VI de l’édition espagnole de 1788. La traduction de CLAVIJO de cette 
partie de l’œuvre de BUFFON a eu une répercussion sur le penseur et économiste basque VALENTIN DE 
FORONDA qui, dans sa traduction libre de la Logique de Condillac de 1794, reproduit littéralement au cours 
des 19 pages quelques paragraphes importants de l’Arithmétique Morale de BUFFON. 

Les auteurs espagnols de textes de mathématiques d’un niveau comparable à celui de leurs contemporains 
européens sont peu nombreux. La majorité d’entre eux, il faut le reconnaître, sont lamentablement 
élémentaires pour leur époque, exception faite peut-être de ceux de BENITO BAILS, PEDRO GIANNINI, 
JUAN JUSTO GARCIA, TADEO LOPE DE AGUILAR et JOSEF MARIANO VALLEJO. Précisément 
certains de ces auteurs sont ceux qui reprennent des comptes-rendus ou offrent des traités sur la probabilité 
dans leurs œuvres au contenu mathématique. 

L’apport le plus remarquable de tous ceux-ci correspond à JOSEF MARIANO VALLEJO qui a obtenu une 
chaire au Séminaire Royal des nobles de Madrid et à l’Académie Royale des Beaux-Arts de San Fernando. 
Parmi ses publications les plus importantes il a édité en 1819 un Précis de Mathématiques dont le Deuxième 
Tome comprend un chapitre sur «l’art conjectural ou théorie des probabilités» adoptant la dénomination que 
JACQUES BERNOUILLI a donné à son manuel de Calcul de Probabilités Ars Conjectandi publié en 1713. 
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VALLEJO au cours des 12 pages qu’il consacre à ce sujet, établit les concepts et les définitions de base de la 
probabilité, et le plus remarquable de ce texte est son anticipation, de cent ans en avance, de la méthode 
d’estimation de maximum de vraisemblance. Bien que, dans son livre posthume Éléments du Calcul des 
Probabilités, CONDORCET étudie pour un modèle les différentes valeurs de la vraisemblance, c’est 
VALLEJO qui va oser, devançant d’un siècle R.A. FISHER, proposer le processus inférenciel suivant: Si 
l’on sait que dans une urne il y a quatre boules blanches ou noires, et qu’on a sorti successivement trois 
boules blanches et une noire, qu’on a pris soin de remettre chaque fois la boule que l’on a sortie, nous 
pourrions en arriver à une des trois hypothèses suivantes: ou bien qu’il y avait 3 boules blanches et une noire, 
ou 2 blanches et 2 noires, ou une blanche et 3 noires. La dernière hypothèse est bien moins probable que les 
deux autres, parce que si l’urne ne contenait qu’une boule blanche, il faudrait que cette boule soit sortie trois 
fois de suite; et l’on conçoit facilement qu’il y aurait moins de difficulté s’il y avait deux boules blanches, et 
encore moins s’il y en avait trois. La base conceptuelle et opérative de la méthode d’estimation maximum de 
vraisemblance. 

D’autres œuvres qui traitent de la probabilité et de ses applications, mais non pas de l’importance, à notre 
avis, de celles que nous avons signalé auparavant, sont les suivantes. D’une part, le penseur et économiste 
espagnol JUAN LOPEZ DE PEÑALVER dans sa traduction au castillan de 1799 de l’œuvre de EULER, 
Lettres à une princesse d’Allemagne sur plusieurs matières de Physique et de Philosophie introduit dans un 
vaste addenda de plusieurs pages Sur les fondements du calcul des probabilités qui apparaît comme un petit 
traité de la probabilité. Le médecin originaire de Murcie, BENITO RISUEÑO DE AMADOR intervint dans 
la polémique sur l’utilisation des probabilités dans les diagnostiques des maladies et dans ce sens il publia en 
1837 la Mémoire sur le Calcul de Probabilités appliqué à la Médecine pour soutenir les détracteurs de 
l’usage des techniques statistiques. En 1855, ANTONIO AGUILAR Y VELA lut son discours réglementaire 
à l’occasion de la réception de son titre de Docteur à la Faculté de Philosophie (section de sciences physico-
mathématiques) de l’Université Centrale. Ce discours s’intitulait De l’importance de l’étude du Calcul de 
Probabilités du professeur AGUSTIN MARTINEZ ALCIBAR qui manifeste une excellente connaissance 
des travaux sur la probabilité et les statistiques de, pratiquement, tous les auteurs européens. FELIPE 
PICATOSTE Y RODRIGUEZ, professeur de mathématiques, publiciste et journaliste, écrivit des manuels 
sur les disciplines les plus variées. En 1882 il édite son Vocabulaire mathématique-étymologique. Avant la 
fin du XIX ème siècle, en 1879, le Commandant d’Artillerie, DIEGO OLLERO CARMONA, publie son 
Traité de Calcul de Probabilités qui constitue le premier manuel moderne en castillan sur les probabilités où 
est utilisé le calcul différentiel. 

2. L’Académie Royale des Sciences comme véhicule de diffusion 
Au cours de son existence depuis sa création en 1847, comme il va de soi, certains académiciens centrèrent 
l’attention de l’assemblée sur des sujets en rapport avec la théorie de la probabilité et ses applications. Nous 
citerons à présent toutes les interventions qui se sont produites à cet égard au XIXème siècle. 

En 1868 MIGUEL MERINO Y MELCHOR, astronome, qui deux ans auparavant avait publié un travail 
intitulé Réflexions et conjectures sur la loi de mortalité en Espagne, dans le Discours de sa réception 
publique comme membre de l’Académie Royale de Sciences Exactes, Physiques et Naturelles analyse 
minutieusement l’évolution historique du Calcul de Probabilités en étudiant les principaux apports des 
scientifiques européens avec deux siècles de perspective, et souligne l’utilité de cette science pour la 
meilleure conduite des compagnies d’assurances. Il commence aussi à prendre en considération les premières 
tentatives de fusion que nous avions appelé au début science pour l’élaboration des statistiques avec le 
Calcul de Probabilités, en se basant sur les travaux d’ADOLPHE QUETELET, et il reprend l’utilité de la 
méthode des moindres carrés de GAUSS pour l’analyse des erreurs de mesure détectées dans les travaux des 
astronomes et des géodésiques. 

Quelques années plus tard, en 1890, lors d’une occasion semblable à la première, ALBERTO BOSCH 
FUSTEGUERAS disserta sur les Applications des mathématiques aux sciences morales et politiques, où, 
sans trop d’enthousiasme, il fait référence à l’usage de la théorie de la probabilité dans ses applications au 
domaine actuaire et financier. 

3.La probabilité dans les textes de Statistique 
Dans la seconde moitié du XIXème siècle la Statistique s’était frayée un chemin dans le monde de 
l’Université et ses enseignements coïncidaient avec l’Économie Politique et la Géographie. 
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Des chaires d’Économie politique et de Statistique commencent à apparaître dans les Facultés de Droit, et de 
Géographie et Statistique dans les Écoles de commerce. Le résultat de l’institutionnalisation de ces 
enseignements est la publication de textes sur la Statistique, que de manière concise nous citerons étant 
donné que, en ce qui concerne la probabilité, ils ne retracent que de très vagues et simples détails. En effet, 
en 1873, MARIANO CARRERAS Y GONZALEZ et JOSE MANUEL PIERNAS HURTADO éditent leur 
Traité élémentaire de Statistique où, sans avoir encore le lien qu’entretenaient la probabilité et la Statistique 
consacrent quelques pages exposant des idées sur la probabilité mathématique et sa différence avec la 
probabilité philosophique. 

En 1881, MELCHOR SALVÁ HORMAECHEA, dans son Traité élémentaire pressent aussi l’importance du 
Calcul de Probabilités en citant, même, un passage de l’Essai philosophique sur les probabilités de 
LAPLACE.

ANTONIO JOSE POU Y ORDINAS publie, en 1889, un Cours de Statistique où il offre enfin une vision 
plus avancée de l’utilité du Calcul de probabilités dans l’analyse de données statistiques, ce que l’on observe 
à plusieurs reprises dans ce manuel. 

4.La première moitié du XXème siècle 
Peu de progrès importants se produisent dans notre pays  au cours du premier tiers du XXème siècle 
notamment en ce qui concerne le progrès du Calcul de Probabilités. Bien que la diffusion des textes de 
LAPLACE, LACROIX, LIAGRE, BERTRAND, POINCARE et BACHELIER est incontestable, la 
révolution probabilistique n’a toujours pas lieu en Espagne. Cependant nous signalerons certains auteurs 
pour démontrer que cette révolution scientifique demeura en état latent à cette période: le texte de SANPERE 
Y CARRERA et celui de NICOMEDES ALCAYDE Y CARVAJAL en sont la preuve. 

En 1909 apparaît la Grammaire de la Science de KARL PEARSON, traduite par JULIAN BESTEIRO qui 
analyse les fondements méthodologiques de la probabilité, entre autres questions. En 1909 aussi l’Académie 
Royale des Sciences Exactes, Physiques et Naturelles de Madrid convoque un concours public consacré à 
l’Exposition claire et simple du calcul de Probabilités. Des Mémoires présentées celle de GABRIEL 
GALAN RUIZ remporta un prix et celle de MANUEL VELASCO DE PANDO obtint un accessit. Celle de 
GABRIEL GALAN expose un résumé assez complet de l’état de la question à ce moment, en mettant 
l’accent sur les applications de la théorie de la probabilité sur le calcul actuaire. La mémoire de MANUEL 
VELASCO DE PANDO considère les concepts fondamentaux de la théorie de la probabilité. 

En 1927 on traduit le petit manuel sur le Calcul de Probabilités d’OTTO KNOPF, qui remporta tant de 
succès qu’il fut réédité successivement pendant plus de vingt ans, et en 1933 apparaît le Traité Élémentaire 
de Statistique de FUENTES MARTIAÑEZ qui comprend certains chapitres consacrés à cette matière, bien 
qu’avec une vision plus en accord avec les manuels européens du siècle précédent. 

Au cours des années trente et quarante des chaires de Statistique Mathématique sont crées dans les Facultés 
de Sciences Exactes d’Espagne. La première, celle de Madrid, est revenue sur concours à OLEGARIO 
FERNANDEZ BAÑOS en 1933, et les scientifiques commencent à se montrer intéressés par la recherche et 
le développement de la théorie de la probabilité. Certains apports d’ESTEBAN TERRADAS E ILLA (1888-
1950), SIXTO CAMARA TECEDOR, J. MARIA ORTS ARACIL et ENRIQUE CANSADO MACEDA 
commencent à se faire remarquer dans les cercles universitaires et à apparaître dans les revues scientifiques 
espagnoles.

Mais c’est à partir de 1945 lorsqu’on dispose enfin d’un manuel complet de Statistique Mathématique: le 
Traité de Statistique d’OLEGARIO FERNANDEZ BAÑOS; dans ce manuel on trouve les éléments 
classiques des statistiques descriptives, de la théorie de la probabilité et on expose une introduction à 
l’inférence statistique, branche des Statistiques Mathématiques qui à cette date continue à prendre forme 
dans le monde. Ensuite, après l’édition de la version espagnole d’ENRIQUE CANSADO des Méthodes 
Mathématiques de Statistique de CRAMER en 1953, viendront, entre autres, les manuels des professeurs 
SIXTO RIOS, UBALDO NIETO DE ALBA et GONZALO ARNAIZ, mais il s’agit là du commencement de 
l’histoire moderne des Statistiques Mathématiques en Espagne. 
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The standard model

In 1914, Diogo Pacheco d’Amorim presented a Ph. D. dissertation to the University of Coimbra,
entitled Elements of Probability Calculus. In the foreword, he states that the title could have been An
Essay Towards Rationalising Probability Calculus, thus clearly assuming that the problem he is trying
to clarify is the rigorous construction of Probability.

From the start, he elects the concepts of randomly choosing an object from a set and of randomly
throwing a point in a region as the primitive ideas that he will use as the foundation of the theory he
builds; he explicitly recognises that Poincaré (1902) expresses the view that these are vague concepts,
but cunningly claims that whoever is performing the choice (or the throw) clearly knows whether this
is done randomly or not. From this, he elicits a standard model: for anyone performing a random
extraction from a set that is known both qualitatively and quantitatively — i.e., the set is partitioned
into exclusive classes, and the agent of the extraction knows which classes do exist, and how many
elements are in each of them — the probability of extracting an element of a given class is unambiguous.
Pacheco d’Amorim, in the two initial chapters of his thesis, describes sophisticated extraction policies,
and these allow him to develop the original idea that all probabilities are conditional probabilities
(although, unfortunately, his concept of conditioning isn’t as general as we would like).

The remaining of the thesis is an interesting tour de force, presenting the asymptotic results of
Bernoulli and de Moivre to evaluate whether less clear cut settings can be confounded with the standard
model. In other words, he anticipates the most important concepts of hypothesis testing, expressing
that if extractions performed by someone else, or even by a mechanical device, are indistinguishable of
random extraction performed in similar situation by ourselves, in the light of those asymptotic results,
then they can be looked at, for all useful purposes, as random extractions.

Pacheco d’Amorim endeavour led him to present some interesting new ideas, unfortunately
mixed up with some strange faux pas. He builds up a remarkable anticipation of Rényi’s ideas that
all probability is a conditional probability, but using a narrow framework (he only defines P(A|B) if
A ⊂ B). He develops a clever theory of image points that matches in the most striking points of the
distributional theory of functions of random vectors, but doesn’t use the concept of distribution law.
He reconstructs Fubinni’s theorem to deal with joint probabilities, and presents a sharp analysis of
large deviations which allows him to deduce the classical central limit theorem as a rate of convergence
result on the law of large numbers. But, on the other hand, his dealings with Bayes theorem and with
Bertrand’s paradox have some extravagant blunders.

In what follows, we discuss some of the most striking points of Pacheco d’Amorim’s dissertation.

Discrete Probability or extracting, at random, one element from a finite set

Supposing we are under the standard model hypotheses, Pacheco d’Amorim defines the possibility
of an element α randomly chosen from the set A as πα = 1

#A , and conceives three systems of random

(1) Research partially supported by FCT/POCI2010 and by Polytechnic Institute of Leiria.
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extractions. First, the extraction of one element from a set A where we can apply directly the possibility
definition. Then, the extraction of one element α from the set A and the independent extraction of one
element β from the set B (Pacheco d’Amorim doesn’t refer explicitly to the independence assumption),
which can be reduced to the first system as the extraction of just one element from the compound set
A×B, and therefore π

(α,β)
= 1

#A#B = παπ
β
. Finally, the extraction of one element α from the set A

and one element βα from the set Bα which depends of the element α firstly chosen in A. So, the second
extraction is conditional to the first one and, if the first element chosen is α, then everything happens
as it was only extracted one element from the set A×Bα, and consequently π

(α,βα)
= 1

#A#Bα
= παπ

βα
.

Let us notice that in the two firsts systems the total possible set (sample space – Ω) are the sets where
we extract the elements (A and A × B), while in the third system the sample space is the complex
of sets A  

⊙
B =

⋃
α∈A α×Bα . The possibility of a set A′ ⊂ A is the sum of the possibilities of its

elements, i.e., $
A′ =

∑
α∈A′ πα . For the compound set A′×B′ ⊂ A×B we obtain $

A′×B′ = $
A′$B′

and for the complex of sets A′  
⊙

B′ ⊂ A  
⊙

B we find $
A′  ⊙ B′ = 1

#A

∑
α∈A $

B′α
. At last, the

probability of one set A′′ relative to another set A′ (with A′′ ⊂ A′ ⊂ Ω) is defined by P
A′ (A′′) = $A′′

$A′
.

The unconditional probability is a particular case, taking A′ = Ω and getting PΩ(A′′) = $A′′ . If the
elements are equally possible, as in the two first extraction systems, we get PA′(A′′) = #A′′

#A′ that

taken unconditional is the usual Classical Probability definition (PΩ(A′′) = #A′′

#Ω ). Hence, to Pacheco
d’Amorim, the Probability definition used by Laplace (1812) isn’t but a particular case of this more
general definition he uses.

Thus, elements with different possibilities arise from the extraction on complexes of sets, and
henceforth the original conditional equipossibility doesn’t imply, in his more complex extraction sys-
tem, equiprobability; as a consequence, there is no need to appeal to Bernoulli’s and Laplace’s principle
of insufficient reason. Even if we analyse others authors, namely from the French School who greatly
influenced Pacheco d’Amorim, such as Lacroix (1822), Poisson (1937), Bertrand (1888), Poincaré
(1896), Borel (1909 and 1914) or Bachelier (1912) we do not find such deep and general discussion
on how to get rid of equiprobability. We also stress that he uses conditional probability as primitive
instead of the usual construction where it is defined as a ratio of unconditional probabilities. So, he has
anticipated, with different arguments, the views of Keynes (1921), de Finetti (1937), Jeffreys (1939) or
Rényi (1955). Unfortunately his definition of the conditional probability PA′(A′′) is restricted to the
case A′′ ⊂ A′, making his construction much more difficult; probably, this is the reason why he claims
that his thesis contains the first rigorous proof of Bayes’s theorem. Although Bertrand (1888) and
Keynes (1921) also question the traditional proof of Bayes’s theorem, we cannot agree with Pacheco
d’Amorim’s assertion. Had he used the usual concept of conditional probability, his construction
would have been much easier and graceful.

Continuous Probability or throwing, at random, one point in a bounded region

Pacheco d’Amorim characterizes continuous probability analogous to the discrete case, taking
as standard model the throwing, at random, a point in a bounded region. He identifies, as well,
three systems of throws where the complex of sets are replaced by the complex of regions defined by
X  

⊙
Y =

⋃
x∈X x ×Yx ⊂ Rn+m, where X ⊂ Rn and the regions Yx ⊂ Rm depend of the point x

thrown in X. The possibility of any point thrown in the region X is πx = 1∫
X dx

and the possibility

of the region X′ ⊂ X is $
X′ =

∫
X′ πx dx. Thus, the points of a complex of regions do not have

necessarily the same possibility value, and consequently the probability of one region is not inevitably
proportional to its measure as in the usual geometric definition.

Pacheco d’Amorim distinguishes between a point directly thrown, which have uniform density(2),
(2) On a complex of regions the possibility of the second point conditional to the first is uniform, but the compound

points (x, y) ∈ X  
⊙

Y do not have equal possibilities. However, this system can not be reduced to one single point
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and its image. So, if we apply a function f to a point x directly thrown, then f(x) is an image point
of x, and its probability law is establish as a result of P [f(θ1) ≤ f(x) ≤ f(θ2)] = P (θ1 ≤ x ≤ θ2). This
way Pacheco d’Amorim elegantly solves Bertrand’s paradox about the possibility of getting different
probabilities to events that can be reduced to each other. In fact, with his image point concept we are
able to build up any probability law as a transformation of an uniform distribution. In this way he was
close to attain the definition of distribution function, a crucial concept in modern Probability Theory
which was conceived later. However, he explores his image point concept reinventing the Fubinni’s
theorem, establishing the Bayes’s theorem on continuous probability and projecting the probability
law of a random vector (joint distribution) into one of its components (marginal distribution).

Unfortunately he did not solve successfully others Bertrand’s paradoxes, namely the random
chord paradox. While in each of Bertrand’s “solutions” there is a one-to-one correspondence between
the randomly chosen point and the chord, in Pacheco d’Amorim’s solution there is not, and hence we
consider it essentially wrong.

Probability Applications

After developing his conception of Probability under the standard model assumption, Pacheco
d’Amorim discusses the others situations. First he regards three different kinds of agents: us, someone
like us (other person) and different agents (nature or a mechanical device). Each of these groups is
divided into two sub-groups: the extractions (discrete) and the throws (continuous). Finally he
identifies, in each of these sub-groups, three types of information amount: total, qualitative and none.
The first group (we are the agents) of the first information amount type (total knowledge) corresponds
to the standard model, and the endeavour of Pacheco d’Amorim is to reduce all the other situations
to this standard one.

To begin with, let us suppose we are the agents (first group). If we are extracting elements
from sets qualitatively known but quantitatively unknown, we can use Bernoulli’s laws to establish
the proportion of each class, with a probability as large as we want, insofar it is feasible to perform
as many extractions as needed. This determination is estimated and probabilistic, but the probability
that the approximation produces an error whose absolute value is greater than ε, however small ε is,
will approach zero as much as we want. Thus, this case is distinguished from the standard model by
the same hiatus that separates probability from certitude. If we do not know either qualitatively the
set (3rd type), the problem is similar but with the extra task of identifying qualitatively the set.

If we are throwing a point in a region qualitatively (the support) known but quantitatively (the
probability law) unknown we can identify, with a probability as large as we wish, the corresponding
probability law. And it can be done in two ways. We can adopt a probability law a priori from
our knowledge about the phenomenon. In this case, we shall perform a large number of sequences of
trials, each sequence with a sufficiently large number of trials. In each sequence the probability that
its distribution does not agree with the a priori probability law will be almost zero, provided the a
priori law is true. Consequently we compute the proportion of sequences whose empirical law matches
the hypothesized a priori probability law, which will approach (via Bernoulli’s law) a number that we
may call the probability of that law. If that probability is large enough the a priori law is assumed to
be true; otherwise, it is rejected. If we have not any a priori reason to propose a specific law, we have
to estimated it. Thus, the second method consists in making a great number of throws in the region
divided in many sub-regions(3), then to calculate the proportion of points observed in each sub-region
which give us, with the degree of probability and approximation we want, the integral of the unknown
function in each sub-region. Since there are infinite functions satisfying these conditions, we shall

directly thrown because the region Yx , where the second point is thrown, is only defined conditional to the first point x.
(3) The number of sub-regions and throws depend of the precision wanted.
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choose the better one for our purpose. Moreover, if we do not know the support, we can start with
an unbounded one, and the law determination will give us the regions where the probability is null.
So, the law determination will also identify its support.

These estimations were done under the assumption that the sets (regions) remain invariant while
we make the extractions (throws). Otherwise, we couldn’t reach any conclusions, unless the law of
such variations was known, allowing for the necessary corrections.

Let us now analyse the situations with different agents from ourselves. First, if the agent is
someone similar to us, then the sentence extract, at random, one element is ambiguous, having equal
significance as extract one element. However, in some situations, it is legitimate to retain the expression
at random, essential for our study. Thus, Pacheco d’Amorim identifies two conditions to accept that
the selection has been done at random. First, the distribution of the elements inside the set shall
be unknown. Second, neither we nor the agent can anticipate the quality of the element which will
be selected. Furthermore, we can test if one selection is done under these conditions, because if the
observations do not obey to the Bernoulli’s laws it means that at least one of these conditions has been
violated, and consequently the phenomenon is out of Probability Science scope. In this way Pacheco
d’Amorim reduce the second group to the first one already analysed.

When we observe some irregular phenomenon (3rd group), which seems to be governed by
chance, should we identify this with a random selection? Pacheco d’Amorim claims that we can if
those observations are in agreement with Bernoulli’s laws, which legitimate this hypothesis at least
while the verification was done. Otherwise it means that the phenomenon can not be identified with
a random selection, or else that its probability law is varying.
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our country has the biggest population resources, but not strong in its human resources; has the biggest 
labor force population, but not strong in its labor force. Data in National Ministry of Personnel’s 2000 
announcement showed that total number of talent pool is 60.75 million, only 4.8% of the national population
and 6.8% of national labor force population. The strength of human capital i.e. scientist & engineers per 
thousand population, is 6.3 persons in Japan, 4.8 persons in Israel, 3.7 persons in USA, 2.1 persons in 
Central Europe & Eastern Europe, only 1.2 persons in our country. This indicates our country not only has 
insufficient talents, but also lacks the high-level human resources. 

In addition, the author collected basic data of 4 targets in intelligent resources from 1991 to 2000 and 
calculated, a series of comprehensive numerical values were obtained and these numerical values can be 
regarded as value of each variable of independent variables in related analysis, and the numerical values of 
GDP from 1991 to 2000 can be regarded as value of each variable of dependent variables, the equation was 
obtained by fitting these data, the author tested the equation and analyze its relativity.

Year
Variable

1991 1992 1993 1994 1995 1996 1997 1998 1999 2000

Intelligent Resource (X) 8.3 10.3 12.8 17.3 21.6 25.8 29 34 39 45.2

GDP (Y) 2.2 2.7 3.5 4.7 5.7 6.7 7.3 7.7 8.1 8.8
Information Origin: All data are calculated according to <Chinese Statistics yearbook > in 2002. 

With above analysis, we can easily find out the ability to use and develop the intelligent resources have 
great impact on the development of the society, therefore, we assign bigger weight number for the intelligent 
resources. The weight number of population resource, labor force resource and intelligent resource was
assigned as 20, 30, and 50 respectively. Among each resource category, the interaction between each target
and each category are different, the author assigned them different weight numbers according to author’s
perceptions in human resource:
A. X1=20 X2=30 X3=40 (The current population quantity is not very big, but the predictive population

quantity is enormous according to selected targets. Because we are researching the development problem
of human resource in western area and will propose further implementation measures, therefore, bigger 
weight numbers were assigned. ) 

B. Y1=20 Y2=20 Y3=30 Y4=40 (Among labor force population, the proportion of poor educated
population was high and lacked the high-level talents, which caused the inferior of human resource, the
bigger weight numbers must be assigned.) 

 1
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1x

C. Z1=30 Z2=20 Z3=20 Z4=30 (Among labor resources, the quality of human resources has been 
greatly increased to a great extent because the increasing professionals and technology investments, as
well as the values of Z2 and Z3, so Z1 and Z4 were assigned the bigger weight numbers.) . i.e: 

20f 402xf 403xf

201yf 202yf 203yf 404yf

301zf 202zf 203zf 304zf

The calculation formula is: )3,2,1(ifCC ii

 In the formula, C is total score of comprehensive ability of human resources’ development and 
utilization in each area, Ci is respective score for three kind of resource targets: population, labor force and 
intelligent resource, also is the weight number that is assigned to population, labor force and intelligent
resource respectively.

)3,2,1(
)(

i
fX

C xii
1 f xi

)3,2,1(
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Z
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In the formula: Xi,Yi, Zi is target value in each category of population resources, labor force resources 
and intelligent resources respectively, and also is the weight number in three kinds of resource targets
respectively.
Results and analysis
A. Data analysis on the population resource 

Because of the population growth rate and net moving rate can affect the data, we find that the high 
populated SiChuan province only listed as No. 8 in the comprehensive population resources, its ability of 
human resources’ development only covers 42% of No.1 Xinjiang Province; low populated Tibet has the
No.5 position in the comprehensive population resource, but was 1.8 times higher than last position of 
ShanXi province. Therefore, we must analyze the current population quantity, the natural growth rate and net
moving rate before analyzing human resources, the judgment cannot be based on current quantity of 
population, it is also important for future prediction. 
B. Data analysis on the labor resource

Table 2 shows the consistency between the utilization ability of labor resources in various provinces &
areas and its proportions in the national population. However, the differences among each score in labor
resource is extremely big, the utilization ability of labor resource in SiChuan is 35.18 times as high as the
ability in Tibet, a very astonishing number. Overall, the national average lever is only 0.4 times higher than
western area. From its future development, western labor resources will catch up with/or exceed the national
average level.
C. Data analysis on the intelligent resource 

The data in Table 2 shows the maximum ability of development and utilization in intelligent resources is
SiChuan province, 0.53 times higher than No.2 position ShaXi province, and 33.06 times higher that last
position Tibet, it is clear that that the prospects for development are quite encouraging. 
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ABSTRACT 

In light of meeting China’s economic development targets, accelerating strategic adjustments to the 
structure of the economy and continuing the improvement of the economy through the use of science and 
technology, this article studies varying trends in the scientific and technological contribution rate, analyzes 
existing problems, and suggests counter measures including five “supports” to increase scientific and 
technological progress contribution rates. The purpose is to further advance reform of the scientific and 
technological system, accelerate innovations and turn scientific and technological research results into real 
productivity which effectively boosts the rapid growth of the economy.  
1. The basic concepts of scientific and technological progress contribution rates 

The investment elements of economic activities generally include capital, labor, technology and 
management. The tangible production elements such as capital and labor are the primary investment elements for 
economic activity. Improvements in technological and management standards, innovation and upgrade of 
machines and equipment are the important conditions for promoting economic growth based on those primary 
elements. From an international point of view, the economic growth contribution rate after deduction of capital 
and labor is generally called “the contribution of technological progress to economic growth.” Therefore, 
technological progress rate refers to the sum of all factors after deduction of the effects of the increase in primary 
production elements (labor and capital) from the output growth rate of an economic system. The technological 
progress contribution rate indicates the total change in the efficiency of a regional economic system using a 
technological progress rate calculated by the following formula: 

Technological progress contribution rate = technological progress rate/output growth rate 
Where, technological progress rate = output growth rate – capital growth factor and labor growth factor. 
= output growth rate - α× annual growth rate of capital – β × annual growth rate of labor 
Where, α is the capital output flexibility and β is the labor output flexibility. When capital increases by 1% 

and all other conditions remains unchanged, the output increases by α%; the labor output flexibility β is when 
labor grows 1% and all other conditions remain unchanged, the output increases by β%. 
2. Study of the varying trends in the technological progress contribution rate 

2.1 Sources and calculated results 
The sources of information for assessing the technological progress contribution rate for the economy: 
2.1.1 Output indicators use total regional production values and rates use comparable prices; 2.1.2 Labor 

force investment uses the total number of employees in the economy after proper adjustments have been made; 
2.1.3 Capital investment uses fixed assets investment amount and the annual average balance of bank loans 

in the economy. Because of a comparable price problem, these indicators have been converted respectively 
according to the price coefficient for calculation. 

2.1.4 Coefficient α = 0.3, β = 0.7 (the calculated result is ignored) 
2.2 The contribution of technological progress to economic growth in the economy 
The economy continued to grow at high rates. Where is the source of this rapid economic growth? What are 

the key elements that stimulate economic growth? What role do science and technology play in economic growth? 
It is imperative for every one of us to know about these issues. The above calculation clearly indicates the role 
that technological progress played in economic growth and the quantitative assessment of technological 
progresses. The technological progress contribution rate in the economy has increased significantly and the 
economic growth pattern has changed gradually from the “Extensive Growth” model to the “Intensive Growth” 
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model. The contribution of the technological progress to economic growth in the economy has increased from 
42.8% in the “Eighth Five Year Plan” period (1991-95) to 49% in the “Tenth Five Year Plan” period (2001-05). 
The contribution rate increased by 6.2 percentage points in the “Tenth Five Year Plan” period with an annual 
average increase rate of nearly 1 percentage point. Meanwhile, the capital contribution rate decreased from 
49.2% in the “Eighth Five Year Plan” period to 45.3% in the “Tenth Five Year Plan” period; the labor 
contribution rate decreased from 8.0% in the “Eighth Five Year Plan” period to 5.7% in the “Tenth Five Year 
Plan” period. This indicates the gradual transformation of the economic growth pattern from the “Extensive 
Growth” model to the “Intensive Growth” model. Both the quality and efficiency of the economy have been 
greatly improved.  
3. Existing problems 

3.1 The effect of technological progress, compared with the role it should play, is not so closely 
integrated with economic growth. The difference between the annual average growth of technological progress 
and that of economic growth appears to be increasing. There is a big difference between the technology and the 
economic integration processes. During the “Eighth Five Year Plan” period, the annual average GDP increased 
by 15.9% while annual average technological progress increased by 6.8%. The difference between both figures 
is 9.1 percentage points. During the “Ninth Five Year Plan” period (1996-2000), the annual average GDP rose by 
15.5% while annual average technological progress increased by 7.4%. The difference between both figures is 
8.1 percentage points. During the “Tenth Five Year Plan” period, the annual average GDP rose by 21% while 
annual average technological progress increased by 10.3%. The difference between both figures is 10.7 
percentage points. 

3.2 The leading position of capital is still significant. First, the annual average growth in capital is 
dominant. The dependence of economic growth on investments is heavy. During the period from 1991 – 2005, of 
the three key elements that drive the economic growth, the annual average capital growth rate was 9.5% higher 
than the annual average GDP. It was also 18.8% and 25.2% higher respectively than the annual average growth 
rates for technological progress and labor force. Second, the leading position of the capital contribution rate is 
significant. From the “Eighth Five” to “Tenth Five” period, the capital contribution rates in the economy were 
49.2%, 44.6% and 45.3% respectively. Capital contribution to economic growth is still most important.  
4. Countermeasures and suggestions for increasing technological progress contribution rates 

The Chinese central government considers the people-oriented, harmonious and sustainable development as 
the scientific development approach. It calls for the expedited development of a national innovation system, 
promotion of efficient deployment and integration of technological resources, increase in technological 
innovations and close coordination of technology with economic and social development. Therefore, we must 
step up technological advancement and innovation and provide powerful technical support for the realization of 
these great strategic targets.  

Support 1: The concept of fostering innovation. Ideals direct actions, concepts stimulate thoughts and 
produce innovations. It is most important to change the thinking of management and update old ideologies and 
frameworks. Companies are the principals for investment in technological innovations and also the principals for 
transfer of the results of technological innovations. Therefore, entrepreneurs are required to have strong 
innovative ideas, foster innovative culture and create effective cooperation mechanisms.  

Support 2: Training for innovating talents. Human resource is the first resource. To implement a high-
end technological talent development strategy, efforts must be made to build up a good mechanism to attract, 
train and use qualified professionals. They are critical to a company’s technological innovation. First class 
innovation comes from first class talent. Management should fully understand the important role of 
technological talent in innovations and respect the technological talent development law. It should focus on 
identifying, attracting and training qualified professionals and encouraging innovation. It should also exert an 
effort to establish a high quality technological talent team to ensure an adequate number of qualified 
professionals for the continued development of the company. 

Support 3: Perfect the innovation mechanism. Constructing a technological innovation system is an 
important means to cope with increasingly fierce economic and technological competition worldwide and fully 
upgrade the city’s technological innovation capabilities. First, a sound technological innovation mechanism 
should be established in companies. Key companies should be guided and encouraged to establish basic research 
facilities to effectively support innovations and help technology-oriented small and medium enterprises and 
private businesses to develop themselves. Second, scientific and research institutes should go further in 
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stimulating vitality and take a leading role in innovation. The relations between businesses, institutions of higher 
education and research institutes should be strengthened in many ways to promote their integration.  

Support 4: Increase investment in science and technology. Investment must be increased to push 
forward technological innovations. Taking advantage of innovations can only be effected by the interactions of 
multiple parties. Effective financial and taxation policies should be established to guide and support new high-
tech enterprises to increase investment in science and technology in order to strengthen their innovation 
capabilities and improve the competitiveness of their products and services. A step by step technological funding 
and investment mechanism should be established through which established companies play a major role in 
helping new high-tech businesses establish their own research and development facilities and increase their 
innovation capabilities.  

Support 5: Accelerate the progress of high-tech industries. A leading industry equipped with the latest 
technologies and research plays a critical role in increasing productivity and national power. It is a pillar of 
modern economic development. Developing a high-tech industry requires the integration of intellectual and 
technological innovations as well as the sharing of research data. Policy direction should be continuously 
adjusted and perfected accordingly during different development stages. Changes should be made including 
encouraging investments, improving technological innovation capabilities, expanding the scale of business and 
increasing a business’s technological standards and added value. High technologies such as information, 
bioengineering and new materials should be used to renovate and upgrade traditional industries. The focus 
should be the promotion of digitalization, networking and intelligence to improve traditional products and 
facilitate their development in the direction of more sophisticated processing, precision manufacturing, high 
technology and low energy consumption. New ways should be carved out to develop high technologies with 
sustainable innovation capabilities.  
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Abstract: This article focuses on the establishment of a socialist harmonious society and the objective 
and effective index system related. In light of establishment a well-off society in an all-round way and 
creating a new situation with Chinese socialism characteristics, the article puts forward a strategic goal and 
task and appraises the harmonious society in a scientific way. It also analyses the essential features of a 
harmonious society, chooses the content and drafts the frame of the harmonious society index system, 
identifies the weight of index, and uses comprehensive method- harmonious development index to reflect the 
tendency of local development. Wish to discuss with you. 

. Background and the Significance of the Research  
To establish the socialist harmonious society is the significant assignment to build a well-off society in 

an all-round way and create a new situation in building socialism with Chinese characteristics for our party. 
    " The Central Committee of the Communist Party of China’s decision of several major issue of building 
the Socialist Harmonious Society " emphasized that  “puts the building of socialist harmonious society on 
the more significant place”, and solve the beneficial problems which people care  focus on to develop the  
society enterprise, promote the social fair and justice , construct the harmonious culture, improve and perfect 
the  social management, enhance the social creating vigor, take the road of common prosperity, and propel 
the social construction, economic construction ,political construction ,development, cultural construction 
coordinate forward. 

From the goal “make the society more harmonious” proposed by the Sixteenth National Congress of the 
CPC and “build socialist harmonious society” proposed by the Fourth Plenum of the 16th CPC Central 
Committee to the arrangement in an all-round way by the Sixth Plenum of the 16th CPC Central Committee, 
we take it as the general mobilization of building up the socialist harmonious society. To appraise the 
harmonious society in a scientific way and to build the index system to appraise the harmonious society is an 
important research job of our department of Statistics. It’s good for constructing the harmonious city’s 
atmosphere, for the government understanding the advancement and direction of harmonious society, and it 
is good for measuring the ability of building harmonious society. 

.The Feather of Harmonious Society and the Content of Index System 
Building the socialism harmonious society, is on its road to socialism with Chinese characteristics, to 

persist a scientific and evaluative notion to lead the social development, and according to the require which 
is the democracy and the legal, the fair and the justice, the honest and friendly, the full of vigor, the stable 
order, and the people live in harmony with nature to speed up the building of socialist harmonious society. 
This is the basic feature of harmonious society, and is also the important basis of the index system of 
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building harmonious society. 
The appraisal index of harmonious society can set up six indices and several concrete indices. To reflect 

the achieved extend, we can choose the concrete indices. But not all the concrete indices can be put into the 
index system. The index system needs to follow the independence and feasibility principals. 

The field of democracy and legal.  We monitor the inhabitant and the legal person’s democratic 
rights about democracy. We monitor the perfecting degree of the legal system and legal mechanism and the 
country, the enterprise and the inhabitant know, use and obey the legal. So the index to be set up is mainly 
the satisfaction rate of people owning the democracy, the satisfaction rate of the suggestions made by 
representatives of people's congresses and the result dealt by the CPPCC committees’ representatives, the 
rate of rise of visitors from the localities appealing to the higher authorities for help the satisfaction rate of 
the people thinking of the government, the  population afforded by government finance, the safety index, 
the quantities of owning a lawyer in every 10 thousand people, the safe sense of the public and so on. 

(2) The field of fair and justice.  The fair and justice has two aspects, justice is a prerequisite to the fair, 
and the fair is the result of justice. The harmony comes from fair, and the harmony depends on the justice. 
Fair manifests rights fair, chance fair, rule fair, distribution fair and so on, and the basis fair reflects on the 
material benefits. So  we can set up the statistics indices which include the Gini's coefficient, the proportion 
of incomes between city and countryside, the proportion of male  to female in high school graduate ,the 
proportion of the poor ,the sense of society fair ,the discrete degree of  staff’s average wages  in different 
trades, the employment rate of disabled individuals, the discrete degree of average educational expenditure 
among different regions and so on. 

(3)The field of honest and friendly It means “people can help each other, be honest, fair and friendly, 
and get on well in the whole society. There are many statistic monitoring indices to reflect on the level of the 
honest and friendly, we can set up some index which easily operated as follows: the customer’s complaint 
rate, the No Performance Loan rate in the main finance bureau, the proportion of charity donation to GDP, 
the proportion of registration volunteers to the population, the satisfaction rate of interpersonal relationship, 
the rate of rise of volunteers donated blood and so on. 

(4) The field of full of vigor.  Vigor may break up into political vigor, the economic vigor, the cultural 
vigor and so on.  We can judge a society with vigor or not through the creative ability and starting an 
undertaking ability. 

We set up many statistic monitoring indices to reflect on it, such as : the proportion of basic-level 
election percentage of people who voted, per capita GDP, the proportion of tertiary-industry value added to 
GDP, the sale rate of new products, the quantities of applying for a patent per ten thousand person, the 
quantities of registering trademark per ten thousand person, the index of technical independent innovation 
ability , the proportion of transient population to the whole population, the rate of rise of enterprises, the 
urbanization rate, the average educated years of  people, the rate of academic education, the quantities of 
skilled workers in every ten thousand workers, the index of  popularization and application of technology 
and so on. 

(5) The field of stable order Stable order is the basic work and a key link to build the socialist 
harmonious society.  Stable order relates closely with democracy and legal, and fair and justice. The indices 
which are set up including: the proportion of male  to female under five years, unemployment rate, the 
proportion of civilized communities, the rate of unemployment insurance ,medical insurance, endowment 
insurance which have covered the cities, the Engel's coefficient, the average of housing area in the city and 
countryside; the average of expectation life-span, the quantities of owning a doctor in every 10 thousand 
people, the proportion of middle-class’s income, the divorce rate, the satisfaction of inhabitants for life,  the 
average of medical fee the people paid, house sale price index, aging rate and so on.. 

(6) The field of people living in harmony with nature. Every country’s development shows that people 
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need live in harmony with nature. It mainly means that “the production development, the life is wealthy, the 
ecology is good”, and the key point is the good ecology.  In another word, we should maintain the natural 
ecology to be good, and cannot destroy the natural ecology. The indices inflect good ecology include: energy 
consumption in every ten thousand Yuan GDP, the rate of the coverage of forest, the rate of area under 
cultivation, the rate of green area for everybody, the rate of environment quality, the rate of air quality, the 
rate of multipurpose use of industry solid waste, the proportion of environment protection investment to 
GDP. 
3.Principles of Index 

(1) General Principle  First, it should be in accordance with the basic principle of primary phrase of 
Socialism; secondly, it should be in accordance with the latest development ideal; thirdly, it should learn 
from international experience. We make our harmonious society index by learning international evaluating 
index of sustainable development. Last, it is based on the basic need of humans, which includes physical, 
environmental and mental need. This is the modern development notion of the new century. The harmonious 
society index must reflect the human-oriented notion. 

(2)Specific Principle  First of all, it is the combination of comprehensive and systematic. The 
harmonious society is a general, comprehensive and systematic concept including aspects of economy, 
politics, society, culture, environment and people’s life. Therefore, harmonious society index must reflect 
those characteristics and be organically correlated. Secondly, it is the combination of difference and 
comparison. The design of the index should be based on local facts while their function of comparing 
different areas should also be taken into account. The index should reflect the development of a city and 
shows the differences of each part of the city. Thirdly, it is the combination of independence and feasibility. 
On the one hand, much attention should be paid to the correlation of each index. On the other hand, index 
should be simple but comprehensive and easy to calculate and analyze. Fourthly, it is the combination of 
objective and subjective index. Objective accurately reflects the development of harmonious society while 
subjective ones illustrate the achievement benefited ordinary people. 
4. The frame of harmonious society index system 

According to the goal of harmonious society, under it’s principle instruction, and unifies the facts in 
Qingdao and fellow expert’s opinion; we have built the harmonious social index system. This system 
includes six first level indices, such as the democracy and the legal, the fair and the justice, the honest and 
friendly, the full of vigor, the stable order, and the people live in harmony with nature. There are thirty 
second level indices under the six first level indices, including twenty-three objective indices and seven 
subjective indices. 

The explanations of the index code: 
The index code is made of 8 numbers, and the first code(number) is the first level index (1.the 

democracy and the legal , 2.the fair and the justice, 3.the honest and  friendly, 4.the full of vigor,5. the 
stable order, 6.the people live in harmony with nature) ,the second to third codes(numbers) are the second 
level index number under the first level index, the forth code(number) is to identify objective index with 
subjective index.(Z stands for subjective index, and K stands for objective index),the fifth to sixth 
code(number) are the numbers of objective index and subjective index, the seventh to eighth code(number) 
are the numbers of all of the second level index. 
5. Fix the Index Proportion 

The membership degree of the indices is the important basis, but we cannot fix the proportion only by 
membership. Strictly, on the basis of membership we can only know if we should choose the index, but 
cannot make sure the important degree of index. So we use the Deuel Philippines method to invite the 
experts to fix the proportion. Through computation, experts have little difference in the index proportion’s 
discrete degree, indicating the experts’ opinions to be consistent. Six first level indices’ discrete degree is as 
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follows:
6. The Synthetic Evaluation Method of Harmonious Society Index System

(1)Using “the harmonious development index” appraise the building advancement of harmonious
society. It is difficult to fix the target index and influenced by human factors, we focus on harmonious
society's reality and mainly use the direction appraisal methods, namely through “the harmonious
development index” to reflect building advancement of harmonious society. We use “index” because the
method and concept is accepted by the public. For example, the familiar-sounding detailed price index, the
real estate price index, the booming index, the air performance figure and so on. Second is the need of 
statistics’ reform. Our country is researching and trying to use a series of indices, such as innovation index, 
human's development in an all-round way index and so on, to adapt the coordinate development of economic
and society, human's development, the livelihood and humanities. Third “the development index” is the
development speed, this method conforms to the harmonious society's inherent characteristic. We can reflect 
on the building process of harmonious society through the index and the change tendency.

(2)The measurement of Harmonious Society Index
1.Set positive/negative direction  Harmonious Society Index consists of positive and negative

directions. The larger of the positive direction index show, the more harmonious the society will be. For
example, the rate of interpersonal relationship satisfaction, public security sense and so on. The smaller of
the negative direction index show, the more harmonious the society will be. For example, the discrete degree
of average educational expenditure among different regions the rate of consumers complaints. So when we
appraise the harmonious society, we must set the positive/negative direction for the index. 

2.Change into the same gauging Because the indices’ prickle and order of magnitude are different in 
the harmonious social index system, we must change index with the same gauging when appraising. So we
are about to treat with relative way to eliminate the prickle’s influence, making the entire index change into
the commeasurable value. First, set a comparative basic value for every index, and then, use the following 
formula to treat with relative way to calculate the single item index: 

positive index
m

i
i x

x
x / negative index

i

m
i x

x
x /   xi is the index’s actual value

In order to reflect “harmonious development index” the long-term change tendency, on the basis of 
comparative, we will use the end of “the ninth 5-year plan” (2000 year) as the fixed base period to calculate, 
namely use the “fixed base period index” to reflect the building of harmonious society from the tenth 5-year
plan on. 

3. Calculate the domain index and comprehensive index According to the method of weighted mean,

we comprehensively gather the index treated with relative way. Calculate the domain index and 

comprehensive index annually to reflect the building of harmonious society.

/
ix

the calculating theorem
i

i
it w

w
xD / wi is index proportion t is the time (stand for the

different years
4. Appraise the building of harmonious society Using above methods to calculate “harmonious

development index”, we can appraise the building of harmonious society. If “harmonious development
index” is greater than 100, it indicates that the society is harmonious, conversely, “harmonious development
index” is smaller than 100, the society is not harmonious. At the same time, we can appraise and analysis the
building of harmonious society in accordance with the height and direction of “harmonious development
index”.

4
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Credit risk, which can be summarized as the uncertainty about counterparty’s ability to service debt, is 
commonly recognized as one of the greatest threats to the stability of the financial institutions. The increased 
concern about this subject is evident in the new Basel Capital Accord (Basell II) which has focused the 
attention of the financial institutions and their regulatory entities due to its innovations in determining capital 
requirements, namely in its great deal of attention towards credit risk analysis.  

Empirical tests confirm the value of central credit registers data for credit risk analysis. In fact, their 
worldwide establishment was motivated by the observed need of that information by supervision entities, 
financial institutions and macroeconomic policy makers. Nevertheless, the number of countries where that 
data is analysed through advanced statistical models is quite low. Indeed, despite the fact that 53 financial 
regulators, among the 57 countries with Public Credit Registry (PCR) inquired by World Bank surveys, use 
that data, only 30 per cent refer the application of statistical models to analyse it [Powell et al (2004)].  

This study presents one application of a PCR in helping access the credit risk of financial loans to Non-
Financial Corporations (NFC). The measurement of the credit risk of a specific portfolio requires knowledge 
about the distribution of losses, in particular about its expected value. This depends on the size of the 
exposures and on their Probability of Default (PD), which, in turn, derives from the main factors impacting 
on credit quality. This paper will focus on these later factors. More precisely, we will use the information 
stored in Central de Responsabilidades de Crédito (CRC), the Portuguese PCR, to analyse the determinants 
of the PD of loans granted by credit institutions operating in Portugal to resident NFC.  

The Portuguese Public Central Credit Register 
CRC is a database operated by Banco de Portugal on the basis of credit-related information supplied by 

participants, i.e., all resident institutions granting credit. The CRC began its activity in October 1978 and 
since that date Banco de Portugal has aggregated credit liabilities on a monthly basis. 

Associated with the CRC is a set of services relating to procedures and circulation of information. The 
main purpose of the CRC is to provide a service for participants that need to assess risk when extending 
credit. To this end, these institutions have access to the total liabilities of each borrower within the financial 
system. Other important and legally authorized uses of the CRC are for statistical1 and supervision purposes. 

The very low threshold applied in the Portuguese CRC - 50€ - the smallest one among European Union 
PCR, implies that virtually all credit operations are covered, but also entails a greater probability of reporting 
errors given the large number of registries reported. This way, the action of Banco de Portugal on CRC goes 
beyond receiving and centralizing all the information. Before releasing any data, quality control checks are 

1 The Banco de Portugal’ Statistical Bulletin publishes since 2005, with reference to data beginning in 2002, a set of tables with information 
concerning non-financial corporations’ indebtdness that are based on CRC data.
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applied and suspicious figures are double checked with the reporting institution. These procedures, combined 
with all the internal control made by each reporting institution, are important to the fulfilment of the main 
goal of this database that is to provide to users a service with a high standard of quality. With a 100 per cent 
coverage of the credit institutions in Portugal and with all the quality control applied, the reliability of the 
final data is fairly assured what is crucial to assure the legitimacy and generality of the conclusions of this 
study. 

Database and statistical model 
Directly from CRC, or from a complementary database with NFC data used at Banco de Portugal, we 

have collected a large set of explanatory variables that will be used to model the PD of NFC borrowings. Not 
all the needed information was directly available, which required a previous procedure of selecting, 
extracting and matching information from different files and databases and subsequently merging them into a 
unique dataset. Following these actions we end up with 216,342 observations, each one referring to a new 
loan granted in the period 2001-2005 to an individual NFC, with the total amount of credits reaching €50,285 
million. The total number of defaults is 21,714 (10 per cent of the observations) reaching €1,335 million (2.7 
per cent of the credit granted).   

The econometric specification relies on a binomial logit model. Additionally, as Hausman et al (1998) 
noticed, misclassification of dependent variables in a discrete response model causes inconsistent coefficient 
estimates when traditional logistic regression is used. This misclassification means that the response variable 
is being classified in the wrong category, which in our study, may arise because a default loan is being 
considered as regular or a regular loan is being wrongly considered in default. We have tested for these two 
cases and both were statistically not significant, this being indicative of good quality on CRC information, 
i.e., that no serious misclassifications errors exist in our dependent variable.  

Model interpretation 
Against this background we start our analysis by noticing that the LR test for the joint significance of 

all regressors presents a p-value of 0.00, clearly accepting the explanatory power of the final model. Also the 
individual statistical significance of the majority of the estimated parameters is quite high. The fraction of 
correct predictions is around 90 per cent, the model passes the RESET specification test and, finally, it fulfils 
all the additional logit specification tests. Following the acceptance of the model we will now analyse the 
effect of each of the independent variables on the probability of default of loans granted to NFC. We start by 
analysing the characteristics of the operation and the lending institution.  

There is a decreasing relation between the size of the loan and the PD. This conclusion was expected 
and matches with the available evidence. The economic meaning should be that higher loans tend to be 
analysed more closely given the relevance that defaults would have in terms of amounts for the financial 
institution.     

Referring to the effect on PD of the type of lending institution we notice that Non-Monetary Financial 
Institutions (NMFI), except leasing companies, seem to be engaged in riskier loans, being the loans granted 
by Financial Credit Institutions (IFIC) the ones presenting the higher PD. IFIC is a new type of credit 
institution, existing in Portugal since 2003, that has managed to grow quite swiftly mostly by aggregating 
other type of NMFI as leasing, factoring or credit purchase financing companies. Our model shows evidence 
that IFIC have turned out to be more risk oriented than most of the other categories of NMFI which most of 
first came from.  

The considerable negative coefficient estimate for leasing companies can be determined by the fact that 
in this kind of operations the leased good tend to be owned by the lending institution, acting this way like a 
guarantee. Nonetheless, the impact of collateral on default probability is not straightforward being indeed a 
subject that has raised a great deal of discussion in the literature2.

2 As a follow up to this paper, with the restructure of the Portuguese credit register, information on collateral will be available and the answer to the 
role played by guarantees on default probability would be more reliable and easier to obtain. 
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From the Monetary Financial Institutions sector we can identify that top-banks appear to be more risk 
adverse than the remaining sector, although the coefficient estimate for other banks, except credit 
cooperatives, is not very different. The credit cooperatives appear to be more risk prone than even the 
majority of the NMFI but their coefficient is not statistically significant.  

Finally, it is interesting to notice that in later years most of the major Portuguese financial groups have 
created IFIC by merging all other types of NMFI, presenting now a distinct separation in their activity: on 
the one hand there is the major institution - bank, that following the results of our model are more risk 
adverse, and on the other hand the IFIC, probably more oriented to cover riskier operations.   

Regarding maturity, we find evidence that loans with short-time horizons are associated with higher PD. 
This can be explained by the deeper analysis dedicated to long-term loans derived from the fact that the 
financial soundness of the borrower can incur in greater risks along the large period of time that their relation 
will last. This conclusion goes in the same direction of those found in some Spanish studies [Jiménez and 
Saurina (2004)]. 

The low value of the estimated parameter associated with the age of the financial institution granting 
the credit does not indicate that this effect may be pronounced.  

Having analyzed the characteristics associated with the loan we turn now to the NFC features. In what 
concerns the dimension of the borrower we have classified NFC into micro, small, medium and large 
companies. The estimated parameters clearly denote a decreasing relationship between the size of the 
borrower and the PD which is in line with the conclusions achieved by Farinha (2005). In fact, the largest 
difference is noted for the large corporations where their PD is clearly smaller than all of the remaining 
classes. Between small and medium companies there does not seem to exist a great difference. Micro firms, 
as expected, exhibit a higher PD. It is usual in the literature the use of the size of the loan as a proxy for the 
size of the institution. Here we notice that both variables have the same decreasing relationship with the PD, 
however, their separate inclusion is important as they individually provide relevant information.  

Concerning the impact of the economic activity sector on the loan’s PD, the results of the model 
confirm the relevance of this variable and the existence of significant different impacts according to the 
sector where the company operates. The safer sectors tend to be those of services like production and 
distribution of electricity, gas and water; education and other social services; and services to NFC. On the 
opposite side are tradable activities from the primary and secondary sector, probably because of the negative 
effects arising from their higher exposure to the international competition. One important point that should 
be noticed here is the relatively high positive estimate parameter for loans granted to the construction sector. 
Hence, loans to this sector are proving to be risky and that can be troublesome for the stability of some 
financial institutions given the relevance they present in the credit portfolio of the resident financial 
institutions.

The geographical distribution results tend to have less statistical significance when analysed 
individually. Reflecting the high concentration of new loans verified for Norte and Lisboa e Vale do Tejo
regions, which together are responsible for more than 70 per cent of the total credit portfolio of the financial 
institutions, they present here the higher impact on PD.      

There are also some interactions between the economic activity sector and the territorial unit that 
proved to be statistically relevant. The most important are the ones relating Alentejo with mining and 
quarrying and that between Madeira and construction. The coefficient estimates tell us that these activities 
have an increasing effect over PD in those regions. 

Another effect that has also been long discussed in the literature is the role played by relationship 
banking in PD. The dummy variable introduced in our model takes the value of 1 if the NFC is receiving 
credit from only one Financial Institution (FI), which can be seen as a good indicator of a close FI-NFC 
relationship. From the results obtained we can infer that in Portugal a close link between the borrower and 
the lender tends to assure less hazardous credit operations. A reason for this may be that when a close 
relation exists the lender will be more reluctant in considering a loan in default when a payment delay occurs. 
Furthermore one company with higher risk may encounter more difficulties in borrowing higher amounts 
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from one single institution and it can try to overcome that problem by having multiple FI connections. 
The results obtained for this variable go in the opposite direction of those found by Jiménez and 

Saurina (2004) for Spain. Indeed, their main conclusion on this subject was that multiple borrowing was 
related with lower PD. The justification was based on a better screening process for these types of borrowers. 
However, there are a large set of studies that have found results similar to ours like, for example, Farinha and 
Santos (2002) for the Portuguese case and Schechtman, Garcia, Mikio and Parente (2004) for Brazil.        

Concerning the variable indicating the existence of equity capital taken by foreign holders, we can 
notice by the estimated parameter that these companies tend to have lower PD. The explanation can be 
twofold. First, only companies presenting financial soundness indicators are attractive to foreign investors. 
Second, the investment arising from the foreign shareholder avoids the default event. 

The variable we used to identify companies receiving loans in the international banking system reveals 
a negative connection with PD; however, it suffers from lack of statistical significance.  

Finally, the age variables indicate that the oldest NFC exhibit lower PD on their loans. This is an 
expected outcome given that is probable that mature firms are financially sounder than younger ones.  

Conclusion
This paper has analyzed the determinants of the PD of loans granted by the resident credit system to 

resident NFC. We have focused our attention on the loans, companies and credit institutions characteristics. 
The major contribution of this study arises from the use of a large dataset taken from the Portuguese public 
credit register that virtually contains information on all loans granted by the resident credit system. 

Most of the results obtained are in line with what was previously referred in literature. This is the case 
of the negative relation between the PD and the volume and maturity of the loan as well as the size of the 
borrower. Here, it is interesting to notice that although being used as substitutes in many studies, the 
dimension of the firm, measured by the number of employees and business volume, and the variable 
indicating the size of the loan were used together and both gave relevant statistical results. The relevance of 
the company’s geographical location and economic activity sector for determining the PD is also in harmony 
with previous studies results.  

Moreover, there are some variables, like relationship banking and type of lender, whose impacts on PD 
are not so straightforward. The results of our model indicate that a closer relation implies a lower PD and that 
leasing companies are the ones granting credit with lower risk. Additionally, we also found evidence that 
banks tend to be more risk adverse than non-monetary institutions with relevance for IFIC that appear to be 
the ones accepting the highest risk level. 

There are still some limitations in the database used as foundation for this study. The awareness of that 
was behind the initiative of reformulating CRC. In a few years, once this is in place, more information will 
be available on loans characteristics (e.g: collateral, rating or maturity), which will allow a deeper and more 
complete analysis on such an important topic as credit risk. 
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With the gradual establishment of the socialist market economy, there will be higher requirements on 

statistic work. Only when reform of the statistic structure and system complies with the change of the 

economic structure and the mode of economic growth can substantial development be achieved in statistic 

work. This paper makes a rough analysis on the main problems of existing statistic structure and system, and 

gives some thoughts to the future statistic reform mode for readers to refer to. 

1 Inadaptability of current statistic structure and system 

The statistic management system based on departmental rules and regulations can no longer fit 

the change of the economic management system. Under the planned economy, the economic 

administration functionaries of the government exercise direct control of enterprises. With the development 

of the socialist market economy and delegation of city management power and the emergence of new and 

private enterprises, the management system of the governmental departments for macro adjustment and 

control can no longer meet the development requirements, which definitely leads to the inadaptability of the 

statistic system. 

Governmental management over enterprises can no longer meet the requirements of open and 

standard administration under the market economy. At present, the management of enterprises by the 

government is relatively closed, and every unit handles its own industrial and commercial, technical code, 

tax and statistical registrations. There is often the case that one unit has several licenses, the registered 

location is not the same, and tax evasion and false report of statistic data. 

The statistic report system by trade does not meet the requirements of the management 

orientation and diverse economic and structural changes. According to market demands at home and 

abroad, trans-industrial, trans-regional, transnational business groups are established to engage in production 

and management activities in various fields. So the current statistic “set forms” system to be reported by 
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trade can no longer meet the requirements of diversified development. Therefore, the State Statistics Bureau 

and the State Administration of Industry and Commerce jointly promulgated the “Regulations on the 

Classification of Business for Registration” in 1998. It has been proved in practice that the new regulations 

can basically suit the changes in business structure and economic structure.

Conventional statistic surveying methods cannot match the development trend. With the growing 

demand for information by the government and society under the market economy system, the contradiction 

between statistic strength and task at various levels becomes obvious. The country has proposed the new 

mode of regular sampling surveys based on periodic general surveys and supplemented by key-point surveys 

and comprehensive analysis, and has included it into the national “Statistical Code”. Although the statistic 

and surveying methods in various places are substantially reformed, restricted by single survey techniques, 

the statistic work at grass-root levels still can not meet the requirements and ensure the quality of statistic 

data.

The division and repetitive statistic work between government and functional departments 

tamper with the authority of the government’s statistic data. Statisticians at grass-root levels have heavy 

burdens and the “Statistical Code” becomes soft; the statistic survey market is a chaos due to un-uniform 

statistic standards and undefined statistic scope; and there is waste of manpower and material resources as a 

result of multiple data sources, division of departmental interests, blockage of statistic information and 

repetitive surveying.  

2. Thoughts on the Reform of the “Inadaptability” of Existing Statistic Structure and System 

The “inadaptability” of the current statistic structure and system should be reformed. Only when the 

structure and system match the economic structure and the mode of economic growth can they reflect what it 

is, reflect the laws of development and change, and achieve the service, consulting and supervisory functions 

of statistics.  

To implement “One Table” strategy in enterprises to meet the requirements of diverse business 

development. Based on the basic unit survey forms, an enterprise must provide a range of indexes such as 

economic index, employee and workpay index, energy consumption index, technology investment and 

research achievement index, and fixed assets index. The economic indexes should reflect the common 

features as well as unique features of business management, so it is suggested that the “gross business 

revenue” index be established and the common financial index of an enterprise should reflect its equity, debt, 

ownership interest, cost and profit. The other indexes such as salary, energy consumption, technology 

investment & research achievement and investment are common indexes.
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To revise the economic trade classification standards to cater to the development of new 

industries. Currently, the trade classification standards are those formulated in 1994. With the development 

of the national economy and the emergence of new industries, particularly after China’s accession to the 

WTO, international classification practices should be adopted. Therefore, the classification standards for 

trades in the national economy should be revised and the statistic contents for all industries be standardized.  

To adopt basic indexes and uniform data processing. The indexes of the “One Table” should be 

basic (or absolute) indexes instead of derivative (or relative) indexes to reflect the production and 

management conditions and to facilitate data processing and review. The index codes of the “One Table” and 

data processing should be uniform so that a region’s total assets, output, investment and profit can be worked 

out to meet the national economic accounting and grouping needs.  

To set up government statistics instruments according to the statistic work flow to facilitate the 

implementation of the “One Table” strategy. At present, there are obvious restrictions on the use of the 

“One Table” in enterprises to be classified by trade. Organizationally, the use of the “One Table” requires the 

setup of internal statistic instruments according to the statistic work flow. The statistic process, in some sense, 

is the production process of statistic products. The statistic products can be classified as primary and 

advanced products. Primary products are data collected and purified at the data processing and checking 

stage. Advanced products are primary products developed and represented in the form of statistic publication, 

information, soft-science research and statistic analysis. To implement the “One Table” scheme in its true 

sense, internal statistic instruments should be established according to the work flow of “scheme design – 

data collection – analysis” in order to accommodate corporate statistics under the socialist market economy. 

To implement “possession statistics” to cater to changes of the economic management system 

under new conditions. Scope: The emphasis of “possession statistics” is on former enterprises under 

economic management departments of the government. For organizations directly under the central 

government with independent management and uniform accounting, units involving national security and 

secret, macro adjustment and control and those social fields that rely on departmental statistics, departmental 

statistics shall still apply. Statistic Principle: According to the possession statistics principle for corporations. 

Operation in different locations should be corrected through the industrial and commercial departments and 

tax agencies and during yearly statistic reviews. Rational Division: The functions of statistic departments at 

all levels should be rationally divided for possession statistics in large and medium-sized cities. For 

above-quota units, statistics should be done by district or county statistic agencies; for below-quota units, 

statistics should be done by sub-district or township statistic agencies. Measures should be taken to avoid lost 
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of data control. Scientific Method: Overall survey should be avoided for below-quota units. Attention 

should be paid to the accuracy of data as well as the endurance of statisticians at grass-root levels. To 

conduct yearly comprehensive surveys, cancel statistic summary at the sub-district (township) level and 

make calculations based on yearly data at the district (county) level. Partial surveys such as sampling survey 

may be used to address statistics issue for units. 

To strengthen management of statistic survey items and share statistic information resources 

1. To revise the national and local statistics codes to meet the needs of legal statistics under the market 

economy. The promulgation and implementation of the “Statistics Law of the People’s Republic of China” 

plays an important role in the effective and scientific organization of statistic work and guaranteeing correct 

and timely statistic data and legal development of statistics. The legislation should be further strengthened. 

The economic sanctions of the “Statistics Law” are limited to enterprises, institutions and individual business 

operators. They are immune to state organs and departments, while the economic sanctions of the 

“Accounting Law” apply to all organizations and individuals. To ensure effective management of statistic 

survey items and truthful, reliable statistic data, plans must be made to revise the “Statistics Law”. 

2. To further clarify the division of statistic work between governmental comprehensive statistics and 

governmental department statistics to achieve standardized management of statistic survey items.

Statistics by governmental statistics agencies are called governmental comprehensive statistics while 

statistics by national governments and regional departments are called governmental department statistics. 

The US and Japan have distributed statistics including department statistics; Canada and Germany have 

centralized statistics including governmental statistics. The modes of statistics are in agreement with the 

political and economic systems of a country. To strengthen management of statistic surveying items, statistic 

surveying item databases should be built in statistic departments at all levels according to the actual 

conditions in China.

3. To enhance information exchange between governmental and departmental statistics. To share 

information through networks, fully exploit information sources and give play to the functions of 

statistic information.
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Abstract 
 

In today’s society we face the situation of getting lost in the shrubberies of information: the amount of 
available information is growing rather rapidly. The need to get quickly the relevant information is growing 
even faster. The very heterogeneous environmental, social and economical problems demand the ability to 
track, for example, trends on sustainability issues. In order to measure progress towards sustainable 
development, the collection and assembling of statistical data have been growing rapidly over the last decade 
or two. 
 
The selection and derivation of the information from the huge databases is a task demanding time, patience 
and energy, properties that not many people possess. In order to make data simply to grasp and easier to use 
for making conclusions, the statistical data have to be further developed in order to build a topic related 
knowledge. The language used for the communication of the message is increasingly important.  
 
But as the range of the users of statistics is rather wide: politicians, interest groups, media, researchers, 
information should be offered simultaneously in an easily understandable format and detailed enough for 
providing more insight to underlying facts.  
 
Effective communication, the inseparability of aggregated and detailed information, navigation between 
detailed and generalized levels of information, the visualizing of the synergies and conflicts between various 
goals is described in the present working document. 
 
The overview of the symbols for visual marking of the trends and tendencies will be given.  One of the good 
examples for visualizing of statistical information is the analytical tool “Dashboard”, developed by the 
European Commission’s Joint Research Centre and the Canadian IISD. Three Dashboards portraying Estonia 
in Europe and comparing Estonian regions and local governments will be described. 
 
 
 
1. Effective communication: signs, signals, colours 
 

On the level of the species communication is a issue of survival. Threat is a major motivator for the 
communication. The means of communications could be voice signals, body language, chemical signals, 
electrical impulses, mimics, etc. When we look at the human society we can add a lot more: the languages 
itself, numbers, metaphors etc. The use of the symbols is tightly connected to their cultural interpretation (for 
example traffic signs). 
 
The provider of information should design the information in a way it won’t be lost in the ocean of 
information and reaches the user.  The information should be easy to grasp and digest.  
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When adding meta-information we omit reducing the meaning to plain figures. The meaning itself is 
generated in the mind of the person/viewer/listener/reader who decodes the message on the basis of her/his 
cultural knowledge. Unsustainable development has been considered a world scale threat.  
 
How successful has the human society been on communication of the information regarding sustainable 
development issues? Sustainable development issues have first been raised by scientists but the desired 
change could be made only with the contribution of the majority of human society. Hence the information 
communicated should not be oversimplified nor overcomplicated. 
 
 
2. Variety of political processes and frameworks triggering sustainable development 
 

There are a number of frameworks regarding sustainable development in use: EU Lisbon strategies 
structural indicators are provided regularly by Eurostat and consisting of about a dozen “headline” plus many 
“supporting” indicators. On a global scale the widely supported four-pillar model with economic, social, 
environmental and institutional clusters has been established by the UN Commission on Sustainable 
Development. On the European Union scale the list of sustainable development indicators respective to the 
European Union’s Sustainable Development Strategy has been elaborated by the European Commission and 
Member States. The list consists of 12 headline, 45 core policy and 98 analytical indicators. The set of 
indicators forms a basis for monitoring of progress in the headline objectives of the Sustainable Development 
Strategy.  The set itself represents a ten-pillar model covering economic development, poverty and social 
exclusion, ageing society, public health, climate change, energy, production and consumption patterns, 
management of natural resources, transport, good governance and global partnership.  
 
On a global scale the millennium development goals are most relevant for sustainable development. This 
indicator set refers to the UN Road Map towards the Implementation of the United Nations Millennium 
Declaration.  
 
Purely ecological sustainable development indexes: Ecological Footprint and Environmental Sustainability 
Index focus only on the environmental pillar of Sustainable Development. 
 
 
3. The need for development of the common understanding regarding sustainable development  
 

A large variety of the political processes and respective frameworks undermine the development of 
common understanding in sense what steps are needed and what needs to be monitored in order to 
maintain/achieve sustainable development. The landscape of sustainable development indicators is 
heterogeneous and is still very much in transformation.  
 
The urgency to intervene to the unsustainable patterns and trends of development has been emphasized over 
and over. The communication of the relevant information is hindered by the variety of the political 
processes, by the lack of a common language, the diversity of the processes behind unsustainable patterns of 
development and by the scientific nature of the observations. Major simplification is needed in order to make 
the relevant tendencies and signals communicated from scientists to politics and to make them simple 
enough and understandable to the general public.  
 
Every decade adds new observations and knowledge to the topic of sustainable development. The 
communication chain from science to statistics and politics is not so well elaborated as it is for “old” areas of 
politics, like for example economic performance. 
 
 
4. Enhancing the communication by visualizing the information 
 

The users of statistics in politics often do not have enough time, patience and energy for deriving and 
assembling information from the huge databases, so does not also the wider public. Quite often only the real 
experts acquire the knowledge regarding statistical and scientific data.   
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Effective political processes call for the closing of the gap between the experts and public knowledge. In that 
respect the “language” used for the communication of the progress or regress is increasingly important. 
Politicians and general public need up to certain extent a common understanding regarding important issues 
and hence also regarding important figures.  
 
For the communication of statistics sometimes an emotional marking is used: sun, cloud, rain, smilies, but 
also mathematical symbols like plus, minus and equal, arrow up, arrow down. Quite well-known is also the 
traffic light logic. The latter is also used by the model Dashboard for enhancing the ability to read (analyse) 
the rankings (performance) of the countries regarding certain sustainable development aspects.  
 
The analytical tool “Dashboard” provides insights to countries’ performance on important societal goals in 
respect to sustainability. The Dashboard incorporates the colour-coding of the performance ranking using the 
metaphor of an airplane cockpit that should give the answer to the question “Where are we?”. The model was 
developed by the European Commission’s Joint Research Centre and the Canadian IISD.  
 
The colour coding and symbolic metaphors used in dashboard model are both directed to enhancing intuitive 
understanding. For the improvement of the knowledge dashboard provides a complex of the meta-
information (methodological sheets, maps, correlations and links to the data sources).  
 
 
5. Navigation through the levels of detail. The importance of the synthesized information 
 

The need for the synthesized indexes is especially important in the area of sustainable development. 
Human development index and ecological footprint are just some success examples. The secret of their 
success is that they provide a single aggregated measure. The fact that the index composition and weights 
applied remain invisible for the majority of the users, however, is a negative factor. As the weights defined 
by the index composers influence the final result in a great deal, the maintaining of the link between the 
general indexes and underlying figures is important.   
 
The Dashboard allows to see simultaneously the aggregated and disaggregated levels of information. The 
performance indexes for economical, social and environmental issues are displayed in “hand reach” of basic 
indicators and metadata. The composition of the index and the rankings are unfolded and could be modified 
according to the users will.  This gives the possibility to look behind the reasons and main tendencies. 
Dashboard calculates also the index of overall political performance using all indicator points and omitted 
rankings. 
 
 
6. The synergy of the goals and the analyses of the linkages between the goals 
 

In society the movement to a desirable goals have the direct or indirect influence to the other goals set 
in society. The correlation analyse is one of the important features of the dashboard. In the module of the 
linkages the synergies and conflicts on the bases of the correlations between the indicators in given groups of 
players could be tracked. Dashboard draws just robust correlations, but makes its results easily observable. 
Users can see and even remove, with a simple right click, outliers who have a major effect on  the 
correlation. Not always linkages are directly understandable. Quite often deeper analyses is needed in order 
to understand the synergy or conflict. 

 
 
7. Estonian dashboards  
 

The complexity of the issues regarding sustainable development asks for the tools which use 
visualisation for the communication and understanding of the complex issues. Dashboard simplifies the 
information bringing along the colour coding of the rankings and the metaphor of “airplane cockpit” in  order 
to balance the diversity of information. As the heterogeneity of the information is  combined with intuitively 
grasped meanings and rankings, the dashboard makes possible the easy and quick movements in data. 
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The aggregation of the information is crucial from the user perspective. Equally important is to maintain the 
link to the underlying information.  Statistics Estonia has chosen the Dashboard for communication of the 
sustainable development issues because dashboard unlike other aggregation methods allows the maintenance 
of the link to underlying information. Three sets of the dashboards have been developed and set up on 
Statistics Estonia website: the Estonia’s performance in the context of other European countries, the Estonian 
counties in the Estonian context, and the local government units compared to each other. In dashboards the 
preliminary set of sustainability indicators of the UN Commission on Sustainable Development has been 
modified according to the data availability and comparability. The data for Estonia in Europe have been 
provided mainly for the year 2004 and for the regions/counties of Estonia — mainly for the year 2005 or the 
last available year. 
 
Possibilities of the Dashboard: 
-to access data and the related metadata;  
-to aggregate indicators into composite indices by themes of sustainable development (economic, social, 

environmental and institutional themes);  
-to aggregate indicators into overall index across four themes;  
-to compare Estonia to 27 other countries in Europe on the basis of single indicators but also on the level of 

composite indices (themes) and overall index (performance);  
-to compare Estonia’s regions/counties to each other on the basis of single indicators but also on the level of 

theme indices and overall index;  
-to view the rankings for each indicator and index on the maps;  
-to examine more closely the distribution of the point values, also the distribution of points and real values;  
-to display negative and positive correlations,  
-to create users own indicator set (by deleting or moving indicators from the themes) with self-defined 

weights to indicators and themes and subsequently track the countries’/regions’/counties’ performance 
from users view point of interest, of course within the limits of the available indicators and data. 

 
All three Dashboards are available on the website of Statistics Estonia: www.stat.ee, under the heading 
“Statistics / Dashboard of the Sustainability” http://www.stat.ee/dashboard. 
 
There are several dashboards available on JRC website, http://esl.jrc.it/envind/dashbrds.htm 
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1. Introduction 
One of the multiple and various challenges that face National Statistical Offices and International 

Organizations dealing with statistics is the need to invest on improving communication and providing better 
management of information. Measuring performance, quality, goals and the fulfillment of international 
agreements requires each time more accuracy in the collecting, treatment and dissemination of statistical data.  

This state of things leads us to believe that the efforts made by international institutions towards the 
harmonization of concepts and definitions is welcome, as well as the promotion of conceptual framework 
systems as a means of organizing and sharing knowledge.  

 
2.    The conceptual system and the organizing of knowledge 
The improvement of a terminological methodology requires the exhaustive understanding of 

conceptualization that structures human knowledge in a subject area. Concepts do not exist as isolated units 
of thought but always in relation to each other, meaning that when building a normative system within a 
specialized context or field and fulfilling harmonization of concepts, concept systems, terms and definitions, 
one can not ignore the objectives and expectations of their real and potential users as well as the purpose for 
which it will be used. 

The adoption and the building up of a conceptual system are supposed to accomplish different stages: 
the gathering of unstructured but thematically related concepts as the starting point; the allocation of the 
concepts within the concept system, having in account the relations among them; the formulation of the 
definitions and the attribution of the designations for each one, so that it becomes easily adjusted to the 
changes, evolution and expansion of the subject field. 

The steps involved in modeling concept systems and defining objects are closely related: one shall 
concentrate on the essential and delimiting characteristics, which will be used on the analysis of concepts, in 
the formulation of definitions and in the formation of designations. 

This organizing of knowledge aims to strengthen the capacity to monitor and assess data and metadata 
interchange, increase their accountability and evaluate how well they satisfy national and international 
objectives and commitments, thus helping decision-makers and the public in general to understand their 
interconnection. 

 

3.    The concept in relation to other concepts 
There are different types of relations between concepts: hierarchic and associative relations.  
In hierarchical relations concepts are organized into levels where the superordinate concept is 

subdivided into at least one subordinate concept with two possible subdivisions: generic and partitive 
relations. 

Generic relations exist between two concepts when the intension of the subordinate concept includes 
the intension of the superordinate plus at least one additional delimiting characteristic. 
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Example 
Waste 
(Waste refers to ) materials that are not prime products (that is, products produced for the market) for 
which the generator has no further use in terms of his/her own purposes of production, transformation 
or consumption, and of which he/she wants to dispose. 
Agricultural waste 
(Agricultural waste is) waste produced as a result of various agricultural operations. It includes 
manure and other wastes from farms, poultry houses and slaughterhouses; harvest waste; fertilizer 
run- off from fields; pesticides that enter into water, air or soils; and salt and silt drained from fields. 
 
Partitive relations exist when the superordinate concept represents a whole, while the subordinate 

concepts represent parts of that whole ad come together to form the whole. The superordinate concept is 
called the comprehensive concept and the subordinate concept is called the partitive concept. 

Example  
Environment protection activities 
(Environmental protection activities are) those where the primary purpose is the protection of the 
environment; that is, the avoidance of the negative effects on the environment caused by economic 
activities. The activities are generally classified according to the classification of environmental 
protection activities (CEPA 2000). 
Protection of ambient air 
(Protection of ambient air refers to) environmental protection activity involving the construction, 
maintenance and operation of facilities for the reduction of emissions into ambient air, or of 
concentrations in the air, of air pollutants through the use of particulate emission collectors, gaseous 
emission control devices or other technical means. 
Protection of soil and groundwater 
Protection of soil and groundwater refers to environmental protection activity involving the 
construction, maintenance and operation of installations for the decontamination of polluted soils, the 
cleansing of groundwater and the protection against the infiltration of pollutants. 
 
Associative relations are non-hierarchical: they exist when a thematic connection can be established 

between concepts based on their proximity in space, time, cause or effect beyond others. 
Example 
Waste water 
Waste water is used water, typically discharged into the sewage system. It contains matter and bacteria 
in solution or suspension. 
Waste-water treatment 
Waste—water treatment is the process to render waste water fit to meet environmental standards or 
other quality norms. Three broad types of treatment may be distinguished: mechanical, biological and 
advanced. 
 
A definition shall reflect the concept system describing the concept and its relation to others in the 

system and coordinated so as to be able to rebuild the concept system. The characteristics used in the 
definition should therefore be selected to indicate the connection between the concepts or the delimitation 
that distinguishes one concept from the other. The quality of most terminological products will be determined 
by the quality of the definitions. 

 
4. Conclusion  
Concept formation plays a pivotal role in organizing human knowledge, because it provides the means 
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for recognizing objects and for grouping them into meaningful units in a particular field. 
The increasing level of global user engagement and sharing of knowledge claims for good practices on 

the implementation of internationally harmonized concept systems for the different domains of statistical 
activities, thus supporting reliable data comparable analysis and ensuring consistency in the application of 
statistical standards and concepts across the countries, aiming to reduce ambiguity and avoid 
misunderstandings. 

A concept system, among other virtues, settles up the basis for a uniform and standardized terminology, 
promoting metadata models and facilitating comparative analysis at the international level. The convergence 
of internationally shared conceptual systems is undoubtedly an undertaking of wide scope, nevertheless 
worthwhile in a growingly global world! 
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The aim of the paper is to verify the model of the knowledge orientation of a company worked out by 
Mazur, Roszkiewicz, Strzyzewska (2005). This model illustrates the relations among managers’ knowledge 
orientation, company’s knowledge orientation and organization performance and it is presented on figure 
below. Its verification was carried out by operationalisation of the constructs defined in the model and then 
by its measurement.  

The conceptual model of the knowledge orientation of a company 

The company’s knowledge orientation is described by the three groups of activities incorporated in the 
knowledge modification process: (1) acquiring data and information, its updating and dissemination; (2) 
knowledge generation and dissemination; (3) implementation of knowledge in the decision making process 
and business activity, as well as sharing knowledge with partners. Since both managers’ knowledge 
orientation and company’s knowledge orientation are latent constructs that can be measured only via proxies 
e.g. descriptors (see figure above), the choice of proper method of data treatment was crucial. It was 
confirmatory factor analysis (CFA). Verification of the model was based on the construction of five indices: 
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index of the knowledge orientation of a company (V) consisting of three subindices: orientation towards 
acquiring, updating and dissemination of data (V1), orientation towards knowledge generation and 
dissemination (V2) and orientation towards knowledge implementation (V3) and index of managers’ 
knowledge orientation (F).  

All the computations were based on the data from the randomly chosen sample of 852 companies of 50 
– 250 employees. The sample was taken from National Official Business Register – REGON and was   
proportional and stratified by voivodship and by Polish Classification of Activities (PKD). All indices (F, V1, 
V2, V3) were measured by several (from 14 to 17) 5-point-Likert-type statements. 

The theoretical model of knowledge orientation of the company shows that there are 5 latent variables 
and three distinctive groups of observable variables. Variable F is the exogenous one and variables Vk (k = 
1,2,3) and V are endogenous ones, in addition Vk are the first order factors, whereas V is the second order 
factor. F is measured via indicators of the managers’ knowledge orientation Xi, Vk is measured via indicators 
of partial orientations Yj and Zp are descriptors of the economic performance of the company. The relations 
among the variables defined in the conceptual model of the of the knowledge orientation of a company are 
presented on the figure below. 

Relations among the variables defined in the conceptual model of the of the knowledge 
orientation of a company 

Latent variable  F ⇒ Latent variables Vk ⇒ Latent variable V ⇒ Observable variables Zp

⇓ ⇓     

Observable variables –  
reflective indicators Xi

 Observable variables –
reflective indicators Yj

    

The character of variables in the conceptual model as well as the relations among them confirmed that 
the model defined can be analyzed as the structural equation model defined as:  

X = ΛΛΛΛx F  + δδδδ    (1) 

Y = ΛΛΛΛy Vk + εεεε   (2) 

Vk = ΔΔΔΔV + υυυυ    (3) 

where matrices ΛΛΛΛ i ΔΔΔΔ include factor loadings, E(δδδδ) = 0, E(ε) = 0, E(υυυυ) = 0, δδδδ is not correlated with F, ε, υυυυ; 
εεεε is not correlated with Vk, δδδδ, υυυυ and υυυυ is not correlated with V, δδδδ, εεεε. 

Equations (1) – (3) present the model of confirmatory factor analysis (CFA). To verify the model of 
knowledge orientation of a company, it was necessary to generate the values of all the latent variables 
defined in the model. To achieve so in the first step the model (1) – (3) was estimated and then the values of 
new generated variables were computed according to equations (4) – (6): 

F = ΛΛΛΛx
-1 X   (4) 

Vk = ΛΛΛΛy
-1 Y  (5) 

V = ΔΔΔΔ-1 Vk  (6) 
where matrices ΛΛΛΛx

-1, ΛΛΛΛy
-1, ΔΔΔΔ-1 include factor score coefficients.  

Before the main analysis the adequacy of the statements from the questionnaire was verified. It was 
done by inspection of consistency of the subscales using the Cronbach’s alpha (min. 0.6) and by examination 
of the correlation among statements from the questionnaire (communality in EFA min. 0.4). It resulted in the 
exclusion from the analysis 21 out of 62 statements. The final list of 41 variables was used to perform CFA 
for each of orientations separately. Since the descriptors were not normally distributed all models were 
estimated using Generalized Least Squares (GLS). 

The results of the fit of models estimated according to the equations (1) – (3) are presented in the table 
below. In the case of each model the results were not enough satisfactory. Although the sign of coefficients 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 2786 -



3

were correct and most variables were significant (with exception to one variable in the model of orientation 
towards acquiring, updating and dissemination of data and two variables in the model of orientation 
towards knowledge generation and dissemination), the values of fit indices were not enough adequate. The 
values of Goodness of Fit Indices (GFI) and Adjusted Goodness of Fit Indices (AGFI) were too low whereas 
the values of Root Mean Square Errors of Approximation (RMSEA) were not low enough. Not good enough 
models for partial knowledge orientations of the company resulted in low quality model of knowledge 
orientation of the company generally. It was assessed as not good despite surprisingly low RMSEA value. 
Additionally it turned out that orientation towards knowledge generation and dissemination (V2) was not a 
significant element of the company’s orientation towards knowledge generally. 

Model fit – comparison of the results of the first estimations 
Model RMSEA GFI AGFI 
Managers’ knowledge orientation  
(equation 1) 

0.060 0.967 0.948 

Orientation towards acquiring, updating and 
dissemination of data (equation 2, k=1) 

0.069 0.965 0.941 

Orientation towards knowledge generation and 
dissemination (equation 2, k=2) 

0.066 0.966 0.944 

Orientation towards knowledge implementation 
(equation 2, k=3) 

0.090 0.916 0.879 

Orientation towards knowledge of the company 
(equations 2 and 3) 

0.038 0.889 0.878 

In the next step the modification of the model was made. It was based mainly on the exclusion from 
the respective model three variables that were non-significant in the first estimation and the inspection of the 
modification indices what led to allowing the correlation between certain error terms. Such correlations were 
always preceded by careful inspection of meaning and wording of the statements corresponding to them. 

These steps let ameliorate the results of model estimation. All values of RMSEA, GFI and AGFI were 
acceptable (near or below 0.05, above 0.947 and above 0.933 respectively). 

Model fit – comparison of the final results 
Model RMSEA GFI AGFI 
Managers’ knowledge orientation  
(equation 1) 

0.052 0.974 0.957 

Orientation towards acquiring, updating and 
dissemination of data (equation 2, k=1) 

0.055 0.981 0.962 

Orientation towards knowledge generation and 
dissemination (equation 2, k=2) 

0.048 0.987 0.970 

Orientation towards knowledge implementation 
(equation 2, k=3) 

0.049 0.970 0.954 

Orientation towards knowledge of the company 
(equations 2 (k=1,3) and 3) 

0.045 0.947 0.933 

The coefficients remained significant in each model, they did not changed their character either e.g. 
stimulants remained stimulants and the same applied to destimulants. Small reservation could have been 
expressed about the fit of the most complex model e.g. the model of orientation towards knowledge of the 
company consisting of two dimensions: orientation towards acquiring, updating and dissemination of 
data (V1) and orientation towards knowledge implementation (V3). The third dimension (V2) of orientation 
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towards knowledge of the company, although its estimation was successful and of good quality, remained 
insignificant. The final model is presented on the figure below. 

The final model of the knowledge orientation of a company 

The final model estimated using CFA allowed to combine only two partial knowledge orientations to 
the knowledge orientation of the company as a whole. Since all descriptors are comparable (measured on 5-
point Likert scale) and the estimates on the figure above are in standardized forms, one can conclude that 
quantified knowledge orientation of the company is generated (determined) more by orientation towards 
knowledge implementation (V3) – factor loading of 1.00 than by orientation towards acquiring, updating and 
dissemination of data (V1) – factor loading of 0.89. 

The results obtained during the research process were following: (1) the final set of descriptors of all 
kinds of orientations was determined, (2) the coefficients of linear combinations to generate the values of 
latent constructs were computed, (3) it turned out that for the companies participating in the research the 
orientation towards knowledge generation and dissemination is not a significant element of the orientation 
towards knowledge generally.
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Discussion of Construction and Development of Statistical 
Research Institutes in China 

Youda, Xiong 
National buyeau of statistics of china 
E_mail:xiongyd@stats.gov.cn 

National Bureau of Statistics and provincial bureau of statistics in China all have institutes of statistical 
research, so do those departments of statistics in universities. These organizations carry on most of the 
mid-term and long term research task of statistical theories and practices. Their works also focus on difficult 
issues showing up during the process of economic constructions and developments, aiming at provide policy 
and intellectual support for government. How to promote the research ability of these organizations and 
provide more research products with high quality and efficiency combining Chinese typical circumstances? 
This article points out development concepts of HUMAN RESOURCE, RESEARCHING 
ACHIEVEMENTS & STRICTLY MANAGEMENT. 

 H  resource 
Human resource is the most important resource. Human resource has great contributes to the 

development of country and also to the development of institutes of statistical research. 
 Understand scientific meaning of excellent human power 

The essential meaning of excellent human power is to rely on human resource to build prosperous 
research institutes. Improve research abilities of national and provincial institutes of statistics greatly. 
Excellent human power can guarantee more creative research teams that can produce outstanding 
achievements of research. The central point of daily work is to build up strongly research team and provide 
intellectual support for statistical reform and development. 

 Introduce human resource timely and appropriately 
During the period of Tang dynasty in Chinese history, Emperor Li shimin was good at making use of 

human resource, which made the society peaceful, economics develop steadily. Emperor Li was one of the 
most famous emperors in Chinese history, and brought a prosperous time. Another emperor, Emperor Liu 
bang appointed Zhang liang, Xiao he and Han xin whom of three were all extraordinary people, making 
himself the first plebeian emperor in Chinese history. Nowadays, China pays great attention on human 
resource. Human resource should be the basic working principles of leaders in statistical research institutes. 

Training of human resource 
Introduce appropriate human resource may shorten the training period, and can help to improve level 

of research and development of statistics. Training human resource timely and appropriately is the base for 
us to rely on to develop research job. We should try to focus on following three points that are Training, 
Attracting and Employing. It should let different types of human resource have spaces to perform and 
develop.

 Researching achievements  
Mr. Deng Xiaoping pointed out technology is the first productivity. As research unit, institutes of 

statistical research should contribute excellent achievements of research. 
 Base on excellent research achievement 

What can be refined as excellent research achievement? Former president of Chinese government 
Jiang zhemin summarized it by three sentences which are highly thoughtful, highly artful and highly 
technical. That base on excellent research achievement means to produce creative ideas according to three 
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sentences above. Keeping highly pertinence, research work should embody the value of research itself. 
Two conditions of producing excellent research achievements 

Two conditions are human condition and working condition. Human condition decides ability to 
produce excellent research achievements, and working condition decides how greatly those excellent 
research achievements can show to the society. If we couldn’t master these two conditions well, we could 
produce excellent achievement at all. 

(1) Improve quality of human resource 
Objects and hardworking is power inside to produce research achievements. One can contribute only if 

he loves and show great loyal to the working of statistics. Studying, accumulating and creating are critical 
points to great research achievements, so is persistence. 

(2) Create favorable working environment 
Favorable working environment can guarantee researchers to make great achievements. Ways to create 

favorable working environment are, first, make further emphasis on the fact that technology is the first 
productivity; second, carry out further reform in fields of policies and systems, the third is to enforce team 
spirit.

Central government considers development as the most important task to fulfill. Development of 
statistics should be treated as the first task of statistical institutes. 

 What is management 
Management is the control of human, matter and information, which is the power to create and apply. 

To evaluate the quality of a unit or a person is to see whether if it can deal with the relationships of human, 
matter and information correctly. Statistical institute should gain achievements by strictly management and 
push this career forward. 

 Focus on three critical points of management 
(1) Improve manage skills 
Leaders in statistical institutes own power of management, human. To apply power effectively, it 

should focus on two fields, one is idea and the other is system. 
(2) Enforce cohesion 
Cohesion is decided by common ideas and fundamental. Leadership should good at communicate with 

colleagues. First, it should be by fair principle. Second, care for every colleague by good communicating 
skills. Third, we should depend on service concept. 

(3) Enforce reform and construction of system 
Statistical institute should be headstream of great productivity of statistical research. We should focus 

on system and improve ability of analysis. 
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The General Report for the Evaluation and Survey of 

China’s Informatization Level (2006) 
 
Yang JingYing 
International Statistical Information Center 
National Statistical Bureau of China 
 

Since late 20th century and the beginning of 21st century, human society has progressed into 
informatization era. By the rapid progress of informatization globally, informatization level became an 
important part of overall national strength. More importantly,it can be an important restrictive factor for the 
improvement of national Competitiveness. In order to promote rapid development of ICT in China, and 
provide support for enacting the Eleven-fifth informatization development plan and National Informatization 
Strategy of China from 2006 to 2020, combined with goals advanced by international organizations such as 
Partnership on Measuring ICT for Development in WSIS that called for governments of all countries to 
monitor Informatization development statistically, NBS of China set a project to conducting special surveys 
on the application level of informatizaiton at national level during 2005 and 2006, and conducted calculation 
and evaluation study on the informatizaiton level of China by region. 
1. Significance and Contents of the Studying 

The main task of this project is to explore and study establishment of official statistics monitor and 
evaluation system of China’s ICT, and to explore establishment of statistical survey and report system of ICT 
in national statistics and department statistics, so as to build the capacity of measuring the development 
process, development trend of ICT and problems existed quantificationally, and to monitor the development 
status of China’s ICT periodically, to provide quantitatively scientific reference basis for devlopment and 
monitor of  national informatization development strategy from 2006 to 2020 and the national Eleven-fifth 
informatization development plan. 

There are three phases in the task for implementation, the first phase is research of application level 
indicator system of informatization and design of questionnaires, the second phase is research of aggregating 
survey data and, the third phase is research of data analysis and evaluation of informatization level, three 
reports are produced accordingly, they are, technological report, data report and analysis report.  
 
2. Informatization level survey and evaluation indicator system  
2.1 Frame of Indicator System 

Informatization level survey and evaluation indicator system include two parts.The first is the General 
Evaluation Index of Informatization Level ,which makes it possible to make an overall evaluation on 
national in formatization level. The Second is the Key Supplementary Indicators of Informatization level by 
sectors,which. is designed according to different characteristics of the government, institutions, enterprises 
and households, and brings more specific Informatization staitistical data and situation.  
2.2 General Evaluation Index of Informatization Level 

The indicator system of GEIIL includes 23 indicators of six major categories (See Table 1).  
Table 1  Indicator System of GEIIL 

Sector Code Indicator  
1 Total fixed telephone subscribers per 100  inhabitants☆ 
2 Mobile phone subscribers per 100 persons☆ 

Infrastructure 
Index 

3 The number of computers per 1000 inhabitants ☆ 
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4 The number of CATV users per 1000 inhabitants ☆ 
5 The number of internet websites per 1000 inhabitants ☆ 
6 Expense on connecting to internet as percentage of national income per capita  

7 
Expense on broadband connecting to internet as percentage of national income 
per capita ①☆ 

8 The ratio of fixed telephone charges to per capita gross national income ②☆ 

Affordability 
Index 

9 The ratio of mobile phone charge to per capita gross national income. 
10 Adult literacy rate 
11 The proportion of population of secondary educational level☆ 
12 The proportion of population of tertiary educational level☆ 

Knowledge 
Index 

13 Combined primary, secondary and tertiary gross enrolment ratio③☆ 
14 International bandwidth per capita☆ Quality of 

Access Index 15 The number of broadband subscribers per 100 inhabitants☆ 
16 The number of Internet subscribers per 100 inhabitants☆ 

17 
Communication expenditure and Internet charge as percentage of total 
expenditure☆ 

Usage Index 

18 Gross purchases of goods and services on line as percentage of total purchases 
19 ICT input as percentage of total fixed assets investment④☆ 

20 
The research and development expenditure of information industry as 
percentage of GDP⑤☆ 

21 The proportion of employees in information industry⑥☆  
22 Value added of information industry as percentage of GDP⑥☆ 

Environment 
And Effect 

Index 

23 Exports of ICT goods as percentage of total exports 
Note: Indicator No.7 is substituted with ADSL charges for 20① -hour monthly in gross national income per 

capita. 
     Indicator No.8 is substituted with the line monthly rentalads percentage of per capita disposable ②

income. 
     Indicator No.13 is substituted with Average age of educational years.③  

Indicator No.19 ④ is substituted with telecommunication investment as percentage of total investment 
in fixed assets. 

⑤Indicator No.20 is substituted with study and development expenditure of whole society as 
percentage of GDP. 

⑥Indicators No.21 to No.22 are substituted with relevant data of the tertiary industry due to lack 
statistical data. 
     ☆ indicates that there are data available for the indicator.  

2.3. Sectoral Key Supplementary Indicators System of Informatization Level. 
Aiming at the main body of China ICT application, namely, administrative units and institutions, 

enterprises and households, we have established sectoral key supplementary indicators system of 
informatization level. (See Table2). 
Table 2 Sectoral Key Supplementary Indicators System of Informatization 

Sector Code Indicator 

1 
The proportion of administrative institutions possess OA or core business 
system  

2 The proportion of administrative institutions employees using computer   

Administrative 
Units and 

Institutions 

3 The proportion of administrative units and  institutions with access to 
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Internet  
4 The proportion of administrative units and institutions own LAN 
5 The proportion of administrative units and institutions own website 
6 The proportion of the staff  with Internet access 
7 Proportion of administrative personnel using computer 
8 The proportion of enterprises own LAN 
9 The proportion of enterprises with access to Internet  

10 The proportion of the employees with Internet access 
11 The proportion of enterprises own website 
12 The proportion of enterprise receive order online 

Enterprises 

13 The share of online sales in enterprise’s revenue 
14 The penetrate rate of fixed telephone 
15 The penetrate rate of mobile telephone  
16 The penetrate rate of CATV 
17 The penetration rate of computer 
18 The proportion of households with Internet access  

Households 

19 The proportion of online purchase  
 
3. Survey Methods and Evaluation Method of Informatization Level 

In order to obtain data requested by indicators system of GEIIL and department key supplementary 
indicators system, we design respectively three parts of questionnaires in administrative units and institutions, 
enterprises and households (urban and rural households) 
3.1 Sample Methods and Calculation Methods of Informatization Level Survey  

The sample volume was confirmed from three parts of administrative units and institutions, enterprises 
and households (including urban and rural households). Thereinto, 555for administrative units,2447 for 
institutions , 6142 for enterprises, 20350 for resident households (urban households of 11500, rural 
households of 8850), the total samples volme were 29494. 

According to indicators system of informatization level and questionnaires, ISIC of NBS and 
Department of Statistical Design and Management, Rural Survey Organization, Urban Survey 
Organization, and Service Survey Center organized sample survey of informatization level in 
administrative units and institutions, enterprises and urban and rural residents among 31 provinces 
(municipalities and autonomous regions) during the period of October to December 2005. 

The survey distributed 29494 questionnaires, and received effective questionnarires for 29124, the 
effective received rate of questionnaires was 98.7%. 
3.2 Calculation Methods for General Evaluation Index of Informatization Level 

The general indicators of evaluating informatizaiton level were calculated with comprehensive 
evaluation method, the formula can be written: 

( ) ① ∑
=

=
n

i
iiA PWII

1
)(

What we used for weight decision-making is Delphi Method, namely the specialist appraisement and 
score method.  
4. The Analysis of China's Informatization Level in General 

The results of the special Informatization statistical survey(also be called Informatization survey) 
organized by NBS of China during October 2005 to December 2005 Show that the overall Informatization 
level has been improved obviously as ICT continues to evolve.But there are a lot of restrictive elements 
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which contrain Informatization development of our country.Owing to this,the Informatization level of China 
is relatively lower, and the balance is poor among different regions, different sectors and city and rural areas. 
So, measures must be taken to improve the situation effectively by focus on the problems existed and the gap 
between China and countries well developed in informatization.   
4.1 Analysis of General Index 
4.1.1 The General Evaluation Index of Informatization Level was 52.80 for 2005, Beijing Was Ranked 

in the First Position 
The result of measurement shows that the GEIIL was 52.83 in 2005. Where, Beijing ranked the first 

position of 72.46 among 31 provinces (autonomous regions and municipalities); and Shanghai of 68.04, 
ranked the second position; Tianjin of 61.49, ranked the third position. Last three provinces (autonomous 
regions and municipalities) ranked were Guizhou of 44.11 Yunnan of 43.20, and Tibet of 39.37 respectively.  
4.1.2 It Was Relatively Fast for Informatization Level to Increase, Increased 13.7% in 2005 Over 2004 
4.1.3 It Was Unbalanced for Eastern, Central And Western Regions to Develop, But the Gaps Are 
Narrowed 

The ratio of informatization development level in estern, central, western regions reduced from 100：
85：81 of 2004 to 100：86：82 of 2005. 
4.2 Analysis of Sub- Indices  
4.2.1 the Comparisons of 6 Sub-Indices of National Informatization Level in 2005 

 The Aspect of Information Technology Application Developed Well 
The measuring result shows that the usage indicator in sub-indicators was the highest score, of 74.54.  

 The Level of Education Made Remarkable Progress  
The measuring result shows that the knowledge index of 59.42 was higher too by comparing to the 

sub-indices.  
 The Development Speed of China’s Information Infrastructure Construction and the 

Improvement of Quality of Access Were More Faster  
The measuring result shows both index of information infrastructure and index of access quality were 

higher, of 49.90 and 51.53 respectively.   
 China Should Go on Endeavoring for the Aspect of National Economic Development Promotes 

Informatization, and Informatization Drives Economic Growth.  
The measuring result shows that the index of environment and effect were lower, for 46.05.  

 High Cost of Internet Access Restricts the Increase of Rate of Internet Access  
The measuring result shows that the affordability index was the lowest, for 34.24.  
 
The ICT development report of ITU pointed out: the information society is not only challenged by the 

digital divide but also by the statistical devide. Today’s lack of comprehensive,timely and comparable data is 
a major barrier to analyzing the status and progress of Information Societies,identifying reliable targets and 
adapting policies.Therefore,to institute national and regional system of normal questionnaire of 
informatization statistics, to institute informatization data collection and survey system, to develop database 
of informatization, to termly monitor the informatization level and development status in accordance with the 
relevant indicators system and monitoring methods, and to quantitatively measure development process, 
development trend of informatization and problems existed in China and all regions will also be the major 
challenges faced by national statistical system of China. 

 
References: 
World telecommunication /ICT development report 2003,Human development report 2002, Sector core variables 
according to the OECD ICT sector definition,etc. 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 2794 -



 1

Research on statistical methods in modern service industry  

Zheng Weixing  
Director of Qingdao Bureau of Statistics 
No.7 Minjiang Road 
Qingdao, China, 266071 

ABSTRACT 
The development of the modern service industry is the main point of growth that sustains the 

development of the national economy. It is also a strategic measure to improve the quality of the national 
economy. The establishment of a modern service industry statistical system is a new proposition for 
statistical work today. This article focuses on the definition of modern service industry according to the 
national classification standards for economic trades through understanding of the essence of the modern 
service industry and establishing a statistic index system to reflect financial management, industrial 
development and energy consumption in the modern service industry so as to achieve quantitative statistic 
estimation based on fundamental investigation data. 
1. The background and significance of the modern service industry statistics 

Nowadays, the world’s economy is undergoing dramatic changes, more and more science and 
technology is entering the service industry, and new service industries are being produced, which make the 
modern service industry the most innovative and dynamic strategic industry and a dominant sector in the 
national economy. After over 20 years of fast development, our country’s economy has showed the 
characteristics of periodic transformation and accelerated industrialization advancement. In particular, the 
international service industry is shifting swiftly to our country and many new service industries emerge, 
which speed up the development of the modern service industry as a superseded industry. But the current 
statistical work can hardly reflect the development of the service industry, especially the modern service 
industry in an accurate and prompt manner. Thus, it is important to speed up the establishment of the 
modern service industry statistical system. 
2. Main problems of modern service industry statistics 

1) The industrial scope is not clear and statistical objects are not certain. To carry out statistical 
investigation, first, we must make sure of the scope and the investigation objects. At present, the “modern 
service industry” is defined theoretically to be the result of well-developed industrialization with relatively 
intensive information and knowledge, on the basis of information technology and modern management 
theories. Namely, it is not only part of the whole service industry, but also has the characteristics of high 
intelligence, high product added value, low resource consumption and low environmental pollution. In our 
country, no regulations are issued to define the scope of the modern service industry according to the 
industrial characteristics. 

2) The service industry statistical system is not perfect, which leads to a lack of basic data in the 
modern service industry. For a long time, the service industry statistics as a non-material production 
department has been neglected. Currently, our country has not established an integral, uniform statistical 
system in the service industry. Except comprehensive investigations made in general economic survey 
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years, the government mainly conducts statistical investigations for sectors such as wholesale and retail, 
accommodation and catering service and real estate in non-general survey years. For other investigation 
data, part comes from the statistical system, but the statistical data are not complete – they are not collected 
on a societal basis; the data on the service industry or newly emerged trades can hardly be sourced and 
have to be estimated. The current conditions of the service industry statistics will inevitably result in a lack 
of basic data. Therefore, the author believes that to establish a statistical system in the modern service 
industry in order to measure the modern service industry, a complete set of statistic investigation systems 
must be established to cover all kinds of trades. At the same time, the modern service industry statistical 
scope must also be defined. 
3. Basic ideas on modern service industry statistics.

Qingdao has already established its service industry statistic investigation system based on sample 
surveys in the national service industry. The city’s statistic investigation system covers the entire industry 
and conforms to the national economy trade classification standards. It can provide financial statistical data 
for all 339 sub-trades, and has the basic conditions for statistical calculation for the modern service 
industry. 

The basic ideas on modern service industry statistics are: to reasonably define the scope of the 
modern service industry, to utilize the basic data of the service industry collected by means of survey, to 
regularly conduct quantitative calculation of the modern service industry’s development scale, trade 
distribution and regional distribution through scientific calculation. 

1) Definition of Industrial Scope 
a. Meaning and characteristic of the modern service industry. Compared with the traditional service 

industry, the modern service industry is an indicator of the new economy. From the beginning, it has 
superiorities in information, brand name and international and large-scale development, and has the below 
characteristics: 1. “Three News”, namely new production method, new organizational form and new 
technology; 2. “Three High’s”, namely high human capital, high technology and high added value; and 3. 
Support by information technology. In the author’s opinion, the modern service industry includes newly 
developed service industry and technologically transformed and upgraded traditional service industry after 
n and the essence is modernization of the service industry. 

b. The basic defining principles. Based on the meaning and characteristics of the modern service 
industry, the author thinks that there are three defining principles. The first one is based on the 
"Classification of Economic Trades" (GB/T 4754-2002). Another is to include all new service trades into 
the statistics. And the third principle is to include technologically transformed and upgraded traditional 
service trades into statistics. 

c. Industrial scope to be defined. According to the aforesaid trade defining principles, 18 classes, 10 
categories and 29 divisions are to be covered by modern service industry statistics, which involve 186 
economic classes of trades such as electric railway transport (51) [note 1], highway management and 
maintenance (5232), ocean shipping (5411,5421), harbor transport (5431,5432), air transport (55), pipeline 
transport (56), transport agency service (5720), warehousing (58), express postal service and postal saving 
service (59), information transmission, computer service and software industry (G), production-oriented 
wholesale (6312*, 6313*, 635*, 636*, 637*) [note 2], modern retail (6511*, 6512*), star-rated hotel 
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industry (66), financial industry (J), real estate industry (K), lease and business service industry (L), 
research and technology service industry (M), water conservation, environment and public utility 
management (N), cosmetology, health care, wedding service and photographing (8240, 8260, 8280), 
secondary and higher education (8433, 8434, 8435, 844, 8491, 8499), health and social insurance and 
social welfare (Q) and culture, sports and entertainment (R*). 

2) Establishment of statistical index system 
The modern service industry statistic indexes should be established on the basis of the service 

industry’s statistical index system, including financial index, industrial development index and energy 
consumption index. 1. Financial index: including debt, profit and loss distribution, salary and welfare, 
employees and added value. 2. Industrial development index: including harbor transportation, air transport, 
telecommunication, finance, legal consulting, scientific research, higher education, social security and so 
on. 3. Energy index: main energy consumption indexes should be set. 4. Index grouping: All indexes are 
grouped by trade class and region such as county. 

3) Principle on dada calculation
(1) Fundamental data source: The sources of modern service industry statistic data are: quarterly and 

yearly basic survey data of enterprises, institutions and individual operators in the service industry. (2) 
Fundamental data processing: According to the defined statistical scope for the modern service industry, to 
sort out data of above-quota units, sample mean data of below-quota units and individual operators and 
overall unit data. (3) Internal calculation scope for some trades: (a) individual operators are excluded 
except for computer service, software and real estate industries; (b) only the electrification transformation 
part of the railway transport industry is calculated; (c) only the expressway part of the highway 
management and maintenance sector is calculated; (d) only the express postal service and postal savings 
part of the postal service industry is calculated; (e) only the above quota enterprises of the wholesale and 
production-oriented modern retail industry are calculated; (f) only modern cosmetology, health care, 
wedding service and photographing enterprises in the resident service industry are calculated; (g) the 
culture, sports and entertainment industry does not include three trades: cemetery and memorial hall (906), 
popular cultural activity (907) and other cultural activity (909). 

Conclusion: This paper defines the modern service industry statistical scope based on the present 
statistical conditions of China’s modern service industry, with emphasis on the main problems, unification 
of the country’s economic trade classification standards. At the same time, it puts forth specific statistical 
index systems and data calculation methods, which have good operability. 

Notes:
1. The codes in the parenthesis are national economic trade codes. The English letter stands for a 

specific trade; the two-digit codes are divisions; three-digit codes are categories while four-digit codes are 
classes. 

2. The trade marked with * means that only part of the data is calculated. Refer to the “Data 
Calculating Principle”. 
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1.  Intorduction 
After the introduction of the euro notes and coins in January 2002, throughout the Economic and 

Monetary Union member countries there was a widespread feeling that the euro had brought about a 

significant hike in consumer prices. A substantial discrepancy was evident between inflation as measured by 

the official consumer price indices (CPI) and the one perceived by the general public. The question arises if 

the euro is a “teuro” or not. 

In this paper an alternative interpretative framework of inflation is outlined and a corresponding index 

of perceived inflation (IPI) is proposed. Unlike the CPI which comprehends inflation from the consumer’s 

perspective this index covers inflation from the purchasers’ perspective. The IPI has been calculated for 

Germany. In the main part of the paper, the results are presented. Contrary to the CPI, the IPI time series for 

Germany from 1996 through 2006 clearly show a special inflation around the introduction of the Euro notes 

and coins. 

2.  Official Consumer Price Indices (CPI): The Consumers’ Perspective on Inflation 
The “true inflation” does not exist. An immediate and unconditional access to inflation is not possible; 

inflation cannot be measured directly and without any assumptions. The development of any price index 

requires an interpretative framework of what shall be understood by “inflation”. As in the context of other 

economic measurement problems different interpretative frameworks are conceivable. 

A first interpretative framework of inflation emanates from the consumer’s perspective. Under this 

perspective, consumption of certain goods during a given period is the subject-matter. Of particular interest 

are the price changes of the goods consumed. A good is the more important the higher its portion of the total 

costs of consumption is. 

A price index concept compatible with this perspective is any weighted mean of the price relatives of the 

goods consumed where the portions of total consumption costs serve as weights. The best-known example of 

such an index, obviously, is the Laspeyres concept   
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 denote the prices of the ith good for the reporting period t or for 

the base period 0 and )i(q
0

 the quantities of good i consumed by the average household in the base period. 

In fact, almost all the national consumer price indices are based on this concept. This is to emphasize that it 

is the consumer’s perspective which is behind the official price index figures. 

3. The Purchaser’s Perspective 

A second interpretative framework of inflation emanates from the purchaser’s perspective. Under this 

perspective, acts of purchase of certain goods during a given period are the subject-matter. Of particular 

interest is the price changes of the goods purchased. A good is the more important the higher its portion of 

the total number of purchasing acts is. 
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High frequency purchases are usually daily necessities and not postponable. They have a first claim on 

the consumer’s budget. The timing of their purchase is also by implication predictable. In contrast, low 

frequency commodities are postponable items and hence the timing of their purchase is not predictable. In 

addition, low and high frequency commodities differ with respect to regional substitutability. High frequency 

commodities usually are bought at the same outlet and purchasers are not willing to switch from one outlet to 

another one. The outlet is part of the commodity’s quality. On the other hand, purchasers do not have strong 

regional preferences for outlets of low frequency commodities. 

A price index concept compatible with this perspective is any weighted mean of the price relatives of 

the goods purchased where the portions of total number of buying acts serve as weights. The example of 

such an index corresponding to the Laspeyres index is the index  
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where )(0 if  denotes the frequency with which good i is bought by the average household i in the base 

period. This index can be regarded as special case of the index of perceived inflation (IPI) developed by 

Brachinger (2006). Unlike the latter, the former index is free from any psychological biases. 

4. The Euro form the Purchasers’ Perspective 

Both price indices look at inflation from different perspectives, they are aiming at different aspects of it. 

They are based on different interpretative frameworks and such frameworks cannot be subjected to empirical 

criticism. This is basically because they include suppositions which cannot be decided upon empirically. 

They precede quantitative knowledge and are a condition for gaining such knowledge. Neither of the two 

indices is therefore true or false.  

Well! Is the euro now a teuro or not? The course of the CPI is unambiguous: In the sense of that index 

the euro is no “teuro”. There is no doubt about it. However, does this imply that the high inflation which has 

been perceived by the consumers after the introduction of the euro coins and notes is just imagination 

originated by a distorted price feeling? By no means! Let’s have a look at the time series of the IPI given by 

equation (2).  

Figure 1 shows the evolution of this index vis-à-vis the course of the CPI. Three periods can be 

diagnosed: a first period prior to the introduction of the euro notes and coins, which lasts until the beginning 

of the year 2001, a euro-introduction period from January 2001 until May 2002, and a post-euro-introduction 

period that starts in June 2002. This figure shows clearly that under the purchaser’s perspective a special 

inflation can be diagnosed around the time of introduction of the euro notes and coins. Through the years 

1999 and 2000 the IPI lies beneath the CPI. Afterwards the IPI shot up, reaching in June/July 2001 a 

maximum value of 4.6%, and remained at around 4% throughout the year. In January 2002, at the time of 

adoption of the euro notes and coins, the IPI jumped to 5.4%. Then the IPI fell continuously and in May it 

arrived back at the level of the CPI. The “gap” between perceived and official inflation had closed again. 

During the period from January 2001 to May 2002, the average perceived inflation, at 3.6%, hovered well 

above the average rate of the CPI, with 1.8%. The average perceived inflation was then twice as high as the 

official inflation rate. 

What does this show? At the time of the introduction of the euro notes and coins the inflation seen from 

the purchaser’s perspective was in fact significantly higher than the inflation seen from the consumer’s 

perspective as measured by the CPI. The course of the IPI is as unambiguous as the course of the CPI: In the 

sense of that index the euro is in fact a “teuro”. There is no doubt about that too.  
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Figure 1: CPI and index of perceived inflation IPI

This reasoning suggests that the discrepancy between the official CPI and the public inflation 

perception comes from the fact that the CPI looks at inflation from a consumer’s perspective whereas the 

average household looks at inflation from the purchaser’s point of view. 

4.  What has happened around the introduction of the euro?

There must be an empirical reason which caused the unprecedented significant divergence between the CPI

and the IPI(c=1). The question arises what happened around the introduction of the euro coins and notes. 

Were it possibly the commodities with high purchasing frequencies which became especially expensive? 

To analyze that let’s have a look on the development of the correlation between the base period 

purchasing frequencies  and the current price relatives , i.e., let’s have a look at the time series  
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In Figure 2 this time series is depicted. This figure shows that during the first half of 2001 all of a sudden the 

correlation between the base period purchasing frequencies and the current price relatives jumped from non-

correlatedness to a positive correlation of around 15%. This empirical fact explains why the IPI so 

considerably increased over the CPI: the IPI reacts to such changes in the correlation structure whereas the 

CPI does not. From the purchaser’s perspective, obviously, this change in correlation structure has been an 

important change in the structure of relative prices.  

5.  Final Remark 

The purpose of the perceived inflation index is to quantify the average purchaser’s perspective of 

inflation. This index is a construction that attempts to capture objectively the purchaser’s perception of 

inflation free of judgments or subjective distortions. The IPI does not measure at all the irrational 

psychological distortions that affect consumers when perceiving inflation. It shows clearly which factors fuel 

the perception of inflation. The IPI is, like the CPI, an incorruptible statistic. 

The analyses presented in this article show that the introduction of the euro notes and coins was not a 

“non-event”. In the year 2001 something structurally fundamental happened regarding the change in the 
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prices of consumer goods: above-average price increases were applied precisely to those goods characterized 

by an above-average purchasing frequencies. The event thus features a sudden positive correlation between 

price change and frequency of purchase, something that had not happened previously and that shows an 

astounding persistence to the end of 2005. 
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Figure 2: Time series of correlation between purchasing frequencies and current price relatives
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One of the major purposes of statistical analysis is to make forecasts for the future, and to
provide suitable measures of the uncertainty associated with them. Consequently, forecasts should be
probabilistic in nature, taking the form of probability distributions over future quantities or events
(Dawid 1984). Stigler (1975) gives a historical account of the 19th century transition from point
estimation to distribution estimation; today, we may be witnessing what future generations might
refer to as the transition from point prediction to distributional prediction. Indeed, since the early
1990s distributional or probabilistic forecasting has become routine in applications including weather
and climate prediction, demographic and economic forecasting and the financial markets (Palmer 2002;
Gneiting and Raftery 2005; Granger 2006). Major economic publications such as the quarterly Bank
of England Inflation Report have adopted the use of predictive distributions, and a recent National
Academies report calls for a reorientation of weather prediction efforts towards probabilistic forecasting
(National Research Council 2006). In the statistical literature, advances in Markov chain Monte Carlo
methodology have led to explosive growth in the use of predictive distributions, mostly in the form of
Monte Carlo samples from posterior predictive distributions of quantities of interest.

Gneiting, Balabdaoui and Raftery (2007) contend that the goal of probabilistic forecasting is to
maximize the sharpness of the predictive distributions subject to calibration. Calibration refers to the
statistical consistency between the probabilistic forecasts and the observations, and is a joint property
of the predictive distributions and the quantities or events that materialize. Sharpness refers to the
concentration of the predictive distributions, and is a property of the forecasts only: The sharper the
distributional forecasts, the less the uncertainty, and the sharper, the better, subject to calibration.

Scoring rules

Scoring rules provide summary measures of predictive performance that address both calibration
and sharpness, by assigning a numerical reward based on the predictive distribution and on the event
or value that materializes. In terms of elicitation, the role of scoring rules is to encourage the assessor
to make careful assessments and to be honest (Garthwaite, Kadane and O’Hagan 2005). In terms of
evaluation, scoring rules measure the quality of the probabilistic forecasts, reward probability assessors
for forecasting jobs, and rank competing forecast procedures.

Specifically, if the forecaster quotes the predictive distribution P and the event x materializes,
his or her reward is S(P, x). We write S(P,Q) for the expected value of S(P, · ) under Q. Suppose,
then, that the forecaster’s best judgement is the distributional forecast Q. The forecaster has no
incentive to predict any P �= Q, and is encouraged to quote her true belief, P = Q, if

S(Q,Q) ≥ S(P,Q) for all probability distributions P, Q.(1)
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A scoring rule with this property is said to be proper. It is called strictly proper if the relationship
(1) holds and equality implies P = Q (Hendrickson and Buehler 1971; Winkler 1996; Gneiting and
Raftery 2007).

Choquet representations

Proper scoring rules have interesting and rich mathematical structures, on which we comment
in the following. In particular, it is immediate from the defining property (1) that the class of proper
scoring rules forms a convex cone.

We first consider the classical case of a probability forecast for a dichotomous event, so that the
sample space is Ω = {1, 0}. A probabilistic forecast is a quoted probability p ∈ [0, 1] for the event to
occur. A scoring rule S assigns the reward S(p, 1) if the forecaster quotes p and the event realizes;
and S(p, 0) is the reward if she quotes p and the event does not materialize. See the table for some
popular examples.

Scoring rule S(p, 1) S(p, 0)
Zero-one (1 − c) 1{p > c} c 1{p ≤ c}
Logarithmic log p log(1 − p)
Brier or Quadratic −(p− 1)2 −p2

Assuming slight regularity conditions, Schervish (1989) showed that every proper scoring rule can be
written as a mixture of cost-weighted asymmetric zero-one scores,

Sc(p, 1) = (1 − c)1{p > c}, Sc(p, 0) = c1{p ≤ c},(2)

with a nonnegative mixing measure, say ν(dc), on the unit interval. For instance, the mixing measure
for the logarithmic score is the infinite measure with Lebesgue density (c(1− c))−1. As Buja, Stuetzle
and Chen (2005) and Gneiting and Raftery (2007) note, Schervish’s result can be interpreted as a
Choquet representation (Phelps 1966) that characterizes the elements of the convex cone of proper
scoring rules as mixtures of its extreme points, that is, the scoring rules in (2).

We believe that analogous results hold for probability forecasts of a general categorical event, in
that one can identify the extreme points of the convex cone of proper scoring rules on the respective
sample space and apply Choquet theory. In addition to the intrinsic interest of the anticipated mixture
representations, results of this type provide an alternative to the Savage (1971) representation for
proper scoring rules on finite sample spaces.

Kernel scores

Eaton (1982), Dawid (2007) and Gneiting and Raftery (2007) give a powerful construction for
proper scoring rules that apply to probabilistic forecasts on a general sample space, Ω. Specifically, let
Ω be a Hausdorff space, and let g be a nonnegative, continuous conditionally negative definite kernel
on Ω × Ω, in the sense that g(xi, xj) = g(xj , xi) and

∑k
i=1

∑k
j=1 aiaj g(xi, xj) ≤ 0 for all positive

integers k, all a1, . . . , ak ∈ that sum to zero, and all x1, . . . , xk ∈ Ω. For a Borel probability measure
P on Ω, let X and X ′ be independent random variables with common distribution P . Then the kernel
score

S(P, x) =
1
2
EP g(X,X ′) − EP g(X,x)(3)

is proper within the class of the Borel probability measures P on Ω for which the expectation
EP g(X,X ′) is finite. In other words, S(P, x) is a proper scoring rule for the evaluation of proba-
bilistic forecasts with sample space Ω.
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For instance, if Ω = d is a Euclidean space, β ∈ (0, 2) and g(x, x′) = ‖x− x′‖β for x, x′ ∈ d,
where ‖ · ‖ denotes the Euclidean norm, the kernel score construction (3) yields the energy score
proposed by Gneiting and Raftery (2007),

ESd,β(P, x) =
1
2
EP

∥∥X −X ′∥∥β − EP ‖X − x‖β(4)

= − β 2β−2 Γ(d
2 + β

2 )

πd/2 Γ(1 − β
2 )

∫
d

|ϕP (y) − ei〈x,y〉|2
‖y‖d+β

dy,

where ϕP denotes the characteristic function of the predictive distribution, P . The latter equality
(Székely 2003) shows that the energy score computes a weighted distance between the characteristic
function of the predictive distribution and the characteristic function of the point measure at the
value, x, that materializes. Gneiting and Raftery (2007) identify the case in which d = 1 and β = 1
with the continuous ranked probability score of Matheson and Winkler (1976); specifically,

ES1,1(P, x) =
1
2
EP |X −X ′| − EP |X − x| = −

∫ ∞

−∞
(F (y) − 1{y ≥ x})2 dy,(5)

where the right-hand side is the standard representation expressed in terms of the cumulative distribu-
tion function F associated with the Borel measure P . The continuous ranked probability score enjoys
many desirable properties and has lately attracted attention in meteorological applications (Candille
and Talagrand 2005; Gneiting, Larson, Westrick, Genton and Aldrich 2006).

Computational issues and a novel asymptotic regime

In the case of the continuous ranked probability score, the expectations in the definition of
the kernel score can often be computed analytically (Gneiting and Raftery 2007). In other types of
situations, the kernel score (3) needs to be estimated on the basis of a random sample, say {x1, . . . , xk},
from an underlying continuous predictive distribution P . A natural estimator for S(P, x) is

Ŝ(P, x) =
1

2k2

k∑
i=1

k∑
j=1

g(xi, xj) − 1
k

k∑
i=1

g(xi, x),(6)

that is, the exact value of the kernel score (3) when the predictive distribution equals the empirical
measure defined by the sample. However, the estimator (6) is of computational complexity O(k2),
which is prohibitive in most applications. It is therefore desirable to find a computationally efficient
estimator for S(P, x), in the sense that it provides a lower bound on the mean squared error of any
estimator that uses no more floating point operations in total, including the generation of the sample.
A potential candidate is the estimator

S̃(P, x) =
1

2(k − 1)

k−1∑
i=1

g(xi, xi+1) − 1
k

k∑
i=1

g(xi, x),(7)

that alters the first term on the right-hand side of (6) and reduces the computational complexity to
O(k). Note that the problem calls for asymptotic efficiency results stated in terms of floating point
operations, as opposed to classical statistical theory, which operates in terms of sample size. This
is a very different asymptotic scenario, and one that seems relevant in other types of Monte Carlo
computations as well, posing a challenge for future research.

Discussion

Scoring rules are omnibus performance measures for probabilistic forecasts that assign numerical
rewards based on the predictive distribution and on the event or value that materializes. A proper
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scoring rules is designed such that it does not provide any incentive to the forecaster to digress from her
true beliefs. In this brief note, we sought a deeper understanding of the structure and the properties
of proper scoring rules, by discussing Choquet representations, pointing at computationally efficient
tools for the evaluation of kernel scores, and hinting at directions for future research. While our
discussion has been limited in scope, proper scoring rules lie at the heart of much statistical theory
and practice, including decision theory, Bayes factors, maximum likelihood and minimum contrast
estimation (Dawid 2007; Gneiting and Raftery 2007). We expect to see enticing and fruitful uses in a
continuously growing number of statistical and general scientific applications.
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1 Abstract

The uniform distribution has long been used to provide examples where standard frequentist inference
procedures are not applicable. In this expository paper we elaborate on these examples which can be
used in teaching a variety of topics in the foundations of statistical inference. The paper by Wittinghill
and Hogg (2001) discussed this subject from a frequentist viewpoint. Generalizations discussed here
include two examples due to Basu (Ghosh (1988)) which greatly expand the instructional value.

2 General Uniform (Rectangular) Model

Let X1, X2, . . . , Xn be iid with pdf

f(x; θ1, θ2) =
{

1
Δ θ1 ≤ x ≤ θ2

0 elsewhere
(1)

where Δ = θ2−θ1. It is easy to show that the minimum and maximum of X1, X2, . . . , Xn are minimal
sufficient statistics for θ1 and θ2. The joint density of Y1 and Yn is given by

f(y1, yn; θ1, θ2) =
n(n− 1)(yn − y1)n−2

(θ2 − θ1)n
θ1 ≤ y1 ≤ yn ≤ θ2 (2)

We note that the minimal sufficient statistic is not complete and that the maximum likelihood
estimators of θ1 and θ2 are given by θ̂1 = y1 and θ̂2 = yn.

The joint likelihood function for θ1 and θ2 is thus

f(y1, yn, θ1, θ2) =
1

(θ2 − θ1)n
θ1 ≤ y1 ≤ yn ≤ θ2 (3)

and the profile likelihoods for θ1 and θ2 are

Lp(θ2) =
[
yn − y1

θ2 − y1

]n

θ2 ≥ yn andLp(θ1) =
[
yn − y1

yn − θ1

]n

θ1 ≤ y1 (4)

3 Special Case 1: Uniform θ − ρ, θ + ρ

3.1 ρ Known

This example is discussed in Cox (2006) and various other places. Let θ1 = θ − ρ and θ2 = θ + ρ then
we have that the joint density is

f(y1, yn; θ) =
n(n − 1)(yn − y1)n−2

(2ρ)n
θ − ρ ≤ y1 ≤ yn ≤ θ + ρ (5)

1

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 2807 -



It follows that the (relative) likelihood function is

L(θ) = 1 yn − ρ ≤ θ ≤ y1 + ρ (6)

i.e. all values of θ in the interval yn − ρ, y1 + ρ are equally supported by the data.

For the special case where ρ = 1/2 it is easy to show that [Y1, Yn] is a 100
(
1− 1

2n−1

)
confidence

interval for θ. If we take n = 5, y1 = .01 and yn = .99 then the 100(1− 1
16 )% = 93.75% confidence

interval for θ is .01 to .99. But with these values of y1 and yn we are certain that .49 ≤ θ ≤ .51 and
yet our 93.75% confidence interval is .01 ≤ θ ≤ .99. From ?.

The distribution of the range R = Yn − Y1 is given by

fR(r) =
n(n− 1)rn−2(2ρ− r)

(2ρ)n
0 ≤ r ≤ 2ρ (7)

and it follows that R is ancillary for θ. As Cox (2006) points out it is imperative to condition on this
ancillary statistic.

3.2 ρ Unknown

In this case the maximum likelihood estimate of ρ is ρ̂ = (yn − y1)/2 with density function

fρ̂(t) =
n(n− 1)tn−2(ρ− t)

ρn−1
0 ≤ t ≤ ρ (8)

This does not depend on θ so it can be used as a marginal likelihood for ρ. This marginal likelihood
is not the same as the profile likelihood for ρ which is proportional to 1/(ρn for ρ ≥ yn. We thus have
a simple example of a marginal likelihood differing from a profile likelihood. Which to use is an open
question.

4 Special Case 3: Basu Example 1

Suppose now that θ1 = θ and θ2 = 2θ. Then the joint density is given by

[f(y1, y2; θ) =
n(n− 1)(yn − y1)n−2

θn
(9)

for θ ≤ y1 ≤ yn ≤ 2θ. The maximum likelihood estimate of θ is θ̂ = yn/2 and hence the likelihood
function is

L(θ; y1, yn) =

[
θ̂

θ

]n

;
yn

2
≤ θ ≤ y1 (10)

The minimal sufficient statistic for θ is again the minimum and and the maximum of the order statistics
and the minimal sufficient statistic is not complete. An ancillary statistic is Yn/Y1

Using results in the appendix the mean square error of the maximum likelihood estimator is given
by

MSE(θ̂) =
[

1
2(n + 1)(n + 2)

]
θ2 (11)

so that θ̂n is consistent. Also note that

P

{
Wn = n(θ − θ̂n) ≤ w

}
= 1−

(
1− 2w

nθ

)n

(12)

2
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so that Wn converges in distribution to an exponential rather than a normal distribution.

Another estimator for θ is Y1 which is also consistent since its mean square error is

MSE(Y1) =
2θ2

(n + 1)(n + 2)
(13)

The ratio of the mean square error of the estimator Y1 to that of the MLE is 4. Following Basu
(Ghosh (1988)) the ratio of the mean square error of the estimator θ̃ = (4θ̂n + Y1)/5 to that of the
maximum likelihood estimator is

MSE(θ̃n)

MSE(θ̂n)
=

12
25

(
1 + 1

2n

1 + 1
n

)
(14)

which tends to 12/25 as n→∞ i.e. the MLE has asymptotic relative efficiency of 12/25, slightly less
than 50%. Thus we have a simple example of a non-efficient maximum likelihood estimator.

The distribution of the range R = Yn − Y1 is given by

f(r; θ) =
n(n− 1)rn−2(θ − r)

θn
for 0 < r < θ (15)

U = R/θ has a Beta(n − 2, 1) distribution and hence is a pivot. Hence we can find u1 and u2 such
that P(u1 ≤ U ≤ u2) = 1− α and a 100(1− α)% confidence interval for θ is given by(

R

u2
,

R

u1

)
(16)

which can be compared to the likelihood interval.

5 Special Case 4: Basu Example 2

Suppose that θ1 = θ and θ2 = θ2 The joint density is now given by

f(y1, y2; θ) =
n(n − 1)(yn − y1)n−2

[θ(θ − 1)]n
(17)

for θ ≤ y1 ≤ yn ≤ θ2. It follows that the maximum likelihood estimator is θ̂ =
√

yn and that the
(relative) likelihood function is

L(θ; y1, yn) =

[
θ̂(θ̂ − 1)
θ(θ − 1)

]n √
yn ≤ θ ≤ y1 (18)

There is no ancillary statistic in this case.

6 Special Case 5:Uniform (0, θ)

In this case the minimal sufficient statistic is Yn, the maximum of the Xi’s. Its distribution is complete.
The maximum likelihood estimator of θ is Yn which, from the appendix has expected value and variance

E(Yn) =
nθ

n + 1
V(Yn) =

nθ2

(n + 1)2(n + 2)
(19)

3
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Note that θ̂ is consistent but with a rate of order n rather than the usual
√

n associated with regular
maximum likelihood estimators. It is easily shown that Yn/θn is a pivot which can be used to construct
a 100(1− α)% confidence interval for θ of the form

{θ : yn ≤ θ ≤ yn/α1/n} (20)

7 Appendix

7.1 Moments

Letting Δ = θ2 − θ1 the expected values, variances and covariances of Y1 and Yn are given by

E(Y1) = Δ
n+1 + θ1 ; V(Y1) = nΔ2

(n+1)2(n+2)

E(Yn) = nΔ
n+1 + θ1 ; V(Yn) = nΔ2

(n+1)2(n+2)

C(Y1, Yn) = Δ2

(n+1)2(n+2)

(21)

7.2 Asymptotics

The asymptotic distributions of the smallest and largest order statistics and the range obey the
following:

W1 = n(Y1 − θ1)
d→ exponential(θ1)

W2 = n(θ2 − Yn) d→ exponential(θ2)

W3 = n(θ2 − θ1 − Rn) d→ Gamma(2, 2(θ2− θ1))

(22)

Moreover W1 and W2 are asymptotically independent with the above distributions.

8 RESUME

In this expository paper we indicate how the uniform distribution can provide instructive examples in
the foundations of statistics including conditioning, profile likelihood, likelihood, marginal likelihood,
reference priors and confidence intervals.
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Introduction

With the objective of evaluating the impact of physical activity on gestational diabetes, suppose
that a single measure of fasting serum glucose (sg) level is made on a sample of 30 pregnant women
from a hospital practice. Since sg-levels may vary from day to day for a woman, investigators plan
to predict (latent) sg-levels of women in the sample using external information on the measurement
error variance. The accuracy of the prediction is important since larger errors may result in a larger
proportion of women with elevated sg-levels not properly referred for further evaluation.

Assuming that the measurement error variance is known, how should such prediction be made?
Several answers to this question may be proposed. For example, some may consider the observed
sg-level, Y ∗

i , to be the best predictor of the i-th selected woman’s latent sg-level, Yi. Others may use
the predictor given by

P̂mi = µ̂ + ki(Y ∗
i − µ̂),(1)

where µ̂ =
∑n

i=1 [wi/
∑n

i=1 wi]Y ∗
i is a weighted sample mean with weights wi = (σ2 + σ2

i )
−1 and

shrinkage constants ki = σ2/(σ2 + σ2
i ). The measurement error variance σ2

i is associated with the i-th
sample subject, and may differ for i = 1, . . . , n. The variance σ2 will be defined subsequently. We refer
to this predictor as the model-based predictor since it corresponds to the usual predictor obtained
under a mixed model. A third possibility is to use the design-based predictor proposed by Stanek and
Singer (2004), which simplifies to

P̂di = Y
∗ + k(Y ∗

i − Y
∗),(2)

where Y
∗ = n−1 ∑n

i=1 Y ∗
i corresponds to the mean sg-level in the sample and k = σ2/(σ2 + σ2

e). The
shrinkage constant k depends on the variance of the latent values in the population of N women,
[(N − 1)/N ]σ2 and on the average measurement error variance, σ2

e = N−1 ∑N
i=1 σ2

se, where σ2
se is the

measurement error variance (day to day variability) for woman s in the population. Note that in
contrast with the predictor (1), the same shrinkage constant is applied to all subjects, even though
the measurement error variance differs between subjects.

Each of the predictors is developed from a statistical model that attempts to capture the main
features of the problem. The derivations are based on similar criteria: each predictor is a linear
function of the sample, each satisfies an unbiased constraint and each has minimal expected mean
squared error (MSE) relative to the specified statistical model. Which predictor should we use? As
we shall see, the interpretation of σ2

i is the crux of the problem. First, we illustrate the choice by
comparing the predictors in a simple example where complete enumeration of the possible outcomes
can be easily considered.
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Example

Suppose a physician has N = 3 pregnant women in her practice. We plan to take a simple
random sample of n = 2 women and make a single measure of fasting sg-level on each woman. We
assume that measurement error variances are known for all women. The latent response (shifted
by 10 units, to simplify calculations), measurement error variance and population parameters are
summarized below.

Subject Serum glucose Measurement error Shrinkage
label (s) latent value variance σ2

se constant
1 10 1 k1 = 0.950
2 3 100 k2 = 0.160
3 2 4 k3 = 0.826

Mean=5 Mean=35 k = 0.352

For simplicity, we assume that measurement error can take on only two possible equally likely
values given by plus or minus σse, for s = 1, 2, 3. We wish to predict the true (latent) fasting sg-
level of each woman in the sample and use the variance components to define shrinkage constants for
the different settings. For all possible samples, we compute the observed response, the design-based
predictor and the model-based predictor. The results show that the model-based predictor has smallest
expected MSE (i.e., 9.1, as opposed to 23.7 or 35 for the design-based predictor or observed response,
respectively). Based on this result, many would argue that the model-based predictor should be used
since it is more accurate than the competitors. Further examination of the results, however, reveals
that the average value of the (presumably unbiased) model-based predictor, which we expected to
be equal to the population mean (i.e., 5) is 5.8. Thus, the model-based predictor is biased! There
is another contradiction: the design-based predictor (which is actually unbiased) has larger expected
MSE, even though it was developed to be optimal in this setting! These observations help to motivate
a closer examination of the problem.

In an effort to elucidate the possible sources of these conflicts, we revisit the basic problem,
simple random sampling with measurement error. First, we note that we can distinguish two physical
settings, either of which may be described loosely as simple random sampling with measurement
error. On the one hand, measurement error may be associated with labeled subjects; on the other,
measurement error may be associated with the measurement condition (i.e., identified by a sample
index). Although the two settings are distinct, it may be difficult to identify an appropriate model
for the different physical settings. Since it is easier to represent the two problems distinctly using a
design-based framework, we first review such a development and obtain two different models, one of
which is a special case of the model used by Stanek and Singer (2004). We follow this with a discussion
of how similar models can be specified using either a super-population model approach or a mixed
model setup.

Design-based predictors with measurement errors

We consider a population of N labeled subjects; the latent value for subject s is a fixed (but
unknown) constant denoted by ys.

When measurement error is associated with a labeled subject, the potentially observable re-
sponse, namely Ysk = ys + Wsk, differs from the latent response, ys, by the subject-specific measure-
ment error, Wsk. This source of measurement error is described as response error by Särndal, Swensson
and Wretman (1992). The index k identifies possible multiple responses for subject s, that can be
viewed as a cluster of responses, leading to a hierarchy that serves as a basis for a simple mixed model.

Measurement error may also be associated with the measurement condition. For example, dif-
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ferent sample subjects may be measured in different laboratories or by different interviewers. Such
conditions can be identified via the subscript i, that indexes the sequence of sample subjects. Con-
ditions are assumed to be non-stochastically linked to the indices in the study design (for example,
when the first sample subject, regardless of what specific element of the population it is, is measured
in laboratory i = 1). The sample indices correspond to the positions of the sample subjects, and in
general, differ from the subjects labels. Letting Yi denote the latent value for the subject in position i

in the sample, we represent the potentially observable response by Ỹik = Yi +W̃ik, where W̃ik indicates
the measurement error associated with the measurement condition for position i.

We develop predictors separately for each situation, although a simultaneous solution when
both sources of measurement error occur is also possible. We assume that measurement error is not a
biasing factor (i.e., has zero expected value) and for simplicity, assume that only one measure is made
on each sample subject, dropping the index k.

When measurement error is associated with a subject, the response error model for subject s

expressed under a deviations from mean parametrization is Ys = µ + βs + Ws where βs = ys − µ

and µ = N−1 ∑N
i=1 ys. Letting the subscript R indicate expectation and covariance operations with

respect to the distribution of measurement error, we assume that ER(Ws) = 0, s = 1, . . . , N and that
CovR(Ws,Ws∗) = σ2

se when s = s∗ and is zero otherwise. We define σ2 = (N − 1)−1 ∑N
i=1(ys − µ)2.

This is the measurement error model defined by Stanek and Singer (2004) adapted to the setup under
investigation.

Sampling is introduced via a set of indicator random variables, Uis, that take on a value of one
with probability N−1 if subject s is selected in position i and is zero otherwise. For the response in
position i, we represent the model that includes both sampling and measurement error associated with
a subject by Y ∗

i = µ + Bi + W ∗
i , where Y ∗

i =
∑N

i=1 UisYs, Bi =
∑N

i=1 Uisβs and W ∗
i =

∑N
i=1 UisWs.

Letting the index S denote expectation with respect to simple random sampling without replacement,
we obtain ES(UisUis∗) = 0 if i = i∗, s 6= s∗ or i 6= i∗, s = s∗ but is equal to [N(N − 1)]−1 when
i 6= i∗, s 6= s∗. The random variables Y ∗

i , i = 1, . . . , N define a permutation of the N subjects in the
population.

Without loss of generality, a sample may be represented by the first n positions in a sequence
of random variables defining a random permutation. The design-based predictor for a realized sample
subject is derived by partitioning Y∗ = (Y ∗

1 , . . . , Y ∗
N ) into the sample, Y∗

I = (Y ∗
1 , . . . , Y ∗

n ) and the
remainder, Y∗

II = (Y ∗
n+1, . . . , Y

∗
N ) and then minimizing the expected mean squared error for a linear

function of Y∗
I , subject to an unbiased constraint that implies that the expected difference (over

sampling and measurement error) between the predictor and the realized latent value is zero. The
resulting predictor is (2).

The dependence of the shrinkage constant k on the average measurement error variance is
related to the association of measurement error with the labeled subjects, evidenced in the random
variables W ∗

i . This combination is a result of measurement error being associated with subjects, but
response indexed by the sample positions. Taking the expectation over sampling effectively averages
the measurement error variance over subjects in the population, resulting in the same shrinkage
constant for all sample subjects.

Let us now assume that measurement errors are independent with expected value zero and
variance σ∗2i for condition i. The model that accounts for sampling and measurement error associated
with a sample condition is defined as Ỹi = µ + Bi + W̃i where W̃i represents measurement error for
position i. A design-based predictor for a realized sample subject in this setting can be obtained in a
similar way as illustrated when measurement error is associated with a labeled subject. The resulting
predictor is

P̃di = Ỹi + k̃i(Ỹi − µ̃)(3)
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where µ̃ =
∑n

i=1 [wi/
∑n

i=1 wi] Ỹi is a weighted least squares mean with weights wi = (σ2 +σ∗2i )−1, and
shrinkage constants k̃i = σ2/(σ2 + σ∗2i ) specific to the measurement condition associated with sample
position i.

If we consider an example similar to that described above and assume that there is no measure-
ment error associated with subjects, but there is measurement error associated with the measurement
condition in position i in the sample, then the resulting model-based predictor, P̂mi, is identical to the
design-based predictor P̃di if σ∗2i is substituted for σ2

i . It also follows that P̃di is unbiased for each i, a
result that differs from the setting when measurement error is associated with labeled subjects. The
expected MSE of P̂mi and P̃di are equal, and less than the expected MSE of the observed response,
Y ∗

i , used to predict Yi, the realized subject’s latent value.

Discussion

Model-based approaches such as those considered in the in super-population models described
in Cassel, Särndal, and Wretman (1977) or in the mixed models discussed in Harville (1978), for
example, typically do not define a labeled population and may include only a vague notion of the
population under study. In such models, parameters correspond to first and second moments of a set
of random variables. It is possible, although difficult, to define them to match the structure induced
by the physical problem we are trying to represent. If a model-based framework is to be used to
identify the appropriate structure, some artificial features (such as labeling infinite populations) are
necessary. Such an identification is natural under a design-based framework. Once the structure of
the parameters is identified, the solutions based on the three predictors are identical.

Interestingly, the distinction between the design-based, super-population model and mixed
model approaches does not lie in their solutions, but rather in how straightforward it is to repre-
sent a physical problem by an appropriate statistical model and clearly interpret the results. The
design-based approach is most straightforward, since the inclusion of both subject labels and sample
indices as parts of the model helps to account for the source of measurement error. A common feature
of each approach is the interpretation of σ2

i (σ∗2i ). The variance is associated with measurement error
that may depend on the sample position i. Differences in σ2

i (σ∗2i ) between different sample elements
do not reflect differences in response error for different realized sample subjects. Since measurement
error associated with subjects occurs frequently in practice, it is possible that the wrong model-based
solution has been erroneously applied in many cases.
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ABSTRACT

We analyzed the longevity (survival time) of resin composite restorations. Because the failure pattern
of tooth restorations, and other caries-associated problems, tends to cluster within subjects, the within-
subject correlation must be adjusted to properly evaluate prognostic factors. Several methods have
been proposed to deal with within-subject correlation, including the marginal approach (Wei et al.,
1989) and the frailty model (Aalen et al., 1995; Chuang et al, 2005). Aiming at clinical feedback of
results, we have tried some other possible approaches. First, Pair-wise Cox regression was used under
the assumption that the survival time of each tooth is independent. Then, we used the marginal
approach and the frailty model. Finally, we applied stratified Cox regression to the strata of patients,
assuming that each patient has a different risk of caries. We recorded the survival times and prognostic
factors for 1171 teeth from 125 patients over a 25-year study period at the School of Dentistry,
Nagasaki University. The survival time of a treated tooth is the time between the first treatment and
any subsequent treatment. In addition to several covariates, we determined the risk of caries in each
patient based on the pH and the production of saliva, and the bacterial count in the mouth of each
patient. The model based on the marginal approach did not produce a good fit. In addition, with
respect to the frailty model, frailty was not a significant factor. Stratification by covariates was used
successfully to accommodate within-subject correlation in this model. This method provides useful
indicators to evaluate prognostic factors in dental care.

Keywords. Survival time, dependent, cluster, dental, tooth filling.
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Improving Statistics Decision Consultation  
Hongru, Zhao 
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Dongying city 
Shandong Province, China 

Providing statistics decision consultation is an important function of statistic departments. It is very 
important to further improving statistics decision consultation not only to promoting decisions more 
democratized and scientific, but also to pushing forward the reform and development of statistics, and 
bringing the integral statistics function into full play.

Ways and methods in the study of statistics decision consultation 
To carry out statistics decision consultation study we should try to grasp the principal contradiction 

and the principal aspect of the contradiction, and the different contradiction could only be resolved with 
different ways. Otherwise, we couldn’t grasp the mainstream and direction of a thing. Meanwhile, we should 
also observe and analyze things based on views of connection and development. 

(1) Strengthening the study on macro economy 
Statistics departments are comprehensive governmental departments that possess a plenty of national 

economy materials. With the characters of synthesis, systematic, all sidedness and integrity, these 
information resources are superior to that of other departments.  Statistics departments should transform this 
advantage on information resource into the advantage on policy decision consultation, strengthening 
comprehensive analyzing study, advancing advises and suggestions on policy decision consultation thereby 
play an important role in macro economy policy decision consultation.  

(2) Strengthening the study on countermeasures 
The study of statistics decision consultation by nature belongs to dynamic state of future category; 

therefore statistics departments should lose no time to make use of materials possessed, with the strategy of 
quick return and low investment, to play their important role at this critical time. At the meanwhile of 
strengthening long-termed strategic policy-making study, statistics departments should also positively take 
part in the consultation study activities on development strategies organized by governments or other 
consultation organizations.  

To make policy-making consultation more scientific and feasible, we should synthetically utilize much 
modern scientific knowledge including statistics, operational research, and econometrics and advanced 
technology such as network transmission, so as to make a broad and deep quantitative analysis, and to timely 
supply quantized and feasible suggestions to our government for making scientific policies.
2. Combining single-scheme consultation with poly-scheme consultation 

When putting forward consultation suggestions to a question, we should fully take into account the 
would-be negative effects brought by each suggestions compare their inferiority and superiority from 
poly-scheme analysis and offer more reasonable final plan which can bring obvious economic effects and 
social effects.   

To ensure the high scientificalization and feasibility of the consultation study results, we should bring 
forth policy-making schemes which can produce obvious economic and social benefits.  
3. Paying attention to the combination of practice and history experiences 

During the statistics decision consultation study, we should deal with the relationship rationally 
between practice and history experiences. Generally, the practice is the major sector of the contradiction, so 
we should put emphasis on practice. At the same time, we should combine well with the history, absorb and 
learn from history experience for inference. The organization of consultation study should be systematic. 
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Statistics departments at all levels should optimize their research force. The coordination relationships 
between synthesis and specialty, higher authority and subordinate in departments interior should be enhanced; 
we should depend on the mass advantages to arrive at an extent and a depth out of the reach of isolation and 
one-sided research. We should also tend to the society, strengthen broadly coordination and cooperation with 
other related consultation organizations, scientific research institutions and universities; we should carry out 
the studies openly in wide ranges, fundamentally improve statistics departments’ level in policy decision. 
4. Primary coverage of policy-making consultation study 

Policy-making consultation study is a huge systematic project. Statistics departments should carry out 
policy decision consultation study according to different statistics resources. Statistics is a study on social 
economic phenomena data, therefore, our study should focus on how to control the size of our national 
economy and how to adjust our economy structure, whereas to maintain the national economy develop in  
sustainable, steady coordinate way. Viewing from the current economy development situation and a period to 
come, we should carry out our study on the development and reform of the statistics decision consultation 
which oriented by market.
5. Effective approaches to promote policy-making consultation level 

Fundamentally, every department who wants to improve policy decision consultation level should bear 
two basic qualifications: one is information resources: the other is talents resources. Therefore, we should 
pay much attention on enriching our information resources and improving quality of the statistics 
consultation personals.   

(1) We should pay more attention on building and perfecting a scientific and unified national economy 
system; continuously facilitate the whole- ranged reform of statistics system and method.  

 (2) We should emphasize on development and utilization, push forward the process of the statistical 
information socialization. 

(3) We should continuously develop statistic education, cultivate a team of statistics staff, which 
possess excellent political quality, reasonable cultural and age structure, and master modern statistics 
knowledge, consultation knowledge and many-sided professional techniques.  

(4) Enriching information resources and statistics information 
Statistics departments should make good use of s opportunities and policies. Relying on the superiority 

of statistics information, they should take the scientific development conception as their guide, focus on the 
new cases and problems occurred in the process of national economy development, and bring their statistics 
policy-making function into full play.  
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1. Introduction 
The half-normal distribution has applications in various contexts, particularly in economic 

analysis (to describe, for example, inefficiency variables), reliability analysis and  quality control. 
However, it seems that, still in the recent literature, interest in forms of multivariate distribution with 
half-normal marginals is remained at a low level. This problem arises, for example,   in the  context of  
economic  analysis  when it needs to examine inefficiency variables simultaneously. Furthermore, 
from a robustness perspective, the distributional assumption of half-normality may show itself too 
strong (or the model too  rigorous) and to be inconsistent with the real data, thus motivating the need of 
a more flexible model. In this paper we consider a powered half-normal distribution as a model more 
flexible than the half-normal distribution, showing that it can be derived from an half-normal model by 
means of a power transformation, and propose a multivariate version of this as a model  adequate to 
deal a set of multivariate data when a powered half-normal density, or an ordinary half-normal density 
as a special case, is the appropriate distribution of the  univariate marginal variables. This new 
multivariate  distribution is expressed in closed form,  shows symmetry in the component variables and  
its marginals of any dimension are of powered half-normal form too.  We  provide explicit expressions 
of product moments  and of  correlation coefficients;   the problem of estimation of the parameters  is 
also  discussed. Also the focus is on the univariate marginals. We point out the closeness between the 
analytical form of a powered half-normal distribution  and  the  Weibull distribution one and, also, a 
few  relationships between the univariate marginals and some well-known distributions are established.
Specifically we develop a  trivariate powered  half-normal  distribution  and  afterwards consider the 
multivariate case as an immediate extension of this.      

2.  A  trivariate powered half-normal distribution
Let TYYY 321 ,,Y  be a trivariate normal random variable.  Denote by 2

i  the variance of 

iY , ,3,2,1i ij  the  correlation coefficient between  iY  and  jY , T
321 ,,μ  the  mean 

vector and  V the variance-covariance matrix. Let us assume, without  loss of generality,  μ =0  so that 
the probability density function of Y can be written: 
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Considering  the  transformation: ir
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12 , ir >0, i=1,2, 3, by standard calculation we get: 
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of (1) can be determined by direct integration. The probability density function of ),( 21 XX  is:
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Bologna (1987) calls  (2), with  21 rr , a “bivariate generalized gamma density function” being the 
probability density functions of the marginal variables  iX , i=1,2,  of  the form: 

(3)              xf
X 212

r 12rx 22

rx

e , 0x ,                                                                                                            

which is a special case  of the generalized gamma distribution (Stacy 1962): 

(4)             x c

c 1cx
cx

e ,    0x , , , 0c ,                                          

with rc , 21  and
r122 . It is easy to show that distribution (3)  can be derived starting 

from a random variable Y  with half -normal density function by the transformation rYX 2 ; it is 
therefore reasonable to regard  this distribution  as a “powered half-normal distribution” and 
distribution  (2) as  a  “bivariate powered half-normal distribution”.  Because of symmetry in the 
variables 1x , 2x , 3x ,  the bivariate and univariate  marginal distributions are  of the same forms as (2)  
and  (3) respectively, so we call  (1)  a  “trivariate powered  half-normal distribution”.

3.  Properties  of   marginal distributions
3.1. Univariate marginal distributions.    

The powered half-normal density  (3) tends to  0  as 0x   for   2r  and  is unimodal with 
mode at  rr rm 12

0 21  which tends to  1  very  rapidly as  r . For 20 r   the mode 
is at  0  and the density is a decreasing function of  x.  Therefore the probability density function (3) is 
bell-shaped for 2r  and reverse J-shaped otherwise. 
Analytical expression (3)  also suggests a comparison with the following Weibull distribution: 

                    xf
X

rx
r exr 1 ,    0x , 0r , 0 ,

and one finds that  the greater  r,  the closer distributions; so we may also call (3) a “modified Weibull 
distribution”. It is also easy to show  the associate distribution  function can be written:   

22 rxxF -1,   being the cumulative distribution function of a random variable normal 

with mean zero and variance 2 , and the hazard function as: 
xF

xfxh
1

= 2

2
1

2
21

12
2

2

r

xr

x

exr
r

.

The moments of distribution  (3) can be easily obtained from the moments of  distribution (4).   
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3

Distribution (3) shows also appealing connections with several well-known distributions. 
I.  If Y has a   2

1 distribution then rYX 1 , 0r ,  has a powered half-normal distribution  

(with 12 ); so (3)  can also  be regarded as a “powered  2
1 distribution”  and (1) as a “trivariate 

powered  2
1 distribution”.  From this transformation property we obtain the moment generating 

function of  rX  to  be:     21)21( teE
rtX ,  and the cumulant generating  function of  rX  to be:    

)21log(21log teE
rXt .

II.  If X  has  a powered half-normal distribution,  then XrY r122log   has density function: 

                   yf
Y 21

1 2
y

e
yee ,         - y ,

which is a special case of the “generalized Gompertz distribution”: 

                  
b
y

aecb
y

eae
cb

cbayf )(
)(

1),,;( ,

with a=1, b=1,  c=
2
1

 and,  also, a special case of a “generalized type I extreme value density”:  

                   yf
Y k

1 yekye ,    - y , 0k ,

with 21k  (see Johnson,  Kotz, Balakrishnan 1995, pp. 83, 89).  It is worth noting that this result 
would also suggest that one way to construct  a   “trivariate generalized Gompertz-type  distribution” , 
or a  “trivariate generalized type I extreme value density”, would be to make the  transformation: 

2
log2 i

i
YU , i=1,2, 3,  on the vector TYYY 321 ,,Y ,

3.2 Bivariate marginal distributions.
The product moments of  order (p,q) for the bivariate marginal distributions of form (2), in the 

case when 12
2

2
1 , can be easily derived from the absolute product moments of the standard 

normal bivariate distribution (see Kotz,  Balakrishnan, Johnson 2000, p. 261).  We get:                                             

q
j

p
i XXE =

r
qp

2
2
1

r
p

2
1

r
q 2;

2
1;, ijr

q
r
pF

( p and q  not necessarily integer), where F  is the hypergeometric function. Thus the correlation 
coefficient

ji XX ,  between iX  and jX  can also be derived easily as: 

                    
ji XX , = 1;

2
1;1,1 2

ijrr
F

1

2

1

2
11
2
12

r

r
, i j.             

4. Estimation
If data are available on the component variables iX , i=1,2, 3 of  (1), then the parameters 2

i

and ir , i=1,2, 3,    can be estimated from the marginal density function (3) by using  one of the 
standard methods. The maximum likelihood estimations r̂ , ˆ   of the parameters of  (3) are  a 
solution  of  the set of the following two likelihood equations: 
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1
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1
1ˆ

log1
ˆ
2ˆ , ˆ =

2
1

1
ˆ

n
xn

i
r
i .

The problem remains that we have to  estimate parameters  ij  of the bivariate marginal distributions. 

A simple way to estimate, for example, parameter  12   of  (2) is  to use the estimated values 1̂r   and  

2̂r  to obtain, by means the inverse transformation of  ir
ii YX

12 , transformed values of  the pairs 
of observations   from the random vector 21 , XX ; then  we can use the estimations 1ˆ   and 2ˆ   as  
if they were the actual values of  1   and 2 , respectively,   and   estimate 12   from the joint normal 
probability density function of  1Y   and  2Y . In such situation, as it is well known, (Kotz,  
Balakrishnan, Johnson, 2000, p. 296) the maximum likelihood estimator of  the parameter 12   is a 

solution of the equation:  0ˆˆ1ˆ1ˆ 2
2
11

2
212

2
1221

2
1212

2
2

2
1 cc , where  

2
1

1
2

1
1

1
m

j jY

m
c  and 2

2

1
2

2
2

1
m

j jY

m
c .

For the  case where the  mean vector T
321 ,,μ  of the normal probability density  function  

)(yY   is  general, the univariate marginal distributions of the type (3) show  a further parameter .
In  such  case  the   maximum  likelihood   estimations  ˆ , r̂ , ˆ   of  the  parameters   ,,, r
of  the  univariate  marginals  are  a  solution  of   the  set  of the following  three likelihood  equations: 
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5. The multivariate case

The extension of the previous results to the multivariate case is immediate proceeding in exactly 
the same way as the trivariate case. The probability density function of the random vector  

T
kXXX ,...,, 21X  is: 

                  kxxxf ,...,, 21X

k

i

r
iik

k
ixr

1

12
21

2

2

2

V

k h
T
h

h e2
1

2
1 xVx 1

,

which is a  “multivariate powered  half-normal distribution” (or, equivalently, a “multivariate powered  
2
1 distribution”)  with marginal distributions, of any order, of   powered  half-normal forms.  
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RÉSUMÉ
Dans   cette   étude   on   considére  une   généralisation  d’une  distribution   semi-normale  derivée au 
moyen    d’une    trasformation    de    puissance    d’une    variable     aléatoire    semi-normale.   Nous 
fournissons certaines  propriétés   caracteristiques  de  la  distribution. En  outré  nous proposons  une 
version  multivarié  pour  ce  model  qui  est  exprimée  en  forme close et  est  fonction  symétrique  des 
variables composante  avec lois marginales de tout dimension de forme semi-normale généralisée. 
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Let µ be a positive measure on Rn with Laplace transform

Lµ(θ) =
∫

Rn
exp〈θ, x〉µ(dx)(1)

and cumulant transform kµ(θ) = log Lµ(θ). We denote by M the set of measures such that Θ(µ) =
Int{θ ∈ Rn : Lµ(θ) < ∞} 6= ∅ and µ is not concentrated on an affine hyperplane on Rn. To each
µ ∈M and θ ∈ Θ(µ) we associate the probability distribution on Rn:

P (θ, µ)(dx) = exp(〈θ, x〉 − kµ(θ))µ(dx).(2)

The set F (µ) = {P (θ, µ)(dx), θ ∈ Θ(µ)} is called the natural exponential family (NEF) generated by
µ. Since kµ is strictly convex on Θ(µ), its derivative k′µ : Θ(µ) → MF defines a diffeomorphism, MF

is called the domain of means of µ. Let us denote by Ψµ : MF → Θ(µ), the inverse function of k′µ.
The mapping m → P (Ψµ(m), µ) is bijective; it is a mean parametrization of the NEF F . We define
the VF of the NEF:

VF (m) = k′′µ(Ψµ(m)) = [Ψ′
µ(m)]−1,(3)

and using a matrix notation:

VF (m) =

[
∂2kµ(θ)
∂θi∂θj

∣∣∣∣
θ=Ψµ(m)

]n

i,j=1

, m ∈ MF .(4)

It is well known that the mapping m → VF (m) on MF characterizes NEF uniquely. Using this fact
Letac [7] described all NEF’s with linear VF: VF (m) = Bm + C, where B : Rn → Sn is a linear
operator, C ∈ Sn, Sn − (n, n) symmetric real matrices. This result was extended by Casalis [3] where
a simple quadratic matrix VF was considered: VF (m) = am ⊗m + Bm + C, m ⊗m = [mimj ]

n
i,j=1.

Hassairi and Zarai [4] generalized Casalis result for cubic NEFs, i.e. NEFs with cubic variance func-
tions. On the other hand there were successful trials to identify NEFs by incomplete knowledge of
the variance function. Kokonendji and Seshadri [5] gave a characterization of the Gaussian law in Rn

based on the fact that detV (m) = const. Letac and Weso lowski [8] classified NEFs with VF of the
type 1

pm ⊗m − ϕ(m)Mν , Mν - symmetric matrix associated to the quadratic form ν, m → ϕ(m) an
unknown real function. The diagonal family of NEFs in Rn:

diagV (m) = (f1(m1), ..., fn(mn)), m = (m1, ...,mn),(5)

was considered by Bar-Lev et al. [1]. This class was entirely characterized only by the diagonal of VF
and it was shown that fi, i = 1, 2, ..., n, are to be polynomials of degree at most 2, i = 1, ..., n.

It is of interest to describe other NEFs, if we consider fi = fi(m1, ...,mn), i = 1, ..., n. In the
presentation we give an answer for n = 2 and fi(m) - the quadratic functions of m = (m1,m2) of the
special form

f1(m1,m2) = Am2
1 + am1 + bm2 + e,(6)

f2(m1,m2) = Am2
2 + cm1 + dm2 + f,(7)
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where A, a, b, c, d, e, f ∈ R. These conditions on the diagonal of the VF can be formulated in terms
of the system of partial differential equations for the cumulant transform k. The main difficulty is to
identify all admissible probabilistic solutions of such system, that is to decide whether L = ek is a
Laplace transform of a probability measure.
Here we present another way of stating (6), (7). Let X = (X1, X2), Y = (Y1, Y2) be independent
identically distributed random vectors in R2 such that E exp(〈X, θ〉) < ∞ for θ ∈ Θ, Int(Θ) 3 0.
Suppose that the following regression conditions hold:

E

(
(X1 − Y1)2 − 2AX1Y1|X + Y

)
= a(X1 + Y1) + b(X2 + Y2) + e,(8)

E

(
(X2 − Y2)2 − 2AX2Y2|X + Y

)
= c(X2 + Y2) + d(X2 + Y2) + f.(9)

The characterization of probability distributions of X based on (8), (9) provides the classification of
measures generating NEFs with diagonal of VF given by (6) and (7).
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Quantile Regression Based Estimators of the Extreme Value Index1

Jan Dienstbier
Charles University Prague - Department of probability and statistics
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ABSTRACT

In the contribution we discuss an estimation of the extreme value index in the linear regression
model. The estimators are based on the extreme regression quantiles. The main result is a description
of a general way, how to build a whole class of estimators of the extreme value index based on
regression quantiles. We show consistency and asymptotic normality of estimators belonging to this
class under certain conditions using methodological tools based on Chernozhukov (2005), Drees (1998)
and Gutenbrunner et al. (1993). Necessity of some conditions is discussed. We also demonstrate a
performance of proposed estimators on a small simulation study.

Keywords. Regression quantiles, extreme value index, probability weighted moments estimator.
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ABSTRACT

Let X and Y be two independent non-degenerate random variables. Also let (U, V ), where
U = g1(X, Y ), V = g2(X, Y ), be a bijective map. It is desired to use certain regression assumptions
between U and V to characterize the distributions of X and Y , in turns the joint distribution of U

and V . In most of the previous investigations, U and V turn out to be independent too.
Recently, for X, Y valued in (0,1), let U = (1− Y )/(1−XY ), and V = 1−XY , Seshadri and

Weso lowski (2003) characterize X and Y to be beta distributed based on two constancy of regression
conditions E(U i|V ) = c and E(U j |V ) = d, where (i, j) = (1, 2) or (1,−1), c and d are constants.

In this work, first we will generalize results in Seshadri and Weso lowski (2003). It will be proved
that X and Y are beta distributed under the assumptions E(U s+1|V ) = cE(U s|V ) and E(U s+2|V ) =
dE(U s+1|V ), for some fixed real s, where c and d are constants. In particular (i, j) = (1, 2) and (1,−1)
corresponds to s = 0 and −1, respectively. Next we illustrate that for some g1 and g2, under certain
regression assumptions X and Y , can be characterize to be beta distributed, yet U and V are not
independent.

Keywords: Beta distribution, characterization, conditional expectation, distribution theory, regres-
sion assumption.

Let X and Y be two independent non-degenerate random variables. Also let (U, V ), where
U = g1(X, Y ), V = g2(X, Y ), be a bijective map. It is desired to use certain regression assumptions
between U and V to characterize the distributions of X and Y , in turns the joint distribution of U

and V . In most of the previous investigations, U and V turn out to be independent too.
Recently, for X, Y valued in (0,1), let U = (1− Y )/(1−XY ), and V = 1−XY , Seshadri and

Weso lowski (2003) characterize X and Y to be beta distributed based on two constancy of regression
conditions E(U i|V ) = a and E(U j |V ) = b, where (i, j) = (1, 2) or (1,−1), a and b are constants.

In this work, first we will generalize the results in Seshadri and Weso lowski (2003). It will
be proved that X and Y are beta distributed under the assumptions E(U s+1|V ) = aE(U s|V ) and
E(U s+2|V ) = bE(U s+1|V ), for some fixed real s, where a and b are constants. In particular (i, j) =
(1, 2) and (1,−1) corresponds to s = 0 and −1, respectively. Next we illustrate that for some g1 and
g2, under certain regression assumptions between U and V , X and Y can be characterized to be beta
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distributed, yet U and V are not independent.

Keywords: Beta distribution, characterization, conditional expectation, distribution theory, regres-
sion assumption.

1. Introduction

Let X and Y be two independent gamma random variables with the same scale parameter, i.e.
X is Γ(p, r) distributed and Y is Γ(q, r) distributed, for some constants p, q, r > 0. Let (U, V ), where
U = X/(X + Y ) and V = X + Y , be a bijective map of X and Y . Then it is known that U and V

are mutually independent and have Be(p, q) and Γ(p + q, r) distributions, respectively. Here Γ(α, β),
α, β > 0, denotes the gamma distribution with the probability density function (p.d.f.)

f(x) =
xα−1e−x/β

Γ(α)βα
, x > 0,

and Be(p, q), p, q > 0, denotes the beta distribution with the p.d.f.

f(x) =
Γ(p + q)
Γ(p)Γ(q)

xp−1(1− x)q−1, 0 < x < 1.

In fact, independence of U and V is a property only enjoyed by the gamma distribution. More
precisely, Lukacs (1955) proved that if X and Y are independent non-degenerate positive random
variables and U and V are mutually independent, then X and Y have gamma distributions with
the same scale parameter. Since then many papers considered different extensions. Among others,
Huang and Su (1997), and Chou and Huang (2003) obtained similar characterization, under the weaker
conditions:

E(U s+1|V ) = aE(U s|V ) and E(U r+s+1|V ) = bE(U r+s|V ),

with r = 1 and r = 2, respectively, s being some fixed integer, and a and b being some constants.
Under the so-called dual regression schemes, that is instead of independence of X and Y , independence
of U and V is assumed, also assume the following constancy of regressions for X and Y :

E(Y s+1|X) = aE(Y s|X) and E(Y s+2|X) = bE(Y s+1|X),

for some fixed integer s, where a and b are constants, Chou and Huang (2003) proved X and Y

are gamma distributed with the same scale parameter. A technique of change of measure for the
traditional Laplace transform methods used by Huang and Chou (2004) to extend the above results
to that s needs only to be a fixed real number.

Now let X and Y be two independent non-degenerate random variables. Also let (U, V ), where

U = g1(X, Y ) and V = g2(X, Y ),(1)

be a bijective map. Besides the gamma law, there are many characterizations of X and Y , by using
the independence of U and V , or some weaker regression assumptions. The following are some famous
examples.

Matsumoto and Yor (2001) considered the bijective map (U, V ), where

U = g1(X, Y ) =
1

X + Y
and V = g2(X, Y ) =

1
X
− 1

X + Y
,

and proved that if X and Y are generalized inverse Gaussian (GIG) and Gamma distributed, respec-
tively, then U and V are also independent and are GIG and Gamma distributed, respectively. The
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converse of the above result was studied by Letac and Weso lowski (2000). Weakening the independence
conditions, by giving two conditional expectations

E(V s+1|U) = aE(V s|U) and E(V s+2|U) = bE(V s+1|U),

for some constants a and b, and some fixed real number s, Chou and Huang (2004) obtained similar
characterizations.

Recently, Seshadri and Weso lowski (2003) also used preserving independence, under some trans-
formations, to characterize beta distributions. Again let X and Y be two independent non-degenerate
random variables valued in (0, 1). The bijective map (U, V ), where

U = g1(X, Y ) =
1− Y

1−XY
and V = g2(X, Y ) = 1−XY,

was considered. They used two constancy of regression assumptions

E(U i|V ) = a and E(U j |V ) = b,

where (i, j) = (1, 2) or (1,−1), and a and b are constants, to characterize X and Y to be beta
distributed, and consequently, U and V are beta distributed too.

In this paper, first we will generalize the results of Seshadri and Weso lowski (2003) by using the
regression assumptions

E(U s+1|V ) = aE(U s|V ) and E(U s+2|V ) = bE(U s+1|V ),

for some fixed real s, where a and b are constants. In particular (i, j) = (1, 2) and (1,−1) corresponds
to s = 0 and −1, respectively. Some conditions equivalent to the above bijective map (U, V ) are also
studied. Then in Section 3, we will illustrate that for some g1 and g2 in (1), under some regression
assumptions, X and Y can be characterized to be beta distributed, yet U and V are not independent.

2. Characterization of the beta distribution

In this section, we state without proof an extension of the results of Seshadri and Weso lowski
(2003).
Theorem 1. Let X and Y be two independent non-degenerate random variables valued in (0,1).
Denote U = (1− Y )/(1−XY ) and V = 1−XY . Assume that

E(U s+1|V ) = aE(U s|V ) and E(U s+2|V ) = bE(U s+1|V )

hold for some fixed real s such that E((1−Y )s) < ∞, where a and b are constants. Then 0 < a < b < 1,
and there exists p > 0 such that X and Y are Be(p, q) and Be(p+ q, r) distributed, respectively, where
q = (1−a)(1−b)/(b−a) > 0 and r = a(1−b)/(b−a)−s > 0. Consequently, U and V are independent
and have Be(r, q) and Be(r + q, p) distributions, respectively.

3. Characterization of the beta distribution under non-independent U and V

In the following, we consider another bijective transformation of (X, Y ). Let

(U1, V1) = (
1 + ηY

1−XY
, 1−XY ),(2)

where η is a real constant. If η = −1, then (U1, V1) = (U, V ), where (U, V ) is defined as in Theorem
1. Note that this is the only case that U1 and V1 are independent. The next theorem shows that by
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using suitable regression conditions, characterization of the beta distribution can also be obtained.
Again the proof is omitted.
Theorem 2. Let X and Y be two independent non-degenerate random variables valued in (0,1). Let
(U1, V1) be defined as in (2). Assume that

E(U1|V1) = (1 + η)
1
V1
− cη and E(U2

1 |V1) = (1 + η)2
1

V 2
1

− 2cη(1 + η)
1
V1

+ cdη2,(3)

hold for some constants 0 < c, d < 1, and η 6= 0. Then there exists p > 0 such that X and Y

are Be(p, q) and Be(p + q, r) distributed, respectively, where q = (1 − c)(1 − d)/(d − c) > 0 and
r = c(1− d)/(d− c) > 0.

In Theorem 2, the joint probability density function of (U1, V1) is

fU1,V1(u1, v1) =


Cv1(1− v1)p−1(ηv1 − (η + 1− u1v1))q−1(η + 1− u1v1)r−1,

η+1−ηv1

v1
< u1 < η+1

v1
, 0 < v1 < 1, if η > 0,

−Cv1(1− v1)p−1(ηv1 − (η + 1− u1v1))q−1(η + 1− u1v1)r−1,
η+1
v1

< u1 < η+1−ηv1

v1
, 0 < v1 < 1, if η < 0,

(4)

where C = Γ(p + q + r)η1−q−r/(Γ(p)Γ(q)Γ(r)). Obviously, the marginal distribution of V1 is still beta
distributed with parameters r + q, and p, yet U1 is not beta distributed any more.

REFERENCES (RÉFERENCES)
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1. Introduction

There are two sets of probabilities of interest: marginal probabilities pi(t, y) that an individual is in
state i at year t and age y, and one-step transition  probabilities pij((t, y),(t+1, y+1)) of being in state j at (t+1,
y+1), conditional on having been in state i at the preceding (time, age) point (t,y). Official agencies often use
cross-sectional data, in which case only the marginal probabilities can be estimated. Longitudinal irregular
data are required to model and estimate the conditional probabilities, expectancies and first passage times.

Under a Markov condition, the statistical methodology for estimating one-step transition probabilities
was presented by Davis et al. (2002), with an application in Nurminen et al. (2004). In the present paper, we
develop and apply material from these two sources. Related work treating marginal probabilities by similar
methods can be found in Davis et al. (2001), Heathcote et al. (2003), Millimet et al. (2003) and Nurminen et
al. (2005). Multistate life table methods could be invoked, but our preference is for the large-sample logistic
regression technique of Davis et al. (2002). Our approach is an alternative to the traditional route followed
by demographers and social scientists (e.g. Richards and Abele, 1999) (see, Nurminen and Nurminen, 2005).

2. The Finnish Work Ability Data

The data on work ability used for illustrative purposes derives from the cross-sectional surveys of
1981, 1985 and 1992 on ageing and work ability of employees in the municipal sector carried out by the
Finnish Institute of Occupational Health; the workers considered were those aged 45 years or over in 1981
(Tuomi, 1999). At any particular age, an individual was classified as belonging to one of the following four
mutually exclusive and exhaustive states: having excellent or good work ability (state 1), having fair or poor
work ability (state 2), being disabled or deceased (state 3), retired on an old-age or similar pension (state 4).
States 1 and 2 are clearly transient (i.e., non-absorbing), whereas states 3 and 4 are assumed to be absorbing.
Our interest focuses on the one-step transition probabilities pij (t, y), i = 1, 2 and j = 1,..., 4. The sample
consisted of 6,257 active workers in states 1 and 2 in 1981, when the age range was from 45 to 51, giving 7
age cohorts. At the time of the third survey in 1992, with an age span from 56 to 69, 23% of the members
were still active in the workforce. Status counts were taken at 7×3 = 21 points of the (age, year) Lexis plane.

3. Stochastic Analysis and Inference

The multistate logistic regression technique to be described follows the work of Davis et al. (2002).
Suppose that a large sample of like individuals is observed at discrete times y  = (y0, y1,..., yn). The time
variable y will denote the age of the cohort members along a diagonal of Lexis plane. For a non-absorbing

state i, let the log-odds be defined as ( ) ( ) ( ){ }1 1 1, log , , , .ij r r ij r r ii r ry y p y y p y y j iθ + + += ≠ Inverting the

transform gives the transition probabilities:
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A non-parametric estimate of ( )1,ij r rp y y +  is ( ) ( ) ( )1 1, ,ij r r ij r r i rp y y l y y l y+ += % %% , where the random

variables ijl
~

and il
~

denote respectively the observable numbers of lives (individuals) in i at yr and j at 1ry + .

Assuming that the Markov condition holds and that the l(0) individuals evolve independently, for fixed i the

estimates ijθ
~

, j i, are, for large l(0), normally distributed with the means ijθ and the covariance
matrix V. Suppose the one-step log-odds are modelled by a linear function of the parameters specified by

where ( )jz i is a vector of explanatory (e.g. occupational) variables and ( )j i is a parameter vector to be

estimated. The weighted least squares loss function, with weights specified by the inverse of the V, is

( ) ( ) ( )( ) ( ) ( ) ( )( )1
1 1 1 1 1

1

, , , , , , , , , ,             (3.5)
a

r r r r r r r r r r
i r

L i y y y y V i y y i y y y y−
+ + + + +

=

′
= − − − − −∑∑ % %

where a is the number of non-absorbing states, ( )1, ,r ri y y +−%  is the vector of observable log-odds, and

( )1, ,r ry y +  is an appropriate function of the one-step parameter vector . Let ˆ( )j i  denote the estimate

of the vector ( )j i . Then ( )ˆ ˆ, 1ij j jy y (i) (i)θ ′+ = z is a consistent estimate of ( )( ); , 1ij j i y yθ + , with

estimates ( )ˆ , 1ijp y y + of the one-step transition probabilities. The result follows: For large l(0) and y<u

the random vector ( )ˆ ,i y up  of the ( )ˆ ,ijp y u  is approx. normally distributed with the mean ( ),i y up .

4.  Probabilities

4.1   Comparing Transition Probabilities

 Consider the linear combination
( , 1)

( , 1) ( , , 1)=log .
( , 1)

ja
ij

j ij
j i j ii

p y y
a y y i y y

p y y
θ

≠

 + 
′  + = − +   +  

∑ ∏

Then the estimate
ˆ( , 1)

(̂ , 1)
ˆ( , 1)

ja
ij

i
j ii

p y y
g y y

p y y
+ 

+ =  + 
∏ has, asymptotically, a log-normal distribution.

For comparison of ( ), 1imp y y +  and ( ), 1ikp y y + , take am  = 1, ak  = 1, and all other aj zero, to obtain

( ) ( ){ } ( ) ( )( ), 1 , 1 exp , 1 , 1 .im ik im ikp y y p y y y y y yθ θ+ + = + − + Hence a large-sample 95% confidence

interval for the ratio on the left side of the above equation is ( ) ( )( )exp , 1 , 1 1.96im iky y y y sθ θ+ − + ± ,

where s is the standard error of im - ik .
Turning to the Finnish data, the inference showed that significant differences exist in the probabilities

of staying in the workforce in the initial work ability states, p11 and p22 , over the age decade 45-54 years. The
picture that emerges is that females are more resilient to transitions to disability and old-age pensions than
their male colleagues. The interpretation of the findings is clouded by the different types of work conducted.

4.2 Working Ability Survival Curves

  Just as the usual survival curve is a plot of the probability of remaining alive as age
increases, so working ability survival curves are plots of the probabilities (45, )ijp u , with i = 1, 2,
and j = 1, 2, 3,4, of remaining in the workforce or removing to disability or old-age pension as age
u increases from the initial age 45 years. These are shown in Figure 1 for females with good initial
work ability (state i = 1). The maximum working age is taken as 62.5 years, since Finnish municipal
workers earlier retired before age 63.

( ) ( ), 1 ( ), , 1 (3.4)ij ij j j jy y i y y (i) (i)θ θ ′+ = + =

( ) ( ) ( ){ }

( ) ( ){ }

1 1 1

1

1 1

, , exp , ,

, 1 exp , .                   (3.1)

ij r r ii r r ij r r

ii r r ij r r
j i

p y y p y y y y j i

p y y y y

θ

θ

+ + +

−

+ +
≠

= ≠

 
= + 

 
∑
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Fig. 1.  Working ability survival

11̂p (45, y) ____

12̂p (45, y) . . . .

13̂p (45, y) _ . _

14̂p (45, y)  _ _ _

Figure 1.  Working ability survival curves for the Finnish female cohort at initial age 45 years.

5. Expectancies

For two ages (times) y and u, y < u and both less than the maximum age w, we first introduce the
indicator function Iij(y, u) = 1, if a specific individual is in state j at age u given that (s)he was in state i at age
y, and 0 otherwise. Then the future occupation time, Oi,j, and its expectancy, eij, for this individual are:

aaaa,,,,                      ;

On the right hand side of the above equation ijδ  is equal to 1 if i = j and zero otherwise, and the sum is the

commonly used discrete-time expression for the expectancy based on the assumption that transitions occur in
the middle of the year. A natural estimate of eij(y) is

The delta method yields: The random vector (̂ )i ye is, for large l(0), normally distributed with the mean ( )i ye .

Again for the Finnish data, there was a significant gender difference in occupation times for initial
ages 52 to 55 years in favour of women. For example, ê11(55) is 5.2 years for women staying with good work
ability and only 3.2 for men. Other numerical results with interpretation are given in Nurminen et al. (2004).

6. First Passage Times

A random variable related to the occupation time Oij(y) when j is an absorbing state  is the first
passage time ( )ijT y to j conditional on being in state i at age y.  It is the time of first entry from i at y to j,
from which there is then no escape since the latter is an absorbing state. With w the maximum working age,

( ) ( )ij ijw y T y O y− = + . Hence for an absorbing state j,  properties of  first passage times are determined by

those of the corresponding occupation  times. If ( )ij yν  is the expectation of ( )ijT y , when i is non-absorbing

and j absorbing, then ( ) ( )ij ijy w y e yν = − − , where ( )ije y  is the appropriate expectancy. The interpretation

of ( )ij yν is that it is the expected time in the labour force for a person of given initial age and state before

removal to the absorbing state j. With i a given non-absorbing state, let ( )i yν  denote the vector of the

( )ij yν  in which the subscript j indexes the absorbing states and let (̂ )i yν  be its estimator. That is, (̂ )i yν  has

components ˆ( )ij yν , j absorbing, with ˆ ˆ( ) ( )ij ijy w y e yν = − − . Write ( )( , ) abs
i y up  for the vector of transition

probabilities ( , )ijp y u  for which j denotes an absorbing state. Then the vector (̂ )i y  of the estimated mean

first passage times from i at y to absorbing states is approximately normally distributed with the mean ( )i y .
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ij
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e y p y u
δ

= +

= + ∑

( ) ( , ) (5.1)
w

ij ij
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O y I y u du=∫
1
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2
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 Finally for the Finnish data, e.g., the expected time in the workforce before succumbing to death or
disability pension (state 3) for a 45-year old  female of good work ability is 13̂(45) 14.50ν =  years and with

poor ability 23̂ν (45) = 12.25, the difference being 2.25 years in favour of good initial work ability (state 1).
Thus the initially better work ability state has an elongating effect on the expected sojourn in the workforce.

5. Concluding Comments

The methodology presented enables a statistical analysis of stochastic processes in working life and
addresses a real problem common to many developed countries with ageing populations. The empirical data
from this study show that the work ability of Finnish employees aged over 45 years in the municipal sector
deteriorates prematurely and individuals leave employment before the statutory retirement age of 63. This
adverse trend can in the near future lead to serious socioeconomic consequences for the Finnish society. The
initial state can be of considerable importance in forecasting patterns of work and the mode of exit from the
workforce. Thus the work capacity of employed persons should be followed at sufficiently early ages so as to
intervene if required. Raising the retirement age is one solution but is fraught with political difficulties.
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RÉSUMÉ

Un problème qui relève d´enquêtes longitudinales irrégulières ou largement espacées est la modélisation et
l’estimation des futures temps d’occupation et les probabilités de transition simples entre états. Sous une
condition de Markov, ce papier applique une méthode d’analyse stochastique, présentée par Davis et al.
(2001), aux données agrégées d’une enquête longitudinale d´une durée de 11 ans sur la capacité de travail
des employés municipaux finlandais avec des enquêtes transversales conduites en 1981, 1985 et 1991 La
technique comprend une interpolation par régression des moindres carrés pondérés avec fonction de perte.
Un bref exposé est donné avec une discussion sur le temps d’occupation estimé et les premiers temps de
passage pour la chaîne de Markov. Le dernier est une version sur le problème des ’risques concurrents’.
Les données finlandaises ont démontré que le niveau intial de la capacité de travail influence la future durée
estimée de l’activité professionnelle ainsi que le mode de la sortie du marché du travail. Par exemple, pour
une femme âgée de 45 ans ayant une bonne capacité de travail, le temps estimé de la vie active était de 12,2
ans (11,2 ans pour un homme) avant de tomber dans l´incapacité de travail ou de décéder. La différence
était donc de 2,2 ans en faveur de la bonne capacité de travail initiale. Nous en déduisons que la capacité de
travail des employés finlandais se détériore prématurement et que les individus quittent le marché du travail
avant l’âge légal de la retraite qui est fixé à 63 ans. La méthodologie présentée permet une analyse
stochastique des données concernant la capacité de travail multi-état et son application traite d´une
importante question sociologique de la préretraite partagée par beaucoup de pays développées aux
populations vieillissantes.
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ABSTRACT 
 
In this presentation, we revisit the study of Hurwitz-Lerch-Zeta 
distribution (HLZD) including its structural properties (log-convexity 
and infinitely divisibility), reliability properties (monotonic structure 
of failure rate and reversed hazard rate), and statistical inference. The 
maximum likelihood estimation of the parameters is discussed and an 
example is provided where the HLZ distribution fits the data well. 
 
1. INTRODUCTION 
 
 A discrete random variable X  is a Hurwitz-Lerch-Zeta 
distribution if its probability mass function (pmf) is given by 

  ,
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and  )a,s,z(Φ is the HLZ function (see Srivastava, 2000) . 
 
 The HLZD and its variants have been studied by various 
authors; see, for example, Gut (2005). Various well known discrete 
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distributions (Zoring and Altmann, 1995) are special cases of the 
HLZ family; for example, the Riemann Zeta, Zipf-Mandelbrot, 
Lotka, Good, Logarithmic Series, Right Truncated Form of HLZ and 
Estoup distributions. 
 
2. STRUCTURAL PROPERTIES OF THE MODEL 
 
Moments and some other important functions 

The modified power series distribution introduced by Gupta 
(1974) has pmf 

( ) ,Bx,f/))(g)(x(a)xX(P x ∈== θθ    
where B  is a subset of non-negative integers, )(;0)( θfxa >  and 

)(θg  are positive, finite and differentiable functions of θ , and 
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The probability generating function is given by 
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The failure rate (hazard rate) )(tr and reversed hazard rate )t(r* are, 
respectively, 
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 The concept of hazard rate is very well known.  For the 
reversed hazard rate, dttr )(*  is interpreted as the conditional 
probability a unit failed in an infinitesimal interval of width dt  
preceding t , given that it failed before t .  Recently, Nanda and 
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Sengupta (2005) studied the monotonicity of the discrete hazard rates 
and reversed hazard rates. 
 
3. RELIABILITY STUDIES OF THE MODEL 
 
3.1 Infinite Divisibility and Reliability Properties 

Let )()( tXPtp == .A discrete life distribution has (1) a  

log-convex pmf if   ( )[ ] 0112 2 ≥≥++ t,tp/)t(p)t(p ; (2) DRHR 

(decreasing reversed hazard rate) if )t(r* is decreasing in t. 
Application of a result in Gupta et al. (1997) gives 
 
Theorem 3.1.   The HLZD has a log-convex pmf and is infinitely 
divisible. 
 
Applying results in Nanda and Sengupta (2005), establishes 
 
Theorem 3.2.   
(a) HLZ distribution has DRHR. 
(b) If a sequence of HLZ distribution converges to a limiting 
distribution, the limiting distribution has DRHR. 
(c)If the components of a parallel system have independent life times 
with HLZ distributions, then the system life time has DRHR. 
(d) If the components of a nofoutk −−− system have independent 
life times with identical HLZ distributions, then the system life time 
has DRHR. 
(e) Convolution of two HLZ distributions produces a DRHR 
distribution. 
 
Moment inequalities for ageing classes of distributions gives  
Theorem 3.4.   For HLZD rsr λλ /+  is increasing in 0≥r  for fixed 

0≥s , where ( )1/ +Γ= rrr µλ . 
 
4. STATISTICAL INFERENCE 
 
 Let nXXX ,,, 21 K  be a HLZ random sample of size 

n .  The likelihood equations yield: )(XEx = , 

∑ +=
+n

i XaE
n

xa
1

))(ln(
)ln(

, ∑ 







+
=

+

n

i Xa
E

xan 1

1
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Blumer  (1974) fitted the Poisson-lognormal (P-L) distribution to 
Corbet’s Malayan butterfly data As shown below the HLZ D fits 
better based on the chi-square goodness of fit value. 
 
k  
f(k) 
P-L 
HLZ 

1  
118  
110.2 
116.74 

2  
74 
71.3 
68.13

3  
44 
50.9 
47.60

4  
24 
38.7 
36.29

5  
29 
30.7 
29.14

6  
22 
25.2 
24.21

7  
20 
21.1 
20.62

8  
19 
18.0 
17.88 

 
9  
20  
15.6 
15.72 

10  
15  
13.6 
13.98 

11  
12 
12.1 
12.56

12  
14 
10.8 
11.36

13  
6  
9.7 
10.34

14  
12  
8.8 
9.47 

15  
6  
8.0 
8.72 

16  
9  
7.3 
8.05 

17  
9  
6.7 
7.47 

 
18  
6  
6.2 
6.95 

19  
10  
5.7 
6.49 

20 
10 
5.3 
6.07

21  
11 
4.9 
5.70 

22  
5  
4.6 
5.35 

23  
3  
4.3 
5.04 

24  
3  
4.1 
4.76 

25+  
119 
126.2 
121.36

Total 
620 
620.0 
620.0 

 
2χ : 30.5 (P-L), 21.96 (HLZ); Degrees of freedom: 22, 21 

ML estimates: theta= 0.98, a= 0.47, s=0.01 
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1. INTRODUCTION

Let X =
{
Xn : n ∈ N2

}
be a random field on N2, where N is the set of all positive integers. For a

family of real levels {un}n≥1 and a subset I of the rectangle of points Rn = {1, . . . , n1}× {1, . . . , n2},
we will denote the event {Xi ≤ un : i ∈ I} by Mn(I) or simply by Mn when I =Rn. If I = ∅ then
Mn(I) = −∞.

For each i = 1, 2, we say the pair I ⊂ N2 and J ⊂N2 is in Si(l) if the distance between Πi(I) and
Πi(J) is greater or equal to l, where Πi, i = 1, 2, denote the cartesian projections.

Given a set of locations
{
j(1), . . . , j(n)

}
, j(i) =

(
j
(i)
1 , j

(i)
2

)
, for each location j(i) let us considere

the set of “predecessors” of j(i), say Pj(i) , as the set Pj(i) =
{
j(s) : j

(s)
1 ≤ j

(i)
1 ∧ j

(s)
2 ≤ j

(i)
2

}
−

{
j(i)

}
.

Let = =
{
j ∈ N2 : Xj = Mn

}
, P̃ =

{
j ∈ = : ∀j′ ∈ =,#Pj ≤ #Pj′

}
and Ln the location of Mn.

We define

Ln =


j(1) if = =

{
j(1)

}
j(2) if #= > 1 ∧ P̃ =

{
j(2)

}
j(3) if #P̃ > 1 ∧ j(3) ∈ = ∧ ∀j(s) ∈ =, j(s) 6= j(3),Π1(j(3)) < Π1(j(s))

.

We shall assume that X is a stationary random field and that there are constants {an > 0}n≥1

and {bn}n≥1 such that, for each x ∈ R,

P
(
a−1
n (Mn − bn) ≤ x

)
−−−→
n→∞

H(x),

where H is a nondegenerate distribution function.
If X is a random field of independent and identically distributed random variables or if it satisfies

the coordinatewise-mixing condition ∆(un(x)) from Leadbetter et al. (1988) (see also Choi, H. (2002)),
with un(x) = anx + bn, then X verifies the Extremal Types Theorem, id est, G is Gumbel, Weibull or
a Fréchet distribution.

Accordingly Choi, H. (2002), we shall say that X has extremal index θ, 0 ≤ θ ≤ 1, if for each τ >

0 there exists
{

u
(τ)
n

}
n≥1

such that, as n −→ ∞, n1n2P
(
X1 > u

(τ)
n

)
−→ τ and P

(
Mn ≤ u

(τ)
n

)
−→

exp(−θτ).
Under local restrictions on the oscillations of the values of a random field, Ferreira, H. et al.

(2005) and Pereira, L. et al. (2006) (see also Pereira, L. et al. (2005)) compute the extremal index of
the random field from the joint distribution of a finite number of variables.

In this paper we show that the normalized location of the maximum of a stationary random
field with extremal index θ ∈ ]0, 1] satisfying a slight generalization of ∆(un)−condition converges to
a uniform variable on [0, 1]2 and is asymptotically independent of the height of the maximum. We
follow the main steps, presented in Pereira, L. et al. (2002), to obtain the limiting distribution of the

1Work partially supported by FCT/POCI2010/FEDER ( EXMIXMOD project of CMUBI)
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location of the maximum generated by a stationary sequence, with a specific approach for the random
fields.

The result obtained allow us to select a set of observations of {Xi : i ∈ Rn} , for example
{Xi : i ∈ {1, . . . , [n1ε1]} × {1, . . . , [n2ε2]}} with ε1, ε2 ∈ (0, 1] , by ensuring that this set contains the
maximum value of the stationary random field with a pre-determined probability.

2. LIMIT DISTRIBUTION OF THE LOCATION OF THE MAXIMUM GENERATED
BY A STATIONARY RANDOM FIELD

We suppose that X satisfies a generalization of the coordinatewise-mixing condition ∆(un) in-
troduced in Leadbetter et al. (1988), which exploits the past and future separation one coordinate at
a time, and enable us to deal with the joint behavior of maxima over disjoint rectangles.

Definition 2.1. Let X be a stationary random field and
{

u
(i)
n

}
n≥1

, i = 1, 2, sequences of real num-

bers. The coordinatewise-mixing condition ∆2(u
(1)
n , u

(2)
n ) is said to hold for X if there exist sequences

of integer valued constants {kni}ni≥1 , {lni}ni≥1 , i = 1, 2, such that, as n = (n1, n2) −→∞, we have

(2.1) (kn1 , kn2) −→∞,
(

kn1 ln1
n1

,
kn2 ln2

n2

)
−→ 0,

(
kn1∆

(1)
n,ln1

, kn1kn2∆
(2)
n,ln2

)
−→ 0,

where ∆(i)
n,lni

, i = 1, 2, are the components of the mixing coefficient defined as follows:

∆(1)
n,ln1

= sup
∣∣∣P (

Mn(I1) ≤ u(i)∗

n ,Mn(I2) ≤ u(i)∗

n

)
− P

(
Mn(I1) ≤ u(i)∗

n

)
P

(
Mn(I2) ≤ u(i)∗

n

)∣∣∣ ,

where u
(i)∗
n ∈

{
u

(1)
n , u

(2)
n

}
and the supremum is taken over pairs I1 and I2 in S1(ln1) such that

|Π1(I2)| ≤ n1
kn1

,

∆(2)
n,ln2

= sup
∣∣∣P (

Mn(I1) ≤ u(i)∗

n ,Mn(I2) ≤ u(i)∗

n

)
− P

(
Mn(I1) ≤ u(i)∗

n

)
P

(
Mn(I2) ≤ u(i)∗

n

)∣∣∣ ,

where u
(i)∗
n ∈

{
u

(1)
n , u

(2)
n

}
and the supremum is taken over pairs I1 and I2 in S2(ln2) such that Π1(I1) =

Π1(I2) and |Π2(I2)| ≤ n2
kn2

.

For u
(1)
n ≡ u

(2)
n ≡ un condition ∆2(u

(1)
n , u

(2)
n ) reduces to the coordinatewise-mixing condition

∆(un) (Leadbetter et al. (1988) and Choi, H. (2002)).

Lemma 2.1.: Let
{

u
(i)
n

}
n≥1

, i = 1, 2, be sequences of real numbers such that

(2.2) n1n2P
(
X1 > u

(i)
n

)
−−−→
n→∞

τi, i = 1, 2,

where τ1, τ2 < ∞. If the stationary random field X satisfies ∆2(u
(1)
n , u

(2)
n ) for sequences {kni}ni≥1 ,

{lni}ni≥1 ,
{

u
(i)
n

}
n≥1

, i = 1, 2, satisfying (2.1), and the rectangles Vs,t ⊂ Rn, s = 1, . . . , kn1 and

t = 1, . . . , kn2 , are disjoint, then∣∣∣∣∣∣P
kn1⋂

s=1

kn2⋂
t=1

⋂
i∈Vs,t

Xi ≤ un,s,t

−
kn1∏
s=1

kn2∏
t=1

P

 ⋂
i∈Vs,t

Xi ≤ un,s,t

∣∣∣∣∣∣ −−−→n→∞
0,

where, for each s and t, un,s,t is any one of u
(1)
n , u

(2)
n .
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Proof: From (2.1) and (2.2), for the purpose of the above convergence, we can assume that Π1(Vs,t) >

ln1 or Π2(Vs,t) > ln2 . If all the pairs of rectangles Vs,t are in S1(ln1) ∪ S2(ln2) then the result follows
inductively from the condition ∆2(u

(1)
n , u

(2)
n ). If some pair of rectangles Vs,t are not in S1(ln1)∪S2(ln2)

we can eliminate ln1 columns or ln2 rows in Vs,t in order to obtain V∗
s,t ⊂ Vs,t, s = 1, . . . , kn1 , t =

1, . . . , kn2 , to which we can apply inductively the condition ∆2(u
(1)
n , u

(2)
n ).

The next Lemma shows that, for each ε1, ε2 ∈ (0, 1] , the events
{

Mn

(
[1, n1ε1]× [1, n2ε2] ∩ N2

)
≤ u

(1)
n

}
and

{
Mn

(
Rn \

(
[1, n1ε1]× [1, n2ε2] ∩ N2

))
≤ u

(2)
n

}
are asymptotically independent, and is the key to ob-

tain the limiting distribution of the location of maximum. It follows as a consequence of Lemma 2.1..

Lemma 2.2.: Suppose that the stationary random field X satisfies ∆2(u
(1)
n , u

(2)
n ), where the levels

u
(i)
n , i = 1, 2, satisfy (2.2). Then, for each ε1, ε2 ∈ (0, 1] ,

P
(
Mn

(
[1, n1ε1]× [1, n2ε2] ∩ N2

)
≤ u(1)

n ,Mn

(
Rn \

(
[1, n1ε1]× [1, n2ε2] ∩ N2

))
≤ u(2)

n

)
−P

(
Mn

(
[1, n1ε1]× [1, n2ε2] ∩ N2

)
≤ u(1)

n

)
P

(
Mn

(
Rn \

(
[1, n1ε1]× [1, n2ε2] ∩ N2

))
≤ u(2)

n

)
→ 0,

as n →∞.

We finish by proving that the normalized location of the maximum is asymptotically uniform
and independent of its height.

Proposition 2.1.: Let X be a stationary random field with extremal index 0 < θ ≤ 1 and {an > 0}n≥1

and {bn}n≥1 sequences of real numbers such that

P (Mn ≤ anx + bn) −−−→
n→∞

Gθ(x),

with a nondegenerate distribution function G.

If for x1, x2 ∈ R and u
(i)
n = un(xi) = anxi + bn, i = 1, 2, X satisfies the condition ∆2(u

(1)
n , u

(2)
n ) then,

for each ε1, ε2 ∈ (0, 1] ,

P
(
Ln ∈

(
[1, n1ε1]× [1, n2ε2] ∩ N2

)
, a−1

n (Mn − bn) ≤ x
)
−−−→
n→∞

ε1ε2G
θ(x).

Proof: For each ε1, ε2 ∈ (0, 1] , it holds

P
(
Ln ∈

(
[1, n1ε1]× [1, n2ε2] ∩ N2

)
, a−1

n (Mn − bn) ≤ x
)

= P
(
Mn

(
[1, n1ε1]× [1, n2ε2] ∩ N2

)
≥ Mn

(
Rn \

(
[1, n1ε1]× [1, n2ε2] ∩ N2

))
,Mn ≤ anx + bn

)
= P

(
Mn

(
Rn \

(
[1, n1ε1]× [1, n2ε2] ∩ N2

))
≤ Mn

(
[1, n1ε1]× [1, n2ε2] ∩ N2

)
≤ anx + bn

)
By applying Lemma 2.2. with xi ∈ R and u

(i)
n = anxi + bn, i = 1, 2, the above probability converges

to P
(
V (1) ≤ U (1) ≤ x

)
, where U (1) and V (1) are independent random variables whose distributions

can be obtained as follows:
By attending that

P
(
Mn

(
Rn \

(
[1, n1ε1]× [1, n2ε2] ∩ N2

))
≤ un(t)

)
= P (Mn ({1, . . . , [n1(1− ε1)]} × {1, . . . , n2}) ≤ un(t))×

P (Mn ({1, . . . , [n1ε1)]} × {1, . . . , [n2(1− ε2)]}) ≤ un(t)) + o(1),

X has extremal index θ and, for each t ∈ R,

[n1(1− ε1)]n2P (X1 > un(t)) −−−→
n→∞

−(1− ε1) log G(t),

[n1ε1] [n2(1− ε2)]P (X1 > un(t)) −−−→
n→∞

−ε1(1− ε2) log G(t),
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and

[n1ε1] [n2ε2]P (X1 > un(t)) −−−→
n→∞

−ε1ε2 log G(t),

then

(2.3) P
(
V (1) ≤ t

)
= lim

n→∞
P

(
Mn

(
Rn \

(
[1, n1ε1]× [1, n2ε2] ∩ N2

))
≤ un(t)

)
= G(1−ε1ε2)θ(t),

and

(2.4) P
(
U (1) ≤ t

)
= lim

n→∞
P

(
Mn

(
[1, n1ε1]× [1, n2ε2] ∩ N2

)
≤ un(t)

)
= Gε1ε2θ(t).

Therefore, from (2.3) and (2.4), we get

lim
n→∞

P
(
Ln ∈

(
[1, n1ε1]× [1, n2ε2] ∩ N2

)
, a−1

n (Mn − bn) ≤ x
)

= P
(
V (1) ≤ U (1) ≤ x

)
=

∫
]−∞,x]

Gθ(1−ε1ε2)(t)dGε1ε2(t)

= ε1ε2G
θ(x).
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Introduction

Backward Stochastic Differential Equations (BSDE) have found many applications in Finance, stochas-
tic control and other areas. BSDE with quadratic growth originated from applications in utility ma-
ximization with exponential utility functions. These applications play an important role for instance
in securitization, i. e. risk transfer from non-tradable underlyings to financial markets.
In our setting we encounter a BSDE of the type

Y x
t = ξx +

∫ T

t
f(s, x, Y x

s , Zx
s )ds−

∫ T

t
Zx

s dWs, 0 ≤ t ≤ T.

where W is a Brownian motion, ξ is a bounded random variable and f depends on Z at most qua-
dratically. Questions concerning differentiability properties of the solution process (in the classical or
Malliavin sense) are frequently encountered. These question arise for instance in the context of cross
hedging of environmental risks. Under certain conditions the cross-hedging strategies can be explicitly
given by these derivatives.
This paper first derives abstract norm and classical differentiability properties of the BSDE solution
processes depending on a parameter x ∈ R

d. In the particular setting of a system of forward-backward
SDE, this parameter can be interpreted as the initial point of a given forward SDE. It further con-
tains results on Malliavin differentiability for solution processes of both BSDEs and forward-backward
systems. These results bring along several representation formulas.
The key method involved in proving all these differentiability results is based on the observation that∫

ZsdWs is a Bounded Mean Oscillation Martingale (BMO), and the use of the reverse Hölder in-
equality.

Preliminaries

We introduce the following spaces:
• L

p(Rm) consists of all progressively measurable processes (Xt)t∈[0,T ] with values in R
m such that
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‖Xt‖pLp = E[
(∫ T

0 X2
s ds

) p
2 ] <∞.

• Rp(Rm) consists of all real measurable m-dimensional processes (Xt)t∈[0,T ] such that ‖X‖pRp =

E[
(
supt∈[0,T ] |Xt|

)p
] <∞. Note that R∞(Rm) is the space of bounded measurable processes.

Throughout this paper we assume that |f(t, x, y, z)| = |l(t, x, y, z) + α
2 z2| ≤ a(1 + b|y|) + c

2 |z|2 where
l(t, y, z) is uniformly Lipschitz in (y, z), α a given real number, and a, b and c positive constants.

Main Results: Classical Differentiability

Suppose that the terminal condition, ξ, and the generator, f , of a quadratic BSDE depend on
the Euclidean parameter x ∈ R

n for some n ∈ N. We show that smoothness of the terminal condition
and the generator is transferred to the solution of the BSDE

(1) Y x
t = ξ(x)−

∫ T

t
Zx

s dWs +
∫ T

t
f(s, x, Y x

s , Zx
s )ds, x ∈ R

n,

where terminal condition and generator are subject to the following conditions:

(C1) f : Ω× [0, T ]× R
n × R× R

d → R is an adapted measurable function such that f(ω, t, x, y, z) =
l(ω, t, x, y, z) + αz2, where l(ω, t, x, y, z) is globally Lipschitz in (y, z) and continuously differ-
entiable in (x, y, z); for all r ≥ 1 and (t, y, z) the mapping R

d → Lr, x �→ l(ω, t, x, y, z) is
differentiable and for all x ∈ R

n the following inequalities hold limx′→x E
P
[( ∫ T

0 |l(s, x′, ·, ·) −
l(s, x, ·, ·)|ds

)r]
= 0 and limx′→x E

P
[( ∫ T

0 | ∂
∂x l(s, x′, Y x′

s , Zx′
s )− ∂

∂x l(s, x, Y x
s , Zx

s )|ds
)r]

= 0.

(C2) the random variables ξ(x) are FT−adapted and bounded such that for every compact set K ⊂ R
n

there exists a constant c ∈ R such that supx∈K ‖ξ(x)‖∞ ≤ c; for all p ≥ 1 the mapping R
n → Lp,

x �→ ξ(x) is differentiable with derivative ∇ξ.

If (C1) and (C2) are satisfied, then there exists a unique solution (Y x, Zx) of Equation (1).

Theorem 1. Assume (C1) and (C2). Then for all p ≥ 1, the function R
n → Rp(R1) × L

p(Rd),
x �→ (Y x, Zx), is differentiable, and the pair (∇Y x,∇Zx) is a solution of the following BSDE

∇Y x
t = ∇ξ(x)−

∫ T

t
∇Zx

s dWs

+
∫ T

t

[
∂xl(s, x, Y x

s , Zx
s ) + ∂yl(s, x, Y x

s , Zx
s )∇Y x

s + ∂zl(s, x, Y x
s , Zx

s )∇Zx
s + 2αZx

s∇Zx
s

]
ds.

This theorem provides differentiable processes w.r.t. vector space topologies. Under stronger
conditions one can show the existence of a modification of Y x which is P -a.s. differentiable as a
mapping from R

n to R. Let {ei}i=1,··· ,n be the set of canonical unit vectors of R
n. For x ∈ R

n and
h �= 0 let ζ(x, h, ei) = 1

h [ξ(x + hei)− ξ(x)]. We add the following hypothesis:

(C3) for all p ≥ 1 there exists a constant C > 0 such that for all i ∈ {1, . . . , n}, x, x′ ∈ R
n and

h, h′ ∈ R \ {0}

E
[
|ξ(x + hei)− ξ(x′ + h′ei)|2p + |ζ(x, h, ei)− ζ(x′, h′, ei)|2p

]
≤ C(|x− x′|2 + |h− h′|2)p.

Theorem 2. Suppose, in addition to the assumptions of Theorem 1, that (C3) is satisfied and that
l(t, x, y, z) and its derivatives are globally Lipschitz continuous in (x, y, z). Then there exists a function
Ω× [0, T ]×R

n → R
1+d, (ω, t, x) �→ (Y x

t , Zx
t )(ω), such that for almost all ω, Y x

t is continuous in t and
continuously differentiable in x, and for all x, (Y x

t , Zx
t ) is a solution of (1).

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 2851 -



Proof of Theorem 1 and Theorem 2. The proofs of the these theorems follow from ideas used in [Ku-
nita 1990] and the estimates we show below.

Moment and apriori estimates

The formal differentiation of the BSDE (1) takes the form Ut = ζ−∫ T
t VsdWs+

∫ T
t [l(s, Us, Vs)+HsVs]ds.

The results from [Morlais 2006] imply
∫ t
0 HsdWs ∈ BMO(P ), which allows to change to the well-

defined measure Q = E(∫ T
0 HsdWs)P and the Q-Brownian motion Ŵt = Wt −

∫ t
0 Hsds.

Applying the Itô formula to eβtU2
t , using the assumptions and the Hölder, Doob, Burkholder-Davis-

Gundy and Young inequalities, we are able to state classical moment and comparison estimates w.r.t.
the measure Q.
The reverse Hölder inequality [Kazamaki 1994] allows one to deduce estimates w.r.t. the original
measure P at the cost of some power q explicitly determined from ‖∫ t

0 HsdWs‖BMO(P ). This way one
obtains the following:

E
P
[

sup
t∈[0,T ]

|Ut|2p
]

+ E
P
[( ∫ T

0
|Vs|2ds

)p] ≤ CE
P
[
|ζ|2pq2

+
( ∫ T

0
|l(s, 0, 0)|ds

)2pq2] 1
q2

.

Malliavin differentiability

Let us now consider the following BSDE

Yt = ξ −
∫ T

t
ZsdWs +

∫ T

t
f(s, Ys, Zs)ds,(2)

where the driver function and terminal condition verify

(E1) f : Ω×[0, T ]×R×R
d → R is an adapted measurable function such that f(ω, t, y, z) = l(ω, t, y, z)+

α|z|2, where l(ω, t, y, z) is globally Lipschitz and continuously differentiable in (y, z); for all p > 1
we have E

P [(
∫ T
0 |l(ω, t, 0, 0)|2ds)2p] <∞;

(E2) for all (t, y, z), the mapping Ω → R, ω �→ l(ω, t, y, z) is Malliavin differentiable and belongs to
L

a
1,p(R) for all p > 1; for any (ω, t, y, z) and θ ∈ [0, T ], the inequality holds true |Dθl(ω, t, y, z))| ≤

K̃θ(ω, t) + Kθ(ω, t)(|y|+ |z|), where Kθ and K̃θ are positive adapted processes satisfying for all
p ≥ 1 E[

(
supt∈[0,T ]

∫ T
0 |Kθ(t, ω)|2dθ

)p
] <∞ and E[

( ∫ T
0

∫ T
0 |K̃θ(t, ω)|2dθdt

)p
] <∞;

(E3) the random variable ξ is bounded and belongs to D
1,∞.

The following theorem holds:

Theorem 3. Assume that driver and terminal condition satisfy hypotheses (E1), (E2) and (E3). Then
the solution processes (Yt, Zt) of (2) belong to D

1,2 × (D1,2)d and a version of (DθYt, DθZt) satisfies
for 1 ≤ i ≤ d

Di
θYt = 0, Di

θZt = 0, t ∈ [0, θ),

Di
θYt = Di

θξ +
∫ T

t

[
∂yl(s, Ys, Zs)Di

θYs + ∂zl(s, Ys, Zs)Di
θZs + Di

θl(s, Ys, Zs) + 2αZsD
i
θZs

]
ds

−
∫ T

t
Di

θZsdWs, t ∈ [θ, T ](3)

Moreover, {DtYt : 0 ≤ t ≤ T} is a version of {Zt : 0 ≤ t ≤ T}.
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Proof. In a first step we truncate the quadratic term to obtain differentiable globally Lipschitz gener-
ators. The truncation then defines a sequence of solutions, say (Y n, Zn), that converge to the solution
of the original BSDE (Kobylanski 2000). Invoking results on Lipschitz BSDE we are able to derive
Malliavin differentiability of each pair (Y n, Zn) (see [Karoui, Peng, Quenez 1997]).

Then we prove supn∈N ‖(DθY
n, DθZ

n)‖D1,2≤ M. Consequently classical results of Malliavin
calculus (see [Nualart 1995]) imply the Malliavin differentiability of (Y, Z).

Suppose the terminal condition is a function of an R
n-valued SDE of the form Xt = x +∫ t

0 b(s,Xs)ds +
∫ t
0 [σ(s,Xs)]∗dWs . The coefficients are supposed to satisfy:

(P1) b, σi : [0, T ]×R
n → R

n, are uniformly Lipschitz; b(·, 0) and σi(·, 0) are bounded for 1 ≤ i ≤ d;
σ is a d× n matrix and σ∗ represents its transpose.

For the backward part we consider

Yt = g(XT )−
∫ T

t
ZsdWs +

∫ T

t
[l(s,Xs, Ys, Zs) + α|Zs|2]ds, t ∈ [0, T ](4)

where the driver and the terminal conditions are supposed to satisfy the following assumptions:
(P2) l : [0, T ] × R

n × R × R
d → R is globally Lipschitz and continuous differentiable in (x, y, z);

l(·, 0, 0, 0) and ∂xl(t, x, y, z) are bounded by a constant M .
(P3) g : R

n → R is a bounded differentiable function with bounded first partial derivatives.
Before stating the main theorem we recall that the processes X, Y and Z all depend on the

variable x. For ease of notation we omit the corresponding superscripts. In this setting our main
result is the following.

Theorem 4. Suppose the function b, σ of the SDE and the driver and terminal condition of the BSDE
(4) satisfy conditions (P1), (P2) and (P3). Then the solution processes (X, Y, Z) possess the following
properties.

• For any 0 ≤ t ≤ T , x ∈ R, (Yt, Zt) ∈ D
1,2×(

D
1,2

)d, and a version of {(Di
θYt, D

i
θZt); 0 ≤ θ, t ≤ T}

satisfies for 1 ≤ i ≤ d the formal differentiation of the initial BSDE (as in Theorem 3). Moreover,
{DtYt; 0 ≤ t ≤ T} is a version of {Zt; 0 ≤ t ≤ T}.

• The following set of representations hold for any 0 ≤ θ ≤ t ≤ T and x ∈ R
n P -almost surely:

DθXt = ∂xXt(∂xXθ)−1σ(θ, Xθ), DθYt = ∂xYt(∂xXθ)−1σ(θ, Xθ) and Zt = ∂xYt(∂xXt)−1σ(s,Xt).
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RÉSUMÉ (ABSTRACT)

In degenerate neurological diseases such as Amyotrophic lateral sclerosis (ALS), motor units are

lost leading to loss of strength and progressive paralysis. There is a need do develop a tool for clinicians

to assess the both the progress of these disease and also the rate at which the disease is progressing on

the basis of data taken from electrophysiological experiments. Recently Ridall et al. (2007) developed a

model for obtaining the posterior probability of the number of remaining motor units using the stimulus

response data taken from a given muscle in response to stimulation of a nerve. Statistical inference

was carried out using reversible jump Markov chain Monte Carlo (RJMCMC) Green (1995). In that

approach a noninformative prior was used for the number of units and no consideration is given the

history of studies carried out on that patient. A RJMCMC using all of the patients history would

involve a very high computational load. As an alternative to this we investigate the use of a two stage

process where the RJMCMC output of the first stage is looked on as data in the second stage and

described by a likelihood. In the second stage, the true number of units follows a stochastic linear

death process over time, where the rate parameter is modeled as piecewise linear. To allow the rate

parameters to maintain positivity and vary smoothly and multiplicatively from interval to interval, we

allocate each rate parameter a Gamma distribution around the previous rate parameter with a variance

proportional to the length of the interval of time.

1. Introduction

Motor units are responsible for the contraction of muscles. Each motor unit consists of an

anterior horn cell in the spinal cord, a motor axon running within the peripheral nerve, its terminal

branches and the muscle fibres supplied by that axon. One anterior horn cell is capable of supplying

many muscle fibres. The true number of motor units within a single muscle is not known but in

degenerative neuromuscular diseases, these numbers decrease with time. The aims of this paper are

twofold. The first is to use a summary of the output of the RJMCMC carried out on a number of

previous studies to provide an estimate of motor units at a given time that. In doing this we arrive at

an estimate of motor unit numbers that takes into account this history. The second aim is to use the

same history to offer the clinician a picture of how the rate of decline of motor unit numbers varies

over time.

This is done by using a two stage approach. In Section 2 we describe the output of the first

stage and introduce our notation for describing it. In Section 3 we describe the Markov death process

to describe the underlying process by which units are lost and outline the priors that we use for the

parameters that describe it. In Section 4 we present our Bayesian probability model illustrated using

a directed acyclic graph. In Section 5 we display the results of our MCMC. Finally in Section 6 we

formulate our conclusions.

2. From posterior to likelihood

The first stage consists of using the method of Ridall et al. (2007) to derive an estimate of the
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posterior distributions of the number of units at several instances in time. We provide s summary of

each posterior distribution collected at time τt by a histogram and denote it by h˜t. These histograms

are mostly Gaussian in shape and can be summarized by a mode and error bars showing the standard

deviation. The progress of six ALS patients is shown in six panels of Figure ??.

We look on each of these histograms as a first approximation to the true number of units, Nt,

at time τt. We denote each of these T histograms as h˜t recorded at times τt where t = 0, 1, 2, . . . , T .

For the second stage these histograms of the output of the RJMCMC are looked on as data and

are therefore expressed as a likelihood. The likelihood for the second stage is therefore

p(h˜ | N,λ) =
T∏

t=0

(h˜t | Nτt , λt) 1(Nτt ≤ Nτt−1).(1)

Here N = {Nτt}, t = 0, 1, 2, . . . , T is a stochastic death process observed indirectly at times

τ0, τ0, . . . , τT through histograms h˜t. and is described in the next section. The parameters that

describe this death process are λ and κ.

3.The hidden stochastic death process

Here we assume that the true number of units Nτ at time τ is non increasing and subject to a

death process where the probability of death is constant between the tth and t + 1th recording taken

at times τt and time τt+1. We let the true number of units Nτ at an instance of time τ ∈ [0, τT ] follow

a stochastic death process. This death process is observed indirectly at times τt, t = 0, 1, 2, . . . , T

through histogram h˜t. Between any two observations, ie for times τ ∈ [τt, τt+1), we assume the rate

parameter is fixed at λt and the nonzero probabilities are given by

P (Nτ+h = j|Nτ = i, λt) =

{
1 − λtih + o(h); j = i

λtih + o(h); j = i − 1.

The transition matrix over this interval of time can be calculated from the infinitesimal generator

matrix G(λt) using the matrix exponential P
(
Nτt+1 = j | Nτt = i

)
= eG

(λt)(τt+1−τt) where

G
(λt)
i,j =

{
−λti; j = i

λti j = i − 1
.

We assume that the stochastic death process can now be represented by

p(N | λ, τ ) = p(Nτ0)

T∏
t=1

p(Nτt | Nτt−1 , λt,∆τt) 1(Nτt ≤ Nτt−1).(2)

and ∆τt = τt − τt−1 are the time intervals. Because we assume that λt is time homogenous in [τt τt+1)

is constant then there will be binomial reductions and

Nτt |Nτt−1 , λt,∆τt ∼ Bin
(
Nτt−1, e

−λt∆τt

)
t = 1, 2, . . . , T

Nτ0 ∼ U (1,Nmax)

and Nmax is set to 300. Further to ensure that λ is smooth we assume that the rate parameter evolves

as a series of conditional Gamma distributions.

p(λ | κ, τ ) = p(λ0)

T∏
t=1

p(λt | λt−1, κ,∆τt)(3)
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where

λt | λt−1, κ,∆τt ∼ Gamma

(
κλ2

t−1

τt
,
κλt−1

τt

)
t = 1, 2, . . . , T

λ0 ∼ Gamma (ǫ, ǫ)

and ǫ = .001. The precision parameter κ is given a noninformative gamma prior, p(κ), where κ ∼
Gamma (ǫ, ǫ) .

4.The probability model

The probability model an then be expressed in terms of the RJMCMC output, the stochastic
death process and the priors as

p(κ)p(Nτ0
)p(λ0)p(h˜0 | Nτ0

)

T∏
t=1

p(h˜t | Nτt
)p(Nτt

| Nτt−1
, λt, ∆τt)p(λt | λt−1, ∆τt, κ).

Figure 1 shows modal estimates of the posterior rate enclosed by error bars. The serial studies shown

in Figures 1 (a), (b), (c), (d), (e) and (f) show the evolution of the rate parameters for the piecewise

constant hazard function. They are drawn on the same vertical scale so that comparisons can be made

between patients. Note with patients (c), (d) and (e) the disease is progressing at a relatively slow

rate with a rate parameters less than 1 unit or a half life of more than 253 days. With patients (a),

(b) and (f) the rate of increase is much larger with the rate parameter reaching 2 at some point of

time toward the latter stage of the disease. A rate parameter of 2 units corresponds to a half life of

126.5 days. This observation corresponds to the clinical symptoms shown by the patients.

Conclusion

We have developed a tool for monitoring the rate at which ALS, an incurable neurological disease,

advances with time. Such methodology may become an important tool for developing pharmaceutical

drugs that claim to attack its progression By looking on the output of the RJMCMC as a likelihood

and by employing a stochastic death process we have constructed a method of both smoothing and

correcting output from our RJMCMC and in so doing we have also obtaining estimates of the evolving

rate parameter.
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Figure 1: This graph shows the modes of the rate parameters for each of the intervals of time enclosed

by error-bars.
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1. INTRODUCTION

Let X(i) :=
{
X

(i)
n

}
, i = 1, 2, be stationary sequences of random variables (r.v’s) with common

distribution function (d.f.) Fi, i = 1, 2, respectively. Consider that Ni := {gi(n)} , i = 1, 2, are
disjoint and strictly increasing sequences of integer numbers, such that N1 ∪ N2 = IN, and take
the subsequences

{
X

(1)
g1(n)

}
and

{
X

(2)
g2(n)

}
of X(1) and X(2), respectively. In this paper we consider

sequences that arise from the superposition of si(ρn) variables of the sequences X(i), i = 1, 2, when
considering asymptotically constant the proportion of variables to superpose from each one of the

sequences, that is, lim
n→∞

si(ρn)
ρn

= Li, i = 1, 2, L1 + L2 = 1, where si(ρn) = #Ni ∩ {1, ..., ρn}, i = 1, 2,

and {ρn} is a nondecreasing sequence of positive integers satisfying the geometrical growth properties

lim
n→∞

ρn = +∞ and lim
n→∞

ρn+1

ρn
= ρ ≥ 1.

Using superposition of point processes, Pereira (2004) studies the extremal behavior of the
sequence X := {Xn} =

{
X

(1)
g1(n)

}⋃{
X

(2)
g2(n)

}
, under suitable dependence conditions and by supposing

that Fi, i = 1, 2, belongs to the domain of attraction of a max-stable distribution (in short MS).
The class MS contains only continuous distribution functions (d.f’s) and there are a lot of

discrete and continuous d.f’s that do not belong to the domain of attraction of a MS d.f.. The class of
max-semistable d.f’s (MSS) (Pancheva (1992) and Grinevich (1992)) comes to warp these two aspects
since it extends the class MS, including some important discrete d.f’s, and it attracts some discrete,
continuous and mixtures of discrete and continuous d.f’s. This new class, which consists of all d.f’s
G for which there are reals ρ ≥ 1, a > 0 and b such that G(x) = Gρ(ax + b), appeared in the theory
of extremes associated to the limiting in distribution of the maximum of ρn i.i.d. r.v’s. In fact,
the class MSS coincides with the class of non degenerate limits in lim

n→∞
F ρn(anx + bn) = G(x), for

each continuity point of G, with {an > 0} and {bn} real sequences. For instance, the geometric d.f.
belongs to the domain of attraction of the MSS “discrete Gumbel” d.f. G(x) = exp(−e−[x]), x ∈ IR.

Grinevich (1992) proves that every MSS d.f. G, has only one of the following three parametric
forms, given by Gγ,ν = exp

{
−(1 + γx)−1/γν(log(1 + γx))

}
for x ∈ IR, γ 6= 0 and 1 + γx > 0 or

G0,ν = exp{−e−xν(x)}, x ∈ IR. The function ν is positive, bounded and periodic with period p =
| log a| = |γ| log ρ, when γ 6= 0, and p = b = log ρ, when γ = 0. If the function ν is a suitable
constant, we recover the MS class.

1Research partially supported by FCT/POCI/2010/FEDER (both authors) and by the projects EXMIX-

MOD/CMUBI (first author) and ERAS/POCI/MAT/58876/2004 (second author).
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2. LIMIT DISTRIBUTION OF THE MAXIMUM OF A GEOMETRIC NUMBER OF
RANDOM VARIABLES FROM THE SUPERPOSED SEQUENCES

We shall assume that the sequences X(i), i = 1, 2, satisfy the long range dependence condition
∆(un) of Hsing et al. (1988) or its weaker version D(un) of Leadbetter, for some sequences `

(i)
n = o(ρn)

and {un} such that lim sup
n→+∞

ρnP (X(i) > un) < +∞.

In Temido and Canto e Castro (2003) the classical Leadbetter’s Theorem is extended. Namely, if
for the stationary sequence {Yn} there are an > 0 and bn such that lim sup

n→+∞
ρnP (Yi > anx + bn) < +∞,

D(anx + bn) holds, for some `n = o(ρn), and P (Mρn ≤ anx + bn) converges to G(x), then G is MSS.
The superposed sequence is usually a non stationary sequence. So, we cannot apply this result

to it. However, since the sequences X(i), i = 1, 2 are stationary this result is applied.
In what follows we introduce a condition that guarantees the asymptotic independence of the

maxima of the variables of the sequences {X(i)
gi(n)}, i = 1, 2, to be superpose. In this paper {sn} is

a sequence of positive integers such that lim
n→∞

sn = +∞, lim
n→∞

sn`
(i)
n

ρn
= 0and lim

n→∞
snα

(i)

n,`
(i)
n

= 0, where

α
(i)

n,`
(i)
n

are the mixing coefficients of ∆(un) or D(un) for X(i), i = 1, 2. To simplify we use the notations

M(J) := max
j∈J

Xj , M (i)(J) := max
j∈J

X
(i)
j , M

(i)
ρn := max

1≤j≤ρn

X
(i)
j and M (i)

ρn
(Ni) := M (i)(Ni ∩ {1, 2, · · · , ρn}).

Definition 1 The sequence X satisfies condition
•
Dρn (un) if snβn → 0, n →∞, where

βn = sup
J∈J

{∣∣∣∣∣P
(

2⋂
i=1

{
M (i)(J ∩Ni) ≤ un

})
−

2∏
i=1

P
(
M (i)(J ∩Ni) ≤ un

)∣∣∣∣∣
}

where J represents the set of intervals of integers or unions of intervals of integers, any two being
separated by at least `n = o(ρn) and all with length lesser or equal to [ρn/sn].

Lemma 1 Suppose that the sequences X(i), i = 1, 2, satisfy D(un), for some `
(i)
n = o(ρn) and {un}

such that lim sup
n→+∞

ρn(1− Fi(un)) < +∞, and that the superposed sequence X satisfies
•
Dρn (un) for `n =

max{`(1)
n , `

(2)
n }. Let {sn} be the sequence defined above. Then, for Jk =

]
(k − 1)

[
ρn

sn

]
, k
[

ρn

sn

]]⋂
IN,

with k ∈ {1, 2, . . . , sn} , we have

P (Mρn ≤ un)−
sn∏

k=1

P (M(Jk) ≤ un) −→ 0, n −→ +∞.

Proof. Attending that lim
n→+∞

`n/

[
ρn

sn

]
= 0 we can consider `n <

[
ρn

sn

]
for n large. So we can consider

J ′k = Jk\{k
[

ρn

sn

]
− `n + 1, . . . , k

[
ρn

sn

]
}, for k ∈ {1, . . . , sn}. Firstly, we have∣∣∣∣∣P

(
sn⋂

k=1

{M(J ′k) ≤ un}
)
−

sn∏
k=1

P
(
M(J ′k) ≤ un

)∣∣∣∣∣
≤
∣∣∣∣∣P
(

sn⋂
k=1

{M(J ′k) ≤ un}
)
−

2∏
i=1

P

(
sn⋂

k=1

{M (i)(J ′k ∩Ni) ≤ un}
)∣∣∣∣∣

+

∣∣∣∣∣
2∏

i=1

P

(
sn⋂

k=1

{M (i)(J ′k ∩Ni) ≤ un}
)
−

2∏
i=1

sn∏
k=1

P
(
M (i)(J ′k ∩Ni) ≤ un

)∣∣∣∣∣
+

∣∣∣∣∣
sn∏

k=1

P
(
M(J ′k) ≤ un

)
−

2∏
i=1

sn∏
k=1

P
(
M (i)(J ′k ∩Ni) ≤ un

)∣∣∣∣∣
≤ βn + sn(α(1)

n,`n
+ α

(2)
n,`n

) +
sn∑

k=1

∣∣∣∣∣P (M(J ′k) ≤ un)−
2∏

i=1

P (M(J ′k ∩Ni) ≤ un)

∣∣∣∣∣
≤ βn + sn(α(1)

n,`n
+ α

(2)
n,`n

) + snβn = on(1).
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Thus, attending that, with J∗k = Jk\J ′k, we have

0 ≤ P

(
sn⋂

k=1

{
M(J ′k) ≤ un

})
− P

(
sn⋂

k=1

{M(Jk) ≤ un}
)

= P

(
sn⋃

k=1

{M(J∗k ) > un}
)

≤
2∑

i=1

sn∑
k=1

P (M (i)(J∗k
⋂

Ni) > un) ≤
2∑

i=1

sn`nP (X(i)
gi(1)

> un) = on(1)

and 0 ≤
sn∏

k=1

P
(
M(J ′k) ≤ un

)
−

sn∏
k=1

P (M(Jk) ≤ un) ≤
sn∑

k=1

P (M(J∗k ) > un) = on(1), we deduce

P

(
sn⋂

k=1

{M(Jk) ≤ un}
)
−

sn∏
k=1

P (M(Jk) ≤ un) → 0, n → +∞.

In order to finalize the proof we observe that P (Mρn ≤ un) = P

(
sn⋂

k=1

{M(Jk) ≤ un}
)

+ on(1).

In what follows, for stationary sequences with d.f. F , we deal with levels un := un(τ, ρn)
satisfying lim

n−→+∞
ρn(1− F (un)) = τ . Define Γ(F, ρn) := {τ > 0 : ∃{un} : lim

n→+∞
ρn(1− F (un)) = τ}

and note that if F is discrete, then Γ(F, ρn) is not necessarily equal to ]0, +∞[. In fact, if for some
τ > 0, un(τ, ρn) exists, then for another τ ′ > 0 the existence of un(τ ′, ρn) is equivalent to the existence
of an integer m such that τ = ρm τ ′. Also, following Temido and Canto e Castro (2003) we shall say
that a stationary sequence {Xn} has extremal index θ ∈ [0, 1], if there exists a nondecreasing positive
integer sequence {ρn} such that, for all τ ∈ Γ(F, ρn), we have lim

n→+∞
P (Mρn ≤ un(τ, ρn)) = e−θτ .

Attending that the type of long range dependence appropriate for the convergence in distribution
of the sequence of point processes of exceedances is the ∆(un)-condition of Hsing et al. (1988), we

shall assume it in the next proposition, where is proved that under
•
Dρn (un) we can describe the

asymptotic behavior of {Mρn} from
{
M (i)

ρn
(Ni)

}
, i = 1, 2.

Proposition 1 Suppose that the sequences X(i), i = 1, 2, satisfy D(un), for some `
(i)
n = o(ρn)

and un = un(τ1, ρn) = un(τ2, ρn), and that the superposed sequence X satisfies
•
Dρn (un) for `n =

max{`(1)
n , `

(2)
n }. If, for i = 1, 2, the sequences X(i) have extremal indexes θi, respectively, si(ρn)/ρn →

Li, n → +∞, with L1 + L2 = 1, and the sequences of the point processes of exceedances Sn[X(i), un]
converge, then lim

n→+∞
P (Mρn ≤ un) = e−(θ1τ1L1+θ2τ2L2).

Proof. Since that P (M (i)
ρn ≤ un) → e−θiτi , n → +∞, due to the convergence of Sn[X(i), un] we

get P (M (i)
ρn (Ni) ≤ un) → e−θiτiLi , n → +∞. Condition ∆(un) for X(i) enables us to conclude that

P (M (i)
ρn (Ni) ≤ un)−

sn∏
k=1

P
(
M (i)(Jk ∩Ni) ≤ un

)
→ 0, n →∞, and then

sn∑
k=1

P
(
M (i)(Jk ∩Ni) > un

)
→

θiτiLi, n → ∞. By P (M(Jk) > un) =
2∑

i=1

P
(
M (i)(Jk ∩Ni) > un

)
− P

(
2⋂

i=1

{M (i)(Jk ∩Ni) > un}
)

and, due to
•
Dρn (un), P

(
2⋂

i=1

{M (i)(Jk ∩Ni) > un}
)
≤

2∏
i=1

P
(
M (i)(Jk ∩Ni) > un

)
+ βn = o(1/sn),

we conclude that
sn∑

k=1

P (M(Jk) > un) → θ1τ1L1 + θ2τ2L2, n → +∞. The proof is concluded.

Let us suppose that, for i = 1, 2, Fi belongs to the domain of attraction of a MSS d.f. Gi. So
we have lim

n→∞
P (Mρn ≤ un(x)) = Gθ1L1

1 (x) × Gθ2L2
2 (x), id est, the limit distribution of the maximum

of ρn variables of the superposed sequence is the product of two MSS d.f’s, which is not necessarily

a MSS d.f.. Moreover, under the assumptions of Proposition 1, lim
n→∞

ρn∑
i=1

P (Xi > un) = τ1L1 + τ2L2.

Therefore we can say that the extremal index of the superposed sequence X is given by
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θ = lim
n→+∞

(
sn∑

k=1

P (M(Jk) > un)

)( ρn∑
i=1

P (Xi > un)

)−1

=
θ1τ1L1 + θ2τ2L2

τ1L1 + τ2L2
.

3. APPLICATION

Let Z(1) =
{
Z

(1)
n

}
and Z(2) =

{
Z

(2)
n

}
be independent sequences of i.i.d. r.v’s with d.f’s Fi and

consider a r.v. Y0 independent of Z(i), i = 1, 2. For 0 < λ ≤ 1 and r ∈ IR define

Yn =

 λ max
(
Yn−1, Z

(1)
n

)
if Yn−1 ≤ r

λ max
(
Yn−1, Z

(2)
n

)
if Yn−1 > r

.

Observe that λ max
(
Yn−1, Z

(i)
n

)
= max

(
max

1≤j≤n
λjZ

(i)
n−j+1, λ

nY0

)
and consider the sequences Y(i) with

Y
(i)
n = max

(
max

1≤j≤n
λjZ

(i)
n−j+1, λ

nY0

)
, i = 1, 2. We now prove that Y(1) ∪Y(2) satisfies

•
Dρn (un). Take

N1 = {j ∈ IN : Yj−1 ≤ r} and N2 = IN \N1. For any J ∈ J , we have, with λJ = max
s∈J

λs,

P

(
2⋂

i=1

{M (i)(J ∩Ni) ≤ un}
)

= P

(
Y0 ≤

un

λJ

) 2∏
i=1

P

 ⋂
s∈J∩Ni

s⋂
j=1

Z
(i)
s−j+1 ≤

un

λj


and

2∏
i=1

P
(
M (i)(J ∩Ni) ≤ un

)
=

2∏
i=1

P

 ⋂
s∈J∩Ni

s⋂
j=1

Z
(i)
s−j+1 ≤

un

λj

 2∏
i=1

P

(
Y0 ≤

un

λJ∩Ni

)
.

Consequently,∣∣∣∣∣P
(

2⋂
i=1

{M (i)(J ∩Ni) ≤ un}
)
−

2∏
i=1

P
(
M (i)(J ∩Ni) ≤ un

)∣∣∣∣∣→ 0, n →∞.

Suppose now that, for each i = 1, 2, Fi(x) = exp {−x−αiνi(log x)} for x > 0, where αi > 0 and νi is a
positive, bounded and periodic function. The d.f’s F1 and F2 are max-semistables. Following Alpuim
(1988), Temido (2000) proves that Y(i) has a non degenerate stationary d.f. Hi(x) =

∏+∞
j=1 Fi(x/λj)

and P
(
M (i)

ρn
≤ a−nx

)
→ H1−λαi

i (x), n →∞, i = 1, 2. On the other hand, since Y(i), i = 1, 2, satisfies

∆(un) (Alpuim, 1988), from the independence between Z(1), Z(2) and Y0 it follows that Y(1)∪Y(2) also
satisfies ∆(un). Furthermore take si(ρn) = #Ni∩{1, ..., ρn} and Li as above. Using Proposition 1, for

the superposed sequence {Yn} = Y(1) ∪Y(2), we obtain lim
n→+∞

P
(
Mρn ≤ a−nx

)
=

2∏
i=1

H
(1−λαi )Li

i (x).
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Alpuim, M.T. (1988). Contribuições à teoria de extremos em sucessões dependentes. Ph.D. Thesis. University
of Lisbon.
Grinevich, I.V. (1992). Max-semistable limit laws under linear and power normalization. Theory Prob. Appl.,
37, 720-721.
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ABSTRACT 
We consider a class of strong Feller processes subject to a certain  condition of fast explosion introduced by Takeda. 
We show that Donsker-Varadhan type limits relative the normalized occupation time measure hold for this class of 
processes. Analoguous results were obtained by Takeda in the symmetric case and by Jain for the lower bound in the 
general case. Also, the associated rate function is compared with the  exponential decay parameter of the process. 
 

We begin by introducing the hypotheses on the processes we are dealing with and set out preliminary 
results concerning them to be used in the sequel. Roughly speaking the set of conditions on the Markov 
processes considered in this paper differs from the ones specified by Takeda in [5] by the fact that the 
symmetry hypothesis imposed there is replaced here by the strong Feller property. The symmetry with 
respect to an excessive measure acting also as reference and irreducibility measure in [5] allows expressing 
the rate function in terms of the associated symmetric Dirichlet form. This kind of result is lost in our context 
and we confine ourselves to establishing a certain connection of the rate function to the spectral radius of the 
semigroup on bounded measurable functions, which is strictly positive an coincides with the exponential 
decay of the process. 

Throughout the paper we consider a locally compact space E  with countable base, E its Borel σ -
algebra and we denote by  bE , b  and ( )EC ( )E0C , respectively, the following classes of functions on E : 
the bounded E -measurable functions, the bounded continuous functions and the continuous functions 
vanishing at infinity. 

Let X  be a Markov process with semigroup ( ) 0≥ttP , resolvent ( ) 0≥α
αU  and lifetime ζ , defined on the 

probability spaces ( )xP,Ω ,  With any .Ex∈ ∈B E  we associate }:0inf{: BXtT tB ∈>= , the hitting 
time of B. 

 
We shall refer to the following conditions on the process: 

For each  and  we have 0>t ∈f ( )E0C ∈fPt ( )E0C  and . ( ) ( )xfxfPtt =↓0lim(I) 

For each   and  b , 0>t ∈f E ∈fPt  b ( )EC . (II) 

For any open nonvoid set G  we have ( ) 0>∞<G
x TP  for any .Ex∈  (III) 

∈11U ( )E0C  (IV) 
 

Condition (IV) implies the existence of   such that  and thus may be 
thought as a condition of fast explosion. 

0>γ ∞<γζ∈ )][exp(sup x
Ex P

 
Next we summarize from [1] and [3] some of the results concerning these processes that will be 

needed in the sequel. The parameter  that appears is defined as:  0λ
 

( )}.sup{lim: 1
0 tPt x

Ext >ζ−=λ ∈
−

∞→  
 
Theorem 1.  (i) Conditions (II) and (IV) imply condition (I). 

(ii) Under conditions (I), (III) and (IV) 00 >λ  and there exists a 0λ -invariant probability measure 

 (i.e.  for any  ) . μ μ=μλ
t

t Pe 0 0≥t
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(iii) Under conditions (II) - (IV) there exists a 0λ -invariant function  (i.e.  for any  

), which is strictly positive and in 

h hhPe t
t =λ 0

0≥t ( )E0C . 
(iv) The exponential decay parameter of X  is given by  0λ  and the process is -positive 

recurrent. 
0λ

 
We introduce now the elements specific to the asymptotic properties we have in mind.  
Let  be the space of probability measures on ( )EM E endowed with weak topology and define the 

following elements  from   ( )EM

( ) ( )( ) .,,1:,
0

1 Ω∈∈= ∫− ωωω EAsXtAL
t

sAt d , ( ).ωζ<t  

On   one defines as usual the rate function  ( )EM

( ) ( )u D A , 0
Auinf if

J : u
otherwise

+∈ ε>
⎧− ν ν⎪ν = + ε⎨
⎪ ∞⎩

∫ d μ
 

 
   where A  is the infinitesimal generator of the process and ( )AD  the domain of A . 
 
 
Proposition 1. Under conditions (I)-(IV) we have ( ) 0J ν ≥ λ  for any ν∈ ( )EM  and . ( ) 0λ=μJ
 
Proof. Let ; if ( )EM∈ν ( )J ν = ∞  there is nothing to prove. So assume ( )J ν < ∞ , when  is given by ( )J ν
 

( ) ( )

1

0u D A 1
0

Au AU hJ inf d inf d
u U h+ ε>∈

ε>

ν = − ν ≥ − ν =
+ ε + ε∫ ∫  

 
 

( )
( )

11
0

0 01 1
0

1 h hU h hinf d inf d
U h 1 h

−

ε> ε> −

λ + −−
= − ν = −

+ ε λ + + ε∫ ∫ ν =  

 

( )0 0
0

hsup d
h 1ε>= λ ν = λ
+ λ + ε∫ 0  

 
where  is the -invariant function, thus satisfying h 0λ ( ) .1 1

0
1 hhU −+= λ  

 To show that ( ) 0λ=μJ  we have prove that ( ) 0λ≤μJ . For any , , let  

be such that . Then we have  

( )ADfUu +∈= α 0>α fM

fMfU ≤α

 

( ) ( )
f

AU f U f f 1d d U f
MU f U f

α α
α

α α

α − f⎡ ⎤μ = μ ≥ αμ − μ =⎣ ⎦+ ε+ ε + ε∫ ∫  

 
( )

00 λ−≥
ε+

μ
λ−=

α

fM
fU

 

 
and this obviously implies . ( ) 0λ≤μJ
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Theorem 2.  Under conditions (II)-(IV) we have: 
(i) For any open set G in   ( )EM

( ) ( )1 x
K E t x K t Ginf lim inf t log inf P L G, t inf J−
⊂⊂ →∞ ∈ ν∈∈ < ζ ≥ − ν  

where EK ⊂⊂  means that K  is a compact set of   .E
(ii) For any closed set F in  ( )EM

( ) ( )1 x
t x E t Flim sup t log sup P L F, t inf J−
→∞ ∈ ν∈∈ < ζ ≤ − ν . 

 
Proof.  There are two ways of proving (i). The first would be to consider the recurrent process X~  associated 
with X  and  through the martingale multiplicative functional h ( ) ( )[ ] 1

0
0: −λ= XhXheM t
t

t , to get the lower 

bound for X~  and to return to the initial process using also the connection between the corresponding 
infinitesimal generators A  and A~ . The second way consists in verifying that X  satisfies the conditions 
imposed in Theorem 4.5 in [2] for the existence of the lower bound. We shall give the details only for this 
second approach. Namely, we shall show that X is μ -irreducible and that whenever we have 

 for any  (actually these are  much stronger than the sufficient conditions imposed in 
[2]). 

( ) 01 =μ AU
( ) 011 =xU A Ex∈

To prove the μ -irreducibility of X , let A  be such that ( ) 0>μ A . The  0λ - invariance of  μ  implies 

that ( ) 0>011 >μ AU  and condition  (III) applied to the nonvoid open set  { }011 >AU  entails 
 for any ( ) 011 >α xUU A Ex∈>α ,0  and thus,  by the resolvent equation  for any 011 >AU Ex∈ . 

Similarly, whenever  we have  ( ) 01 =μ BU 011 =BU μ -a.e. and therefore the open set { }011 >BU  must 
be empty. 
 
 For the upper bound we invoke the corresponding proof in [6], mentioning only the main steps none of 
which involves symmetry (however, symmetry is essential in establishing the expression of the rate function 
in terms of the Dirichelet form associated with the symmetry measure and the infinitesimal generator).  

For any   with  bE , and any fU α=ϕ ∈f 0>ε one considers  
 

εϕ,
tN :=

( )
( ) ( )t

0

X
exp X ds

X
ϕ + ε ⎛ ⎞ϕ

−⎜ ⎟
ϕ + ε ϕ +⎝ ⎠

∫
t

s
0

A
ε

, . 0≥t

 
Stochastic analysis arguments (Itô’s formula applied to ( )( )ttXϕ and the function log ( ) , ε+x 0>ε , as 
well as the expression of the unique solution of the Doléans-Dade equation) imply that for any ϕ  as above 
and any the process 0>ε ( ) 0

,
≥

εϕ
ttN  is a supermartingale multiplicative functional and hence ( ) 1, ≤εϕ

t
x NP  

for any . This implies that for any 0, ≥∈ tEx ( ) 0, >ε∈ + ADu we have 
 

( ) ( )x u x
P exp X ds ; t

⎛ ⎞ + ε⎛ ⎞ϕ
− < ζ ≤⎜ ⎟⎜ ⎟⎜ ⎟ϕ + ε⎝ ⎠⎝ ⎠
∫
t

s
0

A
ε

 

  
which in turn implies the key fact that for any ( )EC M∈  one has  
 

( ) ( )
1 x

t x E t Cu D A
0

Aulimsup t log sup P L C, t inf sup d
u+

−
→∞ ∈ ν∈∈

ε>

∈ < ζ ≤ ν
+ ε∫ . 

 
Further the upper bound result is established for a compact set K  in ( )EM  (simply the topological 

significance of compactness comes into account) and then one uses the result when considering arbitrary 
closed sets in ; at this last step condition (IV) is essentially taken into account. ( )EM
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It would be extremely interesting to provide the impact of these results on the expectations of hitting 
times of compact sets following [7]. 
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The passion of economists that drives the study of economic growth is very strong. In this
topics they see the possibilities to suggest actions a government of a poor country to growth. They
see a good, immediate applications of their works. For obvious reasons the convergence among the
countries have been at the heart of much empirical work on growth.

Mainstream theories of economic growth predicted that countries across the world will converge
in per capita income. This is not true. One of the most important implication of the Solow model
that is not supported by the data is the prediction of convergence in living standards across countries.
The facts tell us that convergence takes place not across all countries, but within groups of countries
which have similar political and cultural backgrounds. The theory has been modified, the convergence
happen if we consider a group of countries that are structurally similar in the sense that have the
similar values of saving rates, depreciation rates, and population growth and also the same production
function. This phenomena is called conditional convergence.

At the beginning of the last century, the Ehrenfests published a paper (by Paul and Tatiana
Ehrenfests) in which they rebutted some objections of Loschmid and Zermelo against Boltzmann’s
H-theorem. For a review of applications and a generalization see Costantini and Garibaldi (2004).
Ehrenfest urn model have many application in physics, genetic and economics. Here the model predict
the economic conditional convergence among the countries.

To introduce a simplest version of Ehrenfest model, let consider two urns, A and B, filled with
N marbles each called with an integer from 1 to N .1 In the urn A there are n marbles while in the
urn B there are the remaining N − n marbles. There is also a bag filled with N cards, on each card
an integer from 1 to N is printed. The model considers drawing a card at random from the cards-bag,
looking at the number, drawing the marbles with the observed number from the urn in which it is, and
putting it in the other urn. As the conditional convergence in economic growth, the Ehrenfests model
proved that, if the number of marbles is very large, the probability of such an increment becomes very
small.

Note that the drawing probability depends on the number of marbles that each urn have already.
If on urn A there are i marbles, the probability is n/N and for the other urn, (n−N)/N . Then the
probability of transition are:

pn,n−1 =
n

N
pn,n+1 =

N − n

N
n = 0, .., N(1)

1There is a very famous example to introduce the Eherenfest model where the dogs are urns and the fleas are the

marbles. In the long run the dogs will have the same number of fleas.
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The others probability of transition are zero. At any given time, when the current state of the
first urn is Xn and al previous states X1, ...Xn−1 of the process are known, the probabilities of the
future state depend only on the current state Xn. The conditional probability of each future state
given the past states and the present state depends only on the present state. In other words, every
future state is not effected by the past or present state, already it must be considered independently.
Then Ehrenfest urn model is homogeneous Markov chains.

This basic model could be have very different and interesting generalization. For instance, more
urns, or the number of marbles can be variable over the time or with different method to draw.

This version of the Ehrenfest model is inadequate for interesting applications to economic growth.
For instance, the urns are only two, whilst in reality the number of countries that I want apply the
model is much larger. To describe the economic growth theory by Ehrenfest model need a more urns.

I formalize a generalization of this model needed to capture and to simulate the economic
convergence as follows.2

Let consider more than two urns, U , then each urn is represented to an integer u that u ∈ [1, U ].
The total number of marbles are N , n ∈ [1, N ]. Note that we need more than 3 marbles and more
than 3 urns to really generalize the Ehrenfest model. Then in each urn there are n1, n3, .., nu, .., nU

marbles. Where the sum of the marble in all urns are
∑U

1 nu = N .
Now we need to have to drawing. First, as before there is a bag filled with N cards, on each

card an integer from 1 to N is printed. Second, there is another bag filled with U cards, on each
card an integer from 1 to U is printed, to decide in which u′ urn the marbles will be put. The model
considers drawing a card at random from the cards-bag, looking at the number, drawing the marbles
with the observed number from the u urn in which it is, and putting it in the u′ urn . The first state
of locating of marbles is random. The probability of transition are:

{
p =

(n1
N , n2

N , ..., nu
N

)
∑U

1 nu = N
(2)

where n = 0, .., N , u = 1, .., U and the others probabilities of transition are zero. We shall denote the
time evolution of this state in the urns, that is the related stochastic process by

Xu,1, ..., Xu,t, Xu,t+1, ...

where X(u, t) is a vector of the number of marbles being in the urns u at time t. The initialization
vector by this notation is given:

X1,0, X2,0, ..., Xu,0, .., XU,0

.
How the process goes to the state t a t+1? Let describe the drawing in different way again. The

change of state of system is determine by drawing a marble belong an urn and by another drawing put
this marble in an urn. If the state of the system at time t it drawn a marble in the urn u there will
be nu marble, the state of the system at time t + 1 must be either nu − 1, and a marble was removed
and was put in the another urn u′, then there will be nu′ + 1 marbles. There is also the possibility
that the drawing marble was remit in the same urn, then the state of system will be the same than
before the drawing.

Empirically I use the data of Penn World Table value of GDP per capita in percentage 2004.
Theoretically I consider the average of a thousand of results of Eherenfest model. Each results of
Eherenfest model have thousand interactions, a number of urns equal to the number of countries and
hundred marbles to easily compare to value of GDP per capita in percentage. The first tables are on

2Other generalization is presented by Costantini and Garibaldi (2004).
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economic (conditional) convergence countries, after I present countries with different socio-economic
characteristic where there is not convergence (unconditional convergence).

In Table G-5 countries 2004 we can see the five richest countries in the world. In the left side of
table there are the data by Ehrenfest model and in the right side there are the empirical data. There
is no difference between the two columns. The test of χ2 is χ2

c = 2, 849 < χ2
0,05,4 = 16, 75, χ2

c is the
empirical χ2 and χ2

0,05,4 is the χ2 with significance level 0, 05 and four degree of freedom (number of
countries minus one). The null hypothesis H0 is not reject, H0 : pi = p∗i , for all i. The H0 here is if the
data, the GDP per capita, follow a specified distribution, the Eherenfest model. Also if we consider
the seven richest countries the result does no change.

This work has developed a new possibility to predict the growth of countries, in particular
the conditional convergence. The simple generalization of Ehrenfest model presented here provides
a powerful tool in economic growth. This work confirmed the Ehrenfest model as useful tool in
economics.

G-5 countries 2004.

G-5 countries 2004.
Comparison between theoretical and empirical value.
Countries Empirical data Theoretical data
Germany 18% 18%
Japan 18% 19%
UK 19% 20%
France 19% 20%
USA 26% 23%

Table 1: Comparison between theoretical e empirical value. Alan Heston, Robert Summers and Bettina
Aten, Penn World Table Version 6.2, Center for International Comparisons of Production, Income and
Prices at the University of Pennsylvania, September 2006. Real GDP per capita (Constant Prices:
Laspeyres), 1950-2004, 2000 as base year. χ2

c = 2, 849 < χ2
0,05,4 = 16, 75. The H0 : pi = p∗i , for all i is

not reject.
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RÉSUMÉ (ABSTRACT)

The aim of this work is predict the economic convergence among countries by using a general-
ization of Ehrenfest urn. This type of stochastic process is applied in the different sciences, here it
helps us to predict the economic growth. In particular this work shows that the Ehrenfest model capture
the conditional convergence among countries, for instance: European Union countries or UK, France,
Germany, Japan and USA.
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The purpose of this article is the determination of the characteristic function for the 

solution of the Cauchy problem related to the differential stochastic equations system  
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We use the Jordan”s theorema which permit to write a matrice in a canonic form and then 
the Kolmogorov theorema. 
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1. Introduction

Bisexual branching processes (BBP) provide a useful way to model generation sizes for popula-
tions where the descendants are generated by a sexual mechanism. An important special case of these
processes is the BBP with immigration which has been studied for example in González et al. (2000,
2001, 2002).

This communication deals with the estimation of the offspring mean vector for BBP with im-
migration of females and males. We assume that immigrants are not observable and that we can only
sample the number of females, males and couples (mating units) in each generation.

In Section 2 we introduce the BBP with immigration of females and males along with a ba-
sic notation which will be use throughout the paper. Section 3 is devoted to developing weighted
conditional least squares estimators for the offspring and immigration mean vectors of the process.
Moreover, we derive the strong consistency and asymptotic limit distribution of the estimator of the
offspring mean vector in the supercritical case.

2. The Probability Model

The bisexual Galton-Watson process with immigration of females and males (BGWPI) denoted
by {(Fn,Mn)}n≥1 can be defined recursively by:

Z0 = N ≥ 0, (Fn+1,Mn+1) =
Zn∑
i=1

(γ1
ni, γ

2
ni) + (F I

n+1,M
I
n+1), n = 0, 1, . . .

(1)

Zn+1 = L(Fn+1,Mn+1), n = 0, 1, . . .
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where the empty sum is considered to be (0, 0), {(γ1
ni, γ

2
ni), i = 1, 2, . . . ; n = 0, 1, . . . } and {(F I

n , M I
n),

n = 1, 2, . . . } are respectively sequences of i.i.d. non-negative integer valued random variables. More-
over the sequences {(γ1

ni, γ
2
ni)} and {(F I

n ,M I
n)} are assumed independent. Finally, the mating function

L : R+×R+ → R+ is assumed to be non-decreasing in each argument, integer valued for integer valued
arguments and such that L(x, y) ≤ xy.

Intuitively (γ1
ni, γ

2
ni) represents the number of females and males produced by the ith mating

unit in generation n and (F I
n ,M I

n) may be viewed as the number of immigrant females and males
in this generation. Thus, (Fn, Mn) is the total number of females and males in the nth generation,
which form Zn = L(Fn,Mn) mating units. These couples reproduce independently through the same
probability distribution for each generation.

The distributions of {(γ1
ni, γ

2
ni)} and {(F I

n ,M I
n)} are called offspring and immigration distribu-

tions, respectively. We denote by µ = (µ1, µ2) and µI = (µI
1, µ

I
2) their mean vectors and by Σ = (σij)

and ΣI = (σI
ij) their covariance matrices, respectively.

It can be shown that {Zn}n≥0 and {(Fn,Mn)}n≥1 are Markov chains with stationary transition
probabilities. From now on we will use the simplified notation:

Γn = (Γ1n, Γ2n) where Γ1n = Fn and Γ2n = Mn, n = 1, 2, ...

ΓI
n = (ΓI

1n, ΓI
2n) where ΓI

1n = F I
n and ΓI

2n = M I
n, n = 1, 2, ...

In this paper we will confine our attention to BGWPIs with superadditive mating functions, i.e.
satisfying for every positive n that

L

(
n∑

i=1

(xi, yi)

)
≥

n∑

i=1

L(xi, yi), xi, yi ∈ R+, i = 1, . . . , n.

This is not a serious restriction, as was pointed out in Hull (1982) the vast majority of mating
functions used in the literature on two-sex population models are superadditive.

We will assume that µ and µI are positive and finite vectors and that the variances σii and σI
ii,

i = 1, 2, are also finite. In order to investigate asymptotic properties for the proposed estimators in
next section, we will also suppose that our process is supercritical, i.e. r > 1, where r is the asymptotic
mean growth rate of a bisexual Galton-Watson process with the same offspring distribution and mating
function that our BGWPI (see Daley et al. (1986)). For this supercritical case, under some conditions
the following properties apply (see González et al. (2002)):

P1. {Z−1
n−1Γn}n≥1 converges almost surely to µ and {Z−1

n−1Γ
I
n}n≥1 converges almost surely to 0 as

n →∞ on {Zn →∞}.

P2. {r−nZn}n≥0 converges almost surely to a non-negative, finite and non-degenerate random vari-
able W as n →∞.

P3. {r−nΓn}n≥1 converges almost surely to r−1Wµ as n →∞.

P4. {W > 0} = {Zn →∞} almost surely.

P4 can be establish using the results given in González et al. (2006).
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3. Weighted Conditional Least Squares Estimation

In this section we will study the estimation of the vectors µ and µI on the basis of observing
the sample {Zk−1, Γk, k = 1, .., n} for some n ≥ 2, i.e. when the immigrants are not observable and
only the total number of females, males and couples can be achieved.

If we denote by Fn = σ(Z0, Γ1, ...,Γn), n = 1, 2, ... (F0 = σ(Z0)), then :

E[Γn | Fn−1] = Zn−1µ + µI a.s. n = 1, 2, ...

We can use this almost sure equality to represent Γn as the following stochastic regression equation

Γn = µZn−1 + µI + εn,

where the error term εn = (ε1n, ε2n) has E[εin | Fn−1] = 0, i = 1, 2. However, as in Wei and Winnicki
(1990), the fact that the conditional variances V ar[εin | Fn−1] = σiiZn−1+σI

ii, i = 1, 2, are unbounded
on {Zn → ∞}, can be use to show that the resulting conditional least squares estimator of µ is not
efficient.

To overcome this, we can rewrite the model as

Γn

(Zn−1 + 1)1/2
= µ(Zn−1 + 1)1/2 +

(µI − µ)
(Zn−1 + 1)1/2

+ δn,

with δn = (δ1n, δ2n) = εn(Zn−1 + 1)−1/2, where for i = 1, 2

E[δin | Fn−1] = 0 and V ar[δin | Fn−1] =
σiiZn−1 + σI

ii

Zn−1 + 1
, i = 1, 2.

Since V ar[δin | Fn−1] ≤ σii + σI
ii, i = 1, 2, the error terms δin, i = 1, 2, would not fluctuate too

much even when Zn →∞. These considerations lead us to obtain weighted conditional least squares
estimators of the offspring and immigration mean vectors by minimizing the expression

(2) ϕ(µ, µI) =
2∑

i=1

n∑

k=1

δ2
ik.

It is easy to verify that the values of µ and µI that minimize (2) are respectively:

µ̂n = (µ̂1n, µ̂2n) =

n∑
k=1

1
Zk−1+1

n∑
k=1

Γk − n
n∑

k=1

Γk
Zk−1+1

n∑
k=1

(Zk−1 + 1)
n∑

k=1

1
Zk−1+1 − n2

and

µ̂I
n = (µ̂I

1n, µ̂I
2n) =

n∑
k=1

Γk
Zk−1+1

n∑
k=1

Zk−1 −
n∑

k=1

Zk−1

Zk−1+1

n∑
k=1

Γk

n∑
k=1

(Zk−1 + 1)
n∑

k=1

1
Zk−1+1 − n2

.

These estimators are valid whatever the value of r, i.e. in all the cases in which BGWPIs can be
classified. We will now investigate the asymptotic properties of µ̂n in the supercritical case, focussing
our attention on its strong consistency and limit distribution

Theorem. Let be a superadditive BGWPI given by (1) with r > 1 and such that properties P1-P4
hold. Then, on {Zn →∞},
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1. µ̂n converges a.s. to µ as n →∞.

2. For i = 1, 2 (
n∑

k=1

(Zk−1 + 1)

)1/2

(µ̂in − µi)
d→ N(0, σii) as n →∞.
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Paths to Extinction
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Chalmers and Gothenburg University
E-mail: jagers@chalmers.se

ABSTRACT

There are many ways a population can die out. One of the basic patterns is that of intrinsic extinc-
tion in stable environment. The natural way to model this is through general, subcritical branching
processes, starting from a “large” number of ancestors. In this “general” means that individual life
span can have an arbitrary distribution, and so can the reproduction pattern, e.g. repeated litters
of varying size are allowed. We show that the time to extinction is proportional to the logarithm of
the size of the starting population plus a Gumbel distributed random variable, in the limit as the
starting number grows to infinity. The proportionality constant is one over the absolute value of the
Malthusian parameter. We describe the size of the population “u-way” to extinction for 0 < u < 1,
and also discuss the from of the path immediately before extinction. Some other patterns of extinction
will also be briefly mentioned.

Keywords. Extinction, branching processes, viability, Gumbel.
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Quadratic harnesses - a class of stochastic processes with linear-

quadratic conditional structure
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Let X = (Xt)t>0 be an integrable stochastic process with σ-fields

Fs,u := σ {Xt : t ∈ (0, s] ∪ [u,∞)} , F≤s := σ {Xt : t ∈ (0, s]} .

X is a (simple) harness (see (MansuyYor2005)) if for every r < s < t < u

E

[
Xt −Xs

t− s

∣∣∣∣∣Fr,u

]
=

Xu −Xr

u− r
.(1)

(The harness condition is equivalent to the linearity of regression property

E [Xt|Fs,u] = at,s,uXs + bt,s,uXu,

with at,s,u = u−t
u−s , bt,s,u = t−s

u−s .) Let

Qt,s,u(x, y) = At,s,ux2 + Bt,s,uxy + Ct,s,uy2 + Dt,s,ux + Et,s,uy + Ft,s,u

be a quadratic form in variables x, y with time-dependent deterministic coefficients. X is a quadratic
harness if it is a square integrable harness satisfying for all s < t < u

E
[
X2

t |Fs,u

]
= Qt,s,u (Xs, Xu) .(2)

The well-known examples of quadratic harnesses are the Wiener, Poisson, and Gamma processes. The
aim of the talk (based on joint work with W lodzimierz Bryc and Jacek Weso lowski) is to indicate that
the class of quadratic harnesses is much richer and that there is an interesting theory behind it.

Surprisingly, it turns out that under some technical assumptions it follows from (1) and (2) that
there are five real parameters q, η, θ, σ, τ such that

Var [Xt|Fs,u] =
(u− t)(t− s)

u(1 + σs) + τ − qs
K

(
Xu −Xs

u− s
,
uXs − sXu

u− s

)
,

where

K(x, y) = 1 + θx + τx2 + ηy + σy2 − [x, y]q

and [x, y]q = xy − qyx is the so-called q-commutator.
The reason for writing the q-commutator in such a strange form is that it naturally (and quite

surprisingly too) appears in the following context. Suppose that a quadratic harness X has moments of
all orders and martingale polynomials pn(x; t) of all degrees n ≥ 0, that is E[pn(Xt; t)|F≤s] = pn(Xs; s),
0 < s < t. Since xpn(x; t) is a polynomial of degree n + 1, it follows that

xpn(x; t) =
n+1∑
k=0

Ck,npk(x; t).(3)
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It can be proved that under some technical conditions recurrence (3) holds with the infinite matrices

Ct :=



C00(t) C01(t) C02(t) C03(t) . . .

C10(t) C11(t) C12(t) C13(t) . . .

0 C21(t) C22(t) C23(t) . . .

0 0 C32(t) C33(t) . . .

0 0 0 C43(t)
. . .

...
...

...
. . .


given by

Ct = tx + y, t > 0,(4)

and the infinite matrices x = C1 −C0, y = C0 satisfy equation K(x, y) = 0 (with 1 understood as the
infinite identity matrix).

From (4), we are able to derive a number of equations that determine orthogonal martingale
polynomials for some sets of parameters q, η, θ, σ, τ (orthogonality implies that matrices Ct are tridiag-
onal). In fact, this allows us to find polynomials that are orthogonal with respect to one-dimensional
distributions of X, L(Xt), and conditional distributions L (Xt|Xs). In other words, assuming the
existence of the quadratic harness X for some sets of the parameters, it is possible to find some dis-
tributions of X. This, in turn, enables to construct Markov processes with the same distributions.
The next step is to verify that the obtained processes are in fact quadratic harnesses with specified
parameters.

In this way, one can construct explicitly some quadratic harnesses (other than the well known
examples listed before) as some Markov processes. The program sketched above has been carried out
in several cases of various combinations of parameters q, η, θ, σ, τ , but required quite complicated and
delicate arguments and calculations (see the references for the papers of Bryc, Weso lowski and the
author). We conjecture that quadratic harnesses exist for an open range of each of the parameters,
but such a construction is still beyond the reach of our methods. Also, many of the properties of the
introduced class of processes require further research.
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Mart́ınez, Rodrigo
University of Extremadura, Department of Mathematics
Avda. Elvas s/n
06071 Badajoz,Spain
E-mail: rmartinez@unex.es

Mota, Manuel
University of Extremadura, Department of Mathematics
Avda. Elvas s/n
06071 Badajoz,Spain
E-mail: mota@unex.es

Del Puerto, Inés
University of Extremadura, Department of Mathematics
Avda. Elvas s/n
06071 Badajoz,Spain
E-mail: idelpuerto@unex.es

Abstract

For a controlled branching process with offspring distribution belonging to the power series
family, we prove the asymptotic normality of the posterior distribution for the offspring mean and
for the basic parameter defining the family. As practical applications, we calculate asymptotic HPD
(high probability density) credibility sets for the offspring mean and we provide a rule to make in-
ference about the value of this parameter. Moreover, as particular cases of the controlled branching
process, we derive the asymptotic posterior normality of the respective parameters of two classical
branching models, namely the standard Galton-Watson process and the Galton-Watson process with
immigration.

Keywords: Branching processes. Random control. Bayesian inference. Asymptotic normality.

1. Introduction

The controlled branching process with random control function (CBP) is a discrete time sto-
chastic model introduced in Yanev (1975) and defined by:

(1) Z0 = z0, Zn+1 =
φn(Zn)∑

j=1

Xn,j , n = 0, 1, . . . ,

where the empty sum is considered to be 0, z0 is a non-negative integer, and {Xn,j : n = 0, 1, . . . ; j =
1, 2, . . . } and {φn(z) : n, z = 0, 1, . . .} are independent sequences of non-negative integer-valued ran-
dom variables defined on the same probability space. The variables Xn,j are independent and identi-
cally distributed and, for n = 0, 1, . . . , {φn(z)}z≥0 are independent stochastic processes with the same
probability distribution. The probability laws associated with X0,1 and φ0(z), z = 0, 1, . . . are called
offspring and control distributions, respectively. Let us denote m = E[X0,1] and σ2 = Var[X0,1], both
assumed finite. It is not difficult to prove that {Zn}n≥0 is a homogeneous Markov chain with state
space in the non-negative integers.

It is remarkable the role played by the offspring mean, m, in the behaviour of the CBPs. From a
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Bayesian outlook, inferences about this parameter are based on its posterior distribution. However the
full posterior distribution of m is not available in closed form. This paper deals with the problem of
using a normal model to approximate that distribution. In Section 2, we provide the main results and
in Section 3, we apply these results to the standard Galton-Watson process and the Galton-Watson
process with immigration.

2. Main results

We will focus our attention on CBPs with offspring distribution belonging to the power series
family with basic parameter θ, that is

(2) pk(θ) = P [X0,1 = k] = akθ
kA(θ)−1 , θ ∈ Θ , k = 0, 1, . . . ,

where ak ≥ 0, A(θ) =
∑∞

k=0 akθ
k and Θ = {θ > 0 : A(θ) < ∞} is an open subset of R. This

is an exponential family that includes many important probability laws (such as Poisson, Binomial,
Negative Binomial distributions). It is easy to check that

m = m(θ) = θ A′(θ) A(θ)−1 and σ2 = σ2(θ) = θ m′(θ),

with dashes denoting derivation with respect to θ. To avoid trivialities we consider a non-degenerate
offspring distribution so that m′(θ) = θ−1σ2(θ) > 0. Hence m(·) is strictly increasing and its inverse
has the same properties.

We assume the variables {(Zi, φi(Zi)) : i = 0, . . . , n − 1;Zn} can be observed. Taking into
account that {Zn}n≥0 is a homogeneous Markov chain and from (2), the likelihood function satisfies
that

(3) Ln(θ) = L(θ | {(Zi, φi(Zi)) : i = 0, . . . , n− 1; Zn}) ∝ θZ∗nA(θ)−φ∗n−1 ,

with Z∗n =
∑n

i=1 Zi and φ∗n =
∑n

i=0 φi(Zi). Hence, for an arbitrary prior π(θ), we deduce that the
posterior density is

π(θ | {(Zi, φi(Zi)) : i = 0, . . . , n− 1;Zn}) =
π(θ)θZ∗nA(θ)−φ∗n−1

∫
Θ π(θ)θZ∗nA(θ)−φ∗n−1dθ

.

To show the asymptotic posterior normality of θ, it will be necessary to determine the maximum
likelihood estimator of θ. It is easy to obtain from (3) that the maximum likelihood estimator of m,
based on the observation of {(Zi, φi(Zi)) : i = 0, . . . , n − 1;Zn} is m̂ = m̂(θ) = (φ∗n−1)

−1Z∗n. Hence,
using the fact that m(·) is strictly increasing, we deduce that the maximum likelihood estimator of θ,
denoted by θ̂n, is the unique solution of the equation

Z∗n = φ∗n−1m(θ̂n) .

Henceforth, we shall use the notation ‘almost sure (θ)’ to specify that the almost sure statement
is made under the offspring law determined by θ.

Theorem 1 Let θ∗ ∈ Θ. Suppose that θ̂n converges to θ∗ almost surely (θ∗). If the prior density π(θ)
is continuous at θ∗, then, for any a, b with −∞ ≤ a < b ≤ ∞, we have, on {φ∗n →∞},

lim
n→∞

∫ θ̂n+bσn

θ̂n+aσn

π(θ | {(Zi, φi(Zi)) : i = 0, . . . , n− 1;Zn}) dθ = Φ(b)− Φ(a) a.s. (θ∗),

where Φ(x) = (2π)−1/2
∫ x
−∞ e−u2/2 du and σn = (φ∗n−1σ

2(θ̂n))−1/2θ̂n.
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Using the previous theorem we establish the asymptotic posterior normality of m.

Theorem 2 Under the conditions of Theorem 1, for any a, b with −∞ ≤ a < b ≤ ∞,

lim
n→∞

∫ m(θ̂n)+bσ̄n

m(θ̂n)+aσ̄n

π(m | {(Zi, φi(Zi)) : i = 0, . . . , n− 1;Zn}) dm = Φ(b)− Φ(a) a.s. (θ∗),

where σ̄n = (σ2(θ̂n))1/2(φ∗n−1)
−1/2.

Remark 1 In Bayesian inference, making use of the posterior distribution for the parameter, it is
possible to compute some credibility sets where there is a high probability of finding the parameter.
In this way, for the offspring mean, an usual procedure to determine these sets is to obtain R(λ) =
{m : π(m | {(Zi, φi(Zi)) : i = 0, . . . , n− 1;Zn}) ≥ λ} with λ such that

∫

R(λ)
π(m | {(Zi, φi(Zi)) : i = 0, . . . , n− 1;Zn})dm = 1− α

for a given credibility coefficient 1− α, 0 < α < 1. R(λ) is known as HPD (high probability density)
credibility set for m, at level 1 − α. Taking Theorem 2 into account, we can use a suitable normal
distribution to calculate R(λ).

3. Particular cases

In this section we apply Theorem 1 and Theorem 2 to some classical processes which can be
obtained from model (1) by specifying a concrete control sequence.

The standard Galton-Watson process
If we take φn(z) = z for every n and z, then

Zn+1 =
Zn∑

j=1

Xn,j ,

that is, the standard Galton-Watson process. In this case the asymptotic posterior normality was
established by Scott (1987), but it can be also deduced as an immediate consequence of Theorem 1.
In fact, φ∗n =

∑n
i=0 Zi = Z∗n +Z0, the maximum likelihood estimator of m is m̂ = (Z∗n−1 +Z0)−1Z∗n, θ̂n

is the unique solution of the equation (Z∗n−1 + Z0)m(θ̂n) = Z∗n and σn = ((Z∗n−1 + Z0)σ2(θ̂n))−1/2θ̂n.
Given θ∗ ∈ Θ, φ∗n diverges to ∞ with a positive probability (under the offspring law determined

by θ∗) if and only if m(θ∗) > 1. Moreover, if m(θ∗) > 1, then limn→∞ θ̂n = θ∗ almost surely (θ∗) on
{Z∗n →∞} (see Guttorp, 1991, p. 48) so, assuming the continuity of the prior distribution at θ∗ and
the non-degeneracy of the offspring distribution, all the hypotheses of Theorem 1 and Theorem 2 are
satisfied and consequently the normality of the posterior distributions of θ and m holds.

The Galton-Watson process with immigration
We consider a Galton-Watson process with immigration, i.e. a sequence {Zn}n≥0 defined in the

recursive manner

Tn+1 =
Zn∑

i=1

Xn,i, Zn+1 = Tn+1 + Yn+1, n = 0, 1, . . . ,

where {Xn,i : n = 0, 1, . . . , i = 1, 2, . . . } and {Yn : n = 0, 1, . . . } are two sequences of independent iden-
tically distributed non-negative integer-valued random variables. We also assume that both sequences
are independent and that Z0 = Y0.
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Intuitively, Zn denotes the number of individuals (particles) and Yn the number of immigrants,
both in the nth generation. {Zn}n≥0 is a Markov chain with stationary transition probabilities.

The sequence {Tn}n≥1 is a CBP with φn(z) = z + Yn. If Z∗n =
∑n

j=1 Zj , Y ∗
n =

∑n
j=0 Yj and

T ∗n =
∑n

j=1 Tj , n = 1, 2, . . . , Bhat and Adke (1981) proved that the maximum likelihood estimator for
m is

m̂ =
T ∗n

Z∗n−1 + Z0

respectively. They also showed that this estimator is strongly consistent.
Therefore the maximum likelihood estimator, θ̂n, of θ is the unique solution of

(Z∗n−1 + Z0)m(θ̂n) = T ∗n .

Note that it is strongly consistent because of the consistency of m̂. Assuming again the continuity of
the prior distribution at θ∗ and the non-degeneracy of the offspring distribution, all the hypotheses of
Theorem 1 and Theorem 2 are satisfied and consequently the normality of the posterior distributions
of θ and m holds.
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Abstract 

Obtaining the probability density function of the first exit time is an important problem in a compound Poisson 
process. In this study, the probability density function of the first exit time with a time-independent boundary is 
given using the explicit probability function of the compound Poisson process which was obtained in (Özel and 
İnal, 2007). By means of written macros some numerical examples are also given to illustrate the usage of the 
cumulative distribution of the first exit time and the probability function of the compound Poisson process.  
 
Keywords: Compound Poisson process, First exit time, Integer partitons, Time-independent boundary. 

1. Introduction 

Let { }0t,N t ≥  be a homogeneous (or nonhomogeneous) Poisson process and let iY , ..., ,2 ,1i =  be i.i.d. random 

variables, independent of the process { }0t,N t ≥ . A compound Poisson process is given by  

                                                                                    ∑
=

=
tN

1i
it YX .                                                                        (1) 

Since the closed form of the probability (or the probability density) function of tX  is not avilable, determining 

the explicit probability density function of the first exit time is interesting and quite tractable (Ammussen, 2000), 
(Dvoretzky et al., 1953). For a compound Poisson process with only positive jumps and linear boundaries first 
exit problem is introduced in (Zacks et al., 1999) and Laplace Stieltjes transforms are used for the probability 
density function of the first exit times where iY , ..., ,2 ,1i =  are continuous random variables.  

In this study, the explicit probability density function of the first exit time is obtained for the case that { }0t,N t ≥  

is a homogeneous Poisson process with intensity parameter 0>λ  and iY , ..., ,2 ,1i =  are i.i.d. discrete random 

variables. For this aim, the explicit probability function of tX  which was obtained by (Özel and İnal, 2007) is 

used. In Section 2, some preliminary results of (Özel and İnal, 2007) is explained which are required for the 
explicit derivation of the cumulative distribution function of the first exit time. In Section 3 the probability 
density function of the first exit time with a time-independent boundary and positive jumps is obtained and some 
numerical examples are presented. All the computations were performed by macros which were written by using 
integer partitions. In Section 4 the conclusion is given.  
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2.  The probability function of Xt  
Let { }0t,N t ≥  is a homogeneous Poisson process and iY , ..., ,2 ,1i =  be i.i.d. discrete random variables. Then 

the (defective) probability function of tX  is given by 

 

( ) )nN(P nN/kY...YYP)kX(P)k(p t
0n

tn21tX t
===+++=== ∑

∞

=

,        ... ,2 ,1 ,0k =                               (2) 

               
However, it is not easy to yield an explicit formula from Eq. (2) for the probability function of tX  (Meintanis 

and Koutrouvelis, 1999), (Nuel, 2007). The probability function of tX  was given by (Özel and İnal, 2007) as in 

Theorem 1. 
 

Theorem 1: Let { }0t,N t ≥  is a homogeneous Poisson process with intensity parameter 0>λ  and iY , 

..., ,2 ,1i =  are i.i.d. discrete random variables with the probabilities ji p)jY(P == , m,...,1,0j = . Let jj pλ=λ , 

m,...,1,0j = . If  2m = , then the explicit formula for the probability function of is 

 
)p1(t

X
0

t
e)k(p −λ−= ,                                0k =                                                                                                                                                                                                        

          
[ ]

∑
=

−
−λ−

−

λλ
=

2k 

0i

i
2

i2k
1)p1(t

!i )!i2k(

)t()t(
e 0 ,   ... ,3 ,2 ,1k =                                                                                              (3)                                                                                                       

                                                           
where [ ] denotes the integer part of the number in the brackets. 
 
The probability function of X for 2m >  is derived in the same manner with 2m = . We obtain the probabilities 
for 2m >  as follows, 
 

)p1(t
t

0e)0X(P −λ−== , 

!1

)t(
e)1X(P 1)p1(t

t
0
λ

== −λ− ,                                                                                                                                  (4) 








 λ
+

λ
== −λ−

!1

)t(

!2

)t(
e)2X(P 2

2
1)p1(t

t
0 , 








 λ
+
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According to above probabilities for ,...,2 ,1 ,0k =  the right-hand side terms depend on how k can be partitioned 

into different forms with using integers m..., ,2 ,1 . To obtain probabilities in Eq. (4) we have written some 

macros that one can obtain probabilities quickly. Let the random variables iY , ..., ,2 ,1i =  have infinite values 

,...2 ,1 ,0j =  If the probability )jY(P i =  and ii pλ=λ  approach zero for ∞→j , the probability functions given 

in Eq. (3) and Eq. (4) can also be used. 

We present the probability function of tX  depending for the values of 10t = , 2m =  and 5m = . For 2m = , 

the probabilities )kX(P t= , ,...,2 ,1 ,0k =  calculated from Eq. (3) and given in Figure 1. Similarly, for 5m = , 

the probabilities obtained form Eq. (4) and given in Figure 2. In these calculations, }0t,N{ t ≥  is a homogeneous 
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Poisson process with intensity parameter 5.0=λ  and 2=λ ; the random variables iY, ..., ,2 ,1i =  have a 

binomial distribution with parameters 2.0p = . 

  
                                                                         
 
 
                                                                                        
 
 
 
 
 
 
                               
                                                                       
Figure 1. Probabilities for the compound Poisson              Figure 2. Probabilities for the compound Poisson 
process  with 2m = , 2.0p = .                                                process with 5m = , 2.0p = . 

 

3. The Cumulative Distribution Function of the First Exit Time  

We now consider a time-independent boundary β , with 0>β  then Τ  be first exit time 

 
}X:tinf{ t β≥=Τ                                                                                                                                                    (5) 

 
where ∞<< t0 . Τ  can be described as the first instant at which a sample path crosses (jumps over) the 
boundary β . If )Y(E=µ  we can write t)X(E t µλ= . Accordingly, if 1<µλ , the sample path of  crosses the 

boundary β  sooner or later, i.e., 1)(P =∞<Τ . To assure that 1)(P =∞<Τ  we have to require that 1≥µλ  to 

obtain ∞<Τ)(E .  

 
The first exit time of a compound Poisson process are important in many applications i.e, risk analysis, sequential 

testing, dam theory (Zacks, 1999). For example, in risk analysis tX  can be defined as the accumulated claim size 

of an insurance company at time t (Ammussen, 2000). If the premium rate is constantly equal to one and the 
initial capital is β , the probability of eventual ruin is given by )(P ∞<Τ . The first exit time Τ  can be interpreted 

as the first time until either outdating or total depletion of a stock of perishable items. In this section we the 
cumulative distribution function of the first exit time in Theorem 2. 
 

Theorem 2. Let { }0t,N t ≥  is a homogeneous Poisson process with intensity parameter 0>λ  and iY , 

..., ,2 ,1i =  are i.i.d. discrete random variables with values  2 ,1 ,0j = . The distribution function of Τ  is  
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Proof: We define the cumulative distribution function of the first exit time 

)1X(P1)t(P)t(F t −β≤−=≤Τ=Τ ∑
−β

=

−=
1

0k
X )k(p1

t
                                                                                           (7)   

                                       
Substitution of Eq. (3) in Eq. (7) yields the formula in Eq. (6). The corresponding probability density function 
of Τ  is given by  
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For 2m >  the distribution function of Τ  is obtained by subtituting Eq. (6) in Eq. (9). We present the 

cumulative distribution functions of Τ  in Figures 3 and 4 where the random variables iY, ..., ,2 ,1i =  have a 

binomial distribution with parameters 2.0p = , 2m =  and 2.0p = , 5m = . In these figures }0t,N{ t ≥  is a 

homogeneous Poisson process with λ  taking several values and the time-independent boundaries are taken as 
3=β  for  2m = ; 10=β  for 5m = . 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 
 
Figure 3. Cumulative distribution functions of Τ                Figure 4. Cumulative distribution functions of Τ  
for values of t for 2m =  and 3=β .                                      for of t for 5m =  and 10=β . 

4. Conclusion 
In this study, we have presented a simple and efficient way to compute the cumulative distribution function and 
the probability density function of the first exit time for a discrete compound Poisson process with a time-
independent boundary. This distribution is capable to compute efficiently cumulative probabilities depending on 
a time-independet boundary.  
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1. Introduction

Let {Xi, i ≥ 1} be a sequence of independent and identically distributed (iid) random variables
each distributed according to absolutely continuous cumulative distribution function (cdf) F (t) and
probability density function (pdf) f(t). An observation Xj will be called an upper record value if its
value exceeds that of all previous observations. Thus, Xj is an upper record if Xj > Xi for every
i < j. An analogous definition can be given for lower record values. For more details of record values,
see Arnold et al. (1998) and references therein. In a number of situations, one may store the largest
X values observed and the smallest X value observed at the times when a new record of either kind
(upper or lower) occurs. We denote them by Rl

n and Rs
n, respectively, and call the n-th current upper

record and the n-th current lower record of the Xn sequence when the n-th record of any kind (either
an upper or lower) is observed (Rs

0 = Rl
0 = X1). For n ≥ 1, the interval (Rs

n, Rl
n) will be called the

record coverage. The difference Rl
n−Rs

n could be called the n-th record range. In this paper, we study
the entropy properties of Rs

n and Rl
n, it is shown that mutual information between the endpoints of

record coverage is distribution free.

2. Probability density function

The joint density of Rs
n and Rl

n is (see Arnold et al. 1998, p. 275)

fRs
n,Rl

n
(l, u) = 2nf(l)f(u){− log[F̄ (u) + F (l)]}n−1/(n− 1)!, l < u,

and the corresponding marginal densities are

fRs
n
(x) = 2nf(x){1− F (x)

n−1∑
j=0

(− log F (x))j

j!
},

and

fRl
n
(x) = 2nf(x){1− F̄ (x)

n−1∑
j=0

(− log F̄ (x))j

j!
},

where F̄ (t) = 1− F (t).
Let U s

n and U l
n denote the n-th lower and upper current records from Uniform (0, 1), then we have

• E(log(1− U s
n)) = −2nA(n),

where A(0) = 1, A(1) = 1/4 and for n ≥ 2 it satisfies the following relation:

2A(n) = A(n− 1)− Sn−1 + ζ(n)− 1,

where ζ(n) is the Riemann zeta function and is defined by

ζ(n) =
+∞∑
i=1

i−n,
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S1 = 1 and for n ≥ 2 we have Sn = Sn−1 + 1− ζ(n). Also, for n ≥ 1

D(n) = E(log(1− U s
n))− E(log U s

n) =
n + 2

2
− 2nA(n),

is positive and increasing function with respect to n.

3. Entropy properties

If X is a random variable having an absolutely continuous cdf F with pdf f , then the basic
uncertainty measure for distribution F is defined as

H(X) = −
∫ ∞

−∞
f(x) log f(x)dx.

In the literature, H(X) is commonly referred to the entropy of X or Shannon information measure and
used as a tool to determine the amount of information contained in X regarding its parent distribution.

Lemma 1. Let {Xn;n ≥ 1} be a sequence of iid continuous random variables from the distribution F

with density function f and entropy H(X) < ∞. Then,

(i) H(Rs
n) = H(U s

n)− E
[
log f(F−1(U s

n))
]
.

(ii) H(Rl
n) = H(U s

n)− E
[
log f(F−1(1− U s

n))
]

= H(U l
n)− E

[
log f(F−1(U l

n))
]
.

We will attempt to study some properties of W (n) = H(Rl
n)−H(Rs

n), the difference between entropy
of the endpoints of record coverage.

Example 1. Suppose that X is a random variable having the exponential distribution with mean
1/λ, that is, the pdf and cdf is given by f(x) = λe−λx and F (x) = 1 − e−λx, respectively. Then, it
can shown that the entropy of lower and upper bounds of record coverage in the exponential model is
given by

H(Rs
n) = − log(λ2n) + 2n(C(n) + A(n))

and
H(Rl

n) = − log(λ2n) + 2nC(n) +
n + 2

2
,

respectively, where

C(n) =
+∞∑
j=n

+∞∑
m=1

m(n−1)∑
i=0

(
i+j
i

)
mi−1

(m + 2)i+j+1
.

So, W (n) = n+2
2 − 2nA(n) ≥ 0, the equality holds only when n = 0, also is increasing in n. So the

Shannon information in the upper bound of record coverage is always more than the lower ones in the
exponential model.

Example 2. Let X be a random variable having the Beta(θ, 1) distribution F (x) = xθ, 0 < x < 1.
Then log f(F−1(x)) = log θ + θ−1

θ log x. We get:

H(Rl
n)−H(Rs

n) =
1− θ

θ
D(n),

which is positive, negative and zero whenever (θ < 1, n > 0), (θ > 1, n > 1) and (n = 0, or θ = 1),
respectively. So in this case, the difference between H(Rs

n) and H(Rl
n) depends on θ and is decreasing

in θ for fixed n. Also, it is increasing (decreasing) in n for fixed θ < 1 (θ > 1).

Theorem 1. Assume that the conditions of Lemma 1 hold. Then for n ≥ 1, we have:
(i) If f(t) is non-decreasing in t, then W (n) ≥ 0.
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(ii) If f(t) is constant or symmetric about 0, then W (n) = 0.
(iii) If f(t) is non-increasing in t, then W (n) ≤ 0.

Theorem 2. Under the assumptions of Lemma 1, in addition assume that F is strictly increasing
function on its support. Then the following two statements are equivalent :
(i) X has a symmetric distribution,
(ii) W (n) = H(Rl

n)−H(Rs
n) = 0, for all n ≥ 0.

For fixed positive real value m, let C = {F : F = 1 − exp[−α(θ)h(x)], h′(x) ≥ m > 0}, where
α(θ) and h(x) are positive functions. We have the following theorem regarding the maximum entropy
of current records in C.

Theorem 3. Under the assumptions of Lemma 1, in addition assume that F belongs to C. Then the
following two statements are equivalent:
(i) h(x) = mx,
(ii) the n-th current lower record of the distribution F has maximum entropy in C.

4. Mutual information and K-L distance

For a bivariate random variable (X, Y ) with pdf f(x, y) the mutual information is defined as

I(X, Y ) =
∫

S
f(x, y) log

(
f(x, y)

f(x)f(y)

)
dxdy,

where S is the region in R2 for which f(x, y) > 0.

Theorem 3. Under the assumptions of Lemma 1, the mutual information between Rs
n and Rl

n is
distribution free and is given by

I(Rs
n, Rl

n) = I(U s
n, U l

n)

= 2n+1C(n) +
n−1∑
i=1

[
n− 1

i
− γ − log(

i

4
)], ∀ n ≥ 1.

The Kullback-Leibler (K-L) distance for two continuous random variables X and Y with pdfs
f and g, respectively, is given by

K(X, Y ) =
∫

f(t) log
f(t)
g(t)

dt.

Theorem 4. Assume that the conditions of Lemma 1 hold. Then the K-L distance between Rs
n and

Rl
n is distribution free.

4. Reliability results

By IFR (DFR), IFRA (DFRA), NBU (NWU), NBUE (NWUE) and IMRL (DMRL), we shall
mean increasing failure rate (decreasing failure rate), increasing failure rate average (decreasing failure
rate average), new better than used (new worse than used), new better than used in expectation (new
worse than used in expectation) and increasing mean residual life (decreasing mean residual life),
respectively. Ahmadi and Balakrishnan (2005) obtained some reliability properties of of Rs

n and Rl
n,

which are stated in the following:

• Let {Xi, i ≥ 1} be a sequence of iid continuous random variables each distributed according to
cdf F (x), and let Rl

n be the corresponding upper current record. Then, Rl
n is IFR, IFRA, NBU

or DMRL whenever X1 has the corresponding property.
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• X1 is DFR, DFRA, NWU or IMRL whenever Rl
n has the corresponding property.
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RÉSUMÉ (ABSTRACT)

In this paper, we considered the largest and the smallest observations, at the times when a new
record of either kind (upper or lower) occurs, we call them the current upper and lower record, respec-
tively. First we presented some distributional properties of these statistics. Then, we studied the en-
tropy properties of current records, especially the difference between entropy of upper and lower bounds
of record coverage. The results are presented for some common parametric families of distributions.
It is shown that Kullback-Leibler distance between the endpoints of record coverage, Kullback-Leibler
distance between data distribution and current records, are all distribution free. We also mention that
some reliability properties preserve by current records.
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The weibull distribution appears very frequently in practical problems when we observe data
that represent minima values. The reason for this is presented in Castillo et al. (2005), where it is
shown that for many parent population with limited or unlimited left tail, the limit of the minima of
independent samples converges to an weibull distribution.

Suppose X1, · · · , Xn are independent and identically distributed (iid) random variables. The
density function of weibull random variables with shape parameter α and scale parameter θ will be
denoted by

f(x;α, θ) = αθ(θx)α−1 exp { − (θx)α}, x > 0, α > 0, θ > 0.(1)

The rest of paper is organized as follows. The exact Fisher information matrix for the rth order
statistics is computed in Section 2. The asymptotic Fisher information contained in the rth order
statistics about parameters is derived in Section 3.

1 Exact Fisher information matrix for the rth order statistic

Let X1, ..., Xn be a sample from (1), then the probability density function of Xr:n can be written
as

fr:n(x;α, θ) = cr,nαθ(θx)α−1 exp { − (n − r + 1)(θx)α}
(
1 − exp { − (n − r + 1)(θx)α}

)r−1
,

where cr,n = n!
(r−1)!(n−r)! . Now, we can compute the elements of the Fisher information matrix.

For r = 1, we have

I11
1:n = E

(
− ∂2 log f1:n

∂α2

)
=

1
α2

{
1 + Ψ′(2) + [Ψ(2) − log n]2

}
,

I12
1:n = E

(
− ∂2 log f1:n

∂α∂θ

)
=

1
θ
[ log n − Ψ(2)],

I22
1:n = E

(
− ∂2 log f1:n

∂θ2

)
=

α2

θ2
.

For r = 2, we have

I11
2:n = E

(
− ∂2 log f2:n

∂α2

)
=

1
α2

{
1 + n

(
Ψ′(2) + [Ψ(2) − log(n − 1)]2

)
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− (n − 1)
(
Ψ′(2) + [Ψ(2) − log n)]2

)
+ 2n(n − 1)

∞∑
j=0

Ψ′(3) + [Ψ(3) − log(n + j)]2

(n + j)3

}
,

I12
2:n = E

(
− ∂2 log f2:n

∂α∂θ

)
=

1
θ

{
(n − 1)(n − 2)

n
[Ψ(2) − log n] − n[Ψ(2) − log(n − 1)]

+ 2n(n − 1)
∞∑

j=0

Ψ(3) − log(n + j)
(n + j)3

}
,

I22
2:n = E

(
− ∂2 log f2:n

∂θ2

)
=

α2

θ2

{
1 + 2n(n − 1)

∞∑
j=0

1
(n + j)3

}
,

And for r > 2, we have

I11
r:n = E

(
− ∂2 log fr:n

∂α2

)
=

1
α2

{
1

+cr,n(n − r + 1)
r−1∑
j=0

Cr−1,j(−1)j Ψ′(2) + [Ψ(2) − log(n − r + j + 1)]2

(n − r + j + 1)2

−cr,n(r − 1)
( r−2∑

j=0

Cr−2,j(−1)j Ψ′(2) + [Ψ(2) − log(n − r + j + 2)]2

(n − r + j + 2)2

−2
r−3∑
j=0

Cr−3,j(−1)j Ψ′(3) + [Ψ(3) − log(n − r + j + 2)]2

(n − r + j + 2)3

)}
,

I12
r:n = E

(
− ∂2 log fr:n

∂α∂θ

)
=

1
θ

{
− 1 + cr,n(n − r + 1)

(
B(n − r + 1, r)[Ψ(n + 1) − Ψ(n − r + 1)]

−
r−1∑
j=0

Cr−1,j(−1)j Ψ(2) − log(n − r + j + 1)
(n − r + j + 1)2

)

−cr,n(r − 1)
(

B(n − r + 2, r − 1)[Ψ(n + 1) − Ψ(n − r + 2)]

+
r−2∑
j=0

Cr−2,j(−1)j Ψ(2) − log(n − r + j + 2)
(n − r + j + 2)2

−2
r−3∑
j=0

Cr−3,j(−1)j Ψ(3) − log(n − r + j + 2)
(n − r + j + 2)3

)}
,

I22
r:n = E

(
− ∂2 log Ir:n

∂θ2

)
=

α

θ2

{
1 + cr,n(α − 1)(n − r + 1)B(n − r + 1, r)[Ψ(n + 1) − Ψ(n − r + 1)]

− cr,n(α − 1)(r − 1)B(n − r + 2, r − 1)[Ψ(n + 1) − Ψ(n − r + 2)]

+ cr,nα(r − 1)B(n − r + 2, r − 2)
(
Ψ′(n − r + 2) − Ψ′(n)

+ [Ψ(n − r + 2) − Ψ(n)]2
)}

,

where Cn,m = n!
m!(n−m)! .
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2 Asymptotic Fisher Information in rth Order Statistic

We derive order statistics that have most information about shape and scale parameters for large
value of n in this section.
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RÉSUMÉ (ABSTRACT) — optional

In this paper, we consider Fisher information matrix in the rth order statistic of weibull distri-
bution. Then the asymptotic Fisher information in the rth order statistic is evaluated, from which we
can derived the percentiles which contain least and most information about parameters.
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2. COMPLETENESS

A sequence of functions {fn(x), n ≥ 1} is complete in Lp[µ,X] provided the relations∫
X

g(x)fn(x)dµ = 0

for n = 1, 2, 3, ..., with g(x) ∈ Lp[µ,X], implies g(x) = 0 almost every where.
We give a brief review of the results for complete function sequences, Some of them are listed in Kamps
(1995).

Lemma 1. If η(u) is a continuous function on (0, 1) and satisfies the relation∫ 1

0
η(u)(− log u)ndu = 0,

for all n ≥ 0, then η(u) = 0 almost everywhere (a.e) on (0, 1).
In fact Lemma 1 is a corollary of Weierstrass Theorem. There is an improved version of Lemma 1,
known in the literature as the classical Müntz-Szász Theorem which concerns uniform approximation
on (0, 1) by polynomials whose exponents are taken from a sequence of real numbers, see for example
Rudin (1987, Chapter 6).

Lemma 2. The sequence of powers {xnj , j ≥ 1} is complete on (a, b), where a ≥ 0, if and only if∑+∞
j=1 n−1

j = +∞, where 0 < n1 < n2 < · · · .

Hwang and Lin (1984) extended the Müntz-Szász Theorem for {f(x)nj , j ≥ 1}, where f(x) is
absolutely continuous and monotone on (a, b):

Lemma 3. Let f(x) be a function absolutely continuous on (a, b) with f(a)f(b) ≥ 0, and let its
derivative satisfy f ′(x) 6= 0 a.e. on (a, b). Then under the assumption

∑+∞
j=1 n−1

j = +∞, where 0 <

n1 < n2 < · · · , the sequence {f(x)nj , j ≥ 1} is complete on (a, b) if and only if the function f(x) is
monotone on (a, b).

Several authors studied the problems of characterizing the probability distributions based on
the moments of usual order statistics and record values using the completeness criteria.
Here, we consider the progressive type-II data and obtain some characterization results in terms of
their entropies.
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3. PROGRESSIVE CENSORING

Consider a reliability experiment in which n identical units are placed on a life-test. Let
X1, X2, ..., Xn denote the lifetimes of these experimental units. As usual, we shall assume that these
variables are independent and identically distributed (iid) from an absolutely continuous population
with cumulative distribution function (cdf) F (x) and probability density function (pdf)f(x). If the
experimenter decides to carry out the life-test until the time of the m-th failure (m ≤ n), then the
data arising from such a life-test would be of the form X1:n ≤ X2:n ≤ · · · ≤ Xn−m:n with the re-
maining n − m lifetimes being more than Xm:n. This situation is referred to as Type-II censoring.
After observing that the Type-II censoring described above results in m complete failures and n−m

censored observations, a natural extension of it will be a censoring scheme in which n − m units
are withdrawn from the life-test at different time points (rather than all at the time Xm:n). Such
a versatile censoring scheme is referred to as progressive Type-II right censoring. In a progressive
type II censoring scheme, a number m ≤ n of items are observed to fail. A predetermined number
Ri ≥ 0, i = 1, ...,m, of surviving items at the time of the ith failure is randomly removed from further
testing, where n = m+

∑m
i=1 Ri. For a detailed and comprehensive discussion of progressive censoring

scheme we refer to Balakrishnan and Aggrawala (2000) the literatures cited therein.

Let Xr:m:n be the rth progressive type II censored order statistics based on F and the censoring
sachem (m, n,R), where R = (R1, · · · , Rm). Kamps and Cramer (2001) derived a simpler expression
for the marginal distribution by carrying out necessary integration. Their expression for the cdf of
Xr:m:n is given by

(1) FXr:m:n(x) = 1− cr−1

r∑
i=1

ai,r

γi
[1− F (xi)]γi , r = 1, · · · ,m,

where

γr = m− r + 1 +
m∑

i=r

Ri and cr−1 =
r∏

i=1

γi, r = 1, · · · ,m,

and

ai,r =
r∏

j=1
j 6=i

1
γj − γi

r = 1, · · · ,m,

the empty product
∏

φ is defined to be 1.
Upon differentiating the expression in (1) with respect to x we get the pdf of Xr:m:n as

(2) fXr:m:n(x) = cr−1

r∑
i=1

ai,rf(x)[1− F (x)]γi−1, r = 1, · · · ,m.

4. ENTROPY

The concept of Shannon’s information is the central role in information theory sometimes referred
as measure of uncertainty. The entropy of a random variable is defined in terms of its probability
distribution and can be shown to be a good measure of randomness or uncertainty.

If X is a random variable having an absolutely continuous distribution function F with proba-
bility density function f , then the basic uncertainty measure for distribution F is defined as

(3) H(X) = −
∫ ∞

−∞
f(x) log f(x)dx.
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In the literature, H(X) is commonly referred to the entropy of X or Shannon information measure and
used as a tool to determine the amount of information contained in X regarding its parent distribution.
The probability integral transformation provides the following useful representation of H(X)

(4) H(X) = −
∫ 1

0
log f

(
F−1(x)

)
dx.

For a non-negative random variable X, we have

(5) H(X) = 1−
∫ ∞

0
f(x) log hX(x)dx,

where hX(t) = f(t)

F (t)
is the hazard rate function of X and F (t) = 1− F (t).

Lemma 1. Let X1, X2, · · · , Xn be iid continuous random variables from the common absolutely
continuous cdf F (x), pdf f(x) and entropy H(X) < ∞. Then,

(6) H(Xr:m:n) = H(Ur:m:n)− E
[
log f(F−1(Ur:m:n))

]
, for 1 ≤ r ≤ m ≤ n.

5. CHARACTERIZATIONS RESULTS

“What is a characterization? In sort, it is a condition involving certain properties of a random
variable X, which identifies the associated cdf F .” Arnold, Balakrishnan and Nagaraja (1998). In this
section, we characterize the parent distribution based on entropies properties of progressive type-II
right censored order statistics using the completeness property of the sequences {xnj , j ≥ 1} on (0, 1).

Theorem 1. Let X1, X2, · · · , Xn be iid random variables with common strictly continuous cdf F (x),
pdf f(x) and entropy H(X) < ∞, then for fixed r, the sequence H(Xr:m:nj ) − H(X), nj ≥ m such
that

∑+∞
j=1 n−1

j is infinite, characterizes F in the family of continuous distributions, but for a change
of location and scale.

We know that two different distributions may have equal entropies, thus a distribution cannot be
determined uniquely by its entropy. However, in the following theorem we shall show that a distribution
can be determined uniquely by entropy of progressive type-II right censored order statistics.

Theorem 2. Under the assumptions of Theorem 1, for fixed r (1 ≤ r ≤ m), the following two
statements are equivalent:

(i) X is identical in distribution with Y , but for a location shift,
(ii) H(Xr:m:nj ) = H(Yr:m:nj ), nj ≥ m such that

∑+∞
j=1 n−1

j = ∞. By Theorem 2 we have the
following results.

Corollary 1. Under the assumptions of Theorem 2, the following statements are equivalent:
(i) X is identical in distribution with Y , but for a location shift,
(ii) H(X1:m:n) = H(Y1:m:n),
(iii) H(Xm:m:n) = H(Ym:m:n),
(iv) H(Xm−r+1:m:n) = H(Ym−r+1:m:n), for fixed r, 1 ≤ r ≤ m

for n = nj, j ≥ 1, such that
∑+∞

j=1 n−1
j = ∞
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RÉSUMÉ (ABSTRACT)

There is a connection between the completeness of certain function sequences and the character-
izations of the probability distributions. A characterization is a condition involving certain properties
of a random variable which identifies the associated probability distribution. In this talk, we give a
brief review of the results for complete function sequences. We mention several characterization re-
sults based on the moment of the order statistics and record values using the completeness property.
Then, we consider the progressive type II censored data and establish some characterization in terms
of entropy of the progressive type II censored data.
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1. INTRODUCTION AND NOTATION

The theory of records is a classical topic of extreme value theory, with a vast literature. See Arnold et

al. (1998) or Nevzorov (2001). Given a sequence Xn of random variables, Xn is a record if it is greater
than all previous observations; that is, writing Mn for the maximum of the n first observations, if
Xn > Mn−1. When Xn ≥ Mn−1 holds, Xn is called weak record. A natural extension of these concepts
is the following: for fixed δ ∈ R, Xn is a δ-record if Xn > Mn−1 + δ, that is, if it is greater than the
previous maximum plus a (negative or positive) fixed value δ. Besides being a natural generalization
of records and weak records, δ-records can be relevant, for instance, in insurance applications, where
one is interested not only in record claims but also in those which are close to being records. For
details, see Gouet et al. (2007a) and references therein.

Ties or multiplicities at the maximum have been studied under different perspectives and moti-
vations. We have adopted a sequential point of view in the sense that ties are defined as observations
Xn such that Xn = Mn−1. Our results for the counting process can be interpreted as Cesaro-type
complements of some known results for multiplicities at the maximum. Another motivation for our
sequential approach is the simple observation that ties are weak records but not records. However,
it should be noted that the asymptotic behaviour of their counting process cannot in general be ob-
tained from corresponding results for records and weak records. See Gouet et al. (2007c) for further
information.

Attention will be restricted to sequences {Xn, n ≥ 1} of independent, identically distributed,
nonnegative integer valued random variables. For fixed δ ∈ Z− = {−1,−2, . . .}, indicators of δ-records
are denoted by Iδ

i = 1{Xi>Mi−1+δ}, i ≥ 1, and the counting process of δ-records by N δ
n =

∑n
i=1 Iδ

i , n ≥
1. Note that, for δ = −1, δ-records are weak records. On the other hand, indicators of ties are denoted
by Ii = 1{Xi=Mi−1}, i ≥ 1, and the corresponding counting process by Tn =

∑n
i=1 Ii, n ≥ 1. In this

paper we obtain strong laws of large numbers and central limit theorems for N δ
n and Tn. The proofs,

which can be seen in Gouet et al. (2007a,b,c), are based on a martingale approach which connects
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the processes under study with partial sums of minima of certain sequences of independent random
variables.

We use the following notation. For k ∈ Z+ = {0, 1, . . .}, let pk = P [X1 = k] > 0 (p−1 = 0),
yk = 1 − F (k) =

∑
i>k pi (y−1 = 1), rk = P [X1 = k|X1 ≥ k] = pk/yk−1 (the discrete failure rate),

dk = pk−1 − pk and tk = dk/yk−1. Let also m(t) = min{j ∈ Z+|yj < 1/t}, t ≥ 0, (the quantile
function). Finally, let Fn = σ(X1, . . . , Xn) be the σ-algebra generated by X1, . . . , Xn, n ≥ 1 and
F0 = {∅, Ω}. Convergence in distribution and almost sure are denoted respectively by D−→ and a.s.−−→.

2. δ-RECORD COUNTS

The relationship of N δ
n with sums of minima is shown in Proposition 1. Strong convergence and

asymptotic normality are presented in Theorems 1 and 2 respectively.

Proposition 1

(i) Let Zn = 1− F (Xn + δ), n ≥ 1, and Sn =
∑n

k=2 min{Z1, . . . , Zk−1}. Then, N δ
n/Sn

a.s.−−→ 1.

(ii) Let θ(k) =
∑k

i=0 si, where si = pi+δ/yi−1. Then N δ
n − θ(Mn) is a martingale with respect to

{Fn, n ≥ 0}. Moreover, letting ξk = Ik − (θ(Mk) − θ(Mk−1)), the increments of the process of
conditional variances of the martingale are given by E[ξ2

k|Fk−1] = min{W1, . . . ,Wk−1}, where
Wk =

∑
i>Xk

si(yi+δ + yi+δ−1 − yi−1), k ≥ 1.

Theorem 1 Let ak = 1/(1− rk) · · · (1− rk+δ+1).

(i) If lim supk→∞ rk < 1, then
N δ

n∑m(n)
k=0 akrk

a.s.−−→ 1.

(ii) If limk→∞ rk = 1 and (1− rk−1)/(1− rk) = 1 + o(k−α), as k →∞, for some α > 1/2, then

N δ
n∑m(n)

k=0 (1− rk)δ

a.s.−−→ 1.

Theorem 2 Let zk =
∑

i>k si(yi+δ + yi+δ−1 − yi−1), k ≥ 0.

(i) If lim supk→∞ rk < 1, then
N δ

n − θ(m(n))√∑m(n)
k=0 zkrk/yk

D−→ N(0, 1).

(ii) If limk→∞ rk = 1 and limk→∞(1− rk)/(1− rk−1) = 1, then

N δ
n − θ(m(n))√∑m(n)
k=0 (1− rk)2δ

D−→ N(0, 1).

3. TIES AT THE MAXIMUM

We now turn to the study of Tn, the number of ties at the maximum. In what follows, we suppose
that the probabilities pk are ultimately non-decreasing, that is pk ≥ pk+1 for all large enough k. In
Proposition 2 we show the relationship between Tn and sums of minima. Strong and weak convergence
results are contained in Theorems 3 and 4 respectively.
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Proposition 2

(i) Let Zn = pXn, n ≥ 1, and Sn =
∑n

k=2 min{Z1, . . . , Zk−1}. Then, {limn→∞ Tn < ∞} =
{limn→∞ Sn < ∞} a.s. and Tn/Sn

a.s.−−→ 1 on the set {limn→∞ Tn = ∞}.

(ii) Let τ(k) =
∑k

i=0 ti. Then Tn − τ(Mn) is a martingale with respect to {Fn, n ≥ 0}. Moreover,
letting ξk = Ik−(τ(Mk)−τ(Mk−1)), the increments of the process of conditional variances of the
martingale are given by E[ξ2

k|Fk−1] = min{W1, . . . ,Wk−1}, where Wk =
∑

j>Xk
dj(1 + tj + 2rj).

Theorem 3 If
∑∞

k=0 r2
k < ∞, then limn→∞ Tn < ∞ a.s. Otherwise, when

∑∞
k=0 r2

k = ∞,

(i) if lim supk→∞ rk < 1, and either rk ↓ 0 or lim infk→∞ rk > 0, then

Tn∑m(n)
k=0 r2

k/(1− rk)

a.s.−−→ 1.

(ii) If limk→∞ rk = 1 and (1− rk−1)/(1− rk) = 1 + o(k−α), as k →∞, for some α > 1/2, then

Tn∑m(n)
k=0 1/(1− rk)

a.s.−−→ 1.

Theorem 4 Let zk =
∑

j>k dj(1 + tj + 2rj), k ≥ 0.

(i) If lim supk→∞ rk < 1 and
∑∞

k=0 rk = ∞, then

Tn − τ(m(n))√∑m(n)
k=0 zkrk/yk

D−→ N(0, 1).

(ii) If limk→∞ rk = 1 and limk→∞(1− rk)/(1− rk−1) = 1, then

Tn − τ(m(n))√∑m(n)
k=0 1/(1− rk)2

D−→ N(0, 1).

4. EXAMPLES

Example 1 (Zeta) The Zeta distribution has pk = (k + 1)−a/ζ(a), for k ∈ Z+ and a > 1, with
ζ(a) =

∑∞
j=0(j + 1)−a. Here, rk = (k + 1)−a/

∑∞
j=k(j + 1)−a∼(a− 1)/k, as k →∞. We obtain

N δ
n

log n

a.s.−−→ 1 and
N δ

n − log n√
log n

P−→ N(0, 1).

On the other hand, as
∑∞

k=0 r2
k < ∞, we have limn→∞ Tn < ∞ a.s.

Example 2 (Geometric) The geometric distribution with parameter p (pk = pqk, k ∈ Z+, p ∈
(0, 1), q = 1− p) has rk = p for all k ≥ 0. Therefore,

N δ
n

log n

a.s.−−→ − pqδ

log q
and

N δ
n + pqδ log n/ log q√

log n

D−→ N

(
0,−pqδ(qδ+1 + qδ − 1)

log q

)
.

For the number of ties at the maximum, we have

Tn

log n

a.s.−−→ − p2

q log q
and

Tn + p2 log n/(q log q)√
log n

D−→ N(0,−p2(1 + p− p2)
q2 log q

).
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Example 3 (Poisson) The Poisson distribution with parameter λ > 0 has pk = e−λλk/k!, for k ∈
Z+. It can be found in Vervaat (1973) that λ/k − (λ/k)2 ≤ 1− rk−1 ≤ λ/k, for k ≥ 1. Thus, rk → 1
and there exists C > 0 such that (rk − rk−1)/(1− rk−1) < C/k. We have

N δ
n

(log n/ log log n)1−δ

a.s.−−→ λδ

1− δ
and

N δ
n − λδ(m(n))1−δ/(1− δ)

m(n)1/2−δ

D−→ N

(
0,

λ2δ

1− 2δ

)
.

For the number of ties at the maximum we obtain

Tn

(log n/ log log n)2
a.s.−−→ 1

2λ
and

Tn −m(n)2/(2λ)
(log n/ log log n)3/2

D−→ N

(
0,

1
3λ2

)
.
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Gouet, R., López, F.J., Sanz G., (2007c) Limit laws for the cumulative number of ties at the maximum in a
random sequence. Submitted.

Nevzorov, V.B. (2001) Records: mathematical theory. Translations of Mathematical Monographs, 194. American
Mathematical Society, Providence, RI.

Vervaat, W., (1973) Limit theorems for records from discrete distributions. Stoch. Proc. Appl. 1, 317–334.

ABSTRACT

Given a sequence of independent, identically distributed random variables, taking nonnegative
integer values, we consider the asymptotic behavior of the counting processes of δ-records (observations
greater than the previous maximum plus a fixed real number δ) and ties at the maximum (observations
equal to the previous maximum).

Using a martingale approach, which connects our processes with sums of partial minima, we
obtain laws of large numbers and central limit theorems. The conditions for the existence of such limits
as well as the normalizing sequences depend on the tail behavior of the distribution of the underlying
random variable. Applications to well-known distributions are given.
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ABSTRACT 
 The tail value at risk (TVaR) of a loss function is the conditional expectation of a loss function 
assuming the loss is larger than a given quantity.  In this paper, we  shall consider the distributional 
properties of TVaR of record losses. Based on the TVaRs some characterizations of distributions are 
presented.  
 
I.  INTRODUCTION 
 There is a growing interest in the finance and actuarial literature for the use of the tail value at risk 
(TVaR) of a loss function when the loss is greater than a particular value.  The tail value at risk is also known 
tail conditional expectation. Artzner et. al. (1999) introduced the tail conditional expectation as a measure of 
right tail risk. TVaR can provide a measure of the capital needed due to exposure to loss. We refer to Panjer 
(2006) for applications of the notions of TVaR in financial risk management .In this paper we shall take the 
record loss as the loss function. 

Let nR  denote the nth record loss than a given value pz , the tail value at risk )( pTVaR  of nR  is defined as  

 ( ) ( )pnnnp xRRERTVaR >= , where xp is  specified. 

 The amounts of record losses are important to know for planning to maintain fund for meeting the 
losses. 
 Let ,...., 21 XX  be a sequence of independent identically distributed continuous random variables 

representing losses.  Let =nY  max { }nXXX ,...,, 21 .  We say jX  is a (upper) record loss of { }1, ≥nX n  if 

1,1 >>
−

jYY jj .  By definition 1X  is a record loss.  The indices at which the record losses occur are given 

by the record times { }0),( >nnU , where { ),1(,min)( −>= nUjjnU  }1,)1( >>
−

nXX nUj  and 

1)1( =U . The record losses are denoted by )(11 , nUn XRXR == .  We define, for ,...,2,1=i  the cumulative 

distribution function (cdf) of ,iX  as ( )xXPxF ≤= 1)(  and the probability density function (pdf) of 1X  

as  )()( xFxf
dx
d

= .  The pdf )(xfn  of nR  is given by (for details, see Ahsanullah (2004)) 

 
( )

( )( )[ ] ( ) ,1,,11)( 11
≥∞<<−∞−−=

−

Γ
nxxfxFnxf n

nn      (1.1) 

and the corresponding cdf as )(xFn .   

In this paper we will study some distributional properties of ( )np RTVaR . 

2.0.  Main Results 
Suppose that ,...., 21 XX  are independent identically distributed continuous random variables representing 
the losses.  We will take the cdf of X’s as F(x) and the pdf as f(x). 

 ( ) ( )
( )

( )pn

xp n

pnnnp ZF

dxxxf
xRRERTVaR

−

=>=

∫
∞

1
      (2.1) 
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( )( )

( )pn

px n

p xF

dxxF
x

−

−

+=

∫
∞

1

1
, 

Where Fn is the distribution function of Rn. 
The quantity 

 ( )

( )( )

( )pn

npx
pnp xF

dxxF
xRTVaR

−

−

=−

∫
∞

1

1
      (2.2) 

is called mean excess loss function ( )( )np RMeL  of nR . 

Note that 

 
∞→px

lim ( )( )np RMeL  = 
∞→px

lim  

( )( )

( )pn

npx

xF

dxxF

−

−∫
∞

1

1
= 

∞→px
lim  

( )

( )pn

pn

xf

xF−1
=

∞→px
lim  

( )pxh

1
, 

where ( )xhn =
( )

( )xF

xf

n

n

−1
 is called the hazard rate of nR  at x. 

If ( ) ,...2,1,1 =∈ iEX λ  and nRRR ,....,, 21  are the records from the sequence 1X , 

,...,2X  then using (1.1), we obtain the pdf of nR  as 

 ( )
( )

0,0,,
1

>≥

Γ

=
−

−

λ

λ

λ
λ xe

n

x
xf x

n

n

n . 

Example 2.1. 
Suppose that the pdf of nR  is 

 ( )λ,xfn =
( )

0,0,
1

>≥

Γ

−

−

λ

λ

λ xe
n

x x

n

n

, then 

 ( )np RTVaR = ( )pnn xRRE >  

   = 
( )

( )
dxe

dxen

x
n

x

x

x

n
x

x

nn

p

n

n

p

λλ

λ

λ

λ

−

Γ

∞

−

+Γ

∞

−

+

∫

∫
1

1 1
 

    
   

Theorem 2.1. 
Let ...., 21 XX be a sequence of independent identically distributed continuous non negative random 

variables representing losses with cdf F(x), pdf f(x) and E(X)= λ .  We assume F(0)=0, F(X)<1, and f ′ (x) 

exist for all 0≥x .  We denote the record losses as ,...., 21 RR Then 

( ) ( ),ppnp xhxnRTVaR += λ  for all ,px       (2.7) 

where ( )
( )

( )xF

xf
xh

n
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As seen above , 
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Thus 
    ( ) ( ).ppnp xhxnRTVaR λλ += for all xp >0. 

To prove the converse, suppose . ( )np RTVaR  is as above. Then we have  
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Equating (2.7) and (2.8), we obtain 
( ) ( ),ppnp xhxnRTVaR λλ +=  for all px  

( )( ) ( )( ) ( ) ( )( )tFnttfdxxFtFt nnt nn −+=−+− ∫
∞

111 λλ       (2.9) 

for all .0≥t  
Differentiating (2.7), with respect to t, we obtain 

( ) ( ) ( )( ) ( ) ( ) ( )tfnttftftFttftF nnnnnn λλλ −+=−−−− 11      (2.10) 

On simplification, we have from (2.10) 
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Integrating both sides if (2.11) with respect to t and using the boundary conditions F(0)=0 and F ( )∞ =1, we 
obtain 
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Theorem 2.2 
Let ...., 21 XX be a sequence of independent identically distributed continuous non negative random 

variables representing losses with finite expectation and F(0)=0, F(X)<1for all 0≥x .  We denote the record 
losses as ,...., 21 RR Then 
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x
RTVaR  for  0 < xp < ∞, α>1             (2.13) 
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Differentiating the both sides of the above equation w.r.t. xp, we obtain 
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The solution of the equation (2.15) with the boundary conditions F(0)=0, F(∞) =1, is 
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Abstract

We study a class of tests for the two sample problem that are based on the empirical characteristic
function. They can be applied to continuous as well as to discrete data with any arbitrary fixed
dimension. The tests are consistent against any fixed alternative for adequate choices of the weight
function involved in the definition of the test statistic. We show that the bootstrap can be employed
to estimate consistently the null distribution. The goodness of the bootstrap approximation and the
power of some tests in this class for finite sample size are investigated by simulation.

Main results

Let X and Y be two random vectors taking values in Rd, for some fixed d ∈ N, with distribution
functions (d.f.) FX and FY , respectively. In this paper we consider the problem of testing the equality
of both distributions,

H0 : FX(x) = FY (x), ∀x ∈ Rd ⇔ CX(t) = CY (t), ∀t ∈ Rd,

where CX and CY are the characteristic functions (c.f.) of X and Y , respectively. Let {Xi}1≤i≤n and
{Yj}1≤j≤m be two independent random samples from X and Y , with sizes n and m, respectively, and
let Cn(t) and Cm(t) denote the associated empirical characteristic functions (e.c.f.), respectively. To
construct a test statistic for testing H0, we consider the following distance between populations,

D =

√∫
|CX(t)− CY (t)|2 dG(t),(1)

where for any complex number, z = a+ib, with i =
√−1, |z|2 = a2+b2, G is a distribution function on

Rd and, from now on, an unspecified integral denotes integration over the whole space Rd. Attending
to the a.s. convergence of the e.c.f to the population c.f. (see for example Feuerverger and Mureika,
1977), for testing H0 we consider the following test function

Φn,m =

{
1
0

if NDn,m ≥ dn,m,α,

otherwise,
(2)
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where Dn,m is the sample version of D2, Dn,m =
∫ |Cn(t)− Cm(t)|2 dG(t), N = n + m and dn,m,α

is the 1 − α percentile of the null distribution of NDn,m. Since Dn,m
a.s.−→ D2, as n,m → ∞, if G is

chosen such D > 0 for any FX 6= FY , then test (2) is consistent against any fixed alternative. Because
two distinct characteristic functions can be equal in a finite interval, a general way to ensure the
consistency of test (2) is to take G having positive density for almost all points in Rd. For example,
one can take G the d.f. of the d-variate normal law with mean 0 and variance-covariance matrix
identity, Nd(0, Id). If we know that CX(t) or CY (t) are uniquely determined in a neighborhood of
t = 0 (the c.f. of a bounded random vector is determined by its values in a finite region containing
the origin), then it suffices to take G having a positive density around the origin. For example, one
can take G the d.f. of the uniform distribution in the hypercube [−1, 1]d.

To decide when rejecting H0, that is, to calculate dn,m,α or, equivalently, to calculate the p-
value of the observed value of the test statistic, we need to know the null distribution of NDn,m. In
general, this task is quite difficult, so, in most cases, one have to approximate it. A usual way to do
this is by considering its limiting null distribution. The test statistic NDn,m is not asymptotically
distribution free, so this approximation does not work in our setting. Another way to approximate
the null distribution of Dn,m is by its null bootstrap distribution. Resampling may be from one of
the individual samples, we call bootstrap 1 to this bootstrap algorithm; or from the pooled sample,
we call bootstrap 2 to this bootstrap algorithm. To fix notation and without loss of generality, for
bootstrap 1 we will suppose that the bootstrap samples are drawn from the empirical distribution
function of X1, X2, ..., Xn. Both bootstrap algorithms yield consistent null distribution estimators in
the following sense: if H0 is indeed true, the bootstrap 1 (and 2) distribution of NDn,m converges to
its null distribution almost surely; if H0 is not true, then the bootstrap 1 distribution of NDn,m and
the distribution of NDn,m when the two samples are drawn from the population FX , both converge to
the same limit, and the bootstrap 2 distribution of NDn,m and the distribution of NDn,m when the
two samples are drawn from the population Fτ = τFX + (1− τ)FY , both converge to the same limit,
where n/N → τ ∈ (0, 1), as n,m →∞, which is the only assumed condition to get these results.

It is very important to remark that no condition is assumed on the populations, FX and FY , to
derive the above mentioned properties.

Simulations

The properties studied in the previous section are asymptotic. To investigate empirically these
properties for finite sample sizes, we have carried out two simulation studies. The objective of the
first simulation experiment is to study the goodness of the two bootstrap approximations to the null
distribution of the test statistic; and the objective of the second experiment is to investigate the power
of the proposed tests and to compare it with other tests.

For our first objective, we generated two independent samples with equal sample sizes n = m =
20, from a univariate normal population with mean 0 and variance 1, N(0, 1), and calculated p̂, the
bootstrap estimator of the p-value, for each bootstrap method and for the test statistics with normal
weight and uniform weight. We repeated this 1000 times and calculated the fraction of p̂’s less or equal
than 0.05 and 0.1, which are the estimated type I error probabilities for α = 0.05 and 0.1, respectively.
We repeated the above experiment for several populations (the bivariate normal population with mean
vector 0 and covariance matrix identity, N2(0, I2); the univariate Poisson distribution with mean 2,
P (2); the bivariate Poisson distribution, which is the joint distribution of the variables Z1 = W1 +W2

and Z1 = W2 +W3, where W1, W2 and W3 are independent univariate Poisson variates with means 2,
1 and 3, respectively, P2(2, 3, 1); the uniform distribution on the four-dimensional unit cube, U [0, 1]4)
and several sample sizes. The obtained results for uniform weight are displayed in Tables 1– 2. From
the obtained results we conclude that there are small differences between the considered bootstrap
algorithms, and that the estimated type I error probabilities are quite close to the true values.

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 2916 -



Table 1: Estimated type 1 error probabilities for bootstrap 1 and uniform weight.
N(0, 1) N2(0, I2) P (2) P2(2, 3, 1) U [0, 1]4

n m 0.05 0.10 0.05 0.10 0.05 0.10 0.05 0.10 0.05 0.10
20 20 .049 .098 .047 .096 .060 .116 .047 .100 .054 .103
50 20 .049 .098 .049 .098 .054 .096 .051 .098 .053 .111
50 50 .049 .098 .049 .098 .053 .105 .049 .098 .055 .100

Table 2: Estimated type 1 error probabilities for bootstrap 2 and uniform weight.
N(0, 1) N2(0, I2) P (2) P2(2, 3, 1) U [0, 1]4

n m 0.05 0.10 0.05 0.10 0.05 0.10 0.05 0.10 0.05 0.10
20 20 .049 .104 .043 .088 .053 .108 .045 .102 .045 .090
50 20 .055 .112 .044 .093 .055 .099 .055 .105 .052 .095
50 50 .045 .097 .056 .099 .055 .104 .043 .096 .056 .114

For our second objective, we generated X1, X2, ..., Xn ∼ N(0, 1) and Y1, Y2, ..., Ym ∼ N(∆, 1), with
n = m = 50 and ∆ = 0.25, and we calculated p̂ for bootstrap 1 and normal weight (denoted by
p̂1), bootstrap 2 and normal weight (denoted by p̂2), bootstrap 1 and uniform weight (denoted by
p̂3) and bootstrap 2 and uniform weight (denoted by p̂4). As competitors we chose the Kolmogorov-
Smirnov test (denoted by KS) and the test in Baringhaus and Franz (2004) (denoted by BF ). We
also calculated the t-test (denoted by t). We repeated this 1000 times and calculated the fraction
of p-values less or equal than 0.05 and 0.10, which are the estimated powers for α = 0.05 and 0.10,
respectively. We repeated the whole experiment for ∆ = 0.50 and 0.75. The obtained results are
displayed in Table 3. Looking at it we see that p̂3 and p̂4 behave quite similar. They are very close
to t and slightly better than BF , which works better than p̂1 and p̂2. All tests outperforms the
Kolmogorov-Smirnov test.

Table 3: Power performance for the univariate normal case and location alternatives.
∆ α t p̂1 p̂2 p̂3 p̂4 BF KS

0.25 0.05 .226 .202 .192 .225 .221 .208 .152
0.10 .327 .284 .277 .323 .323 .313 .203

0.50 0.05 .695 .609 .609 .699 .690 .669 .527
0.10 .802 .712 .706 .777 .779 .769 .619

0.75 0.05 .962 .912 .914 .960 .957 .957 .877
0.10 .981 .963 .958 .979 .980 .978 .929

We did a similar experiment for scale alternatives. We generated X1, X2, ..., Xn ∼ N(0, 1) and
Y1, Y2, ..., Ym ∼ N(0, ∆), with ∆ = 0.25, 0.5, 1.25, 1.5, 2. Instead of the t-test, we calculated the
F-test (denoted by F ). Table 4 displays the obtained results. In this case, p̂1 and p̂2 outperforms BF

and KS for all the considered alternatives.
We repeated the simulations for Poisson variates: X1, X2, ..., Xn ∼ P (2) and Y1, Y2, ..., Ym ∼ P (∆),
with ∆ = 1, 1.5, 2.5, 3, 3.5. In this case, the p-value of the Kolmogorov-Smirnov test was ap-
proximated by bootstrap 2 (see Romano, 1988) and, instead of the t-test we calculated the test of
Przyborowski & Wilenski (denoted by PW ), whose p-values were approximated by its asymptotic
nonrandomized version. Table 5 displays the obtained results. Now, p̂3, p̂4 and BF behave very
similarly and they seem to work a bit better than p̂1, p̂2 and KS.
To study the power for the multivariate two-sample problem, we took d = 2, 5 for the multivariate
normal distribution, and as in the univariate case, location and scale alternatives were considered. We
got similar conclusions to that obtained for the univariate case.
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Table 4: Power performance for the univariate normal case and scale alternatives.
∆ α F p̂1 p̂2 p̂3 p̂4 BF KS

0.50 0.05 .997 .845 .941 .188 .535 .789 .458
0.10 1 .949 .974 .475 .793 .915 .691

0.75 0.05 .503 .176 .242 .062 .105 .131 .098
0.10 .653 .302 .359 .134 .214 .260 .199

1.25 0.05 .349 .202 .157 .197 .115 .090 .073
0.10 .478 .319 .272 .316 .223 .180 .167

1.50 0.05 .802 .513 .445 .533 .403 .251 .166
0.10 .882 .662 .596 .695 .585 .423 .301

2.00 0.05 .995 .948 .922 .971 .947 .792 .448
0.10 .998 .976 .967 .990 .976 .909 .695

Table 5: Power performance for Poisson alternatives.
∆ α PW p̂1 p̂2 p̂3 p̂4 BF KS

1.0 0.05 .992 .940 .940 .959 .972 .962 .939
0.10 .998 .967 .964 .984 .984 .984 .974

1.5 0.05 .605 .340 .338 .396 .424 .439 .359
0.10 .725 .452 .465 .525 .553 .556 .490

2.5 0.05 .509 .290 .247 .382 .339 .353 .297
0.10 .658 .408 .385 .486 .456 .483 .420

3.0 0.05 .930 .719 .702 .818 .789 .849 .775
0.10 .965 .822 .803 .885 .874 .915 .847

3.5 0.05 .998 .964 .962 .976 .976 .994 .974
0.10 .999 .979 .980 .991 .989 .998 .990

In summary, in relation to the power, the simulations reveal that the proposed tests compete very
satisfactory with its nonparametric competitors here considered (the test in Baringhaus and Franz
(2004) and the Kolmogorov-Smirnov test). Although, between the proposed tests considered in the
simulation study there is no one being more powerful, it seems that p̂4 behaves quite well in most
of the simulated cases. There are no big differences between bootstrap 1 and bootstrap 2, but the
behaviour of the tests are greatly influenced by the choice of the weight function G. So, the choice of
G to try to maximize the power deserves a deeper study.
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1.  Introduction 

Coefficient of variation (c.v.) is a widely used measure of dispersion in scientific investigation, 
especially in the applied research areas. In the past, several papers have appeared for the comparison of 
c.v.’s of ‘k’ normal populations. However, little attention was paid for the tests and confidence intervals of 
population c.v. from a single normal distribution. The practical instances of this application include the 
confidence interval for c.v. for the rain fall of a region, yield etc. Another instance of the application is the 
estimation of a normal mean with known c.v. Several estimators are proposed in the past for this. However, 
if the partial knowledge regarding c.v. is available, it becomes difficult to use this estimators and tests are 
required to ascertain the partial knowledge. This has motivated us to derive the explicit test statistics for 
testing the specified value of the population c.v. when the underlined distribution is normal. These tests are 
the Likelihood Ratio (LR), Wald and score tests. Under the null hypothesis, all the three test statistics have 
an asymptotic normal distribution with mean 0 and variance 1. Simulations are carried out to compare the 
type I error rates of these three tests and the results indicate that LR and score tests maintain type I error 
rates for all values of c.v. and Wald test maintain type I error rate for small values of c.v.(<1.0) and test is 
liberal as c.v. increases. The small sample power comparison indicate that, when the alternatives are two 
sided, for the left alternative LR test perform better than the Wald and score test while for the right 
alternatives the latter two tests perform better. The investigation is also carried out to find the small sample 
robustness. The result indicate that score test maintain type I error rate for lognormal, gamma, uniform and 
logistic distribution whereas Wald test maintain type I error rate for lognormal and gamma distribution.  

The contents of this paper are presented in 6 sections. Bartlet adjusted likelihood ratio test statistics is 
also derived and Section 2 presents the expression for the four test statistics. The results for the small sample 
comparison of type I error rate are given in section 3 while section 4 deals with the power comparison. 
Section 5 presents the results concerning the small sample robustness when the underlined distributions are 
lognormal, gamma, uniform and logistic. Conclusions are presented in section 6. 
 
2. Tests for coefficient of variation 

Let X = X1,…,Xn be independent and identically distributed (i.i.d.) normal random variables with 
mean µ and variance σ2. Let c=σ/µ, denote the c.v. The problem of interest is testing H0: c=c0 vs. H1: c≠c0. 
 
2.1. Wald Test 

The Wald test statistic is given by 
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Under H0, Ww is asymptotically distributed as standard normal variate. H0 is rejected if |Ww | > Zα/2 and Zα/2 
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2.2. Likelihood Ratio Test 

The likelihood ratio (LR) test is given by, 
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where   µ̂   is M.L. estimator and is given by,  
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Under H0, √WL is asymptotically distributed as standard normal variate. H0 is rejected if √WL> Zα/2. 
 
2.3. Bartlett-adjusted Likelihood Ratio Test 

Under H0, the asymptotic expansion of likelihood ratio test statistic is of the form 
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Then the Bartlett – adjusted likelihood ratio test statistic is 
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That is, WB has a chi-square distribution to the order of O (n-2). 
Therefore, Bartlett – adjusted likelihood ratio test statistic is given by 

[ ]
( ) ).6(

216
2433122

1

32

0

6

0

4

0

2

0 ingivenisW  and
c

ccc
bwhere

n
b

WW

L

L

B

+
+++

=

+
=    (6) 

Under H0, √WB is asymptotically distributed as standard normal variate.  
 

2.4. Score Test 
The score test statistic is given by 
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Under H0, √WS is asymptotically distributed as standard normal variate. 
 
3. Small sample comparison of type I error rates 

In order to check the adequacy of the normal approximation to the null distribution of the four test 
statistics, a replicated experiment was carried out. 50000 replicated samples of size n=20, 40 and 80 were 
generated from a normal distribution with mean µ=100 and coefficient of variation, c.v.=0.01, 0.05, 0.1, 
0.15, 0.2, 0.25, 0.3, 0.4, 0.5, 0.75, 1.0, 1.5, 2.0, 2.5, 3.0. Type I error rates were estimated by counting the 
number of times the null hypothesis is rejected for nominal level of significance α=0.05. 
 

Table 1: Estimated type I error rates for all the tests for n=20, 80 when α=0.05 
 n=20 n=80 

c.v. Wald LR 
Bartlett-

adjusted LR Score Wald LR 
Bartlett-

adjusted LR Score 
0.01 0.0269 0.0630 0.0609 0.0386 0.0247 0.0526 0.0521 0.0473 
0.10 0.0266 0.0624 0.0602 0.0375 0.0258 0.0530 0.0525 0.0465 
0.25 0.0306 0.0609 0.0587 0.0397 0.0272 0.0532 0.0527 0.0471 
0.50 0.0402 0.0589 0.0561 0.0405 0.0329 0.0524 0.0519 0.0478 
1.00 0.0742 0.0577 0.0550 0.0439 0.0471 0.0520 0.0514 0.0486 
2.00 0.1281 0.0595 0.0566 0.0466 0.0812 0.0526 0.0520 0.0493 
2.50 0.1327 0.0602 0.0567 0.0469 0.1000 0.0533 0.0526 0.0505 
3.00 0.1256 0.0601 0.0572 0.0470 0.1145 0.0509 0.0501 0.0480 

 
Table 1 gives the estimated type I error rates for n=20 and 80 when α=0.05.From the table, it follows 

that LR and Bartlett adjusted LR test maintain type I error rates for all values of c.v. The type I error rates 
cluster around the nominal level α=0.05 for n=80. The score test is slightly conservative when the estimated 
type I error rates ranging from 0.0375 to 0.0474 for n=20. However, the estimated type I error rates 
converge to a value of 0.05 when c.v. increases or the sample size increases. In contrast to the above three 
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tests, the results indicates that, although Wald test maintain type I error rates for values of c.v. (≤1.0), it 
becomes liberal as the c.v. increases. The estimated type I error rates range from 0.0266 to 0.0742 when 
0.01≤ c.v. ≤1.0 and increases to a value 0.1327 when c.v.=2.5 for n=20. 

 
4. Power comparison of the tests 

In order to compare these tests in terms of power, we restrict our attention for the two sided 
alternatives. The powers were estimated using samples from a normal distribution with µ=100 and for 
various values of c.v., lying in the two sides of the interval around c0, a specified value under the null 
hypothesis. The simulation experiment is analogous to the case of the null hypothesis described in the 
previous section. 

Figure 1 gives the power function of the four tests when n=80 and α=0.05. The following conclusion 
emerge, 

1. When the alternatives are to the left side of the null hypothesis, LR and Bartlett-adjusted 
likelihood ratio tests have better power compared to the Wald and score test even for values of c.v. 
which are at a moderate distance from c0. 

2. On the contrary, Wald and score tests have better power for the right alternatives. For the right 
alternatives, the power of the Wald test is higher compared to the score test when c0>0.5. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 1: Estimated power comparison for four tests when n=80 and α=0.05. 
 
5. Robustness of the tests 

In this paper we have also investigated the small sample robustness of the four tests derived under 
normality assumption. The distribution considered for the investigations are lognormal, gamma, uniform and 
logistic. Two of the distributions are right skewed and the latter two share the property of symmetry with the 
normal distribution. The parameters of the distributions are chosen such that they coincide with the values of 
the mean and coefficient of variation for the normal distribution, described in section 3. 

The estimated type I error rates for these distributions are presented in figure 2 for n=20 and α=0.05. 
From the figure and the values not reported here for n=40 and 80, it can be concluded that, for lognormal 
distribution, all tests maintain type I error rates for c.v.≤1.0. As c.v. increases, LR, Bartlett adjusted LR and 
score tests become liberal. On the contrary, Wald test becomes stringent for large value of c.v. 
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Figure 2: Estimated type I error rates for four tests when n=20 and α=0.05. 
 
For gamma distribution, the type I error rates decreases as c.v. increases for all the tests. Therefore for small 
values of c.v. all tests maintain type I error rate and there after they become stringent. For uniform 
distribution, LR, Bartlett corrected LR and score test maintain type I error rates for all value of c.v. while the 
Wald test becomes liberal for large values of c.v. ( >1.5). For logistic distribution, Wald test is liberal for all 
values of c.v. and score test maintain type I error rate. LR and Bartlett adjusted LR tests are liberal far small 
values of c.v. (< 0.5), as c.v. increases these tests are maintain the type I error rate. 
 
6. Conclusion 
 In this paper we have compared the small sample performance of the LR, Bartlett-adjusted LR, Wald 
and score tests for the c.v. of a normal distribution. The estimated type I error rates indicates that, Wald test 
is liberal when the c.v. is large while score test slightly conservative for the small value of c.v. The estimated 
type I error rates for the LR and Bartlett-adjusted LR tests are very close to the nominal level of α=0.05 and 
which clearly shows that the normal approximation for the null distribution of the test statistic is quite 
accurate. The power comparison indicates that, for the alternatives to the left of the null hypothesis, LR and 
Bartlett-adjusted LR tests are better while for the alternatives to the right of the null hypothesis, score and 
Wald tests performs better. 
 Among all the four tests, score test maintain type I error rates for the symmetric and right skewed 
distribution and is robust. One of the possible explanations for this phenomenon may be that the score test is 
conservative when the underlined distribution is normal. Wald test is robust for the right skewed 
distributions while for the LR and Bartlett-adjusted LR tests, no systematic conclusion emerges regarding 
robustness, although the tests robust for the gamma and uniform distribution. 
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RESUME 

In the past, several tests have been proposed for the equality of coefficient of variation (c.v.) of ‘k’ 
normal populations. Among these tests the three prominent tests are the Likelihood Ratio (LR), Wald and 
score tests. Although simulation study is carried out to find the type I error rates and powers for ‘k’ normal 
distributions, the performance of these tests have not been evaluated for the case of single normal 
population. This paper compares the type I error rates and the powers of the above three tests for a normal 
distribution. Simulation results indicate that LR, Bartlet corrected likelihood ratio and score tests maintain 
type I error rates for all values of c.v. even for small sample sizes. However Wald test becomes liberal when 
the population c.v. exceeds 1. For the two sided alternatives LR and Bartlet corrected likelihood ratio tests 
have larger power for the left alternatives while the Wald and score tests have larger power compared to the 
others for the right alternatives. Simulation is also carried out to study the robustness of these tests for the 
violation of normality assumption. The results indicate that, score test maintain type I error rates for the 
lognormal, gamma, uniform and logistic distributions. 
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1. Introduction 

Regression models with errors in variables, also sometimes called measurement error models, have been 
widely discussed in the literature, and one may refer to Anderson (1976, 1984), Fuller (1987) and Gleser 
(1981, 1987) for a detailed discussion. The basic set-up is as follows: one observes pairs {(Xi, Yi), i = 
1,2,…,n} where 

 Yi = α + βξi + εi

 Xi = ξi + δi         (1) 

with α and β being constants, εi’s independently and identically distributed (iid) as N(0, σεε), δi’s iid 
distributed as N(0, σδδ). We consider the case of uncorrelated measurement errors, in which εi’s are assumed 
to be distributed independently of the δi’s. If the ξi’s are fixed constants, this is called a functional 
relationship model, as opposed to a structural relationship model where ξi’s would also be assumed to have a 
probability distribution. In a functional relationship model, the pairs (Xi, Yi) are bivariate normal with mean 
vector (ξi , α + βξi ) and a diagonal dispersion matrix D(σδδ , σεε ). On the other hand, in a structural 
relationship, the joint distribution of (Xi, Yi) will depend on the joint probability distribution of the ξi’s. 

We adopt the latter formulation in this article, and assume that ξi’s are iid distributed as N(0, σξξ). Then 
the (marginal) joint distribution of (Xi, Yi) is bivariate normal with means (ξ , α + βξ ), variances (σξξ +σδδ , 
σεε) and covariance βσξξ. Assuming that all the parameters in the model, namely, α, β, ξ, σξξ ,  σδδ and σεε to 
be unknown, this article addresses the problem of a fixed-precision point estimation of the slope parameter β. 

It is well-known that this random measurement error artificially inflates the dispersion of the 
observations on Xi’s and as a consequence, the least square estimate of β gets biased towards zero. There are 
several solutions to this problem under various assumptions about the underlying model, most notable being 
the variance-ratio method, which is based on the assumed knowledge of relative magnitude of measurement 
errors in the Yi’s and the Xi’s. We follow this approach, and assume additionally that the ratio λ = σεε /σδδ is 
known. For example, when both Yi’s and the Xi’s are measured by the same instrument, it is reasonable to 
assume that λ = 1. 

We consider a point estimation of β in situations where overestimation and underestimation of β by the same 
magnitude are not of equal consequence. A loss function that takes care of this asymmetric penalty in 
estimation is called the linear-exponential (LINEX) loss function (Zellner(1986)). Having observed n pairs 
{(Xi, Yi), i = 1,2,…,n} following the model (1), if β̂ n is an estimate of β, the LINEX loss takes the form 
 

Ln(β , β̂ n) = b[exp{a( β̂ n – β)} – a( β̂ n – β) – 1],      (2) 
 

where the constant ‘b’ (>0) serves to scale the loss function, and ‘a’ is a known fixed real non-zero number, 
called the shape parameter of the LINEX loss function. There are numerous practical applications where we 
use a loss function such as (2). The scale parameter b does not affect the estimation problems studied in this 
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paper, therefore, b is assumed to be 1. When a > 0, the convex loss (2) increases almost linearly for negative 
error ∆, and almost exponential for positive error. Therefore, overestimation is a more serious mistake than 
underestimation. When a < 0, the linear-exponential increases are interchanged, whereby underestimation 
becomes more serious than overestimation. For small values of a, the loss function is close to the squared 
error loss. 
 
2. Bounded Risk Point Estimation of the Slope Parameter  

 Consider n pairs of observations {(Xi, Yi), i = 1,2,…,n} following the model (1) in a structural 
relationship setting, with ξi’s iid distributed as N(0, σξξ). Assume all parameters in the model, namely, θ = (α, 
β, ξ, σξξ ,  σδδ , σεε ) to be unknown, except that the ratio λ = σεε /σδδ  to be known. 

2.1 Estimation of the Model Parameters 

Based on n pairs of observations, write X  and Y  to denote the sample means, and mXX, mYY, and mXY to 
denote the sample variances and covariances (each with divisor n-1).  Following Fuller(1987), the 
maximum likelihood estimates of the parameters θ = (α, β, ξ, σξξ ,  σδδ , σεε ) are, say, θ̂  = (α̂ , , , β̂ ξ̂ ξξσ̂ , 

 δδσ̂ , εεσ̂ ), where 

α̂ = Y - β̂ X ,  = β̂
XY

XYXXYYXXYY

m
mmmmm

2
]4)[()( 2

122 λλλ +−+−
,  = ξ̂ X ,  

ξξσ̂ = 
λ

λλλ
2

]4)[()( 2
122

XYXXYYXXYY mmmmm +−+−−
,  

δδσ̂ = 
λ

λλλ
2

]4)[()( 2
122

XYXXYYXXYY mmmmm +−−+
, and  εεσ̂ = λ δδσ̂ .    (3) 

2.2 Bounded Risk Point Estimation 

In what follows, we consider a bounded risk point estimation of β. Given a pre-assigned quantity W (>0), if 
we estimate β  by  using the LINEX loss function, we require that the associated expected loss (risk) is 
bounded from above by W, i.e.,  

nβ̂

R(β , β̂ n) = E[exp{a( β̂ n – β)} – a( β̂ n – β) – 1] ≤ W,      (4) 

uniformly for all θ = (α, β, ξ, σξξ , σδδ , σεε ).  

From Theorem 1.3.1 in Fuller(1987), we see that for large n, the asymptotic distribution of )ˆ( ββ −nn  is 

asymptotically normal with mean 0 and asymptotic variance Γ22 = (σξξσvv + σδδσvv - σ2
δv)/σ2

ξξ , where 

 and  δδεε σβσσ 2+=vv vδσ  = - δδβσ .  An estimator of Var( ) is = nβ̂ )ˆ(ˆ
nV β 2

2

ˆ)1(
ˆˆˆ

ξξ

δδδξξ

σ
σσσ

−
−+

n
ss vvvvv , 

where = vvs ∑
=

−−−
−

n

i
ii XXYY

n 1

2)}(ˆ){(
2

1 β = δδσβλ ˆ)ˆ(
)2(
)1( 2

nn
n

+
−
−

, and vδσ̂  = - . (5) δδσβ ˆˆ
n

Thus (4) holds if n is the smallest integer ≥ C, where C = a2Γ22 /2 ln(1+W). Since Γ22 is unknown there does 
not exist any fixed sample size which solves the bounded risk problem.   

 

 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 2924 -



2.3 Admissibility of the Usual Estimator of Slope Parameter 

We first consider the following result from Zellner (1986): 

Lemma 1: For estimating a scalar normal mean µ based on a random sample of size n from a N(µ , σ2) 
population with σ2 known, under LINEX loss, the usual estimator of µ, namely the sample mean nX  
becomes inadmissible, being dominated by the estimator naX n 2/2σ− . 

Recall that for large sample size n, )ˆ( ββ −nn is approximately normally distributed and n is a 
consistent estimator of the variance of the limiting distribution. Thus the quantity [ ]

)ˆ(ˆ
nV β

)ˆ(ˆ
nV β -1/2  is 

approximately distributed as a standard normal variable. For large sample size n, consider the following two 
estimators of the slope parameter β:  

)ˆ( ββ −n

  =  nβ̂
XY

XYXXYYXXYY

m
mmmmm

2
]4)[()( 2

122 λλλ +−+−
    (6) 

and   =   - *ˆ
nβ nβ̂ )ˆ(ˆ

2 nVa β  =   - nβ̂ 2
a

2

2

ˆ)1(
ˆˆˆ

ξξ

δδδξξ

σ
σσσ

−
−+

n
ss vvvvv .    (7) 

The following result follows readily from Lemma 1: 

Theorem 2.1: For large sample size, under LINEX loss,  is asymptotically inadmissible, being 
dominated by the estimator .  

nβ̂
*ˆ
nβ

3. A Purely Sequential Procedure 
We have seen in Section 2 that there is no fixed sample size rule to solve the bounded-risk point estimation 
problem for β under the LINEX loss function. In what follows, we consider a one-at-a-time purely sequential 
sampling scheme to circumvent this difficulty.  

We start with an initial (pilot) sample of size m ( ≥ 3) and continue taking observations one at a time until 

 N = inf{ n ≥ m: n ≥  
)1ln(2

2

W
a
+ 2)(

2)()()()()(

ˆ)11(

ˆˆˆ

n

n
v

n
vv

nn
vv

n

n

ss

ξξ

δδδξξ

σ

σσσ

−

−+
},   (8) 

where , ,  and  are as given by (3) based on a sample of n observations. The procedure 

operates as follows: Write L(n) =  

)(ˆ n
ξξσ )(ˆ n

δδσ )(n
vvs )(ˆ n

vδσ

)1ln(2

2

W
a
+ 2)(
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n
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n
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nn
vv

n

n

ss

ξξ

δδδξξ

σ

σσσ

−

−+
, for n = m, m+1, m+2, … .    

Draw an initial sample of m observations {(Xi, Yi), i = 1,2,…,m} following model (1) and calculate L(m). If 
m ≥ L(m), we stop sampling (N=m); otherwise, we draw one more observation (Xm+1, Ym+1) and calculate 
L(m+1). If (m+1) ≥ L(m+1) we stop sampling (N=m+1); otherwise draw one more observation (Xm+2, Ym+2). 
We continue taking sample one at a time like this until the inequality n ≥ L(n) is satisfied for some n ≥ m for 
the first time. 

The following theorem gives some asymptotic first-order properties of the stopping rule N given by (8). 
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Theorem 3.1: We have P(N < ∞ ) = 1, and as W → 0, N → ∞ a.s. and 
C
N

 → 1 a.s. 

Proof: First note that n is a consistent estimator of )ˆ(ˆ
nV β 22Γ . From (2.12) and (3.1), it is clear that the 

sequential rule N terminates with probability 1, and also diverges to ∞ a.s. as W → 0. To prove the last part, 

note that )ˆ(ˆ)1(
)1ln(2

2

NV
C

N
W

a β−
+

≤ 
C
N

≤ 
C
m

 + )ˆ(ˆ)2(
)1ln(2 1

2

−
−

+ NV
C

N
W

a β . The result now follows 

taking limits as W → 0 (or, equivalently, C → ∞ ) to the above string of inequalities.  □ 

Once sampling stops, we estimate β by β̂ N and , given by (6) and (7) respectively. The associated 

sequential risks (under LINEX loss) are 

*ˆ
Nβ

  R(β, β̂ N) = E[exp{a( β̂ N - β)} - a( β̂ N - β) - 1],      (9)  

and  

   R(β, ) = E[exp{a(  - β)} - a(  - β) - 1].     (10) *ˆ
Nβ

*ˆ
Nβ

*ˆ
Nβ

 
One may now proceed to find the asymptotic (as w → 0) second-order expansions of the sequential risks, as 
given by (9) and (10), for estimating β by the two estimators, β̂ N and , and assess the admissibility or 
otherwise of them. The tools of Woodroofe(1977) and Aras and Woodroofe (1993) may be utilized towards 
this end.  

*ˆ
Nβ
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In the application of statistical inferential procedures based on n vector observations represented
by the columns of the random matrix X : p×n, from a distribution with parameter vector θ : s×1, it
is usually assumed that n > p. A fundamental problem arises when n is relatively small with respect
to s. In such cases the maximum likelihood estimate, mle, of θ only exists under specific restrictions.
Many standard statistical procedures can be embedded into this framework.

A simple and elegant procedure for obtaining such mle’s is presented. The procedure is based
on a result of Matthews and Crowther (1995) by which for any random vector t in the exponential
class with Cov(t) = V , the mle of m under a set of constraints g(m) = 0 may be obtained from

m̂c = t− (GmV )
′ (GtV G

′
m

)∗
g(t) .

In this expression Gm =
∂g(m)
∂m

, Gt =
∂g(m)
∂m

∣∣∣∣
m = t

and (GtV G
′
m)

∗ a generalized inverse of

GtV G
′
m. The result implies that the mle must be obtained iteratively, except if g(m) is linear

in m and the matrices V and Gm are not functions of m, in which case the mle is obtained directly.
Note that the statistic is a canonical statistic and θ a canonical parameter in the exponential class.

The covariance matrix of the mle is approximately

Cov (m̂c) ≈ V − (GmV )
′ (GmV G

′
m

)∗
GmV

and the Wald statistic for the hypothesis H : g(m) = 0 is W = g(t)′ (GtV G
′
t)
∗
g(t) ∼ χ2(ν) with

ν = rank (GtV G
′
t).

The essence of the procedure may be described by the very simple case where the random vector

y : 2× 1 =
(
y1
y2

)
is a single observation from a N(0,Σ) distribution:

f(y) ∝ exp
{
−1
2
tr
(
Σ−1yy′

)}
.

The canonical parameters and canonical observations are the elements of Σ−1 and yy′ where

yy′ ∼W (Σ, 1) and t = vec(yy′) =

⎛
⎜⎝ y21

y22
y1y2

⎞
⎟⎠ .

In terms of the canonical variables, the mean vector and covariance matrix of t are

m =

⎛
⎜⎝ σ11
σ22
σ12

⎞
⎟⎠ and V =

⎛
⎜⎝ 2σ211 2σ212 2σ11σ12

2σ212 2σ222 2σ22σ12
2σ11σ12 2σ22σ12 σ11σ22 + σ

2
12

⎞
⎟⎠ .

The mle’s of m and Σ under the constraint g(m) = σ11 − 2σ22 = 0 are determined from:
g(m) = σ11 − 2σ22 = (1,−2, 0)m = Gm

GV =
(
2σ211 − 4σ212 , 2σ212 − 4σ222; , 2σ11σ12 − 4σ22σ12

)
GVG′ = 2σ211 + 8σ

2
22 − 8σ212

.
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and

m̂c = t− t1 − 2t2
2m2

1 + 8m
2
2 − 8m23

⎛
⎜⎝ 2m2

1 − 4m23
−4m22 + 2m2

3

2m1m3 − 4m2m3

⎞
⎟⎠

Convergence is obtained after the following two iterations:

Itr1 :

⎛
⎜⎝ 16

4

8

⎞
⎟⎠− 8

10

⎛
⎜⎝ 2

−4
0

⎞
⎟⎠ =

⎛
⎜⎝ 14.4

7.2

8

⎞
⎟⎠ Itr2 :

⎛
⎜⎝ 16

4

8

⎞
⎟⎠− 8

317.44

⎛
⎜⎝ 158.72

−79.36
0

⎞
⎟⎠ =

⎛
⎜⎝ 12

6

8

⎞
⎟⎠

Constraints on a W (Σ, n) sample, with p > n, may be analysed similarly.
In the case of a multivariate normal sample, the columns ofX : p×n are independently N(μ,Σ)

distributed, with p > n. In terms of the canonical statistics:

E

(
x

vec(S)

)
=

(
μ

vec(Σ+ μμ′)

)
=m =

(
m1

m2

)

with S = 1
nΣ

n
α=1xαx

′
α and

V = cov

(
x

vec(S)

)

The usual constraints are:

g(m) =

(
g1(μ)

g2(vec(Σ))

)
=

(
g1(m1)

g2(m2 − vec(m1m
′
1))

)
= 0 .

The analysis of covariance structures of observations in the case of a relatively small sample
of observations in the exponential class, may be analysed in this way. Examples that are considered
include the analysis of econometric time series like the gross national product, in terms of explanatory
variables such as investment, price index and interest rate. The scenario includes heteroskedastic
variances and covariance matrices.
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RÉSUMÉ (ABSTRACT)
The procedure provides a simple and elegant way of obtaining maximum likelihood estimates

in the case of relatively small samples. In many situations the number of parameters is large relative
to the sample size. Many standard statistical procedures can be embedded into this framework. The
maximum likelihood estimates then only exist under specific constraints. Examples that are considered
include econometric models such as the analysis of time series like the gross national product, in terms
of explanatory variables such as investment, price index and interest rate.
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Abstract The von Mises-Fisher distribution is one of the most used distributions for vectorial
data and it has many applications for spherical data. The one-way analysis of variance and a nested
multiway layout technique for a concentrated von Mises-Fisher distribution have already been pre-
sented in the literature. In this paper, we extend the previous techniques to the two-way analysis of
variance.

Introduction

The one-way analysis of variance technique for a concentrated von Mises-Fisher distribution
was introduced by Watson (1956) and Watson and Williams (1956) and a nested multiway layout
technique was proposed by Stephens (1982) (see also Stephens, 1992). In this paper we propose the
two-way analysis of variance for a concentrated von Mises-Fisher distribution.

The von Mises-Fisher distribution defined on the unit sphere in Rp, Sp−1 is usually denoted by Mp (µ, ξ)
and it has probability density function given by

f (x|µ, ξ) = cp (ξ) exp
{
ξµ′x

}
x ∈ Sp−1, µ ∈ Sp−1, ξ ≥ 0 ,(1)

where cp (ξ) is the normalising constant given by

cp (ξ) =
ξ

p−1
2

(2π)
p
2 I p−1

2
(ξ)

and Iν denotes the modified Bessel function of the first kind and order ν defined by

Iν (k) =
1
2π

∫ 2π

0
cos νθek cos θdθ.

The parameter µ is the mean direction and ξ is the concentration parameter around µ.
This distribution verifies the properties:

• It is rotationally symmetric about µ.

• If x comes from Mp (µ, ξ) and U is an orthogonal matrix, then Ux comes from Mp (Uµ, ξ) .

• For x ∈ Sp−1 from Mp (µ, ξ) then for large ξ

2ξ
(
1− x′µ

)
∼χ2

p−1.(2)

Let [x1|x2|...|xn] be a random sample of size n from the von Mises-Fisher distribution Mp (µ, ξ) .

Let R be the resultant length mean of the sample defined by R = ‖x‖ = (x′x)
1
2 , where x is the sample

vector mean of x1,x2, ...,xn defined by x = 1
n

∑n
i=1 xi. Let R be the resultant length of the sample of

size n, defined by R = nR.
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• The maximum likelihood estimator of µ is the sample mean direction, that is

µ̂ = x0 =
x
‖x‖

.

• The maximum likelihood estimator of ξ is the solution of the following equation

Ap (ξ) = ‖x‖ ,

where the function Ap (ξ) is defined by

Ap (ξ) =
c′p (ξ)
cp (ξ)

=
I p

2
(ξ)

I p
2
−1 (ξ)

.

(For more details about this distribution, see for instance, Fisher, Lewis and Embleton, 1987, Watson,
1983, Mardia and Jupp, 2000).

Two-way analysis of variance

We suppose that we have n observations classified according to a factor A with r treatments
and a factor B with s treatments. When an observation is classified into treatment i of factor A and
treatment j of factor B, this observation falls in cell (i, j) in row i and column j of a two-way table.
We suppose that there is t observations in each cell of the table and let n = rst be the total number
of observations.
Let xijk be kth observation in cell (i, j), i = 1, . . . , r, j = 1, . . . , s, k = 1, . . . , t. The observations
in cell (i, j) are supposed to come from the subpopulation Mp (µij , ξij) , i = 1, ..., r, j = 1, ..., s. We
suppose that the rs subpopulations are independent and we assume that ξ11 = ξ12 = ... = ξrs = ξ,
where the common concentration ξ is unknown.
We want to test the null hypothesis: H0 : µ11 = µ12 = .... = µrs = µ, against the alternative that at
least one of the equalities is not satisfied.

Let
• R be the resultant length of all observations xijk, i = 1, ..., r, j = 1, ..., s, k = 1, ..., t.

• Ri. be the resultant length of the observations in the row i, xijk, j = 1, ..., s, k = 1, ..., t.

• R.j be the resultant length of the observations in the column j, xijk, i = 1, ..., r, k = 1, ..., t.

• Rij be the resultant length of the observations in the cell (i, j) of the two-way table, xijk, k = 1, ..., t.

The two-way analysis of variance is based on the following identity

2ξ (n−R) = 2ξ

(
r∑

i=1

Ri. −R

)
+ 2ξ

 s∑
j=1

R.j −R

+

+2ξ

 r∑
i=1

s∑
j=1

Rij −
r∑

i=1

Ri. −
s∑

j=1

R.j + R

+ 2ξ

n−
r∑

i=1

s∑
j=1

Rij

 ,

which is a decomposition of the total variance into between-rows variance, between-columns
variance, interaction between the rows-columns and residual variance.
It can be proved that for large ξ

2ξ

(
r∑

i=1

Ri. −R

)
∼χ2

(r−1)(p−1),(3)
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2ξ

 s∑
j=1

R.j −R

∼χ2
(s−1)(p−1),(4)

2ξ

 r∑
i=1

s∑
j=1

Rij −
r∑

i=1

Ri. −
s∑

j=1

R.j + R

∼χ2
(r−1)(s−1)(p−1).(5)

2ξ

n−
r∑

i=1

s∑
j=1

Rij

∼χ2
(n−rs)(p−1).(6)

To test the null hypothesis H
′
0: There is no difference between rows, we use the statistic defined

by

F1 =
(n− rs)

(
r∑

i=1
Ri. −R

)
(r − 1)

(
n−

r∑
i=1

s∑
j=1

Rij

) ,(7)

which has under H
′
0 and for large ξ, F(r−1)(p−1),(n−rs)(p−1) distribution. We reject H

′
0 for large values

of F1.

To test the null hypothesis H
′′
0 : There is no difference between columns, we use the following sta-

tistic

F2 =
(n− rs)

(
s∑

j=1
R.j −R

)

(s− 1)

(
n−

r∑
i=1

s∑
j=1

Rij

) ,(8)

which has under H
′′
0 and for large ξ, F(s−1)(p−1),(n−rs)(p−1) distribution. We reject H

′′
0 for large values

of F2.

To test the null hypothesis H
′′′
0 : There is no interaction between the rows and columns, we use

the following statistic

F3 =
(n− rs)

(
r∑

i=1

s∑
j=1

Rij −
r∑

i=1
Ri. −

s∑
j=1

R.j + R

)

(r − 1) (s− 1)

(
n−

r∑
i=1

s∑
j=1

Rij

) ,(9)

which has under H
′′′
0 and for large ξ, F(r−1)(s−1)(p−1),(n−rs)(p−1) distribution. We reject H

′′′
0 for large

values of F3.
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In this paper we will discuss the inference in linear mixed models of the form

(1) y = Xβ +
w∑

i=1

Xiζi + e,

where β is a fixed vector, the ζi, i = 1, . . . , w, are independent normally distributed with null mean
vectors and covariance matrix σ2

i I, i = 1, . . . , w, and e is also normally distributed with null mean
vector and covariance matrix σ2

w+1I, independently of the ζi, i = 1, . . . , w. Then we will have the
model mean vector and model covariance matrix

E[y] = Xβ(2)

V(σ2) =
w∑

i=1

σ2
i Mi + σ2

eI,(3)

where Mi = XiX′
i and σ2 = [σ2

1 · · · σ2
w+1]. The density for the model will be

(4) n(y) =
exp

(−1
2(y −Xβ)′V(σ2)−1(y −Xβ)

)
√

(2π)n
∣∣V(σ2)

∣∣ .

Consider the estimable vectors φ = Cβ. One can take the hypothesis H0(φ,b) : φ = b, where
b = Ca, and H0(i) : σ2

i = 0.
Consider the log-likelihood

(5) l(β,σ2|y) = −n

2
ln(2π)− 1

2

∣∣V(σ2)
∣∣− 1

2
(y −Xβ)′V(σ2)−1(y −Xβ).

Maximizing l(β,σ2|y) is equivalent to minimizing

(6) l∗(β,σ2|y) =
∣∣V(σ2)

∣∣ + (y −Xβ)′V(σ2)−1(y −Xβ).

It is then possible to obtain the maximum likelihood estimates

(7)
[
β̂
′
σ̂2′

]′
= arg min

β,σ2
l∗(β,σ2|y),
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It is easy to see that the value for β that minimizes l(β,σ2|y) is

(8) β̂ =
(
X′V(σ2)−1X

)+X′V(σ2)−1y,

the least squares estimator, where A+ is the Moore-Penrose inverse of A. Substituting in A(σ2) =
(y −Xβ)′V(σ2)−1(y −Xβ) we get

(9) A(σ2) =
∥∥∥V(σ2)−

1
2 −V(σ2)−

1
2 X

(
X′V(σ2)−1X

)+X′V(σ2)−1y
∥∥∥2

Take now

(10) σ2 = cα,

with c > 0 and ‖α‖ = 1. So,

(11) l∗ = cn
∣∣V(α)

∣∣ + c−1A(α)

We see that

(12)
∂l∗
∂c

= ncn−1
∣∣V(α)

∣∣− c−2A(α) = 0⇔ c =

(
A(α)

n
∣∣V(α)

∣∣
) 1

n+1

and

(13)
∂2l∗
∂c2

= (n− 1)ncn−2
∣∣V(α)

∣∣ + 2c−3A(α) > 0,

so that

(14) ĉ =

(
A(α)

n
∣∣V(α)

∣∣
) 1

n+1

is in fact an absolute minimum.
Now, we have only to minimize l∗ in order to α. Changing α to the polar coordinates vector θ,

we get

(15)

α1 = cos(θ1) · · · cos(θw−1) cos(θw)

α2 = cos(θ1) · · · cos(θw−1) sin(θw)
...

αw+1 = sin(θw)

,

with

(16) θ ∈ Θ =
w∏

i=1

[
0,

π

2

]
,

because σ2
i > 0, i = 1, . . . , w + 1. Now we have only to minimize

(17)

f(α) =

(
A(α)

) n
n+1

n
n

n+1

(∣∣V(α)
∣∣)− 1

n+1

+

(
n
∣∣V(α)

∣∣) 1
n+1

(
A(α)

) 1
n+1

−1

=

(
A

(
p(θ)

)) n
n+1

n
n

n+1

(∣∣∣V(
p(θ)

)∣∣∣)− 1
n+1

+

(
n
∣∣∣V(

p(θ)
)∣∣∣)

1
n+1

(
A

(
p(θ)

)) 1
n+1

−1
= f

(
p(θ)

)
,
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where p(·) is the polar coordinates transformation. With the polar coordinates transformation, there
is one less variable and one less restrain.

Given the complexity of f(·), a solution for this minimization problem can be the use of stochastic
algorithms, such as the random search. Because Θ is a compact set, such methods become usable (see
Spall, 2003).

It is then possible to test hypothesis on the variance components

(18) H0(j) : σ2
j = 0,

simply considering

(19) V(σ2
(j)) =

w∑
i=1
i�=j

σ2
i Mi + σ2

eI.

Using the log-likelihood obtained using the latter covariance matrix, we get

(20) −2
(
l(β̂, σ̂2)− l(β̂, σ̂2

(j))
) ∼ χ2

(1).

Now, for the hypothesis

(21) H0(φ,b) : φ = b,

where φ = Cβ and b = Ca. This hypothesis is equivalent to β−a ∈ K(C), where K(C) is the kernel
of C, which can be stated as

(22) β = b + Uβ0,

with R(U) = K(C). Thus, ignoring b, the model can be rewritten as

(23) y = X0β0 +
w∑

i=1

Xiζi + e,

where X0 = XU. Putting rank(X) = k and rank(X0) = k0, we get

(24) −2
(
l(β̂, σ̂2)− l(β̂0, σ̂

2)
) ∼ χ2

(k−k0),

thus allowing the test of fixed effects hypothesis.
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RÉSUMÉ (ABSTRACT)

In normal linear mixed models inference become very difficult when orthogonality conditions
do not hold. Namely, maximum likelihood methods become intractable analytically. We propose the
expression of variance components in polar coordinates, which permits the use of stochastic search
algorithms in a three-step maximization setup. It is then possible to derive maximum likelihood esti-
mators with and without restrictions and likelihood ratio hypothesis tests for fixed effects and variance
components.
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ABSTRACT

The Fieller method refers to a general approach to obtain confidence intervals for R = µ1/µ2, i.e. the
ratio of means µ = (µ1, µ2) of two Normal variables, jointly distributed as a Bivariate. This method
produces bounded confidence intervals if and only if the estimated mean at the denominator, called
m2, is significantly unequal to zero at level α. We propose a new approach for constructing the confi-
dence intervals for R, called “inverse distribution method. It is based on the exact distribution of the
estimate of R, called r = m1/m2, distributed as the ratio of two Normal variables. The simulation
studies showed satisfactory and very close performances, in terms of probability coverage, degree of
symmetry and average width, for the Fieller and the inverse distribution methods. Although the
calculus of the limits of the confidence intervals by means of the novel method is more complicated,
as this involves the calculation of the inverse of a cumulative density function that can be obtained
only by a computer support, the inverse distribution method always allows to obtain bounded confi-
dence intervals, also when the Fieller method produces unbounded intervals. The implementation of
procedures and functions to construct confidence intervals with the novel method is already available
in Matlab and will soon be available in SAS package, too. Besides a theoretical interest, this may
be useful in several applications. For example, in the cost-effectiveness analysis recently arose the
problem to treat the cost-effectiveness ratio in the equivalence studies, i.e. when the difference in
effectiveness between the new treatment and the control treatment is close to zero. In these cases the
confidence intervals for the cost-effectiveness ratio cannot be obtained with the Fieller method and
in medical literature there are no satisfactory parametric methods to construct confidence intervals.
Therefore, the inverse distribution method would be valuable.

Keywords. Bivariate Normal, confidence interval, Fieller theorem, ratio.
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For the parameter of the discrete Poisson-Lindley distribution, we show that (1) the method
of moments estimator is positively biased, (2) the maximum likelihood estimator is unique, (3) each
of the two estimators is consistent and asymptotically normal, and (4) the two estimators are almost
equally efficient. Also, a simulation study is presented to compare the two estimators. Finally, the two
estimators, their standard errors and the asymptotic confidence intervals based on them are compared
for two published data sets.

1. Introduction

The discrete Poisson-Lindley distribution with probability mass function (p.m.f.)

f(x; θ) = P (X = x) =
θ2(x + θ + 2)
(θ + 1)x+3

, x = 0, 1, . . . , θ > 0,(1)

was introduced by Sankaran (1970) to model count data. The distribution arises from the Poisson
distribution when its parameter λ follows a (continuous) Lindley (1958) distribution with probability
density function (p.d.f.)

g(λ; θ) =
θ2

θ + 1
(1 + λ) e−θλ, λ > 0, θ > 0.(2)

Sankaran (1970) proposed the method of moments (MoM) and maximum likelihood (ML) esti-
mators for the parameter θ. Yet, he only used the MoM estimator for the two data sets he presented.
Moreover, he conjectured that the estimating equation producing the ML estimator may have multiple
solutions.

The aim of this paper is to answer the following questions:
(1) Is the MoM estimator unbiased?
(2) Is the ML estimator unique?
(3) What are the asymptotic distributions of the MoM and ML estimators?
(4) Which of the MoM and ML estimators is asymptotically more efficient?

Also, a simulation study is presented to compare the MoM and ML estimators. Finally, we
re-analyze Sankaran’s (1970) two data sets using the results of this paper.

2. Results

Given a random sample x1, x2, . . . , xn, from the discrete Poisson-Lindley distribution with p.m.f.
(1) the unique MoM estimator, θ̃, of θ is given by

θ̃ =
−(x̄− 1) +

√
(x̄− 1)2 + 8x̄

2x̄
, x̄ > 0.(3)

Theorem 1. The unique MoM estimator θ̃ of θ is positively biased.

Theorem 2. The unique MoM estimate θ̃ of θ is consistent and asymptotically normal:
√

n(θ̃ − θ) d−→ N(0, v2(θ)).
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Figure 1: Asymptotic relative efficiency of ML to MoM estimators.

where

v2(θ) =
θ2(θ + 1)2 (θ3 + 4θ2 + 6θ + 2)

(θ2 + 4θ + 2)2
.(4)

The ML estimator, θ̂, of θ is the solution of the non-linear equation:

2n

θ
− n(x̄ + 3)

θ + 1
+

n∑

i=1

1
xi + θ + 2

= 0.(5)

Theorem 3. The ML estimator θ̂ of θ is unique for all n.

Theorem 4. The unique ML estimator θ̂ of θ is consistent and asymptotically normal:

√
n(θ̂ − θ) d−→ N(0, I−1(θ))

where

I(θ) =
2
θ2
− 3θ2 + 4θ + 2

θ(θ + 1)3
+

θ2

(θ + 1)2

∫ 1

0

tθ+1

θ + 1− t
dt.(6)

The asymptotic relative efficiency of the ML estimator, θ̂, to the MoM estimator, θ̃, is given by

ARE(θ) =
Avar(θ̃)
Avar(θ̂)

= v2(θ) I(θ)(7)

where v2(θ) and I(θ), respectively, are given by (4) and (6). Note that ARE(0) = ARE(∞) = 1.
Figure 1 shows that 1 < ARE(θ) < 1.001, indicating that the MoM and ML estimators are almost
equally efficient.

3. Simulation study and data analysis

A simulation study to compare the MoM and ML estimators of the parameter θ will be reported.
Also, we re-analyze Sankaran’s (1970) two data sets using the results of this paper.
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Pooling Two Samples for Estimating Intraclass Correlation 
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1.   Introduction  

The intraclass correlation coefficient is frequently used to measure the degree of intrafamily 
resemblance with respect to characteristics such as blood pressure, cholesterol, weight, height, and has been 
studied by many researches. We consider the estimation of the intraclass correlation coefficient of the first 
population based on a random sample from this population. However a second independent random sample 
from a second population is available and the two populations may have equal intraclass correlation 
coefficient. In this situation we should pool the two samples and use the pooled estimator. In this paper it is 
assumed that the two population variances are the same, but the means are different. The intraclass 
correlation coefficients of two populations are denoted by 1ρ  and 2ρ . In practice, the experimenter may not 
be certain whether the intraclass correlation coefficients are equal. He can make the decision whether to pool 
the second sample for estimating 1ρ to the outcome of a preliminary test of the hypothesis 21 ρρ = . If the 
test is not significant, the two samples are pooled; otherwise, the individual sample intraclass correlation 
coefficient is used as the estimator. This type of estimator, known as a preliminary test estimator, was first 
studied by Bancroft (1944). Since the final estimator is conditional on the outcome of the preliminary test, 
this inference procedure is designated as inference based on conditional specification by Bancroft and Han 
(1977), who also provide a bibliography in this area of study. 

In section 2, the preliminary test estimator of 1ρ  is given. Its bias and the mean square error are 
simulated. The relative efficiency of the sometimes pool estimator to the never pool estimator is studied. We 
will use the max-min criterion given in Han and Bancroft (1968) to determine the significance level of the 
preliminary test in section 3. A conclusion is given in section 4. 

 
2.   Preliminary test estimator of 1ρ  
        Two independent random samples of sizes 1n and 2n  are taken from ),µ( 11 ΣN  and ),µ( 22 ΣN  

respectively. The dimensions of the two populations are 1k  and 2k . It is assumed the covariance matrices 

have the intraclass correlation structure, i.e. =iΣ )1{(2
iρσ − I + iρ J}, where I is the identity matrix and J 

is a ik × ik  matrix of all 1’s, 1)1/(1 ≤≤−− iik ρ , i=1, 2.  We are interested in estimating 1ρ . However if 

21 ρρ = , it is advantageous to pool the two samples and use the pooled estimator.  In some practical 

situations, the experimenter is uncertain whether 21 ρρ = . Then we could use a preliminary test to test the 

null hypothesis H0: 21 ρρ = and resolve the uncertainty. Young and Bhandary(1998) derived the likelihood 
ratio test statistic Λ− log2 . The expression of the test statistic can be found in their paper. The test statistic 

depends on ρ̂ , the estimator of common intraclass correlation coefficient under H0, and 1ρ̂  , 2ρ̂ , the 
estimators of intraclass correlation coefficient under the alternative hypothesis that the two intraclass 
correlation coefficients are not equal. It is well known from asymptotic theory that Λ− log2 has an 

asymptotic 2χ distribution with one-degree freedom. 

If the null hypothesis H0: 21 ρρ = is accepted at the significant levelα , we use the pooled sample 

intraclass correlation coefficient, ρ̂ , to estimate 1ρ ; otherwise, we use the first sample to estimate 1ρ . So the 

preliminary test estimator of 1ρ is defined as follows:                       
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if H0 is rejected, i.e. Λ− log2 >  2
αχ  

⎩
⎨
⎧

=
ρ
ρ

ρ
ˆ
ˆ

ˆ 1*
1  

if H0 is not rejected, i.e. Λ− log2 < 2
αχ  

where 2
αχ  is the 100(1-α)% point of the 2χ  distribution with one degree freedom and *

1ρ̂  is the sometimes 

pool estimate, 1ρ̂ is the never-pool estimate, and ρ̂  is the always pool estimate. The bias and the mean 

square error of *
1ρ̂ are 1

*
1

*
1 )ˆ()ˆ( ρρρ −= EBias  and 2

1
*
1

*
1 )ˆ()ˆ( ρρρ −= EMSE . The relative efficiency of *

1ρ̂  

to 1ρ̂  is given as 

)ˆ(
)ˆ(

)ˆ(
1

)ˆ(
1

*
1

1

1
*
1 ρ

ρ
ρρ MSE

MSE
MSEMSE

e == . 

Since an analytic derivation of the bias and MSE is very complicated, We simulate the bias and MSE. 
In the Monte Carlo study, we let ,321 == kk 251 =n , 202 =n , 2,0 21 == µµ , and 2σ =1. We keep the 

value of 1ρ equal to 0.5, change the value of 2ρ  in the interval (─0.5, 1) so that the value of ratio 

12 / ρρ=r  covers the range from ─1 to 2. We use the subroutines in the International Mathematical and 

Statistical Library to generate the data, then we compute *
1ρ̂ and 1ρ̂ . This is repeated 1000 times. Figure 1 

gives the simulated bias for 251 =n and 202 =n . Figure 2 gives the simulated relative efficiency 

for 251 =n and 202 =n . It is apparent from Figure 1 that the bias of *
1ρ̂ starts at the value of the bias of the 

never pool estimator. As r increases, the bias decreases to a minimum and then increases to the value under 
null hypothesis. After that, the bias becomes bigger and bigger and achieves a maximum and then decreases 
to the value of the never pool estimator. We can see from Figure 2 that mean square errors of the sometimes 
pool estimate and the never pool estimator are equal at r = ─1. The relative efficiency decreases to a 
minimum and then increases to a maximum at the null hypothesis, then drop down.  
 
3.   Selection of the Significance Level of the Preliminary Test 

In general, we want to have an estimator with high efficiency. The relative efficiency of the 
preliminary estimator is high under the null hypothesis. But it may become low when the parameter moves 
away from  the null  hypothesis. The  magnitude  depends on the  significance  level. Hence  the  significance  

 
Figure 1. Bias of *

1ρ̂ with 251 =n , 202 =n and ,321 == kk  
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Figure 2. Relative efficiency of *

1ρ̂ to 1ρ̂  with 251 =n , 202 =n and ,321 == kk . 
 
level determines the  performance of the  preliminary test  estimator.  One way to determine the significance 
level α  is to use the max-min criterion given in Han and Bancroft (1968). Kibria and Saleh (2006) have 
stated that the max-min criterion is very flexible to use.  

The max-min criterion is as follows. If the experimenter does not know the size of r and is willing to 
accept an estimator which has a relative efficiency no less than 0e , then among the set of estimators with 

A∈α , where }:{ 0eeA ≥= α  for all r, the estimator is chosen to maximize the relative efficiency e over all 

α  and r. The maximum relative efficiency is denoted by *e . This criterion will guarantee that the relative 
efficiency of the chosen estimator is at 0e  and it may become as large as *e .  

 
Table 1 Maximum and Minimum Relative Efficiencies  ,321 == kk 1n =10 
 
          α                      2n =5     10    20    25       
   __________________________________________________________________ 

0.05 *e   1.50  1.78  2.35  2.44   
            0e   0.71  0.57  0.49  0.46 
 
0.10 *e   1.45  1.61  1.94  2.04   
            0e   0.79  0.67  0.59  0.57 
 
0.25 *e   1.28  1.88  1.53  1.60   
            0e   0.92  0.85  0.79  0.78 
 
0.50 *e   1.18  1.23  1.28  1.33   
            0e   0.98  0.95  0.93  0.93 

   __________________________________________________________________ 
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Table 1 gives the values of 0e  and the corresponding significance level to use for ,321 == kk 1n =10 

and 2n =5, 10, 20, 25. Using this significance level we may obtain the relative efficiency as large as *e . For 

example if 1n =10 and 2n =25, and the experimenter requires that the relative efficiency of the estimator be 
no less than 0.78, he would use α =0.25. He may have a relative efficiency as large as 1.60. We note, from 
the table, that when α  is small, the minimum relative efficiency is also small but the maximum relative 
efficiency is high. So there is a trade off here. 
 
4.   Conclusion 
         In certain experimental situations, there may be two samples available for estimating the intraclass 
correlation coefficient. These samples may be taken at different locations or times. When the experimenter is 
uncertain whether the two samples should be pooled, a preliminary test can be used. We consider the 
estimation of the intraclass correlation coefficients when there is information that the two population 
variances are equal but intraclass correlation coefficients may not be equal, we use a preliminary test to 
determine whether to pool the two samples or not. We combine the two samples when the preliminary test 
accepts the null hypothesis 210 : ρρ =H , otherwise we use the never pool estimator. The relative efficiency 
of the preliminary test estimator is high when parameters are close to the null hypothesis. The max-min 
criterion is used to select the significance level of the preliminary test. 
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RESUME 
        When there are two samples available for estimating the intraclass correlation coefficient and it is not 
certain whether the two samples are from the same population, the experimenter usually uses a preliminary 
test to resolve the uncertainty. When the test is not significant, the samples are pooled to obtain a pooled 
estimator; otherwise, the individual sample is used. In this case a preliminary test estimator is constructed for 
estimating the intraclass correlation coefficient. The bias and relative efficiency of the preliminary test 
estimator are studied. The max-min criterion is used to determined the significance level of the preliminary 
test. 
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How Much Are Changes in Attitudes Significant over Time?  
Les changements de deux variables dans le temps sont-ils 
significatifs ou non? 
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Introduction 
Many research projects of longitudinal nature measure consumers‘ attitudes, e.g. towards a brand or a 

set of competing brands. A key question regularly asked by users of such studies is if observed shifts in 
attitudes are statistically significant. The answer to this question is of essential importance for producers of 
consumer goods because it may help them in evaluations of communication campaigns or tracking attitudes 
over time. In practical terms, our clients are interested in getting a clear answer if variables describing 
attitudes have changed significantly or if changes are random. We elaborated a procedure bringing the 
desired answer. We will illustrate key points of our approach using a simplified example. We assume that a 
result of a marketing survey focusing on skincare products is perceptual map presenting perceived positions 
of the brands in consumers‘ minds. Assumptions: 
• Attitudes towards brands can be approximated by unaided awareness and preference. 
• Comparison in time series includes two periods (June 2006 - Period 1, December 2006 - Period 2). 
• The data under comparison were collected applying the same methodology. 
• Names and numerical values are of illustrative nature. 
Starting situation and the change in time are depicted in chart. 

Starting points and denotation 
Let us denote the first surveyed characteristic of a two-criterion evaluation as x (preference), and the 

second one as y (unaided awareness). Further, we introduce the symbols 1 and 2 for the corresponding time 
periods. Thus, we employ the following symbols: 
• x1i for the 1st characteristic of i-th product, i = 1, 2, ..., n, in the 1st period. Hereafter, this characteristic 

is preference for brands of skincare products in percentage, in June 2006 (the first period), 
• x2i for the 1st characteristic of i-th product in the 2nd period, i = 1, 2, ..., n. Hereafter, this characteristic 

is again preference for brands of skincare products in percentage, in December 2006 (the 2nd period), 
• y1i for the 2nd characteristic of i-th product in the 1st period, i = 1, 2, ..., n. Hereafter, this second 

characteristic is „unaided awareness of skincare products in percentage, in June 2006 (the 1st period), 
• y2i for the 2nd characteristic of i-th product in the 2nd period, i = 1, 2, ..., n. Hereafter, this characteristic 

is again unaided awareness of skincare products in percentage, in December 2006 (the 2nd period). 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 2943 -



2

The formulation of the test of significance of the changes in consumers´ attitudes over time using two-
criterion evaluation 

Let us denote: K1 is mean value of aggregate two-criterion evaluation in the first period (so-called 
mean space localisation), K2 is mean value of aggregate two-criterion evaluation in the second period (so-
called mean space localisation). The test is formulated as follows: 
◊ 1st step:
We test the null hypothesis H0 about the equal mean localisation in space co-ordinate system, i.e. 
H0: K1 = K2  
against alternative hypotheses 
H1: K1 ≠ K2 (two-sided alternative) 
or H1: K1 > K2 (right-sided alternative) or H1: K1 < K2 (left-sided alternative). 
◊ 2nd step:
We will use as the test criterion following statistic: 
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=1  is the point estimator of the statistic K2 – K1. 

It can be proved that this t statistic has, under validity of tested hypothesis H0, Student´s distribution t[n – 1].
Comment: Using sign{...} operator, the sign of aggregate „space” change („±”) of the level of two-criterion 
evaluation in the second (later) period in comparison with the first period (in December 2006 against June 
2006) is determined. Thus, the operator expresses, whether i-th space localisation (i.e. the localisation of i-th 
product) in the 2nd period (i.e. in December 2006) moved nearer („–“) or farther („+”) with respect to the 
origin of co-ordinates [0;0], in comparison with the 1st period (i.e. in June 2006). For example, when i-th 
space localisation moved farther from the centre, then the sign „+” expresses, the aggregate evaluation (i.e. 
for both surveyed characteristics together) of i-th product by respondents improved (it is some kind of 
„geometric” summary of surveyed characteristics „preference” and „awareness”). The authors faced the fact 
that the power of the test was sharply increasing when not using the sign operator. The probability of the 
type II error β would decrease and the risk of the type I error α would increase. 
◊ 3rd step:
The critical region of the test W is bounded by inequalities: 
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          for right - sided alternative

        for left - sided alternative

 , 

where t..[n – 1] are the quintiles of Student´s t-distribution. 
◊ 4th step:
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According to the result of the 3rd step, using prior selected significance level α, we draw a conclusion 
about the statistical significance of time change in respondent’s attitudes on the basis of results of two-
criterion evaluation. 

In conclusion, we apply the described approach on the mentioned data (see table). We choose α = 0,05 = 5 %. 
Using above mentioned procedure, we obtain the test statistic t such as: 

72,2
38485,0

32,1

59235,0

32,1

29.30

2963,204
30

56,39

−=−=−=

−

= &t . 

Considering the two-sided alternative H1, then - as we obtain from the tables of quintiles of t-distribution 
t0,975[29] = 2,045 - we find, that |-2,72| = +2,72 > 2,045 and we reject the hypothesis H0 about equality of 
mean space localisation. In other words, the change in respondent’s attitudes on the basis of the two-
criterion evaluation in December 2006 against June 2006 is statistically significant. 

The value of the test statistic t is negative (-2,72). Thus, we can state the right-sided alternative 
hypothesis (H1: K1 > K2) about decrease of mean space localisation against H0 (it would mean the common 
decrease of preferences and awareness of skincare products in December 2006 in comparison with June 
2006). If again α = 0,05 = 5 %, then we find from the tables of quintiles of t-distribution t0,05[29] = -1,699. 
According to the 3rd step of the test -2,72 < -1,699, we may accept the right-sided alternative H1 as well 
about statistically significant time decrease in the two-criterion evaluation of products by respondents. 
Table 

Preference Awareness Brand Name 
(i) x1i x2i y1i y2i

hi Vi
ki = 

= sign{Vi}.hi
( )k ki − 2

A 2,8 1,2 3,5 1,8 2,33 -15,41 -2,33 1,020 1 
B 8,1 5,9 7,8 6,0 2,84 -55,64 -2,84 2,310 4 
C 11,3 9,1 19,0 16,0 3,72 -149,88 -3,72 5,760 0 
D 7,8 6,0 10,3 8,4 2,62 -60,37 -2,62 1,690 0 
E 2,9 1,8 5,9 4,5 1,78 -19,73 -1,78 0,211 6 
F 7,8 8,0 10,8 11,3 0,54 4,21  0,54 3,459 6 
G 21,5 14,8 18,5 18,9 6,71 -228,25 -6,71 29,052 1 
H 3,2 3,2 4,5 6,7 2,20 24,64  2,20 12,390 4 
I 1,8 1,4 2,6 1,3 1,36 -6,35 -1,36 0,001 6 
J 9,7 7,1 4,1 3,0 2,82 -51,49 -2,82 2,250 0 
K 1,3 1,2 2,3 1,4 0,91 -3,58 -0,91 0,168 1 
L 2,0 2,8 4,7 4,2 0,94 -0,61 -0,94 0,144 4 
M 1,2 2,0 1,2 1,6 0,89 3,68  0,89 4,884 1 
N 3,2 2,7 5,7 4,2 1,58 -17,80 -1,58 0,067 6 
O 16,8 11,3 15,8 11,9 6,74 -262,58 -6,74 29,376 4 
P 4,2 6,8 3,3 4,1 2,72 34,52  2,72 16,321 6 
Q 1,6 1,1 1,8 1,4 0,64 -2,63 -0,64 0,462 4 
R 7,1 7,2 13,3 11,6 1,70 -40,90 -1,70 0,144 4 
S 7,1 5,0 12,3 10,6 2,70 -64,34 -2,70 1,904 4 
T 4,0 4,4 7,1 6,5 0,72 -4,80 -0,72 0,360 0 
U 56,5 53,9 68,3 61,7 7,09 -1 145,04 -7,09 33,292 9
V 1,4 3,9 1,0 3,3 3,40 23,14  3,40 22,278 4 
W 14,1 15,7 17,4 16,3 1,94 10,61  1,94 10,627 6 
X 2,2 4,2 2,8 4,4 2,56 24,32  2,56 15,054 4 
Y 17,2 14,1 17,1 14,9 3,80 -167,43 -3,80 6,150 4 
Z 9,1 7,5 8,4 7,8 1,71 -36,28 -1,71 0,152 1 

alfa 12,0 11,7 12,8 12,4 0,50 -17,19 -0,50 0,672 4 
beta 9,1 8,5 12,5 12,2 0,67 -17,97 -0,67 0,422 5 
gama 4,4 3,9 3,7 3,5 0,54 -5,59 -0,54 0,608 4 
delta 1,3 1,4 1,4 2,0 0,61 2,31  0,61 3,724 9 
Total x x x x x x -1,32 204,963 2 
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Note: to make things easier, we use V y x y xi i i i i= + − −2
2

2
2

1
2

1
2 , resp. h x x y yi i i i i= − + −( ) ( )2 1

2
2 1

2 . 

Chart Perceptual Map, Skincare Products, Period 1 and 2

Low High Preference

K1K1K1K1

U

Low

High Unaided Awreness

[8,4 ; 10,0]

W Y

G

I.

IV.III.

II.

C

alfabeta
F

Z

O

D

R
S

J

K2K2K2K2 [7,6 ; 9,1]

K1K1K1K1

K2K2K2K2

Notes: 
•     Axis x and y, in the period 1  
•     Axis x and y in the period 2 
•     Period 1 
•        Period 2 
• K1 Centre of X and Y in the period 1 
• K2 Centre of X and Y in the period 2 

Conclusion 
The applied statistical procedure proved that changes in perception of individual brands are 

statistically significant. It means that the market of skincare products is a market theoretically open to new 
information that may mean some room for marketing communications. 

RESUME 
L´article présente un test d´hypothèse qui juge l´importance des changements de deux variables dans l´espace et 

dans le temps. Ce test part de l´evaluation bicriterielle par rapport au groupe de n objects. Cette évaluation n´est pas 

statique et elle est repétée après un certain temps. La carte de perception est une représentation graphique grâce à 

laquelle on constate si les valeurs de deux variables ont changées dans le temps. 
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1. Introduction

Let X1, X2, X3, . . . be independent and identically distributed random variables according to
a normal distribution N(µ, σ2) with µ and σ2 (> 0) both unknown. We focus on the parameter
θ = aµ + bσ with the constants a and b satisfying k :=

√
a2 + 1

2 b2 > 0 . Let furthermore α ∈ (0, 1)
and d ∈ (0,∞) be arbitrarily preassigned. Our goal is to derive sequential confidence intervals for θ

with confidence coefficient 1− α and confidence length 2d, and to investigate the convergence rate of
their coverage probability to 1−α as d approaches zero. Some authors dealt with special cases of this
problem. Woodroofe (1977), for instance, dealt with the population mean θ = µ. Setting

Xn =
1
n

n∑
i=1

Xi and σ̂n =

{
1

n− 1

n∑
i=1

(Xi −Xn)2
} 1

2

for n ≥ 2 ,

we consider θ̂n = aXn + b σ̂n as estimator for θ. For θ̂n, it can be shown that
(1)

√
n(θ̂n − θ)/(k σ) D−→ N(0, 1) as n →∞ ,

where “ D−→” stands for convergence in distribution. We choose the constant z = z(α) > 0 satisfying
Φ(z)− Φ(−z) = 1− α, where Φ(x) is the standard normal distribution function.

For a given constant d and a sample {X1, . . . , Xn} of size n, consider In = [ θ̂n − d , θ̂n + d ] . It
follows from (1) that for sufficiently large n

P{θ ∈ In} = P{|
√

n(θ̂n − θ)|/kσ ≤ d
√

n/kσ} ≈ P{|N(0, 1)| ≤ d
√

n/kσ} .

Hence

P{θ ∈ In} ≈ 1− α for n = n0 with n0 = (kzd−1)2 σ2 .

For simplicity n0 is assumed to be an integer. The quantity n0 is the asymptotically smallest sample
size ensuring the desired confidence level.

Notice that since σ2 is unknown, so is n0. Therefore we propose the following stopping time
which is the same as that in Woodroofe (1977) in the special case where a = 1 and b = 0 :

(2) N = N(d) = inf
{
n ≥ m : n ≥ (kzd−1)2 σ̂2

n

}
,

where an initial sample size m, depending on the length d, is given by

m = max{4, (m0 d−γ)∗}

for any given constants m0 > 0 and 0 < γ < 2. Here (x)∗ stands for the largest integer less than or
equal to x. It is easy to see that P (N < ∞) = 1, for all d > 0. Once sampling stops at stage N , we
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propose

IN = IN (d) = [ θ̂N − d, θ̂N + d ]

as a confidence interval for θ.
The following theorem provides the convergence rate of the coverage probability of the confidence

interval IN to the confidence coefficient 1 − α and the asymptotic expansion of the expected sample
size E(N) of the procedure as the length d approaches zero.

Theorem. Let δ denote a constant satisfying 0 < δ < γ/4. Then as d → 0

P{θ ∈ IN} = 1− α + O(d1/2−δ)

and

E(N) = n0 + ν − 2 + o(1) ,

where x+ = max(0, x) and a constant ν ∈ (0, 1.5).

Remark 1. The smaller δ, the faster the convergence rate. However, the expected sample size E(N)
of the procedure given in (2) becomes larger.

Remark 2. Let a > 0. Then one can show

P (θ ∈ IN ) = E

[
Φ

(√
N(d− b(σ̂N − σ))

aσ

)
− Φ

(
−
√

N(d + b(σ̂N − σ))
aσ

)]
.

For estimating the population mean θ = µ with a = 1 and b = 0, Woodroofe (1977) provided a more
exact asymptotic expansion of the coverage probability than that in our Theorem. Notic however
that in this special case, the equation in the above expectation does not include the term σN , so the
calculations of the expectation are easier to handle. If b 6= 0, the problem becomes considerably more
difficult.
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1. Intruduction 

The McCullagh (1983) extended the Wedderburn (1974)’s univariate quasi-score function to 
multivariate quasi-efficient score equation defined as U = Σ−1(Y - µ). Here, U(θ; y) is a given p-dimensional 
estimating function satisfying E{U(θ; y)} = 0 for all θ∈ Θ ⊂  Rp, and we assume that Cov (U) = -E 
( θ∂∂ /U ). For p > 1, the indefinite integral of U(t; y) for all t∈θ is not unique, and the condition of the 
quasi-likelihood, i.e. the McCullagh’s integrating condition (McCullagh and Nelder, 1989) is not often 
satisfied because the derivative matrix θ∂∂ /U  is not symmetric in general. McCullagh (1991) is asking 
whether the estimating function might be modified slightly so as to have a symmetric derivative matrix as an 
open problem. In order to give a solution to his question, we employ an integrating factor F (･) to derive a 
modified quasi-likelihood which satisfies the McCullagh’s integrating condition in case of multivariate 
gamma type distribution with constantly correlated covariance structure (Iwasaki and Tsubaki, 2005a).  

Moreover we have succeeded to derive the cumulant function of the dispersed exponential family with 
p-variate modified integrable covariance matrix in which the elements are equi-correlated. As a result of the 
work, we have derived a new multivariate gamma type joint distribution in natural exponential family 
(Iwasaki and Tsubaki, 2005a). As an application to non-Gaussian MGLM, we propose the statistical 
framework of the Multivariate Gamma type GLM including the statistical inference problem, especially in 
biavriate case (Iwasaki and Tsubaki, 2005b). 

There is relatively little on multivariate models for non-normal response variables that are correlated, 
and, what is more, that follow the multivariate joint distributions. As Joe (1997) points out, a multivariate 
gamma distribution would be needed to get a multivariate distribution as a Gamma mixture of some discrete 
distributions such as Poisson, but there is no known multivariate gamma distribution with convenient form 
for the joint distribution which leads a model with greater flexibility in dependence structure and indices of 
dispersion. Our proposed new multivariate gamma type distribution satisfies the issue of Joe’s indication. 

We propose a new multivariate negative binomial distribution which is derived from a contagious 
multivariate distribution of m-independent Poison mass functions, by mixing our proposed multivariate 
gamma type joint density function. As the second application to non-Gaussian MGLM, we expand a 
statistical inference issue for the Bivariate Negative Binomial GLM (Iwasaki and Tsubaki, 2006). 
 
2. Systematic approach to find an integrable quasi-efficient score equation 

Let ( ) ( ) 2pforT
p1,T

py1yY ≥µµ=µ= LL , and define an equi-correlated p-variate covariance 
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matrix of Y such that Cov (Y) = Σφ = ( ) ( ){ }21 i
T diag µρρµµφ −+ .  In this case, the quasi-efficient 

score equation U = φ−1Σ−1(Y - µ) is not integrable, therefore we employ the scalar function as an integrating 
factor ( )ρµ ,F to the equation so as to have a symmetric derivative matrix. The form of the modified 
equation becomes U = φ−1 ( )ρµ ,F  Σ−1(Y - µ). Then the scalar function ( )ρµ ,F  of an integrating factor 

which satisfies the integrability condition is expressed as ( )ρµ ,F  = 
)1(1

1

−+

=
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∏

pp

i
ic

ρ
ρ

µ  , and the 

covariance matrix of Y satisfying an integrability condition is expressed as  

Cov (Y) = ( ) ( ){ }2)1(1

1

1 i
T

pp

i
i diag

c
µρρµµµφ ρ

ρ

−+⎟⎟
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⎞
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⎝

⎛ −+
−

=
∏  for an arbitrary constant c. 

3. A new gamma type multivariate distribution with equi-correlated p-variate covariance sturucture 
The p-variate joint distribution of y is a mixture of a discrete distribution whose probability mass is 

concentrated on the origin and absolute continuous distributions, i.e. the distribution can be expressed as 
mixture of a mass function and p-variate independent gamma density function of the form 

fY (y1,…, yp) = )exp()(
1

λδ −∏
=
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i
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, where )(⋅δ is Dirac’s delta function, 
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  for 2,,,1,0,0 ≥=>> ppiij Lβα . 

4. Application to MGLM with non-Gaussian covariance structure  
The success of the derivation of a new multivariate gamma type joint distribution has made it possible 

to construct a variety of non-normal multivariate mixing distributions with the flexibility in dependence 
structure such as our proposed new multivariate negative binomial distribution. Once the moment property is 
specified for those distributions, the application to the multivariate GLM is not so difficult work. In order to 
develop the statistical inference technique, we propose moment estimator of model parameters such as 
φ and ρ, and apply them to both a bivariate gamma type and a bivariate negative binomial GLM.  
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Introduction

Let α1, α2, . . . , αn be a set of independent and identically distributed (i.i.d.) measurements
on two-dimensional directions. Such measurements, called angular or circular data, can be
represented as points on the circumference of a circle with unit radius. They may represent
wind directions, the vanishing angles at the horizon for a group of birds, or the times of
arrival at a hospital emergency room where the 24 hour cycle is represented as a circle. In
assigning numerical values to such directions, one has to keep in mind the arbitrary choice
of the zero-direction, as well as the sense of rotation. For definiteness, all throughout this
paper, we measure angles in the range [0, 2π) and use anti-clockwise direction as positive.
However, the statistical measures as well as methods should be independent of these choices.
We consider the censoring problem where one may not be able to observe all the data points.
For instance, a bird’s vanishing angle at the horizon might be obscured by a passing cloud
or a (fixed) hill range so that one sees some actual observations αi while the others may be
simply noted as falling inside a random interval (Li, Ri). A similar thing happens when the
registration counter of a hospital emergency room is closed for a temporary period and all
patients who arrive during that period are registered as having come during that interval.
We consider both parametric and nonparametric estimation problems in this context and
evaluate the loss in efficiency because of such censoring. In the next section, we consider
the Circular Normal or von Mises model for the original data with different distributions
that generate the intervals of censoring, (Li, Ri), and consider the Maximum Likelihood
Estimates (MLEs) of the parameters of interest. In the section that follows, we establish
the consistency and asymptotic normality of these estimates, allowing one to find large-
sample confidence intervals etc.
Censoring in von Mises Model

Let α1, . . . , αn be a set of angular measurements and suppose they follow a von Mises
distribution. Recall that a random angle A is said to follow a von Mises distribution with
mean direction µ and concentration parameter κ, to be denoted by a vM(µ, κ), if it has
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the pdf

f (α; θ) =
1

2πI0(κ)
eκ cos(α−µ), 0 ≤ α < 2π.

where θ = (µ, κ) ∈ Θ = [0, 2π) × [0,∞) and Iν is the modified Bessel function of the first
kind and order ν (see for instance, Jammalamadaka and SenGupta, 2001). Our goal is
to estimate θ when some of the observations are censored by intervals of the type (l, r)
where l and r forms an arc on the circumference. Denoting the observed arcs as (li, ri), the
likelihood function takes the form

Ln (α; θ) =
1

(2πI0 (κ))n exp

[
κ

n∑

i=1

δi cos (αi − µ)

]
n∏

i=1

[∫ ri

li

exp [κ cos (t− µ)] dt

]1−δi

where δi takes the value “0” if the observation is censored and the value “1” if it is uncen-
sored. If the arc straddles the origin 0 = 2π so that r < 0 < l, the integral over the arc
starting from l and ending at r is interpreted as the sum of integrals from l to 2π and 0
to r. When convenient, we indicate this arc by Al,r and its complement by Āl,r. Thus the
log-likelihood function is given by

ln (α; θ) = −n log 2π − n log I0 (κ) + κ

n∑

i=1

δi cos (αi − µ)

+
n∑

i=1

(1− δi) log

[∫

Ali,ri

exp [κ cos (t− µ)] dt

]
.(0.1)

The MLE of θ is θ̂ = θ̂n = (µ̂n, κ̂n) which maximizes this likelihood function. Explicit form
is of course, not available and computational aspects of the MLE are discussed below.
For computing the MLEs and the information matrix, we need the following notations

A0 (κ) =
I1 (k)
I0 (k)

, B0i (µ, κ) =
∫ ri

li

exp [κ cos (t− µ)] dt, B1i (µ, κ) =
∫ ri

li

sin (t− µ) exp [κ cos (t− µ)] dt,

B2i (µ, κ) =
∫ ri

li

cos (t− µ) exp [κ cos (t− µ)] dt, B3i (µ, κ) =
∫ ri

li

sin2 (t− µ) exp [κ cos (t− µ)] dt,

B4i (µ, κ) =
∫ ri

li

cos2 (t− µ) exp [κ cos (t− µ)] dt, B5i (µ, κ) =
∫ ri

li

sin (t− µ) cos (t− µ) exp [κ cos (t− µ)] dt,

and note

∂B0i

∂µ
= κB1i,

∂B0i

∂κ
= B2i,

∂B1i

∂µ
= κB3i −B2i,

∂B1i

∂κ
= B5i, and

∂B2i

∂κ
= B4i.

The derivatives of the log likelihood function are given by

∂ln
∂µ

= κ
n∑

i=1

δi sin (αi − µ) + κ
n∑

i=1

(1− δi)
B1i (µ, κ)
B0i (µ, κ)

(0.2)
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and

∂ln
∂κ

= −nA0 (κ) +
n∑

i=1

δi cos (αi − µ) +
n∑

i=1

(1− δi)
B2i (µ, κ)
B0i (µ, κ)

.(0.3)

The second derivatives are given by

∂2ln
∂µ2

= −κ

n∑

i=1

δi cos (αi − µ) + κ

n∑

i=1

(1− δi)

[
κB3i (µ, κ)−B2i (µ, κ)

B0i (µ, κ)
− κ

(
B1i (µ, κ)
B0i (µ, κ)

)2
]

∂2ln
∂κ2

= −nA′0 (κ) +
n∑

i=1

(1− δi)

[
B4i (µ, κ)
B0i (µ, κ)

−
(

B2i (µ, κ)
B0i (µ, κ)

)2
]

∂2ln
∂κ∂µ

=
n∑

i=1

δi sin (αi − µ) +
n∑

i=1

(1− δi)
[
B1i (µ, κ) + B5i (µ, κ)

B0i (µ, κ)
− B1i (µ, κ)B2i (µ, κ)

B2
0i (µ, κ)

]

Expressions 0.2 and 0.3 are equated to zero and solved numerically. By substituting these
solutions into the information matrix, one obtains the ”observed information” matrix viz.

Î =

[
∂2ln
∂µ2

∂2ln
∂κ∂µ

∂2ln
∂κ∂µ

∂2ln
∂κ2

]∣∣∣∣∣
θ=θ̂

.

Then, provided censoring is not too strong,
√

n
(
θ̂n − θ

)
will be asymptotically normal

with mean zero and covariance Î−1 as shown in the next section.
Large Sample Properties of the MLEs under censoring

We assume that the random censoring mechanism is independent of the variable of interest
and does not involve θ. Let θ0 denote the true value of the parameter and let

p (θ, l, r) = Pθ [A ∈ (l, r)] =
∫ r

l
f (t; θ) dt.

Let

g1 (θ, l, r) = − log (2πI0 (κ)) + κ

∫

Āl,r

cos (t− µ) f (t;θ0) dt

+p (θ0, l, r) log

[∫

Al,r

exp [κ cos (t− µ)] dt

]
(0.4)

and define a function g on the parameter space as g (θ) =
∫

g1 (θ, l, r) dFLR

Theorem 0.1 Assume that the identifiability condition

p (θ0) = Pθ0 {A ∈ (L,R)} < 1

is satisfied. Let Σ1 (θ) be the dispersion of X
′
1 (θ) =

(
∂X1(θ)

∂µ , ∂X1(θ)
∂κ

)
where

Xi (θ) = − log [2πI0 (κ)] + κδi cos (Ai − µ) + (1− δi) log
[∫ Ri

Li

exp [κ cos (t− µ)] dt

]
.
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Let Σ(θ) =
[
g
′′
(θ)

]−1
Σ1 (θ)

[
g
′′
(θ)

]−1
. Then (i)θ̂n → θ0 a.s.(Pθ0) and (ii)

√
n

(
θ̂n − θ0

)
⇒

N2 (0,Σ(θ0)) .

Proof: For brevity, we skip the proof of consistency, which is shown elsewhere. Let
l
′
n (θ) =

(
∂ln
∂µ , ∂ln

∂κ

)
and

l
′′
n (θ) =

[
∂2ln
∂µ2

∂2ln
∂κ∂µ

∂2ln
∂κ∂µ

∂2ln
∂κ2

]
.

By the standard multivariate Taylor expansion (see (8.19), Vol.2 of Apostol (1967)), we get

l
′
n

(
θ̂n

)
= l

′
n (θ0) +

(
θ̂n − θ0

)
l
′′
n (θ0) + ‖θ̂n − θ0‖E

(
θ̂n,θ0

)

where the function E is such that limx→yE (x, y) = 0. As θ̂n is the maximizer of the

likelihood function, l
′
n

(
θ̂n

)
= 0. From this it follows that

(
θ̂n − θ0

)
l
′′
n (θ0) = −l

′
n (θ0)− ‖θ̂n − θ0‖E

(
θ̂n, θ0

)

and hence

√
n

(
θ̂n − θ0

)
=
−l

′
n (θ0)√

n

[
l
′′
n (θ0)

n

]−1

− 1√
n
‖θ̂n − θ0‖E

(
θ̂n, θ0

) [
l
′′
n (θ0)

n

]−1

(0.5)

By the strong law of large numbers, l
′′
n(θ0)

n converges to a constant matrix given by Eθ0

[
X
′′
1 (θ0)

]
=

g
′′
(θ0). By the consistency result, 1√

n
‖θ̂n − θ0‖E

(
θ̂n,θ0

)
goes to zero a.s., and hence so

does the second term on the RHS of (0.5). As a consequence of the standard multivari-

ate central limit theorem for i.i.d. random variables, l
′
n(θ0)√

n
goes to a multivariate normal

distribution with mean zero and dispersion Σ1 and the desired result follows.
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RÉSUMÉ (ABSTRCT)

A generalized censoring scheme in the survival analysis context was introduced by the
authors in Jammalamadaka and Mangalam(2003). In this article we discuss how such a
censoring scheme applies to circular data and in particular when the original data is assumed
to come from a parametric model such as the von Mises. ML estimation of the parameters
as well as their large sample properties are considered under this censoring scheme.
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Abstract: For liner regression model as Yi=x’iβ0+ei, 1≤i≤n, n≥1, it’s a important problem to study the 

consistency estimate for regression parameter β0. In this paper, we consider the special case as LSE and 

LADE of M-estimate of β0, and give some important results. ? We shall show that the conditions 1o-3o of 

following theorem 1 turn out to be the best-they can not be improved any more. 
Keywords:  liner model    parameter estimate   consistency  

1.  Introduction 

Consider the following linear regression model   
   

Yi=x’iβ0+ei ,    1≤i≤n, n≥1                                    (01) 

β
ρ

β be denoted by    , is defined as a minimizing point of the function 

Denote the left and right derivatives of ρ by ψ- and ψ+, Regarding the weak consistency of     , Zhao, Rao 
and Chen[1] established the following result:

Theorem 1.  Let e1,e2,… be iid. Suppose that there exists function ψ, satisfying ψ-≤ψ≤ψ+ and the 

following three conditions: 10 Eψ(e1)=0. 20 There exist constants C>0 and δ>0, such that 

│Eψ(e1+μ)│≥C│μ│, │μ│≤Δ. 30 Eψ2(e1±δ)< ∞, for someδ>0. Write Sn=x1x’1+…+ xnx’n. Then    is weakly 

consistent if 

                                                                   (02) 

This theorem substantially improves early existing results, including those which define the M-estimate as a 

solution of the equation  

For some chosen function ψ. In this respect the paper [2] by Yohai and Maronna should be mentioned. 

In that paper the authors, assuming that e1,e2,… are iid., their common distribution and ψ satisfy a set of 

conditions, prove that (02) is sufficient for β*
n,, the solution of (03), to be weakly consistent. However, their 

conditions do not cover some important cases, especially the Least Absolute Deviation estimate, More 

importantly, the conditions imposed on ψ do not guarantee the existence of (03), see, for example, [3]. To 

ensure the existence of a solutions of (03),one should add the assumption that ψ is continuous everywhere on 

R1 which, as can easily be shown, amounts to requiring that ρ is continuously differentiable in Theorem 1.

     At this point two question may be asked: To maintain the consistency of βn,

nβ̂

0)( '

1
=−∑

=

xxY iii

n

i
βψ

).()( '

1

βρβ ii

n

i

xYH −≡ ∑
=

nβ̂
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      1. Under what reasonably general conditions on ρ and the common distribution of {ei}, can condition 

(02) still be weakened? 

      2. Can condition 1o-3o be further weakened and (02) still remain sufficient? 

      There are indications that the answer of the first question is “no”, see [4] and [5]. To get some insight 

the second question, we give a closer look at the conditions 1o-3o of Theorem 1. First, condition 1o, together 

with the condition 
Eψ(e1+μ)≠0,for |μ|≠0 small enough                               (04) 

Ensures that h(t)≡E(ρ(e1+t)- ρ(e1)) exists for small |t| and that 0 is the unique minimum of h(t). This, at least 
for some special {xi}, is indispensable to ensure the consistency of    . Thus 1o is essential. As for 2o, it is 
much stronger than (04). Can it be replaced by (04)? The answer is far from being trivial. 

      Take condition 3o. It adds a stronger moment condition on ψ(e1), as compared with 1o. One may 

suspect that it is largely technical and not essential in proving the consistency of    , just as the existence of 

finite variance is not essential in proving the classical LIN. Can this condition be got rid of or be replaced by 

a weaker one? The answer is again far from being trivial. 

In this paper we shall show that for the two most important special cases of M-estimates-the Least 

Square Estimate and Least Absolute Deviation Estimates, the conditions 1o-3o turn out to be the best-they can 

not be improved any more. Though a conclusive solution remains pending, this gives us the reason to believe 

that the answer is also “no” for a general convex ρ. 

2.  Least Absolute Deviation Estimates  

For Least Absolute Deviation Estimates (LADE) there is no question about condition 3o, and 
condition 1o amounts to requiring med (ei) =0. Define c(x) =P (0< ei <x)/x or P (x< ei <0)/│x│, according to 
x>0 or x<0, Then it can easily be seen that condition 20 is equivalent to the following condition       

Theorem 2.  Suppose that in model (01), e1, e2, … are iid. If condition (C) is not  

satisfied, then (02), or even the stronger condition 

                                                           (05)   
is not sufficient to ensure the weak consistency of       

Proof. Consider first the special case p=1. Define a random variable ξ with distribution 

P(ξ=Yi/xi)=|xi|/Mn, 1≤i≤n, Mn=|x1|+…+|xn|. Then it is easy to see that the LADE βn of βo is med (ξ).Hence, if 

we define 

Where I is the indicator, the {Zn>1/2}c{  ≥1}. Assuming without loss of generality that βo=0, then 

Yi=ei, and from the above it follows that in order to prove the non-consistency of    . It suffices to show 

that 
(06) 

if  P>1 , we define {xi} in (1.1) as follows: 

        x ( i-1) p+1= ( x (i),0,…,0 )`, …. x (i-1) p+ p= (o,…,0, x (i))`,            i=1,2,…

where { x (i) } is defined as following: 

,/)1/(
1

niii

n

i
n MxYIxZ ≥∑=

=

⎪⎩

⎪
⎨
⎧ >=≤

>=≥

↓

↑

,0)(inflim,2/1)0(

0)(inflim,2/1)0(

0
1

0
1

)(
xcthenePif

xcthenepif

x

x

c

nβ̂

nβ̂

nβ̂

nβ̂

,0max
1'

1
→

−

≤≤

ini
ni

xSx

nβ̂

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 2956 -



3

∞→∑≡

=

2

1
)( i

n

i
anA

0)(/
1

→
=

∑
p

ii

n

i
nAea

Then (05) is true, but every componet of βn does not converge in probability to the corresponding 

componet of βo, Theorem is proved. 

3.  Least Square Estimate

For Least Square Estimate (LSE), ρ (u) =u2. Condition 1o reduces to E(e1) =0 while condition 2o holds 

automatically. Condition 3o reads Ee2
j<∞. 

Theorem 3. Suppose that in model (01) the random errors e1, e2,…are iid., and Ee2
1=∞. Then (03) is 

not sufficient for the weak consistency of the LSE    . 

For the case p =1, the conclusion of this theorem follows from the following more general result. We 

state it is as a theorem since it is of independent interest. 

Theorem 4. Suppose that e1,e2,…are iid. If for any real sequence{αi} with 

                                       as  n ,                (07) 
we have                                                                 

                                                          (08) 

then Ee1=0, Ee2
1<∞. 

Proof.  From (07) we have  

this, together with the assumption that e1,e2,…are iid., entails that  

{(A(n)-1)αiei, 1≤i≤n }, n≥1, satisfies the “uan” condition[6,p.302]. Hence the following two are necessary 

condition for (08)[6,p.317].      

                      n→∞,                                (09) 

                                  n→∞,                               (10) 
Here F is the common distribution of e1,e2…. 

First we show that E e1 <∞.

Theorem 4 implies Theorem 3 for the case of p =1. For general p >1, use the argument employed 

earlier in the proof of Theorem 1. 
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1. Introduction

In this paper, we consider sequential estimation of a location parameter based on the extreme

values in the presence of unknown scale parameter when the density of the underlying distribution has

a bounded support. In particular, sequential interval and point estimation procedures with stopping

rules based on the range are shown to be asymptotically efficient. Their comparisons with the se-

quential estimation procedures of Chow and Robbins (1965) and Robbins (1959) based on the sample

mean are also done. Further, the proposed estimation procedures are shown to be asymptotically more

efficient than the ones of Chow and Robbins (1965) and Robbins (1959) in the sense of the sample

size or the risk when the density function changes sharply at the end points of the support. In the

same situation, Koike (2007) observed a similar asymptotic superiority of the sequential estimation

procedure based on the midrange in the sequential interval estimation procedure.

2. Sequential Point Estimation Procedure

Suppose that X1, X2, . . . , Xn, . . . is a sequence of i.i.d. random variables according to the density

function f ((x − θ)/ξ) /ξ (θ ∈ R
1, ξ > 0) with respect to the Lebesgue measure. We assume throughout

the paper that f0(x) has a bounded support (−a, a) (a > 0), i.e., f0(x) > 0 for −a < x < a, and

f0(x) = 0 otherwise, is twice continuously differentiable in (−a, a), and

A := lim
x→−a+

(x + a)−γf(x) > 0, B := lim
x→a−

(a − x)−ηf(x) > 0, (1)

where γ and η are non-negative constants.

Note that if the support of f0 is an open interval (−a, b) with a 6= b, then the normalized

midrange does not converge to θ in probability as n → ∞. f0(x) satisfying (1) converges to 0 with

the order of (x + a)γ as x → −a + 0 and that of (a − x)η as x → a − 0, respectively. So, the density

changes sharply at the end points of the support if 0 ≤ γ, η < 1 and changes smoothly if γ, η > 1.

These conditions are essentially the same as ones in Akahira (1975), Akahira and Takeuchi (1995, pp.

81, 148) and Koike (2007).

In this section we treat the sequential point estimation procedure of the location parameter

when γ = η in (1). At first, we consider the asymptotic distribution of the extreme values in a similar

way to Akahira and Takeuchi (1995) and Koike (2007).

Put Yi := (Xi − θ)/ξ for i = 1, 2, . . ., and Y(1) := min1≤i≤n Yi, Y(n) := max1≤i≤n Yi. 　 Letting

S := n1/(γ+1)(Y(1) +Y(n))/2 and T := n1/(γ+1)(Y(1)−Y(n) +2a)/2, we have the asymptotic joint density

of (S, T ) and the asymptotic expectation E(S2) of S2. So, we may assume the following condition.

(A) There exists a positive constant C such that E(S2) → C as n → ∞.
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In fact, we can show (A) and E(S4) = O(1) hold under (1). Under the condition (A),

E
(
n2/(γ+1)M2

n

)
→ Cξ2, (2)

as n → ∞, where Mn = (X(1) + X(n))/2 with X(1) = min1≤i≤n Xi and X(n) = max1≤i≤n Xi. If θ is

estimated by the midrange Mn, then the risk is given by

rn := E(Mn − θ)2 + dn,

where d(> 0) is the cost per observation. From S = n1/(γ+1)(Mn − θ)/ξ and (2), rn is approximated

by Cξ2n−2/(γ+1) + dn, which is minimized at the integer closest to n = n
(1)
d := (2Cξ2/d)1/3 and the

minimized value is

r
n

(1)
d

=

(
d(γ + 1)

2Cξ2

)2/(γ+3) (
1 +

2Cξ2

γ + 1

)
.

However, unless ξ is known, this risk can not be attained by any non-sequential procedure. Since the

range Rn := X(n) − X(1) converges to 2aξ almost surely as n → ∞, we consider the stopping rule

T
(1)
d :=

{
n ≥ m

(1)
d | n(γ+3)/(γ+1) ≥ CR2

n/(2a2d(γ + 1))
}

,

where m
(1)
d is the initial size of sample with d−l ≤ m

(1)
d = o(d−(γ+1)/(γ+3)) (0 < l < (γ + 1)/(γ + 3)).

Then we have the following theorem.

Theorem 1. Under the conditions (1) and (A),

(i) T
(1)
d /n

(1)
d

a.s.→ 1, (ii) E
(
T

(1)
d

)
/n

(1)
d →1, (iii) r

T
(1)
d

/r
n

(1)
d

→ 1

as d → 0+.

For the estimation problem of the mean µ := E(X1), Robbins (1959) proposed the stopping rule

TR
d :=

{
n ≥ m′

d | n2 ≥ s2
n/d

}
,

where X̄ :=
∑n

i=1 Xi, s2
n :=

∑n
i=1(Xi − X̄n)2/(n − 1), and m′

d is the initial size of sample. Define

r′n := E(X̄n − µ)2 + dn = σ2/n + dn, where σ2 = V (X1) and d(> 0) is the cost per observation. By

Theorem 1 and Ghosh and Mukhopadhyay (1979),

r
T

(1)
d

r′
T R

d

≈

(
d(γ+1)
2Cξ2

)2/(γ+3) (
1 + 2Cξ2

γ+1

)
2
√

dσ
→




0 (0 ≤ γ < 1),

constant (γ = 1),

∞ (γ > 1),

as d → 0+. So, the estimation procedure (T
(1)
d , M

T
(1)
d

) is seen to be asymptotically better than

(T ′
d, X̄T ′

d
) for 0 ≤ γ < 1, and worse for γ > 1. In other words, (T

(1)
d ,M

T
(1)
d

) is asymptotically superior

to (T ′
d, X̄T ′

d
) if the density changes sharply at the end points of the support. Akahira and Koike (2005)

and Koike (2007) observed a similar asymptotic superiority of the sequential estimation procedure

based on the midrange in the sequential interval estimation procedure for θ in the case when the

density changes steeply at the end points of the support.

3. Sequential Interval Estimation Procedure

In this section we treat the sequential interval estimation procedure of the location parameter

when γ 6= η in (1) of Section 2 (For the case of γ = η, see Koike (2007)). We may assume γ > η

without loss of generality.
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Putting U := n1/(γ+1)[{(X(1)−θ)/ξ}+a], and V := n1/(η+1)[{(X(n)−θ)/ξ}−a], we can calculate

the asymptotic distribution of (U, V ). So, Mn has the bias for θ, and it is inappropriate to estimate θ

by Mn. Then, as an estimator of θ, we take

δn = X(1)

(
1

2
+

κ

4a
n−1/(γ+1)

)
+ X(n)

(
1

2
− κ

4a
n−1/(γ+1)

)
(n ≥ 1),

where κ := A−1 {(γ + 1)/A}1/(γ+1) Γ ((γ + 2)/(γ + 1))．
As n → ∞, the asymptotic density function of Z := (U/2) − κ is

fZ(z) = A2γ+1(z + κ)γ exp

{
− A

γ + 1
2γ+1(z + κ)γ+1

}
(z > −κ).

Now, for 0 < α < 1, we take l0 such that∫ l0

−l0

fZ(z)dz = 1 − α. (2)

If ξ is known, for 0 ≤ d ≤ aξ, we have

P {|δn − θ| ≤ d} = P
{

n1/(γ+1)|δn − θ|/ξ ≤ n1/(γ+1)d/ξ
}
≈

∫ n1/(γ+1)d/ξ

−n1/(γ+1)d/ξ
fZ(z)dz, (3)

where “≈” means the approximation by the asymptotic distribution of δn as n → ∞. Hence, we may

take n satisfying

n ≥ (l0ξ/d)γ+1 =: n
(2)
d ,

so that the above probability is greater than or equal to 1 − α. In other words, n
(2)
d is an asymptotic

minimum size of sample. Consider the stopping rule

T
(2)
d := inf

{
n ≥ n0

¯̄̄
¯ Rn

n1/(γ+1)
≤ 2ad

l0

}
,

where n0(≥ 2) is the initial size of sample. This stopping rule is not only closed, but also bounded

and has the following.

Theorem 2. Under the condition (1),

(i) P
{¯̄̄

δ
T

(2)
d

− θ
¯̄̄
≤ d

}
→ 1 − α, (ii) T

(2)
d /n

(2)
d

a.s.→ 1, (iii) E(T
(2)
d )/n

(2)
d → 1

as d → 0+.

For the estimation problem of the mean µ := E(X1), Chow and Robbins (1965) proposed the

stopping rule

TCR
d :=

{
n ≥ n0 | n ≥ uα/2d

−2s2
n

}
,

where uα/2 is the upper (α/2) percentile of N(0, 1) and n0(≥ 2) is the initial size of sample. By

Theorem 2 and Chow and Robbins (1965), we have

T
(2)
d

TCR
d

≈ (l0ξ/d)γ+1

u2
α/2σ

2/d2
=

(l0ξ)γ+1

u2
α/2σ

2
d−γ+1 →




0 (0 ≤ γ < 1),

constant (γ = 1),

∞ (γ > 1),

as d → 0+. So, the estimation procedure (T
(2)
d , M

T
(2)
d

) is seen to be asymptotically better than

(TCR
d , X̄T CR

d
) for 0 ≤ γ < 1, and worse for γ > 1. In other words, (T

(2)
d , M

T
(2)
d

) is asymptotically
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superior to (TCR
d , X̄T CR

d
) if the density changes sharply at the end points of the support. This fact

coincides with the ones of Section 2 and Koike (2007). Similar results to the above for a location

parameter family in the non-sequential case can be found in Akahira (1975) and Akahira and Takeuchi

(1995).
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RÉSUMÉ (ABSTRACT)

The sequential estimation of a location parameter is considered in the presence of unknown scale
parameter in the case when the density has the bounded support. It is shown that the sequential interval
and point estimation procedures with stopping rules are asymptotically efficient. Their comparisons
with others are also done.
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Introduction

The comparison of two Poisson means can be expressed by statistical hypothesis in terms of

either the difference of the two Poisson means( λ1, λ2), H0 : λ1 − λ2 = 0 vs H1 : λ1 − λ2 > 0, or

their ratio, H0 : λ1
λ2

= 1 vs H1 : λ1
λ2

> 1. Gail(1974) introduced two different experiments. In the

first experiment, the total number of the two Poisson variables, Y , is predetermined. In the other

experiment, the length of experiment duration is fixed instead. The exact test(Przyborowski and

Wilenski(1940)) based on the conditional distribution given Y is an adequate testing method in the

former experiment. In the later experiment, Y is random and an unconditional exact test is employed.

When the mean parameters are large, a normal approximation is considered for the unconditional test

to lessen the computation.

Sometimes the experiment durations of the two Poisson variables are unequal. For example,

when one is interested in the comparison of failure rate of airplane component between war time

and peace time, and the simulating condition of war time is more expensive than that of peace time

(Shiue and Bain(1982)). Shiue and Bain (1982) generalized the conditional exact test and a normal

approximate test to apply to the unequal interval case. An approximate formula of the experiment

length required to achieve a specified power is also proposed and is shown to be useful through an

empirical study. Thode(1997) provided an alternative normal approximate test and showed that the

new test is more powerful than the test by Shiue and Bain(1982) when the Poisson rate is greater for a

longer experiment time interval. Moreover, Ng and Tang(2005) compared the two normal approximate

tests with other tests, which apply the logarithmic-transformed rate ratio as the test statistic and two

different estimations for the standard error. In this paper, we consider a comparison between two

Poisson random samples. When the sample sizes are unbalanced, the scenario is equivalent to the

unequal duration case.

Besides the conditional exact test and normal-approximated tests, Krishnamoorthy and Thom-

son(2004) followed the approach by Storer and Kim(1990) to develop a new testing method. The Wald

statistic is used and the exact p-value of the test is estimated by replacing the nuisance parameter

by a sample estimate. This method improves the conditional exact test and is shown to be almost

exact by numerical studies. However, this method requires a great amount of computation and is less

applicable than conventional normal-approximated tests.

This study aims to investigate the performance of two most popular tests for testing the equality

of two normal means: the Wald’s Z-test and the two-sample T -test. Both tests will be shown valid

asymptotically. Further, the asymptotic power and sample size formula will be derived. To improve

the mild inflation of type I error rate, we modify the two tests by adding some continuity correction.
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Pirie and Hamdan(1972) derived a continuity correction term when the two Poisson random samples

are of equal size. In this paper, adequate continuity correction term will be also given for general case.

The asymptotic properties of the T -test and Z-test

Assume there are two independent random samples, (Y11, · · · , Y1n1), (Y21, · · · , Y2n2), and Y1i, Y2j ∼
i.i.d. Poi(λ1), Poi(λ2), respectively. The maximum likelihood estimator(mle) of δ = µ1 − µ2 can be

derived as δ̂ = Ȳ1 − Ȳ2, where Ȳ1, Ȳ2, are the sample means. Dividing the mle by its estimated

asymptotic standard error, one obtains the Wald’s test statistic, Z = δ̂
se(δ̂)

. For testing the one-sided

hypothesis, the critical region of the Z-test is then {Z ≥ zα}, where zα is the 100(1 − α)th-percentile

of standard normal distribution. Under the null hypothesis, Z
d→ N(0, 1), as the sample sizes n1, n2

go to infinity. Thus the Wald’s Z-test is asymptotic valid.

Let S2
1 , S2

2 be the sample variances of the two random samples, respectively. The two-independent-

sample T test is T = (Ȳ1 − Ȳ2)/Sp

√
1
n1

+ 1
n2

, where S2
p =

(n1−1)S2
1+(n2−1)S2

2
n1+n2−2 , is the pooled sample

variance. The null hypothesis is rejected if {T ≥ t(n1+n2−2,α)}, where t(n1+n2−2,α) is the 100(1−α)th-

percentile of a t-distribution with degrees of freedom (n1 + n2 − 2). Under H0, it can be shown that

T
d→ N(0, 1), as n1, n2 → ∞. Moreover, since t(n1+n2−2,α) ≈ zα when n1, n2 are sufficiently large,

then P (T ≥ t(n1+n2−2,α) | H0) ≈ P (Z ≥ zα | H0) ≤ α. Hence, the asymptotic size of the T-test is

controlled and T is thus an asymptotic valid test as well.

At δ = δ0 > 0, the asymptotic powers of the Z-test and the T -test are given as fz(δ0, λ1, ρ) = 1−
Φ(zα−δ0/ξ), ft(δ0, λ1, ρ) = 1−Φ(zα

√
(λ1(1 + ρ) − δ0)/ξ−δ0/ξ), where ρ = n1/n2, ξ =

√
λ1(1+ρ)−ρδ0

n1

is the fraction of the two sample sizes. To achieve power level 1 − β0, the minimal sample sizes of

the group 1 required for the Z-test and T -test at nominal level α can be further derived by nZ1 ≥
((zα + zβ0)ξ/δ0)2, nT1 ≥ ((zα

√
(λ1(1 + ρ) − δ0)/ξ + zβ0)ξ/δ0)2, and the size of the group 2 can be

found as n2 = n1/ρ.

It can be seen that the powers and sample size formula of the two tests mainly differ in the

multiple of zα. When ρ = 1, the sample sizes are balanced, both tests are equivalent in the power and

the sample size requirement. However, when ρ > 1, n1 > n2,

√
λ1(1+ρ)−δ0
λ1(1+ρ)−ρδ0

> 1, fz > ft, that is, the

Z-test is more powerful than the T -test.

Continuity correction for Z and T

In the study the continuity correction is following Pirie and Hamdan(1972). It’s known that

the mle, δ̂ = Ȳ1 − Ȳ2, is an unbiased, sufficient estimator of δ. A statistic is said to have equal

spacings with space b if it has positive mass at points a + ib, where i is integer-valued. If δ̂ has

equal spacings with space b, then the critical value rc of the rejection region, {δ ≥ r}, satisfies

P (δ̂ ≥ r|H0) ≤ α, or equivalently, 1−α ' PN

(
δ̂

σ̂(δ̂)
≤ rc− 1

2
b

σ̂(δ̂)
|H0

)
, where PN is the probability of the

normal-approximated distribution under H0 and σ̂(δ̂) is a consistent estimator of the standard error

of δ̂. Thus
rc− 1

2
b

σ̂(δ̂)
= zα, rc = 1

2b + zασ̂(δ̂), and the continuity corrected statistic is constructed by

adding 1
2b in the nominator of the test statistic,

δ̂− 1
2
b

σ̂(δ̂)
.

Pirie and Hamdan(1972) indicated that for testing the equality of two independent Poisson

samples, the statistic δ̂ has equal spacings if one of n1, n2 is an integer multiple of the other. Specifically,

when integers n1 = n2, b = 1. Here we show that the result stays true for any n1, n2 and the space b is

also derived. Assume n1 = kn2, where k = p
q is a fraction of two relatively prime integers, p, q, (p, q) =

1. Then δ̂ = Ȳ1 − Ȳ2 = 1
n1

∑
Y1i − 1

n2

∑
Y2i = 1

qn1
(q

∑
Y1i − p

∑
Y2i). Let A = {(t1, t2) : ti ∈ N

∪
{0}}

be the support of (
∑

Y1i,
∑

Y2i). The support of the estimator δ̂ = 1
qn1

(q
∑

Y1i − p
∑

Y2i) can be
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Figure 1: The actual level’s plot of T , Z, MT , MZ, C at nominal level α = 0.05.
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obtained by considering all possible (t1, t2) in A. We can show that the support of (q
∑

Y1i − p
∑

Y2i)

is exactly the set of integer values and thus has unity space, b = 1, and δ̂ has equal spacings with

b = 1
qn1

, thus, MZ =
δ̂− 1

2n1q

se(δ̂)
,MT =

δ̂− 1
2n1q

sp

√
1

n1
+ 1

n2

.

Simulation and discussion

In the following we investigate the empirical type I error rate and power of the test statistics

studied in previous sections. For comparison, the UMPU test(denoted by C) based on the conditional

distribution of Y1 given Y1 + Y2 = t is also considered here. Further, the randomization is employed.

The random samples are generated by MATLAB.

First, two Poisson samples, Y11, · · · , Y1n1 , and Y21, · · · , Y2n2 , are generated with common mean

λ. The λ ranges from 0.1 to 20. Moreover, given n1 = 10, 20, 30, several relative size, ρ = n1
n2

=

5/8, 5/6, 1, 5/4, 5/3, are considered. The nominal significance level is α = 0.05. 10000 replicates are

taken. The empirical size is found as the fraction of the rejection among the replicates.

Tang and Ng (2005) define a test as conservative if the ratio of the empirical size to the nominal

level is less than 0.8, robust if the ratio is within 0.8 to 1.2, and liberal if the ratio is greater than 1.2.

We found that the T test appears liberal when one of group sizes or λ is small. The Z test performs

less liberal. See Figure (1a-1c). The continuity correction slightly reduces the inflation of the size,

particularly in the balance case.

For empirical power, two random samples with distinct means are generated in each simulation.

Here, we consider δ = λ1 − λ2 = 0.5, 0.8 and λ1 = 1, 2, 3, 5. See Table 1. Overall the empirical power

increases as δ and n1. Moreover, given δ the power decreases as λ1 since the relative value (ratio)

of the two means, λ1/λ2, becomes close to unity. Compared to the T test, the Z test has greater

power as the first group has more subjects than the second group, ρ > 1, which is consistent with our

theoretical results.

Table
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Table 1: Comparison of power required for a given level and sample sizes n1, δ, ρ. (α = 0.05, λ1,

δ = λ1 − λ2, η = λ1
λ2

, ρ = n1
n2

)

.

ρ δ λ1 η n1 ρ δ λ1 η n1

10 20 30 10 20 30

5/4 0.5 1 2 T − test 0.3384 0.5337 0.6775 5/3 0.8 1 5 T − test 0.6353 0.9024 0.9776

Z − test 0.3538 0.5607 0.6907 Z − test 0.7529 0.9326 0.9858

MZ − test 0.3211 0.5174 0.6682 MZ − test 0.6844 0.9197 0.9834

C − test 0.3252 0.5298 0.6754 C − test 0.6425 0.9090 0.9802

2 4/3 T − test 0.2087 0.3084 0.4003 2 5/3 T − test 0.3277 0.5282 0.6721

Z − test 0.2105 0.3116 0.4059 Z − test 0.3705 0.5620 0.6966

MZ − test 0.1846 0.2904 0.3853 MZ − test 0.3376 0.5386 0.6964

C − test 0.1937 0.2976 0.3946 C − test 0.3219 0.5255 0.6755

3 6/5 T − test 0.1718 0.2381 0.2867 3 15/11 T − test 0.2440 0.3798 0.4957

Z − test 0.1695 0.2407 0.2862 Z − test 0.2617 0.3989 0.5192

MZ − test 0.1529 0.2254 0.2743 MZ − test 0.2467 0.3988 0.5082

C − test 0.1602 0.2318 0.2805 C − test 0.2334 0.3774 0.4995

5 10/9 T − test 0.1341 0.1667 0.222 5 25/21 T − test 0.1982 0.2637 0.3450

Z − test 0.1229 0.1676 0.2205 Z − test 0.1989 0.2764 0.3526

MZ − test 0.1128 0.1595 0.2123 MZ − test 0.1980 0.2628 0.3431

C − test 0.1196 0.1630 0.2155 C − test 0.1848 0.2594 0.3396
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ABSTRACT

The number of rare events is commonly modeled by a Poisson distribution, such as the failure
of component of planes or the rate of breast cancer. For testing the equality of two Poisson means
with an one-sided alternative, in additional to the UMPU conditional exact test, several unconditional
exact and asymptotic tests are proposed in literature. However, the exact tests often involve more
complex computation and are more difficult to apply, especially for non-statisticians. In this study,
we consider two well-known test procedures, the Wald’s Z-test and the two-independent-sample T-test,
which is used for comparing two normal means with common unknown population variances. We show
that the two tests are valid asymptotically. The asymptotic power and sample size formula are also
derived. Following Pirie and Hamdam(1972), we find and employ the adequate continuity correction
terms of the two tests to improve their finite sample performance. A simulation study is conducted.
In summary, we find that the comparison of the two tests depend on the fraction of the sizes of the
two samples.
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We denote the cumulative distribution function of the 3-parameter Weibull distribution as

F (x) = 1 − exp[−(x − η)/θ]β ,(1)

where θ > 0 is a scale parameter, β > 0 is a shape parameter, η is a location parameter, and

x > η. When β < 1, maximum likelihood estimators of these parameters do not exist because the

log-likelihood function is unbounded when x tends to η. Moreover, Cramer’s regularity conditions do

not hold when β ≤ 2.

Let (x1, . . . , xn) be a random sample of (1) and x(1) ≤ . . . ≤ x(n) be the corresponding sample

order statistics (Rao, 1973). The following quasi maximum likelihood (ML) method may be used:

1. Obtain maximum likelihood estimates for θ, β and η maximizing the log-likelihood function

`(θ, β, η|x1, . . . , xn) = n ln

(

β

θ

)

+ (β − 1)
n

∑

i=1

ln

(

xi − η

θ

)

−
n

∑

i=1

(

xi − η

θ

)β

.

We use the MATLAB routine “fminsearch” to minimize −`(θ, β, η|x1, . . . , xn).

2. If the minimization of −`(θ, β, η|x1, . . . , xn) fails, take η̂ = min(x1, . . . , xn) and estimate θ and

β maximizing `(θ, β, 0|x(2) − x(1), . . . , x(n) − x(1)). For this purpose, we solve numerically the

maximum likelihood equations.

Maximum Goodness of Fit Estimators

Let x(1) ≤ . . . ≤ x(n) be the sample order statistics and Sn(x) be the corresponding empirical

distribution function (Rao, 1973). A “distance” between F (x) and Sn(x) can be obtained using the

empirical distribution function statistic

(2) n

∫

∞

−∞

ψ(x) {F (x) − Sn(x)}2 dF (x),

for an appropriate weight function ψ(x) ≥ 0. For example, the Anderson-Darling (AD) statistic is

obtained taking ψ(x) = [1− F (x)]−1 + [F (x)]−1, so that higher weights are assigned to the tails than

to the center of the distribution; but one can take ψ(x) = [1−F (x)]−1 instead, to assign more weight

only to the right tail; or take ψ(x) = [F (x)]−1, to assign more weight only to the left tail. Minimization

of the distance in (2) provides maximum goodness of fit estimators.

This method was initially studied by Wolfowitz (1953, 1957) and Kac, Fiefer, and Wolfowitz

(1955). The
√

n−consistency of these estimators was established by Pollard (1980). Luceño (2006)

applied the method to fit the generalized Pareto distribution to data.
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Figure 1. Comparison of AD versus ML estimators for θ = 1, β = {0.25, 0.5} and η = 1,

based on 500 samples of size n = 250.
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The estimated root mean squared deviations of the AD and ML estimators are (0.298421;

0.359423) for θ̂; (0.021850; 0.031783) for β̂; and (0.000001; 0.000000) for η̂, when β = 0.25.

The estimated root mean squared deviations of the AD and ML estimators are (0.142581;

0.260006) for θ̂; (0.031015; 0.110915) for β̂; and (0.000240; 0.000068) for η̂, when β = 0.5.
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Figure 2. Comparison of AD versus ML estimators for θ = 1, β = {1, 1.5} and η = 1,

based on 500 samples of size n = 250.
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The estimated root mean squared deviations of the AD and ML estimators are (0.068907;

0.235329) for θ̂; (0.059939; 0.197562) for β̂; and (0.008634; 0.005636) for η̂, when β = 1.

The estimated root mean squared deviations of the AD and ML estimators are (0.073301;

0.086562) for θ̂; (0.132559; 0.129255) for β̂; and (0.032120; 0.021217) for η̂, when β = 1.5.
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ABSTRACT (RÉSUMÉ)

The scale, shape and location parameters of the three-parameter Weibull distribution are esti-

mated optimizing goodness of fit statistics, such as the Cramer-von Mises or Anderson-Darling statis-

tics. When the shape parameter of the Weibull distribution is smaller than 2, simulation results show

that the resulting scale and shape estimators outperform their corresponding maximum likelihood es-

timators in terms of the mean square deviation they produce. The larger the sample size, the more

evident this improvement is.
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1.Introduction.
  Let 1 2 1, ,..., nX X X be a sample from a population having continuous distribution with p.d.f. ( )p x . The 

goodness-of-fit problem is to test if this distribution is equal to a specified one. It is well known that the 
probability integral transform allows us to assume that null hypothesis is H0: ( ) 1p x , 0 1x .

 Let 1 2 1,...n n n nX X X  be the order statistics. Define the sample s-spacings: 
( )
, , ( 1) ,
s

k n ks n k s nW X X , 1, 2,...,k N , ( )
1, ,1s

N n N s nW X ,  with notation 0onX and 

1nnX , [ / ]N n s is an integer part of /n s . Let NN if /n s be an integer, and 1NN otherwise. 
We shall consider tests based on statistics of the form                                                      

                                           ( )
,

1
( , / )

N
s

N k n
k

R f nW k N ,                                                                  (1.1)                                  

where function ),( yuf is defined on ]1,0[],0[ , continuous in y , and for any fixed  y , ),( yuf is bounded 

by 2
1

c xc e  for some non-negative constants c1 and c2 .  If ( , ) ( )f u y f u does not depend on  y argument the 
statistic (1.1) is called symmetric, otherwise it is called non-symmetric. 

    The first test statistic based on simple spacings was introduced by Greenwood (1946), which 
corresponds to the case  s=1, 2( , ) , 1, 2,...,f u y u k N . Since then many tests based on spacings have been 
extensively studied in the literature, see for a good review Pyke (1965). We also refer to Darling (1953), Rao 
and Sethuraman (1975), Del Pino (1979)), Jammalamadaka et. al.(1989). Particularly it was shown that 
among tests based non-symmetrically on spacings, the linear test is optimal in Pitman’s asymptotic relative 
efficiency (ARE) sense and it can detect alternatives converging to the null hypothesis at the rate  1/ 2n .
Whereas the tests based symmetrically on spacings can detect alternatives converging to the null hypothesis at 
the rate 1/ 4( )ns . Here generalized Greenwood statistics (i.e. in (1.1) 2( , ) , 1, 2,...,f u y u k N ) is known 
to be locally most powerful. Nevertheless Zhou and Jammalamadaka (1989) proved that generalized 
Greenwood test is much inferior to statistics with ( , ) logf x y x  in exact Bahadur’s ARE sense.  

    In this paper we wish to consider Kallenberg’s notion of intermediate ARE  (IARE) of the tests based 
on statistics (1.1). For more details about IARE, see Kallenberg (1983), Inglot (1999). We show that among 
non-symmetric tests the linear test is still optimal in Kallenberg’s strong IARE sense. Whereas among tests 
based symmetrically on the spacings the generalized Greenwood’s test is optimal in the Kallenberg’s i-
efficiency sense, but in the strong efficiency sense it is much inferior to statistics satisfying Cramer’s 
condition (cf. (ii) of the Theorem 2 below), in particular, to the sum of log-spacings statistic.  
    
 2. I A R E.  
    We shall consider a sequence of alternatives, which specify ( )p x as
                                              H1: ( ) 1 ( ) ( )np x al x n  , 10 x ,                                                   (2.1) 
where 0)(n , as n , a >0 is a distance between H1 and H0, l(x) is a direction of the H1, such that   

                                            
1

0
( ) 0l x dx ,       

1 2

0
( ) 1l x dx .

     Now on let 1, 2, 1,, ,...,n n n nU U U stands for the ordered sample from Uniform (0,1) distribution and ( )
,
s

k nG
, k=1,2,…,N be their s-spacings; iP , iE , iVar  denotes the probability, expectation and variance under iH , i
= 0, 1. A test based on statistic (1.1) is called f-test.

   Let iNA  and 2
iNB  stands for asymptotic value of 1

i NN E R and 1
i NN Var R  receptively and 

1 0 0( ) /N N N Nx N A A B .  We suppose that 1 0N oNA A .
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   Let nF be distribution function with p.d.f  (2.1). It is well known that the spacings ( )
,
s

k nW under H1 can be 

related to the uniform spacing ( )
,
s

k nG  by the relation see, for example, Rao and Sethuraman (1975) 

                ( ) 1 1 ( )
, , ( 1) , ,( ) ( ) (1 ( / ) ( ) ( ( ))s s

k n n ks n n k s n k n pnW n F U F U nG l k N n o n .                        

 Due to this and central limit theorem for RN , see Mirakhmedov (2005), it follows, following asymptotic 
result for a power N of an  f- test of size 

                                                   ( ) (1)N Nx u o ,                                                                     (2.2) 

where ( )x is standard normal distribution function, 1(1 )u .
  Since an asymptotic behavior of Nx  for non-symmetric and symmetric f-statistics is quite different 

under the alternatives, we consider separately non-symmetric and symmetric f-tests. 
  The performance of f-test will be measured by the asymptotic value of slope  

                            0 1( ) log { }N N Ne f P R E R .

   Non-symmetric tests. Let Z denote a random variable having p.d.f. 1 / ( ), 0s uu e s u .Using 
Taylor’s expansion idea we have  

        ( ) ( )(1 (1))Nx n n a f o ,  with     
1

0

( ) ( ) ( ( , ), )f l u corr f Z u Z du .

Therefore by the fact emerges from (2.2) that the non-symmetric tests discriminate alternatives H1 (2.1) with 
21)( nn . This is Pitman’s alternatives, and asymptotically optimal test in Pitman’s ARE sense is a linear 

test based on ( )
,

1

( / )
N

s
N k n

k
L l k N W , for which 2 ( ) 1f .  The intermediate alternative 1H determine 

)(n such that  

                                           0)(n ,            )(nn                                                                  (2.3) 

  Under assumption (2.3) we have ( )Nx o n . Therefore, ne  is determined by the asymptotic behavior 
of Cramer’s type large deviation probabilities for RN under H0, which is given by Mirakhmedov et. al.(2007). 

We infer from this result that under certain conditions, 
12lim ( ) ( )Nn

n n e f  exists, which can be used as a 

measure of  IARE of RN.

        Theorem 1.  Let alternative H1 be specified by (2.1) and (2.3). If  
1 ( )

0
exp ( , )sE H f Z u du  for 

some H>0, then  

                                         
2

2
2

( ) ( )(1 (1))
( ) 2

ne f a f o
n n

.

   It follows from Theorem 1 that )(2 f can be taken as a measure of IARE of the f -test. Thus, for 
intermediate alternatives (2.3) and (2.1) with direction ( )l x  within the class of non-symmetric tests, the linear 
test (based on statistics LN) is most efficient in the IARE sense, since it satisfies condition of Theorem 1. Due 
to Kallenberg’s classification (1983) one can be said the linear test is optimal in the strong IARE sense. 

  Symmetric tests. In this case we get  
1/ 2 2 2( 1) / 2 ( ) ( )(1 (1))Nx n s a n c f o , with 

2( ) ( ( ), 2( 1) ( 1))c f corr g Z Z s Z s s , ( ) 1( ) ( ) ( ) ( ) cov( ( ), )sg Z f Z Ef Z s Z s f Z Z                              
It is seen from (2.2) that symmetric tests can detect alternatives with 1 4( ) ( )n ns . Moreover within the 
class of symmetric tests the optimal test in the Pitman’s sense is the Greenwood’s test based on statistic 

2 ( )2 ( )2 ( ) 2
1, 2, ,...s s s

N n n N nQ W W W , because in this case 2( ) ( ) 1c f c Z .

  For symmetric tests intermediate alternatives 1H determine )(n such that  

                                       0)(n ,            2 ( )ns n .                                                                 (2.4) 
      In analogy with Inglot (1999) and in relation with existing moderate and large deviation results 

obtained by Mirakhmedov et. al. (2007)  let allP , denote the family of all sequence of alternatives satisfying 
(2.1) and (2.4); 1/ 6P  and logP  are the families of all alternatives among allP for which 

2 1/ 6( ) ( )ns n o ns  and 2 ( ) lnns n O n  respectively. 
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Theorem 2.  Let alternative H1 be specified by (2.4). If  (i) 2( )E f Z , for some 0 then in the 

family of alternatives 
logP or  (ii) exp{ ( )}E H f Z , for some H>0, then in the family of 

alternatives allP

                                         
4

2
4

( ) ( )(1 (1))
( 1) ( ) 4

Ne f a c f o
n s n

.

The Greenwood statistic satisfies the condition (i), hence it is still optimal in IARE in family
logP . But 

Greenwood statistics does not satisfy condition (ii). 
Theorem 3. For large enough N following is true 

                                2
0 , 14 3

1 2ln
( 1) ( ) ( 1) ( )n s n

aP Q A
n s n n s n

.

Theorem 4.  For family of alternatives 1/ 6P  following is true                        

                               
2

2
0 , 14

1 ln (1 (1))
( 1) ( ) 4n s n

aP Q A o
n s n

We see that )(2 fc  can be considered as a measure of IARE of symmetrical f -test. The properties of the 

correlation coefficient imply that )(2 fc 1 and )(2 fc =1 if and only if 2)( yyf  Thus, within the class of 
symmetric tests, according to Theorem 4, the Greenwood statistic is most IARE in family 1/ 6P . Whereas 

according to the Theorem 2 and 3, in the family allP but not in 1/ 6P  (i.e. 2 1/ 6( ) ( )ns n ns ) the 
Greenwood test is much inferior to those satisfying Cramer’s condition, in particular, to sum of log-spacings 
statistics. This fact extends the efficiency properties of these tests in the Bahadur’s situation of a fixed 
alternative (cf. Zhou and Jammalamadaka (1989)) to “adjoining” domain of allP family of intermediate 
alternatives.   

Remark. The IARE considered above is somewhere between Pitman’s and Bahadur’s efficiencies. We 
can consider IARE between Pitman’s and Hodjes-Leahman’s efficiencies taking as a measure of efficiency an 
asymptotical value of 1 0( ) log { }N N Ne f P R E R , i.e. in this case we study the rate of convergence of the 
second type error. Such approach was introduced in Ivchenko and Mirakhmedov (1995) see, also Inglot 
(1999). It can be shown that for goodness of fit problem considered here ( )Ne f have same properties as 

( )Ne f .
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     ABSTRACT
        The Pitman’s and Bahadur’s asymptotic efficiencies of the goodness-of-fit tests based on higher-order 
non-overlapping spacings have been considered in the literature. This paper is concerned with the 
asymptotical intermediate efficiency due to Kallenberg of such tests. Particularly, the new properties of the 
well known Greenwood’s test are also discovered.  
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The concept of empirical likelihood was introduced by Owen (1988). Since then it has received 
significant attention in the statistics and econometrics literature; comprehensive surveys are available in 
Owen (2001) and Mittelhammer et al. (2000). The exploration of empirical or related likelihoods from a 
Bayesian perspective started gaining momentum in recent years. Lazar (2003) pioneered an investigation on 
the validity of the empirical likelihood for posterior inference and examined the frequentist properties of 
posterior empirical likelihood intervals. In another remarkable development, Schennach (2005) showed that 
a likelihood, called Bayesian exponentially tilted empirical likelihood, arises as a nonparametric limit of a 
Bayesian procedure which places a kind of noninformative prior on the space of distributions. Considering a 
general class of empirical-type likelihoods, Fang and Mukerjee (2006) characterized its members which 
admit a probability matching prior for credible sets based on posterior quantiles or the highest posterior 
density.   

The present work investigates the Bayesian versus frequentist interface from a different viewpoint. We 
consider a general class of empirical-type likelihoods for the population mean and characterize members 
thereof which allow the existence of a prior that ensures a matching of the posterior and frequentist 
cumulative distribution functions in a higher order asymptotic sense. In fully parametric inference via the 
true model-based likelihood, this problem was studied by Mukerjee and Ghosh (1997). In so far as the 
mathematical treatment is concerned, a key difference with the parametric case is that a shrinkage argument, 
that simplifies the frequentist calculations there, is no longer applicable because we are not working with a 
model-based likelihood. This calls for the use of an explicit Edgeworth expansion. 

Since the population mean is the object of interest here, in analogy with the parametric case, one can 
anticipate that a matching prior for the posterior and frequentist cumulative distribution functions, if 
available, should be the flat one, that is, the Lebesgue measure. The issue of identifying the likelihoods that 
admit such a prior in the first place, however, remains nontrivial and involves detailed calculations. 
Interestingly, it is seen that neither the usual empirical likelihood nor the Bayesian exponentially tilted 
empirical likelihood (Schennach, 2005) admits a matching prior in our context, although there exist other 
likelihoods in our general class meeting this objective.    

Consider independent scalar-valued random variables ,…, from an unknown common 
distribution with an unknown mean 

1X nX
θ . The parameter space for θ  is the real line or an open interval 

thereof. We assume that the  are absolutely continuous and that the first four population moments exist 
(cf. Bravo, 2003). These assumptions justify the Edgeworth expansion considered later. Let 

iX

X = +…+ ,  = ,      y1(X nX n /) 3g 2/3
23 / mm ≡ )(θy = )()/( 2/1

2 Xmn −θ ,  
where is the sample central moment of order s.  sm

Following Fang and Mukerjee (2006), we consider a general class of empirical-type likelihoods of the 
form 

∝)(θL  )(yφ [1 + + ],   (1) })()({ 3
3331

2/1 ygaygan +− )( 2/1−no p
where (.)φ is the standard univariate normal density and the are polynomials in , the coefficients (.)ia 3g
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in  being constants free from n. The class (1) is very wide and seems to cover all major empirical-type 
likelihoods that have been proposed in the literature. For example, it includes (a) likelihoods arising from 
empirical discrepancy statistics (Corcoran, 1998, Section 1) and hence from Cressie-Read discrepancy 
statistics (Baggerly, 1998), (b) generalized empirical likelihoods (Newey and Smith, 2004), and (c) 
generalized empirical exponential family likelihoods (Corcoran, 1998, Section 4). For all the likelihoods in 
(a)-(c), 

(.)ia

      = 0,   = ,     (2) )( 31 ga )( 33 ga 3qg
where the constant q depends on the particular likelihood. The usual empirical likelihood belongs to each of 
(a)-(c) with q = 1/3. Also, the Bayesian exponentially tilted empirical likelihood of Schennach (2005) 
belongs to (c) with q = 1/3. Furthermore, as in Fang and Mukerjee (2006), it is not hard to see that for any 
given choice of the , there is a pseudo-likelihood which is nonnegative and whose expansion is 
represented by (1). 

(.)ia

Consider an empirical-type likelihood of the form (1). Let (.)π  be a possibly improper prior density 
on θ . It is supposed that (.)π  is positive and twice continuously differentiable for all θ . As in the 
parametric case (Datta and Mukerjee, 2004, Chapter 2), one can expand )(θπ about X and express the 
posterior density of y≡ )(θy , with reference to (1) and under (.)π , as 

)|(* Xyπ = ]+ ,  (3) )(1)[( 3
31

2/1 yRyRny ++ −φ )( 2/1−no p
where X = , and with primes representing differentiation,  ),...,( 1 nXX

=1R )( 31 ga + )}(/)({2/1
2 XXm ππ ′ ,    =3R )( 33 ga ,  (4) 

Let denote the posterior probability measure with reference to (1) and under }|{. XPπ (.)π . Then, in view 
of (3), the posterior cumulative distribution function of the pivotal quantity y is given by 

    = + ,  (5) }|{ XzyP ≤π )(zΦ )()}2({ 2
31

2/1 zzRRn φ++− − )( 2/1−no p
where is the standard univariate normal cumulative distribution function and is any constant free 
from n.   

(.)Φ z

Since the right-hand side of (5) is stochastic in the frequentist setup, it makes sense to match its 
expectation with the corresponding frequentist cumulative distribution function. To that effect, let  
and , where 

2/1
2µσ =

2/3
233 / µµβ = sµ  is the population central moment of order s. Also, let E stand for frequentist 

expectation. Then by (4) and (5),  
=≤ }]|{[ XzyPE π )(zΦ )()( 2

31
2/1 zzBBn φ+− − + ,   (6) )( 2/1−no

where 
=1B )( 31 βa + )(2 33 βa + )}(/)({ θπθπσ ′ ,  ).( 333 βaB =   (7) 

We next obtain the frequentist cumulative distribution function of . Calculations similar to those in 
Fang and Mukerjee (2005) show that an Edgeworth expansion for the distribution of y is given by 

y

)}]()({1)[( 3311
2/1 yJyJny ρρφ ++ − + ,  )( 2/1−no

where  is the Hermite polynomial of degree , and (.)iJ i
,2/31 βρ =         .3/33 βρ =     

The frequentist cumulative distribution function of y now turns out to be 
               + ,   (8) =≤ )( zyP )(zΦ )()( 2

31
2/1 zzCCn φ+− − )( 2/1−no

where 
        ,6/31 β=C     .3/33 β=C         (9) 

By (6) and (8), for every real z, i.e., matching of the posterior 
and frequentist cumulative distribution functions holds with margin of error , if and only if  

=≤ }]|{[ XzyPE π )()( 2/1−+≤ nozyP
)( 2/1−no

,11 CB =     ,33 CB =      (10) 
identically in the population parameters. In view of (7), (9) and (10), this happens if and only if 
 )( 31 βa + )(2 33 βa + )}(/)({ θπθπσ ′ = 6/3β   and =)( 33 βa ,3/3β  
identically in the population parameters, i.e., if and only if 

)(θπ = constant     (11) 
and 
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       ,2/)( 331 ββ −=a    .3/)( 333 ββ =a          (12) 
Equations (11) and (12) are the same as the corresponding conditions that arise via consideration of posterior 
quantiles (Fang and Mukerjee, 2006). Thus the approaches based on cumulative distribution functions and 
posterior quantiles agree when one works with margin of error .  )( 2/1−no

It is noteworthy that none of the standard empirical-type likelihoods covered by the subclasses (a)-(c), 
including the usual empirical likelihood and the Bayesian exponentially tilted empirical likelihood of 
Schennach (2005), allows a matching of the posterior and frequentist cumulative distribution functions even 
with margin of error . This is evident if one compares the forms of in (2) and (12).  )( 2/1−no (.)1a

It would be of interest to find counterparts of the above results when one works with margin of error 
 rather than . Preliminary studies indicate that then the approaches based on cumulative 

distribution functions and posterior quantiles do not yield the same conditions. This is somewhat 
counterintuitive and reminiscent of what happens in parametric inference (Mukerjee and Ghosh, 1997). At 
margin of error , it is also anticipated that the results obtained via cumulative distribution functions 
would not agree with those based on the highest posterior density region. Another interesting issue concerns 
the extension of the present results to the multivariate case. This deserves attention because, unlike posterior 
quantiles, the posterior and frequentist cumulative distribution functions continue to remain well-defined in a 
multivariate situation. Work in these directions is currently on progress and will be reported elsewhere.   

)( 1−no )( 2/1−no

)( 1−no
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Estimating P (Y < X) Using Ranked Set Sampling
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ABSTRACT

The problem of making statistical inference about P (Y < X) has been under great investigation in
the literature using simple random sampling (SRS) data. This problem arises naturally in the area of
reliability for a system with strength X and stress Y. In this study we will consider making statistical
inference about P (Y < X) using ranked set sampling (RSS) data. Several estimators are proposed to
estimate P (Y < X) using RSS. The properties of these estimators will be investigated and compared
with usual estimators based on SRS data. We expect that the estimators based on RSS to dominate
the one based on SRS i.e. they are more efficient.

Keywords. Simple random sample, ranked set samplie, efficiency.
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1. Introduction

Under suitable regularity conditions, the Cramér-Rao inequality is well known as the fact that

the variance of unbiased estimators can not be smaller than the lower bound, and also the lower

bound by the inequality is attainable. On the other hand, in the non-regular cases when the regularity

conditions do not always hold, some information inequalities like the Chapman-Robbins inequality are

known, but they are not generally attainable (see, e.g. Akahira and Takeuchi (1995)). Further, from

the Bayesian viewpoint, the information inequalities are discussed by Vincze (1992), Ohyauchi and

Akahira (2002), Akahira and Ohyauchi (2007a, 2007b), and others.

In this paper, from the Bayesian viewpoint we consider the information inequality for the Bayes

risk for a family of uniform distributions (Ohyauchi and Akahira (2002)), and also that for the variance

of asymptotically unbiased estimators, where the result of Kiefer (1952) is extended to the asymptotic

case (Akahira and Ohyauchi (2007)). For a family of uniform distributions on [θ−(1/2), θ+(1/2)], the

information inequality for the Bayes risk of any estimator of θ under the quadratic loss and the uniform

prior distribution on an interval [−c, c]. The lower bound by the inequality is approximately best as

c → ∞ in the sense that it coincides with the variance of the best location equivariant estimator. For

a family of truncated distributions, the lower bound for the variance by the Kiefer type inequality

derived from an appropriate prior distribution is attained by the asymptotically unbiased estimator

which asymptotically concides with the minimum variance unbiased estimator based on the complete

sufficient statistic. The above means that the lower bounds are approximately (or asymptotically)

best, which are regarded as solutions of the inverse problem.

2. An information inequality for the Bayes risk of any estimator

Suppose that X1, · · · , Xn are independent and identically distributed (i.i.d.) random variables

according to the uniform distribution with a density p(x, θ) on the interval [θ − (1/2), θ + (1/2)],

where −∞ < θ < ∞. Let n be fixed, and let θ̂ = θ̂(X) be an estimator of θ based on the sample

X = (X1, · · · , Xn). Then we consider the Bayes risk rc(θ̂) of any estimator θ̂ of θ under the quadratic

loss and the uniform prior distribution on an interval [−c, c], where −∞ < c < ∞, i.e.

rc(θ̂) :=
1

2c

∫ c

−c
Eθ

[(
θ̂ − θ

)2
]

dθ.

Let f(x, θ) :=
∏n

i=1 p(xi, θ) with x = (x1, · · · , xn), and θ := X(n) − (1/2) and θ̄ := X(1) + (1/2). Then
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the Bayes estimator is easily given by

θ̂∗c (X) =

∫ c
−c θf(X, θ)dθ∫ c
−c f(X, θ)dθ

=




(θ + c)/2 for − c < θ ≤ c ≤ θ̄,

(θ + θ̄)/2 for − c < θ, θ̄ < c,

(θ̄ − c)/2 for θ ≤ −c ≤ θ̄ < c,

0 otherwise,

where 0/0 = 0 and c > 1/2.

Theorem 1 The information inequality for the Bayes risk of any estimator θ̂ of θ is given by

rc(θ̂) =
1

2c

∫ c

−c
Eθ

[(
θ̂ − θ

)2
]

dθ ≥ 1

2(n + 1)(n + 2)
− 1

2c(n + 1)(n + 2)(n + 3)
,

where c > 1/2, and the lower bound is sharp, that is, it is attained by θ̂∗c .

Corollary 1 For any estimator θ̂ of θ

limc→∞rc(θ̂) ≥ 1

2(n + 1)(n + 2)
.

The inequality of Corollary 1 is the same as one for any unbiased estimator given by Móri (1983).

The lower bound in Corollary 1 is also approximately best as c → ∞, in the sense that it coincides

with the variance of the best location equivariant estimator, i.e. the mid-range θ̂0 := (X(1) + X(n))/2.

This gives a solution of the inverse problem on the lower bound by the information inequality.

3. The asymptotic bound by the Kiefer type information inequality

Suppose that X1, X2, · · · , Xn, · · · be a sequence of i.i.d. random variables with p.d.f. p(x, θ)

(with a σ-finite measure µ), where x ∈ X and θ ∈ Ω ⊂ R1 in which X is a sample space and Ω

is a parameter space. Let fX(x, θ) =
∏n

i=1 p(xi, θ), X n be a n-fold direct product of X and µn be

a direct product of µ. For each θ ∈ Ω, let Ωθ,n := {ω|θ + (ω/n) ∈ Ω}, and λin (i = 1, 2) be prior

probability measures on Ωθ,n. We define the prior mean w.r.t. λin as Ein(ω) =
∫
Ωθ,n

ωdλin(ω) for

i = 1, 2. Let θ̂n = θ̂n(X) be an estimator of θ based on the sample X := (X1, · · · , Xn). Let θ̂n be an

asymptotically unbiased estimator of θ, i.e. Eθ(θ̂n) = θ + bn(θ), θ ∈ Ω, where bn(θ) = o(1/n). Here

we assume the following condition.

(A1) There exist a positive number α and a function a(·) on Ω independent of n such that¯̄̄
bn

(
θ +

ω

n

)¯̄̄
≤ 1

n1+α
a

(
θ +

ω

n

)
for all ω ∈ Ωθ,n, and also there exists a constant M

(1)
θ independent of n such that∫

Ωθ,n

a
(
θ +

ω

n

)
dλin(ω) ≤ M

(1)
θ (i = 1, 2).

In a similar way to Kiefer(1952), we have the following.

Theorem 2 Let θ̂n be any asymptotically unbiased estimator of θ satisfying the condition (A1).

Then

Eθ

[
{θ̂n(X) − θ}2

]

≥
1
n2 {E1n(ω) − E2n(ω)}2 + O

(
1

n2+α

)
∫
Xn

1
fX(x,θ)

{∫
Ωθ,n

fX

(
x, θ + ω

n

)
dλ1n(ω) −

∫
Ωθ,n

fX

(
x, θ + ω

n

)
dλ2n(ω)

}2
dµn(x)
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for large n.

4. Applications to a family of truncated distributions

Suppose that X1, X2, · · · , Xn, · · · be i.i.d. random variables according to the left-truncated

distribution with a p.d.f. (w.r.t. the Lebesgue measure)

p(x, θ) =

{
C(θ)eS(x) for x > θ,

0 for x ≤ θ,

where θ ∈ Ω ⊂ R1, and C(θ) is the normalizing constant. Assume that S(x) is differentiable in x on

R1. From Theorem 2 we have the following.

Corollary 2 For any estimator satisfying the condition (A1)

Vθ(θ̂n) ≥ {D0n(θ)}−2 D2
1n(θ)

n2
{

(D0n(θ))−2 Eθ

[
n2(X(1) − θ)2

]
− 1

} + O

(
1

n2+α

)
=:

1

n2
Bn(θ) + O

(
1

n2+α

)

for large n, where X(1) := min1≤i≤n Xi.

Here, we assume the following conditions.

(A2) There exists a positive constant M
(2)
θ such that

exp

{
−C ′(ξ)

C(ξ)
ω

}
≤ exp

(
−M

(2)
θ ω

)
for all ω > 0.

(A3) For any t > 0, there exists Kθ(t) such that eS(θ+(t/n)) ≤ Kθ(t) and∫ ∞

0
Kθ(t)ti exp

(
−1

2
M

(2)
θ t

)
dt < ∞ (i = 0, 2).

Then, we consider a bias-adjusted estimator

θ̂∗n(X) := X(1) −
C(X(1))

nC ′(X(1))

so that it is asymptotically unbiased.

Corollary 3 Under the conditions (A1), (A2) and (A3), the bound Bn(θ) by the inequality in

Corollary 2 is given by (1/n2){C(θ)/C ′(θ)}2 + o(1/n2), and is also asymptotically attained by the

asymptotically unbiased estimator θ̂∗n.

The bound in Corollary 3 is asymptotically best. Indeed, in the case of the left-truncated

distribution, it is seen that the uniformly minimum variance unbiased (UMVU) estimator based on

the complete sufficient statistic X(1) is given by θ̂∗n (see Voinov and Nikulin (1993)). The variance

of the UMVU estimator θ̂∗n asymptotically coincides with the bound in Corollary 3. The fact is also

grasped as a solution of the inverse problem on (the lower bound by) the information inequality.

Further, Corollary 3 can be applied to the cases of truncated normal and Weibull distributins (see

Akahira and Ohyauchi (2007b)). Here, we give the following.

Example Suppose that X1, X2, · · · , Xn, · · · is a sequence of i.i.d. random variables according to the

truncated extreme value distribution with a density

p(x, θ) =




Cλ(θ) exp
{
x − 1

λ(ex − 1)
}

for x > θ,

0 for x ≤ θ,
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where θ > 0, λ > 0 and Cλ(θ) = (1/λ) exp{(eθ − 1)/λ}. Let λ be known. Since Cλ(θ)/C ′
λ(θ) = λe−θ,

it is seen by Corollary 3 that the lower bound is Bn(θ) = λ2e−2θ/n2 + o(1/n2) for large n, which is

asymptotically attained by the asymptotically unbiased estimator

θ̂∗n(X) = X(1) −
λ

n
e−X(1) .

This is also the UMVU estimator based on the complete sufficient statistic X(1).

In a similar way to the above, it is possible to discuss the case of a family of right-truncated

distributions using the statistic X(n).
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RÉSUMÉ (ABSTRACT)

For a family of uniform distributions, the information inequality for the Bayes risk of any esti-
mator of a location parameter is given and the lower bound is best in the sense that it approximately
coincides with the variance of the best location equivariant estimator. For a family of truncated dis-
tributions, some lower bounds by information inequalities are shown to be asymptotically best in the
sense that they are asymptotically attained by the UMVU estimator based on the complete sufficient
statistic. The above can be regarded as a solution of the inverse problem on information inequality,
since the lower bounds are guaranteed to be best.
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1 Introduction

As Jurek (1980) pointed out, the study of random elements in abstract spaces shows that geometry has
an important bearing in many properties. Apparently simple geometric hypothesis, such as symmetry,
may have important consequences. Efron (1968) has shown that the distribution Student’s statistic

Tn =
√

n
X − μ

S2
under radial symmetry is the same t distribution derived under Gaussian assumptions,

explicitly stated that the importance of symmetry should be more emphasized in statistical theory.

In the traditional use of the delta method, the rule is to use only one term, corresponding to
the first non-null derivative, although well trained statisticians are well aware that the order of the
remainder must be carefully scrutinized. In this note, we present some results when more non-null
coefficient terms are retained, up to the fourth order.

Applying this extension of the delta method, we will observe that symmetry has an important
role when using both first and second order derivatives.

Sancetta (2007) provides appropriate framework for the weak convergence issues we deal with.

2 Extended Delta Method

The theorem that describes the so called Delta Method can be stated as follows:

Theorem 2.1. (Delta Method)

Let {Xn}n∈N
be a random variables sequence such that

√
n (Xn − θ) d→

n→∞ Z ∼ Gau (0, σ) , f a function

and θ a constant so that f ′ (θ) exists and is different from zero. Then

√
n [f (Xn)− f (θ)] d→

n→∞ f ′ (θ) Z ∼ Gau
(
0, σ

∣∣f ′ (θ)
∣∣) .

It may happen that f ′ (θ) equals zero, in which case the approximation to f (Xn)−f (θ) is made
by the first summand in the Taylor series expansion correspondent to the first non null derivative in
θ. It results in a convergence to a power of a standard Gaussian random variable with the exponent
equal to the order of that derivative.
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2.1 First and second derivative

The use of both first and second derivatives is a special case of a sum of two dependent variables.
We use that to establish what we call the Extended Delta Method. To simplify we will consider only
continuous random variables.

Theorem 2.2. (Extended Delta Method)

Let {Xn}n∈N
be a random variables sequence such as

√
n (Xn − θ) d→

n→∞ Z ∼ Gau (0, σ) , f a function

and θ a constant such that f ′ (θ) and f ′′ (θ) exist and are different from zero; then

√
n [f (Xn)− f (θ)] d→

n→∞ |a|Zn,

where a = f ′′ (θ) /2 and Zn is a random variable with probability density function given by

fZn (z) =
√

n
exp

(
−n (r1)

2 /2σ2
)

+ exp
(
−n (r2)

2 /2σ2
)

σ
√

2π (b2 + 4z)
I[b2/4;+∞[ (z) ,

with

r1 =
−b−√b2 + 4w

2
, r2 =

−b +
√

b2 + 4w

2
, b =

2f ′ (θ)
f ′′ (θ)

.

Proof.
Consider the second order Taylor polynomial approximation

f (Xn)− f (θ) ≈ f ′′ (θ)
2

[
(Xn − θ)2 + b (Xn − θ)

]
= a

(
Y 2

n + bYn

)
,

where b = 2f ′ (θ) /f ′′ (θ) and b �= 0.

The random variable Wn = Y 2
n + bYn, whose support is

[
−b2

4
,+∞

[
, has distribution function

FWn (w) = P
(
Y 2

n + bYn − w ≤ 0
)
.

Identifying Y 2
n + cYn − z by g (x) = x2 + bx − w and having in mind the function real roots

g (x) = 0⇐⇒ x =
−b±√b2 + 4w

2
⇐⇒ x = r1 ∨ x = r2 where r1 ≤ r2. Hence, Wn density probability

function is given by

fWn (w) =
fYn (r1) + fYn (r2)√

b2 + 4w
I[−b2/4;+∞[ (w) .

Finally, Zn = a
(
Y 2

n + bYn

)
has probability density function

fZn (z) =
φ
(√

n
r1

aσ

)
+ φ

(√
n

r2

aσ

)

|a|√b2 + 4z
I[b2/4;+∞[ (z)

where φ is the probability density function of a standard normal random variable. So the result follows
immediately.

2.2 First to third or to fourth derivative

Applying the same process to the use of the first three derivatives the function g will beg (x) =
x3 + bx2 + cx−w. Finding that function roots we obtain Wn = Y 3

n + bY 2
n + cYn distribution function

as follows:

2
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N. of roots Roots FWn

1 r FYn (r)
2 a root r and a double root r∗ FYn (r)
3 r1 < r2 < r3 FYn (r1) + FYn (r3)− FYn (r2)

Using derivatives up to the fourth order yields similar results. It is not possible to extend these
methods beyond, since there is no general expression for roots of polynomials with degree higher than
four.

3 Symmetry Issues, Using the First Two Derivatives

We now investigate data symmetrization transformations (see Hoaglin(1983)) in the broader setting
we used. With the assumptions of theorem 2.2

f (Xn)− f (θ) ≈ f ′ (θ) (Xn − θ) +
f ′′ (θ)

2
(Xn − θ)2 .

Obviously, that is a sum of strictly dependent random variables. We may calculate its variance as
follows

var
(

f ′ (θ) (Xn − θ) +
f ′′ (θ)

2
(Xn − θ)2

)

= var
(
f ′ (θ) (Xn − θ)

)
+ var

(
f ′′ (θ)

2
(Xn − θ)2

)
+ 2cov

(
f ′ (θ) (Xn − θ) ;

f ′′ (θ)
2

(Xn − θ)2
)

.

When n→ +∞, the last expression is asymptotically equal in distribution to

a2 σ2

n
+

b2σ4

4n2
var
(
Z2
)

+ ab

[
cov

(
Xn, X2

n

)− 2θ

(
σ√
n

)2
]

(a = f ′ (θ) and b = f ′′ (θ)), where Z is a standard Gaussian random variable and therefore Z2 is a
random variable with a qui-square distribution with one degree of freedom. Thus var

(
Z2
)

= 2!. The
cov

(
Xn, X2

n

)
converges in distribution, when n→ +∞, to

cov
(
Xn, X2

n

)→ E
(
X3

n

)−
(

σ√
n

)2

θ − θ3 →
(

σ√
n

)3

γ1 (Xn) + 2θ

(
σ√
n

)2

.

Finally, we have the following asymptotic approximation

var
(

f ′ (θ) (Xn − θ) +
f ′′ (θ)

2
(Xn − θ)2

)
≈

≈ [f ′ (θ)
]2 σ2

n
+

[f ′′ (θ)]2 σ4

2n2
+ f ′ (θ) f ′′ (θ)

σ3

n1.5
γ1 (Xn) .

The third term is null if Xn is symmetric, which indicates that the approximation improves
when we have a lower Xn asymmetry. That is not completely surprising because in all Delta Method
related theorems we assume a priori that the asymptotic behaviour of Xn is nearly Gaussian, and
therefore symmetric.

3
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ABSTRACT

In the most basic use of the delta method to get approximations, the Taylor series expansion is
truncated after the first non-null derivative term. Imposing mild restrictions, when the first derivative
is non-null we get a gaussian approximation, and when the first derivative is null and the second
derivative is non-null, we get a qui-square approximation, as expected from the ubiquity of the central
limit approximation in Probability.
We investigate the consequences of retaining further terms in the approximation, namely what hap-
pens when, the first derivative being non-null, we retain the terms of order 1 and 2, thus needing to
investigate the behaviour of the sum of dependent gaussian and qui-square random variables.
Using the lower moments, we investigate the role of dispersion, asymmetry and kurtosis on the quality
of the approximations. An investigation of the consequences of using symmetrizing transformations
seems to confirm that symmetry of the parent distribution leads to better results.

4
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Conditonal p-values in Goodness-of-Fit
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ABSTRACT

In finding procedures to compute exact conditional p-values for usual tests in goodness-of-fit, a result
given by Durbin back in 1961 is shown to be connected to various Monte Carlo techniques that
simulate conditionaly independent samples which are then used to compute p-values. Exactness
of these methods is as good as the size of the corresponding simulations which typically takes a
few seconds based on say, ten thousands replicates. The two parameter gamma and the von-Mises
distribution are amongst the more recently solved families in Lockhart, O’Reilly and Stephens “Use
of the Gibbs Sampler to obtain conditional tests, with applications” (submitted) and “On testing fit
of the von Mises distribution: conditional p-values” (submitted).

Keywords. Gibbs, Rao-Blackwell, Durbin’s random substitution.
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Introduction

Joint Regression Analysis, JRA, is a well known technique used for comparison of cultivars.

This technique leads to the adjustment of a linear regression per cultivar, of the yield, on a synthetic

variable, the environmental index, which, see Gusmão (1985) and (1986a), measures the productivity

per block in �eld experiments for cultivar comparison. Initially, randomized blocks were used, and

their mean yields were taken as measuring their environmental indexes. Later on, following Patterson

and Williams (1976), α - designs, which have incomplete blocks, superseded randomized blocks. Then,

the environmental indexes for each block, couldn't be measured by the respective mean yield, which

will conduct to biased estimates. This problem was solved by the introduction of L2 environmental

indexes, see Mexia et al (1999). In that paper the authors, through the application of Zig-Zag algorithm,

showed how to adjust simultaneously the regression coe�cients and the environmental indexes. Since

environmental indexes measure productivity, it is worthwhile to model them in order to assess the

statistical signi�cance of years, locations and cultivars composition. We will apply our results to the

Portuguese Wheat Plant Breeding Program (1986-2000) data, genteelly conceded by the Portuguese

Plant Breeding Station.

The Model and Adjustment

Given a plant breeding program, it is possible to identify a set of cultivars used in the several

experiments, as well as a set of blocks. Individual blocks in the experiments were, following Gusmão

(1985), taken as corresponding to individual environments. Moreover, cultivars were admitted and

discarded during the breeding program, and the set of locations changed from year to year. In each

year the same cultivars were used in all locations. To carry out JRA, using L2 environmental indexes,

we minimize the quadratic goal function

(1) S(αJ ,βJ ,xb) =
J∑

j=1

[
b∑

i=1

pi,j(yi,j − αj − βjxi)2],

where (αj , βj) are the intercept and the slope for the regression line to be adjusted for the jth cultivar
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j = 1, ..., J , and xb is a vector composed by the b environmental indexes, one per block. The dummy

variables pi,j , are the weights of the jth cultivar in the ith block, assuming the values 1 [0], when the

jth cultivar is present [absent] in the ith block. The yield of the jth cultivar, in the ith block, is given

by yi,j , if pi,j = 1 and any value if pi,j = 0.
Using the environmental indexes adjusted for the blocks, as observations to the dependent va-

riable, a linear model was adjusted. We point out that there were groups of cultivars, which appear

always in the same pairs (location × year), so we can only take a dummy variable for each one of

these groups, it being impossible to study separately the action of each one of the cultivars. Besides

a variable constantly equal to one, see Seber and Lee (2003), we consider, as controlled variables,

dummy variables associated to years, locations and cultivars groups. With u1, ..., uq, the dummy

variables associated to years [locations], it is straightforward to see that

q∑
j=1

uj = 1, since, each pair

(location × year) corresponds to one of the possibilities. In order to avoid multi-collinearity problems,

we discarded uq from the model. On the rows of the matrix model X, where uq would take the value 1,

the u1, ..., uq−1 will take the value −1, since that,
q∑

j=1

βj = 0, thus getting βq = −
q−1∑
j=1

βj =
q−1∑
j=1

βj(−1),

with β1, ..., βq the corresponding coe�cients. If we have p1, p2 and p3, dummy variables for years,

locations and groups of cultivars, respectively, the model matrix, X, will have h = 1 + p1 + p2 + p3

columns. The �rst one, will have all elements equal to 1. The second group of columns has, in the rows

that correspond to the ith year, i ≤ p1, elements equals to zero, except in the column with index i + 1,
associated to that year. If the row corresponds to the last year, the elements placed on these columns

will be, as was referred, equal to −1. The columns associated with locations, will be obtained by a

similar procedure. In the columns corresponding to groups of cultivars, we will have elements equal to

1 [0], in the rows for pairs (location × year) where this group is present [absent]. The model will be

(2) V b = Xδh + eb,

where V b is the observations vector of the environmental indexes, δh is the coe�cients vector and eb

is the error vector. Let us assume that eb ∼ N(0b, σ
2Ib), which means that the error vector is normal

distributed, with null mean vector and covariance matrix σ2Ib, following Pinto, I. (2006). To carry

out the adjustment in the presence of multi-collinearity, we use principal components, see Judge et al

(1988, pg. 865). With X
′
the transposed matrix of X, let λ1, ..., λg be the non-zero eigenvalues of

matrix X
′
X, and α1,h, ...,αg,h the corresponding eigenvectors. Taking K = [α1,h, ...,αg,h], we now

have the transformed model matrix,

Ẋ = XK =

 Z1,1 · · · Z1,j · · · Z1,g
...

. . .
...

. . .
...

Zb,1 · · · Zb,j · · · Zb,g

 =
[

Z1,b, ...,Zg,b

]
,(3)

so that, the model will be

(4) V b = Ẋγg + eb.

As rank(Ẋ) = g, the column vectors of Ẋ are linearity independent and multi-collinearity was re-

moved. We now obtain the unbiased estimator γ̃g = (Ẋ
′
Ẋ)−1Ẋ

′
V b, that has normal distribution

with covariance matrix Cov(γ̃g) = σ2(Ẋ
′
Ẋ)−1 = σ2(K

′
X

′
XK)−1 = σ2diag(λ1, ..., λg)−1, indepen-

dent of the sum of the squares of the residuals, Scp = V
′
bV b − V

′
bẊγ̃g, which is the product of σ2 by

a central chi-square with b− g degrees of freedom, we put Scp ∼ σ2χ2
b−g. If this model is applied to n

averages of groups of r environmental indexes, we may replace Scp by S, the sum of sums of squares of
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residuals, which will be the product by rσ2 of a central chi-square with d = b(r−1) degrees of freedom.

We use S, availing ourselves of the corresponding lightening of the calculus and generally obtaining a

larger number of degrees of freedom for the error. The adjusted vector will be

(5) Ṽ b =
g∑

j=1

(γ̃j ·Zj,b),

with γ̃g = (γ̃1, ..., γ̃g). Being x1,b, ...,xh,b the column vectors of matrix X and α1,j , ..., αh,j the com-

ponents of the αj,h, j = 1, ..., g, we have, according to (3),

(6) Zj,b =
h∑

l=1

αl,jxl,b, j = 1, ..., g,

which replaced in (5), leads to:

(7) Ṽ b =
g∑

j=1

(γ̃j ·
h∑

l=1

αl,jxl,b) =
h∑

l=1

(
g∑

j=1

αl,j γ̃j)xl,b =
h∑

l=1

(δ̃lxl,b),

with δ̃l, l = 1, ..., h, the components of the vector we wanted to estimate. We have now the estimated

vector δ̃h = K ·γ̃g, which, see Seber (1980, pg.5), will be normal distributed, with mean vector δh = K ·
γg and covariance matrix Cov(δ̃h) = σ2W , where W = KDK

′
= [wl,j ] and D = diag(λ−1

1 , ..., λ−1
g ).

Moreover, δ̃h is independent of S, thus, to test Hl,o : δl = δl,o, l = 1, ..., h, we will have the test statistic,

(8) t(δl,o) =
δ̃l − δl,o√

wl,l
S
d

, l = 1, ..., h,

that, when the hypothesis holds, has t central distribution with d degrees of freedom.

An application using the Portuguese Wheat Breeding Program data (1986 - 2000)

The data used corresponds to eleven years, �fteen locations and twenty one groups of cultivars.

The composition of the cultivars groups and the years they were used is presented in Table 1. The years

in which the di�erent locations were used are given in the Table 2. We will carry out the adjustment

of the model as stated previously. In the Table 3 is presented the adjusted coe�cients, as well as, the

t tests for the nullity hypothesis corresponding to the signi�cance of the estimated coe�cients to the

intercept, years, locations and cultivars groups, respectively.

Table 1. Yearly grouping of cultivars

Group Composition of the groups Years Group Composition of the groups years
1 Lima1 1986/87/88/89/90/91 11 te8802 1989/90/91
2 te8401, sunbird-s, neelkant 1986 12 te8901, te8902 1990/91
3 �ycatcher, te8501, te8502, te8504 1986/87/88 13 te9001, milan, te9003, te8906 1990
4 hahn's, miwivet-s 1986/87 14 te9002 1991/92
5 te8601, te8602 1987/88 15 mondego, te9101, te9102 1992
6 te8603 1987/88/89/90 16 te9111, te9112 1992/95
7 te8701, te8702 1988/89/90 17 te9113, te9114 1992/95/97
8 almansor 1989/90/91/92/95/97/99/00 18 te9203, te9406 1995/97/99/00
9 liz1, alva 1989 19 te9301, te9302, te9303 1995/97
10 liz2, te8801 1989/90 20 te9503, te9504 1997/99/00

21 te9712, te9713, te9714, te9715, te9716 1999/00
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Table 2. Years and locations for the �eld trials.

Experience Locations Years Experience Locations Years
1 Almeirim 1986/87 9 Beja 1988/89/90/91/95/97
2 Évora 1986/88/89 10 Benavila 1990/92
3 Coruche 1986/87 11 Elvas 1990
4 Mirandela 1986/89/92 12 Revilheira 1990/95/97/99
5 Comenda 1986/95/97/99 13 Santarém 1991
6 Fundão 1987/88/89 14 Abrantes 1991
7 E.N.M.P. 1988/89/90/91/92 15 V.F.Xira 1992/99
8 Lamaçais 1988 16 M.Alhos 2000

Table 3. Adjusted coe�cients and t tests

Row Intercept, Years t Test Locations t Test Groups of Cultivars t Test
1.166 74.106***

1 0.171 5.875*** -.736 -6.063*** 0.799 45.474***
2 0.344 6.923*** -1.887 -17.860*** 0.197 6.822***
3 0.082 1.906 .738 6.081*** .674 41.452***
4 0.550 17.743*** 2.130 19.645*** 0.567 14.697***
5 -0.725 -20.387*** 0.506 4.831*** 0.477 17.682***
6 0.223 9.627*** -0.245 -2.313* 0.353 13.505***
7 -0.017 -.586 0.521 6.061*** -0.016 -0.452
8 -.111 -2.453** -.763 -4.240*** 0.492 27.497***
9 0.014 .311 0.496 6.101*** 0.576 18.907***
10 0.351 8.776*** -0.089 -.713 -0.124 -6.149***
11 -.882 -5.951*** -1.660 -13.933*** 0.125 7.385***
12 -0.639 -6.217*** -0.450 -15.485***
13 0.170 -1.344 0.249 11.086***
14 0.139 1.097 0.257 9.175***
15 2.412 17.567*** 0.008 .277
16 -.754 -3.494*** -0.076 -2.253*
17 -.036 -1.350
18 0.358 11.713***
19 -0.045 -1.260
20 0.443 12.566***
21 0.403 11.576***

The level of signi�cance of the adjusted coe�cients is indicated by *5%, ** 1% and *** 0.1%.

Thus, we have a great amount of signi�cant results, which points towards multiple in�uences in de�ning

productivity. We intend to continue the study of this problem in order to obtain results with lesser

dependence on year e�ects.
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R. Dom Manoel de Medeiros, s/n - Dois Irmãos
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The heteroskedastic normal model

We consider a heteroskedastic normal model written in matrix notation by

Y = Xβ + U,(1)

where Y is an n−dimensional column vector of random variables, X is an n×p model matrix of known
exogenous variables, β is an p-dimensional column vector of unknown regression coefficients and U is
an n-dimensional column vector of unobserved errors.

The systematic components of the heteroskedastic normal model for Y are defined by

E(Y ) = µ = Xβ and Λ = diag {σ2
1, . . . , σ

2
n},(2)

where σ2
l = Var (Yl) = H(ω>l γ) and H(·) is a continuous and differentiable function up to and

including those of third order, ω>l = (ωl1, . . . , ωlq) is a vector (1× q) of unknown constants and γ is a
q-dimensional column vector of unknown parameters.

Let W = (ω1, . . . , ωn)> be an n × q matrix of known constants. In general, the vectors of
parameters β and γ have no elements in common but, in some special cases, a column of W can be
expressed as a known linear function of some columns of the model matrix X. We assume that the
random vector Y (n× 1) is normally distributed with mean vector µ (n× 1) and a nonsingular n× n

covariance matrix Λ = Λ(γ) defined by (2).
The log-likelihood function for θ = (β>, γ>)> for the heteroskedastic normal model with sys-

tematic components defined by (2) can be written, given the observations y = (y1, . . . , yn), by

`(θ) = −n

2
log(2π)− 1

2
log |Λ| − 1

2
1>n Λ−1v,(3)

where 1n is an n × 1 vector of ones, v = (v1, . . . , vn)> is an n × 1 vector with vl = (yl − x>l β)2 for
l = 1, 2, . . . , n, x>l is the lth row of X, log |Λ| =

∑n
l=1 log H(ω>l γ) and 1>n Λ−11n =

∑n
l=1 vl/H(ω>l γ).

The total Fisher information matrix for θ has the following form

K = K(θ) = diag {Kβ,β,Kγ,γ},
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where Kβ,β = X>Λ−1X, an p×p matrix, and Kγ,γ = 1
2W>P 2W , an q×q matrix. We can see that the

parameter vectors β and γ are globally orthogonal (Cox and Reid, 1987) and therefore the maximum
likelihood estimators (MLEs) β̂ and γ̂ can be obtained iteratively from the equations

β̂ = (X>Λ̂−1X)−1X>Λ̂−1y, W>P̂1n = W>P̂ Λ̂−1v.(4)

Main Result

The likelihood ratio, score and Wald’s statistics have identical asymptotic properties up to first
order under a composite null hypothesis and approximate properties under a sequence of Pitman’s
alternative hypotheses converging to the null hypothesis with a rate of convergence n−1/2, where n is
the sample size (Cox and Hinkley, 1974).

Let `(θ) be the total log-likelihood function defined by (3) given the observable data y that
depends on θ = (β, γ)> with p + q components. Consider the partition of β> = (β>1 , β>2 ), where
β1 = (β1, . . . , βg)> and β2 = (βg+1, . . ., βp)>, with g ≤ p. We are interested in testing the composite
null hypothesis H0 : β1 = β

(0)
1 versus H1 : β1 6= β

(0)
1 , where β

(0)
1 is a specified vector of dimension g.

The partition of β and the orthogonality between β and γ induce to the corresponding partitions:

U(θ)> =
(
U>

1 (β1, β2), U>
2 (β1, β2), U>

γ

)
,

K =



K11 K12 0∼
g × g g × (p − g) g × q

K21 K22 0∼
(p − g)× g (p − g)× (p − g) (p − g)× q

0∼ 0∼ Kγ,γ

q × g q × (p − g) q × q


=

(
K11 K∗

12

K∗
21 K∗

22

)
,

where

K∗
12 = K∗>

21 = [K12 0∼ ], g × (p + q − g) matrix ,

K∗
22 = diag {K22,Kγ,γ}, (p + q − g)× (p + q − g) matrix ,

K11 = g × g corresponding information matrix for β1 .

The inverse of the information matrix K−1 is also a block diagonal matrix with submatrices
K−1

β,β for β and K−1
γ,γ for γ. The elements of K−1

β,β are denoted by κr,s and the elements of K−1
γ,γ by κR,S .

We also have the following partitions of the (p + q)× (p + q) matrix A and the (p + q)× (p + q)
matrix M given by

A =

(
Aβ 0∼
0∼ K−1

γ,γ

)
and M =

(
Mβ 0∼
0∼ 0∼

)
,(5)

where Aβ =

(
0∼ 0∼
0∼ k−1

22

)
, p × p matrix, and Mβ = K−1

β,β −Aβ, p × p matrix, for which

M = K−1 −A or M =

 K11 K12 0∼
K21 K22 −K−1

22 0∼
0∼ 0∼ 0∼

 .(6)

Let mrR and arR be the (r, R)th elements of the matrices M and A, respectively, and mRR and
aRR be the (R,R)th elements, respectively, of the matrices M and A. We have

mrR = mRr = mRR = 0 e arR = aRr = 0,
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for r = 1, . . . , p and R = 1, . . . , q. Let aRR be the elements of K−1
γ,γ .

We now consider the following test statistics: the likelihood ratio (S1), Wald (S2) and score (S3)
for testing the composite null hypothesis H0 : β1 = β

(0)
1 versus H1 : β1 6= β

(0)
1 , which can be expressed

as

S1 = 2{`(θ̂)− `(θ̂)}, S2 = (β̂1 − β
(0)
1 )>K̂11−1

(β̂1 − β
(0)
1 ) and S3 = Û

>
1 K̂

11
Û1,

where Û1 = Û1(β1, β2) is the score function estimated at β̂ = (β(0)>
1 , β̂

>
2 )>, the restricted MLE of β

under H0, and

K11 = (K11 −K12K
−1
12 K21)−1

is the asymptotic covariance matrix of β̂1, where β̂ = (β̂>1 , β̂>2 )> is the unrestricted MLE of β and β̂2

is the restricted MLE of β2 under H0.
In regular problems, the null asymptotic distribution of these three statistics is χ2

g and, under
a sequence of Pitman’s alternative hypotheses converging to the composite null hypothesis with a
rate n−1/2, is, approximately, χ2

g,λ, that is, a noncentral chi-square with g degrees of freedom and an
appropriate noncentral parameter λ (Cox e Hinkley, 1974).

We denote by P 1, P 2 and P 3 the corresponding power functions of S1, S2 and S3 under a
sequence of local Pitman’s alternatives Hn. Further, we assume that some regularity conditions hold.
We can write the asymptotic expansions obtained by Hayakawa (1975) and Harris and Peers (1980)
as

P i = P i(xα) = 1 − P (Si ≤ xα), i = 1, 2, 3,(7)

where

P (Si ≤ xα) = Gg,λ(xα) +
3∑

j=1

bijGg+2j,λ(xα) + o(n−1/2),(8)

with the value xα is obtained from P (χ2
q ≤ xα) = 1 − α and Gγ,λ(xα) = P [χ

′2
γ,λ ≤ xα], where

χ
′2
γ,λ denotes a noncentral chi-square random variable with γ degrees of freedom and non-centrality

parameter λ. Here, λ = δ>Kδ, with

δ =

 Ig

−K−1
22 K21

0∼

 ξ,(9)

where δ is a vector of dimension p + q, ξ = (ξ1, . . . , ξg)> is a vector of dimension g, with ξi = βi − β,
for i = 1, . . . , g and Ig is the g × g identity matrix.

The coefficients bij in the above expansions of the distributions of S1, S2 and S3 defined in (8),
under a sequence of Pitman’s alternative hypotheses Hn : β1 = β

(0)
1 + ξ, can be decomposed as follows

bij = bij,β + bij,βγ , i = 1, 2, 3, j = 0, 1, 2, 3,

where the bij,β , i = 1, 2, 3, j = 0, 1, 2, 3, are the coefficients when the vector γ is known, and are
functions of the cumulants of log-likelihood derivatives, and of the elements of the vectors δ and ξ and
of the elements of the matrices A and M . The algebraic details are omitted here because they are
very lengthy. We also give expressions for these coefficients when the parameter γ is unkown.

We can prove that the distributions of these three statistics S1, S2 and S3, under a sequence of
local Pitman’s alternatives Hn : β1 = β

(0)
1 + ξ, are identical (up to order n−1/2) to the distribution

of χ2
g,λ, and with a non-centrality parameter λ given by λ = δ>Kδ. This result implies that the

statistics S1, S2 and S3 for testing the mean parameters have the same powers for heteroskedastic
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normal models up to this order. This result does not hold for other regression models, such as, for
example, generalized linear models (see, Cordeiro el al., 1994).

We have developed the same algrebraic calculations for testing a composite null hypothesis on
a subset of parameters in the vector γ, by taking the vector β as a vector of nuisance parameters. In
this case, the likelihood ratio (S1), the Wald (S2) and the score (S3) statistics can be given by

S1 = 2[`(β̂, γ̂)− `(β̂, γ(0)], S2 = (γ̂ − γ(0))(K̂
γγ

)−1(γ̂ − γ(0)) and S3 = ÛγK̂
γγ

Ûγ ,

where Ûγ is the value of Uγ = ∂`(θ)
∂γ estimated at θ̂ = (β̂, γ(0)) and son on, and Kγγ is the inverse of

the matrix Kγ,γ .
From the expressions derived for the coefficients bij ’s, we can easily obtain the powers of the three

statistics S1, S2 and S3 which are usually different under a sequence of local Pitman’s alternatives of
the form Hn : γ = γ

(0)
1 + ξ. Since the final expressions for bij ’s are very complicated, it is not possible

to compare analytically the powers of these statisticcs in generality as did the similar work of Cordeiro
et al. (1994) for generalized linear models. We hope to compare these powers numerically in future
research.
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ABSTRACT

Based on Hayakawa’s (1975) and Harris and Peers’s (1980) works we obtain asymptotic expan-
sions up to order n−1/2 (n is the sample size) for the power functions of the likelihood ratio, score
and Wald’s tests in heteroskedastic normal models for which the variance of the response is dependent
of a set of unknown regression parameters through an arbitrary function, under a sequence of local
Pitman’s alternative hypotheses. These asymptotic expansions of the power functions are obtained for
composite hypotheses defined over a subset of linear regression parameters and variance parameters of
the model.
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6201-001 Covilhã, Portugal
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Monte da Caparica
2829-516 Caparica, Portugal
E-mail: jtm@fct.unl.pt

Introduction

Usually we consider that nested factors don’t interact. However this maybe constitutes an
artificial simplification of the models. Thus if one factor nests another factor, the variability between
levels of the second factor can vary with the levels of the first factor. This heterogeneity of the variation
can be seen as an interaction.

In this paper we consider an experiment with grapevines of the Touriga National caste. Three
cultivars from each of two origins were considered. Thus the factor origin nests the factor clone. We
will be interested in estimating and testing their interaction. The grapevines were planted in a grid
with one cultivar per column. Three groups of five rows were selected. So we had the factor location
crossing with the factor origin and five replicates since we had the individual yields. We give indexes
1, 2 and 3 to the factors location, origin and clone. These factors have 3, 2 and 3 levels.

This experiment has been analyzed by several authors, for instance Fonseca et al (see (2)) and
Dário et al (see (3)), but none considered an interaction between the second and third factors that
nest. In what follows we will compare our model formulation with the usual one for balanced cross
nesting (see (1)).

In what follows, Im will be the identity matrix of order m, Jm the matrix of order m with all
elements equal to 1, 1m the vector with m components equal to 1 and Jm = Im− 1

mJm. We represent
by E (U) and Σ/ (U) the mean vector and covariance matrix of U . We put y ∼ N

(
µ ; σ2M

)
, when y

is normal with E (U) = µ and Σ/ (U) = σ2M . If S is the product by γ of a central chi-square with m

degrees of freedom we put S ∼ γχ2
m. Moreover, we represent by ⊗ the Kronecker product of matrices.

Model

We start with the usual model. Since the first factor crosses with the second one that nests the
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third we will have L = 2 nesting groups of factors. The first group will be constituted by the first
factor and the second group by the second and third factors. Thus the number of factors in the two
groups will be u1 = 1 and u2 = 2. The indexes of factors in first and second groups will be h1 = 0, 1
and h2 = 0, 1, 2. We put hl = 0 when no factor in the lth group is consider, l = 1, 2. Moreover we will
have r = 5 replicates.

The number of levels for the factors in the first group will be a1 (1) = 3 and for the second
group a2 (1) = 2 and a2 (2) = 3. Taking al (0) = 1, l = 1, 2, we put cl (h) =

∏h
k=0 al (k), h = 0, . . . , ul,

l = 1, 2 and bl (h) = cl(ul)
cl(h) , h = 0, . . . , ul, l = 1, 2.

If we assume that there does not exist interaction between factors belonging to the same group,
the parameters of the model correspond to vectors h = (h1, h2). The set of these vectors will be
Γ = {h : 0 ≤ hi ≤ ui ; i = 1, 2} = {(0, 0) ; (1, 0) ; (0, 1) ; (1, 1) ; (0, 2) ; (1, 2)}.

Then, for instance, (0, 0) corresponds to the general mean value, (0, 1) to the effects of first
factor of the second group and (1, 2) to the interaction between the first factor of the first group and
the second factor of the second group.

With h ∈ Γ we also put c (h) = c1 (h1) c2 (h2) and b (h) = b1 (h1) b2 (h2) r.
If we assume a random effects model we will have y =

∑
h∈Γ X (h) βc(h) (h) + e where β (0) = µ,

βc(h) (h) ∼ N
(
0c(h) ; σ2 (h) Ic(h)

)
, h ∈ Γ and e ∼ N (

0n ;σ2In
)
, mutually independent, and X (h) =

X1 (h1)⊗X2 (h2)⊗1r where Xl (0) = 1cl(ul), Xl (1) = Ial(1)⊗1bl(1), l = 1, 2 and X2 (2) = Ia2(1)⊗Ia2(2).

The observations vector will be normal with E
[
y
]

= 1nµ, where n = c1 (u1) c2 (u2) r, and, since

σ2 (0) = 0, due to the independence of the βc(h) (h), h ∈ Γ and e we have Σ/
(
y
)

=
∑

h∈Γ/0 σ2 (h)M (h)+

σ2In with M (h) = X (h) X (h)T , h ∈ Γ.
Taking, the Q1 (0) = 1

3J3, Q1 (1) = I3, Q2 (0) = 1
2J2 ⊗ 1

3J3, Q2 (1) = I2 ⊗ 1
3J3, Q2 (2) = I2 ⊗ I3

and the Q (h) = Q1 (h1) ⊗ Q2 (h2) ⊗ 1
rJr, h ∈ Γ, we have M (h) = b (h) Q (h) it being easy to check

that the Q (h), h ∈ Γ, are orthogonal projection matrices.
Now, with the Q∗

l (0) = Ql (0), l = 1, 2 and Q∗
l (hl) = Ql (hl) − Ql (hl − 1), hl = 1, . . . , ul,

l = 1, 2, we will have Ql (hl) =
∑hl

tl=0 Q∗
l (tl) as well as

Q (h) =

[
2⊗

l=1

Ql (hl)

]
⊗ 1

5
J5 =





2⊗

l=1




hl∑

tl=0

Q∗
l (tl)






⊗ 1

5
J5 =

∑

t≤h

Q∗ (t)

where Q∗ (t) = Q∗
1 (t1) ⊗Q∗

2 (t2) ⊗ 1
5J5 and Q∗

1 (0) = 1
3J3, Q∗

1 (1) = J3, Q∗
2 (0) = 1

2J2 ⊗ 1
3J3, Q∗

2 (1) =
J2 ⊗ 1

3J3 and Q∗
2 (2) = I2 ⊗ J3.

Thus we will have M (h) = b (h)
∑

t≤h Q∗ (t) it is also easy to see that the Q∗ (t) are mutually
orthogonal, orthogonal projection matrices.

According to the last expression we could rewrite the covariance matrix of the vector of ob-
servations as Σ/

(
y
)

=
∑

h∈Γ σ2 (h) b (h)
∑

t≤h Q∗ (t) + σ2In =
∑

t∈Γ γ (t) Q∗ (t) + σ2Q where γ (t) =

σ2 +
∑

h:t≤h γ (h) σ2 (h) and Q = In −
∑

t∈Γ Q∗ (t).
With Ku the matrix obtained deleting the first line equal to 1√

u
1T

u of an orthogonal matrix, we
have Q∗ (h) = AT (h) A (h) with A (h) =

[⊗2
l=1Al (hl)

] ⊗ 1√
5
1T
5 , and A1 (0) = 1√

3
1T
3 , A1 (1) = K3,

A2 (0) = 1√
2
1T
2 ⊗ 1√

3
1T
3 , A2 (1) = K2 ⊗ 1√

3
1T
3 and A2 (2) = I2 ⊗K3.

Moreover as, with A⊥ = I3 ⊗ (I2 ⊗ I3)⊗K5 we have Q∗⊥ = In −
∑

h∈Γ Q∗ (h) =
(
A⊥

)T
A⊥.

Since In =
∑

h∈Γ Q∗ (h) + Q∗⊥ the initial model can be rewritten as

y = Iny =


∑

h∈Γ

Q∗ (h) + Q∗⊥

 y =

∑

h∈Γ

A (h)T ηg(h) (h) +
(
A⊥

)T
e◦

where ηg(h) (h) = A (h) y, e◦ = A⊥y, η (0) = µ (general mean value) and ηg(h) (h) ∼ N
(
0g(h) ; γ (h) Ig(h)

)
,

h ∈ Γ (mutually independent) and e◦ ∼ N (
0g ; σ2Ig

)
where g (h) = car [A (h)] = g1 (h1) × g2 (h2),
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h ∈ Γ, with gl (hl) = car [A (hl)] = cl (hl) − cl (hl − 1), h1 = 0, 1, h2 = 0, 1, 2, gl (0) = 1, l = 1, 2,
g = n− c (u) = n− c (u1, u2) and γ (h), h ∈ Γ the canonic variance components.

From now on we consider interaction between nested factors, mainly the second and the third
factor, so we introduce matrices D2,l = δlδ

T
l , l = 1, 2, with δT

1 = [1 0] and δT
2 = [0 1]. These matrices

are mutually orthogonal, orthogonal projection matrices.
Using matrices D2,l, l = 1, 2 we can define the Q∗

l (0, 2) = 1
3J3⊗

(
D2,l ⊗ J3

)
⊗1

5J5 = Al (0, 2)T Al (0, 2)

and Q∗
l (1, 2) = J3⊗

(
D2,l ⊗ J3

)
⊗ 1

5J5 = Al (1, 2)T Al (1, 2) with Al (0, 2) = 1√
3
1T
3 ⊗

(
δT
l ⊗K3

)
⊗ 1√

5
1T
5

and Al (1, 2) = K3 ⊗
(
δT
l ⊗K3

)
⊗ 1√

5
1T
5 . Matrices Q∗

l (0, 2) and Q∗
l (1, 2), l = 1, 2 are also mutually

orthogonal, orthogonal projection matrices.
The model can be written as

y =
∑

h∈Γ1

A (h)T ηg(h) (h) +
∑

h∈Γ2

2∑

j=1

Aj (h)T η
gj(h)
j (h) +

(
A⊥

)T
e◦

with Γ1 = {(0, 0) ; (1, 0) ; (0, 1) ; (1, 1)} and Γ2 = {(0, 2) ; (1, 2)} since each of the terms for the h ∈ Γ in
the original model is now replaced by the sum of two new terms. Moreover we have, in this instance,
g1 (h) = g2 (h), h ∈ Γ2, so the corresponding vectors will have only one component with normal
distribution, null mean vector and variance γj (h), j = 1, 2, h ∈ Γ2.

The interaction between the second and third factors, if it exists, will express itself in differences
between γ1 (h) and γ2 (h), h ∈ Γ2. In what follows we will test for the differences between these
variance components. It is important to point out that both models have a common point constituted
by the error terms and the terms associated to the h ∈ Γ1.

Inference

The sums of squares are S (h) =
wwwA (h) y

www
2 ∼ γ (h) χ2

g(h) and S =
wwwA⊥y

www
2 ∼ σ2χ2

g.

For the new model we have S (0, 2) =
∑2

l=1 Sl (0, 2) with Sl (0, 2) =
wwwAl (0, 2) y

www
2 ∼ γl (0, 2) χ2

gl(0,2).
To carry out the tests we can consider, without loose generality that S1 (0, 2) ≤ S2 (0, 2). We

want to test the hypothesis H0 : γ2 (0, 2) = γ1 (0, 2) against H1 : γ2 (0, 2) > γ1 (0, 2). We can use usual
F tests with statistics

F◦ (0, 2) =
S2(0,2)
g2(0,2)

S1(0,2)
g1(0,2)

=
g1 (0, 2)
g2 (0, 2)

S2 (0, 2)
S1 (0, 2)

∼ g1 (0, 2)
g2 (0, 2)

γ2 (0, 2)
γ1 (0, 2)

χ2
g2(0,2)

χ2
g1(0,2)

= θ (0, 2)
g1 (0, 2)
g2 (0, 2)

χ2
g2(0,2)

χ2
g1(0,2)

that is the product by θ (0, 2) = γ2(0,2)
γ1(0,2) of a variable with central F distribution with g1 (0, 2) and

g2 (0, 2) degrees of freedom.
With k the critical value, we do not accept the tested hypothesis when F◦ > k, so the power

function of this test will be Pot [θ (0, 2)] = 1−F
(

k
θ(0,2)

 g2 (0, 2) ; g1 (0, 2)
)

that increases with θ (0, 2),
so the corresponding F test will be unbiased.

As we do for the previous case, S (1, 2) =
∑2

l=1 Sl (1, 2) with Sl (1, 2) =
wwwAl (1, 2) y

www
2 ∼

γl (1, 2)χ2
gl(1,2).

To carry out the tests we can consider, without loose generality that S1 (1, 2) ≤ S2 (1, 2). We
want to test the hypothesis H0 : γ2 (1, 2) = γ1 (1, 2) against H1 : γ2 (1, 2) > γ1 (1, 2). We can use usual
F tests with statistics

F◦ (1, 2) =
S2(0,2)
g2(1,2)

S1(1,2)
g1(1,2)

=
g1 (1, 2)
g2 (1, 2)

S2 (1, 2)
S1 (1, 2)

∼ g1 (1, 2)
g2 (1, 2)

γ2 (1, 2)
γ1 (1, 2)

χ2
g2(1,2)

χ2
g1(1,2)

= θ (1, 2)
g1 (1, 2)
g2 (1, 2)

χ2
g2(1,2)

χ2
g1(1,2)

that is the product by θ (1, 2) = γ2(1,2)
γ1(1,2) of a variable with central F distribution with g1 (1, 2)

andg2 (1, 2) degrees of freedom.
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With k the critical value, we do not accept the tested hypothesis when F◦ > k, so the power
function of this test will be Pot [θ (1, 2)] = 1−F

(
k

θ(1,2)

 g2 (1, 2) ; g1 (1, 2)
)

that increases with θ (1, 2),
so the corresponding F test will be unbiased.

For the common part of the models there is no difference in the inference.

Application

If we admit that do not exist interaction between factors belong to the same groups we will
obtain the sums of squares S (1, 0) = 0, 6748, S (0, 1) = 9, 6105, S (1, 1) = 3, 4464, S (0, 2) = 6, 259,
S (1, 2) = 3, 4158 and S = 26, 4333 with the degrees of freedom g (1, 0) = 2, g (0, 1) = 1, g (1, 1) = 2,
g (0, 2) = 4, g (1, 2) = 8 and g = 72, and we will have canonic variance components γ (1, 0) = 0, 3374,
γ (0, 1) = 9, 6105, γ (1, 1) = 1, 7232, γ (0, 2) = 1, 5648, γ (1, 2) = 0, 427 and σ2 = 0, 3671.

Now if we consider interaction between nested factors we will have S (0, 2) = S1 (0, 2)+S2 (0, 2) =
1, 6154 + 4, 6436 = 6, 259 with g (0, 2) = g1 (0, 2) + g2 (0, 2) = 2 + 2 = 4.

So we can obtain γ1 (0, 2) = S1(0,2)
g1(0,2) = 1,6154

2 = 0, 8077 and γ2 (0, 2) = S2(0,2)
g2(0,2) = 4,6436

2 = 2, 3218.
Then to carry out the described hypothesis test, we can use usual F tests with statistics

F◦ (0, 2) = S2(0,2)
S1(0,2) = 2, 8746 and we have, when γ1 (0, 2) = γ1 (0, 2)

F◦ (0, 2) ∼ γ2 (0, 2)
γ1 (0, 2)

χ2
g2(0,2)

χ2
g1(0,2)

= F (g2 (0, 2) ; g1 (0, 2) ; 1− q) = F (2; 2; 0, 95) = 19

so we accept the tested hypothesis when we use 5% level.
As we do for the previous case, S (1, 2) = S1 (1, 2) + S2 (1, 2) = 0, 5662 + 2, 8496 = 3, 4158 with

g (1, 2) = g1 (1, 2) + g2 (1, 2) = 4 + 4 = 8.
So we can obtain γ1 (1, 2) = S1(1,2)

g1(1,2) = 0,5662
4 = 0, 1416 and γ2 (1, 2) = S2(1,2)

g2(1,2) = 2,8496
4 = 0, 7124.

Then to carry out the described hypothesis test, we can use usual F tests with statistics
F◦ (1, 2) = S2(1,2)

S1(1,2) = 5, 0326 and we have, when γ1 (1, 2) = γ1 (1, 2)

F◦ (1, 2) ∼ γ2 (1, 2)
γ1 (1, 2)

χ2
g2(1,2)

χ2
g1(1,2)

= F (g2 (1, 2) ; g1 (1, 2) ; 1− q) = F (4; 4; 0, 95) = 6, 39

so we accept the tested hypothesis when we use 5% level.

Final Comments

Though we accept both test hypothesis, the obtained values suggest the existence of interactions
between the second and the third factors. These interactions show more variability of clones for the
second origin. The lack of significant results may arise from the small number of degrees of freedom
that we have in our data.
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Introduction

The archetypal problem for F tests in fixed effects models is to test H0 : µ ∈ ω with ω a sub-space

with dimension p while assuming that the observations vector y is normal with variance covariance

matrix σ2In and mean vector µ ∈ Ω with Ω a sub-space of dimension m. ω will be a sub-space of Ω.

Thus we have two main assumptions

1. y ∼ N(µ, σ2In);

2. µ ∈ Ω.

We now show how to test H0 while discarding (2). Moreover we will generalize (1) into assuming that

y ∼ N(µ, σ2V)

with V a known positive definite matrix, and the family of hypothesis to be tested taking H0(b) :

µ − b ∈ ω. In this paper we will derive two-sided F tests. This will be a generalization of tests

introduced by Mexia (1989) with 1 and n − p − 1 degrees of freedom. Those tests were used in

validating linear models, for instance see Oliveira and Mexia, (2006) and (2007).

Test derivation

Let the orthogonal complement ω⊥ of ω be the null space N(A) of a matrix with linearly

independent row vectors. Then

H0(b) : A(µ − b) = 0.

Now A(y−b) ∼ N(A(µ−b), σ2AVAt) with AVAt positive definite. Thus AVAt will be diagonalizable

by an orthogonal matrix P and have positive eigeinvalues r1, . . . , rn−p. With D(r
−1/2
1 , . . . , r

−1/2
n−p ) the

diagonal matrix with principal elements r
−1/2
1 , . . . , r

−1/2
n−p , taking

Z = D(r
−1/2
1 , . . . , r

−1/2
n−p )P (y − b)
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and

η = D(r
−1/2
1 , . . . , r

−1/2
n−p )P (µ − b)

we will have Z ∼ N(η, σ2In−p) and the hypothesis holds if and only if η = 0. Let us partition Z [η]

into two sub-vectors Z1 and Z2 [η1 and η2], with g1 and g2 components. Now Z1 and Z2 will be

independent and so ‖Z1‖2 and ‖Z2‖2 will be the products by σ2 of two independent chi-squares with

g1 and g2 degrees of freedom and non-centrality parameters δl = 1
σ2 ‖ηl‖2, l = 1, 2 so the statistic

F =
g2

g1

‖Z1‖2

‖Z2‖2
,

will have double non central F distribution with these degrees of freedom and non centrality param-

eters. Moreover there will be alternatives in which δ1 predominates over δ2 [δ2 predominates over δ1]

and under which F tends to take larger [smaller] values than when H0 holds. Thus we will consider

two-sided F tests with acceptance regions [aq; bq]. If, with F (|g1, g2) the central F distribution with

g1 and g2 degrees of freedom, we have F (bq|g1, g2) − F (aq|g1, g2) = 1 − q the test level will be q.

Simulations

A numerical study for the case in which g1 = 1 and g2 = n − p − 1 showed, see Mexia (1989),

that the test power, for the usual test levels, increased rapidly with δ1 and δ2 when aq and bq were

the quantiles for probabilities q/2 and 1 − q/2 of the central F distributions with those numbers of

degrees of freedom. To complete this study we carried out simulations considering the four pairs

(g1, g2) = (2, 10); (2, 20); (5, 10) and (5, 20). The test levels were 5% and 1% and, as before, we took

aq and bq to be the quantiles of the central F distributions for probabilities q/2 and 1− q/2. For each

pair of degrees of freedom we present a table (Table 1, Table 2, Table 3 and Table 4). These tables

are divided into sub-tables, one for each pair (δ1, δ2). The values of the non-centrality parameters are

indicated in the margens. For each pair (g1, g2) and each pair (δ1, δ2), 104 simulations were carried.

In each of these simulations we obtained two batches of g1 and g2 independent normal standardized

variables Z11, . . . , Z1g1 and Z21, . . . , Z2g2 , from which we obtained

F =
g2

g1

∑g1−1
j=1 Z2

1j + (Z1g1 +
√

δ1)
2

∑g2−1
j=1 Z2

2j + (Z2g2 +
√

δ2)2
.

The corresponding sub-tables have rows for the 5% and the 1% levels. In each row are presented the

numbers Nl and Nr of left excedences (F < aq) and right excedences (F > bq) and the test power, as

follow,

Nl Nr power for q = 5%

Nl Nr power for q = 1%

Table 1 - Numbers of excedences for g1 = 2 and g2 = 10

δ2 = 0.2 δ2 = 10 δ2 = 20 δ2 = 30

δ1 = 0.2
230 309 5.39 453 17 4.7 674 5 6.79 879 0 8.79

58 65 1.23 94 4 0.98 139 0 1.39 188 0 1.88

δ1 = 10
1 5281 52.82 5 1723 17.28 10 445 4.55 10 103 1.13

0 2480 24.8 0 378 3.78 1 51 0.52 1 4 0.05

δ1 = 20
0 8594 85.94 0 5069 50.69 0 2214 22.14 0 801 8.01

0 5871 58.71 0 1744 17.44 0 348 3.48 0 60 0.6

δ1 = 30
0 9685 96.85 0 7692 76.92 0 4788 47.88 0 2447 24.47

0 8168 81.68 0 3871 38.71 0 1247 12.47 0 308 3.08
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Table 2 - Numbers of excedences for g1 = 2 and g2 = 20

δ2 = 0.2 δ2 = 10 δ2 = 20 δ2 = 30

δ1 = 0.2
247 327 5.74 341 77 4.18 454 17 4.71 556 2 5.58

52 60 1.12 70 12 0.82 94 0 0.94 113 0 1.13

δ1 = 10
5 6281 62.86 6 3928 39.34 11 2263 22.74 17 1143 11.6

1 3653 36.54 1 1549 15.5 2 563 5.65 2 188 1.9

δ1 = 20
0 9307 93.07 0 8067 80.67 0 6398 63.98 0 4708 47.08

0 7741 77.41 0 5205 52.05 0 3023 30.23 0 1583 15.83

δ1 = 30
0 9912 99.12 0 9575 95.75 0 8799 87.99 0 7790 77.9

0 9451 94.51 0 8074 80.74 0 6104 61.04 0 4076 40.76

Table 3 - Numbers of excedences for g1 = 5 and g2 = 10

δ2 = 0.2 δ2 = 10 δ2 = 20 δ2 = 30

δ1 = 0.2
219 287 5.06 886 12 8.98 1794 2 17.96 2778 0 27.78

47 53 1 199 2 2.01 468 0 4.68 811 0 8.11

δ1 = 10
2 2885 28.87 12 440 4.52 49 60 1.09 129 4 1.33

0 1018 10.18 1 78 0.79 5 3 0.08 9 0 0.09

δ1 = 20
0 6044 60.44 0 1749 17.49 0 346 3.46 2 52 0.54

0 3027 30.27 0 393 3.93 0 30 0.3 0 1 0.01

δ1 = 30
0 8227 82.27 0 3617 36.17 0 1081 10.81 0 264 2.64

0 5163 51.63 0 1079 10.79 0 153 1.53 0 13 0.13

Table 4 - Numbers of excedences for g1 = 5 and g2 = 20

δ2 = 0.2 δ2 = 10 δ2 = 20 δ2 = 30

δ1 = 0.2
240 266 5.06 544 42 5.86 955 10 9.65 1468 0 14.68

47 56 1.03 113 6 1.19 228 0 2.28 363 0 3.63

δ1 = 10
6 4044 40.5 11 1590 16.01 19 544 5.63 39 171 2.1

0 1770 17.7 4 455 4.59 4 94 0.98 5 20 0.25

δ1 = 20
0 7771 77.71 0 4928 49.28 0 2596 25.96 0 1214 12.14

0 5117 51.17 0 2127 21.27 0 719 7.19 0 182 1.82

δ1 = 30
0 9376 93.76 0 7715 77.15 0 5490 54.9 0 3373 33.73

0 7888 78.88 0 4782 47.82 0 2276 22.76 0 953 9.53

Looking into these tables we see that the results are as was to be expected. When δ1 predomi-

nates over δ2 F tends to take large values and when δ2 predominates over δ1 the values of the statistics

tend to be small.

The power of the test increases more with δ1 than δ2. This would suggest further analysis of the

problems under study to found out convenient ways of partitioning Z into Z1 and Z2.

An application

Acquired immune deficiency syndrome (AIDS) is a collection of symptoms and infections in

humans resulting from specific damage to the immune system caused by the human immunodeficiency

virus (HIV). The late stage of the condition leaves individuals prone to opportunistic diseases and

tumors. One of the main such diseases is tuberculosis. We considered the following scheme
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Population
X

With AIDS

Tuberculosis

XY

X

which shows two different paths towards tuberculosis. We considered two years lag between AIDS

infection and series opportunistic diseases (e.g. Oliveira and Mexia, 2004 and 2006).

Representing by Y and X the incidences of Tuberculosis and AIDS (2 years before) we will have

Y = α + βX.

Now we may be interested in finding out if the regression coefficients α and β evolve through time. To

study this problem we may use polynomial moving averages. Evolution of α will indicate evolution of

Tuberculosis aggressivity towards the general population whilst evolution of β will be conected to the

consideration of AIDS as a public health issue.

While applying polynomial moving averages to several countries in EU (from 1982 to 2004) we found

out that it was convenient to use, each time, 6 years data sets in order to stabilize the results.

It may be interesting that significant differences were found for the α in the case of Austria, Belgium,

Denmark, Finland, Germany, Greece, Ireland, Italy, Luxembourg, Portugal, Spain, Sweden and United

Kingdom, and for the β only for Italy and Portugal.

These results may point to the emergence of resistant strain of Mycobacterium tuberculosis and to the

stabilization of the status of AIDS in most evolved countries.
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Confidence Coefficients of Simultaneous
Confidence Intervals for Multinomial Proportions

Hsiuying Wang
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Abstract

Simultaneous confidence intervals for multinomial proportions are useful
in many areas of science. In this paper, we propose a procedure for calcu-
lating exact confidence coefficients for simultaneous confidence intervals of
multinomial proportions for any fixed sample size. With this methodology,
exact confidence coefficients can be clearly derived, and the point at which
the infimum of the coverage probability occurs can be clearly identified.

Key words: confidence coefficient, coverage probability, multinomial distribu-

tion, simultaneous confidence intervals
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Let X1, X2, · · · , Xk be observed cell frequencies in a sample of size N =

∑k
i=1 Xi from a multinomial distribution M(N, p1, · · · , pk−1) with cell probabilities

p1, · · · , pk, and observations X = (X1, · · · , Xk), where pk = 1 − p1... − pk−1. The

problem of finding simultaneous confidence intervals for p1, · · · , pk was developed

in the 1960s. Miller (1981) gave a survey of this work, including the result of

Goodman (1965) and Quesenberry and Hurst (1964). Fitzpatrick and Scott (1987)

and Sison and Glaz (1995) also proposed several simultaneous confidence intervals

for p1, p2 · · · , pk.

The confidence coefficients of these simultaneous confidence intervals are de-

fined as the infimum of the coverage probabilities of these intervals in the parameter

space Ω = {(p1, · · · , pk)|0 ≤ pi ≤ 1, i = 1, · · · , k,
∑k

i=1 pi = 1}. Usually, the ex-

act confidence coefficients of these simultaneous confidence intervals are unknown

since the infimum of the coverage probabilities may occur at any point in Ω. We

do not know at which point in the parameter space the infimum of the coverage

probability occurs. When N is large, a nominal coefficient is suggested as an ap-

proximation. However, for fixed N , the nominal coefficient may be much larger

than its exact value. By applying other approaches to approximate the confidence

coefficient, we can obtain an estimate, but not the exact value. Fitzpatrick and

Scott (1987) derived a lower bound for the asymptotic simultaneous confidence

level of their confidence intervals. With this lower bound, the performance of the

simultaneous confidence intervals is more apparent when the sample size is large.

However, it is a lower bound for asymptotic coverage probability, and not the exact

2
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confidence coefficient for any sample size. Moreover, the confidence coefficients of

other intervals are still unknown.

Thus, we propose a method for calculating the exact confidence coefficients of

simultaneous confidence intervals for p1, ..., pk−1 for any fixed sample size in this

paper. Note that since pk = 1 − p1... − pk−1 for the multinomial distribution, it

is natural to consider the simultaneous confidence intervals for p1, .., pk−1 because

there are only k−1 variables indeed. Like in the binomial distribution (k = 2), we

are interested in constructing a confidence interval for p1 instead of simultaneous

confidence intervals for p1 and p2. With this proposed method, we only need to

calculate the coverage probabilities at some finite points in the parameter space.

The minimum of these coverage probabilities is the exact confidence coefficient,

and not just an estimate.

Note that for the binomial distribution, it is a special case of this paper. A

related result for calculating the confidence coefficients of confidence intervals for

a binomial proportion is referred to Wang (2007). The techniques used for the

binomial distribution can not be directly applied to the multinomial distribution

with k > 2 because there is only one variable and one unknown parameter p1

involved. For the multimomial distribution case with k > 2, there are at least two

dependent variables involved which causes that the derivation for the confidence

coefficients of simultaneous confidence intervals for the multinomial distribution is

much more difficult than that for the binomial distribution.

3
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INTRODUCTION

The probabilistic conditional independence (PCI) is a key concept underlying many areas such as statistical
inference concerning causes and effects. Axiomatic systems of PCI have been proposed by many authors since
the late 70’s. Notable contributions include Dawid (1979, 1980, 2001), Spohn (1980), Pearl and Paz (1987),
etc.. These systems are built upon a few principle properties concerning conditional independence intrinsic to
random variables. The separoid, a system proposed by Dawid (2001), looks to be the most general one among
all these systems.
Recently a universal algebraic system, called the cain, has been proposed by Wang (2006, 2007). In contrary
to the separoid and other systems mentioned in the previous paragraph, the cain algebra is built upon some
key properties of the conditional probability density functions. In the cain algebra, conditional independence
relations are defined through some ‘coin equations’. One advantage of this universal algebraic approach is that
properties concerning PCI can be studied in a unified fashion as problems of transforming the coin equations.
The purpose of this paper is to introduce the cain algebra and show in particular that the cain is consistent with
the separoid.

THE SEPAROID AND AXIOMATIC SYSTEMS OF PCI

Dawid (2001) defined a ternary relation · · |· on a lattice (L,≤) as a (strong) separoid if for any x, y, z, w ∈ S

the following hold

S1: x y | x
S2: x y | z =⇒ y x | z
S3: x y | z & w ≤ y =⇒ x w | z
S4: x y | z & w ≤ y =⇒ x y | (z ∨ w)

S5: x y | z & x w | (y ∨ z) =⇒ x (y ∨w) | z
S6: If z ≤ y & w ≤ y then x y | z & x y | w =⇒ x y | (z ∧ w)

If x, y, z, w are random variables then, under suitable regularity conditions, S1-S6 can be derived in a straight-
forward fashion if x y|z is defined in the usual way (Dawid, 1979). For a Boolean lattice S1-S6 imply the
following properties (Dawid, 2001)

G1 : x y|z ⇒ y x|z (Symmetry)

G2 : x (y ∨ w)|z ⇒ x y|z (Decomposition)

G3 : x (y ∨ z)|w ⇒ x y|(z ∨ w) (Weak union)

G4 : x y|(z ∨w), x z|w ⇒ x (y ∨ z) | w (Contraction)

G5 : x y|(z ∨w), x z|(y ∨w) ⇒ x (y ∨ z) | w (Intersection)

where x, y, z, w are mutually exclusive, meaning that x∧y = x∧ z = · · · = z∧w = 0. The properties G1-G5
jointly constitute the graphoid as defined by Pearl and Paz (1987). The graphoid plays an important role in
graphical modelling (see e.g. Lauritzen, 1996).
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THE CAIN

The Cainoid. Let (L,≤) be a lattice with bottom ∅. An atom coin x
y is a symbol associated with two

elements x, y ∈ L. Since x
y may be regarded as an alternative way of writing (x, y), we may then write the

direct product as L ⊗ L = { x
y | x, y ∈ L}. For brevity we write x = x

∅ , y = ∅
y,

∅
∅ = 1 . A coin is a

word or concatenation = x1
y1
· · · xn

yn
of n atom coins. Denote by

C =
{

x1
y1
· · · xn

yn

∣∣∣ x1
y1

, · · · , xn
yn
∈ L ⊗ L , n ∈ N

}
the set of all coins. For = x1

y1
· · · xm

ym
and ′ = u1

v1
· · · un

vn
we define · ′ = x1

y1
· · · xm

ym
· u1

v1
· · · un

vn
.

An algebraic structure (C, ·) is called a cainoid if for any , ′, ′′ ∈ C and x, y ∈ L, the following hold:

C1: · ′ = ′ ·
C2:

( · ′) · ′′ = · ( ′ · ′′)
C3: 1 · =

C4: x · x = 1

C5: x
y = x∨y · y (where x > ∅)

A cainoid (C, ·) is an Abelian group with the additional property C5. If we regard x
y as an algebraic abstrac-

tion of a conditional probability density function then C1-C4 corresponds to the intrinsic properties of these
functions. One remarkable feature of the above definition is that every axiom is given in an equational form.
This universal algebraic definition enables any property in a cainoid be expressed in equational forms. This
property contrasts sharply with the separoid and other systems reviewed in the previous section. For instance,
an analogue of the Bayes’ theorem is now simply an equation x

y = y
x

x
y (x > ∅, y > ∅). As another

example, C1-C5 implies that x ≤ y ⇔ x
y = 1 (x > ∅). So the partial order can be represented by a coin

equation. In the cain algebra problems will be expressed and solved through coin equations. Wang (2007)
discusses many fundamental properties of a cainoid.　
The Cain. To add more structures into a cainoid, a detailed study of properties of coins is required. Two
raising coins x and y, with x > ∅ and y > ∅, are said mutually prime, if x 	= y. We first note that for any
	= 1, there exists nonzero integers ni and mutually prime coins xi , i = 1, · · · , r so that can be expressed

as = ( x1)n1 · · · ( xr )nr . It is therefore natural to call x a prime coin if there does not exist an expression
x = ( x1)n1 · · · ( xr)nr so that each xi < x for each i = 1, · · · , r. Wang (2007) shows that if L satisfies

the descending chain condition then for any there exist nonzero integers n1, · · · , nr so that the following
expression is unique

= ( x1)n1 · · · ( xr)nr(1)

where (i) x1, · · · , xr are prime; and (ii) x1, · · · , xr are mutually prime. The expression (1) is called the
canonical expression of , r the order of , written as | | = r, and x = ∨r

i=1xi is called the context of ,
written as I( ) = x.
Suppose that for each x ∈ L, there exists a canonical join representation x = x1 ∨ x2 ∨ · · · ∨ xn . The subset
{x1, · · · , xn} induces a sublattice Lx of L. The cainoid (Cx, ·) induced by the sub-lattice Lx is called the
marginal cainoid of x. An element of Cx is called a marginal coin of x. Denote by [x] an arbitrary marginal
coin of x, by {x} an arbitrary coin in C with context I( {x}) = x. We say that is x-integrable if = {y}
with y ≥ x.
Now let L be a complemented distributive lattice. For an arbitrary x ∈ L, let D(x) be the set of all x-integrable
coins. Consider a function,

∫
x, defined on D(x) into C so that for any {y} ∈ D(x), there is a unique coin

{y∧ x̄} ∈ C such that
∫
x ( {y}) = {y∧ x̄} . The function

∫
x is called x-integration. Further,

∫
x is required

to satisfy the following properties (write
∫

dx instead of
∫
x( )):
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(a) If y is x-integrable then we require∫
y dx = y∧x̄(2)

(b) Let x = x1 ∨x2 with x1 ∧x2 = ∅. Let = {y1} {y2} be x-integrable, where {y1} is x1-integrable
and {y2} is x2-integrable. If x1 ∧ y2 = x2 ∧ y1 = ∅, then we require∫

( {y1} {y2}) d(x1 ∨ x2) =

∫
{y1}dx1

∫
{y2}dx2(3)

(c) Finally for any ∈ C, we require∫
d∅ =(4)

Axiom (2) is analogous to the definition of marginal probability density functions. Note that if x = ∅ then
x̄ = �, so y ∧ x̄ = y. Thus (2) implies

∫ y d∅ = y , a special case of (4). Axiom (3) is an analogue of a
property intrinsic to the conventional integration operator.

DEFINITION 1 (CAIN). A cainoid C is called a cain if C further satisfies the axioms (2)-(4).

Many properties intrinsic to the conditional probability density functions can be derived from the axioms of the
cain. For instance, If x ≥ z, y ∧ z = ∅ then

∫
x
y dz = x∧z̄

y , which gives a rule to compute a ‘conditionally
marginal’ coin from a ‘conditional joint’ coin. Also, for any x, y ∈ L with x > ∅ it holds that

∫
x
y d(x∧ ȳ) =

1 , an analogy of the fact that (conditional) probability density functions integrate to unity; see Wang (2007) for
detailed discussions on properties of the cain.

CONDITIONAL INDEPENDENCE

Let L be a Boolean algebra; that is, L is a complemented distributive lattice with a bottom ∅ and a top � > ∅.
Let C be the cain defined on L.

DEFINITION 2. x is said independent of y conditional on z, written x y|z, iff x
y∨z = x

z .

We shall write x y if x y|∅, and say in this case that x is independent of y. So independence is a special case
of conditional independence. The axioms of a cainoid immediately imply that, if x, y, z > ∅ then x

y∨z = x
z

is equivalent to either x∨y
z = x

z
y
z or x∨y∨z = y∨z x

z . Note that x y|z is symmetric for x and y, i.e.,
x y|z ⇒ y x|z , unless ∅ = y < x 	≤ z . It is an important fact that the embedding lattice order x ≤ y is
equivalent to x x|y. It can also be shown that y ≤ z ⇒ x y|z for any x.
If C is a cain then we can show that the axioms of a separoid P1-P6 are satisfied. More specifically we have

THEOREM 1. Let C be a cain generated by a complemented distributive lattice (L,≤). We say that a ternary
relation x y|z holds for nontrivial elements x, y, z in L if the coin idenitity x∨y

z = x
z

y
z holds in C. Then

(L,≤, ) is a strong separoid.

DISCUSSIONS

The concept of conditional independence is central to probabilistic approach to the study of causes and ef-
fects. One necessary requirement for the statement that x is a cause of y is that x and y are correlated and
the correlation is not spurious. One formulation of spurious correlation is through conditional independence.
Reichenbach (1956, pp.157-167) even suggests that the causal asymmetry between x and y can be character-
ized using conditional independence. In this paper we introduced a universal algebraic system called the cain.
This framework is built upon some essential algebraic properties of the probability density functions. In the
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cain algebra conditional independence is defined through a coin equation, which can be easily transformed into
other equivalent equations using the rules of the algebra. In particular we have showed the consistency with the
well-known axiomatic systems of graphoid and the separoid. This universal algebraic approach provides pos-
sibilities for making statistical causal inference using the new algebraic tools combing with modern techniques
such as the Gröbner basis theories (Cox, Little and O’Shea, 1996).
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ABSTRACT

In this paper we introduce a universal algebraic structure termed the cain proposed recently by Wang
(2006, 2007). In the cain algebra, properties concerning the conditional independence are expressed through

special equations called coin equations. We show that the cain algebra is consistent with some well-known
axiomatic systems such the graphoid (Pearl and Paz, 1987) and the separoid (Dawid, 2001).
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ABSTRACT

Under the null hypothesis of the existence of linear relationship between two random variables, a

new formulae is introduced between the coefficient of correlation and the ration of kurtosis of both

random variables. This relationship is used to determine the direction of dependency in simple linear

regression. Also an interpretation of the correlation coefficient as an asymmetric function of kurtosis

coefficient and skewness coefficient of dependent and independent is provided.

KEY WORDS : Correlation coefficient; Kurtosis coefficient; Skewness coefficient; Linear regression;

Selection of model; Response variable; Independent variable.

1. INTRODUCTION AND NOTATION

Correlation coefficient is probably the most frequency used statistical tool is applied sciences,

and up to now different interpretations for it have been provided. Nicewander and Rodgers (1988)

provided thirteen interpretations for it. Rovine and Von eye (1997) provided 14th interpretation.

Dodge and Rousson (2000) provided four new interpretations in case of symmetric of error in the

linear relationship of two variables. Using the relationship found in their paper, and assuming that the

existence of linear relation between two random variables, they determined the direction of dependence

in linear regression model. That is, they provided a model on the basis of which can make a distinction

between dependent and independent variables in a linear regression. Muddapur (2003) arrives at the

similar relationship and found yet another formula between the correlation coefficient and the ration

of the two kurtosis. He, however, does not show how this new relationship will be used in determining

the direction dependence between two variables in simple linear regression.

In this article we obtain a relationship between kurtosis coefficient of dependent variable and kur-

tosis coefficient of independent variable based on which we can make a distinction between dependent

and independent variables.

1
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Let us consider two random variables X and Y that are related by

Y = α + βX + ε (1.1)

where α and β are constant and ε is error variable that is independent of X. In this model we have

ρ = β
σX

σY
(1.2)

where ρ is correlation coefficient between two random variables X and Y, σ2
X and σ2

Y are variances of

X and Y respectively. Based on the (1.1) and (1.2) we can have the following equation:

κY = ρ4κX + (1− ρ2)
1
2 κε (1.3)

where κX , κY and κε are kurtosis coefficients of X, Y and ε are defined as follows:

κY =
E(Y − E(Y ))4

σ4
Y

− 3 , κX =
E(X − E(X))4

σ4
X

− 3 , κε =
E(ε− E(ε))4

σ4
ε

− 3

where σ2
ε is variance of error variable. If κε = 0 then

κY = ρ4κX (1.4)

Proof of (1.3) : since X and are ε independent, we can conclude that

σ2
Y = var(α + βX + ε) = β2σ2

X + σ2
ε

By dividing this equation by σ2
Y and use the equation (1.2), we have

1− ρ2 = (
σε

σY
)2 (1.5)

From (1.1) and (1.2) we have:

(
Y − E(Y )

σY
) = ρ(

X − E(X)
σX

) +
σε

σY
(
ε− E(ε)

σε
) (1.6)

From (1.5), (1.6) and under expectation we have:

E(
Y − E(Y )

σY
)4 − 3 = ρ4

[
E(

X − E(X)
σX

)4 − 3 + 3
]
+ C4

2ρ2E(
X − E(X)

σX
)2(

σε

σY
)2E(

ε− E(ε)
σε

)2

+(
σε

σY
)4
[
E(

ε− E(ε)
σε

)4 − 3 + 3
]
− 3

Where Cm
n = m!

n!(m−n)! , and simply concluded that:

κY = ρ4κX + (1− ρ2)2κε

If κε = 0 then κY = ρ4κX .

Dodge and Rousson (2000) proved that under assumption of symmetry of error variable in (1.1),

we have :

γY = ρ3γX (1.7)

2
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where γX and γY are skewness coefficients of X and Y respectively and defined as follows

γX =
E(X − E(X))3

σ3
X

, γY =
E(Y − E(Y ))3

σ3
Y

By dividing equation (1.4) by (1.7) we have

κY

γY
= ρ

κX

γX
(1.8)

From this equation (assuming γX �=0, γY �= 0, κX �= 0) we have

ρ =
(κY

γY
)

(κX
γX

)
=

f(Y )
f(X)

=
g(κY , γY )
g(κX , γX)

(1.9)

That is, we consider correlation coefficient as a proportion of a function of Y to a function of X,

and this proportion is an asymmetric function of kurtosis and skewness coefficient of dependent and

independent random variables.

If we assume that X and Y are asymmetric and E( ε−E(ε)
σε

)3 = E( ε−E(ε)
σε

)5 = 0, then we can drive the

following equation:

[E(
Y − E(Y )

σY
)5 − C5

3γY ] = ρ5[E(
X − E(X)

σX
)5 − C5

3γX ] (1.10)

Proof of (1.10): From (1.6) and under expectation we can obtained the following equation:

E(
Y − E(Y )

σY
)5 = ρ5E(

X − E(X)
σX

)5 + C5
3

(
ρ3γX(

σε

σY
)2 + ρ2(

σε

σY
)3γε

)
+ (

σε

σY
)5E(

ε− E(ε)
σε

)5

If we assume that E( ε−E(ε)
σε

)3 = E( ε−E(ε)
σε

)5 = 0, then from (1.5) and (1.7) we have:

ρ5 =
E(Y −E(Y )

σY
)5 − C5

3γY

E(X−E(X)
σX

)5 − C5
3γX

(1.11)

Equations (1.4), (1.9) and (1.11) present new interpretations of correlation coefficient.

2. MODEL SELECTION

that related to on (X1, Y1), (X2, Y2), ..., (Xn, Yn) be a sample n observations on variables X and Y.

Suppose a linear relationship exist between the two variables, but we wish to know which variable is

a function of which one. We should select one of the following two models

Yi = α + βXi + εi (2.1)

Where X is independent of ε.

Xi = α′ + β′Yi + ε′i (2.2)

Where Y is independent of ε′. In both models, we assume that error variable has a normal distribution

with zero mean and fixed variance. Therefore from equation (1.4) we conclude that

κY ≤ κX (2.3)

3

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 3014 -



If κ̂Y > κ̂X , then based on the sample observation, we prefer model (2.2) to model (2.1). The process

of model selection is equal to the following hypothesis testing.

H0 : κY ≤ κX

H1 : κY > κX

(2.4)

Rejection of null hypothesis is equal to performance of model (2.2) and acceptance of null hypothesis

is equal to the acceptance of model (2.1). Since |ρ ≤ 1| (assuming that γY �= 0, γX �= 0 ) we obtained

from (1.8) that

|κY

γY
| ≤ |κX

γX
| (2.5)

We can use (2.5) to select the model. The model selection can be shown through the following

hypothesis testing
H ′

0 : |κY
γY
| ≤ |κX

γX
|

H ′
1 : |κY

γY
| > |κX

γX
| (2.6)

In this hypothesis testing, reject of null hypothesis is equivalence to reject of (2.1) and acceptance of

null hypothesis is equal to acceptance (2.1). We can also use the equation (1.10) to select the model.

Under model (2.1) the equation (1.10) can be obtained. Therefore, we can consider testing of model

selection in the following way:

H ′′
0 : |E(Y −E(Y )

σY
)5 − C5

3γY | ≤ |E(X−E(X)
σX

)5 − C5
3γX |

H ′′
1 : |E(Y −E(Y )

σY
)5 − C5

3γY | > |E(X−E(X)
σX

)5 − C5
3γX |

(2.7)

In this hypothesis testing, rejection of null hypothesis is equal to select model (2.2) and acceptance of

null hypothesis is equivalence to select model (2.1)

3. CONCLUDING REMARKS

When a linear relationship exist between two random variables, Dodge and Rousson (2000) pro-

vided formulae for determining the direction dependency between them, when their distribution error

is symmetric or the skewness of error variable is zero. Muddapur (2003) provided the alternative

method for the same problem. In this article we provided formulae for the case when the distribution

of error variable has a zero kurtosis. Also we give similar formulaes for tow another cases, and based

on them we determine the direction of dependence in regression line.
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1 Overview

Let X = (X1, X2, · · · , Xp)′ be a p-variate random vector distributed as Np(µ, Σ), and R = (ρij) is

correlation matrix. p−variate normal orthant probability Pp(µ, R) is the probability that all the Xi’s

are simultaneously positive,

Pp(µ, R) = Pr{X1 > 0, X2 > 0, · · · , Xp > 0}.

When µ = 0 and p < 4, there are simple formulas of centred orthant probability Pp(0, Σ) as follow

P2(0, Σ) =
1

2π

(
π − cos−1ρ12

)
P3(0, Σ) =

1

4

(
2π − cos−1ρ12 − cos−1ρ13 − cos−1ρ23

)
Miwa et al. (2003) provide the way to calculate multivariate non-centred orthant probability.

Their approach has two stages. In the first stage, non-centred orthoscheme probabilities can be eval-

uated using a recursive integration method. In the second stage, any non-centred orthant probability

can be expressed as differences between at most (p − 1)! non-centred orthoscheme probabilities. But

the formula of second stage is not clear, so I give a clear one in this paper.

Consider the non-centred orthant probability

(1) Pp(µ, R) = Pr{X1 > 0, X2 > 0, · · · , Xp > 0} =

∫ ∞

0
· · ·

∫ ∞

0
f(x; µ, R) dx1 · · · dxp

where f(x; µ, R) is the probability density function of X ∼ Np(µ, Σ). Miwa et al.(2003) give a

evaluate method to use a recursive computational approach for tri-diagonal correlation structure. For

the tri-diagonal correlation matrix R, if X ∼ N(µ, Σ) then it follows from the decomposition R = AA′

that Z = (A′)−1(X − µ) ∼ Np(0, Ip), and

X1 = Z1 + µ1, Xi = ai i−1Zi−1 + ai iZi + µi (i = 2, · · · , p).

Then

Pp(µ, R) = Pr(X1 ≥ 0, · · · , Xp ≥ 0)

= Pr(Z1 + µ1 ≥ 0, ai i−1Zi−1 + aiiZi + µi ≥ 0; i = 2, · · · , p).

Define

fp−1(z) =

∫ ∞

(−µp−ap p−1z)/app

ϕ(t) dt

fi−1(z) =

∫ ∞

(−µi−ai i−1z)/aii

fi(t)ϕ(t) dt (i = 2, · · · , p)(2)
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where ϕ(t) is the standard normal probability density function, so that the required probability is

given by

(3) Pp(µ, R) =

∫ ∞

−µ1

f1(z)ϕ(z)dz

For general correlation matrix R, orthant probability can be expressed as follows. R can be decomposed

as R = A′A (A is upper triangle matrix, A = (a1, · · · ,ap). Let a
(sr)
i (i = 1, · · · , p) be

a
(sr)
i = ai (i = 1, · · · , r + 1)

a
(sr)
r+2 = τsrasr

a
(sr)
i = c

(sr)
i−1

(
ai−1 −

ρr+1 i−1

ρr+1 sr

asr

)
(i = r + 3, · · · , sr)

a
(sr)
i = c

(sr)
i

(
ai −

ρr+1 i

ρr+1 s
asr

)
(i = sr + 1, · · · , p)

where, when r = 0, · · · , p − 3, sr = r + 2, · · · , p,

c
(sr)
i =

(
1 − 2ρr+1 iρi sr

ρr+1 sr

+
ρ2

r+1 i

ρ2
r+1 sr

)−1/2

,

τsr =




1 (ρr+1 sr > 0 or ρr+1 sr < 0)

0 (ρr+1 sr = 0)

−1 (other)

.

For A(sr) = (a
(sr)
1 · · ·a(sr)

p ), R(sr) = A(sr)′A(sr) , we could do these step until R = R(sr) would

be tri-diagonal matrix. In this procedure, the orthant probability can be expressed as

Pp(µ, R) =

p∑
s0=2

· · ·
p∑

sp−3=p−1

τs0 · · · τsp−3Pp

(
µ{s0,··· ,sp−3}, R{s0,··· ,sp−3}

)
(4)

where

A{s0,··· ,sp−3} =
(
A{s0,··· ,sp−4}

)(sp−3)
,

µ{s0,··· ,sp−3} =
(
A{s0,··· ,sp−3}

)′
µ{s0,··· ,sp−4},

R{s0,··· ,sp−3} =
(
A{s0,··· ,sp−3}

)′
A{s0,··· ,sp−3}.

2 Multivariate normal probability and orthant probability

Multivariate normal probabilities such as cumulative distribution function can be expressed by orthant

probabilities as follows. Let ci’s be constant and c = (c1, · · · , cp)′.

Pr{c1 ≤ X1, · · · , cp ≤ Xp} = Pr{0 ≤ X1 − c1, · · · , 0 ≤ Xp − cp}
= Pp(µ− c, R)(4)

Pr{X1 ≤ c1, · · · , Xp ≤ cp} = Pr{0 ≤ −X1 + c1, · · · , 0 ≤ −Xp + cp}
= Pp(−µ+ c, R)(5)
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Suppose {µ(k)
i }, {c(k)

i } are

µ
(k)
i =

{
µi (i = 1, · · · , p, i ̸= k)

−µi (i = k)
, c

(k)
i =

{
ci (i = 1, · · · , p, i ̸= k)

−ci (i = k)
,

then

Pr{c1 ≤ X1, · · · , ck−1 ≤ Xk−1, Xk ≤ ck, ck+1 ≤ Xk+1, · · · , cp ≤ Xp}
= Pr{0 ≤ X1 − c1, · · · , 0 ≤ Xk−1 − ck−1, 0 ≤ −Xk + ck,

0 ≤ Xk+1 − ck+1, · · · , 0 ≤ Xp − cp}

=Pp(µ(k) − c(k), R(k))(6)

3 Group sequential tests and orthant probability

Let Xi(i = 1, · · · , N) be independent random variable distributed as normal distribution N(µ, σ2)

with known variance σ2. One-sided group sequential test procedure is as follows.{
Null hypothesis H0 : µ = µ0

Alternative hypothesis H1 : µ > µ0

In this comparison, the standard test statistics Zi (i = 1, · · · ,K) be

(7) Zk =

√
nk(X̄k − µ)

σ
∼ N(0, 12) (k = 1, · · · ,K)

where

(8) X̄k =
1

nk

nk∑
i=1

Xi ∼ N

(
µ,

σ2

nk

)
(k = 1, · · · ,K)

and the notation of xij ’s, ni’s and gi’s are as follows.

Stage observations number of observations

1 x1, · · · , xn1 g1

2 xn1+1, · · · , xn2 g2

...
...

...

K xnK−1+1, · · · , xnK gK

For given significance level α and maximum number of steps，critical values c1, c2, · · · , cK are

determined from the test statistics Z1, · · · , Zk like these one by one.

Pr(Z1 > c1) = α∗
1

Pr(Z1 ≤ c1, Z2 > c2) = α∗
2

...

Pr(Z1 ≤ c1, · · · , ZK−1 ≤ cK−1, ZK > cK) = α∗
K

where α∗
1, · · · , α∗

K are suticefied with
∑K

i=1 α∗
i = α. α∗

1, · · · , α∗
K are determined by type I error spending

function of Lan-DeMets (1983).

The critical values ci’s are also given by orthant probabilites as follows.
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• 1st step

Let ϕ(z) and Φ(z) be the standard normal probability density function and cumulative distri-

bution function, respectively. Then

(9) α∗
1 = Pr(Z1 > c1) =

∫ ∞

c1

ϕ(z)dz = 1 − Φ(c1)

• k-th step (k = 2, · · · , K)

Let R be the correlation matrix for the random vector

(10) α∗
k = Pk(c(k), R

(k)
k )

where c(k) = (c1, c2, · · · ,−ck), R
(k)
k = (ρk∗

ij ) and

ρk∗
ij =




1 (i = j)

−
√

ni/nj (i = korj = k, i ̸= j)√
ni/nj (other).

Under alternative hypothesis H1 : µ = µa(= µ0 + δ, δ(> 0)),

X̄k =
1

nk

nk∑
i=1

Xi ∼ N

(
µa,

σ2

ni

)
(k = 1, · · · ,K),

and then
√

nk(X̄k−µa)
σ ∼ N(0, 1). Thus the power of this testing procedure π =

K∑
i=1

π∗
i is expressed by

non-centred orthant probability.

(11) π = 1 − Pr(Z1 ≤ c1, · · · , ZK ≤ cK) = 1 − PK(d, R)

where d = (c1 − ∆1, c2 − ∆2, · · · , cK − ∆K) ，R
(k)
k = (ρk∗

ij ) and

ρk∗
ij =




1 (i = j)

−
√

ni/nj (i = korj = k, i ̸= j)√
ni/nj (other)
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X = (X1, . . . , Xn)T

p p Xi Fp

X Ep
n−1

a1X1 + . . . + anXn, ai ∈ Fp, P p
n−1
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Xi p ai = 1 aj = 0, j �= i

p = 2

X = (X1, X2, X3)T

P 2
2 X1 X2 X12 = X1 + X2(mod2) X3 X13 =

X1 + X3(mod2), X23 = X2 + X3(mod2) X123 = X1 + X23(mod2) = X2 + X13(mod2) = X3 +
X12(mod2). P 2

2

F2 (X1X2X12) (X1X3X13)
(X2X3X23) (X1X23X123) (X2X13X123) (X3, X12X123) (X12X13X23).

p = 0.16
X1

X2 X3

X3 = 1 X3 = 0 P 2
2

X1, X2, X3

X12 X12

X12 = 0
X12 = 1

X123

X123 = 1
(001) (111) (010) (100)

X123 = 0

X123

X123 = 1
J = 0.23 X123 = 0 J = 0.3 X123 = 1

1.33 ± 0.1 1.09 ± 0.04 p = 0.025
1.45± 0.071 1.25± 0.05 p = 0.023

b λ τ

f(x|b, λ, τ) =
b−λ

τΓ(λ)
x

λ
τ
−1exp

(
−x1/τ

b

)
, Γ(λ) =

∞∫
0

xλ−1e−xdx

f(x|b∗, λ∗, τ∗)

τ∗ = 1 b∗ = 1
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λ∗ = λ0 > 1

ψ(λ) = Γ′(λ)
Γ(λ) = (ln Γ(λ))′

x1, . . . , xn

λb = 1
n

n∑
i=1

x
1/τ
i , τ(ψ(λ) + ln b) = 1

n

n∑
i=1

lnxi, b + λb(ψ(λ) + ln b) = 1
n

n∑
i=1

x
1/τ
i lnx

1/τ
i .

Z = 1
bX

1
τ X

1)EZ = λ; 2)E lnZ = ψ(λ); 3)DZ = λ; 4)EZk(lnZ)m = Γ(m)(λ+k)
Γ(λ) .

EZk(lnZ)m E(Z − λ)k(lnZ − ψ′)m k, m = 1, 2, 3
ψ = ψ(λ)

EZk(ln Z)m

m \ k

0 λ λ2 + λ

1 ψ 1 + λψ 1 + 2λ + (λ2 + λ)ψ

2 ψ′ + ψ2 2ψ + λψ′+ 2 + (4λ + 2)ψ+
+λψ2 +(λ2 + λ)(ψ′ + ψ2)

E(Z − λ)k(ln Z − ψ′)m

m \ k

0 ψ′

1

2 λ 2 + λψ′

T = ψ + ln b, g = ( ∂
∂b ln f(x|b, λ, τ), ∂

∂λ ln f(x|b, λ, τ), ∂
∂τ ln f(x|b, λ, τ))T

C = λT 2 + 2T + λψ′ + 1, R = Eg(X)g(X)T

R =

⎡
⎣ λb−2 b−1 (1 + λT )(bτ)−1

b−1 ψ′ Tτ−1

(1 + λT )(bτ)−1 Tτ−1 Cτ−2

⎤
⎦ .

g = (g1, g2, g3)T

g1(X) = 1
b (Z − λ), g2(X) = lnZ − ψ, g3(X) = 1

τ ((Z − λ)(lnZ − ψ) + T (Z − λ)− 1) .�
D1(θ̂i|θj , θk) D2(θ̂i|θj), D3(θ̂i), i, j, k = 1, 2, 3, i �= j �= k,

θ̂1 {θ1, θ2, θ3} = {b, λ, τ}
R

b̂, λ̂, τ̂

D3(τ̂) =
τ2(λφ− 1)

n|R| , D3(b̂) =
b2(φC − T 2)

n|R| , D3(λ̂) =
λ2φ + λ− 1

n|R| ,

φ = φ(λ) = ψ′(λ) |R| = b−2τ−2(λ2φ2 − φ− 1) C T

D1(τ̂ |b, λ) = τ2(nC)−1 D2(τ̂ |b) = τ2(n(C − T 2/φ))−1 D2(τ̂ |λ) = τ2(n(1 + λφ − 1/λ))−1

D1(b̂|τ, λ) = b2(nλ)−1 D2(b̂|τ) = b2(n(λ − 1/φ))−1 D2(b̂|λ) = b2(n(λ − (1 + λT )2/C))−1

D1(λ̂|τ, b) = (nφ)−1 D2(λ̂|τ) = n(φ − 1/λ))−1 D2(λ̂|b) = (n(φ − T 2/C))−1

lnλ∗ + ln b∗ = lnΓ(λ + τ
τ∗ )− ln Γ(λ) + τ

τ∗ ln b,

τ∗(ψ(λ∗) + ln b∗) = τ(ψ(λ) + ln b) λ−1∗ = τ
τ∗

(
ψ(λ + τ

τ∗ )− ψ(λ)
)

,
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f(x|b, λ, τ)
b∗, λ∗ τ∗ b = 5, λ = 10, τ = 1.25 b∗ = 20.7839, λ∗ = 6.4954

τ∗ = 1 b∗ = 20.8509, λ∗ = 6.4770
δ = 5 · 10−6

(bγ , λγ) (τα, λα)
1) τα = c1τ 2) λα = c2

1λ+o(λ−1), 3) λγ = λτ−2 +o(λ−1), 4) λγ ≈ λατ−2
α , 5) βγ = τβ +c2

c1 = c1(λ, b) c2 = c2(λ, τ) = τψ(λ)− ψ(λγ), βγ = ln bγ , β = ln b
x1, . . . , xnx

y1, . . . , yny

Zk(θ̂) = θ̂x−θ̂y√
Dk(θ̂x)+Dk(θ̂y)

Dk(θ̂) θ̂
k θ ∈ {b, λ, τ}

x y

nx = 184
ny = 147 y

θ θ̂x θ̂x Z2(θ̂) Z1(θ̂) K − S

τ = 1 b < 10−5

λ < 10−5 2 · 10−10

b = 1 λ < 10−5 3 · 10−6

τ

λ = 9 τ 2 · 10−4 1.1 · 10−13 < 10−5

b < 10−5 2.6 · 10−4

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 3024 -



BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 3025 -



BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 3026 -



BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 3027 -



BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 3028 -



Taxonomization model
Casanova del Angel, Francisco
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Summary
A taxon distance was established and developed to define and statistically analyze 
the effect that atmospheric corrosion has on the structural steel used for the civil 
infrastructure in Mexico City. Corrosion of structural shapes comprises five stages: 
stabilization of the corrosion effect, transition of the corrosion effect, effect of 
meteorology, transition of the damp exceedence effect and the initial stage or the 
corrosion effect.

Key words: corrosion, hierarchization, structural shapes, taxon distance 

Introduction
The purpose of this task is to define the hierarchical structure of atmospheric 
corrosion on structural steel used for the civil infrastructure in Mexico City. The 
study was carried out in the north of the city on the industrial sites, of Vallejo, 
Azcapotzalco, Xalostoc and Tultitlán. The models used to predict damage caused 
by corrosion of metal in the atmosphere are used to provide answers concerning
the durability of metal structures, calculating the economic cost associated with the 
degradation of material [Bragard and Bonnarens. 1980].

Taxonomy
Let T be a tabular transformation that goes from the CIJ set of positive numbers to 
the  KIQ set  with Q being  the set of classes of the variables: T: CIJ            KIQ and
whose transformation meets   i I, q Q  j Q, so that: KIQ = 1  (j’ q, j’  j)
k(i, j) = 0. The taxon distance that classifies and relates the classes is called Rho2

and is defined according to the type of values being analyzed.

If the values being analyzed are weights, masses or frequencies of both the 
variables and the classes, the Rho2 distance is calculated as per (1), with the 
normal weights obtained from a factorial analysis of multiple correspondences:

Rho2 = A f(JP)G (JP, A) – f(JQ)G (JQ, A) 2   JP, JQ  JT (1)

If they are unit values, the Rho2 taxon distance is calculated as per (2):

Rho2 = A fG (JP, A) – G (JQ, A) 2   JP, JQ  JT (2)

If they are the inverse values of the weights of frequencies obtained for each of the 
variables in the factorial analysis carried out, the Rho2 distance is calculated as
per (3): 

Rho2 = A f -1(JP)G (JP, A) – f -1(JQ)G (JQ, A) 2   JP, JQ  JT (3)

The general form of Rho distances in absolute values is by (4): 

Rho = A  f(JP)G (JP, A) – f(JQ)G (JQ, A) 2 1/2   JP, JQ  JT (4)

1
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And is converted into a spatial model of distances for any x > 0 value, in other 
words, as per (5): 

Rho = A  f(JP)G (JP, A) – f(JQ)G (JQ, A)  X 1/X   JP, JQ  JT (5)

If the distance between the two points is the same as the sum of the absolute 
values of the differences of their projections on the axes, then (6): 

djk = r=1 prj - prk            (6) 

with j and k being indices for any two points, r the index for the axes, n the number 
of orthogonal axes and p indicating the projection of point j on axis r.

The information being analyzed
The information analyzed is the conjunction of three data tables: one table of
meteorological information, IxJ1, showing average weekly values obtained from 
the Experimental Weather Station of the IPN that consists of five variables: wind 
speed (ws in m/s), air temperature (at in °C), relative humidity (rh in %), solar
radiation (sr in watts/m2) and rainfall (rn in mm); an information table, IxJ2,
obtained from the Mexico City Automatic Atmospheric Monitoring Network, with 
weekly averages of the maximum time concentrations of two polluting substances:
sulfur dioxide (SO2 in ppm) recorded at the Vallejo, La Villa, Azcapotzalco and 
Xalostoc stations, and chlorides (cl in mg/l) recorded at the Xalostoc station – this 
information table includes a variable called pH, or potential hydrogen of rainwater
or of humid deposit of maximum values (in pH units); the third information table, 
IxJ3,  is that relative to the values of corrosion speeds and it includes the values of
the two depositions made. The first datum is for the week of June 2, 2002, and the 
last analyzed is for the week November 18, 2005, in other words, four years and 
five months of average weekly information, making a total of 181 observations,
with I representing the weekly average of the maximum time recordings, and J
meteorological variables.

The deterioration that atmospheric corrosion causes to metal materials used for 
construction was experimentally evaluated by characterizing sites exposed to the 
atmosphere, under ASTM (American Society for Testing and Materials) and ISO
(International Standards Organization) standards. Chemical tests conducted to 
determine the loss of mass of the materials exposed and the resistance of the 
shape studied were based on ISO standards [Toquiantzi. 2006].

Its frequential distribution was constructed by quantitative variable, as per (7) 

H(e, c) = {c(e) e + y c C }            (7)

where + is the set of positive integers, e the forces or elements of which each 
class c consists, and C is the set of classes, class being understood as the 
division or stratum into which the definition interval of the variable being studied is
divided, the size of which is arbitrary. The classes’ intervals are not constant and 
some are zero, which means that the classes do not have equivalent weights.

2
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Burt’s tabular layout, its factors and the dendrogram 
A generalized contingency table was constructed using the table in classes
Casanova. 2001  pp. 28. The tabular layout constructed has a dimension of 

144*144 elements. The first factorial plane of the table in meteorology-pollution
corrosion speed classes has a parabolic structure with the center at the point of 
origin. The first factor is made up of the class of values that depict or denote 
corrosion on the square tubular structural shape, T-girders, beams, bars and 
square bars.

The hierarchical dendrogram, constructed under the criterion of the Rho2 taxon
distance equation (5), is made up of five branches, figure 1. Reading and 
interpretation is from left to right.

The first branch, that adds the greatest number of classes, contains the 
type of corrosion known as stabilization in pipes, 3/8” bars, T-girders, 
conduits, plates and squares that is related to light breeze, low radiation, 
average humidity, low SO2, low rainfall, low level of salt and pH less than or 
equal to 5 units. The branch is defined as stabilization of the corrosion 
effect.
The second branch adds the corrosion class known as transition adds to 
pipes (sic) 3/8” bars, T-girders and squares, with no SO2 and Cl, room 
temperature below the average with no pH being recorded. The branch has
been defined as transition of the corrosion effect.
The third branch, that adds the least number of classes, is that relative to 
meteorology: light breeze, high solar radiation, low humidity and high SO2.
The branch has been defined as the meteorology effect.
The fourth branch adds squares and plates with 3 mm of rainfall and normal 
rain. The branch has been defined as transition of the humidity exceedence
effect.
The fifth and last hierarchical branch portrays independence of the 
hierarchical addition process. These classes are added at a low index or 
hierarchical level and are constructed by the first factor and the second 
stage of corrosion. The branch has been defined as the initial stage or the 
corrosion effect.

In addition to the foregoing interpretation, the branch defined as stabilization of the 
corrosion effect shows a decrease of the phenomenon studied, due to the physio-
chemical action that atmospheric components exercise, through the time of 
exposure to the atmosphere, forming a layer of rust or oxide that acts as a 
protective shield against a more severe attack of atmospheric aggression. The 
interaction of meteorology and atmospheric pollution with regard to the incident
effect on corrosion speed on structural shapes substantially decreases, meaning 
that the effect of the corrosion moves on to a second term.

3
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Figure 1. Dendrogram of the corrosion of structural shapes. 

Conclusions
The theoretical base of the taxonomization model used distributes meteorological 
and atmospheric pollution classes with those of corrosion speed, and tests their 
feasibility in the case of hierarchization of classes. 

The variables being studied are added in five stages: stabilization of the corrosion
effect; transition of the corrosion effect, the effect of meteorology, transition of the 
effect of humidity exceedence and the initial stage or corrosion effect.
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Introduction

A dataset on medical costs was extracted from the database of a (Belgian) National Sickness

Fund. It contains detailed information about fund members that are known to have been di-

agnosed with pneumococcal disease at a certain date. Interest lies in the costs for the Sickness

Fund for members that are diagnosed with pneumococcal infection. However, no information is

available about what costs refer to the pneumococcal infection itself and what costs are related

to other diseases. Therefor, the patients were matched in terms of municipality, age, gender

and social category to members not diagnosed with pneumococcal infection. The final dataset

contains data about 879 pneumo patients and 879 matched individuals, all fund member.

Special interest lies in total costs of patients between 50 and 65 years. Until now, this age cate-

gory is not vaccinated, but the vaccination of this particular age category is under consideration.

Methodology

For each person, the dataset contains the total medical monthly costs. For each matched pair,

time point zero is set equal to the time of diagnosis of the pneumococcal patient.

Let Yij be the cost for patient i at month j, where j is negative before diagnosis and positive

after diagnosis. Define the cumulative cost Zij of patient i at month j as

Zij =

{ ∑j
k=0 Yik, if j ∈ {0, 1, 2, . . .};∑−1
k=j Yik, if j ∈ {−1,−2, . . .}.

1
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The cost Zij accumulates the total costs in two directions, prospectively and retrospectively

from the time of diagnosis onwords. The cumulative cost for the matched individual is defined

in the same way, using the time of diagnosis of the matched patient as time point zero. The

age of the patient is taken into account by analyzing the data for four age categories separately

(< 5; [5,50[; [50,65[; > 65).

In Figure 1, the observed cumulative costs for a random sample of 25 persons in each age cat-

egory is plotted.

Figure 1: Observed cumulative plots for a random sample of 25 persons in each age group. Scales
are the same for the pneumo patients (upper panels) and matched patients (lower panels)
in the same age group.

To achieve the necessary flexibility, fractional polynomials (Royston and Altman 1994) are

used in a first stage of the analysis. Since cumulative costs behave monotone, we restricted

attention to fractional polynomials of degree 1. Following Royston and Altman, the power p

of the fractional polynomial is selected from the set {−2,−1,−0.5, 0, 0.5, 1, 2, 3}. A regression

model is then fitted with mean structure

Zij = β0 + β1H(|j|+ 1),

where H(x) is a transformation function given by

H(x) =

{
xp, if p �= 0;

ln(x), if p = 0.

AIC (Akaike 1973) was used to select the optimal power p. This is done separately for all age

groups and for matched and pneumo patients before and after diagnosis.

In a second stage, a GEE model is fitted using this best fractional polynomial from the first stage

to account for the longitudinal nature of the data. In this model, a m-dependent correlation

structure is assumed with m = 20. In this correlation structure, observations up to 20 months

from each other are assumed to be correlated in an unstructured way.

Results

In the age groups <5, [5,50[ and [50,65[ the same fractional polynomials were selected. For the

matched patients, a linear time effect was selected for both before and after diagnosis, reflecting

2
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a constant mean cost over time (as expected). For the pneumo patients before diagnosis, a linear

time effect is selected, while after diagnosis, p = 0.5 is found to be the optimal power for the

fractional polynomial. The latter results in a higher increase of costs directly after diagnosis.

For the last age category (older than 65), the power p = 0.5 was selected for patients and

matched persons, before and after diagnosis.

For the second stage, we started from a model where 32 parameters described the marginal

cumulative costs (per age group we have separate parameters for pneumo and matched patients,

before and after diagnosis). The model is then reduced using generalized score tests to a model

with 12 parameters (Molenberghs & Verbeke, 2005). The final model results can be found in

Figure 2.

The evolution before and after diagnosis for the matched patients is exactly the same in every

age group. This is to be expected, since the time point 0 is a random time point for the matched

patients and thus evolution of cumulative costs are expected to be similar in both directions.

Moreover, in the 3 oldest age groups, the evolution for the pneumo patients before diagnosis

are the same as the evolution for the matched patients. However in the youngest group, the

cumulative costs before diagnosis are higher for the pneumo patients compared to the matched

patients, seemingly that children that get infected with pneumococcol disease, already have

higher medical costs compared to other children.

After diagnosis, the evolution of the cumulative costs follows a square root, which means a fast

increase of costs just after diagnosis. When comparing the coefficients for this increase between

the different age groups, we see that for patients younger than 5, the coefficient is smallest

(940.90 with standard error 70.26) and highest for the age category of interest, i.e. [50,65[

(4071.75 with standard error 87.56). For patients aged between 5 and 50, the coefficient becomes

2266.26 (66.80) and for the oldest patients, a coefficient of 3650.37 (80.62) was obtained. The

fastest increase in cumulative cost can thus be found for patients between 50 and 65 year.

3
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Figure 2: Results for GEE fit per age group, using the best fractional polynomial.
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Introduction

With correspondence analysis (CA) we can visualize a two-way contingency table N. The dis-
tance used is the so-called chi-square distance between the profiles of rows (and columns).

Rao (1995) applies canonical coordinates to represent the rows of a contingency table N. Implicit
in this approach is the Hellinger distance (HD) between the profiles of rows.

Aitchison and Greenacre (2000) adapt biplot methodology by taking log-ratios (LR) to represent
compositional data, which can be used for the same purpose.

This contribution extends that of Cuadras, Cuadras and Greenacre (2006) and Cuadras and
Cuadras (2006), who introduce generalized correspondence analysis (GCA). It aims to define, study
and compare another generalized version of correspondence analysis, called parametric ratio analysis
(PRA), by introducing a parameter in the chi-square distance, which reduces to CA, HD and LR for
particular values of this parameter.

Parametric Correspondence Analysis

Let N = (nij) be an I × J contingency table and P = n−1N the correspondence matrix, where
n =

P
ij nij . Let K = min{I, J} and r = P1,Dr =diag(r), c = P 01,Dc =diag(c), the vectors and

diagonal matrices with the marginal frequencies of P, where 1 is the vector of ones. GCA depends on
a parameter 0 ≤ α ≤ 1/2 and uses the SVD

D−1/2r (Dα
r P

(1−α)Dα
c − rc0)D−1/2c = UαDλV

0
α,

where P (1−α) means raise the matrix inside to the power (1− α) and Dλ =diag(λ1, . . . ,λK−1) is the
diagonal matrix of singular values in descending order.

To represent the I rows of N we may take as principal coordinates the rows of

Aα = D
−1/2
r UαDλ.

Then the squared Euclidean distance between rows i, i0 of Aα equals the squared parametric distance

δ2ii0(α) =
JX
j=1

[(
pij
ricj

)1−α − ( pi
0j

ri0cj
)1−α]2cj .
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Similarly, to represent the J columns of N we may use the standard coordinates

Bα = D
−1/2
c Vα.

This GCA approach has the following advantages:

1. Correspondence analysis for α = 0.

2. Hellinger distance analysis for α = 1/2.

3. It satisfies the “principle of distributional equivalence”

4. CA can be understood as first order approximation to GCA.

5. The LR alternative can be very close to GCA.

6. Independence as n→∞:

n

(1− α)2

I.JX
i,j=1

[(rai p
1−α
ij cαj − ricj)2/ricj → χ2(I−1)(J−1).

However, as it is summarized in Table 1, only CA can be presented as a method of obtaining
canonical coordinates and also as weighted double-centering solution.

Table 1

Canonical coordinates Weighted double-centering

CA D
1/2
r [pij/ricj − 1]D1/2c D

1/2
r (I − 1r0)[pij/ricj ](I − c10)D1/2c

HD D
1/2
r [

q
pij/ricj − 1]D1/2c -

LR - D
1/2
r (I − 1r0)[log(pij/ricj)](I − c10)D1/2c

Parametric Ratio Analysis

This alternative approach (PRA) also depends on a parameter α ≥ 0 and uses the SVD

D1/2r (I − 1r0)[ 1
α
(D−αr P (α)D−αc )](I − c10)D1/2c = UαDλV

0
α,

To represent the I rows and J columns of N we may consider Aα = D
−1/2
r UαDλ and Bα =

D
−1/2
c Vα, respectively, in order that

(I − 1r0)[ 1
α
(D−αr P (α)D−αc )](I − c10) = AαB

0
α.

Then the Euclidean distance between rows i, i0 of Aα equals the parametric distance between rows of

Qα =
1

α
(I − 1r0)D−αr PαD−αc (I − c10)D1/2c .

Thus the squared distance is

δ2ii0(α) =
JX
j=1

[
1

α
(dc((

pij
ricj

)α)− 1
α
(dc(

pi0j
ri0cj

)α)]2cj ,

where dc(· · ·) means that the coordinates (pij/(ricj))α, j = 1, . . . , J, have been double centered. Note
that δ2ii0(1) is the standard chi-square distance.
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This PRA approach has the following features:

1. Correspondence analysis for α = 1.

2. Centered Hellinger distance analysis for α = 1/2.

3. Log-ratio analysis for α→ 0.

4. It satisfies the “principle of distributional equivalence”.

5. CA, HD and LR have been unified as a weighted double-centering MDS solution.

Criteria for choosing α and further aspects of PRA are studied and illustrated with examples.
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ABSTRACT

In order to represent categorical data in a contingency table, several approaches are available:
correspondence analysis (CA), the alternative with Hellinger distance (HD), and the log-ratio alterna-
tive (LR). Both CA and HD may be appropriate, so we introduce a parameter and define a generalized
version of correspondence analysis (GCA) which contains CA and HD as particular cases. Then CA
can be understood as a first order approximation to HD, LR and also GCA. On the other hand CA and
HD can be presented by means of canonical coordinates and CA and LR as a weighted double centering
MDS solution. Thus CA plays a central role. To unify CA, HD and LR a new parametrization is
presented as a parametric weighted double centering MDS solution, called parametric ratio analysis
(PRA). This approach depends on a parameter α, it reduces to CA for α = 1, to (centered) HD for
α = 1/2 and tends to LR as α tends to 0. Criteria for choosing the best value of the parameter are
proposed. Two illustrative examples are given.
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Abstract

For discriminating functional data, several linear methods have been proposed, and widely
applied in various fields. However, if the size of training data is small or it can not be assumed
that the observations in each class are from multivariate normal populations with equal covariance
matrices, there is no guarantee that linear methods are always available. In this paper, a nonlinear
procedure Functional Subspace Methods is introduced. It consists of Functional Subspace Method
and Functional CLAFIC Method. These methods do not require any knowledge on the underlying
distributions of populations, and still provide good classification. Particularly, when the size of training
data is small they can give stable results.

1. Basis Expansion and Smoothing

Suppose that a training data set contains N sequences of observations, each of which is inde-
pendently distributed, and that they are divided into H classes. Each class h ∈ {1, ..., H} is assumed
to include nh sequences of P observations zhi = (zhi1, ..., zhiP )T (i = 1, ..., nh), thus, N =

∑H
h=1 nh,

and zhip (h = 1, ..., H; i = 1, ..., nh) are observed at the same point tp (p = 1, ...P ) in a real number
space T .

Suppose that the P observations zhi = (zhi1, ..., zhiP )T follow the model zhip = zhi(tp)+εhip (p =
1, ..., P ). Where, zhi(t) is a true unknown function, and errors εhip(p = 1, ..., P ) have zero mean. A set
of basis functions φ(t) = (φ1(t), ..., φM (t))T and a coefficient vector αhi = (αhi1, ..., αhiM )T expand
the function zhi(t) as a form of φT (t)αhi, where M is a given integer. The estimator of zhi(t) can
be written as ẑhi(t) = φT (t)α̂hi, where α̂hi is a coefficient vector obtained by minimization of the
penalized sum of squares S(zhi) =

∑P
p=1(zhip − zhip(tp))2 + λ

∫
(z′′hi(t))

2dt, where λ is a smoothing
parameter.

Denote ẑhi(t) by yhi(t) (h = 1, ..., H; i = 1, ..., nh; t ∈ T ) and let ahi = (ahi1, ..., ahiM )T stand
for α̂hi = (α̂hi1, ..., α̂hiM )T . The functional data set can be written as

yhi(t) = φT (t)ahi (h = 1, ..., H; i = 1, ..., nh).(1)

2. Filtering LDA
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A filtering method proposed by Hastie et al. (1995) and James & Hastie (2001) performs
multivariate linear discriminant analysis on the basis coefficients obtained by basis function expansion.
It is called Filtering LDA in this paper.

Filtering LDA is applied widely in a lot of fields. But it only works well when the training data
size is large enough and populations in each class follow multivariate normal distributions with the
same covariance matrix. Furthermore, in this method, the covariance inverse matrix (CTC)−1 must be
calculated, where, C is a N ×M coefficient matrix centered by the mean coefficient vector. This leads
to another issue of Filtering LDA that, when the inverse matrix is ill-conditioned, this method will
break down. Thus, one can say that Filtering LDA requires large-size training data for the assumption
of multivariate normal distribution and the existence of the inverse matrix.

3. Functional Subspace Methods

To avoid the issues of Filtering LDA, we propose a nonlinear discriminant analysis called Func-
tional Subspace Methods. It includes two methods: Functional Subspace Method and Functional
CLAFIC Method. The former is induced from the traditional subspace method (Oja, 1983), and
the latter from the CLAFIC method (Watanabe, 1969).

3.1 Functional Subspace Method

The main idea of Functional Subspace Method is based on the functional principle component
analysis (FPCA) (Ramsay & Silverman, 1997) for training data in each class. Thus, the process is
considered for each class at first.

In the hth class, the training functional data yhi(t) = φT (t)ahi (i = 1, ..., nh) have a mean
function

ȳh(t) =
1
nh

nh∑

i=1

yi(t) =
1
nh

nh∑

i=1

φT (t)ahi = φT (t)āh.(2)

After centering, they are transformed into

xhi(t) = yhi(t)− ȳh(t) = φT (t)(ahi − āh) = φT (t)chi (i = 1, ..., nh),(3)

or

xh(t) = (xh1(t), ..., xhnh
(t))T = Chφ(t) (Ch : nh ×M coefficient matrix).(4)

In the context of FPCA, maximizing variance of fh1 =
∫

ξh1(t)xh(t)dt under ‖ξh1‖ = 1 is
equivalent to finding the eigen function ξh with the largest eigenvalue ρh of the eigenequation Vhξh(t) =
ρhξh(t), where Vh is a covariance operator of the hth class. Suppose that ξh can be represented as
ξh(s) = φT (s)bh (s ∈ T , bh : M−vector), then the eigenequation can be represented as

n−1W 1/2CT
h ChW 1/2uh = ρhuh(5)

with a M ×M matrix W = {∫ φj(t)φk(t)dt} and a M -vector uh.
If the rank of the matrix n−1W 1/2CT

h ChW 1/2 is rh, we call the expression

xh(t) =
rh∑

k=1

fhkξhk(t) (rh ≤ M)(6)

functional principal component expansion of xh(t), where ξhk(t) is the eigen function associated with
the kth eigenvalue of the class h. Using the first d eigen functions, a d-dimension subspace of the class
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h can be defined. For new functional data y(t), after centering in the hth class as x(h)(t) = y(t)− ȳh(t),
their projection into that subspace and the integrated square error can be obtained as follows:

x̃h(t) =
d∑

k=1

fhkξhk(t) =
d∑

k=1

〈ξhk, x
(h)〉ξhk(t),(7)

‖x̃(h)(t)− xh(t)‖2 =
∫

(x̃(h)(t)− xh(t))2 dt.(8)

In the H classes, the new functional data y(t) yield H pairs of (x̃(h), ‖x̃(h)(t)−x(h)(t)‖2)h=1,...H .
They are classified into the class fitted best (i.e. the class that minimizes (8) ).

3.2 Functional CLAFIC Method

Functional CLAFIC Method is built on the same idea as Functional Subspace Method, except
that the process goes without centering. Instead of PC functions ξhk(t), non-centered PC functions
ξ∗hk(t) are produced. For new functional data y(t), their projection into the subspace of the hth class
is

ỹ(h)(t) =
d∑

k=1

〈ξ∗hk, y〉ξ∗hk(t).(9)

In this case, y(t) can be considered to belong to the class in which subspace provides the orthogonal
projection of the largest square distance

‖ỹ(h)‖2 =
∫

ỹ(h)(t)2dt (h = 1, ..., H).(10)

3.3 Choosing the Dimensions for the Subspaces

There are various ways for choosing dimensions for each subspace, including either selecting the
same number d0 for all subspaces, or choosing dh for each class h. For a common κ, searching dh’s
which a(dh) ≤ κ ≤ a(dh +1) with a(dh) =

∑dh
m=1 ρhm/

∑M
m=1 ρhm for all classes is a useful one of them.

4. Experiments and Results

With the help of height data from Berkeley Growth Study (Tuddenham & Snyder, 1954) and
phoneme data (Hastie et al., 1995), Functional Subspace Method, Functional CLAFIC Method and
Filtering LDA are performed. In order to compare their performances, same (cubic B-spline) basis
functions and coefficients are used.

The height data set contains height observations of 54 girls and 39 boys. Figure 1 shows, for the
heights of 10 girls and 10 boys, for each of which 31 observations were taken between 1 and 18 years.
By dividing them into training data and test data, four types of data sets are constructed (Table 1).
After classifying the training data by sex, we applied the three methods of discrimination for the test
data.

The result for the three methods are shown in Figure 2, when the number of basis functions M

is 7. It indicates that Filtering LDA is the best for training data, whereas for test data, Functional
Subspace Method is the best in terms of misclassification rate. In particular, when the size of training
data is small, the mean training error of Filtering LDA goes down, while, the mean test error increases
rapidly. However, Functional Subspace Method and Functional CLAFIC Method give very stable
results.
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A similar pattern can be found in the experiment with the phoneme data set, though Filtering
LDA shows a good capability.

From the experiments, it was found that Functional Subspace Methods can provide good dis-
criminations. Especially, when the size of training data is small, it can give quite stable results.

Table 1: Four Types of Data Sets

Four types of data sets 1 2 3 4
Class Female Male Female Male Female Male Female Male

Size of training data 43 31 36 26 18 13 11 8
Size of test data 11 8 18 13 36 26 43 31

Heights of 10 Females and 10 Males

Age

He
igh

t (c
m)

60
80

10
0

12
0

14
0

16
0
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0

20
0

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18
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M = 7

4 Types of Data Sets
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Figure 1 (Left): Some Height Curves

Height curves of 10 girls and 10 boys.

Figure 2 (Right): Misclassification Rate Curves

Mean misclassification rates of 100 trials for four types of data sets when M = 7.
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1. Introduction.  

In the context of dose-response modeling, on of the most common parametric approach is to use a 3 
parameter EMAX model (MacDougal, J. (2006), Bates, DM and Watts, DG (1988)), by fitting 

( )
DED

DEEDYEDg
+

+==
50

max
0)(      (1.1) 

 
where E0 is the response Y at baseline (absence of dose), Emax is the asymptote and ED50 is the 
concentration that produces 50% of the maximal effect or potency.  Expansion of equation (1) is achieved 
with the 4 parameter EMAX model 

( ) λλ

λ

DED
DEEoDYEDg
+

+==
50

max)(      (1.2) 

where λ is the 4th parameter and sometimes is called the Hill parameter.  The Hill parameter is in most cases 
very difficult to estimate.   
 

In order to illustrate the applications of the EMAX model we use data from a clinical trial setting 
(Thomas, N. (2006)). This was a phase II study with 5 doses (0, 5, 10, 50 and 100 mg), with about 80 
patients per arm, and a high signal to noise ratio.  Figure 1 plots the response against the doses with 80% 
confidence intervals around the mean.  The graph shows that it is a potentially good candidate for the 
EMAX model.  We first fit 3-Paramater EMAX model to the data.  Convergence is achieved right away.  
Then we tried to fit a 4-parameter EMAX model, but in this case there was a non-convergence of the MLE.  
The Hill parameter λ could not be estimated but the first 100 iterations were indicating something smaller 
than 1.  
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Figure 1: Clinical trial example with 5 doses.  Red stars (*) represent the response at a given dose and 
80% CI.  Solid line is the 3-parameter fit. Dashed line refers to the 4-parameter fit (using the estimates 
after 100 iterations.)  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
2. The Bayesian alternative.  
The recent trend is to introduce a prior distribution and then to estimate the model parameters by the 
posterior mean.  Using a prior consistent with what literature suggests (Dutta, et al, (1995);  Holford and 
Sheiner, (1981)), we obtained Bayes’ estimates for the 4-parameter EMAX model (solid lines).  The claim 
will then be that 4-parameter Bayes Emax fit recovered the 3-parameter EMAX fit.  Note that the estimate of 
the λ is 1.1 bigger than 1.  
 
 
Figure 2.  4-Parameter Bayes EMAX fit to the same data as shown in Figure 1. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
3. Convergence of MLS and alternative re-parameterization.  
 

It is often the case that the MLE of the 3 or 4 parameter EMAX model does not converge. This is a 
problem that is not unique to the EMAX model but it occurs for the MLE of many Generalized Linear 
Models. As we mentioned earlier in our example we achieved convergence for the MLE of the 3 parameter 
EMAX model but not for the 4 parameter model.  By checking the iterations of the MLE algorithm we 
realized that the two parameters which create the divergence are Emax and the ED50 parameters and they 
both diverge to Infinity simultaneously. This suggests that we take a look at the formula in Eq. (1.2).  
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Lets take the limit of when both Emax and ED50 tend to Infinity. If the ratio Emax/ED50 converges 
to a limit k  then Eq (1.2) becomes the power law 

 

λ
λλ

λ

kDEo
DED

DEEo
ED
E

+=
+

+
∞→
∞→

50

max

50

max

lim  

 
The term λD in the denominator vanishes as λ

50ED goes to infinity. 
The intuition of this limit is that in many cases data might not support the existence of a maximum 

and the unbounded power law provides a better fit.  In other cases the reason for the non-convergence of the 
MLE might be that the range of dose values is too small. If the data provide values of g(D) that cover only 
the initial part of the curve where the values of g(D) are still small then we argue that there is not enough 
information about the EMAX and we can not expect that the algorithm will always converge to a finite 
answer.   
 
4. Bias correction.  
 Another but equally important issue is the bias of the MLE even in cases when the MLE does 
converge. This problem has been studied for logistic regression models (Cabrera e.a. (2005) ) and for other 
model (Cabrera and Fernholz (1999)) and the target estimation method was used to improve the bias and the 
MSE of the estimators. The target estimation method is a method of moments where the estimator is such 
that the expected value of the data under the target estimator is the actual observed data. It is obtained by 
using the stochastic approximation algorithm (Cabrera e.a. (2005) ) This algorithm iterates through the 
parameter space until if finds the value of the parameters which produces the observed data on average. In 
that sense it produces an improvement over the MLE in terms of bias.  
 
 One of the issues of our problem is how to deal with the fact that the model for the data is not 
specified, and the unknown distribution of the observations seems to be quite different among the treatment 
groups. We resort to the bootstrap in order to study the distribution of our estimates. We’ll continue the 
discussion in the next section. 
 
5. Results and discussion 
 We fitted three types of model to our data.  

a) Three parameter EMAXS model. The MLE for the 4 parameter EMAX model did not converge.  
b) Bayesian 4 parameter EMAX model. The Bayesian estimator produced by this model will converge 

in cases where the MLE will not because the prior essentially knocks out the infinity values. In such 
cases the Bayes estimator will depend heavily on the location of the prior so in essence it will be 
very unstable and it does not resolve the convergence issue. 

c) The power law MLE does produce very reasonable answer in this case.   
 
Another issue is the bias of the estimators. To compare the MLE for models a) and c) we conducted 

a bootstrap simulation. Figure 3a) shows the boxplot of the data residuals from the group mean for each 
corresponding treatment groups. The graph shows that the residuals are not homogeneous.  For this 
reason we bootstrap residuals from each group independently. 5000 bootstrap simulations were 
preformed by resampling from each treatment group independently. The bootstrap distribution of the 
MLE for the three parameter EMAX model is shown in Figure 3b) and is clearly skewed. For this reason 
the MLE will be very biased and unreliable in terms of MSE. On the other hand the sampling 
distribution of the MLE for the power law appears to show only a very mild skewness. 

Finally the MSE was calculated for the three fits and the power law MSE was much lower than the 
Bayesian and EMAX MSEs. The latter two MSEs are very comparable. 

 The target estimation methodology is suitable for this estimation problem because of the presence 
of bias in both the MLE of the power law and EMAX models. 
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Figure 3. a) Residual distribution across dose groups. b) Boxplot of the sampling distribution of the MLE for 
the three parameter EMAX model fitted to our data. c)  Boxplot of the sampling distribution of the MLE for 
the power law fitted to our data 
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ABSTRACT 
 
One of the difficulties we face when fitting generalized non-linear models such as EMAX is the frequent lack 
of convergence of the MLE. In order to resolve this non-convergence a recent trend is to introduce a prior 
distribution and to estimate the model parameters by the posterior mean.  Convergence is then achieved by 
choosing the right prior that makes infinity estimates of the parameters highly improbable. Unfortunately, 
the convergence values heavily depend on the choice of prior and can easily lead to misleading results.  
Moreover, it is often the case that the lack of convergence of the MLE is due to model misspecifications.  In 
such cases, the rate of the different estimates converging to infinity is a useful tool that might allow us to 
obtain an alternative model re-parameterization that will lead to a very stable convergence. In addition, we 
reduce the bias of the MLE by using target estimation.  In this presentation, we will illustrate all the above 
mentioned issues with a clinical example. 
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The assessment of satisfaction of consumers or users is a well known issue which has been dealt
by a variety of methods and techniques in various fields of application: economics, marketing, phy-
cology, public policies, etc. In the present context a method is proposed and tested to quantify user’s
contentment about services of general interest starting from a suite of observed ordinal variables, which
investigate different aspects of the satisfaction level, the single latent dimension. The proposed method
belongs to the wide set of Nonlinear MVA techniques and it is here used to assess an homogeneous
measurement tool to quantify the perceived quality of some major public utilities among European
countries. Once set-up, the measurement tool has been tested to verify its validity and stability, by
means of classical Bootstrap techniques. The final result is an instrument which allows to compare
countries, on the basis of the overall performance of national services, but also different services and
service aspects within each country.

Introduction

The assessment of service quality has recently gained more and more importance. The approach
is that to consider services in the public sector as products, with their own features and specificities.
Generally, the assessment deals with both efficiency and efficacy but also with the overall performance,
as it is perceived by the user. It is in fact important for public managers and administrators to quantify
the user satisfaction on its overall performance but also on particular aspects of the service. To this
purpose, surveys often include questionnaires which regard the contentment of users about different
facets of services. A great amount of data is then available and can be addressed to extract useful
information.

This paper primarily deals with the setting-up of synthetic indicators of the level of satisfaction,
on the basis of ordinal responses, which in the end allow to compare countries, services and different
service aspects.

Our focus is on the opinion of European citizens on services of general interest. In particular,
attention is paid on four major services (fixed phone, electricity, rail and postal services) within fifteen
European countries (EU members before 2004 enlargement).

To this purpose the Nonlinear Principal Component analysis is proposed. The stability of
Nonlinear PCA results is verified by means of Bootstrap methods.

The final goal is to evaluate how public opinion changes from country to country in markets where
public ownership is still strong and, on the contrary, where privatization and liberalization policies are
in progress (Fiorio et al., 2007). Moreover, comparisons of different services are accomplished within
each country. In this way, hotspots can be eventually detected and public policies can be properly
designed.

The data-set

The reference data-set is one of the series of official Eurobarometer surveys. EB surveys are
conducted by the European Commission twice a year (spring and autumn), and since 1973 have com-
prehended each EU country of the time. Each survey consists of nearly 1000 face-to-face interviews
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per Member State. Citizens are interviewed on various aspects of every day life: health; environ-
ment; public safety; biotechnology; computer/internet use and the questionnaire has a multiple choice
structure.

In particular, in EB53 (2000), EB58 (2002) and EB62 (2004) a special section of the survey was
dedicated to consumers’ opinion about SGI. In the present study data are from EB58 and the focus is
on public utilities. The sample is composed by 16.040 individuals from EU15 member states (before
2004 enlargement). For relevance reasons, the analysis is focused on four public services: fixed phone
and electricity supply, postal and rail services. In EB surveys, service evaluation is done on the basis
of several criteria. In the following five criteria out of those included in EB surveys are analyzed:
access to services; prices of the services; quality of the services; clearness of information provided to
consumers about services; fairness of terms and conditions of the contracts applicable to the services.
All criteria are measured at ordinal level (e.g. of the type Very good, Fairly good, Fairly bad, Very
bad) and have the same polarity with respect to the declared level of satisfaction: the higher the score
the lower the level of satisfaction. According to that, the final score is to be properly interpreted as
level of dissatisfaction.

Methods: a measure for (dis)satisfaction

The level of (dis)satisfaction is a clear example of a phenomenon which cannot be directly
measured. Indeed, in this case, the level of satisfaction is evaluated by means of several ordinal
variables (items of the Eurobarometer questionnaire) which are intended to describe different aspects
of the same one-dimensional phenomenon. It is therefore necessary to transform, if plausible, these
variables into a single numeric variable. At this purpose, a Nonlinear Principal Component Analysis
is adopted (Gifi, ’90; Michailidis & de Leeuw, ’98). The method belongs to Nonlinear MVA and it is
the adaptation of classical PCA for the treatment of categorical/ordinal data.

The approach is here particularly suitable because it allows to synthesize variables in a reduced
space, preserving measurement levels of qualitative ordinal data. By Nonlinear PCA, each respondent
is assigned a quantitative value, i.e. her/his Nonlinear PCA score, that represents the overall level of
discontentment of the respondent towards all considered services.

To perform a comparison of EU15 on the basis of the level of dissatisfaction, it is necessary to
compute a synthetic score for each country. An average score for the country could be computed and
considered as the measure of the overall level of ’perceived goodness’ of national services. However,
the algorithm computes centered scores, due to normalization restrictions; hence, the comparison is
simply meaningless since all countries would have the same null mean.

To overcome the problem, our proposal consists of an overall Nonlinear PCA and a computation
of conditional mean of scores. In particular, the following steps are performed: a) to carry out
an overall Nonlinear PCA analysis, using the whole data-set; b) to compute conditional means of
scores, with country as conditioning variable, in order to compare country satisfaction; c) to compute
conditional mean of scores for each service within each country, to compare different services within
the same country.

This way to proceed needs, by all means, a check on stability of Nonlinear PCA outcome with
respect to both country effect and sample choice. A Monte Carlo approach and bootstrap methods
(Efron, ’79) are adopted to verify these two aspects of stability. We then examine the stability of
component loadings and average country scores computing Bootstrap C.I.s. In particular, to verify
the stability of component loadings we use a classical Bootstrap with simple random sampling from
the sample as a whole, thus avoiding any restriction due to the sampling plan. This way of proceeding
allows to keep under control every source of variability, due to the country effect and to the sample
choice. On the contrary the stability of average country score is verified by means of a Bootstrap
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re-sampling separately within each country.

Results

The first eigenvalue of Nonlinear PCA is by far the highest one, so as the mono-dimensionality
condition is fulfilled. Component loadings for the overall data-set have all the same sign, so as they
satisfy the standard condition for linear indexes (Patil & Taille, ’04). In addition the robustness
analysis on loadings shows their stability (see Table 1). Therefore, the measurement tool by Nonlinear
PCA is suitable for our purposes.

Table 1: 95% percentile-bootstrap confidence intervals analysis for component loadings.
Criteria Lower Limit Upper Limit Difference

CI of corr. coeff. between EB data and bootstrap samples component loadings

0,991 0,998 0,007

CI of each component loading

Fixed telephone access 0,277 0,333 0,056

Fixed telephone access 0,277 0,333 0,056

Electricity supply access 0,337 0,391 0,055

Postal service access 0,354 0,406 0,052

Rail service access 0,263 0,310 0,046

Fixed telephone prices 0,516 0,548 0,032

Electricity supply prices 0,534 0,564 0,030

Postal service prices 0,520 0,555 0,035

Rail service prices 0,444 0,479 0,035

Fixed telephone quality 0,540 0,576 0,036

Electricity quality 0,565 0,600 0,035

Postal service quality 0,579 0,611 0,032

Rail service quality 0,458 0,493 0,035

Fixed telephone info 0,505 0,543 0,038

Electricity supply info 0,488 0,527 0,039

Postal service info 0,510 0,551 0,041

Rail service info 0,444 0,483 0,039

Fixed telephone contracts 0,569 0,601 0,032

Electricity supply contracts 0,598 0,628 0,031

Postal service contracts 0,558 0,593 0,035

Rail service contracts 0,506 0,539 0,033

It is then possible to proceed computing conditional mean of scores, which are shown in Figure
1 (second column). Results clearly show the existence of four groups of countries: the ’satisfied’ one
is composed by Ireland, Denmark, Luxembourg and United Kingdom, while an intermediate group of
moderately satisfied countries is composed by Belgium, Finland, Netherlands, Sweden and Austria. A
moderately dissatisfied group is instead composed by France, Germany, Greece, Spain and Portugal
and, eventually, a clearly dissatisfied group can be detected, whose only component is (alas!) Italy.

The overall analysis of scores by country and by service is due in Figure 1 where it is possible
to compare countries on the basis of the overall satisfaction for all services (second column) and also
to compare services within each country.

The sensitivity analysis, performed on bootstrap-percentile CIs for conditional mean of scores,
clearly confirms the country ranking just described. Hence bootstrap CI results support our conclu-
sions and, in particular, the unhappy situation of Italian services, as perceived by the users. It is
important to keep this in mind when using the results of our analysis. The evaluation of external
factors which surely influence people perception is beyond the target of the paper. Nonetheless, future
developments of the study should include these important aspects.
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Country Overall Averages Electricity Fix Telephone Postal Service Rail

Italy 1.0889 ( 1) 0.2856 ( 1) 0.3728 ( 1) 0.2053 ( 1) 0.2393 ( 1)

Portugal 0.4022 ( 2) 0.1453 ( 3) 0.1890 ( 2) 0.0062 ( 6) -0.0072 ( 5)

Spain 0.3564 ( 3) 0.1304 ( 4) 0.1827 ( 3) 0.0736 ( 5) -0.0098 ( 7)

Greece 0.2885 ( 4) 0.1737 ( 2) 0.1820 ( 4) -0.0401 ( 9) -0.1148 (13)

Germany 0.2418 ( 5) 0.0329 ( 5) -0.0105  (7) 0.0971 ( 3) 0.1255 ( 3)

France 0.1025 ( 6) 0.0089 ( 7) 0.0593 ( 5) 0.0059 ( 7) 0.0561 ( 4)

Austria -0.0047 ( 7) -0.0691 (10) -0.0396 ( 9) 0.0916 ( 4) -0.0079 ( 6)

Sweden -0.0466 ( 8) 0.0321 ( 6) -0.1146 (12) 0.1029 ( 2) -0.0839 (12)

Netherlands -0.0837 ( 9) -0.0800 (11) -0.0538 (10) -0.0851 (11) 0.1410 ( 2)

Finland -0.1250 (10) -0.0249 ( 8) -0.0237 ( 8) -0.0296 ( 8) -0.0779 (11)

Belgium -0.1595 (11) -0.0293 ( 9) -0.0088 ( 6) -0.0523 (10) -0.0684 ( 9)

United Kingdom -0.4498 (12) -0.1363 (12) -0.1168 (13) -0.1372 (13) -0.0534 ( 8)

Luxembourg -0.4815 (13) -0.1368 (13) -0.0815 (11) -0.1209 (12) -0.1703 (15)

Denmark -0.5592 (14) -0.1436 (14) -0.1223(14) -0.1502 (14) -0.1544 (14)

Ireland -0.5735 (15) -0.1537 (15) -0.1390 (15) -0.2063 (15) -0.0749 (10)

Figure 1: Average dissatisfaction among EU15 countries (ranks in brackets)
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1. Introduction

The analysis of high dimensional datasets is a challenging task. It is often necessary to simplify
multivariate data using unsupervised clustering or projection methods. Since there are many types of
problems it is good to have many types of algorithms as well. In this paper we propose a method that
is similar to self-organizing map (SOM) by Kohonen (1982). Like SOM the method can be used both
for clustering and projection type of tasks, but the method is also fast to compute and well defined
as explained below.

The optimality of an algorithm requires that there is a unique solution, which the algorithm is
guaranteed to find. For some clustering and projection methods there are globally optimal algorithms,
but for a number of practical algorithms only a locally optimal solution can be found. Sometimes the
objective itself is unclear, as it is the case with the original SOM algorithm (Kohonen 1995), which is
defined via a practical algorithm rather than a global cost function.

There are some well known algorithms that fulfill our optimality criteria. A classical solution is
obtained via principal component analysis (PCA), where one builds a linear subspace in a direction that
maximizes the variance of data projections. Because the projection axes of PCA are ordered according
to variance, the “optimal” d-dimensional linear subspace is easy to select. The best known examples
of globally optimal methods that build nonlinear embeddings in data are Isomap by Tenenbaum et
al. (2000) and Local Linear Embedding (LLE) by Roweis and Saul (2000). Compared to current
proposal these both are distinctly projection methods, while current proposal is between clustering
and projection methods.

In our case the identifiability and optimality are ensured by construction, where data are divided
hierarchically using several steps. Data divisions on lower levels of hierarchy are similarly obtained
as those on higher levels, which implies that that our method assumes ”fractal” type of data. The
algorithm is based on several successive PCA decompositions, which we do in a rigorous way. To
ensure global optimality we avoid any tricks that might ruin these properties. Thus we simply inherit
the properties of the PCA.

The idea of applying successive principal component analysis for dimension reduction is not
completely new. The proposed algorithm is a partial reinvention of an idea, which was briefly outlined
in Koikkalainen (1995), and which is perfected in this paper. Yet, it should be noted that the good
performance of the current version was some kind of surprise.

The proposed method is related to some well known algorithms. Similar idea was used by Hastie
and Stuetzle (1989) in their implementation of principal curves. Their algorithm combines principal
components with spline smoothing, but it was not designed for clustering and it is fundamentally
different to current proposal.

2. The proposed algorithm

Similar to LLE and Isomap, our method constructs a d-dimensional neighborhood preserving
embedding for m-dimensional data. In our case this is done via successive hierarchical subspace
decompositions and data divisions. Like in some hierarchical clustering methods, data is divided into
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ordered subsets, which themselves are divided in a similar manner. The most notable difference to
clustering is the ordering of subsets, as explained later, and the way how the data divisions are made.

The structure of the hierarchy is depicted in figure 1, corresponding latent (neighborhood)
dimensions d = 1 and d = 2. One can think that the nodes of the structure are like clusters in a
balanced split-tree clustering. But there are also lateral connections between the nodes, and they
define the latent neighborhood Ne(i) of node i. The same structure has been used, for example, in the
tree-structured self-organizing map (Koikkalainen and Oja 1990), but the current algorithm is quite
different.

Level 0
(root)

Level 1
2−node SOM

Level 2
4−node SOM

1−D SOM 2−D SOM

i

Ne(i)

Neighborhood of node i on level l

Figure 1. The structure of one and two dimensional structures of the proposed algorithm

and the neighborhood Ne(i) of node i on some level l.

Let D0 = {Xj}N
j=1 be a dataset with N observations and m real valued components Xi(j) ∈ IR,

where Xj = [X1(j), . . . , Xm(j)]T . The hierarchy of data divisions can be written as Dl+1
s′ ⊂ Dl

s ⊂
. . . ⊂ D0, where l denotes the level of hierarchy and s = (s1, . . . , sd) and s′ = (s′1, . . . , s′d) are lattice
coordinates of the subsets on levels l and l + 1, respectively. Note that on level l there are d × (2l)
nodes as si ∈ {1, 2, . . . , 2l}.

The basic idea of the algorithm is simple. We start from a single cluster D0 on level l = 0.
Then level by level, we divide all clusters Dl

s on current level l into sub-clusters Dl+1
s′ on the next level

l + 1. With small number of data divisions the algorithm behaves like clustering. By continuing the
construction until there are only a couple of observations per subset, the mapping becomes closer to
a projection method.

We do divisions using locally adapted d-dimensional subspaces. Except of final clusters, there
are 2d sub-clusters for each node. The main difficulty is to associate these sub-clusters into node
indexes of the tree-structure. The basic algorithm has three steps that are repeated until the desired
level lmax is obtained.

For all levels l = 1, . . . , lmax

For all subsets Dl
s on level l

1. Find a local subspace v ∈ IRd for subset Dl
s

2. Define an association between the orientation of the local subspace
and child nodes.

3. Divide data into 2d subsets along subspace coordinates and
assign subsets to correct nodes (defined by lattice indexes)

The Construction of first 16 subsets using two dimensional structure in three dimensional data
is illustrated in figure 2. Details of the algorithm are as follows.
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a) b) c) d)

Figure 2. Illustration of the construction of 2-D subspaces in 3-D data from one sub-

space a) to four clusters b), and from four subspaces c) to 4 × 4 clusters in sub-image

d)

Step 1: Finding local subspaces. There many alternatives to define local subspaces for
datasets Dl

s. In the examples of this paper we have used standard PCA and a smoothed PCA. In both
cases the d-dimensional subspace is defined by the eigenvectors vi ∈ IRm, i = 1, . . . , d corresponding to
d-largest eigenvalues of a scatter matrix S. In the standard case S is the covariance matrix of Dl

s and
in the smoothed case we have used a neighborhood weighted covariance matrix

S =
∑

j

wj [Xj − xs][Xj − xs]T , where wj =





1 if j ∈ Dl
s

0.2 if j ∈ Dl
Ne(s)

0 otherwise

,

and xs is the mean of Xj ∈ Dl
s

Step 2: Finding an association between the tree nodes and the subspace. Although
the idea is simple, this step is hard to describe in a formal way, but fortunately it leads to easy
implementation. We want make a decision about which of the tree nodes will be associated to which
of the 2d new child subsets s′ ∈ R of the parent cluster Dl

s, where R is a set of subset indexes. We also
wish that this ordering makes a continuum of clusters, which must follow the ordering of the neighbors
of the parent nodes. To assist our decision we define ”preferable” directions ps′ for all 2d child nodes
s′ using parent centroids xs and neighbors as follows

ps′ =
1

#Ne(s′)

∑

s′′∈Ne(s′)

f s′′ , where f s′ = xs

Now let new subsets be denoted and indexed as Sr, where r = (r1, . . . , rd), ri ∈ {0, 1} is a binary
indexing of all 2d subsets. We define association between tree indexes and local binary indexes such
that Sr = Dl+1

s′ . This is done by dividing the index set R in d successive steps according to principal
directions vi, i = 1, . . . , d. The divided sets are denoted as Rr1

1 ,R(r1,r2)
2 , . . . ,Rr

d, and finally there is
only one index s′ for each set R(r)

d .
First we use the first principal component v1 that corresponds to the largest eigenvalue. We

search for indexes s−, s+ ∈ R to divide R into two equal sized sets {s−} = Rr1=0
1 and {s+} = Rr1=1

1

such that

Rr1=0
1 = {s−|vT

1 [p−s − xs] ≤ vT
1 [p+

s − xs]}, #Rr1=0
1 = 2(d−1)

Rr1=1
1 = {s+|vT

1 [p−s − xs] < vT
1 [p+

s − xs]}, #Rr1=1
1 = 2(d−1).

Then we continue the same idea by using the rest of principal directions vi, i = 1, . . . , d sequen-
tially such that

Rr1,...,ri−1,0
i = {s− ∈ Rr1,...,ri−1

i−1 |vT
i [p−s − xs] ≤ vT

i [p+
s − xs]}, #Rr1,...,ri

i = 2(d−i)

Rr1,...,ri−1,1
i = {s+ ∈ Rr1,...,ri−1

i−1 |vT
i [p−s − xs] < vT

i [p+
s − xs]}, #Rr1,...,ri

i = 2(d−i)

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 3054 -



Finally we have 2d sets Rr
d = R(r1,...,rd)

d with only one lattice index vector s′ per set (which
implies #Rr

d = 1). Thus we have defined a relation Sr = Dl+1
s′ .

Step 3: Dividing data into 2d subsets and assign subsets to correct nodes. After
defining the local subspace directions vi, i = 1, . . . , d, and an indexing from local subsets Sr to tree
indexes Dl+1

s′ , we will divide data clusters Dl
s into subsets Sr. For observation Xj ∈ Dl

s the correct
subset Sr be found using directions vi as follows:

Sr = S(r1,...,rd), where ri =

{
1 if vT

i [Xj − xs] > 0
0 otherwise .

3. Results and conclusions

Figure 3 demonstrates the use of the algorithm with two datasets. Our first data is a simple
two dimensional ”ring” of observations. Except for one jump, the algorithm is able to find a one
dimensional path that follows the nonlinear manifold. The second data is a famous example from
Tenenbaum at al. (2000). It illustrates that the method is able to organize a high dimensional
datasets into human readable form.

We have tested the algorithm with several real world problems. The results are comparable to
best results obtained by self-organizing maps. We may therefore conclude, that we have achieved a
well defined version of the self-organizing map.

,

Layer 2Layer 2 Layer 4

Layer 6 Layer 8

Figure 3. On left: example mappings using 1D structure on 2D circular data set with

2, 8, 32 and 128 clusters. On right: organization of 4096 dimensional ”faces” data using

64 clusters and 2D tree structure.
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1) Introduction 
 
Frequently, the assessment of an event by quantitative measures leads the researcher to decision 
making on the basis of certain values that allow to classify cases into categories. When the variable 
can be measured by two methods, these must be concordant in the final result. In general, in these 
cases the researcher is interested in the most convenient method in what concerns costs and 
simplicity. In this sense, an example in livestock production is the assessment of the 
immunogenic quality of a vaccine against a pathogenic virus infection of importance in 
animal health. The high costs and the difficulty in finding seronegative bovines pose the 
need for developing standardized tests in laboratory animals to ensure the presence of 
reliable products in market. The use of a smaller animal species, naturally seronegative for 
the virus, could represent a convenient alternative to the use of bovines. The main interest is 
not to search for the perfect agreement of the measures in both species but that the species agree in 
the assignment of the quality category to the vaccine and, basically, that this classification is in 
accordance to their actual class. The determination of split points to generate classification 
criterions is one of the steps in the development of an alternative animal model, as well as the 
verification of its predictive ability on the target animal species. Many techniques of classification 
have been described. Classification trees analysis, first developed by Breiman et al. (1984), is a 
highly flexible set of techniques for predicting membership of cases or objects in the classes of a 
categorical dependent variable from their measurements on one or more predictor variables. The 
calculation of the prediction limits in a linear regression analysis is another way to obtain the split 
points for the classes, specially, when there is only one predictor variable. In this paper we compare 
both techniques for the classification of vaccines in accordance of their antigenic level based in the 
antibody response of bovines and a smaller laboratory animal species. The use of animal models 
have been studied in scientific  literature, in human health a guinea pig model was developed for the 
assessment of the immunogenicity of Haephilus influenzae in infantile vaccines (Siber et al, 1995) 
and in testing new tuberculosis vaccines (Orme, 2005).  
 
2. Data Source and Methods  
 
Data came from an adaptation of real experiments in which bovines and laboratory animals were 
inoculated with various antigenic concentrations levels (from 0 to 108 PFU/dosis). As the number of 
animals was small, specially for level 106 PFU/dosis, a database was generated with the means of 
224 samples of size 5, obtained by resampling with replacement. The sample size selected was in 
accordance to the number of repetitions used in the real experiments. Results were validated using 
the original experimenta l data. Another sample of 50 commercial vaccines with unknown antigenic 
levels was used to analyze the agreement of the two methods. The response used was the antibody 
titre measured by ELISA at 60 and 30 days postinnoculation in bovines and laboratory animals, 
respectively. Baseline antibody titres were also measured in bovines. 
A vaccine is considered “very satisfactory” if it has at least 107 PFU/dosis, “satisfactory” if its level 
is 106, and “unsatisfactory” if it has less than 106 PFU/dosis. The split points of the antibody titres 
for the prediction of classes were obtained by the 95% prediction limits for the values of antigenic 
level of the classes, calculated by simple linear regression analysis of the antibody titre versus the 
log 10 of antigenic level, and using CART technique of classification tree analysis. Baseline 
antibody titres were included in the latter method. 
 
3. Results and Discussion 
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Antibody titre at 60 days postinnoculation was the only variable selected with classification tree in 
bovines. Table 1 shows the split points obtained with the two methods for the classification of 
vaccines. 
 
     Table 1: Split points for the vaccine quality classes using two classification methods 

Category Animal Method 
Unsatisfactory Satisfactory Very satisfactory 

Regression < 2.14 2.14 to 2.569 >= 2.57 Bovine 
Classification tree < 2.16 2.16 to 2.819 >= 2.82 
Regression < 2.34 2.34 to 2.869 >= 2.87 Laboratory 

animal Classification tree <2.01 2.01 to 2.919 >= 2.92 
   
The second class interval is wider when using classification tree analysis in both animal species, 
allowing a greater number of observations to be classified in the second class. A “satisfactory” 
vaccine is indicative that, although it is apt for the market, it could be improved by the laboratory. 
Figure 1 shows the results of the classification by the two methods in laboratory animals. Twenty- 
two vaccines of a total of 50 with an antigenic level of 106 PFU/dosis were classified in the superior 
class by regression in this animal species, while 10 of 100 of the “very satisfactory” vaccines were 
classified “satisfactory” by classification tree analysis. Classification errors have not the same 
importance in this study. The classification of a vaccine as “unsatisfactory” when it actually has an 
antigenic level of at least 107 PFU/dosis, is financia lly harmful for the laboratory. On the other 
hand, the classification of a vaccine as “satisfactory” or “very satisfactory” when it actually has less 
than 106 PFU/dosis represents a risk for the livestock producer. Other kind of misclassification 
doesn’t mean an important harm for the industry nor the producer. 
 
Figure 1: Classification of vaccines in laboratory animals 
 

a) Regression                                                      b) Classification tree 
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Note: Control is represented graphically by zero in the log 10 Ag axis. 
 
The two methods showed similar agreement between actual classes and the ones obtained by the 
split points. For laboratory animals, weighted Kappa coefficients were 0.84 and 0.80 for regression 
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and classification tree, respectively. For bovines, there was less agreement, when using the split 
points obtained by classification tree. Weighted Kappa coefficient was 0.84 for regression and 0.66 
for classification tree. With the latter method, only 15 out of 29 were correctly classified as “very 
satisfactory”, 3 of the misclassified vaccines of this class were classified as “unsatisfactory”. 
Likewise, only one of the 27 “unsatisfactory” vaccines was classified as “satisfactory”. A total of 5 
out of 60 vaccines were misclassified with errors with serious consequences for the laboratory or 
the livestock producer when using classification tree method, while  4 out of 60 were misclassified 
with these types of errors by regression.  
 
The results of vaccine classification were compared with the actual classes in the experimental 
sample. The correct findings were confronted in both animal species (Table 2). It can be observed 
that the greater proportion of misclassifications occurred in bovines. 
 
  Tabla 2: Results of the classification of experimental vaccines 

  Regression Classification tree 
  Bovines 

Classification Correct Incorrect Correct Incorrect 
Correct  24 6 23 7 

 
Laboratory animals 
 Incorrect 1 1 1 1 

 
In the comparison of methods for the commercial vaccines with unknown antigenic concentration 
level, only 3 of 50 vaccines did not agree in the classification for laboratory animals and 8 of 48 for 
bovines. In the former case, vaccines were classified as “satisfactory” by classification tree and 
“unsatisfactory” by regression. When bovines were considered, vaccines were classified as 
“satisfactory” by classification tree and “very satisfactory” by regression. 
 
3. Conclusions 
 
In situations where a quantitative variable which determines classes and a predictor variable have a 
clear linear relation, classification criterions can be determined by the lower limits of the prediction 
intervals for the values of the different classes. An alternative technique, classification tree analysis 
allows for more flexibility because of its nonparametric nature and as it doesn’t require a specific 
function relating the variables. In this study both techniques had similar performance. With 
classification tree the interval between limits was wider for the intermediate class, this could be 
convenient for the laboratory. An additional advantage in using classification tree is the possibility 
of adding another variable , i.e. difference with baseline antibody titre, without loosing 
interpretability of the results. This variable could be useful in some viral infections when it is 
difficult to find serological negative bovines.   
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Computing means of an estimation of probability of ruin of 

the insurance company at use of model of collective risk
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As is known in models of collective risk the basic characteristic of a portfolio of contracts of insurance 
is not the number of concluded contracts N but the total number ν of insurance cases for the analyzed period. 
It is clear that ν is a random variable, and random variables of damage owing to insurance cases Y1, Y2, Y3, 
…, Yν believed to be independent and equally distributed (Klugman, 1998). As well as in models of 
individual risk, in models of collective risk ruin is defined by total payments S of the insurance company of 
kind S = Y1 + Y2 + Y3 + … + Yν, and the probability of ruin of the company are defined as

)...( 321 UYYYYP   ,         (1)

where U - size of actives of the company.
Cooperation with one known insurance company in Latvia has forced us to get into preparation of the 

convenient program interface of realization of formula (1). The corresponding software in the environment 
the Internet has been developed. From practice of insurance it is known, that the number of insurance cases 
is well described by means of distribution Poisson or by means of negative binomial distribution. In this case 
distribution S either refers to compound Poisson distribution or compound negative binomial distribution 
(Falin, 2002). For distribution of the sizes of individual insurance damage Yi there are much more 
opportunities available. For example, distribution Pareto is used, etc. In a real practice of insurance the case 
when Yi accepts discrete values is especially important. The program interface has been created for a case of 
discrete distribution as numbers of insurance cases and sizes of damage. Let's remind that in this case using 
the formula of a full mathematical expectation the value of probability generation function of total damage S 
is defined:

,))(())(()()()()()(
0 0
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where g(z) - probability generation function of size of damage and (.) - probability generation function 

of numbers of insurance cases in a corresponding point. Realization of algorithm was reduced to a problem 
to arising a polynomial of a degree n in a desired degree.

In figure 1 the plain interface of receptions of total damage distribution S, and also characteristics of 
mathematical expectation E (S) = 32.77, variance Var (S) =1806.7, etc are presented:
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Fig. 1. Program interface of receptions of total damage distribution S
  Let's note that in program interface reception the mathematical expectation and variance of total damage S 

under formulas is realized as follows: EYENES  ; DYENDNYEDS  2 ,             (2)
where EN, EY – mathematical expectations according to numbers of insurance cases and sizes of damage 
and DN, DY - variations of the same characteristics.

The knowledge of these values allows to estimate probability of excess of total damage of any value 

S0, P (S> S0), that is reduced to the use of normal approximation of a kind: 






 


DS
ESS01  (  . -

Laplace function). Program realization of this approach is also done in program. 
During consideration of problems of estimation of ruin of the insurance company quite often there 

rises a problem of a following kind. Let distribution of damage of the insurance company, having concrete, 

exponential distribution xexf **)(   with known parameter . Discrete distribution of number of 
insurance cases is also known, and set by table 1.

Table 1. Distribution of number of insurance cases

N Pr(N=n) N Pr(N=n)

0 0.45 3 0.08

1 0.25 4 0.12

2 0.10

   It is necessary to define probability of the fact that total losses S in model of collective risk will exceed 
some preset value C. For the decision of a problem it is possible to take advantage of representation of a kind
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      (3)

where iX *  means distribution of the sum corresponding of i composed. Distribution  iX *  is defined by the 
sum of i exponential random variables, that gives distribution Erlang of a kind
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The estimation  has been realized in the convenient program intended for users in the environment of 
the Internet at  any point С=10, that gives P (S> C) =0.048. It is necessary to note that application of 
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integrated package MathCAD leads to instant result in our case of creation of the small program of a kind:

Fig. 2. Realization of the formula (3) in package MathCAD

Let's notice also, that application of the specified package means allows to receive the same result 
without transition to analytical reception of the sum i random variables. It is reached by application recurrent 
formulas of rolling of a kind


 

x
X

k
X

k
X

dyyfyxFxF
0

)1( )()()( **                    (4)

Realization in a package of formulas (4) and reception of result practically "manually", is presented 
below in program listing

Fig. 3. Realization of the rolling in package MathCAD

Correctness of the decision is provided with concurrence of results both in analytical, and in case of 
numerical realization that is presented on the schedule for diapason of the values 1 <c <20.

The major remark which arises in communication with what’s been said is an opportunity to duplicate 
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the considered approach with use of package MathCAD for any density, which describes distribution of 
damage. There is no necessity to achieve analytical representation of results for the numerical approach 
becomes equivalent. For viewing calculations let the density of distribution of damage be described by 

density of distribution of sight f(x)= ,* xex 
for x 0 . In this case application of the program presented 

on fig. 3, at the task of density (5) allows to instantly receive an estimation of probability P (S> c) =0.227 at 
size c=5. This result coincides with analytical one as all transformations are done easily. 

The approach based on numerical realization of rolling (4) at use of package means, can be used for 
rather wide class of problems both within the limits of models of collective risk, and for models of individual 
risk. In this connection it is interested to know extreme values of thr random value (r.v.) which are connected 
with insuarance cases. Let for example the size of damage from hurricane be modeled with density function  

)(yfY  and corresponding distribution function )( yFY . In conditions when we have n similar cases it is 

interesting to know the probable characteristics of damage, which are linked with extreme values of the  
insuarance cases (maximum, minimum, etc.). The package means, which are discussed in article, permit 
sufficiently easy to formalize the programming calculation with similar characteristic, practically not using 
analytical means. Consider the corresponding apparatus in more detail (for simplicity discussed only model 

of individual risk). Let  n
i

YYYU ,...,,max 21 ,  n
i

YYYV ,...,,min 21 , where niYi ,...,2,1,  - size of damage on declared 

cases with similar distributional functions )(yFY .Then  n
YU yFuF ))(()(  , n

YV yFuF ))(1(1)(  .        

It is not difficult to find average meanings for the largest and the smallest from n insured cases, using 

known formulas (Falin, 2002) 
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y and the number of insured cases n=3. It easy to find the distribution functions of 

the r.v. Y and U analytically: yy
Y eeyyF   .1)( and correspond 33 ).1()()( yy

YU eeyyFyF   . Finally  


  
0

3 21.3)).1(1( dyeeyEU yy .Similar analytical calculations for complex densities may be easily realized in 

package means as MathCAD. For this it is necessary to thoroughly define the start parameters (in our case 
the sight of density function) and realize the program in package. Similar calculations demanding intensive 
integration can be easily realized for the most complex probability distributions within the limits of 
considered models of insurance.
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The trend of incomes in CR in accordance to sex and age 
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Income distributions in accordance to sex 

The next table and graph describes the trend of average incomes for second quarters of each year over 
time 1995 – 2006. The data are separated in two groups by sex and the difference between both groups is 
calculated. 

 
Table 1: Trend of average incomes in accordance to sex 
Year 1995 1996 1997 1998 1999 2000 2001 2002 2003 2004 2005 2006 

Women 9 221 11 100 12 737 13 914 14 835 15 537 16 580 17 987 19 784 20 109 21 188 22 203 

Men 6 794 8 363 9 740 9 872 10 878 11 281 12 435 13 565 15 217 15 380 16 076 16 882 

Diff. 2 427 2 736 2 997 4 042 3 957 4 256 4 144 4 422 4 567 4 729 5 111 5 321 

 
Graph 1: Trend of average incomes in accordance to sex 

 We can do some conclusions from table and from graph. 
The average income is increasing for both groups but for the 
group of men is the increasing faster. This fact is evident 
from the difference on one hand and from angular coefficient 
of linear trend on other hand. There is the linear trend for 
both groups. The quality of trend model is very good because 
the coefficient of correlation (square root of 2R ) is 

0,995xyr =  for men and 0,993xyr =  for women. As an 
independent variable we used time. The scissors between 
average income for men and women are more and more 

opened over time. The difference between both groups is twice the size over 11 years. 
Let us take a look at quantile measures and the comparison of these measures with the average.  
 
Table 2: Trend of median incomes in accordance to sex 
Year 1995 1996 1997 1998 1999 2000 2001 2002 2003 2004 2005 2006

Women 6 282 7 642 8 909 8 962 9 969 10 246 11 278 12 251 13 813 14 316 14 892 15 579

Men 8 394 9 972 11 370 12 180 13 057 13 517 14 342 15 315 16 947 17 495 18 277 18 980

Diff. 2 112 2 330 2 461 3 218 3 088 3 270 3 064 3 064 3 134 3 178 3 386 3 401

 
The conclusions are the same as conclusions for average. The growth is linear. The median income is 
increasing for both groups but for the group of men is the growth faster. The quality of trend model is very 
good in both cases. Coefficient of correlation (square root of R2) is 0,995xyr =  for men and 0,993xyr =  
for women – we reach the same values as for average. As an independent variable we used time. But the 
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difference between group of men and group of women is less for median then for average. This fact is 
evident from the Graph 3. 
 

Graph 2: Trend of median incomes in accordance 
to sex 
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Graph 3: Comparison of average and median 
incomes for men and women 
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Under “total” we mean the data for whole CR (men and women together). The alarming is fact that the 
average income for women is less then median income for men and then the median for whole CR. Median 
income for men is nearly the same value as average income for whole CR. The trend of the all statistics is 
linear and is very similar. The difference is in level only. 
The comparison of two other graphs with quantiles confirms the previous conclusions about the great income 
difference for men and women (D1 – 10% percentile, D9 – 90% percentile, Q1 – lower quartile, Q3 – upper 
quartile, median). 
 

Graph 4: Quantiles of income - women 
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Graph 5: Quantiles of income - men 
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We compare the income variance in the next. Let us look for comparison of income variability for men, 
women and for whole CR. We show the graph at first then we show the table. 
We compare the income variance in the next. Let us look for comparison of income variability for men, 
women and for whole CR. We show the graph at first then we show the table. 
 
Table 3: Income standard deviation (men, women, whole CR) 
Year 1995 1996 1997 1998 1999 2000 2001 2002 2003 2004 2005 2006

Women 2 720 3 683 4 766 5 255 5 345 5 936 6 569 7 722 8 726 8 459 8 463 12 208

Men 4 538 6 118 7 462 9 808 9 790 11 654 12 299 15 876 16 078 16 042 17 183 21 565

Diff. 1 817 2 435 2 697 4 552 4 445 5 718 5 730 8 154 7 352 7 583 8 719 9 357

Whole CR 4 133 5 393 6 490 8 261 8 262 9 651 10 372 12 994 13 504 13 062 13 796 17 696
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Graph 6: Income standard deviation (men, women, 
whole CR) 
The conclusion is very similar as in the previous cases. 
Standard deviation is increasing over time, so income 
differentiation is increasing. This differentiation is 
larger for men and the difference between men and 
women is increasing over time. Therefore, the 
difference between incomes of men is larger and larger. 
The trend of variability for men is the copy of the trend 

for whole CR (may be it is contrariwise). The trend of variability for women is slightly different from whole 
variability. This trend is smoother except the last year. There is the great growth of variability in the last year 
but about reasons of this phenomenon we can guess only. 
 
Income distributions in accordance to age 
When we analyzed the income in accordance to age we used data divided in three age intervals - till 30 years, 
30-50 years, and over 50 years. We analyzed the choice of average income over time. 
 
Table 4: Trend of average incomes in accordance to age 
Year 1995 1996 1997 1998 1999 2000 2001 2002 2003 2004 2005 2006

Till 30 years 7 266 8 623 9 807 10 674 11 671 11 922 13 014 13 934 15 523 15 457 16 144 16 838

30 - 50 years 8 654 10 337 11 635 12 311 13 310 13 906 15 260 16 594 18 472 18 346 19 357 20 346

Over 50 years 8 779 10 679 12 181 12 821 13 796 14 091 15 164 16 319 18 015 18 146 18 918 19 752

Whole CR 8 311 9 962 11 322 12 026 12 982 13 541 14 743 15 964 17 748 17 759 18 640 19 526

 
There is evident that the average income is comparable in age intervals 30-50 years, over 50 years and for 
the whole CR. Dramatically different is average for age interval till 30 years. The trend is linear in all 
categories and the shape of trend is very similar. The difference is in the level only. The scissors between age 
categories is slightly opened over time. The interesting fact is that the average for category 30-50 years 
overgrows the average for category over 50 years in the last year. This is glad for us because it confirms that 
the income is impressed not only with age and other factors are there. Three age categories are not quite 
sufficient for ideal analysis but there are not exists detailed data. We analyze median incomes over time in 
accordance to age in the next text. 
 

Graph 7: Trend of average incomes in acc. to age 
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Graph 8: Trend of median incomes in acc. to age  
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Graph 9: Income standard deviation in accordance to age 

The variability (standard deviation) is very similar in 
age categories 30-50 years, over 50 years and whole 
CR. The category till 30 years is different. The standard 
deviation in this category has the different shape from 
others. In all categories is evident the growth of 
standard deviation in the last year. This is similar 
phenomenon as for variability in accordance to sex. 
The largest growth is in category till 30 years. The 
standard deviation value is more then twice time larger 
in year 2006 against year 2005. It signs that the 

variability is four times greater! We have no reasonable explication for this fact. We verified that data are 
correct. For all that we must be careful in classification of the variability in the last year. The data in the 
future can explain this phenomenon. 

 
Conclusions 

The trend of incomes in CR is increasing over time in accordance to sex and to age, too. The average income 
is increasing for both groups but for the group of men is the increasing faster. The same situation is for 
median. The variability (standard deviation) is increasing over time, so income differentiation is increasing. 
This differentiation is larger for men and the difference between men and women is increasing over time. 
Therefore, the difference between incomes of men is larger and larger.  
Average income in accordance to age is comparable in age intervals 30-50 years, over 50 years and for the 
whole CR. Dramatically different is average for age interval till 30 years. The trend is linear in all categories 
and the shape of trend is very similar. The difference is in the level only. The scissors between age categories 
is slightly opened over time. The variability is increasing over time for all three age groups. 
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ABSTRACT (RÉSUMÉ) 
This article describes the trend of incomes in Czech Republic over the years 1995 - 2006. The trend of 
incomes is analyzed depending on sex and age. For the better comparison in each category we publish the 
common characteristics of location and variability and their trend over time. 
Czech Statistical Office is used as the suitable source of data. The size of sample was 1 million cases in the 
first stadium (year 1995). The size of sample was increasing and we calculate with more than 3 millions 
cases in the 2006 year.  
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Introduction 
The Gradient Pattern Analysis (GPA) is an innovative technique, which characterizes variability patterns, in 

time and space, based on large and small amplitude fluctuations of the spatial, temporal, and spatio-

temporal structures represented as a static or dynamical gradient lattice (Rosa et al, 1999; Rosa et al. 2003). 
In this approach, a given scalar field of fluctuations can be represented as a composition of four gradient 

moments, as given by Rosa et al. (2003). According to the GPA methodology, the first gradient moment g1 

(here we call it G), a measurement of asymmetric fluctuation called here asymmetry coefficient G, is given 

by:  G = |ε – f| / f   , with ε ≥ f >0, where f  is the number of asymmetric fluctuations and ε  is the geometric 

energy correlation given by the number of connections among all fluctuations. The geometric connection 
among the fluctuations is generated by a Delaunay triangulation taking the middle points of the asymmetric 

vectors as vertices. Due to the possible changes in the phases of each fluctuation (a vector in the gradient 

lattice) the parameter ε  is very sensitive in detecting local asymmetric fluctuations on the gradient lattice 

Two remarkable applications of GPA’s first gradient moment, G, are organized in this work as follows: (i) 

By analyzing canonical temporal variability patterns we show that the new method can reliably characterize 

the phenomenological dynamical process of short time series (N ≤10
3
 measurements). Based on the 

combination of GPA and wavelet decomposition (Percival and Walden, 2000) we introduce the concept of 

gradient spectra from where it is possible to estimate the mutual information distance. As an example of 

application in space science data analysis, we show that the fluctuation pattern of the short and weak 

impulsive solar burst, with low energetic amplitudes, is closer to the colored noise variability pattern with 

power spectrum P(k)∼k
-5/3

. (ii) Also based on the combination of GPA and wavelets, we have introduced a 

new measurement that allow us to characterize disordered patterns in 2d space for that it is know a 

reference ordered pattern. Numerical solutions of KPZ stochastic equation and Scanning Force Microscopy 

(SFM) patterns of porous silicon samples are analyzed using this methodology.  

 

Time Series 
Fig. 1 shows the normalized selected 3GHz short solar burst pattern (SBP), composed by 512 
measurements, that has been analyzed in this paper. Due to its short composition it is impossible to 

characterize the robustness of its turbulent power-law. 

 

 
Figure 1: The short 3GHz impulsive radio burst event with normalized amplitude. 

 
In order to characterize the fluctuation pattern of the SBP time series, showed in Fig. 1, we selected two 

turbulent-like variability patterns generated from the stochastic systems as given by Osborne and 

Provenzale (1989).  In numerical theory of 1/ω noise the spectrum of the stochastic process is sampled into 

a discrete series of frequencies and the random function is then computed as a discrete series at times ti = i 

∆t, i = 1,…, M.  Thus, given a power spectrum of a random function ωk , P(ωk) ~ ωk
-α 
, characterized by the 

spectral index α, they define the correspondent real random time series by simple superposition of harmonic 

oscillations (they represent a class of fractional Brownian fluctuation of index α with turbulent-like 
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variability patterns). Two examples were normalized, one for α = 2 and the other for α = 5/3, and they are 

shown in Figures 2a and 2b, respectively.  

 

 
Figure 2: (a) A fractional Brownian variability pattern; (b) A turbulent variability pattern. Both are short (512 points) and have an 

equivalent clustered impulsive profile pattern as the solar radio burst showed in Figure 1 b. 

 
Usually the characterization of irregular fluctuations from time series, as given by turbulent-like profiles, is 

performed specifically on the kurtosis measures from the respective PDF. For that, it is necessary to have 

time series composed of ~10
4
 points. For time series the GPA operation is straightforward and brings some 

advantages on the traditional methodologies. The asymmetry coefficient G is intrinsically calculated on the 

amplitude differences (fluctuations) given by the gradient pattern. As the first gradient moment is very 

sensitive to small changes in the phase and modulus of each fluctuation vector, it can distinguish complex 

variability patterns even when they are very similar and consist of a low amount of vectors (Assireu et al., 

2002). As the SBP profile under investigation in this paper is composed of only 512 measurements its 

respective matrix of fluctuations, in order to get the square correspondent minimum gradient lattice 

(22x22), must be constructed by taking 484 points. Note that 512 are not reducible to a square gradient 

lattice LxL. This procedure can be conducted by taking the points from left to right or vice-versa, without 

loss of significant information.  Thus, from each 484 measurements a value for G parameter is calculated 
from the operation on the respective square gradient lattice 22x22.  All the signals considered in this 

analysis are rich in scales where the information about higher-order joint probability densities and self-

affine dimensions are hidden. Our second-step consists in obtaining the values of asymmetric coefficient for 
each inherent frequency of the signal. Thus, in such cases we can have the asymmetry coefficient as a 

function of frequency G(ω). Thus, using a DB8 decomposition (Daubechies, 1990) the components of our 
time series were obtained following a dyadic scale giving nine decompositions (29=512) where the 

frequencies are 1/2, 1/4, 1/8, 1/16, … , 1/512. Once we have defined how to decompose each original time 

series in a set of nine scaling characteristic time series, the next step in our operation is to obtain the 
respective gradient spectra by computing the respective asymmetry coefficients. Thus, for each set of 

decomposition it is possible to calculate the respective asymmetry coefficient G, so that for each signal it is 

possible to have the asymmetry coefficient as a function of the characteristic frequencies ω, G(ω). Thus, the 

gradient spectrum, obtained from a N-measurements time series, consists of ℓ values of 

G:{G(ω1), ... ,G(ωℓ)} where ℓ  is the amount of discrete decomposed time series from the original signal, 

having 2ℓ=N.   In our case we have ℓ=9 and then the respective gradient spectrum   {G(ω1), ... ,G(ω9)}   can 

be plotted in the G x log10 (ω)  space. For a given decomposed signal, the search for its best gradient 

spectrum is well performed by interpolating the ℓ points using a cubic spline fitting and then we can 

resample the original ℓ-points gradient spectrum by a denser set of points. This, of course, costs much 

less computationally than using a continuous wavelet transform to obtain the gradient spectrum and, for our 

analysis,  the denser resample procedure is necessary  to estimate, with high precision, the normalized 

mutual information distance between a pair of gradient spectra. Thus, based on the concept of relative 

information (Kullback and Leibler, 1951), the normalized mutual information distance is defined here as  

δN=  (1/N) Σχn ln(χn / ρn), where ρn is the reference discrete gradient spectrum (in this paper, it is 

alternatively the gradient spectra for one of the canonical time series) and χn is the discrete gradient 

spectrum to be characterized (in this paper, it is the gradient spectrum for the SBP time series). In Fig. 3 we 

can appreciate each characteristic gradient spectrum: weak turbulence (∆), strong turbulence (×) and SBP 

(ο). 
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Figure 3: The mutual gradient spectra obtained from the decomposition of each time series: solar burst (circle), turbulent (cross) and 

Brownian (triangle). 

 

The values of δN obtained having χn as the SBP are δN(χ|ρα=2)=0.061±0.002 and δN(χ|ρα=5/3)=0.016±0.002.  

Thus, comparing these values for δN we found the SBP closer to the strong MHD turbulent-like pattern 

variability (Galtier et al., 2002). Performing calculations for distinct groups of short stochastic fluctuations, 

we obtained a average mutual information distance of 0.08±0.01 between their respective gradient spectra.  

 

Gradient Pattern Analysis of Spatial Structures 
Formation of surfaces is influenced by a large number of factors, where randomness plays an essential role 

in shaping the final morphology of a given surface or interface. Recently, the so-called KPZ equation has 
been used to model the surface of porous silicon (Baroni et al, 2006). The GPA of the modeled surfaces 

showed that it is possible to reproduce, with good approximation, the disordered character of the porous 

surfaces by means of the numerical solution of KPZ equation (Kardar, Parisi and Zhang, 1986). Thus, based 
on conventional scaling analysis for porous surfaces, here we introduce a complementary methodology to 

improve this characterization.  The data to test our methodology are porous silicon samples, SP83 and 

SP101 (see Fig. 4a and 4b) produced by anodic etching of crystalline silicon wafers in hydrofluoric (HF) 
acid solution. These samples were analyzed by Scanning Force Microscopy (SFM) to obtain the 

morphology of the porosity. An equivalent KPZ solution is shown in Fig. 4c.The emphasis here is on the 

characterization of a relative structural complexity of porous silicon samples and possible correspondent 

generic models. For this purpose was considered, for comparison criteria in nanoscales, a reference sample 

of Au film deposited under ultra-high vacuum conditions on air-cleaved mica substrate (Fig. 4d).  

                
                (a)                                    (b)                                    (c)                                       (d) 
                                             
Figure 4 – (a) Psi SFM surface from sample 83 (low roughness); (b) Psi SFM surface from sample 101 (high roughness); (c) a 

typical nano-KPZ surface; (d) a regular gold on mica deposition surface showing low structural complexity – Au_Mica;  
 

In the context of spatial data, the local fluctuation, between each pair of amplitudes of the global pattern is 

characterized by its gradient vector at corresponding mesh-points in the two-dimensional space. In this 

representation, the relative values between adjacent amplitudes (“local fluctuations”) are relevant, rather 

than the respective absolute values. Thus, the measurement of asymmetric fluctuation by means of the 
asymmetry coefficient G, is considered. In this approach each local fluctuation is represented by a vector in 

a 2d-space. The asymmetry coefficient G is intrinsically calculated on the amplitude differences 

(fluctuations) given by the gradient pattern of the spatial structure. As the asymmetry coefficient is very 
sensitive to small changes in the phase and modulus of each fluctuation vector, it can distinguish complex 
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variability patterns even when they are very similar and consist of a low amount of vectors. Once the 2D 
spatial patterns can be decomposed into different frequency sub-bands, it may be interesting to characterize 

a gradient spectrum by calculating the asymmetry coefficient for the sub-matrices that can be obtained from 

such scaling decomposition. Here, we use the wavelet multiresolution analysis (WMA) in 2D space with a 
decomposition methodology introduced by Guan et al (2002). Each original pattern can be described by a 

scalar field from where 2D subspaces can be divided into LL, LH and HL and HH components (H for high-

pass and L for low-pass), thus an image is a square integrable function that can be decomposed into 

appropriate subspace components characterized by the frequencies fmáx , fmáx/2 (HH3), fmáx/4 (HH2),  and 

fmáx/8 (HH1). In our notation, considering fmáx = 1, we use the reference values of 1, 0.5, 0.25 and 0.125. As 

we have a sub-matrix for each one of the frequencies, we can calculate the asymmetry coefficient as a 

function of  f,  generating the following spectra: G:{G(1),  G(0.5), G(0.25), G(0.125)} that we call gradient 

spectrum. The calculated gradient spectra for the samples (SP83, SP101, KPZ and Au_MICA) are shown in 

Figure 5. In that sense our results work as a validation criterion for modeling.  

 

 
Figure 5 –The Asymmetry spectra of the samples which are shown in Fig. 4. 

 

Concluding Remarks 
Our analysis, based on an innovative methodology called gradient spectral analysis, has been applied in 

classifying the time variability profile of short time series (here, a solar radio burst variability interpreted as 

a result of strong  MHD turbulent-like pattern, a process with spectral index α=5/3). It is hoped that the 

analysis presented here will prove useful in investigations of short complex time series and the addition of 
statistical significance tests will improve both quantitative and qualitative phenomenology of gradient 

spectral analysis. Further improvement of this methodology, for 1D and 2D, which could lead more precise 

relative structural complexity characterization, might involve other reference patterns as random (Gaussian 
and non-Gaussian fluctuations), chaotic dynamics, ballistic deposition, sine combination surfaces, among 

others.  
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1. INTRODUCTION 

This study investigates the price setting behaviour of Turkish manufacturing firms based on the 
results of a survey that was carried by the Central Bank of the Republic of Turkey (CBRT) between May and 
July 2005 on a final sample of 999 manufacturing firms. The sample of firms was drawn from the 
manufacturing firms that are present in the CBRT company accounts database in 2003. In total 3606 firms 
from the manufacturing sector are contacted and 999 firms participated in the survey. The overall response 
rate is 27,7 which is quite high given the complexity and the length of the survey. The survey was organized 
in seven sections containing a total of 64 detailed questions.  In order to make comparisons with other 
countries, most of the questions of the survey were designed parallel to the other similar surveys used by 
Blinder et al. (1998), Hall et al. (2000), Apel et al. (2005) and the ones that developed together in the 
Inflation Persistence Network1 (IPN).  

To investigate differences across industries, the results are presented both for total sample and with a 
sectoral breakdown. In distunguishing between industrial groupings, the European Commission Main 
Industrial Groupings (MIGS) classification is followed. MIGS classification splits the manufacturing sector 
into five groups: intermediate goods, capital goods, consumer durables, consumer non-durables and energy2. 

Face-to-face interviews were chosen from the firms that constitute 70 percent (cut-off sampling) of 
the total net sales. The survey is conducted via mail to the other firms. In total 628 firms were selected in the 
face-to-face interview group and 331 of them responded the survey. The way the sample has been 
established created a bias towards the larger companies. The answers of each firm are weighted3 with the net 
sales criterion to provide that the sample adequately represents the population and the answers from a firm 
that has larger net sale carry more weights than from a small one. All results presented in this study are 
analyzed using this weighting scheme. 

  
                                                 
1 In the framework of the Inflation Persistence Network, nine central banks carried out the price setting survey: France (Loupias and Ricart (2004)), 
Italy (Fabiani et al. (2004)), Austria (Kwapil et al. (2005)), Germany (Stahl (2005)), Belgium (Aucremanne and Druant (2005)), Portugal (Martins 
(2005)), Luxembourg (Lünnemann and Mathä (2005)) and Spain (Álvarez and Hernando (2005)), Netherlands (Hoeberichts and Stokman (2006)). 

2 The results for the energy sector are not given since we have only 3 firms, which participated the survey from this sector. 
3 The weights are calculated in two steps. In the first step, for each firm a basic weight, w1i , which is the the ratio of the firms’ net sales to the total 
net sales of the sector that it belongs is calculated. In the second step, a sectoral weight, w2j, which is the ratio of the sectors’ net sales to the total net 
sale is calculated. Finally, basic and sectoral weights are multiplied to find the final weights (wij).  
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where; sij is the net sale of the ith firm in the jth sector who responded the survey, ∑
i

ijs  is the total net sales of the firms in the jth sector who responded 

the survey, Sj is the total net sales of the firms in the jth sector (population), ∑
j

js is the total net sales of the all firms (population) 
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2. PRICE SETTING BEHAVIOUR IN TURKISH MANUFACTURING INDUSTRIES 

• In the survey, the respondents are asked to refer to their main product as the one that generated the 
highest turnover in domestic sales in 2004, in order to avoid the problem of confusion between different 
products. Results show that the percentage of the turnover from the main product is 66.2 percent, which 
means that the survey results have a high representative power for the general pricing behaviour. 

• When firms asked about the market share of their main product; only 5.4 percent of them reported 
themselves as being not among the first eight firms. Thus, the respondents seem to be the big companies, 
which is not surprising given that the sampling is done using the net sales criterion. 

• The degree of competition is an important factor that affects pricing decisions. In case of perfect 
competition, economic theory argues that a firm equates the price of a final good to its production cost. 
However, in case of imperfect competition, firms may be able to charge a mark up over their marginal 
costs in order to gain monopoly profits. Therefore, the degree of competition is inversely proportional to 
the firms’ ability to mark-up and higher competition among firms is generally seen to put downward 
pressure on the price level. In the survey, firms were asked about the number of competitors they have in 
the domestic market. Since our sample has a bias towards larger firms, it is found that the firms having 
more than 15 competitors is around 21,5 which means that most of the firms have a significant market 
power.  Moreover, the degree of competition for the firms that produce consumer durables firms is found 
to be weaker. 

• In the firms’ pricing behavior, the presence of price discrimination is another important factor. Price 
discrimination occurs when the prices of similar products sold by the same firm show variation that 
cannot be explained by variations in marginal costs. To investigate the extent of price discrimination, 
firms were asked about their pricing policy and it is found that the uniform pricing is more common in 
the consumer durables and non-durables, whereas the use of price discrimination is particularly high 
among the firms that produce intermediate and capital goods (Table 1). Moreover, no significant 
relationship is found between the extension of price discrimination and the size of the companies. 

Table 1. Pricing Policy of the Main Product 

Economic Activity 
Same price to all 

customers 
Different prices to 
some customers 

Different prices to most 
of the customers 

Different price for 
each customer 

Intermediate Goods 28.0 49.8 10.3 11.8 

Capital Goods 29.9 53.7 5.2 11.2 

Consumer Durables 91.7 7.5 0.3 0.5 

Consumer Non-Durables 45.0 40.8 4.2 10.1 

Total 37.7 45.8 6.6 9.9 

 
• In the economic literature, there are two types of price setting behaviour: time-dependent and state-

dependent. In time dependent pricing models, the timing of individual price changes is exogenous. In 
particular, a firm might set its price every nth period (Taylor, 1980) or randomly (Calvo, 1983).  On the 
other hand, in state dependent pricing models, there is no routine price reviewing and prices do not 
change unless there is a major shock that hits the economy. According to the results presented in Table 2, 
except capital goods, more than half of the firms review their prices following both time and state-
dependent rule. Under normal conditions, the majority of the firms, approximately 88.6 percent, follow 
time dependent strategy but when significant events occur 58.0 percent of them will alter their behavior 
to state dependent reviewing. On the other hand, the use of mainly time-dependent price reviewing is 
more frequent in the firms that produce capital goods. The share of firms following time dependent rules 
(30.6%) is very similar to the figure in the Euro area (33%), but the share of firms using mainly time-
dependent pricing rules is slightly lower in Turkey (11.5%) than the corresponding figure for the Euro 
area (19%).  

Table 2. Price reviewing Strategies Followed by Firms 
 

 

 

 

Economic Activity Time-dependent Time- and State- Dependent State- Dependent 

Intermediate Goods 26.6 61.7 11.7 

Capital Goods 54.6 45.1 0.3 

Consumer Durables 42.8 56.5 0.6 

Consumer Non-Durables 23.1 65.9 10.9 

Total 30.6 58.0 11.5 
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• The frequency of price reviews and price changes are another indicator of the degree of price stickiness. 

In the survey, the firms were also asked directly the frequency of their price reviews and price changes in 
the last twelve months. The Table 3 shows that the median price changes are less frequent than median 
price reviews. The median Turkish manufacturing firm reviews its prices every month, but changes its 
prices four times a year. It shows that the prices are reviewed and changed more frequently in Turkey 
than in the Euro area, given that the price reviews lie in the range of one to three times a year and the 
median price change is once a year in the Euro area4. Also, it is interesting that the producers of 
consumer non-durables change their prices twice during the year while for consumer durables and capital 
goods it is five times on average.    

Table 3. Price Reviews and Changes of the Main Product over the Last Twelve Months 
Economic Activity Number of price reviews Number of price changes 

Intermediate Goods 12 4 
Capital Goods 12 5 
Consumer Durables 12 5 
Consumer Non-Durables 12 2 
Total 12 4 

• A change in costs and exchange rates are found to be the main driving forces underlying price increases 
(Table 4). However in the case of price decreases, in addition to cost changes, changes in competitors’ 
prices become important for the producers of consumer goods, whereas demand changes and exchange 
rate changes turn out to be important for the producers of intermediate goods and capital goods, 
respectively. Thus, changes in costs are the main factor of price changes, but in the price reductions 
changes in demand and competitors’ prices turn out to be important for the manufacturers of 
intermediate goods and consumer goods.   

Table 4. The Ranking(1) of the Factors that are Effective: 
  to increase the price to decrease the price 

A change in: 
Intermediate 

Goods 
Capital 
Goods 

Consumer 
Durables 

Consumer 
Non-Durables Total 

Intermediate 
Goods 

Capital 
Goods 

Consumer 
Durables 

Consumer 
Non-Durables Total 

Costs 67.3 65.4 57.0 63.5 66.1 53.7 56.7 63.0 51.8 55.9 

Demand 43.3 36.2 32.3 33.4 37.1 54.2 48.1 56.2 47.6 50.9 

Productivity 14.6 10.6 3.7 19.9 14.0 32.4 25.7 57.5 27.1 32.1 

Competitors' prices 42.7 48.9 37.0 46.1 43.9 50.1 50.8 65.8 50.7 51.2 

Market share 27.9 17.5 11.8 21.8 22.3 40.3 33.6 56.0 34.6 38.8 

Exchange rates 48.9 56.2 44.9 48.5 50.2 40.1 56.3 39.3 36.5 43.4 

General price level 30.1 51.2 37.9 27.3 33.5 24.1 33.2 41.4 20.4 26.3 
(1) It is calculated by: ('0'*"Percentage of firms who answered "Never") + ('1/3'*"Percentage of firms who answered "Partly") + 
('2/3'*Percentage of firms who answered "Significantly") + ('1'*Percentage of firms who answered "Completely"). 

• In the case of cost shocks, median firm adjusts its price symmetrically within a month, but in the case of 
demand shocks, the adjustment time of prices is 5 days shorter after a decrease in demand than after an 
increase in demand (Table 5). There are some sectoral differences in the speed of price adjustments to 
cost and demand shocks. Firstly, the reaction time of the manufacturers of intermediate goods to cost and 
demand shocks are shorter than the others. Secondly, except capital goods, prices are more flexible 
downwards than upwards in response to demand shocks. The cost and demand shocks have symmetric 
effects on the price of the capital goods.  On the other hand, intermediate goods prices seem to be more 
flexible upwards than downwards in the face of cost shocks, while the opposite is true for the consumer 
non-durables prices.   

Table 5. Speed of Price Adjustments After Shocks (in days, median) 
Economic Activity Increase in costs Decline in costs Increase in demand Fall in demand 

Intermediate Goods 15.0 20.0 22.5 15.0 

Capital Goods 30.0 30.0 30.0 30.0 

Consumer Durables 30.0 30.0 60.0 30.0 

Consumer Non-Durables 30.0 25.0 30.0 15.0 

Total 30.0 30.0 30.0 25.0 

 

                                                 
4 Fabiani et al. (2005). 
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• Among the theories of price rigidity, mark-up pricing arises as one of the important source of price 
rigidity for all firms, whereas the other important sources are coordination failure and temporary shocks 
for consumer non-durables and capital goods and nominal contracts (explicit and implicit) for consumer 
durables and intermediate goods (Table 6).  

Table 6. Ranking of Possible Explanations for Price Rigidity (1) 

Economic Activity 
Implicit 

Contracts 
Explicit 

Contracts 
Constant Marginal 

Costs 
Coordination 

Failure 
Temporary 

Shocks 
Mark-up 

Intermediate Goods 43,3 41,7 27,5 27,9 39,2 46,8 

Capital Goods 26,0 22,6 16,7 27,0 53,4 40,5 

Consumer Durables 54,2 58,6 22,3 31,4 41,4 44,6 

Consumer Non-Durables 31,3 30,4 20,4 36,6 40,7 48,7 

Total 36,9 37,1 22,6 30,8 40,6 44,8 
(1) The Ranking scores are calculated as: ('0'*"Percentage of firms that answered "Does not reflect at all") + ('1/3'*"Percentage of firms that 
answered "Partly reflects") + ('2/3'*"Percentage of firms that answered "Mostly reflects") + ('1'*"Percentage of firms that answered "Completely 
reflects") and they can take values between  ‘0’ and ‘100’. 

 
• Price reviews and changes are affected by: the market share, price discrimination, customer type, firm 

size and the existence of regulated prices. In particular, the frequency of price reviews and changes is 
higher for the smaller firms, for the firms that do not make price discrimination and when there are no 
regulated prices.    
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Abstract 

When there are many nuisance parameters in a logistic regression model, a popular method for eliminating these 

nuisance parameters is a conditional logistic regression analysis. This method is generally used in epidemiology 

for matched case-control designs. The aim of this study is to make a comparison between the results of logistic 

regression and conditional logistic regression models and show the first application of conditional logistic 

regression analysis in matched case-control designs for European Union data. In order to do this, the data has 

been examined and factors which are effective on membership process have been determined. 

 

Keywords: Conditional logistic regression, Matched case-control designs, Nuisance parameter, European Union 

membership. 

 

1. Introduction 

Case-control designs are the most commonly used study designs in epidemiology and have played an important 

role in identifying risk factors for disease (Breslow, 1996). Unmatched case-control studies consist of a random 

sample of the diseased subjects (cases) from a population and a random sample of the non-diseased subjects 

(controls). In matched case-control studies, the stratification occurs in the design of study and used to partition 

data into more homogeneous subgroups before model building. The larger the number of strata used, the finer 

the strata size and the larger the number of nuisance parameters. Thus, the parameters estimation will yield 

biased and inconsistent results. Besides this, in the logistic regression analysis, the maximum likelihood 

estimators of the logistic model parameters work best when the sample size is large compared to the number of 

parameters. When the sample size is small or the number of parameters grows, the conditional maximum 

likelihood must be used for inference.  

 

Conditional likelihood approach eliminates nuisance parameters by conditioning on their sufficient statistics. In 

this study, the conditional logistic regression for matched case-control studies and an application on EU data are 

given to illlusturate how this method can be used in economical studies. The paper is organized as follows. In 

Section 2, the conditional logistic regression approach and the conditional logistic regression model are given. In 

Section 3, the conditional logistic regression analysis are investigated for matched case-control designs. By 

means of the EU data, matched case-control designs are constituted. Then the conditional logistic regression 

models are obtained and the results are compared. Additionally, the probabilities of membership for candidate 

countries are less than 8 years are predicted in Section 4. The conclusion is given in Section 5. 

 

2. Conditional Logistic Regression Analysis  

Let iy  denote the binary response for subject i, n,...,1i =  and ijx  be the value of predictor j for that subject, 

p,...,1j = . The model is 

∑

∑

=

=

β+α+

β+α

==
p

1j

ijj

p

1j

ijji

ii

)xexp(1

]x(yexp[

)yY(P                                                                                                                          (1) 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 3080 -



Suppose that inference focuses on pβ  in model (1). To eliminate other parameters, we condition on their 

sufficient statistics ∑=
i

ijij xyT , 1p,...,0j −= . Since the sufficient statistic for α  is ∑
i

iy , we condition on 

∑
i

iy  to eliminate α . Then, the conditional distribution is given by (Hirji, et. al., 1988) 
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11p0 1p,...,0j,txy:)y,...,y()t,...,t(S . Eq. (2) depends on only pβ  and inference for pβ , 

the conditional distribution of its sufficient statistics, ∑=
i

ipip xyT , is used. Let )t,t,...,t(c 1p0 −  denote the 

number of data vectors in )t,...,t(S 1p0 −  for which tTp = . The conditional distribution of pT  is 
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where the denominator summation refers to the possible values u of  pT . 

 

3. Conditional Logistic Regression Model for Matched Case-Control Designs 
Conditional logistic regression model is useful in case-control studies to match controls to cases based on certain 

factors in order to minimize inherent variation within these factors. This type of design is known as a matched 

case-control study. In these studies, since the intercept terms cause difficulties with inference about the primary 

parameters, it can be helpful to eliminate them from the model. In this section, the conditional logistic regression 

analysis is given for matched case-control studies to eliminate nuisance parameters. 

 

Let )Y,Y( 2i1i , n,...,1i =  denote the ith pair of observations. Then conditional logistic model for itY   is given 

 

( )[ ] tiit x1YPitlog β+α== ,    2 ,1t =                                                                                                                                                                                         (4) 

 

where 0x1 =  and 1x 2 = . Eq. (4) is called a conditional model since the effect β  is defined condition on the 

subject. In Eq. (4), large number of { }iα  causes difficulties with properties of ordinary maximum likelihood 

estimators. We treat them as nuisance parameters and maximize the likelihood function for a conditional 

distribution that eliminate them. For Eq. (4), assuming independence of responses for different subjects and for 

the two observations on the same subject, the joint mass function for ( ) ( ){ }2n1n1211 y,y,...,y,y  is given by 
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To eliminate { }iα , we condition on their sufficient statistics, the pairwise success totals. Given 

1yyS 2i1ii =+= , the conditional distribution is 
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Condition on 1Si = , the joint distribution of matched pairs is obtained as follows 
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After differantiating the log of this conditional likelihood and equating to 0 the conditional maximum likelihood 

estimator of β  and standart error are given by )n/nlog(ˆ
1221=β , 1221 n/1n/1SE += , respectively.            

 

In the matched case-control studies, individual and frequency (or category) matching are the two matching 

schemes. Individual matching involves (1:1) and (1:n) matchings. When there is one case and one control in a 

matched set, the matching is (1:1) and (1:n) matching refers to the situation when there is one case and a varying 

number of controls in a matched set. On the other hand, frequency matching (m:n) involves matching an entire 

stratum of reference subjects with an entire stratum of index subjects based on the matching factors.  For highly 

stratified data in matching case-control designs, the usual likelihood inference yields seriously biased estimates. 

For this reason conditional logistic regression analysis is used for matched pairs (Mandrekar and Mandrekar, 

2003) and (Vierkant, et. al., 2004). 

                                                                                              

4.  A Numerical Example 
In this section, for (m:n), (1:1) and (1:n) matched case-control designs, the conditional logistic regression results 

are obtained and factors effecting on EU membership are determined and probability of EU membership less 

than 8 years are predicted. Additionally, the results of conditional logistic regression results obtaining for 

matched case-control designs are compared to logistic regression results. To provide completeness during the 

study the significance level is taken as 0.90 instead of 0.95 although some models and parameters estimations 

are also important at 0.95.  

 

Data for this study are obtained from Eurostat, UNDP and World Bank data sets (Eurostat, 2005), (UNDP, 

2005), (World Bank, 2005). Countries are classified as full members and candidates for full membership in the 

EU as of 2006. The dependent variable is determined using the difference between full membership date and 

starting date of negotiation. Depending on the frequency distribution of this difference and according to a study 

of (EU Commission, 2005, 2006), the dependent variable is defined as follows: 

 





=
(controls) moreor  years 8  period membership  theif ,0

(cases) years 8 than less period membership  theif ,1
Yi  

 

Explanatory variables are choosed suitable to Copenhagen political criteria and Maastricht Agreement. Because 

of multicollinearity problem, high correlated explanatory variables are removed and is continued to study with 

45 explanatory variables. Then all explanatory variables are collected in 8 main groups as agriculture, economy, 

education, foreign trade, health, life quality, national account, population.  

 

For matching variable to show matched pairs it is decided to use baby mortality ratio since this variable is 

connected with many important factors such as extreme birth ratio, general life standarts, health possibilities and 

cultural properties, etc. By investigating more than one model to reach the best model explaning the data, for 

(m:n) matching design, with one parameter 19 model, with two parameter 12 model and with three parameter 3 

model are found important in 0.90 significance level. For (1:n) matching design with one parameter 8 model and 

for (1:1) matching design with one parameter 15, with two parameter 1 model are found important in 0.90 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 3082 -



significance level. According to the vaules of -2LogL and AIC, the models which contain GDP per capita, 

current account balance and exporting as the independent variable are better than other models and these model 

parameters are found important in 0.90 significance level. Then the calculated test statistics for the estimated 

coefficients of these conditional logistic models are given. After these analysis, it can be said that in 0.90 

significance level as GDP per capita increase, the membership period become shorter. This is the result of the 

income level is concerned with many important factors such as prosperity level, marketing economy and 

competing pressure. So, the candidate countries must take preventive measures to increase their level of income. 

Since the parameter estimates are positive for the current of balance and exporting, an increase in these 

parameters estimates make shorten the membership period of candidate countries. The results obtained in this 

study are parallel to results of (EU Commission Report, 2005) for candidate countries. After all the conditional 

logistic regression analysis, the ordinal logistic regression analysis are done for EU data. The results are 

compared with the conditional logistic regression analysis. According to the results, it can be said that the 

conditional logistic regression analysis gives more better estimations than the ordinal logistic regression analysis.  

 

5. Conclusion 

There are two alternative approaches to the maximum likelihood estimation in an ordinary logistic regression, 

the unconditional estimation approach and the conditional estimation approach. The unconditional estimation 

works best when the number of degrees of free for the model is small relative to the number of observations. 

When the degrees of freedom for the model becomes large relative to the number of cases then the conditional 

estimation approach is better. Conditional logistic regression is often applied to case-control studies in which 

cases and controls are matched on variables
 
that may be confounders. 

 

In this study, conditional logistic regression approach, conditional logistic regression model and conditional 

logistic regression analysis for matched case-control designs are introduced. Then, using the EU data matched 

case-control designs are constituted and conditional logistic regression models are obtained. The results have 

been made in terms of significance of the models and parameters. In addition, the probabilities of membership 

for candidate countries are less than 8 years are predicted. Lastly, the conditional logistic regression is compared 

with the ordinary, i.e. unconditional logistic regression analysis. The results which are obtained in this study are 

similar to results of EU Commision Report for candidate countries and can be useful to show candidate countries 

how to get a place in EU.   
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Investigation of usage of survival we want to begin with comparison of usage statistics in 

international and Russian publications. Since the beginning of the 90th of the last century several Russian 
scientists reveal that 70-80% of publications in the Russian biomedical journals have errors in description 
and application of statistical analysis (Braschinskiy 2005; Leonov 2007). It is much grater then the same 
in the European journals (Altman 2005).  

We conducted Internet search of Russian journals based on the e-LIBRARY of Russian Foundation 
for Basic Research (http://elibrary.ru) using keywords in Russian and English such as survival analysis, life 
tables, Kaplan-Meyer analysis, and Cox regression. As it is shown in the table 1 there is only 1 
publication with survival analysis in 4 popular Russian Biomedical Journals.  

 
Table 1. Analysis of 4 popular biomedical Russian journals  
 Publication 

year 
N of 

issues 
N articles survival 

analysis 
Bulletin of Experimental Biology and Medicine 2005-2006 21 639 0 
Cardiology 2005, 2007 14 321 1 
Korsakov's journal of neurology and psychiatry 2005, 2007 14 281 0 
Clinical Medicine (Klinicheskaya Meditsina) 2005-2006 20 421 0 

 
According to the search in the whole e-Library that encloses list of 194 titles of Russian journals 

(2004-2007) devoted to the clinical medicine in Russian and in English Survival analysis was used only 
in 30 articles. The survival analysis was used only in 0.2% of all Russian publication that is 33 times less 
often then in foreign publications. 

70% of this publications were devoted to the survival in oncology and only in 2 of them survival 
analysis was used time interval of events other then death.  

There are several reasons for such situations in Russia: 1) the absence of specialists with 
biostatistical specialization, researches has to do all statistical analysis themselves; 2) insufficient 
education in the field of biostatistics of medical students and biologists, they still used only Student test 
and average (Bart et al., 2006) 

As it was shown by several authors  (Emerson and Colditz, 1983; Horton and Switzer, 2005) 
showed that there was a continued trend toward increased use of newer and more complex methods not 
typically included in introductory or second-level statistics courses. That the most part of medical doctors 
and scientists can understand results of only 20 % of publications. In our country these problems stands at 
least at the same level and actively discussed in specialized issue of the International Journal for Medical 
Practice (№2, 2006). In Our University the state of affairs is at the same level. So in the survey  of 97 
post-graduate students and young scientists conducted in 2005 – 2006 demonstrates that  89 % of them 
estimated the knowledge of bases of statistics as insufficient (less than 3 points of the five-point scale), 
and 39 % - at a zero level (1-2 points), 34 % never used any statistical programs and even spreadsheets 
(Bart et al., 2006) 

.  
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Usage of Survival Analysis for Analysis Different Time Event 
Another aspect of this problem is that researches do not exactly understand heart of the survival 

analysis and used it only in analysis of clinical data when the event is the death of the patient. In the most 
part of the English and Russian textbooks on basic biostatistics for medical students and software manuals 
the survival analysis, if it exists, is described as the method which could be used for such event as death 
and all practical examples are of the same (Riffenburgh, 1999;Clark et al. 2003) and the anther usage is 
only slightly mentioned. It is necessary to explain them that “Survival curves can be used to plot time to 
any nonrecurrent event. The event does not have to be death, so the term survival can be misleading.” 
(Motulsky, 1995). The survival analysis could be used for analysis of time to different events, for 
example, drug addicts relapse (Krupitsky et al. 2006), asthmatic exacerbations or onset of any infections 
decease.  

Another one of the mistakes of survival analysis usage is retrospective time evaluation with 
covariates assessment at the end of the experiment that lead to bias.  

Very seldom survival analysis is used in for analysis of the results of biomedical experiments where 
of different latent periods of events are assessed such as latency of first attack, first sexual interaction of 
the mail mice in paired encounter or any stimuli-reaction latency. We could discuss the experiments 
analyzing the analgesic effects of drugs. There are many different models of assessment of analgesic 
properties, the most part of which determine latency of reaction on pain stimuli for example sharp beam 
of light towards the rodent tail in such paradigms as “Tail-flick”. The presence of cut point (max time 
after which there could be physical damage of the tail) is one of the problem points of the analysis of such 
data.   
Usually the results are expressed as the latency (s) to nociception or the percentage of maximum 
possible effect (% MPE) defined by the following equation (Pamplona, et al., 2007;Shekunova 
and Bespalov, 2006):  

100
 BL - Coff
 BL -PDL% ×=MPE      Where: PDL – post-drug latency, BL – Baseline latency; Coff – Cut-off  

But this assume the possibility of 100% analgesia, this is nonsense, and if the “cut-off – baseline” 
difference is smaller the same drug influence will have the lager effect (change on 1 point when the 
difference is 3 points causes the 30% effect, while if the difference is 5, the effect is 20%). Cut-off is the 
standard left censoring. So, the post-drug latency could be treated as time variable, cut-off - as censoring, 
base line - as covariate. Very close to this example will be seen later. 

 
Usage of Survival Analysis for Analysis of Not Time Event 

The methodology of survival analysis could be used for analysis not only latent periods of some 
events, but for analysis of any “loading” characteristics also, with cut points as censored data. The main 
aspect of survival analysis is taking into account censoring. Stepwise increasing of any loading (such as 
increasing dosage of physical activity till the tachycardia begins, the distance, that person could work in,  
As an example we could analyze the morphine attenuating tactile sensitivity associated with chronic 
nerve injury (Malyshkin et al. 80-85). Adult male Wistar rats (n=16) with unilateral loose ligation of 
sciatic nerve developed significant tactile hypersensitivity on ligated paw in comparison with nonligated. 
Threshold in grams is treated as an alternative to time variable, and cut-of level of the pressure 28.8 g is 
treated as censored result. The presence of the cut-off point made a technique of survival analysis more 
appropriate for analysis of such data. The data is not normally distributed  

Pain sensitivity was measured by graduate increase of mechanical pressure (in grams), injections 
were made in the schedule of Latin square, each animal receives each dose morphine (0, 1,3,6,10 mg/kg) 
in a random order. Day of the treatment is essential covariate. As the result could be influenced by the 
animal sensitivity we controlled for threshold of non ligated paw. So we used stepwise method with tree 
covariates test day, threshold of non ligated paw and two models: 1) dose is treated as continuous 
covariate; 2) dose is treated as categorical covariate.  
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Result of analysis using Cox regression model that the day of the injection (test day) play it’s role in 
the analgesic action of morphine (table 2), in both models threshold of non ligated paw was excluded 
from the model as non significant covariate 

 
  
Table 2. Cox regression coefficients for two models for the threshold of the ligated paw. 

Exp(B) 95,0% CI for Exp(B) 
models varibles B 

 
SE 

 
Wald 

 
df 
 

Sig. 
  Lower Upper 

Test day ,064 ,028 5,301 1 ,021 1,067 1,010 1,127
Dose 

continuo
us 

Dose of 
morphine -,237 ,045 28,418 1 ,000 ,789 ,723 ,861

0   27,448 4 ,000    
1 ,770 ,254 9,230 1 ,002 2,161 1,314 3,552 
3 ,630 ,253 6,201 1 ,013 1,877 1,143 3,081 
6 -,280 ,254 1,213 1 ,271 0,756 ,459 1,244 

D
os

e 

10 -1,848 ,372 24,697 1 ,000 0,158 ,076 ,327 

Dose 
categori

cal  

Testday ,071 ,030 5,779 1 ,016 1,074 1,013 1,138 
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Figure 1 Probability (survival) of the threshold level on ligated paw after different doses of 
morphine 

 
In conclusion, we want to emphasize that the term “Survival” is misleading, and may be the cause 

misunderstanding of the area of the application of survival analysis. And it is important to apply more 
efforts to explain this issue.  

Moreover, it is essential to improve education of young scientists in advanced biostatistics, 
especially the core of the methods.  
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RÉSUMÉ (ABSTRACT)  
As it was shown in the recent studies 70-80% of publications in the Russian biomedical journals have errors 

in description and application of statistical analysis. It is much grater then the same in the European journals. 
The survival analysis was used only in 0.2% of all Russia publication that is 33 times less often then in foreign 
publications. There are several reasons for such situations in Russia: 1) the absence of specialists with 
biostatistical specialization, researches has to do all statistical analysis themselves; 2) insufficient education in 
the field of biostatistics of medical students and biologists, they still used only Student test and average Russian 
student could understand results of less then 20% articles published in international journals.  

Another aspect of this problem is that researches do not exactly understand heart of the survival analysis 
and used it only in analysis of clinical data when the event is the death of the patient. Very seldom one is used 
for analysis of the results of biomedical experiment for analysis of different latent periods of events. This is also 
true for the publications in the international journals. The methodology of survival analysis could be used for 
analysis not only latent periods of some events, but for analysis of any “loading” characteristics also, with cut 
points as censored data. So, it is essential to improve education of young scientists in advanced biostatistics, 
especially the core of the methods. 
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1.Introduction 
With the development of economic and social development, value investment has become a 

popular notion for investment. However, nowadays assessment of management achievement and 
mechanism of value evaluation of enterprises are based on traditional financial index in china, that 
is---accounting profit. EVA (Economic Value Added), as a criterion to evaluate values created by 
shareholders, has not been universally applied in the investment field.EVA measures whether the 
profits that enterprises have gained are above or below the minimum rewards investors expect. 
When EVA is beyond zero, the enterprise creates values for shareholders and vice versa, the 
enterprise is in debt and is wasting shareholders’ assets; When EVA is zero, enterprise profits can 
only meet the need of investors’ expected remuneration and investors’ wealth is neither added nor 
lost.As a brand-new financial notion, EVA has aroused attention since its birth. It is referred by Wealth as the 
most popular financial notion and a real revolution of modern management corporations. EVA can not only 
be applied to the evaluation of enterprise’s management achievement and level, but also to the assessment of 
enterprise values.  

2.Definition and calculation approaches of EVA 
EVA refers to the balance between profits after taxes and capital cost and it is the residual income after 

all costs are deducted. EVA is the true assessment for economic profits. 
Compared with traditional financial index, EVA is characterized by redefining enterprise profits from 

shareholders’ perspectives and considering opportunity costs of rights and interests capitals. It no longer 
employed a capital that is invested by shareholders for free and more importantly, unlike retained profits 
which are only a short-term index, EVA takes enterprise’s long-term development into full consideration. 
Therefore, EVA can encourage proprietors to consider more about long-term development of their enterprises 
during their decision-making of their investment. EVA can be shown as follows: 

EVA=NOPAT (net operating profits after tax)-C (capitalization)*WACC (weighted average capital 
costs).Management profits after tax is equivalent to retained profit after tax plus interest payout. It is also the 
net value that subtracts entire management costs from saleroom including interest payout. Capitalization 
refers to the book value that is invested by all investors for management, including debt capital and capital 
stock. Debt capital is long-term and short-term loans that are provided by debtee. Capital stock not only 
includes common stock but few shareholders’ interests. Weighted average capital costs are equivalent to unit 
capital stock capital cost plus unit debt capital costs. 

3.Evaluation of enterprise values based on EVA 
Evaluation of enterprise values is the overall evaluation of the whole capital based on enterprises’ 

management capacity as well as factors that influence them. Two factors should be considered: original 
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investment capital of enterprises and discounted value of anticipating economic value addition. Future 
discounted value of EVA is the value that surpasses the current capital of enterprises. Therefore, evaluation 
model of enterprise value that is based on EVA should be as follows: 

Enterprise value=original investment capital+ future discounted value of EVA 

It can be figured in formula: ∑
= +

+=
n

t
t

t

r
EVAVV

1
0 )1(

           (1) 

Hereinto:  is original investment capital; 0V V  is value of enterprise evaluation; r  is discounted rate; 

∑
= +

n

t
t

t

r
EVA

1 )1(
is future discounted value of enterprises’ EVA. 

Original investment capital of target enterprises can be decided according to their financial report forms 
and their value can be evaluated if certain approach can be adopted to predict their future EVA. Therefore, 
different price evaluation models can be elicited according to different distribution after certain 
presupposition. 

3.1EVA zero increase model 
Supposing that the enterprise remains fixed EVA, and then price evaluation model is as follows: 
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Suppose that the enterprise persists in operating, then when +∞→n , 

rr

n

t
t

1
)1(

1
1

=
+∑

=

                    (3) 

Therefore, for those that remain EVA unchangeable, its value can be illustrated as follows: 

r
EVAVV += 0                    (4) 

3.2EVA fixed increase model 
Suppose EVA of the enterprise increases by g  annually, then 

1
1)1( EVAgEVA t

t
−+=                (5) 

Discounted current value of EVA of the enterprise is  
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Value evaluation model of enterprise is: 
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Suppose the enterprise persists in operating, then when +∞→n , 

gr
EVAVV
−

+= 1
0                     (8)  Generally speaking, gr > . 

3.3EVA multi-phases increase model 
Based on the target enterprise’s management situation, future development of its field as well as 

analysis upon the national macro-economic situation, future EVA increase of the enterprise is divided into 
several phases, annually increase rate of EVA in various phases is expected, future EVA current value of the 
enterprise during the next decade is figured out and finally EVA current value during the steady period after 
the increase period is computed supposing the target enterprise’s EVA remains stable after years of 
tremendous increase.  

Suppose the target enterprise’s EVA increases by annually within  years and by from the 

mth year to the nth year, keeps on managing with steady EVA after the nth year, then the enterprise’s value 
evaluation model is: 
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4.Applied Example by EVA and Results 
This case adopts data of Sichuan Changhong Co. Ltd and compares net profit with it’s EVA. 
Tab.1 EVA and correlative data of Changhong Co. Ltd 

Year 1998 1999 2000 2001 2002 2003 
EVA 96214 -35709 -65148 -90857 -73284 -79638
Net 

Profit 
200395 52532 27424 8854 17620 20574
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NOPAT 199125 55268 28747 5759 17463 19927

Price 27.3 16.6 13.5 9.95 8.1 7.1 

 From Tab.1 the EVA of Sichuan Changhong Co. Ltd is minus after 1999, but its net profit is above 
zero. 

5.Conclusion 
EVA value evaluation model is an approach that takes advantage of current value technology to assess 

the enterprise’s value and it embodies the enterprise’s fair value. There are many models that can be used to 
evaluate the enterprise’s value and this paper discusses the issue based on EVA model. Since EVA evaluation 
takes factors such as capital cost into full consideration and can reflect capacities of enterprises’ creation 
value. It is no doubt a feasible approach.  
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Introduction

Changepoint problems often arise in many statistical analysis problems. The classical parametric, one
dimensional change point problem considers testing for the competing hypotheses:

H0 : θ1 = . . . = θn,

H1 : θ1 = . . . = θτ 6= θτ+1 = . . . = θn, ∃1 ≤ τ ≤ n,(1)

from data x1, . . . , xn i.i.d. with distribution Fθ(·) indexed by θ ∈ Θ ⊂ IR. The literature on changepoint
problems is by now enormous, with applications in virtually every branch of science. Excellent reviews
can be found in Hinkley et. al. (1980), Bhattacharya (1994) and many others. Bayesian framework
for inferences on changepoint dates back to work by Chernoff and Zacks (1964) and Shirayev (1963).
This paper is novel in that we consider Bayesian estimation of θ1, . . . , θn as well as testing for H0 in
(1) in a situation where the parameters satisfy monotonicity but are otherwise arbitrary. A similar
problem was studied from a frequentist approach by Wu, Woodroofe and Mentz (2001). The latter
article motivated in part our present study and also examined the Global Warming dataset we study
by the end of this paper.
The model

We assume our data X = (X1, . . . , Xn) satisfies the equation Xi = µ + dφi + εi, where given µ, δ,
σ2, and φi, 1 ≤ i ≤ n, the disturbances εi

i.i.d.∼ N(0, σ2). The conditional distribution of the data is
thus Xi

i.i.d.∼ N(µi, σ
2), where µi := µ + δφi represents the trend and it is subject to a monotonicity

constraint specified by δ ∈ IR and −1 = φ1 = φ2 ≤ . . . ≤ φn−1 = φn = 1. The parameter d provides
two types of information, its sign indicates whether the trend is increasing or decreasing and its
magnitude indicates by how much. The multivariate parameter φ := (φ1, . . . , φn) indicates the way
the functional way the trend changes. For our prior specification we propose

µ ∼ N(µ0, σ
2
µ)(2)

δ ∼ N(δ0, σ
2/r2)(3)

(1/σ2) =: λ ∼ Gamma(a, b),(4)

where in absence of good prior information we would adopt a noninformative version provided by
some choice of the parameters µ0 = 0, σµ “large”, δ0 = 0, r “small”, a “small” and b “large”. We
construct now a prior for the parameter φ using the following steps. First we “tie it down” at the
endpoints by letting φ1 = φ2 = −1 and φn−1 = φn = 1; next in order that the intermediate φ’s
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are nondecreasing and bounded in [−1, 1], we proceed in two stages: (i) let the (n − 3)-dimensional
parameter p := (p3, . . . , pn−1) have a Dirichlet distribution with parameter α := (α3, . . . , αn−1), i.e.,
p has an absolutely continuous density

(5) fp(p3, . . . , pn−1) =
Γ

(∑n−1
j=3 αj

)

∏n−1
j=3 Γ(αj)

n−1∏

j=3

p
αj−1
j

for p in the unit (n− 3)-dimensional simplex ∆ :=
{
p ∈ [0, 1]n−3 :

∑n−1
i=3 pj = 1

}
; next (ii) construct

the intermediate φ’s by

(6) φi = 2




i∑

j=3

αj


− 1, for 2 < i < n.

The above construction, which ensures that φ is non-decreasing and tied-in at the end points, is
appealing on both practical and theoretical grounds. On the practical side, it is paramount that the
specification for φ provided in (5) and (6) allows to set a prior on the form of the trend, which is
very useful for prior elicitation. Some possibilities are Linear, Convex, Concave, Sigmoidal, etc. The
Bayesian formulation is also appealing because it enables estimation of (µ + δφ) by credible intervals.
Those provide not only an indication of the way the trend has changed and its magnitude, but it also
makes possible to carry out tests against more general alternative hypotheses than H1 in (1). This
will be illustrated for the Global Warming dataset, where we use credible bands around φ to assess
whether there has been acceleration in the process of global warming, as represented by a convex form
of trend.
Posterior Densities

Under the full model specification (2),(3), and (4) with µ0 = 0 and δ0 = 0 we obtain the following
posteriors:

[µ|X , δ, σ2, φ] ∼ N

(∑n
i=1(Xi − δφi)
n + σ2/σ2

µ

;
σ2

n + σ2/σ2
µ

)
,(7)

[δ|X , µ, σ2, φ] ∼ N

(∑n
i=1 φi(Xi − µ)∑n

i=1 φ2
i + r2

;
σ2

∑n
i=1 φ2

i + r2

)
,(8)

[λ|X , µ, δ,φ] ∼ Gamma

(
n

2
+ a;

1
2

n∑

i=1

(Xi − µ− δφi)2 + b

)
,(9)

where λ is the precision parameter λ := (1/σ)2. As for the remaining posterior distribution [φ|X , µ, δ, σ2],
we show the development next. First, a standard Jacobian calculation shows that the (joint) density
of φ is given by

(10) fφ(φ3, . . . , φn−1) =
Γ

(∑n−1
i=3 αi

)

∏n−1
i=3 Γ(αi)

n−1∏

i=3

(
φi − φi−1

2

)αi−1

on the set Ωφ, given by −1 ≤ φ3 ≤ . . . ≤ φn−1 = 1. With this, the posterior distribution of φ given
the data and all the other parameters can be stated up to proportionality by

fφ|(X ,µ,δ,σ)(φ3, . . . , φn−1) ∝ exp



−

1
2

n∑

i=1

(
φi − Xi−µ

δ

σ/δ

)2




n−1∏

i=3

(
φi − φi−1

2

)αi−1

on the set Ωφ. In particular, under the improper prior with parameters αi = 1 for all i,

(11) [φ|X , µ, δ, σ] ∼ N

 
X − µ

δ
;

σ2

δ2

!
1Ωφ

(φ1, . . . , φn),
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Figure 1: World annual weather anomalies 1958 - 2000.

i.e., an (n− 4) dimensional normal distribution truncated to −1 ≤ φ3 ≤ . . . ≤ φn−2 ≤ 1.
Credible sets will be based on the joint posterior distribution of the parameters given the sample. This
joint conditional distribution [µ, δ, σ,φ|X ] will be obtained via the Gibbs sampler. We present at this
point some motivating examples. R code for estimation is available from the corresponding author
upon request.
Global Warming

We consider the time-honored global warming dataset provided by Jones et. al.
(see http://cdiac.esd.ornl.gov/trends/temp/jonescru/jones.html) containing annual temperature anom-
alies from 1858 to 2000, expressed in degrees Celsius and are relative to the 1961-1990 mean. These
data are presented in Figure 1, together with the Bayesian estimate. We chose a noninformative
prior on the form of the trend and we fit a model with parameters σµ = 100 and a = b = 1, and
r = 1. Estimates confirm that there is a trend increase of about 0.3 degree Celsius in global annual
temperature between 1858 and 2000. Figure 2 exhibits the histograms of the posterior distributions
for µ, σ and δ, together with the estimated function φ. Interestingly, the 45-degree line is above the
confidence bands for φ. This indicates that the change-point pattern is convex, i.e., not only the trend
but also the rate of trend-change in weather anomalies is increasing in time. As already discussed in
the introduction, the availability of such a qualitative conclusion about the shape of the trend change
is the major strength of the Bayesian method. In Table 1 we perform a sensitivity analysis by choos-
ing a few diferent sets of hyperparameters. The results confirm the increase of global temperature by
about 0.30oC throughout the series, as d̂0.50 remains fairly stable for the different choices of hyper-
parameters. However, it is not possible to assert that there was acceleration in the pattern of global
warming. That is because for some choices of the hyper-parameters the estimated φ is not convex.
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Figure 2: Posterior Estimates for World annual weather anomalies 1958 - 2000.

Table 1: Sensitivity to Hyper-parameters for the Global Warming Data

Global Warming

r 0.00001 1 0.00001 0.00001

a 10 1 1 20

b 2 1 1 4

τ 2 100 100 10

µ̂.05 -0.1627 -0.1300 -0.1537 -0.1609

µ̂.50 -0.1323 -0.1118 -0.1271 -0.1268

µ̂.95 -0.1019 -0.0940 -0.1077 -0.0930

d̂.05 0.2664 0.2725 0.2695 0.2587

d̂.50 0.3150 0.3173 0.3159 0.3216

d̂.95 0.3645 0.3664 0.3599 0.3838

Convex No Yes No Yes

Shiryayev, A.N. (1963). On optimum methods in quickest detection problems, Theory of Probability and its
Applications, 8, 22–46.

Wu, W.B.; Woodroofe, M. and Mentz, G.B. (2001). Isotonic regression: another look at the change-point
problem. Biometrika, 88, 793–804.

ABSTRACT

A general approach to Bayesian isotonic changepoint problem is developed. Such isotonic change-
point analysis includes trends and other constraint problems and it captures linear, non-smooth as well
as abrupt changes. Desired marginal posterior densities are obtained using a Markov chain Monte
Carlo method. The methodology is exemplified using a simulated and two real data examples, where it
is shown that our proposed Bayesian approach captures the qualitative conclusion about the shape of
the trend change.

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 3096 -



Mixture traces: comparison of several hypotheses

Andrade, Marina
ISCTE Business School, Department of Quantitative Methods
Av. das Forças Armadas
City (1649-026 Lisboa), Portugal
E-mail: marina.andrade@iscte.pt

Ferreira, Manuel Alberto M.
ISCTE Business School, Department of Quantitative Methods
Av. das Forças Armadas
City (1649-026 Lisboa), Portugal
E-mail: manuel.ferreira@iscte.pt

1 Introduction

Nowadays the use of DNA profiles in forensic identification problems is a very common procedure,
in many and different situations. This work intends to discuss different approaches in the analysis of
DNA mixture profiles, starting with a mixture trace with only two contributors and extending the
analysis to a larger number of contributors. In section 2 we present the different set of hypotheses
to test according to the possible mixture traces pointed out. Beyond the two hypotheses emergent in
court, for each case, others may also be of interest. Therefore it is needed a form to evaluate those
in an efficient way. Thus, we start with an algebraic approach and pursue to the use of Bayesian
networks, particularly important in complex cases of mixture profiles. In complex cases this tool
allows to compute easily the likelihood ratio for the set of all hypotheses suggested. In section 3 the
discussion comprises possible analysis of the cases and also the potential use of Bayesian networks
in this context. In a real case the number of hypotheses to test may become a hard a long work to
execute algebraically.

2 Hypotheses and data

The observation of mixture traces generally occur in criminal cases. When a DNA mixture
profile is mentioned it means that more than two bands were observed for one or more loci in the set
of known genetic markers used to analyze the trace found. Here we discuss for illustration the set
of hypotheses of a mixture with two contributors. After this we present the data of a more complex
mixture. For the purpose intended here we will only present data for two markers.

2.1 Algebraic treatment

Before proceeding to a more complex case, we briefly discuss the hypotheses to test in a case
to which a mixture trace was found and connected with a certain crime. In this we admit that there
were two donors, a victim v and a suspect s. In such a case the competing hypotheses are:
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(i) s & v (ii) s & u (iii) v & u (iv) 2u

with u an unknown individual in the population. Where (i) means that the mixture is composed
with DNA of the victim and the suspect; (ii) the mixture composition is formed with DNA of the
suspect and an unknown individual; (iii) the mixture is composed with DNA of the victim and an
unknown individual; and (iv) the mixture is formed with DNA of two unknown individuals.

Assuming Hardy-Weinberg equilibrium, independence between markers, and given the allele
frequencies we can determine algebraically the values of the likelihood ratio for each hypothesis, Weir
et al. (1997). That can be more or less heavy depending on the mixture observed and the known
individual genotype’s involved. In court the hypotheses in dispute are the prosecution hypothesis,
stating that the mixture is composed with genetic material from the victim and the suspect {v, s}
versus the defence hypothesis arguing that the mixture results of biological material from the victim
and an unknown person {v, U}. With the likelihood ratio for each of the four hypotheses one may
want to compare s & v vs v & U , or s & v vs 2U , or even s & U vs 2U .

Let us now admit the following set of data:

Table 1: Mixture trace data

Marker Gv1(f) Gv2(m) Gs2 Ec(mixture)

FES A, C C, C B, B A, B, C
FGA B, E B, C A, C A, B, C, E

An excerpt of a criminal case with two victims (v1, v2) and a suspect (s2). As any criminal case
the court has to answer the question P (Guilty|E)? Therefore it seems natural just want to compare
that probability with the following P (Not guilty|E). To compare the hypotheses we can determine
the ratio of these two hypotheses as follows:

P (Guilty|E)
P (Not guilty|E)

=
P (Ec|Gv1 , Gv2 , Gs2 ,HP )
P (Ec|Gv1 , Gv2 , Gs2 ,HD)

× P (HP )
P (HD)

.(1)

Supported on the data one can determine the likelihood ratio (the first term of the right side of
the equation above). Thus, the probability of the evidence given the prosecution hypothesis is one.
The probability of the evidence conditional to data and the defence hypothesis can be obtained as the
product of the last column of the table 2 below:

Table 2: Probability of the evidence given the defence hypothesis

Marker P (Ec|Gv1 , Gv2 , Gs2 ,HD)
FES p2

B + 2 · pA · pB + 2 · pB × pC

FGA p2
A + 2 · pA · pB + 2 · pA · pC + 2 · pA · pE

With these values one can compare the hypotheses. But, in such a case it is reasonable to
be interested in a comparison of a more large set of hypotheses viewing the possible origin of the
mixture - a source level proposition according to Cook et al. (1998). One of the complexities in the
interpretation and evaluation of a mixture trace is to assign the number of total contributors. The
different number of alleles present in the mixture suggest a minimum for that number but says nothing
about a maximum to consider. For this Lauritzen and Mortera (2002) gave a useful low upper bound
to the number of contributors to consider, and it can give some clues.
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In a case like the one mentioned, in which it was thought that three persons were involved, the set
of hypotheses to test may admit up to three unknown individuals to consider. Therefore considering
up to six contributors in the mixture. Consequently, the set of hypotheses to test will have a total
of 32 states. A mixture with three contributors has eight hypotheses to test. In this case we have
to consider those eight states for the known individuals plus those eight states combined with one,
two and three unknowns (see table 3). Naturally to determine the expression and the value for each
hypothesis becomes a difficult and slow task, making it difficult to proceed with the analysis. In court
or during the investigation process of a real case it is extremely important to define, in reasonable
time, the weight of each hypothesis in evaluation.

Table 3: Set of 32 hypotheses to test

0) ∅ 8) u 16) 2u 24) 3u

1) v1 9) v1, u 17) v1, 2u 25) v1, 3u

2) v2 10) v2, u 18) v2, 2u 26) v2, 3u

3) v1, v2 11) v1, v2, u 19) v1, v2, 2u 27) v1, v2, 3u

4) s2 12) s2, u 20) s2, 2u 28) s2, 3u

5) s2, v1 13) s2, v1, u 21) s2, v1, 2u 29) s2, v1, 3u

6) s2, v2 14) s2, v2, u 22) s2, v2, 2u 30) s2, v2, 3u

7) s2, v1, v2 15) s2, v1, v2, u 23) s2, v1, v2, 2u 31) s2, v1, v2, 3u

2.2 Using Bayesian networks

The complex identification problems raised in the forensic area encourage the interest for the de-
velopment of inference mechanisms that allow the search and attainment of answers for this problems.
The use of Bayesian networks to analyse DNA mixture profiles in criminal cases had its beginning with
the works of Mortera (2003) and Mortera et al. (2003). Since then a more common discussion and the
computational improvements achieved within the softwares grant a good support to the authorities,
whether they are the courts or the polices.

In the previous section the 32 hypothesis advanced intend to cover different assumptions, starting
with the involvement of the three nominated individuals till the involvement of three unknown persons.
As it was highlighted the problems appear when it is needed to determine the expression and the
correspondent value of each hypothesis. For the case in discussion Andrade and Ferreira (2007) have
performed the analysis with object-oriented Bayesian networks (OOBN), there considering a total of
five markers. After having the networks built, supported with a software program, and the insertion
of the evidence (data) the results were obtained in a simple a quick way. An example of the results is
given in table 4, referring the values of each hypothesis for marker FGA.

As it can be observed some values are null. This happens when the hypothesis is not consistent
with the minimum number of individuals necessary to generate the mixture inserted. Obviously some
hypotheses present a larger value for the likelihood ratio than others. That is one of the discussions
in the next section.

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 3099 -



Table 4: Results for marker FGA and the given data

state FGA state FGA state FGA state FGA
0) 0.0000 8) 0.0000 16) 0.0006 24) 0.0004
1) 0.0000 9) 0.0083 17) 0.0052 25) 0.0015
2) 0.0000 10) 0.0017 18) 0.0015 26) 0.0006
3) 0.0000 11) 0.0207 19) 0.0067 27) 0.0016
4) 0.0000 12) 0.0042 20) 0.0029 28) 0.0009
5) 0.3768 13) 0.0714 21) 0.0135 29) 0.0026
6) 0.0000 14) 0.0101 22) 0.0036 30) 0.0009
7) 0.3768 15) 0.0714 23) 0.0135 31) 0.0026

3 Discussion

The analysis of mixture traces and the evaluation of important hypotheses connected in criminal
context present obviously difficulties. The algebraic treatment becomes more complex as it is admitted
one more person in a mixture. If we want to question a bigger number of contributors the complexities
increase largely. An important resource to deal with these problems is the mentioned.

In a criminal case of forensic identification, before its evaluation in court, usually it is necessary
to test and compare a certain number of hypotheses connected with the inherent conjectures. At an
earlier period the policies during the investigation processes have to define the reasonable scenarios
and to determine the important ones that will be evaluated by the courts. And even in court beyond
the main comparison some others may be important. Whatever the circumstances are, to perform
those comparisons as quick and efficiently as possible is an exigency of all the parts involved in the
judicial area. The results of table 4 give an illustration of what can be tested and that some conjectures
should not be left to appreciate. For example, some of the hypotheses in which it is considered the
presence of an unknown person are not to be depreciated.

Also worth to be mentioned is the modularity and flexibility of OOBN, which allow its possible
use in cases with similar details and the extension to more complex cases. The different modules or
instances can be reused to analyse different problems. In the new problem one can define the necessary
new objects and combine them with the already defined, and deal with the singularity of each case.
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1 Introduction

In this paper, we are mainly interested in the estimation of the total claim amount up to time t,

S (t) =
N(t)∑

j=1

Yj ,

where N (t) is the number of claims up to time t and Y1, Y2, ... are the claim sizes, with the usual
convention that S (t) = 0 if N (t) = 0. It is assumed that N (t) is a renewal process such that the
inter-arrival times between successive claims are independent and identically distributed (i.i.d.) and
the claim sizes, Y1, Y2, . . . are also i.i.d. random variables which are independent of the claim arrival
process.

The selection of appropriate models for the claim arrival process and the claim size distribution
is essential in the estimation of the distributions of the total claim count, N(t), and the total claim
amount, S(t). In classical risk theory, it is very common to assume a homogeneous Poisson process
for the claim arrival process since this assumption simplifies the derivation of the total claim amount
distribution. Also, a gamma distribution model is frequently assumed to describe the usual right
skewed shape of the claim size distributions. However, the exponential or gamma distributions are
not always realistic models in practice as they cannot capture multimodality, heavy-tails or extreme
events which are usually exhibited in insurance data. Alternatively, in this paper, we propose a
renewal model where both inter-arrival claims and claim sizes follow Coxian distributions. The class
of Coxian distributions is dense in the set of positive distributions and then, any positive density
can be arbitrarily closely approximated by a Coxian distribution. Moreover, the Coxian model is a
phase-type distribution, which essentially means that the distribution can be decomposed in a number
of exponential stages and then, closed expressions concerning quantities of interest, such as the total
claim amount, can be obtained.

In practice, the distributions and parameter values describing the behaviour of claims are un-
known and an insurance company only have past information about the frequency and amount of
losses. Assume for example that the company have collected data during a past time period, ([0, T ],
observing a sequence of claims at times 0 = t0 ≤ t1 ≤ t2 ≤ . . . ≤ tn ≤ T . Letting τj = tj − tj−1, for
j = 1, ..., n, we obtain a data sample of n inter-ocurrence times, Dτ = {τ1, ..., τn}, which have been
assumed to be i.i.d. On the other hand, suppose that the company have observed a sample of n claim
sizes which have also been assumed to be i.i.d. and independent of the inter-ocurrence time data. Note
that insurance claim size data present frequently left-censoring as some claim sizes are only known to
be smaller than certain values, e.g. the deductibles, and their precise values are not registered by the
insurance company as it is not in charge of their payment. Then, assume that we have a data sample
of left-censored claim sizes, DY = {(X1, δ1), . . . , (Xn, δn)} , with Xj = max(Yj , Cj), where Yj is the
value of the j-th claim size, Cj is the censoring variable and δj is the censoring indicator variable such
that δj = I (Yj ≥ Cj). Thus, given the observed claim inter-arrivals and claim sizes, {Dτ , DY }, which
have been collected during a past time period, the insurance company is mainly interested in the total
number of claims and the total claim amount in future time periods.
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In classical actuarial methods, model and parameter uncertainty is frequently ignored when
making predictions for future time periods. For example, the total claim amount distribution is
usually estimated based on fitted distributions for the inter-claim times and claim sizes distributions
without considering the parameter uncertainty. Alternatively, several statistical approaches can be
adopted to measure the uncertainty in the estimation of unobserved future variables. In particular,
the Bayesian methodology provides a natural way to calculate predictive distributions which are much
more informative than simple density point estimates, see e.g. Dickson et al. (1998). Given past claim
data, Bayesian future predictions are based on the posterior predictive densities of the total claim
count and the total claim amount. Predictive distributions incorporate both the uncertainty due to
the stochastic nature of the model and the parameter uncertainty, see e.g. Cairns (2000). Finally, using
Bayesian prediction, we can also obtain credible intervals for the main characteristics of the total claim
count and the total claim amount, such as the mean, median, standard deviation, quantiles, etc.

In this paper, we adopt a Bayesian approach for the estimation of predictive distributions of the
total claim count and total claim amount in a future time period. Firstly, we carry out Bayesian density
estimation based on Coxian distributions for the random variables representing the inter-ocurrence
times between claims and the claim sizes. A non-informative prior density is defined for the Coxian
parameters in order to develop objective Bayesian inference. Our approach also includes the possibility
of censored claim sizes. Given the estimated inter-arrival time and claim size distribution, we obtain
estimations of the predictive distributions for the total number of claims and aggregate losses in a
future time period. Furthermore, we explore the same problem under the presence of deductibles and
policy limits.

2 The Coxian model

We assume that each inter-ocurrence time, τ , between two consecutive claims follows a Coxian
distribution model with parameters θτ = {L,P, λ}, where P = (P1, ..., PL) and λ = (λ1, ..., λL) , whose
density is given by,

f(τ | θτ ) =
L∑

i=1

Pi

i∑

t=1




i∏

s=1,s6=t

λs

λs − λt


 λt exp{−λtτ}, τ > 0.

We also assume that the claim size random variable, Y, follows a Coxian distribution model with
parameters θY = {M,Q, µ}, where Q = (Q1, ..., QL) and µ = (µ1, ..., µL) , as described above.

The Coxian distribution model is very flexible and appropriate to capture the special features
frequently observed in insurance claim sizes such as long tails, multimodality and extreme events.
In fact, due to the denseness property of the Coxian distributions, it is possible to approximate any
continuous density function over the positive real line by increasing the number of mixture components,
L. Note that the Coxian model is a mixture of generalized Erlang distributions and then, it contains
the exponential, Erlang and exponential mixture distributions, as special cases.

3 Bayesian estimation of the claim interarrival and claim size distributions

Given a sample of n inter-occurrence times between claims, Dτ = {τ1, ..., τn}, following a Coxian
distribution with parameters, θτ = (L,P, λ), we wish to develop Bayesian inference and estimate the
density of τ given the observed data, Dτ . We define a suitable prior distribution for θτ and describe an
MCMC algorithm that can be used to sample from the posterior distribution. In order to facilitate the
derivation of a noninformative prior distribution and a straightforward implementation of the MCMC
algorithm, we reparametrize the rates, λ, using λi = λ1υ2 . . . υi, where 0 < υs ≤ 1, for i, s = 2, . . . , L.
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We define the following non-informative prior distribution for the Coxian model parameters,

L ∼ Uniform (0, 20) , P ∼ Dirichlet (1, ..., 1) , π(λ1) ∝ 1
λ1

, υi ∼ Uniform(0, 1),

for i = 1, . . . , L. This prior choice allows for the approximation of long-tailed distribution because no
strong assumptions are imposed on the size of the first mixture rate, λ1, and then, the mean of the
remaining mixture components can take values as large or as small as required. Although the joint
prior distribution is improper, it can be shown that it leads to a proper posterior distribution.

We construct an MCMC algorithm in order to obtain a sample from the posterior distribution
of θτ = (L,P, λ1, υ). This can be carried out by cycling repeatedly through draws of each parameter
conditional on the remaining parameters. The derivation of conditional posteriors is facilitated using
indicator variables which inform to which component belongs each observation. We use Metropolis-
Hastings steps for those parameters whose conditional posteriors can not be easily sampled. We also
make use of the reversible jump MCMC methods, see Richardson and Green (1997), to sample from
the conditional posterior of the number of components in the mixture.

A similar MCMC algorithm is used to estimate the claim size distribution, although including
the possibility of left-censored data. Censoring can be easily incorporated in the MCMC algorithm by
using a set of missing data which is updated in each iteration. The censored observations are completed
by sampling from a Coxian distribution with the current parameters truncated on the censored region.

4 Estimation of the claim count and claim amount distribution

We are interested in the estimation of the total claim count, N(t), and the total claim amount,
S(t), in a future time period given past data = {Dτ , DY } on claim inter-arrivals and claim sizes. It
can be shown that the Laplace transform of N(t) is given by,

∫ ∞

0
e−st Pr (N (t) ≤ m | θτ ) dt =

1
s


1−

[
L∑

i=1

Pi

i∏

t=1

(
λt

λt + s

)]m+1

 .

Then, given t, this Laplace transform can be numerically inverted for m = 0, 1, 2, ... to obtain the
probability Pr(N (t) ≤ m | θτ

(k)) for each value of the Coxian parameters θτ
(k) in the MCMC sample.

Then, we can use the sample mean of these probabilities to approximate the predictive probabilities,
Pr(N (t) ≤ m | Dτ ).

It can also be shown that the Laplace transform of the distribution function of S(t) is given by,

∫ ∞

0
e−sx Pr (S (t) ≤ x | θτ , θY ) dx =

1
s

∞∑

m=0

[
M∑

i=1

Qi

i∏

t=1

(
µt

µt + s

)]m

Pr (N (t) = m) .

Thus, given t and the probability distribution of N (t) obtained previously, this Laplace transform can
be numerically inverted in order to obtain the probability Pr(S (t) ≤ x | θ

(k)
τ , θ

(k)
Y ) for each MCMC

iteration and approximate the predictive probabilities, Pr(S (t) ≤ x | Dτ , DY ).

5 Estimation under deductibles and maximum limits

We consider the estimation of the total claim amount distribution when claims are subject to
deductibles and limits. This is a more realistic situation in practice since most insurance contracts
contain this kind of clauses. In these cases, the insurer will not pay those losses which are smaller
than a previously fixed amount, which is called the deductible, and this amount will be deducted from
all payments. Further, a maximum amount, called the limit, is also predetermined in the policy such
that the insurer will not pay more than this limit amount minus the deductible. Then, for each claim
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size, Y , we have the following layer representing the loss from an excess-of-loss cover,

Ỹ =





0, if 0 < Y < a,

Y − a, if a ≤ Y < b,

b− a, if b ≤ Y ≤ ∞,

where a is the deductible, also called the attachment point, and b is the limit, see e.g. Klugman et al.
(2004). Thus, the interest is now focussed on the estimation of the following aggregate claim amount,

S̃ (t) =
N(t)∑
j=1

Ỹj .

A Bayesian estimation of the distribution of S̃(t) can be obtained using a similar approach to the
described in the previous section based on the Laplace transform of S̃(t) given the parameters, which
can be obtained analytically.

6 Application to real data

We illustrate our methodology with a real data set provided by the insurance department of an
international company. A large data base was collected containing the dates and amounts of claims
in different sectors of activity in the company, such as commerce, transportation, public liability, etc.
Claim sizes presented left-censoring because those values smaller than previously fixed deductibles
were not recorded by the insurer company as it was not responsible of their payment. To preserve
confidentiality, the original data have been rescaled. For example, Sector C contains 600 observations,
with 200 left-censored claim sizes. The company is interested in making predictions for a future
time period of 200 units of time. The figure illustrates the Bayesian estimation of the cumulative
distribution function of S (200), that will be paid in sector C in the next 200 units of time.

Estimated distribution function of the total claim amount.
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Introduction

In this paper we analyze data on female annual catches of the deep-water shark, Portuguese
dogfish (Centroscymnus coelolepis) at Portuguese continental ports, from 1989 to 2006. It is an
important commercial shark for most of the European deep-water fisheries, which is considered highly
vulnerable to exploitation and so strategies for its protection are needed.

Using, as in Thomas et al. (2005), a state-space model that divides the system dynamics into
two processes running in parallel - an unobserved state process, which describes the female shark’s
population abundance, and an observational model that makes the connection between the unknown
states and the collected data on catch, supposedly made with a constant fishing effort by the Portuguese
fishing fleet, we try to estimate the population states and the evolution of some vital parameters of
the species.

The state population and the observational processes are respectively presented in the second
and third sections, where the sequential importance sampling method used to do the estimations is
also briefly described. Finally we present the results and some comments.

Modelling female shark Portuguese Dogfish population through a state-space model

Let the state of the population at each successive time steps, {nt, t = 0, 1, . . . , T}, be described
by unobserved vectors denoting the annual female shark’s population abundance in January of year
t. The state vectors are constituted by four components, two of those representing the female sharks
that have survived to fishing, further subdivided into two length classes - juveniles and adults, denoted
respectively by nj,t(F ) and na,t(F ), and the other two components representing the number of female
sharks fished in year t also subdivided into the same length classes, denoted by nj,t(F ) and na,t(F ),
respectively, i.e., the transposed state vector is n′t =

(
nj,t(F ) na,t(F ) nj,t(F ) na,t(F )

)
.

We choose the population state process to be a stochastic one, based on the following determin-
istic general process, nt = P nt−1, where P is a Lefkovitch projection matrix, since the population is
divided into two developmental stages: juveniles (length< 105cm) and adults (length≥ 105cm).

The complexity of the population dynamics is better captured and modelled by further subdi-
viding the population state process into subprocesses that consecutively succeed in time, each of which
only depending on the subprocess immediately before. Each subprocess corresponds to a matrix so
that the general projection matrix is given by the product of these matrices.

Here we assume that the subprocesses happen during consecutive time periods with the same
order each year, corresponding to the following matrices: S, survival to natural death, C, population
class transition, B, birth, and F , survival to death due to fishing. This results into: nt = FBCS nt−1.

The corresponding stochastic formulation is done in terms of conditional expected values of
the state process that we assume to be a first order Markov process: E[nt|nt−1] = P nt−1, where
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now P describes the long term average effect of a set of stochastic processes. Using the subprocesses
formulation: E[nt|nt−1] = FBCS nt−1.

Because of the Markov hypothesis, the process is completely defined if we know the state process
distribution at a certain time t conditionally on the process at the previous time point: nt

d= Ht[nt−1],
which can be further decomposed according to the various subprocesses distributions as:

uS
t

d= HS
t [nt−1] uC

t
d= HC

t [uS
t ] uB

t
d= HB

t [uC
t ] nt = uF

t
d= HF

t [uB
t ]

where, for each time t, uS
t represents a realization of the state vector after the subprocess of survival

to death due to natural causes, uC
t represents a realization after the subprocess of class transition, uB

t

after the subprocess of breeding and uF
t = nt after the subprocess of survival to fishing.

Note that the last subprocess, from now on designated by fishing, only divides the population
into those sharks that have survived fishing and those that were removed because they were fished:

uB
t =

(
uB

j,t

uB
a,t

)
→ uF

t = nt =
(
nj,t(F ) na,t(F ) nj,t(F ) na,t(F )

)′
.

In this study, we assumed that the parameters of the distribution functions defining the subpro-
cesses remain constant over time and also that all the individuals act identically and independently.

The probability of surviving natural death is given by φSja = e−Sja , both for juveniles and adults,
(Sja represents the mortality rate by natural causes and the usual exponential model for individual
time life is assumed). So, we have

uS
t ∼ HS

t (nt) :

(
uS

j,t ∼ Bi
(
nj,t(F ), φSja

)

uS
a,t ∼ Bi

(
na,t(F ), φSja

)
)

.

For the subprocess of class transitions, Cj represents the probability of a juvenile remaining a
juvenile and so the distribution of the number of juveniles that remain in the same class is binomial.
The class of adults is now formed by those adults that did not die from natural causes plus the juveniles
that have become adults

uC
t ∼ HC

t (uS
t ) :

(
uC

j,t ∼ Bi
(
uS

j,t, Cj

)

uC
a,t = uS

a,t +
(
uS

j,t − uC
j,t

)
)

.

The following subprocess to be defined is the birth subprocess. For each female shark we choose a
binomial distribution with parameters equal to (8, pB) for the number of newly born females offsprings.
Consequently,

uB
t ∼ HB

t (uC
t ) :

(
uB

j,t = uC
j,t + X[uC

a,t], with X[uC
a,t] ∼ Bi

(
8uC

a,t, pB

)

uB
a,t = uC

a,t

)
.

Finally, for the fishing subprocess we assume that φ, the probability of a shark being fished,
is the same for juveniles and for adults(φ = exp(−F ), where F is the shark mortality rate due to
fishery). So, the distribution of the number of survivors to fishing is binomial,

nt = uF
t ∼ HF

t (uB
t ) :




nj,t(F ) ∼ Bi(uB
j,t, φ)

na,t(F ) ∼ Bi(uB
a,t, φ)

nj,t(F ) = uB
j,t − nj,t(F )

na,t(F ) = uB
a,t − na,t(F )


 .

Observation process and model fitting

The observational data on the population is a stochastic function of the unknown states and a
complete realization of this process is usually denoted by {yt, t = 0, 1, . . . , T}. In this case, the total of
fished sharks at year t, is assumed to be caught at a time period that occurs after all the subprocesses
took place, and is supposed to be observed with an error. We then assume that the observations
are estimates of the total catch per year and follow a normal distribution with conditional mean
E[yt|nt] = nj,t(F ) + na,t(F ) and standard deviation proportional to the mean

yt ∼ N
(
nj,t(F ) + na,t(F ), ψ2(nj,t(F ) + na,t(F ))2

)
.
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The corresponding state-space model representing the parallel evolution of the state and obser-
vational processes can be described by the following set of probability density functions,

g0(n0; Θ), gt(nt|nt−1; Θ); ft(yt|nt; Θ),

with parameters Θ = (φSja , Cj , pb, φ, ψ) and

gt(nt|nt−1; Θ) =
∫

uB
t

∫

uC
t

∫

uS
t

gS(uS
t |nt−1; Θ) gC(uC

t |uS
t ; Θ)gB(uB

t |uC
t ; Θ)gF (nt|uB

t ; Θ) duS
t duT

t duB
t .

Although we are mainly interested in estimating the female sharks abundance, i.e. the population
state space, given the observations, it is also important to estimate the model parameters given the
data.

In the setting just defined, the referred estimation is done via the Bayesian paradigm, implying
non-trivial integration of several probability density functions, which can be accomplished through
Monte Carlo methods or sequential importance sampling methods. We have chosen to use the latter
here.

Briefly, we have to start by defining a joint prior distribution for the parameters and for the
population states, from which we simulate a large number of points. We then use the population state
process to project these points into the first time period and estimate the posterior distribution of
the states and parameters, at that time, by using the observation process distribution to calculate
likelihood weights that are used to do resampling of the points (so to ”correct them”). This procedure
is iterated for the following time points.

In order to obviate some of the problems inherent to this procedure, namely the more frequent
choice of points with larger weights, some corrections can be done, as for example Kernel smoothing
of parameter vectors at each time step - see Liu and West (2001).

Results and Discussion

In order to do the estimation we have chosen as parameters priors the ones described in Table 1.
For ψ we have chosen a gamma distribution and for parameters that are probabilities we have chosen
Beta priors with mean values and standard deviation in accordance to previous studies of this species
(Figueiredo et al., 2001).

Table 1. Prior distributions for the model parameters.

Parameter Prior Distribution Mean Standard Deviation

Sja Beta((25,4.4)) 0.85 0.06

Cj Beta(90,16.67) 0.844 0.03

pB Beta(2,31.33) 0.66 0.04

φ Beta(10,48.82) 0.17 0.05

ψ Gamma(4,0.025) 0.10 0.05

For the initial state vector, we have used the number of fished sharks in 1989 in order to estimate
it, as well as the prior distribution of φ, the probability of a shark being fished. We have additionally
used previous information on the proportion of juveniles and adults in the population (Figueiredo et
al., 2001).

In Figure 1. it is possible to see, on the left, the four estimated components of the population
states vectors and, on the right, the estimated fished population - posterior medians (solid lines) and
95% envelopes (dashed lines). Note the similarity between the curves shape of the fished (bottom)
and non-fished (top) population estimates, both for juveniles (left) and adults (right) and the lack of
fit between the estimates and the observations (isolated points) for the fished population. In fact, at
least from 95 on, the model seems to respond stronger than it should to an increase in data values
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and slower than it should to a data value decline, causing a delay for the fished population estimates
to catch up data. Note also, that the 2000 strong level shift in data reflects itself almost completely
on the juvenile population, leaving the adult population practically unchanged over time.

Figure 1. Estimated components of the population state vectors (left). Estimates and data on fished population (right).
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In figure 2, the estimated posterior densities of the parameters as well as their posterior estimated
medians and interquartile distances are shown. Note that posterior distributions largely vary from
the corresponding priors, which, jointly with the poor fitting, indicate that new priors and alternative
models should be tested.

Figure 2. Posterior estimated densities, medians and interquartile distances for the parameters.
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ABSTRACT

The unbounded symmetric square-error loss SE is one of the most popular loss functions in statistics.
It is widely employed in decision theory, but its application is motivated by its nice mathematical
properties, not by its applicability to representing a true loss structure. The nature of many decision
problems requires the use of asymmetric loss functions. Further, practical arguments suggest that
a bounded loss function is more useful than unbounded ones (is not possible to lose more than we
possess). A wide variety of loss functions has been developed in the literature: the symmetric bounded
RN [3], the asymmetric, unbounded LINEX loss [4], the asymmetric bounded BLINEX loss [5]. The
fact that in the case of SE and RN loss the Bayes estimator is of the same form and is equal to the
expected value of the posterior distribution, is interesting. We considered a symmetric bounded loss
functions which is the monotone function of SE. There is shown, how the structure of the loss function
influences the form of the Bayes estimator [2]. Moreover, we introduce new bounded asymmetric loss
ABL. The results of estimations for ABL are the same like those for SE [1].

Keywords. Decision theory, robust Bayesian estimation, class of losses, class of priors.
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1. INTRODUCTION AND NOTATION

Capture-recapture methods based on photo-id data are widely used for estimating abundance

of marine mammals and other hard to tag species. Instead of artificially tagging the captured indi-

viduals, the natural and acquired marks of the photographed ones are used to build a matrix of their

capture histories. Animals whose extent of marks does not allow reidentification are called unmarked.

Those individuals are uncatchable in the sense that they cannot be recognized. That violates a basic

assumption of most capture-recapture models which requires that every animal in the population be

uniquely identifiable.

A solution for the problem of estimating animal abundance in the presence of uncatchable

individuals has been first attempted by Seber (1), p. 72. Working with bottlenosed dolphin photo-id

data, Williams et al. (2) used Seber’s approach for obtaining an abundance estimate of that population.

da Silva et al. (3) developed frequentist models allowing for heterogeneity in capture probabilities.

The Bayesian estimation of the population size, N , of a demographically closed population

often depends upon the estimation of nuisance parameters such as capture probabilities at different

occasions. Noninformative beta priors are usually assigned to those nuisance parameters in order

to describe their posterior distributions. Using bowhead whale simulated data, da-Silva et al. (4)

observed that some choices of noninformative beta priors may cause substancial biases in the estimated

values of N . One approach to deal with this problem is to estimate the hyperparameters of the

prior beta distributions using an empirical Bayes analysis. In this paper we present an empirical

Bayes capture-recapture Bayesian analysis for estimating the size of an animal population including

uncatchable individuals. We consider a Gibbs sampling algorithm in order to obtain Monte Carlo

estimates of the posterior distribution of N using both noninformative and empirical Bayes defined

priors for the nuisance parameters. We compare the inferences about N obtained with those methods

with the ones obtained by da-Silva et al (4). Due to lack of space we could not present results based

on simulated data.

The photo-id data available for capture-recapture estimation of animal abundance consists of the

capture histories of the naturally marked individuals and some summary statistics related to the photos

of the individuals taken over the sampling occasions. In order to avoid biases caused by reidentification

errors, only good quality photos are used in the analysis. However, only individuals who possess an

acceptable extent of natural marks integrate what we call the population of the “marked individuals”.

A capture means that a good quality photo of a whale was taken and, if a whale presents a non

negligible extent of natural marks, it is considered marked. We now introduce some notation.

• Nu : the total number of unmarked whales in the population.

• Nm : the total number of marked whales in the population.

• N = Nm + Nu : the total number of whales.
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• Xm
j : the number of good photos of marked whales at occasion j, j = 1, . . . , t, where good photos

are those for which the identification of the whales are possible.

• Xu
j : the number of good photos of unmarked whales at occasion j.

• The total number of good photos at occasion j: Xj = Xm
j + Xu

j .

• nj : the total number of marked whales captured at time j.

• r : the number of different marked whales captured over the experiment.

• ω: any subset of {1, . . . , t}.

• uω: the number of marked whales with history ω. We have that nj =
∑

ω⊃{j} uω and r =
∑

ω uω.

• p = (p1, . . . , pt) where pj is the capture probability at time j.

2. A LIKELIHOOD BASED ON GOOD PHOTOS

In da-Silva et al. (4), the relationship between Nm and Nu due to N = Nm +Nu was expressed

in terms of

∆ = log (Nu/Nm) , (2.1)

which represents the log of the unknown fraction of the population sizes of uncatchable to catchable

individuals in the population. Therefore the estimated size of the whole population is given by

N̂ = N̂m(1+exp(∆̂)). The parameters Nm and ∆ were estimated using a Bayesian procedure involving

a conditional likelihood based on good photos which related a combination of Darroch’s model (5)

and a binomial model as follows,

L(∆, p,Nm) = Pr
(

{uω} | {Xm
j }, p,Nm

)

Pr
(

{Xm
j } | {Xj},∆

)

∝
Nm!

(Nm − r)!

t
∏

j=1

p
nj

j (1 − pj)
Nm−nj ×

[

1

1 + e∆

]

t
∑

j=1

Xm
j
[

e∆

1 + e∆

]

t
∑

j=1

Xu
j

.(2.2)

In expression (2.2), Darroch’s model accounts for the marked (catchable) part of the population,

while the binomial term incorporates, through the number of good photos of unmarked (uncatchable)

individuals, the information about the uncatchable part of the population.

3 GIBBS SAMPLING FOR ESTIMATING N

Since N is expressed as a function of ∆ and Nm, its full conditional posterior distribution is

estimated through the estimated values of those quantities. Expression (2.2) can be rewritten in

terms of φ = 1
1+e∆ . Such reparametrization allows to describe an easy to sample full conditional

posterior distribution for φ. Since ∆ = log
(

1−φ
φ

)

, for each updated value of φ we can get the corre-

sponding updated value of ∆. The Gibbs procedure for generating samples from the joint posterior

distribution of θ = (Nm, {pi}, φ) consists on drawing the θ values through the following sequence of

draws:

φ | {Xm
j }, {Xj} ∼ Beta





t
∑

j=1

Xm
j + c;

t
∑

j=1

Xj − Xm
j + d



 ; (3.1.1)

Nm − r | p, {Xm
j }, {Xj} ∼ Neg-Bin



r, 1 −
t
∏

j=1

(1 − pj)



 ; (3.1.2)

pj | Nm, {Xm
j }, {Xj}, nj ∼ Beta (nj + a,Nm − nj + b) . (3.1.3)

The values a, b, c and d are hyperparameters that will be either fixed in order to define noniformative

priors for the {pi} and φ, or estimated using the Bayes empirical approach discussed next.
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4. EMPIRICAL BAYES APPROACH

In da-Silva et al. (4), the noninformative priors for the capture probabilities beta(0, 0),

beta(0.5, 0.5), and beta(1, 1) were considered in a simulation study aiming to access the sensitivity of

the inferences for N to the choices of the beta hyperparameters (α, β). For inferences about N , the

authors concluded that beta prior (0,0) causes positive bias while beta prior (1,1) causes negative bias.

Vague beta prior (0.5, 0.5) seemed to be the best choice for the bowhead whale data. Inferences for

N can possibly be improved with better choices of (α, β).

Consider a population with N∗ individuals and a model where capture probabilities vary only

due temporal effects. Again, for the Bowhead whales, let N∗ = Nm. Also, let pj be the capture

probability at sampling occasion j for individual i, i = 1, . . . ,N∗ and j = 1, . . . , t, and let nj be the

sample size at sampling occasion j; nj | N∗, pj, α, β ∼ binomial(N∗, pj); pj | α, β ∼ beta(α, β); and

π(N∗) = 1
N∗

, N∗ = 1, 2, . . . In order to find a distribution for nj given α and β only, i.e., P (nj | α, β),

we integrate P (nj , pj,N∗ | α, β) with respect to pj and N∗:

P (nj |α, β) =

∫ ∫ 1

0
P (nj | N∗, pj, α, β)P (N∗ | pj, α, β)P (pj | α, β)dpj dN∗

=
1

nj

∫

Γ(α + β)

Γ(α)Γ(β)
Γ(α + nj)

(

nj + (N∗ − nj) − 1

nj − 1

)

×
Γ(β + (N∗ − nj))

Γ(α + β + (N∗ − nj) + nj)
d(N∗ − nj). (4.2.1)

In expression (4.2.1) the integrand represents a negative beta-binomial distribution with parameters

α, β and nj for variable N∗ − nj (See Bernardo and Smith (6), p. 118). Therefore,

P (nj | α, β) =
1

nj

, nj = 1, 2, . . . (4.2.2)

However, P (nj | α, β) does not depend on α and β. Therefore, we considered instead an iterative

procedure to estimate α and β that we describe below. Let Ψ = (N∗, α, β) and L(Ψ), the likelihood

associated to Ψ. Also consider that the n′
js are iid and N∗ fixed so that

L(Ψ) =
t
∏

j=1

P (nj |N∗, α, β)=
t
∏

j=1

∫ 1

0
p(nj , pj|N∗, α, β) dpj

=
t
∏

j=1

(

N∗

nj

)

B(nj + α,N∗ − nj + β)

B(α, β)
. (4.2.3)

Iterative approach to estimate α and β:

1. Initially consider α(o) = a and β(o) = b, where a and b are the parameters of a noninformative

beta prior;

2. Using α(k−1) and β(k−1) and the Gibbs sampling obtain N̂∗
(k)

, for the estimated value of N∗;

3. Replace N̂∗
(k)

in equation (4.2.3) and obtain the maximum likelihood estimates α̂(k), and β̂(k);

4. For k = 1, . . . return to step 2 until convergence of α and β.

5. ANALYSIS USING REAL BOWHEAD WHALE DATA

The actual data for the bowhead whale consists of capture histories for four sampling occasions.

Of the 1,677 records in the data set, only 229 belong to marked individuals and, of those, only 16 were

captured more than once. That gives an idea of how sparse the bowhead whale data are. For more

details about the real bowhead data see da Silva et al. (3). The result of the application of the methods
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discussed in the previous sections are summarized in Table 1. For convenience, the inferences for N

obtained by da-Silva et al. (4) were also restated. As we can observe from Table 1, there exist a good

agreement among the estimated values of N obtained using the two MCMC sampling methods (Gibbs

and ARS) for various choices of noninformative beta priors for the capture probabilities. da-Silva

et al. (4) estimated that the fraction Nu/N of unmarked individuals in the population was around

0.815. Based on analyses using simulated data, the best choice for the hyperparameters α and β for

populations including a large number of unmarked individuals is obtained when using the empirical

Bayes approach.

6. DISCUSSION

The performance of the proposed methods were evaluated through a simulation study (not

shown here) involving bowhead whale data generated under five different scenarios (the same used

by da-Silva et al.(4)). An empirical Bayes analysis is proposed as an attempt to diminish the biases

in the inferences for N caused by sensitivity to the prior especifications of the capture probabilities.

The conclusions are: (1) the ARS (Gilks and Wild, (7)) and Gibbs sampling yielded very similar

inferences for N . Therefore, considering the computational difficulties involved in the implementation

of the discussed methods for estimating N , the Gibbs sampling is a good alternative since it is very

easy to implement. (2) The use of the empirical Bayes approach proposed in Section 4 yields either

smaller or comparable biases for the estimated values of N compared to the biases observed using the

beta(0.5,0.5) prior. When the population includes a very large number of uncatchable individuals,

inferences for N obtained using the empirical Bayes approach are definitely superior to those obtained

using any of the noninformative beta priors.

Table 1. Inferences for N based on actual bowhead whale data - ARS estimates restated

from da-Silva et al. (4)

Parameters Credible

Method a b c d N̂ intervals (95%)

0.0 0.0 - - 7,109 (4,746; 11,138)

ARS 0.5 0.5 - - 6,389 (4,466; 9,704)

1.0 1.0 - - 5,935 (3,978; 8,311)

0.0 0.0 0.0 0.0 6,690 (4,360;10,200)

0.5 0.5 0.0 0.0 6,150 (3,970;9,610)

Gibbs 1.0 1.0 0.0 0.0 5,700 (3,760;8,500)

5.9 107.7 0.0 0.0 6,340 (4,544;8,595)
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ABSTRACT

Phage display is a biological process to individually display up to millions of peptides and proteins on
the surface of a small bacterial virus – a phage. The use of phage display in screening for high-affinity
ligands and their receptors has been crucial in functional genomics and proteomics. Our work was
originally motivated my collaboration with molecular biologists who have been studying molecular
targets that may be used to direct therapies to specific tissues. The long term translational goal
of our research is that if drugs can be targeted to specific tissues in the body, then dosage can be
altered to achieve the desired effect while minimizing side effects such as toxicity. Based on a count
data set collected from six organs in mice: muscle, bowel uterus, kidney, pancreas, brain, from an
innovative multi-stage phage display experiment, we propose a class of Bayesian mixture models to
cluster peptide counts into three groups that exhibit different display patterns across stages. We apply
a Bayesian false discovery rate approach to identify the peptides with the strongest affinity within the
group with an ascending pattern. A list of peptides is obtained, among which important ones with
meaningful functions are further validated by biologists. To examine the performance of the Bayesian
model, we conduct a simulation study and desirable results are obtained.

Keywords. Bayesian Mixture Models, Complex High-Dimensional Count Data, Phage Display Ex-
periments.
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1 Introduction

Since the beginning of the last century, finite mixture distributions have received attention both as
tools for modeling population heterogeneity, and as a practical way of building flexible finite-parameter
distributions. (See Marin, Mengersen and Robert (2005) for an introduction from a Bayesian perspec-
tive). One of the important remaining challenges of mixture modeling is to develop approaches that
achieve a practical compromise between flexibility and parsimony, especially for mixtures whose com-
ponent distributions are themselves characterized by multiple parameters. In this setting, one has the
option of allowing each component to have its own parameter vector, or to share across components
a subset of the vector elements. For example, in the context of normal mixtures, it is common to
assume either component-specific locations and variances, or a common variance, or a common mean.
These three choices are extremes of a richer and useful set of patterns in which one shares some of the
parameters in some of the components. Here we develop this idea formally.

2 Methods

Our approach is to allow each element of component-specific parameter vectors to be either different
or equal to that of other components. A positive probability is put on every possible combination
of equalities, whence the name combinatorial mixtures. We defined this class for any multivariate
distribution and any number of components.
A more detailed illustration is given here in the context of univariate normal mixtures with a maximum
number of three components. In this case, we allow all patterns of sharing of means and variances,
respectively, among the K∗ = 3 components. Given the following independence assumptions: w ⊥
(µ,σ2), µ ⊥ σ2, the sharing takes place through γm and γv, which are the random variables that
represent the sharing patterns for the mean and variance vectors, respectively:

γm|πm ∼ Multi(1,πm), γv|πv ∼ Multi(1,πv),
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µ1, µ2, µ3|γm, η2 ∼



N(µ1| 0, η2) if γm = 000
N(µ1| 0, η2)N(µ2| 0, η2) if γm = 110
N(µ1| 0, η2)N(µ2| 0, η2) if γm = 101
N(µ1| 0, η2)N(µ3| 0, η2) if γm = 011

N(µ1| 0, η2)N(µ2| 0, η2)N(µ3| 0, η2) if γm = 111

,

σ2
1, σ

2
2, σ

2
3|γv, c, d ∼



IG(σ2
1| c, d), if γv = 000

IG(σ2
1| c, d)IG(σ2

2| c, d) if γv = 110
IG(σ2

1| c, d)IG(σ2
2| c, d) if γv = 101

IG(σ2
1| c, d)IG(σ2

3| c, d) if γv = 011
IG(σ2

1| c, d)IG(σ2
2| c, d)IG(σ2

3| c, d) if γv = 111

,

where: N(·|µ, σ2) indicates a Normal distribution, Multi(·|N,p) a Multinomial distribution,
IG(·|α, β) an inverse-gamma distribution and all the parameters are known.
This partial sharing allows for greater generality and flexibility in comparison with traditional ap-
proaches to mixture modeling, while still allowing to assign significant mass to models that are sig-
nificantly more parsimonious than the general mixture case in which no sharing takes place. One
of the implications of our setting is that, once a maximum number of components K∗ is specified,
inference on the parameters and the number of components, say K, is subsumed by the inference
on combinatorial patterns. In our case, from the joint prior distribution of (γm, γv) one can easily
derive the corresponding prior distribution on K by listing the (γm, γv) combinations associated with
a particular number of component and summing their probabilities.
Meaningful parametric inference in mixture models requires to tackle the label switching problem,
that is the invariance of the likelihood under relabelling of the mixture components. As we are mainly
interested in clustering, we follow O’Hagan (1997) which proposed to summarize inferences by looking
at pairs of observations and counting how often they are assigned to the same mixture component.
In this way, one obtains a nearness measure that can be used descriptively or provide the basis for
clustering. We implement a graphical representation of the corresponding relative frequencies matrix,
named ”O’Hagan” matrix from now on, to visualize the clusters in the data. Compared to other pos-
sible solutions, it doesn’t impose constraints on single parameters or suitable combinations of them.
If no constraints are put on the parameters, and combinatorial mixtures are assumed as prior dis-
tributions, interesting challenges arise when making inferences on γm and γv. Apparently different
combinations of (γm, γv) end to correspond to the same mixture model template for the data. The
original twenty-five possible cases for (γm, γv) are mapped into ten different ones. Corresponding prior
(posterior) probabilities are summed up to get a more realistic picture of the assumptions (inference
procedure).
Bayesian inference for mixture models may be performed using Markov chain Monte Carlo (MCMC)
methods, generating iteratively the parameters and the missing data. Crucial aspects of our case are
that the number of components is unknown and that our priors are mixtures of mutually singular
distributions (See Gottardo and Raftery (2004)). Full conditional distributions of the variables given
all the others exist in a closed form.
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3 Results

This development was originally motivated by applications in molecular biology, where one deals
with continuous measures, such as RNA levels, or protein levels, that vary across unknown biological
subtypes. In some cases, subtypes are characterized by an increase in the level of the marker measured,
while in others they are characterized by variability in otherwise tightly controlled processes. Also,
both mechanisms can coexist.
The normal mixture model is here applied to data of molecular classification of lung cancer from the
web-based information supporting the published manuscript Gerber et al. (2001). In this context, the
main goals of a mixture model analysis are to a) estimate the number of subgroups in the sample and
b) generate hypotheses about which of the mechanisms above is likely to characterize the subgroups.
Three biologically promising genes are identified for illustration: TRIM29, MSN and ITGB5. From
visual inspection of their histograms, TRIM29 and MSN emerge as good candidates for lung cancer
classification as well. TRIM29 has a long right tail that suggests a mixture model with at least two
components. MSN has an interesting left tail too. On the other hand, ITGB5 distribution seems to
be similar to a single univariate normal distribution. We run one chain for each of them.
The estimated (γm, γv) joint posterior probabilities for one run of the chain for each gene answer point
b) and, indirectly, point a). For instance, TRIM29 chain spends 8,024 iterations out of 20,001 on either
(111, 110) or (111, 101) or (111, 001). The corresponding mixture model has three components, with
three different means and three variances, two of which are the same. The second most probable pair
is (111, 111), which represents a three components mixture with both different means and different
variances. The third most probable combination, either (110, 110) or (101, 101) or (011, 011) cases,
implies a mixture model with two components, one of which comes from sharing of both means and
variances between two components. A posteriori a mixture model with either two or three components
with different means and variances seems suitable for TRIM29. Similar tables for MSN and ITGB5
allow to identify the mechanisms that are likely to characterize the subgroups for those genes.
The ”O’Hagan” matrix represents a more direct answer to point a). Relative frequencies of occurence
of two being in the same group are plotted in a black-to-white color scale and sorted according to
a non-descreasing ordering of the raw data. Dark and light blocks, with proportions similar to the
estimated weights of the mixture, identify different groups of observations. From visual inspection,
one can conclude that TRIM29 identifies three groups, MSN identifies two groups, while no groups
are evident for ITGB5.
Estimated posterior marginal distributions of means and variances are also plotted along with the
corresponding γs. Questions of sensitivity to model specification and performance of the MCMC
method are assessed.

4 Discussion

Combinatorial mixtures were introduced and applied for performing inference on mixture distributions
whose components have multidimensional parameters. The approach aims to allow each element of
component-specific parameter vectors to be shared by any subset of other components. Although our
focus is on Bayesian analysis, the very same idea is equally applicable for non-Bayesian modeling.
Bayesian inference and computation approaches were developed in a simplified setting based on the
normal model. They were illustrated using data on molecular subtypes of lung cancer. Due to
the fact that cancer subtypes may be characterized by differences in location, scale, correlations or
any of the combinations, effective procedures for addressing simultaneously variable selection and
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clustering (see, for instance, Kim, Tadesse and Vannucci (2006)) should rely on a greater set of
different criteria. Combinatorial mixtures allow to cover all the possible comparisons between different
relevant parameters across groups. They are potentially crucial for applications in many other different
disciplines.
Combinatorial mixtures are valid models also for supervised learning contexts, where feature selection
would be performed according to a unusually larger set of criteria. They thus offer a unified solution
to the general problem of learning from a statistical standpoint, in both supervised and unsupervised
contexts. Combinatorial mixtures generalize both product partition and Dirichlet Process Mixture
models.
A general critical aspect for the implementation is the rapid growth in the number of all the possible
comparisons between the elements of component-specific parameter vectors, as the maximum number
of groups increases.
For the normal case, some extensions are possible. We can assume dependence between group means
and variances, respectively. A reparameterization will be introduced to deal with difficulties from
dependence assumptions. The maximum number of groups can be different from three, though the
previous remark holds. Extension to multivariate normal models is desiderable.
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ABSTRACT

Combinatorial mixtures refers to a flexible class of models for inference on mixture distri-
butions whose components have multidimensional parameters. The approach is to allow each element
of component-specific parameter vectors to be shared by a subset of other components. This allows for
mixtures that range from very flexible to very parsimonious, and unifies the inference on component-
specific parameters with that on the number of components. We develop Bayesian inference and
computation approaches for this class of distributions, and illustrate them in an application based on
the normal model. This work was originally motivated by the analysis of cancer subtypes: in terms of
biological measures of interest, subtypes may be characterized by differences in location, scale, corre-
lations or any of the combinations. We illustrate our approach in a simplified setting, using data on
molecular subtypes of lung cancer.
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ABSTRACT

Following a Bayesian statistical inference paradigm, we provide an alternative methodology for analyz-
ing a multivariate logistic regression . We use a multivariate normal prior in the Bayesian analysis. We
present a unique Bayes estimator associated with a prior which is admissible. The Bayes estimators of
the coefficients of the model are obtained via MCMC methods. The proposed procedure is illustrated
by analyzing a data set which has previously been analyzed by various authors. It is shown that our
model is more precise and computationally less taxing.

Keywords. Laplace-Metropolis Algorithm, Model selection.
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1 Introduction

Several models have been proposed in the literature for modeling multivariate financial time
series including the VEC model proposed by Bollerslev, Engle and Wooldridge (1988), the BEKK
model proposed by Engle and Kroner (1995), the factor models (FM) proposed by Engle, Ng and
Rothschild (1990), Bollerslev and Engle (1993) and Vrontos, Dellaportas and Politis (2003b), the con-
stant conditional correlation (CCC) model proposed by Bollerslev (1990), and the dynamic conditional
correlation (DCC) models proposed by Tse and Tsui (2002) and Engle (2002).

It is well known that the neither the Gaussian nor the Student distribution are consistent with
features such as volatility clustering, long tails, high kurtosis and extreme events. Bai, Rusell and
Tiao (2003) and Ausin and Galeano (2007) have proposed modeling the innovation distribution of
univariate financial returns with a mixture of two zero mean Gaussian distributions with different
variances and have shown that this mixture innovation specification combined with GARCH models,
successfully capture these stylized facts. In this paper, we consider a multivariate Gaussian mixture
distribution for the innovations and show that it successfully captures the main features exhibited by
multivariate financial time series.

We perform Bayesian inference in a time-varying MGARCH model with Gaussian mixture in-
novations. This is done using the recent Bayesian computational methods based on Markov Chain
Monte Carlo (MCMC), which are able to address the complexity of these models. Bayesian inference
is very attractive in estimation of MGARCH models as it offers an elegant way to introduce parameter
uncertainty in the estimation of volatilities and correlations. Also predictive distributions of future
volatilities and correlations can be obtained which are more informative than simple point forecasts.

Value at Risk (VaR) is one of the most important issues in Risk Management, see Jorion (2000).
Value at Risk may be defined as the worst scenario that is expected to occur with a large probability
over a given time period. As shown later, calculation of VaR strongly depends on the assumption
made on the innovation distribution. This paper proposes a procedure for obtention of predictive
distributions of several steps ahead VaR of portfolios based on the individual returns. Thus, besides
of giving point estimates of VaR, the Bayesian approach provides a measure of precision for VaR
estimates via predictive intervals.

2 The Gaussian mixture dynamic conditional correlation (GMDCC) model

We assume that the K−dimensional vector of return time series yt = (y1t, . . . , yKt)
′ is given by

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 3120 -



yt = µ + H
1
2
t εt, where µ = (µ1, . . . , µK)′ is the unconditional mean vector of the process, which is

assumed to be constant, Ht is the K ×K positive definite conditional covariance matrix of yt given
the past information It−1 = {yt−1, yt−2, . . .} and εt are iid random vectors of dimension K × 1 such
that E [εt] = 0 and Cov [εt] = IK , the K−dimensional identity matrix. The (i, j)-th element of the
covariance matrix, Ht, is denoted by Hijt, where i, j = 1, . . . , K. The conditional covariance matrix
can be decomposed as Ht = DtRtDt, where Dt is the K ×K diagonal matrix with the K conditional

standard deviations H
1
2
iit, and Rt is the K×K matrix of conditional autocorrelations. The conditional

variance of each return can be formulated using univariate GARCH(p,q) models, given by the equation:

Hiit = ωi +
pi∑

l=1

αi,l (yi,t−l − µi)
2 +

qi∑

l=1

βi,lHii,t−l,(1)

where the parameters of each individual GARCH model verify ωi > 0, αi,l ≥ 0, l = 1, . . . , pi, βi,l ≥
0, l = 1, . . . , qi, and

∑pi
l=1 αi,l +

∑qi
l=1 βi,l < 1, for i = 1, . . . , K, to ensure positive variances and

stationarity of all the univariate models.
We also assume that Rt is generated from the recursion Rt = (1− θ1 − θ2)R+ θ1Rt−1 + θ2Ψt−1,

where θ1 and θ2 are constant parameters such that 0 ≤ θ1, θ2 ≤ 1 and θ1 + θ2 ≤ 1, R is a K × K

positive definite matrix with unit diagonal elements and off-diagonal elements denoted by Rij , for
i 6= j and i, j = 1, . . . ,K, and Ψt−1 is a K ×K matrix with elements:

Ψij,t−1 =
∑K

h=1 ei,t−hej,t−h√(∑K
h=1 e2

i,t−h

) (∑K
h=1 e2

j,t−h

) , 1 ≤ i < j ≤ K.(2)

Finally, we consider that the innovation process εt follows a mixture of two Gaussian distribu-
tions, as follows:

εt ∼
{

N
(
0, σ2IK

)
with probability ρ

N
(
0, σ2

λ IK

)
with probability 1− ρ

(3)

where 0 < λ < 1 and σ2 =
(
ρ + 1−ρ

λ

)−1
, so that, Cov [εt] = IK . Therefore, the innovation vector, εt,

is generated from a Gaussian distribution with covariance σ2IK , where σ2 is always less than 1, with
probability ρ, or from a multivariate Gaussian distribution with covariance

(
σ2/λ

)
IK , where σ2/λ is

always larger than σ2 and may increase to infinity if λ goes to 0, with probability 1− ρ.
Bayesian inference of the GMDCC model is adressed using the Markov Chain Monte Carlo

(MCMC) methodology. We base our inference on numerically computing the posterior probability
for all the parameters of the model summarized in the vector Φ with dimension K (K + 3) /2 + p1 +
. . .+ pK + q1 + . . .+ qK . For that, we construct a Markov chain, with realizations Φ(1), . . . ,Φ(N), such
that, under certain regularity conditions, the chain have equilibrium distribution p (Φ|y), the posterior
distribution of the model parameters. We adopt the Metropolis-Hastings algorithm to obtain a sample
from the posterior distribution of interest.

3 Value at Risk (VaR) estimation

Given a portfolio pt = δ1y1t + · · · + δkykt, the VaR is defined as the 100π−th quantile of the
portfolio return in a given period of time where π is a small probability. In other words, VaR is
the maximum potential loss during a given time period with certain probability. Therefore, the s

step-ahead π% VaR is given by VaRs = pπ,s, where pπ,s is the 100π−th quantile of the distribution of
pT [s] = pT+1 + · · · + pT+s, i.e., π = Pr (pT [s] ≤ pπ,s). We estimate the s step-ahead π% VaR using
the MCMC samples obtained for the model parameter estimation, Φ(n), n = 1, . . . , N . In the case of

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 3121 -



the 1 step-ahead π% VaR, a consistent estimator of the one-step ahead VaR is given by,

E [V aRT+1 | y] ≈ 1
N

N∑

n=1

V aR
(n)
T+1,(4)

where V aR
(n)
T+1 is the one-step-ahead VaR given the model parameters Φ(n) of the n-th MCMC iter-

ation. We approximate V aR
(n)
T+1 by generating M replicas, y

(n,m)
T+1 = µ(n) + H

1
2
T+1ε

(n,m)
T+1 , where ε

(n,m)
T+1

is a random sample from the Gaussian mixture distribution with parameters ρ(n) and λ(n). Then,
we approximate the value of V aR

(n)
T+1 by the empirical 100π − th quantile of the sample of portfolios

p
(n)
T+1 = δ1y1T+1 + · · · + δkykT+1, and estimate the posterior mean (4). Moreover, we obtain 95%

predictive intervals for VaR using the 0.025 and 0.975 quantiles of the posterior sample of V aR
(n)
T+1,

for n = 1, . . . , N . A refinement of this procedure gives estimates of VaRs, for s > 1.
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ABSTRACT

Value at Risk (VaR) estimation of several asset returns is performed via a multivariate gener-
alized autoregressive conditional heteroscedasticity (MGARCH) model where the vector of innovations
is assumed to follow a mixture of two Gaussian distributions. VaR has become a useful and widely
used measure of market risk, in which the specification of a convenient innovation distribution is a
crucial point. The Gaussian mixture innovation distribution postulates that a large number of mul-
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tivariate innovations are generated by a Gaussian distribution with small covariance matrix, while a
small number of multivariate innovations are generated by a Gaussian distribution with a large co-
variance matrix. This specification can capture stylized facts usually found in multivariate returns
such as volatility clustering, high multivariate kurtosis, long tails and the presence of multivariate ex-
treme events. Bayesian inference of the MGARCH model parameters is performed by using a Markov
Chain Monte Carlo (MCMC) method. This methodology allows us to provide several step ahead point
estimates of VaR, but also confidence intervals of the point estimates. The good performance of the
proposed approach is illustrated via simulated and real data examples.

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 3123 -



Conditional Bayesian Hypothesis Testing for 2× 2 Tables

Ganjali, Mojtaba
Shahid Beheshti University, Department of Statistics,
Evin, Daneshjo Boulevard,
Tehran 19839, Iran.
E-mail: m-ganjali@sbu.ac.ir

Berridge, Damon
Lancaster University, Centre for Applied Statistics,
Department of Mathematics and Statistic,
Lancaster LA1 4YF, U.K.
E-mail: d.berridge@lancaster.ac.uk

1 Introduction

Hypothesis Tests, using classical methods, have high power when the sample size is large. However,
in some applications, where the sample size is small, classical methods are so conservative. There are
examples in which researchers intuitively see some evidence against the null hypothesis, but for any
possible value of the test statistic that a classical method suggests, they have to say “there is no or
weak evidence to reject H0” (two examples, in those this may happen, are, Fisher’s exact test, Fisher,
1935a, pp. 11-25, and Wilcoxon’s rank-sum test, Wilcoxon, 1945).

There are two classical approaches for exact test inference of 2×2 contingency tables. These are
unconditional and conditional approaches. The Bayesian approach may also be used in two different
ways, unconditionally or conditionally. In the unconditional approach, one starts with independent
binomial sampling in the two rows and then assumes a joint prior density for the success probabilities
in the two rows. Thus, finding a joint posterior distribution (or some transformation of it) and
integrating out the nuisance parameter from this joint posterior distribution leads to the marginal
posterior density of the parameter of interest (Johnson and Albert, 1999, ch. 2). In this paper, we
shall use a Bayesian approach after conditioning on all row and column totals, i.e. the experimental
design will be the same as that of Fisher in his famous example. The details of this are given in the
next Section. In Section 3, we have an applied examples.

2 The Bayesian approach for Fisher exact test

Let test independence (H0) against positive correlation in a two by two contingency table with given
column and row margins. Suppose N11 is the number of events in the cell at the intersection of the
first row and the first column. Under H0, N11 has the hypergeometric distribution. Independence can
be rejected against positive correlation if N11 is large. For this test, the P -value is PH0(N11 ≥ n11)
where n11 is the observed value of N11.

Suppose in Fisher’s tea taster example, Fisher’s colleague is given 4 cups of tea (two cups had
milk added first, and the other two had tea added first) to distinguish whether milk or tea was added
to the cup first. Suppose also that she distinguished all cups correctly (n11 = 2). For this example the
P-value is 1

6 = 0.167. It can be seen that n11 = 2 is the best value in favour of H1. Since the colleague
was able to distinguish all cups correctly, it seems, intuitively, there is evidence against H0. However,
the classical method with regard to the P -value will say “there is no evidence to reject H0”.

A Bayes approach in this example may be chosen as a better option. Let reparametrize the non-
null distribution of Fisher’s exact test statistic in order to simplify the choice of a prior distribution.
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The non-null conditional distribution is:

f(n11|n, n1+, n+1; θ) =

(
n1+

n11

)(
n− n1+

n+1 − n11

)
θn11

∑
u

(
n1+

u

)(
n− n1+

n+1 − u

)
θu

; θ > 0(1)

where n1+ and n2+ are row margins, n+1 is the first column margin, and n is the sample size. The
index of summation ranges from max(0,n1+ + n+1 − n) to min(n1+, n+1), the possible values for
the given marginal totals, and θ is the odds ratio, which takes value 1 under the null hypothesis of
independence. This is the noncentral hypergeometric distribution (Fisher, 1935b, Agresti, 2002).

Let reparametrize this distribution using θ′ = lnθ in order to provide a natural prior distribution
for θ′. The log odds ratio (θ′) is 0 when two variables are independent and it is symmetric about 0.
It is also known that the empirical estimate of the log odds ratio based on the observed data is
approximately normally distributed in studies of even moderate sample sizes. This reparametrization
helps because we can use the normal distribution as a natural prior distribution for the log odds ratio.
Suppose π(θ′) is the chosen prior distribution. The posterior distribution is

π(θ′|n, n1+, n+1, n11) =
f(n11|n, n1+, n+1; θ′)π(θ′)∫∞

−∞ f(n11|n, n1+, n+1; θ′)π(θ′)dθ′
.(2)

Now, the test of independence against positive correlation is the test of H0 : θ′ = 0 against H1 : θ′ > 0.
We can use a direct simulation to obtain random samples from the posterior distribution.

Suppose π(θ′) is chosen to be a proper prior and c is chosen to be a positive constant such that
f(n11|n, n1+, n+1; θ′)π(θ′) < cπ(θ′). If generating random values from the prior distribution is com-
putationally tractable, one may use the following acceptance-rejection algorithm:

1. Simulate θ′ from the prior distribution, and U uniformly on (0, 1).
2. If U < f(n11|n,n1+,n+1;θ′)π(θ′)

cπ(θ′) , then accept θ′ as a draw from the posterior distribution. If not,
reject θ′ and try again.

The algorithm is repeated until the desired sample size is obtained.
The Bayes factor in favour of the null hypothesis (H0 : θ′ = 0) versus H1 : θ′ > 0 for Fisher’s

exact test is:

Bθ′=0,θ′>0 =
f(n11|n, n1+, n+1; θ′ = 0)∫∞

0 f(n11|n, n1+, n+1; θ′)g(θ′)dθ′
,(3)

where g(θ′), is a proper prior defined on θ′ > 0 (for definition of Bayes factor see Good, 1950; Jeffreys,
1961 and Lee, 2004). For Fisher’s exact test let us assume a normal prior distribution for the log
odds ratio with empirical mean µ = ln (n11+1/2)(n22+1/2)

(n12+1/2)(n21+1/2) and variance σ2 = [1/(n11 + 1/2) + 1/(n12 +
1/2) + 1/(n21 + 1/2) + 1/(n22 + 1/2)] for a two-sided test (θ′ = 0 versus θ′ 6= 0). A choice for g(θ′) in
one-sided test (θ′ = 0 versus θ′ > 0) is N(µ, σ2) truncated at 0 which gives

Bθ′=0,θ′>0 =
[1− Φ(−µ/σ)]f(n11|n, n1+, n+1; θ′0)∫∞

−∞ I(θ′ > 0)f(n11|n, n1+, n+1; θ′) 1
σφ( θ′−µ

σ )dθ′
(4)

where I(θ′ > 0) is an indicator function which is 1 if θ′ > 0 and 0 otherwise, Φ(.) and φ(.) are
distribution and density functions of the standard normal distribution, respectively. This form helps
us to approximate the mean of I(θ′ > 0)f(n11|n, n1+, n+1; θ′) using sample means of the simulated
values of the normal distribution with mean µ and variance σ2.

This empirical prior can be chosen if we believe that Fisher’s colleague would have guessed for
many other sets of 4 cups in the same manner (the same distribution for θ′) as she did for the current

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 3125 -



4 cups. This method can be regarded as an empirical Bayes approach where one chooses the prior
after observing the data.

Small values of Bayes factor indicate evidence against H0. Jeffreys (1961) states that values of
Bθ′

0,H1
between 0.1 and 0.316 indicate moderate or substantial evidence against H0, values of Bθ′

0,H1

between 0.01 and 0.1 indicate strong evidence against H0, and values of Bθ′
0,H1

less than 0.01 indicate
decisive (positive) evidence against H0.

Let us check the sensitivity of the results with respect to different prior distributions. Suppose
n11 = 2 is observed in Fisher’s exact test with n = 4, n+1 = 2, n1+ = 2. Table 1 shows the posterior
mean, posterior standard error and posterior probability of θ′ > 0 for prior distributions which are nor-
mal with mean 0 and variances equal to 1, 2, 3, 4, 5, 10, and 50 respectively. This table also shows the
Bayes factors for the one-sided test, when g(θ′) is N(0,σ2) for σ2 = 1, 2, 3, 4, 5, 10 and 50 truncated at 0.

Table 1: Posterior mean, standard error (SE) and probability of θ′ > 0; when n11 =
2 and prior distribution is N(0,σ2); the Bayes factors are given for one-sided test of

independence versus positive association using prior distribution to be N(0,σ2) truncated

at 0

σ2 Posterior mean Posterior SE pr(θ′ > 0|n11 = 2) Bayes factor
1 0.758 0.872 0.808 0.489
2 1.245 1.133 0.866 0.399
3 1.615 1.309 0.896 0.355
4 1.905 1.449 0.913 0.327
5 2.157 1.573 0.924 0.308
10 3.072 2.044 0.952 0.261
50 6.450 4.209 0.982 0.204

For small variances, the prior is more informative and is in favour of the null hypothesis. For higher
variances, the prior is less informative as it tends to flatten out. The less informative the prior, the
more likely it is that the null hypothesis of independence will be rejected.
It can be implied from our example that the Bayesian approach is less conservative than Fisher’s
exact test. The reason is simply that, if we generate from the non-null distribution, say 1000 tables,
with θ′ > 0 in this example (n=4, n1+ = 2, n+1 = 2), Fisher’s exact test would never reject the null
hypothesis of independence, but the Bayesian approach, which is of course dependent on our choice
of prior, would reject the null hypothesis in some cases. If one uses the empirical prior, the power
function of the Bayesian approach, pr(n11 = 2|n = 4, n+1 = 2, n1+ = 2; θ′), is an increasing function
of θ′ (for θ′ = 2 it is 0.641 and for θ′ = 3 it is 0.832), in contrast to the insensitivity of Fisher’s exact
test to values of θ′.

3 Application

Essenberg (1952) conducted a clinical trial to investigate the effect of tobacco on tumour risk. To this
end, 72 albino mice were randomly divided into two groups. One group was kept in a chamber filled
with a certain dose of tobacco smoke, one cigarette per hour. The other (control) group was kept
in a chamber without smoke. After a year, the 55 surviving mice were sacrificed and autopsied for
tumours. The data are presented in table 2. We are interested in the null hypothesis that treatment
with smoke has no effect on tumour rate. For this example, Fisher’s exact test gives a P-value=0.013
for a two-sided test, Yates’ continuity correction test gives a P-value=0.021 and a chi-squared test
gives a P-value=0.009. So, Yates’ corrected chi-squared and Fisher’s exact test are more conservative
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than the chi-squared test.

Table 2: Tumour prevalence among mice by exposure to tobacco smoke [Source: C.J.

Lloyd (1999), Statistical analysis of categorical data. John Wiley & Sons, New York]

Presence or absence of tumour
Tumour No tumour Total

Smoke treatment 21 2 23
Control 19 13 32
Total 40 15 55

Using a normal distribution for g(θ′) with empirical mean and variance of the estimate of θ′ (1.784 and
0.572 respectively), we found Bθ′=0,θ′ 6=0 = 0.029. All tests show that there is strong evidence against
the null hypothesis. So, treatment with smoke has a strong effect on tumour rate. However, Fisher’s
exact test and Yates’ corrected chi-squared are more conservative than our Bayesian approach.
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RÉSUMÉ (ABSTRACT)

In this paper, after discussing the conservative nature of some tests with small sample sizes,
a conditional Bayesian approach for Fisher’s exact test is presented. In this approach the non-null
conditional distribution of Fisher’s exact test statistic is reparametrized to simplify the choice of a
natural prior distribution. The acceptance-rejection algorithm is used to generate random samples
from the posterior distribution and then the Bayes factor is used as a summary of evidence. The
robustness of results to different prior distributions is also discussed. In an applications, we find that
the Bayesian approach is less conservative than Fisher’s exact and Yates’ continuity tests.
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The analysis of finite mixture models has received an increasing attention during the last years.
Mixture models are excellent tools that can be used to describe complex systems. A proof of this is
their wide range of applications in many fields of knowledge, such as astronomy, economy, biology,
medicine and engineering, for example. See Böhning and Seidel (2003) for a monograph on this topic.

Mixture models can be interpreted in two different ways (see Titterington et al (1985)). The
first one, the direct interpretation, suggests that the underlying population comprises several subpop-
ulations, that each observation belongs to one of these subpopulations, and that there is no knowledge
of identity of this subpopulation. In other words, the mixture model is intended to be a direct repre-
sentation of the underlying phenomenon. The second one, the indirect interpretation, suggests that
the mixture model is simply used as an approximation of an unknown distribution in which the ‘sub-
populations‘ have no physical interpretation. In a classification problem, the goal is to identify groups
of observations that are generated by the same mixture component.

One of the mayor interest in the Bayesian analysis of finite mixture models with an unknown
number of components focuses on making inferences on the parameters of the model. This task can
be carried out by using many different approaches. Most of them do not try to calculate the number
of components in the mixture model, but directly to make inferences on the parameters of interest by
considering the number of components as a random variable. Different approaches can be derived when
the interest is focused on the choice of the number of components besides the subsequent inferences.
This can be considered as a particular case of the more general model choice problem. The more
important approach is based on the Bayes factor (see, for example, Berkhof et al (2003)).

In this paper, a Bayesian mixture model selection using Bayes factor is addressed. In general,
Bayes factor can not be obtained analytically and, therefore, it has to be estimated. Different estima-
tion techniques can be found in Ishawaran et al (2001) and Song and Lee (2003). Many estimation
techniques use MCMC methods with the corresponding chain convergence assessment for the posterior
distribution. In order to avoid this problem, a Monte Carlo method with cluster sampling approach
to estimate the marginal distributions in Bayes factor is proposed. Another problem in this context
is that improper prior distributions can not be used, since they lead to an improper posterior distri-
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bution and, consequently, the Bayes factor is not defined. In order to solve this problem, Song and
Lee (2003) and Berkhof et al (2003) considered examples with conjugate prior distributions. Here
independent conjugate prior distributions are used for the parameter components and an expression
involving the marginal distribution for each component is derived. This fact allows to estimate Bayes
factor by using Monte Carlo methods.

1. Background

Finite Mixture models. Data x1, . . . , xn are assumed to be independent observations from
a mixture density with k components given by p (x|ω, θ) =

∑k
j=1 ωjp (xi|θj) , where ωj , j = 1, . . . , k,

are the mixture weights (which are restricted to be non-negative and sum to unity) and p(·|θ) is a
parametric family where θj is the parameter for component j (j = 1, . . . , k) .

This model is augmented by introducing latent variables. For each observation xi, i = 1, . . . , n,

a latent variable Zi is introduced such that Zi = j indicates that the observation xi belongs to the j-th
component of the mixture. The introduction of these latent random variables makes the generating
process easier in the Bayesian framework.

Bayes factor. Let Mh and Mi be two competing models and let x = (x1, . . . , xn) be the data
vector. The Bayes factor is defined as the ratio of the posterior odds to the prior odds:

Bhi (x) =
π (Mh|x)
π (Mi|x)

× π (Mi)
π (Mh)

.

If there is no prior reason to prefer one model to the other, then:

(1) Bhi (x) =
π (Mh|x)
π (Mi|x)

=
mh (x)
mi (x)

,

where mh (x) and mi (x) are the marginal densities under the models Mh and Mi. Note that these
marginal densities are analytically tractable only in specific cases. In general, the Bayes factor can
not be analytically obtained, but must instead be estimated.

If Bhi (x) > 1, the observations favor model h, whereas if Bhi (x) < 1, the observations support
model i. The expression (1) can be also represented as: Bhi (x)Bh1 (x) /Bi1 (x).

For finite mixture models with conjugate prior distributions, m1 (x) can be evaluated in an
exact way. Therefore, the remaining difficulty to obtain Bk1 (x) is the estimation of the marginal
distribution mk (x) for 2 ≤ k ≤ kmax, where kmax is an initially fixed value. The next paragraph
shows a marginal decomposition that will be useful for the proposed approaches.

Marginal decomposition. Let x = (x1, . . . , xn) be a random sample from a mixture model
with k components. The marginal distribution is:

mk (x) =
∫ ∫ n∏

i=1




k∑

j=1

ωjp (xi|θj)


π (ω, θ) dωdθ,

where π (ω, θ) is the joint prior distribution.
The likelihood function can be expressed (see Bernardo and Girón (1988)) as:

lk (ω,θ) =
n∏

i=1

k∑

j=1

ωjp (xi|θj) =
k∑

j1=1

. . .
k∑

jn=1

(
n∏

i=1

ωji

)
·
(

n∏

i=1

p (xi|θji)

)
.

A prior distribution π (ω,θ), where ω and θ are independent, is considered. Moreover, the prior
distribution π (ω) is considered Dirichlet (δ, . . . , δ), whereas π (θ) is a conjugate prior distribution. By
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introducing a latent variable Zi for each observation xi, the marginal distribution can be expressed
as:

mk (x) =
k∑

Z1=1

. . .

k∑

Zn=1

[∫ (∫ n∏

i=1

p (Zi = j|ω, θ) π (ω) dω

)
×

n∏

i=1

p (xi|Zi = j, θj) π (θ) dθ

]
,

where p (Zi = j|ω, θ) = ωj and p (xi|Zi = j, θj) = p (xi|θj) .

Suppose that nj (z) is the number of observations allocated to component j, i.e.: nj (z) =
nj (Z1, . . . , Zn) = # {i : Zi = j}. Then, the following expression holds:

∫ n∏

i=1

p (Zi = j|ω, θ) π (ω) d ω =

Γ (kδ)
k∏

j=1
Γ (nj (z) + δ)

Γ (δ)k Γ (n + δ)
,

where the integral is performed over the set {(ω1, . . . , ωk) : 0 ≤ wj ≤ 1,
∑k

j=1 ωj = 1}.
Besides, if independent conjugate prior distributions are considered for the parameter compo-

nents θ1, . . . ,θk, then it is obtained:

(2) mk (x) =
Γ (kδ)

Γ (δ)k Γ (n + kδ)

k∑

Z1=1

. . .
k∑

Zn=1




k∏

j=1

Γ (nj (z) + δ) mnj(z) (x)


 ,

where mnj(z) (x) is the marginal distribution for component j of the values {xi : Zi = j}.
Note that, if no observation is assigned to component j, then:

mnj(z) (x) =
∫

π (θj) dθj = 1.

Observe that mk (x) has been expressed as a linear combination of product of marginal densities
for each mixture component. The number of observations allocated to each component ranges from 0
to n, with the constraint that the total number of observations that can be allocated is n.

2. Approximating the Bayes factor

In order to estimate the marginal distributions given in (2), a straightforward Monte Carlo
approach generating latent variables from the discrete uniform distribution U {1, . . . , k} could be
applied. This estimate provides precise values when the number of observations is small. The main
problem is that the latent variables, Zi, are generated from the uniform distribution U{1,. . .,k}. So,
the number of generated values for each component concentrates around the value n/k.

In order to improve the estimation, a two-stage cluster sampling is performed by subsampling
with units of unequal sizes and units selected with equal probabilities . The first stage units (clusters)
are the possible allocations (n1 (z) , . . . , nk (z)). In the second stage, the observations are sampled for
each allocation. Here, the population is the set of all possible ways of assigning the observations to
the components.

Firstly, the following suitable notation is introduced. Let M0 = kn be the population size. The
marginal distribution given in (2) can be expressed as:

mk (x) =
(k − 1)!

(n + k − 1)!

M0∑

s=1




k∏

j=1

nj (zs)! mnj(zs) (x)


 =

1
M0

M0∑

s=1

M

n!

k∏

j=1

nj (zs)! mnj(zs) (x) ,

where H =

(
n + k − 1

n

)
is the number of clusters (allocations) and Ml = n!/

k∏
j=1

nj ! is the number of

elements for each cluster (assignation of the data vector), l = 1, . . . , H. Note that M0 = HM =
H∑

l=1

Ml.

Based on the previous development, the next algorithm is proposed:

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 3130 -



Iterate the following steps.
i) Draw, without replacement, h clusters with probability 1/H.

ii) For each cluster, draw, without replacement, ml vectors zl,r, l = 1, . . . , h, r = 1, . . . , ml with
probability 1/Ml.

Finally, the estimate of mk (x) is given by:

(3) m̂k (x) =
1

hM

h∑

l=1

Mlyl,

where yl = M
ml

ml∑
r=1

1
Ml

∏k
j=1 mnj(zl,r) (x) and nj (zl,r) = nj (Z1,l,r, . . . , Zn,l,r) = # {i : Zi,l,r = j}, i =

1, . . . , n; j = 1, . . . , k.
Substituting yl in expression (3), it is obtained:

m̂k (x) =
1
h

h∑

l=1

al = a,where al = 1
ml

ml∑
r=1

∏k
j=1 mnj(zl,r) (x).

The error analysis and illustrative examples will be presented. Some examples of finite mixture
models from natural exponential families with quadratic variance function (NEF-QVF) are presented.
Empirical work on a wide range of small data sets for which analytical results can be obtained has
been carried out. This has allowed to compare the estimated values to the real ones. When the data
sets are not small, no analytical results can be obtained. Two examples are presented in this context:
one of them for a normal mixture model with unknown mean and variance, and the other one for an
exponential mixture model.
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ABSTRACT

In this work, a new approach to estimate Bayes factors in a finite mixture model context is
presented . By decomposing the resulting marginal densities, an algorithm to estimate them and their
errors are derived. Then, through Bayes factor comparisons, the appropriate number of components
for the mixture is selected. The proposed approach is based on simple theory (cluster sampling), what
makes it an appealing tool in this context.
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Campus Universitário de Santiago
3810-193 Aveiro,Portugal
E-mail: isabelp@mat.ua.pt

Scotto, Manuel
Universidade de Aveiro, Departamento de Matemática
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1 Introduction

Currently, a major theme in the analysis of a large variety of random phenomena consists in detecting
and warning the occurrence of a catastrophe or some other event connected with an alarm mechanism.
Examples range from the prediction of increases in mean sea level and flood frequencies due to global
warming arising from increased greenhouse gas concentrations to the assessment of the health impact
of air pollution. Lindgren(1975 a and b) and de Maré(1980) set the principles of optimal prediction of
level crossings. Amaral Turkman and Turkman (1990) suggested a Bayesian approach for an autore-
gressive model of order 1,which were extended recently by Antunes et al. (2003) to random walk and
autoregressive models of order p and show how the alarm characteristics can numerically be obtained.
It is worth to mention that all references given previously deal with the case on continuous-valued
processes. A related interesting problem is to develop an alarm system for series of counts which are
represented through integer-valued autoregressive models. This paper aims at giving a contribution
towards this direction.

2 Optimal alarm systems

Let Xt be a count stochastic process with parameter space Θ ⊂ IRk, for some k ∈ IN. Suppose the
time sequel {1, 2, . . . , t− 1, t, t + 1, . . .} divided in three sections {1, 2, . . . , t− 1}, {t} and {t + 1, . . .}
that corresponds to the past, present and future and the sets Dt = {X1, X2, . . . , Xt−1}, X2 = {Xt}
and X3 = {Xt+1, . . .} represent respectively the informative experiment, the present experiment and
the future experiment at time t. A catastrophe Ct,j is any event defined in the σ-field generated by
X3, in our case is the upcrossing event Ct,j = {Xt+j−1 ≤ u < Xt+j}, for some j ∈ IN, and any event
At,j in the σ-field generated by X2, predictor of Ct,j is said to be an alarm region of Ct,j . Every
alarm region At,j has associated a size αt,j = P (At,j |Dt) and a set of operating characteristics such
as the probability of detecting the catastrophe P (At,j |Ct,j , Dt) and a probability of correct alarm
P (Ct,j |At,j , Dt). An alarm region is said to be optimal with size αt,j if is the supreme, among all
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events in the σ-field generated by X2 with size αt,j , of the detection probability. An optimal alarm
system of size αt,j is a family of alarm regions At,j . We say that an alarm is given at the instant t for
the catastrophe Ct,j if the observed value of X2 belongs to the alarm region. The alarm is said to be
correct if the event At,j is followed by Ct,j . A false alarm is defined as the occurrence of At,j without
Ct,j . If an alarm is given when the catastrophe occurs, then we say that the catastrophe was detected.
We can easily do the adaptation of Lemma 2 of Antunes et al.[2] for count processes. According to
this

At,j = {x2 ∈ INq : P (Ct,j |x2, Dt) ≥ k}.(1)

The value to choose for k must be such that maximizes the probabilities of correct alarm and
detection and minimizes the probabilities of non detection and false alarm. The simultaneous maxi-
mization of the probability of correct alarm and the probability of detection it is not possible, so a
compromise must be reached between those characteristics.

3 Optimal Alarm Systems for DSINAR(1) Processes

We will develop an optimal alarm system for integer autoregressive processes that are doubly stochas-
tic. The autoregressive parameter is stochastic and is a function of an underlying exogenous process.
This model was introduced by Gomes[4] that studied its properties namely the stationary conditions.
Let Xt be doubly stochastic integer autoregressive process of first order - DSINAR(1) - defined by

Xt = αt ◦Xt−1 + Zt, t = 1, 2, . . .(2)

where β ◦ X =
X∑

i=1

Ui; U1, U2, . . . , UX independent Bernoulli variables with parameter β, Xt is a

non negative process with known x0; αt is a process that is a function of a interest covariate Yt,

αt =
eωYt

1 + eωYt
, so αt ◦Xt−1 conditional on Xt−1, Yt has a binomial distribution with parameters Xt−1

and αt. {Zt} is i.i.d. process with Poisson distribution with parameter λ and for each t Zt is indepen-
dent of Xt−1, αt and independent of αt ◦Xt−1, for all t > 0.

In a classical perspective the probability of the catastrophe, conditional on past, conditional
or present, as well as the operating characteristics, is defined through conditional probabilities like
P (xn+h|xn, λ, ω,SY ), with h ∈ IN and SY the σ - field generated by {Yt, t ≥ 0}. It can be showed
by induction and using the properties of the thinning operation that Xn+h conditional on SY is the
sum of two independent components, the first depending only on xn which, conditional to xn, has a
binomial distribution with parameters xn and βn+h,h and the other depending only on the innovations

that a Poisson distribution with parameter λ
h−1∑
j=0

βn+h,j , where βn,k =


k−1∏
m=0

αn−m, k ≥ 1

1 , k = 0
, so the

probability function of Xn+h conditional on Xn and SY can be written as:

P (xn+h|xn, λ, ω,SY ) = e
−λ

h−1∑
j=0

βn+h,j

×
min(xn,xn+h)∑

i=0

(
λ

h−1∑
j=0

βn+h,j

)xn+h−i

(xn+h − i)!
×

× Cxn
i (βn+h,h)i (1− βn+h,h)xn−i.(3)
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To apply bayesian methodology it is necessary to assume a prior distributions for the parameters. For
λ it is considered the gamma distribution and for ω the choice is the normal distribution. Assuming
the independence of λ and ω, λ ∼ Ga(c, d) and ω ∼ N(µ, τ−1), with c, d, τ positive values and µ a
real value, and having into account that the likelihood function can be obtain using (4), we obtain the
following posterior distribution:

h (ω, λ|x,SY ) ∝ 1√
2πτ−1

λc−1 exp
{
−dλ− 1

2
τ (ω − µ)2 − nλ

}
×

×
t−1∏
n=1

min(xn−1,xn)∑
i=0

λxn−i

(xn − i)!
C

xn−1

i αi
n(1− αn)xn−1−i.

The complexity of the expressions of the probability of the catastrophes and the operating characte-
ristics in bayesian perspective, do not allow their analytical calculation, even in the simplest case of
j = 1, so the Monte Carlo approximation is used with a sample of the posterior distribution obtained
by the use of the Monte Carlo method based in Markov chains simulation, namely the adaptative
rejection method with Metropolis step.

4 Simulation Study

For each pair of parameters (λ, ω) considered, 200 processes were simulated, each of them with length
250, defined by (3) and considering for covariate a first order autoregressive process with mean value
3 and autoregressive parameter 0.6.
In this study it is considered the optimal alarm system to predict the two steps ahead catastrophe
given by the upcrossing level u at time t + 2. For each pair of parameters the choice of u was made in
order that the mean of classic probabilities, with real parameters, of the catastrophe was 10%, because
we were interested in relatively rare events.
For each pair of parameters and each process the analysis happened on the instant t = 200. For
each process simulated the variation of k was made starting on the probability of the catastrophe,
conditional on the past values, with steps of 0.001. For each value of k the optimal alarm region was
constructed by the values of xt which probability of catastrophe conditional on xt exceeded k. For each
alarm region obtain by the variation of k the operating characteristics were calculated. This procedure
was repeated for all approaches that were considered. In classical approach two distinct situations were
analyzed: in the first one, the calculations of the alarm region and operating characteristics were made
using the true parameters, in the second those calculations were made substituting the parameters for
its maximum likelihood estimates. In bayesian approach it was considered a sample of the posteriori
distribution of parameters with dimension 1000, considering vague a priori distributions.

It is necessary to have a criterion to choose k in order to have the best collection of operating
characteristics. Svensson(1996) suggests for continuous case that k should be chosen when the pro-
bability of detecting the catastrophe approximately equals the probability of correct alarm, another
criterion that could have interest is the choice of k that has the alarm size approximately equal
to the probability of the catastrophe conditional on past, i.e. we should give as many alarms as
number of catastrophes. For example Antunes(2003) uses the criterion P (At,2|D) ≈ 2P (Ct,2|D)).
For the processes simulated those criteria could not be used because the major processes did not
verified them. To overcome this difficulties we consider four different criterion that are less restricted
and even for those criterion used not every process has a value of k that verifies it . The criteria
used were 0.5 <

P (At,2|D)
P (Ct,2|D) ≤ 1.5 (C1), 1.5 <

P (At,2|D)
P (Ct,2|D) ≤ 2.5 (C2), 2.5 <

P (At,2|D)
P (Ct,2|D) ≤ 3.5 (C3) and

P (At,2|Ct,2) ≈ 0.5 (C4). For criterion C1, C2 and C3 the chosen k was the first value which P (At,2|D)
P (Ct,2|D)

were more closed to 1, 2 and 3 respectively. The criterion C4 was used because for all processes
the variation of the probability of correct alarm is very small so we tried to benefit the detection
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probability. To test our alarm systems we observed for each process, criterion and approach whether
the alarm was given or not and if there existed catastrophe or not. A summary of the results are
displayed in tables 1-2.

Table 1: Results for the simulation study for λ = 4 at time point t = 200.

ω = 0.2 ω = 0.3

Perspective Criterion Alarms Catastrophes Alarms Catastrophes

False Total Detected Total False Total Detected Total

C1 0 0 0 27 13 (0.813) 16 3 (0.1) 30

C2 25 (0.758) 33 8 (0.296) 27 23 (0.76) 30 7 (0.233) 30

True parameters. C3 0 0 0 27 21 (0.70) 30 9 (0.30) 30

C4 76 (0.817) 93 17 (0.630) 27 46 (0.754) 61 15 (0.5) 30

C1 3 3 0 6 8 (0.8) 10 2 (0.071) 28

C2 14 (0.667) 21 7 (0.368) 19 18 (0.90) 20 2 (0.10) 20

M.L.Estimates C3 21 (0.808) 26 5 (0.333) 15 23 (0.657) 35 12 (0.444) 27

C4 71 (0.807) 88 17 (0.630) 27 50 (0.758) 66 16 (0.533) 30

C1 4 4 0 6 9 (0.818) 11 2 (0.091) 27

C2 14 (0.636) 22 8 (0.444) 18 19 (0.905) 21 2 (0.286) 7

Bayesian C3 21 (0.75) 28 7 (0.5) 14 23 (0.675) 35 12 (0.444) 27

C4 72 (0.809) 89 17 (0.630) 27 49 (0.754) 65 16 (0.533) 30

Table 2: Results for the simulation study for λ = 5 at time point t = 200.

ω = 0.2 ω = 0.3

Perspective Criterion Alarms Catastrophes Alarms Catastrophes

False Total Detected Total False Total Detected Total

C1 21 (0.875) 24 3 (0.12) 25 10 (0.909) 11 1 (0.125) 8

C2 33 (0.805) 41 8 (0.32) 25 15 (0.833) 18 3 (0.343) 8

True parameters C3 60 (0.811) 74 14 (0.56) 25 17 17 0 8

C4 62 (0.816) 76 14 (0.56) 25 35 (0.897) 39 4 (0.5) 8

C1 13 (0.722) 18 5 (0.228) 22 10 (0.769) 13 3 (0.375) 8

C2 41 (0.848) 46 7 (0.304) 23 20 (0.833) 24 4 (0.5) 8

M.L.Estimates C3 48(0.828) 58 10(0.455) 22 30 (0.882) 34 4 (0.5) 8

C4 65 (0.844) 77 12 (0.48) 25 40 (0.909) 44 4 (0.5) 8

C1 12 (0.706) 17 5 (0.227) 22 9 (0.75) 12 3 (0.375) 8

C2 35 (0.854) 41 6 (0.261) 23 21 (0.840) 25 4 (0.5) 8

Bayesian C3 46 (0.821) 56 10 (0.455) 22 30 (0.882) 34 4 (0.5) 8

C4 63 (0.840) 75 12 (0.48) 25 40 (0.909) 44 4 (0.5) 8
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1 Introduction

Bayesian information measures quantify the amount of information provided by the data about the
parameter and are used for the purposes such as design comparison, data evaluation, model com-
parison, and construction of prior distributions (Lindley (1956), Zellner (1971), Bernardo (1978a,
b), Goel and DeGroot (1981), Soofi (1994), Singpurwalla (1997), Polson (1992)). Ebrahimi et al
(2007) have developed measures of information about the parameters of lifetime distribution pro-
vided by the residual life of an object beyond an age t. In this paper, we present the basic concepts
and measures developed in Ebrahimi et al (2007) and refer the reader to that paper for details,
applications to specific families of distributions, and for the list of references.

Suppose that Y is the age at death of an insured person who purchases the policy at age
t. The length of time between Y and t, together with the age at which insurance is purchased,
is crucial for pricing life insurance products for individuals in various age groups. Consider a
model with density function f(y|θ), for the lifetime distribution where θ ∈ Θ is a parameter with
a prior distribution f(θ). If we ignore the current age, we will use the lifetime density at birth
f(y|θ) = f(y|θ) for the likelihood and update f(θ) by Bayes theorem. We obtain the posterior
distribution f(θ|y) ∝ f(θ)f(y|θ), where various age groups are not distinguished, and hence the
updating is static.

Considering the current age, the appropriate likelihood function for the problem at hand is
given by the density of residual life distribution

f(y|θ; t) = −dP (Y − t > y|θ, y > t)
dy

=
f(y|θ)
F̄ (t|θ)

, y > t,(1)

where F̄ (t|θ) = P (Y > t|θ) is the survival function. If we use the prior for the lifetime model
parameter for all ages, then the Bayes theorem gives

f(θ|y; t) =
f(y|θ; t)
f(y; t)

f(θ), y > t,(2)
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where f(y; t) is the residual life predictive density. In this updating the posterior is a function of
the observation y as well as the age at which insurance is purchased. Clearly f(θ|y; 0) = f(θ|y).

Alternatively, one may incorporate the knowledge of age into the prior belief and revise the
prior for the lifetime model parameter based on the event Y > t. In this case, the prior is updated
by the likelihood function f(y − t|θ) of the observation y ≥ t to the posterior

f(θ|y − t = x) =
f(x|θ)F̄ (t|θ)

f(x)F̄ (t)
f(θ) =

f(x|θ)
f(x)

f(θ; t), x > 0.(3)

In this case, the prior f(θ; t) =
F̄ (t|θ)
F̄ (t)

f(θ) is a function of age t and the updating the posterior is

a function of the observation x = y − t.
More generally, if we consider {t ≥ 0} as an index set, then updatings (2) and (3) are

functions of t, hence are dynamic. Applications of the dynamic updatings extend well beyond life
insurance and lifetime distributions. When the subject of duration study is other than lifetime (e.g.,
search time, unemployment period) the present time point plays the role of “age”. More generally,
the dynamic measures are applicable to any continuous distribution with a positive support. For
example, for the distributions of wage, income, and depletable natural resources such as petroleum,
the minimum wage, poverty line, and amount of oil extracted to date play the role of the current
age, respectively.

2 Concepts of Uncertainty and Bayesian Information

Information in an observation y about the parameter θ is the extent to which y reduces uncertainty
about θ. We conceptualize uncertainty in terms of unpredictability of outcomes of an unknown
prospect for which we have a probability distribution with density f . The most unpredictable
situation is when we are unable to forecast in favor or against any values for the unknown prospect.
We have no reason to assess if any value is more or less likely than the others and invoke Laplace’s
”Principle of Insufficient Reason”, assigning equal probabilities to all possible values (intervals of
equal width in the continuous case). Thus, the uniform distribution is the reference point for
quantifying uncertainty in terms of predictability.

The uncertainty associated with a probability distribution with density f is measured by
a concave function U(f) such that U(f) ≤ U(u), where u is the density of a uniform distribu-
tion, possibly improper, over the support of f . That is U(f) is a measure of uniformity (lack of
concentration) of probabilities under the distribution. In present context, the quantity U(f) is
interpretable as a measure of uncertainty of f about θ. Our definition of U(f) is a modification of
the uncertainty function defined by Goel and DeGroot (1981) where the only requirement for U(f)
is to be a concave function f . Their examples include U(f) = V ar(θ). However, variance does
not necessarily map uniformity of probabilities and hence does not map uncertainty in the sense of
difficulty of predicting outcomes; e.g., beta distribution Be(α, β) with α, β < 1, see Ebrahimi et al
(1999). Examples of U(f) are discussed in sequel.

2.1 Information in an Observation

The information worth of an observation y, given that Y > t, is assessed by a comparison of the
pair f(θ|y; t) and f(θ). The prior and posterior distributions may be compared by the difference
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of their uncertainty functions,

IU (θ|y; t) = U(f(θ)) − U(f(θ|y; t)).(4)

That is, IU(θ|y; t) is a measure of information provided by an observed y > t about θ.
Alternatively, the prior and posterior distributions may be compared by a divergence measure

δQ,ϕ(θ|y; t) = Q

(∫

Θ
f(θ|y; t)ϕ

(
f(θ|y; t)

f(θ)

)
dθ

)
≥ 0,(5)

where zϕ(z) is a convex function and Q(z) is a one-to-one transformation preserving the convexity
such that the equality in (5) holds if and only if f(θ|y; t) = f(θ) almost everywhere. Examples of
ϕ(z) when Q(z) = z are given in Carota et al (1996). Two examples are discussed in sequel.

2.2 Expected Information in an Observation

In general, both IU(θ|y; t) and δQ,ϕ(θ|y; t) depend on y and t. The concentration difference IU (θ|y; t)
can be positive or negative depending on which of the two distributions is more informative (con-
centrated). However, since U(f) is concave, U(f(θ)) ≥ EY >t[U(f(θ|y; t))], hence the expected
information in Y > t about θ before taking an observation is

IU (θ|Y ; t) = EY >t[IU (Y ; t)] = U(f(θ)) − EY >t[U(f(θ|y; t))] ≥ 0.(6)

The nonegativeness of expected information makes U(f) a reasonable representation of the notion
of uncertainty associated with a probability distribution (DeGroot 1961).

The nonnegative divergence function δQ,ϕ(θ|y; t) quantifies the discrepancy between the pos-
terior and prior distributions, but it does not indicate which of the two distributions is more
concentrated and hence more informative about θ. Accordingly, the expected information in Y > t

about θ before taking an observation is also nonnegative,

ϑδ(θ|Y ; t) = EY >t[δQ,ϕ(θ|Y ; t)] = Q

(∫

Y

∫

Θ
f(θ; y; t)ϕ

(
f(θ, y; t)
f(θ)f(y)

)
dθdy

)
≥ 0.(7)

The equality in (6) and (7) hold if and only if Θ and Y are independent; the trivial case.

3 Shannon and Rényi Information Measures

In (4) use Shannon entropy, U(f) = H(f) = −
∫
Θ f log f gives the dynamic Shannon entropy

difference information in an observation y > t about the parameter θ. We note that IH(θ|y; t)
is invariant under location and scale transformations of θ. However, it is not invariant under all
one-to-one transformations of θ or y.

It is clear that IH(θ|y; 0) = IH(θ|y). Abel and Singpurwalla (1994) found the lack of in-
variance of ϑ(θ|y) useful for comparing the informativeness of outcomes, survival and failure of an
item, in a small interval (y0, y0 +∆) about the failure rate and mean lifetime under an exponential
model. Dynamic extensions of this analysis for three models are in Ebrahimi et al (2007).

Rényi (1961) introduced entropy of order α, U(f)Hα(f) =
1

1 − α
log

∫

Θ
fα, as a generalization

of Shannon entropy; limα→1 Hα(f) = H(f). Using U(f) = Hα(f) in (4) we obtain the dynamic
Rényi entropy difference information in an observation y > t about the parameter θ,

IHα(Θ|y; t) = Hα(Θ) − Hα(Θ|y; t) =
1

1 − α
log

(∫

Θ
fα(θ)dθ −

∫

Θ
fα(θ|y; t)dθ

)
.(8)
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We note that IHα(θ|y; t) is also invariant under location and scale transformations of θ. However,
it is not invariant under other one-to-one transformations.

For ϕ(z) = log z and Q(z) = z, the divergence measure (5) gives the Kullback-Leibler dis-
crimination information between the prior and posterior distributions,

δQ,ϕ(θ|y; t) = K[f(θ|y; t) : f(θ)] =
∫

Θ
f(θ|y; t) log

f(θ|y; t)
f(θ)

dθ.(9)

For ϕ(z) = zα and Q(z) = (α − 1)−1 log z, the divergence measure (5) gives the information
divergence of order α between the prior and posterior distributions,

δQ,ϕ(θ|y; t) = Kα[f(θ|y; t) : f(θ)] =
1

α − 1
log

∫

Θ
f1−α(θ|y; t)fα(θ)dθ.(10)

Note that limα→1 Kα[f(θ|y; t) : f(θ)] = K[f(θ|y; t) : f(θ)], (Rényi 1961).
The information measures (9) and (10) are invariant under one-to-one transformations of θ,

but are not invariant under one-to-one transformations of y.
It is well-known that for Shannon entropy difference and Kullback-Leibler information

ϑ(θ|Y ; t) = IH(θ|Y ; t) = ϑK(θ|Y ; t),(11)

where ϑ(θ|Y ; t) = M(Θ, Y ; t) is the dynamic mutual information between the parameter and the
data distribution. The mutual information is symmetric in Y and Θ, but following Lindley (1956)
we use ϑ(θ|Y ; t) to underscore its directional Bayesian interpretation. Clearly, ϑ(θ|Y ; 0) = ϑ(θ|Y ) is
Lindley’s measure of information in the experiment. The expected information ϑ(θ|Y ; t) is invariant
under one-to-one transformation of both θ and y. It is also invariant under sufficiency.

Applications of ϑ(Θ|Y ; t) will take the item’s age into account in numerous applications of
Lindley’s measure such as reference priors and diagnostics for comparison of designs and experi-
ments, model evaluation, information loss due to censoring, collinearity, and multivariate dimension
reduction. The last expression in (11) has an expected utility interpretation which is prevalent in
Bayesian literature. The dynamic reference priors are obtained by maximizing ϑ(Θ|Y ; t).

The expected Rényi’s divergence IKα(θ|Y ; t) is considered as a measure of expected infor-
mation about the parameter (Goel and DeGroot 1981). The expected Rényi’s entropy difference
IHα(θ|Y ; t) also provides a measure of expected information about the parameter. However, in
general, the two expected Rényi measures are not equal IKα(θ|Y ; t) 6= IHα(θ|Y ; t). Consequently,
unlike the case of Kullback-Leibler function, the averaging interpretation only applies to the infor-
mation divergence of order α, and not to the difference between the prior and posterior entropies
of order α. That is, IKα(θ|Y ; t) can not be interpreted as the expected reduction of uncertainty
about the parameter due to the data.
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1. Introduction

The main motivation for the exploration of the theoretical results presented in this paper was the

development of a Bayesian binary regression model to predict death of patients after acute myocardial

infarction (Souza & Migon, 2004). In that application the rate of correct classification was of 88%.

Evidently, incorrect classifications in the two directions have costs. This way, the development of

efficient methods for outliers identification or adjustment of more robust models is essential.

Due to discrete nature of the response variable in this context the residuals are difficult to

interpret. An alternative approach for a Bayesian residual analysis is proposed in this paper in

the context of regression binary data and consists of the evaluation of the posterior distribution of

the a random effect included in the linear predictor. The prior distribution for the random effect

is specified as a mixture of normals, allowing extra variability for the ith individual, in agreement

with a random variable, taking values 0 or 1 with probabilities (1 − p) and p, respectively. The

posterior distributions of these effects make the interpretation and the identification of possible outliers

observations easier. Besides, are compared results for analysis with other alternatives for specification

of the prior distribution for the random effect as the normal and Student-t distribution.

The results for the alternative approach are also compared to the ones obtained through of an

approach proposed by Albert & Chib (1995).

2. Bayesian Binary Regression Model with Randon Effect

With the objective of improve the predictive capacity of the model and reduce the effect of

variables not measured a randon effect can be included in the linear predictor so that the model for n

independents observations it is specified by

yi|πi ∼ Ber(πi),(1)

πi = F (x′iβ + γi), i = 1, ..., n(2)

where yi = 1 if the response of interest is observed for the i
th individual, otherwise yi = 0; πi is the

probability that the ith individual will present the response under investigation; β = (β0, β1, β2, ..., βk)
′

is the k+1 vector of unknown parameters; xi = (1, xi1, xi2, ..., xik)
′ the k+1 vector of known covariates

associated to the ith individual and F a cumulative distribution function that transforms (x′iβ + γi)

for the interval (0,1). The function F can be any arbitrary cumulative distribution as for example the

logistic, the normal and the extreme value, respectively, given by exp(x′iβ + γi)/[1 + exp(x
′

iβ + γi)],

Φ(x′iβ + γi) and 1−exp[− exp(x
′

iβ + γi)]. This way, the link function defined as g(πi) = F
−1(x′iβ+γi)

corresponds to log
(

πi
1−πi

)
, Φ−1(πi) and log(− log(1− πi) in each case.
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In this context, where the response depends on the parameters in a complex way, the specification

of prior distributions is a hard task. In this paper, informative independent normal priors, with small

precision, were set to the parameters β. A number of alternative prior distributions could be adopted

for γi, we propose the follow priors:

γi|σ
2 ∼ N(0, σ2), σ−2 ∼ Gamma(a, b);(3)

γi|σ
2, ki ∼ N(0, [(1− ki)σ

2 + ckiσ
2]), ki|p ∼ Ber(p), σ

−2 ∼ Gamma(a, b);(4)

γi|λi, σ
2 ∼ N(0, λiσ

2), λ−1i ∼ Gamma(
υ

2
,
υ

2
);(5)

with c, p, a, b, ν and σ in (5) apropriate known constants.

The joint posterior for β, γ and θj is given by

p(β,γ,θj|y) ∝ l(β,γ;y)p(β)p(γ|θj)p(θj), j = 1, 2, 3, with(6)

l(β,γ;y) =
n∏

i=1

[
F (x′iβ + γi)

]yi [1− F (x′iβ + γi)
](1− yi) ,(7)

y′ = (y1, y2, ..., yn) the n vector of the observed data, π
′ = (π1, π2, ..., πn), θ1 = σ

−2, θ2 = (k,σ
−2),

θ3 = (λ, σ
−2), k′ = (k1, ..., kn) and λ′ = (λ1, ..., λn).

To obtain the marginal posterior distributions it is necessary to solve complex integrals involving

the density (6) and the Gibbs sampler can be used (Gelfand & Smith, 1990; Gamerman & Lopes, 2006).

3. An Aplication with Real Data

We present an application of the proposed approach in the Bayesian analysis of a multivariate

logistic regression model developed to predict death of patients after acute myocardial infarction

(AMI). The main reason why logistic regression has proven to be such a powerful analytic tool for

medical research is the interpretability of the regression coefficients as log odds. The models proposed

were implemented through of the software WinBUGS ( Spiegelhalter et al., 1996).

The data set consists of demographic and medical variables observed at the admission of patients

after AMI. A sample of 546 outpatients with 73 deaths were consecutively observed at Procardiaco

Hospital in Rio de Janeiro, Brazil, from January 91 up to December 95. Additional details about the

protocol guiding this experiment can be found in Bassan et al. (1996).

A set of eleven variables have been previously selected. The variables selection procedures -

using Bayes factor to discriminate among competitive models - and measures that allow to evaluate

the predictive ability of the model are presented in Souza & Migon (2004). The model that presented

the best predictive ability, from now on called M0, includes the variables age, sex, history of arterial

hypertension, previous myocardial infarction, the habit of smoking, the class Killip on admission - an

ordinal measure of the intensity of the infarction - and the interactions age × hypertension, sex ×

hypertension and hypertension × previous infarction.

Two diagnosis measures were used to evaluate the predictive capacity of the model. The c-index

that represents the proportion of times in which the probability of in-hospital death is smaller in the

survivors group than in the deaths group and the predictive rate of correct classification that for a

specific cut point is the proportion of patients correctly allocated to the death and survival groups.

The results presented in the Table 1 allow to conclude that the addition of the random effect

improves the model predictive capacity and therefore allows to identify the tuneless observations, but

the discrimination power is larger when we specified for the random effect the prior (4) with high

value for c (c = 20) according to the Figure 1. Besides, its allow to verify that M2 and M3 (σ = 1.26)

present the same predictive capacity, but the first one attributes extra variability more strongly for

candidates the outliers and shows larger discrimination power. On the other hand, the model M3
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better accommodates the outliers. Figure 2 shows that the posterior distributions for σ in the models

M1 and M2 presents approximately the same form, being more concentrated for M2. In the model

M3, in this case, the parameters σ and ν are such that 0 < σ < 1.7 and ν > 4. In order to allow

larger variability were chosen the values ν = 5 and σ = 1.26. It is noticed that the inclusion of the

random effect independent of the model only modifies the posterior mean for the observations with

some classification mistake, but mainly of those candidates the outliers, as it can be noticed for the

observations 23, 46,48 and 59 in the Figure 1.

To evaluate the procedures used in the outliers detection a total of 40 potential outliers ob-

servations were removed from the data group according to the posterior distribution for the random

effects. In Table 2 we can verify that these procedures indicate the possible outliers correctly, because

when 28 observations were removed the c-index and the correct classification rate passed from 0.83

and 0.89 to 0.96 and 0.94, respectively. When the 40 observations were removed the c-index passed to

0.99 and the correct classification rate to 0.97. Therefore, the adjustment improves significantly when

these observations are removed. When the results of the approach proposed for accommodation and

identification of potential outliers are compared to the obtained by approach for Bayesian residual

analysis proposed by Albert & Chib (1995) the same observations are indicated as potencial outliers.

Table 1. Classification Diagnosis for the Models M0, M1, M2 (c = 20) and M3 (σ = 1.26) with

respectively 95% credibility intervals.

model c-index correct classification rate (cut point 0.55)

M0 0.834 (0.817; 0.843) 0.891 (0.881; 0.897)

M1 0.862 (0.836; 0.887) 0.897 (0.885; 0.914)

M2(c = 20) 0.892 (0.861; 0.921) 0.907 (0.890; 0.929)

M3(σ = 1.26) 0.902 (0.873; 0.928) 0.915 (0.889; 0.930)

[1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22]

[23]
[24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43]

[44]
[45]

[46]

[47]

[48]

[49] [50] [51]

[52]
[53]

[54]
[55] [56]

[57]
[58]

[59]

[60]

   -5.0

    0.0

    5.0

   10.0

a) M1 (γi ∼ N(0, σ
2), σ−2 ∼ Gamma(3, 1);

[1]
[2]

[3]
[4]

[5] [6]
[7]

[8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20]
[21] [22]

[23]

[24] [25] [26]
[27] [28] [29] [30] [31] [32] [33] [34] [35]

[36] [37] [38] [39] [40] [41] [42]
[43]

[44]

[45]

[46]

[47]

[48]

[49] [50] [51]

[52]
[53]

[54]

[55] [56]

[57]

[58]

[59]

[60]

   -5.0

    0.0

    5.0

   10.0

b) M2 (γi|σ
2 ∼ N(0, [(1− ki)σ2 + ckiσ2])), c = 20, p = 0.10, σ−2 ∼ Gamma(3, 1).

[1] [2]
[3]

[4]
[5] [6] [7]

[8] [9]
[10] [11] [12]

[13]
[14] [15] [16] [17] [18] [19] [20]
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c) M3 (γi|σ
2 ∼ N(0, λiσ

2), λ−1i ∼ Gamma(ν2 ,
ν
2 ), σ = 1.26, ν = 5;

Figure 1. Boxplots for Posterior Distribution of the Random Effects for the first 60 patients.
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Figure 2. Posterior Distribution for Sigma

Table 2. Classification Diagnosis for the Model M0 including or not the outlier candidates.

n c-index correct classification rate (cut point 0.55)

546 0.833 (0.817; 0.843) 0.891 (0.881; 0.897)

518 0.965 (0.958; 0.969) 0.939 (0.930; 0.946)

506 0.988 (0.985; 0.989) 0.966 (0.958; 0.972)

4. Concluding Remarks

An alternative approach to a Bayesian residual analysis for binary regression data was presented

in this paper. The proposed approach using as prior distribution for the random effect a mixture of

two normal distributions showed to be efficient in the accommodation and identification of potential

outliers observations, because the model predictive capacity improves substantially when these are

removed from analysis.When the results for mixture are compared to those obtained considering the

prior distribution for the random effect as normal or as Student-t with low degrees of freedom the

first one is more efficient in the sense of attributing larger variability only for the potencial outliers

observations. However, the model with random effect t-Student accommodates the outliers better.

Besides, when the results for the mixture of the two normal distributions or t-Student are compared

to an approach proposed in the literature for Bayesian residual analysis is verified that the same

observations are indicated as potencial outliers observations.

REFERENCES

Albert, J. and Chib, S.(1995) Bayesian Residual Analysis Binary Response Regression Models. Bio-

metrika, 82, 4, pp. 747-759.

Bassan, R., Postch, A., Pimenta, L. Tachibana, V. M., Souza, A. D. P., Migon, H. S. and Dohmann, H.

(1996). Hospital mortality in Acute Myocardial Infarctions: Is it possible to Predict Using Admission

Data?. Arq. Bras. Cardiol., 67, 3, 149-158.

Gamerman, D. and Lopes, H. F. (2006) Stochastic Simulation for Bayesian Inference. Chapman &

Hall/CRC, Boca Raton, USA.

Gelfand, A. E. and Smith, A. M. (1990) Sampling-Based Approaches to Calculating Marginal Densities.

Journal of the American Statistical Association, Vol. 85, No. 410, pp. 398-409.

Souza, A. D. P. and Migon, H. S. (2004) Bayesian Binary Regression Model: An Application to

in-hospital Death After AMI Prediction. Pesquisa Operacional, Vol. 24, No. 2, pp. 253-267.

Spiegelhalter, D. J.,Thomas, A., Best, N. and Gilks,W. (1996) BUGS (Bayesian Inference Using Gibbs

Sampling) Version 0.50, MRC Biostatistics Unit, Cambridge,UK.

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 3146 -



Bayesian Inference for Progressive Step-Stress Life Testing with the

Box-Cox Transformation

Fan, Tsai-Hung
National Central University, Graduate Institute of Statistics
300 Jhongda Rd.
Jhongli 320, Taiwan
E-mail: thfan@stat.ncu.edu.tw

Wang, Wan-Lun
National Central University, Graduate Institute of Statistics
300 Jhongda Rd.
Jhongli 320, Taiwan
E-mail: ookk318@yahoo.com.tw

Introduction

Reliability demonstrations or verification testings for highly reliable products, such as industrial
commodities or high-risk public facilities, are often both time consuming and costly to practically
test these items in the usual or operating environment due to a long period required to generate
a meaningful number of failures for analysis. In order to reduce the experimental cost and avoid
observing some extreme lifetimes, accelerated life testings (ALTs) are used more frequently than
ordinary life testings. Accordingly, the design and analysis of such testing are very crucial in general
practice. Typically, the ALT design involves the selection of stress variables, or so called independent
variables, such as temperature, humidity, voltage, etc., which define the stress environment, and the
determination of optimal testing levels for these variables to produce an environment which accelerates
failure in a meaningful way. In addition, the most basic and useful type of ALT is the “progressive
step-stress” testing. The stress is increased step-by-step over time in this way until the experiment is
finished.

Moreover, most of the researches in this area assume the failure rate of a test item is a logarithmic
function of stress, see e.g., Gouno et al. (2004), Wu et al. (2006), Yu et al. (2002) and Yeo and Tang
(1999), among others. In this paper, we provide a Bayesian appraoch to a generalization of the step-
stress ALT models in which the relationship between the failure rate and the stress is of the Box-Cox
transformation. Section 2 gives the model and notation used in the paper and Section 3 presents the
Bayesian framework of the problem including the predictive inference on the reliability, the mean life
length and the failure rate. Some simulation studies are shown in Section 4.

Notation and model specification

In this paper, we consider the k-stage step-stress ALT with type I progressive group-censoring
with the k stress environments pre-determined by optimal testing levels of M stress variables. Let

0 ≡ λ0 < λ1 < . . . < λk < λk+1 ≡ ∞

be the associated failure rates in the k environments. Assume that a total of N test items are available
for the life testing and let zi denote the stress variables at the ith time duration. The experiment
is conducted as the following. At beginning, N items are simultaneously placed on an ALT at the
1st stress environment z1 = (1, z11, . . . , z1M )T, and run until time τ1, at which point the number of
failed items n1 are observed, and r1 ≤ N − n1 surviving items are removed from the test; starting
from time τ1, the N − n1 − r1 non-removed surviving items are put to the 2nd stress environment,
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say z2 = (1, z21, . . . , z2M )T, and run until time τ2, at which point the number of failures n2 are
observed and r2 surviving items are removed from the test, and so on, until the ending time of the life
testing τk, the number of failed items nk are observed and the remaining rk = N −

∑k
i=1 ni −

∑k−1
i=1 ri

surviving items are all censored from the test. The model considered must satisfy the following three
assumptions:
A 1: For any stress level, the life time of a test item is of the exponential distribution, and the failure
rate of a test item at the ith interval is λi > 0, i = 1, . . . , k.
A 2: The occurrences of failures follow a cumulative exposure model so that the cumulative distribution
of the life length T over the time range [0,∞) is given by

F (t|λ) =
[
1− exp { − λi(t− τi−1)−

i−1∑
j=1

λj∆j}
]
I[τi−1,τi)(t),

where λ = (λ1, . . . , λk), i = 1, . . . , k. For notational simplicity, let ∆j = τj − τj−1, and the indicator
function I[τi−1,τi)(t) = 1, if t ∈ [τi−1, τi), τk = ∞, and

∑0
i=1{·} = 0.

A 3: The failure rate of a test item and the stress level are of linear relationship under the Box-Cox
transformation. That means the relationship between the failure rate λi and the stress variables zi in
the ith interval is

λ
(ξ)
i = zT

i β,

where

λ
(ξ)
i =

 λξ
i−1
ξ if ξ 6= 0

log(λi) if ξ = 0,

known as the Box-Cox transformation with β = (β0, β1, . . . , βM )T and ξ being unknown parameters.
The case with ξ = 0 indeed is the usual logarithmic model that will be denoted by log-SSALT in short.

A fully Bayesian appraoch

Given stress variables Z = (z1, . . . ,zk) and the duration time interval ∆j > 0 for j = 1, . . . , k,
the likelihood function of (β, ξ), given the numbers of failures n = (n1, . . . , nk) and survivors r =
(r1, . . . , rk) observed from all k time intervals, is

L(β, ξ|Z,n, r) ∝
k∏

i=1

[1− exp{−(ξzT
i β + 1)1/ξ∆i}]ni [ exp{−(ξzT

i β + 1)1/ξ∆i}]mi−ni ,(1)

where mi = N −
∑i−1

j=1 nj −
∑i−1

j=1 rj is the number of non-removed surviving items at the beginning
of the ith stage. Let π(β, ξ) denote the joint prior density of θ = (βT, ξ)T. It is reasonable to
assume that β and ξ are apriori independent. That is, π(β, ξ) = π1(β)π2(ξ), where π1(β) and π2(ξ)
denote the prior densities of β and ξ, respectively. We further assume that the prior distribution of
β follows a multivariate normal distribution with mean vector µ0 and variance-covariance matrix Σ0.
In particular, we use µ0 = 0 and Σ0 = σ2

βIM+1 with σ2
β chosen arbitrarily large enough (e.g., 103) for

robustness consideration (Berger, 1985).
On the other hand, we also consider a vague prior distribution on ξ, say a uniform distribution

over (−h, h), where h is a bounded real value. Then, combining the prior π(β, ξ) and the likelihood
(1) yields the joint posterior density

π(β, ξ|N,Z,n, r) ∝
k∏

i=1

{1− exp[−(ξzT
i β + 1)1/ξ∆i]}ni{exp[−(ξzT

i β + 1)1/ξ∆i]}mi−ni

× |Σ0|−
1
2 exp[−1

2
(β − µ0)

TΣ−1
0 (β − µ0)].(2)
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The normalizing constant of (2) is clearly intractable, so the posterior distribution as well as
the Bayesian inference of θ can not be derived analytically. We shall apply the MCMC method to
simulate an approximate posterior sample of θ, and draw Bayesian inference approximately based on
the simulated sample.

However, the main purpose of the ALT is not only to estimate the unknown parameters, but
also to study the effect of the stress environments on the failure-time distribution, and to predict the
failure rate, the expected life time, and/or the reliability of an item under the use or normal operating
conditions. Let ε be the index of the use or normal environment, and all variables under the use
condition be denoted by zε = (1, zε1, . . . , zεM )T. Then all the above quantities of interest indeed are
functions of β and ξ. More specifically, the failure rate is

λε = λε(θ) = (ξzT
ε β + 1)1/ξ,

the expected life time is written as

Tε = Tε(θ) = λ−1
ε = (ξzT

ε β + 1)−1/ξ,

and the associated reliability at time ti can be expressed by

Rε(ti) = Rε(ti|θ) = exp
(
− λεti

)
= exp{−(ξzT

ε β + 1)1/ξti}.

Based on a posterior sample (or an approximate sample) of θ, say θ(l), l = 1, . . . , L,

λ(l)
ε = λε(θ(l)) = (ξ(l)zT

ε β(l) + 1)1/ξ(l)
, l = 1, . . . , L,

form an approximate posterior sample of size L of λε, which can be used to make all Bayesian inference
about λε. For example, the sample mean and sample variance of λ

(l)
ε , l = 1, . . . , L, give the estimates

of the posterior mean and variance of λε, respectively, and (λ[α/2]
ε , λ

[1−α/2]
ε ) deduces an approximate

100(1 − α)% credible interval for λε, with λ
[α]
ε denoting the α-quantile of λε. The results hold for Tε

and Rε(ti) correspondingly.

Simulation study

A step-stress testing design is given in Table 1 in which there are 10 stages, and each testing
interval is of length ∆i = 50, for all i. For computational convenience, we take the natural logarithm
of all stress variables, for example, the first stress level z1 = log(330) = 5.799. Two synthetic data sets,
each of sample size N = 200, are generated from the porposed BC-SSALT model with true parameters
(β0, β1, ξ) = (−392, 61, 0.325) (called ”Case 1”); and from the log-SSALT model with true parameters
(β0, β1) = (−61, 9) (called ”Case 2”), respectively. Each of them is fitted under the log-SSALT and
BC-SSALT models using the porposed Bayesian approach. From a Bayesian point of view, it is of
great interest to compare the appropriateness of these two models based on the Bayes factor, which
involves the calculation of the marginal distributions of the data. Assuming that these two models are
a priori equally probable, we use samples from the posterior distribution, to calculate the marginal
density by the harmonic means of sampled likelihoods (Newton and Raftery (1994)). The Bayes factor
of BC-SSALT relative to log-SSALT models with respect to the data set in Case 1 and Case 2 are
4063.446 and 1.352, respectively. It appears that the data in Case 1 strongly support the BC-SSALT
model; whereas the log-SSALT model is slightly favorable of the data in Case 2.

Furthermore, we investigate the effect of the stress environments on the failure-time distribution
and to predict the failure rate, the expected life length, and the reliability at specified time points
ti = (50, 200, 500, 1000, 1500, 3000) of the item under the use condition. The first stage of the step-
stress pattern design, namely z1 = (1, 5.799) is assumed as the normal operating environment. The
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corresponding Bayesian estimates are summarized in Table 2. Clearly, in the table, we observe that
the BC-SSALT model performs much better than the log-SSALT model for the data in Case 1. We
found that the log-SSALT model underestimates the failure rate and overestimates the expected life
length and the reliability seriously. As for the data in Case 2, all prediction results under these two
models display analogous patterns. Judging from this, the simulated data set in Case 2 is adequately
fitted by the log-SSALT model. Meanwhile, it is also fitted well by the BC-SSALT model. Conversely,
if the BC-SSALT model is the true model, then fitting the data to the log-SSALT model may make
misleading statistical inferences. Therefore, we conclude that the BC-SSALT model proposed in this
paper actually offers the practitioners in a more general consideration, and the log-SSALT model can
be treated as a special case of this model.

Table 1. Step-stress pattern design.

Stage 1 2 3 4 5 6 7 8 9 10
Variable 330 360 390 420 450 480 510 540 570 600

Table 2. Comparisons of the failure rate, the expected life length, and the reliability.

Case Fitted Failure Rate Life
Reliability

Model (×10−4) Length 50 200 500 1000 1500 3000

True 3.203 3122.496 0.984 0.938 0.852 0.726 0.619 0.383

1: BC BC 3.161 3267.691 0.984 0.939 0.854 0.730 0.625 0.393

log 1.127 9584.798 0.994 0.978 0.945 0.894 0.845 0.716

True 1.890 5292.145 0.991 0.963 0.910 0.828 0.753 0.567

2: log BC 2.143 5237.711 0.989 0.958 0.899 0.809 0.729 0.537

log 2.083 5099.688 0.990 0.959 0.901 0.813 0.734 0.541
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Abstract

Boosting is one of the important ensemble classifiers emerging in
the past decade. Friedman, et al. (2000) provides a statistical insight:
AdaBoost can be viewed as a Newton-like updates minimizing expo-
nential criterion. This powerful insight, however, does not address the
convergence problems: (1) whether the Newton update converges (2)
whether the update procedure converge to the Bayes procedure if it
does converge. Under a normal-normal setting, we cast the learning
problem as a Bayesian minimization problem. It is shown that the
Bayes procedure can be obtained via an iterative Newton update min-
imizing exponential criterion. In addition, the step sizes of AdaBoost
are shown to be highly effective and lead to a one-step convergence.

AMS 2000 subject classification: 62G05, 68T05, 62C10
Keywords: Boosting, Bayesian optimization, loss approximation, statisti-
cal machine learning

1 Introduction

Friedman, et al. (2000) shows that boosting can be viewed as a stage-
wise Newton update minimizing exponential criterion. This interpretation
catches much attention, specially from statistical community. It also inspires
ensuing investigations. For example, the exponential loss approximation
motivates other loss approximations and in turn lead to new variations of
boosting-like algorithms. However, that study fails to address two important
questions

• whether the Newton update converges?

1
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• does the update procedure converge to the (optimal) Bayes procedure
if it does converge?

In the literature, the Bayes consistency refers to the convergence, to the
optimal Bayes procedure, of boosting algorithm as it iterates forever. In
perspective, we investigate the Bayes consistency of boosting along the line
of Friedman, et al. (2000) using a population version approach. In this
study, we impose normal-normal distributional assumption on the sample
and recast the classification problem as a Bayesian optimization problem.
Under this framework, we studies the convergence of population version al-
gorithms by minimizing the conditional approximate risk. The convergence
of two iterative algorithms, FPIB ((2), population iterative Bayes procedure)
and FFHT ((3), population FHT AdaBoost), are established and contrasted.
Moreover, the Bayes risks are calculated and discussed.

2 Main Results

We introduce the Bayesian optimization formulation for analyzing boosting
algorithm. For easy exposition, we will assume X is a continuous (univari-
ate) random variable with sampling probability density function fX(x|θ)
with the parameter θ and the prior distribution of θ is π(θ). Let the poste-
rior distribution of θ given x is π(θ|x) and y = g(θ) for any function g with
range Y. Then the objective is to find a classifier F minimizing

J(F ) = Eπ(θ|x)

{
e−g(θ)F (x)

}
.(1)

As a starting point, we impose the well-studied normal-normal distributional
assumption. Precisely, assume X ∼ N(θ, σ2) and let π(θ) be the conjugate
prior and π(θ) ∼ N(μ, τ2), where μ and τ2 are known. The posterior of θ

given x is π(θ|x) ∼ N(μx, ρ−1), where μx is the posterior mean and ρ−1 is
the posterior variance. Consider the estimation problem of

g(θ) = sign(θ) = 2(1[θ>0])− 1 ∈ Y.

Note that this is a special case of g(θ) = sign(θ − c) = 2(1[θ>c]) − 1. Now
we follow the steps similar to Friedman, et al. (2000). Firstly, the Newton

2
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update can be expressed as an iterative procedure, for t = 1, 2, · · ·

FPIB,t+1(x) = FPIB,t(x) + ft(x)

= FPIB,t(x) +
Φ(
√

ρμx)− e2FPIB,t(x)
[
1− Φ(

√
ρμx)

]
Φ(
√

ρμx) + e2FPIB,t(x)
[
1− Φ(

√
ρμx)

] .(2)

The subscript PIB denotes this algorithm is an (population) iterative Bayesian
procedure.

Theorem. For any initial FPIB,1(x), as t goes to infinity

FPIB,t(x)→ Fπ(x) =
1
2

ln
(

Φ(
√

ρμx)
1− Φ(

√
ρμx)

)
.

Theorem 2 shows that the greedy descent (2) converges to the optimal
Bayes procedure. In contrast, the greedy descent in Friedman, et al. (2000)
in our notations is

FFHT (x)← FFHT (x) +
1
2

ln
(

1− err
err

)
s(x)(3)

where s(x) is the sign of the greedest update step f and err = Eπ(θ|x){1[s(x)�=g(θ)]e
−g(θ)F (x)}

Eπ(θ|x){e−g(θ)F (x)} .

And we can show that

FFHT (x) ← FFHT (x) +
s2(x)

2

[
ln
(

Φ(
√

ρμx)
1− Φ(

√
ρμx)

)
− 2FFHT (x)

]

=
1
2

ln
(

Φ(
√

ρμx)
1− Φ(

√
ρμx)

)
.

3 Conclusion and Discussion

Under a normal-normal setting, the classification problem is recasted as a
Bayesian minimization problem. We derive an iterative algorithm and con-
trast with the population AdaBoost derived in Friedman, et al. (2000). It
is shown that the optimal Bayes procedure can be obtained via an iterative
Newton update minimizing exponential criterion. In addition, the step sizes
of AdaBoost are shown to be highly effective and lead to a one-step conver-
gence. Again, we warn the readers that our results are of population version
thus may not directly imply similar results in finite-sample implementations.

3
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The distributional assumption mainly serves as a theoretical framework for
analysis of the convergence. At this stage, we do not claim this assumption
is immediately applicable in practice. Nonetheless, this model can be more
appealing with suitable transformations on the explanatory variables. Ex-
tension to more explanatory variables and other forms of g(θ) is currently
under investigation.
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1 Introduction

The seemingly unrelated regression (SUR) model proposed by Zellner (1962) has been widely used in
the literature in system equation. Zellner (1971) and Box and Tiao (1973) studied the model from a
Bayesian point of view and Percy (1992), Chib and Greenberg (1995) and Koop (2003) examined the
Markov chain Monte Carlo (MCMC) methods to estimate the model.

Since the seminal work by Anselin (1988), spatial interaction becomes more important in econo-
metrics. However, all the estimations are done by univariate spatial model. In this paper, we consider
the spatial SUR model, which considers the multivariate case, from a Bayesian point of view and con-
struct the estimation methods of the model using MCMC methods. Also we intoroduce the marginal
likelihood to compare the models with and without spatial interaction.

In the real data example, we examined the economics of agglomeration with and without inter-
regional spill-overs by panel data during the period 1991 to 2000. The rest of this paper is organized
as follows. In Section 2, we summarize the spatial SUR model. Section 3 obtains a joint posterior dis-
tribution and discusses computational strategy of the MCMC method. We also explain the calculation
of marginal likelihoods. In Section 4, we introduce the economic model and examine the economics of
agglomeration in Japan during the period 1991 to 2000.

2 Spatial SUR Model

In the SUR model, as it is supposed that equations are correlated each other, define Ω as the correlation.
Then, the spatial autoregressive SUR (SAR-SUR) model conditioned on parameters (β,Ω−1,Dρ) is
written as follows;

y = Xβ + (Dρ ⊗W )y + ε, ε ∼ N (0,Ω⊗ IN ) ,(1)

where IN is N ×N unit matrix.
Then, we will introduce the likelihood function L of the model (1) as follows;

L(y|β,Ω−1,Dρ,X,W ) =
1√

2π
NT
|Ω−1|N/2|INT − (Dρ ⊗W )| exp

[
−e′(Ω−1 ⊗ IN )e

2

]
,(2)

where e = y −Xβ − (Dρ ⊗W )y.

1The research for this work was supported by Grant-in-aid for Scientific Research (A)(1) 15200022.
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3 Posterior analysis

3.1 Joint posterior distribution

Since we adopt a Bayesian approach, we complete the model by specifying the prior distribution over
the parameters. Therefore, we apply the following priors;

p(β,Ω−1,Dρ) = p(β)p(Ω−1)
T∏

t=1

p(ρt).

Prior distributions are as follows;

β ∼ N (β∗,Σ∗), Ω−1 ∼ W(Ω∗, ν∗), ρt ∼ U(λ−1
min, λ

−1
max), t = 1, · · · , T,

where W(A, b) denotes a Wishart distribution with scale parameter A and degree of freedom b. λmin

and λmax denote the minimum and maximum eigenvalues of W . As is shown in Sun et al. (1999), it
is well known that λ−1

min < 0 and λ−1
max > 0 and ρt must lie in the interval. Therefore, we restrict the

prior space as ρt ∈ (λ−1
min, λ

−1
max).

Given a prior density p(β,Ω−1,Dρ) and the likelihood function given in (2), the joint posterior
distribution can be expressed as

p(β,Ω−1,Dρ|y,X,W ) ∝ p(β,Ω−1,Dρ)L(y|β,Ω−1,Dρ,X,W )

∝ |Ω−1|(ν∗−T−1)/2 exp
[
−tr (Ω−1Ω−1∗ )

2

]

×|Σ∗|−1 exp
[
−(β − β∗)Σ−1∗ (β − β∗)

2

]

×|Ω−1|N/2|INT − (Dρ ⊗W )| exp
[
−e′(Ω−1 ⊗ IN )e

2

]
.

3.2 Posterior simulation

Since the joint posterior distribution given by (3) is much simplified, we can now use MCMC methods.
The Markov chain sampling scheme can be constructed from the full conditional distributions of β,
Ω−1 and Dρ.

3.2.1 Sampling ρ

We know |INT − (Dρ ⊗W )| =∏T
t=1 |IN − ρtW | by the property of matrix partition. Then, from (3),

the full conditional distribution of ρt is written as

p(ρt|β,Ω−1,Dρ−t , y,X,W ) ∝ |IN − ρtW | exp
(
−tr (E′EΩ−1)

2

)
,(3)

where vec (E) = e, which cannot be sampled by standard methods. Therefore, we adopt the random-
walk Metropolis algorithm

The following Metropolis step is used: Sample ρnew
t from

ρnew
t = ρold

t + cφ, φ ∼ N (0, 1).(4)

The scaler c is called tuning parameter and ρold is the parameter of the previous sampling. Next, we
evaluate the acceptance probability

α(ρold
t , ρnew

t ) = min
(

p(ρnew
t )

p(ρold
t )

, 1
)

,(5)

where p is the full conditional distribution in (3) and, of course, ρt in E also changes to ρnew
t in p(ρnew

t ).
Finally we set ρt = ρnew

t with probability α(ρold
t , ρnew

t ), otherwise ρt = ρold
t . The scalar c is tuned to

produce an acceptance rate between 10% and 30% as is suggested in Holloway et al. (2002).
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4 Empirical example

4.1 Economic model

We extend the regional production function model of Kanemoto et al. (1996) to the spatial agglomer-
ation model for 47 Japanese prefectures during the decade from 1991 to 2000. We estimate aggregate
production functions for prefectures to derive the magnitudes of urban agglomeration economies and
interregional spill-overs.

We consider a simple Cobb-Douglas type:

Yit = AitK
αt
it Lγt

it .(6)

The magnitude of urban agglomeration economies can be measured by the degree of scale economy,
αt + γt − 1. Next, we will introduce the interregional spill-overs. We examine interregional spill-overs
using the spatial econometrics technique. Suppose that the interregional spill-overs change the total
factor productivity Ait and is related to the regional weight wij and Yjt

Ljt
. This yields the following

total factor productivity:

Ait = A0t ×
∏
j

(
Yjt

Ljt

)ρtwij

,(7)

ρ is the intensity of spatial interaction. Substitute (7) for (6) and rearrange the equation, to obtain;

ln

(
Yit

Lit

)
= ln A0t + ρt

∑
j

wij ln

(
Yjt

Ljt

)
+ a1t ln

(
Kit

Lit

)
+ a2t ln(Lit),(8)

where αt = a1t and γt = a1t + a2t. Then, the economics of agglomeration is evaluated by a2 (see
Kanemoto et al., 1996) and we can estimate by SAR. However, as we use the panel data, we have to
consider the correlation among periods. Therefore, we will use our SAR-SUR model.

4.2 Empirical results

From the estimated results of SAR-SUR model, we find that all the coefficients are significant. The
each coefficient:ln A0, a1 a2 and ρ are also shown in Figure 1 by box plots. Seeing lnA0, we find that
the coefficients become large as time passes. It implies that the average TFP is the source of economic
growth in Japanese manufacturing. Conversely, a1 becomes smaller as time goes by. It implies that
manufacturing industries in Japan become more labor intensive slightly. a2 also became smaller and
smaller. It implies that the power of economics of agglomeration becomes smaller and smaller after
the collapse of bubbles in 1991, that is, “the lost decade” might be heavily connected to the economics
of agglomeration. Concerning to the spill-over effect ρt, the spill-over effects played an important role
irregularly, especially small in 1991 and big in 2000.

ln A0 and a2 are the parameters about TFP and economics of agglomeration, which is the sources
of economic growth. Threfore we can conclude that the spill-over effects played an important role.

Summarizing the results, we found the following implications: (1) Average TFP is the source
of economic growth in manufacturing industries in Japan. (2) Manufacturing industries in Japan
become more labor intensive. (3) The economics of agglomeration became smaller and smaller. (4)
The spill-over effects played an important role. Also the manufacturing production function in Japan
is serially correlated.

5 Conclusion

This paper examined the SAR-SUR model from a Bayesian point of view. We expressed the joint
posterior distribution, and proposed MCMC methods to estimate the parameters of the model. We
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Figure 1: Box plots of lnA0, a1, a2 and ρ

have illustrated our approach using real data and examined the economics of agglomeration in Japan
during the period 1991 to 2000.
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RÉSUMÉ (ABSTRACT)

This paper considers the seemingly unrelated regression (SUR) model with spatial dependency
from a Bayesian point of view. We consider Markov chain Monte Carlo methods to estimate the
parameters of the model. We analyze the economics of agglomeration in Japanese prefecture during
the period 1991 to 2000. From our empirical results, we found that the spatial autoregressive SUR
model is the best model and that the economics of agglomeration decreased in this decade, but spatial
interaction played an important role.
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We consider an economy with a monopolistic sector with two firms, F1 and F2, that produce a
differentiated product. The timing of the game is as follows: (i) Firm F1 (leader) chooses a quantity
q1 ≥ 0 for its good; (ii) firm F2 (follower) observes q1 and then chooses a quantity q2 ≥ 0 for its good.
The inverse demands are

pi = α− qi − γqj ,

provided that the prices pi are non-negative, with i, j ∈ {1, 2} and i 6= j, where α > 0 and 0 ≤ γ ≤ 1.
The parameter γ expresses the degree of product differentiation, and since γ ≤ 1, “cross effects” are
dominated by “own effects”. Moreover, if γ = 1, then the goods are homogeneous, and if γ = 0,
then the goods are independent. We suppose that each firm has two different technologies, and uses
one of them following a certain probability distribution. The use of either of the technologies affects
the unitary production cost. The following probability distributions of unitary production costs are
common knowledge among both firms:

C1 =

{
cA with probability φ

cB with probability 1− φ
and C2 =

{
cH with probability θ

cL with probability 1− θ
.

We suppose that cB < cL < cA < cH < α. Firm Fi’s profit, πi, is given by

πi(q1(c1), q2(c2)) = (α− qi(ci)− γqj(cj)− ci)qi(ci),

where ci is firm Fi’s unitary production cost, and the quantity qi(ci) depends upon the unitary pro-
duction cost ci, for i, j ∈ {1, 2} with i 6= j. Each firm chooses the price, that depends upon its
unitary production cost, to maximize its expected profit. We decompose the parameter space in
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four regions. Let Lk = (α − 2cH + E(C2))γ2 + 2(α − ck)γ − 4(α − cH), with k ∈ {A,B}, and
M = (α−E(C2))γ − 2(α− cA). We note that LB ≤ 0 implies that LA ≤ 0. Region R1 is determined
by LB ≤ 0 and M ≤ 0; Region R2 is determined by LA ≤ 0, LB ≥ 0 and M ≤ 0; Region R3 is
determined by M ≥ 0; and Region R4 is determined by LA ≥ 0. Let N = (2 − γ)α + γE(C2),
P = (4−2γ−γ2)α− (4−γ2)E(C2), Q = 2(1−γ)α−(

2− γ2
)
cH−γ2E(C2) and S = (1−θ)(cH−cL)2.

Theorem Let E(Ci) be firm Fi’s expected unitary production cost, and let V (Ci) be the variance
of firm Fi’s unitary production cost, for i ∈ {1, 2}. Suppose that 0 ≤ q1(ck) ≤ (α − cH)/γ, with
k ∈ {A,B}. Firms’ expected profits at equilibrium are as follows:

a) If θ ∈ R1, then

E(π∗1) =
(N − 2E(C1))

2

8(2− γ2)
+

V (C1)
2(2− γ2)

,

E(π∗2) =
(P + 2γE(C1))

2

16 (2− γ2)2
+

γ2V (C1)
4 (2− γ2)2

+
V (C2)

4
.

b) If θ ∈ R2, then

E(π∗1) =
φ (N − 2cA)2

8 (2− γ2)
− (1− φ)(α− cH) (Q + 2γcB)

2γ2

E(π∗2) =
φ (P + 2γcA)2

16 (2− γ2)2
+

(1− φ)S + φV (C2)
4

.

c) If θ ∈ R3, then

E(π∗1) =
(1− φ)(cH − α)(Q + 2γcB)

2γ2
,

E(π∗2) =
φ(α2 + E(C2

2 )− 2αE(C2)) + (1− φ)S
4

.

d) If θ ∈ R4, then

E(π∗1) =
(cH − α)(Q + 2γE(C1))

2γ2
,

E(π∗2) =
S

4
.

See proof of the above theorem in [9]. In the space of parameters (φ, θ), we observe one sub-
region where firm F1 has a higher expected profit than firm F2, E(π∗1) > E(π∗2), and another sub-region
where the opposite happens, E(π∗2) ≥ E(π∗1) (see Figures 1 - 3). We note that, for the parameters
considered in Fig. 2, the region where firm F1 has a higher expected profit than firm F2 is bigger than
the region where firm F2 has a higher expected profit than firm F1. This differs from what is observed
in the model with complete information. In the Stackelberg model with complete information, firm
F1, the leading firm, always has a higher profit than firm F2, the follower.

In Figures 1 - 3, we see that there are pairs (φ, θ) for which firm F1 has a higher expected
profit than firm F2, and there are pairs (φ, θ) for which the opposite happens. We have chosen the
parameters values such that the value of θ crosses all the different regions R1, R2, R3 and R4.
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Figure 1: (A) Firms’ expected profits E(π∗1) and E(π∗2). (B) Regions on the probability distributions’
parameters in which the expected profit E(π∗i ) of one firm is higher than the expected profit E(π∗j )
of the other firm. Parameters values: α = 10, cH = 5, cA = 4.5, cL = 3.5, cB = 2 and γ = 1. For
θ ≤ 1/3 we are in region R1, and for θ ≥ 1/3 we are in region R2.
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Figure 2: (A) Firms’ expected profits E(π∗1) and E(π∗2). (B) Regions on the probability distributions’
parameters in which the expected profit E(π∗i ) of one firm is higher than the expected profit E(π∗j ) of
the other firm. Parameters values: α = 10, cH = 9, cA = 8, cL = 3, cB = 1 and γ = 0.8. For θ ≤ 1/3
we are in region R3, and for θ ≥ 1/3 we are in region R2.

CONCLUSIONS

There are pairs (φ, θ) for which firm F1 has a higher expected profit than firm F2, and there
are pairs (φ, θ) for which the opposite happens. Hence, to be the leading firm does not assure higher
profits, and small changes in the parameters of the model can reverse the order of the firms profits.
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ABSTRACT

In this paper, we consider a Stackelberg duopoly competition with differentiated goods, linear and
symmetric demand and with unknown costs. We analyse the variations of the expected profits with the
uncertainty parameters.
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According to the expected utility paradigm, the risk of the investment must be related to the assumed 

preference of the investor and cannot be objectively defined. A natural quantitative definition of risk is the 
amount of money one is willing, on average, to pay someone else to assume the risk. In the empirical study 
we have problem with ranking alternatives in the area of financial issues. Markovitz [6] method for ranking 
alternatives was comparing means and variances of two alternatives (mean-variance criterion). Rothschild 
and Stiglitz [8] fine risk for two distributions characterized by the same expected return. They used 
stochastic dominance rules for definition of risk. In the empirical study when we have not established 
stochastic dominance, we using additionally the probabilistic dominance. The multicriterion formulation of a 
problem can be defined as a model of three components: the set of attributes, the set of actions and the set of 
evaluations. Each pair (attribute, action) is described by vector of evaluation, which may be of different 
nature. In our work this set of vectors have the multivalued random components.  

 
Multivalued Stochastic Dominance  

 
Let F and G are the cumulative distributions of two distinct uncertain alternatives X and Y. X 

dominates Y by first, second and third stochastic dominance (FSD, SSD, TSD) if and only if   

Y) FSD (X  b][a, xallfor  0(x)GF(x)(x)H1 ∈≤−=     (2.1) 

 Y) SSD (X  b][a, xallfor  0dy)y(H(x)H 
x

a
12 ∈≤= ∫      (2.2) 

 Y) TSD (X E(G(x))E(F(x)) and b][a, xallfor  0dy)y(H(x)H
x

a
23 ≥∈≤= ∫   (2.3) 

The relationship between the three stochastic dominance rules can be summarised by the following 
diagram: FSD ⇒ SSD ⇒ TSD, which means that dominance by FSD implies dominance by SSD and 
dominance by SSD in turn implies dominance by TSD. For proof of FSD and SSD see Hadar and Russell 
[1], Hanoch and Levy [2] and Rothschild and Stiglitz [8]. The criterion for TSD was suggested by Whitmore 
[10]. When we have ambiguities in probabilities and outcomes, we have no single - valued distribution, such 
a situation can be represented by a set of probability distributions. Each family has two extreme probability 
distributions the scalar outcome space X. 

 
Definition 1. Lower probability distributions for all values xi ∈ X, we call 

∑
∈=

=
}Ay:ymin{x:j

ji*
ji

)A(p)x(p                                    (2.4)  

According this definition we have: 1)x(p
i

i* =∑ . 
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Definition 2. Upper probability distributions for all values xi ∈ X, we call 

∑
∈=

=
}Ay:ymax{x:j

ji
*

ji

)A(p)x(p ,                               (2.5) 

Now we also have: 1)x(p
i

i
* =∑ . 

 
In case of the point values of random variables both distributions (lower and upper probability 

distributions) are exactly the same: p*(xi) = p*(xi) = p(xi) and we have probability distributions in classical 
sense.  

 
Let two distinct uncertain multivalued alternatives X and Y have lower cumulative distributions 

respectively F*(x) and G*(x), upper cumulative distributions respectively F*(x) and G*(x), for x ∈ [a, b], then 
we have multivalued first, second and third stochastic dominance if and only if  

  b][a, xallfor  , 0(x)G(x)F(x)H *
*1 ∈≤−= ,     (X FSD Y) (2.6) 

 
  b][a, xallfor  0,(y)dyH(x)H 

x

a
12 ∈≤= ∫ ,     (X SSD Y) (2.7) 

 

 (x))E(G(x))E(F oraz  b][a,  xallfor  0,dy)y(H(x)H *
*

x

a
23 ≥∈≤= ∫ ,  (X TSD Y) (2.8) 

 
For proof see Langewisch and Choobineh [3]. 
 

Multivalued Probability Dominance 
 
The dominance concepts discussed are based on a theoretical foundation of utility function. However, 

if elaborate methods for the problem of risky choice are to far away from our habitual thinking, they may 
likely be rejected in practice. For this purpose, Wrather and Yu [11] introduced a probability dominance 
concept, which is based on a habitual way of thinking in making decision. We started from the study of 
rational behaviour of investors. We have two uncertain alternatives, represented by multivalued random 
variables X and Y, and we observe that 

1. random variables X and Y do not stochastically dominate each other 
2. random variables X and Y do not dominate each other in the sense of mean-variance, 
3. investor believes that random variables X is better than Y. 

 
We can the last statement notice like investor believes that random variables X dominate Y in the 

probability dominance sense.  
 
Definition. 3. Given two multivalued random variables X and Y, we say that X dominates Y with 

probability β ≥ 0,5  (X PD Y), iff P(X* > Y*) ≥ β. 
 
P(X* > Y*) is probability, that X* outperform Y* and β is like a measure. If β > 0,5 then  

P(Y* > X*) ≤ 1 - β < 0,5. So in this case X β Y means, that X is as good as Y in 50%. 
 
This two different concepts of dominance: stochastic dominance and probabi lity dominance can be 

complement each other. Some clear dominance between random outcomes can  be found by using stochastic 
dominance test or by using probability dominance test.  
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Multiattribute Multivalued Model 

 
Multiattribute problem can be representing as a model A, X, E (Alternatives, Attributes, Evaluations). 

We propose a multivalued approach a method presenting by Martel and Zaraś [7]. We have: 
1. a finite set of alternatives (actions) A = {a1, a2, ..., am}; 
2. a finite set of attributes X = {X1, X2, ..., Xn}, which are independent and we can apply the additive 

utility function; 
3. a set of evaluations E = {Xij}mxn, where Xij is a random multivalued variable with an lower and 

upper density functions [lfij(x), ufij(x)]. The interval of variation associated with the attribute Xi is denoted 
by [xio, xi

o].  
Value of each alternatives according to each attributes can be represent as a random variable with a 

density function fij(x).. 
 

Table 1 Multivalued model (A, X, E) 
Attributes 
Alternatives 

X1 X2 Xj Xn 

a1 
a2 
. 
am 

[lf1(x11), uf1(x11)] 
[lf2(x21), uf2(x21)] 

.... 
[lfm(xm1),ufm(xm1)] 

[lf1(x12), uf1(x12)] 
[lf2(x22), uf2(x22)] 

.... 
[lfm(xm2),ufm(xm2)] 

[lf1(x1j), uf1(x1j)] 
[lf2(x2j), uf2(x2j)] 

.... 
[lfm(xmj),ufm(xmj)] 

[lf1(x1n), uf1(x1n)] 
[lf2(x2n), uf2(x2n)] 

    .... 
[lfm(xmn),ufm(xmn)] 

 
The local preference we will model by two binary relations based on multivalued probability 

dominance: P (strict preference) and Q (weak preference) as follows: 
1. X* P Y* if ∃ xα ∈ X* such that P(Y* < xα) > β / (1- α) and ¬ Y* SD X*, 

                where β ∈ [0,5; 1], α ∈ [0; 1) and xα = sup {xk: P(X* < xk) ≤ α} 
2. X* Q Y* if ∀ xα ∈ X* such that P(Y* < xα) ≤ β / (1- α) and X* SD Y* 
3. X* N Y* for the others (means incomparability and indifference relations).  

Finally we would like to build a global preference relationship between each pair in a multiattribute 
problem involving risk. The suggested procedure for aggregating local preferences is as follows: 

ai p  aj if ¬ ai P aj for all k if wP+ + wQ+ ≥  wQ-  
ai ~ aj for the others; 
 
where two binary relations p and ~ are defined respectively as large preference and no preference and  
wP+ is the sum of weights for all k where ai P aj 
wQ+ is the sum of weights for all k where ai Q aj 
wQ-  is the sum of weights for all k where ai Q aj. 
 
 

Application of a Multivalued Model 
 
We take for our analysis empirical results for the Warsaw Stock Exchange. This illustration is based on 

four assets - a set of four alternatives. As the finite set of two attributes we were taken the daily return, 
which is a random multivalued variable (the random value in the interval between minimum and maximum 
prise) and the volume. After building a random multivalued variable we observed the multivalued stochastic 
dominance. We observed the same class of multivalued stochastic dominance, so we need to establish the 
multivalued probability dominance and next local preferences; most of them are weak preferences.  
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Table 2. Observed global preference relationship  

Global preference   ELZ     FTE     MSW     ZWC   
  ELZ   X ~ ~ ~ 
  FTE   > X ~ ~ 

  MSW   > > X ~ 
  ZWC   > > > X 
 
 
Finally we would like to build a global preference relationship between each pair in a multivalued 

model and a graph on which we can easily read a global prefe rence in our set of alternatives. The best choice 
is number 4-ZWC (level1), next 3-MSW, 2-FTE and the worse choice is 1-ELZ. 
 

Figure 1 Observed global preference relationship 
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Hypothesis tests are widely used in subject fields. In the formal Neyman-Pearson paradigm, the
statistical inference of a hypothesis test consists of two components: the decision (reject or not reject
the null hypothesis) and the predata performance measures of that decision (size and power of the
test). While theoretically well grounded, this paradigm has long been criticized. Firstly, the binary
decisions, reject or not reject, are too restrictive. In addition, the size and power are predata in nature
thus do not utilize the observed data. In practice, supplemental postdata measures are often reported
and interpreted as evidences supporting or against the hypothesis. The popular p-value is one of such
measures. It is usually taught as a data sensitive evidence against the null hypothesis in standard
statistical courses. However, whether the p-value lives up to this interpretation remains an active
research topic. In this paper, we will focus on another measure of emerging importance: observed
power. The observed power has attracted much attention from diverse domains and is required in
some subject journals as a measure of the strength of the experiment. Unfortunately, its theoretical
properties are not well understood at this moment. Hoening and Heisey (2001) reviews the practical
implementation and interpretation of the observed power. It also points out that the observed power
is simply a (one-to-one) decreasing function of the p-value therefore renders no extra information.
Lenth (2001) casts reservation about the interpretation of the observed power in retrospective power
analysis. These authors seriously concern the following claims made by supporters of the observed
power:

Claim 1. If the p-value is not small but the observed power is high then there is strong evidence supporting
null hypothesis.

Claim 2. If the p-value is small and the observed power is high then not only the results are significant
but the test is also very powerful.

Moreover, Gillett (1996) suggests that the usual observed power overestimates the power. In the
sample size calculations, this undesirable property in turn leads to an unreliable sample size. These
concerns inspire this study.

The misinterpretation of the observed power arises from two kinds of confusion: the confusion
between “performance measures” and “evidential measures” and the confusion between “predata mea-
sures” and “postdata measures”. In the Neyman-Pearson paradigm, the size and power are predata
performance measures. They characterize the long run frequencies of Type I error and Type II error of
a test. In contrast, the p-value is a postdata evidential measure of the null hypothesis. We will argue
later that the observed power is a postdata performance measure of a given significant test. Claim 1
is immediately a misinterpretation.
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Our subject of study is the observed power. However, to our knowledge, there are only few
theoretical studies of the observed power to day. We therefore borrow ideas from p-values studies.
Some motivating questions therein, with suitable modification, are also intriguing in the new context.
Berger and Sellke (1987), Berger and Delampady (1987), Casella and Berger (1987), consider the
p-value as an estimate of the indicator function of the alternative hypothesis space. Their conclu-
sions can be roughly summarized as follows: the p-value is irreconcilable with the Bayes estimates
for two-sided problems and reconcilable with the Bayes estimates for one-sided problems. Here irrec-
oncilability simply means that the p-value is much smaller than the infimum of the Bayes estimates
with respect to some reasonable families of priors. The practitioners often share the belief that the
frequentist (or classical) statistical methodology is conservative. This irreconcilability is a serious crit-
icism to p-values and frequentism, particularly for two-sided problems. Hwang, et al (1992) studies
the validity of p-values under a decision theoretical framework. Under mild conditions, it shows that
the p-value is admissible for one-sided problems and inadmissible for two-sided problems though the
p-value cannot be dominated by a proper Bayes estimator. The interested readers are referred to Oh
and DasGupta (1999), Sellke, Bayarri and Berger (2001), Tsao (2006b) for recent advancement along
this line.

Motivated by the forementioned studies, we inquire

• In what sense the observed power is liberal (i.e. too large)? Can we give a clear characterization?

• Whether the discrepancy between observed power and the supremum of Bayes estimates irrec-
oncilable for two-sided problems yet reconcilable for one-sided problems?

For the hypotheses testing problems regarding normal means, this study provides answers to
these inquiries using an estimation approach. Under a robust Bayesian framework, we show that the
observed power is liberal when the data is significant. In other words, the observed power overstates
the power when the data is significant. However, the observed power is acceptable for insignificant
data in the sense that it corresponds to a Bayes estimate. This phenomenon persists for one-sided
and two-sided problems. A promising alternative, EL(θ|x̄)βi(θ) the expected power with respect to the
likelihood function, to the observed power is noted in this study. It is less sensitive to the data and
generally more conservative. Its decision theoretical properties will be left for future study.

In light of our results, we comment on the Claim 1–2 and concerns raised in Gillett (1996).
For Claim 1, we note that the power or the observed power correspond to one given α level test. In
contrast, p-value, as an evidence against null hypothesis, it has no reference of significance level or a
specific test. Therefore, the observed power, good or bad, is an estimate of the performance of that
test but not an evidence of H0 or H1. It is thus more appropriate to be understood as an estimator
of the evaluation of a test and should not be used as an evidence against or for either hypotheses. In
any case, observed power or even EL(θ|x̄)βi(θ) should not directly translate as postdata evidence for
H0 or H1. Royall (1997) and recently Bandyopadhyay (2005) discuss the important distinction be-
tween performance measure and evidential measure. The estimation formulation immediately clarifies
the ambiguity. Claim 2 needs modification in light of our results–the observed power overestates the
power when the data is significant. Hoening and Heisey (2001) points out that the observed power
is often used when the data is insignificant and the observed power is small. The practitioners will
then interpret this scenario as a support to the null hypothesis. Again this is a misinterpretation of
the observed power as an evidential measure. Nonetheless, we show that the observed power, as a
performance measure, does not overestimate power for insignificant data.
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Interestingly, our results are similar for one-sided and two-sided problems. This might surprise
those readers familiar with p-values studies. However, the difference in one-sided and two-sided prob-
lems might be due to the sharp indicator function of the point null. In fact, when the indicator
function is replaced by a smoother target function, Tsao (2006b) shows that p-values are not too
extreme for two-sided problems. See also Tsao (2006a) for discussion on the choice of target functions
and its implication on Lindley’s paradox. Note that the results of current study emphasize on the
post-data behaviours of observed power and estimates of the power function. They are not compared
via admissibility, domination or other decision theoretical properties. These aspects are beyond the
scope of this paper and investigated in another ongoing project.
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RÉSUMÉ (ABSTRACT)

We examine the validity of the observed power using the estimation approach. Under a robust
Bayesian framework, we show that the observed power for testing normal means overestimates the
power for significant data yet underestimates the power for insignificant data. This phenomenon
persists for one-sided and two-sided problems. Some misinterpretations of the observed power are
discussed.
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Abstract

Over the last 100 years, a large number of distributions has been proposed for the modeling
of size phenomena, notably the size distribution of personal incomes. The most widely known of
these models are the Pareto, lognormal, generalizes lognormal, generalizes gamma, generalized beta
of first and second kind, Dagum and Singh Madala distributions that are discussed in this paper
as general forms of income distributions. Several well-known models are derived as sub family
of them with interesting application in economics the behaviour of their entropy is studied. The
maximum entropy formalism chooses the form of entropy and derived an exponential family of
distributions under certain constraint. Also, finding constraint that the income distribution has
maximum entropy is another direction of this paper. In economics and social statistics, the size
distribution of income is the basis of concentration of Lorenz curve. The difference between the tail
of the Lorenz function and the Lorenz function itself determines the entropy of mixing. Theoretical
properties of well-known income distributions in view of the entropy of mixing is also derived at
the end section of this paper.

Introduction

In June 1905 a paper written by Otto Lorenz truly revolutionized the economics and statistical
studies of income distributions. Personal income distributions originated with Pareto’s formulation
of income distributions. Income and wealth are important in economics and in this note we are
concentrated on some properties of income distributions (see for example Kleiber and Kotz 2003).
Empirical statisticians have studied income distributions in different notions, regions, age and edu-
cational groups, sometimes fitting them to analytical function or suitable mixture. The information
theory is usually considered as a product of the period of the Second World War. Shannon’s original
paper was published in (1948) and new branch of science were born. The entropy concept is the
expected information in distribution and in here we will concentrate on income distributions. The
maximum entropy formalism chooses the form of entropy and derived an exponential family of distri-
butions by constraint. The maximization of the entropy (MEPD) in a class of income distributions
subject to certain constraint via Kagan, Linnik and Rao (1973) are derived. In economics and social
statistics, the size distribution of income is the basis of concentration of Lorenz curve. In Levenda
(2005) can be find the entropy of mixing and its links with Lorenz curves.
In this paper, a breif history and review of income distributions and characterizations via Shannon
entropy and maximum entropy in univariate is derived. For certain income distributions, there exist
characterizations based on the maximization of entropy subject to certain constraint. Also, the en-
tropy of mixing can be obtained directly from the parent income distribution of extreme value theory,
on noting that Lorenz curve that has closed form implies nice entropy of mixing. For others, that is not
flexible enough for modeling, we can find the Lorenz curve and entropy of mixing of them numerically.

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 3177 -



Income Distributions

In the inequality literature there is a substantial number of formulas used to model various
aspects of income distribution. Some of the most important includes the following :

• The classical Pareto distribution is defined in terms of F (x) = 1− ( x
x0

)−α, x > x0 > 0, where
α > 0 that is shown as X ∼ Par(I)(x0, α). For a random sample of this distribution, we have
X(1) ∼ Par(I)((x0, nα) and X(n) ∼ Stopa distribution. The Pareto second model possess the
cdf, F (x) = 1−(1+ x−µ

x0
)−α, x > µ, where x0, α > 0 that is often referred as X ∼ Par(II)(x0, α).

Generalization of the classical Pareto distributions via introducing a power transformation of
the Pareto is given by

F (x) = [1− (
x

x0
)−α]θ, x > x0 > 0,(1)

as Stopa distribution where α, θ > 0 and θ = 1 implies classic Pareto distribution.

• The distribution arises of distribution of X = eY where Y ∼ N(µ, σ2) is lognormal distribution
(Y ∼ LN(µ, σ2)) as an income distribution with cdf F (x) = Φ( ln x−µ

σ ), x > 0, where Φ denotes
the cdf of standard normal distribution. Also, Y r ∼ LN(rµ, r2σ2). The lognormal has been fit
to various income data. Let Y be a generalized error distribution with pdf,

f(y) =
1

2r
1
r
Γ(1+ 1

r
)
e
− 1

2σr
r
|y−µ|r

, y ∈ <,(2)

is called three parameter generalized lognormal as an income distribution where µ ∈
<, σr = (E|Y −µ|r)

1
r , r > 0. The distribution can be considered a generalization of the lognormal

distribution, which is obtained for r = 2, and also a generalization of the log-Laplace distribution,
which is obtained for r = 1.

• The probability density function of the generalized gamma is

f(y/α, τ, λ) =
τ

λατΓ(α)
yατ−1e−( y

λ
)τ
, y ≥ 0, α, τ, λ > 0.(3)

It includes several well-known models as sub family of GG. So, (α = τ = 1), (τ = 1), and
(α = 1) are exponential, gamma and Weibull distribution respectively. Let (τ = 2), we obtain a
sub family of (3) which is known as generalized normal distributions (GN(2α, λ)) and α → ∞
lead us to lognormal distribution. The GN family includes halfnormal (α = 1

2), Reyleigh (α = 1),
Maxwell-Boltzman (α = 3

2) and Chi (α = k
2 , k = 1, 2, ...).

• The pdf of the generalized beta-type II [ GB2(a, b.p, q)] is

f(x) =
axap−1

bapB(p, q)
[1 + (

x

b
)a]−(p+q), x > 0,(4)

where a, b, p, q > 0 and B(p, q) = Γ(p)Γ(q)
Γ(p+q) such that Γ(.) gamma function. Sing-Maddala (p =

1), Beta of second type (a = 1), Dagum (q = 1), Lomax (Pareto type II) (p = 1, a = 1),
log-logistic(p = q = 1), inverse Lomax (a = q = 1) distributions are special cases of the
GB2(a, b.p, q). The generalized gamma distribution emerges as a limiting case of GB2 when
b = q

1
aβ and q → ∞, so, gamma and Weibull distributions are also special cases of GB2. Also,

if we put 1− (x
b )a in place of 1 + (x

b )a in (4) for 0 < x < b, then it is called GB1(a, b.p, q).
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• The pdf of the form

f(x) = kx−a[1− g(
x

b
)λ]q−1[1− h(

x

c
)µ]r, 0 < x < b,(5)

is called nine parameter generalized beta distribution. We apply for specialized version of the
above on taking values of a, g, λ, b, q, c, h, µ, r such as (g = 0, q = ∞), (h = 0, r = ∞), (g = 0, q =
∞, h = 0, r = ∞), (g = 0, h = 1), (g = 1, h = 0), and general case is not easy to work. Also,
(g = 0, h = 1, a = 1− a2, r = 1− a3, c = a2a3, e

−µ = a1) gives the Singh- Maddala distribution
of the parameters a1, a2, a3.

Entropy and Maximum Entropy for Income Distributions

The Shannon entropy (or simply the entropy) of f relative to µ, is defined by H(f, µ) =
−

∫
Ω f ln fdµ, (with f ln f = 0 if f = 0), and assumed to be defined for which f ln f is integrable

on noting that X is an r.v. with pdf f, then we refer to H as the entropy of X and denotes also it by
the notation HX . In the case µ is a version of counting measure, it leads us to a specialized version
that introduced by Shannon (1948) as HX = −

∑n
i=1 pi ln pi where pi ≥ 0 and

∑n
i=1 pi = 1.

The following theorem had given the general class of distributions for which Shannon’s entropy is
maximized :
Theorem (Kagan, Linnik & Rao 1973) : Let X be an r.v. with density f (w.r.t. measure
µ) such that f(x) > 0 for x ∈ (a, b] and 0 elsewhere. Let further h1, h2, ..., hn, .. be integrable func-
tions on (a, b] satisfying the conditions

∫
(a,b] hi(x)f(x)dµ(x) = λi, i = 1, 2, ..., with λ1, λ2, λ3, ..., as

constants. Then the maximum entropy is attained by the distribution with density f of the form
f(x) = exp{c0 + c1h1(x) + c2h2(x) + ...}, whenever there exist c0, c1, .... so that the constraint is met.

• The entropy of (1) is calculated easy and when E(ln X
x0

) = 1
α [ψ(θ+1)−ψ(1)], E(ln[1−( X

x0
)−α]) =

−1
θ , ψ(.) = Γ′(.)

Γ(.) for x > 0, it is MEPD. For the case θ = 1 Pareto (I) will be MEPD. The entropy
of lognormal distribution is equal to the entropy of normal distribution when mean is equal to
zero.

• Let E(lnX) = ln b+ 1
a [ψ(p)− ψ(q)], E(ln[1 + (X

b )a]) = [ψ(p+ q)− ψ(q)], ψ(.) = Γ′(.)
Γ(.) for x > 0.

Then under some conditions specified in the above theorem, (4) maximizes the entropy. (p = 1),
(q = 1) and (p = 1, q = 1) implies that Burr XII, Burr III and log-logistic distributions are
MEPD respectively. For nine parameter generalized beta distribution and GB1(a, b, p, q) we can
have similar characterizations.

• The maximization of the second order entropy achieved by Kemp (1975) paralleling of Kagan,
Linnik and Rao (1973). The probability distributions that are obtained by the maximum second
order entropy with the E(X−k) prescribed is Pareto family.

• The entropy of (3) is HX = lnλ+ lnΓ(α) + α− ln τ + ( 1
τ − α)ψ(α), that is increasing in α and

increasing in τ when α < 1.5. It gives expression for the entropy of the distributions that can
be derived from GG family.

• For nonnegative continuous random variable Y , let E(lnY ) = 1
λ + 1

τψ(α) and E(Y τ ) = λτΓ(ατ+1)
Γ(α) ,

then, generalized gamma distribution is MEPD. The Pearson type-V distribution is MEPD, when
the geometric and harmonic means is prescribed which is special case of the above τ = 1. The
inverse Gaussian distribution is MEPD, when the arithmetic, geometric and harmonic means
are prescribed.
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Entropy of Mixing in view of Lorenz Order

The Lorenz curve for a general distribution supported on nonnegative half line with finite and
positive first moments is L(u) = 1

E(X)

∫ u
0 F

−1(t)dt, u ∈ [0, 1], where F−1(x) = sup{x;F (x) ≤ t, t ∈
[0, 1]}, E(X) =

∫ 1
0 F

−1(t)dt and L is increasing, convex and a continuous function on [0, 1] with
L(0) = 0 and L(1) = 1. The difference between the tail of the Lorenz function and the Lorenz function
itself determines the entropy of mixing. This used as a measure of dispersion of the distributions. So,
S(p) = 1−L(1−p)−L(p)

1−2−D where S(.) is the entropy of mixing and D is given in terms of the shape
parameter of income distribution. The Gini index is the most well-known measure of inequality used
in economics which derives from the Lorenz curve. Gini index is given as twice area between the
Lorenz curve and equality line, such that G = 1−2

∫ 1
0 L(u)du. As a measure of inequality, the entropy

of mixing is comparable with Gini index. The Gini index is a global criterion of inequality, and the
entropy of mixing is local.

• The entropy of mixing of the exponential distributions is nested in those of Pareto and power
function entropy of mixing. The entropy of mixing of the exponential distributions will be
smaller than those of Pareto and power function distributions (Levenda 2005).

• The Gini index attractive theoretical and statistical properties which other inequality measures
do not have, which explains why it is used by most researchers. For some of the income distri-
butions, the Gini index is obtained via integration methods.

• The entropy of mixing is comparable to the Gini index and familiar in information theory. The
difference in Lorenz function is a measure of uncertainty that entropy of mixing is one of them.
The entropy of mixing and Gini index for income distributions such as Pareto, exponential,
power function, arcsine,..have a close form but for other income distributions like lognormal,
generalizes lognormal, generalizes gamma, generalized beta of first and second kind, Dagum and
Singh Madala distributions can be studied numerically.

Conclusions

In this paper, we reviewed and produced results due to income distributions in view of the
entropy and maximum entropy. Also, finding the entropy of mixing used in process of their Lorenz
functions. The classical Pareto and lognormal do fit nicely in to the entropy formulation but the more
complicated distribution of income which have been proposed is fitted numerically. It can be extended
to a multivariate set-up for the above income families in view of the entropy, maximum entropy and
entropy of mixing can be one of the questions that is a direction of the future of this work.
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1 MaxEnt and distributions with logarithmic characterizing mo-

ments

Frequently we need to estimate a distribution on the basis of population or sample summary statis-

tics. In mathematical statistics, the best-known distributions may be described as maximum entropy

(MaxEnt) densities subject to moment constraints, which we call ”characterizing moments”; these

moments are able to synthetize all the relevant information on the distribution and characterize it.

One of the most relevant family of distributions is the exponential family: the characterizing moments

are sufficient statistic for this family. In general, nothing imposes or guaranties that these moments

must be integer. Table 1, for example, gives a list of some of the most used distributions belonging to

the exponential family having logarithmic characterizing moments and lists their form.

Distribution Characterizing Moments

Gamma (α, β) :

f(x) = xα−1 exp{−x/β}
Γ(α)βα 1IR+(x) E[X ], E[ln(X)]

Pareto (α, k) :

f(x) = αkα x−(α−1) 1I [k,+∞)(x) E[ln(X)]

Lognormal (µ, σ) :

f(x) = exp{−[ln(x)−µ]2/2σ2
}

√

2πσx
1IR+(x) E[ln(X)], E[ln2(X)]

Rayleigh (σ2) :

f(x) = x exp{−(x2/2σ2)}
σ2 1IR+(x) E[X2], E[ln(X)]

Beta (p, q) (1st Type) :

f(x) =
x(p−1)(1−x)q−1)

B(p,q) 1I [0,1](x) E[ln(X)], E[ln(1− X)]

Beta (p, q) (2nd Type) :

f(x) =
x(p−1)(1+x)−(p+q)

B(p,q) 1IR+(x) E[ln(X)], E[ln(1 + X)]

Table 1: Some widely used distributions characterized by logarithmic moments

Suppose we have a sample of size n, (X1, X2, . . . , Xn) and we want to estimate the density function

f(x) corresponding to the generating distribution.

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 3181 -



At this moment we assume that the generating distribution is one of them contained in Table 1

(but as we will see, the reasoning may be generalized to any other distribution, or it is distribution-free).

To estimate the density function f(x) associated to the distribution F (x) we may exploit the Jaynes’

Maximum Entropy principle (Jaynes (1978)). This principle states that one should choose the prob-

ability distribution that maximizes Shannon’s entropy of f(x) given by H [f ] = − ∫
∞

0 f(x) lnf(x) dx

subject to M known (exactly or estimated) conditions for the range of the distribution given by∫
∞

0 f(x) dx = 1 and
∫
∞

0 gj(x) f(x) dx = γj, j = 1, 2, . . . , M . We can solve this optimization problem

using the traditional Lagrange’s method and the solution takes the form

(1) fM(x) = exp
{
−

M∑
j=0

λj gj(x)
}

This density estimation procedure rests on a weaker set of assumptions than the set involved by the

widely applied kernel estimation: in fact, the unique choice involved by MaxEnt density estimation

is the form of the constraints, depending on gj(x), to summarize the information contained in the

data. Further, the use of the MaxEnt principle permits to define explicitly these constraints which

coincide with the characteristics we want to preserve and gives a way to select one model in the class

of densities having these characteristics.

Traditionally the set of constraints is expressed by integer moments and the MaxEnt estimate

of f(x) is obtained putting gj(x) = xj, j = 1, 2, . . . , M in (1). Novi Inverardi and Tagliani (2003)

generalize the MaxEnt density estimation procedure involving fractional moments to build the set of

constraints; they show that fractional moments are better tools than integer moments to synthetize

the relevant information on the underlying distribution contained in the available data. In this case

the MaxEnt estimate of f(x) is given by substituting gj(x) = xαj in (1) obtaining

(2) fM(x; λ, α) = exp{−
M∑

j=0

λj xαj}, α0 = 0,

where λj = λj(α1, α2, . . . , αM), j = 0, 1, . . . , M . The entropy of fM (x; λ, α) is given by

(3) H [fM (x; λ, α)) =
M∑

j=0

λj E (Xαj) .

But, how to choose α? This problem can be managed choosing α so that the entropy (3) is min-

imized; this coincides with the choice of α minimizing the Kullback-Liebler distance between f(x)

and its MaxEnt estimate fM (x; λ, α) from the well-known relationship
∫
∞

0 f(x) ln
[

f(x)

fM (x;α,λ)

]
dx =

H [fM(x; α, λ)]− H [f(x)].

If we want estimate one of the densities of Table 1 (or, in general, any other density of unknown

functional form) via MaxEnt technique we need to know (or estimate from a sample) the characterizing

moments to express properly the set of constraints which in this case involves logarithmic moments. In

such case, the knowledge of sample integer moments and their use for approximating the characterizing

moments may be of scarce help and the estimation of f(x) will result to be unsatisfactory. But we

may involve the fractional moments and approximate the logarithmic characterizing moments through

them exploiting the following relationship, assumming α → 0
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(4) E (Xα) = E

(
eα ln(X)

)
' E (1 + α ln(X)) ' 1 + αE (ln(X))

or

(5) E (Xα) = E

(
eα ln(X)

)
' E

(
1 + α ln(X) +

α2

2
ln2(X)

)
' 1 + α E (ln(X)) +

α2

2
E

(
ln2(X)

)
.

Then, taking into account (4) or (5), all the distributions listed in Table 1 may be considered as

MaxEnt distributions characterized by fractional moments E (Xαj). It is remarkable to note the

unifying role played by the fractional moments: they permit to approximate integer and logaritmic

characterizing moments and give a general applicability to the MaxEnt density estimation approach. In

such sense, the MaxEnt density estimation approach constrained by fractional moments is underlying

distribution-free: it is totally independent from the distribution generating the data.

2 On geometric meaning of fractional moments minimizing the en-

tropy

Differentiating the normalizing equation
∫
∞

0 exp{−∑M
j=0 λj xαj} dx = 1 with respect to αk, k =

1, 2, . . . , M , we have

(6)

M∑
j=0

∂λj

∂αk
E (Xαj) + λkE (Xαk ln(X)) = 0

The minimum of (3) provides

(7) 0 =
∂

∂αk
H(fM(x; λ, α) =

M∑
j=0

∂λj

∂αk
E (Xαj) + λk

d

dα
E (Xα)

∣∣
αk

, k = 1, 2, . . . , M.

Subtracting (7) from (6), we have λk

[
E (Xαk ln(X))− d

dα E (Xα)
∣∣
αk

]
= 0, k = 1, 2, . . . , M and

assuming λk 6= 0, the stationary points of the entropy are given in correspondence to the values of

α1, α2, . . . , αM so that

(8) E (Xαk ln(X))− d

dα
E (Xα) |αk

= 0, k = 1, 2, . . . , M

But, E
(app) (Xαk ln(X)) = d

dα E
(app) (Xα)

∣∣
αk

for k = 1, 2, . . . , M where suffix (app) means that

the expected values are calculated with respect to the MaxEnt approximant fM (x) of the true but

unknown density f(X); so that from (8) we have

(9) E
(app) (Xαk) = E (Xαk) and

d

dα
E
(app) (Xα)

∣∣
αk

=
d

dα
E (Xα)

∣∣
αk

, k = 1, 2, . . . , M.

Now, (9) is equivalent to say that, chosen the points α1, α2, . . . , αM such that the entropy (3) is

minimized, the true and approximated moment curves E (Xα) and E
(app) (Xα) not only interpolate

at the nodes α1, α2, . . . , αM in the usual sense but, are also tangent there; in other words, the moment

curves E (Xα) and E
(app) (Xα) interpolate in sense of Hermite-Birkoff: this explains the goodness-

of-fit of the MaxEnt estimate.
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When the support of the distribution is finite, for instance [0, 1], we may also calculate the approxima-

tion error |∆E(Xα)| := |E (Xα)−E
(app) (Xα) | in function of the entropy of the MaxEnt approximant

fM (x; λ, α) being

(10)

|∆E(Xα)| := |E (Xα) − E
(app) (Xα) | = |

∫ 1

0
xα (fM (x; λ, α) − f(x)) dx|

≤
∫ 1

0
|fM (x; λ, α) − f(x)| dx ≤

√
2 (H [fM(x; λ, α)] − H [f ]) → 0

so that fractional moments minimizing the entropy provide a very tight upper bound for the moment

curve.

3 Beta distribution

The Beta first type distribution has density

(11) f(x) =
1

B(p, q)
x(p−1)(1− x)(q−1) 1I [0,1](x), p > 0, q > 0

with logarithmic characterizing moments given by E[ln(X)], E[ln(1 − X)]. This distribution may be

considered of MaxEnt with characterizing fractional moments E[Xα→0], E[Xα1], . . . , E[XαM ]. Indeed,

E[ln(X)] may be obtained from (4) noting that Xα→0 = eα ln(X) ' 1 + α ln(X) so that E[Xα→0] =

1+αE[ln(X)]; in other words, E[ln(X)] may be obtained from fractional moment of order α as α → 0.

To obtain the second characterizing logarithmic moment E[ln(1 − X)] we note that ln(1 − X) '
−∑M

m=1
Xm

m hence −E[ln(1− X)] =
∑M

m=1
E[Xm]

m . Now, we may express the integer moments E[Xm]

in terms of M fractional moments (Novi Inverardi et al. (2003)) and this implies the reformulation

of E[ln(1 − X)] in terms of them. Table 2 shows the values of the fractional exponents involved to

estimate f(x) and the values of the differential of entropy ∆H = H [fM (x; λ, α)]−H [f ] for increasing

values of M . From Table 2, ∆H = H [fM (x; λ, α)] − H [f ] approaches 0 as M increases according to

M=1 M=2 M=3 M=4

α1 0.166 0.101 0.019 0.123

α2 9.567 5.505 6.669

α3 19.354 9.893

α4 14.877

∆H 0.125 E-0 0.276 E-2 0.483 E-3 0.567 E-5

Table 2: α’s values and ∆H for increasing values of M

the convergence in entropy theorem given in Novi Inverardi and Tagliani (2003) and, for all M > 1,

α1 ' 0 showing the characterizing moment E (ln(X)) ' E
(
Xα1→0

)
.
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Inference tools for an effect size parameter in a paired experiment are developed. A class of
estimators is defined that includes natural, shrinkage and shrinkage preliminary test estimators. The
shrinkage and preliminary test methods incorporate uncertain prior information on the parameter.
This information may be available in the form of a realistic guess on the basis of the experimenter’s
knowledge and experience, which can be incorporated into the estimation process to increase the effi-
ciency of the estimator. Asymptotic properties of the proposed estimators are investigated analytically.
For illustration purposes, the method is applied to a data set.

1. Introduction

Let Xj and Yj denote the control and treatment responses within the jth pair, respectively, from
a class of arbitrary bivariate populations. We assume that the differences Dj = Xj − Yj are identical
and independently distributed with mean µd and standard deviation σd. We are mainly interested in
the estimation of effect size parameter, θ, where θ = µd

σd
. An estimator of this effect size parameter

was proposed by Cohen (1988). A natural estimator (NE) of θ based on a random sample of size n

is θ̂ = d̄
s , where d̄ and s are sample mean and sample standard deviation of the data, respectively,

based on the differences. Further, it can be shown that for large n,
√

n
(

d̄
s − µd

σd

)
has a normal limit

distribution with mean 0 and with variance τ2 = 1 + θβ1 + 1
4θ2(β2 − 1), where β1 and β2 are the

skewness and kurtosis of the parent population, respectively.

2. Testing of Hypotheses

We propose the following test statistics to test for Ho : θ = θo against Ha : θ 6= θo or θ < θo or
θ > θo. These statistics are given by

Ti =
{√n(θ̂ − θo)}2

τ̂2
i

, i = 1, 2, 3,

where

τ̂2
1 = 1 + θ̂β̂1 +

1
4
θ̂2(β̂2 − 1),

τ̂2
2 = 1 + θ̂S β̂1 +

1
4
θ̂S2

(β̂2 − 1),
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τ̂2
3 = 1 + θoβ̂1 +

1
4
θ2
o(β̂2 − 1).

Note that β̂1 and β̂2 are consistent estimators of skewness and kurtosis of the parent population,
respectively. The shrinkage estimator θ̂S will be precisely introduced in Section 3. For large n and
under the null hypothesis, Ti follows a χ2-distribution with one degree of freedom, which provides the
asymptotic critical values.

It is important to note that for a fixed alternative that is different from the null hypothesis the
power of all three tests statistics will converge to one as n → ∞. Thus, to explore the asymptotic
power properties of Ti, we restrain ourselves to a sequence of local alternative {Kn}. When θ is the
parameter of interest, such a sequence may be specified by

Kn : θ = θo +
δ√
n

,(1)

Obviously, θ approaches θo at a rate to n−1/2. Stochastic convergence of θ̂ to the parameter θ ensures
that θ̂ −→p θ under local alternatives as well, where the notation −→p means convergence in probability.

3. Improved Estimation Strategy

Our interest here is the estimation of θ when it is suspected a priori that θ = θo. This natural
origin θo could be any sort of a priori information about θ. In many applied problems usually the
experimenter has some idea about the value of parameter θ based on the past experience or acquain-
tance with the problem under consideration. It is reasonable then to move the NE of θ close to θo.
Let us define a shrinkage estimator (SE) as θ̂S = πθo + (1− π)θ̂, where π is the degree of trust in the
prior information. The value of π ∈ [0, 1] may be assigned by the experimenter according to her/his
prior belief in the prior value θo. We will demonstrate that θ̂S will have a smaller MSE than θ̂ near
the restriction, that is, θ = θo. However, θ̂S becomes considerably biased and inefficient when the re-
striction may not be judiciously justified. Thus, the performance of this shrinkage procedure depends
upon the correctness of the uncertain prior information (UPI). As such, when the prior information
is rather suspicious, it may be reasonable to construct a shrinkage preliminary test estimator (SPE)
denoted by θ̂SP which incorporates a preliminary test on θ = θo. Thus, the estimator θ̂ and θ̂S is
selected depending upon the outcome of the preliminary test. If the prior information is tenable, one
may use θ̂S , while θ̂ may be chosen otherwise.

Thus, we consider the shrinkage preliminary test estimator (SPE) which is defined as

θ̂SP = θ̂I(Ti ≥ cn,α) + [(1− π)θ̂ + πθo]I(Ti < cn,α),(2)

where Ti is the test statistic for the null hypothesis Ho : θ = θo, which is defined in the previous section,
and I(A) is the indicator function of a set A. The critical value cn,α converges to χ2

1,α as n →∞.
Thus, the critical value cn,α of Ti may be approximated by χ2

1,α, the upper 100α% critical value of the
χ2-distribution with 1 degree of freedom. If we substitute π = 1 in (2) we get

θ̂P = θ̂I(Ti ≥ cn,α) + θoI(Ti < cn,α),(3)

The estimator θ̂P is known as the classical preliminary estimator (PE).

4. Asymptotic Bias and Mean Squared Error

Under local alternatives, the asymptotic bias (a.b.) of θ̂S is given by −πδ. The expression of
a.b.(θ̂SP ) is equal to −πδΛ3(χ2

1,α;∆), where Λq(.;∆) is the cumulative distribution of a noncentral χ2-
distribution with q degrees of freedom and non-centrality parameter ∆. Since limδ→∞ δΛ3(χ2

1,α; ∆) =
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0, it can be concluded that θ̂SP is asymptotically unbiased, in the sense of δ, but θ̂S is not so. The
asymptotic bias of θ̂P is a.b.(θ̂P ) = −δΛ3(χ2

1,α;∆).
The a.b.(θ̂SP ) and a.b.(θ̂P ) are 0 when δ = 0 which increases to maximum, then decreases towards

0 as δ increases. Under the local alternative in (1) we present the expressions for the asymptotic
mean squared error (AMSE) for the estimators under consideration. The AMSE of the first three
estimators are

AMSE(θ̂) = τ2,

AMSE(θ̂S) = τ2 − τ2π(2− π) + τ2π2∆,

AMSE(θ̂SP ) = τ2 − τ2π(2− π)Λ3(χ2
1,α;∆)+

τ2π∆{2Λ3(χ2
1,α;∆)− (2− π)Λ5(χ2

1,α;∆)}.

The AMSE(θ̂S) is a straight line in terms of ∆ which intersects the AMSE(θ̂) at ∆ = (2− π)/π. If
the restriction is correct then the AMSE of θ̂S is less than the AMSE of θ̂. More precisely,

AMSE(θ̂S) ≤ AMSE(θ̂) if ∆ ∈ [0, (2− π)/π].

Comparing AMSE(θ̂SP ) with AMSE(θ̂),

AMSE(θ̂SP ) ≥ AMSE(θ̂) according as

∆ ≥ (2− π)Λ3(χ2
1,α; ∆)

{
2Λ3(χ2

1,α;∆)− (2− π)Λ5(χ2
1,α;∆)

}−1
.

,(4)

Thus, θ̂SP dominates θ̂ whenever

∆ < (2− π)Λ3(χ2
1,α;∆)

{
2Λ3(χ2

1,α;∆)− (2− π)Λ5(χ2
1,α;∆)

}−1
.

Further, as α, the level of the statistical significance, approaches one AMSE(θ̂SP ) tends to AMSE(θ̂).
In addition, when ∆ increases and tends to infinity, the AMSE(θ̂SP ) approaches the AMSE(θ̂).
Broadly speaking, for larger values of ∆, the value of the AMSE(θ̂SP ) increases, reaches its maxi-
mum after crossing the AMSE(θ̂) and then monotonically decreases and approaches the AMSE(θ̂).

The AMSE of θ̂P is defined as follows

AMSE(θ̂P ) = τ2 + τ2∆{2Λ3(χ2
1,α;∆)− Λ5(χ2

1,α;∆)} − τ2Λ3(χ2
1,α; ∆),

and

AMSE(θ̂P ) ≥ AMSE(θ̂) according as

∆ ≥ Λ3(χ2
1,α;∆)

{
2Λ3(χ2

1,α; ∆)− Λ5(χ2
1,α;∆)

}−1
.

,(5)

By comparing the right hand side of equation (4) to the right hand side of equation, we noticed that
the range of the parameter space in equation (4) is smaller than that in equation (5).

The risk difference

AMSE(θ̂P )−AMSE(θ̂SP ) = ∆τ2
{
2(1− π)Λ3(χ2

1,α;∆)− (1− π)2Λ5(χ2
1,α;∆)

}

−τ2(1− π)2Λ3(χ2
1,α;∆),

establishes that

AMSE(θ̂P ) ≤ AMSE(θ̂SP ) according as

∆ ≤ (1− π)Λ3((χ2
1,α;∆)

{
2Λ3(χ2

1,α;∆)− (1− π)Λ5(χ2
1,α;∆)

}−1
.
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Thus, θ̂SP dominates θ̂P whenever

∆ > (1− π)Λ3(χ2
1,α;∆)

{
2Λ3(χ2

1,α;∆)− (1− π)Λ5(χ2
1,α;∆)

}−1
.

Finally, none of the four estimators is superior with respect to the other three. However, at ∆ = 0
the AMSEs of these estimators may be ordered according to the magnitude of their AMSEs as
θ̂S Â θ̂P Â θ̂SP Â θ̂, where Â denotes domination.

5. An Example

The real data set is concerned with the weights of 32 persons at the time of beginning a weight-
reducing diet program as well as two weeks later. The full data set is provided by Freund and Perles
(1999). We are interested in testing the null hypothesis that the mean loss in standard deviation of
weight losses of this diet program is 1.80 against the alternative hypothesis that such a mean loss
is greater than 1.80. Using a Fortran program for this analysis, we obtained θ̂ = 2.134 resulting
θ̂S = 1.967 with π = 0.5, and T1 = 1.088, T2 = 1.214, T3 = 1.360. Therefore, the null hypothesis
is not rejected at 0.05 level of significance. If T2 is considered, the estimators of the mean loss in
standard deviation of weight losses are θ̂P and θ̂SP with values equal to 1.80 and 1.967, respectively.
Based on our earlier discussion we suggest using θ̂SP .

6. Conclusions

The goal of the paper was to succinctly develop the basic formulas, relationships and issues
involved in estimation and testing of the effect size parameter in a paired experiment setup. This task
is accomplished by employing the asymptotic normal theory of the natural estimator.

We proposed three test statistics, namely, T1, T2 and T3 and studied their asymptotic null
distributions. For large n and under the null hypothesis, Ti follows a χ2-distribution with one degree
of freedom.

Further, a class of point estimators are introduced when there is uncertainty concerning the
appropriate statistical model-estimator to use in representing data sampling process, we considered
a basis for optimally combining estimation problems. We demonstrated a well-defined data-based
shrinkage preliminary test estimator that combines estimation problem by shrinking a natural esti-
mator to plausible alternative quantity. Asymptotic and finite-sample mean squared error results are
established. It was found that none of the four estimators is superior with respect to the other three,
however, under the null hypothesis these estimators can be ordered to the magnitude of their AMSEs
as θ̂S Â θ̂P Â θ̂SP Â θ̂, where Â denotes domination.

We have developed our formulations and evaluations in a one-sample-problem context. The
formulations can be extended to multiple estimation problems. Research on the statistical implications
of these and other combining possibilities for a range of statistical models and distance measures is
ongoing.
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Abstract
Al-Shiha (2007) has proposed a simple test for testing spherical symmetry of a bivariate

distribution. Even though, this test is powerful for some cases, it fails to reject the hypothesis of
spherical symmetry for non spherically symmetric distributions that have an equal probability in
each of the four quadrants. In this paper, we propose a simple test that avoids the deficiency of
Al-Shiha’s test (2007). The proposed test is based on a goodness-of-fit chi-square test. The
sampling distribution of the proposed test statistic follows approximately a chi-square
distribution. We conduct a simulation study to evaluate the performance of the proposed test for
testing spherical symmetry of a continuous bivariate distribution with known means.

Key words: Chi-square test, Circular symmetry, Spherical symmetry, Bivariate symmetry.

1. Introduction
Tajuddin (1994) proposed a test for symmetry based on Wilcoxon two-sample test.

Khalique and Tajuddin (1996) have studied the use of a sign test statistic in testing asymmetry of
a distribution. Koltchinskii and Li (1998) have given a test for testing spherical symmetry of a
distribution in p , 2p , with unknown location parameter. Romano (1989), Baringhaus
(1991) and Smith (1977) have considered testing spherical symmetry for a distribution with
known centre.

We present a simple test based on a chi-square goodness-of-fit test for testing spherical
symmetry of a bivariate continuous distribution with known location parameter. This test can
easily be extended to a multivariate case. We conduct a simulation study similar to the one
carried on by Koltchinskii and Li (1998) to examine the performance of our proposed test
statistic.

2. The Proposed Test Statistic
Let ,,,2,1),,( niyx ii  be a random sample of n observations from a bivariate

distribution (x,y)F YX , with known mean vector, )',( yx μ . With no loss of generality, we can

assume 0 yx  . Let the number of observations falling in the i-th octant, iA , be

)8,,2,1( ini , respectively, where 


8

1i inn . For example, 1n is the number of observations

falling in the 1-st octant, },0,0:),{( 2
1 yxyxyxA  . Let ip be the proportion of

observations falling in the i-th octant. It is well known that the distribution of ),,,( 821 nnn 
follows a multinomial distribution. If we assume that the given bivariate distribution (x,y)F YX , is

spherically symmetric about the origin, then the distribution of ),,,( 821 nnn  will be
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multinomial distribution with equal parameters, 821 ppp   8/1 .
Our goal is to test:

oH : The bivariate distribution is spherically symmetric ,;8/1 iallforpi 

1H : The bivariate distribution is not spherically symmetric isomeforpi ;8/1 ,

Under oH , the expected number of observations in the i-th octant is 8/nE i  . The test
statistic is the following goodness-of-fit chi-square statistic:





8

1

2
8

1

2
2 )

8
(8)(

i
i

i i

ii
O

nn
nE

En .

Under oH , and for large values of n , the sampling distribution of 2
O follows

approximately a chi-square distribution with 7 degrees of freedom. The test rejects oH if the

value of 2
O exceeds )7(2

 at a specified value of . The procedure of construction this test
statistic is motivated by the procedure proposed by Al-Shiha (2007) where the test statistic was

given by 



4

1

2* )
4

(
4

i
i

n
n

n
S , where *

in is the number of observations falling in the i-th quadrant.

Under oH , and for large values of n , )3(~ 2S .

3. Simulation Study
3.1 Empirical Size of the Test

We compare the empirical size of the test with the nominal  values of the proposed test
statistic for the choices of 05.0,01.0 and 1.0 and various sample sizes, 200,100)10(10n ,
from different underlying distributions. We consider all the sampling distributions considered by
Koltchinskii and Li (1998). They have considered the following distributions under the null
hypothesis that the distribution is spherically symmetric:

(1) }2/)(exp{
2
1

: 22)1( yxf(x,y)Ho 


, (2) 10;
1

: 22)2(  yxf(x,y)H o 
, and (3)

222)3( 1;
2
1:  yxf(x,y)H o 

.

We draw 10000 random samples of various sizes from each of the above mentioned
distributions and we observe the number of times the observed test statistic exceeds the critical
value for different choices of level of significance. The results obtained are presented in Figure
1. Figure 1 compares the empirical  values with the nominal  values. From Figure 1, we
observe that the nominal values of  tend to be very close to the empirical  for all cases
considered.

We also compute empirical confidence intervals for the nominal  values. For each
combination (, n ), we simulated 100 random samples, computed the sample mean of the
empirical sizes,  and the sample standard deviation, S , and then we computed the
confidence interval  S2 . The results obtained are presented in Figure 2. From Figure 2, we
observe that the nominal values of  lie within the confidence intervals for all cases considered
excepts for 1.0 at 20n and 40n . However, for these cases, the nominal values of 
tend to be larger than the upper confidence limit indicating that the proposed test tends to be
slightly conservative for these cases. Consequently, this behavior will strengthen the procedure
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for the cases where oH is rejected.

3.2 The Power of the Test
To evaluate the power of the test statistic, the following distributions are considered

under the alternative hypothesis that the distribution is not spherically symmetric:
(1) 0,0;}2exp{2:)1(

1  yxyxf(x,y)H .

(2)  yxyxf(x,y)H ,0;}2/exp{
2
1

: 2)2(
1 

.

(3) 2222)3(
1 ),(;}2/exp{}]2/)3(exp{}2/[exp{

22
1

:  yxyxxf(x,y)H


.

(4) 2||122;1:)4(
1  xyf(x,y)H .

We draw 10000 random samples of various sizes from each of the above mentioned
distributions, and we observe the number of times the observed test statistic exceeds the critical
value for different choices of level of significance. The results obtained are presented Figure 3.
Figure 3 presents the power of the test against various alternatives. From Figure 3, we observe
that the test is quite powerful against all alternatives )1(

1H , )2(
1H , )3(

1H and )4(
1H . In particular,

the test is most powerful for the case )4(
1H and is less powerful for the case )2(

1H .

4. Conclusion
In Section 3, we noticed that the test statistic 2

O is a valid test. The test 2
O is more

powerful than Al-Shiha’s (2007) test. Specifically, the test 2
O has high powers for rejecting all

four alternatives, whereas Al-Shiha’s (2007) test has low powers for rejecting the alternatives
)3(

1H and )4(
1H . It is expected that the test will have low power for rejecting false oH when the

distribution has an equal probability in each of the eight octants, i.e., when 8/1}),{(  iAYXP
for all 8,,2,1 i . The proposed test is very simple and its sampling distribution is known. In
addition, the test can be easily extended to test the spherical symmetry of a p-variate distribution.

Figure 1: Empirical for )1(
oH , )2(

oH , and )3(
oH

n
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Figure 2: Confidence intervals for the size of the test 

n

0. 012

0. 010

0. 008

2 001000

0.05

0.04

0.03

2 001000

0 .10

0 .09

0 .08

20 01000

alp ha= 0.01 , H o(1 ) alp ha=0 .01 , H o(2) a lpha= 0.0 1, Ho(3 )

alp ha= 0.05 , H o(1 ) alp ha=0 .05 , H o(2) a lpha= 0.0 5, Ho(3 )

alp ha=0 .1, Ho (1) a lpha= 0.1 , H o(2) a lp ha=0 .1, Ho (3)

Conf idence interval for the s ize of the test for Ho(1), Ho(2), and Ho(3)

Figure 3: Power of the Test for the alternatives )1(
1H , )2(
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ABSTRACT

The local polynomial methods and martingale estimating equations are used to develop closed
form estimators of the intensity function and its derivatives for multiplicative counting process models.
The consistency and asymptotic normality of the estimators are established. The estimator generalizes
that proposed by Ramlau-Hansen (1983). The intensity estimator has a smaller bias than the Ramlau-
Hansen intensity estimator. The derivative estimators give smoother estimates of the derivatives of
the intensity function than the Ramlau-Hansen derivative estimators. The proposed estimators are
applied to analyze the infection rate and its derivatives of the 2003 Severe Acute Respiratory Syndrome
(SARS) epidemic in Beijing, China.

Introduction

Let (Ω,A, P, {Ft}t∈[0,T ]) be a filtered probability space. Consider a counting process {Nt}t∈[0,T ]

in it with intensity process of the form

λ(t) = Y (t)α(t), t ∈ [0, T ](1)

where {Y (t)} is nonnegative and left-continuous with right-hand limits as well as adapted to {Ft}
and α(t) is a deterministic but unknown nonnegative function. Within the framework of such a
multiplicative intensity model, Ramlau-Hansen (1983) considered a kernel smoothing estimator of α,

α̂(t) =
1
b

∫ T

0
K

(
t− s

b

)
1{Y (s) > 0}

Y (s)
dN(s),(2)

where b is the smoothing parameter called bandwidth, and K(·) is a kernel function, which is nonnega-
tive and bounded, vanishes outside the interval [−1, 1] and has integral 1. He also suggested using the
derivatives of α̂ as estimators for the derivatives of α as long as the chosen kernel is smooth enough to
permit differentiation up to the desired order. In this paper we will consider an alternative estimator
for α and its derivatives using the local polynomial method.

The local polynomial estimator

For motivating purpose, we first observe that when b is small and t is not close to the boundary
of the interval [0, T ], the kernel smoothing estimator (2) can be obtained by solving the following
estimating equation for α(t) and introducing the safeguarding factor 1{Y (s) > 0},

∫ T

0

Kb(s− t)
Y (s)

(dN(s)− Y (s)α(t)ds) = 0,(3)

where (and whereafter) Kb(·) , 1
bK( s−t

b ) denotes the b-scaled version of K(·). That the solution of
this equation can act as an estimator of α(t) is justified by the fact that under smooth conditions, α(t)
will approximately equal α(s), for s ∈ [t−b, t+b], and therefore the left-hand side of (3) approximately
equals

∫ T
0

Kb(s−t)
Y (s) (dN(s)−Y (s)α(s)ds) =

∫ T
0

Kb(s−t)
Y (s) dM(s), with M(t) , N(t)−∫ t

0 Y (s)α(s)ds, which

has approximate zero mean, because
(∫ u

0
Kb(s−t)

Y (s) dM(s)
)

u∈[0,T ]
is a zero mean martingale.
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Now suppose α is smooth enough so that for s ∈ [t− b, t + b], Taylor explansion gives

α(s) = α(t) + (s− t)
dα(t)

dt
+ · · ·+ (s− t)p 1

p!
dpα(t)

dtp
+ R(s, p) ≈ g(s− t)′θ(t),

where the prime (′) denotes transposition, g(x) ,
(
1, x, · · · , xp

p!

)′
, and θ(t) ,

(
α(t), dα(t)

dt , · · · , dpα(t)
dtp

)′
.

Then the pivot vector
∫ T
0 g(s− t)Kb(s−t)

Y (s) (dN(s)− Y (s)g(s− t)′θ(t)ds) approximately equals the zero

mean random vector,
∫ T
0 g(s − t)Kb(s−t)

Y (s) dM(s), and therefore has approximate zero mean. Equating
it to the vector of zeros, we have an estimating equation for θ,

∫ T

0

Kb(s− t)
Y (s)

g(s− t)dN(s) =
∫ T

0
Kb(s− t)g(s− t)g(s− t)′θ(t)ds.

Solving it for θ(t) and introducing the safeguarding factor gives an estimator for θ,

θ̂(t) = A(t)−1

∫ T

0
Kb(s− t)g(s− t)

J(s)
Y (s)

dN(s),(4)

where J(·) , 1{Y (·) > 0}, and A(t) ,
∫ T
0 Kb(s − t)g(s − t)g(s − t)′ds. For t ∈ [b/2, T − b/2], the

dependence on t of the matrix A(t) is superficial, because a change of variables in the integrals shows
that

A(t) ≡ A = Diag
(

1, b, · · · ,
bp

p!

)
A∗Diag

(
1, b, · · · ,

bp

p!

)
,(5)

where Diag(x) denotes the diagonal matrix with diagonal elements given by the vector x and

A∗ =




1 κ1 · · · κp

κ1 κ2 · · · κp+1
...

...
. . .

...
κp κp+1 · · · κ2p




, κj =
∫ 1

−1
xjK(x)dx, j = 1, 2, · · · .(6)

Remark 1 Note that (4) reduces to (2) when p = 0. For general p ≥ 0, the first component of θ̂ is
an estimator for α and other components estimators for its derivatives up to order p.

In the sequel, we assume that
∫ T
0 α(s)ds < ∞, that the kernel function K(·) is a symmetric

bounded density function supported by [−1, 1] and that the matrix A∗ given by (6) is invertible.
Using the martingale methods (see e.g. Andersen et al 1993), we have the following results concerning
the properties of the estimator.

Theorem 2 For t ∈ [b/2, T − b/2], the mean vector and an approximation to the variance-covariance
matrix of θ̂(t) is given by E[θ̂(t)] = A−1

∫ T
0 Kb(s−t)g(s−t)EJ(s)α(s)ds and Var[θ̂(t)] ≈ A−1

∫ T
0 K2

b (s−
t)g⊗2(s− t)α(s)E

[
J(s)
Y (s)

]
dsA−1, where X⊗2 , XX′.

Remark 3 From this result we note that in general θ̂(t) is not an unbiased estimator for θ(t). We
also see from that an estimator for the variance-covariance matrix of θ̂(t) is

̂Var[θ̂(t)] = A−1Σ(t)A−1, with Σ(t) ,
∫ T

0
K2

b (s− t)g⊗2(s− t)
J(s)
Y (s)2

dN(s).(7)

Now we consider a sequence {Nn} of counting processes indexed by n, each with intensity process
of the form λn(t) = α(t)Yn(t). We can construct a corresponding sequence θ̂n(t) of estimators for α(t)
together with its derivatives. Although each estimator depends on both the kernel function K and
the bandwidth b, in the following discussions we will fix K and only let b vary with n.
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Corollary 4 If α is p times continuously differentiable at t and if E[Jn] → 1 uniformly in a neigh-
borhood of t, as n → ∞, then for any bn → 0, E

[
θ̂n(t)

]
→ θ(t)

Theorem 5 Assume that α is p times continuously differentiable at t ∈ (0, T ). Let the bandwidth
bn → 0 as n → ∞. If there exists an ε > 0 such that infs∈[t−ε,t+ε] b

2p+1
n Yn(s) P→ ∞ as n → ∞, then

θ̂n(t) P→ θ(t) as n →∞.

Theorem 6 Assume that α is p times continuously differentiable at t ∈ (0, T ). Assume that there
exists a sequence of positive constants {an}, increasing to infinity as n →∞, and a function y, positive
and continuous at t, such that sups∈[t−ε,t+ε] |a−2

n Yn(s)− y(s)| P→ 0, as n →∞, for an ε > 0. Then as
n →∞, bn → 0, and a2

nb2p+1
n →∞,

anb1/2
n Diag

(
1, bn, · · · ,

bp
n

p!

)
(θ̂(t)− θ∗(t)) d→ N (0,V(t)),(8)

with θ∗(t) = A−1
∫ T
0 Kb(s− t)g(s− t)J(s)α(s)ds, and

V(t) =
α(t)
y(t)

A∗−1

∫ 1

−1
K2(x)g∗⊗2(x)dxA∗−1,(9)

where g∗(x) = (1, x, · · · , xp)′. Moreover, a2
nbnDiag

(
1, bn, · · · , bp

n
p!

) ̂Var[θ̂(t)]Diag
(
1, bn, · · · , bp

n
p!

)
P→

V(t), where ̂Var[θ̂(t)] is given by (7).

Application to epidemiology

Consider an epidemic process in a closed population of size N0. Let N(t) count the accumu-
lated number of infected patients by time t, and H(t) the accumulated number of hospitalized (or
quarantined) patients. Let Ft = σ{N(s),H(s) : 0 ≤ s ≤ t}. Suppose the following limit exists for
t ∈ (0, T ],

lim
∆t↓0

E[N(t)−N(t−∆t)|Ft−]
∆t(N0 −N(t−∆t))(N(t−∆t)−H(t−∆t))

,

and call it the infectious rate at time t, and we denote it by α(t). If we denote Y (t) = N(t−)−H(t−)
then Y (t) is left continuous with right-hand limit and

E[dN(t)|Ft−] = (N0 −N(t−))Y (t)α(t)dt.(10)

Now the compensator of N(t) (with respect to {Ft}) is Λ(t) =
∫ t
0 (N0 − N(s−))Y (s)α(s)ds, which

possesses the multiplicative structure previously discussed. So we can use our method to give smooth
estimates of α and its derivatives.

For illustration purpose, we apply the proposed estimating method to a real data set from the
2003 Beijing SARS epidemic. Through June 2003, a total of 2,521 patients with probable cases of
SARS were hospitalized in Beijing. Among them only 2265 patients (89.8%) have both the onset date
and the hospitalization date recorded. We use only this proportion of the data set here.

Figure (a) shows the local quadratic etimate α̂(t) of the infectious rate with the biweight kernel
and a cross-validated bandwidth of 28.2 days. From the figure we see that the infecting ability of an
individual SARS patient is rather high at the early term of the epidemic and drops down and maintains
at a relatively low level (but there seems to be a bounce-up at the late term of the epidemic). The
early high infectious rate may be due to the ignorance to this new epidemic disease. The drop of
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the infectious rate seems due to the identification of it as an epidemic and the curbing measures
implemented by the government.

Figures (b)-(d) show respectively the estimates of the infection rate and its first two deriva-
tives using the local polynomoal method and the Ramlau-Hansen method. The bandwidth for the
Ramlau-Hansen estimates is 20.9 days, selected by cross-validation. The figures tend to imply that
our estimators give smoother estimates with smaller bias.

Figures: Estimates of the infection rate and its first 2 derivatives
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Testing that a multi-state model is Markov: new methods
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Figure 1: Three multi-way data examples
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1. Introduction

In cluster analysis a common problem is to evidence that the data exhibit a clustering structure.

Instead if they are just a sample from a homogeneous universe, every clustering have no meaning.

Problems of this type are usually addressed by preliminary tests for homogeneity. The situation of

homogeneity has been formalized either in the sense of uniform or unimodal distributions. To test

the hypothesis of uniformity many test statistics refer to a maximum distance between objects, while

the test statistics used for unimodality rely on an approach based on density estimation. Both the

approach are difficult to apply when the variables are categorical or ordinal categorical.

Following Hartigan (1975) guidelines, clusters may be thought as regions (cells’ sets) for which

the cells have a high probability separated from other such regions by regions for which the cells

have a low probability. As a leading example consider the two tables showed (in a graphical form) in

figure 1.A and 1.B. Do they show any cluster structure (i.e. regions for which the cells have a high

probability)? This is the question we try to answer in this manuscript.

FIGURE APPROXIMATELY HERE

However, homogeneity of expected proportions is not the only case that can lead to lack of meaning

in the clusters. Let consider the artificial example of figure 1.C. It is clear that homogeneity does not

hold and, on the same time, no clusters are presents.

In the following section we define cluster structure for multivariate categorical ordinal data and propose

an exact solution for testing it. In the section 3 we propose an exact solution for testing the presence

of clusters and in section 4 we analyse the three dataset of figure 1.
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2. Defining clusters on multivariate categorical ordinal data

Let Y1, . . . , YJ denote J categorical ordinal variables (J ≥ 1) and Nj the number of categories

for the j-th variable, j = 1, . . . , J . The variables are observed on n units and the data are easily

summarized in a multi-way contingency table. A cell of this table can be identified with the vector of

indices (C1, . . . , CJ) where Cj = 1, . . . , Nj and j = 1, . . . , J .

If the cell (C1, . . . , CJ) is considered, the cells in its neighbourhood are those with coordinates

(I1, . . . , IJ) ∈ {Int(1) × . . . × Int(J)} \ (C1, . . . , CJ) where

Int(j) =




{1, 2} if Cj = 1

{Nj − 1, Nj} if Cj = Nj

{Cj − 1, Cj , Cj + 1} otherwise

j = 1, . . . , J . Moreover we denote with pC1,...,CJ
the observed sample proportions for the cell (C1, . . . , CJ).

We do not observe a clustering structure if

F (
∑

h∈oC1,...,CJ

I(ph > λ) ; I(pC1,...,CJ
> λ)) =

F (
∑

h∈oC1,...,CJ

I(ph > λ))F (I(pC1,...,CJ
> λ)) ∀(C1, . . . , CJ), ∀λ ∈ (0, n)

that is in a neighbourhood the count of the number of cells with sample proportions greater than the

threshold is independent from pC1,...,CJ
> λ.

This is equivalent to

F (
∑

h∈oC1,...,CJ

I(ph > λ|pC1,...,CJ
> λ) = F (

∑
h∈oC1,...,CJ

I(ph > λ))

∀(C1, . . . , CJ), ∀λ ∈ (0, n).

F (
∑

h∈oC1,...,CJ
I(ch > λ)) has a possible range of values from 0 to 3J − 1. Let us note that the

number of cells in a neighbourhood changes if the cell is in the middle of the table or on an edge of

the table.

3. Testing clusters on multivariate categorical ordinal data

We now discuss how the null hypothesis of absence of clusters can be tested. Let us define

TC1,...,CJ ;λ =
∑

h∈oC1,...,CJ

I(ph > λ|pC1,...,CJ
> λ)/noC1,...,CJ

where noC1,...,CJ
is the number of cells in oC1,...,CJ

. Under the null hypothesis (i.e. unstructured table)

the distribution of the statistic TC1,...,CJ ;λ follows the same distribution for any other set of noC1,...,CJ

elements. Therefore an easy way to simulate this distribution is given by the resembling approach.

We just need to compute TC1,...,CJ ;λ on random samples (without replacement) of noC1,...,CJ
cells from

the observed table (excluding the cell (C1, . . . , CJ) itself).

Our goal is to test if the table shows any structure and not if a given cell do shows it. Hence a

simple and intuitive statistic to test the null hypothesis is given by

Tλ =
∑

C1,...,CJ |pC1,...,CJ
>λ

TC1,...,CJ ;λ

Under the null distribution any arrangement of the cells on the table is equally likely. Therefore

for any possible arrangement a T ∗
λ is computed. The (exact) p-value is given by the proportion of T ∗

λ
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greater than Tλ (computed on the observed table). When the number of possible arrangements of the

cells is too high, the p-value can be computed randomly choosing a subset of possible arrangements.

The described test falls in the framework of permutation tests, since any arrangement of the cells can

be seen as a permutation of indices of cells from the original table.

The choice of the threshold has not been yet discussed. The data are not clustered if the above

equation is true for all possible thresholds. Therefore the test have to be computed for every possible

threshold. This number is finite since the possible thresholds can not be more than the total number

of cells. Many ways to combine all those tests in a global one are proposed in Pesarin (2001). Among

the variety of combining function discussed there, we suggest the use of Fisher or Liptak.

This test is feasible also for continuous variables. We just need to discretize the values of each

variable and organize the data in a multi-way table. The proposed test is α-size and unbiased by

construction. Consistency hold only for continuous variables and under the assumption that the

number of cells (after discretization) increases with n. The proof is straightforward.

4. Analysis of example data

Let now consider the three data of figure 1. The p-values for each single threshold have been

computed using 5000 random permutations and the combined one have been obtained using Fisher

combining function. The p-value for data of table 1.C is equal to 0.9331. It confirms that the table

does not show any cluster. P-value for figure 1.A and figure 1.B are equal to 0.4055 and 0.0002

respectively. Therefore cluster are inferentially valid (α = 0.001) only for the second one.

The software for the analysis has been developed in Matlab 7 (Mathwork inc. c©) and is available

upon request to the corresponding author.
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RÉSUMÉ (ABSTRACT) — optional

The presence of clusters in a multi-way contingency tables can be explained by a concentration

of data in some zone of the sample space. For categorical ordinal variables clusters may be thought

as regions (cells’ sets) for which the cells have a high probability separated from other such regions

by regions for which the cells have a low probability. In cluster analysis a common problem is to

evidence that the data exhibit a clustering structure. This is usually addressed by preliminary tests

for homogeneity. However, the lack of clusters in a contingency table can happen also in case of

non homogeneity of expected proportions. In this communication we characterize this more general

framework and propose an inferential approach to test the presence of clusters in multi-way contingency

tables obtained from categorical ordinal variables. Many ideas could be extended to the continuous case.
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1. Introduction
People, who are investing on registered companies in the Stock Exchange, assess the competitiveness

of a company from the return on its stock. That is why, it is important for financial analysts to be able to 

predict the return on a stock from the return on the market, that is, on a market index, such as the General

Index of Athens Stock Exchange or the Financial Times 500 index. 

We give the following definitions:

Definition 1.1 Return on an investment over a time period is the percentage change of its value over 

the time period. 

Definition 1.2 Capital Asset Pricing Model (CAPM) is the following linear statistical model which 

relates the return on a stock during a time period (rs) with the return on the market (rm) during the same time 

period.

ms rr ,    (1) 

where  is a random “error” term with 0 ,
2var  and  and  are constants that must be

estimated.

Definition 1.3 Beta of the stock is called the true value of  in equation (1). 

The importance of beta is easily understood from the fact that an increase in the market return of 1% 

will increase the return on the stock by % (on average). Hence, beta  is a measure of responsiveness of a 

stock’s return to changes in the market return.

If a stock has large positive or negative beta, then the return on it is highly sensitive to the business

cycle when the market index changes. Stocks with large parameter beta are riskier and, therefore, yields
higher returns than those with small beta values. This brings us to the conclusion that if we can
estimate beta and its variance estimate more accurately than the analysts in Sofocleous  street or Wall
street, then we can identify better overvalued and undervalued stocks and we can make a lot of 
money!

Another form of the CAPM model is the following:

))(()( fmifi rrErrE      ,    (2)

where )( irE expected return of asset (stock)  I , = rist-free rate of return ,fr i =measure of 

systematic risk for asset i , =expected return of market portfolio . )( mrE

2. Estimation of the Parameters a and b in the CAMP model by classical and Modern
Computer intensive methods. 

1
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2.1 Classical Estimation Methods 
There are the following methods for estimating the parameters a and b in equation (1). 

Suppose there are n observations (rmi, rsi)   (i=1, 2, …, n)  where rmi is the return to the market and rsi  is 

the return to stock s. 

Let a and b denote potential estimates of the parameters a and b. Then, for month I we generate a 

prediction of the return on the stock with the equation:

misi brar   (3)

Symbol sir  denotes the predicted stock return for period i, and rmi is the actual market return for period

i. The error for period I, labelled ei, is denoted as 

sisii rre    (4)

We shall try to choose the estimates a and b to make the sum of the squares of the errors equal to zero. 

We, now, present four possible criteria for choosing these estimates.

Criterion 2.1.1: Sum of Squared Errors (Least Squares).
According to criterion 2.1.1, one tries to minimize the sum of squared errors over all observations,

using Solver software package to find the unique estimates of a and b that minimize the sum of squared 

errors.

Criterion 2.1.2: Weighted Sum of Squared Errors (weighted Least Squares).
According to this criterion, resent observations have more weight than older ones because it stands to

reason that more recent observations might have more to say about the beta of a stock, at least for future

predictions, than older observations. The estimates of  and  are the values a and b that minimize the sum of

the weighted squared observations (rm, rs). This method leads to more accurate predictions of the future than

least squares.

Criterion 2.1.3: Sum of Absolute Errors (SAE) 
According to this criterion, the estimates a and b of the parameters  and  are the values of  and 

that minimize the expression: 
n

i

n

i
sisii rre

1 1

  (5) 

Criterion 2.1.4: Minimax 
According to this criterion, one tries to minimize the expression:

ni

ei

1

max
     ,         (6)

The estimates of  and  are the values of  and  that minimize the expression (5). 

This method might be appropriate for a highly risk-averse decision maker. This minimax criterion can

also be implemented by Linear Programming. 

2.2 Computer Intensive Techniques for Estimating  and  in CAPM model: Bootstrap and 
Jackknife Subsampling Methods. 

Consider the CAPM model:

jmjsj rr       (7)    (j=1,2,…,n)

where   rsj : return on a stock during a time period (j) , rmj: return on the market during the same time

period (j) , j: random error with E( j)=o, var( j)=   , , : unknown parameters to be estimated . 
2

j

Following Shao and Tu (1995 Chapter 7), and Frangos and Schucany (1995) we assume that the errors

( j) are independent and identically distributed random variables from a distribution F, with E( j)=o and

var( j)=
2

j

2
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We assume, also, that there is no substantial heteroskedasticity i.e.

.
222

2

2

1 ... n

Shao and Tu (1995) assumes that the pairs (rsj, rmj), j=1,2,…,n are independent and identically

distributed random variables with 

mjmjsj rrrE )(   (j=1,2,…,n) 

We apply in model (9) the Bootstrap method based on residuals, Efron, (1982), following the steps: 

We find the Least Squares estimates of  and , which we by and such that they minimize

the expression: 
n

j
mjsj rar

1

2)(

We wish to find the Bootstrap distribution of , the    estimate of .

We apply the Algorithm of Davison and Hinkley (2000, p. 262):

For    r=1,2,…,R 

1. For   j=1,2,…,n 

(a) set    rmj
* =rmj

(b) form the residuals: mjsjj rr       (j=1,2,…,n), and the modified residuals

2/11' )21)(( njjj  (j=1,2,…,n)         (8)

where
n

j
j

Then, one samples randomly and with replacement from the residuals ),...,2,1,( ' njj

Hence we form a bootstrap sample of residuals 

j
*     j=1,2,…,n

(c) Set
**

jmjsj rr  ,   (j=1,2,…,n)

2. Fit least squares regression to

  , ,…,   , ),( *

1

*

1 sm rr ),( *

2

*

2 sm rr ),( **

snmn rr
giving estimates

2*** ,, rrr s
Repeat the steps 1, 2    (R) times giving the estimates

2*** ,, rrr s ,   r=1,2,…,n.

The bootstrap estimates of  and  are: 

R

i
i

R

i
i

R
b

R
a

1

**

1

**

1

1

        (9)

with variance estimates

R

i
i

R

i
i

R

R

1

2***

*

1

2***

*

)(
)1(

1
var

)(
)1(

1
var

   ,       (10)

3. Applications of Classical and Modern Statistical Estimation methods
We consider data on monthly returns (rsi) from 1/1/2000 to 10/5/2001 (494 observations) to seven

assets of London Stock Exchange. The Assets are: INLOT EQUITY, AVAX EQUITY, KASIK EQUITY,
BYTE EQUITY, KLEM EQUITY, PLAKR EQUITY and KAMP EQUITY. We consider, also returns

3
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(rmi) of the General Index of London Stock Exchange (ASE INDEX) for the same period. Employing the

CAPM Model, we, first estimate, by Least Squares the parameters  and , by the estimates a and b, the

Product –Moment correlation of Rs and rm, Standard Error of a and b, and 95% Confidence Intervals for the 

parameter . The following table contains the results: 

Table 1 Bootstrap and Least Squares Estimation using CAPM Model for the seven assets of

London Stock Exchange, with the help of S-PLUS 2000 STATISTICAL PACKAGE (ROUTINE:

RESAMPLE)

CAMP MODEL: rs= + rm+

95% conf. int.Asset Method of
estimation

Estimate
of

Estimate
of

Standard
Error of a 

Standard
Error of b 

Lower Upper

LS -0.00004 0.831 0.0006 0.058 0.71 0.94INLOT
BOOT -0.00005 0.832 0.0007 0.073 0.71 0.96

LS 0.0002 0.676 0.00060 0.053 0.57 0.78AVAX
BOOT 0.0002 0.676 0.0006 0.053 0.58 0.76

LS -0.0001 1.156 0.0007 0.065 1.03 1.29KASIK
BOOT -0.0001 1.157 0.0007 0.070 1.04 1.27

LS 0.0007 0.652 0.0007 0.064 0.52 0.78BYTE
BOOT 0.0008 0.653 0.0007 0.066 0.55 0.76

LS 0.0005 1.147 0.0008 0.070 1.01 1.29KLEM
BOOT 0.0005 1.149 0.0008 0.065 1.05 1.26

LS -0.0002 0.473 0.001 0.093 0.29 0.66PLAKR
BOOT -0.0003 0.472 0.001 0.093 0.32 0.62

LS -0.0006 1.570 0.002 0.300 0.97 2.17KAMP
BOOT 0.0007 1.402 0.001 0.098 1.26 1.59

4. Concluding remarks
1. The Bootstrap statistical methodology produces 95% Confidence Intervals for the parameter

 which (a) do not presuppose Normality for the random errors of CAPM Model, and (b) have shorter
length than the Least Squares Method. Davison and Hinkley (2000) found that they have higher 
probability of coverage. Hence, the Confidence Intervals of Bootstrap Statistical methodology are
superior to the ones produced by the Least Squares method. 

2. The estimate of  has similar standard error (SE of b) with the two methods. 

3. Bootstrap method provides the distribution of replicates for the parameters  and  which is almost

normal, as the graphs at the end of the paper indicates. 

4. A financial analyst who needs accurate Confidence Intervals for  in order to make
investment decisions concerning millions of EURO’s, cannot afford to rely any more on the classical
methods of estimation. He needs powerful statistical methodologies, like the Bootstrap and similar
resampling techniques.

5. Research is carried out on the subject concerning comparisons with other methods, especially with 

robust techniques, which are not affected by outlying observations.
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Let X1, . . . , Xn be i.i.d. observations, where Xi = Yi + Zi and Yi and Zi are independent.

Assume that the unobservable Yi have the same distribution as a random variable UV, where U has

a Bernoulli distribution with probability of zero equal to p (we assume that p < 1) and V has a

distribution function F with density f. The distribution of Y is completely determined by f and p.

Note that the distribution of Yi has an atom at zero. Furthermore, let the random variables Zi have the

standard normal distribution. Based on a sample X1, . . . , Xn, we consider the problem of estimation

of the density f and the probability p. As far as practical situations are concerned, where such a

specific problem would arise, one might think of Xi’s as increments X
′

i −X
′

i−1 of a stochastic process

X
′

t = Ct + Bt, where C = (Ct)t≥0 is a compound Poisson process with intensity λ, and B = (Bt)t≥0 is

a Brownian motion independent of C. Indeed, the distribution of Ci − Ci−1 then has an atom in zero

equal to e−λ, while Bi − Bi−1 has standard normal distribution.

Our estimation problem is closely related to the classical deconvolution problem, where the

situation is as described above, except that Yi has a continuous distribution with density f, which we

want to estimate. Notice that, unlike the classical deconvolution problem, in our case Y does not have

a density, because the distribution of Y has an atom in zero.

In what follows, we first assume that p is known and we construct an estimator for f. Next

we will provide an estimator for p. An estimator for f will be constructed via methods similar to

those used in ordinary deconvolution problems, see e.g. [2] and [3]. In particular, we will use kernel

estimators. Let φX , φY and φf denote the characteristic functions of random variables X, Y and V

respectively. Notice that the characteristic function of Y is given by

φY (t) = p + (1 − p)φf (t).

The characteristic function of V can be expressed as

φf (t) =
φX(t) − pe−t2/2

(1 − p)e−t2/2
.

Assuming that φf is integrable, by Fourier inversion we get

f(x) =
1

2π

∫
∞

−∞

e−itx φX(t) − pe−t2/2

(1 − p)e−t2/2
dt.

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 3209 -



We define our estimator of f as

(1) fnh(x) =
1

2π

∫
∞

−∞

e−itx φemp(t) − pe−t2/2

(1 − p)e−t2/2
φw(ht)dt,

where w denotes a kernel function, φw is its Fourier transform and h > 0 denotes a bandwidth. Here

φemp denotes the empirical characteristic function,

φemp(t) =
1

n

n∑
j=1

eitXj .

Furthermore, to make the integrand in (1) integrable, we assume that φw has a compact support.

As an estimator of p we propose

(2) png =
g

2

∫ 1/g

−1/g

φemp(t)φk(gt)

e−t2/2
dt,

where the number g > 0 denotes the bandwidth and φk denotes a Fourier transform of a kernel k. The

definition is motivated by the fact that

lim
g→0

g

2

∫ 1/g

−1/g

φX(t)

e−t2/2
dt = lim

g→0

g

2

∫ 1/g

−1/g
φY (t)dt = lim

g→0

g

2

∫ 1/g

−1/g
(p + (1 − p)φf (t))dt = p.

Finally, let us consider the general case when both p and f are unknown. We define an estimator

of f as

(3) f∗

nhg(x) =
1

2π

∫
∞

−∞

e−itx φemp(t) − p̂nge
−t2/2

(1 − p̂ng)e−t2/2
φw(ht)dt,

where

p̂ng = min(png, 1 − ǫn).

Here 0 < ǫn < 1 and ǫn ↓ 0 at a suitable rate, which will be specified in Condition 5. The truncation

in (3) is introduced due to technical reasons.

Now we introduce some technical conditions on the density f, kernels w and k, bandwidths h

and g and the sequence ǫn.

Condition 1. Let the true density f be such that u2+γφf (u) is integrable. Here γ is some strictly

positive number.

Condition 2. Let φw be real valued, symmetric and have support [−1, 1]. Let φw(0) = 1 and let

φw(1 − t) = Atα + o(tα), as t ↓ 0

for some constants A and α ≥ 0. Moreover, we assume that α < γ/2.

An example of such a kernel is the sinc kernel, w(x) = sin x
πx . Its characteristic function is given

by φw(t) = 1[−1,1](t).

Condition 3. Let φk be real valued, symmetric and have support [−1, 1]. Let φk integrate to 2 and

let

φk(1 − t) = Atα + o(tα),

φk(t) = Bt2+γ + o(t2+γ).

as t ↓ 0. Here B is some constant, and A, γ and α are as above.
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Condition 4. Let the bandwidths h and g depend on n, h = hn and g = gn, and let hn = ((1 +

ηn) log n)−1/2, gn = ((1 + δn) log n)−1/2, where ηn and δn are such that ηn → 0, δn → 0, ηn − δn > 0,

and (ηn − δn) log n → ∞.

An example of ηn and δn in the definition above are

ηn = 2
log log n

log n
, δn =

log log n

log n
.

Condition 5. Let ǫn be such that − log ǫn ≪ log n(ηn − δn).

An example of such ǫn for ηn and δn given above is (log log n)−1. To keep the notation compact,

we will suppress the index when writing hn and gn, since no ambiguity arises.

Our first goal is to derive the asymptotic normality of the estimator fnh(x). We formulate the

corresponding theorem below.

Theorem 1. Assume Conditions 1, 2, 4, suppose that p is known and let E [X2] < ∞. Let fnh be

defined as in (1). Then, as n → ∞ and h → 0,

√
n

h1+2αe1/2h2 (fnh(x) − E [fnh(x)])
D→ N

(
0,

A2

2π2(1 − p)2
(Γ(α + 1))2

)
,

where Γ(t) =
∫
∞

0 vt−1e−vdv.

Notice that in order to get a consistent estimator, from this theorem it follows that
√

nh−1−2αe−1/2h2

has to diverge to infinity. Therefore the bandwidth h has to be at least of order (log n)−1/2, as it is

stated in Condition 4. It also turns out that unlike the distribution-free asymptotic variance of the

usual kernel deconvolution estimator in [1], the asymptotic variance depends on an unknown p : the

larger p is, the larger is the asymptotic variance. This reflects the fact that it is ’harder’ to estimate

f for large values of p, since many of the ’signals’ Yi are expected to be zero.

Now we state a theorem concerning the consistency of png, the estimator of p.

Theorem 2. Let png be defined as in (2) and let the Conditions 1, 3 and 4 hold true. Then png is a

consistent estimator of p,

P(|png − p| > ǫ) → 0

as n → 0 and g → 0. Here ǫ is an arbitrary positive number.

In fact one can show that png is not only consistent, but also asymptotically normal, when

centred and suitably normalised. We formulate the corresponding theorem below.

Theorem 3. Let png be defined as in (2) and let the conditions of Theorem 2 hold true. Then we

have
√

n

g2+2αe1/2g2 (png − E [png])
D→ N

(
0,

A2(Γ(1 + α))2

2

)
.

Finally, assume that both p and f are unknown. We formulate the main theorem of the paper.

Theorem 4. Assume that the conditions of Theorem 1 together with Conditions 3 and 5 hold true

and let f∗

nhg(x) be defined by (3). Then, as n → ∞ and h → 0, g → 0, we have

√
n

h1+2αe
1

2h2

(f∗

nhg(x) − E [f∗

nhg(x)])
D→ N

(
0,

A2

2π2(1 − p)2
(Γ(α + 1))2

)
,

where Γ(t) =
∫
∞

0 vt−1e−vdv.
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Abstract

At present, when we analyze the financial time series, we often use the ARCH model or SV model to 
reveal its changing regulations. But due to the congenital limits it bears, it can only analyze and judge the 
short-term memory of time series and its cycle. While massive experiences show that long-term time series 
often has super long-term memory character, which makes the traditional ADF inspection effectiveless. We 
can say that the time series proved to be stable by ADF test may not be so in the long run. And this 
consequence will directly affect many inspection methods based on ADF test say, co-Integration judgement. 
Hurst Exponents is a nonparameter method describing time series non-function long-term memory. With this 
target we can well reveal the long-term cycle of time series. However, this target is so complicated that it 
directly affects its appliance. This text, on the basis of introducing the definition and appliance of Hurst 
Exponents, use VBA of macrolinguistics in Excel to compose macroprogram which makes the calculation of 
Hurst Exponents work out easily, and also have an analysis of Hurst Exponents for rate fluctuation. Through 
this task I hope the Hurst Exponents can be used broadly. 

1 The basic concept of Hurst Exponents  

1.1Rescaled range analysis, R/s 
1.1.1The production and development of R/s 
The standard statistical analysis supposes the system foundation is random, that is to say, the process 

producing time series has more extensive freedom, moreover, the interior relation or the series is so 
complicated that it is impossible to definitely illustrate it. It is probability theory that can only be helpful for 
us to understand and make use of this process. There are quite a lot of non-linear stochastic and certainty 
system in the nature world and capital market. In order to investigate these systems, we do want of a 
nonparameter counting method. 

In the standard Gauss statistics, the object required to be observed is definitely IDD. However, if the 
system is not IDD, how can we deal with it? In 1951, the British hydrologist H.E.Hurst(1900-1978) 
discovered a very steady nonparameter counting method. This method is first used to inspect the volume of 
flow of Nile River, but Hurst expanded his research to much nature system, through which the random and 
non-random systems, the continuation of trend and cycle can be distinguished. This method is called

rescaled range analysis or R/s analysis. It is possible to distinguish between long-term non-function cycle 
time series and random series through this method. 

1.1.2 The meaning of Hurst Exponents 
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The Hurst Exponents of time series is in 0-1.Taking 0.5 as a interval, the time series can show different
features:

H (0,0.5): Fractal Brown Motion. At this time, the future data of time series has the tendency to go
back a history point; therefore, it is slower than standard Brown Motion. It can be proved that, in
terms of theory, this series will return to its history point for numerous times. 
H 0.5: Standard Brown Motion. At this time, to walk casually, the series will show Markov chain 
feature.
H (0.5,1): Long-term and non-period cycle. At this time, the time series will be in a mess, its 
increment will show long-term increase. Therefore, a certain range record will continue for a 
relative period and form many big cycles. However, these cycles have not fix peoriodity and it is
difficult to depend on the past data to forecast the future change. 
H=1: perfect forecasting. This process is usually called mean reverting process.

1.2 The practical operation of R/s analysis
1) Suppose a time series , the length (amount of data) is M, to calculate the series ratio of logarithm

one by one. In this way, it can form a new logarithm series ,The length is N=M-1, the purpose of this
calculation is to eliminate the series short-term corelationship. To match with the R/s analysis single
requirement to the observation. The new time series is:

),( 1

i

i
i P

P
LogR 1,,3,2,1 Mi

2) To divide the lenth A into n sub-range. Thus, · , every sub-range sign as . The
elements included in  are signed as

The mean of  is: 

A

k
aka N

A
e

1
,

1

s average value included in sub-range .
3) Define 

k

i
aaiak eNX

1
,, )( nk ,,3,2,1

4) Define range as 

)min()max( ,, akakI XXR
a

nk1

5) S.D. of sub-range  is: 

A

eN
S

A

k
aak

Ia

1

2
, )(

6) are standardized by . Thus, define R/S as 
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7) Continuing extending the A’s Lenth, and repeat 1-6 steps, to reach , the log(n) is
independent and the log(R/S) is dependent, to carry out the linear’s regress. 

. The slope in which equation gained from calculation is Hurst Exponents H’s evaluated value. 

2. The computing procedure of Hurst Exponents

2.1The Design of Hurst Exponents Program
There are few programs that can compute Hurst Exponents in our commonly-used statistics programs

and the preceding explaination of the theories shows that the computing quantity of Hurst Exponents is 
extremely large. So in order to bring convience to more statistics scholars. We decided to write programs to
solve this problem.

As we all know, repeatedly doing a certain task in Microsoft Excel, one can use macroinstruction to
make it an automatically implementing task. Macroinstruction is a series of orders and functions that are 
stored in visual Basic and a program that can implement the task whenever it is necessary. Recording
macroinstruction is just like using a recorder to record music and then implement macroinstruction and make
it repeat these orders. The editing of macroinstruction can be realized by using visual Basic or the editor of
Microsoft visual Basic. Macroinstruction program can be easily installed in Microsoft Excel and Excel is the 
most common statistic program, so we can choose language VBA to write macroinstruction program that can
compute Hurst Exponents.

2.2The characteristics of Hurst Exponents program
This program is a Excel document. To get the Hurst Exponents and its metric diagram, users just need to

fill the time sequence statistics in line A of Excel and then click “Hurst”. To make this program more easily
used, we packed the program and all attached files and make them standard installable program. After 
successful installation, Hurst Exponents can be computed. Details are in the directions of the program
(program is in the appendix). The interface of the program is show in the following table. 

3. Positive Analysis of Foreign Exchange R/S 
3.1The resources of statistics
We adopted the closing prices of Euro to US dollar exchange rate from Sep.1998 to May 18 th,2006 as 

the target of analysis. The quantity of statistics excesses 2000, so the quantity of specimen is sufficient.
3.2 The computing of Hurst Exponents
After the computing of 2799 processed exchange rate of Euro to US dollar, the final result is:

Hurst=0.62565,V statistic diagram is as the following.

3
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3.3 Non-functional significance Test of the computing result 
In order to validate the stability of value H, we disarranged the original order of the time sequence and 

recomputed value H. This time value H is supposed to be distinctively close to 0.5. After computing, the
result proves value H is signigicant. 

In order to compare with the result of the conventional unit root test, DF-GLS Test is applied and the 
result is as the following:

t-Statistic

Elliott-Rothenberg-Stock DF-GLS test statistic -56.28992
Test critical values: 1% level -2.565789

5% level -1.940937
10% level -1.616623

The result shows it rejects the hypothesis of unit root. So ADF Test believes the sequence is random.
But the analysis of Hurst Exponents shows the exponents is bigger than 0.5, so the original time sequence is
not a random sequence in the true sense, but has long-term pertinency. The reason why we have such 
inconsistent result is because in ADF Test, we usually set the lag of assistant model as 28, and this leads to an
incorrect judgement of longer-term pertinency.
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Introduction

A crucial equation in modeling infectious diseases is λ(a, t) =
∫

β(a, a′)Y (a′, t)da′, also known

as the mass action principle. Here λ(a, t) is the so-called age and time-dependent force of infection,

i.e. the instantaneous per capita rate for a susceptible individual of age a to become infected at time

t; Y (a′, t) is the number of infected individuals of age a′ at time t and β(a, a′) is the well-known ‘who

acquires infection from whom’-function (WAIFW) expressing the per capita rate at which a susceptible

individual of age a makes an effective contact with an infected person of age a′, meaning that the

infection is transferred.

Until recently, estimation of β(a, a′) was based on deriving it from λ(a, t) assuming time homo-

geneity (λ(a, t) = λ(a)) and solving the corresponding system of linked integral equations, essentially

restricting the number of parameters describing β(a, a′): see e.g. Farrington, 2001 for a discretized

version using the WAIFW-matrix structures as proposed by Anderson and May (1991) and Farrington

et al. 2005 for a parametric continuous surface.

These models have shown that β(a, a′) has an assortative structure in that contacts occur be-

tween persons of the same age. However, they mostly fail to address likely structures as vertical

transmission routes, which are known to be crucial in the spread of infections like flu. Collecting

proxy measures for infectious diseases spread person to person by the aerosol route such as frequency

of conversations (Edmunds et al., 1997; Wallinga et al, 2004; Beutels et al, 2006) revealed that con-

tacts are indeed most frequent within age groups and tend to taper off as the age difference increases.

Further contact rates within age groups increase with age and then decline and older people make

contacts with a wider age range than younger people. There is also considerable heterogeneity between

individuals of the same age.

A cross-sectional survey on social contacts was conducted in Belgium from March to June 2006.

The recruitment and data collection was organized by a social research company. Survey participants

were initially selected by random digit dialing in such a way as to be representative for the whole

Belgian population in terms of geographical spread, age and gender. Contacted persons had to record

their contacts during one day including characteristics as age, gender, location of the contact, close

or non-close contact etc. In this paper, we describe how the average number of contacts changes with

the age of the responder and the age of their contact. We extend the approach of Eilers et al. (2006)
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on fast and compact smoothing on large multidimensional grids to model these contact rates using a

zero-inflated negative binomial distribution and a constrained symmetric B-spline as a function of the

responder’s and contact’s age.

Methodology

Eilers et al. (1996) proposed the use of P-splines as an efficient smoothing technique in one

dimension. Their approach essentially exists of 4 steps: (1) use a (quadratic or cubic) B-spline basis

with a large number of knots; (2) introduce a penalty on (second or higher order) differences of the

B-spline coefficients; (3) minimize the resulting penalized likelihood function; (4) balance smoothness

and goodness of fit by tuning the weight of the penalty using cross-validation or Akaike’s information

criterion (Akaike, 1973).

The use of tensor products allows a natural extension of the P-spline approach towards two or

more dimensions (Durban et al., 2002; Currie, 2003; Currie et al., 2006). The use of tensor product

P-splines to model multi-dimensional data is however computationally unfeasible using most software

packages unless the dataset is relatively small. Eilers et al. (2006) developed a fast and compact

smoothing algorithm to overcome these difficulties.

To start off with a more simple situation, let us first concentrate on modeling the mean contact

surface. Therefore, denote (ari, acj , nij), ari = i = 0, . . . , L, acj = j = 0, . . . , L for the responders’

age, contacts’ age and the corresponding average number of contacts, respectively (L denoting the

maximum age as recorded in the survey). The surface that we seek is a smooth surface µ(ar, ac) which

should be symmetric, since ‘making contact’ is symmetric. Let B denote a B-spline basis matrix with

elements bil = Bl(i) and similarly bjl = Bl(j) for the entire age-span 0 − L years for both ar and ac,

l = 1, . . . , L. Let A be the symmetric L × L matrix of tensor product coefficients. The mean number

of contacts between a responder of age i and a contact of age j is then denoted by

µij =
∑

l

∑
l′

αll′bilbil′ .(1)

The algorithm developed by Eilers et al. is based on rewriting (1) as

E(Y ) = BAB′,(2)

where Y denotes the (L − 1) × (L − 1) matrix of average number of contacts. Fitting this model can

then be done in a least squares sense, without a penalty, but with weights W = [wij]:

S =
∑

i

∑
j

wij

(
yij −

∑
l

∑
l′

αll′bilbil′

)2

.(3)

The use of weights W = [wij ] allows interpolation and extrapolation. Contact data were collected

using a survey in which the age-span of 0 − L was not fully questioned. So for some ages, there is

no data and the grid structure of the data is distorted. In the model this can easily be incorporated

using pseudovalues yi∗j and weights wi∗j = 0, j = 1, . . . , (L − 1) to retain the grid structure.

The algorithm for data on a grid derives its speed from the regular pattern in the observations

and thus, there seems to be no possibility to benefit from it for scattered data as in our case. Eilers

et al. (2006) proposes to use the average number of observations over the whole grid range and to use

weights equal to the sample frequencies. However, there is an alternative when rewriting (3) as

Sext =
κ∑

k=1

∑
i

∑
j

wijk

(
yijk −

∑
l

∑
l′

αll′bilbil′

)2

,(4)

where the summation over k denotes the sum over individual LS-contributions. The weights wijk

equal 0 whenever the age of responder k = 1 . . . , κ is different from i, i = 0, . . . , L and 1 elsewhere.
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Again pseudo-values can be used to fill up the grid. This is the key-ingredient to model the contact

surface.

Furthermore, to fully and correctly specify the model: (1) an extension towards a more general

distribution of the negative binomial type is provided using iterative reweighted least squares; (2)

accounting for the excess number of zeros in the contact structure a zero-inflated component is added

allowing the mixing parameter to depend on the age of the responder and contact (see e.g. Xiang et

al., 2006).

Results

In Figure 1, a scatter plot of the contact data (upper left panel), the raw surface (upper right

panel), the smoothed surface (left lower panel) and the corresponding smoothed contourplot is shown.

One can see a clear strong assortative component together with two off-diagonal parent-child and

child-parent components. These latter two components are not entirely parallel, which is a known

phenomenon since the average age of parents having children has increased over the last few decades.
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Figure 1: a scatter plot of the contact data (upper left panel), the raw surface (upper right panel),

the smoothed surface (left lower panel) and the corresponding smoothed contourplot. Lighter colors

correspond to higher values.
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Discussion

In this paper, we have described how to model contact surfaces using a zero-inflated negative bi-

nomial distribution while achieving flexibility and the necessary symmetry constraint using an adapted

version of the multidimensional grid smoother of Eilers et al. (2006). This estimated surface confirms

intuition on contacts facilitating the transmission of infectious diseases by the aerosol route as for

instance for varicella zoster virus and parvovirus B19. It is a crucial element to be taken into account

when modeling the dynamics of epidemics as SARS and pandemic influenza.

Further research is needed how to incorporate the heterogeneity in contact making since data are

collected from individuals it is natural to believe that fixing age, some persons are more likely to make

contacts than other persons. Current ideas are to take this into account using an individual-specific

random intercept term, scaling the individual-specific average number of contacts. A likelihood ratio

test can then be used to test for this heterogeneity in contact making.
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ABSTRACT

Relative curves, such as the relative distribution function or the relative density function, are

useful tools for performing distributional comparisons between two populations.

This paper is focused on two kernel-type relative density estimators in a two-sample problem.

Firstly, an exact formula for the mean integrated squared error (MISE) of the first kernel estimator

is obtained and secondly, a bootstrap resampling plan is designed to approximate the bootstrap MISE

of the second kernel estimator. Based on these results, two bandwidth selectors are proposed. Both

selectors are defined as the minimizer of an approximation of the corresponding bootstrap MISE. The

first proposal numerically approximates the bootstrap MISE using its closed expression. The second

proposal first takes a large number of pairs of bootstrap resamples and then approximates, via Monte

Carlo, the corresponding bootstrap MISE.

Introduction

Useful tools for performing distributional comparisons are the relative distribution, R(t), and

the relative density function or grade density, r(t), of X1 with respect to (wrt) X0:

R (t) = P (F0 (X) ≤ t) = F1

(

F−1
0 (t)

)

and r (t) = R(1) (t) =
f1

(

F−1
0 (t)

)

f0

(

F−1
0 (t)

) , with 0 < t < 1,

where F0 and F1 are the cdf’s of, respectively, X0 and X1.

Consider the two-sample problem with completely observed data: {X01, . . . , X0n0
} and {X11,

. . . , X1n1
}, where the X0i’s are iid as X0 and the X1j ’s are iid as X1. These two sequences are

independent each other and it is assumed that, for some constant 0 < κ2 < ∞, limn1→∞

n1

n0
= κ2.

Several authors have considered the following smooth estimator of r(t):

r̂h(t) =

∫

∞

−∞

Lh (t − F0n0
(v)) dF1n1

(v) =
1

n1

n1
∑

j=1

Lh (t − F0n0
(X1j))=

(

Lh ∗ F1n1
F−1

0n0

)

(t),(1)

where Lh(t) = 1
h
L
(

t
h

)

, L is a kernel function, h is the bandwidth used to estimate r and F0n0
and F1n1

are the empirical distribution functions based on, respectively, the X0i’s and the X1j ’s. The rationale

to consider this estimator of r(t) is on the fact that, under sufficiently smooth conditions:

r(t) ≈
1

h

∫ 1

0
L

(

t − z

h

)

dR (z) =
1

h

∫

∞

−∞

L

(

t − F0 (z)

h

)

dF1 (z) .

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 3221 -



Another possibility is to consider the following estimator:

r̂h,h0
(t) =

∫

∞

−∞

Lh

(

t−F̃0h0
(v)
)

dF1n1
(v) =

1

n1

n1
∑

j=1

Lh

(

t−F̃0h0
(X1j)

)

=
(

Lh∗F1n1
F̃−1

0h0

)

(t),(2)

where F̃0h0
is a kernel estimate of F0 based on a kernel U (with cdf U) and a bandwidth h0:

F̃0h0
(x) = n−1

0

n0
∑

i=1

U

(

x − X0i

h0

)

.

Exact MISE calculations

As Cao (1993) points out, in the case of a one-sample problem, there exists a closed expression

for the mean integrated squared error of the Parzen Rosenblatt estimator of an ordinary density, f0.

We next prove a similar result for the two-sample problem, when r(t) is estimated using (1).

Let us consider the following assumptions:

(D1) F0(X1) is absolutely continuous.

(K1) L is a bounded density function in (−∞,∞).

Theorem 1. Assume conditions (D1) and (K1). Then, the MISE of the kernel relative density

estimator in (1) can be written as follows:

MISE (r̂h) =

∫

r2 (t) dt − 2

n0
∑

i=0

Ci
n0

an0,r(·) (i)

∫

Lh

(

t −
i

n0

)

r (t) dt +
(Lh ∗ Lh) (0)

n1

+2
n1 − 1

n1

n0
∑

i=0

n0
∑

j=i

P i,j−i,n0−j
n0

bn0,r(·) (i, j) (Lh ∗ Lh)

(

j − i

n0

)

, where

an0,r(·) (i) =

∫ 1

0
si (1 − s)n0−i

r (s) ds,

bn0,r(·) (i, j) =

∫ 1

0
(1 − s2)

n0−j
r (s2) s

j+1
2

∫ 1

0
si
3 (1 − s3)

j−i
r (s2s3) ds3ds2, for j ≥ i,

(Lh ∗ Lh) (t) =

∫

Lh (t − s)Lh (s) ds,

Ci
n0

and P
i,j−i,n0−j
n0

denote the binomial coefficient
(

n0

i

)

and the multinomial coefficient n0!
i!(j−i)!(n0−j)! .

Resampling scheme

When using the bootstrap technique to estimate the MISE of r̂h or r̂h,h0
, one possibility could be

to approximate the distribution function of the ISE process and then compute its expectation. To this

aim we need to define a resampling scheme that imitates the procedure from which the two original

samples were drawn. Pairs of resamples of n0 and n1 observations respectively, should be drawn, the

first one coming from a population, say X∗

0 , and the last one coming from X∗

1 . Besides, the relative

density of X∗

1 wrt X∗

0 should coincide with the kernel relative density estimator of X1 wrt X0. There

exist at least two ways to proceed. Either replacing the roles of the densities, f0 and f1, by some

appropriate estimators or considering a uniform distribution on [0, 1] for X∗

0 and a distribution with

density equal to the relative density estimator of X1 wrt X0 for X∗

1 . The second possibility is justified

by the fact that the sampling distribution of r̂h only depends on the two populations through r.

A bootstrap version for Theorem 1 can be proved using parallel arguments:
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Theorem 2. Assume condition (K1). Then,

MISE∗ (r̂h) =

∫

r̂2
g (t) dt − 2

n0
∑

i=0

Ci
n0

an0,r̂g(·) (i)

∫

Lh

(

t −
i

n0

)

r̂g (t) dt +
(Lh ∗ Lh) (0)

n1

+2
n1 − 1

n1

n0
∑

i=0

n0
∑

j=i

P i,j−i,n0−j
n0

bn0,r̂g(·) (i, j) (Lh ∗ Lh)

(

j − i

n0

)

, where

an0,r̂g(·) (i) =

∫

si (1 − s)n0−i
r̂g (s) ds,

bn0,r̂g(·) (i, j) =

∫ 1

0
(1 − s2)

n0−j
r̂g (s2) s

j+1
2

∫ 1

0
si
3 (1 − s3)

j−i
r̂g (s2s3) ds3ds2.

Based on the closed expression obtained for MISE∗(r̂h), we propose a bootstrap bandwidth

selector for (1), say h∗

CE , that consists in approximating MISE∗(r̂h) and finding its minimizer.

Bandwidth selection is also an important issue when dealing with the estimator defined in (2).

However, since it is not easy to find a closed expression for the MISE of this estimator, we present

below a bootstrap procedure to approximate MISE(r̂h,h0
):

(a) Select two pilot bandwidths, g and g0, and construct the estimator r̂g,g0
(see (2)) of the relative

density r. Let H be the cdf of a uniform random variable on [0,1] and consider

H̃b(x) = n−1
0

n0
∑

i=1

U

(

x − Ui

b

)

,

a kernel-type estimate of H based on the uniform kernel U on [−1, 1] (with cdf U), the bandwidth

parameter b and the sample {U1, . . . , Un0
} coming from H. Approximate the MISE function of

H̃b by Monte Carlo and find its minimizer b0.

(b) Draw bootstrap samples
{

X∗

01, . . . , X
∗

0n0

}

and
{

X∗

11, . . . , X
∗

1n1

}

from, respectively, a uniform dis-

tribution on [0, 1] and the density function r̂g,g0
.

(c) Consider, for each h > 0, the bootstrap version of the kernel estimator (2):

r̂∗h,b0
(x) = n−1

1

n1
∑

j=1

Lh

(

x − F̃ ∗

0b0
(X∗

1j)
)

,

where F̃ ∗

0b0
denotes a kernel-type cdf estimate based on the bootstrap resample {X∗

01, . . . , X∗

0n0

}

,

the uniform kernel on [−1, 1] and the bandwidth parameter b0 computed previously in (a).

(d) Define the bootstrap mean integrated squared error as a function of h:

(3) MISE∗(r̂∗h,b0
) = E∗

[
∫

(

r̂∗h,b0
(x) − r̂g,g0

(x)
)2

dx

]

.

(e) Find a numerical approximation of the minimizer of (3). This value, denoted by h∗

SUMC , is a

bootstrap version of the MISE bandwidth for r̂h,h0
.

A simulation study

For further discussion, let define the following functionals of r:

Ψ`(r) =

∫ 1

0
r(`) (x) r (x) dx = E

[

r(`) (F0 (X1))
]

and R
(

r(`)
)

=

∫ 1

0

(

r(`) (x)
)2

dx.
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For implementing h∗

CE and h∗

SUMC , we select the pilot bandwidth g by

g =

(

−2L(4)(0)(1 + κ2Ψ̂PR
0 )

dLΨ̂PR
6

)
1

7

n
−

1

7

1 ,

where Ψ̂PR
0 and Ψ̂PR

6 are parametric estimates of, respectively, Ψ0(r) and Ψ6(r), based on assuming

that r follows a mixture of beta densities based on Bernstein polynomials and Weierstrass’s theorem

(see Kakizawa (2004)).

These bootstrap bandwidth selectors are compared with the plug-in STE bandwidth selector

hSJ2
and the slightly modified version of the bandwidth selector given by Ćwik and Mielniczuk (1993),

b3c (see Molanes and Cao (2007)). In order to check their performance we approximate by Monte Carlo

the mean integrated squared error, EM , between the true relative density and the kernel-type estimate

for r, given by (1) when ĥ = b3c, h
∗

CE or by (2) when ĥ = hSJ2
, h∗

SUMC , under different scenarios.

We consider the first sample coming from the random variate X0 = W−1 (U0) and the second

sample coming from the random variate X1 = W−1 (S), where U0 denotes a uniform distribution in

the compact interval [0, 1], W is the distribution function of a Weibull with parameters (2, 3) and S

is a random variate from one of the following three different populations:

(a) V = 1
4 (U1 + U2 + U3 + U4), where U1, U2, U3, U4 are iid U [0, 1].

(b) A mixture consisting of V1 and V2 with probability (1
2 , 1

2), where V1 = V
2 and V2 = V +1

2 .

(c) A mixture consisting of V1 and V2 with probability (1
2 , 1

2), where V1 = β (15, 4) and V2 = β (5, 11).

The standard Gaussian density is considered as kernel L.

Values of EM for b3c, hSJ2
, h∗

CE and h∗

SUMC for models (a)–(c) under different scenarios.

EM Model

(n0, n1) Selector (a) (b) (c)

(50, 50) b3c 0.3493 0.5446 0.3110

(50, 50) hSJ2
0.1746 0.4322 0.2439

(50, 50) h∗CE 0.2791 0.5141 0.2630

(50, 50) h∗SUMC 0.1719 0.3990 0.2517

(100, 50) hSJ2
0.1241 0.3319 0.1897

(100, 50) h∗SUMC 0.1291 0.3056 0.1914

(100, 100) hSJ2
0.1208 0.2831 0.1474

(100, 100) h∗SUMC 0.1095 0.2718 0.1467

(100, 150) hSJ2
0.1045 0.2528 0.1318

(100, 150) h∗SUMC 0.1136 0.2552 0.1344
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Introduction

Principal component analysis (PCA) is one of the most common and important method in
multivariate analysis. We are interesting to test the hypothesis that the j-th largest eigenvalues are
equal under multipopulation. However, it is difficult to derive the exact distribution of eigenvalues
of covariance matrix under the nonnormal population. For two populations, Sugiyama and Ushizawa
(1998) proposed the nonparametric procedure which is to apply the Ansari-Bradley test by using
the principal component scores. In addition, Takeda (2001) suggested the test statistic by using the
principal component scores. In this paper, we extend the testing procedure from the two populations
to the multipopulation.

Suppose that x
(i)
1 , . . . ,x

(i)
Ni

are the random observations from p-dimensional distribution with

mean µi and covariance matrix Σi, where i = 1, . . . , k. Let λ
(i)
j be the j-th largest eigenvalue of

covariance matrix Σi in the i-th population. For fixed j, we consider testing the hypothesis

H0 : λ
(1)
j = · · · = λ

(k)
j

H1 : not H0.

Let h
(i)
j be the sample eigenvector corresponding to the j-th largest sample eigenvalue l

(i)
j of the i-th

sample covariance matrix given by

S(i) =
1

Ni − 1

Ni∑

α=1

(
x(i)

α − x̄(i)
)(

x(i)
α − x̄(i)

)′
,

where x̄(i) is the i-th sample mean vector. Since l
(i)
j is the asymptotic variance of principal components

y
(i)
jα = h′(i)j

(
x(i)

α − x̄(i)
)

, α = 1, . . . , Ni,

we apply the some test statistics for equality of variance to test the hypothesis. We propose the testing
procedure and a new test statistic in next section. Finally, we investigate the significance level and
the power of proposed test statistic by simulation study.
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Testing Procedure

In this section, we show testing the equality of the i-th largest eigenvalues in the k-population
using the principal component scores

Y1 =
{

y
(1)
j1 , y

(1)
j2 , . . . , y

(1)
jN1

}
,

Y2 =
{

y
(2)
j1 , y

(2)
j2 , . . . , y

(2)
jN2

}
,

...

Yk =
{

y
(k)
j1 , y

(k)
j2 , . . . , y

(k)
jNk

}
.

The variance of principal component y
(i)
jα is as follows:

Var[y(i)
jα ] = λ

(i)
j − 2

Ni − 1

p∑

q 6=j

m
(i)22
qj

λ
(i)
q − λ

(i)
j

+ O(N−2
i ),

where m
(i)22
qj = E[x(i)

q

2
x

(i)
j

2
] = E[x(i)

qα

2
x

(i)
jα

2
]. Therefore, the null hypothesis is equivalent with the

equality for variance of principal component when all eigenvalues are equal for j = 1, . . . , p. If all
eigenvalues except eigenvalue of null hypothesis are not equal, the equality for variance of principal
component and the null hypothesis are not accurately equivalent. However, in the case that the sample
sizes Ni are sufficiently large, we may treat testing the null hypothesis as the equality for variances of
principal component. In addition, we also need larger sample sizes when the eigenvalues are close.

The Ansari-Bradley test (1960) is known as a method of testing the variance. One of the
assumptions for the Ansari-Bradley test is that the sample values are independent. However, there
exist weak correlations between each principal component scores. Sugiyama and Ushizawa (1998)
proved that the degree of dependence between each principal component score was weak when the
sample size was sufficiently large under the multivariate normal distribution. Then they showed the
Ansari-Bradley test could be applicable to test the equality for variance of Y1 and Y2. It is well known
that the asymptotic relative efficiency of the Mood test (1954) is higher than that of the Ansari-Bradley
test (Gibbons; 2003). Therefore, Murakami et al. (accepted) applied the Mood test for k-population.

Now we give the generalized Ansari-Bradley and Mood statistics. Let R
(i)
jm be the increasing

order rank of y
(i)
jm in the combined N = N1+· · ·+Nk observations. When N is even, the Ansari-Bradley

statistic, namely ABke, for k-population is given by

ABke =
48(N − 1)
N(N2 − 4)

k∑

i=1

Ni

(
Āj

(i) − N + 2
4

)2

.

If N is odd, we give the Ansari-Bradley statistic, namely ABko, as follows:

ABko =
48N2

N(N + 1)(N2 + 3)

k∑

i=1

Ni

(
Āj

(i) − (N + 1)2

4N

)2

.

Here, Āj
(i) denotes

Āj
(i) =

1
Ni

Ni∑

m=1

(
N + 1

2
−

∣∣∣∣R
(i)
jm − N + 1

2

∣∣∣∣
)

.

The limiting distribution of the Ansari-Bradley statistic for k-population is also the χ2 distribution
with k− 1 degrees of freedom (Tsai et al .; 1975). The statistic of the Mood, namely Mk, is known as

Mk =
180

N(N + 1)(N2 − 4)

k∑

i=1

Ni

(
M̄j

(i) − N2 − 1
12

)2

,
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where

M̄j
(i) =

1
Ni

Ni∑

m=1

(
R

(i)
jm − N + 1

2

)2

.

The limiting distribution of the Mood statistic for k-population is χ2 distribution with k − 1 degrees
of freedom under the null hypothesis (Tsai et al ., 1975). Therefore we set the critical value of the
Ansari-Bradley statistic and the Mood statistic as 5.991 for k = 3.

Now we define a new statistic, namely T , as

T =
√

N
∑∑

1≤ω<β≤k

(
log

l
(β)
j

l
(ω)
j

)2

However, it is difficult to derive the distribution of T statistic, we use the permutation test.

Simulation Study

In this section, we examine the power of tests for equality of the j-th eigenvalues, using a
significance level of 5 %. To compare the power of statistics, we carry out simulation for multivariate
normal populations and multivariate contaminated normal populations. We assume that the number
of population is three and investigate the behavior of the Mk statistic under trivariate distribution.
The simulation is repeated a million times in the case which is not using the permutation test. For
the T statistic, we simulated 100,000 times repetition and 10,000 times permutations.

We simulate under the normal populations N(0,Σi) and the contaminated normal populations
0.95×N(0,Σi)+0.05×N(0, 3Σi) as following cases for N1 = N2 = N3 = 50. In the case 1, every j-th
eigenvalue are equal. Only the largest eigenvalues are different and other eigenvalue are equal in Case
2. In addition, every j-th eigenvalues are different in Case 3.

Case 1

λ
(1)
1 = 6, λ

(1)
2 = 3, λ

(1)
3 = 1 λ

(2)
1 = 6, λ

(2)
2 = 3, λ

(2)
3 = 1 λ

(3)
1 = 6, λ

(3)
2 = 3, λ

(3)
3 = 1

Σ1 Σ2 Σ3


6 0 0
0 3 0
0 0 1







5.4776 −0.7244 −1.1998
−0.7244 3.2010 0.1941
−1.1998 0.1941 1.3215







2.75 −1.9874 −0.4874
−1.9874 4.6856 −0.875
−0.4874 −0.875 2.5643




Case 2

λ
(1)
1 = 10, λ

(1)
2 = 3, λ

(1)
3 = 1 λ

(2)
1 = 8, λ

(2)
2 = 3, λ

(2)
3 = 1 λ

(3)
1 = 6, λ

(3)
2 = 3, λ

(3)
3 = 1

Σ1 Σ2 Σ3


10 0 0
0 3 0
0 0 1







7.7359 −0.8718 −0.8953
−0.8718 3.1000 −0.1836
−0.8953 −0.1836 1.1642







2.75 −1.9874 −0.4874
−1.9874 4.6856 −0.875
−0.4874 −0.875 2.5643
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Case 3

λ
(1)
1 = 9, λ

(1)
2 = 5, λ

(1)
3 = 2 λ

(2)
1 = 7.5, λ

(2)
2 = 4, λ

(2)
3 = 1.5 λ

(3)
1 = 6, λ

(3)
2 = 3, λ

(3)
3 = 1

Σ1 Σ2 Σ3


9 0 0
0 5 0
0 0 2







3.625 −2.3776 −0.6276
−2.3776 5.9249 −1.0625
−0.6276 −1.0625 3.4501







2.75 −1.9874 −0.4874
−1.9874 4.6856 −0.875
−0.4874 −0.875 2.5643




Table 1. Normal population
N1 = N2 = N3 = 50

Case 1 Case 2 Case 3
j = 1 Mk 0.041 0.242 0.169

ABke 0.042 0.201 0.144
T 0.041 0.302 0.206

j = 2 Mk 0.047 0.049 0.253
ABke 0.047 0.049 0.211

T 0.047 0.049 0.315
j = 3 Mk 0.056 0.056 0.445

ABke 0.055 0.055 0.370
T 0.057 0.056 0.550

Conclusion

From the results of simulation studies, the T statistic is competition for the normal and con-
taminated normal distributions. For the largest and second largest eigenvalues, the T statistic is
conservative. In this cases, the T statistic is most powerful. Therefore, we suggest the T statistic.
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We consider independent and identically distributed data (X1, Y1), . . . , (Xn, Yn), where Xi is d-
dimensional and Yi one-dimensional. Our purpose is to test whether the data follow a homoscedastic
regression model

Yi = m(Xi) + εi

with regression function m(x) = E[Yi | Xi = x], where the error εi = Yi −E[Yi | Xi] is independent of
the covariate Xi. As a new test for the hypothesis

H0 : Xi and εi are independent

we propose a simple kernel based test statistic, i. e.

Tn =
1

n(n − 1)

n∑
i=1

n∑
j=1
j 6=i

1
hn

K
( ε̂i − ε̂j

hn

) ∫
(I{Xi ≤ x} − FX,n(x))(I{Xj ≤ x} − FX,n(x))w(x) dx,

where hn is a sequence of positive bandwidths, K a kernel function, I{·} the indicator function, w a
weight function, and FX,n denotes the empirical distribution function of the covariates X1, . . . , Xn.

Tn estimates an L2-distance of the conditional and unconditional distribution of the covariates,
i. e. ∫ ∫ (

P (X1 ≤ x | ε1 = y) − FX(x)
)2

f2
ε (y)w(x) dy dx,

where FX denotes the covariate distribution function and fε the error density. Note that the errors εi

are not observable and, hence, are nonparametrically esimated by residuals ε̂i = Yi − m̂(Xi), where m̂

denotes, for instance, a local polynomial estimator for the regression function.
Were errors observable and residuals replaced by true errors the test statistic Tn would coincide

with the test for independence proposed by Zheng (1997), which was further investigated by Dette
and Neumeyer (2000).

Under typical regularity assumptions asymptotic normality of the test statistic is shown. Because
the asymptotic null distribution depends on unknown features of the data-generating process, we
recommend to apply resampling procedures. We discuss the applicability of the classical residual
bootstrap. The small sample performance is investigated in a simulation study, and a real data
example is presented.

The test can also be adjusted to jusify a regression model with heteroscedastic variance, i. e.

Yi = m(Xi) + σ(Xi)εi,

where the covariates Xi are independent of the errors εi = (Yi − E[Yi | Xi])/(var(Yi | Xi))1/2.
Although the independence of error and covariate is a common assumption, to the present au-

thor’s knowledge so far there are only two tests available in literature. In the homoscedastic model
Einmahl and Van Keilegom (2007a) consider a stochastic process based on differences of the obser-
vations Yi, which converges weakly to a bivariate Gaussian process. In the heteroscedastic model
Einmahl and Van Keilegom (2007b) propose tests based on the difference of the empirical distribution
function of (Xi, ε̂i) and the product of the empirical distribution functions of the covariates and resid-
uals, respectively. The considered process converges weakly to a bivariate Gaussian process. Both
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procedures are presented for one-dimensional covariates only and cannot easily be extended to the
important multivariate case. In contrast the procedure considered here is valid for multivariate co-
variates. Yet in the univariate case we can apply a modification of Tn which improves the power of
the test.
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Introduction 
In practice the forms of the underlying distributions are very seldom known or there may be distinct 

indications that the underlying distributions are non-normal. In such cases the use of the standard parametric 
methods assuming normality can be criticized regarding validity and optimality. Nonparametric methods are 
valid for a broad family of underlying distributions and are yet reasonably efficient relative the best 
parametric method under normality. E.g. under the normal shift model the asymptotic relative efficiency 
(ARE) of the Wilcoxon rank sum test to the t-test is 95.5%. In medical data sets based on patient data the 
occurrence of gross errors, i.e. longtailedness, is often 8-12% (personal communication: Frank Hampel). 

It has long been argued that with the exception of very simple designs there exists no nonparametric 
alternatives or they have low power due to separate ranking within each factor, e.g. the Friedman test. A 
substantial improvement can be achieved if the observations are aligned w.r.t. one factor when studying the 
other factor. Since the aligned observations from different levels of an aligning factor are comparable when 
studying the other factor they can be ranked jointly. In general the asymptotic efficiency under the normal 
shift model of a nonparametric method using aligned ranks relative the optimal parametric test is 95.5%. 

Hodges and Lehmann (1962) proposed aligned ranks in randomized block design to increase the 
efficiency of the rank based test of treatment effects. Later Mehra and Sarangi (1967) proposed a test of 
treatment effects based on aligned ranks in the general situation. They derived the limiting distributions 
under the null and alternative hypotheses. Later Mehra and Sen (1969) proposed a test for interaction effects 
in the two-way layout using the same ideas. The test statistic was, however, difficult to compute in applied 
situations. Ohrvik (2002) proposed a test for interaction effects based on aligned ranks for the randomized 
block design assuming symmetric error distribution. Sawilowsky (1990) provided a very good review of 
nonparametric approach to test for interaction effects, also including the so-called ‘rank transform’ (RT) 
methods - first suggested by Conover and Iman (1976). Akritas (1990) showed that for the two-way layout 
the RT was not valid to test for main effects in the presence of interaction effects nor was it valid to test for 
interaction effects since it is a nonlinear transform of the data. He also showed that homoscedasticity of the 
error terms was not in general transformed to the ranks. Hettmannsperger (1984) and Hettmannsperger and 
McKean (1998) discussed modified aligned rank tests including tests for interaction and main effects in the 
linear model. In recent years Akritas, Arnold and Brunner (1997) and Brunner and Puri (2001) presented a 
general framework for nonparametric analysis in factorial designs. These methods can be performed in SAS 
by applying Proc Mixed on the rank transformed data assuming a heterogeneous covariance structure. 

Statistical interaction is usually defined as departure from additivity in a specific linear model. The 
choice of scale is then important since factors, which are non-additive w.r.t. a response measured on one 
scale, may not manifest any interaction when a differently transformed scale is used. E.g. a logarithmic 
transform of the response variable will often remove an interaction, which was present on the original scale.  

A rapidly growing field of research is studies on gene environment interactions, especially in 
epidemiological surveys. Survey of Adolescent Life in Vestmanland (SALVe) is one of these studies with 
non-normally distributed outcomes. This underlines the need for interaction tests which are robust with 
respects to deviations from the normal distribution e.g. longtailedness and/or skewness. 

The main purpose of this study is to propose a nonparametric test for interactions in the general two-
way layout. Pair wise comparisons of the cells will also be discussed. 
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Model 
Let the factors β and τ be indexed by i=1,2,...,b and j=1,2,...,t respectively. Suppose there are nij 

indexed by k replications per cell (i,j). Let yijk denote the observed outcome of a continuous random variable 
Yijk, which can be modeled Yijk = μij + εijk  (1), where μij is the mean level in cell (i,j) and εijk is the error of 
the k:th observation in cell (i,j). The errors εijk are assumed to be random variables with mean 0 and 
varianceσ 2

ε . For models with interaction effects, μij can be decomposed as μij = μ + βi + τj + (βτ)ij  (2), 
where μ is the overall mean level, βi is the effect of the i:th level of β, Σiβi=0, τj is the effect of the j:th level 
of τ, Σjτj=0 and (βτ)ij is the interaction effect of the i:th level of β and the j:th level of τ, Σi(βτ)ij=Σj(βτ)ij=0. 
 
Test Statistics 

The null hypothesis of no interaction effects is H0 : (βτ)11=(βτ)12=...=(βτ)bt. Combining (1) and (2) 
gives Yijk = μ + βi + τj + (βτ)ij + εijk. To isolate the parameter of interest, (βτ)ij , first subtract from the 
observations in level i of factor β an estimate of βi, i=1,2,…,b including the overall mean level. Then from 
the resulting residual observations in level j of factor τ an estimate of τj, j=1,2,…,t is subtracted. Unless the 
mean is used to estimate the factor effects this procedure has to be repeated until the changes in the estimates 
are zero or negligible. In practice however, it is seldom necessary to use more than a few iterations, see 
Emerson and Hoaglin (1983). These location estimates must be symmetric functions of the observations in 
each level of the factors β and τ, i.e. they must be invariant under permutations of the observations (this 
condition is satisfied by most location estimators). We suggest the Hodges-Lehmann estimator (H/L), which 
is the median of all possible pair wise means of the observations, i.e. H/L = medi≤j {½( Xi + Xj )}, where X1, 
X2, … denote independent observations from a common distributions F. It is known to have very good 
robustness properties. Compared with the mean and the median it is neither sensitive to extreme observations 
nor is it sensitive to gaps in the middle of the data set Hampel (1974). 

Let Zijk denote a residual after the final iteration and ijkR̂  its rank in the joint ranking of the entire    
N = ΣiΣjnij aligned observations. To test the null hypothesis of no interactions we propose 
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Under the null hypothesis the squared differences within the bracket are expected to be small. Thus the 
hypothesis of no interaction effects is rejected when Qβτ is sufficiently large, say when Qβτ ≥ c. 
Remarks: (i) The test is conditional on the configuration i.e. the estimates of the factor effects. 

(ii)  Ties make the test conservative. The true variation is smaller than that given in (3). With 
many ties, e.g. the response takes only a limited number of integer values it is usually 
better to align using the mean due to gaps in the distribution of the pair wise means. 

The following theorems presenting Qβτ’s asymptotic properties are given without proofs:  

Theorem 3.1: If H0 is true, and for each (i,j) limN→∞ nij/N exists and is positive limN→∞ E(Qβτ) = (b-1)(t-1). 
Theorem 3.2: If H0 is true, and for each (i,j) limN→∞ nij/N exists and is positive the statistic Qβτ , defined by 

(3) is asymptotically Chi-square distributed with (b-1)(t-1) degrees of freedom (df).  
Asymptotically the null hypothesis is rejected at a significance level α if Qβτ > χ2

α (b-1)(t-1). A better small 
sample approximation of the actual significance level is given by a F-distribution with (b-1)(t-1) df in the 
numerator and N df in the denominator i.e. reject H0 if Qβτ  /[(b-1)(t-1)]> Fα [(b-1)(t-1), N]  (4). 
Theorem 3.3: If for each (i,j) limN→∞ nij/N exists and is positive then under the shift model Gij(z) =         

G [y + (βτ)ij √N ] for all (i,j), where Gij(z) is the distribution of Zijk, the statistic Qβτ defined by 
(3) is asymptotically non-central Chi-square distributed with (b-1)(t-1) df and non-centrality 
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for the Qβτ-test and the Fβτ-test. The ARE is given by the ratio of the two non-centrality parameters 
/πe F βτQβτQ:F 3Δ/Δ 22 ==  (5). Under the normal shift model the ARE of the Qβτ-test to its corresponding para-

metric test is asymptotically equivalent to that of the Kruskal-Wallis test to the F-test in the one-way layout. 
When the overall test of no interaction effects is rejected it is of interest to see which cells differ 

significantly. The asymptotic two-sided p-value for the difference between cell (i, j) and (h, l) is given by 
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where Rijk denotes the rank of the unaligned observation Yijk and Φ(⋅) denotes the standard Normal 
distribution. To control the experimental error rate we propose the modified sequentially rejective Bonferroni 
correction, since it is superior to the classical Bonferroni w.r.t. power, see Shaffer (1986). 
 
Sampling Experiments 

The small sample behavior of the test based on the statistic Qβτ , were studied by a sampling 
experiment. To achieve a reasonable precision 10000 replicates were used in all cases. The same random 
numbers were used for each parameter combination, to reduce the uncertainty when comparing results from 
different parameter combinations.  

The model used was Yijk = (βτ)ij + εijk , where εijk had E(εijk) = 0 and scale equal to the Fisher 
information for the symmetric and Var(εijk) = 1 for the skew distributions. The interactions used were: 

(i) βτ ≡ 0        to study how well the proposed null distribution approximates the actual for           
(ii) βτ = 0.25*[1 0 -1; -1 0 1; -1 0 1; 1 0 -1]                to study the power of the test for 

different cell sizes nij and different error distributions. The results are summarized in Table 1 and Figure 1. 
The small sample nominal level corresponds well with the actual level for Qβτ. The general impression 

being that the 1% level tends to be too conservative and the 10% level too liberal independent of error 
distribution but more accentuated for smaller nij. The graph, which shows the power in relation to the total 
sample size on a logit scale, shows that under the normal shift model the power of the Q-test is close to that 
of the F-test. This is consistent with eQ:F =3/π. For longtailed distributions the Q-test outperforms the F-test. 

Table 2 shows results from two studies in the SALVe project: 
1. 5-HTTLPR Genotype (short/short, short/long and long/long alleles) and Quality of Family Relations 
(categorized into bad, neutral and good) in relation to Alcohol Consumption in Adolescents, Nilsson, Sjoberg, 
et al. (2005). n = [6, 4, 33; 20, 9, 58; 9, 7, 50]. 
2. MAO-A Genotype (short present and long/long alleles) and Psychosocial Risk (defined as either living in 
multi-family house and/or having experience of violent victimization) in relation to Total Criminality 
Activity among Boys, see Nilsson, Sjoberg, et al. (2006). n = [21, 11; 29, 17].  

The results are similar in most cases, especially the H/L and the mean give very similar results while 
the median differs. Comparing with Brunner and Puri’s small sample test FN (M) there is a large difference 
for the alcohol study where the Q-test gives a significant interaction while FN (M) doesn’t. If an ANOVA F-
test is applied outcome depends on whether the cell variances are assumed to be homogeneous or not. Box 
plots of the data (not shown) shows that the effect of family relations in the heterozygotic genotype differ 
from that in the homozygotic genotypes, which is consistent with the outcome of our test statistics. 
 
Conclusions 

The proposed test for interaction effects shows good asymptotic and small sample properties. It can be 
used in the general two-way layout. The test remains valid w.r.t. type I error even when the cell sizes differs 
greatly. The analyses of the two sub studies in the SALVe project show that our proposal can be of great 
importance in studies like these and that its performance is at least as good as that of Brunner and Puri’s test. 
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Table 1 Actual significance levels (in per cent). Factor effects 
estimated by H/L. Number of levels in 1st and 2nd factor  (4, 3). 
Error 
distribution 

Cell sizes  
nij 

Small sample nominal 
level α; statistic Qβτ 

F-test nominal 
level  

  10% 5% 1% 5% 
Cauchy2)   4 10.9 4.5 0.3 1.7 
   8 10.7 4.9 0.7 1.8 
 32 10.1 4.9 0.8 1.4 
   n1 10.9 5.3 0.9 - 
   2*n1 10.1 5.0 0.8 - 
t(4)2)   4 10.6 4.4 0.4 4.6 
   8 10.7 4.9 0.8 5.1 
 32 10.0 4.8 0.8 4.7 
   n1 10.9 5.0 0.7 - 
   2*n1 10.0 4.7 0.8 - 
CN(.1,3)3)   4 10.2 4.0 0.3 4.4 
   8 9.6 4.3 0.7 4.4 
 32 10.0 4.8 0.9 4.9 
   n1 9.8 4.4 0.5 - 
   2*n1 10.4 4.7 0.7 - 
N(0,1)2)   4 10.2 4.2 0.3 5.1 
   8 9.7 4.3 0.6 4.6 
 32 10.0 4.9 1.0 4.9 
   n1 9.8 4.4 0.5 - 
   2*n1 10.4 4.9 0.7 - 
√(χ2(2)/2)4)   4 10.7 4.6 0.5 5.3 
   8 10.2 4.7 0.6 5.0 
 32 10.4 5.0 1.0 5.0 
   n1 10.3 4.4 0.7 - 
   2*n1 10.4 4.8 0.8 - 
1) n = [ 4 4 4; 16 4 8; 4 4 8; 16 16 8 ] 

 
Figure 1. Power of Qβτ  and corresponding F-test (logit scale). 
Factor effects estimated by H/L. Number of levels (4, 3) 
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Table 2. Gene-Environment interactions comparisons with Brunner 
& Puri’s small sample test FN (M).  
Study Qβτ /NDF statistic, p-value

Factor effects estimator 
FN (M) statistic

 p-value 
 H/L mean med  

5-HTTLPR Genotype and  3.79 3.96 3.52 0.681 
Quality of Family Relations in  0.006 0.004 0.009 0.583 
relation to Alcohol Consump-     
tion in Adolescents Nilsson, 
Sjoberg, et al. (2005) 

    

MAO-A Genotype and Psycho 6.93 6.93 6.10 8.60 
social Risk in relation to Total  0.010 0.010 0.015 0.005 
Criminality among Boys 
Nilsson, Sjoberg, et al. (2006) 

    

1) ANOVA F (i) assuming homogeneous variance: F(4,187)=2.42, p-value=0.050 
 (ii) assuming heterogeneous variance: F(3.1,29.3)=1.53, p-value=0.227 

It is advisable to align on more than one 
estimator and compare the results since the 
results are conditional on this choice.  

The Q-test has the potential to pick up 
interactions hidden in the noise of the gross 
errors when using standard ANOVA. Thus 
the test may become a valuable tool and 
alternative to other proposals to use in 
exploring interactions. 
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Let us consider a general regression model

Y = m(X) + σ(X)ε,

where Y is the response variable related to the covariate X through the regression function m and the
variance function σ, and ε is the regression error with distribution Fε(y) = P (ε ≤ y).

Given a sample (Xi, Yi), i = 1, . . . , n, from the pair (X, Y ), Akritas and Van Keilegom (2001)
proposed estimating the error distribution Fε by the empirical distribution of the residuals estimated
nonparametrically, that is,

F̂ε(y) =
1
n

n∑

i=1

I

(
Yi − m̂(Xi)

σ̂(Xi)
≤ y

)
,

where m̂ and σ̂ are appropriate nonparametric estimators of the regression function and variance func-
tion, respectively. In some situations related to survival analysis it is useful allowing for censoring in
the response variable. Van Keilegom and Akritas (1999) studied the estimator of the error distribution
in that case: the empirical distribution of the estimated residuals is now replaced by the Kaplan-Meier
estimator based on censored residuals.

The estimator of the error distribution can be used to test hypothesis concerning the elements of
the regression model (the regression function, the variance function and the error distribution itself).
Let H0 denote a hypothesis about any element of the regression model. The basic idea of the testing
procedure is to compare two estimates of the error distribution: the nonparametric one introduced
above, F̂ε, and a new one which incorporates information from the null hypothesis, F̂ε0.

In this talk, we will review the tests based on this idea that have been recently developed:

• Tests for the parametric form of the regression function, with extension to censored responses:
Van Keilegom, González-Manteiga and Sánchez-Sellero (2007) and Pardo-Fernández, Van Kei-
legom and González-Manteiga (2007).

• Comparison of regression curves, with extension to censored responses: Pardo-Fernández, Van
Keilegom and González-Manteiga (2007) and Pardo-Fernández and Van Keilegom (2006).

• Tests about the error distribution: Pardo-Fernández (2007).

• Tests for the parametric form of the variance function: Dette and Van Keilegom (2005).

• Other extensions.
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Introduction

The aim of this work is to propose an estimator for the surface area of G, L0(G). In the

two-dimensional case d = 2, our goal is the estimation of the boundary length of G.

The length and surface area estimation can be thought as a further step in nonparametric set

estimation theory. One of the goals in set estimation is to recover a set G given a random sample of

points whose distribution is related to G. For example, the data could be a random sample drawn

from a density and the set of interest could be the support of the distribution or a level set of the

density. From this set estimation point of view, the estimation of the length and surface area of G can

be seen as the problem of estimating an important geometric characteristic of a set which gives useful

information about its shape. For example (for the bidimensional case) the “Contour Index” (CI),

which is defined as the ratio between the boundary length and the squared root of the area, provides

an scale invariant measurement of boundary roughness. Its minimal value (2
√

π) is attained by the

circle and it increases as the the set becomes more fragmented. The CI has been used as an auxiliary

diagnosis criterion in medical imaging. For example, in oncology the irregularity in the border of a

tumor may suggest a bad prognosis because the damage is highly disseminated. See Cuevas et al.

(2007) for more details.

The case where G is assumed to be convex has been extensively analysed in the literature

probably due to the fact that in this case there exists a quite natural estimator of G: the convex hull

of the sample. The perimeter and surface area of the convex hull of the sample can be successfully

used for estimating the length and surface area of G. See Schneider (1988) and Bräker (1998) for more

details. However, assuming that G is convex may be too restrictive in practice. In a more general

framework, there is not a obvious estimator. Recently, in Cuevas et al. (2007) a universally consistent

estimator of L0(G) is proposed, without assuming any shape restriction on G (except that L0(G)

exists). Unfortunately, this estimator achieves a relatively slow rate of convergence when G is smooth.

The objective of this work is to propose an estimator of L0(G) which improves the convergence rate

attained in Cuevas et al. (2007) for a large family of smooth sets which includes the smooth convex

sets.

In the next section we establish some notation and the precise definition of “surface area”. We

also define the class of smooth sets we will work with. The sampling model and the proposed estimator

is introduced and the almost sure convergence rate for the proposed estimator is obtained.

Notation and previous results

Let G be a compact subset of Euclidean space Rd. We assume, without loss of generality,

that G is a subset of the open unit square (0, 1)d.

We denote by ‖·‖ and 〈·, ·〉 the Euclidean norm and the inner product of Euclidean space,

respectively. The d-dimensional Lebesgue measure is denoted by µ. We denote by B(x, r) and B̊(x, r)

the closed and open ball with center x and radius r. In order to simplify the notation, we write B
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and B̊ to refer to B(0, 1) and B̊(0, 1), respectively.

If A ⊂ Rd then Ac, int(A), Ā and ∂A will stand for the complement, interior, closure and

boundary of A, respectively. The ε-neighborhood of A is defined by

B(A, ε) :=
⋃

a∈A

B(a, ε) =
{
x ∈ Rd : d(x, A) ≤ ε

}
,

where d(x, A) = inf {‖x − a‖ : a ∈ A}.
In many situations the boundary of G is a (d−1)-dimensional manifold. The Hausdorff measure

is often used in fractal geometry to determine the area of subsets which dimension is lower than d (see

e.g., Mattila (1995)). The Hausdorff measure is difficult to estimate when G is not completely known.

Hence, we propose to estimate the area of T = ∂G in a simpler way (equivalent to the Hausdorff

measure when T is smooth). We define the surface area of G by

L0 ≡ L0(G) = lim
ε→0

µ(B(T, ε))

2ε
= lim

ε→0
L(ε),

provided that the limit exists and is finite, where L(ε) = µ(B(T, ε))/(2ε).

We will assume that G and Gc are r-convex and int(Gi) 6= ∅ for each path-connected component

Gi ⊂ G. These sets were characterized in Theorem 1 of Walther (1999). A closed subset A ⊂ Rd is

said to be r-convex if

A = Cr(A),

where

Cr(A) =
⋂

{B̊(x,r):B̊(x,r)∩A=∅}

(
B̊(x, r)

)c
,

is called the r-convex hull of A. It is easy to prove that Cr(A) is the smallest r-convex set that contains

A. A set is r-convex if any point of the complement is contained in an open ball of radius r which

does not meet the set. Thus, Cr(A) will be close to Ā for small r and it will be close to the convex

hull of A for large. The r-convexity is also closely related to the dilation and erosion operations from

mathematical morphology (see Serra (1984)). It is easy to prove that

Cr(A) =
(
A ⊕ rB̊

)
⊖ rB̊,

where ⊕,⊖ denote the Minkowski addition and Minkowski subtraction, defined respectively by A ⊕
C := {a + c : a ∈ A, c ∈ C}, A ⊖ C := {x : {x} ⊕ C ⊂ A} and λC := {λa : a ∈ A} for any A, C ⊂ Rd

and λ ∈ R.

The sampling model and the estimator

Let G be a set under the conditions of Theorem 1 in Walther (1999). In Cuevas et al. (2007)

it is proved that L0 is well defined for these sets. As in their work we assume that the sampling

information is given by iid observations (Z1, δ1), . . . , (Zn, δn) of a random variable (Z, δ), where Z is

uniformly distributed on the unit square [0, 1]d and δ = I
{Z∈G}

.

Let us denote PX and PY the conditional distributions of the observations in G and in Gc

respectively, that is, the distributions of Z|{δ = 1} and Z|{δ = 0}. It is easy to prove that PX and

PY are both uniform on G and R = [0, 1]d \ int(G), respectively.

Let {εn} be a deterministic sequence of positive numbers which converges to zero as n tends to

infinity. We propose to estimate L0 by means of

Ln =
µ(Tn)

2εn
,

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 3238 -



where Tn is an estimator of B(T, εn). Based on the fact that B(T, εn) = B(G, εn) ∩ B(R, εn), it is

possible to construct an estimator of B(T, εn) from estimators of the sets G and R. Since G and R

are both r-convex, it is reasonable to estimate them using the r-convex hull of Xn = {Zi : δi = 1} and

Yn = {Zi : δi = 0}. Thus, we propose the following estimator

Tn = B(Gn, εn) ∩ B(Rn, εn),

where

Gn = Cr(Xn) and Rn = Cr(Yn).

(a) (b)

(a) G and R. (b) Uniform sample on [0, 1]2 of size n = 2500, Xn (in green), Yn (in red )

and Tn (in blue)for εn = 0.04.

Observation. In Rodriguez-Casal (2007) the r-convex hull of a sample is proposed as an estimator

of the support of a distribution. Its asymptotic behavior is analyzed when the support is under the

conditions of Theorem 1 in Walther (1999). The situation in this work is quite similar. In our case

Xn and Yn are samples (of random size) from the distributions PX and PY with supports G and R,

respectively. Therefore, many of the results in Rodriguez-Casal (2007) can be adapted to this new

situation although it is necessary to do some adjustments since now the samples have random size and

the boundary of R is smooth only in T .

Theoretical results

Theorem 1 gives the almost sure rate of Ln and represents the main result of this work.

Theorem 1. Let G ⊂ (0, 1)d be a compact set. Assume that a G and Gc are r-convex and int(Gi) 6= ∅
for each path-connected component Gi ⊂ G. Then, with probability one,

inf
εn

|Ln − L0| = O

(
log n

n

) 1
d+1

.

Observation. In Cuevas et al. (2007) a similar estimator to the one defined in this work is proposed.

They consider the estimator given by

Tn = B(Gn, εn) ∩ B(Rn, εn),
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with Gn = Xn and Rn = Yn and prove its universal consistency (provided that L0(G) exists). However

the convergence rate for the estimator of L0 based on this empirical approximation of B(T, ǫn) is n−1/2d

which is worse than the rate attained with the estimator proposed in this work. The main reason for

this improvement is that smoothing the samples Xn and Yn allows us to choose smaller radius εn (of

order (log n/n)1/(d+1)). In Cuevas et al. (2007), the optimal εn had to be of order n−1/2d.
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We consider the common nonparametric regression model

Yi = m(Xi) + σ(Xi)εi, i = 1, 2, . . . , n(0.1)

where m denotes the regression function and σ2 the variance function and the random variables εi

satisfy E[εi|Xi = x] = 0 and E[ε2
i |Xi = x] = 1. In many applications the variance can be assumed

proportional to the squared mean which corresponds to the assumption of a constant coefficient of

variation. Typical examples include models obtained by the logarithmic transformation from regres-

sion models with a multiplicative error structure [see Eagleson and Müller (1997)] or ARCH-type

models [see Engle (1982)]. Several authors have discussed the problem of estimating and testing the

regression function under the restriction that m and σ are proportional - see e.g. Mc Cullagh and

Nelder (1989), who considered generalized linear models, Carroll and Ruppert (1988), who considered

a constant coefficient of variation with a parametric model, and Eagleson and Müller (1997), who

investigated the common nonparametric regression model under the restriction that m = cσ for some

constant c.

In the present paper we will develop a formal test for the hypothesis of a constant coefficient of

variation in the nonparametric regression model (0.1), that is

H0 : m(x) = cσ(x)(0.2)

for some positive (but unknown constant) c. Typical examples include multiplicative models of the

form

Yt = m(Xt)ηt

which can be written in the form (0.1) with σ(·) =
√

Var (ηt)m(·) and εt = (ηt − 1)/
√

Var(ηt). Other

examples include nonparametric ARCH models Xt =
√

m(X2
t−1)ηt, for which the squared process

corresponds to a multiplicative times series model.

We investigate the hypothesis (0.2) of a constant coefficient of variation using an estimate of the L2-

distance between the variance and squared regression function. To be precise let {Xi, Yi}n
i=1 denote a

bivariate sample of observations from the nonparametric regression model (0.1) with the same distri-

bution and let m̂ and σ̂2 denote two nonparametric estimates of the regression and variance function,

respectively, which will be specified in the following section. For any positive c we define the statistic

Tn(c) as
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Tn(c) =
1

n(n − 1)

∑
i6=j

Kg(Xi − Xj){c2Y 2
i − (c2 + 1)m̂2(Xi)}w(Xi)(0.3)

× {c2Y 2
j − (c2 + 1)m̂2(Xj)}w(Xj),

where w denotes a weight function, Kg(·) = 1
gK(·/g), K(·) denotes a kernel and g is a bandwidth

converging to 0 with increasing sample size. If the estimate m̂ is consistent it is intuitively clear that

for a large sample size

E[Tn(c)] ≈ E[f(Xi){c2Y 2
i − (c2 + 1)m2(Xi)}2w2(Xi)]

= E[f(Xi){c2σ2(Xi)ε
2
i − m2(Xi)}2w2(Xi)]

= E[∆2(Xi)f(Xi)w
2(Xi)](0.4)

where f denotes the density of X and

∆(x) = m2(x) − c2σ2(x).(0.5)

Note that E[∆2(Xi)f(Xi)w
2(Xi)] = 0 if and only if the null hypothesis (0.2) is satisfied. There exist

some cases, where the constant c in the statistic Tn(c) is known. For example in ARCH(1) models

with standard normal distributed innovations we have X2
t = a0 + a1X

2
t−1 + (a0 + a1X

2
t−1)(ε

2
t − 1),

which gives c = 1/
√

2. However, in most cases of practical interest the constant c has to be estimated

from the data. For this purpose we consider the least squares problem

min
c∈IR>0

n∑
i=1

(m2(Xi) − c2σ2(Xi))
2w(Xi) =

∑n
i=1 m2(Xi)σ

2(Xi)w(Xi)∑n
i=1 σ4(Xi)w(Xi)

,(0.6)

and estimate the unknown quantities on the right hand side. We define the residuals

r̂(Xi) = Yi − m̂(Xi), (i = 1, . . . , n)(0.7)

and the estimate

ĉ2 =
(1/n)

∑n
i=1 m̂2(Xi)r̂

2(Xi)w(Xi)

(1/n)
∑n

i=1(σ̂
2(Xi))2w(Xi)

.(0.8)

Note that the squared residuals r̂2(·) are used for estimating the variance function in the numerator of

ĉ2 in order to avoid an additional bias caused by the use of the variance estimator σ̂2(·) and that the

local linear estimate [see Fan and Gijbels (1996)] is used for estimating the mean and variance function.

Finally the statistic is defined as

Tn = Tn(ĉ)

and the null hypothesis (0.2) of a constant coefficient of variation will be rejected for large values of

the statistic Tn. We state the asymptotic results for a sample of independent identically distributed

observations {Xi, Yi}n
i=1. Roughly speaking the statistic Tn is asymptotically normal distributed with

different rate of convergence under the null hypothesis and alternative.

Theorem 1 Under the null hypothesis (0.2) we have

n
√

g Tn
D−→ N (0, µ2

0),(0.9)

where the asymptotic variance is given by

µ2
0 = 2 E

[
{−1 + 4c2 + 4cE[ε3|X] + E[ε4|X]}2m8(X)f(X)w4(X)

] ∫
K2(u)du.(0.10)
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Theorem 2 Under a fixed alternative

̺ = E[∆(X)σ2(X)f(X)w2(X)] > 0

we have √
n

(
Tn − E[∆2(X)f(X)w2(X)] − h2D

)
D−→ N (0, µ̃2

1),

with

µ̃2
1 = µ2

1 + 4̺2ν2 − 4̺ υ2,

where µ2
1 denotes the asymptotic variance of the test statstic Tn(c), ν2 corresponds to the asymptotic

variance of ĉ2 and the term υ2 corresponds to the asymptotic covariance between Tn(c) and ĉ2. The

constant D is defined by D = C − 2̺Γ, where Γ denotes the bias of ĉ2 and C is the bias of the test

statistic Tn(c).

Besides the fact that this test can be used to check the assumptions for a statistical inference in a non-

parametric regression model with a constant coefficient of variation, it can also be used as an indicator

of a multiplicative error structure (if it is applied to the squares of the data) and an exponentially

distributed response Y . Especially for testing ARCH-model structures a corresponding result for time

series has to be established. In this context our test statistic can be identified with a U-statistic, and

the underlying process is assumed strictly stationary and absolutely regular. Yoshihara (1976) and

Hjellvik, Yao and Tjøstheim(1996) provided asymptotic theory of U-statistics for β-mixing processes

for the asymptotic analysis unter the null hypothesis. The asymptotic analysis under fixed alterna-

tives uses a central limit theorem of U-statistics with n-dependent nondegenerate kernel [see Dette,

Spreckelsen (2004)].

REFERENCES

R.J. Carroll, D. Ruppert (1988). Transformation and weighting in regression. Chapman and Hall, London.

H. Dette, I. Spreckelsen (2004). Some comments on specification tests in nonparametric absolutely regular

processes. J. Time Ser. Anal., 25(2), 159–172.

G.K. Eagleson, H.G. Müller (1997). Transformations for smooth regression models with multiplicative errors.

J. R. Statisti. Soc. B., 59(1), 173–189.

R.F. Engle (1982). Autoregressive heteroscedasticity of estimates of the variance of U.K. inflation. Economet-

rica, 50(4), 987–1007.

J. Fan, I. Gijbels (1996). Local polynomial modelling and its applications. Chapman and Hall, London.

J. Fan, Q. Yao (1998). Efficient estimation of conditional variance functions in stochastic regression. Biometrika,

85(3), 645–660.

J. Fan, Q. Yao, H. Tong (1996). Estimation of conditional densities and sensitivity measures in nonlinear dy-

namical systems. Biometrika, 83, 189–206.

V. Hjellvik, Q. Yao, D. Tjøstheim (1996). Linearity testing using local polynomial approximation. Technical

Report. Humboldt-Universität.

P. de Jong (1987). A central limit theorem for generalized quadric forms. Probability Theory and Related Fields,

75, 261–277.

P. Mc Cullagh, J. Nelder (1989). Generalized Linear Models. 2nd ed. Chapman and Hall, London.

J.X. Zheng (1996). A consistent test of functional form via nonparametric estimation techniques. Journal of

Econometrics, 75, 263–289.

K. Yoshihara (1976). Limiting behaviour of U-statistics for stationary, absolutely regular processes. Z.Wahrsch.

verw. Gebiete, 35, 237–252.

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 3243 -



3138 CHAPTER 3. CONTRIBUTED PAPERS

CPM 014 : Linear Models

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 3244 -



Maximum Likelihood Estimator in Models with

Commutative Orthogonal Block Structure

Carvalho, Francisco
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Models with Commutative Orthogonal Block Structure

We assume that we have a normal model with Commutative Orthogonal Block Structure (COBS).
If a model has this structure it will have a variance-covariance matrix given by

V (σ2) =
m∑

i=1

σ2
i Pi,

where P1, . . . , Pm are known pairwise orthogonal orthogonal projection matrices that commute with
T , the orthogonal projection matrix on Ω, the range space R(X) of X, which is spanned by the mean
vector µ = Xβ.

Since V and T commute, even not assuming normality, the Least Squares Estimator (LSE)of
estimable vectors are BLUE, see [4]. We recall that Ψ = Aβ is estimable if R(At) ⊆ R(Xt) and that
it’s LSE estimator is Ψ̂ = Aβ̂ with

β̂ = (XtX)+Xty,

where + indicates the Moore-Penrose inverse, and

Ψ̃ ∼ N
(
Ψ, A(XtV −1(σ2)X)At

)
.

Likelihood

We will now assume normality. From [1], we know that

det(V (σ2)) =
m∏

i=1

σ2gi

i ,
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with gi = rank(Pi), and

V −1(σ2) =
m∑

i=1

1
σ2

i

Pi.

It is easy to write the log-likelihood as

l(β,σ2|y) = −1
2
(y −Xβ)tV −1(σ2)(y −Xβ)−

m∑
i=1

gi

2
log σ2

i −
n

2
log 2π.

To carry out the maximization of the log-likelihood, we use a two-step approach. In the first
step, we maximize (y −Xβ)tV −1(σ2)(y −Xβ) as a function of β for a given σ2. Putting

T c = I − T,

we have
(y −Xβ)t(T + T c)V −1(σ2)(T + T c)(y −Xβ) =
= (y −Xβ)tTV −1(σ2)T (y −Xβ) + (y −Xβ)T cV −1(σ2)T c(y −Xβ)
= (Ty −Xβ)tV −1(σ2)(Ty −Xβ) + (T cy)tV −1(σ2)(T cy),

since TV −1(σ2)T c = V −1(σ2)TT c = 0, because TT c = 0. Therefore we have only to minimize the
first term. The minimum is attained for β = β̂ with

Xβ̂ = Ty,

this is for the LSE of β.
Going over to the second step, we have

−1
2
(y −Xβ̂)tV −1(σ2)(y −Xβ̂)−

m∑
i=1

gi

2
log σ2

i −
n

2
log 2π =

= −1
2
(T cy)tV −1(σ2)(T cy)−

m∑
i=1

gi

2
log σ2

i −
n

2
log 2π

= −1
2

m∑
i=1

(
1
σ2

i

(T cy)tPi(T cy) + gi log σ2
i

)
− n

2
log 2π,

since T cX = 0 e TX = X.
Thus, the maximum for the σ2

i , i = 1, . . . ,m, will be given by

σ̂2
i =

Si

gi
, i = 1, . . . ,m,

with
Si = (T cy)tPi(T cy)

= ytT cPiT
cy, i = 1, . . . ,m.

Estimable Vectors

The density function of y may be written as

n
(
y|Xβ,∀(σ2)

)
=

e

−
1
2

(
(β̂ − β)tXtV −1(σ2)X +

m∑
i=1

Si

gi

)

(2π)
n
2

m∏
i=1

σ2gi

i

,
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so β̂ and S1, . . . , Sm will constitute a complete sufficient statistic so that, according to the Blackwell-
Lehman-Scheffé theorem, the maximum likelihood estimator of any estimable vector will be UMVUE,
and the

σ̃2
i =

Si

pi
i = 1, . . . ,m,

with
pi = rank(T cPiT

c) = rank(T cPi) i = 1, . . . ,m,

will be UMVUE for the variance components. We point out that

σ̃2
i =

gi

pi
σ̂2

i i = 1, . . . ,m,

so we have the connection factors
gi

pi
i = 1, . . . ,m,

to derive UMVUE from Maximum Likelihood Estimator for the variance components.
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ABSTRACT

A model with Orthogonal Block Structure has variance-covariance matrix given by a linear com-
bination of known pairwise orthogonal orthogonal projection matrices. The variance components are
the coefficients of that linear combination. If those orthogonal projection matrices commute with the
orthogonal projection matrices on the space spanned by the mean vector, the model has Commutative
Orthogonal Block Structure.

We show that, for normal models with Commutative Orthogonal Block Structure, the Least
Square Estimator for estimable vectors are both maximum likelihood estimators and UMVUE.

We also show that the UMVUE estimators for variance components are given by the product by
known coefficients of the maximum likelihood estimators, which are UMVUE.
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Rua d’Ávila e Bolama
6200 Covilhã,Portugal
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Introduction

We write V ∼ N (η,Σ) when V is normal with mean vector η and variance-covariance matrix
Σ.

The normal mixed model

Y =
m∑

i=1

Xiβi +
w∑

i=m+1

Xiβ̃i + e(1)

where the βi, i = 1, ...,m are fixed and β̃i ∼ N (0, σ2
i Ici , i = m+ 1, ..., w as well as e ∼ N (0, σ2

i In) is
orthogonally separated if the range spaces of [X1, ..., Xm] and [Xm+1, ..., Xw] are orthogonal to each
other.

In our study of estimable vectors we obtain best linear unbiased estimators (BLUE) as well as
confidence regions. These confidence regions will enable us to test, through duality, hypothesis for
estimable vectors.

Least Squares Estimators

One can see straightforwardly that Y ∼ N (µ, V ) with
µ =

m∑
i=1

Xiβi = Xβ

V =
w∑

i=m+1

σ2
iMi + σ2In

,(2)
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where X = [X1...Xm], β = [βt
1...β

t
m]t and Mi = XiX

t
i , i = 1, ..., w.

Thus µ will cover the range space Ω = R(X) of X. With G+ the MOORE-PENROSE inverse
of matrix G, the orthogonal projection matrix

T = X(XtX)+Xt(3)

in Ω will comute with V since matrices TXi, i = m + 1, ..., w, and consequently matrices TMi,
i = m+ 1, ..., w are null. Thus, see Zmyślony (1980), the least square estimators (LSE) of estimable
vectors will be BLUE.

Now, see Mexia (1990), let us assume that R(At) ⊆ R(Xt) so that ψ = Aβ will be estimable
with LSE

ψ̃ = Aβ̃(4)

where β̃ = (XtX)+XtY has variance-covariance matrix σ2(XtX)+ since matrices XtMi, i = m +
1, ..., w, are null. Then

ψ̃ ∼ N (ψ, σ2A(XtX)+At).(5)

Confidence regions

Representing by ⊥ the orthogonal complement let us assume that

g = dim(∇) > 0(6)

with

∇ = R ([X1, ..., Xw])⊥ .(7)

Then if the row vectors of L constitute an orthonormal basis for ∇ we have LY ∼ N (0, σ2Ig) so
that S = ‖LY‖2 will be the product by σ2 of a central chi-square with g degrees of freedom, S ∼ σ2χ2

g.
Moreover the cross-covariance matrix of β̃ and LY is clearly null so that these vectors will be

independent, since they are jointly normally distributed. Thus, see Mexia (1990)

F ′ = g

r

(ψ − ψ̃)t
[
A(XtX)+At

]+ (ψ − ψ̃)
S

(8)

will have the central F distribution with r = rank(A(XtX)+At) and g degrees of freedom. With
f1−q,r,g, the quantile of that distribution for probability 1 − q, we get the 1 − q level confidence
ellipsoid

(ψ − ψ̃)t
[
A(XTX)+At

]+
(ψ − ψ̃) ≤ rf1−q,r,g

S

g
.(9)

If A(XtX)+At is regular, see Mexia (1990), we also have the version of the well known Scheffé
theorem given by

pr

[⋂
d

(
|dtψ − dtψ| ≤

√
rf1−q,r,gdtA(XtX)+Atd

S

g

)]
= 1− q(10)

Hypothesis testing
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Through duality we can test

H0 : ψ = ψ0,(11)

rejecting the hypothesis above, at the q level, if the 1 − q confidence ellipsoid does not contains ψ0.
This procedure is equivalent to a q-level F test, with statistic

F(ψ0) =
g

r

(ψ̃ − ψ0)t
[
A(XtX)+At

]+ (ψ̃ − ψ0)
S

,(12)

which has F distribution with r and g degrees of freedom and centrality parameters

δ =
1
σ2

(ψ̃ − ψ0)t
[
A(XtX)+At

]+
(ψ̃ − ψ0)(13)

which are null when H0 holds. This test is unbiased when A(XtX)+At is regular, δ = 0 when and
only when H0 holds and the test is strictly unbiased.

An application

Let us assume that we have a first factor, with v levels, which crosses with a second factor, with
b levels, which nests a third factor, with w levels, and that there are r observations per treatment.
We assume that the first factor has fixed effects and the two others have random effects. Then, if all
interactions are null, see Saraiva Ferreira (2006), the model will have cross additivity. To write the
corresponding model in a convenient form we represent by

⊗ - the Kronecker matrix product;
1a- the vector whose a components are equal to 1;
Tc - the matrix obtained deletting a column vector equal to c−

1
2 1c from a c× c orthogonal

matrix.

Then, see Saraiva Ferreira (2006), we would have

Y =
1∑

i=0

Xiβi +
3∑

i=2

Xiβ̃i + e(14)

with 

X0 = 1√
v
1v ⊗ 1√

b
1b ⊗ 1√

w
1w ⊗ 1√

r
1r

X1 = Tv ⊗ 1√
b
1b ⊗ 1√

w
1w ⊗ 1√

r
1r

X2 = 1√
v
1v ⊗Tb ⊗ 1√

w
1w ⊗ 1√

r
1r

X3 = 1√
v
1v ⊗ 1√

b
1b ⊗Tw ⊗ 1√

r
1r

(15)

where β0 =
√
vbwrµ, β is a fixed effects vector for the first factor, and β̃2 and β̃3 are random effects

vectors for the second and third factors, whilst e is the error factor. It is easy to see that R([X0,X1])
is orthogonal to R([X1,X2]) so, in this case, we have orthogonal separation. Thus, we may derive
confidence ellipsoids, as well as F tests, for the estimable vector Ψ = Aβ1.
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ABSTRACT

We present an orthogonal condition for normal mixed models that ensures that LSE for estimable
vectors are BLUE and enables the construction of confidence ellipsoids for these vectors. A convenient
version of the Scheffé theorem is presented and it is shown how to test, through duality, hypothesis on
estimable vectors. These tests are equivalent to F tests and are unbiased.

We apply our results to a three factors mixed model.

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 3251 -



Orthogonal Mixed Models and

Perfect Families of Symmetric Matrices

Ferreira, Sandra Saraiva
University of Beira Interior, Department of Mathematics
Avenida Marquês D’Ávila e Bolama
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Introduction

A commutative Jordan Algebra, CJA, is a linear space constituted by symmetric matrices that

commute and containing the square of its matrices. The mixed model Y =
m∑

i=1

Xiβi +
w∑

i=m+1

Xiβ̃i + e

where the β1, ..., βm are fixed and the β̃m+1, ..., β̃w and e are normal, independent, with null mean
vectors and variance-covariance matrices σ2

m+1Icm+1 , ..., σ
2Icw and σ2In is associated to the CJA A if

matrices Mi = XiX>
i , i = 1, ..., w, and In constitute a basis for A.

For these models we have, see Fonseca et al (2006), unbiased estimators with uniformly mini-
mum variance, UMVUE, for the relevant parameters and other very interesting statistical properties.

In what follows we characterize families of symmetric matrices that are basis of CJA. We name
these as perfect families.

Generated Commutative Jordan Algebras

Symmetric matrices M1, ...,Mw commute if and only if, see Schott (1997, pg. 157), they
are diagonalized by the same orthogonal matrix P. Then they will belong to the family A(P) of
symmetric matrices diagonalized by P. Now as it is easily seen, A(P) is a CJA. So, given any family
M = {M1, ...,Mw} of symmetric matrices that commute there is at least one CJA that contains M.

Since intersecting CJA we get CJA, if M is a commuting family there will be a CJA contained in all
the CJA that contains M.

Now, if M is a basis for a CJA A, its matrices will have to commute. Moreover we will have
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A = A(M).
Thus, M will be a perfect family if and only if it is a basis for A(M).

Eigen-indexes

Let the matrices of M = {M1, ...,Mw} be diagonalized by the orthogonal matrix P. The
row vectors α1, ..., αn of P will be the eigenvectors of the matrices M1, ...,Mw.

We now may define an equivalence relation, in the set of eigenvectors, writing αiταl when

α>i Mjαi = α>l Mjαl, j = 1, ..., w,

this is when αi and αl are associated with the same eigenvalues for all matrices in the family. A τ

equivalence classes is of first type if, for at least one matrix in M, we have a non-null eigenvalue for
the vectors in that class. Besides this, there may be a second type τ equivalence class whose vectors
are always associated to null eigenvalues.

The eigen-index of M will be the number of first type τ equivalence classes.

Basis

For every CJA there is, see Seely (1971), one and only one basis constituted by mutually or-
thogonal orthogonal projection matrices. This will be the principal basis of the CJA.
Let M have eigen-index l, and ϕ1, ..., ϕl be the sets of indexes of the eigenvectors belonging to the
first type τ equivalence classes. The family Q of matrices

Qh =
∑
j∈ϕh

αjα
>
j , h = 1, ..., L

will be constituted by mutually orthogonal orthogonal projection matrices. It is easy to see that the
family A(Q) of linear combinations of the matrices belonging to Q is a CJA, with Q as the principal
basis.
With bi,hthe eigenvalue of Mi, i = 1, ..., w for the eigenvectors with indexes in ϕh, h = 1, ..., l, we have

Mi =
l∑

h=1

bi,h

∑
j∈ϕh

αjα
>
j =

l∑
h=1

bi,hQh, i = 1, ..., w,

thus M ⊂ A(Q) and so A(M) ⊆ A(Q). If M is perfect it will be a basis of A(M).

Transition Matrices

Given M = {M1, ...,Mw} and Q = {Q1, ...,Ql} we have the transition matrix B = [bi,h]. It is
easy to see that the matrices in M are linearly independent, if and only if, the row vectors of B are
linearly independent.
Moreover, if the M are linearly independent and w = l, the transition matrix B will be regular and,

with B−1 = [bh,i] we will have Qh =
l∑

h=1

bh,iMi, then M will be a basis for A(M) = A(Q). We now

establish

Theorem 0.1. M is perfect if and only if its transition matrices are linearly independent and its
eigen-index s equal to its cardinal.

Proof. The sufficiency follows from the previous considerations. Inversely, if M is perfect its matrices
will be linearly independent. Moreover, let Q be the principal basis of A(M), then Q and M will
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have the same cardinal. With Aj a matrix whose row vectors constitute an orthogonal basis for the

range space of Qj , we will have Qh = A>
h Ah, h = 1, ..., l, so Mi =

l∑
h=1

bi,hQh =
l∑

h=1

bi,hA>
h Ah. It is

clear that the row vectors of matrices Ah, h = 1, ..., l, are the eigenvectors of the matrices of M that
constitute the first type τ equivalence classes, which establishes the thesis.
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ABSTRACT

Mixed models associated to Commutative Jordan Algebras have Unbiased Estimators with Uni-
formly Minimum Variance for the relevant parameters. We now characterize the families of symmetric
matrices that constitute basis for Commutative Jordan Algebras. This characterization is useful to es-
tablish association between models and algebras.
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Introduction

We consider the multivariate model in which m distinct characteristics on each of N individuals
taken from r different groups are measured on each of p different occasions. For the ith individual,

yi = (X ⊗ Im)β(k) + (Z ⊗ Im)ui + εi,(1)

where yi = Vec((yi1, . . . , yim)′), β(k) = Vec((β(k)
1 , · · · , β(k)

m )′), εi = Vec((εi1, . . . , εim)′), ui =
Vec((ui1, . . . , uim)′), yij = (yij1 · · · yijp)′, X(p × q) and Z(p × c) are full column rank design ma-
trices, β

(k)
j is the q×1 vector of regression parameters on the jth characteristic in the treatment group

k, (k = 1, · · · , r), uij is c × 1 and εij is p × 1 random error vectors. Individual random effects ui

are assumed to be distributed independently as N(0,Σu), Σu(cm × cm) ≥ 0 and independent of εi,
assumed N(0, Ip⊗Σe), Σe(m×m) > 0. Let Y = (y1, . . . , yN ), U = (u1, . . . , uN ), and E = (ε1, . . . , εN ),
model (1) is a general growth curve model with multivariate random effects covariance structure:

Y = (X ⊗ Im)ξA + (Z ⊗ Im)U + E,(2)

with Cov(Vec(Y )) = IN ⊗ Ω, where

Ω = Cov(yi) = Ip ⊗ Σe + (Z ⊗ Im)Σu(Z ′ ⊗ Im),(3)

ξ = (β(1), · · · , β(r)) is the qm× r matrix of the growth curve coefficients, and A = (a1, . . . , aN ) is the
r ×N indicator matrix with full row rank.

Reinsel (1982, 1984), Azzalini (1987), Lange and Laird (1989), Nummi (1997), and Nummi and
Möttönen (2000) considered two special cases and showed that the maximum likelihood estimator
(MLE) of ξ is identical to its least squares estimator (LSE)

ξ̂ = ((X ′X)−1X ′ ⊗ Im)Y A′(AA′)−1.(4)

However, for a general design matrix Z, an explicit MLE of ξ usually does not exist. Moreover, both
the two-stage estimator provided by Khatri (1966) and the LSE ignore the structure information on
the covariance matrix Ω. In many practical situations, only a part of the parameters of model (2)
are meaningful to the researcher. This papers consider the estimation of a subset of parameters of
primary interest.

New estimator

We partition X = (X1 : X2) in model (2) such that M(X1) ⊆M(Z), M(X2)∩M(Z) = {0},
where X1 and X2 are p× l and p× (q − l) matrices, respectively, (0 ≤ l ≤ q), and M(C) is the range
space of any matrix C . Partition ξ = (ξ′1 : ξ′2)

′ conformably, model (2) can be rewritten as

Y = (X1 ⊗ Im)ξ1A + (X2 ⊗ Im)ξ2A + (Z ⊗ Im)U + E,(5)
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where ξ2 is the parameter submatrix of primary interest.
Denote Q1 the p× (p− c) matrix such that Q′

1Q1 = Ip−c and Q′
1Z = 0. Thus Q1Q

′
1 = Ip − PZ ,

where PZ = Z(Z ′Z)−Z ′. Let MZ = Ip−PZ = Q1Q
′
1. Premutiplying model (5) by Q′

1⊗ Im, we obtain
the reduced model

(Q′
1 ⊗ Im)Y = (Q′

1X2 ⊗ Im)ξ2A + ε, Cov(Vec(ε)) = IN(p−c) ⊗ Σe,(6)

relevant to the submatrix parameters ξ2 and Σe. The MLE of ξ2 in model (6) is equal to its LSE

ξ̃2 =
[
(X ′

2MZX2)−1X ′
2MZ ⊗ Im

]
Y A′(AA′)−1.(7)

Partition ξ2 = (ξ
′
21, . . . , ξ

′

2(q−l))
′, where ξ2i (i = 1, · · · , q − l) are m × r matrices. Assume X =

(fi(tj)), functions of time t, then ξ2i represent the regression coefficients attached to fl+1(t), · · · , fq−l(t).
Denote Ψ = (ξ21, . . . , ξ2(q−l)). The restricted maximum likelihood (REML) estimator of Σe in the
reduced model (6) is given by

Σ̃e =
N∑

i=1

(
YiQ1 − Ψ̃(X ′

2Q1 ⊗ ai)
)(

YiQ1 − Ψ̃(X ′
2Q1 ⊗ ai)

)′/
k,(8)

where k = N(p− c)− (q− l)r, Yi = (yi1, . . . , yim)′, and Ψ̃ = (ξ̃21, . . . , ξ̃2(q−l)). Under the original model
(5), estimators ξ̃2 and Σ̃e are also unbiased for ξ2 and Σe, respectively.

Theorem 2.1
(a) ξ̃2 ∼ N(ξ2, (AA′)−1 ⊗ (X ′

2MZX2)−1 ⊗ Σe),
(b) k · Σ̃e ∼ Wm(k,Σe), and independent of ξ̃2,

where Wm(k,Σe) is the m−dimensional Wishart distribution with k degrees of freedom and parameter
matrix Σe.

This new estimator ξ̃2 can be used to construct an exact test on Ψ , i.e. on ξ2 for the general
linear hypothesis H0 : LΨG = 0 with Wilks’s Λ given by

Λ =
|W |

|W + H|
,

where W = k · (LΣ̃eL
′) and H = (LΨ̃G)

[
G′(X ′

2MZX2 ⊗AA′)−1G
]−1

(G′Ψ̃′L′).
The LSE of ξ2 under the full model (5) is

ξ̂2 =
(
(X ′

2MX1X2)−1X ′
2MX1 ⊗ Im

)
Y A′(AA′)−1,

with
Cov(Vec(ξ̂2)) = (AA′)−1 ⊗

[
(X ′

2MX1X2)−1 ⊗ Σe

+
(
(X ′

2MX1X2)−1X ′
2MX1Z ⊗ Im

)
Σu

(
Z ′MX1X2(X ′

2MX1X2)−1 ⊗ Im

)]
.

Suppose X1, X2 and Z in (5) satisfy

X ′
1X2 = 0, Z = (X1, Z0), M(Z0) ∩M(Xi) = {0}, i = 1, 2,(9)

then MZX1 = 0, MX1X2 = X2, MZ = MX1 −MX1Z0(Z ′
0MX1Z0)−1Z ′

0MX1 ,

Cov(Vec(ξ̃2)) = (AA′)−1 ⊗
[
(X ′

2X2)−1 ⊗ Σe

+
(
(X ′

2X2)−1X ′
2Z0 ⊗ Im

) (
(Z ′

0MXZ0)−1 ⊗ Σe

) (
Z ′

0X2(X ′
2X2)−1 ⊗ Im

)]
,

Cov(Vec(ξ̂2)) = (AA′)−1 ⊗
[
(X ′

2X2)−1 ⊗ Σe

+
(
(X ′

2X2)−1X ′
2Z0 ⊗ Im

)
(Σu)22

(
Z ′

0X2(X ′
2X2)−1 ⊗ Im

)]
,

where (Σu)22 = (0, Im(c−l))Σu(0, Im(c−l))′ is m(c − l) × m(c − l) nonnegative definite matrix. The
condition for which the new estimator ξ̃2 is superior to the LSE ξ̂2 is given in the following theorem.

Theorem 2.2 If conditions (9) hold, then Cov(Vec(ξ̃2)) < Cov(Vec(ξ̂2)) if and only if

X ′
2Z0 6= 0 and ((Z ′

0MXZ0)−1 ⊗ Σe) < (Σu)22.(10)
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For example, X1 = (1, 1, 1)′, X2 = (−1, 0, 1)′, Z0 = (1, 4, 9)′, and (Σu)22 = a · Σe, then ξ̃2 is
superior to ξ̂2 only if a > 3/2.

Remark 2.1 The condition (10) is irrelevant to the other sub-matrices of Σu besides (Σu)22.

The optimality of the new estimator

The optimality property of the new estimator is given in
Theorem 3.1 ξ̃2 is the BLUE of ξ2 under model (5), if and only if

Z ′MX1X2 = 0,(11)

where MX1 = Ip −X1(X ′
1X1)−1X ′

1.

The BLUE of ξ2 under model (5) is

ξ∗2 = C−1
22.1C2MC′

1
Ω−1/2Y A′(AA′)−1,

where Ci = (X ′
i ⊗ Im))Ω−1/2, i = 1, 2, C22.1 = C2MC′

1
C ′

2, MC′
1

= I −C ′
1(C

′
1C1)−1C1. If condition (11)

holds, then ξ∗2 = ξ̃2, implying the existence of the explicit ML estimator of the part parameter.
Theorem 3.2 Under model (5), the following statements are equivalent.

(a) Z ′MX1X2 = 0,

(b) ξ̃2 = ξ̂2,

(c) ξ̂2 = ξ∗2 .

The new estimator and the LSE can achieve optimality simultaneously, and the necessary and
sufficient conditions are Z ′MX1X2 = 0.

Remark 3.1 The condition Z ′MX1X2 = 0 is weaker than the necessary and sufficient condition
for ξ̂ = ξ∗ under model (5). Although the explicit MLE of the whole parameter matrix does not exist,
the MLE of the part parameter matrix could exist.

Rao (1967) presented an improved two-stage estimator:

ξ̂T1 = ξ̂ − ((X ′X)−1X ′ ⊗ Im)SQ(Q′SQ)−1Q′Y A′(AA′)−1,

by covariance adjustment where Q = MXZ ⊗ Im, T1 = Q′Y, and S = Y (In − PA′)Y ′. ξ̂T1 , and proved

Cov(Vec(ξ̂T1)) =
N − r − 1

N − r −mk0 − 1
(AA′)−1 ⊗ {(X ′ ⊗ Im)Ω−1(X ⊗ Im)}−1

=
N − r − 1

N − r −mk0 − 1
Cov(Vec(ξ∗)) ≥ Cov(Vec(ξ∗)),(12)

where k0 = rk(MXZ). Clearly, (12) takes the equality if and only if k0 = 0, which requires M(Z) ⊆
M(X). In this case the improved two-stage estimator ξ̂T1 is equal to the LSE ξ̂, and ξ̃2 = ξ̂2 = ξ̂2 T1 ,

where ξ̂′2 T1
is the corresponding improved two-stage estimator of ξ2, ξ̂T1 = (ξ̂′1 T1

, ξ̂′2 T1
)′. In the following

corollary, we will give a set of conditions for the new estimator ξ̃2 to be superior to the improved two-
stage estimator ξ̂2T1 under the case k0 6= 0.

Corollary 3.1 If M(X) ∩M(Z) = M(X1), M(Z) 6= M(X1) and Z ′MX1X2 = 0, then

Cov(Vec(ξ̂2T1
)) > Cov(Vec(ξ∗2)) = Cov(Vec(ξ̃2)) = Cov(Vec(ξ̂2)).

The conditions M(X) ∩M(Z) = M(X1) and M(Z) 6= M(X1) ensure k0 6= 0. Equivalently
Z ′

0X = 0, and Z0 6= 0. For example, X1 = (1, 1, 1, 1)′, X2 = (1, 2, 3, 4)′, Z = (X1, Z0), where
Z0 = (1,−1,−1, 1)′, clearly, Z0 6= 0 and Z ′

0X = 0.

Examples of application
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Example 1. Model for rat data of Verbeke and Molenberghs (2000):

yij =


β01 + u0j + β1ti + u1jzi + εij , for low dose,
β02 + u0j + β2ti + u1jzi + εij , for high dose,
β03 + u0j + β3ti + u1jzi + εij , for control.

(13)

Assume Y1 = (y1, · · · , yn1), Y2 = (yn1+1, · · · , yn2), Y3 = (yn2+1, · · · , yN ), yj = (y1j , · · · , ypj)′. Denote
Y = (Y1 : Y2 : Y3), U = (u1, · · · , uN ), T = (t1, · · · , tp)′, Z0 = (z1, · · · , zp)′, X = (1p : T ), Z = (1p : Z0).
We obtain the new estimators of ξ2 = (β1, β2, β3) and σ2 :

ξ̃2 =
1

T ′MZT
T ′MZ(Y 1 : Y 2 : Y 3), or β̃r =

1
T ′MZT

T ′MZY r, r = 1, 2, 3, σ̃2
e =

3∑
r=1

SSr/k,

where k = N(p−2)−3, Y r = (Y 1r, · · · , Y pr)′ , Y i1 =
∑n1

j=1 yij/n1, Y i2 =
∑n2

j=n1+1 yij/(n2−n1), Y i3 =∑N
j=n2+1 yij/(N−n2), SS1 =

∑n1
j=1(yj− β̃1T )′MZ(yj− β̃1T ), SS2 =

∑n2
j=n1+1(yj− β̃2T )′MZ(yj− β̃2T ),

SS3 =
∑N

j=n2+1(yj − β̃3T )′MZ(yj − β̃3T ).
Under the case T ′Z0 6= 0, if the variance of the error satisfies σ2

e < (Z ′
0MXZ0)(Σu)22 =

(Z ′
0MXZ0)Var(u1j) then ξ̃2 is superior to the LSE.

If T ′Z0 = 0 and 1pZ0 = 0, then ξ̃2 = ξ̂2, and ξ̃2 is the BLUE of ξ2 under model (13). Furthermore,
if Z0 6= 0, then ξ̃2 is superior to the improved two-stage estimator.

Example 2. Model for systolic (yi1l) and diastolic (yi2l) blood pressure data:

yijl =

 β
(1)
0j

+ uij + β
(1)
j xl + vijtl + εijl, group 1,

β
(2)
0j

+ uij + β
(2)
j xl + vijtl + εijl, group 2,

i = 1, · · · , N, j = 1, 2, l = 1, · · · , p.

This is clearly a special case of model (2) when m = 2. Here the primary purpose is the testing
cncerning ξ2, the effects of treatment 1 and 2 on systolic and diastolic blood pressure. Take x =
(1, 1, 0,−1,−1), t = (1, 2, 3, 4, 5), (10) are equivalent to

Σe = Cov((εi1l, εi2l)′) < Cov((vi1, vi2)′).

That is, if the covariance matrix of error is lower than the covariance matrix of time effect under
Löwner partial ordering, then the new estimator of ξ2 is superior to the LSE. Take x = (0, 2, 2, 2, 0),
t = (−2,−1, 0, 1, 2), it is readily to show that Z ′MX1x = (0, t′x)′ = (0, 0)′, and thus the new estimator
is superior to the two-stage estimator provided by Rao.
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Approximate computation for likelihood estimation of parameter in

two-sided linear functional relationship model.
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Introduction

It is known that liner functional relationship model is linear regression model which is in-
cluded error in independent variables by repeated measurement. There are well-known the basic books
about measurement error models by Fuller(1987), Chi-Lun Cheng and John W.Van Ness(1999) and
so on. T.W.Anderson(1976) deals functional relationship of bivariate scholar for no correlation, and
derivates maximum likelihood estimator(MLE) of functional coefficient. Fuller(1980) is some prop-
erties of p-vector for correlation. Gleser(1981) expands large sample theory for bivariate p-vector,
T.W.Anderson(1984) shows estimation when error variables is independent and component correla-
tion exists. Reinaldo B. Arellano-Valle and Heleno Bolfarine and Loreta Gasco(2002) express MLE for
large sample, p-variate p-vector, and when component covariance matrix is arbitary. The above study
is one kind of relationship. Less is known treating more than two kinds of functional relationship
simultaneously.

In this paper, we study MLE about two kinds(two-sided) of functional relationship. We here
assume two-sided functional ralationship model, which is multivariate (p+1)-vector, when component
covariance matrix is arbitary, but is given, and have three groups. One relation is functional relation-
ship within pair data of the same group. The other relation is the equation among differcnce group,
which one group is expressed as relative equation to add the other two groups to weight coefficient
after pair data is separated with three groups. Further, we supple the condition the same slope and
interrupt in all three groups.

Two-sided functional relationship

We divide the N observed repeated p+1 kinds of data x1,x2, . . . ,xN into 3 groups. Let the
first Group x(1)

1 ,x(1)
2 , . . . ,x(1)

n1 , second group x(2)
1 ,x(2)

2 , . . . ,x(2)
n2 , and third group x(3)

1 ,x(3)
2 , . . . ,x(3)

n3 ,
where N = n1 + n2 + n3, x(j)

i is an (p+1) × 1 vector of i-th repeated j-th group data;
Still more, let

x(j)
i =

(
x

(j)
1i

x(j)
2i

)
, where x

(j)
1i is an scholar of first kind of data and x(j)

2i is an p × 1 vector from second

to the last kind of data.
In repeated measurement error model, let

x(j)
i = µ(j) + u(j)

i

, where µ(j) =

(
µ

(j)
1

µ
(j)
2

)
is (p+1) × 1 vector of unknown true data, µ

(j)
1 ,µ

(j)
2 is the true data of x

(j)
1i ,x(j)

2i ,

respectively, and

u(j)
i =

(
u

(j)
1i

u(j)
2i

)
is (p+1) × 1 vector of ramdom variables whose index and groups are independently

and identically distributed as a multivariate normal random with mean zero and covariance matrix
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Σ(j) =

(
σ

(j)
11 σ

′(j)
21

σ
(j)
21 Σ(j)

22

)
and u

(j)
1i ,u(j)

2i is the error term of x
(j)
1i ,x(j)

2i , respectively, where σ
(j)
11 ,σ

(j)
12 ,Σ(j)

22

is scholar, p × 1 vector, and p × p matrix, respectively, for p ≥ 2.

For p = 1, Σ(j) =

(
σ

(j)
11 σ

(j)
12

σ
(j)
12 σ

(j)
22

)
is 2× 2 matrix.

In one functional relationship within the same group, suppose

µ
(j)
1 = α + β′µ(j)

2

, where j=1,2,3, α is interrupt, and β is p × 1 vector slope.
In the other functional relationship among the other groups, suppose

Θδ = c

, where Θ = (µ(1),µ(2),µ(3)) is an (p+1) × 3 matrix, δ = (δ(1), δ(2), δ(3)) is an 3 × 1 vector of weighted
coefficient, and c is an (p+1) × 1 vector constant.
In this paper, simply suppose,
c = 0,δ(1)=1, and δ(k) = −δk(j = 2, 3), that is,

µ(1) = δ2µ
(2) + δ3µ

(3) = δ′
(
µ(2)

µ(3)

)

, where δ = (δ2 δ3)′ is an 2 × 1 vector.
The purpose is to estimate parameters α, β in two-sided functional relationship which is satisfied
one and the other simultanously. In next chapter, we state maximum likelihood estimation of each
parameters for p=1 and p ≥ 2.

Likelihood estimation

For p = 1,

If Σ(j) is given and Σ(j) =

(
σ11 σ12

σ12 σ22

)
for p=1, that is, x(j)

2i ,µ
(j)
2 , and u(j)

2i is scholar x
(j)
2i , µ

(j)
2 , and

u
(j)
2i , respectively, then the Log-likelihood function Q(α, β, µ(2), µ(3), δ2, δ3) with unknown parameter

α, β, µ(2), µ(3), δ2, δ3 becomes

Q(α, β, µ
(2)
2 , µ

(3)
2 , δ2, δ3) ∝ 1

σ22

n1∑
i=1

(x(1)
2i − δ2µ

(2)
2 − δ3µ

(3)
2 )2 +

1
σ22

3∑
j=2

nj∑
i=1

(x(j)
2i − µ

(j)
2 )2

+
1

σ11·2

n1∑
i=1

{
(x(1)

1i − α− βδ2µ
(2)
2 − δ3µ

(3)
2 )− σ12

σ22
(x(1)

2i − δ2µ
(2)
2 − δ3µ

(3)
2 )

}2

+
1

σ11·2

3∑
j=2

nj∑
i=1

{
(x(j)

1i − α− βµ
(j)
2 )− σ12

σ22
(x(j)

2i − µ
(j)
2 )

}2

Taking partial derivatives with respect to α, β, µ
(2)
2 , µ

(3)
2 , δ2, δ3, gives the likelihood equations, ∂Q

∂δ2
= ∂Q

∂δ3

We cannot solve five equations in six unknown parameter.
For p ≥ 2,
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Log-likelihood function Q(α,β,µ
(2)
2 ,µ

(3)
2 , δ2, δ3) is

Q(α,β,µ
(2)
2 ,µ

(3)
2 , δ2, δ3) ∝

nj∑
i=1

(x(1)
2i − µ(1)

2 )′Σ−1
22 (x(1)

2i − µ(1)
2 )

+
3∑

j=2

nj∑
i=1

(x(j)
2i − µ(j)

2 )′Σ−1
22 (x(j)

2i − µ(j)
2 )

+
1

σ11·2

n1∑
i=1

{
(x(1)

1i − α− β′µ(1)
2 )− γ ′(x(1)

2i − µ(1)
2 )

}2

+
1

σ11·2

3∑
j=2

nj∑
i=1

{
(x(j)

1i − α− β′µ(j)
2 )− γ′(x(j)

2i − µ(j)
2 )

}2

,

where Σ=

(
σ11 σ′

21

σ21 Σ22

)
is given matrix of (p+1) × (p+1), and γ = Σ−1

22 σ21.

∂Q

∂α
=

1
σ11·2

× 2× (−1)×
[

n1

{
x

(1)
1 − α− β′(δ2µ

(2)
2 + δ3µ

(3)
2 )− γ ′(x(1)

2 − (δ2µ
(2)
2 + δ3µ

(3)
2 )
)}

+ n2

{
x

(2)
1 − α− β′µ(2)

2 − γ ′(x(2)
2 − µ(2)

2

)}

+ n3

{
x

(3)
1 − α− β′µ(3)

2 − γ ′(x(3)
2 − µ(3)

2

)}]
. . . (1)

∂Q

∂β
=

1
σ11·2

× 2× (−1)×
[

n1

{
x

(1)
1 − α− β′(δ2µ

(2)
2 + δ3µ

(3)
2 )− γ ′(x(1)

2 − (δ2µ
(2)
2 + δ3µ

(3)
2 )
)}

(δ2µ
(2)
2 + δ3µ

(3)
2 )

+ n2

{
x

(2)
1 − α− β′µ(2)

2 − γ ′(x(2)
2 − µ(2)

2

)}
µ

(2)
2

+ n3

{
x

(3)
1 − α− β′µ(3)

2 − γ ′(x(3)
2 − µ(3)

2

)}
µ

(3)
2

]
. . . (2)

,where

x =

(
x1

x2

)
=

1
n

{
n1

(
x

(1)
1

x
(1)
2

)
+ n2

(
x

(2)
1

x
(2)
2

)
+ n3

(
x

(3)
1

x
(3)
2

)}

µ =

(
µ1

µ2

)
=

1
n

{
n1

(
µ

(1)
1

µ
(1)
2

)
+ n2

(
µ

(2)
1

µ
(2)
2

)
+ n3

(
µ

(3)
1

µ
(3)
2

)}

By (1) and (2)

α̂ = x1 −µ′
2β − γ ′(x2 − µ2)

β̂ = (M (µµ)
22 −µ2µ

′
2)

−1

[
m

(µx)
21 − x1µ2 −

{
M

(µx)
22 −M

(µµ)
22 + µ2µ

′
2 − µ2x2

}
γ

]
,

where

M (µµ) =
1
n

(n1µ
(1)µ(1)′ + n2µ

(2)µ(2)′ + n3µ
(3)µ(3)′) =

(
m

(µµ)
11 m

(µµ)′
21

m
(µµ)
21 M

(µµ)
22

)

M (µx) = M (xµ) =
1
n

(n1µ
(1)x(1)′ + n2µ

(2)x(2)′ + n3µ
(3)x(3)′) =

(
m

(µx)
11 m

(µx)′
21

m
(µx)
21 M

(µx)
22

)

M (xx) =
1
n

(n1x
(1)x(1)′ + n2x

(2)x(2)′ + n3x
(3)x(3)′) =

(
m

(xx)
11 m

(xx)′
21

m
(xx)
21 M

(xx)
22

)
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∂Q

∂µ
(2)
2

= 2× (−1)

[

Σ−1
22 n1δ2(x

(1)
2 − µ(1)

2 ) + Σ−1
22 n2(x

(2)
2 − µ(2)

2 )

+
1

σ11·2
n1δ2

{
x

(1)
1 − α− β′µ(1)

2 − γ ′(x(1)
2 − µ(1)

2 )
}

(β − γ)

+
1

σ11·2
n2

{
x

(2)
1 − α− β′µ(2)

2 − γ′(x(2)
2 − µ(2)

2 )
}

(β − γ)

]
. . . (3)

∂Q

∂µ
(3)
2

= 2× (−1)

[

Σ−1
22 n1δ3(x

(1)
2 − µ(1)

2 ) + Σ−1
22 n3(x

(3)
2 − µ(3)

2 )

+
1

σ11·2
n1δ3

{
x

(1)
1 − α− β′µ(1)

2 − γ ′(x(1)
2 − µ(1)

2 )
}

(β − γ)

+
1

σ11·2
n3

{
x

(3)
1 − α− β′µ(3)

2 − γ′(x(3)
2 − µ(3)

2 )
}

(β − γ)

]
. . . (4)

∂Q

∂δ2
= −2× n1 ×

[

µ
(2)′
2 Σ−1

22 (x(1)
2 − µ(1)

2 ) +
1

σ11·2

{
x

(1)
1 − α− β′µ(1)

2 − γ′(x(1)
2 − µ(1)

2 )
}

(β′ − γ ′)µ(2)
2

]
. . . (5)

∂Q

∂δ3
= −2× n1 ×

[

µ
(3)′
2 Σ−1

22 (x(1)
2 − µ(1)

2 ) +
1

σ11·2

{
x

(1)
1 − α− β′µ(1)

2 − γ′(x(1)
2 − µ(1)

2 )
}

(β′ − γ ′)µ(3)
2

]
. . . (6)

Approximate Computation

To solve MLE, we must calculate 2p + 2 nonlinear simultanous equations (3)～(6)=0 at 2p + 2
unknown parameters µ(2)

2 ,µ
(3)
2 , δ2, δ3. In ISI 2007 Session, we will introduce dental example data, and

will state the way to compute parameter estimation using Newton Lapson Method.
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A family of models is structuralized when it´s models correspond to the treatments of another
model designated as the base model. The models in the family will be the unit models. We now
consider the case in which: 1) The unit models correspond to linear regressions in the same variables
and 2) The base design corresponds to the cross of L fixed factors, each one with J1, ..., JL levels on
to models of balanced cross-nesting. In this case the total number of treatments will be m =

∏L
t=l Jt

and we assume that for each treatment there are just one observation, so we will have a total of n = m

observations in the base model.
The structuralized families of models correspond to a formalization of the multiple regression

designs introduced by Mexia(1987). Our approach has two phases. In the first phase we condense the
information in the unit models into sufficient statistics. In the second phase we apply the algorithms
developed for the base design to the results obtained in the first phase.

Now we point out that the levels of l-th factor may be numbered from 1 to Jl, l=1,...,L. Thus the
unit models may be indicated by the vectors jL with components jl = 1, ..., Jl, l = 1, ..., L. We represent
by Γ the family of those vectors. In the regular case we will have the same values of the k controlled
variables for all regressions, i.e., the model matrix X(jL) = X, jL ∈ Γ and the homoscedasticity is
assumed, i.e., σ2(jL) = σ2, ∀jL ∈ Γ. For the unit models, we will have observations vectors Y(jL) and
vectors of relevant parameters θ(jL). In the case of multi-regression models θ(jL) will be composed
by the vector of coefficients of the regression β(jL) with k components and by the variance σ2. Then
we assume that observations vectors Y(jL) are normal, independent, with mean vector Xβ(jL) and
covariance matrix σ2In,

(1) Y(jL) ∼ N
(
Xβ(jL), σ2In

)
, jL ∈ Γ.

In the regular case we also assume that X is of type n× k with column vectors linearly independents,
then the least square estimators will be

(2) β̃(jL) =
(
XTX

)−1
XTY(jL) ∼ N

(
β(jL), σ2(XTX)−1

)
, jL ∈ Γ

independent from

(3) S(jL) = Y(jL)TY(jL)−Y(jL)TXβ̃(jL), jL ∈ Γ.

which will be the products by σ2 of central chi-square with n − k degrees of freedom, i.e., S(jL) ∼
σ2χ2

n−k, where k is the number of controlled variables.

The pairs
(
β̃(jL), S(jL)

)
, jL ∈ Γ will be the sufficient statistics and included all the information

carried by the observations vectors for the unit models.
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In multi-regression models we are interested in the individual coefficients of the regressions or
in their linear combinations. We consider only linear combinations, since individual coefficients are
particular cases of those. Given c a vector of coefficients of a linear combination, we can associate to
the base model a vector Ẏ(jL) with components ẏ(jL) = cT β̃(jL). These components will be normal,
independent, with mean values cT β(jL) and variance σ2cT (XTX)−1c. The vector Ẏ(jL) will be also
normal, with mean vector µ̇ which components are cT β(jL) and covariance matrix σ2cT (XTX)−1cIn

and will be independent from

(4) SS =
∑

jL∈Γ

S(jL)

which, according to chi-square reproductivity will be the product by σ2 of a central chi-square with
g′ =

∏L
t=l Jt(n−k) degrees of freedom. This vector will constitute the observations vector to the base

model. Now, we may order the unit models according to the indexes

(5) i = 1 +
L∑

l=1

(jl − 1)
L∏

h=l+1

Jh, i = 1, ..., m

so that we have the estimators β̃i and their linear combinations ẏi = cT β̃i with mean values µ̇i =
cT βi and variance σ2v with v = cT (XTX)−1c, i = 1, ..., m. We thus get an observations vector
Ẏ ∼ N(µ̇, σ2vIn) independent from SS ∼ σ2χ2

g′ .
Applying now to Ẏ the algorithm correspondent the base model developed, see Fonseca et

al.(2003), for the balanced cross-nesting we can study the influence of the factors of base model in the
values of linear combinations of regression coefficients.

Let us assume that we have L groups of u1, ..., uL factors. The first factors will have al(1) levels,
l = 1, ..., L, while, if ul > 1, there will be nesting for the l-th group of factors. Then we will nest al(2)
levels of the second factor of that group inside each level of the first factor, and so on. There will be

cl(h) =
h∏

p=1
al(p) levels combinations for the first h factors, h = 1, ..., ul, in the l-th group, each one of

which nests bl(h) = cl(ul)/cl(h), h = 1, ..., ul level combinations of the remaining factors in the group,

l = 1, ..., L. The total number of treatments will be m =
L∏

l=1

cl(ul).

Factors that nest each other do not interact the factor effects of the same group and interactions
exists just between factors levels belonging to different groups. Let us represent by the vector hL

with components hl = 0, ..., ul, l = 1, ..., L the sets of factors levels belonging to different groups.
When hl = 0 non factor from group l is taken. If hL has only one no null component hl′ , it will
indicate only one factor and it is associated to the effects of that factor. If hL has more than one
non null component it will correspond to the interaction between the corresponding factors. Let
Γ = {hL;hl = 0, ..., ul, l = 1, ..., L}.

Let Ts be the matrix obtained by elimination of the first row equal to 1√
s
1s of an orthogonal

matrix P of type s× s. Representing by
⊗

the Kronecker product of matrices, we take

(6) A(hL) =
L⊗

l=1

Al(hl)

where

(7) A(hl) =
ul⊗

k=1

Al,k(hl)

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 3264 -



with

(8) Al,k(hl) =





Ial(k), k < hl

Tal(k), k = hl

1√
al(k)

1al(k)T , k > hl

.

Then, see again Fonseca et al.(2003), it may be shown that the linear model

(9) Y =
∑

hL∈Γ

A(hL)η(hL) + e

describe the influence of factors levels in the observations vector for a balance cross-nesting design.
The model orthogonality is achieved by assuming that Ml(hl) = Al(hl)Al(hl)T = b(hl)Q(hl),

with Ql(hl) an orthogonal projection matrix, hl = 0, ..., ul, l = 1, ..., L. Under same assumptions, see
again fonseca et al.(2003), we can derive a commutative Jordan algebra A automatically associated to
the model. Such algebra corresponds to orthogonal partitions and so, in this way, the orthogonality
of the model is ensured, see Fonseca et al.(2006).

In our case we consider that η(hL), hL ∈ Γ are fixed effect vectors, and vector of the error e is
normal, with null mean vector and covariance matrix σ2Im. Easily it can be seen that

(10)





µ = E(Y) =
∑

hL∈Γ

A(hL)η(hL)

V = COV(Y) = σ2Im

.

Given the first of the expressions in (10) and the orthogonality of the model, we will have for hL ∈ Γ
that

(11) A(hL)T µ = η(hL)

then taking ψ(hL) = A(hL)T µ and ψ̃(hL) = A(hL)TY, from (11) came that

(12) SQ(hL) = ‖ψ̃(hL)−ψ(hL)‖2 = (Y − µ)TA(hL)A(hL)T (Y − µ), hL ∈ Γ.

When there are no effects or interactions associated to hL, we have η(hL) = 0,h ∈ Γ/0. The null
vector will be associated to the general mean value, so

(13) SQ(hL) = ‖ψ̃(hL)‖2 = YTA(hL)A(hL)TY for hL ∈ Γ.

Then, ψ̃(hL),hL ∈ Γ will be a sufficient and complete statistic, see Lehmann(1998). Further more,
we have ψ̃(hL) ∼ N(ψ(hL), σ2Ig(hL)) where

(14) g(hL) =
L∏

l=1

(al(hl)− cl(hl − 1))

with cl(−1) = cl(0) = 1, l = 1, ..., L. Further more SQ(hL) ∼ σ2χ2
g(hL)

are independent from the sum
of squares for the error

(15) SQe = ‖Y − µ‖2 = (Y − µ)T (Y − µ).

Again, when we have η(hL) = 0,h ∈ Γ/0, the null vector will be associated to the general mean value
and

(16) SQe = ‖Y‖2 = YTY ∼ σ2χ2
g
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where g = m, see Mexia(1995).
Using Blackwell-Lehmann-Scheffé theorem, see Lehmann(1998) easily it can be verified that the

ψ̃(hL), hL ∈ Γ and σ̃2 = SQe

g are UMVUE (uniform minimal variance unbiased estimators) for mean
vectors ψ(hL), hL ∈ Γ and for σ2 respectively.

To test the hypotheses related with the fixed factors

(17) H0(hL) : η(hL) = 0,hL ∈ Γ

we may use the F tests with statistic

(18) F (hL) =
g

g(hL)
SQ(hL)

SQe
,hL ∈ Γ

where F (hL) will have central F distribution with g(hL) e g degrees of freedom.
Now, in order to test the action of the factors in the values of linear combinations of regression

coefficients, we just have to make the correspondence between the vectors of treatments jL and hL

and substitute in the model (9) Y by Ẏ, SQe by SS and g by g′. After that substitutions we get

(19) F (hL) =
g′

g(hL)
SQ(hL)

vSS
,hL ∈ Γ.
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RÉSUMÉ (ABSTRACT) — optional

When for each of the L treatments in a fixed effect model there is a sample, it may, under well
known assumptions, be carried out an ANOVA. If, instead of a sample, there is a linear regression in
the same variables, both controlled and dependent, then a multi-treatment regression analysis must be
considered. Instead of the effects of the treatments on the sample mean values, the effects on the re-
gression coefficients will be studied. The set of treatments will be the base model. In this paper it will be
shown the adaptations that must be carried out when in the base model there is a balanced cross-nesting
of L factors.

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 3266 -



Commutative Jordan Algebra and Regressional Designs with Prime

Basis Factorials

Oliveira, Sandra
College of Business Administration, Polytechnic Institute of Setúbal
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1 Commutative Jordan Algebras

Commutative Jordan algebras are linear spaces constituted by symmetric matrices that commute and
contain the squares of every matrix in the space. Jordan algebras were introduced by Jordan et al
(1934) to provide an algebraic foundation for Quantum Mechanics. Later, Seely (1971) proved that
each CJA has a unique basis {Q1, ...,Qw}, constituted by mutually orthogonal projection matrices.
This basis is called principal basis of the algebra. If

Q1 =
1
n
1n1

′
n =

1
n
Jn(1)

where 1
′
n is a n× 1 matrix with elements equal to 1, the CJA will be regular and if

w∑

j=1

Qj = In(2)

it will be complete. In what follows we will only consider complete and regular CJA. If the vectors of
matrices Aj , j = 1, ..., w constitute an orthonormal basis for the range of Qj , j = 1, ..., w we will have,
see Mexia (1995)

Qj = A
′
jAj , j = 1, ..., w.(3)

Namely,

A1 =
1√
n
1
′
n(4)

when CJA is regular. Moreover, the matrix

P = [A
′
1...A

′
w]
′

(5)

is orthogonal. We say that it is an orthogonal matrix associated to the CJA with principal basis
N (A) = {Q1, ...,Qw}.
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2 Algebraic Structure of Prime Basis Factorial

We will only consider the factorial pN design with N (N > 1, integer) factors each having a prime
number p of levels. Numbering the levels from 0 to p − 1, the pN treatments may be represented
by vectors x = [x1...xN ]

′
, where xj = 0, ..., p − 1, j = 1, ..., N . These vectors can be ordered by the

indexes

l(x) = 1 +
N∑

j=1

xjp
j−1.(6)

Let LN
[p] be the family of the linear functions

La(x) = a
′
x(7)

whose values are obtained using the module p arithmetic. The components of vector a are called the
coefficients of function L. These linear functions and their coefficients constitute linear spaces, LN

[p]

and GN
[p], respectively. These spaces are isomorphic, then La1(x), ...., Lam(x) are linearly independent

if and only if a1, ...,am are linearly independent. Since these spaces have dimension N there cannot
be more than N linearly independent functions. We will single out the reduced functions where the
first non null coefficient is equal to 1. It is easy to see that any two reduced functions are linearly
independent. Let LN

r[p] be the set of such functions. There are

w =
pN − 1
p− 1

(8)

reduced functions.
With L1, ..., Lm (m ≤ N) reduced functions linearly independent then

[L|b] = [L1, ..., Lm|b1, ..., bm] = {x : Li(x) = bi, i = 1, ...,m}(9)

will be a set of treatments called a block. Since the system of equations Li(x) = bi, i = 1, ..., m enables
us to express m components of x as linear function of the remaining components, in every [L|b] there
will be pN−m treatments, so there will be pm blocks.
We may order the reduced functions L ∈ LN

r[p] according to the indexes l(a),a ∈ GN
[p]. Thus if

l(a1) < l(a2) we will have k(a1) < k(a2), k(a) = 1, ..., w. To each L ∈ LN
r[p] we can associate a p× pN

matrix C(L) with elements

ci,j(L) =

{
0, L(xj) 6= i− 1
1, L(xj) = i− 1

(10)

i = 1, ..., p and j = 1, ..., pN . It is easy to see that, to each L ∈ LN
r[p]

C(L)C(L)
′
= pN−1Ip(11)

since L takes each of its values for pN−1 treatments. Moreover if L1, L1 ∈ LN
r[p] are linearly independent

C(L1)C(L2)
′
= pN−2Jp,(12)

since [L1, L2|b1, b2] contains pN−2 treatments whatever the pair (b1, b2).
Let K be a p × p matrix obtained by deleting the first row equal to 1√

p1
′
p of an orthogonal matrix.

Then with q = p
N−1

2 we consider the matrices

B(L) =
1
q
KC(L), L ∈ LN

r[p].(13)
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If L1, L1 ∈ LN
r[p] it is easy to see that

B(L1)B(L2)
′
= 0p−1,p−1.(14)

The model associated to the CJA A(pN ), with principal basis N (pN ) =
{

1
pN JpN ,Q(L1), ...,Q(Lw)

}
,

where Q(Lj) = B(Lj)
′
B(Lj), j = 1, ..., w is

y = 1pN µ +
∑

L∈LN
r[p]

(B(L)
′
β(L))(15)

with β(L) fixed. Since the matrices

M(L) = B(L)
′
B(L), L ∈ LN

r[p](16)

commute the model is orthogonal, see Fonseca et al (2006).

3 Multiple Regression Designs

Let be a factorial pN design with N factors each having a prime number p of levels. If to every
treatment of this design, a multiple linear regression is considered on the same variables, a multi-
treatment regression design is obtained. We will consider the balanced model in which model matrices
for the different regressions are identical. The model will be

y(x) = Xα(x) + ε(x),x ∈ GN
[p](17)

where X is the n × k matrix for the different regressions with rank(X) = k. We assume that the
errors are independent and normally distributed. The coefficient estimators are given by

α̂(x) = (X
′
X)−1X

′
y(x),x ∈ GN

[p](18)

and

α̂(x) ∼ N
(
α(x), σ2(X

′
X)−1

)
,x ∈ GN

[p](19)

are independent of

SSQE =
∑

x∈GN
[p]

SQE(x) =
∑

x∈GN
[p]

‖y(x)−Xα̂(x)‖2 ∼ σ2χ2
(n−k)pN .(20)

To define a multi-regression design we will choose a vector of constants c and we will consider a linear
combination of coefficients of each regressional model that we want comparing and testing to each
x ∈ GN

[p]

{
λ(x) = c

′
α(x)

λ̂(x) = c
′
α̂(x).

(21)

These linear combinations are normal

λ̂(x) ∼ N
(
λ(x), aσ2

)
,x ∈ GN

[p](22)

with a = c
′
(X

′
X)−1c and independent of SSQE. With z = [λ(x)] the vector of observations we have

to each funtion L ∈ LN
r[p]

SQ(L) = ‖B(L)z‖2 ∼ aσ2χ2
p−1.(23)
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In order to test the hypothesis

H0(L) : β(L) = 0(24)

we use the statistic

F (L) =
(n− k)pNSQ(L)
a(p− 1)SSQE

,(25)

where F (L) has F distribution with p− 1 and (n− k)pN degrees of freedom.
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RÉSUMÉ (ABSTRACT)

If to every treatment in a design, a multiple linear regression is considered on the same variables,
a multi-treatment regression design is obtained. When the model matrices, for the different regressions
are identical, the final model is balanced. In this paper the case in which the initial design is a fixed
effects prime basis factorial is studied. Factorial models structure is presented in the context of Jordan
algebras which enables easy derivation of test statistics.
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Introduction

Models with orthogonal block structure, OBS, play an important role in design of experiments,
see, for instance, Calinski and Kagayema (2000a) and (2000b).

In what follows we consider two successively more restrict classes of models with OBS. We start
by presenting some results on commutative Jordan Algebra, CJA, that will be usefull. Nextly we
present in an unified form:

• Models with OBS;

• Models with COBS;

• Models associated to CJA.

Commutative Jordan Algebras

The commutative Jordan Algebras, CJA, are linear spaces constituted by symmetric matrices
that commute. These spaces contain the squares of their matrices. Seely (1971) showed that for every
one of these algebras there is one and only one basis constituted by mutually orthogonal projection
matrices. This basis will be the principal basis of the algebra.

Besides this, the symmetric matrices U1, ..., U` commute if and only if, see Schott (1997, pg
157), they are diagonalized by an orthogonal matrix P . Thus they will belong to the family A(P ) of
matrices diagonalized by P . It is easy to see that A(P ) is a CJA. Thus any family M of commuting
symmetric matrices is contained in one or more CJA. Intersecting these CJA we obtain a CJA that
contains M. Actually, this CJA will itself be contained in any CJA that contain M. We name this
minimal CJA as the CJA, A(M), generated by M.

If a familyM of commuting symmetric matrices is a basis of a CJAA0, we will haveA0 = A(M).
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Mixed models

We consider models

Y n =
m∑

i=1

Xiβi +
w∑

i=m+1

Xiβ̃i + en,(1)

where the β1, ..., βm are fixed and the β̃m+1, ..., β̃w and en are random, independent, with null mean
vectors and variance-covariance matrices σ2

m+1Icm+1 , ..., σ
2
wIcw and σ2In. Then Y n will have mean

vector

µn =
m∑

i=1

Xiβi(2)

and variance-covariance matrix

V =
w∑

i=m+1

σ2
i Mi + σ2In,(3)

where Mi = XiX
>
i , i = 1, ..., w. If the matrices in M0 = {Mm+1, ...,Mw, In} commute, let Q0 =

{Q0
1, ..., Q

0
`} be the principal basis of A(M0). The Mm+1, ...,Mw and In will be linear combinations

of the matrices in this basis, so that we will have

V =
∑̀
j=1

γ̇jQ
0
j ,(4)

with the Q0 = {Q0
1, ..., Q

0
`} known mutually orthogonal projection matrices. This ensures that the

model has OBS.
Nextly we assume that the matrices in M = {M1, ...,Mw} commute. Let now Q = {Q1, ..., Qd}

be the principal basis of A(M). We now have

V =
d∑

h=1

γhQh(5)

and µ will span the range space Ω of X = [X1, ..., Xm] which is identical to the range space of

XX> =
m∑

i=1

XiX
>
i =

m∑
i=1

Mi ∈ A(M),(6)

so that we will have

XX> =
d∑

h=1

ahQh.(7)

With C = {h : ah 6= 0}, the orthogonal projection matrix on Ω will be

T =
∑
h∈C

Qh.(8)

This matrix commutes with V , so we say that the model has commutative orthogonal block structure,
COBS. Moreover, since T and V commute, the least square estimators for estimable vectors in models
with COBS will be, see Zmyslony (1978) and (1980), BLUE.

We now consider a different characterization for COBS. Let T be the orthogonal projection
matrix on the space Ω spanned by the mean vector. Moreover, we assume that

T =
∑̀
j=1

γjPj ,(9)

with P1, ..., P` pairwise orthogonal projection matrices. We now establish
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Lemma 1 If T commutes with the P1, ..., P` and
∑`

j=1 Pj = In, the principal basis of the CJA gene-
rated by {T, P1, ..., P`} will be constituted by the non null matrices TPj and (In − T )Pj, j = 1, ..., `.

Proof: Since T and Pj , j = 1, ..., ` commute, (In − T ) and Pj , j = 1, ..., `, will also commute so it
is easy to show that these matrices are symmetric and idempotent so they are orthogonal projection
matrices. Likewise, also due to commutation, it is straightforward to see that they are mutually
orthogonal. Thus, the linear combination of these non null matrices will constitute a CJA. Now both
T and the P1, ..., P` will belong to that CJA. To complete the proof we have only to point out that
CJA contain the products of their matrices.

Let now Q1, ..., Qk [Qk+1, ..., Qd] be the non null products TPj , j = 1, ..., ` [(In − T )Pj , j =
1, ..., `], then T =

∑k
h=1 Qh and

V =
d∑

h=1

γ̇hQh,(10)

with γ̇h = γj whenever Qh = TPj or Qh = (In − T )Pj , h = 1, ..., d.
Let now the column vectors of Ah constitute an orthogonal basis for the range space of Qh, so

that Qh = AhA>
h , h = 1, ..., d. Then
µn = Tµn =

k∑
h=1

Qhµn =
k∑

h=1

Ahηh

Y n = TY n =
d∑

h=1

QhY n =
d∑

h=1

Ahη̃h

,(11)

with ηh = A>
h µn and η̃h = A>

h Y n, h = 1, ..., d. It is easy to show that ηh = 0, h = k + 1, ..., d.
If k = 1 and γ̇1 ≤ γ̇h, h = 2, ..., d, we can write

η̃h = β̃h + eh, h = 2, ..., d,(12)

with eh = A>
h en independent from β̃h, h = 2, ..., d, and, as before, en a vector with null mean vector

and variance covariance matrix γ̇1In = σ2In. Thus, in this case, we get a model with COBS.
Nextly we consider models with COBS in which M is a basis for A(M). These models will be

associated to CJA. If we assume the β̃i, i = m+1, ..., w, and en to be normal we will have, see Fonseca
at al (2006), UMVUE for estimable vectors. Moreove, if we have balanced cross-nesting we have also,
see Fonseca at al (2006), UMVUE for the variance components σ2

i , i = m + 1, ..., w.
The matrices M1, ...,Mw belong to A(M) if w < u = dim(A(M)), so we may complete M to

obtain a basis {M1, ...,Mw,Mw+1, ...,Mu} for A(M) with Mi = XiX
>
i , i = 1, ..., u. Thus, we may

complete our model taking, for instance,

Ẏ n =
m∑

i=1

Xiβi +
u∑

i=m+1

Xiβ̃i + en,(13)

where the β1, ..., βm are fixed and the β̃m+1, ..., β̃u and en are random, independent, with null mean
vectors and variance covariance matrices σ2

m+1Icm+1 , ..., σ
2
uIcu and σ2In.

Inversely, if we remove some of the terms for use a model associated to a CJA the remaining Mi

matrices will commute and so the truncated model has COBS.
Thus we may complete models with COBS to obtain models associated to CJA and truncate

associated models to obtain models with COBS.
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ABSTRACT

If a model has variance-covariance matrix V given as a linear combination of pairwise orthogonal
projection matrices, it will have orthogonal block structure, OBS. When V commutes with the ortho-
gonal projection matrix on the space spanned by the mean vector it will have commutative orthogonal
block structure, COBS.

Models with OBS play a central part in design and analysis experiments. These models as well
as models with COBS and models associated to commutative Jordan Algebra, CJA, are presented in
an unified way.
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1. Introduction

When we estimate an unknown parameter for regression model, we often use the ordinary least

square estimator. And many biased estimators and different remedial actions have been proposed

to overcome the multicollinearity. A popular numerical technique to deal with multicollinearity is

estimator of ridge regression.

In many number of articles it was demonstrated that the restricted least square estimator may

outperform the ordinary least squares estimator according to the mean square error criterion. Trenkler

[7] compared two estimators, Ordinary least square estimator (OLSE) and Restricted least square

estimator (RLSE) of parameter under Gauss-Markov model using mean square error matrix. Kudô

et. al., [4] gave the extension of the theorem and proof for comparison of OLSE and RLSE. Resently,

Torigoe and Ujiie [8] proved some results giving necessary and sufficient conditions for the superiority of

the Restricted Liu estimator (RLE) over RLSE in the sence of the dispersion matrix of one dominating

that of the order and Mean square error (MSE) matrix of one dominating that of other. Moreover,

Sarkar [6] proposed the improved ridge estimator by forming a convex combination of the OLSE and

the generalized ridge estimator, named restricted ridge estimator (RRE).

In this paper, we compared two estimators, restricted ridge estimator (RRE) and RLSE using

g-inverse of coefficient matrix of restriction and found some equivalency conditions for superiority of

RRE with respect to MSE criterion.

2. Estimators for Gauss-Markov model

We consider Gauss-Markov model (y,Xβ, σ2I) where y is an n × 1 vector of observations on

the response variable, X is an n × p model matrix of observations on p non-stochastic explanatory

regressor variables, β is a p× 1 vector of unknown parameters associated with the p regressors,I is an

identity matrix and σ2 is a scaler, such that E(y) = Xβ, Cov(y) = σ2I. Generally we denote this

linear model to

y = Xβ + ϵ,

where ϵ is an n × 1 error vector.

The MSE matrix of an estimator β̃ for β is defined as

M(β̃) = E(β̃ − β)(β̃ − β)′.

When M(β̃1) − M(β̃2) is a non-negative definite, we define that β̃2 is not worse than β̃1 for the

estimators β̃1, β̃2.

Assume now that the regressor matrix X is full column rank. Moreover let us be given the

restriction

Rβ = r

on β where R is an m × p matrix of rank m, r is an m × 1 vector, both R and r are known. If the
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restriction Rβ = r is correct the following estimaor b for β is best unbiased where S = X ′X, and

β̂ = (X ′X)−1X ′y = S−1X ′y

is the ordinary least square estimator (OLSE) :

b = β̂ + (X ′X)−R′(R(X ′X)−R′)−(r −Rβ̂) = β̂ + S−R′(RS−R′)−(r −Rβ̂).

It is called Restricted Least Square Estimator (RLSE). Under the restriction Rβ = r, the covariance

matrix of β̂, the covariance matrix and the bias of b are

cov(β̂) = σ2S−, cov(b) = σ2(S− − S−R′(RS−R′)−RS−),

B(b) = E(b) − β = S−R′(RS−R′)−(r −Rβ),

respectively. But even if the constraints Rβ = r are strictly invarid, i.e. δ = Rβ − r differs from

zero vector, the biased RLSE can be superior to the OLSE. Trenkler ([7]) introduced the following

theorem.

Theorem. 1([9]) Consider the set-up described above. Then the following statements are

equivalent:

(i) b is not worse than β̂, i.e. M(β̂) − M(b) is non-negative definite.

(ii) δ′(RS−1R′)−1δ ≤ σ2, where δ = Rβ − r
Resently, Torigoe and Ujiie [8] compared two estimators, the restricted Liu estimator and the

RLSE due to Ujiie and Ishii [10]. Now, let me touch upon the Liu estimator and restricuted Liu

estimator. The estimator β̂d,due to Liu [5], which we will call the Liu estimator, is defined for each

parameter 0 < d < 1 to combat multicollinearity as follows:

β̂d := (S + I)−1(X ′y + dβ̂).

Let F d = (S+I)−1(S+dI), this Liu estimator β̂d can also be expressed as β̂d = F dβ̂. Consequently,

E(β̂d) = F dβ and Cov(β̂d) = σ2F dS
−F ′

d.

Kaçiranlar et. al., [3] proposed a new alternative estimator for β according to

brd := F db

Since the estimator brd is obtained simply by replacing, in the Liu estimator, the OLSE by the RLSE,

we will call brd the restricted Liu estimator (RLE) of β. Using generalized inverse of matrices, some

equivalency conditions for the superiority of the RLE with respect to the MSE criterion were obtained.

(see [8])

3. Ridge estimator and restricted ridge estimator

The estimator β̂k,due to Hoerl and Kennard [2], which we will call the ridge estimator, is defined

for each parameter k > 0 to combat multicollinearity as follows:

β̂k := (S + kI)−1X ′y.

Let WK = (I + kS−1)−1, this estimator β̂k can also be expressed as β̂k = W kβ̂. Consequently,

E(β̂k) = W kβ and Cov(β̂k) = σ2W kS
−1W ′

k.

Sarkar[6] proposed a new alternative estimator for β according to

brk := W kb
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Since the estimator brk is obtained simply by replacing, in ridge estimator, the OLSE by the RLSE,

we will call brk the restricted ridge estimator (RRE) of β. The mean of this estimator is

E(brk) = W kβ +W kS
−1R′(RS−1R′)−1δ,

and when we put Σ := S−1 − S−1R′(RS−1R′)−1RS−1, the variance is given by

cov(brk) = σ2W kΣW
′
k.

The bias is also given by

B(brk) = (W k − I)β = −k(S + kI)−1β.

4. Comparisons between the restricted ridge estimator and the restricted least square

estimator

Let us compare the performance of brk with the RLSE b with respect to MSE criterion, when

the restriction Rβ = r holds. The MSE matrices of b and brk are given by

M(b) = σ2Σ

M(brk) = cov(brk) +B(brk)B′(brk)

= σ2W kΣW
′
k + (W k − I)ββ′(W k − I)′.

Since

C(b, brk) = σ2Σ − cov(brk)

= σ2{Σ − (I + kS−1)−1Σ((I + kS−1)−1)′}
= σ2(I + kS−1)−1{(I + kS−1)Σ(I + kS−1)′ − Σ}((I + kS−1)−1)′

= σ2(I + kS−1)−1{kS−1Σ + kΣS−1 + k2S−1ΣS−1}((I + kS−1)−1)′

= σ2k(S + kI)−1{SΣ + ΣS + kΣ}(S + kI)−1,

we have

M(b) − M(brk)

= C(b, brk) −B(brk)B′(brk)

= σ2k(S + kI)−1{SΣ + ΣS + kΣ}(S + kI)−1 − k2(S + kI)−1ββ′(S + kI)−1

= (S + kI)−1[σ2k{SΣ + ΣS + kΣ} − k2ββ′](S + kI)−1.

Since the matrix S is positive definite, there exists an orthogonal matrix P and positive definite

diagonal matrix ∆ such that P ′SP = ∆ with P ′P = PP ′ = I. Put B = P ′ΣP . The matrix Σ is

non-negative definite and hence so is B. The diagonal elements of B are, therefore, all nonnegative.

If we denote γ = P ′β, we have β = Pγ and Rβ = RPγ = r. In this case, we have

M(b) − M(brd)

= (P∆P ′ + kPP ′)−1[σ2k{P∆P ′Σ + ΣP∆P ′ + kΣ} − k2Pγγ ′P ′](P∆P ′ + kPP ′)−1

= P (∆ + kI)−1[σ2k{B∆ + ∆B + kB} − k2γγ ′](∆ + kI)−1P ′

Hence,we give the following theorem.

Theorem. 2 Under the restricted Gauss-Markov model with restrictionRβ = r, the following

(i), (ii) are equivalent.

(i) brk is not worse than b, i.e.

M(b) − M(brk) = k2P (∆ + kI)−1

[
σ2

k
E − γγ ′

]
(∆ + kI)−1P ′
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is non-negative definite, where E = B∆ + ∆B + kB.

(ii) γ belongs to the range E and

γ ′E−γ ≤ σ2

k
, (k > 0)

where E− in any generalized inverse of E, that is , EE−E = E
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Multiple Linear Regression Model
The general purpose of multiple linear regression is to learn more about the relationship between 

several independent variables (X1, X2, ..., Xk) and a dependent variable (Y). In general multiple regression 
procedures estimate a linear equation of the form:

ε+Xβ++Xβ+Xβ+β=Y kk22110  i = 1, 2, …, k

It is assumed that the relationship between variables is linear and in practice this assumption can never 
be confirmed. As a rule it is necessary to look at bivariate scatterplot of the variables of interest. If curvature 
in the relationships is present, transforming the variables or allowing for nonlinear components can be 
considered. On the other hand, residuals are assumed to be randomly and normally distributed and this 
assumption can be checked by drawing histograms of the residuals. The last assumption is that the 
independent variables must be linearly independent, so it must not be possible to express any Xi as a linear 
combination of the others. The problem of having two or more of the independent variables linearly 
dependent is called multicolinearity and it can be seen easily by looking at the variance inflation factors.

The parameters of the model can be estimated using either method of maximum likelihood or method 
of least squares. Once the model is constructed the goodness of fit of the model and the statistical 
significance of the estimated parameters must be confirmed. Goodness of fit can be checked using R-squared, 
the ANOVA table and residual analysis. Individual parameters are tested using t-tests and statistical 
significance of the overall model is checked using the F-test.

Logistic Regression Model
Binary logistic regression is used when the dependent variable (Y) is dichotomous and the independent 

variables (Xi) are of any type. In addition, logistic regression is popular to overcome many of the restrictive 
assumptions of ordinary least square (OLS) regression. These assumptions are ordered as follows:

i) Logistic regression does not assume a linear relationship between the dependent and the 
independents. 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 3279 -



ii) The dependent variable need not be normally distributed.
iii) The dependent variable need not be homoscedastic for each level of the independents. It means that 

there is no homogeneity of variance assumption.
iv) Normally distributed error terms are not assumed. 
v) Logistic regression does not require that the independents be interval. 
vi) Logistic regression does not require that the independents are unbounded. 
Logistic response function ( )x(π i ) is evaluated in logistic regression analysis as follows:

)xβ+βexp(+1
)xβ+βexp(

=)xY(E=)x(π
i10

i10
ii

A transformation of )x(π i  is the logit transformation and the importance of this transformation is 
that )x(g i  has many of the desirable properties of a linear regression model. The logit transformation is 
linear in its parameters and the logit may have range from ∞-  to ∞, depending on the range of ix . Logit 

transformation is shown as

i10
ix1β+0β

i10

i10
i10

i xβ+β=)eln(=
))xβ+βexp(+1(

1
))xβ+βexp(+1(

)xβ+βexp(

ln=)x(g

The ratio 
)x(π-1

)x(π

i

i  in the logit transformation is called odds and odds ratio is ratio of odds.

Maximum likelihood estimation (MLE) is the method used to calculate the logit coefficients. OLS 
seeks to minimize the sum of squared distances of the data points to the regression line. MLE seeks to 
maximize the log likelihood. A "likelihood" is a probability, specifically the probability that the observed 
values of the dependent may be predicted from the observed values of the independents. The log likelihood 
(LL) is its log and varies from 0 to minus infinity. The likelihood ratio is a function of log likelihood because 
-2LL has approximately a chi-square distribution. The -2LL statistic is the likelihood ratio. The likelihood 
ratio test is based on -2LL. This test is a test of the significance of the difference between the likelihood ratio 
(-2LL) for the researcher's model minus the likelihood ratio for a reduced model. It is an alternative to the 
Wald statistic.

In many studies, binary logistic regression is used because of the status of dependent variable and 
some special assumptions. 

Data and Analysis
The data used in this study is collected via the database of a private health benefit fund which is set up 

for the workers and retired workers of a bank and all their reliants. The number of people insured by this 
fund is 7722. The data consists of the claim payments (both frequency and severity) made to every insured 
during the previous year, type of medical treatment they got, their gender (female:0, male:1), working status
(working:0 or retired:1) and age (continuous). If the reliant used any medical treatment, the related worker’s 
working status is mentioned as that person’s working status. 3203 of the insureds are male while 4519 of 
them are female. In addition, 6541 of the insureds are still working or related to a working person and the 
remaining 1181 people are retired people and their reliant. Every claim random variable is assumed to be 
independent of the others.
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Our first aim was to determine the claim amount for each insured using multiple linear regression 
model. We built up the first regression model using the original data but unfortunately we didn’t find the R-
square value satisfying despite the fact that the overall F test and p-value were significant. This pointed out 
that there was a problem with the assumptions. For this reason we did the residual analysis and saw that the 
response variable did not come from a normal distribution. This is not a surprising consequence because the 
loss distributions are never symmetric distributions in real life. The distribution of the current data is shown 
below.

Figure 1: Distribution of the Claims

According to this situation, we decided to do a natural logarithmic transformation on Y in order to 
approximate the data’s distribution to Normal. The output which is obtained using the transformed new data 
is summarized below ( =0.05).

Table 1: Multiple Linear Regression Model (MINITAB Output)

As seen from this output, the regression model is significant and all independent variables are linearly 
independent (p<0.05, VIF<4). In addition, all of the coefficients in this model are also significant (p<0.05). 
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These independent variables explain 50% of the variation in claim payments (Euro). 
Our second aim was to determine the important variables which affect the occurrence of a claim. For 

this reason we obtained a new dependent variable called the claim variable which gets the value 0 if he 
insured reports no claim during the year and the value 1 if any claim is reported. So we used logistic 
regression model as summarized below.

Table 2: Logistic Regression Model (SPSS Output)

Table 3: Hosmer-Lemeshow Goodness of Fit Test (SPSS Output) 

Logit function and logistic regression function are evaluated as follows:
workgenderagexg 408.1627.0025.0934.2)(ˆ 

))(ˆexp(1
))(ˆexp()(ˆ
xg

xgx




Gender is an important risk factor for claim random variable. Being a male has 1.9 times more risk 
factor then being a female. According to the results work random variable is also an important risk factor for 
claim. Being retired has 4 times more risk factor then being an active worker. Confidence interval for the 
Odds ratio does not include 1 so Odds ratio is statistically significant. The value of the Hosmer-Lemeshow 
goodness of fit test statistic computed from the data is 220.859 and the associated p value is significant so the
model fits the data. 

As a result it is obvious that for this data gender, age and working status of insured people are 
important random variables for explaining the severity of claims and occurrence of a claim.
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1. Nonlinear Models 

 
There is a number of references discussing the nonlinear problems, either to fit the model or 
to provide an optimal design, see Ford et. al. (1989), Kitsos (1989, 1998, 2005a), among 
others. In this section we rather offer some examples, than a theoretical background. For the 
binary problems the outcome, for the n experiments is Yi=0 or 1,  i = 1,2,…,n  and this 
outcome is linked with the covariate or input variable x∈X and the parameter vector θ, from 
the parameter space Θ⊆ℜp, through a probability model PM, which assigns probability p on 
the "success" as : 
              p =   p(x;θ) = p (Yi=1 | x) = PM(x;θ) = 1 - P(Yi=0|x)                                 (1.1) 
It is assumed that the function PM is "smooth" (monotonic, differentiable) function.  
Example 1. In Bioassay the typical situation is to consider logit, probit or exponential models 
(known also as one-hit) as PM i.e. 
PML (x,θ) = log {p(x;θ) (1-p(x;θ)) },  
                    PMP (x,θ) = Φ-1 {p(x;θ)},             PME (x,θ) = exp (-θx) 
respectively, with  “Φ” being the cumulative distribution function of the standard normal 
distribution. 
For regression models, the input variable x, is linked with the involved parameter θ, through a 
(deterministic) nonlinear function, f(x,θ). In practice the responses or readings y are only 
observed with the experimental error e. This result in a stochastic nonlinear regression model 
of the form : 

                                             yi=f(xi,θ)+ei                                                                (1.2) 
 for the i=1,2,…n experiments. Moreover the errors are independent identically distributed 
(iid) random variables with mean E(ei)=0 and variance V(ei)=σ2>0.  
  Example 2. Consider the logistic model of the form PML={1+exp[-θ1(x-θ2)]}-1. Then the 
optimal design allocates half observations (ξ=1/2) at the optimal design points 
(1.54-θ1)/θ2 , (-1.54 –θ1)/θ2 , see Ford et. al. (1989) for details. Notice that the optimal design 
points depend on the unknown parameters we would like to estimate. 
                                                       
 2. Multistage Models (MM) 
 
Different nonlinear models have been developed and applied under the name multistage 
models. For the class of models, which is to studied in this paragraph, the target is to describe 
with a mathematical model the process leading to cancer i.e. the process by which a normal 
cell is transformed to a malignant one. The class of MM has been mainly applied for the 
analysis of a large number of epidemiological data. The crucial issue when fitting a model  
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from MM class is prediction. To be more specific the task to predict through the, assumed 
correct, model the low-dose effects in a risk assessment. That is extrapolation downwards in 
the neighbourhood of zero, while prediction in statistics is rather related with a forward 
extrapolation. 
Because tumour incidence data is titled to a prescribed dore-response relationship there is a 
rather empirical approach to these models by toxicologists and environmentalists, without a 
reference to an explicit dose-response model.  
The dose-response curve, F( )⋅  say, is a result of a binary response problem. From a statistical 
point of view F(x) is the commutative distribution function, for the underlying mechanism, 
describing, through a probability model the phenomenon, with x being the dose level.  
Moreover, F(x) is rather an assumed approximation, than a known deterministic mechanism 
for the phenomenon which describes. When it is assumed that cancer is the result of a single 
event (or "hit") in a single cell the one parameter model 
 F(x) = 1 - exp (-θx),    θ > 0 (2.1) 
it considered, known as one-hit model, recall Example 1 above.  When a fixed number, k say, 
of (identical) "hits" occur in a tissue the multihit model is assumed to describe the 
phenomenon and the corresponding F(x) is approximated by the assumed correct model 

 k 1

0

1F(x) x exp( x)dx
(k 1)!

θ −= −
− ∫  . (2.2) 

When a suplinear relationship is assumed the one hit model is transformed to Weibull model 
with shape parameter, s say, s>1 and 
  . (2.3) sF(x) 1 exp( x )θ= − −
With s<1 a supralinear Weibull model is considered in (2.3). 
When it is assumed that the susceptible cell can be transformed through k distinct stages in 
order to be a malignant one the multistage model  describes the phenomenon. The main 
assumption was that the transformation rate from each stage to the next on is linear, ie  
  (2.4) k

0 1 kF(x) 1 exp[ ( x+...+ x )]θ θ θ= − − +
where θi  i=0,1,...,k are defined through the coefficients of the linear transformations assumed 
between stages,  i.e. i i i i(t) tϑ θ μ= = +γ . The most usual forms of (2.4) model are the 
multistage linear model and the multistage model. The Logit and Probit models, Mc Cullagh 
and Nedler (1993) known as tolerance distribution models in cancer risk assessments, are also 
useful to toxicology and are included to MM class. Various models have been discussed when 
mixtures were assumed, Kitsos and Edler (2005b). 
In pharmacokinetics for cancer risk assessment the Michaelis-Menten metabolic process is 
usually considered when it is assumed to lead to a concentration of the active metabolite in 
the target tissue considering as function of x 

 
x

xh(x)
2

1

+θ
θ

=  ,   x∈[a, b] (2.5) 

The MM class is the earlier appeared, and is based on the assumption that a single normal cell 
may become fully malignant when a sequence of k, say, irreversible heritable mutation-like 
changes assumed. The two families of models, the MM and BBM, are based on different 
hazard functions. Indeed if the mutation rates are very small and independent of time the 
hazard function of cancer is of the form 
                                                       λ(t) = c(t-t0)k-1,      c > 0                  (2.6)   
 

Where k is the number of stages, t0 is a fixed and positive number for the growth of 
tumour. When interest is focused to identify etiological agents of cancer and develop the 
appropriate statistics for risk assessment of environmental agents then the most appropriate 
hazard function is the one defined by Cox as 
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                                                                           λ(t) = λ0(t) S (W, β)                 ( 2.7) 
 
With λ0(t) > 0 known as baseline hazard function, S(W, β) the risk function which relates the 
environmental factor W, i.e. the covariates and the vector of unknown parameters β. The 
BBM are based on a Poisson process for stage to stage, with typical case assuming a Poisson 
process with birth rate at i cell bi(t)=ib and death rate at i cell di(t) = id, ie. a homogenous 
birth-rate process. 

 
3. Logistic Regression 

 
Typical examples in Cancer Bioassays, Kitsos (2005c), is the Logit  model, see Example 1 
section 1.   Let us formulate and review the problem, the response is a binary variable, recall 
(1.1) declaring “success” or “failure”, denoted W= 1 or 0, assuming that probabilities πi’s, 
assigned to each experiment, are equal, i.e. W= 1, with probability π , W=0,  with 

probability 1-π , then the random variable  
1

n

i
i

Y w
=

= =∑ number of successes is a binomial 

distribution with probability density function defined as 

              ( ) (1 )yn
P Y y

y
π π n y−⎛ ⎞

= = −⎜ ⎟
⎝ ⎠

 y = 0, 1, …, n                                                  (3.1) 

    So we can classify the data as in N independent random variables Y1, Y2,..., YN 
corresponding to the number of successes/failures are assumed. The most typical case in 
practice is to consider two subgroups. 
Logistic models have a vast number of applications in Risk Analysis. An optimal design 
approach for the logit model has been discussed by Kitsos (2006), among others, while 
piecewise logistic models have been adopted to approach an experiment involving r+1 groups 
of test animals, one of which serves as a control, Ibrahim and Ryan (1996). In this latest 
reference the time interval T =[0, tmax )  was also considered, and was separated in s disjoint 
time intervals. In such a case a different logistic model was assumed, with constant the slope 
of dose level (the β1’s) and intercepts different (the βο’s). It is really one of the most technical 
applications of the logistic model in action.  
Suppose that the model (2.9) it is not the true one and a second degree model   of the form 
ko+k1x+k2x2 is  assumed that approaches the logit transformation. Then if k2 is close to zero, 
there is no problem, but what if it doesn’t. So there is a need to see how robust the model is, 
and how well fits the data. A χ2 test of the null hypothesis H0: OR=1 vs H1: OR≠1 is identical 
to a test of equality of the two proportions, i.e.  
 
   H0: P0 =P1 vs H1: P0≠P1                                                                                                                    
The crude odds ratio can be biased due to population heterogeneity caused by confounding 
factors, associated with the response.   The Relative Risk (RR) or (OR) testing hypothesis 

            H0: RR=1 is equivalent to H0: β1=0.                                                   
In the following section a dada analysis is presented for a Brest Cancer study. 
 

3. Brest Cancer Study 
 

In a study performed by Kitsos et. al. (2007) 98 breast cancer patients and 125 healthy 
controls were examined. The variables of the project  were: the patients (controls and cases), 
menarche, menopause, accouchement, CYP17, COMT, see also Feigelson et. al. (2002). 
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 In the final model there are two dependent variables, statistically significant in significant 
level of 5%. 

 
Table 1 Odds Ratio  of the logistic l model 
 

 
 
 
 

Variable Odds Ratio Std.Error Z p-value 
Accouchement 1.42 0.12 3.09 0.003 
Menopause 1.04 0.03 2.14 0.028 

 
Iinterpretation of the coefficients of the statistical significant variables, provide evidence that 
we can see that if menopause increase one year then the probability of the Ca increases 7%, 
and the women with accouchement have 45% less probability to get Ca from other women. In 
that point it is useful to remark that from the interpretation of the coefficient of menace from 
the full model we have that the probability of Cancer decreases 5%.  
The  2X  test has been used in order to examine whether the genotypes  CYP17 and COMT 
are correlated with Cancer. Only COMT seems to be correlated with Cancer in the significant 
level of 10% (Pr = 0.096).  Additionally the same test ( 2X ) has been used to examine if the 
two genotypes are correlated with Ca when menace is lower than 12.5  and  menopause is 
over than 48.8. In the level of 10% We found that when menopause is over 48.8 the genotype 
COMT is correlated in a statistically significant with Cancer  and the CYP17 isn’t. 
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1. INTRODUCTION

Many growth models of human physical future have been studied for establishing an asymptotic
lifetime growth to reduce the dimensionality of actual measurement. Growth is a fundamental property
of biological systems, occurring at the level of populations, as well as within organisms. Much research
has been devoted to modeling growth processes, and there are many ways of doing this, including:
mechanistic models, time series, stochastic differential equations etc. Sometimes we simply wish to
summarise growth observations in terms of a few parameters, perhaps in order to compare individuals
or groups.

The growth curve model has been used for the analysis of longitudinal data, in which measure-
ments are repeatedly taken on a response variable at a number of time points. This method enables
us to investigate an overall pattern of change in the response variable over time. It also allows us to
examine the effects of time-invariant explanatory variables on the temporal pattern of the response
variable. Let t be the age at examination and yt be the measurement at the age t. We assume a
statistical model such as yt = H(t) + ε, where the random variable ε has mean 0 and variance σ2

t .
H(t) is called a growth curve.

Analysis of growth data sets is tending to numerous sources of error that affect its results and
reduce its usefulness. It is well known that errors can seriously limit the performance of the methods
and techniques. Effective methods are currently still lacking on noisy data, special noisy time series.
There are two main approaches for fitting a model to noisy time series. According to the first one,
ignoring the presence of noise, we fit a model directly from noisy data. According to the second
approach, which is often more effective that the first one, we start with filtering the noisy time series
in order to reduce the noise level and then fit a model to noise-reduced data.

In the case of former approach, we fit the function H on the noisy data. In this sense the
curve fitting must be bad if the noise level is relatively high, special in the growth curve model that
variance is a function of time t. In the case of latter approach, on the other hand, it is first to get the
noise-reduced data from the observed noisy time series. Assume the noise-reduced time series having
been obtained by some noise reduction method, e.g., singular spectrum analysis technique, and denote
it by ZT = (z1, . . . , zT ). Therefor, yt = zt+ωt (t = 1, . . . , T ), where the term ωt is the noise which was
removed by the noise reduction method. The ideal result of noise reduction is zt = H(t) or ωt = εt
for each t. Then we fit a growth curve model on the noise-reduced time series. In fact, the fitted
model on the noise-reduced time series should be the optimal, because we remove the noise term ωt
from original series. If the noise has been significantly reduced in the noisy time series, then the latter
approach is expected to give much better results than the former approach.
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The problem of filtering time series to obtain noiseless series with minimum loss of information
has been widely studied. There are several nonlinear noise reduction methods such as local projective,
Digital Butterworth filters, splines, filters based on spectral analysis, singular value decomposition
(SVD) and simple nonlinear filtering. It currently accepted that SVD-based methods are more effective
than the other ones for the noise reduction in deterministic time series (Soofi, 2002). In this paper,
we demonstrate the advantages of smoothing methods based on the singular spectrum analysis (SSA)
techniques. SSA naturally incorporates the filtering of the series and the SVD. The use of singular
spectrum analysis (SSA) is presented in this paper as an alternative to traditional digital filtering
methods.

2. GROWTH CURVE MODEL

The Growth curve model (GCMs) is defined as: YT×n = DT×mBm×rZr×n + εT×n, where D
and Z are known design matrices of rank m < k and r < n, respectively, and the regression coefficient
B is unknown. Furthermore, the columns of the error matrix ε are independent p-variate normal with
mean zero and common unknown covariance matrix

∑
, that is Y ∼ NT×n(DBZ,

∑
, In). Usually, T

is the number of time series points observed on each of n cases, m− 1 is the degree of polynomial in
time, and r is the number of treatment groups.

Here we examine three models for analysis of our data setes as Hassani et al. (2003) used these
models. Jenss and Bayley (1937) propose a growth curves during childhood: A+Bt− exp(C −Dt) .
Here we use a special case of it in the following form: α1 + β1t− γ1exp(1− δ1t). The Von Bertalanffy
model (1957) sometimes called Borody-Bertallanffy, is the first growth model specially design to
describe individual: A− (1− exp(B−Ct)). In this work we use a type of it: α2−β2(1− exp(1− γ2t).
Count (1943) proposed growth pattern of the human physique as A + Bt + Clog(t). Here we use
modify Count model: α3 + β3t+ γ3log(1 + δ3t) (Shohoji and Sasaki (1987)).

3. SINGULAR SPECTRUM ANALYSIS

The main purpose of SSA is to decompose the original series into a sum of series, so that
each component in this sum can be identified as either a trend, periodic or quasi-periodic (perhaps,
amplitude-modulated), or noise. This is followed by a reconstruction of the original series. The main
idea of the Basic SSA is as follows.

Consider the real-valued nonzero time series YT = (y1, . . . , yT ) of sufficient length T . Let K =
T − L+ 1, where L (L ≤ T/2) is some integer called the window length. Define the matrix

X = (xij)
L,K
i,j=1 =




y1 y2 y3 . . . yK
y2 y3 y4 . . . yK+1
...

...
...

. . .
...

yL yL+1 yL+2 . . . yT




(1)

and call it the trajectory matrix. Obviously xij = yi+j−1 so that the matrix X has equal elements on
the diagonals i+ j =const.

We then consider X as a multivariate data with L characteristics and K = T−L+1 observations.
The columns Xj of X, considered as vectors, lie in an L-dimensional space RL. Define the matrix
XXT . Singular value decomposition (SVD) of XXT provides us with the collections of L eigen–values
λ1 ≥ λ2 ≥ . . . ≥ λL ≥ 0 and the corresponding eigen–vectors P1, P2, . . . , PL, where Pi is the normalised
eigen–vector corresponding to the eigenvalue λi (i = 1, . . . , L). Note that one can apply SVD to a
variety of matrices; for example, in addition to XXT , it is customary to use either the covariance
or correlation matrix computed from X, treated as a multivariate data matrix, see Golyandina et al
(2001).
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A group of r (with 1 ≤ r < L) eigen–vectors determine an r-dimensional hyperplane in the
L-dimensional space RL of vectors Xj . The distance between vectors Xj (j = 1, . . . ,K) and this r-
dimensional hyperplane can be rather small (it is controlled by the choice of the eigenvalues) meaning
that the projection of X into this hyperplane approximates well the original matrix X. If we choose
the first r eigen–vectors P1, . . . , Pr, then the squared L2-distance between this projection and X is
equal to

∑L
j=r+1 λj . According to the Basic SSA algorithm, the L-dimensional data is projected onto

this r-dimensional subspace and the subsequent averaging over the diagonals allows us to obtain an
approximation to the original series.

4. PARAMETER ESTIMATION & DATA

The number of measurement and ages at examination, in the longitudinal human growth study,
usually very different from subject to subject. It is difficult to identify individual growth and to
compare growth pattern directly by the original measurement. We can reduce the dimensionality by
estimating the growth parameters with the minimum loss of information on measurement. The sample
is used here, include 120 males and 108 females longitudinal measurement records of height from birth
to age 3, which accumulated in different clinics in Tehran. They were born from 1994 to 1998 and all
have a record of height at birth. They occasionally measured at a clinic center and the age intervals
between successive measurement are different for any subject.

The Marquart method was applied for estimating growth parameter by least square method. We
used convergent criteria such that no estimates violated any boundary condition of growth parameters
and that the relative amount of correction of successive estimates of each growth parameter should be
less than 0.00001, simultaneoucy. Under certain regularity condition, the maximum likelihood estima-
tor of growth parameters asymptotically normally distribute and the estimators of growth parameters
are consist estimators for individual longitudinal data (Shohoji, 1991).

As the number of unknown parameters may be different for each model, it is difficult to compare
directly the goodness of fit, among (linear and non-linear) growth model. The Akaike Information
Criterion (AIC) , or Schwarz Information Criterion (SIC) for comparing the goodness point of view:
AIC = −2M + 2k, SIC = −2M + 2k ln (N), where M is maximum log-likelihood, k is the number of
free parameters in the model and N is number of observations, may be used to compare the models
from goodness of fit point of view. All various information criteria are based on two items which that
is the average log-likelihood function, adjusted by penalty function. This criteria considers the penalty
for the number of free parameter in a model. The growth model making the amount of AIC or SIC
minimized is chosen as the best model among the others.

5. RESULTS

Below we consider the version of SSA where we split X into two groups only: I = {1, . . . , r} and
Ī = {r + 1, . . . , d}1 (X = XI + XĪ). We associate the group I (and then the matrix XI) with signal
and the group Ī with noise. The SSA method requires the selection of two parameters, the window
length L and the number of elementary matrices r. However, there are specific rules for selecting these
parameters and their choice depends on structure of the data and the analysis we want to perform (see,
for example, Golyandina et al. (2001) and Hassani (2007)). The window length L is the parameter
that should be selected in the decomposition stage. As we are interested in the extraction of the
general tendency of the series, then a small value of the window length is sufficient. Here we select
L = 3. It must be mentioned that from theoretical point of view, the series Yt is well approximated
by a series with finite and small rank d (for example for, if it looks like exponential, d = 1, a linear

1d is the number of non-zero eigenvalues.
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function, d = 2, etc.). The next challenge is how to select the grouping parameter r. We select just
the first eigentriple to reconstruct the refine series. We do not go to these details due to the limited
space.

We apply the above mentioned models for fitting to height of 228 Iranian children and the SSA
technique with indicated above parameters for noise reduction. Table 1 presents the fundamental
statistics of growth parameters along with AIC and SC for boys. The results are the same for girls but
we do not report here (for more information see Hassani et al. (2003)). The first column of Table 1
presents the model used here, the second column shows the estimated parameters for each model, and
columns 3–7 represent fundamental statistics of growth parameters for each model. We also provide
AIC and SIC for each model. The values in brackets are related to noise-reduced time series. As it
appears for Table 1, the values of AIC, SIC and S.D (standard deviation) for noise-reduced series are
smaller than the values for noisy series for all models, confirming that noise reduction does help to
obtain better model for fitting used series. Therefore, we conclude that noise reduction is important
for curve fitting in growth curve model and also, that the SSA technique can be used as a powerful
tool for noise reduction.

Table 1: Fundamental statistics of growth parameters for noisy and noise-reduced time series.
Model Parameter Mean Median Minimum Maximum S.D

Jeens-Bayely α1 69.2 (67.6) 69.1 (67.3) 61.7 (63.1) 76.7 (71.5) 5.35 (3.8)
β1 0.76 (0.77) 0.77 (0.76) 0.67 (0.69) 0.86 (0.81) 0.06 (0.04)
γ1 6.78 (6.55) 6.79 (6.56) 6.74 (6.50) 6.85 (6.59) 0.03 (0.02)
δ1 0.18 (0.19) 0.18 (0.19) 0.17 (0.18) 0.18 (0.20) 0.001 (0.001)

AIC = −0.32 (−1.43), SIC = −0.145 (−1.23)
Von Bertalanffy α2 103.5 (104.1) 103.5 (105.3) 90.4.7 (95.2) 116.8 (109.2) 9.54 (6.6)

β2 18.5 (19.3) 18.4 (19.5) 16.34 (17.7) 20.6 (19.9) 1.54 (0.95)
γ2 0.049 (0.045) 0.049 (0.044) 0.045 (0.041) 0.055 (0.050) 0.004 (0.002)

AIC = 2.83 (1.32), SIC = 2.96 (1.39)
modify Count model α3 50.2 (49.9) 50.2 (49.6) 43.1 (44.2) 57.3 (56.1) 5.10 (4.21)

β3 0.36 (0.37) 0.37 (0.37) 0.25 (0.30) 0.47 (0.44) 0.07 (0.05)
γ3 11.6 (12.2) 11.51 (12.1) 11.3 (11.8) 12.0 (12.5) 0.29 (0.16)
δ3 0.44 (0.32) 0.44 (0.32) 0.41 (0.30) 0.47 (0.38) 0.02 (0.01)

AIC = −3.02 (−4.11), SIC = −2.68 (−3.40)
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1. Introduction

We consider a class of models with more complex systematic components than those provided by
standard generalized linear models (McCullagh and Nelder, 1989) for which the dispersion parameter
is constant over the observations. Suppose that the random variables Y1, . . . , Yn are independent and
each Yi has a density (or probability function) in the following family of distributions

π(y; θi, φi) = exp{φi[yθi − b(θi)] + a(y, φi)}, (1.1)

where b(·) and a(·, ·) are known functions. The mean and the variance of Yi are

E(Yi) = µi = db(θi)/dθi and Var(Yi) = φ−1
i Vi,

where Vi = dµi/dθi and θi =
∫

V −1
i dµi = q(µi) is a known one-to-one function of µi. The parameters

θi and φi > 0 are called the canonical and the precision parameters, respectively. The inverse of φi

is the dispersion parameter of the distribution. The choice of the variance function Vi determines the
interpretation of φi. For normal, gamma and inverse Gaussian distributions, the means and variances
are θ−1

i , −θ−1
i and (−2θi)−1/2 and φ−1

i , φ−1
i µ2

i and φ−1
i µ3

i , respectively.
We now assume that both parameters µi and φi vary across observations through regression

models which are parameterized as µi = µi(β) and φi = φi(γ). In classical GLMs the precision
parameter is constant although possibly unknown. The usual systematic component for the mean
is t(µi) = ηi = x>l β, where t(·) is the mean link function, η = (η1, . . . , ηn)> is the linear predictor,
x>i = (xi1, . . . , xip) is the i-th row of X, a specified n×p matrix of full rank p < n, and β = (β1, . . . , βp)>

is a set of unknown parameters to be estimated. Analogously, the precision parameter φi is assumed
to vary in the following systematic way: g(φi) = τi = s>i γ, where φ = (φ1, . . . , φn)>, τ = (τ1, . . . , τn)>

is the dispersion linear predictor, g(·) is the dispersion link function, s>i = (si1, . . . , siq) is the i-th row
of S, a specified n × q matrix of full rank q < n, and γ = (γ1, . . . , γq)> is also a vector of unknown
parameters. Both t(·) and g(·) are known one-to-one continuously twice differentiable functions. The
linear structure τi = s>i γ measures the dispersion for the i-th observation. The dispersion link function
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g(·) is a positive valued function. A simple choice for g(·) is g(φi) = log φi. The idea of constructing
and fitting formal models for the dependence of both µi and φi on several covariates was first put
forward by Pregibon (1984). The dispersion covariates in S constitute, in general, although not
necessarily, a subset of the covariates in X. The parameters β and γ are assumed to be functionally
independent, which leaves us with p + q parameters to be estimated.

The purpose of the paper is to obtain an expression up to the term of order O(n−2) to the covari-
ance matrix, referred as second-order covariances, of the MLEs β̂ and γ̂ in heteroskedastic generalized
linear models when the dispersion parameters are unknown, thus generalizing the result of Cordeiro
(2004), and Cordeiro, Barroso and Botter (2006), which obtained the second-order covariances of the
maximum likelihood estimators when the precision parameter is known and unknown, respectively.
Both considered the homoskedastic generalized linear model.

2. Second-order covariance matrix for the homoskedastic model

Denote the total log likelihood function for β and φ by ` = `(β, φ) and the joint cumulants
of log likelihood derivatives by κrs = E(∂2`/∂βr∂βs), κr,s = E(∂`/∂βr∂`/∂βs), κφr = E(∂2`/∂φ∂βr),
κrst = E(∂3`/∂βr∂βs∂βt), κr,st = E(∂`/∂βr∂

2`/∂βs∂βt), etc, in which we reserve lower-case subscripts
r, s, t, u, . . . to denote components of the β vector. All κ’s refer to a total over the sample and are, in
general, of order n.

For a general model for which the log likelihood `(β) depends on a p-vector β of unknown
parameters, the cumulant generating function of the MLE β̂ of β up to order O(n−2), where n is
the sample size, was obtained by Peers and Iqbal (1985). Using their expression, we can find the
second-order covariance σij between any two estimators β̂i and β̂j by

σij = σ
(1)
ij + σ

(2)
ij + σ

(3)
ij , (2.1)

where
σ

(1)
ij = −κiaκjbκcd(κabcd + κa,bcd + 2κabc,d + 2κa,bc,d + 3κac,bd), (2.2)

σ
(2)
ij = κiaκjrκbsκct(

3κabcκrst

2
+ 4κab,cκrst + κa,bcκrst + 2κab,cκr,st + κab,cκrt,s), (2.3)

σ
(3)
ij = κiaκjbκrsκct (2κa,bcκr,st + κa,bcκrst + κabcκrst + 2κabcκr,st) , (2.4)

where −κcd is the (c, d) element of the inverse of the information matrix.

3. Second-order covariance matrix for the heteroskedastic model

The important feature to be exploited in the derivations in this section is that β and γ are
globally orthogonal in the sense of Cox and Reid (1987).

The expressions (2.2), (2.3) and (2.4) can be generalized and depend on the cumulants associated
to β and γ.

We can obtain simple expressions, in matrix notation, for

Σ(1)
ββ = {σ(1)

ij }, Σ(1)
βγ = {σ(1)

iR } and Σ(1)
γγ = {σ(1)

RS}.

We found the expressions

Σ(1)
ββ = PβΦHZβP>

β + PβΦ1Φ−1WZφP>
β , (3.1)

Σ(1)
βγ = PβΦ1(F + 2G)ZβP>

γ (3.2)

and
Σ(1)

γγ = Pγ(D2Φ1Φ3 + 4D3Φ2
1Φ2 + D4Φ4

1)ZγP>
γ + Pγ(Φ2 + Φ2

1Φ
−1)WZγP>

γ . (3.3)
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Analogously, we can derive for r = 2 and 3,

Σ(r)
ββ = {σ(r)

ij }, Σ(r)
βγ = {σ(r)

iR } and Σ(r)
γγ = {σ(r)

RS}.

Then, the second-order covariance of β̂ and γ̂ can be written as

Σ =

(
Σββ Σβγ

Σ>βγ Σγγ

)
, (3.4)

where Σββ = Σ(1)
ββ + Σ(2)

ββ + Σ(3)
ββ and Σ(1)

ββ is given by (3.1),

Σ(2)
ββ =

3
2
PβFΦZβ ∗ ZβFΦP>

β + PβFΦZβ ∗ ZβGΦP>
β − PβGΦZβ ∗ ZβΦGP>

β

−PβΦ1WZβ ∗ ZγWΦ1P
>
β (3.5)

and
Σ(3)

ββ = PβΦ(F + G)ZβZβdFΦP>
β . (3.6)

Further,
Σβγ = Σ(1)

βγ + Σ(2)
βγ + Σ(3)

βγ ,

where Σ(1)
βγ is given by (3.2),

Σ(2)
βγ = −PβΦGZβ ∗ ZβWΦ1P

>
γ +

3
2
PβΦFZβ ∗ ZβWΦ1P

>
γ , (3.7)

Σ(3)
βγ = 0, (3.8)

and, finally,
Σγγ = Σ(1)

γγ + Σ(2)
γγ + Σ(3)

γγ ,

with Σ(1)
γγ is given by (3.3),

Σ(2)
γγ = −3

2
PγΦ1WZβ ∗ ZβΦ1WP>

γ +
3
2
PγD3Φ3

1Zγ ∗ ZγD3Φ3
1P

>
γ

+4PγD3Φ3
1Zγ ∗ ZγD2Φ1Φ2P

>
γ +

3
2
PγD2Φ1Φ2Zγ ∗ ZγD2Φ1Φ2P

>
γ (3.9)

and
Σ(3)

γγ = Pγ(2D2Φ1Φ2 + D3Φ3
1)(Φ1WZβ + (D2Φ1Φ2 + D3Φ3

1)Zγ)ZγdP
>
γ . (3.10)

4. Simulation results

Let θ = (β>, φ)> be the (p + 1) × 1 parameter vector in model (1.1) and θ̂ its corresponding
MLE. The first-order covariance matrix of θ̂ is simply

Cov1(θ̂) = diag{φ−1(X>WX)−1, −n−1d−1
2 }, (4.1)

whereas the covariance of this estimate up to order O(n−2) is given by

Cov2(θ̂) = Cov1(θ̂) + Σ, (4.2)

where Σ comes from (3.4) and Σγγ is a scalar.
In this section we carry out a simulation study to illustrate the practical application of equations

(4.1)-(4.2) in the following gamma model with logµ = η = β0 + β1x1 + β2x2, where the covariates x1
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e x2 were chosen as the quantiles of a U(0, 1) uniform distribution and their values were held fixed
throughout the study with equal sample sizes. The true values of the regression parameters were
taken as β0 = 3, β1 = 2 and β3 = −1 for the cases n = 30 and n = 50. The response was generated
from a gamma distribution assuming that φ = 4. The simulation was performed using the S-Plus
programming environment and we carried out size simulations based on 10,000 replications. In each
of these replications, we fitted the gamma model and computed the MLEs β̂ and φ̂, their first-order
covariance matrix (4.1) and their second-order covariance matrix (4.2), both equations evaluated at
these estimates. The third entry in the Table 1 refers to the sample covariances of θ̂(1), . . . , θ̂(10,000).

Table 1: Cov1(θ̂), Cov2(θ̂) and sample covariances

n = 30 n = 50
β̂0 β̂1 β̂2 φ̂ β̂0 β̂1 β̂2 φ̂

1.83 1.35 -1.21 0 1.75 1.27 -1.17 0
β̂0 2.10 1.47 -1.46 1.27 1.93 1.30 -1.29 1.20

2.23 1.45 -1.49 1.21 2.09 1.32 -1.35 1.17
1.83 -0.77 0 1.75 -0.70 0

β̂1 2.17 -1.03 1.10 2.06 -0.95 0.97
2.10 -1.15 1.08 2.00 -1.03 0.99

0.63 0 0,53 0
β̂2 0.77 -1.28 0.68 -1.20

0.81 -1.31 0.70 -1.27
1.11 1.05

φ̂ 1.25 1.13
1.31 1.17

The figure in Table 1 shows that the second-order terms of the covariances of the MLEs β̂ and
φ̂ can be quite pronounced. More importantly, the covariances obtained from expansion (4.2) are
closer (especially for n = 30) than those obtained from expansion (4.1) to the sample covariances
of θ̂(1), . . . , θ̂(10,000) in almost all cases given in Table 1. This seems to indicate that the expansion
(4.2) is a better approximation than (4.1) to the true value of Cov(θ̂). In summary, the second-
order covariances of MLEs in GLMs should not be ignored in samples of small to moderate size since
they can be nonnegligible and improve the approximation to the true value of Cov(θ̂). However, the
magnitude of the second-order covariances tend to be smaller than corresponding values for the first-
order covariances. Clearly, a very large sample size is needed for the first-order approximation for
Cov(θ̂) to be adequate.
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We consider the regression estimation problem where (X, Y ), (X1, Y1), (X2, Y2), . . . are independent
and identically distributed random vectors. The set of data Dn = {(X1, Y1), . . . , (Xn, Yn)} is given,
and the goal is to construct an estimate

mn(·) = mn(·,Dn) : Rd → R

of the regression function such that the L2 error∫
|mn(x)−m(x)|2µ(dx)

is small. For a detailed introduction to nonparametric regression we refer the reader to the monography
Györfi et al. (2002).

We use the principle of least squares to fit maxima of minima of linear functions to the data
and furthermore we use splitting the sample to choose the parameters of the estimate data-dependent.
More precisely, let Qn = {(k, l) : 1 ≤ k ≤ n, 1 ≤ l ≤ log(n)} ⊂ N2 be the set of parameters. Then we
set for every parameter h = (K, L) ∈ Qn

Fh =

{
f : Rd → R : f(x) = max

k=1,...,K
min

k=1,...,L
(ak,l · x + bk,l) (x ∈ Rd)

for some ak,l ∈ Rd, bk,l ∈ R

}
where

ak,l · x = a
(1)
k,l · x

(1) + . . . + a
(d)
k,l · x

(d)

denotes the scalar product between ak,l = (a(1)
k,l , . . . , a

(d)
k,l )

T and x = (x(1), . . . , x(d))T . For h ∈ Qn the

estimate m̃
(h)
n is defined by

m̃(h)
n (·) = arg min

f∈Fh

1
n

n∑
i=1

|f(Xi)− Yi|2.(1)
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Here we assume that the minimum exists, however we do not require that it is unique.
We consider the truncated version of this least squares estimate defined by

m(h)
n (·) = Tβn

(
m̃(h)

n (·)
)

, where Tβn(z) =


βn z > βn,

z −βn ≤ z ≤ βn,

−βn z < −βn

for some βn ∈ R+. To choose the parameter we split the set of data into learning data Dnl
=

{(X1, Y1), ..., (Xnl
, Ynl

)} of size nl and testing data Dnt = {(Xnl+1, Ynl+1), ..., (Xn, Yn)} of size nt

(n = nl + nt) and choose a parameter H = H(Dn) = (K, L) ∈ Qn with

1
nt

n∑
i=nl+1

|m(H)
nl

(Xi)− Yi|2 = min
h∈Qn

1
nt

n∑
i=nl+1

|m(h)
nl

(Xi)− Yi|2.

Thus the resulting estimate is defined by

mn(x) = m(H)
nl

(x) for all x ∈ Rd.

Roughly spoken we choose our parameter by calculating

m̃(h)
nl

= arg min
f∈Fh

1
nl

nl∑
i=1

|f(Xi)− Yi|2

for every parameter h ∈ Qn and minimize

1
nt

n∑
i=nl+1

|Tβnm̃(h)
nl

(Xi)− Yi|2

over all paramters h ∈ Qn.
For the estimate defined this way we get the following results concerning the rate of convergence.

Theorem 1. Set βn = c1 · log(n) for some constant c1 > 0. Assume that the distribution of (X, Y )
satifies

E
(
ec2·|Y |2

)
< ∞(2)

for some constant c2 > 0 and that the regression function m is bounded in absolute value. Then for
the estimate mn defined as above with nl =

⌈
n
2

⌉
and nt = n− nl we get

E
∫
|mn(x)−m(x)|2µ(dx)

≤ min
h=(K0,L0)∈Qn

(
c3 · log(n)3 ·K0 · L0

n
+ 2 · inf

f∈Fh

∫
|f(x)−m(x)|2µ(dx)

)
,

where c3 does not depend on n, βn or the parameters of the estimate.

The condition (2) is a modified Sub-Gaussian condition and it is particulary satisfied, if PY |X=x

is the normal distribution N(m(x),σ2) and the regression function m is bounded. This condition allows
us to consider an unbounded conditional distribution of Y .

Together with an approximation result this theorem implies the next corollary, which considers
the rate of convergence of the estimate. Here it is necessary to impose smoothness conditions on the
regression function.

Definition 1. Let p = k+β for some k ∈ N0 and 0 < β ≤ 1 and let C > 0. A function m : [a, b]d → R
is called (p, C)-smooth if for every α = (α1, ..., αd), αi ∈ N0,

∑d
j=1 αj = k the partial derivative

∂kf

∂xα1
1 ...∂xαd

d
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exists and satisfies∣∣∣∣∣ ∂kf

∂xα1
1 ...∂xαd

d

(x)− ∂kf

∂xα1
1 ...∂xαd

d

(z)

∣∣∣∣∣ ≤ C · ||x− z||β

for all x, z ∈ [a, b]d.

Corollary 1. Assume that the distribution of (X, Y ) satifies, that X ∈ [a, b]d a.s. for some a, b ∈ R,
that the modified Sub-Gaussian condition E(exp(c2 · |Y |2)) < ∞ is fullfiled for some constant c2 > 0
and that m is (p, C)-smooth for some 0 < p ≤ 2 and C > 1. Set βn = c1 · log(n) for some c1 > 0,
nl =

⌈
n
2

⌉
and nt = n− nl. Then we have for the estimate mn defined as above

E
∫
|mn(x)−m(x)|2µ(dx) ≤ const · C

2d
2p+d ·

(
log(n)3

n

) 2p
2p+d

.

The above rate of convergence converges slowly to zero in case of large dimension d of the pre-
dictor variable X (so-called curse of dimensionality). Next we present a result which shows that under
structural assumptions on the regression function (more precisly, for single index models) our estimate
is able to circumvent the curse of dimensionality.

Corollary 2. Assume that the distribution of (X, Y ) satifies, that X ∈ [a, b]d a.s. for some a, b ∈ R
and that the modified Sub-Gaussian condition E(exp(c2 · |Y |2)) < ∞ is fullfiled for some constant
c2 > 0. Furthermore assume, that the regression function m satisfies

m(x) = m(α · x) (x ∈ Rd)

for some (p, C)-smooth function m : R → R and some α ∈ Rd. Then for the estimate mn as above
and with the setting βn = c1 · log(n) for some c1 > 0, nl =

⌈
n
2

⌉
and nt = n− nl we get

E
∫
|mn(x)−m(x)|2µ(dx) ≤ const · C

2
2p+1 ·

(
log(n)3

n

) 2p
2p+1

.

It follows from Stone (1982) that under the conditions of Corollary 1 no estimate can achieve
(in some Minimax sense) a rate of convergence which converges faster to zero than

n−2p/(2p+d)

(cf., e.g., Chapter 3 in Györfi et al. (2002)). Hence Corollary 1 implies, that our estimate has an
optimal rate of convergence up to the logarithmic factor.

Furthermore Corollary 2 implies that for smooth regression functions satisfying the assumptions
of single index models our estimate is able to achieve the corresponding optimal one-dimensional rate
of convergence, which is of course a good rate for large dimension d and hence in this case the estimate
is able to circumvent the curse of dimensonality.
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1. Introduction

The beta distribution is a flexible and useful tool for modelling continuous random variables that as-
sume values in the standard unit interval (0, 1), such as rates, percentages and proportions (Kieschnick
and McCullough, 2003). Ferrari and Cribari–Neto (2004) proposed a class of beta regression models
which is in many aspects similar to that of generalised linear models.

It is important to consider diagnostic tools when estimating beta regressions. Ferrari and
Cribari–Neto (2004) provided some guidelines for diagnostic analysis, including the use of two differ-
ent residuals (standardized and deviance), and Espinheira, Ferrari and Cribari–Neto (2006) proposed
two new beta regression residuals. The chief goal of this paper is to develop influence diagnostic
tools for the class of beta regression models. We develop local influence diagnostics based on minor
perturbations in the data and in the assumed model.

2. Local influence

Let y1, . . . , yn be independent random variables such that each yt, t = 1, . . . , n, is beta-distributed,
i.e., each yt has density

f(y; µt, φ) =
Γ(φ)

Γ(µtφ)Γ((1− µt)φ)
yµtφ−1(1− y)(1−µt)φ−1, 0 < y < 1, (1)

where 0 < µt < 1 and φ > 0. Here, E(yt) = µt and var(yt) = V (µt)/(1 + φ), where V (µt) = µt(1−µt).
This parameterization is useful for defining a beta regression model since µt is the mean of yt and
φ is a precision parameter in the sense that, for fixed µt, the variance of yt decreases as φ increases.
In the beta regression model (Ferrari and Cribari–Neto, 2004) the mean of yt can be expressed as
g(µt) =

∑k
i=1 xtiβi = ηt, where β = (β1, . . . , βk)> is a k × 1 vector of unknown parameters (β ∈ IRk),

xt1, . . . , xtk are fixed covariates (k < n), and g(·) is a strictly monotonic and twice differentiable link
function.

Let `(θ) denote the log-likelihood function, where θ = (β>, φ)> is a (s = k + 1) × 1 vector of
unknown parameters. Let `δ(θ) denote the log-likelihood function of the perturbed model for a given
δ. Let θ̂ and θ̂δ be the maximum likelihood estimators of θ for the assumed and perturbed models,
respectively. The likelihood displacement is expressed as LDδ = 2

{
`(θ̂)− `(θ̂δ)

}
. Cook’s (1986)

proposal is to analyse the local behaviour of LDδ around δ0, such that LDδ0 = 0. The author
proposes an evaluation of the curvature of the plot of LDδ0+aI against a, where a ∈ IR and I is a unit
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norm direction. It is of particular interest to look for the direction Imax corresponding to the largest
curvature Cmax. The index plot of Imax may single out those observations that have considerable
influence on LDδ under minor perturbations. Also, plots of Imax against covariate values can be
helpful in identifying atypical patterns. The author shows that the normal curvature at the direction
I is given by CI(θ) = 2|I>∆> ῭−1

∆I|, where ῭ = ∂2`(θ̂)/∂θ∂θ> and ∆ is an s×n matrix which can be
written as ∆ = ∂2`δ(θ)/∂θ∂δ>, evaluated at θ = θ̂ and δ = δ0. Hence, Cmax is the largest eigenvalue
of −∆>῭−1

∆ and Imax is the corresponding unit norm eigenvector. We developed local influence
measures for the beta regression model under four diferent perturbation schemes. The structure of ∆
for each perturbation scheme is given below. The cases weighting perturbation uses

∆ =
(

φ̂X>T̂ Ê
û>

)
,

where T = diag{1/g′(µ1), . . . , 1/g′(µn)}, Ê = diag{(y∗1− µ̂∗1), . . . , (y∗n− µ̂∗n)}, with y∗t = log{yt/(1−yt)}
and µ∗t = ψ(µtφ)− ψ((1− µt)φ), and û = (û1, . . . , ûn)>, with ut = µt(y∗t − µ∗t ) + log(1− yt)− ψ((1−
µt)φ) + ψ(φ), ψ(·) being the digamma function, i.e., ψ(z) = d log Γ(z)/dz for z > 0. In the response
aditive perturbation scheme, yt(δ) = yt + δts(yt),

∆ =

(
φ̂X>T̂MSy

b̂
>
Sy

)
,

where Sy = diag{s(y1), . . . , s(yn)}, s(yt) =
√

µ̂t(1− µ̂t)/(1 + φ̂), M = diag{m1, . . . , mn}, with mt =
1/yt(1− yt) and b̂ = (b̂1, . . . , b̂n)>, with bt = −{yt − µt}/yt(1− yt). Under perturbation of the covari-
ate xp, xtp(δ) = xtp + δtsxp , where sxp is the standard deviation of xp,

∆ =

(−φ̂sxp [β̂pX
>Q̂− PT̂E ]

−β̂psxp f̂
>
T̂

)
,

where P is a k×n matriz of zeros except for the pth row, which contains ones; the elements of the diago-
nal matrix Q and of the vector f are qt = [φ{ψ′(µtφ)+ψ′((1−µt)φ)}+(y∗t−µ∗t ){g′′(µt)/g′(µt)}]1/{g′(µt)}2

and ft = {ct − (y∗t − µ∗t )}, respectively, ψ′(·) being the trigamma function. Finally, we modify the
precision of model (1) such that φt(δ) = φ/δt, t = 1, . . . , n. Here,

∆ =

(
φ̂X>T̂ F̂

φ̂d̂
> − û>

)
,

where D = diag{d1, . . . , dn}, with dt = ψ′(µtφ)µ2
t + ψ′((1− µt)φ)(1− µt)2 − ψ′(φ).

3. Application

In what follows we shall present an empirical application that uses the data analysed by Smithson
and Verkuilen (2006). The dependent variable (y) are scores on a test of reading accuracy of 44
children, and the regressors are dyslexia versus non-dyslexia status x2, which equals 1 when the child
is dyslexic and −1 otherwise, nonverbal IQ converted to z-scores x3 and an interaction variable x4.
Participants (19 dyslexics and 25 controls) were recruited from primary schools in the Australian
Capital Territory. The observed scores were linearly transformed from their original scale to the open
unit interval (0, 1); see Smithson and Verkuilen (2006). The mean accuracy was 0.900 for non-dyslexic
readers and 0.606 for the dyslexic group. The scores ranged from 0.459 to 0.990, the overall mean
score being 0.773. The only covariate that is statistically significant at the usual nominal levels was
the dyslexia status. Smithson and Verkuilen (2006) modeled the precision parameter using IQ and
dyslexia status as covariates, and the effect of IQ on reading accuracy became statistically significant.
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In particular, their results suggest that reading accuracy declines for the dyslexic group and increases
with IQ. The interaction effect was statistically significant under nonconstant precision. In particular,
the positive relationship between IQ and reading accuracy holds for nondyslexic children but not for
the dyslexic group.

Figure 1 contains index plots of Imax, cases weighting (a), perturbation in the response (b),
perturbation in the regressor IQ (c), and perturbation in the dispersion (d). It also contains plots of
Imax corresponding to cases weighting against the two regressors, dylexia (e) and IQ (f). They can
be useful in identifying whether the dispersion varies with the regressors. Figure 1a reveals two data
subsets that influence the estimation in oposite directions, namely: {8, 9, 15, 22} and {6, 17, 19, 23, 24}.
The plots related to the perturbation in the response (Figures 1b), corresponding to the perturbation
of the regressor IQ (Figures 1c) and corresponding to the perturbation in the dispersion (Figures
1d) indicate that cases 8, 9, 15 and 22 are jointly influential. Based on the above analysis, we have
individually removed observations 6, 8, 9, 15, 17, 19, 22 and 24 from the data, and jointly deleted the
following cases: {8, 9, 15, 22}, {6, 17, 19, 23, 24}, {17, 19, 24}. The most expressive relative changes (%)
in the parameter estimates are presented in Table 1; the corresponding p-values are also presented.

Note from Table 1 that observation 8 is highly influential for the estimates of β3 and β4; indeed,
the IQ becomes nearly significant and the interaction variable becomes significant at the 5% nominal
level when observation 8 is not in the data. When observation 8 is deleted from the data, the estimate
of the IQ regression coeficient jumps from 0.1607 to 0.266, thus increasing the evidence in favor of the
positive impact that IQ has on the mean reading accuracy. Case 8 is influential because it goes against
such positive relation; it corresponds to a non-dyslexic child that has reading accuracy score equal to
0.99 (the largest sample value), but has low nonverbal IQ (−0.914). (We note that IQ varies from
−1.745 to 1.856, and that only 18% of the children in the sample have IQ scores smaller than −0.914.)
The joint removal of cases 8, 9, 15 and 22 has a large impact on the parameter estimates. Cases
9, 15 and 22 also carry evidence against the positive relationship between nonverbal IQ and reading
accuracy, although not as intensively as case 8. When observations 8, 9, 15 and 22 are removed from
the data, the estimate of the regression parameter associated with nonverbal IQ jumps from 0.1607
to 0.4899, thus increasing the evidence in favor of the IQ effect. On the other hand, the removal of
cases 6, 17, 19, 23 and 24 weakens the evidence in favor of such an effect; they correspond to dyslexic
children whose reading accuracy scores belong to the interval (0.64, 0.73) but whose nonverbal IQ
scores vary considerably (they range from −0.795 to 0.590).

The index plots of Imax (cases weighting) in Figure 1a reveal that the dispersion of the first
25 cases (non-dyslexics) is larger than that of the remaining 19 cases (dyslexics). The plot of Imax

against the covariate dyslexia status (Figure 1e) clearly shows that there is a difference in dispersion
between the two groups. Moreover, the plot of Imax against IQ (Figure 1f) indicates more dispersion
for IQ scores between −1 and 1 than in the two extremes.

Table 1. Relative changes in estimates and p-values, reading accuracy data.

Obs parameter β1 β2 β3 β4 φ

obs. 8 rel. change 6.0 8.4 65.6 48.5 7.7

p-value 0.0000 0.0000 0.0516 0.0178

obs. 8, 9, 15, 22 rel. change 22.0 31.3 204.8 151.5 51.8

p-value 0.0000 0.0000 0.0001 0.0000

obs. 6, 17, 19, 23, 24 rel. change 29.5 38.5 52.1 36.8 128.0

p-value 0.0000 0.0000 0.5315 0.2617

When taken together, the evidence listed above suggests that there is nonconstant dispersion,
and that IQ and dyslexia status should both be used in the modelling of the precision parameter.
Such a conclusion is more easily reached in the analysis carried out here than through residual plots
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(see Espinheira, Ferrari and Cribari–Neto, 2006).
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Figure 1. Local influence plots, reading accuracy data.

4. Concluding remarks

The class of beta regression models is useful for modelling the regression relationship between con-
tinuous random variables that assume values in the standard unit interval and sets of conditioning
variables. In this paper, we developed local influence analysis by considering different perturbation
schemes: cases weighting, perturbation in a covariate, perturbation in the response, and perturbation
in the assumed constant dispersion. An empirical application using real data yielded important con-
clusions. First, the tools developed in this paper can be used to identify observations that are atypical
and have large impact on the parameter estimates of beta regressions. Second, the diagnostic tools
developed in this paper can be helpful to determine whether the constant dispersion assumption has
been violated and, if so, which variables should be used in the modelling of the dispersion.
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ABSTRACT

In this article we show that autoregressive corrections based on generalized least squares (GLS) esti-
mation yields estimates for serially correlated regression parameters that are asymptotically efficient,
and that have the same limiting distribution as those of Aitken estimators (GLS). Based on exhaustive
Monte Carlo studies we also demonstrate that for finite samples inferences based on tests generated
from this estimator when the autoregressive order is set near

√
n/2 where n is the sample size is more

robust than GLS and other commonly used procedures. Furthermore, our size and power simulations
cast serious doubts on the reliability of inferences based on generic, multipurpose procedures such as
AR(1) corrections and heteroscedastic, autocorrelation consistent (HAC) covariance estimators.

Keywords. Autocorrelation; Autoregressive Moving Average; Generalized Least Squares; Heteroscedas-
tic Autocorrelation Consistent; Hypothesis Tests; Serial Correlation
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Normal/independent distributions are often used as a challenging family for statistical proce-
dures of symmetrical data. Recently this models has been generalized with a additional parameter for
accommodating more general forms, such as skewness, and are called of skew-normal/ independent
(SNI) distributions . The main purpose of this paper is to consider local influence analysis, which
is a well-recognized important step of data analysis. As the observed-data likelihood associate with
this models are intractable, the famous Cook’s approach cannot be applied to achieve local influence
measures. Hence, the local influence measures are developed via Zhu and Lee’s (2001) approach that
is closely related to the EM-algorithm. The diagnostic measures derived under this approach are
invariants under reparameterization. Some useful perturbation schemes are discussed. Results that
are obtained from analysis of an artificial and a real example are present to illustrate the developed
methodology.

Examples of SNI distributions

•The skew-t distribution, with ν degree of freedom, STp(μ,Σ,λ, ν).
Considering U ∼ Gamma(ν/2, ν/2), the multivariate skew-t distribution takes the form

f(y) = 2tp(y|μ,Σ, ν)T1(
√

v + pλ�Σ−1/2(y − μ)√
d + p

|0, 1, ν + p), y ∈ R
p,(1)

where as usual, tp(·|μ,Σ, ν) and Tp(·|μ,Σ, ν) denote, respectively, the pdf and cdf of the Student-t
distribution, tp(μ,Σ, ν) (see Lachos and Vilca, 2007). A particular case of the skew-t distribution is
the skew-Cauchy distribution, when ν = 1. Also, when ν ↑ ∞, we get the skew-normal distribution
as the limiting case. See Gupta (2003) for further details.
•The skew-slash distribution, with the shape parameter ν > 0, SSLp(μ,Σ,λ, ν).
With h(u; ν) = νuν−1

I(0,1)(u), we have that, Definition 1 yields immediately the following multivariate
skew-slash density

f(y) = 2ν
∫ 1

0
uν−1φp(y|μ,

Σ
u

)Φ1(u1/2λ�Σ−1/2(y − μ)), y ∈ R
p,(2)

Notice that, the skew-slash distribution reduces to the skew-normal distribution when ν ↑ ∞. See
Wang and Genton (2006) for further details.
•The skew-contaminated normal distribution, SCNp(μ,Σ,λ, ν, γ), 0 ≤ ν ≤ 1, 0 < γ < 1
Taking h(u;ν) = νI(u=γ) + (1− ν)I(u=1), ν = (ν, γ)�, we have that the density of Y is the mixture

f(y) = 2{νφp(y|μ,
Σ
γ

,λ)Φ1(γ1/2λ�Σ−1/2(y − μ))
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+(1− ν)φp(y|μ,Σ,λ)Φ1(λ�Σ−1/2(y −μ))},(3)

in this case, the skew-contaminated normal distribution reduces to the skew-normal distribution when
ν = 0.
Local influence of the SNI models

One important aspect of model building is checking model assumptions. In this section, we use the local
influence approach to detect influence observations that under small perturbation of the model exert
great influence on the maximum likelihood estimators. There are basically two approaches for detecting
influential observations that seriously influence results of a statistical analysis. The first approach is
the case-deletion approach, in which the impact of deleting an observation on the estimators is directly
assessed by metrics such as the likelihood distance and Cook’s distance. The second approach is the
estimation outputs, with respect to the model inputs via various minor model perturbations such as
the local influence (see Cook, 1986). Inspired by the basic idea of the EM-algorithm, Zhu and Lee
(2001) proposed a unified method for local influence analysis of general statistical models with missing
data on the basis of the Q-function. We briefly review that procedure in the next section.

• Local influence based on a Q-displacement function

Consider a perturbation vector ω = (w1, ..., wm)� varying in an open region Ω ∈ R
m. Let

�c(θ,ω|Yc), θ ∈ R
p be the complete-data log-likelihood of the perturbed model. We assume

that there is a ω0 such that �c(θ,ω0|Yc) = �c(θ|Yc) for all θ. Let θ̂(ω) denote the maximum
of the function Q(θ,ω|θ̂) = E[�c(θ,ω|Yc)|y, θ̂]. The influence graph is defined as α(ω) =
(ω�, fQ(ω))� where fQ(ω) is the Q-displacement function defined as follows:

fQ(ω) = 2
[
Q

(
θ̂|θ̂

)
−Q

(
θ̂(ω)|θ̂

)]
.

Following the approach developed in Cook (1986) and Zhu and Lee (2001), the normal curvature
CfQ,d, of α(ω) at ω0 in the direction of some unit vector d can be used to summarize the local
behavior of the Q-displacement function. It can be shown that (see, Zhu and Lee, 2001)

CfQ,d = −2d�Q̈ωod, −Q̈ω0 = Δ�
ωo

{
−Q̈θ(θ̂)

}−1
Δω0

where Q̈θ(θ̂) =
∂2Q(θ|θ̂)
∂θ∂θ�

|
θ=

�θ
and Δω =

∂2Q(θ,ω|θ̂)
∂θ∂ω� |

θ=
�θ(ω)

.

As in Cook (1986), the expression −Q̈ω0 is the fundamental equation for detecting influential
observations.

• The hessian matrix, Q̈θ(θ̂)

To obtain the diagnostic measures for local influence of a particular perturbation scheme, it is

necessary to compute Q̈θ(θ̂) =
∂2Q(θ|θ̂)
∂θ∂θ�

, where θ = (β,Δ�,γ�)� where γ denotes a mini-

mal set of parameters such that Γ is well defined (the upper triangular elements of Γ in the
unstructured case). It follows that the hessian matrix is given by Q̈θ(θ̂) =

∑n
i=1 Q̈i(θ) where

Q̈i(θ) = −∂2Qi(θ|θ̂)
∂π∂τ� , with τ ,π = β,Δ or γ
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have elements given by (see Magnus and Neudecker, 1988)

∂2Qi(θ|θ̂)
∂μ∂μ� = −ûiΓ−1,

∂2Qi(θ|θ̂)
∂μ∂Δ� = −t̂uiΓ−1,

∂2Qi(θ|θ̂)
∂μ∂γr

= −Γ−1Γ̇(r)Γ−1(ûi(yi − μ)− t̂uiΔ),
∂2Qi(θ|θ̂)
∂Δ∂Δ� = −t̂2i Γ

−1,

∂2Qi(θ|θ̂)
∂Δ∂γr

= −Γ−1Γ̇(r)Γ−1
(
t̂ui(yi − μ)− t̂2i Δ

)
,

∂2Qi(θ|θ̂)
∂γr∂γs

=
1
2
tr{Γ−1

(
Γ̇(r)Γ−1Γ̇(s)− Γ̈(r, s)

)
}

−1
2
tr{MiΓ−1

(
Γ̇(r)Γ−1Γ̇(s) + Γ̇(s)Γ−1Γ̇(r)− Γ̈(r, s)

)
Γ−1},

where Mi = ûi(yi−μ)(yi−μ)�− 2t̂uiΔ(y−μ)� + t̂2i ΔΔ�, with Γ̇(r) = ∂Γ/∂γr and Γ̈(r, s) =
∂2Γ/∂γr∂γs, r, s = 1, . . . , dim(γ). Evaluating these derivatives at θ = θ̂ , we have

Q̈θ(θ̂) =

⎛
⎜⎝ −

(
û t̂u

t̂u t̂2

)
⊗ Γ−1 0

0 Q̈γ(θ̂)

⎞
⎟⎠ ,(4)

• Case weights perturbation

Let ω = (ω1, . . . , ωn)� a n×1 dimensional vector with ω0 = (1, . . . , 1)�, then the expected value
of the perturbed complete-data log-likelihood function (perturbed Q-function), can be written
as

Q(θ,ω|θ̂) = E[�c(θ,ω|yc)]

=
n∑

i=1

ωiE[�i(θ|yc)] =
n∑

i=1

ωiQi(θ|θ̂).

In this case the matrix Δω0 =
∂2Q(θ,ω|θ̂)

∂θ∂ω� |ω=ω0 =
∂2Q(θ,ω0|θ̂)

∂θ∂ω� has elements given by

∂Qi(θ,ω0|θ̂)
∂μ∂ωi

= ûiΓ−1(yi − μ),
∂Qi(θ,ω0|θ̂)

∂Δ∂ωi
= Γ−1

(
t̂ui(yi − μ)− t̂2i Δ

)
,

∂Qi(θ,ω0|θ̂)
∂γr∂ωi

= −1
2
tr{Γ−1Γ̇(r)− Γ−1Γ̇(r)Γ−1Mi},

where Mi are as above, i = 1, . . . , n.

• Perturbation of the scale matrix Σ

To study the effects of departures from the assumptions about the matrix Σ associated with
the scale matrix, we consider the following perturbation: Δ(ωi) = ω

−1/2
i Δ and Γ(ωi) = ω−1

i Γ
meaning that

Yi ∼ SNIp(μ,Σ/wi,λ), i = 1, . . . , n.
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Thus, the perturbed Q-function is of the form

Qi(θ,ω|θ̂) = −p

2
log wi − 1

2
log |Γ| − wi

2
ûi(yi − μ)�Γ−1(yi − μ)

+t̂uiw
1/2
i (yi −μ)�Γ−1Δ− t̂2i

2
Δ�Γ−1Δ

considering ω0 = (1, . . . , 1)�. The matrix Δω0 =
∂2Q(θ,ω|θ̂)

∂θ∂ω� |ω=ω0 =
∂2Q(θ,ω0|θ̂)

∂θ∂ω� has
elements given by

∂2Qi(θ,ω0|θ̂)
∂μ∂ωi

= ûiΓ−1(yi − μ)− 1
2
t̂uiΓ−1Δ,

∂2Qi(θ,ω0/θ̂)
∂Δ∂ωi

=
1
2
t̂uiΓ−1(yi − μ),

∂2Qi(θ,ω0|θ̂)
∂γr∂ωi

=
1
2
tr{NiΓ−1Γ̇(r)Γ−1},

Ni = ûi(yi − μ)(yi − μ)� − t̂uiΔ(y − μ)�.

• Response variables perturbation

A perturbation of the response variables (y�
1 , . . . ,y�

n )� is introduced by replacing yi by yiω =
yi + ωiSy, where Sy is a .... In this case ω0 = 0,

Qi(θ,ω|θ̂) = −1
2

log |Γ| − ûi

2
(yiω − μ)�Γ−1(yiω − μ)

+t̂ui(yiω − μ)�Γ−1Δ− 1
2
t̂2i Δ

�Γ−1Δ,

Moreover, the matrix Δω0 =
∂2Q(θ,ω|θ̂)

∂θ∂ω� |ω=ω0 =
n∑

i=1

∂2Q(θ,ω0|θ̂)
∂θ∂ω� has the following elements:

∂2Qi(θ,ω0|θ̂)
∂μ∂ωi

= ûiΓ−1Sy,
∂2Qi(θ,ω0|θ̂)

∂Δ∂ωi
= t̂uiΓ−1Sy.

∂2Qi(θ,ω0|θ̂)
∂γr∂ωi

= (ûi (yi − μ)− t̂uiΔ)�Γ−1 ˙Γ(r)Γ−1Sy,
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         Nonnested econometric models may arise from the existence of competing economic theories.  These 
may postulate different definitions of variables to be used in a specification, or possibly different functional 
forms to explain a given phenomenon.  Moreover, distinct functional forms and/or stochastic specifications 
may also be perfectly reasonable within a single economic theory. 
         Consequently, very often the econometrician is faced with several rival theoretical models and none of 
those models can be obtained from any of the others by the imposition of appropriate parametric restrictions. 
         On the other hand, in applied econometric work it is not uncommon that more than one among those 
(nonnested) models will be declared 'data consistent' after standard diagnostic checks (nested tests).  
However, in this perspective, a model is evaluated only on the basis of its own performance; such tests do 
not make use of the information that the model being tested is only one of the several models available to 
explain the phenomenon.  Davidson et al (1978) and Hendry and Richard (1983) have therefore stressed the 
need for an assumed model to encompass competing specifications.  In other words: the need for a null 
model to be able to predict the performance of viable alternative specifications 'significantly well'.  This is 
the main role of nonnested testing, where the competing models are used to provide additional checks of 
each other's specifications. Doing that, nonnested testing can only be a serious attempt to resolve or reconcile 
some of the outgoing debates in economic theory.  MacKinnon (1983) (with discussion and reply), McAleer 
(1987) and the Journal of Econometrics special issue (1983) on nonnested specification tests provide 
excellent introductions to the theory and application of these tests. 
         Emphasising however that in reality what should be estimated is not necessarily known, one cannot 
expect to detect inappropriate specifications with high probability in every application.  There is nothing 
strange, therefore, if the outcome of nonnested testing, for example between a pair of models, is a non-
rejection of both models.  This is certainly not the reason why nonnested testing principles have not been 
more widely applied. 
         According to Bernanke et al (1988, p.294), two main reasons for such attitude are rather the following: 
«Non-nested tests have not been developed for time-series models that possess general mixtures of serial 
correlation, lagged dependent variables, and endogenous variables (...); (...) in more complicated practical 
applications, especially when one wishes to implement non-nested tests based upon maximum-likelihood 
techniques, these tests can be quite burdensome computationally». 
         As one can infer from this statement, research on nonnested models has concentrated mostly on models 
that satisfy the classical assumptions of serial independence, homoskedasticity and normality of the 
disturbances.
         However, departures from the classical assumptions regarding the disturbances in a linear regression 
model arise frequently in empirical applications.  Some good examples are applications on the exchange rate 
(Backus (1984)), on money demand (Thornton (1985), Johannes and Nasseh (1985) and Milbourne (1985)), 
on  investment (Bernanke et al (1988)) and  on  employment (McAleer et al (1990)).  In  all  these papers  the  
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authors were confronted with the necessity of applying nonnested tests to competing specifications where the 
disturbances exhibit autoregressive errors.  Whereas in the first four papers Davidson and MacKinnon's 
(1981) J test (developed for spherical models) has been applied careless (see the criticism by McAleer et al 
(1990, pp.3623-25)), in the last two papers the authors have given an important contribution to develop valid 
testing procedures.  However, despite the statement of Bernanke et al, none of those papers propose testing 
procedures to handle the necessity for Instrumental Variable estimation. 
         This is precisely the purpose of this work:  to investigate nonnested tests for competing univariate 
dynamic linear models with autoregressive disturbances, where the motivation for Instrumental Variable 
estimation is mainly due to the recognised presence of current endogenous explanatory variables, either in 
one or in both models. 
         As the (Aitken) transformation of those models yields a regression function which is nonlinear in the 
parameters, a Gauss-Newton regression approach, firstly advocated by Davidson and MacKinnon (1981), 
will be used to obtain the results. 
         Estimation of the competing models either by Nonlinear Least Squares or Nonlinear Instrumental 
Variables under differing instrument validity assumptions will be addressed.  Maximum-Likelihood 
estimation will not be considered:  not only because the resulting tests would be computationally demanding 
but mainly because in many applications it may also be difficult to defend the normality assumption used in 
the Maximum-Likelihood test procedures.   
         The nonnested tests that one will be able to deduce are all very easy to implement by comparison of 
two Gauss-Newton regressions, one associated  with the null model and the other associated with a linear 
combination of the two competing models, as pseudo t-tests. 
The plan of the paper is as follows: 
         Section 1 provides an introduction to the Gauss-Newton regression approach to test the competing 
nonlinear transformations of two dynamic autoregressive nonnested models.  
         Section 2 deals with estimation procedures and the choice of instruments. Firstly one assumes that both 
models contain the same current endogenous explanatory variables. Secondly one considers the case were 
those current endogenous explanatory variables are not the same. Then, one presents the other two cases: 
those where one of the models is the only containing current endogenous explanatory variables. Whichever 
the case, by comparison of two Gauss-Newton regressions, one associated with the null model and the other 
associated with a linear combination of the two competing models, one will be able to generalize the well 
known versions of the P and PA tests to these four different cases, where estimation by Instrumental 
Variables methods is strictly required. Relaxing the restrictive assumption of using a common extended set 
of instruments to estimate both the competing models as well as the maintained Gauss-Newton regressions 
will not invalidate the artificial regression test statistics. 
         Section 3 summarises the findings, specialising to the simpler case of linear spherical models, either 
estimated by Ordinary Least Squares or by Instrumental Variables.  This summary will clarify that the results 
obtained in this paper encompass the well known results for spherical models as well as the less known 
results obtained by Bernanke et al (1988) and McAleer et al (1990) for linear models with autoregressive 
disturbances estimated by Nonlinear Least Squares. 

REFERENCES

Backus, D. (1984): “Empirical Models of the exchange rate: separating the wheat from the chaff ”; Canadian 
Journal of Economics, 17,  824-46. 
Bernanke, B., H. Bohn, and P.C. Reiss (1988): “Alternative non-nested specification tests of time-series 
investment models”; Journal of Econometrics, 37, 293-326. 
Davidson, J. E. H., D. F. Hendry, F. Srba, and S. Yeo (1978): “Econometric modelling of the aggregate time-
series relationship between consumers´ expenditure and income in the United Kingdom”; Economic Journal,
88, 661-92. 
Davidson, R., and J. G. Mackinnon (1981): “Several tests for model specification in the presence of 
alternative hypotheses”; Econometrica, 49, 781-93. 
Hendry, D. F., and J. F. Richard (1983): “On the formulation of empirical models in dynamic econometrics”; 
Journal of Econometrics, 20, 3-33. 
Johannes, J. M. and A. R. Nasseh (1985): “Income or wealth in money demand: An application of non-
nested hypothesis tests”; Southern Economic Journal, 51, 1099-106. 
MacKinnon, J. G. (1983): “Model specification tests against non-nested alternatives” (with discussion and 
reply); Econometric Reviews, 2, 85-158. 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 3310 -



3

McAleer, M. J. (1987): “Specification tests for separate models: a survey”, in Specification Analysis in the
Linear Model, eds. M. L. King and D. E. A. Giles, London, Routledge and Kegan Paul, 146-95. 
McAleer, M. J., M. H. Pesaran, and A. K. Bera (1990): “Alternative approaches to testing non-nested models 
with autocorrelated disturbances: an application to models of U. S. unemployment”; Communications in
Statistics, Series A, 19, 3619-44. 
Milbourne, R. (1985): “Distinguishing between Australian demand for money models”; Australian Economic 
Papers, 24, 154-68. 
Thornton, D. L. (1985): “The appropriate interest rate and scale variable in money demand: Results from 
non-nested tests”; Applied Economics, 17, 735-44. 

ABSTRACT

         This work further investigates nonnested testing for competing first order autoregressive dynamic 
econometric models. That is, when the use of instrumental variables (IV) is needed to guarantee, either in 
some or in all the steps, the consistency of the estimation procedures. 
         As the previous transformation of those autoregressive models yields regression functions which are 
nonlinear in the parameters, the Gauss-Newton regression approach firstly advocated by Davidson and 
MacKinnon will be used to obtain the new results.  
         Assuming the presence of current endogenous variables in either or in both competing models, the P 
and the PA nonnested tests here presented are very easy to implement in an artificial linear regression either 
estimated by ordinary least squares (OLS) or by IV, as pseudo-t tests, after previous estimation of the 
competing models, either by nonlinear least squares (NLS) or by nonlinear instrumental variables (NLIV). 
         The results are easily extended to autoregressive higher order processes and the equivalence between 
these new P and PA tests and the corresponding new versions of the J and JA tests are easily foreseen. Also, 
the familiar results on testing ‘spherical’ competing linear dynamic econometric models, either estimated by 
OLS or by IV, are easily seen as specializations of these more general results. 

Keywords: Nonnested Tests P and PA; Nonlinear Regression Function; Serially Correlated Disturbances; 
Gauss-Newton Regression; Nonlinear Instrumental Variables. 
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Abstract
 Five closed multiple test methods with step-wise procedure for testing the difference between two 
population means: Hotelling’s T2 method, Bonferroni-Holm method, Hommel’s method based on Simes’test, 
Westfall-Young bootstrap method and Exact Permutational method were investigated by considering their 
capacities of controlling type I error rate and their powers under multivariate normal distributions with the 
same covariance matrix  for 3, 5 and 7 dependent variables; 10, 30, 50 and 70  equal sample sizes; equal and 
unequal correlation design matrix with correlation coefficient  equals to 0.0, 0.5 and 0.9 for the case of equal 
correlation design matrix and equals to 0.0, 0.3, 0.5, 0.7 and 0.9 for the case of unequal correlation design 
matrix at 0.01 and 0.05 significant level (α). Monte Carlo simulation was performed and repeated 1,000 
times for each scenario. The results showed that :

In most situations, Hotelling’s T2 method has empirical type I error rate less than lower bound of the 
tolerance type I error rate controllable criterion, while others have empirical type I error rate lies in the 
interval of the tolerance criterion. Sample size and correlation design matrix do not affect the capacity of 
controlling type I error rate but the number of dependent variables affect the capacity of controlling type I 
error rate.   In addition, Westfall-Young bootstrap method and Exact Permutational method have empirical 
type I error rate lies in the interval of the tolerance criterion.

Under equal correlation design matrix, Exact Permutational method has the highest empirical power 
for almost every situation but Hotelling’s T2 method has the highest empirical power when the correlation 
between dependent variables closes to zero and sample size greater than or equal 30. Under unequal 
correlation design matrix, for almost every situations Westfall-Young bootstrap method has the highest 
empirical power but Hommel’s method based on Simes’test has the the highest empirical power when the 
correlation coefficient is low. Hotelling’s T2 method has the lowest empirical power in all situations. 
Westfall-Young bootstrap method and Exact Permutational method has similar empirical power in all 
situations. In addition, empirical power varies according to the sample size and the significance level but 
varies inversely with the correlation coefficient. The empirical power also varies according to the number of 
dependent variables under unequal correlation design matrix.

Introduction
Most research studies involve comparison between two treatment groups, for example: comparison

between the new healing method and the standard healing method. Usually, comparison of the difference
between two methods should not be compared by considering only the difference between the mean of one
variable but should consider the differences of the means associated with more than one variable that
measure the efficiency of each method.  For example, investigating the efficiency of a test drug in asthmatic
patients between the test drug group and the placebo group. The following three endpoints are considered to
be important: (1) Forced expiratory volume in 1 second, in liters; (2) Peak expiratory flow rate, in liters per
minute; and (3) Symptoms score (SS), O-6 scale.  The researcher wants to know that the test drug group and
the placebo group give the different result whether or not. [1]  Therefore, the statistical method should be the
one that regard to the various variables. All variables were considered which should have effect to decide
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processing for testing the different of means between two treatment groups and should regard to the
dependency of variables.

This particular problem is called “multiple testing” which is the comparison of the difference between
two groups by consider the dependent variables simultaneous. Literature shows that closed testing methods
for multiple tests with step-wise procesure have more powerful than a single-step method. These methods
can control the maximum experimentwise error rate (MEER) [2] and are available in some statistical
packages, especially in SAS. Therefore the objective of this research is to compare the power of the test of
closed testing methods for multiple tests of five step-wise procedures as follows:

1. Hotelling’s T2 method
 2. Bonferroni-Holm method

3. Westfall-Young Bootstrap method
4. Exact Permutational method
5. Hommel’s Method Based on Simes’ Test

Closed Testing Methods for Multiple Tests
1. Hotelling’s T2 method
Hotelling’s T2 method is the method for testing hypothesis by finding p-value for all hypotheses and

intersection hypotheses. For example, to test the means of three variables, we will have to find p-value of
hypotheses  01 02 03 012 013 023 0123, , , , , ,H H H H H H H  then finding the critical bound if the adjusted p-value is
lower than α then we reject an individual hypothesis. [2]

2. Bonferroni-Holm method
To use this test, we need only to compare the minimum p-value of the individual component tests to

*/ kα , where *k  is the number of components in the hypothesis and α is the desired MEER level, and reject
the hypothesis when *min /p kα≤ . Equivalently, we can reject the hypothesis when * mink p α× ≤ , so
that * mink p× is the p-value for the composite test, in the same way that the Hotelling’s T2 test produces a
p-value for the hypothesis. [2]

3. Westfall-Young Bootstrap method
This method is use bootstrap technique to find the adjusted p-value for data that has many variables.[3]
4. Exact Permutational method
This method has the procedure similar Westfall-Young bootstrap method, but this method sampling the

samples with replacement. [3]
5. Hommel’s Method Based on Simes’Test
To use this test, we you need assuming the p-values are ordered as (1) (2) ( )... mP P P≤ ≤ ≤ , you can

reject the hypothesis if *
( ) /iP i kα≤  for at least one j. Equivalently, the test rejects the hypothesis if

( )min( / )ik P i α∗ ≤ , so ( )min( / )ik P i∗ is the p-value for the hypothesis. [2]

Research Methodology
1. Finding the empirical type I error rate
Multivariate standard normal variables were generated with the same covariance matrix which equals 

to the correlation matrix for 3, 5 and 7 dependent variables; 10, 30, 50 and 70 equal sample sizes; equal and 
unequal correlation design matrix with correlation coefficient  equals to 0.0, 0.5 and 0.9 for the case of equal 
correlation design matrix and equals to 0.0, 0.3, 0.5, 0.7 and 0.9 for the case of unequal correlation design 
matrix.

Monte Carlo simulation was performed and repeated 1,000 times for each scenario by SAS version 
8.1. After testing each null hypothesis and obtaining the p-value, the adjusted p-value was calculated at 0.01 
and 0.05 significant level (α). The empirical type I error rates were obtained by counting the number of false 
rejections of the multiple null hypotheses.

2. Testing the capacity of controlling type I error rate
We compare the type I error rate of each statistic by two sided z-test.  A statistic is said to be type I

error rate controllable at 0.01 significance level if the empirical type I error rate is between 0.004 and 0.016.
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A statistic is type I error rate controllable at 0.05 significance level if the empirical type I error rate is
between 0.036 and 0.064.

3. Finding the empirical power, let 1 2k k kµ µ∆ = − .  Monte Carlo simulation was performed and

repeated 1,000 times for each scenario as in step 2 by SAS version 8.1. By letting 0.5k∆ = for the case of
equal correlation design matrix and 0.1 ( 1)k m k∆ = × − +  for the case of unequal correlation design matrix,
the empirical powers were obtained by counting the number of true rejections of the multiple null
hypotheses.

4. Compare the empirical power
All closed multiple test methods were compared by their empirical powers under various situations.

The best method is the one that has the highest empirical power for each scenario.

Conclusion and Discussion
The efficiency comparison of five testing methods are investigated by considering their capacities of

controlling the type I error rate and their empirical powers of the test. The best efficiency methods for testing
the difference between two population means in each situation are shown in table 1.  We use the following
abbreviation in table 1 :

H     :    Hotelling’s T2 method
B      :   Bonferroni-Holm method
HM  :   Hommel’s Method Based on Simes’ Test
W     :   Westfall-Young Bootstrap method
P      :   Exact Permutational method :

Table 1 The best efficiency method for testing the difference between two population means in
             each situation.

n=10 n=30 n=50 n=70
α α α α

Number
of

dependent
variables

Correlation
design
matrix

Correlation
coefficient

0.01 0.05 0.01 0.05 0.01 0.05 0.01 0.05

0.0 B,HM,W HM H H H H H H
0.5 HM HM,P W P P HM HM HM,W,P

equal ρ

0.9 W,P P P P P P P P
0.0 B,HM,P HM P HM P HM W HM
0.3 P W W W HM P HM W
0.5 W W HM W W W P P
0.7 W,P P P W,P W W W W

m=3

unequal ρ

0.9 W P W W W W W P
0.0 HM W H H H H H H
0.5 P P W P P P W HM

equal ρ

0.9 P P P P W W P W
0.0 W,P W W HM HM P P H
0.3 B,HM,P P W HM,P P HM,W,P HM HM
0.5 HM W P W B,HM,W,P W W,P P
0.7 W,P W,P W W,P P W W P

m=5

unequal ρ

0.9 W P W W W P P W,P
0.0 B,HM,W W H H H H,HM H H
0.5 P W,P P P P W,P W P

equal ρ

0.9 P P W P P P P W,P
0.0 HM P W HM HM HM HM HM
0.3 HM,P W HM,W,P HM,P HM HM HM,P B,HM,W,P
0.5 P W HM W HM W,P HM,P HM
0.7 W P P W W P W,P W,P

m=7

unequal ρ

0.9 P P P W P P P W,P
 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 3315 -



 From table 1, under equal correlation design matrix, Exact Permutational method has the highest 
empirical power for almost every situation especially when correlation coefficient between each pair of 
variables equals to 0.9 regardless of the sample size. Hotelling’s T2 method has the highest empirical power 
when the variables are independent especially when the sample size is greater than or equal 30.

Under unequal correlation design matrix, for almost every situation Westfall-Young bootstrap method 
has the highest empirical power.  Hommel’s method based on Simes’test has the the highest empirical power 
when the correlation coefficient between each pair of variable is low.

In general, Hotelling’s T2 method has the lowest empirical power in all situations since the type I error 
rate for the test is higher than the stated significance level.  This implies that Hotelling’s T2 method tends to 
be the liberal test.

Westfall-Young bootstrap method and Exact Permutational method has similar empirical power in all 
situations. They also give the type I error rate for the test that is smaller than the stated significance level. 
This means both Westfall-Young bootstrap methodand Exact Permutational method tend to be the 
conservative test.

We also observed that the empirical power varies according to the sample size and the significance 
level but varies inversely with the correlation coefficient between each pair of variables. The empirical 
power also varies according to the number of dependent variables under unequal correlation design matrix.

For future research, one should investigate the robustness of all closed multiple test methods under 
non-normal distributions and/or under heterogeneity of variance.  The efficiency comparisons should be 
extended to investigate when we have more than two groups of population and when our data are binary, 
nominal, or ordinal scale.
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ABSTRACT

In this paper we discuss stepdown methods that control the familywise error rate in finite samples.
Such methods proceed stagewise by testing an intersection hypothesis without regard to hypotheses
previously rejected. However, one cannot always achieve strong control in such a simple manner. By
understanding the limitations of this approach in finite samples, we can then see why an asymptoting
approach will be valid under fairly weak assumptions. It turns out that a simple monotonicity condition
for theoretical critical values allows for some immediate results. Suppose data X generated from some
unknown probability distribution P. A model assumes that P belongs to a certain family of probability
distributions F, though we make no rigid requirements for F. Indeed, F may be a nonparametric model,
a parametric model, or a semiparametric model. Suppose that a test of the individual hypothesis H
is based on a test statistics T with large values indicating evidence against the H. For an individual
hypothesis, numerous approaches exist to approximate a critical value, such as those based on classical
likelihood theory, bootstrap tests, Edgeworth expansions, permutation tests, etc. The main problem
addressed in the present work is to construct a procedure that controls the familywise error rate
(FWE).

Keywords. Multiple testing, familywise error rate, stepdown procedure.
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ABSTRACT

The chance of making false positive finding is known to increase as the number of statistical tests
needed to be performed increases. The traditional means to control the Type I error rate is to control
the familywise error rate (FWER), i.e., the probability of at least one true null hypothesis. The
existing procedures for controlling the Type I error rate are usually lower than the desired level when
some alternatives are true. It was shown that incorporating the estimate of the number of true null
hypotheses (m0) increases the performance of the existing procedures. Schweder and Spjøtvoll (1982)
proposed using the index where the slope changes on the plot of cumulative p-values as an estimate of
m0. However, it might overestimate m0 since the procedure begins from the most significant p values.
This paper proposes using the index where the probability of the index where the slope changes is
largest as an estimate for m0. This is referred as the first jump probability. Under some parametric
assumption, the proposed procedure is proved to properly identify m0. Furthermore, the resampling
procedures are used to estimate the first jump probability when implementing on the real data.

Keywords. Familywise error rate (FWER), First jump probability, Number of true null hypotheses,
P -value plot.
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ABSTRACT

Statistical analysis of a data set topically involves testing not just a single hypothesis, but rather
many (often very many!). For any particular tests, we may assign a pre-set probability of a type-1
error (i.e., a false positive, rejecting the null hypothesis when in fact it is true). The problem is that
using a value of 0,05 means that roughly one out of every twenty such tests will show a false positive
(rejecting the null hypothesis when in fact it is significant if we use a value of 0,05 for each. This is
the problem of multiple comparisons, in that we would like to control the false positive rate not just
for any single test but also for the entire collection (or family) of tests that makes up our experiment.
In this paper we discuss how many false positives we made. Also we show Bonferroni corrections and
their extensions and some different definitions of false discovery rate (FDR) in some examples. We
propose the estimating the number of null hipothesis.

Keywords. Multiple comparisons, false discovery rate, Bonferroni approach.
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ABSTRACT 
 
 An area of paired comparisons in which not much research was done for up till now deals with discrete 
models. Models in which objects have an upper limit to their scores have not yet developed, and to suggest such 
models is one of the objectives of the report. 
 
 In this study, four new discrete models are developed. It was however found that the models easily 
generalize to deal with scores that do not necessarily have an upper limit. For our models we found that the 
difference of pairs of scores follows a new distribution, which we call the S-distribution, and that the underlying 
distribution of the scores follows a truncated negative binomial distribution.  
 
 This model has a number of applications, for example, in sports statistics, it can be used to rank tennis 
players and predict their future scores. Other applications are also present, for example military and economic 
applications as well as lots of other practical applications. We give an example based on tennis data in which we 
use our new models, and the results obtained are compared to the results of this data set using other traditional 
paired comparisons models. 
 
KEYWORDS 
 
Discrete, paired comparisons, sport statistics, tennis, SL-model. 
 
1 Literature Review 
 
 The method of paired comparisons can be found all the way back to 1860, where Fechner made the first 
publication in this method, using it for his psychometric investigations (Fechner, G.T., 1860). Thurstone 
formalised the method by providing a mathematical background to it (Rao, P.V., Kupper, L.L., 1967) (Remage, 
R., Jr., Thompson, W.A., Jr 1966) (Reznikova, A.Ya., Shmerling, D.S., 1988) and in 1927 the method

(Thurstone, L.L., 
1927). 
 
 At first there were only continuous models for paired comparisons - discrete models are quite new. 
Litvine and Hilliard-Lomas were the first to introduce models for discrete populations in 1996 some being the 
poisson model, the poisson model (approximate algorithm of bayesian solution), the binomial-poisson model 
(bayesian solution) and the binomial-poisson model (maximum likelihood solution) (Litvine, I.N., Hilliard-
Lomas, J.L., 1996) (Litvine, I.N., 2004). 
 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 3320 -



 
 

2 

Before 1996, paired comparisons models for discrete distributions had not been successfully constructed. 
Continuous models were used on discrete data, in which case many assumptions that should have been met for 
using such models have been violated. These violations were simply overlooked (Hilliard-Lomas, J.L., 1999). 
 

The amount of research done for discrete models of paired comparisons is not a lot. This study develops 
four new discrete models, the General SL-model, the Binary SL-Model, the DDic01 Binary SL-Model and the 
DD01 Binary SL Model. Paired comparisons data processing in which objects have an upper limit to their scores 
was also not yet developed, and making such a model is one of the aims of this report. The SL-models were thus 
developed in this context; however, the models easily generalises to not necessarily having an upper limit on 
scores. 
 

We apply our model to real life tennis data, and compare these results to the official rankings, and also 
to rankings obtained using some of the other paired comparisons models. There are numerous other applications 
for our model, for example, economic and military applications, as well as many other practical applications. 
Our model can also be used to predict future scores. 
 
2 The S-Distributions, S-Experiment and Paired Comparisons S-Experiment 
 
 Suppose we have a series of Bernoulli trials. Each trial results in either a success or a failure. The 
probability of a success on any trial is p, and remains the same from trial to trial. The probability of a failure thus 
remains 1  p for each trial. The trials are independent. The experiment (S-exmperiment) carries on until the rth 
success or the sth failure, whichever occurs first. The random variable of interest is X, the number of successes 
minus the number of failures. We define the distribution of X as the S-distribution, denoted X ~ S(r, s, p).  
If X ~ S(r, s, p) then the probability density function of X is given by:  

  f(x)
r,...,2sr,1srxfor )p1(p

1r
1xr2

1rs,...,1s,sfor x)p1(p
1s

1xs2

xrr

sxs

 (1) 

 
 Suppose we have t objects (e.g. sports teams), A1, A2 t. Each Ai gets compared (competes) against 
each Aj dij times with S-experiments, with associated random variables Xij ~ S(rij, rji, pij   
(where a success is if Ai scores a point when competing with Aj, and a failure is if object j scores an point when 
competing with object i thus Xij = Xi|j  Xj|i where Xi|j is Ai j and Xj|i is Aj
score when competing against Ai.) This set of experiments form one larger experiment known as the Paired 
Comparisons S-Experiment with t objects. 
 
If Xij = Xi|j  Xj|i where Xi|j ~ TNB(rji, pji, rij) and Xj|i ~ TNB(rij, pij, rji), then Xij ~ S(rij, rji, pij), and Xji = Xj|i  Xi|j = 
 Xij ~ S(rji, rij, pji), where pij = 1  pji. 

 

X ~ TNB(r, p, s) (Truncated Negative Binomial) if Y ~ NB(r, p) and X 
s  Y ifs
s  Y ifY

. 

 
3.1 The General SL-Model 
 
 Suppose we have the Paired Comparisons S-experiment with t objects, A1, A2 t. Let )c(

ijx  be the 

value that Xij ij, let  
j iij

)c(
ij

)c(
ijj i

j iij
)c(

ijij)c(
j|i rr xifxr

rr xifr
x  i.e. )c(

j|ix is Ai
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score when competing against Aj in round c and let
ijd

1c

)c(
j|ij|i xx i.e. j|ix  is Ai

rounds it competed against Aj. We set 
2

pp
2
1

2
p1p

p jiji
ij  and to estimate the pi (weights of the 

objects) we use the maximum likelihood approach which leads to the following t equations in t unknowns: 

 
t

1j ij

i|j
t

1j ji

j|i

p1p
x

p1p
x

  (2) 

 
 Interesting symbolic results was obtained for special cases of the system of ML-equations of the SL-
model, but however not for the most general case. Interesting properties of the solutions were found numerically. 
 
 
3.2 The Binary SL-Model 
 
 Sometimes we may only want to take into account if a team won or lost in a game. For this case we have 
the binary SL-model, which works the same as the general SL-model, the only difference being that )c(

j|ix  takes 
on the value 1 if Ai beat (had higher score than) Aj in round c and 0 if Ai lost to Aj in round c. Thus 

ijd

1c

)c(
j|ij|i xx is the number of times Ai beat Aj. 

 
3.3 The DDic01 Binary SL-Model 
 
 The binary SL-model may not always lead to weights of objects which yield proper probabilities (by how 
we defined pij) which we will be required if we want to predict scores. The reason for this is, like in many other 
models for paired comparisons, the SL-model is sensitive towards having too many zeros in the data. A form of 
the SL-model to avoid this limitation is the DDic01 binary SL-model. 
 
 The doubled data if compared zeros become ones binary SL-model (DDic01 binary SL-model) works the 
same as the binary SL-model, just that firstly all the binary scores are doubled, and  then secondly if xi|j > 0 and 
xj|i = 0, we let xj|i = 1, i.e. if objects were compared (hence at least one of them will have a cumulative score 
greater than 0 (based on the definition of S-experiment)) and one of the objects have a cumulative score of 0, we 
replace it by 1. This is a common practice in the method of paired comparisons as various models do not work if 
an object did not score a single point against another object. 
 
3.4 The DD01 Binary SL-Model 
 
 We may find that the DDic01 binary SL-model also may lead to weights of objects which does not yield 
proper probabilities, thus we designed the DD01 binary SL-model. 
 
 The doubled data zeros become ones binary SL-model (DD01 binary SL-model) works the same as the 
binary SL-model, just that firstly all the binary scores are doubled, and  then secondly i|j = 0, we let 
xi|j = 1, i.e. if an object has a cumulative score against another object of 0, we replace it by 1 (weather objects 
were compared or not). 
 
4 Real Life Application of the SL-Model 
 
 Data was received from the 71 Tennis Tournaments about the top 20 rated tennis players for 2004. The 
weights using the four SL-models for the tennis players were calculated in Mathematica. The ranks were 
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obtained from these weights and were compared to the official ATP ranks using two measures of association, 
All tests 

indicated an association between the two sets of ranks. Some of the measures of association was reasonable, but 
e had four different models, and then went on an investigation was this was so. 

 
 We noted that the official rankings was also influenced by when the top twenty players played against 
other players not in the top twenty, which was not accounted for in our analysis. Another reason why our 
measures of association are not higher, is due to the method in which the official ranks are calculated which 
include letting some tournaments e.g. grand slams have higher influence on scores than other tournaments, 
choosing best 3 games from a tournament etc. We thus decided to compare the outcomes of the data our models 
with other models for paired comparisons.  
 
 T
of models showed evidence to say that there is association between all the ranks of the models. We also found 
that ranks obtained by SL-Models have quite a strong association with that of some of the other paired 
comparisons models. 
 
5 Conclusion 
  
 We have found a new model for Paired Comparisons for discrete data. Although it was designed for the 
case where the scores have an upper limit to them, the model easily generalised to the case where the scores do 
not have a set upper limit to them.  
 

An interesting property of our models is that the weights are shift invariant, but the data is scale 
invariant. A drawback in our models is that if the data contains too many zeros, then the weights cannot be 
shifted so that all the weights are between zero and one i.e. the difference of the biggest and the smallest weight 
is more than one, in which case, predictions cannot be made as not all probabilities pij = 

2
pp

2
1

2
p1p jiji  will be between zero and one in such cases. This occurs mostly in the binary SL-

model and sometimes in the DDic01 binary SL-model. 
 
 Our models showed high association with other PC models. A drawback of our model however is that the 
ML estimates we used for the weights of the objects may be local maximums. 
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Abstract  
  There are many closed multiple test methods with step-wise procedure for testing the difference 

between two population means, Three closed multiple test methods which were selected to used in this          

study are Hotelling’s T2 method, Bonferroni-Holm method and Westfall-Young bootstrap method since these 

methods have more power of the test than a single-step testing. Capacities of controlling type I error rate and 

their powers under multivariate lognormal distributions for both ranked data and non-ranked data were 

investigated with 3, 5 and 7 dependent variables; equal sample sizes 10, 40 and 70; equal correlation design 

matrix with correlation coefficient equal 0.0, 0.5 and 0.9; and level of significance (α ) is 0.05.  Monte Carlo 

simulation was performed and repeated 500 times for each scenario.  

 The results of this study are as follows: In most situations, Bonferroni-Holm method and Westfall-

Young bootstrap method are the best method for controlling the type I error rate for ranked data but Westfall-

Young bootstrap method is the best method for controlling the type I error rate for non-ranked data too. In 

addition, Hotelling’s T2 method has empirical type I error rate less than lower bound of the tolerance type I 

error rate controllable criterion. Sample size and correlation design matrix do not affect the capacity of 

controlling type I error rate but the number of dependent variables affect the capacity of controlling type I 

error rate.    

         Westfall-Young bootstrap method has the highest empirical power for almost every number of sample 

sizes, correlation coefficients and number of dependent variables used for both ranked and non-ranked data. 

but Hotelling’s T2 method has the highest empirical power when the correlation between dependent variables 

closes to zero and sample size greater than or equal 40 for ranked data. In addition, empirical power varies 

according to the number of dependent variables but varies inversely with the correlation coefficient under 

both ranked and non-ranked data. 
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Introduction  
 Multivariate statistical methods are the method can be applied in all fields which concerns in 

hypothesis test or parameter estimation. Most hypothesis test studies involve comparison of the differences 

between the means of more than one group, for comparison of the differences between the means of two 

groups may be the comparison between two treatment groups. For example, investigating some physiological 

changes of dairy bulls between the natural hair coat group and the hair coat clipped group, by consider rectal 

temperature, skin temperature, respiratory rate per minute and sweating rate per minute [1]. The aims of this 

study were to evaluate whether these two groups give the different result.  

 This particular problem is called “multiple testing” which is the comparison of the difference between  
two groups by consider the dependent variables simultaneously. Literature shows that closed testing methods 
for multiple tests with step-wise procedure have more power of the test than a single-step method. These 
methods can control the maximum experimentwise error rate (MEER) [2] and are available in some 
statistical packages, especially in SAS. Therefore the objective of this research is to compare the power of 
the test of closed testing methods for multiple tests of three step-wise procedures as follows: 
 1. Hotelling’s T2 method 

 2. Bonferroni-Holm method 

 3. Westfall-Young Bootstrap method 
 This study is a robust comparison of closed multiple test methods for population means under 
lognormal distribution, because the lognormal distribution is very well known which arises from 
transforming of the normal distribution by the exponential function, The lognormal distribution is skewness 
distribution and has found applications in many fields including the physical sciences, life sciences, social 
sciences, and economics.   
 
Closed Testing Methods for Multiple Tests 
 1. Hotelling’s T2 method  
 This method is the method for testing hypothesis by finding p-value for all single hypotheses and 
intersection hypotheses. For example, to test the means of three variables, we will have to find p-value of 
hypotheses  01 02 03 012 013 023 0123, , , , , ,H H H H H H H  then finding the critical bound, if the adjusted p-value is 
lower than α then we reject an individual hypothesis. [2] 
 2. Bonferroni-Holm method  
 To use this test, we need only to compare the minimum p-value of the individual component tests to 

*/ kα , where *k  is the number of components in the hypothesis and α is the desired MEER level, the 
hypothesis is rejected when *min /p kα≤ . Equivalently, we can reject the hypothesis when 

* mink p α× ≤ , so that * mink p× is the p-value for the composite test, in the same way that the 
Hotelling’s T2  test produces a p-value for the hypothesis. [2] 
 3. Westfall-Young Bootstrap method 
 This method is use bootstrap technique to find the adjusted p-value for data that has many variables.[3] 
  
Research Methodology  
 1. Finding the empirical type I error rate  
 Both ranked data and non-ranked data multivariate lognormal variables are constructed from 
multivariate normal variables by generating covariance matrix which equals to the correlation design matrix 
for 3, 5 and 7 dependent variables; equal sample sizes 10, 40 and 70; equal correlation design matrix with 
correlation coefficient equal 0.0, 0.5 and 0.9 
  Monte Carlo simulation was performed and repeated 500 times for each scenario by SAS version 
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8.1. After testing each null hypothesis and obtaining the p-value, the adjusted p-value was calculated at 0.05 

significant level. The empirical type I error rates were obtained by counting the number of false rejections of 

the multiple null hypotheses.  
 2. Testing the capacity of controlling type I error rate 
 We compare the type I error rate of each statistic by two sided z-test  A statistic is said to be type I 

error rate controllable at 0.05 significance level if the empirical type I error rate is between 0.031 and 0.069.    

 3. Finding the empirical power  

 Monte Carlo simulation was performed and repeated 500 times for each scenario as in step 2 by SAS 

version 8.1. The empirical powers were obtained by counting the number of true rejections of the multiple 

null hypotheses, by setting differences between two groups means equal 0.5. 
 4. Compare the empirical power 
 Consider all closed multiple test methods by comparing their empirical powers under various 

situations.  The best method is the one that has the highest empirical power for each scenario. 

 
Results and Conclusions 
 A robust comparison of three testing methods are investigated by considering their capacities of 
controlling the type I error rate and their empirical powers of the test. The best robust methods for testing the 
difference between two population means in each situation are shown in table 1 and 2.  We use the following 
abbreviation in table 1 and 2 : 

H     :   Hotelling’s T2 method 

B     :   Bonferroni-Holm method  

W    :   Westfall-Young bootstrap method    

 -     :   No-method  

 
Table 1 The best robust method in each situation for testing the capacity of controlling type I 
error rate in comparing the difference between two population means.   
 

Number of sample sizes Number of 
dependent 
variables 

Situation Correlation 
coefficient n = 10 n = 40 n = 70 

0.0 - W W 
0.5 W H,B,W B,W Non-ranked data 
0.9 W W W 
0.0 H H,B,W B,W 
0.5 - B,W H,B,W 

m = 3 

Ranked data 
0.9 H,B B,W B,W 
0.0 W W B,W 
0.5 W W W Non-ranked data 
0.9 W W W 
0.0 B,W B,W B,W 
0.5 B,W B,W W 

m = 5 

Ranked data 
0.9 B,W W B 
0.0 W W B,W 
0.5 W B,W W Non-ranked data 
0.9 - W W 
0.0 B,W B,W B,W 
0.5 B,W B,W B,W 

m = 7 

Ranked data 
0.9 B,W W W 
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Table 2 The best robust method in each situation for power of the test in comparing the 
difference between two population means.   
 

Number of sample sizes Number of 
dependent 
variables 

Situation Correlation 
coefficient n = 10 n = 40 n = 70 

0.0 W W H 
0.5 W W W Non-ranked data 
0.9 W W W 
0.0 B H H 
0.5 W W W 

m = 3 

Ranked data 
0.9 W W W 
0.0 W W W 
0.5 W W W Non-ranked data 
0.9 W W W 
0.0 B H H,B,W 
0.5 W W W 

m = 5 

Ranked data 
0.9 W W W 
0.0 W W W 
0.5 W W W Non-ranked data 
0.9 W W W 
0.0 B H H,B,W 
0.5 W W W 

m = 7 

Ranked data 
0.9 W W W 

   

  From table 1, In almost every situation Westfall-Young bootstrap method is the best method for 

controlling the type I error rate for both ranked data and non-ranked data, while Bonferroni-Holm method 

and Westfall-Young bootstrap method are the best method for controlling the type I error rate for ranked data. 

From table 2, In almost every situation Westfall-Young bootstrap method has the highest empirical power for 

both ranked and non-ranked data. Hotelling’s T2 method has the highest empirical power when the 

correlation between dependent variables closes to zero and sample size greater than or equal 40, while 

Bonferroni-Holm method has the highest empirical power when the correlation between dependent variables 

closes to zero and sample size equal 10 for ranked data.   

         From this study, we observed that in situation of rank data and there is no correlation between 

dependent variables, Hotelling’s T2 method is the best robust method when number of sample sizes is large 

(n ≥ 40) but when number of sample sizes is small (n=10) Bonferroni-Holm method is the best robust 

method for testing the difference between two population means.   
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Subtitle: Coefficient of variation in green manure experiments.

INTRODUCTION

The Coefficient of Variation (CV) is a very useful parameter to estimate experiment’s precision. A 
known CV can help establishing the correct sample size to obtain high statistical power and can be important 
during research designing. The coefficient of variation is a value ratio of the standard deviation related to the 
mean value [(s/x)*100, where “s” represents standard deviation, and “x” the mean]. The larger the CV 
computed for a variable, the greater the degree of variability on that variable. The numerical value 
represented by the CV is expressed in percentage, not in the units employed to measure the variable.

For the researcher, it is important to know when a CV value is considered low, medium, high or very 
high, so that it can evaluate the quality of the experiment (Judice et al., 2002) by the magnitude of the 
experimental error that it indicates, as the casual variability was controlled (Ostle, 1974).

The CV is extremely important for researchers who want to quantify the precision of their scientific 
work because this relative measurement of variation enables the comparison of different experiments 
involving the same variable. 

Rossi et al. (2005) evaluating coefficients of variation published in the agronomic area observed
great data variability in research works in vegetal homeopathy. In experiments with green manure, there is 
not a variability classification of experimental results. The CV classification criterion related to each variable 
could allow researchers to determine the accuracy of experiments results, and to compare their results with 
others from previous studies.

Based on this information, the objective of this study was to evaluate the distribution of coefficients 
of variation (CV) in studies involving green manures, and to classify it as low, medium, high and very high.

METHODOLOGY
This study evaluated 62 scientific articles found in the SCIELO database, published between 1999 

and 2006. From all evaluated articles, 40 presented the coefficient of variation. The coefficients of variation 
had been classified in accordance with the criterion proposed by Garcia1989, where the relation between 
mean and  standard deviation of CV values from various experiments is used according to the following 
form: low (CV < x - s); medium (x - s < CV  x + s); high (x + s < CV < x + 2s); very high (CV > x + 2s), 
where s is the square root of residual variance (or standard deviation of the CV) and x (average of the CV).

RESULTS AND DISCUSSION
Table 1 shows data about the coefficients of variation classification in accordance to the criterion 

proposed by Garcia, 1989, published between 1999 and 2006 at SCIELO database. It is observed a great
variation depending on the variable. For the parameter Relation between carbon and nitrogen (C/N) the CV
values can reach up to 146 % and for P in soil it can reach more than 215%.

Table 2 shows classification data of coefficients of variation found in green manure experiments at
Pólo Centro Sul APTA, Piracicaba, SP, Brazil. From all analyzed parameters, from a total of 30 CVs of 
experiments carried out in the Polo Centro Sul APTA, Piracicaba, 21 of them, or either 70%, were classified 
as low and middle class.

It is observed that for the parameter V % from data published in Informações Agronômicas 2005 that
it was classified as low and in the article published in Sciencia Agricola 2005 it was very high. This must be 
caused by the number of repetitions, which the former had six and the last one had only four.

Differences between treatments were not detected in experiments involving high CV values because 
of either the heterogeneity of experimental material or the method of conducting the research. Thus, 
researchers might consider using a larger repetition number if a greater variability is expected.
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The importance of realizing a classification is to improve the precision of experiments and the
maintenance of a high research studies quality.

Table 1 - Coefficient of variation classification for green manure studies.

Answer variable Experiment CV (%)

Number (n)
Very
Low Low Medium High

Very
high

Yield of plant 
rotation 36 <4.23 4.23<CV<10.31 10.31<CV<22.48 22.48<CV<28.56 >28.56
Yield green 
manure fresh 
matter 13 <1.14 1.14<CV<10.78 10.78<CV<30.05 30.05<CV<39.68 >39.68
Yield green 
manure dry 
matter 19 =0 0<CV<9.21 9.21<CV<31.95 31.95<CV<43.32 >43.32
Seeds of green 
manure 2 <1.47 1.47<CV<8.98 8.98<CV<23.99 23.99<CV<31.51 >31.51
N Plants derived 
from green 
manure 5 <4.43 4.43<CV<9.07 9.07<CV<18.33 18.33<CV<22.96 >22.96
R from green 
manure 2 <19.18 19.18<CV<21.36 21.36<CV<25.72 25.72<CV<27.90 >27.90
C/N in plants 6 =0 0<CV<0 0<CV<97.19 97.19<CV<146.47 >146.47
N contents in 
green manures 6 <4.16 4.16<CV<7.20 7.20<CV<13.27 13.27<CV<16.30 >16.30
P contents in 
green manures 12 =0 0<CV<9.94 9.94<CV<30.59 30.59<CV<40.92 >40.92
K contents in 
green manures 7 <6.24 6.24<CV<13.19 13.19<CV<27.08 27.08<CV<34.03 >34.03
Ca contents in 
green manures 12 <1.05 1.05<CV<8.90 8.90<CV<24.61 24.61<CV<32.46 >32.46
Mg contents in 
green manures 12 <8.07 8.07<CV<10.52 10.52<CV<15.41 15.41<CV<17.86 >17.86
Zn contents in 
green manures 2 <5.86 5.86<CV<11.01 11.01<CV<21.31 21.31<CV<26.46 >26.46

N soil 11 <2.64 2.64<CV<8.53 8.53<CV<20.32 20.32<CV<26.21 >26.21
N soil derived 
from green 
manure 2 =0 0<CV<8.05 8.05<CV<24.85 24.85<CV<33.26 >33.26
pH soil 5 <1.43 1.43<CV<3.38 3.38<CV<7.28 7.28<CV<9.23 >9.23
O.M. soil 3 <4.71 4.71<CV<7.94 7.94<CV<14.39 14.39<CV<17.62 >17.62
P soil 3 =0 0<CV<24.44 24.44<CV<152.15 152.15<CV<215.99 >215.99
K soil 3 =0 0<CV<11.46 11.46<CV<38.18 38.18<CV<51.55 >51.55
Ca soil 5 <1.40 1.40<CV<11.06 11.06<CV<30.36 30.36<CV<40.36 >40.36
Mg soil 5 <2.94 2.94<CV<12.02 12.02<CV<30.17 30.17<CV<39.24 >39.24
H+Al soil 3 <2.68 2.68<CV<10.78 10.78<CV<26.98 26.98<CV<35.08 >35.08
SB soil 3 =0 0<CV<7.15 7.15<CV<32.82 32.82<CV<45.65 >45.65
V% soil 4 =0 0<CV<9.35 9.35<CV<27.89 27.89<CV<37.10 >37.10

CV = Coefficient of variation
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Table 2. Coefficient of variation found in green manure experiments at Pólo Centro Sul, APTA, Piracicaba,
SP, Brazil.

Referentes Variable CV (%) Classes
Ambrosano et al. 2005 O. M. soil 8.84 Medium
Informações agronômicas 112, 2005 
p1-16. pH soil 3.39 Medium

P soil 29.94 Medium
 K soil 43.79 High
Ca soil 20.86 Medium
Mg soil 27.56 Medium
H + Al soil 11.83 Medium
SB soil 23.29 Medium
V % soil 7.22 Low

Ambrosano et al. 2005
Yield green manure fresh 
matter 24.29 Medium

III Congresso Brasileiro de 
Agroecologia CD-ROM, 2005, p1-4. Yield green manure dry matter 27.10 Medium

Seeds of green manure 28.58 High
Yield of plant rotation 
(sugarcane) 26.67 High

Ambrosano et al. 2005 pH soil 5.12 High
Sci.Agric.v.62,n6,p.534-542,2005 Ca soil 7.55 Medium

Mg soil 10.76 Medium
H + Al soil 20.77 High
SB soil 6.81 Medium
V % soil 22.52 Very high
Yield of plant rotation 
(sugarcane) 10.89 Medium
Ndff (green manure) in the 
sugarcane stalk 24.97 Very high
R% (green manure) in the 
sugarcane stalk 21.34 Low

Ambrosano 2007 
Original data not publishes

Yield green manure dry 
matter 5.07 Low
N soil 7.70 Low
N contents (green manure) 8.24 Medium
P contents (green manure) 21.54 Medium
K contents (green manure) 29.33 High
Ca contents (green manure) 21.32 Medium
Mg contents (green manure) 10.11 Low
Zn contents (green manure) 32.24 Very high

CV = Coefficient of variation

CONCLUSION
In spite of the importance that the measures of dispersion or variability represent for a scientific 

work, it was observed little concern of researchers regarding this, only 65% of the analyzed works presented 
some of these data. 
The bands of classification presented by the present study demonstrate that the researcher must be intent to 
the experimental design, therefore the same variable can have distributions of distinct coefficient of variation 
depending on the conditions of the experiment. The coefficients of variation classification proposal will be 
able to guide green manure researchers with relation to the results found in its experiments. The presentation 
of the coefficients of variation average found by other authors will serve as references for future studies.
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ABSTRACT

Understanding when a Coefficient of Variation (CV) value is considered low, medium, high or very high is
important to evaluate the quality of the experiment by means of the magnitude of the experimental error that
it indicates. The CV calculation is extremely important for researchers who want to quantify the precision of
their scientific work because this relative measurement of variation enables the comparison of different
experiments involving the same variable. The objective of this study was to evaluate the distribution of the
coefficients of variation (CV) of studies involving green manures, and to classify it as low, medium, high
and very high. This study evaluated 62 scientific articles published between 1999 and 2006 at SCIELO
database. The coefficients of variation were classified (Garcia, 1989) in accordance to the studied variable,
number of treatments and experimental design, defining the coefficients average, standard error ( =0.05) and 
frequency classrooms. The data were proposals as bands of classification of CV for each studied parameter.
With the definitive classification the experiments lead in the APTA can be evaluated. It was observed that
the experiments lead in APTA had 70% of CVs in the class of low and medium. With this classification
levels proposed for the CV values the researchers will be able to verify the precision of their experiment and
the results interpretation facilitated.

Key Words: variability, green manure, coefficient of variation, 
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Edificio Politécnico, Avenida Camilo José Cela, s/n
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Introduction

The aim of this paper is to obtain experimental designs for estimating the parameters of the
models described in ICRP (1997), referred to the retention of radioactive particles in the human body.
The best designs will be made for the estimation of the parameters and different hypothesis tests will
be made for the parameters. The framework will be a situation of an accident in facilities where there
are workers handling radioactive materials.

The model that describes this phenomenon is obtained from compartmental models. In this
paper the model of the retention in the lungs is considered. This model is given by a large combination
of ratios of exponential sums depending on time. Let the model be

y = µ(x, θ) + ε, x ∈ X,

where X is the design space, θ represents the vector of unknown parameters, and ε denotes the random
error that is assumed normally distributed with mean 0 and constant variance σ2.

An optimal design experiment will look for the best times for making bioassays. The Fisher’s
information matrix is a basic tool in optimal experimental design because it is (asymptotically) pro-
portional to the inverse of the covariance matrix of the estimates of the parameters. Hence different
criteria may be considered depending on the way to minimize this matrix.

In this work only a worker is assumed to be at the place of the accident, so the samples taken from
the worker would be correlated. Furthermore the achievement of simultaneous proofs is impossible
because a minimum period between consecutive samples is necessary.

Due to the detection method and the necessary time to prepare the worker and the facilities
where samples will be taken, the first bioassay could not be taken before 12 hours after the accident.
These and other considerations have been revised in previous works (López-Fidalgo et al, 2005). Here
the first observation is justified to be taken at instant t = 0.5 (t in days).

In this work designs with support in more than two points are proposed. This will reduce the
uncertainty in the estimation of the parameters of the model. The choice of a suitable model will
depend on temporary, physiological and even economic factors. The new designs have been calculated
thanks to the performance of an efficient code. This code obtains the outcomes in a reasonable time.
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Optimal designs

The model considered here shows the lung retention of Uranium particles. It is a nonlinear
model given by a sum of exponential terms of the form:

r η (t, p) = r
∑

i

γie
αip+βit.

In the model we have 2 parameters: “r”, that is the initial amount of radioactive absorbed
material, and “p”, relative to the size, form, density, etc of the radioactive particles. The information
matrix will depend on the nonlinear parameter p, so an initial value is necessary. The values of p are
between 0 and 10 units. We take p0 = 5 as nominal value. It have been proved that the optimal
designs calculated with this initial value are very robust in relation to the choice of p0. The parameter
r is linear in the model and so it does not have influence in the computations of the optimal designs.
We will take r0 = 1000 both for practical reasons and based in the experience.

The criteria considered are D-optimality and c-optimality. With c-optimality the vectors used in
this work will be c1 = (1, 0) to minimize the variance of the estimate of the parameter r and c2 = (0, 1)
to minimize the variance of the estimate of the parameter p.

The observations will be taken at the same subject, therefore there will be correlation between
them. The shorter is the time between observations the higher is the correlation between them.

The outcomes obtained show that there is a jump at the moment to take the second observation
in the c-optimal designs and the D-optimal designs up to 5 trials. D-optimal designs with more than
5 observations place the second sample about the fifth day and the jump arises in the third bioassay.
Consequently, doing a large number of samples at the beginning is wrong and it is better to make the
bioassays after a number of days.

Efficiencies

In this section a study about the efficiencies of the designs obtained in Section 2 will be made.
Two types of analysis will be provided, one from a point of view of sensitivity and other one from a
point of view of estimation.

In the case of sensitivity analysis of the designs the efficiencies of the D-optimal designs are
calculated for different values of p. This parameter is the nonlinear parameter in the model and
therefore its choice has influence on the optimum design. The outcomes show that the choice of p in
Section 2 offers a high efficiency with respect to D-optimal designs for the other values of p.

The D-optimal designs are compared with the c-optimal designs calculated in the previous
section in order to analyze the efficiencies of the D-optimal designs to estimate each coefficient. The
c1-optimum design minimizes the variance of the estimate of r and the c2-optimum design minimizes
the variance of the estimate of p. The comparison of the D-optimal designs with the c-optimal
designs shows the efficiency of the D-optimal designs to estimate the parameters of the model. The
outcomes show that the D-optimal designs calculated in the Section 2 have a high efficiency to estimate
parameters r and p.

Likelihood ratio test

In this section a hypothesis test for the parameter r will be made, taking r0 as the nominal value
that is assumed in Section 2 and r1 as the true value. This value will be used to do the simulations
and to calculate the power of the test. The test is given by:

H0 : r = r0,

H1 : r 6= r0.
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To develop this test the likelihood ratio test is used. The aim is to study the power function of
the test for different values of r. In this process the values utilized are simulations of the theoretical
values obtained with the optimal times.

The statistic used is defined by λ = `(Ω0)
`(Ω) , where ` (Ω0) is the upper extreme of the likelihood

function when the null hypothesis is assumed true. On the other hand ` (Ω) is the upper extreme of
the likelihood function depending on the values of r and p. Thus, the expression of λ is given by

λ =
supp f (y1, . . . , yn|r = 1000, p)

supr,p f (y1, . . . , ym|r, p)
,

where f is the probability density function (pdf) of a multivariate normal distribution. The values of
r and p where the supreme is reached in each case will be the maximum likelihood estimates. Thus
in every simulation it is necessary to obtain the maximum likelihood estimates of r and p. The pdf is
given by

f(y1, . . . , yn|r, p) = b exp
(
−1

2
(Y − rη(X, p))T Σ−1(Y − rη(X, p))

)
,

where b is a constant that does not interfere in the computations, Y is the vector of the simulated
observations and X is the vector of the optimal values of the design.

Under very general conditions it is satisfied that −2 ln (λ) is asymptotically distributed as a chi-
squared distribution whose degrees of freedom are the difference between the number of parameters
to be estimated and the number of unknown parameters under the null hypothesis.

The test power for a single worker is rather low. For example, if n = 2, r0 = 1000 and the typical
significant level α = 0.05 is considered the test power for a real value r1 = 900 will be π(900) = 0.04.
This is because the approximation on the distribution of λ is valid for ”big” samples, while in our
case the optimal designs don’t have more than seven observations. To solve this problem the size of
sample N is increased taking replications of the simulations, that is, instead of having a single worker
affected by radioactive particles, it is assumed that it is possible to take samples on several workers.

The outcomes obtained show that the number of replications that is necessary to reach a high
value of the power function is lower for three point-designs than for two point–designs. In the case of
three point–designs a higher number of total observations is necessary. This is due to the fact that
the observations taken on the same worker are correlated and therefore they do not provide the same
information than the observations taken on several workers.

As a consequence it is better to fix the number of samples on each worker to obtain a high test
power only when the number of replications that could be taken is known.
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ABSTRACT

The model that describes the retention in the lungs of the radioisotope particles will be studied.
The framework is a situation of an accident in facilities that handle radioactive materials. Optimal
times to make the bioassays are calculated. The criteria used are D-optimality and c-optimality.

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 3335 -



Efficiencies for the computed designs are provided and compared. Moreover, the test power is calculated
by means of simulations and replications. Then the inverse of the Fisher information matrix will be
compared with an estimation of the covariance matrix of the parameters.
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Introduction

In the past few decades Response Surface Methodology (RSM) has been largely applied in order to
improve the Taguchi’s approach, above all considering the concept of a robust design and the two-
step procedure (dual approach). At the beginning the dual approach has been faced by RSM and by
Generalized Linear Models (GLMs), as in Nelder and Lee (1991); nevertheless the sequential nature of
the RSM method, experimental design-statistical model, has been undoubtedly an advantage for the
application of RSM methodology, Myers et alt.(2004), Vining and Myers (1990). In order to improve
both the two-step procedure and the robust approach, Combined Array (CA), see Myers Khuri and
Vining (1992), is a further valid alternative.
A further issue is the consideration of more response variables. In this case, the main practical problem
faced by the researcher rises during the optimization process, because it is practically unfeasible to
reach a simultaneous ideal optimum. With this spirit many authors, starting from the methods
suggested by Derringer and Suich (1980) and Khuri and Conlon (1981), have proposed methods to
synthetize and to optimize the responses, such as Ames et alt. (1997), Del Castillo et alt. (1998), and
Kros and Mastrangelo (2001). In addition, a further issue rises when we consider the multiresponse
case and the dual approach, see Romano et alt.(2004). In this case, optimization must take care of
a double aspect: the simultaneous optimization of several variables joint with the consideration of
two surfaces, according to the primary and secondary response values linked to the problem of robust
design.
In this paper we compare different measures suggested in literature, such as Berni and Gonnelli
(2006), Lin and Tu (1995), at improving the precision in the measurements of a numerical control
machine (N/C machine) by applying RSM in the multiresponse case, in reference to the problems
outlined previously. As shown in the following, the problem is studied in the orthodontic field and the
measurements are analyzed for a generical dental implant.
The paper is structured as follows: the second section is about experimental data; the third section
describes the theory on the optimization procedures; the fourth section shows the results, concluding
remarks are outlined in the final section.
Experimental data

As mentioned before, the aim of planning is the improvement of the precision in measurements of a
N/C machine. The machine works by a feeler pin and the considered piece is a dental implant. The
response variables are four quantitative variables Yi, i = 1, .., I related to the different positioning of
the feeler pin on the piece and to the NTB case; the Yi are (target values between brackets): the
half-angle cone (τ1 : 1.50mm;), the maximum circle diameter (τ2 : 3.00mm;), the minimum circle
diameter (τ3 : 2.79mm;), the neck outside circle diameter (τ4 : 4.10mm.)
There are many factors involved in the process of measurements, at different levels of importance;
considering the different roles of the experimental factors when a robust design approach is evaluated,
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our situation presents three different kinds of factors: noise factors which are controllable and measur-
able; control factors linked to the measurement process; noise factors which are not measurable but
which must be kept under control to ensure the correct functioning of the N/C machine.
Regarding these three sets of factors, our aim is to perform a robust design taking care of the specific
location of the machine. In fact this machine is located in a proper room, where the room temperature
may be controlled and where is possible to maintain some variables under control, such as vibrations,
shoves and dust. These last three sources of variability must be kept under control at every mea-
surement session without contemplating the possibility to insert them into the experimental design.
The set of noise factors controllable and measurable is formed by the room temperature (A) and the
machine temperature; the first factor is inserted in the design. The inner variables involved in the plan
are: iteration number (C), drift speed (B) and measurement speed (D). It is important to point out
the role of the room temperature in this planning. In fact, its relevance on the measurement process is
evident. Therefore, considering the possibility to control this effect in the proper room where the N/C
machine is placed, the room temperature may be evaluated as a control factor instead of a noise factor.
In addition, we underline the particular experimental situation planned. In fact, the experiment is
performed with three replicates to improve the problem tied to the positioning of the piece on the
clamp. We apply a 34−1

IV fractional factorial design with word generator: I = AB2C2D. We point out
the only one confounding situation involving two first order interaction effects: BC = AD. In this
case the BC interaction can be supposed negligible, while the AD interaction could result relevant
during the analysis because temperature may influence the measurement speed, according to a robust
design approach.
Theory: the optimization measures

We briefly describe some elements of the RSM theory relevant for this paper. We define the set
of control factors, which influence the measurement process: [x1, .., xj , .., xk]; and the set of noise
variables: [z1, .., zl, .., zh]. Following the theory previously outlined in the introduction, the generic
model for the i response can be written as:

Yi(x, z) = βi0 + x
′
βi + x

′
Bix + z

′
δi + z

′
∆iz + x

′
Λiz + εit i = 1, .., I; t = 1, .., T(1)

where x is the vector for the control variables, z is the vector for the noise variables; βi, B, δi, ∆i, and
Λi are vectors and matrix of the model parameters, εij ∼ iidN(0, σ2

i ) is the random error, Λi is a [kxh]
matrix which plays an important role for the robust design approach since it contains the parameters
of the control x noise interaction effects.
We suggest one measure as alternative to the methods mentioned previously. This function is obtained
by considering the dual approach theory and the concept of performance measure as defined in Taguchi
and subsequently improved in Leon et alt.(1987). In this case, the experimental situation takes care
of a multiplicative relation between mean and variance. The risk function can be expressed as follows:

R(x, z) = (µ− τ)2 + f(µ(x))σ2(2)

where f(µ(x)) is in this case equal to E(Ŷ ); therefore we assume the function f equal to the identity
function and σ2 is defined as: σ̂2 = E(Ŷ − E(Ŷ ))2 = var(Ŷ ).
The obtained final expression (for details see Berni and Gonnelli, 2006) is:

Pm = σ̂2(−σ̂2/4 + τ)(3)

The global function to minimize is the following, where we evaluate the weights and the multiresponse
case:

MIN
∑

i

wiPm,i conditionally on :
∑

i

wi = 1; i = 1, .., I(4)
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Table 1: Simultaneous optimization results

Results measure(4); case (i) measure(4); case (ii) measure(6)
τ̂i τ̂2 = 2.99; τ̂3 = 2.78;

τ̂4 = 4.06
τ̂2 = 3.00; τ̂3 = 2.79; τ̂4 = 4.10 τ̂1 = 1.48; τ̂2 = 2.99; τ̂3 = 2.79;

τ̂4 = 4.08
Best trial A=1; B=1; C=-1; D=1 A=0; B=1; C=1; D=.50 A=.45; B=1; C=1; D=1
Weights w2 = .3e− 6; w3 = .99;

w4 = .7e− 6
w2 = −5.30e − 9; w3 ≈ 1.00;
w4 = −5.30e− 9

no wt.

of; ‖x‖∞; |H| 6.51; 1.2e-4; > 10e− 8 −8.8e3; -0.32; > 10e8 < 6.0e− 10; 8.0e-11; > 1.2e− 6

with τLi ≤ τi ≤ τUi and −1 ≤ xj ≤ +1, where i is for the response variable and m for the multiplicative
case. In the application we apply the formula (4) with two different situations:(i) weights selected a
priori; (ii) insertion of the weights in the optimization procedure as parameters in (0, 1) with constraint
of formula (4).
The other optimization approaches

The optimization shown previously is compared with the method explained in Lin and Tu (1995).
However, in literature many authors suggested different measures to consider both the dual approach
and the multiple response case. The method proposed by Lin and Tu (1995) for the NTB case takes
into account two surfaces, one for mean and one for dispersion. The measure evaluates simultaneously
the deviation from the target value and the dispersion model, as in the following:

δ2
µ + δ2

σ = (ŷµ(x, z)− τ)2 + ŷ2
σ(x, z)(5)

this measure must be minimized to perform the dual approach for only one response variable; the
natural extension for more response variables could be:∑

i

∆i = δ2
µi

+ δ2
σi

; i = 1, ..., I(6)

The expression (6) may be computed also considering global weights for each Yi, as in our application.
In Tang and Xu (2002) weights are defined for the dual approach, one for mean and one for dispersion.
In the following section, the formula (6) is applied taking also into account of the weighting for each
∆i.

Results

Table (1) shows the results about these approaches. We evaluate these results by the objective func-
tion value (of), the infinity norm of the gradient (‖x‖∞), the determinant of the Hessian matrix (|H|).
We have also checked the max-step, a specified limit for the step length of the line search algorithm,
during the first n iterations. The optimization measure (4) is applied considering case (i) and case
(ii); in addition, in case (i) factor B and C are involved in the model as covariates. Results are very
satisfactory for the case (ii) where target values are perfectly achieved and temperature (A) has a
good level. However, case (i) presents a better objective function value but temperature is at high
level.
The measure (6) is applied with and without weights. In table (1) we show only this last case. In this
context we evaluate all the Yi, while in the previous case Y1 was not relevant. Targets are not perfectly
reached, but τ3; at the same time, temperature achieves a good level and the factor D, the measure-
ment speed, results at high level, as in measure (4), case (i). We must point out that the application
of measure (6) with weights has achieved better results for the target values in comparison with the
same measure without weights, but the reached levels of factor A and D are not so satisfactory.
In general diagnostic measures are sufficiently good.
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Concluding remarks

This work evaluates the problem of simultaneous optimization in the multiresponse case. A com-
parison between measures is undertaken considering the joint problems of dual approach and robust
design. The applied measures give satisfactory results, both in terms of the achieved target values
and of the optimal trial; in two cases, factor D gains the high level; considering the achieved target
values, the best result is obtained by case (ii). However, further improvements can be conducted in
order to confirm the relevance of the suggested measures.
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RÉSUMÉ (ABSTRACT)

Cet article traite d’optimisation dans un cas de réponse multiple à partir d’une comparaison
entre différentes mesures dont fait état la littérature scientifique. Nous nous sommes en particulier
concentrés sur différentes méthodes fondées sur l’utilisation de la méthodologie des surfaces de réponse
en association avec l’approche duelle et le cas de réponse multiple. Ces méthodes sont comparées sur
la base de la planification expérimentale d’une machine à commande numérique, et notre objectif final
est d’améliorer l’exactitude de mesure de la machine. En substance, ce travail affronte trois questions:
les méthodes d’optimisation en présence de plusieurs variables de réponse (considérant également,
en appliquant une méthode proposée par l’auteur, le problème inhérent de la pondération en fonction
de l’importance réelle des différents résultats); l’approche duelle dans le cas de Nominal-the-Best;
l’analyse de cette conception robuste.
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In several areas of study, experiments are conducted to compare some treatment factors of
interest. However, often there are one or more nuisance factors which can also affect the response
in the experiment. In such situations, a statistical design is used where the nuisance factors are
used as blocking factors. Often, there may be one blocking factor within which two other blocking
factors may form a nested pattern. Block designs with nested rows and columns are useful in these
situations as it is desired to eliminate two sources of variation, called rows and columns, within each
block of a block design. These designs had initially been developed for experiments in agriculture,
but subsequently, they are being used in many other areas, e.g., in experiments in industry, biological
sciences, environmental science and other areas.

In this paper we consider such a situation where there is one nesting factor A (with b levels) and
two nested factors B (with p levels) and C (with q levels) for each level of B. Thus, corresponding to
the combination {i, j, k} , i = 1, 2, . . . , b; j = 1, 2, . . . , p; k = 1, 2, . . . q, there is only one experimental
unit. Further to these ‘blocking’ factors there is a treatment factor whose differential effect is to be
studied in this design set-up. A nested row-column design is one which allocates the treatments to
the units in this set-up. Nested row-column varietal designs have received considerable attention and
Chang and Notz(1994), Morgan and Uddin (1993) have interesting results in this context.

Sometimes, instead of a single treatment factor, the experiment is such that each time a combina-
tion of several treatments is applied to an experimental unit. So, instead of using a varietal experiment,
one has to use a factorial experiment. Optimal fractional factorial plans are of considerable recent
interest due to their wide applicability in many diverse fields, notably in the context of industrial
experimentation and quality improvement work. In a nested row-column design as considered here,
factorial experiments were first studied by Gupta(1994) who gave constructions of symmetric factorial
experiments in nested row-column designs. These designs were of somewhat large size as both the row
and column sizes were multiples of the number of levels of the factors. The case when the row and
column sizes are smaller than the levels of the factors is interesting and this was considered by Morgan
and Uddin (1996). For such designs they showed that a certain class of designs is universally optimal
under a main effects model and they also provided some methods of construction of these designs.
However, in their designs the number of levels of the factors is large. Consequently, the designs of
Morgan and Uddin (1996) cannot be used in the practically common situations where the factors have
only two or three levels.

In this paper, we address this problem and consider the situation where the number of levels of
each factor is small. Moreover, since designs of large size are not practically useful, we study designs
where both row and column sizes are small, and smaller or at least as large as the levels of the factors
used. We obtain optimal main effect plans for such situations. We also give the construction method
of these optimal designs.

Preliminaries and notation

Consider a nested row-column set-up with b levels of the nesting factor and two nested factors
with levels p and q respectively. Thus the design may be looked upon as consisting of b blocks, each
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block being laid out as a p × q array, b ≥ 2. Without loss of generality, we assume that 2 ≤ p ≤ q.
Further, suppose that there are n treatment factors F1, F2, . . . , Fn with the ith factor having si ≥ 2
levels, 1 ≤ i ≤ m, and a factorial experiment with these n factors is to be conducted in the above nested
row-column design. For this factorial experiment, let a typical treatment combination be denoted by
(j1, . . . , jn) where 0 ≤ ji ≤ si − 1, 1 ≤ i ≤ n. Let τi = (τi0, . . . , τi,si−1) be the vector of fixed effects
corresponding to the levels of Fu, 1 ≤ u ≤ n and let τ = (τ ′1, τ ′2, . . . τ ′n)′ Let D(b, k, s1 × . . . × sn)
denote the class of all fractions of this s1 × . . . × sn factorial experiment laid out in a block design
in b(≥ 2) blocks, each of size k(≥ 2). We assume an additive, fixed effects, main effects model with
homoscedastic and uncorrelated errors.

Let D(b, k, v) denote the class of all connected block designs with v treatments in b blocks,
each of size k. For the above nested row-column design set-up, let Ω(b, p, q, v) denote the class of all
connected varietal designs with v treatments and Ω(b, p, q, s1 × . . . × sn) be the class of all fractions
of the s1 × . . .× sn factorial designs. We adopt the usual fixed effects nested linear model with main
effects with homoscedastic and uncorrelated observational errors. For a design d, let Cd denote the
usual C−matrix, i.e., the coefficient matrix of the reduced normal equations for treatment effects in
d.

Optimal block designs with nested rows and columns

In this section, we obtain main effect plans in block designs with nested rows and columns which
are optimal for the main effects. For the sake of brevity, we only state our main results without proof
and illustrate the use of these Theorems in constructing the examples in the next section.

The following Lemma is a generalisation of Theorem 1 of Mukerjee et al.(2001) and we state it
below as it is needed to state our Theorems below. For proof of this theorem we refer to Bose and
Bagchi (2007).

Lemma Suppose there exists a plan d∗ ∈ D(b, k, s1×. . .×sm) satisfying the following conditions:
(ai) The bk treatment combinations in d∗ written as rows form an orthogonal array of strength two;
(aii) for every i 6= j, 1 ≤ i, j ≤ m, Nid∗(Njd∗)T has all elements equal; (b) for 1 ≤ i ≤ m, Nid∗ is
the incidence matrix of a block design that is φi-optimal over D(b, k, si). Then d∗ is φi-optimal for
inference on τi, 1 ≤ i ≤ m.

Theorem 1. Consider a class Ω of block designs with nested rows and columns and a class of block
designs D such that for each d ∈ Ω, there is a d̃ ∈ D whose incidence matrix is the same as the
treatment versus column incidence matrix of d. Suppose d̃∗ is φ-optimal over D for inference on a
set η (not necessarily the complete set) of mutually orthonormal treatment contrasts for some non-
increasing optimality criterion φ(·). Then d∗ is also φ-optimal over Ω for inference on the same set η.

Theorem 2. If there exists a block design for a main effect plan d̃∗ ∈ D(b, p, s1 × · · · × sn) satisfying

the conditions (ai, aii) of Lemma 1, then there exists a block design with nested rows and columns
d∗ ∈ Ω(b∗ = b/t∗, p, q = tp, s1× · · · × sn) for the main effect plan, where t ≥ 1 is an integer and t∗ = t

if t divides b and is equal to 1, otherwise. Furthermore, if d̃∗ satisfies condition (b), then d∗ is φi−
optimal for inference on τi, 1 ≤ i ≤ n.

Examples of optimal plans

In the following two examples, we show two factorial block designs with nested rows and columns.
Both are small in size and also optimal for all the treatment factors.

Example 1 An experiment to compare main effects of 5 treatment factors, 4 of them at 4 levels
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each and one treatment factor at 3 levels. We use one blocking factor with 12 levels and within each
block, two nested factors with only 2 and 4 levels,respectively. Using Theorems 1 and 2, we can
construct the following design d ∈ Ω(12, 2, 4, 44 × 3) which will be universally optimal for inference
on the main effect of each of the 5 treatment factors. Thus, this design has small size and it is also
optimal.

To save space, only the first two blocks of d are shown below for illustration:

Column1 Column2 Column3 Column4
Block 1 Row1 00000 11111 aaaa0 bbbb2

Row2 11111 00000 bbbb2 aaaa0

Column1 Column2 Column3 Column4
Block 2 Row1 01ab0 10ba1 ab010 ba102

Row2 10ba1 01ab0 ba102 ab010

Example 2 An experiment to compare main effects of 5 treatment factors, all of them at 3
levels. We use one blocking factor with 9 levels and within each block, two nested factors with only 2
and 3 levels,respectively. Applying the above Theorems, we can construct the following design d which
will be universally optimal in Ω(9, 2, 3, 35) for inference on the main effects of each of the 5 treatment
factors. We only display two blocks of d. Again, this design is small in size and also optimal.

Column1 Column2 Column3
Block1 Row1 00000 11111 22222

Row2 11111 22222 00000

Block2 Row1 01110 12221 20002
Row2 12221 20002 01110

Several such designs as above can be constructed using the theorems in the previous section for
various parameter combinations. These designs will all be small in size and optimal for main effects.
So, these will be useful to the practitioners for their experiments.
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RÉSUMÉ (ABSTRACT)

In many experimental situations, e.g., in agricultural, industrial or environmental applications
of experimental designs, factors other than the treatment factor may occur in a nested pattern. With
only one such nested blocking factor, nested block designs are used and the optimality properties of such
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designs have been well studied. When it is desired to eliminate two sources of variation within each
block of a block design, two nested blocking factors are used and then block designs with nested rows
and columns are useful. A commonly occurring situation is one where the treatments are combinations
of several treatments and a factorial experiment has to be used. Factorial experiments been studied in
the literature in the context of nested row-column designs, but the available designs may not always
be practically useful because of their large size. In this paper we try to reduce the experiment size by
studying fractional factorials in nested row-column designs. We obtain optimal main effect plans for
these nested row-column designs where the number of levels of the factors is small and the row and
column sizes are also small. Some examples of these designs are given. These designs will be useful
to the practitioner as they are small in size while being optimal for the estimation of main effects of
treatment factors.
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ABSTRACT

Design of experiment with related factors can be implemented by using the technique of sliding levels.
Taguchi (1987) proposed an analysis strategy by re-centering and re-scaling the slid factors. Hamada
and Wu (1995) showed via counter examples that in many cases the interactions cannot be completely
eliminated by Taguchis strategy. They proposed an alternative method in which the slid factors
are modeled by nested effects. In this work we show the inadequacy of both methods when the
objective is response prediction. We propose an analysis method based on a response surface model,
and demonstrate its superiority for prediction. We also study the relationships between these three
modeling strategies.

Keywords. Irregular experimental region; nested effect, re-centering and re-scaling; response predic-
tion, response surface modeling, robust parameter design.
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1. Introdution 

Fisher (1935) observes that the design of experiment can be considered as the association of two 
independent structures: one related to the questions of interest to be answered through the experiment, called 
"treatment structure", and the other regarding to the classification of the experimental units according to its 
characteristics, that he calls "topographical". He points out the importance of the correct consideration of the 
structure of the experiment, emphasizing that it should determine the statistical procedures for inference, 
particularly the valid estimates of the experimental error. 

This concept of experimental design has been considered by several authors (Nelder, 1965a,b; Brien, 
1983; Mead and Curnow, 1983, and Piepho, Büchse and Emrich, 2003; Brien and Bailey, 2006). However, 
fundamental concepts, such as the ones of experimental factor, experimental material, experimental unit and 
experimental error, have not been explaining clearly and are presented in the literature in an imprecise and 
incomplete way. Particularly, the distinction between treatment factor and intrinsic factor suggested by Cox 
(1958) has usually been ignored. These facts have important consequences for the inferences. 

Silva (1997, 1999, 2005) proposes a conceptual and methodological base for the experimental research 
founded in a revision of the concepts presented in the literature and a reformulation of some of these 
concepts. The objective of this paper is the presentation of a rational procedure for the generation of the 
experimental design. 

2. Conceptual and methodological base 

The experiment is a research method for inferences regarding causal relationships among 
characteristics of the units of a objective population, that is, relationships between a subset of characteristics 
that express the performance of the units (response characteristics) and a subset of characteristics that 
supposedly affect those characteristics (explanatory characteristics or experimental factors), in the presence 
of the other characteristics of the units (nuisance characteristics). 

The definition of these three classes of characteristics is established by the scientific problem and the 
scientific hypothesis, that jointly determine the objectives of the experiment. The attainment of these 
objectives depends on the correction and coherence of the sequential process of the experiment, that is: 
objectives of the experiment → planning of the experiment → structure of the experiment → statistical 
model → procedures of statistical inference. 

These three classes of characteristics that are present in the sample compose the experimental material. 
The smallest fraction of the experimental material where a response characteristic is measured is the 
observation unit. The variation of the values of a response characteristic measured in the observation units 
has two origins: explanatory characteristics and nuisance characteristics. The confounding of the effects of 
these two origins constitutes the global experimental error. The resource for the reduction of this 
confounding and to turn it unbiased is the experimental control, provided by experimental techniques, local 
control, statistical control and randomization.. 

The planning of the experiment defines these three classes of characteristics and the relationships 
among the explanatory characteristics, among the nuisance characteristics and between these two classes of 
characteristics, that have implications for the effects manifested by the response characteristics. These 
relationships are denominated experimental conditions structure, unit structure and experiment structure or 
experiment design. 
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The structure of the experimental conditions should be established in consonance with the objectives 
of the experiment, while the unit structure is elaborated according to the possibilities of experimental 
material. Figure 1 illustrates the implicative relationships of the objectives of the experiment for the structure 
of the experimental conditions and of the availability of experimental material for the unit structure, and the 
generation of the experimental design by the association of these two structures. 

 

Figure 1. Diagram that illustrates the generation of the experimental design. 
The planning of the experimental conditions comprises the choices of the explanatory characteristics or 

experimental factors, of the levels of these factors and of the combinations of these levels. The structure of 
the experimental conditions can comprise one or more factors. In the first case, the structure is denominated 
unifatorial; in the second, factorial. A factorial structure can comprise just crossed or nested relationships of 
factors, or both crossing and nested relationships. In these three alternative situations the structure is called 
crossed, hierarchical or mixed, respectively. The manifestation of the levels of an experimental factor in the 
units of the sample can be controlled by the researcher or be inherent to the units. In the first case, the factor 
is called treatment factor; in the second, intrinsic factor. 

2.2. Planning of the unit structure 

The planning of the units consists, essentially, of the choice of the observation unit and of the 
consideration of the structuring of these units originated from classifications imposed by the local control 
and from relevant classifications of other origins, natural or convenient. Each one of these classifications 
corresponds to a nuisance characteristic that constitutes an unit factor. The variation among the levels of an 
unit factor is a component of the global experimental error. The relationships of unit factors and the unit 
structures are of the same kind as those of the experimental factors and the structures of experimental 
conditions. 

2.3. Planning of the experimental structure 

The structure of the experimental conditions and the unit structure are associated by the randomization 
in the attribution of the levels of the treatment factors to the observation units and by the manifestation of the 
levels of the intrinsic factors in those units. This structural relationship constitutes the structure of the 
experiment or experimental design. Thus, the randomization establishes a correspondence between the levels 
of the experimental factors and the levels of the unit factors. The levels of an unit factor are the experimental 
units for the experimental factor that is associated with it in the experimental structure. 

The structure of the experiment comprises relationships of experimental factors that are not present in 
the structure of the experimental conditions and in the unit structure. These relationships can be crossed, 
nested and of aliasing or equivalence. An equivalence relationship happens in the two following 
circumstances: a) when there is an intrinsic experimental factor; b) when there is a treatment factor with a 
replication for each one of its levels. In these situations to the experimental factor is associated an unit factor 
whose levels have a one-to-one correspondence. Effects of equivalent factors are completely confounded. 
This property is highly relevant and should be considered in the planning of the experiment. 

In experiments with more than one experimental factor the experimental unit for a factor can be 
different from the experimental unit for another factor. The set of the experimental units for an experimental 
factor constitutes a formation of experimental units. In many situations of more than a formation of 
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experimental units, there is a formation of experimental units of smaller dimension. These are the elementary 
experimental units. The experimental units of the other formations are composed by groupings of the 
elementary experimental units. 

The unit factors stratify the experimental material. As a consequence, the experimental error is 
decomposed in so many strata as the number of unit factors. The fraction of the global experimental error 
corresponding to an unit factor constitutes a stratum of the experimental error. The experimental error that 
affects an effect of experimental factors is a fraction of the global experimental error composed by a subset 
of their strata. 

It is convenient that the planning of the structure of the experimental conditions and of the unit 
structure are proceeded separately. This approach is advisable to express the experimental structure correctly, 
particularly in complex experiments. However, the structure of the experimental conditions is conditioned to 
the availability of experimental material and the structure of the units should be appropriate for the structure 
of the experimental conditions. Thus, these two structures highly interdependent. A rational strategy for the 
generation of the experimental design comprises the following sequence of steps: 

1) Elaborate the structure of the experimental conditions taking into account the restrictions of 
experimental material. 

2) Consider the alternative unit structures for this structure of experimental conditions. 
3) Among these alternative unit structures, choose the one that, associated to the structure of the 

experimental conditions, allows the most efficient inferences regarding the relevant effects of the 
experimental factors. 

4) In case it is not found a satisfactory unit structure, reconsider the sequence of steps 1, 2 and 3. 
The steps 1 and 2 can lead to the formulation of several experiment structures. As a general rule, the 

researcher should choose the experimental design that provides the maximum information relevant to the 
objectives of the experiment with the minimum cost. For such, the requirements of the plan of the 
experiment should be taken into account: repetition, local control, randomization, orthogonality, balance, 
confounding and efficiency. 

Illustration 

Consider an experiment on the control of intestinal worms of lamb with two experimental factors: 
anthelminthic and sex, and suppose that the experimental conditions are all of the combinations of the levels 
of these two factors. This structure of experimental conditions can be represented by the symbol A∗SC 
(Wilkinson and Rogers, 1973) e by the diagram of Figure 2a (Brien, 1983). 

Suppose that the experiment is carried out with 18 homogeneous male lambs and 18 homogeneous 
females, that the 36 animals are maintained in a same pen during the experimental period, and that the 
adopted handling techniques and measurement procedures are uniform. Then, the observation unit for 
variables that express individual characteristics of the animal is the lamb, and the unit structure is composed 
of two factors: lamb (U) and sex (SU). Sex is an unit factor whose levels comprises the nuisance 
characteristics of the sample associated with the two levels of the experimental intrinsic factor sex. These 
two factors have a nested relation: the factor lamb is nested in the factor sex, what can be represented by the 
symbol SU/U and by the diagram of Figure 2b. 

The randomization assigns the 18 lambs of each one of the 2 sexes to the 3 doses of the anthelminthic, 
separate and independently for each sex, in such a way to result 6 lambs of each sex with each one of the 3 
doses. As sex is an intrinsic factor; their levels are inherent to the animals and are not susceptible to 
randomization. The randomization associates the anthelminthics to the lambs. However, the levels of the 
factor experimental sex are associated one-to-one with the corresponding levels of the unit factor sex. Then, 
the experimental unit for the factor anthelminthic is a lamb with the respective characteristic of the 
experimental material, and the experimental unit for the experimental factor sex is a group of 18 lambs of a 
same sex with the characteristic that correspondents to it in the experimental material. The structure of the 
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experiment can be represented by the symbol A∗(S≡Su) and by the diagram of Figure 2c. The experimental 
error comprises two strata that corresponds to the unit factors SU and U, or SU^U. Correspondingly, the 
experiment structure has two strata: S≡Su e A≅(Su^U), where ≡ denotes equivalence of factors, that is, 
factors whose effects are completely confounded, and ≅ denotes partial confounding, that is, complete 
confounding of the effects of factor A with effects of factor Su^U, but partial confounding of effects of factor 
Su^U with effects of factor A. 

 

Figure 2. Diagram of the experiment structure A∗(SC≡SU). 
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1. Introduction

In this communication, we concern ourselves with symmetric 2-level factorials. In some experimen-
tal situations, it may happen that certain factor-level combinations are infeasible in the sense that
observations are not available under such level combinations. For example, in a chemical process,
temperature and pressure may be two of the factors and high temperature and high pressure may
lead to an explosion. Or, it is possible in some cases that the experiment can be carried out but
measurements cannot be made. If an orthogonal fractional factorial plan contains one or more such
infeasible treatment combinations, there will be missing data and it may not be possible to augment
the plan without losing the property of orthogonality. Thus, it is worthwhile to consider the problem
of finding orthogonal fractional factorial plans that exclude the infeasible treatment combinations.
Cheng and Li (1993) were the first to consider this problem in the context of regular fractions.

Consider a 2-level symmetric factorial experiment involving n factors, F1, . . . , Fn. Suppose that a
certain combination of levels of k ≤ n factors, say F1, . . . , Fk, is infeasible. We call such a combination
of the k factors as a debarred combination. Note that if k < n, then a single debarred combination
may lead to several of the treatment combinations to be infeasible. For example, in a 25 experiment,
suppose k = 3 and the debarred combination involving the first three factors (say) is 110, where 0
and 1 indicate the two levels of each of the factors. Then there are 4 treatmet combinations that
are debarred, namely 11000, 11001, 11010 and 11011. In general, the number of debarred treatment
combinations is 2n−k. We consider the problem of finding fractional factorial plans represented by
orthogonal arrays of strength two which exclude the debarred treatment combinations.

2. Results

Suppose a certain combination of levels of k ≤ n factors is a debarred combination. In order to
present our results, it is necessary to recall the notion of projectivity of a fractional factorial plan.
A fractional factorial design is said to have projectivity p if in every subset of p factors, a complete
factorial, with possibly some repeated runs is produced. The desired orthogonal array of strength two
can then always be constructed if the projectivity of the array is less than k. To see this, let A be an
OA(N, n, 2, 2) and suppose A has projectivity less than k. Then, from the definition of projectivity, it
follows that there exist some k columns of A under which at least one of the relevant 2k combinations
is missing. If such missing combination(s) includes the debarred combination, then we simply assign
these k columns to the corresponding k factors involved in the debarred combination.

Now, suppose the debarred combination, say a1a2 . . . ak, appears under the k columns mentioned
above. As noted above, at least one combination out of the possible 2k is however missing under the k

columns (as the projectivity of the array is strictly less than k). Let b1b2 . . . bk be one such combination.
Clearly, a1a2 . . . ak 6= b1b2 . . . bk, which means that ai 6= bi for at least one i, 1 ≤ i ≤ k. In all the
columns where ai 6= bi, interchange the two symbols. Now, if we consider the resulting orthogonal
array (after the suggested interchange of symbols) and continue to look at the same k columns as
before, the combination a1a2 . . . ak will be missing, as desired. Assign these k columns to the relevant
k factors. We thus have the following result.
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Theorem. In a 2-symbol orthogonal array of strength two, suppose a certain combination of levels of
k ≤ n factors is a debarred combination. If the orthogonal array has projectivity less than k, then it
is possible to obtain an orthogonal array which does not contain the debarred combination.

The above construction is possible if the projectivity of the original orthogonal array is less than
k. Since the orthogonal array is of strength two, it has projectivity at least 2. This means that k ≥ 3.
The following result shows that there exists an orthogonal array OA(N,n, 2, 2) where N ≡ 0 (mod 8),
which does not have projectivity three.

Lemma. Let t be a Hadamard number and let the Hadamard matrix of order t, Ht be partitioned as
Ht = [1t B], where B is a t× (t− 1) matrix. Then the orthogonal array C = OA(2t, 2t− 1, 2, 2) given
by

C =

[
B Ht

B −Ht

]
does not have projectivity three.

Furthermore, numerical investigations show that for N 6= 0 (mod 8), there exist orthogonal
arrays not having projectivity four for each of the following values of N :

N = 12, 20, 28, 36, 44, 52, 60, 68, 76, 84, 92, 100.

Thus, for the above values of N , one can have k ≥ 4.
For regular fractions, one can always construct the desired array with k ≥ 3. To see this, consider

a regular fraction of a 2n factorial with Resolution III or more. If the fraction has Resolution III, then
the projectivity of the corresponding orthogonal array is 2 (and, never more than 2) and the same
technique as above works with k ≥ 3. Next, suppose the resolution R is IV or more. Choose a word
of length R in the defining contrast subgroup and consider R− 3 letters, say l1, l2, . . . , lR−3 appearing
in the chosen defining word. Delete each of l1, l2, . . . , lR−3 from every defining word, wherever they
appear. The design based on the the new defining words is a regular fraction of Resolution III. Thus,
we again have a fraction represented by an orthogonal array of strength two and projectivity 2 and
we can proceed as earlier with k ≥ 3.

REFERENCE
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INTRODUCTION

The importance of good design for efficient and reliable experiments has been recognized at least
since the early years of the last century. The importance of the factorial experiment was recognized by
workers such as Eden and Fisher (1929) at the Rothamsted Experimental Agriculture Station during the
1920’s and ideas on blocking and confounding of factorial experiments were further extended by Yates
(1937). Fractionation to reduce the size of factorial designs was introduced into agricultural research by
Finney (1945) and many further innovations in the design of experiments were developed in the context of
agricultural research (see the review by Edmondson 2005).

Fractionation provides a powerful tool for reducing the size of large factorial designs but in the
early days of design development the limited availability of computation tools made it necessary for
fractional factorials to be based on orthogonal fractions that could be designed and analyzed algebraically.
However, orthogonal fractionation is highly restrictive and often generates impracticably large experiments
therefore once modern computers became available for computationally intensive design and analysis of
experiments, work began on finding more general non-orthogonal fractions for practical experiments.
Algorithms such as the Mitchell (1974) Detmax algorithm for the optimization of the determinant of a design
matrix (D-optimality) were developed and a considerable amount of work was done on the development of
efficient algorithms for finding optimal or near-optimal fractional factorials of arbitrary size. Cook and
Nachtsheim (1980) give a good review of various algorithms for D-optimal design of experiments.

Although many commercial design packages have been developed for algorithmic design of
experiments, it is still generally true that design software for designed experiments in areas such as
agricultural field trials is not widely used. This has been due largely to the absence of good user oriented
design software with good intuitive user interfaces for non-specialists. However, modern open-source
software now provides the opportunity for developing truly user oriented software that will run in open-
source environments and that will remain available for the foreseeable future. In this paper, we discuss
opportunities for developing design software that can be run as a web application using freely-available
open-source software.

THE R-LANGUAGE AND ENVIRONMENT

The R language and environment is a major open-source software development that provides
powerful modern software tools for statistical computation and software development (see R Development
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Core Team 2007). Until fairly recently, experimental design applications were not well developed in R but
this has now changed and there are now R packages that are aimed specifically at design applications. Of
particular interest is the AlgDesign package by Wheeler (2004), which provides an optimization routine for a
very general class of designs. Although AlgDesign provides powerful algorithms for optimization of a very
wide range of designs, including designs with both categorical and numeric factors, the package is not simple
and a considerable amount of programming skill is required before it can be used successfully. Also, the
package itself is very general and provides few restrictions on the designs that can be constructed, which
means that it is possible to construct designs that lack constraints such as marginality (Nelder 1977) that are
usually regarded as essential for good factorial designs.

AlgDesign is a powerful tool for the optimization of suitably defined and specified designs but there
is considerable scope for developing software and logic that will provide a simple graphical user interface for
the non-specialist user and will constrain designs within subsets of valid designs. In this paper, we present
some ideas for developing a GUI type web interface that will constrain users to construct valid designs for
optimization by R optimization packages such as AlgDesign.

MARGINALITY AND FACTORIAL EFFECTS

Complete factorial designs include all possible interactions between sets of main effects up to the
maximum order of the model but often certain higher-order interaction effects are assumed negligible and are
omitted from the model Omitting interaction effects can simplify a model and can reduce the number of
observations needed to fit the model but marginality constraints (see Nelder 1977) must be observed when
omitting terms from a factorial model if the design is to remain internally consistent. Marginality says that if
a 2-factor interaction is included in a model, then all main effects marginal to that interaction must also be
included in the model and if a 3-factor interaction is included in a model then all 2-factor interactions
marginal to that interaction must also be included in the model and in general, if an n-factor interaction is
included in a model then all corresponding (n-1)-factor interactions marginal to that effect must also be
included in the model.

In addition to marginality of factorial interaction effects, it is also conventional to apply functional
marginality for the degree of any polynomial interaction terms included in a model for factors with numeric
levels (see Nelder 1997). Functional marginality says that if the degree of a polynomial effect for a particular
factor in a particular interaction term is p, then the degree of the polynomial effects for that factor in all
lower-order interaction terms marginal to that interaction must also be at least p.

Essentially, these constraints ensure that when higher-order interaction terms are collapsed into
lower-order interaction terms, no model inconsistencies are generated either in the order or the degree of the
collapsed model relative to the full model.

ALGORITHM FOR DETERMINING MARGINALITY

A factorial interaction model for a factorial design for n factors can be represented by an indicator
matrix with n columns and 12n rows where the ),( thth ji element of the factorial interaction matrix is
unity if the ith interaction term contains the jth factor and is zero otherwise. Table 1 shows an example of a
binary factorial indicator matrix for the first three factors of a factorial design and indicator matrices of this
type can be used to test whether the interaction effect in the rth row is marginal to the interaction effect in the
sth row for sr . The marginality test says that if the inner product of the rth and sth rows equals the sum of
the elements in the rth row then the rth interaction effect is marginal to the sth interaction effect, otherwise it is
not.
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Table 1 Indicator matrix for factorial interaction effects

FactorsInteractions
A B C …

A 1 0 0 …
B 0 1 0 …
C 0 0 1 …
… … … … …
AB 1 1 0 …
AC 1 0 1 …
BC 0 1 1 …
… … … … …

ABC 1 1 1 …
… … … … …

A GRAPHICAL USER INTERFACE FOR FACTORIAL DESIGNS

Our development site at http://biometrics.hri.ac.uk/ uses a graphical interface that allows factorial
interaction models to be correctly specified using a simple user GUI

Factorial marginality

Assuming a current factorial interaction model, the user can omit any arbitrary factorial interaction
term from a model by using a simple selection list displayed by the GUI. The software uses the algorithm
outlined above to test the marginality of the omitted term relative to any higher-order effects that still remain
in the model and any higher-order terms that the omitted term is marginal too are also omitted to maintain
the factorial interaction marginality of the reduced model. The user is allowed to add effects back into the
model but only if the added effects have no omitted effects marginal to them. The GUI makes available only
those effects that can be added back at any particular stage without compromising marginality. These options
and constraints are sufficient to allow any possible feasible factorial interaction model to be constructed
while still ensuring proper factorial interaction marginality at all stages of construction.

Functional marginality

If the user chooses to include numeric factors in the model then in addition to ensuring factorial
interaction marginality, the algorithm also ensures functional marginality. Each numeric factor has an
associated polynomial for each interaction term in the model and the indicator matrix in Table 1 can be
generalized such that the ),( thth ji element of the indicator matrix is the degree of the polynomial of the jth

factor in the ith factorial interaction term. Given any current design, the user can reduce the polynomial
degree of any factor in any model term by using a simple select list of feasible degree options. The algorithm
then determines the higher-order interaction effects that the selected effect is marginal too and, if necessary,
reduces the polynomial degree of the corresponding factor in those effects to equal the degree of the
polynomial in the reduced marginal effect. The user can also increase the degree of any polynomial in any
model term provided that the degree of the polynomial in that term does not exceed the degree of any
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polynomial marginal to that term. These options and constraints are sufficient to allow any possible
polynomial factorial model to be specified while still ensuring proper functional marginality at all stages of
construction.

DISCUSSION

Software for the design of experiments will only become generally accepted by non-specialists if it
is both simple to use and provides useful designs for practical purposes. Powerful algorithms for design
optimization exist but these will not be used unless they have a simple graphical user interface that is
accessible to the general user.

Good design software should provide as much guidance as possible in the construction of good
designs and should, as far as possible, guide users to the right choice of design for any particular purpose.
Our design site aims to provide resources that will allow general users to access powerful design tools and
we hope that the site will demonstrate that a wide range of useful and general designs can be constructed by
non-specialist without the need for elaborate algebra or design theory.
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A-, D- and E-Optimality of Complete Block Designs under an Inter-

ference Model
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ABSTRACT

Balanced incomplete block designs are often used in the experimental research. It is known that such
designs are optimal under the linear block model. If in the experiments a response to a treatment
can be affected by treatments from neighboring units, model with additional nuisance parameters is
usually studied. We assume that each treatment in the experiment has the neighbor, and the neighbor
of the first treatment in block is the treatment from the last unit of this block. For such experiments
the circular interference model with neighbor effects is studied. It is known that in such model circular
neighbor balanced designs (CNBD) are universally optimal. However, CNBDs cannot exist for each
combination of design parameters. In such a situation, only optimality with respect to the specified
optimality criteria can be studied. Our aim is to characterize A-, D- and E-optimal designs under
the interference model. In the class of balanced complete block designs with fixed number of blocks
we show the structures of A-, D- and E-optimal designs. For construction of such designs we use
properties of CNBDs extended and abridged by one certain block. Under the interference model we
also consider connectedness of designs. Assuming the circular interference model with left-neighbor
effects we give the necessary and sufficient conditions of connectedness of complete block designs with
arbitrary, fixed number of blocks.

Keywords. Interference model, Circular design, Information matrix, A-optimality, D-optimality,
E-optimality, Connectedness.
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1. Introduction

In recent days, computer simulation has been applied in many fields, such as computer aided

engineering in manufacturing industry and so forth. Supersaturated designs are useful to identify active

factors from many candidate factors at an initial stage of industrial or computer simulation experiment.

The construction of supersaturated designs dates back to Satterthwaite (1959) and Booth and Cox

(1962). Various methods have been proposed for constructing two-level supersaturated designs, for

example, see Lin (1993, 1995), Wu (1993), Nguyen (1996), Cheng (1997), Tang and Wu (1997) and

Yamada and Lin (1997).

One of the practical problems on application of supersaturated designs for engineers is little

guideline to assign factors to columns of a supersaturate design. This paper formulates factor as-

signment problem on supersaturated designs with considering all permutations on the column indices.

Some equivalence relations on the permutations are defined in order to prevent combinatorial explosion.

Optimal solutions can be found by a breadth-first search algorithm using branch and bound schemes.

The mathematical main result can be applicable and meaningful not only practical application but

also the theoretical insights

2. Problem formulation

Let D be a n × k matrix of 1’s and -1’s, where n < k + 1. Each factor is assigned to a column

of D, and each row represents a factor-level combination. Assume that each column of D contains

the same number of 1’s and -1’s. It is also necessary that columns of D are distinct. Booth and

Cox (1962), in the first systematic construction of supersaturated designs, proposed the criterion of

minimizing

(1) Es2(D) =
∑

1≤i<j≤k

s2
i;j/

(
k

2

)

where si;j is the (i, j)th entry of D>D, or the inner product of di and dj . A supersaturated design

minimizing (1) is called Es2-optimal. Throughout this paper, we suppose that a n× k matrix D is an

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 3357 -



Es2-optimal supersaturated design.

We consider p factors assignment and its (partial) Es2-optimality when we take p column vectors

di1 , . . . ,dip from D = (d1, . . . ,dk) where p < k. The term “partial optimality” is used for p < k. Let

Sk be the set of permutations of {1, . . . , k}. Here we represent a permutation σ ∈ Sk by (i1, . . . , ik)

instead of a two-line notation:

σ =

(
i1 i2 . . . ik
1 2 . . . k

)

which means that σ sends i1 to 1, i2 to 2, . . . , ik to k. If we assign p factors to D = (d1, . . . ,dk)

following by σ = (i1, . . . , ip, ip+1, . . . , ik), then we can get a new design matrix (di1 , . . . ,dip) after this

assignment.

For any σ = (i1, . . . , ip, ip+1, . . . , ik) and τ = (j1, . . . , jp, jp+1, . . . , jk), the equivalence relation

∼p on Sk is defined as

σ ∼p τ ⇐⇒
def

{i1, . . . , ip} = {j1, . . . , jp}, (ip+1, . . . , ik) = (jp+1, . . . , jk).

The representative [σ]p can be written as

(2) [σ]p = [(i1, . . . , ip, ip+1, . . . , ik)]p = {i1, . . . , ip} ⊕ (ip+1, . . . , ik).

The right hand side of (2) means the first p elements i1, . . . , ip are allowed to be exchanged, on the other

hand, the remain (ip+1, . . . , ik) aren’t allowed. The equivalent class is denoted by Ap;k = Sk/ ∼p and

its size #Ap;k is k!/p!. For example, for p = 2 and k = 5, we have {1, 2}⊕ (3, 4, 5) = {2, 1}⊕ (3, 4, 5) 6=
{1, 3} ⊕ (2, 4, 5).

For any [σ]p ∈ Ap;k , we define Es2(D[σ]p) by

(3) Es2(D[σ]p) =
∑

1≤s<t≤p

s2
is;it/

(
p

2

)
.

where σ = (i1, . . . , ip, ip+1, . . . , ik). Note that the equation (3) is well-defined on Ap:k because of the

equality of Es2(D[σ]p) = Es2(D[τ ]p) for σ ∼p τ .

Finally, the function fp on Sk that takes the common value on [σ]p is defined as

(4) fp(σ) =

p∑
j=1

2ij

where σ = (i1, . . . , ip, ip+1, . . . , ik). Then the following proposition holds.

Proposition 1 1. σ ∼p τ ⇒ fp(σ) = fp(τ)

2. For each σ ∈ Sk, we have #{τ ∈ Sk | fp(τ) = fp(σ)} = p! × (k − p)!.

3. Optimal assignment of factors

Let Mp denote the set of the solutions [σ]p ∈ Ap;k minimizing Es2(D[σ]p) for fixed p, that is,

(5) Mp = {[σ]p | Es2(D[σ]p) ≤ Es2(D[τ ]p) for all [τ ]p ∈ Ap;k} ⊂ Ap;k

We say it the factor assignment problem to find a permutation σ ∈ Sk which attains the minimum of

Es2(D[σ]p) for all p = 2, . . . , k. Let B be the set of such solutions, namely,

(6) B = {σ ∈ Sk | [σ]p ∈ Mp, p = 2, . . . , k} =

k∩
p=2

{σ ∈ Sk | [σ]p ∈ Mp},
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and let Bp:k denote the set of partially optimal solutions from p to k, namely,

(7) Bp:k = {σ ∈ Sk | [σ]p ∈ Mp, [σ]p+1 ∈ Mp+1, . . . , [σ]k ∈ Mk} =
k∩

j=p

{σ ∈ Sk | [σ]j ∈ Mj}.

Clearly, we have

B = B2:k ⊂ B3:k ⊂ · · · ⊂ Bk:k.(8)

Analogous to the definition (7), we define B′
k:k, B

′
k−1:k, . . . , B

′
2:k successively as follows.

B′
k:k = Sk, B′

p:k = {σ ∈ B′
p+1;k | Es2(D[σ]p) ≤ Es2(D[τ ]p) for all τ ∈ B′

p+1;k}(9)

for p = k − 1, . . . 2. Then we have B′
2:k ⊂ B′

3:k ⊂ · · · ⊂ B′
k:k similar to the relation (8). The

difference between Bp:k and B′
p:k is the area to find the solutions. The set Bp:k is given by searching

all permutations in Sk, besides, the set B′
p:k by in B′

p+1:k. The following theorem holds by mathematical

induction.

Theorem 1 The sets Bp:k and B′
p:k are defined in (7) and (9), respectively, for p = 2, . . . , k. Then

we have B′
p:k = Bp:k for p = 2, . . . , k.

Optimal solutions for a factor assignment can be found by a breadth-fist search algorithm using

branch and bound schemes based on Theorem 1 and the function fp in (4). Our algorithm returns

the size of B = B′
2;k and some optimal permutations σ1, . . . , σ` such that fp(σ1) 6= · · · 6= fp(σ`) for

p = 2, . . . k.

Table 1. Es2-optimal design of 12 × 22

No. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22]

1 1 1 1 1 -1 1 -1 1 1 -1 -1 1 1 -1 -1 1 -1 1 -1 -1 -1 -1

2 1 1 1 -1 1 -1 1 1 -1 -1 1 1 -1 -1 1 -1 1 -1 -1 -1 -1 1

3 1 1 -1 1 -1 1 1 -1 -1 1 1 -1 -1 1 -1 1 -1 -1 -1 -1 1 1

4 1 -1 1 -1 1 1 -1 -1 1 1 -1 -1 1 -1 1 -1 -1 -1 -1 1 1 1

5 -1 1 -1 1 1 -1 -1 1 1 -1 -1 1 -1 1 -1 -1 -1 -1 1 1 1 1

6 -1 1 1 -1 -1 1 1 -1 -1 1 -1 1 -1 -1 -1 -1 1 1 1 1 1 -1

7 1 -1 -1 1 1 -1 -1 1 -1 1 -1 -1 -1 -1 1 1 1 1 1 -1 1 -1

8 -1 -1 1 1 -1 -1 1 -1 1 -1 -1 -1 -1 1 1 1 1 1 -1 1 -1 1

9 1 -1 -1 1 -1 1 -1 -1 -1 -1 1 1 1 1 1 -1 1 -1 1 1 -1 -1

10 -1 -1 1 -1 1 -1 -1 -1 -1 1 1 1 1 1 -1 1 -1 1 1 -1 -1 1

11 -1 1 -1 -1 -1 -1 1 1 1 1 1 -1 1 -1 1 1 -1 -1 1 1 -1 -1

12 -1 -1 -1 -1 1 1 1 1 1 -1 1 -1 1 1 -1 -1 1 1 -1 -1 1 -1

Table 2. Optimal permutation for the design in Table 1.

p 1 2 3 4 5 6 7 8 9 10 11

σ 1 7 6 8 5 3 2 4 10 9 14

Es2(D[σ]p) - 0 0 0 0 1.06 2.28 2.85 3.56 3.91 4.36

p 12 13 14 15 16 17 18 19 20 21 22

σ 13 17 18 20 15 16 12 11 19 22 21

Es2(D[σ]p) 4.85 5.33 5.63 5.94 6.13 6.35 6.59 6.74 6.82 6.86 6.86

4. Experimental results
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For example, Table 1 shows an Es2-optimal design of 12 × 22 given by the half fraction of Lin

(1993) and Table 2 indicates its optimal permutation

σ =
(

1, 7, 6, 8, 5, 3, 2, 4, 10, 9, 14, 13, 17, 18, 20, 15, 16, 12, 11, 19, 22, 21
)

with Es2(D[σ]p) values for p = 2, . . . , 22.

The existence probability of optimal permutations is defined by P (B) = #B/#A2:k = 2×#B/k!

for a n× k supersaturated design D. Table 3 shows the probabilities for some supersaturated designs

which are constructed by the half fraction of a Hadamard matrix of order k + 2.

Table 3. Existence probability of optimal permutations

n k 　 P (B) #B

10 18 1.053 × 10−2 3.371 × 1013

12 22 1.623 × 10−13 9.124 × 107

14 26 1.924 × 10−7 3.878 × 1019

18 34 9.912 × 10−17 1.463 × 1022

22 42 1.638 × 10−25 1.151 × 1026

24 46 4.827 × 10−44 1.328 × 1014
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Abstract
The exact D-optimal design problems for regression models have been investigated in many works,
especially for the polynomial regression models on a compact interval. In this work, we consider a
mixture experiment with q ingredients, where the proportions of the ingredients are subject to the
restriction that the total proportion equals to 1 on the (q − 1)-dimensional probability simplex Sq−1.
The exact D-optimal design problems for mixture experiments under Scheffé quadratic model as well
as the linear log contrast model are discussed. Based on results in Kiefer (1961) about the approximate
D-optimal designs, the exact D-optimal for Scheffé quadratic models with two or three ingredients
are obtained and numerical verifications of the conjectured exact D-optimal designs are presented for
cases with ingredients between four and ten. For the linear log contract model with three ingredients,
the exact D-optimal design is also obtained, where the symmetry properties of the design are used.
The cases with more than three ingredients will be discussed with numerical illustrations.

Keywords: Information matrix, Log contrast model, Orthogonal polynomial, Scheffé model

1. Quadratic Sheffé model

Consider a mixture experiment with q nonnegative components, where the proportions of com-
ponents are subject to the simplex restriction

∑q
i=1 xi = 1, xi ≥ 0. The q proportions can be expressed

as a column vector x = (x1, . . . , xq)′ in Sq−1 where

Sq−1 = {(x1, . . . , xq)′ ∈ [0, 1]q : x1 + · · ·+ xq = 1, xi ≥ 0 i = 1, . . . , q}.

An observation y(x) is obtained at x ∈ Sq−1 with E(y(x)) = β′f(x) and variance σ2 independent of
x, where f(x) is a known function and β is an unknown parameter vector. In Scheffé quadratic model
the expectation is expressed as

(1) E(y(x)) = β1x1 + · · ·+ βqxq + β12x1x2 + · · ·+ β(q−1)qxq−1xq

with regression function f(x) = (x1, . . . , xq, x12, . . . , x(q−1)q)′.
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An exact design with sample size N is a probability measure on a design space which puts weight
pi > 0 at n distinct support points, n ≤ N such that

∑n
i=1 pi = 1 and Npi, i = 1, . . . , n are integers.

An approximate design removes the integer restrictions on Npi , i = 1, . . . , n. Denote a probability
measure ξ for a mixture experiment as follows, for

ξ =

(
x1 · · · xn

p1 · · · pn

)

where xi = (xi,1, · · · , xi,q), i = 1, · · · , n and x1, . . . ,xn denote the finite supports with the correspond-
ing weights p1, . . . , pn . The information matrix is therefore defined by

M(ξ) =
n∑

i=1

ξ(xi)f(xi)f ′(xi),

and the corresponding dispersion function is given by

d(x, ξ) = f ′(x)M−1(ξ)f(x).

A design ξ∗ is called an approximate (or exact) D-optimal designs if ξ∗ (or ξ∗N ) maximizes det(M(ξ))
(or det(M(ξN ))) over all feasible approximate (or N points exact) designs on the design space.

For a polynomial model on a closed interval [a, b], Salaevskii (1966) conjectured that an exact
design which distributes the weights as equal as possible on the support points of the approximate
designs is exact D-optimal. It had been verified by Gaffke and Krafft (1982), Gaffke (1987), and
Huang (1987) that Salaevskii’s conjecture holds for most of the cases.

In the first part we investigate exact D-optimal designs for mixture experiments with Scheffé’s
quadratic models based on results in Kiefer (1961) and provide some results for models with two and
three ingredients, and numerical verifications for models with ingredients between four and nine. To
begin with, Kiefer (1961) proved that an approximate D-optimal design ξ∗ on a simplex is supported
equally with weights p = 2/q(q+1) on the (q−1, 2)-lattice with q(q+1)/2 points, where x∗

i , i = 1, . . . , q

are the vertexes and x∗
ij , 1 ≤ i < j ≤ q are the centers of the sides. For total number of trials N = kp+t

where k = q(q + 1)/2, p, t ∈ N, t < k, it is natural to consider exact designs in this case as Salaevskii
conjectured for a polynomial model. Now let exact design ξ∗N,T have the same support points as ξ∗ and
have weights distributed as evenly as possible among the supports, which allocates one extra point on
each of the supports with index in T where |T | = t, and T ⊂ T = {1, . . . , k, 12, . . . , (q − 1)q}. That is

(2) ξ∗N,T =

{
x∗

1 . . . x∗
q x∗

12 . . . x∗
(q−1)q

n1/N . . . nq/N nq+1/N . . . nk/N

}

where n` = p + 1 if ` ∈ T or n` = p if ` 6∈ T .

Now some results about the exact D-optimal designs for the quadratic Scheffé model are pre-
sented.
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Theorem 1. For p0 large enough, N = kp + t ≥ kp0, where 1 ≤ t ≤ k− 1, each of the ξ∗N,T designs is
exact D-optimal.

It can be proved p0 = 2, for cases with two or three ingredients, and examined numerically for
cases with four to nine ingredients. In the next section we discuss mixture experiments with linear
log contrast model.

2. Linear log contrast model

Consider the following linear log contrast model for mixture experiments introduced by Aitchison
and Bacon-Shone (1984), i.e.

E(y) = β0 +
q∑

i=1

βi log xi, (β1 + . . . + βq = 0)

= β0 +
q−1∑
i=1

βi log(
xi

xq
).(2)

where x = (x1, x2, · · · , xq)′ is in the interior of Sk−1 = {(x1, x2, · · · , xq)′ :
∑

xi = 1, xi ≥ 0 (i =
1, · · · , q)} and β = (β0, β1, · · · , βk−1)′ is the vector of unknown parameters.

Restrict the experimental domain to X in the interior of Sk−1 by

X = {x = (x1, x2, · · · , xq)′ ∈ Sq−1 : δ ≤ xi

xj
≤ 1

δ
, i, j = 1, · · · , q, δ ∈ (0, 1)}.

By setting zi = log xi
xq

and a = − log δ, the above model (2) can be represented in the following
alternative form :

E(yz) = β0 +
q−1∑
i=1

βizi = f ′(z)β, f(z) = (1, z1, z2, · · · , zq−1)′,(3)

with experimental domain

Z = {z = (z1, z2, · · · , zq−1)′ ∈ [−a, a]q−1 : zi − zj ∈ [−a, a] for all i, j ∈ {1, · · · , q − 1}},

where yz is an observation at z ∈ Z and β = (β0, β1, · · · , βq−1)′ is the vector of unknown para-
meters. The observations are assumed to be uncorrelated with constant variance. Note that the
choice of the divisor xq in zi is arbitrary; indeed any one of x1, x2, . . . , xk can be used as the divisor to
produce different equivalent forms of E(yz). For convenience we shall use xq as the divisor throughout.

Chan and Guan (2001) obtained approximate A- and D- optimal designs with linear log contrast
model. Here for cases with three ingredients, it can be shown that similar result holds that an exact
design which distributes the weights as evenly as possible on the support points of the approximate
D-optimal design is exact D-optimal for the linear log contrast model as well. The proof is somewhat
different from the above one which uses orthogonal polynomials for the Scheffé quadratic model, but
by some symmetry properties of the corresponding designs. Other cases with more ingredients will
also be discussed with numerical results.
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1. Introduction 

Factional factorial designs are today widely adopted in many experimental contexts. Among them, the 
class of Orthogonal Arrays (OA) has the property of allowing independent estimates of desired effects, 
usually of first and second order. 

When dealing with many factors, and particularly in mixed level situations, the run size of OAs could 
be too large, so unaffordable in practice. 

It is possible to sensibly reduce the run size, by relaxing the orthogonality constraint. Such designs, 
defined Nearly Orthogonal Arrays (NOAs), must respond to optimality criteria (Wu & Hamada 2000). 

Recently two new classes of NOAs were proposed. 
The designs of the first class, called BANOD2 (Barone & Lombardo 2006a), are characterized by the 

following properties: 
a) they are I-grade balanced, i.e. for each factor its levels appear equally often; 
b) they are II-grade balanced (as much as possible), i.e. for each pair of factors, all possible 

combinations of levels appear equally often (as much as possible). This property implies the 
(near) orthogonality between the main effects estimates; 

c) they allow the simultaneous estimability of all first- and second-order effects, with the 
minimum run size; 

d) they have good A- and D-optimality properties (Barone & Lombardo 2006b). 
The designs of the second class (Lu et al. 2006), in addition to the previous a) and b) properties, and 

depending on their strength, have the projective property (see Section 2). 
Both classes of designs require heuristic procedures, therefore collections of designs are provided by 

the Authors. 
  

2. The projective property for NOAs 
In Lu et al. (2006) a new definition of NOAs of strength m is given: “any full projection model 

involving m factors is estimable”, where a “full projection model” is defined as the one containing all main 
effects and all interactions among m factors. For example, a strength 2 design allows estimating, for all factor 
pairs, their main effects and interaction. However, such estimations are not possible simultaneously, but only 
by means of partial “projections” of the design involving only two factors, obtained by deleting the other 
factors. Moreover the Authors impose the II-grade balancing (as much as possible). 

According to our opinion, the use of such class of designs in common experimental situations could be 
dangerous. In fact, if such designs are adopted for screening purposes, when many factors are involved and 
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very little is known about their effectiveness, before removing factors from the design, it should be 
ascertainable that such factors are really ineffective. This can be made by estimating at least all first- and 
second-order effects, which is impossible by adopting these designs.  

Alternatively, it could be assumed that the second-order effects are all ineffective, but in such a case the 
projective property is of no interest for the experimenter. 

Conversely, in such situation the class of designs BANOD2, can be adopted for screening purposes, 
especially when nothing can be a priori said about the effectiveness of second order effects, even if the run 
size is generally larger.  

 
3. An illustrative example 

For illustrative purposes, we consider the NOA(12, 27 32) of strength 2, proposed by Li et al. (2006), 
pag. 157, consisting of only 12 runs (Table 1). 

 
Table 1. The NOA(12, 27 32) proposed by Li et al. (2006). 

 Factor 
Run 1 2 3 4 5 6 7 8 9 y 

1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -2.71800 

2 -1 0 -1 -1 -1 +1 -1 +1 +1 -4.15403 

3 -1 +1 +1 +1 +1 -1 -1 -1 +1 5.49290 

4 -1 -1 +1 +1 +1 +1 +1 +1 -1 7.52733 

5 0 -1 -1 -1 +1 -1 +1 +1 +1 -1.95273 

6 0 0 -1 +1 +1 +1 -1 -1 -1 6.01795 

7 0 +1 +1 -1 -1 +1 +1 -1 -1 -4.26506 

8 0 0 +1 +1 -1 -1 +1 -1 +1 1.08852 

9 +1 -1 +1 +1 -1 +1 -1 +1 +1 -2.22307 

10 +1 0 +1 -1 +1 -1 -1 +1 -1 -2.19641 

11 +1 +1 -1 -1 +1 +1 +1 -1 +1 -3.65309 

12 +1 +1 -1 +1 -1 -1 +1 +1 -1 0.29387 

 
The values y are obtained by adopting the model: 

y = x4 + x5 + x4 x5 + x9        (1) 
where x4 , x5 and x9 are factors 4, 5 and 9 of the Table1 above.  

In model (1) we did not introduce the usual superimposed random component, since we are interested 
to analyze the behavior “in mean” of this design. 

We can imagine that an experimenter, who had obtained those results, would be firstly interested to 
know which are the significant main effects. Table 2 reports the results of the ANOVA obtained by the GLM 
option in MINITAB©. 

The model is saturated, since there are no degrees of freedom for the Error (in this case also the Sum of 
Squares is zero, as the random component is absent). Therefore, formal F-tests are not allowed. However, it 
is evident from the Table that x3 and x8 are not active. This fact can be explained by studying the factor 
correlation matrix (not reported here) in which only x3 and x8 are not correlated with the active factors (x4, x5, 
their interaction, and x9). Consequently these factors can be eliminated, but the others will be considered 
active. In real situations, if the random noise is large, maybe we will not have a sufficient power to assess as 
significant the weakly correlated factors, as x2, x6, x7, but it is likely that x1 will emerge as significant. In fact 
such variable is strongly correlated with the interaction between x4 and x5. 
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Table 2. Results of the ANOVA performed on illustrative data 
Source df Seq.SS Adj.SS Adj.MS F 
x1 2 8.0000 6.4242 3.2121 ** 
x2 2 0.5333 0.6061 0.3030 ** 
x3 1 1.3333 0.0000 0.0000 ** 
x4 1 10.6667 10.6667 10.6667 ** 
x5 1 12.0000 12.0000 12.0000 ** 
x6 1 1.3333 1.3333 1.3333 ** 
x7 1 0.8000 0.7111 0.7111 ** 
x8 1 0.0000 0.0000 0.0000 ** 
x9 1 5.3333 5.3333 5.3333 ** 
Error 0 0.0000 0.0000 0.0000  
Total 11 40.0000  

 
Hence, by exploiting the projection property of the design, we would seek which interactions are active, 

if any. At this aim, all interactions are checked, not simultaneously but one at time because of the lack of 
degrees of freedom. We are firmly convinced that in this procedure it is necessary to keep in the model the 
main effects already ascertained as significant. Otherwise the effect of the removed factors will disturb the 
analysis. 

Therefore we analyzed all models in which x1, x4, x5 and x9 are combined with one of their interactions: 
x1x4, x1x5, ... , x5x9. Thus we discovered that the model (1) is equivalent to: 

y = x1 + x4 + x5 + x9 + x1 x9        (2) 
in the sense that they both are able to interpret the same data with the same accuracy. In fact in this example,  
in absence of random component, the Error is zero for both models (see the Error SS in Table 3 and Table 4). 
 
Table 3. Results of the ANOVA performed on illustrative data (model (2)) 

Source df Seq.SS Adj.SS Adj.MS F 
x1 2 8.0000 8.0000 4.0000 ** 

x4 1 12.0000 12.0000 12.0000 ** 

x5 1 12.0000 12.0000 12.0000 ** 

x9 1 5.3333 5.3333 5.3333 ** 

x1* x9 2 2.6667 2.6667 1.3333 ** 

Error 4 0.0000 0.0000 0.0000  

Total 11 40.0000  

 
 
Table 4. Results of the ANOVA performed on illustrative data (model (1)) 

Source df Seq.SS Adj.SS Adj.MS F 
x4 1 12.000 12.000 12.000 ** 

x5 1 12.000 12.000 12.000 ** 

x4* x5 1 5.333 10.667 10.667 ** 

x9 1 10.667 10.667 10.667 ** 

Error 7 0.000 0.000 0.000

Total 11 40.000 
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This is simply explained by considering the correlation between factor x1 and the interaction x4 x5. 
 
Conclusions 

The experimental use of NOAs with very small runs is attractive, but may be dangerous if such designs 
are dealt without the due precautions. In particular, through a simple illustrative example, we showed that an 
experimenter can be driven to wrong conclusions by data, even if he/she is an expert experimenter and 
mostly when the experimental error is low.  

Our comment is addressed specifically to the strength 2 designs. For the strength 3 designs problems 
could be more limited. However, we invite Li et al. to reexamine their plans in the light of our considerations. 

In designs having a complex alias structure and partial confounding, it seems advisable to have the 
possibility to estimate first- and second-order effects simultaneously, even in screening situations. Therefore 
we recommend the use of BANOD2, which can still have partial confoundings, but allowing to single out the 
individual contribution of each effect. 
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ABSTRACT 
In a recent article, Lu, Li and Xie (JQT, 2006) proposed a new class of Nearly Orthogonal arrays (NOA) 

having the projective property (Box and Tyssedal, Biometrika 1996). This property implies that once eliminated 
some factors from the design, the main effects of the remaining m factors and all their interactions are estimable 
(strength m). Since the construction of such designs is based on heuristic procedures, those authors provide a short 
collection of designs useful in situations in which Orthogonal Arrays would have a too large run size. 

Also Barone and Lombardo (JAS 2006) proposed a new class of NOAs, there defined BANOD2, able to 
simultaneously estimate, with a limited run size, both first and second order effects for all factors. Moreover they 
provided a collection of mixed two- and three-level designs. 

In the present paper, a critical comparison of these two classes of designs is illustrated. Specifically, the risks 
related to the use of the first class of designs in common experimental situations are stressed, if such designs are 
adopted for screening purposes, when many factors are involved and very little is known about their effectiveness. 
In such a case, before removing factors from the design, it should be ascertainable that such factors are really 
ineffective. This can be made by estimating at least all first- and second-order effects, which is not possible by 
adopting the designs proposed by Lu, Li and Xie. Alternatively, it could be assumed that the second-order effects 
are all ineffective, but in such a case the projective property is of no interest for the experimenter. 

Conversely, the second class of designs (BANOD2), can be adopted for screening purposes, especially when 
nothing can be a priori said about the effectiveness of second order effects. 
An illustrative example will be developed throughout the article..  
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Introduction

The aim of this paper is to deal with the problem of obtaining optimal approximate designs for
a linear model when the values of some independent variables are potentially censored according to a
known probability distribution function.

Let a linear model be E[y] = αT η(t), var(y) = σ2, t ∈ χ, with ηT (t) = (η1(t), . . . , ηm(t)) contin-
uous linearly independent known functions defined in a compact design space χ, αT = (α1, . . . , αm)
the unknown parameters to be estimated.

An approximate design will be any probability distribution, ξ, with a finite support supp(ξ),

ξ =

{
t1 t2 . . . tn
p1 p2 . . . pn

}
,

where ξ(ti) = pi. Let = be the convex set of the approximate designs. The information matrix is
defined as:

M(ξ) =
∫

χ
η(t)ηT (t)ξ(dt).

The inverse of the information matrix is proportional to the covariance matrix of the least square
estimates. Thus, an experimental design “minimizing”, in some sense, the inverse of the information
matrix, should be found. A function Φ defined on the set of information matrices will defined an
optimality criterion if it is non decreasing in the Loewner sense (Φ(M) ≤ Φ(N) if M − N is non
definite negative). Typically a criterion function is assumed convex. A design minimizing the criterion
function is referred to as a Φ–optimal design and it is usually written with a star, ξ?.

A measure of the goodness of a particular design ξ with respect to a criterion Φ is the efficiency,

effΦ[M(ξ)] =
Φ[M(ξ?)]
Φ[M(ξ)]

.

The most popular criterion is D–optimality, which looks for the maximum determinant of the
information matrix. A usual definition is ΦD(M) = − log det(M). In order to make it homogeneous
the following equivalent definition will be used in this paper: ΦD(M) = det(M)−

1
m .

Now suppose t denotes a time variable potentially censored in a design space χ. The censoring
distribution will be assumed known through the random variable T , which measures the time a chosen
experimental unit is going to stop given no prior limitation in time. A probability distribution of the

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 3369 -



censored time T will be assumed on a set, which includes the whole design space. Let f(t) and F (t)
be the probability density function (pdf) and the cumulative distribution function (cdf) respectively.
A particular, but typical case, may be a distribution on [0,∞) with a design space contained in it,
e.g. χ = [0, b].

Let ξ̂ be the approximate design with finite support that is intended to be applied in practice.
Due to censoring another design ξ is expected to result at the end of the experimentation. Therefore,
a design ξ̂ should be found such that the expected design ξ will be optimal among all possible expected
designs. We will call an optimal design ξ̂? with this restriction censoring restricted (CER) optimal
design while ξ? will be the expected optimal design (ECER optimal design). Sometimes it is possible
to find ξ̂ such that the expected design ξ will be optimum according to the criterion without censoring.
But frequently this is not the case and a restricted search has to be done. This happens mainly when
there is an unrestricted optimal time at the highest possible time value. In particular, if the censoring
distribution is continuous this value will never be reached.

In this paper the two possible cases with either a finite or a continuous design space will be
considered. Algorithms for the computation of these designs will be given.

Finite design space

Let a finite design space be χ = {t1, t2, . . . , tn}, where t1 < ... < tk < ... < tn. The censoring

distribution will be considered as a discrete distribution on χ. The cdf will be F (t) =
k∑

i=1
f(ti),

tk ≤ t < tk+1, k = 1, . . . , n − 1, where f(ti) = P (T = ti), i = 1, . . . , n. Then, F (t) = 0, t < t1 and
F (t) = 1, t ≥ tn. This case may correspond to an experiment where n stages have to be completed
and an experimental unit may stop the experiment at any of these stages. Thus, f(ti) will be the
probability to stop exactly at time ti, that is completing all the stages until i and then stop. Typically
t1 = 0 meaning e.g. a time zero, which is the worst case when an experimental unit can not attain
the second step t2. When a deign ξ̂ is tried in practice an expected censored design ξ will be actually
performed:

ξ(tk) = (1− Fk−1)ξ̂(tk) + f(tk)(1− Ξ̂k), k = 1, . . . , n,(1)

where Fk ≡ F (tk), Ξ̂k ≡
k∑

i=1
ξ̂(ti), k = 1, . . . , n,; F0 ≡ 0 and Ξ̂0 ≡ 0.

From the expression above ξ̂ may be worked out in function of ξ as described in Garcet-rodŕıguez
et al (2007),(
ξ̂(t1), ξ̂(t2), · · · , ξ̂(tn)

)
=

(
1− Ξ0

1− F0
− 1− Ξ1

1− F1
,
1− Ξ1

1− F1
− 1− Ξ2

1− F2
, · · · , 1− Ξn−2

1− Fn−2
− 1− Ξn−1

1− Fn−1
,
ξ(tn)
f(tn)

)
,

where Ξk ≡
k∑

i=1
ξ(ti), k = 1, . . . , n; and Ξ0 ≡ 0.

The measure constructed in this way is a probability measure if and only if the ratio ri =
(1−Ξi)/(1−Fi) is non increasing for i = 0, . . . , n− 1. Let the convex set of all the possible expected
designs be =F = {ξ | ξ satisfies riin increasing, i = 0, . . . , n− 1}.

From Theorem 1 of López-Fidalgo and Garcet-Rodŕıguez (2004) an equivalence theorem may be
stated. For that, the definition of a directional derivative of Φ at M in the direction of N is needed,

∂Φ(M,N) = lim
ε→0

Φ[(1− ε)M + εN ]− Φ(M)
ε

.

Theorem 1 If Φ is a convex function then the following statements are equivalent:

1. Φ[M(ξ?)] = inf
ξ∈=F

Φ[M(ξ)], where ξ? is the CER Φ–optimal design.
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2. inf
N∈MF

∂Φ[M(ξ?), N ] = sup
ξ∈=+

F

inf
N∈MF

∂Φ[M(ξ), N ], where MF = {M(ξ) | ξ ∈ =F } and =+
F is the

set of the designs with nonsingular information matrix.

3. inf
N∈MF

∂Φ[M(ξ?), N ] = 0.

The information matrix associated to a generic expected design ξ, obtained with equation (1),
is

M(ξ) =
n∑

k=1

ξ̂(tk)

[
k−1∑
i=1

f(ti)η(ti)ηT (ti) + (1− Fk−1)η(tk)ηT (tk)

]
.

The objective is then to find,
ξ?
F = arg min{Φ[M(ξ)] | ξ ∈ =F }.

Only in a few cases this programing problem can be solved analytically. Usually an algorithm will be
needed.
Algorithm for the discrete case

Based on the equivalence theorem the following general algorithm may be stated for a differential
criterion Φ,

1. Set a non-singular initial design ξ̂(0) to be tried in practice.

2. Let ξ̂(r−1) be the design obtained at step r − 1 and ξ(r−1) the corresponding expected design
after the experimentation. Compute the point

t(r) = arg min
k=1,...,n

tr

{
∇Φ[M(ξ(r−1))] ·

[
k−1∑
i=1

f(ti)η(ti)ηT (ti) + (1− Fk−1)η(tk)ηT (tk)

]}
.

3. The new design at step r will be

ξ̂(r) = (1− αr)ξ̂(r−1) + αrξt(r) ,

where either αr = minα∈[0,1] Φ{M [(1− α)ξ̂(r−1) + αξt(r) ]} or αr = 1/(r + 1).

4. The algorithm will stop as soon as an appropriate bound for the efficiency will be reached,

mink=1,...,n tr
{
∇Φ[M(ξ(r))] ·

[∑k−1
i=1 f(ti)η(ti)ηT (ti) + (1− Fk−1)η(tk)ηT (tk)

]}
Φ[M(ξ(r))]

−
tr

{
∇Φ[M(ξ(r))] ·M(ξ(r))

}
Φ[M(ξ(r))]

+ 1.

Taking into account that ∇ΦD[M(ξ)] = −1
m|M(ξ)|1/mM

−1(ξ) for D–optimality then

t(r) = arg max
k=1,...,n

[
k−1∑
i=1

f(ti)ηT (ti)M−1(ξ(r−1))η(ti) + (1− Fk−1)ηT (tk)M−1(ξ(r−1))η(tk)

]

and the bound for the efficiency will be

2−
maxk=1,...,n

[∑k−1
i=1 f(ti)ηT (ti)M−1(ξ(r−1))η(ti) + (1− Fk−1)ηT (tk)M−1(ξ(r−1))η(tk)

]
m

.
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Continuous design space

Let χ = [0, b] be the design space. In this Section a continuous censoring distribution defined
on the set [0,∞) is considered. Let f(x) be an upper continuous version of the pdf and F (x) the
corresponding cdf. Let ξ̂ be the design that is going to be applied in practice, supported at points
t1 < ... < tk < ... < tn with weights ξ̂(ti), i = 1, . . . , n. Let t0 = 0 for convenience of notation.
Eventually t1 = t0 = 0.

The expected design at the end of the experimentation will be a mixture of a continuous distri-
bution pdf and discrete probabilities (“weights”) at points t1, . . . , tn:

ξ(t) =

{ ∑n
i=k ξ̂(ti)f(t) if tk−1 < t < tk,

ξ̂(tk)[1− F (tk)] if t = tk,
k = 1, . . . , n.

The information matrix of the expected design ξ is then

M(ξ) =
n∑

k=1

ξ̂(tk)[G(tk)−G(0) + η(tk)ηT (tk)(1− Fk)],

where G(t) is a matrix of indefinite integrals of η(t)ηT (t)f(t). A criterion function of the information
matrix should be used to obtain the optimal design ξ̂.

Theorem 1 can be used here with the same notation. If the criterion function is differentiable
the directional derivative is linear in the second argument and therefore the equivalence theorem needs
to be checked only in the direction of the generators of the set of the information matrices of CER
designs, G(t)−G(0) + [1− F (t)]η(t)ηT (t), t ∈ [0, b].

Corollary 1 If the criterion function Φ is differentiable then a design ξ̂? is CER Φ–optimal if and
only if ψ(ξ?, t) ≥ 0, t ∈ χ = [0, b], where ξ? is the expected design of ξ̂? and

ψ(ξ, t) = tr
{
∇Φ[M(ξ)] ·

[
G(t)−G(0) + [1− F (t)]η(t)ηT (t)−M(ξ)

]}
, t ∈ χ = [0, b].

The proof of this corollary is based on the well known formula for the directional derivative of
a differentiable function, ∂Φ(M,N) = tr[∇Φ(M) · (N −M)].

For D–optimality the condition to be checked is

ψ(ξ, t) = m− tr{M−1(ξ) · [G(t)−G(0) + [1− F (t)]η(t)ηT (t)]} ≥ 0; t ∈ χ = [0, b].

Algorithm for the continuous case
Based on the equivalence theorem an algorithm may be stated for a differential criterion Φ in a

similar way as for the discrete case algorithm exchanging
∑k−1

i=1 f(ti)η(ti)ηT (ti)+(1−Fk−1)η(tk)ηT (tk)
with G(t)−G(0) + [1− F (t)]η(t)ηT (t) appropriately.
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Yates’ Algorithm is one of the methods which allow estimate the effects and sums squares for the two-
level complete factorial designs, usually represented as 2n designs, where n is the number of factors. The 
simplicity of the Yates’ Algorithm makes this one of the most used methods in the analysis of this type of 
designs. However, for high values of n, the 2n designs demand a number of treatments that, in many 
situations, became impossible to obtain. The two-level fractional factorials designs (2n-p) appear as an 
alternative to the complete designs. In these designs n is the number of factors and p indicates the number of 
generators which defined the design. Yates’ Algorithm can also be applied on the analysis of the 2n-p designs, 
however regarding some changes, particularly in what concerns to the conclusions for aliased effects that 
must be carefully considered. In this work we present an application of Yates’ Algorithm considering the two 
types of designs, 2n and 2n-p and the results comparison.  
 
1. Yates’ Algorithm for 2n designs 

Yates’ Algorithm is one of the most used methods to analyses 2n designs. This method allows us to 
obtain the estimates of effects and to determine sums of squares needed to analyses this type of designs. How 
the name suggest, Yates’ Algorithm was proposed by Yates (1937) and consists in the construction of a table. 

The first column has the treatment combinations written down in standard order. The second column is 
the response which has the total of all observations at the treatment combination. The table has so many 
columns as the number of factors in study. For example, the table for the 2n design will have n columns plus 
the first two. These columns are obtained following the next procedure: 
• The first halves of the columns are obtained by arithmetical addition. To obtain the first entry of a 

particular column we have to add the two first entries of the previous column. The second entry of a 
particular column is obtained by adding the next two entries of the previous column. The same procedure 
is repeated to obtain the other entries of the first halves of each column. 

• The second halves of the columns are obtained using the arithmetical subtraction. To obtain the first 
entry of a particular column we have to subtract the first entry to the second entry of the previous column. 
The second entry of a particular column is obtained by subtracting the next two entries of the previous 
column. The same procedure is repeated to obtain the other entries of the second halves of each column. 

The last column of the table, column n, is the contrast for the effects in the treatment column. This column 
allows us to obtain the estimates and the sums of squares for the effects. The estimates of the effects are 
obtained by dividing the entries in column n by 2n-1r. r represent the number of replicates. To obtain the sums 
of squares for the effects, we square the entries in column n and divide by 2nr. 
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2. Yates’ Algorithm for 2n-p designs 
2n-p designs are especially useful at the beginning of an experiment to choose, of a large group of 

factors, only those that for its importance must continue to be study. When we have many factors, the 
fractional designs allow obtaining the estimates of the important factors for the study, generally the main 
effects and the interactions of lower order, without being necessary to test all the treatments. However exists 
a disadvantage associated with the use of fractional designs. When we use only a fraction of a design, some 
of the effects can be aliased with others. Thus, when we choose a particular fraction, we must have in 
attention the generators that define it, so that important effects for the study are not aliased and then 
impossible to estimate. 

In the analysis of the 2n-p designs it can also be applied the Yates’ Algorithm. In these designs the 
Yates’ Algorithm can’t be applied without making some changes, in particular the conclusions for aliased 
effects must be carefully considered. Yates’ Algorithm is applied in the usual way to any embedded complete 
factorial in (n-p) factors. For 2n-p designs the Yates’ Algorithm follows the next procedure:  

1. Rearrange the 2n-p runs in standard order for a complete factorial in (n-p) factors. 
2. The Yates’ Algorithm is used as usual (as for the 2n designs). 
3. Associate the calculated effects and conclusions with their appropriate aliases. 
 

3. An Application 
A 23 design was run to investigate the implications of three factors in the octopus weight. The factors 

are investigated using three replicates of a 23 design. The factors are: Sex (female or male), Maturation State 
(immature or mature) and Fishing Season (winter or summer). 

Note that we consider the first alternative of each factor, as the inferior level. Table 1 shows data from 
a complete 23 design and the table 2 shows the table of plus and minus signs for this design. Table 3 shows 
the results obtained with Yates’ Algorithm. 

 
 

Table 1 – Data from a 23 design for studying how octopus(1) weight is affected by three factors.  
 Fishing Season (C) 

 winter summer 

Sex (A) Maturation State (B) Maturation State (B) 

 immature mature immature mature 

female 1020;1465;1260 2515;3465;1085 1355;1035;955 1335;2590;1500 

male 1350;1485;620 1255;1455;1325 2535;1300;960 1820;1000;2260 
(1)-Octopuses captured in Tavira e Cascais during the years of 1999 e 2000. 

 
Table 2 – Table of plus and minus signs for the experiment in table 1.  

Treatment Combination / Effect I A B C AB AC BC ABC Y 

(1) + - - - + + + - 3745 

a + + - - - - + + 3455* 

b + - + - - + - + 7065* 

ab + + + - + - - - 4035 

c + - - + + - - + 3345* 

ac + + - + - + - - 4795 

bc + - + + - - + - 5425 

abc + + + + + + + + 5080* 
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Table 3 – Yates’ Algorithm for data in table 1. 
Treatment Combination weight Column 1 Column 2 Column 3 Estimate of Effect 

(1) 3745 375+3455=7200 7200+11100=18300 36945 1539,375 

a 3455 7065+4035=11100 8140+10505=18645 -2215 -184,583 

b 7065 3345+4795=8140 -290-3030=-3320 6265 522,083 

ab 4035 5425+5080=10505 1450-345=1105 -4535 -377,917 

c 3345 3455-3745=-290 11100-7200=3900 345 28,75 

ac 4795 4035-7065=-3030 10505-8140=2365 4425 368,75 

bc 5425 4795-3345=1450 -3030+290=-2740 -1535 -127,917 

abc 5080 5080-5425=-345 -345-1450=-1795 945 78,75 

 
The estimates of the effects obtained in table 3, suggest that just the effects B, AB and BC seems to 

affect the octopus weight, however AB and BC appear to be small relative to the mean. Effect B positive 
suggests that matures octopuses are more heavy. With the estimates of the effects we can examine the 
magnitude and direction of the factors effects and then conclude which factors are more important for the 
study. The analysis of the variance can be used to confirm these conclusions. 

The complete analysis of variance is summarized in table 4. For a level of significance of 10%, only 
that factor B is significant and for 5% none of the factors has influence on the octopus weight. Thus, for the 
data of the table 1, we conclude, for a level of significance of 10%, that the only factor that influences the 
weight is the Maturation State, being that the octopuses which this factor is in the level mature presents the 
higher weight. This confirms our initial interpretation on the data based on the estimates of the factor effects. 

 
Table 4 – Analysis of Variance for the experiment in table 1.  
Source of Variation Degrees of Freedom Sum of Squares Mean Square F0 

A 1 204426,042 204426,042 0,493 

B 1 1635426,042 1635426,042 3,944 

C 1 4959,375 4959,375 0,012 

AB 1 856926,042 856926,042 2,066 

AC 1 815859,375 815859,375 1,967 

BC 1 98176,042 98176,042 0,237 

ABC 1 37209,375 37209,375 0,090 

Error 16 6634933,333 414683,333 - 

Total 23 10287915,63 - - 

(F1,16 (0,05) = 4,49 and F1,16 (0,10) = 3,05) 

 
Suppose now that we have chosen to make only 12 runs marked with asterisks in table 2. These values 

correspond to a 23-1 design with the definition relation I=ABC, therefore all these 12 runs have in common 
the fact that for all of them the ABC column has positive signals. The figure 1 presents the geometric 
representation for this fraction. 

 
 
 
 
 
 

 
Figure 1 – 23-1 design with defining relation I=ABC 
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To apply the Yates’ Algorithm to this fraction we have to consider a 2² design with factors, A e B and 
AB interaction, as if factor C did not exist. Eliminating, in the table 2, the treatments that are not used in this 
fraction, all the vestiges of factor, and after adapted the treatments we obtain the table 5. The Yates’ 
Algorithm for this design is illustrated in table 6. Table 7 shows the analysis of variance for this design. For 
this fraction the conclusions of the analysis variance are the same that were obtained for the complete design. 
The only factor that was considered significant was the B, and only for a level of significance of 10%. 

We can see that using only a fraction of the design, the results would be the same that we had obtained 
using the complete design. Thus we can conclude that the essential information could have been obtained 
with only half of the effort. This is the great advantage of the factional factorial designs.  
 
 
Table 5 – Treatment Combinations to the 22 design without the factor C. 
Treatment Combination / Effect I A B AB Y 

a + + - - 3455 

b + - + - 7065 

(1) + - - + 3345 

ab + + + + 5080 

 
 
Table 6 – Yates’ Algorithm for the 23-1 design 
Treatment Combination  weight Column 1 Column 2 Estimate of Effect Effect 

(1) 3345 6800 18945 1578,75 I 

a 3455 12145 -1875 -312,5 A+BC 

b 7065 110 5345 890,833 B+AC 

ab 5080 -1985 -2095 -349,167 C+AB 

 
 
Table 7 – Analysis of Variance for the 23-1 design.  
Source of Variation Degrees of Freedom Sum of Squares Mean Square F0 

A+BC 1 292968,75 292968,75 0,557 

B+AC 1 2380752,083 2380752,083 4,523 

C+AB 1 365752,083 365752,083 0,695 

Erro 8 4211183,333 526397,917 - 

Total 11 7250656,25 - - 

(F1,8 (0,05) = 5,32 and F1,8 (0,10) = 3,46) 
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Introduction

Joint Regression Analysis is a widely used technique for the interpretation of series of experiments for
cultivar comparison.
Initially the field trials were designed as randomized blocks. Following Gusmão (1985) the productivity of each
block was measured by it’s average yield. This average was the environmental index of that block. For each
cultivar a linear regression of yields on environmental indexes (a non observable regressor) was adjusted.
Later on the individual designs were no longer randomized blocks, α-designs, see Patterson and Williams
(1976), being highly favoured. Thus the classic environmental indexes could no longer be used, since it would
lead to highly biased estimates for the environmental indexes corresponding to blocks. This led, see Mexia
et al. (1999), to introduce of L2 environmental indexes obtained minimizing the sum of sums of squares of
residuals, both in order to the coefficients of the regressions and to the environmental indexes.
We will assume that the vectors of yields are normal and homoscedastic and that, if the jth cultivar is present in
the ith block, the observation Yi j is modelled as:

Yi j = α j + β jxi + ei j, i = 1,2, ...,b, j = 1,2, ...,J,

where the (α j,β j), j = 1, ...,J are the regression coefficients and the xi, i = 1, ...,b, are the block environmental
indexes. The main problem in such modelling is how to estimate the parameters. One can observe that the
lately proposed so called zigzag algorithm is very efficient in finding the estimates of (α j,β j) and the xi (cf.
Mexia et al., 1999, Pereira and Mexia, 2002, 2003a, 2003b). This algorithm performs well, but it has not been
shown that it converges to the absolute minimum of the goal function (cf. e.g. Mexia et al., 2001, Mexia and
Pereira, 2001). We presented an alternative algorithm, double minimization algorithm, and showed that, in the
complete case, it converges to the absolute minimum (cf. Pereira and Mexia, 2007).
The aim of the paper is to compare the two adjustment algorithms, the classic zigzag algorithm and the recent
double minimization algorithm.
The goal function to be minimized will be

(1) S(αJ,βJ,xb) =
b

∑
i=1

J

∑
j=1

pi j(Yi j−α j−β jxi)
2.

Usually the weight pi j is 1 [0] when cultivar j is present [absent] in the ith block (environment). When the
cultivar occurs we take pi j = pi. These weights may differ from block to block to express differences in
representativity of the blocks.

1
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Zigzag algorithm

In the zigzag algorithm the minimization is carried out iteratively, first for the regression coefficients
and then for the environmental indexes. At the beginning it is recommended to start with some initial values
for indexes. In the complete case, i.e., when all cultivars occur in each environment, the average yield for
environment can be a good initial values (cf. Gusmão, 1985). When we have α-designs the initial environmental
indexes for a block will be the average yield for the corresponding super-block. In the worse case any initial
values can be taken (cf. Pereira, 2004). Then the goal function is minimized with respect to other parameters
after fixing some of them in previous iteration. The process converge always but its time depends on initial
values. At the end of each iteration the environmental indexes are rescaled so that the range of environmental
indexes is kept unchanged. The iteration procedure is carried out till the sum of sums of squares of weighted
residuals stabilizes. Hence, the iteration procedure is called zigzag algorithm.

Double minimization

When we apply the double minimization algorithm we obtain the conditional estimators (given the envi-
ronmental indexes x1, ...,xb ) of the regression coefficients and the conditional minimum for the sum of squares
of residuals S(xb). To choose the environmental indexes we minimize S(xb). We point out that the goal func-
tion is left unchanged (we get an equivalent regression) if we make a linear transformation on the controlled
variable. We can restrict ourselves to vectors xb, such that

(2)

⎧⎨
⎩

∑b
i=1 pixi = 0

∑b
i=1 pix2

i = 1.

As we can see in Pereira and Mexia (2007) the vector xb which, satisfies constraints (2), and minimizes

S1(xb) =
b

∑
i=1

J

∑
j=1

pi

(
Yi j− ∑b

i=1 piYi j

∑b
i=1 pi

)2

− x
′bZxb or equivalently maximizes x

′bZxb is the first eigenvector, γb
1,

of matrix Z = ∑J
j=1 Y

′+b
j Y+b

j , with Y+b
j the vector with components pi

(
Yi j− ∑b

i=1 piYi j

∑b
i=1 pi

)
, i = 1, ...,b,

j = 1, ...,J.
Both algorithms were applied to an example in which they display an excellent agreement.

Algebraic discussion

We now will analyse the reason behind such agreement between the above described shortly two types
of algorithms.
Let the (λi,γb

i ), i = 1,...,b, be the pairs of eigenvalues and associated eigenvectors for Z. We can assume that
λ1 ≥ ... ≥ λb and that the corresponding eigenvectors γb

1, ...,γ
b
b, are standardized and mutually orthogonal, so

given ab ∈ R
b, we have

ab =
b

∑
i=1

(γ
′b
i ab)γb

i ,

as well as

a
′bZab =

b

∑
i=1

λi(γ
′b
i ab)2,

so that, with ‖ ab ‖2= ∑b
i=1(γ′bi ab)2 = 1,

S1(ab)−S1(γb
1) = λ1−

b

∑
i=1

λi(γ
′b
i ab)2 = λ1[1− (γ

′b
1 ab)2]−

b

∑
i=2

λi(γ
′b
i ab)2

≥ λ1[1− (γ
′b
1 ab)2]−λ2

b

∑
i=2

λi(γ
′b
i ab)2 = (λ1−λ2)[1− (γ

′b
1 ab)]2.
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Besides this,

S1(ab)−S1(γb
1) = λ1−

b

∑
i=1

λi(γ
′b
i ab)2 ≤ λ1[1− (γ

′b
1 ab)2],

so that

(λ1−λ2)[1− (γ
′b
1 ab)]2 ≤ S1(ab)−S1(γb

1)≤ λ1[1− (γ
′b
1 ab)2].

Taking, ν = λ2
λ1

we get

0≤ λ1(1−ν)[1− (γ
′b
1 ab)]2 ≤ S1(ab)−S1(γb

1)≤ λ1[1− (γ
′b
1 ab)2]

thus, if ν≈ 0,

S1(ab)−S1(γb
1)≈ λ1[1− (γ

′b
1 ab)2]

and S1(ab)≈ S1(γb
1) if and only if γ′b1 ab ≈ 1 which would imply a close linear relation between γb

1 and ab since
‖ γb

1 ‖=‖ ab ‖= 1.

An example

In this example, we use the data obtained in 11 experiments carried out by the Portuguese National Plant
Breeding Station (ENMP, Elvas) in the years of 1992/93 and 1993/94. In these experiments, were compared
cultivars of durum wheat. In each design, there were 4 blocks of 9 plots. Each cultivar occurred on one plot per
block. We point out that, in the analysis of the data used in this paper, we use 1 and 0 for weights, because we
don’t have information indicating the relevance of the blocks to use any other non negative values. When we
applied double minimization we got the eigenvalues of Y+bY

′+b presented in Table 1:

λ1 = 1,384×109 λ4 = 3,521×107 λ7 = 1,260×107

λ2 = 5,849×107 λ5 = 1,822×107 λ8 = 9,790×106

λ3 = 4,953×107 λ6 = 1,513×107 λ9 = 6,960×106

TABLE 1. Eigenvalues of Y+bY
′+b.

And the components of first eigenvector, ηJ , associated with the largest eigenvalue were (0,405; 0,344; 0,362;
0,365; 0,309; 0,287; 0;181; 0,351; 0,346). The quality of the L2 environmental indexes was excellent, since
the usual correlation coefficient, ρ, between the adjusted environmental indexes vectors was 1. This agreement
is also displayed in Table 2 were the adjusted regressions coefficients and determination coefficients obtained
through both methods are presented.

Double minimization algorithm Zigzag algorithm

Cultivar α̃ j β̃ j R2
j α̂ j β̂ j R2

j

CELTA -539,92 1,24 0,92 -539,92 1,24 0,92
HELVIO -149,71 1,06 0,93 -149,71 1,06 0,93
TE9006 -410,66 1,11 0,87 -410,66 1,11 0,87
TE9007 -539,03 1,12 0,92 -539,03 1,12 0,92
TE9008 380,07 0,95 0,90 380,08 0,95 0,90
TE9110 -33,53 0,88 0,77 -33,53 0,88 0,77
TE9115 1226,77 0,56 0,52 1226,77 0,56 0,52
TE9204 19,73 1,08 0,90 19,73 1,08 0,90

TROVADOR -239,88 1,06 0,89 -239,88 1,06 0,89
TABLE 2. Adjusted regressions coefficients and coefficients of determination, using the double
minimization and the zigzag algorithm.
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We point out the very precise agreement between the results of both algorithms. This can be considered
as a validation of the use of the zigzag algorithm. The sum of the sums of squares of residuals was 205930024,9
for double minimization and 205929100 for zigzag algorithm. The slight difference between both sums being
clearly due to rounding up errors.
In the example considered, we had ν = 0,04≈ 0 .

Conclusion

The reason for the excellent behaviour of the well tried zigzag algorithm was discussed through it’s
comparison with the double minimization algorithm. This discussed showed the part played by the eigenvalues
of matrix Z. The components of Y+b

j being the residues from their weighted mean of the yields of the jth

cultivar. These weighted means were obtained using the block weights.

Acknowledgements

The Portuguese National Plant Breeding Station (ENMP, Elvas) is tanked for use of their data in this paper.
The first author of this work is member of the CIMA-UE, research center financed in the ambit of FEDER by
”Programa de financiamento Plurianual”, of the Science and Technology Foundation - Portugal.

REFERENCES

Gusmão, L. (1985) - An adequate design for regression analysis of yield trials. Theor. Appl. Genet., 71, 314 - 319.
Mexia, J. T., Pereira, D. G. and Baeta, J. (1999) - L2 environmental indexes. Biometrical Letters, 36, 137 - 143.
Mexia, J. T., Pereira, D. G. and Baeta, J. (2001) - Weighted linear joint regression analysis. Biometrical Letters,

38, 33 - 40.
Mexia, J. T. and Pereira, D. G. (2001) - Joint regression analysis for winter rye cultivars using L2 indexes. Collo-

quium Biometryczne, 31, 207 - 212.
Patterson, H. D. and Williams, E. R. (1976) - A new class of resolvable incomplete block designs. Biometrika, 63,

83 - 92.
Pereira, D.G., and Mexia, J.T. (2002) - Multiple comparison in Joint Regression Analysis with special reference to

variety selection. Scientific papers of the Agricultural University of Poznan, Agriculture, 3, 67-74.
Pereira, D.G., and Mexia, J.T. (2003a) - Reproducibility of Joint Regression Analysis. Colloquium Biometryczne,

33, 279-299.
Pereira, D.G., and Mexia, J.T. (2003b) - The use of Joint Regression Analysis in selecting recommended cultivars.

Biuletyn Oceny Odmian (Cultivar Testing Bulletin), 31, 19-25.
Pereira, D.G.(2004) - Análise Conjunta Pesada de Regressões em Redes de Ensaios. Ph’d Thesis. Universidade de
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Introduction

From the middle of the 19th century on several equations relating the rate constant k of a
chemical reaction to the temperature T have appeared in literature. All of them were developed
experimentally and the most popular ones try to fit linearly ln(k) against T , 1/T or ln(T ). The fact
that this different plots gave reasonably good linear fits with the same data was due to the narrow
temperature ranges usually employed in kinetic studies, as can be seen in Laidler (1984). But after
the controversy on the models maintained during several decades all these equations were gradually
dropped out but two of them: the Arrhenius and Modified-Arrhenius ones. The main reason for
the rejection of the remaining equations was the lack of theoretical justification for them, while the
Arrhenius ones were well explained theoretically.

Thus, nowadays the Arrhenius equation is widely accepted as the right tool to describe the
influence of temperature on the rates of chemical processes. It was first used by Svante Arrhenius
in 1884 in his studies of dissociation of electrolytes, but later on applied to describe the relationship
between temperature and the rates of chemical reactions and many other physical processes such as
diffusion, thermal and electrical conductivity, viscosity, etc.

The integrated form of the equation is ln(k) = A′ − exp(β/T ), where β = E/R, with E the
activation energy and R the gas constant. By taking exponentials it can be expressed as E[k] =
A exp(−β/t) where A = exp(A′) > 0 is the frequency factor, and β > 0. By making the change
T = 1/X it comes to be the exponential model, and thus the optimal designs have been studied
in Han and Chaloner (2003) for independent and normally-distributed errors with constant variance
and in Wang et al (2007) or Rodŕıguez-Torreblanca and Rodŕıguez Dı́az (2007) for different variance
structures.

However, for the analysis of more precise rate-temperature data, particularly in studies covering
a wide temperature range, it is usual to allow A′ to be temperature-dependent, proportional to −ln(T ),
or equivalently A proportional to 1/T raised to a power m producing

E[k] =
a

tm
e−β/t(1)

where a > 0 is now temperature independent and β > 0, the so called Modified-Arrhenius (MA)
model. Usually (see Laidler, 1984), the procedure often employed is to use the plain Arrhenius model
for data of lower precision or where the temperature range is limited, and to analyze more precise
data by using model (1). This will be the model used in this work.

Our aim is to find the best values {t1, t2, ...} where to take samples in order to get the best
estimation of the parameters of model (1), that is, the estimation with minimum variance. In other

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 3381 -



words: we look for an Optimal Design for this model. When working with non-linear models like the
MA one the best design will depend on the values of the unknown parameters. To solve this problem
some kind of additional information is needed, either an initial value for the parameters or a priori
distribution for them. In any case, the optimal design will be a function of these initial values or
distributions. Specifically, we can write a non-linear model as Y = η(t, θ) + ε, where Y denotes the
observation, t ∈ T = tmin, tmax is the independent variable, θ = (θ1, θ2, . . . θk) ∈ Θ is the vector of
unknown parameters, and η(x, θ) is a function that is non-linear respect to θ. The ε term stands for
the random errors, that will be assumed to be normally distributed, with zero mean and variance
σ2/ω(t).

A design is a collection of points of the independent variable, {t1, t2, . . . , tN}, where N is the size
of the design. It can be written by taking the n different points (called the support points) and for
each one the proportion (weight) than it has in the design, and from this point of view, an approximate
design can be defined as any probability measure in T with finite support.

The information matrix becomes the main tool when looking for the optimal design for the
experiment. When the function η(t, θ) is differentiable with continuous derivative for every parameter
θi, the information matrix for a design ξ will be M(ξ, θ) =

∑n
i=1 piω(ti)∇η(xi, θ)∇η(ti, θ)T , where

∇η(t, θ) is the gradient vector of η(t, θ). The inverse of the information matrix is proportional to the
covariance matrix (the generalized variance of the parameter estimators) of the model.

Optimal experimental designs typically minimize some convex function of the inverse of the
information matrix. The most used criterion is D-optimality, that focuses in the determinant of
the information matrix. A design ξ is D-optimal if maximices this determinant, what is equivalent to
minimize the one of the covariance matrix. A D-optimal design minimizes the volume of the confidence
ellipsoid of the parameters.

The General Equivalence Theorem is a useful tool for checking that a design is optimal. In the
case of D-optimality, it can be stated as follows: If k is the number of parameters of the model and
θ = θ0, then the design ξ∗ is D-optimal if and only if gξ∗(t) = k−ω(t)∇η(t, θ0)T M−1(ξ∗, θ0)∇η(t, θ0) ≥
0 ∀t ∈ T and the inequality becomes equality in the support points of ξ∗.

D-optimal designs

In this first approach the error ε will be normally distributed with mean 0 and constant variance
σ2. Assuming m known, the parameters to be estimated are a and β. The optimal design does
not depend on the error variance σ2, thus σ2 = 1 will be assumed without loss of generality. After
computing the information matrix for a general design ξ it can be seen that the design maximizing
the determinant does not depend on the linear parameter a. Thus from now on we will assume a = 1.

Since we have two parameters we need at least two points in the design. Let us begin by
considering a two-point design, say supported in t1, t2 with tmin ≤ t1 < t2 ≤ tmax. Both points should
have the same weight for the design to be D-optimal, and after some computations it can be proved
that the optimal designs need just two points. Those are given in Table 1, where the weight of the
every point is always 1/2, and cases (a) and (c) assume m ≥ 0.
Example

For m = 1 and taking β0 = 1 as initial value of parameter β the “special points” are

t∗1 = 0.423, t∗2 = 1.577, t∗min = 1.881 and t∗max = 0.400 ,

the last two assuming tmin = 0.6 and tmax = 1.2 respectively. Figure 1 shows the plotting of function
gξ(t) for the design space T being respectively [0,∞), [0.6,∞), [0, 1.2] and [0.6, 1.2], taking ξ to be
the best design for each situation, that is ξ∗, ξ∗min, ξ∗max and ξ∗minmax respectively. It can be seen that
the functions takes always the value 0 at the support points and it is greater than 0 for every t ∈ T .

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 3382 -



Table 1: D-optimal support points for MA model assuming constant variance

Special points Conditions on X D-optimal support points Design

(a)
t∗1 = 2β

1+2m+
√

1+2m

t∗2 = 2β
1+2m−√1+2m

tmin ≤ t∗1 < t∗2 ≤ tmax {t∗1, t∗2} ξ∗

(b)
t∗max = 2βtmax

B+
√

B2−4βmtmax

with B = β + tmax(1 + m)
or

m < 0
t∗2 ≥ tmax

{max{t∗max, tmin}, tmax} ξ∗max

(c)
t∗min = 2βtmin

C−
√

C2−4βmtmin

with C = β + tmin(1 + m)
t∗1 < tmin {tmin, min{t∗min, tmax}} ξ∗min

0.5 1 1.5 2 2.5 3 3.5

-2

-1

1

2
HcL

tmax
* tmax

gΞmax
* HtL

0.5 1 1.5 2 2.5 3 3.5

-2

-1

1

2
HbL HcL

tmin tmax

gΞmin max
* HtL

0.5 1 1.5 2 2.5 3 3.5

-2

-1

1

2
HaL

t1
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Figure 1: Checking D-optimality condition for MA model with m = β0 = 1 and different design spaces

Study of efficiency
Once we have the optimal designs for the MA model it is possible to analyze some of the designs

used in the literature for the Arrhenius model from the point of view of efficiency. As it was mentioned
before, the MA model is used instead of the Arrhenius one when more precision is needed or the range
of variation of the independent variable is wider; but in these cases the samples are usually taken at
the same points that those when working with the Arrhenius equation, that is, the same designs are
used.

To perform such a comparison among designs we will pay attention to Example 1 in Rodŕıguez-
Aragón and López-Fidalgo (2005). In that Example, D-optimal designs are computed for the Ar-
rhenius model applied to the reaction NO + O3 → NO2 + O2 in the interval T ∈ [212, 422] using
as initial values of the parameters a0 = 3.0 × 10−12 and β0 = 1500. It has support points 329.3
and 422 with the same weight in both points, and it is compared with the designs ξRay−Wat =
{{212, 241, 273, 299, 361, 422}, {12/75, 9/75, 8/75, 24/75, 12/75, 10/75}} (from Ray and Watson, 1981),
ξUni = {212, 254, 296, 338, 380, 422}, ξAri = {212, 269.27, 307.45, 326.54, 364.72, 422},
ξGeo = {212, 295.68, 314.81, 319.18, 338.32, 422} and ξInvLin = {212, 296.9, 338.8, 370.7, 397.8, 422}, the
last four ones equally-weighted.

The D-efficiency of design ξ for the MA model is EffD(ξ) = (detM(ξ)/detM(ξ∗))1/2, where
ξ∗ is the D-optimal design for the MA model shown in Table 1. In Figure 2 the efficiencies of the
designs described above for the MA model are plotted for different values of m. It can be seen that the
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best design near m = 0 is logically the D-optimal design for the Arrhenius model since the MA model
is exactly the Arrhenius one for m = 0. When moving away from m = 0, the efficiency decreases
steadily, being the lost in efficiency much faster for positive m. For m > 3, the best design in our
study is the Uniform one, while when m < −7 the cleverest choice appears to be the Linear inverse
design. In any case, when the true model is a MA one with m not very close to 0 the only sensible
design for D-optimality is the corresponding D-optimal design for the MA model given by Table 1.
Otherwise the efficiency of any other design may be almost ridiculous.

Figure 2: Comparative D-efficiency of several designs for the MA model with β0 = 1500 and T ∈
[212, 422] against m
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The Choice of Optimal Designs in Multivariate Linear Models with

a Known or Unknown Dispersion Matrix
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ABSTRACT

The experimental design influences on precision and correctness of results. In the presentation a design
d means an allocation of v treatments in b blocks of size k. We study an optimality of experimental
designs under multivariate linear models with a known or a partially unknown dispersion matrix.
When the dispersion matrix is known we determine optimal designs using Kiefer optimality. In the
case of unknown dispersion matrix optimality with respect to the precision in maximum likelihood
estimation is considered. So far, only the optimality of designs in a univariate linear model have been
studied. We extend the theory of optimal designs to a multivariate linear model and we denote the
relationship between a choice of optimal design in an univariate linear model and a multivariate linear
model.

Keywords. Multivariate linear model, optimal designs, Kiefer optimality, optimality with respect to
the precision in maximum likelihood estimation.
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Unreplicated two-level factorial designs are very useful in many applications. One of the reasons of 
their wide spread use is the cost savings associated with such designs. Although a direct estimation of error 
variance is not possible, there are sound methods to assess the significance of effects. For example, one can 
use normal probability or Lenth’s plots for the evaluation of the effects. These approaches work since the 
estimates of main effects and interactions from a factorial design have the same variance. However, in some 
circumstances the inclusion of center points and control treatments is of interest. As a consequence some 
meaningful contrasts will not have the same variance as the factorial effects. This leads to questions on how 
the significance of these contrasts can be evaluated when there is no replication of these additional 
treatments. Therefore, we propose an approach to analyze the experiment in the case of only one additional 
experimental unit receiving the treatment associated with the center point and another experimental unit 
receiving the control treatment. The method is based on the identification of adjustment factors to obtain 
contrasts of equal variance. 

We illustrate the proposed method with a real experiment. The experiment was carried out to evaluate 
the use of three by-products of sugar cane in substitution to corn in the feed of chickens. This experiment is 
an unreplicated two-level three-factor factorial experiment augmented with a center point and a control 
treatment. Therefore, it involves a total of ten experimental units, each associated with one of the treatments. 

Keywords: Cost savings; Normal probability plot; Replication; Two-level designs. 
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1. Introduction 
Two-level factorial designs are very useful in practice. According to Box, Hunter and Hunter (2005), 

some of the reasons for the importance of these designs include: the relative few runs required per factor 
studied, the interpretation of the data obtained by elementary arithmetic and computer graphics, and the fact 
that the design can be suitably augmented. When the factors investigated are quantitative, the factorial design 
can be augmented by the inclusion of center points. The levels of the center points are obtained by averaging 
the two levels of the corresponding factor. Center points allow the evaluation of linearity of the response. 
Experiments with animals or plants often involve a control treatment and sometimes this treatment may not 
be one of the factorial combinations. In this case the inclusion of the control treatment would lead to an 
augmented design. In this paper we discuss unreplicated two-level factorial designs augmented with a center 
point and a control treatment. 

Unreplicated experiments are frequently used as a way to save costs. As a consequence, a direct 
estimation of error variance is not possible from such experiments. This causes problems in the assessment 
of the significance of effects. However, there are sound methods to overcome this difficulty. Daniel (1959) 
proposes the use of normal probability plots. Lenth (1989) provides an alternative procedure to a normal or 
half-normal probability plot of the estimated effects. In a completely randomized factorial design the main 
effects and the interactions have the same variance. Therefore, the significance of effects can be evaluated 
through normal or Lenth plots. However, in augmented designs with a center point and a control treatment, 
some meaningful contrasts will not have the same variance as the factorial effects. In this paper we provide 
an approach to evaluate the significance of these contrasts when there is no replication of these additional 
treatments. We present the method through a real experiment.  
 
2. Design of the Experiment 

According to Cordeiro et al. (2003), food contributes to 75% of the total cost of chicken production. 
The basis of the diet is corn, which becomes expensive in some seasons. This leads to the search of new food 
options. An alternative is to use by-products of the sugar cane industry. Besides reducing the cost with food, 
this approach can benefit the environment since these by-products are one of the sources of pollution.  

An experiment was carried out to evaluate the use of three by-products of sugar cane (A, B and C) in 
substitution to corn in the feed of chickens. The three factors are left unspecified for proprietary reasons. It 
was decided to run a two-level factorial design with these factors augmented with a center point. It was also 
included the usual chicken diet as a control treatment. This control treatment has 0% of the three by-products 
of sugar cane. This experiment is an unreplicated two-level three-factor factorial experiment augmented with 
a center point and a control treatment. Therefore, it involves a total of ten experimental units, each associated 
with one of the treatments. Table 1 shows the ten treatments used. Note that treatment 9 is the center point 
and treatment 10 is the control treatment. 

 
Table 1. Treatments used in the experiment. 

Treatment A B C 
1 25% 3% 2% 
2 50% 3% 2% 
3 25% 6% 2% 
4 50% 6% 2% 
5 25% 3% 4% 
6 50% 3% 4% 
7 25% 6% 4% 
8 50% 6% 4% 
9 37,5% 4,5% 3% 

10 0% 0% 0% 
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One-day old chicks were allocated to cages and fed for 41 days with one of the treatment diets. Water 
and food were permanently available to the chicks during the experiment. Some responses of interest in 
evaluating the performance of the diet are body weight, breast yield, food consumption, food conversion, leg 
yield and weight gain. 
 
3. Analysis of the Experiment 

The analysis of the experiment considers nine orthogonal contrasts of interest. A contrast is a linear 
combination of the observations from the experiment, such that the sum of its coefficients is zero. Table 2 
shows the coefficients of these contrasts and the corresponding variances. Note that the contrasts associated 
with all factorial effects (main effects and interactions) have the same variance. However, the contrasts 
associated with the center point and control treatment have a different variance. Due to this difference it is 
not possible to use the same normal probability plot or Lenth plot to compare the different contrasts. 
Therefore, it is necessary to adjust the contrasts so that they would have the same variance and consequently 
all contrasts of interest could be compared in one plot.  

 
Table 2. Contrasts of interest in the experiment. 
Treatment A B C AB AC BC ABC Center Control 

1 -1 -1 -1 1 1 1 -1 -1 -1 
2 1 -1 -1 -1 -1 1 1 -1 -1 
3 -1 1 -1 -1 1 -1 1 -1 -1 
4 1 1 -1 1 -1 -1 -1 -1 -1 
5 -1 -1 1 1 -1 -1 1 -1 -1 
6 1 -1 1 -1 1 -1 -1 -1 -1 
7 -1 1 1 -1 -1 1 -1 -1 -1 
8 1 1 1 1 1 1 1 -1 -1 
9 0 0 0 0 0 0 0 8 -1 
10 0 0 0 0 0 0 0 0 9 

Variance 8σ2 8σ2 8σ2 8σ2 8σ2 8σ2 8σ2 72σ2 90σ2 
 

The variance of the factorial effects serves as the basis to the other contrasts. The adjustment method 
consists of dividing each contrast by a suitable constant. This approach enables the analysis of the 
experiment through the use of a single plot. 

In this particular example, the relationship between the contrasts and the factorial effects is: effect = 
contrast/4. Therefore, the variance of the factorial effects is σ2/2. The seven factorial effects could be plotted 
on a normal graph to assess the significance of the estimates. Now to make an analysis of all nine contrasts 
of interest in the same plot it is necessary to supply a comparable basis among the factorial effects and the 
other two contrasts. This could be done by adjusting the contrasts so that they would have the same variance 
as the factorial effects. Specifically, the contrast associated with the center point should be divided by 12 and 
the contrast associated with the control treatment should be divided by square root of 180. Thus, a normal 
probability plot or Lenth plot using these estimates could be used to evaluate the significance of all nine 
effects. Figure 1 shows the normal probability plot of the body weight of the chicks. It seems that the only 
significant effect is the one associated with the control treatment. This means that the control treatment is 
different from the other treatments, which do not differ among themselves. In addition, the chicks subjected 
to the control diet (that is, the usual diet without the use of the three by-products from the sugar cane 
industry) had a body weight significantly greater than the other chicks.  
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Figure 1. Normal probability plot for the body weight. 
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4. Conclusions 

 This paper shows an approach that allows the analysis of unreplicated two-level factorial designs 
augmented with a center point and a control treatment. This method is based on the use of adjustment factors 
for contrasts of interest in such a way that all of them could be compared on a single plot. Although in this 
paper the method was illustrated considering a completely randomized scenario, this approach can also be 
applied to experiments with restrictions on the randomization, such as split-plot designs. Unreplicated 
designs of this kind are analyzed through the use of two normal probability plots or Lenth plots. Therefore, 
with the inclusion of center points and control treatments, it is possible to adjust the contrasts of interest and 
still analyze all the effects with just two plots.  
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For classical bayesian expected loss models, the beliefs over the set of states of the nature are
modelled by a prior distribution and the preferences over the set of the consequences are modelled by
a loss function, see e.g. French and Ŕıos-Insua (2000). The elicitation methods must be excessively
precise to assign correctly this inputs. This fact provide many works about the sensitivity of the
optimal decision with respect to changes in the inputs. Mainly, the studies have been centered in
checking sensitivity with respect to the prior distributions. The main reason for this is that in inference
problems the loss function often is the quadratic or absolute value loss function. Berger (1984), Ŕıos-
Insua and Ruggeri (2000) and Ruggeri et al. (2005) are excellent handbooks about bayesian sensitivity.
In this context, the uncertainty in preferences are modeled by a class L of loss functions and the
uncertainty in beliefs by a class Γ of prior distributions over the set of states Θ, that can be actualized
via the Bayes theorem.

We denote T (a, L, π) the posterior expected loss for the action a when the loss function is L ∈ L
and the prior distribution is π ∈ Γ and the same for b:

T (a, L, π) =

∫
Θ

L(a, θ)l(θ)dπ(θ)∫
Θ

l(θ)dπ(θ)
,

where l(θ) is the likelihood for a fixed experiment x.
As we have a class Γ of prior distributions and a class L of loss functions, the solution concept

is the efficient set, see Arias-Nicolás and Mart́ın (2002). Let a, b in A be such that a 6= b, we will
say that a dominates b if for all (L, π) ∈ L × Γ it holds that T (a, L, π) ≤ T (b, L, π), and for some
(L0, π0) ∈ L×Γ holds the strict inequality. An alternative a ∈ A is non-dominated if there is no other
alternative b ∈ A such that b dominates a.

In Arias-Nicolás et al. (2006) the nondominated set in problems with convex loss functions is
characterized. In this work, we obtain for exponential families of distributions, the nondominated set
under a class of Linex loss functions. Moreover, following Arias-Nicolás et al. (2005), we select an
“optimal” decision from the efficient set.

1. Background

Exponential Families. We deal with models with a likelihood following a distribution from
the exponential family, which has been considered by Eichenauer-Hermann (1991) and characterized
by Morris (1982).
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Let η0 be a σ-finite measure on the Borel sets of R and consider the exponential family F of
probability measures whose densities with respect to η0 are of the form

l(x|θ) = b(x)exp{xT θ −M(θ)},

for some nonnegative measurable function b(·).
Here

M(θ) = log

∫
b(x)exp{xT θ}ηo(dx)

and Θ = int(E), with E = {θ ∈ R : M(θ) < ∞}. Then F is called a natural exponential family
(NEF). The function M(θ), called the cumulant transform or F , is convex and analytic. It is the
logarithm of the generating moment function. A well known result states that

E[x|θ] =
dM(θ)

dθ
and V ar[x|θ] =

d2M(θ)
dθ2

.

Consider now a sample X1 = x1, . . . , Xñ = xñ of independent observations from F and let
S̃ =

∑ñ
i=1 Xi. It follows that S̃ has a distribution with respect to ηñ of the form

l(s̃|θ) = b(s̃, ñ)exp{s̃θ − ñM(θ)},

where ηñ denotes the ñ-fold convolution of η0.
Consider the family ΓF of conjugate prior distributions whose density functions take the form

π(s0,n0)(θ) = h(s0, n0)exp{s0θ − n0M(θ)},

where s0 ∈ R, n0 ∈ R , h(s0, n0) =
∫

exp{s0θ − n0M(θ)dθ}−1 and (s0, n0) ∈ H, with H =
int{(s0, n0) ∈ R2 : h(s0, n0)−1 < ∞}. Note that h(s0, n0) defines the normalizing constant of the
densities in ΓF .

This family is essentially characterized by the property that the posterior expected value of the
mean parameter µ is linear in the canonical sufficient statistic S and is closed under sampling. The
posterior distribution also belongs to the family ΓF with parameters s = s0 + s̃, n = n0 + ñ.

Linex loss functions. We focus on the linex loss function. This is a class of strictly convex
loss functions most commonly used in decision problems.

Lk(a, θ) = exp(k(a− θ))− k(a− θ)− 1, k 6= 0

The functions Lk are asymmetric (the constant k determines the asymmetry) and were intro-
duced by Varian (1974) and used by Zellner (1986), among others. When k > 0 the loss grows almost
exponentially for positive errors and almost linearly for negative errors. Analogously if k < 0.

Let us suppose we have a family of prior distributions Γ so that it exists the generating moment
function of the posterior distribution φπ(t) for each π ∈ Γ. Then the posterior loss for a given
alternative a is:

T (a, Lk, π) = exp(ka)φπ(−k)− k(a− µπ)− 1

where µπ is the posterior mean and the Bayes alternatives take the form:

a(Lk,π) =
−lnφπ(−k)

k
.

The expected loss for each Bayes alternative is then:

T
(
a(Lk,π), Lk, π

)
= lnφπ(−k) + kµπ = k

(
µπ − a(Lk,π)

)
.
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It is straight forward to prove that, if we considerer prior distribution belongs the exponential
familiy, ΓF , the generating moment function of the posterior distribution is:

φπ(s,n)
(t) = φ(s,n)(t) =

h(s, n)
h(s + t, n)

and the posterior mean for the prior distribution π(s0,n0) is then

µ(s,n) =
∂φ(s,n)(t)

∂t
(0) = − 1

h(s, n)
∂

∂t
h(s + t, n)ct=0,

with
∂

∂s
h(s, n) = −h(s, n)µ(s,n).

Note that the Bayes alternative for prior distribution π(s0,n0) and loss function Lk is:

a(Lk,π(s0,n0)) =
−lnφ(s,n)(−k)

k

and
∂

∂s
a(Lk,π(s0,n0)) =

1
k
[µ(s,n) − µ(s−k,n)].

Therefore, for a sample size fixed n and k > 0 (k < 0), the increasing in the mean posteriors (bayes
actions for quadratic loss functions) implies the increasing (decreasing) in the bayes actions for the
Linex loss functions.

2. Optimal Solutions

Let us suppose we have a class of Linex loss functions L+, with k > 0 and an exponential family
of prior distributions Γ so that it exists the generating moment function of the posterior distribution
φπ(t) for each π ∈ Γ.

Due to Theorem 1 in Arias-Nicolás et al. (2006), we can give a first approximation of the
nondominated set from the following proposition:

Proposition. Let LK = {Lk ∈ L+, k ∈ K} be a subclass of L+, and let be the values

µ∗ = inf
π∈Γ,k∈K

(
− lnφπ(−k)

k

)
and

µ∗ = sup
π∈Γ,k∈K

(
− lnφπ(−k)

k

)
.

Then
[µ∗, µ∗) ⊆ ND(A) ⊆ [µ∗, µ∗] .

However, this set is often too big to take it as the solution of the decision problem and some
criteria are needed to choose an optimal alternative within the nondominated set. Some authors
recommended to choose the conditional Γ-minimax or the posterior regret Γ-minimax alternative
within the set of all possible alternatives. These criteria are quite controversial since they could lead
to actions with huge increase in posterior expected loss with respect to Bayesian actions. To overcome
such drawback, we define a new sensitivity measure, which extends the measure proposed by Ruggeri
and Sivaganesan (2000) who considered a quadratic loss function rather than a general one, like here.
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Definition 1. Given a pair (L, π) ∈ L × Γ and the action a, we define the sensitivity of a respect to
the pair (L, π), which will be denoted by S(a, L, π), as

S(a, L, π) =
T (a, L, π)− T (a(L,π), L, π)

T (a(L,π), L, π)
.

Therefore, we consider the relative increase in posterior expected loss when we have an action
a instead of the Bayes action. Note that this measure is scale invariant.

From now onwards, we assume T (a(L,π), L, π) > 0, for all (L, π) ∈ L × Γ. Finally, we propose a
criterion which chooses the alternative minimizing the relative error:

Definition 2. as is the least sensitive alternative (LS) for L × Γ if

S(as) = sup
(L,π)∈L×Γ

S(as, L, π) = inf
a∈A

sup
(L,π)∈L×Γ

S(a, L, π),

where S(a) denotes the sensitivity of an action a with respect to L × Γ.

In this paper, we will study how to compute the least sensitive action when we consider a
one-parameter exponential family. Furthermore, its relation with other proposed solutions will be
presented: nondominated, bayes, minimax and posterior regret minimax actions.
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ABSTRACT

The robustness problem is tackled by adopting a parametric class of distributions flexible enough to
match the behavior of the observed data. In a variety of practical cases, one reasonable option is to
consider distributions which include parameters to regulate their skewness and kurtosis. As a specific
representative of this approach, the skew-t distribution is explored in more detail, and reasons are given
to adopt this option as a sensible general-purpose compromise between robustness and simplicity, both
of treatment and of interpretation of the outcome. Some theoretical arguments, outcomes of a few
simulation experiments and various wide-ranging examples with real data are provided in support of
the claim.

Keywords. Kurtosis; Maximum likelihood; Multivariate distributions; Profile likelihood; Robustness;
Singular information matrix; Skewness.
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Classical methods for multivariate regression can be highly influenced by the presence 

of unusual data points. An application of Influence Function Bootstrap (IFB) (Amado 

and Pires, 2004) to multivariate regression, which yields parameter estimates and fitted 

values that are resistant to influential data, is introduced. This method provides weights 

to bootstrapping such that the influential observations are down-weighted according to 

the Influence Function (Hampel, 1974). A simulation study is conducted in order to 

evaluate the performance of the proposed method. It is also applied to a real-world data 

set: The Sesame Street data set. 
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Robust Shift Detection in Autoregressive Time Series
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ABSTRACT

The detection of level shifts in time series has attracted considerable attention. Iterative procedures
based on maximum likelihood have been suggested which try to detect and distinguish patterns like
level shifts and several types of outliers sequentially, starting from a model which does not include
any pattern. Such procedures are designed for retrospective analysis of the whole series, they possibly
confuse different patterns, and they can fail because of several patterns masking each other (Pena,
2000). Aiming at rules for reliable automatic level shift detection, we use a local approach and highly
robust estimators. Median filtering (Tukey, 1977) is popular for approximation of the level underlying
a time series because of its simplicity and its robustness against outliers. The median preserves its
good properties under positive autocorrelations (Fried, 2007a). Tests based on differences of medians
from subsequent time windows standardized by a robust scale estimate provide high robustness and
good detection power (Fried, 2007b). They outperform other rules for shift detection in these respects.
However, they implicitly treat the data as independent, while often we find subsequent observations
to be positively autocorrelated. We investigate the effects of autocorrelations on level shift detection.
Assuming that the time series can be modelled locally as an autoregressive (AR) process we adapt the
mentioned median comparisons to AR noise. Detection rules based on ordinary medians with thresh-
olds adapted to the estimated autocorrelations are compared to detection rules based on residuals
from a robustly fitted AR model.

Keywords. Online monitoring, signal extraction, robust filtering, level shifts, outliers.
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1. Introduction

Deepest Regression Estimator (DRE) is a robust estimator which is not affected by outliers
(Rousseeuw and Hubert, 1999). The DR method introduced by regression depth is different from
least squares that is to fit by making residuals very small. Regression depth is the way that provides
the ”rank” of any line (plane), rather than ranks of observation or residual. In general, the traditional
robust regression estimators are unaffected by outliers, so the robustness properties of them are highly
appreciated. However the robust regression estimators have lower efficiency. As a result of investigating
the robustness properties of the DRE, it has high asymptotic efficiency and has a breakdown point of
1/3 (Rousseeuw and Aelst, 2000). Moreover it turns out that DRE is a powerful robust estimator in
case of the sample size is large from computer simulation results (Fujiki and Shirahata, 2005).

In this paper, we study whether we can apply the DRE to small samples. In practice, it may be
unable to collect large amounts of observations in certain fields. For instance, it is difficult to collect
medical data in a specific disease, and experimental data where experiments can not be repeated
many times. The definition of regression depth can be applied to not only linear regression model
but more general models. The DRE is more flexible than any other estimator. We want to show that
the DRE is very useful and effective if it is available in the case of the number of any data. However
the difference between the computational result of an exact algorithm and that of an approximate
algorithm is not negligible in cases that it is the very small data. Therefore we have to consider the
definition of regression depth and the DRE. We show that the original computational method is not
symmetry, and propose a new method of regression depth and the deepest regression estimator.

2. Regression Depth

In simple regression, we want to fit a straight line y = θ1x + θ2 to a dataset Zn = {(xi, yi) : i =
1, · · · , n} ⊂ R2. A candidate fit is denoted by θ = (θ1, θ2), so the first component is the slope estimate
and the second is the intercept term. The residuals are then denoted by ri(θ) = ri = yi − (θ1xi + θ2).

Definition 1 A candidate fit θ = (θ1, θ2) to Zn is called a nonfit iff there exists a real number v that

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 3398 -



does not coincide with any xi and such that (i) or (ii)

(i) ri(θ) < 0, ∀xi < v and ri(θ) > 0, ∀xi > v

(ii) ri(θ) > 0, ∀xi < v and ri(θ) < 0, ∀xi > v

Therefore we can define regression depth as follows.

Definition 2 The regression depth (rdepth) of a fit θ relative to a dataset Zn is the smallest number
of observations that need to be removed to make θ a nonfit.

Note that Definitions 1 and 2 allow for ties among the xi and that they do not require any distributional
assumptions. According to the definitions of Rousseeuw and Leroy (1987, p.116) , it follows that
regression depth is scale invariant, regression invariant and affine invariant.

To compute rdepth, we first reorder the observations such that x1 ≤ x2 ≤ · · · ≤ xn. Then we
can compute the rdepth using

rdepth(θ, Zn) = min
1≤i≤n

{min (L+(xi) + R−(xi), R+(xi) + L−(xi))}(1)

where

L+(v) = ]{i : ri ≥ 0 and xi ≤ v}, R−(v) = ]{i : ri ≤ 0 and xi > v},
R+(v) = ]{i : ri ≥ 0 and xi ≥ v}, L−(v) = ]{i : ri ≤ 0 and xi < v}.

It suffices to update L+(xi), L−(xi), R+(xi), and R−(xi) at each i = 1, · · · , n.

3. Deepest regression estimator

Definition 3 In p dimensions the deepest regression estimator DR(Zn) is defined as the fit θ with
maximal rdepth(θ, Zn), that is

DR(Zn) = arg max
θ

rdepth(θ, Zn)(2)

where θ maximizing rdepth(θ, Zn) is not necessarily unique.

It suffices to consider all fits through p data points in Definition 3. If several of these fits are tied in the
sense that they have the same maximal regression depth, the deepest regression estimator DR(Zn) is
obtained by taking their average. Note that the average does not necessarily have the maximal depth.
The DRE is now uniquely defined, taking the average does not change the robustness (Aelst et al.,
2002). Moreover, no distributional assumptions are made to define the DRE of dataset.

By the way, θ maximizing rdepth(θ, Zn) is obtained by a straight line passing two data points.
Then, an actual estimator is defined as follows.

Definition 4 In a straight line passing two data points of
(
n
2

)
, the deepest regression estimator

DR(Zn) is defined as the maximizing rdepth(θ, Zn) of the line θ1ix + θ2i(i = 1, · · · , k), that is

DR(Zn) = (θ1·, θ2·).

Note that it is not necessarily for a straight line maximizing rdepth(θ, Zn) to pass two data points.
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4. Example

To confirm the original method and check computer programs, we try to compute very small
data that a hand calculation is possible.
Table1: The result of rdepth

L+ R- R+ L- min
v1 0 2 4 0 2
v2 1 2 3 0 3
v3 2 1 2 1 3
v4 3 0 1 2 3

The data we used for analysis is (x, y) = (−2, 2), (−1, 0), (1, 0), (2, 2). A candidate regression line is
` : y = 0．The calculation result of rdepth is as follows. From Hubert and Rousseeuw (1998)，we put
v1 = x1 − 1, vi = (xi−1 + xi)/2 for all 2 ≤ i ≤ n. Therefore, v1 = −3, v2 = −3/2, v3 = 0, v4 = 3/2,
and rdepth = 2. Then, the estimator =(slope, intercept) is DRE(Approx)=(0, 2), DRE(Exact)=(0,
-0.111), and LSE=(0, 1). This results show Figure, there is the difference between DRE(Approx) and
DRE(Exact).

x1

y
1

-3 -2 -1 0 1 2 3

-1
0

1
2

3

1

2 3

4

DRE(Approx)
LSE
DRE(Exact)

Figure1:Regression Line of DRE(Approx), LSE, and DRE(Exact)

5. The new method

To confirm the symmetry property, the definition is corrected as follows. First, data points
x1, · · · , xn and except for data points v1, · · · , vn are given by

RD1(i)(l) = min{L+(xi) + R−(xi), R+(xi) + L−(xi)}
RD2(i)(l) = min{L+(vi) + R−(vi), R+(vi) + L−(vi)}.
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The new definition is given by

M1(l) = min
1≤i≤n

RD1(i)(l), M2(l) = min
0≤i≤n

RD2(i)(l),

where

L+(v)(l) =

{
]{i : ri ≥ 0, xi < v}+ 1, (∃j, v = xj , rj(l) = 0),
]{i : ri ≥ 0, xi < v}, (otherwise)

,

R+(v)(l) =

{
]{i : ri ≥ 0, xi > v}+ 1, (∃j, v = xj , rj(l) = 0),
]{i : ri ≥ 0, xi > v}, (otherwise)

,

L−(v)(l) = ]{i : ri ≤ 0. xi < v},
R−(v)(l) = ]{i : ri ≤ 0. xi > v}.

First of all, we consider maxl M1(l) = maxl M2(l) holds, and l that obtains this maximum is
corresponding. Second, we consider whether to obtain the maximum value by a straight line that
passes two data points, where the straight line that gives the maximum value does not necessarily
pass two data points.

For 1 ≤ i ≤ n, it holds

ri > 0 ⇒ RD1(i) = min(RD2(i− 1), RD2(i))

ri = 0 ⇒ RD1(i) = RD2(i− 1) = RD2(i)

ri < 0 ⇒ RD1(i) = min(RD2(i− 1), RD2(i)).

Therefore M1(l) = M2(l) holds for any regression line．Here l does not depend on whether pass data
points. Maximizing M1 and M2 for l can be attained by the straight line that passes two data points.
For a candidate fit l of an arbitrary regression line,

M1(l
′
) = M2(l

′
) > M1(l) = M2(l)

exists in the straight line l
′

passing two data points. However, maximizing M1 and M2 for straight
line l can be likely to attain by the straight line that does not pass data points. To obtain DRE, the
maximized all straight lines that pass two data points are obtained, and take their average.
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ABSTRACT

Robust Bayesian analysis is connected with the effect of changing a prior within a class Γ instead
of being specified exactly. The multiplicity of prior leads to a collection or a range of Bayes
actions. It is interesting not only to investigate the range of estimators but also to recommend the
optimal procedures. In this paper we deal with posterior regret Γ-minimax (PRGM) estimation
and prediction of an unknown parameter θ and a value of a random variable Y under entropy loss
function.

Keywords: Bayes estimator; Class of priors; Robust Bayesian estimation; Posterior regret Γ-
minimax; Entropy loss function.

1 Introduction

In Bayesian statistical inference the goal of research is obtaining optimal decision rules under
specified loss function and an explicit prior distribution over the parameter space. In practice,
prior knowledge is often vague and any elicited prior distribution is only an approximation
to the true one. In such a case one may suppose that a correct prior π exists but he/she
is unable to apply the true Bayesian assumption, perhaps because he/she is not sure or is
unable to specify it totally. This situation can also be considered when the question must be
solved by two or more decision-makers and they do not agree about the prior distribution
to be used. A common approach to the prior uncertainty in Bayesian analysis is to choose
a class Γ of prior distributions and to compute the range of Bayes actions as the prior
ranges over Γ. This is known as robust Bayesian methodology. Robust Bayesian analysis is
connected with the effect of changing a prior within a class Γ on some quantity, for example:
the posterior risk, the Bayes risk, or the posterior expected value. By using robust Bayesian
analysis a range of Bayes estimators is obtained. Although the statistician now has a range
of possible actions, perhaps it is unclear as to which of these is most appropriate. In other
words, it is interesting not only to investigate the range of estimators but also to construct
the optimal procedures. There are several methods of choosing the optimal rules such as:
Γ-minimax rules, e.g. Berger (1984), conditional Γ-minimax rules, e.g. Betro and Ruggeri
(1992), the most stable rules, e.g. Meczarski and Zulinski (1991), and the posterior regret
Γ-minimax (PRGM) rules, e.g. Rios Inusa and Ruggeri (1995).
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This paper considers the problem of the PRGM estimation of the parameter of interest and
the PRGM prediction of the value of a random variable under the Entropy Loss Function
(ELF) when the knowledge of the prior distribution is restricted to the fact that it is a
member of a family Γ of prior distributions. Let X be an observed random variable with
a distribution Pθ indexed by θ ∈ Θ, a positive real parameter, with a density pθ jointly
measurable in θ and x. We consider estimation of θ under ELF, which is defined as

L(θ, d) =
θ

d
− ln

θ

d
− 1, (1)

where both θ and d are positive. Note that this loss is strictly convex in θ
d

but it is not
convex in d and as a function of d it has a unique minimum at d = θ. The entropy loss
was first introduced in James and Stein (1961) for estimation of the multinormal variance-
covariance matrix. See Parsian and Nematollahi (1996) for more references in this regard.
Rios Inusa, et al. (1995) discussed PRGM estimation under squared error loss. Boratynska
(2002) considered PRGM estimation in normal model with asymmetric LINEX loss function.
Boratynska (2005) considered Γ-minimax prediction in exponential families with quadratic
variance function. Betro and Ruggeri (1992) considered conditional Γ-minimax actions under
convex losses. Boratynska (2006) considered robust Bayesian prediction with asymmetric loss
function in Poisson model of insurance risk.

In this paper in section 2 we deal with PRGM estimation of unknown parameter θ under
ELF and in section 3 we discuss PRGM prediction issue.

2 Posterior regret Γ-minimax estimation

Suppose θ has a prior distribution Π with a density π with respect to some σ-finite measure
ν. If X = x then the posterior risk of an estimator δ(X) under ELF is given by

rπ(x, δ) = Eπ[L(θ, δ)|X = x]

=
Eπ[θ|x]

δ(x)
+ ln δ(x)− Eπ[ln θ|x],

where Eπ[g(θ)|x] denotes the expected value of a function g(θ), when θ has a posterior
distribution. The Bayes estimator of the parameter θ under the entropy loss function is
δπ(X) = Eπ[θ|X]. Given X = x, the posterior regret Γ-minimax estimator of θ is an
estimator δPR(X) satisfying

sup
π∈Γ

ρx(δπ, δPR) = inf
d∈�

sup
π∈Γ

ρx(δπ, d),

where ρx(δπ, d) is a posterior regret equal to

ρx(δπ, d) = rπ(x, d)− rπ(x, δπ),

and considers loss of optimality in the case of using d instead of the Bayes estimator δπ(X).
In the following theorem we obtain the PRGM estimator of θ under ELF.

2
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Theorem 1 Let X=x. Suppose δ = δ(x) = infπ∈Γ Eπ[θ|x], and δ = δ(x) = supπ∈Γ Eπ[θ|x]
are finite and δ < δ. The the posterior regret Γ-minimax estimation of θ under ELF is given
by

δPR(x) =
δ(x)− δ(x)

ln δ(x)− ln δ(x)
,

where δPR(x) ∈ (δ(x), δ(x)) and

inf
d∈�

sup
π∈Γ

ρx(δπ, d) =
δ(x)

δPR(x)
− ln

δ(x)

δPR(x)
− 1.

It is interesting to note that δPR(x) is a logarithmic mean of δ(x) and δ(x).

3 Posterior regret Γ-minimax prediction

Let X be an observed random variable with a distribution Pθ(x) indexed by a real parameter
θ ∈ Θ, with density pθ(x) jointly measurable in θ and x. Suppose θ has a prior distribution
Π with a density π with respect to some σ-finite measure ν. Our goal is to predict Y under
the entropy prediction loss function (EPLF),

L(y, d) =
y

d
− ln

y

d
− 1, (2)

We find robust Bayesian prediction using PRGM method. It is easy to see that the Bayes
predictor of Y using X = (X1, ..., Xn) with respect the prior distribution π under EPLF is
given by

δ̂π(x) = Eπ[Y |X = x]

where

f(y|x) =

∫
Θ

f(y|x, θ)π(θ|x)dν(θ)

d̂π
PR is called the PRGM prediction of Y if and only if

sup
π∈Γ

ρx(δ̂
π(x), δ̂π

PR(x)) = inf
d∈�

sup
π∈Γ

ρx(δ̂
π(x), a),

for every value x of X, where

ρx(δ̂
π(x), a) = rx(π, d)− rx(π, δ̂π(x)),

and rx(π, d) = Eπ[L(Y, d)|x]. Now, using Theorem 1, the PRGM prediction of Y under
EPLF with respect to the prior π ∈ Γ is given by

δ̂π
PR(x) =

supπ∈Γ δ̂π(x)− infπ∈Γ δ̂π(x)

ln(supπ∈Γ δ̂π(x))− ln(infπ∈Γ δ̂π(x))
. (3)

Note thatδ̂π
PR(x) ∈ (infπ∈Γ δ̂π(x), supπ∈Γ δ̂π(x)).

Several applications of PRGM estimation/prediction, based on k-records, will be discussed.

3
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1 Least Weighted Squares Regression

Let the regression model

Yi = β1Xi1 + · · ·+ βkXip + ei, i = 1, . . . , n

be rewritten in the usual matrix notation as Y = Xβ+e. The first column may of the design matrix X

may (but must not necessarily) be the vector 1 = (1, 1, . . . , 1)T corresponding to an intercept.
The least weighted squares (LWS) regression is a robust regression method with a high break-

down point proposed by Vı́̌sek (2001). Let us consider (any) estimate b = (b1, . . . , bp)T ∈ Rp of the
parameter β. By

ui(b) = Yi − b1Xi1 − b2Xi2 − · · · − bpXip, i = 1, . . . , n

we denote the residual corresponding to the i-th observation. Let us order squared residuals

u2
(1)(b) ≤ u2

(2)(b) ≤ · · · ≤ u2
(n)(b).

Definition 1: Let the function ψ : [0, 1] → [0, 1] be nonincreasing and continuous on [0, 1], ψ(0) = 1
and ψ(1) = 0. Moreover, we assume that both one-sided derivatives of ψ exist in all points of (0, 1),
are bounded by a common constant and we assume the existence of a finite left derivative in 0 and
right in point 1. Then the function ψ is called a weight function.

Definition 2: Let K ∈ Rr denote a compact set, let the true regression parameter β0 fulfill β0 ∈ K0,

where K0 denotes the interior of K, let ψ be a weight function. Then

bLWS = arg min
b∈K

n∑
k=1

[
ψ

(
k − 1
n

)
− ψ

(
k

n

)]
u2

(k)(b)

is called the least weighted squares (LWS) estimator of β. This can be denoted as

bLWS = arg min
b∈K

n∑
k=1

wku
2
(k)(b).

There nonnegative weights w1, w2, . . . , wn must be specified at first. However only their mag-
nitudes are known a priori and the weights are assigned to the data after a permutation, which is
determined automatically only during the computation based on the residuals. This is a difference
from the classical weighted least squares (WLS) regression, which assigns a fixed and known weight to
each observation. The least trimmed squares (LTS) represent a special case of least weighted squares
with weights equal to zero or one only.

Theoretical properties of the least weighted squares estimator including its robustness and as-
ymptotics are studied by Plát (2003). The computation of the LWS estimator is intensive and an ap-
proximative algorithm must be used already for moderate sample sizes. A modification of existing
algorithms for least trimmed squares is possible; Kalina (2003) describes an algorithm giving a tight
approximation to the true value of the estimate and studies computational aspects of the estimator.
For the purposes of fast applications of LTS and LWS regression we have implemented the algorithm
in the computer language C.
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2 Durbin-Watson Test for Least Weighted Squares

The Durbin-Watson test in the original form for least squares regression was proposed by Durbin
and Watson (1950, 1951). Kalina (2002) considers the Durbin-Watson test statistic computed from
residuals of least trimmed squares regression and Kalina (2003) for weighted regression residuals. The
latter suggests to apply the test for weighted regression also to the context of least weighted squares,
conditioning on the weights which are assigned to the observations only during the computation.

We use the notation of above, let us further denote a unit matrix of size n × n by In, let us
define M = In −X(XTX)−1XT and

A =



1 −1
−1 2 −1

. . . . . . . . .

−1 2 −1
−1 1


,

where blank spaces represent zeros.
The Durbin-Watson test for residuals u of least squares regression defined by

d =
∑n

t=2(ut − ut−1)2∑n
t=1 u

2
t

=
uTAu

uT u

has the same distribution as

eTMAMe

eTMMe
.(1)

Denoting the residuals of the least weighted squares by ũ = y−XbLWS , the Durbin-Watson statistic

ũTAũ/ũT ũ(2)

has the same asymptotic distribution as (1). The proof is given by Kalina (2004). We now show
how to obtain a more precise approximation for this distribution allowing to compute a more precise
critical value of the test.

Plát (2003) presents a general form of an asymptotic representation for the LWS estimator under
mild but technical assumptions. Here we express the residuals of LWS regression for the special case
of normally distributed errors. The whole approach will be explained to be scale-invariant, assuming
homoscedastic errors with any variance. Therefore we can assume unit variance and denote the density
of N(0, 1) distribution by ϕ(.). The quantile function Φ−1 is defined by

Φ−1(α) = x so that
∫ x

−∞
ϕ(t)dt = α for any α ∈ (0, 1).

Assuming the technical assumptions of Plát (2003), the residuals of LWS regression can be
expressed as

ũ = e− 1
δ
X(XTX)−1

n∑
k=1

wk

n∑
t=1

etXtI

[
e2t ≤ Φ−2

(
n+ k

2n

)]
+

1√
n
Xη,(3)

where coordinates of η = (η1, . . . , ηp)T are of order oP (1) and δ is defined by

δ = −
∫ 1

0

[
t− 2Φ−1

(
1 + t

2

)
ϕ

(
Φ−1

(
1 + t

2

))]
dψ(t).
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Table 1: Investment data

year 1980 1981 1982 1983 1984 1985
GDP 4900.9 5021 4919.3 5132.3 5505.2 5717.1
INVESTMENT 655.3 715.6 615.2 673.7 871.5 863.4

1986 1987 1988 1989 1990 1991 1992 1993
5912.4 6113.3 6368.4 6591.8 6707.9 6676.4 6880 7062.6
857.7 879.3 902.8 936.5 907.3 829.5 899.8 977.9

1994 1995 1996 1997 1998 1999 2000 2001
7347.7 7543.8 7813.2 8159.5 8508.9 8856.5 9224 9333.8
1107 1140.6 1242.7 1393.3 1558 1660.1 1772.9 1630.8

Denoting τ = 1√
n
Xη and κ by κ = ũ−τ , the Durbin-Watson statistic for LWS residuals equals

dLWS =
ũTAũ

ũT ũ
=

κTAκ + 2κTAτ + τTAτ

κT κ + 2κT τ + τT τ
.

Neglecting the remainder term in (3) and approximating δ by

δ̂ =
n∑

k=1

wk

[
2k − 1

2n
− 2Φ−1

(
2n+ 2k − 1

4n

)
ϕ

(
Φ−1

(
2n+ 2k − 1

4n

))]
,

an approximation for the LWS residuals is obtained. Replacing δ by δ̂ in the expression for κ defines κ̂.
The distribution of

κ̂TAκ̂/κ̂T κ̂(4)

is asymptotically equivalent with the distribution of (1). The empirical distribution of (4) estimated
by simulations estimates the null distribution of the Durbin-Watson test statistic.

The random vector κ depends on the number of observations n, the design matrix X, the
distribution of the random errors e and the weight function ψ. The approximative vector κ̂ still
depends on the unknown distribution of e.

We recall that the test of Durbin and Watson (1950, 1951) is a likelihood-based method valid
for normally distributed errors. In the same spirit we can repeatedly generate normally distributed
vectors e with a zero expectation. Without loss of generality we can take unit variance of the random
errors in the simulations, because the value of δ is scale-invariant, the vectors κ and κ̂ are scale-
equivariant and the expressions (1) and also (4) do not depend on the variance.

3 Example

The following example studies the time series of real gross domestic product (GDP) and real gross pri-
vate domestic investment (INVESTMENT) in the United States in the years from 1980 to 2001. Both
variables are expressed as multiples of 109 of dollars. The data are summarized in Table 1 and come
from the website www.stls.frb.org/fred and originally come from the U.S. Department of Commerce.

The data are adjusted for deflation of money rather than nominal. The model

INVESTMENTt = β0 + β1 ·GDPt + et, t = 1, . . . , n = 22(5)
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Table 2: Results of various regression estimators

LS LTS LWS L1 TLS
Intercept -582 -371 -465 -517 -526
Slope 0.239 0.203 0.221 0.230 0.231
D-W statistic 0.418 0.351 0.408 0.418 0.420

has therefore its reasonable economic interpretation. Greene (2002) presents a similar investment
equation. Our aim to model the time series of the GDP by a reasonable linear trend is also a popular
task in econometrics.

Table 2 lists estimators of regression parameters obtained by various regression methods. In each
case we have computed the regression residuals û and computed the Durbin-Watson test statistic (2)
with these residuals. These methods include ordinary least squares; least trimmed squares omitting
three outliers; least weighted squares with linear weights; the L1-estimator or in other words the
regression median; and trimmed least squares (TLS) computed as least squares regression with those
observations which are in the ”middle” part of the data between the first and third regression quartile.

The Durbin-Watson statistic computed for least squares equals 0.418. Statistical tables state
that the critical value belongs to the interval [1.24; 1.43]. Based on 1000 simulation we compute
the exact critical value (1) to be 1.24. This is at the same time the asymptotic critical value for
least weighted squares as discussed in this paper. Moreover it can be proven in a similar way as in
Kalina (2004) that (1) is the asymptotic critical value for all regression estimators listed in Table 2
under appropriate assumptions. The values of the test statistic are very similar for all regression
estimators in the table and the Durbin-Watson test is highly significant in each case.

The more delicate approximation by (4) described in this paper for least weighted squares equals
1.10 based on 1000 simulations. There is a small difference compared to the the result 1.24 of (1).

We have examined the sensitivity of the critical value to the assumption of normality. Therefore
we have estimated with simulations the critical value also for other distributions of the errors. The
resulting critical value for Cauchy distribution equals 1.20, for Student’s t10 equals 1.19 and for Laplace
distribution 1.26. The results are in a relatively narrow interval. This is still narrower than the
interval of no decision between the upper and lower bound for the least squares critical value present
in statistical tables.
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1. Introduction 
 
Analysis of variance (ANOVA) is the most common statistical method used for locating 
treatment effects in the one-way independent groups design. However, ANOVA can be adversely 
affected by two general problems. The problems are non-normal distribution and 
heteroscedasticity. When these two problems arise at the same time, rates of Type I error is 
usually inflated resulting in spurious rejection of null hypotheses, at the same time reducing the 
power of the test statistics. When the homogeneity of variance assumption is not satisfied, 
particularly when the design is unbalanced, the classical test of mean equality can become 
seriously biased. The usual group means and variances are greatly influenced by the presence of 
outliers in the score distribution. Reduction in the power to detect differences between groups 
occurs because of the standard error for the usual mean can become seriously inflated when the 
underlying distribution is heavy tailed (Lix & Keselman, 1998).  
 In a non-normal model, the classical least squares estimators can be highly inefficient. By 
substituting robust measures of location and scale such as trimmed means and Winsorized 
variances in place of the usual means and variances respectively, tests that are insensitive to the 
combined effects of non-normality and variance heterogeneity can be obtained (Lix & Keselman, 
1998). Wilcox, Keselman and Kowalchuk (1998), stated that one is able to obtain test statistics 
that do not suffer losses in power due to non-normality by using trimmed means and variances 
based on Winsorized sum of squares. Trimmed mean is a good measure of location because the 
standard error of the trimmed mean is less affected by departures from normality. This is due to 
the fact that the extreme values or outliers are removed (Lix & Keselman, 1998).  According to 
Gross (1976), Winsorized variance is a consistent estimator of the variance of the corresponding 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 3410 -



trimmed mean. The trimmed mean and Winsorized variance are intuitively appealing because of 
their computational simplicity and good theoretical properties (Wilcox, 1995). 
 
2. Methods  
 
This paper focuses on the trimmed F statistic methods with 15% symmetric trimming and 
trimming criterion using robust scale estimators MADn, Tn and LMSn. These four methods were 
compared in term of Type I error under conditions of normality and non-normality which will be 
represented by skewed g- and h- distributions.  
 
2.1. Trimmed F statistic 
 
Let X1, X2,..., Xn be an ordered sample of size n and let k = [gn]+1 where [x] is the largest 
integer ≤  x. The g-trimmed mean of the sample are defined as,  
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2.2. Trimming criterion 
 

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
++= ∑

−

+=
−+

2

1
21

1
)(2)1(1)()(

1 in

ii
jinjiji

j
jt

j

j
XiXiX

n
X  

where  

i1 = number of observations Xij such that  < -2.24 (scale estimator) ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

∧
jij MX

i2 = number of observations Xij such that > 2.24 (scale estimator) ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

∧
jij MX

 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 3411 -



2.3. Robust scale estimators 
 
MADn, Tn and LMSn are three robust scale estimators used in this study. These estimators have 0.5 
breakdown value and also have bounded influence functions. These estimators were chosen 
because of their simplicity and computational ease. 
 
3. Empirical Investigation 
 
This paper focused on an unbalanced completely randomized design containing four 
groups with small samples. We have chosen two population sizes, N = 60 and N = 80. For 
N = 60, we set the samples at n1 = 12, n2 = 14, n3 = 16 and n4 = 18 and for N = 80, we set 
the samples at n1 = 10, n2 = 20, n3 = 20 and n4 = 30. For both sizes we used heterogeneous 
variances at 1, 1, 1 and 36.  
 

Table 1: Design Specifications for the Four Groups.  
 

N GROUP SIZES GROUP VARIANCES 
 1 2 3 4 1 2 3 4 

60 12 14 16 18 1 1 1 36 
80 10 20 20 30 1 1 1 36 

 
Each method will be tested under three types of distributions with g=0.0 and h=0.0 
(normal), g=0.5 and h=0.0 (skewed normal tailed) and g=0.5 and h=0.5 (skewed 
leptokurtic). For each of the designs, 5000 datasets were simulated. The random samples 
were drawn using SAS generator RANNOR (SAS institute, 1989). 

 
4. Results and Conclusion 

 
The results for Type I error for the methods investigated were shown in Table 2. Based 
on Bradley’s liberal criterion of robustness (Bradley, 1978), a test can be considered 

robust if rate of Type I error, , is within the interval . For the nominal 
level 

∧
α ααα 5.15.0 ≤≤

∧

α = 0.05, the Type I error rate should be between 0.025 and 0.075. 
 

Table 2: Empirical Type I Error Rates. 
 

Distributions Trimmed F statistic with robust scale 
estimator (N = 60) 

Trimmed F statistic with robust scale 
estimator (N = 80) 

 ∧
ν (15%) 

 
MADn

 
Tn

 
LMSn

∧
ν (15%)

 
MADn

 
Tn

 
LMSn

g=0.0 h=0.0 0.0696 0.1208 0.1084 0.0816 0.0356 0.0652 0.0606 0.0380 
g=0.5 h=0.0 0.0688 0.1482 0.1454 0.0878 0.0358 0.0878 0.0870 0.0442 
g=0.5 h=0.5 0.0526 0.0702 0.0622 0.1944 0.0292 0.0284 0.0266 0.1508 

 
Average 

 
0.0637

 
0.1131 

 
0.1053 

 
0.1213 

 
0.0335

 
0.0605

 
0.0581

 
0.0777 
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Table 2 displays the empirical Type I error rates for all the procedures across the three 
distributions.  Values that fall within the Bradley’s criterion were highlighted, and the 
average values that satisfy the criterion were underlined.  The trimmed F statistic with 15% 
symmetric trimming is shown to have good control of Type I error rates compared to the other 
methods using robust scale estimators as a trimming criterion. However, there are improvements 
in rates of Type I error as we increase the sample size from 60 to 80.  
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ABSTRACT

MM-estimators were initially suggested by Yohai (1987) in order to increase the low breakdown
point of the bounded influence function estimators without loosing much efficiency under the normal
distribution. The MM-estimators are recommended by several authors for the estimation of the
regression coefficients, as for instance Maronna et al. (2006), and they have been studied in detail in
Salibian-Barrera (2000). They have a good performance when the errors of the model are independent
and identically normal distributed. Therefore, they are considered as one of the best choices among
robust regression estimators.
The good behaviour of the MM-estimators motivated its use in the present study. We consider a
spatial process represented by a regression model with a particular structure of the covariance matrix
of the errors. When the errors are m-dependent, we conclude that the asymptotic distribution of the
MM-estimators may be approached by the normal distribution, assuming that its covariance matrix is
conveniently estimated. For the estimation of the covariance matrix we use a spatial version of blocks
bootstrapping which is adequate to deal with the dependence structure of the errors. A simulated
example illustrates the use of the MM-estimators in the estimation of the mean function of the process.

Keywords: MM-estimators, robustness, spatial blocks bootstrap, geostatistics.

INTRODUCTION

Consider a linear regression model with i.i.d. errors Zi = x′iβ + εi, i = 1, ..., n, where x′i =
(1, xi1, ..., xip) ∈ Rp+1 are fixed regressors, β = (β0, ..., βp)′ ∈ Rp+1, εi ∼ N(0, σ2) and σ > 0.
The least squares estimator of β is very sensitive to atypical observations and that characteristic has
motivated the development of several robust alternatives. The two main approaches to robustness are
based in looking for estimators with a bounded influence function, following Hampel et al.(1986), or
in improving high breakdown point estimators, as proposed in Rousseeuw and Leroy (1987). The first
choice has advantages in terms of efficiency under the normal model but it provides estimators with
decreasing breakdown point for increasing values of p. The second choice has low efficiency problems.
The MM-estimators aim to join the advantages of the two approaches. They are obtained as implicit
solutions of minimizing adequate functions of the residuals, as it happens with the M-estimators, but
they make use of resistant estimators for the initial estimates in the computational process.
Thus, representing by ρ0 and ρ1 two adequate continuously differentiable loss functions, the MM-
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estimator β̂MM of β is defined as the (β̂0, ..., β̂p)′ solution that satisfies the equation

1
n

n∑

i=1

ρ′1

(
Zi − x′iβ̂MM

σ̂

)
xi = 0,

where ρ′1 stands for the derivative of ρ1 and σ̂ is the estimator that minimizes the M-estimator σ̂(β)
implicitly defined by

1
n

n∑

i=1

ρ0

(
Zi − x′iβ

σ̂(β)

)
= b.

The breakdown point and the efficiency of the MM-estimator are determined by the choices of the
functions ρ0, ρ1 and the tuning constant b.
When the model has fixed regressors, i.i.d. errors and it satisfies some mild conditions, Salibian-
Barrera (2006) demonstrated that β̂MM has a normal asymptotic distribution. However, the
asymptotic distribution of the MM-estimator is not studied when the errors of the model are not
independent.
Herein we consider a spatial process {Z(s) : s ∈ D ⊂ R2} which can be decomposed as a linear
regression model

Z(si) = µ(si) + δ(si), i = 1, ..., n,

with fixed regressors si ∈ D, where µ(s) =
∑p

j=0 βjfj(s) represents a deterministic mean function and
δ(s) is the zero mean process of the errors. There are few spatial processes with independent errors.
Therefore, our main objective is to approximate the asymptotic distribution of the MM-estimator when
the errors of the model verify a specific form of dependence, the so called m-dependence. The sequence
{δ(s1), ..., δ(sn)} is said to be m-radius dependent or, for simplicity, m-dependent, if Cov[δ(si), δ(sj)] =
0 whenever ‖si − sj‖ ≥ m. In geostatistics, there are important classes of processes that are m-
dependent as, for instance, those modeled by the geostatistical spherical covariogram models.
We will present a simulation study of the asymptotic distribution of the MM-estimator under m-
dependent errors. The study will be performed with the help of a spatial bootstrap methodology,
which is summarized in the next section of the paper. A third section illustrates the methodology
with an example. A final section states some brief conclusions.

THE SPATIAL BOOTSTRAP

Since the usual bootstrap is designed for independent observations, it is necessary to modify the
sampling scheme in order to introduce the dependence between sampled points. One way to overcome
the problem is to use spatial blocks based on an adequate distance. From now on, suppose that we
have a sample {Z(s1), ..., Z(sn)} whose locations {s1, ..., sn} are disposed along a regular grid in the
plan and that si = (si,1, si,2). It is important to form the spatial blocks by a rule that takes into
account the location of the sample points and also the m-dependence of the process errors, since m

determines the distance value from which the observations are uncorrelated.
For some sj ∈ D, the set of locations s such that Z(sj) and Z(s) are correlated is naturally defined
by an Euclidean distance. Thus, the dependence structure of the variables will be reflected in a block
if the block is considered as a set of locations inside a circle of radius m. Nevertheless, that choice
would not ”copy” the grid structure into the block and it would always waste some locations in the
corners of the grid. This suggests that the composition of the blocks should be determined by the
distance d′(si, sj) = maxk=1,2 |si,k− sj,k|. The dependence structure is kept in the block if the block is
constructed using the d′-neighbourhoods of the sj location. More precisely, the block keeps both the
dependence structure and the grid structure when it is defined by the set {s ∈ D : d′(s, sj) ≤ L, 0 <

L ≤ m}. Notice that the distance d′ produces square blocks with length side equal to C = 2L. If two
locations si and sj belong to the same block then d′(si, sj) ≤ C.
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The resampling process selects a location s?
j at random, which brings along a block of neighbour

sample points. Each bootstrapped block is constituted by no observations and it has the form
b?
j = {(si, Z(si)) : d′(s?

j , si) ≤ L}, for j = 1, ..., nb. To construct blocks with the same number of
observations, only those blocks with no observations will be considered, where no = maxj=1,...,nb

{#b?
j}.

The number nb of blocks must be determined in such a way that the initial number of observations n

is kept the same in each bootstrap sample. Thus, the ideal condition would be to take nb such that
n = nb × no, where no is the number of observations per block. When n is not a multiple of no one
can select the least integer verifying the condition nb × no ≥ n.
Then, the spatial bootstrap can be summarized by the following algorithm:

1. Select at random an s∗j from the grid points {s1, ..., sn}.

2. With s∗j form the block b∗j = {(si, Z(si)) : d(s∗j , si) ≤ L}, where d(si, sj) = max
k=1,2

|si,k − sj,k|.

3. If the block has less than no = maxj=1,...,nb
{#b∗j} observations, reject it and select another one.

4. Select blocks until the bootstrap sample
(
b∗1, ..., b

∗
nb

)
is achieved, where nb is the least integer

satisfying nonb ≥ n.

5. From the bootstrap sample, obtain a bootstrap replicate β̂
∗(b)
k of β̂k, k = 0, 1, ..., p.

6. Repeat the above steps B times to obtain
(
β̂
∗(1)
k , ..., β̂

∗(B)
k

)
.

From the bootstrap replicates
(
β̂
∗(1)
k , ..., β̂

∗(B)
k

)
we can approximate the distribution of the estimators

β̂k, whatever might the family of estimators β̂k be (k = 0, 1, ..., p).

A SIMULATED EXAMPLE

A simulated example has been conducted for showing how the distribution of the MM-estimators of
the coefficients βk can be approached by the normal distribution, in spite of the dependence of the
errors of the model. We generated a spatial processes of the form

Z(x, y) = β0 + β1x + β2y + δ(x, y),

using the package geoR from the R software (see www.r-project.org). The errors δ(x, y) were defined
to be m-dependent with m = 5 and they were normal distributed with zero mean. In the geostatistical
terminology, the errors follow a second order stationary process with a spherical covariogram model
with range of 5 units.
In order to investigate the behavior of the distribution of the MM-estimator with an increasing number
of observations in the sample, we generated samples from 10 × 10 to 60 × 60 observations, disposed
along regular grids (respectively, with 100 to 3600 sample points). We generated 100 samples of the
process for each grid dimension.
For each sample, we used the spatial bootstrap methodology described in the last section for
approximating the distributions of β̂0, β̂1 and β̂2 defined as the MM-estimators. The MM-estimates
were computed with the package roblm with the standard options. All the bootstrap blocks were
generated considering its side equal to the degree of dependence m, i.e., with L = 2.5.
With the bootstraped replicates of the MM-estimatorsUsing and using the package nortest, we tested
the normal distribution of the MM-estimators performing a Lilliefors test . We performed the test
for each coefficient and for each grid size. The resulting p-values for the grid sizes were organized in
Figure 1. The boxplots represent the empirical distribution of the p-values obtained in tests. One can
note that there are small differences among the distribution of the p-values correspondent to the three
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Figure 1: The figure shows the boxplots of the p-values obtained with the Lilliefors test for the
distribution of the estimators of the regression coefficients with regular grids of 10× 10, 30× 30 and
50× 50 points.

coefficient estimates for every grid dimension; but these differences do not affect the main conclusions.
Even in the worst case of the 10× 10 grid, which means that the side of the grid is the minimum in
order to cover the m-dependent observations, we see that the Lilliefors test found no reasons to reject
the normality of the MM-estimators in a significative number of cases. Therefore, in those cases the
p-value was quite superior to the interesting significance levels of the test. The results improved for
larger grid sides, i.e., when increasing the sample size.
Thus, the present example points out that under the simulated m-dependence the normal distribution
can model the distribution of the MM-estimators with satisfactory results.

CONCLUSIONS

The paper presents a study of the performance of MM-estimators for the regression coefficients when
the errors of the model are m-dependent. The distribution of the MM-estimators were approximated
by the use of a spatial block bootstrap, in order to maintain the structure of dependence of the process
in the resampling scheme. A simulated example confirms the conjecture that the normal distribution
can model the asymptotic distribution of the MM-estimators under the assumed dependence structure.
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ABSTRACT

Simultaneous Equations Models play a very prominant role in econometric studies since they model a
wide range of economic processes. The usual estimators for the parameters of these models are based
on the least squares principle or on the maximum likelihood principle, but the estimators derived
by the Generalized Method of Moments (GMM) have also received a growing interest in the last
years. Nevertheless, none of these estimators are robust. In a previous work (Rocha et al., 2006)
the authors have presented a robust version of the GMM estimator. Since the traditional GMM
estimator integrates an estimate of the covariance matrix of the errors of the model, the work referred
to above considers the robust estimation of that matrix by adapting the Orthogonalized Gnanadesikan-
Kettenring estimator suggested by Maronna and Zamar (2002). To evaluate the performance of that
robust version, a simulation study was then conducted. Now we extend that simulation study and use
different criteria to carry out the evaluation of the robustness of the estimator.

Keywords. Robustness, Generalized Method of Moments, Orthogonalized Gnanadesikan-Kettenring
estimator, Simultaneous Equations Model.
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1.0 Introduction

In recent years, numerous methods for locating treatment effects or testing the equality of central

tendency measures by simultaneously controlling the Type I error are being studied.   Progress has been

made in terms of finding better methods for controlling the rates of Type I error in the one-way independent

group designs (Babu et al., 1999; Othman et al., 2004; Wilcox and Keselman, 2003).   Through a

combination of impressive theoretical developments, more flexible statistical methods, and faster computers,

serious practical problems that seemed insurmountable only a few years ago can now be addressed.   These

developments are important to applied researchers because they greatly enhance the ability to discover true

differences between groups while maximizing the chance of detecting a genuine positive effect.

The parametric approach in testing the equality of the central tendency measures such as ANOVA

continued to play a prominent role because of its capacity to comprehensively describe information

contained in a data.  However, the good performance and valid application of the procedures require strict

adherence to certain assumptions, which do not always operate as predicatively as assumed in the real world.

Some of the most common statistical procedures are extremely sensitive to these minor deviations from

assumptions such as in the case of normality of distributions and homogeneity of variances.  Consequently,

nonparametric statistics emerged as a field of research and some of its methods for instance Kruskall Wallis

become widely popular in applications. The basic principle was to make as few assumptions about the data

as possible and still get the answer to a specific question.  However, nonparametric procedures are more

appropriate for data based on weak measurement scales.  Besides, procedures in the nonparametric are less

powerful than the parametric and therefore, require a larger sample size to reject a false hypothesis.  In

practice, it often happens that we need to robustly estimate central tendency and/or scale from small sample.
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2.0 Robust Methods

In the effort to overcome the sensitivity of the aforementioned procedures to the violations of the

assumptions, researchers in this area have sought to find alternative methods.   Investigators looked into

numerous robust methods since these methods generally are insensitive to assumptions about the overall

nature of the data (e.g. Babu et al., 1999; Kulinskaya, 2003; Luh and Guo, 1999; Othman et al., 2004).

Robust measures of central tendency such as trimmed means, medians or M-estimators (refer to Huber, 1981;

Staudte and Sheather, 1990; Wilcox, 1997) have been considered as alternatives for the usual least squares

estimator, (e.g. Luh and Guo, 1999; Wilcox et al., 1998). Other investigators, e.g. Babu, et al. (1999) used

median as the central tendency measure when dealing with skewed distribution and Wilcox and Keselman

(2003) introduced a modified one-step M-estimator (MOM) as the central tendency measure when testing for

treatment effects.

2.1 Modified MOM-H method

One of the strategies when dealing with extreme values is trimming. There are two approaches of

trimming: (1) trimming a predetermined amount and then computing ̂ ,  (2) empirically determine

the amount of trimming, trim, and then computing ̂ .  Trimming needs to be done carefully to

avoid the loss of information during the process. This is made possible by using modified one-step

M-estimator (Wilcox and Keselman, 2003) which trims the data in accordance to the types of

distributions.  For example when sampling from a light tailed distribution, it might be desirable to

trim very few observations, or if sampling is from a normal distribution, trimming might not be

needed at all.  For a right skewed distribution, a natural reaction is to trim more observations from

the right versus the left tail of the empirical distribution.  The MOM estimator is calculated using

data left from empirically determined trimming, and this estimator competes well with methods

based on trimmed means in terms of both power and control over the probability of a Type I error.

Characterized by the highest breakdown point (0.5), this estimator can withstand large proportions of

very bad observations without breaking down completely. Othman et al. (2004) used MOM as the

central tendency measure in their work on the H statistic.  Denoted as MOM-H, this statistic was

shown to have the ability to control the Type I error at a nominal level in testing the equality of

central tendency measures.

In the quest for a better robust method, we modified this statistic by substituting the default

scale estimator in the trimming criterion, i.e. the popular MADn,, with some highly robust scale

estimators, namely Sn and Tn (Rousseeuw and Croux, 1993) which have highest breakdown points

and bounded influence functions that are capable of maintaining the robustness of the MOM-H

statistic.

3.0 Methodology

Since this paper deals with robust methods where sensitivity to small changes is of the main concern,

manipulating variables could help in identifying the robustness of each method.   Three variables as shown

in Table 1 were manipulated to create conditions which are known to highlight the strengths and weaknesses

of tests for the equality of central tendency measures.  The variables are (1) population distribution, (2)
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degree of variance heterogeneity, and (3) pairing of unequal variances and group sizes.

In investigating the effects of distributional shape on Type I error, three types of distribution

representing different level of skewness were being considered; the standard normal distribution,  the chi-

square with three degrees of freedom,
2
3 , and the g-and-h distribution with g = 0.5 and h = 0.5.  Each of

these distributions represents zero, mild and extreme skewness respectively.  Since the sampling

distribution of MOM-H is unknown,  the p-values are obtained by means of the bootstrap percentile method

(see, e.g. Efron and Tibshirani, 1993).

Table 1.  Design specification

PAIRING GROUP SIZES POPULATION

VARIANCES

1 2 3 4 1 2 3 4

Positive 10 15 20 25 1 1 1 36

Negative 10 15 20 25 36 1 1 1

4.0 Results and Conclusion

According to the Bradley’s liberal criterion of robustness (Bradley, 1978), a test can be considered

robust if its empirical rate of Type I error, α̂ , is within the interval ααα 5.1ˆ5.0  .  In this study, the

nominal level is set at α = 0.05, thus, the empirical Type I error rate should be in

between 075.0ˆ025.0  α .   Based on this criterion, we compare the Type I error rates from the three

robust procedures with ANOVA and Kruskall Wallis as shown in Table 2.

Table 2. Empirical Type I error rates

Procedures Distributions

N(0,1) 2
3

g = 0.5

h = 0.5

+ve -ve +ve -ve +ve -ve

MOMH_Tn 0.0486 0.0542 0.0694 0.0650 0.0286 0.0316

Average 0.0514 0.0672 0.0301

MOMH_Sn 0.0478 0.0540 0.0642 0.0642 0.0268 0.0308

Average 0.0509 0.0642 0.0288

MOMH_MADn 0.0486 0.0520 0.0646 0.0660 0.0292 0.0286

Average 0.0503 0.0653 0.0289

Kruskall Wallis 0.0448 0.1158 0.0492 0.1180 0.0498 0.1022

Average 0.0803 0.0836 0.076

ANOVA 0.0336 0.2850 0.0526 0.2976 0.1492 0.3554

Average 0.1593 0.1751 0.2523
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The average Type I error rates across distributions for ANOVA and Kruskall Wallis are liberal and none are

robust according to the criterion as compared to the robust procedures.  These Type I error rates worsen

when the sample sizes and variances are negatively paired.  Under extreme condition, ANOVA fares the

worst with p = 0.2. In contrast, all the procedures for MOM-H are robust even under extreme condition.

MOM-H with Tn generates the best Type I error rate among the other procedures under this condition.

From this study, we are able to identify a few potential alternative methods in testing for the equality of the

central tendency measures under skewed distributions.  Therefore, when symmetry is suspect, we would

like to suggest using these methods as the alternative to the traditional methods.
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The problem with the classical formula for correlation 
 

The classical correlation coefficient r, (Pearson’s product-moment) is an essential topic that is taught in 
every elementary statistics or data analysis course in a broad range of disciplines, but its weakness regarding 
robustness to outliers is not discussed. This is not surprising given that the basic text books usually say 
nothing on this matter either. Given data on a number of variables, correlations are typically calculated in an 
exploratory data analysis to see which variables are associated with each other. Pairs of variables which have 
low correlations are often dismissed from further investigation. A more thorough investigation would include 
scatter-graphs. These may show a linear pattern which the Pearson correlation did not identify because of the 
presence of outliers. A single outlier may cause the Pearson formula to give a misleading impression of a low 
degree of association even when a strong linear relationship does exist. Devlin et al (1981) cite a case 
involving economic variables where principal component analysis produced two components with zero 
correlation as required; yet removal of just one of the 29 points caused the correlation to jump to 0.99. The 
opposite effect is also possible: Makridakis et al (1998) has a section on cautions in using correlation in 
forecasting; scatter-graphs are used to illustrate the ‘King Kong effect’ – a cluster of points has correlation 
0.53, but the insertion of a single high leverage point causes this to rise to 0.94. Even worse is possible: a 
clearly positive correlation can be made negative if two points are inserted on either side of the cloud so as to 
have a gradient of the opposite sign, as depicted in Shevlyakov and Vilchevski (2002, page 183).  

For teaching purposes, a useful approach is to use the famous four data sets of Anscombe (1973). (See 
the graphs displayed below; each set consists of eleven points.) One can ask students to rank these sets in 
terms of correlation value. One would expect data set C to have a value close to unity, whilst set D ought to 
have a value close to zero because there is effectively no relationship between the variables. Data sets A and 
B should have some intermediate value, but it’s difficult to say that one should have a higher correlation than 
the other. Note that set B follows a quadratic function (y = -0.1267x2 + 2.7808x - 5.9957) and this can be 
used to explain that Pearson’s formula is only designed for linear relationships. The fascinating fact 
regarding these data sets is that all four of them have the same Pearson correlation value! They also share the 
same least squares regression line (y = 0.5x + 3) and other regression statistics.   

  
Alternative measures of correlation 

Historically, it is worth remarking that the first appearance of the term ‘correlation’ (Galton, 1888) 
actually involved deviations from the median, and division by the semi-inter-quartile range. Hence the first 
correlation estimator used robust statistics to standardize the variables. Subsequently Pearson developed 
more than twenty different measures of correlation over a period of fifteen years starting in 1895. 
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Data set A

 

Data set B

 

Data set C

   

Data set D

 
The Anscombe data sets all have the same value for the Pearson correlation (0.82) and the same 
least squares regression line: y=0.5x + 3 
 

Let us investigate a proposed alternative estimator which appears never to have been cited before. This 
is the absolute correlation coefficient due to Bradley (1985). His motivation: “as an Englishman with a soft 
spot for the underdog, I thought it interesting to show that a theory of absolute correlation can be constructed, 
which is based on the median and absolute deviation”, as opposed to the mean and squared deviation. As the 
median is a more robust measure of location than the mean this seems like a sensible start. His procedure 
involves subtracting the median from each variable so that each variable has a median of zero. One then 
rescales so that the sums of absolute deviations from the median are the same for each variable. If we denote 
the resulting transformed data as {X, Y}, Bradley’s formula for absolute correlation is: 

 
Σ { |Xi + Yi| − |Xi − Yi| } / Σ {|Xi| + |Yi|} 

 
If we calculate this quantity for the Anscombe data we find values of 0.71, 0.65, 1.0, and 0.35 respectively. 
This is clearly an improvement over the Pearson results because it manages to distinguish between the four 
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cases. In particular, it succeeds in ignoring the outlier in set C and gives a score of unity as required. It is less 
successful on D however: we would have preferred a near-zero score; the explanation for this must lie in the 
fact that it uses sums. The deviation associated with an outlier may still be large even it is measured from the 
median; taking sums of such deviations retains this high leverage effect. 

One way of avoiding the disproportionate effect of outliers is to take the Pearson formula and replace 
every value by its rank – this is precisely Spearman’s rank correlation formula. This is useful as a measure of 
any monotone association as opposed to a specifically linear association. Of course there is a loss of 
information in replacing the data values by their ranks. An even coarser measure is the quadrant or sign 
correlation: imagine four quadrants with the point of medians at the centre, points in the north-east or south-
west quadrant are given a score of +1, and the remaining points are given a score of −1. The mean of these 
scores provides the quadrant correlation value. 

A natural attempt at improving robustness which does not require such loss of information might be to 
take the classic Pearson formula and replace the covariance in the numerator and the standard deviations in 
the denominator by more robust measures. An excellent replacement for standard deviation is the median of 
the absolute deviations from the median (MAD), and the corresponding covariance replacement would be 
med[(x − med(x))(y − med(y)] which has been humorously, but appropriately, named the ‘comedian’ by Falk 
(1997). Falk proves that for a bivariate normal distribution the corresponding correlation measure lies in the 
range −1 to +1; but surprisingly, he reports that it can give values outside this range in general. For the 
Anscombe data the results are: 0.41, 0.75, 1.0, and for D it is undefined because there is a division by zero 
(MAD(x) = 0). The latter need not be interpreted as a bad result, and may be taken to indicate a non-existent 
relationship.  

   
Measures of correlation that are based on regression 

 
Suppose the usual least squares regression leads to the line y = a1 + b1x, and that the reverse regression 

(minimizing squared deviations in the x-direction) leads to y = a2 + b2x. Then it can be shown that r2 = b1/ b2

Notice that the two slopes only coincide when we have perfect correlation. Hence the degree of similarity in 
the slopes, as measured by their ratio, gives the Pearson correlation. 

Now a more robust form of regression is that based on least absolute value of deviations (LAV). 
Shevlyakov (1997) suggests this as an alternative way of estimating the two slopes and hence the correlation. 
The difficulty here is that LAV regression requires the use of linear programming – no formula is available 
for the LAV slopes. Therefore such an estimator would not be something that could be conveniently 
calculated. Computational inconvenience would also apply to least median of squares regression. He also 
proposes a much simpler slope estimator: med{[y – med(y)]/[x − med(x)]} and then constructs a correlation 
estimator based on the usual relationship between slope, correlation and ratio of standard deviations:  
β = ρ σy / σx where the σ are replaced by the more robust MAD. [Note that a division by zero occurs if any of 
the x-values equal med(x)]. Applying this slope estimator gave a perfect slope (0.346) for data set C (for 
which the line y = 0.346x + 4 passes perfectly through all points except the outlier). The corresponding 
correlations were: 1.16, 1.36, 0.84, and for D was undefined due to divisions by zero. So we have problems 
with values exceeding unity as well as the estimator being affected by the outlier in data set C.  

 
Monte Carlo simulations 
 

Shevlyakov (1997) and Shevlyakov and Vilchevski (2002) have carried out an extensive investigation 
of correlation estimators using Monte Carlo simulation. They generate data following a bivariate normal 
distribution and contaminate it with a proportion of data which follows a normal distribution with different 
parameters. One then sees to what extent the estimator can reproduce the correlation in the main body of the 
data (without the contamination). The results indicate that, of the estimators examined, the median 
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correlation performed the best; it has the virtue of not containing any summations and so outliers will not be 
influential. It is defined as  

rmed = (med2|u| − med2|v| ) / (med2|u| + med2|v| ) 
where u = [x − med(x)]/MAD(x) + [y − med(y)]/MAD(y) 
and v = [x − med(x)]/MAD(x) − [y − med(y)]/MAD(y) 

Applying this to the Anscombe data we get 0.54, 0.75, 1.0 (just under), and for set D it is undefined (division 
by zero). These are very good results. However one must bear in mind that computation requires three levels 
of median: first find the median for each variable, then the medians of the absolute deviations (MAD), and 
finally the medians of u and v. It remains to be seen whether there exists a simpler robust estimator that 
performs well and also possesses the basic requirements of symmetry, invariance to linear transformation, 
and correct range. It is the feeling of this author that such an estimator is waiting to be discovered! 
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RÉSUMÉ (ABSTRACT) 
It is well established that the standard measure of correlation (Pearson’s product-moment) is very sensitive to 
outliers. It can give extremely misleading results when a few or even a single outlier is present.  
A number of robust correlation measures have been proposed. We do not consider estimators which require 
trimming (discarding) of some arbitrary fraction of the data, nor those which require iterative computation. Our 
overall aim is to find a practical and simple robust measure of correlation which can be recommended to 
practitioners alongside the classic Pearson and Spearman measures. 
The well known data sets of Anscombe are used to provide an initial assessment of these estimators. These four 
data sets were designed to have identical Pearson correlation coefficients as well as identical regression lines and 
other regression statistics. Nevertheless, visual inspection of their scatter-graphs indicates very different patterns. 
For data set C, there is a perfect linear relationship for all but one of the data points; whereas for data set D, apart 
from one outlier, all points have the same x-value and so there is essentially no co-variation or interdependence 
between the variables. We prefer a robust correlation measure to have a near-zero value for set D, and a high value 
for set C, with the other two data sets giving an intermediate value.  
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1. INTRODUCTION 
The comparison of several means of correlated populations of count data is encountered in 
many research areas. Correlated data are generally more difficult to analyze due to the 
scarcity of appropriate statistical models. The intricacy exacerbates for correlated non-normal 
data. To circumvent the difficulty, many resort to the semi-parametric generalized estimating 
equations (GEE) approach proposed by Liang and Zeger (1986). It is comparatively easier 
for one to get, say, consistent point estimates and to perform hypothesis testing without fully 
specifying the joint distributions. Nonetheless, full likelihood inferences are generally 
prohibited by the popular semi-parametric GEE method.  

In this presentation, we modify the multivariate negative binomial model to provide 
asymptotically legitimate full likelihood inferences about the mean parameters for correlated 
count data. The knowledge of the true underlying joint distributions, including, hence, the 
magnitudes of the correlations, is not needed for the validity of the proposed method. 
2 MAKING THE MULTIVARIATE NEGATIVE BINOMIAL LIKELIHOOD 
ROBUST

Let 1( , , )i i ipy y y , 1, ,i n , denote n independent vectors of count responses. For 

instance, 1iy and 2iy might indicate the numbers of hospital visits for an individual before and 
after the new government insurance policy is in effect.  

Arbous and Kerrich (1951) and Bates and Neyman (1952) developed the multivariate 
negative binomial distribution with the joint density function 
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where , 1, ,j j p , denote the mean parameters and 0 . Under the working model the 

marginal distribution of ijY is negative binomial with mean j and variance 2
j j . The 
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2

covariance matrix of iY has the kj element k j if j k , and 2
j j otherwise. The 

parameter quantifies the magnitude of the within-cluster association of the counts. Notice 
that when approaches zero, the joint distribution approximates that of n independent 
Poisson random variables.  

Let 1 be renamed as and , 1, ,j j p , denote the ratio of j over 1 , so that 

j j and 1 1 . Suppose the multivariate negative binomial distribution is adopted as the 

working model. Then the log likelihood contribution from 1( , , )i i ipy y y , 1, ,i n , is 

1

1 1
( , ) log( ) log log ( )

pn

ij j i i
i j

l y y y,

1 1log ( ) ( ) log(1 )iy ,

where
1

p
i ijj

y y ,
1

p
jj
and 2( , , )p denotes the vector of parameters of 

interest and ( , ) represents the vector of nuisance parameters.  

The ML estimates, say , , 2, ,k k p , are 11
ˆ /n

ii
y n and 11 1

/n n
k ik ii i

y y ,

2, ,k p . These estimators are obviously consistent even if the working model fails. We 
can therefore adjust the multivariate negative binomial model to make asymptotically valid 
inferences about the parameters of interest, see Royall and Tsou (2003). 

Consider the ( 1) ( 1)p p matrices A and B, where A consists of diagonal 
elements (1/ 1/ ), 2, ,i i p , and off-diagonal elements / , and B contains 
diagonal elements 

1, 1 2
1

1 2lim ,
n

ik
k k ik ik ijn i jk k

j k

Var Y
B Var Y Cov Y Y

n

2
1 ,+

1 2 ,
p

ij ij ik
j j k

j k

Var Y Cov Y Y , 2, ,k p

and off-diagonal elements 

1, 1k kB
1

,1 1lim ,
n

ik ik
ik ik ijn i jk k k

j k

Cov Y Y
Var Y Cov Y Y

n
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3

2
1 ,+

1 1, 2 ,
p

ik ik ij ij ij ik
j j j kk
j k j k

Var Y Cov Y Y Var Y Cov Y Y ,

where , 2, ,k k p . Let the first derivative of ( , )l with respect to be denoted by l and

0( ) denote the ML estimate of given 0 . Then the adjusted score test statistic is 

1 1
0 0 0 0 0 0, ( ) , ( ) , ( )tn l B l

whose distribution approximates that of a chi-squared random variable with p degrees of 
freedom. In contrast, the naive score test statistic 

1 1
0 0 0 0 0 0, ( ) , ( ) , ( )tn l A l

is chi-squared distributed only if the working model is correct. 
If the multivariate negative binomial distribution is a correct specification of the  

underlying distributions, then A B .
3 SIMULATION STUDIES 
In this section we demonstrate the effectiveness of the proposed robust method via 
simulation studies. We test the null hypothesis 0 2 3: 1H for the comparison of means of 
three dependent populations. Two different types of correlated count data are generated 
referred to as the uniform-uniform data and the gamma-gamma data. 

The uniform-uniform data is generated as follows. We first generate a random cluster 

effect i from a discrete uniform distribution from 1 to 5. Then 1, 2i iy y and 3iy are sampled from 

another discrete uniform distribution from 1 to3 i . The gamma-gamma data refer to the data 
derived as follows. We first sample i from a gamma distribution with mean and variance 

both of the value of unity. Next, 1, 2i iz z and 3iz are generated from the gamma distribution with 

mean i and variance 2
i . Then the integers nearest to the z values are given as 1, 2i iy y and 3iy .

Three thousand simulation runs with sample sizes =50n and100 are carried out. The 

following tables exhibit the average of the 3,000 calculated 2 and 3 values, denoted by 2̂( )m

and 3̂( )m , respectively, and the corresponding sample variances represented as 2
2̂( )S and

2
3̂( )S . The averages of the 3,000 adjusted robust variance estimates of the two estimates, 

denoted correspondingly by 2̂( )aVar and 3̂( )aVar , are also tabulated. The null hypothesis 

0H is rejected if the adjusted score test statistic is greater than 5.99 so that the nominal type I 
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error probability is 0.05. The empirical type I error probabilities calculated from the robust 
test and that from its naïve counterpart are denoted by a and n , respectively. 

Table 1: Simulation results of the uniform- uniform model 

2̂( )m 3̂( )m 2
2̂( )S 2

3̂( )S 2̂( )aVar 3̂( )aVar a n

50n 1.010 1.006 0.014 0.013 0.013 0.013 0.046 0.169 
100n 1.003 1.003 0.007 0.007 0.007 0.007 0.048 0.166 

Table 2: Simulation results of the gamma-gamma model 

2̂( )m 3̂( )m 2
2̂( )S 2

3̂( )S 2̂( )aVar 3̂( )aVar a n

50n 1.019 1.027 0.055 0.055 0.047 0.047 0.050 0.071 
100n 1.006 1.011 0.025 0.024 0.023 0.023 0.048 0.066 
It is evident that the robust variance estimates satisfactorily appraise the uncertainty of 

the parameter estimators. The empirical type I error probability incurred by the adjusted 
score test statistic is close to the nominal level. In contrast, the error probability committed 
by the naïve test is much larger than the prescribed level.  
4. REAL EXAMPLE 
In September 2002 the Taiwan Bureau of National Health Insurance has hiked the insurance 
premium rates and the self-paid fees. The rationale behind the new policy was to cut down 
the unnecessary visits to the hospitals, which is believed to be one of the main causes that 
have resulted in enormous deficits and devastated the national insurance plans. 
 In order to evaluate the effectiveness of the inflationary policy, 70 females born between 
1 January 1950 to 31 March 1950 were randomly selected from the National Heath Insurance 
Research Database, Taiwan. The numbers of their outpatient visits in three contiguous 
four-month periods of 2002 were recorded. 

The model-based ML estimates are ˆ 6.43 , 2̂ 1.01and 3̂ 0.87 , respectively. The 

naïve variance estimates of 2̂ and 3̂ are both approximately 0.004. The calculated naïve score 

statistic of 6.60 which gives a p-value of 0.037, indicating that the increase of the insurance 
premium does have a significant impact on the number of outpatient visits, in the anticipated 
direction.

Nevertheless, the variances of 2̂ and 3̂ yielded by the robust approach were around the 

magnitude of 0.013 and 0.010, respectively. The corresponding robust score statistic equals 
4.46 producing a p-value of 0.108 which leads to the conclusion that the new policy has not 
successfully trimmed down the number of outpatient visits.  
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The normal/independent distributions (Lange and Sinsheimer, 1993) provide a group of thick-
tailed distributions that are often used for robust inference of symmetrical data. The theory and
applications generate a great number of data that are skewed or heavy-tailed, for instance, the data of
family income. In this article, we propose a new family of distributions that combine skewness with
heavy tails. This distribution is attractive because it has a stochastic representation that allows easy
implementation of the EM-algorithm and it also facilitates the study of many of its properties. This
new family contains the multivariate skew-normal distribution defined by Arellano-Valle et al. (2005),
the multivariate skew-slash distribution defined by Wang and Genton (2006), the multivariate skew-t
distribution defined by Gupta (2003), and all the distributions studied by Lange and Sinsheimer (1993)
in a symmetric context.

Skew-normal/independent distributions (SNI)

Definition 1. A p-dimensional random vector Y follows an SNI distribution with location parameter
µ ∈ Rp, scale matrix Σ (an p× p positive definite matrix) and skewness parameter λ ∈ Rp, if its pdf
is given by

f(y) = 2
∫ ∞

0

up/2

(2π)p/2
|Σ|−1/2e−

u
2
dλΦ1(u1/2λ>Σ−1/2(y − µ))dH(u),(1)

where U is a positive random variable with cdf H(u;ν), Φ1(.) represents the cumulative distribution
function (cdf) of the standard normal distribution, and dλ = (y − µ)>Σ−1(y − µ). For a random
vector with pdf as in (1), we use the notion Y ∼ SNIp(µ,Σ, λ; H). If µ = 0 and Σ = Ip we refer to
it as a standard SNI distribution and we denote it by SNIp(λ; H).

Proposition 1. Let Y ∼ SNIp(µ,Σ, λ; H). Then

a) Y d= µ + U−1/2Z, where Z ∼ SNp(0,Σ, λ) and U is a positive random variable with cdf H inde-
pendent of Z.
b) Y d= µ + 1

U1/2 Σ
1/2{δ|X0| + (In − δδT )1/2X1}, where δ = λ/

√
1 + λ>λ, and U , X0 ∼ N1(0, 1)

and X1 ∼ Np(0, Ip) are all independent.

c) For any fixed vector b ∈ Rm and matrix A ∈ Rm×p of full row rank matrix,

V = b + AY ∼ SNIp(b + Aµ,AΣA>,λ∗; H),(2)

where λ∗ = δ∗/(1− δ∗>δ∗)1/2, with δ∗ = (AΣA>)−1/2AΣ1/2δ.
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The marginal stochastic representation given in (b) is very important since it allows to implement the
EM-algorithm for a wide variety of linear models similar to those of Lachos et al. (2007), and from
the result in (c) we derive the mean vector and the covariance matrix

Proposition 2. Suppose that Y ∼ SNIp(µ,Σ, λ; H). Then,

a) E[Y] = µ +
√

2
πΣ1/2δE[U−1/2], If E[U−1/2] < ∞,

b) V ar[Y] = Σ1/2
(
E[U−1]Ip − 2

πE2[U−1/2]δδ>
)
Σ1/2, If E[U−1] < ∞.

Proposition 3. If Y ∼ SNIp(µ,Σ,λ; H), then for any even function g, the distribution of g(Y−µ)
does not depend on λ and has the same distribution that g(X − µ), where X ∼ NIp(µ,Σ; H). In a
particular case, if A is a p× p symmetric matrix, then (Y − µ)>A(Y − µ) and (X− µ)>A(X− µ)
are identically distributed.

The result of Preposition 3 is interesting because it allows us to check models in practice. Some
examples of SNI distributions are:
a) The skew-t distribution, STp(µ,Σ, λ, ν).
b) The skew-slash distribution, SSLp(µ,Σ, λ, ν) ( Wang and Genton, 2006).
c) The skew-contaminated normal distribution, SCNp(µ,Σ, λ, ν, γ), 0 ≤ ν ≤ 1, 0 < γ < 1.
In Figure 1, we drew the density of the standard distribution SN1(3) together with the standard
densities of the distributions ST1(3, 2), SSL1(3, 1) and SNC1(3, 0.5, 0.5). They are rescaled so that
they have the same value at the origin.

Figure 1: Densities curves of the univariate skew-normal, skew-t, skew-slash and skew-contaminated normal
distributions.
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Maximum likelihood via the EM-algorithm

Suppose that we have observations on n independent individuals, Y1, . . . ,Yn, where Yi ∼ SNIp(µ,Σ,λ; H),
i = 1, . . . , n. . The parameter vector is θ = (µ>, α>, λ>)>, where α denotes a minimal set of param-
eters such that Σ is well defined.
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The EM-algorithm is a popular iterative algorithm for ML estimation for models with incomplete data.
More specifically, let y denote the observed data and s denote the missing data. The complete data
yc = (y, s) is y augmented with s. We denote by `c(θ|yc), θ ∈ Θ, the complete-data log-likelihood
function and by Q(θ|θ̂) = E[`c(θ|yc)|y, θ̂], the expected complete-data log-likelihood function. Each
iteration of the EM-algorithm involves two steps; an E-step and an M-step.
Notice that, the model SNI can be written as

Yi|ti, ui,
ind∼ Np(µ + u

−1/2
i tiΣ1/2δ, u−1

i Σ1/2(Ip − δδ>)Σ1/2),(3)

ui
ind∼ h(ui; ν)(4)

ti
iid∼ HN1(0, 1) i = 1, . . . , n,(5)

all independent, where HN1(0, 1) denotes the univariate standard half-normal distribution. Letting
t̂2i = E[t2i |θ = θ̂,yi] , ûi = E[Ui|θ = θ̂,yi], t̂ui = E[tiU

1/2
i |θ = θ̂,yi] and using known properties of

conditional expectation in `c(θ|yc), we have

t̂2i = E[µ̂2
Ti

+ M̂2
Ti

+ WΦ1(
µ̂Ti

M̂Ti

)M̂Tiµ̂Ti ],(6)

t̂ui = E[u1/2
i {µ̂T i + WΦ1(

µ̂Ti

M̂Ti

)M̂Ti}|θ = θ̂,yi](7)

where WΦ1(u) = φ1(u)/Φ1(u), M̂2
Ti

= 1/(1 + ∆̂
>
Γ̂
−1

∆̂) and µ̂Ti = u
1/2
i M̂2

Ti
∆̂
>
Γ̂
−1

(yi − µ), i =
1, . . . , n.

E-step: Given θ = θ̂, compute t̂2i, t̂ui and ûi, for i = 1, . . . , n using (6)-(7).
M-step: Update θ̂ by maximizing Q(θ|θ̂) over θ, which leads to the following closed form expressions

µ̂ =
n∑

i=1

(ûiyi − t̂ui∆)/(
n∑

i=1

ûi), ∆̂ =
∑n

i=1 t̂ui(yi − µ)
∑n

i=1 t̂2i

.

Γ̂ =
1
n

n∑

i=1

[
ûi(yi − µ)(yi − µ)> − 2t̂ui(yi − µ)∆> + t̂2i∆∆>

]
.

The skewness parameter vector and the unstructured scale matrix can be estimated by noting that
Σ̂ = Γ̂ + ∆̂∆̂

T
and λ̂ = Σ̂

−1/2
∆̂/(1− ∆̂

>
Σ̂
−1

∆̂)1/2.
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1.  Introduction 
 The classical Markowitz minimum variance portfolio (MVP) selection procedure involves the 
computation of the sample covariance matrix of asset returns that can lead to poor performance due to 
estimation error.  There is a large literature on ways to address this problem.  We focus on two more recent 
ones, robust optimization and robust estimation and a related penalization method. 
 Robust optimization (Goldfarb and Iyengar, 2003) addresses estimation errors by introducing 
uncertainty sets for market parameters such as the individual covariances or, possibly, the structure of the 
covariance matrix.  Robust optimization provides worst-case solutions to the MVP problem as the market 
parameters vary within their uncertainty sets. 
 Robust estimation (Maronna, et al., 2006) focuses on estimating the covariance matrix and other 
market parameters robustly, that is, making them less sensitive to small fractions of outlying or unusual 
returns and allowing for contamination of the underlying Gaussian or elliptically symmetric error model.  
There are a number of approaches to robust estimation of the covariance matrix including both affine 
equivariant and non-affine equivariant methods.  Another approach (Welsch and Zhou, 2007) avoids 
computation of the covariance matrix directly and allows the use of penalized regression methods. 
 In this paper, we compare these approaches on a number of data sets and discuss their relative merits.  
We also consider ways to combine robust estimation with robust optimization that might provide superior 
results. 
 
2.  Notation 
 For a portfolio with N risky assets to invest in, the portfolio return is the weighted average return of 

each asset rp ≡ w1r1 + w2r2 + … + wNrN = w′r and the expected return and the variance of the portfolio can be 
expressed as μp = w1μ1 + w2μ2 + … + wNμN = w′μ and var(rp) = var(w1r1 + w2r2 + … + wNrN) = w′Σ w where wi, 
∀ i = 1, . . . , N is the weight of the ith asset in the portfolio; ri is the return of the ith asset in the portfolio; μi 
is the expected return of the ith asset in the portfolio; w is a N × 1 column vector of wi’s; r is a N × 1 column 
vector of ri’s; μ is a N × 1 column vector of μi’s; and Σ is the N × N covariance matrix of the returns of N 
assets. 
 We can formulate the following problem to assign optimal weight to each asset and identify the 
efficient portfolio: 
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(1)   
1,  s.t.

min

=′=′

′

ewμw

Σww
w

pμ

 

where μp is the expected portfolio return and e is N × 1 column vector with all elements 1.  For each 
specified μp, the problem can be solved in closed form. The simple mean-variance optimization only requires 
two inputs – expected return vector and expected covariance matrix. 

 When μ is not constrained, we obtain the minimum variance portfolio (MVP).  We focus on these 
portfolios since they often give superior results to the case where an attempt is made to estimate μ as well. 
 
3.  Robust Optimization 

 The idea behind robust optimization, developed by Goldfarb and Iyengar (2003) is to input estimation 

intervals for Σ and μ instead of exact values since our estimates for their exact values are uncertain.  Robust 
optimization inputs these intervals and finds the weight vector w which minimizes equation (1) for the worst 

case values of Σ and μ in the interval developed.  In order to reduce the noise of the covariance matrix and 
to ease the computational burden, a factor model V = μ + V′ Λ + ε is assumed where V is a nf × n matrix 
of factor loadings, Λ is a stochastic vector of nf factors, and ε is a stochastic vector of residual returns.  The 
factors are usually observable market and economic variables such as a value-weighted average of all assets 
in the market, excess returns of large cap relative to small cap stocks, and excess returns of high book-to-

market stocks relative to low book-to-market stocks.  Then uncertainty sets for V and Σε, denoted SV and Sε 
respectively are developed instead of uncertainty sets for Σ itself.  In addition, an uncertainty set for μ, 
denoted Sμ is also specified.  For example, Σε might have a diagonal covariance matrix with 

[ ]{ }iiii ∀∈= +−  ,Sε σσσ  where the  and  are user specified.  S−
iσ

+
iσ μ and SV are more complicated. With 

these parameters defined as above, the optimization problem becomes: 
 

(2)   
1min  s.t.

max  min

0
μS

εSε,VS

=′≥′

′

∈

∈∈

ewμw

Σww

μ

ΣVw

μ

 
 This problem can be transformed into a more tractable second-order cone problem that is more 
computationally feasible.  The formulation is not written here because of its length and can be found in 
Goldfarb and Iyengar (2003). 
 

4.  Robust Estimation 
 Robust estimation procedures as described in the book by Maronna, et. al. (2006) can be used in many 
places in portfolio selection problems.  For example, the sample covariance matrix and mean return can be 
replaced by various robust versions as well as the factor models in robust optimization.  Recent work by 
Welsch and Zhou (2007) indicates that robust affine equivariant robust covariance estimators do not work 
particularly well.  However, a non affine equivariant version called iterated bivariate Winsorization (I2DW) 
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seemed to work reasonably well.  This focuses on computing each pairwise covariance robustly using a 
Winsorization approach to reduce the influence of outliers.  The details may be found in Welsch and Zhou 
(2007) and we will use I2DW for comparison in this paper as well. 
 An even more effective approach avoids the computation of the covariance matrix.  Lauprete (2001) 

and Lauprete, et. al. (2002) pointed out that if Rt denotes the N × 1 vector of asset returns at time t, then (1) 
can be replaced by 
 

(3)   ( )

1  s.t.

  min
1

2
,

=′

−′∑
=

ew

μRw
μw

T

t

 
in order to obtain the MVP.  Of course, μ could also be constrained. 
 The optimization problem in (3) can be treated as a regression problem opening the door to the use of 
many robust regression procedures.  Surveys are contained in De Miguel and Nogales (2006), Zhou (2006), 
and Welsch and Zhou (2007). 
 The optimization problem in (3) can be modified to consider constraints on the portfolio weights as 
follows,  
 

(4)   ( ) (

.1  s.t.

  min
1

2
,

=′

−+−′∑
=

ew

wwμRw
μw

m
T

t
t gλ )

 
where g is the L1 or L2 norm.  The value of λ is chosen by five-fold cross validation.  The weights wM are 
generally taken to be the weights for a market or benchmark portfolio.  Since the L1 version forces some 
weights to equal the market (or benchmark) weights and seems to give better results, we use it here.  Of 
course, the least-squares regression portion of (4) can be replaced by some form of robust regression but 
does not seem to have much effect in the presence of penalization. 

 

5. Some Numerical Results 
 We tested robust optimization and robust estimation on two sets of real data.  The first set contains 44 
assets consisting of both indexed and individual stocks spanning the time period from January 1997 through 
December 2000.  The second data set uses daily returns on 51 MSCI US industry sector indexes from 
1/03/1995 to 02/07/2005. 
 The first portfolio weights were obtained by using the first 90 days of historical data.  These weights 
then determined portfolio returns for the second period of 90 days.  New weights were then found from the 
second period of 90 days and these determined returns for the third period of 90 days and so on. 
 For each period where returns were calculated the standard deviation and Sharpe ratio were obtained 
and then averaged over all out-of-sample time periods.  In addition, the cumulative total wealth was obtained 
at the end of the entire data range.  The labels correspond to the following: 
  1 / N : Portfolio obtained from equal weights 
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  Mkt:  Portfolio obtained from market capitalization weights 
  V:  Equation (1) with sample mean and covariance 
  I2DW: Iterated bivariate Winsorization 
  RO:  Robust Optimization (2) 

  P1:  Penalty method (4) using L1 penalty and wM the market weights. 
 
Table 1  Numerical Results 
Data Set 1 1 / N Mkt V I2DW RO P1 
   SD 0.013 0.016  0.012  0.012 0.011 0.010 
   Sharpe 0.103 0.081 −0.010 −0.022 0.010 0.016 
   Wealth 2.608 2.364  0.761  0.603 0.984 1.017 
       
Data Set 2 1 / N Mkt V I2DW RO P1 
   SD 0.010 0.011 0.009 0.010 0.007 0.007 
   Sharpe 0.059 0.055 0.027 0.021 0.035 0.050 
   Wealth 2.479 2.350 1.319 1.179 1.419 1.795 
 
6. Final Comments  
 We note that in terms of minimum variance (lowest risk) P1 and RO do better, but not by much.  
Additional studies are planned where the mean return is estimated and constrained as well.  A comparison 
with a wide range of classical and modern portfolio selection procedures may be found in Brennan, et. al. 
(2007). 
 It is interesting that the penalized method does as well as or better than robust optimization.  
Penalized methods can be computationally less complex and require fewer assumptions relating to factor  
loadings and uncertainty sets.  Of course, the penalized method could be combined with uncertainty sets to, 
possibly, improve the results obtained so far. 
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RÉSUMÉ (ABSTRACT) 
 The classical Markowitz minimum variance portfolio (MVP) selection procedure involves the 
computation of the sample covariance matrix of asset returns that can lead to poor performance due to 
estimation error.   This paper considers two recent approaches to addressing this problem--robust 
optimization and robust estimation along with a related penalization method and compares them on a number 
of financial time series. 
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1 Introduction 
Let x1, …, xn be a set of n fixed constants with a unique median ηx.  Suppose that at each 
xi a random variable Yi is observed such that 

Yi = α + βxi + εi, i = 1, …, n, (1)
where α and β are the unknown intercept and slope, respectively, and εi are the 
unobservable mutually independent random variables from some continuous distribution 
with median zero.  In this work, a special attention is directed to the problem of 
simultaneous testing of the intercept and slope such that 

H0: α = α0 and β = β0 vs. Ha: Otherwise, (2)
when the data may suffer from gross errors. 
 
2 Test Statistics  
Under the normality assumption on the εi, the F-statistics is the classical choice for 
testing H0.  This statistic depends on the least-squares estimates of the parameters α and 
β.  However, these estimates have been criticized for their lack of resistance to gross 
errors.  A single contaminated observation could have an arbitrary large effect on these 
estimates.  Consequently, the F-statistic may yield unreliable results when the data have 
gross errors. 
 
Alternatively, there have been several attempts to define tests that are based on ranks to 
test H0.  Brown and Mood (1951) have introduced a distribution-free test for H0.  It is 
defined as  

BM = (8/n) [(ALn – n/4)2 + (ARn – n/4)2], (3)
where ALn (ARn) is the number of observations above the hypothesized line and to the left 
(right) of the line x = MX and MX is the sample median. 
 
Based on Kendall’s tau, Theil (1950) introduced a test for β = β0.  Sen (1968) generalized 
the same concept to the case where not all xi need to be distinct.  The Theil-Sen test was 
extended to test H0 by forcing the median residual to be zero (Lancaster and Quade 
1985).  It is  

LQ = (2S – n)2/n + 9n(n – 1)T2/(4n + 10), (4)
where S and T are the sign and Kendall’s tau statistics. 
 
3 Test Resistance to Rejection 
The notion of test resistance was first introduced by Ylvisaker (1977) as an extension of 
Hodges (1967).   Test  resistance  to  rejection  is  the  smallest  number  of  contaminated 
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Table 1: Maximum and Expected Resistance to Rejection (α = 0.05) 
 Maximum Resistance to Rejection Expected Resistance to Rejection 
n 10 20 50 100 10 20 50 100 
F 0 0 0 0 0.1753 0.0839 0.0433 0.0022 
LQ 0.2862 0.2311 0.1380 0.0913 0.2164 0.1453 0.1061 0.0690 
BM 0.4444 0.3333 0.2193 0.1521 0.3291 0.2344 0.1440 0.1000 
 
observations that can cause a test to reject the null hypothesis.  Let Tn,k denote the value 
of a test statistic based on a random sample of n good observations and k contaminated 
observations.  Given Tn,0 < c(n, α), define the resistance to rejection (RR) as 

RR(sample) = k*/(n + k*), (5)
where k* = mink {max k new obs Tn,k ≥ c(n+k, α)} and c(n, α) is the α-level critical value. 
 
3.1 Maximum Resistance to Rejection 
The maximum resistance to rejection (MRR) is the resistance of the test when it is 
hardest to force rejection.  In other terms, define MRR = k*/(n + k*) where 

k* = mink {max k new obs Tn,k ≥ c(n + k, α), Tn,k = minimum}. (6)
Given the above relation, it is easy to derive k*.  For the Brown-Mood test, if both (or 
neither) n and k are divisible by 4 

min BM max k new obs BMn,k = 2k2/(n + k) where k ≤ n. (7)
If only n or k is divisible by 4, the numerator on the right-hand corner of (7) becomes 
2(k2 + 2k + 2).  The null hypothesis is rejected if the expression in (7) is greater than the 
critical value.  Using the exact distribution of Brown-Mood test, Table 1 gives the 
solution of (7) at different sample size at α = 0.05.  For large samples, the maximum 
resistance to rejection is approximately (c/n)1/2 where c = –2 ln(α). 
 
Similarly, for the Lancaster-Quade test,  

min BM max k new obs LQn,k = k2/(n + k) 
+ 9(n + k)(n + k – 1)[1 – n(n – 1)/(n + k)(n + k – 1)]2/(4(n + k) + 10). (8)

The null hypothesis is rejected if the expression in (8) is greater than the critical value.  
Exact maximum resistance to rejections is given in Table 1.  For large n, it is easy to 
show that the maximum resistance to rejection is approximately (0.1c/n)1/2. 
 
3.2 Expected Resistance to Rejection 
Zayed and Quade (1997) discussed the expected resistance to rejection (ERR).  It shows 
the resistance of a test statistic at the average case.  In this example, it was particularly 
difficult to derive the ERR in closed form due to the numerous configuration of 
observations.  Using computer simulations, 1000 samples of size n were generated such 
that xi = i and Yi = a + b xi + ei, where a and b are fixed and ei are independent and 
identically distributed random variables simulated from a standard normal distribution.  
Results are summarized in Table 1 for n = 10, 20, 50, 100. 
 
4 Discussion and Conclusion 
As expected, the F-statistic had the least resistance to rejection.  Between the two 
distribution-free statistics, Brown-Mood showed more resistance to gross errors. 
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Robust Diagnostics for the Heteroscedastic Regression Model
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The assumption of equal variance in the normal regression model is not always appropriate. Cook
and Weisberg (1983) provide a score test to detect the heteroscedasticity. To attempt to eliminate
variance heterogeneity, a transformation is often used. However, it may be the case that modelling
the variance is itself of interest or a simple transformation is inadequate to correct for the unequal
variance.

Apart from the maximum likelihood estimation (MLE) for the linear regression model with
heteroscedastic error (see Harvey (1976) and Aitkin (1987)), Patterson and Thompson (1971) propose
the residual maximum likelihood (REML) estimation to estimate variance components in the context
of unbalanced incomplete-block design. REML is often preferred to MLE as a method of estimating
covariance parameters in linear model. Alternative and more general derivations of REML are given
by Harville (1974), Cooper and Thompson (1977), Verbyla (1990), and Smyth and Verbyla (1996)

Verbyla (1993) extends the deletion diagnostic approach to detect the dependence, estimation
and tests of homogeneity based on full and residual maximum likelihoods. However it is known that
case deletion diagnostics has its limitation in terms of masking and swamping effects when multiple
outliers exist in data. Rather than directly trimming the data, Hadi and Luceño (1997) present the
trimmed likelihood estimator, which is based on trimming the likelihood function. They refer to this
method as the maximum trimmed likelihood (MTL) method and the corresponding estimator as the
maximum trimmed likelihood estimator (MTLE). The purpose of this article is to develop a robust
method of modelling variance heterogeneity that will not be influenced by potential outliers.

Model of heteroscedasticity

Consider the linear model

yi = xT
i β + εi, i = 1, 2, · · · , n,(1)

where yi is the response variable, xi is p× 1 vector of explanatory variables, β is a vector of unknown
parameters, and εi is the random error. The εi is assumed to be independent and follows N(0, σ2

i (γ)).
The variance model is the log-linear form

log σ2
i = zT

i γ,(2)

where zi is k× 1 vector of explanatory variables and γ is a vector of unknown parameters. It is noted
that zi may and often do have common components as xi. The first component of each zi is 1, so
that if γ2 = · · · = γk = 0, then this leads to a constant variance σ2 = exp γ1.

Maximum likelihood estimation

The maximum likelihood estimation for models (1) and (2) is discussed by Harvey (1976) and
Aitkin (1987), which is briefly described as follows. Let y be the n × 1 vector of response variable,
d be the vector with ith element di = (yi − xT

i β)2, X and Z be n × p and n × k matrices of the
explanatory variables and Σ be the diagonal variance matrix with ith element σ2

i . The log-likelihood
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under models (1) and (2) is

log L(β,γ;y) =
1
2

{
n∑

i=1

log σ2
i +

n∑

i=1

(yi − xT
i β)2

σ2
i

}
.(3)

If 1n denotes the n× 1 vector of unit elements, the score vector and the Fisher expected information
of (3) are

u(β,γ;y) =

(
XTΣ−1(y −Xβ)
1
2ZT (Σ−1d− 1n)

)
and I(β, γ) =

(
XTΣ−1X 0

0 1
2ZT Z

)
.

This yields an iterative procedure for the estimates

β̂(t+1) = (XTΣ−1
(t) X)−1XTΣ−1

(t) y,

γ̂(t+1) = γ̂(t) + (ZT Z)−1ZT (Σ−1
(t) d− 1n),

where t indicates the tth iterate.

Residual maximum likelihood estimation

With a variance model, REML takes into account the loss of degrees of freedom in estimating
the mean. The REML estimate of γ is founded by using the marginal likelihood (Patterson and
Thompson 1971; Harville 1974; Cooper and Thompson 1977; Verbyla 1990 and 1993)

log LR(γ;y) = −1
2

{
n∑

i=1

zT
i γ + log |XTΣ−1X|+ yT Py

}
,(4)

where P = Σ−1 −Σ−1X(XTΣ−1X)XTΣ−1. The score vector for γ is given by

uR(γ) =
1
2
ZT (Σ−1d− 1n + h),

where h is the vector of the diagonal elements of H = Σ−1/2X(XTΣ−1X)−1XTΣ−1/2. This is the
hat matrix in a weighted regression. The expected information matrix is

IR(γ) =
1
2
ZT V Z,

where V = V ar(Σ−1d)/2. V is an n × n matrix with diagonal elements (1 − hii)2 and off-diagonal
elements h2

ij , where hij denotes the (i, j) entry of H. The method of scoring leads to the estimate
when evaluated at iterate t is

γ̄(t+1) = γ̄(t) + (ZT V Z)−1ZT (Σ−1
(t) d− 1n + h).

Residual trimmed maximum likelihood estimation

Hadi and Luceño (1997) propose a trimmed likelihood principle based on trimming the likelihood
function rather than directly trimming the data. It is always possible to order and trim observations
according to their contributions to the likelihood function, because the likelihood is scalar-valued.
Employing the concepts of the least trimmed squares (LTS) estimator and the maximum trimmed
likelihood estimator (MTLE), Cheng (2005) unifies robust statistics and a diagnostic approach to deal
with the outlier problem in the regression transformation.

In combination with both MTL and REML approaches, we propose a residual trimmed maximum
likelihood (RTML) estimation for models (1) and (2). Let Q denote the subset with those q cases and
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the corresponding data are denoted by yq and Xq. For a specific value of q, the trimmed log-likelihood
under models (1) and (2) is

log Lq(βq, γq;yq) =
1
2





∑

i∈Q
log σ2

qi +
∑

i∈Q

(yi − xT
i βq)2

σ2
qi



 .(5)

The corresponding RTML estimator is analogous to (4) is then to maximize

log LRq(γq;yq) = −1
2





∑

i∈Q
zT

i γq + log |XT
q Σ−1

q Xq|+ yT
q P qyq



 ,(6)

where P q = Σ−1
q − Σ−1

q Xq(XT
q Σ−1

q Xq)XT
q Σ−1

q . The resulting RTML estimator evaluated at q is
denoted by θ̂q = (β̂q, γ̂q). They are actually the REML estimator based on the subset Q.

The forward search algorithm

To obtain RTML of θq, the forward search algorithm of Atkinson (1994) is applied in this
subsection. For a specific value of q, we then give the details about using the forward search algorithm
to an approximate solution of θ̂q.

• Step 0. Choose the initial subset:
The forward search algorithm starts with the selection of a subset of m = m0 units, where m0

must be large enough to estimate the unknown parameters θ. Here we suggest using m0 = p+k.
The subset is denoted by M.

• Step 1. Obtain the ordered log-likelihood:
We first compute the REML of θ based on the subset M, which is to maximize

log LRm(γm;ym) = −1
2

{ ∑

i∈M
zT

i γm + log |XT
mΣ−1

m Xm|+ yT
mP mym

}

where P m = Σ−1
m −Σ−1

m Xm(XT
mΣ−1

m Xm)XT
mΣ−1

m . The method of scoring leads to the estimate
when evaluated at iterate t is

β̂m,(t+1) = (XT
mΣ−1

m,(t)Xm)−1XT
mΣ−1

m,(t)ym,

γ̄m,(t+1) = γ̄m,(t) + (ZT
mV mZm)−1ZT

m(Σ−1
m,(t)dm − 1m + hm),

The resulting estimate is denoted by θ̂m = (β̂m, γ̄m). Here θ̂m can be directly obtained using
Smyth’s (2002) approach based on the chosen m observations. We then calculate the value of
the log-likelihood for each case as:

lim(β̂m, γ̄m) ∝ −1
2

{
zT

i γ̄m +
(yi − xT

i β̂m)2

σ̂2
mi

}
, i = 1, · · · , n,(7)

where σ̂2
mi = ziγ̄m. The corresponding hat matrix is then

Hm = Σ̂
−1/2

X(XT
mΣ̂

−1
m Xm)−1XT Σ̂

−1/2
.

• Step 2. Calculate the value of the objective criterion:
The objective function of the maximum trimmed likelihood evaluated at q is then

`qm =
q∑

i=1

l(i)m,(8)
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where l(i)m is the ordering of the log likelihood lim as

l(1)m ≥ l(2)m ≥ · · · ≥ l(n)m.(9)

• Step 3. Add observations during the forward search:
Let m = m0 + s (usually s = 1). We then choose those cases with the largest m values of the
log-likelihood (9). These new m cases form a new subset, also denoted by M.

• Step 4. Iterate Step 1 to Step 3 until the size of the subset equals n:
At each iteration, a new REML θ̂m is then obtained from the new subset, and hence so is the
value of the log-likelihood (7), lim, for i = 1, 2 · · · , n and ordering l(i)m. As a sequence, this leads
a series of `qm, m = m0 + s,m0 + 2s, · · ·. The maximum value of these `qm’s is denoted by `q,
which is used to evaluate this forward search.

Steps 0 to 4 form a search search. 100 forward searches are suggested by Atkinson (1994),
which yield a series of `q’s. The maximum value of these `q’s provides the approximate solution of
RTML estimate of θ, which is also indicated by θ̂q for simplicity. It is noted that the resulting RTML
estimates can be viewed as the REML evaluated at m for the whole dataset.

Once θ̂q is obtained, the standardized residual

si =
yi − xT

i β̂q

σ̂qi
, i = 1, 2 · · · , n

can be used to flag the outlying cases.
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Abstract 
Barnett and Lewis (1984) defined that outliers are inconsistent observations with the remainder of data set. The word 
‘inconsistent’ is hard to define for general situation. That is the reason why several methods for detecting outlying 
observations have been developed. This paper discusses  the detection outlier into two steps, i.e., outlier labeling and outlier 
testing. For outlier labeling, it will be proposed a new measure to separate suspected data from the group of main data. The 
measure is called minimum vector variance (MVV). In the second step, the outlier testing will be conducted by the notion of 
distance between two complementary groups. 
 
Key words:  Multivariate dispersion, multivariate outlier, outlier labeling, robust estimation.  

 
I. Introduction 
The Outliers detection in multivariate scheme is a fundamental and challenging problem. There are many 
definitions of an outlier but none is seemingly accepted to be a universal definition. For example, Grubbs (1969) 
defines an outlier to be an observation which seem to be clearly deviated among the others. Hawkins (1980) 
interprets an outlier as an observation which deviates quite away from the other observations so it gives a 
suspicion that  the observation is generated by different mechanisms. Meanwhile Beckman and Cook (1983) 
interpret an outlier as data which is discordant  contaminant. Next, Barnett and Lewis (1984) define an outlier to 
be data which is inconsistent relative to the other group of data. In this paper the author follows the definition 
given by Barnett and Lewis (1984).  
 
The word 'not consistent' on the definition is not easy to be formulated in  general situations. This reason makes 
people, up to now, develop better methods in  identifying outliers. There are many procedures to identify 
outliers. One of them is by using the outliers labeling approach as an important stage. This stage useful to 
separate data suspected as outliers from the group of main data. In the univariate case, it is known the Tukey 
labeling method (1977) which says that data outside the fence as 'unclean data'. In the multivariate case, there are 
many ways of labeling. For example, Hadi (1992) used the modified MCD or to separate the sets ‘basic’ and 
‘non-basic’ data. Rousseeuw and van Driesen (1999) introduced fast minimum covariance determinant (FMCD) 
to separate data into two groups, i.e. 'good' and 'not good' group, and Pena and Prieto (2001) proposed to 
separate the groups of  suspected data among the ’good’ ones by using an orthogonal projection along p2  axis, 
where the first p orthogonal axis maximize the kurtosis and the second p orthogonal axis minimize the kurtosis. 
From the point of view of computation, FMCD has not only the effective algorithm but also the robust property 
of high breakdown point (BP). FMCD is having good properties in effectiveness on one side (Werner, 2003) and 
on the other side having low efficiency for data matrix of high dimension. The background properties of FMCD 
motivated the author to propose a new measure for the outlier labeling. 
 
The objective of paper is to discuss the detection of multivariate outliers in two stages, i.e. labeling and testing. 
In the labeling stage it will be proposed a new measure to separate suspected data from the group of main data. 
The measure is called minimum vector variance (MVV). In the end of section it will be given the example to 
show the good performance of MVV to separate the ‘suspects’. If we define G is the group of suspects and cG  
the group of clean observations, the notion of distance between two complementary groups can be implemented 
as measurement to examine whether the suspects are really outliers.  
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II. Vector Variance (VV) as Multivariate Dispersion 
There are two famous measures of dispersions in the study of multivariate, the total variance (abbreviated as TV) 
and the Generalized covariance (abbreviated as GV). Suppose  X  is a random vector of covariance matrix Σ . 
Then   TV = ( )Tr Σ   while   GV= Σ . The GV has a much more general use than TV. If 1 2 0pλ λ λ≥ ≥ ≥ ≥  are 

eigen values of Σ  of size ( )p p× , then TV and GV are defined respectively as,   
TV = ( )Tr Σ  = 1 2 pλ λ λ+ + +   and GV = Σ = 1 2 pλ λ λ .   

Based on the formulas, TV involves the variance only without involving the structure of covariance, on the other 
hand generalized variance is a measure considering not only structure variance, but involving also structure 
covariance. That is why the role of generalized variance can be found in wider applications.  
 
Although CD has a wider applications than  TV, but it is not coming without  lack. The main lack lies on the 
property of having CD = 0 when there is a variable of variance 0 or when there is a variable which is a linear 
combination of any other variables. In fact, that  CD = 0 is not certainly implies that X  is of degenerate 
distribution in the vector  µ . There is probably a subspace of low dimension where X  is of non degenerate 
distribution. Because of this lack, the author proposes another measure of multivariate dispersion, which is about 
to show in the following paragraphs.  
 
Suppose  X  and Y  are two random vectors of arbitrary finite dimension having joint covariance matrix       

11 12

21 22

Σ Σ⎛ ⎞
Σ = ⎜ ⎟Σ Σ⎝ ⎠

, where  11Σ  and 22Σ  are respectively the covariance matrix of X  and Y , and  12Σ  = 21
tΣ  is the 

covariance matrix between X  and Y . Lazraq and Cleroux (1989) define the measure of correlation between the 

two random vectors X  and Y  as ( ) ( )
( ) ( )

12 21

2 2
11 22

,V

Tr
X Y

Tr Tr
ρ

Σ Σ
=

Σ Σ
. 

In line with this definition, the author uses ( )2
11Tr Σ  and ( )2

22Tr Σ  respectively as measures of random vector 

variance X  and Y  which is later called as the vector variance (VV). In general, if  random vector X  has 
covariance matrix  Σ , then  VV of X , ie. ( )2Tr Σ , measures the spread of multivariate data around µ , see 

Djauhari (2005). The good properties of VV are , 
• Able to measure  multivariate dispersions, although the covariance matrix is singular. 
• The computation process is very efficient because it is only the sum of square. First, squaring every element of 

covariance matrix, and then  add them up.  
 

III. Minimum Vector Variance (MVV) as Outlier Labeling Measure 
Minimum Vector Variance (MVV) is our proposed method for labeling outlier by using the minimization of 
vector variance (VV) criteria. The estimator MVV for the pair  ( ),µ Σ  is the pair ( ),MVV MVVT C  giving minimum 
vector variance. The computation of estimator is inspired by C-step algorithm (FMCD) proposed by Rousseeuw 
and van Driesen (1999).   
Consider a data set X = { }1 2 nX , X , , X  of −p variate observations and let H X⊆ . Suppose MVVT and 

MVVC  are  MVV estimator for the location parameter and covariance matrix. This two estimators are determined 

based on the set H consists of  1
2

n ph + +⎡ ⎤= ⎢ ⎥⎣ ⎦
 data which give covariance matrix MVVC  of minimum  ( )2

MVVTr C  

among all possible sets of h data. Therefore,   

 1
MVV ii H

T X
h ∈

= ∑      and  ( ) ( ) t1   MVV i MVV i MVVi H
C X T X T

h ∈
= − −∑    (1) 
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The MVV estimator has the affine equivariant property and has the same value of BP with FMCD estimator, i.e. 
2( 1)
2

n p
n

− − . The algorithm of MVV can be seen on Herwindiati et al (2007). 

The robust  Mahalanobis  distance between  iX  and MVVT  based on MVV, is written  ( )MVV i MVVdR X , T , and is 

defined on the quadratic form as: 

  ( )2 ,MVV i MVVdR X T  = ( ) ( )1t

i MVV MVV i MVVX T C X T−− −     for  i = 1, 2, … , n.     (2) 

Data which gives the greatest value of ( ),MVV i MVVdR X T  will be labeled as an outlier (labeled outlier) and is 

considered as a candidate of an outlier. 
 

IV. The Stages of  ’Outlier Testing’ 
The objective of an outlier testing is to test whether data on group of unclean data or suspects are outliers. This 
process is carried out through testing of distance between two groups. Djauhari (2004) introduced the 
Mahalanobis distance between two groups of observations G  and cG based on the   average linkage as follow: 
Suppose that 1 2 nX , X , ,X  are random samples generated from the multivariate distribution ( )pN ,µ Σ , 
where Σ  is symmetrical and positive definite. Mean vectors of samples and matrix of samples covariance are 
given by  

1

1 n

i
i

X X
n =

= ∑   and  
( ) ( ) ( )

1

1
1

n t

G i i
i

S X X X X
n =

= − −
− ∑  

Next the samples are divided into two groups, G  for the group of clean observations and  cG , the complement 
of  G  for the group of unclean. Suppose GX  and GS  are the mean vector and the matrix of sample covariant on 
G , and Card ( cG ) = k . Therefore, 

 
( )

1
G i

i G
X X

n k ∈

=
− ∑  and 

( ) ( ) ( )1 .
1

t

G i G i
i G

S X X X X
n k ∈

= − −
− − ∑     

Using the same methods, we obtain the mean vector and the matrix of sample covariant on cG :  
1

c
c

iG
i G

X X
k ∈

= ∑  and  ( ) ( )1
1 c c

t

G i iG G
i G

S X X X X .
k ∈

= − −
− ∑              

Define the distance between G  and cG  of metric 1S −  by  

( ) ( ) ( )2 1
c c

t
c

S G GG G
d G,G X X S X X−= − −      (3)               

 Through this assumption, the distribution of ( )2 c
Sd G,G   can be investigated. 

Theorem.  For all possible pairs ( )2 c
Sd G,G , where Card ( cG ) = k , the distribution of  

( )2 c
Sd G,G ∼ ( )

( )
1 1

2 2
n n p n pBeta ,
n k k
− − −⎛ ⎞

⎜ ⎟− ⎝ ⎠
 

Based on this theorem it can be tested whether group of ‘suspects’ are outliers.  
 

V. The Example 
The data of transportation cost of  Caroni and Prescot (1992) will be used as the first illustration for describing 
the process of outlier labeling by using MVV algorithm and  outlier testing through testing of distance between 
two groups, the clean and the ‘suspected’. The result of MVV-outlier labeling is shown on Figure 1. Based on 
this figure, MVV approach can separate significantly the suspects from the clean group. 
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Figure 1. The Outlier Labeling of Cost Data 

The Outlier Testing  
According to the outlier labeling process,      
       ( )2 c

Sd G,G   = 11.752   

Further analysis about the group of labeled outliers 
with 5%α = , all suspects are detected as outliers. 
This result is in line with one given by Caroni & 
Prescot (1992).  
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ABSTRACT

The Gaussian distribution is the least structured from the information-theoretic point of view. In this
paper, projection pursuit is used to find nongaussian projections to explore the clustering structure of
the data. We use kurtosis as a measure of nongaussianity to find the projection directions. Kurtosis
is well known to be sensitive to influential points/outliers, and so the projection direction will be
greatly affected by unusual points. We also develop the influence functions of projection directions
to investigate abnormal observations. A simulated data set and a specific data example illustrate the
application of these approaches.

Keywords. Influence Function, Kurtosis, Nongaussianity, Projection Pursuit.
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Introduction

Usually when performing a statistical test or estimation procedure, we assume the data are
all observations of iid random variables, often from a normal distribution. Sometimes, however, we
notice in a sample one or more observations that stand out from the crowd. These observation(s) are
commonly called outlier(s). Outlier tests are more formal procedures which have been developed for
detecting outliers when a sample comes from a normal distribution (Thode, 2002).

A lot of work has been done in testing for outliers in a univariate sample, most of which cor-
responds to the normal and exponential distribution. Barnett and Lewis (1994) have presented a
summary of tests for outliers and their critical values, many of which are specific to the detection of
outliers in normal samples.

The theoretical solution for the exact null distribution of the likelihood ratio test statistics for
k = 1 is solved by Barnett and Lewis (1994) and, Zhang (2006) for the case k = 2 but the problem is
stil open for k ≥ 3.

In this paper, we use an approximation (Mahmoudvand and Hassani (2007)) for the null distri-
bution of the likelihood ratio test for the general case. We compare the critical values obtained by this
approximation to the values which are obtained by the exact distribution for the cases k = 1, 2 to test
the accuracy of the new approximation. Also, we compare the results with another approximation
method (which is known by Barnett and Lewis (1994)) for the cases k = 3, 4.

The Null distribution of T (k)
n

Let x1, . . . , xn be the random sample taken from the normal distribution N(µ, σ2) (under the
null hypothesis), where both µ and σ2 are unknown and let x(1), . . . , x(n) be the corresponding ordered
statistics. Suppose the aim is to examine whether or not x(n−k+1), . . . , x(n) are the k upper outliers in
this sample. Under this assumption the alternative hypothesis can be formulated as: x(1), . . . , x(n−k)

belong to N(µ, σ2) and x(n−k+1), . . . , x(n) (the k upper data) belong to N(µ+c, σ2), where c > 0 is a
constant. To answer the question of whether or not the k upper data are outliers, we can build the
following hypothesis; Ho : c = 0 against H1 : c > 0.

The likelihood-ratio test statistic for testing k upper outliers (T (k)
n ) and k lower outliers (Tn,(k))

are (Barnett and Lewis, 1994):

(1) T (k)
n =

x(n) + · · ·+ x(n−k+1) − kx̄
s

, Tn,(k) =
kx̄− x(1) − · · · − x(k)

s
,

where x and s are the sample mean and the sample standard deviation. Large values of T (k)
n

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 3450 -



reject the null hypothesis Ho, i.e recognizes the set of ordered observations {x(n−k+1), . . . , x(n)} as
discordant observations (which are named as k outliers).

Please note that if (x(n), . . . , x(1))
d=(−x(1), . . . ,−x(n)) then T

(k)
n

d=Tn,(k) (k = 1, . . . , n − 1). In

addition, one can see that T (k)
n

d=Tn,(n−k) and T
(k)
n

d=T
(n−k)
n . So, without loss of generality, we need

just to discuss the sample distribution of T (k)
n .

Two Approximations for the Null Distribution of T (k)
n

In this section we introduce a new approximation for the exact distribution of T (k)
n . Split the

index set I = {1, . . . , n} into [I]k = {i1, . . . , ik} (1 ≤ i1 < . . . < ik ≤ n) and (I)k = I \ [I]k. Set the
notation:

(2) T[I]k =

∑
i∈[I]k

xi − kx̄

s
.

By definition (2), we can rewrite T (k)
n = max

[I]k
T[I]k , so the distribution of the max

[I]k
T[I]k is the upper

bound for the distribution of T (k)
n .

Approximation I: Barnett and Lewis (1994)

Let A1, . . . , Am be m arbitrary events. Based on the laws of probability, one can write P
[
m⋂
k=1

Ak

]
≤

P [Ak], (k = 1, . . . ,m). It is easy to show that:

(3) P
[
T (k)
n ≤ t

]
= P

[
max
[I]k

T[I]k ≤ t
]

= P


⋂

[I]k

{T[I]k ≤ t}

 ≤ P [T[I]k ≤ t

]
.

Based on the Bonferroni general inequality we can write: P
[
m⋂
k=1

Ak

]
≥ ∑m

k=1 P [Ak] −m + 1.

Barnett and Lewis (1994) introduced an approximation to calculate the critical values of the null
distribution of the likelihood ratio test for k ≥ 2 based on the above inequality, as below:

P
[
T (k)
n ≤ t

]
≥ m

∫ t

L
fT[I]k

(x)dx−m+ 1, L = −
√
k(n− k)(n− 1)/n(4)

where m =
(
n
k

)
.

Approximation II: Mahmoudvand and Hassani (2007)

Mahmoudvand and Hassani (2007) introduce a new approximation and proved that T (k)
n are asymp-

totically independent.
They introduced a new approximation for the exact distribution of the T[I]k for the general case

as below:

P
[
T (k)
n ≤ t

]
= P

[
max
[I]k

T[I]k ≤ t
]

= P


⋂

[I]k

{T[I]k ≤ t}



≈
[∫ t

L
fT[I]k

(x)dx
](nk)

, k = 1, 2, . . . , n− 1.(5)
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It must be mentioned that, the identical distribution of the exact distribution is kept for the
second approximation formula. It is easy to show that T[I]k

d=T[I]n−k , and then

P
[
T (n−k)
n ≤ t

]
= P

[
max
[I]n−k

T[I]n−k ≤ t
]

= P


 ⋂

[I]n−k

{T[I]n−k ≤ t}



≈
[∫ t

L
fT[I]n−k

(x)dx
]( n

n−k)
=
[∫ t

L
fT[I]k

(x)dx
](nk)

, k = 1, . . . , n− 1.(6)

We then conclude the presented approximation distribution is the same for T (k)
n and T

(n−k)
n .

Accuracy

In this section we consider the accuracy of the new and previous approximation (approximations
I and II). At the first step we consider the discrepancy between the obtained critical values by ap-
proximations I, II and the exact distribution for the cases k = 1, 2. Table shows some critical values
for T (k)

n at α = 0.01 and α = 0.05 (in brackets) which are obtained by different methods. The bold
font, indicates the better approximation method which produces the closest values to those which are
obtained from the exact distribution. There are some interesting results, as is evident from Table :

a) The values of the new and previous approximation methods are very close to the values of
the exact distribution.

b) The new approximation method is better than the previous method. It must be emphasized
also, that there is no scientific discrepancy between the two approximations (I, II) for a small value
of n but for large n the new approximation is better than the previous one.

c) The accuracy for the case k = 1 is greater than for the case k = 2, because, for the case k = 1
the coefficient correlation is closer to zero than for k = 2, and thus converges to zero faster.

d) The accuracy of the approximation methods is reduced when α increases and approximation
I, does not at all work for some value of α.

Table 1: Critical values for T (k)
n at level α = 0.01 and 0.05 for exact distribution.

n 5 10 20 30 50 100

k = 1

Exact 1.749 (1.671) 2.410 (2.176) 2.884 (2.557) 3.103 (2.745) 3.337 (2.945) 3.600 (3.207)

Approx I 1.751 (1.672) 2.413 (2.179) 2.886 (2.559) 3.106 (2.749) 3.340 (2.967) 3.650 (3.225)

Approx II 1.749 (1.670) 2.410 (2.173) 2.883 (2.553) 3.102 (2.743) 3.335 (2.995) 3.600 (3.207)

k = 2

Exact 2.160 (2.010) 3.402 (3.197) 4.437 (4.110) 4.946 (4.651) 5.497 (5.058) 6.118 (5.638)

Approx I 2.164 (2.103) 3.406 (3.198) 4.465 (4.123) 4.890 (4.600) 5.552 (5.123) 6.193 (5.745)

Approx II 2.160 (2.100) 3.402 (3.193) 4.435 (4.113) 4.951 (4.584) 5.516 (5.094) 6.136 (5.657)

At the second step, we consider the accuracy of the approximation methods by the critical values
which are obtained for the cases k = 3, 4. Table shows the results. For the simulation part, we used
the S-plus software and 10000 runs for simulation. As it appears from Table , the new approximation
is again better than the previous approximation. Also it must be mentioned that conditions (a)–(d)
hold for this table as well.

Also, it must be mentioned that the new approximation can be used as an approximation for
the probability density function and cumulative probability density function of T (k)

n . The previous
approximation does not have this good property. Fig. 1 shows part of the probability density function
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Table 2: Critical values for T (k)
n at level α = 0.01 and 0.05 by using simulation.

n 10 20 30 50 100

k = 3

Simulation 3.997 (3.813) 5.612 (5.311) 6.431 (6.051) 7.329 (6.871) 8.388 (7.855)

Approx I 4.004 (3.818) 5.630 (5.321) 6.467 (6.111) 7.399 (6.999) 8.493 (8.056)

Approx II 3.998 (3.814) 5.614 (5.314) 6.451 (6.100) 7.388 (6.992) 8.474 (8.044)

k = 4

Simulation 4.323 (4.155) 6.530 (6.249) 7.660 (7.235) 8.935 (8.408) 10.309 (9.772)

Approx I 4.331 (4.161) 6.544 (6.261) 7.717 (7.379) 9.052 (8.661) 10.621 (10.182)

Approx II 4.323 (4.155) 6.529 (6.253) 7.700 (7.370) 9.035 (8.651) 10.599 (10.172)

(left side) and cumulative probability density function, P (T (1)
100 ≤ t), (right side) of the T (1)

100 which are
obtained by the exact distribution, the previous method and the new approximation. The horizonal
axis shows the values of t and the vertical axis shows the values of the probability density function of
T

(1)
100 at the point t. Fig. 1 shows that the new approximation method is better that the previous one.

Of course, the two approximations are close together for the tail of the density function.

Figure 1: Probability density function (left side) and Cumulative probability density function (right
side) of T (1)

100 which are obtained by the exact distribution and two approximation methods.
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University of Castilla-La Mancha, Department of Mathematics
Avda. Camilo José Cela 3
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Under the Cox regression framework optimal designs may be found when some explanatory
variables are under the control of the experimenter. Here the failure time is modelized according to
a probability distribution depending on some explanatory variables through a linear model. At the
end of the study some units will have not failed and thus the time records will be censored. To deal
with this problem a sequential design may be used each time a new unit enters the study taking into
account what has happened until that moment. In this paper a different approach is considered and a
generic conditional design will be computed at the beginning of the study for any possible given time
of debut.

A simple example is considered to illustrate the procedure. Let z ∈ {0, 1} be the explanatory
variable under the control of the experimenter. For instance, it may be the case of selecting one of
two possible treatments to be assigned to a patient.

An exponential distribution will be considered for the failure time. This distribution will depend
on a controllable variable through a linear model: t ≡ E(α + βz), where α and β are unknown
parameters to be estimated such that α + βz > 0, z ∈ {0, 1}.

Let f(t), F (t) and S(t) be the probability density function (pdf), the cumulative distribution
function (cdf) and the survival function, respectively,

f(t) = (α + βz)e−(α+βz)t, F (t) = 1− e−(α+βz)t, S(t) = e−(α+βz)t.

The period of the study will be the interval [0, T ]. A particular experimental unit i (i = 1, . . . , n)
will arrive randomly at time Ii. Then, ci = T − Ii will be the maximum time the experimental unit i

can be in the study. Since at the moment of designing the experiment the times Ii are not known, a
uniform distribution might be assumed for these times.

Let x1, . . . , xn be the observed times for n experimental units at the end of the study. k of
them will be failure times, say x1 = t1, . . . , xk = tk, and n − k of them will be censored times for
experimental units who survive at the end of the study, say xk+1 = ck+1, . . . , xn = cn.

The optimal design theory for non-linear models is usually based on the Fisher information
matrix, which depends on the parameters. Consider a nonlinear model where the response y is
modelized as a probability distribution with pdf f(y; z, θ) depending on an explanatory variable z and
a vector of unknown parameters to be estimated, θ. The vector of variables z will take values on some
compact space χ. Any probability measure ξ on χ will be referred to as an approximate experimental
design and the set of all experimental designs will be denoted by Ξ. If uncorrelated observations are
assumed the resulting covariance matrix of the least squares estimate of θ is σ2n−1M−1(ξ), where

M(ξ) =
∫

χ
E

(
−∂2L(z, θ)

∂θ2

)
ξ(dz)
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is the information matrix and L(z, θ) is the log–likelihood function of an observation y at point z. Let
M be the compact set of information matrices. The support of a design, Sξ, will be the set of points
of χ with positive masses.

A criterion function Φ will be a convex real function on M homogeneous and non-increasing in
the Loewner sense. A Φ–optimal design ξ? will be a design minimizing the criterion function Φ. The so
called Φ–efficiency of a design, effΦ[M(ξ)] = Φ[M(ξ?)]/Φ[M(ξ)]·100, has a clear statistical meaning. If
this value is 50%, this means that the design ξ needs double the total number of observations for it to
perform as well as the optimal design ξ?. D–optimality is the most popular criterion. The goal of this
criterion is to maximize the determinant of the information matrix, in particular Φ[M(ξ)] = |M |−1/s,
where s is the number of parameters in the model. This is equivalent to minimizing the volume of the
confidence ellipsoid of the parameters.

In practice, the decision about what treatment should be applied is made at the time a new
unit enters the study. Therefore an optimal conditional design given the time of the debut of an
experimental unit would be appropriate.

The observed times xi ∈ [0, T − Ii] = [0, ci] might be either failure or censored times. Time ti
is the time the failure happens. Again, an exponential distribution is assumed for each experimental
unit time ti ≡ E(α + βzi). Thus, the probability a particular experimental unit has a censored time,
that is xi = ci, is P (ti ≥ ci) = S(ci). Therefore, the conditional pdf of xi given ci is

gx|c(xi|ci; zi, α, β) =

{
(α + βzi)e−(α+βzi)xi if xi < ci,

e−(α+βzi)ci if xi = ci.

Let ξ̃1(c) be the marginal distribution of the maximum possible time c an experimental unit
can be in the study. Then, the joint pdf is g(xi, ci; zi, α, β) = gx|c(xi|ci; zi, α, β) · ξ̃1(c). Therefore, the
Fisher information matrix for an observation at point (c, z) is

I(c, z) =

 1−e−(α+βz)c

(α+βz)2
z(1−e−(α+βz)c)

(α+βz)2

z(1−e−(α+βz)c)
(α+βz)2

z2(1−e−(α+βz)c)
(α+βz)2

 =
1− e−(α+βz)c

(α + βz)2

(
1 z

z z2

)
.(1)

As pointed above, two possible treatments will be assumed for the explanatory variable z, {0, 1}.
Let p(c) be the conditional probability of z = 1 given c, that is, an optimal conditional design of the
following type is aimed,

ξ2|1(z|c) =

{
0 1

1− p(c) p(c)

}
.

Taking into account the joint distribution (joint design) of (c, z) is ξ(c, z) = ξ2|1(z|c) · ξ̃1(c), the
information matrix can be computed as follows:

M(ξ) =
∫
[0,T ]×{0,1}

I(c, z) ξ(dc, dz) =
∫
[0,T ]

{I(c, 0)(1− p(c)) + I(c, 1)p(c)} ξ̃1(dc).

The objective will be to find a function 0 ≤ p(c) ≤ 1, c ∈ [0, T ] such that a particular criterion
based on the information matrix will be optimized. This function will provide an optimal conditional
design to be applied in practice given a particular value of c.

Connection with MR–optimality

Marginally restricted designs were first introduced by Cook and Thibodeau (1980). In this
approach two types of explanatory variables may arise when designing the experiment: variables that
are completely under the control of the experimenter, say z, and variables whose values are already
known when designing, say c. The aim is then to design the variables z conditioned to the given
values of c. Therefore the aimed conditional design ξ2|1, jointly with the known marginal design ξ̃1,
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produce a joint design ξ on (c, z), whose associated information matrix has to be optimized according
to a particular optimality criterion.

Consider the space ΞR restricted to those designs with ξ̃1 as the marginal design. Since the
marginal ξ̃1 comes from actual values of the variable c, it has always been considered in the literature
with a finite support. In this case, from Caratheodory’s theorem there is always an optimal design
with finite support. On the other hand if the marginal design has not a finite support then there is
not guarantee the optimal joint design is going to have finite support, but the optimal conditional
design ξ2|1(·|c) to be carried out in practice for each c will have a finite number of points in its support
(López-Fidalgo and Garcet-Rodŕıguez (2004)).

The information matrix (1) suggests this approach is equivalent to MR-optimality for the
marginal distribution ξ̃1(c) and the linear model

E[y] = θT η(c, z), Var[y] = σ2,(2)

where η(c, z) = (w(c, z), w(c, z)z)T and w(c, z) =
√

1−e−(α+βz)c

(α+βz)2
.

Thus, the information matrix I(c, z) for a potential given censored time c and a particular value
of z, is the information matrix for the linear model (2) when ξ̃1(c) is the marginal distribution of
variable c, and the theory of MR optimality is valid here.

Discrete marginal distribution

Let the marginal design ξ̃1 be a discrete pdf with support on a finite set Sξ̃1
. So ξ belongs to

the convex set ΞR = {ξ : ξ1 = ξ̃1}. Let the generalized variance for design ξ at (c, z) be

d(c, z; ξ) = η(c, z)T M−1(ξ)η(c, z) =
1− e−(α+βz)c

(α + βz)2
(

1, z
)

M−1(ξ)

(
1
z

)
.

An algorithm may be set up as follows for this particular case:

1. Let ξ(0) be a joint nonsingular design on ΞR.

2. Let ξ(r) be the design computed at step r and compute a point (c(r), z(r)) ∈ Sξ̃1
× {0, 1} where

the following maximum is reached:

max
c∈Sξ̃1

{max{d(c, 0; ξ(r)), d(c, 1; ξ(r))} − [d(c, 0; ξ(r))(1− p(r)(c)) + d(c, 1; ξ(r))p(r)(c)]}

3. A new conditional design is constructed, ξ
(r+1)
2|1 (z|c(r)) = (1 − γr)ξ

(r)
2|1(z|c

(r)) + γr1z(r)(z), where

γr ∈ [0, 1] maximizes the determinant of M(ξ(r+1)) for ξ(r+1) = ξ
(r+1)
2|1 ξ̃1.

4. The joint design at step r + 1 will be ξ(r+1)(c, z) =

 ξ(r)(c, z) = ξ
(r)
2|1(z|c)ξ̃1(c) if c 6= c(r),

ξ
(r+1)
2|1 (z|c(r))ξ̃1(c(r)) if c = c(r).

5. Using the efficiency bound given by Atwood (1969) for D–optimality the following stopping rule
can be given at step r:

s∫
Sξ̃1

maxz∈{0,1} d(c, z; ξ(r))ξ̃1(dc)
≥ δ,

where 0 < δ < 1 is a user selected bound for the efficiency.

This algorithm was applied to the case considered in this paper. A uniform discrete distribution
will be assumed for the time of debut of an experimental unit in the study, for an n–point marginal
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design. Thus, the distribution of the maximum possible time in the study will have also uniform,
c ≡ U{T, (n− 1)T/n, (n− 2)T/n, . . . , T/n}. The information matrix of the joint distribution is

M(ξ) =
n∑

i=1

[I(ci, 0)(1− pi) + I(ci, 1)pi]
1
n

, ci =
n− i + 1

n
T, pi = ξ2|1(1|ci).

For simplicity in the computations it was assumed T = 1 and the number of points n = 5. Using
the algorithm the designs can be found, with an efficiency greater that 99.9 % in all cases. As the
time advances more patients are chosen for treatment z = 1 except for high values of α, where about
the same number of patients are assigned to each treatment.

Continuous marginal distribution

A uniform continuous distribution will be assumed for the time of debut, that is I ≡ U [0, T ],
and thus c ≡ U [0, T ]. The marginal distribution is then ξ̃1(c) = 1

T , 0 ≤ c ≤ T. And the information
matrix of the joint distribution is

M(ξ) =
∫
[0,T ]×{0,1}

I(c, z) ξ(dc, dz) =
∫ T

0
{I(c, 0)[1− p(c)] + I(c, 1)p(c)} 1

T
dc.

Let p1(c) = a0 + a1−a0
T c and p2(c) = a0 + a1−a0

T c + a2−a1
T 2 c2 be general polynomials of degree 1

and 2 respectively such that 0 ≤ pi(c) ≤ 1, c ∈ [0, T ], i = 1, 2. The goal is to maximize det(M(ξ)) for
the coefficients of the polynomial.

Notice that the problem on a general interval [0, T ] and parameters α and β is equivalent to the
problem on the interval [0, 1] and parameters αT and βT . Polynomials of degree 1 give high efficiencies
(all over 90%) slightly improved by the polynomials of degree 2. Computations for polynomials of
higher degree are cumbersome. The results here must be similar to those of the discrete marginal
distribution. It is remarkable that the optimal polynomial of degree 2 changes dramatically the
aspect. In any case it has been checked that for this case there is a variety of designs with different
shapes and very high efficiencies.
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ABSTRACT

Optimal designs under a survival analysis framework have rarely been considered in the literature.
In this paper a development of the optimal design theory is carried out for the typical Cox Regression
problem. The failure time is modelized according to a probability distribution depending on some
explanatory variables through a linear model. At the end of the study some units will have not failed
and thus their time records will be censored. In order to deal with this problem from an experimental
design point of view it will be necessary to assume a probability distribution of the time of debut of an
experimental unit in the study. Then an optimal conditional design will be computed at the beginning
of the study for any possible given time of debut. Thus, every time a new unit enters the study there
is an experimental design to be applied.

A particular and simple case is used throughout the paper in order to illustrate the procedure.
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ABSTRACT 

In time series analysis for forecasting purposes, it is highly desirable to identify statistical models 
capable of generating one-step-ahead residuals having whiteness in their structures. In this connection, 
Akram test statistic (ATS) proposed by (Akram, 2001) is a very effective tool especially for linear dynamic 
system models. The performance of ATS is compared with Akaike’s (AIC), Bayesian (BIC) information 
criteria and Durbin-Watson test statistic. Also, the adequacy of one-step-ahead forecast is analyzed through 
various popular forecast accuracy measures. 

1. INTRODUCTION 

Statistical forecasting is essential for effective planning and optimal decision making in almost all 
walks of life. A number of criteria, tools and approaches are available for the identification of the best model 
amongst the several competing models. The two most widely used standard criteria include Akaike’s 
(Akaike, 1973) and Bayesian (Schwarz, 1978) information criteria. Hurvich and Tsai (1989) showed that 
AIC might lead to over fitting in small samples. They recommended a small-sample version of AIC denoted 
by AICc. Akram test statistic (Akram, 2001) is a very simple and non-parametric test statistic to check the 
suitability and capability of a model to generate optimum forecasts. Comprehensive surveys on model 
selection are available in (Linhart and Zucchini, 1986; Burnham and Anderson, 2002).  

Mostly, the real life data are found to be polluted with colored noise processes. Thus, the forecasts 
generated by routine static models may not be optimum in nature. This alarming situation demands 
identification of type and order of coloured noise process before the conduct of any formal statistical analysis 
for forecasting purposes. Upon detection of coloured noise processes, models like dynamic linear models 
(DLMs) or state space models having the capability of filtering out the colour of noise process may be 
constructed to generate results with residuals having whiteness in their structures. Durbin-Watson test 
statistic (Durbin and Watson, 1951) and ATS are equally good tools to indicate the colour of noise process 
while applying routine statistical models. 

The paper is organized as follows. Section 2 describes ATS. Section 3 contains the description of the 
computer software used for dynamic forecasting. An example from real life is discussed in Section 4 along 
with summarization of results while conclusions are presented in the last section.  

2.   AKRAM TEST STATISTIC  

A model selection tool cum identifier of the colour of residuals, ATS is a non parametric test statistic 
not affected by the dimensions of errors, especially the initial ones generated by the model during the 
learning and updating of parameters process. It is applied to check the suitability and capability of a model to 
generate optimum forecasts. 

First of all the discrete time series is analyzed by applying  a host of competing candidate models 
with a white noise component and capable of accommodating autoregressive p ordered i.e., AR(p) noise 
processes, the parameters of the model are estimated and one-step-ahead forecasts as well as residuals are 
generated. The residuals are standardized and average string length (ASL) which is the mean of troughs and 
peaks of forecast errors yielded by the model, is computed by 

 ASL = (ne - 1) / (n- →→→→ n+ + n+ →→→→ n-) 
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Here ne is the number of residuals, n- → n+ represents the number of shifts from negative to positive signs of 
the standardized residulas, while n+ → n- means the reverse meaning. The null and alternative hypothesis on 
the basis of μASL, the parent population’s average string length of residuals terms are formulated and ATS is 
computed as under. 

ATS = 2 (ne -1) / (n- →→→→ n+ + n+ →→→→ n-) 
For making decision on the fate of null hypothesis, the acceptance region and rejection regions at some level 
of significance α are defined. The acceptance of H0 implies that the residuals are white; whereas rejection of 
H0 leads us to the conclusion that the residuals are not white, but coloured. Then the order of coloured noise 
processes is determined. Here, discussion is confined to AR(p) processes as Andĕl (1981) and others have 
shown that an autoregressive moving average (ARMA) process can be approximated and adequately 
represented by an AR process. For the empirical value of ASL computed from the data, a corresponding 
value Φ of AR(1) coefficient is determined. Using this Φ value the initially used candidate model is 
restructured or updated and again applied to the data. Then, one-step-ahead forecasts and residuals are 
generated and moved through the above testing procedure again. If H0 is accepted, it depicts that the model 
with AR(1) noise process is suitable. Its one-step-ahead forecast, therefore would be optimum. If H0 is 
rejected again, it means that the model with AR(1) coloured noise component, has failed to filter the noise 
and therefore is not suitable for analysis of data. In this case, Φ is again determined from the table of 
theoretical values of ASL (Akram, 2001). The candidate model with AR(1) process would therefore be 
considered inappropriate and model with AR(1) process will be reconstructed considering AR(2) noise 
process, using Φ1 (the first Φ)  and Φ2 (the second Φ) coefficients. The above procedure is repeated until the 
colour is filtered out i.e., H0 is accepted.  

3. THE SOFTWARE 

An especially developed computer software package termed as Irfan-Akram Bayesian Forecaster 
(IAB-Forecaster) written in C++ language based on the Kalman filter algorithm (Kalman, 1960) and within a 
Bayesian framework is used for dynamic forecasting purposes. The salient features are as follows.   

3.1 UNIQUE MODEL 

A novel model which has not been used earlier in statistical literature is applied. The product of AR 
coefficient and a suitable valued damping factor is superimposed in the transition matrix G ensuring that the 
first element of G matrix for colored noise processes does not become equal to one so as to keep the system 
stable. 

3.2 ONLINE VARIANCE LEARNING   

Using the guidelines of Akram (1987), online variance learning system has been incorporated in the 
software. 

3.3 CONTINUOUS UPDATING OF WT MATRIX 

Effective forecasting requires suitable updating of the covariances within the time series structure. In 
this study, the system variance covariance matrix which is diagonal in structure, that is Wt = diag (w1, w2), is 
continuously updated.  

4.  EXAMPLE

Keeping in view, the terminology and notations used in (Harrison and Akram, 1983; and Akram 
1992), the standard framework for a Bayesian state-space model in which the scalar time series yt, observed 
at equally spaced time points t = 1, 2, …..  is modeled, as follows: 

Observation equation                 yt   =  f θt    +  vt                  vt ~ N [0, V] 
State or Evolution equation       θt    = G θt-1+   wt                       wt  ~ N [0, W] 

where vt is the noise of the observation process, wt is the noise of the population process and they are assumed 
to be independent and mutually uncorrelated white noise structures. G is the state evolution or transition 
matrix, f is a column vector and θt is the state vector and the variable of interest. 
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Assuming  (θi t-1 |  Di t-1  )  ~  N [mi t-1   ;  Ci t-1] as the prior and  (θi t  |  Di t)   ~  N [mit  ;  Ci t] as the 
posterior, the Kalman filter algorithm works through the following recurrence equations to give the values of 
mt and Ct. 

System matrix                                  Rt =  G C t-1 G'  +  Wt

Kalman gain or adaptive vector   At  =  Rt f ' [ V + f Rt f ' ] -1

Variance-covariance matrix       Ct  =  [ I – At f ] Rt

Estimate of the parameter θt            mt  =  G m t-1   +  At * et

Forecast function                               Ft (k) =  f G mt    
and one-step-ahead forecast error   et  =  yt   -   f G m t-1   

Data consisting of 62 observations about closing share price of United Bank Limited (UBL), which is a 
premier share in the banking sector of Pakistan are noted during the period October 20 - December 29, 2005. 
These data are analysed by employing 8 routine statistical models and one-step-ahead forecasts generated, 
residuals computed & standardized. Based on these standardized residuals, various statistics of forecast 
accuracy measuring criteria are computed and given in Table below. Interestingly, both AICc and BIC favour 
the moving average model of order three (3-MA), but D-W test statistic and ATS point towards its non-
optimality. This situation demands construction and application of DLMs capable of filtering the colour of 
noise process. 

Table 1: Accuracy measures for UBL share

LR= Linear regression, MA= Moving average, MAT= Moving average with trend, SES= Simple exponential smoothing, DEST= Double 
exponential smoothing, ARIMA= Autoregressive integrated moving average, Std RSS= Standardized residual sum of squares, AICc= Corrected 
Akaike’s information criterion, BIC = Bayesian information criterion, MAE = Mean absolute error, MAPE = Mean absolute percentage error, 
MSE = Mean square error, RMSE = Root mean square error, TS = Tracking signal Sk = Skewness, Kt = Kurtosis

In this study, generalized exponentially weighted regression (GEWR) type dynamic linear models of 
diagonal form with n = 2 are constructed and applied to get optimal forecast after due filtration of the 
coloured noise processes as is evident from Table 2. Both ATS and D-W test statistic indicate presence of 
coloured noise processes in AR(0) white noise model and demand restructuring of DLM by redefining f, θ, G 
and W values.  Incorporation of a value of Φ = 0.552 of the autoregressive coefficient indicated by ASL = 
3.05 in AR(1) coloured noise process model does not ensure optimality. Hence, a smoothing coefficient equal 
to 0.261 in AR(2) coloured noise process with AR coefficient Φ = 0.425 indicated by ASL = 2.7727 leads to 
the the optimum one-step-ahead forecast. The three graphs, one for white noise process i.e., AR(0),and two 
for the coloured noise processes AR(1) & AR(2) are shown at the end. 

Table 2: Dynamic forecast analysis for UBL share 

Model Std RSS AICc BIC ASL D-W Bias MAE MAPE MSE RMSE TS Sk Kt 

LR 59.0000 3.3387 9.3064 3.8125 0.5074 -4.32e-08 0.7750 0.7960 1.0000 1.0000 -3.46e-06 0.2777 2.4013

3-MA 50.4572 -8.5692 -4.5183 3.3888 1.1524 1.44e-08 0.7319 0.7449 0.8409 0.9170 1.22e-06 0.5314 2.0731

2-MAT 58.9999 3.3387 9.3063 1.4878 3.0997 -2.40e-10 0.7122 0.7188 0.9999 0.9999 -2.09e-08 -0.0170 3.3682

SES 56.4933 -1.5633 2.4875 2.3461 2.2432 -6.72e-09 0.7444 0.7576 0.9415 0.9703 -5.60e-07 0.5770 2.8560

DEST 58.9863 1.1140 5.1649 2.3461 2.4308 -4.08e-09 0.6659 0.6859 0.9831 0.9915 -3.80e-07 -0.9034 7.5155

MA(1) 59.9577 2.1267 6.1776 3.2105 - 4.61e-08 0.8289 0.8554 0.9992 0.9996 3.45e-06 -0.2896 2.0788

ARIMA(1,1,1) 57.9403 4.5030 12.3098 2.1034 - -4.80e-10 0.7508 0.7678 0.9989 0.9994 -3.96e-08 0.6825 3.0075

ARIMA(2,1,1) 57.0000 5.8582 15.4225 2.5416 - 6.24e-09 0.7482 0.7599 1.0000 1.0000 5.17e-07 0.4818 2.8813

Model  Std RSS AICc BIC ASL D-W Bias MAE MAPE MSE RMSE TS Sk Kt 

AR(0) 41.2787 -18.807 -12.8394 3.0500 0.9241 1.04e-08 0.6503 0.6663 0.6996 0.8364 1.03e-06 0.3701 1.49194 

AR(1) 54.4053 0.5999 8.40677 2.7727 1.0294 2.40e-10 0.6940 0.7319 0.9380 0.9685 2.14e-08 -0.2144 3.1444 

AR(2) 52.8630 1.1867 10.7510 2.4400 0.4219 -3.17e-08 0.4057 0.4469 0.9274 0.9630 -4.84e-06 4.2602 25.4834 
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5.   CONCLUSION 
Model selection ranks the competing rival models from best to worst but may not ensure optimality. 

In real life situations, the assumption of whiteness of residuals is found to be rarely true. In such situations, it 
becomes imperative to identify the noise processes prior to going for any formal analysis so that the models 
having capability of filtering the colour of noise may be constructed to generate results with residuals having 
whiteness in their structures. For such purposes, ATS is found to be a straight forward, parsimonious and 
robust test statistic leading to comprehensive identification of optimal models for forecasting purposes. 
Moreover, the performance of ATS is found to be superior to Durbin-Watson test statistic in case of dynamic 
linear models which is quite noticeable from Table 2 wherein the filtration process may be observed 
practically. 

Figure. Dynamic linear model forecasts for UBL Share 
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1 Introduction

Let Sn =
n∑

k=1

X
k
, with independent summands X

k
_ Bernoulli(p

k
), under the restriction E [Sn ] =

n∑
k=1

p
k

= np. Then var[Sn ] =
n∑

k=1

p
k
(1− p

k
) is maximum when all the p

k
= p. This result, that Nedel-

man and Wallenius (1986) considered surprising, may be established with very elementary arguments;
in fact,

var(Sn) =
n∑

k=1

p
k
−

n∑
k=1

p
2

k
= np −

n∑
k=1

p
2

k

and rewriting
n∑

k=1

p
2

k
=

n−1∑
k=1

p
2

k
+

(
np−

n−1∑
k=1

p
k

)2

it is immediate to establish that
n∑

k=1

p
2

k
is minimum

when 2 pi = 2
(

np−
n−1∑
k=1

p
k

)
= 2pn , i = 1, 2 . . . , n − 1, i.e. pi = p, i = 1, . . . , n. Thus var(Sn) is

maximum when the summands are i.i.d. Bernoulli(p) random variables.

This elementary proof can immediately be extended to establish that Sν =
ν∑

k=1

X
k
, with inde-

pendent X
k

_ Binomial(n
k
, p

k
) summands, has maximum variance, under the constraints

ν∑
k=1

n
k

= N

and E [Sν ] =
ν∑

k=1

n
k
p

k
= Np, when all the p

k
= p, since in var(Sν ) = Np −

ν∑
k=1

n
k
p

2

k
we get minimum

ν∑
k=1

n
k
p

2

k
when pi = pν , i = 1, . . . , ν − 1, as it is easily seen rewriting
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ν∑
k=1

n
k
p

2

k
=

ν−1∑
k=1

n
k
p

2

k
+

„
Np−

ν−1P
k=1

n
k

p
k

«2

N−
ν−1P
k=1

n
k

. Therefore, the Binomial(N, p) random variable has greater

variance than any other sum with the same expected value Np of independent binomials.
Morris (1982) investigated the class of members of the natural exponential family for which

the variance is at most a quadratic function of the mean; ‘he used this property to obtain unified
results and gain insight concerning limit laws’ (Johnson et al., 2005, p. 113). Morris class contains
only six families (Binomial, Poisson, NegativeBinomial, Gamma, Gaussian, and GHS — Generalized

Hyperbolic Secant). In section 2 we investigate the variance of sums Sν =
ν∑

k=1

X
k

of independent

summands whose variance σ
2

k
= P (µ

k
) (with the usual notation µ

k
= E(X

k
)), where P is a polynomial

of degree at most 2.
On the other hand, all sums of n independent Poisson(µ

k
) random variables with the same

expected value nµ has the same variance, and the sum of n i.i.d. Geometric(p) random variables has
smaller variance than the sum of n independent Geometric(p

k
) random variables, under the constraint

that it has the same expected value n(1−p)
p . The Binomial, Poisson and Negative Binomial (of which

the Geometric is a special case) random variables are the non-degenerate members of the Panjer
class, for which the recursive relation pn+1 = pn

(
a + b

n+1

)
, n = 0, 1, . . . is valid. Observe that the

subfamilies of Panjer class are the discrete Morris families.
Considering the dispersion index var(X)

E(X) , it is immediate that the Binomial random variables are
underdispersed, the Negative Binomials are overdispersed, and that the Poisson is a yardstick, having
dispersion index 1. In section 3 we look into the dispersion parameter getting some further results on
the extremal properties of the variance of sums of i.i.d. variables, and we put forward some comments
on the variance of mixtures.

2 Summands whose variance is quadratic in the mean

Let Sν =
ν∑

k=1

X
k
, where the summands X

k
are members of a family of random variables with variance

σ
2

k
, and assume that σ

2

k
= αµ

2

k
+ βµ

k
+ γ. Morris (1982) demonstrated that there exist exactly six

univariate natural exponential families whose variance is a quadratic function of the mean,

Family α β γ

Gaussian(µ, σ2) 0 0 σ2

Poisson(µ) 0 1 0
Binomial(n, p) − 1

n 1 0
NegativeBinomial(ν, p) 1

ν 1 0
Gamma(ν, δ) 1

ν 0 0
GHS(α) 1

α 0 α

We shall focus on those.

1. With independent summands X
k

_ Poisson(µ
k
), under the constraint

ν∑
k=1

µ
k

= ν µ, the vari-

ance of the sum var(Sν ) =
ν∑

k=1

µ
k

is constant.

2. For Binomial, Negative Binomial, Gamma and GHS random variables, using standard lagrangian

constrained optimization, it is obvious that the variance of Sν subject to
ν∑

k=1

µ
k

= ν µ, has an

extremum if µ
k

= µ, k = 1, 2, . . . , ν.
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(a) If X
k

_ Binomial(n, p
k
), that extremum is a maximum (observe that we may consider,

more generally, different parameters n
k
, as seen in section 1).

(b) If X
k

_ NegativeBinomial(n, p
k
), that extremum is a minimum.

(c) If X
k

_ Gama(ν, δ
k
), that extremum is a minimum.

To enliven the intuition: the parabola y = x2 is below y = x if x ∈ (0, 1), and above if
x > 1, and its derivative 2x is increasing for all positive x.

3 Variance and the dispersion index

The results in section 2 settles the problem in what concerns the families of Panjer random variables:
subject to the restriction of having the same expected value, the variance of the sum of independent
(underdispersed) Binomial random variables is maximum if they all have the same parameter p, is
always the same if the summands are Poisson, and is minimum if the summands are (overdispersed)
Negative Binomials with the same parameter p. The Panjer counting variables play an important role
in the theory randomly stopped sums, since from the above recursion it is possible to construct an
algorithm to compute iteratively the density of stopped sums with Panjer subordinator, for instance
of the aggregate risk (Panjer, 1981; Rólski et al., 1999), and provide an elementary characterization
of infinitely divisible and of geo-infinitely divisible random variables as limit of Poisson stopped and
of Geometric stopped sums, respectively, as observed by Pestana and Velosa (2004).

Observing that dispersion index of X _ Binomial(p) is 1 − p < 1, the dispersion index of
X _ Poisson(µ) is 1, and the dispersion index of X _ NegativeBinomial(ν, p) is 1

p > 1, it seemed

worthwhile to investigate further the behaviour of the variance of Sν =
ν∑

k=1

X
k

taking into account

the whether the summands are underdispersed or overdispersed; observe that the sum of independent
Hipergeometric(N,n, pi) random variables, that are underdispersed, has maximum variance when the
summands are i.i.d., exactly as it happens with binomial summands. To carry this out, and assuming
that X > 0 (since the dispersion index var(X)

E(X) is difficult to interpret unless this is so), we write
σ

2

i
µi

= 1 − g(µi) with g(µi) ∈ (0, 1) for underdispersion and
σ

2

i
µi

= 1 + g(µi) with g(µi) > 0 for
overdispersion to establish some more general results on the optimality of the variance of sums of i.i.d.
summands.

Using standard lagrangian optimization techniques, it is straightforward to establish that the
condition g(µk)+µkg

′(µk) = g(µν)+µνg
′(µν), k = 1, ..., ν−1, which is trivially true whenever µ

k
= µ,

is sufficient to get extremal variance. Hence, once again, the case of i.i.d. summands leads to maximum
variance if g(µi) ∈ (0, 1), i = 1, . . . , ν, or to minimum variance, otherwise.

Gurland’s (1957) theorem characterizes pairs of random variables for which mixing and com-
pounding has the same result; using Johnson et al. (2005) notations: consider two distributions F1 and
F2 with probability generating functions G1 and G2 , respectively, where G2 depends on a parameter θ

in such way that G2(z | kθ) = (G2(z | θ))
k; then the mixed distribution F2(Kθ)

∧
K

F1 has probability

generating function G1 (G2(z | θ)), i.e. it corresponds the compound (stopped sum) F1

∨
F2 .

The fact that the Panjer counting variables are natural subordinators of randomly stopped sums,
and Gurland’s (1957) theorem relating stopped sums and mixtures, is a promising path to investigate
variances of mixtures.
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RÉSUMÉ (ABSTRACT)

Using Jensen’s inequality, Nedelman and Wallenius (1986) established that the sum of n inde-
pendent Bernoulli variables with the same parameter p has maximum variance among all sums, with
the same mean np, of independent Bernoulli random variables. We provide a simple proof of this
result, and discuss similar results for other families of counting random variables, namely those from
Panjer class and Morris class of Natural Exponential Families whose variance is at most quadratic in
the mean, restricting our attention to those members which have positive support, so that the dispersion
index makes sense.
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1. Introduction

Functional regression analysis provides a useful tool for analyzing a data set observed at possibly

differing time points for each individual, and its effectiveness has been reported in various fields of

applications such as ergonomics, meteorology and chemometrics (see e.g., Ramsay and Dalzell, 1991;

Shimokawa et al., 2000; Ramsay and Silverman, 2005). We propose functional regression modeling

that directly models the relationship between a functional response and functional predictors, using

Gaussian basis functions along with the technique of regularization. An advantage of our modeling

strategy is that it provides a flexible instrument for transforming discrete observations into functional

form. It can also be applied to analyze a set of surface fitting data.

A crucial issue in functional regression modeling is the choice of smoothing parameters involved

in the regularized maximum likelihood procedure. Although cross-validation is commonly used for

selecting smoothing parameters, it is often computationally expensive. We derive model selection

criteria from an information-theoretic and Bayesian approach. The proposed modeling strategy is

applied to analyze the typhoon data. We predict the fluctuation of velocity of the wind, observed

from generation of typhoons to disappearance, by using the information of fluctuations of the position

and center atmospheric pressure.

2. Functional Regression Model

Suppose we have n sets of M functional predictors and a functional response {(xαm(s), yα(t)); s ∈
Sm, t ∈ T , α = 1, ..., n, m = 1, ...,M}. In order to draw information from the functional data set,

we consider a functional regression model

yα(t) = β0(t) +
M∑

m=1

∫
Sm

xαm(s)βm(s, t)ds + εα(t),(1)

where β0(t) is a constant term for fixed t, βm(s, t) are bivariate coefficient functions which impose

varying weights on xαm(s) at arbitrary time t and εα(t) are error functions. We assume both predictors

xαm(s) and responses yα(t) may be expressed as basis expansions, i.e. xαm(s) = c′αmϕm(s) and

yα(t) = d′αψ(t) respectively, where cαm = (cαm1, ..., cαmJm)′ and dα = (dα1, ..., dαK)′ are coefficient

vectors, ϕm(s) = (ϕm1(s), ..., ϕmJm(s))′ and ψ(t) = (ψ1(t), ..., ψK(t))′ are vectors of basis functions.

We consider Gaussian basis functions given by

ϕmj(s) = exp

{
−(s − τmj+2)2

2h2
m

}
, ψk(t) = exp

{
−(t − τk+2)2

2h2

}
,(2)

where τmj and τk are equally spaced knots, hm = (τmj+2−τmj)/3 and h = (τk+2−τk)/3. Furthermore,

βm(s, t) are supposed to be expressed as βm(s, t) = ϕ′
m(s)Bmψ(t) by the use of same basis functions

as (2), where Bm = (bmjk)jk are coefficient matrices. Centering xαm(s) and yα(t) by x∗
αm(s) =
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xαm(s) − x̄m(s) and y∗α(t) = yα(t) − ȳ(t) gives the functional regression model as

y∗α(t) =
M∑

m=1

∫
Sm

x∗
αm(s)βm(s, t)ds + εα(t).(3)

By representing vectors of predictors x∗
m(s) = (x∗

1m(s), ..., x∗
nm(s))′ and the response y∗(t) =

(y∗1(t), ..., y∗n(t))′ by x∗
m(s) = Cmϕm(s) and y∗(t) = Dψ(t) respectively, where Cm = (c∗1m, ..., c∗nm)′

and D = (d∗1, ...,d
∗
n)′, the model (3) can be expressed as

Dψ(t) = ZBψ(t) + ε(t),(4)

where Z = (Z1, ...,ZM ), Zm = CmJϕm , Jϕm =
∫
ϕm(s)ϕ′

m(s)ds, B = (B′
1, ...,B

′
M )′ and ε(t) =

(ε1(t), ..., εn(t))′.

We suppose error functions εα(t) are represented by linear combinations of basis functions

ψk(t) which are the same as those of response functions yα(t), that is, εα(t) = e′αψ(t) where eα =

(eα1, ..., eαK)′. Moreover eα are assumed to be independently K-variate normally distributed with

mean vector 0 and variance-covariance matrix Σ. Therefore, the error term ε(t) in the model (4) can

be represented as Eψ(t) where E = (e1, ...,en)′, and we have a multivariate regression model with a

design matrix Z and a response matrix D.

D = ZB +E, eα ∼i.i.dNK(0,Σ).(5)

It follows from (5) that the probability density function f(d∗α|zα;B,Σ) of the functional regres-

sion model is normal with mean B′zα and variance covariance matrix Σ, where zα represents the n-th

row of Z. It may be noted that the least square method and the maximum likelihood method often

give unstable estimates and consequently lead to unstable models. Hence we estimate the coefficient

matrix B and the variance covariance matrix Σ by the regularized maximum likelihood method which

maximizes the regularized log-likelihood function

lλ(B,Σ) =
n∑

α=1

f(d∗α|zα;B,Σ) − n

2
tr

{
B′(ΛM ⊙ Ω)B

}
,(6)

where ΛM is a (
∑

m Jm) × (
∑

m Jm) matrix which consists of smoothing parameters λ1, ..., λM that

adjust a fluctuation of B, ⊙ represents the Hadamard product and Ω is a (
∑

m Jm)×(
∑

m Jm) positive

semi-definite matrix. By maximizing the equation (6), regularized maximum likelihood estimators B̂

and Σ̂ are given by

vec(B̂) =
(
Σ̂

−1 ⊗Z ′Z + nIK ⊗ (ΛM ⊙ Ω)
)−1

(Σ̂
−1 ⊗Z ′)vec(D),

Σ̂ =
1

n
(D −ZB̂)′(D −ZB̂),

where vec(·) is an operator which arranges the column-wise vectors of a matrix to a vector and ⊗
represents the Kronecker product.

3. Model Selection Criteria

Since the functional regression model estimated by the regularization method depends on smooth-

ing parameters λ1, ..., λM , the selection of these optimal values is a crucial issue. Although cross-

validation is commonly used for selecting smoothing parameters, it may be computationally expensive

if the number of smoothing parameters is large. We derive model selection criteria for evaluating the

functional regression model estimated by the regularized maximum likelihood method.
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Generalized cross validation (GCV) for evaluating the functional regression model is obtained

by applying the hat matrix Sλ given in the form of vec(D̂) = Sλvec(D), that is,

GCV =
tr {(D −ZB)′(D −ZB)}

nK

(
1 − 1

nK
trSλ

)2 .(7)

Modified AIC evaluates the model estimated by the regularization method by substituting a

trace of the hat matrix for degrees of freedom, since the hat matrix is regarded as the complexity of

the model estimated by the regularization method. Using this result, the modified AIC evaluating the

functional regression model is given by

mAIC = −2l(B̂, Σ̂) + 2trSλ.(8)

Generalized information criterion (GIC; Konishi and Kitagawa, 1996) is used for evaluating the

statistical model estimated by the regularization method. Using this result, the GIC for evaluating

the functional regression model is given by

GICFR = −2l(B̂, Σ̂) + 2tr{Rλ(θ̂)−1Qλ(θ̂)},(9)

where θ is a (Kp + r)-dimensional vector of parameters consisting of B and Σ, here p =
∑

m Jm,

r = K(K + 1)/2. Furthermore, Rλ(θ) and Qλ(θ) are (Kp + r) × (Kp + r) matrices given by

Rλ(θ) = − 1

n

n∑
α=1

∂2
{

log f(d∗α|zα;B,Σ) − 1
2tr {B′(ΛM ⊙ Ω)B}

}
∂θ∂θ′

Qλ(θ) =
1

n

n∑
α=1

∂
{

log f(d∗α|zα;B,Σ) − 1
2tr {B′(ΛM ⊙ Ω)B}

}
∂θ

· ∂ log f(d∗α|zα;B,Σ)

∂θ′

respectively.

Bayesian information criterion (BIC) has derived from a Bayesian viewpoint based on the idea

of maximizing the posterior probability of candidate models. However, the BIC only covers models

estimated by the maximum likelihood method. Konishi, Ando and Imoto (2004) extended the BIC

for the use of evaluating models fitted by the regularized maximum likelihood method. We derive a

Bayesian model selection criterion within the framework of our functional regression model, and is

given by

GBIC = −2l(B̂, Σ̂) + ntr
{
B′(ΛM ⊙ Ω)B

}
+ (r + Kq) log n(10)

−(r + Kq) log(2π) − K log |ΛM ⊙ Ω|+ + log |Rλ(θ̂)|,

where q = p − rank(Ω) and | · |+ means a product of non-zero eigenvalues of a matrix.

We choose smoothing parameters for which the values of these model selection criteria are

minimized, then consider the corresponding model as the optimal model. For model selection, we

refer to Konishi and Kitagawa (2007).

4. Real Data Example

We investigate the effectiveness of our modeling strategy through the analysis of meteorological

data. We applied the functional regression model to typhoon data, and predicted trajectories of the

maximum wind velocity.

This data set is composed of the position, the center atmospheric pressure and the velocity

of wind of the typhoons generated from 1951. Each of them is observed every six hours from the

generation to the disappearance of the typhoon. However, for the velocity of wind only those generated
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Figure1 : 10 examples of typhoon data

after 1977 are unobserved. Thus we predicted the velocity of wind of the typhoons before 1976 using

the information of the position and the center atmospheric pressure. Besides, we conducted a variable

selection to investigate which pair of predictors are the most informative.

The data were aligned the generation and disappearance time of all typhoons by scaling the time

points at which the data were observed on [0,1]. Figure 1 shows 10 examples of aligned typhoon data.

Since the survival times differ for each typhoon, the time points also differ. Therefore it is difficult

to apply the traditional regression model. We conducted the model selection using model selection

criteria described in Section 3.

The result of the functional regression analysis showed that a pair of the latitude and the center

atmospheric pressure of typhoons is the most informative for prediction of the velocity of the wind.

Indeed, trajectories of the wind are predicted appropriately.
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1 Introduction

The problem of testing independence in contingency tables has, to say the
least, a long history (mainly from a frequentist viewpoint). Many controver-
sies have arisen, concerning the question of whether to condition on marginal
totals, whether inference should be asymptotic or exact, and what statistics
should be used for testing. A good introduction to this topic is the review
article by Agresti(1992).

Exact frequentist inference in contingency tables can be done by applying
the same test statistic to all tables with the same marginals, and assessing
where the observed table has fallen in this set of reference tables. The first
such test was Fisher’s Exact Test, and this idea is the basis of the statistical
package StatXact (www.cytel.com). The properties of these tests have been
investigated by Mehta and co-authors (see, for example, Mehta et al. 2000).

Early Bayesian analyses of contingency tables were done by Altham (1969),
where a product of binomials and beta priors was considered, but the focus
was not on testing but rather on estimation of the di erence of binomial pa-
rameters. Kadane et al. (2002) study robustness of some unimodal classes of
priors. Gunel and Dickey (1974), Good and Crook (1987), and Albert and
Gupta (1982) use Dirichlet priors for the vector of parameters = ( 1 )
of multinomial distributions. The hyperparameters in the Dirichlet are ei-
ther subjectively determined or integrated out with the help of a hyperprior
distribution.

1.1 Priors for Testing Hypothesis

Gunel and Dickey (1974), in discussing Bayes factors for contingency tables,
note the importance of the Savage continuity condition. They argue that
the most realistic priors will be “continuous probability densities with high
concentrations on small neighborhoods of " (in their notation is the

1
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parameter value in the null). This is exactly what the intrinsic prior does
here. Starting from a default prior, which will not concentrate probability
near 0 but instead spread it out in 1 giving high probability to models
far from 0, the intrinsic prior construction creates a new prior that ( )
concentrates probability near 0 and ( ) does it in a way that maintains
consistency of the tests. That is, as the sample size becomes infinite, the test
will always make the correct decision. Lastly, we note that when the row
or column totals are fixed, Howard (1998) argues that the prior parameters
should not be independent.

1.2 Intrinsic Priors

Intrinsic priors were introduced in hypothesis testing in order to convert
improper priors into proper ones (Berger and Pericchi 1996, Moreno 1997,
Moreno et al. 1998) but there is no inherent limitation in using them when
the default prior is proper. For example, for the testing problem 0 : = 0

versus 1 : 6= 0, where is a binomial success probability, starting from
the proper uniform prior ( ) = 1[0 1]( ), the intrinsic prior for , conditional
on the null value 0 and training sample size , is

( | 0 ) =
1

+ 1

X
=0

( | + 1 + 1) ( 0| + 1 + 1)

where ( | ) represents the beta distribution for with parameters and
. Thus, in this simple case, the intrinsic prior has provided a default prior
that is centered on the null hypothesis. We will see that this is the case in
more realistic examples.

We note that the training sample size plays an important role, in that
it controls the concentration of the prior for the alternative parameter values
around 0. For small , the intrinsic prior will remain close to the default
prior. For large , the intrinsic prior is nicely centered on 0, and concen-
trates higher mass close to 0. The point is to know how sensitive is the
resulting Bayesian test to variation of the concentration parameter . We
note that the construction of the prior to be fully automatic.

2 Intrinsic Priors for 2× 2 tables
Consider a 2× 2 contingency table with individuals classified into four cells
each having an unknown probability , = 1 2 and

P
= 1. A default

analysis of the testing problem 0 : = versus 1 : is to choose
between 0 and 1 where

0 : { 0(x| 1 1) ( 1 1)} and 1 : { (x| ) D3( |1 1 1 1)} (1)

Notice that the default prior D3( |1 1 1 1) does not depend on the null. We
use this prior to create an intrinsic prior for , a prior that does depend on
0. We will then substitute the intrinsic prior ( | ) for D3( |1 1 1 1)

in (1), where is the training sample size.

2
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For a data set = , the Bayes factor, 10( ), for intrinsic priors versus
a uniform prior for 1 and 1, is equal to 1( | ) 0( | ), where

1( | ) =

μ ¶
( + 3)!

[( + 1)!]2(2 + 3)!

×
X

{x:P = }

Ã
2Y
=1

(x)!

!
2Y
=1

(x)!
Y ( + )!

( !)2

and

0( | ) =

μ ¶³Q2
=1 ( )!

´³Q2
=1 ( )!

´
[( + 1)!]2

If a priori we assume that ( 0) = ( 1) = 1 2 then for any training
sample size the posterior probability of the null is given by

( 0| ) =
1

1 + 10( )
(2)

2.1 Consistency

When the sample information is weak the posterior probability of the mod-
els involved varies as the intrinsic prior varies through the training sample
size . However, as the sample information becomes stronger, as it does
when the sample size tends to infinity the sampling distribution should
overwhelm any prior information. Thus, we are able to proof consistency
of the intrinsic Bayesian procedure for any finite training sample size .
Specifically, for any finite , we can show that when sampling from the null
lim ( 0|y ) = 1 and when sampling from the alternative
lim ( 1|y ) = 1.

3 Discussion

It appears to be widely accepted that prior beliefs should be such that under
the resulting prior the parameters of a contingency table should be a priori
dependent, as is emphasized strongly by Howard (1998). This property is
typically not satisfied by the usual default prior for estimation (for example,
uniform), but is enjoyed by the Good and Crook (1987) priors and the intrinsic
priors. The priors of Good and Crook (1987) are a mixtures Dirichlets. They
take the mixing parameter to be , the common exponent in the Dirichlet
prior, and mix the parameter of the range (0 ) using a heavy-tailed density
to achieve robustness. However, the price Good and Crook have paid for
the robustifycation of the procedure is to not obtain reasonable conclusions.
See table below in which Good and Crook reject the null for all the tables
considered.

The intrinsic priors are also mixtures, and the degree of concentration
around the null is accomodated by a discrete parameter . The performance
of the intrinsic posterior probabilities, is extremely attractive: it seems to be

3
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robust when the data are informative enough and when they are weak, in the
sense of a too unbalance table or a very sparce table, we obtain the warning
that the resulting tests are not robust, so requiring strong prior information
or more data.

Table p-value
Intrinsic

= 1
Intrinsic

=

{10 3; 2 15} 0 001 0 015 0 003 0 016

{225 53 206; 3 1 12} 0 041 0 125 0 933 0 241

{6 6 6; 6 6 6} 1 00 0 327 0 891 0 839

0 647 0 062 0 021 0 999
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Abstract 

 Information criteria developed recently and over the last few decades are used to assess the lag length 

selection of error correction models. The results of data simulated from theoretical models indicate that 

Akaike’s Information Criteria (AIC) and its derivatives, Hurvich and Tsai’s small sample correction 

(AIC(c)) and Final Prediction Error (FPE) provide marginally better results than Qu and Perron’s modified 

IC’s, Schwarz’s Bayesian IC (BIC) and some other selection techniques. 

 

Introduction 

 One of the many research directions in time series modelling over the last two decades is the 

developments of the theory of error correction models (ECM) based primarily on the work of Granger and 

Weiss (1983) and the seminal paper of Engle and Granger (1987). Additional theory has been developed by 

Johansen (1988, 1991), Stock and Watson (1988) and Johansen and Juselius (1992) too mention just a few. 

To estimate the ECM for inferential and interpretive purposes requires that we select the most appropriate 

number of differenced lagged terms in the model. In several econometric studies, the lag length choice can 

be justified on an economic theoretical basis but for those models that lack a theoretical basis, the selection 

of the number of differenced lag terms to include in the model is left to the researcher. The literature review 

reveals that only a few attempts have been made to determine the most appropriate method for selecting the 

number of differenced lag terms in cointegrated models. The results from these attempts have yet to become 

established practice as they have been cautious in their recommendations. 

 

Objectives and Methodology 

 Error correction modelling requires that the series under investigation be nonstationary and since the 

developments of inferential tests for the testing of stationarity, the analysis of nonstationary time series data 

has generated considerable interest. The lack of a clear approach for determining the appropriate lag length 

for the series under consideration is cause for concern. This research attempts to add to the studies of Ivanov 

and Kilian (2005) and Qu and Perron (2006) with the objective that the results provide practitioners with the 

appropriate methodology for determining the number of differenced lag terms of their cointegrated models.  
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 In this study, theoretical cointegrated models are given, an example of the 3d-VAR(2) model is 

provided for illustration. The methodology of the study is outlined in figure 1. Results are presented for the 

case where the numbers of replications simulated were 5000 for each VAR model with lag terms ranging 

from 1 to 4 both inclusive and restricted to a sample size, T = 100. 

 

 

Figure 1: Flowchart of analysis 

 

 

Theory 

 All criteria used in this study apply to multivariate, k variable models with lag order p and sample size 

T. The IC analysed here have been developed over the last few decades and in many cases applied to 

simulation and/or empirical studies. In many cases the IC has been derived by the author(s) and tested 

individually. Several attempts to compare some of the well known IC have been made; most notably these 

are the studies by Lütkepohl (1985), Gonzalo and Pitarakis (1998, 2002), Ivanov and Kilian (2005) and Qu 

and Perron (2006).  

 As an illustration, the parameters for the 3d-VAR(2) model is presented here. Data is simulated by 

setting the intercept terms equal to zero, the coefficients of the lagged terms are chosen such that they ensure 

that each single equation is non-stationary and that the multi-equation model is cointegrated with one 

cointegration relationship. Each single equations error terms are simulated from a standard normal 

distribution, with mean equal to zero and variance equal to one.  

 The theoretical 3d-VAR(2) model is represented as an 3d-VEC(1) (vector error correction) model by 

subtracting ( )1 1 2 1 3 1

t

t t tx x x− − − from both sides of the equation, writing in matrix notation 

( )0 1 1 2 2t t t tx A I A x A x e− −Δ = − − + +  and adding 
2 1 2 1t tA x A x− −−  to RHS and simplifying to 

0 1 2 1t t t tx A x A x eπ − −Δ = + − Δ + . 

 The data is simulated for the 3d-VAR(2) with the coefficients,  

Theoretical model

Other info criterionAIC(c)

Unit root test

BIC

Data meets specification Data does not meet specification

AIC

Cointegration test

Simulation model
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1 1 1 1 2 1

2 2 1 2 2 2

3 3 1 3 2 3

0 0.4 0.4 0.5 0.2 0.2 0.0

0 0.0 0.8 0.0 0.0 0.2 0.0

0 0.0 0.0 0.6 0.0 0.0 0.4

t t t t

t t t t

t t t t

x x x e

x x x e

x x x e

− −

− −

− −

−⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟= + + +⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟

⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠

. 

 The 3d-VEC(1) model is 
0 1 2 1t t t tx A x A x eπ − −Δ = + − Δ + , 

0.4 0.2 0.5

where 0 0 0

0 0 0

− −⎛ ⎞
⎜ ⎟= ⎜ ⎟
⎜ ⎟
⎝ ⎠

π  and where the rank 

of π, determines the number of cointegrating relationships. 

 

Results and Discussion 

 The results in Table 1 record the average percentages of correct selections for ten IC’s. These results 

lend support for the claim that AIC is the best method to follow for lag length selection when series are 

cointegrated. The Hurvich and Tsai (1993), small sample corrected IC (AIC(c)) and Final Prediction Error 

(ln FPE) results are similar to AIC and are also recommended. The results shown here provide no 

information as to overfitting or underfitting of the model and will be considered at a later date. 
 

Table 1: Average percentage correct selection for four lag models 

lag AIC AIC(c) ln FPE LCIC BIC HQIC MAIC MBIC MHQ MAIC(c) 

1 - 4 68.3 68.1 68.2 39.9 31.3 60.0 66.9 35.5 53.7 66.9 

 

 The results in Table 2 record the percentages of selections for the same ten IC’s for different lag terms. 

The correct model is identified by the highlighted row. These results lend support for the claim that AIC, 

AIC(c) and FPE are the best methods to follow for VEC models with lag lengths of 1 or more. The modified 

IC’s developed by Qu and Perron, denoted MAIC, MBIC and MHQ are similar to their original counterparts, 

AIC, BIC and HQIC respectively.  
 

Table 2: Selection percentages 

lag AIC AIC(c) ln FPE LCIC BIC HQIC MAIC MBIC MHQ MAIC(c) 

0 94.0 94.4 94.0 100.0 100.0 73.7 92.8 100.0 99.7 93.1 

1 4.9 4.7 4.9 0.0 0.0 11.3 5.7 0.0 0.3 5.5 
VEC(0) 

2 - 5 1.0 0.9 1.0 0.0 0.0 15.0 1.4 0.0 0.0 1.3 

lag AIC AIC(c) ln FPE LCIC BIC HQIC MAIC MBIC MHQ MAIC(c) 

0 9.5 10.0 9.6 62.1 81.2 2.4 10.0 73.2 36.4 10.5 

1 83.7 83.8 83.8 37.9 18.8 69.0 82.6 26.8 63.3 82.8 

2 5.3 4.9 5.3 0.0 0.0 13.3 5.7 0.0 0.3 5.3 

VEC(1) 

3 - 5 1.5 1.3 1.4 0.0 0.0 15.2 1.7 0.0 0.0 1.5 

lag AIC AIC(c) ln FPE LCIC BIC HQIC MAIC MBIC MHQ MAIC(c) 

0 0.6 0.6 0.6 35.9 64.6 0.0 0.5 36.8 8.6 0.5 

1 13.4 14.3 13.7 42.4 28.8 2.9 14.9 48.0 41.1 15.4 

2 77.7 77.4 77.9 21.8 6.6 66.2 74.5 15.2 49.6 74.5 

VEC(2) 

3- 5 8.3 7.7 7.8 0.0 0.0 30.9 10.1 0.0 0.8 9.6 

lag AIC AIC(c) ln FPE LCIC BIC HQIC MAIC MBIC MHQ MAIC(c) 

0 0.2 0.3 0.2 14.7 31.7 0.0 0.2 15.1 2.8 0.2 

1 29.4 30.7 29.9 78.1 66.6 9.4 28.4 78.7 67.3 29.2 

2 48.9 48.7 49.3 7.2 1.7 37.7 49.3 6.1 27.8 49.5 

3 17.5 16.9 17.1 0.1 0.0 31.3 17.8 0.1 2.1 17.1 

VEC(3) 

4 - 5 3.9 3.5 3.5 0.0 0.0 21.7 4.4 0.0 0.1 4.0 
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Conclusion and further work 

 Results from this study lend support to the use of AIC, AIC(c), FPE or MAIC for cointegrated models 

with series of approximately 100 observations. Noticeable omissions from this paper are what to do when 

datasets are relatively small (T ≤ 60) or very large (T ≥ 200) or the impact of overfitting or underfitting the 

model. Results for these cases will follow this paper. 
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1. Introduction

This paper is concerned with statistical classification using the support vector machine (SVM).
We start from a training set {(xi, yi)} containing n observations. Each p-dimensional observation xi

has a class label yi assigned to it, which can be either +1 or −1. We then want to find a function f(·)
such that, for an observation x, the predicted class ŷ = +1 if f(x) is positive, and ŷ = −1 if f(x) is
negative. Naturally, we want this function to assign the correct class labels to the training observations
(low in-sample error rate). This can be better achieved by using all p available variables. On the other
hand, we also want this function to accurately classify new observations (low out-of-sample error rate).
For this reason, it is better to perform classification with only a few important variables. To be able
to determine which set of variables should best be included, we propose two information criteria.

Most techniques which have been developed so far rely on either a transformation of the input
space, or on training a SVM with a non `2-norm penalty. We will not concern ourselves with those, but
only with the techniques that use the data as they are. One of the more common techniques consists
of ranking the variables in some way according to importance and picking out the most important ones
(e.g. Guyon et al., 2002, Rakotomamonjy, 2003). The main drawback is that outside information is
needed to a priori determine the number of retained variables. Preferably we select the variables using
only information contained in the data. Kearns et al. (1997) compare the use of cross-validated error
rate (CV), guaranteed risk minimisation (GRM), and an application of minimum description length.
More recent work includes the kernel regularisation information criterion (KRIC) by Kobayashi and
Komaki (2006). Although this criterion was originally developed to tune the constant C in the SVM
definition, and by extension to tune the kernel parameters, it can be used without much adjustment
for variable selection purposes. For comparison purposes in the remainder of this paper, we consider
variable selection based on cross-validation, GRM, and on the KRIC.

2. The new Information Criteria

We propose a new criterion which uses information already available in the SVM, without the
need for additional complicated computations. This criterion is based on how badly the SVM violates
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the margin constraints, which are written as
∑n

i=1 ξi,S , where ξi,S is the margin slack of observation
i in the support vector machine trained on the variables with indices in S, where S is a subset of
{1, . . . , p}. Generally (but not always), this sum will decrease as more variables are added. Therefore
we must also add a penalty term related to the number of included variables to ensure a tradeoff
between accuracy and simplicity of the chosen model. We suggest adding a linear penalty term. The
first choice for the penalty is two times the size of S . This leads to our first support vector machine
Information Criterion (SVMIC):

SVMICa(S) =
n∑

i=1

ξi + 2|S|.(1)

The SVMICa is an easily computable approximation of the KRIC of Kobayashi and Komaki (2006),
up to constant factors. The new criterion SVMICa for support vector machines shares the form of the
penalty with the well-known Akaike (1973) information criterion. We expect that both criteria share
some properties, such as having the tendency to not select the most parsimonious model.

Our second proposed criterion follows the spirit of Schwarz’s (1978) Bayesian information crite-
rion (BIC). It uses the penalty log(n)|S|. The BIC has been shown to be consistent. This means that
if the true model is contained in the search list, the criterion will (in the limit for n →∞) select this
correct model. This motivates us to define our second criterion as

SVMICb(S) =
n∑

i=1

ξi + log(n)|S|.(2)

We expect the SVMICb to share the consistency property of the BIC.

3. Practical illustration

We performed a simulation experiment to examine the performance of our newly proposed
information criteria compared to variable selection with cross-validated error rate, General Risk Min-
imisation, and the two Kernel Regularisation Information Criteria.

For the simulation experiments, the training and test samples were drawn independently from
a N (µy, Σy), with y ∈ {+1,−1} the class label, such that the class-means are different for only a few
variables. In each experiment we have varied the number of variables and the number of observations
in the training sample to get an idea of the asymptotic properties of the different selection criteria.
The experiment was repeated three times. In the first experiment, the class variances were chosen
Σ+1 = Σ−1 = σ2I with I the identity matrix. For the second experiment, we chose 2Σ+1 = Σ−1 = σ2I.
In the third experiment, we generated the data as in the first experiment, and then introduced a strong
correlation between the important variables and half of the non-significant variables.

The results of the simulation illustrate that the performance of the KRICs and the SVMICs is
comparable in terms of out-of-sample error rate, with no criterion consistently better than the other.
We find that these criteria tend towards the minimal possible error rate as the sample size increases.
The cross-validated error rate and General Risk Minimisation perform poorly compared to the other
criteria. We also examine which models have been selected in each simulation run, and find that the
KRICs have a strong tendency to select too many variables. This overselection property is shared
by SVMICa, but to a lesser degree. We also see that initially, the SVMICb selects too few variables,
but as the sample size increases, it selects the correct model with increasing frequency, indicating it
has the consistency property. A study of the selected models also sheds light on cross-validation and
GRM’s poor performance. These two criteria consistency select too few variables to include.

We have repeated the analysis on a few benchmark datasets, where we divided the data randomly
in a training and test sample. The datasets used are a selection of those used in Rakotomamonjy
(2003), namely the Pima Indians Diabetes databse, the Statlog Cleveland Heart Disease database,
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and Leo Breiman’s ringnorm and twonorm datasets. On these benchmark datasets, we arrive at
similar conclusions as in the simulation experiments.

4. Conclusions

In this paper we considered the issue of variable selection in support vector machines. We pro-
posed two new information criteria, SV MICa and SV MICb, which allow us to evaluate the suitability
of the selected subset of variables for predictive purposes, without much computational overhead. We
provided an argumentation for these criteria, linking SV MICa to the KRIC of Kobayashi and Komaki
(2006), and justifying SV MICb with the need for a consistent selection criterion. We demonstrated
the effectiveness of these criteria in a simulation study, where we compared their predictive perfor-
mance to the aforementioned KRIC, and to selection based on cross-validated error rate and general
risk minimisation. Especially for decision functions which are close to an affine function, we found
that SV MICa and SV MICb performed the best of all tested criteria, and were also the easiest to
compute. For more complicated decision functions, we found that SV MICa still performs well for
selecting models with good out-of-sample properties. We repeated the experiment on several real data
examples, and the result confirmed the good properties of these newly proposed criteria. For more
information we refer to our research paper (Claeskens, Croux, and Van Kerckhoven).

REFERENCES

Akaike, H. (1973). Information theory and an extension of the maximum likelihood principle, in Second
International Symposium on Information Theory, (eds. B. Petrov and F. Csáki), Akadémiai Kiadó, Budapest,
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ABSTRACT

Using support vector machines for classification problems has the advantage that the curse of
dimensionality is circumvented. However, it has been shown that even here a reduction of the number
of explicative variables leads to better results. For this purpose, we propose two information criteria
which can be computed directly from the definition of the support vector machine. We assess the
predictive performance of the models selected by our new criteria and compare them to a few existing
variable selection techniques in a simulation study. Results of this simulation study show that the new
criteria are competitive compared to the others in terms of out-of-sample error rate while being much
easier to compute. When we repeat this comparison on a few real-world benchmark datasets, we arrive
at the same findings.
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ABSTRACT

As part of a study on the influence of parent body structure on the body structure of their offsprings,
we have been asked to analyze a data file with information on 586 children. Raw data, both of
children and of their parents, hadnt been recorded, since they had been deleted after computation
of the body mass index and organization of the data into a three-way contingency table. In such
a case, methods that take into account the natural ordering of categories allow greater parsimony
in model-building and can improve power, when compared with methods that consider variables as
merely nominal. Unfortunately there were several sampling zeros in the contingency table, in cells
with small joint probabilities. Regarding probabilities as nuisance parameters, these cells can be
treated as structural zeros. For non-separable tables, the analysis of such situations requires the use
of loglinear models of quasi-independence. In this study we deal with the cross classification of three
ordinal categorical scales subject to zero frequency count data. Quasi-loglinear models are fitted by
augmenting data table with an indicator variable identifier of non-zero and zero counts. These models
are then adapted to the ordinality of the variables by including association and interaction terms
that reflect the ordinal characteristics of the categorical variables. Homogeneous and heterogeneous
uniform association models are adapted to quasi-independence.

Keywords. Categorical data; ordinal variables; ordinal loglinear models; quasi-independence model.
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Consider any single-factor or multifactor design resulting in a cross classi�cation of T di¤erent
cells to be analysed. The response vector in each cell is a frequency distribution of an underlying
continuous response variable, categorised in k class intervals. The focus is to model the behavior of
this grouped response variable over the T cells to evaluate the e¤ect of the explanatory variables on
the dependent variable.

Formulation

The basic formulation of the grouped response variable, to be modeled over the T cells of the
multifactor design is summarised in Table 1.

Table 1: Grouped data in a multifactor design.

Class interval
Cells (�1; x1) [x1; x2) � � � [xk�2; xk�1) [xk�1;1)
1 f11 f12 � � � f1;k�1 f1k
2 f21 f22 � � � f2;k�1 f2k
...

...
... � � �

...
...

T fT1 fT2 � � � fT;k�1 fTk

Let

(1) F =

0BBBB@
f11 f12 � � � f1;k�1
f21 f22 � � � f2;k�1
...

... � � �
...

fT1 fT2 � � � fT;k�1

1CCCCA =

0BBBB@
f 01
f 02
...
f 0T

1CCCCA : T � (k � 1)

be the matrix where the rows of F denote the T cells of the multifactor design and the columns of F
denote the �rst (k � 1) class intervals of the grouped response variable. It is assumed that the vector
f is a product multinomial vector with �xed subtotals n =

�
n1 n2 � � � nT

�0
allocated to each of
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the T cells. De�ne the concatenated vector of cumulative relative frequencies

(2) p =

0BBBB@
p1
p2
...
pT

1CCCCA =

0BBBB@
Cp01
Cp02
...

Cp0T

1CCCCA = (IT
C)p0 ; C =

0BBBB@
1 0 � � � 0

1 1 � � � 0
...
...
. . .

...
1 1 � � � 1

1CCCCA : (k � 1)� (k � 1)

with expected vector and covariance matrix

E(p) =

0BBBB@
�1
�2
...
�T

1CCCCA = � and Cov(p) =

0BBBB@
V1 0 � � � 0

0 V2 � � � 0
...

...
. . .

...
0 0 � � � VT

1CCCCA = V :

Estimation

The ML estimation procedure of Matthews and Crowther (1995) entails that distribution �tting
be done under the restriction that the cumulative relative frequencies equal the cumulative distribution
curve at the upper class boundaries. The vector of constraints g1 (�) = 0 to be imposed is

(3) g1 (�) =

0BBBB@
F1 (x;�1)

F2 (x;�2)
...

FT (x;�T )

1CCCCA�
0BBBB@
�1
�2
...
�T

1CCCCA
where x =

�
x1 x2 � � � xk�1

�
is the vector of upper class boundaries and � =

�
�1 �2 � � � �T

�
is the vector of original parameters. In the case where (3) may be transformed into the linear model

(4) h (�) =

0BBBB@
X�1
X�2
...

X�2

1CCCCA = (IT 
X)�

with � =
�
�1 �2 � � � �T

�
the vector of natural parameters, the vector of constraints

(5) g1(�) = (IT 
QX)h (�)

follows, where QX= I�X(X0X)�1X0 is the projection matrix orthogonal to the columns of X.

Multifactor model

To explain the e¤ect of the factors on the grouped response variable, a linear model may be formulated
on the cells of the multifactor design. Let � denote a vector of representative measures of the �tted
distributions for the T cells. Formulate the linear model

(6) � = Y

where Y is the matrix specifying a speci�c design and  is the vector of parameters. Suppose e.g. that
there exists a linear relationship between the dependent variable and one of the explanatory variables,
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the model becomes

(7) � =

0BBBB@
1 y1
1 y2
...

...
1 yT

1CCCCA
 
0
1

!

where (y1; y1; � � � ; yT ) are the corresponding values of one of the factors in the design.
Model (6) implies that � is a linear combination of the columns of Y and implies the constraints

(8) g2(�) = QY � = 0

where QY= I�Y(Y0Y)�1Y0 is the projection matrix orthogonal to the colums of Y.
Utilizing the maximum likelihood procedure with vector of constraints

(9) g(�)=

 
g1(�)

g2(�)

!

leads to the restricted ML estimates of � with the following properties:

1. b�t for t = 1; 2; � � � ; T follows a cumulative distribution curve at the upper boundaries of x
2. the ML estimate b� satisfy the multifactor design in (6)

It is now possible to evaluate the e¤ect of the factor(s) by means of the ML estimate

(10) b = �Y0Y
��
Y0b�

with asymptotic covariance matrix

(11) Cov (b) = ��Y0Y
��
Y0	Cov (b�)��Y0Y

��
Y0	0 :
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1  Issues and motivation 

The ordinal responses in data survey or in therapeutic research are mainly modeled by ordinal logistic 
regression (or proportional odds ratio model). For instance, in case of grouped data (where explanatory 
variables are categorical), mean levels are provided with level coefficients. This measure can be limited in 
terms of contribution, namely if two groups show the same mean level of answer, since deviations can be 
different. To avoid this loss of information, heteroskedastic ordinal logit models have been introduced 
(Derquenne, 1996b, Foulley, 1996). In this paper, we show firstly that a proportional odd ratio model is only 
a homoskedastic logit model and, secondly, that if this is rejected by a statistical test, it is better to use a 
heteroskedastic logit model, instead of a generalized logit model. Indeed the latter has more parameters to be 
estimated and the results are less interpretable. Lastly, we introduced new individual weights allowing to 
return to a proportional odd ratio model. 
 
2  The Heteroskedastic Ordinal Logit Model 

This model is the following: 

Y* = µ0 + Xβ + ε              (1) 

where µ0 + Xβ is the expectation of the underlying logistic distribution : 
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exp
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with αr = θr – µ0. In this case the variance is constant, hence the associated model is named 
homoskedastic and provides only a mean level. When data are grouped, all groups have a common deviation. 
For an individual t, the model is: 
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where p is the number of explanatory variables, kj, the number of categories of Xj, xi.j,t is a dummy 
variable (=1, if a individual t owns characteristic i and 0 otherwise), and β i / j is the associated coefficient. 
For a group m, the part of linear combination (3) is also noted: β'xmmg =  where 'x m  is a dummy column-
vector of this group and β is the vector of level coefficients. Now, the heteroskedastic ordinal logit model is:  

Y* = µ0 + Xβ + εσ                   (4) 

then, 
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For a generic group m, this distribution is: 
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( )( )mmr
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exp1

exp
/Pr            (6) 

where gm corresponds to the mean level, whereas the associated deviation is provided by σm, with 
( )vmm

'xexp=σ , where v being the vector of logarithm deviation coefficients.  
 
3  Link between the Proportional Odds Ratio Model and the Heteroskedastic Logit Model 

The homoskedastic ordinal logit model (or cumulated) given in (5) has too the following form: 

[ ]
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 ∀ r = 1, R-1          (7) 

This model is named “proportional odds ratio model”. For two different values of X (x1 and x2), it gives: 

[ ]
[ ]

[ ]
[ ] ( )( )β21

2

2

1

1 exp
/Pr1

/Pr
/Pr1

/Pr xx
xXrY

xXrY
xXrY

xXrY
−−=

=≤−
=≤

=≤−
=≤

        (8) 

This quantity is independent of r. For two groups m and m’, this ratio is:  
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where ( ))()( exp r
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mg  is the level mean of group m for an answer r. We can actually 
observed that 00)'(

'
)(
'

)'()( =⇔−=− r
m

r
m

r
m

r
m gggg , since the model is based on the assumption that the level 

coefficients associated to a group m, for an answer r are equal to those the same group m, for an answer r’≠ r. 
For only one categorical explanatory variable X1, then for a category i and an answer r of Y, we have 

mi
r

m gag ==)( , ∀ r=1,R-1, where ai is the level coefficient. When this assumption doesn’t hold, the 
generalized logit model (nominal logit model) can be used: 
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In this case, for a category i, we have )()( r
i

r
m ag = , where )(r

ia  is the associated level coefficient for 
answer (r). Now, let us examine the behavior of proportional odds ratio, when the deviation coefficients are 
integrated, such as: ( )( )m

r
mr

r
m gOR σα )()( exp −= . In addition, we suppose that the deviation σm is equal for 

each answer (r) of response variable Y, for all individuals owning the characteristics m. Then (9) becomes:  
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 It is equivalent to ( ) ( ) ( ) ( ))'(
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mmm gggg −=−⇔= σσ . This last equality allows to introduce the following theorem. 

Theorem 1: Let Y be a response variable distributed on ordinal scale with R categories, let X1, …Xp be 
p categorical explanatory variables generating M groups of individuals and let be a logit model fit these data, 
then this model will be “proportional odds ratio”, if and only if the ordinal logit model is homoskedastic, that 
is Xj (j = 1,…,p) and for all ∀ (i/j, i’/j), then si/ j = si’/ j are the associated standard deviations. More generally, 
∀ (m,m’), σm = σm’, where σm and σm’ are the standard deviations of groups m and m’. 

The demonstration is given by (12). 

Corollary 1: If the ordinal logit model is homoskedastic, then proportional odds ratio test will naturally 
non significant. Consequently, this test will allow to detect the heteroskedastic phenomena in the data, when 
we assume an ordinal logit model. 
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Theorem 2: If the ordinal logit model is heteroskedastic, then a system of individual weighting can be 
introduced to achieve again a proportional odds ratio model. 

Demonstration: For each group m giving a answer (r), the observed cumulated proportion is given by: 
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where )(r
mn  and nm are respectively, the number of observations for a group m giving the answer (r), 

and the number of observations of a group m. Furthermore, mmr g σα ~ and ~ ,~  are the artificial coefficients 
introduced for the demonstration. As the observed odds ratio is equal to: 

( )( ) ( )
mr

k

k
mm

r

k

k
mmr

r

k

k
mm

r

k

k
mmmr nnngnnng

σ

ασα

~

1

)(

1

)(

1

)(

1

)( ~~exp~~~exp



















−=−⇔








−=− ∑∑∑∑

====

 

then ( ) ( )( ) 




















+








−








=−+− ∑∑∑

===

mmm r

k

k
m

r

k

k
mm

r

k

k
mmrmr nnnngg

σσσ

αα

~

1

)(

~

1

)(

~

1

)(~~exp1~~exp      (14) 

Remark: If mσ~  is equal to 1, then (14) is equal to m

r

k

k
m nn∑

=1

)( , the observed cumulated proportion to 

answer (r) for the group m.  

Consequently with the previous empirical odds ratio, we can calculate a pseudo-proportion of answers 
(r) in group m. 
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Then, replacing mσ~  by its estimation mσ̂  coming from heteroskedastic ordinal logit model by 
maximum likelihood, an estimated value of the number of answers (r) in group m can be obtained with 

)()( ~~ r
mm

r
m nn π= . Let us consider an individual t with an initial weight wt, then the new weight mw~  will be 

equal to )()(~ r
m

r
mt nnw . Lastly, if we use these new weights in modeling, we will have again a proportional 

odds ratio logit model. 
 
4  Application on a satisfaction survey 

This part is only an extract of an application developed in (Derquenne, 2006). In the framework of a 
satisfaction survey, we have measured a response variable on an ordinal scale with 3 categories. In our model, 
we have four explanatory variables respectively with 2, 2, 5 and 5 categories, and 94 groups. For a 
homoskedastic logit model, 12 parameters are estimated (10 level coefficients and 2 thresholds); for a 
heteroskedastic logit model, 10 deviation coefficients must be added; for a generalized logit model, there are 
20 level coefficients distributed for r = 1,2 and 2 thresholds. Firstly, the p-value associated to the test of 
deviance for the homoskedastic ordinal logit model is equal to 0.4747. Secondly, the score test on 
proportional odds ratio gives a p-value equal to 0.0311, hence leading to reject the null hypothesis. 
Consequently, we must estimate two more complex models, a generalized logit model and a heteroskedastic 
ordinal logit model. The p-values associated to the deviance-test are equal respectively to 0.7038 and 0.7401. 
The second model seems therefore to perform better. Lastly, if each individual is reweighted (theorem 2), we 
obtain a p-value equal to 0.9913 (very close to 1) for the score test. We have applied this reweighting in 
many other applications and we find systematically the same logical and mechanical results. 
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5  Concluding remarks, applications and perspectives 
In this paper, an equivalence between the homoskedastic ordinal logit model and the proportional odds 

ratio logit model has been shown. In other words, a heteroskedastic ordinal logit model is not a proportional 
odds ratio logit model. This new result allows to fit a heteroskedastic ordinal logit model, when the score test 
is rejected but not a generalized logit model which is more expensive when the number of answers is higher 
than 3, and more difficult to interpret the results. Furthermore, this equivalence allows to introduce new 
individual weights coming from the deviation coefficients of heteroskedastic ordinal logit model, and to 
obtain again a proportional odds ratio logit model with respect to the score test. This process can be very 
useful in different applications (marketing, therapeutic tests, genetics, econometrics, …). Lastly, the use this 
process and of the heteroskedastic ordinal logit model can be extended to more complex models, such as the 
path models based on structural equations, in case where the manifest variables are measured on ordinal 
scale. 
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1.Introduction

Yanagawa and Fujii (1995) has proposed a simple Mantel-Haenszel(MH)-type estimator for K2×J(J >

2) tables based on the projection-method, which is called the projection-method MH estimator and
contains the generalized MH estimator by Greenland (1989) and Yanagawa and Fujii (1990) and
Liang’s estimator (Liang 1987) as special cases. It is obtained by projecting the MH estimators for
the K2 × 2 subtables (called the naive MH estimators) and then nice properties of dual-consistency
(consistent under both the large-stratum limiting model and the sparse-data limiting model) and
asymptotic normality of the naive MH estimators for K2×2 tables keep in the projection-method MH
estimators. Furthermore it is invariant while the naive estimator is not. Since the projection-method
MH estimator is a linear combination of the naive MH estimators obtained from all K2× 2 subtables,
all the naive estimators are needed. This condition is also needed by Liang’s estimator (page 654 of
Yanagawa and Fujii 1995).
In this article, we propose a modified version of the projection-method MH estimator. To this end, we
introduce a representation graph of K2× J tables. With paths in the representation graph, we define
the modified projection-method MH estimators. They are not unique and one can obtain infinitely
many modified estimators. Similar to the projection-method, the modified estimators have desirable
properties of simplicity, invariance and dual consistency. Although all of them have nice properties, it
is desirable to get the optimal one. We show that by solving an optimization problem with equality
constraint induced by the representation graph, the optimal estimator is obtained. The optimization
problems are easily solved by standard nonlinear programming techniques. To make the optimization
problem simple, some graph theoretic arguments play important roles.

2.Projection-Method Mantel-Haenszel Estimator

In this section, we introduce the projection-method MH estimators for K2×J tables by Yanagawa and
Fujii (1995). We consider K2×J tables, whose cell frequencies and cell probabilities are denoted by xkij

and pkij for k = 1, 2...,K i = 1, 2 j = 1, 2..., J respectively. The j
′
th odds ratio taking the jth column

as a base in the kth strata is denoted by ψ
(j)

kj′ =
pk1jpk2j

′
p

k1j
′ pk2j

. We assume that the odds ratios are common

across stratum, that is ψ
(j)

kj′ is free from k and denoted by ψ
(j)

j′ . We call K2 × 2 tables constructed

by the jth and j
′
th columns of K2× J tables the subtable [j, j

′
]. Let Rjj′ =

∑K
k=1 xk1jxk2j′/xk.. and

a
(j)

j′ = Rjj
′/Rj

′
j. a

(j)

j′ is an estimator of the common odds ratio of the subtable [j, j
′
] and called the

naive MH estimator. When K = 2, it reduces to the ordinal MH estimator. The true odds ratios

satisfy the relations ψ
(j)

j′ = ψ
(j)

j′′ ψ
(j

′′
)

j′ for any j, j
′
, j

′′
. This property is called invariance. However,

the naive MH estimators do not have invariance. It is a serious shortcoming since the estimators are
dependent on the choice of the base column. Consider a structure of b

(j)

j′ = (θj′ − θj) + εjj′ , where

θj = log (ψ(1)
j ) and εjj′ are random errors. This relation implies that one can obtain information on

θj from not only the subtable [1, j] but also other subtables. More generally, consider the structure
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θj = βT Yj, where β is a p-dimensional unknown vector, Yj is a known p-dimensional vector. If
YT

1 = 0,YT
2 = (1, 0, ..., 0), ...,YT

J = (0, 0, ..., 1), βT = (θ2, θ3, ..., θJ ). Yanagawa and Fujii (1995)
introduced a least-square-type estimating function,

Q =
∑
j<j′

Wj′j{b(j)

j
′ − βT (Yj′ −Yj)}2.

Yanagawa and Fujii (1995) showed that the minimizer of the estimating equation is given by

β̂ = (DWDT )−1DWb,(1)

where

bT = (b(1)
2 , b

(1)
3 , ...., b

(1)
J , b

(2)
3 , b

(2)
4 , ..., b

(2)
J , ..., b

(J−2)
J−1 , b

(J−2)
J , b

(J−1)
J )

W = diag{W12,W13, ...,W1J ,W23,W24, ...,W2J , ...,WJ−2 J−1,WJ−2 J ,WJ−1 J}
D = [Y1 −Y2,Y1 −Y3, ...,Y1 −YJ ,Y2 −Y3,Y2 −Y4, ...,Y2 −YJ , ...,

YJ−2 −YJ−1,YJ−2 −YJ ,YJ−1 −YJ ].

Yanagawa and Fujii (1995) derived the variance-covariance matrix of the naive MH estimators {b(j)

j′ }
and then that of β̂ can be obtained. The resulting estimators have invariance and are dually consistent
since they are a linear combination of the naive MH estimators. If Wj

′
j is constant, β̂ reduces to the

generalized MH estimator by Greenland (1989) and Yanagawa and Fujii (1990). If Wj′j =
R

j
′
j
R

jj
′

R
j
′
j
+R

jj
′ ,

then β̂ is asymptotically equivalent to the estimator by Liang (1987).
Note that in order to apply the projection-method, it is required that

Rjj
′ =

K∑
k=1

xk1jxk2j
′/xk.. �= 0

for any j, j
′

(page 654 of Yanagawa and Fujii 1995). In practice, Rjj′ may be 0 for some j, j
′
, in

particular, for sparse tables.

3.Modified projection-method Mantel-Haenszel estimators

In this subsection, we propose a modified version of the projection-method MH estimator, which is
applicable when Rjj′ = 0 for some j, j

′
. To this end, we introduce a graph representation of K2 × J

tables. In the sequel, we use the standard terminology of graph theory. See for example Wilson
(1985).
For K2 × J tables, we call the subtable [j, j

′
] the regular if Rjj′ =

∑K
k=1 xk1jxk2j′/xk.. �= 0 and

Rj′j =
∑K

k=1 xk1j′xk2j/xk.. �= 0; otherwise it is called irregular.
A weight Wj′j is incorporated in the projection method. With a constant weight, the projection-
method estimator reduces to the generalized MH estimator by Greenland (1989) and Yanagawa and
Fujii(1990) and with Liang’s weight, it is asymptotically equivalent to the estimator by Liang (1987).
In the sequel, we consider cases when some subtables are irregular and then Liang’s weight may be 0
or may not be defined. Then we consider only data-independent weights.
For K2×J tables, we consider a graph with J vertices whose the jth and j

′
th vertices are connected iff

[j, j
′
] is regular. We call it the representation graph of the K2×J tables. Note that if the representation

graph is complete, all the K2× 2 subtables are regular and then the projection-method by Yanagawa
and Fujii (1995) is applicable. If the representation graph is not complete, some pairs of vertices are
nonadjacent and then the naive MH estimators for these pairs are not available. Suppose the jth and
j
′
th vertices are nonadjacent. If the representation graph is connected, there are paths connecting
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them . Let one of these paths denoted by (v1, v2, ..., vk), where v1 = j and vk = j
′
. The existence of

the path (v1, v2, ..., vk) implies that the naive MH estimators b
(vl−1)
vl , l = 1, 2, ...k are available. Due to

the invariance among the true odds ratios, it follows that

log (ψ(j)

j′ ) = log (ψ(v1)
v2

) + log (ψ(v2)
v3

) + .... + log (ψ(vk−1)
vk ).

Therefore one can estimate log (ψ(j)

j′ ) by b
(v1)
v2 + b

(v2)
v3 + .... + b

(vk−1)
vk although the naive MH estimator

b
(j)

j′ is not available. We call an estimator obtained in such a way the path-connect naive (PCN-) MH
estimator. Same as the naive MH estimators, the PCN-MH estimators are also dually consistent.
When some subtables are irregular, some elements of b cannot be calculated. In such cases, any
numbers are put in elements corresponding to irregular subtables and denoted by b∗.
The PCN-MH estimators for log (ψ(j)

j′ ) are expressed by mjj
′b∗, where mjj

′ is a J(J−1)/2-dimensional
row vector. We call mjj′ the representation vector of the path. By the definition of mjj′ , numbers
put in the elements corresponding to irregular subtables in b∗ does not affect mjj′b

∗.
In general, paths connecting a nonadjacent pair of vertices are not unique and non-elementary paths
can be also used for the PCN-MH estimators. Suppose that there exist Ljj

′
elementary paths from the

jth to the j
′
th vertices and Lc elementary cycles in the representation graph. Let the representation

vectors for the elementary paths denoted by e(jj
′
)

1 , e(jj
′
)

2 , ...,e(jj
′
)

L
jj

′ and those for the elementary cycles

by c1, c2, ...cLc . Define

Λ(jj
′
) = {

L
jj

′∑
l=1

λle
(jj

′
)

l +
Lc∑
l=1

γlcl|
L

jj
′∑

l=1

λl = 1},

where λl and γl are scalars. Then mjj
′b∗ is a dually-consistent estimator of log (ψ(j)

j′ ) for any

mjj
′ ∈ Λ(jj

′
) since e(jj

′
)

l b∗ is a dually-consistent estimator of log (ψ(j)

j′ ) and clb∗ is a dually-consistent
estimator of 0.
Combining the estimators based on regular and irregular subtables, modified projection-method MH

estimators are defined as follows. Set b̃
(j

′
)

j = b
(j

′
)

j if the subtable [j, j
′
] is regular and b̃

(j
′
)

j = mjj′b
∗

for some element of Λ(jj
′
) if irregular. Let

b̃T = (b̃(1)
2 , b̃

(1)
3 , ...., b̃

(1)
J , b̃

(2)
3 , b̃

(2)
4 , ..., b̃

(2)
J , ..., b̃

(J−2)
J−1 , b̃

(J−2)
J , b̃

(J−1)
J ).

Then by arranging the representation vectors, one can define a J(J−1)/2-dimensional matrix M such
that b̃ = Mb∗. The projection-method MH estimators can be obtained by simply replacing b with b̃
in (1) as

β̂M = (DWDT )−1DWb̃ = (DWDT )−1DWMb∗.

We call this estimator the modified projection-method MH estimator. The variance-covariance matrix
of β̂M is obtained by

(DWDT )−1DWM V ar(b∗) MTWDT (DWDT )−1.

The elements of V (b∗) can be calculated with the formula by Yanagawa and Fujii (1995).
Same as the projection-method MH estmators, the modified projection-method MH estimator are
dually consistent and invariant. However, Λ(jj

′
) has infinitely many elements and then infinitely many

modified projection-method MH estimators can be obtained. All of them have desirable properties of
simplicity and dual-consistency. However it is desirable to select the optimal estimator in some sense
among them. We discuss this issue in the next section.
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4.The optimal modified projection-method Mantel-Haenszel estimator

Suppose we are interested in obtaining the optimal estimator in the sense that it minimizes tr[V ar(β̂M )]
among modified projection-method MH estimators. In this section, we propose a method to obtain
the optimal estimators when some subtables are irregular. mjj′ is dependent on elementary cycles of
the representation graph and then all the elementary cycles have to be listed up. It can be done by
scanning the graph but may be messy, in particular, for large graphs. In some cases, one can avoid
this task. Let T be the number of irregular subtables. If T ≤ max(2, J − 3), then it holds that

Λ(jj
′
) = {

Ljj
′∑

l=1

λle
jj

′

l +
Lc∑
l=1

γlcl|
Ljj

′∑
l=1

λl = 1} = {
Ljj

′∑
l=1

λle
jj

′

l |
Ljj

′∑
l=1

λl = 1}.

The above sufficient condition is due to graph theoretic arguments; it is sufficient to the representation
graph is Hamiltonian. A proof is omitted due to pressure of space. We assume that T ≤ J − 3 in the
sequel.
Consider the case where one subtale is irregular. Suppose the subtable [j, j

′
] is irregular. Let r(j, j

′
)

be the column containing b
(j)

j′ in b. Then M is obtained replacing the r(j, j
′
)-th column of the identity

matrix by by mjj′ . Note that mjj′ =
∑Ljj

′

l=1 λle
jj

′

l . Since
∑Ljj

′

l=1 λl = 1, M =
∑Ljj

′

l=1 λlEl, where El is

defined replacing the r(j, j
′
)-th column of the identity matrix by by ejj

′

l . By simple algebra,

tr[V ar(β̂M )] =
Ljj

′∑
l1=1

Ljj
′∑

l2=1

λl1λl2tr[(DWDT )−1DWEl1 V ar(b∗) ET
l2WDT (DWDT )−1].

Thus one can obtain the optimal estimator by solving the following optimization problem,

minimize λ̃T Hλ̃ subject to
Ljj

′∑
l=1

λl = 1,

where λ̃T = (λ1, λ2, ...., λJ(J−1)/2) and

H = [tr[(DWDT )−1DWEl1 V ar(b∗) ET
l2WDT (DWDT )−1]]l1,l2 .

This problem can be solved by standard quadratic programming techniques. One can obtain the
optimal projection-method estimator in a similar way when more than one subtables are irregular.
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Abstract 

Matched pairs data are common in studies that focus on changes in subjects’ response over time. 
Confidence intervals (CIs) for the difference between marginal proportions have been based on improved 
versions of Wald’s statistic. The latter are approximate and non-conservative in the sense that the coverage 
probability can be smaller than the stipulated level. In some situations, e.g.  when claiming bio-equivalence, 
it may be important that the CI is conservative. At least two conservative methods have been proposed, but 
these require heavy computations and a computer time of about 200 minutes is required to obtain a CI from a 
particular sample of n=50. It is today practically impossible to use these methods to determine the sample 
size needed to obtain a conservative CI of stipulated length. 

        This paper presents a simple formula for obtaining conservative CIs. The performance of the 
latter is compared with previously suggested methods in large-scale simulations. The new method can only 
be used if the proportions in the discordant cells are below a certain limit. Luckily this is the case in most 
applications and several examples are given. 

 
1 Introduction 
Data consisting of matched proportions in a 2 x 2 table may arise in several types of biomedical studies. A 
typical example is when measurements are made on the same patients at baseline and after a period of 
medical intervention. This paper focuses on the construction of confidence intervals (CIs) for the difference 

qppp −=−= ++ 11δ between marginal proportions in the following table, where capitol letters denote cell 
frequencies:  

 
   After  

  Success Failure Total 

 Success 11N     )( p  )( 11p 10N )( 11011 ++ pNN

)(qBefore Failure   )( 00p01N )( 00001 ++ pNN 00N

n    Total   )( 10111 ++ pNN )( 00010 ++ pNN

 
E.g. when claiming equivalence between a drug and a reference drug, it may be sufficient that the entire 
(two-sided) CI for the difference falls within some predetermined margins, Lewis (1999) , p. 1921.  

CIs for the difference can be constructed either by conditioning on the outcomes in the discordant 
cells, or not. Conditional methods have been shown to be no good, Tango (1998), and therefore only 
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unconditional CIs are considered in this paper. CIs can furthermore be classified into approximate and exact. 
Most approximate methods are based on asymptotic normality and are not conservative in the sense that 
coverage probabilities can be less than pre-specified nominal levels. Exact methods make use of the 
trinomial distribution in order to control that coverage probabilities never fall below the stipulated level. 
Approximate CIs are often shorter and readily calculated. However, sometimes exact methods are needed, 
e.g. in small samples or in pharmaceutical studies where it may be required that a high safety protection for 
consumers is maintained. The few existing exact methods (see Hsueh, Liu, and Chen, (2001) and Tang, Tang 
and Chan (2005)) are very computer intensive. Since the CI has to be found numerically from each particular 
sample it is practically impossible to use the latter for sample size determination in a planned study. It is 
therefore a need for alternative exact conservative methods that are simpler and are of comparable quality.  

In this paper three approximate methods and one new exact method are compared regarding coverage 
probability and average length of the CIs. The approximate methods are improvements of the Wald large-
sample interval (see Altman (1991)) and are denoted Waldcc (correction for continuity), Wald+2 (an 
improvement suggested by Agresti and Min, (2005)), Waldadj (empirical-based adjustment of the 95 % 
percentile). The exact method is based on the fact that a difference between dependent binomial variables can 
be transformed into a sum of independent binomial variables, and this method is denoted Trans. Results from 
the present study are compared with results that have been reported earlier.  

  
2 Confidence intervals 
2.1 Approximate intervals of the Wald-type  
          Put , then all Wald-type CIs are based on the fact that the standardized statistic 0110 NNDn −=

[ ] )/(/)/(/ nDVnDEnDZ nnnn −= , where ,                    
(1)                     
nqpnDVnDE nn /)()/( ,)/( 2δδ −+== 

∞→nhas a standard normal distribution as . However, for small n the distribution of  is heavily 
dependent on p and q. Let be the largest value for which 

nZ
1z 2/)( 1 α<< zZP n and let be the smallest value 

for which
2z

, so 2/)( 2 α<> zZP n

α−≥≤≤ 1)( 21 zZzP n                                                                                                                                     (2) 
The percentiles may change substantially, even for small variations of p and q, and are far from 
those of the standard normal distribution E.g. when

21  and zz
 and n=10 one gets )66.1,32.2( 21 =−= zz05.0=α for 

and 20.0,05.0 == qp 25.0,05.0 == qp for )86.1,86.1( 21 =−= zz , the latter values being calculated from 
the exact distribution of . Due to this and the fact that the statistic in (1) contains nuisance parameters, it 
can not be used for constructing CIs. 

nD

The most radical way to get rid of the nuisance parameters in (1) is to replace the variance in the 
denominator of (1) by an estimator. In this way one gets a statistic, , which only depends on the parameter nẐ
δ . The inequality in (2) can now be inverted to get a CI forδ . From Slutsky’s Theorem (Cassella and Berger 
(1990), p.220) it follows that also has a standard normal distribution for large n, but the convergence goes 
slower than for . The 95 % CIs for

nẐ
nZ δ  are (cf. Agresti and Min (2005) and Tang et al. (2005)) 

( ) ( )[ ] nnDnNNVnVnDVnD nnnnnn ///ˆ  where,/1ˆ96.1/or , ˆ96.1/ 2
0110 −+=⎟

⎠⎝The first of these methods is denoted Wald and the second Waldcc. A problem is that simulations show that 
the distribution of in small samples is even more dependent on p and q than the distribution of , so the 
use of the percentile 1.96 may be put in question. Anyhow, it has been shown that Waldcc yields more 
conservative CIs than Wald in small samples, see May and Johnson (1997). 

⎞⎜⎛ +±±                           (3) 

nẐ nZ

         Rather than estimating all parameters of the variance in (1) one may only estimate , so the 
variance in the denominator is replaced by

qp +
[ ] nnNNVn //)(~ 2

0110 δ−+= . A CI forδ  is obtained by 
considering the set of δ -values that satisfies{ }21

~: zZz n ≤≤δ ( ) nnn VnDZ ~//~ δ−=, where . The CI limits 
forδ are the then found as the roots of a quadratic function inδ , see May and Johnson (1997). Despite the 
intuitively appealing idea of this method that reduces the number of parameters to be estimated, it was 
concluded by May and Johnson (1997) that there was no clear choice between this method and Waldcc 
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regarding coverage probabilities. I found on the contrary than Waldcc was more reliable when p and q are 
small. A simple explanation for this may be the rather paradoxical fact that the variance of can be shown 
to be smaller than the variance of 

nV̂
nV~ ppq 21 −+<if . 

          Another way of improving Wald was suggested by Agresti and Min (2005). The frequencies 
were replaced by , respectively. The 

choice turned out to give the best coverage performance, also supported by Bayesian arguments. Let 
denote the statistics based on the new quantities. Then the Wald+2 95 % CI for 

4/ and 4/ ,4/ *
01

*
0110

*
10 nNnNNNNNN +=+=+=nNN  and  , 0110

2=N
** ˆ and nn VD δ  is 

*** ˆ96.1/ nn VnD ±                                                                                                                                            (4) 
         It was noticed above that the percentiles of the Z-statistics were far from those given by the standard 
normal distribution in small samples. One way of improving Wald might be to replace 1.96 by percentiles 
that are closer to the actual ones. To this end simulations were performed to study how the 2.5 % and 97.5 % 
percentiles of varied with n =10, 25, 50 100 and p, q = 0.05,…(0.05)…,0.70, subject to  < 1. By 
fitting the model (mean percentile over all p, q) to data the following 95 % CI for

nẐ qp +
nba ⋅= δ was obtained 

nADJn VznD ˆ/ ± , where for 32/132.2 −⋅= nz ADJ                                                                       (5)   10010 ≤≤ n
         Several other approximate unconditional methods have been proposed. E.g. Tango (1998) introduced a 
score method based on a statistic similar to nZ~ , but where p and q are estimated by ML estimators subject to 
the restriction that δ=− qp . The score method has been compared with Wald+2 and it was concluded that 
the two methods are comparable, Agresti and Min (2005). There are also approximate methods that are based 
on the trinomial distribution with estimates inserted for the parameters, Tang et al. (2005). These require 
more heavy computations and do not seem to perform substantially better than Waldcc and Wald+2, although 
it is hard to draw definite conclusions from the small-scale simulation studies that have been reported. 
 
2.2 Exact methods 
          Introduce new parameters  by putting21  , pp )1)(1( and 2121 ppqppp −−== . Then it can be shown 
that the difference between the correlated frequencies can be expressed asnD nBA nn −+ , where  
are independent binomial variables such that . Solving for yields

nn BA  and 
 ),( is  and ),( is 21 pnBBpnBA nn 1p =1p

2/4)1(1 2 ⎟
⎠
⎞⎜

⎝
⎛ −−+±−+ pqpqp . The requirement that are real-valued leads to the condition   21  and pp

ppq 21 −+≤ . This admissible -region is smaller than the total region ),( qp pq −≤1 , but in practice the 
values of p and q are often found in the admissible region. Since 121 −+=− ppqp , the initial problem of 
finding a CI for qp − has been turned into that of finding a CI for 21 pp + , essentially. The latter can in 
principle be obtained by first generating a sequence of largest lower and smallest upper points , 
respectively, corresponding to a sequence of 

UL xx ,
, such that 21 pp + α−≥≤+≤ 1)( UnnL xBAxP . The CI, with 

an observed ,is then obtained as ( ))(),( 11 xxxx LU
−−xBA nn =+  (cf. Casella and Berger (1990) pp. 420-421). 

This approach would require a step-wise search over all 21 pp +  that would not be less computer intensive 
than the exact methods mentioned below. However, if , say, then 021 ppp == 12 0 −=− pqp and 

is distributed . By using the relation between binomial- and F- distributions it 
follows that a 100(1-

nDBA nnn +=+ ),2( 0pnB
α ) % conservative CI for δ is given by (cf. Casella and Berger (1990) p. 449): 

, where are determined from  )1)(2 ,1)(2( 00 −− UpLp )( and )( 00 UpLp
the F-distribution based on the frequency and sample size                                                            (6) nDn + n2
          The method proposed in (6) is termed Trans. This is much easier to use than methods that are based on 
inverting two one-sided exact score test statistics, Hsueh et al. (2001) or inverting one similar two-sided 
statistic, Tang et al. (2005), the latter being denoted EUM_1 and EUM_2 , respectively, in the last mentioned 
paper. In the former paper it is reported that a computer time of about 200 minutes was needed in order to 
construct a CI from one particular sample with n=50. This makes it practically impossible to determine the 
sample size in a planned study that is needed in order to get a CI of desired length, something that is easily 
done by using (6). 
 
3 Results 
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The methods Waldcc, Wald+2, Waldadj and Trans were compared by simulation with n=10,25,50,100 
and varying within the admissible region. In order to get three reliable figures after the decimal point, 
simulations were performed in steps with 50,000 replicates in each step until stability was reached (1 to 4 
steps). This is to be compared with 100 to 10,000 replicates that are reported in previous studies. 

),( qp

 Of the approximate methods Waldcc was most reliable. This is not in line with the results in previous 
studies. Comparisons are however hard to make since the results are dependent on the choice of p and q, and 
the latter are seldom reported, but onlyδ . On the other hand Waldcc yielded the widest CIs and Wald+2 the 
shortest, and this agrees with previous findings. As expected, all coverage probabilities for Trans were above 
95 % (95.5 %-100.0 %), but the method seems to be over-conservative for very small p and q with coverage 
probabilities of 100 % or just below. The price that has to be paid for this is wider CIs.  

  It is perhaps more relevant to compare the exact method Trans with the exact methods EUM_1 and 
EUM_2. From the results in the table below it is concluded that Trans is of comparably quality. 

 
Table:  Comparison between three exact methods for constructing confidence intervals 

Figures for EUM_1 and EUM_2 are quoted from tables IV and VI in Tang et al. (2005). 
Figures for Trans when are obtained with and with . When(*25.0 qp == *(*05.0 qp ==0=δ 3.0=δ , 

and when . 12.0 and 42.0 == qp 04.0 and 64.0 ,6.0 === qpδ
Coverage probability Average length 

n EUM_1 EUM_2 Trans EUM_1 EUM_2 Trans δ  
10 0 97.838 97.838 95.8*, 100.0** 0.911 0.823 0.892*, 0.908** 
10 0.3 98.367 96.460 96.9 0.932 0.865 0.855 
10 0.6 98.897 96.577 97.8 0.863 0.831 0.734 
25 0 96.769 95.936 96.5*, 100.0** 0.557 0.537 0.573*, 0.578** 
25 0.3 96.922 95.541 96.4 0.589 0.562 0.549 
25 0.6 97.118 96.391 96.6 0.536 0.512 0.467 
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RÉSUMÉ (ABSTRACT)  
Une nouvelle méthode est proposée  pour construire des intervalles de confiance conservateurs pour l’écart entre 
les proportions marginales dans le tableau de corrélation 2 x 2.  
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1 Introduction

The Bivariate Poisson (BP) distribution provides a useful model for investigating correlated count data
with positive correlation. For more detailed statistical properties of BP distribution, see Kocheralakota
and Kocheralakota (1992) and Johnson et al. (1997). Certain applications with bivariate count data
often have a higher incidence of zero counts than is expected for the BP distribution. One approach
to analyzing such data is to use a bivariate zero-inflated Poisson(BZIP) model. Actually, Li et al.
(1999) and Walhin (2001) suggested the several BZIP models using various Poisson mixtures. More
recently, Wang et al. (2003) proposed a BZIP regression model as a mixture of a BP distribution and
a point mass at (0, 0). When the BZIP data are analyzed with the BP model, we expect that the
resulting parameter estimates or standard errors would be inefficient since zero inflation is not taken
into account. Thus, in applications to these data following BZIP model, it is important to assess
whether the BZIP model is indeed appropriate. To do this, a score test will be an appropriate tool
by virtue of easier computation than LR and Wald test. In fact, since Lambert (1992) introduced the
zero inflated Poisson (ZIP) model in the univariate count data, many researchers have studied the
score test for zero inflation and/or overdispersion in various zero-inflated count data models.

In this paper, we will extend the testing procedures of univariate ZIP to the BZIP regression
model proposed by Wang et al. (2003). We derive the score test statistics for zero inflation and
for covariance parameter. As well, we investigate small sample properties of the score test statistics
including the LR counterparts through some simulation studies.

Following Jung et al. (2006), we propose a bootstrap method for the approximation of the
distribution of score test statistic. Since the computation of LR test with a bootstrap approach is
more complicated than that of the score test with a bootstrap method, we only focus on the bootstrap
procedure of the score test.

2 Model and Score Test Statistics

Let Y1 and Y2 be the random variables having the bivariate Poisson distribution with parameters λ1,
λ2 and λ3 when zero-zero cell is inflated. Then, the joint probability function of Y1 and Y2 is given by

P (Y1 = 0, Y2 = 0) = φ+ (1 − φ) exp(−λ1 − λ2 − λ3)

P (Y1 = y1, Y2 = y2) = (1 − φ)e−(λ1+λ2+λ3)γ(y1, y2), (y1, y2) 6= (0, 0),(1)
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where

γ(y1, y2) =
min(y1,y2)∑

k=0

λy1−k1 λy2−k2 λk3
(y1 − k)!(y2 − k)!k!

,(2)

and φ(0 < φ < 1) represents an extra proportion of zero-zero cell. Note that λ1 and λ2 are replaced
by λ1i and λ2i in case of regression model. The marginal distributions of model (1) are univariate
ZIPs, which are obtained by Wang et al. (2003). In addition, the correlation coefficient of Y1 and Y2

in model (1) is obtained by

Corr(Y1, Y2) =
λ3 + φ(λ1 + λ3)(λ2 + λ3)√

(λ1 + λ3)(λ2 + λ3)[1 + φ(λ1 + λ3)][1 + φ(λ2 + λ3)]
.(3)

From (3), there exist the two sources to generate the correlation of Y1 and Y2. The first one is λ3

which is purely covariance parameter of the BP distribution, and the other is φ which is the inflated
proportion of zero-zero cell. Thus, Y1 and Y2 can not be independent anymore, except when φ = 0
and λ3 = 0.

To consider the zero inflated BP regression model of (1), let Y1i and Y2i (i = 1, · · · , n) be the
random sample from BZIP distribution with parameters λ1i, λ2i and λ3 of which joint pdf is given by
(1).

2.1 Score Test for zero-inflation

Let us consider the testing problem of zero inflation in the BZIP regression model. If φ = 0, the joint
pdf of Y1 and Y2 reduces the traditional BP regression model given by Kocherlakota and Kocherlakota
(2001). Therefore, testing for the BP regression model against the BZIP regression model becomes

Ha
0 : φ = 0 vs Ha

1 : φ > 0.(4)

The alternative hypothesis in (4) is one-sided because the interesting feature is zero inflation in the real
example. To test hypothesis (4), following Van den Broek (1995), we reparametrize ψ as ψ = φ/(1−φ).
Then testing hypothesis (4) is equivalent to testing

Ha
0 : ψ = 0 vs Ha

1 : ψ > 0.(5)

To derive the score test for (5), the log-likelihood function of BZIP model from n independent samples
is obtained by

logL =
n∑
i=1

li

=
n∑
i=1

[
− log(1 + ψ) + I(y1i,y2i)=(0,0) log(ψ + exp(−λ1i − λ2i − λ3))

−(1 − I(y1i,y2i)=(0,0))
(
(λ1i + λ2i + λ3) + log(η(y1i, y2i))

)]
,(6)

where li is the logarithm of the probability function of ith observation (Y1i, Y2i) evaluated at (Y1i, Y2i) =
(y1i, y2i), and I(·) is the indicator function taking the value 1 if the condition is true and 0 if otherwise.

Based on Kocherlakota and Kocherlakota (2001) and Davidson and MacKinnon (1993), a stan-
dardized one-sided score test statistic for (5) is given by

Ta =

(
−n+

n00

exp(−λ̂1 − λ̂2 − λ̂3)

)
/
√
Iψψ − I ′~ηψI

−1
~ηη I~ηψ,(7)

where components of denominator are partitioned ones of the information matrix.
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2.2 Score Test for Covariance Parameter

Another interesting testing problem in our model is the following hypothesis

Hb
0 : λ3 = 0 vs Hb

1 : λ3 > 0.(8)

The hypothesis (8) is used to investigate the existence of covariance parameter λ3 in the BZIP model.
In (8) the alternative is specified as a one-sided hypothesis in view of the inherent nature of λ3. If the
null hypothesis Hb

0 is correct, the probability distribution of (Y1i, Y2i) is reduced as

P (Y1i = 0, Y2i = 0) = φ+ (1 − φ) exp(−λ1i − λ2i)

P (Y1 = y1, Y2 = y2) = (1 − φ)e−(λ1i+λ2i)
λy1i

1i λ
y2i
2i

y1i!y2i!
, (y1i, y2i) 6= (0, 0).(9)

It can be easily shown that (9) becomes the model 1 of BZIP model as suggested by Walhin (2001).
Therefore, testing (8) is equivalent to BZIP model of Wang et al. (2003) against the model 1 of Walhin
(2001).

Using the partial derivative corresponding to λ3 and the asymptotic variance of D̃(λ3), the
one-sided score test for Hb

0 : λ3 = 0 is given by

Tb =
n∑
i=1

((Y1i − λ̃1i)(Y2i − λ̃2i)
λ̃1iλ̃2i

−
I(Y1i,Y2i)=(0,0)ψ̃

ψ̃ + exp(−λ̃1i − λ̃2i)

)
/
√
Ĩλ3λ3 − Ĩ ′~γλ3

Ĩ−1
~γ~γ′ Ĩ~γλ3

,(10)

where components of denominator are partitioned elements of information matrix ~θ = ( ~β1
′
, ~β2

′
, λ3, ψ)′.

Under Hb
0, the score statistic Tb in (10) is asymptotically distributed as standard normal distribution

when sample size n increases.

3 Bootstrap Adjustment of Ta

In the previous section, the score test statistic Ta for the hypothesis Ha
0 : ψ = 0 significantly under-

estimated the nominal significance level. In this section, we propose a bootstrap method to solve the
underestimation problem when the normal approximation of the score test statistic Ta is used. The
bootstrap method for score tests was proposed by Jung, et al. (2005) and Jung et al. (2006) in a
univariate zero-inflated and censored Poisson regression models. Applying their approach, we use the
following steps for the bootstrap method.

Step 1. For the given data (Y1i, Y2i,x1i,x2i), i = 1, · · · , n, derive the maximum likelihood

estimates ~̂
β1 and ~̂

β2 for the traditional BP regression model and compute the score statistic Ta
given in (??).

Step 2. Generate a bootstrap sample, (Y ∗
1l, Y

∗
2l,x

∗
1l,x

∗
2l), l = 1, · · · , n, by sampling with replace-

ment from the original sample (Y1i, Y2i,x1i,x2i), i = 1, · · · , n.

Step 3. For each bootstrap sample (Y ∗
1l, Y

∗
2l,x

∗
1l,x

∗
2l), derive the maximum likelihood estimates

~̂
β∗

1 and ~̂
β∗

2 , and compute the bootstrap score test statistics T ∗
a as follows ;

T ∗
a =

(
D̂∗(ψ) − D̂(ψ)

)
/
√
V̂ (ψ∗).

Step 4. Repeat Steps 2 and 3 independently B times. From B possible different values of T ∗
a ,

obtain the 100(1 − α)th percentile of T ∗
a (1 − α).

Step 5. If the score test statistic Ta is greater than T ∗
a (1− α), reject the null hypothesis at the

significance level α.
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RÉSUMÉ (ABSTRACT)

The score test statistics for testing zero inflation and covariance parameter are proposed in the
zero-inflated bivariate Poisson regression model. The Monte Carlo studies show that the score test and
LR test for testing zero inflation underestimate the nominal significance level, while the score test for
covariance parameter keeps the significance level close to the nominal one. To overcome this nominal
level underestimation, we propose a bootstrap method of the score test for the testing problem of zero
inflation. Two empirical examples with and without covariates are provided to illustrate the results.
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For ordinal responses, the proportional odds model is currently the most popular one using

logits of cumulative probabilities. This paper provides graphical methods for checking the adequacy

of the proportional odds model. The methods focus on evaluating model misspecification for specific

covariates. For the logistic regression model with binary responses, Arbogast and Lin (2005) developed

graphical and numerical methods for assessing the adequacy of the model using the cumulative sums

of residuals. The paper generalizes their methods for ordinal response data using two approaches and

illustrates them using an example.

Introduction

For ordinal responses, the proportional odds model (McCullagh, 1980) is currently the most

popular model that uses logits of cumulative probabilities. For a c-category ordinal response variable

Y and a set of predictors x with corresponding effect parameters β, the model has the form

logit[P (Y ≤ j | x)] = αj − β
′x, j = 1, ..., c − 1.(1)

(The minus sign in the predictor term makes the sign of each component of β have the usual in-

terpretation in terms of whether the effect is positive or negative.) The parameters {αj}, called cut

points, are usually nuisance parameters of little interest. This model applies simultaneously to all

c− 1 cumulative probabilities, and it assumes an identical effect of the predictors for each cumulative

probability.

The common method used to test the model fit compares observed frequencies to estimates of

expected frequencies that satisfy the model, such as chi-squared fit statistics. Lipsitz, Fitzmaurice,

and Molenberghs (1996) generalized the Hosmer – Lemeshow statistic for testing the fit of a logistic

regression model for binary data to ordinal responses. It gave an alternative way to construct a

goodness-of-fit test for sparse data or continuous predictors. Toledano and Gatsonis (1996) gave a

generalization of a receiver operating characteristic (ROC) curve that plots sensitivity against (1 -

specificity) for all possible collapsing of c categories. Kim (2003) proposed a graphical method for

assessing the proportional odds assumption. All of the above methods check the overall adequacy

for the proportional odds model. They do not give a close view of model misspecification for specific

covariates.

When c = 2, the proportional odds model is simply the logistic regression model. Lin, Wei and

Ying (2002) and Arbogast and Lin (2005) developed graphical and numerical methods for assessing the

adequacy of the functional form of a covariate in the logistic regression model using the cumulative

sums of residuals. When the model holds, the cumulative residual process converges weakly to a

zero-mean Gaussian process. Then, they compared the observed cumulative residuals pattern with
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the simulated realization based on the Gaussian process. This paper generalizes their methods for

checking the model misspecification of the proportional odds model using two approaches.

One approach considers the proportional odds model as c − 1 logistic regression models, where

the response categories are collapsed into the binary outcome (≤ j, > j), j = 1, . . . , c − 1. The

cumulative sums of residuals have the same form as the ones given by Arbogast and Lin for each of

the collapsed logistic models and the Gaussian process follows. The second approach uses the form of

the multivariate generalized linear model (Fahrmeir and Tutz, 2001). We can write the proportional

odds model (1) as a special case of the multivariate generalized linear model (GLM). The response

variable in the multivariate GLM is a vector of indicator responses yi = (yi1, yi2, . . . , yi,c−1)
′ for subject

i (a 1 is used for the dummy variable value pertaining to the category in which the observation falls).

Consequently, the residual, which is the difference between the observed and the predicted values of

the response for the ith subject is a (c−1)×1 vector. We then consider a vector of Gaussian processes

for the corresponding cumulative residuals.

In the next section, we briefly describe two approaches without showing technical details as

there is no space to report these. Also, we give an example.

Methods

Let yi = (yi1, yi2, . . . , yi,c−1)
′ be the response for subject i. If the subject responds on level j,

then yij = 1 and yih = 0 for all h 6= j = 1, . . . , c−1. If the response is on level c, then yi = (0, 0, . . . , 0)′.

First approach

In the first approach, we define the collapsed response as Y ∗

ij =
∑j

h=1 yih, where j = 1, . . . , c−1.

That is, Y ∗

ij is a binary response variable having values 0, or 1. It can be considered as a binary

outcome when we collapse the response categories into (≤ j, > j), j = 1, . . . , c − 1. For the jth

collapsing, the residual is

r∗ij = Y ∗

ij − P (Y ≤ j | xi),

where P (Y ≤ j | xi) satisfies the proportional odds model (1), which is simply a logistic regression

model for a fixed j. Therefore, this approach is equivalent to the method used for the logistic regression

model given by Arbogast and Lin (2005). Let δ
′ = (α1, α2, . . . , αc−1,β

′) The stochastic process has

the form

W
(j)
k (t; δ̂) = n−1/2

n∑
i=1

r̂∗ijI(Xik ≤ t),

where Xik is the kth component of x for the ith subject and r̂∗ij = Y ∗

ij − P̂ (Y ≤ j | xi). The form

W
(j)
k (t; δ̂) uses a cumulative sum of the residuals r̂∗ij over the values of Xik. It can be shown that

if the model holds, W
(j)
k (t; δ̂) converges weakly to a zero-mean Gaussian process (the approximate

form is not given here, see Arbogast and Lin for details.) To check the model misspecification for

covariate Xik, we plot the observed cumulative residuals with the simulated realization based on the

Gaussian process to compare their patterns. The p-value of the test is obtained by computing the

proportion of the simulated realizations greater than the largest value of W
(j)
k (t; δ̂) over t, because

the extreme larger value of W
(j)
k (t; δ̂) would suggest the misspecification exists for covariate Xik. For

each collapsed response, it results in a single plot. In total, there are c − 1 plots denoted by B1, . . .,

Bc−1.

Second approach

For the second approach, we assume that yi = (yi1, yi2, . . . , yi,c−1)
′ is multinomially distributed

with parameter π
′

i = (πi1, πi2, . . . , πi,c−1), where πij = P (Y = j | xi). For the proportional odds

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 3508 -



model (1), πij = P (Y ≤ j | xi) − P (Y ≤ j − 1 | xi). The multivariate residuals can be written as a

vector

ri = yi − πi

We consider a vector of stochastic processes

Wk(t; δ̂) = n−1/2
n∑

i=1

I(Xik ≤ t)r̂i,

We can show that, if the model holds, Wk(t; δ̂) converges weakly to a vector of zero-mean Gaussian

processes. The distribution of the processes can be approximated by

Ŵk(t; δ̂) = n−1/2
n∑

i=1

[
I(Xik ≤ t)r̂i + η̂

T (t, δ̂)Ω̂
−1

Ûi

]
Zi

where Zi are independent standard normal random variables, η(t, δ) = −n−1 ∑
i I(Xik ≤ t)∂πi

∂δ
,

Ω = n−1× Information Matrix, and Ui is the score function for subject i.

Unlike the first approach, we can not plot the observed cumulative multivariate residuals directly,

because Wk(t; δ̂) is a vector. There are several options available to create diagnostic plots using

the residuals. First, we summarize the multivariate residuals by adding the cumulative multivariate

residuals across the rows (denoted by SP). Secondly, we can define another residual as Yi − E(Yi),

where Yi = 1, . . . , c is the response for subject i and E(Yi) is the mean response for subject i. In

this way, the stochastic process is reduced to a scalar (denoted as WP). Thirdly, we plot the observed

cumulative multivariate residuals with the simulated realizations separated by rows to create c − 1

different plots (denoted by P1, . . ., Pc−1). The p-value of the test is calculated the same way as in the

first approach.

Example

To illustrate the methods, we fit the proportional odds model (1) for the data from a study of

women’s knowledge, attitude, and behavior toward mammography given by Hosmer and Lemeshow

(2000). Consider the question “How likely is it that a mammogram could find a new case of breast

cancer?” with scales 1 (not likely), 2 (somewhat likely), and 3 (very likely) to be the ordinal response

variable (called DETC). The covariates include SYMPT – “You do not need a mammogram unless

you develop symptoms” with 4 ordinal scales, BSE – “Has anyone taught you how to examine your

own breasts” with binary scales, and PB – Perceived Benefit of mammography with continuous value

in which a low value is equivalent to a perception of the greatest benefit of mammography. The model

includes all main effects of the covariates and the coefficient for PB is −0.24 (with s. e. of 0.054).

Given the other covariates fixed, the odds of having a positive attitude toward mammography are

estimated to be e0.24 = 1.27 times higher for every one unit decrease in PB.

We used different plots to check the model misspecification for PB. The p-value of each of the

plots is

Method: B1 B2 SP WP P1 P2

p − value: 0.005 0.070 0.095 0.275 0.020 0.035

Figure 1 shows the plot using methods B1 and SP . The results suggest that there is something wrong

for the proportional odds model with the covariate PB. After we re-consider the model and plot the

sample logit against PB, we find an outlier in the dataset. Even though there is no misspecification

of the functional form, these graphs are very sensitive to the outliers as well.

Final Comments

Also, we can apply Ŵk(t; δ̂) to a general multivariate GLM. In terms of broad applications, the

second approach is more useful than the first approach. We will present a simulation study comparing

the performance of these approaches at the conference.
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Figure 1: Plot of cumulative residuals against Perceived Benefit using two approaches.

The dark black line indicates the observed process and the fine lines indicate the simulated

realizations.
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Introduction

Some models using categorical data assume some contiguity of adjacent points. This makes
the use of discrete versions of the kernel or, more recently, local polynomial estimates acceptable
when we searching for approximations for each point probability. This smoothing becomes even more
interesting when we have a sparse number of observations. In such cases, the use of the classical
point frequency estimator seems inadequate: there would be many points of the distribution support
without any observation or with only one observation, thus we would come out with an approxi-
mation for the distribution with many zeros and almost uniform on the remaining points. Such an
approximation seems quite unintuitive. Convenient smoothing over adjacent points does contribute to
improve this handicap of the histogram. With this in mind Simonoff [6] and Hall and Titterington [5]
smoothed histograms performing a convolution with an uniform like distibution, Burman [3] studied a
discrete version of the kernel estimator. More recently Simonoff [7,8], Dong and Simonoff [4] or Aerts,
Augustyns and Janssen [1,2] studied discrete versions of the local polynomial estimator.

Smoothing over sparse observations has been studied concentrating mainly on the asymptotic
properties of the estimators. The sparseness was kept assuming that the support of the distribution
augments with the number of observations. This assumes that, as we collect more data, we are able
to somehow refine the support of the distribution. This is natural if we assume that there exists some
density, whose discretization generates the discrete support.

Our interest in this problem arose when analyzing data from an anthropological study. The sam-
ple size was small, especially when compared with the size of the support. The inclusion of new units
in the sample was quite expensive, both in time and financially, so there was increased interest on ex-
tracting as much information as possible from the (few) available observations. Asymptotic properties
were not very helpful in this situation. Besides, polynomial smoothers quite often produce negative
estimations for some of the probabilities, and this is obviously unacceptable for the practitioner.

A particular aspect of the anthropological study, that was not at all addressed by the discussed
methods, was the fact that a marginal distribution was known. So, we are interested in smoothing
over a sparse table and produce an approximation for the two dimensional distribution that does not
produce negative values and agrees with given values for one the margins.

The estimators

Consider a table C with N = K × L cells Ci,j , i = 1 . . . , K, j = 1, . . . L, and denote P = (Pi,j)
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the probability distribution on C. We will assume that the marginal distribution of P is given:

Πi =
L∑

j=1

Pi,j , i = 1, ...,K.

The observation counts over each cell are described by N = (Ni,j), or equivalently, by the
empirical probability distribution P = (P i,j = Ni,j/n), where n =

∑
i,j Ni,j , on C. We denote by −→P

the vectorized version of the empirical probability distribution.
For smoothing purposes, it is convenient to identify the table C with the unit cube [0, 1]× [0, 1],

considering equally sized squared cells with midpoints (xi, yj) =
(

i−1/2
K , j−1/2

L

)
, i = 1, . . . ,K, j =

1, . . . , L. For each cell (i, j) of the table, define the matrix Xi,j whose (s, t) line is[
1 (xs − xi) (yt − yj) (xs − xi)2 (xs − xi)(yt − yj) (yt − yj)2

]
.

The classical polynomial smoother of degree 2, that we will denote by PSi,j(2), appears, for each
cell Ci,j , as the solution of the minimization of

Hi,j =
(−→P −Xi,jβi,j

)t
Ki,j

(−→P −Xi,jβi,j

)
,(1)

where βi,j = (β0,i,j , . . . , β5,i,j)
t and Ki,j is a weight matrix. If β̂i,j the minimizer of Hi,j , then PSi,j(2) =

β̂0,i,j . For polynomial smoothers of different degree, just change the matrices Xi,j appropriately.
The error function considered does not take into account the knowledge of the marginal distri-

bution. In order to use this knowledge, we introduce a new estimate of Pi,j as the solution of the
optimization problem:

minimize
L∑

l=1

Hi,l

subject to
∑L

j=1 β0,i,j = Πi.

(2)

If β̂c
i,j , j = 1, . . . , L, are the minimizers of this problem, the constrained polynomial smoother of degree

2 is CPSi,j(2) = β̂c
0,i,j . For constrained polynomial smoothers with different degrees, the solution

appears by modifying the matrices Xi,j appropriately. It is well known that polynomial smoothers
tend to produce negative values, specially when in presence of sparse observations. This implies that
CPSi,j(p) might be negative, except for the case p = 0.

We now propose a new estimator. Define, for each i = 1, . . . ,K, and j = 1, . . . , L, the penalized
target functions

H∗
i,j =

1
β0,i,j

(−→P −Xi,jβi,j

)t
Wi,j

(−→P −Xi,jβi,j

)
,(3)

where Wi,j is a normalized version of Ki,j . We will call the estimator derived a penalized polyno-
mial smoother of degree 2. For different degrees, just change the matrices Xi,j conveniently. The
minimization of (3), for each (i, j), does not necessarily produce a probability distribution, less one
that respects the knowledge of the given marginal. The constrained penalized polynomial smoother
of degree 2, CPPSi,j(2), is defined as the first coordinate of the solution of the optimization problem:

minimize H∗
i =

L∑
l=1

H∗
i,l

subject to
∑L

j=1 β0,i,j = Πi.

(4)

A simulation study shows an overall better performance of the constrained penalized smoothers
when compared with their nonpenalized counterparts.
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1 - Introduction

Ordered polytomous data can arise in various ways. Sometimes an underlying continuous scale
exits, but the variable is only recorded as a coarse grouping: for example data on personal income. The
variable may be a numerical score, as frequently arises in psychological data: an example is assessment
of dementia into ordered categories (Mann, Graham and Ashby, 1984). Alternatively there may be an
ordered qualitative assessment of outcome (such as complete remission, partial remission, no change,
progression). Ordered polytomous logistic regression is an useful technique for relating a dependent
ordered categorical variable to categorical independent variables. A review about models for ordered
categorical data can be seen in Liu and Agresti (2005).

In an ordered model, the response Y of an individual unit is restricted to one of J ordered values. For
example, the severity of a medical condition may be: none, mild, and severe. The ordered polytomous
logistic model or cumulative logit model assumes that the ordinal nature of the observed response
is due to methodological limitations in collecting the data that results in lumping together values of
an otherwise continuous response variable (McKelvey and Zavoina, 1975). Suppose Y takes values
y1, ..., yJ on some scale, where y1 < ... < yJ . It is assume that the observable variable is a categorized
version of a continuous latent variable such that

Y = yr ⇐⇒ αr−1 < U ≤ αr, r = 1, ..., J,

where −∞ = α0 < α1 < .... < αJ =∞. It is further assumed that the latent variable U is determined
by the explanatory variable vector xT = (x1, ..., xm) ∈ Rm in the linear form U = −xTβ + , where
β is a vector of regression coefficients and is a random variable with a distribution function F. It
follows that

Pr
¡
Y ≤ yr/x

T
¢
= Pr(U ≤ αr) = F

¡
αr + x

Tβ
¢
.

If F is the logistic distribution function, the cumulative model is also known as the proportional odds
model.
The main focus of this work is on developing an alternative family of estimators to the maximum
likelihood estimator (MLE) for the regression coefficients of an ordered polytomous logistic model. In
order to study their performance, the bias and mean square error were computed for each estimator
as well as the coverage probability for them.
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2 - Estimators based on power-divergences

Given x, Y is a multinomial with probability vector πT = (π1, ..., πJ) and πr = P (Y = yr | xT ),
r = 1, ..., J. Suppose we observe the sample Y 1 = y1, ...,Y N = yN jointly with the explanatory vari-
ables x1, ...,xN the usual way to estimate the vector γT =

¡
α1, ..., αJ−1,βT

¢
of unknown parameters

is using the MLE. To obtain it, we maximize the loglikelihood function LN (γ;y1, ...,yN) or minimize
the Kullback-Leibler divergence measure between bp and p (γ) since

DKullback (bp,p (γ)) = K − 1
n
LN (γ;y1, ...,yN) ,

where K does not depend of γ,

bp = ³y11
n
, ...,

yJ1
n

,
y12
n
, ...,

yJ2
n

, ...,
y1N
n

, ...,
yJN
n

´T
,

with yJi = n (xi)−
PJ−1

s=1 ysi, i = 1, ..., N, n =
PN

i=1 n (xi) and

p (γ) =

µ
n (x1)

n
eπT
1 , ...,

n (xN )

n
eπT
N

¶T

being eπT
i = (πi,1, ..., πi,J) .

The new parameter estimators will then be defined as the solution to the following minimization
problem:

(1) bγλ = arg min
γ∈Rp

Iλ (bp,p (γ))
with p = J − 1 +m and Iλ the power−divergence measure defined by Cressie and Read (1984),

Iλ (bp,p (γ)) = 2

λ (λ+ 1)

JX
l=1

NX
i=1

yli
n

"µ
yli/n

πi,ln (xi) /n

¶λ

− 1
#

λ 6= 0,−1.

The cases λ = 0 and λ = −1 are defined as the limits λ→ 0 and λ→ −1, respectively. For λ = 0, we
obtain as particular case the Kullback divergence.

3 - Asymptotic results

Under mild regularity conditions the minimum power-divergence estimator defined in (1) is
BAN (Best Asymptotically Normal).

Theorem 1 Let Y i, i = 1, ..., N , be independent random variables with multinomial distribution of
parameters (n (xi) ;πi,1, ..., πi,J−1) . Let

∆JN =

(
q = (q1, ..., qJN )

T :
JNX
i=1

qi = 1, qi > 0, i = 1, ..., JN

)
and assuming that eπ : Θ → ∆JN has continuous second partial derivatives in a neighborhood of the
true value of the parameter γ, γ0, F n positive definite in γ0 and assuming that n (xi)→∞, i = 1, ...N

such that n (xi) /n→ λi > 0, i = 1, ...N, it holds

√
n
¡bγλ − γ0¢ L→

n→∞ N
³
0,F λ

¡
γ0
¢−1´

where F λ (γ) = limn→∞F n (γ) with F n the Fisher Information matrix associated to the model.
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4 - Simulation results

The cumulative logit regression model considered here consists of a dependent variable Y with
four categories and two normally distributed with zero mean and unit variance explanatory variables.
We generated 10000 samples of different sample sizes n = (n1, ..., nN)

T ∈ N = {n1, n2, n3, n4, n5, n6}
with n1i = 15, n2i = 30, n3i = 50, i = 1, ..., 8, n4 = (25, 25, 25, 25, 10, 10, 10, 10) ,

n5 = (50, 50, 50, 50, 15, 15, 15, 15) and n6 = (40, 40, 15, 15, 5, 5, 25, 25) . We consider the regression
coefficients (α1, α2, α3) = (−2.0,−1.2, 0.5) and βT = (β1, β2) was generated from a uniform over
(−0.1, 0.1) . Two different scenarios are examined. First, without contamination. Second, 20% of the
data are contaminated. The true parameter for the contaminated observations equals (α∗1, α∗2, α∗3) =
(−0.5, 1.2, 2.0) and (β∗1, β∗2) = −2 (β1, β2) .

To have a general idea about overall performance of each of the estimators norm bias (NBIAS) and
summed mean square error (SMSE) were computed (Tabla 1 and 2, respectively).
To judge the capability of the estimators to reflect the true parameter value, γ0, we report the coverage
probability (CP) (Tabla 3) of 95% confidence set for the estimators using the formula

(2) Pr (γ ∈ Aλ,n) = Pr
³
γ : n

¡bγλ − γ0¢T F n (bγλ) ¡bγλ − γ0¢ ≤ cα

´
L−→

n→∞ 1− α,

where cα is such that Pr
¡
χ2p > cα

¢
= α and the formula (2) defines the 1− α confidence ellipsoid for

γ0.

Table 1. NBIAS of the estimates

NC C20%

-1/2 0 2/3 1 2 -1/2 0 2/3 1 2

n1 0.440 0.203 0.178 0.184 0.215 2.963 2.338 2.110 2.058 1.964

n2 0.131 0.098 0.092 0.094 0.108 2.331 2.180 2.079 2.042 1.972

n3 0.067 0.058 0.056 0.057 0.063 2.178 2.121 2.063 2.040 1.985

n4 0.321 0.175 0.156 0.161 0.189 2.781 2.290 2.108 2.060 1.964

n5 0.124 0.093 0.087 0.089 0.103 2.357 2.176 2.076 2.043 1.973

n6 0.226 0.148 0.134 0.137 0.163 2.633 2.279 2.113 2.061 1.971

Table 2. SMSE of the estimates

NC C20%

-1/2 0 2/3 1 2 -1/2 0 2/3 1 2

n1 0.318 0.051 0.109 0.153 0.247 0.540 0.643 0.713 0.739 0.791

n2 0.104 0.023 0.056 0.085 0.152 0.595 0.636 0.676 0.692 0.732

n3 0.052 0.013 0.035 0.053 0.102 0.614 0.636 0.661 0.673 0.700

n4 0.250 0.045 0.095 0.136 0.227 0.563 0.637 0.704 0.728 0.778

n5 0.106 0.022 0.053 0.080 0.147 0.602 0.638 0.675 0.690 0.729

n6 0.176 0.037 0.076 0.112 0.201 0.606 0.649 0.695 0.713 0.764
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Table 3. CP of the estimates

NC C20%

-1/2 0 2/3 1 2 -1/2 0 2/3 1 2

n1 0.864 0.927 0.928 0.925 0.903 0.682 0.738 0.742 0.739 0.722

n2 0.888 0.929 0.934 0.932 0.911 0.708 0.743 0.747 0.745 0.729

n3 0.915 0.933 0.939 0.937 0.921 0.733 0.748 0.751 0.749 0.738

n4 0.869 0.927 0.929 0.923 0.898 0.686 0.738 0.741 0.737 0.719

n5 0.882 0.926 0.937 0.935 0.912 0.701 0.740 0.750 0.748 0.730

n6 0.881 0.930 0.935 0.928 0.895 0.693 0.740 0.747 0.741 0.715

Under no contamination the estimator bγ2/3 is the best under the criteria NBIAS and CP and the
second best under the criterion SMSE. Under contamination, bγ2/3 is also the best under the criterion
CP. However, it seems to be the best to increase λ as much as possible for obtaining lower NBIAS and
to decrease λ for lower SMSE. Therefore, we think that bγ2/3 is a good compromise for both criteria
NBIAS and SMSE under contamination. To sum up, we propose bγ2/3 as better alternative than bγ0
(MLE) to estimate the regressor coefficients of a cumulative logit model.
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ABSTRACT

Ordered polytomous logistic models are used to model relationships between a polytomous response
variable and a set of regressor variables when the response of an individual unit is restricted to one
of a finite number of ordinal values. This study explores the small-sample properties of some new
estimators based on the power-divergence measure for the regression coefficients using Monte Carlo
experiments.
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ABSTRACT

We extend the multinomial modeling scenario for the analysis of categorical data with missing
responses described by Paulino (1991, Brazilian Journal of Probability and Statistics, 5, 1-42) to
the product-multinomial setup so that the inclusion of explanatory variables is allowed. Assuming
an ignorable missing data mechanism, we show how linear and log-linear models may be fitted via
maximum likelihood, and we indicate how more general functional linear models may be fitted via
weighted least squares methodology, if a missing completely at random mechanism is assumed. We
also consider a hybrid approach, where estimates of the marginal probabilities of categorization and of
their covariance matrix are obtained via maximum likelihood in a first step under either an ignorable
or informative missingness data generating process, and are subsequently analysed by weighted least
squares methodology using functional linear models. All the methods were computationally implemented
via subroutines written in R.

Problem description and notation

For simplicity, we admit that the random vector Y of response variables can assume R values
y corresponding to combinations of the levels of its components, Y1, Y2, . . . , Yk. For instance, when
Y = (Y1, Y2, Y3)′, and Y1, Y2, and Y3 may assume, respectively, 2, 3, and 5 different values, R =
2× 3× 5 = 30. Likewise, we assume that the vector X of explanatory variables can take S values x,
corresponding to the combinations of the levels of its components, X1, X2, . . . , Xq. The R response
categories are indexed by r and the S subpopulations, by s.

We assume that each of the ns++ sampling units randomly selected from the s-th subpopulation
can be independently classified into the r-th response category with the same probability θr(s), r =
1, . . . , R, s = 1, . . . , S.

For several reasons, it may not be possible to completely observe the responses of all variables in
Y, and only part of the ns++ sampling units is classified into one of the R originally defined response
categories, while the remaining units are associated to some type of missingness. For subpopulation
s, s = 1, . . . , S, we define Ts missingness patterns in the following way. The set of units with no
missing data (i.e., complete classification) is indexed by t = 1 and the sets that have some degree of
missingness, by t = 2, . . . , Ts. We admit that the units corresponding to the t-th missingness pattern,
t = 2, . . . , Ts, are recorded in response classes Cstc, c = 1, . . . , Rst, constituted by at least two of
the R response categories, with Cstc ∩ Cstd = ∅, c 6= d and ∪Rst

c=1Cstc = {1, . . . , R}. Thus, each of
the t = 2, . . . , Ts missingness patterns form a partition Pst = {Cstc, c = 1, . . . , Rst} of the complete
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classification pattern Ps1 = P1 = {{r}, r = 1, . . . , R} and Rst denotes the number of response classes
with the t-th missingness pattern in the s-th subpopulation.

We assume that a sampling unit selected from the s-th subpopulation with the r-th response
category is classified into the t-th missingness pattern with probability λt(rs), r = 1, . . . , R, s =
1, . . . , S, t = 1, . . . , Ts. The {λt(rs)} are the conditional probabilities of missingness. The marginal
probabilities of categorization are represented by {θr(s)}. We assume that there are no missing values
in X.

Example. Differently from the usual missingness pattern caused only by incomplete classifi-
cation into marginal tables, the missingness in Table 1, previously analysed in Soares and Paulino
(2001), is originated by the difficulty in classifying observations into neighbouring cells.
Table 1. Observed frequencies of susceptibility to dental caries

Simplified Standard test
test high medium low
high 7 11 2

medium 3 9 5
low 0 10 4

high / medium 8 7 3
medium / low 7 14 7

As there is a single population, we drop the index s. We order the index r lexicographically. We index
the missingness pattern where there is no distinction between the categories high and medium (medium
and low) of the simplified test by t = 2 (t = 3). The index t = 1 corresponds to the R1 = R = 9
classes/categories, with complete classification of units, so that P1 = {{r}, r = 1, . . . , 9}. The partition
for pattern t = 2 can be defined by the association of the classes C21 = {1, 4}, C22 = {2, 5}, C23 = {3, 6}
and C24 = {7, 8, 9} to the frequencies 8, 7, 3, and 0, respectively. Note that the definition of the last
class is an artifice to, jointly with the other classes, define a partition of the set of response categories.
Hence, we have R2 = 4 classes and P2 = {{1, 4}, {2, 5}, {3, 6}, {7, 8, 9}}. Likewise, for the pattern
t = 3, we have R3 = 4 classes and P3 = {{1, 2, 3}, {4, 7}, {5, 8}, {6, 9}}, where the elements of the
partition are respectively associated to the frequencies 0, 7, 14, and 7.

Probabilistic model and missingness mechanisms

We assume that the observable frequencies {nstc} have a product-multinomial distribution ex-
pressed by the probability mass function

S∏
s=1

ns++!∏Ts
t=1

∏Rst
c=1 nstc!

R∏
r=1

(
θr(s)λ1(rs)

)ns1r
Ts∏
t=2

Rst∏
c=1

(∑
r∈C

θr(s)λt(rs)

)nstc

,(1)

where θ =
(
θ′

s, s = 1, . . . , S
)′, θs =

(
θr(s), r = 1, . . . , R

)′
,
∑R

r=1 θr(s) = 1, s = 1, . . . , S, and
∑Ts

t=1 λt(rs)

= 1, r = 1, . . . , R, s = 1, . . . , S. This factorization into a marginal model for the responses, {θr(s)},
and a conditional model for the missingness process given the responses, {λt(rs)}, corresponds to the
selection model framework discussed in Little and Rubin (2002).

If it were possible to identify the response category of every observation in each of the missingness
patterns, ystr would be the hypothetical number of sampling units from the s-th subpopulation with
the t-th missingness pattern classified into the r-th response category, s = 1, . . . , S, t = 1, . . . , Ts, r =
1, . . . , R. Hence, {ystr} denote augmented frequencies, which are observed only under the missingness
pattern t = 1 (no missing data), where ns1r = ys1r, s = 1, . . . , S, r = 1, . . . , R. Under the other
patterns, such frequencies are non-observable and we only know the frequencies associated to the
response classes Cstc, namely nstc =

∑
r∈Cstc

ystr, s = 1, . . . , S, t = 2, . . . , Ts, c = 1, . . . , Rst. Comparing
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the R
∑S

s=1 Ts−S linearly independent parameters {θr(s), λt(rs)} (associated to the augmented frequen-
cies {ystr}) with the S(R−1)+

∑S
s=1 ls linearly independent observable frequencies {nstc} (associated

to the parameters {
∑

r∈Cstc
θr(s)λt(rs)}), we highlight an overparametrization of (1) with

∑S
s=1[R(Ts−

1)− ls] non-identifiable parameters, where ls =
∑Ts

t=2 Rst.
As the interest usually lies in {θr(s)}, reduced structures are considered for {λt(rs)} to render

the model identifiable. We may overcome this by assuming a non-informative missingness mechanism
or, according to Little and Rubin (2002), a missing at random (MAR) mechanism, expressed by

MAR : λt(rs) = αt(cs), s = 1, . . . , S, t = 1, . . . , Ts, c = 1, . . . , Rst, r ∈ Cstc.

This indicates that the conditional probabilities of missingness depend only on the observed response
classes and, conditionally on these, they do not depend on the unobserved response categories. A
special case known as the missing completely at random (MCAR) mechanism

MCAR : λt(rs) = αt(s), s = 1, . . . , S, t = 1, . . . , Ts, r = 1, . . . , R,

implies that the conditional probabilities of missingness do not depend on the response categories,
being or not partially observed. The statistical model under the MAR mechanism is saturated;
under the MCAR mechanism it has S +

∑S
s=1(ls − Ts) degrees of freedom. Both mechanisms lead

to factorizations of the likelihood involving one term depending on {θr(s)} but not on {λt(rs)} and
another term depending on {λt(rs)} but not on {θr(s)}. So, when {θr(s)} and {λt(rs)} are functionally
independent, we can ignore any of these mechanisms for likelihood inferences about {θr(s)}. In addition,
under the MCAR mechanism, the inferences about {θr(s)} can be based only on the distribution
of {nstc} conditionally on {nst+} and, hence, this missingness mechanism can also be ignored for
frequentist inferences. The MAR mechanism, however, is not ignorable for frequentist inferences on
{θr(s)}. Paulino (1991) provides the details in the multinomial setting.

Missing not at random (MNAR) or informative missingness mechanisms can be formulated by
assuming that at least two conditional probabilities of missingness of response categories pertaining
to the same class are not equal, i.e., {a, b} ∈ Cstc and λt(as) 6= λt(bs). For such models, it is necessary
to specify at least

∑S
s=1[R(Ts − 1)− ls] parametric constraints to obtain an identifiable structure.

Inferences on structural models

As in the complete data situation, in general, we want to model the probabilities of categorization
by means of unsaturated structural models. For such purposes, we consider linear [Aθ = Xβ], log-
linear [A ln(θ) = Xβ], and functional linear [F(θ) = Xβ] models written in the form of freedom
equations or, alternatively, expressed in the equivalent constraint formulations [UAθ = 0, UAln(θ) =
0, and U F(θ) = 0], where the elements of A and U are usually equal to 1, 0, or −1 and must
satisfy certain restrictions, X is the model specification matrix, and F(θ) is generally expressed as a
composition of linear, logarithmic, and exponential functions, or addition of constants. See Koch et
al. (1985) for further details in the context of complete data.

We obtain the score vector, the hessian, and the Fisher information matrices under the MAR and
the MCAR mechanisms for linear, log-linear, and saturated models and show how they can be fitted
by maximum likelihood (ML). We also indicate how weighted least squares (WLS) methodology can
be used to fit saturated and functional linear models under the MCAR mechanism. Additionally, we
consider a hybrid approach, where, for a saturated model, estimates of θ and of their covariance matrix
are obtained via ML in a first step under either an ignorable or informative missingness mechanism,
and are subsequently analysed by WLS methodology using functional linear models, in the spirit of
the functional asymptotic regression methodology described by Imrey et al. (1981, 1982) for complete
data. Explicit formulae for all quantities needed to implement these approaches are described in Poleto
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et al. (2007a). We designed subroutines in R which conduct all the required computations when MAR
or MCAR mechanisms are considered. For MNAR mechanisms, the first step must be programmed
by means of one of the built-in optimization functions in R, in order to obtain the ML estimates. The
subroutines are detailed in Poleto et al. (2007b). The functions as well as the unpublished manuscripts
may be downloaded from http://www.poleto.com/missing.html.

Example (cont.). We can assess the homogeneity of marginal distributions of susceptibility
to dental caries obtained under both methods via the linear model Aθ = Xβ with

A =


1 1 1 0 0 0 0 0 0
0 0 0 1 1 1 0 0 0
1 0 0 1 0 0 1 0 0
0 1 0 0 1 0 0 1 0

 =

(
[I2,02]⊗ 1′

3

1′
3 ⊗ [I2,02]

)
, X =


1 0
0 1
1 0
0 1

 = 12 ⊗ I2,

and β = (β1, β2)′, where Id is the identity matrix of order d, 1d (0d) represents a d× 1 vector with all
elements equal to 1 (0), and ⊗ denotes the Kronecker product. If there is no interest in estimating β,
we may use the equivalent constraint formulation UAθ = 02, with U = ([1,−1]⊗ I2). Note that the
rows of U are orthogonal to the columns of X, namely, UX = 02,2, where 0j,k is a j × k matrix with
all null elements. The degree of agreement between the methods may be evaluated by the weighted
kappa index

κw =
∑3

i=1

∑3
j=1 wijπij −

∑3
i=1

∑3
j=1 wijπi+π+j

1−
∑3

i=1

∑3
j=1 wijπi+π+j

,(2)

where (π11, π12, . . . , π33)′ = (θr, r = 1, . . . , 9)′ = θ. The κw may be written as a functional linear
model F(θ) = π1 + exp(A4 ln{A3 exp[A2 ln(A1θ)]}) with A1 = [W,19, I3 ⊗ 13,13 ⊗ I3]

′,

A2 =

[
I2 02,6

09,2 (I3 ⊗ 13,13 ⊗ I3)

]
, A3 =

[
(1, 0)′,12,−(2, 1)′W′] , A4 = [1,−1] ,

and π1 = −1, where ln(·) [exp(·)] denotes the element-wise vector natural logarithmic [exponential]
operator, and W = (w11, w12, . . . , w33)′ is a 9× 1 vector embodying the weights.
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ABSTRACT: We purpose a new estimator p~ , for the multinomial parameter vector, based on the 

empirical Bayes method, when the prior distribution is a Dirichlet one, ( )π,D t α . The vector hyperparameter 
π is set previously, but (a function of) α  is estimated by minimizing a scaled or weighted loss function. So 
far, we were not able to write the risk function (mean squared error) of this estimator. But, Monte Carlo 
studies of the performance of this new technique, for different sample sizes, show that the empirical risk of 
p~ seems to be smaller than the one of the maximum likelihood estimator, p̂ , whenever the number of 

multinomial categories t is greater than three. The results achieved so far question the admissibility of p̂ . 
 

1. Introduction 
In this paper, we consider the estimation of the vector of cell probabilities, ( )t21 p,...,p,p=p , 

associated with the multinomial distribution. To provide estimators for each vector coordinate ti1,p i ≤≤ , 
one may assume that these parameters are themselves random variables, described by an a priori probability 
distribution, which is characterized by a small number of so-called hyperparameters. These hyperparameters 
may be set previously by the researcher, as a pure Bayesian does, or estimated otherwise. The latter approach 
falls into the domain of empirical Bayes. Both methods use the same model. They only differ on the analysis. 
Of course, the analysis used must depend on the prior distribution. The estimators that result from the 
empirical Bayes method are sometimes referred as pseudo-bayesian.  

Most of work presented in this paper can be found in many classical literatures (e.g. Good  (1965)). 
Basically, the research has been devoted to smoothing cell frequencies, in large sparse contingency tables. 
The presence of zero counts, in some cells, creates serious obstacles for the transformation “to the various 
linearizing scales such as logarithms, logits or probits” (Fienberg & Holland (1973)). The maximum 
likelihood estimator (mle) p̂ , the vector of cell proportions, is of less interest in those cases, as known. Thus, 
alternative estimators are searched within a Bayesian framework. Our approach follows closely the one of 
Sutherland et al. (1974), in the sense that the same Bayesian framework is adopted. But we otherwise target 
on the admissibility of the mle. Our method leads to a new pseudo-bayesian estimator for p , p~ , with 

seemingly uniform improvement over p̂ , if the number of multinomial categories t is greater than three. Our 
analysis was conducted numerically, via stochastic simulation.  

In the next Section, a class of Bayesian estimators is generated, by putting some prior on the vector of 
cell probabilities p . Section 3 is devoted to set-up a new pseudo-bayesian estimator for p , p~ . In the Section 

4, we show the empirical improvement of p~  over p̂ , for 3t > . Finally, the conclusions of our work appear 
in the Section 5. 

 
2. A Class of Bayesian Estimators 

Let there be t multinomial categories, with the probability vector ( )t21 p,...,p,p=p  and observations 

ti1,X i ≤≤ , corresponding to these categories, where NX
t

1i i =∑
=

. If ( )t21 X,...,X,X=X , we may 

represent this sampling model by  ( )pX ;NM t∩ . The likelihood function for this model is proportional 

to∏
=

t

1i

x
i

ip . The vector p takes values in the parameter space 

( )









=>== ∑
=

t

1i
iit21t 1pand0p:p,...,p,pS p , 
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a probability unit simplex, indeed. It can be easily shown that the norm of  p , p , is minimum, when all its 

coordinates are equal, i.e., when ( )111 t,...,t,t −−−

== cp . The vector c  is therefore termed the center of 
parameter space. On the other extreme, vectors having one unit coordinate – this means all remainings are 
zero – are termed peripherals. Their norm equals one, which is the maximum value that can be attained. 
Thus, vectors of tS , going from the center to a peripheral, are norm increasing.  

From Bayesian theory, we know that the Dirichlet distribution is conjugate prior of the multinomial 
one. So, we postulate a Dirichlet prior distribution for p , with (hyper)parameters πandα , i.e., 
 ( ) ( ) tt21t S,...,,and0,,D, ∈πππ=>αα∩α πππ|p , 
where α  is termed smoothing constant. The vector π  may be interpreted as the prior value of p , because 

[ ] ππ,|p =αE  (Sutherland et al. (1974)).  

The density of p , given the hyperparameters πandα , is proportional to ∏
=

πα
t

1i i
ip (Fienberg & Holland 

(1973)). Due to conjugate Dirichlet-multinomial relation, the posterior distribution of p is also Dirichlet: 
 










α+

α+
α+∩α

N
,ND, t

πx
πx,|p . 

By definition, the posterior mean is the Bayesian estimator of p , under quadratic loss. So,  

 (1)  ( ) [ ] πpπ
x

πx,|pπp
α+

α
+

α+

≡

α+

α
+

α+

=α=α

N
ˆ

N

N

NNN

N
,E:,~ , 

as  
N

ˆ xp = , the vector of cell proportions. 

The crucial problem is how to deal with the hyperparameters πandα . In a pure Bayesian method, 
these parameters should be specified on the basis of the researcher prior information. We follow an empirical 
Bayes approach instead, which involves estimating them from the data. “The empirical Bayesian agrees with 
the Bayes model but refuses to specify the values for” the hyperparamters, as Casella (1985) pointed out. If 
we set 

α+
=τ N

N: , [ ]1,0∈τ . Thus, the Bayesian estimator can be written as the following liner convex 
combination  

 (2) ( ) πpπp )1(ˆ,~
τ−+τ=τ . 

To find a new estimator for p , we started from the family of estimators (2), indexed by πτ and , and 

resume the conditional distribuition of X , given p , which is multinomial. In this analysis, we fix π  to the 
center of parameter space, i.e. c=π , and estimate τ , using a tricky yet original criteria. Our goal is to find a 
data dependent value [ [1,00 ∈τ , such that ( )cp ,~

0τ  performs, at least, as well as the mle ( )cpp 1,~ˆ ≡  , for all 

values of the parameter space. To measure the performance of different estimators, we shall consider the 
quadratic loss function, 

 (3) ( ) ( )∑
=

−==

t

1i

2
ii

2
pp~N~N~L p-pp,p , 

in a classical point of view (i.e. p is constant, X is random). The corresponding risk, in this case named 

mean squared error (mse), ( ) ( )[ ]p,pp,p ~LE~R = , will be used to judge the ability of pseudo-bayesian 

estimators p~ . Explicitly, the smallness of an estimator’s mse is used as the measure of its adequacy. Recall 

that ( ).,.R  is a nonnegative quantity. The mse of mle p̂  is 

 (4) ( )
2

1ˆR pp,p −= . 

When p is peripheral, ( ) 0ˆR =p,p . Its performance, for extreme probability vectors, is then unbeatable. This 

is the main reason why mle is (considered) an admissible estimator of p . Recall that an estimator p′ is said 

admissible, if there is no other estimator, say p ′′ , such that ( ) ( )p,pp,p ′≤′′ RR , for all p , with strict 

inequality for some p .Therefore, no uniform improvement over p′  is possible.  
 
3. Estimation of τ  

To estimate α  (or, equivalently τ ), Sutherland et al. (1974), and also Fienberg & Holland (1973), 
suggest the minimization, in α , of the mse of (1), for a specified value of π  (often they take cπ = ). This 
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procedure has an intuitive appealing as, theoretically, leads to an optimal estimator. But, in practice, when 
the true value of p  is replaced by an empirical version of this parameter (e.g. p̂ ), to get an estimate of α , 

the improvement over p̂ is achieved only for values of  p  away from the periphery (for details, see two 
above mentioned papers). We have tried a slightly different approach instead. 

Consider the scaled or weigthed loss function wL  and the Bayesian estimator (2): 

 ( ) ( )∑
=

−

−

−

=

t

1i

2
ii

1
iw pp~p

1t

N~L p,p . 

Its corresponding risk function, ( )p,p~R w , is given by (Suleman, 2006): 

 (5) ( ) ( )[ ] ( ) ( ) ( )p,pp,pp,pp,pp,p ~L~L2~L~LE~R www
22

ww +τ−τ+τ== . 

Our purpose is to use, as an estimate of τ , the value of this coeficient that leads ( )p,p~R w  to 

minimum, for a specified value of π . Differenciating the risk function (5) in τ , for a particular value of p , 

we obtain the optimal τ  , optτ ,  

 (6) ( ) ( )
( )pπ,

p,ppπ,
w

wopt L1
1

1~Rminarg:
+

−==τ

τ

. 

Thus, the risk ( ).,.wR  attains its minimum when optτ=τ . Note that optτ  depends on the unkown parameter 

p , as one migth expect. To make it feasible, p  must be replaced by some of its empirical version (e.g. p̂ ).  

A brief analysis of optτ , as function of  p , shows that, if  π=p , 0opt =τ . In this case, all sampling 

information, carried by p̂ , is discarded. On the other side, if  p  has a null coordinate, 1opt =τ , and, 

consequently, pp ˆ~
= . So, we can expect an improvement over p̂  in a vicinity of the prior information and a 

similar performance in the periphery, where the later estimator is unbeatable. Setting cπ =  hopefully 
enlarges the improvement region.   

To carry out our analysis, we consider the following pseudo-bayesian estimator,  

 ( ) cpcp )ˆ1(ˆˆ,ˆ~
optoptopt τ−+τ=τ , 

where   ( )pc, ˆˆ optopt τ=τ , i.e., an empirical counterpart of optτ , that results when π  is replaced by c  and 

p by the mle p̂ ,  in (6). So far, we were not able to write ( )( )p,cp ,ˆ~R optτ  in a closed-form. Then, we opted for 

measuring the ( )cp ,ˆ~
optτ  behaviour by a numerical technique. 

 
4. Empirical Analysis 

To investigate the behaviour of pseudo-bayesian estimator ( )cp ,ˆ~
optτ , for different sample sizes, we 

have implemented a multi-sample or replication Monte Carlo simulation. Basically, this method consists in 
collecting m observations of a statistic – mse, in our case –, on each of r independent replications of the 
experiments, instead of generating a large sample size of the same statistic. The values of m should be large 
enough to reduce bias, and possibly provide asymptotic normality. The replication method additionally 
allows changes in the operating conditions of each replicate. Setting a different seed per replicate, to generate 
random numbers, is a common practice (see Fishman (1972), for details). 

 To carry out the simulation process, we considered r =10 independent replicates of the experiment for 
five different sample sizes – 1279, 501, 251, 101 and 51 – and seven diferent multinomial categories – 2, 3, 
4, 5, 10, 15 and 20. The experimental layout was constructed by norm increasing criteria. Starting from the 
center of parameter space tS , the probability vectors are choosen along the direction of the peripheral vector 

( )0,...,0,1 . This is to say, the norm of each vector is higher than the one of its predecessor. This design 
virtually allows the analysis of the behaviour of the estimators in all parameter space.  

The graphics below compare the behaviours of the pseudo-bayesian estimator ( )cp ,ˆ~
optτ  and the mle. 

The abcissas were marked with the square norm of p  to highligth the linear behaviour of mle, as in (4).The 

origin of the pictures is the point 12
t −

=c . Thus, pictures related to different multinomial categories have 

different starting points. In all graphics, the pseudo-bayesian estimator ( )cp ,ˆ~
optτ  is referred as p-b and p̂ as 
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mle. To represent the mse simulator, the coeficient N that appears in the quadratic loss function (3) was 
dropped out. So, one might expect mse decreases as N increases, due to consistency. 

Figure 1: Empirical behaviour of p-b and ml estimators.  
 In all graphical representations (fig. 1), one can realize that our estimator brings uniform 

improvement over the mle, whenever the number of multinomial categories is greater than three. The 
improvement is more evident as the sample size decreases. This statistical report shows that the research for 
the analytical expression of  ( )( )p,cp ,ˆ~R optτ  is worth considering. 

 
5. Conclusions 

We presented a new pseudo-bayesian estimator for the vector of cell probabilities associated with a 
multinomial distribution. This estimator is not good enough to smooth cell frequencies as are the ones 
proposed by pioneer researchers. But, despite the same Bayesian framework used, we otherwise targeted on 
the admissibility issue. The usage of a weighted loss function, to specify hyperparameters, brought a new 
hope not only for uniform improvement over the mle but a perspective for other problems in Statistic, where 
the maximum likelihood estimators are used almost automatically. Particularly, for finite sample size 
problems, as are the practical ones.  

In some sense, this new approach to multinomial problem resembles the work by James & Stein 
(1961). The well known Stein estimator, for the vector of means of a gaussian distribution, behaves, under 
certain conditions, better than the corresponding mle, when the number of vector coordinates is higher than 
two. The perfomance is also measuared by mse criteria. Despite not explicitly said the Stein estimator fits in 
a pseudo-bayesian framework as well. 
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ABSTRACT

We develop the exact distribution of a stopping variable of a sequential fixed-width confidence esti-
mation of the log-odds in Bernoulli trials. The stopping rule was suggested by Robbins and Siegmund
(1974). We also give explicit formulas for the expected value and MSE of the estimator of the odds
when stopping. An alternative two-stage procedure is given and its important characteristics are
evaluated exactly.
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1. Introduction 
There is little doubt that new firm formation plays an important role in the process of economic 

development. Each new firm or new market entry represents a challenge to the incumbents and, in doing so, 
may generate significant incentives for improvements (Reynolds, 1988; Geroski, 1989; Baldwin & Johnson, 
1999; Disney & Heden, 2003). The determinants of the formation of new firms (e.g. local fiscal policy, labor 
cost and minimum efficient size), have been examined (Evans & Siegfried, 1994; Geroski, 1995; Sutaria, 
2001). As Industrial agglomeration becoming an important economy phenomenon, the extensive concern has 
been given to its positive role for new firm formation (Port, 2000; Todd, 2003; Michael P. Devereux, 2004). 
2. Hypotheses and main empirical findings 

Industry agglomeration may encourage new firm formation in several ways. First, the pool of skilled 
workers, availability of specialized inputs and knowledge spillovers associated with industry clusters may 
lower costs, which would increase the expected profitability of a new firm (Marshall 1890; Krugman 1991). 
Second, exchanges of information within a cluster alert entrepreneur about potential new firm opportunities, 
which may increase the speed at which new firms, respond to excess profits (Porter 2000). Third, barriers to 
firm entry, not related to industry structure, are lower in areas with an industry cluster than elsewhere 
because the workers, financing sources, knowledge, and other inputs needed to start a firm are present 
locally(Porter 2000).  

Local fiscal policy may affect the cost of opening and operating a business in a given area. High taxes, 
which directly increase an establishment’s costs, may repel new firm activity. On the other hand, government 
spending, when it extends or improves the quality of public services, may decrease costs and lead to a higher 
number of business openings. Other local conditions, such as the size of population and local labor costs, 
may also affect new firm formation. County population represents the size of the market (Reynolds 1995). 
The average labor cost may directly affect business costs, which is suggestive of a negative relationship 
between the number of business opening and wages (BJK Associates 2002). Firm entry models that explain 
an entrepreneur’s decision to start a new firm versus work for an existing business also show the high wages, 
which represent an entrepreneur’s opportunity cost of working in an existing business, decrease entry 
(Audretsch, 1995). Industry growth at the national level reflects changes in market conditions that could 
increase the number of business opening. 

The definitions of all dependent and explanatory variables of the econometric analysis are listed in 
Table 1. 
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Table 1:The Variables 

Variable name Definition and Note Mean 
Standard 
Deviation

New business opening Number of firm that opened per county-industry 1999-2002 5.57 12.61 

Establishments Number of establishments per county-industry 1999 2.78 4.69 

Location quotient 
Percentage of county’s firm in 3-digit SIC category divided 
by percentage of Zhejiang firms if the same category 1999 

3.62 8.06 

Tax Average municipal personal property tax rate 1999 0.07 0.04 

Government spending Average per-capia municiple government spending 1999 0.78 0.8 

Population County population 1999 8.26 3.85 

Wages Average wages earned per worker in county-industry 1999 9.38 3.87 

Industry growth Employment changing per county-industry 1999-2002 0.04 1.3 

Entry costs 
Non-labor costs of operating an average-sized firm in 
county-industry 1999 

9.6 18.26 

Firm size Average size of firms in county-industry 1999 272.55 546.13 

3. Econometric Specifications and Model Selection 
The dependent variable in this study, new business openings, is count data. The preponderance of 

zeros and the small values and clearly discrete nature of the dependent variable suggest that the conventional 
multiple linear regression is not a preferable model. The Poisson model and the negative binomial model 
have been widely used to study such data①. The Poisson model has been criticized because of its implicit 
assumption that the variance of the dependent variable equals its mean, but the negative binomial model, one 
extension of the Poisson model, has relaxed this assumption. 

0
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observed proportion neg binom prob
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mean = 5.569; overdispersion = 2.261 

 

Figure 1:observed proportion, neg binorm prob and poisson prob 

There is ample evidence of over-dispersion in new business opening (see table 1). The t-ratio on the 
estimated over-dispersion parameter is 159.01/5.57=28.55, which is strongly suggestive. Relying Cameron & 
Trivedi (1998)test，Philip B. Ender of UCLA provides a stata macro program nbvargr. Using nbvargr, we 

                                                        
① There are several recent surveys of specification and estimation of models for counts, among them are Cameron and 
Trivedi(1998),Greene(1996),Winkelmann(2000),and Wooldridge(1997). 
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may put the actual distribution of the number of new business compared with passion distribution and 
negative binomial distribution (see figure 1). It is shown that the actual distribution of the number of new 
business is closer to the negative binomial distribution, especially in the 0 to the number of new business. 
Stata nbreg macro program also gives the dispersion parameter (α ) Likelihood Ratio Test 
Results: , p =0.0000, which is strongly suggestive. Therefore, compared with the Poisson 
distribution, negative binomial distribution is more suitable for number of new business. 

42 108.1 ×=χ

Further inspection of the frequency distribution of number of new business opening (see table 2), there 
are zero business openings during 1999-2002 period in 552 of the county-industries. In other words, 27% of 
the county-industries have zero-business-opening. It is suggested that number of new business opening is the 
Zero-Inflated data. 

Table 2: The Frequency of the number of business opening 

New firm Frequency Percent Cumulative Percent
0 535 27.31 27.31 
1 356 18.17 45.48 
2 222 11.33 56.81 
3 141 7.2 64.01 
4 121 6.18 70.19 
5 100 5.1 75.29 

According to the stata handbook，for the count data ,which has Zero-Inflated and over-dispersion 
nature ,the negative binomial distribution model (NBR)and the Zero-Inflated negative binomial distribution 
model(ZINB) and Zero-Inflated Poisson model（ZIP）are all suitable. But the AIC② and Vuong test③suggests 
the following NBR model is a good candidate for estimating the data. 
4. Empirical model and Findings 

It is well-known that Negative Binomial Regression Model is the most common extension of the 
Poisson model（Greene 2003;Long 1997）. We generalize the generalize the Poisson model by introducing an 
individual, unobserved effect into the conditional mean, 

iiiiii uλε'βxxµ lnlnln +=+==  

Where the disturbance reflects specification error as in the classical regression model, xiε i reflects the 
matrix of determinants of new business opening and  reflects Regression coefficient matrix.  iβ

The density for yi is then 

θλ
λ

 r       )r(r
)ΓΓ(y
λθ

             

θ)λ)ΓΓ(y
)yΓ(θλθ

            

duue
)ΓΓ(y
λθ

            

du
Γ(θ)

euθ
!y

)u(λe
)|xf(y

i

i
i

θ
i

y
i

i

y
i

θ

yθ
ii

i
y

i
θ

i
-yθ

i
θ)u(λ

i

y
i

θ

i

θuθ-
i

θ

i

y
ii

uλ

ii

i
i

i

i

iii
i

iiii

+
=−

+
=

++
+

=

+
=

=

+

∞ ++−

∞
−−

∫

∫

where1
)(1

)((1

)(1 0

1

0

1

θ

θ

θ  

                                                        
② : 4.816NBR AIC = , ,: 4.969ZINB AIC = : 8.354ZIP AIC =  
③ Vuong test of zinb vs. standard negative binomial: z = -4.89  Pr>z = 0.0000 
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which is one form of the negative binomial distribution. The distribution has conditional mean  
and conditional variance

iλ
))/1(1( ii λθλ + , and ))/1(1( iλθ+ is the variance inflation factor. 

Table 3: NBR Regression Results: factors affecting the number of business opening per county-industry 

Negative binomial regression                                   Number of obs=1959 
                                                        LR chi2(9)=1003.2 

                                                       Prob>chi2=0.000 
Log likelihood=-4706.3853                                     Pseudo R2=0.0963                

New firm Coef. Std. Err. z P>|z | % x/y ∂∂  

firm 0.183 0.01 18.67 0.000  20 0.636 
loc 0.013 0.004 3.48 0.001  1.3 0.045 
tax -3.386 0.795 -4.26 0.000  -96.6 -11.793 
govspe -0.049 0.039 -1.28 0.202  -4.8 -0.172 
population 0.044 0.009 5.12 0.000  4.5 0.153 
wage -0.022 0.008 -2.59 0.009  -2.2 -0.077 
indugrow 0.17 0.022 7.73 0.000  18.5 0.592 
entrycost -0.01 0.003 -3.07 0.002  -1 -0.036 
size -0.00003 0.00007 -0.48 0.631  0 -0.0001 
_cons 0.9 0.113 7.97 0.000    
/lnalpha 0.13081 0.04404     
alpha 1.139756 0.05020       

Likelihood-ratio test of alpha=0:             chibar2(01)=9840.99   Prob>=chibar2=0.000 

 Table 3 reports maximum-likelihood estimates from NBR model that analyze new business activity 
occurring in Zhejiang county-industries between 1999 and 2002. The empirical findings reveal a positive 
relationship between the number of new business and both measures of industry agglomeration included in 
the analysis. A 10 percent increase in the number of existing businesses, holding other variables at their 
initial values, is associated with an average of 0.636 additional business openings per county-industry, or a 
20 percent increase in new business activity. A 10 percent increase in the industry location quotient, other 
things being equal, leads to an average of 0.045 additional business openings per county-industry, or a 1.3 
percent increase in new business activity. 

As anticipated, these findings show that taxes and labor cost and entry cost have negative effects on 
business openings, whereas both population and industry growth have positive effect on the amount of new 
business activity and both government spending and firm size have no significant effects. 
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Confidence ellipsoid of the marginal parameters of the 
binomial trivariate distribution* 

 
Alessandro Zini§ 

 
Abstract 

In this work we search for the minimal sample sizes for  which the confidence ellipsoid of the marginal parameters of 
the binomial trivariate distribution (studied in Zini (2004)) gives confidence coefficient close to the nominal 
(asymptotic) one. For 15 points of the parametric space, such sizes are checked, by constructing the exact distributions 
of the estimator on which the ellipsoid is based. The minimal sizes are seen to depend on two descriptive indexes: the 
Gini’s  eterogeneity  index of the 8-nomial distribution from which the binomial trivariate distribution is constructed, 
and the sum of its two parameters. There are some cases in which the minimal sample size is at least 150. 
 
 
Keywords: binomial trivariate distribution, coverage probability, quantile. 
 

1. Introduction: the binomial trivariate distribution 
Several categorical data analyses, consider dichotomous characters imposing either statistical independence 
or multinomial dependence, ignoring which the natural statistical models of dependence are. 
The binomial bivariate distribution, defined by Zenga (1968), is the natural structure of the number of 
successes of two characters in n independent realisations. Zini (2004) generalises it to three characters, which 
exhibit binomial univariate margins and binomial bivariate  bivariate margins. For the general properties of 
these distributions, see the cited works. 

The binomial trivariate distribution ( Zini (2004)) has the follwing probability function: 
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where the ijkn   and their marginal quantities assume the suitable values (see Zini (2004), p.25). 
By theorem 5 in Zini (2004) p. 35, the binomial trivariate random variable converges asymptotically to 

the trivariate normal random variable. 
                                                 
* This work is partially supported by a project (ex 60%) entitled “Ellissoidi di confidenza per i parametri della variabile 
casuale binomiale trivariata”, Università degli Studi di Milano-Bicocca, 2004. 
§ Dipartimento di Metodi Quantitativi per le Scienze Economiche ed Aziendali – Università degli Studi di Milano-
Bicocca. – p.zza Ateneo nuovo, 1, 20126 MILANO (e-mail: alessandro.zini@unimib.it). 
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2. The 100( )a1 − % asymptotical confidence region for three parameters 111 P,P,P ⋅⋅⋅⋅⋅⋅  of the 
binomial trivariate random variable  

As a consequence of the asymptotic normality, it is possible to show that the quadratic form 
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is asymptotically chi squared distributed , with 3 degrees of freedom. 

So, the 100( )α−1 %  asymptotical confidence region for the parameters 1...1...1 ,, PPP  with minimum 
volume has the following form:  

 

( ) ,ˆ;,, 2
1,31...1...1 αχ −≤VPPPQ        (3) 

where 2
1,3 αχ −  is the quantile of the chi squared distribution with 3 degrees of freedom. 

3. Behaviour of the asymptotic confidence ellipsoid 
Given a point of the parametric space, the ( )%1100 α−  confidence ellipsoid for the marginal parameters of 
the binomial trivariate distribution can be held reliable if the probability that (2.3) holds is close to ( )α−1 . 
 
Analysis will concern those 15 points of the parametric space1 of the binomial trivariate distribution reported 
in appendix, examining which, the following parameters seem to be relevant to establish the minimum 
sample size: 

- the Gini’s eterogeneity index (see, for example, Zenga M. (1996)): 
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- the values of two parameters 111P  and 000P  (say), by the value of their sum. 
 

Considering the exact distribution of (3), we compute the true value of  α−1  (the probability that the left 

side of  each equation belongs to the interval [ ]2
1,3,0 αχ − , for 100,7550,25=n ). Considering formula (3), 

but supposing, unrealistically, that V is known, a sample size of 30=n  allows to obtain a good asymptotical 
approximation for every point of the parametric space. Considering formula (3), where matrix V is 

substituted by its estimate V̂ , some problems arise because ( )VPPPQ ˆ;,, 1...1...1  can be negative or not 

                                                 
1 The exact distribution of formula (2.2) for a given point of the parametric space requests, for 100=n , a computing 
time of about 24 hours with an ordinary table computer. For this reason, only  a few representative cases are here 
considered. 
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defined. In appendix, the probability that formula ( )VPPPQ ˆ;,, 1...1...1  is negative is called coda_sinistra, 

while the probability that ( )VPPPQ ˆ;,, 1...1...1  is not defined ( 1ˆ −V  does not exist) is called coda_norm. 

The performance  can be considered good if the value of coda_norm is less than 0.01: in the worst case the 
condition is fulfilled when 75=n . 
 
Examining the 15 cases reported in Appendix, one may observe that: 
1) The confidence region for the parameters 111 ,, ⋅⋅⋅⋅⋅⋅ PPP  performs well, or the region is reliable if the 
difference between the coverage probability and its nominal value does not exceed 0.02. For 100=n  one 
observes: in particular, case 9 is the best, while the worst is case 15. 
So we can conclude that, with 100=n , the region can not be said reliable for all points of the parametric 
space.  
2) It can be observed that the eterogeneity index 2E  is negatively correlated with the miniml sample size: 
the most interesting case is case 11, whose region, though its value of 2E  is equal with respect to case 10, is 
not reliable while in case 10 it is.  

So, it seems reasonable that the reliability increases with the eterogeneity. For values of 2E  not less 
than 0.7, the regions are reliable for 100=n , except cases 10 and 11. The same phenomenon is 
observed, though in a fuzzier way for the following couple of cases: { }9,8 , { }3,2 , { }5,4 , { }12,14  and 

{ }13,14 . For that, 2E  does not seem to be the only indicator of reliability. In particular, in all cases 
examined, the reliability increases, when the values of the parameters 111P  e 000P  increase; such a 

phenomenon takes place particularly when 2E  takes values intermediate.  
3) When 100=n , it is said that in cases 9, 11, 12, 13, 14 and 15, the region is not reliable: so, to improve 
the performance, it is necessary to increase the sample size to 150 values. Cases 11 and 15 perform worst. 

4. Conclusions  
From the analys is of the cases examined, we can conclude that 100=n  is the minimal sample size for which 
the coverage probability and the nominal value of the confidence region (3) are close, in the following cases: 
 

- when 7.02 ≥E ; 
- when 7.035.0 2 <≤ E  and 8.0000111 ≥+ PP . 

For 35.02 <E , it is better to take samples with large size, in the worst cases, such as 15 and 11, 150 
observations. 

 
Appendix: true values of α−1  for 15 8-tuples, .100,75,50,25=n   
Table 1 15 points of the parametric space of the binomial trivariate distribution, with the corresponding values of  

2E  and 000111 PP + . 

  111P   110P    101P   011P   100P  010P   001P    000P  2E   000111 PP +   
1 0,125 0,125 0,125 0,125 0,125 0,125 0,125 0,125 0,875 0,25 
2 0,225 0,225 0,025 0,025 0,025 0,025 0,225 0,225 0,795 0,45 
3 0,225 0,225 0,225 0,025 0,225 0,025 0,025 0,025 0,795 0,25 
4 0,200 0,100 0,150 0,100 0,050 0,100 0,050 0,250 0,84 0,45 
5 0,200 0,150 0,250 0,050 0,100 0,100 0,050 0,100 0,84 0,3 
6 0,300 0,100 0,050 0,050 0,050 0,025 0,025 0,400 0,73125 0,7 
7 0,600 0,100 0,050 0,050 0,050 0,025 0,025 0,100 0,61125 0,7 
8 0,500 0,020 0,020 0,020 0,100 0,020 0,020 0,300 0,648 0,8 
9 0,020 0,300 0,020 0,020 0,500 0,100 0,020 0,020 0,648 0,04 

10 0,415 0,010 0,015 0,015 0,015 0,015 0,015 0,500 0,57655 0,915 
11 0,015 0,015 0,010 0,415 0,015 0,500 0,015 0,015 0,57655 0,03 
12 0,025 0,825 0,025 0,025 0,025 0,025 0,025 0,025 0,315 0,05 
13 0,025 0,025 0,025 0,025 0,825 0,025 0,025 0,025 0,315 0,05 
14 0,825 0,025 0,025 0,025 0,025 0,025 0,025 0,025 0,315 0,85 
15 0,015 0,015 0,015 0,015 0,895 0,015 0,015 0,015 0,1974 0,03 
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The variable coda_sinistra is the probability that the left side in formula (2.3) takes negative values; 
coda_norm represents the probability that the left side of equation (2.3) is not defined.  
 

CASE n 
α−1  nominal 0.90 α−1  nominal 0.95 Coda Sinistra Coda norm 

1 n=25 0.825477 0.895477 0.000000 0.000000 
 n=50 0.865477 0.922444 0.000000 0.000000 
 n=75 0.876888 0.931609 0.000000 0.000000 
 n=100 0.882936 0.937238 0.000000 0.000000 
2 n=25 0.825831 0.891198 0.000082 0.022314 
 n=50 0.868145 0.926296 0.000007 0.001848 
 n=75 0.878377 0.934033 0.000001 0.000150 
 n=100 0.883822 0.938701 0.000000 0.000011 
3 n=25 0.799377 0.854631 0.000000 0.071790 
 n=50 0.841482 0.899688 0.000000 0.005154 
 n=75 0.856484 0.910804 0.000000 0.000370 
 n=100 0.869692 0.923218 0.000000 0.000027 
4 n=25 0.820740 0.890239 0.000043 0.000018 
 n=50 0.864547 0.921602 0.000000 0.000000 
 n=75 0.876354 0.930943 0.000000 0.000000 
 n=100 0.882532 0.936848 0.000000 0.000000 
5 n=25 0.818906 0.880356 0.000009 0.000147 
 n=50 0.863539 0.919076 0.000000 0.000000 
 n=75 0.87478  0.930162 0.000000 0.000000 
 n=100 0.881305 0.935064 0.000000 0.000000 
6 n=25 0.810209 0.874846 0.004573 0.008708 
 n=50 0.863232 0.920701 0.000026 0.000057 
 n=75 0.875647 0.931175 0.000000 0.000000 
 n=100 0.882105 0.936402 0.000000 0.000000 
7 n=25 0.772566 0.837737 0.007794 0.011031 
 N=50 0.844238 0.901081 0.000053 0.000047 
 n =75 0.863570 0.917559 0.000000 0.000000 
 n=100 0.871553 0.925686 0.000000 0.000000 
8 n =25 0.811942 0.851133 0.008988 0.045514 
 n =50 0.865199 0.920306 0.000989 0.002888 
 n =75 0.875851 0.932163 0.000160 0.000299 
 n=100 0.881924 0.936628 0.000010 0.000045 
9 n =25 0.740088 0.770263 0.00382  0.138593 
 n =50 0.810495 0.851995 0.000034 0.015732 
 n =75 0.840519 0.887260 0.000001 0.001926 
 n=100 0.857405 0.906623 0.000000 0.000239 

10 n =25 0.587632 0.615570 0.092496 0.261298 
 n =50 0.800571 0.846153 0.039372 0.074528 
 n =75 0.867375 0.923498 0.009192 0.020768 
 n=100 0.885313 0.942851 0.005215 0.002202 

11 n =25 0.581662 0.603392 0.000169 0.378919 
 n =50 0.771236 0.834260 0.000023 0.106486 
 n =75 0.798063 0. 843399  0.000014 0.027615 
 n=100 0.799817 0.871779 0.000000 0.006847 

12 n =25 0.701861 0.751571 0.029637 0.184213 
 n =50 0.744476 0.823295 0.001375 0.016149 
 n =75 0.800699 0.852868 0.000131 0.001208 
 n=100 0.828593 0.883993 0.000003 0.000083 

13 n =25 0.687046 0.743894 0.023960 0.197464 
 n =50 0.744856 0.823649 0.001133 0.017737 
 n =75 0.800797 0.852960 0.000101 0.00121  
 n=100 0.828599 0.884003 0.000003 0.000087 

14 n =25 0.706099 0.756034 0.027324 0.182103 
 n =50 0.745399 0.824247 0.001212 0.016076 
 n =75 0.800821 0.852994 0.000080 0.001195 
 n =100 0.828609 0.884012 0.000002 0.000084 

15 n =25 0.470306 0.493069 0.031193 0.473758 
 n =50 0.666622 0.732256 0.005651 0.142562 
 n =75 0.756643 0.805713 0.003343 0.029349 
 n =100 0.779372 0.819335 0.000170 0.007017 
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1. Introduction 

Data available for analysts are often obtained from complex sample surveys in which population units 
are selected by stratified multi-stage designs with unequal inclusion probabilities. In such cases, unweighted 
multilevel analysis (Goldstein, 2003) may lead to severely biased estimates (Korn and Graubard, 1995), even 
if sampling design characteristics such as strata and clusters indicators are included in the model as 
explanatory variables. Note also that the latter approach may not be feasible in practice because there might 
be too many such variables and including these variables in the model may distort its scientific interpretation, 
requiring integrating them out at a later stage, which can be very complicated in practice. Including the 
sampling weights as explanatory variables instead of the design characteristics does not solve this problem 
either. This raises the problem of how to account for the sample design when fitting multi-level models to 
sample survey data. 

Pfeffermann et al. (1998b) propose a probability weighted iterative generalised least squares approach 
(PWIGLS), which basically consists of probability weighting of first and higher level units. However, as 
shown in that article, the use of this approach, although reducing the bias of unweighted parameter 
estimators very substantially, does not eliminate it completely, unless in large samples. This article considers 
therefore methods that adjust for the bias of unweighted and probability weighted estimators when fitting 
two-level models to survey data under informative sampling of first and second level units with small sample 
sizes at one or both levels. The methods use the sample distribution (Pfeffermann et al. 1998a) for generating 
bootstrap samples (Efron, 1979) that are used for studying the behaviour of the bias and consequently for the 
bias correction. Empirical studies are conducted to assess the performance of these methods. 

2. Population model and sampling design 

Consider the following two-level (random intercept) model,  

ijjjijy εββ += 00| , 
jNi ,...,1=  (level 1) and jj u000 += ββ , Mj ,...,1=  (level 2)             (1) 

where ( )
2

0 0
,0~ uj Nu σ , ( )

2,0~
ε

σε Nij , ( ) 0,
21

=jijiCOV εε  for 21 ii ≠ , ( ) 0, 0 =jij uCOV ε  for all j. 
In what follows we assume a two-stage sampling design. In the first stage m  level 2 units are 

sampled with inclusion probabilities 
jπ  that are possibly related to the random intercepts jβ , Mj ,...,1= . 
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In the second stage jn  level 1 units are sampled from each level 2 unit j  sampled in the first stage, with 
inclusion probabilities ji|π , jNi ,...,1= . 

3. Bias correction methods 

The basic idea behind the bias correction procedures considered in this paper is to replicate the original 
sample via a resampling procedure, compute the bias adjustment for the various estimators and then apply it 
to the original sample. In order to replicate the sample we fit a model to the original sample (hereafter the 
sample model) and generate bootstrap samples from that model via parametric bootstrap. The bias-corrected 
estimate is obtained by combining the estimates from the original sample and the average of the bootstrap 
estimates. 

Seven bias correction methods for a given estimand are considered in this study and they are 
combinations of the unweighted (hereafter ‘naïve’) estimator, the PWIGLS estimator and the estimator from 
the sample distribution. For the PWIGLS estimator, the correction methods are defined as follows: 

PW

b

PW

o

bcPW
θθθ
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−=  (2a);  
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⎩

⎪
⎨

⎧

<

⎭
⎬
⎫

⎩
⎨
⎧ ⎟

⎠
⎞⎜

⎝
⎛

−−⋅

≥−

=

biaspositiveif

biasnegativeif

PW

b

PW

o

PW

b

PW

o

PW

b

PW

o

PW

b

PW

o

PW

b

PW

o
bcPW

θθθθθθ

θθθθ

θ

ˆˆ,ˆˆˆexpˆ

ˆˆ,ˆˆ2
ˆ . (2b); 

PW

b

PW

o

bcPW
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ˆ/)ˆ(ˆ 2.

=  (2c);    )ˆˆ(ˆˆ ... PW

b
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b

PW

o

bcPW
θθθθ −+=  (2d);    PW

b
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b

PW

o
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⋅=  (2e); 

PW

b

sdistmle

o

PW

o

bcPW
θθθθ
ˆˆˆˆ ..

−+=  (2f)  and  PW

b

sdistmle

o

PW

o

bcPW
θθθθ
ˆ/ˆˆˆ ..

⋅=  (2g), 

where bcPW .
θ̂  denotes the bias-corrected PWIGLS estimator; PW

oθ̂  is the PWIGLS estimator obtained from 
the original sample; PW

bθ̂  is the average of the PWIGLS estimators obtained from the bootstrap samples; 
sdistmle

o

.
θ̂  is the estimator obtained via maximisation of the sample model likelihood (hereafter ‘mle.sdist’ 
estimator) based on the original sample and sdistmle

b

.
θ̂  is the average of the mle.sdist estimators based on the 

bootstrap samples. Bias corrections for the naïve estimator, bcnaive.
θ̂ , are defined by replacing the superscript 

‘ PW ’ by ‘ naive ’ in equations (2a)-(2g). 
Bias correction (2a) is the well-known additive bias correction first addressed by Efron (1979). 

Methods (2b) and (2c) have been proposed by Hall and Maiti (2006) in a different context. The rationale 
behind bias corrections (2.d) and (2.e) is to calibrate the PWIGLS (and naïve) estimates based on the original 
sample by the difference (method 2d) or ratio (method 2e) between the mle.sdist estimates and PWIGLS 
(and naïve) estimates based on bootstrap samples. Corrections (2f) assumes that if the mle.sdist estimates 
based on the original sample sdistmle

o

.
θ̂  underestimate the parameter of the model, the bootstrap samples 

simulated from the sample model will produce an average mle.sdist estimate sdistmle

b

.
θ̂  smaller than the 

estimate from the original sample, i.e. sdistmle

b

sdistmle

o

sdistmle

o

... ˆˆˆ
θθθθ −≅− . The analogous holds for the PWIGLS 

estimates, sdistmle

b

PW

b

sdistmle

o

PW

o

.. ˆˆˆˆ
θθθθ −≅− . 

Thus, PW

b

sdistmle

o

sdistmle

b

PW

b

sdistmle

b

sdistmle

o

sdistmle

o

PW

o

sdistmle

o

PW

o θθθθθθθθθθθθ
ˆˆ)ˆˆ(ˆˆ)ˆˆ(ˆˆ ......

−=−−−≅−−−=−  and 
PW

b

sdistmle

o

PW

o

bcPW
θθθθ
ˆˆˆ ..

−+= . The same analogy holds for bias correction (2g). 

4. Empirical study 

Our empirical study follows the experiment of Pfeffermann et. al. (1998b). We generated a population 
from the model defined in (1) with parameters 10 =β , 2.02

0
=

u
σ , 5.02

=
ε

σ  and 300=M  second level units. 
The second level sizes jN  were determined by drawing at random from the normal distribution, 

( )
jj

uN
0

~exp75= , where ( )
2

0 0
,0~~

uj Nu σ , truncated below by 
0

5.1 uσ−  and above by 
0

5.1 uσ .  
The sampling design is disproportionate stratified clustered sampling with informative sampling only 

at level 1 (elementary units). At the first stage, 35=m  level 2 units are selected by probability proportional 
to size without replacement design. The measures of size are the level 2 sizes, jN . Since the sizes are not a 
function of the random intercepts, the sampling design at level 2 is non-informative. At the second stage, 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 3537 -



level 1 units in sampled level 2 unit j  are partitioned into 2 strata according to whether 0>ijε  or 
0≤ijε  and simple random sampling without replacement of sizes 2 and 7 are drawn from the respective 

strata. Therefore, the total sample sizes 
j

n  are fixed ( 9jn = ) for all level 2 units. Since the probability 

| Pr( | )i j ji s j sπ = ∈ ∈  is related to the outcome ijy , the sampling design is informative. 
The bias correction involves 2 steps: first we obtain estimates PW

oθ̂ , naive

oθ̂ and sdistmle

o

.
θ̂  for the original 

sample. Estimator sdistmle

o

.
θ̂  is obtained by fitting the sample model to the original sample and estimating the 

unknown parameters by maximizing the sample model likelihood. Bootstrap samples are then generated 
from the estimated model )ˆ( .sdistmle

osf θ  via parametric bootstrap. For each bootstrap sample b we re-estimate 
the model parameters yielding the estimates PW

bθ̂ , naive

bθ̂  and sdistmle

b

.
θ̂ . We combine the average bootstrap 

estimates with the PWIGLS (or naïve) and mle.sdist estimates for bias correction as defined by expressions 
(2a)-(2g). 

For the present population model and sampling design, the sample distribution is obtained as follows: 
for a specific level 2 unit j , let jy  denote the sample data and ),...,(

,1 jjnjj
OO=O  the strata membership 

indicators such that 1ijO =  if level 1 unit i  within level 2 unit j  belongs to stratum 1 and 2ijO =

otherwise. Hence, the joint distribution of jy  and 
j

O  (the data) given the sample inclusion indicators 
}{ ijI  is given by 
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where ),,(' 22
0 0uσσβ

ε
=ψ  is the vector of population parameters, )(⋅Φ  is the cumulative standard normal 

distribution and )|( ψy jpf  is the jn -dimensional normal population distribution of jy  with mean 

jnj 1η 0β= and variance-covariance matrix t
nnunj jjj

11IΣ 22

0
σσ

ε
+=  (

jn1  is the unit vector of length jn
and 

jnI  is the identity matrix of order jn .). 
jj y|0β

μ and 
jj y|0β

σ  are the mean and standard deviation of the 
conditional normal distribution of jj y|0β , respectively, where 
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     (4) 

Table 1 shows the mean and percent relative bias of the naïve, PWIGLS and mle.sdist (sample 
distribution) estimators and the seven bias-corrected estimates for 50 original samples and 250 bootstrap 
samples from each original sample. 

As anticipated, the naïve and PWIGLS estimators based on the original sample are highly biased, 
especially for the variance component parameters, whereas the mle.sdist estimator is almost unbiased for the 
scenario presented in this study. Standard bias-corrected estimators involving only one type of estimator 
(methods (2a), (2b) and (2c)) perform poorly with small or no reduction in the bias. On the other hand, bias-
corrected estimators that are combined with the mle.sdist estimator (corrections (2d), (2e), (2f) and (2g)) tend 
to perform well, with relative bias reduction of at least 75% when compared to the respective non-corrected 
estimators. Since bias corrections (2f) and (2g) do not require maximization of the sample likelihood for the 
bootstrap samples, they are preferred to bias corrections (2d) and (2e). Another bias correction based on 
searching the relationship between the parameter of interest and the original and the bootstrap sample 
estimates of all the model parameters is currently under investigation. This method applies the sample 
distribution theory only for generation of the bootstrap samples and does not require computation of the 
mle.sdist estimates either for original samples or for bootstrap samples. 
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Table 1. Means and relative biases of parameter estimators 

Estimator  Mean Relative Bias (%) 

Parameters Parameters

10 =β 2.02

0
=

u
σ 5.02

=
ε

σ 10 =β 2.02

0
=

u
σ 5.02

=
ε

σ

Naive 0.6882 0.6882 0.1729 -31.18 -13.53 -13.73 

PWIGLS 1.0046 1.0046 0.1668 0.46 -16.60  5.28 

Sample distribution 1.0024 1.0024 0.1963 0.24 -1.84  0.48 

Bias correction – 

Naïve estimator
      

Method (2a) 0.6879 0.6879 0.1762 -31.21 -11.88 -13.64 

Method (2b) 0.6882 0.6882 0.1770 -31.18 -11.51 -13.60 

Method (2c) 0.6883 0.6883 0.1779 -31.17 -11.05 -13.59 

Method (2d) 1.0021 1.0021 0.1949 0.21 -2.57  0.51 

Method (2e) 1.0019 1.0019 0.1953 0.19 -2.36  0.52 

Method (2f) 1.0022 1.0022 0.1996 0.22 -0.18  0.57 

Method (2g) 1.0021 1.0021 0.2002 0.21  0.09  0.59 

Bias correction – 

PWIGLS estimator
      

Method (2a) 1.0088 1.0088 0.1689 0.88 -15.54  5.26 

Method (2b) 1.0096 1.0096 0.1721 0.96 -13.97  5.45 

Method (2c) 1.0102 1.0102 0.1746 1.02 -12.70  5.58 

Method (2d) 1.0065 1.0065 0.1937 0.65  -3.16  0.40 

Method (2e) 1.0065 1.0065 0.1938 0.65  -3.09  0.40 

Method (2f) 1.0066 1.0066 0.1984 0.66 -0.78  0.46 

Method (2g) 1.0067 1.0067 0.1988 0.67 -0.62  0.46 

Number of original samples: 50; number of bootstrap samples: 250; number of sampled level 2 units: 35; 

number sampled level 1 units: 9. 
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1. Introduction

The unbalanced one-way random effects model can be generalized to more complex designs
and has proven useful to practitioners in a variety of fields, where the investigator is often interested
in interval estimation of the mean, µ, the between groups variance component, σ2

b and/or certain
functions of µ and σ2

b , e.g., El-Bassiouni and Abdelhafez (2000), Hartung and Knapp (2000), Bonett
(2002), Krishnamoorthy and Guo (2005) and the references therein.

El-Bassiouni and Zoubeidi (2008) proposed sequential procedures to construct confidence inter-
vals for σ2

b , such that the width of these intervals is less than or equal to a desired precision d, while
the probability of coverage is greater than or equal to a nominal level 1−α. They considered two-stage
sampling plans where the first stage is a balanced pilot sample consisting of n0 groups of size r0 each,
followed by a second stage consisting of n − n0 groups of size r each, where r is determined by the
pilot sample data while n is determined by a stopping rule. In this paper, we consider unbalanced
pilot samples, where each group has size ri, i = 1, . . . , n0, and develop a sequential procedure, parallel
to that of El-Bassiouni and Zoubeidi (2008) for estimating σ2

b . The performance of the proposed
procedure is also assessed under varying degrees of unbalancedness.

2. Preliminaries

Consider the unbalanced one-way random effects model

Yij = µ + τi + εij ,(1)

for j = 1, . . . , ri and i = 1, . . . , n, where µ is a scalar representing an overall fixed effect, τi, i ≥ 1,
are i.i.d. N(0, σ2

b ), σ2
b ≥ 0, random variables representing the random effects and εij , i, j ≥ 1, are

i.i.d. N(0, σ2
e), σ2

e > 0, representing the error term. Moreover, τi and εi′j are independent for all
i, i′, j. Let N =

∑n
i=1 ri, denote the total number of observations and define MSEn = SSEn/(N −n),

SSEn =
∑n

i=1

∑ri
j=1

(
Yij − Y i.

)2
, Y i. = (1/ri)

∑ri
j=1 Yij ,

S2
n =

1
n− 1

n∑
i=1

(Y i. − Y n)2 and Y n =
1
n

n∑
i=1

Y i..(2)

Under Model (1), Thomas and Hultquist (1978) showed that

S2
n

MSEn

σ2
e

σ2
b + σ2

e/r̃n

approx∼ Fn−1, N−n,(3)

where r̃n denotes the harmonic mean of r1, . . . , rn. An asymptotic (1−α)100% confidence interval for
σ2

b is (
S2

n

Fu,n
− MSEn

r̃n
,

S2
n

Fl,n
− MSEn

r̃n

)
,(4)
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whose width is given by Λn = λnS2
n, where λn = F−1

l,n − F−1
u,n, and Fl,n = Fα/2, n−1, N−n, Fu,n =

F1−α/2, n−1, N−n represent, respectively, the lower and upper 100×α/2 percentiles of the Fn−1, N−n

distribution. El-Bassiouni and Zoubeidi (2008) show that E[Λn] is asymptotically equivalent to

Θ(n, r) = z1−α/2

√
8r

n(r − 1)

(
σ2

b +
σ2

e

r

)
,(5)

where z1−α/2 is the 100× α/2 upper percentile of the N(0, 1) distribution.
Consider a two stage sampling plan where the first stage is a pilot sample consisting of n0

groups of size ri each, followed by a second stage consisting of n− n0 groups of size ri = r each. Let
SSE0 = SSEn0 , SSE1 = SSEn − SSE0,

S2
(1) =

1
n− n0 − 1

n∑
i=n0+1

(Y i. − Y (1))
2, Y (1) =

1
n− n0

n∑
i=n0+1

Y i.,(6)

S2
(0) = S2

n0
and Y (0) = Y n0 .

Remark 1 Given r, it is easily verified under Model (1) that:

(n− 1)S2
n = (n0 − 1)S2

(0) + (n− n0 − 1)S2
(1) +

n0(n− n0)
n

(
Y (0) − Y (1)

)2
,(7)

SSE0, S2
(0), Y (0), SSE1, S2

(1) and Y (1) are independent and (n− n0 − 1)S2
(1)[σ

2
b + σ2

e/r]−1 ∼ χ2
n−n0−1

and n0(n− n0)
(
Y (0) − Y (1)

)2[
n(σ2

b + σ2
e/γ)

]−1
∼ χ2

1, where γ = nrr̃n0/[n0r̃n0 + (n− n0)r].

3. A Two-Stage Sequential Procedure for Estimating σ2
b

A sequential procedure is proposed for estimating σ2
b where n and r are data dependent such that

the width of the resulting interval does not exceed a desired precision d and its coverage probability
is greater than or equal to a nominal level 1− α. The proposed procedure is described next.
Proposed Procedure

1. For the pilot sample observe Yij , for i = 1, · · · , n0 and j = 1, · · · , ri. Compute MSEn0 and S2
n0

.

2. Compute an “optimal” number of replicates per group, r, that depends on the data only through
MSEn0 and S2

n0
. One such “optimality criterion” is to minimize Θ(n, r) according to a steepest

direction approach, as outlined in El-Bassiouni and Zoubeidi (2008). This approach consists in
determining the largest r such that the decrease in Θ(n, r) in the r direction is steeper than in
the n direction. The solution is: when σ̂2

b > 0, sample groups of size r in the second stage, where
r is the smallest integer greater than or equal to the largest root of

σ̂2
b r

3 + (σ̂2
e − σ̂2

b )r
2 − (σ̂2

e + 2n0σ̂
2
e + n0σ̂

2
b )r + n0σ̂

2
e = 0.(8)

When σ̂2
b = 0, use r = 2n0 + 1.

3. Continue sampling one group at a time until the stopping time

T = inf
{
n ≥ n0 : S2

nλnln ≤ d
}

,(9)

where ln = 1 + l0/n (l0 > 0) is a damping factor used to correct for the underestimation of the
nominal confidence level.
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4. After stopping, estimate σ2
b using the interval(

S2
T

Fu,T
− MSET

r̃n
,

S2
T

Fl,T
− MSET

r̃n

)
.(10)

Let n∗(r) denote the solution to Θ(n, r) = d. Then,

n∗ ≡ n∗(r) =
8rz2

1−α/2

d2(r − 1)

(
σ2

b +
σ2

e

r

)2

.(11)

The following proposition shows that, conditional on S2
n0

and MSEn0 , the number of groups, T , is of
the same order of magnitude as n∗(r) and that T is asymptotically normally distributed, as d → 0.

Proposition 1 Let r be a function of S2
n0

and MSEn0. Then, given S2
n0

and MSEn0, the stopping
time T defined in (9) satisfies, as d → 0,

T

n∗(r)
−→ 1 w.p.1 and

T − n∗(r)√
n∗(r)

L−→ N(0, 8).(12)

Proof of Proposition 1: Using Remark 1, (7) can be re-written as

(n− 1)S2
n = (n0 − 1)S2

n0
+
(
σ2

b + σ2
e/r

) [(n− n0 − 1)S2
(1)

σ2
b + σ2

e/r
+

n0(n− n0)
n(σ2

b + σ2
e/γ)

(
Y (0) − Y (1)

)2
]

+
n0(n− n0)2(r − r̃n0)σ

2
e

r0rn2(σ2
b + σ2

e/γ)

(
Y (0) − Y (1)

)2
,

=
(
σ2

b + σ2
e/r

)
(n− n0)Wn−n0 +

(
σ2

b + σ2
e/r

)
(n− 1)Gn,

where Wn−n0 is the average of n− n0 i.i.d χ2
1 random variables and Gn is a linear transformation of

a χ2
1 random variable. The proof continues as in Proposition 1 in El-Bassiouni and Zoubeidi (2008).

Next we present the main result of this section.

Theorem 1 Let r be a function of MSEn0 and S2
n0

, then

lim
d→0

Pr

[
S2

T

Fu,T
− MSET

r̃T
≤ σ2

b ≤
S2

T

Fl,T
− MSET

r̃T

]
≥ 1− α,(13)

and the confidence interval (10) has width less than or equal to d.

The proof of Theorem 1 is based on the proof of Theorem 1 in El-Bassiouni and Zoubeidi (2008) and
Remark 1.

4. Simulation Results

A Monte Carlo simulation study was conducted to evaluate the proposed sequential proce-
dure when the sample size ranges from moderate to large, under varying degrees of unbalanced-
ness. The simulation parameters were set as follows: µ = 0, σ2

e = 1, σ2
b = 0.1, 1 and 9, d/σ2

b =
0.25, 0.50, 0.75, 1.00, n0 = 6, 10, r0 = 5, l0 = 0, 2 and α = 0.05. To introduce unbalancedness in the
pilot sample, the number of replicates, ri (i = 1, . . . , n0), was generated from the binomial distribution
with parameters r0 and 1− δ, where δ = 0.1, 0.2, 0.5. Let r∗ denote the smallest integer greater than
the largest root of (8) where σ̂2

b and σ̂2
e are replaced by σ2

b and σ2
e , respectively. Also, let N∗ represent

the “optimal” total sample size based on the steepest direction approach, i.e. N∗ = r∗ × n∗(r∗).
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In each simulation setting, the procedure was started by determining r as described in Step 2 of
Section 3. Then, T was sequentially determined from (9), and the confidence interval was computed
from (10) based on T . This process was repeated 1000 times to yield the following statistics: the
average group size, r, the average number of groups, T , the average sample size, N , the percentage
of waste due to oversampling, %waste = 100 × (N −N∗)/N∗, the estimated probability of coverage p,
and the ratio of the average observed width to the nominal width, d/d.

Table 1 gives the results for the two settings (n0 = 6, r0 = 5, δ = 0.5, l0 = 2) and (n0 = 10,
r0 = 5, δ = 0.5, l0 = 0). The results for the other settings were omitted to save space. It can be
easily verified that the ratio T/n∗ converges to 1, as d → 0, in line with Proposition 1, and that the
relative error of T was small to moderate, i.e., | T − n∗ | /n∗ ≤ 0.19, except when δ = 0.5 and σ2

b is
fairly small relative to σ2

e , in which case the relative error of T could be as high as 0.44. Also, the
relative error of r was small, i.e., | r − r∗ | /r∗ ≤ 0.10, except when σ2

b is fairly small relative to σ2
e ,

in which case the relative error of r could be as high as 0.27. The width ratio d/d, has increased to 1
as d → 0, indicating that the average observed width d is close to the nominal width d, for all cases
considered. Moreover, the estimated probability of coverage p is seen to be consistent with Theorem
1. Comparing the waste results indicates that the least oversampling is obtained by using (n0 = 6,
r0 = 5, δ = 0.5, l0 = 2) whenever σ2

b is smaller than σ2
e , and using (n0 = 10, r0 = 5, δ = 0.5, l0 = 0)

otherwise.

Table 1: Simulations of 95% confidence intervals for σ2
b

when µ = 0, σ2
e = 1 and the number of replicates is Binomial(5, 0.5).

n0 = 6, r0 = 5, δ = 0.5, l0 = 2 n0 = 10, r0 = 5, δ = 0.5, l0 = 0

σ2
b

d r T %waste d/d p r T %waste d/d p

9.0 9.000 4.09 50.13 9.58 0.934 0.944 4.38 47.20 4.98 0.980 0.966

9.0 6.750 4.07 83.41 6.20 0.962 0.952 4.38 77.93 3.40 0.988 0.943

9.0 4.500 4.08 180.26 3.11 0.981 0.958 4.43 172.10 5.43 0.995 0.968

9.0 2.250 4.05 701.67 1.97 0.996 0.978 4.42 675.98 6.51 0.999 0.972

1.0 1.000 6.03 65.16 19.13 0.947 0.950 7.23 59.68 11.91 0.980 0.944

1.0 0.750 6.03 107.95 14.84 0.968 0.946 7.30 96.41 9.95 0.988 0.944

1.0 0.500 6.00 230.52 13.19 0.986 0.972 7.32 207.79 13.45 0.996 0.958

1.0 0.250 5.87 896.87 9.94 0.997 0.962 7.23 798.32 11.72 0.999 0.961

0.1 0.100 9.33 229.59 17.28 0.977 0.941 13.65 178.17 34.97 0.984 0.922

0.1 0.075 9.05 405.10 12.92 0.990 0.943 13.72 286.06 24.89 0.996 0.941

0.1 0.050 9.16 863.37 8.88 0.996 0.945 14.01 584.79 16.29 0.999 0.943

0.1 0.025 9.34 3306.26 6.41 0.999 0.964 14.21 2157.21 9.74 1.000 0.947
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Introduction

Partial least squares (PLS) regression is an extension of the multiple linear regression model. It is
a technique that generalizes and combines features from principal component analysis (PCA) and
multiple regression. It is particularly useful when we need to predict a set of dependent variables from
a (very) large set of independent variables (i.e., predictors).
PLS regression has been used in various disciplines such as chemistry, economics, medicine, psychol-
ogy, and pharmaceutical science where predictive linear modeling, especially with a large number of
predictors, is necessary. PLS enable us to adjust models in situations of high multicolinearity which
are quite common in macroeconomics.
In this paper we study the relations between and within two groups of countries. In the first group
we consider the 15 countries that belong to the European Union (EU) in 2003 and in the second we
have the 10 which got into the EU in 2004.
PLS models were constructed separately for both classes and we compare the results obtained by the
software SIMCA-P+.

1 Partial Least Squares

As pointed out by Abdi (2003), PLS is a method that allows the relationship between a pair (X,Y) of
matrices to be modeled. Matrix X and Y will contain the values of controlled and of the dependent
variables. This relations is expressed through the latent variables which are linear functions of the
controlled variables. These new variables are used to summarize X and to predict Y. The “engine”
of the PLS procedure is the non-linear iterative PLS (NIPALS) algorithm, see Wold (1985). This
algorithm and some of it’s extensions are described in detail in Tenenhuns (1998). We point out that
since the expressions of the latent variables are obtained the influence of the controlled variables can
be expressed and their relative importance may be assessed. PLS can thus be very useful in finding
out, from that initial batch the relevant controlled variables.
Let X and Y be the matrices of values for the k controlled and the d dependent variables. PLS adjusts
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latent variables through successive maximization of the

(1) cov(Xh−1ah,Ybh) = cov(Xh−1a,Yh−1b) = cov(Xa,Yh−1b),

where

(2) Xl = X−
l−1∑

j=1

1
‖tj‖2

tjtt
jX, l = 1, . . .

where tj = Xj−1aj , j = 1, . . ., under the restrictions ‖aj‖ = ‖bj‖ = 1, j = 1, . . . . The tj , j = 1, . . .

will be the vectors of values for the latent variables, leading to adjusted models

(3) Y = TCt,

where T = [t1, . . . , th] and C = [c1, . . . , ch]. Since the t1, . . . , th are mutually orthogonal we will have,
see Tenenhaus (1998), pp.135-140,

(4) cj =
1

‖tj‖2
Yttj , j = 1, . . . , h.

The number of components, t1, . . . , th, retained is usually determined by the cross validation criteria:
Residual Sum of Squares (RSSh) and Prediction Error Sum of Squares (PRESSh), see Tenenhaus
(1998).

2 Case study

2.1 Variables and countries grouping

In this study we consider 23 social, economic and demographic variables: Area (Km2); Agricultural
Area (ha); Population; Populacional density; Proportion of population between 15-64; Gross Domestic
Product (GDP); Education, %GDP; I&D, % GDP; I&D, % GDP (Superior education); I&D, % GDP
(enterprize); FBCF, % GDP; Final consumption families, % GDP; Medics for 100000 inhab; Hospital
beds for 100000 inhab; Inflation rate; Unemployment rate; Variation of the employment; Variation
of the cost of work; Poverty Index; Gini - inequality wage distribution; Inddes - inequality index;
Proportion of graduates until 29 years; Proportion of students in the levels 5 and 6.

These variables were observed from 1990 to 2005 in 25 countries of the European Union and this type
of data is summarized in Figure 1.

Figure 1: The form of the data set.

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 3546 -



We grouped the 25 countries in two groups to compare the most relevant characteristics. In the first
we consider the 15 countries of the EU in 2003 and in the second the 10 countries which got into the
EU in 2004. We will apply separately lagged PLS to these two groups to find out some diferences or
similarities between and within the groups.

2.2 Results

We present the results from the software SINCA-P+ separated by groups. We first present the group
with the 15 countries of the European Union in 2003 and then the group of the new 10 countries. For
the first group we retain 7 components with 78.2% of cumulative proportion of variance explained and
for the second we have to retain 10 components with 84.6% of explained variance.
In the Figure 2 and Figure 3 we present the scores and the loadings for the first two components on
the first and second groups, respectively. These two components explained about 41.7% and 29.7% of
the variance in the original data set, respectively.
The score plot show the possible presence of outliers, similarities and other patterns in the data. It
is a map of the observations. With this two-dimensional score plot, SIMCA-P+ draws the tolerance
ellipse based on Hotelling’s T 2. Loading plot show which parameters are correlated and responsible
for the distribution in the score plot. Position in the loading plot correspond to the score plot things
far away from center has large impact and close to the center has low.

Figure 2: Scores (on the left) and loadings (on the right) of the first 15 countries of the EU in 2004.

By the analysis of Figure 2 we have an evolution by the year and we find the Mediterranean countries
(Spain, Portugal, Greece and Italy) in the top of the score plot and the nordic countries on the bottom
of the same plot. On the loading plot of Figure 2 we can observe some differences between countries.
In the second quadrant of this plot we have the variables associated to the more developed countries
(nordic countries) as “GDP”, “hospital beds” and applications on the education and I&D. In the
fourth quadrant we have the indexes of the poverty, inequality, agricultural area and unemployment
associated to the less developed countries of the 15, the Mediterranean countries.
In the Figure Figure 3 we also have the evolution by year and analyzing the score plot it seams
that Malta and Cyprus (the countries on the bottom) and Poland (in the top) are quit different of
the others. By the analysis of the loading plot we can explain the differences of Poland because of
the size (two of the important variables on the fourth quadrant are “area” and “population”). The
variables more important in the second quadrant are “GDP” and “population density” which made
the difference between the pair (Malta, Cyprus) and the other countries.
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Figure 3: Scores (on the left) and loadings (on the right) of the 10 countries that got into the EU in
2004.

3 Conclusions

There is a time trend among the countries, but without PCA or PLS is not very easy to see.
In the group of the first 15 countries of European Union we have a difference between the Mediterranean
countries (without France) and the nordic countries, the more developed. And in the group of the
next 10 countries that get in the European Union we also have a difference between Mediterranean
countries (Malta and Cyprus) and the others.
If we compare the two groups using the score and loading plots of all the countries we have the nordic
countries, Malta and Cyprus associated to the variables “GDP” and I&D investments. The rest of
the countries are associated to indexes of the poverty, inequality, unemployment and inflation rate.
The group of the 25 countries is much more homogeneous.
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ABSTRACT

Partial least squares (PLS) regression generalize and combines features from principal component
analysis and multiple regression.

PLS regression may be used to carry out simultaneous adjustment in situations of high mul-
ticollinearity, which are quite common in macroeconomics. A central point in the method is the
introduction of the controlled variables without displaying multicollinearity. In this paper we study
the European Union integration. In the study of European Union economic integration we had social,
economic and demographic variables observed from 1990 to 2005 in the 25 countries of the European
Union in 2005. We aim to compare the differences between and within the two groups of countries: the
first 15 in the European Union and the next 10 countries which got into the EU in 2004. PLS models
were constructed separately for both classes and for all the countries and we compare the results.

Keywords: PLS regression, cross-validation criteria, European Union, economical data.
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Introduction

In linear regression analysis the regression coefficient vector β is estimated using sample obser-
vations y and X = (x1, . . . , xp) and solving the optimization problem

β̂
ls

: argmin
{

(y − ŷ)′(y − ŷ)
}

, for y = Xβ and β ∈ Rp.(1)

This results from the solution of the normal equations var(X) β = cov(X,Y ), for the set of predictors
X = (X1, . . . , Xp) and the response variable Y . The variance and the covariance between the random
vectors is denoted by var(X) and cov(X,Y ). Two major objectives in regression analysis is to
construct models with good predictive performance and to provide model estimates which are relatively
easy to interpret. Good prediction is commonly measured by means of a loss function L(y, ŷ), while
given the final model interpretation comes in sight in order to draw conclusions about the individual
model components and to validate the final estimates.

Modern statistical practice often requires analyzing data sets with a large number of recorded
variables, these are commonly highly correlated. In such cases inflated variance invalidates model
estimates, while the resulting overfitted models have low predictive power on new observations. Reg-
ularization techniques introduce bias in the final estimates, yet they importantly reduce estimates
variance and they stabilize prediction. This is done by shrinking the regression coefficients.

Partial Least Squares (PLS) regression is a regularization regression method that uses orthogonal
derived components as predictors in the regression problem (see Höskuldsson, 1988; Helland, 1988).
These are linear combinations of the original variables. PLS regression regularize the regression
problem by retaining in the final model a few m-components instead of numerous interrelated p-
variables. Therefore PLS methods are perfectly suited for regression problems in high dimensional
data sets (see Helland, 2001).

PLS regression uses conjugate gradients, so that optimization takes place over a sequence of
subspaces of increasing dimension, these are Krylov subspaces (see Phatak and de Hoog, 2001). PLS
truncates the least squares solution on the first m conjugate gradient directions, so that for A = X ′X
and b = X ′y, the PLS coefficient on dimension m is given as

(2) β̂
pls

m = W m (W ′
m AW m)−1 W ′

m b, with W m = (w1, . . . ,wm).

The conjugate gradient vectors w1, . . . ,wm span the Krylov space Km( b, A ), and the PLS regression
solution is therefore a Krylov solution, that is

(3) β̂
pls

m : argmin
{

(y − ŷ)′(y − ŷ)
}

, for y = Xβ and β ∈ Km( b, A ),
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In contrast to similar methods such as principal components which are based solely on the variance
covariance structure of X, PLS include the response vector Y in the maximization problem through
b; see expression (2). The final PLS solution is therefore a non-linear function of Y .

Due to the latter, and despite the excellent predictive performance of PLS regression models,
these are very hard to interpret. The regression coefficient vectors have a large number of elements
with no statistical interpretation. Many of these often represent noise. Given the dimensionality of the
regression problem, importance and significance cannot be relied upon inspection of single covariates,
but rather there are subsets of predictors with strong neighboring effects. These subsets often have
a small impact on the response and it is not unrealistic to believe that a relatively small number of
these have an important effect on the response.

It is necessary therefore to provide a method for PLS that shrinks the statistically non important
coefficients towards zero. We do that by shrinking towards zero coefficients which are safely regarded
to represent noise. We adaptively shrink the PLS regression coefficient vector while retaining a Krylov
approximation so that the final solution is a PLS-type solution. The latter is carried out by precon-
ditioning the conjugate gradients. Our principal objective is to recover solutions which are easier to
interpret, without losing much of PLS good prediction performance.

Preconditioning and PLS regression

Preconditioning is a powerful numerical technique commonly used to reduce the number of it-
erations in subspace iterative methods and to accelerate convergence. Conjugate gradients generate
sequence of approximate solutions retrieved from Krylov subspaces. The performance of conjugate
gradient methods in iterative subspace methods can be improved by the use of preconditioning. This
is achieved by preconditioning Krylov subspaces. By that we mean premultiplying or/and postmulti-
plying the linear system Aβ = b by a non singular matrix, say M′, and solving the new system

(4) M′ Aβ = M′ b.

using Krlylov subspace approximations by means of conjugate gradients. Note that in numerical
analysis the use of M−1 instead of M′ for the preconditioning matrix is used. This is mainly justified
by the fact that one should search for a matrix which approximates the inverse of A and ease the
numerical problem. In our case we use M′ to emphasize on the statistical operation since we essentially
use the rescaled variable M ′X rather than X, so that the normal equations in (4) correspond to
M ′ var(X) M β = M ′ cov(X,Y ) Ip. This will simplify the PLS regression model interpretation and
will reveal statistical importance for the predictors. In what follows we briefly discuss numerical,
implementation, and statistical aspects of the proposed method.

Numerical aspects

Preconditioning techniques may be adequately implemented in the framework of PLS regression.
This stems from the fact that the instruments of the PLS regression algorithm, that is the weight and
the score vectors as well as the regression coefficient vector, lie in Krylov spaces. PLS regression
can therefore approximate solutions using preconditioned Krylov subspaces. The preconditioned PLS
regression coefficient vector, indicated from now on by the suffix ?, can be expressed according to
β̂

?

m = K?
m(K? ′

m AK?
m)−1 K? ′

m b, for K?
m a non-singular matrix composed by (w?

1, . . . ,w
?
m). It is not hard

to show that these vectors span the preconditioned Krylov space, and the link between PLS regression
and preconditioning techniques for Krylov spaces stems from the following proposition.

Proposition 1 Let M be a p × p non-singular and symmetric matrix, and define the matrix Ã =
M′ A and the vector b̃ = M′ b. An orthogonal basis to solve the PLS regression problem is given by
K?

m = (w?
1, . . . , w

?
m) for which : span(w?

1, . . . ,w
?
m) = Km( Ã, b̃).
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The use of preconditioning to improve the interpretation of the final solution can be better understood
in the following context. Consider the system in (4) and let M = diag( m1, . . . , mp) with the scalar
diagonal element mj denoting the relative importance of the jth predictor variable. Solve the system
above iteratively by means of the preconditioning matrix M, and use s to indicate the current iteration
number. The preconditioned system can be equally solved following M′ A M β̃ = M′ b. The matrix
M′ AM is symmetric and the system is solved in terms of the transformed coordinates β̃ with the
original coefficient vector being recovered as β = M β̃. Letting the iteration parameter s enter the

system, we solve iteratively M′ (s) A M(s) β̃
(s)

= M′ (s) b , with β̃
(s)

the sth iterative solution on the
transformed coordinates system. The expression for the system above makes the link between the
proposed method and the solution of the normal equations for the rescaled random variable M ′X, as
seen earlier in this work. This is now done iteratively by approximating the final solution through
Krylov subspaces.

It is straightforward to see that the proposed solution is now simply expressed according to
β̂

?

m = W ?
m (W ? ′

m AW ?
m)−1 W ? ′

m b , making the link to the Helland implementation for PLS regression
(Helland, 1988). It can be then expressed in terms of the original weight vector’s matrix W according
to

(5) β̂
?

m = M
[
W m (W ′

m M′ A M W m)−1 W ′
m M′ b

]
= M

˜̂
β

?

m,

where the vector ˜̂
β

?

m is the solution to the transformed system with preconditioners given by M′ A M

and M′ b. The Helland implementation for PLS regression is used in the following order : for s = 1 the
PLS regression is run without preconditioning (that is with mj = 1 for all j = 1, . . . , p), while for s ≥ 2
the Helland algorithm for PLS regression is run using preconditioning and subspace approximation m.
The Helland implementation benefits from the fact that it is direct and fast since neither score nor
loading vectors are computed. Data deflation is also avoided. The interpretation for the final solution
is straightforward since it solves

argminβ ∈ K(eb,eA)
‖y −X β‖, for m ≤ p.

The NIPALS algorithm operates on dimension n rather than p which turns out to be very
advantageous in n << p applications. By using the term NIPALS we essentially refer to the orthogonal
scores PLS regression algorithm (see Wold et al., 1983) which emerged from the Nonlinear Iterative
Partial Least Squares method presented in Wold (1975).

Extending the proposed algorithm on the NIPALS is straightforward. For each extracted di-
mension m in the NIPALS algorithm we extract the X-weight vector according to w?

m ∝ M′X ′
m−1 y,

and the corresponding score vectors are then obtained as t?
m ∝ Xm−1 w?

m. We run the usual PLS
regression algorithm based on w?

m and t?
m which compose the matrices W ?

m and T ?
m, respectively.

The preconditioned NIPALS algorithm retains all good PLS regression properties such as compo-
nents orthogonality, orthogonal decomposition of X and reduction to a bidiagonal form (for details see
Kondylis, 2006). Moreover for the preconditioned NIPALS algorithm the following Corollary holds :

Corollary 1 For Ã = M′ A and b̃ = M′ b, the space spanned by the weight vectors w?
m is given by

span(w?
1, . . . , w

?
m) = Km( b̃, Ã), while the final coefficient vector β̂

?

m lies in Km( b̃, Ã).

Implementation and statistical aspects

Implementation and statistical aspects do concern how statistical importance for the predictors
should be captured. The RIF (Relative Importance Factors) given by mj for j = 1, . . . , p should be
therefore introduced. Regardless the numerical implementation the RIF reflect statistical importance,
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and they build the preconditioning matrix M. They should be easily computed and should have a
clear statistical interpretation. Recall that PLS is not scale invariant since covariance depends on
scale of Xj , for j = 1, . . . , p. We exploit from this fact in order to shrink coefficients using statistical
relevance on prediction and association between predictors and response through the RIF. These are
computed according to

(6) M = diag ( m1, . . . , mp ), for mj ∝
m∑

k=1

|wj,k| .

They measure the association between the response y and the (residual) predictors for all the ex-
tracted dimensions up to dimension m. They are cheap to compute since they arise directly from the
weight vectors in the PLS regression algorithm. In order to avoid arbitrariness on its values, they
are rescaled to one. Note that the RIF may be equally rewritten as mj =

∑m
k=1 | cov(Xj,k−1, Y ) |,

shifting to a statistical interpretation of the proposed measure, and the new direction vectors have
cj = cov(M ′Xj , Y ). Hence, the PLS algorithm and its good statistical properties are preserved. The
introduction of the random vector M is only used in order to scale the variance-covariance structure
in var(X).

Further implementation and statistical aspects concern mainly the stopping rule for the proposed
iterative algorithm, and how the RIF are used in order to stop iterations and declare statistical
importance. Furthermore, statistical aspects concern the dimension reduction and the prediction
performance for the proposed methods, which will be also seen. Finally, the theoretical findings will
be tested on real data sets, and experience from simulated data will provide more insight on the
properties of the proposed method.
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ABSTRACT

This paper aims to contribute to a better understanding of Partial Least Squares (PLS) and likelihood
(ML) estimators’ properties, through the comparison and evaluation of these estimation methods for
structural equation models with latent variables based on customer satisfaction data. Although PLS
is a well established tool to estimate structural equation models, more work is still needed in order to
better understand its properties and relative merits when compared to likelihood methods. Despite the
controversy over these two estimation techniques, their complexity makes any analytical comparison
very difficult to be made. Therefore it constitutes a fertile ground for conducting simulation studies.
The present paper continues the research of Vilares, Almeida and Coelho (2007), which has compared
PLS and ML estimators using Monte Carlo simulation within three different frameworks (symmetric
data, skewed data and formative blocks). This paper includes two different simulations. The first one
is conducted in a context of symmetric data and reflective blocks. In the second simulation, conducted
in the context of skewed response data and reflective blocks. Note that this latter simulation includes
the typical framework of customer satisfaction measurement.Both simulations are conducted for the
following sample sizes and . The goal of the study is to compare the relative performance of the
PLS and ML estimators for different sample sizes in presence of symmetric and asymmetric data. We
found evidence supporting the use of PLS as a preferred choice over ML methods especially when
using asymmetric data and when the sample sizes are small, situations that are typical in marketing
research framework.

Keywords. PLS, Covariance-Based, Maximum Likelihood, Monte Carlo Simulation, ECSI, Customer
Satisfaction Models, Structural Equation Modeling.
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1 Introduction

In most demographic applications apart form the samples, some information of the relationship of
explanatory variable with the dependent variables are known from the population level data, obtained
as for example from census, registration system, etc. However, with the increasing popularity of
likelihood based methods, over the years more and more emphasis has been placed on estimation
from sample data alone, with the information from complete enumeration procedures ignored in this
estimation. Clearly the population level information contains valuable information for statistical
analysis whose inclusion can lead to statistically more accurate estimates and better inference.

The use of both sample and population information within the framework of likelihood principles
and more specifically for generalized linear models has been proposed by Handcock, Huovilainen,
and Rendall (2000). In Handcock, Rendall, and Cheadle (2003) the methodology has been further
developed. They express the population level data as (usually non-linear) functions of the model
parameters and use them as restrictions to the likelihood. The maximum likelihood estimates can
then be obtained by maximizing the likelihood function under the population level constraints. The
method can be implemented using any of the widely available procedures for numerical optimization
with equality constraints. It also known that the estimates are asymptotically normal, unbiased. An
explicit form of the Hessian at the parameter estimates can also be thus obtained. Further one can
show analytically that the standard error of the parameter estimates are guaranteed to be smaller
compared to those with no population restriction. However, non-linear equality constraints are in
general numerically difficult to compute and the constraints time-consuming to code in applications
involving multiple population level restrictions and even moderate numbers of regressors.

In this note we introduce an alternative method to combine the population level information
with the sample observations based on the method empirical likelihood. This is a 2-step method similar
to that of Hellerstein and Imbens (1999), who conducted a 2-step GMM estimation. In the first step,
new sample weights are computed such that the population expectation of the dependent variable
given a subset of the explanatory variables is reproduced in the re-weighted sample. This population
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expectation is known from population-level data. In the second step, unconstrained estimation is
conducted using the weights from the first step. The asymptotic standard errors can be computed
from their analytic expressions.

2 Application and Data

The relationship of first childbearing to age and other covariates is modeled using a combination of
sample data from the Panel Study of Income Dynamics (PSID, Hill 1992) and population data on first
childbearing by age only from NCHS, compiled by Schoen (2003). The sample data are person-years
of exposure to first childbearing from 1986 to 1997 at ages 17 to 30, with additional covariates for
marital status, marital duration, and standard socio-economic variables available in panel data such as
race/ethnicity, education, and earnings. The population data are age-specific first-birth probabilities.
The shape of the first-birth probability function with age is complex, attaining an early peak at age 20
and second, higher peak at age 28 (see Figure 1(a) below). Such a function is difficult to model with
sample data only, as it is not easily amenable to a parametric specification as, for example, using a
polynomial representation of birth by age. The sample data, moreover, are too sparse for a statistically
reliable non-parametric estimation of the birth-by-age function. The application is therefore one for
which the population information may be especially useful in deriving an estimated relationship of
births by age and other covariates.

3 Methodology

Suppose Y is the indicator of the birth, Im is the indicator of marriage, I j is the indicator for the
jth age, j = 17, 18, ..., 30. Also let D denote the marital duration. We ignore other covariates in this
exposition. We fit a logistic regression model with canonical link to the data, specified as

(1) log it(yi = 1|X = x) = β0 + βmIm +
30∑

j=18

βjI
j + βDD + βD2D2.

We use empirical likelihood based methodology to incorporate the age-specific first birth rates obtained
from the population level information in fitting a weighted logistic regression to our data.

In the first step, we derive sample weights that result in age-specific first-birth probabilities
from the weighted sample matching those of the population probabilities. We find the weights wi,
i = 1, 2, ..., n for each sample point such that wi ≥ 0, i = 1, 2, ..., n,

∑n
i=1 wi = 1, which maximize

(2)
n∏

i=1

nwi � log

(
n∏

i=1

nwi

)
�

n∑
i=1

log(nwi)

The calculation of the maximizing weights depends on the (logistic) functional form (1) between
Y and the explanatory variables and on the population level information through the additional re-
strictions imposed on the optimization problem. Without these extra constraints (2) is maximized for
wi = n�1, for all i = 1, 2, ..., n.

The restrictions imposed by the model in (1) are through its score functions, which are known
to have zero expectation.

Suppose (yi, I
m
i , Ij

i , j = 17, ..., 30, di) be the observations in the sample, i = 1, 2, ..., n. By
defining

(3) ϑi = β0 + βmIm
i +

30∑
j=18

βjI
j
i + βDdi + βD2d2

i
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the constraints on the weights wi through the score is given by

n∑
i=1

wi {yi � �(ϑi)} = 0.(4)

n∑
i=1

wiI
j
i {yi � � (ϑi)} = 0, j = m, 18, ..., 30,(5)

n∑
i=1

wid
k
i {yi � � (ϑi)} = 0, k = 1, 2(6)

where � is the mean function of the logistic model.
Suppose for j = 17, 18, ..., 30, φj denote the age-specific first birth rates. Then assuming that

φj was obtained without any sampling error we can assume that for j = 17, 18, ..., 30

(7) E
(
IjY

)
= φj .

From (7) the constraints imposed on the weights by the population level information are given by

(8)

n∑
i=1

wiI
j
i yi

n∑
i=1

wiI
j
i

= φj , j = 17, 18, ..., 30,

which for each j may be simplified to

(9)
n∑

i=1

wiI
j
i (yi � φj) = 0.

In most of the cases the model parameters can be estimated fairly easily through a two step estimation
procedure. In the first step of the procedure we maximize (2) for the non negative weights w ′

i,
i = 1, 2, ..., n s.t.

∑n
i=1 w′

i = 1 and the linear equality constraints in (9) are satisfied. The second step
is to compute the vector of parameter estimates β̂. They can be readily obtained from a weighted
logistic regression with w′

i as weight for the ith observation for i = 1, 2, ..., n. The first step only
involves maximizing (2) with linear equality constraints. This has been studied in details by Owen
(2001) and Chen, Sitter and Wu (2002). Instead of solving the primal problem both solve the dual one.
This by itself reduces the constraints to linear inequality constraints. Moreover by defining a convex
pseudo-logarithmic function (Owen, 2001) over the whole space, one can maximize (2) unconstrained.

The alternative and more general procedure is to get the parameter estimates through a nested
two step maximization, where the outer maximization is unconstrained and the inner one is constrained
by linear constraints given in (9). The analytic expression of the standard errors are also known. The
two step as well as the nested estimation has been implemented in an R package named glmc which
is available on CRAN.

4 Results

The performance of the constrained logistic regression model as described above can be compared with
the unconstrained logistic regression using the sample data only. The plot in figure 1(a) compares the
age-specific first birth rates predicted by the constrained and the unconstrained regression procedure
with the known population values of the same. It is clear that the age-specific first birth rates predicted
by the constrained model are exactly equal to the population values. Thus these predicted first birth
rates drop slightly for age 21, 22 and 23, which is also seen in the population. On the other hand
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Figure 1.
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(a) The population, constrained, unconstrained and sample age specific first birth rate, (b) Constrained and

unconstrained estimated model coeffiecients, (c) their standard errors.

the values of the age-specific first birth rates predicted by the unconstrained model are same as the
age-wise proportion of first births observed in the sample. Thus they vary unsystematically and are
not close to the population values.

The main advantage of putting the constraints based on the population level information is in
the reduction of standard error of the model parameters. This in turn allows for a non-parametric
function of age (indicator variables for each single-year age) to be used in the estimation.

The standard errors are much lower for all variables in the constrained model (see Figure 1(c))
than the unconstrained model. The reduction is substantial for the intercept (related to the indicator
for age 17) and age indicators. The standard errors about the other, unconstrained covariates (marital
status and marital duration) are slightly below those of the unconstrained model. A theoretical
explanation for this phenomenon is given in Handcock et al (2003).
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1. Introduction

Suppose we have data (x, y) whose unconditional distribution is given by f(y|x, θ)g(x), where
f(y|x, θ) is a regression model representing the conditional distribution of y given x, and g is the
unconditional density of x, assumed not to involve θ. The goal is the estimation of θ. If the data are
sampled from this joint distribution, no difficulties arise: the function g does not enter the likelihood
calculations for the estimation of θ. On the other hand, if the probability an individual is selected in
the sample depends on y (the response-selective case), then things are not so simple and g must be
included in the analysis.

In a series of papers, Wild (1991) and Scott and Wild (1997, 2001) have developed a methodology
to handle this latter case, in which the function g is treated non-parametrically. This avoids the need
to explicitly model g, which may be difficult if the number of covariates is large. Their method can
be applied to a variety of response-selective sampling methods, including simple and stratified case-
control studies. The method also permits the incorporation of supplementary prospective samples
from the joint distribution of (x, y) or the marginal distribution of x.

In the present paper, we describe the Scott-Wild approach and demonstrate the efficiency of
their estimators in a simple way.

2. The Scott-Wild approach to generalized case-control studies

Suppose that the population is divided into K disjoint strata, on the basis of an individual’s
response and possibly some of the covariates. We imagine that our data are gathered as follows:
First, we prospectively sample n1 individuals, and measure the response and sufficient covariates to
determine their stratum membership. Suppose n

(k)
1 of the n1 sampled in this first stage fall in stratum

k, for k = 1, . . . ,K. At the second stage, for each stratum k, a simple random sample of size n
(k)
2 is

taken from the n
(k)
1 individuals sampled in the first phase, and the remaining covariates are measured.

These data are possibly augmented by a further n3 observations taken from the joint distribution of
(x, y), and n4 from the the unconditional distribution of x.

The density of x and y conditional on being a member of stratum k is

Ik(x, y)f(y|x, θ)g(x)/Qk, k = 1, . . . ,K,(1)

where Qk =
∫ ∫

Ik(x, y)f(y|x, θ)g(x) dx dy, f(y|x, θ) is the conditional density of y given x, g is the
marginal density of x and Ik is a stratum indicator. It is also convenient to introduce the notation
Qk(x, θ) =

∫
Ik(x, y)f(y|x, θ) dy, so that Qk =

∫
Qk(x, θ)g(x) dx. Thus, Qk(x, θ) is the probability an

individual with covariate vector x will be in stratum k, and Qk is the unconditional probability that
an individual will be in stratum k.

This general formulation covers a variety of special cases. These include the simple case-control
study, two-stage case-control studies (White, 1982), reusing data from case-control studies (Lee, Mc-
Murchy and Scott, 1997, Jiang, Scott and Wild, 2006), case-augmented sampling (Lee, Scott and Wild,
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2006), family studies (Neuhaus, Scott and Wild, 2002), missing data problems (Lawless, Kalbfleisch
and Wild, 1999) and the analysis of survival and reliability data (Hu and Lawless, 1996).

As explained in Scott and Wild (2001), the non-parametric MLE for this problem is the solution
of the estimating equations

∂l∗

∂θ
= 0,

∂l∗

∂ρ
= 0(2)

where

l∗(θ, ρ) =
∑
A

log f(y|x, θ)−
∑
B

log
{ K∑

k=1

µ
(n)
k (ρ)Qk(x, θ)

}
+

K∑
k=1

(n(k)
1 − n

(k)
2 ) log Qk(ρ).(3)

In (3), A and B are two sets of observations that change with the application, ρ is a (K − 1)–vector
parametrising an abitrary set of probabilities Qk, and µ

(n)
k (ρ) = n1 + n3 + n4 − (n(k)

1 − n
(k)
2 )/Qk(ρ).

Thus, for the purposes of estimation, we can treat l∗ as if it were an ordinary log-likelihood. This also
extends to the estimation of standard errors: we can consistently estimate the covariance matrix of θ̂

by the θθ block of the “pseudo information matrix” (J∗)−1, where

J∗ = − ∂2l∗

∂φ∂φT

and φT = (θT , ρT ). It can be shown that the asymptotics are unchanged if the data are gathered
according to an alternative scheme, where the second stage data are independent samples from the
conditional distributions (1). This enables the calculation of the asymptotic variance as

(I∗θθ − I∗θρ(I
∗
ρρ)

−1I∗ρθ)
−1,

where I∗ = plim− ∂2l∗

∂φ∂φT is partitioned as

I∗ =

[
I∗θθ I∗θρ

I∗ρθ I∗ρρ

]
.

3. Information bounds for the independent sample case

3.1 The information bound - general case. Suppose we have J independent populations. Observations
on population j are distributed with density pj(x, θ, η), where θ is a k-dimensional parameter and η

is an infinite-dimensional parameter. We have a sample of size nj from population j, and nj/n → wj ,
where n = n1 + · · ·+ nJ .

Every regular asymptotically linear estimate1 θ̂ of θ has an asymptotic variance that satisfies
Avar(θ̂) ≥ B , where B is the information bound, defined by the equation

B−1 =
∑
j

wjEj [l∗j l
∗
j
T ](4)

where Ej denotes expectation with respect to pj , and l∗j is the efficient score, given by

l∗j =
∂ log pj(x, θ, η̂(θ))

∂θ
.

The quantity η̂(θ) is the least favourable distribution, the maximiser over all η of the expected log-
likelihood ∑

j

wjEj [log pj(x, θ, η)].(5)

1See Bickel et al. (1993) for a definition of this concept.
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See Newey (1994) for more details. Thus, any estimate whose asymptotic variance coincides with the
information bound is efficient.

3.2 The information bound for generalised response-selective studies. Now, we apply the theory of
Section 3.1 to regression models for data obtained by various forms of response-selective sampling. The
theory does not apply to the two-stage sampling scheme, but it does to the alternative, independent
scheme. We consider asymptotics where nj/N → wj , j = 1, 3, 4, and n

(k)
2 /N → w

(k)
2 , k = 1, . . . ,K

where N = n1 +n3 +n4 +
∑K

k=1 n
(k)
2 . We also denote the true values of θ, g and Qk and by θ0, g0 and

Qk0.

In this case, the infinite-dimensional parameter is the density g of the covariates, and the ex-
pected log-likelihood (5) takes the form

K∑
k=1

w1E[Zk log Qk] +
K∑

k=1

w
(k)
2

{
Ek[log Ik(X, Y )f(Y |X, θ)] + Ek[log g(X)]− log Qk

}
+ w3E[log{f(Y |X, θ)g(X)}] + w4E[log g(X)].(6)

In (6), Zk is a stratum indicator, having value 1 if a randomly chosen individual is in stratum k, and
zero otherwise, and Ek and E denote expectation with respect to the conditional distribution of x

given the stratum, and the joint distribution of x, y respectively. The least favourable distribution
turns out to be

g(x, θ, ρθ) =
Q∗(x)g0(x)∑

k µk(ρθ)Qk(x, θ)
,

where µk(ρθ) = w1 + w2 + w3 − (w1Qk0 − w
(k)
2 )/Qk(ρθ), Q∗(x) =

∑K
k=1

w
(k)
2

Qk0
Qk(x, θ0) and Qk(ρθ)

satisfies the equation

Qk(ρθ) =
∫

g(x, θ, ρθ)Qk(x, θ) dx.

The efficient scores can be calculated explicitly and the information bound B is given by

B−1 = w1E

{
K∑

k=1

Zk
∂ log Qk(ρθ)

∂θ

} {
K∑

k=1

Zk
∂ log Qk(ρθ)

∂θ

}T


+
K∑

k=1

w
(k)
2 Ek

[{
∂ log{f(x|y, θ)g(x, θ, ρθ)}

∂θ
− ∂ log Qk(ρθ)

∂θ

}
×

{
∂ log{f(x|y, θ)g(x, θ, ρθ)}

∂θ
− ∂ log Qk(ρθ)

∂θ

}T
]

+ w3E

[{
∂ log{f(x|y, θ)g(x, θ, ρθ)

∂θ

} {
∂ log{f(x|y, θ)g(x, θ, ρθ)

∂θ

}T
]

+ w4E

[{
∂ log g(x, θ, ρθ)

∂θ

} {
∂ log g(x, θ, ρθ)

∂θ

}T
]

(7)

After some algebra, (7) reduces to

B−1 = I∗θθ − I∗θρ(I
∗
ρρ)

−1I∗ρθ.(8)

so the information bound coincides with the asymptotic variance of the Scott-Wild estimator, and,
in the case of independent samples, the estimator is fully efficient. Since the asymptotic distribution
of θ̂ under two-stage sampling is identical to that under independent sampling, the estimator is fully
efficient under two-stage sampling as well.
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ABSTRACT

Regression models which relate a response or outcome (often binary, indicating the presence or
absence of disease) to a set of covariates are an important tool in epidemiology. Outcome-dependent
sampling, where the probability an individual is included in the study depends on the individual’s
outcome, can substantially increase the efficiency of studies involving rare outcomes. The ubiquitous
case-control study is the most common type where the probabilities of inclusion are different for the
case and controls. However, many other types exist, such as two-stage studies. Here, a random sample
is taken at the first stage and the response and certain, usually cheap, covariates are measured. At the
second stage, a sub-sample from the first stage sample is chosen using response selective sampling, and
further, more expensive covariates are measured on the sub-sample. In other variations, an additional
random sample is taken from the population and observations on this sample are used to augment the
data from the two-stage sample.

In this paper we describe a general class of studies which includes all the above cases, and discuss
how to calculate non-parametric maximum likelihood estimates of the regression model parameters in
this general situation. Finally, we demonstrate the efficiency of these estimates.
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1 Introduction

We dispose of m independent random samples xi1, . . . , xini with probability densities gi(x) = dGi(x),
i = 1, . . . ,m respectively. We consider the following semiparametric density ratio model

(1) gi(x) = w(x, θi)gm(x), i = 1, . . . ,m− 1,

where w is a known positive function and θk, k = 1, . . . ,m − 1 is a vector of parameters with finite
dimension equal to d. All the m densities functions are assumed unknown but are related, however,
through a tilt (or distorsion) which determines the difference between them.
Recently, Cheng, K.F. and Chu, C.K. (2004), Fokianos, K. (2004) and Qin, J. and Zhang, B. (2005)
estimated the m unknown densities in two steps, using the combined data from all the samples, hence
taking the information contained in all samples into account. First, applying the empirical likelihood
method to model (1), then, using a kernel density estimator.
The aim of this contribution is to give further results when using semiparametric projection density
estimation. We give pointwise asymptotic expressions for the bias and variance of the proposed
estimator and some numerical results.

2 Semiparametric Projection Density Estimators

Consider the m samples with corresponding densities that satisfy equation (1), let n :=
∑m

i=1 ni

be the total sample size and consider the empirical likelihood based on the pooled data {xij , j =
1, . . . , ni, i = 1, . . . ,m}

(2) L(θ, Gm) =


n1∏

j=1

p1jw(x1j , θ1)




n2∏
j=1

p2jw(x2j , θ2)

 . . .

nm∏
j=1

pmj ,

where pij := dGm(xij) and θ = (θt
1, . . . , θ

t
m−1)

t is a (m− 1)d−vector. Maximization of equation (2) is
carried out by following a profiling procedure, whereby first we express each pij in terms of θ

pij(λ, θ) =
1
n

1
1 +

∑m−1
k=1 λk{w(xij , θk)− 1}

,

(where λ := {λk, k = 1, . . . ,m− 1} is the vector of the Lagrange multipliers) and then we substitute
the pij back into the likelihood to produce a function l(θ). So θ̂ = arg sup l(θ) and p̂ij = pij(θ̂, λ̂) (see

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 3563 -



Fokianos (2004) for asymptotic properties of θ̂).
We turn now to the question of semiparametric density estimation. We suppose that for l = 1, . . . ,m,
the l−th sample admits the density gl with respect to µ such that gl ∈ L2(µ), where µ is a finite
measure. Let (ej)j∈N∗ be some orthonormal basis in the separable infinite-dimensional Hilbert space
L2(µ). The classic projection density estimator for gm =

∑∞
j=1 ajej is

(3) gmnm
=

knm∑
j=1

aj,nmej ,

where (knm) is a truncation index sequence such that knm ≤ nm, (knm) ↑ ∞ and knm
nm

→ 0 when
nm ↑ ∞ . aj,nm = 1

nm

∑nm
i=1 ej(xmi) is the unbiased estimate of the j−th Fourier coefficient aj . We

assume throughout the paper that the basis (ej)j∈N∗ is uniformly bounded. Our modified projection
density estimator of gm (see Aubin, J.-B. and Leoni-Aubin, S. (2007)) is then

(4) ĝmn =
kn∑
j=1

âj,nej , with âj,n :=
m∑

i=1

ni∑
l=1

p̂ilej(xil).

where (kn) is such that kn ≤ n, (kn) ↑ ∞ and kn
n → 0 when n ↑ ∞.

Aubin, J.-B. and Leoni-Aubin, S. (2007) show that if (ej)j∈N∗ is such that the decrease of Fourier
coefficients of gm is strong enough, then the Asymptotic Mean Integrated Square Error (AMISE) of
the estimator defined in (4) can be smaller than the one obtained by the kernel estimation method,
both in the cases of classic and semiparametric density estimation (see Cheng, K.F. and Chu, C.K.
(2004), Fokianos, K. (2004) and Qin, J. and Zhang, B. (2005)).
We give a possible choice for the truncation index kn in practice. We want to find an optimal kn

(i.e., which minimizes an estimation of the Mean Integrared Square Error (MISE)). The basic idea is
the following: if we state that MISE(kn) is a strictly convex function (a reasonable condition) which
attains its minimum in kopt

n , then, the quantity ∆(kn) := MISE(kn + 1)−MISE(kn) increases with
kn, and kopt

n = min{kn : ∆(kn) ≥ 0}. We empirically estimate ∆(kn) by

∆̂(kn) :=
m∑

i=1

 ni

ni − 1

ni∑
l=1

p̂ilekn+1(xil)−
1
ni

ni∑
j=1

p̂ijekn+1(xij)

2− â2
kn+1,n.

So, a natural data-based choice of kn is

(5) k̂opt
n :=

{
inf{kn ≤ K : ∆̂(kn) ≥ 0}
K if ∆̂(kn) < 0,∀kn ≤ K, where K ≤ n is chosen by the user.

The following theorem gives pointwise asymptotic expressions for the bias and variance of the proposed
estimators in semiparametric and classic cases.

Theorem 2.1 Under classical regularity conditions (see hypotheses in Fokianos (2004), Theorem 1),
for the same truncation index kn, if ∃l < m such that nl 6= 0 and if

√
n

∑
j>kn

aj →∞, we have

E(ĝmn(x)) =
∑
j>kn

ajej(x) and V ar(ĝmn(x)) =
∫

p(y)

 kn∑
j=1

ej(y)ej(x)

2

gm(y)dµ(y)+ o

(
kn

n

)

E(ḡmnm
(x)) =

∑
j>kn

ajej(x) and V ar(ḡmnm
(x)) =

∫
1

nm

 kn∑
j=1

ej(y)ej(x)

2

gm(y)dµ(y)+o

(
kn

n

)
,

where ∀ y, p(y) = 1
nm+

∑m−1
l=1 nlw(y,θl)

< 1
nm

.

This result shows that ĝmn(x) has the same amount of bias but it is les variable than the classical
projection density estimator ḡmnm

(x).
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3 Applications

This Section deals with finite sample performance of different density estimators (projection and ker-
nel, semiparametric and classic).
We consider orthonormal trigonometric and Legendre bases defined on [−1, 1]. So, we have to trans-
form our data in such a way that the support of the transformed data is included in [−1, 1]. For
the sake of simplicity, we take Sn := [min(xij),max(xij)] in the semiparametric case and Snm :=
[mini(xmi),maxi(xmi)] in the nonparametric case. So, we linearly transform the data, we estimate the
density over [−1, 1] and make the inverse transformation to obtain the final estimator.
One of the drawbacks of the projection estimators of probability densities with respect to kernel
ones is that they can take negative values. To avoid this problem, we consider a slightly modified
estimator ĝ

(1)
mn such that ∀x ∈ S, ĝ

(1)
mn(x) := max (0, ĝmn(x)) , renormalized in the following way:

∀x ∈ S, ĝ
(2)
mn(x) := ĝ

(1)
mn (x)∫

ĝ
(1)
mn (t)dt

. ĝ
(2)
mn seems to be a better candidate to estimate gm since it is itself a

density.
For projection density estimators, we choose the truncation index kn according to procedure in (5),
with K = 7. Such a K is large enough to allow a real choice of kn, small enough to save computational
time.
For kernel density estimators, we consider classic kernel estimators and semiparametric kernel estima-
tors presented in Cheng, K.F. and Chu, C.K. (2004), Fokianos, K. (2004) and Qin, J. and Zhang, B.
(2005). Selection of the smoothing parameter is carried out by the empirical estimation of the optimal
value given in Proposition 1, Part (b) in Fokianos, K. (2004) or in Theorem 2, Part (b) in Qin, J. and
Zhang, B. (2005). We employ a standard Gaussian kernel and we take Sn in the semiparametric case
and Snm in the nonparametric case.
Our working model is that densities g1(t) and g2(t) are related by

(6) g1(t) = g2(t) exp{θ1 + θ2t}.

We consider in this study two different cases (see Qin, J. and Zhang, B. (2005), Section 5). First,
we assume that g1(t) is the density function of a N (µ, 1) distribution and g2(t) is the standard
normal density function, so that model (6) holds with θ1 = −µ2

2 and θ2 = µ. Then, we assume that
g1(x) = 1

µ exp−x
µ is the density function of an 1

µE( 1
µ) distribution and g2(x) is the density function of

an E(1) distribution, so that model (6) holds with θ1 = − log µ and θ2 = 1− 1
µ .

Here we aim to estimate in the first case the standard normal density and in the second case the
standard exponential density.
In our simulations, we consider µ = 0.25, 0.5, 0.75, 1, 1.25, 1.5 in the normal case and µ = 1.25, 1.5,
1.75, 2, 2.25, 2.5 in the exponential case. For sample sizes of n1 = n2 = 100 and each value of µ, we
generate 500 independent sets of combined random samples (x1, . . . , xn2 , y1, . . . , yn1) from the N (0, 1)
and N (µ, 1) distributions in the normal case (respectively from the E(1) and 1

µE( 1
µ) in the exponential

case).
Our purpose is twice. First, we want to compare ĝ2n to g2n2

by examining their MISE. Then, we
want to estimate performances (in the semiparametric and nonparametric (classic) cases) of the six
following estimators: projection estimators on Legendre projection basis, projection estimators on
trigonometric projection basis, kernel estimators.
Let ǧ2 be an estimator of the density g2. The value of the MISE(ǧ2) is empirically approximated by
the sample average of the (estimated) Integrated Square Error ÎSE(ǧ2) over the 500 data sets.
Here, given each data set, we approximate empirically ISE(ǧ2) =

∫
(ǧ2 − g2)

2 dµ by the quantity
ÎSE(ǧ2) = Smax−Smin

ρ

∑ρ
i=0 (ǧ2(ρi)− g2(ρi))

2, where ρ = 200, S = [Smin, Smax] is the interval support
on which estimate the density and ρi = Smin + i

ρ(Smax−Smin). This computation procedure is applied
to each studied estimator.
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Legendre Trigonometric Kernel

g2n2
24.3 (31.6) 7.0 (6.4) 8.6 (8.0)

µ

ĝ2n
0.25 23.1 (37.3) 4.4 (3.7) 6.1 (8.4)
0.5 21.1 (36.5) 4.6 (3.7) 6.2 (8.5)
0.75 16.4 (32.1) 4.8 (3.6) 5.9 (7.6)
1 12.6 (25.9) 5.5 (6.9) 6.6 (7.5)
1.25 9.2 (17.3) 5.9 (7.5) 6.9 (8.0)
1.5 8.2 (14.0) 7.0 (11.8) 6.9 (8.0)

Table 1: 103·Mean (standard deviation) of ISE(g2n2
) and ISE(ĝ2n2

) in the “normal case”.

Legendre Trigonometric Kernel

g2n2
12.7 (14.4) 92.8 (22.7) 43.4 (19.0)

µ

ĝ2n 1.25 5.8 (6.8) 104.6 (20.9) 34.7 (12.9)
1.5 5.8 (6.4) 124.0 (27.1) 35.8 (12.8)
1.75 5.8 (5.6) 136.4 (28.2) 37.6 (14.7)
2 5.2 (5.5) 151.4 (32.9) 38.1 (15.6)
2.25 5.7 (5.5) 169.5 (37.5) 39.9 (14.5)
2.5 6.1 (5.5) 186.0 (41.9) 42.6 (17.1)

Table 2: 103·Mean (standard deviation) of ISE(g2n2
) and ISE(ĝ2n2

) in the “exponential case”.

In the “normal case”, Table (1) shows that (semiparametric) estimators ĝ2n are always superior to the
standard (nonparametric) corresponding ones g2n2

in terms of MISE. The best of them seems to be the
trigonometric projection estimator, often well-adapted when g2(Smin) ≈ g2(Smax). In the “exponen-
tial case”, summarized in Table (2), semiparametric estimators obtain smaller ISEs than the classic
associated ones. Nevertheless, this result doesn’t hold true when we consider trigonometric projection
estimators: an explanation can dwell in the fact that, in this particular case, the trigonometric basis
is not well-adapted since the density to estimate is far from satisfying g2(Smin) ≈ g2(Smax). So, such
a projection basis should not be chosen in this case.
We underline that these results are not in contradiction with asymptotic properties of the estimators.
These empirical results show that usually the semiparametric density estimator achieves a smaller
MISE than that of the corresponding nonparametric one. Moreover, if the projection basis is suit-
able, the semiparametric projection estimator related to this basis obtains a lower MISE than those
obtained by the semiparametric kernel estimator.
Further numerical results will be presented in the oral communication.
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Université catholique de Louvain, Institut de statistique
Voie du Roman Pays, 20
B-1348 Louvain-la-Neuve, Belgium
E-mail: segers@stat.ucl.ac.be.

1 Regularly varying time series

A stationary d-dimensional time series {Xt : t ∈ Z} is said to be regularly varying (at infinity) with
index α > 0 if for every integer k ≥ 1 and 1 ≤ i1 < · · · < ik the kd-dimensional random vector
(Xi1 , . . . ,Xik) is regularly varying of index α. It turns out that every discrete-time stationary process
{Xt} in Rd which is regularly varying has the property that the distribution of the process given ‖X0‖
is large tends to a limit, called the tail process, namely the following theorem holds and is proved in
Basrak and Segers (2007) (for the case of Markov processes see Perfekt (1994)).

Theorem 1 Let {Xt : t ∈ Z} be a stationary process in Rd and let 0 < α < ∞. If {Xt} is regularly
varying with index α, then there exists a process {Yt : t ∈ Z} in Rd with Pr(‖Y0‖ > y) = y−α for
y ≥ 1 such that for all nonnegative integers s and t and as x→∞,

L(x−1X−s, . . . , x
−1Xt | ‖X0‖ > x) d→ L(Y−s, . . . ,Yt).

The process {Yt : t ∈ Z} in Theorem 1 is called the tail process of the stationary time series
{Xt : t ∈ Z}. In general, the tail process is itself not stationary, but it has a number of remarkable
properties. The following corollary for instance follows directly from the definition of the tail sequence
(see Basrak and Segers (2007)).

Corollary 2 For the process {Yt : t ∈ Z} in Theorem 1, the random variable ‖Y0‖ is independent of
{Θt : t ∈ Z}, where Θt = Yt/‖Y0‖.

Set Mi,k = maxt=i,...,k ‖Xt‖ and Mk = M1,k. It is well known (see Leadbetter and Rootzén
(1988) or Segers (2006)) that under certain mixing conditions the extremal index θ of the sequence
(‖Xt‖) exists and can be found as a limit

θ = lim
n→∞ kn Pr(Mrn > an)

for some sequence (rn) in N such that rn →∞, and kn = �n/rn	 → ∞ as well. The extremal index is
also the limit of Pr(M2,tn ≤ an|‖X1‖ > an) for an appropriately chosen sequence of integers tn →∞
with tn = o(n). From the last relation, we obtain the characterization of the extremal index θ using
the tail chain from Theorem 1 (cf. Perfekt (1994))

θ = Pr(sup
k≥2
‖Yk‖ ≤ 1).(1)
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Recall that the regular variation of the random vector X means that

Pr(x−1X ∈ ·)
Pr(‖X‖ > x)

v→ μ(·) as x→∞,

where v→ denotes the vague convergence of measures on [−∞,∞]d \ {0}, and the measure μ has the
property that μ({x : ‖x‖ > u,x/‖x‖ ∈ · }) = u−α Pr(Θ ∈ · ), 0 < u < ∞, for a random vector Θ
with values in Sd−1. In the sequel we need the following multivariate version of Breiman’s lemma (see
Basrak et al. (2002)): assume that A is a random k×d matrix, independent of X. If 0 < E‖A‖γ <∞
for some γ > α then as x→∞

Pr(x−1AX ∈ ·)
Pr(‖X‖ > x)

v→ μ̃(·) := E(μ ◦A−1(·)),(2)

where v→ denotes vague convergence in [−∞,∞]k \ {0}.
Let {Zt : t ∈ Z} be a k-dimensional stationary time series. Assume that the time series is

regularly varying with index 0 < α < ∞ and tail process {Yt : t ∈ Z}. Denote Θj = Yj/‖Y0‖ and
recall that {Θt : t ∈ Z} is independent of ‖Y0‖. Second, let {At : t ∈ Z} be a stationary sequence of
random d× k matrices, independent of {Zt}. Define

Xt = AtZt, t ∈ Z.(3)

The process {Xt} is a d-dimensional stationary time series. It arises as the result of applying the
random linear maps At to the original time series Zt. On Rd we consider an arbitrary norm, and
on Rd×k we work with the operator norm corresponding to the norms chosen on Rk and Rd. If
Pr(A0Θ0 �= 0) > 0 (with A0 and Θ0 independent), and if there exists β > α such that E[‖A0‖β] <∞,
then the process {Xt} is regularly varying of index α as well (cf. Resnick and Willekens (1990)).
Moreover, for every integer t ≥ 0 and every bounded and continuous function f : (Rd)t+1 → R,

lim
x→∞E[f(x−1X0, . . . , x

−1Xt) | ‖X0‖ > x](4)

=
1

E[|‖A0Θ0‖α]

∫ ∞

0
E[f(yA0Θ0, . . . , yAtΘt)1(‖A0Θ0‖ > 1/y)] d(−y−α)

with (A0, . . . ,At) independent of (Θ0, . . . ,Θt). By the regular variation of (Xt) and the definition of
the tail sequence we obtain the following

Corollary 3 Under the assumptions above the extremal index of the sequence {‖Xt‖} can be obtained
as

lim
t→∞ lim

x→∞Pr(‖X1‖ ≤ x, . . . , ‖Xt‖ ≤ x | ‖X0‖ > x)

=
E[supt≥0 ‖AtΘt‖α]− E[supt≥1 ‖AtΘt‖α]

E[‖A0Θ0‖α]
.

2 Multivariate moving averages with random coefficients

Consider a multivariate finite order moving average process with random coefficients, namely a process
{Xt : t ∈ Z} in Rd such that

Xt =
m∑

i=0

Ci(t)ξt−i;(5)

here {ξt : t ∈ Z} is a sequence of independent and identically distributed random (column) vectors
in Rq and {Ci(t) : i = 0, . . . , m; t ∈ Z} is an array of random d × q matrices, independent of {ξt};
when indexed over t ∈ Z, the d × q × (m + 1) dimensional process (C0(t), . . . ,Cm(t)) is assumed to
be stationary. The process {Xt} is clearly stationary too. We make the following assumptions:
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(M1) The distribution of ξ0 is regularly varying of index α and with spectral measure L(Θ).

(M2) There exists β > α such that E[‖Ci(0)‖β] <∞ for i = 0, . . . , m.

(M3) For Θ as in (M1) and independent of {Ci(t)}i,t, at least one of the random vectors Ci(0)Θ,
i = 0, . . . , m is not degenerate at the origin.

For integer t, define

Zt = (ξ′t, . . . , ξ
′
t−m)′, At = (C0(t), . . . ,Cm(t));

Zt is a random (column) vector of length k = (m + 1)q and At is a random matrix of dimension
d × k. The processes {Zt} and {At} are again stationary and independent of each other. Moreover,
the process Xt in (5) has representation as in (3),

On Rk ∼= (Rq)m+1, consider the norm ‖(x0, . . . ,xm)‖ = ‖x0‖ ∨ · · · ∨ ‖xm‖ constructed from the
norm on Rq which was fixed before. The corresponding operator norm on Rd×k ∼= (Rd×q)m+1 is given
by ‖(C0, . . . ,Cm)‖ = ‖C0‖ ∨ · · · ∨ ‖Cm‖, constructed in the same way from the operator norm on
Rd×k.

For i = 0, . . . , m, let ei be the k × q matrix given by

ei = (0, . . . ,0, Iq,0, . . . ,0)′,

where 0 and Iq represent the zero and identity matrices of dimension q × q, respectively, and the
identity matrix Iq appears at position i. For integer i such that i < 0 or i > m, let ei be the zero
matrix of dimension k × q.

By assumption (M1), there is a positive random variable Y with distribution Pr(Y > y) = y−α

for y > 1 and a q-dimensional random (column) vector Θ independent of Y , such that ‖Θ‖ = 1 with
the following property: L(x−1ξ0 | ‖ξ0‖ > x) d→ L(Y), x → ∞ where Y = Y Θ. Since the vectors ξt,
t ∈ Z, are independent and identically distributed,

L(x−1Z0 | ‖Z0‖ > x) d→ L(eMY), x→∞,

with Y as above and with a random variable M uniformly distributed on {0, 1, . . . , m}, independent
of Y; note that eiY is a column vector of length k = (m + 1)q all the entries of which are zero except
those from position iq + 1 until iq + q, which coincide with the entries of Y. In the same way, for
positive integer s and t,

L(x−1Z−s, . . . , x
−1Zt | ‖Z0‖ > x) d→ L(Y−s, . . . ,Yt), x→∞

where Yj = eM+jY, j ∈ Z. In particular, Yj = 0 for integer j such that |j| > m; this follows from
the fact that the process {Zt} is m-dependent. Since ‖eiΘ‖ = ‖Θ‖ = 1 for i = 0, . . . , m, the spectral
decomposition of the tail process of Yj is just

Yj = Y Θj with Θj = eM+jΘ, j ∈ Z.

The tail process of {Xt} now can be obtained from (4). Note that, for integer t ≥ 0,

AtΘt = (C0(t), . . . ,Cm(t))eM+tΘ = CM+t(t)Θ

under the convention that Ci(t) = 0 for integer i with i < 0 or i > m. In particular from (2), we have

lim
x→∞

Pr(‖X0‖ > x)
Pr(‖Z0‖ > x)

= E[‖A0Θ0‖α] = E[‖CM (0)Θ‖] =
1

m + 1

m∑
i=0

E[‖Ci(0)Θ‖α].
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Finally, from (4), we derive that for bounded and continuous f : (Rd)t+1 → R,

lim
x→∞E[f(x−1X0, . . . , x

−1Xt) | ‖X0‖ > x]

=
1∑m

i=0 E[‖Ci(0)Θ‖α]

×
m∑

i=0

∫ ∞

0
E[f(yCi(0)Θ, . . . , yCi+t(t)Θ)1(‖Ci(0)Θ‖ > 1/y)] d(−y−α).

Of particular interest is the extremal index of the real-valued process {‖Xt‖}, which by Corol-
lary 3 is given by

lim
t→∞ lim

x→∞Pr(‖X1‖ ≤ x, . . . , ‖Xt‖ ≤ x | ‖X0‖ > x)

=
∑m

i=0 E[supt≥0 ‖Ci+t(t)Θ‖α]− E[supt≥1 ‖Ci+t(t)Θ‖α]∑m
i=0 E[‖Ci(0)Θ‖α]

.

Since (C0(t), . . . ,Cm(t)) is stationary when indexed over t ∈ Z, the numerator on the right-hand side
is a telescoping sum, whence, finally,

lim
t→∞ lim

x→∞Pr(‖X1‖ ≤ x, . . . , ‖Xt‖ ≤ x | ‖X0‖ > x) =
E[maxi=0,...,m ‖Ci(i)Θ‖α]∑m

i=0 E[‖Ci(0)Θ‖α]
.

Further, under our assumptions point processes theory for weakly dependent sequences applies
(e.g. see Leadbetter and Rootzén (1988) or Davis and Mikosch (1998)) to show that the clusters of high
level exceedances for the process {Xt} are spaced in time according to a homogeneous Poisson process
but the size of the clusters is random and follows the distribution which can be again expressed in terms
of the tail sequence. Similar structure of clusters has been obtained previously for some univariate
Markovian models (e.g. see de Haan et al. (1989)).
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Let {Xi} be a sequence of random variables with common distribution function G satisfying

G(x) := 1−G(x) = P (X1 > x) = x−RL(x), x > 1,(1)

where L is a slowly varying function at infinity and R is a positive constant.
The problem of estimating R or related tail indices has received considerable attention and

common applications may be found in a big variety of domains, as for example in economics, applied
finance, insurance, business, industry, telecommunications, traffic, geology and sociology. Several
estimators for R or 1/R have been proposed in the literature.

One of the most commonly used estimators for 1/R is the Hill estimator (1975), given by

Ĥ(kn) =
1
kn

kn∑

i=1

log Xn−i+1,n − log Xn−kn,n,

where X1,n ≤ X2,n ≤ . . . ≤ Xn,n denote the order statistics of the sample X1, X2 . . . , Xn and kn is a
sequence of positive integers satisfying

1 ≤ kn < n, lim
n→∞ kn = ∞ and lim

n→∞ kn/n = 0.

The asymptotic properties of Ĥ(kn) have been much studied. In the independent context, it
is well known that, under some regularity conditions, Ĥ(kn) is strongly consistent with asymptotic
normal distribution when properly normalized.

Based on least squares considerations, Schultze and Steinebach (1996) proposed three estimators,
denoted by R̂1(kn), R̂2(kn) and R̂3(kn), for the tail coefficient R, in the i.i.d. case.

Brito and Moreira Freitas (2003) have introduced a geometric-type estimator of R, R̂(kn), which
is related to the least square estimators R̂1(kn) and R̂3(kn) and defined by

R̂(kn) =

√√√√√√
∑kn

i=1 log2(n/i)− 1
kn

(∑kn
i=1 log(n/i)

)2

∑kn
i=1 log X2

n−i+1,n − 1
kn

(∑kn
i=1 log Xn−i+1,n

)2 .

These authors established its consistency and asymptotic normality in the i.i.d. case. Here, we
consider the important question of relaxing the independent condition in the problem of estimating
the tail coefficient R of the family (1).
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We recall the strong-mixing condition for a stationary sequence {ξi}:

α(l, (ξi)) := sup { | P [A ∩B]− P [A]P [B]| :
A ∈ F j

1{ξi}, B ∈ F∞j+l+1{ξi}, j > 1
}
→ 0

as l →∞, where Fs
r {ξi} denotes the σ-field σ{ξi : r ≤ i ≤ s} and F∞r {ξi} the σ-field σ{ξi : i ≥ r}.

In this work we establish the consistency of the geometric-type estimator R̂(kn) for strictly sta-
tionary sequences satisfying mixing conditions adapted to this context. Namely, the role of l will be
played by adequate sequences rn, as it is usual in Extreme Value Theory, while ξi will be appropriate
functionals of the r.v.’s Xi (see Hsing (1991)).
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Recall that a distribution function F is in the domain of attraction of a max-stable law Gγ if

there exist two sequences an > 0 and bn such that

lim
n→+∞

Fn(anx + bn) = Gγ(x),

for all x ∈ R and the limit law Gγ can be written in the following way

Gγ(x) :=

{
exp

{−(1 + γx)−1/γ
}

1 + γx > 0 if γ 6= 0

exp{−e−x} x ∈ R if γ = 0
.

Usually, in this case, we say that the distribution function F belongs to the domain of attraction of

a max-stable law Gγ . There are several continuous and discrete distribution functions that do not

belong to the max-stable domain of attraction, such as the Von Misès distribution function given by

F (x) = 1 − exp(−x − 1
2 sin x), for x > 0.

Instead of considering n random variables, Grinevich (1992, 1993) and Pancheva (1993)

considered mn random variables, where {mn} is a non decreasing sequence that satisfies the following

geometric growing condition

lim
n→+∞

mn+1

mn
= r ≥ 1.

Those authors proved that if there exist real constants an > 0 and bn such that

lim
n→+∞

Fmn(anx + bn) = Gγ,ν(x),

for all continuity points of Gγ,ν then the limit law is as follows

Gγ,ν(x) :=

{
exp

{−(1 + γx)−1/γν(log(1 + γx))
}

1 + γx > 0 if γ 6= 0

exp{−e−xν(x)} x ∈ R if γ = 0
,

where ν is a positive, bounded and periodic function with period p. This larger class of possible limiting

distributions is known as the class of max-semistable distributions. So, this new class includes non

degenerate limiting distributions for the maxima of independent and identically distributed random

variables with either discrete or multi-modal continuous distributions which are not extreme value

distributions, like the Von Misès distribution function.

Comparing with max-stable and max-semistable distributions we can see that Gγ,ν extends Gγ

by the inclusion of the factor ν(log(1 + γx)) in the exponent. As a result of this the QQ-plot of Gγ,ν

against GEVγ presents a log-periodic movement around a straight line.
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Figure 1: QQ-Plot of G0.5,ν against G0.5

Statistical inference in max-semistable laws has been done in Dias et al. (2006) and Dias and Canto e

Castro (2006), and is mainly based on the estimation of the parameter r = ep/γ . In fact, denoting by

Xi,n the i-th ascending order statistic of a sample of size n and by k := kn an intermediate sequence

(that is, kn is an integer sequence such that kn → +∞ and kn/n → 0, as n → +∞), Temido (2000)

proved that the sequence of statistics

Zs(k) :=
Xn−[k/s2],n − Xn−[k/s],n

Xn−[k/s],n − Xn−k,n

converges to ecp if s = rc, where c is a positive integer. For other values of s, the trajectory of Zs(k)

has an oscillatory behaviour.

These results allow us to prove that if s = rc, c ∈ N, then the following sequences of statistics converge

in probability to some constant, namely,

• Rs(k) :=
Zs2(k)

(Zs(k))2
P−→ 1, n → +∞;

• P̂s(k) := log (Zs(k))
P−→ log ac = cp, n → +∞, if γ 6= 0;

• γ̂s(k) :=
log (Zs(k))

log s

P−→γ, n → +∞.

Based in these results Dias and Canto e Castro (2006) proposed estimators for the parameters r, p

and γ. The estimation of r is based on a heuristic method that uses the sequence of statistics Rs(k)

and proposes as an estimate for r the value

r̂ = mode

{
arg max

s=1.1,(0.1),3.0
Bs(ǫ), ǫ = 0.01, (0.01), 0.1

}

where

Bs(ǫ) :=
1

t

t∑
i=1

1I
{k(i)

∈An:|Rs(k(i))−1|<ǫ}(k
(i))

(that is, Bs(ǫ) is the percentage of time that the sequence of statistics Rs spends in a ǫ neighborhood

of 1), An = {k(1), k(2), ..., k(t)} is a set of suitable values of k and t = #An.

Having obtained an estimate of r, we can use as an estimate of p

p̂ =




1
k

∑
k∈An

P̂r̂(k) if γ 6= 0

log r̂ if γ = 0
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and if γ 6= 0 we can estimate γ by

γ̂ = log p̂/r̂.

The characterization of the max-semistables laws established in Canto e Castro et al. (2004) was used

in the estimation of high quantiles. This characterization allows the following representation of the

max-semistable laws (assuming, without loss of generality, some conditions about the location and

scale of G)

− log(− log G(sm + amx)) = m log r + y(x), ∀ x ∈ [0, 1], m ∈ Z

where y : [0, 1] → [0, log r] is a non decreasing function, right continuous and continuous at x = 1,

and sm = (am − 1)/(a − 1) if a 6= 1 or sm = m if a = 1. The parameters γ and the period p of the

function ν are related with the parameters a and r in the following way:

• p = log a = γ log r if γ 6= 0;

• p = log r if γ = 0.

To use this characterization in applications it was necessary a previous estimation of the function y

which was done in Dias et al. (2006).

Still in the scope of the statistical inference in max-semistable models, in Dias (2006) a Cramér-von

Mises type test was developed with the propose of clarifying if a given distribution function can be

classified as belonging to the max-stable or max-semistable domain of attraction.

The applicability of the max-semistable laws to real data has been defended by Huillet et al. (2000)

which argues that variables with these distribution functions can appear as the maximum of an

independent and identically distributed sequence of a Poissonian number of “local events” (that

is, a clustering of “micro-events”) with different scales. Those authors also relate these laws with

max-selfsimilarity. On the other side, some authors from which we detach Sornette (1998), in their

study of laws with discrete scale invariance had pointed out the appearance of models with a

log-periodic behaviour and they refer its application to physics data related with turbulence and

seismology, and to financial data (Saleur et al. (1996), Saleur and Sornette et al. (1996), Pisarenko

et al. (2003), Pisarenko and Sornette (2004)).

In seismology it is usual to model seismic moments with the well known Gutenberg-Richter law

that coincides with the Pareto distribution. Pisarenko et al. (2003) showed that there are

deviations from the Gutenberg-Richter law only on the tail, that is, for large magnitudes. Later,

in Pisarenko et al. (2004), a statistical test was applied to the seismic moments of shallow

earthquakes (h ≤ 70 km) in subduction zones and showed evidences that there are deviations from

the Gutenberg-Richter law elsewhere, that is, in whole the distribution. Furthermore, those authors

suggest that the deviations indicate the existence of log-periodic oscillations for the seismic moments.

We used the theory mentioned above to try to fit a max-semistable law to the seismic moments of

shallow earthquakes in subduction zones.
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1 Introduction

Suppose that X = {Xi = (Xi,1, . . . ,Xi,D), i ∈ Z} is a (strictly) stationary stochastic process

in R
D with univariate marginal distribution Fd(x) = exp{−x−1} for x > 0, d = 1, . . . ,D. Let

X̃ = {X̃ i = (X̃i,1, . . . , X̃i,D), i ∈ Z} be the associated D-variate sequence of i.i.d. random vectors

with the same marginal distribution and let Mn = (maxn
i=1 Xi,1, . . . ,maxn

i=1 Xi,D), and M̃n similarly,

be the sequences of componentwise maxima. Further, assume that for any sequence un = nx we have

lim
n→∞

P (Mn ≤ un) = exp{−µ([0,x]c)} = G(x),

lim
n→∞

P (M̃n ≤ un) = exp{−µ̃([0,x]c)} = G̃(x),

where we denote by µ and µ̃ the exponent measures as in Resnick (1987). Then, for v = x
−1 ∈

[0,∞) \ {0} ⊆ R
D, the function

θ(v) =
µ([0,x]c)

µ̃([0,x]c)
=

l(θv)

l̃(v)
,

introduced by Nandagopalan (1994), is called the multivariate extremal index. Here, l and l̃, respec-

tively, define the stable tail dependence functions, see Huang (1992). Regarding the upper and lower

bounds of θ(v) it is well known that 0 ≤ θ(v) ≤ 1, i.e. l(θv) ≤ l̃(v). In addition to Smith & Weiss-

man’s (1996) conjecture of l(θv) ≤ l̃(v) to be the only restriction on the two dependence functions

further constraints are derived in Section 2 which, equivalently, correspond to improved bounds for the

function θ(v) given the univariate extremal indices θd, d = 1, . . . ,D. Theorems 4 and 5 in Section 3

additionally involve the extremal coefficient. The proofs of Theorems 1 to 5 are given in Ehlert and

Schlather (2007). Note that by θ(cv) = θ(v) for any constant c > 0 we may confine our subsequent

analysis to the (D − 1)-dimensional unit simplex SD = {v ∈ R
D : ‖v‖1 = 1}.

2 General bounds

Theorem 1 Let Θ(θ1, . . . , θD) be the closed set of multivariate extremal index functions of all sta-

tionary max-stable processes with univariate extremal indices θd ∈ (0, 1], d = 1, . . . ,D. Define

θinf : SD → (0, 1], v 7→ inf
θ∈Θ(θ1,...,θD)

θ(v) , θsup : SD → (0, 1], v 7→ sup
θ∈Θ(θ1,...,θD)

θ(v) .

Then,

θinf(v) = max
d

θdvd , θsup(v) =

∑
d θdvd∑

d θdvd + maxd(1 − θd)vd
.
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In particular, θinf , θsup ∈ Θ(θ1, . . . , θD).

We give an example for the upper and lower bound in terms of an RS representation for max-stable

processes. In Deheuvels (1983) and Smith and Weissman (1996) it is shown that any max-stable

process Y = {Y i = (Yid, d = 1, . . . ,D), i ∈ Z} may equivalently be rewritten as an RS process

Yid = max{Rid, Sid} with

Rid = max
j∈I

max
k∈Z

ajkdZj,i−k and

Sid = max
j∈F

max
0≤k≤Nj

αjkdZ
∗

j,i−k

for nonnegative constants ajkd, j ∈ I, k ∈ Z, and αjkd, j ∈ F, 0 ≤ k ≤ Nj, where
∑

j

∑
k ajkd +∑

j

∑
k αjkd = 1 for d = 1, . . . ,D. Here, I, F ⊆ N ∪ {0}, {Zj,i, i ∈ Z, j ∈ I} and {Z∗

j,i, 0 ≤ i ≤ Nj <

∞, j ∈ F} are independent sequences of i.i.d. standard Fréchet variables, and Z∗

j,i = Z∗

j,i+m(Nj+1), m ∈
Z. Then, the multivariate extremal index of an RS process is given by

θ(v) =

∑
j∈I

max
k∈Z

max
d=1,...,D

ajkdvd

∑
j∈I

∑
k∈Z

max
d=1,...,D

ajkdvd +
∑
j∈F

∑
0≤k≤Nj

max
d=1,...,D

αjkdvd

, v ∈ SD.

To show that the upper bound is sharp consider a D-dimensional RS process with I = {1, . . . ,D}, F =

{1}, ad1d = θd, α11d = 1 − θd for d = 1, . . . ,D, and all other coefficients zero. The lower bound is

assumed by a D-dimensional RS process with I = {1}, F = {1}, a1dd = θd, α1dd = 1 − θd, and all

other coefficients zero.

Corollary 1 For any stationary max-stable process with univariate extremal indices θd ∈ (0, 1], d =

1, . . . ,D, it holds that for all v ∈ SD

l(θv)

∑
d θdvd + maxd(1 − θd)vd∑

d θdvd
≤ l̃(v) ≤ 1,

and

max
d

θdvd ≤ l(θv) ≤ min

{
l̃(v)

∑
d θdvd∑

d θdvd + maxd(1 − θd)vd
,
∑

d

θdvd

}
.

3 Bounds involving the extremal coefficient

In addition to the influence of θd, d = 1, . . . ,D we may also study the effect of a given extremal

coefficient on θ(v). The extremal coefficient φ̃ has been proposed as a summary measure for the

generally complex dependence structure of G̃(x) given by µ̃([0,x]c), see Smith (1990). In effect, it

is nothing but a single point of the respective dependence function, namely φ̃ = l̃(1) = Dl̃(D−11).

Following Martins and Ferreira (2005) we may also look at φ = l(θ1) = Dl(D−1
θ1) as a temporal

dependence adjusted extremal coefficient. Before we turn to the interrelationship between θ(v) and the

two extremal coefficients we discuss how the latter themselves are influenced by marginal dependence.

Theorem 2 Let A be a non-empty subset of {1, . . . ,D}. Then, for any stationary max-stable process

with univariate extremal indices θd ∈ (0, 1], d ∈ A, the extremal coefficient φ̃A is limited by the sharp

bounds

max
d∈A

θd + max
d∈A

(1 − θd) ≤ φ̃A ≤ |A| .

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 3579 -



Theorem 3 Let A be a non-empty subset of {1, . . . ,D}. Then, for any stationary max-stable process

with univariate extremal indices θd ∈ (0, 1], d ∈ A, and extremal index φ̃A the adjusted extremal

coefficient φA is limited by the sharp bounds

max
d∈A

θd ≤ l(θeA) = φA ≤




∑
d∈A

θd if φ̃A ≥
∑
d∈A

θd + max
d∈A

(1 − θd),

φ̃A − max
d∈A

(1 − θd) otherwise .

It turns out that the improved upper and lower bounds of θ(v) given φ̃ are of a more complex structure

than those given the value of φ. The former are treated in Theorem 4 whereas Theorem 5 covers the

latter.

Theorem 4 Let D = 2 and Θ(θ1, θ2, φ̃) be the closed set of multivariate extremal index functions

θ of all stationary max-stable processes with univariate extremal indices θ1, θ2 ∈ (0, 1] and extremal

coefficient φ̃.

a) Define

θsup : S2 → (0, 1], v 7→ sup
θ∈Θ(θ1,θ2,φ̃)

θ(v).

1. If φ̃ ≤∑d θd + maxd(1 − θd), then θsup ∈ Θ and

θsup(v) =

(
1 +

maxd(1 − θd)vd∑
d(φ

∗ − θ3−d)vd + (θ1 + θ2 − φ∗)maxd vd

)
−1

,

where φ∗ = φ̃ − maxd(1 − θd).

2. If φ̃ >
∑

d θd + maxd(1 − θd), then θsup ∈ Θ iff φ̃ = D, and

θsup(v) =

(
1 +

mind

{
max{(1 − θd)vd, (2 − φ̃)v3−d} + (φ̃ − 1 − θ3−d)v3−d

}
∑

d θdvd

)
−1

.

b) Define

θinf : S2 → (0, 1], v 7→ inf
θ∈Θ(θ1,θ2,φ̃)

θ(v) .

1. If φ̃ ≥∑d θd + maxd(1 − θd) or θ1 = θ2, then θinf ∈ Θ and

θinf(v) =
maxd θdvd

φ̃ − 1 + (2 − φ̃)maxd vd

, v ∈ S2.

2. If θ1 > θ2 and φ̃ <
∑

d θd + maxd(1 − θd) = 1 + θ1, then

θinf(v) =




θ2v2

1 − (2 − φ̃)v1

, v1 ∈
[
0,

φ̃ − 1 + θ2 − θ1

2φ̃ − 2 + θ2 − θ1

]
,

maxd θdvd

maxd θdvd + (φ̃ − θ1)v2

, v1 ∈
[

φ̃ − 1 + θ2 − θ1

2φ̃ − 2 + θ2 − θ1

,
1

2

]
,

θ1v1

1 − (2 − φ̃)v2

, v1 ∈
[
1

2
, 1

]
,

where v2 = 1 − v1. In particular, θinf /∈ Θ. The assertion for θ1 < θ2 is given by symmetry.
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Theorem 5 Let D = 2 and Θ(θ1, θ2, φ) be the closed set of multivariate extremal index functions θ

for all stationary max-stable processes with univariate extremal indices θ1, θ2 ∈ (0, 1] and adjusted

extremal coefficient φ = l(θ1) = φ̃ θ(1). Let θinf and θsup be defined analogously to Theorem 4. Then,

θsup(v) =

(
1 +

maxd(1 − θd)vd∑
d(φ − θ3−d)vd + (θ1 + θ2 − φ)maxd vd

)
−1

,

θinf(v) = min
d

{
max{θd − 2(θd − φ/2)v3−d, θ3−dv3−d}

}
.

Further, θsup ∈ Θ for all φ, and θinf /∈ Θ iff maxd θd < φ <
∑

d θd.
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RESUME

The multivariate extremal index function is a direction specific extension of the well-known uni-

variate extremal index. Since statistical inference on this function is difficult it is desirable to have a

broad characterization of its attributes. We extend the set of common properties of the multivariate

extremal index function and derive sharp bounds for the entire function given only marginal depen-

dence. Our results correspond to certain restrictions on the two dependence functions defining the

multivariate extremal index, which are opposed to Smith & Weissman’s (1996) conjecture on arbitrary

dependence functions. We show further how another popular dependence measure, the extremal coeffi-

cient, is closely related to the multivariate extremal index. Thus, given the value of the former it turns

out that the above bounds may be improved substantially. Conversely, we specify improved bounds for

the extremal coefficient itself that capitalize on marginal dependence, thereby approximating two views

of dependence that have frequently been treated seperately.
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Extreme value theory became widely used in many disciplines, as they were faced with the need
of making inference on maxima or exceedances over high thresholds. Most often, the processes under
study show short term dependence which can conveniently be modeled by a markovian structure, such
as the max-autoregressive processes. Motivated by the tail dependence coefficient, η, of Ledford and
Tawn (1997) we present first order max-autoregressive processes involving a power transformation
- ARMAXp and RARMAXp - whose parameter c ∈ (0, 1) relates directly with η. This parameter
characterizes the degree of asymptotic tail dependence between random variables. More precisely,
considering the random pair, (X, Y ), with marginal d.f.’s F1 and F2, Ledford and Tawn model assumes
that P (1− F1(X) < t, 1− F2(Y ) < t) is a regularly varying function at 0 with index 1/η, that is,

P (1− F1(X) < tx, 1− F2(Y ) < ty)
P (1− F1(X) < t, 1− F2(Y ) < t)

→ h(x, y), t ↓ 0,(1)

where h is an homogeneous function of order 1/η, i.e., h(sx, sy) = s1/ηh(x, y) (Bingham et al. (1987),
appendix 1). Furthermore, they assume that this convergence is uniform on {(x, y)|max(x, y) = 1}.
Thus being, as t ↓ 0, we can state that, P (1 − F1(X) < t, 1 − F2(Y ) < t) ∼ t1/ηL(1/t), with L a
slowly varying function at ∞, or equivalently, that P (1 − F1(X) < t|1 − F2(Y ) < t) ∼ t1/η−1L(1/t).
Therefore, if η = 1 and L(1/t) → 0 or if 0 < η < 1, we have asymptotic independence as the last limit
is 0, whilst the case η = 1 and L(1/t) 6→ 0 leads to a positive limit meaning asymptotic dependence.
Moreover, η ∈ (1/2, 1) reveals a positive association, η ∈ (0, 1/2) a negative association and η = 1/2
an (almost) independence.

In this paper we’ll show that the random pairs of consecutive observations from the processes
ARMAXp and RARMAXp are in the conditions of Ledford and Tawn model in (1) and hence, we
compute their coefficient of tail dependence which will reveal us the type of dependence on the tail.
Besides this important feature, we’ll see that these models behave very nicely in what concerns extremal
inference. We’ll start with the prove that they have an unique stationary distribution.

The ARMAXp process

Consider a sequence of i.i.d. random variables, {Zi}i≥1
, with support in [1, ∞[ and common d.f.

FZ . A sequence {Xi}i≥1
is said to be an ARMAXp process if,

Xi = max(Xc
i−1, Zi) , 0 < c < 1,

with Xi independent from Zi, for all i ≥ 1. This process has an unique stationary distribution
given by K(x) =

∏∞
i=0 FZ(x1/ci

), where FZ is the common distribution function of {Zi}i≥1
. The

d.f. K belongs to the Fréchet domain of attraction, whenever the same happens to FZ . It has a
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local dependence structure which is strong mixing, with little oscillation near high values (condition
D′′(un) of Leadbetter and Nandagopalan, 1989). It also has an unit extremal index. About the
coefficient of tail dependence, we have η = 1/2 if the parameter c is less or equal to 1/2 and η = c,
otherwise, meaning that the process ARMAXp exhibits an almost independence in the first case and
an asymptotic independence in the second one. See Canto e Castro and Ferreira (2007) for details.

The RARMAXp process

In order to make the ARMAXp process more useful in applications, a random component has
been included to eliminate its deterministic pattern whenever the next value is a power of the previous
one. More precisely, consider {Zi}i≥1

and {Ui}i≥1
i.i.d. copies of Z and U , respectively, Uj independent

of {Zi}i≥1
for all j ≥ 1. Let Z have a support in [1, ∞[ and d.f. FZ and U with support A ⊆ [0, 1] and

d.f. FU . The sequence {Yi}i≥1
is said to be a RARMAXp process if,

Yi = max(UiY
c
i−1, Zi) , 0 < c < 1 .(2)

The r.v. Y0 is independent of U1 and Z1, with support E ⊆ [1, ∞[ and d.f. H0(x).

Next we prove the existence and uniqueness of stationary distribution, assuming that, there
exists β ≤ 1, such that E(Y β

0 ) < ∞. We can state,

Yn = max
(
Y

cn

0

n∏
k=1

U
cn−k

k , max
1≤j≤n

Z
cn−j

j

n∏
k=j+1

U
cn−k

k

)
and if we take Kn = max(UnU c

n−1...U
cn−2

2 Zcn−1

1 , ..., UnZc
n−1, Zn) and Wn = U cn−1

1 U cn−2

2 ...UnY cn

0 , then,
for x ≥ 1 we have, Hn(x) = P (Yn ≤ x) = P (Wn ≤ x,Kn ≤ x). Note that,

P (Kn ≤ x)− P (Wn > x) ≤ Hn(x) ≤ P (Kn ≤ x) .(3)

Since the sequence {P (Kn ≤ x)}n is decreasing, it converges weakly to some d.f., H(x), and

H(x) = P

(
sup
k≥1

{
UkU

c
k−1...U

ck−2

2 Zck−1

1

}
≤ x

)
.

We are going to prove that

P (Wn > 1) → 0 , as n →∞ .(4)

Since c < 1, by the hypothesis of independence we have, for n large enough so that cn < β/2,

[E(U)]nE(Y 0
cn

) ≤ E(Wn) = E(U cn−1

1 )...E(Un)E(Y 0
cn

) < 1 and

E((Wn)2) = E(U2cn−1

1 )...E(U2
n)E(Y 0

2cn
) ≤ [E(U2cn−1

)]nE(Y 0
2cn

) .

Therefore, applying Chebychev’s inequality, we have,

P (Wn > 1) ≤ P
(
|Wn − E(Wn)| > 1− E(Wn)

)
≤ V ar(Wn)

(1−E(Wn))2

≤ [E(U2cn−1)]nE(Y 2cn

0 )−[E(U)]2n[E(Y cn

0 )]2

(1−E(Wn))2 → 0 , n →∞ .

Thus being, statements in (3) and (4) lead to lim
n→∞

Hn(x) = lim
n→∞

Kn(x) = H(x) and hence the
RARMAXp process admits stationary distribution, H, which is independent of the d.f. of Y0. Ob-
serve also that,

Z1 ≤ sup
k≥1

{
UkU

c
k−1...U

ck−2

2 Zck−1

1

}
≤ sup

k≥1

{
Zck−1

1

}
and so, H(x) is non degenerate since Z1 is non degenerate.

Now we will prove that the stationary distribution of a RARMAXp process is in the Fréchet
domain of attraction, assuming that the same happens to FZ . In fact,
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P ( max {Y0, ..., Yn} ≤ x)

= P ( max {Y0, U1Y
c
0 , Z1, U2U

c
1Y c2

0 , U2Z
c
1, Z2, ... , UnU c

n−1...U
cn−1

1 Y cn

0 , ... , UnZc
n−1, Zn} ≤ xn)

= P ( max {Y0, Z1, Z2, ... , Zn} ≤ x)

= H0(x)F
n

Z (x)

Since we are assuming that FZ is in the Fréchet domain of attraction, for an > 0 and bn conveniently
chosen, P ( max {Y0, ..., Yn} ≤ anx + bn) → exp (− x−1/γ), as n →∞.
From now on, we’ll consider that U is a standard uniform r.v..

In what respects the dependence structure, we start by proving that the process is regenerative
and aperiodic and so it is strong mixing. From Asmussen (1987), we know that {Yi}i≥1

is regenerative
if for some m > 0, ε ∈ (0, 1),

Qm(x,B) ≥ ελ(B) , x ∈ R , for all real borelian B and some distribution λ,(5)

where Qm(x,B) is the m-step transition probability function from state x to B and R is a recurrent
set (H(R) > 0).
Note that, the transition probability function of the process RARMAXp becomes, for y ≥ xc:

Q(x, ]−∞, y]) := P (Yn ≤ y|Yn−1 = x) = FZ(y)P (Un ≤ y/xc) = FZ(y) .

Consider Hj the d.f. of Yj , for all j ≥ 1. Hence, we have,

Hi(x) = FZ(x)P (UiY
c
i−1) = FZ(x)

∫ 1

0
Hi−1((x/u)1/c)du

and so, any solution H of equation

H(x) = FZ(x)
∫ 1

0
H((x/u)1/c)du .(6)

is a stationary d.f. of the process RARMAXp defined in (2).
Let R = [r, ∞[⊂ [1, ∞[. We have that, H(R) = 1− FZ(r)

∫ 1
0 H((r/u)1/c)du > 0, since FZ(r) < 1 and

0 ≤
∫ 1
0 H((r/u)1/c)du ≤ 1 and hence, R is recurrent. Consider x ∈ R, B a real borelian set and S a

compact subset of R such that, ∀y ∈ S, y > xc. Hence,

Q(x,B) =
∫

B
dQ(x, z) ≥

∫
B∩S

dQ(x, z) =
∫

B∩S
dFZ(z) = FZ(B ∩ S) = ελ(B) ,(7)

where ε = FZ(S) and λ(·) = FZ( ·∩S)/FZ(S). Therefore, (5) holds for m = 1. The following condition
is sufficient to prove the aperiodicity of the RARMAXp process (Asmussen 1987):

Qm+1(x,B) ≥ ε1λ(B) and Qm(x,B) ≥ ε2λ(B) , ∀x ∈ R , ε1, ε2 ∈ (0, 1) .(8)

If we apply (7) in the second step bellow, we can state that,

Q2(x,B) ≥
∫

B∩S
Q(w, B)dQ(x,w) ≥ ελ(B)

∫
B∩S

dQ(x,w) = ελ(B)FZ(B ∩ S) .

Hence, (8) holds taking m = 1, ε2 = ε and ε1 = ε2ελ(B).
Next, we show that condition D′′(un) (Leadbetter and Nandagopalan, 1989) also holds for

increasing real sequences {un}n≥1
, such that, 1−H(un) = O(1/n). Note that, for j ≥ 2,

P (Y1 > un , Yj ≤ un ≤ Yj+1) =
∫ ∞

un

∫ un

−∞
Q(w , ]un , ∞[ )Qj−1(x, dw)H(dx)

= (1− FZ(un))
∫ ∞

un

Qj−1(x, ]−∞ , un[ )H(dx) ≤ (1− FZ(un))(1−H(un)) .

Therefore,

n
[n/kn]−1∑

j=2

P (Y1 > un , Yj ≤ un < Yj+1) ≤ n([n/kn]− 2)(1− FZ(un))(1−H(un)) .

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 3588 -



By (6), we have H(x) ≤ FZ(x), then it is enough to consider 1−H(un) = O(1/n) in order to obtain
a null limit in the last expression.

As conditions D(un) and D′′(un) hold, the joint d.f. of Y1 and Y2 determines whether the extremal
index, θ, exists and gives its value (Leadbetter and Nandagopalan, 1989):

θ = lim
n→∞

P (Y2 ≤ un|Y1 > un) = lim
n→∞

FZ(un)P (U2Y
c
1 ≤ un|Y1 > un)

= lim
n→∞

FZ(un)
∫ 1

0

P (un < Y1 ≤ (un/u)1/c)
1−H(un)

du = lim
n→∞

[
1−

∫ 1

0

1−H((un/u)1/c)
1−H(un)

du
]
.

When H is in the Fréchet domain of attraction, we can state that 1 − H(x) = x−1/γLH(x), where
γ > 0 is the tail index and LH is some slowly varying function at ∞. Therefore, we have,∫ 1

0

1−H((u(τ)
n /u)1/c)

1−H(u
(τ)
n )

du = (u(τ)
n )−

1
γ

(1/c−1)L(u(τ)
n )

∫ 1

0
u1/(γc) LH((u(τ)

n /u)1/c)
LH((u

(τ)
n )1/c)

du ,

where L(u(τ)
n ) is a slowly varying function at ∞. Since LH((u(τ)

n /u)1/c)/LH((u(τ)
n )1/c) → 1, as n →∞,

by the dominated convergence theorem,
∫ 1

0

1−H((u(τ)
n /u)1/c)

1−H(u
(τ)
n )

du → 0 as n →∞ and hence, θ = 1.

Finally, for the Pareto case, i.e., 1 − H(x) = x−1/γ (γ > 0), we compute the function h(x, y)
defined in (1) and we obtain the value of η:

h(x, y) ∼
P (Y

1
> H

−1
(1− tx), Y

2
> H

−1
(1− ty))

P (Y
1

> H−1(1− t), Y
2

> H−1(1− t))
∼

P (Y
1

> (tx)
−γ

, Y
2

> (ty)
−γ

)

P (Y
1

> t
−γ

, Y
2

> t
−γ )

,(9)

as t ↓ 0. For the numerator, taking qx = (tx)−γ and qy = (ty)−γ, we have,

P (Y
1

> qx, Y2 > qy) = 1−H(qx)− FZ(qy)
∫ ∞

qx

P (U
2
≤ qyw

−c)dH(w)

= 1−H(qx)− FZ(qy)
[
H(q1/c

y )−H(qx) + q
−1/(cγ)
y

γc+1

]
.

(10)

If we take x = y = 1 in (10), we obtain an approach for the denominator in (9) too. Therefore,
applying relation in (6),

h(x, y) ∼
{
tx− 1− ty

1− γc(ty)1/c

γc+1

[
tx− ty1/c(1− c

γc + 1
)
]}

/
{
t− 1− t

1− γct1/c

γc+1

[
t− t1/c(1− c

γc + 1
)
]}

and hence, after some calculations, we obtain h(x, y) = xy if c < 1/2 and h(x, y) = y1/c if c > 1/2.
Therefore, h(x, y) is homogeneous of order 2 for c < 1/2 and of order 1/c for c > 1/2, which leads
to η = 1/2 and η = c, respectively. Analogously, we obtain η = 1/2 if c = 1/2. Hence, the
process RARMAXp for the Pareto case has the same type of asymptotic dependence on the tail as the
ARMAXp process.
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1 Some comments on the estimators under study

Heavy-tailed models appear often in practice in areas as diversified as insurance, financial markets and
teletraffic communications. A model F is heavy-tailed whenever the tail function, 1−F , is a regularly
varying function with a negative index of regular variation α = −1/γ, denoted RV−1/γ , i.e.,

lim
t→∞

(1− F (tx))/(1− F (t)) = x−1/γ ,(1)

for every x > 0. The parameter γ (> 0) is the extreme value index, one of the most relevant parameters
of rare events. Whenever (1) holds, the maximum Xn:n of a random sample (X1, X2, · · · , Xn), linearly
normalized, converges towards an Extreme Value (EV ) random variable (r.v.), with distribution func-
tion (d.f.) EVγ(x) := exp (− (1 + γx)−1/γ), x > −1/γ, and we then say that F is in the max-domain
of attraction of EVγ , using the notation F ∈ D(EVγ).

In a context of heavy tails, with the notation F←(y) = inf{x : F (x) ≥ y} for the generalized
inverse function of the underlying model F and U(t) = F←(1−1/t), t ≥ 1, the first order parameter (or
extreme value index) γ appears also, for every x > 0, as the limiting value of (lnU(tx)− lnU(t))/ lnx,
as t →∞, i.e.,

F ∈ D(EVγ) if and only if 1− F ∈ RV−1/γ if and only if U ∈ RVγ .(2)

The second order parameter ρ (≤ 0) is the non-positive value which appears in the limiting relation

lim
t→∞

U(tx)/U(t)− xγ

A(t)
= xγ

(xρ − 1
ρ

)
,(3)

which we assume to hold for every x > 0, and where |A(t)| is of regular variation with index ρ (Geluk
and de Haan, 1987).

The classical estimator of a positive extreme value index γ is the Hill estimator (1975), which
appeared as the conditional maximum likelihood estimator for the Pareto distribution 1−F (x)=cx−1/γ ,
x > cγ , conditional on X ≥ d for some fixed d > 0. With Xi:n denoting, as usual, the i-th ascending
order statistic (o.s.), 1 ≤ i ≤ n, associated to the random sample (X1, X2, · · · , Xn), we have

γ̂H
n (k) :=

1
k

k∑
i=1

{lnXn−i+1:n − lnXn−k:n}.(4)

More generally, for intermediate k, i.e., a sequence of integers k = kn such that

k = kn →∞ and kn = o(n), as n →∞,(5)
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and under a semi-parametric context, i.e. for F ∈ D(EVγ), the estimator in (4) is consistent for the
estimation of γ. Indeed, from the definition of the function U and from the fact the F (X) is a uniform
r.v., we get the representation Xi:n = U(Yi:n) where Y is a unit Pareto r.v., i.e., FY (y) = 1−y−1, y ≥ 1.
Since for j > i, Yj:n/Yi:n

d= Yj−i:n−i, lnYi:n
d= Ei:n where E denotes a standard exponential r.v. and

Yn−k:n ∼ n/k, we may write, whenever (2) and (5) hold,

Xn−i+1:n

Xn−k:n

d=
U(Yn−i+1:n)
U(Yn−k:n)

d=
U(Yn−k:n Yk−i+1:k)

U(Yn−k:n)
d= Y γ

k−i+1:k(1 + op(1))

for any integer i between 1 and k.
Consequently, ln Xn−i+1:n−lnXn−k:n

d= γ lnYk−i+1:k(1+op(1)) d= γ Ek−i+1:k(1+op(1)), 1 ≤ i ≤ k,

i.e., the r.v.’s ln(Xn−i+1:n/Xn−k:n), 1 ≤ i ≤ k, are approximately the k o.s.’s of a sample of size k

from an exponential model with mean value γ. Hence, the estimator γ̂H
n (k) in (4) is consistent for the

estimation of γ whenever F is in D(EVγ), γ ≥ 0.

1.1 The ML estimation in a Generalized Pareto (GP) model

Let us think on the excesses over Xn−k:n, Vik = Xn−i+1:n −Xn−k:n, 1 ≤ i ≤ k. Again, under (2), and
for k intermediate, Vik = U(Yn−k:n) {U(Yn−i+1:n)/U(Yn−k:n)− 1} = U(n/k)

{
Y γ

k−i+1:k − 1 + op(1)
}

.

Then, with δ = γ U(n/k), we have Vik = Xn−i+1:n − Xn−k:n ∼ δ (Y γ
k−i+1:k − 1)/γ, 1 ≤ i ≤ k, i.e.,

the excesses Vik may be assumed to be the k o.s.’s in a sample of size k from a GP model, with
distribution function GPγ(x; δ) = 1 − (1 + γx/δ)−1/γ , x > 0 (γ > 0). The parameters γ and δ can
then be estimated through Maximum Likelihood (ML). Since for ML-estimation in a GP model, it
is easier the re-parametrization in (γ, α) = (γ, γ/δ) (Davison, 1984), it is sensible to assume that the
excesses Vik to come from the model

GPγ(x;α) = 1− (1 + α x)−1/γ , x > 0 (γ > 0),(6)

i.e., there exists γ and α such that, for 1 ≤ i ≤ k, αVi ≡ αVik =
{
Y γ

k−i+1:k − 1
}

(1 + op(1)). If we
assume that we have access to a sample V = (Vi, 1 ≤ i ≤ k) from the GP model in (6), the joint
maximization, in γ and α, of the “log-likelihood”of the excesses, given by

lnL(γ, α; {Vi}k
i=1) = k lnα− k ln γ − (1/γ + 1)

k∑
i=1

ln(1 + α Vi),

leads us to an explicit expression for γ̂, the so-called POT-ML extreme value index estimator. Such
an estimator is given by

γ̂PML
n (k) :=

1
k

k∑
i=1

ln(1 + α̂ Vi) =: Â1.(7)

Introducing the notation A1 = 1
k

∑k
i=1 ln(1+α Vi), B1 = 1

k

∑k
i=1

α Vi
1+αVi

, C1 = 1
k

∑k
i=1

α Vi
(1+α Vi)2

,

Â1= 1
k

∑k
i=1 ln(1+ α̂ Vi), B̂1= 1

k

∑k
i=1

α̂ Vi
1+α̂Vi

, Ĉ1= 1
k

∑k
i=1

α̂ Vi
(1+α̂ Vi)2

, and noticing that ∂A1/∂α=B1/α,
∂B1/∂α = C1/α, the ML estimator of α is solution of the equation

B̂1 + B̂1/Â1 − 1 ≡ 0.(8)

The shifted Hill estimator of the extreme value index

The shifted Hill estimator in Aban and Meerschaert (2001) is a conditional maximum likelihood
(CML) estimator for the shape parameter of a shifted Pareto distribution F (x) = 1 − c(x − λ)−1/γ ,
x > λ + cγ , based on the k + 1 top o.s.’s.
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We shall use the notation: A2 = 1
k

∑k
i=1 ln (Xn−i+1:n−λ

Xn−k:n−λ ), B2 = 1
k

∑k
i=1 (Xn−i+1:n − λ)−1,

C2 = (Xn−k:n−λ)−1, D2=1
k

∑k
i=1 (Xn−i+1:n−λ)−2, E2=(Xn−k:n−λ)−2, Â2=1

k

∑k
i=1 ln (Xn−i+1:n−λ̂

Xn−k:n−λ̂
),

B̂2=1
k

∑k
i=1 (Xn−i+1:n− λ̂)−1, Ĉ2=(Xn−k:n− λ̂)−1, D̂2=1

k

∑k
i=1 (Xn−i+1:n− λ̂)−2, Ê2=(Xn−k:n− λ̂)−2.

The CML estimator of γ is again an explicit function of the data and the ML-estimator of the location
parameter λ,

γ̂CML
n (k) :=

1
k

k∑
i=1

ln
Xn−i+1:n − λ̂

Xn−k:n − λ̂
=: Â2,(9)

being λ̂ solution of the non-linear equation

(1 + Â2)
1
k

k∑
i=1

(
Xn−i+1:n − λ̂

)−1
−

(
Xn−k:n − λ̂

)−1
=: (1 + Â2) B̂2 − Ĉ2 = 0.(10)

1.2 The strong link between the PML and the CML estimators of γ

It follows straightforwardly that, with λ̂ = Xn−k:n − 1/α̂,

γ̂CML
n (k) := 1

k

∑k
i=1 ln Xn−i+1:n−λ̂

Xn−k:n−λ̂
= 1

k

∑k
i=1 ln Xn−i+1:n−Xn−k:n+1/α̂

1/α̂ =: γ̂PML
n (k).

Also straightforwardly, with λ̂ = Xn−k:n − 1/α̂ (and writing γ̂ for any of the two estimators of the
extreme value index γ), equation (8) may be written as

γ̂
{1

k

k∑
i=1

Xn−i+1:n −Xn−k:n

Xn−i+1:n − λ̂
− 1

}
+

1
k

k∑
i=1

Xn−i+1:n −Xn−k:n

Xn−i+1:n − λ̂
= 0,

or equivalently, −γ̂(Xn−k:n−λ̂)
∑k

i=1(Xn−i+1:n−λ̂)−1/k+1−(Xn−k:n−λ̂)
∑k

i=1(Xn−i+1:n−λ̂)−1/k = 0,

which holds if and only if 1
k

∑k
i=1(Xn−i+1:n − λ̂)−1 − 1/(Xn−k:n − λ̂) + γ̂

k

∑k
i=1(Xn−i+1:n − λ̂)−1 = 0,

which is (10). This subsection contains one of the main messages of the paper: apart from possible
and different convergence problems in the solutions of equations (8) and (10), which appear only for
small and large values of k, the sample paths of both γ̂PML

n (k) and γ̂CML
n (k) are exactly the same.

Consequently both estimators are equivalent either for small samples or asymptotically. We think
however methodologically illustrative to derive independently the asymptotic distribution of γ̂PML

n (k)
(obtained by Smith (1997), for a smaller class of underlying models F ∈ D(EVγ>0), and more recently
by Drees et al. (2004) for a general γ) and γ̂CML

n (k). Such a derivation is provided in Section 2.

2 The asymptotic behaviour of the estimators

2.1 The PML estimator

We may thus write for the PML estimator of the tail index γ,

γ̂PML
n (k) := Â1

d= A1 + ∂A1
∂α (α̂− α) (1 + op(1)) d= A1 + B1

α̂−α
α (1 + op(1)).

Since ∂ (B1 + B1/A1 − 1) /∂α = (C1 + C1/A1 − (B1/A1)2)/α, α̂ ≡ α̂PML(k) is such that

B̂1 + B̂1

Â1
− 1 ≡ 0 d= B1 + B1

A1
− 1 + α̂−α

α

(
C1 + C1

A1
−

(
B1
A1

)2
)

(1 + op(1)), i.e.,

α̂− α

α
=

1−B1 −B1/A1

C1 + C1/A1 − (B1/A1)2
(1 + op(1)),(11)

and consequently,

γ̂PML
n (k) d= A1 +

B1 (1−B1 −B1/A1)
C1 + C1/A1 − (B1/A1)2

(1 + op(1)).(12)

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 3592 -



2.2 The CML estimator

For the CML estimator of the tail index γ,

γ̂CML
n (k) := Â2

d= A2 + ∂A2
∂λ

(
λ̂− λ

)
(1 + op(1)) d= A2 + (C2 −B2) (λ̂− λ)(1 + op(1)).

Since ∂ ((1 + A2) B2 − C2) /∂λ = B2(C2 −B2) + D2(1 + A2)− E2, λ̂ ≡ λ̂CML(k) is such that

(1 + Â2) B̂2 − Ĉ2 ≡ 0 d= (1 + A2) B2 − C2 +
(
λ̂− λ

)
(B2(C2 −B2) + D2(1 + A2)− E2) (1 + op(1)),

i.e.,

λ̂− λ =
B2(1 + A2)− C2

E2 −B2(C2 −B2)−D2(1 + A2)
(1 + op(1)),(13)

and consequently,

γ̂CML
n (k) d= A2 +

(C2 −B2) (B2(1 + A2)− C2)
E2 −B2(C2 −B2)−D2(1 + A2)

(1 + op(1)).(14)

2.3 Main asymptotic results

On the basis of the asymptotic behaviour of all r.v.’s under play, we can proof the following:

Theorem 2.1 If conditions (3) and (5) hold, we have the following distributional representation:

γ̂PML
n (k) d= γ +

(1 + γ)√
k

Sk +
(1 + γ)(γ + ρ)

γ(1− ρ)(1− ρ + γ)
A(n/k)(1 + op(1)),(15)

with Sk asymptotically standard normal r.v. If
√

k A(n/k) = O(1), as n → ∞, then γ̂PML
n (k) and

γ̂CML
n (k) are asymptotically equivalent, i.e.,

√
k

(
γ̂CML

n (k)− γ̂PML
n (k)

)
P−→

n→∞
0.(16)

Remark 2.1 The statistic λ̂ obtained through the conditional ML methodology of Aban and Meer-
schaert (2001) is not consistent for the estimation of λ under a semi-parametric framework.

Remark 2.2 Notice that the two methodologies are not only asymptotically equivalent. Indeed they
provide, for any sample, exactly the same estimates of the tail index γ. For any integer k between 1
and n− 1, the relation between α and λ is given by λ = Xn−k:n − 1/α.
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1 Introduction

In Statistics of Extremes, a model F is said to be heavy-tailed whenever the tail function, F := 1−F ,
is a regularly varying function with a negative index of regular variation equal to −1/γ, γ > 0, i.e.,
if and only if F ∈ RV−1/γ , where the notation RVα stands for the class of regularly varying functions
at infinity with index of regular variation equal to α, i.e., positive measurable functions g such that
lim
t→∞ g(tx)/g(t) = xα, for all x > 0. Equivalently, the quantile function U(t) = F←(1 − 1/t), t ≥ 1,

with F←(x) = inf{y : F (y) ≥ x}, is of regular variation with index γ, i.e., F is heavy-tailed ⇔ F ∈
RV−1/γ ⇔ U ∈ RVγ , for some γ > 0. Then, we are in the domain of attraction for maxima of an
Extreme Value distribution function (d.f.), EVγ(x) = exp(−(1 + γx)−1/γ), x ≥ −1/γ, and we write
F ∈ DM(EVγ>0). The parameter γ is the tail index, the primary parameters of extreme events.

The second order parameter, ρ (≤ 0), rules the rate of convergence in the first order condition,
and is the parameter appearing in limt→∞ (lnU(tx) − lnU(t) − γ lnx)/A(t) = (xρ − 1)/ρ, which we
assume to hold for every x > 0, and where |A(t)| must then be in RVρ (Geluk and de Haan, 1987).
We shall assume that ρ < 0. This condition has been widely accepted as an appropriate condition
to specify the tail of a Pareto-type distribution in a semi-parametric way, and it holds true for most
common Pareto-type models, like the Fréchet, the Generalized Pareto, the Burr and the Student’s t.

In order to obtain information on the asymptotic bias of the second-order reduced-bias tail index
estimators, we need further assuming a third order condition, ruling now the rate of convergence in
the second order condition, and which guarantees that, for all x > 0,

lim
t→∞

( lnU(tx)− lnU(t)− γ lnx

A(t)
− xρ − 1

ρ

)
/B(t) =

xρ+ρ′ − 1
ρ + ρ′

, (1)

where |B(t)| must then be in RVρ′ . There appears then this extra third order parameter ρ′ ≤ 0,
which we also assume to be negative. More restrictively, we shall here assume that we are in the
class of models with a tail function 1 − F (x) = Cx−1/γ

(
1 + D1x

ρ/γ + D2x
(ρ+ρ1)/γ + o

(
x(ρ+ρ1)/γ

))
,

as x→∞, with C > 0, D1, D2 �= 0, ρ, ρ1 < 0. Consequently, (1) holds and we may there choose

A(t) = c tρ =: γ β tρ, B(t) = c′ tρ
′
=: β′ tρ

′
, β, β′ �= 0, ρ ≤ ρ′ = max(ρ, ρ1) < 0. (2)

For intermediate k, i.e., a sequence of integers k = kn, k ∈ [1, n), such that k = kn → ∞,
and kn = o(n) as n → ∞, we shall consider, as basic statistics, both the log-excesses over the
random high level {lnXn−k:n}, i.e., Vik := lnXn−i+1:n − lnXn−k:n and the scaled log-spacings, Ui :=
i {lnXn−i+1:n − lnXn−i:n}, 1 ≤ i ≤ k < n, where Xi:n denotes, as usual, the i-th ascending order
statistic (o.s.), 1 ≤ i ≤ n, associated to an independent, identically distributed (i.i.d.) random sample
(X1, X2, · · · , Xn). It is well known that for intermediate k, and under the first order framework, the log-
excesses, Vik, 1 ≤ i ≤ k, are approximately the k o.s.’s from an exponential sample of size k and mean
value γ. Also, under the same conditions, the scaled log-spacings, Ui, 1 ≤ i ≤ k, are approximately
i.i.d. and exponential with mean value γ. Consequently the Hill estimator of γ (Hill, 1975), H(k) ≡

1Research partially supported by FCT/POCTI and POCI/FEDER
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Hn(k) = 1
k

∑k
i=1 Vik = 1

k

∑k
i=1 Ui, is consistent for the estimation of γ under the first order framework

and for intermediate k. Under the third order framework, the asymptotic distributional representation
Hn(k) d= γ + γ√

k
Z

(1)
k + (A(n/k)/(1− ρ) + A(n/k) B(n/k))/(1− ρ− ρ′)) (1 + op(1)) holds true, where

Z
(1)
k =

√
k(

∑k
i=1 Ei/k − 1), with {Ei} i.i.d. standard exponential random variables (r.v.’s), is an

asymptotically standard normal r.v.

The most simple second-order reduced-bias estimators in the literature are the bias-corrected
Hill estimators in Caeiro et al. (2005), with the functional form,

H
β̂, ρ̂

(k) := H(k)
(
1− β̂

(
n

k

)ρ̂

/(1− ρ̂)
)
, (3)

dependent upon the Hill estimator H(k) and (β̂, ρ̂), adequate consistent estimators of the second order
parameters β and ρ, respectively. Under the third order framework in (1),

Hβ,ρ(k) d= γ +
γ√
k

Z
(1)
k + A(n/k)

(
B(n/k)

1− ρ− ρ′
− A(n/k)

γ(1− ρ)2
+ Op

(
1√
k

))
(1 + op(1)). (4)

Consequently, even if
√

k A(n/k) → ∞, with
√

k A2(n/k) → λA and
√

k A(n/k) B(n/k) → λB , λA

and λB finite,
√

k
(
Hβ,ρ(k)− γ

)
is asymptotically normal with variance equal to γ2. The asymptotic

bias of Hβ,ρ(k) is equal to b
H
≡ b

H
(γ, ρ, ρ′) ≡ ABIAS

H
:= λB/(1− ρ− ρ′)− λA/(γ(1− ρ)2). We may

further state the following theorem.

Theorem 1.1 (Caeiro et al., 2005) Under the third order framework in (1) and for (β̂, ρ̂), any
consistent estimator of the vector of second order parameters (β, ρ), we may write

H β̂,ρ̂(k)−Hβ,ρ(k)
p∼ A(n/k)

{
a(β̂ − β)/β + (ρ̂− ρ) [a ln(n/k) + b]

}
, (5)

where a = −1/(1 − ρ) and b = −1/(1 − ρ)2. Consequently, if ρ̂ − ρ = op(1/ lnn), as n → ∞, then√
k

{
H β̂,ρ̂(k)− γ

}
are asymptotically normal with null mean value and variance σ2

1 = γ2, not only

when
√

k A(n/k) → 0, but also whenever
√

k A(n/k) → λ, finite. This same result holds for levels
k such that

√
k A(n/k) → ∞, provided that

√
k A2(n/k) → 0 and

√
k A(n/k)B(n/k) → 0, and

β̂ − β = op(1/
√

k A(n/k)) and (ρ̂− ρ) lnn = op(1/
√

k A(n/k)).

In section 2 of this paper, we shall briefly review the estimation of the two second order pa-
rameters β and ρ. Next, in Section 3, we provide some information on the asymptotic behavior of√

k
{
H β̂,ρ̂(k)− γ

}
, whenever

√
k A2(n/k) → λA and

√
k A(n/k)B(n/k) → λB , both finite, λA or

λB �= 0, and when we consider the estimators of β and ρ used before in papers like Caeiro et al.
(2005), computed at their optimal levels k1. These levels should be such that

√
k1 A2(n/k1) → λA1

and
√

k1 A(n/k1)B(n/k1) → λB1
, both finite, λA or λB1

�= 0, i.e., for the class of models under
consideration, we have k/k1 → q > 0, whenever n→∞.

2 A brief review of the second order parameters’ estimators

2.1 The estimation of ρ

We shall base the estimation of of ρ on estimators of the type of the one in Fraga Alves et al. (2003).
Such a class of estimators has been first parameterised in a tuning parameter τ > 0, but τ may be
more generally considered as a real number (Caeiro and Gomes, 2006), and is defined as,

ρ̂τ (k) ≡ ρ̂(τ)
n (k) := −

∣∣∣∣∣3(T (τ)
n (k)− 1)

T
(τ)
n (k)− 3

∣∣∣∣∣ , T (τ)
n (k) :=

(
M

(1)
n (k)

)τ −
(
M

(2)
n (k)/2

)τ/2

(
M

(2)
n (k)/2

)τ/2 −
(
M

(3)
n (k)/6

)τ/3
(6)
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where M
(j)
n (k) := 1

k

∑k
i=1

{
ln Xn−i+1:n

Xn−k:n

}j
, j ≥ 1

[
M

(1)
n ≡ H, the Hill estimator

]
.

We shall here summarize a result proved in Fraga Alves et al. (2003), making now explicit the
random behaviour of the term leading to the asymptotic variance, needed later on, when dealing with
the estimation of the three parameters, γ, β and ρ, at levels of the same order

Proposition 2.1 (Fraga Alves et al., 2003) Under the second order framework, ρ < 0, if k is
intermediate, and if

√
k A(n/k)→∞, as n→∞, the statistic ρ̂

(τ)
n (k) in (6) converges in probability

towards ρ, as n → ∞, for any real τ �= 0. If (1) holds, we may further guarantee that there exist
constants (uρ, vρ, σρ) and an asymptotically standard normal r.v. Wk, such that

ρ̂(τ)
n (k)− ρ

d= σρ Wk/(
√

k A(n/k)) + (uρA(n/k) + vρB(n/k))(1 + op(1)). (7)

Consequently, under the third order framework, if
√

k A2(n/k) → λA and
√

k AB(n/k) → λB , both
finite,

√
k A(n/k)

(
ρ̂

(τ)
n (k)− ρ

)
is asymptotically normal with a mean value λAuρ +λBvρ and variance

σ2
ρ ≡ σ2

ρ(γ) =
(
γ(1− ρ)3/ρ

)2 (
2ρ2 − 2ρ + 1

)
. (8)

Moreover, with Z
(α)
k = 1√

k

∑k
i=1 Eα

i /Γ(α+1)−√k, for any α ≥ 1, Γ(t) denoting the complete gamma

function, Wk =
(
(3− ρ)Z(1)

k − (3− 2ρ)Z(2)
k + (1− ρ)Z(3)

k

)
/
√

2ρ2 − 2ρ + 1.

2.2 Estimation of β based on the scaled log-spacings

We have here considered the β-estimator obtained in Gomes and Martins (2002) and based on the
scaled log-spacings Ui, 1 ≤ i ≤ k. On the basis of a consistent estimator ρ̂ of the second order
parameter ρ, we shall consider the β-estimator, β̂(k; ρ̂), where, for any ρ < 0,

β̂(k; ρ) :=

(
k
n

)ρ
{(

1
k

k∑
i=1

(
i
k

)−ρ
) (

1
k

k∑
i=1

Ui

)
−

(
1
k

k∑
i=1

(
i
k

)−ρ
Ui

)}
(

1
k

k∑
i=1

(
i
k

)−ρ
) (

1
k

k∑
i=1

(
i
k

)−ρ
Ui

)
−

(
1
k

k∑
i=1

(
i
k

)−2ρ
Ui

) .

Gomes and Martins (2002) kept up to the second order framework. Here, we go into the third order
framework in (1), assume that β and ρ are going to be estimated at the same level k, and state the
following result, proved in Gomes et al. (2005):

Theorem 2.1 (Gomes et al., 2005) Under the second order framework, with ρ < 0, if we consider
β̂(k; ρ̂(k; τ)), the rate of convergence of β̂(k; ρ̂(k; τ)) is of the order of

{
ln(n/k)/(

√
k A(n/k))

}
, which

must converge towards zero, so that β̂(k; ρ̂(k; τ)) is consistent for the estimation of β, and
√

k A(n/k)
(
β̂(k; ρ̂(k; τ))− β

)
/(β ln(n/k))

p∼ −
√

k A(n/k) (ρ̂(k; τ)− ρ) . (9)

If apart from
√

k A(n/k)/ ln(n/k) → ∞, we assume that, under the third order framework in (1),√
k A2(n/k) → λA and

√
k AB(n/k) → λB , both finite, then, with σρ given in (8), the statistic√

k A(n/k)
(
β − β̂(k; ρ̂(k; τ))

)
/(β ln(n/k)) is asymptotically Normal

(
λAuρ + λBvρ, σ2

ρ

)
.

3 The estimation of γ, β and ρ at levels of the same order

Let us assume now that we want to work with levels k that are optimal for the estimation of γ through
the reduced-bias extreme value index estimators in this paper and for models such that (1) and (2)
hold. Then those values of k should be such that

√
k A2(n/k)→ λA and

√
k A(n/k)B(n/k) → λB ,

both finite, as n→∞, λA or λB �= 0, i.e., they should be levels of the same order of the ones leading
to the optimal estimation of β and ρ. We may then state the following:
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Theorem 3.1 For models in (1), together with (2), let k and k1 be sequences of intermediate integers
such that k/k1 → q > 0, finite. Let us also assume that

√
k A(n/k) → ∞, with

√
k A2(n/k) → λA

and
√

k A(n/k)B(n/k) → λB , both finite. Let us consider H̃(k; k1) = H β̂ρ̂(k1)(k1),ρ̂(k1)(k), with H the

estimator (3). Then,
√

k
(
H̃(k; k1)− γ

)
d→

n→∞ Normal
(
b∗, σ2(q)

)
, where

b∗ = λB

(
1/(1− 2ρ)− vρ/((1− ρ)2)

)
− λA

(
1/(γ(1− 2ρ)) + uρ/(1− ρ)2

)
,

and

σ2(q) = σ2(q, γ, ρ) = γ2
(
1 + q1−2ρ( ln q + 1/(1− ρ))2(1− ρ)4(2ρ2 − 2ρ + 1)/ρ2

)
, (10)

i.e., we get the same rate of convergence, of the order of 1/
√

k, for H̃(k; k1), but with an asymptotic
variance increasing with q.

Proof. From equations (5) and (9), H̃(k; k1)−Hβ,ρ(k)
p∼ (ρ̂− ρ)A (n/k) (a ln (k/k1) + b) =: Wk,k1 . If√

k1 A2(n/k1)→ λA1
and
√

k1 A(n/k1)B(n/k1)→ λB1
, both finite, then ρ̂−ρ = Op

(
1/

(√
k1 A(n/k1)

))
and

√
k Wk,k1 = Op

( √k A(n/k)√
k1 A(n/k1)

(
a ln

( k

k1

)
+ b

))
= Op

(( k

k1

) 1
2
−ρ

ln
( k

k1

))
.

Let us think that k/k1 → q > 0. Since
√

k1 A(n/k1) ∼
√

k A(n/k) qρ− 1
2 (1+o(1)), A(n/k1) ∼ qρA(n/k)

and B(n/k1) ∼ qρ′B(n/k),√
k

(
H̃(k; k1)− γ

)
= γ Z

(1)
k + σρ q

1
2
−ρ (a ln q + b) Wk1

+
√

k A2(n/k) (uγ + uρ qρ (a ln q + b)) (1 + op(1))

+
√

k A(n/k)B(n/k)
(
vγ + vρ qρ′ (aUH ln q + bUH )

)
(1 + op(1)).

Since Cov
(
Z

(1)
k , Wk1

)
= 0, the variance of

{
γ Z

(1)
k + σρ q

1
2
−ρ (a ln q + b) Wk1

}
is the value σ2(q; γ, ρ)

in (10). ♦
The pattern of σ2(q; γ, ρ), as a function of q, is of the same type for all (γ, ρ): this vari-

ance converges towards γ2, as q → 0, next increases till a value slightly larger than γ2, then de-
creases again till γ2 at q = exp (−1/(1− ρ)) < 1, and finally increases fast, taking the value σ2 =
γ2

(
1 + ((1− ρ)/ρ)2 − 2ρ(1− ρ)3/ρ2

)
, for q = 1. It is thus obvious that we should base the extreme

value index estimation on a number k of top o.s., smaller than or equal to k1, the number of o.s. used
for the estimation of the second order parameters β and ρ; from k1 onwards, it will be convenient to
use the same number of top o.s. for the estimation of the three parameters.
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1 Introduction

Integer-valued time series have received increasing attention in the literature over the past two
decades because of its applicability in many different areas such as the natural sciences, the social
sciences and economy. Within the integer-valued models proposed in the literature, little is known
about its extremal properties. In part, this is due to the fact that many integer-valued distributions
do not belong to the domain of attraction on any extreme-value distribution. Anderson (1970) gave
an important contribution to this limitation by obtaining upper and lower bounds for the limiting
distribution of the maximum term of independent and identically distributed (iid) sequences with
distributions exhibiting an exponentially decaying tail. He proved that an integer-valued distribution
function (df) F , with infinite right endpoint, satisfies

lim
n→+∞

1− F (n− 1)
1− F (n)

= r, with r in ]1, +∞[,(1)

if and only if, for any real x and bn conveniently chosen,
{

lim supn→∞ Fn(x + bn) ≤ exp(−r−x)
lim infn→∞ Fn(x + bn) ≥ exp(−r−(x−1))

An example of a well known member of this class is the Negative Binomial distribution.
Based on Anderson’s work several stationary models have been studied with respect to the

extremes and similar limiting bounds were obtained for the limiting distribution of the maximum
term in presence of different dependence structures. In an attempt to overcome the presence of
limiting bounds instead of a well defined limiting distribution, Temido (2000) proved that, for integer-
valued distributions, (1) is necessary and sufficient for the existence of a nondecreasing positive integer
sequence {kn} satisfying

lim
n→+∞

kn+1

kn
= r, r ∈ ]1, +∞[,(2)

and of a real sequence {un} such that kn(1 − F (un)) → τ > 0, n → ∞, for some τ > 0. So, if
instead of looking at the maximum term of the first n observations we look at the maximum term of
the first kn observations, where kn satisfies (2), we can obtain a well defined limiting distribution for
the maximum term. The limiting distribution is not a max-stable distribution but belongs to a larger
class of distributions known as max-semistable (MSS).

1Contract/grant sponsors: FCT plurianual funding for both authors and ERAS POCI/MAT/58876/2004 for the

second author.
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Over the last years attention has been given to the effect of sub-sampling on the extremes
of stationary sequences. Many of the results consider deterministic sub-sampling of the sequences.
However, there are several real data applications where sub-sampling is the result of the (random)
occurrence of missing values. One reason for the interest in extremes observed at random sampling
rates comes from the need to compare schemes for monitoring systems with breakdowns or systems with
automatic replacement of devices in case of failures. Examples are encountered in ocean engineering
and environmental studies. The effect of missing values on the extremes of stationary sequences has
been considered by Hall and Hüsler (2006) using models with margins in Anderson’s class. In this
work we consider the setup given in Hall and Hüsler and study the maximum term using MSS df’s.

Generally, when a missing value occurs, either the observation is replaced by a fixed value, or
the observation is completely lost and the sample will be sub-sampled resulting in a smaller random
sample size. Occasionally, it may be of interest to avoid the occurrence of missing values and an
automatic replacement of a device or machine may be available. In this case the resulting sample will
be a mixture of two original samples.

In this work we consider three different models which were motivated by the situations described
above. Let {Xn} be a stationary sequence of random variables (rv’s) with marginal df F and Mn =
max{X1, . . . , Xn}. Without loss of generality let the upper endpoint xF of F be positive. Assume
that {Un} is another stationary sequence, independent of {Xn}, having Bernoulli marginal df with
parameter β, 0 ≤ β ≤ 1. Based on {Xn} and {Un} we define the following models:

M1 - Model with missing values: Yn = UnXn. In this case the marginal df of {Yn} is 1−β + β F

for non-negative argument values.

M2 - Model with sub-sampling: {Zn}n≥1 with Zn = Xin , where in represents the indices of the
sequence {Xn} for which Un = 1. Let Nn = sup{j : ij ≤ n} =

∑n
j=1 Uj and let us only consider

the first Nn values of {Zn}. The marginal df of {Zn} is F .

M3 - Model with replaced missing values: Wn = UnXn + (1 − Un)X(1)
n where {X(1)

n } is an in-
dependent replica of {Xn}. In this case the marginal df of {Wn} is also F .

In this paper we only consider situations where {Xn} and {Un} are independent. We are
interested in the limiting distribution of the maximum term of these models. We obtain the expression
of the extremal index for the transformed sequences. The results generalize the ones obtained for the
max-stable domain of attraction given by Hall and Hüsler (2006).

2 The MSS class and stationary sequences

As we said before, if instead of considering n rv’s we consider kn rv’s, where {kn} satisfies (2)
then we obtain a larger class of possible limiting distributions known as the MSS class. This class,
introduced by Pancheva (1992), includes non-degenerate limiting df’s for the maxima of iid rv’s with
either discrete or multi-modal continuous df’s which are not max-stable. Following Pancheva (1992) we
will say that a real df G is MSS if there are reals r > 1, a > 0 and b such that G(x) = Gr(ax+b), x ∈ IR,

or equivalently, if there exist a sequence of iid rv’s with df F and two real sequences {an > 0} and
{bn} for which lim

n→+∞F kn(anx + bn) = G(x), for each continuity point of G, with {kn} satisfying (2)

with r ≥ 1. In this case we will say that F belongs to the domain of attraction of G. Analytically, a
df in the class MSS can be written as follows:

Gγ,ν =





exp
{
−(1 + γx)−1/γν(log(1 + γx))

}
x ∈ IR, 1 + γx > 0 and γ 6= 0

exp{−e−xν(x)} x ∈ IR and γ = 0
,

where ν is a positive, bounded and periodic function with period p = | log a| = |γ| log r, when γ 6= 0,

and p = b = log r, when γ = 0. If the function ν is a suitable constant, we get the max-stable class.
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We recall that for iid sequences, lim
n→∞ kn(1− F (un)) = τ is equivalent to lim

n→∞F kn(un) = e−τ .
Consequently, in the sequel, we should deal with levels un := un(τ, kn) satisfying these limits. In this
context we define Γ(F, kn) = {τ > 0 : ∃{un} : lim

n→+∞ kn(1− F (un)) = τ} and note that if F is discrete

and (2) holds, then Γ(F, kn) is not necessarily the interval ]0,∞, [. In fact, if for some τ > 0 there
exists un(τ, kn), for another τ ′ > 0 there exists un(τ ′, kn) if and only τ = rm τ ′, for some integer m.

Temido (2002) proved that if F is an integer-valued df, with xF = +∞, and there exist sequences
{kn} satisfying (2), {an > 0} and {bn} such that F kn(anx+bn) → G(x), then G(x) = exp(−ηr−[x]), x ∈
IR, for some η > 0, if and only if (1) holds.

Considering stationary sequences {Xn} satisfying the long range Leadbetter’s condition D(un),
Temido and Canto e Castro (2003) prove that the limiting distribution of Mkn is max-semistable,
whenever it exists. Namely, if there is {kn} as above and {an > 0} and {bn} such that condition
D(anx + bn) holds for the stationary sequence {Xn}, the sequence {kn(1− F (anx + bn)} is bounded,
and P (an(Mkn − bn) ≤ x) converges to G(x), for each continuity point of the nondegenerate df G,
then G is a max-semistable df. Furthermore, following Temido and Castro (2003), we will say that
the stationary sequence {Xn} has extremal index θ ∈ [0, 1], if there exists a nondecreasing positive
integer sequence {kn} such that, for all τ ∈ Γ(F, kn), we have lim

n→+∞P (Mkn ≤ un(τ, kn)) = e−θτ .

The natural extension of the local dependence condition D′′(un) (defined in Leadbetter and
Nandagopalan (1989))in this new context is given in the following definition.

Definition 1 Let {kn} be a nondecreasing positive integer sequence such that lim
n→∞ kn = +∞. The sta-

tionary sequence {Xn} satisfies condition D′′
kn

(un) if D(un) holds and, for some integer sequence {sn}

with lim
n→∞ s−1

n = lim
n→∞

sn`n

kn
= lim

n→∞ snαn,`n = 0, we have lim
n→∞ kn

[ kn
sn

]∑

j=3

P{X1 > un, Xj−1 ≤ un < Xj} = 0.

Under D′′
kn

(un) we can compute the extremal index applying the following result.

Proposition 1 Let {kn} be a non decreasing positive integer sequence satisfying (1) and {Xn} a
stationary sequence under condition D

′′
kn

(un(τ, kn)), for all τ in Γ(F, kn). Then {Xn} has extremal
index θ if and only if lim

n→+∞P (X2 ≤ un(τ, kn) |X1 > un(τ, kn)) = θ.

3. The effect of missing values under condition D′′
kn

(un)

We now consider a stationary sequence {Xn} satisfying the local dependence condition D′′
kn

(un)
and with marginal df F in the domain of attraction of some max-semistable df

In Hall and Hüsler (2006) an important lemma for the sequel is introduced. Indeed, the authors
prove that if {Un} is a Bernoulli strongly mixing stationary sequence and the long range condition
D(un) holds for {Xn}, then it also holds for {Yn}.

The following proposition, our main result, is a generalization of Theorem 4 in Hall and Hüsler
(2006) concerning normalized levels un(τ, kn). We use {Vn} to denote any of the sequences {Yn} {Zn}
and {Wn} and recall that in the model M2 we consider the maximum of the first Nkn rv’s.

Proposition 2 Let {Xn} be a stationary sequence with df F and {Un} be a Bernoulli B(β) strongly
mixing stationary sequence independent of {Xn}. Let {kn} be a nondecreasing positive integer sequence
satisfying (2). Suppose that {Xn} satisfies D′′

kn
(un(τ, kn)), for some τ ∈ Γ(F, kn), and has extremal

index θ > 0 associated with a limiting cluster size distribution π. Take ∇(i) = P{U1 = 0, U2 =
0, ..., Ui = 0}, ∇̄(i) = P{U1 = 1, U2 = 1, . . . , Ui = 1}, i ≥ 1, θ∗ = θ

(
1−∑∞

j=1 π(j)∇(j)
)

/β and

θ∗∗ = βθ∗ + θ
(
1−∑∞

j=1 π(j)∇̄(j)
)
. Then lim

n→∞P (Mkn(V ) ≤ un(τ, kn)) = e−θV τV where θV = θ∗,
τV = τβ for the sequences {Yn} and {Zn}, and θV = θ∗∗, τV = τ for the sequence {Wn}.
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The proof of this proposition follows the arguments used in Theorem 4 of Hall and Hüsler
(2006) where, for F integer-valued, e−θτ(x−1) ≤ lim inf

n→∞ P{Mn ≤ un} ≤ lim sup
n→∞

P{Mn ≤ un} ≤ e−θτ(x)

is replaced by lim
n→∞P{Mkn ≤ un(τ, kn)} = e−θτ(x). We should observe that if F is an integer-valued

df satisfying (1) and un := un(τ, kn) = anx + bn, for some reals an > 0 and bn, then lim
n→∞P{Mkn ≤

anx + bn} = exp(−η θV e−[x]), x ∈ IR, η > 0.

4 Examples

We first consider a multiplicative max-autoregressive model Xn = k max{Xn−1, εn}, where {εn}
is a sequence of iid rv’s with df F and k ∈ ]0, 1[. Alpuim (1988) has proved that {Xn} is strong
mixing and has a stationary df H(x) =

∏+∞
j=1 F (x/kj). Considering {εn} with a max-semistable df

F (x) = exp{−x−αν(log x)}, α > 0, x > 0 and r = k−α/m where m is a positive integer, Temido and
Canto e Castro (2003) proved that {Xn} has extremal index θ = 1 − r−m and H(x) = F β(x) with
β = r−m/(1− r−m). Consequently P (M[rn] ≤ rn/αx) → H1−r−m

(x), n → +∞. Since

P (X1 > un, Xj−1 ≤ un < Xj) ≤ P (X1 > un, Xj−1 ≤ un, εj+1 > un/k) ≤ (1−H(un)(1− F (un/k))

condition D′′
kn

(un)) holds. Moreover, following Alpuim (1988) the cluster size distribution is given by
π(j) = (1 − r−m)(r−m)j−1, j ≥ 1. Considering different behaviors for the sequence {Un}, as is done
in Hall and Hüsler (2006), we obtain the analytical expression for θ∗ and θ∗∗.

In the second example we consider that {Xn} is an integer-valued stationary additive max-
autoregressive sequence with marginal df H satisfying (1). More precisely, Xn = max{Xn−1, εn} − c,

where c ∈ IN, and {εn} is an iid sequence with df F . Hall (1996) proved that {Xn} is strong mixing
and has a stationary df H(x) =

∏+∞
j=1 F (x+jc). Since D′′

kn
(un(τ, kn)) holds, we can obtain θ = 1−r−c.

For instance, if H is the df of the BN(m, p) distribution, we have

P (M[p−n] ≤ x + bn) → exp(−(1− pc)p[x]), n → +∞, x ∈ IR \ ZZ,

with bn = n − 1 − 1
log p{(m − 1) log n + log( (1−p)m−1

(m−1)! )}. It is also known, due to Alpuim (1988), that

the cluster size distribution is also geometric, being π(j) = (1− r−c)r−(j−1)c, j ≥ 1.
Considering once again the interesting cases for {Un}, studied in Hall and Hüsler (2006), we can

obtain θ∗ and θ∗∗.
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1 Introduction and preliminaries

Heavy-tailed models appear often in practice. A distribution function (d.f.) F is heavy-tailed whenever
the tail function, 1 − F , is a regularly varying function with a negative index of regular variation
α = −1/γ, i.e., for every x > 0, limt→∞(1 − F (tx))/(1 − F (t)) = x−1/γ . Then, we are in the domain
of attraction for maxima of an Extreme Value d.f., EVγ(x) = exp(−(1 + γx)−1/γ), x > −1/γ, γ > 0,
and we write F ∈ D(EVγ>0). The parameter γ is the tail index.

In a context of heavy tails, and with the notation U(t) = F←(1− 1/t), t ≥ 1, where F←(y) =
inf{x : F (x) ≥ y}, the first order parameter (or tail index) γ appears, for every x > 0, as the limiting
value, as t →∞, of (lnU(tx)− ln U(t))/ lnx, i.e., with the usual notation RVα for the class of regularly
varying functions with index of regularly variation α, F ∈ D(EVγ>0) iff 1− F ∈ RV−1/γ iff U ∈ RVγ .

The second order parameter ρ (≤ 0) is the non-positive value which appears in the limiting relation

lim
t→∞

U(tx)/U(t)− xγ

A(t)
= xγ xρ − 1

ρ
, (1)

which we assume to hold for every x > 0, and where |A(t)| ∈ RVρ (Geluk and de Haan, 1987).

Given a random sample (X1, X2, · · · , Xn), let us denote Xi:n, the associated i-th ascending order
statistic (o.s.), 1 ≤ i ≤ n. We are going to base inference on the the excesses over the random high
level Xn−k:n, denoted

Vi := Xn−i+1:n −Xn−k:n, 1 ≤ i ≤ k < n. (2)

As usual, in semi-parametric estimation of parameters of extreme events, we shall assume that k is
an intermediate sequence of integers, i.e., k = kn such that k = kn → ∞, kn = o(n), as n → ∞.

The excesses, in (2), are then approximately the k top o.s.’s in a sample of size k from a Generalized
Pareto (GP) model, with d.f.,

GP (x; γ, α) = 1− (1 + α x)−1/γ , x > 0 (γ > 0). (3)

The POT-ML estimator of γ has, with such a re-parametrization (Davison, 1984), an explicit expres-
sion as a function of the ML-estimator α̂ of α and the sample of the excesses. We have

γ̂ML
n (k) :=

1
k

k∑

i=1

ln (1 + α̂ Vi) , (4)
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and α is such that α Vi ≈ Y γ
k−i+1:k − 1. Notice that an obvious choice for α is 1/Xn−k:n. Then

1 + α Vi = Xn−i+1:n/Xn−k:n, and the estimator in (4) is the Hill estimator (Hill, 1975), given by

γH
n (k) :=

1
k

k∑

i=1

{lnXn−i+1:n − ln Xn−k:n} .

Smith (1987) has got the asymptotic behaviour of the estimator in (4) for a fixed threshold u. The
conclusion of his Theorem 3.2 may be easily rephrased in the set-up of a random threshold Xn−k:n

(Gomes, 2002), and we get the asymptotic distributional representation

γ̂ML
n (k) d= γ +

(1 + γ)√
k

Mk +
(1 + γ)(γ + ρ) A(n/k)
γ(1− ρ)(1− ρ + γ)

(1 + op(1)), (5)

with Mk asymptotically standard normal. A more general result appears in Drees et al. (2004).

Under the second order framework in (1), we may say that there exists γ and α such that, for
1 ≤ i ≤ k, α Vi

d= Y γ
k−i+1:k − 1 + A(n/k)Y γ

k−i+1:k(Y
ρ
k−i+1:k − 1)(1 + op(1))/ρ. It can then be easily

shown (Gomes, de Haan and Rodrigues, 2004) that

α Vi −
(
Y γe

A(n/k)
γ

Y
ρ
k−i+1:k

−1

ρ ln Yk−i+1:k

k−i+1:k − 1
)

= op

(
α Vi −

(
Y γ

k−i+1:k − 1
))

.

Since

Y ρ
k−i+1:k − 1

ρ lnYk−i+1:k
∼ −(i/k)−ρ − 1

ρ ln(i/k)
=: ψi ≡ ψ(i/k) ≡ ψik(ρ) [ψk ≡ 1],

with ψi a limited function, we expect to get a less biased estimator if we assume that the random
excesses Vi in (2) come from a GP model with a shape parameter not equal to γ, as it is usually
done, but dependent on i (and k), and more specifically given by γi = γ eA∗(n/k)ψi = γ eβ (n

k )ρ
ψi ,

with A∗(t) = β tρ = A(t)/γ, 1 ≤ i ≤ k, assuming thus that we are in Hall’s class of models (Hall and
Welsh, 1985), with A(t) = D tρ, ρ < 0, β = D/γ. We are thus going to base our inference on the fact
that there exists a parameter α such that Vi = Xn−i+1:n − Xn−k:n comes from the GP model, with
d.f. GP (x; γi, α) in (3), for every 1 ≤ i ≤ k. We then get the new tail index estimator:

γ̂MP (k) ≡ γ̂MP
bβ,bρ (k) :=

1
k

k∑

i=1

e−bβ (n/k)bρ bψi ln(1 + α̂Vi), ψ̂i = −(i/k)−bρ − 1
ρ̂ ln(i/k)

, (6)

the so-called POT-MP estimator, with MP standing for Modified Paretian (excesses).

In this paper, we shall provide in Section 2, the asymptotic behaviour of the POT-MP estimator
γ̂MP (k), in (6). In Section 3, we provide a small-scale Monte Carlo study, in order to illustrate the
finite sample properties of the new estimator. Finally, in Section 4, we provide an adapted version of
Grimshaw’s algorithm (Grimshaw, 1993).

2 Asymptotic behaviour of the new class of estimators

Let us assume that everything is known, apart from γ. Then,

Theorem 2.1. Under the second order framework in (1), and for intermediate k, we get, for γ̂MP in
(6) an asymptotic distributional representation of the type

γ̂MP (k) d= γ +
γ√
k

Nk + op(A(n/k)),
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where Nk is asymptotically a standard normal r.v. Consequently
√

k
(
γ̂MP (k)− γ

)
is asymptotically

normal not only when
√

k A(n/k) −→ 0, but also when
√

k A(n/k) −→ λ 6= 0, finite, as n →∞.

The main problems to be dealt with are related to the estimation of (α, β, ρ) in order to get
γ̂MP (k). Computationally, we shall consider only an external estimation of the second order param-
eters ρ and β. Such a decision is related to the discussion in Gomes and Martins (2002b) on the
advantages of an external estimation of the second order parameters (or even their mispecification)
versus an internal estimation at the same level k. For an algorithm for the estimation of β and ρ, we
refer to Gomes et al. (2004) and Gomes and Pestana (2007). However, and contrarily to what happens
with the recently introduced minimum variance reduced-bias estimators (Gomes et al., 2004; Caeiro
et al., 2005; Gomes et al., 2005), even if the vector of second order parameters (β, ρ) is estimated
externally, in an adequate way, i.e., so that ρ̂−ρ = op(1/ lnn) and β̂−β = op(1) for all k on which we
are going to base γ̂MP (k), we get no longer a bias of smaller order than A(n/k) and the asymptotic
variance, although of the same order, increases slightly. We may state the following:

Theorem 2.2. If the second order condition (1) holds and k is intermediate, with Sk asymptoti-
cally standard normal and with bγ,ρ = −1

ρ ln
(

(1+γ)(1−ρ)
1+γ−ρ

)
− γ

1+γ−ρ , we have the following asymptotic
distributional representation:

γ̂MP (k) d= γ +
(1 + γ)√

k
Sk +

(1 + γ)(1 + 2γ) bγ,ρ

γ3
A(n/k)(1 + op(1)).

Remark 2.1. Relatively to Smith’s result, rephrased in (5), we have a different asymptotic bias.

3 Simulated behavior of the estimators

As we may see from (5), in a region close to the line γ + ρ = 0, the classical POT-ML estimator in (4)
performs for sure better than the POT-MP estimator in (6). We have here implemented an algorithm,
similar to the algorithm presented by Grimshaw (Grimshaw, 1993), and presented in the appendix, for
the computation of this new version of the modified GP maximum likelihood estimates. Due to the high
computation time of this general comparison algorithm, we have based our simulations on 10 replicates
with 100 runs each for samples with n = 1000 and we have chosen the value j = 100 for the maximum
number of iterations for the modified Newton-Raphson algorithm. In Figure 1, and on the basis of the
first replicate, we show the simulated patterns of mean values, E[.], and mean squared errors, MSE[.],
of the estimators under study for an underlying Burr parent, F (x) = 1− (1 + x−ρ/γ)1/ρ, x ≥ 0, with
(γ, ρ) = (1.5,−0.5).

The simulations show that the POT-MP tail index estimator has, in general stable sample paths,
and works quite well for values of γ < −aρ, with a < 1/2 and values of γ > bρ, b ≥ 2. For such a
(γ, ρ)-region (see Figure 1) the bias is always smaller than the one of the POT-ML estimator, for all k.
Also, the mean square error of the POT-MP estimator is, in general, smaller than the mean squared
error of the POT-ML estimator for a wide region of k-values. In the line γ + ρ = 0, or close to it, the
POT-ML clearly outperforms the POT-MP tail index estimators.

4 Appendix: The Modified Version of Grimshaw’s Algorithm for

the Computation of the ML Estimates for the GP Distribution

The profile log-likelihood of the excesses is given by

ln L(γ, α; V ) = k ln α− k ln γ − β
(n

k

)ρ
k∑

i=1

ψi −
k∑

i=1

ln(1 + αVi)− 1
γ

k∑

i=1

e−β(n/k)ρψi ln(1 + α Vi),
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Figure 1: Mean values and Mean Squared Values of the estimators under study for a sample of size n = 1000,
from a Burr parent with ρ=-0.5 and γ = 1.5.

where V = (Vi, 1 ≤ i ≤ k), is the ordered sample of the excesses from the Generalized Pareto model in
(3). Hence, with θ = −α, and with ηi = e−β(n/k)ρψi , 1 ≤ i ≤ k, the h function used in the estimation
procedure described by Grimshaw (1993) is now replaced by

h1(θ) :=
1
k

k∑

i=1

ηi(1− θ Vi)−1 − 1
k

k∑

i=1

ηi +
(1

k

k∑

i=1

ηi ln(1− θ Vi)
)(1

k

k∑

i=1

(1− θ Vi)−1
)
.

This function satisfies the necessary properties for the determination of the zeros.
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In a seminal paper Morris (1982) asked the following question: what do the normal, Poisson,

gamma, binomial, and negative binomial distributions have in common that makes them so special?

His answer was that they are all natural exponential families with quadratic variance functions, an

idea that has turned out to have wide-ranging practical and theoretical ramifications. In particular,

these five families are the main types of error distribution for Nelder and Wedderburn’s (1972) class of

generalized linear models, which in turn has served as a paradigm for much subsequent data analysis

development. Are such ideas relevant in the context of extremes? Before addressing this question, let

us review a few pertinent points from variance function theory.

Around the time of Morris’ (1982) paper, Tweedie (1984) and several authors independently of

him (Morris, 1981; Hougaard, 1986; Bar-Lev and Enis, 1986), proposed and investigated the class of

power variance functions, giving rise to what is now called the Tweedie class of exponential dispersion

models. Exponential dispersion models were introduced by Jørgensen (1987) as a generalization of

natural exponential families. Many subsequent authors have used the variance function as a tool

for proving characterization and convergence results for natural exponential families and exponential

dispersion models, see Jørgensen (1997), Casalis (2000) and references therein. In particular, Jørgensen

et al. (1994) showed that the Tweedie models appear as limits in a class of convergence results for

exponential dispersion models, that extend certain classical stable convergence results.

These ideas appear, at first sight, to have little relevance for extreme value theory. Echoing

Morris (1982) we may ask, however, what distributions like the Rayleigh, Gumbel, power, Pareto,

logistic and negative exponential have in common that makes them so special in the context of ex-

tremes? Also, is there an extreme value analogue of power variance functions, perhaps related to the

Weibull and Fréchet extreme value distributions? We develop a new extreme value dispersion model

framework, in the spirit of Jørgensen (1997), that leads to constructive answers to these questions. In

particular, we show that there is a close parallel between the above-mentioned Tweedie convergence

results and the classical convergence results for extremes by Fisher and Tippett (1928) and Gnedenko

(1943). See Beirlant et al. (2004) for background material on extremes.

Extreme dispersion models

Let Y be a random variable with survival functionG(y) = exp [−H(y)] , assumed to be absolutely

continuous, except possibly at the right-hand extreme of the support C. We assume that the hazard

function h(y) := H ′(y) is continuously differentiable and strictly monotone on C, either increasing

(IFR) or decreasing (DFR). Define Ω := h(C). The hazard slope v : Ω→R± is defined by

(1) v(µ) := h′
[
h−1(µ)

]
,

where v maps into R+ in the IFR case and into R− in the DFR case.

The hazard location family HL(µ) generated by G is defined by the family of survival functions

(2) y �→ G
[
y + h−1(µ)

]

with rate parameter µ ∈ Ω and support C− h−1(µ). All the members of the family have the same

hazard slope v, and v characterizes the family among all hazard location families.
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The extreme dispersion model XD(µ, λ) generated by G is defined as the family of survival

functions

(3) y �→ Gλ(y/λ+ h−1(µ))

with rate parameter µ ∈ Ω, index parameter λ > 0 and support λ
[
C − h−1(µ)

]
. The corresponding

hazard slope is λ−1v, and so the extreme dispersion model is composed of hazard location families

with hazard slopes proportional to v.

Quadratic hazard slopes

Table 1 shows a list of the seven main quadratic hazard slopes, identified by their generating

survival function G. The table contains six IFR families with hazard slopes of the same form as Morris’

(1982) six quadratic variance functions. The corresponding natural exponential families are indicated

in the right-most column of the table. The seventh hazard slope in the table, the Pareto, is negative

and hence DFR. The negative exponential distribution refers to the negative of an exponentially

distributed random variable.

Table 1: Summary of quadratic hazard slopes

HL G(y) Support v(µ) Ω NEF

Rayleigh exp
(
−y2/2

)
R+ 1 R+ Normal

Gumbel exp (−ey) R µ R+ Poisson

Uniform/power 1− y (0, 1) µ2 (1,∞) Gamma

Pareto (DFR) (1 + y)−1 R+ −µ2 (0, 1) –

Logistic (1 + ey)−1 R µ(1− µ) (0, 1) Binomial

Neg. exponential 1− ey R− µ(1 + µ) R+ Neg. bin.

Cosine cos y (0, π/2) 1 + µ2 R+ GHS

All of these seven families are known from the literature, and some, like the (negative) expo-

nential, Gumbel and logistic, play important roles in connection with extremes or survival analysis.

In this sense, quadratic hazard slopes characterize some of the main distributions in these areas.

Generalized extreme value distributions

The standard generalized extreme value distribution for minima is defined by the survival func-

tion

G(y) = exp
[
− (1− γy)−1/γ

]
,

with support given by γy < 1. Here γ ∈ R, and the limiting case γ = 0 corresponds the Gumbel

distribution. All extreme value distributions except the exponential (γ = −1) have monotone hazard

rates, and their hazard slopes are of power form

v(µ) =
1

2− p
µp

for µ > 0, where the parameter p ∈ R\ {2} is defined by

(4) p :=
1 + 2γ

1 + γ
.

The models are IFR for p < 2 (γ < −1) and DFR for p > 2 (γ > −1). Table 2 summarizes the main

cases of generalized extreme value distributions.
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Table 2: Summary of generalized extreme value distributions

Type γ p Support

Weibull γ < −1 p > 2 (1/γ,∞)

Exponential γ = −1 − (−1,∞)

Weibull −1 < γ < 0 p < 1 (1/γ,∞)

Gumbel γ = 0 p = 1 R

Fréchet γ > 0 1 < p < 2 (−∞, 1/γ)

The generalized extreme value distributions thus provide an analogue of the Tweedie exponential

dispersion models, the latter having variance functions proportional to µp for some p ∈ R \ (0, 1).

Much like the Tweedie convergence results (cf. Jørgensen, 1997, Ch. 4), the convergence of

extremes to the generalized extreme value distributions may be characterized in terms of convergence

of hazard slopes. The main idea is that if v behaves asymptotically as a power, then the corresponding

standardized minimum behaves asymptotically as a generalized extreme value distribution.
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ABSTRACT

We propose extreme value analogues of natural exponential families and exponential dispersion

models and introduce the hazard slope as an analogue of the variance function. The set of quadratic

and power hazard slopes is characterized, and is shown to include well-known distributions such as

the Rayleigh, Gumbel, power, Pareto, logistic, negative exponential, Weibull and Fréchet families. We

show a convergence theorem for hazard slopes, which gives rise to a new version of the classical extreme

value convergence results in the extreme dispersion model setting. The main idea of the paper is to

explore the parallels between location families and natural exponential families, and between convolution

and the minimum operation.
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Remark on the extreme regression quantiles II1

Jana Jurečková
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1 Introduction

Consider the linear regression model

Yi = β0 + x′niβ + ei, i = 1, . . . , n(1.1)

with observations Y1, . . . , Yn, independent errors e1, . . . , en, identically distributed according to an
unknown distribution function F ; xni = (xi1, . . . , xin)′ is the vector of covariates, i = 1, . . . , n, and
β = (β1, . . . , βp)′, and β∗ = (β0,β

′)′ are unknown parameters.
The maximal regression quantile β̂

∗
n(1) is a solution of the following minimization problem:

min
b0∈R,b∈Rp

n∑
i=1

(Yi − b0 − x′ib)+(1.2)

where x+ = max(x, 0) denotes the positive part of x. The minimization (1.2) can be alternatively
described as any solution to the linear program:

min
b∈R,b∈Rp

n∑
i=1

{b0 + x′ib} s.t. Yi ≤ b0 + x′ib, i = 1, . . . , n.(1.3)

If
∑n

i=1 xij = 0, j = 1, . . . , p, then we minimize only b0 subject to the restrictions.
The extreme regression quantile was first considered by Smith (1994) who found its asymptotic

distribution under heavy-tailed distribution F and under some conditions on the xi; later it was
studied by Portnoy and Jurečková (1999), Knight (2001) and Chernozhukov (2005) (among others),
who derived various forms of the asymptotic distributions under various distributions of errors and
under various regularity conditions. Jurečková and Picek (2005) constructed a two-step regression
α-quantile (0 < α < 1), starting with a suitable R-estimator of the slope parameters in the first step
and then determining the [nα]-quantile of the residuals in the second step. The two-step regression
α-quantile is asymptotically equivalent and numerically very close to the regression α-quantile of
Koenker and Bassett (1978). Jurečková and Picek (2005) showed that a special two-step extreme
regression quantile even coincides with the ordinary extreme regression quantile. Jurečková (2007)
studied its asymptotic behavior under exponentially tailed distributions.

Consider the R-estimator β̂
+

nR of the slope components β̂ can be defined as the minimizer of the
Jaeckel (1972) measure of the rank dispersion

Dn(b) =
n∑

i=1

(Yi − x′ib)ϕn

(
Rni(b)
n + 1

)
(1.4)

where Rni(b) is the rank of the residual Yi − x′nib among Y1 − x′n1b, . . . , Yn − x′nnb and
ϕn(u) = I[u ≥ 1− 1

n ]− 1
n , 0 ≤ u ≤ 1.

Moreover, define β̂+
n0 as

β̂+
n0 = max{Yi − x′niβ̂

+

nR, 1 ≤ i ≤ n}.(1.5)
1Research was supported by the Project MSM 0021620839 and by the Czech Republic Grant 201/05/2340.
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Then it can be easily verified that the two-step maximal regression quantile
(
β̂+

n0, β̂
+′
nR

)′
coincides

with the extreme regression quantile defined in (1.3).
We shall impose the following conditions on the distribution of errors of model (1.1):

(A1) e1, . . . , en are independent and identically distributed with density f that has a bounded deriv-
ative and finite Fisher’s information.

(A2) Density f(y) is positive and bounded for A < y < B, and monotonically decreasing to 0 as
y → A+ or y → B−, where −∞ ≤ A = sup{y : F (y) = 0} and +∞ ≥ B = inf{y : F (y) = 1}.
The derivative f ′ is bounded a.e.

(A3) |F−1(α)| ≤ k(α(1− α))−a and 1/f(F−1(α)) ≤ k(α(1− α))−1−a

for 0 < α ≤ α0 and 1− α0 ≤ α < 1 with 0 < a < 1
4 − ε, for some ε > 0 and k > 0.

Moreover,
∣∣∣f ′(y)

f(y)

∣∣∣ ≤ c|y| for |y| ≥ K ≥ 0, c > 0.

These conditions are satisfied, e.g., by the normal, logistic, double exponential distributions and by
t-distribution with 5 and more degrees of freedom.

We assume that the triangular array {xn1, . . . ,xn1} satifies

(X1) n−1
∑n

i−1 ‖xni‖3 = O(1) as n →∞ and max1≤i≤n ‖xni‖ = O(n2(b−a)−δ/(1+4b))

as n → ∞, where a > 0 is the constant from (A3) and b, δ > 0 are such that 0 < b − a < ε, ε > 0.

Under these conditions, Jurečková (2007), using her result (1992) on the asymptotic linearity of the
Hájek (1965) rank score process, proved that the sequence

{
nf(ξn)(β̂

+

nR − β)
}∞

n=1
with

ξn = F−1
(
1− 1

n

)
is asymptotically bounded in probability and admits the asymptotic representation

nf(ξn)(β̂
+

nR − β) = Q−1
n S∗n(0) + op(1)(1.6)

as n →∞, where Qn = 1
n

∑n
i=1(xni− x̄n)(xni− x̄n)′ and S∗n(b) =

∑n
i=1(xni− x̄n)

(
I[Rni(b) = n]− 1

n

)
.

The author (2007) also derived the asymptotic distribution of the intercept component β̂+
n0 of the

extreme regression quantile for exponentially tailed distribution of errors and under

(X2) max1≤i≤n ‖xni‖ = Op(1) as n →∞.

This result will now be extended to heavier tailed distributions, with the tails of t-distribution with
5 degrees of freedom and lighter. While the slope components of the extreme regression quantile can
even estimate the slope parameters consistently under exponential tails, this is not the case for heavier
tails.

2 Behavior of the intercept component

of extreme regression quantile

Let the regressors satisfy (X1)-(X2) and, moreover,
n∑

i=1

xni = 0 for n ≥ n0.(2.1)

Let Hn =
[
h

(n)
ik

]n

i,k=1
be the projection (hat) matrix corresponding to the matrix

[
xij

]j=1,...,p

i=1,...,n
, i.e.

h
(n)
ik = n−1x′niQ

−1
n xnk, i, k = 1, . . . , n. Assume that the distribution of errors satisfies (A1)–(A2)

and

lim
x→∞

− log(1− F (x))
m log x

= 1 for m ≥ 5.(2.2)
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Then (2.2) implies that 1− F (x) = x−mL(x) where L(x) is a function slowly varying at infinity, and

nf(ξn) · ξn

m
→ 1 as n →∞, where ξn = F−1

(
1− 1

n

)
.(2.3)

The following theorem describes the asymptotic behavior of β̂+
n0.

Theorem 2.1 Consider the linear regression model (1.1) with {xn1, . . . ,xnn}∞n=1 satisfying (X1)–
(X2) and (2.1), with the distribution of errors satisfying (A1)–(A2) and (2.2). Then, as n →∞,

P
{ β̂+

n0 − β0

ξn
≤ z

}
=

1
n

n∑
k=1

P
{

max
1≤i≤n

[ ei

ξn
−

nh
(n)
ik

m

]
≤ z

}
+ o(1).(2.4)

Proof. Regarding (2.2), we can write

β̂+
n0 − β0

ξn
= max

1≤i≤n

{ 1
ξn

(ei − x′i(β̂
+

nR − β)
}

= max
1≤i≤n

{ ei

ξn
− x′i

1
m

nf(ξn)(β̂
+

nR − β)(1 + o(1))
}

= max
1≤i≤n

{ ei

ξn
−

( 1
m

x′iQ
−1
n S∗n(0)− 1

m
x′i[Q

−1
n S∗n(0) + nf(ξn)(β̂

+

nR − β)]
)
(1 + o(1))

}
= max

1≤i≤n

{ ei

ξn
−

( n

m

n∑
j=1

h
(n)
ij I[Rnj(0) = n]

+
1
m

x′i[Q
−1
n S∗n(0)− nf(ξn)(β̂

+

nR − β)]
)
(1 + o(1))

}
Hence, regarding the asymptotic representation (1.6), to given ε > 0 exists n0 so that, for n > n0,

P
{ β̂+

n0 − β0

ξn
≤ z

}
≤ P

(
max
1≤i≤n

{ ei

ξn
− n

m

n∑
j=1

h
(n)
ij I[Rnj(0) = n](1 + o(1))

}
+ min

1≤i≤n

{ 1
m

x′i[Q
−1
n S∗n(0)− nf(ξn)(β̂

+

nR − β)]
}

(1 + o(1)) ≤ z
)

≤ P
(

max
1≤i≤n

{
nf(ξn)(ei − ξn)− n

n∑
j=1

h
(n)
ij I[Rnj(0) = n]

}
≤ z + ε

)
+ P

(
max
1≤i≤n

{
(xi − x̄n)′[Q−1

n S∗n(0)− nf(ξn)(β̂
+

nR − β)]
}

> ε
)

≤ P
(

max
1≤i≤n

{ ei

ξn
− n

m

n∑
j=1

h
(n)
ij I[Rnj(0) = n]

}
≤ z + ε

)
+ P

(
max
1≤i≤n

{ 1
m
‖xi‖) · ‖Q−1

n S∗n(0)− nf(ξn)(β̂
+

nR − β)‖
}

> ε
)

≤ P
(

max
1≤i≤n

{ ei

ξn
− n

m

n∑
j=1

h
(n)
ij I[Rnj(0) = n]

}
≤ z + ε

)
+ ε

=
1
n

n∑
k=1

P
(

max
1≤i≤n

{ ei

ξn
− n

m
h

(n)
ik

}
≤ z + ε

)
+ ε

Similarly,

P
{ β̂+

n0 − β0

ξn
≥ z

}
≥ 1

n

n∑
k=1

P
(

max
1≤i≤n

{ ei

ξn
− n

m
h

(n)
ik

}
≥ z − ε

)
− ε

for n > n0. Hence, as n →∞,

P
{ β̂+

n0 − β0

ξn
≤ z

}
− 1

n

n∑
k=1

P
(

max
1≤i≤n

{ ei

ξn
− n

m
h

(n)
ik

}
≤ z

)
→ 0. 2
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A sufficiently long record of rainfall data is commonly required for most applications concerning 
Climatology. However, unfortunately, for rainfall prognostic, in general, the number of rain gauges defining an 
acceptable meteorological network is often not large enough to sustain asymptotic assumptions. Extreme high 
precipitation amounts are among environmental events with the most disastrous consequences for the human 
society. In this work one indicates the use of the Bootstrap approach to approximate the true distribution of the 
statistic under investigation. The adopted method, employing Bootstrap for the estimation of rainfall quantiles at 
particular observation sites, can be used in order to evaluate time series of rainfall records for those locations for 
which the existing time series is either discontinued (forward extension) or where the archives have a relatively 
recent start (backward extension). The Bootstrap methods apply for any level of modelling, and so can be used 
for fully parametric, semi-parametric, and completely nonparametric analysis. This contribution deals with the 
regional analysis. Monthly precipitation amounts over 1961-2000 measured at several stations are used as an 
input dataset. Candidate regions are formed by the cluster analysis of site characteristics, using the average-
linkage clustering and Complete’s method. The last steps of the regional frequency analysis consist in the 
estimation of parameters and quantiles of the variable together with their uncertainty. 
 
Introduction 

Extreme value analyses of meteorological phenomenon are fraught with difficulties, but the additional 
difficulty of collecting reliable data during extreme events makes their analysis even more complicated. In this 
manuscript, one proposes the use of resampling schemes in an attempt to obtain some reasonable measure of 
uncertainties due to the relatively short length of the historical record. An intuitive, "naïve" procedure is first 
described, which leads to an alternative approach that has connections with the statistical procedure of Bootstrap. 
Standard application of these procedures for extremes induces bias, and one suggests a simple, though 
nonstandard method for reducing this effect. Hence, the main objective of the statistics of extremes exploited in 
the context of this work is the characterization of rare events, and its primary problem has been the estimation of 
the tail index Y , usually performed on the basis of the largest ℜ∈k  order statistics (extreme quantiles) in the 
sample or on the excesses over (under) a high (low) level )(kq  - the quantile threshold. In this work one is 

mostly interested in the use of the bootstrap methodology to estimate )(kq . 
This manuscript presents practical application of the peaks-over-threshold (POT) method - approach is 

consistent with a Poisson process for the occurrence of exceedances of a high threshold - to the estimation of 
extreme quantiles of precipitation using Bootstrap resampling methodology. One illustrates the threshold 
sensitivity of quantile estimates in a variety of data sets. To evaluate the quantile bias and variance as functions 
of threshold, a semi-parametric Bootstrap algorithm is utilized. The Bootstrap method offers a simple approach 
for statistical uncertainty analysis when only a single random sample is available. It is, however, well known that 
the standard non-parametric version of Efron’s Bootstrap method is rarely applicable to extreme quantile 
estimation, because the available sample may not contain any observations in the region of tail extrapolation. To 
overcome this difficulty, a simple semi-parametric Bootstrap algorithm is applied in this study. 

 
Theoretical Background 

Let {Xk, k ≥ 1} be a sequence of independently and identically distributed random variables with common 
distribution function )(xFX . To model the upper tail of )(xFX , consider k  exceedances of X  over a threshold 
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u  and let kYY ,...,,Y 21  denote the excesses (or peaks), i.e., u-XY ii = . It was showed that, in some asymptotic 

sense, the conditional distribution of excesses follows the generalized Pareto distribution (GPD), also called the 
q-exponential distribution – these can be defined through their “complementary” (“upper”, “upper cumulative”) 
distribution functions, also called “survival” functions. The GPD exhibits a unique threshold-stability property, 
i.e. if X  follows GPD then the conditional distribution of excesses, also follows GPD with the same shape 
parameter as that of X . It can also be shown that the distribution of maximum excesses follows the generalized 
extreme value distribution provided that exceedances over the threshold are generated from a Poisson process. 
These elegant mathematical properties have motivated the use of the GPD model in extreme quantile estimation. 

The calculation of a quantile value, RQ , corresponding to an R-year return period, is based on the quantile 

of peaks, Y , corresponding to a return period of R.λ , where λ  is the mean exceedance rate per year of X  over 
u . If n  denotes the number of samples collected over m  years and k  is the number of exceedances, then the 

mean exceedance rate is estimated as m
k

=λ . As the threshold is lowered to include more data in the 

inference, the exceedance rate increases due to increasing values of k . It was proposed by de Haan (1994) the 
estimation of scale and shape parameters using the order statistics of exceedances, { )()( ,..., nkn XX

−
}, where 

)( knX
−

 is the smallest data point to exceed a given threshold. Using the density function of an rth order statistic, 

)( knX
−

 (Kendall and Stuart, 1977), along with a transformation )(xFu X= . This paper investigates asymptotic 

behaviour of the tail probabilities ( )xXP kn >
− )( .  

 
The Inversion Method 

The inversion is a general method for simulating random variables. It makes use of the fact that the 

transformation )(1 UFX −

=  gives a random variable X  with distribution function F  provided the inverse 

function 1−F  exists - [ ]1,0: →ℜF ; [ ] ℜ→
− 1,0:)(1 tF , where { })(:inf:)(1 xFtxtF ≤

− . This is a simple 

consequence of the change of variables formula, this time with )()( 1 UFUG −

= . Since )()( 1 XFXG −

= , the 

density of X  becomes )()( xfxF
dx

d
= , which is the probability density corresponding to the distribution 

function F . To use the inversion method, the inverse function 1−F  either has to be available explicitly or has to 

be computable in a reasonable amount of time. The equality )(1 uFx −

=  is equivalent to )(xFu = , so that 

finding x  for given u  is equivalent to finding a root of the equation 0)( =− uxF . When F  is strictly 
monotone, there is only one root and standard numerical root-finding algorithms can be used, provided of course 
that )(xF  itself is easy to evaluate. If it is required to sample repeatedly from the same distribution, it may be 

worthwhile devoting some time to the development of an accurate approximation to 1−F  previously. 

Figure 1: Generation of simulated values from the distribution function F by the method of inversion G. 
 

Lemma 1: Let nXX ,...,1  be an i.i.d. sample (a random sample), of size n , from the uniform distribution 

)1,0(U . Let )(kX  be the k -th order statistic from this sample.  Then the probability distribution of )(kX  is a 
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Beta distribution with parameters k and n − k + 1, i.e., )1,(~)( knkBetaX k −+ , where nk ,...,2,1= . The 

expected value is )1(][ )(
+

= n
kXE k  (useful when making Q-Q plots) and the variances are 

)2()1(
)1(][ 2)(

++

+−
=

nn
knkXVar k . Note that the Beta distribution arises from a transformation of the F 

distribution and is typically used to model the distribution of order statistics. Because the beta distribution is 
bounded on both sides, it is often used for representing processes with natural lower and upper limits – to 
examine quantitative risk management. 

Lemma 2: Random samples can be generated using inverse transform sampling. Given a random variable 

U  drawn from the uniform distribution )1,0(U , the variable 
k

m

U

x
T

/1
=  is Pareto-distributed.   

If X  is a random variable with a Pareto distribution, then the probability that X  is greater than some 

number is given by )(1)( xF
x

x
xXP X

k

m

−=







=>

−

, mxx ≥∀ , where mx  is the (necessarily positive) 

minimum possible value of X , and k  (shape parameter) is a positive parameter, when the family of Pareto 

distributions is parameterized by two quantities, mx  and k . The quantile function is 
k

-

p
 (p) F

/1
1

)1(

1

−

= , 

10   p  << . The Pareto distribution is a heavy-tailed distribution. Thus, the mean, variance, and other 

moments are finite only if the shape parameter k  is sufficiently large. The Pareto distribution is often 
generalized by adding a scale parameter. Thus, suppose that Z  has the Pareto distribution with shape parameter 
k . If 0>σ , the random variable Z  X σ=  has the Pareto distribution with shape parameter k  and scale 

parameter 0>σ : k 
x

 -  (x) FX )(1
σ

= , σ≥x . The quantile function is 
k

-

p
 (p) F

/1
1

)1( −

=
σ

, 10   p  << . 

Lemma 3: Suppose that X  has the Pareto distribution with shape parameter k  and scale parameter 
0>σ . Let 0>c  be a constant, then Xc.  has the Pareto distribution with shape parameter k  and scale 

parameter σ.c . Besides, X
1  has the Beta distribution with parameters k  and 1. 

 
Bootstrap Simulation Method for Extreme Quantile (or any Order Statistics) Estimation. 

Consider that a random sample of observations, {Xk, k ≥ 1}, is used to obtain a sample estimate θ̂  of a 
parameter of interest θ , which can be a quantile. The purpose of Bootstrap simulations is to estimate the 

uncertainty (bias and variance) associated with the sample estimate θ̂ . In the standard version of Bootstrap 
(Efron and Tibshirani, 1993), a random sample of size n  is drawn with replacement from the ordered sample 

)()1( ,..., nXX , constructing the empirical (sample) quantile function. This method is also known as non-

parametric Bootstrap, as no parametric distribution function is used for simulating Bootstrap samples. Using a 
k -th Bootstrap sample, a new Bootstrap estimate can be obtained. The set of estimates constitutes the sampling 
distribution of θ ’s. The Bootstrap estimates the true bias as the average of all Bootstrap estimates. The 
Bootstrap method is applied to quantile estimation using the order statistic method, obtaining the quantile 
standard errors and confidence limits – in the fully parametric or semi-parametric cases one uses the Monte 
Carlo Simulation. 

The extreme quantile estimation is essentially a statistical extrapolation beyond the existing data set. In 
such cases the standard non-parametric Bootstrap method is not considered appropriate. The natural reason is 
that a given random sample may not contain any extreme observations that are in the proximity of the region of 
tail-extrapolation. In other words, the empirical distribution from which generated Bootstrap sample cannot 
provide a good approximation of the distribution tail - a POT or an empirical sample, chosen above a certain 
threshold ( 1u ), is further divided into two sub-samples by choosing another high threshold ( 2u ). For a given set 
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of 1u  and 2u  ( 12 uu > ). The threshold quantile 1u  and 2u  are varied to minimize mean square error in an 

asymptotic sense – analyse the sensibility of ε1 mu  and ε2 mu .  
 

Illustration – Case Study: Precipitation at “Porto Alegre - Rio Grande do Sul (RS)” in Brazil. 
 

(a) 15%           15%Boot         85%           85%Boot 
                  56.0                56.5          192.9                    193.3 (mm) 
                      2.5%    97.5%                      2.5%    97.5% 
                      50.2     67.1                        170.4     228.6 (mm) 

 
(b) 

 
(c) 

 
(d) 

Figure 2: (a) The Bootstrap response for precipitation over 45 years record. (b-d) Bootstrap for decision-making – H0: strong and moderate El Niños / La 
Niñas do not cause any impact in seasonal (DJFM) precipitation: (b) 15 years categorized as neutral;  (c) 8 years considered as strong and moderate El 
Niño configuration;  (d) 6 years measured as strong and moderate La Niña configuration.  

 
Final Considerations 
In a practical application of the POT method, the selection of a suitable threshold is critical to the estimation 
accuracy, since quantile estimates tend to exhibit large variability with threshold. It is well known that POT 
estimates alone cannot provide suitable estimates of design quantiles, because of high threshold sensitivity as 
shown in the article. This work investigates the variation of quantile uncertainty as a function of threshold with 
the purpose of identifying an optimal threshold corresponding to minimum statistical error, to estimate a 
confidence interval for precipitation extreme quantiles pointing in the course of a decision-making about the 
regional influence of the El Niño South Oscilation (ENOS) phenomenon. 
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1 Introduction and preliminaries

Whenever we need to perform a statistical analysis of extreme values we are immediately confronted
with a few parameters of interest, the so-called parameters of extreme or rare events, which need to
be suitably estimated on the basis of an adequate sample. Among those parameters we mention the
tail index, denoted γ, the extremal index, denoted θ, and a second order parameter, denoted ρ.

Let us consider a stationary dependent sequence X = {Xn}n≥1 and the associated independent,
identically distributed (i.i.d.) sequence Z = {Zn}n≥1, both from a model F . Then, if there exist se-
quences of constants {an > 0}n≥1 and {bn ∈ R}n≥1 such that the maximum of Z1, Z2, · · · , Zn, linearly
normalized, converges towards a non-degenerate distribution function (d.f.) G, then G is an Extreme
Value (EV ) d.f., EVγ(x) = exp(−(1 + γx)−1/γ

+ ), γ ∈ R. We then say that F is in the max-domain of
attraction of EVγ , and use the notation F ∈ DM(EVγ). Moreover, for a great diversity of dependent
stationary sequences (see Leadbetter et al., 1983) there appears an extra parameter θ ∈ [0, 1], the
extremal index, such that

(1) P
((

max
1≤i≤n

Xi − bn

)
/an ≤ x

)
w−→

n→∞
EV θ

γ (x),

i.e., there is a shrinkage of maximum values induced by θ and a clustering of exceedances of high
levels.

We shall consider here heavy tails, i.e., γ > 0 in the EVγ d.f. Let us define U(t) := F←(1− 1/t),
t ≥ 1, F←(x) := inf {y : F (y) ≥ x}. We then have a first order condition:

(2) F ∈ DM(EVγ) iff 1− F ∈ RV−1/γ iff U ∈ RVγ ,

where RVα denotes the class of regularly varying functions with index α, i.e., positive measurable
functions such that limt→∞ g(tx)/g(t) = xα for all x > 0. The rate of convergence in (2) is often
measured in terms of a function A, and it is often assumed that

(3) lim
t→∞

lnU(tx)− lnU(t)− γ lnx

A(t)
=

xρ − 1
ρ

,

where ρ ≤ 0 is a second order parameter.

Given an i.i.d. sample (Z1, Z2, · · · , Zn), most of the semi-parametric estimators of the tail index,
in an i.i.d. context, are of the same type, γ̂n(k) := Φ(Zn:n, Zn−1:n, · · · , Zn−k:n), built upon a few large
order statistics (o.s.), where, as usual Zi:n, 1 ≤ i ≤ n denotes the ascending o.s. associated to our
original sample Zi, 1 ≤ i ≤ n. The derivation of the main distributional properties of the these tail
index estimators lies on the fact that if Z has d.f. F , Zi:n = U(Yi:n), with Y a unit Pareto random
variable (r.v.), i.e., FY (y) = 1− 1/y, y ≥ 1.
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For stationary samples, (X1, X2, · · · , Xn), we may obviously use this fact as well, getting Xi:n =
U(Y ∗i:n), but the Y ∗, although stationary from a unit Pareto model, are now from a dependent structure
related with the structure from which the X’s come from. We shall then consider for our stationary
structure, tail index estimators of the same type γ̂n(k) := Φ(Xn:n, Xn−1:n, · · · , Xn−k:n). Such as in
the i.i.d. set-up, we also further need to have Y ∗n−k ∼ cn → ∞, to have consistency of the tail index
estimator, under the first order framework in (2). Asymptotic normality is achieved under the validity
of the second order condition (3), writing

γ̂n(k) := Φ(Xn−i+1:n, 1 ≤ i ≤ k;Xn−k:n) d= Φ(U(Y ∗n−i+1:n), 1 ≤ i ≤ k;U(Y ∗n−k:n)),

and working with the distributional properties of functions of o.s. in dependent standard Pareto
models, where we no longer may use the fact the Y ∗n−i+1:n/Y ∗n−k:n

d= Y ∗k−i+1:k, as in an i.i.d. Pareto
set-up. The methodology used to derive consistency and asymptotic normality of tail index estimators
(Hsing and Leadbetter, 1988; Resnick and Starica, 1998; Drees, 2002) is thus more stuck to the type
of dependence, but since there is only a shrinkage of the top o.s. it is expected that the usual tail
index estimators should have a similar type of behaviour for a large class of dependent structures:

1. high variance for small values of k (high thresholds);

2. high bias for large values of k (low thresholds);

3. consistency and minimum mean squared error for intermediate values of k, which are defined as
sequences k = kn such that k = kn →∞, k/n → 0, as n →∞.

Remark 1.1. Notice that heuristically we expect a shrinkage of maximum values, and a mean size
approximately equal to 1/θ for the size of the clusters of exceedances of high levels. Asymptotically,
we thus expect that there will be an increase in the variance of a factor proportional to 1/θ.

In Section 2 of this paper we shall introduce the tail index estimators to be used in our simulation.
In Section 3 we make a review of the dependent structures considered, together with their properties,
and finally, in Section 4, we proceed to a comparison of the tail index estimators for those dependent
structures.

2 The tail index estimators

Apart from the the classical heavy tail index estimator, introduced by Hill (Hill, 1975), and given by

(4) γ̂H
n (k) :=

1
k

k∑
i=1

{ln Xn−i+1:n − lnXn−k:n} ,

we shall consider the “Maximum Likelihood” estimator introduced in Gomes and Martins (2004),
based on the scaled log-spacings Ui := i [lnXn−i+1:n − lnXn−i:n], 1 ≤ i ≤ k, and given by

(5) γ̂(ML)
n (k) :=

1
k

k∑
i=1

Ui −

(
1
k

k∑
i=1

i Ui

) (
k∑

i=1
i

)(
k∑

i=1
Ui

)
− k

(
k∑

i=1
iUi

)
(

k∑
i=1

i

)(
k∑

i=1
iUi

)
− k

(
k∑

i=1
iUi

) ,

This estimator is a simplified version of the estimator in Feuerverger and Hall (1999).

3 The dependent structures

All the dependent structures considered come, apart from a possible scale parameter different from 1,
from underlying Fréchet parents with df Φγ(x) = exp

(
− x−1/γ

)
, x > 0.
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3.1 m-dependent processes

We have here considered very simple m-dependent sequences based on iid Fréchet r.v.’s εi, i ≥ 1, with
d.f. Φ1/m

γ , extremal index θ = 1/m, m = 2 and 5, such that Xi = maxi≤j≤i+m−1 εj .

3.2 ARMAX processes

The Max-AutoRegressive (ARMAX) sequences here considered, introduced and studied in Alpuim
(1989), is defined through the relation Xi = smax(Xi−1, εi), i ≥ 1, 0 < s < 1, F = Φγ

(
Fε =

Φs−1/γ−1
γ

)
, θ = 1− s1/γ=0.2 and 0.5. Such a sequence has a stationary distribution F , dependent on

the d.f. Fε of the i.i.d. sequence {εi}i≥1, through the relation F (sx)/F (x) = Fε(x). These sequences are
strong-mixing sequences, they do verify D” (Leadbetter and Nandagopalan, 1990), and consequently
they possess an extremal index θ < 1 in a great variety of situations. Indeed, the stationary ARMAX
sequences X possess an extremal index 0 < θ < 1 if F (x) is the domain of attraction of EVγ , γ > 0.
The extremal index of such a sequence is given by

θ = lim
n→∞

P (Xi > x, Xi+1 ≤ x)
P (Xi > x)

= 1− lim
n→∞

1− Fε(x/s)
1− Fε(x)

= 1− sα.

4 Distributional properties of the tail index estimators

In Figure 1 we present the mean values (top left), the root mean square errors (top right),
√

kSD• =√
k V ar(γ̂•n(k)) (bottom left) and SD•|θ/SD• (bottom right) for the Hill and the ML tail index

estimators in Fréchet m-dependent sequences with extremal index θ = 0.2 and 0.5, as well as the same
tail index estimators for the associated i.i.d. sequence. Figure 2 is similar to Figure 1, but for ARMAX
Fréchet sequences.
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Figure 1: Simulated characteristics for m-dependent Fréchet sequences with θ = 0.2, 0.5 and associated i.i.d. sequence.

Some overall comments:

1. Clearly the MSE of any of the estimators increases as θ decreases. For m-dependent sequences
this increase is essentially due to an increase in the variance. The bias is almost coincident with
the one achieved for the i.i.d. associated sequence. For the ARMAX structures the increase in the
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Figure 2: Simulated characteristics for ARMAX Fréchet sequences with θ = 0.2, 0.5 and associated i.i.d. sequence.

MSE is due to an increase both in bias and in variance. Anyway, and both for the m-dependent
as well as for the ARMAX- processes the patterns both of mean values and MSE’s of any of
the tail index estimators considered do not differ much with the degree of dependence.

2. When we look at the left bottom figures, we see that when we move from an i.i.d. scheme to
an ARMAX scheme with θ = 0.5, the asymptotic variances triplicates, and becomes eight times
greater when we move towards an ARMAX sequence with θ = 0.2. For a m-dependent sequence
the increase in the variance is approximately equal to 1/θ, without any other additional scale
factor. This has a reasonable simple theoretical explanation.
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1. Introduction

Let X1,X2, · · · ,Xn be positive, independent and identically distributed (i.i.d.) random variables
(r.v.’s) with common distribution function (d.f.) F . We assume that F has a heavy right tail, i.e.,
1−F ∈ RV−1/γ , with γ > 0, where RVα denotes the class of regularly varying functions with index of
regular variation at infinity equal to α, what means

lim
t→∞

1− F (tx)
1− F (t)

= x−1/γ x > 0 and γ > 0.(1)

The tail index γ, directly related to the tail weight of the model F , is a central parameter in
Statistical Extremes. Classical estimators calculated over the k largest observations present a discrete
character, i.e., they can change when k is increased by one. Kernel estimators, proposed by Csörgó
et.al. (1985) are derived from a class of kernel functions. They depend in a continuous way on the
fraction of the order statistics used, so they present a smoother behaviour.

A kernel function K is a function defined on (0,∞), non-negative, non-increasing and right-
continuous such that

• ∫∞0 K(t)dt = 1,
∫∞
0 t−1/2K(t)dt <∞ and

• there exists ΛK ∈ (0,∞) for which K(t) = 0 if t > ΛK .

Csörgó et.al. (1985) considered the kernel estimator defined as

γ̂(K)
n (k) :=

∑n−1
j=1

j
kK

(
j
k

)
[ln Xn−j+1:n − ln Xn−j:n]

1
k

∑n−1
j=1 K

(
j
k

)(2)

where X1:n ≤ X2:n ≤ · · · ≤ Xn:n and k ≡ kn is an intermediate sequence, i.e.,

kn →∞ and kn/n→ 0 as n→∞.(3)

The estimator (2) can be written as

γ̂(K)
n (k) :=

∑n−1
j=1 K

(
j
k

)
Dj

∑n−1
j=1 K

(
j
k

) with Dj = j[ln Xn−j+1:n − ln Xn−j:n],(4)

so the estimate γ̂
(K)
n (k) is the weighted average of spacings Dj.
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It is easy to see that Hill’s estimator (Hill, 1975) is obtained for the choice K(.) = K(H)(.) :=
I(0,1](.)

Csörgó et.al. (1985) showed that (2) converges in probability to γ whenever (1) and (3) hold.
For the special case where F belongs to the Hall’s class, i.e, when we may write

1− F (x) = Cx−1/γ
(
1 + Dxρ/γ + o

(
xρ/γ

))
, x→∞, C > 0, D �= 0, γ > 0, ρ < 0,

Csörgó et.al. obtained the “optimal” kernel function (in the sense that MSE∞[γ̂(K)
n (k0)] is minimized

at the optimal level, k0):

K(1)
ρ (t) =

⎧⎪⎨
⎪⎩

(
ρ−1

ρ

)
Λρ−1

K
(1)
ρ

[
Λ−ρ

K
(1)
ρ

− t−ρ

]
if 0 < t ≤ Λ

K
(1)
ρ

0 if t > Λ
K

(1)
ρ

Λ
K

(1)
ρ

=
2− 2ρ
1− 2ρ

>1.(5)

Csörgó and Viharos (1998) presented a kernel family parametrized in ξ<0:

K
(2)
ξ (t) =

⎧⎪⎪⎨
⎪⎪⎩

(
ξ−1

ξ

)
Λξ−1

K
(2)
ξ

[
Λ−ξ

K
(2)
ξ

− t−ξ

]
if 0 < t ≤ Λ

K
(2)
ξ

0 if t > Λ
K

(2)
ξ

Λ
K

(2)
ξ

=
2− 2ξ
1− 2ξ

>1(6)

In this case limξ→−∞ K
(2)
ξ (t) = K(H)(t) ∀t �= 1.

Under adequate conditions the asymptotic normality, the asymptotic bias and the asymptotic
variance of the Kernel estimators were obtained.

2. Alternative Kernel Estimators

Let us consider two alternative kernel functions. The first one is

K
(3)
ξ (t) =

{ (
ξ−1

ξ

) (
1− t−ξ

)
if 0 < t ≤ 1

0 if t > 1
Λ

K
(3)
ξ

= 1.(7)

Another kernel function is

K
(4)
ξ (t) =

{
(1− ξ) (2− ξ) t−ξ (1− t) if 0 < t ≤ 1
0 if t > 1

Λ
K

(4)
ξ

= 1.(8)

Let γ̂
(j)
n be the estimators defined by (2) with the kernel functions K

(j)
ξ (t) with j = 2, 3, 4. It

can be seen that γ̂
(3)
n and γ̂

(2)
n are asymptotically equivalent at “optimal” levels, however γ̂

(3)
n (k) only

uses k order statistics whatever ξ is, and has a higher, although slight, asymptotic relative efficiency
than the Hill’s estimator.

The estimator γ̂
(4)
n presents a minimum MSE∞

[
γ

(4)
n (k(4)

0 )
]

for ξ = 0, so the corresponding kernel
function is

K
(4)
0 (t) =

{
2(1 − t) if 0 < t ≤ 1
0 if t > 1

.

The estimator γ̂
(4)
n

(
k

(4)
0

)
has an asymptotic relative efficiency better than the Hill’s estimator

but slightly worst than that of γ̂
(1)
n

(
k

(1)
ρ

)
, however it does not depend on ρ.

Using the asymptotic properties of the estimators γ̂
(j)
n given above, jackknife generalized esti-

mators using several pairs of estimators were derived and their properties were obtained.
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A simulation study was carried out for several models.
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ABSTRACT

In extreme value theory several parameters arise and play relevant roles in areas such as financial
risk modeling, environment, hydrology, etc. One of the most important parameters is the tail index γ.
For heavy tails, i.e,. when γ > 0, the Hill estimator is one of the most well known estimators. Several
authors have presented generalizations in order to overcome some problems that the Hill estimator
presents. Others have considered extensions of that estimator for γ ∈ IR. All the estimators are based
on the k largest observations and present the same drawback: the estimates can change considerably
each time one more order statistic is included in the estimation.

Kernel estimators, proposed by Csorgo et. al. (1985) for γ > 0 are a very general class of tail
index estimators, including the Hill estimator, that appears when the uniform kernel is used. Different
choices of the kernel function leads to estimators that present different behavior. Csorgo e Viharos
(1998) proposed a kernel family for which the estimators obtained present a low volatility or/and an
asymptotically null bias. Recently Groeneboom (2003) introduced kernel type estimators that can be
used over the whole range of values of γ ∈ IR.

Here we present alternative estimators derived for different choices of kernel functions. They
are also used to obtain new estimators, based on resampling techniques. Estimators are compared
asymptotically and by simulation.

Keywords: Kernel estimators, simulation, tail index, resampling techniques, smoothing.
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1. Introduction and Preliminaries

Let {Xn}n≥1 be a strictly stationary sequence with marginal distribution function F . Let
Mi,j = maxi<k≤j Xk and Mn = M0,n.

We say that the process has extremal index, θ ∈ [0, 1], if, for every τ > 0, there exists a sequence
of thresholds {un(τ)}n≥1 such that nP (Xn > un(τ)) → τ and P (Mn ≤ un(τ)) → exp{−θτ} as n →∞,
see Leabetter (1983).

The extremal index is an important parameter measuring the degree of clustering of extremes
in a stationary process. Leadbetter (1983) interprets θ as the reciprocal of the limiting mean cluster
size. The identification of approximately independent clusters of high level exceedances is then a key
issue for the estimation of θ. If we have n observations from a stationary sequence let Nn(un) denote
the number of observations which exceed a high level un and let Cn(un) be the number of clusters (a
cluster is a block in which there is at least one exceedance of the threshold un). θ can be estimated by
θ̂n = Cn(un)/Nn(un) and the first step is the cluster identification. One attempt to identify clusters
is to measure Cn(un) by the number of up-crossings of the high threshold un. This gives the up-
crossing estimator, θ̂UC

n , (Leadbetter and Nandagopalan, 1989, Leadbetter, 1990 and Gomes, 1990,
1992, 1993), defined for a suitable threshold un as:

θ̂UC
n :=

∑n−1
i=1 I(Xi ≤ un < Xi+1)∑n

i=1 I(Xi > un)
.(1)

This estimator is the most basic form of cluster identification and does not require any knowledge of
clustering characteristics of the process.

However, like other estimators existing in the literature, these estimator is strongly dependent
on the high level un showing a high variance for high levels and a high bias when the level decreases.
A compromise between these two measures is obtained by considering the mean squared error, MSE.
Then a question that has been often addressed is the choice of un that minimizes MSE.

2. On blocking rules for the bootstrap: a summary

Bootstrap methodology, Efron and Tibshirani (1993) has been considered as an auxiliary esti-
mation procedure for providing answers to many complex problems. However, Singh (1981) showed
the inadequacy of the classic bootstrap in the context of dependent data. His idea was to group the
observations into blocks and to carry out the resampling at the block level. The motivation for this
scheme is that the dependence structure of the underlying model is preserved within each block. Thus,
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if the block size is allowed to tend to infinity with the sample size, asymptotically correct inference
can ensue. Several authors studied ways of blocking: the nonoverlapping block bootstrap, (NBB),
(Carlstein, 1986), the moving block bootstrap, (MBB), (Künsch, 1989, Liu and Singh, 1992), circular
block bootstrap, (CBB), (Politis and Romano, 1992) and the stationary bootstrap, (SB), (Politis and
Romano, 1994). In this work these resampling schemes are reviewed.

Given the observations, Xn = (X1, X2, . . . , Xn), let ` denotes the number of blocks of length
b ≡ b(n) in the n size sample. The bootstrap sample (X∗

1 , X∗
2 , . . . , X∗

n) is obtained by arranging the
b× ` elements in the ` resampled blocks. Different versions of block bootstrap methods are obtained
by using different ways of defining the blocks for resampling.

The NBB procedure resamples ` = [n/b] blocks while the MBB considers ` = n − b + 1 of
overlapping blocks where the block i begin with the observation Xi. The CBB and SB procedures use
elements from the periodically extended series, (X1, X2, . . . , Xn+b−1) with Xn+j = Xj , j = 1, . . . , b−1
and resample ` = n blocks. The last one, differs from the others in the sense that it uses a random
block length to generate the bootstrap sample considering a geometric distribution with parameter
p = 1/b ∈ (0, 1).

3. Selecting optimal block size and optimal sample fraction

The performance of a block length method critically depends on the particular block length
employed in finding the bootstrap estimator. Hall et al. (1995) describe an empirical device for
data-based selection of the optimal block sizes for the bootstrap variance estimation and bootstrap
distribution function estimation. The method proposed by these authors employs the subsampling
method to define a data-based version of mean-squared-error (MSE) function which is then minimized
and rescaled to produce an estimator of the optimal block size.

Lahiri et al. (2003) proposed a plug-in rule as an alternative approach for empirical choice of the
optimal block size. The key idea of the method is based on the bootstrap estimation of the variance
and the bias of the block bootstrap estimator. The proposed rule is based on the Jackknife-After-
Bootstrap (JAB) that yields a nonparametric estimator of the variance of a block bootstrap estimator,
briefly described below, for the overlapping case, that was considered in this work.

Let θ̂∗n(b) be the MBB estimator of θ based on blocks of length b and ` = n− b + 1 the number
of “observable” blocks of length b.

Let m ≡ mn be an integer such that as n → ∞ m → ∞ and m/n → 0, denoting the number
of bootstrap blocks to be deleted. Write M = ` −m + 1 and for i = 1, · · · ,M let us define the set
Ii = {1, · · · , `}\{i, · · · , i+m−1} denoting the index set of all blocks obtained by deleting the m blocks.
We resample [n/b] blocks from the reduced collection {Bj : j ∈ Ii} and compute the jth jackknife block
deleted point value θ̂

(i)∗
n for i = 1, · · · ,M . The JAB estimator for the variance of θ̂∗n is defined as:

̂V ARJAB(θ̂∗n) =
m

(`−m)M

M∑

i=1

(θ̃(i)∗
n − θ̂∗n)2(2)

where θ̃
(i)∗
n = m−1

[
`θ̂∗n − (`−m)θ̂(i)∗

n

]
is the ith block-deleted jackknife pseudo-value of θ̂∗n, i =

1, · · · ,M . The authors proposed a new estimator for the bias of the block bootstrap estimator,
defined as:

̂BIAS(θ̂∗n) = 2
(
θ̂∗n(b)− θ̂∗n(2b)

)
.(3)

The nonparametric plug-in estimator of the optimal block length is given by:

b̂opt =

[
2Ĉ2

2

rĈ1

] 1
r+2

n
1

r+2 .(4)
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where Ĉ2 = 2b
{
θ̂∗b (n)− θ̂∗n(2b)

}
and Ĉ1 = (nb−r) ̂V ARJAB(θ̂∗n), with ̂V ARJAB(θ̂∗n) defined in (2).

According to some suggestions given in Lahiri (2002) and Lahiri et al. (2003) for obtaining Ĉ1

and Ĉ2 we used, as a first approach, b = c1n
1/(r+4), with c1 = 1 and r = 1 and with this choice of b,

m = c2n
1/3b2/3 with c2 = 1.

Once obtained an estimate for the optimal block length, a simulation study was carried out and
following an heuristic method, Oliveira(2002), the optimal sample fraction was obtained.

An application to a real data set is also considered.
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ABSTRACT

The main objective of extreme value theory is to predict the occurrence of rare events, outside
of the range of available data. Its primary problem is the estimation of the tail index, γ, usually
performed on the basis of the largest k order statistics in the sample or on the excesses over a high
level u.

In many practical situations the i.i.d. assumption cannot be considered. Another parameter
plays now an important role in extreme value analysis, the extremal index, θ, as a measure of local
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dependence in the extremes of a stationary process. Classical estimators that have been proposed for
θ are strongly dependent from the high level u or the number of k upper order statistics, with high
variance for small values of k and high bias for large values of k. A compromise between these two
measures is obtained by considering the mean squared error. It is necessary to choose the value k for
which we have the best mean squared error.

When the data are dependent, several bootstrap procedures have appeared in the literature, like
the block bootstrap (nonoverlapping blocks, “moving blocks”, circular bootstrap) sieve bootstrap or
jackknife-after-bootstrap. Here some of those bootstrap procedures will be compared by simulation and
a real data set will be studied.

We are here mainly interested in the use of the bootstrap methodology for dependent data to
estimate adaptively the optimal sample fraction.
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Introduction

Classical statistical techniques for analysing multivariate extremes are often based on the point

process representation of de Haan (1985). Amongst other things, this representation provides a char-

acterisation of the class of multivariate extreme value distributions. The dependence structures ac-

commodated within this class correspond only to asymptotic dependence or to exact independence,

and so are rather restrictive. The notions of asymptotic dependence and asymptotic independence

are defined by the following. Letting (X,Y ) be a bivariate random variable with unit Fréchet mar-

gins, so that Pr(X ≤ x) = Pr(Y ≤ x) = exp(−1/x) on x > 0, and κ denote the limiting conditional

probability in

lim
u→∞

Pr(X > u|Y > u) = κ

then X and Y are said to be asymptotically dependent if κ > 0 and asymptotically independent if

κ = 0. Asymptotic independence is an important feature that arises in both practical data modelling

applications and the study of the dependence features of most classical families of distributions, see

e.g. Ledford and Tawn (1997).

In this work we extend the point process representation for asymptotic independence introduced

by Ledford and Tawn (1997) and derive conditions detailing the required properties of the intensity

of this process. Exploiting this point process formulation we then construct a flexible parametric

joint tail model that accommodates asymptotic dependence, asymptotic independence and asymmetry

within a single straightforward parsimonious parameterisation. This parametric model is used to

assess the cross-sectional dependence between bivariate returns of stock indices. To fit the model

to the observed underlying data we use likelihood methods which allow simultaneous marginal and

dependence estimation.

A unified point process framework

Let (X1, Y1) , . . . , (Xn, Yn) denote independent and identically distributed bivariate random vari-

ables with unit Fréchet distributed margins and joint survivor function that is bivariate regularly

varying with index −1/η for some η ∈ (0, 1], so that

F (x, y) = Pr(X > x, Y > y) =
L(x, y)

(xy)1/(2η)
(1)

where L is a bivariate slowly varying (BSV) function. Following Ledford and Tawn (1997) we refer to

the parameter η ∈ (0, 1] as the coefficient of tail dependence. The representation (1) accommodates a
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wide spectrum of dependence behaviours, including asymptotic independence, asymptotic dependence,

complete dependence and exact independence. As a modelling framework, it also provides a smooth

transition between complete dependence and exact independence, and allows negative dependence

between the marginal extremes, yielding a very flexible and broadly applicable statistical model, see

Ramos and Ledford (2007). Let g denote the limit function of L, so that for all (x, y) ∈ (0,∞)×(0,∞)

and c > 0 we have

g(x, y) = lim
r→∞

L(rx, ry)

L(r, r)
and g(cx, cy) = g(x, y).(2)

Following Ledford and Tawn (1997), we consider the sequence of point processes

P∗

n =

{(
Xi

bn
,
Yi

bn

)
: i = 1, . . . , n

}
(3)

where the normalising constants bn are defined implicitly as satisfying nF (bn, bn) = 1, so that typically

bn = O(nη). Clearly when η < 1 the normalising constants satisfy bn = o(n) and are therefore too

light to stabilise the componentise maxima MX,n = max(X1, . . . ,Xn) and MY,n = max(Y1, . . . , yn)

within P∗

n. In contrast, when the componentwise maxima are asymptotically dependent then bn =

O(n) and MX,n and MY,n are stabilised. The impact of this distinction is that P∗

n converges weakly

to a non-homogeneous Poisson process P∗ in the limit as n → ∞ with domain (0,∞) × (0,∞) when

η < 1 and domain {[0,∞) × [0,∞)}\{(0, 0)} when the componentwise maxima are asymptotically

dependent. The first case is discussed in more detail in Ledford and Tawn (1997) and the latter case

in de Haan (1985), however for our purposes we will restrict attention to the domain (0,∞) × (0,∞)

as then our results will hold regardless of whether the componentwise maxima are asymptotically

dependent or asymptotically independent.

We start by deriving the intensity function Λη{(x,∞) × (y,∞)} of P∗ for any x > 0 and y > 0,

that is the expected number of points of P∗ within a set of the form {(x,∞)× (y,∞)}. By definition,

and substituting according to equations (1) and (2), we have

Λη{(x,∞) × (y,∞)} = lim
n→∞

nF (bnx, bny) = lim
n→∞

nF (bn, bn)
F (bnx, bny)

F (bn, bn)
=

g(x, y)

(xy)1/(2η)
(4)

since nF (bn, bn) = 1. Substituting into equation (4) according to the pseudo-polar coordinates r =

x+ y and w = x/r and exploiting the properties of the function g, it is easy to show that Λη{(x,∞)×
(y,∞)} factorises into separate terms involving r and w. We now derive an alternative expression for

Λη{(x,∞) × (y,∞)} as the integral of its point intensity µη over the set {(x,∞) × (y,∞)} and then

exploit the above factorisation by changing variables to (r,w), and so obtain

Λη{(x,∞) × (y,∞)} =

∫
{(x,∞)×(y,∞)}

µη(dx × dy) =

∫
w∈(0,1)

∫
∞

r=r′xy(w)
r−(1+1/η) dr dHη(w)

= η

∫
(0,1)

{
min

(
w

x
,
1 − w

y

)}1/η

dHη(w)(5)

where r′xy(w) = max{x/w, y/(1−w)} and Hη(w) is a non-negative measure on (0, 1) that is arbitrary

apart from having to satisfy a simple normalisation condition that we now derive.

Since limn→∞
nF (bn, bn) = 1 implies that the expected number of points of P∗ within (1,∞) ×

(1,∞) is 1 also, then η and Hη are related via

1 = Λη{(1,∞) × (1,∞)} = η

∫ 1

0
{min (w, 1 − w)}1/η dHη(w).(6)

The normalisation condition (6) is identical to that obtained in Ramos and Ledford (2007) but is

different to that which arises in the de Haan (1985) classical point process treatment of multivariate

extremes.
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The η-asymmetric logistic model

Here we introduce a flexible smooth parametric model for Hη that satisfies the normalisation

condition (6). This is similar to the BEV-asymmetric logistic dependence structure of classical bivari-

ate extremes, see Tawn (1990).

Consider Hη with density hη given by

hη(w) =
η − α

αη2̺N̺

{
w−1/α +

(
1 − w

̺

)
−1/α

}α/η−2 (
w

1 − w

̺

)
−(1+1/α)

(7)

for w ∈ (0, 1) where N̺ = 1 + ̺1/η − (1 + ̺1/α)α/η and η ∈ (0, 1], ̺ > 0 and α > 0. So, this measure

density hη can be used to yield a model for the limiting Poisson point process intensity function that

arise within the point process framework. Then, by equation (5), the intensity function of the point

process P∗ has the form

Λη {(x,∞) × (y,∞)} = N−1
̺


x−1/η +

(
y

̺

)
−1/η

−
{

x−1/α +

(
y

̺

)
−1/α

}α/η

 ,(8)

for x, y > 0.

Considering a region A ⊂ (0,∞) × (0,∞) sufficiently away from the origin and both axes, we

follow the usual extreme value approximation and thus assume that the asymptotic result, which holds

in the limit as n → ∞, holds exactly for some large but finite value of n on such a region, i.e. we

assume that in region A, P∗

n coincides with the Poisson point process P∗. Then, a joint tail model

could be obtained by the following. Consider the conditional survivor function of (X,Y ) in region

A = {(x, y) : x > ε1, y > ε2}, for ε1, ε2 > 0, that is given by

FA(x, y) = lim
n→∞

Pr(X > bnx, Y > bny)

Pr(X > ε1bn, Y > ε2bn)
=

Λη {(x,∞) × (y,∞)}
Λη {(ε1,∞) × (ε2,∞)} ,

for x > ε1 and y > ε2. Now, using the η-asymmetric logistic intensity function given in equation (8),

we obtain

FA(x, y) = N−1
ε̺


x−1/η +

(
y

̺

)
−1/η

−
{

x−1/α +

(
y

̺

)
−1/α

}α/η



for x > ε1 and y > ε2, where Nε̺ =

[
ε
−1/η
1 + (ε2/̺)−1/η −

{
ε
−1/α
1 + (ε2/̺)−1/α

}α/η
]
. This generalizes

the asymmetric logistic joint tail model obtained in Ramos and Ledford (2007) which is valid only

for the case ε1 = ε2 = 1. Consequently, results using the point process approach hold over a larger

domain. Then, we obtain the following joint survivor model for (X,Y ):

F (x, y) = λFA(x/u, y/u)(9)

for x > ε1u and y > ε2u where u is a chosen high threshold and λ = Pr(X > ε1u, Y > ε2u) is

the joint threshold exceedance probability. To fit the model to data, likelihood methods can be used

which allow simultaneous marginal and dependence estimation and provide likelihood ratio tests of

asymptotic dependence and symmetry, see Ramos and Ledford (2007).
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Application to financial data

The bivariate data set (X∗, Y ∗) consists in negative daily log returns of closing cash prices

observed from 13/02/1969 to 27/04/2001 for the FTSE Allshare index (fta) and for the S&P500 (spc).

Estimating the joint tail of this data set requires estimating the extremal dependence structure and

additionally estimating the tails of the marginal distributions, which are no longer Fréchet distributed.

For that, we extend model (9) to the model

FX∗Y ∗(x∗, y∗) = λFA

{ −1

u log F1(x∗)
,

−1

u log F2(y∗)

}
(10)

for x∗ > u1 and y∗ > u2 where F1(x
∗) = F2(x

∗) = 1 − λi {1 + ξi(x
∗ − ui)/σi}−1/ξi

+ are generalised

Pareto distributions for i = 1, 2, u = −1/ log F1(u1) = −1/ log F2(u2), s+ = max(s, 0), u1 and u2 are

high marginal thresholds, chosen as being (u1, u2) = (0.005, 0.004), ξi and σi > 0 are shape and scale

parameters respectively and λi denotes the threshold exceedance probability for i = 1, 2.

A threshold censored likelihood that allows simultaneous estimation of marginal and dependence

parameters may be constructed from equation (10). The resulting joint estimates of the marginal

and dependence parameters, with standard errors given in parenthesis, are 0.88(0.03), 0.80(0.02),

1.18(0.13), 0.09(0.02), 0.006(0.0002), 0.09(0.02) and 0.006(0.0002) for the parameters η, α, ̺, ξ1, σ1,

ξ2 and σ2, respectively. Contours of the density of the fitted joint tail model plotted in Figure 1 depict

a not very strong dependence between extreme values.

Joint density estimates
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Figure 1: Joint density estimates obtained using the η-asymmetric logistic joint tail model.
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Nonparametric Inference for Bivariate Extreme-Value Copulas whenthe Margins are UnknownGenest, ChristianDépartement de mathématiques et de statistiqueUniversité Laval, Québec, Canada G1K 7P4E-mail: Christian.Genest@mat.ulaval.caSegers, JohanInstitut de statistique, Université catholique de LouvainVoie du Roman Pays 20B-1348 Louvain-la-Neuve, BelgiumE-mail: Johan.Segers@uclouvain.be1. IntroductionLet (X1, Y1), . . . , (Xn, Yn) be mutually independent observations of a random pair (X,Y ) withjoint cumulative distribution function H, continuous marginal distribution functions F and G, andbivariate extreme-value copula C. In other words, suppose that for all x, y ∈ R,(1) Pr(X ≤ x, Y ≤ y) = H(x, y) = C{F (x), G(y)}, F (x) = Pr(X ≤ x), G(y) = Pr(Y ≤ y)and that there exists a function A : [0, 1] → [1/2, 1] such that for all (u, v) ∈ (0, 1)2,(2) C(u, v) = exp

[
log(uv)A

{
log(v)

log(uv)

}]
.In order for C to be a copula, it is necessary and su�cient that A be convex and that max(t, 1 − t) ≤

A(t) ≤ 1 for all t ∈ [0, 1]. By reference to the work of Pickands (1981), the function A is usually calledPickands' dependence function associated with C.This note is concerned with the estimation of A. In earlier contributions to this problem, themarginal distribution functions F and G were assumed to be known; see, e.g., Pickands (1981), De-heuvels (1991), Capéraà et al. (1997), Hall and Tajvidi (2000), Jiménez et al. (2001), and Segers (2007).Of speci�c interest here are the asymptotic properties of rank-based versions of the Pickands�Deheuvelsand Capéraà�Fougères�Genest estimators when margins are unknown.The proposed estimators are described in Section 2 and their asymptotic properties are estab-lished in Section 3. In Section 4, it is shown that in some cases, the rank-based form of the estimatorhas a smaller asymptotic variance than the original version which requires knowledge of the margins.2. Rank-based estimators for Pickands' dependence functionGiven a random pair (X,Y ) with cumulative distribution function H and copula C as in (1) and(2), let U = F (X) and V = G(Y ). The pair (U, V ) is then distributed as C. Let also S = − log U and
T = − log V be standard exponential random variables. For all s, t ∈ (0, 1), write s∧ t = min(s, t) and
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ξ(t) =
S

1 − t
∧ T

twith appropriate limits when t = 0 or t = 1. Note that for arbitrary t ∈ [0, 1] and x ≥ 0, one has
Pr{ξ(t) > x} = Pr{S > (1 − t)x, T > tx} = Pr{U < e−(1−t)x, V < e−tx} = e−xA(t).Hence the distribution of the random variable ξ(t) is exponential with intensity A(t). In particular,(3) E{ξ(t)} = 1/A(t) and E{log ξ(t)} = − log A(t) − γ,where γ = − ∫

∞

0 log(x)e−xdx = 0.577 . . . is Euler's constant. These observations form the motivationfor the following nonparametric estimators of A.For every integer i ∈ {1, . . . , n}, introduce
Ui,n =

1

n + 1

n∑
j=1

1(Xj ≤ Xi), Vi,n =
1

n + 1

n∑
j=1

1(Yj ≤ Yi),where 1(A) denotes the indicator function of the event A. Note that the pseudo-observations Ui,n and
Vi,n are rank-based statistics that can be regarded as sample analogues of the unobservable variables
Ui = F (Xi) and Vi = G(Yi). For every i ∈ {1, . . . , n}, write also

Si,n = − log Ui,n, Ti,n = − log Vi,n, ξi,n(t) =
Si,n

1 − t
∧ Ti,n

t
.It is then possible to de�ne empirical versions of the expectations in (3) that lead to nonparametricforms of the Pickands and Capéraà�Fougères�Genest estimators, respectively given by

1/ÂP
n(t) =

1

n

n∑
i=1

ξi,n(t) and log ÂCFG
n (t) = − 1

n

n∑
i=1

log ξi,n(t) − γ.As shown, e.g., by Segers (2007), the original Pickands and Capéraà�Fougères�Genest estimatorsobtain when Ui,n and Vi,n are replaced in these formulas by Ui = F (Xi) and Vi = G(Yi), respectively.Note, however, that the proposed estimators do not satisfy the endpoint constraints A(0) = A(1) = 1.Mimicking Deheuvels (1991), a correction of the Pickands estimator is given by(4) 1/ÂPD
n (t) = 1/ÂP

n(t) − (1 − t){1/ÂP
n (0) − 1} − t{1/ÂP

n(1) − 1}.Asymptotically, however, there is no di�erence between ÂP
n and ÂPD

n , because as n → ∞,
1/ÂP

n(0) = 1/ÂP
n(1) = log(n + 1) − 1

n

n∑
i=1

log i = 1 + O(n−1 log n).Similarly, an endpoint correction to the Capéraà�Fougères�Genest estimator is given by(5) log ÂCFG
n (t) − (1 − t) log ÂCFG

n (0) − t log ÂCFG
n (1).Again, in contrast with the case where the margins are known, this correction has no impact on theasymptotic distribution of the rank-based estimator.
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3. Asymptotic behaviourThe asymptotic distributions of the Pickands and Capéraà�Fougères�Genest estimators can easilybe determined once they have been expressed as appropriate functionals of the following version ofDeheuvels' empirical copula, de�ned for all u, v ∈ [0, 1] by
Cn(u, v) =

1

n

n∑
i=1

1(Ui,n ≤ u, Vi,n ≤ v).Lemma 1 For every t ∈ [0, 1], one has
1/ÂP

n(t) =

∫ 1

0
Cn(u1−t, ut)

du

u
,

log ÂCFG
n (t) =

∫ 1

0
{1(u > e−1) − Cn(u1−t, ut)} du

u log u
.Let β be a bivariate pinned C-Brownian sheet, i.e., a centered Gaussian random �eld on [0, 1]2whose covariance function is de�ned for every value of u, v, u′, v′ ∈ [0, 1] by

cov{β(u, v), β(u′, v′)} = C(u ∧ u′, v ∧ v′) − C(u, v)C(u′, v′).Further write Cu(u, v) = ∂C(u, v)/∂u, Cv(u, v) = ∂C(u, v)/∂v, and de�ne a centered Gaussian process
α at every (u, v) ∈ [0, 1]2 by

α(u, v) = β(u, v) − Cu(u, v)β(u, 1) − Cv(u, v)β(1, v).Stute (1984, p. 371) provides a strong approximation for the bivariate empirical copula pro-cess √
n(Cn − C) in terms of the ordinary bivariate empirical process based on the random sample

(U1, V1), . . . , (Un, Vn); see Tsukahara (2005) and references therein for a detailed proof. Combining thisapproximation with the representations in Lemma 1 and properties of the weighted bivariate empiricalprocess, one can obtain the following result.Theorem 1 If A is twice continuously di�erentiable, then as n → ∞, the following empirical processeshave the stated weak limits in the space C[0, 1] equipped with the topology of uniform convergence:
(√

n{ÂP
n(t) − A(t)})

t∈[0,1]
 

(
−A2(t)

∫ 1

0
α(u1−t, ut)

du

u

)
t∈[0,1]

,

(√
n{ÂCFG

n (t) − A(t)})
t∈[0,1]

 
(
−A(t)

∫ 1

0
α(u1−t, ut)

du

u log u

)
t∈[0,1]

.4. A paradoxTheorem 1 implies among others that √n{ÂP
n(t) − A(t)} and √

n{ÂCFG
n (t) − A(t)} are asymp-totically normal with mean zero and with variance depending on the estimator, on the true function

A, and on t. Unfortunately, computation of this asymptotic variance is in general intractable. Oneexception is the Pickands estimator ÂP
n in the case of independence, i.e., A ≡ 1.
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margins unknownFigure 1: Pointwise root-mean-squared errors at independence (A ≡ 1) averaged over 1000 randomsamples of size 100 of the Pickands�Deheuvels (left) and Capéraà�Fougères�Genest (right) estimatorswhen margins are known (solid line) or unknown (dashed line).Corollary 1 If A ≡ 1, then as n → ∞, √n{ÂP

n(t) − A(t)} N [0, 3t(1−t)
(2−t)(1+t) ] for all t ∈ [0, 1].The result in Corollary 1 is to be contrasted with the case of known margins. In Deheuvels(1991), the asymptotic variance of the endpoint-corrected version of the Pickands estimator (4) wasshown to be 2t(1 − t) at independence. Since (2 − t)(1 + t) > 2 for all t ∈ (0, 1), it follows that evenwhen the marginal distributions are known, a more e�cient estimator of A arises if the informationabout the margins is ignored and ranks are used instead. In fact, the asymptotic relative e�ciency ofthe Pickands�Deheuvels estimator with known margins is no larger than 75%, compared to its rank-based version. The paradox is illustrated in the left-hand panel of Figure 1, which shows Monte Carloapproximations to the pointwise root-mean-squared errors at independence of the Pickands�Deheuvelsestimator when margins are known or unknown. A simulation experiment (right-hand panel of Figure 1)suggests that the same is true for the endpoint-corrected Capéraà�Fougères�Genest estimator in (5).REFERENCESCapéraà, P., Fougères, A.-L., and Genest, C. (1997) �A nonparametric estimation procedure for bivariate extremevalue copulas,� Biometrika 84, 567�577.Deheuvels, P. (1991) �On the limiting behavior of the Pickands estimator for bivariate extreme-value distribu-tions,� Statistics and Probability Letters 12, 429�439.Hall, P. and Tajvidi, N. (2000) �Distribution and dependence-function estimation for bivariate extreme-valuedistributions,� Bernoulli 6, 835�844.Jiménez, J.R., Villa-Diharce, E. and Flores, M. (2001) �Nonparametric estimation of the dependence functionin bivariate extreme value distributions,� Journal of Multivariate Analysis 76, 159�191.Pickands, J. (1981) �Multivariate extreme value distributions,� in Bulletin of the International Statistical Insti-tute, Proceedings of the 43rd Session, Buenos Aires 1981, pp. 859�878.Segers, J. (2007) �Non-parametric inference for bivariate extreme-value copulas,� in: Extreme Value Distributions(Editors: M. Ahsanulah, S. Kirmani) Nova Science Publishers, pp. 181�203. Available as CentER DiscussionPaper 2004-91: http://center.uvt.nl/pub/dp/.Stute, W. (1984) �The oscillation behavior of empirical processes: the multivariate case,� The Annals of Prob-ability 12, 361�379.Tsukahara, H. (2005) �Semiparametric estimation in copula models,� The Canadian Journal of Statistics 33,357�375.

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 3636 -



On the asymptotics of a simple estimator

for the second order parameter

Vandewalle, Björn
Centro de Estat́ıstica e Aplicações, Faculdade de Ciências
Universidade de Lisboa, Campo Grande, Bloco C6 - Piso 4
1749-016 Lisboa, Portugal
E-mail: bjorn.vandewalle@gmail.com

Gomes, Maria Ivette
Centro de Estat́ıstica e Aplicações, Faculdade de Ciências
Universidade de Lisboa, Campo Grande, Bloco C4 - Piso 2
1749-016 Lisboa, Portugal
E-mail: ivette.gomes@fc.ul.pt

Abstract: A simple class of estimators for the second-order parameter, governing the rate of
convergence in the first-order regular variation condition on the tail quantile function of heavy-tailed
distributions, is revisited. In this, special attention is paid to expanding the adopted methodology
to the estimation problem of the second-order parameter governing the rate of convergence in the
corresponding first-order regular variation condition on the tail distribution function. The asymptotic
properties of the considered class of estimators for the second-order parameters are discussed under a
suitable third-order framework on the tail quantile function of heavy-tailed distributions.

Keywords: Extreme value statistics, heavy-tailed distributions, second-order parameters.

I. Introduction

Consider X1, . . . , Xn to be a sequence of independent and identically distributed random vari-
ables with common heavy-tailed distribution function F , i.e. for which there exists a constant γ > 0
(here called the tail index) such that the tail distribution function F̄ (x) := 1 − F (x) and the tail
quantile function U(t) := inf{x | 1/F̄ (x) ≥ t} satisfy

(I) log
F̄ (λy)
F̄ (λ)

−→ −1
γ

log y and log
U(λy)
U(λ)

−→ γ log y, as λ →∞,

for all positive y. In other words, this means that F̄ belongs to R−1/γ and U belongs to Rγ , where Rα

denotes the class of functions that are regularly varying at infinity with index α ∈ R. In extreme value
statistics, classical estimators of the tail index γ and related quantities, as for instance high quantiles
and small exceedance probabilities, are typically based on the approximate use of the above limiting
results for a certain high threshold Λ = Λk, depending on the number k of top order statistics in the
sample, where k = kn is an intermediate sequence of integers, i.e. for which kn → ∞ and kn/n → 0,
as n → ∞. The problem with this type of semi-parametric estimators however, is that eventhough
consistent when the model assumption of heavy-tailed behavior is met, in practice they often exhibit
a strong bias for large values of k, a high variance for small values of k and a resulting sample path of
estimates with only a very short stability region around the target value.

Recognizing the fact that the above first-order approximations are sometimes over-optimistic and
can, as such, result in severe bias for large values of k, several authors have explored and exploited
the idea of implementing second-order refinements to the first-order regular variation condition on the
tail functions F̄ and U , which govern the rate of convergence in I. One such natural refinement can
be found in the class Rβ

α of second-order regular varying functions with index β < 0, i.e. the class of
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functions g ∈ Rα for which there exists a positive or negative function a such that

(II)
log g(λy)

g(λ) − α log y

a(λ)
−→ yβ − 1

β
, as λ →∞,

for all positive y. In this, it can be understood that the limiting function is necessarily of the above
form and the rate function a satisfies |a| ∈ Rβ and limλ→∞ a(λ) = 0. For more details, see for instance
de Haan and Ferreira (2006). Assuming then that the tail quantile function U belongs to the class Rρ

γ

with a certain rate function A, or equivalently, the tail distribution function F̄ belongs to the class
Rρ̃
−1/γ with ρ̃ = ρ/γ and a certain rate function Ã that satisfies γ2Ã(λ) = A(1/F̄ (λ)), does not only

make it possible to assess the asymptotic non-degenerate behavior of the classical semi-parametric
estimators for extreme event parameters, but also allows for the construction of so-called second-order
bias-reduced estimators.

As before, this type of estimators is typically based on the approximate use of the second-order
limiting result II for a certain high threshold Λ = Λk, depending on the number k of top order
statistics in the sample, with k = kn an intermediate sequence of integers. Due to certain theoretical
and practical considerations, rather than jointly estimating the parameters in the resulting models, a
popular approach has become to first substitute the second-order parameters ρ and/or ρ̃ by externally
developed initial consistent estimators. One of the more recently developed estimators for the second-
order parameter ρ, showing quite stable sample paths for certain natural heavy-tailed distributions
(e.g. Fréchet and Burr), can be found in Fraga Alves et al. (2003). Here, we will be considering a class
of estimators for ρ based on an idea dating back to Hall and Welsh (1985) and revisited later by for
instance Drees and Kaufmann (1998) and Peng (1998), argue how the methodology can be adopted
to the estimation problem of ρ̃ and discuss their asymptotic non-degenarate behavior under a suitable
third-order framework on the tail quantile function of heavy-tailed distributions.

II. Estimating the second-order parameters

Based on statistics Ω(kn), which under the second-order condition U ∈ Rρ
γ and assuming that

kn is an intermediate sequence of integers, have an asymptotic expansion of the type

(1) Ω(kn) = ω + σ1
Pkn√

kn
+ µ1A(Yn−kn,n) + op

(
A(Yn−kn,n)

)
, as n →∞,

where Y1,n ≤ . . . ≤ Yn,n are the order statistics belonging to an independent and identically distributed
standard Pareto sample and Pkn is asymptotically standard normal distributed, the class of estimators
for the second-order parameter ρ we will be considering here, makes use of the fact that for 0 < θ2 <

θ1 < 1 and sequences kn satisfying
√

knA(Yn−kn,n) →p ∞, as n →∞, it can be argued that

(2) SΩ(kn, θ1, θ2) :=
Ω(kn)− Ω(θ1kn)

Ω(θ1kn)− Ω(θ2kn)
∼p

1− θ−ρ
1

θ−ρ
1 − θ−ρ

2

=: s(ρ, θ1, θ2), as n →∞.

This, basically, by exploiting the regular variation with index ρ of the rate function A in the bias of
the statistic Ω(kn), i.e. more specifically

A(Yn−θ1kn,n)
A(Yn−kn,n)

= θ−ρ
1 + op(1) and

A(Yn−θ2kn,n)
A(Yn−kn,n)

= θ−ρ
2 + op(1), as n →∞.

Since 0 < θ2 < θ1 < 1, the statistic SΩ(kn, θ1, θ2) is a consistent estimator of a strictly decreasing
function s(ρ, θ1, θ2) of ρ, allowing for relation (2) to be inverted into a class of consistent estimators
for the second order parameter ρ itself.
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For values θ1 = α and θ2 = α2, with 0 < α < 1, this approach leads to a particularly simple
explicit expression for a class of estimators for ρ, i.e. since

SΩ(kn, α, α2) ∼p αρ, we get ρ̂Ω(kn, α) :=
log SΩ(kn, α, α2)

log α
−→p ρ,

as n → ∞. Examples of these and other types of estimators for ρ can for instance be found
in Hall and Welsh (1985), Drees and Kaufmann (1998), Gomes et al. (2002) and Fraga Alves et al.
(2003). Concerning the second-order parameter ρ̃, on the other hand, little to no attention has been
paid yet to the development of suitable external estimators. Instead, solution if often found in repara-
meterizing the used second-order models with ρ̃ = ρ/γ, and using one of the above external estimators
for the second-order parameter ρ. One direct approach worth considering though, is to exploit the
regular variation with parameter ρ̃ of the rate function Ã in a similar way as above.

Since Yn−j+1,n =d 1/F̄ (Xn−j+1,n), for 1 ≤ j ≤ n, using the equivalence between the second
order conditions U ∈ Rρ

γ and F̄ ∈ Rρ̃
−1/γ in expansion (1) from, gives

(3) Ω(kn) = ω + σ1
Pkn√

kn
+ γ2µ1Ã(Xn−kn,n) + op

(
Ã(Xn−kn,n)

)
, as n →∞.

Defining Vj,kn := Xn−kn,n

/
Xn−j+1,n, for 1 ≤ j ≤ kn, and noting that, for 0 < θ2 < θ1 < 1, also

Vθ1kn+1,kn →p θγ
1 and Vθ2kn+1,kn →p θγ

2 , as n →∞, it can further be argued that

Ã(Xn−θ1kn,n)
Ã(Xn−kn,n)

= V −ρ̃
θ1kn+1,kn

+ op(1) and
Ã(Xn−θ2kn,n)
Ã(Xn−kn,n)

= V −ρ̃
θ2kn+1,kn

+ op(1),

as n → ∞. Put together with expansion (3), for sequences kn satisfying
√

knÃ(Xn−kn,n) →p ∞, as
n →∞, this then finally means that

(4) SΩ(kn, θ1, θ2) =
Ω(kn)− Ω(θ1kn)

Ω(θ1kn)− Ω(θ2kn)
∼p

1− V −ρ̃
θ1kn+1,kn

V −ρ̃
θ1kn+1,kn

− V −ρ̃
θ2kn+1,kn

= s(ρ̃, Vθ1kn+1,kn , Vθ2kn+1,kn),

as n → ∞. By definition, also here the righthand side of (4) is a strictly decreasing (stochastic)
function of ρ̃, through inversion allowing for a class of estimators for the second order parameter ρ̃.

For values θ1 = α and θ2 = α2, with 0 < α < 1, for instance, similarly as before, this leads to a
simple explicit expression for a class of estimators for ρ̃, i.e. since

SΩ(kn, α, α2) ∼p V ρ̃
αkn+1,kn

, we get ˆ̃ρΩ(kn, α) :=
log SΩ(kn, α, α2)

log Vαkn+1,kn

−→p ρ̃,

as n → ∞. Note that under the second-order framework, the conditions
√

knA(Yn−kn,n) →p ∞ and√
knÃ(Yn−kn,n) →p ∞ are basically the same and equal to

√
knA(n/kn) → ∞, as n → ∞. The

asymptotic non-degenerate behavior for the above classes of estimators, under a suitable third-order
framework on the tail quantile function, are discussed in the following section.

III. Asymptotic Results

As a natural third-order extension to the second-order condition U ∈ Rρ
γ , assume that there

exists a constant β < 0 and a positive or negative function B such that

(III)

log
U(λy)
U(λ)

−γ log y

A(λ) − yρ−1
ρ

B(λ)
−→ 1

β

{
yρ+β − 1

ρ + β
− yρ − 1

ρ

}
, as λ →∞,
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for all positive y. Here, it can be understood that the limiting function is necessarily of the above form,
limλ→∞ λ−ρA(λ) = c ∈ R0 and the rate function B satisfies |B| ∈ Rβ and limλ→∞B(λ) = 0. Defining
further A0(λ) := cλρ, satisfying A0(λ) = A(λ)

(
1 − B(λ)/β + o(B(λ))

)
, as λ → ∞, and considering

statistics Ω(kn), which under the third-order condition III and assuming that kn is an intermediate
sequence of integers, have an asymptotic expansion of the type

Ω(kn) = ω + σ1
Pkn√

kn
+ µ1A0(Yn−kn,n) + σ2A0(Yn−kn,n)

P̃kn√
kn

+ µ2,1A
2
0(Yn−kn,n)

(
1 + op(1)

)
+ µ2,2A0(Yn−kn,n)B0(Yn−kn,n)

(
1 + op(1)

)
,

as n →∞, where Pn and P̃n are asymptotically standard normal, and B0(λ) ∼ B(λ)/β, as λ →∞, it
can then be stated:

Theorem 1 Under third-order condition III and for intermediate sequences of integers kn for
which

√
knA0(n/kn) →∞,

√
knA2

0(n/kn) → λ1 and
√

knA0(n/kn)B0(n/kn) → λ2, as n →∞,
√

knA0(n/kn)
(
ρ̂Ω(kn, α)− ρ

) −→d σZ + µ,

and √
knA0(n/kn)

( ˆ̃ρΩ(kn, α)− ρ̃
) −→d σ̃Z + µ̃,

as n →∞. In this, Z is standard normal distributed, µ̃ = µ
γ + α−ρ−1

γ2 log α
, σ̃ = σ

γ ,

µ =
µ2,1

µ1
× 1− α−2ρ

log α
× λ1 +

µ2,2

µ1
× (1− α−ρ−β)(1− α−β)

(1− α−ρ) log α
× λ2

and σ2 is the asymptotic variance of

Wn :=
σ1

µ1
× W1,n − αρW2,n

(1− α−ρ) log α
,

where

W1,n := Pkn −
Pαkn√

α
, and W2,n :=

Pαkn√
α
− Pα2kn

α
.
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ABSTRACT

MARS (Multivariate Adaptive Regression Splines) is a regression technique different than the other
well known regression methods. This technique does not require any of the assumptions related to the
dependent and independent variables. In the first stage, we randomly selected the data of 200 people
from the data set of 500 sportive. After testing the validity of the model, we adapted this model to
the people excluded from the first model. In this study, we tried to construct a model to estimate the
performance of 300 young sportsmen and sportswomen by using age, weight, height, age of starting to
sport, WBC, RBC, fasting blood glucose and some other parameters as the independent variables. As
the performance indicator we assumed the ranks (the first three ranks) of the sportive in the regional,
national or international contests. The results we obtained from the MARS model showed that this
technique is more powerful than the linear regression. We showed the gains and the lift of both MARS
and linear regression models.

Keywords. MARS, Multivariate Adaptive Regression Splines, Performance Estimation, lift, Regres-
sion Models, young sportives.
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KSHIRSAGAR-TAN INDEPENDENCE PROPERTY AND
RELATED CHARACTERIZATIONS

KONSTANCJA BOBECKA

Abstract. Let V+
n denote the cone of positive definite symmetric real n × n

matrices and Mn,m the space of n×m real matrices. Let en be the n× n identity

matrix. Let Dn = {x ∈ V+
n : en − x ∈ V+

n }, which is an analogue of the interval

(0, 1) in V+
n .

The matrix variate beta distribution βn(p, q) on Dn is defined by the density (with

respect to the Lebesgue measure on V+
n ) which is of the form

f(u) =
(det u)p−n+1

2 (det(e− u))q−n+1
2

Bn(p, q)
IDn(u),

where p, q > n−1
2

and Bn(p, q) is the n-dimensional Euler beta function .

Let X be a beta n×n random matrix βn(p, q). Let T = [tij] be an upper triangular

random matrix defined by TT ′ = X. Kshirsagar (1961) proved that t2ii, i = 1, ..., n

are independent beta variables. In the course of the proof he considers the partition

of T, according to dimensions 1 and n− 1, as follows

T =

[
t11 t′

0 T22

]
and shows that

t11, T22 and v =
1√

1− t211

(en−1 − T ′
22T22)

−1/2
t

are independent. This result was extended in Tan (1969) who considered a partition

of the beta matrix X ∼ βn(p, q) according to dimensions r and s

X =

[
X11 X12

X21 X22

]
and proved that

X11, X2·1 = X22 −X21X
−1
11 X12, V = (es −X2·1)

−1/2 X21

(
X−1

11 (er −X11)
−1)1/2

are independent random matrices.
1
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2 KONSTANCJA BOBECKA

We study a converse problem: whether the above independence conditions char-

acterize the matrix variate beta distribution. We will show that in the case of 2× 2

matrices they characterize a wider family of distributions.

Moreover, we will present a new independence property of univariate beta distrib-

utions, related to the results of Kshirsagar and Tan. We will show a characterization

of univariate beta laws through this independence property.

This is a joint work with Jacek Weso lowski.
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Basic Setup

The standard model for generalized analysis of variance, cf. Anderson (1958), can be written

Y ∼ N(ΞB, I ⊗ Σ)

Y is N × p matrix and Σ is a p× p covariance matrix. The rows yi of Y are independent with same
covariance Σ. Ξ is a N × k design matrix and B is a k × p matrix of regression coefficients. Thus, we
have the same linear model for all p response coordinates, with separate parameters contained in the
columns of B.

In this general formulation, the coordinates can represent completly different quantities, say
weight, height, and blood pressure. However, an important special case is when they represent repeated
measurements of the same quantity over time or over varying experimental circumstances. This is the
main focus of this paper.

Test procedures

Classical univariate and multivariate theory provides standard tests for simplification of the
mean structure of the model. There are two basic approaches: A fully multivariate approach and an
approach based on assuming that the covariance matrix is known up to a proportionality factor. In the
latter case the tests reduce to simple F tests, whereas the multivariate counterparts are generalized
F tests, wherein the variance ratio is replaced by the corresponding matrix ratio, and test statistics
are based upon its eigenvalues. Details can be found in, e.g., Hand and Taylor (1987).

Sphericity and epsilon corrections

The assumption for the univariate procedure can be tested using Mauchly’s test of sphericity.
The sphericity assumption is often dubious, but because it is based on a much more parsimoneous
model, the univariate procedure can still be the better choice if the deviation from sphericity is small
to moderate.

This is the rationale behind the so-called epsilon corrections to the degrees of freedom. This orig-
inates in two papers by Box (1954a, 1954b), showing that the F statistic is approximately distributed
as F (εf1, εf2), where ε = (

∑
λ2

i /p)/
∑

λi/p)2; this is 1 if all eigenvalues λi of the true covariance ma-
trix are identical and approaches 1/p if one eigenvalue dominates the others. Greenhouse and Geisser
(1959) suggested the use of an empirical estimate of ε based on the empirical covariance matrix, and
Huynh and Feldt (1976) developed a correction for the Greenhouse-Geisser ε. As an interesting aside,
their formula contained an elementary mistake which was discovered by Lecoutre (1991) but is still
present in SAS and SPSS procedures today.

The need for transformations

In the case of repeated measurements, there is often a need to transform the set of responses.
For instance, in profile analysis, you are interested in comparing the shape of the time course between
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groups while removing between-subject differences (or put differently, one investigates the time*group
interaction). This can be done by comparing the groups with respect to e.g. successive differences
within subjects; any full-rank, mean-value removing transformation will work equivalently.

Assuming that the profiles have the same shape, one can then proceed to a comparison of
the within-subject average between groups. Notice that there is a subtle difference here: Whereas
there is effectively only one way to compute the within-subject differences, there are many ways
to estimate the subject mean, and the ordinary equal-weighted average is only the optimal choice
if there is exchangeability, corresponding to a compound-symmetry assumption for the covariance
matrix. You may however choose to use the simple average anyway, because it is easy to calculate
and interpret. Also, the “correct” weights must be estimated from the covariance matrix, which may
induce a substantial efficiency loss in small-to-medium sized data sets, especially when the response
dimension p is large.

Intrasubject designs

The previous section on profile analysis assumed a simple intrasubject design, in which we just
have the subjects measured at a fixed set of timepoints. The scope of intra- and intersubject designs
goes well beyond that. For instance, Baron and Li (2006) analyse a data set from Maxwell and Delaney
(1990), involving reaction times where ten subjects respond to stimuli in the absence and presence
of ambient noise, and using stimuli tilted at three different angles, forming a complete 2× 3 table of
reaction times per person. In this case, it is of interest to look at both main-effects contrasts for noise
and angle, as well as the interaction contrast between the two.

Software like SPSS handles this by forming an ANOVA table in which the contrasts are compared
to their interaction with the subject factor, with associated ε corrections. What this really means is
the following: Main effects of (say) angle is computed for each subject by first averaging over the two
noise levels, and then forming differences between the levels of angle, leading to a two-dimensional
measurement per subject. It is then tested whether the mean of these transformed data is zero.
Similarly, the interaction effects can be tested using differences of differences between angle and noise.

Connection to mixed models theory

To perform the contrast tests as univariate F tests, it is required that the covariance matrix of
the contrast in question satisfies a sphericity condition. If the data follow a (mixed-effects) variance
component model, in which all interactions with the subject factor are considered random, then it
is well known that the contrasts have a covariance matrix proportional to what they would have
had if Σ = I, although possibly with different proportionality factors. The mixed model leads to an
orthogonal decomposition of Rp into subspaces Li, i = 1, . . . , n, and if we let PLi be the orthogonal
projections onto each subspace, then the assumption is effectively that Σ =

∑
σ2

i PLi . The various
contrasts described previously are all equivalent to such projections.

As in the simpler case of profile analysis, there are two separate issues in play here: The
distribution of the contrasts and the choice of contrasts both assume the orthogonal decomposition
of the covariance matrix. If the true covariance matrix has a different structure, there may be a more
efficient choice of contrasts, and the contrasts will not have a distribution that satisfies the sphericity
condition. However, the efficiency loss may be minor, and the ε-corrections allow corrections of the
test, or it could be replaced by one of the multivariate tests. All in all there is good reason to use
these methods, even if the assumptions for the mixed model is not quite satisfied.
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Implementation in R

The previous review of existing methods was performed with a view to the design of new features
for the analysis of multivariate linear models in the R environment. It would be desirable to handle
the extended-ANOVA analyses as described above; for instance, the analysis by Baron and Li (2006)
was done via mixed-model ANOVA without the epsilon corrections. On the other hand, not all
intra-subject designs are completely balanced factorials, and it would be desirable also to handle e.g.
polynomial contrasts for time-course data. The decision was to allow a flexible specification, allowing
the user to test each set of contrasts separately.

The contrast transformation can be specified directly, as a matrix T , but it is also possible to
specify orthogonal projections PL as described above. In practice, this is most conveniently done using
two matrices, M and X, with span(X) ⊂ span(M). The transformation is calculated as T = PM−PX .
As written, T is singular and therefore it is in practice thinned by deletion of linearly dependent rows
(it does not matter exactly how this is done). Important special cases are M = I and X a null matrix
(i.e. 0 columns), in which case T = I − PX and T = PM , respectively.

The point of using two matrices is that M and X can be design matrices for nested linear
models, which in turn means that they can be specified using R’s model formula mechanism, making
references to a data frame describing the within-subject design. The contrasts for main effect of
(say) angle in the reaction time data can be specified as M=~angle+noise, X=~noise or, equivalently
M~angle, X=~1. Since the test is whether the mean of the contrast transformed response is zero, we
compare an intercept-only model to a zero-mean model. The whole setup looks like this:

> mlmfit <- lm(reacttime~1)

> mlmfit0 <- update(mlmfit, ~0)

> idata <- data.frame(

+ angle=gl(3,1,6,labels=c(0,4,8)),

+ noise=gl(2,3,6,labels=c("A","P")))

> anova(mlmfit, mlmfit0, M = ~ angle + noise,

+ X = ~ noise,

+ idata = idata, test="Spherical")

Analysis of Variance Table

.....

Greenhouse-Geisser epsilon: 0.9616

Huynh-Feldt epsilon: 1.2176

Res.Df Df Gen.var. F num Df

1 9 1007.0

2 10 1 2703.2 40.719 2

den Df Pr(>F) G-G Pr H-F Pr

1

2 18 2.087e-07 3.402e-07 2.087e-07

Models with more elaborate between-subjects structure can also be fitted, e.g. a standard profile
analysis would look at comparisons between a model with a group effect and an intercept-only model,
using X=~factor(time) to obtain intrasubject contrasts.
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ABSTRACT

Methods for generalized analysis of variance based on multivariate normal theory have been
known for many years. In a repeated measurements context, it is most often of interest to consider
transformed responses, typically within-subject contrasts or averages. Efficiency considerations leads
to sphericity assumptions, use of F tests and the Greenhouse-Geisser and Huynh-Feldt adjustments to
compensate for deviations from sphericity.

During a recent implementation of such methods in the R language, the general structure of
such transformations was reconsidered, leading to a flexible specification method involving differences
between orthogonal projections onto subspaces generated by within-subject models.
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Introduction

Let x1 = (x1, . . . , xq)′ and x2 = (xq+1, . . . , xq+p)′ be two random vectors having a joint (q + p)-

variate normal distribution with a mean vector µ = (µ′
1,µ

′
2)′ and a covariance matrix

Σ =

(
Σ11 Σ12

Σ21 Σ22

)
,

where Σ12 is a q × p matrix. Without loss of generality we may assume q ≤ p. Let S be the sample

covariance matrix formed from a sample of size N = n + 1 of x = (x′
1,x

′
2)′. Corresponding to a

partition of x, we partition S as

S =

(
S11 S12

S21 S22

)
.

Let ρ1 ≥ · · · ≥ ρq ≥ 0 and r1 > · · · > rq > 0 be the population and the sample canonical correlations

between x1 and x2. Note that ρ2
1 ≥ · · · ≥ ρ2

q ≥ 0 and r2
1 > · · · > r2

q > 0 are the characteristic roots of

Σ−1
11 Σ12Σ−1

22 Σ12 and S−1
11 S12S

−1
22 S12, respectively.

This paper is concerned with asymptotic distributions of the canonical correlations ri and their

transformations. Under a large sample framework;

A0 : p and q are fixed, n → ∞,(1)

many asymptotic results have been obtained (see, e.g., Anderson (2003), Siotani, Hayakawa and

Fujikoshi (1985)). However, it may be noted that these approximations will not work well as the

dimension q or p becomes large. In order to make up the weak point, we study asymptotic distributions

of the canonical correlations under a high-dimensional framework such that

A1 : q; fixed, p → ∞, n → ∞, m = n − p → ∞, c = p/n → c0 ∈ (0, 1).(2)

We also propose a new Fisher’s z-transformation. Numerical simulations revealed that our approxi-

mation is more accurate than the classical approximation as p increases in value.

Preliminary results

Since we are interested in the distribution of a function of the characteristic roots of S−1
11 S12S

−1
22 S12,

without loss of generality we may assume

Σ =

(
Iq P ′

P Ip

)
, P = (P1, O), P1 = diag(ρ1, . . . , ρq).

Let A = nS, and partition A as

A =

(
A11 A12

A21 A22

)
,
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correponding to a partition of x.

First we consider the distribution of `2
i (`2

1 > . . . > `2
q) defined by

`2
i =

r2
i

1 − r2
i

, i = 1, . . . , q,

which are the characteristic roots of A−1
11·2A12A

−1
22 A21, instead of ri(r1 > . . . > rq). Here A11·2 =

A11−A12A
−1
22 A21. Then we consider the distribution of a function f(`2

i ). For example, ri = `i/
√

1 + `2
i .

For our derivation, we use the following distributional reduction on the canonical correlations.

When we consider the distribution of a function of the canonical correlations r1 > . . . > rq,

without loss of generality we may assume that

(i) A11·2 is distributed as a central Wishart distribution Wq(m, Iq).

(ii) Let B be the first q×q submatrix of A22. Then, given B, A12A
−1
22 A21 is distributed as a noncentral

Wishart distributuin Wq(p, Ip; ΓBΓ), where Γ = diag(γ1, . . . , γq) and γi = ρi/
√

1 − ρ2
i .

(iii) A12A
−1
22 A21 and A11·2 are independent.

(iv) B is distributed as a central whishart distribution Wq(n, Iq).

These results were obtained essentially by Sugiura and Fujikoshi (1969), except that (ii) was

given under a conditional set-up of A22 and (iii) was also given under the conditional set-up. Note

that (iii) follows from the independence of A11·2 and B.

Let

U =
√

p

{
1

p
A12A

−1
22 A21 −

(
Iq +

n

p
Γ2

)}
,

V =
√

m

(
1

m
A11·2 − Iq

)
.

Then it is well known that the limitting distribution of V is normal. Similarly the limitting distribution

of U is normal. Further, it is possible to obtaine their asymptotic expansions.

Under framework A1 we have the following perturbation expansion of

Q = A
−1/2
11·2 A12A

−1
22 A21A

−1/2
11·2

= Θ +
1√
n

Q(1) +
1

n
Q(2) + O∗

3/2,(3)

where Θ = (1 − c)−1(cIq + Γ2),

Q(1) =

√
c

1 − c
U − 1

2
(1 − c)−1/2 (ΘV + V Θ) ,

Q(2) = −1

2
(1 − c)−3/2√c (UV + V U)

+
3

8
(1 − c)−1

(
ΘV 2 + V 2Θ

)
+

1

4
(1 − c)−1V ΘV.

Here, the notation O∗
i denotes a term of the i-th order with respect to (n−1, p−1,m−1).

Main results

First we derive the limiting distribution of `2
α and its refinement under framework A1 and the

condition that θα = (γ2
α + c)/(1 − c) is simple, i.e.,

A2 : ρα is simple.(4)
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Using a perturbation expansion (3) of Q and a general result (see, e.g.,Siotani et al.(1985)) on

perturbation expansion of its characteristic root, we can obtain

yα =
√

n(`2
α − θα)

= q(1)
αα +

1√
n


q(2)

αα +
∑
β 6=α

θαβ(q(1)
αα)2


 + O∗

1,(5)

where Q(i) = (q
(i)
αβ), i = 1, 2, and they are expressed as

q
(1)
αβ =

√
c(1 − c)−1uαβ − 1

2
(θα + θβ)vαβ,

q(2)
αα = −

√
c(1 − c)−3/2

q∑
β=1

vαβuαβ

+
3

4
(1 − c)−1θα

q∑
β=1

v2
αβ +

1

4
(1 − c)−1

q∑
β=1

v2
αβθβ .

Here, we summarize some notations:

c =
p

n
, γα =

ρα√
1 − ρ2

α

, `2
α =

r2
α

1 − r2
α

, θα =
1

1 − c
(γ2

α + c).

Based on (5), we can derive asymptotic distributions of `2
α and its function h(`2

α).

Theorem 1 Let `2
α = r2

α/(1 − r2
α), and h(`2

α) be a function `2
α such that the second derivative is

continuous at a neighborhood of `2
α = θα and h′(θα) 6= 0. Then, under a high-dimensional framework

such that q is fixed, p → ∞, n → ∞, m = n − p → ∞ and c = p/n → c0 ∈ (0, 1), we have

yα =
√

n(`2
α − θα)

d→ N(0, σ2
α).

zα =
√

n
{
h(`2

α) − h(θα)
}

d→ N(0,
{
h′(θα

}2
σ2

α),

where ”→” denotes convergence in distribution,

σ2
α =

2

(1 − c)2

[
c + 2γ2

α + γ4
α +

1

1 − c

(
c + γ2

α

)2
]

=
2(2 − c)

(1 − c)
(θα + 1)

(
θα − c

2 − c

)
.

The asymptotic approximations in Therorem 1 may have some biases for their means. These are

corrected by deriving asymtotic expansions for the means as follows.

Theorem 2 In the asymptotic distributions of

yα =
√

n(`2
α − θα) and zα =

√
n

{
h(`2

α) − h(θα)
}

,

we can refinement their means as follow:

E(`2
α) = θα +

1

n
a1α + O∗

2,

E(h(`2
α)) = h(θα) +

1

n
b1α + O∗

2,

where

dα =
∑
β 6=α

1

θα − θβ
,

a1α = dα − q + 1 + (2dα − q + 1)θα + dαθ2
α

+
1

1 − c

(
−dα + 2θα + dαθ2

α

)
,

b1α = h
′
(θα)a1α +

1

2
h

′′
(θα)σ2

α.
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An effectiveness of mean adjustments can be seen from some numerical experiments. In fact, Table 1

shows that the values ỹα/σα are more near to zero than the ones of yα/σα.

Table 1. Performances of mean adjustments

yα/σα, N = 100

ρ = 0.9 ρ = 0.5 ρ = 0.3

p = 7 0.24 0.39 1.43

p = 47 0.18 0.48 1.27

p = 87 −0.42 −0.29 −0.14

ỹα/σα, N = 100

ρ = 0.9 ρ = 0.5 ρ = 0.3

p = 7 0.02 0.08 0.78

p = 47 0.02 0.09 0.25

p = 87 −0.03 0.01 0.32

Note that

r2
α = `2

α/(1 + `2
α), and rα =

√
`2
α/(1 + `2

α).

The corresponding transformations are given by

h(x) =
x

1 + x
, and h(x) =

√
x

1 + x
.

Further, the transformation such that its asymptotic variance becomes parameter-free, especially 1, is

given by

h(x) =
1 − c

2(2 − c)
log

{
g(x) +

√
g(x)2 − 1

}
,

where g(x) = (2 − c){x + (1 − c)/(2 − c)}.
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Summary

We give the asymptotic null and non-null distributions of the normal theory likelihood ratio,
Lawley-Hotelling and Bartlett-Nanda-Pillai statistics for testing equality of mean vectors, profile anal-
ysis and tests of dimensionality under general conditions. The asymptotic framework is as the number
of groups tends to infinity but sample size per group is fixed. It is shown that both the null and
non-null distributions are asymptotically invariant to non-normality when the group sample sizes are
equal. In the unbalanced case, a slight modification of the test statistics will lead to asymptotically
robust tests. These observations are exploited to obtain finite approximations in the null case.

Introduction

Let yi1,yi2, . . . ,yini be ni identically and independently distributed p-dimensional vectors of
observations from population (in the treatment group) Πi, i = 1, . . . , k. Assume that yij can be
modeled as,

(1) yij = µi + Σ1/2εij , j = 1, . . . , ni and i = 1, . . . , k

where µi is a p × 1 vector of unknown constants, Σ is a p × p positive definite matrix of unknown
constants and εij ’s are identically and independently distributed with mean 0 and variance-covariance
Ip(identity matrix of order p). Clearly, model (1) implies that E(yij) = µi and cov(yij) = Σ.

In this paper we are concerned with various tests on the mean vectors µ1, µ2, . . . ,µk. More
precisely, we first consider the problem of testing equality mean vectors. Second, we consider testing
problems that arise when observations are collected at successive but fixed time points for all subjects
in the study groups. In these testing problems interest lies in analyzing the mean profiles of subjects
in the different groups. The analysis based on these tests is called Profile Analysis. The last testing
problem we consider is closely related to the first testing problem. If the null-hypothesis that the
mean vectors are equal is rejected then we would like to know the dimension of the hyperplane
containing the mean vectors. This dimension is also the number of discriminant functions needed
to discriminate the groups. The dimension is determined by conducting a sequence of tests known
as Tests of Dimensionality. For a detailed description of the above three testing problems see Rao
(1973, Section 8c). We present the asymptotic null and non-null distributions of the normal theory
likelihood ratio, Lawley-Hotelling and Bartlett-Nanda-Pillai test statistics for these testing problems.
More details and their proofs are to be found in Harrar (2007). In the sequel, L→ means ”converges in
distribution to” and N(µ, σ2) stands for the normal distribution with mean µ and variance σ2.

An interesting feature of this paper is the asymptotic framework, in which we let the number of
populations (treatment groups) to go to infinity fixing sample size per population (treatment group).
This asymptotic framework is very important in DNA gene expression data analysis. For example,
it may be of interest to compare temporal variations in differential expression across k oncogenes
(mutated genes that cause normal cells to grow out of control). Such comparison falls under the
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asymptotic framework of this paper because oncogenes are usually large in number. There are some
works in the literature on this asymptotic framework in the parametric ANOVA setup (see for example,
Akritas and Papadatos, 2004 and the references therein). The extension to the multivariate situation
is particularly interesting and non-trivial mainly for two reasons. For one thing there is a multitude
of possible test statistics in the multivariate case, and for another, some of the multivariate problems
do not have a univariate counter part. For example, profile analysis and testing for dimensionality do
not have a univariate counter part.

Asymptotic Distributions

Two matrices that are needed to define the three tests are the hypothesis and error sum of
squares and cross products, denoted by H and E, respectively, and given by,

(2) H =
k∑

i=1

ni∑

j=1

(ȳi. − ȳ..)(ȳi. − ȳ..)′ and E =
k∑

i=1

ni∑

j=1

(yij − ȳi.)(yij − ȳi.)′

where ȳi. = (1/ni)
∑ni

j=1 yij and ȳ.. = (1/N)
∑k

i=1

∑ni
j=1 yij . Let N =

∑k
i=1 ni. We will need the

following technical assumptions for the results presented in this paper. The assumptions are not
needed in the balanced case (n1 = n2 = . . . = nk).

A1 : N = n̄k where n̄ does not depend on k. A2 :
k∑

i=1
(1/ni) = nk where n does not depend on k.

A3 : E(ε′11ε11)2+δ < ∞ for some δ > 0. A4 : supk≥1
1
k

k∑
i=1

n3+δ
i < ∞ for some δ > 0.

Consider the model (1) and testing the hypothesis H01 : µ1 = µ2 = . . . = µk. Under the
assumption εij has multivariate normal distribution, the three commonly used tests are based on the
likelihood ratio, Lawley-Hotelling and Bartlett-Nanda-Pillai criteria. These criteria, denote by TLR,
TLH and TBNP, respectively, are defined as follows.

(3) TLR = − log(|E|/|H + E|), TLH = trHE−1 and TBNP = trH(H + E)−1.

Denote the non-centrality parameter matrix by Ωk =
∑k

i=1 niΣ−1/2(µi − µ̄)(µi − µ̄)′Σ−1/2 where

µ̄ =
k∑

i=1
(ni/N)µi and assume

A5 : Ωk =
√

kΘ for some p× p matrix Θ which does not depend on k.

Theorem 1. Under the assumptions A1–A5,

√
k(`TG − h) L→ N

(
trΘ,

2n̄p

n̄− 1
+

n̄(n̄n− 1)
(n̄− 1)2

κ
(1)
4 (ε11)

)

as k → ∞ where , κ
(1)
4 (ε11) = (µ4(ε11) − 2p − p2), µ4(ε11) =

∑p
a,b E(ε2

11aε
2
11b), for likelihood ratio

criteria, G = LR, ` = n̄ and h = n̄p log(n̄(n̄− 1)−1); for Lawley-Hotelling criteria G = LH, ` = n̄− 1
and h = p; and for Bartlett-Nanda-Pillai criteria G = BNP, ` = n̄2(n̄− 1)−1 and h = n̄p(n̄− 1)−1.

Let L be a (p− 1)× p matrix such that L1p = 0 where 1p is a p-dimensional vector of all ones.
The hypotheses of parallelism, coincidence and flatness in profile analysis can be expressed in terms
of the group mean vectors µi’s as H0P : Lµ1 = Lµ2 = · · · = Lµk, H0C : 1′pµ1 = 1′pµ2 = · · · = 1′pµk

and H0F : Lµ̄ = 0, respectively. Therefore tests for H0P and H0C can be constructed by applying TG

to Myij taking M = L and 1′p, respectively.
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Given that the profiles are parallel and coincident (i.e H0P and H0C are true), the Hotelling T 2

test statistic,

T 2 = N(Lȳ..)′(
1

N − k
LEL′)−1(Lȳ..)

is used for testing H0F. Assume Lµ̄ = N−1/2δ for some fixed δ ∈ Rp. Then, T 2 L→ χ2
(p−1)(δ

′δ) as
k → ∞ where χ2

ν(η) denotes the non-central chi-square distribution with degrees of freedom ν and
non-centrality parameter η. Further, under H0F, T 2 L→ χ2

(p−1) where χ2
ν = χ2

ν(0). Therefore the
statistic T 2 is invariant to non-normality as k →∞ under the null as well as non-null cases.

Assume that the null hypothesis H0 of equality of mean vectors is rejected. Further assume,

A6 : ε11 ∼ (−2φ′(0))−1/2ELp(0, Ip, φ). A7 : Ωk = kΘ.

The notation ELp(0, Ip, φ) stands for a p-variate spherical distribution with the characteristic function
generator φ (Fang and Zhang, 1990) and φ′ is the first derivative of φ. The distribution of εij is
invariant to orthogonal transformation. Hence, without loss of generality, we can assume Θ is a
diagonal matrix, i.e. Θ = diag{θ1, θ2, . . . , θp} where θ1 ≥ θ2 ≥ . . . ≥ θp ≥ 0. We are interested in
testing the sequence of hypotheses H

(r)
0 : θr > θr+1 = . . . = θp = 0 for r = 1, 2, . . . , p−1. The smallest

r for which H
(r)
0 is not rejected is regarded as the dimension of the the hyperplane containing the mean

vectors. Let l1 > l2 > . . . > lp > 0 be the eigenvalues of HE−1. The likelihood ratio, Lawley-Hotteling
and Bartlett-Nanda-Pillai statistics for testing H

(r)
0 are given by,

(4) T
(r)
LR =

p∑

α=r+1

log(1 + lα), T
(r)
LH =

p∑

α=r+1

lα and T
(r)
BNP =

p∑

α=r+1

lα/(1 + lα),

respectively.

Theorem 2. Under assumptions A1–A7 and the null hypotheses H0r,

√
k(`T (r)

G − h) L→ N

(
0,

2n̄(p− r)
n̄− 1

+
n̄(n̄n− 1)
(n̄− 1)2

(
φ′′(0)
φ′(0)2

− 1){(p− r)2 + 2(p− r)}
)

as k →∞ where φ′′ is the second derivative of φ, for G = LR, ` = n̄ and h = n̄(p−r) log(n̄(n̄−1)−1);
for G = LH, ` = n̄− 1 and h = p− r; and for G = BNP, ` = n̄2(n̄− 1)−1 and h = n̄(p− r)(n̄− 1)−1.

Finite Approximations

The main rationale for the approximation in this section is the fact that the null distributions
presented in this paper are, for the most part, asymptotically invariant to non-normality. That is
the critical values obtained under normality are expected to be asymptotically correct under non-
normality as well. As a result the tests based on asymptotic expansions for the quantiles derived
under normality and large k asymptotic framework are expected to give tests whose actual sizes are
fairly close to the desired sizes under non-normality as well.

Fujikoshi(1975) obtained asymptotic expansion for the null distributions of centered and scaled
versions of TG designed to perform well under normality and when both the hypothesis and error
degrees of freedom get large at the same rate. The Cornish-Fisher expansion for the quantiles of√

(m/τ2)(TG − l) is given by,

(5) zα +
1√
m
{a1h1(zα) + a3h3(zα)} − 1

m
{b2h2(zα) + b4h4(zα) + b6h6(zα)

+ zα(a1 + a3h3(zα))(
1
2
a1 + a3[

1
2
h3(zα) − 2])} + O(m−3/2)
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where zα denotes the upper α-quantile of a standard normal variate and the functions h1, . . . , h6 are
the first six Hermite polynomials defined as h1(x) = 1, h2(x) = −x, h3(x) = x2−1, h4(x) = −x3 +3x,
h5(x) = x4 − 6x2 + 3 and h6(x) = −x5 + 10x3 − 15x. The values taken by the coefficients m, τ , l, a1,
a3, b2, b4 and b6 depend on the test statistic and the hypothesis being considered.

The finite performance of this approximation was evaluated by Bathke and Harrar (2006) for
TLH and TBNP statistics in the nonparametric rank transformation context.

Discussion

From Theorem 1 we see that for testing equality of mean vectors the three tests are equivalent
in terms their power when k is large. In general the null (Θ = 0) as well as the non-null distributions
depend on κ

(1)
4 which is a measure of multivariate kurtosis. Therefore, the tests are not, in general,

asymptotically robust to non-normality. However, when n1 = . . . = nk all the three tests are null as
well as non-null robust.

To apply Theorem 1 in the unbalanced case, one needs a consistent (k →∞) estimator of κ
(1)
4 .

A family of consistent estimators which are unbiased under normality and less biased than Mardia’s
estimator under non-normality was proposed by Yangihara (2007). The family is indexed by a tuning
parameter λ and its expression when λ = 0 is

κ̂
(1)
4 =

N + 1
N(N − 1)

k∑

i=1

ni∑

j=1

{
(yij − ȳ..)′Σ̂−1(yij − ȳ..)

}2
− p(p + 2)

where Σ̂ = N−1
∑k

=1

∑ni
j=1(yij − ȳ..)(yij − ȳ..)′.

Alternatively, it turns out that a slight modification to E will render both the null and non-null
asymptotic distributions of the test statistics free from κ

(1)
4 . Define, Ẽ =

∑k
i=1(ni − 1)−1

∑ni
j=1(yij −

ȳi.)(yij − ȳi.)′. Accordingly, we modify the test statistics (3) and (4) as T̃LR = − log(|Ẽ|/|H + Ẽ|),
T̃LH = trHẼ−1, T̃BNP = trH(H + Ẽ)−1, T̃

(r)
LR = −∑p

α=r+1 log(1 + l̃α), T̃
(r)
LH =

∑p
α=r+1 l̃α and

T̃
(r)
BNP =

∑p
α=r+1 l̃α/(1 + l̃α) where l̃1 > l̃2 > . . . > l̃p > 0 are the eigenvalues of HẼ−1.

Comparing Ẽ with E in (2), we see that the only difference between the two is the sum of
squares and cross products within each group is divided by ni − 1 in Ẽ. It may be noted that as an
estimator of Σ, E/(N −k) might be better than (1/k)Ẽ under normality. However, as it happens this
estimation efficiency is traded off for robustness.

Under normality E and H have independent Wishart distributions which is a basis for Fujikoshi
(1975). In the unbalanced case, Ẽ does not have Wishart distribution. A work around to apply (5)
could be to approximate Ẽ by a constant multiple of a Wishart random matrix where the constant
and degrees of freedom are determined by matching the first two moments.
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ABSTRACT:

This article discusses about how statistical methods and system can be reformed to meet
the need of the changed international and domestic environment from the following aspects:
establish a vertical statistical management system with leaders of the Party and government
also managing statistical business; establish and improve the statistical report systems which
include fewer reports, have full functions, are easy to operate and can meet the need of the
market economy; set up a fullfledged modern statistical index system; forge and improve
unified, fullfledged, convenient, flexible, fast and accurate statistical methods oriented to the
need of market economy; straighten out the relationship of different statistical surveyors and
create an efficient statistical survey and operation mechanism; speed up the reform of
statistical system and methods and be integrated into international statistics; build a scientific
and pragmatic statistical system that fully reflects social and economic development.

Against the backdrop of complex and volatile international situation, the job of
statistics should provide accurate statistical data and analysis materials in a timely manner, for
better study of the macro economic situation and major economic issues and to make the
macro control policies more farsighted, rational and effective. It is therefore necessary to
speed up the reform of existing statistical system, to allow the new system and methods and
the manner of statistical information disclosure as well to comply with both national
conditions of China and the international practice. The changing domestic environment also
asks us to do so. We should better monitor and analyze the situation, accelerate the statistical
informatization and basic construction, improve the work style and enhance the quality of
statistical data and the level of service. Statistical reform brooks no delay.

1. Establish a vertical statistical management system with leaders of the Party and
government also managing statistical business.

We will shift from the existing system of separate management of statistical business
and administrative affairs to a new system with integrated management of personnel, capital
and material and one with leaders of the Party and government also managing statistical
business. The vertical statistical system covers the level of central government and the level
of local government. The two governments bear clearly defined respective responsibilities

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 3665 -



and the local government is under the supervision of the central government. This new system
has at least three advantages: first, allow statistics in China to be more independent and free
of administrative interferences of various levels; second, help promote the application of
sampling method; third, help set up the grassroots direct report system, grassroots database
and an extraordinary summary system. Meanwhile, a vertically managed team of sampling
statistics can be set up in counties and cities that set survey stations, to make sure that there
are enough people to do the job. In short, a new statistical management system is of vital
importance to carry out indepth and allaround statistical reform and ensure the quality of
statistical data.

2. Establish and improve the statistical report systems which include fewer
reports, have full functions, are easy to operate and can meet the need of the market
economy. To that end, in the process of reform, we should, on the one hand, boldly discard
statistical reports that are outdated or of little use, change the current case that professional
statistics are divided or isolated, repeating or overlapping, try to improve the integration level
of statistics, realize the complementarities of statistical information and reduce or avoid
inefficient efforts as much as possible. On the other hand, we should follow closely the issues
of concern to leaders of the Party and government and all social communities and the new
development of market economy and the new, hot issues and difficulties arising in market
economy, adjust the statistical index system in good time, improve the content of survey and
build statistical report systems which include fewer reports, have full functions, are easy to
operate and can tell the status of market economy in a rapid, accurate and precise manner. For
the present, first, under the theme of building a unified, open, equitable and competitive
market system, we should try to forge statistical report systems for such factor markets as
land supply and gains, trade of urban property market, labor force market, technology market,
human resources market, issuance of treasury bonds, securities and stocks, and information
consultation services, to reflect the market allocation of various resources in a comprehensive
and objective way. Second, regarding companies that are the market competition entities, we
should set up statistical report systems for output of major products, business benefits and
modern corporate system, to demonstrate the companies’ production and operation activities
and their survival and competitive capacity in market. Third, in connection with the hot issues
arousing the attention of leaders of the Party and government, we should set up as soon as
possible statistical report systems for nonpublic sector, small town construction, scientific
and technological progress, GDP accounting for townships, adjustment of industrial structure,
so as to show the changes in economic structure and the transformation of economic growth
mode and meet the need of macro economic management.

3. Set up a fullfledged modern statistical index system. Considering the need of
market economy and the opportunities and challenges brought by knowledge economy and
China’s entry into WTO, we should make researches to create survey indices that reflect new
evolvement and new trend, while discarding those outdated and useless ones. We also need to
forecast the indices possible to be in use in the future. Efforts need to be done to adjust and
optimize the inherent structures of national statistical index system, statistical index system
for sectors, and fundamental and special national statistical index systems, well handle the
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coordination and connection of different indicators, and build a new statistical index system
in full compliance with the mechanism of market economy.

4. Forge and improve unified, fullfledged, convenient, flexible, fast and accurate
statistical methods oriented to the need of market economy. As new problems continue to
emerge in market economy, to adjust the statistical survey methods to different objects of
statistics becomes the radical way to guarantee better survey quality and higher statistical
efficiency. Building upon the successful experience of current statistical methods, the general
thinking for the nextstep reform should take the improvement of the basic bank of
organizations as the precondition, periodical survey as the basis, and sampling survey as the
major method, strengthen typical survey, survey of special projects, key survey and scientific
evaluation and gradually eliminate the allinclusive statistical report system. As for the
system of census, we should not only take into account the original purpose of census and the
carrying capacity of the grass roots and make an indepth research into the feasibility of the
time and frequency of census, but also reduce the census indicators as much as possible and
make the content as concise as possible, to build a unified, light and efficient census system in
line with the mechanism of market economy. Regarding the survey system, we should
continue to expand the application scope and means of sampling, conduct key survey and
typical survey with prominent emphases and in stages, and make researches on the integrated
application of various survey methods. We can try such new and convenient survey channels
as internet and telephone by using modern statistical information network. It is not necessary
to report the survey results to one upperlevel organization after another just as what we
traditionally practice.

5. Straighten out the relationship of different statistical surveyors and create an
efficient statistical survey and operation mechanism. With the conclusion of the national
statistical task as the prerequisite, the principle of “the surveyor takes the responsibility and
pays for the survey” should be followed to define the rights, responsibilities and expenditure
of statistical survey and to handle the relationship between national and local statistics,
government and sector statistics. Our aim is to realize macro management and material
sharing.

6. Speed up the reform of statistical system and methods and be integrated into
international statistics, build a scientific and pragmatic statistical system that fully
reflects social and economic development. In market economy, governments at different
levels exercise indirect macro management over the economy through macro economic
policies. Yet the current statistical index system cannot fully meet the need of macro
government decisionmaking, because of its elements of planning economy. It is hence an
urgent task under the new circumstances to build and improve a scientific and practical
statistical index system that can both fully reflect economic and social development and be
integrated into international statistics. The reform of statistical methods and the reform of
statistical system are complementing each other. In a sense, better statistical methods that are
in place can bring about scientific, standardized and convenient statistical index system,
lessen the burden on the grass roots, then prevent government statistics and sector statistics
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from being overlapping and straighten out statistical management relationship, and finally
help statistics transit from focusing on production to focusing on operation and management.
As a result, there will be a clear division of labor and responsibilities among government,
sector and private statistics and on this basis, these statistical systems, both separate and
dependent on each other, can share resources and be inseparable.
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Introduction 

The statistical theory of shape (STS) specifies an intuitive comprehension of the shape of an 
object and makes available a formal apparatus that enables us to understand the shape of an object 
as the realization of a certain multidimensional stochastic model. Within STS, the shape of an object 
is defined as all the geometrical information that remains invariant when location, scale and 
rotational effects are filtered out from an object. The shape of the object belonging to a certain class 
of objects is considered based on landmarks – points that are characteristic of all objects of the class 
under consideration. Coordinates of the landmarks (usually k  points in the Euclidean space m

� , 
1m > ) are set in so-called configuration matrices. We translate each object in such way that its 

centroid is an origin and we normalize their size to unity. As a result, we obtain so-called pre-shapes 
of the objects. Any two objects represented by a configuration of k  labeled points have the same 
shape if their pre-shapes can be transformed one into another using rotation around a common 
origin (see e.g. Kendall et. Al. (1999) or Dryden & Mardia (1998)). 

Tight assumptions pertaining to the examined phenomenon restrict the practical applications of 
statistical models commonly used within STS. By this we mean multivariate normality or even 
isotropy assumption for probability distribution generating configurations. Statistical procedures 
proposed in the literature are not robust. These facts motivate us to propose a nonparametric and 
robust test procedure referring to a data depth concept (for details, see Zuo & Serfling (2000) or 
Dyckerhoff R. (2004)).  
 

Nonparametric Test Procedure 
Next, we used a symmetric projection depth function of a point m∈x � , 1m >  being a 

realization of some d-dimensional random vector X with probability distribution F . The 
projection depth function can be defined as 

(1)                     
1

1
( , ) 1 sup ( ) ( )T T n T nPD F med mad

−

=

 
= + − 
 u

x u x u X u X , 

where X  has a probability distribution F , med  denotes the univariate median, and mad  
denotes the univariate median absolute deviation ( ) ( ( ) )mad Z med Z med Z= − .  

The projection depth function possesses among others an affine invariance property, induced 
location and scatter estimators have high finite sample replacement breakdown points and good 
properties in terms of Hampel's influence function and Huber’s maximum bias (for details see Zuo 
(2003)). 

 

Let 1, , nX X…  and 1, , nY Y…  be independent random samples of configuration matrices with 
the same distribution function F and G respectively. We consider the testing problem 

[ ] [ ]0 : X YH =m m  against [ ] [ ]0 : X YH ≠m m , where m denotes Procrustes mean and 
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[ ]⋅ denotes pre-shape equivalence class (i.e. shape).  
  
To test null hypothesis we consider the following procedure: 
 

Step 1: Calculate two times Procrustes mean – for the sample 1,..., nx x  and for a combined sample 

1 1,..., , ,...,n n n m+ +x x y y . 
 
Step 2: Calculate approximate tangent coordinates (e.g. Procrustes residuals) of 1,..., nx x and 
of 1 1,..., , ,...,n n n m+ +x x y y  separately. Let us denote them 0 0

1,..., nt t and  

1 1,..., , ,...,c c c c
n n n m+ +t t t t  respectively.  

 
Step 3: Calculate the sample projection depths of 0 0

1( ),..., ( )nvec vect t  and 

1 1( ),..., ( ), ( ),..., ( )c c c c
n n n mvec vec vec vec+ +t t t t  separately, where vec  denotes a matrix 

vectorization operation . Let us denote them 0 0
1 ,..., npd pd  and 1 1,..., , ,...,c c c c

n n n mpd pd pd pd+ +  
respectively. 
 
Step 4: Calculate the Wilcoxon rank sum statistics with 0 0

1 ,..., npd pd  and 1 ,...,
c c

npd pd observations. 
 

Under the null hypothesis, we expect the value of the above Wilcoxon statistics to be relatively small. 

 

Results of The Simulation Study 

We have investigated the above test procedure using simulations. We considered  samples of 

equal size with , 100,150,200n m =  observations of 6 2×  configuration matrices. Elements of 

the matrices were distributed according to isotropic multivariate normal, multivariate Cauchy, 

skewed-T with 2 degrees of freedom and several skewing parameter distributions, with location 

parameters presented in Figure 1. The location characteristics of the used probability distribution 

represented null and alternative hypotheses. We also considered several mixtures of the above 

probability distributions. The simulations indicate that the proposed test has a higher power than the 

well known Hotelling T2 for tangent coordinates and Goodall's F-equity of average shapes tests in 

cases of  multivariate Cauchy, T , and skewed-T distributions generating configuration matrices. In 

the case of an isotropic multivariate normal distribution, the proposed test has a power comparable 

to well known tests. The results also revealed that the proposed procedure is more robust to outliers 

and inliers than Hotelling T2 and Goodall's F tests. Figure 2 depicts the distribution function 

estimates of the proposed test statistics under null and alternative hypotheses in the case of 

multivariate normal distribution generating elements of the configuration matrices. Figure 3 depicts 

the distribution function estimates of the proposed test statistics under null and alternative 

hypotheses in the case of multivariate Cauchy distribution generating elements of configuration 

matrices and Figure 4 shows the performance of Hotelling T2 statistics in the case of multivariate 

Cauchy distributions under null and alternative hypotheses. It needs to be stressed that in studying 

the Hotelling T2 test in cases of multivariate Cauchy distribution, we considered depth-based 

trimming of data sets in order to develop a variance – covariance matrix of tangent coordinates.  
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Figure 1. Location parameters of the probability distribution generating elements of the configuration 
matrices used in the simulations.  
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Figure 2. Estimated density of the test statistics under null (blue) and alternative (red) hypotheses for 
n,m =150 sample sizes of 6x2 configuration matrices with multivariate normal distributed elements. The 
alternative hypotheses are H0 and K1 (left) and H0 and K2 (right). 

Figure 3. Estimated density of the test statistics under null (blue) and alternative (red) hypotheses for  
n,m =150 sample sizes of 6x2 configuration matrices with multivariate Cauchy distributed elements. The 
alternative hypotheses are H0 and K1 (left) and H0 and K2 (right). 

Figure 4. Estimated density of Hotelling T2 test statistics under null (blue) and alternative (red) hypotheses 
for n,m =150 sample sizes of 6x2 configuration matrices with multivariate Cauchy distributed elements. The 
alternative hypotheses are H0 and K1 (left) and H0 and K2 (right). 
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Conclusions 
The proposed test procedure is robust since it does not require any assumptions about  the 

distribution function, i.e. probability distribution generating elements of the configuration matrices. 
The procedure uses the Procrustes mean (pole of the tangent projection of data), which is based on 
the least squares criterion but is elastic enough to cope with a moderate number of outliers. We can 
for example consider a preliminary trimming of data set using an appropriately chosen depth 
function or calculating Wilcoxon statistics in the test procedure using only values of depth greater 
than some α , (0, 0.5)α ∈ . 

We have simulated various sample sizes from various populations including mixtures,   
skewed and heavy-tailed distributions. The results show that the proposed procedure exhibits better 
performance compared to the well-known equity of mean shapes tests in skewed or heavy tailed 
distributions. 

In our opinion, regression depth is worth consideration in further work on the robust statistical 
analysis of shape and its applications (see e.g. Mizera (2000)). This approach could successfully 
replace the least squares criterion in Procrustes analysis and could lead to a median shape definition. 
 

Procrustes analyses have been conducted using Ian Dryden’s The Shapes Package, which is 
made available under GNU license on R Project pages. The sample projection depth has been 
calculated using an approximation algorithm proposed by R. Dyckerhoff with an application of 
thousand one dimensional random projections (see Dyckerhoff (2004)). 
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1. Introduction 

 
The aim of this paper is to investigate the relation between family wellbeing and human and soci

al capital. According to the recent literature (Coleman, 1988; Marjoribanks and Kwok, 1998), we hypot
hesize that social capital in the family (family background and social relationship among parents) and s
ocial capital in the community (relations among persons outside the family) are very important element
s in the formation of human capital (educational attainment) and are related to family wellbeing. On thi
s idea, we have organized a survey and collected data by a questionnaire for 8 districts of Palermo (Ita
ly) . Despite its explorative nature, here we present a significant exercise aimed to synthesize the surve
y information by geographic setting. In fact, even where families are well educated, financially well-off
 and thus hypothetically rich in social and human capital, factors at the locality level may interrupt the 
expansion of wellbeing. (Colemann, 1988; Putman, 1993). A brief review on data and measures of well
being, social and human capital is described in Section 2. The statistical treatment of data by MCA (M
ultiple Correspondence Analysis) is described in Section 3 while the data handling with CATPCA algor
ithm (Categorical Principal Components Analysis) is presented in Section 4.  
 
2. Data and measures of wellbeing, social and human capital 
 

Wellbeing, social and human capital are multidimensional concepts concerned social networks, sol
i d a r i t y ,  t r u s t ,  c i v i c  e n g a g e m e n t ,  s k i l l s ,  i n c o m e  a n d  s o  o n .  
Social capital is strongly related to human (Coleman, 1988), as it refers to individuals, to their characteristics
 and their capacity of relationships. Human capital, frequently measured as education, increases the likeli
hood of being in the workforce, according to economic theory (e.g. Pencavel 1986). Those with greater
 educational attainment have more marketable skills and are able to obtain higher paying work. 

According to the recent literature on social capital (Coleman,1988; Narayan, 1999 and Woolcock,
 2001) we consider: 

1) t h e  r e l a t i o n s h i p s  o f  t h e  i n d i v i d u a l s  i n  a n d  o u t s i d e  t h e  f a m i l y  (
bridging and bonding social capital) measured by frequency of talking of parents to children2 (ordinal 

                                            
1Sections 1, 2 and 4 are written by Lima R. Section 3 is written by Vassiliadis E.  
2 It is very difficult select some independent indicators of wellbeing, social and human capital. For example, som
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variable) and households’ time spent with friends (ordinal variable); 
2) the households’ trust in social and political institutions (linking social capital) measured b

y families’ marks given to judges, monks, policemen, local police officers, union (numeric variable); 
3) the solidarity’s attitude outside family measured by households’ trust on strangers (nomina

l variable);  
According to Becker (1964), the stock of human capital is approximated by:  
1) the job status of household head and spouse like the ISTAT’s classification of jobs3 (nominal 

variable); 
2) the percentage of right answers in logical and numerical tests (Verbal and Numerical D.A.T.) 

of children to evaluate their skills and knowledge. 
The wellbeing is measured by the judgment of families about their actually available income c

ompared with last year (ordinal variable). This is a qualitative indicator of the material wellbeing asp
ect of household. There are some links between family life and civil society that take place within vari
ed geographic settings – urban, suburban or rural, crime ridden or crime free, ethnically homogeneous 
or heterogeneous, and so. That is, neighbourhood characteristics, such crime rates, can affect the likelih
ood of family based social capital bridging to the community. In a study of Italian regions, Putman (19
93) found that the income distribution being more egalitarian in the more social capital rich regions. At
 a district rather regional level, we consider the 8 administrative’s districts of Palermo to evaluate the
 relation between geographical effect and levels of wellbeing, social and human capital. 

 
3. The Multiple Correspondences Analysis 

 
One of the goals of multiple correspondences analysis (MCA) is to describe the relationships bet

ween a set of variables in an indicator matrix (with cases as rows and categories of variables as colum
ns) in a low-dimensional space, while simultaneously describing the relationships between the categorie
s for each variable (Bolasco, 1999; Benzecri, 1973). The number of dimensions is chosen by the user (
in this case we chose only three dimensions), and coordinate values will be shown for each dimension.
 For each variable, the distances between category points in a plot reflect the relationships between the
 categories with similar categories plotted close to each other. Projecting points for one variable on the
 vector from the origin to a category point for the other variable describe the relationship between the 
variables. All the variables indicated in Section 2 are used as active variables while the 8 districts of P
alermo are managed as supplementary variables. The MCA graph of our dataset4 are plotted in Figure 
1, in which some active variables are projected on the fist factorial plain. Along the most important firs
t factor, the job status of household head and spouse and the judgement of available income are relativel
y close together in the graph; the parents’ job status indeed show very similar patterns of relative frequ
encies across the categories of the judgement of available income. So it appears that the first dimension
 distinguishes mostly between the different degrees of parents’ human capital and family material wellb
eing. However, households’ trust on immigrants is negative correlated with the first factor. This means 
that in correspondence of the highest levels of parents’ job status (i.e. manager) and family economical
 well-off, we find the smallest levels of solidarity outside family. Along the second factor, the D.A.T.’s
 trajectories are negatively correlated in opposition to the frequency of times spent with friends that it r

                                                                                                                                                 

etimes how often parents and other family members read to children in the household is used as an indicator of 
child wellbeing. See Jason Fields, Kristin Smith, Loretta Bass and Terry Lugaila, A Child’s Day: Home, Scho
ol, and Play (Selected Indicators of Child Well-Being). Current Population Reports, P70-68. U.S. Census Bure
au, Washington, DC, 2001.  

3 UNIONCAMERE 1998 Dizionario Excelsior. 
4 We use the package SPAD 6.0.  
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esults instead positively correlated: so for children that spent more time with friends, verbal and numeri
cal skills are smaller and smaller.  
 
Figure 1 - First Factorial Plain 

 

 

The third factor is explained by the parents’ frequency to discuss with your children and by the 
children’s trust in institutions. Those variables are positively correlated and confirm the strength of social 
capital within family networks in the creation of social capital outside family networks.  

 
4. The CATPCA analysis and some empirical findings  

 
Although the MCA is may be very useful as exploratory technique, a CATPCA procedure is necessary

  if you want to specify an analysis level on a variable-by-
variable basis. The CATPCA algorithm simultaneously quantifies categorical m variables while reducing the 
dimensionality of the data. By reducing the dimensionality, one can interpret few components rather than a la
rge number of variables. Moreover, CATPCA, with respect to ordinary principal components (PCA), allows t
o treat variables not only as numeric, but as ordinal or nominal variables as well. The algorithm uses Altern
ating Least Squares and it consists of two phases, a model estimation phase and an optimal scaling
 phase, iteratively alternated until convergence is reached.5 Actually, in the search for an optimal me
an correlation between the recoded variables and the components, both the component loadings and 
the category quantifications are varied until the optimum is found. Relating to our data, different me
asurement level have been assigned for each variable independently (nominal, ordinal and numerical)
. The structure of our data set is well represented by three dimensions, as indicated by the Cronbac
h’s alpha test (0,88) and by the percentage of total variance explained by the model (41%)6. About
 16% of the total variance was explained by the first dimension while only the 13% by the second

                                            
5 See Gifi A. (1991) Nonlinear Multivariate Analysis (Reprint with corrections), Chichester, England: John 

Wiley & Sons.  
6 By this way, in order to reduce missing data, we replaced missing values with the most frequent category. 

When there are multiple modes, the one with the smallest category indicator is used.  
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 dimension. To interpret the three dimensions we considered those variables with component loading
 inside the range [-0,35, +0,35] on each dimension. Dimension 1 is mainly represented by available i
ncome (family wellbeing), job status of household head and spouse (human capital) and solidarity to
 strangers (social capital). It appears to be something of an inverse relationship between the bonds 
of trust outside the family and levels of family wellbeing and parents’ human capital; when one is 
very strong the others tend to be weak. In other words family cultural and economical capital may 
limit worlds views and solidarity. Dimension 2 is mainly explained by the children’s cultural capital
 (in term of logical, verbal and numerical skills) and frequency of talking of parents to children (
bonding social capital). This dimension confirms the importance of the construction of social capital 
within family networks for the children’s developmental outcomes (human capital) (Coleman, 1988; 
Amato, 1998). The presence of face to face connections of the household is vital to the transfer of
 human capital from parents to children: logical, verbal and numerical skills of children are highest 
when adults given more attention to them. This probably confirms the idea that the parents-child rel
ationships is positively associated with children’s wellbeing (Amato, 1998). Dimension 3 is defined 
by the availability of parents to meet friends and the parents’ trust in social and political institutions
. For this reason dimension 3 could represent the bridges and the links from family networks beyon
d into community (bridging and linking social capital) (Narayan, 1999 e Woolcock, 2001). It seems 
that the availability of family to be trusted is negative affected by its attitude to be embedded in a
 network of reciprocal social relations with friends. The standard object scores for the three dimensi
ons solution are used to ranking the 8 zones of Palermo. Along dimension 1 we can observe that t
he central districts of Palermo are at the top of ranking with families hypothetically rich in human 
capital but poor of trust in strangers perhaps for the massive presence of migrants in these areas. A
long dimension 2, the popular zones have the highest scores of children’s human capital and family’
s bonding social capital. According to dimension 3, we see that the pre-eminently residential district 
is the worst area in term of civicness with families well educated and financially well-off that prefe
r informal network (friends) to institutional relationship.  
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1. Introduction

In this paper we propose a technique aimed at reducing the dimensionality of a set of data points while
preserving its multimodal structure. Principal component analysis (PCA) is not adequate to this aim because it
may completely fail in keeping the original structure of groups corresponding to the modes of the data set (see
Figure 1). We focus, instead, on projection pursuit methods (see Huber, 1985) in order to find ”interesting” low-
dimensional projections of multivariate data by numerically optimizing an objective function called projection
index. The projection index has to be chosen in such a way that it takes large values when the projected data
are interesting. Let X = (x1, . . . ,xn)′, xi ∈ R

d , i = 1, . . . ,n, denote the matrix of the observations. The problem
of univariate projection pursuit using an index I can be formalized as follows:

Ẑ = X â, â = argmax
a′a=1

I(X a).

Huber suggests choosing indices that are affine invariant (I(sZ +m) = I(Z), s,m ∈ R) in order to guarantee the
affine invariance of the projection pursuit solution.

Literature about projection pursuit usually considers ”interesting” a projection which exhibites departure
from normality and uses as projection indices any statistic which is sensitive to departure from normality . To
reveal the clustering structure of the original data, we consider, instead, statistics used to test unimodality. A
similar approach has been investigated by Montanari and Lizzani (1998) using three nonparametric statistics to
look for multimodal projections of data. Krause and Liebscher (2005) use the dip statistic as a projection index
and show that it has some desiderable properties.

In this work we argue that using critical bandwidth as a basis for a projection index is more appropriate.
In section 2 an important property of critical bandwidth is presented. This property allows us to use it as
a projection index. Section 3 presents some numerical results that show that the proposed method is very
efficient in reducing the dimensionality of a multivariate data set preserving the multimodal structure.

2. Projection pursuit based on the critical bandwidth

Silverman’s (1981) approach for investigating the number of modes in the density underlying the data
is based on the observation of the behaviour of the kernel density estimate, keeping the data points fixed but
allowing the window width to vary. Let Z = {z1, . . . ,zn} be a sample of i.i.d observations drawn from an
unknown density function f .The kernel density estimator of f is defined as follows: f̂h(z;Z) = ∑n

i=1
1
h K
( z−zi

h

)
.

Here K is the kernel function satisfying
∫

K(z)dz = 1, and h is the bandwidth or window width. The bandwidth
determines the degree of smoothing of the estimator and, hence, the number of modes in the estimate. Silverman
shows that the number of local maxima of the estimated density is monotone decreasing in h for a normal kernel.

1
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Figure 1: To the left: direction of the first PC (dashed line) and the first projection maximizing Ih (dotted line)
calculated from a sample of 100 data drawn from a bimodal distribution. The middle and right panel display,
respectively, the probability function of the projected data.

As a consequence, there exists a critical value hcrit defined as follow:

(1) hcrit = inf{h : f̂h(·,Z) has at most one mode}.

Silverman shows that, for n large, hcrit approaches to zero under the null hypothesis of unimodality but it re-
mains bounded away from zero otherwise. This behaviour occurs because, when data come from a multimodal
distribution, a considerable amount of smoothing is necessary to get an unimodal density estimate.

The problem of using hcrit as a projection index is that it is not invariant affine. Montanari and Guglielmi
(1994) investigated about the relationship between hcrit , n and the variability σZ of the projected data under
the hypothesis of unimodality. They estimated the model ĥcrit = 0.85n−

1
5 σZ, and proposed to use the index

I(Z) = hcrit −0.85n−
1
5 σZ, where Z = X a, and a ∈ R

d .

We suggest an alternative adjustment of the critical bandwidth based on the following:
Theorem

The critical bandwidth is location invariant and scale equivariant.
Proof

Let f̂h(·,Z) be the kernel density estimate based on the data Z = {z1, . . . ,zn}, zi ∈ R, i = 1, . . . ,n and
built using a kernel function Kh. We want to show that there is a biunivocal correspondence between the local
maxima of f̂h(·,Z) and the local maxima of (i) f̂h(·;Z +α), (ii) f̂αh(·;αZ), where Z +α = {z1 +α, . . . ,zn +α}
and αZ = {αz1, . . . ,αzn}.

(i) Let us choose z ∈ R arbitrarily. Then

f̂h(z+α;Z +α) =
1
n

n

∑
i=1

Kh ((z+α)− (zi +α)) =
1
n

n

∑
i=1

Kh(z− zi) = f̂h(z;Z).

It follows from the arbitrariness of z that, if z̃ is a local maximum of f̂h(·;Z), then z̃ + α is a local
maximum of f̂h(·;Z +α).

(ii) Moreover

f̂αh(αz;αZ) =
1
n

n

∑
i=1

Kαh(αz−αzi) =
1
n

n

∑
i=1

1
αh

K(
αz−αzi

αh
) =

=
1
n

n

∑
i=1

1
αh

K(
z− zi

h
) =

1
n

n

∑
i=1

1
α

Kh(z− zi).

2

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 3678 -



Therefore, if f̂ ′h(·;Z) is the first derivative of f̂h(·;Z) with respect to z,

f̂ ′αh(αz;αZ) =
1
n

n

∑
i=1

1
α

K′
h(z− zi) =

1
α

f̂ ′h(z;Z).

In a similar way one can show that f̂ ′′αh(αz;αZ) = 1
α2 f̂ ′′h (z;Z). Therefore, if f̂h(·;Z) has a local maximum

at z̃,then f̂h(·;αZ) has a local maximum at α z̃.

It follows that, if hcrit is the critical bandwidth of Z, it is also the critical bandwidth of Z +α, and αhcrit is the
critical bandwidth of αZ.

�

As immediate corollary of the above theorem, the critical bandwidth of a linear projection of the data points is
proportional to the standard deviation of the projected data.

For this reason we propose the use of the following projection index:

Ih(Z) =
inf{h : f̂h(·;Z) is unimodal}

σZ
= inf

{
h : f̂h

(
·; Z

σZ

)
is unimodal

}
.

A possible way to generalize this procedure for moving from a d−dimensional space to a p−dimensional
space (p ≤ d), consists in finding subsequent univariate projections defined on spaces orthogonal to the space
identified by the projections already found.

3. Some numerical results

A simulation study has been carried on to evaluate the performance of the proposed index in reducing
data dimensionality while preserving the mode structure and to compare it with the principal components. We
present here only some results (500 simulated samples from multimodal densities defined on R

d ,d = 5,7,10).
For each sample, 2 to 5 principal components and 2 to 5 projections maximizing Ih have been obtained and three
clustering procedures have been applied in order to reconstruct the original clustering structure: one hierarchical
(the Ward method), one partitional (the k-means method), one density based (AT, Torelli and Azzalini, 2007).

We evaluated the detected partition by Adjusted Rand Index (Hubert and Arabie, 1985). The results
(shown in Figure 2) are very promising: whatever clustering technique is used, projection pursuit produces
results that are almost uniformly better than PC. In the rare cases where PC is more efficient, the advantage
is not significant and occurs when the number of projections is too low for preserving the original clustering
structure. Moreover the use of 2 or 3 projections is usually enough to preserve the clustering structure of the
considered situations and the variability of the ARI distributions obtained using PCA is generally higher than
the same obtained using the projection pursuit.

4. Final remarks and future works

In this work we showed a useful property of the critical bandwidth and proposed an adjustment aimed at
using it as a projection index. The index has resulted efficient in reducing the dimensionality of a multivariate
data set preserving the clustering structure. Future research will be addressed to define a technique to estabilish
what is the minimum reduced dimension able to preserve the clustering structure.
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Figure 2: Each row represents the ARI distribution for a considered density (defined on R
d ,d = 5,7,10 respec-

tively) and each column a clustering technique (Ward, k-means, AT). The 8 boxplots refer, respectively, to the
ARI distribution obtained using 2 projections maximizing Ih, 2 PC, 3 projections, 3 PC, 4 projections, 4 PC, 5
projections, 5 PC.
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RÉSUMÉ

Il est ici proposé une technique de ”projection pursuit” pour réduire la dimension d’un ensemble de
données tout en en préservant sa structure de groupe. Cette approche est basée sur la largeur de bande critique
proposée par Silverman (1981). On démontre que la largeur de bande critique est equivariante par rapport
aux changements d’échelle et cette propriété permet que la solution de la ”projection pursuit” soit invariante
affine.
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ABSTRACTS. Resampling procedures in general and Bootstrapping techniques in particular
are well known tools for the study of the accuracy of the individual difference models solutions in
MDS. Several non-parametric Bootstrap procedures had been employed to give confidence regions for
the MDS solutions, some of which, sometimes could be not suitable for small sample sizes. In this work
we discuss the performance of recent resampling procedures to study the variability of solutions in the
individual difference model and their implications in the interpretation of associations. To test the
efficiency of the compared procedures, several MatLab implementations had been tested over several
data sets, having been considered a collection that comprise as real small sampled data as Monte
Carlo simulations, comparing the given confidence regions not only between different procedures but
between different graphical considerations for their representation in a plane too. At last, several
distributions assumptions had been considered and several bootstrapping heuristics considered in a
probabilistic MDS framework.

Key words and phrases. Individual Differences, Bootstrap, INDSCAL, Confidence
Regions.

Introduction

Carroll and Chang [1] introduced the INDSCAL model, which assumed a generalized, weighted,
Euclidean metric, with a different profile of weights for each subject (or other source of data), so
that a very wide variety of different ”private perceptual spaces” could be accommodated within the
purview of this model - with a common ”group stimulus space” containing common dimensions to all
subjects/sources (only the profile of salience weights for these dimensions differing from subject/source
to subject/source). The INDSCAL model has the additional very important property called ”dimen-
sional uniqueness”, which means that, even though it is basically a Euclidean distance model, the
dimensions or coordinate axes are uniquely identified, and not subject to rotational indeterminacy.
It provides a tremendous advantage in interpreting MDS configurations. Much experience with the
INDSCAL methodology demonstrates that this theoretical property in fact works very well in practice,
given that INDSCAL representations are almost always interpretable without rotation.

Two of the most important problems in applied statistics are the determination of an estimator
for a particular parameter of interest and the evaluation of the accuracy of that estimator through
estimates of the standard error of the estimator and the determination of confidence intervals. Because
of the bootstrap’s generality [2], it has been applied to a much wider class of problems. So, Resampling
procedures in general and Bootstrapping techniques in particular are well known tools for the study
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of the accuracy models solutions in Multidimensional Scaling and several non-parametric Bootstrap
procedures had been employed to give confidence regions for the MDS solutions [5, 6, 7, 9].

On the other hand, the basic idea of the Bootstrap1 is: given a sample of n independent iden-
tically distributed random vectors X1, . . . , Xn and a real-valued estimator θ̂ = θ(X1, . . . , Xn) of the
distribution parameter, Bootstrap assess the accuracy of θ̂ is defined in terms of the empirical distri-
bution function Fn.

The objectives in this research are, basing on this methodology, determine the accuracy of the
solutions in a Individual Differences Model [1] in Multidimensional Scaling, extending the works that
there was carried out in this field [5, 9] building different types of confidence regions.

Methodology

Developing our study, the first thing that we have carried out, following the idea of construction
of confidence regions based on the normal and extending the methods of construction of confidence
intervals like the Percentile or the BCa for the case of a plane, it has been built confidence regions for
the stimuli of the INDSCAL solution.

When the confidence region is small we can be rather sure that our estimate can be generalized
to the population, but, when we have a large region indicates that the estimate is subject to severe
variation. On this way, what we want to obtain are confidence regions with more accuracy or with a
smaller standard error for the coordinates of each stimulate.

In constructing two-dimensional confidence regions a problem must be solved, how the variability
of the bootstrap points might be represented. To do it we can distinguish two different types of contour,
ellipses and convex hulls.

A convex hull of the scatter of bootstrap points is the closed convex polygon whose vertices are
points on the periphery of the configuration [8]. Convex hulls can be seen as an analogy of the extreme
points in the univariate situation, but it is very useful when they are distribution free and that there
are no assumptions on the form of the distribution, like symmetry.

Although an ellipse can be constructed without the assumption of normality, a remaining dis-
advantage is that the application of ellipses assumes symmetric distribution and the centroid plays a
crucial role.

To construct two-dimensional non-parametric confidence regions we propose an algorithm2 anal-
ogy of the percentile method for estimating bootstrap confidence intervals. Trimming a data set by
convex hull peeling has attracted some interest because it offers a method to discard the most extreme
points of a bivariate distribution.

In this work, we will extend this idea of discarding the most extreme points and the BCa

method, building new regions based on this methodology. The convex hull of a scatter plot of all
bootstrap points is determined and now peeling means that the points on the vertices of that hull
are discarded. After that, the convex hull of the remaining points is constructed, and so on, until a
specified percentage of the points will have been excluded.

Application and Results

To carry out our study, we have used three sets of data, two real and one simulated were analyzed
in this paper. The first type of data, which we called ”Coke” it is very well-known for the investigators
related with the topic.

The second type we called ”Chocolate”. These data were used for Husson and Pagès [2]. The
following work was performed by six sensory laboratories from an industrial request. The objective

1Or non-parametric Bootstrap.
2This algorithm was already proposed in the Markus work[4], but applied for another model.
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was to study the reproducibility of sensory profiles when they are rigorously obtained (rigorously
definition of the descriptors, long training of the judges, at least 10 judges by jury, three replicates).
In all examples, the regions have been built at a level of 95% and the numbers of bootstrap samples
has been of 1000.

In the three graphics, the different confidence regions are presented, where we can appreciate
that the most accuracy are those of blue colour, the BCa. It’s also important the nature of the data,
since will give us a bigger dispersion of these and therefore some bigger regions.
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Figure 1: Coke’s Confidence Regions
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Figure 2: Chocolate’s Confidence Regions
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Figure 3: Confidence Regions of simulated data
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1. Introduction 

Let x and y be 1p×  and 1q×  vector variables, respectively with p q≤  without loss of generality. 

Let Cov{( ', ') '} XX XY

YX YY

⎡ ⎤
= = ⎢ ⎥

⎣ ⎦

Σ Σ
x y Σ

Σ Σ
 with the unbiased sample counterpart XX XY

YX YY

⎡ ⎤
= ⎢ ⎥
⎣ ⎦

S S
S

S S
based 

on N=n+1 observations. Let the corresponding population and sample correlation matrices be 

,XX XY XX XY

YX YY YX YY

⎡ ⎤ ⎡ ⎤
= =⎢ ⎥ ⎢ ⎥
⎣ ⎦ ⎣ ⎦

Ρ Ρ R R
Ρ R

Ρ Ρ R R
. In this paper, the singular value decompositions (SVDs) of XYΣ  

and XYΡ  with their sample counterparts XYS  and XYR  are dealt with. Note that the scale-freeness of the 

singular values in canonical correlation analysis does not hold in this case. 
It will be shown that the normal-theory (NT) asymptotic variances and biases of the elements of the 

unit-norm sample singular vectors for XYS  are robust against the violation of the normality assumption 
under some distributional conditions with the inter-batter factor model. The similar robustness of the NT as-
ymptotic biases of the sample singular values for XYS  and the estimators of the inter-battery and battery-
specific factor variances and covariances will also be shown. 

 
2. The asymptotic expansions using the least squares discrepancy function 

The SVD of an asymmetric matrix is usually obtained by the spectral resolution of the matrix post or 
premultiplied by its transpose. The equivalent result is given by using the following least squares (LS) dis-
crepancy function in the case of XYS : 

LS 1(1/ 2)tr{( ' )( ' ) '}, diag( ,..., )XY XY pF φ φ= − − =AΦB S AΦB S Φ , 
with the restrictions ' ' p= =A A B B I . The population singular values ( 1,..., )i i pφ =  are assumed to 
be 1 2 ... 0pφ φ φ> > > > . Let θ  be the 1Q×  vector of parameters with 2Q p pq p= + + : 

(vec '( ), vec '( ), ' ) 'p=θ A B 1 Φ . The restrictions are also described as 
( ) (v'( ' ), v '( ' )) 'p p= − − =h θ A A I B B I 0  with v() vectorizing nonduplicated elements of a matrix. 

Then, the first-order conditions for the vector of the estimators θ̂  are given by LS
ˆˆ ˆ( / ', ') 'F∂ ∂ =θ h 0 , 

which represents the functional relationships between the estimators and s=v(S). Let θ  denote an element 
of θ  and 1/ 2 ˆ( )w n θ θ= − . The asymptotic expansions of the distribution of the estimator are obtained 
using their asymptotic cumulants 
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1/ 2 1/ 2
1 1

2 1 1
2 2 2

3 1/ 2 1/ 2
3 3

4 2 1 1
4 2 4

( ) E( ) ( ),

( ) E[{ E( )} ] ( ),

( ) E[{ E( )} ] ( ),

( ) E[{ E( )} ] 3{ ( )} ( ).

w w n o n

w w w n o n

w w w n o n

w w w w n o n

κ α

κ α α

κ α

κ κ α

− −

− −

− −

− −

= = +

= − = + Δ +

= − = +

= − − = +

 

The asymptotic cumulants are given by the partial derivatives of the estimator with respect to s and the cu-
mulants or moments of observable variables (see e.g., Ogasawara, 2006). For instance the first two asymp-

totic cumulants of the estimators are 
2

1 2
1 tr ,
2 ' '

θ θ θα α
⎛ ⎞∂ ∂ ∂

= =⎜ ⎟∂ ∂ ∂ ∂⎝ ⎠
Ω Ω

σ σ σ σ
, where acov( )n =s Ω . 

The partial derivatives can be obtained by the formulas in implicit function functions derived from the first-
order conditions. Using the asymptotic cumulants we have the Edgeworth and Cornish-Fisher expansions, 
and the asymptotic expansion with Hall’s method by variable transformation (see Ogasawara, 2007b). For 
instance the distribution function by the Edgeworth expansion up to order O(1/n) is given by 

1/ 2 2 1 231
2 11/ 2 1/ 2 3/ 2

2 2 2 2

2 5 33
11 3 34

2 3
2 2

1Pr ( ) ( 1) ( ) ( )
6 2

( 10 15 )3 ( ) ( ),
24 6 72

w zz z n z z n

z z zz z z o n

αα φ α α
α α α α

αα αα φ
α α

− −

−

⎛ ⎞ ⎧ ⎫ ⎧
≤ =Φ − + − − Δ +⎨ ⎬ ⎨⎜ ⎟

⎝ ⎠ ⎩ ⎭ ⎩
⎫− +−⎛ ⎞+ + + +⎬⎜ ⎟

⎝ ⎠ ⎭

 

where 2( ) (1/ 2 ) exp( / 2)z zφ π= −  and ( ) ( )
z

z t dtφ
−∞

Φ = ∫ . The asymptotic expansions of the Studen-

tized estimators are also obtained as in Ogasawara (2007b). 
The SVDs for standardized variables and the asymptotic expansions of their distributions are similarly 

given with the discrepancy function 

LS

1

(1/ 2)tr{( ' )( ' ) '},

diag( ,..., ), ' , ' ,
XY XY

p p p

Fρ ρ ρ ρ ρ ρ ρ

ρ ρ ρ ρ ρ ρ ρφ φ

= − −

= = =

A Φ B R A Φ B R

Φ A A I B B I               

where ,ρ ρA B  and ρΦ  are defined similarly to ,A B  and Φ . The parameter vector is defined as 

(vec '( ), vec '( ), ' ) '.pρ ρ ρ ρ=θ A B 1 Φ  
 

3. Inter-battery factor analysis 
The model of inter-battery factor analysis is written as follows: 

1 1,X Y= + = +x A f e y B f e  with 1 1( )A B  being a ( )p K q K× ×  factor loading matrix, and 
Cov( ) , Cov( ) ,Cov( )K X X Y Y= = =f I e Ψ e Ψ . We assume K=p. 

Then, we have 
1 1 1 1

1 1 1 1

' '
Cov{( ', ') '}

' '
X

Y

+⎡ ⎤
= = ⎢ ⎥+⎣ ⎦

A A Ψ A B
x y Σ

B A B B Ψ . The correspondence between the SVD 

of ( )XY XYΣ S  and the inter-battery factor model is 1 1 1 1
ˆ ˆˆ ˆ ˆ' ', ' 'XY XY= = = =Σ AΦB A B S AΦB A B  

with 1 1
ˆ ˆ ˆ 'X XX= −Ψ S A A  and 1 1

ˆ ˆ ˆ 'Y YY= −Ψ S B B . The model has indeterminacy in that 1A  and 
1B  can be replaced by 1A T  and 1

1 '−B T , where T is a K K×  nonsingular matrix with 
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1 1' 'X XX= −Ψ Σ A TT A  and 1
1 1( ') 'Y YY

−= −Ψ Σ B TT B  to yield the same Σ . In this paper, we 
consider the following naïve but practical estimators of 1A  and 1B , 

1/ 4 1/ 2 1/ 4 1/ 2
1 1

ˆ ˆ ˆ ˆ ˆ ˆ( / ) , ( / ) ,p q q p= =A AΦ B BΦ  which give the same mean-square loadings per ob-

served variable in each set (battery) of variables 1/ 2
1

(( ) )K
ii

pq φ−
=∑ , where 1/ 4( / ) Kp q=T I . The partial 

derivatives of the estimators with respect to s in inter-batter factor analysis, which are required to have the 

asymptotic expansions of the estimators, are easily given by using the chain rule. 
 

4. Asymptotic robustness of the normal-theory lower-order cumulants of some estimators 
Let u be a 1r ×  vector of observed variables given by 

1
E( ) C

i ii=
= +∑u u Λ f  with Cov( )i i=f Φ ,                        (1) 

where if  is a 1ic ×  random vector; iΦ  is the unconstrained covariance matrix of if ; 
( 1,..., )i i C=f  are mutually independently distributed; and iΛ  has restrictions to have an identified 

covariance structure of u. Then, it is known that the NT asymptotic standard errors of order 1/ 2( )O n−  for 
unweighted/weighted LS estimators of the unknown parameter estimators in ( 1,..., )i i C=Λ  are robust 
against the violation of the normality assumption. Similarly, the NT asymptotic biases of order 

1( )O n−
 

for the unknown parameter estimators in iΛ  and ( 1,..., )i i C=Φ  have such robustness (see e.g., 
Ogasawara, 2005b and the references therein). 

Noting 1
Cov( ) 'C

i i ii=
= ∑u Λ Φ Λ , the SVD of XYΣ  is reformulated under (1) with the 

model of inter-battery factor analysis: 

1 1 2 2

[ ', ' ] ', ( 1,..., ),
[ ] ', , [ ] ', ,

i i i i i

p p p X p q p Y

i pφ

+ + + +

= = =
= = = =

Λ a b Φ
Λ I O Φ Ψ Λ O I Φ Ψ         (2) 

where ia  and ib  are the i-th singular vectors or the i-th columns of A and B corresponding to the i-th 
largest singular value iφ . Note that iφ  corresponds to the variance of the i-th inter-battery factor, which 
was somewhat relaxed to satisfy (1) from the conventional unit variance. From (2), we have 

Theorem. The NT asymptotic standard errors of order 1/ 2( )O n−  for the sample singular vectors in 
the SVD of XYS  hold under nonnormality irrespective of the violation of the normality assumption when 
the corresponding inter-battery factor model holds with p+2 sets of factors being mutually independently 
distributed, where the first p sets are p inter-battery factors each with unconstrained distinct variance and the 
last two are two sets of battery-specific factors with unconstrained covariance matrices. Under the same con-
ditions, the NT asymptotic biases of order 1( )O n−  for the sample singular vectors and the sample singular 
values are robust under nonnormality. 

For 1 1
ˆ ˆ ˆ( ')X XX= −Ψ S A A  and 1 1

ˆ ˆ ˆ( ')Y YY= −Ψ S B B , we have from Theorem and the result of 
Section 2 

Corollary 1. When 1A  and 1B  with XΨ  and YΨ  are given from the transformation such that 

[ ]1
1 1 1 1 1

1

1 2

1 1 1 2 2 2

' ' ,..., diag( ,..., ) ,..., ',

[ ]', [ ]',

', ',

p p p

p p p q

X p XX Y p YY

φ φ

+ +

+ +

⎡ ⎤
⎡ ⎤ ⎡ ⎤=⎢ ⎥ ⎣ ⎦ ⎣ ⎦

⎣ ⎦
= =

= = − = = −

A
A B Λ Λ Λ Λ

B
Λ I O Λ O I

Ψ Φ Σ A A Ψ Φ Σ A A
                    (3) 
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where iΛ  and ( 1,..., 2)i i p= +Φ  satisfy (1) with the associated conditions, the NT asymptotic biases 
of ˆ

XΨ  and ˆ
YΨ  are robust under nonnormality. 

It is to be noted that while 1 1
ˆ ˆˆ ˆ ˆ' '=A B AΦB , ˆ ˆ( )X YΨ Ψ  is generally different from 

ˆ ˆˆ ˆ ˆ ˆ' ( ')XX YY− −S AΦA S BΦB , which also enjoy the robustness in Corollary 1 under the conditions in 

Theorem. Unfortunately, 1Â  and 1B̂  have not the robust property shown in Corollary 1 since the corre-

sponding variances ( iφ ) are set to be 1 (see the first equation of (3)) 
From Section 2 with some algebra or from Ogasawara (2005a, Corollary 4; 2007a, Corollary 4), 
Corollary 2. The asymptotic standard errors of order O(1) and the asymptotic biases of order 
1/ 2( )O n−  of the NT Studentized estimators of the singular vectors in Theorem with the associated condi-

tions are robust under nonnormality. 
The obvious results of the unit asymptotic standard errors in Corollary 2 are included for completeness. 

None of the parameter estimators ˆ
ρθ  do not have the robust properties shown above since standardization 

of observed variables violates the necessary condition of unconstrained iΦ . 
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RESUME 
Asymptotic cumulants of the distributions of the sample singular vectors and values of asymmetric covariance and 

correlation matrices are obtained under nonnormality. The asymptotic cumulants are used to have the approximations 
of the distributions of the estimators by the Edgeworth expansions up to order O(1/n) and Hall’s method with variable 
transformation. As an application of the method, the distributions of the parameter estimators in the model of inter-
battery factor analysis are expanded. Interpreting the singular vectors and values in the context of the factor model 
with distributional conditions, the asymptotic robustness of some lower-order normal-theory cumulants of the 
distributions of the sample singular vectors and values under nonnormality is shown. 
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1.  INTRODUCTION 
            In univariate Analysis of variance, we usually use the ratio SSA/SSW , which then as a 

1 2,F
ν ν

distribution under the null hypothesis of equal means .   In Multivariate Anova, however, we 

have to deal with the matrices A and W,  and their determinants. By tradition, we use Wilks’s 

statistic of the first kind, 
| |( , , )
| |

I n p qΛ =
W
T

, where  T = A + W , which  corresponds  rather to 

SSA/SST  in the univariate case,  where SST =  SSW + SSA. The reason, as pointed out by 

Lohnes and Cooley ( p.227) , comes from the fact that, originally, Wilks described his Lambda in the 

context of a multivariate generalization of Fisher’s correlation ratio ,  2 ( , , ) | | / | |1 I n p qη ≠= − Λ A T .    

            Hence , the statistic that more directly generalizes  
1 2,F

ν ν
  to the multivariate case 

should be Wilks’s statistic of the second kind  ( , , )II n p qΛ =| A | / | W | .  This statistic is related 

to the matrix variate beta distribution of the second kind. Since there is very little mention of this 

statistic in the literature the purpose of this article is to make it better known. Furthermore, 

percentiles values of ( , , )II n p qΛ  for selected values of , ,n p q  are now available for 

applications, and so are other related results. 

2.   THE MATRIX VARIATE BETA DISTRIBUTION OF THE SECOND KIND 

DEFINITION:  The positive definite symmetric random matrix  Y  has a beta distribution of the 

second kind, denoted by   ~ ( , )II
pbeta a bY , if its density is of the form: 

( )

( )

1
- 1
2

(
,

a p

a bf
a b

+

+

+p p

Y
Y) = , 0 < Y,

β I Y
 where ( ) ( )1

2

1
,1

2

1
+>+> pbpa     are real numbers.  

Let us recall that the  matrix beta distribution of the first kind, ~ ( , )I
pbeta a bX , has as density  

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 3689 -



 2 

( ) ( )

( )

11 - 1- 1
22

(
,

b pa p

f
a b

++

p

p
p

X I - X
X) = , 0 < X < I ,

β
  and  ( ),a bpβ is the beta function in 

pR , , , , i.e.        

( )
( ) ( )

,
( )

p p

p

a b
a b

a b

Γ Γ

=

Γ +
pβ ,,,,with     

( 1)

4

1

1
( ) ( )

2

p p p

p
i

i
a aπ

−

=

−
Γ = Γ −∏ ....    

LEMMA 1:    Let ~ ( )pW mAA ,Σ   et  ~ ( )pW mBB ,Σ  be Wishart-distributed matrices , with  

A and B independent ( )p p×  positive definite symmetric matrices,  and  ,A Bm m p> .  Then  

    a)   The ratio  
-1/2 -1/2U = (A + B) A(A + B) has the matrix beta distribution ( / 2, / 2)I

p A Bbeta m m , 

while        | | ( , , )I
A B Bm m p m= Λ +U ....    

    b)   The ratio   
-1/2 -1/2V = B AB   has the ( / 2, / 2)II

p A Bbeta m m  distribution, and   

| | ~ ( , , )II
A B Bm m p mΛ +V  if  pΣ = I  and 

1/ 2B is symmetric ( For the general case where 

pα≠Σ I , V is not necessarily 
II
pbeta  ( Gupta and Nagar ( 2000, p. 171)). 

PROOF:  It can be derived by using results on classical matrix variates distributions. 

            Percentiles for ( , , )I
A B Bm m p mΛ +  are usually computed using Bartlett’s (1951) or 

Rao’s approximation formulas, which relate them respectively to the 
2

ν
χ  or the  

1 2,F
ν ν

distribution. 

Schatzoff (1966) gave exact percentile values for some cases, but, recently, Pham-Gia ( 2006) has 

given a computer code for the general case. General properties, and applications of 

( , , )I
A B Bm m p mΛ + are studied by Kshirsagar (1972 and 1983). The transformations from 

~ ( , )I
pbeta a bX   to  ~ ( , )II

pbeta a bY   and vice-versa, are simple ones, and ~ ( , )I
p beta b a−I X  

while
1 ~ ( , )IIbeta b a−Y . For  1p = , the Fisher-Snedecor variable  

1 2,F
ν ν

is obtained, and  is just a 

multiple of the univariate beta prime  Y . Also, similarly to the univariate case, where the beta 

prime is also called the gamma-gamma distribution, ( Pham-Gia and Turkkan ( 2002)), 

~ ( , )II
pbeta a bY  is also the continuous mixture of two Wishart densities, i.e. ,npY ~ W ( , W)  with  

0np 0W ~ W ( , Σ ) .  The determinant of Y, | |Y  can be expressed as a product of  p  independent 

univariate betaprimes, which, in turn, can be expressed as Meijer’s G-functions , or Fox H-

functions ( a generalized form of G),  as follows: 
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| | , 0 | |
p

j
j

T
=

= ≤ < ∞∏Y Y , with  
( 1) ( 1)

~ ( , )
2 2j

j j
T betaprime a b

− −
− −                      (1) 

where ~ ( , )X betaprime α β if it has as univariate density.                                            

1 1

1 1

1 ( ,1)1 1
( )

( 1,1)( , ) (1 ) ( ) ( )

x
f x

B x

α

α β

β

αα β α β

−

+

− 
= =  

−+ Γ Γ  
H   .                                    (2) 

 Expressed as a G-function density, the density of  | Y |  is  :   

11, ( ),..., ( )
2 2|

131, ,...,
2 2

.( ) p p

p p

pb b b
x

pa a a
Af x

 
 
 
 
 
 
 
  

−
− − − − −

+
− − −

= G                                             (3) 

with 
1

1
( 1) ( 1)

( ) ( )
2 2

p

j

A
j j

a b=

=
− −

Γ − Γ −

∏ .  Let us recall that Fox’s H-function is defined as :  

( ) ( )

( ) ( )

1 1 1 1,
,

1 1

1 1

1
( , ),..., ( , ) 1
( , ),..., ( , ) 2

1

m r

j j j j
p p j jm r s

p q q p
q q L

j j j j
j m j r

b s a s
a a

x x ds
b b i

b s a s

β α
α α

β β π
β α

= =

= + = +

Γ − Γ − +

 
=  

  Γ − + Γ −

∏ ∏

∫
∏ ∏

H .  Under some fairly 

general conditions on the poles of the gamma functions in the numerator, the above integrals exist.  

Meijer G-functions are a special case, when  1,i jα β= = ,i j∀ , of the H- functions.  

LEMMA 2:  For integral values of , ,n p q , with  n q p≥ ≥ , Wilks’s statistic of the second kind , 

( , , )II n p qΛ has density

1 1
, ( ), ..., ( )

2 2

3 1
1, , ...,

2 2

2 2 2

2 2 2

( ) . |p p
p p

p

p

q q q

n q n q n q

f y A y

−

− − − − −

+

− − −

− − −

 
 
 

=  
 
  

G (4),                        

with    

1

1

( 1) ( 1)
( ) ( )

2 2 2 2

p

j

n q j q j
A

−

=

 − − − 
= Γ − Γ −    

∏ . 

PROOF(summary):  Using (2) and (3) we can obtain (4). In the general case , ,n p q  can have 

non-integral values and we can also have  q p< . 

REMARKS: 1)  The cdf of  Y is expressible in closed form, using the hypergeometic function 

2 1F  of matrix argument and the moments of |Y| are very simple to compute, since 

1( ) ( )
) , ( ) ( ) ( ( ) ( ))

( ) ( )
p ph

p p p p
p p

a h b h
E a h b h a b

a b
−

Γ + Γ −

 = Γ + Γ − Γ Γ 
Γ Γ

(| Y | ,for  

( 1) / 2 ( 1) / 2a p h b p− + − ≤ ≤ − − .  

THEOREM  1 : Let  ( , , ), 1, 2II
i i i in p q iΛ =    be two independent  Wilks’ s statistics of the 
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second kind.  Then their product  Y  has its density given by: 

)1 1 1 1 2 2 2 2

1 1 1 1 1 1 1 2 2 2 2 2 2 2

1 11 1, ( ),..., ( ), , ( ),..., (
2 2 2 2 2 2 2 2 2 2

1 13 31, ,..., , 1, ,...,
2 2 2 2 2 2 2 2 2 2

( ) . |p p
p p

q q q p q q q p

y
n q n q n q p n q n q n q p

f y A

 
 
 
 
 
 
 
 

−

− −
− − − − − − − − −

− − − + − − − +
− − − − − −

= G          (5) 

for 0y >  with 1 2p p p= + , 1 2A A A=  and 
1

1
( 1) ( 1)

( ) ( )
2 2 2 2

p

i
i i ij

A
n q qj j

=

=
− − −

Γ − Γ −

∏ , 1,2i = . 

Similarly, the ratio R has as density:  

1 1 1 1 2 2 2 2 2 2 2

1 1 1 1 1 1 1 2 2 2 2

1 11 1, ( ),..., ( ), , ,...,
2 2 2 2 2 2 2 2 2 2

1 13 31, ,..., , ( 1),( ),...,( )
2 2 2 2 2 2 2 2 2 2

( ) . |p p
p p

q q q p n q n q n q p

r
n q n q n q p q q q p

f r A

 
 
 
 
 
 
 
  

− − − − −
− − − − − − − + − +

− − − + +
− − − − − −

= G
     (6)  

for  0r > .   

PROOF:   The proof for both results uses the complex expressions for the product and ratio of 

two independent H-functions, as presented in Springer (1984). Applying (4) above, we can derive 

( 5) and (6).  

REMARK:  There are several applications of the above result in multivariate analysis of variance. 

In the univariate case, both the matrix variate Y and its determinant |Y| are reduced to the variable 

Y  , which has the generalized-F distribution. Operations on these variables have been studied by  

Pham-Gia and Turkkan ( 2003).  
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ABSTRACT: We study the Wilks’s statistic of the second type, which directly generalizes the Fisher-

Snedecor statistic 
1 2,F

ν ν
 to the multivariate case. Percentile values for its distribution are available, and can 

be used in several applications in multivariate analysis of variance.  
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ABSTRACT  

While the literature on crime and social vulnerability is not wholly consistent, results are indicated using, for 
example, the poverty concept, where lines of poverty are built. On the other hand, the notion of social vulnerability 
of people can be useful. It is multidimensional and it often comes from many characteristics in producing quality of 
life differences. We can assume that the characteristic relationships are interactive. To understand the relation 
between the violence and the social vulnerability is one of main challenge of the governments and the civil society 
for this century. Multivariate data analysis is used in two Brazilian surveys data from 91 Fortaleza neighborhoods, 
to analyze the standard of relation between social vulnerability to the poverty and the 92 kinds of crime in this city. 
Findings indicate a strong association between the socioeconomic condition and the occurrence of type of crimes 
(violence). Results revealed the existence of six different social vulnerability groups. The specialists attribute the 
increasing of the violence to the absence of the State and lack of chances.  

 

Keywords: Dimensionality Reduction, Cluster Analysis, Social Vulnerability, Crimes 
  
 

Introduction 
 

In the contemporary world, the violence and the social vulnerability are phenomena that are increasing. 
To understand the relation between them is the main challenge of the governments and the civil society for 
this century. Studies have demonstrated that the precariousness of the public services and the conditions of 
life, the lack of job chances and leisure and the restricted perspectives of social mobility, as potential 
motivators of violent actions [7]. In this direction, the object of this work is to investigate the relation 
between the criminal occurrences and the condition of social vulnerability to the poverty of the quarters of 
the city of Fortaleza. The social vulnerability is understood here as a combination of factors that can produce 
a deterioration of the welfare state level of people, families, and communities or quarters, in consequence of 
its exposition the determined types of risks. In this direction, vulnerability is a multidimensional concept that 
affects the different actors of forms and intensities. Between the factors that compose the vulnerability 
situations are: the non-availability of resources (material or symbolic) and the access to the structure of 
social, economic, cultural chances that to provide with the State, the market and the civil society. The present 
work uses techniques of multivariate analyses to get information on groups of quarters, with similar behavior 
in relation to the criminal occurrences, from data of the Secretariat of Public Security of the State of the 
Ceará [4] and Demographic Census 2000 [8] ,(Aggregate for Tax Sectors of the Results of the Universe).  
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1 Multivariate Data Analyses  
 

The two databases possess different levels of information. The Census contains information of the 
census sectors and the other file has the crime occurrences information of the quarters. The adopted strategy, 
to prevent loss of information, was to work at the sector level. To use the archive of quarters at the sector 
level, which has 92 variables of type of crime, they had been divided by the respective number of sectors in 
each quarter. Records with this additional information, at the desired level, had been gotten, allowing 
creating clusters socioeconomics related to the vulnerability. Similarity to factor analysis, cluster analysis is 
used to examine interdependent relationships. The analysis of conglomerates or as it is more popularly 
known, analysis of clusters, search to identify groups of similar quarters or sectors between them. The main 
objective of the cluster analysis is classifying the objects into homogeneous groups, based on the set of 
selected variables. These formed groups are called clusters and can be characterized by the average values of 
the factors in each group, representing the profile of the group. 

 Before clustering, a data reduction technique was used. And after clustering, a multivariate 
Discriminant analysis was performed 
 
2 Databases 

 
In the original data base of the Secretariat of Public Security of the State of the Ceará [4], each 

register represents a police, registered occurrence in the city of Fortaleza/Ceará/Brazil, in the period of 
07/2001 to the 05/2002. The base is formed by a random sample with 89.529 comments. The available 
variables in this base are: type of the crime, who registered the occurrence, public park, quarter, latitude, 
longitude, and day, month, year, hour and minute. A list of 92 types of crime that occur in each record of the 
base, of the most frequent the least exists. It notices that the 10 more frequent crimes correspond 80.5% of 
the total of occurrences. To get the registers of the 91 quarters that occur in the base, each quarter for the 
number of occurrences for each type of crime was quantified. One got 91 quarter registers with 92 variables 
that classify each type of crime. The investigated information of Demographic Census 2000 [8], in its basic 
questionnaire, had been added to this first base. And now, we have a synthetic database at census sector level, 
with socio demographic and crimes information The unit of considered information was the defined 
permanent particular domicile as �housing of one or more people where the relationship between them is 
dictated by bows of kinship, dependence or norms of live together, and that it was constructed to serve of 
habitation� (IBGE1, 2000), this definition justifies the use of particular the permanent domicile as one proxy 
of the family in studies of vulnerability to the social poverty and, had been thus considered the 
socioeconomics variables such as: income, education, and those related to the cycle of familiar life, women 
young heads of family, presence of children and adolescents. Some conditions had also been considered, 
namely, the presence of domiciliary urban services: garbage collection, water supply and sanitary exhaustion 
(availability of public services (water, sewage disposal, electricity)). For the present study, before the factor 
analysis, 92 types of crimes, and 13 variables of the Census are considered. 

                                            

1 IBGE: Brazilian Institute of Statistics and Geography   
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3 Variables used and Standardization of Variables 
 

As a preliminary application, the Principal Component Analysis with a Varimax rotation was 
applied to the synthetic file. The 8 used variables were selected from the socioeconomic dimensions related 
with income, education, cycle of familiar life, women young heads of family, presence of children and 
adolescents. The urban service variables were excluded (garbage collection, water supply and sanitary 
exhaustion). And it was kept 28 types of crimes. The Cluster process used 36 variables.  

Standardization of variables was not necessary. Income had a logarithm transformation.  

4 Factor Analysis / Principal Component Analysis 
. 
In a principal component analysis table, the correlations between the original variables are associated 

to each latent factor. The matrix was rotated using the Varimax method. The factorial analysis is one 
technique that identifies groups of variables correlated between them. With this a set of latent factors can be 
calculated, that are representative indices of each group. From the specific knowledge of the problem, a 
specialist can also interpret these indices, observing what the variables of each group can have in common. 
The calculated indices are used later to represent the quarters or sectors and to identify to groups of similar 
quarters or sectors between them. The factorial analysis reduces the number of variables generating indices 
in lesser number than the original variables. The factors they summarize the sample in its essential 
characteristics, eliminating redundancies of the data. In this analysis of factors, we used the matrix of 
covariance. All the variables have the same scale (number of occurrences for census sector). It is desirable 
that crimes that occur with more frequency have greater importance in the analysis. Moreover, the matrix of 
covariance presented better resulted in the percentage of the variance explained by the components. 

5 Cluster Analysis 
 
Cluster analysis can be performed by using two different techniques, hierarchical and non-hierarchical 

[3].   In this study a hierarchical clustering was used: the Ward�s method. The hierarchical clustering 
consists of two methods: agglomerative and divisive. In order to examine the stability mapping groups, the 
hierarchical clustering algorithms, Linkage, Centroid and Ward�s methods are hierarchical clustering and can 
be performed. The analysis of conglomerates or as it is more popularly known, analysis of clusters, search to 
identify to groups of similar quarters or sectors between them. The formed groups can then be characterized 
by the average values of the factors in each group, representing the profile of the group [1]. The average 
linkage method is based in on the average distance between all pair of objects. According to [5], in the 
centroid method, the distance between two clusters is the distance between their centroids and Ward�s 
method; clusters are generated by minimizing the within-cluster variance [1].   

 
6 Discriminant Analysis 

 
Factors 1 and 2 are significantly different in the different groups, that is, they are significant, and the 

variables associate to the factors also. An application of analysis of Discriminant constitutes information 
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sufficient to classify the groups perfectly [6].  
 

7 Results  

 

Prior application of cluster analysis, the principal component analysis was applied separately to crimes 
and Census datasets. Results of the factor analysis after the Varimax rotation revealed 2 factors. These factors 
explained 90.75% and 89.45% of the cumulative variance respectively. In the crime file, the factor F1 was 
correlated with �steal actions� and F2 was associated with �family fight�. There was no variable 
standardization. In the clustering process, we kept 26 crime variables and 8 socio-demographic variables. 
The Ward�s method identified 6 vulnerability clusters. The application of analysis of Discriminant indicated 
that this agglomeration schedule seemed to be a good approximation.  

In those six groups, the 3 and 5 clusters had the lower vulnerability level. It implied in higher levels of 
income and education, and low indicators of �steal actions� and �family fight�. Cluster 2 had medium 
vulnerability level and presented low factor 2 (family fight). In cluster 3 there was more �steal actions� than 
in cluster 2 (cluster 3 is healthier than cluster 2, economically). The high vulnerability level clusters were 1, 
4 and 6. Half and more of crimes occurred in cluster 1; that had a very high vulnerability level and a great  
concentration of young families with children. 

 
 
8 Discussion 

The multivariate analysis of the data of the Census and Fortaleza�s criminal registers showed the 
existence of a strong association between the socioeconomic condition and the occurrence of crimes. The 
analysis of groupings disclosed the existence of groups of similar census sectors (1, 4 and 6), that are very 
vulnerable; while the others two clusters (3 and 5) had been characterized for low the vulnerability. In 
general, in perceptual, in the first block, they had bigger �fight of families� and less robbery. The factors and 
the variables had identified the groupings, having themselves a correlation adjusted between them. The 
specialists attribute the absence of the State and lack of chances to the growth of the violence [2].  
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Introduction

Consider one-way MANOVA in which the equality of q+1 mean vectors is tested under p-variate

normal distribution with common covariance matrix Σ. Let

yi1, . . . ,yiNi
∼ i.i.d. Np(µi, Σ), i = 1, . . . , q + 1.

The null hypothesis and non-null hypothesis are defined by

H : µ1 = · · · = µq, K : not H,

respectively. Let ȳi be the sample mean of Ni observation in the ith sample (i = 1, . . . , q + 1) and ȳ

be the sample mean of all observations, i.e.,

ȳi =
1

Ni

Ni∑
j=1

yij , ȳ =
1

N

q+1∑
i=1

Ni∑
j=1

yij , N =
q+1∑
i=1

Ni.

Relating to testing the hypothesis, let A and B be the between-classes and the within-classes

matrices, respectively, i.e.,

A =
q+1∑
i=1

Ni(ȳi − ȳ)(ȳi − ȳ)′, B =
q+1∑
i=1

Ni∑
j=1

(yij − ȳi)(yij − ȳi)
′.

Then A and B are independently distribution as a noncentral Wishart distribtuion Wp(q, Σ, Ω) and a

central Wishart distribtuion Wp(n, Σ), where n = N − (q + 1),

Ω = Σ−1
q∑

i=1

(µi − µ̄)(µi − µ̄)′, µ̄ =
1

N

q+1∑
i=1

Niµi.

The following test statistics have been considered (e.g., see Siotani, Hayakawa and Fujikoshi [16]):

LR =
|A|

|A + B|
, LH = trAB−1, BNP = trA(A + B)−1.(1)

The LR statistic was introduced by Wilks [21]. Its null distribution is called Wilks’ lambda. The LH

statistic was proposed by Lawley [8] and by Hotelling [6] in connetion with a problem dealing with

the air-testing of bumbsights. The BNP statistic was suggested by Pillai [12, 13], etc.

Under a large sample framework;

A0 : p and q are fixed, n → ∞,(2)

asymptotic expansions of the statistics have been obtained (see, e.g., Anderson [1], Muirhead [14],

Siotani et al. [16]). Box [3] derived an asymptotic expansion of LR under (2) and H0 as follows.

P (−m log LR ≤ x) = Gf (x) +
γ

m2

(
Gf+4(x) − Gf (x)

)
+ O(m−4),
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where Gf (x) is the distribution function of a chi-square variable with f degrees of freedom, and

m = n − 1

2
(p + q + 1), γ =

1

48
pq(p2 + q2 − 5), f = pq.

Under (2), the null distributions of LH and BNP can be expanded as

P (nLH ≤ x) = Gf (x) +
f

4n

2∑
i=0

aiGf+2i(x) +
f

96n2

4∑
i=0

biGf+2i(x) + O(n−3),(3)

P (nBNP ≤ x) = Gf (x) +
f

4n

2∑
i=0

ciGf+2i(x) +
f

96n2

4∑
i=0

diGf+2i(x) + O(n−3).(4)

For the coefficients ai, bj , ci and dj , see, e.g., Anderson [1], Muirhead [14], Siotani et al. [16]. Numerical

experiments show that these approcimations are poor when the dimension q or p are large relative to

n.

High-dimensional approximations

In order to make up the weak point in the large sample approximations, Tonda and Fujikoshi

[18] derived an asymptotic expansion of LR under a high-dimensional framework such that

A1 q; fixed, p → ∞, n → ∞, m = n − p → ∞, p/n → c ∈ (0, 1).(5)

Further, Wakaki et al. [19] derived asymptotic expansion formulas for three test statistics in the same

setup with Tonda and Fujikoshi [18]. It is known that when p is large, the approximations under (5)

perform better than the approximations under (2). However, when q is large, both the large sample

and the high-dimensional approximations have poor performance.

In order to make up the weak point of these approximations, Wakaki [20] derived an asymptotic

expansion of LR under a high-dimensional framework such that

A2 p, q, n → ∞, m = n − p, ℓ = n − q → ∞, p/n, q/n → c1, c2 ∈ (0, 1).(6)

By Wakaki [20], it is shown that when q is large, the approximations under (6) perform better than the

approximations under (2) and (5). Furthermore, it is known that the performance of the approximation

is similar to that of the large sample approximation, even when the sample size is much larger than

the dimension.

Our perpose is to obtain approximations of LH and BNP in the high dimensional case (6).

Under H, we have that A(A + B)−1 is distributed as a multivariate Beta distribution Bp( q
2 , n

2 ).

Therefore, we can show that LH and BNP have the following means and variances:

E(LH) = (q − 1)c0p,

Var(LH) = 2(q − 1)(n − q − 1)c2p + (q − 1)2(c1p
2 + 2c2p) − κ2

1,

E(BNP ) =
qp

q + n
,

Var(BNP ) =
qp

6(q + n)

{
2(q + n)(p + 2)

q + n + 2
+

4(q − 1)(p − 1)

q + n − 1

}
−

(
qp

q + n

)2

,

where

c0 = (n − q − p − 1)−1, c1 = (n − q − p − 2)c2,

c2 = {(n − q − p)(n − q − p − 1)(n − q − p − 3)}−1 ,

and κ1 = (q − 1)c0p. Consider the standardization of LH and BNP defined by

TLH =
LH − E(LH)√

Var(LH)
, TBNP =

LH − E(BNP )√
Var(BNP )

,(7)
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respectively. We propose the following approximations.

TLH ∼ N(0, 1), TBNP ∼ N(0, 1).(8)

Under K, it is shown that LH has the following mean and variance.

E(LH) = (q − 1)c0p + c0trΩ,

Var(LH) = 2(q − 1)(n − q − 1)c2p + (q − 1)2(c1p
2 + 2c2p)

+

(
4(n − q − 1)c2 + 2(q − 1)(c1p + 2c2)

)
trΩ + c1(trΩ)2 + 2c2tr(Ω2) − κ∗

1
2,

where κ∗
1 = (q − 1)c0p + c0trΩ. Let T ∗

LH be the standardization of LH defined by

T ∗
LH =

LH − E(LH)√
Var(LH)

.(9)

We propose the following approximations.

T ∗
LH ∼ N(0, 1).(10)

A justification of the approximation will be obtained by assuming that

trΩk = O(nkpkqk),(11)

in addition to A2.

Numerical Results

We attempt to examine the accuracy of the approximations (8) through numerical experiments

with 105 iterations. Some of the results are given in the following figures.
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Some high-dimensional approximations have been proposed. Fujikoshi, Himeno, and Wakaki [4]

derived asymptotic distributions of test statistics for dimensionality in discriminant analysis under

A1. For examples of other distributional results in a high-dimensional framework in which both the

dimension and sample size are large, see Bai [2], Johnstone [7], Ledoit and Wolf [11], and Raudys and

Young [15].
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1 Introduction

Pearson’s coe cient of correlation is widely used as a measure of dependence; however, it su ers
from various shortcomings. It measures linear dependence only and is not invariant with respect to
the marginal distributions of the variables. Several nonparametric measures of dependence such as
Spearman’s rho, Blomqvist’s beta, Kendall’s tau and Gini’s gamma have better properties because they
measure monotone dependence and can be expressed as a function of the copula of the two variables
and therefore do not depend on their marginal distributions. These measures can be extended to
multivariate (i.e. - dimensional) measures of dependence using copula theory. Moreover conditional
versions of these measures can be defined in a straightforward way. This is of importance in many
fields of application e.g. in the multivariate analysis of financial asset returns where the amount of
dependence in a portfolio or the conditional dependence of returns in bull and bear markets are of
interest.
This note introduces multivariate and conditional extensions of Spearman’s rho and Blomqvist’s beta.
These are measures of multivariate concordance in the sense of Joe (1990). Spearman’s rho is a very
well known and widely used measure in many fields of applied statistics and its multivariate and
conditional extension can therefore be useful. Blomqvist’s beta is less known and less often used, but
it has some advantages over Spearman’s rho as a measure of multivariate dependence. We remark
that Kendall’s tau and Gini’s gamma can be extended in a similar way but are not treated in this
note.
Nonparametric estimators for Spearman’s rho and Blomqvist’s beta are introduced and their asymp-
totic properties are established. More details, examples and further discussions can be found in Schmid
and Schmidt (2006), (2006a), (2007) and (2007a). Applications to financial data are given in Penzer
et.al. (2006)

2 Copulas

Let X = ( 1 ) denote a -dimensional random vector with joint distribution function X and
continuous marginal distribution functions = 1 . According to Sklar’s theorem (see Sklar
(1959)) there exists a unique copula : [0 1] [0 1] satisfying

X ( 1 ) = ( 1 ( 1) ( ))

for x = ( 1 ) R . Copula is the -dimensional distribution function of U = ( 1 ) =
( 1 ( 1) ( )) whose marginal distributions are uniform on [0 1]. Comprehensive introduc-
tions to copulas are Nelsen (2006) and Joe (1997). It is well known that

( 1 ) ( 1 ) ( 1 )

for u =( 1 ) [0 1] , where ( 1 ) = min { 1 } is the copula of a perfect positive
dependence and ( 1 ) = max { 1 + 2 + + + 1 0} is a copula only for = 2. The

1
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independence copula is denoted by ( 1 ) = 1 · · . The survival function of is (u) =
(U u).

If X1 X2 X denotes a random sample drawn from X, then copula can be estimated by

b (u) = 1X
=1

Y
=1

1{b }

where b = b ( ) = 1 (rank of in 1 ).

The copula process
³ b (u) (u)

´
tends weakly to a Gaussian process G (u) if the partial

derivatives = 1 exist and are continuous. More precisely we have

G (u) = B (u)
P
=1

(u)B
³
u( )

´
,

where B is a centered Gaussian process with {B (u)B (v)} = (u v) (u) (v) and
u( ) = (1 1 1 1) see Fermanian et al. (2004) for details. Convergence of the copula pro-
cess to G (u) is an important tool in establishing the asymptotic normality of the multivariate and
conditional measures of dependence to be presented in the next two sections.

3 Multivariate Conditional Spearman’s Rho

Spearman’s rho for two random variables 1 2 with copula ( 1 2) is given by

1 2
=

( 1 ( 1) 2 ( 2))p
( 1 ( 1))

p
( 2 ( 2))

=

1R
0

1R
0
1 2 ( 1 2)

¡
1
2

¢2
q

1
12

q
1
12

=

1R
0

1R
0

( 1 2) 1 2

1R
0

1R
0
1 2 1 2

1R
0

1R
0

min { 1 2} 1 2

1R
0

1R
0
1 2 1 2

.

Therefore a multivariate and conditional generalization of
1 2

for a - dimensional random vector
X = ( 1 ) with copula (u) is given by

X ( ) =

R
(u) u

R
(u) uR

(u) u
R

(u) u

where [0 1] . X ( ) measures dependence in X conditional on U = FX (X) . In particular
let = [0 ] , where ]0 1] and X ( ) = X ( ). We have

X ( ) =

R
[0 ]

(u) u
³

2

2

´
+1

+1

³
2

2

´ .

X ( ) measures dependence of X in the lower tail, if is small.

2
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These measures can be estimated from observations X1 X2 X on X by replacing copula by the
empirical copula b as defined in Section 2. We obtain the estimator

bX ( ) =
R

[0 ]

b (u) u
³

2

2

´
+1

+1

³
2

2

´ =

1P
=1

Q
=1

³ b ´+ ³
2

2

´
+1

+1

³
2

2

´

It can be shown that the corresponding estimator bX ( ) is consistent and asymptotically normally
distributed, i.e.

(bX ( ) X ( ))
¡
0 2 ( )

¢
and

2 ( ) =
1

( ( ))2
R

[0 ]

R
[0 ]

(G (u)G (v) u v)

where ( ) =
+1

+ 1

μ
2

2

¶
and G (u) denotes the Gaussian process stated at the end of Section 2.

2 ( ) cannot be calculated explicitly for the general case but it can be determined by nonparametric
bootstrapping because one can show that³bX ( ) bX ( )´ ¡

0 2 ( )
¢

where bX ( ) is the bootstrapped version of bX ( ). Simulations have shown that the bootstrap works
well in samples of medium size.

4 Multivariate Conditional Blomqvist’s Beta

For two random variables 1 and 2 with copula ( 1 2) Blomqvist’s beta is defined by

1 2
= (( 1 e1) ( 2 e2) 0) (( 1 e1) ( 2 e2) 0) = 4

¡
1
2
1
2

¢
1

=

¡
1
2
1
2

¢ ¡
1
2
1
2

¢
+

¡
1
2
1
2

¢ ¡
1
2
1
2

¢
¡
1
2
1
2

¢ ¡
1
2
1
2

¢
+

¡
1
2
1
2

¢ ¡
1
2
1
2

¢ = 2

2 1

© ¡
1
2
1
2

¢
+

¡
1
2
1
2

¢
2 1

ª
where e1 e2 denote the medians of 1 and 2, and and denote the survival functions of and
. A -dimensional version of Blomqvist’s beta is defined by

X =
n ¡

1
2

¢
+

¡
1
2

¢
21

o
where = 2 1

¡
2 1 1

¢
and 1

2 =
¡
1
2

1
2

¢
. A conditional version can be defined by

X (u v) = (u v)
£¡

(u) + (v)
¢

(u v)
¤

for 0 u v 1 and appropriate norming constants (u v) and (u v). X (u v) measures
multivariate dependence in the lower and upper tail regions if u 1

2 v. If the copula is radially
symmetric, i.e. if (u) = (1 u), we obtain

X (u v) = (u v) [( (u) + (1 v)) + (u v)]

3
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Examples of radially symmetric copulas are the families of elliptical copulas such as the normal or the
Student’s copula. The natural estimator for X (u v) is

ˆ
X (u v) = (u v)

μb (u) + (v)

¶
(u v)

¸

where b (u) is defined in Section 2 and

(v) =
1X

=1

Y
=1

1{b }.

ˆ
X (u v) is consistent and asymptotically normally distributed if the partial derivatives and
exist and are continuous for = 1 , i.e. we have³

ˆ
X (u v) X (u v)

´ ¡
0 2 (u v)

¢
We will not state 2 (u v) explicitly because of its complicated structure. It can be determined by
bootstrapping because the bootstrapped estimator has the same asymptotic distribution as the estima-
tor. Note that 2 (u v) becomes much simpler in the non conditional case u = v =1

2 and can be com-
puted if closed expressions of and are available. This is an advantage of Blomqvist’s multivariate
beta over Spearman’s multivariate rho for which explicit calculations for the asymptotic variance are
extremely di cult or impossible even if and are available in closed form. For Blomqvist’s
multivariate beta a variance stabilizing transformation (similar to Fisher’s -transformation) for the
copulas of elliptically contoured distributions has been obtained. This allows for an explicit construc-
tion of asymptotic confidence bands and eases the analysis of asymptotic e ciency in estimation and
testing.
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Abstract

For many years there has been interest in families of multivariate distributions
with the marginals as parameters. Questions of this kind arise if one is to build
a stochastic model in a situation where one has some idea about the dependence
structure and marginal distributions. In this paper, among all bivariate distributions
which satisfy the constraints imposed by the known marginals and/or dependence
structure, one that has the maximum entropy is obtained by using iterative proce-
dure, and its convergence is proved.
KEYWORDS: Contingency tables, Correlation matrix, Marginal distribution,
Maximum entropy, Multivariate distribution .

1 Introduction

Shannon has introduced two important ideas of information. The first idea is that infor-
mation is a statistical concept. The second idea implies that on the basis of the frequency
distribution there is an essentially unique function of the distribution which measures the
amount of the information. The entropy of a random vector X = (X1, . . . , Xn) is H(X) =
H[f(X)] = −

∫
. . .

∫
f(x1, . . . , xn)logf(x1, . . . , xn)dx1 . . . dxn The Maximum Entropy (ME)

model f ∗(x) is the density that maximize H(f) subject to the information constriants.
In parametric inference about a vector of unknown parameters θ = (θ1, . . . , θm), Shore

and Johnson considered a class of distributions Ωθ = {f(x|θ); Ef [Tj(X|θ)] = θj, j =
1, . . . ,m}where Tj’s are absolutely integrable functions with respect to f and θ. For
the continuous case the inference is based on the model that maximizes the entropy
H[f(X|θ)] = −

∫
f(x|θ)logf(x|θ)dx, subject to the information constraints that define Ωθ.

The ME model f ∗(x|θ) in Ωθ, if it exists, is of the form f ∗(x|θ) = C(θ)exp[η1(θ)T1(x) +
. . . + ηm(θ)Tm(x)], where C(θ) is the normalizing constant and η1, . . . , ηm are Lagrange
multipliers.

Many well-known distributions are ME subject to various types of constraints, (see
Soofi, Ebrahimi and Habibullah, Kapur, Zellner and Highfield) .

1
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2 ME Multivariate Distribution with Given Marginals

and Correlation Matrix

Let X = (X1, . . . , Xn) be a random vector with given marginal distribution functions
F1, . . . , Fn and given covariance matrix Σ. Define ΩF,Σ the class of all multivariate density
functions f(x1, . . . , xn) with fixed marginal densities f1, . . . , fn and covariance matrix Σ.
The problem is to maximize H(X) subject to ΩF,Σ. In order to solve this problem, let

Txi
(X) = δ(xi −Xi), (i = 1, . . . , n)

V (X) = (X − µ)(X − µ)
′

(1)

where δ is Delta-Dirac function and µ = E(X), (µ is known because marginals are given).
Using Lagrange method to maximize H subject to ΩF,Σ, the maximizing function is

f ∗(x1, . . . , xn) = exp{
n∑

i=1

∫
τi(ui)δ(xi − ui)dui + x

′
Ax}[M(τ1, . . . , τn, A)]−1 (2)

where

M(τ1 . . . , τn, A) =
∫

. . .
∫

exp{
n∑

i=1

τi(xi) + x
′
Ax}dx1 . . . dxn

By setting exp{τi(xi)} = bi(xi), (i = 1, . . . , n) and normalizing such that M(τ1, . . . , τn, A) =
1, the maximizing density is

f ∗(x1, . . . , xn) =
n∏

i=1

bi(xi).exp{x′
Ax} (3)

where bi, (i = 1, . . . , n) and A are such that

fi(xi) = bi(xi)
∫

. . .
∫ ∏

j 6=i

bj(xj)exp{x′
Ax}dx1 . . . dxj−1dxj+1 . . . dxn

Σ =
∫

. . .
∫

(x− µ)(x− µ)
′

n∏
i=1

bi(xi)exp{x′
Ax} (4)

In special case when Σ is a diagonal matrix, named Σ∗, it is shown that the ME
distribution subject to ΩF,Σ∗ is the independent case.

Iterative Procedure
Let a is fixed and n = 2, then (4) reduces to

f1(x1) = b1(x1)
∫

b2(x2)e
ax1x2dx2

f2(x2) = b2(x2)
∫

b1(x1)e
ax1x2dx1

c =
∫ ∫

x1x2b1(x1)b2(x2)e
ax1x2dx1dx2

(5)

2
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and the iteration is given by
f (2k−1)(x1, x2) = f1(x1)[f

(2k−2)
1 (x1)]

−1f (2k−2)(x1, x2)

f (2k)(x1, x2) = f2(x2)[f
(2k−1)
2 (x2)]

−1f (2k−1)(x1, x2)

f (0)(x1, x2) = b
(0)
1 (x1)b

(1)
2 (x2)e

ax1x2

(6)

It is seen that from (6),

f
(2k−1)
1 (x1) = f1(x1), f

(2k)
2 (x2) = f2(x2),{

f (2k−1)(x1, x2) = b
(k)
1 (x1)b

(k)
2 (x2)e

ax1x2

f (2k)(x1, x2) = b
(k)
1 (x1)b

(k+1)
2 (x2)e

ax1x2
(7)

So that the iterated functions are of the form (3).
Extension to n-variate. In general case, for solving (4) the iteration is given by

f (nk+1)(x1, . . . , xn) = f1(x1)[f
(nk)
1 (x1)]

−1f (nk)(x1, . . . , xn)

f (nk+2)(x1, . . . , xn) = f2(x2)[f
(nk+1)
2 (x2)]

−1f (nk+1)(x1, . . . , xn)
. . .
f (nk+n)(x1, . . . , xn) = fn(xn)[f (nk+n−1)

n (xn)]−1f (nk+n−1)(x1, . . . , xn)

f (0)(x1, . . . , xn) =
∏n

i=1 b
(0)
i (xi)e

x′Ax

(8)

3 Application in Contingency Tables.

Applications of contingency tables have had a long history in statistical theory. In a two
dimensional table of I rows and J columns, each entry in the matrix represents an observed
frequency. When the row and column totals and the dependence are specified, then only
a subset of frequencies can be assigned arbitrary values; the rest will be determined by
the given row and column totals, and the dependence. Here the estimates of frequencies
obtained from an application of the maximum entropy are considered. Let Pij be the
probability in the ith row and the jth column of the I×J contingency table in which the
row probability sums are P1, . . . , PI and the column probability sums are Q1, . . . , QJ and
the covariance is C, so that

Pi =
∑J

j=1 Pij; i = 1, . . . , I ,
Qj =

∑I
i=1 Pij; j = 1, . . . , J ,

C =
∑I

i=1

∑J
j=1 ijPij −

∑I
i=1 iPi

∑J
j=1 jQj

(9)

Assuming the cell probabilities are unknown, and have to be estimated and the only
information are the values of P1, . . . , PI and Q1, . . . , QJ and C. Since the sum of row
totals is equal to the sum of column totals, there are I +J independent constraints on the
cell probabilities. However, there are IJ unknown probabilities and only I+J constraints.
So IJ− (I +J) cell probabilities can be filled arbitrarily, or there are IJ− (I +J) degrees

3
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of freedom. Thus there can be an infinite set of probabilities that will be consistent with
the given information. One of these is the set of probabilities that maximize the entropy

H[P ] = −
I∑

i=1

J∑
j=1

PijlogPij (10)

subject to constraints (9).
The maximum entropy is given by

Hmax = −
I∑

i=1

[PilogAi + PilogPi] +
J∑

j=1

[PjlogBj + PjlogPj]− vC (11)

The Kuhn-Tucker conditions to find the saddle point are

Pij = AiBjPiQje
−ijv

1 = Ai
∑J

j=1 BjQje
−ijv; i = 1, . . . , I

1 = Bj
∑I

I=1 AiPie
−ijv; j = 1, . . . , J

C =
∑I

i=1

∑J
j=1 ijAiBjPiQje

−ijv − ∑I
i=1 iPi

∑J
j=1 jQj

Pij ≥ 0; (i = 1, . . . , I), (j = 1, . . . , J)

(12)

One method of solving these, is to take a fixed value of v and solve the second and
third equations in (12) using the following iterative scheme;{

A
(k+1)
i = [

∑J
j=1 B

(K)
j Qjeijv]−1

B
(k+1)
j = [

∑I
i=1 A

(k)
i Pie

−ijv]−1
(13)

It may be started by giving A
(0)
i or B

(0)
j arbitrary values, and using this iterative procedure

until the values converges. Then by using the forth equation in (12) the value of C would
be determined. Thus for each value of v , there will be a unique value of C . A table
of values of C for corresponding values of v can be prepared, and from this table the
appropriate value of v for a given C can be choosen.
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The main purpose of the Survey on Information and Communication Technologies (ICT) Usage and e-
Commerce in Enterprises is to carry out a survey on information and communication technologies usage, in the 
framework of the European Statistical System. This operation is also in line with the Structural Indicators and 
the e-Europe Benchmarking process, providing the essential information to those exercises. 

All measures drawn up in the draft Commission regulation to implement Regulation (EC) No 808/2004 of 
the European Parliament and of the Council of 21 April 2004 concerning Community statistics on the 
information society are implemented by Portugal in its Survey on ICT usage and e-Commerce in Enterprises. 

This survey concentrates on the measurement of the enterprises’ ICT systems and the enterprises’ access 
to the Internet. Further, the e-Commerce practices are analysed, both orders placed and received, either through 
Internet or external computer networks other than Internet.  

The survey on ICT usage of enterprises is carried out in the whole country (Mainland, Azores and 
Madeira) and includes enterprises with 1 and more persons employed. According to economic activities, all 
enterprises classified in the following categories of NACE Rev.1 are included: sections D, F, G, I, J, K and 
groups 551+552 and 921+922. 

The ICT Usage in Enterprises follows up the work developed by Member States, and specifically by the 
National Statistical Institutes, in Eurostat’ Working Group on Information Society Statistics [3]. This group 
intends to develop and disseminate statistics in this area and to contribute to a deeper knowledge on the usage of 
ICT by enterprises. This survey gives the possibility to evaluate the importance and the priority that should be 
given to this area and these technologies, accordingly to its effects on productivity on national economy.  

The Multivariate Analysis [4] is an essential tool in the interpretation of this type of data, since it allows 
the measurement and treatment of a considerable range of data, namely in the identification and definition of 
patterns (in particular, enterprises’ profile accordingly to the type of use of ICT). 
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Description 
The Survey on ICT Usage in Enterprises collects information through five specific modules: Module A – 

ICT Usage; Module B – Internet Usage; Module C – e-Commerce through Internet; Module D – e-Commerce 
through networks other than Internet; Module E – Expenditure and resources in ICT [3].  

In this process we will observe the variable ‘e-Commerce’, as well as the more relevant variables of 
modules A, B and E, through the application of the dependence and inter-dependence methods ([1] e [2]). 

The main purpose is to reduce the amount of information collected by the survey in a group of 
characteristics and factors that allows the identification of clusters of enterprises accordingly to some 
particularities, such as the dimension of the enterprise or the region where the enterprise is established. To that 
effect, we apply the available functionalities of statistical software SPSS [5], comparing and testing the same 
techniques via R programming, and via packages already used. 
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ABSTRACT

Asymmetry in the proximity data is widely attracting many researchers. Recently, hierarchical

or non-hierarchical clustering algorithms for the asymmetric proximity data have been proposed. The

authors proposed asymmetric non-hierarchical clustering algorithms, called asymmetric K-medoids

algorithms in Takeuchi and Yadohisa (2006). However, evaluation of the clustering results are not

enough discussed in the paper.

In this paper, we discuss the relationship asymmetric algorithms and the asymmetric data

through numerical experiment. We generate some kind of artificial asymmetric data by using random

numbers. Then, we evaluate the clustering results by using several criteria proposed by Takeuchi, Saito

and Yadohisa (2007). Finally, we discuss the relationship between some properties of the asymmetric

data and the asymmetric K-medoids algorithms.

1. Asymmetric K-medoids algorithm

The K-means clustering algorithm is usually used for analyzing multivariate data, where obser-

vation of an object can be considered as a coordinate in Euclidean space. We can obtain dissimilarities

between objects from these coordinates. On the other hand, the K-medoids clustering algorithm is

proposed for analyzing dissimilarity data that only contains information on the dissimilarities between

objects. Hereafter we denote that dij is dissimilarity between object i and j (i, j = 1, 2, · · · , N); cluster

k is Ck (k = 1, 2, · · · ,K); the number of object in Ck is nk; the seed of Ck is sk. The K-medoids algo-

rithm do not use the information of objects coordinates that is necessary for the K-means algorithm.

We introduce the K-medoids algorithm. The algorithms is described as follows:

Step 1: Initial seeds are appropriately decided from the objects (for example by using random num-

bers).

Step 2: Dissimilarity dsk,i between a seed sk and an object i is determined for k = 1, 2, · · · ,K; i =

1, 2, · · · , N .

Step 3: Each object is assigned to the nearest seed.

Step 4: Seeds of the new clusters are updated for minimizing the objective function fh(i, Ck) (i ∈ Ck).

The objective function, for example, is as f1(i, Ck) =
∑

j∈Ck
dij/nk, f2(i, Ck) = minj∈Ck−{i} dij ,

or f3(i, Ck) = maxj∈Ck
dij .

Step 5: It goes back to Step 2, stops when it satisfies some stopping rule (for example, pre-determined

maximum iteration number).
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As an extension of the K-medoids algorithm, Takeuchi and Yadohisa (2006) proposed new

asymmetric K-medoids algorithms for the asymmetric dissimilarity data D = [dij ] (dij 6= dji). The

most different point between the two algorithms is the dissimilarities between the seeds and the objects.

The objective function is also different. We can represent the asymmetric K-medoids algorithm by

modifying Step 2 and Step 4 as follows:

Step 2’: Change dsk,i to g(dsk,i, di,sk
) in Step 2. Here g( ) = min, max, mean, and so on.

Step 4’: Change fi (i = 1, 2, 3) to f1(i, Ck) =
∑

j∈Ck
(dij+dji)/(2nk), f2(i, Ck) = minj∈Ck−{i}{dij , dji},

f3(i, Ck) = maxj∈Ck
{dij , dji}, respectively, in Step 4.

2. Simulation Study

We evaluate the asymmetric K-medoids clustering algorithms by simulation study. We generate

50 artificial asymmetric matrices M
(t)
α,β which contain the initial part D0, the symmetric part S(t)

α

and the skew-symmetric part A
(t)
β . The generation process is described as follows:

Step 1: We make two seed s1, s2, which coordinates are (x1, y1) and (x2, y2), respectively, in two

dimensional Euclidean space.

Step 2: We plot N objects for each seed by using random number follows two dimensional normal

distribution N(µ1,Σ1) and N(µ2,Σ2). Here µi = (xi, yi) (i = 1, 2) and Σi =

(
202 0

0 202

)
(i =

1, 2). Then we calculate the initial distance matrix D0 = [d0
ij ], where d0

ij is a distance between

object i and object j.

Step 3: We calculate N × N symmetric matrices S(t)
α which represent the symmetric part of the

artificial asymmetric matrices. Here the elements of S(t)
α are generated by using random number

follows N(0, σ2
Sα

) (α = 0, 1, 2, 3), where σS0 = 0, σS1 = 0.01τ, σS2 = 0.05τ, σS3 = 0.1τ , τ =√
Var(d0

ij).

Step 4: We calculate N ×N skew-symmetric matrices A
(t)
β which represent the skew-symmetric part

of the artificial asymmetric matrices. Here the elements of A
(t)
β are generated by using random

number follows N(0, σ2
Aβ

) (β = 0, 1, 2, 3), where σA0 = 0, σA1 = 0.01τ, σA2 = 0.05τ, σA3 = 0.1τ .

Step 5: We generate artificial asymmetric matrix M
(t)
α,β = D0 + S(t)

α + A
(t)
β (α, β = 1, 2, 3; t =

1, 2, · · · , 50)

We evaluate the relationship between the asymmetric K-medoids algorithms and these artificial

data by using i) sum of the squared ratio, ii) Spearman’s rank correlation coefficient, iii) cophenetic

correlation coefficient for asymmetric clustering algorithms proposed by Takeuchi, Saito, and Yadohisa

(2007). We will present about the details of the simulation study at the conference.
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Consider a random sample of ~x1, . . . , ~xn from p-dimensional population. The data set can be
regarded as n vectors or points in p-dimensional space. For examining features of the data set it is
necessary to study asymptotic behavior of two characteristics at least: the length of a p-dimensional
observation vector and the distance between two independent observation vectors.

In last years we see considerable interest in high-dimensional data set investigations. In high-
dimensional asymptotic theory it is assumed that either (i) both p and n tend to infinity or (ii) p

tends to infinity and n is fixed. For the recent results under first type assumption see e.g. Ulyanov et
al. (2006a), where the computable error bounds of approximations are obtained as well. The second
high-dimensional framework is used for high-dimensional low sample data. Assuming that ~xi’s are a
sample from N(0, Ip), Hall et al. (2005) showed, in particular, that under (ii) two geometric statistics
has the asymptotic properties:

‖~xi‖ =
√

p + Op(1), i = 1, . . . , n,

‖~xi − ~xj‖ =
√

2p + Op(1), i, j = 1, . . . n, i 6= j,

where ‖ · ‖ is the Euclidean distance and Op denotes the stochastic order. These results imply that
the data converge to the vertices of a deterministic regular simplex.

In this paper we obtain the computable error bounds for the normal approximations of the length
and the distance. We use the ideas from Ulyanov et al. (2006b), where the computable error bounds
of order O(p−1) for the chi-squared approximation of transformed chi-squared random variables with
p degrees of freedom were derived.

Theorem. Let T1 =
√

2(‖~x1‖ − √p) and Φ be the distribution function of the standard normal
distribution. Then

sup
x∈R

|P(T1 ≤ x)− Φ(x)| < B(p),

where
B(p) = min

λ
D(λ, p) +

2
e
√

pπ

with

D(λ, p) =
2
π

(
2(1− λ)

p(2− 2λ− λ2)2
+

(1 + λ2)1−p/4

λ2p
+

1
λ2p

exp
(
−λ2p

4

))
+

1
3
√

pπ
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and the minimum is taken over all λ ∈ (0,
√

3− 1), see Table below.
Corollary. Let T2 = ‖~xi − ~xj‖ −

√
2p, i 6= j. In the notation of the Theorem we have

sup
x∈R

|P(T2 ≤ x)− Φ(x)| < B(p).

Remark. It is easy to see that B(p) = O(p−1/2).
Proof of Theorem. Let ~xi = (xi1, . . . , xip)′ (i = 1, . . . , n) be a sample from N(0, Ip). We have

‖~xi‖ = S
1/2
ii ,

where Sii =
∑p

k=1 x2
ik, and hence Sii is distributed as chi-squared random variable χ2

p with p degrees
of freedom and it does not depend on i. Put Vp = (S11− p)/

√
2p, which tends to the standard normal

distribution when p tends to infinity. Let h(x) be a real-valued function defined by

h(x) =
√

2
[(√

2px + p
) 1

2 −√p

]
.

Then we can write T1 = h(Vp). We consider 2 cases depending on the value of x in P(T1 ≤ x).
Case 1 when x ≥ −√2p.
Then we have

sup
−√2p≤x

|P(T1 ≤ x)− Φ(x)| = sup
−√2p≤x

|P(h(Vp) ≤ x)− Φ(x)|

≤ sup
−√2p≤x

(|I1|+ |I2|),

where

I1 = P
(

Vp ≤ x +
x2

2
√

2p

)
− Φ

(
x +

x2

2
√

2p

)
,

I2 = Φ
(

x +
x2

2
√

2p

)
− Φ(x).

A bound for |I1| can be easily derived from Lemma 3 in Ulyanov et al. (2006b), where we proved
that for all λ ∈ (0,

√
3− 1) and all real x

|P(Vp ≤ x)− Φp(x)| ≤ D0(λ, p)

with

Φp(x) = Φ(x) +
√

2(1− x2)
3
√

p
ϕ(x),

ϕ(x) is a density function of Φ(x) and D0(λ, p) equals to

2
πp

(
1
9

+
2(1− λ)

(2− 2λ− λ2)2
+

(1 + λ2)1−p/4

λ2
+

3 + λ

3λ2
e−λ2(3−λ)p/(12+4λ)

)
.

Therefore,

|I1| ≤ sup
x∈R

|P(Vp ≤ x)− Φ(x)| ≤ minD0(λ, p) + sup
x∈R

√
2|1− x2|
3
√

p
ϕ(x)

= minD0(λ, p) +
1

3
√

pπ
≡ minD1(λ, p),(1)

where the minimum is taken over all λ ∈ (0,
√

3− 1).

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 3714 -



However, the slight changes in the proof of Lemma 3 in Ulyanov et al. (2006b) imply the
following bound as well

|I1| ≤ sup
x∈R

|P(Vp ≤ x)− Φ(x)| ≤ minD(λ, p),(2)

where D(λ, p) is defined in the Theorem and the minimum is taken again over all λ ∈ (0,
√

3− 1).
Since (3 + λ)/3 > 1 and (3 − λ)/(3 + λ) < 1 for positive λ, the bound (2) is sharper than (1).

Table for minD1(λ, p) and minD(λ, p) for some values of p is given below.
Minimums of D1(λ, p) and D(λ, p) when p is fixed

p 10 30 50 100 500
λ1 0.554 0.526 0.496 0.432 0.253

minD1 0.516 0.118 0.0609 0.0293 0.0095
λ 0.551 0.517 0.483 0.416 0.244

minD 0.460 0.104 0.0550 0.0276 0.0094

Concerning a bound for |I2|, it is easy to see that

|I2| =
∣∣∣∣∣∣

1√
2π

∫ x+ x2

2
√

2p

x
exp

{
−z2

2

}
dz

∣∣∣∣∣∣
≤ 2

e
√

pπ
.

Case 2 when x < −√2p.
In this case we have P(h(Vp) ≤ x) = 0 and Φ(x) < Φ(−√2p). By well-known inequalities for the tails
of normal distribution we get

Φ(−
√

2p) ≤ e−p

√
π(
√

p +
√

p + 8/π)
.

Thus, combination of the inequalities obtained in 2 cases proves the Theorem.
Proof of Corollary. It follows from the fact that T1 and T2 are identically distributed random
variables because (xik − xjk)/

√
2 ∼ N(0, 1) and the distributions of ‖~xi − ~xj‖/

√
2 and ‖~xi‖ coincide.
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ABSTRACT Outliers observations have to be identified to circumvent deviation in the findings. An

outlier may have a large impact on the result of an analysis and it might distort the testing and

estimation procedures. Therefore to detect these peculiar observations, we need to do formal testing

procedures and graphical displays. Outliers become difficult to detect in the higher dimension since

there are masking and swamping problems. In order to solve this problem, this paper proposes easily

compute method using eigenvalue and eigenvector approach.

1. Introduction

Hawkins (1980) describes outliers as a peculiar observation compared to other observations in

the data set. He states that this outlying observation shows a different feature such as a wide gap

when compared with other observations in the data set. Outliers could appear as an individual or

a group in the data set. As mentioned by Cook and Weisberg (1982), outliers may occur in the

data set because of recording error, measurement error or a phenomenon/a special event/an incident

happening during the experiment (that could affect the findings). He suggests if this reason could be

detect by researcher, then the observations should be corrected or omitted.

Outlier observations have to be identified to circumvent deviation in the findings. An outlier

may have a large impact on the result of an analysis and it might distort the testing and estimation

procedures. For example, it could cause misclassifying in discriminant analysis, it could cause failure

in achieving a good model of regression and it also may lead to the conclusion that the data are not

normal. Therefore to detect these peculiar observations, we need to do formal testing procedures

and graphical displays. We have to scrutinize each observation in the data set before clarifying any

observations as outliers.

An individual outlier is much easier to identify compared to a group of outliers. There are many

diagnostic methods developed to detect the individual outlier which can also be easily seen through

graphical displays. Outliers become difficult to detect in the higher dimension since there are masking

and swamping problems. However we had to face reality, there are usually problems in any areas

involved with multivariate data set.

In order to solve this problem, this paper proposes easily compute method and a several earlier

research were given in Section 2. Section 3 describes a new proposed method. Section 4 shows

illustrative examples.

2. Some preliminary works

Hadi (1992) who developed the Basic Subset Method (BSM) statistically addressed multiple

outliers in multivariate data. This method divides the data set into two subsets recursively until

multiple outliers are identified. Several other methods use Mahalanobis distances in order to detect
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outliers, a process used extensively use in univariate samples. Rousseeuw (1990) suggested the use of

robust distances in the identification of multivariate outliers with the Robust Distance Method (RDM).

Hawkins (1994) suggested the computation of the minimum covariance determinant in relation to

the detection of outliers in his Feasible Solution Algorithm (FSA). Atkinson (1994) proposed the

Forward Search Method ((FSM) of multiple deletion regression diagnostics to identify outliers in order

to overcome the problem of masking.

Consider the problem of detectioning multiple outliers in a multivariate data set. Let X be an

n × p data matrix representing n observations from a p dimensional population.

(i) Basic subset method (BSM)

The basic subset method developed by Hadi (1992) orders the n observations using a robust

Mahalanobis distances. The ordered data set is then divided into two initial subsets. The first is the

basic subset containing p + 1 data points. The second, a non-basic subset of the remaining space

n−p−1 points. For each point in the basic subset, the relative distance from the point to the cendre

of the subset is computed relative to the covariance matrix. The relative distance of the ith point D2
i

is calculated using the robust distance formula

D2
i (Cr, Sr) = (Xi − Cr)

T S−1
r (Xi − Cr), i = 1, 2, ...n

where Cr and Sr are the robust sample mean vector and the sample covariance matrix of the basic

subset respectively. The observations are then re-ordered and divided into basic and non-basic

subsets. This process is repeated until the following stopping criterion is satisfied.

(ii) Robust distance method (RDM)

The robust distance method (see Rousseeuw, 1990)uses robust estimators to replace the arith-

metic mean and the sample covariance matrix of the data set. The first step is to compute the

Mahalanobis distance for all n data points

MD2
i = (Xi − T (X))T C(X)−1(Xi − T (X)), i = 1, 2, ..., n

Here Xi is the ith data point with these robust distance represented by RDi, the arithmetic mean of

the data set X, T(X) and the sample covariance, C(X), with robust estimators in order to avoid the

masking effect, which can cause multiple outliers to not necessarily have a large MDi. In this method,

the robust estimator used is the minimum volume ellipsoid estimator introduced.

The minimum volume ellipsoid estimator is defined as the pair (T,C), where T (X) is a p-vector

and C(X) is a positive-semidefinite p× p matrix such that the determinant of C is minimized subject

to

{i : (Xi − T )T C−1(Xi − T ) ≤ a2} ≥ h

where h = [(n+p+11)/2] in which [.] denotes the integer part. The number a2 is fixed constant, which

can be chosen as χ2
p,0.5 when we expect the majority of the data to come from a normal distribution.

(iii) Hawkin’s method (1994): A feasible solution algorithm (FSA)

The feasible solution algorithm obtains the minimum covariance determinant (MCD) estimator

for given data set. Begin with a trial subset, choosing a random sample of n−h cases that are assumed

to be good. These cases are retained, while the other h cases are considered outlying observations and

are subsequently trimmed. The mean vector and covariance matrix of the n − h remaining cases

is then found and an investigation into all possible pairwise swaps of the observations is conducted,

where one of the cases is removed being replaced by one of the previously trimmed observations if

the determinant of the covariance matrix is minimized, this new subset replaces the old, with swaps

continuing until no possible pairwise swap exists that returns a minimized determinant. The current

subset satisfies the necessary condition for the MCD optimum and is considered a feasible set with

its mean vector and covariance matrix a feasible solution. This method many times, each beginning
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with a different random subset, giving many feasible sets and solutions. The global optimum MCD

estimator is that with the smallest determinant and corresponding subset is the optimum data set.

(iv) Atkinson’s method (1994): Forward search method (FSM)

The forward search method estimates the least median of squares (LMS) for regression data

sets and minimum volume ellipsoid is estimated for data sets lacking a regression structure. This

method also begin with a small, randomly selected subset of observations considered outlier free. The

minimum value of the LMS or MVE is estimated as the search progresses forward, with the pattern

of outliers each subset reveals recorded. Each forward search involves successively using least squares

to fit subsets of size m, m + 1, ... with m ranging from p the number of variates, to n, the number of

observations. Almost n2 residuals are produced for each forward search. If values larger than a cutoff

are taken to be outliers, then the pattern of outliers can be displayed.

3. The proposed method

Let X be an n × p data matrix such that XT = (x1,X2, ..., xn), where xi is p × 1 vector. Let

I = i1, i2, ..., im be the subset of the indices 1 ≤ ik ≤ n and k = 1, 2, ...m. The sample covariance

matrix is given by

S = 1
nXT (I − 1

n11T )X

where 1 is the n-vector of ones. Further let XI and SI be the data matrix and sample covariance

matrix, respectively, when the m observations are deleted. We have

S(I) = 1
n−mXT

(I)(I − 1
n−m11T )X(I)

and

SI = 1
mXT

I (I − 1
m11T )XI

Lemma 1: (i) The relationship among S, SI and S(I) is given as follows:

S(I) = n
n−mS − nm

(n−m)2
[n−m

n SI + (x̄I − x̄)(x̄I − x̄)T ]

(ii) If let I = i with a single point, then

S(i) = n
n−1S − n

(n−1)2 (xi − x̄)(xi − x̄)T

Lemma 2: Let {(φi, λi), i = 1, 2, ..., p} be the pair of eigenvector and eigenvalue of sample covariance

matrix S. {(φ∗

(k), λ
∗

(k)), k = 1, 2, ..., n} will be a pair of eigenvector and eigenvalue of covariance matrix

S(k), then we have (Wang and Nyquist, 1991)

(i) λ∗

(k) = n
n−1λk − n

(n−1)2 ||xi − x̄i||2Gi

where the weights Gi satisfies 0 ≤ Gi ≤ 1 and
∑
i

Gi = 1.

(ii) n
n−1λk+1 ≤ λ∗

(k) ≤ n
n−1λk, k = 1, 2, ..., p.

Using lemma 1 and lemma 2 we can develop a algorithm to detect multivariate outliers.

Step 1: Given p × n data matrix, the sample covariance matrix S and S(I) can be obtained by

Lemma 1.

Step 2: Compute a pair of eigenvector and eigenvalue {(φi, λi)} of S, and a pair of eigenvector

and eigenvalue {(φ∗

i , λ
∗

i )} of S(I) is obtained by lemma 2.

Step 3: Choose the largest eigenvalue λ1 which corresponding to eigenvector φ1 of S and a pair

{(φ∗

1(j), λ
∗

1(j)} of the largest eigenvalue and eigenvector of S(j), j = 1, 2, ..., n respectively.

Step 4: Calculate the value of Y 2
j = [

λ1−λ∗
1(j)√

min(φ∗2
1(j)

)
]2

Step 5: Plot points {(j, Y 2
j ), j = 1, 2, ..., n}.

4. Examples
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We considered 3 datasets for our proposed method. These three data sets taken from Rousseeuw

and Leroy (1987) were Hawkins-bradu-kass data, modified wood specific gravity data and salinity data.

Example 1: The Hawkins-bradu-kass data set had 75 observations with 3 dimensions; according

to Mahalanobis distances, MDi only two observations which are 12 and 14 were identified as outliers

when compared to . (Rousseeuw and van Zomeren, 1990) with their proposed method, RDi could

identify observation 1 to 14 as outliers where the values of RDi for these fourteen cases were greater

than . The value of MDi and RDi for each observations in this data set were given in (Rousseeuw

and van Zomeren, 1990). (Hadi, 1992) computes 2000 subset selected randomly from 1215450 distinct

subsets of size 4 by using Basic Subset Method (BSM) approach for this data set. His findings revealed

all the fourteen outliers as well. We compared the new proposed procedures with the previous method.

The proposed method also could identify all fourteen outliers as RDi and BSM. The plots of these

three methods which are MD, RD and new proposed method are shown in Figure 1.

Figure 1. Plots for the Hawkins-bradu-kass data: (i) plot of MDi ; (ii) plot of RDi ; (iii) plot

of eigenvalue 1 in Section 3.

Example 2: Hawkins (1994) examined his FSA methods on modified wood specific gravity data

set which was also analyzed by Rousseeuw and Leroy (1987). This data set had 20 observations with

five independent variables. As the plot of MDi method did not show clear pictures of outliers, FSA

procedures could detect four cases as outliers and they were observations 4, 6, 8, and 19. This result

was consistent with Rousseeuw and Leroy (1987) with their method of RDi. Atkinson (1994) shows

several plots such as a stalactite plot and a chi-squared probability plot to describe the existences of

outliers in this data set. These plots could define these four observations as outliers. Our proposed

method also clarified these four cases as outliers and the plot of MDi, RDi and the new method can

be seen in Figure 2.

Figure 2. Plots for the modified wood specific gravity data: (i) plot of MDi; (ii) plot of RDi ;

(iii) plot of eigenvalue 1 in Section 3.

Example 3: The salinity data set had been used by Rousseeuw and Leroy (1987) to present

an illustration of outliers. This data set involved 3 predictors consisting of 28 observations. They

declared observations 3, 5 and 16 as outliers while the MDi method just point out observation 16 as

outlier. A similar finding was expressed by our new proposed procedures. Figure 3 present plots of

MDi and new proposed procedures.

Figure 3. Plots for the salinity data: (i) plot of MDi ; (ii) plot of eigenvalue 1 in Section 3. (All

Figures are omitted in this paper)
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Matrix GIG - Wishart connections

Jacek WesoÃlowski
Politechnika Warszawska, Warszawa, Poland

Let Vn be the Euclidean space of n×n real symmetric matrices with the inner product 〈a, b〉 =
trace (ab) and the Lebesgue measure dx assigning the unit mass to the unit cube. Let V+

n be the
cone of positive definite matrices in Vn and let V+

n denote its closure. For x ∈ Vn let |x| denote
the determinant of x.

Let c ∈ V+
n and q ∈ Λn = {0, 1

2 , 2
2 , . . . , n−1

2 } ∪ (n−1
2 ,∞). Then the random matrix Y taking its

values in V+

n is said to follow the Wishart Wn(q, c) distribution if its Laplace transform is

LY (θ) =
|c|q

|c− θ|q , c− θ ∈ V+
n .

When q > n−1
2 the random matrix Y assumes values in V+

n and has the density

fY (y) =
|c|q

Γn(q)
|y|q−n+1

2 exp(−〈c, y〉)IV+
n

(y) ,

where Γn is the multivariate Gamma function. When q ∈ Λn and q < n−1
2 the distribution is

concentrated on the boundary of V+

n . In the special case q = 0, it is the Dirac measure concentrated
at the zero matrix.

A random matrix X, taking its values in V+
n , is said to follow the matrix generalized inverse

Gaussian distribution, MGIGn(−p, a, b), if it has density of the form

fX(x) =
1

K(n)
p (a, b)

|x|−p−n+1
2 exp

(−〈a, x〉 − 〈b, x−1〉) IV+
n

(x) ,

where K(n)
p is the matrix variate modified Bessel function of the third kind and p, a, b satisfy one

of the following three conditions: (1) a, b ∈ V+
n and p ∈ IR, (2) a ∈ V+

n with rank(a) = m ∈
{0, 1, . . . , n− 1}, b ∈ V+

n and p > n−m−1
2 , (3) a ∈ V+

n , b ∈ V+

n with rank(b) = m ∈ {0, 1, . . . , n− 1}
and p < −n−m−1

2 .
Let Wr,s(q, c, a, b) be a probability distribution defined by the density

f(x, y) ∝
∣∣∣∣
(

x c
cT y

)∣∣∣∣
q− r+s+1

2

e−〈a,x〉−〈b,y〉IM(x, y) ,

where q ∈ Λr+s, q > r∧s−1
2 , a ∈ V+

r , b ∈ V+
s , c is an r × s matrix of a full rank and

M =
{

(x, y) :
(

x c
cT y

)
∈ V+

r+s

}
.

The direct MY property for matrices of different dimension is: If (X, Y ) ∼ Wr,s(q, c, a, b) then

(X, Y − cT X−1c) ∼ MGIGr

(
q − s

2
, a, cbcT

)
⊗Ws

(
q − r

2
, b

)
(1)

and
(X − cY −1cT , Y ) ∼ Wr

(
q − s

2
, a

)
⊗MGIGs

(
q − r

2
, b, cT ac

)
. (2)

1
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The characterization has the form: Let (X,Y ) be a random vector taking values in M defined
above for a given r× s matrix c of a full rank. If X and Y − cT X−1c are independent and also Y
and X − cY −1cT are independent then there exist q ∈ Λr+s, q > r∧s−1

2 , a ∈ V+
r , b ∈ V+

s such that
(X,Y ) ∼ Wr,s(q, c, a, b).

The matrix version of MY property is hidden in the conditional structure of the Wishart
distribution: Let K be an (r + s) × (r + s) Wishart random matrix, s ≤ r, with parameters
Q ∈ Λr+s, Q > r−1

2 , and c ∈ V+
r+s. We partition K and c in blocks according to the dimensions r

and s as

K =
(

K1 K12

K21 K2

)
, c =

(
c1 c12

c21 c2

)
, with c1 ∈ V+

r , c2 ∈ V+
s .

Then K1 is of full rank and the conditional distribution of (K1,K2·1) given K12 is a product of
MGIG and Wishart

(K1,K2·1)|K12 ∼ MGIGr

(
Q− s

2
, c1, K12c2K21

)
⊗Ws

(
Q− r

2
, c2

)
.

Dually, K2 is of full rank and the conditional distribution of (K2,K1·2) given K12(= KT
21) is a

product of MGIG and Wishart

(K2,K1·2)|K12 ∼ MGIGs

(
Q− r

2
, c2,K21c1K12

)
⊗Wr

(
Q− s

2
, c1

)
.

It is well known that if X is Wishart, Wn(p, a), and M is a k × n constant matrix of
rank k then MXMT ∼ Wk

(
p, (Ma−1MT )−1

)
and for p > n−1

2 we have (MX−1MT )−1 ∼
Wk

(
p− n−k

2 ,MaMT
)
.

Analogues for the MGIG follow by the MY property: Let Y be a random matrix having the
MGIGn

(
p,MT aM, b

)
distribution, where M is a k × n matrix of rank k, a ∈ V+

k and b ∈ V+
n .

Then

MY MT ∼ MGIGk

(
p +

n− k

2
, a, MbMT

)
.

Let Z be a random matrix having the MGIGn

(
q, b,MT aM,

)
distribution, where M is a k× n

matrix of rank k, a ∈ V+
k and b ∈ V+

n . Then

(MZ−1MT )−1 ∼ MGIGk

(
q − n− k

2
, MbMT , a

)
.
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Abstract

The interpretation of canonical variables is a useful and important task when we analyze the

data in practice. This interpretation is, however, complicated when the dimensions of the variables are

large. This paper deals with the problem of easy interpretation. We investigate the testing hypotheses

about coe�cients of canonical vectors, which are often used for the interpretation.

Introduction

Canonical correlation analysis is a useful technique that characterizes the correlation structure

between two sets of variables. However, there are many problems with this technique. One of the

serious problems is the interpretation of the canonical variables. We usually use canonical vectors for

this purpose; but this method becomes very complicated if the number of variables is large. In this

paper, we test some hypotheses regarding canonical vectors that may help to interpret easily. We also

suggest the test statistics, derive their distribution, and do the simulation study.

Let X and Y be two vectors of p and q components, with means �X and �Y , respectively, and

covariance matrix

V ar

 
X

Y

!
= � =

 
�11 �12

�21 �22

!
:

Without no loss of generality, we may assume that p � q. We denote �i as the canonical correlation

and �i and �i as the canonical vectors of X and Y , respectively, satisfying

�12�
�1
22 �21�i = �2i�11�i; �0

i�11�j = �ij ;

�21�
�1
11 �12�i = �2i�22�i; �0

i�22�j = �ij ;

where �ij is the Kronecker's delta. Given a sample Xk and Y k of n i.i.d. observations from X and

Y , respectively, let S be the sample covariance divided as

S =

 
S11 S12

S0
12 S22

!
:

Sample canonical correlation ri and sample canonical vectors ai and bi of X and Y , respectively,

satisfy

S12S
�1
22 S21ai = r2iS11ai; a0iS11aj = �ij ;

S21S
�1
11 S12bi = r2iS22bi; b0iS11bj = �ij :

Testing for additive information is one of the testing problems for canonical vectors. It is useful

to �nd a subset that supplies no additional information about the relationship between two sets of

variables. Therefore, many authors have described this test (e.g. McKay (1977), Fujikoshi (1982),

Suzukawa and Sato (1996)). In order to explain this test, we partition X, Y as X = (X 0
u;X

0
v)

0 (Xu :

p1 � 1) and Y = (Y 0
u;Y

0
v)

0 (Y u : q1 � 1), respectively. Also, we partition �i, �i as �i = (�0

ui
;�0

vi
)0
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and �i = (�0

ui
;�0

vi
)0, respectively. In this setting, we test whether or not the subset (X 0

u;Y
0
u) has as

much information as the full set (X 0;Y 0), that is

H10 : �vi = 0; �vi = 0 (i = 1; � � � ;m);(1)

where m = rank(�XY ) � p is the number of the dimensionality. As special cases of H10, we can

consider

H20 : �vi = 0 (i = 1; � � � ;m);(2)

H30 : �vi = 0 (i = 1; � � � ;m);(3)

where H20 means that the subset (X 0
u;Y

0) has as much information as the full set (X 0;Y 0) and H30

has a similar interpretation. Let ��i be the nonzero population canonical correlation between Xu and

Y u. Then, it holds that �i � ��i (j = 1; � � � ;m� and m � m�). Therefore, H10 is equivalent as

H40 : �i = ��i (i = 1; � � � ;m)(4)

If H40 is true, Xv and Y v supply no additive information about the relationship between X and

Y , thus we can select the smallest subsets of variables that supply the relationship between two sets

of variables. However, these hypotheses are strong conditions, because it seems that the number of

variables that don't supply the relationship completely is small. When the number of dimension m

becomes large, the subset to be found by testing these hypotheses would also become large. Hence, we

consider a more exible testing hypothesis concerned with the canonical vector. For a more exible

testing, we consider two hypotheses as follows:

First, we test whether a coe�cient of the canonical vector is 0, such that

H50;�ij = 0;(5)

where �ij is the jth component of �i, corresponding to xj . If H50 is true, then the ith canonical

variable U i can be expressed as

U i =
X
k

�ikxk =
X
k 6=j

�ikxk:

This means that xj is not contributed to U i. Hence, we may not use xj when we interpretate the ith

canonical variable.

Then, we consider the hypothesis whether Xv is contributed to ith canonical variable U i, such

that

H60 : �vi = 0:(6)

We note that hypotheses H60 and H20 are di�erent. H20 means that the value of �vi is 0 up to

m, which is the number of the dimensionality, so that Xv is not contributed to all canonical variables

up to m. In this case, Fujikoshi(1982) suggested some equality and the distribution of likelihood ratio

statistics. However, H60, which is of interest here, means that only the ith canonical subvector �vi is

0. We are interested only in ith canonical variable, and test whether Xv is contributed to U i. In this

case, it does not hold equality discussed in the case H20, and so we are required to test by another

approach.

We also note that we should consider this test in the �rst or second canonical vectors, which

are very important variables for determining the correlation structure. Especially, in the case of �rst

canonical vector, that is H60 : �v1 = 0, it holds that

�1 = ���1 ; �i � ���i (i = 2; � � � ; k);
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where ���i is the nonzero population canonical correlation between Xu and Y . By testing H60, we can

�nd the irrelevant variables, which may help us to interpret the ith canonical variable easily.

Test statistics and distribution

To obtain test statistics, we �rst consider the distribution of the canonical vector. The charac-

teristic equation of canonical correlation analysis is very complicated, due to which the distribution of

the canonical vector is rarely studied. However, Yamada (2006) obtained the asymptotic distribution

of the coe�cient of a canonical vector under nonnormality on the special case.

To expand this distribution to a general case, the asymptotic distribution of the coe�cient of a

canonical vector under elliptical distribution is expressed as

Pr

�p
n(aij � �ij)

�ij
� y

�
= �(y)� n�1=2

(
d1ij
�ij

�(1)(y) +
d3ij
6�3ij

�(3)(y)

)
+ o(n�1);

where

d1ij = f3
8
((p+ 2)�+ p+ 1) +

1

8
(1 + �)

X
k 6=i

c1ikg�ij ;

�2ij =
1

4
(3�+ 2)�2

ij + (1 + �)
X
k 6=i

c2ik�
2
kj ;

d3ij = 3(1� �2i )
X
k 6=i

�2
kif3(�2i � 4�2i �

2
k + 3�2k)'� c3ik�+ 2�2k(1� �2i )g�ij�2

kj

� 1

8
(15'� 9�+ 8)�3

ij � 3�2ijd1ij ;

�ji = (�2j � �2i )
�1; c1ij = 2�jic3ij ��2

jic4ij ;

c2ij = �2
ji(1� �2i )c3ij ; c3ij = �2j + �2i � 2�2i �

2
j ;

c4ij = 4(�2i �
2
j � �2i � �2j )(�

2
i + �2j � 1) + (�2i + �2j )

2;

and � is a kurtosis parameter. Hence, asymptotic distribution of aij under H50 is

Pr

�p
naij
�ij

� y

�
= �(y) + o(n�1);

where

�2ij = (1 + �)
X
k 6=i

c2ik�
2
kj :

Therefore, we suggest the test statistic of H30 and obtain the limiting distribution as follows:

THEOREM 1 Under H50, the limiting distribution of T 1 =
p
naij=�̂ij is

T 1 ! N(0; 1); as n!1;(7)

where

�̂2ij = (1 + �)
X
k 6=i

a2kj
(1� r2i )(r

2
i + r2k � 2r2i r

2
k)

(r2k � r2i )
2 :(8)
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Concerning H60, we also suppose the test statistic from theorem 1 and obtain the limiting distribution

as follows:

THEOREM 2 Under H60, the limiting distribution of T 2 =
P

m na2ij=�̂
2
ij is

T 2 ! �2(p� p1); as n!1;(9)

where �̂ij is de�ned as (8).

The asymptotic distribution of test statistics and the simulation study will be shown in the presenta-

tion.
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1. Introduction 

Principal component analysis (PCA) for an n × m data matrix X can be formulated as its low-rank 
approximation, that is, as minimizing  

2),( BGXBG ′−=τ                                      (1) 

over n × p component matrix G and m × p loading matrix B with p ≤ min(n, m). Without a constraint on 
components or loadings, the matrices GS and BS′−1, transformed by an arbitrary nonsingular matrix S, 
give the same fit with  

),( BGτ  = ),( 1−′SBGSη ,                                  (2) 

that is, PCA solutions have indeterminacy on the nonsingular transformation of components and loadings. In 
order to obtain a suitable transformation matrix S, I consider minimizing a least squares loss function 

η = η(S) = 
212 ASBFGS −′+− −βα                         (3) 

over S for given target matrices F and A, where α and β are positive constants. Those are chosen as α = n−1 
and β = m−1 in this paper. I coin minimizing (3) as joint Procrustes analysis (JPA).  

In the existing Procrustes rotation, either matching GS to F or matching BS′−1 to A is considered (Gower,  
& Dijksterhuis, 2004), while both are performed jointly in JPA. Another difference is that in JPA S is not 
constrained except that it is assumed nonsingular, whereas in the existing methods S is constrained, for 
example, to satisfy S′S = SS′ = Ip or diag(S′S) = Ip where Ip is the identity matrix of order p and diag(S′S) 
denotes the diagonal matrix whose diagonal elements are those of S′S. JPA is useful for the cases where 
components and loadings should be treated equally, that is, where the i-th row of GS = [g1, …, gn]′ and the j-
th row of BS′−1 = [b1, …, bm]′ are supposed to contribute symmetrically to the ij-th element of X = (xij) with 
xij ≅ gi′bj. In such cases, G and B should be transformed equally as in JPA. 

In the next section, I present an algorithm for JPA, whose performance is assessed in a simulation study 
described in section 3. As shown in section 4, the algorithm is straightforwardly extended for the cases with 
multiple datasets, and this generalization is useful for comparing components and loadings across datasets. 
The results of the simulation for the extended algorithm are described in section 5.   

  
2. Algorithm 
     Loss function (3) is difficult to minimize straightforwardly, since (3) is a function of S and its inverse 
matrix. To deal with this difficulty, I reparameterize S by its singular value decomposition (SVD) as 

   S = PΛQ′  or   S−1 = QΛ−1P′.                                (4) 
Here, P′P = PP′ = Ip , Q′Q = QQ′ = Ip, and Λ is a diagonal matrix with its r-th diagonal element λr ≠ 0. 
Since the positiveness of singular values required in the usual definition of SVD is not indispensable, I allow 
λr to be negative or positive for the convenience in calculations. Substituting (4) into (3) leads to 
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η = η(P, Q, Λ) = 
212 AQBPFQGP −′Λ+−′Λ −βα .                    (5) 

Minimizing this over each of P, Q, and Λ with the other two matrices fixed is alternately iterated until 
convergence is reached. 
    For fixed P and Q, loss function (5) can be rewritten as  

),( QPΛη  = 1
32

2
1 trtrtr −Λ−Λ−Λ DDD #2

4tr c+Λ+ −D                   (6) 

with D1 = diag(αP′G′GP), D2 = diag(2αP′G′FQ), D3 = diag(2βP′B′AQ), D4 = diag(βP′B′BP), and c# a 
constant irrelevant of Λ. Let dur denote the r-th diagonal element of Du for u = 1, 2, 3, 4. Then, (5) is 
rewritten as ),( QPΛη = ∑ =

p
r rr1 )(λθ + c# with 

2
4

1
32

2
1)( −− +−−= rrrrrrrrrr dddd λλλλλθ  .                          (7) 

The r-th diagonal element of the optimal Λ is thus given by the λr minimizing (6). This optimal λr must 
satisfy a quartic equation 

                   022 43
3

2
4

1 =−+− rrrrrrr dddd λλλ ,                              (8) 

which follows from multiplying both sides of dθr(λr)/dλr = 0 by 3
rλ . In general, a quartic equation has four 

real roots at most, whicn can be obtained explicitly by the Ferrari’s solution. Let { *
µλ ; 1≤ µ ≤ 4} contain the 

roots of (8). The optimal λr is then given by λr = ))((minarg *
µµ λθ r  

For fixed P and Λ, (5) is rewritten as  

),( ΛPQη = 2YQU −′ ,                                 (9) 

with U = [α1/2(GPΛ)′, β1/2(BPΛ−1)′]′ and Y = [α1/2F′, β1/2A′]′. Minimizing ),( ΛPQη  over Q subject to Q′Q 
= QQ′ = Ip amounts to performing the orthogonal Procrustes rotation for matching U to Y.  
    For fixed Q and Λ, (5) can be rewritten as  

),( QPΛη = c* − 2trVP + α trG′GPΛ2P′ + β trB′BPΛ−2P′                   (10) 

with V = αΛQ′F′G + βΛ−1Q′A′B. This function is included in the matrix trace functions and its 
minimization subject to P′P = PP′ = Ip is attained by Kiers and ten Berge’s (1992) method. In their method 
applied to our problem, P is updated by P(t+1) = Γ(t)Ξ(t)′ at the t-th iteration. Here, Γ(t) and Ξ(t) are the p × p 
matrices obtained from the SVD of W(t) = ρ1P(t)Λ2−αG′GP(t)Λ2+ρ2P(t)Λ−2−βB′BP(t)Λ−2+V, that is, the SVD 
expressed as W(t) =Γ(t)Θ(t)Ξ(t)′ with Γ(t)′Γ(t) = Γ(t)Γ(t)′ =Ξ(t)′Ξ(t) =Ξ(t)Ξ(t)′ = Ip and Θ(t) a non-negative diagonal 
matrix. Here, ρ1 and ρ2 are the largest eigenvalue of αG′G and that of βB′B, respectively. The update leads 
to ),( )1( QP Λ+tη ≤ ),( )( QP Λtη .                  
 
3. Simulation 

Let S* denote true S. To assess how exactly S* is recovered by the proposed algorithm, I performed a 
simulation study in an error-free setting. Two thousands sets of {S*, G, B, F, A} were obtained, each of 
which is generated with the following four steps. First, n, m, and p, were sampled from DU(8,50), DU(8,50), 
and DU(2,4), respectively, with DU(Ig, Ih) the discrete uniform distribution defined for the integers ranging 
from Ig to Ih. Next, the elements of F and A were sample from U(−1, 1), with U(g, h) the uniform distribution 
defined for the real values of g to h. Thirdly, the elements of S* or S*−1 were sampled from U(−1, 1). Finally, 
G and B are obtained with FS*−1 and B =AS*′. Each of the 2000 sets of {G, B, F, A} was analyzed by JPA, 
with the initial S for iteration being Ip, random, or transformed from initial S−1. In the analyses for the 53 of 
2000 sets, , convergence was not reached even at the 30000-th iteration for at least one of the three initial S’s. 
Such non-convergence was found to be attributable to the rank-deficiency of S*, which is measured by the 
largeness of the condition number CN(S*) = **

1 / pλλ  with *
rλ  the rth largest singular values of S*. The 

results for the 1947 (= 2000 − 53) cases where non-convergence did not arise are described below.  
The recovery of S* was assessed using a standardized proximity (SP) and a congruence coefficient (CC), 
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which are defined as  

SP(S±, S±
*) = 1− ( )**

±±±± +− SSSS   and  CC(S±, S±
*) = ( )**tr ±±±± × SSSS  ,     (11) 

with S± = [S′, S−1′]′ and S±
* = [S*′, S*−1′]′ (2p × p). The minimum of CC in the 5841 cases (= 1947 datasets × 

3 initial S’s) was 0.9995 ≈ 1.00: the S’s obtained were completely proportional to S*’s in all cases. The one 
percentile of the resulting SP was over than 0.99 for any of the three initial S’s, showing that the recovery 
was nearly perfect in almost all cases. 
 
4. Generalization to multiple datasets 
     The above algorithm in section 2 can be extended straightforwardly to treat the results of the PCA 
applied to each of X1, …, XN. Here, Xk, k = 1, …, N, is the n × m data matrix obtained from source k, and the 
row entities of Xk are the same across source k = 1, …, N and the column ones are also the same across k: 
Xk’s can be stacked to form a three-way array of N × n × m. Let Gk and Bk denote the component and loading 
matrices, respectively, obtained from Xk. I consider minimizing  

φ = φ(F, A, S~ ) = ∑∑
=

−

=
−′+−

N

k
kk

N

k
kk

1

21

1

2 ASBFSG βα ,                   (12) 

with S~ = [S1′, … , SN′]′. In this multi-datasets case, target matrices F and A are allowed to be unknown and 
viewed as containing the components and the loadings common across sources. The optimal F and A 
minimizing (12) for fixed S are just averaged matrices: 

∑
=

−=
N

k
kkN

1

1 SGF  and  ∑
=

−− ′=
N

k
kkN

1

11 SBA .                         (13) 

To minimize (12) over F, A, and S~ , we can use the procedure in which the following two steps are 
alternately performed. In step 1, F and A is updated by (13) for given S~ . In step 2, for fixed F and A, the 
optimal Sk , k = 1, …, N, minimizing (12) is obtained with the algorithm in section 2, which follows from 
that (12) can be rewritten as φ =∑ =

N
k k1 )(Sη  if F and A are given and subscript k is attached to the matrices in 

section 2 whose elements take different values across k.  
The above JPA for multiple datasets is useful for the comparison of component GkSk and that of 

loading BkSk
−1 across different source k. For example, JPA allows us to answer the question which of the 

component and loading has larger inter-source variance.   
Differently from the single dataset case in section 2, the JPA solutions have two kinds of indeterminacy. 

One is the indeterminacy on orthogonal rotation, which is shown by 
 ),( BGτ  = ),( 1TSBGST −′η ,                                  (14) 

   φ(F, A, S~ ) = φ(FT, AT, S~ T) = ∑∑
=

−

=
−′+−

N

i
kk

N

i
kk

1

21

1

2 ATTSBFTTSG βα ,         (15) 

with T′T = TT′ = Ip. The other indeterminacy arises in the error-free setting which lead to φ(F, A, S) = 0: 

   if φ(F, A, S~ ) = 0, then φ(FK, AK′−1, S~ K) = 0, and GkBk′ = Gk(SkK)(SkK)−1Bk′,        (16) 
with K an arbitrary nonsingular matrix of order p. 
 
5. Simulation for Multi-datasets Cases 
    Since (16) shows that error-free settings have crucial indeterminacy, I performed a simulation study 
using error-perturbed data. Let *

kS , F*, and A* denote true Sk, F, and A. Matrices Gk and Bk were generated 
such that Gk *

kS  and Bk *
kS ′−1 satisfy 

Gk *
kS = F* + (G)

kEσ  and  Bk *
kS ′−1 = A* + (B)

kEσ ,  k = 1, …, N.              (17)  

Here, (G)
kEσ and (B)

kEσ contain errors and σ = (N×vB/vE(ρ−1−1))1/2 with vB = 2
*Fα + 2

*Aβ , vE = 
∑k k

2(G)Eα + ∑k k
2(B)Eβ . I chose ρ = 0.95. It can be regarded as the variance explained, since we have SST 

= ∑k k
2

*Fα + ∑k k
2

*Aβ = NvB + σvE, which is decomposed into SSE = σvE and SSB = NvB. That is, ρ = 
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SSB/SSE, which leads to σ = (N×vB/vE(ρ−1−1))1/2. 
    For each of p = 2, 3, 4, the 200 sets of {F*, A*, *

~S , (G)
kE ’s, (B)

kE ’s} were obtained, each of which are 
generated with N, n and m sampled from DU(8,50), with the elements of (G)

kE  and (B)
kE  sampled from N(0, 

1), and with those of F*, A*, and *
kS  or *

kS −1 from U(−1, 1), where only the *
kS  with )( *

kCN S < e10 was 
adopted. From each set, the Gk’s and Bk’s are formed with Gk = ( F~ + (G)

kEσ ) *
kS −1 and Bk = ( A~ + (B)

kEσ ) *
kS ′ 

which follows from (27). The components, Gk, Bk, k = 1, …, N, in each of the 600 (=3×200) sets were 
analyzed by JPA with ten kinds of initial S~ . The solution giving the least φ(F, A, S~ ) was adopted among 
the solutions following from the ten 10 initial S~ ’s. The resulting Sk, F, and A were postmultiplied by the 
orthonormal matrix T~  which minimizes ∑ = −N

k kk1

2
*

~ STS + ∑ =
−′− −′N

k kk1

2
1*1~ STS , to obtain kŜ = Sk T~ , 

F̂ = F T~ , and Â = A T~ . These are also the solutions because of the indeterminacy shown in (14) and (15). I 
collect kŜ , F̂ , and Â  into ±S~ = [ 1Ŝ′ , …, NS′ˆ , 1

1
ˆ −S , … , 1ˆ −

NS ]′ and H = ]ˆ,ˆ[ ′′′ AF , and collect the 
corresponding true matrices into *

~
±S = [ *

1S ′,…, *
NS ′, 1*

1
−S ,…, 1*−

NS ]′ and H* = [F*′, A*′]′.  
The 5 percentiles are 0.99 for both CC( ±S~ , *

~
±S ) and CC(H, H*), which shows that the resulting matrices 

were proportional to the true ones in most cases. The 5 percentiles of SP( ±S~ , *
~
±S ) and SP(H, H*) are 0.93, 

showing that the recovery was not very high in some cases. However, in that those medians were close to one 
with both 0.97, the recovery was satisfactory.  
 
6. Final Remarks 
    Joint Procrustes analysis (JPA) was proposed for matching components and loadings to targets and JPA 
was generalized for comparing components and loadings across multiple datasets. Those loss functions (3) 
and (12) include parameter matrices and its inverse ones, which is unusual in the fields of multivariate data 
analysis. However, simulation studies showed that the parameter matrices are recovered satisfactorily by the 
JPA algorithm in which those matrices are reparameterized using singular value decomposition.  
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RÉSUMÉ  

Solutions in principal component analysis (PCA) have indeterminacy on nonsingular transformation, in that the 
component and loading matrices, postmultiplied by a nonsingular transformation matrix and by its transposed inverse, 
respectively, give the same goodness-of-fit as the original component and loading matrices. To identify those matrices, I 
propose a method for obtaining the transformation matrix which matches component and loading matrices to target 
component and loading matrices, respectively. This method is coined as joint Procrustes analysis (JPA). The loss 
function in JPA includes the transformation matrix to be obtained and its inverse matrix, and is difficult to minimize 
straightforwardly. This difficulty is dealt with by reparametrizing the transformation matrix by its singular value 
decomposition, which reduces the minimization problem into the alternate iteration of solving quartic equations and 
performing the existing multivariate methods. The above algorithm can be generalized straightforwardly to treat 
multiple component and loading matrices, which are obtained from the PCA’s for the multiple data matrices stacked to 
form a three-way array. Simulation studies are performed for assessing the accuracy of the algorithm for JPA and its 
multi-datasets generalization.  
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1 Introduction

It’s quite often that we are faced to datasets where a priori relationship structure is defined on the

statistical units. Such structure is generally represented by a neighborhood graph, where vertices

are statistical units and the edges connect neighboring units. A pioneering work to include a priori

structure in factorial analysis was proposed by Lebart (Lebart (1969) and Banet et al. (1984)) with

the local and contiguity analysis which mainly consists in decomposing the total variance through

the neighboring and non neighboring units. Many other studies follow, for instance, Le Foll (1982)

generalizes the local analysis to weighting neighborhood graphs. Mom (1988) proposes a new operator

generalizing the discriminant factorial analysis to account for a priori neighboring structure. Escofier

and Benali (1989) propose an interesting work on factorial smooth analysis and factorial analysis

of local differences. Thioulouse et al. (1995) propose another decomposition of the total variance

into local variance and global covariance where units are weighted and centered according to the

neighboring relationship structure.

This paper focuses on the local analysis for the exploratory of multivariate time series partitioned into

a priori classes. The studied structure includes two kinds of relationship: the temporal relationship

between observations of a same time series, and the membership relationship between time series

belonging to a same class. According to that particular structure, we explore two local analysis

approaches based on two distinct neighborhood matrices.

2 Local Analysis

2.0.1 Notation

Let X = [xij ] be an (n × p) matrix describing n individuals by p variables. A neighboring structure

is defined on the set of n individuals, it is represented by a neighborhood graph, where vertices

identify individuals and edges connect neighboring individuals. Let M = [mij ] be a symmetric (n×n)

matrix describing the neighboring relationship between the n individuals: mij = 1 if i and j are

neighbors; 0 otherwise. mi,i is assumed equal to 0. Let N = diag(n1, ..., nn) be a diagonal matrix

where ni =
∑n

j=1 mij defines the number of i’s neighbors. We consider m =
∑

i,j mij =
∑n

i=1 ni as

the total number of couple of neighbors.
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2.0.2 Local variance/covariance matrix

Let V = [vjj′ ] be the classical empirical covariance matrix of X. To include the neighboring structure
Lebart proposes a decomposition of the covariance matrix into two covariance matrices: the first one,
called local covariance, is defined on the neighboring individuals and the second one is defined on the
non neighboring individuals. The local covariance matrix VL = [vL

jj′ ] expression is:

VL =
1

2m
X ′(N − M)X with vL

jj′ =
1

2m

∑
i,i′ neighbors

(xij − xi′j)(xij′ − xi′j′)

Note that VL is identical to V in the case of a complete structure where any couple (i, i′) are neighbors.

Local analysis consists of the diagonalization of VL to look for the first principal components maxi-

mizing the local variance. On the contrary, the diagonalization of VL
V to look for the axis minimizing

the local variance while maximizing the variance due to the non neighboring individuals defines a

extension of the discriminant factorial analysis to include a priori structure. It becomes the classical

discriminant factorial analysis in the case of a neighborhood graph composed of disjoint cliques where

edges connect individuals belonging to a same class.

3 Exploratory of multivariate time series

Let’s consider a matrix X describing n multivariate time series S1, ...Sn through p variables X1, ..., Xp

observed at the instants of time t1, ..., tk. We assume the set of time series partitioned into C a priori

classes, and C(Si) denoting the Si’s class.

3.0.3 Neighboring structure

According to the above dataset X, we distinguish two a priori relationships: the temporal relationship
between the observations of a same time series, and the membership relationship between the time
series belonging to a same class. This structure can be represented by a neighborhood hyper-graph,
where an hyper-node, representing a time series, is described by a neighborhood temporal graph
connecting the observations of a same time series, and an hyper-edge, connecting two neighboring time
series, is described by a set of edges connecting the observations of the two time series in question.
Let’s define the general form of the corresponding neighborhood block matrix M = [Mij ]:

S1 . . . Sn

M =

S1

...

Sn




M11 . . . M1n

... . . .
...

Mn1 . . . Mnn




where Mij = [mls] (i 6= j) is the (k × k) symmetric matrix defining the membership relationship

between the time series Si and Sj , and Mii = [mls] the symmetric matrix defining the temporal

relationship between the observations of Si.

3.0.4 Exploratory analysis purposes

In this paper we propose two exploratory analysis of the set of multivariate time series. The first
exploratory analysis purpose is to look for the first axis best separating the time series belonging to
different classes; while making closer the time series of a same class. These axis should give back
of the central position of the time series not of their temporal behavior. The second exploratory
analysis, similarly to the first analysis, looks for the first axis best separating the time series belonging
to different classes, while making closer the time series of the same class, but with preserving the
temporal behavior characterizing each time series.
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With respect to the first exploratory analysis purpose, we propose the following neighborhood block
matrices M = [Mij ] definition:

Mij =

{
zero matrix if C(Si) = C(Sj)

unit matrix if C(Si) 6= C(Sj)

Let VL be the local covariance matrix based on the neighborhood matrix M . The first analysis, consists
in diagonalizing VL

V to look for the first principal components maximizing the local variance. This local
analysis will reveal the main directions separating well the time series belonging to different classes,
while bringing closer the time series of a same class and the observations of a same time series. As
Mii is a zero matrix, factorial projections will reveal some central position of each time series instead
of their behaviors. According to the second exploratory analysis purpose, let’s consider the following
neighborhood block matrices M1 = [M1

ij ] and M2 = [M2
ij ] definitions:

M1

ij =




zero matrix if C(Si) = C(Sj) and (i 6= j)

mls = 1 if i = j and s = l ± 1; 0 otherwise

unit matrix if C(Si) 6= C(Sj)

M2

ij =




Identity matrix if C(Si) = C(Sj) and (i 6= j)

zero matrix if i = j

zero matrix if C(Si) 6= C(Sj)

Let V 1
L , V 2

L be the local covariance matrices based on the neighborhood matrices M1 and M2 re-

spectively. To bring out as well as possible the temporal behavior of each time series, we propose

to maximize the local covariance V 1
L defined for one on the neighboring temporal observations, and

to minimize the local variance V 2
L defined by the time series of a same class, based on their values

observed at the same time. Thus, the second exploratory analysis, consists in diagonalizing
V 1

L

V 1
L+V 2

L
to

look for the first principal components maximizing the local variance V 1
L while minimizing the local

variance V 2
L .

4 Application and results

To illustrate the above two variants of the discriminant factorial analysis, we consider the Auslan

dataset (http://kdd.ics.uci.edu/databases/auslan/auslan.data.html) describing a set of hand signs lan-

guage of the deaf Auslan community. Instances of the hand signs were collected using an instrumented

glove. Position information is calculated on the basis of ultrasound emissions from emitters on the

glove. Each sign is measured through a time series described by 8 variables: x (left/right), y (up/down),

z (backward/forward), and roll (the palm pointing up or down) giving the spatial position of the glove,

and the four remaining variables thumb, fore middle and ring finger indicating if a finger is fully bent or

not. For clarity reasons, we have limited our dataset to the 5 signs “Eat”, “Boy”, “You”, “Wild” and

“Pen” of the Adam’s session 2, with 6 instances per sign. The 30 collected time series were resampled

to 57 points (the maximal observed length). We have processed the two above exploratory analysis

on the 30 time series. Figure 1 illustrates, on the left the coordinates on the first factorial plan of the

30 time series according to the first exploratory analysis, and on the right the factorial coordinates

obtained through the second exploratory analysis. We use a three-dimensional visualization to show

the temporal behavior of the projected time series. We can see that both exploratory analysis succeed

to separate well the 5 time series classes, with projecting very closely the time series of each class.

Let’s focus on the main differences between the two produced factorial plans. Based on the temporal

neighboring relationship, the local variance of a projected time series is maximum if the behavior of

the projected time series is as close as possible to the initial time series behavior (i.e. behavior in the

initial descriptive space). On the contrary, the local variance, of a projected time series is minimum

if the projection sub-space is some what orthogonal to the initial time series behavior, where all the
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Figure 1: First principal components of the 30 time series

values are projected in a minimal variance domain. Indeed, through the first exploratory analysis,

looking for axis minimizing the local temporal variance, the obtained factorial plan (figure 1 on the

left) shows well that each projected time series is of minimal variability, all time series are roughly

described by a lines, each giving the central position of a projected time series. Whereas, through

the second exploratory analysis maximizing the local temporal variance, the obtained factorial plan

(figure 1 on the right) shows well the two dimensional behavior characterizing each time series classes.

5 Conclusion

This paper focuses on the exploratory analysis of a set of multivariate time series partitioned into

a priori classes. We propose two exploratory analysis. The both exploratory analysis look for a

sub-space separating well the time series of different classes; while making closer those belonging to a

same class. The main difference, is that the first exploratory analysis looks for a subspace working out

the main central position of each time series regardless to their behaviors, whereas on the contrary,

the second analysis looks for a subspace projecting as well as possible the behavior characterizing the

time series. Based on the obtained discriminant spaces, future work will focus on the classification

approaches and on the choice of the appropriate proximity measure according to the two above analysis.
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Introduction

Factor analysis is one of the most powerful method of statistics. It allows for revealing the infor-
mational redundancy of high dimensional signals manifested by the correlation of their components.
The methods of Boolean factor analysis are only weekly developed (see, for example, [2]) in spite
of the fact that binary form of data presentation is typical for many fields including social science,
marketing, zoology, genetics and medicine. Boolean factorization implies that components of original
signals, factor loadings and factor scores are binary values. That is each original signal X is assumed
to be presented as

(1) X ' F¯ S

where F is a binary matrix of factor loadings of dimensionality N × L where N is the dimensionality
of the signal space and L is the total number of factors, S is a binary vector of factor scores of
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(a)

(b)

Figure 1: Lyapunov function dependent on the relative network activity r for textual databases IJCNN
(a) and Neuroinformatics (b). Points on the curves are factors found by the peaks of R′.

dimensionality L, and ¯ denotes Boolean matrix multiplication.
In [1,6] we proposed the general method of Boolean factorization that is based on the Hopfield-

like attractor neural network. We illustrate the efficiency of the method being applied to the textual
data. Particularly we analyze the articles of IJCNN, 2003, 2004 and Russian conferences on Neuroin-
formatics, 2004, 2005. Each article is presented as a binary vector of the dimensionality of the used
dictionary. Each component of the vector takes one or zero depending on the presence or absence of
the corresponding term in the article. As many others since the paper [3], we hypothesize that each
research field (topic) is characterized by a specific set of terms (keywords) appeared in the article of
the topic. Following to [4] we call this set a concept. All topics of the conferences belong to one
narrow domain ”Neural Networks” and it is well known that keyword extraction for topics of the
narrow domain is one of most difficult task in text analysis [5].

Textual documents

As textual databases we used the articles presented on IJCNN, 2003, 2004 and Russian confer-
ence on Neuroinformatics, 2004, 2005. The sizes of the considered databases amounted to M = 1042
and M = 189 articles, respectively. After filtering of frequent words appeared more than in a half
of articles, rare words appeared less than in portion 0.03 of articles and stop-words, the sizes of the
dictionaries amounted to N = 3044 and N = 1716 words. The article length L, i.e. the number of
different words in it, ranged from 14 to 573 (mean 280) in English and from 16 to 514 (mean 184)
in Russian articles. Since the article length was rather variable we slightly modified the method of
global unlearning because it does not take into account this variability.

The changes of Lyapunov function along the 12 trajectories of network dynamics are shown in
Fig. 1a for database IJCNN. Twelve factors that correspond to peaks of R′ along these trajectories
are marked by points. The factor with the highest value of Lyapunov function (i.e. with the most
powerful attractor) contains 33 words. By the specificity of words the factor could be easily recognized
as corresponding to the topic ”Neurobiology”.

We related other factors to the topics: 2) Classification, 3) Optimization, 4) Probability, 5)
Hardware, 6) Genetic Algorithms, 7) Image processing, 8) Multilayer networks, 9) Dynamic stability,
10) Self-organizing mapping, 11) Source separation 12) Misprints (arise due formatting errors).
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Figure 2: Distribution of documents over the number of factors they contain. Open bare - IJCNN,
full bars - Neuroinformatics. .

On average one article contains 2.2 factors. The distribution of articles over the number of
factors they contained is shown in Fig. 2.

Discussion

Due to proliferation of information in textual databases and especially on the Internet the
problem of minimization of the search space by the proper selection of keywords list becomes more
and more important. Unsupervised words clustering (providing a kind of thesauruses) is a standard
approach to perform this task [7]. Basing only on the words statistic it allows to overcome the
diversity of expertise and authors background in the use of synonyms. There are many methods for
unsupervised words clustering [8] and some of them are based on the neural network approach [7], [9].
Our challenge was to treat this problem by the general method of Boolean factorization described
in [1] which is based on the Hopfield-like neural network.

We tested the method on different models of artificial data where factors were chosen to be
mixed in signals independently. The method showed very high efficiency on artificial data of this
kind. The results of the textual data analysis are also reassuring although concepts were presented
not uniformly. Some combinations of concepts were presented very rarely or not presented at all and
some combinations dominated. For example, in the articles of IJCNN the topic ”Neurobiology” had
strong intersection with the topics ”Image processing” and ”Hardware”. The useful feature of the
method is that topics interaction can be revealed not only by calculation of articles dedicated to both
topics but also by the specific behavior of the network dynamics - transitions between trajectories
corresponding to the related topics.
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1. Introduction

We introduce principal component analysis for multi-dimensional sparse functional data sets,
utilizing Gaussian basis functions. The mixed effects model (Laird and Ware (1982); Shi, Weiss and

Taylor (1996); Rice and Wu (2001)) and reduced rank model (James, Hastie and Sugar (2000)) have

been used for analyzing one-dimensional sparse functional data set, and the models were estimated by

maximum likelihood methods. In this paper, we consider a principal component model for the multi-

dimensional sparse functional data sets based on the reduced rank model, and the model is estimated

by maximizing a penalized log-likelihood function. The penalized estimation performs well for the

multi-dimensional model, while maximum likelihood methods yield unstable parameter estimates and

some of the parameter estimates are often infinite.

The principal component models require orthonormal basis functions, corresponding to orthonor-

mal constraints for principal component functions. We provide a method to transform the Gaussian

basis functions to the orthonormal bases. The proposed multi-dimensional principal component model

with the orthonormal bases is applied to handwriting data, which consist of the XY coordinates val-

ues in handwriting. To obtain the handwriting data, a software is composed using the programming

language VisualBasic.NET. We consider the handwriting data sets as 2-dimensional sparse functional

data sets, because the XY coordinates values while the pen lifts off the writing surface are missing

values.

2. Principal component models

We first describe the principal component model for one-dimensional functional data set. Sup-

pose that we have N independent functional observations {xi(t) ; i = 1, · · · , N, t ∈ T ⊂ R}, where

xi(t) is the value of the ith individual at the observational point t. It is assumed that each xi(t) is

generated from the reduced rank model (James, Hastie and Sugar (2000)),

xi(t) = µ(t) +
k∑

j=1

ξj(t)αij + εi(t) (i = 1, · · · , N) ,(1)

where µ(t) is an overall mean function and ξj(t) is the jth principal component function that satisfies

the orthonormal constraints
∫
T ξj(t)ξj′(t)dt = δjj′ with δjj′ = 1 (j = j′), = 0 (j ̸= j′). The random ef-

fects term
∑k

j=1 ξj(t)αij allows for individual variation. The random vectors {αi = (αi1, · · · , αik)′ ; i =

1, · · · , N} and observational error functions {εi(t) ; i = 1, · · · , N} are independently distributed ac-

cording to Nk(0, D) and N(0, σ2), respectively. We restrict the covariance matrix D to be diagonal.

It is assumed that the mean function and principal component functions can be expressed as

linear combinations of known basis functions {ϕm(t) ; m = 1, · · · ,M},

µ(t) =

M∑
m=1

θµmϕm(t) = θ′µϕ(t) , ξj(t) =

M∑
m=1

θjmϕm(t) = θ′jϕ(t) (j = 1, · · · , k) ,(2)
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where ϕ(t) = (ϕ1(t), · · · , ϕM (t))′ is a vector of basis functions at t, θµ = (θµ1, · · · , θµM )′ and θj =

(θj1, · · · , θjM )′ are the M -dimensional coefficient vectors. Then the reduced rank model can be written

as

xi(t) = ϕ(t)′θµ + ϕ(t)′Θαi + εi(t) (i = 1, · · · , N) ,(3)

with αi
iid
∼ Nk(0, D) and εi(t)

iid
∼ N(0, σ2). The coefficient matrix Θ = (θ1, · · · ,θk) and vector of

the basis functions ϕ(t) satisfy the following orthonormal constraints, corresponding to that of the

principal component functions: Θ′Θ = Ik and
∫
T ϕ(t)ϕ(t)′dt = IM , where Ik is the k × k identity

matrix. To approximate the orthonormal constraint, James, Hastie and Sugar (2000) chose ϕ(·) so

that Φ′Φ = I, where Φ is the basis matrix evaluated on a fine grid of time points.

We consider as the basis functions, Gaussian basis functions with hyper-parameter ν (Ando,

Konishi and Imoto (2005)),

ϕν,∗
m (t) = exp

{
−(t − cm)2

2νs2
m

}
(m = 1, · · · ,M),(4)

where cm and sm indicate the position and width of the mth basis function, and a hyper-parameter

ν (> 0) adjusts the amount of overlapping among the basis functions. However the principal com-

ponent models require orthonormal basis functions, corresponding to orthonormal constraints for

principal component functions. We provide a method to transform the Gaussian basis functions to

the orthonormal bases, which is essential in constructing principal component models.

For each individual i, let ti1, · · · , tini be the possibly different time-points at which measurements

are available. The reduced rank model can then be written as

xi = Φiθµ + ΦiΘαi + εi (i = 1, · · · , N) ,(5)

where xi = (xi(ti1), · · · , xi(tini))
′, Φi = (ϕ(ti1), · · · ,ϕ(tini))

′, and εi = (εi(ti1), · · · , εi(tini))
′ iid

∼

Nni(0, σ2Ini). The unknown parameters θµ, Θ, D, σ2 are estimated by the penalized maximum like-

lihood method described in the next section. It may be noted that the optimal number of the basis

functions M , principal components k and hyper-parameter ν are selected from the data.

In the multi-dimensional case, we may have p-dimensional N functional observations {xi1(t), · · · ,

xip(t) ; i = 1, · · · , N, t ∈ T ⊂ R}, where xil(t) is the value of the ith individual for the lth variable at

t. It is assumed that each xil(t) is generated from a reduced rank model,

xil(t) = µl(t) +
k∑

j=1

ξlj(t)αij + εil(t) (i = 1, · · · , N, l = 1, · · · , p) ,(6)

where µl(t) is a mean function for the lth variable and {ξlj(t) ; l = 1, · · · , p} are the jth principal

component functions that satisfy the orthonormal constraints

p∑
l=1

∫
T

ξlj(t)ξlj′(t)dt = δjj′ (j, j′ = 1, · · · , k) .(7)

This paper adopts a straightforward definition of an inner product between two p-dimensional func-

tions: ⟨ξ1, ξ2⟩p :=
∑

l⟨ξl1, ξl2⟩ =
∑

l

∫
ξl1(t)ξl2(t)dt for ξj(t) = (ξ1j(t), · · · , ξpj(t))

′ (j = 1, 2).

The multi-dimensional principal component model is given by the discrete model like as one-

dimensional case (5), assuming that the mean functions and principal component functions may be

expressed as linear combinations of known basis functions, and replacing the continuous time points

t (∈ T ) by discrete time points ti1, · · · , tini .
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3. Estimation

In this section, we first describe the maximum likelihood method for the one-dimensional reduced

rank model, and a penalized maximum likelihood method is described latter. The multi-dimensional

model is estimated by the same procedure.

The random vectors {αi ; i = 1, · · · , N} and observational error vectors {εi ; i = 1, · · · , N}
in the reduced rank model (5) are independently normally distributed, and the observational vectors

{xi ; i = 1, · · · , N} are also independently normally distributed:

xi
iid
∼ N (Φiθµ, σ2Ini + ΦiΘDΘ′Φ′

i) (i = 1, · · · , N) .(8)

James, Hastie and Sugar (2000) indicated that the maximization of the likelihood for the joint distri-

bution of {xi ; i = 1, · · · , N} with respect to θµ, Θ, σ2, D is a non-convex optimization problem, and

to solve the maximization problem, they used the EM algorithm (Dempster, Laird and Rubin (1977))

that considers {αi ; i = 1, · · · , N} as missing values.

However, it is well known that maximum likelihood methods yield unstable parameter esti-

mates and some of the parameter estimates are often infinite. We then estimate unknown parameters

θµ, Θ, σ2, D using the penalized log-likelihood function,

lλ(θµ, Θ, σ2, D) =

N∑
i=1

log f(xi|ti;θµ, Θ, σ2, D) − Nλ

2
(roughness penalty for µ(t)) ,(9)

where f(xi|ti;θµ, Θ, σ2, D) is the density of xi and λ is a smoothing parameter that controls the

smoothness of the mean function µ(t). It is assumed that the roughness penalty for µ(t) is given by

θ′µKθµ, where K is a M × M positive semidefinite matrix. We use the roughness penalties given by∑M
m=2(∆2θµm)2 = θ′µD′

2D2θµ, where ∆ is the difference operator defined by ∆θµm = θµm − θµ,m−1

and D2 is a (M − 2) × M matrix representation of the difference operator ∆2.

The unknown parameters θµ, Θ, σ2, D are estimated by the penalized maximum likelihood

method, using the EM algorithm. The EM algorithms maximize the Q function defined by the

following equation with observational data D and missing data Z:

Q(θ|θ(t)) = EZ

[
log f(D,Z;θ)|D;θ(t)

]
,(10)

where θ(t) is the tth updated vector. The Q function Qp(θ|θ(t)) is defined by the conditional expec-

tation of log f(D,Z;θ) − gλ(θ;D), where gλ(θ;D) is a penalty term with a smoothing parameter λ

that controls the smoothness of fitted curve.

In the reduced rank model, the observational data D, missing data Z and unknown parameter

vector θ are D = {x1, · · · ,xN}, Z = {α1, · · · ,αN} and θ = (σ2, (vecD)′,θ′µ, (vecΘ)′)′, respectively.

The penalty term gλ(θ;D) for this model is given by gλ(θ;D) = Nλ/2 θ′µKθµ. We obtain the

penalized maximum likelihood estimators of the unknown parameters σ2, D,θµ, Θ, maximizing the Q

function Qp(θ|θ(t)).

We also have the estimators {α̂i ; i = 1, · · · , N} of {αi ; i = 1, · · · , N} from the E-step of the

EM algorithm. The penalized maximum likelihood estimator of θµ is then given by

θ̂µ =

(
N∑

i=1

Φ′
iΦi + Nλσ̂2K

)−1 N∑
i=1

Φ′
i(xi − ΦiΘ̂α̂i) ,(11)

where Θ̂ and σ̂2 are the estimators of Θ and σ2, respectively. Of course, the estimators are iteratively

updated in the E and M-steps of the EM algorithm.
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Figure 1: An example of handwriting data.

4. Real Data Example

We applied the proposed multi-dimensional principal component model to handwriting data

(Figure 1). The purpose of applying the proposed model to the data is to classify handwriting samples

taken from differential individuals. To obtain the data, we composed a software using the programming

language VisualBasic.NET and used the pen tablet intuos 3 made in WACOM. The handwriting data

sets {t∗ij , (x∗
ij , y

∗
ij) ; i = 1, · · · , N, j = 1, · · · , ni} consist of the XY coordinates values {(x∗

ij , y
∗
ij)} and

handwriting times {t∗ij}, where N and ni are the number of individuals and observations respectively.

The script samples were recorded by the composed software that gives the position of the pen on the

writing surface 100 times per second.

We consider the handwriting data sets as 2-dimensional sparse functional data sets, because the

XY coordinates values while the pen lifts off the writing surface are missing values. In Figure 1, the

left panel displays the XY coordinates values in the handwriting, and the middle and right panels

show the behavior of each coordinate, respectively. In the middle and right panels of Figure 1, the

missing values are represented by the points that the XY coordinates values are equal to 0. We first

standardized the data sets and then applied the proposed 2-dimensional principal component model

to the standardized data sets.
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1. Brief theoretical overview

Consider the n × m mean-centered data matrix H, whose columns hj are vectors with n observed
values of the j-th variable, j = 1, . . . , m. Let φj(hj) be the vector containing the transformed values
of hj . In this section it will be provided a brief theoretical overview on spline functions and Fuzzy
Homogeneity Analysis.

1.1 Spline functions

For our purposes φj will be a polynomial spline function of degree v. In this section we will focus our
attention on one variable at a time and since we won’t discuss relationships between variables, we will
omit the variable subscript, i.e. hj = h, φj = φ. Next, it will be provided the main results on spline
functions that will be useful for our purposes. For a comprehensive overview see de Boor (de Boor,
1978) and Schumaker (Schumaker, 1981).
A function φ over [a, b], is a polynomial spline of degree v if within any subinterval is defined by a
polynomial of degree v, that join smoothly with adjacent ones, so that adjacent polynomials have
matching derivatives up to order v � 1.

It can be shown (de Boor, 1978; Schumaker, 1981) that the set of splines of degree v with r interior
knots is a linear space of functions, with dimension w = v + 1 + r, equal to the spline’s order plus the
number of interior knots. In 1966, Curry and Schoenberg (cited by de Boor, 1978) have built a basis,
using the so-called B-splines, which revealed to be especially convenient for computation.
Given the knot sequence {t}, the B-spline of order v + 1 is defined, for all q = 1, 2, . . . , w, by the
recurrence relation

B[1]
q (x) =

{
1 , tq ≤ x < tq+1

0 , otherwise
,

B[v+1]
q (x) =

x � tq
tq+v � tq

B[v]
q (x) +

tq+v+1 � x

tq+v+1 � tq+1
B

[v]
q+1(x), v > 0,(1)

where
x � tq

tq+v � tq
B[v]

q (x) and
tq+v+1 � x

tq+v+1 � tq+1
B

[v]
q+1(x)

are equal to zero when the denominators are zero.

Another set of basis splines particularly appealing to statisticians is the M-spline basis,

M [v+1]
q =

v + 1
tq+v+1 � tq

B[v+1]
q , q = 1, . . . , w.(2)
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It can be shown (Schumaker, 1981) that M
[v+1]
q is positive over ]tq, tq+v+1[ and zero elsewhere and also

that
∫

M
[v+1]
q (x) dx = 1, so that it has a probability density function’s properties over the interval

]tq, tq+v+1[. Sometimes one is interested only in monotone spline transformations. These can be
obtained using a monotone splines’ basis together with nonnegative coefficients. Since each M-spline
has the properties of a probability density function, the idea is to consider the associated distribution
function, the so-called (Winsberg and Ramsay, 1983) integrated splines or I-splines.
Given the knot sequence {t} the I-spline of order v + 2 is defined, for all q = 1, 2, . . . , w by

I [v+2]
q (x) =

∫ x

�∞
M [v+1]

q (u) du.(3)

Notice that, since each M-spline is a piecewise polynomial of degree v, the associated I-spline is a
piecewise polynomial of degree v + 1. Thus, the related space has dimension w + 1. However, as there
only are w independent I-splines, we can only get the subspace spanned by those I-splines.

Consider the spline of degree v + 1, φ(x) =
w∑

q=1

αqI
[v+2]
q (x). It can be shown (Winsberg and Ramsay,

1983) that if for all q, αq ≥ 0, then φ is a nondecreasing spline of degree v + 1.

1.2 Fuzzy Homogeneity Analysis

For a comprehensive overview on Homogeneity Analysis (HA) see Gifi (Gifi, 1991) and for Fuzzy
Homogeneity Analysis (FHA) see van Rijckevorsel (van Rijckevorsel, 1987) and de Leeuw (de Leeuw,
1988). The core of HA is the loss function which expresses the loss of information due to the re-
placement of the set of transformed variables by the vector x. The one dimension loss function is
�1 : IRn×Mn×m →IR such that �1(x, φ) = m�1∑

j
||x � φj(hj)||2, where the norm is the Euclidean

one. Having fixed the class of admissible transformations for each variable, the purpose is to find
the pair (x, φ) ∈ IRn×Mn×m that minimizes �1, subject to certain restrictions. The optimal x is the
called first principal component whereas the correspondent φ is the optimal scaling associated with
the first principal component. The main differences between the existing algorithms to solve the loss
minimization problem are within the class of admissible transformations. Van Rijckevorsel (van Rijck-
evorsel, 1987) introduced the use of splines spanned by B-splines whereas Meulman (Meulman, 2001,
2004) used the I-splines basis. However the latter algorithm, called CATPCA (CATegorical Principal
Components Analysis) was designed for categorical data and it needs an a priori discretization process
for continuous variables or categorical ones not coded in the traditional way, so that it can build a 0-1
indicator matrix. Our propose is to get rid of the discretization and implement I-splines directly. So,
consider that φj is a spline of order k, spanned by w I-splines

φj (hj) =
w∑

i=1

αiI
[k]
i (hj) = G4

j yj ,(4)

where w is the spline’s order plus the number of interior knots and G4
j is the pseudo-indicator matrix

(PIM) associated with variable j, j = 1, . . . , m. The loss minimization problem inherent to the
replacement of the transformed variables by the vector x, depends on the number of knots and its
placement.
Usually we are looking for the p orthogonal solutions that successively minimize the loss function. This
can be done simultaneously by minimizing the p-dimensional loss function � : Mn×p×Mpm×n →IR so
that

� (X,Φ) = m�1
∑
j

tr
[
(X � Φj (hj))

T (X � Φj (hj))
]
,

s.t. XTX = nI(5)
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where Φj =
[

φj1(hj) . . . φjp(hj)
]

is the n × p matrix collecting the p (different) images of
the (same) vector hj , φjt the transformed variable j associated with dimension t, t = 1, . . . , p and

Φ =
[

Φ1 . . . Φm

]T
is an pm × n matrix.

If no restrictions are imposed upon the matrix Φj , then each category of the j-th variable receives p

different quantifications, one for each dimension considered, in what is commonly called (De Leeuw
e Van Rijckevorsel, 1988; Gifi, 1991; Meulman e Heiser, 2001) Multiple quantification. This is the
situation in which the fit would be better and the loss would be smaller. However it is possible that
we want to add some additional restrictions due to our prior information about the variable. Usually,
if the measurement level is ordinal, we may want to impose order restrictions (meaning that it is
possible to change the values of each category but not the order between them); on the other side, if
the measurement level is numerical, distance restrictions are usually required. If there are reasons to
believe that nonlinear relationships between the variables exist, we may want to impose some other
type of constrains to the transformed variable. A familiar way to implement those ideas starts by
imposing rank one to the matrix Φj , on what is usually called (De Leeuw e Van Rijckevorsel, 1988;
Gifi, 1991; Meulman e Heiser, 2001) Single quantification.

2. Some notes on the proposed algorithm

In order to introduce an algorithm for optimization of the p dimensional loss function (5) with splines
we’ve started by establishing that the problem is basically the same as in Gifi (1991) but with Gj not
necessarily an indicator matrix:

�(X;Y1, . . . ,Ym) = m�1
∑
j

tr[(X � G4
j Yj)T (X � G4

j Yj)].(6)

The optimization algorithm was designed using MatLab and essentially it finds which weights should
be applied to each column of G4

j in order to minimize the loss. Further details on this algorithm will
appear.

3. Example

In our talk we’ll conclude by showing that our proposal improves the performance within the ”Cylinder
Problem” example in comparison with the CATPCA’s solution. This is an example where nonlinear
functions are simulated and it will result in a rank two matrix if logarithmic transformations are
applied to the mean-centred data matrix. So, one would expect not only that nonlinear PCA over the
original data matrix would result in approximately perfect fit with two dimensions but also that the
splines achieved after the optimization process behave like logarithmic functions. The total of variance
explained with two dimensions were: 82.15% for linear PCA, 90.60% for CATPCA and 96.36% for our
algorithm. The achieved splines looked like logarithm functions for both CATPCA and our proposal.

4. Conclusions

We think that our proposal, inspired in Homogeneity Analysis, is a valid option to perform nonlinear
PCA for continuous variables since it no longer needs any discretization process. Furthermore, by
choosing the splines’ degree, the number of interior knots and its placement, this algorithm can deal
with datasets with both categorical and continuous variables. Moreover, it can be shown that it has
linear PCA and Multiple Correspondence Analysis as particular cases. These results will appear soon.
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ABSTRACT

There are two common approaches to achieve Nonlinear Principal Component Analysis (NLPCA).
One arisen from the chemical engineering literature, first introduced by Kramer (1991), using Neu-
ral Networks, and another from the psychometric literature, first introduced by the Gifi group in the
1980’s, which uses an alternating least squares algorithm associated with the optimal quantification
concept. The former is now used by many researchers from fields dealing with continuous variables,
whereas the latter, usually known as Homogeneity Analysis, is used by many researchers dealing mainly
with categorical variables. The aim of this talk is to show that one of the algorithms (CATPCA, SPSS
1999) proposed to deal with categorical variables can be improved in order to be seen as a valid option
to perform NLPCA for continuous variables as well and, furthermore to deal with datasets with both
kinds of variables. We begin by stressing that CATPCA uses I-splines associated with a least squares
criterion and, since it was designed for categorical data, it needs an a priori discretization process for
continuous variables or categorical ones not coded in the traditional way, so that it can build a 0-1
indicator matrix. However, by using splines this discretization process is unnecessary, as long as one
uses a fuzzy coding matrix based directly on splines no matter its degree. To stress the potential of
splines, we briefly discuss our own version of the so called ”Cylinder Problem”, where known nonlinear
functions are simulated. It is shown that splines are a privileged way to make relationships between
variables linear. We conclude by showing that our proposal improves the performance within the
”Cylinder Problem” example in comparison with the CATPCA’s solution and that this new algorithm
inspired in Homogeneity Analysis is a valid option to perform NLPCA for continuous variables.
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1. Introduction

Selecting a subset of variables is useful in many practical applications in which a multivariate
method without external variables such as principal component analysis (PCA) is applicable.

Several authors (e.g. Jolliffe, 1972; Robert and Escoufier, 1976; Krzanowski, 1987; Mori et al.,
2004) have studied variable selection in PCA. These studies sought to obtain ordinary principal com-
ponents (PCs) based on a subset of variables in such a way that these PCs retain as much information
as possible compared to PCs based on all of the variables. Tanaka and Mori (1997) discusses a method
called the “modified PCA” (M.PCA) to derive PCs that are computed using only a selected subset
of variables but which represent all of the variables, including those not selected. Since M.PCA nat-
urally includes variable selection procedure in the analysis, its criteria can be used directly to detect
a reasonable subset of variables. If we can find such PCs, we may say that those PCs provide a
multidimensional rating scale which has high validity and is easy to apply practically.

Most of the above criteria/methods are dealing with quantitative data. There are various sit-
uations where we select a subset of variables for qualitative data. Although we can apply selection
criteria/methods in correspondence analysis, e.g. Iizuka et al. (2002), we have no criterion/method
to select a subset of variables which includes not only selected variables but also deleted variables.
So we have decided to extend M.PCA so that it can deal with qualitative data with unordered or
ordered categories. Namely both quantification of qualitative data and M.PCA are performed at the
same time. To do this the iteration technique based on the alternating least squares (ALS) method
by Young et al. (1976) is used for quantification among others at every step of selection. This idea
was originally proposed in Mori et al. (1997), in which a simple version of M.PCA for qualitative data
was introduced, but we here propose a detailed version and consider the variable selection behavior.

2. Modified principal component analysis for qualitative data

2.1 Modified principal component analysis and variables selection

Suppose we obtain an n× p data matrix Y . If the original data set of Y consists of categorical
variables, the data set should be quantified in an appropriate manner (see Section 2.2). Let Y be
decomposed into an n× q submatrix Y1 and an n× (p− q) submatrix Y2 (1 ≤ q ≤ p). Y is represented
as accurately as possible by r PCs, where r is the number of PCs (1 ≤ r ≤ q) and the PCs are linear
combinations of a submatrix Y1, i.e. Z = Y1A.
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In order to derive A = (a1, . . . , ar), the following criteria can be used: (C1) The prediction
efficiency for Y is maximized using a linear predictor in terms of Z based on Rao (1964)’s PCA
of instrumental variables; (C2) The RV -coefficient (Robert and Escoufier, 1976) between Y and Z

is maximized. The maximization criteria for (C1) and (C2) are given by the proportion P , P =
r∑

j=1

λj/tr(S), and the RV -coefficient, RV =

⎧⎨
⎩

r∑
j=1

λ2
j/tr(S

2)

⎫⎬
⎭

1/2

, respectively, where λj is the j-th

eigenvalue, in order of magnitude, of the eigenvalue problem [(S2
11 + S12S21) − λS11]a = 0, and S,

S11 and S12 = S�
21 are covariance matrices of Y , Y1, and Y1 and Y2, respectively. The proportion P

indicates the original variations explained by the first r PCs based on the selected q variables and the
RV -coefficient shows the closeness between the configuration of original p variables and that of r PCs.

Thus we can obtain the desired r PCs (Z = Y1A) which represent all of the variables, when any
subset of size q is assigned to Y1. If we want to find the most reasonable subset of size q, Y1 should be
assigned by a subset of q variables which provides the largest value of P for (C1) or the largest value
of RV for (C2). This is obviously a procedure to select a reasonable subset of size q and then we can
use the criteria in M.PCA as variable selection criteria.

2.2 Modified principal component analysis for qualitative data

When we obatin a qualitative data set X, we here estimate both the category parameter wj for
the j-th variable and the weight parameters A in M.PCA simultaneously to make optimally scaled
variables Y , by using the idea of PRINCIPALS (Young et al., 1976) which is an extension of ordinary
PCA to the situation where the variables may be measured at a variety of scale levels.

Let Ŷ = ZB where Z(= Y1A) is an n × r PC matrix and B is an r × p coefficient matrix. We
wish to obtain B so that Ŷ predicts Y as well as possible, where Y contains unknown wj’s and Z

contains unknown A. The optimization criterion is expressed as θ = tr(Y − Ŷ )�(Y − Ŷ ). Based on
the ALS principle, unknown parameters are estimated as follows:
Step 0 : Determine initial values Y , which are assigned as category scores provided externally or

assigned as random numbers. Standardize Y columnwise.
Step 1 : Apply M.PCA to the data matrix Y = (Y1, Y2), that is, solve the eigenvalue problem in

Section 2.1 and obtain A. Successively obtain Z = Y1A, B = (Z�Z)−1Z�Y and Ŷ .
Step 2 : Evaluate θ. If the improvement in fit from the previous iteration to the present iteration is

negligible (θ � 0), stop.
Step 3 : Obtain the matrix of optimally scaled data Y which gives the minimum θ for the fixed Ŷ . The

optimal scaling of data is performed for each variable separately and independently. Standardize
the optimally scaled data and go back to Step 1.

Steps 1 through 3 are iterated until convergence is obtained.

3. Variable selection procedures

Using a particular criterion, we can find the best subset which has the optimum value of the cri-
terion among all possible subsets of size q. However, computing criterion values for all possible subsets
is usually impractical because of its high computational cost. Therefore, we proposed the following
stepwise selection procedures: (a) Backward elimination; (b) Forward selection; (c) Backward-forward
stepwise selection; and (d) Forward-backward stepwise selection, in which only one variable is removed
or added sequentially and automatically (Mori et al., 1998).

4. Variable selection in M.PCA for qualitative data

A procedure of variable selection in M.PCA for qualitative data is as follows:
Proc 1 : Obtain the quantitative data matrix Y by applying the quantification mentioned in Section

2 to the original qualitative data set X. That is, estimate wj’s and A as q := p. Looking at the
result, specify the number r of PCs to be used.
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Proc 2 : Determine the number q. q := p−1 for backward-type selections such as (a) and (c) in Section
3, or q := r for forward-type selections such as (b) and (d). If you want to focus on a particular
number of variables (e.g., to find the best subset of size q among all possible combinations of
size q), q is assign by the number.

Proc 3 : List candidates for Y1 according to the selection procedure that you will apply, (a), (b), (c),
(d) or all-possible selection. Estimate wj’s and A and compute the criterion P/RV for each of
the candidates. Find a subset which provides the largest criterion among the candidates.

Proc 4 : Update q. q := q − 1 for backward-type selections, or q := q + 1 for forward-type selections.
If you focus on a particular number of variables, stop here.

Proc 5 : If both P/RV and q is larger than preassigned values, go back to Proc 3. Otherwise stop.

5. Numerical example

We apply the proposed method to the data gathered for making a rating scale to measure the
seriousness of mild disturbance of consciousness (MDOC, Sano et al., 1977). The data set consists of
87 individuals and 25 variables (test items, four points scale) but the 23 variables – 2 factors model of
this data was analyzed by some authors (e.g. Sano et al., 1977; Tanaka and Kodake, 1981) since two
of 25 variables were thought not to be important. We denote this data set by X.

Now let us select reasonable subsets for all q based on the criterion (C1). Table 1 shows
the proportion P s and selected variables at each q when Forward-backward cost-saving selection is
performed, which tends to select better subsets than others. The result is the same as one based on
Backward-forward selection in this case. For reference, the proportions P obtained by Backward and
Forward selections are indicated in the “Back” and “For” columns, although subsets selected by these
two procedures are slightly different from ones selected by Forward-backward/Backward-forward. The
proportion P s based on the original X as quantitative data are also computed for the same subsets in
Table 1 and are indicated in the last column. The change of all the P values are visualized in Figure
1. They illustrate that the change of P values is very small until 12 variables are removed. Even when
the number of variables is reduced to 7, the reduction of P is less than 2.0%. Furthermore, comparing
with the result based on the original X, the proposed method provides higher values of P at every q.
This difference is due to the effect of optimal scaling by ALS method.

Table 1. The proportion P and selected variables at q
For-back Selecetd variables For-Back

q
Back-for 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23

Back For
on X

23 0.69389 x x x x x x x x x x x x x x x x x x x x x x x 0.69389 0.69389 0.67203

22 0.69353 x x x x x x x x x x x x x x x x x x x x x x 0.69353 0.69351 0.67156

21 0.69322 x x x x x x x x x x x x x x x x x x x x x 0.69321 0.69319 0.67118

20 0.69295 x x x x x x x x x x x x x x x x x x x x 0.69282 0.69289 0.67084

19 0.69267 x x x x x x x x x x x x x x x x x x x 0.69231 0.69214 0.67051

18 0.69233 x x x x x x x x x x x x x x x x x x 0.69169 0.69172 0.67008

17 0.69188 x x x x x x x x x x x x x x x x x 0.69122 0.69117 0.66958

16 0.69112 x x x x x x x x x x x x x x x x 0.69024 0.69053 0.66890

15 0.69018 x x x x x x x x x x x x x x x 0.68917 0.68996 0.66798

14 0.68928 x x x x x x x x x x x x x x 0.68822 0.68903 0.66650

13 0.68841 x x x x x x x x x x x x x 0.68704 0.68796 0.66476

12 0.68732 x x x x x x x x x x x x 0.68553 0.68669 0.66368

11 0.68610 x x x x x x x x x x x 0.68361 0.68527 0.66241

10 0.68448 x x x x x x x x x x 0.68166 0.68277 0.65978

9 0.68216 x x x x x x x x x 0.67932 0.67963 0.65755

8 0.67950 x x x x x x x x 0.67638 0.67659 0.65412

7 0.67488 x x x x x x x 0.67288 0.67362 0.65008

6 0.66834 x x x x x x 0.66896 0.66834 0.63958

5 0.66171 x x x x x 0.66128 0.66171 0.63153

4 0.65009 x x x x 0.64789 0.65009 0.61980

3 0.63336 x x x 0.61983 0.63336 0.59345

2 0.59701 x x 0.58087 0.59701 0.56865
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Figure 1. Change of proportion P

5. Concluding remarks

M.PCA is extended so as to deal with qualitative data by combining a method of optimal scaling
and M.PCA to derive PCs which are formulated as linear combinations of a subset of qualitative
variables but which represent all the variables very well. From the results of the numerical study, it
can be stated that this extended version of M.PCA is useful for qualitative data since it selects subsets
which provide higher criterion values than ones selected by the method without optimal scaling. There
remain some future problems such as to consider the optimal scaling with categorical order and to
check the reproducibility of the selected variables when applying the method to several real data sets.
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1 Introduction

Classification problems with time series input variables arise naturally in many applications. In this
paper, we propose a new approach for extending standard decision trees (Breiman et al. (1984)) to
handle time series input variables. Our proposition aims to leverage the interpretability of the temporal
decision tree as well as its accuracy and performance. Past contributions to this problem can be
classified into two main approaches. The first one maps time series to another description space, then
perform conventional classifiers on the transformed time series (Geurts (2001)). The second approach
works directly on the time series, they generally propose to split a time series variable based on the
proximity measure between time series (Yamada et al. (2005)). Although, the direct approach offers
more comprehensive and interpretable output results than the former one, it suffers of two limitations.
On the one hand, the used proximity measures, the euclidean distance or the dynamic time warping,
are based on the closeness of the values regardless to the proximity with respect to the behavior of the
time series. On the other hand, proximity measure is only based on the whole time series, ignoring
the case of subsequences providing a more optimal split of internal nodes. In this paper we propose a
new temporal decision tree which handles directly time series. The main idea of our proposition can
be summarized in the following points: using a dissimilarity index including both proximity on values
and on behaviors; for the split of an internal node, a time series is considered on its whole length or
on a subsequence; the research of the optimal split consists in learning the dissimilarity index which
minimizes the Gini index with a good separability between the two obtained daughter nodes. The
rest of the paper is organized as follows. In the next section, we present the main principals of the
dissimilarity index including both behavior and values proximity measures. The section 3 presents the
new decision tree method and gives the main algorithms. In section 4, we illustrate the high benefit
and performance of our new proposition through several public datasets; we perform its evaluation
and comparison to alternative approaches and discuss the main obtained results.

2 Adaptive dissimilarity index for time series classification

We distinguish two important characteristics of the temporal applications. On the one hand, there are
applications where both occurring events and their instants of time are determinant for the proximity
evaluation. For instance, ECG, delay response to a treatment, etc. We characterize such applications
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as “Time dependent events”. On the other hand, there are applications where only occurring events
and their order are important. For instance, in voice processing domain only the occurring syllables are
used to identify words; the flow rate being specific to each person. We characterize such applications
as “Time independent events”. To include both proximity on values and on behavior for time series
proximity measure, it’s appropriate for the former type of applications to use the extended euclidean
distance proposed in (Douzal Chouakria et al. (2007)), where as for the latter type of application, we
propose a new extension of the dynamic time warping.

Time dependent events application Let S1 = (u1, ..., up) and S2 = (v1, ..., vp) be two time series
of p values observed at the time instants (t1, ..., tp) and assumed as issued from a “Time dependent
events” application. The adaptive dissimilarity index proposed in (Douzal Chouakria et al. (2007))
to extend the euclidean distance to include both proximity measures with respect to values and with
respect to (w.r.t.) behavior is defined as follows:

Dk
E(S1, S2) = f(cort(S1, S2)) · δE(S1, S2) with f(x) =

2
1 + exp(k x)

, k ≥ 0(1)

δE(S1, S2) =
(∑p

i=1(ui − vi)2
) 1

2 is the conventional euclidean distance based on the closeness of the

values and cort(S1, S2) =
Pp−1

i=1 (u(i+1)−ui)(v(i+1)−vi)
q

Pp−1
i=1 (u(i+1)−ui)2

q

Pp−1
i=1 (v(i+1)−vi)2

is the temporal correlation coefficient

(cort ∈ [−1, 1]) and defines a similarity w.r.t. behavior. The parameter k modulates the contributions
of the proximity w.r.t. values and w.r.t. behavior to the dissimilarity index Dk

E . Note that if k varies
in [0, 6], f(x) decreases from 2 to 0.

Time independent events application Let’s now assume that S1 = (u1, ..., up) and S2 = (v1, ..., vq)
are two time series issued from a “Time independent events” application. We define a mapping r ∈M
(M is the set of all possible mappings) between S1 and S2 as the sequence of m pairs preserving
the observations order r = ((ua1 , vb1), (ua2 , vb2), ..., (uam , vbm)) with ai ∈ {1, .., p}, bj ∈ {1, ..q} and
satisfying for i ∈ {1, ..,m − 1} the following constraints: a1 = 1, am = p, ai+1 = (ai or ai + 1) and
b1 = 1, bm = q and bi+1 = (bi or bi + 1). Let’s note Sr

1 = (ua1 , ..., uam) and Sr
2 = (vb1 , ..., vbm) the two

time series induced by such a mapping r. We define the length |r| of such a mapping as:

|r| = f(cort(Sr
1 , Sr

2)).
∑

i=1,..,m

|uai − vbi |(2)

According to the above definition, we propose a new adaptive dynamic time warping to cover both
proximity on values and on behavior :

Dk
dtw(S1, S2) = min

r∈M
|r| = min

r∈M

⎛
⎝f(cort(Sr

1 , Sr
2)).

∑
i=1,..,m

|uai
− vbi

|
⎞
⎠(3)

3 Temporal decision trees

To extend decision trees to time series input variables, we propose a new adaptive split procedure
to partition the set of time series into two clusters minimizing the Gini error. If we suppose given a
dissimilarity index, and two representative time series, we define a two clusters partition of the set of
time series by assigning each time series to the closest (in terms of the given dissimilarity) representative
time series. The novelty of our adaptive split procedure is summed up in two points. On the one hand,
instead assuming a given dissimilarity index (i.e. the euclidean or the dynamic time warping), we have
to learn the best dissimilarity index (i.e. the best contributions of the values and of the behavior) to
provide a two clusters partition minimizing the Gini error. On the other hand, we broaden the search
of the two representative time series to a dichotomic search of sub time series providing a more optimal
partition (in terms of Gini index). Let’s give more in detail the proposed algorithms. Let S = {1, ..., N}
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be the set of time series belonging to a current node. The split of a set of time series is characterized by
σ(l, r, k, I) where l and r identify the left and right representative time series, k the parameter defining
the contribution of the behavior and of the values in the dissimilarity index Dk (with Dk referring Dk

E

or Dk
dtw), and I is the observation period of the studied time series. For a given observation period I, we

define two consecutive overlapped sub-periods IL, IR subdividing I into a left and a right sub-period;
with IL∪IR = I and IL∩IR �= φ. Finally let’s note GI(σ(l, r, k, I)) the Gini error of the split σ(l, r, k, I).

Algorithm 1 Dichotomic-Split(S,I)
1: IL ← Left sub period of I

2: IR ← Right sub period of I

3: (σ(lI∗, r
I
∗, k

I
∗, I), errorI)← Adaptive-Split(S,I)

4: (σ(lIL∗ , rIL∗ , kIL∗ , IL), errorIL
← Adaptive-Split(S,IL)

5: (σ(lIR∗ , rIR∗ , kIR∗ , IR), errorIR
)← Adaptive-Split(S,IR)

6: if errorIL
= min(errorIL

, errorIR
, errorI) then

7: I∗ ← IL

8: else if errorIR
= min(errorIL

, errorIR
, errorI) then

9: I∗ ← IR

10: else
11: return < σ(lI∗, r

I
∗, k

I
∗, I) >

12: end if
13: σ(lI∗∗ , rI∗∗ , kI∗∗ , I∗)← Dichotomic-Split(S,I∗)
14: return < σ(lI∗∗ , rI∗∗ , kI∗∗ , I∗) >

Algorithm 2 Adaptive-Split(S,I)
1: best error ←∞
2: for k in [0; 6] do
3: (lk, rk)← argmin(l,r)(GI(σ(l, r, k, I)))
4: if GI(σ(lk, rk, k, I)) < best error

then
5: best error ← GI(σ(lk, rk, k, I))
6: k∗ ← k

7: l∗ ← lk
8: r∗ ← rk

9: end if
10: end for
11: return < σ(l∗, r∗, k∗, I), best error >

Initially, the Dichotomic − Split procedure is called with the interval I corresponding to the total
observation period. The Adaptive− Split procedure is then called with I, IL, and IR periods. Given
as input an observation period I, the Adaptive − Split procedure will look for the best dissimilarity
Dk (i.e. the best k) and the best representative time series based on the observation within the
period I (i.e. dissimilarity index is evaluated on the sub-sequences defined by I). As output, the
Adaptive−Split returns the best parameter kI∗ (the best contribution of the values and of the behavior
for the dissimilarity index Dk) and the two representative time series lI∗ and rI∗ providing an optimal
split in terms of Gini error. The dichotomic search continue as long as at least one of the left or
of the right sub-periods improve the Gini error. As output, the Dichotomic− Split returns the best
observation period I∗ (which can be the total initial observation period) and the optimal corresponding
split σ(lI∗∗ , rI∗∗ , kI∗∗ , I∗).

4 Application and comparison results

We illustrate the efficiency of the proposed algorithm through 4 simulated datasets described in (Geurts
(2005)): CBF, CBF-tr, CC and Two-Pat. As these datasets are of “independent time events” type,
Dk

dtw is considered. Our proposition is compared to the Yamada’s algorithm [Yamada et al. (2005)]
and to “Segment and Combine (S&C)” procedure (Geurts (2005)). Data are noisy preprocessed.
Comparison results are presented in Table 1. For instance, the third row shows that a decision tree
built on the CC dataset, which are composed of 900 training cases and 300 test cases, gives a global
error rate of 0.003 for our proposition, 0.023 for the Yamada’s approach and 0.003 for S&C one. The
numbers of leaves are indicated between brackets. Note that through nearly all the datasets, the
proposed algorithm provides a better error rate than the two alternative approaches. Let’s explain the
main characteristics of the decision tree (figure 1) built on the CC data. Initially the root node (node
1) includes 900 times series equally distributed through the six CC classes named: Cyclic, Decreasing,
Downward, Increasing, Normal and Upward. The split of that node reveals 3 main elements: the
two time series (of downward and cyclic classes) selected as the most representative of the left and
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Training set size Test set size New tree Yamada S&C

CBF 600 300 0.006 (3) 0.066 (3) 0.015

CBF-tr 600 300 0.013 (3) 0.116 (15) 0.027

CC 900 300 0.003 (6) 0.023 (7) 0.003

Two-pat 400 400 0.005 (4) 0.000 (6) 0.049

Table 1: Experiments results (error rate (Nb. leaves))

right daughter nodes, the optimal value k∗ = 0 meaning that, to discriminate well the daughter
nodes time series, the dissimilarity index should be based mainly on the values, and finally, the
retained discriminant interval I∗ (here the whole observation period) localizing the observation period
on which the dissimilarity index should be evaluated. Given a new time series case, we evaluate the
dissimilarity index Dk∗

dtw (limited to the observations belonging to I∗) between the new case and each
of the representative time series; the new time series is then assigned to the daughter node of the most
similar representative time series. Finally, let’s note that the split of the node 4 reveals a value of
k∗ = 5, which means that the dissimilarity index to be used for assigning new cases should be based
essentially on the behavior.
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Figure 1: Temporal decision tree for CC datasets classification

5 Conclusion

We propose a new splitting approach to extend the decision trees to temporal data. The proposed
split aims to determine for each daughter node the representative time series, the observation period
best discriminating the output variable, and the optimal contribution of the values and of the behavior
for the proximity evaluation. A new extension of the Dynamic time warping is also proposed. The
high efficiency and interpretability of the proposition is illustrated through many public datasets and
compared to two important alternative algorithms. Future work will focus on the stability evaluation
through real datasets.
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Introduction 
 

The aim of this study was to analyze the similarity between various sources of stress in the parent-child 
relationship, based on 13 scales of the Parenting Stress Index (PSI). The sample includes Parents of children 
with attention deficit/hyperactivity disorder, Parents of children with asthma and a control group. 

Hierarchical cluster analysis was applied to classify these 13 scales, using the affinity coefficient as a 
proximity measure and four different aggregation criteria: two non-probabilistic coefficients (single link and 
complete link) and two probabilistic coefficients (AVL-Aggregation Validity Link and AVB-Aggregation 
Validity Brake link). 

Several important underlying common features are to be observed throughout the various clustering 
models. 
 
Material and methods 
 

The Parenting Stress Index (PSI) screens for stress in the parent-child relationship (Abidin, 1990; 
Magalhães, 2005; Santos, 1992). It consists of 101 items (likert scales) which permit us to assess a Total 
Stress Score (PSI) and 13 scale scores, pinpointing sources of stress within the family (table 1). 

The PSI Scale was applied to three different groups, the first two of parents attending the support of 
the Psychology Department of the Santa Maria Hospital and the last selected from parents of children from 
two schools in the Lisbon area: 

1 - Parents of children with attention deficit/hyperactivity disorder. 
2 - Parents of children with asthma. 
3 - A control group of Parents of children with no diagnosis of deficit/hyperactivity disorder, nor 

asthma. 
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Each group had initially 30 observations, but after a missing values analysis, we kept 25 observations 
in group 1, 24 in group 2 and 27 in group 3, corresponding to a total sample of 77 subjects. All the children 
are between 6 and 10 years old. 

 
Table 1 - Sources of Parental Stress in the Parenting Stress Index (PSI) 
Regarding Children: 

Distractibility/Hyperactivity (E1) 
Reinforcement of Parent (E2) 
Mood (E3) 
Acceptability (E4) 
Adaptability (E5) 
Demandingness (E6) 

Concerning Parents: 
Competence (E7) 
Attachment (E8) 
Role Restriction (E9) 
Depression (E10) 
Spouse (E11) 
Isolation (E12) 
Health (E13) 

 
Hierarchical cluster analysis with the affinity coefficient has given especially relevant and robust results 
when classifying variables in search of typologies, using different aggregation criteria (Nicolau & Bacelar-
Nicolau, 1982).  

Research of the ADM (multivariate data analysis) Project in the CEAUL (Centro de Estatística e 
Aplicações of the University of Lisbon) has developed and used various robust and flexible classification 
methods and techniques based on the affinity coefficient as a proximity measure and related probabilistic and 
non-probabilistic aggregation criteria.  

The observed data can be represented in a bi-dimensional matrix, where rows describe statistical data 
units and columns describe the scale score variables. In other studies a generalization to more complex data 
was applied, namely considering a tri-dimensional matrix, taking into account the group identification 
variable. Under some natural reference hypothesis concerning the data knowledge allows us to apply other 
aggregation criteria than non-probabilistic aggregation criteria (such as SL-Single Link and CL-Complete 
Link). We may thus apply probabilistic aggregation criteria such as AVL-Aggregation Validity Link and 
AVB-Aggregation Validity Brake link.  

Let M(D,V) be a data matrix, where D represents the set of n statistical data units (the parents in our 
case study) and V is a set of p real variables (the scale score variables). 

Each vector Vj (j=1,.....,p) may be represented by the k coordinates xij (i=1,…,k), with the column 
margins x.j. We will refer to the j-th column profile as the corresponding conditional vector with components  

jij xx .  . The weighted simple (or basic) affinity coefficient between Vj and Vj´ (j, j´=1,.....,p) is defined as 
the inner product between the square roots of column profiles associated to Vj and Vj´, , that is: 

        a(j,j’) = ∑ ⋅ '// jijii xxπ      (i=1,...,n). 

where 0≤ π j ≤ 1, Σ π j = 1. 
Under the reference hypothesis underlying the limit theorem of Wald-Wolfowitz (W-W), the affinity 

coefficient between column profiles a(j, j’) is an observed value of a random variable A(j, j´) with asymptotic 
normal distribution. A detailed proof of the theorem can be found for instance in Bacelar-Nicolau, 1988. 
From this theorem, we may infer that the VAL probabilistic coefficient associated to this permutational 
model is defined by:  

 
where Φ represents the cumulative distribution function of the standard normal distribution and *A  

represents an asymptotic standardized random variable. 
The SL and CL as well as the AVL and AVB aggregation criteria we present in this work are all applied 

( ) ( )( ) ( )( )k'k,aΦ k'k,ak'k,AProbkkα WWWW
∗∗∗ =≤=)',(
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to the above probabilistic coefficient, giving place to two semi-probabilistic and two probabilistic 
hierarchical clustering models, respectively (Nicolau & Bacelar-Nicolau, 1998) 
 
Results 
 

Hierarchical cluster analysis was thus applied to classify the 13 scales of the Parenting Stress Index 
(PSI), using the affinity coefficient as a proximity measure and four different aggregation criteria: two non-
probabilistic, SL and CL, and two probabilistic criteria, AVL and AVB. 

The hierarchical trees or dendrograms obtained are presented below (Figures 1, 2, 3 and 4). The usual 
quality statistics were used to choose the best partitions of clusters, for each clustering model. All of them 
indicated partitions between the 5th and the 9th levels. 

 
Figure 1- Dendrogram using the SL 

aggregation criterion 
 

 

Figure 2 - Dendrogram using the CL 
aggregation criterion  

 

 
 

 
 

Figure 3- Dendrogram using the AVL 
aggregation criterion 

 

 

Figure 4- Dendrogram using the AVB 
aggregation criterion  
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Brief Discussion 
 

The four different clustering models present common features, allowing us to extract relevant 
knowledge that subsists through the various models, and also to validate the use of the affinity coefficient 
with the different aggregation criteria. 

Thus we may see that: 
• Scales E2 (Reinforcement of Parent) and E8 (Attachment) always form a pair. It is interesting that a 

source of stress concerning children always appears together with a source concerning parents. 
• Scales E12 (Isolation) and E13 (Health) also always form a pair that joins scales E9 (Role 

Restriction) - E11 (Spouse). Note that all these are sources of stress concerning parents themselves. 
• Scales E4 (Acceptability), E5 (Adaptability) and E6 (Demandingness) always form a cluster, 

frequently aggregating with scale E3 (Mood). Note that all these are sources of parental stress 
concerning children. 

• In 3 of the 4 models, scales E1 (Distractibility/Hyperactivity), E7 (Competence) e E10 (Depression) 
form a cluster. Thus a source of stress concerning children is almost always associated with two 
sources of parental stress concerning parents themselves. 

 
Although we applied these methodologies with three clearly different types of observations (Parents of 

children with attention deficit/hyperactivity disorder, of children with asthma and a control group), common 
features appeared, validating the use of the affinity coefficient with the different aggregation criteria. 

Present and future work on this data concerning the search of typologies will focus on considering the 
sub-samples separately and also on using the group variable as part of a tri-dimensional matrix.  
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ABSTRACT 

The aim of this study consists in the analysis of similarity between various sources of stress in the parent-child 
relationship, based on 13 scales of the Parenting Stress Index (PSI). The sample includes Parents of children with 
attention deficit/hyperactivity disorder, Parents of children with asthma and a control group. 

Hierarchical cluster analysis was applied to classify the 13 scales, using the affinity coefficient as a proximity 
measure and four different aggregation criteria: two non-probabilistic coefficients (single linkage and complete 
linkage) and two probabilistic coefficients (AVL-Aggregation Validity Linkage and AVB-Aggregation Validity 
Bacelar). 

Several important underlying common features may be observed throughout the various clustering models.  
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ABSTRACT

The multivariate skew normal distribution has been defined in Azzalini and Dalla Valle (1996); further
probabilistic properties as well as inferential results have been studied by Azzalini and Capitanio
(1999). The talk will discuss the use of finite mixtures of multivariate skew normal distributions
as an approach to model-based clustering. The main motivation for using skew normal densities as
the components of the mixture is that they provide a formulation for parsimonius modelling of data
clusters having convex but not elliptical shape. An EM algorithm for maximum likelihood estimation
will be described, and some examples of application on both real and simulated data sets will be
shown.

Keywords. Skew normal mixture models: an application to model based clustering.
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1. INTRODUCTION

The data stream model has recently attracted attention for its applicability in numerous types of

data (Henzinger et al, 1998). The clustering problem is a difficult problem for the data stream domain.

Previous algorithms on clustering data streams such as those discussed in (Hulten et al, 2001) assume

that the clusters are to be computed over the entire data stream. However, the exploration of the

stream over different time windows can provide the users with a much deeper understanding of the

evolving behaviour of the clusters. In this paper, we study the clustering problem for the data stream

on the Web usage framework. We propose three news strategies for a divide-and-conquer like approach

which splits the data into pieces and clusters each of these pieces.

2. THE K-MEANS CLUSTERING ALGORITHM

The k-means algorithm (MacQueen, 1967) is a partitional clustering method whose aim is to
furnish a partition of a set of elements E in K clusters C1, . . . , CK and its corresponding set of
prototypes c1, . . . , cK . The traditional k-means algorithm is executed in the following steps:

• Initialization phase: Let c1, . . . , cK be the initial prototypes, random and distinct objects of E.

• Step t:

Allocation phase:

An element xi of E is assigned to the cluster Ci iff d(xi, ci) is minimum:

Ct
i = {xi ∈ E|d(xi, ci) ≤ d(xi, cj)∀j 6= i(j = 1, . . . , K)}

Let P t = (Ct
1
, . . . , Ct

K) be the partition of E in K clusters at step t.

Representation phase:

The prototypes c1, . . . , cK are updated according to the current elements present in each cluster

For j = 1, . . . , K update cj = 1

|Ct

j
|

∑
xi∈Ct

j

xi

Let (ct
1
, . . . , ct

K) be the updated prototypes at step t.

• Stopping condition: If P t+1 = P t then STOP, else GO TO Step t.

3. LOCAL INDEPENDENT CLUSTERING

In this clustering, we have one clustering process applied in each sub-period analysed separately.
The final partitions are thus independent. At the end of this procces we have a partition for each time
sub-period:

• Partitioning phase: Split the entire data set E into Z blocks according to a time constraint and generate

the data partition {W1, . . . , WZ}.
• For z = 1 to Z
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Table 1. Description of the Navigation Variables

No Field Meaning

1 IDNavigation Navigation code

2 NbRequests OK Number of successful requests (status = 200) into the navigation

3 NbRequests BAD Number of failed requests (status 6= 200) into the navigation

4 PRequests OK Percentage of successful requests ( = NbRequests OK/ NbRequests)

5 NbRepetitions Number of repeated requests into the navigation

6 PRepetitions Percentage of repetitions ( = NbRepetitions / NbRequests)

7 TotalDuration Total duration of the navigation (in seconds)

8 AvDuration Average of duration ( = TotalDuration / NbRequests)

9 AvDuration OK Average of duration among successful requests

( = TotalDuration OK/NbRequests OK)

10 NbRequests SEM Number of requests related to pages in the site’s semantic structure

11 PRequests SEM Percentage of requests related to pages in the site’s semantic structure

(=NbRequests Sem/ NbRequests)

12 TotalSize Total size of transferred bytes in the navigation

13 AvTotalSize Average of transferred bytes ( = TotalSize / NbRequests OK)

14 MaxDuration OK Duration of the longest request in the navigation

Apply the k-means clustering algorithm on the elements of Wz

4. LOCAL PREVIOUS CLUSTERING

In this clustering, we use the clustering prototypes performed in the preceding time sub-period
to obtain a partition on the elements belonging to the current sub-period:

• Partitioning phase: Split the entire data set E into Z blocks according to a time constraint and generate

the data partition {W1, . . . , WZ}.
• Apply the k-means clustering algorithm on the elements of W1

• For z = 2 to Z

Let c1, . . . , cK be the prototypes of the resulting clustering on Wz−1

Apply the Step t of the k-means clustering algorithm on the elements of Wz

It is important to notice that for the first sub-period, the k-means is executed until the conver-

gence. For the other sub-periods, a partition is generated by the simple affectation of the elements to

the updated prototypes c1, . . . , cK coming from previous partitions.

5. LOCAL DEPENDENT CLUSTERING

Here, a complete clustering is started with the prototypes of the clusters from the previous time
sub-period:

• Partitioning phase: Split the entire data set E into Z blocks according to a time constraint and generate

the data partition {W1, . . . , WZ}.
• Apply the k-means clustering algorithm on the elements of W1

• For z = 2 to Z

Let c1, . . . , cK be the prototypes of the resulting clustering on Wz−1

Apply the k-means clustering algorithm on the elements of Wz

It is important to notice that the k-means is executed until de convergence in all the sub-periods.

However, the clustering process is started with the updated prototypes c1, . . . , cK coming from previous

partitions.

6. RESULTS
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Figure 1. Corrected Rand index values computed partition-by-partition.

We analyse a Web usage data set of reference from 1st July 2002 to 31st May 20031. A navigation

constitutes the trajectory of a user in the site and is defined as a succession of requests coming from

the same user, and there are no more than 30 minutes apart (Tanasa and Trousse, 2004).

For all the experiments, our clustering strategies are applied on navigation table (cf Table 1)

split by months. We defined an a priori number of clusters equal to 10. The number of executions

is equal to 100, except when the algorithm is initialized with the results obtained from a previous

execution.

To analyse the results, we apply for a cluster-by-cluster analysis the F-measure [van Rijsbergen,

1979]. For a global analysis, the corrected Rand index [Hubert and Arabie, 1985] to compare two

partitions. In both criteria, the value 1 indicates a perfect agreement and values near 0 correspond to

cluster agreements found by chance.

The values of the corrected Rand index reveal that the results from the local independent

clustering are very different from those of the global and local dependent clustering (cf. Figure 1).

These differences are confirmed by the F-measure. As we obtain 10 values (one per cluster) from the

F-measure for each month, we trace the corresponding boxplot to summarize these values (cf. Figure

2). From the confrontation between the local independent clustering and the global clustering, we can

see that there are almost always low values, i.e., certain clusters resulting from the local independent

clustering are not found by the global clustering. We can also notice that the local previous clustering

does not give very different results from those obtained by the local dependent clustering.

By using a cluster-by-cluster confrontation via the F-measure between the global clustering and

the local dependent and independent clustering, we refine the analysis. What appears quite clearly

is that the clusters are very stable over time if we apply the local dependent clustering method. In

fact, no value is lower than 0.877, which represents a very good score. On the other hand, in the case

of local independent clustering, we detect clusters that are very different from those obtained by the

global clustering (some values are lower than 0.5).

7. CONCLUSIONS

1This web site is available at the following address: http://www.cin.ufpe.br/
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Figure 2. F-measure values computed cluster-by-cluster.

This article proposeds several strategies for improving the k-means clustering algorithm in order

to detect changes in data streams. The proposed improvements are fairly easy to incorporate. All

variants have been compared with the traditional form of the algorithm. A study case was performed

on data stream recording Web usage traces. Through our experiments, we have shown that the analysis

of dynamic data by time sub-periods offers a certain number of advantages such as making the method

sensitive to cluster changes over time. Furthermore, as our approach splits the data and concentrates

the analysis on fewer sub-sets, some constraints regarding hardware limitations could be overcome.
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1. Introduction

In practice it is often the case when clustering discrete data, that only a subset of the variables
available have clustering information and frequently the variables which best define the underlying
cluster structure will be of substantive interest to investigators. In addition to substantive reasons,
variable selection may be important in cases where without some method of data reduction, only a
limited range of models may be possible to fit to the data due to identifiability issues. This paper
proposes a method for selecting variables in the context of latent class analysis, the typical model-
based clustering method for discrete data, extending the work of Raftery and Dean (2006). Section 2
discusses the formulation of a latent class model, the use of the Bayesian Information Criterion score
to select the number of classes in the model and presents the two models used for comparing a single
variable’s usefulness for clustering versus not clustering, given the set of variables already selected as
being useful for clustering. A headlong search algorithm is then introduced to explore the model space
and select those variables useful for clustering on the basis of the two models. The method produces
a set of variables for clustering to which the latent class model for different numbers of classes can be
fitted and a model choice criterion used to select the number of classes believed to be present in the
data. In section 3, results are presented from applying the method to a simulated data set, showing
that variable selection can improve the discovery of the underlying unknown group structure. The
merits and limitations of the method are discussed in section 4.

2. Methodology

2.1. Latent Class Analysis

Latent class analysis was first proposed by Lazarsfeld (1950) as a model-based method for
clustering discrete data. Each cluster/class of observations is modelled with its own density and
the overall population is modelled as a weighted sum of the individual class densities (giving a finite
mixture model). The assumption of local independence allows us to assume that, within each class, all
variables are independent (conditional on the class membership) and each variable is then modeled with
its own (class-specific) multinomial/binomial distribution. Thus data for k variables with numbers of
categories d1, . . . , dk and G classes is distributed as:

x ∼
G∑

g=1

(πg

k∏
i=1

di∏
j=1

p
1{xi=j}
ijg )(1)
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where pijg is the probability of being the jth category of the ith variable in class g and πg is the
proportion of population in class g; 0 < πg < 1,

∑G
g=1 πg = 1.

The model parameters {pijg, πg; i = 1, . . . , k, j = 1, . . . , di, g = 1, . . . , G} can be estimated from
the data (for a fixed value of G) using the EM algorithm or Newton Rhapson algorithm or a hybrid
of the two. The criterion presented by Goodman (1974) can be used to check identifiability of the
models (for each particular number of classes) in terms of there being enough information to estimate
all parameters.

2.2. Selecting the number of latent classes in the data

Each different value of G, the total number of latent classes, defines a different model for the
data. Since a statistical model for the data is used, model selection techniques can be applied to
select the number of classes in the data. Each model fit can be compared to another by looking at
the difference in Bayesian Information Criterion (BIC) scores (as an approximation for comparing
twice the logarithm of the Bayes factor, the ratio of the models’ integrated likelihoods). The Bayesian
information criterion (BIC) score for model M is defined by

BIC(M) = 2× log(maximized likelihood of M)− ν × log(n).(2)

where ν is the number of independent parameters estimated in M and n is the number of observations.
The largest BIC score indicates the best fitting model/number of classes.

2.3. Variable Selection Model

At any stage in the procedure we can partition the collection of variables into three sets:
Y (clust), Y (?) and Y (other), where:

• Y (clust) is the set of variables already selected as useful for clustering,

• Y (?) is the variable(s) being considered for inclusion into/exclusion from Y clust,

• Y (other) is the set of all other variables.

Given this partition and the (unknown) clustering memberships z we can recast the question of Y (?)’s
usefulness for clustering as a model selection question using two different models, M1 and M2:

M1 : p(Y |z) = p(Y (clust), Y (?), Y (other)|z)
= p(Y (other)|Y (?), Y (clust))p(Y (?))p(Y (clust)|z)(3)

M2 : p(Y |z) = p(Y (clust), Y (?), Y (other)|z)
= p(Y (other)|Y (?), Y (clust))p(Y (?), Y (clust)|z),
= p(Y (other)|Y (?), Y (clust))p(Y (?)|z)p(Y (clust)|z),

Model M1 specifies that, given Y (clust), Y (?) is independent of the (unobserved) cluster memberships
z, that is, Y (?) gives no information about the clustering. Model M2 implies that Y (?) does provide in-
formation about clustering membership, beyond that given just by Y (clust). This extends the proposed
models in Raftery and Dean (2006) to the latent class analysis framework.

In practice, the model comparison is done by comparing the BIC scores of each model, where
under certain assumptions about the parameter priors, the difference in BIC scores between models
M2 and M1 is simply the BIC for the best latent class model using variables Y (clust) and Y (?) minus the
sum of the BIC for the best latent class model using variables Y (clust) only and the BIC for the (class-
independent) multinomial model fit to Y (?) (see (4)). A positive difference for BIC(M2)−BIC(M1)
suggests there is evidence that Y (?) is a useful clustering variable.

BIC(M2)−BIC(M1) = BIC(p(Y (clust), Y (?)|z))− (BIC(p(Y (clust)|z)) + BIC(p(Y (?))))(4)
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2.4. Headlong Search Algorithm

The algorithm consists of firstly finding the smallest possible good subset of clustering variables
identifiable (Goodman (1974)) and then iterating inclusion and exclusion steps.

• Inclusion Step: Propose each variable in Y (other) singly in turn for Y (?). Calculate the difference
in BIC for models M2 and M1 given the current Y (clust).
If the variable’s BIC difference is:

– not above upper but above lower, do not include in Y (clust) and return variable to the end
of the list of variables in Y (other)

– below upper and lower, do not include in Y (clust) and remove variable from Y (other)

– above upper, include variable in Y (clust) and stop inclusion step

If we reach the end of the list of variables in Y (other) the inclusion step is stopped

• Exclusion Step: Propose each variable in Y (clust) singly in turn for Y (?) (with the remaining
variables in Y (clust) not including current Y (?) now defined as Y (clust) in M1 and M2). Calculate
the difference in BIC for models M2 and M1.
If the variable’s BIC difference is:

– below upper but above lower, exclude the variable from (the original) Y (clust) and return
variable to the end of the list of variables in Y (other) and stop exclusion step

– below upper and lower, exclude the variable from (the original) Y (clust) and from Y (other)

and stop exclusion step

– above upper, do not exclude the variable from (the original) Y (clust)

If we reach the end of the list of variables in Y (clust) the exclusion step is stopped

If two consecutive inclusion and exclusion steps are rejected the algorithm stops. The constant upper

is the amount of evidence needed to include a variable in the set of clustering variables (suggested
default of 0, any evidence for clustering), lower is the amount of evidence suggesting a variable will
never be included in this set (suggested default of -100, extremely strong evidence against clustering).
The suggested defaults were found using Kass and Raftery (1995).

3. Results

We simulated data from a 2 class mixture model with 13 binary variables. The first four variables
were clustering variables with different success probabilities in each class, as given in Table 1. The
final nine variables were independent binomial variables with class-independent success probabilities
ranging from 0.1 to 0.9 (in increments of 0.1). The true mixing probabilities for class 1 and 2 were
0.6 and 0.4 respectively. Five hundred points were generated from this model.

Table 1: True model parameters for the clustering variables of the simulated data

Probability of success for
Var.1 Var.2 Var.3 Var.4

Class 1 0.6 0.8 0.7 0.6
Class 2 0.2 0.5 0.4 0.9

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 3775 -



The variable selection method selected the correct variables (the first four) by first selecting the
first three variables as the best three variable subset of the full set of variables for clustering, then
including the fourth variable and rejecting the next inclusion and exclusion steps.

Since we have simulated this data, we know the true membership of all points and can compare
the partitions found by each model with the truth. Note that becuase of the limited separation
between the two classes, the number of misclassifications found comparing the truth to the partition
constructed from the latent class model using the true model parameters was 110.

In both cases (selected variables and complete set of variables) BIC correctly chose a 2 class
model. The numbers of misclassified observations for both the model based on the selected variables
and the model based on all variables are given in Table 2.

Table 2: Misclassification Summary for the Models from the Two Sets of Variables

Variables Included No. of obs. misclassified
All: 1–13 123

Selected: 1,2,3,4 110

From Table 2 it can be seen that the number of misclassifications is lowest in the model using only
the selected clustering variables and this model also achieves the optimal minimum for this dateset.

4. Discussion

As demonstrated by the simulated example in the previous section, the variable selection pro-
cedure selects the correct variables. Other simulated datasets with more than two classes have shown
that using only selected variables (as opposed to all variables) in latent class models can help improve
both the misclassification rate and the selection of the correct number of underlying classes in the
data. Variable selection does not in general help to improve selection of the number of classes when
the principle of local independence is violated in the data.

While BIC has been shown to be consistent for choosing the number of clusters/classes for
certain types of mixtures by Keribin (1998), Rusakov and Geiger (2005) showed that BIC was not
consistent for choice of number of clusters in the presense of noise variables for discrete data. This
suggests that variable selection should be an essential part of clustering when it is not clear whether
noise variables are present in the data or not (which is most cases).
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Introduction 

Discriminant analysis is a statistical method of allocation of unknown observations to one group from 
at least two foreknown groups, by using a classification rule previously established on well-known 
individuals. A number of classification rules are available and the most used are the linear, the quadratic and 
the logistic rules.  

Without less of generality, we consider two p-variable populations P1 and P2 with mean vectors 
 and covariance matrices . The linear rule ( LR) and the quadratic rule ( ) are 

two parametric classification rules, defined for any individual i of observations vector, by the following 
relations: 

)2,1( =kkµ )2,1( =kkΣ QR
ix
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The symbol  in (1) represents the pooled covariance matrix of the two populations. The individual i, of 
observations vector , is classified in population P

Σ
ix 1 for negative values of these functions. 

The logistic rule is a semi-parametric method that classifies an individual vector, , of observations, 
in a population k for which the posterior probability, P

ix
Pr( k| ), that  belongs to Pix ix k  is the highest. This 

posterior probability is given by the relations:   
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with  and = (1, ),  and  are the prior probabilities that the observations 
vector  belongs to P
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1 and P2 respectively. The likelihood whose logarithm is maximized to estimate α  is 
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where  is the number of sample points from P)(xin i  at , and = Px )(xip Pr( i | ). x
We would like to know which of the three rules described above is the most suitable to use in order to 

minimize the actual classification error rate. The actual error rate is a quality parameter of a rule established 
on data samples and is computed by determining the misclassification probability associated with the rule.  
Some studies have been done in literature to compare the performance of the three rules according to some 
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parameters related to the populations under study (Efron, 1975 ; Crawley, 1979 ; Steel et al., 2000). But in 
most cases, the conclusions of such studies have a limited practical use because in practice, the actual 
parameters of the populations are usually unknown.      

The originality of this study is that it aims by simulation technique, at linking in two-group 
discriminant analysis, the relative performance of the three rules to some parameters directly related to the 
sample couple under study. It will then be possible to choose, a priori, the suitable rule to use according to 
the characteristics of the sample couple.  

 
Discriminant model 

We consider for this simulation study that the means vectors kµ )2,1( =k  and the covariance matrices 
 of the two kΣ )2,1( =k p -variable populations P1 and P2 are as follows: 

 
=1µ 0 ,  Σ ,  µ   and  is a diagonal matrix with vector  of diagonal elements,  : =1 I =2 )'0,...0,(m 2Σ v iiν

 
iiν = λ (>0)  for  i =1  and  ν = 1   for  i = 2, …, .                                     (5) ii p

 
Appropriate linear transformations applied to the simple model proposed above, allow to extend the 

results of this study to a large variety of real world problems (Dunn, 1971 ; Glèlè Kakaï and Palm, 2006). In 
order to evaluate the heteroscedasticity degree of the populations, an heteroscedasticity parameter Γ  is 
defined for two covariance matrices as (Glèlè Kakaï and Palm, 2006): 
 

Γ = (| |/| |),                                                                                       (6) ∑
=

−
2

1
ln

k
kΣ Σ

 

where  is the pooled covariance matrix of the populations.  Σ
By considering this discriminant model, the parameters Γ  and λ  are linked by the relation: 

 

 








 +
=Γ λ4

)1(λ
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2

λ ,                                                                                           (7) 

 

where  is the parameter defined in (7). This relation helps to choose appropriate value of λ λ  for a 
considered value of .  Γ
 
Simulation design and comparison criteria 

The three classification rules are compared in 528 cases related to some parameters. The number p of 
variables ( p =4,  p =8  and  p =16)  and the common size n of the samples are linked so that p/n = 0.2  and  
p/n = 0.4. The overlap e  of the two populations has two values: =0.05 and =0.15. The heteroscedasticity 
degree  of the model are deduced from some values of the empirical power function of the 
homoscedasticity test related to  and takes the values 0, 0.46, 0.81 and 1.46. The common distribution of 
the variables of the two populations is Normal, Chi2 with 1, 2, 3, 4 and 10 degrees of freedom, symmetric 
Beta of parameter equal to 0.5, 1, 2, 3 and 5.  

e e
Γ

Γ

For each of the 528 combinations of the parameters, 100 sample couples are generated from the 
populations according to the model considered in paragraph 2. For each of the 52,800 sample couples, the 
actual error rate as well as the estimated heteroscedasticity degree Γ̂  and the normality degree, r, are 
computed. The normality degree is taken to be the multinormality test’s statistic of Rao and Ali (1998).  

The actual error rate ec  of each rule is empirically determined by computing the proportion of 
misclassified observations, the rule being established on the considered data sample couple and validated on 
a couple of large samples of size 10,000. This actual error rate is used to compute the relative error, , of 
each rule: 

re
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re = e
eec −

100 .                                                                                 (8) 

 

For each of the 52,800 sample couples, the best rule is the one that has the lowest relative error. 
Furthermore, the homoscedasticity test and the multinormality test of Rao and Ali (1998) are realized on 
each sample couple and the proportion of the superiority cases of each of the three classification rules 
according to the acceptance or rejection of these hypotheses are computed for several significance levels of 
the tests.   
 
Results and discussion 

We can notice from Table 1 that, in the case of the acceptance of the two hypotheses (AH0/norm and 
AH0/homo), the linear rule gives the highest frequency of the superiority compared to the two other rules. 
Indeed, in such cases and for significance level of 0.90, the linear rule is the best in 59.6 % of the cases. 
However, this frequency decreases when the value of the significance level increases. When the normality 
hypothesis is rejected, whatever the result of the homoscedasticity hypothesis, the logistic rule presents the 
highest percentage of the superiority cases, which increases with the significance level. 

 
                         Table 1. Frequency of superiority cases (%) of each rule according  
                         to the acceptation or rejection of the normality and homoscedasticity 
                          hypotheses 

 

Significance level Rule 
AH0/norm
AH0/homo

AH0/norm 
 RH0/homo

RH0/norm 
AH0/homo 

RH0/norm 
 RH0/homo 

 RL 59.6 47.3 40.6 25.6 
0.10 RQ 9.2 16.9 2.7 2.4 

   RLg 31.4 35.8 57.1 72.1 
 RL 58.3 45.5 40.3 23.5 

0.05 RQ 9.3 16.6 1.9 1.8 
   RLg 32.6 38.0 58.1 74.7 
 RL 55.5 41.1 36.5 18.6 

0.01 RQ 9.6 14.9 1.1 1.2 
   RLg 35.0 44.0 62.5 80.2 

 
 
The best performance of the logistic rule in such conditions has already bee noticed by Crawley (1979). 
Moreover, the quadratic rule often presents the lowest frequencies of superiority cases even in the normality 
conditions where the homoscedasticity hypothesis is not accepted with a high significance level (0.99). This 
poorest performance could be due to the relatively high number of the parameters to be estimated before 
establishing the quadratic rule. But Steel et al. (2000) have found that the quadratic rule gives the best 
performance for variable selection especially in the case of high values of p/n.  

From the results presented in table 1, we could then advise the linear rule when the normality 
hypothesis is accepted and the logistic rule in the other cases. In addition, the choice of the suitable 
classification rule, according to the characteristics of the data samples under study, can also be based on the 
posterior probability that the linear rule is superior to the logistic rule. The quadratic rule is not considered 
here because of its poor performance when considering data samples instead of populations. The estimated 
posterior probability, , that the linear rule is superior to the logistic, according to the values of 
the parameters,  r, and  is: 

)],ˆ(|[RLP̂ rΓ
Γ̂

 

)],ˆ(|[RLP̂ rΓ =
)93.31ˆ03.021.31exp(1

)93.31ˆ03.021.31exp(
r

r
+Γ+−+
+Γ+− ,                                                    (9) 
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where « exp » represents the exponential function.      
              The logistic function of this probability allows to represent in figure 1, the two regions of 
superiority of each rule. These two areas are separated by a line which represents all the points ( Γ̂ , r) for 
which the estimated posterior probability, P , is 0.5 and the two rules present the same 
performance. This figure helps to choose the best rule, from the estimated heteroscedasticity degree, 

)],ˆ(|[RLˆ rΓ
Γ̂ , and 

the normality degree, r, of the considered data samples. 
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                    Figure 1. Superiority areas of linear and logistic rules 
                    according to  and  r. Γ̂

 
Conclusions 

We noticed from this study that the linear rule could be advised in two-discriminant analysis when the 
normality hypothesis is accepted for the considered data samples. When this hypothesis is not accepted, the 
logistic rule is suitable for use. However, another method related to the choice of the best rule and illustrated 
in figure 1 can also be used. Finally, we have to point out that the conclusions given above are only valid 
under the simulated situations. Further studies should be done to extend these results to a large variety of real 
world problems.    
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The aim of the study is to assign weights  to  clustering variables  so that 
 groups uncovered reveal more meaningful within-group coherence.  We propose the following criterion 

to be minimized: 
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where  is the ijz j th measurement of the th observation (i ni ,,1L= ; pj ,,1L= ),  is the subset of 
observation indices allocated to the group (

gI
g k,,1L= ),  is the average of gjc j th measurements of all 

observations in group , are nonnegative weights assigned to , g pww ,,1 L pZZ ,,1 L pww p =++L1  
and 0≥α  is the  penalty  parameter.  Hence, our formulation yields ordinary K-means clustering when 
α  is set to “infinity” forcing all variable weights  equal to 1.  We will present the computing 
algorithm, the proper choice of 

pww ,,1 L
α  and numerical examples with one simulated and two real datasets. 
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Introduction 
This paper discusses the ticklish problem of how to scale or weight variables effectively for cluster 

analysis.  It is a companion and partial update to Gnanadesikan, Kettenring, and Maloor (2007) [GKM (2007)] 
and draws on some of the findings in Maloor (2007).  It also builds heavily on Art, Gnanadesikan, and 
Kettenring (1982) [AGK (1982)]].  These documents contain additional pertinent references as well. 

Two basic approaches are considered.  The first one attempts to put all the variables on the same footing so 
that they have equal influence on the cluster analysis.  It is natural to refer to this approach as equalizing the 
variables.  The most popular equalizing method, dividing each variable by its standard deviation, is known to be 
a bad idea because it ignores any cluster structure in the data.  Sometimes this way of preprocessing is referred to 
as autoscaling.  The second approach goes a step further and tries to assign weights to the variables so as to 
highlight those that appear to be most promising for revealing cluster structure.   

Both univariate and multivariate versions of the two approaches can be constructed.  Each has its place. 
For example using principal components in place of the original variables, another widely practiced scheme, is a 
form of multivariate highlighting that can be effective if the clusters are homogeneous spherical in shape or very 
far apart relative to the within cluster variability.  In other situations it may be of no help or even 
counterproductive.   

In GKM (2007) and Maloor (2007), many alternative univariate and multivariate equalizers and 
highlighters are proposed and studied in some detail.  The goal here is to cull some of the more promising ones 
from these studies and to summarize their performances.  

While the methods considered are likely to be useful in a wide variety of real applications, they—like all 
ideas in clustering—do have their limitations.  They are best suited for situations where the data clusters are 
roughly homogeneous and ellipsoidal in shape as, for example, in multivariate analysis of variance problems.   
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Methods 
The methods can be motivated by considering the traditional analysis of variance decompositions,              

t = w + b, in the univariate case, and T = W + B, in the multivariate case, where in each instance the total sum 
of squares is decomposed into within and between components. The alternative decompositions of t = w* + b* 
and T = W* + B*, based solely on differences of within and between group pairs, are even more germane. In 
particular, in the univariate case, with observations, y1,…, yn, w* = (1/n) Σ(yi - yj)2 and b* = (1/n) Σ(yi - yj)2, where 
the summations are over all within and between group pairs, i < j, respectively. Both W* and B* can be defined 
in like fashion using multivariate observations, y1,…, yn.  

A conservative alternative to w*, denoted w*(m), can be obtained by using the formula for w* but summing 
only over the m pairs with the smallest values of (yi - yj)2.  As long as m is not “too big”, these pairs are quite 
likely to be true within pairs and hence w*(m) can be used as a rough approximation for w.  One can then equalize 
each variable using the corresponding (w*(m))½.  Similarly, one can define b*(m) using the pairs corresponding to 
the m largest pairwise distances and hence ratios b*(m) / w*(m) for each variable.  Ignoring constants (which may 
be important), these resemble F ratios and can be used to develop univariate highlighters, as explained in more 
detail in GKM (2007).   

In similar spirit, AGK (1982) devised the W*(m) algorithm to obtain an approximation to W that can be 
used to perform a multivariate equalization that reflects the within cluster variation in the data.  It works as 
follows: 

1. Set M = I 
2. Compute dij

2 = (yi - yj)′ M-1 (yi - yj) for all i < j 
3. Find the m pairs with smallest dij

2 
4. Define W*(m) = (1/n) Σ(yi - yj) (yi - yj)′ summing over the m pairs 
5. Set M = W*(m) 
6. Return to step 2 if the new and old M’s are “too different” 
7. Stop otherwise. 

 
Figure 1. Geometrical View of W* Algorithm 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 3783 -



 
Figure 1 illustrates how the algorithm works geometrically in terms of the implied Mahalanobis metric. 

Using the final dij’s as input to the cluster analysis is equivalent to doing a multivariate equalization of the data 
followed by the use of Euclidean distances.  In Maloor (2007) there is substantial evidence in the “null” setting 
of a single multivariate normal data set with no clusters that the algorithm converges in a reasonable number of 
steps independent of the starting point for M and the underlying covariance structure. 

A between clusters matrix, B*(m), can be constructed using the m pairs with largest values of dij.  With both 
B*(m) and W*(m) in hand, a pseudo discriminant analysis can be carried out using the eigenvalues and 
eigenvectors of [W*(m)]-1 [B*(m)].  The leading discriminant variables, based on a scree plot analysis of the 
eigenvalues, can be used as multivariate highlighters in a cluster analysis. 

A simpler “diagonal” version of the W*(m) algorithm provides an appealing alternative to other univariate 
approaches such as the one described above.  It works exactly the same except that in step 4 only the diagonal 
elements are computed and used.  Step 2 also becomes much simpler since M is always a diagonal matrix.  The 
final matrix in this case is denoted W*diag(m) and the diagonal elements can be used in lieu of the w*’s defined 
above.  In like fashion, B*diag(m) can be constructed and the diagonal elements of [W*diag(m)]-1 [B*diag(m)] applied as 
alternatives to the b*(m) / w*(m)  ratios. 

More needs to be said about the choice of m for all of these methods.  In practice, it is recommended that 
several m values be considered with the goal of finding stable results for a suitable range of them. When there is 
an idea of the number of clusters present, a conservative initial guess at m for w*, W*(m), or W*diag(m) can be 
obtained by using the so-called “2/3rd rule”; see AGK (1982) for details. While initial definitions of the 
highlighter methods have assumed using the same number of closest together and farthest apart pairs, this has 
only been for convenience—there is little logic for making the two numbers the same.  
 

Experiments 
Extensive experimental results for a wide-range of conditions and estimators may be found in GKM 

(2007) and Maloor (2007).  The intention here is to extract a few key results to illustrate performance of some of 
the methods described.  The same five data sets described in GKM (2007) are used.  The first three are simulated 
ones consisting of 75 observations divided into five equal-sized clusters.  The cluster structure is confined to the 
first two variables and can be readily seen in scatter plots.  The other three dimensions have no cluster 
structure—just noise.  In the first data set, labeled D1, the clusters are spherical, and Euclidean distance is a 
natural metric to use since there is no statistical gain to be had by attempting equalization.  In D2, the five 
clusters all have an underlying correlation of 0.9.  Three of them are lined up but separated along the major axis 
of the data.  The other two sit symmetrically above and below this axis.  D3 has the same structure except that 
the three clusters along the major axis have been brought closer together so that they are almost touching.  The 
final two data sets are the well known Iris data (D4) with three groups (Anderson, 1935) and the challenging, 
highly correlated Crabs data (D5) with four (Campbell and Mahon, 1974).  Performance of the methods is 
assessed by counting the number of mistakes made when interpoint distances are formed using generalized 
weighting schemes corresponding to different equalizer and highlighter approaches, and these in turn are used as 
input to a hierarchical cluster analysis using the average distance method. The dendrogram that emerges is cut to 
yield the known number of clusters, and these are compared with the known cluster memberships. 
 

Results and Conclusions 
Table 1 shows the number of misclassifications. Note that the “2/3rd rule” is used for m, with some 

exceptions, as explained in the footnotes to the table. The Euclidean metric yields excellent results for D1, D2, 
and D3; reasonably good results for D4; and horrible ones for D5.  The metric associated with the autoscaling 
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strategy produces by far the worst results overall—basically it fails all five tests.  The other methods fare well 
except for D5.  Only the full-blown multivariate methods begin to handle this case albeit far from perfectly. 
Even from these limited experiments, it is clear that novel equalizers and highlighters can improve the practice 
of cluster analysis.  Among the priority items for research, more attention needs to be given to ways of choosing 
differentiated values of m for the highlighters   

 
Table 1. Number of Misclassifications 
 

Metric D1 D2 D3 D4 D5 
Euclidean 0 0 2 14 130

Autoscaling 36 35 39 47 134
W*diag(m) 0 0 2 4a 132

W*(m) 0 1 2b 4a 55 
b*(m) / w*(m) 0 0 2 14 135

[W*diag(m)]-1 [B*diag(m)] 0 0 3 5 130
[W*(m)]-1 [B*(m)] 0 0 1c 5 54 

Sample Size 75 75 75 150 200
 

a The error count of 4 holds for m = 600, 700,…, 2,100. (The 2/3rd rule yields m = 2,450.) 
b The error count of 2 holds for m = 150, 155,…, 225.  (The 2/3rd rule yields m = 350.) 
c The error count of 1 is for the case when B*(m) is based on all the pairwise differences not used in the 
calculation of W*(m).  The error counts vary when different numbers of pairs are used for B*(m). 
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1. Introduction

This work is a part of a project aimed at preventing drivers’ microsleeps by detection of som-
nolence (sleepiness) based on EEG (electroencephalography) spectra. The present paper deals with
tree-based classification of three states of experimental subjects, somnolence being one of them.

In the previous research stage, “global” classification models were studied. Such models are
based on data from a group of probands whose data are treated as if obtained from a single subject.
Another possibility consists in constructing an “individual” model for each subject, using just the
data of the specific proband. In the present paper, a novel approach is proposed: The “individual”
model may be combined with the global model. This way, for our data, classification error is reduced
in the mean in comparison with both “individual” and “global” models.

The following section provides the reader with the essential information on the applied problem
studied and experimental data used. Section 3 summarizes basics of classification forests necessary
for further exposition. In Section 4 a new data analysis approach is outlined. Section 5 describes
a computational experiment yielding the evidence of superiority of the “combined” model over the
models being combined.

2. Data and classification problems

The data used for the present study come from an experiment performed at the Laboratory
of System Reliability, Faculty of Transportation Sciences, Czech Technical University, Prague. 24
probands with an acute deficit of sleep were examined, and for each of them about 1 hour of standard
19-channel EEG was recorded. Afterwards, nearly 1 000 EEG segments (mean duration approx. 3.5
sec.) were selected and classified by an EEG expert.

From the mental states originally considered, three most frequent were chosen for further data
analyses:

• somnolence (sleepiness),

• relaxed wakeful state with open eyes,

• mentation – mental activity, namely solving a part of the Raven test.

After elimination of those probands who had less than 5 instances of some of the above states, 677
segments (293 labelled as somnolence, 188 as wakefulness, and 196 as mentation) from 18 subjects
remained for analyses.

Data of two potentially most informative EEG channels (recommended by an EEG expert),
namely of T3 and O1 electrodes (see Jasper(1958)), were transformed into frequency spectra – spectral
densities for frequencies 0-30 Hz by 1 Hz – using Burg filter of order 20. Thus, 62-dimensional predictor
vector (2 channels × 31 frequencies) was obtained for each of 677 cases (EEG segments).
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The aim of the analyses performed by the author was to find as good as possible tree-based
EEG classifiers for the above three states, in the framework of 3-class problem, and of all three partial
2-class problems.

On account of preliminary calculations, Random Forests method (see Breiman(2001)) was cho-
sen, as the most promising tree-based method, for all the analyses. (Unpublished comparisons of
various methods by D. Štefka suggest that, though some methods may do even slightly better, classi-
fication forests belong among the competitive ones.)

3. Basics of classification forests

A classification forest consists of classification trees T1, . . . , TM . Any element x of predictor
space X is classified by each of the trees into one of classes j = 1, . . . , J . Thus, votes v(x, j) are given
as relative frequencies of those trees in the forest that classify x into classes j = 1, . . . , J , and the
whole aggregated classifier (forest) assigns x the class with the highest v(x, j), ties being resolved by
randomization. (More complex voting systems will not be considered throughout this paper.)

Forest construction methods like bagging (Breiman(1996)) or Random Forests (Breiman(2001))
use bootstrap samples of a training data set for growing individual trees. Training data unused for
growing a specific tree are called out-of-bag (OOB) data for the given tree. OOB data of the whole
forest consist of the set of all such pairs of case and tree that the case is OOB for the tree. They
can be described by the inbag matrix B of the forest – an I × M matrix (where I is the size of
training data set): Bi,m = 0 when case i is OOB for Tm, and Bi,m = 1 otherwise. OOB data are used
for honest estimating of generalization properties, i.e. of misclassification rate on unseen data, with
out-of-bag estimates: OOB votes vOOB(xi, j) for the i-th training case are the relative frequencies of
predicted classes j = 1, . . . , J among those trees Tm for which Bi,m = 0. OOB votes are transformed
in an obvious way into OOB predicted classes, and OOB error estimate is then calculated from OOB
confusion table, i.e. from crosstabulation of true and OOB predicted classes on the training data.

4. Global, individual and mixed tree-based classification models

Data set of 677 cases and 62 predictors, described in Section 2, will be denoted L. It consists of
subsets Lk, k = 1, . . . , 18 (of sizes 25-54) of individual subjects’ data.

Within this study, several types of models (classification forests grown by Random Forests
method) were dealt with.

The plain global model does not distinguish the subjects and treats all the data, as if coming
from one and the same proband. It is trained on the whole data set L, and its precision is estimated
by the “ordinary” OOB estimate. (In fact, this is the only kind of model studied in the previous
research stage.)

The individual model for subject k is trained on Lk, and its precision is assessed, analogously
to the plain global model, by the OOB estimate.

The CV-global model for subject k is trained on L\Lk, and its precision is tested by passing Lk

through the forest. (“CV” refers to the resemblance of the cross-validation technique.)
This paper will focus on yet another approach. The individual models would be the best that

one could get if no similarity between subjects could be relied on. On the other hand, the CV-global
models simulate what could happen if we tried to classify EEG of new subjects without testing them,
merely by the knowledge stored in an EEG database. What about, however, combining both extremes?
Votes vind(x, j) and vCV (x, j) of the individual and CV-global models, resp., could be combined into
a mixed model (specific for a given subject) with votes vmix(x, j) = αvCV (x, j) + (1 − α)vind(x, j)
where 0 ≤ α ≤ 1.
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The idea, though natural and quite simple, brings at least two problems:

1. An appropriate α value has to be chosen. Not only that a uniform α for all subjects is not a
good idea (at least for the given data, as proven by experimenting), but no clear valid key to a
good α choice for a subject is available at the moment. Therefore, an “optimal” α for a subject
results from a simple optimization procedure within this study.

2. Care should be taken to keep estimates of misclassification rates honest, especially in connection
with the optimization mentioned above. This need has led to a bit complicated design of the
calculations presented here:

• After an individual model (forest) for subject k is grown, the OOB data (zeroes in the
inbag matrix) are randomized with equal probabilities into two subsets, yielding different
votes vOOB1

ind,k (x, j) and vOOB2
ind,k (x, j), the former to be used for optimization of α, while the

latter for testing.

• Similarly, two different CV-global models (using different random generator seeds) are
constructed, yielding votes vCV 1,k(x, j) and vCV 2,k(x, j).

• The “optimal” α value α∗k for subject k is found by minimization of misclassification error
corresponding to votes αvCV 1,k(x, j) + (1 − α)vOOB1

ind,k (x, j). Then, the true error of the
mixed model is estimated using votes α∗kvCV 2,k(x, j) + (1− α∗k)v

OOB2
ind,k (x, j).

5. Computational experiment

In order to assess precision of the models mentioned in Section 4, a computational experiment
was performed. Calculations of each of the four model kinds (plain global, individual, CV-global, and
mixed) were repeated 100 times. At each repetition, a different random generator seed and different
random permutations of the rows and columns of data matrix L (inherited by submatrices Lk and
L\Lk) were used. The forests grown had 500 trees each. The “optimal” α values for the mixed models
were searched for exhaustively within the grid of reals from 0 to 1 by 0.05.

All calculations have been realized in R environment (R Development Core Team (2006)) using
randomForest package (Liaw and Wiener (2002)) and the author’s own scripts.

For space limitations, only “summary” results, obtained by summing up the confusion matrices of
all 18 subjects into one “overall” matrix, are reported here. Table 1 shows statistics of misclassification
rates of all four types of models in 100 repetitions. We can see that the plain global and CV-global
models are (in the mean) much less precise than the individual models, and the mixed models are
even slightly better than the individual ones.

Table 1. Statistics – means and SD’s in 100 repetitions – of “overall” classification

errors (percentages of misclassification among 677 cases from all 18 subjects) of 4 kinds

of models.

Classification Misclassif. rate (%) mean ± SD for models:
problem Plain global CV-global Individual Mixed

3 classes 28.53±0.68 39.69±0.59 19.25±0.67 18.34±0.59
Somnolence vs. Wakeful 17.09±0.60 29.27±0.65 8.81±0.55 8.55±0.68
Somnolence vs. Mentation 12.27±0.45 19.45±0.45 8.60±0.39 7.50±0.53
Wakeful vs. Mentation 25.47±0.92 33.19±0.69 19.48±0.81 17.43±1.00
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Table 2. Testing of differences between the “overall” classification errors of the individ-

ual and mixed models: The two-sided paired t-test (df = 99) and the sign test.

Classification Indiv. vs. Mixed model – paired differences (%)
problem mean ± SD t p of t +/0/- sign test p

3 classes 0.91±0.72 12.73 <1e-6 87/ 5/ 8 <1e-6
Somnolence vs. Wakeful 0.27±0.65 4.09 0.0001 62/14/24 2e-5
Somnolence vs. Mentation 1.10±0.59 18.59 <1e-6 95/ 3/ 2 <1e-6
Wakeful vs. Mentation 2.04±1.81 17.36 <1e-6 97/ 0/ 3 <1e-6

Table 2 shows a more detailed comparison of the individual and mixed models, including statis-
tical tests, both parametric and nonparametric. Decrease in classification error resulting from mixing
models is highly statistically significant for all 4 classification problems (though for one of them –
somnolence vs. wakefulness – rather small and unimpressive).

A closer look at detailed results for individual subjects would reveal that the “profit from mixing”
varies highly between the subjects, being considerable for a minority of subjects, and little or none (or
even negative) for the rest. Criteria that could identify the minority a priori, are unknown at present,
and should be a matter of further research.

It may be concluded that mixing individual and global models is a promising approach which
could be useful in other application fields (not only in a specific EEG classification study). Its effect
should be, nevertheless, better understood, and the technique refined.
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We consider the classi�cation of German news stories as either focusing on facts or lacking these.
The method proposed in this article uses only a small number of labeled training data. Using these and
the bag-of-words approach, we train a neural network with one hidden neuron. From the input layer
weight values of the neural network we gather information about clues for the news story classes we
want to recognize. Based on these clues, two classes of news stories can be automatically identi�ed with
high precision and moderate recall: �rstly, news stories focusing on facts and secondly, news stories
lacking these. We use these automatically labeled news stories as training data for a neural network
classi�er with a data-dependent number of hidden neurons. The resulting classi�er is able to recognize
our two classes of news stories with an error of less than 24%. Note that we have evaluated the error
on a separate test set consisting of German news stories either focusing on facts or lacking these, where
the percentages of the fact and of the non-fact classes are 56% and 44%, respectively.

1. Introduction

In recent years the focus in automatic text analysis and classi�cation has turned from pure
topic classi�cation to more �ne-grained classi�cation tasks with a special emphasis on non-factual
text elements covering subjectivity identi�cation (Wiebe et al., 2004), opinion detection (Yu and
Hatzivassiloglou, 2003), (Hurst and Nigam, 2004), (Kim and Hovy, 2006), semantic polarity analysis
(Turney, 2002), (Pang, Lee, and Vaithyanathan, 2002), (Turney and Littman, 2003), (Kim and Hovy,
2004), certainty identi�cation (Rubin, Kando, and Liddy, 2005), and perspective identi�cation (Lin et
al., 2006).

An accurate separation of factual content from non-factual content can be used to support many
natural language processing tasks, such as information extraction, summarization, question answering
and semantic tagging. While previous work has concentrated on automatic recognition and analysis of
a subset of non-factual text elements, namely opinions, evaluations and sentiments, the work presented
in this article focuses on facts and non-factual text elements.

The automatic identi�cation of facts might be useful for text �ltering which could be applied,
for example, to news stories and medical science paper abstracts. This could help to separate known
solutions from presumptions and speculations.

The paper is structured as follows: The manual annotation of data used for our classi�cation
experiments is described in Section 2. In Section 3 we describe how to acquire clues for the two classes
from the initial, manually labeled training data. Section 4 describes the auto labeling algorithm using
these clues. In Section 5 we use the automatic labels with a neural network, which is evaluated on the
manually labeled test set. We report on the results of applying our method in Section 6 and conclude
in Section 7 by giving directions for future work.

1
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Facts Non-Facts

• factual information, which is testi�able,
visible or hearable, ...

• the truth of the story is veri�able
• the story is objective

• future directed: intentions, plans,
predictions, ...

• sentiments, judgements, ...
• rumors, specs, assumptions, ...

Table 1. Annotation guidelines

2. Manual Classification Of News

For our experiments we used the German part of the new Reuters corpus (Reuters Corpus,
Multilingual 2000) which consists of 116,212 manually categorized newswire stories produced between
August 26, 1996 and August 19, 1997. The stories have an average length of 215 tokens. Our annotation
guidelines are given in Table 1. We have labeled news stories as facts, if at least 75% of the text lines
were facts according to our de�nition. Non-facts are labeled analogously, and all other texts are
considered as mixed texts. We have classi�ed 500 news stories to be used as training data and 200
additional news stories to be used as a separate test set. The test set has been labeled by three persons
independently with an average pairwise agreement of more than 82%. 29% of the test set have been
classi�ed as facts, 22.5% as non-facts and the rest as mixed.

3. Acquisition of Clues

In order to obtain word lists consisting of clues for the fact and non-fact classes we apply a neural
network statistical classi�er to the manually labeled training data. Each news story is represented by
a real vector of size 100 containing relative frequencies of the most frequent token types. We do not
use lemmatization or stemming in order to preserve the information expressed by the di�erent word
forms. In spite of the resulting size of the corpus dictionary (curse of dimensionality), our experiments
have shown that the neural network performs well in identifying the two classes.

We have assigned label 1 to the fact class and label 0 to the non-fact class. Each component of
the bag-of-words input vector corresponds to a weight of the neural network input layer which in turn
corresponds to a word in the news story represented by this vector. Therefore, during neural network
training, weights corresponding to words in fact class stories are attracted to positive weight values.
Consequently, words with the most positive weights are candidates for fact class clues. Thus, sorting
the words by their associated weight yields a list of (word, weight)-pairs with the clue candidates at the
top. We selected clues from the top 25 words in the list by checking for each word a random sample of
ten sentences containing this word. If a word appeared in at least 60% of the sentences in a fact class
context, then it was added to the fact class word list. Clues for the non-fact class have been acquired
analogously. In order to acquire more words we have repeated this procedure with a new bag-of-words
of size 100, where we have excluded all words of the old bag-of-words.

4. Auto Labeling

We use the clues we have acquired for each class to automatically label a part of the large number of
news stories in our corpus. Firstly, we compute the number of fact and non-fact clues for each news
story document in our training data. Using these numbers, we can compute clue thresholds for the
two classes. The positive clue threshold pi of class i ∈ {fact, non-fact} is the relative clue frequency a
news story must contain to be considered as a candidate for this class. In order to be auto labeled
with the corresponding class label, the clue frequency of the other class, called the negative clue
frequency, has to be close to zero. The corresponding thresholds are ni (i ∈ {fact, non-fact}). We can
compute these thresholds by �rst computing the relative positive and negative clue frequencies for
both classes and for each news story in the training set. From this parameter set we choose those
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Algorithm 1 Automatic labeling algorithm
# pfact/pnon-fact positive clue bound of the fact/non-fact class
# nfact/nnon-fact negative clue bound of the fact/non-fact class

boolean is_fact=pos_clues(fact, document.data)>pfact
and neg_clues(fact, document.data)<nfact

boolean is_non-fact=pos_clues(non-fact, document.data)>pnon-fact
and neg_clues(non-fact, document.data)<nnon-fact

boolean contradiction=is_non-fact and is_fact

if !contradiction and is_fact then document.label=fact

if !contradiction and is_non-fact then document.label=non-fact

parameters which have high precision and moderate recall on the training data. In our tests we have
chosen the clue bounds of the two classes to have a precision of at least 70% and a recall of more
than 5%. Algorithm 1 gives pseudo code of the automatic labeling process. The
pos_clues/neg_clues function computes the relative positive/negative clue frequency. News
stories that are recognised in both classes are �ltered out.

5. Applying The Statistical Classifier

The last step of our method is to use the automatic labels and a bag-of-words of size 500 to train
a neural network, which is evaluated on the manually labeled test set.

Firstly, we compute the percentage of the fact and non-fact labeled training data without con-
sidering the mixed labeled data and choose the number of auto labels per class accordingly. With these
auto labels we train a neural network classi�er with a �xed number of iterations, several con�gurations
of input layer neurons and one output layer neuron. We use two thirds of the auto labels to train the
neural network classi�er and one third as test data for computing the quadratic error. After several
runs we select the neural network classi�er with the minimum quadratic error on the automatically
labeled test set and evaluate it on the manually labeled test data.

6. Results

We start by computing clue bounds for the fact and non fact-classes with a precision of more
than 70% and a recall of at least 5%. Applying our auto labeling algorithm with these bounds to the
Reuters corpus yields 29,753 auto labeled news stories, i.e. more than 25% of the corpus. A �rst test
shows that 26 automatically labeled news stories are present in our manually labeled test set, only two
of which are labeled wrong.

Considering the percentages of both classes, we choose 19,104 auto labels as training data for
the neural network, the number of neurons in the input layer varying from 1 to 4, 3000 iterations per
neural network, a variable quadratic error dependent learning rate and 10 runs per neural network.
For the neural network with the minimum quadratic error we get the results shown in Table 2. Note
that we have not combined the automatic labels with the result of the classi�er, which might further
reduce the error rate. The result is much better than just taking the majority class, which would result
in an error of 44%.
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Evaluation measure Neural network classi�er
Error 23.3%
Fact class
precision 84.0%
recall 72.4%
F-measure 77.8%
Non-fact class
precision 69.8%
recall 82.2%
F-measure 75.5%

Table 2. Best neural network (with one hidden neuron) on the test set

7. Future Work

We started with a few hundred manually labeled training data and arrived at several thousands
of auto labels. The idea is to use these auto labels as new initial training data. We presume this could
simplify the extension of our word lists and further improve the auto labeling process.

In developing clues for the fact and non-fact classes, we have paid attention not to include very
domain-speci�c clues. We presume that such largely domain-independent clues are also applicable to
other text types and we plan to apply the classi�cation tool described here to web content next.
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Introduction 

Models for mixture regressions of normal data (DeSarbo and Cron, 1988; Wedel and DeSarbo, 1995) 
are currently a very popular statistical-model base to clustering. They have been of considerable interest in 
recent years, leading to a vast number of both methodological developments and applications in different 
areas. However, despite the widespread use of these models, the decision of how many mixture components 
are required to adequately represent the data is, according to many authors, an important problem, but 
without a satisfactory statistical solution. The aim of this work is to determine how well criteria designed to 
help the selection of the adequate number of mixture components perform in mixture regressions of normal 
data. Few studies have been published focusing on the segment retention problem in mixture regression 
models of normal data. The first work by Hawkins et al. (2001), examines the performance of 12 base 
criteria, namely AIC, AIC3, MDL, ICOMP, CL, NEC, PC, AWE, MIR, ALL, ANC, WID by varying the 
number of mixture components, the degree of separation between components and the mixing proportions. 
The authors conclude that PC was the least successful criterion and report good results for MDL and AWE. 
The study by Andrews and Currim (2003) compares de performance of AIC, AIC3, BIC, CAIC, ICOMP, 
NEC and the validation sample log likelihood manipulating eight data characteristics, namely: true number 
of segments, mean separation between segment coefficients, number of individuals, number of predictors, 
error variance, minimum segment size and measurement level of predictors. The authors find that AIC3 is the 
best criterion to use with mixture regression models.  

This work extends previous studies in two ways. Fist, we intend to include an experimental condition 
not explored yet in previous studies, namely the distributional misspecification. According to Andrews and 
Currim (2003: 242), “for analysts, another potentially important factor that was not studied directly in these 
simulations was distributional misspecification, that is, when the distribution of the data does not match that 
of the model”. Furthermore, as a large number of criteria were not considered before, we aim at comparing 
the performance of 26 criteria. 

The plan of this work is as follows: we start describing the criteria and our experimental design used to 
generate the simulated data, then discuss the findings of the study and finish with a conclusion. 

 
The Criteria 

We intend to compare the effectiveness of 11 information criteria and 15 classification-based criteria, 
identified subsequently, thought a simulation.  As the likelihood increases with the addition of a component 
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to a mixture model, some heuristics, called Information Criteria, attempt to balance the increase in fit 
obtained against the larger number of parameters estimated to models with more clusters. Information 
Criteria are a general family (Brochado and Martins, 2005), including criteria that are estimates of (relative) 
Kullback-Leibler distance – Akaike Information Criteria, AIC, Modified AIC, AIC3, AIC4, Small Sample 
AIC, AICc, approaches who derived within a Bayesian framework for model selection – Bayesian 
Information Criteria and those named consistent criteria – Consistent AIC, CAIC, CAIC with Fisher 
Information, CAICF, Information Complexity Criterion, ICOMP, Hannan-Quinn Criteria, HQ and Minimum 
Description Length, MDL2, MDL3. Although Information Criteria account for over-parameterization, as a 
large number of clusters is derived, is also important to ensure that the segments are sufficiently separated to 
the selected solution. To access the ability of a mixture model, providing well-separated clusters, an entropy 
statistic can be used to evaluate the degree of separation in the estimated posterior probabilities. This 
approach yields the Classification Criteria. Some measures in this general group are derived in the context of 
mixture models, as Entropy Measure, Es, Logarithm of the Partition Probability, LP, Entropy, Normalized 
Entropy Criterion, NEC, Classification Criterion, C, Classification Likelihood Criterion, CLC, Approximate 
Weight of Evidence, AWE, Integrated Completed Likelihood with BIC Approximation, ICLBIC, ICL with 
BIC Approximation, ICOMPLBIC - while others are “imported” from the fuzzy literature, as Partition 
Coefficient, PC, Partition Entropy, PE, Normalized Partition Entropy, NPE, Nonfuzzy Index, NFI, Minimum 
Hard Tendency, Minht, Mean Hard tendency, Meanht. These criteria are named respectively as probabilistic 
indices and fuzzy indices. The reader is referred to the author’s previous work (Brochado and Martins, 2005) 
for detailed discussions of the theoretical underpinnings of these criteria and references. 
 
The data 

In  this experimental design we manipulate 9 factors and 22 levels, namely: (1) true number of 
mixture components (2 or 3); (2) mean separation between segments (low, medium or high), (3) number of 
consumers (100 or 300), (4) number of observations per consumer (5 or 10), (5) number of predictors (2, 6 or 
10), (6) measurement level of predictors (binary, metric or mixed), (7) error variance (20% or 60%), (8) 
minimum segment size (5-10%, 10-20% or 20-30%) and (9) error distribution (normal versus uniform). As 
the design is factorial, with tree replications (datasets) per cell, a total of 7776=2535 is generated.  

The variance of the error term was obtained trough the approach proposed by Vriens et al. (1996). 
Vector of parameters for coefficients were generated based on Andrews and Currim (2003) proposal.  

 
Summary of results 

We evaluate the performance of segment retention criteria by their hit rate, or percentage of datasets in 
which the criteria identify the correct number of segments; we also considered the over fitting rate and the 
under fitting rate; given two criteria with similar success rates, we prefer under fitting to over fitting; this 
argument is due to two empirical arguments presented in literature: first, empirical results show that over 
fitting produces larger parameters bias than under fitting does (Andrews and Currim, 2003); second over 
fitting sometimes produce very small segments with large or unstable parameter values.  

Table 1 and Table 2 show the success rates (S) and rates of over fitting (O) by experimental condition 
and by criteria. As example, AIC correctly identified the true number of segments in 63% of data sets with 
two components (Factor 1), over fitted the number of components in 31% of data sets and under fitted the 
number of components in 6% of these data sets. The best overall success rates were obtained for both 
information criteria, as AIC3 (71%), HQ (69%) and AIC4 (68%), and classification criteria, as ICLBIC (70%) 
and ICOMPLBIC (68%). This result is consistent with (Hawkins, 1999: 70) who stated that “augmented 
complete log likelihood functions may be the next generation of measures for investigation”. 
Although some information criteria - AIC, AICc and ICOMP - registered a tendency to over estimate the 
number of mixture components, others, as MDL5, MDL2, CAICF, CAIC and BIC presented higher rates of 
under fitting than over fitting. Almost all classification criteria (Es, E, LP, AWE, NEC, ICL, ICLBIC, 
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ICOMPLBIC, PC, PE, NPE, NFI and MEANht) presented high rates of under fitting. When we analyse 
success rates by experimental condition, observe that no one criterion is best for all experimental conditions; 
for example AWE registered the best success rate for a 2 mixture component solution (Factor 1), while AIC, 
AICc and ICOMP presented the best results for a 3 segment solution. The criteria generally have higher 
success rates when there are 2 mixture components rather than 3, there are less explanatory variables, there 
are binary variables relatively to metric and mixed, larger separation between segments, larger samples sizes 
and smaller error variance. We also found that uniform distributed errors have a small negative effect on 
segment retention criteria success rates.  
 
Table 1. Rates of Success (S) and Overfitting by information criteria and experimental condition 

S O S O S O S O S O S O S O S O S O S O S O

Factor 1
2 63% 31% 81% 5% 81% 1% 66% 26% 71% 0% 68% 0% 60% 0% 66% 26% 57% 0% 38% 0% 81% 1%

3 64% 21% 60% 8% 55% 5% 64% 18% 45% 3% 42% 3% 34% 2% 64% 17% 34% 2% 20% 1% 56% 5%

Factor 2

0,5 53% 27% 56% 5% 51% 2% 54% 23% 39% 1% 36% 0% 25% 0% 57% 20% 25% 0% 12% 0% 52% 2%
1 67% 24% 76% 6% 73% 3% 69% 21% 64% 2% 61% 1% 54% 1% 67% 21% 52% 1% 32% 0% 73% 3%
1,5 69% 26% 81% 8% 80% 4% 72% 22% 71% 3% 69% 3% 62% 2% 71% 22% 59% 2% 42% 1% 81% 5%
Factor 3
100 61% 24% 65% 6% 61% 3% 63% 19% 58% 2% 47% 1% 38% 1% 62% 21% 37% 1% 20% 0% 62% 3%
300 66% 27% 77% 6% 75% 3% 67% 26% 50% 2% 64% 2% 55% 2% 69% 22% 54% 1% 37% 1% 75% 3%
Factor 4
5 54% 33% 63% 8% 60% 3% 56% 28% 49% 1% 48% 1% 39% 1% 58% 27% 38% 1% 21% 0% 61% 3%
10 73% 19% 79% 4% 76% 3% 74% 16% 66% 2% 63% 2% 55% 2% 73% 15% 53% 1% 36% 1% 76% 3%
Factor 5
2 67% 22% 76% 7% 77% 4% 68% 21% 69% 2% 67% 2% 60% 2% 74% 13% 59% 2% 44% 1% 77% 4%
6 63% 26% 71% 6% 66% 3% 64% 22% 56% 2% 55% 2% 46% 1% 63% 25% 44% 1% 25% 0% 67% 3%
10 60% 29% 66% 6% 61% 3% 62% 23% 49% 1% 45% 1% 35% 1% 58% 25% 34% 1% 17% 0% 62% 3%
Factor 6
metric 64% 22% 68% 6% 64% 3% 65% 19% 53% 2% 51% 2% 41% 2% 66% 17% 41% 2% 25% 1% 64% 3%
binary 63% 30% 75% 7% 72% 3% 65% 26% 64% 2% 61% 1% 53% 1% 64% 24% 50% 1% 34% 0% 73% 4%
mixed 64% 24% 70% 6% 68% 2% 65% 21% 56% 1% 54% 1% 47% 1% 65% 22% 45% 1% 27% 0% 69% 3%
Factor 7
20% 69% 29% 87% 8% 88% 5% 72% 26% 83% 3% 81% 3% 72% 2% 75% 21% 72% 2% 51% 1% 88% 5%
60% 58% 22% 55% 4% 48% 1% 58% 18% 33% 0% 29% 0% 22% 0% 55% 21% 19% 0% 7% 0% 49% 1%
Factor 8
5-10% 55% 31% 61% 10% 58% 7% 56% 27% 47% 5% 45% 4% 38% 3% 57% 25% 36% 3% 22% 1% 59% 7%
10-20% 68% 22% 75% 5% 72% 1% 70% 19% 61% 1% 58% 1% 49% 1% 67% 21% 48% 1% 30% 0% 72% 1%
20-30% 67% 24% 77% 4% 74% 1% 69% 20% 66% 0% 63% 0% 54% 0% 72% 18% 53% 0% 35% 0% 75% 1%
Factor 9
normal 65% 25% 72% 6% 69% 3% 67% 21% 58% 2% 55% 2% 46% 1% 67% 20% 46% 1% 29% 1% 69% 4%
uniform 61% 26% 70% 6% 67% 3% 63% 23% 58% 2% 56% 1% 47% 1% 63% 22% 45% 1% 28% 1% 68% 3%

AIC AIC3 AIC4 AICc BIC CAIC CAICF ICOMP MDL2 MDL5 HQ

 

 

Conclusion 
As we rely on heuristics as information and classification based criteria to guide us on the selection of 

the model to pick, it is important to understand how segment retention criteria behave. We address this 
question with an experimental design by manipulating nine factors. We conclude that the number of mixture, 
the mean separation between segments, number of consumers, number of observations per consumer,  
number of predictors , measurement level of predictors, error variance, minimum segment size and error 
distribution influence the performance of both information and classification criteria. The best overall 
success rates were obtained for both information criteria, as AIC3 (71%), HQ (69%) and AIC4 (68%), and 
classification criteria, as ICLBIC (70%) and ICOMPLBIC (68%). We also found that data distributional 
misspecification has a small negative effect on segment retention criteria success rates; however, we intend 
to extend this work by considering different scenarios for distribution misspecification. 
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Table 2. Rates of Success (S) and Overfitting by classification criteria and experimental condition 

S O S O S O S O S O S O S O S O S O S O S O S O S O S O S O

Factor 1
2 74% 26% 93% 7% 92% 8% 99% 1% 83% 17% 61% 39% 74% 26% 98% 2% 98% 2% 92% 8% 96% 4% 96% 4% 61% 39% 90% 10% 76% 24%

3 23% 23% 12% 26% 14% 27% 30% 2% 25% 30% 47% 36% 44% 31% 42% 3% 39% 4% 12% 31% 5% 15% 6% 12% 25% 16% 24% 9% 19% 49%

Factor 2
0,5 42% 42% 48% 16% 48% 18% 57% 1% 45% 29% 47% 44% 53% 34% 61% 3% 60% 4% 47% 19% 48% 9% 48% 8% 31% 11% 50% 15% 45% 36%
1 50% 40% 54% 15% 55% 17% 68% 1% 57% 21% 55% 37% 60% 28% 73% 2% 72% 2% 54% 18% 52% 9% 52% 8% 32% 8% 58% 8% 49% 34%
1,5 54% 39% 57% 18% 57% 18% 69% 2% 62% 19% 61% 32% 65% 24% 75% 3% 73% 3% 55% 21% 52% 10% 53% 7% 33% 5% 62% 6% 48% 39%
Factor 3
100 48% 11% 53% 19% 53% 20% 61% 1% 54% 26% 50% 44% 56% 34% 67% 2% 66% 3% 52% 22% 51% 10% 51% 9% 32% 8% 57% 12% 46% 42%
300 49% 11% 53% 14% 53% 15% 68% 2% 55% 21% 58% 31% 62% 24% 73% 3% 71% 4% 52% 17% 51% 8% 51% 7% 32% 9% 56% 7% 49% 31%
Factor 4
5 46% 11% 51% 17% 51% 18% 61% 1% 51% 27% 50% 39% 55% 30% 65% 2% 65% 4% 50% 20% 49% 10% 49% 9% 29% 8% 54% 13% 46% 37%
10 52% 12% 55% 16% 56% 17% 68% 1% 58% 20% 59% 36% 64% 27% 74% 2% 72% 3% 54% 19% 52% 9% 53% 7% 35% 8% 60% 7% 49% 35%
Factor 5
2 52% 16% 56% 8% 56% 9% 70% 1% 58% 14% 62% 27% 66% 19% 74% 2% 72% 3% 54% 11% 52% 5% 53% 4% 39% 11% 58% 8% 51% 28%
6 47% 9% 51% 19% 52% 20% 63% 1% 53% 25% 53% 39% 59% 29% 69% 3% 68% 4% 51% 21% 49% 11% 50% 9% 30% 8% 56% 10% 44% 40%
10 46% 8% 52% 22% 52% 24% 60% 1% 51% 31% 47% 47% 53% 38% 66% 2% 65% 3% 52% 25% 50% 13% 50% 10% 28% 6% 57% 11% 48% 41%
Factor 6
metric 42% 12% 50% 21% 50% 22% 62% 2% 49% 28% 54% 37% 56% 32% 68% 3% 66% 5% 50% 23% 50% 12% 50% 10% 29% 8% 54% 11% 47% 38%
binary 53% 11% 56% 10% 56% 11% 67% 1% 60% 18% 53% 40% 60% 29% 73% 2% 72% 2% 54% 14% 52% 6% 53% 4% 35% 9% 59% 9% 48% 35%
mixed 50% 11% 53% 18% 53% 20% 64% 1% 54% 24% 55% 35% 61% 26% 68% 2% 68% 3% 52% 21% 50% 11% 50% 9% 32% 7% 57% 9% 47% 36%
Factor 7
20% 61% 14% 60% 6% 61% 7% 78% 2% 67% 9% 59% 39% 68% 28% 86% 3% 85% 3% 59% 9% 54% 4% 55% 2% 40% 11% 66% 5% 53% 29%
60% 36% 8% 46% 27% 45% 28% 51% 1% 41% 37% 49% 36% 50% 30% 54% 2% 52% 3% 45% 30% 47% 15% 47% 14% 24% 6% 48% 14% 42% 43%
Factor 8
5-10% 53% 11% 54% 16% 54% 16% 60% 3% 55% 23% 52% 40% 57% 31% 64% 5% 63% 6% 53% 18% 52% 9% 52% 7% 35% 7% 58% 11% 48% 37%
10-20% 51% 9% 54% 16% 55% 17% 66% 1% 56% 23% 57% 36% 62% 27% 72% 2% 70% 3% 53% 19% 51% 9% 51% 7% 33% 8% 58% 9% 48% 36%
20-30% 42% 14% 51% 18% 51% 20% 68% 0% 51% 24% 53% 37% 58% 29% 73% 0% 72% 1% 50% 20% 50% 10% 50% 9% 28% 10% 54% 9% 45% 37%
Factor 9
normal 51% 11% 54% 14% 55% 16% 65% 1% 55% 23% 56% 36% 60% 28% 70% 3% 69% 3% 53% 18% 50% 0% 50% 0% 17% 0% 58% 10% 48% 35%
uniform 47% 11% 51% 19% 51% 20% 64% 1% 54% 24% 52% 39% 58% 30% 69% 2% 68% 3% 51% 21% 51% 19% 52% 15% 47% 16% 56% 9% 47% 38%

MEANht MINhtPE NPE NFIICLBIC ICOMPL PCAWE NEC CL CLCEs E LP
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ABSTRACT 
The aim of this work is to determine how well criteria designed to help the selection of the adequate number of mixture 
components perform in mixture regressions of normal data. We address this research question based on results of an 
extensive experimental design. The simulation experiment compares several criteria (26), including information criteria 
and classification-based criteria. In  this full factorial design we manipulate 9 factors and 22 levels, namely: true 
number of segments (2 or 3), mean separation between segments (low, medium or high), number of consumers (100 or 
300), number of observations per consumer (5 or 10), number of predictors (2, 6 or 10), measurement level of predictors 
(binary, metric or mixed), error variance (20% or 60%), minimum segment size (5-10%, 10-20% or 20-30%) and error 
distribution (normal versus uniform). The performance of the segment retention criteria is evaluated by their success 
rates; we also investigate the influence of experimental factors and their levels on success rates. The best results were 
obtained for the criteria AIC3, AIC4, HQ, ICLBIC and ICOMPLBIC. 
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ROC curve definition and its empirical estimator

ROC curves are a popular and widely used diagnostic tool having arisen in the context of signal

detection theory developed in the 1950s and 1960s (Egan, 1975). After a publication of the text by

Swets and Pickett (1982), they became popular in radiology and nowadays they enjoy broad appli-

cations in, e.g., medicine (Hanley, 1989), data mining (Fawcett, 2003), or information retrieval (Hull,

1993). An interesting overview on ROC curve properties is provided by Pepe (2003). Our main interest

lies in comparing two ROC curves. Specifically, we aim to propose a new statistical methodology for

testing equivalence of two theoretical ROC curves, if the samples from the corresponding underlying

distributions are available. We consider the nonparametric setting, i.e. we do not assume data to

follow any particular model.

Let a population of interest G be formed by two disjoint non-empty sets G0 and G1. By convention

the G1 objects are considered to hold a feature of interest (positives), while the G0 group consist of

negative objects. Denote by Y an observable real-valued random diagnostic variable summarizing

properties of an object g ∈ G. Further, denote by F0 the conditional cumulative distribution function

of Y given an object g from the group G0, and by F1 the cumulative distribution function of Y

conditionally on g ∈ G1, i.e.

(1)
F0(t) = P(Y ≤ t | G0) ≡ P(Y0 ≤ t),

F1(t) = P(Y ≤ t | G1) ≡ P(Y1 ≤ t).

As we assume that larger values of the diagnostic variable Y are more indicative concerning the

positiveness of g, fixing a threshold t0 ∈ R one can classify an “unknown” object g ∈ G according to

the following rule (test):

(2)
Y ≥ t0 =⇒ g is positive,

Y < t0 =⇒ g is negative.

The ROC curve (Receiver Operating Characteristic curve) displays a relation between probabilities of

correctly and wrongly classified objects to the group G1. Its standard graphical representation consists

of 1 − F0(t) points on the horizontal axis and the values of 1 − F1(t) on the vertical one for varying

threshold values t ∈ R. Formally, the ROC curve is a range of a function ̺(t; F0, F1) valued in the

[0, 1] × [0, 1] square and defined as

(3)
̺( · ; F0, F1) : R → [0, 1] × [0, 1]

t 7→ [
1 − F0(t), 1 − F1(t)

]
.

From now on, we focus on Y with independent continuous conditional distributions, i.e. we suppose

Y0 and Y1 to be independent and such that their probability densities have the same support, a real

interval TY ⊆ R. The assumption on supports assures one-to-one mapping between thresholds and

inner ROC points (points in the (0, 1)×(0, 1) square) and assures the ROC curve to have no horizontal

or vertical parts along the borders of the ROC square. It simplifies notation in the test procedure and

can be relaxed if one properly takes into account the relationship between t and the ROC curve form.
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To introduce the empirical ROC curve estimator, let Y01, . . . , Y0n0 denote the sample of n0

objects from the group G0 following the distribution function F0 and let Y11, . . . , Y1n1 stay for the

sample of n1 objects from G1 having the distribution function F1. The most common way to estimate

the ROC curve is to plug the empirical estimators

(4) F̂0(t) =
1

n0

n0∑
i=1

I(Y0i ≤ t), F̂1(t) =
1

n1

n1∑
i=1

I(Y1i ≤ t), ∀t ∈ R,

of the distribution functions F0(t) and F1(t) into the theoretical definition (3). Hence, the empirical

ROC curve is defined as the range of the empirical function

(5)
̺̂(·) ≡ ̺

(
·; F̂0, F̂1

)
: R → [0, 1] × [0, 1]

t 7→ [
1 − F̂0(t), 1 − F̂1(t)

]
.

We point out that the empirical ROC estimator consists of isolated points in the [0, 1]× [0, 1] square.

These points are determined by at most n0 × n1 thresholds corresponding to the distinct values of

the joined sample Y01, . . . , Y0n0 , Y11, . . . , Y1n1 . We refer to Hsieh and Turnbull (1996) for theoretical

properties of the empirical ROC curve, even if they consider a different ROC setting.

Test procedure

If two methods are applied on the population with diagnostic variables Y and Z, respectively,

one of the most common way to test their equivalence is based on comparing areas under the ROC

curves (DeLong et al., 1988). However, the AUC methodology fails whenever the compared ROC

curves cross having the same AUC but different forms. Beam and Wieand (1991) suggest to compare

empirical estimators of ROC curves in a functional form, while Venkatraman and Begg (1996) base

their decision on a permutation procedure comparing ranks of Y and Z for particular objects. We

propose a method based on regarding individually G0 and G1 populations rather than to compare the

ROC curves themselves.

Let F0(t), F1(t) be the conditional continuous distribution functions of Y (c.f. (1)) and let

G0(t), G1(t) denote the conditional distribution functions of Z with real intervals TY , TZ ⊆ R being

the common supports of the corresponding densities. Let both couples Y0, Y1 and Z0, Z1 are mutually

independent. We want to test the null hypothesis of the ROCF and ROCG equivalence, i.e.

(H0) H0 : ROCY ≡ ROCZ ,

against the general alternative that H0 does not hold. The hypothesis means that both curves consists

of the same ROC points, i.e.

(6) ∀tY ∈ TY ∃ tZ ∈ TZ : ̺(tY ; F0, F1) = ̺(tZ ; G0, G1) ⇔ F0(tY ) = G0(tZ), F1(tY ) = G1(tZ).

Introducing transformation functions τ0, τ1 : TY → TZ , τ0(t) = G−1
0

(
F0(t)

)
, τ1(t) = G−1

1

(
F1(t)

)
,

t ∈ TY , the hypothesis H0 holds if and only if the threshold transformations for the G0 and G1 groups

are the same, i.e. if τ0(t) = τ1(t),∀t ∈ TY . The idea is hence to estimate τ0(t), τ1(t) and to decide

upon a suitable measure of their distance.

To estimate the transformation functions we consider empirical plug-in estimators based on the

samples Y01, . . . , Y0nY
0
, Y11, . . . , Y1nY

1
, Z01, . . . , Z0nZ

0
, and Z11, . . . , Z1nZ

1
(n0 = nY

0 + nZ
0 , n1 = nY

1 + nZ
1 ,

n = n0 + n1), i.e.

(7) τ̂k(t) = Ĝ−1
k

(
F̂k(t)

)
= Zk:ik(t) with ik(t) =

⌊
nZ

k F̂k(t)
⌋

+ 1, t ∈ TY , k = 0, 1,
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where Zk:j , k = 0, 1, stays for the j-th order statistics of the corresponding sample, ⌊t⌋ denotes the

lower integer part of t ∈ R, and F̂k(t), k = 0, 1, are the empirical distribution functions given by (4).

Let the Z probability densities satisfy 0 < g0

(
τ0(t)

)
< ∞, 0 < g1

(
τ1(t)

)
< ∞, ∀t ∈ T ∗

Y , for some

closed interval T ∗

Y ⊆ TY . We define the test statistic

(8) T2 = n

∫
T

∗

Y

(
τ̂0(t) − τ̂1(t)

)2
dt,

that should be small under the hypothesis and is expected to grow if the difference τ0(t)−τ1(t) increase.

If the appropriate critical values c(α) are available, the decision rule that rejects the null hypothesis

whenever T2 > c(α) seems to be reasonable for our testing problem.

Theorem 1. Let the diagnostic variables Y0, Y1, Z0, and Z1 are mutually independent and follow

continuous distributions. Let n0, n1 tend to infinity such that nY
0 /n0 → κ0, nY

1 /n1 → κ1, κ0, κ1 ∈ (0, 1),

and n tends to infinity such that n/n0 → κ0, n/n1 → κ1 and 1/κ0, 1/κ1 ∈ (0, 1). Then, under the null

hypothesis H0, the test statistics T2 converges weakly to the infinite weighted sums of independent χ2

variables η1, η2, . . . , i.e.

(9) T2
w−→

∞∑
j=1

λjηj ,

where {λj} represent the eigenvalues of the covariance operator of the zero mean gaussian process G(t)

with the covariance structure

(10) cov
(
G(s), G(t)

)
= c0

F0(s)
(
1 − F0(t)

)
g0

(
τ0(s)

)
g0

(
τ0(t)

) + c1
F1(s)

(
1 − F1(t)

)
g1

(
τ1(s)

)
g1

(
τ1(t)

) , ∀s ≤ t ∈ T ∗

Y ,

c0 = κ0/
(
κ0(1 − κ0)

)
, c1 = κ1/

(
κ1(1 − κ1)

)
.

Proof. Doksum (1974) shows the weak convergence of the τ̂k(t) processes, k = 0, 1, i.e. he claims

(11)
√

nk

(
τ̂k(t) − τk(t)

) w−→ 1√
κk(1 − κk)

1

gk

(
τk(t)

)Bk

(
Fk(t)

)
, t ∈ T ∗

Y , k = 0, 1,

where
{
B0(s), s ∈ [0, 1]

}
and

{
B1(s), s ∈ [0, 1]

}
stay for two independent Brownian bridges defined

on [0, 1], i.e. cov
(
Bk(s0), Bk(s1)

)
= s0(1 − s1), 0 ≤ s0 ≤ s1 ≤ 1, k = 0, 1. The result then follows

from the independence of the diagnostic variables and the spectral decomposition of the limit gaussian

process (Kac and Siegert, 1947). �
To obtain the critical values, we first use a plug-in estimator of the covariance structure with

the empirical estimators of F0(t), F1(t), the estimators of τ0(t) and τ1(t) given by (7), and the kernel

estimators of g0(t), g1(t) to estimate the eigenvalues {λj}. Then, we approximate the theoretical limit

distribution by the finite sum TK =
∑K

j=1 λ̂jηj , where K is the number of the estimated eigenvalues.

The probability distribution of TK is then obtained by the means of simulations that we prefer to

evaluation of the TK distribution function given by Imhof (1961) as they are considerably faster than

careful numerical integration of Imhof’s formula and provide sufficiently accurate critical values.

Simulated illustration

To illustrate behavior of the proposed test, we shortly compare simulated power of our method

with the permutation procedure by Venkatraman and Begg (1996). The G0 variables follow the

standard normal distribution, i.e. Y0, Z0 ∼ N (0, 1), while the G1 are chosen to produce ROC curves

with the same AUC, i.e. Y1 ∼ N (mY , 1) and Z1 ∼ N (mZ , 4) with mY and mZ combinations given

in Table 1. The same sample sizes nY = nZ = 80 are considered. One pair of theoretical curves for
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mY = 0.74 and mZ = 1.17 together with their empirical estimators for one particular simulation run

are displayed on Figure 1. The right plot of Figure 1 then shows estimated square difference between

the transformation functions, i.e.
(
τ̂0(t) − τ̂1(t)

)2
. Finally, Table 1 summarizes simulated power for

the permutation test (VB) by Venkatraman and Begg (1996) and using our methodology (T2) for the

level of the test fixed on 5%.

Generally, our procedure seems to be fully competitive with other nonparametric tests (AUC,

permutation), often being more powerful. Moreover, as the critical values are based on asymptotic

results it does not require much computing and can be easily applied on huge data sets.

0 0.2 0.4 0.6 0.8 1

0

0.2

0.4

0.6

0.8

1

1
−

F
1
(t

)

1 − F0(t)

�b b �
−1.5 −1 −0.5 0 0.5 1 1.5 2 2.5
0

0.5

1

1.5

2

2.5

3

3.5

4

� b τ 0(t)−bτ 1(t)� 2
t

Figure 1. ROC estimator and τ0(t), τ1(t) distance.

Table 1. Simulated power.

µY µZ VB T2

0.36 0.56 0.361 0.684

0.74 1.17 0.316 0.440

1.19 1.88 0.259 0.288

1.81 2.87 0.182 0.156
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1. Introduction 

Revised IP-OLDF is optimal linear discriminant function based on minimum misclassification number
 (MMN) that is solved by integer programming. This method is compared by LDF, nominal logistic 
model, soft margin SVM and kernel SVM (nonlinear discriminant function).  

Four real data sets such as Swiss Bank Note Data (6 independent variables, 200 cases), Fisher’s Iris 
Data (4 independent variables, 100 cases), Medical Data (19 independent variables, 240 cases) and Student 
Data (5 independent variables, 40 cases) are used as training data. 20,000 random number data having the 
same structure as four real data sets are used as evaluation data. Above five different methods are applied 
for four real training data. Medical Data are solved by only 40 models. Other three data sets are solved by 
all possible models. For example, 63 models (2**6-1) in Swiss Bank Note Data are solved. And these 
discriminant functions are applied for the evaluation data. MMN and misclassification numbers (MN) of 
training data and evaluation data are analyzed from the various viewpoints. 
 
2. Result of Swiss Bank Note Data 

Swiss Bank Note Data is collected by Flury & Rieduyl (1988). There are two classes such as
the true bill of 1000 Swiss franc (class1) and false bill (class2). Each class consists of 100 cases having
6 measurements such as length(X1), left(X2), right(X3), bottom(X4), top(X5), diagonal(X6) of bills.  
Each variable of this data (200 cases) is almost normal distribution. So, the normal random number data 
of 20,000 cases that has same variance-covariance matrix and means as the training data are generated. 

The first 2 columns in Table1 are independent variables and its number included in the model. There 
are 63 (=2**6-1) models, because there are 6 variables in this data. The forward stepwise method 

chooses the variable X6,X4,X5,X3,X2,X1 sequent．The backward stepwise method chooses the same 
models. These models are highest R-square in the same p group. So, other 57 models are omitted  
in the Table1. Stepwise methods and AIC select 5-variables model (X2,X3,X4,X5,X6). Cp statistics  
selects 6-variable model. But this data is easily discriminated in the one-variable model by histogram
or nominal logistic model. This fact can’t be explained by statistical knowledge.  

MMN column shows the minimum misclassification number of Revised IP-OLDF for the training 
data. ECMMN shows the misclassification number (MN) of Revised IP-OLDF for the evaluation  

data. The prefix EC means external check by evaluation data. These models are solved by “What’sBe 
st!” that is Excel add-in solver developed by LINDO Systems Inc. LDF column shows MN of 
Fisher’s linear discriminant function (LDF) for the training data. ECLDF shows MN of LDF for  
the evaluation data. Logi column shows MN of nominal logistic model for the training data. ECLogi

  

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 3802 -



shows MN for the evaluation data. These models are solved by JMP that is statistical software 
package developed by SAS Institute Inc. 

LSVM column shows MN of soft margin SVM for the training data. ECLSVM shows MN for 
the evaluation data. NSVM column shows MN of kernel SVM (nonlinear discriminant function) for 
the training data. ECNSVM shows MN for the evaluation data. These models are solved by MatLab.
Mrs. Yun who is assistant Prof. of Kagawa Univ., programs and solves these models. 
 
Table1 MMN and MN of each discriminant function 

 
3. Comparison of MMN and MN 

MMN in Table1 is 2,0,0,0,0,0 from 1-variable to 6-variable model. So, this data is linearly  
separable in the 2-variable model. This fact explains that two-variable model discriminate the data  
c o m p l e t e l y ,  n e v e r t h e l e s s  s t e p w i s e  m e t h o d s  s e l e c t  5 - v a r i a b l e s  m o d e l .  MN of  
evaluation data is 435,183,7,24,30,202. It decreases from 1-variable to 3-variable model and increases 
after three-variable model. So, this 3-variable model is selected from the viewpoint of generalization
ability in SVM theory. 

MN of LDF and ECLDF are 2,3,1,1,1,1 and 416,63,9,12,8,9 for training and evaluation data.  

LDF can’t find linearly separable model. Minimum MN of evaluation data is 5-variable model．
MN of Logi and ECLogi are 2,86,0,0,0,0 and 415,8957,15,14,19,19.  Logi finds linearly separable  
model over 3-variable model. But MN of Logi and ECLogi are 86 and 8957 in the 2-variable  
model, nevertheless this data is linearly separable in this model. It must be examined the reason  
why only logistic model is very bad for linearly separable models. MN of LSVM and ECLSVM 
are 2,1,1,0,0,0 and 403,119,10,11,19,19. LSVM finds linearly separable over 4-variable model. Three- 
variable model is minimum model in the evaluation data. MN of NSVM and ECNSVM are 2,1,
0,0,0,0 and 397,104,8,17,43,50. NSVM finds linearly separable over 3-variable model. Three-variable 
model is minimum model in the evaluation data.  

So, the results of Revised IP-OLDF are the best among these four discriminant methods for 
training and evaluation data. 
 
4. Evaluation by regression model 

Each MN for the training data in the Table1 is regressed by MMN. Five regression lines  
are obtained. The domain of MMN is [0,77]. Fig.1 shows these lines. Crossing points of LDF, Logi, 

Var. p 
MMN 

EC-
MMN LDF

EC-
LDF Logi

EC-
Logi

LSVM
EC- 

LSVM 
NSVM 

EC-N
SVM

X1-X6 6 0 202 1 9 0 19 0 19 0 50

X2-X6 5 0 30 1 8 0 19 0 19 0 43
X3,X4-X6 4 0 24 1 12 0 14 0 11 0 17
X4,X5,X6 3 0 7 1 9 0 15 1 10 0 8
X4,X6 2 0 183 3 63 86 8957 1 119 1 104
X6 1 2 435 2 416 2 415 2 403 2 397
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LSVM and NSVM with MMN-regression line are MMN=52.2,42.25,4.5. On the domain [0,4.5], the 
order of predicted values are MMN<NSVM<LSVM<LDF<Logi. On the domain [4.5,42.25], the 
order of predicted values are NSVM<MMN<LSVM<LDF<Logi. On the domain [4.25,52.2], the  
order of predicted values are NSVM<MMN<LSVM<LDF<Logi. On the domain [52.2,70], the order 
of predicted values are NSVM<MMN<LSVM<LDF<Logi. This result shows that the comparison of 
different discriminant functions are changed on the domain. Usually, we are interested in the best  
discriminant function. So, the result on the domain [0,4.5] is most important in five different  
domains.  

MMN  =0   + MMM   (Fig.1, Solid line) 
LDF=2.21**+1.04***MMN (R2=0.98, Fig.1, dotted line) 
Logi=11.48**+0.78***MMN (R2=0.25, Fig.1, 1 point chain line) 
LSVM=1.69+0.96***MMN (R2=0.87, Fig.1, broken line) 
NSVM=0.54+0.88***MMN (R2=0.85, Fig.1, big broken line) 

MN of ECMMN, ECLDF, ECLogi, ECLSVM and ECNSV in the Table1 are divided by 100  
in order to adjust as same scale of y-axis as training data in Figure2. ECLDF line is parallel with 
ECMMN, because both regression coefficients are equal. So, predicted value of ECLDF is always  
less that that of ECMMN. Three crossing points of ECLogi, ECLSVM and ECNSVM are MMN=30 
, -6.14, 1.25. On the domain [0,1.25], the order of predicted values are ECLDF<ECLSVM<ECMM 
N<ECNSVM<ECLogi. As for evaluation data on the domain [0,1.25], ECLDF and ECLSVM are  
better than ECMMN. ECNSVM and ECLogi are wronger than ECMMN. 

ECMMN=2.94**+1.12***MMN  (R2=0.98, Fig.2, solid line) 
ECLDF=1.32**+1.12***MMN   (R2=0.99, Fig.2, dotted line) 
ECLogi=12.85**+0.79***MMN  (R2=0.25, Fig.2, 1 point chain line) 
ECLSVM=2.51**+1.05***MMN  (R2=0.90, Fig.2, broken line) 
ECNSVM=2.99**+1.08***MMN  (R2=0.90, Fig.2, big broken line) 

 
 
 
 
 
 
 
 
 
 
 
 
Figure1  Training Data                  Figure２  Evaluation Data 
 
5. Other Results of Iris Data, Medecal Data and Student Data 

Table2 is summary of three kinds of data. Iris Data consists of 100 cases having 4 inde- 
pendent variables. So, 15 models are analyzed. Medical Data consists of 240 cases having 19 inde- 
pendent variables. There are multi-collinearities in this data. All possible models are over 520,000  
models. So, only 40 models selected by stepwise methods are analyzed. Student Data consists of 40
cases having 5 independent variables. So, 31 models are analyzed. There is no big difference  
among the training and evaluation data in Iris Data. But the result of Medical Data is very bad,  
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especially kernel SVM. The regression coefficients of MMN for the evaluation data are -5.63. This 
means that MN increases if p increases. This may be caused by multi-collinearities. 
 

Table2 Other Results 
Iris Data Medical Data Student Data 

MMN  =0   + MMM MMN  =0   + MMM MMN  =0   + MMM 

ICLDF=1.41*+1.01***MMN 

(R2=0.98) 

ICLDF=19.93**+0.29***MMN 

(R2=0.24) 

ICLDF=3.30**+0.73***MMN 

(R2=0.78) 

ICLogi=0.692*+1.099***MMN 

(R2=0.99) 

ICLogi=6.68**+0.99**MMN 

(R2=0.82) 

ICLogi=3.62**+0.66**MMN 

(R2=0.82) 

ICLSVM=1.90**+0.88***MMN 

(R2=0.98) 

ICLSVM=5.78**+0.91***MMN 

(R2=0.86) 

ICLSVM=1.56**+0.82***MMN 

(R2=0.79) 

ICNSVM=0.78*+1.00***MMN 

(R2=1.00) 

ICNSVM=-3.86**+0.99***MMN 

(R2=0.69) 

ICNSVM=-1.65**+1.17***MMN 

(R2=0.94) 

ECMMN=3.18**+0.95***MMN 

(R2=0.99) 

ECMMN=19.82**+0.88***MMN 

(R2=0.54) 

ECMMN=4.52**+0.78***MMN 

(R2=0.71) 

ECLDF=2**+0.97***MMN 

(R2=0.99) 

ECLDF=15.74**+0.23***MMN 

(R2=0.89) 

ECLDF=3.74**+0.7***MMN 

(R2=0.74) 

ECLogi=2.47+0.955***MMN 

(R2=0.99) 

ECLogi=18.54**+0.44***MMN 

(R2=0.75) 

ECLogi=3.34**+0.86***MMN 

(R2=0.85) 

ECLSVM=2.47**+0.97***MMN 

(R2=0.98) 

ECLSVM=18.57**+0.53***MMN 

(R2=0.83) 

ECLSVM=3.75**+0.78***MMN 

(R2=0.75) 

ECNSVM=2.69**+0.97***MMN 

(R2=0.98) 

ECNSVM=96.14**-5.63***MMN 

(R2=0.59) 

ECNSVM=3.78**+0.82***MMN 

(R2=0.75) 

 

6. Conclusion 
In this research, only Revised IP-OLDF can finds the minimum linearly separable model for 

the training data correctly. Nominal logistic model and kernel SVM can find linearly separable  
model in three dimensions. Soft margin SVM can finds linearly separable model in four dimensions.
LDF can’t find linearly separable model. MN of nominal logistic model on 2-variable model is very
bad, nevertheless this is linearly separable. As for the evaluation data, the generalization ability of 
Revised IP-OLDF is best. 

This time, the evaluation data are generated by normal random data having the same variance- 
covariance matrices and means as the training data. Results of Iris Data is accepted as same as  
Swiss Bank Note Data. But results of Medical Data and Student Data are doubted to use normal  
random data.  

In future, 20,000 resampling data will be generated for the evaluation data. And k-fold cross  
validation are applied for these data. 
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In this work we consider the problem of clustering time series. Contrary to other works on

this topic, our main concern is to let the most important observations, for instance the most recent,

have a larger weight on the analysis. This is done by defining a similarity measure between two time

series, based on Pearson’s correlation coefficient, which uses the notion of weighted mean and weighted

covariance, where the weights increase monotonically with the time.

As pointed out by Caiado et al. (2006), a fundamental problem in the clustering of time series is

the choice of a relevant metric. For us, two time series are similar to each other, and should therefore fall

into the same cluster, if their evolution over time shows similar characteristics. Consider for instance

the example in Beringer and Hüllermeier (2006), where two stocks both of which continuously increase

between 9:00 AM and 10:30 AM but then started to decrease until 11:30AM are considered similar,

no matter what their absolute values are. That is to say that what interest us is not the distance

between two time series but the distance between their “profiles”, which in our case consist in the

standardization of the two time series. We will start thus by deriving an expression for this distance.

Let E = {X1, X2, . . . , Xn} be a set of n time series each one with t observations and Xi =
(xi1, xi2, . . . , xit)′ and Xl = (xl1, xl2, . . . , xlt)′ represent the values of two time series which, without

loss of generality, started in time 1 and are currently in time t. Our dataset is represented by a nxt

matrix Xnxt of real numbers whose lines represent the n time series and the columns the observation

times; thus, Xi and Xl are two lines of this matrix.

Let us start by standardizing the data:

(1) xij ← xij − xi•

si•
,

where xi• = 1
t

∑t
j=1 xij is the usual average of the values of time series Xi; that is, the average of the

values inside the line of the data matrix which corresponds to time series Xi. s2
i• = 1

t

∑t
j=1(xij −xi•)2

is the variance of time series Xi. The usual squared Euclidean distance between the normalized values

of the time series Xi and Xl is

t∑
j=1

(
xij − xi•

si•
− xlj − xl•

sl•

)2

=
t∑

j=1

{
(xij − xi•)2

s2
i•

+
(xlj − xl•)2

s2
l•

− 2
(xij − xi•)(xlj − xl•)

si•sl•

}
.
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This equation gives 2t(1− r), where r is the Pearson’s correlation coefficient between the two series Xi

and Xl and so we conclude that the squared Euclidean distance between two standardized time series

is proportional to 1− r.

As it is clear from the above expressions, the sample mean and variance give the same importance

(weight) to all the values of the time series, namely 1
t . However there are situations where this should

not be the case; particularly with time series data. It is frequent that with this kind of data the most

recent values should be given higher weight, as they are most important for the analysis. Consider for

instance again the situation of the two stocks mentioned above. It is common that investors want to

know which stocks are correlated but the recent behavior of the stocks is certainly more important for

them then what happened one year ago, let’s say. In order to take this into account, we will define

now a weighted measure of correlation between two time series. Let us start by defining the weighted

moments of mean and variance of time series Xi by

(2) xPi• =
t∑

j=1

wjxij , s2
Pi• =

t∑
j=1

wj(xij − xi•)2,

where the weights wj are such that wj ≥ 0 and
∑t

j=1 wj = 1. If now we use a weighted Euclidean

distance between the weighted standardizations of the time series Xi and Xl we get

t∑
j=1

wj

(
xij − xi•

sPi•
− xlj − xl•

sPl•

)2

= 2(1− rP ), where

(3) rP =

∑t
j=1 wj(xij − xi•)(xlj − xl•)√∑t

j=1 wj(xij − xi•)2
√∑t

j=1 wj(xlj − xl•)2

is a weighted measure of correlation between the two time series Xi and Xl. Now, instead of using the

dissimilarity d = 1− r we can use d1 = 1− rP to define the distance between the time series. On the

other hand, if instead of transformation (1) we start by doing the data transformation,

(4) xij ←
√

wj(xij − xi•)
sPi•

,

(similarly for time series Xl) and then we use the usual squared Euclidean distance, the result will be

the same.

As in this work we want to give higher importance to the most recent observations, we will use

weights like wj = j, wj = j2 and wj = αj , for a suitable choice of α (in this work α = 1.3). In this work

we want to give higher importance to the most recent values but in other situations or for other types

of data we might want to privilege other observations. All that is needed is to choose an appropriate

weight function.

Weighted Clustering of Time Series

The aim of cluster analysis is to find a structure, if it exists, in a dataset, which means to group

similar elements in the same cluster and dissimilar elements in different clusters. In our case we want

to cluster the n time series in homogeneous clusters. One of the fundamental aspects of cluster analysis

is the definition of a proper similarity or dissimilarity index between the elements to be clustered. In

our case we choose the indices described in the previous section, which are metrics between time series.

There are essentially two types of clustering methods: hierarchical and partitional. We will use a very

well known partitional method, namely the K-means with some adaptations to make it able to choose

the number of clusters (see Lerman et al., 2002).
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Applications

In this section we will apply our weighted clustering in order to analyse a time series dataset that

consists of 20 time series with 309 data points, about the Industrial Production (by Market Group) in-

dices in the United States, from January 1977 to September 2002 (source: http://www.economagic.com).

This dataset has originated another dataset, the one used in Caiado et al. (2006) which contains a

specific transformation (yij = log(xij)− log(xi(j−1))) in order to turn on the time series into stationary

series.

In Table 1, we present the data transformation (DT), the weight function, the number of clusters

(K) and number of series for cluster for the two datasets. In Figure 1, we present the diagram for the

partitions obtained with the original Industrial Production indices series, to illustrate our procedure.

The first observation regarding these results is that the number of clusters has a tendency to reduce

when we go from the non-weighted situation (a) to the linear, quadratic and then exponential weighted

cases. It seems that the larger the weight the less clusters we have. However this conclusion is for

this dataset only and we can not extrapolate. Other experiments are needed and we believe that it is

possible that an opposite behavior can be observed with other datasets; it all depends on the structure

of the most recent observations of the time series compared to the first. Secondly, the homogeneity

between the initial values of the time series inside each cluster seems to decrease as again we go from

the non-weighted situation to the extreme exponential weight case. This behavior was expected as

these initial values have smaller importance in the weighted cases. As for the last values of the time

series in each cluster, it is difficult to take a conclusion, because on the one hand the time series should

be more and more homogeneous in the last values in the weighted cases compared to the non-weighted;

on the other hand, as in the weighted cases we have fewer and fewer clusters, the homogeneity inside

each cluster decreases. We plan to analyse in the future other time series datasets, more complex,

and use other weighted distances between time series to reach more solid conclusions about this novel

method of clustering of time series.

Table 1: Weighted clustering results for the two datasets

Dataset: DT Weight K Series by

Ind. Prod. function cluster

original (1) – 11 2; 6; 2; 2; 1; 1; 2; 1; 1; 1; 1

” (4) linear 3 16; 3; 1

” (4) quadratic 3 17; 2; 1

” (4) exponential 2 18; 2

stationary (1) – 20 1 × 20

” (4) linear or 2 13; 7

quadratic

” (4) exponential 2 13; 7
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Figure 1: Cronograms of the original Industrial Production indices series (after the data

transformation (1)) for each weighted cluster: (a) for DT=(1) and (b), (c) and (d) for

DT=(4) with linear, quadratic and exponential weights, respectively.
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Spectral clustering methods use eigenvectors for data segmentation, where the underlying matrix
reflects the similarity structure in the data points. Piecewise constant eigenvectors are considered as
indicators of a partition. We will call its components spectral clusters or classes. Main differences in
the methods concern the concrete type of matrix (see [7], [5]) and the utilization of the eigenstructure
([7]). The methods are motivated by equivalence properties of spectral clusters (see [2], [5]) and the
fact that spectral clusters are solutions to suitable optimization criteria ([4], [2], [3]).
In the present paper we give a very general presentation of spectral clustering and a corresponding
segmentation criterion, which includes the mentioned methods as special cases. Additionally we
characterize spectral clusters in terms of hitting times and give a novel segmentation criterion based
on hitting times. We achieve this by utilizing the similarity structure of the data to define the transition
matrix P of a Markov chain which is used for spectral clustering. The result is due to the fact that
the eigenvectors of P coincide with those of its fundamental matrix, whose entries may be interpreted
in terms of hitting times ([1]).

Fundamentals

The following propositions clarify the relations between a matrix, its piecewise constant eigen-
vectors and the corresponding eigenvalues, and thus provide the basis of spectral clustering.
For a first interpretation think of n points whose mutual similarities (non-negative, symmetric) are
given by M . Concerning the diagonal matrix D think of a row-normalizing procedure to arrive at a
matrix P = D−1M , whose entries can be interpreted as relative similarities or as transition probabil-
ities of a Markov chain.

Proposition 1 Let M ∈ Rn
n be a matrix and (A1, . . . , Ak) a partition of its index set. Then we have:

M has the eigenvalues λ1, . . . , λk and the corresponding right eigenvectors are linearily independent
and piecewise constant on (A1, . . . , Ak) iff
for all i, j = 1, . . . , k we have

∑

t∈Aj

mrt =
∑

t∈Aj

mst for r, s ∈ Ai and (m̄ij)i,j=1,...,k where m̄ij =
∑

t∈Aj

mst for s ∈ Ai

can be diagonalized with the eigenvalues λ1, . . . , λk.
Proof See theorem 4.3. in [5].

Proposition 2 Let D ∈ Rn
n be a diagonal matrix with positive diagonal entries and let (z1, λ1) , . . . ,

(zm, λm) be eigenpairs of a matrix M ∈ Rn
n with non-zero eigenvalues λj and eigenvectors zi, where

zt
iDzj = δij . If (A1, . . . , Ak) is a partition of the index set whose indicator vectors 1Ai are within the

linear span of (z1, . . . , zm) we have

k∑

i=1

1t
Ai

DM1Ai

1t
Ai

D1Ai

=
m∑

j=1

α2
jλj , with α2

j ≤ 1 for all j = 1, ..., k and
m∑

j=1

α2
j = k.
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For k = m we have
k∑

i=1

1t
Ai

DM1Ai

1t
Ai

D1Ai

=
k∑

j=1

λj .

Proof First recall the following fact: If matrices B and C are coordinates of orthonormal bases of the
same space, i.e., BtB = BBt = I = CtC = CCt, and we have B = CA, we conclude AtA = AAt = I,
i.e., A is an orthogonal matrix, too.
Now take C =

(
D1/2z1, . . . , D

1/2zm

)
, observe that the vectors

(
D1/21Ai

)
i≤k

are in the linear span of

C, mutually orthogonal, and can therefore be normalized and completed to an orthonormal basis B

of the linear span of C. Considering the i−th column bi of B for i ≤ k we find the representation

1√
1t

Ai
D1Ai

1Ai = D−1/2bi = D−1/2
m∑

j=1

cjaji =
m∑

j=1

zjaji

where the (aij) are entries of an orthogonal matrix A. This implies

k∑

i=1

1t
Ai

DM1Ai

1t
Ai

D1Ai

=
k∑

i=1

m∑

j=1

a2
jiλj =

m∑

j=1

α2
jλj .

Since the rows and columns of the orthogonal matrix A have unit length, we complete our proof by
the observations α2

j =
∑k

i=1 a2
ji ≤ 1 and

∑m
j=1 α2

j =
∑m

j=1

∑k
i=1 a2

ji =
∑k

i=1

∑m
j=1 a2

ji =
∑k

i=1 1 = k.

Corollary 3 Let D ∈ Rn
n be a diagonal matrix with positive diagonal entries and let (z1, λ1) , . . . ,

(zn, λn) be eigenpairs of a matrix M ∈ Rn
n with eigenvalues λ1 ≥ λ2 ≥ . . . ≥ λk > λk+1 . . . , λk > 0

and eigenvectors zi, where zt
iDzj = δij . If there is a k−partition of the index set whose indicator

vectors are within the linear span of (z1, . . . , zk) this is optimal among all k−partitions with respect
to the criterion

k∑

i=1

1t
Ai

DM1Ai

1t
Ai

D1Ai

→ max .

Proof The sum
∑m

j=1 α2
jλj , with α2

j ≤ 1 and
∑m

j=1 α2
j = k is maximal if maximal weight is assigned

to the top eigenvalues.

Proposition 1 gives equivalence properties of points in the same class (spectral cluster). Note
that we have to use as many eigenvectors as underlying classes. Since the quantity in proposition 2 can
usually be interpreted as a segmentation criterion, the latter proposition gives an assertion concerning
the quality of a segmentation in terms of eigenvalues. If the piecewise constant eigenvectors correspond
to the maximal eigenvalues, the segmentation criterion is maximized and the optimal k-partition with
respect to the criterion is indicated by the eigenvectors.
In applications we will have to be satisfied by finding piecewise almost constant eigenvectors. Then
proposition 1 will hold approximately by perturbation arguments.

Characterizations of Spectral Clusters

With the interpretation of M as a non-negative symmetric similarity matrix proposition 1 tells
us that points belong to the same class with respect to piecewise constant eigenvectors of M if their
similarities to the classes are equal. So for all points in one class the average similarity from the point
to each class has to be equal to the average similarity between the corresponding classes, i.e.,

mrAj

|Aj | =
mAiAj

|Ai| |Aj | for r ∈ Ai and i, j = 1, . . . , k.
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By putting D the identity matrix proposition 2 gives a formula for

k∑

i=1

1t
Ai

M1Ai

1t
Ai

1Ai

=
k∑

i=1

mAiAi

|Ai|

in terms of the corresponding eigenvalues. Note that we expect a ”good” segmentation to maximize
this sum of average ”within class” - similarities (this criterion is called average association criterion
in [4]). To find the best segmentation according to this criterion we have to use k piecewise constant
eigenvectors with the largest eigenvalues (see corollary 3).
An example, where the eigenvectors corresponding to the top eigenvalues are useless for finding only
few clusters, is given in [5].
The average association criterion requires a very high similarity within the classes and thus favors
small classes. Therefore it is quite likely to cut off marginal points (see [4] for experiments).

Now put the row-sums of M into a diagonal matrix D and apply the propositions to P = D−1M

instead of M itself. Then proposition 1 tells us that points belong to the same class with respect to
piecewise constant eigenvectors of P if their similarity ratios to the classes are equal, i.e.,

mrAj

mr·
=

msAj

ms·
for r, s ∈ Ai and i, j = 1, . . . , k.

In terms of Markov chains the criterion requires points within one class to admit the same transition
probabilities to the classes. Single points have to be representatives of their class, in the sense that
the stochastic process defined on the classes is also a Markov chain.
Again proposition 2 gives the calculation of the corresponding segmentation criterion

k∑

i=1

1t
Ai

DP1Ai

1t
Ai

D1Ai

=
k∑

i=1

1t
Ai

M1Ai

1t
Ai

D1Ai

=
k∑

i=1

mAiAi

mAi·
,

which, since it accounts for the relative ”within class” - similarities, is reasonable to be maximized
(see normalized association criterion in [4], [5]). Again this maximization is done via the eigenvectors
with large eigenvalues.
It is easy to see that the relative ”within class” - similarities can be translated into ”between class”
- similarities to arrive at a normalized cut criterion to be minimized (see [4] for k = 2, [2], [3] for
arbitrary k, proof by use of Lagrange multipliers).
Note that the propositions also work for distances instead of similarities (for corresponding character-
izations see [5]).

Characterizations in Terms of Hitting Times

Let P be the transition matrix of an aperiodic, irreducible and reversible Markov chain and π its
stationary distribution. Let D = diag (π) and Π a square matrix with all rows equal to π. Note that
DP is symmetric with non-negative entries and may therefore be interpreted as a similarity matrix.
The fundamental matrix Z is defined by Z = (I − (P −Π))−1. In [6] it is shown that the eigenvectors
of P and Z coincide, where the eigenvalue λ̃ of Z corresponds to the eigenvalue λ̃ = (1− λ)−1 of P

for λ 6= 1 and λ̃ = λ for λ = 1. Since the entries of Z have a nice interpretation in terms of hitting
times ([1], self-contained presentation in [6]), equivalence properties of classes with respect to piecewise
constant eigenvectors of Z (and thus P ) can also be expressed in terms of hitting times. Denote by σt

the hitting time of state t and use the notation Esσt for the expected hitting time of t if the process
is started in s and Eπσt for the expected hitting time of t from stationary start. Then we have

zst = πt (1 + Eπσt − Esσt) .
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Application of proposition 1 to Z gives the following characterization of the classes (see corollary 4.5
of [6])

∑

t∈Aj

πtErσt =
∑

t∈Aj

πtEsσt for r, s ∈ Ai and i, j = 1, . . . , k.

We see that points (states) in the same class have the same average hitting time of points in another
class, where the average is weighted according to the stationary probability of the final state. Following
[1] one can call this property right averaging principle for classes.
Now we want to interpret and calculate the expression of proposition 2. Using the above interpretation
for Z some standard algebra gives

k∑

i=1

λ̃i =
k∑

i=1

1t
Ai

DZ1Ai

1t
Ai

D1Ai

= 1 +
n∑

t=1

πtEπσt −
k∑

i=1

πAi

∑

r,s∈Ai

πr

πAi

πs

πAi

Erσs

= tr (Z)−
k∑

i=1

πAi

∑

r,s∈Ai

πr

πAi

πs

πAi

Erσs.

For the second term we have
k∑

i=1

πAi

∑

r,s∈Ai

πr

πAi

πs

πAi

Erσs =
n∑

i=k+1

λ̃i.

Note that this again is a plausible segmentation criterion because the inner sum on the left side is the
average ”within class” - hitting time, which is expected to be small for each class of a ”good” segmen-
tation. To minimize this criterion one will choose the k largest eigenvalues to subtract them from the
trace of Z and use the corresponding (hopefully) piecewise constant eigenvectors for segmentation.
Since these coincide with the top eigenvectors of P a segmentation indicated by the top eigenvectors
of P minimizes not only the normalized cut criterion (resp. maximizes the normalized association
criterion) but also the above hitting time criterion.
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Introduction

This paper is concerned with an approximation to the error rate of the independence rule(IR)
of two groups in the multivariate normal common covariance case when the numbers of the training
samples and the ones of the variables are both large under the broad conditions. The IR is defined
as the Fisher linear discriminant rule(FR) which assumes no correlation of variables. It is often called
the ”naive Bayse classifier”. In the classification problems which the number of variables is larger than
the one of samples, the IR outperforms the FR in terms of the lower error rate even if correlations of
variables exist(see, e.g., Dudoit et al). Bickel and Levina (2004) show that the limiting approximation
to the worst case of the expected probability of misclassification(EPMC) for IR and FR and compare
the performance of them. In this paper, we suggest an asymptotic approximation of EPMC of IR
under a high-dimensional framework when the correlation of variables exist. Furthermore, we show
the error bound between the EPMC and its asymptotic approximation.

Approximation of EPMC and its Errer Bound

Let x(i)
1 , . . . ,x

(i)
Ni

be the samples from the p-variate normal population Πi : Np(µi,Σ) for i = 1, 2.
The IR classifies the observation x into Π1 or Π2 according to the following rules.

(i) Σ is known:

(1) Wd0 = (x̄1 − x̄2)′D−1{x− 1
2(x̄1 + x̄2)} ≶ 0 ⇐⇒ x ∈ Π1(Π2).

(ii) Σ is unknown:

(2) Wd = (x̄1 − x̄2)′D̂−1{x− 1
2 (x̄1 + x̄2)} ≶ 0 ⇐⇒ x ∈ Π1(Π2).

Here, D = diag(Σ) and D̂ = diag(S). The matrix S denotes the pooled sample covariance matrix.
The EPMC based on the rule (1) and (2) are expressed as

e0(2|1) = Pr (Wd0 < 0|x ∈ Π(1)), e0(1|2) = Pr (Wd0 > 0|x ∈ Π(2))

and

e(2|1) = Pr (Wd < 0|x ∈ Π(1)), e(1|2)= Pr (Wd > 0|x ∈ Π(2)).

At first, we consider the case (i). Since e0(1|2) is given from e0(2|1) by interchanging N1 and N2, we
only deal with e0(2|1). Let the statistics V0, Z0, U0 be defined as follows:

V0 = (x̄1 − x̄2)′D−1ΣD−1(x̄1 − x̄2),

Z0 = V
− 1

2
0 (x̄1 − x̄2)′D−1(x− µ1),

U0 = (x̄1 − x̄2)′D−1(x̄1 − µ1)− 1
2 Ṽ0,

Ṽ0 = (x̄1 − x̄2)′D−1(x̄1 − x̄2).
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Then Z0 is distributed as standard normal distribution N(0, 1), and Z0 is independent to (U0, V0). In
this paper, we denote them as Z0 ∼ N(0, 1) and Z0

∐
(U0, V0) for abbreviation. The linear discriminant

function in (1) is expressed by V0, Z0 and U0 as

Wd0 = V
1
2

0 Z0 − U0,

and therefore

e0(2|1) = E[Φ(V
− 1

2
0 U0)],

where the function Φ(.) denotes the cumulative distribution function of standard normal distribution
N(0, 1). Fujikoshi (2000) show that for some real constant u0 and positive real constant v0,

∣∣E(Φ(V
− 1

2
0 U0)

)− Φ(v−1/2
0 u0)

∣∣ ≤ B
(0)
20 ,

where the bound B
(0)
20 is expressed as

(3)
1

2
√

2πe
v−1
0 E

(
(U0 − u0)2

)
+

1
2
v−2
0 E

(
(V0 − v0)2

)
+

1
2
√

2π
v
− 3

2
0 (E

(
(U0 − u0)2

)
E
(
(V0 − v0)2

)
)

1
2 .

To express the moments in (3) explicitly, set

δ = Σ− 1
2 (µ1 − µ2),

z1 = N− 1
2 Σ− 1

2 (N1x̄1 + N2x̄2 −N1µ1 −N2µ2),

z2 =
(

N

N1N2

)− 1
2

Σ− 1
2 (x̄1 − x̄2 − µ1 + µ2),

B ≡ Σ− 1
2 DΣ− 1

2 ,

(u0, v0) =
(
E(U0),E(V0)

)
.

Note that z1,z2 ∼ Np(0, I) and z1
∐
z2. It can be found that U0 and V0 are expressed by z1,z2 and

B as

U0 = −1
2
δ′B−1δ +

1

N
1
2

δ′B−1z1 −
(

N1

NN2

) 1
2

δ′B−1z2

+
1

(N1N2)
1
2

z′1B
−1z2 − N1 −N2

2N1N2
z′2B

−1z2,

V0 = δ′B−2δ + 2
(

N

N1N2

) 1
2

δ′B−2z2 +
N

N1N2
z′2B

−2z2,

and therefore

E(U0) = −1
2
δ′Σ

1
2 D−1Σ

1
2δ − p(N1 −N2)

2N1N2
,

E(V0) = δ′(Σ1/2D−1Σ
1
2 )2δ +

Np

N1N2
,

E
(
(U0 − u0)2

)
= Var(U0) =

1
N2
δ′(Σ1/2D−1Σ

1
2 )2δ +

1
2

(
1

N2
1

+
1

N2
2

)
tr (Σ1/2D−1Σ

1
2 )2,

E
(
(V0 − v0)2

)
= Var(V0) = 4

(
N

N1N2

)
δ′(Σ1/2D−1Σ

1
2 )4δ + 2

(
N

N1N2

)2

tr (Σ1/2D−1Σ
1
2 )4.

Assume the following high-dimensional framework:

(4) N1 →∞, N2 →∞, p→∞,
N1

p
→ c1 ∈ (0,∞),

N2

p
→ c2 ∈ (0,∞),

N2

N1
→ c ∈ (0,∞).
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In addition, suppose that

(5) µ1 − µ2 = n−1/2a and
1
p

tr (Σ1/2D−1Σ
1
2 )j <∞

for j = 1, . . . , 4, where a is non-null vector. Then, it can be easily found that the expression in
(3) is the same order of a term of the first order with respect to (N−1

1 , N−1
2 , p−1). Therefore, we

suggest Φ(u0v
−1/2
0 ) as the approximation of the EPMC based on the rule (1) in the high-dimensional

framework.
For the case (ii), an asymptotic approximation of the EPMC on the high-dimensional framework

in (4) can be derived using the same manner of derivation method in the case (i). However, details of
derivation is complicated, so we omit it in this paper. The result is in the following theorem.

Theorem 1 Set

u0 = −1
2

n

n− 2

{
δ′(Σ

1
2 D−1Σ

1
2 )δ +

p(N1 −N2)
N1N2

}
,

v0 =
n2

(n− 2)(n − 4)

{
δ′(Σ

1
2 D−1Σ

1
2 )2δ +

N

N1N2
tr (Σ

1
2 D−1Σ

1
2 )2
}
.

Then it hold that

(6)
∣∣e(2|1) − Φ(u0v

− 1
2

0 )
∣∣ ≤ 1

2
√

2πe
v−1
0 Bu +

1
2
v−2
0 Bv +

1
2
√

2π
v
− 3

2
0 B

1
2
u B

1
2
v ,

where the constants Bu and Bv are given by

Bu =
n2

2(n − 4)(n − 2)2
{
δ′(Σ

1
2 D−1Σ

1
2 )δ +

p(N1 −N2)
N1N2

}2

+
n2

(n− 2)(n − 4)

{ 1
N2
δ′(Σ

1
2 D−1Σ

1
2 )2δ +

( 1
N2

1

+
1

N2
2

)
tr (Σ

1
2 D−1Σ

1
2 )2
}

,

Bv =
24n3(n− 3)

(n− 2)(n − 4)(n − 6)(n − 8)(n + 2)

{
δ′(Σ

1
2 D−1Σ

1
2 )2δ +

N

N1N2
tr (Σ

1
2 D−1Σ

1
2 )2
}2

+
n4

(n− 2)(n − 4)(n − 6)(n − 8)

{ 4N
N1N2

δ′(Σ
1
2 D−1Σ

1
2 )4δ + 2

(
N

N1N2

)2

tr (Σ
1
2 D−1Σ

1
2 )4
}
.

It is found that the bound in (6) is the same order of a term of the first order with respect to
(N−1

1 , N−1
2 , p−1) under the high-dimensional framework and the assumption in (5).
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1. Bickel, P, J. and Levina, E. (2004), Some theory of Fisher’s linear discriminant function, ‘naive Bayes’,
and some alternatives when there are many more variables than observations, Bernoulli, 10, no. 6,
989-1010.

2. Dudoit, S. Fridlyand, J. and Speed, T. P. (2002). Comparison of discrimination methods for the classifi-
cation of tumors using gene expression data, J. Amer. Statist. Assoc., 97, no. 457, 77-87.

3. Fujikoshi, Y. (2000). Error bounds for asymptotic approximations of the linear discriminant function
when the sample sizes and dimensionality are large. J. Multivariate Anal., 73, 1-7.

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 3816 -



3711

CPM 030 : Latent Variable Modelling

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 3817 -



A Latent Curve Analysis for Evaluating Student Achievement in the

University of Bologna

Bianconcini S., Cagnone S., Mignani S., and Monari, P.
University of Bologna, Department of Statistics
Via Belle Arti, 41
40126 Bologna, Italy
E-mail: {silvia.bianconcini, silvia.cagnone, stefania.mignani, paola.monari}@unibo.it

1 Introduction

With the beginning of the Bologna Process, several Universities have revaluated the role of the ”in
itinere” guidance, looking at the efficacy of a formation model integrated into the student life. In this
direction, a strong pressure has been oriented in supporting the whole student career, with particular
attention not only to the contents, but also to the personal and social evolutive process that determines
the biography of each student.

From a methodological point of view, a very important emerging problem is the comparison
of the student performances when different supporting and tutoring actions are adopted during the
course of studies, and when very different personal situations are present. In order to pursue these
objectives, several statistical methodologies can be developed to compare student careers over time.
This provides information for answering questions about: (a) within-individual change - How does each
student perform over time?- and (b) interindividual differences in change - What predicts differences
among student in their change? These two questions form the core of every study about achievement
growth. A class of appropriate statistical models, known as growth curve models or latent curve
models, have been developed (see e.g. Bollen and Curran, 2006).

This study focuses on latent growth models applied to a cohort of students enrolled in 2001
at one of the most numerous Faculties of the University of Bologna. The aim is to compare the
performances of students in terms of their achievement over time, taking into account the effects of
different covariates.

2 Latent Growth Modeling: a Structural Equation Perspective

Growth curve models represent one of the most popular longitudinal techniques. They have been
developed in the latent variable framework, referred as Latent Curve Models (LCMs) by Meredith and
Tisak (1990). The basic idea is that individuals differ in their growth over time, and they are likely
to show differences in the temporal behavior as a function of differences in particular characteristics.
The approach posits the existence of continuous underlying or latent trajectories. Latent means a
process that is not directly observed, but only indirectly using repeated measures. The growth model
is specified by a trajectory equation as follows

(1) yit = βi0 + βi1λt + ... + βipλ
p
t + εit, i = 1, 2, ..., n t = 1, 2, ..., T

where yit is the score obtained by the individual i at time point t, βi0, βi1, ..., βip are individual-specific
random parameters that allow each student i to have a distinct trajectory which describes the path
of a variable over time t. The εit’s represent time-varying residuals, whereas λt is a constant where a
common coding convention is to have λ1 = 0 and λT = 1. The remaining values of λt allow for the
incorporation of linear and non linear trajectories. Extending this model to include time-invariant
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covariates wi the individual variation in the parameters is specified as

(2) βij = βj + γ ′βj
wi + ζβj , j = 0, 1, ..., p i = 1, 2, ..., n

where βj , j = 0, 1, ..., p, represent average intercept and slope parameter values, respectively. The γ’s
are regression coefficients for the covariates wi and the ζ’s are residuals.

The LCM can be included within the Structural Equation Modelling (SEM) framework by
viewing the βij ’s as latent variables. In fact they are unobserved independent variables varying across
individuals. However, in the classical SEM approach, the loadings are estimated and the mean struc-
tures are often omitted, whereas according to the LCM the loadings are generally fixed to specific a
priori values and mean structures are explicitly modeled.

At this regard, let the repeated measures yit be stacked in the vector y and the latent variables
βij ’s be stacked in η, the model can be expressed as follows

y = Λη + ε,(3)

η = τ + Bη + Γw + ζ.(4)

In eq. (3), the loading matrix Λ is a set of known times and constants, and εi is the vector of time
varying errors, assumed to have zero mean and covariance matrix Θε. In eq. (4) B is a null matrix,
τ contains β0, β1, ..., βp, which represent the population average parameter of the score trajectory,
whereas Γ contains the regression coefficients related to the covariates. The latent residual vector ζ

is assumed to be normally distributed with zero mean and covariance matrix Ψ = Cov(ζ).
Model estimation is obtained using a conventional Maximum Likelihood fitting function which

takes into account both mean and covariance structures (Muthén and Khoo, 1998).

3 Empirical Analysis

The dataset analyzed is composed by a cohort of n = 714 students enrolled in 2001 at one of the most
numerous Faculties in Bologna University. Five different time points (academic years) are observed:
t1 = 2001/2002, t2 = 2002/2003, t3 = 2003/2004, t4 = 2004/2005, t5 = 2005/2006. Within the cohort
it is possible to distinguish three different patterns:

1. Students (n1 = 195) who got the first degree in t3 (Grad1).

2. Students (n2 = 268) who got the first degree in t4 (Grad2).

3. Students (n3 = 251) who have not gotten the degree yet (Nograd).

The response variable yit is computed as the weighted average vote obtained by each student i (i =
1, 2, ..., 714) over time tl(l = 1, 2, 3, 4, 5), with weights given by the credits corresponding to each exam.
In order to evaluate student achievement at each time point the variable yit has been divided by the
total number of credits (160).

The effect of two time invariant covariates, gender (1=”female”, 2=”male”) and type of diploma
(1=”polytechnic”, 2=”high school or Liceo”), is also evaluated. As suggested in literature, the former
can discriminate the time pattern of the individuals, whereas the latter can provide information about
the background of each student.

A first descriptive analysis highlights a different behavior of the three groups in terms of both
means and covariance structures. In more detail, GRAD1 presents a better temporal performance
than the other groups. The effect of the covariates on the cohorts has been also evaluated in this
preliminary analysis. No different patterns seem to arise within each group.
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Latent curve models have been fitted by using Mplus 4.1. The analysis of the three cohorts
has been carried out simultaneously by using missing data specifications. In the missing data three-
group analysis, it must be recognized that the three groups are assumed to be drawn from a single
population (Muthén, Kaplan and Hollis, 1987). The tested model is the one where equality constraints
are imposed for mean vector and covariance matrix elements that the three cohorts have in common.
However, testing such an hypothesis for our data, we rejected it, hence the three patterns are not
random samples from the same population. This requires a different latent growth specification for
each of the three groups considered. Figure 1 shows the unconditional LCM fit to each cohort.

Figure 1: Latent curve models for GRAD1, GRAD2 and NOGRAD students

For the students who got the degree at t1, we have only three waves, hence a linear growth model
with uncorrelated residuals among the achievement scores is the only one we can identify. As shown
in Table 1, the unconditional model (Uncond) fits well, with a chi-square value with one degree of
freedom equal to 1.582, p = 0.208, and the RMSEA is 0.054. The estimates of the intercept and slope
means are both significant, equal to 7.582 and 1.071 respectively, whereas there are no significant
variances for the intercept (ψ̂β0 = 0.404), and slope (ψ̂β1 = 0.014). There is no significant negative
covariance between the random coefficients (equal to -0.576) too. As for the effect of the covariates
we can notice that the growth curves are different according to gender, the males showing a worse
performance than females over time, whereas there are no significant differences in the behavior of
students coming from different schools.

The linear growth model for students who got the degree at t2, does not fit well (Table 1).
The source of this misfit should not be only sought in the covariance structure, but also in the
mean structure. This misfit suggests that linear growth is not realistic, so we explored nonlinear
trajectories. We only fixed λ1 = 0 and λ4 = 1, and all others are freely estimated. These free loadings
reflect the proportion of change between two time points relative to the total change occurring from
the first to the last time points. The model fit is excellent, according to several fit indices [Chi-
squared: 2.206, df: 1, p-value: 0.138, RMSEA: 0.067]. The values for the freely estimated loadings
are λ̂2 = −0.499, λ̂3 = −1.423, reflecting the nonlinear pattern observed in the means. There is
also a significant mean of both the intercept (β̂0 = 5.767) and slope (β̂1 = −1.277) factors, as well as
significant variance for the intercept (ψ̂β0 = 1.036), but not for the slope (ψ̂β1 = 0.293). These variance
components reflect there are individual differences in the starting point, but not in the nonlinear rate
of change over time. On the other hand, there is significant negative covariance between the random
intercept and slope, equal to -0.866. In terms of the conditional model both the covariates do not
discriminate among individuals.

For the students who have not gotten the degree yet at last occasion, we have observed the
score for five time points. Also in this case, a linear growth model does not fit the data well, whereas
a quadratic trend with uncorrelated residuals is the right one for the data of this group of student.
This is confirmed by several fit indices (Table 1), in particular the chi-square value corresponding to a
quadratic linear trend with six degrees of freedom equal to 11.764 (p = 0.067), and the RMSEA is 0.071.
All the mean estimates result significant and equal to 3.887, 0.795, and -0.250 for β0i, β1i, and β2i,
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respectively. The variance estimates are all significant (ψ̂β0i = 1.378, ψ̂β1i = 1.281, ψ̂β2i = 0.078)) as
the covariance between β1 and β2i, equal to -0.302 as well. As in the previous case, the covariates does
not influence significantly the temporal pattern of the students. A first conclusion about the different
behaviors of the three groups leads to highlight a virtual scale between the first one, characterized by
regular students who conclude their studies in time, and the third one, characterized by slow students
who don’t want any deadlines. The second group seems to describe a transitional situation, in which
the students begin slowly and speed up their performance at the end of their careers

Table 1: Results of parameter estimation
GRAD1 GRAD2 NOGRAD

Uncond Cond Uncond Cond Uncond Cond

Estimate SE Estimate SE Estimate SE Estimate SE Estimate SE Estimate SE

λ1 - - - - - - - - - - - -

λ2 - - - - -0.499 0.189 -0.470 0.180 - - - -

λ3 - - - - -1.423 0.304 -1.378 0.289 - - - -

λ4 - - - - - - - - - - - -

λ5 - - - - - - - - - - - -

Mean

β0i 7.582 0.103 8.771 0.435 5.767 0.114 5.888 0.186 3.887 0.105 4.201 0.458

β1i 1.071 0.088 0.161∗ 0.375 −1.277 0.221 −1.566 0.461 0.795 0.128 0.341∗ 0.555

β2i - - - - - - - - −0.250 0.032 −0.153∗ 0.139

Variance

β0i 0.404∗ 0.466 0.379∗ 0.453 1.036 0.158 1.031 0.153 1.378 0.516 1.370 0.516

β1i 0.014∗ 0.243 0.011∗ 0.237 0.293∗ 0.794 0.381∗ 0.856 1.281 0.549 1.256 0.547

β2i - - - - - - - - 0.078 0.030 0.076 0.030

Covariances

β0i,β1i −0.577∗ 0.305 −0.554∗ 0.296 −0.866 0.220 −0.849 0.218 −0.630∗ 0.485 −0.625∗ 0.484

β0i,β2i - - - - - - - - 0.070∗ 0.098 0.069∗ 0.097

β1i,β2i - - - - - - - - −0.302 0.122 −0.296 0.122

β0i Regression

γgeni
- - −0.647 0.201 - - 0.031∗ 0.063 - - −0.059∗ 0.211

γdipi
- - −0.153∗ 0.207 - - −0.106∗ 0.063 - - −0.142∗ 0.214

β1i Regression

γgeni
- - 0.421 0.174 - - −0.016∗ 0.188 - - 0.313∗ 0.256

γdipi
- - 0.183∗ 0.178 - - 0.196∗ 0.185 - - −0.008∗ 0.260

β1i Regression

γgeni
- - - - - - - - - - −0.074∗ 0.064

γdipi
- - - - - - - - - - 0.008∗ 0.065

χ2 1.582 3.226 2.206 13.115 11.764 12.781

df 1 3 1 5 6 10

p-value 0.208 0.357 0.138 0.022 0.067 0.236

∗ not significant
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ABSTRACT

The aim of this paper is to analyze academic achievement of a cohort of students enrolled in
2001 at the University of Bologna by using a latent growth model for longitudinal data. The basic idea
of this approach is that individuals differ in their growth over time according to a continuous latent
trajectory. Random coefficients in the model permit each individual to have a different trajectory.
Latent growth models can be incorporated in the Structural Equation Models (SEMs) framework by
viewing the random coefficients as latent variables. Hence model identification and estimation are
performed according to the conventions of the SEM analysis. The effects of different covariates in the
student temporal behavior is also evaluated.
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ABSTRACT 
 

In planning of emergency healthcare services, it is important to monitor utilization of services for this 
segment of the population so the population served by the hospital must be defined. The aim is to study 
patterns of utilization of emergency department admissions over time of a university hospital in Ankara, 
Turkey. Analysis of individual utilization patterns was done by using Latent Class Cluster Analysis. This 
study implies that the analysis of patterns of emergency admissions over time can yield important insight into 
health service utilization. By introducing the profile of admissions, future estimations and strategic planning 
of emergency services resources in hospitals can be carried out. 

 
Key words: Emergency Admissions, Latent Class Modeling, Latent Variable, Utilization Pattern, 

Segmentation 
 
INTRODUCTION 

 
When a theoretical concept which is not directly observable (latent) is exist but if there are some 

manifest variables that are imperfect indicators of this underlying latent variable, LCA can be applied to 
explain the covariation among the observed variables. The aim is to identify a set of exhaustive and mutually 
exclusive latent classes that would account for the association among the observed responses. LCA is a 
statistical method for finding subtypes of related cases (latent classes). It is analogous to cluster analysis for 
categorical data and the aim is to identify groups (latent classes) of related cases based on observed patterns 
of manifest variables. LCA also may serve as a data reduction tool like factor analysis. Another application is 
in the evaluation of diagnostic tests in the absence of gold standards. LCA defines latent classes by the 
criterion of conditional independence, i.e.; in each latent class, each manifest variable is statistically 
independent of every other variable. A simple parametric model is introduced and observed data is used to 
estimate parameter values for the model. The model parameters are the latent class proportions and the 
conditional item probabilities for each latent class. The likelihood of a given response pattern belonging to a 
specific latent class can be estimated. Parameters are estimated by the maximum likelihood criterion. E-M 
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algorithm or other algorithms are used for iterative computations. Comparing the observed cross 
classification frequencies to the expected frequencies predicted by the model does model fit. After the latent 
class model estimated, cases can be classified to their most likely latent class by means of the estimated 
probabilities of latent class membership in each class. Some computer programs are available for analysis. 
LCA is suitable for binary, ordered- category and likert-scale or nominal data but for continuous variables a 
type of LCA is suitable. Also the models that combine categorical and continuous data can be analyzed and 
the normality assumption for variables does not exist.    
 
LATENT CLASS MODEL  

 
For a Latent Class Model (LCM) with a four manifest variables (A, B, C, D) with (I, J, K) levels 

respectively. (i=1,2,…I; j=1,2,…J; k=1,2,…K) and with a single latent variable (X) with T levels which 
explains the association among A,B,C,D. The basic LCM can be expressed as the product of the latent class 
probabilities and conditional probabilities with the axiom of local independence as:  

 
 

XD
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XB
jt
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it

X
t

ABCDX
ijklt ππππππ =    ∑

=

=
T

t

X
t
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1π  

 
 

ABCDX
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estimates, the predicted frequencies Fijkl
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and then, predicted frequencies can be compared with the observed frequencies as in loglineer models. In 
practice, there are often several competing models of interest that must be compared and there are several 
techniques for assessing model fit. Three of these are chi-square significance tests, measures of relative fit 
based on information criteria, and indices of model fit. Degrees of freedom are determined as the subtraction 
of the number of non-redundant parameters from the number of cells.  
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LATENT CLASS MODEL FOR EMERGENCY DEPARTMENT UTILIZATION 
 

In the analysis, administration database of the university hospital were used. The emergency 
department records of 20.470 admissions between the years 2005–2006 were used. The utilization pattern 
showed a marked heterogeneity. Utilization pattern was analyzed in terms of days of week, time of the day, 
months of the year and also age, gender, insurance status of patients were analyzed in the model. In addition, 
emergency admissions that were resulted as inpatient (4008 admission) were also determined. The length of 
stay and diagnosis of inpatients in terms of International Classification of Disease classification code (ICD–
10) and the services of inpatients were also determined. Seasonal differences in emergency admissions and 
the ICD–10 coding according to seasons were also obtained. Latent Gold 3.0 was used in the analysis. In 
Table 1, the Latent Class Cluster Model results were given. The model described the individual unobserved 
latent heterogeneity in admissions in 3 variants or classes with best model results. Emergency department 
utilization pattern was discussed in these three segments of patients. 

 

Table 1. Latent Class Cluster Modeling Results 
 

    LL BIC(LL) AIC(LL) 

Model1 1-Cluster -273654 547685,6 547384,3

Model2 2-Cluster -270582 541778,9 541287,4

Model3 3-Cluster -268218 537290,5 536608,8

Model4 4-Cluster -267430 535951 535079,1

 

 
REFERENCES  
1. Elshove-Bolk and et.al (2006). Emergency Department Petient Characteristis: Potential impact on 
emergency medicine residency programs in the Netherlands, Journal of Emergency medicine, Vol:13, 325-
329. 
2. Bago d’Uva Terasa, (2005). Latent Class Models for Utilisation of Health Care, HEDG Working Paper 
05/01. 
3. Deb Partha, K.Pravin (2002). The Structure of demand for health Care: Latent Class versus two- part 
Models, Journal of Health Economics, Vol (21): 601-625. 
4. Hagenaars, A.Jacques., McCutcheon, L.Allan.  (2002). Applied Latent Class Analysis. Cambridge 
University Press. 
5. Heinen, Ton. (1996). Latent Class and Discrete Latent Trait Models. Sage Publications. 
6. Uebersax, S.John., Grove, M.William. (1990). Latent Class Analysis of Diagnostic Agreement. Statistics 
in Medicine, Vol:9,  559-572.  
 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 3824 -



Working Conditions and Occupational Well-being: a Multilevel Con-

firmatory Factor Analysis Approach to the Job Demand-Control

Model

Tania Correia
Instituto Nacional de Estat́ıstica
E-mail: tania.correia@ine.pt

Maria de Fátima Salgueiro
ISCTE Business School
E-mail: fatima.salgueiro@iscte.pt

ABSTRACT

In recent years several models have been proposed to explain the relationship between working con-
ditions and occupational well-being. One of the most important models is the Job Demand-Control
Model proposed by Karasek (1979). The model identifies two main aspects of working conditions:
job demands and job control. The model relates these two constructs to occupational well-being: low
control and high demands are associated with low well-being. Job demands, job control and occu-
pational well-being are latent constructs. Thus, a confirmatory factor analysis approach is required.
Data from the Third European Survey on Working Conditions (Paoli and Merllie, 2001) are used.
Four countries have been chosen: Portugal, United Kingdom, Denmark and The Netherlands. Indeed,
Houtman (2006) considers each of these four countries as associated with a different type of working
situation: passive jobs (Portugal), high strain jobs (United Kingdom), low strain jobs (Denmark) and
active jobs (The Netherlands). A complex survey design has been used: respondents were selected
from different geographical regions, within each country, using a random walk procedure. In this
presentation a multiple group confirmatory factor analysis is used to test the Karasek model in the
four different countries. Additionally, the sample design is taken into account and the use of multilevel
confirmatory factor analysis is discussed (Jöreskog and Sörbom, 1993), accounting for the within and
the between geographical region variability.

Keywords. LISREL, multilevel structural equation modelling, factor analysis, multiple group anal-
ysis.
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ABSTRACT

The segmentation of territorial units is a frequent need whenever conducting research based on geo-
referenced data. Traditional clustering techniques applied to regional data may reveal inadequate by
ignoring the fact that geographically closer areas tend to be more similar than the others - spatial
autocorrelation. Therefore, spatial clustering aims to find groups of similar objects that are geograph-
ically close. This research introduces a clustering algorithm for spatial segmentation of count data
under a regression framework. The algorithm is based on the NEM-Neighborhood EM and HEM –
Hybrid EM algorithms, generalizing the Poisson regression mixture model from independent samples
to spatial dependent observations. These models assume that the sample is taken from a population
with a finite number (S) of groups/segments and that each individual belongs to one and only one
class, which is not known in advance. Therefore, the mixture of two or more Poisson regressions sets
the parameter ëis as a function of the explanatory variables. The estimation of the parameters ö=(ô,
â), given yi, xi, ni (and S) is accomplished by the maximum likelihood method using a variant of
the EM algorithm that takes into account the spatial constraints. The Poisson regression mixture
model under spatial constraints was applied to the outcome of the Portuguese presidential elections in
2005. The application shows heterogeneous groups of municipalities in the relation between the vote
rate in the candidate Manuel Alegre and the aging rate of the population, the illiteracy rate and the
development rate of the municipality.

Keywords. Mixture models, Poisson regression, EM algorithm, spatial models, political science.
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This paper focuses on temporal changes in the structure of homicide in England and Wales. 
The database at hand is a database of all solved homicide cases in England and Wales between 1978 
and 1998, giving information on the offender, the suspect, the deed and year in which police recorded 
the crime. After having modeled the data in a Latent Class Analysis, we arrive at a number of classes 
to describe the underlying structure. 
 
Common methods of analyzing the impact of time on data involve investigating either repeated 
measures of the same subjects or repeated random cross-sections. In the case of homicide, we have 
neither, yet we are interested in modeling time dependence.  
Our aim is to model whether there have been changes in the structure of homicide as such, 
investigating whether the group sizes are stable over time, or whether some groups appear or disappear 
at some stage and also whether the characteristics or definition of the classes change over time (such 
as whether a specific weapon becomes more or less used in elderly homicides).  
 
Our method of choice is to model time as a separate variable allowing for interaction between the 
latent variable and the time variable, in the context of a large, complex dataset with a large number of 
multi-categorical variables.  
The traditional model, here following Vermunt and Magidson (2005), is formulated by:  
 
Let I denote the number of cases  i,  0 < i ≤ I   and  T be the number of response variables  t ,  0 < t ≤ T 
. Y   is a matrix of dimension I x T containing the responses yi,t. Furthermore, let  Mt   be the number of 
categories in variable t,  0 < m ≤ M , such that  yi,t =m t defines the category  m t  individual  i  
responded for variable  t. Let K denote the number of latent classes, 0 < k ≤ K. Assuming we have 
neither covariates nor dependence, the probability structure describing the relationship between the 
response variable and the latent classes is:  

yf ( i) = ∑ ∑ ∏
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P(k) is the probability of the latent class k and f(yi| k) the probability of the individuals response 
pattern given the latent class. Assuming mutual independence between the indicators given k, each 
class can be modeled separately. Given that the homicide index contains discrete categorical data and 
we assume our typologies to be a categorical latent variable, the multinomial distribution is used to 
parameterize the conditional response probabilities: 
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m0 describes the effect of responding mt, thus the distribution while βt
mx0 contains 

the effect of class k on responding mt, hence the association between the response and the latent class. 
To ensure identifiability, the following restrictions on the dependent variable are imposed in effect 
coding: 

00 =
t

tMβ  , similarly for the latent variable 00 =
t
Kβ . 

Let υ be a vector containing the model parameters β. In order to maximize the log-likelihood, the 
function needs to be derived with respect to υ, yielding: 
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We propose to include a temporal term t
ma0β  to allow for an overall time effect and the “interaction 

term” t
mka0β  to allow for a class specific time effect. 
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We need to impose similar identifiability restrictions as above. 
In a simulation study we will investigate the feasibility of this proposed adaption.  
The two terms will allow us to capture changes in characteristics or definition of the classes over time 
as well as changes in the structure of homicide as such, analyzing whether the group sizes are stable 
over time, or whether some groups appear or disappear at some stage.  
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1. Introduction

In this paper, we propose a new criterion to determine the number of classes in Latent Class
Analysis. Latent Class Analysis (LCA) was introduced by Lazarsfeld and Henry(1968) for dichotomous
survey data. LCA is a statistical method for finding unobserved classes that explain the relationships
among observed variables from multivariate categorical data. Latent class is determined using criterion
on conditional independence. This means that, within each latent class, each variable is statistically
independent of the others. (In detail Section 2)

To apply LCA to data analysis appropriately, we extract the information which we have not
noticed yet can be extracted. It is important to give a substantial meaning to a latent variable and to
decide the number of classes. In spite that the number of unobserved classes is not always obvious, we
often have to analyze the data under the assumption that the number of classes is given. That is, we
have a problem of how many classes are appropriate on each observation. To overcome this problem,
we need to develop a method for selecting the number of classes.

Several statistical methods have been proposed on the selection of number of unobserved classes,
however it is known that few of them can estimate it precisely. The typical method is to assess latent
class models with 2, 3, … up to the maximum plausible number of latent classes, and to assess the
fit of each one to the data statistically. The Pearson chi-squared statistic and the log-likelihood
ratio statistic, typically adopted on the number of classes, are not valid test statistics for evaluating
latent class model; the log-likelihood ratio tends to underestimate the number of classes. AIC provides
decision rules without providing explicit information about where discrepancies occur between a model
and the data. However, AIC tends to overestimate the number of classes.

In this paper, we develop procedures for selecting the number of classes for the latent variable
based on evidence in the data using Markov Chain Mote Carlo (MCMC) techniques.

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 3829 -



2. Latent Class Model (LCM)

The LCA method is an effective tool for clustering categorical data into several segments. With
the expansion of large scaled databases, LCA methodology recently has even greater potential for
precise analysis of the accumulated data.

Now let us consider the Latent Class Model in the situation in which variable A is an observed
dichotomous or polytomous variable having I classes (i = 1, . . . , I), variable B is an observed di-
chotomous or polytomous variable having J classes (j = 1, . . . , J) and variable X is an unobserved
dichotomous or polytomous variable having T classes (t = 1, . . . , T ), respectively. Let πABX

ijt denote
the joint probability that an observation is in class i on variable A, in class j on variable B, and
in class t on variable X; let πĀX

it denote the conditional probability that an observation is in class i

on variable A, given that the observation is in class t on variable X; let πB̄X
jt denote the conditional

probability that an observation is in class j on variable B, given that the observation is in class t on
variable X; and let πX

t denote the conditional probability that an observation is in class t on variable
X. The Latent Class Model in this situation can be denoted simply as below:

πABX
ijt = πX

t πĀX
it πB̄X

jt , for i = 1, . . . , I, j = 1, . . . , J, t = 1, . . . , T.

This model states that variables A and B are conditionaly independent of each other, given the class
level on variable X. That is,

πĀB̄X
ijt =

πABX
ijt

πX
t

= πĀX
it πB̄X

jt ,

where πĀB̄X
ijt = πABX

ijt /πX
jt is the conditional probability that an obserabation is in class i on variable

A and in class j on variable B, given that the observation is in class t on variable X.

3. Choosing the Appropriate number of classes

In most cases we do not know the appropriate number of classes T in advance. At deciding the
number of classes, it is usual to examine the Pearson χ2 statistic. As Collins et al. (1993) pointed out,
this statistics is too liberal or conservative in model selection and depends on factors including sample
size, number of items, and number of classes. In standard maximum likelihood methods, choosing the
number of dimensions for a spatial model with no weights is to compare the AIC or BIC statistics and
choose the number of classes corresponding to the minimum value of these statistics. However, for
categorical data, the AIC tends to reject the larger model as the number of parmeters in the models
increases. This means the AIC to favor simpler models. In the case of the BIC, as sample size increases
larger models tend to be selected.

If we use a Markov Chain Mote Carlo (MCMC) method, we can easily produce posterior distri-
butions for any function of LCM variables. In addition, the MCMC method give us a chance of model
selection.

4. MCMC for LCM

We define that, based on Section 2, yi is a vector of length K indicating individual i′s binary
responses to K items, ηi ∈ {1, . . . , M} is individual i′s unobserved latent class, and πj = P (ηi = j)
is the probability that individual i is in class j for j = 1, . . . , M . Given ηi, elements yik of yi are
assumed to be mutually independent so that the distribution of yi is

f(yi;π,p) =
M∑

j=1

πj

K∏

k=1

pyik
jk (1− pjk)1−yik ,

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 3830 -



where

pjk = P (yik = 1|ηi = j)

is the probability that individual i, which is in j latent class, will have positive response to item k. If
we have a condition of an each latent class ηi, its binary response vector yi is independent of π. In
short, reparametaring the model with

gjk = log

(
pjk

1− p
ηj

jk

)

and

aj = log
(

πj

pj

)
,

the full-conditional distribution for data observed on N individuals is

f(Y ;η, g) =
N∏

i=1

πj

K∏

k=1

eyikgηik

1 + egηik
.

To estimate the number of classes in LCM, we use an MCMC algorithm. The MCMC algorithm uses
the folowing full-conditional distribution:

p(aj |η) ∝ P (aj)×
N∏

i=1

M∏

j=1

(
eaj

∑M
j=1 eaj + 1

)I(ni=j)

,(1)

p(gjk|η, Y ) ∝ P (gjk)×
N∏

i=1

(
1− eyikgjk

1 + egjk

)I(ni=j)

,(2)

p(ηi|a, g, Y ) ∝ eaj + eaηi

∑M
j=1 ea

j

×
K∏

k=1

eyikgηik

1 + egηik
(3)

for i = 1, . . . .N , j = 1, . . . , M and k = 1, . . . , K, where P (gjk) and P (aj) are the priors for gjk and
aj , and I(ηi = j) is an indicator function: if the condition is true, the value is one, otherwise zero. In
this paper, MCMC algorithm is a standard Gibbs sampler and the full-conditionals in equations (1),
(2), and η1 using the full-conditional at (3). We iterate T times sampling and generate gt,at, and ηt

for t = 1, . . . , T . The simulated parameters g and a are backtransformed to obtain the values of p

and π which we refer after.

5. Concluding Remarks

In this paper, we consider the problem of how many classes is appropriate on each population
in LCA. To overcome this problem, we have to develop a method for selecting the number of classes.
We develop method for selecting the number of categories for the latent variable based on the Markov
Chain Mote Carlo method.
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ABSTRACT

This study is part of a research project on organizational effectiveness and leadership complexity in
the context of health services (Parreira, 2007). The competing values framework proposed by Quinn
& Rohrbaugh (1983) is considered. Leadership is investigated regarding the complexity of eight
different leadership roles (Facilitator; Mentor; Innovator; Broker; Producer; Director; Coordinator
and Monitor). Four different dimensions of chirurgical units effectiveness are taken into account
(team work and personal relationships; creativity, adaptation and innovation; direction goal clarity
and productivity; stability, accomplishment of rules and procedures). The eight leadership roles and
the four dimensions of effectiveness are analyzed as latent constructs, measured by manifest indicators
– items of a questionnaire measuring perceptions by the health professionals involved in the study. A
sample of 687 physicians and nurses from 50 chirurgical units of 33 Portuguese hospitals is used. Data
collection was based on a structured questionnaire. Pitcher (1997) proposed three types of leadership
profiles: the artists, the craftsmen and the technocrats. This presentation investigates a possible
moderator effect of Pitcher’ leadership profiles on the relationship between leadership complexity and
organizational effectiveness, within the context of health services. A multi-group analysis is used,
within the structural equation modeling framework, to test for the presence of the moderator effect.
LISREL 8.80 is used. Results show a moderator effect of Pitcher’s leadership profiles, technocrats
presenting the lowest impact of leadership complexity on organizational effectiveness.

Keywords. Hospital health services; LISREL; moderation; multi-group analysis.
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ABSTRACT

The traditional approach in entrepreneurship research defines a two-factor theory for being en-
trepreneur: motivation linked to the satisfaction of unfulfilled needs against motivations driven by
the pursuing of business opportunities. We test the validity of this framework allowing unobserved
heterogeneity through the inclusion of a discrete latent variable. This is carried out by the estimation
of a latent class/finite mixture model with concomitant variables which allows the simultaneous clus-
tering and profiling of the entrepreneurs. The empirical results were estimated using the Portuguese
sample (1198 new Portuguese entrepreneurs) of the Factors of Business Success Survey collected by
the Portuguese National Statistics Institute. The data collected comprehends 11 ordinal scale vari-
ables describing several types of possible entrepreneurship motivations, and several profiling variables
about the entrepreneur and business: education, sex, professional status, branch experience e sector of
activity. The two types of variables, motivations and profiling are included in a latent class model with
concomitant variables. The results suggest 3 different clusters or latent classes. One of the clusters is
linked to entrepreneurs who look for new business opportunities, with greatest posterior probabilities
for entrepreneurs with higher education and higher experience in management and business start-ups.
The two remaining clusters include entrepreneurs with lower levels of education, who are starting a
business experience for the first time. Their motivations are linked to different types of needs, to
improve the professional status, more independence and better conciliation between work and private
life. The results do not contradict the theoretical approaches in the domain of entrepreneurship mo-
tivation; however, they suggest a more complex typology of the factors traditionally put forward to
explain new business start-ups.

Keywords. Finite mixture models, latent class models, segmentation techniques, entrepreneurship
motivations.
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ABSTRACT

Calcific aortic stenosis is the most common form of valvular heart disease, and its incidence increases
with age. Therapy with statins has been shown to slow the progression of coronary atherosclerotic
disease. Given the similarities between the lesions of aortic stenosis and coronary disease we hypoth-
esized that these agents might also reduce the progression of aortic stenosis. The main objective is
to evaluate an intensive therapy to reduce the levels of the lipidic profile, that is, evaluate if the use
of statins influences the progression of the calcification of the aortic stenosis or induce its regression.
The progression of the calcification of the aortic stenosis was measured in terms of the change of the
outcomes: aortic-jet velocity (m/s), peak gradient, mean gradient (mm Hg), aortic-valve area (cm3).
A linear mixed-effect model methodology allowing for random effects at subject level was used taking
account the longitudinal structure of the data. This longitudinal data set refers to a group of 121
patients (52.9% females), with calcific aortic stenosis that have been followed in Pedro Hispano Hos-
pital. Sixty two patients were assigned to statins, the intervention group (51.2%) and 59 to placebo,
during a period of 18 months. The variables of interest were measured at baseline, and 6, 12 and 18
months after the first visit. Some patients drop-out along the 18 months of treatment and others are
still being followed as they did not have time to reach the end of the study. Baseline characteristics,
treatment, sex, diabetes, history of hyperlipidemia, smoking habit, coronary heart disease, as well
as longitudinal information, systolic and diastolic arterial tension, total cholesterol, LDL and HDL
cholesterol, triglycerides levels and aortic-jet velocity, peak gradient, mean gradient, aortic-valve area,
were obtained.

Keywords. Mixed models, longitudinal data, Calcific Aortic Stenosis, statins.
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1. Introduction

The linear regression model, commonly used in many applications, is not appropriate for situations

where the response variable is restricted to the interval (0, 1) since it may yield fitted values for the

response that do not belong to this interval. A possible solution is to transform the response variable.

This solution has the disadvantage that the parameters of the model may not be easily interpreted in

terms of the original response.

Ferrari and Cribari-Neto (2004) proposed a regression model where the response variable is beta

distributed. The proposed model is useful for situations where the variable of interest is continuous

and restricted to the interval (0, 1). A supposition considered in Ferrari and Cribari-Neto (2004) is

that all observations of the response variable are independent.

The generalized estimating equation (GEE) method for longitudinal regression analysis was

introduced by Liang and Zeger (1986) and Zeger and Liang (1986), and is essentially based on second-

moment assumptions for the response. In this GEE approach the dispersion parameter is held constant.

However, in practice the assumption of homogeneous dispersion may be questionable. For

example, the magnitude of dispersion may vary along the application of a treatment yielding a larger

or smaller variability on the response variable. Artes and Jørgensen (2000) extends Liang and Zeger

approach to marginal distributions of dispersion model type considering joint modelling of the position

and dispersion parameters.

Based on the concept of optimum linear estimating functions (Crowder, 1987), we develop

estimating equations to analyze longitudinal data considering marginal beta regression models. In

Section 2 we derive estimating equations to model the position parameter considering an homogeneous

dispersion parameter. In Section 3, we consider joint modelling of position and dispersion parameters

to take in account a possible heterogeneous dispersion. In Section 4, the proposed methods are applied

to analyse real data obtained from the Applied Statistical Center (CEA) at University of São Paulo.

2. Position modelling

Let yi = (yi1, yi2, ..., yiti)
⊤ be mutually independent random vectors of repeated outcomes and

let Xi = (xi1,xi2, ...,xiti)
⊤ be the (ti × p) matrix of covariate values with xij = (xij1, ..., xijp)

⊤,

i = 1, ..., n and j = 1, ..., ti. Assume that the marginal density of the response variable be the beta
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distribution, yij ∼ B(µij, φ), given by

p(yij ;µij , φ) =
Γ(φ)

Γ(µijφ)Γ((1 − µij)φ)
y

µijφ−1
ij (1 − yij)

(1−µij )φ−1

and that the means µij ’s are modelled by

g(µij) = ηij = x⊤

ijβ,(1)

where g(.) is a monotone and differentiable function link function, ηij is the linear predictor and

β = (β1, ..., βp)
⊤, p < n, is the vector of unknown parameters to be estimated. To simplify notation,

let ti = t, without loss of generality.

Following Crowder (1987) and Liang and Zeger (1986), we obtain the generalized estimating

equations for β

Ψ1 (β) =
n∑

i=1

φX⊤

i GiDi Ω−1
i (y∗

i − µ
∗

i ) = 0,(2)

where

Xi = (xi1, ...,xit)
⊤,

Gi = diag
(
∂g−1(ηi1)/∂ηi1, . . . , ∂g

−1(ηit)/∂ηit

)
,

Di = diag (di1, . . . ,dit) ,

Ωi = D
1/2
i R(α) D

1/2
i ,

y∗

i = (y∗i1, . . . , y
∗

it),

µ
∗

i = (µ∗i1, . . . , µ
∗

it),

with dij = ψ′(µijφ) + ψ′((1 − µij)φ), y∗ij = log

(
yij

1−yij

)
, µ∗ij = ψ(µijφ) − ψ((1 − µij)φ), where ψ(·) is

the digamma function, i = 1, . . . , n and j = 1, . . . , t. We define R(α) as a (t × t) symmetric matrix

that satisfies all the conditions to be a correlation matrix named working correlation matrix where the

(s × 1) vector α, completely specifies R(α). Note that R(α) do not need to be the true correlation

matrix for y∗

i s.

Under certain regularity conditions (Liang and Zeger, 1986), β̂ is a consistent estimator of β

and
√
n(β̂ − β)

D−→ Np

(
0,J−1

)
, with J = limn→∞

Jn
n , where Jn is the Godambe information matrix

for β related to Ψ1(·) that is expressed in (2). The matrix Jn is given by Jn = S⊤ V−1S, where

S = Eβ

[
∂

∂β
⊤

Ψ1 (β)

]
and V = Eβ

[
Ψ1 (β) Ψ1 (β)⊤

]
.

The iterative procedure for estimating β̂ combines the Fisher scoring method for estimating β

with the moments method for estimating α e φ. Expanding the EEG given in (2) around an initial

value β̂
(0)

, the iterative procedure for estimating β is given by

β̂
(m+1)

= β̂
(m) −

{
Eβ

[
∂

∂β
⊤

Ψ1(β̂
(m)

)

]}
−1

Ψ1(β̂
(m)

),(3)

where m = 0, 1, 2, ... is the number of iterations. To estimate α, we may utilize the methodology

proposed in Liang and Zeger (1986). The m-th φ estimate is given by

φ̂(m) =






n∑
i=1

t∑
j=1

(
r̂
(m)
ij

)2/
(nt− p)




−1

− 1


 ,

with r̂
(m)
ij =

yij−µ̂
(m)
ij√

υ(µ̂
(m)
ij )

=
yij−µ̂

(m)
ij√

µ̂
(m)
ij (1−µ̂

(m)
ij )

obtained from (3).
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3. Position and dispersion joint modelling

Let yi = (yi1, yi2, ..., yiti)
⊤ be mutually independent random vectors of repeated outcomes and

let Xi = (xi1,xi2, ...,xiti)
⊤ be the (ti × p) matrix of covariate values with xij = (xij1, ..., xijp)

⊤,

i = 1, ..., n and j = 1, ..., ti. Assume that the marginal density of the response variable be the beta

distribution, yij ∼ B(µij, φij), given by

p(yij ;µij , φij) =
Γ(φij)

Γ(µijφij)Γ((1 − µij)φij)
y

µijφij−1
ij (1 − yij)

(1−µij )φij−1.(4)

Here we incorporate a heterogeneous dispersion parameter by allowing that each observation yij may

have its own dispersion φ−1
ij , i = 1, ..., n e j = 1, ..., ti. To simplify notation, let ti = t, without loss of

generality.

The inverse of the dispersion parameter, φij , is modelled as a function of a vector of covariates

qij , that may be a subset of xij . The model is given by

f(φij) = δij ,(5)

where f(.) is a known link function, δij = q⊤

ijγ is the linear predictor and γ = (γ1, ..., γr)
⊤, r < n, the

vector of unknown parameters to be estimated.

To construct the estimating equations to the joint modelling of the position and dispersion

parameters, we consider the marginal density for yij described in (4), the components (1) and (5)

that model respectively the position and the inverse of the dispersion parameter and the vectors

bi = y∗

i −µ
∗

i , i = 1, . . . , n. Note that these vectors are functions of both regression parameters β and

γ.

The estimating equation for θ = (β⊤,γ⊤)⊤ is equivalent to

Ψ2(θ) =
n∑

i=1

(
X⊤

i GiΦiDi

Q⊤

i FiCi

)
Ω−1

i (y∗

i − µ
∗

i ) = 0,(6)

with

Φi = diag (φi1, . . . , φit) ,

Qi = (qi1, ...,qit)
⊤,

Fi = diag
(
∂f−1(δi1)/∂δi1, . . . , ∂f

−1(δit)/∂δit
)
,

Ci = diag (ci1, . . . , cit) ,

where cij = µijψ
′(µijφij) − (1 − µij)ψ

′((1 − µij)φij), with i = 1, . . . , n and j = 1, . . . , t.

Under certain regularity conditions (Liang and Zeger, 1986) θ̂ is a consistent estimator of θ and√
n(θ̂−θ)

D−→ Np

(
0,J−1

)
, with J = limn→∞

Jn
n , where Jn is the Godambe information matrix for θ

related to Ψ2(·) in (6). The matrix Jn is given by Jn = S⊤ V−1S, where S = Eθ

[
∂

∂θ
⊤

Ψ2 (θ)
]

and

V = Eθ

[
Ψ2 (θ) Ψ2 (θ)⊤

]
.

The iterative procedure to calculate θ̂ combines the Fisher scoring method for estimating θ with

the moments method for estimating α. Expanding the EEG given in (6) around an initial value θ̂
(0)

,

the iterative procedure for estimating θ is given by

θ̂
(m+1)

= θ̂
(m) −

{
Eθ

[
∂

∂θ
⊤

Ψ2(θ̂
(m)

)

]}
−1

Ψ2(θ̂
(m)

),(7)
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where m = 0, 1, 2, ... is the iteration number. For estimating α, we may utilize the methodology

presented in Liang and Zeger (1986).

4. Application

We consider data from a study of motor development of infants analysed in 2006 in the Applied

Statistical Center at University of São Paulo. One objective of this study is to compare the gross

motor development in healthy preterm infants (PT) with term infants (T) using Alberta Infant Motor

Scale (AIMS) according to corrected age, from term to walking independently. The infants were

observed from 2 to 17 times. The corrected age and number of AIMS scores (between 0 and 58)

attained by the infants were recorded at each time of observation. The response variable was defined

as a proportion of the 58 total AIMS scores. Let x1ij = 0, if T, x1ij = 1, if PT and x2ij = corrected

age.

Assuming that the dispersion parameter is constant we state the following model

log

(
µij

1 − µij

)
= β0 + β1(x1ij) + β2(x2ij) + β3(x1ij ∗ x2ij).(8)

If we model the dispersion parameter the model to be adjusted is given by

log(− log(1 − µij) = β0 + β1(x1ij) + β2(x2ij) + β3(x1ij ∗ x2ij),

φij = γ0 + γ1(x1ij) + γ2(x2ij) + γ3(x
2
2ij).(9)

If we compare the two adjust models it is possible to conclude that

• While in model (8) only the corrected age is significant (P-value (P) < 0.001), in model (9) all

the parameters are significant (P < 0.001).

• The observed data are well adjusted if we use model (9), that is, it seems that the dispersion

parameter for the data is heterogeneous.
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1. Background

More than 100 million individuals in the United States have at least one chronic disease 
such as heart disease, diabetes, asthma, hypertension, or osteoarthritis. These conditions have a 
major impact upon the quality of peoples' lives and health care costs. With the aging of our 
population, a greater number of individuals will be affected by chronic disease, placing an 
unprecedented burden on families, purchasers of care, and health care providers. In terms of 
health care expenditures, individuals with heart conditions, cancer, trauma-related disorders, 
mental disorders, and pulmonary conditions ranked highest in terms of direct medical spending 
in 2004. As indicated, the highest rankings in the health care expenditure distribution ordered by 
condition were dominated by individuals with chronic diseases. Patients with chronic conditions 
are especially at risk for high health-related burdens. In 2003, while only 4.3% of the non-elderly 
population had three or more chronic conditions, they accounted for 20% of total health care 
spending among the nonelderly. Adults with chronic conditions are also significantly more likely 
to have high out-of-pocket burdens. 

Based on its design and content, the MEPS is particularly well suited for studies of the 
health care access, utilization, expenditures, sources of payment and the financial burdens for 
individuals with chronic conditions. The Medical Expenditure Panel Survey (MEPS), sponsored 
by the Agency for Healthcare Research and Quality, was designed to provide annual estimates at 
the national level of the health care utilization, expenditures, sources of payment and health 
insurance coverage for the U.S. civilian non-institutionalized population.  In addition to 
collecting data to yield annual estimates for a variety of measures related to health care use and 
expenditures, MEPS provides estimates of measures related to health status, demographic 
characteristics, employment and access to health care. Estimates can be provided for individuals, 
families and population subgroups of interest. The data collected in this ongoing longitudinal 
study also permit studies of the determinants of the use of services and expenditures, and 
changes in the provision of health care in relation to social and demographic factors such as 
employment or income; the health status and satisfaction with health care of individuals and 
families; and the health needs of specific population groups such as the elderly and children. 

The longitudinal design of the MEPS provides the essential data to permit studies of the 
impact of transitions in the health care experience and health insurance coverage over time for 
those with chronic diseases. The trade off for this greater analytic capacity is a survey design 
with multiple rounds of data collection that by its nature will have lower response rates than a 
one time data collection effort.   As a consequence of the importance of the MEPS data in 
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informing health care policies and practice for individuals with chronic conditions, it is important 
to ensure the estimates derived from the survey are of the highest quality and integrity. 
Consequently, this study focuses on the capacity of the survey estimation strategies in the MEPS 
to appropriately adjust for the potential effects of nonresponse due to survey attrition on resultant 
national estimates for individuals with chronic conditions.

2. Impact of survey attrition on reported prevalence estimates and national health care 
expenditure estimates for individuals with chronic diseases. 

 Several of the design features of the MEPS are particularly well suited to inform studies 
of the impact of survey attrition on national health care estimates. For individuals with chronic 
conditions, national estimates of reported prevalence and mean health care expenditures are of 
particular interest.  First and foremost, the survey is characterized by an overlapping panel 
design, whereby two independent nationally representative samples are pooled to produce 
calendar year estimates. In MEPS, the data from the first year of new panel are combined with 
data from the second year of previous year’s panel to produce national estimates for a given 
calendar year. As part of the survey quality control procedures, the national survey estimates 
derived from each of the panels are compared, to determine whether the national estimates 
derived from the older panel with a lower response rate are consistent with those derived from 
the newer panel with the higher survey response rate.

 Several related studies on the impact of survey attrition in the MEPS have been 
conducted for other core survey measures which include national health insurance coverage 
estimates and distributional estimates of medical expenditures. For these measures, there was no 
evidence of an impact of survey attrition on the national estimates based on tests for panel 
effects. In this related study, data from the 1997-2004 MEPS are used to examine the impact of 
survey attrition on the national estimates of (1) the proportion of the population with specific 
chronic diseases; (2) the annual mean health care expenditures for individuals with chronic 
diseases; and (3) the proportion of the population with chronic conditions with medical expenses 
in excess of $10,000. The chronic conditions under consideration for this study were selected 
based on their ranking in terms of the overall medical expenses associated with treatment. Based 
on data from the most recent MEPS, the top seven most expensive conditions in descending 
order were (1) heart disease, (2) cancer, (3) mental disorders, (4) COPD and asthma, (5) 
hypertension, (6) osteoarthritis and other non-traumatic joint disorders, and (7) diabetes mellitus.  

 Under the assumption that the two distinct MEPS panels that are combined to produce 
annual survey estimates were characterized by the same survey response rates, one would not 
expect to observe a significant Panel effect.  In each of the comparisons, the panel that represents 
the subset of MEPS sample respondents that are participating in their 2nd year of the survey, is 
characterized by a response rate that is between 3-5% lower than the sample with the 1st year 
respondents. Consequently, a comparison of the survey estimates derived from the distinct panels 
each year affords the opportunity to assess the capacity of the survey nonresponse adjustments to 
control for the impact of survey attrition. 

Based on the comparisons of the panel specific estimates for each of the years under 
investigation, the results present no systematic evidence of nonresponse bias attributable to 
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survey attrition affecting the national estimates of reported prevalence for  heart disease, mental 
disorders, hypertension, osteoarthritis and diabetes, when testing at an alpha level of .05 .These 
findings are confirmatory in terms of the soundness of the nonresponse adjustments employed to 
adjust for potential nonresponse bias attributable to survey attrition associated with the second 
year of the survey for these condition specific estimates of reported prevalence. While panel 
effects were detected when focusing on the reported prevalence estimates for cancer and for 
COPD and asthma, the direction of the noted differentials were not consistent across these 
conditions.

The same set of comparisons in panel specific estimates was undertaken when focusing 
on the mean annual health care expenditures for individuals with chronic conditions under 
consideration. As before, the national survey estimates derived from each of the panels are 
compared, to determine whether the national estimates derived from the older panel with a lower 
response rate are consistent with those derived from the newer panel with the higher survey 
response rate. For each of these conditions, the results of our comparisons present no systematic 
evidence of nonresponse bias attributable to survey attrition affecting the national estimates of 
mean annual health care expenditures for individuals with the most expensive health conditions 
derived from the older panel, when contrasted with the new panel estimates. 

 Given the sensitivity of mean health care expenditure estimates to outlier high 
expenditure cases, it is particularly important to ensure the survey estimates are not subject to 
potential loss of high expenditure cases attributable to survey nonresponse.  Consequently a 
related analysis was undertaken to assess the impact of survey attrition on distributional 
estimates of health care expenditures for each of the conditions under consideration. Using the 
same framework for the comparisons of mean expenditure estimates across MEPS panels, 
national estimates of the proportion of the population with annual medical expenses in excess of 
$10,000 were compared, controlling for age groups and for calendar years 1997-2004.   

In contrast to the results of the comparisons of estimates of reported chronic condition 
prevalence and related mean expenditures, the results for the distributional expenditure estimates 
were suggestive of a panel effect. Based on a review of the comparisons of the panel specific 
estimates for each of the conditions under investigation, when significant differences were 
detected, the estimates based on the older panel with the lower response rate were generally 
lower.  For example, while the national estimates of the proportion of individuals with diabetes 
estimated to incur medical expenditures in excess of $10,000 was .266 for 2004 estimates, the 
panel specific estimates were .305 (s.e.=.019) and .225 (s.e.=.016) respectively, with the newer 
sample (Panel 9) characterized by the higher estimate. 

In light of the differences detected between the panel estimates of these distributional 
medical expenditure estimates, a more sensitive analysis was conducted to test for panel effects 
on this measure in the survey. The comparisons of the stability of distributional health care 
expenditure estimates, subject to varying levels of survey attrition, were supplemented by a 
model based analysis that included additional controls for other pre-dispositional factors. Given 
the variation in response rates across the MEPS Panels are primarily influenced by survey 
attrition, the test for a MEPS Panel effect affords the opportunity to assess the influence of 
unadjusted components of survey attrition on health expenditure distributional estimates in a 
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modelling context.  The results of the logistic regression analysis revealed that the MEPS Panel 
classification retained its significance as a factor in distinguishing the individuals with diabetes 
that have medical expenditures in excess of $10,000 from their counterparts with lower medical 
expenses (Table 6), when testing at an alpha level of .05.  The findings suggest that in these 
instances, additional adjustments in MEPS for survey attrition may help serve to diminish the 
presence of panel effects. 

3. Summary 
Study findings present no systematic evidence of nonresponse bias attributable to survey 

attrition affecting the national estimates of reported prevalence for heart disease, mental 
disorders, hypertension, osteoarthritis and diabetes. In addition, our comparisons revealed no 
systematic evidence of nonresponse bias attributable to survey attrition affecting the national 
estimates of mean annual health care expenditures for individuals with the most expensive health 
conditions derived from the older panel, when contrasted with the new panel estimates. These 
findings are confirmatory in terms of the soundness of the nonresponse adjustments employed to 
adjust for potential nonresponse bias attributable to survey attrition associated with the second 
year of the survey for these estimates. In contrast, a panel effect was occasionally in evidence 
when examining the distributional health care expenditure measure under consideration. In 
specific instances, the presence of a panel effect was confirmed through a more sensitive model 
based analysis that also controlled for pre-dispositional factors associated with the likelihood of 
incurring medical expenditures in excess of $10,000. 

Overall, these results serve to further reinforce the efficacy of the estimation strategies 
adopted in the MEPS to correct for the impact of survey attrition on health care expenditure 
estimates for individuals with high cost chronic conditions. For those instances where a 
significant panel effect was noted for condition specific estimates of the proportion of the 
population with annual medical expenses in excess of $10,000, the pooling of panel estimates 
that is core to the MEPS estimation procedures serves to mitigate the impact of potential 
nonresponse bias due to attrition. Additional controls based on prior year medical expenditure 
patterns may prove fruitful in these situations to correct for the presence of a panel effect in 
survey estimates. More specifically, a nonresponse adjustment to the 2nd year of a MEPS panel 
based one’s prior year classification of incurring medical expenses in excess of $10,000 may 
help serve to diminish the presence of a panel effect for these distributional expenditure 
estimates. Future assessments of these alternative adjustment strategies may result in further 
enhancements to our survey design and estimation procedures that yield additional gains in 
accuracy for these critical policy relevant survey estimates. 

Note: The views expressed in this paper are those of the author and no official endorsement by 
the Department of Health and Human Services or the Agency for Healthcare Research and 
Quality is intended or should be inferred.  The author wishes to thank William Yu, AHRQ, for 
his invaluable assistance in statistical programming tasks associated with the study. 
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Gonçalves, M. Helena
Centro de Estat́ıstica e Aplicações da Universidade de Lisboa and
Universidade do Algarve, Departamento de Matemática, FCT
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1. A model for longitudinal count data

To establish notation, denote by yit (t = 1, . . . , Ti), the response value at time t from subject
i(i = 1, . . . , n), and by Yit, its generating random variable which has a Poisson distribution whose mean
value is E(Yit) = θit. We shall refer collectively to the sequence (yi1, . . . , yiTi) as the i-th individual
profile, possibly with some missing data. Associated with each observation time and each subject, a
set of p covariates is available, denoted by xit and β as the p−vector of unknown parameters. Our
aim is to introduce a Poisson regression which links the covariates and the probability distribution of
the response, in the form

(1) ln{E(Yit)} = ln(θit) = x>itβ,

allowing also some form of dependence among observations of the same individual.
We consider the model proposed by Azzalini(1994) where the serial dependence is assumed to

be of Markovian type. To simplify notation, we drop temporarily the subscript i, since individuals
are assumed to behave independently from each other and the same stochastic model can then simply
be replicate n times. For every instant in time t, the corresponding response Yt is the sum of two
independent random variables; one of which has the Poisson distribution with the expected value equal
to θ(1 − ρ), and the other has binomial distribution with probability of success equal to ρ. In order
to obtain the m-step transition matrix of Yt regarded as a Markov chain, it is possible to write the
m-step transition probabilities as

(2) Pr(Yt = j|Yt−m = i; θ) =
min(i,j)∑

k=0

(
i

k

)
ρmk(1− ρm)i−k

exp(−vt,m)vj−k
t,m

(j − k)!
.

Full details to obtain (2) are available in Gonçalves (2002).

2. Two-dimensional random effects model

Assuming that each subject, i, follows the model

(3) θb
it = exp(x>itβ + bi),

where bi = (b0i, b1i)> ∼ N(0, D) with covariance matrix

D =

(
σ2

b0
0

0 σ2
b1

)
.
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We consider β?
0 = β0 + b0i and β?

1 = β1 + b1i, and the model becomes

(4) θb
it = exp(x>itβ

?),

where β? = (β?
0 , β?

1 , β2, ..., βp)>. Let us consider the reparametrization ω0 = log(σ2
b0

) and ω1 = log(σ2
b1

)
introduced for numerical convenience. The likelihood for the subject i can be expressed by

(5) LR
i (β, ρ,Ω) =

∫

IR

∫

IR
LF

i (β?, ρ|bi) exp
[
− 1

2

(
b2
0

ew0
+

b2
1

ew1

)]
db0idb1i

1

2πe
w0+w1

2

,

where Ω = log D and LF
i (β?, ρ|bi) is the likelihood for the fixed effects model given by

(6) LF
i (β?, ρ) =

exp(−θ1)θ
y1
1

y1!

T∏

t=m+1

Pr(Yt = yt|Yt−m = yt−m; θ),

where the m-steps transition probabilities Pr(Yt = yt|Yt−m = yt−m; θ) = pyt−m,yt are given by (2).
We shall now consider likelihood inference based on a sample of n individual profiles, assumed

to be independent from each other, the log-likelihood for the n subjects is now computed as

(7) `R(β, ρ,Ω) =
n∑

i=1

log LR
i (β, ρ,Ω).

Numerical maximization of the log-likelihood is required. Efficiency of most optimization algorithms
is greatly improved if derivatives of the function are supplied. The reader is referred to Gonçalves
(2002) for complete details about these results.

3. Estimating procedure

The maximization procedure for the random effects model involves Gaussian quadrature to
calculate the log-likelihood function and the derivatives. The maximization procedure is performed in
R using the optim function. The integral in (5) and respective derivatives are computed using adapt

library; adapt calls an adaptative quadrature routine.

4. Monte Carlo Methods

Monte Carlo methods are an alternative procedure to evaluate numerically high-dimensional
integrals when random effects are incorporated in the linear predictor. To this end, the integral in (5)
can be approximated by

(8) LR
i (β, ρ,Ω) = Ebi{LF

i (β?, ρ|bi)} ' 1
M

M∑

j=1

LF
i (β?, ρ|bij),

where M is a large integer, bij ∼ N(0, D) and LF
i (β?, ρ|bi) can be computed using the expression given

by (6).
The log-likelihood for the n subjects is

(9) `R(β, ρ,Ω) '
n∑

i=1

log

[
1
M

M∑

j=1

exp
(
`F
i (β?, ρ|bij)

)]
.

The derivatives of the log-likelihood function were also computed but are too extense to be shown
here.
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5. Numerical Example

For numerical illustration we use a data set from a study of the influence of lipids in the develop-
ment of cancer. Three groups of nineteen rats each were feed ad libitium with three different diets (one
diet for each group). During 25 weeks the rats were weighted, examined and palpated for mammary
tumors once per week ( Escrich, Solanas, de Villa, Ribalta, Muntané, and Segura (1994a); Escrich,
Solanas, and Segura (1994b)). Following the methodology presented two models were considered to
analyze the data where Diet2 is the reference diet in both models:

Model I: log (θit)=β?
0 + β1Time + β2Diet1 + β3Diet3;

Model II: log (θit)=β?
0 + β?

1Time + β2Diet1 + β3Diet3;

where β?
0 = β0 + b0i, β?

1 = β1 + b1i with b0i ∼ N(0, eω0) having σ2
0i = exp(ω0), and b1i ∼ N(0, eω1)

having σ2
1i = exp(ω1).

Table 1 and Table 2 display the results of fitting the two models to our data. For both models
we use exact numerical integration and Monte Carlo methods. In Monte Carlo Methods, for each M
considered (100, 500, 1000 and 2000), we repeated 50 times the maximization procedure. The results
displayed in Table 1 and Table 2 are the estimated means of respective parameters.

Table 1: Parameters estimates and log-likelihood for exact integration and

Monte Carlo methods (MC) for model I.

Parameteres Exact MC(100) MC(500) MC(1000) MC(2000)

β0 −1.249 −1.098 −1.208 −1.262 −1.266
β1 1.023 0.993 1.028 1.012 1.023
β2 −0.617 −0.564 −0.579 −0.586 −0.615
β3 −0.116 −0.013 −0.084 −0.119 −0.116
ρ 0.983 0.983 0.983 0.983 0.983
ω −0.276 −0.117 −0.222 −0.208 −0.223

LogL 474.837 474.316 474.714 474.808 474.891
Time (minutes) 1.02 1.65 8.3 16.85 33.56

Focusing on the results for Table 1, we see that the maximization procedure is faster for the exact
numerical integration when compared with Monte Carlo results, and the estimated values obtained for
Monte Carlo method are close to exact numerical integration only for M equal or greater than 2000.

Table 2: Parameters estimates and log-likelihood for exact integration and

Monte Carlo methods (MC) for model II.

Parameteres Exact MC(100) MC(500) MC(1000) MC(2000)

β0 −1.233 −1.245 −1.283 −1.273 −1.258
β1 1.045 1.023 1.027 1.025 1.022
β2 −0.622 −0.588 −0.608 −0.609 −0.619
β3 −0.106 −0.153 −0.115 −0.130 −0.125
ρ 0.984 0.982 0.983 0.983 0.983
ω1 −0.317 −0.224 −0.245 −0.267 −0.251
ω2 −4.003 −3.331 −3.886 −4.520 −5.003

LogL 473.461 471.526 473.352 474.105 474.555
Time (minutes) 44.88 2.02 9.89 19.53 39.36

Focusing on the results for Table 2, we see that the maximization procedure is faster for the
Monte Carlo methods when compared with exact numerical integration results, and that in terms of
log-likelihood higher results are obtained with Monte Carlo methods. Using the likelihood ratio test
to compare the results of models I and II, when we consider the Monte Carlo results for M=2000,
we conclude that model I is preferable with ∆D = 2 × (474.891 − 474.555) = 0.336 on one degree of
freedom (p-value=0.562).
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6. Conclusions

The methodology adopted here illustrate the use of a model to account overdispersion and de-
pendence among repeated observations for count data. The main conclusions are as follows: (a) Monte
Carlo methods perform quite well for M equal or greater than 2000; (b) For one dimensional random
effects models it is preferable use exact numerical integration; (c) For two (or more) dimensional ran-
dom effects models it seems ”preferable” to use Monte Carlo methods when M equal or grater than
2000.
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H. Gonçalves. Likelihood methods for discrete longitudinal data. PhD thesis, University of Lisbon, 2002.
Steven G. Self and Kung-Yee Liang. Asymptotic properties of maximum likelihood estimators and likelihood
ratio tests under nonstandard conditions. Journal of the American Statistical Association, 82:605–610, 1987.
P. F. Thall and S. C. Vail. Some covariance models for longitudinal count data with overdispersion. Biometrics,
46:657–671, 1990.
Scott L. Zeger. A regression model for time series of counts. Biometrika, 75(4):621–629, 1988.

ABSTRACT

Longitudinal count data comprise repeated observations and a set of multidimensional covariates
on each individual. In such cases the autocorrelation structure for the repeated data plays a significant
role in the estimation of regression parameters. Statistical approaches to overdispersion and serial
dependence may be encompassed within the framework of generalized linear mixed model (GLMM). A
model is proposed where the serial dependence among observations of the same individual is assumed to
be of Markovian type, and that also allows for the presence of random effects. The methodology is illus-
trated by analyzing data sets containing longitudinal measures of number of tumors in an experiment
of carcinogenesis to study the influence of lipids in the development of cancer.
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RÉSUMÉ (ABSTRACT)  
 

The use of panel data based on income tax data (so-called taxpayer-panels) has become increasingly 
popular in socioeconomic research. Via “new tax responsiveness” (NTR), a research field has been 
established where it has become possible to analyse tax-related questions through the use of panel 
data. 

Using income tax data, the Federal Statistical Office Germany has succeeded in developing a 
taxpayer-panel for the study of German tax-payers. The major challenge in the development of this 
panel was the fact that the identifier for an individual (the tax number) can change during an 
individual’s life (e.g. by moving to another state, marriage or divorce). To tackle this problem, a 
three-step matching algorithm was developed. 

The German taxpayer-panel now comprises of over 1000 variables, describing 28 million taxpayers – 
from which approximately 20 million are covered by the full time period (2001, 2002, 2003) 
considered. The high number of variables involved, a result of the complexity of German income tax 
law, makes it possible for users to analyse not only tax properties, but also social ones; such as how 
income changes after an individual relocates. 

 

1 Data 

The taxpayer-panel (TPP) is based on income tax data, which have been available at the Federal 
Statistical Office Germany on an annual basis since 2001. These data contain the complete income tax 
form information of roughly 28 million taxpayers (with married couples counting as a single 
taxpayer). These forms have over 1000 variables which contain information not only about the income 
of taxpayers but also information about marital status, number of dependent children, age, and so on. 

 

The panel currently includes the years 2001, 2002 and preliminary results for 2003 (about 95% of data 
is available). The time-lag is caused by the amount of time German taxpayers have to hand in their 
income tax form, which is about 3 years (Lietmeyer, 2005).  
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2 Matching Algorithm 

In general, it would be possible to link the annual data by using income tax numbers. But a personal 
tax number is missing in Germany. Yet the tax number can change over time, such as after marriage or 
divorce, moving from one federal state to another, or when the income type changes. 

 

Therefore, only using the tax number would lead to an enhanced panel mortality, which would include 
taxpayers that could not be matched because of missing identifiers as well as taxpayers that left the 
population or entered it. While the first subset should be minimised the second subset can be used for 
analysing particular questions of interest such as the wages of labour force entrants. Since both cases 
appear at the same time, the two subsets need to be differentiated clearly. Therefore, a three step 
linkage procedure was used. These steps are shown in Picture 1 and will be explained below 
(Vorgrimler, 2006). 
 

Step 1: Matching via tax number

Step 2: Identifying Newly-Weds and 
Newly-Divorcees

Step 3: Matching via ind. indentifiers

panel mortality

panel

Step 1: Matching via tax number

Step 2: Identifying Newly-Weds and 
Newly-Divorcees

Step 3: Matching via ind. indentifiers

Step 1: Matching via tax number

Step 2: Identifying Newly-Weds and 
Newly-Divorcees

Step 3: Matching via ind. indentifiers

panel mortality

panel

 
PICTURE 1: Matching-Algorithm of the German Taxpayer-Panel  

 

2.1 Step 1: Matching by using the tax number 

While it cannot be used for Germany as a whole, the income tax number can be used as a direct 
identifier on the basis of the federal states, which only changes for certain reasons such as marriage, 
divorce, for example. 
 
By using the tax number, about 20.6 million taxpayers could be linked for the years 2001 to 2003. 
Apart from these taxpayers, there are about 3.1 million taxpayers that appeared in the panel only for 
the years 2001 and 2002, plus another 1.9 million that submitted no tax declaration in 2001 but did so 
in 2002 and 2003. 
  
In case of a change in tax number the tax offices should keep the old tax number. In practice this is not 
always possible, such as when a taxpayer moves to another federal state and the new tax office gives 
out a new tax number without knowing the old one. There are also different ways of handling these 
matters in different states. 
 
Nevertheless, a further 63,000 taxpayers could be identified who received a new tax number in 2002 
but the tax office tracked these people using their old number. For the period 2002-2003, 
approximately 294,000 taxpayers could be linked via their old tax numbers. 
 

One particular group of taxpayers that proved problematic in linkage were people with irregular 
employment histories (such as those engaged in study), who do not submit a tax return every year. For 
this reason, it is not sufficient to link only consecutive years; rather non-consecutive years must also 
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be linked - for example, the years 2001 and 2003. From this, it was possible to identify a total of 
313,000 taxpayers that submitted tax returns only in 2001 and 2003, and another 277,000 taxpayers 
who submitted a tax return in 2004 but not in 2003. 
 

2.2 Step 2: Identifying newly-weds and newly-divorcees 

Since marriage and divorce leads to at least one of the involved parties changing their tax number, it 
becomes possible to identify some of the incoming and departing individuals that satisfy this case. 
 
2.2.1 Marriage 
 
Upon marriage, the wife takes on the tax number of her husband and both are together assessed as a 
splitting-case. It is also possible for the husband to take on his wife’s tax number, but this is very rare. 
To identify these marriage cases, first the male taxpayer which changed from being assessed as a 
single in one year (t) and assessed as a splitting-case in the following year (t+1) are identified. These 
cases are then matched with the female singles that could not be linked with the t+1 data in step 1. As 
matching identifiers the place of residence, religion and the birth date were used. This means that it is 
assumed that neither newly-wed did not move or change religion after marriage, an assumption that 
might not hold in some cases. 
 
Using this procedure about 132,000 taxpayers could be identified that married in 2001 and therefore 
submitted a tax claim with their spouse in 2002. For the following years this number is 131,000. 
 
In some cases the newly-weds received a new tax number after their marriage. It is also possible to 
match these via indirect identifiers, but this has not yet been done. 
 
2.2.2 Divorce 
 
As opposed to the marriage cases, a divorce leads from one splitting-case to two separate taxpayers. 
Generally, the ex-husband keeps the old tax number while the ex-wife receives a new one. Similar to 
the procedure described in 2.2.1., the so far unmatched singles in year t+1 are matched with the cases 
that were assessed as a splitting-case in year t and as a single case in t+1 by indirect identifiers.  
 
The indirect identifiers used were the same as in 2.2.1., where the assumption that neither of them 
moved might be even less true than after marriage.  
 
Using this procedure about 45,000 divorces could be identified in 2002 and about 31,000 in 2003. 
 

2.3 Step 3: Matching by using indirect identifiers 

At this point, after linking by using the tax number and by identifying the newly-weds and newly-
divorcees, it is certain that not all unlinked taxpayers are entries or exits to the panel. Especially, since 
the cases where the tax number changed and the old one was not kept on file have not yet been 
examined. Therefore, in a third step these taxpayers are linked by using indirect identifiers. It is 
necessary here to look at the married and unmarried taxpayers separately since linking the married 
couples is easier than linking the singles, as will be shown below. 
 
2.3.1. Married couples 
 
The identifiers used here are the birth dates of both partners and their religion(s). The probability that 
two married couples have exactly the same birthdates is already considerably low: especially if one 
considers that the majority of taxpayers were already linked in the first step.  
 
Using this it was possible to link 130,000 taxpayers in 2001/2002. In 2002/2003, 105,000 taxpayers 
could be linked. About 50,000 of the 130,000 moved between 2001 and 2002, which is why they 
received a new tax number (between 2002 and 2003: 19,500 of the 105,000 taxpayers). 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 3851 -



 
 
2.3.2. Singles 
 
For singles the linking procedure is much more difficult, since the previously-used identifiers of birth 
date and religion are ambiguous. The probability of two people having the exact same birth date is 
somewhat higher than two couples having the same birth dates.  Furthermore, singles are more likely 
to be part of the panel mortality than married couples. This also explains why up to this point in the 
matching algorithm there are more singles not linked than married couples. 
 
To tackle this problem, more indirect identifiers (for example place of residence, gender, religion, type 
of income) need to be applied and two additional steps are carried out. In the first new step it is 
assumed that the taxpayer did not move, since there are also other reasons for a change in tax number. 
In the second step, moving is considered. 
 
Using this 3-step approach, about 560,000 taxpayers could be linked between 2001/2002 and 248,000 
between 2002/2003. The results are summarised in Table 1. 
 

Table 1: The German Taxpayer-Panel 2001 - 2003 by matching steps 

Years 
2001/2002 2002/2003 Matching Step 

In 1000s 
Income Tax Number 24331.3 23010.5 
Old Tax Number 62.5 293.9 Step 1 
Irregular Employment History 313.4 276.5 
Newly-Weds 131.9 131.1 Step 2 
Newly Divorcees 45.1 30.9 

Step 3 Indirect Identifiers 676.9 352.8 
 

3 Result  

The German taxpayer-panel now comprises of over 1000 variables, describing 28 million taxpayers – 
from which approximately 20 million are covered by the full time period (2001, 2002, 2003) 
considered. The high number of variables involved is a result of the complexity of German income tax 
law, and makes it possible for users to analyse not only tax properties, but also social ones; such as 
how income changes after an individual relocates. 
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1. Introduction 
Most economic models usually consider that the economic impact of changes in financial conditions 

can be assessed using a limited set of financial variables, such as risk-free interest rates or long-term 
government bond yields, as suggested by Benito and Whitley (2003), among others. This implies that in 
these models the conditions prevailing in financial markets, as well as in credit markets, do not affect the 
economic activity. Bernanke et al (1999) show that credit market frictions should be included in 
macroeconomic models. Their work suggests that when credit markets are characterised by asymmetric 
information problems and agency costs, Modigliani and Miller’s (1958) theory of the irrelevancy of funding 
choices does not apply. Being so, the inclusion of financial variables in macroeconomic models becomes 
strictly necessary. 

Within the monetary policy transmission literature, credit channel models consider that changes in the 
financial situation of both lenders and borrowers can lead to changes in overall macroeconomic conditions 
and in inflation. This suggests that financial conditions may in fact exert significant pressure in the 
transmission of monetary and real shocks to the economy. Furthermore, given the asymmetric information 
problems that dominate credit markets, lenders may require higher risk premiums on the loans they grant, as 
showed by Benito and Whitley (2003). These higher risk premiums are justified by the increase in corporate 
default probabilities when the demand for external funding increases and when there is a broad-based 
deterioration in these economic agents’ balance sheets. 

It was precisely within this framework that Bernanke et al (1999) introduced the financial accelerator 
model. This model departs from a standard macroeconomic model by including the asymmetric information 
problem when modelling the supply of external funding to non-financial corporations. In this model, the 
relationship between the external finance premium and firms’ net worth plays a crucial role. The external 
finance premium is defined as the difference between the cost of funds raised externally and the opportunity 
cost of funds internal to the firm. Given the frictions prevailing in credit markets, the external finance 
premium varies inversely with the firm’s net worth. More specifically, it is assumed that when firms 
contribute with only a small share of their own funds to an investment project, their interests are not 
necessarily aligned with those of financial institutions, which implies an increase in agency costs. These 
costs must then be offset by an increase in the external finance premium. It should be noted, however, that if 
a large share of investment is supported by own funds, the external finance risk premium should be smaller. 
In fact, this premium will be null if the investment is completely financed with the firm’s equity. The firm’s 
net worth can represent its commitment towards the investment projects. 

The financial accelerator effect is mirrored by the external finance premium and by the firms’ net 
worth. Hence, a decrease in net worth should lead to an increase in the external finance premium and to a 
higher dependency on external funding sources. This will ultimately lead to a decrease in firms’ output and 
investment. This is the core of the financial accelerator theory. Given that a negative shock in the economy 
implies a deterioration in firms’ net worth, the reaction of investment and production to this shock is largely 
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amplified. 
Within this framework, the main purpose of this paper is to explore the heterogeneity contained in a 

panel dataset with detailed accounting information, in order to empirically evaluate the financial accelerator 
theory, which states that a deterioration (improvement) in firms’ financial health should increase (decrease) 
the external finance cost. This funding cost will be measured by an implicit interest rate, computed with the
available accounting data. This implicit interest rate is defined as the ratio between interest paid and total 
debt. In sum, our objective is to estimate an empirical model which evaluates how corporate financial 
indicators influence their implicit interest rates. Firms’ financial indicators are computed using data on their 
financial statements. Their financial situation is assessed with a large set of indicators commonly used in this 
literature, namely in what concerns firms’ solvency, profitability, financial structure, indebtedness, 
productivity, liquidity and investment.  

2. Data and methodology 
The firm-level data used in this work comes from the Central Balance-Sheet Database of Banco de 

Portugal. This database includes economic and financial information for a large sample of Portuguese non-
financial corporations. This information includes accounting data from firms’ financial statements gathered 
through an annual survey. This database contains, from 2000 onwards, information concerning 
approximately 17.500 firms. At least two consecutive years of information are available for 15.000 firms 
amongst these. These 17.500 firms represent nearly 5% of the total number of firms operating in Portugal, 
37% of the total number of employees and 58% of total value added by non-financial corporations. For every 
year the database includes a random and a non-random component. The first includes mainly large 
companies and firms that replied to the survey in the previous years. In turn, the random component is 
obtained through a method of stratified random sampling, by randomly choosing firms in each stratum. 
These strata are homogeneous in terms of business volume and its definition takes into account economic 
activity sectors and firm size cohorts. In this work we have used data concerning the years 1998 to 2004. We 
had to eliminate a few observations with unreasonable extreme values on the implicit interest rate (see 
Morais (2007), for more details).

The structural model used in our empirical study makes possible the analysis of the relationship 
between firms’ financial conditions and their funding costs, by exploring the heterogeneity offered by firm-
level information. Therefore, Equation (1) specifies the implicit interest rate of a firm i at time t, iti , as a 
function of k variables and indicators, itx , concerning firms’ financial situation, of d dummy variables1 and 
of the one-period lagged interest rate. Hence, 

(1) itiitititit dummiesxii uv32110          i = 1,…,N and t = 1,…,7
where 0  and 1  are unknown parameters, 2  and 3  are respectively 1k  and 1d  vectors of 
unknown parameters, iv  a random variable resulting from firms’ unobserved heterogeneity constant in time 
and itu  is the idiosyncratic error. The definition of the variables and their descriptive statistics can be seen 
in Table 1 below. 
Table 1 – Definition of the variables and descriptive statistics  

Variable Definition N mean sd min p5 p25 p50 p75 p95 max Skewness Kurtosis
Implicit interest rate Interest paid / Total debt x 100  61 303 10.79 8.53 0 1.69 4.86 8.12 14.14 29.72 42.19 1.46 4.84

Employees   61 303   66   263   0   2   6   16   48   248  17 227   25  1 086

Firm age (years)   61 303   19   15   0   3   9   14   24   49   104   2   8

Sales as a % assets Sales / Total assets x 100  61 303   1   1   0   0   1   1   2   3   81   9   247

Liquid assets as a % assets Bank deposits and cash / Total assets x 100  61 303   7   11   0   0   1   3   8   29   100   3   16

Liquid assets (Bank deposits and cash + Short-term debt receivables + Invento 
ries + Short-term investments) / Short-term debt payables x 100 

 61 303   208   345   100   103   124   150   191   370  4 738   10   125

ROA Net income / Total assets x 100  61 303   1   9 -  76 -  13   0   1   3   11   40 -  2   19

Solvency ratio Equity / (Total assets - Equity) x 100  61 303   261  1 173 -  253 -  20   32   83   185   799  41 132   17   413

Leverage Total debt / Equity x 100  61 287   392  1 225 - 4 780 -  454   103   221   450  1 779  8 187   2   23

Investment as a % assets (Tangible + Intangible + Financial assets) / Total assets x 100  61 303   33   25   0   2   12   29   50   82   100   1   3

Available collateral Tangible assets / Total assets x 100  61 303   29   23   0   1   9   24   44   74   100   1   3

Labour productivity Sales / Employees  60 104   189  3 005   0   13   34   68   144   480  597 383   163  29 911

Capital productivity Sales / Tangible assets  60 313   49  1 380   0   0   2   5   14   79  213 959   108  13 954

                                                     1 We defined yearly dummies, in order to evaluate the common effects to all firms in a given year, size dummies, in order to control for firm size (taking into 
account the European Commission Recommendation of 6 May 2003 (2003/361/EC)), as well as sector dummies, defined accordingly with the national 
classification of economic activities. 
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The direct estimation of the model presented in Equation (1) by OLS (ordinary least squares) would 
lead to inconsistent estimates due to endogeneity problems, as thoroughly discussed in Bond (2002). 
Consistent estimates can be obtained with Blundell and Bond (1998) GMM system estimator which is 
appropriated for panels with a large number of units observed in few periods as ours. Moreover, the 
mentioned authors claim that their method is advantageous over Arellano and Bond (1991) in treating weak 
instruments and persistent variables. Furthermore, we use robust estimation of covariances to prevent from 
inconsistency due to the presence of heteroskedasticity (which is rather frequent in heterogeneous cross-
sectional data as ours) and/or autocorrelation.

3. Estimation results 
The results from the estimation are presented in Table 2. These results focused on 36.182 observations, 

for 13.018 firms and where obtained using the Stata 9.1 module xtabond2, developed by Roodman (2005).  
Table 2 - Estimation results with two step system GMM 

Dependent variable: Implicit interest rate t Coef. St. error p-value 
Implicit interest rate t-1 0.1855 0.0518 0.000 
Solvency ratio t-1 -0.0008 0.0002 0.001 

ROA t-1 -0.0324 0.0082 0.000 

Liquid assets t -0.0010 0.0002 0.000 

Firm age -0.0198 0.0082 0.015 

1999 0.0400 0.2544 0.875 
2000 0.6378 0.1737 0.000 

2001 1.4281 0.0000 0.000 

2002 0.3764 0.1355 0.005 

2003 -0.0192 0.0897 0.831 

Small t -2.8100 0.9179 0.002 
Medium t -1.6054 0.8285 0.053 

Large t -3.6241 1.5609 0.020 

Agriculture, fishing & mining t 4.1946 3.6025 0.244 
Manufacturing t 4.4758 1.0045 0.000 

Utilities t -9.4051 11.3766 0.408 

Construction t 3.1237 1.1692 0.008 

Commerce t 7.3657 1.4720 0.000 

Tourism & restaurants t 2.4120 1.6444 0.142 

Transports & communications t 1.5642 4.9230 0.751 

Education & and healthcare t -6.8799 5.6355 0.222 

Constant 5.5892 0.6215 0.000 

Wald chi2 (joint significance)  772.4 df = 21 Prob > chi2  0.000 
Hansen test (overidentifying restrictions) 107.06 df = 116 Prob > chi2 0.712 

AR(1) Arellano-Bond test in first-differences z = -9.48 Prob > z 0.000 

AR(2) Arellano-Bond test in first-differences z =  1.65 Prob > z 0.098 

The results displayed in the table suggest the existence of a negative relationship between firms’ 
financial situation and the implicit interest rate, which is consistent with the financial accelerator theory. It is 
shown that the coefficient on the implicit interest rate at t-1, which is statistically significant at 5%, 
positively influences the implicit interest rate in the following period. This coefficient is rather low, 0.19%, 
which shows a non persistent behaviour of the implicit interest rates over the years. In turn, the coefficient of 
the solvency ratio in t-12, defined as the ratio between own funds and external finance, suggests that firms 
with higher solvency levels seem to benefit from lower implicit interest rates. As mentioned by Bernanke 
(1999), equity can be considered as the participation of the firm in the investment project, signalling the 
firm’s commitment towards that project. The negative sign showed by the solvency ratio helps to support this 
hypothesis. Firms which have available a larger share of equity to fund their investment projects are able to 
obtain lower interest rates. In addition, the coefficient on profitability, measured as ROA in the previous year, 
shows that more profitable firms are able to benefit from lower funding costs, as would be expected, given 
that more profitable firms are usually better able to honour their debt contracts. Moreover, the results 
obtained suggest that firms with higher liquidity ratios, measured as the coverage of liquid assets by short 
term debt, show lower interest rates, as would be expected. The coefficient estimated for firm age suggests 
that older firms should present relatively lower interest rates. Additionally, the coefficients estimated for time 
                                                     2 We considered the solvency ratio and ROA at t-1, given that usually banks decisions are based on firms’ financial statements from the previous year. 
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dummies are consistent with the downward trend shown by interest rates on loans to non-financial 
corporations over the last few years. In turn, the coefficients on size dummies show that, as would be 
expected, smaller firms usually pay higher interest rates. Finally, the results obtained for sector dummies 
show that utilities, education and healthcare firms usually face lower funding costs than real estate firms 
(omitted dummy variable), even though these differences do not seem to be statistically significant. This 
result can be partly explained by the fact that some utilities, education and healthcare firms are to a large 
extent state-owned, which may imply lower funding costs. Furthermore, the analysis of sector dummies 
confirms that manufacturing, commerce and construction firms show relatively higher interest rates than real 
estate firms.  

All the statistical tests performed on the estimated model show that its statistical properties are 
acceptable. The Wald test confirms that all the estimated coefficients on the explanatory variables (excluding 
the constant) are jointly significant. Furthermore, the Hansen test does not reject the validity of the 
overidentifying restrictions.  

4. Conclusion 
This work intended to evaluate the relationship between the financial situation of Portuguese firms and 

their funding costs. In order to achieve such objective, we used detailed information on these economic 
agents at the micro level. This information was based on a panel dataset comprising more than 20.000 non-
financial Portuguese firms, which is part of the Central Balance-Sheet Database held by Banco de Portugal. 
With the aim of obtaining sound and reliable empirical results, we applied a relatively recent econometric 
methodology, usually known as system GMM. Such technique makes possible the dynamic analysis of the 
information contained within panel datasets. 

The results obtained confirm the existence, in Portugal, of an inverse relation between firms’ financial 
situation and their funding costs, measured by our estimates of an implicit interest rate. Variables such as 
solvency, profitability and liquidity show this inverse relation. Firm age, as expected, proved to have a 
negative impact on the determination of implicit interest rates. Moreover, the use of control variables for firm 
dimension and sector demonstrated to have particular relevance in the determination of implicit interest rates. 
We also observe that micro firms seem to have higher implicit interest rates than the remaining firms. These 
results are broadly consistent with the hypothesis underlying the financial accelerator theory, which suggests 
that improvements in firms’ financial health imply a decrease in their funding costs. 
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1. Introduction

Dependent ordinal responses arise frequently in practice due to repeated measurements in longi-
tudinal studies. Such repeated measurements occur frequently in cross-over trails and in experiments
which incorporate a pre-treatment baseline measurement. In these studies, the responses of interest
for each subject recorded by a categorical ordinal scale and observe repeatedly at several times or
under various conditions. In these studies we have to consider not only the fact that responses are
ordinal in nature but also the possibility of correlations between responses given by the same indi-
vidual. Different models can be used to take into account the correlation between responses. One
possibility is marginal modeling, which can be used to make inferences about parameters averaged
over the whole population [Kim (1995); Liang et al. (1992)]. A second possibility is random ef-
fects modeling, which makes inferences about variability between respondents, [Verbeke and Lesaffre
(1996); Vebeke and Molenberghs (1997); Tutz (2005)]. The third approach would be to use Markov
(transition) models [see Kalbfleisch and Lawless (1985)]. For reviews of transition and other models
for ordinal longitudinal responses, see McCullagh (1980), Diggle et al. (2002) and Agresti (2002).

In longitudinal data, some of the subjects may withdraw from the survey before the study is
complete and do not return. The subjects with these characteristics are said to have dropped out.
Little and Rubin (2002) make important distinctions between the various types of drop-out mechanism.
A drop-out process is said to be completely random drop-out (CRD) if the drop-out mechanism is
independent of both unobserved and observed data and random drop-out (RD) if it is not dependent
on the current value of the response given the values of the previous responses. A mechanism that is
dependent on the current value of response is termed non-random drop-out (NRD).

In this paper we focus on RD with application for Fluvoxamine data. In this data set the
response of interest is the side effects of using Fluvoxamine as an ordinal response. In the analysis
of the Fluvoxamine data, Molenberghs et al. (1997) found that the assumption of RD is reasonable.
Several methods exist for the analysis of such data. Three of these methods are use of observed
likelihood to estimate the parameter estimates, use of multiple imputation (MI) and use of weighted
generalized estimating equation (WGEE). Hines and Hines (2005) used some of these approaches
and compared them by a marginal model. However their approach needs sophisticated statistical
computational methods which are not easy to use for medical practitioners. We shall use a latend
first order transition model which can be implemented by existing software such as SAS, SPSS or
STATA. We use this model instead of marginal or random effect model because this model conditioning
on previous responses would remove the effects of cluster-level covariates. We shall compared the
performance of ML, MI and WGEE approches on Flovoxamine data.

In Section 2, Fluvoxamine data (Molenberghs et al., 1997) as motivation are discussed. In Section
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3 ordered transition latend variable model is given and in Section 4 the results, using transition model
for Fluvoxamine data, are presented.

2. THE FLUVOXAMINE DATA

These data result from a multicentre study in which the drug Fluvoxamine was used for 315
subjects who were initially recruited into study. The data are discussed in Molenberghs and Lesaffre
(1994), Kenward et al. (1994) and Molenberghs et al. (1997). This example is a 4-wave study. At an
initial visit also baseline covariate information such as the sex, age, initial severity (scale 1 to 7), and
duration of actual mental illness were measured for each subject. After recruitment, the individuals
made four visits at weeks 2, 4, 8 and 12. At each visit side effects is an ordinal response with: (0) no
side effect, (1) no significant interference with functionality of patient, (2) significant interference with
functionality of patient and (3) side-effect surpasses therapeutic effect. From the initially recruited
subjects, 14 were not observed at all after the start, 31 and 44 patients, respectively, were observed
on the first only and first and second occasions, and 224 had complete observations. We omit two
patients with non-monotone missing values and 12 more were missing at last one of the covariates
age, duration or initial severity of the mental illness, leaving 287 in the analyses. Since category 3 of
responses (side effect) occurred only 2 per cent of the time, we decided to combine it with category 2
for computational simplicity.

3. ORDERED TRANSITION LATEND VARIABLE MODEL

Consider the following latend variable model for analysing Fluvoxamine data:

Y ∗
i1 = −β1Xi1 + εi1(1)

Y ∗
it = −(βtXit + γ1tZi,t−1,1 + γ2tZi,t−1,2) + εit t = 2, 3(2)

where Y ∗
it for t = 1, 2, 3 are latend variables for responses such that

Yit =



0, if Y ∗
it ≤ θ1t;

1, if θ1t < Y ∗
it ≤ θ2t,

2, if Y ∗
it > θ2t.

θ1t and θ2t are cutpoints to be estimated. Xit for t = 1, 2, 3 are vector of explanatory variables and
Zi,t−1 = (Zi,t−1,0, Zi,t−1,1) where Zi,t−1,j = 1 if Yi,t−1 ≤ j and Zi,t−1,j = 0 otherwise. The error
terms can be chosen to have any distribution. We shall assume independent normal distributions for
them. We shall use this model for analyzing of the Fluvoxamine data using likelihood, MI and WGEE
approaches. The observed likelihood function is

L =
n∏

i=1

f(yi1|xi1)
n1∏
i=1

f(yi2|yi1, xi2)
n2∏
i=1

f(yi3|yi2, xi3)

where n1 is the number of individuals with all y1 and y2 observed and n2 is the number of individuals
with all y1,y2 and y3 observed and n is the number of all individuals. We have

p(Yit = yit) = p(θyit,t < Y ∗
it ≤ θyit+1,t)

= Φ(θyit+1,t + βtXit + γ1tZi,t−1,0 + γ2tZi,t−1,1)− Φ(θyit,t + βtXit + γ1tZi,t−1,0 + γ2tZi,t−1,1)

where we assume θ0t = −∞ and θ3t = ∞. For t = 1 as Zi,0,1 and Zi,0,2 are unobserved, we assume
γ11 = γ21 = 0. For multiple imputation (see, Rubin, 1987), we use a stochastic latend ordinal regression
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imputation approach. We use complete cases and model (2) to find the parameter estimates and
predicted values of Y ∗

it for t = 2, 3. Using Ŷ ∗
it + εit, where εit’s are generated by normal distribution,

we imput the missing values 5 times. Analysing all complete data sets separately and combining them
by the method of Rubin (1987, ch.2), we found the parameter estimates and their standard errors.
For WGEE, we find the predicted probability of observing Yit for t = 2, 3 by the following model.

logit[p(Rit = 1|Xit, Yit−1)] = ϕ
′
tXit + η1,tZi,t−1,0 + η2,tZi,t−1,1

where Rit is an indicator variable which is 1 if Yit is observed and 0 otherwise and ϕt is a vector of
parameters. Using reciprocal of predicted probabilities as weights we solved the following GEEs

S(ξt) = ΣKt
i=1WitD

′
itV

−1
it (Zit − µit(ξt)) = 0, t = 1, 2, 3

to find the parameter estimates. In these equations ξt = (θ1t, θ2t, β
′
t, γ1t, γ2t)′, Zit = (Zit0, Zit1)′,

Wi1 = 1 ∀i, Wi2 and Wi3 are found by predicted probabilities, K1 = n, K2 = n1,K3 = n2, Dit = ∂µit
∂ξt

,
µit = (µit1, µit2)′ = (Φ(θ1t +X

′
ijβt +γ1tZi,t−1,0 +γ2tZi,t−1,1),Φ(θ2t +X

′
ijβt +γ1tZi,t−1,0 +γ2tZi,t−1,1))′.

The robust approach is used to find the variance of the parameter estimates.

4. Results of using different approches for Flovoxamine data

Table 1 gives parameter Estimates and Standard Error of Maximum Likelihood (ML), Weighted
Generalized Estimating Equations (WGEE) and Multiple Imputations (MI) for Fluvoxamine data.

Table 1: Parameter Estimates and Standard Error of ML, WGEE and MI for Fluvox-

amine data (bold numbers are significant at %5 level)

ML WGEE MI
Parameter Est. S.E. Est. S.E. Est. S.E.

θ01 -0.317 0.544 -0.317 0.571 -0.317 0.544
θ11 0.985 0.545 0.985 0.578 0.985 0.545

β11(Age) -0.011 0.005 -0.011 0.005 -0.011 0.005
β21(Sex) -0.111 0.143 -0.111 0.146 -0.111 0.143

β31(Duration) -0.009 0.003 -0.009 0.003 -0.009 0.003
β41(Severity) 0.180 0.085 0.180 0.087 0.180 0.085

Parameter Est. S.E. Est. S.E. Est. S.E.
θ02 -1.934 0.739 -1.934 0.770 -2.114 0.729
θ12 -0.049 0.730 -0.048 0.7366 -0.710 0.721

β12(Age) -0.007 0.006 -0.007 0.005 -0.003 0.005
β22(Sex) 0.257 0.175 0.257 0.191 0.171 0.167

β32(Duration) -0.005 0.004 -0.005 0.004 -0.004 0.003
β42(Severity) 0.068 0.110 0.068 0.112 0.127 0.106

γ12(Z10) 1.688 0.194 1.688 0.193 1.212 0.167
γ22(Z11) 1.011 0.260 1.011 0.358 0.922 0.220

Parameter Est. S.E. Est. S.E. Est. S.E.
θ03 -1.650 0.957 -1.650 0.881 -1.251 0.642
θ13 0.327 0.945 0.327 0.845 -0.252 0.636

β13(Age) -0.006 0.007 -0.006 0.007 -0.007 0.005
β23(Sex) 0.038 0.207 0.0387 0.187 -0.006 0.159

β33(Duration) 0.006 0.005 -0.006 0.005 -0.003 0.003
β43(Severity) 0.118 0.133 0.118 0.134 0.044 0.102

γ13(Z20) 1.524 0.203 1.524 0.230 0.970 0.159
γ23(Z21) 0.987 0.432 0.987 0.354 1.068 0.231
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Results for the first period shows that the older the individual the severe is the side effect of using
Fluvoxamine. Also, the longer the duration of using Fluvoxamine the severe is the side effect. Results
of second and third periods shows that in this data previous outcome is so effective on the current
response. The lower the value of previous response the higher is the probability of having lower
values for the current response (all γkt for k = 1, 2 and t = 2, 3 are significant). There is no effect
of any other covariate on current response, given the previous response. Note that also, there is not
that much difference between the significant parameter estimates of all approaches, but a comparison
of the estimates of variances of parameter estimates shows that those of MI approach are less than
other methods. This occurs due to considering uncertainly of missing values by the method of MI. A
simulation study needs to confirm this.
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ABSTRACT

There are many methods for analyzing longitudinal ordinal response data with missing at random
dropouts. These include maximum likelihood (ML), weighted generalized estimating equations (GEE)
and multiple imputations (MI) approaches. ML methods usually need sophisticated programs, written
by experts, to be used for estimating parameter. In this paper, using a transition model, likelihood
function is partitioned to make possible the use of existing software for estimating model parameters.
The results of using ML are compared with those of WGEE and MI on an applied example. The
variance estimates are also compared. This shows that the ML estimates can be obtained by a simple
computational tool and MI estimates have lower variance than ML and WGEE.
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1 Introduction 

This paper discusses alternative modelling strategies to address longitudinal regression analyses of the 
British Household Panel Survey (BHPS) data on attitudes to gender roles, and their relation to demographic 
and economic variables. The general substantive question in this article is: would one draw different conclu-
sions and inferences, depending on the modelling strategy one choses?  Some previous work has been under-
taken. Carrière & Bouyer (2002), and Borgan et al. (2007), discuss alternative modelling procedures in a 
longitudinal binary data context. Rhodes & Courneya (2003) study different modelling strategies for using 
structural equation modelling approaches. Bishop et al. (2000) discuss modelling strategies using a general-
ised estimating equation approach to analyse data spatial and temporal correlation.        

This paper is motivated by a regression analysis of five waves of BHPS data, described in Section 2. 
After a description of the model and estimation methods in Section 3, the paper proceeds in Section 4 to pro-
vide empirical evidence that the choice of the modelling approach is a crucial issue and may seriously affect 
the outcome of the longitudinal analysis, and concludes in Section 5. 

 
2 The motivating application to BHPS data 

There have been major changes in the roles of men and women within the family in various countries 
over the last few decades. Social scientists are concerned with the relation between changes in the attitudes 
towards gender roles, and changes in behaviour such as the ones caused by parenthood and labour force par-
ticipation (e.g. Morgan & Waite, 1987; Fan & Marini, 2000). In this paper we consider alternative longitudi-
nal regression modelling strategies, based upon Berrington (2002), with a measure of gender role attitude as 
the dependent variable.  

The data come from waves 1, 3, 5, 7 and 9 (collected in 1991, 1993, 1995, 1997, and 1999 respec-
tively) of the BHPS, when respondents were asked whether they ‘strongly agreed’, ‘agreed’, ‘neither agreed 
nor disagreed’, ‘disagreed’ or ‘strongly disagreed’ with a sequence of affirmations concerning the family, 
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women’s roles, and work out of the household. Responses were scored from 1 to 5. We used factor analysis 
to assess which affirmations could be combined into a gender role attitude measure; the attitude score con-
sidered in this paper is the total score for six affirmations thus selected. Higher scores indicate more egalitar-
ian gender role attitudes. The covariate of principal scientific interest is economic activity, which discrimi-
nates in particular between women who are at home looking after children (denoted Family care) and women 
following other forms of activity in the labour market. Variables indicating parenthood status, age and educa-
tion are also considered since these have often been found to be strongly related to gender role attitudes (Fan 
& Marini, 2000). All these covariates may change values between waves. A time variable is also included.  

The BHPS is a household panel survey of individuals in private domiciles in Great Britain (Taylor et 
al., 2001). We defined our study population as women aged 16-39 in 1991. This resulted in a subset of data 
of  n = 1340, which consists of those women in the eligible age range for whom full interview outcomes 
(complete records) were obtained in all the five waves. The initial sample (wave one) of the 1991 BHPS was 
selected by a stratified multistage design in which households had approximately equal probabilities of in-
clusion. Since our aim is a methodological one - to compare alternative longitudinal modelling strategies -, 
we have chosen not to address complex sampling design issues in this paper.  
 
3. Longitudinal regression model and inference procedures 

Let 
ity  denote the value of the attitude score for woman i at wave t (coded t = 1, … , T = 5) and let 

1( ,..., ) 'i i iTy y y=  be the vector of repeated measures. We consider linear models of the following form to rep-
resent the expectation of iy  given the values of covariates:               

( )i iE y x β= ,         (1) 

where 
1( ', ..., ') 'i i iTx x x= , 

itx  is a 1×q vector of specified values of covariates for woman i at wave t, β  is the 
q×1 vector of regression coefficients.  

We consider estimation of β  based on data from the ‘longitudinal sample’, 
Ts , i.e. the sample for 

which observations are available for each of 1,...,t T= . We did not use data observed only at subsets of the 
five waves, partly for simplicity, but also because our primary interest is to assess the impacts of the adoption 
of alternative modelling strategies. A concern with the use of the longitudinal sample Ts  is that the underly-
ing attrition process may lead to biased estimation of β . One possible way of attempting to correct for this 
potential biasing effect is via the use of longitudinal survey weights.  

The most general estimator of β  we consider is 

∑∑
∈

−

−

∈

−











=

TT si
ii

si
ii yVxxVx 1

1

1 ''β̂
,       (2) 

where V is a T×T  ‘working’ variance matrix of 
iy  (Diggle et al. 2002), taken as the exchangeable variance 

matrix with diagonal elements 2
σ  and off-diagonal elements 2

ρ̂σ , and ρ̂  is an estimator of the intra-
individual correlation (Liang and Zeger, 1986). This variance matrix V  would arise if 

ity  obeyed the multi-
level (mixed linear) model:  

 
it it i ity x u vβ= + + ,        (3) 

with independent random effects 
iu  and 

itv  with variances 2 2
uσ ρσ=  and 2 2(1 )vσ ρ σ= −  respectively. It is not 

necessary, however, for the error structure to follow (3) exactly for β̂  to be consistent.  
To estimate the covariance matrix of β̂  we consider the ‘robust’ variance estimator presented by Liang 

and Zeger (1986) as consistent when (1) holds, but the working variance matrix V may not reflect the true 
variance structure. See also Diggle et al. (2002, section 4.6). 

 
4. Longitudinal regression modelling strategies and results 

We consider five alternative modelling strategies (Menard, 1991): (i) the value of the dependent vari-
able, score, is a function of the values of the covariates; (ii) the value of the dependent variable is a function 
of the change in the covariates (score is a function of ∆covariates); (iii) the value of the dependent variable is 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 3862 -



a function of its lagged value and of other covariates (score is as a function of score(t-1) and covariates); (iv) 
the change in the dependent variable is a function of the covariates (∆score is a function of the covariates); 
and (v) the change in the dependent variable is a function of change variables (∆score is a function of 
∆covariates). Table 1 gives model fitting results, coefficients estimates and p-values, for each strategy. 
 
Table 1. Estimates of Regression Coefficients 

variables strategy i  strategy ii  strategy iii  strategy iv  strategy v  

dependent score Score score ∆score ∆score 

independent covariates ∆covariates covariates + 
score(t-1) 

covariates ∆covar. 

Covariates Coefficients (p-values) 

Intercept 22.20 (0.00) 22.31 (0.00) 6.35 (0.00) -0.37 (0.00) -0.31 (0.00) 
Wave Number (time variable) -0.04 (0.00) -0.06 (0.00) NS NS NS 

Lagged Score (t - 1)   0.70 (0.00)   

16-21 years *      
22-27 years -0.70 (0.00) -0.73 (0.00) -0.19 (0.35) NS NS 

28-33 years -0.87 (0.00) -0.93 (0.00) -0.31 (0.12) NS NS Age group 

More than 34 years -1.00 (0.00) -1.02 (0.00) -0.42 (0.04) NS NS 

Full time employed *      
Part time employed -0.91 (0.00)  -0.50 (0.00)  0.13 (0.13)  
Other inactive -0.73 (0.00)  -0.47 (0.00) -0.10 (0.43)  
Full time student  0.17 (0.39)   0.26 (0.25)  0.33 (0.12)  

Econ. ac-
tivity 

Family care -2.05 (0.00)  -1.35 (0.00) -0.25 (0.00)  

FT employ. at t and t-1 *      
FT to PT employed  -0.48 (0.01)   -0.08 (0.68) 
FT employ. to family care   -2.06 (0.00)   -1.66 (0.00) 
PT employ. in wave t and t-1   -1.04 (0.00)     0.23 (0.01) 
PT to FT time employed  -0.33 (0.06)     0.63 (0.00) 
PT employ. to family care   -1.63 (0.00)   -0.07 (0.75) 
Family care in wave t and t-1  -2.47 (0.00)     0.10 (0.27) 
Family care to PT employ.  -1.27 (0.00)     0.98 (0.00) 
Other trajectory   -0.38 (0.00)     0.03 (0.74) 

Change in 
econ. ac-
tivity 

Family care to FT employ.  -0.46 (0.13)     1.31 (0.00) 

Degree *      
Other higher QF -0.51 (0.01) -0.35 (0.10) NS 0.03 (0.78) 0.04 (0.67) 
A-level -0.60 (0.00) -0.65 (0.00) NS 0.06 (0.54) 0.04 (0.66) 
O-level -0.43 (0.05) -0.41 (0.07) NS 0.15 (0.08) 0.13 (0.12) 

Educ. 
level 

Other -1.17 (0.00) -0.96 (0.00) NS 0.30 (0.00) 0.24 (0.01) 

Not a parent *      Parent. 
Status Parent NS NS 0.36 (0.00) 0.23 (0.00) NS 

 ρ̂  0.59 0.62 -0.08 -0.20 -0.21 
NS  – denotes ‘not significant’ at 5% level.      * baselines 

 
Note that the interpretation of β  in (1) is valid for the population, rather than for any subject, i.e. it de-

scribes how the population-averaged response depends on the explanatory variables. Moreover, models con-
sidered above focus mainly on the difference in the population-averaged response among groups and not on 
the change in an individual’s response over time. Table 1 confirms previous research results that younger 
women, employed women and those with higher educational levels tend to have more egalitarian attitudes 
concerning women’s roles (Berrington, 2002). Nevertheless, both coefficient estimates and selected signifi-
cant covariates may differ considerably depending on the adopted modelling strategy.  

We examine first the covariate economic activity. In strategy (i), the coefficient –2.05 shows that an 
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average woman in Family care has an attitude score about two units less than an average woman in Full time 
employment, which indicates that women that work in full time jobs tend to be more egalitarian than women 
in family care. Controlling for the effect of the lagged score (strategy iii), the estimated coefficient for the 
Family care category increases to -1.35, and we may observe a similar effect for other categories of the same 
covariate. Moreover, when we consider the change in the score as the dependent variable, and do not include 
any change variables as covariates (strategy iv), the coefficient increases again to -0.25. Controlling by the 
remaining covariates, this indicates that women in full time employment tend to become more egalitarian 
than women in family care over time. The other covariates Age group, Educational level and Parenthood 
may or may not be significant, depending on the chosen modelling strategy. The estimates for the intra-
individual correlation ( ρ̂ ) also differ considerably between strategies (i) and (ii), as compared to strategies 
(iii), (iv) and (v), which suggests that the consideration of either the lagged score or the change variables 
could help explaining further the attitude score variability.   
 
5. Conclusions 

We have presented some empirical evidence that the choice of the modelling strategy is an important 
issue in the longitudinal data analysis context The main implication is that the results, and their interpretation, 
could be different depending on the adopted modelling option. Our recommendation is that the choice should 
thus be made considering the aims of the longitudinal analysis. The empirical work presented in this paper 
has been restricted to marginal regression models; model fitting has also been performed for random effects 
and fixed effects models, and the results are going to be presented in a follow-up paper. Research allowing 
for survey weighting, stratification and clustering, has resulted in broadly similar findings. Skinner and 
Vieira (2007) provide a comprehensive study on the impacts of complex sampling on longitudinal analysis.  
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ABSTRACT

This paper gives a method for computing waiting time probabilities of patterns in the state sequence of
a hidden Markov model, conditional on observing all or part of the observation sequence. Probabilities
are computed for very general classes of patterns, and thus the theory includes as special cases results
for a large class of problems which have wide application. The unobserved state sequence is assumed
to be Markovian with a general order of dependence. An auxiliary Markov chain is associated with
the state sequence and is used to simplify the computations.
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Introduction

The telegraph process (see Goldstein, 1951 and Kac, 1974) models a random motion with finite
velocity and it is usually proposed as an alternative to diffusion models. The process describes the
position of a particle moving on the real line, alternatively with constant velocity +v or −v. The
changes of direction are governed by an homogeneous Poisson process with rate λ > 0. The telegraph
process or telegrapher’s process is defined as

(1) X(t) = x0 + V (0)
∫ t

0
(−1)N(s)ds, t > 0,

where V (0) is the initial velocity taking values ±v with equal probability and independently of the
Poisson process {N(t), t > 0}. The density of the distribution of the position of the particle at time t

solves an hyperbolic partial differential equation called “the telegraph equation” and hence the name
of the process. Many authors analyzed probabilistic properties of the process over the years (see
for example Orsingher, 1985, 1990; Pinsky, 1991; Foong and Kanno, 1994; Stadje and Zacks, 2004).
Di Crescenzo and Pellerey (2002) proposed the geometric telegraph process as a model to describe
the dynamics of the price of risky assets, where X(t) replaces the standard Brownian motion of the
original Black-Scholes (1973) - Merton (1973) model. Mazza and Rulliere (2004) linked the process
(1) and the ruin processes in the context of risk theory. Di Masi et al (1994) proposed to model the
volatility of financial markets in terms of the telegraph process. Ratanov (2004, 2005) proposed to
model financial markets using a telegraph process with two intensities λ± and two velocities v±. The
telegraph process has also been used in ecology to model population dynamics (see Holmes et al.,
1994) and the displacement of wild animals on the soil. In particular, this model is chosen because it
preserves the property of animals to move at finite velocity and for a certain period along one direction
(see e.g. Holmes, 1993, for an account).

To the best of authors’ knowledge, up to now, only few references about estimation problems
for the telegrapher’s process are known. Yao (1985) considers the problem of state estimation of
the telegrapher’s process under white noise perturbation and studies performance of nonlinear filters.
Iacus (2001) is about the estimation of the parameter θ of the non-constant rate λθ(t) from continuous
observations of the process. More recently, De Gregorio and Iacus (2006) proposed pseudo-maximum
likelihood and moment based estimators for the telegraph process under discrete observations on a
fixed time interval [0, T ] when the process is observed with a mesh Δn descreasing to zero as the number
of observations n increases. Finally, Iacus and Yoshida (2006) consider moment type estimators from
discrete observation of the process under the assumption nΔn →∞ as n→∞.
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Contrary to the Brownian motion, the process X(t) has finite variation and continuous and
differentiable paths but at the same time, this model is mathematically challenging to handle and few
closed form results exist.

We review some results about consistent and asymptotically efficient estimators for the param-
eters of this model as well as a change point estimation problem the rate of the underlying Poisson
process by means of least squares method. The consistency and the rate of convergence for the the
change point estimator are obtained, while its asymptotic distribution is derived. Applications to real
data are also presented.

Known results

As mentioned we assume that the telegraph process {X(t), 0 ≤ t ≤ T}, with X(0) = x0 = 0, is
observed only at discrete times 0 < t1 < · · · < tn = T , with ti = iΔn, i = 0, . . . , n hence nΔn = T .
We use the following notation to simplify the formulas: X(ti) = X(iΔn) = Xi. The interest is in
the estimation of the parameter λ whilst v is assumed to be known. If the whole trajectory can be
observed, λ can be estimated by N(T )/T where N(T ) is the number of Poisson events counted in
[0, T ] or, the number of times the process switches its velocity in [0, T ]. The estimation of v is always
an uninteresting problem as, if there are no switchings in ((i − 1)Δn, iΔn] then Xi − Xi−1 = vΔn,
hence if Δn is sufficiently small, there is high probability to observe N(ti+1) −N(ti) = 0 then v can
be estimated (actually calculated) without error. We remind that the process X(t) is not Markovian.
and the distribution of the position of the particle at time t, i.e. the distribution of X(t), is a
mixture of continuous and discrete components. This distribution has been obtained by Goldstein
(1951), Orsingher (1990) and Pinsky (1991) with different techniques. De Gregorio and Iacus (2006)
considered the following approximated likelihood

(2)

Ln(λ) = Ln(λ|X0, X1, . . . , Xn) =
n∏

i=1

p(Xi,Δn;Xi−1, ti−1)

=
n∏

i=1

{
e−λΔn

2v

{
λI0

(
λ

v

√
un,i

)
+

vλΔnI1

(
λ
v

√
un,i

)
√

un,i

}
1{un,i>0} +

e−λΔn

2
δ(un,i)

}

where un,i = un(Xi, Xi−1) = v2Δ2
n − (Xi − Xi−1)2. The density p(Xi,Δn;Xi−1, ti−1) appearing in

(2) is the probability law of a telegraph process initially located in Xi−1, that reaches the position
Xi at time ti. The above approximate likelihood is just the product of the laws of the increments
Xi −Xi−1 which are considered as if they were n independent copies of the process X(Δn). In this
sense (2) is only an approximate likelihood function. The increments ηi can be expressed as follows
ηi = Xi −Xi−1 are stationary but not independent but |ηi| are also independent. In their paper, the
authors proposed the approximated maximum likelihood estimator λ̂n = arg maxλ>0 Ln(λ) and proved
that it exists uniquely (not so evident given the uncommon form of Ln) and such that λ̂n → N(T )/T

under the condition nΔn = T , Δn → 0 as n → ∞ but T fixed. When T → ∞ (Iacus and Yoshida,
2006) it is possible to obtain consistency asymptotic normality but not efficiency using the above
estimator or other moment type the estimators because their asymptotic variance is 6

5λ > λ. On
the contrary, the following estimator has been proved to be also asymptotically efficient. Consider
the following statistic γ̃n = 1

nΔn

∑n
i=1 1{|ηi|<vΔn}. The statistic λ̃n is not a good estimator of λ for

fixed Δn. Instead, the following estimator was proposed: λ̂n = − 1
Δn

log (1−Δnγ̃n) and as Δn → 0,
nΔn → ∞ as n → ∞ this estimator is consistent, asymptotically normal and attains the minimal
variance, i.e. it is asymptotically efficient:

√
nΔn(λ̂n − λ0)

d−→ N(0, λ0)
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Change point problem

We suppose that for a telegraph process occurs a switch of the rate of the change of direction
in an instant ti, i = 1, ..., n,, i.e. λ = λ1 for i ≤ k0 and λ2 for i > k0 where λ1, λ2 and k0 are unknown
and k0 is the change point. Our aim is to estimate λ1, λ2 and k0 given the observations Xi, i = 1, ..., n.

The change point estimation theory has been employed widely by means of the likelihood
function (see Csorgo and Horvath, 1997). An alternative method has been presented for exam-
ple in Bai (1994, 1997) and Chen et al. (2005), which consider a least squares estimator. Let
Yi =

1{|ηi|<vΔn}
Δn

, i = 1, ..., n,. We denote the mean value of Yi with γi = 1−e−λiΔn

Δn
= λi + o(1),

i = 1, 2. We propose the following least squares estimator

k̂0 = arg min
k

(
min
γ1,γ2

{
k∑

i=1

(Yi − γ1)2 +
n∑

i=k+1

(Yi − γ2)2
})

(3)

Let Sn =
∑n

i=1 Yi, as usual, by denoting Dk = k
n − Sk

Sn
. We have k̂0 = arg maxk |Dk|

Theorem 1 Under H0, i.e. λ2 = λ1 = λ0, we have that for Δn → 0, nΔn → ∞ as n → ∞ the
following result holds

√
nΔn
λ0
|Dk| d→ |B0(t)|, where B0(t) represents a Brownian bridge on (0, 1).

Theorem 2 The estimator τ̂ = k̂0
n satisfies τ̂−τ = Op

(
1

nΔn(γ2−γ1)2

)
. Moreover, assume that λn → 0,

√
nΔnγn√
log n

→∞, where λn = λ2 − λ1 and γn = γ2 − γ1. We have

nΔnγ2
n(τ̂ − τ)

λ̂

d→ arg max
v

{
W (v)− |v|

2

}
,

where W (v) is a two-sided Brownian motion and λ̂ is a consistent estimator for λ1 or λ2.

Theorem 3 We also have that√
nΔn

(
λ̂1

λ̂2

)
d→ N (0,Σ) , where Σ =

(
τ−1λ1 0

0 (1− τ)−1λ2

)
.

Application to real data

Changes in the intensity of the rate λ corresponds to changes in the volatility of the stochastic
process. Following Hsu (1977, 1979) and Box-Jenkins (1970) we applied our method to weekly closings
of the Dow-Jones Industrial Average index, July 1971-Aug 1974. This is a well known benchmark
example to test change point estimators. The Figure shows that our method identifies sequentially
the first threshold at the 89th point of the time series, which corresponds to the third week of March
1973. The second change point corresponds to data point number 27 in august 1971.
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For each n ∈ N, let (Mn
k )k∈N be a sequence of martingale differences with values in R

d

adapted to a filtration (Fn
k )k∈Z+ , i.e., let E(Mn

k | Fn
k−1) = 0 for all k, n ∈ N. Define the conditional

variance matrix by Var(Mn
k | Fn

k−1) := E(Mn
k (Mn

k )� | Fn
k−1). Suppose that the conditional Lindeberg

condition, see (ii) in Theorem 1, holds. The classical central limit theorem for martingale differences
states that

∑n
k=1 Mn

k converges to a multidimensional normal distribution with zero mean and

variance matrix Σ if and only if
∑n

k=1 Var(Mn
k | Fn

k−1)
P−→ Σ as n → ∞. This theorem has

been proved, among others, by Brown (1971) and Dvoretzky (1972), later it has been extended in
functional form, and generalized for semimartingales, see Jacod and Shiryaev (2003). If the limit of a
martingale difference array is a diffusion process, then one can see that the corresponding stochastic
differential equation (SDE) should be driftless. It means that the limit process satisfies the SDE

(1) dMt = γ(t,Mt) dWt, t ∈ R+,

where γ : R+ ×R
d → R

d×r is a Borel function and (Wt)t∈R+ is an r-dimensional standard Wiener
process. Introduce the random step processes Mn

t :=
∑�nt�

k=1 Mn
k , t ∈ R+, n ∈ N. We prove the

following functional limit theorem.

Assume that γ is continuous and the SDE (1) has a unique weak solution for all
deterministic initial conditions. Suppose that E

(‖Mn
k ‖2

∣∣Fn
k−1

)
<∞ for all n, k ∈ N, and for each

T > 0,

(i) sup
t∈[0,T ]

∥∥∥∥∥
�nt�∑
k=1

Var
(
Mn

k

∣∣Fn
k−1

)− ∫ t
0 γ(s,Mn

s )γ(s,Mn
s )� ds

∥∥∥∥∥ P−→ 0,

(ii)
�nT �∑
k=1

E
(‖Mn

k ‖2 {‖Mn
k ‖>θ}

∣∣Fn
k−1

) P−→ 0 for all θ > 0

as n→∞. Then Mn L−→M as n→∞ in the Skorokhod space D(Rd), where (Mt)t∈R+ is a
solution of (1) with initial condition M0 = 0.

The process (Mt)t∈R+ is a semimartingale with characteristics (0, C, 0), where
Ct :=

∫ t
0 γ(s,Ms)γ(s,Ms)�ds (see III, § 2c in Jacod and Shiryaev). In general, trC do not necessarily

satisfies majoration hypothesis. So we fix T > 0, and stop the characteristics at T , that is, we
consider the process

(CT
t

)
t∈R+

defined by CT
t :=

∫ t∧T
0 γ(s,Ms)γ(s,Ms)�ds. Clearly, the stopped

process
(MT

t

)
t∈R+

defined by MT
t := Mt∧T is a semimartingale with characteristics

(
0, CT , 0

)
.

We also consider the stopped processes
(Mn,T

t

)
t∈R+

, n ∈ N, defined by Mn,T
t := Mn

t∧T . We

1This research has been supported by the Hungarian Scientific Research Fund under Grant No. OTKA-T048544/2005

and OTKA-T047067/2004.
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check that all hypotheses of Theorem IX.3.39 of Jacod and Shiryaev are fulfilled, hence for all T > 0,
Mn,T L−→ MT as n → ∞. This implies that the finite dimensional distributions of the processes
Mn converge to the corresponding finite dimensional distribution of the process M. It remains to
show the tightness of {Mn : n ∈ N} by Theorem VI.3.21 of Jacod and Shiryaev, which will imply
the assertion of the theorem.

Note that condition (i) states that the sum of conditional variances of (Mn
k )k∈N and the

quadratic variation of
∫ t
0 γ(s,Mn

s )dWs are close in the sense of uniform convergence on compacts in
probability as n→∞.

Theorem 1 can be extended for convergence of stochastic integrals of such semimartingales which
are not good in the sense of Kurtz and Protter (2004), see Ispány et al. (2007).

The multitype Galton-Watson branching process with immigration (Xk)k∈Z+ is defined by the
recursion

(2) Xk =
d∑

i=1

Xi
k−1∑

�=1

ξi
k,� + εk, k ∈ N, X0 = 0,

where d denotes the number of different types, Xk := (X1
k , . . . , Xd

k )�, εk := (ε1
k, . . . , ε

d
k)

� and
ξi
k,� :=

(
ξi,1
k,�, . . . , ξ

i,d
k,�

)�. Here Xi
k is the number of individuals of type i in the kth generation,

ξi,j
k,� is the number of offsprings of type j ∈ {1, . . . , d} in the kth generation of an individual

� ∈ {1, . . . , Xi
k−1} (of type i in the (k − 1)th generation), and εi

k is the number of immigrants of
type i ∈ {1, . . . , d} in the kth generation. The random vectors

{
ξi
k,�, εk : k, � ∈ N, i ∈ {1, . . . , d}}

are supposed to be independent, moreover
{
ξi
k,� : k, � ∈ N

}
for each i ∈ {1, . . . , d} and {εk : k ∈ N}

are supposed to consist of identically distributed vectors.
Introduce the notations

mξ := (Eξi,j
1,1)1�i,j�d, Vξi := Var ξi

1,1,

mε := Eε1, Vε := Var ε1,
Vξ =

⎡
⎢⎣

Vξ1

...
Vξd

⎤
⎥⎦ ∈ (Rd×d)d.

For k ∈ Z+, let Fk denote the σ-algebra generated by X0, X1, . . . , Xk. Clearly,

Mk := Xk − E(Xk | Fk−1) = Xk −m�
ξ Xk−1 −mε, k ∈ N,

defines a sequence (Mk)k∈N of martingale differences with respect to the filtration (Fk)k∈Z+ . For
each n ∈ N, consider the random step processes

X n
t := n−1X�nt�, Mn

t := n−1

�nt�∑
k=1

Mk, t ∈ R.

Let �(mξ) denote the spectral radius of mξ, i.e., �(mξ) is the maximum of the modulus of
the eigenvalues of mξ. For a positive semidefinite matrix A ∈ R

d×d,
√

A denotes its unique
symmetric positive semidefinite square root. For a vector v = (v1, . . . , vd)� ∈ R

d, we will use
notation v�Vξ :=

∑d
i=1 viVξi ∈ R

d×d.

Suppose E(ξi,j
1,1)

2 < ∞, E(εi
1)

2 < ∞ for all i, j = 1, . . . , d. Assume that the
model (2) is critical, i.e., �(mξ) = 1, and that the mean matrix (mξ) is primitive. Then the limit

limn→∞(mξ)n =: Π exists and
(X n,Mn

) L−→ (X ,M)
as n→∞, where (Mt)t∈R+ is the unique

strong solution of the SDE

(3) dMt =
√((Mt + tmε

)�Π
)
+

Vξ dW(t), t ∈ R+,
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with initial condition M0 = 0, where (Wt)t∈R+ is a d-dimensional standard Wiener process, (·)+
denotes the non–negative part, and

Xt := Π�(Mt + tmε

)
, t ∈ R+.

By Itô’s formula, the process (Xt,Mt)t∈R+ can also be given as the unique strong solution of
the SDE⎧⎪⎨

⎪⎩
dXt = Π�mε dt + Π�

√
(X�

t )+ Vξ dWt,

dMt =
√

(X�
t )+ Vξ dWt,

t ∈ R+,

with initial condition X0 = M0 = 0. In fact, the distribution of Xt is concentrated on the ray
R+ · v, where v is the left eigenvector of the offspring mean matrix mξ belonging to the eigenvalue
1. The ray component Pt := u�Xt, where u is the right eigenvalue, of the process (Xt)t∈R+ is a
squared Bessel process, it satisfies the SDE

(4) dPt = u�mεdt +
√

(Pt)+u�
√

v�VξdWt, t ∈ R+.

The process Mt is concentrated on the half space {x ∈ R
d : 〈u, x + tmε〉}.

Theorem 2 is a multidimensional generalization of a result of Wei and Winnicki (1989). By the
help of this theorem the conditional least squares estimator of the mean matrix is studied in Ispány
at al. (2007). Other, fluctuation type, limit theorems can be found in Ispány at al. (2005).

( )

Integer valued autoregressive (INAR) processes have been introduced to model nonnegative
integer–valued phenomena that evolve over time. The INAR(p) model is introduced by Du and Li
(1991) and it is recursively defined by

(5) Xk = ϑ1 ◦Xk−1 + ϑ2 ◦Xk−2 + . . . + ϑp ◦Xk−p + εk, k ∈ N, X0 = 0,

where ϑi ∈ [0, 1], i = 1, . . . , p, and

ϑi ◦Xk−i :=
Xk−i∑
j=1

Z
(k,i)
j , i = 1, . . . , p.

Here
{
Z

(k,i)
j : j, k ∈ N

}
are mutually independent Bernoulli variables with mean ϑi for all i =

1, . . . , p, {εk : k ∈ N} are i.i.d. random variables with mean με and variance σ2
ε . Moreover, these

random variables are independent of each other. Finally, we suppose that p > 1.
In fact, the INAR(p) process can be interpreted as a branching process with immigration. More

precisely, this process has a state–space representation which is a multitype branching process with
immigration. Introduce the random vectors k := (Xk, Xk−1, . . . , Xk−p+1)�, εk := (εk, 0, . . . , 0)�,
k ∈ N, and let ξi,1

k,� := Z
(k,i)
� , � = 1, . . . , Xk−i, i = 1, . . . , p, and for j > 1 let ξi,j

k,� have Bernoulli

distribution with mean 1 if j− i = 1 and let ξi,j
k,� have Bernoulli distribution with mean 0 otherwise.

Then ( k)k∈Z+ is a p–type Galton–Watson branching process with immigration. We have

mξ =

⎛
⎜⎜⎜⎜⎝

ϑ1 · · · ϑp−1 ϑp

1 · · · 0 0
...

. . .
...

...
0 · · · 1 0

⎞
⎟⎟⎟⎟⎠ , mε =

⎛
⎜⎜⎜⎜⎝

με

0
...
0

⎞
⎟⎟⎟⎟⎠ , Vξi =

⎛
⎜⎜⎜⎜⎝

ϑi(1− ϑi) 0 · · · 0
0 0 · · · 0
...

...
. . .

...
0 0 · · · 0

⎞
⎟⎟⎟⎟⎠ , i = 1, . . . , p.
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Moreover, Π = (πi,j)
p
i,j=1, where πi,j :=

∑p
�=j ϑ�

/∑p
�=1 �ϑ�, i, j = 1, . . . , p.

The INAR(p) model (5) is (asymptotically) stationary if and only if the associated p–type
Galton–Watson branching process with immigration is subcritical, i.e. �(mξ) < 1. This assumption
is equivalent to the assumption

∑p
i=1 ϑi < 1. The LAN (local asymptotic normality) property of

stationary INAR(p) model has been proved by Drost et al. (2007). In the following theorem, which is
an immediate consequence of Theorem 2, the critical case is investigated.

Define the random step processes

X n
t := n−1X�nt�, t ∈ R, n ∈ N.

Let the INAR(p) model (5) is critical, i.e.
∑p

i=1 ϑi = 1. Suppose that 1 is a root of

multiplicity one of the autoregressive polynomial P (λ) := λp −∑p
i=1 ϑiλ

p−i. Then X n L−→ X as
n→∞ in the Skorokhod space D(R), where (Xt)t∈R+ is the (unique) solution of the SDE

(6) dXt =
mε∑p

j=1 jϑj
dt +

√∑p
i=1 ϑi(1− ϑi)

∑p
j=i jϑj∑p

j=1 jϑj

√
(Xt)+dWt

with initial condition X0 = 0, where (Wt)t∈R+ is a standard Wiener process.

Note that (4) and (6) are the so–called square–root process which is also known as Cox–Ingersoll–
Ross model in financial mathematics.
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Sufficient conditions are given for a triangular system of martingale differences to converge to
a diffusion process. As an application of this result, a functional limit theorem is derived for a critical
multitype branching process with immigration if the offspring mean matrix is primitive. Finally, critical
integer valued autoregressive processes are investigated.
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Regression Analysis for Finite Markov Jump Processes: Maximum

Likelihood Approach
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Evin, Tehran 19839 IRAN
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Abstract

This paper deals with parametric inference in the context of regression concepts for continuous-
time finite jump processes. Maximum likelihood estimators of regression coefficients are derived. Their
asymptotic distributions are obtained. Hypothesis testing procedure and confidence regions are given.
Finally, the asymptotic distribution of the infinitesimal generator is derived. A real-life example is
worked out regarding the production of pig in England.
Key Words: Asymptotic inference, Markov jump processes Infinitesimal generator, ML estimation,
Sojourn times.

1 Introduction

Markov processes are amongst the most employed stochastic models for describing various evolutive
phenomena. They are used among other cases for modeling queueing systems and birth and death
processes. Applied scientists cannot benefit from the elegant probabilistic models unless they come
with instructions for employing them in real-life situations. The probabilistic structure of Markov
processes can equivalently be described by either transition probabilities or infinitesimal generators.
The parametric form of these descriptors is of great importance to applied researchers. The vast
literature on queueing theory is an example of how different settings require particular inference
procedures from observations on the processes. There are excellent accounts of inference procedures
for general and finite Markov processes which may be considered nonparametric. They include a
monograph by Billingsley (1961), Adke and Manjunath (1984), Kuchler and Sorensen (1997) and Bhat
and Miller (2002). Frequently, one is interested in quantifying the effects of some external factors on
the probability structure of a process. In this direction, a similar work is Alamuti and Meshkani (2007)
for a stationary finite Markov chain. This approach calls for some form of parameterization of the
process and development of inferential procedures to evaluate their effects. These parametric models
may prove helpful for explanation and prediction purposes.
This paper deals with parametric inference in the context of regression concepts for continuous-time
finite Markov process. The model is presented in section 2. Section 3 explains the inferential procedure
for regression parameters. Asymptotic distributions of the estimators of the infinitesimal generators
and sojourn times are derived. Also A real-life example has been worked out in section 4 to illustrate
our proposed methodology.

2 The Probabilistic Model

Consider a time-homogeneous Markov process {X(t) : t ∈ [0,∞]} with finite state space S =
{1, � � � ,m}. As shown by Kuchler and Sorensen (1997), for this process regularity conditions hold which
guarantee the existence of the maximum likelihood estimates for the parameters. Using Chapman-
Kolmogorov equations, it can be shown that the transition probability matrix P (t) can be expressed
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in terms of the infinitesimal generator matrix Q as

P (t) = exp{Qt} = I +
∞∑

j=1

Qjtj/j!

where non-diagonal elements of Q are positive numbers and its row sums are zero. For a finite and
diagonizable Q, we can put it in the form Q = ADA�1 where D is a diagonal matrix whose elements
are the distinct eigenvalues of Q. That is, D = {d0, d1, . . . , dN}. Thus, one has P (t) = A exp(Dt)A�1

with exp(Dt) = diag{ed0t, ed1t, � � � , edN t}. Hence Q is the key parameter in the distribution of X(t) .
Other quantities of interest are certain functions of Q. Suppose X(t) is observed on the time interval
[0, T ] from the initial state x(0) = i0 ∈ S at the jump points 0 = t0 < t1 < � � � < tn = T . Thus, we have
observed states D = {i0, x(t1), � � � , x(tT )} and sojourn times R = {rk = tk � tk�1; k = 1, � � � , n}. Then
the set of sufficient statistics are the frequency count matrix F = (fij), i, j ∈ S and R. To account for
the effects of explanatory variables Z(u) = [1, z1(u), � � � , zr(u)], u < t, upon the probability of transition
from state i at time u to state j at time t, we employ the parameterization quj = q[z(u), �j ] > 0 for
a real valued bounded function q(�) in both Z and �j = {�j0, �j1, � � � , �jp}. The aim is to estimate
� = {�1, � � � , �m}. It is known that the sojourn times have exponential distribution with mean qii, i ∈ S

and transition counts have a multinomial type distribution, Adke and Manjunath (1984).

3 Inference about Θ

The log-likelihood function for a given initial state i0 has been provided for the general nonparametric
case by Kuchler and Sorensen (1997, p. 26) as

L(Q) = C +
∑
i∈S

{
∑
j 6=i

fij log(qij) � ri(
∑
j 6=i

qij)}

where C is a combinatorial constant coefficient. We adapt L(Q) to our model by choosing a parametric
form for qij = exp{h(Z ′(ti)�j)} and qii = �∑

j 6=i qij . Thus, we have

L(�) = C +
∑
i∈S

[
∑
j 6=i

{fijh[Z ′(ti)�j)] � ri exp{h[Z ′(ti)�j)}}]

= C +
∑
j∈S

[
∑
i6=j

{fijh[Z ′(ti)�j)] � ri exp{h[Z ′(ti)�j)}}] =
∑
j∈S

L(�j) + C.

Therefore, it suffices to maximize L(�j), j ∈ S. Equating to zero the gradients of L(�j) with respect
to �j , we obtain

∂L(�j)
∂�j

=
∑
i6=j

{fij � ri exp{h[Z ′(ti)�j ]}h′(�)}Z(ti) = 0, i, j ∈ S.(1)

In (1), h′(�) is the derivative of h. This system of transcendental equations in �j should be numerically
solved, subject to the bound for h(�). Suppose we obtain BML = {b1, � � � , bm} as the MLE of �. The
Hessian matrices are: Hjk = 0, j 6= k ∈ S and

Hij =
∂2L(�j)
∂�

′

j∂�j
=

∑
i6=j

{[fij � ri exp{h[Z ′(ti)�j ]}]h′′(�) � ri exp{h[Z ′(ti)�j ]}(h′(�))2}Z(ti)Z ′(ti).

To compute the asymptotic variance of bj , we need to obtain E(fij) and E(ri) from their respective
distributions given in Adke and Mannjuunath (1984). Having estimated, q̂ij = exp[h′(Z ′(ti))bj ], one
can estimate any function of Q by substituting bj for �j in that function, including Hjj . Thus, we
have Vjj = V ar(bj) = [�E(Ĥjj)]�1, j ∈ S.
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According to general properties of MLE, the asymptotic distribution of bj is normal. That is,

bj ∼ AN(�j , Vjj), j ∈ S.

Hence, inference about �j is performed via this normal distribution. As an example, suppose we are
interested in testing the hypothesis H0 : Gj�j = cj where Gj and cj are known arbitrary matrix and
vector, respectively. Since

Uj = (GjVjjG
′
j)

−1
2 (Gjbj � cj) ∼ AN(0, I)

the statistic U ′U ∼ χ2
rank(G) is used as a test statistic. A 100(1� α)% confidence region for �j can be

constructed as the set of �j is

{�j : (�j � bj)′V �1
jj (�j � bj) ≤ χ2

p(α)},

where χ2
p(α) is the (1 � α)th quantile of χ2

p distribution. Moreover, comparison of different models

can be performed utilizing the likelihood ratio test �2 log[
L(�

(1)
j

)

L(�
(2)
j

)
] ∼ χ2

k, k = dim(�(1)
j )�dim(�(2)

j ). By

application of δ-method, we derive the asymptotic distribution of

q̂ij = exp{h(Z ′(ti))bj} ∼ AN(qij , �̂2
ij), i 6= j ∈ S,

where

�̂2
ij = [h′(Z ′(ti)bj)]4q̂2ijZ

′(ti)VjjZ(ti)

and

ri ∼ exp{[
∑
j 6=i

q̂ij ]�1}, i ∈ S.

Substitution of bj for �j in asymptotic variance expressions is justified by Cramer-Wold device, Serfling
(1980).
By asymptotic independence of bj , hence q̂ij , for j ∈ S, it follows that

q̂i+ =
∑
j 6=i

q̂ij = �q̂ii ∼ AN(�qii, �̂2
i+), i ∈ S

with �̂2
i+ =

∑
j 6=i �̂

2
ij . Moreover, for q̂i. = [q̂i1, � � � , q̂i(i�1), q̂i(i+1), � � � , q̂im], we have

q̂i. ∼ AN(qi., ψ̂i), i ∈ S

where

ψ̂i = diag{�̂2
i1, � � � , �̂2

i(i�1), �̂
2
i(i+1), � � � , �̂2

im}.

Since p̂ij(t) = q̂ij

q̂i+
, again by application of δ-method on q̂i., after some calculations, we find

p̂ij(t) ∼ AN(pij(t), �̂2
ij(t)), i 6= j ∈ S

where

�̂2
ij(t) = q̂�4

i+ { q̂2ij∑
k 6=j q̂

�2
kk

+ (q̂i+ � q̂ij)2q̂�2
jj }.
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4 An Example

To illustrate our proposed methodology, we work out an example taken from Andrews and Herzberg
(1985, p. 369). This dataset concerns the production of pig in England from 1967 to 1978. Here,
it is viewed as a three state Markov process with S = {1 � low, 2 � medium, 3 � high}. The
jump points are, t1 < t2 < � � � < t48. The only covariate is the average profit of the producer in
the previous season. Thus the explanatory vector is Z(ti) = [1, z(ti)] at time ti. For the choice of
|qij = exp{�j0 + �j1z(ti)}| <∞, and Z1(t1) = 8% when the process is in state i = 1 we have

F (T ) =


 8 3 1

2 8 5
1 4 17


 , R(T ) =


 12

15
22


 , b1 =

(�4.80
0.39

)
, b2 =

(
8.35
0.06

)
, b3 =

(
4.28
�0.75

)
,

Z(t1) =
(

1
z1(t1)

)
=

(
1
8

)
, V11 =

(
5.84 �2.23
�2.23 0.02

)
, b1 ∼ AN(�1, V11)

q̂12 = 6836.29, q̂13 = 29143.87, q̂11 = �35980.16. Thus, p̂12(t) = 0.19 and p̂13(t) = 0.81. Similar
computations can be carried out for other states. The details can be found in Meshkani (2006).
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On the Partial Observation of Stochastic Epidemics
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ABSTRACT

Consider the initial stages of a (stochastic) epidemic that may die out only with a few cases, or
explode. The stochastic modelling of these stages is often based on the assumption that the epidemic
is fully observable, but in practice this is rarely the case. In view of this, we consider the probabilistic
evolution of a discrete time branching process were we are able to observe only a random “trace” of
the process, which not only trails the latter, but also directly affects it (in terms of interventions).
The model proposed retains simplicity and tractability, preserves a marginal branching property, and
gives reasonable closed form expressions.

Keywords. Branching processes; partial observation; extinction/explosion; conditional inference;
family name problem.
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This paper treats estimation of the Wigner-Vile spectrum (WVS) of zero mean continus time
Gaussian stochastic processes using Cohen’s class of time-frequency representation of stochastic pro-
cesses. We study the minimum mean square error estimation kernel for locally stationary processes
(LSP), where the covariance function is the multiplication of one central function and other stationary
component, and present a modification named chrip multiplication. Cohen’s class is defined as the
convolution W ∗ Φ where W is the wigner-Vile distribution (WVD) and Φ is a fixed deterministic
kernel. The mean square optimal kernel was first derived by Sayeed and Jones[?]. We investigate the
relation between Locally stationary process and the optimal kernel. We compute the optimal ambigu-
ity domain kernel of a Gaussian LSP. The optimal kernel turns out to be invariant to the translation
of central function and modulation of stationary component. We compute the optimal kernel for com-
plex valued circular symmetric Gaussian LSP. Finally we consider transformation of time frequency
convolution into a computationally more efficient equivalent spectrogram estimator. The result of this
paper are true when the covariance function Rx of a Gaussian process and the estimation kernel Φ
have certain regularity properties. Furthermore, the estimation performance criterion is consisting of
the integral of the mean square error is that W ∗ Φ(t, ξ) over R2 is finite.

We denote by L2(P ) the class of finite variance stochastic processes on a probability spaceΩ, F, P ).
The Fourier transform is defined and denoted by

(Ff)(λ) := f̂(ξ) :=
∫

R

f(t)e−itξdt.

For a function f of several variables.

Harmonizable and Locally Stationary Processes

Let {X(t); t ∈ R} be a zero mean second order continuous-time stochastic process, with auto-
covariance function Rx(t, s) := E(X(t) ¯X(s), which is non-negative definite:

n∑
j,k=1

Rx(tj , tk)zj z̄k ≥ 0(1)

A process {X(t)} is called harmonizable if its covariance function can be written as a Fourier-Stieljes
integral with respect to measure m of bounded variation

Rx(t, s) =
∫ ∫
R2

ei(tx−sy)m(dx, dy).(2)

the measure m is called spectral covariance. A process is harmonizable if and only if it can be repre-
sented by X(t) =

∫
R eitxZ(dx), where Z is the spectral measure, and E(Z(dx) ¯Z(dy)) = m(dx, dy).

A locally stationary process has a covariance function of the form

Rx(t, s) = mX

(
t + s

2

)
CX(t− s) = m⊗ C ◦ k−1(t, s)(3)
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where mX(t) ≥ 0 and CX(u) is nonnegative definite, and k denotes the coordinate transformation
k(t, τ) = (t + τ/2, t− τ/2). We obtain the spectral representation under certain condition as

1
2π2

∫ ∫
R2

ei(tx−sy)m̂X(x− y)ĈX

(
x + y

2

)
dxdy

We study the minimum mean square error estimation kernel for locally stationary process, and derive
two modification. By Lamperti mapping a class of non-scale-invariant processes is introduced that has
general covariance RX(t, s) = mX(log

√
ts)(ts)HCX(t/s). A comparison reveals that it is a generalized

form allowing some evolution with the local mean time
√

ts and the corresponding scale-invariant
Wigner spectrum. Other aspects as multiplicative Harmonizability and the analysis of locally self
similarity is considered.

Wigner-Ville Spectrum

The Wigner-Ville Spectrum (WVS) of a process with covariance function Rx is defined by

WE(t, ξ) :=
∫

R
Rx(t + τ/2, t− τ/2)e−iτξdτ

The expected ambiguity function (EAF) is defined by

AE(θ, τ) :=
∫

R
Rx(t + τ/2, t− τ/2)e−itθdt = F−1

1 F2WE .

Let X(t) be a zero mean real-valued, or complex-valued circularly symmetric, Gaussian stochastic
process. Then the stochastic Riemann integrals

W (t, ξ) =
∫

R
X(t + τ/2)X̄(t− τ/2)e−iτξdτ

A(θ, τ) =
∫

R
X(t + τ/2)X̄(t− τ/2)e−itθdt

exist for all argument values. Thus W and A are second-order stochastic processes defined on R2. We
call W WVD process and A the ambiguity process. The convolution stochastic Riemann integral

W ∗ Φ(t, ξ) =
∫ ∫
R2

W (t− s, ξ − η)Φ(s, η)dsdη(4)

for (t, ξ) ∈ R2, is a second order stochastic process on R2, where by definition is a member of Cohen’s
class of time-frequency representation. The process ( 4) can be represented by the stochastic integral

W ∗ Φ(t, ξ) =
∫ ∫
R2

A(θ, τ)φ(θ, τ)ei(θt−τξ)dθdτ

for (t, ξ) ∈ R2 where

φ(θ, τ) :=
1
2π

∫ ∫
R2

Φ(t, ξ)ei(τξ−θt)dtdξ

To estimate WE , we use the mean square error integral

I(Φ) =
∫ ∫
R2

E|W ∗ Φ(t, ξ)−WE(t, ξ)|2dtdξ

where by () we have that

I(φ) =
∫ ∫
R2

E|2πA(θ, τ)φ(θ, τ)−AE(θ, τ)|2dθdτ,
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and

φ0(θ, τ) =
|AE(θ, τ)|2

2πE|A(θ, τ)|2
,

when E|A(θ, τ)|2 > 0 minimizes I(φ). Thus the optimal time-frequency kernel is computed by
Φ0 = F−1

1 F2(φ0). We have 0 ≤ φ0(θ, τ) ≤ (2π)−1 for all (θ, τ) ∈ R2.
In th circularly symmetric Gaussian case we obtain that

E|A(θ, τ)|2 = |AE(θ, τ)|2 + B1(θ, τ)

where
B1(θ, τ) =

∫ ∫
R2

Rx(t1 + τ/2, t2 + τ/2)Rx(t1 − τ/2, t2 − τ/2)e−iθ(t1−t2)dt1dt2

In the case of real valued process we get an extra term

B2(θ, τ) =
∫ ∫
R2

Rx(t1 + τ/2, t2 − τ/2)Rx(t1 − τ/2, t2 + τ/2)e−iθ(t1−t2)dt1dt2

Finally for a circularly symmetric LSP

φ0(θ, τ) =
(2π)−1|m̂(θ)|2|C(τ)|2

|m̂(θ)|2|C(τ)|2 + (F|C|2)(θ)(m ∗ m̃)(τ)

The optimal Kernel for Real Valued Gaussian LSPs

For a real valued Gaussian LSP we have that

B2(θ, τ) = ‖m‖2
L2(R)AC(0, 2τ)

where AC(τ, θ) =
∫
R C(t + τ/2)C(t− τ/2)e−iθt is the ambiguity function of C. Finally we find that

(FC2
1
(θ) =

1
2
(FC2(θ) +

1
4
(FC2(θ − 2θ0) +

1
4
(FC2(θ + 2θ0)

AC1(θ, 2τ) =
1
2

cos(2θ0τ)AC(θ, 2τ) +
1
4
AC(θ − 2θ0, 2τ) +

1
4
AC(θ + 2θ0, 2τ).

Thus B1 and B2 are not invariant to the modulation.

Locally Stationary Circularly Symmetric Process

We assume that a second order continuous time stochastic process have zero mean and it’s Covari-
ance function is non-negative definite. For a circularly symmetric process {X(t) }, the processes
{eiθX(t)}θ∈[0,2pi) are identically distributed for θ ∈ [0, 2π). A locally stationary chirp process (LSCP)
is a Gaussian symmetric process with covariance function

Rx(t, s) = m

(
t + s

2

)
C(t− s)fm,d(t, s)

where fm,d(t, s) = eim(t−s)( t+s
2
−d) m, d ∈ R.

Suppose that m(·) and C(·) define a circularly symmetric LSP with with autocovariance given by (3).
The optimal time frequency kernel for a LSCP process with chrip parameter m and d denoted Φc0 is
then Φc0(t, ξ) = Φ0(t, ξ −mt) where Φ0 is the optimal kernel of the corresponding LSP.
A Multi-component LSP (MLSP) is a process with covariance function

Rx(t, s) =
∞∑
i=1

mi

(
t + s

2

)
Ci(t− s)
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Restricting to the circularly symmetric case we compute the optimal kernel as

φ0(θ, τ) =
(2π)−1|

∑∞
j=1 m̂j(θ)Cj(τ)|2

|
∑∞

j=1 m̂j(θ)Cj(τ)|2 +
∑∞

j,k=1F(CjCk)(θ)(mj ∗ m̃k)(τ)
.

Locally Selfsimilar Processes

We first define the Lampertie transform as the main tool relating Self Similar and stationary
processes. Given some number H > 0, the Lamperti transform LH operates on processes {Y (t), t ∈
R} according to LHY (t) = tHY (log t), t > 0, and the corresponding inverse Lamperti transform L−1

H

operates on processes {X(t), t > 0}, according to L−1
H X(t) = e−HtX(et), t ∈ R.

If a process {X(t)t ∈ R+} with x(0) = 0 is self-similar then the derived process Y (t) ≡ L−1
H X(t) =

e−HtX
(
et

)
is stationary; and conversely, if {Y (t), t ∈ R} is a stationary process then X(t) defined

by X(t) ≡ LHY (t) = tHY (log t) is self-similar. Statistical properties of Self-similar processes can
be inferred from those of Lamperti counterparts, and vice-versa. Thus for any second order processes
{X(t), t > 0}, the covariance function of its inverse Lamperti transform is given by RL−1

H X(t, s) =

e−H(t+s)RX(et, es) for any t, s ∈ R. If Y (t) happens to be stationary, we then have RY (t, s) = γY (t−s),
where γY (·) is a non-negative definite function, and RLHY (t, s) = (ts)HγY (log(t/s)) := (ts)HcH(t/s),
where cH(·) is called scale covariant function. It is immediate that RL−1

H X(t + τ/2, t− τ/2) = cH(eτ ).
Thus Given a second order H-ss process {X(t), t > 0}, the power spectrum density of its stationary
counterpart L−1

H X(t) is the Mellin transform of the scale covariant function cH(·):

ΓL−1
H X(ξ)=

∫ ∞

−∞
RL−1

H X(t + τ/2, t− τ/2)e−iξτdτ =
∫ ∞

−∞
cH(θ)θ−iξ−1dθ = (McH(iξ)

where the Mellin transform M is defined as MX(s) =
∫∞
−∞X(t)t−s−1dt. The Mellin transform plays

the same central role for self-similarity as the Fourier transform plays for stationarity. By Lamperti
mapping of the autocovariance function of LSP, we find the autocovariance of Locally Self Similar pro-
cesses as Rx(t, s) = mX(log

√
ts)(ts)HCX(t/s). Thus the corresponding Wigner spectrum expresses

as WHss
X (t, ξ) = mX(t)t2H(MC)(iξ).
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1. Introduction

Compositional data are inherently multivariate by nature but are characterized by the distinguishing
feature that they are comprised of non-negative components which sum to a constant. Without loss
of generality, it can be assumed that the constant in question is 1. More than twenty years have
elapsed since Aitchinson’s pioneering contributions to the field were published (see Aitchinson (1986)
and references therein). These contributions to the literature were seminal in the sense that they
were the first publications which developed statistical methods specifically designed for the analysis of
compositional data and illustrated their use in the analysis of real compositional data. Nevertheless,
a number of earlier studies, primarily involving the use of multivariate methods in the analysis of
geological data, had discussed and criticized the application of standard multivariate techniques which
ignored the non-negativity and unit-sum constraints inherent in compositional data. Indeed, Pearson,
as far back as 1897, had warned of the consequences of using such techniques to explore the correlations
between the components making up a composition. Moreover, it is undoubtedly the case that the
seminal works of Aitchinson referred to above acted as the catalyst for subsequent developments in
the field of the statistical analysis of compositional data. Whilst contributions from other authors were
initially scarce, research in the field has, in recent years, exhibited renewed and increasing interest.
Aitchinson & Egozcue (2005) document the major historical developments in the field and suggest
potential directions for future research.

This paper focuses on a particular type of compositional data, namely multivariate time series
comprised of compositional data. In what follows, we will use the abbreviation CTS when referring to
a “compositional time series”. Data of this kind frequently arise in disciplines as disparate as biology,
demography, ecology, economics, geology and politics. Examples are: the percentages of different
species of fish recorded in a lake at different instants in time; the composition of monthly immigration
to a city according to the country of origin; the daily market shares at the end of trading; the breakdown
of household monthly consumption by type of item in budget surveys; and the results of opinion polls
conducted at different times during an election campaign. In Section 2 we review developments in
the field of the statistical analysis of CTS. Historically, the main approach to analyzing CTS data has
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been based on the application of an initial transform to break the unit sum constraint, followed by
the use of standard time series techniques. Finally, the inverse transformation is used on the derived
results so as to obtain results pertinent to the original sample space. Section 2 is structured around
the various forms of transformation that have been proposed within the literature, although we also
present the details of an alternative modelling approach in which the data are modelled directly in
the space in which they were originally observed. The paper ends, in Section 3, with a brief summary
and some concluding remarks.

2. Approaches to the Analysis of Compositional Time Series

2.1 The additive log-ratio transformation

Let xt = (xt1, . . . , xtD)′, t = 1, 2, , . . . , n denote a k-dimensional CTS such that xtj > 0 for j = 1, . . . , D

and
∑D

j=1 xtj = 1 at each time t. The additive log-ratio (alr) transformation of xt produces the vector
yt in <d with components ytj = alr(xtj) = log(xtj/xtD), j = 1, . . . , d, t = 1, 2, . . . , n, where d = D− 1.
Thus, the alr transformation is a one-to-one transformation from the natural sample space, namely
the simplex SD = {(x1, . . . , xD)′ : x1 > 0, . . . , xD > 0;x1 + . . .+xD = 1}, to <d. The inverse of the alr
transformation is known as the additive logistic transformation. The original idea of applying the alr
transformation in the analysis of compositional data is due to Aitchison (see Aitchison (1986)). In the
context of time series, the use of the alr transformation has been common practice in the analysis of
univariate time series of proportions. However, in such analyses, no reference is generally made to the
compositional nature of the data. Wallis (1987) can be considered as the pioneer of this approach. In
the remainder of our discussion we will concentrate on the multivariate case for which the associated
research has been far less extensive.

Since the transformed time series, yt, is an unconstrained multivariate time series in <d, standard
multivariate techniques can be used to analyze it. Thus, the possibility of vector ARMA (VARMA)
modelling springs immediately to mind. Such an approach is based on the use of VARMA models to
obtain estimates and forecasts for the transformed series, followed by the application of the additive
logistic transformation to obtain the equivalent inferential results for the original CTS. This approach
was first discussed by Brunsdon (1987) in the context of analyzing CTS from repeated sample surveys.
In Brunsdon (1987), Smith & Brunsdon (1989) and Brunsdon & Smith (1998) the authors first proved
that such an approach is invariant to the choice of the component used as the common divisor in the
alr transformation. Secondly, assuming normality for the distribution of yt, they obtained forecasts
for the original CTS, xt, by calculating the mean of the corresponding additive logistic distribution
numerically. They also derived confidence regions for xt. The applications they considered involved
compositional data from a Gallup poll conducted in the U.K. as well as data from the Australian
Labour Force Survey. Also in the field of repeated sample surveys, Silva (1996) and Silva & Smith
(2001) made use of the alr transformation too, but then employed a state space modelling approach
for the transformed time series. They proved that their approach is also invariant to the choice of
the component used in the common divisor of the alr transformation, and illustrated its use in the
analysis of CTS data from the Brazilian Labour Force Survey.

Ravishanker, Dey & Iyengar (2001) generalised the approach of Brunsdon & Smith (1989) in
the sense that they used an extension of VARMA models incorporating covariates. They assumed
that the transformed alr time series, yt, follows a regression model with VARMA normal distributed
errors. The procedures required to fit such models and carry out inference for them are really rather
complex. The authors address the possible non-uniqueness of the fitted model using a Bayesian
hierarchical approach to model selection. They also carried out a Monte Carlo experiment to estimate
the expected proportions for the compositions, based on samples drawn from a simulated posterior
density function. Their empirical results for CTS mortality data from Los Angeles showed the utility
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of their approach in explaining the dependence of different categories of mortality on air quality.
Ratnaparkhi & Krishnamurthy (2002) extended yet further the potential application of the

approach of Brunsdon & Smith (1989). They added another component to the regression model with
VARMA normal errors which allows for the potential heteroscedasticity of the transformed alr time
series. Specifically, they proposed fitting generalised autoregressive heteroscedastic (GARCH) models
to the alr transformed series. They illustrated the use of this approach in the analysis of data on
the micro-finance system employed in Maharashtra State (India). More precisely, they analysed a
monthly CTS consisting of the proportions for four categories of loans made by self-help groups using
a model incorporating a covariate that represented the savings of the different self-help groups. In
their analysis they made use of cross-validation; fitting their model to part of the data and using the
remaining of the data to evaluate the quality of the predicted proportions.

2.2 Box-Cox transformation

Aitchison (1986) introduced the use of the well-known Box-Cox transformation as an attractive alter-
native to the alr transformation. The Box-Cox transformation has the advantage of including the alr
transformation as a special case. However, the only application of this approach that we are aware
of is that presented in Bhaumik, Dey and Ravishanker (2003). These authors modelled the Box-Cox
transformed data using dynamic linear models incorporating a rich class of distributions for the er-
rors based on scale mixtures of multivariate normal distributions. This general class of distributions
includes as special cases the multivariate normal, Student-t, logistic and stable distributions, amongst
others. Bhaumik, Dey and Ravishanker (2003) used the same complex procedures as those proposed
in Ravishanker, Dey & Iyengar (2001) to carry out model selection and inference. They illustrated
their approach using two CTS; the mortality data from Los Angeles (analysed previously by Ravis-
hanker, Dey & Iyengar (2001)), and a CTS on vehicle production which had been previously analysed
by Grunwald (1987).

2.3 Centered log-ratio transformation

The centered log-ratio transformation (clr) was also proposed by Aitchinson (1986) as a means of
transforming compositional data into data distributed throughout D-dimensional real space. The clr
transformation of a CTS, xt, is defined as yt = log(xt/g(xt)), where g(.) denotes the geometric mean.
Compared with the alr transformation, the clr transformation has the advantage of not requiring a
reference component, but has the disadvantage of a singularity due to the fact that

∑D
j=1 ytj = 0

for all t. Quintana & West (1988) were the first to use the clr transformation to analyse CTS data.
They modelled clr transformed data on monthly Mexican imports using a type of dynamic regression
model which allowed for subjective as well as exogenous interventions. Their approach assumes a
multivariate logistic normal distribution for the underlying process. They resolved the singularity
problem by transforming yt to y′tK, where K = I − D−111′, 1 = (1, . . . , 1)′. Brandt, Monroe &
Williams (1999) made use of the same solution to the singularity problem when they employed VAR
normal models incorporating an unlagged covariate to model clr transformed CTS data from U.S.
Gallup Polls.

2.4 Direct modelling in the simplex

Around the same time as the publication of Brunsdon (1987) and Quintana & West (1988), Grunwald
(1987) introduced a rather different approach to analysing CTS, which had also been inspired by
some of the earlier ideas of Aitchinson. There, and in Grunwald, Raftery & Guttorp (1993), the
authors developed space state models which could be used to model CTS data directly in the simplex.
The distribution of the CTS conditioned on the unobserved state was assumed to be Dirichlet (see
Aitchinson (1986)). The state distribution was assumed to be Dirichlet conjugate. This was a new
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generalisation of the Dirichlet distribution proposed by them in order to allow for dependence between
the components. They illustrated the application of their model using CTS data from the U.S. Federal
Government as well as data on global motor vehicle production.

3. Concluding remarks

We have considered two general approaches to analysing compositional time series data; one
involving transformation from the simplex to real space and a second which models the data directly
in the simplex. The former approach makes use of the alr, Box-Cox or clr transformations as well as
numerous established techniques for analysing multivariate time series. However, there are potentially
other transformations as well as different time series modelling approaches that one might consider
using in the future. The second approach is based on the use of the Dirichlet model and extensions
thereof. In a similar vein, the possibility of using other models defined on the simplex to model the
data directly suggests itself as a potential line of future research.

In the majority of the publications in the field, the authors make use of the transformations
proposed by Aitchinson and concentrate more on the time series analysis of the transformed data
than on the issues related to their original compositional nature. One important issue of this kind is
the problem of dealing with 0’s and 1’s which may occur at any instant t. Another is the problem
of the singularity associated with the clr transformation. A further issue which certainly deserves
consideration is the objective comparison of the different approaches and an evaluation of the quality
of forecasts produced by them.
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Introduction

The electrocardiogram (ECG) is the surface record of the cardiac electrical activity. Abnormal-
ities may conduct or predispose to life threatening conditions and hence the ECG is an indispensable
diagnostic tool. The phenomena correspond to different ECG waves (P, Q, R, S, T) which can be used
to access both durations and beat-to-beat variations (Fig. 1 - 2). The RR intervals series xRR(n) (time
between consecutive R waves) is the simplest of ECG extracted series and is currently used as heart
rate series (HR); the QT intervals series xQT(n) (time from the QRS complex onset to the T wave end)
is usually considered as an index of cardiac repolarization. The evaluation of the cardiac rhythms is a
problem of major importance. Abnormal QT lengths and beat-to-beat variability (QTV), have been
associated to several pathological conditions and increased risk situations. The RR interval variability
(HRV) strongly affects QTV, even so the quantification of this relation has not been established yet.

In a previous work [Almeida et al. (2004, 2006b)] the QTV vs HRV interactions were explored
by a dynamic linear approach using AR and ARARX models with automatic orders selection. This
strategy was validated with simulated data series and illustrated in real data. A single-lead based
delineation system of ECG peaks and waves was applied over the ECG to assess the series variability.
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The clinical ECG recordings often contain several leads, that is simultaneous signals according
to different cardiac axes given by different positions of electrodes on the torso. Multilead ECGs give
different perspectives of the involved electrical phenomena and allow to have a spatial perception.
Choosing a particular lead for delineation determines a “point of view”, and thus different latencies
on the waves’s onsets and ends are found in the different leads. Combining adequately the information
provided by multiple leads is essential for the correct location of the waves’ boundaries.

In this work the methodology is validated over artificially simulated multilead ECG signals, with
different QTV and noise contamination levels. Indicative limits of applicability as function of QTV
and noise levels are determined and presented graphically in way to be well suited for use in practise.

Automatic ECG delineation

The RR and QT intervals limits are located using the automatic wavelet transform (WT) based
delineation systems previously developed [Mart�ınez et al. (2004); Almeida et al. (2006a)]. The proto-
type wavelet considered produces a WT description with a derivative like behaviour, well suited for
locating peaks and slopes. Each feature is located in the scales according to its typical frequencies.

The QRS complex produces modulus maxima lines across the WT scales corresponding to higher
frequencies; in each lead the single-lead (SL) based R peak is located as the zero crossing between the
main WT extremes with reverse polarity associated to QRS complex [Mart�ınez et al. (2004)]. The
multilead (ML) based R peak location is taken as the median of the 3 SL based locations.

The QT boundaries are located using a ML strategy described in [Almeida et al. (2006a)], that
has proven to outperform the SL system for QT measuring. The methodology considers the canonical
representation of the electrical heart vector (EHV) obtained with 3 orthogonal ECG leads, also called
vectocardiogram (VCG), which is often recorded and can be obtained by linear transformations from
other lead systems. Very briefly, this system uses WT spatial loops (WT of the 3 leads) in a multi-
step iterative search of a better spatial lead for delineation improvement. Given the WT prototype
used, the WT loop is proportional to the VCG derivative and describes the EHV evolution. Thus,
the linear fitting line (in total least squares sense) to the WT loop gives the main EHV direction ~U .
The projection on the WT loop over ~U produces a constructed WT like signal, potentially presenting
steeper slopes and more adequate for boundaries location using threshold based criteria.

Parametric modelling of QTV-HRV relations

The parametric methodology explores QTV - HRV interactions assuming an open loop linear
ARARXq model (Fig. 3) [Porta et al. (1998)]. The QTV trend is assumed to result from two
uncorrelated sources, one driven by RR and another resulting from an AR process with a white noise
input wQT(n). The series xRR(n) is explained by an ARp model. The white noises wRR(n) and wQT(n)
are uncorrelated stationary zero mean, with variances �2

RR and �2
QT. Optimal values between 2 and 18

automatically selected: first the order p of the AR is chosen by AIC and q, for simplicity assumed for
all ARARX model polynomials, is taken as the one minimizing the multivariate AIC for the given p.
The power spectral function of xQT(n), SQT(F ), can be computed as the sum of two partial spectra
expressing the contributions related (SQT|RR(F )) and unrelated (SRR|RR(F )) to RR interval, that is

wRR(n)- 1

A22(z)
-xRR(n)

A12(z)

i- 1

A11(z)
-xQT(n)-wQT(n) 1

D(z)
-

6

uQT(n)

+

+

Figure 3: Model of QTV versus HRV interactions
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(1) SQT|RR(F ) = TR�2
RR

∣∣∣∣ A12(z)
A11(z)A22(z)

∣∣∣∣2
z=ej2πFTR

, SQT|QT(F ) = TR�2
QT

∣∣∣∣ 1
A11(z)D(z)

∣∣∣∣2
z=ej2πFTR

,

(TR stands for mean RR). The power for each QTV fraction in any frequency band B,
�
PB

QT|RR, PB
QT|QT

)
,

can be calculated by decomposing these spectra and summing the contributions of the poles located
in B; RB

QT|RR = 100PB
QT|RR/

[
PB

QT|RR + PB
QT|QT

]
gives the relative fraction of the QTV driven by RR.

Typical frequency bands B in HRV studies were used: LF (0.04-0.15 Hz) and HF (0.15-0.4 Hz). In
system identification, the residuals wRR(n) and wQT(n) were considered to be uncorrelated white noises
if their normalized auto / cross correlations were not different from zero (5% significance bilateral tests,
both for the first 40 lags and for all lags). Model orders not corresponding to white noise / uncorrelated
residuals, or producing a negative global contribution in a frequency band were excluded.

Simulation set-up

The validation of the methodology described is done over signals with known QTV fractions
(related and unrelated with HRV), generated assuming that the linear model in Fig. 3 holds.

To obtain reference parameters for the model first were constructed auxiliary series x̃QT(n),
x̃QT(n) = a

�√
xRRRe

(n) +
√

xRRTi
(n)

)
+b, based in the classical Bazett’s correction formula. It allows

to obtain QTV series resulting from 2 uncorrelated sources in a nonlinear way. Independent xRR(n)
realizations agreeing to spectra typically found at supine rest (Re) and head-up tilt (Ti) situations
were considered, with TR = 1 sec. The parameter b allows to set a zero mean while a allows to adjust
the standard deviation (�QT) of x̃QT(n) (QTV level). In this work �QT = {17, 13, 10, 8, 5 and 3} ms,
covering the interval of values between extreme situations found in healthy subjects. Parametric model
identification in equations considering xRR(n) = xRRRe

(n) and xQT(n) = x̃QT(n), provides the values
for the reference coefficients values and the residual noise standard deviation (�r

QT) for the simulation.
Parametric decomposition with this reference parameters allows to obtain a reference value for RB

QT|RR.
Once the reference model parameters were obtained, 50 uncorrelated realizations were simulated.

To also evaluate the methodology in a more realistic context were constructed artificial 3-lead ECG
signals at 500 Hz matching the previous simulated series. Real ECG signals, besides morphologic
beat-to-beat variability, are also affected by extra cardiac factors, such as respiration or muscular
activity. In order to consider these factors, a 3-lead realistic noise was extracted from a real ECG and
added to the artificial signal, considering different signal-to-noise ratio values (SNR). Test datasets
were defined as the variability series corresponding to 350 consecutive beats free of outliers (admis-
sible segments) of each realizations, considering the series directly simulated from reference model
parameters - clean (C) - or applying ML delineation over the artificial signals - data sets S(SNR),
SNR ∈ {∞, 30, 25, 20, 15, 10} dB, with SNR = ∞ for the case with no added noise.

Performance evaluation

The model identification over the series in each data set and the parametric decomposition allow
to estimate the relative fraction of the QTV driven by RR in each frequency band B (R̂B

QT|RR). The
errors (εB) in this quantification were defined as difference between estimated and reference ratios.

The distribution of εB is presented in Fig. 4 (left side). Negative bias in εB indicates that RB
QT|RR

was underestimated. For SNR ≤ 15dB, delineation errors produced more outliers and less admissible
segments are found. Even in qualified segments, the parametric method is hardly applicable. A
performance reduction was expected for lower QTV levels. However, with �QT ∈ {3, 5} ms lower εB

was obtain than with �QT ∈ {8, 10} ms, which can be related with the specific model parameters used
in simulation, rather than with QTV. In particular, it was found less than 25% error:
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- in over 74% of segments in data sets with SNR > 15 dB and �QT > 3 ms in LF band;
- in over 95% of segments in data sets with SNR > 20 dB and �QT > 10 ms in HF band.

These results can be used to establish an indicative range of applicability of the proposed methods,
that is, the levels of QTV and SNR for which the QTV fractions can be estimated with an admissible
error (here assumed as less than 25%). For a more intuitive use, the applicability as function of QTV
and SNR can be summarized graphically, as presented in Fig. 4 (right). In these plots, for each SNR
level it was addressed the minimum �QT for which an error tolerance degree of 25% was accomplished,
that is the εB quartile box was within the horizontal ligther grey band in εB distribution in the rigth
of Fig. 4. Values for �QT are presented only if data from at least one QT model fulfilled the criteria
and the grey darker rectangles correspond to the transition between reference models.
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Figure 4: Distributions of εB and indicative limits of applicability (C stands for the clean series).

Conclusions

The results allow to conclude that for the LF band the methods were able to estimate satisfactory the
QTV fractions in most of the files, for SNR > 15dB and �QT > 3 ms; the HF band can only be
consided with SNR > 20dB and, even so, in a critical way.
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ABSTRACT

In this paper we introduce a Time Series Laboratory Exercises base on SAS for B.Sc. students.
This Lab., is a research project in the Statistical Research and Training Center (SRTC) of Iran.

Introduction

According to Gal, Ginsburg, and Schau [5], the two main goals of an introductory statistics
course are to prepare students to deal with statistical situations in the world outside the classroom
... and to prepare students to handle, use or interpret research or statistical data in their academic
or professional discipline. See also [8]. In a Time Series course, the above two gaols are more difficult
with respect to other branches of statistics [4]. In this laboratory, we introduce a Time Series Lab
to prepare students for forecasting real time series. We use SAS (Statistical Analysis System) [6, 7],
software for analyzing simulated, synthetic, and real data. This laboratory provides an introduction
to time series analysis mainly from the statistical point of view but also covers some mathematical,
signal processing and control engineering ideas for B.Sc. students. Behind of time series text book
such as [1, 2, 3, 4, 10, 11] (where usually use a high level statistical software such as Minitab, Stata,
S-Plus or a user-friendly time series modeling package such as ITSM), there are two works related to
our Lab. The first one is a Lab for time series analysis, called TIMESLAB written by Newton and
Harvill [9] and the second one is a recent online book by the name of “A First Course on Time Series
Analysis, Examples with SAS”.

Newton and Harvill [9] states that their aim is to bring together in a package the basic theory,
methods and algorithms used to univariate and bivariate time series. To this end they have a set of
routines for manipulating and modeling time series on a personal computer.

“A First Course on Time Series Analysis with SAS Examples” links up elements from time series
analysis with a selection of statistical procedures used in general practice including the statistical
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software package SAS. Consequently this book addresses students of statistics as well as students of
other branches such as economics, demography and engineering, where lectures on statistics belong to
their academic training. But it is also intended for the practician who, beyond the use of statistical
tools, is interested in their mathematical background. Numerous problems illustrate the applicability
of the presented statistical procedures, where SAS gives the solutions. The programs used are explicitly
listed and explained. No previous experience is expected neither in SAS nor in a special computer
system so that a short training period is guaranteed.

Lab

A laboratory manual similar to those in physics Labs was developed for the course. The manual
is composed of several laboratory exercises, and each Lab illustrates a different time series concept.
In each laboratory exercise, the purpose of the experiment is explained and the experimental protocol
is detailed. Data in the laboratory manual can be downloaded from an appropriate, Web site or CD.
Further information on the laboratory topic are also included on the Web site or CD.

SAS programs are included in the laboratory exercise along with information that explains the
syntax. An emphasis is placed on understanding SAS syntax and applying them to the real time series
data after simulated data. For example, to explain non-stationarity components,

• We introduce 3 non-stationarity components by several synthetic and real illustrations,

• We ask a few question about them,

• We combine these components and repete two previous step,

• We give some points according to the SAS programs and commands for this purpose.

In some cases the data are analyzed using both hand calculations and the SAS program provided
in the laboratory exercise, and students are required to compare the results of the two methods for
calculation. By performing analysis both by hand and by using SAS, students develop a better un-
derstanding of what the information on the SAS output represents and how the results were obtained.
Questions concerning the experiment, interpretation of results, and SAS programming are asked at
the end of each laboratory exercise.
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Introduction

This article presents a study of the forecasts for two series using a subspace method and a
traditional transfer function model. The first series is the Spanish Consumer Price Index (SCPI) base
year 2001, with length T = 159 and span from 1993:1 to 2006:3. Three exogenous inputs that are
beleived to have some information about SCPI are used, these are the Spanish Producer Price Index
for Consumer Goods, base year 2000 (SPPI), the Spanish Import Price Index for Consumer Goods,
base year 2000 (SIPI) and the Spot Price of Crude Oil in pesetas of the Brent Barrel (SPCO). The
second series is that of Example 8.2 in Reinsel (1997), namely the frequency of the voltage generated
(FREQ). The inputs are the in-phase current (IN) and the out-of-phase current (OUT). The length
of this series is T = 100. The aim of the article is to gain some insight into the potential of subspace
methods for forecasting an output variable using some exogenous inputs. We compare the forecasts
obtained with the subspace method with those given by a traditional transfer function model used
as the benchmark. The forecasts are generated with a rolling estimator. The results show that the
forecasts obtained by both methods are similar, but given that the identification of a transfer function
requires expertise in time series modelling while subspace methods provide almost automatic forecasts,
we believe that the results are very encouraging.

Transfer Functions

For both series the same rolling forecast method with 12 forecast origins and 15 forecast horizons
is used: let T be the length of the series, a model is fitted for the series from point 1 to point T−j−15,
where j varies between 0 and 11 and, for each j, forecasts are generated for points T−j+1 to T−j+15
and compared with the true values.

Regarding the SCPI, first a VAR model was fitted to the four series, it was concluded that the
number of delays to consider was 13, that the SIPI was nor related to the other series and also that
there was no feedback from SPPI(u1t) and SPCO(u2t) to SCPI.
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Figure 1. SCPI and SPPI, Spain 1993:1–2006:3

.

The identified model for all origins of the rolling forecast was

∇∇12yt =
ω10 + ω11B

1 + δ1B + δ2B2
∇∇12u1t + (ω20 + ω21B)∇∇12u2t +

1
1 + ΦB12

at,

where ∇ = 1 − B and ∇12 = 1 − B12 are the usual differencing operators. The parameters of the
model were estimated for each of the forecasting origins. The standard diagnose tests confirm that
the models provide an adequate fit of the data.

For the FREQ series the model was the one identified in page 297 of Reinsel (1997) and for
the IN and OUT inputs ARMA(4,1) models were fitted. All of the parameters of these models were
estimated for each of the forecasting origins.

Subspace Method

Assume that our system can be cast into state-space innovations form:

xt+1 = Axt + But + Ket,(1)

yt = Cxt + Dut + et.(2)

If we had an estimation of the state, then we could use the regression equation
[

x̂t+1

yt

]
=

[
A B

C D

] [
x̂t

ut

]
+

[
wt

vt

]

to estimate the system matrices A, B, C y D. Then we could use the regression residuals (ŵ′t, v̂′t)′ to
estimate W = V ar(e′tK ′, e′t)′. Consider this estimation

Ŵ =

[
M N

N ′ R

]
.

We could then solve the following Discrete Time Algebraic Riccati Equation P = APA′ −
(APC ′ + N)(CPC ′ + R)−1(APC ′ + N)′ + M in order to get the stabilizying solution P ≥ 0 and the
corresponding Kalman gain K = (APC ′ + N)(CPC ′ + R)−1 that make A−KC a stable matrix.

In order to obtain the state estimations we compute regressions of ”future” observations on
”past” observations. To be more specific, we compute the regression of Y +

t,f = (yt yt+1 · · · yt+f−1)′ on
Z−t,p = (yt−1 yt−2 · · · yt−p ut−1 ut−2 · · ·ut−p)′ conditionally on U+

t,f = (ut ut+1 · · ·ut+f−1)′.
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Figure 2. SPCO, 1993:1–2006:3 and SIPI, Spain 1993:1–2006:2

The problem of estimating the system order n (the state dimension) is solved using the classical
results of Anderson (1951) on partial canonical correlations.

The integer p is estimated as the number of delays in a VARX model fitted to the data. The
integer f must be equal to or larger than the system order n and can be estimated as a growing
function of the sample size using a formula of the kind f = loga(T ) with 1.5 ≤ a ≤ 2 .

In the SCPI analysis we applied the subspace method to the three series (SCPI, SPPI and
SPCO) after differencing them by using the ∇∇12 operator. The values f = 18 and p = 11 were used
for sample sizes between 134 and 137, for sample sizes between 138 and 145, the values were f = 19
and p = 12.

To compute the predictions we used an augmented state space model that includes model (1) and
(2) together with a model for the input SPPI. The other input SPCO was considered as deterministic
and its predictions were simply the corresponding prices in the Futures Market of a contract with the
same maturity as the prediction horizon.

The model for the SPPI is an airline model with one intervention,

u1t =
1

1− δB
I37
t +

(1 + θB)(1 + θB12)
∇∇12

at,

where 0 < δ < 1 and I37
t = 1 if t = 37 and I37

t = 0 in other case.
For the FREQ series, the values f = 6 and p = 3 were applied to the original series.

Comparison of Rolling Forecasts

Table 1 summarizes the prediction results for both series. MAE is defined as

1
12

u+11+h∑

t=u+h

|yt − yt|t−h|
|yt| ,

where u = T − 26 is the sample size of the series corresponding to the first prediction origin, h is the
number of periods ahead of the prediction and yt|t−h is the prediction 1 to 15 periods towards the
future in each one of the models.

The overall performance of both methods is similar. For the first series, the subspace method
is much better than the transfer function for long prediction horizons and a little worse for short
horizons. For the second series the transfer function is a little better for 10 prediction horizons and a
little worse for the other 5 horizons.
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Figure 3. Predictions for SCPI with origins in 2004:1 and 2004:7

Conclusions

The results suggest that subspace methods can be considered as an alternative to the classical
methods used for transfer function modeling in time series analysis, with the advantage that they can
be used in an almost automatic fashion, in contrast with the expertise and ad hoc work that transfer
function modeling entails.

Table 1. Comparison of forecasts of transfer functions and subspace method

Forecasting Horizon
Series 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
SCPI 1.10 1.16 1.06 1.22 1.13 0.92 0.78 0.76 0.73 0.83 0.93 0.77 0.66 0.66 0.62
FREQ 1.14 0.97 1.13 0.84 0.94 0.98 1.05 0.99 1.03 1.03 1.01 1.02 1.02 1.04 1.03

NOTE: Results are the ratios of the average M.A.E.’s between subspace and transfer function predictions for
each horizon across 12 prediction origins.
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Argentine CPI Seasonal Adjustment: Where “From When?” 
Does Matter
Beritich, Verónica Lía 
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1. Introduction 
The Argentine Consumer Price Index (CPI) is an indicator of changes in consumer prices experienced by 

the inhabitants in Buenos Aires city (CABA) and its surroundings (GBA) covering part of the Buenos Aires 
province. It is obtained by comparing through time, the cost of a fixed basket of commodities purchased by 
consumers. The basket is a large, representative set of consumer goods and services of unchanging or equivalent
quantity and quality. This program involves a price survey with a longitudinal design whose samples are 
obtained from a judgmental selection of geographical areas, representative commodities and types and locations 
of retail outlets. Two populations must be defined, the target population whose expenditures are the basis of CPI 
weights and the universe of consumer goods and services to be represented by the CPI. Responding to this 
survey is mandatory and data are collected directly from survey respondents. 

A step-by-step approach is used to calculate the fixed-basket consumer price indexes for any aggregate 
above the basic class level. Ultimately every composite index is a weighted arithmetic average of the 
corresponding price indexes for all of the basic classes contained in the given aggregate. Price movements of the 
goods and services represented in the CPI are weighted according to the relative importance of commodities in
the total expenditures of consumers. The weights in the CPI basket are derived from the National Survey of
Household Expenditure (ENGHo).The reference period of the CPI is the month associated with a specific level
of that index with a given time base which at present is 1997=100. The official time base was changed from 
1988=100 to 1999=100. This change is strictly an arithmetic conversion, which alters the index levels but leaves
the percentage changes between any two periods intact. The CPI is widely used as an indicator of the change in 
the general level of consumer prices or the rate of inflation. The CPI has had many important uses in the 
Argentine society from its beginnings in 1943. Firstly, since the purchasing power of money is affected by
changes in prices, consumers can monitor and evaluate changes in their financial situation by means of the CPI. 
Secondly, it is used widely to adjust contracted payments like credits or bonus. Thirdly, the CPI is used as a tool
for deflating current pesos estimates to obtain constant pesos estimates that eliminate the effects of price change.
Fourthly, the CPI is used by the Government in setting its monetary policies and to evaluate the success of its 
policies to contain inflation within its target range. Fifthly, The CPI is used in estimating the number of the poor
in the country. Finally, business analysts and economists use the CPI for economic analysis.

A seasonally adjusted series is one from which seasonal movements have been eliminated. Seasonal
movements are defined as those which are caused by regular annual events such as variations in climate and
regular institutional events as vacations and statutory holidays. Our interest is to seasonally adjust this series for
the actual analysis of the state of the economy. Nevertheless this is not an easy task due to the intrinsic instability 
of this indicator and, of course, of its seasonal pattern. From the point of view of the X-12-ARIMA (Final 0.2.8
version, US Bureau of the Census) seasonal adjustment method, it is convenient to consider periods of at most
15 years approximately. On the other hand, from the economical point of view, in April 1991 there has been a
structural change in the Argentine economy due to a plan to deter inflation called “convertibility”. For this 
reason, 1991 could be an adequate initial year for the adjustment. However, it was a transitional period for the 
prices structure and the plan did not affect the full calendar year because it was just implemented in April. 
Consequently, the preliminary period of analysis was defined as Jan92-Dec06. In a second analysis,
methodological aspects linked to the CPI construction are considered. The first span of analysis is split in the 
year 1999, when a change of basis was made, for the presence of seasonality could be related to the composition
of the baskets and the weight and item structures considered before and afterwards. The determination of the 
span of analysis is vital in this case because the presence of the seasonal effect will be evident depending on the 
period of the CPI’s history considered. In Figure 1, the different stages suffered by the series of prices during the 
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period Jan92-Dec06 can be observed. Initially, a moderate increase; secondly, prices evening out; thirdly, a 
subtle decrease; fourthly, a level shift related to “convertibility” and finally, a systematic increase in prices. 
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Figure 1: CPI “All items” 

The variance of economic time series often shows a relationship to the level of the series, thus a prior log-
transformation may be considered. Trading-Day effect (TD) usually affects the time series that measure monthly
business activity because the activity may vary over the different days of the weeks. Easter effect (EE) is a
moving holiday and it requires a special statistical treatment because the date of Easter implies some instability
on the seasonal patterns related to the months of March and April. In addition, Leap Year effect (LY) may affect
the seasonal component because of the varying length of the month of February every four years. So, before the 
seasonal adjustment, a pre-adjustment of the time series is needed to remove the effects due to Trading-Day and
moving holidays. Also,  testing and correcting three different types of data irregularities (additive outliers (AO),
temporary changes (TC) and level shifts (LS)) are considered by means of regression models for time series with
non-stationary ARIMA residuals (Box and Jenkins, 1976).

The performance of the adjustment with X-12-ARIMA under standard options can be seen in Table 1. In
the outlier testing procedure, the critical values for each span respectively are  2.5, 3.0 and 3.0. Some useful
references to understand these tests and X-12-ARIMA program can be: Dagum (1988), X-12-ARIMA Reference
Manual (2002), Findley et al. (1990), Findley et al. (1998).

Table 1:  CPI Seasonal Adjustment with X-12-ARIMA for different spans.
 Diagnostics Jan92-Dec06 Jan92-Dec98 Jan99-Dec06

Decomposition mode Multiplicative Multiplicative Multiplicative
Transformation Log Log Log
ARIMA model (0 2 2) (0 1 1) (0 1 1) (0 1 1) (0 2 2) (0 1 1) 
Last 3 years Forecast Error 1.97% 1.07% 1.97%

a
2  Test p-value 51.55% 94.66% 37.75%

Gradual Easter Period 1 ----- 1
Presence of LY no no no
Presence of TD no no no
Number of Outliers 9 1 8
BIC 271.57 81.14 158.37
AICC 230.78 72.69 133.80
Ljung-Box Qa -test rejection no no no
Ljung-Box Qa2-test rejection yes ----- -----
Normality rejection no no no
Model residuals spectral Peaks no no no

2
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Seasonal Filters 3x3, 3x5, 3x3 3x3, 3x5, 3x3 3x3, 3x5, 3x5 
Trend Filters H9 H9 H9
F value (Table B1) 0.85 1.37 4.88
F value (Table D8) 5.75 3.30 21.60
M7 value 1.70 1.25 0.417
Q value (with and without M2) 0.99 (1.13) 0.99 (1.13) 0.38 (0.43) 
Differenced SA Peaks no no no

Where: a
2 is the p-value of the Ljung and Box (1978) test for the randomness of the residuals; BIC 

denotes the Bayesian information criterion; AICC denotes the F-adjusted Akaike information criterion; Qa is the 
“portmanteau” Ljung-Box test for residual autocorrelation computed with the first m autocorrelations of the 
residuals, asymptotically distributed as 2  with k d.f. (k depends on m and the model ) (m =1,…36); Qa2 is the
“portmanteau” Ljung-Box test for residual autocorrelation computed with the first m autocorrelations of the 
squared residuals, asymptotically distributed as 2  with k d.f. . (k depends on m and the model ) (m =1,…12); F 
value (Table B1) is the F-statistic of a one-way analysis of variance on the S/I ratios (differences) from Table
B1. It is a quotient of the “between months or quarters” variance and the “residual” variance. Since several
assumptions of an F-test are not valid, the statistic must be greater than 10 for rejecting the null hypothesis (the 
program only requires values greater than 7); F value (Table D8) is the F-statistic of a one-way analysis of 
variance on the S/I ratios (differences) from Table D8; M7 denotes a measure of the amount of stable seasonality
in relation to the amount of moving seasonality from the tests of Table D8. It ranges from 0 to 3, and only values 
less than 1 are considered acceptable; Q value is a final summary statistic that is obtained combining eleven
measures. It ranges from 0 to 3, and only values less than 1 are considered acceptable.

The performance of the adjustment with TRAMO-SEATS (Beta 1.0.4 Windows version, Banco de
España)  for the period Jan99-Dec06, including the outliers detected with X-12-ARIMA in the same span can be
seen in Table 2. Some useful references to understand these tests and TRAMO-SEATS can be: Gómez and 
Maravall (1996) and Gómez and Maravall (1998). 

Table 2: CPI Seasonal Adjustment with TRAMO-SEATS for the third span. 
Diagnostics Jan99-Dec06

Transformation No
Mean Yes
Model (0 1 1) (0 1 1) 
residual SE 0.459
BIC -1.114
Presence of TD No
Presence of LY No
Presence of EE No
Quantity of outliers 8
Degrees of freedom 22
Qa(24) 21.46
Na 0.993
ta(skew) 0.567
ta(kur) -0.820
Qas(2) -----
Qa2(24) 27.52
ta(runs) -0.468

Where: BIC denotes the Bayesian information criterion; SE denotes the residual standard error; Qa(24) is 
the “portmanteau” Ljung-Box test for residual autocorrelation computed with the first 24 sample
autocorrelations, asymptotically distributed as 2  with k d.f. (k depends on the model) applied at 5% level; Na is 

3

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 3906 -



the Bowman-Shenton test for normality of the residuals, asymptotically distributed as 2  with 2 d.f. applied at 
5% level; ta(skew) is the t-value associated with H0: Skewness(residuals) = 0 applied at 5% level; ta(kur) is the t-
value associated with H0: Kurtosis(residuals) = 3 applied at 5% level; Qas (2) is the Pierce test for the presence of 
seasonality in the residual autocorrelation, asymptotically distributed as 2  with 2 d.f. applied at 5% level; Qa2
(24) is the McLeod and Li (1983) test on linearity of the process versus bilinear or ARCH-type structures, 
asymptotically distributed as 2 with k d.f. (k depends on the model) applied at 5% level; ta(runs) is the t-value
associated with H0: signs of the residuals are random applied at 5% level. 

2. Conclusions 
In a first analysis, the span Jan92-Dec06 is considered. In this case, no identifiable seasonality is found

and this reason is strong enough to not seasonally adjust the series. In a second analysis, methodological aspects
linked to the CPI construction are considered. The first span of analysis is split in the year 1999, when a change 
of basis was made, for the presence of seasonality could be related to the composition of the baskets and the 
weight and item structures considered before and afterwards. In the interval Jan92-Dec98 no identifiable
seasonality can be found but, in the interval Jan99-Dec06, it seems that there is identifiable seasonality.
Imposing the outliers detected by X-12-ARIMA, a double check is made with TRAMO-SEATS which confirms 
that CPI can be seasonally adjusted in the span Jan99-Dec06. 

The length of both spans invalidate the use of some useful tools of diagnostic for making decisions.
Notwithstanding, the sliding spans analysis is forced to study the stability of the seasonal component. From this 
analysis we can deduct that the seasonal pattern seems to be changing during 2006. This change could be blamed
on the “prices agreement” policy conducted by the Government to contain inflation because these political 
measures would be distorting the seasonal behavior of the prices of the items forming part of the CPI basket. 

Disclaimer
All views expressed are the author’s and not necessarily those of the INDEC. 

REFERENCES (RÉFERENCES) 
BOX, G.E.P. and JENKINS, G.M. (1976). Time series Analysis: Forecasting and Control. Holden Day, San 
Francisco
DAGUM, E.B. (1988). “X-11-ARIMA/88 Seasonal Adjustment Method. Foundations and Users Manual” (with some
updates), Statistics Canada, Ottawa
FINDLEY, D.F., MONSELL, B.C., SHULMAN, H.B. and PUGH, M.G. (1990). “Sliding-Spans Diagnostics for
Seasonal and Related Adjustments”. Journal of the American Statistical Association, 85: 345-355
FINDLEY, D.F., MONSELL, B.C., BELL, W.R., OTTO, M.C. and CHEN, B.C. (1998). “New Capabilities and
Methods of the X-12-ARIMA Seasonal Adjustment Program” (with discussion). Journal of Business and Economic
Statistics, 16: 127-176
GOMEZ, V. and MARAVALL, A. (1996). “Programs TRAMO and SEATS. Instructions for the User” (with some
updates). Working Paper nº 9628, Banco de España, Research Department, Madrid
GOMEZ, V. and MARAVALL, A. (1998). “Guide for using the programs TRAMO and SEATS”. Working Paper nº
9805, Banco de España, Research Department, Madrid
X-12-ARIMA. Reference Manual (2002). U.S. Bureau, Time Series Staff and Statistical Research Division,
Washington

ABSTRACT
The Argentine Consumer Price Index (CPI), monthly data on changes in the prices paid by urban and suburban

consumers for a representative basket of goods and services, is produced by the National Institute of Statistics and Censuses
(INDEC) from January 1943. Many crises had affected the Argentine economy since then and it has become the traditional
measure of inflation. Our interest is to seasonally adjust this series for the actual analysis of the state of the economy.
Nevertheless this is not an easy task due to the intrinsic instability of this indicator and, of course, of its seasonal pattern.
This paper presents an attempt to seasonally adjust the Argentine CPI taking advantage of methodological considerations
to determine the span to be deemed up to and including December 2006.
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In this paper we analyze time series related to pediatric exercise tests. A group of young athletes with 
two years of training practice were assessed in exercise laboratories in order to measure their anaerobic 
power output. The 30-s all-out Wingate Anaerobic Test (WAnT) was applied to assess performance of peak 
muscle power and local muscle endurance for both upper and lower limbs. 

Our objective in WAnT time series is detecting possible common trends. Dynamic factor analysis 
(DFA) is a technique especially designed for time series data, which enables underlying common patterns to 
be identified. This methodology allows to model short and nonstationary series, like 30-s all-out WAnT. 

The classical approach in the physiological field compare performance parameters (Peak Power, 
Average Power, Power Drop) between independent groups. This paper applies for the first time DFA to 
exercise tests results. 
 
1. Wingate Anaerobic Test 

The most popular performance-based anaerobic test and widely used is the 30-s all-out WAnT. The test 
is usually performed on a mechanical braked cycle ergometer. The commonly available Monark ergometer 
has often been used. The subject pedals at maximal possible rate against a resistance and pedal revolutions 
are counting. The load or resistance to be applied is based on individual body weight (Maud, Berning and 
Foster, 2006). 

The 30-s all-out WAnT was developed in the mid-1970s at the Wingate Institute in Israel. It has been 
used extensively with able-bodied children and adults to assess performance of their lower (cycling) or upper 
(arm-cranking) limbs. This kind of laboratory-based exercise tests in pediatrics are used to aid in a diagnostic 
procedure or to assess the child’s physical fitness. In various pediatric disorders, peak muscle power and 
local muscle endurance are deficient. Knowledge of changes with time in these functions can help in 
evaluating the progression of a disease or the effects of a rehabilitation program (Bar-Or, 1993). 
Considerable research has evaluated the feasibility, reliability, validity, and sensitivity of the WAnT (Bar-Or, 
1987). 
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2. Database 
A group of twenty young athletes engaged in competitive swimming and football for two years of 

practice were selected. This group of children was homogeneous in age, weight and body mass index. Each 
child was assessed in a cycle Monark ergometer for both arms and legs, and the power output given in 
rotations per minute (rpm) was registered along the time (Pereira, Fernandes and Mendonça, 2005). 

Figure 1 shows sequence plots of the rpm versus time. Both plots suggest some variability between 
children, and there seems to be different strategies in the execution of the exercise. 

Time plots are also important in what concerns identification of possible outlier. In this context, a time 
series with very low and constant values means that the children doesn’t pedal at maximal possible rate, and 
so doesn’t perform test correctly. In that sense, two subjects were leave out (initially there are twenty two 
child). We also detected in first visual approaches that the last times in many series were probably miss 
registered. The values showed some inconsistency and we suppose that it had no concern with the 
performance of the exercise. To outperform this problem we remove observations after 27-s in all time series. 
Figure 1 presents cleaned series analyzed in this paper. 
 
3. Dynamic factor model 

Let yt  be a n − dimensional vector of observed time series, a model for yt  with m  common 
trends is given by 

t t t= + +y c Zα ε , 

where c  is the m − dimensional vector of constants, Z  is the n m×  matrix of factor loadings, αt  is 
the m − dimensional vector of common trends, tε  is the noise component, and it is assumed that 

( )~ ,t N Σεε 0 . The trends represent the underlying common patterns over time and they can be modeled as 

1−= +α α ft t t , where ( )~ ,t N Σff 0 , Σf  is a diagonal error covariance matrix, and ft  is independent of 

tε . For further details consult for example (Tsay, 2005). 
Estimated models presented in this paper were obtained with the software package Brodgar 

(www.brodgar.com). The software enables estimating a model under a chosen m . It also allows to decide 
between a diagonal or a symmetric positive-definite covariance matrix Σε . 

After a standardization of series required to better interpretation of factor loadings and common trends, 
sixteen models were applied, eight for each kind of limbs. The m  value is varying between one and four, 
and for each m  was tried a diagonal and a symmetric covariance matrix. 

In order to achieve a parsimony model, the aim is to set the number of common trends as small as 
possible, but still have a reasonable model fit. In time series analysis, the most widely function used to 
measure parsimony is the Akaike’s information criterion (AIC), see (Akaike, 1974). 

The AIC values for each tried model are presented in Table 1. A lot of similarity is seen when we 
compare both arms and legs models. In each case a model with a symmetric positive-definite covariance 
matrix Σε  is preferable. Models with only one common trend are much less explicative than the others, and 
the AIC values for the models with four trends reveal that great number of parameters is no justification. So 
we need to decide between models with two or three trends. Only based on AIC we choose models with three 
trends, but physiological interpretation is also important. We think that third trend in these models is not 
important in terms of explanation to the underlying patterns for rpm series, then we considerer the model 
containing two common trends with a positive-definite covariance matrix as the “best” model for both upper 
and lower limbs. Results of the two models are reported below. 
 
4. Results 

First we analyze results for upper limbs. In Figure 2 are presented the estimated common trends. One 
of the common trend show a gradual rise until peak power is achieved near 10-s, peak values is kept for 
during 5-s, and after that a drop power is observed (this trend will be called as late peak power and drop). 
The other common trend begins with the peak power, followed by a sharply decrease until near 15-s, and 
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then a slight decrease almost constant (this trend will be designated early peak power and drop). We present 
factor loadings (after rotation) in Table 2. The factor loadings show that children from football are essentially 
associated with late peak power and drop trend, while early peak power and drop is important to children 
from swimming. 

In Figure 3 are presented the estimated common trends for the lower limbs and we can see a high 
similarity in shape of the underlying structure when compared with the arms. Factor loadings, in table 3, 
show once more that early peak power and drop trend is associated with swimming and late peak power and 
drop is related to football. 

It must be noted that, in general, children follow similar pattern for both arms and legs. For example, 
children 2 and 3 from swimming aren’t associated with early power peak trend like other swimming’s 
children, but they have the same pattern in both limbs. 
 
5. Discussion 

DFA applied to power output time series enables to identify two common structures for each upper and 
lower limb. In the execution of the exercise, with arms are performed similar shape strategies as with legs. 
Also a very important detail is to know when peak power happens. Neither of these conclusions was possible 
before with classical approach. 

An improvement when dealing with this approach is it capability to find that each trend is associated 
with a different sport. In agreement with literature, peak power reflects muscle explosiveness and mean 
power reflects muscle endurance. Thus both peak power and mean power can be considerer components of 
child’s fitness. Both peak power and percentage fatigue are correlated with the preponderance of fast-twitch 
fibers, mainly in swimming athletes. 

In short it can be said that the anaerobic test reflects the changes due to training, the specificity of the 
muscle group (arms or legs) on one hand and the individual differences in muscle function on the other, due 
probably to development (maturation, growth) factors. Despite this is a preliminary draft, the authors are 
very confident with the results, they are assured that DFA could be an important tool in the study of the 
performance based on anaerobic functions. 
 
Figure 1 
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Upper limbs rpm series in the left graph and lower limbs rpm series in the right graph 

 
Table 1 

AIC values obtained from DFA for the time series in study 
  

 upper limbs lower limbs 
common 
trends 

diagonal 
matrix 

symmetric 
matrix 

diagonal 
matrix 

symmetric 
matrix 

1 929.842 -425.524 898.827 -266.537 
2 -113.800 -463.282 137.168 -300.753 
3 -302.693 -478.629 72.329 -320.020 
4 -376.260 -479.164 -175.344 -328.512 
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Figure 2 
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Common trends for rpm upper limbs series 

 
Table 2 

Estimated factor loadings for rpm upper limbs series (label F for football and S for swimming, 
number associated represent children, and in bold are factor loadings above the cutoff of 0.2) 
  
  serie F1 F2 F3 F4 F5 F6 F7 F8 F9 F10 F11 
factor trend 1 0.29 0.24 0.11 0.22 0.15 0.26 0.09 0.24 0.29 0.31 0.27
loadings trend 2 0.07 0.15 0.26 0.14 0.26 0.03 0.28 0.17 0.08 0.05 0.12
 serie S1 S2 S3 S4 S5 S6 S7 S8 S9   
factor trend 1 0.11 0.29 0.29 -0.03 0.03 0.03 -0.01 0.02 0.06  
loadings trend 2 0.27 -0.04 -0.09 0.29 0.29 0.29 0.23 0.29 0.26  
 
Figure 3 
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Common trends for rpm lower limbs series 

 
Table 3 

Estimated factor loadings for rpm lower limbs series (label F for football and S for swimming, 
number associated represent children, and in bold are factor loadings above the cutoff of 0.2) 
  
  serie F1 F2 F3 F4 F5 F6 F7 F8 F9 F10 F11 
factor trend 1 0.17 0.22 0.13 0.26 0.14 0.29 0.26 0.24 0.25 0.29 0.22
loadings trend 2 0.22 0.18 0.26 0.10 0.24 0.05 0.11 -0.18 0.08 0.03 0.18
 serie S1 S2 S3 S4 S5 S6 S7 S8 S9   
factor trend 1 0.10 0.31 0.27 0.06 -0.04 0.06 0.03 0.03 0.00  
loadings trend 2 0.26 -0.04 0.08 0.28 0.29 0.29 0.30 0.31 0.30  
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1. Introduction

An important question in empirical time series analysis is how to predict future values of an
observed time series on the basis of its recorded past, and more specifically how to obtain prediction
intervals. The majority of forecast models assume that the behaviour of the series in the past will
continue in the future. The Holt-Winters procedure is one of the well known methods for modeling
the trend and seasonal influence in a time series. This is the case of the series of air traffic data we
are going to study here. In Figure 1 it is shown the behaviour of the series.
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Figure 1: The air traffic data

Cordeiro and Neves (2003) showed that the Holt-Winters method fitted well the data set. For obtaining
good prediction intervals it is extremely important the choice of the model that better describes the
behaviour of the series in study. Recently, resampling techniques have been considered in the literature
for constructing prediction intervals. Alonso et al. (2002, 2003) extended the sieve bootstrap approach
proposed by Bühlmann (1997), in order to obtain prediction intervals. In our study we propose a
different approach: first to fit a forecasting model to the data and then to proceed like in Alonso et
al. (2002, 2003). Forecast intervals for one year are then obtained.
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2. Bootstrap forecast intervals

There has been a great development in the area of resampling methods for dependent data. The
bootstrap resampling technique is such a case. Initially proposed for i.i.d. situations, the bootstrap
introduced by Efron (1979), does not contemplate dependent data, such as time series. Several authors
have proposed bootstrap methodologies for time series. Cordeiro and Neves (2006) presented a review
of bootstrap methodologies in constructing prediction intervals for time series. The sieve bootstrap
approach proposed by Bühlmann (1997) was one of those methodologies. A few years latter, Alonso
et al. (2003) extended the use of sieve bootstrap in prediction intervals. Their approach uses AR sieve
bootstrap procedure based on residual resampling from a sequence of approximating autoregressive
models for the series, with order p = p(n) that increases as a function of the sample size n.

In our study we propose first to fit a forecasting model to the data set and then to proceed like
in Alonso et al. (2002). Combining forecasting models and the bootstrap resampling technique, we
intended to get good prediction intervals for 2006.

3. Forecasting intervals and accuracy measures: a computational study

In this section we illustrate the performance of the sieve bootstrap and the approach referred to
above, for obtaining prediction intervals. The case study refers to the air traffic of Lisbon’s FIR (Flight
Information Regions) in the period 1985-2005 (Figure 1). Using the theory of forecasting methods,
Holt-Winters was chosen. Tests of stationarity were performed. Combining forecasting models and
the bootstrap resampling technique we obtained forecast intervals for the twelve months in 2006, for
which we had real values to compare with.

In Figure 2 we show the forecast intervals for 2006, using the sieve bootstrap (Alonso et al.,
2002, 2003) and the alternative approach based on the Holt-Winters model fitting. Both intervals
were obtained over 1,000 bootstrap replicates.
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Figure 2: Observed data (+−+), Sieve forecast intervals (4−4) and the new approach

forecast intervals (◦− ◦) on the left and interval length for both approaches on the right.

The bootstrap intervals lengths are calculated as

LM,i = Q∗
M,i(1− α/2)−Q∗

M,i(α/2),(1)

for each method (M), for each month i = 1, · · · , 12 and α = 0.05. Using the 2006 monthly true values,
we observe in Figure 2 that using this new approach the forecast intervals contain always those values,
with a smaller interval range. The exception for the value of range is in the last trimester, where the
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interval length for our approach is bigger than with the sieve bootstrap, but it does not contain the
true value (see Figure 2 on the left).

Interval coverage was calculated too. For each method, B=1000 replicates were repeated S=200 times.
The coverage for each method is estimated as

CM,i = ]{Q∗
M,s(α/2) ≤ RealV alue ≤ Q∗

M,s(1− α/2)},(2)

with s = 1, · · · , 200 and i = 1, · · · 12. Table 1 shows the coverage of predicted intervals with the
approach here proposed providing the best coverage results.

Table 1: Interval coverage for 2006

Methods Jan Feb Mar Apr May Jun Jul Aug Sep Oct Nov Dec
Sieve 200 200 115 0 0 0 0 0 0 0 0 0
New 200 200 200 199 200 200 133 187 200 200 198 200

Hyndman et al. (2006) discusses measures of accuracy for univariate time series forecasts. In the
article, several measures are recommended for use in comparing forecast accuracy. When comparing
forecast methods on a single series, the Mean Absolute Error (MAE) is a a good indicator when
applied to the same data. It is defined as MAE = mean(|et|), where et is the forecast error for the t

period. Figure 3 show the MAE for each month and for both methods.
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Figure 3: Sieve intervals (4−4) and the new approach (◦ − ◦)

Observe that, once again, the best results for MAE are obtained with our approach.

4. Concluding remarks

In this article we briefly described the use of two methods for obtaining prediction intervals.
For the time series considered in the real data set trend and seasonality were observed. The

Holt-Winters forecasting method gave the best fitting. So it was used in the bootstrap approach to
obtain forecast intervals. This alternative approach revealed a good performance. Accuracy measures
like those given in Hyndman et al. (2006) were studied. Mean Absolute Error was chosen to compare
the two procedures.
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The results presented above suggest that the choice of the model that better describes the data is
very important. This is the basis of our approach. For the real case studied this alternative procedure
outperforms the sieve bootstrap.

An extensive simulation study for several models is in progress and up to now promising results
have been obtained.

Acknowledgments: The authors are grateful to the company Portugal Navigation-NAV Por-
tugal, E.P.E. for the data that made this study possible and for providing data that will allow
continuing this work.

REFERENCES

Alonso, A.M., Peña, D. and Romo, J. (2002). Forecasting time series with sieve bootstrap. Journal of
Statistical Planning and Inference, 100, 1-11.

Alonso, A.M., Peña, D. and Romo, J. (2003). On sieve bootstrap prediction intervals. Statistical & Prob-
ability Letters, 65, 13-20.
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RESUME

One of the main goals in studying a time series is to predict future values of the series. The
choice of the model that better describes the behavior of the series in study is crucial for obtaining good
forecast intervals. Several authors have proposed bootstrap methodologies for time series. Recently,
Alonso et al. (2002, 2003) extended the sieve bootstrap approach proposed by Bühlmann (1997), in
order to obtain prediction intervals. Their approach uses AR sieve bootstrap procedure based on residual
resampling from a sequence of approximating autoregressive models for the series, with order p=p(n)
that increases as a function of the sample size n. In our study we propose first to fit a forecasting
model to the data set and then to proceed like in Alonso et al. (2002, 2003). A real data set is used
to illustrate the performance of the proposed procedures. Forecast intervals are constructed. Some
accuracy measures like those considered in Alonso et al. (2002, 2003), Hyndman et al. (2006) are
calculated. New subroutines are constructed in R language. Results show that, in general, the method
we propose has a very good performance.
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Abstract

The aim of the present paper is to propose a novel test for the identification of nonlinear dependence in

time series. The approach is based on a combination of a test statistic based on an entropy dependence

metric, possessing many desirable properties, together with a suitable extension of surrogate data

methods, a class of Monte Carlo based tests introduced with the aim of building consistent tests for

nonlinearity without making distributional assumptions on the test statistics. The use of parametric

bootstrap methods is also investigated. In this paper we show how the test can be employed in order

to detect the lags at which a significant nonlinear relationship is expected in the same fashion as the

autocorrelation function is used for linear processes. The power and size of the test is assessed through

simulation studies.

Measuring nonlinear dependence in time series

In literature there exist many proposals of dependence measures, each of them motivated by

different needs and built to characterize a specific aspect of the process under study. An important

class of such measures is based on entropy functionals developed within information theory (see e.g.

Maasoumi (1993) and ref. therein). For instance, Shannon mutual information has spread widely

in the context of nonlinear dynamics as well as time series analysis. However, all these entropies do

not allow to define a metric since either they do not obey the triangular inequality or they are not

commutative operators. Also, there have been recent studies in the statistics community with the aim

of describing the properties that an ideal measure of dependence should possess (see e.g Granger et al.

(2004) and ref. therein). The measure adopted here is the metric entropy measure Sρ, a normalized

version of the Bhattacharya-Hellinger-Matusita distance, defined as follows:

Sρ(k) =
1

2

∫ +∞

−∞

∫ +∞

−∞

(√
f(Xt,Xt+k)(x1, x2) −

√
fXt(x1)fXt+k

(x2)
)2

dx1dx2

where fXt(·) and f(Xt,Xt+k)(·, ·) denote the probability density function of Xt and of the vector

(Xt,Xt+k) respectively . The measure is in precise relation with other entropy functionals such as

Shannon entropy and Kullback-Leibler divergence and can be interpreted as a nonlinear autocorre-

lation function. Sρ(k) satisfies many desirable properties: i) it is a metric and is defined for both

continuous and discrete variable, ii) it is normalized and takes the value 0 if Xt and Xt+k are indepen-

dent and 1 if there is a measurable exact (nonlinear) relationship between the variables, iii) it reduces

to the linear autocorrelation function in the case of gaussian variables and, notably, iv) it is invariant
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with respect to continuous, strictly increasing transformations. Among other things, Granger et al.

(2004) address the issues of nonparametric kernel estimation of Sρ(k) and of its utilization in the

context of hypothesis testing of serial dependence.

In the present paper we extend the use of Sρ(k) to the case where the null hypothesis is that

of linearity; to this aim we investigate different methods in order to obtain the distribution of Sρ(k)

under H0.

Surrogate data methods

The method of surrogate data was introduced in the context of nonlinear time series analysis

motivated by chaos theory and can be regarded as a resampling approach for building tests for non-

linearity in absence of the distributional theory for the statistics that are mainly employed in that

field.

In Theiler et al. (1992) and Theiler and Prichard (1996) a null hypothesis of linearity is tested

by generating surrogates having the same periodogram and the same marginal distribution as the

original series. Such a result is attained by first randomizing the phase of the Fourier transform of

the experimental data and then by adopting an adjustment procedure. The approach has serious

drawbacks and can lead to severe distortions in the performance of the tests. See also Chan (1997)

and Chan and Tong (2001) for further discussion. After the first contributions, several works that

extend the method in various directions have been presented. In general, such extensions involve the

introduction of either new test statistics or ad hoc algorithms for generating surrogates in order to

test specific (not necessarily linear) hypotheses. For an interesting review on the topic see Schreiber

and Schmitz (2000).

The approach we have adopted in this paper is an extension of the method that allows to treat

the problem within a general unified framework (see Schreiber (1998); Schreiber and Schmitz (2000)).

Basically, the generation of surrogate time series is seen as a constrained optimization problem that is

solved by means of simulated annealing (see e.g. Vidal (1993)). The method has shown to overcome

all the problems linked to phase randomization techniques and will allow to generate surrogate series

having exactly the same autocorrelation function (ACF) and the same marginal distribution of the

original series.

The bootstrap approach

The second approach considered is based on a bootstrap approach and involves modelling proce-

dures. The main idea relies upon the Wold decomposition of a stationary stochastic process. A station-

ary stochastic process Yt can be decomposed into the sum of two incorrelated processes: Yt = Zt + Vt

where Zt is the MA(∞) component: Zt =
∑

∞

j=0 ψjat−j , ψ0 = 1,
∑

∞

j=0 ψ
2
j < ∞, {at} ∼ WN(0, σ2

a).

Vt is a deterministic component Vt = µ +
∑

∞

j=1 [αj sin(ωjt) + βj cos(ωjt)]. If {Vt} = 0 (purely non-

deterministic process) Yt admits a MA(∞) representation so that one can obtain surrogates in the

following way (see also Hinich et al. (2005)) :

1. Fit a MA or an AR model to the data.

2. Obtain the residuals. Under the null hypothesis of linearity the residuals will form a i.i.d.

process.

3. Resample the residuals with replacement.

4. Drive the fitted model with the resampled residuals and obtain the surrogate time series.

5. Repeat steps (3) and (4) B times.
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Figure 1: (Left): Sρ(k), k = 1, . . . , 10 for 100 realizations of an AR(1) process (Model 1) (black solid

line). The confidence bands at the 95% level (green dashed line) and at 99% level (blue dashed line)

were obtained from the mean quantiles of the surrogates distribution. (Right) the same but for the

NLMA Model.

The surrogates obtained under this scheme will be realizations of linear processes having the same

correlation structure as the original data.

Preliminary results

In this section we show how the entropy dependence metric Sρ used in conjunction with surrogate

data methodology can be a useful tool for characterizing nonlinear processes and identifying the lags

at which nonlinear effects might be expected.In the following we show the results of a simulation study

performed on the following models

Model 1: AR(1) yt = 0.8 yt−1 + εt
Model 2: NLMA yt = 0.8 ε2t−2 + εt

where εt ∼ i.i.d.N(0, 1). The null hypothesis tested here is that the DGP is a linear stochastic process

so that its dependence structure is fully captured through the ACF. The surrogates were obtained

under the scheme presented in the previous section.

In Fig. 1 we show with the black solid line the mean value of Sρ(k), k = 1, . . . , 10 over 100

realizations of length n = 120 of Model 1 (AR(1) process, left) and Model 2 (NLMA process, right),

respectively. For each realization, a test over B = 200 surrogates has been performed. The green

dashed line and the blue dashed line represent the mean quantiles of the distribution of the surrogates

at the 95% and 99% levels, respectively. For the computation of Sρ we have chosen the reference

rule for bandwidth selection (density estimation) and the integral method. The associated rejection

frequencies for Model 1 are presented in Tab. 1 where we report the results both for the surrogate

(SA) and for the bootstrap (AR) methods. Notice that the boostrap approach (AR) tends to give a

size which is smaller than that produced with the surrogate data (SA). In any case, both results are

satisfactory.

The results pertaining to the NLMA Model 2 are shown in Table 2. In this case the empirical

power for the NLMA process is very similar for the two methods. Once again, notice that the bootstrap

method (AR) is less prone to give false rejections of H0.
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Table 1: Monte Carlo rejection frequencies for Sρ(k), k = 1, . . . , 10 at levels 95% and 99% for the

AR(1) process (Model 1).

lag k 1 2 3 4 5 6 7 8 9 10

SA 95% 0.17 0.09 0.05 0.04 0.11 0.06 0.07 0.13 0.09 0.06

99% 0.00 0.03 0.03 0.00 0.02 0.02 0.00 0.03 0.02 0.02

AR 95% 0.01 0.01 0.01 0.00 0.02 0.07 0.06 0.05 0.01 0.05

99% 0.00 0.00 0.00 0.00 0.00 0.01 0.00 0.00 0.00 0.01

Table 2: Monte Carlo rejection frequencies for Sρ(k), k = 1, . . . , 10 at levels 95% and 99% for the

NLMA process (Model 2).

lag k 1 2 3 4 5 6 7 8 9 10

SA 95% 0.10 0.89 0.05 0.07 0.06 0.09 0.08 0.04 0.03 0.04

99% 0.03 0.76 0.01 0.02 0.00 0.01 0.02 0.01 0.01 0.01

AR 95% 0.06 0.89 0.06 0.05 0.09 0.04 0.05 0.05 0.05 0.06

99% 0.02 0.72 0.03 0.03 0.02 0.01 0.01 0.01 0.01 0.02
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Abstract

In this article state – dependent, bilinear and exponential autoregressive models are briefly 

discussed. By computing one – step ahead forecasts for these models we see that the forecasting 

performance of state – dependent models compares quite favorable with the specific models such as 

bilinear and autoregressive models. 

Keywords: State – dependent, bilinear, exponential, autoregressive, forecasts. 

1.Introduction

Priestly (1980) developed a general class of non-linear time series called "state – dependent 

models" which is denoted by SDM. If one consider the linear ARMA(k ,l) model: 

ltlttktktt XXX ...... 1111       (1.1)  

where t is a sequence of independent zero – mean random error term and 

kl ,...,,,...,, 111  are constants, then at time 1t  the future development of the process 

 is determined by the values tX kttltt XX ,...,,,..., 11  together with future values of t ,

hence the vector kttlttt XXX ,...,,,..., 111 , The basic SDM model is as follows: 
                                               ~      

lttlttttkttkttt XXXXXXXX 111111111 .....   (1.2)

If we take uu ,,  as constants and set
P

J
ujutu CbX

1
1 lu ,...,1     (1.3) 

Then (1.2) reduce to the bilinear model ~
m

I

P

J
JtItIJltlttktktt XCbbXaXaX

1 1
1111 ......     (1.4) 

.In order to reproduce certain features of non – linear random vibration Ozaki (1978) has 

considered k-th order exponential model of the form  

tkttkkttt XVXXVXX 2
11

2
111 exp...exp      (1.5) 

I 
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Where kk ,...,,,..., 11  and V are constants.If we take OO u, for all u and 

set 2
11 exp tuutu XX ku ,...,1     (1.6) 

Then (1.2) reduces to the exponential AR model (1.6). 
~

2. Prediction 

One of the most important problems in time series analysis is the prediction of a future value 

of a process, given a record of its past valuest. Suppose we are given observation on a process 

from time up to time t and we want to predict its future value, , by constructing a 

function of the present and past value , i.e.

tX nt mtX

nttt XXX ,...,, 1 ntttmt XXXX ,...,,~
1

The usual criteria which measures the accuracy of the predicted value mtX~ as an estimate of 

is the "mean square error", mtX
2~)( mtmt XXEmM   (2.1)          ntttmtmt XXXXEX ,...,,~

1

If we assume that the process tX is gaussian, the conditional expectation of  given 

 is a linear function of  i.e. 

mtX

nttt XXX ,...,, 1 nttt XXX ,...,, 1 ntnttOmt XaXaXaX .~
11

Where  are constants. The problem now is to find the constants 

which minimizes the mean square error (2.1).  

nO aaa ,...,, 1

nO aaa ,...,, 1

3.Simulation Study 

In order to evaluate the forecasting ability of the state – dependent model bilinear model and 

exponential autoregressive model, observations were simulated from  :Fitted state – dependent 

models ,"best" linear models fitted to data ,The theoretical models .Mean square errors of one – step 

ahead forecasts are evaluated over the last four hundred observations. 

3.1.Bilinear model simulation 

Five hundred observations were simulated for two different realization of the bilinear model. 

ttttt XXX 111 4.05.04.0

The preliminary estimates for the first realization were: 

7668.0ˆ̂ 1631.0ˆ̂
1 0808.0ˆ̂

1 1691.1ˆ̂ 2

R̂̂
2257.02142.01274
2142.02239.01360

.0

.0
1274.01360.01068.0

II
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And for the second realization were: 

7746.0ˆ̂ 2278.0ˆ̂
1 0902.0,ˆ̂

1 7588.1ˆ̂ 2

R̂̂

7085.06806.04358.0

6806.06734.04328.0

4358.04328.03142.0

The best model for the first realization was obtained as: 

tttt XX 11 07964.0259.0    278.12

And for the second realization as: 

tttt XX 11 14754.0375.0    353.12

The MSE over the last 400 observations was computed for each model and results are given 
in table (1).

Table (1) 

Model MSE for the first realization MSE for the second realization 

Bilinear model 

SDM model 

Linear model 

0.9680

1.0568

1.3064

0.9643

1.0666

1.3151

The predictors obtained by SDM are similar to the predictors generated by the bilinear 

model, while the forecasts with the best linear model are rather poor.  

3.2.Exponential AR model simulations 

In this case five hundred observations were simulated for two realizations on the model  

tttttt XXXXX 2
2

11
2

1 exp4.08.0exp4.02.1

By fitting an AR model to the first 20 observations, the starting values were obtained and the 

recursion started at t=10 with the smoothing factor equal to 10-1.The initial values for the first 

realization were: 3678.0ˆ̂ 3527.1ˆ̂
1 0028.1ˆ̂

1 6480.1ˆ̂ 2

                                                               ~                                ~ 

R̂̂
0082.00056.00011.0
0056.00083.00002.0
0011.00002.00917.0

~

III
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And for the second realization were: 

3811.0ˆ̂ 3232.1ˆ̂
1 9421.0ˆ̂

1 7064.0ˆ̂ 2

                                                      ~                        ~ 

R̂̂
0030.00020.00014.0
0020.00031.00005.0
0014.00005.00400.0

~
The best linear model for first realization was obtained as: 

tttt XXX 21 904.0276.1 051.12

And for the second realization was 

tttt XXX 21 888.0256.1 168.12

the results are tabulated in table (2).

Table (2) 

Model MSE for the first realization MSE for the second realization 

Exponential model 

SDM model 

Linear model 

0.9680

1.0366

1.0170

0.9643

1.0134

1.0057

Conclusion

By computing one – step ahead forecasts for simulated observations generated by a bilinear model, 

an exponential AR model we see that the results indicates that the forecasting performance of SDM 

compares quite favorable with those of other more specific models.
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Generalised information riteria in model seletion for loally sta-tionary proessesHirukawa, JunihiDepartment of Mathematis, Faulty of Siene, Niigata University8050Ikarashi 2-no-ho, Nishi-ku, Niigata City, Niigata (950-2181), JapanE-mail: hirukawa�math.s.niigata-u.a.jpSolvang Kato, HirokoDepartment of Genetis, Institute for Caner Researh, Rikshospitalet-RadiumhospitaletE-mail: hsolvang�rr-researh.noTamaki, KenihiroDepartment of Mathematial Sienes, Shool of Siene & Engineering, Waseda UniversityE-mail: k-tamaki�aoni.waseda.jpTaniguhi, MasanobuDepartment of Mathematial Sienes, Shool of Siene & Engineering, Waseda UniversityE-mail: taniguhi�waseda.jpThe problem of evaluating the goodness of statistial models has been well investigated from aninformation theoreti point of view. To evaluate models, we usually assume the struture of a stohastiproess is spei�ed by some funtion. As examples of suh funtion we an take the probabilitydistribution funtion p(x) for i.i.d. ase, the trend funtion �(u) for regression model, the spetraldensity funtion f(�) for stationary proess, and the dynami system funtion F(Xt�1; : : : ;Xt�p) fornonlinear models. Reently, one of an important lass of nonstationary proesses has been proposed byDahlhaus (1996a, 1996b, 1996), alled loally stationary proesses. The struture of loally stationaryproesses is spei�ed by the smooth funtion, namely time varying spetral density funtion g(u; �).We �t a lass of parametri models P = ff�(u; �) : � 2 � � Rqg to the loally stationary proessesby use of the nonlinear integral funtional measures of disparity D(f�; g), whih takes the minimum ifand only if f� = g, a.e. Suppose that a streth XT = �X2�N=2;T ; : : : ;X1;T ; : : : ;XT;T ; : : : ;XT+N=2;T	is available. We estimate � and g(u; �) by some appropriate estimators �̂T = �̂(XT ) and ĝT = ĝ(XT ),respetively.Model seletion an be approahed by trying to make small the informationD(f�̂T ; g) = 14� Z 10 Z ���H nf�̂T (u; �)g(u; �)�1o d�du;(1)whih is a measure of the divergene of g(u; �) relative to f�̂T (u; �).A simple estimator of D(f�̂T ; g) is given by substituting for g the time varying spetral densityestimator ĝT , yieldingD(f�̂T ; ĝT ) = 14� Z 10 Z ��� H nf�̂T (u; �)ĝT (u; �)�1od�du:(2)Ordinarily this provides an overestimate of the expeted information measure. Writing the bias asb(g) := EXT nD(f�̂T ; ĝT )�D(f�̂T ; g)o ;(3)we de�ne an information riterion based on the bias-orreted information measure asD(f�̂T ; ĝT )� b(ĝT ):(4)
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Empirial studies illuminate some interesting features of our proedures.REFERENCESDahlhaus, R. 1996a. On the Kullbak-Leibler information divergene of loally stationary proesses. StohastiProess. Appl. 62:139{168.Dahlhaus, R. 1996b. Maximum likelihood estimation and model seletion for loally stationary proesses. J.Nonparametr. Statist. 6:171{191.Dahlhaus, R. 1996. Asymptoti statistial inferene for nonstationary proesses with evolutionary spetra. InAthens onferene on applied probability and time series analysis, Vol. 2, ed. P. M. Robinson and M. Rose,145{159. New York: Springer.
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1. Introduction

The Stochastic Volatility (SV) model has enjoyed great success in the study of financial time

series. A feature of finance data is that the outliers come in patches. In this case most of the statistical

tests developed to detect outlier have lower efficiency. In order to overcome this problem Justel et al.

(2001), based on the McCulloch and Tsay (1994) Bayesian approach, presented a procedure to detect

and estimate patch of outliers in autoregressive processes. We use the same idea to detect patches of

outliers in stochastic volatility processes considering two types of outliers.

The Stochastic Volatility (SV) model with Level or Additive outlier (LO) is given by

yt = δtβt + e
ht
2 ǫt(1)

ht = µ + φ(ht−1 − µ) + σηηt,(2)

and the T -dimensional vector of the returns is denoted by y = (y1, · · · , yn)′, the vector of volatility by

h = (h1, · · · , hn)′, and the vector of volatility parameters by Ψ = (µ, φ, σ2
η).

The random variable δt indicates the position of possible outlier, i.e δt ∼ Ber(κ), with beta

prior distribution, i.e κ ∼ Beta(u0, n0). The random variable βt indicates the size of the outlier, with

normal prior distribution given by:

δt = log(1 + βt) ∼ N(−0.5ν2, ν2), ν ∼ LN(ν0, N0).(3)

The Volatility or Innovation outlier (VO) is defined similarly, but the outlier is put in the

volatility equation in (2) instead of in the observation equation.

Initially the parameter φ is sampled from the complete conditional density using the rejection

method. Thus, taking the re-parametrization φ = 2φ∗ − 1, where the distribution of φ is a beta

distribution with parameters (φ(1), φ(2)), the prior of φ is given by

π(φ) ∝
{

(1 + φ)

2

}φ(1)
−1{(1 − φ)

2

}φ(2)
−1

, φ(1), φ(2) >
1

2
,(4)

The prior distribution of µ is given by a normal distribution with parameters (µ0, M0).

The procedures to jointly estimate the model and detect the outliers are based on the posterior

distributions. Thus, we have to calculate the posterior distributions of δt and of βt. The marginal

posterior distributions of the elements of δ are given by:

pt = P (δt = 1|y) =
∑

P (δrt |y) t = 2, . . . , n.(5)

=
∑ ∫

P (δrt |y,Ψ)P (Ψ|y) dΨ ∝
∑ ∫

P (y|δrt ,Ψ)P (δrt)P (Ψ|y) dΨ,(6)
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where the sum is over all the 2n−1 outlier configurations. The posterior distributions of the size of the

outlier are given by:

P (βt|y) =
∑

P (δr|y)P (βt|y, δr) t = 2, . . . , n.(7)

McCulloch and Tsay (1994) used Gibbs sampling in order to sample from the posterior distribution

of δt and βt obtained from the mixture of distributions in autoregressive models. Justel et al. (2001)

showed that the McCulloch and Tsay (1994) procedure is efficient in detecting isolated outliers in

autoregressive models, but inefficient in the presence of patches of ouliers. In order to overcome this

problem Justel et al. (2001) proposed an algorithm in two stages. First, identify the possible blocks

(patches) of outliers and later identify the outliers within the blocks.

2. Procedure to Detect Possible Patches of Outliers

Initially, we have to define two critical values c1 and c2 with c2 < c1 and h, and the width of

the possible blocks. The procedure consists of the following steps:

1. Estimate the model and denote the estimated probability of the presence of an outlier in the t-th

observation by p̂t. Call the estimates in this step as standard Gibbs sampler estimates;

2. The ti-observation is suspected of being an outlier if p̂t > c1. Let T ∗ = {t1, · · · , tm} be the set of

observations detected as possible outliers in this step. Justel et al. (2001) suggested considering the

total number of possible outliers at most equal to n/2. Thus, if m > n/2 we must increase c1;

3. Consider the second critical value, c2 < c1 to test whether the 2h observations near each of the

m−observations found in step (2) are possible outliers. An observation is included in the window test

as possible outlier if p̂t > c2;

4. For each window, for instance the window related to observation yti , select the furthest previous

observation of yti with p̂t > c2 as the first observation of the block of outliers related to the ti-th

observation and denote it by yti−ki . Similarly, the furthest posterior observation of yti with p̂t > c2 is

considered the last observation in the block and is denoted by yti+vi . Thus, the possible block of outliers

related to the observation yti is given by the block (yti−ki , · · · , yti+vi). Note that as max(ki, vi) ≤ h

the maximum length of the block is (2h + 1);

5. Any set of consecutive intervals with juxtaposition is concatenated in a unique block. Thus, the

number of possible blocks can be less than m and the length of the blocks is unlimited;

6. The total number of possible outliers is given by the number of observations covered by the blocks.

If this number is larger than n/2 then the critical value c2 must be increased and/or the value of h

decreased. As a third alternative c1 should be increased.

7. For each block of observations identified as possible outliers re-estimate the posterior probabilities.

Call the estimates in this step as adapted Gibbs sampler estimates.

Further information about the priors and the evaluation of the posterior distributions used in

the MCMC process can be found in Motta and Hotta(2006)

3. Examples

We illustrate the performance of the proposed methods with three examples. Two examples

with simulated data with φ = 0.9811, σ2
η = 0.122 and β = 1.0, sample size equal to 1000 and with and

without outliers. The third example is the NYSE series.

The priors adopted for the three series were µ ∼ N(0, 100), φ∗ ∼ Beta(20, 1.5), which cor-

responds to a mean equal to 0.86, κ ∼ Beta(2, 100), σ2
η ∼ IG(2.5, 0.05/2), and for δ we took

log(δ) ∼ N(−3, 0.15).

The normal distribution as prior for log(δ) implies a log-normal distribution as a prior with
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mean equal to 0.05 and a standard deviation equal to 0.02. The hyperparameters for the prior of κ

imply mean equal 0.0196 and a standard deviation equal to 0.0136. In order to secure convergence we

used a total of 150,000 iterations in the first step of the procedure for the standard Gibbs sampler and

in the adapted Gibbs sampler. We used the mean of the posterior distributions as the estimates and

c1 = 0.5 for the first step of the algorithm and c2 = 0.3 to define the extreme limits of the patches as

threshold values and h = 2.

Simulated Data Without Outlier: For simplicity sometimes we refer to the mean as the posterior

probability of the presence of an outlier. Since all the estimated probabilities are smaller than c1 we

do not detect any outlier in the simulated series.

Simulated Data With Outliers: We now inserted LO and VO as defined section 1. The size of

the LO is taken as a ∆ multiplied by the standard error of the simulated series without outliers while

the size of the VO is taken as Λ multiplied by the standard error of the autoregressive process, i.e.

Λ[σ2
η(1− φ2)−1]0.5. Two isolated LO were inserted, one of size 8 (∆ = 8) in the 50-th observation and

another of size 5 in the 500-th observation. We also included six consecutive LO of size 4 from the

250-th to the 255-th observation and one VO of size 5 in the 700-th observation.

In the first step the two isolated outliers in the 50-th and 500-th observations were detected

as single outliers with posterior probability almost equal to 1.0. Two blocks of width six each one

were detected, one from the 250-th to the 255-th and another one from the 700-th to the 705-th

observations. The first block matches the positions of the block of LOs introduced and the beginning

of the second block is the position where the VO was introduced. It is interesting to note that not all

the posterior probabilities estimated in step 1 were large inside the blocks. The posterior probabilities

were re-estimated in step 7 and all the probabilities for the six observations with LO in the block were

almost equal to 1.0. In the second block, related to the VO, the posterior probability and the estimated

size were decreasing, which is in agreement with the effect of a VO. For all the other observations

there was no false detection of outlier with all the posterior probabilities of the presence of an outlier

smaller than 0.05. Thus, for these two simulated series the test had a good performance.

The standard Gibbs sampler yielded good performance for isolated outliers but that was not so

good for blocks of outliers. The adapted Gibbs sampler produced good estimates even when the outlier

occurred in blocks. The estimates were very close to real value with all the posterior probability near

1.0. We can say that the performance of the test was very good for the simulated series.

New York Stock Exchange Composite Return Index

The sample consists of 1,255 observations from January 2, 1997 and December 31, 2001. We

will this series used in order to compare with the Zhang and King (2005) results (ZK).

Except fot two observations all the posterior probabilities were estimated as larger than 0.8976

or smaller than 0.1, clearly classifying whether an observation is an outlier.

In order to compare with the ZK results Table 1 presents the observations which are considered

influential by those authors and by our analysis. ZK used slope and curvature local influence diag-

nostics using three types of perturbations, volatility, additive and data perturbations, with a total of

six tests and used a GARCH(1,1) model. The volatility perturbation is related to VO while additive

and data perturbations are related to LO. Although the Zhang and King (2005) paper presents some

errors (see Hotta and Zevallos, 2006), especially in the curvature diagnostics, they still can be used as

a benchmark. In the fourth column it is indicated whether the observation was detected as influential

by any of the local perturbation tests. From the total of the 15 observations detected as outliers by our

test only two were not detected as outliers by any of the ZK tests, the 206-th observation (27/10/97),

which is in the middle of a patch of outliers related to the Asian crisis and the 1187-th observation

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 3932 -



(25/09/01) which is also near two other outliers and the 11-th September terrorist attack. From the 18

observations which were detected by any of the six local influential tests only five were not detected by

our test, none during or near the crisis period. Among the six observations detected by the volatility

perturbation tests (either by the slope- or curvature-base diagnostics) only one was not detected by

our test. Among the 15 detected by the additive perturbation only three were not detected and among

the nine detected by the data perturbation tests three were not detected. So, we could say that the

performance of the test was quite good and it is able to detect all type of perturbations considered by

ZK, with the advantage of using a single model, estimating the size of the outlier and giving evidence

of the presence of the outlier. All the main crises in the period, except the Brazilian sneeze, were

detected as outliers.

Table 1: Observations detected by the proposed test statistics and by the Zhang and King local

influence tests. The fourth column shows if the observation is detected by any local influence tests.

Type of local perturbation

Patch Local Volatility Additive Data

Date Serial no. test Perturb. Slope Curv. Slope Curv. Slope Curv.

20/10/97∗ 201 Y Y Y

21/10/97∗ 202 Y Y Y

23/10/97∗ 204 Y Y Y Y

24/10/95∗ 205 Y Y Y

27/10/97∗ 206 Y

28/10/97∗ 207 Y Y Y Y Y Y Y

26/08/98∗ 415 Y Y Y Y

27/08/98∗ 416 Y Y Y Y Y

31/08/98∗ 418 Y Y Y Y Y Y

15/10/98 450 Y Y

28/10/99 711 Y Y

04/01/00 757 Y Y

16/03/00 807 Y Y Y

12/04/00∗ 826 Y Y Y

13/04/00∗ 827 Y Y Y Y

14/04/00∗ 828 Y Y Y Y Y

16/05/01 1101 Y Y Y

07/09/01∗ 1180 Y Y Y

17/09/01∗ 1182 Y Y Y Y

24/09/01∗ 1187 Y

total 15 18 5 4 7 9 4 6
∗during or next to crisis periods
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1 Introduction

Change point detection is an important part of statistical and economic analysis. Predictions and
statistical inference will be invalid if changes in the regimes during the data collection period are not
taken into account. For surveys on change point methods we refer to Csörgő and Horváth (1997) and
Perron (2006). In this paper we consider at most one change in the location model

Xk = µk + εk 1 ≤ k ≤ n,

where µ1, . . . , µn are the means of the respective observations, while ε1, . . . , εn are random error terms
with zero means satisfying some additional assumptions specified below. Under the no change null
hypothesis

H0 : µk = µ 1 ≤ k ≤ n

while under the alternative

HA : there is 1 ≤ k∗ < n such that µ1 = µ2 = . . . = µk 6= µk+1 = . . . = µn.

The most popular methods are based on functionals of properly standardized cumulative sums (CUSUM),
e.g., H0 is rejected if

Tn = max
1≤k≤n

|
k∑

i=1

(Xi − X̄n|/(nσ2
n)1/2

is large, where X̄n = (1/n)
∑

1≤i≤n Xi and nσ2
n is an estimator for the variance of

∑
1≤i≤n εi.

Under suitable assumptions on the error terms Tn is sensitive w.r.t. changes in the mean (location).
Asymptotic properties of Tn were derived under the conditions (see, e.g., Csörgő and Horváth (1997))

(1) Eεi = 0 1 ≤ i < ∞

and

(2) there is σ > 0 such that n−1/2
∑

1≤i≤nt

εi
D[0,1]−→ σW (t)

where {W (t), 0 ≤ t < ∞} is a Wiener process. (
D[0,1]−→ denotes weak convergence in D[0, 1].) Condition

(2) means that {εi} is a weakly dependent sequence which satisfies the functional central limit theorem
and it provides asymptotic distribution of Tn if σ2

n is replaced by σ2 from (2).
Since Tn, is a function of n−1/2

∑
1≤i≤nt εi, (2) will yield the asymptotic distributions of the test

statistic. However, the estimator σ2
n must satisfy that σ2

n
P→ σ2 under H0 and at least it must be

bounded in probability under the alternative. If {ei} is a strictly stationary sequence with 0 < Eε20 <

∞, then the estimation of σ2 is based on the fact that it is related to the spectral density at 0. One
of the most popular choices is Bartlett’s estimator. However the rate of convergence is very slow even
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under H0 and σ2
n might go to infinity under HA. Modifications of the Bartlett estimator in the change

point context can be found in Berkes et al (2005, 2006).
In the definitions of Tn functionals of CUSUMs are computed for the first k and the last n − k

observations. If the difference between functionals is large for at least one k, the null hypothesis
of no change is rejected. We suggest computing the ratio of the CUSUM functionals instead of the
differences. This way there will be no need for the estimation of σ2. Instead of using Tn we suggest
two test statistics

Vn = max
1≤k≤n−nδ

max1≤i≤k

∣∣∣∑1≤j≤i(Xj − X̄k

∣∣∣
maxk≤i≤n

∣∣∣∑i≤j≤n(Xj − X̃k)
∣∣∣

and

Zn = max
nδ≤k≤n

maxk≤i≤n

∣∣∣∑i≤j≤n(Xj − X̃k

∣∣∣
max1≤i≤k

∣∣∣∑1≤j≤i(Xj − X̄k)
∣∣∣
,

where 0 < δ < 1/2 and

X̄k =
1
k

∑

1≤i≤k

Xi, X̃k =
1

n− k

∑

k≤i≤n

Xi.

2 Main results

Our first result gives the convergence in distribution results for Vn and Zn under H0. Let W (t), 0 ≤
t < ∞ be a Wiener process and define the following processes:

η1(t) = sup
0≤s≤t

|W (s)− (s/t)W (t)|,

η2(t) = sup
t≤s≤1

|W ∗(s)− (1− s)/(1− t)W ∗(t)|,(3)

where W ∗(t) = W (1)−W (t).

Theorem 2.1 If H0, (1) and (2) hold then, as n →∞,

(4) Vn
D→ sup

0<t≤1−δ

η1(t)
η2(t)

(5) Zn
D→ sup

δ<t≤1

η2(t)
η1(t)

.

Remark 2.1 Since, as n →∞,

lim
t→1−

sup
t≤s≤1

∣∣∣∣W ∗(s)− 1− s

1− t
W ∗(t)

∣∣∣∣ → 0 a.s., lim
t→0+

sup
0<s≤t

∣∣∣W (s)− s

t
W (t)

∣∣∣ → 0 a.s.,

we cannot replace sup0<t≤1−δ and supδ<t≤1 with sup0<t<1 in (4) and (5).

Remark 2.2 By the properties of Wiener processes we realize that for any 0 < t < 1

η1(t)
η2(t)

D=
(

t

1− t

)1/2 sup0≤u≤1 |B1(u)|
sup0≤u≤1 |B2(u)| ,

where {B1(u), 0 ≤ u ≤ 1} and {B2(u), 0 ≤ u ≤ 1} are independent Brownian bridges.
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Let ∆n = µk∗ − µk∗+1 be the size of the change.

Theorem 2.2 If (1) and (2) and HA hold,

(6) k∗ = [nθ] with some 0 < θ < 1, δ < θ < 1− δ.

and

(7) n1/2|∆n| → ∞,

then

min(Vn, Zn) P→∞.

Therefore the test H0 against HA can be based on either Vn, Zn, min(Vn, Zn), max(Vn, Zn). The
explicit forms of the asymptotic null distributions of either test statistics are unknown therefore
approximations to the critical values have to be obtained via simulations.

Our tests were developed to check if the mean has changed at an unknown time. However, ratio type
tests can also be used to see if the sequence changes from “ asymptotic stationary” into “asymptotic
difference stationary”. We say that the sequence is “asymptotic stationary” if the sum of the Xk’s
satisfies the functional central limit theorem and “ asymptotic difference stationary” if the Xk’s them-
selves satisfy the functional central limit theorem with suitable normalization. Now we consider the
following two alternatives:

H∗
A : there is 1 ≤ k∗ < n such thatXk =





µ + εk, 1 ≤ k ≤ k∗

µ + εk∗ + . . . + εk, k∗ < k ≤ n.

and

H∗∗
A : there is 1 ≤ k∗ < n such thatXk =





µ + εk∗ + . . . + εk, 1 ≤ k ≤ k∗

µ + εk, k∗ < k ≤ n.

The alternative H∗∗
A is somewhat the opposite of H∗

A; the first observations follow a random walk and
at k∗ they turn into an “ asymptotic stationary” sequence. The statistic Vn may not be able to detect
if H0 or H∗

A hold, since even under H∗
A the statistic has a nondegenerate limit distribution. Similarly,

Zn may not be able to detect if H0 or H∗∗
A hold, as follows from the following two theorems.

Theorem 2.3 If (1), (2), (6)–(7) and H∗
A hold, then, as n →∞,

Zn
P→∞, Vn = OP (1).

Theorem 2.4 If (1), (2), (6)–(7) and H∗∗
A hold, then

Vn
P→∞, Zn = OP (1).

Hence if we are interested only if a change occurred from or into a random walk at an unknown time,
i.e., we are testing H0 against H∗

A ∪H∗∗
A we must combine Vn and Zn, e.g., max(Vn, Zn).

Following the proof of Theorem 1.1 one can easily verify that under H0

max(Vn, Zn) D→ max

{
sup

0≤t≤1−δ

η1(t)
η2(t)

, sup
δ≤t≤1

η2(t)
η1(t)

}
,
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Theorem 1.3 and 1.4 imply that under H∗
A ∪H∗∗

A max(Vn, Zn) P→∞. Therefore test procedure based
on min(Vn, Zn) and max(Vn, Zn) can be used for inference.

Kim (2000) used ratio type test for a different problem, particularly, to detect changes in persistence
of a linear time series. Asymptotic as well as the finite sample properties (including power) of Kim’s
test were investigated by Kim et al (2002) and Leybourne and Taylor (2006).

Some further tests and results together with applications to detection of change in the mean when the
errors are AR(1) and GARCH(1,1) will be discussed in the talk.

The proofs of the above theorems together with further possible test statistics and applications to
detection a change in the mean when the errors are AR(1) and GARCH(1,1) sequences will appear in
the paper by Horváth, Horváth and Hušková (2007).
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RÉSUMÉ (ABSTRACT)

We propose new tests to detect a change in the mean of a time series. Like many existing tests,
the new ones are based on the CUSUM process. Existing CUSUM tests require an estimator of a
scale parameter to make them asymptotically distribution free under the no change null hypothesis.
Even if the observations are independent, the estimation of the scale parameter is not simple since
the estimator for the scale parameter should be at least consistent under the null as well as under the
alternative. The situation is much more complicated in case of dependent data, where the empirical
spectral density at 0 is used to scale the CUSUM process. To circumvent these difficulties, new tests
are proposed which are ratios of CUSUM functionals.

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 3937 -



A First Order Autoregressive Time Series Model for
Microarray Gene Expression Data with Asymmetric Laplacian Marginals

Jose, K.K.1, Sreekumar, J.2 and Uma, P.3
1Department of Statistics, St. Thomas College, Pala, M.G. University, Arunapuram, India-686 574

2Scientist, Agricultural Statistics Division, C.T.C.R.I., Trivandrum, India-695 017
3Novartis International Clinical Research Institute, NICCI, Mumbai, India-400 018

(Presenting author: Jose, K.K.)

Abstract

Microarray gene expression data are characterized by high skewness and asymmetry as well as heavy tailedness. The usual method of fitting
normal distribution to the log transformed data has been found inadequate. Recently there have been growing interest in developing asymmetric
distributions corresponding to usual symmetric distributions like normal, Laplace etc. In the present paper we consider an asymmetric Laplace
distribution and its generalization. Some properties are studied and the problem of estimation of parameters is also addressed. An asymmetric
Laplace distribution is fitted to a data on microarray gene expression on potato and the fit is found to be a good fit. An autoregressive model
is developed for temporal gene expression data and its sample path properties are studied in detail. Simulation studies are conducted and it is
established that the model is suitable for such data, which changes over time.

Key words: Microarrays, Gene expression data, Autoregressive Process, Asymmetric Laplace distribution, Non-Gaussian time series models.

1 Introduction
Usually, in microarray data most genes are expressed at very low levels and only few genes are expressed at high intensity. In statistical terminology,
we say that the distribution is skewed to the right. Statisticians often deal with highly skewed data on a logarithmic scale. It is common now to apply
this transformation to microarray data. However depending on how background is handled, and how the low abundance genes are estimated, the
distribution of intensities from the microarray may appear skewed even on a log scale and sometimes the distribution appears double-peaked.

A common observation in biology is that noise increases with level. So the technical variation in a measure of a housekeeping gene is
higher than that of a transcription factor. Most statistical procedures assume that all values undergoing comparison have comparable noise levels,
the p-values from these procedures will be erroneous if there is great discrepancy in variability. The distribution of normalized gene expressions,
while similar across arrays, is often far from normal, regardless of the normalization methods. Rather the distribution tends toward heavy tails
and asymmetry of varying degrees. Because of the heavy tails and non-normality of the data, many authors suggest recentering and rescaling
microarray data with more robust estimates of location and variance such as median and the mean/median absolute deviation.

One of the most well known and widely used symmetric distributions for modeling data with heavier tails than normal is the classical Laplace
distribution. Since the Laplace distribution is symmetric, it is not appropriate for modeling data with asymmetric empirical distribution. In such
a case most appropriate skewed generalization of the Laplace distribution is considered. In the last several decades different forms of skewed
Laplace distributions have been introduced and studied by various authors. The asymmetric Laplace captures the skewness of the data as well as
the peak at the center of the data. More recently, several properties, generalizations and applications of the skew-Laplace distribution have been
reported (Kotz et al., 1998), demonstrating that it is a natural and sometimes superior alternative to the conventional Gaussian (normal) distribution.
? proposed the use of asymmetric Laplace distribution to fit gene expression data.

Following Fernandez and Steel (1998) skewness have been introduced into a symmetric distribution by incorporating inverse scale factors
into the negative and positive orthants. More precisely, if g is a symmetric p.d.f. on <, then for any κ > 0 a skew density have been obtained as

f(x) =
2κ

1 + κ2


g(xκ) for x ≥ 0
g( x

κ
) for x < 0

(1)

The Laplace density

g(x) =
1

2σ
e−

|x|
σ , x ∈ < (2)

leads to a class of skewed Laplace distributions valuable for stochastic modeling in a variety of fields, including finance, economics, and the
sciences. An in-depth study on the skew-Laplace distribution was reported by Kotz et al. (2001). They consider a skew-Laplace distribution with
three parameters, as shown below.

f(x) =
1

σ

2κ

1 + κ2


exp (−κ

σ
|x− θ| ) for x ≥ θ

exp (− 1
κσ
|θ − x| ) for x < θ

(3)

putting κ2 = β
α

and σ2 = 1
αβ

the distribution can be reparametrized as

f(x/θ, α, β) =
αβ

α + β


exp {−α (θ − x) } for x ≤ θ
exp {−β (x− θ)| } for x > θ

(4)

where θ, α and β are the model parameters. θ is the mode of the distribution, α is the inverse scale of the exponential to the left of the mode, and
β is the inverse scale of the exponential to the right of the mode. We will use the notation AL(X/θ, α, β) to refer this distribution. θ remain the
location parameter, Scale and skewness of the distribution depends on α and β. A value of α greater than β suggests that the right tail is thinner
and thus there is less data to the right side of θ than left side, the opposite is off course true if β is greater than α. When α = β or (κ = 1), the
distribution becomes symmetric. Figure 1 shows the asymmetric Laplace distribution at various values of α and β.

Figure 1: Probability density plots of AL(θ, α, β) Figure 2: Histogram of random numbers of
AL(θ = 0.91, α = 10.25, β = 2.35)
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2 Random number generation
If X ∼ AL(θ, α, β) we have

X
d
= θ + (αβ)−1IW, (5)

where W has standard exponential distribution and I is a random variable such that

I =

(
−κ with prob. κ2

1+κ2
1
κ

with prob. 1
1+κ2

(6)

This representation is useful in generating random variates from this distribution.
An AL(θ, α, β) generator
1. Generate standard exponential random variate W
2. Generate standard uniform random variate U
3. If U < 1

1+κ2 , set I← 1
κ

else set I← −κ

4. Set X← θ + σIW
5. Return X
Fig 2 shows the histogram of the random numbers generated from AL(θ, α, β) with different parameters.

3 Estimation of parameters
This section describes the method for finding maximum likelihood estimates (MLE) of the parameters for the above asymmetric distribution. The
maximum likelihood estimates of α and β have explicit expression, only the estimates of θ must be obtained numerically through a simple algorithm.

For sample data D = {x1, x2, ..., xN} , where xi’s are iid and X follows AL(X/θ, α, β) , then the likelihood is
QN

i AL(X/θ, α, β). The
maximum likelihood will be computed for fixed θ and then we will simply consider all choices of theta and will choose one with maximum likelihood
( equivalently log likelihood). The log likelihood is

log
NY
i

AL(xi/θ, α, β) =

NX
i

log AL(xi/θ, α, β) (7)

=
X

(x∈D/x≤θ)

logAL(X/θ, α, β) +
X

(x∈D/x>θ)

logAL(xi/θ, α, β) (8)

=
X

(x∈D/x≤θ)

log
»

αβ

α + β
− α(θ − x)

–
+

X
(x∈D/x>θ)

log
»

αβ

α + β
− β(x− θ)

–
(9)

= N log
αβ

α + β
+

X
(x∈D/x≤θ)

[−α(θ − x)] +
X

(x∈D/x>θ)

[−β(x− θ)] (10)

Let Nl = {x ∈ D/x ≤ θ}, Nr = {x ∈ D/x > θ}, Sl =
X

(x∈D/x≤θ)

x and

Sr =
P

(x∈D/x>θ) x. Then,
NX
i

log AL(xi/θ, α, β) = N log
αβ

α + β
−Nlαθ + αSl + Nrβθ − βSr

Let Dl = Nlθ − Sl and Dr = Sr −Nrθ. Then,

NX
i

log AL(xi/θ, α, β) = N log
αβ

α + β
− αDl − βDr (11)

The partial derivatives of the loglikelihood with respect to α and β are Nβ
α(α+β)

− Dl and Nα
β(α+β)

− Dr respectively. By equating the partial
derivatives to zero and solving for α and β gives

α̂MLE =
N

Dl +
√

DlDr
(12)

and

β̂MLE =
N

Dr +
√

DlDr
(13)

By iterating through different possible values of θ which maximizes the loglikelihood MLE of α, β and θ can be determined.

4 Results and Discussion
The microarray data from the study on transcriptional profiling of a time course experiment of a compatible interaction between potato and Phytoph-
thora infestans was used for empirical study. The study descriptions of dataset is given in Appendix I and is available on http : //www.tigr.org.
The dataset was a set of 33 arrays from leaves of the potato harvested for RNA extraction 0, 6, 12, 24, 48 and 72h after inoculation with P. infestans.
The log ratio between the Cy3 and Cy5 channels gave the gene expression measurement. In the present study the asymmetric Laplace distribu-
tion was fitted for the log ratios of measured gene expression across genes. The maximum likelihood estimates of AL(θ, α, β) were obtained and
Table ?? shows the maximum likelihood estimates of the selected arrays of the gene expression data. For comparison the estimated density were
overlayed with normal density. Figure 3 gives an example of the fit of asymmetric Laplace as compared to normal and log normal distribution and
Figure 4 shows some of the supplementary figures of the asymmetric Laplace and normal density overlayed with the observed data.

2
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Table 1: Maximum likelihood estimates of the parameters (θ , α and β ) for microarray data along with the
computed values of κ and σ2

Hybridization name / θ α β µ κ
(TIGR)

Interaction between potato and Phytophthora infestans
con vs sus 6hr tr1 1 0.84 5.37 2.25 0.647 0.082
con vs sus 12hr tr1 1 0.80 6.6329 2.11 0.564 0.071
con vs sus 48hr tr2 2 0.92 6.98 3.52 0.710 0.040

Figure 3: The Histogram of gene expression across genes on a single array from Potato Figure 4: histogram of gene expression across genes
from selected arrays from the time course experiment of a compatible interaction between potato and Phytophthora infestans

From these density plots it can be noticed that the distribution is capturing the spirit of the density with peaked concentration in the center
and heavy tails (?). The Laplace distribution can be considered as a mixture of normal distributions. A symmetrical Laplace ( α = β ) random
variable X is represented as follows (?),

X
d
= θ +

1

α

√
2WZ (14)

where d
= means equally distributed as and W and Z are independent random variables quantifying standard exponential and standard normal

respectively. we can say that a symmetrical Laplace random variable is a normal random variable with mean fixed and random variance distributed
exponentially. For any random variable with skew Laplace distribution, we can make a similar statement, only that the mean is also random and
can be represented as

X
d
= θ + (β−1 − α−1)W +

s
2W

αβ
Z (15)

where, as above, W and Z are the independent random variables standard exponential and standard normal, respectively.
The asymmetric Laplace distribution can also be represented as a the log ratio of two independent random variables with Pareto I distributions

as follows. If X is a random variable with distribution AL(θ, α, β), then

X
d
= θ +

1
√

2αβ
log

P1

P2
(16)

P1 ∼ Pareto I(
q

α
β

, 1) and P2 ∼ Pareto I(
q

β
α

, 1) . The density of a Pareto I(a, b) distribution is

f(x) =
aba

xa+1
, x > b (17)

? found that the distribution of mRNA expression in SAGE libraries followed Pareto like distribution. Since the gene expression array data
are obtained as the log ratio of the red and green channel intensities, the representation as the ratio of two independent Pareto I distributions is
justifiable. ? find that the distribution of the expression intensities for affymetrix oligonucleotide arrays resemble a power law, which is equivalent to
a Pareto distribution. Using the asymmetric Laplace gives the parametric insight into normalization across arrays.

5 An Autoregressive Model for microarray data
Various authors studied autoregressive models with non-Gaussian marginal distributions extensively in recent years due to wide applications of
such models in socio-economic fields. Since microarray data follows heavy tailed and asymmetric stationary marginal distributions it is interesting
to develop non normal time series models for temporal gene expression data. In this section a first order autoregressive time series model for
microarrays, with asymmetric Laplace marginals have been developed. Such models are needed to study the growth effects and time dependent
changes in gene expression. The pioneering paper in autoregressive modeling with non-Gaussian marginal distribution is by ?. Subsequently, ?,
?, ?, ? and ? developed autoregressive models with different marginal distributions. For a model with a given marginal distribution, the general
theory relating to a model building approach that consists of model identification, estimation, diagnostic checking and forecasting is discussed by
Sim (1994). Johnston (1998), Hastie et al (2000), Wu et al (2003), Jain (2003), Irizarry et al (2003) discuss the varies contexts of using statistical
methods for modelling microarray gene expression data. Seethalekshmi and Jose (2004,2006) discuss autoregressive processes with α-Laplace
marginal distributions and its generalizations. ? introduced a time series model using asymmetric Laplace distribution for modeling data from
financial contexts. The importance of these models arises from the fact that many naturally occurring time series are non-Gaussian.

This section deals with the development of an autoregressive process of order one with asymmetric-Laplace marginal distribution (ALAR(1)).
An autoregressive model with asymmetric Laplace process of order one with asymmetric-Laplace marginal distribution is proposed here to model
temporal gene expression data.

Let Y1 ∼ E(β, θ) and Y2 ∼ E(α, θ) with p.d.f
fy1 (x) = βe−β(x−θ) ; x > θ

fy2 (x) = αe−α(x−θ) ; x > θ

Then the Laplace transform of Y1 and Y2 are

Ly1 (t) = E(e−ty1 ) = e−tθ β

β + t

and
Ly2 (t) = E(e−ty2 ) = e−tθ α

α + t

Then the random variable X = Y1 − Y2 has an asymmetric Laplace distribution AL(θ, α, β) with the same p.d.f as given in Eq 3. The Laplace
transform of X is given by

Lx(t) = Ly1 (t).Ly2 (−t) =
β

β + t

α

α− t
(18)

Now consider a first order autoregressive process given by

Xn = aXn−1 + εn ; |a| < 1 (19)

where {εn} are i.i.d random variables called innovations, which are independent of X0, X1, ..., Xn−1. In terms of Laplace transforms Eq ?? can
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be rewritten as Lxn (t) = Lxn−1 (at)Lεn (t). Under stationarity we get Lx(t) = Lx(at)Lε(t). This leads to

Lε(t) =
Lx(t)

Lx(at)
=

β + at

β + t
.
α− at

α− t

=

»
a + (1− a)

β

β + t

–»
a + (1− a)

α

α− t

–
(20)

Therefore the innovations can be regarded as εn = E1n − E2n

where E1n
d
= ET (a, β) and E2n

d
= ET (a, α) so that

E1n =


0 w.p. a
En(β) w.p. 1-a

(21)

and

E2n =


0 w.p. a
En(α) w.p. 1-a

(22)

where En(β) and En(α) are independent exponential random variables with parameters β and α respectively.
Hence the innovations can be generated as the differences of sequences of independent exponential tailed random variables. The process

{Xn} can also be easily generated, by assuming X0
d
= ε0 ∼ AL(θ, α, β).

By generating the process values Xn for n = 1, 2, ... the sample path behaviour have been studied. For various combinations of a, θ, α, β
the sample paths were obtained as shown in Figure 5.

Figure 5: simulated sample path of ALAR(1) process Figure 6: histogram of marginal distribution of ALAR(1) process

The stationary marginal distribution of the process has a histogram of the following form as in Figure 6. The sample path and histogram confirms
the suitability of the process for modelling gene expression data which are often heavy tailed.

6 Conclusion
The AL(θ, α, β) distribution is found to be a reasonable fit to gene expression data. The representation of the asymmetric Laplace in other terms
as continuous mixture of normals and ratio of independent Pareto distributions are found better explaining the situation. The error distribution
can help in pre processing gene expression data. The proposed AR(1) model with asymmetric Laplacian marginals can be used for modelling
temporal gene expression data. More generalizations can be obtained by considering asymmetric generalized Laplacian distributions and time
series models.
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In the past few years, a certain number of authors have proposed different analysis methods of
the time series built from a long range dependence noise. These methods were applied in many fields
including telecommunication, hydrology, biomechanic, economy or physiological data processing and
it is what we treat in this paper.

Indeed, to interpret and explain the physiological signal behaviours, it can be interesting to find
some constants among the fluctuations of these data during all the effort or during the different stages
of the race. These stages can be detected using the change points detection method developed by
Lavielle (1999). The parameter of long range dependence (LRD) (self-similarity or local regularity)
could be a new way for deducing some explanations. The most common estimators of this parameter
called scaling behaviour exponents consist in performing a linear regression fit of a scale dependent
quantity versus the scale in a logarithmic representation. This includes the Detrended Fluctuation
Analysis (DFA) method introduced by Peng et al. (1994) and wavelet analysis method developed by
Abry et al. (2000) and Bardet et al. (2000). This second method provides more robust results and the
possibility of more general models. It also shows an evolution of the Hurst parameter during the race,
what confirms results obtained by Goldberger et al. (2002).

Long range dependent and self-similar processes

The LRD can be defined as the slow power-law decrease of the autocorrelation function rY (k)
of a stationary process {Y (k), k ∈ N} expressed by :

rY (k) ∼ k2H−2L(k) , as k →∞.

with L(k) a slowly varying function and a Hurst parameter H ∈]12 , 1[. The LRD is closely related
to the self-similarity concept. Then if we consider the aggregated process {X(t), t ≥ 0}, it’s called
self-similar with exponent H of self-similarity if ∀c > 0 :

X(ct) L= cHX(t)

A simplest model that display long-range dependence is the fractional Gaussian noise (fGn).
A certain number of authors have proposed different analysis methods of the time series built

from a long range dependence noise. In Wesfreid et al. (2005), a multifractal analysis of HR time
series is presented for trying to unveil their scaling law behavior using the Wavelet Transform Modulus
Maxima (WTMM) method. Other commonly used estimators are that based on the periodogram, the
Whittle estimator which gives a very precise estimations or the DFA estimator initially introduced
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by Peng et al., often used in Bardet, Kammoun (2006). The power law exponent characterizing the
scaling law behavior of signals can be also approximated using wavelets.

Detrended fluctuation analysis method (DFA)

The Detrended Fluctuation Analysis method, frequently used in the case of physiological data
processing in particular the heartbeat signals. It is a version for time series with trend of the method of
aggregated variance used for long-memory stationary process. It consists on 1. aggregated the process
and divided it into windows with fixed length, 2. detrended the process from a linear regression in
each windows, 3. computed the standard deviation of the residual errors (the DFA function) for all
data, 4. estimated the coefficient of the power law from a log-log regression of the DFA function on
the length of the chosen window.

In Bardet, Kammoun (2006), the asymptotic properties of the DFA function in case of the FGN
was studied. Note that in this case and under certain conditions the results seem to be quite good.
An extension of these results for a general class of stationary long-range dependence processes is also
established. In this semi-parametric frame, we showed using the DFA method that the estimator of
the long range dependance parameter is convergent with a reasonable convergence rate.

The processing of experimental data, and in particular physiological data, exhibits a major
problem that is the non-stationarity of the signal. Hu, Chen, Ivanov and stanley (2001) have studied
different types of non-stationarity associated with examples of trends and deduced their effect on an
added noise and the kind of competition who exists between this two signals. They have also explained
(2002) the effects of three other types of non-stationarity, which are often encountered in real data. In
a previous paper, we have studied the method in different particular cases of trended processes and
the method is proved not to be robust in such case.

Other methods present a better estimators like the whittle, in the sense of rate of convergence. In
the case of polynomial, the wavelet based method provides a better estimator of the Hurst parameter,
with an appropriated number of vanishing wavelet moments.

Wavelet analysis principle

In the article developed by Bardet and Bertrand (2006), a statistical method based on wavelet
analysis provides an estimator of the Hurst parameter after one has to model data with a generalization
of a fractional Brownian motion (fBm) for which the Hurst parameter constituting a constant piecewise
function of frequency.

The aim of this method is to provide, under certain conditions and assumptions, a central limit
theorem for the variance of the empirical wavelet coefficients related to the studied process for a given
scale. Then the Hurst parameter could be estimated by a linear regression of the logarithm of this
variance, at different frequencies, by the logarithm of these frequencies.

The wavelet analysis method is developed for a generalization of the harmonizable representa-
tion of the fBm called the (MK)-multiscale fBm. The (M0)-fBm is a fBm with a Hurst parameter
H0 and the (MK)-fBm has the same behavior as the fBm with a Hurst parameter Hi for frequencies
|ξ| ∈ [ωi, ωi+1[ for i = 0, . . . ,K (K ∈ N). In this section, we present the results for K = 1 i.e. the fBm
modeling at low and at high frequencies.

Definition of the (M1)-fBm : Let Xρ = Xρ(t), t ∈ R+ a process such that :

Xρ(t) =
∫
R

eitξ − 1
ρ(ξ)

Ŵ (dξ)

where : W (dξ) is a Brownian measure and Ŵ (dξ) its Fourier transform in the distribution meaning.
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ρ(ξ) = σ−1
0 |ξ|H0+1/2 at low frequencies i.e. when |ξ| ∈ [0, ω1[ and ρ(ξ) = σ−1

1 |ξ|H1+1/2 at high fre-
quencies i.e. when |ξ| ∈ [ω1,+∞[ with (σ0, σ1) ∈ R2

+ and (H0,H1) ∈]0, 1[2, ω1 ∈ R+ represent the
frequency change. We observe one path of a discretized Xρ. The purpose is to estimate the parameters
(H0,H1), (σ0, σ1) and ω1.

A central limit theorem was established for the estimators corresponding to Hi and σ2
i , i = 0,

1. A goodness of fit test was also established to show if we can model the signal with an (M1)-fBm
and with a procedure of overlapping tests, we can determine if there is a frequency change or not
according to observed data. The test statistic represent a generalized least squares distance between
two estimators of the vector constituted by the logarithm of the variance of wavelet coefficients for
different frequencies. This statistic tends in distribution to a χ2 with a number of freedom degrees
depending, in the case of (MK)-fBm, on K.

Application to HR time series

Our main goal is to see whether the heart rate time series during the race have specific properties
that of scaling law behavior. The wavelet tool and the DFA method are applied to the HR series records
during the three phases of the race (beginning, middle and end of race). Both methods provide Hurst
exponents which reflect the long term correlation in the time series.

Indeed, the two samples constituted by the estimations of parameter obtained from all HR time
series with the two methods are significantly close. When we observe samples in the beginning of race,
during the race and then in the race end, they seem to be relatively different. During the different
stages of the most marathon races, we observe a light increase of the LRD parameter H, and it is in
the end of races when we remark the high values. This behavior and this evolution of the long range
correlation properties may be associated with fatigue appearing during the last phase of the marathon.

This evolution can not be observed with DFA method. Indeed, when we observe the three
samples of estimations with wavelet analysis method we remark a significantly difference due precisely
to this evolution of LRD parameter. On the other hand when we compare the three samples from
beginning to end of race recorded with DFA method we conclude that this samples are significantly
the same and then we do not observe the evolution relative to Hurst parameter.

Conclusion

In conclusion, we showed, using the DFA method, that the estimator of the long range depen-
dance parameter is convergent with a reasonable convergence rate but in numerous cases of trended
long range dependent process this estimator does not converge. The DFA method is therefore not at
all a robust method. The wavelet based method provides a better estimator of the Hurst parameter
in addition to the fact that this method allows the construction of the goodness of fit test and allows
the detection of two behaviors at low and high frequency and obviously the fGn modeling of original
series.

The results of wavelets analysis applied to HR series are relatively close to those obtained by
other studies about physiologic time series recorded for healthy and heart failure subjects (see Peng et
al. (1995)). According to the conclusions found, we can deduce that the increase of the LRD parameter
values through the race phases may be associated with fatigue appearing during the last phase of the
marathon.
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RÉSUMÉ

De nombreuses méthodes d’analyse de processus à longues mémoires ont été proposées. Ces
méthodes ont été appliquées dans différents domaines tels que la télécommunication, l’hydrologie,
la biomécanique, l’économie ou dans le traitement des données physiologiques auxquelles nous nous
intéressons dans cet article. En effet, il est très intéressant de trouver des paramètres caractérisant
les fluctuations des données physiologiques. Le paramètre de la dépendance longue mémoire (d’auto-
similarité ou de régularité locale) pourrait être une nouvelle manière d’interpréter et d’expliquer les
comportements physiologiques. La plupart des estimateurs de ce paramètre, appelé coefficient de la loi
de puissance, consistent à réaliser un ajustement par régression linéaire d’une quantité en fonction
d’échelles dans une représentation logarithmique. Ceci inclut la méthode d’analyse des fluctuations
redressées (Detrended Fluctuation Analysis DFA) présentée par Peng et al. (1994) et la méthode
d’analyse par ondelettes développé par Abry et al. (2000) et Bardet et al. (2000). Cette deuxième
méthode fournit des résultats plus robustes et la possibilité de traiter des modèles plus généraux. Elle
montre également une évolution du paramètre de Hurst pendant la course, ce qui confirme des résultats
obtenus par Goldberger et autres (2002).
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Seasonal variation in economic price series has been a subject of interest ever since such data first

became available centuries ago. The techniques developed by modern time-series analysis have allowed

a systematic study of key features, such as deterministic versus unit-root modelling (see H��������

et al., 1990), multivariate modelling with seasonal unit roots (see L��, 1992), or the monitoring of

seasonal convergence (see F�
���� 
� K����, 2007).

In this paper, we explore the forecasting properties of seasonal models in an exemplary data set

on European barley prices. In particular, we focus on mismatches of statistically identified generating

models and optimal prediction models. We consider a simple cross-validation technique that is able

to highlight the features of interest.

Prices on agricultural commodities in European countries provide interesting data for the analy-

sis of seasonal cycles. The strong relationship to the climatic cycle insinuates that such variables are

a role model for deterministic cycles at the annual frequency. However, the deepening of economic

integration within the European Union, developments in agricultural technology, and maybe even

longer-run climate changes may raise doubts regarding this simplified perception.

Our first general findings are that barley prices indeed prefer the deterministic seasonal model,

that the frequency-zero behavior is characterized well by unit-root models, and that there is little

evidence on stable co-integration features across the panel. An application of the recently developed

monitoring device for seasonal convergence by F�
���� 
� K���� (2007) suggests rejection of a

common seasonal cycle across Europe.

To our surprise, an out-of-sample prediction comparison for the last few years within our sample

sees the statistically rejected common-cycle model in the lead. Using parametric bootstrapping we

demonstrate that the result is systematic. The wrong model outperforms the correct one, as its

incorrect rank restriction avoids the estimation of some poorly identified parameters.

The data

The data on quarterly barley prices is constructed from the Eurostat data base. Original Euro-

stat data is monthly but contains too many missing values. Furthermore, all methods that we use are

tuned to the quarterly case.

The requirement of continuous price series of reasonable length restricts our analysis to ten

countries: Austria, Belgium, Germany, Denmark, Spain, Finland, France, Netherlands, Sweden, and

the United Kingdom. Sample ranges vary considerably across countries, and very few countries provide

observations for the full range of 1970 to 2005. To enable the application of time-series analytic

methods, we interpolated missing values and we extrapolated series with early endings.

Because we aim at out-of-sample prediction evaluations, we strictly use causal multivariate

interpolation and extrapolation methods. All extrapolated observations are marked such that the

prediction evaluation concerns forecasts of existing observations exclusively.

Series were transformed by logarithms. Figure 1 yields time-series graphs for five countries with

the longest samples and demonstrates the seasonal nature of the data.
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Time series plot of logarithmic barley prices.

Monitoring seasonal convergence

F�
���� 
� K���� (2007) suggest a monitoring device for the study of convergence of deter-

ministic seasonal cycles in panels of quarterly data. Their idea is as follows.

In a panel of N quarterly series with deterministic seasonal variation, the seasonal cycle is deter-

mined by three constants for each country. For N ≥ 3, the N ×3 coefficient matrix will typically have

a rank of three. Rank deficiencies point to the occurrence of joint seasonal cycles across individuals.

A simple Fisher test statistic for the hypothesis of a rank of one in the coefficient matrix is

calculated on rolling samples. Increasing values of the statistic indicate a diverging tendency, while

decreasing values indicate a converging tendency.

In Figure 2, the test statistic has been coded by nominal p—values, and the interpretation is

reversed. An episode of ‘convergence’ is followed by ‘divergence’. One might assume that out-of-

sample prediction at the end of the sample should be influenced by the divergent period and that the

unrestricted model should forecast better.

Rolling test statistics (p—values) for a common seasonal cycle in barley prices
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Forecasts

Out-of-sample mean predictions are based on vector autoregressions (VAR). Unit roots were

found in all series, therefore VAR models are specified in first differences. Series with long samples

(core set) are modelled as depending on the core set only, while other series are modelled as depending

on all series.

Using co-integration tests (J��
���� 1995), we find that countries are not cointegrated. This

is surprising from the viewpoint of economic theory and contradicts the ‘law of one price’. We con-

jecture that convergence processes within the EU are mainly responsible for this feature, which is

properly reflected in inferior forecasting performance of cointegrated VAR models (unreported control

experiments).

By contrast, Table 1 demonstrates a discrepancy between the in-sample statistical results (Figure

2) and the relative forecasting performance. The model with restricted rank performs better than the

formally rejected general model. The evaluation considers one-step out-of-sample predictions for the

last ten observations (two and a half years) but the ranking persists for larger horizons.

Forecasting performance for the barley price series

common cycle general model

RMSE core series 0.0433* 0.0446

added series 0.0421* 0.0482

MAE core series 0.0365* 0.0374

added series 0.0341* 0.0385

Note: Core series are Belgium, Denmark, Spain, France, Netherlands, and the United Kingdom; added

series are Austria, Germany, Finland, and Sweden. RMSE and MAE denote root mean squared errors

and mean absolute errors.

Cross validation by parametric bootstrapping

In order to get insights on whether the observed reversal of ranking between the in-sample

inference stage and the out-of-sample prediction stage is systematic, we conduct a parametric bootstrap

experiment. Such experiments have been reported by Clements and Smith (1999) but they are still

not common in the literature.

For this experiment, pseudo-data are generated from the fitted structures according to both

rival models, with N -variate Gaussian errors and a variance matrix estimated from the sample. These

pseudo-data are then predicted using both models. While the bootstrapped samples have constant

parameter values, as fitted to the true observations, the prediction models are based on sample-specific

parameter values, such as obtained from estimation. This design reflects the situation of a hypothetical

forecaster properly.

The experiment has been conducted for pseudo-samples of sizes n = 50, 100, 200, and mean

squared errors (MSE) are compared for predictions at horizons up to h = 20. Figure 3 shows the

relative MSE for both forecasting models and n = 100. All MSE ratios are below one. While the

restricted model outperforms the unrestricted model more strongly when it is true, it also does so

when it is in fact incorrect. The feature persists at n = 200 but ratios are closer to one.

In short, while barley prices do not really share a common seasonal cycle across Europe, assuming

such a cycle helps in predicting the variables.
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MSE ratio for bootstrap experiments for n = 100 and n = 200

Note: Forecast horizons on the abscissa, ratios of MSE based on the prediction by the restricted

model divided by MSE for the unrestricted model on the ordinate. Solid curve for unrestricted

generating model, dashed curve for restricted generating model.
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RÉSUMÉ (ABSTRACT) – optional

Predictability of a panel of agricultural price series for twelve European countries is investigated,

with a focus on the seasonal nature of the variables. We consider several variants of the basic linear

vector autoregression, such as co-integrated systems and models with common deterministic seasonality

across the panel. While statistical in-sample evidence does not support the existence of a common sea-

sonal cycle across, assuming such a common cycle improves forecasting performance. Cross validation

by parametric bootstrapping demonstrates that this rank reversal is systematic. Such cross-validation

prediction evaluations may be an important tool in determining the most appropriate time-series model

for forecasting purposes.
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1. Introduction
During the last decade, there has been growing interest in studying the geometric stable

distribution and several researchers discussed the applications of it in different fields. The motivation
originates from the data sets, including financial mathematics, reliability, environmental studies etc, which
often do not follow the normal law but with asymmetric and heavy tailed character and the variable can be
viewed as a sum of a geometric number of increments. If the variable of interest can be viewed as a sum of a
geometric number of increments and exhibits the general character of asymmetry, sharp peaks and heavier
tails than normal distribution then geometric stable distribution is used for modeling data (see Kotz et al.
(2001)). The empirical distributions of financial data related to currency exchange rate, interest rate, stock
price changes etc. are characterized by being fat tailed and highly peaked. Kozubowski and Podgorski
(2000) used asymmetric Laplace distribution for modeling interest rate and currency exchange rate. They
showed that asymmetric Laplace distribution competes successfully with Gaussian distribution and appear to
be an alternative to stable Paretian distributions. It is established that the Laplace distribution is considered
as a model for the distribution of speech waves and the distribution is commonly encountered in image and
speech compression applications. Damsleth and El-Shaarawi (1989) used AR (1) model with Laplace noise
to fit the data on sulphate concentration in the Turkey Lakes watershed in Canada. Empirical analysis of
some important time series data, especially in the field of financial mathematics, environmental studies etc.
shows that asymmetric and heavy tailed distributions, belongs to the class of geometric stable distribution,
are more suitable for modeling the data.

Geometric stable distributions are the weak limits of appropriately normalized geometric random
sums of independent and identically distributed random variables

1 2
, ,...,

n
X X X . Let

p
N be a geometric

random variable independent of
i

X ’s and with probability mass function

(1.1) 1( ) (1 ) ; 1, 2,...
p

kP N k p p k−= = − =

Then the normalized geometric random sum
(1.2)

1 2
...

p p
S X X X

N N
= + + + ,

converges to a class of distributions, namely geometric stable (GS) distribution, when p converges to zero.
Since the sums such as (1.2) frequently appear in many applied problems in various areas (see Gnedenko
and Korolev (1996)), these classes of distributions have wide variety of applications especially in the field of
reliability, biology, economics, insurance mathematics etc. It is a four-parameter family denoted by

( , , )GSα σ β μ and conveniently described in terms of characteristic function

(1.3)

,

1( )
1 ( )

t
t t i tαα

α βσ ϖ μ
Φ =

+ −
,

where

(1.4) ,

1 ( ) tan( / 2) 1
( ) 21 ( ) log 1.

i sign t if
t

i sign t t ifα β

β πα α
ϖ

β α
π

− ≠⎧
⎪= ⎨ + =⎪⎩

The parameter ( ]0,2α ∈ is the index of stability and determines the tail of the distribution. As the

tail ( )P Y y> of a GS random variable Y is regularly varying at infinity, ( )P Y y C y αα −> for
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0 2α< < , this class of distributions seems to be appropriate for modeling heavy tailed asymmetric data.
For 2α = , the tail is exponential and the distribution reduces to the form of asymmetric Laplace
distribution discussed in Kozubowski and Podgorski (2000). Asymmetric Laplace distribution plays an
analogues role among geometric stable laws as Gaussian distributions do among the stable laws. Various
properties and representations of geometric stable distribution are discussed in Kozubowski and Rachev
(1999). Although the theory and applications of geometric stable distributions is well developed and
appeared in many literatures in recent years, their applications in time series modeling are not developed.
The purpose of this paper is to introduce a time series model with geometric stable distribution as marginal
distribution, which can be used for modeling heavy tailed asymmetric time series observations.

2. Geometric stable process
Various authors studied autoregressive models with non-Gaussian marginal distribution extensively

in recent years due to wide applications of such models in socio-economic fields. The fundamental paper in
autoregressive modeling with non-Gaussian marginal distribution is by Gaver and Lewis (1980).
Subsequently, Lawrance and Lewis (1981, 1985), Dewald and Lewis (1985), Anderson and Arnold (1993)
and Jayakumar and Pillai (1993) developed autoregressive models with different marginal distributions. Let
us consider a first order autoregressive (AR (1)) model defined by the structural relationship

(2.1)
1

. .

. . 1 ,
n

n
n n

w p
X

X w p

ε θ

ε θ
−

⎧⎪= ⎨ + −⎪⎩
where 0 1θ≤ ≤ and { }n

ε is a sequence of independent and identically distributed random variables.

Lawrance and Lewis (1981) studied the first order autoregressive model given by equation (2.1) for
exponential random variables. Now we develop a first order autoregressive model of structure (2.1) for a
sequence of geometric stable random variables.
Theorem 2.1

Let { }, 1
n

X n ≥ be defined as

(2.2)
1

. .

. . 1 ,
n

n
n n

w p
X

X w p

ε θ

ε θ
−

⎧⎪= ⎨ + −⎪⎩

where 0 1θ≤ ≤ and { }n
ε is a sequence of independent and identically distributed random variables. A

necessary and sufficient condition that { }n
X is a stationary process with ( , , )GS

α
σ β μ marginal is that

{ }n
ε is distributed as 1/( , , )GS α

α
σ θ β μθ . �

We call the process defined by (2.2) where { }n
X is a sequence of independent and identically

distributed ( , , )GS
α

σ β μ random variables as first order autoregressive geometric stable process.

The joint characteristic function of the process (2.2) is given by
1 2 1

, 1 2
1

( , ) ( )
i t X i t Xnn

X X
n n

t t E e +
+

+
Φ =

2 , 2 2 1 , 1 1

1

1 ( ) 1 ( )t t i t t t i t
α αα α

α β α β

θ

σ θ ϖ μ θ σ ϖ μ

⎧
⎪
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⎩

1 2 1 2

1
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θ

σ μ

⎫
− ⎪

⎬
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From the expression it is clear that , 1 2 , 2 1
1 1

( , ) ( , )X X X X
n n n n

t t t t
+ +

Φ ≠ Φ .

Hence the process is not time reversible.

An autoregressive model of thk order with geometric stable distribution as marginal distribution can be
defined as

0

1 1

2 2

. .

. .

. .

.. .. ..

.. .. ..
. .

n

n n

n n
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n k n k
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where
0

1
k

i
i

p
=

=∑ , 0 1ip≤ ≤ , 1, 2,...,i k= and { }n
ε is a sequence of independent and identically

distributed 1/( , , )GS α
α

σ θ β μθ .

3. Some particular cases

Case (i). Let 0σ = .
In this case the GS distribution reduced to exponential distribution with characteristic function

1( )
1

t
i tμ

Φ =
−

. Then the first order autoregressive model { }n
X given by (2.1) is stationary with

exponential (1/ μ ) marginal distribution if and only if { }n
ε is distributed as exponential (1/θ μ ).

The autocorrelation function of the process with exponential distribution as marginal is given by

( ) ( , ) (1 ) h
n n hh Corr X Xρ θ+= = − . Hence the process is positively correlated with exponentially

decaying autocorrelation function. This model is equivalent to the one-parameter TEAR (1) model discussed
in Lawrance and Lewis (1981).

Case (ii). Let 2α = , 0μ = .
In this case the GS distribution reduced to symmetric Laplace distribution with characteristic

function 2 2
1( )

1
t

tσ
Φ =

+
. Now the first order autoregressive equation defined by (2.1) defines a stationary

process with symmetric Laplace distribution as marginal distribution if and only if { }n
ε is a sequence of

independent and identically distributed Laplace variables such that 1/ 2
n nd Lε θ , where { }n

L is a sequence

of Laplace variables with characteristic function 2 2
1

1 tσ+
.

Here also we may note that the autocorrelation function of the process is given by ( ) (1 ) hhρ θ= − and
hence the process is positively correlated.

Case (iii). Let 2, 0α μ= ≠ .
When 2α = and μ is any non zero real number then the GS distribution reduced to asymmetric

Laplace distribution with characteristic function 2 2
1( )

1
t

t i tσ μ
Φ =

+ −
. Then the first order autoregressive

equation (2.1) defines a stationary process with asymmetric Laplace distribution (AL ( , )μ σ ) as marginal if
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and only if { }n
ε is a sequence of independent and identically distributed asymmetric Laplace random

variables 1/ 2( , )AL μθ σ θ .

Hence the autocorrelation function of the process is given by ( )( ) 1 hhρ θ= − and note that ( )hρ is
always positive and so the variables are positively correlated.
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RÉSUMÉ (ABSTRACT)
Geometric stable distributions received much attention in recent years and their applications in

different fields ranges from reliability to financial mathematics are well established by several researchers. It
can be used in modeling peaked and heavy tailed observations that may be a result of a random number of
independent innovations. Although the theory and applications of geometric stable distributions is well
developed and appeared in many literature in recent years, their applications in time series modeling are not
developed. Present work aims at developing and studying autoregressive model using geometric stable
distributions as marginal distributions.
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ABSTRACT

Long recordings of heart rate variability (HRV) display non-stationary characteristics and exhibit
long-range correlations. The analysis of these correlations provides a means of distinguishing between
sleep and wake states, healthy and diseased and to monitor the effect of ageing. Detrended Fluctuation
Analysis (DFA) has become a widely-used technique for the detection of long-range correlations in
non-stationary HRV data. Recently, we have proposed an alternative approach based on Fractional
Integrated Autoregressive Moving Average (ARFIMA) modelling. These models, combined with se-
lective adaptive segmentation, may be used to capture and remove long-range correlations, leading to
an improved description and interpretation of relevant components in HRV recordings. In this work,
ARFIMA models and DFA are used in the characterization of 24 hour recordings. The results obtained
with both methods are compared in 17 healthy subjects: 7, aged 17-19 years (here denoted as young)
and 10, aged 65-77 years (old). It was found that the methods give similar information concearning
the global characteristics of long-range correlations: circadian variation, with different regimes for
sleeping and waking periods and increased values with age. However, for a better description of these
correlations, selective adaptive segmentation combined with ARFIMA models can be advantageous,
namely during the transient periods, as the sleeping and waking times.

Keywords. ARFIMA models, detrended fluctuation analysis, heart rate variability, long-range cor-
relations, selective adaptive segmentation.
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1. Introduction

In time series analysis, the selection of the class of models well-fitted to data determines the
validation of the subsequent studies and conclusions. This decision is, in particular, based on our
knowledge of the theoretical models properties, as we choose the class that better captures the empirical
properties detected in data.

In the case of high-frequency financial return series, several studies have shown that they
share empirical regularities, usually called stylized facts. Thus, the models proposed for these series
should satisfy the theoretical properties corresponding to such stylized facts. However, some of these
properties are still not completely studied for many models, as is the case of the Taylor property. This
property is the theoretical counterpart of the stylized fact known as Taylor effect and it states that
the autocorrelations of the absolute value time series are larger than those of the squared time series.
The studies developed about this property are generally based on simulations, due to the difficulty of
handling the autocorrelations of such models.

In this work, we develop a theoretical study about the presence of the Taylor property in a
well-known class of models for financial time series. In fact, we establish that the Taylor property is
present for some parameterizations of the first order threshold ARCH (TARCH) model, which depend
on the distribution of its generating white noise. Moreover, we analyse and compare, for several
distributions of that process, those sets of parameterizations with Taylor property and we are led to
conjecture that this set increases for fat-tailed distributions.

2. From the Taylor effect to the Taylor property

Taylor (1986) analysed some features of financial returns and, to point out their non-linear
structure, he studied, for 40 returns series, the autocorrelations of transformed returns. He observed
that, for most of them, the sample autocorrelations of the absolute returns, ρ̂n (1) = ĉorr (|εt| , |εt−n|),
were larger than those of the squared returns, ρ̂n (2) = ĉorr

(
ε2
t , ε

2
t−n

)
, for lags between 1 and 30.
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Subsequent works widened the research to the autocorrelations of the powers of absolute
observations, ρ̂n (δ) = ĉorr

(
|εt|δ , |εt−n|δ

)
and, in particular, Granger and Ding (1995) called Taylor

effect the empirical relation ρ̂n (1) > ρ̂n (δ), for any δ 6= 1. However, studies referred by Mora-Galán
et al. (2004) indicate that maximum autocorrelation is not always obtained when δ = 1. Nevertheless
the same studies show that the empirical relation analysed by Taylor (1986) holds.

This stylized fact observed by Taylor (1986) is well documented, but the analysis concerning
the presence of the corresponding theoretical property in financial time series models is, as we already
mentioned, very incomplete. In fact, to the best of our knowledge, until 1999 only some simulation
studies had been done. In 1999, He and Teräsvirta determined the autocorrelations expressions for
some models and then studied the theoretical relation for one of those models. More precisely, they
called the theoretical relation

(1) ρn (1) > ρn (2) , for all n ≥ 1

the Taylor property and explored it, when n = 1, for the absolute value generalized ARCH model with
normal generating distributions and they stated the presence of the Taylor property for the first order
absolute value ARCH model. In Gonçalves et al. (2007) the Taylor property is established for the
conditionally Gaussian TARCH(1) model. Here we generalize such result for TARCH models with a
generating symmetrical process.

3. The first order TARCH model

A real stochastic process ε = (εt, t ∈ Z) is said to be a first order threshold autoregressive
conditional heteroscedastic, TARCH(1), model if, for any t ∈ Z,

(2)

{
εt = σtZt

σt = α0 + α+ε+
t−1 − α−ε−t−1

with α0 > 0, α+ ≥ 0, α− ≥ 0, ε+
t = εtI{εt>0}, ε−t = εtI{εt<0} and where Z = (Zt, t ∈ Z) is a sequence

of independent and identically distributed real random variables, with zero mean and unit variance,
such that Zt is independent of the σ-field generated by the past of ε, εt−1 = σ (εt−1, εt−2, ...).

This model was introduced by Zakoian (1990) and its particularity, as one can easily observe
from σt, is that it allows for different reactions of volatility to the sign of past errors. We point out
that the first order absolute value ARCH model, studied by He and Teräsvirta (1999), is a particular
case of the TARCH(1) model, obtained when α+ = α−, that is, when that characteristic of different
reactions of volatility is not taken into account.

To develop our study about the Taylor property we assume that Zt has a symmetric den-
sity and consider the expressions, obtained by He and Teräsvirta (1999), for the first order auto-
correlation of the absolute value process, ρ1 (1) = corr (|εt| , |εt−1|), and of the squared process,
ρ1 (2) = corr

(
ε2
t , ε

2
t−1

)
. Under the condition γ = 1

4

(
(α+)4 + (α−)4

)
E

(
Z4

t

)
< 1 those autocorre-

lations exist and the strict and weak stationarity of the process is also ensured. We note that the
parameter α0 is free.

4. Main result

Let ε = (εt, t ∈ Z) be a process following the TARCH(1) model defined in (2). When γ < 1, we
can consider the function F such that F (α+, α−) = ρ1 (1)−ρ1 (2). Suppose ∂F

∂α− satisfies the following
condition:
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Hypothesis H1: The function
∂F

∂α−
is not null in at least one of the sets

A1 =

{
(
α+, α−

) ∈
]
0,

4

√
2

[
E

(
Z4

t

)]−1
[2

: α− ≤ α+ ∧ F
(
α+, α−

)
= 0

}

and

A2 =

{
(
α+, α−

) ∈
]
0,

4

√
2

[
E

(
Z4

t

)]−1
[2

: α− ≥ α+ ∧ F
(
α+, α−

)
= 0

}
.

The following theorem states that there exists a set of parameterizations of the TARCH(1) model
that verifies the Taylor property, generalizing, in this way, a particular case studied in Gonçalves et
al. (2007). We point out that this set depends on the generator process law.

Theorem 1 Let ε = (εt, t ∈ Z) be the TARCH(1) model defined in (2) such that Zt has symmetric

density and E (|Zt|) > 4

√[
E

(
Z4

t

)]−1. If γ < 1 and the hypothesis H1 is satisfied, there exists a subset
of

{
(α+, α−) ∈ IR+ × IR+ : γ < 1

}
whose elements satisfy the condition ρ1 (1) > ρ1 (2).

5. Applications

The aim of this section is to show how the set of parameterizations verifying the Taylor
property behaves when we change the distribution of the random variables Zt. With that purpose,
let us consider the normal distribution and the unit variance distribution based on the t-Student
with 6 degrees of freedom. Both distributions are symmetric and the moments verify the condition

E (|Zt|) > 4

√[
E

(
Z4

t

)]−1. Let us consider the curves defined by F (α+, α−) = 0 and by
∂F
∂α− (α+, α−) = 0 in these two cases. As they don’t intersect above and below (simultaneously)
the line α− = α+ (see figure 1), the hypothesis H1 is verified when γ < 1 and, so, the Taylor property
is present in the TARCH(1) model when the generator process is Gaussian or a reduced t-Student
one.

Figure 1: Curves defined by F (α+, α−) = 0 (thinner line) and by ∂F
∂α− (α+, α−) = 0 (thicker line),

on the left for the normal distribution and on the right for the distribution based on the t-Student
distribution with 6 degrees of freedom.
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Let us now consider the particular case of the absolute value ARCH(1) model, that is, α+ = α−.
Using numerical analysis techniques, we determine the interval to which the parameter had to belong
to in order for the model to verify the Taylor property. In the case of the normal distribution,

that interval is
]
0.62275, 4

√
1
3

[
; in the case of the distribution based on the t-Student distribution,

that interval is
]
0, 4

√
1
6

[
. To analyse the influence of fat-tailed distributions, we consider several

t-Student distributions. We see that as kurtosis decreases to 3, the amplitude of the interval also
decreases. Notice that, in the more general case of the TARCH(1) model, the function F , such that
F (α+, α−) = ρ1 (1)− ρ1 (2), is a continuous one. Therefore, the same conclusion can be drawn to the
TARCH(1) model.

Finally, we point out that we have been considering other distributions for the generating process
Z and that we were able to detect, in some exploratory studies, the presence of the Taylor property
in some cases.
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Annales d’Économie et de Statistique, 40, 67-95.
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ABSTRACT

We develop a theoretical study about the presence of the Taylor property in a well-known class of
models for financial time series, the threshold ARCH (TARCH) model. This property is the theoretical
counterpart of the stylized fact known as Taylor effect, detected in several empirical studies which have
shown that the autocorrelations of the absolute returns are larger than those of the squared returns.
We establish that the Taylor property is present for some parameterizations of the first order TARCH
model, which depend on the distribution of its generating white noise. Moreover, we analyse and
compare, for several distributions of that process, the sets of parameterizations with Taylor property
and we are led to conjecture that this set increases for fat-tailed distributions.
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Introduction

Time series analysis is often based on additive models like y = µ + ε, where y is the observed time
series, µ is the trend component, also termed the signal, and ε is the noise, or irregular, component,
in the form of n-dimensional vectors. The signal can be a random or deterministic smooth function
of time whereas the most common assumption for the noise is that it follows a zero mean stochastic
process either white noise or Gaussian. The interest is in estimating µ using the available observations.
Smoothing methods like weighted local polynomial regression serve to this purpose. Once fixed the
degree of fitting polynomial, the kernel weighting function and the local bandwidth (in other words,
once applied to the data), the estimators obtained through polynomial regression methods become
linear combinations of the input data and are called filters or smoothers. Any linear operator acting
on y to produce smooth estimates of the underlying trend can be represented in matrix form as

Sy = µ̂

where S is the n × n smoothing matrix representative of a weighted average to be applied to the
observations in moving manner.
In this paper, the spectral properties of matrices associated to trend filters are investigated and
connected to the frequency domain properties of the associated filters. The analytical form of the
eigenvalues is derived, with an approximation measured by the size of the perturbation that different
boundary conditions apport to the eigenvalues of matrices belonging to algebras with known spectral
properties. The boundary conditions are interpreted in terms of hypotheses on the future behavior
of the process underlying the observed series. A further topic investigated in the paper concerns
a strategy for a filter design in time domain. The key argument is that eigenanalysis consents to
represent in time domain all the periodic latent component of a time series.

Smoothing matrices associated to trend filters

The smoothing matrix S can be constructed as the operator canonically associated to the linear
transformation

s(yt) =
n∑

j=1

wtjyj , t = 1, ..., n

so that the columns of S contain the coordinates of the s-transformed vectors of the canonical basis
E , taken with respect to the canonical basis itself, S = [s(e1)E · · · s(en)E ], where ej is the vector with
all zeros except for the j-th element, equal to one. The rows of S, denoted as w′

t, are the filters and
the generic element wtj is the weight to be assigned to the observation yj to get the estimated value
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µ̂t. The weights are null outside a bandwidth whose amplitude depends on the smoothing method. In
particular, n−2h central values will be estimated by applying 2h+1 symmetric filters to observations
neighboring the target point whereas the first and last h trend smooth values will be obtained by
applying asymmetric weights of variable length to the available observations at the boundaries of the
series. What follows is that S is a banded centrosymmetric matrix that can be viewed as a finite
approximation of an infinite Toeplitz symmetric banded operator, subject to boundary conditions.

Spectral analysis

The scalar λi is an eigenvalue of S if there exists a non null vector yi such that

Syi = λiyi

and yi is the eigenvector of S and s corresponding to λi. Ordering the eigenvalues in a decreasing
sequence, λ1 ≥ λ2 ≥ . . . ≥ λn, the eigenvectors y1,y2, ...,yn are time series that the filter expands,
λi > 1, leaves unchanged, λi = 1, shrinks, λi < 1, or suppresses, λi = 0. We may ask how do these
series behave and how are they modified by the eigenvalues of the smoothing matrix.
If we virtually could take an infinite time series and apply the two-sided symmetric filter to all the
observations, then we would have an infinite smoothing matrix structured like a symmetric banded
Toeplitz (SBT). For n → ∞,S → T∞, where T∞ indicates the infinite SBT matrix whose non
null elements are the Fourier coefficients of the trigonometric polynomial H(ω) =

∑h
k=−h wke

ıωk (the
symbol of the matrix, see Grenander and Szego, 1958) and

lim
n→∞

1
n

n∑

i=1

λi =
1
2π

∫ 2π

0
H(ω)dω

with λ1 ≤ maxH(ω) and λn ≥ minH(ω). H(ω) is the transfer function of the filter measured at
the frequency ω, expressed in radians. The fundamental eigenvalue distribution theorem states that
the spectrum of an infinite SBT matrix is dense on the set of values that the transfer function of the
symmetric filter can assume and no revisions or phase shifts intervene in the estimation process.
In finite dimension, the analytical form of eigenvalues and eigenvectors is known only for few classes
of matrices, which are the tridiagonal SBT and matrices belonging to some algebras, namely the
Circulant, the Hartley and the generalised Tau. All these matrix algebras are associated to discrete
transforms such as, respectively, the Fourier, the Hartley and the Sines or Cosines and undertake
hypotheses on the future behaviour of the series. Interpreting a smoothing matrix as the sum of a
matrix belonging to one of these algebras plus a perturbation occurring at the boundaries, approximate
results on the eigenvalues of S can be derived. The size of the perturbation essentially depends on the
matrix algebra and on the boundary conditions. In this paper we limit to the circulant algebra and to
asymmetric filters that approximate a given two sided symmetric filter according to a minimum mean
square revision error criterion subject to constraints. The circularity assumption, that is the future
behaviour of the process is equal to its initial path, is restrictive in the presence of nonstationary
trends. However, it represents the ideal situation when the transfer function of any asymmetric filter
is equal to that of the symmetric filter and no phase shifts affect the process, like in the infinite.
In the sequel, given a two sided symmetric filter {w−h, ...,w0, ...,wh}, we will denote by S the n × n

associated smoothing matrix, with boundary conditions determined by the approximate asymmetric
filters, and by W be the corresponding circulant matrix structured like a finite SBT plus circular
corrections in the top-right and bottom-left corners, W =

∑h
k=0 wkCk +

∑−1
k=−h wkCn+k where C is

the circulant matrix (basis) whose first row is the n-dimensional vector [0, 1, 0, 0, ..., 0]. For a square
matrix A we will denote its spectrum by σ(A) and its 2-norm by ‖A‖2 =

√
ρ(A′A) where ρ(A) is
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the spectral radius of A, which is the maximum modulus of its eigenvalues. With this preliminary
notation, we are able to state the following result on the eigenvalues of a trend filter matrix.

Theorem Let S be an n×n smoothing matrix associated to the symmetric filter {w−h, ...,w0, ...,wh},
n > 2h, and let W be the corresponding circulant matrix. Hence, ∀λ ∈ σ(S), ∃i ∈ {1, 2, .., n} such
that ∣∣∣∣∣λ−

(
h∑

k=0

wkω
(i−1)k +

−1∑

k=−h

wkω
(i−1)(n+k)

)∣∣∣∣∣ ≤ δ

where ω = e−ı 2π
n and δ = ‖S−W‖2.

Proof The matrix S can be written as S = W + δW. The circulant matrix W is diagonalised
by the Fourier matrix Ω satisfying ‖Ω‖2‖Ω−1‖2 = 1, and its spectrum is σ(W) = {ξ1, ξ1, ..., ξn},
with ξi =

∑h
k=0 wkω

(i−1)k +
∑−1

k=−h wkω
(i−1)(n+k). Setting δ = ‖δW‖2, the thesis follows from the

Bauer-Fike perturbation theorem applied choosing the 2-norm as an absolute norm. ¥

The theorem provides an upper bound to the size of the perturbation of the eigenvalues of S with
respect to those of W, for which an exact analytical expression is available. The perturbation δ

measures how much the eigenvalue distributions move away from the transfer function of the symmetric
filter, representing the ideal infinite or circulant situation, as long as the boundaries of the smoothing
matrices are perturbated or approximated.
To illustrate, we consider the symmetric 13-term Henderson filter arising as the weighted least squares
estimator of a local cubic trend with kernel weights minimising the variance of the third differences
of the estimated trend (maximum smoothness criterion), subject to the cubic reproducing property
(Henderson, 1916). As an approximation at the boundaries, we consider a class of asymmetric filters
based on a minimum mean square revision error strategy, subject to polynomial constraints (Proietti
and Luati, 2007). This class depends on unknown features of the underlying trend, such as the slope
or the curvature, that can be estimated on the observed series, and contains as particular cases the
well known Musgrave (1964) surrogate filters and the direct asymmetric filters that arise by fitting a
cubic polynomial at the available observations. The asymmetric filters rely to different assumptions
on the behaviour of the process at the boundaries as well as to different polynomial constraints. We
consider: asymmetric linear trend-constant fit (LC) filters, based on the hypothesis that the trend
at the boundaries follows a linear function and that the filter is capable to reproduce a constant
(Musgrave filters); the asymmetric quadratic trend-linear fit (QL), to early detect turning points,
which are a quadratic feature of the trend; the cubic trend-quadratic fit (CQ) filters and, finally, the
direct asymmetric filters (DAF) that assume a cubic trend and a cubic fit. Except for the DAF,
all these asymmetric filters are here derived for fixed values of the parameters they depend upon,
say β2

i /σ2, i = 1, 2, 3 for LC, QL and CQ respectively, and posed equal to the value that gives the
Musgrave filter approximating the 13-term Henderson filter, i.e. β2

1/σ2 = 4/(3.52π). The parameters
β1, β2, β3 represent the slope, the curvature, and the relative inflexion of the trend; σ2 is the variance
of the noise term and the value R = 3.5 is a noise-to-signal ratio.
The results are the following: the size of the perturbation is minimum for the Musgrave LC filters,
being δ = 0.5835, and maximum for the DAF, for which δ = 1.0047. In the middle, the asymmetric
LC, δ = 0.8641 and CQ, δ = 0.9876. As a consequence, the eigenvalue distributions turn out to be
slight translations (towards the right) of the absolute transfer function (the gain) of the symmetric
filter: this implies an increase in the overall variance of the estimated trend, the increase being greater
as long as δ increases.
The size of the perturbation does not depend on n, in that the n − 2h central rows of the matrix
δW are all null. On the other hand, it is highly influenced by the real time filter, applied to estimate
the trend at time t using the available observations up to and including t. This can be proved by
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choosing as smoothing matrix the circulant matrix with first and last row replaced by any real time
filter of the class introduced above. The resulting values of δ are almost identical to those obtained
when the smoothing matrices with the whole asymmetric filters were considered: for Musgrave LC it
is δ = 0.5247, for QL it is δ = 0.8024, for CQ it is δ = 0.9393, for the DAF it is δ = 0.9547. Conversely,
all the values of δ result greater than 0.95 provided that the first and last row of S are replaced by
the real time DAF, whose leverage (the weight to be attached to the first/last observation) is close
to one. This is not surprising. Indeed, the the main reason motivating the derivation of the class of
approximate filters was the high impact on the final trend estimate of the real time direct asymmetric
filter, which for a local cubic fit turns out to be strongly localised, thus producing highly volatile and
unreliable estimates.

Filter design in time domain

An analytical expression for the eigenvectors of a smoothing matrix cannot be derived using the
perturbation theory, not even in an approximate form. We therefore follow a heuristic approach.
Since we are dealing with matrices associated to trend filters, what we expect is that low frequency
components associated to smooth variations of the underlying process are represented by long period
eigenvectors and associated to eigenvalues close to unity. On the other hand, we expect that high
frequency components associated to erratic fluctuations are represented by short period eigenvectors
associated to eigenvalues close to zero. This is direct to be observed, given that the eigenvectors
of centrosymmetric matrices are symmetric or antisymmetric and show a periodic behaviour with
period that decreases as well as the corresponding eigenvalues decrease from one to zero. Hence
the eigenvectors can be interpreted as the periodic latent components of the time series that the
filter modifies just through multiplication by λ. In fact, let us consider the linear combination y =
α1y1 + α2y2 + ... + αnyn. Then Sy = λ1α1y1 + λ2α2y2 + ... + λnαnyn and therefore

Sy =
k∑

i=1

λiαiyi +
n∑

i=k+1

λiαiyi,

where the αi depend on the series y, in that they re-scale the amplitude of each periodic component,
and the λi depend on the smoothing matrix S, i.e. on the filter. It follows that, independently on the
αi, there will be k components that the filter leaves unchanged or smoothly shrinks, and these account
for the signal, and n− k components that will be almost suppressed, and these account for the noise.
The choice of k turns out to be a filter design problem in time domain. There is an exact solution,
mathematically elegant, which occurs if rank(S) = k that is µ belongs to the column space C(S) and
ε lies in the null space N (S). In practice, even if many eigenvalues tend to zero, the rank of S turns
out to be full and therefore we only may look for an approximate solution that consists in choosing a
threshold eigenvalue. Empirical results show that the latter in general can be chosen independently
on n. As an example, for the 13-term Henderson filter, k = 0.38n ⇒ λi > 0.10 for all n.
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Davis, P.J., (1979). Circulant matrices, Wiley, New York.
Grenander, U., Szego, G. (1958). Toeplitz Forms and Their Applications, University of California Press.
Henderson, R. (1916). Note on Graduation by Adjusted Average, Transaction of the Actuarial Society

of America, 17, 43-48.
Musgrave, J. (1964). A Set of End Weights to End All End Weights. Working paper. Census Bureau,

Washington.
Proietti, T., Luati, A. (2007). Real Time Estimation in Local Polynomial Regression. Working paper.

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 3962 -



On the behaviour of a test for a conditionally heteroscedastic vectorial

AR model
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1. Introduction

Let X = (Xt, t ∈ ZZ) be a k-dimensional stochastic process following a first order vector au-
toregressive model (V AR(1)), in which the error process (εt, t ∈ ZZ) is strictly stationary and ergodic
and such that the law of εt conditioned by the σ-field generated by the past, εt−1 = σ(εt−i, i ∈ IN), is
absolutely continuous with density ft that is strictly positive and symmetrical about the origin.

Using a non-standard formulation based on the asymptotic separation of two families of proba-
bility laws, Gonçalves and Mendes-Lopes (1999) proposed a decision procedure to evaluate the signifi-
cance of the vectorial parameter present in the model, which is not a Neyman-Pearson classical one.
In fact, as the size is not fixed a priori, a symmetrical role is attributed to both test hypotheses.

According to Geffroy (1980) and considering the parameter set of the statistical model
Θ = {θ0, θ1}, we say that the two sequences of probability laws on IRT , Pθ0,T and Pθ1,T , T ∈ IN, are
asymptotically separated if there exists a sequence of Borel sets (AT , T ∈ IN), such that Pθ0,T −→ 1
and Pθ1,T −→ 0 when T → +∞.

The non-standard decision procedure proposed by Gonçalves and Mendes-Lopes (1999) may be
used as an alternative to others and may be applied to a large number of cases where the classical
tests cannot be used. In fact, consistency is established for models with non-independent error pro-
cesses such as the conditionally heteroscedastic ones. Moreover, the usual hypotheses concerning the
existence of moments are not imposed here. In fact, the referred procedure may be applied to models
that are simply strong stationary (the conditions imposed on the model coefficients are, in general,
much less demanding then those of the moments existence).

Gonçalves and Mendes-Lopes (1999) also established an exponential decay to the rate of con-
vergence of the level sequence, under slightly stronger hypotheses on the error process than those
considered to establish the consistence of the test.

In this paper, we analyse the test behaviour for finite samples and we illustrate its applicability
to non-standard V AR(1) models, namely, models with conditionally heteroscedastic error processes.
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2. A consistent test for a V AR(1) model: theoretical results

Let X = (Xt, t ∈ ZZ) be a k-dimensional stochastic process satisfying the following first order
vector autoregressive model (V AR(1)):

Xt = ΦXt−1 + εt, t ∈ ZZ,(1)

where Φ is a fixed (k × k) coefficient matrix whose eigenvalues have a modulus less than one, and
(εt, t ∈ ZZ) is a k-dimensional strictly stationary and ergodic error process such that the law of εt

conditioned by the σ-field generated by the past, εt−1 = σ(εt−i, i ∈ IN), is, for every t ∈ ZZ, absolutely
continuous with density ft that is strictly positive and symmetrical about the origin.

The decision procedure considered in our study tests the hypotheses

H0 : Φ = 0 against H1 : Φ = Γ (Γ 6= 0),

using T observations of the process X, x1, x2, . . . , xT .
Defining the set

D =

{
(x, y) ∈ IRk × IRk : y′Γx <

‖Γx‖2

2

}
,

let us consider the regions

AT =

{
x(T ) :

T∑

t=2

g(‖Γxt−1‖) [21ID(xt−1, xt)− 1] ≥ 0

}
, T ≥ 2,

where x(t) = (. . . , xt−1, xt) ∈
t∏

−∞
IRk and g : IR+

0 −→ IR+
0 is a strictly increasing function that is

PΦ-integrable, PΦ denoting the marginal law of the process X.
We have the following results (Gonçalves and Mendes-Lopes (1999)):

Theorem 1 Let (Xt, t ∈ ZZ) be a real process satisfying a V AR(1) model under the considered hy-
potheses and for which the error process (εt, t ∈ ZZ) has a conditional law on the past that is absolutely
continuous with density ft symmetric about the origin and strictly positive. (AT , T ∈ IN) is a sequence
of acceptance regions of a consistent test of

H0 : Φ = 0 against H1 : Φ = Γ (Γ 6= 0 fixed).

Theorem 2 Let (Xt, t ∈ ZZ) be a real process satisfying a V AR(1) model under the considered hy-
potheses and for which the error process (εt, t ∈ ZZ) is an independent process such that εt has, for
every t ∈ ZZ, a centered Gaussian law with a regular covariance matrix Σ.

Under these conditions, and if Γ is a symmetrical matrix, the proposed test satisfies, for every
T ∈ IN,

P0(AT ) ≤ E0





exp
[
−1

2
(g(‖Γε1‖))2

]

E0





exp


−1

2


g




∥∥∥ε
′
2Γε1

∥∥∥
‖ε1‖







2

 /ε1








T−3




,

with g(x) = 2F
( |x|

2‖V ‖
)
− 1, where F is the distribution function of the N(0, 1) law. The matrix V is

such that Σ = V
′
V .

The weight-function used in theorem 2 corresponds to the distance in variation between two
Gaussian laws and the values considered in this upperbound may be interpreted as distances in vari-
ation between Gaussian laws associated to each one of the two hypotheses in test.
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The authors point out that an exponential decay for the rate of convergence may also be stated
in a more general setting, namely, considering a strictly stationary and ergodic error process (εt, t ∈ ZZ)
such that the law of εt given εt−1 is N(0, Σt) with Σt a regular matrix. In this case, if ∃M > 0 :
∀t ∈ ZZ, ‖Vt‖ ≤ M , where Vt verifies Σt = V

′
t Vt, we obtain the upperbound of P0(AT ) presented in

theorem 2 with ‖V ‖ replaced by M .

3. The behaviour of the test: simulation experiments

To illustrate the behaviour of this test, a simulation study will be done considering a stochastic
process X = (Xt, t ∈ ZZ) following model (1).

We analyse the behaviour of the test by taking firstly an independent and identically distributed
(i.i.d.) error process, and secondly error processes following a conditionally heteroscedastic model.

Let us suppose that (εt, t ∈ ZZ) is a family of i.i.d. 2-dimensional random vectors, with
ε
′
t = (ε1,t , ε2,t) following the N(0, I2) law, where I2 is the (2× 2) identity matrix.

In order to analyse the importance of the weight-function in the test statistics, we shall consider
the case in which the observations are equally weighted (g(x) = g1(x) = 1) and also the corresponding
to the weight-function used to establish the rate of convergence in theorem 2. This weight-function
will be denoted by g2.

The behaviour of the test when H0 is true is evaluated by undertaking a simulation study for
T = 50 and T = 100 letting Φ = 0 in the model. We then test this model against alternatives of the

form Γ =

[
γ1 0
0 γ2

]
, namely, γ1 = γ2 = 0.1, γ1 = γ2 = 0.25, γ1 = γ2 = 0.5 and γ1 = 0.75, γ2 = 0.8.

For each one of these alternatives, we evaluate the proportion of rejections of H0 in 60 replications of
the model and we obtain 95% confidence intervals for this proportion using 30-dimensional samples.
The results obtained are presented in table 1.

Table 1. Proportion of rejections of H0 when Φ = 0 in the indep. case (Normal dist.)

T = 50 T = 50 T = 100 T = 100
γ1; γ2 g1 g2 g1 g2

0.1; 0.1 ]0.369, 0.423[ ]0.303, 0.347[ ]0.334, 0.382[ ]0.269, 0.309[
0.25; 0.25 ]0.215, 0.246[ ]0.151, 0.173[ ]0.114, 0.131[ ]0.075, 0.086[
0.5; 0.5 ]0.043, 0.050[ ]0.021, 0.025[ ]0.007, 0.009[ ]0.002, 0.003[
0.75; 0.8 ]0.006, 0.008[ ]0.000, 0.000[ ]0.0004, 0.0008[ ]0.000, 0.000[

We observe a decreasing number of rejections of H0 as T increases as well as when γ1 and γ2

increase; moreover, this decrease is stronger when the observations are really weighted.
In order to have some insight about the rate of convergence of the power function, we constructed

the test for the same values of T and (γ1, γ2), and taking Φ = Γ in the model. The 95% confidence
intervals obtained for the proportion of rejections of H1 are similar to the corresponding ones in table
1, meaning that the two types of errors associated to the decision procedure have a similar behaviour.
This agrees with the fact that this test doesn’t privilege any one of the hypotheses.

Let us now consider conditionally heteroscedastic error processes by taking

εi,t =
√

0.5 + 0.9 ε2
i,t−1 Zi,t, i = 1, 2,

where Zi,t, i = 1, 2, are such that (Zt = (Z1,t , Z2,t)
′
, t ∈ ZZ) is a family of i.i.d. 2-dimensional random

vectors. Two different laws for Zt will be considered. We begin by supposing that Zt follows the
the N(0, I2) law and then we will take Z1,t and Z2,t i.i.d. random variables with an heavy-tailed
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distribution, namely the Cauchy standard distribution. We note that the error processes considered
satisfy the general hypotheses mentioned in section 2.

The weight-function considered here is inspired in that defined in theorem 2, namely,
g(x) = g3(x) = 2F

( ‖x‖
2‖Vt‖

)
− 1, where F is the common distribution function of Zi,t, i = 1, 2. In

the heavy-tailed case, Vt is the 2-diagonal matrix with elements
√

0.5 + 0.9 ε2
i,t−1, i = 1, 2, and it is

interpreted as a scale parameter of the error process conditional law.
We also consider several values of T and (γ1, γ2) and the simulations are performed as in the

independent case. The results are presented in tables 2 and 3.

Table 2. Proportion of rejections of H0 when Φ = 0: cond. het. case (Normal dist.)

T = 50 T = 50 T = 100 T = 100
γ1; γ2 g1 g3 g1 g3

0.25; 0.25 ]0.284, 0.326[ ]0.225, 0.258[ ]0.197, 0.226[ ]0.164, 0.188[
0.5; 0.5 ]0.123, 0.141[ ]0.082, 0.095[ ]0.037, 0.043[ ]0.029, 0.035[

Table 3. Proportion of rejections of H0 when Φ = 0: cond. het. case (Cauchy dist.)

T = 30 T = 30 T = 60 T = 60
γ1; γ2 g1 g3 g1 g3

0.25; 0.25 ]0.393, 0.450[ ]0.326, 0.374[ ]0.278, 0.318[ ]0.237, 0.271[
0.5; 0.5 ]0.243, 0.278[ ]0.180, 0.207[ ]0.130, 0.150[ ]0.103, 0.118[

0.75; 0.75 ]0.121, 0.139[ ]0.081, 0.093[ ]0.046, 0.053[ ]0.029, 0.034[

The conclusions are similar to those explained above for the independent case, namely, we observe
a decreasing number of rejections of H0 as T increases as well as the importance of the weight-function.

The test performance was also analysed for the test power. As expected, we realised a symme-
trical behaviour of the two types of errors associated to this procedure.
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ABSTRACT

We expand a study concerning a non-classical consistent test for a V AR model with a general
error process, based on the asymptotic separation of probability laws. The test distinguishes the V AR(1)
model from a stationary and ergodic error process and it may applied to a large number of cases where
the classical tests may not be used. We note that, as the size is not fixed a priori, a symmetrical
importance is accorded to both hypotheses in test.

After recalling the theoretical properties on the consistence of this procedure we implement a
simulation study for several kinds of error processes, even conditionally heteroscedastic ones. With
this study we analyse the test behaviour for finite samples and we illustrate its applicability to non-
standard V AR(1) models.
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1. Introduction 

The Purpose of this study is to measure the spreading movement of the production activity in 
manufacturing, and to test whether a diffusion index in industrial production could be used as a leading 
indicator which predicts and confirms turning points in output cycle. 

A diffusion index could be defined as the percentage of units which experienced expansion of the 
economic activity over a given time span. Until now, various types of diffusion indexes have been designed 
and released officially in order to show the fundamental features that economic movements spread from one 
economic process to another, from one industry to another, from one region to another, and from one firm or 
consumer to another. For examples, diffusion indexes of industrial production and of employment change are 
produced in U.S. FRB and BLS, and the diffusion index for GDP was constructed in Statistics Canada. Those 
of business cycle indicators are designed to facilitate the analysis and forecast of business cycles in Japan 
ESRI, U.S. TCB and ECRI. Also similar indexes are compiled with data on business tendency survey or 
consumer survey in OECD and BRICs countries. 

The original concept of a diffusion index was introduced as an aid in identifying business cycles and 
their turning points. Still, business cycle analysts use diffusion indexes as one of the three criteria (depth, 
diffusion, and duration) in classifying business cycle reference dates. The technical aspects of a diffusion 
index had been discussed over several years by Valavanis(1957), Alexander(1958), Hickman(1958, 1959), 
Moore(1961a, 1961b), Stekler(1961). Geoffrey H. Moore explained the value of diffusion indexes for 
economic analysis by two empirical observations. First, “their movements tend to lead those in measures of 
aggregate activity.” “It means that diffusion indexes can be of assistance in identifying cyclical turns in 
aggregate activity.” Second, “severe cyclical movements are usually more widely diffused than mild ones.” 
And so, “it is at least of value in diagnosing the current situation and recent past.” (Moore 1961a, 281p) 

In section2, methodologies of calculating diffusion indexes and predicting turning points will be 
explained. And then, diffusion indexes and test results will be suggested in section3. Finally, the summary 
and conclusion of this study will be presented in section4. 

 
2. Methodology 

Basically, the measure of diffusion in industrial production, so called a diffusion index, is very simple. 
It can be defined as the percentage form how many industries are experiencing an increase in output among 
65 component industries (3-digit Standard) in manufacturing at any given time. The computation of this 
index is straightforward as follows: 

 

{ }
100

N
2N 5.01N  D tt

t ×
+

=        (1) 

 
N means the number of total component industries and N1 is the number of component industries with 

increasing output. N2 is the number of component industries showing no change in output, which are 
counted as 0.5 in order to assign effectively one-half of the unchanged components as rising and one-half as 
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declining. This index takes into account only the direction, not the magnitudes of change. In the formula, we 
consider two factors. One is the time span over which growth is calculated, another is the type of series data 
selected for computation 

In this study, we will consider only 1 month span and 3 types of industrial production index data. First, 
the seasonally adjusted data will be considered. The data are released monthly in KNSO. The diffusion index 
with these data has so severe up-and-down fluctuation that smoothing needs to be accomplished by a 5-
month moving average. Second, the trend cycle series data will be considered, which are estimated by 
Henderson moving average technique. Third, cyclical component series data will be used, which exclude the 
trend from the trend cycle series by a Phase Average Trend technique. The diffusion index with cyclical data 
is expected to be a nice growth cycle indicator of the industrial production activity. And its cumulative 
diffusion index will be another cyclical indicator which shows the peak or trough at the 50 percent marks of 
the diffusion index. Therefore, we could infer turning points of the aggregate output cycle by observing those 
of the diffusion index and its cumulative diffusion index. 

On the other hand, it is expected that turning points of the diffusion index lead to those of the growth 
cycle of the aggregate output. And so if we detect turning points in the diffusion index, it would be possible 
to predict those of the aggregate industrial production cycle. Turning points will be detected according to the 
procedure for programmed determination of turning points by Bry & Boschan(1971). Also the detected 
turning points will be diagnosed by a statistical test approach in Chaffin & Talley(1989). 

Chaffin & Talley suggested a non-econometric statistical procedure for testing the significance of 
turning points in the diffusion index cycle. They assumed that if a diffusion index conforms to the business 
cycle with some lead time L, then the algebraic sign of ( r-L-tL-t DD − ) would be the same as that of 
( -r-tt BB − ). Here ‘D’ denotes the value of the diffusion index, and ‘B’ represents the level of business 
activity. Therefore, values of the statistic ( r-L-tL-t D̂D̂ − ) can be used to test the following hypothesis:  

0 B -B   0D - D : H 
 0, B -B   0 D - D : H 

r-ttr-L-tL-t1

r-ttr-L-tL-t0

≠⇒≠
=⇒=

      (2) 

 
Chaffin & Talley applied McNemar’s test with the binomial distribution framework in order to test the 

hypothesis (2). For the test, they counted how many component series were changed from a plus (+) 
direction to a minus (-) between the two time periods, which was denoted as ‘a’. Also the number of 
component series changed from a minus (-) direction to a plus (+) was represented as ‘d’. If the change from 
a minus direction to a plus is regarded as a success of the upswing event, then ‘d’ would be the number of 
successes, and follow a binomial distribution with p=0.5 and a + d trials under the null hypothesis in (2). 

In order to test the hypothesis for the upward change in diffusion index cycle, the following cumulative 
binomial probability needs to be computed:  

 (0.5)(0.5)
i

da
   ) trialsda 0.5,p   succes moreor  d(

da

di

i-dai∑
+

=

+
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ +
=+=prob   (3a) 

 
If the probability from (3a) is less than the specified level of significance, then the null hypothesis 

would be rejected and we could conclude that there has been a significant upward change in the diffusion 
index cycle between the two time periods. 

For testing a statistically significant downturn in the diffusion index cycle, the following cumulative 
binomial probability can be calculated: 
 

 (0.5)(0.5)
i

da
   ) trialsda 0.5,p   succes lessor  d(

d

1i

i-dai∑
=

+
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ +
=+=prob   (3b) 

 
If the probability is less than the specified level of significance, then we could infer that there has been 

a significant downward change between the two time periods. 
 

3. Production diffusion indexes and predicting turning points 
Figure1 shows diffusion indexes with SA series and TC series based on 65 industries in manufacturing, 
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which measure the prevailing direction of change. Each component series is assigned a value of 100, 50 or 0 
depending on whether it is rising, unchanged or falling as equation (1). These values are then summed up and 
divided by the number of all component series. ‘Over 50’ means that more industries are growing than 
contracting. In the contrary, ‘less 50’ indicates that a plurality of industries is shrinking. For example, an 
index level of 70 means that 40% (=70-30) more industries are expanding than contracting. Although the 
manufacturing output has been increasing continually except 1980 and 1998, diffusion indexes are ‘less 50’ 
in recession but their duration under 50 was very short because of strong growth economy. The diffusion 
index with trend-cycle series data has a higher standard deviation than one of the seasonally adjusted data. 
However, movements of two indexes are likely to be similar with each other.   
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Figure1. Diffusion indexes with SA series and TC series  
Figure2 shows the diffusion index with cyclical data. In this figure, we should focus to observe 

significantly the direction of change and distance of the index number from the 50-percent reference point 
because they indicate whether growing or declining industries predominate and by what magnitude. Actually, 
when the diffusion index went through 50-percent reference line from below to upward or inversely, the 
trough or the peak of the cumulative diffusion index has been appeared except 1995-1996. Also turning 
points of the production activity cycle tend to have occurred near the reference date of the business cycle.  
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Figure2. The diffusion index with cyclical data and its cumulative diffusion index  
Table1 shows the performance of predicting turning points in production cycle by DI cycle, Chaffin-

Talley test, and CDI cycle. Turning points of DI cycle, which are detected by Bry & Boschan procedure, lead 
to those of production cycle from 1 to 16 except 1996. Also, peaks and troughs of CDI cycle are occurred in 
at least 2 months after those of production activity. Most of turning points predicted by Chaffin-Talley test 
are located between those of DI cycle and peaks or troughs of CDI cycle. 

The procedure of predicting turning points by Chaffin-Talley test is simple. Let’s take an example of 
May 1984 as a peak in the production cycle. At that time, the peak of DI cycle was appeared in June 1983, 
when the index value was 72.9. How can we believe that this peak would predict correctly the change of 
movement in production activity? In order to avoid false turns based on erratic index behavior, we will not 
compare two consecutive monthly values. And so, the peak value of 72.9 will be compared with the value of 
61.9 in August. The number of component industries that were rising in June 1983 but falling in August 1983 
is eleven, and the number of component industries that were falling in June but rising in August is three. By 
substituting ‘a’=11 and ‘d’=3 into formula (3b), we can obtain the cumulative binomial probability of 0.029. 
Therefore, the null hypothesis in (2) can be rejected at a level of significance of 0.05, and then we conclude 
that there would be a significance difference between two index values. According to this inference, we just 
have a confidence that the peak of DI cycle would predict correctly the coming peak in production cycle. 
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However, the test did not predict turning points in June 2002 and April 2005 before turning points of 
CDI cycle had been occurred. And the lead times are not positive in January 1988, November 1991, June 
2002, June 2003, and April 2005. Also, there was zero lead time for the test in February 1979, August 1981, 
and June 1998. But this lack of positive lead time is not as serious as it may seem. It is commented that zero 
lead time signals and even 2 or 3 months lag time signals are useful to a decision maker since it often takes 
several months to recognize a turn in the series of interest.  
Table1. Performance of Predicting Turning Points 

Lead Time (in months) Lead Time (in months) Peaks in 
production 

Cycle DI Cycle Chaffin-
Talley CDI Cycle

Troughs in 
production 

cycle DI Cycle Chaffin- 
Talley CDI Cycle

Feb. 1979 8 0 1 Aug. 1980 11 2 +1 
Aug. 1981 6 0 0 Jun. 1982 6 1 0 
May. 1984 11 9 7 Sep. 1985 8 5 1 
Jan. 1988 2 +1 +1 Feb. 1990 14 9 +2 
Nov. 1991 1 +1 +2 Jul. 1993 10 7 0 
Apr. 1996 +10 +14 +13 Jun. 1998 3 0 +1 
Jul. 2000 16 9 4 Oct. 2001 11 8 7 
Jun. 2002 3 +2 +1 Jun. 2003 4 +1 +1 
Mar. 2004 4 1 +1 Apr. 2005 5 +3 +1 
Number of 
false turns 2 2 0 Number of 

false turns 1 1 0 

 

4. Summary and Conclusion 
The diffusion index of the industrial production activity is a summary indicator of the aggregate output 

cycle in manufacturing. Diffusion indexes with various types of data tell us how widespread an expansion or 
contraction is at any given time, and can help us to judge whether the movement in output is of cyclical 
dimensions. Also their movements and turning points are important to diagnose the phase of business cycle 
and the reference date since investment, inventory, employment, and export activities have depended on 
manufacturing activity. 

The statistical test in DI cycle by Chaffin & Talley (1989) model appears to be very promising 
technique for predicting turning points in the aggregate activity movement. Results of such a statistical 
testing give us a confidence that turning points in DI cycle would forecast the coming change of direction in 
the future activity. 
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ABSTRACT 

 
Consider a few number of short time series where collected simultaneously about different 

characteristics of a phenomena. In this case we cannot fit the traditional time series model for each time 
series or a multivariate time series such as ARIMA models. Using these short time series as a panel data has 
been suggested by many researchers as a good proposal for modeling short time series; however, in the case 
of a small number of short series, panel data may not be an appropriate assumption for them. In this paper we 
introduce a method for fitting a suitable model for such data sets. In our procedure we transform all of the 
short series into a single long series and try to fit and predict the short series by using the long series. We 
apply our proposed method on real data. 
 

 

Introduction 
 
One of the main factors for forecasting a time series is the number of realizations. In many cases the 

number of realizations is small and we usually use a regression model instead of time series models such as 
ARIMA models for forecasting near future. Such a time series is called short time series. 

 In this paper we assume that we have a few related series which are interested in forecasting them. 
Our procedure for forecasting these short time series is very simple and efficient. We consider these related 
series as single long series and then forecast future simultaneously by using appropriate time series model. 
That is, we rearrange the short series as follows: 

 
Short series1: nXXX 11211 ,...,,  
Short series 2 : nXXX 22221 ,...,, ⇒Long series: 11 21 1 12 22 2 1 2, ,..., , , ,..., ,..., , ,...,m m n n mnX X X X X X X X X  
    …            … 
Short series m : mnmm XXX ,...,, 21  

 
and we use the above long series for forecasting each short series. In the next section we clarify our idea by 
applying our procedure for a real example. 
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Illustration 
 
 
Consider the electricity demand by three sectors: residential, industrial and agricultural. We denote 

their realizations by }{},{},{ ttt ZYX  respectively. In this example we use annual after war period (1989-
2004) data from Energy Balances of Iran. Figure 1 shows these short series with the Million Barrels Oil 
Equivalent /Year unit. 
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Figure 1: Short time series 

 
As mentioned in the previous section, for Tt ,...,2,1= , these short series can be combined as a long 

series as follows: 

TTT ZYXZYXZYX ,,,...,,,,,, 222111  

Figure 2 shows this new long series. We can fit an ARMA (p,q) model to this new series after removing non-
stationary components i.e., variance variation, trend and cycle, e.g., Brockwell and Davis (1991). 
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Figure 2: New long series 
 

According to Figure 1, we must make three stationary short series and then fit a model for each of them. 
The first panel of Table 1 gives the best model based on minimum AIC (Akaike Information Criterion), in 
column 4.  
 

Table 1: Estimation and prediction results 
In the Sample One step ahead 

prediction Prediction Realization 
AIC 

Fitted model to the 

stationary series  
Sectors 

37.4 36.4 37.3 43.8 ARMA (2,0) Residential 

26.3 25.4 26.5 38.1 ARMA (1,0) Industrial 

9.3 8.8 9.1 10.7 ARMA (2,0) Agricultural 

(I) Short time 

series 

37.7 36.2 37.3 Residential 

26.7 25.9 26.5 Industrial 

9.8 9.1 9.1 

-25.52 ARMA (3,0) 

Agricultural 

(II) New long 

series 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 3972 -



 

 

For example, an ARMA (2,0) has been fitted to stationary data of  residential sector. For this model 
the AIC is 43.8 and the coefficients of the model are 1.21 and -.47. We have done two kinds of predictions. 
One of them relates to the prediction in the sample that has been done for the last observation. For residential 
sector this prediction is 36.4 while its realization is 37.3 (see Figure 3-left) and the other is one step ahead 
prediction which is 37.4 for this sector. The estimated models for three sectors are given as follows: 
 

Residential sector:  -1 -2  1.21  -  .47  t t t tX X X ε= +  
Industrial sector:    t t-1  .58  tY Y ε= +   
Agricultural sector: -1 -2 t  1.62  -  .77  t t tZ Z Z ε= +  
 

 

(a) Residential                 (b) Industrial                (c) Agricultural 
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Figure 3: Prediction for three short series 
 
 
According to Figure 2, we must remove nonstationarity of variance by using Box-Cox transformation 

with the parameter of 0.5. Figure 4 shows the ACF and PACF graphs of the transformed series.  
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Figure 4: ACF and PACF 

 
According to the ACF, this series has a cycle by period 3. After removing the trend and cyclic 

components from the series, the following ARMA (3,0) model has the minimum AIC: 
 

-1 -2 -3  .01  -  .02   .86  t t t t tL L L L ε= + +  

 

The second part of the Table 1 gives 36.2, 25.9 and 9.1 as the sample predictions for residential, 
industrial and agricultural sectors, respectively. The one step ahead predictions of these sectors are 37.7, 26.7 
and 9.8, respectively. Figure 5 shows the prediction graph for the long series. According to this figure the 
first prediction relates to residential sector and the second prediction relates to industrial sector and the third 
prediction relates to agricultural sector. 
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Figure 5: Prediction for long series 
 
 
Conclusion 

In this short note we proposed a new approach for forecasting a few short time series. Our introduced 
method was different from usual methods for forecasting many short time series, e.g.  Pourahmadi (2001). 
The introduced method is very simple and can be used in many real problems such as economics short time 
series. 
     In the real example of the previous section we showed that our method is much better than the ordinary 
method, recall 3 last columns of Table 1. 
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Many models of stock market behaviour are based on the Brownian motion hypothesis (Bachelier
1900) which states that stock returns are independent (i.e. today’s value is independent of yesterday’s
value) and follow a gaussian distribution. However, since the pioneering work of Mandelbrot (1963)
on cotton prices it has been shown that often these assumptions are not valid. In fact, the distribution
of stock returns has fatter tails (which means that extreme changes are more likely) than in the
gaussian model. The stock returns also exhibit volatility (i.e. standard deviation) clustering which is
an indication of dependence (as described by Mandelbrot (1963) "large changes tend to be followed
by large changes of either sign, and small changes tend to be followed by small changes").

There is a class of models which account for conditional heteroskedasticity (i.e. time dependent
conditional volatility) that are able to emulate these characteristics seen in many stock returns (Engle
1982, Weiss 1984, Bollerslev 1986). These models, known by the acronym ARCH (auto-regressive
conditionally heteroskedastic), allow us to make more accurate predictions of market behaviour.

We used the software package Eviews in order to analyse stock data from a portuguese service
and technology company called Pararede. We analysed the time series of the closing prices’ returns
(i.e. Rt = (Pt−Pt−1)/Pt−1 where Pt is the closing price on day t) between 20/9/2004 and 18/9/2006.

In Figure 1 we show the time series of Pararede’s stock returns and in Table 1 we show some
summary statistics on the data. We see that the returns exhibit obvious volatility clustering. The
kurtosis is 5.731 which indicates a clearly non-gaussian distribution. The average standard deviation
(average daily volatility) is 0.028.

In order to choose the best model to fit the data we followed the methodology described in
Gonçalves & Mendes Lopes (2003). We observed that the partial autocorrelation of the returns
is significantly different from zero up to lag 4 which implies an AR(4) (4th order auto-regressive)
structure. After fitting an AR(4) model to the data we observed that the partial autocorrelation of
the squared residuals is significantly different from zero up to lag 1 which implies an ARCH(1) (1st
order ARCH) structure for the residuals. Therefore, we fitted an AR(4)-ARCH(1) model to Pararede’s
stock returns Rt, i.e.

(1) Rt = c0 + c1Rt−1 + c2Rt−2 + c3Rt−3 + c4Rt−4 + t

where t is the residual with zero conditional mean Et−1( t) = 0 and conditional variance given by
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Vt−1( t) = a0 + a1
2
t−1. The parameters of the fitted AR(4)-ARCH(1) model are shown in Table 2.

In Figure 2 we show the one-step ahead predicted daily volatility. We can see that the peaks
in volatility coincide with the clusters of more abrupt changes in the return time series (Fig. 1). In
Figure 3 we show the comparison between the real stock returns and those predicted by the model
between 1/9/2006 and 18/9/2006, together with the two standard deviations prediction error bars
This latter prediction is based on an AR(4)-ARCH(1) model with slightly different parameters than
those shown in Table 2 as it was fitted to a smaller data set (between 20/9/2004 and 31/8/2006). We
see that although the variation of the real stock returns is wider than that predicted by the model, it
is well within the two standard deviations prediction error bars.

Table 1. Statistical data: Pararede’s stock returns.

Mean 0.000

Median 0.000

Std. Dev. 0.028

Kurtosis 5.731

Skewness 0.706

Table 2. Parameters of AR(4)-ARCH(1) model.

c0 c1 c2 c3 c4 a0 a1
Coefficient 0.000 −0.476137 −0.121977 −0.157967 −0.131633 0.000509 0.268664

Std Error 0.000 0.048801 0.047526 0.041732 0.037484 0.000036 0.069384
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Figure 1. Time series of Pararede’s stock returns.
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Figure 2. Predicted volatility of Pararede’s stock returns.
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Figure 3. Comparison between predicted (RETURN00F) and real (RETURN0) stock returns.
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The aim of paper is the research on the effectiveness of statistical methods that are designed
for forecasting of gross domestic product (GDP) and other macroeconomic indexes. Several
statistical methods have been compared by most important criterions in it. Optimal forecasting
methods for different branches of application were investigated. As a result some modification were
developed, which takes into consideration this problem, on the base of known classification
schemes. Such optimal methods were illustrated through examples. The focus is on Ukraine data for
1996-2004 because these data have been analyzed in more detail than before.

After deep economical crisis, that has been continued ten years (1990-1999), in IV-th quarter
of 1999 the real increase (2.6%) of GDP was recorded by statistics. In 2000-2003 the corresponding
increase was 32.9%. Starting from 2000, the rates of economical rise in Ukraine were much more
than rates of it’s closed partners in foreign trade – Russia, Poland and Slovakia.

Table1. The main macroeconomic indexes of Ukraine, % (corresponding period of the previous

year=100)

Consumer price
indices

Real gross
domestic product Employed

1996 139,7 90 100

1997 110,1 97 98,5

1998 120 98,1 96,8

1999 119,2 99,8 87,2

2000 125,8 105,8 101,1
2001 106,1 109,2 99
2002 99,4 105,2 100,6
2003 108,2 109,4 100,4
2004 112,3 112,1 100,7
2005 110,3 102,6 101,9

The rates of GDP growth have been not stabilized. But the rates of population employment
and inflation growth have been stabilized accordingly (Table 1).

The main purpose of economical politics on average-term perspective is the formation of
economic development model, which has the long-term potential of use, the ability to provide the
consequent growth of population welfare, effective expanded reproducibility, and increase of
Ukrainian products competitiveness.

The problems of macroeconomic forecasting are connected with statistical information
intensity, correctness and efficiency of forecasting methods, verification and quality of forecasting.
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In terms of the indefiniteness of transient period of Ukraine economics results in unstable
behavior of object in time, difficulties for adequate model of its development selection.

At the same time the main problem is the forecasting verification (estimating of its certainty,
accuracy or validity). The statistical evaluation of confidence interval for calculated forecasting
values are often used by verification methods. It may be detected two types of mistakes, caused by:
1) information or object description and 2) forecasting method. Thus, it’s very important to estimate
and determine the optimal correspondence between initial information and method (methods) of
forecasting during forecasting calculations pursuing.

Under information-methodological conditions of Ukraine the data of national accounts is most
conformed to such requirements. Besides, up- today system of national accounts is the model of
economics, which describes it in most correct way. We used 9 methods for 21 time series of
quarterly macro economical indicators for 1996-2004.
Table 2. The best Forecasting Methods for Short Horizon Length

Methods Average Ranking for 1 horizon
length

Mean of Average Ranking for
1 and 2 horizon length

Combining 3,4 4,6

D Holt EXP 3,5 3,9

D Sing Exp 3,8 5,1

D Regress 4,1 5,2

Winters' 4,1 4,1
One of the more significant results of this study is the effectiveness of combining forecasting

methods. As shown in Table 2 Combining method achieve much better performance than using
only one method. Combining method consists of deseasonalized D Sing Exp, D Holt EXP,  Naive 2,
D Regress.These are all easily implemented forecasting methods. This suggest that it may be better
to combine a few methods than to rely on the chance that one can isolate a best method.

REFERENCES
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Academic Press, 1986.
RÉSUMÉ

Dans  set article il s‘adit de problémes schémas prédiction macroconstantes (donner un exemple
ukrainien économie).
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Common Singular Spectrum Analysis of Time Series:
A new approach to investigate common structure of series.
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1. Introduction:
Extensive literature (E.G Buchstaber (1994), J.B., Danilov (1997), Golyandina et al

(2001)) exist on singular spectrum analysis. In this paper we investigate the

possibility to forecast two or more time series simultaneously by using a common

singular value decomposition, based on the common principal components methods

of Flury.

The current method to investigate common trends and/or properties of several time

series is co-integration. Common singular spectrum analysis (CSSA) is proposed as

an alternative method to study time series with similar features as in co-integration.

The method is based on two techniques namely, singular spectrum analysis of time

series (SSA) and common principal component analysis (CPC) which is discussed in

section 2 and 3. In section 4 the proposed common singular spectrum analysis method

is introduced and in section 5 a several aspects of common structure are investigated

with respect to CSSA.

2. Singular spectrum analysis (SSA)
In the SSA methodology the observed time series tX is unfolded into the column

vectors of a trajectory matrix ( ): ; 1n n Tτ τ× = − +X :

1 2

2 3 1

1

.

n

n

T

x x x
x x x

x x xτ τ

+

+

⎡ ⎤
⎢ ⎥
⎢ ⎥=
⎢ ⎥
⎢ ⎥
⎣ ⎦

K

K

M M M M

K

X

whereτ is referred to as the window length. The window length is the dimension of

the Euclidean space into which the time series is unfolded and the choice of τ is

restricted to ( )2 [ 1 2]Tτ≤ ≤ + . Buchstaber (1994) noted that if a deterministic time

series is unfolded into the column vectors of a trajectory matrix, all the column

vectors of the trajectory matrix lie on a single ( )-flat rr H , where r-flat denote a r-

dimensional manifold which does not necessarily passes through the origin. He also

proposed a general class of continuous functions, for which this is true. The method

can be used for a wide spectrum of patterns that are common in time series.

Venter (1998) illustrated that the -flat rr H can be defined as the space of vectors x

which are linear combinations of a shift vector b and parallel to the linear subspace

spanned by ν1, ν2, …, νr, e.g.

Hr = { x: x= b + a1ν1 + ……+ arνr :ai Є R, vi Є Rτ
; τ ≥ r+1}
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For an observed time series the singular value decomposition (SVD) is used to find a

reconstructed signal series tf% , which can be used for forecasting. (Golyandina et al.

2001). Firstly a low-rank approximation Y of the trajectory matrix X is needed from

which the series tf% can be obtained. SVD is used for this purpose as follows:

In SSA, SVD is used to diagonalize the scatter matrix
'XX% % which is a symmetric τ τ×

matrix and
'x j= −X X% the centred trajectory matrix with x the vector of means

and
'j the transpose of the unit vector. The vector of means x is used as the shift

vector of the -flat rr H . The result is given by
' '=XX BΛB% % . The SVD of the matrix

'XX% % will tend to possess r larger singular values and ( )rτ − smaller singular values

which can be ascribed to noise in the time series. Suppose that the trajectory matrix is

of rank ( )min ,d nτ≤ then the problem statement in SSA is how to find a low-rank

approximating matrix Y of rank r d≤ for the trajectory matrix X. The first r
eigenvectors need to be selected from the columns of matrix B. The choice of r can

be assisted by using a screeplot or using phase state portraits.

Once the choice of r is made, the projection matrix of the parallel linear subspace

spanned by the r leading eigenvectors
'

rH =P BB is formed. Then the closest

( )-flat rr H to the column vectors of the trajectory matrix is given by

'

rHx j= +Y P X% . The Hankelization operation (Buchstaber 1994) is performed on Y

to form the reconstructed signal series tf% , where

, 1

1

, 1

1

1

, 1

1

1
for 1

1
for

1
for

1

s

i s i
i

t i s i
i

N s
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Y s
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f Y s n

Y n s N
N s

τ
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=
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=

⎧ ⎫≤ ≤⎪ ⎪
⎪ ⎪
⎪ ⎪

= ≤ ≤⎨ ⎬
⎪ ⎪
⎪ ⎪

≤ ≤⎪ ⎪
− +⎩ ⎭

∑

∑

∑

%

which can then be used for forecasting.

3. Common principal components: (CPC)
Flury (1984) introduced the concept of common principal components of two or more

symmetric covariance matrices as a possible model in a hierarchy of models to

explain heteroscedasticity among covariance matrices. The method is also described

in detail in Flury (1988) together with more general concepts to establish a hierarchy

of structures of heteroscedasticity among covariance matrices. This paper is

concerned only with the concept of common principal components.

Two (or more) symmetric matrices
1
:S p p× and

2
:S p p× is said to have common

principal components if an orthogonal matrix
1 2

... pb b b⎡ ⎤= ⎣ ⎦B exists such that

( )' ( ) ( ) ( ) ( )

1 1
, , , , , , 1, 2

j j j j
j r r pS diag l l l l j+= =B B K K meaning that:

( ) '
for 1, ,

j
i i j il b S b i p= = K .
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The components of vector
'y x= B are called the common principal components of

1 2
and .S S If a CPC structure exists, the FG-algorithm of Flury and Gautschi (1986)

can be used to find the maximum likelihood estimates of the eigenvalues and the

common eigenvectors in the orthogonal matrix B.

These are the basic tools needed to proceed with the common singular spectrum

analysis (CSSA) of two (or more) time series.

4. The Common Singular Spectrum Analysis (CSSA) method
Consider two (or more) time series

1
tX and

1
tX (of equal length and observed over the

same period of time), where it is assumed that common properties exits which may

explain the variation in both time series. Usually these properties are investigated

with co-integration methods. The CSSA provides an alternative method investigating

the existence and nature of common properties in time series under investigation.

If common properties exist, it is assumed that both series can be described by models

of the form: , 1, ,
i i it t t iX f t Tε= + = K , i=1,2 where

it
X - Observed time series of length T

it
f - Deterministic time series /signal series of length T

it
ε - White noise series.

Unfold both these series into 2 (or more) matrices and form the centered trajectory

matrices : nτ ×1X% and : nτ ×2X% as mentioned in the SSA methodology. Form the

symmetric matrices
'

1
:τ τ= ×1 1S X X% % and

'

2
: .τ τ= ×2 2S X X% % Now apply the FG

algorithm (Flury and Gautschi (1986)) on the matrices
1

S and
2

S which yields a

matrix [ ]1 1r rb b b bτ+=B K K with

( ) ( ) ( ) ( )

1 1

j j j j
r rdiag l l l lτ+⎡ ⎤= ⎣ ⎦

'
jB S B L L .

The first r common eigenvectors
1
, , rb bL are of interest in CSSA and the remaining

eigenvectors
1
, ,r pb b+ L are assumed to be associated with noise in both series. The

matrix B is the matrix of common eigenvectors spanning the column space of both

matrices and1 2X X such that
1 1

2 2

1 2
1 2

andX X= ' '
1 2X B Λ U X = B Λ U .

The r eigenvectors needed from the columns of the matrix B for the CSSA method are

selected as follows: First arrange the eigenvectors in B to yield the eigenvalues of
1

S
in descending order: e.g.

( ) ( ) ( )1 1 1 (1)

1 2 dl l l lτ≥ ≥ ≥ ≥ ≥K K . The same sequencing is then

applied to the eigenvalues of the matrix
2

S to yield
( ) ( ) ( )2 2 2

1 2 dl l l≥ ≥ ≥K whereafter the

remaining eigenvalues need not necessarily be ordered. The value of r is at most d.
Alternatively arrange the eigenvalues of matrix

2
S if descending order and then apply

this sequencing to the eigenvalues of matrix
1

S . If the values for d differ from these

two methods then d is assumed to be the smallest value. The square roots of the

eigenvalues
( ) ( ) ( )1 1 1

1 2 dl l l≥ ≥ ≥K and
( ) ( ) ( )2 2 2

1 2 dl l l≥ ≥ ≥K are now the singular values of

the common singular value decomposition of : nτ ×1X% and : nτ ×2X% .
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The remainder of the CSSA algorithm is similar to the SSA algorithm: Form the

projection matrix
'

rH =P BB . Form the projected result
'

, 1,2
ri i n Hx j i= + =iY P X% .

Use the Hankelization operation on 1Y and 2Y to form the reconstructed series

1 2

andt tf f% % .  This will yield the CSSA method.

5. Analyzing common structure:
Analysis of the common singular values with screeplots and space phase portraits

(Vautard et al. 1992) yield interesting information regarding the common nature of

the time series. In this section these aspects are investigated with two series which are

simulated as follows:

( )
( )

2

1 1 1 1 1 1 1 1 1

2

2 2 2 2 2 2 2 2 2

cos sin

cos sin

y t A t B t c d t e t

y t A t B t c d t e t

ω ω ε

ω ω ε

= + + + + +

= + + + + +
where andi iA B are the amplitudes , andi i ic d e , parameters for a polynomial model

and iε a random value drawn from a normal distribution with mean 0 and variance 1

multiplied by a constant amount n to enlarge the noise level, for time series ( )iy t , for

i=1,2. Different values for these parameters are now considered to reflect differences

between the series and to investigate their effect on the CSSA structure. The number r

of descending singular values is given together with screeplots of the eigenvalues for

both time series and phase state portraits are given up to 5 eigenvectors of the matrix

B.

The following aspects are investigated: Influence of different slopes on CSSA,

influence of different quadratic components on CSSA, influence of different

periodicities on CSSA and influence of different amplitudes on CSSA

6. Example
An example is given where two time series are forecasted using the CSSA

methodology. Comparison with co-integration forecasts yields further interesting

information about common structure.
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1. Introduction.

Empirical likelihood was introduced as a nonparametric method of inference based on a data-driven likelihood
ratio function (Owen, 1988). It is shown that empilical likelihood ratio is asymptotically chi-square distributed
and provided a way of constructing a non-parametric confidence region of a quantity of interest. Though
the empirical likelihood method was investigated by many authors, it has been used mainly for independent
observations.

For dependent observations, Monti (1997) applied the empirical likelihood approach to scalar linear pro-
cesses using the derivative of the Whittle likelihood as score function and showed that the empirical likelihood
ratio is asymptotically chi-square distributed. Ogata and Taniguchi (2006) extended Monti’s approach to the
case of non-Gaussian vector stationary processes whose spectral density need not be characterized by parameter
θ and provided a rigorous asymptotic theory for the empirical Whittle likelihood approach. They also applied
the empirical likelihood theory to minimum contrast estimation. Details on minimum contrast estimation can
be found in Taniguchi (1987).

Instead of non-parametric likelihood ratio, Baggerly (1998) developed an empirical likelihood method
by using Cressie-Read power-divergence statistic (C-R statistic) in the i.i.d. case and showed that C-R statistic
is also asymptotically chi-square distributed. C-R statistic contains user-specified parameterν ∈ (−∞,∞)
and encompasses several commomly-used tests including the empirical likelihood ratio statistic (ν = 0). The
asymptotic result is satisfied for any given value ofν, hence, the theory of empirical likelihood is extended
dramatically.

In this paper we develop Baggerly’s results to the case of non-Gaussian vector stationary processes.
Concreately we derive the asymptotic distribution of C-RstatisticCRν(θ) based on the derivative of an extended
Whittle likelihood described by unknown parameterθ, which is due to Hosoya and Taniguchi (1982). Then it
is shown thatCRν(θ) converges to a sum of Gamma distribution.

We apply this result to estimation problem of autocorrelation, which is a very important and fundamental
quantity in time series analysis. Then we get a narrower confidence interval than the usual sample autocorre-
lation method. We can also see that the asymptotic distribution of C-R statistic does not include the unknown
parameter in the case of scalr process while that of the usual sample autocorrelation depends on it.

A power property of the test based on the asymptotic theory of C-R statistic is also discussed. Then the
asymptotic distribution under a sequence of contiguous local alternatives is given.

As an example we consider the problem of testing autocorrelation and investigate the effect of non-
Gaussianity by using the generalized exponential distributions. It is shown that the local power is hardly
affected by non-Gaussianity of the process. We can also see that the local power becomes large when the
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processtendsto the unit root process.
As for notations used in this paper, we denote theath component of vectorX by Xa and denote the (a,b)

component of matrixA andA−1 by Aab andAab, respectively, and we denote the set of all integers byZ.

2. Setting.

Consider a vector-valued linear process{X(t); t ∈ Z} generated by

X(t) =

∞∑

j=0

A( j) U(t − j), t ∈ Z,(1)

where theU(t)’s are i.i.d. s-vector random variables with probability densityp(u) > 0 onRs andA( j)’s are s
by smatrices. The components ofX,U andA are all real. We make the following assumptions.

Assumption1. (i) The coefficient matrices A(j)’s satisfy
∑∞

j=0 j1/2||A( j)|| < ∞, where||A( j)|| denotes the sum
of all the absolute values of the entries of A( j).

(ii) The probability densityp(·) satisfieslim ||u||→∞ p(u) = 0,
∫

up(u)du = 0, and
∫

uu′p(u)du = Is,
where||u|| = √u′u and Is denotesthes by s identity matrix.

(iii)
∫
||u||4p(u) du < ∞.

The process{X(t)} has the spectral density matrix which is representable as

g(ω) = (2π)−1k(ω)k(ω)∗, −π ≤ ω ≤ π,
wherek(ω) =

∑∞
j=0 A( j)eiω j . For the observed stretchX(t), t = 1, . . . ,T, we denote the periodogram byIT(ω);

namely

IT(ω) = (2πT)−1dT(ω)dT(ω)∗, −π ≤ ω ≤ π.
wheredT(ω) =

∑T
t=1 X(t)e−iωt.

Let θ ∈ Θ be a quantity of interest, and be characterized by ans by s nonnegative definite matrix-valued
function fθ(ω). Further we impose the following assumption.

Assumption2. (i) Θ is a compact subset ofRq.

(ii) fθ(ω) is continuously twice differentiable with respect toθ ∈ Θ, and satisfies fθ(ω) = fθ(ω)∗ and fθ(−ω) =

fθ(ω)′.

(iii) The true valueθ0 of θ satisfies
∫ π

−π
∂
∂θ tr{ fθ(ω)−1g(ω)}

∣∣∣
θ=θ0

dω = 0.

Theconceptof Assumption 2 (iii) comes from the problem of fitting a innovation-free parametric model
spectral densityfθ(ω) to the true spectral densityg(ω) using the Whittle likelihood, which is a likelihood
function in frequancy domain (see Hosoya and Taniguchi (1982) e.g.). Furthermore, this setting is unexpectedly
useful for many other situations. By choosingfθ(ω) appropriately,θ can show various important indices of time
series model. We briefly show the following example of the autocorrelation.

Example1. Let us set

fθ(ω) =
(
Is− θeiδω)−1(Is− θeiδω)−1∗,

whereθ is an s by s matrix. Then, by Assumption 2 (iii), we can see thatθ0 = Γ(δ)Γ(0)−1,(
Γ(δ) = E{X(t + δ)X(t)′}), which is a matrix-valued autocorrelation with lagδ (c.f. Hosoya and Taniguchi

(1982)), and is a very important and fundamental quantity in time series analysis.

Besides,θ can show other important indices in many other situations such as prediction, interpolation
and smoothing problems. For detailed information, see Ogata and Taniguchi (2006, Sections 3 and 4).
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3. Cressie-Read power-divergence statistic for time series.

Ogata and Taniguchi (2006) considered the derivative of an extended Whittle likelihood, i.e.,

mθ(ω) =
∂

∂θ
tr
{
fθ(ω)−1IT(ω)

} ∈ Rq

asscorefunction. Then, for the empirical likelihood ratioR(θ) defined by

R(θ) = max
w


T∏

t=1

Twt |
T∑

t=1

wtm(λt; θ) = 0,
T∑

t=1

wt = 1, wt ≥ 0

 ,

wherew = (w1, . . . ,wT)′ andλt = 2πt/T. They showed that−2 logR(θ0) converges to a sum of Gamma
distributions.

In this paper, motivated by Baggerly (1998)’s results in the i.i.d. case, we suggest the C-R statisticCRν(θ)
for time series

CRν(θ) = min
w


2

ν(ν + 1)

T∑

t=1

{
(Twt)

−ν − 1
}
∣∣∣∣∣∣∣

T∑

t=1

wtmθ(λt) = 0,
T∑

t=1

wt = 1, wt ≥ 0

 ,(2)

whereν ∈ (−∞,∞). C-R statistic contains user-specified parameterν ∈ (−∞,∞) and encompasses several
commomly-used tests, i.e., Neyman-modifiedχ2 statistic (ν = −2), the maximum entropy, minimum informa-
tion or Kullback-Leibler statistic (ν = −1), the Freeman-Tukey statistic (ν = −1/2), the maximum likelihood
statistic (ν = 0), and Pearson’sχ2 statistic (ν = 1). Hence, C-R statistic is much broader criterion than the em-
pirical likelihood ratio and its asymptotic theory covers Ogata and Taniguchi (2006)’s results. So this general
approach is well worth consideration.

The asymptotics of the C-R statistic are given as follows.

Theorem1. For any givenν ∈ (−∞,∞), as T→ ∞,

CRν(θ0)
d→ (GN)′(GN),(3)

whereN is a standard q-dimensional normal random vector and G= W−1/2V1/2. Here V is q by q matrix
whose(l1, l2) element is

Vl1l2 =
1
π

∫ π

−π
tr

[
g(ω) ∂l1 f −1

θ0
(ω)g(ω) ∂l2 f −1

θ0
(ω)

]
dω

+
1
2π

s∑

u1u2v1v2=1

" π

−π
∂l1 f u1u2

θ0
(ω1)∂l2 f v1v2

θ0
(ω2)gX4

u1u2v1v2
(−ω1, ω2,−ω2) dω1dω2,

and W is q by q matrix whose(l1, l2) element is

Wl1l2 =
1
2π

∫ π

−π
tr

[
g(ω) ∂l1 f −1

θ0
(ω)g(ω) ∂l2 f −1

θ0
(ω)

]
dω

+
1
2π

∫ π

−π
tr

[
g(ω) ∂l1 f −1

θ0
(ω)

]
tr

[
g(ω) ∂l2 f −1

θ0
(ω)

]
dω,

where∂l f −1
θ0

(ω) = ∂
∂θl

f −1
θ (ω)

∣∣∣∣
θ=θ0

and gX4

···· (·, ·, ·), thefourth-order spectral density of the process{X(t)}; namely

gX4

u1u2u3u4
(ω1, ω2, ω3) = (2π)−3

∞∑

j1 j2 j3=−∞
cX4

u1u2u3u4
( j1, j2, j3) exp

{−i( j1ω1 + j2ω2 + j3ω3)
}
.

Remark1. Denote the eigenvalues of G′G by a1, . . . ,aq, then we can write the right hand side of (3) as

(GN)′(GN) =

q∑

i=1

γi(4)

whereγi is distributed asΓ(2−1, (2ai)−1).
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Remark2. Whentheprocess (1) is scalar, V and W in the theorem are identical. So the asymptotic distribution
in (3) becomes the chi-square with degree of freedom q.

V andW contain the unknown spectral density matrixg(ω) and the fourth-order spectral density
gX4

u1u2u3u4
(−ω1, ω2,−ω2). In practice, we can make appropriate consistent estimatorsV̂ and Ŵ of V and W,

respectively by use of methods due to Taniguchi (1982) and Keenan (1987). Then, from Slutsky theorem it
follows that

(ĜN)′(ĜN)
d→ (GN)′(GN) =

q∑

i=1

γi ,(5)

whereĜ = Ŵ−1/2V̂1/2. Using this theorem, we can construct confidence regions forθ. First, we choose a
proper threshold valuezα, which isα percentail of estimated distribution of (4) based on the relation (5). Then
we caluculate CRν(θ) at numerous points overΘ and consutruct the regionCα,T(θ) = {θ | CRν(θ) < zα}.

4. Power property.

In this section, we consider a power property of the test based on Theorem 1. From now, let the coefficient
matricesA( j)’s of (1) be parametrized byθ ∈ Θ, Θ ⊂ Rq. Write Aθ(z) =

∑∞
j=0 Aθ( j) zj , |z| < 1. We make the

following assumptions.

Assumption3.

(i) (a) Every Aθ( j) is continuously two times differentiable with respect toθ, and the derivatives satisfy
|∂u1∂u2 . . . ∂ukAθ,l1l2( j)| = O{ j−1+D(log j)k}, k = 0,1,2 for l1, l2 = 1, . . . , s.

(b) detAθ(z), 0 for |z|< 1 and A−1
θ (z)can be expanded as follows: A−1

θ (z) = Is+Bθ(1)z+Bθ(2)z2+ · · · .
(c) Every Bθ( j) is continuously two times differentiable with respect toθ, and the derivatives satisfy
|∂u1∂u2 . . . ∂ukBθ,l1l2( j)| = O{ j−1−D(log j)k}, k = 0,1,2 for l1, l2 = 1, . . . , s.

(ii) The continuous derivative Dp of p(·)exists onRs.

(iii)
∫
||κ(u)||4p(u)du < ∞, whereκ(u) = p−1(u)Dp(u).

Consider the problem of testing

H : θ = θ0 against A : θ , θ0.

To see a goodness of our test we evaluate the local power under the sequence of local alternativesAT : θT =

θ0 + T−1/2h whereh = (h1, . . . ,hq)′. DefinecκX( j) = cum{κ(U(t)
)
, X(t + j)′}, and the cross-spectral density

matrix gκX(ω) is given by the following relationcκX( j) =
∫ π

−π ei jωgκX(ω) dω. Then we get the following
theorem.

Theorem2. Let G, V, W andN be the same matrices and q-dimensional standard normal vector as defined in
Theorem 1. Under the sequence of local alternatives AT , for any givenν ∈ (−∞,∞),

CRν(θ0)
d→ (GN + µ)′(GN + µ),

whereµ = 2W−1/2τ. Hereτ = (τ1, . . . , τq)′ with

τi =

∫ π

−π
tr
[
g(ω) ∂i f −1

θ0
(ω) gκX(ω)

{ ∞∑

j=1

Bh′∂θ0
( j)eiω j

}]
dω.

The difference with Theorem 1 is that we are considering the asymptotic distribution of the test under a
sequence of ”contiguous alternativesAT”, and that its normed factorizationGN+µ has meanµ. This difference
µmeans the distance from the asymptotic distribution under the null hypothesis, so the magnitude|µ| shows the
magnitude of the power of the test.
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Lućılia Carvalho
Faculdade de Ciências-UL/ CEAUL
E-mail: mlcarvalho@fc.ul.pt

ABSTRACT

The data under study was collected by National Statistical Institute of Portugal (INE) and it’s a part
of the Labour Force Survey (LFS) database. The main goal of this work is to correct, by means of
statistical methods, the time series regarding the total number of employees and the total number of
employees by sector of economy (primary, secondary and tertiary), between 1992 and 2006 (quarterly
data). With this correction the indicators provided by LFS will be comparable through time. This
comparability has been defied by the presence of leaps (level changes), hard to explain by means of
economic reasons, in the time series of some indicators as, for instance, the unemployment rate. We
knew beforehand that the LFS had suffered major transformations through time - concept definition
changes, change of frames and the adoption of different methodologies. To achieve our goal we had
to identify and investigate the series breaks and possible intervention points and their causes for each
NUTS II separately. One of the key aspects in the analysis is the fact that the series we deal with
are not independent. In fact, we use statistical methods account for interventions in all the 3 series of
the number of employees by sector of economy and then we force its sum to be the total number of
employees series. As a final goal we tried, after all estimation process, to use the corrected series by
sector of the economy, to calibrate the samples, by NUTS II, in order to determine the weight of the
sampling units that will allow the recalculation of the LFS results between 1992 and 2006, free of the
issues caused by methodology changes. The statistical methods applied belong to the fields of time
series analysis and estimation in complex surveys through calibration methods.

Keywords. Time series, intervention analysis, benchmarking, calibration methods.
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Abstract: 
This paper is concerned with a Time Series with a non-linear error term. The error term is a sum 
of product of independent process.  Time series under study is linear combination of known real 
valued function plus an error term.  Under appropriate regularity assumption spectral type 
limit theorem is developed in this paper. 
 
Introduction: 
                This paper is concerned with Time Series }1);({ ≥= ttXX  where 

 and equals to zero otherwise,}1);()()({
0

≥+= ∑
=

ttZtfatX
p

i
ii pitfi ,,0);( K=  are known real-

valued function of t. The Time series error  is non –linear. 

Let t integral.  We suppose that 

1,)()()(
0

≥−= ∑
∞

=

trtYrtZ
r
α

∏∑
=

∞

=

−=
k

i r
ii rtrtY

1 0
);()()( ελ );(tiε t integral i=1,…,T; 

independent random variables defined on the probability space ( ),, PΓΩ . Here we assume 

 and is bounded uniformly with respect to t.  We introduce 22 )((,0)(( σεε == tEtE ii )(( 4 tE iε

i)  ;1)),(ˆ)(ˆ()()(ˆ
1 ≥++−= ttfatfatXtZ pK

ii) )(ˆ)(ˆ)(ˆ
1

1∑
−

=

− +=
sN

t
stZtZNtC  

iii) )()()(
1

1∑
−

−

− +=
sN

t
stZtZNsC                                                                                     (1) 

Lemma 1.  Let the time series X be specified by (1).  Then for  ,Ns <  

∑
=

=−
h

i
ii sNLNBsCsCN

1
),()())()(ˆ(  

h being a finite integer. 
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On direct simplification,  is additively composed of a finite number of the type ))()(ˆ( sCsCN −

i) )()ˆ()()()ˆ( 1
1

21 sayJaaFstZtfaa ii

sN

t
iiii −=+− ∑

−

=

− ; 

ii) )ˆ( ii aa − )()ˆ)(()()( 2
21

1
sayJaaNFtZstf iii

sN

t
i −=+ −

−

=
∑ ; 

iii) )ˆ( ii aa − )ˆ( jj aa − )()ˆ()ˆ)(()()( 3
2121

1
sayJaaFaaNFstftf jjiiii
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t
ii −−=+ −−

−

=
∑  (2) 

For i, j =0,…,p, where );()()(
1

21
1 ∑

−

=

− +=
sN

t
ii stZtfNFJ );()()(

1

21
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−

=

− +=
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t
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1

2121
3 ∑

−

=

−− +=
sN

t
jiii stftfNFNFJ . On substituting for Z (t), and Y1 (t), one has 

       ⎥
⎦

⎤
⎢
⎣

⎡
−+−−+= ∑∑∑

−

=

∞

=

∞

=
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1
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0

21
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sN

t
i
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However, the term within the square bracket on R.H.S of (3) has an absolute expectation bounded 
by  ).(21

0 NFA   Similarly it can be checked that 02 AJE ≤  and .13 ≤J Finally by appeal to 
Theorem 4.3.1 given in [1] establishes the lemma. 
Next we define, for πθπ ≤≤− , that  

i) ;0)()exp()()(
2

0
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∞

=

θθαθ Y
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iii)  ∑
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1
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r

k

i
ikY θσσπθ K
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Let us choose real numbers ;,1;,,1);( KK == rkiriλ such that for some real 
2
1

0 ≥h  

kirr
r

i
h ,,1;)(0

0

0 K=∞<< ∑
∞

=

λ .  Thus settled we prove, 

Lemma 2:  Let the time series X (t) is specified above.  Then as ∞→N  
0))()(ˆ()2/( 21 ⎯→⎯− P

CC ffMN θθ . 
Proof: We  observe that 

∑
−=

− −+≤−
M

Ms
CC sCsCNMNMAffMN )()(ˆ)12()/()()(ˆ)2/(( 121

0
21 θθ  
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⎢
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−==

M
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i

h

i
i sNLNBNMA ),()()/(

1

21
0                    (5) 

By virtue of lemma 1.  However, the term within the square brackets on RHS of (5) has an 
absolute expectation which is bounded by , thus rendering it to a B(N) term.  Hence LHS of 
(5) converges in probability, as

0A
∞→N . 

We prove the following basic result.  
 
Theorem: Let X (t) be the time series defined above. Let Tii ,,1; K=θ  be distinct value 

from )( πθπ ≤<−  such that for 0≠+ ji θθ Tjiji ,,1,, K=≠  and, 1,2 ori =δ  according 

as πθ ,0=i  or not, for . Then  converges 
in distribution, as  to the normal vector

Ti ,,1K= TiffMN iZiC ,,1));()(ˆ()/( 2/1 K=− θθ
,∞→N ),,1);(( Tii K=θη , say, which has zero 

mean, and diagonal covariance matrix, with diagonal elements 
 .,,1);()(( 22 TifE iXii K== θδθη

Proof:  It is possible to represent, for )( πθπ ≤<− , that            

))()(()2/()()(ˆ()2/( 2121
iZiCiZiC ffMNffMN θθθθ −=−  

                                            + ))()(ˆ()2/( 21
iCiC ffMN θθ −                                          (6) 

An appeal to theorem 3.1.1 [1] yields that ),,1));()(()2/(( 21 TiffMN iZiC K=− θθ  
converges in distribution as ,∞→N  to the normal vector ),,1);(( Tii K=θη . However, on 
invoking lemma 2 the second term on the RHS of 6 converges in probability  as to zero. 
These observations together with the lemma 2.3.6 [1] complete the proof. 

∞→N
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Introduction 
Currentley the Circulatory system diseases’ are one of the main causes of world-wide death (Uemura 

and Pisa, 1988; Wilson, 2006). From a public health point of view these diseases’ are potential aims for 
prevention. It is therefore important to know their epidemiology, to allow a better health care and health 
resourses management. In this context, it is considered pertinent to know the seasonality of the Circulatory 
system diseases’. 

This study presents results of periodicities, seasonality and trends for 22 mortality and morbidity 
causes related to Circulatory system diseases’. These results were obtained using time series analysis 
methods and Fourrier spectral decomposition.  

This study had as main objectives to examine the mortality and morbidity of Circulatory system 
diseases’ throughout time. To fulfilled these objectives several specific studies were done: 1 - Seasonality 
analysis of Circulatory system diseases’ mortality and morbidity; 2 - Seasonality analysis of Circulatory 
system diseases’ mortality and morbidity according to sex, region and district; 3 - Trend analysis of 
Circulatory system diseases’ mortality and morbidity according to sex, region and district; 4 – Definition of 
estimation and forecast models for Circulatory system diseases’ mortality. 

Material and Methods 
The Circulatory system diseases’ mortality data was obtained from the Portuguese National Institute 

of Statisctic mortality database  (1980-2001) and  morbidity data was obtained from the Portuguese Hospital 
Discharge Database (Instituto de Gestão Informática e Financeira) that assembles all the hospitals admissions 
from the national health system in Portugal mainland (1998-2003). 

For the estimation and forecast models definition the following variables were used:  
- Weekly influenza incidence rates (Tx Infl), obtained by the Portuguese Influenza Surveillance system based 
on a sentinel network of general practioners (Médicos-Sentinela);  
- An indicator variable for years last weeks that reflect possible alteration in the sentinel network 
notification in the year end’s vacation (V_52), (this variable was operationalised adding 10% to the observed 
weekly influenza incidence rate in the weeks 51, 52 and 1 (Cristhmas and New Year), keeping all the 
remaining values at zero);  
- Weekly average minimum air temperature of Lisbon (Tp_min);  
- Weekly average maximum air temperature in Lisbon (Tp max);  
- Two cumulative variables to count consecutive weeks of extreme cold or heat were also considered:     

a) Cumulative count of weekly average minimum temperature  below 8ºC (percentile 10% of weekly 
minimum temperatures) (Var_Cum_min);  
b) Cumulative count of weekly average maximum air temperature above 28ºC (percentile 90% of 
weekly maximum temperature) (Var_Cum_max).  

 
For detection and definition of seasonal peaks the following statistical methods were used:  

 
- The Kolmogorov  Smirnov test to determine the time series fluctuations randomness.  
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 - Periodogram (definition of the power of each periodicity):  
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The ak and bk are estimators known as Fourier coefficients, obtined as follows: 

 
 
 
  
 
      
 
 
 
  
 

- The  significance of each periodicity significance is given by:  
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- It was done, also, graphical representations of each significant periodicity seasonal fluctuation:  

 
 
 
 
 

The Pearson test was used to define the trend in each time series. ARIMA (Auto Regressive 
Integrated Moving Averages) of first order methodology was used to build the estimation and forecast 
mortality models proposed in this study.  
 
Results 
Relatively to the specific objectives, results were as follows: 
1- The most relevant mortality and morbidity seasonal peak was found during the WINTER, there was 
evidence also of secondary seasonal peak during AUTUMN and SPRING.  
2 - Different seasonal mortality peaks were found for the two genders Other forms of chronic ischemic heart 
disease (ICD-9: 414), Cardiac dysrhythmias(ICD-9: 427), Occlusion of cerebral arteries (ICD-9: 434),  Other 
and ill-defined cerebrovascular disease (ICD-9: 437), Late effects of cerebrovascular disease (ICD-9: 438), 
Atherosclerosis (ICD-9: 440).  
  Was found some diference by region for the most relevant seasonal mortality peaks, in the Norte and 
Centro regions the seasonal mortality peaks most found was during the AUTUMN and WINTER, in Lisboa e 
Vale do Tejo this peaks were found during the WINTER and SPRING, in Alentejo and Algarve were found 
three different types of seasonal peaks: WINTER and SPRING, AUTUMN and WINTER and AUTUMN, 
WINTER and PRIMAVERA. Finally in Açores and Madeira the most relevant peaks were found during the 
WINTER and PRIMAVERA. 
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 The morbidity revealed some Homogeneity for the most relevant seasonal peaks found in each 
Region. Lisbon were the district with a bigger number of causes with periodicities disclosed in mortality and 
morbidity. 
3 - The difference in the trend verified between genders was little. This diference was observed only in 
Acute, but ill-defined, cerebrovascular disease (ICD-9: 436) mortality showed increasing trend in the 
feminine sex and decreasing trend in the masculine sex.  
 When the data was analysed by region, in the Norte was found a increased trend in the masculine sex 
mortality. In the region of Lisboa e Vale do Tejo it was found a decreasing trend in the masculine sex 
mortality. In Madeira the feminine sex showed a decreasing trend. Finally in Açores the number of death 
causes that revealed evidence of crescent trend was equal to the number of death causes with decreasing 
trend. 
 It was evidente that Setúbal was the district with the strongest crescent trend of all districts. In other 
hand the district with more strong decreasing trend was Bragança.  
4 - The estimation and forecast models, defined for the Circulatory system diseases’ mortality in Portugal 
and Lisbon showed a good estimation and forecast capacity for the mortality seasonal pattern. They show a 
good estimation capability for the mortality WINTER peaks, but not for the mortality increase during the 
SUMMER, as we can see in the graphics 1 and 2 in the SUMMER peak of 1991, the estimation is lower than 
the mortality value.  
 
 
Table 1 - Coefficients and model levels of significance for Circulatory system diseases’ mortality in 
Portugal and Lisbon 

 Portugal Lisbon 

Variables B(p-value) B(p-value) 

AR1 0,69(<0,001) 0,55(<0,001) 

V_52 0,82(0,002) 0,58(<0,001) 

Tx_ Infl 1,36(<0,001) 0,37(<0,001) 

Tp_min  -9,45(<0,001) 

Var_Cum_min 9,89(<0,001)  

Tp_max -11,13(<0,001)  

Var_Cum_max  0,157 (<0,001) 

Constant 1007,75(<0,001) 511,612(<0,001) 
Constant: It represents the constant of the model generated by the methodology; AR1: Arima method (1,0,0) value 
p-value: Coefficient B significance probability 
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Graphic 1 - Circulatory system diseases’ weekly mortality 
in Portugal between 1991-2000 and ARIMA estimation  

Graphic 2 - Circulatory system diseases’ weekly mortality in 
Lisbon between 1991-2000 and ARIMA estimation  
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Discussion 
 In the present study the seasonality detected in Circulatory system diseases’ mortality and morbidity, 
had mainly a peak during the WINTER. Results like this had already been disclosed in studies carried 
through in Japan (Shinkawa et al., 1990), United States (Rogot and Padgett, 1976), Canada (Gordon, 1966) 
and United Kingdom (Haberman et al., 1981). Some studies, carried through in Europe and United States, 
had disclosed variations in the seasonal peaks of mortality inside and between countries (Rau, 2004), this 
study confirms this variations by region inside Portugal.  

The information get it from seasonality studies, like this one, can help to built programs and 
surveillance systems for Circulatory system diseases’ mortality and morbidity with the possibility of 
developing alert systems that permit a best health resources organization, as well as the communication of 
preventive actions for the population.  
 The mortality estimation and forecast models, developed in this study, suggest that the variables: 
“weekly influenza incidence rate” and “weekly minimum average temperature” can play importants roles in 
the seasonal patterns identified for Circulatory system diseases’.  
 The application of this methodology to other causes of mortality and morbidity, could be also useful 
to validate it, i.e. to know if this methodology is strong enough to be applied to different types of data. 
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Graphic 3 - Circulatory system diseases’ weekly mortality 
and forecast in Portugal during the year 2001 and ARIMA 
95% confidence limits   

Graphic 4 - Circulatory system diseases’ weekly mortality 
and forecast in Lisbon during the year 2001 and ARIMA 
95% confidence limits   
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Département de mathématiques et de statistique and CRM, Université de Montréal, CP 6128, succ.
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Montréal, Québec, H3C 3J7, Canada (e-mail: saidiabd@dms.umontreal.ca)

1- Introduction

The aim of this work is to investigate the effects of temporal aggregation and systematic sam-
pling on periodic autoregressive moving average (PARMA) time series. Firstly, it is shown that the
class of weak PARMA processes, i.e. with uncorrelated but possibly dependent errors, is close under
a particular class of linear transformations that includes both temporal aggregation and systematic
sampling. It extends a similar result for ARMA processes; see Wei (2006, Chapter 20) for a review on
the subject. Secondly, the properties of the noise of the transformed process are investigated. A suffi-
cient condition is given under which aggregation and systematic sampling of a strong PARMA process,
i.e. with independent errors, give rise in general to a weak PARMA process. Under that condition,
the noise of the transformed process is neither strong neither a martingale difference. This result
points out that the assumption of strong PARMA should not be used without careful considerations
when analyzing aggregated time series that naturally occur in many scientific fields, namely in finance,
hydrology and macroeconomics. The sufficient condition for non independent errors is illustrated with
the PARMA(1,1) model. A simulation study underlines the practical relevance of our findings and
the importance of taking into account the dependence of the errors when fitting a PARMA model to
an aggregated time series.

2- Aggregation and systematic sampling of periodic processes

The second-order process process {Xt, t ∈ Z} is said to be periodic of period s if its first two
moments E [Xt] and cov(Xt, Xt′) are both periodic functions of period s, that is E [Xt+s] = E [Xt] and
cov(Xt+s, Xt′+s) = cov(Xt, Xt′). If we write t = rs + m where r is the cycle index (r ∈ Z) and m

represents the season within a cycle (m ∈ {1, ..., s}), it is immediately seen that E [Xrs+m] = E [Xm]
and cov(Xrs+m, Xrs+m−h) = cov(Xm, Xm−h) where r, h ∈ Z and m ∈ {1, ..., s}. For fixed m, the
subprocess corresponding to the m-th season is weakly stationary. For that reason, a periodic process
is sometimes called periodically stationary or periodically correlated. Gladyshev (1961) showed that
the second-order process {Xt, t ∈ Z} is periodic if and only if the multivariate process

(1) {Xr = (Xrs+1, ..., Xrs+m, ..., Xrs+s)
′ , r ∈ Z}

is second-order stationary.
Temporal aggregation and systematic sampling of a stochastic process {Xt, t ∈ Z} over non-

overlapping periods of length N are particular cases of the following linear transformation. If {YT , T ∈
Z} represents the resulting process at date T ,

(2) YT =
N∑

i=1

ciXN(T−1)+i

where c1, c2, ..., cN , are real constants. For temporal aggregation, c1 = c2 = ... = cN = 1, and for
systematic sampling c1 = c2 = ... = cN−1 = 0, cN = 1.
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When the high frequency process {Xt} is periodic of period s, we suppose that N ≤ s and that
s = NS for some S ∈ N. For example with monthly data aggregated in quarterly data, s = 12,
N = 3 and S = 4. In such a situation, we expect that the low frequency process {YT } also be
periodic. Writing T = rS + M where r ∈ Z and M ∈ {1, ..., S}, it is easily seen that E [YrS+M ]
and cov(YrS+M , YrS+M−H) depend on M but are independent of r and therefore, the process {YT } is
periodically stationary.

3- Periodic ARMA processes

A periodically stationary process {Xt} of period s (writing t = rs+m) follows a PARMA model
with the following parameters at season m ∈ {1, ..., s}: the mean μm, the autoregressive order and
coefficients pm, φm,1, ..., φm,pm , and moving average order and coefficients qm,θm,1, ..., θm,qm , denoted
PARMAs(p1, ..., pm, ..., ps; q1, ..., qm, ..., qs), if there exists a periodic white noise sequence {εt = εrs+m},
i.e., E [εt] = 0 for all t, E [εtεt′ ] = 0 for all t �= t′ and E

[
ε2
rs+m

]
= σ2

m > 0, and if the process {Xt}
satisfies the following difference equations

(3) (Xrs+m − μm)−
pm∑
i=1

φm,i(Xrs+m−i − μm−i) = εrs+m −
qm∑
j=1

θm,jεrs+m−j ,

m ∈ {1, ..., s} and r ∈ Z.
In this definition, the periodic white noise is weak and we say that the process {Xt} satisfying (3)

is a weak PARMA. Similarly, when the error terms εt are independent rather than only uncorrelated,
the process satisfying (3) is called a strong PARMA. With s = 1, we retrieve the usual autoregressive
moving average process (ARMA). When both the autoregressive and moving average orders do not
depend on the season, i.e., p1 = ... = ps = p and q1 = .... = qs = q, we will use the more concise notation
PARMAs(p; q) instead of PARMAs(p, ..., p; q, ..., q). The acronyms PAR for periodic autoregressive
(PMA for periodic moving average) are used when the moving average orders are null (when the
autoregressive orders are null).

Using a result of Shao and Lund (2004), it is not difficult to show that the class of weak PMA
processes is close under the linear transformation (2). However, it is not the case for the PAR class
since the aggregation of an AR process gives rise in general to an ARMA process. A key tool in the
study of PARMA processes is the following vector ARMA (VARMA) representation.

With Xr as defined by (1), εεεr = (εrs+1, ..., εrs+s)
′, μμμ = (μ1, ..., μs)

′, p∗X = max
1≤j≤s

{[(pj − j)/s] + 1},
q∗X = max

1≤j≤s
{[(qj − j)/s] + 1}, The s difference equations (3) that define a PARMA process can be

gathered in the following vector equation

(4) Φ0 (Xr −μμμ)−
p∗X∑
i=1

Φk (Xr−i −μμμ) = Θ0εεεr −
q∗X∑
j=1

Θjεεεr−j ,

where the s × s matrices Φi, i = 0, ..., p∗X and Θj , j = 0, ..., q∗X , are determined by the PARMA
coefficients in (3). The relations between the two sets of coefficients are given in Vecchia (1985). In
particular, Φ0 and Θ0 are lower triangular matrices with one on the diagonal. Using the lag operator
(BhXr = Xr−h), Equation (4) can be written as

(5) Φ(B) (Xr −μμμ) = Θ(B)εεεr

where Φ(z) = Φ0 − Φ1z − ... − Φp∗X zp∗X , and Θ(z) = Θ0 − Θ1z − ... − Θq∗X zq∗X , are respectively the
autoregressive and moving average matrix-valued polynomials.

The process {Xt} defined by (3) is said to be periodically stationary and invertible if and only
if the vector process {Xr} defind by (5) is stationary and invertible. Therefore, the periodic process
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(3) is stationary (invertible) if and only if the roots of det{Φ(z)} (det{Θ(z)}) are greater than one in
modulus.

For the transformed process {YT } defined by (2), we have the following result.

Proposition 1 Let {Xrs+m} be a periodically stationary and invertible PARMAs(p1, ..., ps;q1, ..., qs)
process and let {YrS+M} be the linear transformation of {Xrs+m} defined by (2). Then, the transformed
process {YrS+M} admits a periodically stationary and invertible PARMAS(p̃1, ..., p̃M , ..., p̃S ; q̃1, ..., q̃M , ..., q̃S)
representation, with p̃M ≤ PS and q̃M ≤ QS + M − 1 where P and Q respectively denote the degrees
of det{Φ(z)} and det{L(z)} where L(z) = Φ(z)∗Θ(z), and Φ(z)∗ is the adjoint of Φ(z).

4- The noise of an aggregated PARMA process

There is an important literature on the aggregation and systematic sampling of ARMA time
series. For a review, see Wei (2006, Chapter 20). However, very little attention was paid to the
structure of the corresponding noise process. Francq and Zaköıan (1998) give an example of an
ARMA process for which systematic sampling leads to an ARMA process that is not strong. As seen
in the following proposition, the corresponding noise is not strong in general even if the initial PARMA
process is strong.

Proposition 2 Let {Xrs+m} be a periodically stationary and invertible PARMAs(p1, ..., ps;q1, ..., qs)
process and let {YrS+M} be the aggregated process defined by (2). If there exists a measurable function
g : R→ R and a season M ∈ {1, ..., S} such that

(6) E [g(UrS+M−1)ηrS+M ] �= 0,

where {UrS+M−1} and {ηrS+M} are respectively the corresponding moving average component and the
noise in the PARMA representation of {YrS+M}, then the periodic white noise {ηrS+M} is neither a
strong white noise nor a martingale difference.

The sufficient condition (6) is valid for strong and weak PARMA processes. However, it seems
less likely to obtain a strong PARMA for {YT } if the initial process {Xt} is a weak PARMA. To
apply Proposition 2, it suffices to find a function g(.) such that (6) holds. The function g(x) = x2 is
convenient for computations.

5- Example

Let us consider the PARMAs(1;1) model defined by

(7) Xrs+m − φmXrs+m−1 = εrs+m − θmεrs+m−1, m = 1, ..., s.

The AR operator Φ(B) in the VARMA representation (5) is a s × s matrix in which the first row is
(1, 0, ..., 0,−φ1B) and the i-th row (i = 2, ..., s) is (0, ..., 0,−φi, 1, 0, ..., 0), 1 being in the i-th position.
It follows that det{Φ(z)} = 1− (

∏s
i=1 φi)z and the model is periodically stationary ⇔ |∏s

i=1 φi| < 1.
The MA operator has a similar form with the φi’s replaced by the θi’s and the model is invertible ⇔
|∏s

i=1 θi| < 1.
By Proposition 1, the aggregated process {YrS+M} with NS = s is PARMAS(1,1) and satisfies

the set of equations

YrS+M − φ̃MYrS+M−1 = ηrS+M − θ̃MηrS+M−1, M = 1, ...S.

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 3998 -



An explicit expression is obtained for the AR coefficients φ̃M in terms of the coefficients φm of (7).
However, the MA coefficients θ̃M and the variances σ̃2

M = E

[
η2

rS+M

]
are solution of a system of 2S

nonlinear equations determined by φm, θm and σ2
m = E

[
ε2
rs+m

]
, m = 1, ..., s.

To illustrate the sufficient condition (6), consider the PARMAs(1;1) model defined by (7) with
s = 2 and suppose that the noise {εt} is strong with E

[
ε2rs+m

]
= σ2

m, m = 1, 2. If N = 2, the
aggregated process {Yr = Xrs+1 + Xrs+2} is ARMA(1,1):

Yr − φ̃Yr−1 = ηr − θ̃ηr−1,

with φ̃ = φ1φ2, θ̃ = b(φ1, φ2, θ1, θ2, σ
2
1, σ

2
2) and a close form for b(.) was obtained. Furthermore,

assuming that φ1 = −φ2 = φ, θ1 = θ2 = 0 σ2
1 = σ2

2 = σ2, we find that

E

[
U2

r−1ηr

]
= E

[
ε3
t

]
G(φ)

where G(.) is a function of φ only. With asymmetrically distributed errors εt, the noise {ηr} of the
aggregated process is weak ⇔ G(φ) �= 0.

A Monte Carlo study was also conducted to investigate the effects of the dependence of the
errors on the standard estimation and diagnostic checking procedures. In particular, the standard and
modified Ljung-Box tests (Francq, Roy and Zaköıan, 2005) were compared. The space constraint does
not allow us to report the results here.
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RÉSUMÉ

Dans ce travail, nous étudions les effets de l’agrégation temporelle et de l’échantillonnage systématique
dans la classe des processus autorégressifs moyennes mobiles périodiques (PARMA). Nous vérifions
d’abord que la classe des PARMA faibles est fermée sous certaines transformations linéaires dont
l’agrégation temporelle et l’échantillonnage systématique. Par contre, ce résultat ne tient plus pour
les PARMA forts. Nous nous intéressons aussi au propriétés du bruit dans le processus agrégé. Nous
donnons une condition suffisante sous laquelle le bruit est ni fort ni une différence de martingale. Les
résultats théoriques sont spécialisés au cas PARMA(1,1). Des simulations de Monte Carlo ont été
faites afin d’analyser l’impact de l’agrégation temporelle sur les procédures standard d’estimation et
de validation.
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Abstract: In this study, we will show the application of the Box and Jenkins methodology in the 
representative series of the flow of trucks in the Uruguaiana’s Port comparing with the series of the flow of 
trucks in Foz of Iguaçu’ s Port in the period of January of 1999 the December of 2005 (half year later that the 
bridge of São Borja was built), since, both the ports are of free ticket. First, it was done a graphical analysis 
of the data, observing itself the behavior of the original data and the autocorrelation function. The best model 
found, was based on the analysis of graphs and statistical tests suggested by the Box e Jenkins methodology, 
which it was possible to determine the best model for the series of the Uruguaiana’s Port, 
SARIMA(1,1,1)(2,0,0), that presented 2,62% oh the Mean absolute percentage error (MAPE), gotten from 
the criterion of validation used and the best model for the series of the Foz of Iguaçu’s Port was 
SARIMA(0,0,1)(0,0,1), this presented an MAPE equal the 5,79%.  
Key-words: Time series, Box e Jenkins Models, Ports 
 
 
1 Introduction 
 Among the many examples of new quantitative methods created to simulate the reality and to do forecasts 
on the future stands out the methodology that Box and Jenkins (BJ) developed to analyze the behavior of 
variables through time series. The analysis of time series, according to the BJ’s methodology, has as main 
objective the forecast accomplishment. That methodology allows that futures value of the series are predict 
taking for base just their present and last values.   

The present work has as objective to do a comparative study among the two ports: Uruguaiana’s Port and 
Foz of Iguaçu’s Port, which possess free pass (without toll) in order to forecast the flow of load trucks that they 
accomplish the crossing in those ports. The Uruguaiana’s Port locates in Rio Grande do Sul (Brazil)  and it 
makes boundary with Argentina and Foz of Iguaçu’s Port is located in Paraná (Brazil) and it makes reference to 
the Triple Border among Brazil, Argentina and Paraguay.   

For the development of this study the monthly data will be analyzed regarding the flow of trucks in the 
period of January from 1999 to December of 2005 (half year after São Borja's bridge was built), being used the 
methodology of the BJ in order to do short term forecasts.   
 
2 Box and Jenkins methodology (BJ) 

One of fundamental characteristics of BJ models is to interpret a given time series as being an 
accomplishment of a process stochastic. Initially, the graph of the series is built for visual inspection of the 
stationarity. The average, variance, (FAC) and partial autocorrelations function (FACP)  { }kφ are calculated. 
The stage of the identification requests automatic computation and inspection of the estimated 
autocorrelations. It is convenient, also, to build the histogram of the observed values to give support to the 
normality hypothesis. To test the normality supposition obtaining the asymmetry coefficient and kurtosis 
coefficient associated to the observations of the series (BOX AND JENKINS, 1994).   

If the average of the series is different from zero, it should be worked with the deviated series, 
ZZZ~ tt −= . Like this, it is necessary to test if 0)Z(E t = being compared Z with deviation )Z(s  that it 

depends on the process. We also due to make calculations, for each identified model, the initial estimates of 
the parameters and of the variance of the white noise. The model that doesn't frame in the restrictions of 
admissibility - stationarity and inversibility - it must be, in beginning, to be rejected. Besides, it is necessary 
to test the significance of each parameter, comparing it estimate with the associated deviation.   

According to Gujarati (2004), the methodology of Box and Jenkins consists of four stages:    
Stage 1 - Identification: it consists of discovering the appropriate values of p, d and q.   
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Stage 2 - Estimation: After identifying the appropriate values of p and q, the next step it is to estimate the 
parameters in the model. Sometimes that calculation can be made with the simple square minimum, but 
sometimes we have to appeal to methods of no-lineal estimate (in the parameter).    
Stage 3 - Diagnostic Checking: After the choice of a model ARIMA in matter, and to estimate their 
parameters, it is verified if the chosen model adjusts the data reasonably well, because it is possible that 
another model ARIMA can carry out the same part. For this is that the ARIMA models of BJ is more one art 
than a science; it is necessary considerable ability to choose the correct ARIMA model. A simple test of the 
chosen model is that the { }ta  are white noise. That is, ta ’s uncorrelated random schocks with zero mean 
and constant variance. If the noise is not white, it is necessary to begin again, because this BJ is an iterative 
process.   
Stage 4 - Forecast: One of the reasons for the popularity of the BJ methodology is its success in doing 
forecast. In many cases, the forecasts obtained with that method are more reliable than obtained them with 
the traditional models of econometric, especially for short term forecasts.   

One of the criteria very used to validate adjusted model, with sights to the accomplishment of the 
forecasts, will be used MAPE (Average Absolute Percentile Error Criterion). The MAPE will be calculated 
from the forecasts a step to the front generated for each estimated model. (RUSSO, 2002).  
 
3. Analysis of the data 
a) Analysis of the serie of the flow of trucks in Uruguaiana’s Port -  After the collection of the data, first 
was constructed a representative graph of the series of the flow of the trucks, as shows the Figure 1: 

FIGURE 1 - Representative graph of the original series 

 

The Figure 1 shows the existence of the outlier it can be generated in reason of a present climatic 
factor in February of 2002. In this pick, 10.425 trucks accomplished the crossing in this port, this value this 
is very inferior to the average, that it was of 17.042 trucks in the period of 84 months and the standard 
deviation is equal 2893.  

Like the FAC and the in PACF there are points out of the control limits, it is necessary to look for a 
model with base in the Box and Jenkins’s methodology for the series to stay inside of the control limits. The 
found model was SARIMA(1,1,1)(2,0,0). The coefficients of autocorrelation functions of that model are 
presented in the Figure 2 and 3. 

  
 

 

 

 

 

 

FIGURE 2 – ACF of the model  FIGURE 3 -  PACF of the model 
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Função de Autocorrelação
Fluxo de Caminhões do Porto de Uruguaiana

 SARIMA (1,1,1)(2,0,0) 
(Standard errors are white-noise estimates)

Conf. Limit
-1,0 -0,5 0,0 0,5 1,0
0

 15 -,059 ,1005
 14 -,020 ,1013
 13 +,007 ,1021
 12 -,000 ,1028
 11 -,186 ,1036
 10 +,116 ,1044
  9 +,044 ,1052
  8 -,067 ,1059
  7 +,038 ,1067
  6 -,001 ,1074
  5 +,186 ,1082
  4 -,009 ,1089
  3 +,049 ,1096
  2 -,039 ,1104
  1 +,005 ,1111
Lag Corr. S.E.

0
 8,84 ,8858
 8,49 ,8623
 8,45 ,8130
 8,45 ,7494
 8,45 ,6729
 5,22 ,8757
 4,00 ,9114
 3,82 ,8726
 3,42 ,8433
 3,29 ,7712
 3,29 ,6548
  ,33 ,9878
  ,32 ,9557
  ,12 ,9400
  ,00 ,9650
  Q p

Função de Autocorrelação Parcial
Fluxo de Caminhões do Porto de Uruguaiana

SARIMA (1,1,1)(2,0,0) 
(Standard errors assume AR order of k-1)

 Conf. Limit
-1,0 -0,5 0,0 0,5 1,0
0

 15 -,099 ,1132
 14 -,018 ,1132
 13 +,010 ,1132
 12 -,010 ,1132
 11 -,180 ,1132
 10 +,066 ,1132
  9 +,059 ,1132
  8 -,093 ,1132
  7 +,058 ,1132
  6 -,007 ,1132
  5 +,191 ,1132
  4 -,011 ,1132
  3 +,049 ,1132
  2 -,039 ,1132
  1 +,005 ,1132
Lag Corr. S.E.
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As all of the coefficients are inside of the limits, it can be concluded that the model 
SARIMA(1,1,1)(2,0,0)  is representative for the real observations and it can be used to do forecast short term 
of the flow of trucks in the Uruguaiana’s Port. So much for the choice of the best model as for forecast, the 
MAPE was used. The Table 1 shows the observed values and predict values of the flow of trucks for the next 
five (5) months. 

 
TABLE 1 - Observed and predict values 

Month Predict Observed MAPE 
Aug/05 19924,27 20890 0,046229 
Sep/05 20478,37 20485 0,000324 
Oct/05 21097,19 22146 0,047359 
Nov/05 20858,23 21128 0,012768 
Dec/05 21154,91 21683 0,024355 

   2,620705 

The MAPE is 2,62%, proving that the found model is adapted to the data.  
 

b) Analysis of the series of the flow of trucks in Foz do Iguaçu’s Port - After the collection of the data, 
first was constructed a representative graph of the series of the flow of the trucks, as shows the Figure 4, with 
84 months: 

FIGURE 4 - Representative graph of the original 
series 

 
The average for this port is 10.765 trucks and the standard deviation is 1879. The Figure 4 shows that 

the real series has a great variability in the data, it has many outliers. Among these picks, two exist that 
represent a decrease exist much accentuated comparing with the average of the same period. These picks 
correspond to 6.696 trucks and 7.072 trucks related in February of 2002 and April of 2004, respectively, that 
it can also be caused due to a climatic factor.      

The points of FAC and the in PACF are out of the control limits. Being like this, it is necessary to 
look for a model that contains the lags inside of the control limits. The found model was 
SARIMA(0,0,1)(0,0,1). See the Figure 5 and 6. 

 

 

 

 

 

 

 

FIGURA 5 – ACF  FIGURA 6 - PACF 
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 SARIMA (0,0,1)(0,0,1) 
(Standard errors are white-noise estimates)

 Conf. Limit
-1,0 -0,5 0,0 0,5 1,0
0

 15 -,029 ,1000
 14 +,016 ,1008
 13 -,014 ,1016
 12 +,061 ,1023
 11 +,092 ,1031
 10 -,073 ,1038
  9 +,013 ,1046
  8 -,061 ,1053
  7 -,098 ,1061
  6 -,016 ,1068
  5 +,099 ,1075
  4 -,003 ,1083
  3 +,145 ,1090
  2 +,366 ,1097
  1 +,136 ,1104
Lag Corr. S.E.

0
18,23 ,2508
18,14 ,2003
18,12 ,1531
18,10 ,1127
17,75 ,0877
16,95 ,0755
16,46 ,0579
16,44 ,0365
16,11 ,0241
15,25 ,0184
15,23 ,0094
14,39 ,0062
14,38 ,0024
12,61 ,0018
 1,51 ,2196
  Q p

Função de Autocorrelação Parcial
Fluxo de Caminhões do Porto de Foz do Iguaçu

      SARIMA (0,0,1)(0,0,1) 
(Standard errors assume AR order of k-1)

 Conf. Limit
-1,0 -0,5 0,0 0,5 1,0
0

 15 +,013 ,1125
 14 -,134 ,1125
 13 -,066 ,1125
 12 +,116 ,1125
 11 +,030 ,1125
 10 -,025 ,1125
  9 +,164 ,1125
  8 -,074 ,1125
  7 -,154 ,1125
  6 +,032 ,1125
  5 +,039 ,1125
  4 -,174 ,1125
  3 +,076 ,1125
  2 +,354 ,1125
  1 +,136 ,1125
Lag Corr. S.E.
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As all of the coefficients are inside of the limits, it can be deduced that the model 

SARIMA(0,0,1)(0,0,1) it is representative to the real data and it can be used to do short term forecast to the 
flow of trucks of Foz of Iguaçu’s Port. So much for the choice of the best model as for forecast the MAPE 
was used.  
 

TABLE 2 - Valores observados e previstos 
Month Predict Observed MAPE 
Aug/05 10201,68 10189 0,001245 
Sep/05 10331,03 10571 0,022701 
Oct/05 10500,34 10905 0,037108 
Nov/05 10258,02 8783 0,167940 
Dec/05 10216,02 10877 0,060769 

   5,795238 

The MAPE is 5,79%, proving that the found model is adapted to the data.  
 

4 Conclusions 

After the analysis of the behavior of the real data and of ACF and PACF, the model found for the 
series flow of trucks of Uruguaiana’s Port was SARIMA(1,1,1)(2,0,0) and for the series of Foz of Iguaçu’s 
Port was SARIMA(0,0,1)(0,0,1). It is important to stand out that for the choice of the best model and for for 
to do the forecast, the MAPE was used through which was obtained 2,62% for SARIMA(1,1,1)(2,0,0) and 
5,79% SARIMA(0,0,1)(0,0,1). 

Starting from the analysis of the data it was verified that, the average of Uruguaiana’s Port (17.042 
trucks) it is larger than the one of Foz of Iguaçu’s Port (10.765 trucks). This happens for the fact of 
Uruguaiana’s Port, if compared with Foz of Iguaçu’s Port, it has a distance (in km) smaller for the load 
trucks that leave of Rio Grande’s Harbor for other countries as Chile. In other words, the financial expenses 
of the trucks that leave Rio Grande’s Harbor and they accomplish the crossing for Uruguaiana’s Port are 
smaller than the expenses of those trucks that leave Rio Grande’s Harbor and they accomplish the crossing 
for Foz of Iguaçu’s Port. 

However, we can be affirmed that the found model is adapted for both series, because it maintains the 
data inside of the control limits. Therefore, it is possible to verify that the Box and Jenkins methodology 
satisfied the requirements for the choice of the best model for the series flow of trucks of the ports.   
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Universitätsstrasse 10
78457 Konstanz, Germany

Introduction

Modelling dependence in volatility has become an essential part of time series analysis in fi-
nance, with direct implications for prediction, risk assessment and portfolio management. An
enormous number of models with conditional heteroskedasticity have been proposed and ap-
plied in practice, most of them being variations of the original ARCH and GARCH processes
introduced by Engle and Bollerslev. More recently, modifications of these models have been pro-
posed to include the possibility of slowly decaying correlations (long memory) in volatility. This
was motivated by the observation that often empirical autocorrelations in squared log-returns
X2

t = (log Yt/Yt−1)2 persist over long stretches of time. We will concentrate on the linear ARCH
(LARCH) model which was introduced by Robinson (1991). A LARCH process (Xt, σt)t∈Z is
defined by the equations

Xt = εtσt(1)

σt = a +
∞∑

j=1

bjXt−j ,(2)

where εt are independent identically distributed random variables with E(εt) = 0, E(ε2
t ) = 1,

a �= 0. Giraitis et al. (2000) show that, if b = (
∑∞

j=1 b2
j )

1/2 < 1, a strictly and second order
stationary solution exists. Further probabilistic properties of the model were studied by Giraitis
et al. (2004) and Berkes and Horvath (2003).
The process Xt is uncorrelated, and, if bj ∼j→∞ cjd−1 for some d ∈ (0, 1/2) and E(X4

t ) < ∞,
then we have long memory in volatility characterized by

γσ(k) = cov(σt, σt+k) ∼
|k|→∞

c1|k|2d−1

and

γX2(k) = cov(X2
t , X2

t+k) ∼
|k|→∞

c2|k|2d−1,

and the same can be shown for the leverage covariance γL(k) = cov(Xt, σ
2
t+k).

Statistical properties of M -estimators for a location parameter for LARCH processes are pro-
vided by Beran (2006). The main purpose of our work is the problem of estimating the pa-
rameters a and (bj)j≥1 of a LARCH process which has not been considered until now. We will

1
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concentrate on conditional maximum likelihood estimation, a method often used for models with
conditional heteroskedasticity.

The Model

We assume that there are functions bj(·) : Θ→ R representing the series of coefficients depending
on a vector θ, which is element of a compact subset Θ ⊂ R

r, and that there is a unique θo with
bj(θo) = bj for all j ≥ 1. Consider for example the following class of models parameterized by
θ = (a, d, α), with α = (α1, . . . , αp) ∈ R

p, motivated by the linear fractional ARIMA model,

σt = a +
∞∑

j=1

bj(θ)Xt−j = a + σθ(1−B)−dα(B)Xt−1.

Here, B denotes the backshift operator, α(z) = 1+
∑p

j=1 αjz
j and (1−z)−d =

∑∞
j=0 βjz

j , where

βj =
Γ(j + d)

Γ(d)Γ(j + 1)
, j ≥ 0.

The constant σθ has to be sufficiently small to ensure
∑∞

j=1 b2
j (θ) < 1. Then, for 0 < d < 1/2,

we have bj ∼ cjd−1 and σt and X2
t admit long memory.

Note that the given dynamical structure in equation (2) allows to reconstruct the unobservable
conditional variance σt from the infinite past (Xs)s≤t: Define for any admissible value of θ

σt(θ) := a(θ) +
∞∑

j=1

bj(θ)Xt−j

and

σ̄t(θ) := a(θ) +
t−1∑
j=1

bj(θ)Xt−j .

Then, we have σt(θo) = σt for the true θo. Under the assumption of Gaussian εt the following
approximate maximum likelihood estimator of θ can be defined:

θ∗n := arg min
θ∈Θ

L∗
n(θ),(3)

where

L∗
n(θ) =

n∑
t=1

X2
t

σ2
t (θ)

+ lnσ2
t (θ).(4)

Given a finite sample, σt(θ) has to be replaced by the proxy σ̄t(θ) for the actual computation.
Since in general εt is not assumed to be normal, θ∗n is called pseudo-maximum likelihood esti-
mator (PMLE). In the case where (Xt, σt) is the original ARCH(1) or GARCH(1,1) process the
asymptotic properties of θ∗n have been investigated in Lee and Hanson (1994) and Lumsdaine
(1996) and were generalized for GARCH(p, q) and ARCH(∞) processes by Berkes et al. (2003)
resp. Robinson and Zaffaroni (2006). In our case the techniques can’t be applied immediately:
On the one hand the coefficients (bj)j≥1 needn’t be absolutly summable, since we allow for
long memory situations, and on the other hand, σt may become negative for a LARCH process
and hence dealing with the denominators in the conditional log-likelihood function (4) and its
derivatives becomes difficult.

2
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To avoid the latter problem, we propose the following estimator obtained by a small modification
of (4). Define

θ̌n := arg min
θ∈Θ

Ln(θ)(5)

with

Ln(θ) =
n∑

t=1

X2
t + ε

σ2
t (θ) + ε

+ ln(σ2
t (θ) + ε),(6)

where ε > 0 is a small but positive constant. Similarly, the computable version of the estimator
is defined by θ̂n := arg minθ∈Θ L̄n(θ), where

L̄n(θ) :=
n∑

t=1

X2
t + ε

σ̄2
t (θ) + ε

+ ln(σ̄2
t (θ) + ε).

Main Results

We will investigate asymptotic statistical properties of θ̂n and θ̌n under general conditions on mo-
ments of εt and for FARIMA-type and related coefficients. The first step is to show consistency:
It turns out that we have almost surely

θ̌n → θo as n→∞

and further
θ̂n → θo as n→∞,

where in the latter case convergence holds in L1 and in probability. Next, under technical
assumptions on derivatives of bj(·), the asymptotic distribution of the estimators is derived in
the short- and long-memory case respectively.
Define the matrices

Gε = E

(
σ4

t (E(ε4
t )− 1)

(σ2
t + ε)2

4σ2
t

(σ2
t + ε)2

σ̇tσ̇
T
t

)
and

Hε = E

(
4σ2

t

(σ2
t + ε)2

σ̇tσ̇
T
t

)
,

where σ̇t = ∂
∂θσt denotes the gradient of σt and σ̇T

t the transposed vector. Then, for every ε > 0,

n1/2(θ̌n − θo)→d N(0,H−1
ε GεH

−1
ε ), as n→∞.

This means that θ̌n is asymptotically normal with the usual rate of convergence. Moreover, we
show that Hε and Gε may be consistently estimated by their empirical equivalents. Finally, we
investigate when θ̌n and θ̂n are asymptotically equivalent, i.e. |θ̌n − θ̂n| = op(n1/2).
Letting ε tend to zero, we get

H−1
ε GεH

−1
ε → (E(ε4

t )− 1)H−1
0 ,

where H0 = 4E
(

σ̇tσ̇T
t

σ2
t

)
. This means that in the case where E(σ−2

t ) = ∞, the asymptotic co-
variance matrix tends to zero if the conditional log-likelihood (6) approaches the likelihood of
the PMLE (4), indicating a faster rate of convergence than n−1/2 for the PMLE. Moreover we
get, formally, the same asymptotic variance as for GARCH(p, q) and ARCH(∞) models.

3
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In contrast we will show that estimators obtained by moment matching, without taking the
dynamical structure of LARCH processes into account, are asymptotically inefficient compared
to the estimators defined above. The reason is the faster growth of the variance of partial sums∑n

t=1 X2
t .

A small simulation study will demonstrate the asymptotic properties of the estimators for dif-
ferent distributions of the innovations εt and different parameterizations.
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Berkes, I., Horvàth, L. and Kokoszka, P. (2003). GARCH processes: structure and estimation.
Bernoulli, 9:201-228.

Giraitis, L., Leipus, R., Robinson, P.M. and Surgailis, D. (2004). LARCH, leverage, and long
memory. J. Fin. Econometrics, 2:177-210.

Giraitis, L., Robinson, P.M. and Surgailis, D. (2000). A model for long memory conditional
heteroskedasticity. Ann. Appl. Probab., 10:1002-1024.

Lee, S. and Hanson, B. (1994). Asymptotic theory for the GARCH(1,1) quasi-maximum likeli-
hood estimator. Econometric Theory, 10:29-52.

Lumsdaine, R. (1996). Consistency and asymptotic normality of the quasi-maximum likeli-
hood estimator in IGARCH(1,1) and covariance stationary GARCH(1,1) models. Econometrica,
64:575-596.

Robinson, P.M. (1991). Testing for strong serial correlation and dynamic conditional het-
eroskedasticity in multiple regression. J. Econometrics, 47:67-84.

Robinson, P.M. and Zaffaroni, P. (2006). Pseudo-maximum likelihood estimation of ARCH(∞)
models. Annals of Statistics, 34:1049-1074.

RÉSUMÉ

Nous discutons le problème d’estimation des paramètres dans un modèle LARCH. On pro-
pose une modification de l’estimateur du maximum de vraisemblance et on discute des résultats
asymptotiques.
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1. Introduction 
 

Monthly cyber shopping mall survey has been performed by KNSO since Aug. 2000. In this work, we 
try to trend analysis of number of cyber shopping mall in South Korea. ARIMA, exponential smoothing and 
time series regression model are applied for the analysis. We compare to the three time series models in the 
sense of model selection criteria and cross validation checks. 

In chapter 2, we describe the cyber shopping mall survey in South Korea. In chapter 3, we show the 
data for the analysis and time plot. Finally in chapter 4, we compare with three time series models. 

 

2. Outline of the cyber shopping mall survey 
  

An electronic transaction is the sale or purchase of goods or service, whether between business, 
households, individuals, government, and other public or private organization. KNSO defines cyber shopping 
mall which good and service are traded by mainly individuals or household via Internet.  

The purpose of the cyber shopping mall survey is collecting detailed data to capture the size, growth 
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and nature of E-commerce in South Korea, thereby to serve as a useful reference for the policy-making, 
business management and research activities. The coverage of cyber shopping mall survey are all merchant 
which operated their shopping mall mainly traded B2C(business to customer) on Internet. Questionnaire 
consists of 8 items on basic information and 8 items on intensity and infrastructure of E-commerce(KNSO, 
2006)  

 

3. Data and time plot 
      

Table 1 shows the number of cyber shopping mall in South Korea. We split the data into two parts. One 
is training that is from Jan.2001 to Jun.2006. The other is hold out for cross validation checks in the analysis 
that is from Jul.2006 to Jan.2007. Figure 1 is the time plot of training data. 

 
Table 1. Data

Year 
Month 

2001 2002 2003 2004 2005 2006 2007 

1 1,865 2,212 2,996 3,389 3,508 4,371 4,529 
2 1,867 2,276 3,082 3,415 3,525 4,389  
3 1,915 2,334 3,188 3,396 3,572 4,403  
4 1,951 2,365 3,242 3,411 3,627 4,421  
5 1,979 2,372 3,289 3,459 3,768 4,454  
6 1,998 2,427 3,320 3,474 3,856 4,472  
7 2,026 2,491 3,339 3,474 4,005 4,478  
8 2,032 2,578 3,343 3,437 4,051 4,490  
9 2,072 2,657 3,350 3,439 4,158 4,504  
10 2,105 2,769 3,353 3,461 4,229 4,518  
11 2,135 2,874 3,352 3,478 4,322 4,524  
12 2,166 2,896 3,358 3,489 4,355 4,531  

Figure 1. Time Plot  

 
4. Comparison of time series models  
 
4.1 ARIMA Model 
ARIMA(p,d,q) is applied for the analysis. AR(4) and MA(4) are considered in the sense of correlogram(Box 

and Jenkins, 1970). We select the best 10 models among the all possible combination focused on the model 
selection criteria of AIC(Akaike, 1976), SBC(Schwarz, 1978) and SE statistics. From the table2, 
ARIMA(2,1,4) is recommended for the analysis. Figure 2 is the result of ARIMA(2,1,4). On the other hand 
Figure 3 is the result of exponential smoothing and, Figure 4 is the result of time series regression model. 
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Table 2. ARIMA(p,d,q) candidate.

 AIC SBC SE  AIC SBC SE 

ARIMA(2,1,4) 618.11 633.99 26.84 ARIMA(2,1,1) 623.39 632.09 28.40 
ARIMA(4,1,2) 618.26 631.31 26.92 ARIMA(4,1,1) 625.42 636.29 28.64 

ARIMA(4,1,3) 619.20 632.24 27.12 ARIMA(2,1,2) 625.51 635.21 29.09 

ARIMA(3,1,1) 620.59 629.29 27.80 ARIMA(3,1,2) 626.94 635.63 29.19 

ARIMA(1,1,4) 621.81 630.51 28.06 ARIMA(1,1,2) 627.98 636.68 29.42 

 

Figure 2. Result from ARIMA(2,1,4). 
 

Figure 3. Result from exponential smoothing 

Figure 4. Result from time series regression model 
 

 
In addition, we try to compare the three models in the view of cross validation check based on MSE. 

The results of cross validation check is as Table 3. Following the results, time series regression model seems 
to be the recommended model. Figure 5 shows the forecasting performance of three time series models. Time 
series regression model shows the precise results among all of them. 
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Table 3. Cross Validation Check

 
Observed  

Value 
ARIMA 

Exponential  

Smoothing 

Time series 

Regression 

Jul.2006 4478 4500.36 4548.23 4481.88
Aug.2006 4490 4514.42 4592.32 4490.65

Sep.2006 4504 4543.87 4636.41 4499.78

Oct.2006 4518 4575.97 4680.49 4511.16

Nov.2006 4524 4601.65 4724.58 4526.61

Dec.2006 4531 4626.12 4768.67 4547.85

Jan.2007 4529 4660.24 4812.76 4576.44

MSE 5478.65 337978.86 374.62

Figure 5. Forecasting performance  
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Introduction

Long records of mean sea-level from coastal tide gauge stations can provide valuable information
on regional climatic and oceanographic variability. The analysis of such records is usually focused on
the determination of linear trends by fitting a linear model through ordinary least squares to the
sea-level observations (e.g. Maul and Martin, 1993; Woodworth et al, 1999). This approach based on
simple linear regression only estimates the rate of change in the mean of the distribution of sea-level
observations. However, sea-level variability can include not only changes in the central tendency but
also changes in the spread and shape of the sea-level distribution over time.

Quantile regression (Koenker & Basset, 1978) allows to extend the classical linear regression
framework of estimation of conditional mean models to the estimation of conditional quantile models,
thereby providing a more complete picture of the analysed dataset.

In this study, we examine sea-level variability in the southern Baltic Sea from the analysis of
long tide gauge records through quantile regression.

Data and Methods

Tide gauge data are obtained from the Permanent Service for Mean Sea Level (Woodworth &
Player, 2003). , from January 1856 to December 2004 (Figure 1).Monthly sea-level records from two
tide gauge stations in the southern Baltic Sea with very long and continuous time series are considered:
Wismar in the port of Wismar, and Warnemunde, in the Warnow estuary

Quantile regression was developed in econometrics as an extension to the linear model for es-
timating rates of change not only in the conditional mean but in all parts of the distribution of the
response variable. Given a linear model relating a response variable Y to a predictor variable X,
Y = f(X, β) = βX, the ordinary least squares estimate of the mean of the response variable Y condi-
tional on X E[Y |X] is obtained by minimising a sum of squared residuals Σi(yi − f(X, β))2. Likewise,
the quantile of the response variable Y conditional on X can be obtained my minimising a sum of
asymmetrically weighted absolute residuals, Σiρτ (yi − f(X, β)), where ρτ is the tilted absolute value
function (Koenker & Hallock, 2001).

Here, we compute sea-level slopes at Wismar and Warnemunde for different quantiles through
quantile regression using the R package quantreg (Koenker, 2006).
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Figure 1: map of tide gauge locations, southern Baltic Sea.

Figure 2: analysed time series of monthly sea-level values.

Results

The time series of monthly mean sea-levels at Wismar and Warnemunde (Figure 2) are analysed
through quantile regression. For each time series, consecutive time windows of 30-years length are
considered: from 1856 1o 1885, 1886 to 1915, 1916 to 1945, 1946 to 1975, and 1976 to 2004. For
each separate period, the quantile regression model is fitted using a modified version of the Barrodale
and Roberts algorithm (Koenker & D’Orey, 1987) for quantiles 0.1, 0.25, 0.5, 0.75 and 0.9. Confidence
intervals for the estimated quantile regression coefficients are obtained by computing a Huber sandwich
estimate using a local estimate of the sparsity. The quantile regression results are displayed in Figures
3 and 4 for Warnemunde and Wismar time series, respectively. Slope estimates are more precise for
quantiles 0.25, 0.5 and 0.75, since sampling variation increases away from the centre of the distribution
A variant of the Wald test (Koenker & Bassett, 1982) is used to test the null hypothesis of a linear
location shift model, i.e that all the conditional quantile functions have the same slope parameters,
with deviations among the quantile regression slope estimates due only to sampling variation. The
results of the joint test of equality of slopes based on the Wald test statistic for quantiles 0.1, 0.25
and 0.75 are displayed in Table 1. For all analysed periods the null of equality of slopes cannot be
rejected, indicating that it is not possible to exclude sampling variation as the cause of the different
values obtained for the slope estimates at different quantiles.

Table 1: p-values from the Wald test for the joint equality of quantile slope estimates

Warnemunde Wismar
1856-1885 0.83 0.31
1886-1915 0.15 0.88
1916-1945 0.05 0.14
1946-1975 0.75 0.34
1976-2004 0.22 0.27
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Figure 3: quantile regression slopes - Warnemunde record.

Figure 4: quantile regression slopes - Wismar record.

Conclusions

The quantile regression analysis of sea-level time series from Warnemunde and Wismar shows
that the slopes determined for the two records exhibit a distinct temporal pattern over the 5 periods of
30-years. While sea-level trends at Warnemunde are higher for the 1856-1915 and 1976-2004 periods,
at Wismar sea-level slopes are higher (> 2 mm/yr) for the first 60 years, from 1856 to 1915, and lower
(< 2 mm/yr) for the next 3 periods of 30 years, from 1916 to 2004. Furthermore, the structure of
these tide gauge records is homogeneous across all quantiles, since differences between quantile slope
estimates can be attributed to sampling variation. Thus, the location-shift hypothesis corresponding to
the familiar homogeneous variance regression model associated with ordinary least squares regression
cannot be rejected, and there is no evidence for changes in the spread or shape of the sea-level
distributions over time.
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1 Introduction

In this work we define a class of stochastic processes and make statistical inference about some of their
characteristics. The fractional part univariate autoregressive process FPAR(1), X(t+1) = fr(aXt +
εt+1) where εt, t ∈ IN, are i.i.d. random variables is studied here and the estimation of the parameter
a is performed assuming the distribution of εt is exponential with parameter θ. An important feature
of these processes which turns maximum likelihood and simple least squares estimations not feasible
is discussed. This feature is a consequence of lemmas 3.1 and 3.2.

This induces the use of priors or penalty functions to estimate the parameters a and θ.
The fractional part functional autoregressive process FPFAR(k) is also discussed and a non-

parametric estimation is suggested.
This article is organized as follows: In section 2 we present some notations, in section 3 we

state some lemmas, in section 4 the novel concept of fractional part process is defined, in section 5 we
estimate the parameter of a FPAR(1) process and in section 6 we present a non parametric inference
for multivariate fractional part functional autoregressive processes. Concluding remarks are presented
in section 7.

2 Some Notations

Let X be a real random variable. We will denote fr(X) the fractional part of X. If fX is the
probability density of X then we will write f∗X =ffr(X), the probability density of the fractional
part of X. When dealing with vectors, fractional parts are taken componentwise. Let {ψη|η ∈ I}
be an orthonormal basis of L2([0, 1]n). The expansion of a function f : [0, 1]n → IR will be written
f =

∑
η∈I

αηψη with αη =
∫

[0,1]n
fψηdl where l is the Lebesgue measure.

3 Some Lemmas

Lemma 3.1 For all N ∈ IN, N ≥ 2, there is B ⊂ [0, 1)N , l(B) = 1, such that for all (x1, ..., xN ) ∈ B
and for all ε > 0 there are infinitely many values aj ∈ IR+, j ∈ IN, limj→∞aj = ∞, for which

N−1∑
i=1

|xi+1 − fr(ajxi)| < ε.

Lemma 3.2 For all N ∈ IN, N ≥ 2, there is B ⊂ [0, 1)N , l(B) = 1, such that for all (x1, ..., xN ) ∈ B
and for all ε > 0 there are infinitely many values aj ∈ IR+, j ∈ IN, limj→∞aj = ∞, for which

N−1∑
i=1

fr(xi+1 − ajxi) < ε.
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Lemma 3.3 Let Y be a real random variable with density fY . Then for all y ∈ [0, 1)

f∗Y (y) =
∑
z∈ZZ

fY (y + z)

Lemma 3.4 If Y ∼ Exp(θ), i.e. fY (y) = θe−θy1{y≥0} and c ∈ IR then

f∗(Y +c)(y) =
θ

1− e−θ
e−θfr(y−c).

Lemma 3.5 If Y ∼ Exp(θ), and c ∈ IR then

IE(fr(Y + c)) = fr(c) +
1
θ
− e−θfr(−c)

1− e−θ

Lemma 3.6 If Y ∼ Exp(θ), i.e. fY (y) = θe−θy1{y≥0} and C ∼ U [0, a), a ∈ IR∗,i.e.fC = 1
|a|1[0,a) are

independent random variables then we have

f∗(Y +C)(w) =
1
a

{
e−θw

[
1− e−θ(a+da−we)

1− e−θ

]
− da− we1{a ≥ w}

}
for a > 0

and

f∗(Y +C)(w) =
1
a

{
e−θw

[
1− e−θ(a+da−we)

1− e−θ

]
+ da− we

}
for a < 0.

4 Fractional Part Processes

Let AB be the set of functions from B to A. Its elements will be denoted {ab}b∈B.

Definition 4.1 Let C be a set, A : C → Part(C) and B : C → Part(C) be functions from C to the
parts of C. Assume that for all t ∈ C, t /∈ A(t).

A [0, 1)d-valued stochastic process {Xt|t ∈ C} is a fractional part process if and only if it can
be written in the form: for all t ∈ C

Xt = fr(Ft({Xk}k∈A(t), {εk}k∈B(t)))

where, for each t, Ft is a function Ft : ([0, 1)d)A(t)× (IRd)B(t) → IRd and for all k ∈ C, εk is a random
vector on IRd.Here fr stands for the fractional part of a vector:fr((x1, ...xd)) = (x1 − bx1c , ..., xd −
bxdc).

If C = IR, A(t) = {k ∈ IR|k < t} and B(t) = {k ∈ IR|k ≤ t} we have the continuous time
fractional part process

{Xt|t ∈ IR}, Xt = fr(Ft({Xk}k<t, {εk}k≤t))

and if C = ZZ or IN we have the discrete time fractional part process:

{Xt}t∈ZZ, Xt = fr(Ft({Xk}k≤t−1, {εk}k≤t)).

To time series models like AR, ARMA, ARIMA, ARFIMA, ARCH, GARCH, one can naturally
associate fractional part processes.
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5 Estimation for FPAR(1) processes

In this section we address the inference of univariate FPAR(1) processes. We will assume the noise
{εt}t∈IN is i.i.d.,εt ∼ Exp(θ). Suppose we have observed values X1, ..., XN of an univariate FPAR(1)
process. Least squares estimation implies the minimization of

N−1∑
i=1

(xi+1 − IEfr(axi + εt+1))2

and the first lemma guaranties that this quantity can be made as small as we want by a suitable choice
of a and θ as proves the following:

Theorem 5.1 Suppose x = (x1, ..., xN ) ∈ [0, 1)N is a realization of a FPAR(1) process, with exponen-
tial noise εt ∼ Exp(θ), in generic position, i.e. for x ∈ B ⊂ [0, 1)N , l(B) = 1,as given by lemma1.Then
the sum of squared errors

N−1∑
i=1

(xi+1 − IEfr(axi + εt+1))2

can be made as small as we want by letting θ →∞ and by suitably choosing arbitrarily large values of
a.

Maximum likelihood implies the maximization of

N−1∏
i=1

θe−θfr(xi+1−axi)

1− e−θ

and now the second lemma guaranties that the likelihood can be made as large as we want by taking
suitable values of a and letting θ →∞.

Theorem 5.2 Suppose x = (x1, ..., xN ) ∈ [0, 1)N is a realization of a FPAR(1) process, with expo-
nential noise εt ∼ Exp(θ), in generic position, i.e. for x ∈ B ⊂ [0, 1)N , l(B) = 1,as given by lemma2.
Then the likelihood function is given by

L(a, θ, x) =
θN−1

(1− e−θ)N−1
e−θ

∑N−1

i=1
fr(xi+1−axi)fX1|a,θ(x1|a, θ)

and can be made as large as we want, a.s.IPX1|a,θ, by suitably choosing arbitrarily large values of a
and letting θ →∞.

These facts about least squares and maximum likelihood revel the important feature of FPAR
processes that is not found in their standard AR counterparts; that is, we can always perfectly fit,
not to say over fit, them in the sense of zero square error or infinite likelihood by suitably choosing
the parameter a. Note that this perfect fitting is possible under allowance of arbitrary large suitable
choice of a expenses. The arbitrarily large choice of θ degenerates the distribution of εk. If even
in the very simple case of FPAR(1) processes this perfect fitting characteristic,that can in fact be
a problem, is present, how could we make inference about fractional part processes? Limiting the
values of a and θ is a natural solution. We can do this by summing a penalty function to the sum of
squares or assuming an appropriate prior for the parameter (a, θ) that could cope with the likelihood
increase without bound. Observe that assuming such priors or penalty functions may be viewed as
equivalent procedures, that is, they impose restriction in choosing large values of a and θ and it is
natural to expect that to a prior there correspond some penalty functions and vice-versa that will lead
to the same parameter estimates, although choosing priors seems to be more comfortable as bayesian
theoretical framework supports this choice. The following theorem shows that the uniform distribution
is a suitable choice for the unknown distribution fX1|a,θ.

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 4017 -



Theorem 5.3 Let X be the set of random variables with values on [0, 1) and density function in
L2([0, 1)). Let F : X → X , X → fr(aX + ε), where a ∈ IR∗ and ε ∼ Exp(θ) is independent of X.
Then the only fixed point of F is the uniform random variable on [0, 1) and it is a global attractor of
the dynamical system X × IN → X ,(X,n) → Fn(X).

The fact that the uniform distribution is a global attractor has the following consequence: if we
assume that the process has been developing from sufficiently long past till the first time we measure
it, we would expect that fX1|a,θ is near the uniform distribution. Observe that taking fX1|a,θ uniform
also corresponds to the non informative prior choice for fX1|a,θ. Given a penalty function P(a, θ), the
penalized least squares estimators of a and θ are given by

argmina,θ

(
N−1∑
i=1

(xi+1 − fr(axi)−
1
θ

+
e−θfr(−axi)

1− e−θ
)2 + P(a, θ)

)
.

Maximum posterior probability estimation may be performed by solving

argmaxa,θ

(
θN−1

(1− e−θ)N−1
e−θ

∑N−1

i=1
fr(xi+1−axi)πA(a)πΘ(θ)

)

where the priors satisfy limθ→∞
θN−1

(1−e−θ)N−1πΘ(θ) = 0 and lima→∞πA(a) = 0. A interesting case is

πΘ(θ) = αe−αθ, α > 0.

6 Estimation for multivariate FPFAR(k) processes

Multivariate fractional part functional autoregressive processes of order k are written:

Xt = fr(F (Xt−1, ..., Xt−k) + εt)

where, for all t, Xt ∈ [0, 1)d and εt ∈ IRd and F = (F1, ..., Fd) with Fi ∈ L2([0, 1)kd) for all 1 ≤ i ≤ d.
We can estimate F using its expansion and then estimating its coefficients. Using suitable finite
subsets Ki ∈ I we can approximate Fi, for each i, by Fi =

∑
η∈Ki

βi,ηψη. The penalized least squares

estimators of the truncated series coefficients are then obtained from

argminβi,η ,θi

 N−1∑
j=k+1

d∑
i=1

(Xj,i − fr(
∑

η∈Ki

βi,ηψη(Xj−1,i, ..., Xj−k,i) + εj,i))2 + P(((βi,η)η∈Ki , θi)1≤i≤d)

 .
Maximum posterior probability estimation can be similarly performed.

7 Comments

Fractional part processes and their standard counterparts preset different behavior in what refers to
their inference. It seems that when the magnitude of the noise can be made arbitrarily small there
will be over fitting that demands priors or penalty functions to obtain realistic estimates.
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The homoskedasticity of random variable is one of the important assumptions of 

standard linear regression model. It is that variance of ui is the same constant for each xi.

When this assumption can’t be satisfied, the variances of ui are not a constant any more but 

different data in the different observations. That is, 

      
2( | )i i iVar u x constant (i 1 2 …      (1))n

So the random item ui has homoskedasticity. 

Because the economic phenomenon is anfractuous, the assumption of homoskedasticity 

always don’t accord with the fact situation, and lots of heteroskedasticity exist. 

If we use OLS directly when heteroskedasticity exists, there will be some bad 

aftereffects, for example, the variance of parameter estimation on the big side, significance 

testing distortion, precision of prediction fall. 

The basic thread of removing the heteroskedasticity is to transform the former model, 

and then the model transformed will be Heteroskedastic. 

When the situation is the variance 2

i
 known or can be estimated, we should use the 

weighted least squares WLS to remove the heteroskedasticity. When choose weight 

as 2

1
i

i

w , the essential of weighted least squares method is transforming the former 

model by 
i
 which is square root of variance. 

when using WLS in practice, we always choose the reciprocal of independent variable’s 

power as weight to the former model that is 
1

i m
i

w
x

But which one is the appropriate value for m on earth, it needs to pass the estimate. 

SPSS software provides the function of weight estimate. Run SPSS, click Analyze

Regression Weight Estimate, pop-up dialog box, name dependent variable and 

independent variable, and then select x into the weight variable box. The default data of m 

in system are that taking one between -2 to 2, at interval of 0.5.Of course, user can define 

the range and interval of data personally. The system inputs these data one by one and 

1
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computes logarithmic Likelihood function value. The optimal weight is which 

corresponding to max value of Logarithmic Likelihood function. 

  For example, there are some sample observation data of save(y) and income(x).Try to 

make heteroskedasticity analysis and establish a linear regression model of save(y) on 

income(x).

    We can see from the output result that we choose 2 for m at last (because it 

corresponds to the biggest value of logarithmic likelihood function which is 

209.972023).So the weight is,
2

1
i

i

w
x

 .

From the output result, we see the reverted 

estimate result of the weighted least squares method 

is, .But in our mind, the weight which can remove the 

heteroskedasticity is the optimal weight that we exactly need.Now take data for example to 

explain the process of heteroskedasticity analysis by using Eviews software. 

ˆ 730.876586 0.088851y x

1 Parameter Estimate 

Key in Ls y c x in command column and enter, then get the regression result like that: 

Y = -655.9599555 + 0.08535215381*X 

2 HeteroskedasticityTest 

1 Diagramming Method 

The approach to draw scatter chart in SPSS is: click Quick Graph, input the variable 

name of x-axis and y-axis and click OK, then select scatter diagram and click OK. Then we 

get the scatter chart as figure 1,figure 2, figure 3. 

The approach to draw residual serial plot in SPSS is: beat Resid button in equation 

window, then we get the residual serial plot as figure 4. 

We can see from these fore figures that the model has progressive increase in 

heteroskedasticity. 

Figure 1 scatter chart of x and y        Figure 2 scatter chart of x and residuals 

2
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Figure 3 scatter chart of forecast values and residuals    Figure 4 residual plot 
2 Glejser Test:output result  

Dependent Variable: E                   Method: Least Squares 

Sample: 1 31                          Included observations: 31

Variable Coefficient Std. Error t-Statistic Prob.

C 70.84515 31.26983 2.265607 0.0311 

X^2 2.37E-07 4.40E-08 5.398725 0.0000 

R-squared 0.501257     Mean dependent var 208.4962 

Adjusted R-squared 0.484059     S.D. dependent var 140.3214 

S.E. of regression 100.7915 Akaike info criterion 12.12633

Sum squared resid 294608.7     Schwarz criterion 12.21884 

Log likelihood -185.9580     F-statistic 29.14624 

Durbin-Watson stat 2.295165     Prob(F-statistic) 0.000008 

The regression coefficient of this model is not equal to 0 significantly, which means 

there is heteroskedasticity. 

3 White test 
Click View Residual Test White Heteroskedasticity no cross terms in equation 

window Got the result like that: 

output result  
White Heteroskedasticity Test: 

F-statistic 11.18080     Probability 0.000270 

Obs*R-squared 13.76465     Probability 0.001026 

P-value is less than , so we can think there is heteroskedasticity. 

3 Heteroskedasticity Correction 

(1)WLS estimate method. Click Estimate Option in equation window, and input 

weight as x or 1/x^2 or 1/x or x^2 in the weight dialog box, click OK. There are some 

results: output result 

Dependent Variable: Y                            Sample: 1 31

3
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Method: Least Squares               Included observations: 31 

Weighting series: 1/X 

Variable Coefficient Std. Error t-Statistic Prob.

C -730.8766 74.16557 -9.854662 0.0000 

X 0.088851 0.004484 19.81526 0.0000 

Weighted Statistics

R-squared 0.770050     Mean dependent var 897.0330 

Adjusted R-squared 0.762121     S.D. dependent var 403.4128 

S.E. of regression 196.7560 Akaike info criterion 13.46415

Sum squared resid 1122675.     Schwarz criterion 13.55666 

Log likelihood -206.6943     F-statistic 392.6445 

Durbin-Watson stat 1.071217     Prob(F-statistic) 0.000000 

(2) White test Process:Make White test on each own and get the results:output 

result :Weighting series: X

White Heteroskedasticity Test: 

F-statistic 10.78316     Probability 0.000337 

Obs*R-squared 13.48811     Probability 0.001178 

output result :Weighting series: 1/X^2 

White Heteroskedasticity Test: 

F-statistic 5.267208     Probability 0.011437 

Obs*R-squared 8.474682     Probability 0.014446 

output result :Weighting series: 1/X 

White Heteroskedasticity Test: 

F-statistic 1.394554     Probability 0.264638 

Obs*R-squared 2.808213     Probability 0.245586 

output result :Weighting series: X^2 

White Heteroskedasticity Test: 

F-statistic 6.423668     Probability 0.005057 

Obs*R-squared 9.750144     Probability 0.007635 

We can realize from these test results that heteroskedasticity removed when the weight 

is 1/x, but when the weight is 1/x^2, heteroskedasticity can’t be removed. 

The regression equation after removing the Heteroskedasticity is: 

Y = -730.8765863 + 0.08885062757*X

4
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1. Introduction 

In time series analysis the assumption of a Gaussian (normal) distribution is appealing, but often too 

restrictive. For example, with financial time series statistical distributions with heavier tails than the 

Gaussian distribution is typically required and used – Student’s t-distribution seems to be a popular choice. 

In situations where the observed time series data are asymmetrical, the use of symmetrical distributions such 

as the Gaussian and the symmetric t-distribution is inappropriate. We consider a flexible approach for the 

selection of the underlying distribution of a time series, using Tukey’s family of lambda distributions, more 

particularly the four-parameter generalized lambda distribution (GLD). .  

 

2. Generalized lambda distribution (GLD) 

Tukey (1960) proposed the lambda distribution which is specified in terms of its quantile function, 

(1) 0,10,
)1(

)( ≠≤≤
−−

= λ

λ

λλ

p
pp

pQX . 

Ramberg and Schmeiser (1974) generalized Tukey’s lambda distribution to a four-parameter 

distribution with quantile function 

(2) 10,
)1(

)(
2

1

43

≤≤
−−

+= p
pp

pQX
λ

λ

λλ

, 

where 1λ  is a location parameter, 2λ  is a scale parameter and 3λ  and 4λ  are shape parameters. The 

probability density function of this generalized lambda distribution (GLD) is 

(3) 10,
)1(

)(
1

4
1

3

2

43
≤≤

−+

=
−−

p
pp

xf X λλ

λλ

λ
, 

while its cumulative distribution function does not exist in closed form. Note that 43 λλ =  for symmetrical 

distributions. 

Ramberg and Schmeiser (1974) proposed the use of the GLD for the simulation of asymmetric (and 

also symmetric) stochastic variables in Monte Carlo simulations. Ramberg et al. (1979) extended the use of 

the GLD by developing a system using moments and tables to fit the GLD to data sets. 
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The GLD is flexible in that it covers a wide variety of curve shapes, yet simplistic since it has only one 

functional form. The GLD can furthermore be used to approximate many of the well-known distributions. 

For example, the GLD with 13491.043 == λλ  approximates the Gaussian distribution. 

A number of different estimation methodologies has been developed for estimating ( )4321 ,,, λλλλ=λ  

– see Karian and Dudewicz (2000). We use the method of moments, which requires the calculation of 

( )4321 ,,, αααα=α , the moments up to order four, in effect, the mean, variance, skewness and kurtosis. 

 

3. Assumptions and methodology 

Let {Zt} be a weakly stationary and invertible time series process defined by the ARMA(p, q) model 

(4) 1, 0
01

−=−+= ∑∑
=

−

=

−
θθφ

q

k
ktk

p

k
ktkt aZcZ , 

where {at} is a sequence of independent and identically distributed white noise terms with 

( )aaaa ,4,3,2 ,,,0 ααα=α . Note that if {at} is Gaussian white noise, then ( ) ( )3,0, ,4,3 =aa αα . Without loss of 

generality, we let 1,2 =aα  and also 0=c  so that 

(5) 0

1
1

,1 =

−

=

∑
=

p

k
k

Z
c

φ

α . 

The problem addressed is to derive a GLD for {Zt} under the more general distributional assumptions 

for {at} given above. The relationship between the GLD’s describing {Zt} and {at} is explored. This 

relationship is based on the first four moments of {at} and {Zt} – see van Staden (2007) for expressions for 

the higher-order moments of ARMA processes. We propose a method based on these moments to find the 

relationship between the GLD parameters of the white noise terms and the corresponding ARMA process, 

since there exist no general closed form results. 

 

4. Example 

As an illustration, the effect of non-Gaussian white noise terms on the distributional properties of an 

AR(1) model is explored. Suppose that {Zt} is a weakly stationary AR(1) process given by 

(6) )1,1(,1 −∈+=
−

φφ ttt aZZ , 

where {at} is a sequence of independent and identically distributed white noise terms with moments 

( )5.4,1,1,0=aα . Clearly {at} is not Gaussian white noise. The four parameters of the GLD of {at} are 

( )081879.0,019619.0,084249.0,66992.0−=aλ . 

If we let 75.0=φ , then the first four moments of {Zt} are ( )42.3,50055.0,28571.2,0=Zα , It 

follows that {Zt} also does not have a Gaussian distribution. The corresponding GLD parameters of {Zt} are 

( )12947.0,055826.0,094304.0,6648.0−=Zλ . The quantile functions and probability density functions for 

{at} and {Zt} are plotted in Figure 1. 
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Figure 1 – Plots of the quantile functions and the probability density functions of {at} and {Zt} 

 

Figure 2 depicts plots for the third and fourth order moments of {Zt} as well as a plot for the 

corresponding GLD shape parameters of {Zt}. These moments and parameters are plotted against a range of 

values of the AR parameter, φ. For no value of )1,1(−∈φ  we have that {Zt} is Gaussian, that is, 

( ) )3,0(, ,4,3 =ZZ αα , or symmetrical ( )0,3 =Zα . Note however that, as 1→φ , it can be seen in Figure 2 that 

0,3 →Zα , 3,4 →Zα  and 13491.0, →Zjλ  for j = 3, 4. 

 

Figure 2 – Plots of the third and fourth order moments of {Zt} and the two shape parameters of the  

  GLD of {Zt} over φφφφ∈∈∈∈(-1, 1) 

 

To conclude, the simple case considered in the above example illustrates that there are situations in 

time series analysis where distributions other than the Gaussian distribution are needed. We suggest the use 

of the GLD, since this distributional family is applicable to a broad range of values of the third and fourth 

order moments. Various other ARMA(p, q) models will be considered in the presentation. 

φ φ φ

3α 4α 43 , λλ

4λ

}{ ta

}{ tZ

3λ

}{ tZ

}{ ta
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1 Introduction

In this paper we extend the concept of functional estimators of univariate random coefficient autore-
gressive processes (abbreviated as RCA models) to multivariate RCA models. Such estimators were
originally proposed by Anton Schick for univariate first-order RCA models, see [4], where Schick proved
strong consistency and asymptotical normality of the estimators. We begin with model specification,
then we briefly describe usual least-squares estimator and define a class of functional estimators.
We prove strong consistency and asymptotical normality of such estimators and demonstrate their
properties via a simple simulation study.

Process Xt = (X1
t , . . . , Xm

t )′ ∈ Rm is called multivariate RCA(1) model of the first order if Xt

for each t ∈ Z satisfies

Xt = (β + Bt)Xt−1 + Yt , (1)

where β is a matrix of unknown parameters, {Bt, t ∈ Z} is a random matrix and {Yt, t ∈ Z} is a
random vector error process. Let us denote their components as follows:

β =




β11 . . . β1m

...
βm1 . . . βmm


 , Bt =




B11
t . . . B1m

t
...
Bm1

t . . . Bmm
t


 , Yt =




Y 1
t

...
Y m

t


 .

Equation (1) might be rewritten into Xt = βXt−1+ut using new vector error process ut = B′
tXt−1+Yt

that will play an important role later on. We require that random coefficients Bt are independent
and identically distributed (iid) variables which are independent of iid error process Yt. Under the
stationarity assumption (see [3], Section 2.2) there exists strictly stationary and ergodic solution of
equation (1) which is measurable with respect to σ-field Ft = σ ((B′

s,Ys)′; s ≤ t), and the solution is
of the form

Xt =
+∞∑

j=0

[
j−1∏

i=0

(β + Bt−i)

]
·Yt−j ,

where the product is defined as 1 for j = 0 (see [3]).

2 Estimation of parameters

Our goal is to estimate unknown parameter β in equation (1) which represents magnitude of depen-
dence on past values of the process. There has been a lot of various estimators proposed yet but many
of them were deeply studied for univariate models only. We also began with such simpler models
(see [5]) for which more profound properties were proved.

1This work was partially supported by grant GAČR 201/05/H007.
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Elementary estimator is least-squares estimator which is defined (see for instance [3], section 7.2)
as

β̂LS =

(
n∑

t=1

XtX′
t−1

)
·
(

n∑

t=1

Xt−1X′
t−1

)−1

. (2)

There also has been proved its strong consistency, which in this case means that vec
(
β̂LS − β

)
a.s.−→ 0,

as well as the asymptotical normality of
√

n · vec
(
β̂LS − β

)
. Other commonly used estimator is

maximum likelihood estimator based on additional assumption that joint distribution of the error
process and the random coefficients is normal. Since extremes of likelihood function can not be stated
explicitly, some minimization technique has to be employed which makes the estimation procedure
more complicated.

We propose an extension of the least-squares estimator into a broad class of estimators using
measurable function φ : Rm → Rm. Thus, let us define

β̂(φ) =

(
n∑

t=1

Xtφ(Xt−1)′
)
·
(

n∑

t=1

Xt−1φ(Xt−1)′
)−1

(3)

and the following theorem reveals basic properties of estimator β̂(φ):

Theorem.
Consider a measurable function φ : Rm → Rm and denote P = φ(X0)X′

0 ⊗ I and Q = φ(X0) ⊗ I.
Assume that matrix EP is finite and positive definite and that matrices EQGQ′ and EPΣP′ are

finite. Denote

V(φ) = (EP)−1 · E (
QGQ′) · (EP)−1 + (EP)−1 · E (

PΣP′) · (EP)−1 . (4)

Then estimator β̂(φ) is a strongly consistent and asymptotically normal estimator of parameter β

with asymptotical variance matrix defined by (4).

Proof: According to definition of functional estimator β̂(φ) we know that

β̂(φ)− β =

(
n∑

t=1

Xtφ(Xt−1)′ − β
n∑

t=1

Xt−1φ(Xt−1)′
)
·
(

n∑

t=1

Xt−1φ(Xt−1)′
)−1

=

=

(
n∑

t=1

utφ(Xt−1)′
)
·
(

n∑

t=1

Xt−1φ(Xt−1)′
)−1

.

Matrix identities vec(A · B) = vec(I · A · B) = (B′ ⊗ I) · vec(A) and vec(u · v′) = (v ⊗ I) · u, for
arbitrarily matrices A, B and vectors u, v such that the multiplication makes sense, give us

vec(β̂(φ)− β) =




(
1
n

n∑

t=1

φ(Xt−1)X′
t−1

)−1

m×m

⊗ Im×m


 ·

[
1
n

n∑

t=1

(
φ(Xt−1)⊗ Im×m

)
ut

]
. (5)

Strict stationarity and ergodicity of Xt guarantees strict stationarity and ergodicity of both sequences
{φ(Xt−1)X′

t−1, t ∈ Z} and {(φ(Xt−1) ⊗ I)ut, t ∈ Z}. Moreover, components of the latter sequence
form a martingale difference sequence with zero mean value, which can be seen by choosing arbitrary
α ∈ Rm2

and noticing that

E
[
α′(φ(Xt−1)⊗ I)ut|Ft−1

]
= α′(φ(Xt−1)⊗ I)E[ut|Ft−1] = 0 .
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Ergodic theorem (see e.g. [2], Theorem 13.12) tells us that the first term in (5) converges almost surely
to (Eφ(X0)X′

0)
−1 ⊗ I and the second term converges to zero, which implies that vec(β̂(φ) − β) → 0

as n → +∞.
Proof of the asymptotical normality requires little bit more computations:

var
(
α′(φ(Xt−1)⊗ I)ut

)
= E

(
E

[(
α′(φ(Xt−1)⊗ I)ut

)2 |Ft−1

])
=

= E
(
E

[
α′(φ(Xt−1)⊗ I)utu′t(φ(Xt−1)′ ⊗ I)α′|Ft−1

])
=

= E
(
α′(φ(Xt−1)⊗ I) · E[

utu′t|Ft−1

] · (φ(Xt−1)′ ⊗ I)α′
)

=

= E
(
α′(φ(Xt−1)⊗ I) · [(X′

t−1 ⊗ I)Σ(Xt−1 ⊗ I) + G
] · (φ(Xt−1)′ ⊗ I)α′

)
=

= α′E
(
(φ(Xt−1)X′

t−1 ⊗ I)Σ(Xt−1φ(Xt−1)′ ⊗ I)
)
α +

+ α′E
(
(φ(Xt−1)⊗ I)G(φ(Xt−1)′ ⊗ I)

)
α . (6)

Similarly to equation (5) notice that

√
n · vec(β̂(φ)− β) =




(
1
n

n∑

t=1

φ(Xt−1)X′
t−1

)−1

⊗ I


 ·

[
1√
n

n∑

t=1

(
φ(Xt−1)⊗ I

)
ut

]
,

where the first term converges to (Eφ(X0)X′
0)
−1 ⊗ I and the second term has due to Lindeberg-Levy

theorem for martingales (see [1]) asymptotically m-dimensional normal distribution. If we introduce
expressions P and Q according to the theorem, variance matrix can be easily extracted from (6)
into (4). ¤

Variance matrix V(φ) defined by equation (4) is very complicated, so we will find its consistent
estimator. Firstly, let Ĝn and Σ̂n be consistent estimators of G and Σ, respectively. If we denote
Pt = φ(Xt−1)X′

t−1⊗I and Qt = φ(Xt−1)⊗I, it can be easily derive (we proved this in a unpublished
working paper using ergodicity of process Xt heavily) that matrix

V̂n(φ) = n

(
n∑

t=1

Pt

)−1 n∑

t=1

(
QtĜnQ′

t

) (
n∑

t=1

Pt

)−1

+ n

(
n∑

t=1

Pt

)−1 n∑

t=1

(
PtΣ̂nP′

t

)(
n∑

t=1

Pt

)−1

is consistent estimator of asymptotical variance matrix V(φ) given by (4).

3 Simulation study

We introduced a class of functional estimators to multivariate RCA(1) processes in the previous
section. This study will compare least-squares estimator to a functional estimator.

Setup of the simulations is as follows: We simulate a sequence of observations from 2-dimensional
RCA(1) model given by equation

(
X1

t

X2
t

)
=

((
0.2 0.1
0.3 0.4

)
+

(
B11

t B12
t

B21
t B22

t

))
·
(

X1
t−1

X2
t−1

)
+

(
Y 1

t

Y 2
t

)
, (7)

where both random coefficients Bt and error process Yt were mutually independent and identically
normally distributed. We set Σ = var(vecBt) = 0.2·I and G = varYt = I, simulated 100 observations
from the model given by equation (7) and estimated parameter β using β̂LS and β̂(φ) with φ(z) =

z
1+z′z . We did that 1000 times and computed β̂ = 1

1000

∑1000
i=1 β̂

i
for each estimator and plot density

estimations of all parameters for both estimators.
Results of the simulation study are displayed on the figure and the table below. Since we had

1000 estimated values of true parameters β11, β12, β21 and β22, we compared the estimators both via

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 4029 -



−0.2 0.0 0.2 0.4 0.6
0

1
2

3
4

β̂11

TRUE=0.2, LS=0.163, FUNCTIONAL=0.182

D
en

si
ty

−0.6 −0.4 −0.2 0.0 0.2 0.4 0.6

0
1

2
3

4

β̂12

TRUE=0.1, LS=0.088, FUNCTIONAL=0.098

D
en

si
ty

−0.2 0.0 0.2 0.4 0.6

0
1

2
3

4

β̂21

TRUE=0.3, LS=0.257, FUNCTIONAL=0.278

D
en

si
ty

0.0 0.2 0.4 0.6 0.8

0
1

2
3

4

β̂22
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Density of estimated values of the parameters (red color for LS estimator, blue color

for functional estimator) for simulated 2-dimensional RCA(1) process.

parameter true value LS est. φ(z) = z
1+z′z

β11 0.2 0.163 0.182
β12 0.1 0.088 0.098
β21 0.3 0.257 0.278
β22 0.4 0.391 0.401

Average values of estimated parameters

sample means β̂ and via density estimations (we used default density estimation in R based on kernel
smoothing).

Least-squares estimator β̂LS always underestimated the true value, especially for β11 and β21

whereas functional estimator β̂( z
1+z′z) was closer to the true values. The density estimation also

revealed bias for least-squares estimator.
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Introduction

In this paper we propose indices of nonlinearity and predictability for stochastic dynamical systems
which generate time series.
It is important to know the predictability for time series in practical situation. For time series generated
by deterministic dynamical systems the forecast can be achieved perfectly in theory. However, when
the system is nonlinear, long-term forecast sometimes becomes impossible in practice. Such systems
are called chaotic. The Lyapunov exponent is an index for measuring the degree of nonlinearity and
implies the information of predictability.
The maximum Lyapunov exponent can be defined for stochastic dynamical systems ( McCaffrey et
al., 1992). However the meaning of the Lyapunov exponent for stochastic systems is not clear. In
this paper we propose an index of nonlinearity for stochastic systems, since the stochastic systems
are important for practical time series analysis. Moreover we propose an index of predictability. For
calculation of indices we use the multilayered neural networks for approximating the nonlinear function.
The multilayered neural network with sufficient numbers of neurons can approximate any continuous
nonlinear function (Funahashi, 1989). The approximation can be achieved by an appropriate learning
method using time series generated from the system. Since our indices are based on approximation,
we call them computational indices.
We demonstrate the validity of indices by simulation studies and show that there is no direct relation-
ship between nonlinearity and predictability.

Stochastic Nonlinear Systems

We consider the discrete-time stochastic nonlinear dynamical system:

(1) xn = f(xn−1, xn−2, ..., xn−p) + en,

where {en} is a white noise with the variance σ2 (σ > 0), and p is a positive integer. We assume
that the stochastic process {xn} is ergodic. When σ = 0, the system (1) becomes deterministic. We
assume that f and σ are known.
McCaffrey et al. (1992) defined the maximum Lyapunov exponent λmax for the system (1). For the
case p = 1 the maximum Lyapunov exponent is given by

(2) λmax = lim
N→∞

1
N

N∑

n=1

log |f ′(xn)|.

Note that the sequence in the right hand side of Eq. (2) is stochastic and the existence of the limit
is assumed under the ergodicity. When λmax > 0, the system can be regarded as chaotic. However,
it is difficult to interpret the meaning of λmax different from deterministic systems. We will propose
another index which can be interpreted as to represent the degree of nonlinearity.
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When σ = 0, we may be able to regard the predictability as nonlinearity. However, when σ > 0, we
should distinguish nonlinearity and predictability explicitly, since the predictability depends on the
variance of the noise too. Moreover predictability will vary even if systems are linear. Thus we will
propose an index of predictability.
For defining indices we introduce some predictors in the next section.

Predictors

We consider the prediction of xn+k based on xn, xn−1, ..., xn−p+1 where k is a positive integer. Then
the conditional expectation:

(3) x
(best)
n+k|n ≡ E(xn+k|xn, xn−1, ..., xn−p+1)

is the best predictor with respect to the mean squared error.
Usually x

(best)
n+k|n is a nonlinear function of xn−1, ..., xn−p+1 and it is very difficult to calculate x

(best)
n+k|n

not only theoretically but also numerically. Therefore we introduce the approximation of the best
predictor by using the multilayered neural network. In this paper we assume that we can obtain the
neural network such that

(4) ‖NN(xn, xn−1, . . . , xn−p+1)− x
(best)
n+k|n‖ < ε

for a sufficiently small positive number ε. We define the quasi-best predictor

(5) x
(NN)
n+k|n ≡ NN(xn, xn−1, . . . , xn−p+1).

The approximation can be achieved by an appropriate learning method based on the data set, whose
element is {xn+k, xn, xn−1, ..., xn−p+1}, generated from the system (1) artificially.
Next we consider the recursive prediction for measuring the divergence from the linearity. First we
define the p-valued function:

(6) Γ(xn, . . . , xn−p+1) ≡
(
x

(best)
n+1|n xn · · · xn−p+2

)
.

And then we define x
(recur)
n+k|n as the first element of the vector:

(7) Γ ◦ · · · ◦ Γ(xn, xn−1, . . . , xn−p+1),

where ◦ denotes the composition of functions and the composition is achieved k − 1 times.

Indices of Nonlinearity and Predictability

When the system is linear, the recursive predictor x
(recur)
n+k|n is the same as the best predictor x

(best)
n+k|n.

Therefore it is reasonable to quantify the difference between x
(recur)
n+k|n and x

(best)
n+k|n for measuring nonlin-

earity. We define the root mean squared error of each predictor as follows:

δbest(k) =
√

E(xn+k − x
(best)
n+k|n)2(8)

δNN(k) =
√

E(xn+k − x
(NN)
n+k|n)2(9)

δrecur(k) =
√

E(xn+k − x
(recur)
n+k|n )2,(10)

for k > 0 and δbest(0) = δNN(0) = δrecur(0) = 0. Predictability can be measured by the mean squared
error too. Now we introduce the indices of predictability and nonlinearity.
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Indices of Predictability and Nonlinearity

Let S2 denote the variance of the original process {xn} (S > 0). The root mean squared error of
the simplest predictor x̂n+k|n = E(xn) is S and then the upper limit of δbest(k) is S. We define the
theoretical index of predictability as the maximum period k under the condition δbest(k) ≤ S/2.

Definition 1. Let k0 be defined by the equation:

k0 ≡ arg maxk{S/2− δbest(k) ≥ 0}.

The index of predictability kP is the value at the point (kP, S/2) obtained by the linear extrapolation
between (k0, δbest(k0)) and (k0 + 1, δbest(k0 + 1)).

However it is quite difficult to calculate δbest(k) usually. Therefore we substitute δNN(k) into δbest(k)
in Definition 1. We rewrite the obtained value kP as IP and we call IP the (computational) index of
predictability in this paper. Next we consider the nonlinearity.

Definition 2. Let R(k) be given by

(11) R(k) = log(δrecur(k)/δbest(k)),

for k ≥ 1. The theoretical index of nonlinearity is the limit of R(k) as k tends to ∞.

Similarly to the index of predictability we replace δbest(k) by δNN(k). However it is also difficult to
obtain neural networks for many k’s and to calculate the limit. Therefore we define the practical index
of nonlinearity IN by

(12) IN = (R(k1) + · · ·+ R(k2))/(k2 − k1 + 1),

where k1 and k2 are sufficiently large integers (k1 < k2).
Each index is nonnegative in principle and a large value represents high degree. The index of pre-
dictability IP can be regarded as the effective period for prediction. The index of nonlinearity IN

represents the deviation between the quasi-best predictor and the recursive predictor. If IN closes to
zero, the system is nearly linear. The system is strongly nonlinear, if IN is large.

Simulation

We demonstrate the validity of our indices by simulation studies. In this paper we consider the case
when p = 1 and the system noise {en} is the Gaussian white noise. One of the most typical examples
of nonlinear systems is the logistic map f(x) = ax(1−x), where 0 < a ≤ 4. However, when the system
noise en is added, the process {xn} becomes explosive and {xn} is not ergodic. Thus we introduce the
modification. Our model for simulation studies is given by

(13) xn =
axn−1(1− xn−1)
1 + α|xn−1 − 1

2 |β
+ en,

where en ∼ N(0, σ2). We also consider the linear autoregressive model AR(1).
We calculate δNN(k) and δrecur(k) by the Monte Carlo method for k = 1, ..., 15. Fitting of the multi-
layered neural networks is achieved by using MATLAB and the neural network toolbox. We apply the
Levenberg-Marquardt backpropagation method (cf. Hagan et al., 1996). For calculation of IN we set
k1 = 13 and k2 = 15. The following tables are examples of IP and IN for the modified logistic maps,
where α = 1.8, β = 4, and the AR(1) models.

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 4033 -



Table 1. IP for modified logistic map.

σ \ a 3.00 3.30 3.57 3.70 3.85
0.005 5.53 11.86 13.25 5.92 5.96
0.01 4.85 14.70 6.26 4.82 4.85
0.02 3.77 4.87 3.93 3.73 4.06

Table 2. IN for modified logistic map.

σ \ a 3.00 3.30 3.57 3.70 3.85
0.005 0.114 0.0537 0.173 0.316 0.314
0.01 0.110 0.130 0.157 0.317 0.334
0.02 0.147 0.163 0.219 0.291 0.246

Table 3. IN for AR(1).

Coefficient of AR(1) -0.6 -0.3 0.3 0.6 0.8
IN -0.00179 -0.00262 -0.0178 -0.00539 -0.00660

In Table 3 IN’s are negative but can be regarded as 0. When the system is linear, IN becomes negative
sometimes because of the difference between the best predictor and the quasi-best predictor.
We omit other results but we can say that IP and IN reflect the degree of predictability and nonlinearity.

Conclusion

In this paper we proposed the indices for nonlinearity and predictability. Quantification of nonlinearity
and predictability can be achieved by introducing the neural network approximation. Simulation
studies suggest that the proposed indices are applicable. On the other hand the meaning of the
Lyapunov exponent for stochastic systems is not clear. Moreover it is concluded that there is no
direct relationship between predictability and nonlinearity. However, simulation is quite limited.
More simulation studies are required especially for the cases p > 1.
The other nonlinear systems can take the place of multilayered neural networks. However, for example,
Takagi-Sugeno’s fuzzy system (Takagi and Sugeno, 1985) may not be appropriate for approximation
of the k-step predictor, since the k-step predictor has a complicated shape with many peaks. Since
of such strong nonlinearity, it is not easy to fit neural networks (cf. Watanabe and Kikuchi, 2003)
neither. Much care has to be paid for applying neural networks.
In this paper we have not considered the estimation problem. When the nonlinear function f is
unknown but time series is available, not only δNN but also δrecur can be estimated by neural networks.
Then IP and IN can be estimated by time series.
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Financial institutions are in the business of managing risk. Risk management is the process by which 
various risk exposures are identified, measured, and controlled. In the past decade, our understanding of risk 
has much improved, and particular advances have been made in the field of value-at-risk. The main purpose 
of the value-at-risk system is to assess market risks that are due to changes in market prices.  

The most commonly used approach to estimate portfolio value-at-risk is to assume an independent 
multivariate lognormal model. In this model, the financial variables, such as the return on interest rates or 
stock prices, are independent, multivariate, and normally distributed. This model is easy to use and 
understand, and also has many nice mathematical properties. However, there are a number of drawbacks.  

 
1. The model does not fit the real data well enough, especially the tails of the return distributions.  
2. The model does not take into account the serial correlation among the returns.  
3. The constant volatility (variance) assumption in the model is not realistic. 
 
In the delta-normal and delta-gamma methods for the estimation of portfolios, the asset returns are 

assumed to be a function of the independent multivariate lognormal financial variables. Thus, the 
appropriateness of these methods depends heavily on the validity of the multivariate normal assumption.  

Modifications have been made by other researchers to this approach to overcome the third drawback of 
the independent multivariate lognormal model. One approach is to allow the variances in the variance-
covariance matrix to change over time, and then to estimate these variances by methods such as moving 
averages, GARCH modeling (Bollerslev, 1986), and exponentially weighted moving averages (EWMA), as 
is adopted in RiskMetrics. Another approach is to further allow the covariances to change over time, and then 
to estimate them. However, the multivariate normal assumption is still made in these approaches.  

Linear multivariate time series models, such as vector autoregressive models (Wei, 1990), are capable 
of overcoming the second drawback of the independent multivariate lognormal model, but still suffer from 
the other two drawbacks.  

In recent years, several multivariate time series models with changing conditional variance-covariance 
matrices (Bollerslev, 1990; Engle and Kroner, 1995; and Wong and Li, 1997) have been proposed in the 
literature. These models overcome the second and third drawbacks of the independent multivariate lognormal 
model, but it is unclear whether these models fit the tails of the return distributions well. Nevertheless, these 
time series models are potentially useful in the estimation of portfolio value-at-risk. 

Wong and Li (2000, 2001a, 2001b) generalize the idea of a mixture distribution (Titterington, Makov 
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and Smith, 1985) to the nonlinear time series context. The proposed mixture Gaussian time series model is 
actually a mixture of K Gaussian autoregressive models with an ARCH (Engle, 1982) specification. This 
class of models is capable of overcoming all three deficiencies of the univariate lognormal returns model. It 
has been shown that for some economic time series, the mixture Gaussian time series models provide better 
descriptions of return distributions than the linear time series models, especially in the tails of the distribution. 

Fong, Li, Yau and Wong (2007) consider a mixture vector autoregressive (MVAR) model, which is 
actually a mixture of K vector autoregressive models. It has been shown that the MVAR model is useful in 
the modeling of some financial time series, such as stock prices and interest rates. 

The primary objective of this paper is to develop applications for the multivariate mixture time series 
models in the estimation of portfolio value-at-risk. When we use value-at-risk as a risk measure, we are 
concerned with the tails of the return distributions rather the mean returns. Thus, it is important to build a 
model that can provide a complete description of the return distributions, rather than an accurate estimate of 
the mean returns. In this sense, the MVAR model is quite promising in providing a reliable estimation of 
portfolio value-at-risk. 
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1 Preface 
Some data reveal that FDI (Foreign direct investment) plays a more important role than trade during the 

course of the economic globalization and integrative trend. China has got a striking achievement on utilizing 
Foreign Capital since the reform and opening, and China is the biggest inflow country of FDI. So, FDI 
becomes one of engines on economic increases in China. 

Shandong whose east is close to Pacific Ocean is one of main coastal cities in China. Shandong and 
Japan or Koran face far away to each other which are separated by ocean. With the further improvement of 
opening policy, Shandong make a grate progress on utilizing foreign capital and foreign trade, especially on 
using foreign capital which take a favorite part in economic development of Shandong. On the other hand, 
“how much does the FDI contribute to economic development of Shandong?” needs imminently the 
measuring results by quantitative methods, which is attached more attention on by most levels of leaders and 
most circles in society. In this article, we will apply for “Panel data” measuring model to discuss this 
question which based on the related theories about the FDI and the economic development. 

 “How much is the contribution of FDI to economic development of Shandong indeed?” now has 
become a key question for foreign trading policies. The article will be divided into four parts to elaborate and 
answer this question: the first part is to summarize the correlative theories about the relationship between 
FDI and economy; the second part is to introduce the panel data model; the third part is demonstration 
analysis about their relationship, and we will obtain the final result of the relationship model; the fifth part is 
our conclusion and suggestions based on our model analysis. 

2 The related theories about the FDI and the economic development 
FDI means the investment that investor gains or possesses the power in managing and control this 

foreign corporation. FDI in China mainly include all kinds of corporations with foreign capital, especially 
Sino-foreign joint venture and foreign funded enterprise, and customarily we regard the capital from Hong 
Kong, Macao and Taiwan as foreign investment. 

After development of the “newly classical growth” theory, “endogenous growth” theory makes the 
technological change endogenous, and stresses that R&D、accumulated capital on human resources and 
change on every factor would result in economic development. Endogenous growth theory tells us that FDI 
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can influence economic growth by various ways: as a technological intermedium, FDI can promote 
economic growth and gain bigger income by transferring globing knowledge and overflowing domestic 
knowledge; moreover, FDI can adopt new management ways and organizing structure and improve workers’ 
skill by which FDI can increase local accumulated capacity on knowledge. This is the “overflowing effect” 
of the FDI. 

consumption constantly is enhanced. The structure of consumption and industry gain further 
optimization, which can continue to promote local econmy. 

As it is well-known, newly economic growth theory is based on CWCobb-PHDouglas producing 
function, that is: 

GDP AL Kα β=      (1) 
This model is widely applied in econometric testing. However, we will adopt another expression to 

re-measure economic development if we not only continue to adopt this model but also take the contribution 
of FDI to economy into account. This expression is: 

( ) ( )GDP A DK FDI Lα β γ=      (2) 

If we transform above expression into logarithm form, so it is becomes: 

ln ln lnGDP A DK FDI Lα β γ= + + +     （*）                 

In above expressions, GDP is to stand for regional production; the input goods include capital and labor. 
The input of capital can be divided into domestic investment and FDI. 

3 Panel data model     
The reason why we adopt Panel data model is that: if we only adopt “time series” analysis, we will lose 

the relation and difference between cross sections. On the other hand, if we only adopt data from cross 
section, we will lose the characteristics which are various with the advance of time. Furthermore, early in the 
1960s, there were some scholars to apply panel data model to analyzing FDI, and in China, until the end of 
last century scholars used panel data model to analyze FDI. 

The normal expression of panel data model is: 
yit = αi +β1 xit +εit,  i = 1, 2, …, N; t = 1, 2, …, T  (3) 
The above expression has three kinds of different cases: 
(ⅰ): the influence from single unit and the change from structure don’t exist on cross sections; 

That is: i jα α=   i jβ β=         *（model  1） 

(ⅱ): variable intercept model: the influence from single unit on sections is different, and this model 
includes two situations: fixed effect and random effect.    

That is: i jα α≠   i jβ β=        * (model   2) 

(ⅲ): varying coefficient model: besides the effect of single unit, structure parameter (that means slope) 
is different on different cross section. 

That is: i jα α≠ i jβ β≠          *(model  3) 

Due to the two-dimensional characteristic of panel data, if the model form can’t be fixed correctly, we 
would make a bigger error, and the gap between estimated results and real situation is wide. So, firstly, we’ll 
test which model we should choose, i.e. we will test the following two hypothesizes, and here we will adopt 
covariance analysis that is widely used.  

Hypothesis one: the slope is same not only on different cross section but also on different time point, 
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however, the intercept varies. 
Hypothesis two: the intercept has the same value on different cross section and on different time point. 

And so does the slope. 
The method of testing is: if the hypothesis two is satisfied, it is unnecessary to carry on farther test; if is 

denied, we should turn to test hypothesis one and judge whether the slope is equal or not. But if the 
hypothesis one is denied, we should adopt *(model 3). 

4 Conclusion and suggestion 
The analysis of the CWCobb-PHDouglas function based on variable intercept –panel model and the 

relationship between FDI and GDP based on varying coefficient-panel model indicate that FDI have positive 
effect on economic development in Shandong province. However, the contribution coefficients of FDI in 
Shandong province are still lower than those of the developed coastal cities. It also varies in each city, which 
is because that the foreign direct investments differ in these cities and the attitudes to foreign investment are 
different. 

The data suggest that both achievement and potential indexes of FDI in Shandong province are lower 
than those of other coastal province. The reasons can be concluded as following: at first though the original 
intention of fetching in foreign investment is to enhance our technology and management experience, each 
city cannot achieve these goals in reality. There are some cities which aspire only after the size expansion of 
foreign investment but ignore the fact of its own. As a result , the quality of foreign investment fetched in is 
rather low; secondly, most of the foreign investment come from western Europe, America, Korea and Taiwan 
the amount of which is 84.50% of the total; at last both relevant establishments and industry policies about 
foreign investment lag relatively. 

The following are some advices: 
1.We should enhance the cognition about foreign investment and pay more attention to the training of 

person with ability because advantage always accompanies with disadvantage. 
2.We should fully consider the specific situation in each city and try to introduce the foreign 

investments which have competitive power and potential into our cities; Try to enhance the industrial 
efficiency after introduce the foreign direct investment as well as go on broadening the fields where foreign 
traders are interested in investing. 

3.We try to set up the circumstance which can have steadily expected return on assets with series of 
rules ensuing: firstly, we should set down more favorable policies to attract foreign investments, and then 
legislations can enhance the security and profitability on their investments. The next step is to improve the 
market surroundings which include ameliorating all kinds of factor markets and normalizing marketing 
mechanism. This step can help to say goodbye to the stage that is short-term and eager for quick success and 
instant benefit, and build a circumstance that is long-term, steady and canonical. 

4.We also must optimize the regional structure of investments, so the local governments can implement 
distinctive policies in order to help foreign capital to distribute evenly. We should keep balance on the 
different regions from which the foreign investment came in order to avoid intensively centralizing 
phenomenon. 

5.The governors should set up the image of “efficient, equal, open” and “small government, big market”, 
and adjust their function of supervising economy pressingly.    
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1 Summarize 
The private returns to higher education is a macro concept, including not only the ones which can be 

measured by currency, but also the ones couldn’t. We name the former Market returns,and the latter 
Nonmarket returns. 

Nonmarket returns including many aspects, the common characteristic of  which is some of 
concealment. In detail, nonmarket returns mainly include the following aspects. 

Firstly, higher education can offer more opportunity to privates. It’s proved that labors with  higher 
education take favor not only in the job selecting but in the job transferring. 

Secondly, higher education makes it easy for educatee to fully develop himself .By accepting higher 
education, private talent and specialty could  be shown and private aggression ,innovation ,responsibility 
and devotion to society could also be cultivated. 

Thirdly, family who accept higher education could benefit from it indirectly. On one side, education 
could promote health,cut down the possibility to  suffer illness,prolong life and so on.On the other side,it’s 
invested that the higher education the parents get,the clearer   they have to the importance of education and 
the more possibility to attain higher education their offspring have. 

Fourthly, high education can promote the quality of life to privates.Talking only from private 
feeling,you can get interest from the  journey searching for knowledge and get happiness from reading, art 
enjoyment and other amusements as well. 

Fifthly,as the attendance  to  talents from the government and the coming of information economics 
era ,people pay more and more attention to knowledge. Generally speaking,the higher education you 
accept,the higher  position you will have in the society. 

Sixly,education has much influence to women.It’s founded by overseas researchers that ,the the higher 
education a woman accepts, the more possibility she will have to work outside, to bear fewer and brighter 
babies ,to offer their children better education, to promote inner priductivity and efficiency at home. All of 
the above could not be measured by currency.  

2 the formation of theory of utility of non-market returns to private investment in higher 
education 

People are expecting maximum  utility net value of their non-market returns ,if their education level is 
*H and personal wealth is limited.The theory of utility of non-market returns to private investment is as 

following: 
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In the model, we use i to stand for person decided to educate himself, *H stands for his educational 
level.And  means the utility net value of non-market returns, the net value of non-market 

returns, and the cost of education.In addition, and 
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non-market returns. 
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Each letter has the same meaning as above and and are white noiseie iv [1]。 
3 the influence of higher education to educatees’ occupation 
3.1 the influence to working hours each week 
Higher education can influence educatees’ vocation,especially their working hours each week . 
Table 1  the summary of average working hours each week of seniors and bachelors 
            

hour 
education     

1
－8 

9
－19 

20
－39 

40 
41

－48 
48

以上 
total 

seniors 0.3 0.3 3.9 60.3 11.3 23.9 100 
bachelors 0.3 0.2 3.9 77.3 8.4 10 100 
Data from statistics annual of Chinese labor, 2004 
  We use  line graph 1 to stand for data above: 

Graph 1
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Obviously,we can come to the conclusion as following. 
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（1）The working hours each week of workers who receive higher education are concentrated compared 
with workers who don’t. 

（2）Workers are tending to jobs with short working hours as the enhancement of education 
level.Averagely speaking,workers with higher education most work 40hs per week,while without 48hs per 
week .This is because the former workers have more effective productivity and can create more wealth in the 
same time ,so that they can gain earings of life not through the method of extending working time.We can 
make it easy to understand by theory of utility as leisure is more important when a higher educatee get his 
earnings in the certain time,so he will choose not to work any longer. 

3.2 the influence to the vocation industry 
In this paper ,the first industry is agriculture,including forest,herd and fishing. The second is industry 

and architecture ,with the former including excavating,manufacturing,tap water,electron,steam , hot water 
and gas.And the others are included into the third industry.The following table is the percentage of lobors 
educational level and the number in each industry. 

Table 2                                                                unit：% 
Induatry 

senior 
Junior 

college 
undergraduates 

first 4.4 1.7 1.7 
second 29.9 18.5 15.8 
third 65.7 79.8 82.5 
total 100 100 100 
Data from statistics annual of Chinese labor, 2004 

Graph 2
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 We can see from table 2 and graph 2 that 
（1）Number of people in the first industry is decreasing rapidly as the advancement of education 

level.More clearly,higher educatee is hardly found to take up vocation in the first industry while some 
seniors are.  

（2）Number of people in the third industry is increasing rapidly as the advancement of education level. 
More clearly,80%of higher educatees take up vocation in the third industry while only 60% of  seniors 
are.What’s more,vocation is different according to educational level even in the same third industry . 

（3）Number of people in the second industry is decreasing as the advancement of education 
level.According to the law of Peid-Clerk,the flow of labor among industries will result in the decreasement 
of people in the first industry and increasement in the second and third as the development of economics.But 
as we know,number of people in the second industry is limited compared to  the third .So that we get the 
tendency of number of  people in the second industry decreases while in the third industry increases as the 
advancement of education level. 
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4.3 Conclusion 
We can come to the conclusion from the above quatified analysis of the influence to educatees’ work 

that higher education can help you to improve the status of vocation.Microcosmicly speaking,higher 
educatees undertake vocation with higher technique and specialty,so that they own better working 
environment and more leisure. Macroly speaking,the advancement of labors’education level can not only 
promote the development of economics ,quicking the adjustment and transformation of industry 
structure ,but also better the job status of labor in our country. 
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ABSTRACT 
People are tired of seeing the same type of charts. Pie charts and other basic graphs invented 200 years ago no 
longer attract readers like they used to do, despite the temptation of making them more appealing. One needs to 
look at informational images in a new way. In face of this we decided to look at the XXI century battle – a better 
Environment – and try to learn from it. In this presentation we will attempt to be taught with the three R's of the 
Environment: reduce, reuse and recycle. We will adjust them to statistical graphics and information visualization.  
We don’t necessarily need to create new graphs. There are some interesting charts that could be rediscovered and 
brought back to life. We will focus on the 1970’s and in three different types of graphs: the Bertin’s graph matrix, 
the Tukey’s boxplot and the Chernoff faces. These three examples can help us to reflect about graphical literacy, 
graphical complexity and graphical perception. 
Bertin’s graph matrix will show us that, on the one hand, simple bar graphs can be reorderable in a way that shows 
relations at a glance that weren’t visible using common representation and, on the other hand, that there is a lot to 
learn and exchange with other sciences (like cartography for example) in view of the fact that all share the same 
representation problems. 
Tukey’s boxplot will help us to discuss the representation of error in graphs, so that people less familiar to these 
concepts understand their meaning. 
Chernoff faces example will have a double purpose of showing how important pictograms are to spread statistical 
information to people with low educational level and literacy and also of making we understand why graphical 
perception plays an important role in the choice of a type of graph instead of another. 

Introduction 
We are overflowed in information and surrounded by graphs. The growing importance of informational 

images makes us believe that our reports and presentations need to be cleaned up from graphs that don’t 
justify the space they take up. Simultaneously, seeing always the same type of charts makes them more 
unappealing. An image should be attractive and interesting, but most of software programs make them all the 
same: boring and deceiving. 

The ‘world’ of statistical graphics has some environmental problems: we produce too much graphics 
that don’t need to be done, we always use the same kind of charts and rarely recover old graphs that are not 
in the graphic mainstream and finally we fail to create new ways of presenting information more effectively 
though existing concepts may allow it. 

In face of this we decided to look at the XXI century battle – a better Environment – and try to learn 
from it. In this presentation we will attempt to be taught by the three R's of the Environment: reduce, reuse
and recycle.

Analysts should try to produce interesting graphs and to rediscover new ways of presenting information 
visually. Additionally they could try to talk people to look at statistical graphics as one of the most important 
forms of communication of the XXI century.  
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Reducing chartjunk 
One of the most important lessons that the environmental experts teach is that the best way to reduce 

garbage is to avoid it. So is it with graphs. There are many ways to produce the so-called chartjunk1 and 
there are also many ways to prevent it. For example, sometimes it’s better to use a table or a photograph 
instead of an unnecessary or a too obvious chart. Less common but much more serious are the graphs that lie 
or don’t communicate the information we intended to. It must be taken care while designing graphs because 
sometimes they aren’t what they seem and they may look like what they are not. 

With the development of computer graphics, the quantity of graphs being done nowadays has no 
parallel. Such as chartjunk, that had the chance to multiply its varieties. As pointed out by Howard Wainer 
(2005, p.125) “discipline to avoid pseudo-three dimensional color pie chart is going to be more important in 
the future as the tools of computer presentation and dynamic display present us with even more opportunities 
to communicate confusion more effectively”. Another way to communicate confusion is to fill in the charts 
with great amounts of unnecessary ink that is used to decorate without transmitting relevant information. 
That is why we should follow this known recommendation: less is more. 

Reusing with Bertin’s graph matrix 
Having too much data to explore can easily lead a careless researcher to the temptation of putting it all 

in one graphic. But, most of the times these graphs cause interpretation problems: they are difficult to read 
and extract information from it can be thorny. 

For example, information about the European countries can sometimes be equally presented through a 
table or several bar graphs. As the countries are often in alphabetical order, plotting information by branch of 
activity or educational level, for example, doesn’t help the reader to understand which countries have similar 
social or economical behavior. 

Jacques Bertin (1973, 1977) created a graph matrix scheme that can be applied to such situations as the 
above ones, using simple bar graphs that everybody understands. This scheme consists of permuting lines 
and columns so that bigger bars of important branches stay together, as well as little ones. The next step is to 
place the bigger values of each attribute in the ‘diagonal’ of the matrix (note that this is a visual method, so 
the matrix is not necessarily squared). In the end, clusters of categories come up. If the categories were the 
European countries, a map could also be drawn to discover spatial clusters. 

Bertin’s graph matrix was almost exclusively referenced and used in geography. This raises a question 
without an obvious answer: why is there so little communication between sciences, particularly when the 
graphical methods of analyzing information are similar? 

Applying the environmental analogy to this case makes us understand the importance of reusing, in 
two ways: firstly, simple graphs can be transformed into more complex charts allowing an easier and deeper 
data visualization (Alexandrino da Silva, 2006a, 2006b). Secondly, there is a lot to learn and exchange with 
other sciences (like cartography for example) since they all share the same representation problems.  

Finally, improving graphical literacy (also known as graphicacy) both for analysts and users is 
probably the only way to allow innovations in the representation procedures. By developing their graphical 
reading skills, users are no longer satisfied with simple and obvious charts, which is a good push for new 
ways of portraying information. 

In this document the expression “chartjunk” has a wider meaning than Tufte’s initial definition (Tufte, 1983) that 

referred chartjunk as the interior decoration of graphics with unnecessary ink, which he named non-data ink.
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Recycling with Tukey’s boxplot 
Tukey’s boxplot will help us to discuss the representation of error in graphs, so that people less used to 

these concepts understand their meaning. 
The boxplot is one of the most important graphs used in exploratory data analysis. It is amazing how 

this drawing tells a great deal about the data. It is used by students and analysts but most people never heard 
about it. This has to do mostly with the concepts it displays - median, percentils, outliers – that are not 
familiar to many people. For those who are used to apply them, several authors (Carr, 1994; Becketti and 
Gould, 1987; Tufte, 1983) have proposed some interesting modifications of the original boxplot that could 
enrich the analysis, like these two: 

Representing sample dimension: boxplots side by side may look the same but one of them can 
show a little sample while another, a large one. This can be codified by color: the darker the bigger is 
the sample. 

Representing error by illustrating the median’s confidence interval. Robert McGill et al (1978) 
cut out the box and called it the “notched boxplot”, making it possible to visually test if the medians 
of different notched boxplots are equal. If the intervals don’t match the medians are different. 

The representation of error in statistical graphics raises an important question: why ordinary people are 
not used to see survey statistics as variable numbers instead of static figures? Portraying confidence intervals 
helps both the analyst and the reader to analyse more rigorously the survey data. 

There are other graphical proposals used to represent error or sample dimension (Schmid, 1992; 
Wainer, 1996), but they are not going to be discussed here. These modifications bring an important topic into 
the statistical graphics area. When and how should we put our statistical charts more complex? Edward Tutfe 
(1983, p.191) answers in a brilliant way: “What is to be sought in designs for display of information is the 
clear portray of complexity. Not the complication of the simple; rather the task of the designer is to give 
visual access to the subtle and the difficult – that is, the revelation of the complex”. If well planned, boxplots 
can portray much more variables than Tukey initially thought. The boxplot is a good chart to be recycled; it 
has a wide range of rearranged possibilities, some of them already discussed in the scientific literature. 

Recycling with Chernoff faces  
Statistical pictograms were common in the early 1920’s. Pictures were used to spread information to a 

wide audience, most of them with low educational level. The movement ISOTYPE (International System of 
TYpographic Picture Language) developed by Otto Neurath (1936) was important to settle the need for 
education supported by images. Even now, the media still uses informational pictures to attract their audience 
and knows that readers pay more attention to articles that use infographic techniques to integrate a variety of 
information. 

The faces proposed by Chernoff (1973) were an attempt to recycle the advantages of pictorial 
information design. In these charts each face component is associated to a variable. If development and 
welfare were codified by mouth curve and face weight, than a smiley round face would illustrate a rich and 
developed country. The result is attention-grabbing. As Kruskal (1975, p.32) said: “The cartoon-like faces 
make one laugh at first, and then one takes them seriously”. In fact, one of the reasons why they have been 
contested demonstrates the pictorial power of these charts: some countries don’t like to be pictured by a 
skinny sad face.  

Its seducing ability is the reason why people spend much more time trying to ‘read’ it. This raises a 
contradictory feeling: on the one hand people are fascinated with these strange faces but on the other hand 
they can’t extract much information from them. This has to do with their perceptual problems:  

They can only be read if compared between them - a very difficult task;  
The excess of face elements (for example: width, height, position of the nose or ears) makes 

necessary a constant return to the legend; 
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The mouth curvature, the face width, the eyebrow angle and the hair have a pictorial weight 
superior to the other components; 

The quantification of the portrayed variables is an impossible task: what is the numerical 
difference between a pale smile and a loud laugh? 

New graphical forms are required but care must be taken to assure that information is really 
transmitted. This doesn’t mean that we should throw away the Chernoff faces. We just need to recycle them 
and profit from their pictorial power. This can be done by abandoning their initial aim – the graphical 
portrayal of multivariable data – and using them only for qualitative data, by focusing on the face 
components with more pictorial weight and also by using variables that describe similar problematics. 

Final remarks: a call for innovation 
The battle for a better ‘graph environment’ is a difficult assignment. The discussed charts (and others) 

could be used more often, nonetheless statistical or graphic software is not always an ally to those who want 
to escape from the same old graphs. We could ask ourselves how they might help us making statistical 
graphics ‘greener’. 

That is why it is crucial to call for innovation, both for software companies as for users. The firsts 
should invest more in their software graphical component and be prepared to build ‘new’ graphical formats. 
The seconds ought to be more critical and develop their graphical literacy. It is a waste that some software 
allows building interesting charts and that people don’t use them in their full potential.  
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Introduction

Developing effective tools that achieve satisfactory insights into the geometry of multi-
dimensional data is always a subject of interest in mathematics, statistics and recently in
data mining.

In data mining applications, it is important to have tools and techniques for detecting
patterns and describing the underlying geometry and distributions in high dimensional
large data. The challenging problem is how to visualize large sized hyper-dimensional data
and gain insights into its structures. There are several existing methods for visualizing
multivariate data. Most of these methods are complementing each other to overcome some
of their individual limitations. These methods include Matrix Plot, Andrews Plot, Parallel
Coordinate Plot, Star Plot, and Self Organizing Maps (SOM). Most of these methods
are discussed, for example, in Cleveland (1993); Everitt and Dunn (2001); Kirby (2001);
Kohonen (1982); Wegman (1990); Moustafa and Hadi (2006); Moustafa and Wegman
(2006)

In this paper, an informative dimension reduction technique is introduced in order
to assist in visualizing large multivariate data and detect hidden complex patterns. The
data points are represented by vectors that have same starting point -centroid of the data
set, for example- known as vertex. These vectors are decomposed with base-vector that
starts with the same vertex and ends with the point chosen to be the maximum of the
data, produce the first projection. The second projection is the decomposition of the
data vectors with an orthogonal vector to the base. These projections produce a set of
proximity measure based on the (cos, sin) and the radius r, which is L2 norm of the data
vectors. Therefore, the projected space is (r, θ), where θ is the angle between the base-
vector and data-vectors. The proposed method assists in identifying linear and nonlinear
structures. It helps us in understanding the underlying distributions of the data set and
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identify clusters and outliers visually. This polar coordinate projection is described below.

1 The Polar Coordinate Projection

The polar coordinate system in two dimensions is a mapping F, that maps the cartesian
space into a polar space, that can be mathematically expressed as.

F : R2 → R2, s.t. F : (u1, u2) → (r, θ),

where (u1, u2) ∈ R2 such that ~u = (u1, u2) =
−−→
OP 1 − −−→OV =

−−→
V P1. The polar coordinates

(r, θ), where r is length of the vector ~u, and θ is the angle between ~u and the base ~w, that
can be computed as:

(1) r = ‖u‖2 =
√

u2
1 + u2

2, θ = arctan
u2

u1
.

In k-dimensions, F is a projection, expressed by

F : Rk → R2, s.t. F(u1, u2, · · · , uk) → (r, θ).

The radius, r, and the angle, θ, in this case are given by:

(2) r = ‖u‖2 =
√

u2
1 + u2

2 + · · ·+ u2
k, θ = arccos(cos(θ)).

(3) cos(θ) = cos(~u, ~w) =
< ~u, ~w >

‖~u‖2‖~w‖2
.

The main drawback, in computing the angle θ based on the above equation can be
illustrated using the following example. Consider two vectors ~u =

−−→
OP 1−−−→OV =

−−→
V P 1, ~v =−−→

OP 2 −−−→OV =
−−→
V P 2 and the base ~w. These vectors have the angles θ1 and θ2 respectively

with the base vector w. Therefore, cos(θ1) = cos(~u, ~w), and = cos(θ2) = cos(~v, ~w). If
~u and ~v are symmetric around ~w, then arccos(cos(θ1)) = arccos(cos(θ2)), thus, in (r, θ)-
space, ~u and ~v are mapped into one point but the distance in the original space d(~u,~v) 6= 0.

This is, in fact, an advantage in some cases. In general, this can mislead us in describing
the pattern correctly. The advantage using this mapping, however, is that symmetric
points can be easily detected, see Dawkins (1995) and ?. On the other hand, if we have
two symmetric separate multiple patterns around the base vector ~w, it is possible for these
patterns to be mapped into a single pattern in the (r, θ)-space.

In order to avoid such a situation and construct a mapping that deals with symmetric
points and other complex structures, we have to find, ~w⊥, an orthogonal vector to the base
vector ~w and compute the sin(θ) = cos(π

2 − θ) as:

(4) sin(θ) =
< ~u, ~w⊥ >

‖~u‖2‖~w⊥‖2
.
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Based on cos(θ) and sin(θ) together, the angle θ can be uniquely determined. One way to
compute the vectors ~w and ~w⊥ is illustrated in the following algorithm.
The polar plot algorithm: Let the data represented by the matrix Xnk, where n is the
number of observations and k is the dimensions. The proposed method is based on the
following algorithm:
Step 1: We compute three statistics,

µj = mean(X(1 : n, j)), j = 1, 2, · · · , k;

xmax
j = max(X(1 : n, j)), j = 1, 2, · · · , k;

xmin
j = min(X(1 : n, j)), j = 1, 2, · · · , k.

and let

~µ = (µ1, µ2, · · · , µk),

~umax = (xmax
1 , xmax

2 , · · · , xmax
k ),

~umin = (xmin
1 , xmin

2 , · · · , xmin
k ).

Step 2: Compute the base vector ~w and, using Gram-Schmidt, compute ~w⊥:

~w ← ~umax − ~µ;

~w1 ← ~umin − ~µ;

~w⊥ ← ~w1 − <~w1, ~w>
‖~w‖ ~w.

Step 3:
For (i = 1 : n){

~ui ← ~ui − ~µ; ri ← ‖~ui‖2;

cos(θi) ← <~ui, ~w>
‖~ui‖2‖~w‖2 ;

sin(θi) ← <~ui, ~w
⊥>

‖~ui‖2‖~w‖2 ;

θ∗i ← arccos(cos(θi));

ξi ← ri cos(θi), ηi ← ri sin(θi), ζi ← ri sin(θ∗i ).
}
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The Polar coordinate plot is then constructed by plotting (ξ, η), (ξ, ζ) and (η, ζ). The
relationship between (ξ, ζ), in fact, produces the Coneplot described in Dawkins (1995).
Note that ζi

ηi
is a line-shape if the data is not symmetric, and is a v-shape if the data

is symmetric. The polar coordinate plot has a linear computational complexity and has
been applied successfully to many real and simulated large data with complex structure.
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RÉSUMÉ (ABSTRACT)

The visualization of large data sets in high dimensions is more complex than sets with
lower dimensions. We introduce a method for visualizing large size high-dimensional data
sets. The method is based on two orthogonal projections that enables us to detect linear
and nonlinear patterns, and even a mixture of both. The method is based on mathematical
and statistical arguments and empirical investigations conducted on very complex large
data sets show that the method is effective in discovering the underlying structure in high
dimensions.
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The Statistics Department of Banco de Portugal developed an organizational structure and working 
arrangements addressed to ensuring data quality through all phases of the statistical production process. To 
assess the quality of the statistical procedures in place, the quality dimensions, as laid down in the IMF Data 
Quality Assessment Framework (DQAF), are used. Moreover, following the restructuring of the Statistics 
Department in the beginning of 2004, the Statistics Audit Unit was created covering the following main 
functions: (i) data quality and legal provisions’ full compliance assessment; (ii) definition of statistics audit 
planning and accomplishment of audit operations to the statistics produced in the Statistics Department; and, 
(iii) accomplishment of statistical audits to the reporting institutions’ data sources. Currently, the Statistics 
Audit Unit is a light structure, composed of three senior members. 

This paper focuses essentially on the work developed so far in the field of statistics audit in Banco de 
Portugal. 
 
Main purposes of the statistics audit operations 
 

The main purposes of the statistical audit operations are the following: 
• Analyse and evaluate the different phases of statistical production procedures in place, from 

source data collection up to final statistics compilation and dissemination; 
• Analyse the organizational and functioning aspects, in particular evaluate the burden and the 

share of functions and responsibilities in the statistical production process; 
• Evaluate the efficiency of the procedures in place, identifying the good practices as well as 

improvement needs; 
• Contribute to enhance methods and applied techniques and to improve the statistical production 

quality by issuing, when it applies, suggestions/ recommendations on current practices or by 
suggesting new procedures and/or organizational arrangements; and, 

• Encourage and promote the share and comparison of good practices and procedures among the 
different areas of the Statistics Department. 

 
Methodological approach (the AK list) 

  
In order to conduct the statistical audits a methodological approach was set up. Despite possible minor 

adjustments (bearing in mind the targeted statistics as well as the increased experience), the main features of 
this methodology may be highlighted, in short, in the AK list: 

 
A. Initial appointment with the responsible of the unit in charge of the statistics under audit 
B. Collection, organization and analysis of the documentation made available by the unit 
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C. Submission of the “Self Assessment Questionnaire” 
D. Fieldwork 
E. Definition of a Flow Chart on the information circuit 
F. Preparation of the Check List of procedures 
G. Analysis of the answers to the Self Assessment Questionnaire 
H. Graphical assessment of the statistical production system – Radar Chart 
I. Report on the statistical audit process (1st draft) – submission to the unit under audit 
J. Joint evaluation with the unit under audit of their comments on the report  
K. Final report on the statistical audit process – submission to the Head of the Statistics 

Department 
 

The first initiative is an appointment with the responsible of the unit in charge of the statistics under 
audit aiming at: (i) presenting the purpose as well as the process of the audit operation; (ii) making a 
preliminary assessment of the main tasks of the units compiling the statistics under audit; (iii) asking for 
supporting documentation; and (iv) explaining the nature of the “self assessment questionnaire” that will be 
submitted to the responsible of the unit. 

Collect, organize and analyse the documentation made available by the unit is the second phase of the 
methodology – usually it covers legal provisions, methodological manuals, handbooks/notes on procedures 
and practices in place, working checklists and schedules, among others. 

Simultaneously the Self Assessment Questionnaire is submitted to the unit’s managers – this 
questionnaire is organized in accordance with the dimensions of the DQAF, covering several questions for 
each dimension, and its main purpose is to have a previous assessment, from the point of view of the unit’s 
responsible, of the different aspects that will be covered in the audit operation. 

About a month after the submission of the questionnaire, the fieldwork starts – it covers appointments 
with the different teams (administrative, technical and management staff) involved in the statistical 
production process; desirably the effectives are joined in the accomplishment of their daily duties, side by 
side in real time, in spite of the concern of not interfering with the regular functioning of the unit; a local and 
direct assessment of the utility and the degree of up-to-dating of the manuals previously made available is 
also accomplished in this phase. 

After gathering this information it is possible to work up a flow chart on the information circuit in order 
to have a graphic analysis of the various procedures (see figure 1, for an example). 

 
Figure 1: Flow Chart 
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In parallel it is prepared a check list of the procedures with the purpose of organizing the different 

phases of the statistical production process. This check-list, besides allowing for a systematization of the 
different phases of the statistical compilation, may also be used as an assessment instrument by the unit’s 
management and/or may be subject to a statistical audit process (see figure 2, for an example). 
 

Figure 2: Check List 
 

 
 
At this phase, considering the information gathered so far, the Statistical Audit Unit is in position: (i) to 

promote a joint analysis with the unit’s manager of the assessment questionnaire allowing for some 
adjustments if it is considered relevant; and, (ii) to answer all the quantitative questions at the end of each 
section of the questionnaire, aiming at contrasting graphically these answers with those of the unit’s 
responsible – statistical production assessment diagram – radar chart (see figure 3, for an example). 

 
Figure 3: Radar Chart 
 
 
 
 
 
 
 
 
 
 
 
 
 

Self Assessment Diagram
(Securities Issues Unit (SIET) 

0

1

2

3

4

5
Staff Functions Share

System Adequacy

User Satisfaction

Overall Relevance

Transparency Degree

Overall Coverage

M ethodo logical Soundness Degree

Elementary Data QualityReporting Compliance

Intermediary and Final Data Validation

Dissemination Punctuality

Temporal Consistency

Consistency with o ther Statistics

Dissemination Clearness and Coverage

M etadata Accessibility

SIET Unit

Accessibility Relevance

Serviceability

Accuracy and Reliability

Integrity

Methodological Soundness

1 -  Very lo w
2 -  Lo w
3 -  M edium
4 -  H igh
5 -  Very high

Self Assessment Diagram
(Securities Issues Unit (SIET) versus  Statistics Audit Unit (NAE))

0

1

2

3

4

5
Staff Functions Share

System Adequacy

User Satisfaction

Overall Relevance

Transparency Degree

Overall Coverage

M ethodo logical Soundness Degree

Elementary Data QualityReporting Compliance

Intermediary and Final Data Validation

Dissemination Punctuality

Temporal Consistency

Consistency with o ther Statistics

Dissemination Clearness and Coverage

M etadata Accessibility

SIET Unit
NAE

Accessibility Relevance

Serviceability

Accuracy and Reliability

Integrity

Methodological Soundness

1 -  Very lo w
2 -  Lo w
3 -  M edium
4 -  H igh
5 -  Very high

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 4057 -



 
A report on the statistical audit process is worked up along the fieldwork and the main issues focussed 

are the following: (i) introduction; (ii) methodology of the audit operation; (iii) legal framework; (iv) 
relevance of the statistics concerned; (v) organizational issues; (vi) compilation procedures and practices and 
quality control; (vii) main results of the self assessment questionnaire; (viii) conclusions and 
suggestions/recommendations. This structure, which is supposed to be stable, allows, however, for some 
degree of flexibility in order to fit each statistics’ specificities. 

After the conclusion of the fieldwork a first draft of the report is finished and submitted to the unit 
under audit for comments and joint evaluation. After final adjustments (resulting, among others, from the 
unit’s comments) the report is finally submitted to the Head of the Statistics Department whose dispatch, in 
general, asks for comments from the unit under audit and also for a joint definition of an implementation 
calendar of the suggestions/recommendations agreed upon.  

 
Conclusions and main findings 
 

The appraisal of the statistical audit operations conducted so far is quite significant. First of all it is 
worth mentioning the deep interest and good collaboration revealed by those intervening in the statistical 
production systems audited. In fact, there is a consensus that these operations, besides allowing for the 
assessment on the current features of the statistical systems in place and for the presentation of related 
suggestions/recommendations, also offer the possibility of conveying upwards the desires and aspirations as 
well as the shortcomings faced by the responsibles of the units under audit, which, otherwise, might 
encounter more constraints before being acknowledged.       

Besides, the fact that these audit operations allow a detailed assessment on the current features of the 
statistical systems in place means that they also allow the identification and the share of good practices 
within all Statistics Department. 

Another aspect that is noteworthy is that most of the suggestions/ recommendations raised by the 
statistical auditors and accepted by the units under audit are already being implemented or are included in the 
unit’s planning for the years ahead, which, definitely, is an indicator of the relevance of the statistical 
auditing work that is being developed in the Banco de Portugal Statistics Department. It also draws the 
attention to the relevance of monitoring the implementation of these recommendations through a careful 
follow-up process.   

 
To conclude, it should be mentioned that this success largely results from the fact that, though it is a 

highly demanding and time consuming task, quality control is a priority shared by all staff of the Statistics 
Department. Nevertheless, there is always room for further improvements.    
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A Quality Barometer for Monitoring of Data Quality in the 
European Statistical System 
Baigorri Antonio 
Eurostat, Unit Statistical Governance, Quality and Evaluation, European Commission 
5 rue Alphonse Weicker 
L-2721 Luxembourg 
E-mail: antonio.baigorri@ec.europa.eu

1. Introduction 
The European Statistics Code of Practice1 lays down in principle 4, the quality commitment of all members 
of the European Statistical System (ESS) and in particular: 
– the needs for regularly monitoring product quality, according to the ESS quality components and   
– to ensure that processes are in place to monitor the quality of the collection, processing and dissemination 

of statistics.
Principle 15 of the Code of Practice relates to accessibility and clarity and lays down the need for users to be 
kept informed on the methodology of statistical processes and the quality of statistical outputs with respect to 
the ESS quality criteria. 

To monitor the quality of processes and outputs in Eurostat, a quality assurance framework (QAF) is being 
implemented. The objective of the QAF is to establish a system of coordinated methods and tools 
guarantying the adherence to minimum quality requirements mainly concerning the statistical process and 
outputs but also including some kind of assessments. The main focus is at the level of individual statistic 
rather than the quality of the system as a whole. The quality assurance information from individual statistic 
needs to be synthesized by implementing organisation-wide management tools.  A Quality Barometer (QB) 
is one of these tools used by Eurostat for annual quality monitoring of data produced by the Member States, 
and after a process of harmonisation, disseminated by Eurostat.  By implementing this tool for quality 
assessment, Eurostat will be able to:  
– measure the evolution of the data quality across domains and over time  
– identify structural weaknesses in output quality  
– exchange good practices for the statistical production processes.
– provide better information for management purposes, implementing a common framework for monitoring 

statistics between Member States as well as between a country and the entire EU.  

The QB is a tool that heavily relies on quality reporting. Eurostat has prepared guidelines for reporting on the 
quality of statistics, Standard Quality Report [Eurostat, 2003]. These guiding principles provide explanations 
with respect to the ESS quality dimensions (relevance, accuracy, timeliness and punctuality, accessibility and 
clarity, comparability and coherence) and include for each topic, a summary checklist on those items to be 
addressed for appropriate completion. The quantitative information to be provided is further enhanced by the 
development of a set of standard quality indicators [Eurostat, 2005].  

Quality reports would need to be available for most statistics produced by Eurostat following the guidelines 
mentioned above containing both qualitative assessments and quantitative information. However, such 
reports are quite burdensome to produce and the implementation of quality reporting is not equally extended 
in Eurostat, going from complete full quality reports required in specific domains by legislations to summary 
quality information in some statistics, compiled on a gentlemen agreement basis. 

1 The full text of the European Statistics Code of Practice is available in 20 languages on the Eurostat quality website: 
http://europa.eu.int/comm/eurostat/quality
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The QB is mainly based on the synthetic information provided in the quality reports, in the form of quality 
indicators for each statistical domain and integrates these indicators, allowing an overall view of the quality 
of the outputs produced and disseminated by Eurostat. Thus, the extension and content of the QB depends on 
the completeness and availability of quality reports which should cover all the ESS quality dimensions. 

2. Standard quality indicators used for the Quality Barometer 
The standards quality indicators derived from quality reports are the core information for comparisons 
between statistics and also over time and to build up the QB. These indicators, are summarized in the next 
section (in bold) according to the quality dimensions. A precise definition, as well as procedures for 
calculation, can be found in [Eurostat, 2005].    

Relevance :it highly depends on the requirements and views of different user categories concerning the other 
quality components. A common approach to users' satisfaction surveys in the EU is yet to be implemented 
and a user satisfaction index needs to be produced based on the outcome from different users' types. 
Another indirect aspect of relevance is the extent to which statistics are available compared to what should 
be available – rate of available statistics - according to a clearly identified objective for meeting the 
requirements of the ESS. The requirements are most of the time detailed in a Commission regulation or in 
national legislations. 
Accuracy: the following typologies of error are commonly adopted nowadays in statistics: 
– Sampling errors, which affect only sample surveys; they are simply due to the fact that only a subset of 

the population, ideally randomly selected, is enumerated. A well accepted indicator for sampling errors is 
the coefficient of variation.

– Non sampling errors assess the remaining bias of the output, and some process-oriented indicators have 
been chosen in order to measure the importance of keys factors of non sampling errors: the non response 
errors, (unit non response and item non response rates) the processing errors, (imputation rate and 
ratio), the coverage errors (over coverage errors, and geographical under-coverage ratio), and the 
size of revisions (average size of revisions) are indicators used for measuring non sampling errors.   

Timeliness and Punctuality: different aspects of timeliness can be considered e.g. the time lag between the 
end of reference period and the date of the first/ provisional results, and the time lag between the end of 
reference period and the date of the final results. When official delivery dates are fixed, it is 
recommended to comply strictly with these dates, no delay but no advance either. For this reason an 
appropriate indicator is the punctuality of time schedule of effective publication.
Accessibility and clarity: print publications (statistical yearbooks, monthly bulletins, statistics in focus, press 
releases, etc) are the most common way to disseminate data by Eurostat followed by the Web sites 
dissemination. The number of publications disseminated is a simple indicator calculated for the printed 
publications, while the number of accesses to databases, hits or extracts, is used for web site dissemination. 
 Comparability: the direct measurement of lack of comparability is often difficult to conduct since, most of 
the time it refers to specific conceptual differences only and does not consider differences in data collection 
and processing methodologies. Comparability can be assessed both over time and geographically.  
Inconsistencies over time occur when data collected for a specific reference period are not fully comparable 
with the data for the following periods due to a number of peculiarities in certain time periods. In such cases, 
it is considered as a break in the time series. Two indicators are used for comparability over time: length of 
comparable time series which measure the number of years from the last break in the time series and 
number of comparables time series. These indicators can be calculated for either a set or all the statistics 
released.
The geographical comparability is assessed by counting the number of differences in concepts and 
measurement from the European norm, (according to a predefined list on concepts and measurements 
characteristics) for the key variable(s) of the statistics produced. In domains with mirror statistics, 
geographical comparability may be assessed measuring the discrepancies between inbound and outbound 
flows for pairs of countries with an indicator on asymmetries for statistics mirror flows.

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 4060 -



3

Coherence: the coherence between the primary use and the main secondary use of the data is considered.  In 
practice, the main secondary use of produced data is often used as input to integrated statistics (e.g. national 
accounts). An indicator of coherence is the rate of statistics that satisfies the requirements for the main 
secondary use 

3. A first Quality Barometer for Eurostat 
Introduction
At present quality reporting in Eurostat is not fully implemented for all statistics, being limited to those more 
relevant for main policies (EMU, revised Lisbon strategy, etc). At the same time the quantitative information 
on quality reports in the form of quality indicators is also restricted and some of the indicators mentioned in 
chapter 2 are not always calculated. With this limitation, the aim of the first version of the Eurostat QB has 
been mainly to identify the availability of quantitative quality information in the different statistical domains 
and at the same time to provide an example of the structure for presenting information on quality for 
monitoring purposes.  

The analysis of structural strengths and weaknesses when it comes to data quality in the ESS will be more 
meaningful when the QB covers more domains based on new quality reports, when more standard quality 
indicators are available and when the time dimension is better covered.  

The information included is this first Eurostat QB for 2006, is based on information from the following 
selected domains: Labour Force Surveys (LFS), Structure of Earnings Surveys (SES), Structural Business 
Statistics (SBS), Community Statistics on Income and Living Conditions (EU-SILC), Retail Trade Turnover 
and Volume of Sales, Industrial Production Index, International Trade Statistics, Euro Indicators database 
(Euro-IND), and Structural Indicators. The latest available quality reports have been used for extracting the 
quantitative assessments. Quality reports from additional statistical domains are under its way and will be 
included in the future updates of the QB. 

Quality indicators used and first results 
General results
Structural indicators are one of the main outputs yearly produced by Eurostat in the framework of the revised 
Lisbon strategy. The overall assessment of the full list of the Structural indicators for 2006 shows that there 
are no major changes in quality in comparison with the previous year. A slight increase in quality can be 
observed for the framework conditions and for coherence. Relevance, accuracy, timeliness & punctuality 
have the same score as the previous year, while for clarity & accessibility, comparability and coherence some 
minor decreases can be noted. Comparability across countries is high for a number of 12 indicators and 
restricted for 2. Comparability over time is restricted for 6 indicators mainly because they are designated for 
spatial comparison and because the influence of breaks in the time series is not yet assessed.  

Results by quality dimensions
Relevance: due to the lack of user surveys, completeness/compliance with existing regulations in relation to 
the coverage requested has been the only indicator used to measure relevance. The analysis is extended to the 
Euro-Indicators database, the EU-LFS, SES, SBS and the following results were found. Generally speaking 
the coverage of these statistics is high and some individual results are mentioned: Euro-IND (76.9%) of the 
series (end 2006), for SES 2002, 17 out of the 26 countries that participated to the survey were able to cover 
the full set of mandatory variables.   
Accuracy: the statistical indicators analyzed refer to coefficients of variations (cv's), response and 
imputation rates and revisions and refers to the LFS, SES, SBS, SILC and External trade. The non response 
rates for the EU-LFS varied a lot between countries in 2005, from 2.8% to 36.6%. A comparison of non 
response rates between EU-LFS (2005) and EU-SILC (2005) shows that the non response rates are in general 
lower in EU-LFS. Comparing response rates between SBS and SES it can be observed that the response rates 
are in general higher in SBS. Analyses of the cv's for EU-LFS over time show that most of the countries had 
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a stable cv's over time (2001-2005). The imputation rates for the key variables in EU-SILC (2005) were low 
(the highest imputation rate was recorded as 3.6% of the total values). Finally, the average extend of the 
revisions of the EU aggregates is generally higher for Intra-EU trade than for Extra-EU trade, and also higher 
for arrivals than for dispatches.
Timeliness and punctuality: a major problem connected with the SES 2002 was the lack of punctuality of 
data transmission to Eurostat and timeliness of the dissemination of European results by Eurostat. For the 
International Trade Statistics, most of the Member states have improved the timeliness of their data during 
the year under analysis.  
Comparability: intra-EU asymmetries have always represented around 5% of trade since 1993 but in recent 
years they have started to increase and represent in 2002 more than 6% of intra-EU trade. However, figures 
for 2003 and 2004 indicate a global improvement. 
Coherence: the coherence of LFS with population statistics is not full. There are some differences due to the 
coverage and to the rules for defining the usual resident population. The EU-LFS statistics are in the main 
referring to the population over the whole year. Coherence between LFS and other employment estimates, is 
not fully assured since key concepts used in National Accounts (full-time equivalency, domestic 
employment) have no correspondence in the EU-LFS. Other coherence issues are related to coverage of 
populations and definition of reference periods which might explain some of the existing differences. 

4. Enhancing the Eurostat Quality Barometer 
The Eurostat QB for 2006 is quite restricted both in the number of statistics included and in the number of 
quality indicators considered. For future versions of the QB, the extension of quality reporting in Eurostat to 
other domains is required. Furthermore, quality reporting should contain more standardised quantitative 
information allowing to derived quality indicators that are comparable in their definitions and that can be 
directly used as inputs for the QB. In line with this approach, Eurostat is developing a model for a legal act 
on quality reporting requirements to further harmonise quality reports by the members of the ESS.  

A complement but also an alternative to quality reporting for some statistics to enlarge the coverage of the 
QB, is to produce quality indicators directly, based on quality reviews. These reviews incorporate all the 
existing quality information for each statistical domain, using a standard Quality Assessment Checklist. The 
Checklist is a basic tool of the QAF, developed by Eurostat for assessing the compilation of statistical 
processes and outputs and contains the following sections, relevant for the QB: users and customers, 
validation of country data, validation of Eurostat aggregates, data dissemination and follow-up of the 
statistical production process 

The Checklist will allow to cover all the quality dimensions, to derive quantitative quality information for 
most of the statistics and to summarize it in the QB. Furthermore, more complete quality reviews are 
expected to be conducted for some statistical domains during 2007-2008 in the form of rolling reviews, 
which incorporate users satisfaction surveys, thus reinforcing the indicators on relevance. With these 
improvements the new version of the QB to be released in 2008 should provide a better overall view of the 
statistics produced and disseminated by Eurostat, including comparisons over time.        
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1. Benchmarking at a glance

Benchmarking is a method used to compare a specific process with another organisation�s
corresponding process, which is believed to represent good quality standards. It is a complex process
requiring exploratory analysis of the processes in question. However, it can yield very good results once the
processes are fully identified and analysed and one can put forward questions such as: �Why does our
process take two months longer than that of our competitors?�, �Are our staff quite compatible with the
process?�, and finally �Why does our process X cost Y per cent more?�.

In the case of official statistics we often encounter two other methods, which are closely related to
benchmarking, namely peer reviews and auditing. They all include a common feature: there should be a
general framework guiding the comparison. The known benchmarking exercises from literature (de Vries
1998, Fellegi and Ryten 2000, Lembke et al. 2001) discuss the general nature of benchmarking, for example
in relation to some generally accepted standards like the UN principles of official statistics. A peer review is
currently being carried out within the European Statistical System with the European Statistics Code of
Practice as the guiding norm (Eurostat 2005). Our approach is closer to the one applied in market research
since the main idea was to explore the processes carefully and try to identify the following:

1. why some things are carried out similarly and others differently
2. what the results of the findings are, and
3. what can we learn from each other.

2. Statistics Finland-Statistics Sweden benchmarking

Background

The management boards of Statistics Finland and Statistics Sweden held a joint seminar in May 2005
in Helsinki. The discussion revealed many similarities but also several differences in the way the two offices
were organised and functioned. Based on the discussions the Director Generals of the agencies decided to
carry out a benchmarking study to be based primarily on easily accessible indicators and other relevant
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information to describe the offices. The first operational ideas to this end were drafted by Statistics Sweden
in autumn 2005. They were eventually accepted as a point of departure for the benchmarking project and
also included more in-depth studies on mutually agreed subject matter statistical areas.

Objective and work process

The objective set for the project was to study interesting and important differences regarding the
organisation and functions of the two offices paying special attention to quality and costs. The project should
encompass both studies of general, organisation-wide circumstances as well as more detailed studies of some
comparable products � three statistics were ultimately selected.

The main work method consisted of internal investigations in both agencies with general guidance by
the appointed core team at each of the offices. The core teams included three senior officials with Mr Matti
Niva at Statistics Sweden and Mr Kari Djerf at Statistics Finland in charge.

The study was effectively started in March 2006 and the first joint meeting was held in April. On that
occasion the goals were defined, a general approach agreed upon and the concrete studies were launched. In
the beginning, a list of potential items to be included consisted of roughly 200 items. Additionally, the
subject-matter statistics to be benchmarked were agreed, namely Labour Force Survey, Accommodation
Statistics and Structural Business Statistics.

The benchmarking begun by searching for feasible (e.g. relevant and measurable) indicators of the
items agreed which both parties tried to provide. It was a complex process to carry out because the metadata
of internal accounting and other management procedures could not be matched easily. By the second joint
meeting, the basic indicators were agreed upon and the work could continue on a reduced number of agreed
subjects.

During the active process, there were altogether six joint meetings of the core teams and innumerable
telephone calls and e-mail exchange.

The interim report was put forward at the joint DG meeting in January 2007 in Helsinki. The response
was positive and encouraging. The draft final report should be finalised by mid-May 2007.

3. Results

The benchmarking of statistical agencies revealed a lot of similarities, and fewer differences, although
some of these appeared to be substantial. When comparing our agencies, they seemed to have very much in
common:
a) similar history as one state for centuries until 1809
b) similar structure of public administration largely due to a)
c) similar �protestant work culture� and belief in the Nordic welfare state.

However, recent developments have resulted in various differences as well. The way official statistics
are organised is by and large similar: both countries are decentralised with 20-25 agencies altogether.
However, in Finland the tendency over the last 20 years has been to centralise while, in Sweden, the
responsibility of official statistics was decentralised.

The biggest dissimilarity concerning the agencies was found in relation to just this aspect: whether to
centralise or decentralise. As a part of a decentralisation policy in Sweden in the early 1990s, a number of
public agencies (such as within agriculture, transport, energy, education etc.) were given the responsibility
(and appropriations) for official statistics. Some have produced these statistics by themselves but most of
them commissioned the production to Statistics Sweden. Within Statistics Sweden, the departments were
given decision-making power regarding resource allocation. This implied that Statistics Sweden moved
towards a business-like accounting and decision-making system with each department as an administrative
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unit (�profit centre�) of its own. In Finland, there was an opposite trend of concentrating statistics to
Statistics Finland. In addition Statistics Sweden has two roughly equally sized locations and Statistics
Finland only one.

Overall both administrative and infrastructural differences made it very difficult to compare the results
especially regarding costs and finance. This implied also that some of the differences in indicators could not
be fully explained.

Exploring some chosen fields of activity was much more successful. The comparison of staff showed
that we have similar current structures and both agencies face real challenges in future recruiting of new
staff. Dissemination strategies were different, partly due to government policies. However, publication
policies are comparable and both agencies were interested in getting more in-depth information of the new
developments. Methodologically both the agencies are roughly equal. Statistics Finland seems to have some
edge on the use of administrative data in basic statistics compilation while Statistics Sweden has been
slightly ahead in new quality actions. Both agencies are engaged in making micro data available for
researches. Statistics Sweden has an online solution for this.

The most useful results were obtained when benchmarking at product level. It was quite easy for the
subject matter experts to restrict the exercise to issues which were measurable and of mutual interest.  As a
result, several improvements will be introduced and many initiatives for continuing the work were
announced.

4. Conclusions

Benchmarking appears to be a very useful tool in general but it definitely requires a good standardised
approach. Based on our exercise we can also conclude that the financial indicators may not always be
comparable without deeper exploration. In our case we found that explaining some of the details was not felt
important enough to motivate the heavy work load anticipated to overcome the administrative problems
embedded in data sets.

The benchmarking study gave the team members from both sides a lot of ideas on how to continue the
cooperation and learn from the other organization. The future will show how far we will be able to proceed
and what the ultimate result will be of weighting the benefits against the costs.
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1. Introduction 

The European Statistical System (ESS) has committed itself to carrying out wide peer reviews on a 
system-wide basis, unprecedented in terms of scope and timing. The peer reviews were launched in 2006 and 
will be carried out in all 30 National Statistical Institutes (NSIs) of the European Union1, the European 
Economic Area/European Free Trade Association2 Member States and in Eurostat by the end of 2007. 

The reviews are conducted on the basis of the European Statistics Code of Practice3, an ambitious, 
holistic approach to quality in statistics, which the ESS adopted in February 2005. The implementation of the 
Code of Practice basically follows a self-regulatory approach, binding the adherents on a voluntary basis. As 
a complement and in view of enhancing the credibility of European statistics, a reporting and monitoring 
system has been put into place, of which the peer reviews build a cornerstone. 

They are organized centrally by Eurostat and follow the same methodology which has been detailed in 
guidelines for the participating peers and National Statistical Institutes. Being more formalised, pre-defined 
in structure and scope and following detailed checklists and evaluation standards, the ESS peer review go 
beyond other peer reviews conducted so far in European NSIs, be it on an ad hoc basis or in the framework 
of the global assessments of NSIs of future European Union Member States. In so far the ESS peer reviews 
assume an audit function with regard to assessing National Statistical Institutes' institutional set-up and 
dissemination practices against the principles and indicators of the Code of Practice. 

Being carried out on a system-wide scale during a relatively short time period, the ESS peer reviews 
provide a unique opportunity for the identification of benchmarks and common difficulties or gaps, sharing 
of best practices and knowledge transfer across the European Statistical System, thus, potentially 
contributing themselves to enhancing ESS compliance with the Code of Practice and the quality of European 
statistics. 
2. Peer review methodology 

The peer review addresses the institutional environment and dissemination part of the Code of Practice 
comprising the following principles: (1) Professional Independence, (2) Mandate for data collection, (3) 

                                                      
1 Austria, Belgium, Bulgaria, Cyprus, Czech Republic, Germany, Denmark, Estonia, Spain, Finland, France, Greece, 

Hungary, Ireland, Italy, Lithuania, Luxembourg, Latvia, Malta, Netherlands, Poland, Portugal, Romania, Sweden, 
Slovenia, Slovakia, United Kingdom. 

2 Iceland and Norway 
3 For more information on the European Statistics Code of Practice please consult the Eurostat quality website: 

http://ec.europa.eu/eurostat/quality  
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Adequacy of resources, (4) Quality Commitment, (5) Statistical Confidentiality, (6) Impartiality and 
Objectivity and (15) Accessibility and Clarity. Thus, in principle, the peer review relies on assessing (legal) 
frameworks, policies and procedures at a horizontal level, rather than looking into statistical processes or 
outputs which would require a domain-specific approach. As a compromise between keeping the review 
manageable while at the same time assessing the situation in a dispersed national statistical system, where 
the production of European statistics is shared among several authorities, the peer review also addresses the 
co-ordination role of the NSI within the national system rather than reviewing on-site national producers of 
statistics other than the NSI itself. In principle, this is done taking into account the relevant legal and policy 
framework as well as the relating de facto co-ordination mechanism and bodies and their functioning in 
practice. While other national data providers are invited by the NSI to participate in the review to complete 
the picture, it is the role of the NSI to assess their compliance status. To this end, NSIs were asked by 
Eurostat in May 2006 to report on their plans to extend the implementation of the Code to other national 
providers of statistics. 

The peer reviews are prepared on the basis of a standard information package provided by Eurostat 
and the NSI. The main input for the preparation and conduction of the peer review forms the National 
Statistical Institutes' reply to the Eurostat Code of Practice self-assessments questionnaire which puts into 
more concrete the principles and indicators of the Code. Further information comprises relevant policy, legal 
and background documents, including a summary of the results of a user satisfaction survey to be carried out 
by the National Statistical Institute prior to the review. 

The peer review assessment basis is directly derived from the Code of Practice and from the Eurostat 
Code of Practice self-assessments questionnaire4 which further details the Code's principles and indicators. 
A collection of detailed open questions by interlocutor, distinguishing between users, other producers, NSI 
management and NSI staff completes the assessment framework. 

The peer review teams comprise two peers from NSIs nominated by the members of the Statistical 
Programme Committee, including the chair, and one Eurostat expert, representing a broad bandwidth in 
terms of parent statistical system, language and subject expertise. These differences in the background of the 
team members contribute to an understanding of the national peculiarities of a statistical system and to the 
identification of good practices across the ESS, an important by-product of the peer review. At the same time 
they may pose a risk to the comparability of individual countries' reports across the ESS, which Eurostat tries 
to address by various quality assurance measures. These measures range from a training course organized 
prior to the peer reviews during which the participating peers have been familiarized with the peer review 
methodology, a certain overlap in the composition of peer review teams, the publication of detailed 
guidelines for participating peers and NSIs to the creation of the Eurostat peer review desk providing 
assistance and guidance to peer review teams and NSIs at all stages of the process. 

The peer reviews are organized during a 3-days visit on-site during which the review team meets with 
NSI representatives including NSI top and middle management and junior staff, as well as with the main 
stakeholders, comprising other data producers, various user groups and respondents' representatives. 

The peer reviews result in a report published on the Eurostat website. It is structured along a 
standardized format assessing the level of compliance with the Code of Practice for each indicator following 
a harmonized reporting scale (fully/largely/partly/not met). For each indicator for which compliance with the 
Code is yet to be achieved the peer review team and the NSI agree improvement actions attached to the 
report together with an implementation plan. Further parts of the report address the NSI's co-ordination 
function within the national system and point out good practices observed to be further promoted in the 
Eurostat Working Groups and the Eurostat website respectively, thus contributing to an ESS-wide 
knowledge transfer. 

                                                      
4 http://ec.europa.eu/eurostat/quality  
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The NSI is given the opportunity to have its comments published together with the report, in the – 
exceptional – case that it can not agree with (parts of) the report. 

With a view to reporting back during 2008 to the European Parliament and to the Council on the ESS 
degree of compliance with European Statistics Code of Practice, Eurostat will undertake at the beginning of 
2008 to review Member States' progress with regard to the implementation of improvement actions agreed 
during the peer review with the NSI and other national data producers' adherence to the principles and 
indicators of the Code. 
3. Preliminary results of the first peer reviews 

This part of the paper gives an overview of preliminary results of the first peer reviews and some 
tendencies emerging from them. It is based of the peer review reports of 8 countries (Czech Republic, 
Netherlands, Italy, Estonia, Austria, Cyprus, Ireland and France) which have been published so far. 

First results of the peer reviews validate the analysis of the self assessments which were carried out in 
2005 by the statistical authorities of the ESS against the principles and indicators of the Code (Eurostat, 
European Commission, 2006). They also point to the high ambition of the Code setting standards that in 
certain areas require action by the majority of, if not all, ESS partners. 

The positive picture with regard to the degree of compliance of the NSIs with Principle 1, Professional 
Independence; Principle 2, Mandate for data collection and Principle 5, Statistical Confidentiality is 
confirmed in the first peer review reports, too.  

Nevertheless, the peer reviews also point to the need for improvements in terms of supplementing 
legislation and strengthen the role and status of the Director General in some NSIs in line with Principle 1, 
Professional Independence.  

While compliance seems to be fully ensured for Principle 2, Mandate for data collection, and Principle 
5, Statistical Confidentiality, further going improvements relate to boosting the use of administrative data, 
increasing data disclosure control as well as to facilitating microdata access for research purposes.  

NSIs seem to have quite high standards in the area covered by Principle 6, Impartiality and 
Objectivity. However, in order to move towards full compliance with this principle, the majority of NSIs 
need to improve the arrangements regarding publicising information on methods and procedures as well as 
informing the general public about pre-release access. 

Results of the first peer reviews point to the need to make additional efforts in the areas covered by 
Principle 3, Adequacy of resources, Principle 15, Accessibility and Clarity, and Principle 4, Quality 
Commitment.  

Analysis gives a quite heterogeneous picture with regard to the degree of compliance with Principle 
15, Accessibility and Clarity. One the one hand, the majority of the NSIs seem to be strong in some areas 
covered by this principle: they use modern information and communication technologies in dissemination 
services, provide custom-designed analyses when feasible and make them public. On the other hand, 
preliminary analysis draws the attention to the need to improve documenting metadata. In addition to that, 
many NSIs plan to develop/relaunch their website. 

Resources to meet current European statistics needs seem to be quite adequate in most of the NSIs 
while for some of them improvement actions regarding provisions on financial resources and staff are listed 
with an aim to reach full adherence in line with Principle 3, Adequacy of resources. 

Actions on a broader scale seem to be required towards full compliance with Principle 4, Quality 
Commitment. Plans to fill the gaps identified are envisaged in many NSIs and cover a range of issues among 
them developing staff training in quality, implementing quality audits, elaborating quality guidelines, 
reviewing statistical outputs as well as developing process monitoring systems. 
4. Good practices 

Quite many good practices have been so far observed in various areas of activity of different NSIs. 
Out of them some examples in the area covered by Principle 4, Quality commitment, are highlighted taking 
into account the current level of compliance with this principle in many NSIs. 
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The first example is so called "feedback talks"5. In the framework of TQM approach the NSI has 
introduced standard quality reports to be produced and kept up-to date for all statistics. The reports are based 
on the ESS definition of quality in statistics and follow the European standard quality report, and provide an 
essential basis for "feedback talks". These talks are an important and innovative approach to the assessment 
and evaluation of the quality of the statistical work of the NSI. They involve both internal (including the 
production domain, a peer domain and national accountants) and external experts (such as main users and 
methodologists) and are carried out in co-operation with the Statistical Council. The Talks represent a 
statistical audit function at the NSI as they aim at: - reviewing statistical methods and the quality of 
processes in detail - identifying quality improvement potential on the basis of external and internal users' 
views, - improving the quality reports, and - defining recommendations and actions. The implementation of 
improvement actions is documented and is itself subject to review.  

Another good practice - "Quality circles"6 - is a way to integrate different actors in the process of 
preparing the national statistical program and reporting on its implementation. Quality circles are permanent 
working groups covering one sector of the national statistical programme. Their purpose is to investigate 
technical issues faced by official statistics such as integration of sources, rationalisation of statistical 
production, etc. They include representatives of the NSI in charge of the sector concerned, representatives of 
other parts of the national statistical system that are directly involved in the sector, as well as representatives 
of local authorities, financial institutions, Non Government Organisations, universities, etc. 
5. Conclusions 

In terms of country coverage on the basis of a common quality framework while using the same 
methodology and being conducted during a short period of time, this round of peer reviews aiming at 
boosting quality of European statistics is a unique exercise for the ESS.  

Several measures are being implemented in order to ensure high quality of this exercise: a common 
information and assessment basis has been defined; peer review guidelines for participating peers and NSIs 
have been published. Eurostat caters for a debriefing of the single reviews and provides a common reporting 
format thus contributing to ensuring the comparability of peer review reports. Experts are selected in a way 
that a high degree of overlap between various review teams is ensured; this allows for a learning curve to be 
realised over time. 

Preliminary results of first 8 peer reviews show that the NSIs have a quite strong profile in the areas 
covered by Principle 1, Professional Independence, Principle 2, Mandate for data collection, and Principle 5, 
Statistical Confidentiality. Some improvements are needed in the areas of quality commitment, adequacy of 
resources as well as accessibility and clarity. Many good practices have been detected in different fields of 
activities of the NSIs. The ones developed in the areas where there is still room for improvement are of 
particular importance as they contribute to boosting compliance with the Code in the ESS.  

It is important, however, to note that the analysis is limited only to 8 peer reviews thus the analysis can 
only describe first tendencies. However, they seem to contain to a broad degree the results of the self 
assessments what in itself can be taken as a signal contributing to trust in the ESS.  
 
REFERENCES (RÉFERENCES) 

Eurostat, European Commission (2006): Report on the results of the first self assessments carried out by the 
statistical authorities of the European Statistical System against the principles and indicators of the European Statistics 
Code of Practice.   

Hahn, M. (2006): Code of Practice Peer Reviews: First steps in defining a European Statistical System wide 
approach. Conference on Data Quality for International Organizations, Newport (UK), 27-28 April 2006. 

 

                                                      
5 This practice is applied at Statistics Austria. 
6 This practice is applied at the Italian Statistical Institute (ISTAT).  
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Abstract 

In this work, we study the transition from higher education to labour market in Galicia (NW-Spain). 

The main goal is to analise the adequacy of university graduates to the need for human resources in different 

economic sectors, both from the point of view of graduates and employers. The relevance of this type of 

studies has become clearer in recent years, with their inclusion in the Official Statistics Program of Galicia. 

 

Introduction 
The transition from school to work has been a major research topic over last years. Increasingly high 

youth unemployment rates since the eighties have justified many research projects in Europe (CHEERS: 

Career after higher education: a European reserach study; REFLEX: The flexible professional in the 

knowledge society) and specific programs in different countries and regions (ACSUG 2004, 2005). In the 

particular case of Galicia (NW-Spain), different actions have been taken by higher education institutions, like 

the University of Santiago de Compostela (USC) through its Social Council, and the Agency for the Quality 

of University Galician System (ACSUG). The ACSUG promoted the projects PIL1996-2001 and PIL2001-
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2003, in order to explore the university graduates’ (from 1996 until 2003) view on their actual job, as well as 

the problems they confront in their access to labour market. On the other hand, the USC promoted a different 

research, whose main concern was to know the impressions from the other side of the labour market: the 

view of the employers on graduates’ qualification. There is no doubt in the importance of carrying out this 

type of surveys, since results obtained in these studies provide us with valuable information for the 

development of the University, specially at this changing point in the design of higher education degrees 

after Bologna Declaration. In addition, a growing demand for general, specific and even social competencies 

has also been emphasised by employers in recent years. An example of the relevance of this kind of studies is 

that the project promoted by ACSUG has become part of the Official Statistics Program of Galicia 

government since 2007. 

 

The aim of this work is to compare the results obtained in the studies conducted by the USC and the 

ACSUG in order to highlight the different points of view that graduates and employers have on the 

professional capacity that graduates should have when entering the labor market. The outline of this work is 

as follows. In Section 2, we provide a brief summary of the ACSUG and the USC projects. In Section 3, we 

show the results of both studies, focusing on the assessment that graduates and employers make on 

graduates’ competencies.  

 
ACUSG and USC projects. 

We will consider results from the most recent study from ACSUG (PIL2001-2003). The survey was 

carried out during November-December 2004. In this case, 4.145 graduates from the three public universities 

in Galicia (University of Santiago de Compostela, University of A Coruña and Univesity of Vigo) were 

interviewed by phone. These graduates had obtained their degrees from 2001 until 2003. They were asked to 

answer a questionaire on the relationship between higher education and employment. A broad scope of 

questions were asked related to graduates socio-biographic background, study paths, transition from higher 

education to labour market, early career, links between study and employment, satisfaction with their jobs 

and a retrospective view of higher education. Specifically, this project intented to find out to what extent 

competencies are required in graduates’ jobs. 

 

In the project promoted by the Social Council of the USC, 828 representatives of the human resources 

areas in different businesses (those ones who collaborate with the USC in a professional training program) 

were asked about similar topics, but from the perspective of the employer. The survey was carried out in 

August-October 2005. Questionaires were sent and received by regular mail. 

 

Assessment of graduates’ competencies. 
Professional competencies are the combination of abilities, aptitudes and knowledge required for an 

effective job performance. It is not easy to summarise all the possible competencies that a graduate may need 

for performing a job. A global division can be made in three blocks: knowledge (e.g. foreign language), skills 

(e.g. social skills) and attitudes (e.g. leadership). Once we have defined a list of competencies in each of 

these groups, we would like to know, among other issues: Which skills are important, from both graduates 

and employers perspectives, for the performance of the job with the required efficiency level. 
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Figure 1. Mean values of competencies assessments by graduates and employers. Scale from 1 
(lowest) to 5 (highest). 
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Evaluation of competencies involves finding answers to other questions. The PIL projects intend to 

find out to which extent these competencies are required in Galician graduates actual jobs. Graduates were 

asked to assess a series of competencies in terms of their need for an efficient job performance. Our 

graduates consider that Written and oral communication skills, Loyalty and honesty, Learning abilities 

jointly with Motivation and Adaptability, are the most important competencies required in their job (all of 

them with a valuation over 4, in a scale from 1 to 5). However, they consider that Foreign language 

knowledge and Computer skills are not substantially relevant for their adequate performance. The 

explanation for the poor assessment of Foreign language knowledge is found in the structure of Galicia’s 

business market, which primarily consists of Small and Medium Enterprises. 

 

On the other hand, employers were asked to assess the competencies that their recently-hired 

employees show. From the employers’ perspective, Loyalty and honesty, Learning capacity, Theoretical 

specific knowledge, Motivation and Team work are the competencies which collect a higher mean value. The 

lowest values correspond to Foreign language knowledge and Leadership.  

 
Examining results displayed in Figure 1 (divided in three plots), it seems that both graduates and 

employers agree that graduates have the adequate preparation in Computer skills, Broad general knowledge, 
Theoretical field-specific knowledge and Foreign language knowledge. The largest discrepancies between 
what graduates “need to know” and what employers say “that graduates have”, are given in the assessment of 
Practical field-specific knowledge, Working independently capacity and Problem solving abilities. In these 
three cases, values given by graduates are higher than the assessment provided by the employers.  

 
For the last two items (Working independently capacity and Problem solving abilities) graduates say 

that these two abilities are quite important for their job performance (values over 4). However, employers 
give and intermediate mark to them, implying that working independently and problem solving abilities are 
not strong capacities in their employees. At least, graduates are conscious about that. Employers give the 
worst mean value to Practical field-specific knowledge (3.14 over 5). Unfortunately, in this case, graduates 
do not consider this ability as a crucial one for their job performance (3.93 over 5). 
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ABSTRACT 

The aim of this paper is to discuss the concepts of credibility and reputation in the production of official statistics. We 
make an important distinction between credibility of a statistics and the reputation of the producer. Under this token, we 
discuss some ideas based on macroeconomic theory that reinforces the relevance of the National Accounts as the 
accounting system that helps to organize the production of economic statistics. 

RESUMÉ 

Cést travail présente à discussion sur les concepts du crédibilité et réputation dans la production de le 
statistique officielle. Une distinction est fait entre crédibilité de une statistique et la réputation de le 
producteur de les statistiques officielles.   

1. Introduction 

Although official statistics are vital for academic research production in social sciences and to 
public and private decision making, issues concerning the production and organization of official 
statistics are rather scarce in academic literature. The lack of theoretical basis, however, does not 
impair the production of official statistics and, as we shall see in this paper, an important issue to be 
discussed is the credibility attached to the production of official statistics.  

In this sense, an argument to be developed is that credibility on the statistical production 
depends on the theoretical references to which the statistics is referred to. In this paper we discuss 
credibility and reputation associated to the production of the National Accounts. We pay special 
attention to the emergence of the theory of Keynes and the development of the National Accounts to 
illustrate our points of view.  

2. Credibility, Reputation and the Production of Official Statistics 

We start quoting a short passage by Pilar-Guzman, former president of the National Statistical 
Office of Spain, which is quite illustrative of the idea that official producers of statistics have about 
credibility in the statistical production:  

The image of quality is essential for a NSO [National Statistical Office], because it is deeply related to 
credibility, and credibility is the basis of the virtuous circle that helps to improve the quality of statistics. 
Credibility is the most important asset of a NSO, but it is also a very frail item: it takes years to 
consolidate but it can be very easily damaged. (Journal of Official Statistics, vol. 17, no. 1, 2001, p. 73.) 

Assuming as Pilar-Guzman does that credibility is the most important asset of a producer of 
official statistics, the point to be stressed is the idea of ‘image of quality’ being deeply related to 
credibility. This image is associated, in our view, to the confidence that users have on the statistics 
that is being produced, and confidence, in this case, can be associated with the reliability that  is 
attached to the statistical information.  
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In order to clarify the responsibility of the statistical producer in building up credibility, we can 
unfold the idea of credibility in two aspects: a) one refers to the theoretical background that 
supports the production of the statistics, and b) another one refers to the quality of the statistical 
production. In doing this, we are making a distinction between credibility of the statistics on one 
hand and reputation of the producer of the statistics, on the other.  

The idea of credibility in economic literature (this literature in economics is developed 
concerning, mainly, Central Bank economic policies) is associated with the expectations that 
economic agents form about the success of measures of political economy, in particular monetary 
policy. Economic theory supports that the success of monetary policy depends, in a great deal, on 
the confidence of private agents in its efficiency. For the purpose of this paper we suggest that an 
important issue to provide credibility to a statistic, that is to say, what is important for its acceptance 
as a measure to be considered in the decision-making process, it is the interpretation that it can offer 
in reference to a theoretical model (implicit or explicit). In this sense, macroeconomic aggregates, 
for instance, are a reference for the description of the economy, and they have, as a theoretical 
reference, the Keynesian aggregate demand model. Another example, taking microeconomic theory 
as a reference, is the price indexes that have the consumer’s theory as a reference. We are not 
suggesting that all statistics are an ideal translation of abstract theoretical concepts, but only that the 
widespread acceptance of a statistic is related to the acceptance of the theory that it refers to.  

Another topic to be considered is that the credibility of the official statistics should not be seen 
as independent of the public image of the producer. The credibility on the results of the official 
statistics depends on the reputation of the producer. The distinction between the theoretical 
reference to models to which the statistical production should be referred to, on one hand, and the 
quality of the statistical production, on the other, is important to establish the context in which the 
discussion about quality of the production of official statistics should be developed. 

An interesting observation is that credibility is a forward-looking concept as it is referred to 
future expectations. In our context, credibility of a statistics can be interpreted as linked to its 
application to produce more information, and in this sense, it can be associated to the idea of 
forward looking. As mentioned, the credibility of official statistics is referred to its analytical 
content that is derived from theoretical concepts and models to which they refer.  

On the other hand, the good acceptance of official statistics should be associated to the 
reputation of the producer, as it is referred to the pass history of the institutions. A good reputation 
is essential to give credibility to a result, but credibility is not guaranteed by good reputation. For 
example, a measure of GNP of the economy, to be accepted by the government and by the market, 
depend on the reputation of the producer, but the estimate of another statistics as representative of 
the production of the economy in a period of time it will not be accepted, based only on the 
reputation of the producer.  

Credibility of official statistics, then, is related to its analytical content, which is connected to 
theoretical concepts and models. The generalized acceptance of statistical measure is based on the 
theoretical references attached to it. But the credibility of a statistics should not be seen unrelated to 
the public image of the producer. In this sense, the credibility of a statistics depends also on the 
reputation of the producer. Saying it with other words, the acceptance of a statistics is associated to 
the reputation of the producer, to its past performance. A good reputation is crucial to give 
credibility to a statistics, but credibility is not assured by a good reputation. 

Summing up and considering the qualifications proposed, credibility of the statistics is defined 
in the theoretical field. The perception about the quality about the statistical production depends on 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 4075 -



3

the institution that produces it. So, the ‘image of quality’ of a statistical producer should take into 
account the credibility of the statistics and the reputation of the producer.  

An interpretation about how the National Accounts became a credible reference in economic 
statistics can be found in the development of Keynes propositions.  

3. The Theoretical Background: Macroeconomics and National Accounts 

In this section our aim is to historically locate the recognition by the State of the need for 
official statistics as an important component for the functioning of markets economies. The 
complexity of modern economic life can operate as a constraint to the action of individuals and 
government. Keynes was aware of these limitations, and so he proposed the intervention of the 
State in the economy, through instruments of political economy, as an element of coordination of 
expectations to balance markets trends. This intervention became an essential aspect of  market 
economies since the end of World War II and it is still important today, in spite of the expansion of 
neoliberal ideas. 

Although Keynes was not an enthusiast of central planning, when he emphasized in his 
theoretical work fundamental uncertainty as inherent to economic decisions, he, as a result, 
identified the need of modern market societies to develop instruments and institutional forms of 
organization to survive. The discussions of economic policy, in which Keynes took part during the 
War, were developed around the macroeconomic model he developed based on estimates of 
National Income Accounting. In this sense, Peakcock (1993, pp 18/9) observed that Keynes public 
agenda became more stable after the publication of the General Theory of Employment, Interest and 
Money and what he called its supplement, How to Pay for the War.

For our purpose, this is an important observation, because, as shown by Kurabayashi (1994), it 
was in How to Pay for the War, that Keynes started to work out on figures to estimate aggregate 
product and income. In his words:” The keynesian method of How to Pay for the War, ... formed 
the cornerstone of future developments of a system of national accounts...” ( p. 93.) 

Two of Keynes´ collaborators, working with him during the War, Richard Stone and James 
Meade among others, deepened his first exercises to create an account system to the whole nation. 
The origin of the System of National Accounts is a 1947 publication of the United Nations 
Measurement of National Income and the Construction of Social Accounts. Richard Stone was the 
president of the Committee of experts that gave the first steps towards the construction of the first 
United Nations System of National Accounts publication in 1953.  

So, the development of the National Accounts system has its origins in the macroeconomic 
model of Keynes and it was not by chance that Keynes needed an accounting model to the economy 
to consolidate his ideas in practice. In recuperating this historical approach, we shed some light on 
the fact that an agenda of production of official statistics should be drawn considering the socio-
economic context, and it should support, in the first place, the statistical need for public policies. 

4. Concluding Remarks 

There are several practical implications in making the distinction between credibility and 
reputation of official producers of statistics. The main one is that it helps establishing the 
responsibility of the statistical producers in the dissemination of concepts and methods of work. The 
recognition of this responsibility should observe the theoretical concepts, which refer to credibility, 
and also the practical procedures to be followed in the production of statistical information, which 
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refer to the good practices that build up the reputation of the producer. In the particular case of the 
National Accounts, as they are the main reference for the production of economic statistics, they 
also act as an important instrument to organize their production.  

In our view the official producer should not construct theoretical concepts, but follows closely 
the progress in the theoretical field in order to translate them in improvements in the production of 
statistics. Under the same token, following the recommendations of good practices, the official 
producer should guide the use of information, that is to say, it should be transparent in relation to 
the way information is produced, although it should not interfere about the decision how to use it. 
Finally, official producers of statistics, in general, are part of central administration and provide 
input to the action of the government. In this sense, the reputation and the credibility of the statistics 
are important requirements to contribute to the efficiency of governmental action.  
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1. Introduction 
 
Seasonal adjustment is a process by which changes that are due to seasonal or calendar influences are 

removed to produce a clearer picture of the underlying behaviour. Therefore seasonally adjusted data is one 
of the main sources of information used by politicians, economists and business analysts. They try to identify 
important features of economic series such as direction, turning points, and consistency with other economic 
indicators. In certain cases seasonal movements can make these features difficult to identify. 
Seasonal adjustment is a routine activity in statistical offices, and the number of series to be adjusted is 
rapidly increasing. Seasonal adjustment procedure has great flexibility concerning adjustment settings and 
model selections . It is also important to realize that SA depends on subjective decisions made by the person 
performing SA and computer resources. Because of this characteristic the results of seasonal adjustment have 
several kind of uncertainty and are often considered to be fairly subjective.  
The LEG follow up and quality methodology grant was an international project aimed at improving quality 
of the European Statistical System (ESS). The main aims of the project were to compile a handbook 
recommending good practices based on a review of the state-of-the-art and analyses of currently applied 
practices, and to identify possible benchmarks and models to be recommended.  
The Hungarian Central Statistical Office has participated in this LEG follow up and quality methodology 
Eurostat grant aimed at developing a Handbook on Seasonal Adjustment. 
The paper is organised as follows: Section 2 describes the most important quality initiatives leading to the 
development of the handbook. The next Section sketches the main objectives of the project and highlights 
some aspects of the synthesized recommended practices. Section 4 gives a short review about the new 
handbook. Section 5 introduces the main results of the survey on current practices of different European 
statistical offices. The last Section provides some conclusion. 
 
 

2. Background 
 

In the European Statistical System there are many quality initiatives. In 1999, Statistics Sweden 
proposed the formation of a Leadership Group (LEG) on Quality to improve quality in the European 
Statistical System. In the final report of the LEG on Quality it is noted that a number of National Statistical 
Institutes documents on Current Best Methods are available that might be beneficial to the whole of the ESS. 
The European Statistics Code of Practice (CoP) sets out the key principles and standards which official 
statisticians are expected to follow and uphold.  
Regarding seasonal adjustment quality initiatives, a Steering Group (SASG) was set up in 2003 with the 
following activities: deciding, coordinating and supervising the seasonal adjustment tools developed for the 
European Statistical System and the European System of Central Banks; organising dissemination and 
support of seasonal adjustment tools; providing harmonised methodological guidelines. Due to several 
problems and events, the SASG has been suspended. In 2006 it has been agreed to re-launch the activity of 
the Group. 
 
 

3. Objectives of the project 
 

The grant was based on two LEG on Quality recommendations and one CoP principle.  
The main aim of the project was to synthesize practices for seasonal adjustment grouped by different aspects: 

 Minimum requirements for input series;  
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 Adjustment settings and model selection criteria;  
 Revision;  
 Validation of results; 
 Publication of seasonal adjusted data. 

 
To achieve this aim further tasks were necessary, like a survey on the current practices of statistical offices. 
 
The handbook 

− gives an overview of seasonal adjustment concepts, methods and tools 
− gives an overview of the current practices at some statistical institutes in the ESS 
− reviews of the state of the art on the procedures applied in the ESS based on the survey 
− synthesize the recommendations and guidelines regarding the ESS 
− makes proposal to quality reporting according seasonal adjustment 

 
Users might have different level of knowledge on seasonal adjustment, therefore the handbook contains main 
issues and concepts, and provides guideline on how to implement seasonal adjustment processes and 
includes references to attain details. 
 
The handbook emphasizes the importance of validation of the results through mathematical statistical tests 
and through subject matter statistical interpretation. While mathematical statistical validation assures the 
objectivity of the results, the subject matter statisticians can provide external information and can examine 
the interpretability of the seasonal adjusted data. 
 
 

4. Overview of the Handbook 
 

The structure of the handbook has been modified several times, eventually is organised as 
follows. 
1. Introduction emphasizes the relevance of seasonal adjusted data and highlights the implementation 

features of the procedure.   
2. Brief Historical Background gives a short description of the development of SA methods from the 

beginnings until today. 
3. Fundamental Definitions gives conceptual assistance to understand the main issues of seasonal 

adjustment. 
4. Summary of Seasonal Practices in NSIs is an outline of the survey on the state-of-the-art of current 

practices of statistical offices. 
5. Methods and Software is a short description on the currently used seasonal adjustment methods: TRAMO-

SEATS, X12-ARIMA, BV4.1, and DAINTIES. 
6. Recommended Practices for Seasonal Adjustment synthesizes the recommended practices regarding to the 

ESS based on the above mentioned aspects. 
7. Proposal Quality Report for Seasonal Adjustment gives an overview on quality reporting in general, and 

makes a proposal for seasonal adjustment according to the quality dimensions of the Eurostat. 
 
In addition to this, an annex is enclosed with the questionnaire, the NSIs’ Practices, the Eurostat 
recommendations, quality measures, and a proposal of quality report. 
 
 

5. Survey on current practices 
 

The survey was designed to gather information on NSIs practices, methods used today and 
future strategies of seasonal adjustment, and was built on the OECD monitoring carried out in 2002. In 
order to get a comprehensive overview on these areas, a questionnaire was sent to 32 statistical offices 
in the European Statistical System. Each country answered at least one questionnaire, except Belgium, 
and eleven institutions delivered more than one answer in line with the structure of the institution.  
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Methodologies used by individual countries influence international comparability. Regarding seasonal 
adjustment methods the X11 family, X12-ARIMA, TRAMO-SEATS and the Berlin Procedure (BV) were 
examined.  
 

Currently, almost four years after the OECD survey, 
the most frequently used methods are X12-ARIMA 
and TRAMO-SEATS. BV4.1 is a widely used 
software in Germany. The significance of the X11 
family decreased to the third whilst TRAMO-
SEATS and X12-ARIMA doubled according to the 
OECD survey. Most of the strategies planned in 
2002 were accomplished, only TRAMO-SEATS has 
been two times more frequently used than originally 
planned. According to countries’ statements, in the 
future a new method, X13-ARIMA-SEATS, will 
dominate the market and might give the basis of 
convergence of seasonal adjustment practices in the 
European Statistical System. In 2006, one third of 
the European countries were planning to use this 

method. A new map regarding seasonal adjustment methods is delineating.  
 
 

 
Figure 2: Currently used and planned SA methods 
 
Seasonal adjustment is carried out in the statistical offices according to national practices and policies. From 
the survey accomplished in 2006, it turned out that 70% of the responding countries have harmonised 
seasonal adjustment policy. Sometimes practices and policies differ even across domain in the same 
institution.  
 
It would be very important to publish not only the final seasonal adjusted figures and its analytical 
transformations with explicitly mentioning the applied method and software, but also as much 
metainformation on the adjustment procedure as possible. In addition, the documentation of users’ needs 
would be very important. Regarding metainformation, the following aspects were examined in the 
questionnaire: documentation of methods, parameters, working day adjustments and documentation about 
events explaining outliers and the accessibility of those to external (outside of the office) and internal users.    
For internal users all documentation is accessible. External users have access in main cases to the methods 
used and working day adjusted series, which is documented today two times more frequently than in 2002. In 
case of parameters only the third of the replying countries have documentation. 
Outliers might be the result from the design of the statistics and the economic system. From users’ point of 
view the main interest is to identify outliers due to the economic system, for example the effect of strikes, 

Figure 1: Main changes in SA methods 
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regime change or changes in consumption tax. Only 33% of the respondent countries publish any 
documentation about events explaining outliers. Documentation is missing despite the fact that outliers affect 
the quality of forecast, seasonal components and trends. 
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RÉSUMÉ  
 

The Hungarian Central Statistical Office has participated in the LEG follow up and quality 
methodology Eurostat grant aimed at developing a Handbook on Seasonal Adjustment.  
The background of this project was that seasonal adjustment is routine activity in statistical offices 
nowadays, the number of series to be adjusted is rapidly increasing and the results are often considered fairly 
subjective as a consequence of the flexibility and complexity of the procedure. At the same time seasonally 
adjusted data is one of the main sources of information used by politicians, economists and business 
analysts.  
The general aim of the project was to synthesize recommended practices for seasonal adjustment, including 
the following aspects: minimum requirements for input series; adjustment settings and model selection 
criteria; revision; validation of results; and publication of seasonal adjusted data.  
The handbook contains as its background and basis an overview about the history of seasonal adjustment, 
definitions and concepts, a short description with many references about the most widely used seasonal 
adjustment methods and software, NSIs practices, and basic proposals for quality reporting regarding 
seasonal adjustment.  
The paper gives a summary about the new handbook highlighting the results of the survey on the current 
practices of the statistical offices in the European Statistical System.  
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INTERNAL STANDARDS AND QUALITY MANAGEMENT IN OFFICIAL 
STATISTICS IN A DEVELOPING COUNTRY 
 
    By 
   Mrs. A.A. Imolehin 
  National Bureau of Statistics, Nigeria 
  E-mail: yemisimolehin@yahoo.com 
 
Introduction: 
In most countries the national statistics system is decentralized with different data 
producers having different responsibilities and capacities for data production and 
management.  Different institutions collect data using different methods.  The statistical 
offices collect primary data from nation-wide censuses and surveys using international 
standards and statistical methods.  They use secondary data from other data producers 
such as line ministries (health, education, labour, industry, agriculture etc) and other 
administrative records. 
 
The Nigerian National Bureau of Statistics is empowered to bring about the effective 
coordination, collaboration and partnerships among different statistical agencies within 
the national statistical system. 
 
The Nigerian Statistical System is made up of agencies at the Federal level and in the 
States of the Federation and the coordination mechanism are the existence of a national 
statistical coordinating committee, a data producer committee, a data user-producer 
committee and technical advisory committees or task forces in all key sectoral statistical 
areas who meet regularly to develop formats of quality report for harmonisation of 
statistics and common statistical standards on which reports will be rendered. 
 
Quality measurement is not only a powerful tool for the control of a vast diversity of a 
statistical system but also a tool for management because measuring progress made over 
time is essential for efficient management.  The use of Total Quality Management 
Strategy to improve and communicate quality is also an effective and innovative 
mechanism.  This provides for progressive implementation of quality reports; adoption of 
general features of quality reports for various statistics; use of a permanent working 
group on the assessment of quality of statistics and training to ensure continuous 
improvement in quality. 
 
As for the technical aspects of quality assessment, the collaborative and partnership 
efforts has brought about improvements in the relevance, accuracy, timeliness and 
punctuality in the dissemination of survey results, equal access and clarity of information, 
comparability of statistics and coherence and completeness.  The inadequate funding for 
statistical operations in developing countries makes reasonable timeliness a good 
substitute for punctuality of dissemination.  Examples of these are some recently 
conducted surveys in the National Bureau of Statistics i.e. CWIQ, APRM, and the 
MICS3 surveys.  There are appropriate technologies adopted in the conduct if the surveys 
which reflected relevance, timeliness and accuracy. 
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2. QUALITY MANAGEMENT 
The greatest problem of data production in developing countries is inadequate 
funding and this is further reduced when there exists an economic crises.  Some of 
the recently conducted surveys in the NBS had been sponsored and offered a 
strong technical support from the planning and preparatory stage to 
documentation and dissemination level for quality assurance to be achieved. 
 

 Data collection was carried out through the face-to-face interview which is 
mostly used and more reliable. 

 
 Language used is simple and easy to administer to respondents. 

 
 Recruitment of enumerators in NBS, Nigeria is now through outsourcing.  

This is through advertisement, after which candidates who are qualified 
are short listed and interviewed.  Successful candidates are selected and 
trained before recruitment in a survey.  Again, only successful candidate at 
the end of training for a survey qualifies to take part in the survey. 

 
 Data processing also recorded a great improvement because of the 

existence of modern processing equipment and technological know-how.  
Survey results are more accessible due to the use of modern computers 
and appropriate software packages to process, analyze, document and 
disseminate survey results to users.  Timeliness has also been achieved 
due to the decentralization of data processing to zonal headquarters.  
Presently, the 6 zonal headquarters in the federation have been empowered 
and upgraded to data processing centres such that data processing can be 
done in the zones and only national results are processed at the national 
headquarters.  

 
3. TRAINING 

This is an essential infrastructure that guarantees quality of statistical outputs for 
official statistics and statistical outfit should be able to build up this capability for 
the bulk of its statistical manpower. The Nigerian NBS, runs a training outfit to 
train and develop bulk of statistical manpower for national statistical system.  
More than 5,000 statistical personnel that cut across both the line ministries, 
government parastatals such as the Central Bank of Nigeria, National Population 
Commission, National Ports Authority.  Federal and state statistical agencies and 
other data producing agencies have been developed and this is done with the 
collaboration that exists between NBS and the Universities to train middle level 
officers and postgraduate courses in statistics for human resources development. 
 
In the area of survey management training, the FOS (now NBS) had since 1985 
embarked on training of staff in all the 6 stages of survey taking running each 
stage as a survey module and the six modules as a complete package.  A module 
takes one week while the whole package runs for six weeks.  Initially, the training 
was adhocly carried out but gradually institutionalized. 
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There also exist the in-house training which serve as refresher courses for 
statisticians on the job on routine basis especially building up capability in the 
design of statistical and survey operation as well as the development of 
corresponding survey instruments e.g. training on CWIQ, MICS, NASC etc. 
 

4. SUGGESTION AND RECOMMENDATIONS 
In improving the quality of official statistics in Nigeria, there is: 

i. Need for official statistical agencies to promote measurement and 
communication of data quality. 

ii. Need for creative and beneficial interaction between NBS, university 
researchers and centres for methodological expertise 

iii. Need for an in-house capability for sampling and statistical 
methodology 

iv. A strong need for comparability in quality assessment 
v. Need for decision on quality levels and transparency on the reliability 

of the information disseminated 
 

5. CONCLUSION 
High quality and trusted statistics promotes public confidence and improve the 
image of the statistical system.  There is need for regular and necessary training 
for statisticians in order that they are able to design and produce high quality 
statistics that are trusted and worthwhile.  The statistics produced must be 

i. Open and available to the wider user community 
ii. Build a solid relationship with the media 
iii. Publish methods used and will be willing to discuss them 
iv. Produce better data quicker and provide impartial and authoritative 

commentary on output for users to understand and interpret 
appropriately. 
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1. Introduction  

It is reasonable to believe that respondents consider collecting information and filling in the 
questionnaire for official statistics surveys as a burden that spends their time and resources. It is because 
some respondents feel that the official survey they have been asked to take part in is burdensome although 
they have no problem with response burden factors, such as response time, respondent's effort and some 
psychological discomfort.  

In this respect, many countries, especially in Europe, have developed a system of response burden 
measurements in recent years that cover statutory business surveys performed by the National Statistical 
Institute. The survey researchers have also become increasingly concerned with response burden as a survey 
quality issue under the assumption of a negative correlation between burden and quality.  

The concept of response burden can be divided into that of perceived and actual. The former is the 
subjective, qualitative perception of burden and the other is the real burden, which in principle could be 
measured by the time required for the completion of questionnaire forms (Hedlin, Dale, Haraldsen & Jones, 

2005). 
The Korea National Statistical Office (KNSO), which is responsible for the approval of surveys, 

carries out the Statistical Response Survey on business surveys every third year to measure the perceived 
response burden. Based on the experiences of the survey concerning business surveys, it was expanded into 
the Statistical Response Survey imposed on households in 2006.  

In general, only few countries have measured the response burden of households. It might be because 
the response burden of household respondents is lower than that of establishment respondents. However, the 

response burden by household respondents has recently increased due to a fear of disclosing confidentiality 
of their private matters, which are interviewed, and by the expanded demands of new statistics in households. 
Therefore, this paper focuses on the measurement of a perceived response burden in the household survey of 
Korea and discusses how respondents feel the response burden and what causes the burden.  
 
2. Measurement of response burden  

In order to reduce and control the response burden, the KNSO carried out two surveys in 2006, 
“Statistical Response Survey Imposed on Establishment” and “Statistical Response Survey Imposed on 
Household.” For the Statistical Response Survey Imposed on Establishment, a total of 600 establishments in 
mining and manufacturing, construction, wholesale and retail, service and transportation were asked to report 
on the statistical response. The sample in the Statistical Response Survey Imposed on Household was 7,708 
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households out of the Economically Active Population Survey (EAPS), Household Income and Expenditure 
Survey (HIES), Farm Household Economy Survey and Fishery Household Economy Survey.  

These surveys were conducted with face-to-face interviews by professionally trained interviewers 
affiliated with regional offices of the KNSO. Survey questionnaires issued by the KNSO divides into two 
parts: one part is a perceived response burden by respondents and the other is a question about survey 
frequency. Only the perceived response burden was measured by asking all respondents of both surveys on 
whether or not they felt burdensome. 

The characteristics discussed here specifically focuses on the Statistical Response Survey Imposed on 
Household. Table 1 summarizes responses to the question, “Did you find it burdensome to respond the 
survey?”, which has 7 response categories. Almost twenty-six percent (25.9%, 1,847 households) of the 
respondents consider the survey burdensome.  
 
Table 1. Perceived Response Burden of Respondents.  

Categories Rate 
Strongly Disagree 
Disagree 
Somewhat Disagree 
Neither Agree nor Disagree 
Somewhat Agree 
Agree 
Strongly Agree 
N 

28.1% 
18.0% 

7.8% 
20.2% 
14.7% 

6.8% 
4.4% 

   7,137(household) 
 
The majority (74.1%) answered that it was not burdensome to respond the survey. Due to the 

subjective limitations of interviews, we cannot conclude that the respondents, in general, do not encounter a 
burden. In other words, there could be a socially desirable bias for the survey. For instance, the very same 
group of interviewers conducted both the Statistical Response Survey and Household Surveys. This implies 
that respondents would be more accommodating toward answering to the same interviewers than to those 
they had not interviewed with previously. Figure 1 shows how respondents feel burden in responding to each 
of the 4 surveys (EAPS, HIES, Farm Household Economy Survey, and Fishery Household Economy Survey). 

 
Figure 1. Perceived Response Burden by surveys.  
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In the EAPS, only 17.9% of the respondents found it burdensome, while more than double (44.1%) 
who answered the EAPS and HIES together agreed. It is interesting to see that household respondents who 
took part in two surveys (EAPS and HIES) felt more burdensome than the respondents who did only one 
survey. Table 2 reports on the causes of the burden that respondents feel.   
 
Table 2. Level of burden by factors. 

Categories Level of burden 
Too many surveys to respond to 
Too much time spent because of many and complicated questions 
Violation of rights of privacy, such as visiting at night 
Too long of a period to respond to 
Disclosure of confidentiality 

4.25 
4.39 
3.52 
4.86 
4.46 

Note: This item was only answered by those who responded that it was burdensome. 
 

It was measured on a 7-point Likert scale from 1 to 7, with 1 being “strongly disagree” and 7 being 
“strongly agree.” It appeared that the respondents who answered this question found that the survey was 
burdensome because they had to respond for a long period and felt uneasy about disclosure of confidentiality.  
 
3. Main efforts to reduce response burden 

As shown in Table 2, the main dissatisfaction concerning response burden is the long survey period for 
household respondents. The fixed sampling system, which refers to the selected households that are 
interviewed for 5 years until the next redesign, was used until recently. Therefore, it was very burdensome 
for the respondents of selected households to respond to the same survey over periods of time, and this was 
the most frequently cited reason for refusing to participate. From 2005, the KNSO has introduced the 
rotating sampling system following the two-year pilot survey in order to reduce response burden by 
shortening the survey period. Under this system, 1/36 of selected EDs have been rotated out of sample and 
are replaced by newly selected EDs.  

According to the result of response burden by surveys, household respondents who took part in two 
surveys (EAPS and HIES) felt more burdensome than the respondents who did only one survey (see Figure 
1). Even though the multiple-purpose sampling approach is easy to control the sample frame and is efficient 
in terms of costs and human resources, it may aggravate response burdens. The KNSO is therefore planning 
a new sampling design, which will have an independent frame sample for some surveys in the next redesign. 
Efforts of the KNSO to minimize response burden has been on going for years. It is one of our primary 
objectives to keep the response burden as low as possible. 
 
4. Limitation of the measurement 

In order to be able to evaluate the effects of the efforts of the statistical institute to keep the response 
burden as low as possible, a measure of the actual response burden is advisable (Rainer, 2005). The current 
situation of the KNSO, however, is that the Statistical Response Survey imposed on establishment and 
household does not include questions on response time. Therefore, questions on response time should be 
added to make possible estimation of actual response burden in an objective manner. By including both 
objective and subjective response burden measurements in the questionnaire, we may further investigate the 
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correlation between the actual time spent by the respondents and how they feel about the time taken to 
respond to the survey. 

There is certainly an interest for a time series of response burden data for each survey as well as for the 
total survey burden. One reason for time series is, of course, that the KNSO should observe the change in 
survey burden from measures undertaken. A further study is to conduct the measurement of response burden 
over time. It is also recommended that the measurement of response burden should be done annually or at 
least every second year.  
 
5. Conclusion  

In recent years, a number of new compulsory surveys have been launched according to the needs of 
users. The total response burden will be inevitably increased unless existing surveys are deleted or reduced. 
Since for many statistics there are much more respondents than data users, complaints on the response 
burden and requests to reduce the burden has been unceasing. In order to reduce such a response burden, the 
measurement of response burden will become more important and should be increasingly developed.  

It can thus be concluded that within the National Statistical Office, measures of response burden are 
not only of importance for the management of the NSO, but also for the staff of the office engaged in 
planning, designing and performing surveys. It would enhance the consciousness of being careful with new 
or added questionnaires. For the enhancement of survey quality and minimum of response burden it is 
therefore necessary to develop a system of measuring the response burden in Korea. 
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Background 

The work on measuring ICT investment at Eurostat, the statistical office of the European Commission, 
started when high level policy requests were set for statistics for monitoring purposes. The Lisbon strategy, 
the eEurope Action Plans and currently the i2010 exercise gave a boost for statistics on the Information and 
Communication Technologies (ICT); production, usage and impacts. Structural indicators, benchmarking 
indicators emerged, some of them provided by Eurostat. 

The investment in ICT was identified as a variable wanted for analysing the productivity growth, 
among other factors. The OECD has worked on the subject and the EU KLEMS database has been 
established to study the subject.  

In research based on official statistics, the analyses of the impacts of the various factors of production 
on the productivity are based on macro-level data. In some countries researchers have been arranged access 
to the enterprise level data, but to start analysis of the enterprise data on the European level, Eurostat started 
a project to establish European ICT investment statistics.  

 
 

Pilot action 
After a preliminary conceptual mapping, Eurostat launched a pilot action in 2005 with ten participating 

countries. The main target of the piloting was testing methods for future recommendations. The participants 
could choose the vehicle they wanted to use for the data collection and the scope of the survey in a relatively 
flexible manner. The participants had the option to survey the enterprise or the public sector. From the 
enterprise sector at least one activity from the manufacturing and one from the service sector had to be 
covered. The useful results of the pilot action concern methods, as planned. In testing variables and their 
different definitions, essential information on the respondents' understanding of the questions was obtained. 
Also information of the different data collection methods tested is useful. Having data on one year only, 
productivity analyses could not be carried out in any depth. The numeric data are often not statistically 
significant, as the pilot did not aim at statistical data. Even when nationally significant, the data are not 
comparable between countries due to differing scope and methods. 

The enterprise survey was carried out by nine of the participating countries. Most of them made a 
stand-alone survey. The response rates varied very much, depending mainly on the legal basis. Timing of the 
survey and access to accounting data by IT managers were mentioned as other factors which may have 
lowered the response. High response rates and statistically significant results were achieved when the data 
were collected in the Structural Business Statistics (SBS) survey or were obligatory to the respondents on 
some other legal basis. 

New problems, like enterprise groups using common ICT resources were brought to discussion. 
Recommendations for treating this and many other problems remain to be given. Some of the countries will 
carry out the ICT investment survey also the following year. In some cases the data collection tool will be 
changed. Irrespective of the vehicle, engaging both accountants and ICT experts in the exercise has proven 
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useful 
Main focus was on the enterprise survey. Additionally, a public sector survey was carried out by eight 

countries. The variables to collect were the same as for the enterprises. With different accounting systems, 
retrieving data was even more problematic. The scope of the public sector surveys varied from covering ISIC 
(NACE) L 'Public administration and defence; compulsory social security' to include also the local and 
regional public authorities. As with group-level services in enterprises, in the public sector appear inter-
service co-operation and regional services. Instructions concerning treatment of such situations will be 
needed also here. 

The pilot action was concluded in a TF 4-5 December 2006 and the Working Group on the Information 
Society Statistics was informed about the results in March 2007. Further planning of the project was left for 
the TF 10 – 11, to plan the next phases of the project, aiming at data collection in 2009. 

 
Data collection tools 

In the pilot action on ICT Investment, some countries collected the data in the context of some other 
data collection legally based on a regulation (Structural Business Statistics, ICT usage of enterprises-survey) 
or national legislation (investment survey). Some countries did not have any specific legal basis for their 
survey. The stand-alone survey was the preferred tool. With the appropriate legal basis in the background, the 
results were reasonably good. A stand-alone survey also can have some more detail than a direct section of a 
regulation-based survey. To the latter, it tends to be difficult to add variables, due to rising response burden. 
A stand-alone survey allows a more flexible timing and use of resources at a time differing from the 
regulation-based time tables, too. 

The countries, which carried out the pilot survey with no legal basis, experienced low or even very low 
response rates. These were too low to give statistically significant results. The clear conclusion from the 
piloting was that the ICT investment surveys can not give useful results on a voluntary basis. 

Based on the experience from the piloting and setting it against the background of the existing legal 
framework, the following options for data collection have been drafted. For the TF, assessment of the 
situation concerning the ad-hoc module in the Structural Business Statistics (SBS) Regulation will be made. 

An ad hoc module is foreseen in the SBS Regulation. All going well, it could be possible to collect the 
ICT investment data in this context in 2009. The SBS seems to be the most appropriate framework for the 
ICT Investment data collection from the accounting point of view. Data on the other business accounting 
variables needed for productivity measurement are there already and the link could be made to other SBS 
data. The coverage of the SBS is also good. The questionnaire will be answered by accountants, which 
relates the data to the whole enterprise. The ICT knowledge of the respondent may not be that of an ICT 
expert, though. The data collection could happen in a separate stand-alone survey, with the data requirements 
set in the ad-hoc module of the SBS Regulation. With an optional SBS module, the country coverage of the 
survey cannot be known in advance 

The ICT usage survey of enterprises, which operates mainly on non-economic variables and smaller 
samples, is another option, especially if the ICT expertise of the respondent is preferred to the accounting 
expertise. This option would also directly link the investment/expenditure data to the ICT usage data, which 
would be an asset. The ICT experts may, however, only know part of the ICT investment/expenditure of the 
company, the part invested directly by the relevant department, but not necessarily by other departments of 
the company for purposes not directly related to the computing and communication activities. Also in this 
case the data could be collected in a separate stand-alone survey, with the data requirements set in the ISS 
Implementing Regulation. The target year could also in this case be 2009, if the preparations would be 
started soon 

The option of creating a specific legal basis for the ICT investment/expenditure survey should also be 
considered. It would, however, probably take more time to establish than using some already existing 
regulatory framework. A new legal act would also not be likely to be well taken among the Member Sates, as 
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response burden is currently a high-profile issue. Any link to existing external data (like SBS or ISS) would 
also be missing. More flexibility in planning the contents of the survey would perhaps be available, though. 

A "Gentlemen's Agreement" or other form of voluntary co-operation around the ICT 
investment/expenditure surveys would rule out participation of some of the MS, due to lack of legal basis. 
The results from the pilot in terms of response rates were also relatively poor. This option is suggested to be 
left out of consideration 

 
Variables 

Ten variables were specified in technical annex of the pilot action for data collection. Large flexibility 
was left for the participants to define the variables in the national implementation of the surveys. The 
variables were:  

1) expenditure on IT goods (hardware)  
2) investment in IT goods (hardware)  
3) expenditure on telecommunication goods  
4) investment in telecommunication goods  
5) expenditure on pre-packaged and customised software 
6) investment in pre-packaged and customised software 
7) expenditure on own-account software 
8) investment in own-account software 
9) expenditure on other ICT services (outsourced services, as well as services related to maintenance of 

hardware and software, data entry, network security, web site design and hosting etc.) 
10) expenditure on leasing ICT goods and service  
 
For identifying the ICT goods, the OECD list was given as reference for identifying the. As the list is 

very detailed, with closer to two hundred items of the HS, simplified headings have to be used in the 
questionnaires. The appropriate level of specification was discussed. The sub-headings of the OECD list are 
"Telecommunication goods", "Computer and related equipment", "Electronic components", "Audio and 
video equipment" and "Other ICT goods" could be an option, but would complicate further the questionnaire. 
It was suggested to keep the questionnaire simple, as complicated specifications are more difficult for the 
respondents. The detailed data is not necessarily more reliable and high level of detail has adverse impact on 
the response rate. It was agreed that the OECD list as reference should be used also in the future. Possible 
changes of the list by the OECD should be followed to maintain comparability. With the wide coverage of 
the headings it is important to clearly specify the contents in the headings.  

Even with the large number of items included, the ICT goods is a relatively clear-cut part of the 
expenditure/investment and the main problem is to collect the relevant information from the accounts, which 
may require going through the bills, if precision is wanted. A reasonable balance has to be found there. Even 
if the questionnaire would only have a few headings, the content of each has to be defined clearly. 

Combining the pre-packaged and customised software seemed to work well, as some customising is 
often needed even for packaged software. This item was not considered generally very difficult. Expenditure 
on external consultants may sometimes be difficult to address to customised software, own-account software 
or expenditure on other ICT services. These problems have to be addressed in the future recommendations 

To estimate the own-account software was one of the main reasons for the pilot action. The results, 
where available, show that it is a significant item. Split between investment and expenditure is here very 
difficult in a manner comparable over countries. In some countries it cannot be capitalised at all and cannot 
be taken from the business accounts. In this case the item has to be estimated. The methods of estimation 
vary also significantly and so do the results. 

The labour cost of the personnel developing ICT software would seem to be the easiest method to 
harmonise for comparable data. In countries where other methods are already in use, the labour-input based 
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estimates should be produced for international purposes. Estimate on the expenditure would in this case be 
sufficient and the investment could be estimated in a standardised way centrally, to include indirect costs like 
the related intermediate consumption, consumption of fixed capital, net operating surplus and overhead costs, 
to be agreed later on. 

Expenditure on other ICT services has proven quite significant according to the results from the pilot. 
As it is a heterogeneous item and seems to be sizable further specification will be considered. The relevant 
classes should be agreed, for instance whether the transmitting services such as public telephone services, 
Internet access etc. should be specified. Again, additional detail could also be counter-productive. The 
specification could also be made according to the purpose served; maintenance, consultancy, development 

Question about treatment of internal costs for ICT services was raised. Many companies have internal 
departments providing ICT services or own employees working with maintenance and support. These costs 
were not in the scope of the pilot survey. This decision could be given further consideration. Same applies to 
the treatment of some intangibles. 

Expenditure on leasing ICT goods and services has the same problem as the own-account software: 
national rules are different. Leasing has to be split into financial and operational leasing. Accounting rules 
vary in the MS concerning treatment of financial leasing, which has to be capitalised by the leaseholder in 
some countries and in others this is not allowed. This is why this item has to be asked separately, to enable 
harmonised treatment of financial leasing 
 
Investment vs. expenditure 

The question whether data on investment or expenditure would be more useful has been discussed. 
Data on investment is needed for the national accounts, but national practices concerning activating 
expenditure to capital vary very much. This is why comparable data on investment cannot be based on 
business accounts. Data on expenditure seems easier to harmonise. If data on total expenditure is collected, 
the figures can be treated according to common methods ending up with more comparable data than would 
be the case, if the distinction would be made according to the country-specific accounting rules. The ideal 
solution would be to harmonise the accounting rules, but this is beyond the influence of the statisticians 

For the time being, it decided to propose collecting data both on ICT investment and ICT expenditure 
in a way enabling to catch the total cost whether expensed or capitalised  

 
Next steps 

The pilot did not cover all relevant aspects needed for ICT investment for measuring productivity 
impacts. Time aspects are centrally important and will bring about questions about appropriate deflators to 
have the variables in current and constant prices. Changes of activity classes will also have to be dealt with. 
These problems are in this phase passed with a reference to the work done in this area by other actors, for 
instance the EU KLEMS project. It is assumed that price indices can be adopted from there when needed. 

The ICT investment project could also make an important contribution to the analyses by providing 
harmonised investment data for data linking. The ICT investment data could this way be combined with the 
other factors analysed for productivity impacts. For linking micro-data, it is important in the sampling of the 
ICT investment surveys to cover maximally many units common to the other survey data linked.  

As stated earlier, data on ICT investment is collected in databases already. Also surveys on the national 
level exist, providing enterprise level productivity analysis. The project tries to bring enterprise level 
information to the existing data. The basic data will in this approach stay in the Member States and the 
standardised results will be provided to Eurostat and other users. In the draft planning for the project, the 
target is to create a harmonised conceptual framework, to cover a large number of countries and to come to 
statistically significant results in 2009.    
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1. Introduction

The quality declaration of the European Statistical System (ESS) states that continuously improving a 
program of harmonized European statistics is one of the major objectives of the ESS. Given the differences 
of the existing national statistical systems, the development of tools aiming at standardizing and improving 
the  quality  of  statistics  production is  essential  for  a  successful  harmonization.  In  the  framework of  the 
Leadership Group on Quality (LEG on Quality), specific recommendations on the development of tools such 
as  Current  Best  Methods  and  Recommended  Practices  (RP)  were  addressed  to  the  European  National 
Statistical Institutes (Eurostat, 2001). In particular, the LEG recommendation number 11 states that “A set of  
recommended practices for statistics production should be developed. The work should start by developing  
recommended practices for a few areas followed by a test of their feasibility in the ESS”. During 2005, 
Eurostat launched a number of projects aiming at developing RP in different statistical areas. In this context, 
the EDIMBUS project1 has been carried out  (EDIMBUS, 2006),  with the aim of producing the  RP for 
EDditing and IMmputation in cross-sectional BUsiness Surveys (RP for EDIMBUS) presented in this paper. 

In the area of statistical surveys, editing and imputation (E&I in the following) represent important 
data processing activities due to their effects on costs, timeliness and impact on survey results. A significant 
reduction of costs of statistical information can be obtained by designing and managing more efficiently E&I 
strategies. This allows to re-direct the saved resources to other activities. Furthermore, well designed E&I 
strategies and properly planned data analysis may allow to better exploit the information on errors and error 
sources  provided by  E&I activities,  in  order  to  improve the  survey  instrument  in  the  following survey 
repetitions. In effect, E&I are recognized as crucial activities due to both their potential impact on all quality 
dimensions, and their relations with all the other phases of the survey process. 

Despite of these evidences, and the wide range of methods available at Statistical Agencies for the 
detection and treatment of non sampling errors in survey data, the E&I process is still not well structured 
neither from a theoretical, nor from an operational point of view. Though lot of papers exist on specific E&I 
methods, scarce literature is available dealing with recommendations, current best methods and standards in 
this area (Statistics Canada, 2003; Statistics Sweden, 2002). Furthermore, in spite of the long tradition in 
E&I at National Statistical Institutes (NSI) still much heterogeneity exists not only in terms of views on E&I 
organization and scope, but also in terms of definitions of key elements and basic concepts in this field. This 
compromises data comparability not only at European, but also at local National level.

1 partially fund by the European Community (Represented by the Commission of the European Communities) in the 
context of the Eurostat Grant Program 2005 in the field of Theme 10: Quality Management and Evaluation.
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Based on these elements, the development of Recommended Practices (RP in the following) in the area 
of E&I has been considered relevant at Eurostat as a way to start the harmonization process in this context. 
RP  describe  a  collection  of  proven  good  methods  for  designing,  evaluating  and  documenting  survey 
processes or specific survey phases. They are expected to help survey managers/specialists in designing their 
process and in choosing among the RP the most suitable for their surveys. 

In 2005, a project aiming at developing RP for EDIMBUS has been supported. The project partners are 
the Italian National Statistical Institute (ISTAT), the Centraal Bureau voor de Statistiek Netherlands (CBS), 
the Swiss Federal Statistical Office (SFSO). The project duration was 1st January 2006 - 30 June 2007.

In this paper the relevance of the manual (section 2), its development, objectives and scope (section 3), 
and the overall content (section 4) are described. Final considerations and directions for future work are in 
(section 5).

2. Why Recommended Practices for cross-sectional business surveys

Developing and disseminating RP for EDIMBUS has been considered a priority for several reasons.
Especially in business surveys, E&I is recognized as one of the most time and resources consuming 

survey phases (~40% of total survey resources) (Granquist, 1996). A higher level of standardization of E&I 
activities is expected to produce a cost reduction and to shorten the time from data collection to publication 
of results without affecting the quality. Resources could better be re-allocated into activities having a higher 
pay-off, such as analysing error sources in order to prevent errors in next survey repetitions. 

Surveys conducted at NSI, and in particular business surveys, are characterised by a lack of standard 
documentation concerning how to efficiently design and manage E&I procedures. In this area there is a 
strong need for performing systematical studies and for developing common practical and methodological 
frameworks.

Also due to the previous element, the area of business surveys is characterized by a high heterogeneity 
in terms of practices and methods used for E&I not only at NSI level, but also at European level. More in 
general, there is a high variability of E&I strategies which only in part reflects the heterogeneity of surveys 
in terms of scope and process characteristics. For this reason, comparisons of data from different statistical 
institutions in the ESS may be difficult.

Particularly in business surveys, respondent burden and creative editing are elements to be taken under 
control to preserve data accuracy. More efficiently designed E&I strategies may contribute to the reduction 
of both these phenomena through the rationalization of the overall E&I process, were manual editing and 
follow-up are limited to the most important errors and respondents are viewed as an important source of 
information on problem areas. This is expected to have a positive impact on response rates, too.

3. Development of the Recommended Practices manual in EDIMBUS

The  RP manual  for  EDIMBUS is  the  result  of  the  integration  of  the  theoretical  knowledge  and 
practical experiences of the project’s members, hence it reflects their view on the E&I phase. However, the 
manual also incorporates knowledge collected during the project activities. Besides literature review, a state-
of-the-art survey (Luzi et al., 2006) has been performed at European and overseas Countries2 (including the 
project partner’s NSI), aiming at gathering information not only about current practices in different National 
contexts, but also on the adopted definitions and concepts, on costs and on the level of standardization of 
E&I processes inside each NSI (presence of  standards  or  guidelines,  need for formal approval  for  E&I 
strategies,  level  of  process  documentation).  A 90% response rate  was obtained on the  25  non partners 
Countries involved, 33 questionnaires were filled in at partner’s NSI. Furthermore, a validation process on 
the preliminary version of the RP manual performed by external referees (mainly specialists in the area of 
E&I) has allowed the integration of the manual with different views, has highlighted some under developed 
issues, and has contributed to improve the manual readability and its internal consistency.

As for the manual objectives, it is important to underline that the manual focuses on the  E&I activities 
done once data are available in electronic format, including macro or output editing activities (i.e. validation 
activities performed before estimation, in order to verify that no important errors are left in the data). E&I 
activities  performed in  the  previous  survey  stages  (data  collection,  data  capturing,  data  entry  etc.),  are 
excluded from the discussion. However, the importance of interactions between this stage and other survey 
aspects  are  pointed out  in  the manual,  and the  need of  managing information flows between  the  E&I 
activities performed at the post-data capturing stage, with those performed at other stages of the survey 
process, and with other survey aspects, is referred to. Through these links, E&I activities affect all quality 
2 including Statistics Canada, U.S. Bureau of the Census, Australian Bureau of Statistics.
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dimensions. In effect, an important role of E&I derives from its ability  to provide information about the 
survey process,  forming the basis  for  future improvements of the survey vehicle (Granquist and Kovar, 
1997): E&I can contribute to gather intelligence on sharpening definitions, improving the survey vehicle 
(survey design, questionnaire, mode of data collection, respondent burden), evaluating the quality of the data, 
identifying non sampling error sources, highlighting problem areas, improving resources allocation.

Based on these premises, the RP in EDIMBUS are intended as a guide for survey managers and editing 
designers for planning, testing and documenting their E&I process, or to re-engineer E&I activities. The 
manual should support the selection of the most appropriate method to be used to deal with non-sampling 
errors under the specific survey conditions. Furthermore, the manual is meant to disseminate a systematic 
approach for testing new E&I processes or E&I processes already in use that have not been appropriately 
tested before. Though the focus of the RP is on cross-sectional business surveys, there are many elements of 
it which can be applied in longitudinal business surveys and in other types of surveys like household surveys.

It has to be underlined that the reader of the RP manual is assumed to have some basic theoretical and 
practical knowledge on EDIMBUS. In effects, the good practices and recommendations given in the manual 
will not all apply in the same way to all survey contexts: their relevance and actual applicability in each 
specific process are to be carefully evaluated by subject matter experts and editing designers, taking into 
account the survey objectives, organization and constraints. Furthermore, besides the request coming from 
Eurostat of a manual having a maximum length of 40 pages, it has been deemed important to develop a short 
and easy to read tool. For this reason, more space has been given to issues relating to process design and 
control than that reserved to theoretical aspects, already available in specialized literature. Also examples, 
which are in general useful to better understand concepts, were limited to key notions and definitions

The first problem faced during the manual preparation relates to basic definitions and concepts in the 
area of E&I. As already mentioned, high heterogeneity exists in the different survey contexts not only at 
European, but also at National level. As an example, the notion “editing” often includes changes to the data 
(UNECE, 2000), other times, as in (Eurostat, 2003) and in the EDIMBUS project, it is restricted to checks on 
the data for error identification, excluding all data changes like imputations, re-interview, etc. 

Given the complexity and the wide range of existing E&I strategies, where methods and practices are 
integrated in different ways depending on the survey objectives and cost/time constraints, a second basic 
problem has been identifying a possible high-level prototype process flow for EDIMBUS. In the manual, a 
prototype is proposed, where the detection and the treatment of errors are considered as separate activities 
performed by using different methods taking into account the error types, and where the process flow is 
dominated  by  the  need  of  balancing  between  costs,  time,  and  quality  requirements.  Recommendations 
concerning  which  elements  to  consider  when designing  complex  integrated  E&I  processes  and  how to 
control the process are given. 

4. Overview of the contents of the manual

The manual is structured in five main Chapters. The first two deal with the problem of designing and 
testing E&I strategies in cross-sectional business surveys, controlling the process and balancing between 
quality  dimensions  (accuracy,  costs,  timeliness,  respondent  burden,  resources  allocation).  The  basic 
concepts, the overall criteria and the key elements to be taken into account when planning an E&I process 
are given. A specific section is devoted to methods and recommendations on how to test E&I processes. The 
continuous improvement of E&I strategies, through the selection of the most appropriate methods under the 
specific conditions, and the proper integration of the different methods/practices in the overall E&I process, 
requires that evaluation studies are planned and performed in a systematic way, that appropriate resources 
are allocated on these activities at the survey design stage. In the manual, the use of some indicators as a 
support for survey specialists in gathering information on the process quality are recommended.

The third and fourth manual’s Chapters deal with methods for error detection and error treatment, 
respectively. The Chapter on error detection is structured following a “mixed” error classification, where 
generating mechanism (systematic or random errors), the effect on estimates (influential or not influential 
errors), type of data inconsistencies (outliers, missing values, etc.) are all considered. This choice follows the 
theoretical and operational properties of methods for error detection and treatment, which in general take into 
account overlapping error classifications. 

For each method (for error detection or error treatment), the following information is provided:
- overall description of the method;
- application context (under which conditions the method can be applied);
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- advantages and limits (which are the main theoretical/practical aspects to be considered when using 
the method; which method should be selected, depending on the conditions);

- recommendations (checklist of what should be done when using the method).
The  fifth  Chapter  discusses  problems  relating  to  data  analysis  and  estimation  in  presence  of 

imputation, missing data and outliers. It is well known that the impact of E&I activities has to be taken into 
account to properly consider the additional uncertainty and bias on subsequent data analyses and inferences.

A final Chapter is devoted to documenting E&I. As already mentioned, documentation has a crucial 
importance in the area of E&I, for both users and survey specialists. It is highly recommended to document 
E&I activities and their impact on the data, and to use appropriate measures to  support the analysis of E&I 
results for the identification of possible error sources and of problem areas in the survey vehicle.

For each topic, the reader is provided with the most relevant references among the existing extensive 
and highly specialized literature. Given the length constraints, and to improve readability, lot of material has 
been moved to Annexes, like methodological details, indicators for testing and documenting, and a Glossary. 

5. Final considerations and future work

The RP manual on EDIMBUS is expected to have an impact at both European and National level. At 
European level, it may contribute to the development of common practical and methodological frameworks 
for E&I applications, and therefore to a higher level of comparability of the data produced in the ESS. At 
National level, RP are expected to contribute to the harmonization of methods and practices for E&I. Costs 
reduction and better timeliness should result from the manual implementation, as well as better data quality 
through an overall re-allocation of the available resources.

However, for the RP manual to be effective some basic conditions are needed.
First of all, the views expressed in the RP manual should be accepted and agreed at National and 

European level. To this aim, the manual effectiveness with respect to its planned aim should be assessed, e.g. 
by  supporting  its  implementation  in  pilot  surveys.  Successful  results  should  represent  an  incentive  in 
promoting  its  use  in  the  ESS.  To  this  aim,  an  overall  strategy  should  be  developed  for  the  manual 
dissemination in the ESS. At National level, NSI should be in charge of their internal dissemination, e.g. 
promoting  new strategies  for  planning  or  re-engineering  E&I  procedures,  developing  procedures  to  be 
internally followed to obtain formal approval to E&I processes, identifying centralized staff in charge of 
formal, highly specialized and comprehensive evaluations.

Furthermore, the RP manual recommends methods and practices which can be considered effectives at 
the  moment  the  manual  has  been  developed.  Given  the  substantial  and  continuous  international 
developments  in  the  area  of  E&I,  periodic  updates  of  the  manual  content  based  on  recent  literature, 
theoretical and technological developments should be carried on. This implies that a continuous activity is 
supported at  Eurostat  level,  aiming at  monitoring the  state-of-the-art  and at  periodically producing new 
releases of the RP manual periodically. To this aim, an appropriate group of experts should be identified, and 
a formalized, standard procedure to manage this process should be established.

Finally, an electronic version of the manual will be made available to facilitate access and guarantee 
better dissemination. Readability should also be positively influenced given the manual’s internal cross-
referenced structure.
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Abstract: Since the beginning of times we’ve been trying to comprehend our reality, making sense of what 
happens and gathering information about it. Understanding our environment gives us the power to change it, 
adjust it or just to act in accord with its latest development. 

In a complex and ever-changing world multiple aspects have to be accounted for, demographics and 
finance, environment and agriculture, economics and research… National Statistical Institutes pay attention 
to all these areas, gathering information about each and every one of them. 

To apprehend the reality is our aspiration at National Statistical Institutes and to do it we use every 
possible tool at our disposal. The aim of this paper is to present one of the most innovative tools in NSIs the 
Data Warehouses. We’ll talk about the evolution in data manipulation made possible by the technological 
advances in data collection which resulted in an increasing demand for more powerful ways to deal with the 
data, thus making DWs necessary. 

Analysing DWs’ strengths in the business world, we’ll make clear their advantages for NSIs. Beyond 
that we shall see why they’re so well adjusted for an NSIs’ common needs of data dissemination and derived 
statistics production. 

Even if DWs were not specially developed with statistical objectives, NSIs’ purpose, when data is 
collected is not only to gather information but furthermore to build Knowledge about the world. In order to 
do that, we have to be able to relate information to one another. Linking information from different areas 
we’ll give us different perspectives on the problems and an extraordinary new insight. And that’s precisely 
what data warehouses do, so that we can slowly begin to puzzle out our world! 
Keywords: Datawarehousing, Information Systems, OLAP cubes 
1. Introduction 
This paper is structured in four simple sections. Following this introduction second two makes a brief 
historical incursion in the databases development to clarify what are data warehouses, their purposes and 
major differences regarding relational databases. Section three focuses on the multidimensionality inherent to 
the data warehouse philosophy and centres its attention in the advantages it brings when working with 
statistical information. We also present some examples to make clearer the concept of multidimensionality so 
that its benefits to data quality will emerge naturally. In section four, we present our conclusions.  
2. What are Data Warehouses? 
Humans have always tried to make sense of what surrounds them, gathering information in such a way that it 
could be passed to future generations. The accumulation of different data collected in similar circumstances 
spontaneously gave birth to a statistical approach to life. 

By observing the seasons throughout decades and following the rain patterns our ancestors were able 
to establish the best harvesting cycles. Since then, our strategies to act upon our surroundings have evolved 
but always based on information collected from our environment, because that is what enables us to 
understand our world. 
2.1 Historical overview 
Since 442 B.C. a magistrate of high rank in the ancient roman republic occupied a position called censura, 
whose duties were to register the citizens and their property, to keep the public morals and to administer the 
finances of the state, namely superintending the public buildings and the erection of all new public works [7]. 

Each citizen had to give an account of himself, of his family, and of his property upon oath and was 
taxed one per thousand upon the property entered in the books of the censors. The lists of the persons and 
their ages were later used to call valid men to integrate the roman army. Being able to know how many 
capita (heads) could be called to serve as soldiers, at any given moment, was very important, and this 
counting of heads is still imperative today. In fact the census is in most countries one of their biggest 
statistical operations, even if it is derived from administrative information. Likewise the assessment of state 
finances is vital and, in both cases, information is disseminated in this day and age by the National Statistical 
Institutes, as it was in roman times published in the Tabulae Censoriae.  

Historically this knowledge was preserved in the written form in books, from the ancient library of 
Alexandria in the 3rd century B.C. to contemporary public information repositories such as the Library of 
Congress, and until some 50 years ago that was the only way to access the information: read the book. 
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As human activities grew more complex bigger amounts of information were needed to take any 
decision. With the advent of computers books were compressed in electronic files but that was still not 
enough. In 1968 [14] to support the Apollo lunar missions, IBM [23] developed the System/360 Model 85 
contributing to the successful landing of the Apollo 11. This information management system (IMS [13]) 
marked the birth of databases and over 300 patents directly or indirectly related to the System/360 were 
issued between 1964 and the end of the decade. 

These databases were just tables with records. Anything that could be coded would, so that the entire 
record occupied even less. Rules to codify the table fields were proposed by Codd [8], as early as 1970, it 
was the beginning of relational databases, and in 1976 Chen [5] presented his well known entity/relationship 
model with very specific techniques to relate tables to each other in such a way that more complex systems 
could be modeled. The resulting easiness of data capture led to the present situation in which every 
transaction we perform, from a simple acquisition to a flight is recorded in several databases throughout the 
world. 

Possessing so much data made the companies aware of its value not only to better serve their clients 
but also to promote additional business with them if they could predict or discover their needs and wants. 
Excellency in organizations [10] is measured through their tangible achievements in what they do, how they 
do it and what they can accomplish. If the organizations were able to reorganize all their data in different 
perspectives, they would have an added value product without further work in information gathering. 

The only problem was that the databases, into which this data was entered, were the so-called online 
transactional processing databases (OLTP [21]), which complied with all Codd rules about eliminating 
redundancy and comprising data. This means data insertion was optimized but not data analysis or 
extraction, to feed other analytical systems. 

Getting information from these OLTP databases was hard and very slow, not only because of the way 
the data was physically arranged but also because the perspective in which it was collected was not the one 
best suited for analysis. For example, when we registered a sale with all its small details the record had all 
the information of that specific sale, but that is not the perspective important to the supervisors or managers. 
What they need are summaries of all the sales and not the specificities of each one of them. 

Even worse, the problem of the analysis delay appeared suddenly: gathering data was faster everyday, 
but its analysis was growing slower with its increase. 

More and more companies were trying to use their business data for analysis and becoming unsatisfied 
with the results achieved. As in any other fields, industry pressure soon produced results and just 20 years 
after the generalized use of relational databases did Inmon [15] propose a different kind of databases, a 
digital information repository that would be called a data warehouse. The concept of online analytical 
processing databases (OLAP [3] [18]) was born. 
3. Multidimensionality 
The purpose of OLAP databases was to keep the data in such a format that its extraction would be easier than 
from traditional OLTP systems [2], but also to rearrange it or, in other words, transform it from data into 
information [4]. 

The first problem, optimizing data extraction, consisted in inserting all the redundancy that Codd and 
the developers of OLTPs were so eager to get rid of. 

As to the second problem, turning data into information, in most cases it amounted to the construction 
of several summary tables. 

Once this was accomplished getting the added value product that information is to companies was now 
easier than ever thanks to the use of data warehouses and OLAP systems. With this kind of information, 
organizations were able to build knowledge, understanding their customer and building awareness to their 
crescent needs. The effort was then redirected to have not one added value product, resulting from the 
collected information, but several different products or perspectives upon the same information. 

Soon was realized that contemplating distinct angles of a problem was just a matter of changing the 
dimensions of the analysis [19] [17]. In fact, the same sale could be studied in a temporal perspective, like 
sales in a quarter or geographical, like sales of a particular store in Lisbon, or even product type, as in sales 
of red bricks. 

The possible points of view of a same problem were virtually endless. This led to the use of 
hyperspace or multidimensional as terms applicable to database technologies. Of course visualizing a space 
with so many dimensions or hyperspace is very difficult to a human, to say the least. The theory can 
nevertheless be easily understood by reducing those dimensions to, let’s say, three in which case we’d have a 
cube to represent our problem. 
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If we picture Rubik’s cube, with a different colour in each face, it contains in itself 27 other small 
cubes, each one of them at a unique crossing of the three dimensions at stake [16]. 

How does this multidimensionality apply to statistics? In every single thematic we approach at 
National Statistical Institutes, Geography and Time are always present [20]. All events happen somewhere in 
space and sometime. These characteristics are the starting point to the examination of any phenomenon. 

Let’s say we want to study Nuptiality. When two persons decide to share their lives and cohabit, they 
fill some forms declaring where they are going to live, the declaration date, and how did they join their lives: 
through a religious ceremony? In a civil marriage? Or they just moved-in?  

More information is required by the administrative office, but let us focus on the three dimensions we 
already have here: Geography, Time and Type. 

The Type of Nuptial bond has three possible values, as we have seen: Civil, Religious or Moved-In.  
When we speak about Time we can choose several different periods. Distinct aspects of a problem can 

be better understood by considering different time periods, like month, year, or season [11]. If we are 
interested in discovering if people prefer spring over winter to get married we should focus on seasons. On 
the other hand, if we are trying to discover if the number of marriages has been decreasing lately, we could 
choose the latest three years. 

Finally when we think about Geography it is also important to suit the regions we choose to our 
particular study. For example, if we are studying the marriage behaviour in the biggest cities in central 
Portugal, we might choose Lisbon, Sintra and Cascais. 

As we’ve stated earlier every position in our Rubik cube will represent a combination of choices in the 
three dimensions described. This aggregation of data has not only the benefit of simplifying the study of a 
phenomenon at a macro level but also preserves the privacy at the individual level while allowing accurate 
models to be constructed [1]. 

Another benefit of the summary tables of data warehouses and its multidimensional treatment of data 
is the ability it gives us to build reports much quicker than before with biggest amounts of information [6]. 

Most data at National Statistical Institutes has a geographical and a time dimension. So if we were 
studying live births we could aggregate all the births by year, geographical region and type of birth. 

Using the shared dimensions of Geography and Time we can relate the information we receive from 
numerous sources or even from several surveys and combine it in data warehouses [22] building meta cubes.  

In this case instead of three dimensions in the Live Births Cube we could have four. The first three 
would be Geography, Time and Type of Birth, as we’ve already suggested but the fourth could be the entire 
Nuptiality cube linked to the new cube by its geographical regions and by the periods chosen that would 
have to be the same. 

In some cases the information collected is not treated at the same level in the several cubes we possess 
and we could have to aggregate it some more in one of the cubes. For example, in spite of having the 
Nuptiality cube organized by year the department responsible for the construction of the Live Births cube 
could have chosen monthly periods. In this situation we would have to summarise the Live Births to a yearly 
basis before we could combine the 2 cubes [12]. 

The effort of harmonization of the geographical dimension can be strenuous but causing quite a few 
cubes coalesce can help us spot hitches regarding the data quality and identify problematic areas or sources 
[9]. 

As important as the diagnostic of our data quality is that meta cubes enable us to extend our 
knowledge on the subject permitting us to answer more complex questions like: “Most children are born 
within civil or religious marriage?” or “How long do people usually wait between marriage and the first 
birth?”. This can help us confirm previous ideas we already had on the field but also discover recent patterns 
that had not previously been spotted. 
4. Conclusions 
We briefly presented the evolution of the treatment of information, from the birth of OLTP to the emergence 
of OLAP databases, followed by the description of concepts such as multidimensional cubes or hypercubes 
(cubes in hyperspace). Examples were given to clarify those concepts. 

The advantage of hypercubes for NSIs is that in most cases we can hold down two dimensions: time 
and geography while varying the others. In this way, we’re able to relate subjects that would otherwise be 
disconnected. Furthermore, to link two hypercubes its necessary that they share at least one dimension. As 
we’ve seen in three different examples, they usually have two in common, turning multidimensional cubes 
into a technology particularly well adjusted to NSIs, despite the fact that DWs were not specially developed 
with statistical objectives in mind. 
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To use the information collected in the best possible way and build knowledge about the world with it 
gets us closer to puzzling out our world. 
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Improving the Quality of Official Statistics

Algirdas �emeta,
Director General

Statistics Lithuania

1. Introduction

In 2002, Statistics Lithuania had taken a systematic approach to quality issues and started
activities on implementation of quality management system. The second Strategy of Statistics
Lithuania for the period of 2005-2007 defined the target to implement quality management
system conforming to ISO 9001:2000 norms. The standard of quality management systems was
taken as a framework for further development of quality management system towards the
implementation of EFQM model requirements.

The paper deals with the activities undertaken by Statistics Lithuania in terms of the
improvement of overall performance of the institution and preparation for certification of
Statistics Lithuania for the ISO 9001:2000 standard.

2. Quality Policy

The quality policy and tasks of Statistics Lithuania are defined on the basis of the Strategy
2005-2007 of Statistics Lithuania, main quality management principles defined by the ISO
standards, ESS quality documents (the Quality Declaration of the European Statistical System,
LEG recommendations, European Statistics Code of Practice). In the quality policy statement,
Statistics Lithuania commits itself:

- To prepare and disseminate statistical information in compliance with the national and EU
legal acts as well as in relation with continuous improvement of its quality characteristics.
- To improve the services provided by implementing the customer relationships management
system and using its capabilities to analyse and satisfy the needs of different user groups.
- To implement the measures reducing statistical response burden systematically.
- To extend the implementation of the provisions of the European Statistics Code of Practice to
other institutions producing European statistics.
- To take over the best practices of Lithuania and other countries and continually improve the
quality management system.
- To stimulate responsibility of the staff for final results and the quality of the product they deal
with; upgrade their qualifications and competence.
- To establish a systematic approach for effective use of resources.

Statistics Lithuania promotes its quality commitments by defined quality tasks and
implementation activities.

3. Identification of processes and links between them

As the first step towards the implementation of quality management system, the analysis of the
performance of the whole institution was performed by the staff of Statistics Lithuania. It resulted
in identification of processes in the organization.

Statistics Lithuania has identified the statistical production and the user service as its core
processes. Also the processes of Management, Resource management and Measurement and
improvement were identified.
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Figure 1. Processes at Statistics Lithuania

The identification of processes was followed by a thorough process analysis: establishment of
links between the processes, identification of strong and weak aspects and elaboration of a
detailed process development plan. The process development plan was elaborated using the
EFQM self-assessment concept. The main activities foreseen in the process development plan
were related with the improvement of the overall management, user service and human
resources management.

3.1. Management

Management is a key process covering strategic and annual planning, preparation,
implementation and monitoring of [implementation of?] legal acts, communication in the
organization, documentation management and management review.

Management of an institution based on strategic planning requires continuous reassessment
and revaluation. It is essential that the strategy is deployed into the objectives and activities at
unit and individual level. In order to achieve this, Statistics Lithuania annually elaborates an
annual action plan and, starting from 2006, individual plans of employees. The progress on
strategy implementation is discussed quarterly at the Senior Management Committee meeting.
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Currently preparatory work for the development of the third Strategy of Statistics Lithuania for
the period of 2008-2012 has been started. The new strategy of Statistics Lithuania will cover a
5-year period (the previous two Strategies covered 3 years), which corresponds to Eurostat’s
programming period. The first step towards the new strategy was EFQM self-assessment
performed by top management. Over 60 recommendations were worked out during the self-
assessment. In parallel, the staff of Statistics Lithuania performed a SWOT analysis. The results
of both exercises were merged and served as a basis for defining future strategic
developments.

3.2. Production of statistics

Production of statistics is a core process in Statistics Lithuania. In order to ensure better
management of the process, the institution identified the following sub-processes:

- decision to carry out a survey,
- preparation of methodology,
- data collection and processing of primary data,
- preparation of final statistics.

In 2005, in order to support better performance of statistical production process, a Handbook on
Production of Statistics has been developed. The handbook provides detailed recommendations
for each sub-process, as well as references related to the performance of sub-process. The use
of the handbook is facilitated with a glossary.

The next step towards documentation of statistical production process was the decision to
document specific procedures on editing, imputation, management of non-response, etc.
Documentation of statistical production process is a time and effort consuming task – during a
year and a half more than 20 different documents are prepared.

3.3. User service

Meeting users’ needs is one of the keystones driving the quality management system. User
satisfaction relates to the assessment of how users’ needs and expectations are fulfilled in data
quality, quality of statistical products, and dissemination of statistical information and User
service in general. Results of systematic user satisfaction surveys, relationships with the key
users of different surveys ensure continuous improvement of statistical product and service
quality. Statistics Lithuania implemented active procedures on the follow-up of user
expectations.

Further improvement of User service is directly related to the implementation of Customer
relationships management system, broadening the scope and exhaustiveness of statistical,
quality and methodological information accessible to the users, improvement of statistical
literacy of the users.

3.4. Resource management

Resource management process covers management of all types of resources, essential for
Statistics Lithuania operation (e.g., human, financial, IT).
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The professionalism and competence of the staff, developed quality culture are crucial factors
for successful institution’s performance. With regard to the strategic guidelines of Statistics
Lithuania, the focus is given to the following human resources development fields: orientation
towards users, quality management, computer literacy and concrete specific statistical domains.
Systematic annual staff satisfaction surveys allow exploring different aspects of employees’
perception. The results are discussed and deployed into the improvement activities.

Implementation and integration of the Enterprise Resource Management System and an
Integrated Statistical Information System will allow allocating resources more effectively,
automate process management and monitoring, ensure security of information.

3.5. Measurement and improvement process

In order to ensure a continuous quality improvement and to conform to ISO 9001:2000 norms,
Statistics Lithuania manages the following sub-processes on quality monitoring and
improvement: auditing of quality management system, measuring and monitoring of processes
and services, management of nonconformities and improvement actions.

Statistics Lithuania has designed a process monitoring and control system. The main task was
to create a system, which would provide information on the performance of the processes and,
at the same time, would be an integral part of performance indicators used for strategy
implementation.

One of the important requirements of ISO 9001:2000, implementing “Plan-Do-Check-Act”
scheme, is related with control of nonconforming product and eliminating causes of
nonconformities (i.e. corrective actions), as well as eliminating causes of potential
nonconformities (i.e. preventive actions). The procedures for the management of possible and
identified nonconformities are being set up at this development phase.

Also activities on introduction audits of quality management system are carried out. The first
audit, based on recommendations provided in the Guidelines for quality and/or environmental
systems auditing (ISO 19011:2002), will be performed in July. The audit will determine whether
the system conforms to the requirements of the quality management standard and how
effectively it is maintained.

4. Future activities

Future activities are closely related with ISO certification and further development of quality
management system on the basis of the EFQM model. It is foreseen to expand quality
management system to regional statistical offices of Statistics Lithuania.

A lot of work must be done in the field of cooperation with main stakeholders: other producers of
official statistics, respondents, and users.

Statistics Lithuania continues its journey towards quality.
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1. Introduction

Benchmarking corresponds to a combination of two sources of information on a given variable
(two different set of estimates, one of which, the benchmark, is more accurate than the other). In many
situations, the problem consists of combining a series of frequent data with a series of less frequent but
more accurate data, for producing more accurate estimates of the former series. For example, yearly
estimates of population characteristics are derived from the last census and researchers re-estimate
the flows for the time gap between two censuses using monthly or quarterly regional, sub-regional and
inter-regional information (Dagum and Cholette, 2006). In what follows we consider monthly and
yearly estimates.

In most cases, the annual total of the monthly estimates are not equal to the benchmarks.
Therefore, benchmarking is considered as the process of adjusting the less reliable monthly series
to make it consistent with the annual benchmarks. When the adjusted series agrees exactly with
these benchmarks, the benchmarking is called “binding”. However, in the presence of annual survey
errors, “benchmarking can be defined more broadly as the process of optimally combining two sources
of measurements in order to achieve improved estimates of the signal under investigation” (Dagum,
Cholette and Chen, 1988). The benchmarking considered in this paper consists of forcing the sum of
the monthly signals to equal the signal of the benchmark.

Let n denote the length of the monthly series and m the length of the series of annual benchmarks.
The monthly values will be represented by the column vector y = [y1, y2, . . . , yn]′ and the vector of
annual totals will be represented by x = [x1, x2, . . . , xm]′. Let η = [η1, · · · , ηn]′ denote the underlying
signal (the true time series without survey errors). The annual series x is generally obtained from a
different source (survey or administrative record) than the monthly series. Let ` = [`1, · · · , `n]′ and
e = [e1, · · · , en]′ represent the vector of monthly and annual survey errors, respectively. It follows
that yt = ηt + `t, t = 1, · · · , n and xj =

∑
t in j

ηt + ej , j = 1, · · · ,m. Expressed as vectors, yyy = ηηη + `̀̀ and

xxx = L′L′L′ηηη + eee with LLL is an nxm block diagonal indicator matrix. Since y and η are subject to error;
the benchmarking problem consists of adjusting y to obtain a new more reliable vector of estimates
η̂ = [η̂1, η̂2, . . . , η̂n]′ using the information contained in x.
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2. Existing Benchmarking Methods

Four main approaches have been proposed in the literature for computing the benchmarked
estimates η̂.

a) Quadratic Minimization Approach. The problem is formulated mathematically as minimizing
a penalty function of the differences between η̂ and y subject to the benchmark constraints (Denton,
1971). This method only considers the binding case and does not calculate the variance of η̂.

b) Regression Approach. The method uses a generalized regression model with autocorrelated
survey errors. It permits a constant bias term and assumes the availability of the autocovariance
matrices of the annual and monthly survey errors, which is a restrictive assumption even when dealing
with series produced by national offices of statistics.

c) ARIMA Model Based Approach. This is a signal extraction method proposed by Hillmer and
Trabelsi (1987), based on ARIMA models. The method again requires knowledge of the autocovariance
matrices of the survey errors.

d) State Space Models Approach. Two alternative methods have been proposed by Durbin and
Quenneville (1997), using structural time series models that are cast in state space form. The first
method (two-step method) uses signal extraction to derive the smoothed estimators of the monthly
signals without any benchmarking and then the smoothed series and the annual benchmarks are
combined in order to compute the final adjusted estimates. The second method (single step method)
incorporates into a single series both the monthly and the annual values and then uses the combined
series in order to obtain the benchmarked estimators.

3. Estimation of Variances of Bound Estimators

A common practice of time series analysts is to adjust the monthly series equal exactly the
annual benchmarks. In this case, the benchmarking is called binding. This is done even in the case
where the annual benchmarks are obtained from a survey. In the latter case it is necessary, however,
to account for the variability (sampling errors) of the benchmarks when computing the variances of
the monthly benchmarked estimators. Using state space models, Pfeffermann and Tiller (2006) show
how to obtain the variance of bound estimators when using contemporaneous benchmarks that are
subject to survey errors. In this paper we develop the correct variance of bound estimators when
using temporal annual benchmarks that are subject to survey error. The theory is first presented for
the two-step method using state space models, and is then extended to the ARIMA and Regression
approaches described in Section 2.

a)Two Stage Benchmarking Method. We first decompose the variance of the bound estimator
ΣΣΣη̂ηηB as the variance of the non-bound estimator Ση̂Ση̂Ση̂ (as the one obtained in Hillmer and Trabelsi,
1987) plus an extra term representing the excess to the variance due to the presence of a non-zero
annual survey error variance ΣeΣeΣe. After some algebra and using some matrix identities, it follows that

(1) ΣΣΣη̂ηηB = Ση̂Ση̂Ση̂ + ΩLΩLΩL(L′ΩLL′ΩLL′ΩL)−1ΣeΣeΣe(L′ΩLL′ΩLL′ΩL + ΣeΣeΣe)−1ΣeΣeΣe(L′ΩLL′ΩLL′ΩL)−1L′ΩL′ΩL′Ω

with ΩΩΩ is the autocovariance matrix of the smoothed values η̃̃η̃η in the first step. It is assumed that
ΣeΣeΣe is either known or can be estimated. Using the fact that the second term in (1) is a product of
positive definite matrices, it is easily shown (and is obvious intuitively) that the non-bound estimator
is always more accurate than the bound estimator in the presence of annual survey errors.

We derive also conditions under which the bound estimator in the second step, η̂ηηB, has smaller
variance than smoothed estimator in the first step, η̃̃η̃η. After some algebra and using properties of
positive definite matrices, it is possible to show that the variance of the bound estimator in the case
of annual survey errors is greater than the variance of the monthly smoothed estimator in the first
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stage if the generalized variance of ΣeΣeΣe (the covariance matrix of the annual survey errors) is greater
than the generalized variance of L′ΩLL′ΩLL′ΩL (the covariance matrix of the sum of the smoothed monthly
estimates obtained in the first step). In matrix notation, if |L′ΩLL′ΩLL′ΩL| ≤ |ΣeΣeΣe| then ΣΣΣη̂ηηB ≥ ΩΩΩ. This result
implies that the actual variance of the bound estimates in the second stage could be greater than the
variance of the smoothed estimates in the first stage. Clearly, in this case, there is no reason for the
benchmarking except, perhaps, for consistency in publication.

b) Other Benchmarking Methods. The ARIMA and the Regression approaches can also be
considered as ”two-step methods”. In the ARIMA approach, the first step uses the stochastic structure
of the monthly data to produce an estimator of the signal and its corresponding autocovariance matrix
Ω1Ω1Ω1 = Cov(ηηη | yyy) = (ΣΣΣ−1

`̀̀ + ΣΣΣ−1
ηηη )−1. In the second step, the annual information is incorporated in

exactly the same way as the two-step benchmarking method. The same results in a) are obtained with
ΩΩΩ replaced by Ω1Ω1Ω1.

In the Regression approach, an estimator of the monthly signal is obtained subtracting the
estimated bias in the first step (Cholette and Dagum, 1994). Then, in the second step, the annual
information is incorporated to the estimation in the form of a generalized regression model. Following
the same reasoning in a), the variance of the bound estimator is decomposed now as the sum of the
variance of the non-bound estimator plus two extra terms: one due to the bound process and the other
due to the estimation of the bias. Denoting by σ2

â the variance of the bias estimator, it follows that
if σ2

â → 0 and |L′L′L′ΣΣΣ`̀̀LLL| ≤ |ΣeΣeΣe|, the bound estimator could be less efficient than the original monthly
estimates.

4. Application to Business Surveys in the UK

Data of turnover for the industrial sub-sector of wood manufacturing in the UK in the period
January 1998 to December 2003 is obtained from two different sources: the Monthly Production In-
quiry (MPI) survey and the Annual Business Inquiry (ABI) survey in the Office for National Statistics
(ONS). In order to benchmark the MPI series to the ABI, a basic structural linear model (BSM, Har-
vey, 1989) was initially fitted to the monthly observations in the first step. Then, some variations of
the BSM were considered in order to get a better fit to the data, trying different specifications for
the trend, the seasonal component and ARMA models for the survey errors. The goodness of fit of
the various models was evaluated according to sample diagnostic tests and graphical displays of the
innovations and also by checking for outliers and structural breaks based on an analysis of the auxil-
iary residuals (as they are defined in Durbin and Koopman, 2003). Different initialisation methods of
the Kalman filter were studied, using at the end an exact diffuse prior (Koopman and Durbin, 2003).
Additionally, Monte Carlo experiments were studied, simulating several series under the alternative
models in order to evaluate their adequacy. A model was considered to give a good fit if the original
monthly series under consideration is approximately between the 5th and the 95th percentile of the
simulated values.

The final structural model chosen for benchmarking the monthly MPI turnover to the annual
ABI was a BSM without slope plus an AR(2) model for the standardised survey errors, that is

(2) yt = ηt + `t = µt + γt + εt︸ ︷︷ ︸
ηt

+ kt · ut︸ ︷︷ ︸
`t

t = 1, · · · , n

In (2), µt, γt and εt define the trend, seasonal and irregular components of the signal respectively;
kt represents the standard deviation of the survey errors and ut is a unit-variance AR(2) series. The
model for the individual terms in the final model are given by,

µt = µt−1 + ξt; ξt ∼ N(0, σ2
ξ )
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γt =
6∑

v=1

γvt

γvt = γv,t−1 cosκv + γ∗v,t−1 sinκv + ωvt; ωvt ∼ N(0, σ2
ω)

γ∗vt = −γv,t−1 sinκv + γ∗v,t−1 cosκv + ω∗vt; ω∗vt ∼ N(0, σ2
ω)

ut = φ1ut−1 + φ2ut−2 + χt; χt ∼ N(0, σ2
χ)

(3)

with κv = vπ/6, v = 1, · · · , 5. The estimates of the hyperparameters σ2
ξ , σ

2
ω, σ2

χ, φ1 and φ2 were
obtained by maximum likelihood and their stability was studied by a simulation experiment.

Finally, the standard errors obtained directly from MPI were compared to the standard errors
of the benchmarked values, showing a reduction in the standard errors after benchmarking. However,
some standard errors of the bound estimates are actually bigger than those of the smoothed monthly
smoothed series in the first step, confirming the results in Section 3.

Table 1. Empirical results (standard errors) for the last semester in 2003.

Statistic Jul Aug Sep Oct Nov Dec

Original MPI series 12432.81 10844.88 9092.28 12989.12 9039.86 8021.26
Bound estimates 7436.622 7519.388 7378.001 7556.063 7734.331 8018.072

Smoothed est. (step 1) 5376.736 5417.120 5347.983 5434.936 5520.863 5664.777
Non-bound estimates 5352.090 5391.920 5323.736 5409.486 5494.185 5635.954

Acknowledgements

This research was supported by the Alβan Programme - European Union Programme of High
Level Scholarships for Latin America, identification number (E03D18720CO) -, Universidad Nacional
de Colombia and Colfuturo.

REFERENCES

- Cholette, P.A. and Dagum, E.B. (1994), “Benchmarking Time Series with Autocorrelated Survey Errors”,
International Statistical Review, 62, 365–377.
- Dagum, E.B. and Cholette, P.A. (2006), “Benchmarking, Temporal Distribution and Reconciliation Methods
for Time Series Data”, New York, Springer-Verlag.
- Dagum, E.B. and Cholette, P.A. and Chen, Z.G. (1998), “A Unified View of Signal Extraction, Benchmarking,
Interpolation and Extrapolation of Time Series”, International Statistical Review, 66, 3, 245-269.
- Denton, F.T. (1971), “Adjustment of Monthly and Quarterly Series to Annual Totals: An Approach Based
on Quadratic Minimization”, Journal of the American Statistical Association, 66, 333, 99-102.
- Durbin, J. and Koopman, S.J. (2001), “Time Series Analysis by State Space Methods”, Oxford, UK, Oxford
University Press.
- Durbin J. and Quenneville, B. (1997), “Benchmarking by State Space Models”, International Statistical Review,
65, 23-48.
- Harvey, A.C. (1989), “Forecasting, Structural Time Series Models and the Kalman Filter”, Cambridge, UK,
Cambridge University Press.
- Hillmer, S.C. and Trabelsi, A. (1987), “Benchmarking of Economic Time Series”, Journal of the American
Statistical Association, 82, 400, 1064-1071.
- Koopman, S.J. and Durbin, J. (2003), “Filtering and Smoothing of State Vector for Diffuse State Space
Models”, Journal of Time Series Analysis, 24,1, 85-98.
- Pfeffermann, D. and Tiller, R. (2006), “Small Area Estimation with State Space Models Subject to Benchmark
Constraints”, Journal of the American Statistical Association, 101, 1387-1397.

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 4108 -



Correcting Non-sampling Errors in Financial Statement Statistics

of Japanese Ministry of Finance

Yoshizoe, Yasuto
Aoyama Gakuin University, College of Economics
Shibuya-ku
Tokyo 150-8366, Japan
E-mail: yoshizoe＠econ.aoyama.ac.jp

Sato, Seisho
The Institute of Statistical Mathematics
Minato-ku
Tokyo 106-8569, Japan
E-mail: sato＠ism.ac.jp

Takemura, Itsuko
The Ministry of Finance (Japan), Policy Research Institute
3-1-1 Kasumigaseki, Chiyoda-ku
Tokyo 100-8940, Japan
E-mail: itsuko.takemura＠mof.go.jp

Hosoya, Yoshiaki
The Ministry of Finance (Japan), Policy Research Institute
3-1-1 Kasumigaseki, Chiyoda-ku
Tokyo 100-8940, Japan
E-mail: yoshiaki.hosoya＠mof.go.jp

Baba, Yasumasa
The Institute of Statistical Mathematics
Minato-ku
Tokyo 106-8569, Japan
E-mail: baba＠ism.ac.jp

Outline of “Financial Statement Statistics of Corporations by Industry”

The Japanese Ministry of Finance compiles and publishes Financial Statement Statistics of
Corporations by Industry. It consists of two surveys, namely, Annual Survey and Quarterly Survey.
Annual Survey covers all private non-financial corporations in Japan, while Quarterly Survey covers
larger corporations only. These surveys are widely used by the government as well as by economists.
In fact, they are regarded as one of the most important business indicators. Therefore, the accuracy
of the statistics is vital for policy making by the government. Similarly, they play an essential role
in market forecast by economists. From the point of view of business indicator, Quarterly Survey
attracts more attention of economists than Annual Survey. Naturally, Quarterly Survey is adopted
in business indicators, namely, in the diffusion index (DI) and composite index (CI) of the Cabinet
Office. Some characteristics of Quarterly Survey are explained in Yoshizoe (1995) from a statistician’s
viewpoint.

As shown in Table 1, Quarterly Survey only covers corporations whose capital is larger than
10 million yen (the minimum requirement for a joint-stock corporation until 2005). The number of
corporations in 2006 October is about 1.17 million, while for Annual Survey which also covers smaller
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Table 1. Population and sample size of the Quarterly Survey in 2006 Oct-Dec period

capital (million yen) 10 – 100 100–1,000 1,000– total
population size 1,137,685 28,029 5,699 1,171,413
sample size 9,335 9,553 5,699 24,587
response rate (%) 69.0 80.3 91.3 78.6

corporations, which number roughly 2.72 million. The difference, 1.54 million, corresponds to those
corporations whose capital is less than 10 million yen.

Although the large-scale corporations (here corporations whose capital is more than one billion
yen) are quite few in number (5,699 firms, the population ratio is 0.5%), their influence is predominant.
Namely, their share is 37.5 % in sales, 56.9 % in profit, and 52.0 % in fixed assets, according to 2005
Annual Survey.

Nevertheless, trends of small-scale corporations are also important, especially in economic fore-
casts. Yet, unfortunately, mainly because of budget constraints, the sampling fraction of smaller
corporations is quite small. This sampling design is theoretically correct in the sense of maximizing
accuracy of the overall estimation of, for example, profit of all corporations; large-scale corporations
should be measured precisely compared with smaller scale ones.

One of the problems that should be examined is that some statistics related to small-scale
corporations occasionally show unnatural patterns. Fig. 1 and Fig. 2 indicate considerable drops each
year from Jan-Mar period to Apr-Jun period. This tendency is somewhat obscured in 1980s and after
1998. During the 1980s Japan experienced a so-called bubble economy; and 1998 is considered the
benchmark year when Japanese economy resumed to recover from the long recession. We understand
that these periods are rather exceptional.

Figure 1 (left: 1971–1990), 2 (right: 1987–2006). Fixed assets of all corporations

On the other hand, Fig. 3 and Fig. 4 for large-scale corporations do not show large drops. Since
large-scale corporations are enumerated completely, Funaoka (1976) and Yoshizoe (1992) pointed out
that the main reason for gaps in Fig. 1 and 2 was the sampling design. The detail is described below.

The sample fractions for smaller corporations differ from industry to industry, but basically the
sampling fraction is very small. In fact, the overall sample fraction for small-scale corporations (here
corporations whose capital is less than 10 million yen) in 2005 was 9,335 out of 1,137,685, which is
about 0.8%. Since the response burden is rather heavy for small corporations, all sample corporations
are replaced after a year. Thus, newly sampled corporations respond to the questionnaires in Apr-Jun
period.
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During the period of one year, some corporations go out of business and drop out of the survey.
On the other hand, newly established corporations which start operating in the year will not be
included in the sample until a new sample is selected after the new list of corporations becomes
available. These new entrants are usually smaller in size. This means that in Quarterly Survey,
the corporations that survive and respond throughout the survey period tend to have better business
performance than average. This in turn implies that, in the sample, indicators such as fixed capital will
gradually have upward bias from Apr-Jun to Jan-Mar in the next year. When new sample corporations
are selected utilizing a new list in April, the new sample represent the population appropriately. This
sampling design explains a major portion of the gaps in the statistics.

Figure 3 (left: 1971–1990), 4 (right: 1987–2006). Fixed assets of large-scale corporations

Yet we need to consider another possible reason for the gap, namely, the way corporations provide
financial statements. While large-scale corporations prepare quarterly statements, most small-scale
corporations only prepare annual statements reflecting the difference of legal requirement. Moreover, it
is often said that interim financial results are systematically different from the final financial statement.
If we look at Fig. 3 and Fig. 4 carefully, we can find occasional gaps from Jan-Mar to Apr-Jun. The
difference between provisional settlement of account and the final statement may explain the gaps for
larger corporations, hence a similar systematic behavior may partially explain the gaps of small-scale
corporations.

In a recent tentative study, Baba and Sato (2005) reconsidered this problem and showed that
seasonal patterns for large-scale corporations display some drops from Jan-Mar to Apr-Jun.

Figure 5 (left: all size), 6 (right: large-scale). Seasonal factors of fixed assets

Fig. 5 and Fig. 6 show seasonal factors for the logarithms of fixed assets per corporation. They
are evaluated by “Webdecomp (http://ssnt.ism.ac.jp/inets2/title.html),” a program implemented by
S. Sato based on “Decomp” by Kitagawa and Gersch (1984).
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Fig. 5 shows the seasonal pattern of fixed capital for all corporations, which clearly indicates
the “gap” pattern. As suggested by Baba and Sato (2005), the corresponding Fig. 6 for large-scale
corporations shows similar pattern. We should note, however, the variations are considerably smaller
than those for small-scale corporations. Since the large-scale corporations are completely enumerated,
that is, consecutively observed, the seasonal variation reflects “real” seasonality, indicating it is inde-
pendent from the entry-exit problem. As we have some evidence to believe that the “real” seasonal
variation patterns for small-scale corporations are more or less similar to Fig. 5, we conclude that the
sampling design is the major cause of the gaps.

Further Analyses and Possible Solutions

Here we summarize some further analyses and possible solutions for the gap problem. Details
will be presented at the meeting.

1. The entry-exit pattern of corporations is not fully reflected in the population list compilation
procedure, and causes the gap. Hence, the estimates for Apr-Jun are more accurate than the
estimates for previous Jan-Mar, which implies that some corrections are needed. A simple
countermeasure is to utilize the financial statements of the sample corporations for Jan-Mar.
When the new sample corporations start to respond to the survey in April, they are also asked
to provide the statement for the previous Jan-Mar period. The statements for the previous
period can be used to modify the estimation for Jan-Mar period. Similar backward corrections
may be possible, after adjustment for “real” seasonal variations.

2. Because of the very small sampling fraction, evaluation of the relative effect of seasonality and
sample renewal (entry-exit of corporations) is impossible for small-scale corporations directly.
Thus, we compared the seasonal patterns of medium size corporations and large-scale corpo-
rations that are consecutively included in the survey. Assuming that small-corporations have
a similar seasonal pattern for provisional settlement of accounts, we can improve statistics for
small-scale corporations.

3. An essential solution is to introduce a rotation sampling scheme. The Ministry of Finance is
about to introduce such a scheme for the Business Outlook Survey which is closely related to
Financial Statement Statistics, in the sense that they share the same population list. Thus the
result of Business Outlook Survey may cast some light whether rotation sampling scheme will
be useful for Financial Statement Statistics.
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1. INE – PT’s Quality Management System 
INE-PT started its systematic quality approach in 1996, when the Board decided to implement a Quality 
Management System. A small team in the Planning and Quality Control Department – the quality unit - 
reporting directly to top management, was given the task of preparing procedures and tools for continuous 
improvement, according to the quality policy and specific objectives defined by the management. 
The three main objectives of INE-PT's Quality Management System are to continuously improve the quality 
of: the products; the services rendered to customers; the work and relations at all levels of the organisation. 

Quality audits, documentation of processes and assessment of clients’ satisfaction are significant activities of 
this system, as the experience of 10 years shows.  

1.1. The Quality Team 
The Quality Unit is composed by four persons whose main tasks are to: Implement the quality 
documentation system; Assess internal and external client’s satisfaction; Coordinate internal and external 
audits.  

It participates in Working Groups managed by Eurostat in the field of quality management in statistics, at 
European level.  

The implementation of INE-PT’s Quality Management System has been oriented using as a reference the 
ISO 9000:2000 Norms, has well as the EFQM Excellence Model (European Foundation for Quality 
Management), and also having the principles of Total Quality Management as a reference: Customer 
orientation; Process orientation; Leadership support; Continuous improvement; Involvement of all staff. 

1.2. Involving activities 
It is common understanding that to implement a Quality Management System we should have good 
communication and a common knowledge about what are the aims of the quality programme. Therefore 
INE-PT organized a large and an exhaustive quality meetings process. Motivation was a key factor for the 
success of the quality programme, and the whole organization had to be compromised on the same aims. 

The Quality programme was conceived taking into account the following aspects: A strong leadership 
support; The Involvement of all organization to a better understanding regarding aims and results, taking into 
account total quality management principles; Training as a strategic activity; Team Work at all levels of the 
organization (self-assessments and improvement projects). 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 4113 -



Besides the quality meetings that took place in 1999, every year new activities are launched to involve 
people in the programme, for example: An internal suggestion scheme; Internal sessions for sharing 
information amongst teams; Internal Quality awards.

2. Internal Quality audits 
“An audit is a systematic, independent and documented process for obtaining audit evidence and evaluating 
it objectively to determine the extent to which the audit criteria are fulfilled” (in: ISO 19011). 

Depending on the objectives of an audit: It can be undertaken by internal or external auditors and the 
timeframe for conducting these can vary from a few days to several months; and also be applied to a single 
process or the whole organization. 

We tend to stress that its aims are mainly check and review in order to improve. 
The international norm on auditing ISO19011, provides guidance on the audit principles; on how to manage 
audit programmes; and how to conduct audits to quality management and environmental management 
systems; as well guidance on the competence of the respective auditors. 
It assumes that auditing is a powerful tool that supports policies and management control actions, by 
providing important information that enables an organization to improve its performance. 
This type of audit is applicable to any organisation that has taken as a reference the ISO norms 9000:2000 to 
implement its management quality system. As such these audits can be applicable to all processes in the 
organisation, and to any type of organisation. 
This is the approach that INE-PT adopted for its internal quality audits process, integrated in its Quality 
Management System. 

2.1. INE-PT experience in Internal Quality Auditing
INE – PT started its process of internal auditing in 2000, focused on the Statistical Process. The reference of 
these audits is the Statistical Production Procedures Handbook. However, the whole process of Internal 
Quality Audits was organized taking into account the International Standards - ISO Norms. 

The aim of these audits is to verify if statisticians are working according to the procedures that are settled in 
the organization for this process and to improve the process description as well. Therefore, the audits work as 
a tool for continuous quality improvement.  

According to the above mentioned norms, an internal procedure was settled for the Internal Quality Audits 
process, which comprises the following information for the execution of quality audits: 

Quality Audits reference documents 
Concepts/definitions 
Quality audits aims 
Quality audits planning 
Responsibilities 
Quality audits phases 

Auditors’ selection/recruitment 
Auditors’ registration 
Quality Auditors teams 
Support documentation: Audit Plan; Non-
conformity / Observation Form; Audit report; 
Corrective/prevention Action Form 

Apart from this procedure, documentation to help the auditors do their work was also provided - mainly 
checklists based on the procedures. The audit is based on observation of evidence and on minimum 
documentation that every project leader has to organize for its “survey”. This minimum documentation is 
compulsory by means of the Statistical Production Procedures Handbook, which establishes a set of common 
internal procedures for all statistical processes, mainly for statistics based on surveys. The idea behind this 
handbook is that if we define a process in a way we believe it is best, and then our product will have quality. 
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This handbook defines compulsory minimum documentation (e.g., the methodological survey document), 
and internal procedures among units that somehow are involved in the process. These type of procedures are 
an important aspect of the quality system, whose main objective is to document processes in a harmonized 
way in order t be widely disseminated in the organization. 

Internal quality auditors are statisticians from different units, and they make a part of a pluridisciplinary team 
of 14 auditors. 

It is important to mention that training on “Internal Quality Auditing” was organized when launching this 
process. The whole team of 14 auditors participated in this training program – behavior and techniques in 
auditing – based on ISO norms. 

The whole process took a year to prepare and all of the basic documentation was discussed and prepared by 
the team (this aspect was important for their involvement and motivation). 

Some rules 
• No-one on the team is a full time auditor. The team is composed of statisticians from different areas.
• Another important aspect is that each audit takes, in average, 4 to 5 days, and each auditor 

undertakes 2 to 3 audits per year (each team has 2 or 3 auditors). 
• Top management defines the Quality Audits annual Plan. 
• No-one should audit his own activity. 
• Improvement actions must be carried out by the audited teams. 
• A follow-up audit is settled whenever there are non-conformities and corrective actions to be carried 

out, resulting from an audit. The date to undertake a follow-up audit is settled between auditors and 
audited teams. 

• Improvement actions must be published and followed by the audit teams.  
• And each activity should be audited on a regularly basis. 

The results 
• The identification of improvement opportunities in the audited process (particular surveys that were 

audited). 
• The implementation of corrective and/or preventive actions in the audited process. 
• The improvement of process definition, and basic documentation (internal procedures). 
• The auditing activity involves people in the Quality program in the organisation, both auditors and 

audited team. 
• Auditor is a “consultant”. 
• One of the results of the Quality Audits process was that our handbook (1997 edition) had to be 

revised in order to define some of the sub-processes. 
• It gives input for “quality improvement projects” to be developed by quality teams across the 

organization. 

2.2. Other approaches
INE-PT has decided to undertake External Audits, by international experts on an occasional basis, and to 
relevant surveys. 
Internal audits were recently carried out to other processes (e.g. dissemination). 
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3. Customer Satisfaction assessment  
Realizing that the customer satisfaction is an extremely important aspect of quality management various 
initiatives have been carried out over the last years. 
A formal Suggestions /Complaints System, documented by an internal procedure, based on IS0 Norms is 
settled.  
Various surveys to assess customer satisfaction have been carried out to different types of clients (e.g. Media, 
Scientific Community), in a harmonized way, making part of an Integrated Plan of Activities of Client 
Satisfaction.  
Internal clients’ satisfaction was also assessed by means of a similar approach to external clients, with the 
aim to better render internal surveys.  

4. Public recognition 
INE-PT won the “Public Services public award” in 1998, based on Total Quality Management principles. 
This award was extremely important to the whole organization since it recognized the efforts that we were 
making in implementing a Quality Management System in a Public Organization. 
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ABSTRACT 
INE-PT started its systematic quality approach in 1996, when the Board decided to implement a Quality 

Management System. A small team in the Planning and Quality Control Department – the quality unit - reporting 

directly to top management, was given the task of preparing procedures and tools for continuous improvement, 

according to the quality policy and specific objectives defined by the management. 

Ten years have passed and, taking as a reference the ISO 9000:2000 Norms has well as the EFQM Excellence 

Model, a group of activities have been launched. The paper will share the experience in quality management in the 

Portuguese National Statistical Institute, covering the organizational aspects, and the most relevant activities 

undertaken within the quality system, e.g. Quality audits, the Quality documentation system (particularly statistical 

procedures and documentation), and Assessment of internal and external client’s satisfaction. 
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ABSTRACT 

The paper aims at presenting the impact of changes in economic classifications like ISIC and NACE, recently 

undergone through a substantial revision, on the production of official statistics. The presentation focuses mainly 

on implementation aspects such as: changes to the sample designs for surveys; the modification of the weighting 

schemes in the context of indexes; the reconstruction of time series disrupted by the introduction of the new 

classification. 

 
The Integrated System of Economic Classifications and their Revisions 

An integrated international system of classifications allows the comparability of statistics produced by 
different institutions and in different statistical domains. 

The UN Statistical Commission (UNSTSAT) proposed in 1989 a set of strongly interrelated 
classifications, based on the UN International Standard Industrial Classification of all economic Activities 
ISIC 1, which together form an integrated system for classifying economic activities, goods and services and 
that could be used in different domains of economic statistics at world level. Few years later, the system was 
enriched with economic classifications from Eurostat, based on the European Classification of Economic 
Activities (NACE)2, and, in second step, by national classifications, derived from the Eurostat's economic 
classifications. This allows the comparability at world level of statistics produced on the basis of 
classifications issued for the European Statistical System as well as for individual countries. 

The change of economic structures and organizations, as well as technological developments, gives 

                                                      
1 Other main components of this system are: the UN Central Product Classification - CPC, the UN Standard 

International Trade Classification - SITC and the Classification by Broad Economic Categories - BEC 

( http://unstats.un.org/unsd/cr/registry/class_default.asp ). 

2 The following Eurostat classifications were also integrated into the system: the European Classification of Products 

by Activity - CPA, the classification of goods for statistics on the industrial production in the EU - PRODCOM as well 

as the European classification of goods used for foreign trade statistics - CN 

(http://ec.europa.eu/eurostat/ramon/nomenclatures/index.cfm?TargetUrl=LST_NOM&StrGroupCode=CLASSIFIC&Str

LanguageCode=EN ) 
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rise to new economic activities, goods and products, which may supersede existing activities, goods and 
products. Such changes imply a constant challenge for the compilation of revised statistical classifications, 
due to the conflicting criteria of relevance and continuity: on one side, the intervals between revisions must 
not be too long (the relevance of the classification would diminish with time), but must not be too short (the 
comparability of the data over time would be affected. 

A major revision of international and European classifications of economic activities and products took 
place between 2000 and 2007. In this context the classifications ISIC Rev. 4 and NACE Rev. 2 were 
developed to substitute the older versions, giving rise to a general revision and implementation processes 
which concerns all the classifications of the integrated system of economic classifications, as described 
above.  
 
The Need of an Implementation Plan 

Due to its countless interconnections, the replacement of a classification of economic activities in 
an integrated system of economic classifications gives rise to a lot of important changes and adaptations. 
Because of the necessity for coordination both within National Statistical Institutes and with administrative 
departments, all activities related to the production and the publication of a revised classification and related 
documentation (such as correspondence tables, guidelines etc.), as well as their integration into the statistical 
production system, have to be detailed planned.  

National Statistical Organizations should set up implementation plans, involving all the relevant 
parties and detailing objectives, tasks and related deadlines. Such implementations plans should include 
information about the changes and adaptations in related classifications, about the recoding of units on the 
business registers according the new classification, the dissemination of statistics according the old and new 
classifications during the transition period, about the sampling and estimation methodologies to be applied 
under the new classification, as well as the construction of back series in terms of the revised classification.  

Strictly related to the set up of an implementation plan is a dissemination and communication plan, 
which aims at informing users on the upcoming changes and at identifying possible needs. 
 
Codification of units in Business Registers 

Economic activity is a key variable for statistical business registers. Any change in the classification of 
economic activities requires a recoding of at least some of the units held on the business register. For the 
coding procedure, the following points cover an important role: 

• Which units can be recoded automatically? 
Once the new classifications and the correspondence tables are finalized, an assessment can be 
made on the number of units which can be recoded automatically (where the correspondence 
between the "old" classification and the "new" one is of the type "1 to 1" or "N to 1") and the units 
that have to be coded using via further investigation (where the correspondence is of the type "1 to 
N" or "M to N").  

• Recoding by integrated or additional information 
For the classification of units which cannot be automatically recoded, the necessary information 
may be collected according various methods, depending on the national statistical practices. 
Possible sources are: data on production, text description of the activities actually carried on, 
additional questions asked for in regular business surveys, specific surveys addressed to critical 
units etc.  

• Recoding via probabilistic conversion matrices 
The recoding process may make use of probabilistic methods, based on conversion matrices. To 
this scope, the units which have been recoded with accuracy are cross-tabulated by the old and the 
new activity code, so creating one or more origin/destination matrices, depending on the 
variable(s) considered. On the basis of percentages, coefficients of these conversion matrices can 
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be used as probabilities for the assignment of a unit to the new class. 
• Tools for the recoding process 

Among the most used tools for coding are the use of indices, computer aided coding systems and 
automatic coding tools. 

• Dual coding 
In business registers, dual coding consists in assigning two activity codes (according to the old and 
the new classification) to each unit recorded in the register. Dual coding allows for reconstruction 
of time series, better and deeper quality controls and easier treatment of corrections. The choice on 
the length of the dual coding period should strike a balance between its cost and the advantages; it 
usually is between 1 and 5 years. 

 
Changes of Sample Design and Weighting in Sample Surveys 

The change of a classification requires also a considerable work in revising sample design, 

weighting and estimation. All business surveys are operated under the old version of the classifications, with 

the sample normally selected according to the economic activity as one of the design variables. There are 

different types of sampling schemes available. These include cut off designs, the use of panels, simple 

random sampling, stratified simple random sampling, systematic sampling etc. Probably the most common 

designs in use in National Statistics Institutes around the world are cut-off designs, stratified designs and 

combinations of the two.With the introduction of the new classification, it is necessary to redesign these 

surveys, in order to have the new classification as one of the strata by which samples are selected.  

The following points have to be considered: 
• the re-design of sampling and estimation methods of the change of domains (new economic 

activities in scope etc); 
• special modification of sampling and estimation methods to produce estimates simultaneously both 

by new and old classifications; 
• a possible increase in the overall sample size; 

• the need of producing estimates reliable enough to produce results simultaneously both by new and 

old classification; 

• to compensate for the decrease in accuracy due to higher misclassification of economic activity in 

the first years of the new classification 

• to allow for the increase of detail required under the new classification, according to the various 

economic surveys (e.g. Structural and Short Term Statistic).  

• the evaluation of coherence between estimates by old and by new classification. 

On the other hand the change of the classification provides an excellent opportunity to substantially 

improve sample and estimation design. 

 
Back-casting Methodologies 

Any revision of a classification, particularly if it includes structural changes, leads to breaks in the 

time series. Long time series are of extreme importance for many users: typical examples of their use are the 

determination of growth rates, the identification of seasonal adjustment patterns or the application of 

forecasting models: to these scope, it is necessary to reconstruct the broken time series according to the new 

classification. This activity is costly and the quality of the reconstructed time-series depends on several 

factors: 
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• the level of detail requested for the reconstructed time series; 
• the length of the reconstructed time series 
• the length of the "dual-coding" period in Business Registers. 

Many methods have been developed for this type of backcasting, which can be broadly grouped into three 
clusters: 

1. methods based on detailed reworking of microdata; 
2. proportional methods; 
3. interpolation between benchmarks, i.e. a mixture of methods 1. and 2. 

The choice of the best method depends on: 

• the type of the statistics of interest (whether it is an index, a population sum, an aggregation, 

a growth rate or a ratio);  

• the frequency (whether it is a monthly, a quarterly or an annual series);  

• the statistical domain;  

• the availability of "double coded" data at micro-level.  

Therefore, the choice on the method to apply for backcasting a specific time series should be done on the 

basis of many considerations. Not only the specific statistical domain, but also the national context, as well 

as the users' needs, will affect the decision on which method to apply.  

The "micro-data approach" consists in substituting the old activity code (according to NACE 1) with the new 

activity code (NACE 2) and the re-compute the time series on the basis of the new code. This method is the 

one providing most reliable reconstructed time series, but is very costly and coefficients of variation are high. 

The "proportional methods" are the based on "conversion matrices" established on the basis of one period of 

"dual coding". They are widely used, and the quality of the estimates mainly depends on whether the variable 

to be back-cast is the same used for the identification of the conversion coefficients. 

Methods based on the interpolation between benchmarks, being a mixture of methods 1 and 2, results also in 

good compromise with respect to the quality of the estimates. 
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Trend revisions in a seasonally adjusted time-series. An
empirical case study.
(Abstract)
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Background
As seasonally adjusted statistics are published by National Statistical Offices, political (and

public) concern is often focused on the latest trend estimate. However, it is well known that the
trend estimates may (and will) be later subject to considerable revisions. This tends to cause public
confusion and distrust.  While revisions are natural from a statistical point of view, the Statistical
Offices should find ways to convey the inherent uncertainty of trend estimates to the users.
Data and Methods

The present paper is an empirical case study of the revision process in the time series of the total
number of employed persons, stemming from the Finnish Labour Force Survey.  The series we
consider is the monthly series of the raw number of employed persons from January 1989 to
December 2006 with both a strong seasonal component and significant changes in the economic
cycle. Due to the nature of employment measurement, there are in practice no calendar effects.

The Tramo-Seats (e.g. Gómez and Maravall, 1997 ) and Structural Time Series, (e.g. Durbin &
Koopman, 2001)  approaches were both used for seasonally adjusting the series. The reason for
involving both approaches stems from internal debates within the economic community in Finland
(and elsewhere).

Seasonal adjustment and trend estimation involved fitting suitable SARIMA and structural
models; the programs Demetra 2.04 and STAMP 6.0 were used in practice. The specification of the
models and other technical details are not discussed in the present abstract but are available from
the author. The employment series was then used both for fitting the models and tracking the
eventual revisions in the trend estimates. The final trend estimates were calculated progressively,
given the past history of the series, for 144 monthly  time points from the years 1993 - 2004. As the
estimation was continued, the revision of the trend was tracked for 24 months after the first release
of each employment trend figure. Thus we obtained 144 revision histories each covering 24 months.
These revisions are summarized and presented graphically in the oral presentation.
Results

While some of the revisions from the first release to the final trend were substantial, the bulk of
the revisions were fairly well-behaved in the terms of distributional properties. In fact, the
distribution of the revisions from the first release trend to the final trend are in this case fairly
symmetrically distributed and have a Gaussian appearance. Although the revisions are
autocorrelated, the large number of time points considered gives some strength to this distributional
finding. When revision histories of particular time points are plotted, it becomes obvious that they
converge fairly tightly and regularly towards the final value, after the first 4-5 revisions.

The differences in trend revisions between the two methods were fairly small. STAMP -based
revisions converged somewhat earlier towards the final trend but again first after the initial 4-5
revisions. There are, of course, several reasons for NOT generalizing methodologically from these
findings. First, they are based on a single series. Second, so many decisions are made in practice in
the data cleansing, model specification and estimation process that a systematic comparison is next
to impossible. It is thus quite clear that the present case does not reveal any disadvantages or
advantages of either approach.

Yet we hope that the present case will stimulate discussion. There are a number of international
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recommendations that statistical agencies keep track of the revision histories of their statistics, make
them available to users, and generally include revision tracking to their quality framework. We hope
that the present case will further strengthen this view.
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1. Introduction 

 

    It is realistically difficult to obtain information including all variables of interest. Data enrichment needs 

to be performed to solve the difficulties. Methods frequently used in supplementing variables or imputing 

missing values lacking in current information are data integration methods such as macro data set merging, 

statistical record linkage and multi-source imputation, and on this occasion data fusion was used. Data fusion 

has the advantages of reducing time and cost compared to collecting data from new surveys and providing 

population management convenience by reducing respondent burdens. 

    KNSO is carrying out establishment unit surveys in methods of either census or sample surveys 

classified by industrial sectors. Therefore, the total and effective management of the establishment unit 

survey makes it easy to perform comparative analysis and heighten the result accuracy. Currently, the 

Establishment Database Management System, which minimizes duplication and omission, is being applied 

following its development. 

    In terms of economic laws and principles for effective population construction and management, an 

important aspect is ID registration and management and also the matching methods of various data. This 

paper touches on ID registration and management along with data matching aspects. The first section focuses 

on entity concept and spatial concept applied ID approach methods while the second section examines 

exacting-matching, one of the data matching methods, and the last section concentrates on effective data 

fusion methods in the case of usage difficulty of administration data such as summarizing National Tax 

Service data to create a proposal on effective management of current establishment unit surveys. 

 

2. Approach methods for establishment management 

 

   1) Approach methods based on entity concept 

 

     A method whose management centralizes on entity during data record ID registration, it grants an 

ID to an establishment when it is first created and the entity is retained until it goes out of business. It is 

a method that continues to track and manage in times of moving and transference, such as a social 

security number. It is the most effective approach method if we can be bind with establishments legally or if 

continuous monitoring is possible. 

     However, according to the statistical yearbook of national tax, currently in the late 2006, 795 

thousand establishments closed while 880 thousand establishments newly registered. According to entity 

approach method, the term of validity of an establishment ID was within 5 years for 25% of all 
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establishments and a further 50% received new IDs within 2.5 years. 

     Also, if administration data such as the National Tax Service data cannot be used, there is an 

limitation of the effectiveness in terms of cost and time aspects as reconfirmation through matching similar 

establishments in national units is required in order to grasp the moving and transferences of enterprises. 

 

   2) Approach methods based on spatial concept 

 

     The spatial approach method is one which grants a distinct ID according to the site where the 

establishment is located. This method has less variability of ID as it is granted in no relation to moving and 

transference and has excellent efficiency compared to the entity approach in aspects of cost and time due to 

convenience of data exacting matching.  

     In other words, the alterations such as the establishment name, representative name, industrial 

classifications and also the spaces where an establishment no longer exists and where one has newly been 

opened can be easily grasped without the investment of additional expenses. Like the entity approach, the 

preparation of moving and transference statistics of the establishments is difficult but the space appearance 

and disappearance statistics can be computed collaterally. Also, the spatial approach method conveniently to 

connects with GIS. 

  

3. Data Exacting-Matching method 

 

   Data enrichment combines current data to managed data increasing the amount (number of entity) and 

depth (number of variables). For this, data matching methods are used and these can be divided into exacting 

matching and statistical matching methods. 

   The Exacting-Matching method is used when the donor file includes all entities of the recipient file and 

involves generating matching keys from each of the different data files and linking the same entities together. 

   The Statistical Matching method involves a situation of mutually different donors and recipient files and 

statistically similar ones are linked rather than linking identical entities. 

However, KNSO annually conducts establishment census data so it is more useful to apply exacting- 

matching through matching key combinations. 

 

X Y + Y’ Z = X Y’’ Z 

 

4. Recipient File preparation and Data Fusion Procedure 

 

   At KNSO a census on the basic characteristics of establishments is conducted on every 

establishments(more than 1 employee) in the nation and industry. The survey results are defined as a 

recipient file and the file is classified as information section (X) and section to be utilized as matching keys 

(Y). The file construction steps are as follows.  

   step1. A spatial distinct ID is given according to the location information of the establishment. (district 

code, enumeration district information) 
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   step2.  In the survey of recipient entity, survey items that allows grasping of establishment changes are 

supplemented and are defined as one of the following: 

         Spatial continuance :  An establishment is in the space granted a distinct ID①  

         ② New :  An establishment is in the space without a distinct ID 

         Closed :  No establishment is in the space with a distinct ID③  

         Excluded :  Establishments in the space with a distinct ID are not the subjects of the survey.④  

   step3. Define the donor file. For example, when we merge with the detailed data of employee, the 

Employment Outlook Survey of the Ministry of Labor is defined as the donor file. With the same concepts, 

classify the donor file into an information section (Z) and part to be utilized as matching key (Y'). 

   step4. Combine the matching key. In the Exacting Matching method, the matching key possible for one-

to-one matching is found through several rounds of simulation. 

   step5. Execute data fusion through a macro program. 

 

    (Recipient file)                   (Donor file)                  (Fusion file) 

X 

Ownership, 

#of employee.. 

Y 

District code 

Estab. name 

+ Y’ 

 

Z  

Detailed data of 

employee 

= X Y’’ 

Matching key 

Z 

 

   As a result of data fusion from the above steps, the recipient file was supplemented with information on 

the detailed form of labor from the donor file and a large amount of information could be expanded on 

without a new survey. 

   If the number of donor files were to be expanded even further, the recipient file which only contains  

basic items has exponentially increase in information depth. 

 

5. Spatial change table preparation 

 

   As mentioned in chapter 2, it is realistically difficult to track the moving and transference of 

establishments by the entity approach method. However, it is unnecessary to track the moving and 

transference of establishments in the case of the spatial approach method. Since on ID is given on the site, a 

spatial change table can be easily produced. The steps are as follows. 

 

   step1. Year t Recipient file and year t+1 Recipient file are matched with distinct ID 

   step2. Records are grouped according to changing code of establishment which is defined above. 

   step3. Spatial continuance group are divided into the following 4 subgroups: 

        subgroup1 : change in name of establishment and representative 

subgroup2 : change in representative name only 

subgroup3 : change in establishment name only  

subgroup4 : classified as others. 4 subgroups are mutually exclusive 

   step4. Table is as follows 
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Spatial continuance 
Exclu-

ded 

 

Subgroup1 Subgroup2 Subgroup3 Subgroup4 

N 

E 

W 

Clos-

ed 

 

Region*industrial sector 

*type of ownership 

       

 

6. Conclusion 

 

   The Business Register of Europe manages establishment IDs which are shared with the National Tax 

Service. In this instance, the recipient file can be managed with the entity approach method. 

 

Recently, Korea has been utilizing administration data in surveys and data analysis, endeavoring to 

improve the accuracy of statistical data and lessening the burdens of respondents. Nevertheless, the sharing 

of National Tax Service and other administration data of establishments are currently difficult. Various 

information such as appearance and disappearance of establishments is realistically demanding to obtain 

unless through laborious methods of searching for similar establishments and questioning them by phone.  

 

After constructing a recipient file from the annual census on basic characteristics of establishment, the 

depth of information can be enhanced through data fusion utilizing the detailed industrial sector survey as the 

donor file and allowing further analysis. 
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In the National Statistical Institute the team responsible for the Labour Force Survey (LFS) is developing 
an informatics application with the R programming language. This project intends to calculate and to make 
available the LFS results, the estimates and the respectively sampling errors. 

For this purpose the LFS methodology team is developing an R Package, R-LFS [1]. It permits the 
applicability both by common users (aren’t acquainted with the methodological questions) and by the technicians 
responsible by the Labour Force Survey.  
 
Description 

The developed programming, for this project, permits to construct the package R-LFS. It can be executed 
in the local personal computers (R - Windows Platform) and from the Unix Server (R – Linux Platform) with 
good results in the connection to SQL Server databases. 

This package R-LFS gives the possibility to apply the estimation technique ([3]) that uses the information 
from population, for subgroups or subdomains to produce estimates that can have much improved. On the other 
hand, it permits to calculate the estimator precision (total, ratio…) with Jackknife variance estimator ([2] e [3]). 

The main purpose is the programming optimization ([1]) and the development of independent statistical 
methods to be useful for any interested user.  
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In the future the R-LFS will work as a tool to implement the Labour Force Survey procedures with 
extended utilization (other services and departments). It can be reproduced for another requirements or another 
surveys.  
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ABSTRACT

A complaint frequently indicated by the business community is that they spend too much time (and
money) on complying with request for official statistics data. As major producer of official statistics in
Portugal, the National Institute of Statistics (INE) is concerned with this fact and considers essential to
increase efforts to measure and reduce this statistical burden for business. Consequently, it is needed to
know and to follow-up the impact of the statistical production over the companies. During its present
data collection activity, INE is also collecting and managing increasingly more control data, especially
those related with the participation of each company on the surveys. Using a “business repository”, a
data base developed to storage standardized control data produced during the data collection process,
it is now possible to know better this reality. Some indicators are been annually calculated, such as
the number of single companies evolved in all of the self-completed surveys, how many questionnaires
they submit (by type or mode), how many variables they respond, and what are their individual non-
response behavior. Otherwise, considering that one major cost consumer aspect of the data collection
process is to reduce non-response rates, INE has developed a “frequent non-respondent model” in
order to define periodically a ranking of inquired companies, considering their non-response historical
behavior. The model considers several factors related with each inquired unit, such as the number of
surveys and questionnaires (submitted or not), and other relevant characteristics of the companies.
This poster will present the present initiatives to know and manage statistical burden for businesses
at INE Portugal, the main retrospective figures, the benefits already achieved, the lessons learnt, and
also it will indicate the next steps to be taken to balanced resources in order to improve the level of
response on business surveys.

Keywords. Official statistics, data collection, statistical burden, business statistics, non-response
management.
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The regional gap is a common problem during the course of regional economic development. In every 

county, city and nation, there will be more or less disparity in his or her regional interior during the course of 
economic development. At present, the regional gap between the east area and the west area has become a 
serious obstacle to further development of the whole national economy, interior regional gap of parts of 
provinces(cities、boroughs) alike. Therefore, we must take effective steps to solve it. However, the 
quantitative analysis of regional gap is fundamental work through which we can set down the harmonious 
development strategy for regional economy and explore the countermeasures of harmonious development. 
Therefore, both qualitative and quantitative analysis methods are used in this paper. As a result, we put 
forward a set of judging index system and quantitative measuring and calculating method that takes quantity 
as the dominant factor and combines quality with quantity. Quantitative calculation and omnibearing analysis 
will be made of every essential factor's gap between the east area and the west area of Shandong Province as 
well. 

I. The Comprehension and Understanding of Regional Gap 
The scope of the meaning of the regional gap is broad, which can include the difference on every aspect 

such as nature, history, economy, society, culture, etc. Our study of regional gap shows that: first, it is an 
integrated comparison with many factors rather than the unilateral comparison with a certain factor; second, 
it is the comparison between different periods of time rather than the all areas’ static state sometime; third, it 
stresses to compare results of relative output between regions during a certain time, as well as to compare the 
increasing factors (asset quantity, capital and labor’s input) of all regions. In our opinion, the regional gap is 
�a “complex”which is made up of every essential factor's gap generally speaking. These factors include 
economy, society and others that influence economic and social development. In other words, the regional 
gap is disparity of the integrated strength between regions. If we view from regional economics, the 
competition among regions is mainly on comprehensive strength of social economy, thus, the analyses of 
regional gap should be focused on the comprehensive strength disparity of social economy. In addition, the 
disparities of elements that constitute comprehensive strength of social economy, such as nature, history, 
resources, infrastructure and city construction, should be considered.As far as the property of the gap is 
concerned, the regional gap generally has two forms: absolute gap and relative gap. The absolute gap means 
the absolute quantum that a variable deviates from a certain value, and usually can be calculated by 
extremum methods. Relative gap means the relative quantum that a variable deviates from a certain value, 
and usually can be obtained by calculating the ratio or percentage of two variables. The absolute gap and the 
relative gap are complementary on their functions. These two forms of gap should be used together so as to 
confirm each other. 

Ⅱ.The Judging Index System about Regional Gap 
According to the preceding understanding about the regional gap, setting up the judging index system 

about regional gap actually is to establish the judging index system of the comprehensive strength of social 
economy. On comparing these indexes of the comprehensive strength of social economy, we can work out 
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the integrated gap between regions and every factor’s gap.Because the economy of a region is the major 
factor that constitutes the comprehensive strength of social economy in a region, we should emphasize the 
economic comparison on regional gap. Therefore, judging index system about the level of economic 
development is the core of the whole “judging indexes system about regional gap”, and it should be chosen 
first of all. The indexes which judge the economic level of a certain region can be chosen from economic 
gross, possession quantity per person, economic structure, quality and benefit of economy etc. Resources are 
vital to a region’s economy prosperity since they are the elements with which human can survive and 
develop. Advantage of resources is the premise and foundation of rapid economic development, and usually 
means the potential of a region’s development. Especially at the primary and metaphase stage of 
industrialization, the influence and restriction on development of society and economy are more prominent. 
Therefore the disparity of resources should be considered when we analyze the region gap. The indexes 
which reflect and measure the resources’ situation can be chosen from natural resources, social resources, 
and geography location and so on.The level of infrastructure is closely linked with the economic and social 
development of a certain region, and it indicates sustaining ability of the regional economic increase and 
development stamina. The perfect and developed infrastructure can promote the economy effectively; 
otherwise, the economic development will encounter the “bottleneck” restriction. Thus, the level of 
infrastructure cannot be ignored when we analyze regional gap. The indexes that reflect and measure the 
level of infrastructure between regions can be chosen from transportation, post and telecommunication, 
country infrastructure.Social development is the aim and final result of the economic development. As an 
element of comprehensive strength of social economy, the level of social development is a soft element of 
spirit and intelligence, which is different from other substantial elements (resource, infrastructure, economy). 
Though its direct contribution to economy is limited, it influences the function of substantial elements, and 
plays an important role in economic development. Thus, the level of social development should be 
considered fully when we analyze the regional gap. The indexes which reflect and measure the level of social 
development can be chosen from education, sanitation, people’s life, people’s reproduction and family 
planning, social security, public order and so on.  

Based on the above analysis, comprehensive strength of social economy of a certain region should 
include the following elements: resource, infrastructure, economy, social development and the level of city 
trend. These factors can be called the subsystem of “regional comprehensive strength of social economy”. 
Thus, the specific indexes that are chosen from above five elements can be combined to form an index 
system of comprehensive strength of social economy, through which we can judge regional gap. 

  In order to set up a scientific and feasible index system we adopt qualitative analysis combined with 
quantitative judgment to choose specific indexes from each element. Firstly, when we pre-elect indexes by 
qualitative analysis, several rules should be followed: 

1.Directional rule. The chosen judging indexes should play an explicitly directional role on enhancing 
comprehensive strength of social economy. At the same time, they should have consistency on administrative 
levels. 

2.Integrating rule. Viewed from the holistic angle, the chosen judging indexes should reflect, cover and 
describe the meaning and character of the comprehensive strength of social economy roundly, scientifically 
and properly as a whole. 

3.Relatively independent rule. The chosen indexes must be relatively independent, and should not 
include each other. Furthermore, they should not be largely identical but with minor differences so as to 
avoid repetition. 

4.Comparable rule. Each index is required to have an intact conception, a definite connotation, and 
should be unique; the scope and the caliber of calculation must be consistent so that we can compare them; in 
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addition, we can compare and analyze breadthwise and lengthwise.  
5.Measurable rule. Each index should be described quantitatively, and it also should be measured and 

analyzed according to a certain criterion.  
6.Feasible rule. Not only the chosen indexes should be based on accuracy and science, but also have 

maneuverability and validity; we can obtain data by making good use of existing information resources; the 
number of indexes shouldn’t be too large, and the indexes can be used conveniently and compactly.  

  In view of six above-mentioned rules, we pre-elect the various indexes separately from the level of 
five aspects: resources, infrastructure, economy, and social development, city trend that can reflect essential 
characteristics. After collecting the relative data about each pre-elected index, we can make quantitative 
judgment on feasibility by discrimination analysis, principal components analysis, and correlation analysis, 
etc, so that we can eliminate those that aren’t discriminating and are highly related to leading indexes in this 
subsystem. Finally, we can focus on every specific index before formation of judging index system about 
regional gap with a general aim, and five rules (or called subsystem). And it is made up of forty-seven 
specific indexes (we can see clearly from the following frame chart). 

 The result tells us that the present gap between east area and west area is quite large; moreover, these 
gaps are composite and omnidirectional.Viewed from the situation of the resources, they both have the 
advantages and disadvantages. The east area has the advantage of “the national area, the gross of resources 
on population and labor”. The east area locates in the coastal area, so it is superior in location and is rich in 
the metal mineral resources. Seen from other aspects, its superiority in social resources also exists. On the 
other hand, the nature condition of the west area comparatively is better, and it has the rich coal and 
petroleum reserves. However, the east area has the overall advantages. The index number about of level 
resources obtained by computing every representative index tells us the absolute gap between west area and 
east area is 10.7 percentage points and the relative gap is 20.2 percentage points. The potential of resources 
in west area approximately equals  79.8% of potential in the east.  

As far as economic development is concerned, west area lags far behind the east area on most indexes. 
Gross domestic product just correspond 33.5 percent to GDP in the east; Local financial revenue is just the 
1.0 percent of the east area. The total value of industrial assets that accounts independently just corresponds 
29.3% to that of the east area in towns and the districts that are superior to towns. The total drive of farming 
mechanism is 93.8% to that of the east; gross domestic product per capita equals 35.9%; the value of per 
capita local financial revenue corresponds to 30.6 percent to that of the east; the net income of farmers in 
west area only accounts for 62.3 percent to the net income of farmers in the east; the optimizing extent on 
economic structure in the west only attains 57.7 percent of optimizing extent in the east. The west area just 
gets to the 62.0 percent of the east on quality of the economic running. We can calculate every representative 
index that reflects the level of economic development to obtain the index number of economic development. 
Therefore, the absolute gap between the east area and the west area is 52.7 percentage points. And the total 
level of economic development in west area is only 47.3 percent to that of the east area. 

The situation of social development also shows that the gap between east and west area is obvious. 
Nearly all aspects lag behind the east area except the natural population growth. The level of education in the 
west just corresponds 71.6 percent to that of the east area; the level of sanitation in the west just corresponds 
62.2 percent to that of the east area; the quality of people’s life just get to 31.6 percent of the level in east 
area; The coverage of social security in rural villages equals 72.9 percent to that of east area. And the 
situation of public order is also inferior to the east. We can calculate every representative index that reflects 
the level of the social development to obtain the index number of social development. Therefore, the absolute 
gap between the east area and the west area is 36.5 percentage points and the relative gap is 47.25 percentage 
points. And the total level of social development in west area is only 58.7 percent to that of the east area. 
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    Viewed from the construction of city trend, whether in the city density、city group，or in the small 
towns’ construction in rural villages,、non-farming level, the west area all falls behind the east area. The level 
and completing extent on city density, city group, small towns’ construction in rural villages, non-farming 
separately equals 22.8percent, 22.2percent, 41.7percent, and 47.2percent to the corresponding indexes of the 
east area. We can calculate every representative index that reflects the level of city trend to obtain the index 
number of it. Therefore, the absolute gap between the east area and the west area is 63.1percentage points. 
And the total level of city trend in west area is only 36.9 percent to that of the east area. 

The integrated index number of regional society and economy which comes from the computation of 
every representative index tells us that the absolute gap at present between east and west area is 42.5 
percentage points and the relative gap is 44.4 percentage points. That is to say, the present integrated strength 
of society and economy in the west just equals 55.6% to that of east area. 
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Abstract 
The government statistical information system is the major information support system for 

decision-making by governments at all levels and people who need it in the society. Government Statistical 
data provides more resources functions and interactive services for every department and common users, it 
is of great practical significance to improve the quality of statistical data and expand the development and 
use of statistical data. This article proposes the statistical grid concept and the Technical framework, and 
compares with similarities and differences between the existing Statistics network and the Statistics grid in 
data processing, proposes the main content of government statistical data development, the technical route 
and the design flow that based on the grid technology by introducing the grid technology into statistics 
information system,.  

Key word: Statistics grid   Resources sharing 
1. Goal and Significance 

Statistical information system is the major information support system for decision-making by 
governments at all levels and people who need it in the society. Under the traditional statistics information 
network environment, there exists such problems as the repeated building on database, the not-unified data 
format, the information isolated island, low utilization of the statistical data, data effectiveness for a period of 
time etc. How to solve these problems in order to give full play to the role of government statistics is a 
crucial issue in the current statistical work. The Statistics grid demonstrates the bright prospect for solved 
this problem. 
2. Statistical grid and Statistical Network 

The network realization is the connecting of computer hardware on the Internet, while the grid is the 
connecting of all resources on the basis of network. The grid fully integrates and unifies the computation 
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resources, the memory resources, the correspondence resources, the software resources, the information 
resource, the knowledge resources that distribute the entire network in the different place, and composes 
them into a giant supercomputer to realize the comprehensive sharing of all resources. The Statistical grid is 
a brand-new statistical information system. In the following aspects it will realize the unprecedented change 
in the network function and applications of the statistics information. 

(1) The data gathering pattern. The statistics grid automatically gathers of the terminal activity unit 
data through the unification of terminal data acquisition equipment to guarantee the data’s 
effectiveness uniqueness and the authenticity. 

(2) The data memory pattern. The statistics grid changes the data central memory under the original 
network environment into the remote distributional memory through the integration of memory resources in 
each place to greatly improve the utilization of the whole network storage resource. 

(3) The data communication pattern. It is changed from point-to-point to point-to-surface. 
(4) The data computation pattern. The long-distance distributional matrix representation in the grid 

enormously raises the utilization of the computation resources and enhances the entire speed of grid 
computation. 

(5) Users role. User’s role is expanded from expert-user to common user. User does not need any 
understanding of statistical index and the method. What he does is only to propose issue he concerned to the 
grid. The grid can automatically make the judgment, choose the appropriate model and the corresponding 
index to carry on the computation and give outputs to the user by the visible way. 

(6) The data application pattern. It refers the change that from the sole value of statistical index to 
compute by integrated statistical mode. 
3. Technical framework system of Statistical Grid  

Statistics grid is mainly composed by the following major components from a technical perspective: 
3.1 resource layer 
 Resource layer is the basic building block of the grid counts, including the Wide Area Distribution, 

the dynamic, the heterogeneous hardware resources, the software resources and the correlation data and the 
information resource and so on. Each kind of resources provides the service to upward layer system by the 
service form. 

3.1.1 Hardware Resources 
 The hardware resources of Statistics grid mainly includes: The backbone Network of statistical 

system , the net equipment that connects various provinces the city (area) the county statistical unit and 
the Communication equipment ; wide-area distribution, heterogeneous High-Performance Computer and 
Mass Storage Device and so on.  

3.1.2 Software resources  
Software resources include each kind of large-scale statistical system correlation software, database, 

document and so on.  
3.1.3 Correlation data and information  
It includes all kinds of data and information that has close correlation with statistical system. 
3.2 Core Layer 
Core layer is the important component in the Statistics grid. Its primary function is to integrate grid 

resources, packaging the resources provided by the resources layer into Grid Services, and provide the 
unification access interface for the upper formation.  

3.3 Basic Service Layer  
Basic Service layer uses the GT4 tool kit, MPIGH-G2 as well as Web logic Service applies the 

application tool on the OGSA platform. It performs the packing of each kind of resources in the Statistical 
system to provide all kinds professional services. 
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3.4 Professional Service Layer 
Through the grid using the middleware and the grid coordination tool, professional service layer 

provides a group of common service facing the statistical field to the use at higher levels. On the one hand, 
these services may need some complex processes. On the other hand, they may also include solution to the 
complex and difficult questions.  

3.5 Application Layer 
Application Layer is the finally object that the grid serves. It provides all kinds of statistical services to 

the statistical workers, the statistical information user, and statistical researcher through the statistical 
gateway.  

The hierarchical management model of Statistical grid system framework hides different details of 
lower resources. In this way the grid user can visit different resources through unification the connection, 
which makes the utilization simpler, easier to share statistical resources, the stronger extension of the grid 
system, more reliable safeguard of the security and so on.
4. Technology route and technology process of data development under Statistical Grid environment  

The main content of the government statistical data development under the grid environment is to 
realize comprehensive connection of software resources and the hardware resources of the statistical 
departments, integrate all kinds of statistical data resources from various branches and sectors of national 
economy and statistical interior system, mine data information resources to carry on the intelligent analysis, 
provide efficient and effective value-added services. 

From the point of view of using data by Statistical Grid user, Statistical Network and Statistical Grid 
have the remarkable difference in the data preparation stage, the data processing stage or the data application 
stage. This difference is precisely the main reason why quotes the grid technology into the statistical data 
development. (Please see Figure 4.1) 

4.1 Data applications 
Under tradition statistical network, the user gains the data information issued by government by brows 

way. They accept passively the data information announced by the government. If user cannot find the data 
or the information they want from database released by the government, they must select corresponding 
index value according to the special knowledge they have and download these to their individual computer. 
Through the further dada processing, they can possibly obtains the result. Therefore, under the traditional 
statistical network environment the user generally should be the expert. 

However, under the statistical grid, the user obtains two kinds of levels services which the grid 
provides by the interactive way and according to their own demand. One is "the unprofessional type service". 
Users submit their final demand in the statistical data services system. the system makes the judgment and 
informs the model base, statistical model chooses optimal analysis modules based on user demand, and the 
modules submit the required data or parameters grid, system calls back to the related original data and 
feedback to analysis module, after model computation it exports the final results by the visualization 
methods based on user choice; The other is "the intelligent type service". The user submits demand of the 
primary data in the statistical data service system, chooses the appropriate statistical analysis tool in the 
statistical analysis module, and carries on deep processing. Obviously, user may be the expert or public under 
the grid environment. 

4.2 Data processing  
Under the statistical network because the resources is dispersible, the government can only provide the 

partial primary data and the partial commonly used and processed data by simple statistical analysis. 
Therefore, it is unable to satisfy the user’s deep level analysis demand for the statistical data. In addition, 
under the network environment the data processing ability is decided by the single computer computing 
ability. For too huge calculation single computer is unable to withstand the heavy burden. Especially for 
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economical data, single calculation lacks ability when needs to carry on timely analysis. So the solution is to 
provide a computer with stronger computing ability. 

Under the statistical grid framework, each user and the connection equipment after the authorization 
will both be gathering terminal of the latent primary data, data quantity increases doubles on the grid. When 
it needs to carry on the computation, the grid control center will transfer the idle computing ability on the 
grid to carry on the distributional parallel computation, so the data processing speed increases greatly. 
Simultaneously transferring many statistical models the single computer computing ability and individual 
knowledge level no longer confines the data analysis. 

4.3 Data preparations  
Data preparation is data collection, reorganization and storage. At present under the network 

environment, data collection mainly adopts the approach of reporting by levels and by department (sector). 
The data reorganization mainly uses simple summary and balance adjustment. The data of every departments 
stores in the correlation specialized statistics data-base, part of the final data after the overall balanced 
adjustment are released in the special website. This means a serious impact on the quality of data and the 
constraints to the effective utilization of data.  

Under the statistical grid, data collection terminal directly inputs each kind of statistical data into grid, 
and according to the data type the center that controlled by the grid transfers storage resource in the entire net 
to save this data by optimizing the stochastic memory, which does not carry on Second-Operation. Only has 
the user sent out the request to process the data, the center transfers correlation data according to the model 
request, automatically completes transformation of each main statistical class database data and carries on 
the computation after a series processing. By this way, statistical grid solves data quality and Data Utilization 
in the statistical network. 

Government statistical data development based on the grid technology fundamentally changes 
statistical information system under the former statistical network pattern. From service perspective, it is an 
Extended System, it can unceasingly meet itself and the user’s newer demand, and enable each kind of user 
to take full advantage of the statistical data, mines the data information, provides the support for the 
decision-making; From the technical perspective, the introduction of grid technology may solve Massive 
Data Storage and computation, promote the statistical information development; From the popularization 
education perspective, statistical grid enormously impetus popularized application of statistics in economical 
and social life, even if those people who do not understand the statistics may also use the statistical 
technology to solve actual problems. So government statistical data development based on the grid 
technology caters to the development direction of statistical future. 

Figure3.1                            Figure4.1 
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Developing economy is the eternal subject of  the mankind. The mankind are in the practicion  of 
society economy,s  development , and they deepens as the knowledge of the developing economy step by step, 
that each kind of view of development  putting  forward and being put into effect all has its history 
background , and has also been complied with the requirement that the society  constantly. According to the 
resources , environment , ecology and the economic developing conditions  of China , if continuing to use 
the extensive economic growth method of tradition , the development will be hard to carry on , so the society 
must rely on the benign ecosystem . In the development of the region economy we must pour the Cyc theory 
into the development of the economy society and each aspect of environment conditions , and pushes on 
the coordination development of region ecology and economy . with putting  forward of the  Cyc 
economy , the ecology province construction of China  emerges , by the end of 2005 , the there are  eight 
provinces successively definited as the ecology provinces. It is a new formulation to construct the ecology 
province that is a characteristic  in China , it is not only a practical problem ,but also a theoretical problem 
that  is need to carry on urgently. 

the cognitions on the ecology provinces 
The ecology province is a new word with the development of the society and economy , it considers the 

whole  province as a compound ecology economic system , and is to develop higher level of harmonious 
development model based on garden city , ecology agriculture demonstration area and ecology industry 
garden area and so on . Concretely speaking , ecology province is the province that  its ecology 
environment has been realized the harmonious development and each domain achieves frank generation of 
province and can take the development mode of  the sustainable requirement . Its major marks are : The 
ecology environment is good and constantly tends to the higher standard balance  , the natural resources can 
be  protected and used considerably , with ecology or green economy as the  characteristic of the 
developing qucikly , the structure is reasonable and the overall is competed energetically strongly , The 
modern ecology civilization have been formed and developed , the democracy strengthens with the legal 
system , and the civilized level of society is high ,the city is graceful with the environment in village , and 
people's living standard enters prosperous stage completely , the pollution of the environment and ecological 
damage can be controlled at all and eliminated basically . 

The purpose of ecology province construction is to apply the sustainable development theory and the 
ecology economics principle , as well as circulates economically to manage thoughts and system engineering 
method , in order to promote the economic growth method changes and the environment quality 
improvement serving as the premise , with the thread is given first place to in the economic structure 
adjustment , fully gives play to region ecology and resources superiority , and plans as a whole society 
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development , economic construction and environmental protection , realizes economic society of all 
provinces and population , resources and environment  coordinates development.  

According the present research conditions we are deepening the cognitionon of the ecology province 
construction. 

1.the kernel of the ecology province construction is the sustainable construction  
 Developing the economy is the  first urgent business, without the  advanced material base the 

construction of the ecology provinces is in no way . so the  development of the  economy must be  put 
forward of the construction of the ecology provinces . But here the mode of the developing economy is 
different from the tranditional development that  sacrificed the resources and environment but to build the  
new Cyc economy or ecology economic to realizes the sustainable economic development . Namely with the 
principle ecology and of ecology economics to plan the economy activity , design and the organize the 
mankind activity, bring the  ecology construction , environmental protection and economic constructioninto 
an organic system , and fully respects and follows the natural law ,  fully protects and gives play to ecology 
merit the person who can move about to mankind's economy  the support effect . This problem also is the 
most improtant problem of the construction of ecology provinces. 

2. The foundation of the  the ecology provinces construction is the resources guarranteed system that 
can be sustainable used and environment system that is cycled excellentlly . 

Without the sustainable rescources and the development of environment the developing of the economy 
and the scoiety can be lasting and be fragile . Fully using the resources and the sources of energy , and 
reduces to the pollutant at atmost level and  make  that the natural resources gets protections reasonably 
and to be used with high efficiency , the  resources and the good " ecology capital and property " can be  
regenerrated , reduce the society cost of economy development and environmental protection , then we will  
realizes the whole development of the economy  and society. 

3. the aim of the ecology province construction is to raise the living quality of the mankinds. 
We must persists in developing for mankinds seek the  harmont developing of the mankind and the 

nature person and nature and person and person and person's self .Creating  highly advanced the 
civilization modern times , we must build harmonious residing environment system with nature . Standard 
and all guarantee system of perfect society  must be built at the same time and the progressive of society 
civilization must be pushed on the constantly . that is , it is not only the construction the simple improvement 
of ecology environment but also that its major purpose is to constantly improve and raises life quality and the 
existence environment of the mankind .  

It looks that  the construction of  the ecology is not only to  build the simple environmental 
protection and the ecology construction system , but also covers many aspects such as pollution of the 
environment prevention and cure , ecology protection and construction , ecology industry development and 
person residence environment construction and so on . Because of  the significant usage : can show the 
terrace of putting into effect the development strategy , can realize the coordination development of the 
ecology economy and of society , can show the strategy of the center “after giving play to sends out the 
superiority , and pushes on and realizes the national economy and the striding across type development of 
society ” ,.it  is not an individual work to construct the ecology provinces , but  is the overall stragety and 
the aim that can affect the economic society and also is the optimum combination and implementation carrier 
of many development strategies .The ecology provinces construction is a process step by step, the 
construction content was different , and the objective is also different in different stages . 

The problems that be should cared oabout in the ecology provinces development 
ecology province construction not only is very necessary , but also in the right time , and it is the 

selective strategy to promote overall advance development of society . What the time elapsed and the 
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prolonged of the ecology provinces construction its  historical meanings have been revealed . What need to 
be put forward  is the ecology province construction should based on the Cyc economy to develop the 
ecology provinces wholly healthy and lastly. According to the concrete content of science view of 
development , several problems below should be especially paid attention to in the construction of the 
ecology provinces.   
1. the stress of the ecology province construction  should put on the development of the ecology 
economy . 
2. the protection and usage of resources should be paid attention to in the ecology provinces 
construction. 
3. raise the quality of ecology construction . 
4.Developing the ecology production force and make the superior condition in the ecology provinces 
construction. 
5. Build the scientifical evaluation indicators system.  
6. Dveloping the high science and technology is the improtant guarantee in the ecology province 
construction.  
7. the ecology provinces construction should plan accrding to the time and the place and the whole 
plan.
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Since early in the 2006, the Chinese government ascended increasing the ability of independent 

innovation as the country strategy, in the community are actively exploring the measures to enhance our 
capability for independent innovation. The author believes that in order to better promote independent 
innovation capability, first it must be clear with the relevant theories, In particular enhancing the 
understanding of independent innovation of the "independent" and the concepts and major elements of 
independent innovation capability, on base of which studying the indicators system  of measuring the ability 
of independent innovation, so as to giving the guide to device the strategy to develop our capability for 
independent innovation and the monitoring and evaluation. This paper conducted a preliminary exploration 
on these issues, which is a basic point for discussion. 
1 Indicators system measuring the ability of independent innovation  
1.1  The functions the indicators system  
1.2  Designation mentality 
1.3 The basic framework of the system 

 In accordance with the above indicators of design ideas, I set up the national (or regional) level and the 
enterprise level of independent innovation capability of independent innovation capacity assessment index 
system, the basic framework, detailed in the index system diagram. 

Table 1   national (or regional) the Evaluation System Of the ability of independent innovation 

Elements  Index 
Index 

Weights Ci

C1 The number of scientists and engineers  

C2 the proportion of Scientists and engineers account in 

science and technology activities 

 B1 human 

recourses 

C3 R&D full-time equivalent staff  

C4 Funding for Science and technology activities   

C5 funding for R&D  

C6 basic research funding  

C7 R&D funding per officer  

C8 the portion of R&D in GDP  

A1 The ability of 

inputting 

innovative 

resources 

B2 financial 

recourses 

C9 the proportion of The three same local fiscal 

expenditures  
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C10 proportion of R&D expenses in sales revenue   

C11 the whole degree and executive degree of the 

innovation plan    

 

C12 Comprehensive framework for scientific and 

technological innovation system level  

 

C13 Extent of the close cooperation between the internal 

subsystem  

 

Technological 

innovation the 

protection of 

intellectual 

property rights 

system  
C14 The level of intellectual property protection system   

C15 national Key Laboratory   

C16 Provincial and ministerial key laboratories   

C17 national key subject  

B3 Vector of 

basic research  

C18 Provincial key subject  

C19 National Engineering Technology Research Center   

C20 Provincial-level engineering and technology research 

center  

 

C21 Provincial Productivity Promotion Center, or the 

number of incubators  

 

C22 research institutions above the county level  

A2 The level of 

innovation vector 

carrying capacity 

B4 Vector of 

Technology 

Innovation  

C23 the proportion of R & D institutions in the total 

number of enterprises 

 

C24 GDP per capita   

C25 The added value of tertiary industry to GDP  

B5 

Macroeconomic 

environment  C26 Local financial revenue in GDP  

C27 The number of regional universities   

C28 The number of the computer per 100 capita  

C29 The level of urbanization   

C30 The average number of years of education workers   

C31 Books and newspaper circulation per capita   

C32 Knowledge dissemination and distribution persons per 

thousand capita 

 

B6 Human 

environment 

C33 The proportion of technology workforce in the total 

number of personnel and  

 

C34 Share of the non-state economic sector   B7 The degree 

of marketing  

 

C35 Private technology enterprises proportion of sales in 

enterprises 

 

C36 Dependence on foreign trade   

C37 Foreign Direct Investment  

B8 the degree 

of opening up   

C38 The proportion of total foreign investment in fixed 

assets investment  

 

C39 number Inter-regional cooperation of scientific papers  

C40 Technology market turnover   

C41 Joint regional patent applications   

A3 Innovative 

environmental 

protection 

capacity 

B9 The flow 

ability of 

knowledge and 

technical  C42 Development funds provided by the enterprises   
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 C43 The cost of inputting technology to enterprises   

C44 international Papers published   

C45national papers published  

C46 volume published  

B10 

Knowledge 

Creation 

Capability  

 

C47 the number of national papers International papers 

published per scientist and engineer  

 

B11 

Technological 

innovation 

capability  

 

C48 Granting of patents for inventions  

C49 the number of patents for inventions per R&D person 

C50 the number of granting of patents for Non-invented 

C51 the number of provincial-level and national-level 

scientific and technological been Award 

 

C52 the number of Independent development of new 

products, new technology  

 

C53 The output value of new products   

C54 The proportion of the total industrial output value of 

new products 

 

C55 Output of high-tech industries   

B12 The ability 

to create new 

products  

C56the portion of Output of high-tech industries in the 

gross industrial output value 

 

C57 The number of registered trademarks   

C58 the number of famous trademarks  

C59 Exports of high-tech products   

A4 The output 

capacity of 

innovation 

B13the ability 

to create brand  

 C60 The portion of hi-tech products exports in gross 

industrial output  

 

Based on the above indices, it may guide the practice of providing guidance in the ability of 
independent innovation; other, scientifically determine the weight of indicators, establishing the 
non-dimensional treatment model and comprehensive evaluation model. According to the corresponding 
indicators are incorporated into the system to collect data corresponding model can be realized in the 
quantitative evaluation of the capability of independent innovation. According to this we can carry out 
analyzing on various regions or enterprises the capability of independent innovation, to identify their own 
advantages and disadvantages, gaps and inadequacies, and then propose specific measures and proposals to 
enhance our capability for independent innovation.  
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INTEGRATED FOOD AND AGRICULTURE STATISTICS 
SYSTEM  
 
 
Naman Keita 
Senior Statistician, Food and Agriculture Organisation of the United Nations 
Viale delle Terme di Caracalla 
00153 Rome, Italy 
Naman.Keita@fao.org 
 
 
What are the domain and coverage of Agriculture Statistics?  
 
 The domain of food and agriculture encompasses the complex interactions of physical, climatic, 
biological, economic and social processes in production, processing, distribution and utilization of food and 
agriculture commodities. The processes are carried out given climatic conditions and soil and water resource 
endowments, by governments, households and production units. 
 
 The essential features of the economic activities carried out by agricultural production units can be 
outlined with reference to the ISIC, the United Nations’ International Standard Industrial Classification of all 
Economic Activities, which provides a framework of the international comparison of national statistics. 

 
 Major Groups 111 and 112 cover the activities of agricultural production units. The agricultural 
holding is the main unit for agricultural censuses and surveys 
 
What is an integrated system of agricultural statistics?  
 
 An integrated system of agricultural statistics is a system in which, the operations of production of data 
(collection, analyzes, dissemination) are not separately carried out. Each operation of production is 
conceived as an element of the statistical system as a whole. In an integrated system of agricultural statistics, 
the various components (censuses of agriculture, agricultural surveys, population censuses and surveys, 
administrative registers or other sources) provide each one, certain types of data which are part of an 
integrated, coherent and complementary set of information needed for decision making in the domain of 
food, agriculture and the rural development.  
 
What are the main advantages an integrated system of agricultural statistics? 
 
 In many developing countries, and in particular in Africa Region, data users often face inconsistent and 
sometimes duplicated and conflicting data related to the same variable depending on the source of the data and 
sometimes from the same source. A typical case is the crop area, yield and production which may be produced 
both by the Central Statistics Office and the Ministry of Agriculture. 
 
 This situation appears more frequently in systems where data collection exercises are conducted in 
isolation and not designed/conducted as an integrated programme leading to low data quality data and 
inefficient use of limited statistical resources available. 
 
 Among the principal advantages of an integrated statistical system one can underline the following 
points:   
 

• It makes it possible to plan and conceive a comprehensive and detailed programme of statistics, 
avoiding duplications or dissemination of conflicting statistics, while insuring efficient and rational 
use of statistical resources available.  

• It makes it possible to insure the compatibility of concepts, definitions and classifications (or 
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nomenclatures) used in the various statistical activities, which facilitates interpretation and analysis 
of related data coming from various sources.  

• It makes it possible to limit the scope of all the operations of collection of statistics - as the census of 
agriculture - to a set of items coherent and easy to manage, knowing that other related data can be 
provided by other sources, in a comparable form.  

• It provides data needed for in-depth analysis and cross-tabulations adding more value to the results 
of the individual surveys. 

   
What tools can facilitate integration?  
 
 At the institutional level, the adoption of a coherent legal framework (Statistical Law and other 
texts) and clearly defining the role of the various institutions which are involved in the production of food 
and agriculture statistics is recommended. Such a framework makes it possible to ensure a better 
complementarity of the activities and to minimize duplications.  
 
 The recent global initiative for supporting National Strategy of Development of Statistics (NSDS) 
covering the whole of the under-sectors of the national system is an opportunity and a process which can 
ensure the integration of the agricultural statistics in the national system of statistics on the one hand and 
internal coherence and the integration of the subsystem of agricultural statistics on the other hand.  
 
 Integration at the level of primary data collection can be facilitated by the use of the following tools: 

• Use of common statistical units (holding), concepts, definitions for the agricultural surveys and 
censuses from various sources. 

• Use of a Master-sample for the various surveys. 
• Use of standard classifications for crops, livestock and other agriculture products. FAO has recently 

adopted an Harmonized System (HS) based classification for the Agriculture Census and 
presentation of its global statistics on food and agriculture.  

• For the presentation of results of censuses, surveys and other operations, identical classes and 
categories may be selected (example, classes of size of the exploitations).  

 
 For the presentation of secondary data, a system of detailed metadata and a coherent statistical 
framework can facilitate the comparability and integration of statistics from various sources. The 
Supply/Utilisation Account is one such framework which allows the compiling of various data related to 
food crops and coming from various sources.  
 
Sources of data in an integrated system and multi-year programme of agricultural censuses and surveys  
 
 In an integrated statistical system, the data on the food and agriculture a considerable amount of data 
can be made available on the structure of holdings, agricultural production, management of holdings, food 
consumption, income and the household expenses, agriculture labour and prices. These data can come from 
censuses of agriculture, agricultural surveys, population censuses and demographic surveys, administrative 
records or other sources. 
 
 An integrated system of agricultural statistics is based on a multi-year programme of statistical 
activities, including an agricultural census and other surveys to provide all the necessary data. 
 
 An integrated system of agricultural statistics is based on a multi-year programme of statistical 
activities, including an agricultural census and other surveys to provide all the necessary data. 
 
 Planning and implementation of an integrated agricultural statistics system require an effective 
organization, a qualified staff at various levels and an adequate budget allocation over a certain number of 
years. The effectiveness of the organization supposes a close cooperation between the producers and the 
users of the statistics on food and agriculture. The various statistical activities are not necessarily carried out 
by the same administration - the national statistical service is often in charge of the census of agriculture, 
whereas the current agricultural production surveys are carried out by the ministry of agriculture. It is thus of 
highly important to establish a coordination between the various institutions. This is easier said than done in 
practice in many countries. The institutions may have different mandates resulting in different objectives and 
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coverage as well as different sequence of operations. 
 
 Many countries suffer from a shortage of qualified statistical staff and lack of financial resources and 
it will take them time to be able to implement an integrated statistical system. However, all  efforts should be 
made to design and implement of statistical development activities with a long term objective to provide a 
permanent flow of reliable and up to date data relevant to all aspects of food, agriculture and rural 
development.  
 
 In the new approach to 
the Programme for the World 
Census of Agriculture 2010, 
FAO recommends to design 
the census of agriculture as an 
element of the integrated 
system of censuses and 
agricultural surveys. The 
census provides structural data 
on agriculture, the key basic 
items being collected through a 
core module, whereas the more 
detailed data are collected by 
complementary modules. 
Within the framework of the 
integrated system, a program 
of supplementary agricultural 
surveys should also be carried 
out, on the basis of the census of agriculture, to provide the current data on the operations and the production 
necessary to supplement the structural data from the census of agriculture. 
 
 Examples of supplementary surveys to be part of an integrated Census and Survey programme may 
include the followings: 
 
Crops  
 Crop production surveys may be a part of a comprehensive crop forecasting system. This could involve, 
for example: (i) a survey of planting intentions conducted just before planting; (ii) a survey of crop plantings 
taken just after planting is finished; (iii) a survey of crop conditions carried out sometime before the harvest, 
and (iv) a crop production survey undertaken after the harvest.   
 
 Other types of crop surveys, based on agricultural holdings, may be required from time to time:  (i) 
survey of post-harvest losses; (ii)  survey of farm food stocks; (iii) survey of crop marketing; (iv) special survey 
of a specific crop. 
  
Livestock  
 
 The key requirement for additional livestock data is for periodic livestock production surveys. Regular 
surveys may be needed for feed statistics to measure the quantity and composition of feed for different 
livestock types, and the seasonality of feed availability. Other types of in-depth surveys of livestock include: 
surveys on the structure of livestock herds, especially specific breeds of animals; and surveys of the value of 
sales for each type of livestock product. 
 
Farm management and cost of production 
 
 Farm management surveys provide detailed data on all aspects of decision-making on holdings. Data 
related to investments, assets, organizational structure and allocation of resources are usually collected. Farm 
management surveys are often carried out in conjunction with cost of production surveys.  
 
 Cost of production surveys measure the cost structures of specific agricultural activities, and provide key 
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data for compiling the production accounts for agriculture and for assessing the competitiveness of particular 
agricultural industries.  
 
Time use  
 
 Time use surveys provide information on how people spend their time. Time use data show the time 
spent on different types of activities, such as working, education, home-making and recreation. Time use 
surveys have many uses, including assessing paid and unpaid work and analysing social issues.  
 
 A time use survey could collect data on the time spent by each household member on activities such 
as: land preparation; planting, maintaining or harvesting crops; post-harvest crop activities; feeding animals; 
and providing support services to agricultural workers. This would be especially useful for measuring the 
role of women in agriculture.   
 
 The food and agricultural surveys in which the basic statistical unit is not the holding, include: 
surveys on: food consumption, incomes and expenditure, rural active population and household food 
security. These are important data sources on food and agriculture, but their coverage is not limited to 
agricultural holdings. 
 
The data main sources of data on food and agriculture includes the followings: 
 

• Census of agriculture 
• Periodic agricultural production survey  
• Farm management survey 
• Rural household income and expenditure survey 
• Food consumption survey 
• Survey of post—harvest losses 
• Survey of agricultural service establishments 
• Rural labour force survey 
• Soil survey 
• Livestock 
• Special agricultural censuses and surveys on particular subjects 
• Census of population and housing 
• Demographic survey 
• Census of industrial establishments 
• Survey of rural household industries 
• Urban household income and expenditure survey 
• Other non—agricultural censuses and surveys 
• Administrative records 
• Locality surveys 
• International statistical publications 
• Technological research                     
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THE REFLECT ON THE BUILDING UP TRFORMING 
PATTERN OF THE “WHOLE SOCIAL BIG STATISTICS 

SYSTEM” IN CHINA 
Li Laiyun 

The Statistics Bureau in ZouCheng of China 

No 186 Lian Shan Road in ZouCheng of China 
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There are many problems about the present statistical system of china, which restrict the exertion of the 

statistical functions in many extents, so it is imperative to reform the present statistical system. 
1.The main problems existed in the present statistical system of china 
The present statistical managing system in china is “unified guidance, classified responsibility”, which 

can not adapts to the market economy system.  From the view of lengthways, each government statistics is 
neither vertical nor independence. The superior only assign tasks, but not appropriate funds, subordinating 
departments only have the responsibility of reporting forms to the superior, so the system restricts the 
developing interspaces of the district statistics and the grass roots statistics. from the view of transverse, the 
government synthesis statistics and the department statistics are the “two paths” parallel functional 
departments, the relationship between them is not osculated ,there   also existed the problem of weak 
harmony between them ,the problems above will lead to the phenomenon of the wrong information、repeat 
statistic and leave out statistic.In addition, under the present statistical system, the “statistical scope ” is too 
wide for the government synthesis statistics, because they do the jobs of the department statistics、the 
enterprise statistics or the folk statistics, so the government synthesis statistics must be busy with the 
collection of the statistical dates, which must consume the efforts of the government synthesis statistical 
department and will cause the government synthesis statistical department ignore the organization of the 
whole social statistical works. 

2.The rules that the statistical system reform should obey  
In the process  of the statistical system reform ,we must insist to the principles of the consistence 

between  administrative government and the Business government, which is decided by the demand of 
science management, and it will do benefit to carry out the consistent between  the responsibility、right and 
behalf；we must insist to the principles of the consistence  between concentricity and  decentralization, 
which is decided by the demand of market economy system、the economy globalization trend and the 
authoritative、moderate and the supervised characteristic of the statistical management system；we must insist 
to the Principles of the adaptable to the political system and the economy system, which can not only satisfy 
the demands of the government macro-control but also can satisfy the demands of the public and enterprise 
units；we must pay attention to statistical cost and insist to the principles of the more production with less 
cost.From the situation of a country in china , we think that there are four   problems to be cared in the 
statistical system reforming in the future, first we should insist to centralization；second we should definitude 
the responsibilities, maneuver the positive power from every aspect adequately, we should decompose the 
statistical functions on the science ground, manage it with classification, we should divide the work between 
the government synthesis statistics 、 departmental statistics and folk statistics clearly and  with 
equilibrium；The third we should strengthen the management and moderate in order to make up a perforation 
statistical network；the fourth we should sysmatically optimize the inner institutions from every aspects 
according to the flow of the statistical work. 
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3.The reflect on the pattern of the statistical system reform in the future  
With the development of the socialism market economy, many deeds are becoming social, the channel 

of the information is becoming diversified ,which demands that the statistical organizations should be 
diversified ,the reform also should develop to a “social big statistical system”. We think that the statistical 
system should make up a “social big statistical system”,that is to build up a statistical system which has the 
characteristics of  unified guidance、classified vertical management、 the unified of the government 
synthesis statistics、department statistics、enterprise statistics and folk statistics and a statistical system which 
has the characteristics of the clear responsibility and high efficiency. 

3.1 The government synthesis statistical manage system should adopt the system of classified 
vertical manage system  

The statistical institutions of the country、province and city should be led vertically, the country  
statistical department should manage the manpower、financial power and material resources, in the 
meantime ,according to the demand of the sample survey, the country  statistical department should build 
up a statistical survey team. Many survey can adopt a single suit of sample ,then make the super gather in 
order to become “quick、precision and  accurate”, this can avoid the error from the many links and can 
guarantee the information’s quality for macro-decisions. County city class and below statistical organizations 
should be allotted to the local management, villages and towns (streets) statistics build up the vertical 
manage system of the area statistics as the county statistical organizations. The area statistical dates should 
serve the Native government ,the dates only play the role of consultant for the country、province and city. 

    3.2 The government synthesis statistical department Establish the inner institutions according 
to the working flow and industry ,and should Enhance the functions of organization and 
harmonization in the  synthesis business departments 

The inner institutions of the government synthesis statistical department should make up the structure of 
“Small organizations、Big survey institutions and Multi-center”. “Small organizations” means that clerical 
departments are small, whose functions are to manage the whole social statistical work, (including projecting 
and designing the statistics work, publishing the statistical information to the public, and the work of logistic 
guarantee); “Big survey” means that the survey institutions of the statistical departments should be colossal, 
whose functions are to collect and investigate the important dates for national economy and social 
development mainly; “Multi-center” means that the inner of the government synthesis statistical system 
should give prominence to the working points ,strengthen the functions of the synthesis Business 
departments ,we conceive that five centers should be shaped :national economy accounting center ,national 
economy analysising and consulting center, statistical designing and managing center , statistical dates 
dealing and census center. 

3.3 The department statistics should developing to the industry information center which is 
mainly consisted of statistical information step by step, and the department statistics should adopt 
vertical management to the dominating industry . 

The department statistics should prolong its function, should transform to a industry information center 
of entity or the quasi entity, which will make the statistic work break away from the administration 
interference、guarantee the quality of the  statistical dates and prolong the utilities of the statistical 
information Further. In order to Guarantee the quality of the department statistics, the managing system of 
the department statistics should adapt to the system of the government synthesis statistics, so the department 
statistics should manage vertically for the dominating industries, the “inflexion” should be located in the 
towns and cities. 

3.4 We should sound the basic statistical networks ,strengthen the statistical basic construction of 
the “headstream” in order to Realize the standardization of the statistical basic works.  
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We should Establish and sound the all basic statistical institutions, substantiate the basic statistical 
power, make up a integrating statistical network, strengthen establishing the constructing the basic facilities, 
consummate all the regulations, realize the standardization of the statistical basic works .The statistical 
institutions of the villages and towns should transform to the “entity”, Implement the function of the 
synthesis statistics soundly; the enterprises, especially the statistical institutions of the Big and medium-sized 
business enterprise, should transform from the dispersed special statistics to unified synthesis statistics,and 
should face the market to collect and organize the statistical information and market information about 
management and competition timely and accurately. 

3.5 We should attach great importance to and develop the folk statistics strongly 
The folk statistics which is decided by its pattern of ownership must have the Characteristics of capable 

and vigorous 、flexible and mobile and quick and efficient, it can  operate according to the principals of the 
market, in the meanwhile, it is the entity which has its income and payout itself, it does not need the financial 
appropriate funds, it adapt to the inevitable trend to make  the statistic to face market、face society and face 
specialty and commercial, with the development  of market economy ,the folk statistics should play the 
important role in the socialism of the statistics, so developing the folk statistics quickly will do good use to 
develop the “social big statistics system” and quicken the consultation industry of the statistical information. 

3.6 The government synthesis statistics、enterprise statistics and the folk statistics should divide 
the work rationally to build up a “whole social big statistics system ”which has the attribute of 
integrity. 

In order to make the “whole social big statistics system ” in work efficient, we should definite the 
statistics scope、functions and limitations between the  government synthesis statistics 、department  
statistics、 enterprise statistics and the folk statistics, so we can divide the work between them rationally .the 
important term is that the government synthesis statistics should make project well ,should make the rules 
and the principles between them .we think   that the government synthesis statistics should take responsible 
for the situations of the synthesis national  economy and social development ,should take responsible for the 
survey and statistics of the important national power, and the statistics domain that other departments cannot 
afford, it serves mainly for the macro-decision of the government,in the meantime,  it have the rights to 
manage every sort of the statistical organization ,to design and manage statistics  soundly ,to supervise the 
whole social statistical works; the department statistics should be the  implement and specification of the 
government synthesis statistics, it mainly take charge of the basic information statistics in its own fields, it  
should make some special statistics for the management and collect the information in the  industry, it 
serves not only for the  government synthesis statistics, but also for the management of its own industry; the 
enterprise statistics should meet the demands of serving the government synthesis statistics and department 
statistics first ,then it should serve its enterprise and be the producing and managing statistics, it will face the 
market and  collect the market information ;the folk statistics should face the public and the enterprise, it 
should satisfy the needs of the micro-market, it takes the charge of the investigating based on the consign 
from the public,it should provide the information consultant service and exploit the statistical information 
consultant market, in the meantime, it can assume the functions for the statistics of the small companies, then 
it can participate in the assessment in the public. 

We should establish laws to definite the relationship between the four statistics based on definiting 
working talent clearly and dividing the work rationally, so can establish the organic unify which has the 
attributes of mutually independent, mutually development and can not be parted, they can serve their objects 
efficiently, this can avoid repeating statistics and can avoid “statistics vacuum”, we think that this pattern 
should be the basic orientation for the statistical system reform in the future in china. 
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JiNan , China 
 
In the China's socio-economic development process, we have never stressed the importance of 

independent innovation as it is now. General Secretary Hu Jin-tao of the CPC Central Committee at the 
National Conference on Science and Technology stressed that: "As part of a national strategy to enhance our 
capability for independent innovation permeating all aspects of modernization.”  In my opinion, stressing 
the importance of independent innovation is not accidental, but there is a profound historical background. So 
that all sectors of society must be made a profound understanding of the historical background of 
independent innovation, in particular, to deepen the "independent" knowledge and understanding.  
1 From the perspective of state's self-improvement, self-reliance and catching up to understand the 
point of "independence" 

 Innovation is a universal concept. Now people have long been accustomed to use "innovation" in the 
name of science, technology, arts and many other areas of the "new things" in different occasions, People in 
the "Innovation", add appropriate adjectives can be qualified to speak more accurately convey the meaning. 
"Innovation" with”independence" as a qualifier, in my view, emphasizes that innovation main body (or 
realization of the principal) is our country. We stressed the need to fully rely on our own strength to achieve 
the goals, which is to have our own core technologies, have independent intellectual property rights on 
innovation. From the political and economic point of view, a country does not have its own core technologies 
will always be in a passive position. From this perspective, independent innovation is the independence of 
the country, is of the country’s interest, and is the independence standing for a country’s standing in the 
world. "Innovations" and "independent" to the Chinese people is to emphasize self-sufficiency, innovation, 
we can not always think of "buy" or "use" advanced foreign technology. The concept of independent 
innovation is not a Chinese invention, having appeared in Japan and South Korea before. Only independent 
innovation, it is only natural for those who have advanced technology, it is self-evident, but for those who 
are technologically backward stresses the independent is for the need of catching up. At present, China's 
economy is increasingly integrated into the world in the new situation; simply imitate has no future, OEM 
hardly lucrative. Follow the road will be forever behind others. Therefore, from self-improvement, 
self-reliance and catching up perspective, the proposal of the independent innovation is also based on 
“Backward people will be bullied”, a summation of the historical experience, not strengthen innovation will 
be always behind, to catch up with developed countries relying on independent innovation.  

2 From the perspective of overemphasizing the "technology-dependent" to understand the point 
of "independence" 

  "Independence" is the "introduction" of targeting a period of over-reliance on China in the past in 
terms of technology. China's reform and opening up policy has been in place in the industrial and technical 
progress, mainly two aspects: one is that "importing, digestion and absorption，innovation "; Another one is 
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"market for technology." These two have a fundamental starting point, will rely on access to foreign 
technology, that technology is dependent on some more direct. Research and practice show that although 
these two principles will certainly play a positive role, but there is an obvious inadequacy. Countries around 
the world have paid attention to strengthening the protection of intellectual property rights and core 
technology under the control of the situation. The technology we bought is not the latest technology, but the 
backward technology is at best a second-rate technology, the real core technologies can not be purchased. 
Promoting independent innovation is a reflection of the past and adjusts to technological dependence. 
International experience shows that the output of the key technologies that are commonly used in developed 
countries and multinational companies of a very serious level, the control measures either blockade or out 
expensive, but if we make a breakthrough in the relevant technical and develop corresponding products they 
would immediately relax caliber or substantial price reductions, independent innovation is conducive to 
improving the conditions of international trade. Therefore, "independence" and the "dependency" of the 
concept should be stressed that "independence" is to reduce the "dependency" to the extent thereby raising 
the level of endogenous development, changing the competitive position of the disadvantaged situation due 
to the lack of independent intellectual property rights. 

3 From the perspective of safeguarding national security to understand the "independence" 
In the world today, international economic competitiveness depends increasingly on the pace of 

scientific and technological progress and independent innovation capability. Technological innovation have 
replaced natural resources have become the decisive factor in the country's competitiveness. Since the 
beginning of China’s opening up, China's technology imports in the introduction of a larger vicious circle 
extent -- backward -- then imported, one important reason is not enough on its own, consistent innovation not 
enough, and think that our country can not bear the cost of innovation and the proliferation of advanced 
technology from developed countries to benefit. The current stage of China's economic development is 
facing many challenges, such as : the degree of dependence on foreign trade growth, increasing trade friction 
highlights; low innovative ability, the lack of independent intellectual property rights, core technologies 
being manipulated by others, being in the poor situation international competition; developed countries in 
order to undermine our international competitiveness of China's military technology and key technology 
industries putting forward blockade strategy , serious impacting on our country's national security and 
economic security. Therefore, whether it is to safeguard economic security, national security situation, or 
from the international science and technology to strengthen the protection of intellectual property rights and 
competition trends, We have to enhance our capability for independent innovation must rely more on 
economic development and improving the quality of laborers to the historical stage, independent innovation 
is to enhance China's international competitiveness and risk-resisting ability to ensure that the important 
support of national security.  

4 From the perspective of adjustment of the economic structure and the transformation of the 
mode of growth to understand the point of "independence" 

Since the beginning of reform and opening up, China's economy has maintained rapid growth, but the 
quality of economic growth is not high, still at high input, high consumption, high pollution and low output, 
the extensive mode of development, adjustment of economic structure, changing the mode of economic 
growth remains an arduous task. At present, China's large industrial aggregate, but for low independent 
innovation capability, many industries does not own the intellectual property rights of the core technologies 
that many enterprises and technology "hollowing out" rely on imports of key components, at the lower end of 
the global production chain, resulting in a considerable number of enterprises and industries in a passive 
position. At present, the key technologies of the self-sufficiency rate low, especially in aviation equipment, 
precision instruments, medical equipment, Engineering machinery and other high-tech products of strategic 
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importance, yet more than 80% dependence on imports, and heavy equipment manufacturing, 70% of CNC 
machine tools, 76% of petrochemical equipment, and more than 80% of the IC manufacturing equipment, 
Fiber 100% of the manufacturing equipment for foreign products occupation. The key technology being 
manipulated by others, adjusting of economic structure, changing the mode of economic growth is an empty 
phrase. Therefore, in order to avoid being manipulated by others, not to be the low-end products assembly 
workshops, we should develop new technologies, new products, relying on independent innovation to find a 
new breakthrough for the promotion of independent innovation and upgrading industrial technology, 
considering Optimizing the structure and changing the mode of growth as the central link.  

5 From the perspective of economic efficiency to improve understanding of the manufacturing 
industry's "independence" 

With the continued expansion of the scale of China's manufacturing industry, especially the production 
of 100 kinds of industrial products ranked first in the world. Many people began to regard China as a "world 
factory." However, careful analyzing of the "World Factory" content, the size is large; benefit is low, and 
many of the questions worth considering. For example, the total added value of China's high-tech industry 
accounted for 8%, far below the developed country’s 40%; 90% of China's exports of high-tech products are 
"three-capital" enterprises. Although the current car output is high, however, the joint venture is 90% foreign 
brands, a lot of money to be earned abroad. While many industries in China have constantly expanded their 
size, but due to lack of core technologies, the benefits should has been lost a lot. If our television production, 
for the key chip needs import, the average profit was less than 10 RMB, the gross profits of computers is less 
than 5%, OEM cell phone at about 20% of the royalties, 30% the price of computers, 20% to 40% prices f 
the CNC machine tool to be paid to foreign patent holders. China manufactured DVD machines sold in the 
U.S. market 29 dollars, of which royalties accounted for 20 U.S. dollars, with minimal profits. Despite the 
rapid growth of China's exports, but most of the products are low value-added. This low-value-added product 
exports are constrained future economic development. The low profitability of our products, the majority of 
workers would be very difficult to raise the wage level, so that the expansion of domestic demand, promoting 
development of the modern service industry national strategy difficult to come true. Therefore, China's 
manufacturing industry to change "large but low" in the situation, truly being the "world factory", relies on 
independent innovation.  

6 From the perspective of building a resource-saving society to understand "independence" 
China has a large population, natural resources, economic development facing tremendous pressures on 

resources and environment : the one hand, China's per capita energy consumption is less than half the world 
average (for the tenth such as oil, water for a quarter, one-third of arable land), the source of supply is not 
enough; Meanwhile, China's extensive economic growth mode increased consumption of energy and other 
resources, is the world's biggest national consumption, such as coal, iron ore, steel consumption in the third 
world, more than 40 per cent of the world's cement; then the other hand, China's inefficient use of 
resources ,China's energy utilization rate of 33%,electric energy, coal consumption per dollar of GDP, is 3-4 
times the world average,11.5 times that of Japan; water consumption per 10,000RMB GDP in China is four 
times than the world's average level, 10 times than United States, 24 times than Japan. Since China's opening 
up over the past 20 years by the rapid economic growth mainly depends on labor and capital resources, 
driven by factors such as energy, but the reality of our resources on this scale can not sustain in the long 
expansion of the mode of economic growth, and the high consumption of energy and resources, the 
utilization rate is not very high also brought serious environmental pollution problem. Sacrifice for the 
benefit of future generations depends on the economic growth and development of this difficult; expense 
scarce and valuable resources and the environment in the international division of labor and competition, the 
price is too high. If things go on like this, not only would increase the cost of development, the advantage 
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will be reduced, the dynamism will drop, consumption of natural resources caused by growth and the 
destruction of the environment then we can not afford. Thus, in order to achieve sustainable economic and 
social development, based on in the past, continue to maintain relatively fast growth for a long time. It must 
make the transition from a resource-dependent changes in innovation-driven, so as to enhance the energy 
efficiency of resource use of independent innovation. Enhancing economic and ecological benefits, and the 
basic means for the effective protection of the environment, independent innovation has become the most 
important engine of economic growth. Taking these aspects of the factors that the independent innovation of 
the "independent" is to convey important information strategy, is self-improvement, self-reliance and 
catching up, is to overemphasize the "technology-dependent.", is to safeguard national security, is an 
important measure to determine the quality of China's economic growth, determine the implementation of the 
concept of scientific development, determine the status of China's economy in the world economy, is strong 
support muscles of the country, the core of the country's competitiveness, related to national security and 
strategic interests, related to abilities of sustainable development, so, we need to deepen the strategic height 
of the "independent" understanding. 
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The ISI Declaration of Professional Ethics: Issues for Reflection

William Seltzer
Fordham University, Dept of Sociology and Anthropology
E-mail: seltzer@fordham.edu

ABSTRACT

The Declaration of Professional Ethics of the International Statistical Institute (ISI) was adopted in
1985 and for the past several years the ISI has been wrestling with its possible revision. The present
paper discusses some of the potential issues involved with revising and updating the ISI’s basic ethics
document. The objective is not to make definitive recommendations about the process or its outcome,
but to offer some reflections on a few of the key issues that arise. The issues addressed include: (a)
the purposes of a declaration or code of professional ethics, (b) the scope of such a code, (c) balancing
technical, legal, and societal concerns, (d) the degree of specificity with which issues are addressed,
(e) how does the document deal with the inevitable conflicts that will arise among the principles
it espouses, (f) special problems of international ethics statements, and (g) ancillary and follow-up
activities. The list is certainly not exhaustive and many of the issues identified are interrelated. In
developing this list of issues, deliberate care was made to put them into non-statistical terms so as to
promote the idea that the issues we must grapple with are broader than our own narrow professional
concerns. Of course, in discussing and reflecting upon them we will inevitably stress the implications
for our profession and the international character of the ISI.

Keywords. Ethical norm, law, misuse, politics, morality, professionalism, responsibility, science,
social values.
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One comprehensive Code of Ethics for the whole statistical profession? 

N. Victor 

Institute of Medical Biometry and Informatics 

University of Heidelberg, Germany 

The ISI-Declaration on Professional Ethics [1] (also the actual draft of a revision [2]) 

and the guidelines of the United Nations’ Statistical Division [3] are imprinted by the needs of 

official statistics. But, statistics is a methodology used in many fields (biology, medicine, 

economy, etc.) and these fields are considered independent professional areas including its 

statisticians. Ethical problems do not emanate from methodology, but by using statistics as an 

instrument to solve problems or to gain evidence to prepare decisions in fields of application. 

For some of these areas, well-tried codes of Ethics exist for a long time and also contain sta-

tistical aspects. Therefore, these ethical norms are imposed on statisticians working in these 

areas. As example, biostatisticians taking part in research involving human subjects have to 

respect the “revised” Declaration of Helsinki of the World Medical Association [4], and, be-

fore starting their investigations (e.g. a clinical trial), they have to discuss its ethical justifi-

ability with especially installed independent ethics committees; in this process, many 

statistical aspects have to be considered, cf. [5].

Hence, a comprehensive Code of Ethics for the whole statistical profession seems not 

possible, as it ought to include ethical norms of all the different areas of application. Such a 

comprehensive code should safeguard that there are no conflicts between it and the ethical 

norms of the application areas. As a conclusion in revising the ISI Code of Ethics, it should be 

tried to confine it to basic rules and not to expand it by ethical norms of application areas. 

The preamble of the actual ISI-declaration states its intention: “to be applicable as far 

as possible to different areas of statistical methodology and application.” Despite of this inten-

tion, it is indisputable that the actual ISI-Code of Ethics is focussing on official statistics. In 
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Point 3.3 of “Obligations to colleagues”, it is mentioned that “…statisticians should … take 

account of the ethical principles of their collaborators.” However, there is not explicitly stated 

that statisticians have to respect the ethical norms of the area of application they are working 

in. This is a necessity at least as far as these norms concern statistical inquiry used in the area 

to gain knowledge, to solve problems or to take decisions. This will be a crucial point of an 

ISI-Code of Ethics, because statisticians belong also to the profession they are working for 

and because most ethical conflicts arise in applying statistics to problems of application areas.  

Hence, a paragraph should be included in the ISI-declaration clearly indicating that statisti-

cians working in a special field have to respect its ethical norms.  

On the other hand, we should avoid constructing a jungle of different rules and guide-

lines of ethics – eventually contradictory in part – by extending our declaration too much. For 

biostatisticians working in clinical research, such a jungle is already existent: The declaration 

of Helsinki of the World Medical Association, the Good Clinical Practice for trials on medici-

nal products by the drug regulation authorities, the declaration on professional ethics of ISI, 

the Good Scientific Practice by different national science foundations, the recommendations 

of the EU-Bioethics Committee, just to name a few.  

As I mentioned in my paper at the Berlin Conference of the ISI Committee on Profes-

sional Ethics [6], we have to accept that a homogeneous profession “Statistician” does not 

exist, but that statisticians are also integrated in the profession they are employed at. Official 

statisticians make only one part of the ISI, in revising the ISI Code of Ethics, a bias towards 

official statistics should be avoided.
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ABSTRACT

As main producer of official statistics in Portugal, the National Institute of Statistics (INE) considers
the use of electronic data collection as strategic, and has been developing the WebInq data collection
system since 2003. WebInq was conceived as a simple, secure and integrated data collection web
channel, working as a single point of contact with the respondents by Internet, and it aims to cover all
of the self-completed questionnaires related with surveys conducted by INE. It offers access to online
questionnaires and relevant information about the surveys, such as its objectives, results, and related
INE’s Portal links. One major feature of WebInq is the management of multi user and associated
units. Thus, one user can represent one or more companies and one company can be represented by
one or more respondent. Also, one main user (by company) can follow-up the other users’ activity
concerning its Internet data collection interactions. Actually covering only main business surveys, its
acceptance by respondents and companies has been very significant. It is due to the growing offer of
Internet questionnaires and an accurate promotion carried out by e-mail, telephone and traditional
mail. Other relevant factor is the success of Intrastat webform. The Intrastat system is a statistical
monthly collection system set up for compiling statistics relating to the trading of goods between
Member States. It is believed that this operation counts for almost half of the administrative burden
caused by statistics. This poster will present the WebInq system, the evolution of its main figures and
perspectives for future developments.

Keywords. Official statistics, data collection, internet surveys, respondent relationship, Intrastat,
webforms, statistical burden.
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Data Collection Mode: using the Telephone as an Alternative Chan-

nel to Household Contact
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ABSTRACT

For many years, face-to-face contact was the exclusive accepted mode to conduct interviews. Recently
in many countries there has been a shift to the use of other modes, namely the telephone. In the last
two years, it has been assumed by the National Statistics Institute (INE) that the household contact by
telephone is a strategic objective. This decision was based on the assumption that telephone contact
and interviews have the potential to achieve high response rates, data quality and standardization, as
well as convenient to the respondent, with lower costs and more flexible contact procedures. Addi-
tionally, it provides structural modernization and human resources requalification. This poster aims
to present the work that has been done in what respect to the use of telephone as an alternative and
complementary channel to household interviews. There are three sections: one shows some indicators
of the contacts made to monitor the quality of the data collected by face-to-face interviews. The other
one describes the experience on the portuguese Consumer Survey, whose data is collected by a mix
mode: telephone and face-to-face interviews and the last one describes future developments.

Keywords. Data collection mode, telephone, household contact.
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Monitoring Workers’ Remittances and Benefits in Uganda: 
The Statistical Issues 
E.S.K. Muwanga-Zake (PhD) 
Institute of Statistics and Applied Economics (ISAE), 
Makerere University, P.O. Box 7120 KAMPALA, Uganda 
E-Mail: emuwangazake@isae.mak.ac.ug 

1. Background 
Workers remittances are current transfers by migrants employed in another country and have 
lived in those countries for at least one year.  The players involved are mainly related persons 
(IMF, 1993).  In many of the  least developing countries (LDCs) international remittances now 
constitute the second largest capital flow after Foreign Direct Investment (FDI). Remittances 
constitute the fastest growing and most stable capital flow to developing countries. The exact 
amounts of these flows are, however, uncertain and the statistical compilation of remittances 
needs improvement especially in sub-saharan Africa. Official remittance statistics reported in the 
balance of payments (BOP) typically underestimate actual levels, and in several countries 
unrecorded remittances are significant. (Terry, F.D. et. al. 2005).  

2. Why is the Bank of Uganda interested in workers’ remittances? 
In Uganda, Balance of Payments (BOP) estimates of remittances for the period 1996 to 2000, 
averaged 32% of exports. The figure increased to  65% of exports during the period 2001 to 2005 
while for 2006 the figure is estimated at US$ 652million equivalent to about 6.5 percent of GDP 
(US$ 10 billion).  Workers’ remittances are, therefore,  the second largest contributor to foreign 
exchange inflows after exports of goods and services  thereby contributing significantly to the 
BOP, exchange rate stability and also affect monetary policies (Tumusiime Mutebile 2006).   

The Uganda Government, through the Bank of Uganda (the Central Bank) in conjunction with the 
Uganda Bureau of Statistics (the Central Statistics Office), has embarked on a programme to 
monitor workers’ remittances to and from the country. 

The major characteristics of remittances need to be clearly established  in order to improve  the 
understanding of remittance impacts. Studies and surveys are required in both the sending and 
receiving countries. 

3. Conceptual and Measurement Issues of Remittances 
The economic significance of remittances is not fully captured in the official BOP statistics in 
either sending or receiving countries.  Monetary transfers increase the supply of foreign exchange 
in the country of origin of the migrant, while “in-kind” remittances in the form of goods and 
services save scarce foreign exchange in the recipient country. The measurement of both cash and 
in-kind remittances has proven to be very difficult, imprecise, and incomplete.  Only some of 
these transactions are recorded.  

 Where remittances are sent through formal channels, they are recorded by the receiving 
country’s official statistics as an inflow in the current account of the BOP.  Conversely, cash 
remittances sent informally through couriers are usually unrecorded in official statistics.  In-kind 
remittances, or goods and services sent to households in the home country or brought on their 
return home, may be only partially captured as imports in official data. Very little data exists on 
the size of remittances in kind. Other transfers in the form of charitable donations or payments 
and deposits for relatives and friends (such as insurance premiums, tuition, and travel costs) 
function as an economic form of remittances, but are rarely recorded as such.  
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Choosing between official or unofficial transfer channels is an important decision when sending 
remittances and depends on several factors.  These include the availability and adequacy of 
banking services, transaction costs, “know-your-customer” requirements, and the potential for 
additional earnings through unofficial channels.  When official means of remittance transfer are 
unattractive, the private sector or groups of emigrants themselves often set up parallel systems.  
Dealers in informal transfer systems sometimes provide competitive exchange rates, as well as 
other assistance and services of a personal nature. 

All these mean that the data in Uganda is incomplete and inaccurate. It is not possible to 
accurately disaggregate official estimates of remittances by source due to the residual method of 
estimation, which is used in making the estimates. 

4. What is Being Done in Uganda? 
The Bank of Uganda (BOU) is using a multifaceted approach of measures, outlined below, aimed 
at improving the recording, management and integrity of workers’ remittances, while at the same 
time trying to maximizing the benefits in terms contributing to economic development. 

4.1.   Publicity and awareness campaigns 
A sensitization campaign amongst Ugandans in the Diaspora, and the recipients and service 
providers in the private sector is on-going.  The campaign emphasizes transparency, competition, 
and customer information and is designed to highlight policy and operational issues.  The 
campaign also works through the Uganda embassies and ethnic group based associations.   

4.2.  Legal and Regulatory Framework for the Money Transfer Business 
The Ugandan Government has revised the law on foreign exchange transactions to provide for 
more money remittance services thus  making it easier for Ugandans abroad to send money home 
(Uganda Government, 2005). Apart from commercial banks and other financial institutions, 
Remittance  Licenses may now, under certain conditions,  be obtained by International Money 
Transfer Agencies and  Foreign Exchange Bureau. BOU has also  facilitated notable 
improvements in the payment system to make it more efficient and wide-spread.  

All these developments should facilitate a smoother flow of remittances and attract remittances 
into the formal system  and thereby move some of the hitherto informal remittances into the 
formal (official) channels and hence easier to record. This will improve data collection. 

4.3.  New Methods of Reporting 
The new law strengthens the capacity of BOU to monitor and regulate the transactions.  Under 
this  law, all licensed remitters are expected to make weekly and monthly returns to BOU and 
therefore provide information on remittances on a continuous basis. Unfortunately, details for 
remittances through commercial banks and other financial institutions are difficult to identify. 
Similarly, returns from the newly-licensed remitters are still faulty and incomplete. 

4.4.  Surveys on Remittances 
The Bank of Uganda, in collaboration with the Uganda Bureau of Statistics (UBOS), are 
institutionalizing surveys on  remittances to Uganda. The objective is to  estimate  the specifics of 
the remittances in terms of source and size  of remittances, frequency and channels of remitting, 
use of remittances, seasonal pattern, the demographic characteristics of the recipients and the 
location of the remitters,  the socio-economic conditions and intentions of the senders, etc.   

There are also plans to carry out surveys in the major sending countries, beginning with UK and 
USA. The remittances to Uganda are mainly from UK, USA, Japan, South Africa and Sweden.  
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Informal service providers reveal that the UK, USA, and the Scandinavian countries account for 
about 60%, 20% and 10% of transfers, respectively. 

The Bank of Uganda and the World Bank are conducting a multi-corridor study of USA-Uganda, 
UK-Uganda and South Africa-Uganda.  These initiatives are co-facilitated by the German and 
Swedish governments 

4.5.  The Uganda National Household Survey (UNHS) 2005/06 
During the UNHS 2005/06 carried out by UBOS, information was collected on receipt and use of 
both domestic and international remittances at household level. Overall the proportion of 
recipients of remittances from local sources (41%) was much higher than that for remittances 
from abroad (2%). The capital City, Kampala,  had the highest proportion of households 
receiving remittances from abroad (7%). The national mean monthly value of remittances  from 
abroad was  about US$40. 

4.6. Pilot Survey 2006 
A pilot survey was carried out in January 2007 to test the questionnaire for the subsequent  
countrywide survey on remittances.  The preliminary findings revealed that almost 50% of the 
beneficiaries received under US$100 per annum.  The same percentage of the respondents 
indicated preference to use informal channels for sending money to Uganda.  The origins of 
remittances are diverse but UK, and USA dominate. 

The results also showed that remittances are used mainly for consumption, health care, childcare 
and education.  There is also a noticeable use of remittance funds for business support and real 
estate. For example, 16% of the recipients indicated that remittances are spent on building works 
and land purchase.

4.7. Survey on Remittances to Uganda 2007 
The main objective of the survey, which is now underway, is to collect high quality data on 
remittances at household level so as to improve the accuracy of the BOP and  therefore strengthen 
the formulation of monetary and exchange rate policies. There is also a community questionnaire 
to determine the contribution of remittances at community level. 

4.8. Findings in the United States of America (USA) 
There is an annual meeting of the Uganda Northern America Association (UNAA) during the 
Labour Day Week-end. These meetings are attended by over 2000 Ugandans leaving in USA, 
Canada, the Caribbean, UK and, sometimes South America to share ideas, challenges, and also 
fellowship. BOU has participated in these meetings since 2004 to discuss remittances. A survey 
was carried out during the convention in New York in 2006 as part of the ongoing joint World 
Bank/Bank of Uganda study on the USA-Uganda remittance corridor.  

A total of 110 dully completed questionnaires were retrieved.  It was noted that a good number of 
remitters prefer MoneyGram services as they are relatively cheap. Secondly, the participants 
appreciated the Bank’s initiative. Future UNAA conventions should provide a platform for 
feedback on the Bank’s findings and more elaborate surveys on remittances. 

4.9. Findings in the United Kingdom 
Remittances service providers in the UK include banks, money transfer companies, and informal 
providers.  The Financial Services Authority regulates the banks while the money transfer 
companies are registered, regulated and supervised by Her Majesty’s Revenue and Customs 
(HMRC).  There are 21 ethnic group based money transfer service providers to     Uganda 
registered with HMRC under the Money Laundering Regulations (2003).  These remitters have 
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formed an association which could be used to collect data on the amounts of remittances. 
However, a few unregistered individuals are known to offer remittance services. 

5. Conclusion:  Challenges and the Way Forward 
From the above preliminary findings on remittances to Uganda, the following issues can be 
identified:

(i) The preference for use of informal channels,  for various reasons, and the attendant difficulties 
in obtaining data strongly suggest that available data on remittances could be understated which 
calls for improvement in methodology estimating the volume of remittances.  

(ii) The annual UNAA Meetings in USA and the Remitters’ Association in UK present unique 
opportunities  to collect data on remittances to Uganda from the two major source countries. 
Obviously, it will be necessary to cover remitters who do not attend the UNAA convention or 
who do not remit through the Remitters’ Association. Ugandans in Japan have also formed an 
Association and are planning a UNAA-like convention late this year.

(iii) More work needs to be done to get complete and timely data from the formal remitters, 
including commercial banks and other financial institutions. 

(iv) The diverse origin, small values and use to which remittances are channeled presents the 
challenge of identifying the respondents in any survey. However, the concentration of receiving 
points in the capital city, Kampala may mean that the surveys could be concentrated there to 
begin with. It is also necessary to link remittances to poverty reduction. 
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RESUME:
Due to the increasing importance of remittances to Uganda, efforts are underway by the Central 
Bank and Central Statistics office in Uganda to improve the regulatory and monitoring 
environment. A multifaceted approach is used. This includes the enactment of a new law and 
regulations, improving administrative reporting and carrying out surveys in the major remitting 
countries and in Uganda. However, these have issues of collecting complete, accurate and timely 
data.

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 4168 -



1

Simulating Travel Duration Data for Flanders
Juliet Nakamya 
Hasselt University, Transportation Research Institute 
Wetenschapspark 5, bus 6 
B-3590 Diepenbeek, Belgium 
E-mail: juliet.nakamya@uhasselt.be

Elke Moons 
Hasselt University, Transportation Research Institute 
Wetenschapspark 5, bus 6 
B-3590 Diepenbeek, Belgium 
E-mail: elke.moons@uhasselt.be

Geert Wets
Hasselt University, Transportation Research Institute 
Wetenschapspark 5, bus 6 
B-3590 Diepenbeek, Belgium 
E-mail: geert.wets@uhasselt.be

1 Introduction
The growing need for timely, high quality and large amounts of data and information from national 

statistical agencies has increased continuously over the years. These data are fundamental in enhancing 
modern transportation planning and policy development endeavors. Provision of large quality data on travel 
demand related to the socio-demographic and travel characteristics of individuals and households, largely 
relies on household travel surveys (HTS). Nevertheless, it goes without mention that conducting these 
surveys is continuously characterized with numerous problems. The surveys involve high expenses, 
necessitate a lot of time to plan and implement and further impose a high burden on the respondents, 
subsequently bringing about low response rates. This often has severe consequences on the quality and 
representativeness of the resultant collected data. It is fair to believe that even when more advanced and 
recent technologies such as the global positioning system and personal digital assistant (Murakami et al., 
2000) are used, the final total cost will only become higher. In search for plausible approaches to solve these 
problems, combining travel data with data from other sources becomes an attractive option. Furthermore, the 
success in research directed towards simulating travel data is of absolute interest in this respect. Simulating 
household travel survey (HTS) data (Greaves and Stopher, 2000; Stopher et al., 2003; Pointer, et al., 2004) is 
a relatively fresh field of research with many potential benefits. The benefits of this approach would be 
enormous to all actors who utilize HTS data and could potentially provide a very low cost technique for 
generating a local sample of many additional households in comparison to collecting household travel data. 
Simulated data would also conceivably form a component of the HTS currently being undertaken, and 
facilitate these surveys to reduce sample size requirements without necessarily compromising the quality of 
the planning activities supported by these data. However, this area of research is still in its infancy and 
significant work still has to be done. Such work should be geared towards developing a state-of-the-art 
technique, testing and also establishing the clear role for household travel data simulation. In past research 
(Nakamya et al., 2007b), promising results with regards to trip rates data simulation were observed. In 
general, the procedure provided results that were comparable with results from an actual travel survey.  

The combined survey data available in this current study arise from two surveys: the Flemish 
Household Travel Survey (FHTS) carried out in 2000 and the Flemish Time Use Survey (FTUS), also carried 
out in Flanders, Belgium in 1999. The FHTS was carried out among Flemish citizens aged 6 years and 
above. Respondents from a stratified sample of 3,027 households comprising 7,626 persons were asked to 
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fill in an individual questionnaire containing socio-demographic and travel-related variables. They also kept 
a travel diary for 2 days recording travel activities, modes of transport, duration, location, company of others 
when traveling and search for car parking on addition to filling-in household questionnaires. The FTUS, 
carried out by the Tempus Omnia Revelat research group of the Free University of Brussels targeted Flemish 
citizens from 16 to 75 years. Here, 1,533 people recorded all their activities in a diary for 1 week. There were 
also questions about subsidiary activities, starting and end times, locations, eventual means of transportation, 
presence of others, conversation partners during the activity and the motivation for carrying out the activity. 
The FTUS also employed individual questionnaires recording socio-demographic variables as well as general 
indicators on time use and cultural participation. 

This paper focuses on simulating duration travel data conditional on the purpose of travel. The 
combined data (Nakamya et al., 2007a), obtained by combining the FHTS and FTUS data that both make use 
of the Belgian Socio-Economic population census (SEE) as the base data, are utilized in conducting the 
analyses. This combined data set was noted to offer a larger and more representative sample of the 
population, which gives more reliable travel information on the population, is valuable in prediction of travel 
demand and can also be used as a base for simulating travel data. Here, the combined data is randomly split 
into two sets. The bigger data (training) set is utilized to formulate categories of individuals that exhibit 
similar ranges of trip duration conditional on the travel purpose, using the Classification and Regression 
Trees method (CART). Distributions of trip durations are then developed using the generated groupings and 
these further become the basis of the simulations. The reserved smaller data (testing) set is finally used to 
compare results of an actual survey to the simulated travel data.  

2 Methodology  
In dealing with data integration (D’Orazio et al., 2006), a great problem encountered, is that of 

harmonizing the different data sources. This exercise may tend to be somewhat expensive and time 
consuming. The two survey data sets (FHTS and FTUS) available here, were separately cleaned and adjusted 
for compatibility with each other. Since the two samples were selected from the same population, they were 
each weighted with respect to the SEE data to ensure representativity. The data were further combined on 
some socio-demographic characteristics and some common travel characteristics (Nakamya et al., 2007a). In 
this current study, after further adjustments on the data, inserting very short trips lasting 4 minutes, inserting 
secondary travel activities (Koelet and Glorieux, 2006) and re-weighting of the FTUS data, the data re-
combination procedure with the FHTS data was redone. The combined data were then utilized to simulate a 
travel survey data set for the target sample. Theoretically, one should be able to reproduce (within an 
acceptable error range) the collected data and build models that are similar to a real survey.  

The combined data are randomly split into two sets (training set: 75% and testing set: 25% of the 
data). In the first step towards setting up the simulation, the training set is used to categorize individuals into 
“homogeneous” groupings with respect to the respondents’ duration of trips conducted per day conditional 
on the purpose of travel. In this paper, the work travel purpose is reported. The CART method, a 
computationally intensive exploratory classification tool proposed by Breiman et al., (1984) is used to this 
effect. This method involves growing an overly large tree to capture all potentially important splits; then 
pruning the tree back to the root node to create a hierarchy of sub trees; and finally, selecting an optimal-
sized tree from this sequence using an independent holdout sample or cross-validation. It is well established 
that total trip generation is associated with the demographic and socio-economic attributes of the traveller 
(Ortúzar and Willumsen, 2006). In the study at hand, the independent variables used to explain the mobility 
indicator - the total travel duration per person (travel participant) per day, include: gender, age group, marital 
status and education level. Thus conditional on the respondents’ travel purpose, “homogeneous” categories 
of the trip durations of individuals per day are developed using the CART method. While some researchers 
(Greaves, 2000) have chosen to work at the household level in conducting related research, others have 
chosen to simulate data for individuals (Axhausen and Herz, 1989; Kulkarni and McNally, 2001; Raney and 
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Nagel, 2003). An argument is put forward that, if the goal of the simulation is to provide a household travel 
survey dataset, which is realistic and plausible, this has ultimately to be done at the level of individual 
household members (Greaves, 2006). 

The next step involves developing frequency distributions from which one can sample for the travel 
characteristic of interest. Within each of the established “homogeneous” categories developed in the 
preceding stage, the trip durations exhibit some variation. To capture this variation therefore, discrete 
frequency distributions of values of total trip durations per person per day were developed. The distributions 
are then re-constructed as cumulative frequency distributions with each discrete value of the attribute now 
falling within a particular probability range. This then provides a basis for the random sampling process used 
in the data simulation procedure. This procedure of developing distributions is then repeated for each 
category to create a “family” of cumulative frequency distributions. Simulations are run 500 times. The 
simulated data is then compared with the reserved testing data using descriptive statistics so to examine the 
difference between the simulated and the real survey data. 

3 Results and Discussion 
In practice, HTS may cover only a small sample of the population thus failing to be representative of 

the target population. This makes the combination of HTS data with data from other related surveys, a vital 
solution so as to obtain larger data base samples that can be used for simulation. A set of general guidelines 
on what practitioners may consider when intending to perform data integration includes: Examining 
background information on travel data and other data sources; Reconciliations of concepts and definitions; 
Re-categorization, re-coding and transformation of variables; and harmonizing time periods of pre-
integration data sets.  

For the entire combined data set, as would be expected, the majority of the trips (about 38%) are 
conducted due to returning home, 13% due to work, also 13% attributed to shopping and 11% are 
sports/culture/relaxation-related trips. The rest of the travel is due to much less conducted trips for purposes 
of picking/dropping someone, obtaining services (doctor, bank), following education, visiting someone and 
making business visits. Focusing on the work travel purpose, 75% of the combined data set was used to 
classify individuals into homogenous groups following the duration of travel per person (travel participant) 
per day. The classification scheme using CART resulted into 5 groupings. The most important variable on 
which the data are split is gender, followed by education and the age group of respondents. Marital status 
was not found to be important in explaining travel duration. Table 1 shows the mean travel durations (in 
minutes) per person per day and the standard deviations (in parentheses). This is displayed following the 
derived categorization scheme firstly, for the training data set (75% of the combined data), the testing set 
(25% of the combined data) and finally for the simulated data, in the last column.  

Table 1: Comparison of the Durations of Work Trips per Participant per Day 
No. in  No. in   Mean in minutes (Standard deviation) 
Training 
Data  

Testing 
Data  

Categorization Scheme Training  
Data  

Testing  
Data   

Simulated  
Data  

640 219 Gender1=2 25.52(21.33) 25.49(23.92) 25.85(23.91)
55 23 Gender=1, Education2=1  21.76(18.05) 27.52(28.38) 23.51(23.79)
369 130 Gender=1, Education=2, 3, 4, 

Age group3 =1, 3 
32.31(33.56) 41.02(61.09) 32.62(35.36)

325 96 Gender=1, Education=2, 3, 
Age group=2 

36.10(38.42) 34.57(51.27) 34.47(36.12)

187 51 Gender=1, Education=4, Age 
group=2

43.10(40.67) 51.99(59.89) 40.58(42.03)

1599 527 Overall 31.01(31.52) 33.53(45.56) 30.49(31.93)
1Codes 1, 2 are defined as male and female respectively; 2 Codes 1,2,3,4 are Primary school, Junior high school, High school and College or 

University respectively; 3Codes 1,2,3 are ‘16-34’, ‘35-54’ and ‘55-75’ years respectively. 
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The results of the categorization scheme reveal that males aged between 35 and 54 years with at least 
College or University education travel for the longest duration per day followed by males in the same age 
group with junior high or high school education. Furthermore, males with primary education are found to 
travel for the shortest duration. It can be noticed that the travel duration of females tends to be homogeneous, 
irrespective of their age and education. This trend is also observed in the simulated data. The testing data set 
follows more or less the same trend but with a few deviations. This could be attributed to chance and smaller 
samples. It can also be noted that there is high variation between peoples’ travel durations per day across all 
generated ‘homogeneous’ groups. Generally, the results show that the simulated travel duration data does not 
dramatically differ from the real survey data.  

4 Conclusions  
This paper has utilized travel survey data and time use data from Flanders, combined with population 

socio-demographic as the base data. Conditional on the travel purpose, the combined data were split into two 
sets. The training set was used to classify individuals into groups that exhibit similar ranges of travel 
durations. The generated groups were then used as the basis of the simulation. The reserved testing set was 
exploited in making comparisons with the simulated data. Overall, it becomes clear in this study that 
simulated travel data provides relatively accurate travel estimates. Simulated travel data can thus replicate 
real survey data and can be viewed as a good supplement of travel survey data. This approach serves as a 
powerful and practical tool in situations where travel data is lacking or inadequate. It further enables working 
with much larger samples. However, it is evident that any systematic biases or unusual behavior in the base 
travel data would also be reflected in the simulated travel data. If the existing data does not adequately 
capture the behavior of the representative sample, then, neither will the simulated data. 
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1. Introduction 

As translational research becomes more complex, and many studies are conducted as multi-center 
trials, it is critical to develop efficient scalable data systems to support this critical research into new 
treatment intervention and prevention approaches.  Such data systems should closely, capture 
electronically, and be driven by the underlying “business metadata”.  Metadata contain information about 
the data being collected.  The technical metadata, such as field format, length, derivations, etc, are 
captured automatically through the creation of the data system.  The business metadata are just as crucial, 
containing the information required to interpret and analyze research results, such as definitions, data 
collection directives, and code values. A method for electronic documentation and capture of these 
metadata is often overlooked, but should be a critical component to any database system. 

International standards in vocabularies and information models also are critical to the flexible 
interchange of research data within and across institutions.  International standards for the common 
semantic representation of biomedical information are emerging through several initiatives, including the 
Health Level 7 Regulated Clinical Research Information Model (HL7 RCRIM), the Clinical Data 
Interchange Standards Consortium (CDISC), the National Cancer Institute’s Cancer Biomedical 
Informatics Grid (caBIG), and the Biomedical Research Integrated Domain Group (BRIDG) information 
model.  Incorporation of such information standards will allow for data interchange across multi-center 
studies, and sharing of data across institutions to uncover patterns and speed new biomedical discoveries.  

In this presentation we describe two database systems for multi-centered research that are 
metadata driven and have adopted emerging international data and information model standards. The 
Physical Therapy Clinical Research Network (PTClinResNet) supports a clinical research network 
assessing outcomes following evidence-based physical therapy interventions across and within four 
disability groups.  The second system, the Cancer Automated Laboratory Adverse Event Grading Service 
(CALAEGS), provides automated grading of laboratory results using the Common Terminology Criteria 
for Adverse Events (CTCAE) used for oncology clinical trials.   
 
2. Physical Therapy Clinical Research Network (PTClinResNet) 
 The PTClinResNet is a multi-disciplinary, multi-institutional research network designed to assess 
outcomes for health-related mobility associated with evidence-based physical therapy interventions across 
and within four different disability groups.  PTClinResNet consists of one coordinating center, five 
primary satellite sites, and two sets of out-patient clinics. The team of scientists collaborating under the 
umbrella PTClinResNet is a diverse group of researchers whose primary research training provides 
expertise across relevant but diverse disciplines including biomechanics, kinesiology/movement science, 
clinical psychology, health services, and neurorehabilitation. The Data Coordinating Center (DCC) is 
located at University of Southern California.  A key objective of PTClinResNet is to generate evidence to 
evaluate the efficacy of physical therapy interventions, to be accomplished within one multi-site Phase II 
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randomized clinical trial (RCT) and three Phase I RCTs.  Each of the four projects focuses on a different 
disability group (adult stroke, pediatric cerebral palsy, chronic spinal cord injury, and low back disorder), 
to identify and test physical therapeutic strategies for improving function and participation.  

The network has adopted the International Classification of Functions, Disability, and Health 
(ICF), approved in 2001 by the World Health Assembly, because of its acceptance by healthcare 
professionals and its research potential to identify important interactions and links between outcome 
measures. The ICF is currently being applied in clinical research and clinical practice in areas including 
rehabilitation medicine. The ICF classification is an effective organizational framework to allow 
assessment of outcome interactions that are associated with health-related problems (i.e., body 
function/structure impairments, activity limitations, participation restrictions) and across disease or injury 
specific health conditions. When completed, results from this comprehensive set of investigations are 
expected to provide practical clinical guidelines for rehabilitation practitioners for optimal intervention 
strategies for a variety of conditions.   

The RCTs of  PTClinResNet need to be supported by a common information model and database 
system that can manage the different study designs, and the many challenges for data acquisition, 
implementation and data analyses.  The PTClinResNet  DCC infrastructure allows for centralized project 
design, database management, and data analysis across the four clinical trials and multiple sites in the 
network, providing biomedical informatics and biostatistical expertise to all network nodes (i.e., clinical 
trials and sites). An important function of the DCC is to develop standardized project protocols and data 
collection instruments that are consistent and easily accessible from any network node. 
 PTClinResNet  implemented a data management system consisting of the database and web-based 
data entry applications for each project.  From this system, it is possible to generate comprehensive 
reports on project development progress, participant safety, and dataset completeness.  The database is 
designed to follow a relational model with each dataset representing a data collection instrument.  Studies 
that share data collection instruments have common datasets. The database is normalized to avoid data 
redundancy and allow scalability in the size of the dataset, with each dataset record representing the 
measurement for a specific participant at a particular time point (e.g., baseline evaluation, post-
intervention). The web-based applications and statistical software interfaced with the database through 
structured query language (SQL).  Various types of relationships were defined in SQL to join participant 
enrollment data with information, evaluation, and intervention data.   This allowed tracking and reporting 
of participant progress through the project, customized datasets for statistical analysis, and enhanced 
cross-dataset integrity checks.    
 The web-based application allows database transactions, i.e., the entry of data from the data 
collection form to the SQL database, or the exporting of data from the SQL database to a SAS or SPSS 
database for analysis and/or reporting purposes. The applications were programmed to ensure data quality 
and user-level security, as well as database integrity. For new participant identifications, the system 
requires clinical information and project inclusion and exclusion data to be entered to confirm participant 
eligibility.  The participant summary page displays important participant information and tracked their 
progress in the clinical trial (e.g., visits, evaluations).     
 A uniform standardized data dictionary was defined for PTClinResNet to allow for multi-site data 
entry and analysis, and across-study comparisons. The data dictionary is a structure that stores the 
business metadata, serving a two-fold purpose: actual creation of the database and providing 
documentation for data analysis.  The data dictionary includes a descriptive variable name, the data type 
(integer, character, decimal), the specific question as it appears on the data collection instrument, and the 
coding and quality control parameters for every variable. As an example: a) variable name = GENDER, 
b) data type = INTEGER, c) question on form = WHAT IS THE PARTICIPANT’S GENDER?, d) codes 
= 1 (MALE), 2 (FEMALE); e) field length = 1 DIGIT; f) quality control = REQUIRED DATA POINT. 
Quality control features also utilize metadata from the data dictionary to prevent common errors; for 
example, permissible range (= minimum, maximum) in the data dictionary to prevent or challenge 
potential outliers. 
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3. Cancer Automated Laboratory Adverse Event Grading Service (CALAEGS)  
Data and safety monitoring of ongoing studies is mandated by federal regulations to maximize 

patient safety throughout the research process and to ensure that the research remains scientifically and 
ethically sound.   Timely and accurate reporting of Adverse Events (AEs) is particularly critical during 
the conduct of clinical trials.  The goal of the CALAEGS project is to develop an open source caBIG-
compliant module that will receive submitted laboratory test results on clinical trial participants and 
establish the correct grade of any AE associated with the lab result.  The service utilizes the Common 
Terminology Criteria for Adverse Events v3.0 (CTCAE), provided by the NCI, as an underlying standard.   

While only about 13% of the AEs in the CTCAE v3.0 are quantitative, these account for a 
significant number of the serious AEs that are reportable.  Because spontaneous reporting of manually-
derived severity grades has been the primary method of monitoring, AEs are often underreported.   Even 
when manual chart review is effective in identifying AEs in the research setting, it is very costly, time-
consuming , and labor intensive.  Furthermore, manual processes are error-prone and subject to delays, 
and organization of the AE grading criteria do not support efficient and effective traversal by clinicians 
and support staff.  Through recent advances in information management processes, laboratory results are 
now more readily available in electronic form for evaluation of clinical trials participants. 

The CALAEGS project is being conducted by faculty and staff at the City of Hope (COH) 
National Medical Center in Duarte, California, with administrative support from the national Association 
of American Cancer Institutes (AACI).  A similar application was previously developed and has been in 
use by Clinical Research Associates (CRAs) at COH for over a year, resulting in more than 2000 
instances of automatically graded sets of lab results. This project is focused on extending the COH system 
to one that follows information model and vocabulary standards to meet the criteria for “silver-level” 
compliance with the caBIG initiative.  The primary objectives of the CALAEGS system are to:  1)  receive 
laboratory data in a variety of formats; 2) automatically evaluate the laboratory results for clinical trials 
participants; and 3) identify and grade AEs using the CTCAE v3.0.  Although informal experience 
already supports the many benefits of such an automated grading system, a more formal evaluation is 
underway to demonstrate that use of this information technology solution will facilitate more timely and 
accurate reporting. 

A main focus of the lab grading module is to be a stand-alone tool that can be used by any Cancer 
Center to assess laboratory data collected from any laboratory system.  To meet the needs of the larger 
research community, a representative group of domain experts have been solicited for requirements 
gathering and system testing, including potential CALAEGS adopters from over 10 different academic 
research centers.  Because of the open source standards-based metadata driven nature of the system, 
ultimately CALAEGS could be readily adopted by any research center worldwide.   
 The CALAEGS module consists of a data service that is used by the cancer center community.  
The application is expected to support multiple interaction methods, making it usable by a wide audience 
with diverse technology profiles.  Other standards-based services developed by the NCI, such as the 
caAdopter data transformation tool, will be utilized in conjunction with CALAEGS.  The development 
process for this system utilizes the standardized information modeling and vocabulary curation, and 
applies the NCI’s caCORE model-driven Software Development Kit (SDK). 
   CALAEGS supports multiple methods for submitting laboratory data (e.g. delimited files, HL7 
v2.0, v3.0, generic XML web services, grid services).  It employs the CTCAE v3.0 grading criteria to 
assess laboratory results, providing the appropriate AE category-term and grade. The application provides 
unit of measure conversion/mapping in order to ensure compatibility between local site laboratory data 
and CTCAE grading criteria, and supports multiple methods for returning graded laboratory-AE data (e.g. 
report, XML message, delimited file, HL7 v2.0, v3.0).  The output file tracks graded output and facilitates 
communication between user and service provider to report and resolve possible grading errors. 
 The specifications of the software engineering options included the following:  1)  All software 
components utilized in this solution must be open source and freely distributable; 2)  The software must 
adhere to technical and operation principles of the caBIG program and the unified process; 3) The 
solution must meet HIPAA privacy standards, requiring that all protected health information (PHI) be 
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removed or de-identified prior to electronic transfer; and 4) The solution must address 21 CFR Part 11 
compliance guidelines.  A data-sharing agreement is not needed between local site users and a centrally 
hosted grading service as no data are persisted by the grading service.  A down-loadable version of the 
system is available to implementation on a local server, with an automated installation process and full 
user guide.  Release 3.0 of the centrally hosted version of CALAEGS can be accessed at 
http://calaegs.coh.org 

4. Discussion 
The network structure is ideal for building research capacity and fostering multi-site, multi-

investigator clinical research projects. By developing the common data dictionary and metadata, benefits 
of the PTClinResNet database infrastructure include the opportunity to investigate interactions within and 
between disability groups. In addition the shared ICF framework with some shared outcome measures 
such as the health status inventory, SF-36, allow for exploratory analyses across disability groups.  At the 
DCC, federated databases are being developed from elements of PTClinResNet to integrate clinical, MRI 
and fMRI data, with the goal of promoting interesting data queries to better understand the mechanisms 
associated with improvement in treatment outcomes.  This work has been fueled by a National Institutes 
of Health Roadmap initiative to promote Exploratory Centers for Interdisciplinary Research. Our project 
aims to establish a center for New Directions in Stroke Rehabilitation.   

Another critical benefit of this clinical research network is the opportunity to leverage the 
infrastructure for future clinical trials.  Investigators associated with PTClinResNet were recently awarded 
an NIH clinical trial grant to conduct a phase III definitive RCT, of a specialized locomotor training 
program to improve 1-year walking outcomes of individuals post-stroke compared to a low-intensity 
exercise comparison group. Components developed for PTClinResNet were utilized to build the multi-site 
database for data entry, standard report generation (e.g., actual vs. projected recruitment, quality control 
reports, posting of Steering Committee minutes) and a Discussion Board to facilitate investigator 
communication.  Several other spin-off studies also use the database system tools that were initially 
developed for PTClinResNet.   

The product benefits to be derived from the standards-based open source CALAEGS module 
include: automated assessment of lab values to assist CRAs with AE data collection; improved more 
efficient resource utilization through diminished redundant data collection and resultant time savings; 
decreased human errors that occur as a result of the current manual transcription of laboratory results and 
manual calculation/grading of related AEs; and increased accuracy in the grading of laboratory-based 
AEs identified in the CTCAE v3.0.   

CALAEGS also is generating extensible infrastructure to speed and facilitate future translational 
research.  The information model being developed will contribute to expanding the HL7 RCRIM for 
laboratory data, with a model modification proposal presented at the international HL7 meeting in 
Cologne, Germany in April 2007.  In addition the CALAEGS data model will be incorporated into and 
harmonized with the emerging international BRIDG model being developed to support future clinical 
research.  Furthermore, the CALAEGS model is being submitted to the NCI for assessment for “Bronze” 
and ultimately “Silver” level compliance with the caBIG standards for oncology research.  

Such standards-based metadata driven software system development, as found in PTClinResNet 
and CALAEGS, is the way of the future for developing interoperable efficient software systems in support 
of clinical and translational research.   
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To lighten up response burden and to speed up data collection Statistics Finland has been developing
new modes of responding that are less burdensome for the data suppliers. Collecting of the data became
easier at 2005 through the introduction of an automated reporting system as an alternative to the
questionnaire.

In Statistics Finland up to the beginning of 2005, the data were mainly recorded on a paper
questionnaire. In early 2005, a questionnaire that could be filled in on the Internet was introduced alongside
the previously used answering modes. And an automated reporting system was introduced in autumn 2005,
first for reporting data to the accommodation statistics.

Data on guest arrivals and overnight stays accumulate daily in the information system of
accommodation establishments. The aim of automated reporting is to compile accommodation statistics
monthly report automatically from hotel information systems and then send it as an encrypted, electronic
report to Statistics Finland.

Thus, before 2005 there were two types of respondents: those who answered by faxing reports
generated from their hotel information system to Statistics Finland, and those who filled in paper
questionnaires. Alongside these two forms of replying, there is now also an Internet-based questionnaire the
data suppliers can fill in online. All these modes of responding involve manual phases, either for the data
suppliers or for Statistics Finland, or for both.

The statutory data collection requires from accommodation establishments a variable input of working
hours depending on the used reporting tools. In spring 2005, accommodation establishments and their
administrations expressed a wish to Statistics Finland for the development of an electronic answering
possibility that would be as automated as possible. At that time, there was already an ongoing pilot project
for the development of an XML-based questionnaire formed with the XCola (XML-based Collection
Application) application for these statistics. XCola is an application developed by Statistics Finland for the
implementation of data collections via the Internet.

Thus, accommodation statistics had an existing collection mode in which data from an XML-based
questionnaire were saved on Statistics Finland�s data collection server. Therefore, reception of files in XML
format would not represent a major change in the data collection process of accommodation statistics. The
only problem was finding a way in which XML files could be formed from the data suppliers� information
systems.

In spring 2005, representatives of software suppliers and Statistics Finland sat around a negotiating
table to find a solution to this. A project was launched for developing a method of providing the data with a
questionnaire that could be filled in on the Internet. In addition, a solution is being devised for supplying the
data direct as a file generated from the database of an accommodation establishment. The data could be
supplied as a file direct to Statistics Finland�s server from where they could be transferred to the database of
accommodation statistics. The latter solution will shorten significantly the time accommodation
establishments need for responding. Moreover, this will give accommodation establishment chains the
possibility to use the same solution to gather data centrally from their own establishments for their own
purposes.
Definition of automated reporting

Data about arrivals and overnight stays gather daily into hotel information systems. The aim of
automated reporting is to generate a report automatically from the information system of a hotel and send it
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as an encrypted electronic transmission to Statistics Finland. This will take place once a month so that a
function added to the hotel system creates and XML file which the system then sends as an encrypted Web
Service transmission to Statistics Finland.

The technology used in the automated reporting also facilitates the sending of  compiled reports to
other destinations chosen by the accommodation establishment, such as the central, regional or
administrative office of its own chain. On the other hand, together with the software suppliers the
accommodation establishments can produce tailored reports for the precise needs of their own hotel chain.
Because the reporting happens direct from the user interface, the data can be reported immediately once the
month has changed.
The data collection process of the electronic data transmission

The electronic data collection for accommodation statistics comprises two collection alternatives. One
is the Internet-based XCola questionnaire and the other the automated data collection. Figure 1 describes the
electronic data collection process.

In Figure 1, the Integration server represents the server for the automated data collection and the
XCola server the server for the Internet-based questionnaire. If the respondent replies using automated
reporting, the received data are transferred to the XCola server and to the Internet-based questionnaire within
a short delay. Thus the data suppliers can use the Internet-based questionnaire to view the data they have
sent.

The team responsible for the accommodation statistics can transfer the data from the XCola server to
the production database when required. Before they are saved in the production database they are subjected
to a number of verifications of logicality. For this purpose we have also introduced an application for
examining erroneous or significantly deviating data. If critical errors are found the data are verified with the
data supplier and then corrected.

Figure 1 Diagram of the electronic data transmission
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Piloting of automated data collection
A pilot project on the automated data collection was implemented in autumn 2005 with Hotellinx

Finland and Hotellinx Systems Ltd. According to the representative of Hotellinx, implementation of the
function into the production system only required the work input of a couple days. Bigger problems, as we
later discovered, were getting the updated version of the system to the customers and introduction of the new
function. In a number of establishments the person responsible for system updates is not the same person
who sends the reports to accommodation statistics. Thus, the reporters of the data are not necessarily aware
of the new function.

There were no problems in the implementation of the function. Once Hotellinx had produced the first
version they made a test transmission to Statistics Finland. The test transmission was checked at Statistics
Finland and found to be precisely as it should have been. After this Hotellinx supplied the new software to
the first hotels and the new function was again tested from their information systems. After this, the number
of new users has been growing as hotels have been updating their system software and reporters have learned
about the new function.

The introduction of electronic data reporting have also reduced working hours used for data handling.
In figure 2 there are working hours used for data handling before and after electronic data reporting have
been introduced. From those numbers we can see that introduction of electronic data reporting have reduced
working hours. Thus there are more time for data analysis.

Figure 2. Working hours used for data collection, editing, reminders and feedback

Encountered problems
Some problems have also emerged as the project has progressed. Some of them we were prepared for

but some came as a surprise. A few of the encountered problems are described below.
Enterprises using the direct transmission facility have had problems with opening days and available

rooms. Enterprises do not necessarily indicate in their files if their establishments have been closed for a few
days, which affects occupancy rates. If the establishments could view and check their data they would be
able to correct deficient or erroneous data. Recording of overnight stays has also proven a problem when an
accommodation establishment offers both hotel rooms and other forms of accommodation, such as caravan
pitches. Some of these establishments have recorded all overnightings as overnight stays in rooms.

Another practical problem occurred in the distribution of information and in the introduction of
automated reporting. Because Statistics Finland does not know which software each data supplier uses, it can
only market the new function within certain limits. The software suppliers in turn communicate with ADP
experts. Thus, information about the possibility of automated reporting has not always reached the person
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responsible for sending the data.
The biggest concern on automated data reporting is how to motivate all software vendors to implement

this function. One country is a small market for a global software house. Thus we need to have bigger market
area, that way we can create more volume. How about European or International standards of automated data
reporting?
Conclusions

From the point of software suppliers and further diffusion of automated data collecting it would be a
major advantage if transmissions of the same format could be received in as many countries as possible. This
way, automated data collection could be introduced as rapidly as possible into as many programs as possible.
If each county defines its own data transmission rules the software suppliers have to produce a separate
transmission program for every country. If the software vendors need to build only one system this would
also mean faster implementation in all collaborating countries.

We could create international standards for file format, data transfer and file description. Then software
vendors would need to build only one system that would work in all countries. This means that there is only
one standard file format that is includes all necessary data and the idea would be: Take what you need leave
the rest.

Because many of the software suppliers operating in Finland are international software houses, this
automated reporting could also be introduced elsewhere. Hotellinx System Ltd., for example, also operates in
Ireland and the United Kingdom, the Baltic countries and Sweden. The function could be introduced in these
countries by delivering to the software suppliers the necessary file description and the IP address to which
the Web Service transmission can be sent.

Apart from reducing the work involved in data entry the automated data collecting also speeds up the
reception of data from accommodation establishments. Because the data become available more quickly,
Statistics Finland is also able to provide related information services faster. Thus, in future Statistics Finland
can supply the reports ordered by hotel chains on the overnight stays of the chain and the target area within a
faster timetable than before. We can already supply to the chains faster instant statistics on the activities of
the chain�s own establishments. Other services from the statistics on tourism are also expected to speed up
once the automated data collecting becomes established as a reporting tool especially among large
companies.

At least in Finland many establishments gather data on the activities of their own and at the moment
most of this is done manually by exploiting ready reporting print-outs. This being the case, the data must
sooner or later subsequently be saved manually in file format. The automated reporting also gives
establishments the possibility to collect data for their central administrations on the activities of their own
establishments by exploiting the data transmission function of the automated reporting. At the same time as
they send a file to Statistics Finland they can also send it to another destination of their own choice. If an
establishment so wishes, it can also send other files to an IP address of its own choosing.
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Beyond Analytics to Improve and Manage your Organization Perfor-

mance

Udo Sglavo
SAS International
E-mail: Udo.Sglavo@sas.com

ABSTRACT

Top-performing organizations are relying more than ever on analytic insight to drive critical business
decisions. This trend means that new frontiers of statistics are increasingly being motivated by the
complex data and strategic business problems encountered in corporate and government environments.
SAS has responded to the changing market by providing an integrated platform for applying the latest
analytical techniques to not only manage your organizations performance, but improve it. This paper
provides an overview of how SAS’ comprehensive suite of analytical tools can be applied to your
business in order to stay on top in today’s ever-changing marketplace.

Keywords. SAS Analytics.
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ABSTRACT

Integrating information systems is one major concern among companies and institutions. Actually,
this is widely accepted as a critical factor of success of any organization. As main producer of official
statistics in Portugal, the National Institute of Statistics (INE) recognizes the potential impact of
this reality, and wants to take the opportunity to improve the existing production processes through
information systems integration and a new process driven approach. Thus, INE is developing an
integrated system to support the statistical production, mainly composed by four subsystems: (1)
metainformation; (2) population and samples; (3) data treatment and analysis; and (4) the manage-
ment of respondent and data collection processes. This architecture will be applied to new systems
and the existing ones will be updated or rebuilt. Concerning existing INE’s data collection activity,
the management of processes and the respondent relationship are mainly conducted through subsys-
tems that support each survey or group of surveys. There is low level of sharing control data between
those applications, and this is a factor that limits a wide and flexible management of data collection
processes and resources. It is also believed that a considerable use of time and specialized resources
to develop and maintain applications can be optimized through an integrated approach. Otherwise,
this is an opportunity to question, rethink, and change the existing data collection processes, in order
to reach a higher level of optimization and quality. This poster will present the respondent and data
collection processes management system, its interaction with the other components of the integrated
production system, the present development status, the benefits already achieved, the lessons learnt,
and also it will indicate the next steps to be taken in this domain.

Keywords. Official statistics, data collection, integrated processing systems, control data manage-
ment, respondent relationship.
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Médiamétrie dans un pays en développement : cas d’une 
enquête sur l’audience et la portée des médias réalisée au 
Bénin. 

Par : Félicien Donat Accrombessy, 
Ingénieur Statisticien , Chef Service Etudes et Recherche, Agence Nationale Pour l’Emploi S/C 01 BP 323 
Cotonou, Bénin 
afdet_accro@yaho.fr 

1. Contexte de mise en œuvre 

Le Bénin qui a accédé à la souveraineté nationale et internationale en 1960 a connu des contextes 
sociopolitiques marqués par une instabilité notoire jusqu’en 1972 (plusieurs coups d’Etats 
militaires), puis un régime « révolutionnaire, marxiste-léniniste » jusqu’en 1990.  
En 1989, le vent démocratisation en Europe de l’Est avec la chute du mur de Berlin, la réunification 
de l’Allemagne, a aussi permis avec la fin de la guerre froide un renouveau démocratique au Bénin. 
Le pays, à l’issue de l’historique conférence nationale de février 1990 a renoué avec le processus 
démocratique en se dotant d’institutions de pouvoirs (l’exécutif) et contre-pouvoir (Assemblée 
nationale, Haute cour de justice, Cour constitutionnelle, Haute autorité de l’audiovisuel et de la 
communication, Conseil économique et social, Cour Suprême). Ces différentes institutions sont 
effectivement entrées en vigueur à des dates différentes, mais le pays a régulièrement connu des 
élections (présidentielles, législatives) ayant révélé la forte participation des populations. Ce 
renouveau de la démocratie au Bénin s’est accompagné d’une prolifération des médias privées : on 
distingue aussi bien les médias locales, régionales qu’internationales. 
C’est pour mesurer l’apport de cette presse dans la vie politique, sociale et économique du pays que 
l’Institut National de la Statistique et de l’Analyse Economique (INSAE) a mené par le biais du 
Centre de Formation des Agents Techniques de la Statistique une enquête de médiamétrie sur la 
portée des changements survenus grâce à la liberté d’expression et de presse dans le pays. 

2. Méthodologie 

C’est une enquête par sondage qui a été réalisée dans les deux plus grandes villes du pays : 
Cotonou, la capitale économique avec près de 1 million d’habitants qui gravitent autour de la ville 
et Porto-Novo, avec pas moins 400 000 habitants. Il a été procédé, en l’absence d’un système 
d’audimat à un échantillonnage à deux degrés. Le premier degré ayant permis à partir des zones de 
dénombrements issues du 2ème recensement de la population et de l’habitation de 1992 de 
sélectionner dans chaque ville les arrondissements à enquêter. La deuxième phase a consisté à 
identifier les ménages entrant dans l’échantillon. Dans chaque ménage, sont enquêtés les individus 
ayant au moins le niveau de 6 ans d’éducation de l’enseignement primaire, c'est-à-dire le CM2 pour 
ce qui concerne les enfants. Pour les adultes, la condition à remplir était de savoir lire et écrire 
(volet presse écrite). 
Deux questionnaires ont été conçus :  

- le premier concernait la presse écrite (journaux, revues, périodiques) et la radio ; 
- le second intègre en plus de la presse écrite et audio (radio), la presse télévisuelle.1

Les questions posées permettaient d’avoir des renseignements sur les caractéristiques des 
populations enquêtées (Groupe d’âge, sexe, profession, statut dans la profession, etc.). 

                                                
1 Au moment de cette enquête, il y avait deux chaînes de télévision dans le pays : la chaine nationale (ORTB) et la 
chaîne privée (LC2). Aujourd’hui, il y en a près d’une dizaine dont  au moins 4 émettent à Cotonou, la plus grande ville 
du pays. 
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Les questions sur la presse écrite permettaient de renseigner sur le type d’organe, les rubriques 
préférées par les lecteurs (politique, économie, santé, éducation, religion, culture, société et faits 
divers, etc.) 
Les questions relatives à la presse audiovisuelle avaient trait au type d’émission (journal télévisé ou 
journal radiodiffusé, musique, cinéma, documentaires, débats politiques, etc.). 
L’enquête a permis de mesurer un certain nombre d’indicateurs et d’apprécier l’engouement des 
populations pour les médias et surtout de faire le classement, pour chaque type de média, des titres 
les plus lus, des radios les plus écoutées et de la chaîne de télévision la plus suivie en tenant compte 
des plages horaires ou du type d’émission selon le cas. 

 3. Principaux résultats obtenus. 

L’enquête a permis de dégager un certain nombre de résultats très intéressants. 
En ce qui concerne la presse écrite, elle a permis de constater que le taux de circulation des 
journaux est assez élevé : cela signifie que le même journal acheté par un individu peut passer dans 
plusieurs mains différentes. 
 Les rubriques qui passionnent les lecteurs sont : 

- les titres « ronflants » sur un événement politique, quand bien même la plupart des enquêtés 
reconnaissent que très souvent le contenu de ces articles sont vides ; 

- les faits divers et faits de société, car les lecteurs sont avides de sensationnel, d’événements 
extraordinaires ; 

- les événements politiques, tels que la composition d’un gouvernement, ou même l’annonce 
d’un probable remaniement ministériel ; 

- la publicité, les offres diverses, ... 
De façon spécifique, cette tendance générale peut révéler des particularités selon le groupe 
d’appartenance socioprofessionnel de l’individu. 
Pour classer les journaux de la presse écrite, il a été demandé aux enquêtés leur préférence dans 
l’ordre, sur un rang de 1 à 5,  pour les quotidiens, les périodiques, les revues et parutions 
internationales. 
Par la suite, des points ont été attribués à chaque organe en utilisant une échelle de Linkert et 1 à 5. 
Ainsi, le journal qui est classé 1er par un enquêté a 5 points, le 2ème a 4 points, le 3ème a 3 points, le 
4ème a 2 points et le 5ème a 1 points. En additionnant le nombre total obtenu par un organe (dans sa 
catégorie) et en faisant le classement, on obtient la côte de chaque organe de presse. 
La méthode a été utilisée pour classer les radios et les télévisions. 
En ce qui concerne la télévision par exemple, c’est le journal télévisé de 20 heurs qui attire les 
téléspectateurs, confirmant le désir d’être informé d’une société qui aspire de plus en plus à la 
liberté d’opinion et d’expression ; les plus jeunes sont attirés par les films, les spectacles, etc. 
Ceux qui sont d’un certain niveau d’éducation donné préfèrent quant à eux les débats politiques ou 
les débats de société. 
A la radio, en plus de la recherche de l’information, ce sont les émissions de musique, de distraction 
et aussi les reportages sportifs (idem pour la télévision) qui sont appréciés par les auditeurs. 
Cette enquête a aussi permis d’avoir une idée de la part des ménages qui disposent d’un poste de 
télévision, et aussi a révélé un fait de société assez nouveau : les personnes qui n’ont pas de poste 
téléviseur vont chez les voisins (même parfois à l’extérieur de leur domicile quand il n’y a pas du 
tout de téléviseur dans la maison) pour regarder les feuilletons et autres téléfilms (brésiliens, 
américains, …). 
Les émissions interactives qui permettent aux auditeurs ou téléspectateurs d’intervenir en direct 
pour faire des dédicaces ou donner leur point de vue sur un débat sont aussi prisées par les 
populations enquêtées. 
L’enquête a aussi révélé les habitudes d’écoute des enquêtés : écoute en famille, entre collègues ou 
amis, les horaires d’écoute, les jours d’écoute, … Ainsi, le dimanche, les gens regardent plus la 
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télévision que les autres jours car ils sont de repos, ce qui leur permet d’être en compagnie de leur 
famille ou de leurs amis. 
Les tableaux suivants présentent quelques résultats récapitulatifs. 
Tableau 1 : Heures de présence devant écran et sexe (%)  
 Lundi Mardi Mercredi Jeudi Vendredi Samedi Dimanche Max Min 
  H F H F H F H F H F H F H F H F H F 
                   

 06h-08h 
      
4,6    

      
2,6    

      
4,2    

      
1,9    

      
4,0    

      
2,3    

      
3,9    

      
2,1    

      
4,2    

      
2,4    

      
5,8    

      
3,7    

      
7,8    

      
5,3    

      
7,8    

      
5,3    

      
3,9    

      
1,9    

 08h-12h 
      
1,3    

      
3,0    

      
1,1    

      
2,9    

      
1,2    

      
2,9    

      
0,7    

      
2,8    

      
0,8    

      
2,8    

    
29,4  

    
22,2  

    
28,2  

    
26,1  

    
29,4  

    
26,1    

      
0,7    

      
2,8    

12h-15h 
      
6,2    

      
5,8    

      
6,2    

      
5,5    

      
7,3    

      
5,7    

      
5,6    

      
4,9    

      
6,0    

      
4,7    

    
25,4  

    
22,4  

    
29,0  

    
28,0  

    
29,0  

    
28,0    

      
5,6    

      
4,7    

15h-19h 
      
4,6    

      
7,2    

      
4,2    

      
6,9    

    
11,5  

    
11,5  

      
5,2    

      
7,1    

      
7,4    

      
8,6    

    
25,8  

    
26,1  

    
31,2  

    
32,6  

    
31,2  

    
32,6    

      
4,2    

      
6,9    

19h-22h 
    
85,5  

    
85,0   

    
86,0  

    
82,6   

    
85,9  

    
82,1  

    
84,6  

    
81,4  

    
85,1   

    
82,6  

    
78,8  

    
80,5  

    
76,8  

    
78,3  

    
86,0  

    
85,0    

    
76,8  

    
78,3   

22h-01h 
    
25,2  

    
22,9   

    
25,4  

    
22,7   

    
26,2  

    
23,4  

    
25,1  

    
23,0  

    
31,0   

    
27,7  

    
35,8  

    
34,1  

    
33,4  

    
33,8  

    
35,8  

    
34,1    

    
25,1  

    
22,7   

01h-06h 
      
2,8    

      
1,0    

      
2,8    

      
1,1    

      
2,7    

      
1,0    

      
2,9    

      
1,0    

      
3,5    

      
1,9    

      
5,7    

      
3,7    

      
5,0    

      
3,9    

      
5,7    

      
3,9    

      
2,7   

      
1,0    

                                      

Max 
    
85,5  

    
85,0   

    
86,0  

    
82,6   

    
85,9  

    
82,1  

    
84,6  

    
81,4  

    
85,1   

    
82,6  

    
78,8  

    
80,5  

    
76,8  

    
78,3      

Min 
      
1,3    

      
1,0    

      
1,1    

      
1,1    

      
1,2    

      
1,0    

      
0,7    

      
1,0    

      
0,8    

      
1,9    

      
5,7    

      
3,7    

      
5,0    

      
3,9        

                   

Tableau 2 : Lieu de suivi de la télévision selon le type compagnie habituelle et par ville 

Compagnie 
habituelle TV

Total

VILLE seul avec des amis en famille
Cotonou Lieu de 

suivi TV
intérieur du 

ménage
41 70 1000 1111

chez un 
voisin ou 

parent

3 97 41 141

dans un 
lieu public

1 5 6

nulle part 2 2
Total 45 172 1043 1260

Porto-
Novo

Lieu de 
suivi TV

intérieur du 
ménage

22 33 347 402

chez un 
voisin ou 

parent

9 116 17 142

dans un 
lieu public

4 4

nulle part 1 2 3
Total 31 154 366 551
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Tableau 3 : Opinion des enquêtés sur la liberté de critique et selon la profession 

Tableau 4 : Opinion des enquêté sur la politique du Gouvernement  et selon  la profession 
Profession Total

Politique du 
Gouvernement 

Profession 
scientifique / 

libérale

Cadres 
de 

l'Admini
stration

Comm
erce

ServiceAgriculture / 
Elevage / 

Pêche

Artisanat Transport Autres 
professions

Elèves / 
Etudiants

non Effectif 40 62 129 133 10 126 9 112 687 1308
%  ligne 3,1% 4,7% 9,9% 10,2% ,8% 9,6% ,7% 8,6% 52,5% 100,0%

%
colonne

39,2% 53,4% 57,3% 65,2% 71,4% 52,9% 25,0% 65,1% 67,2% 61,4%

oui Effectif 62 54 96 71 4 112 27 60 335 821
%  ligne 7,6% 6,6% 11,7% 8,6% ,5% 13,6% 3,3% 7,3% 40,8% 100,0%

%
colonne

60,8% 46,6% 42,7% 34,8% 28,6% 47,1% 75,0% 34,9% 32,8% 38,6%

Effectif 102 116 225 204 14 238 36 172 1022 2129
%  ligne 4,8% 5,4% 10,6% 9,6% ,7% 11,2% 1,7% 8,1% 48,0% 100,0%

%
colonne

100,0% 100,0%100,0% 100,0% 100,0% 100,0% 100,0% 100,0% 100,0% 100,0%

4. Conclusion 
Une enquête d’audimat est très coûteuse et n’est soumise en œuvre que par des pays développés. 
Mais dans les pays en développement, où les médias, du fait de la liberté d’expression et d’opinion 
et d’expression, sont en plein essor, il importe d’apprécier les changements de comportement des 
populations, des adaptations et des mutations entraînées par la liberté de presse. C’est le but visé par 
l’enquête sur l’audience et la portée des médias réalisée en 1999 au Bénin, dans les deux plus 
grandes villes du pays. C’est enquête a permis de mesurer l’engouement des populations pour les 
médias, les changements d’habitudes qu’elles ont imposées (nombre d’heures passées devant la 
télévision, à écouter la radio). Inversement, elle a permis de remarquer comment les médias servent 
aux populations ce dont elles raffolent comme les gros titres dans les journaux, mais dont les 
contenus des articles sont souvent creux. 

5. Références. 
INSAE, 1999, documents techniques et rapport de l’enquête sur l’audience et la portée des médias 
  
6. Abstract 
It is very difficult in developing countries to measure the influence of medias on the population, 
because of the cost and the specific technique. 
In Benin, a sample survey has been implemented in 1999, to attempt to get information at lower 
cost on the impact of media (newspapers, radio and television) on a population which started a new 
democracy experience since 1990. 

Profession Total

Liberté de 
critique 

Profession 
scientifique 

/ libérale

Cadres 
l'Adminis

tration

Com
merce

Service Agriculture 
/ Elevage / 

Pêche

Artisanat Transport Autres 
professions

Elèves / 
Etudiants

non Effectif 29 48 101 122 7 112 11 87 572 1089
% ligne 2,7% 4,4% 9,3% 11,2% ,6% 10,3% 1,0% 8,0% 52,5% 100,0%

% colonne 28,4% 41,4% 44,9% 59,8% 50,0% 47,1% 30,6% 50,6% 56,0% 51,2%
oui Effectif 73 68 124 82 7 126 25 85 450 1040

% ligne 7,0% 6,5% 11,9% 7,9% ,7% 12,1% 2,4% 8,2% 43,3% 100,0%
% colonne 71,6% 58,6% 55,1% 40,2% 50,0% 52,9% 69,4% 49,4% 44,0% 48,8%

Effectif 102 116 225 204 14 238 36 172 1022 2129
% ligne 4,8% 5,4% 10,6% 9,6% ,7% 11,2% 1,7% 8,1% 48,0% 100,0%

% colonne 100,0% 100,0% 100,0% 100,0% 100,0% 100,0% 100,0% 100,0% 100,0% 100,0%
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1. Introduction 

Many scientific publications in the domain of economics and statistics are dedicated to the 
determination of living standards and social level of individuals and households. Many of those contributions 
include results of qualitative statistical analysis of available data sources and valuable information about the 
applied methods and possibilities of their application. 

Contemporary research aims in particular at analysis of the income development dynamics, its stability 
and detection of important factors affecting the level of incomes. This trend influences the contents of 
theoretical and applied contributions presented on the international level. Some works concentrated at the 
description of income development dynamics are for instance: (Paap and van Dijk, 1998, Pittau and Zelli, 
2006, Di Prete and McManus, 2000, Lillard and Willis, 1978), its stability in EU countries is considered in 
(Longford and Pittau, 2006). On the search of the most influencing factors and regional diversities in EU are 
focused the articles (Kneip and Utikal, 2001, Pittau, 2004).  

Also the progressive method of modeling based upon the use of properties of generalized lambda 
distribution quantile function (RS GLD) (see Ramberg and Schmeiser, 1974) or generalized Pareto 
distribution (see f. i. Luceno, 2006) is nowadays widely applied. Theoretical foundations of modern 
mathematical and statistical classification methods (modeling with the use of mixtures, hidden Markov 
models, generalized linear and additive models) could be found in the works: (McCullagh and Nelder, 1994, 
Fahrmeir and Tutz, 1994, Hastie, Tibshirani and Friedman, 2001, McLachlan and Peel, 2000). 

 
2. Methodology 

Simple and popular approach to the modeling of income distribution with the use of suitable simple 
distribution functions could experience some difficulties in the period of economical transformation because 
of the instability of the distribution development. Income distribution in transition economies has been 
experiencing significant changes in recent years. In the past in Eastern European countries flows of income 
re-distribution were extensively deformed to the benefit of certain part of population – all economic 
inequalities were suppressed. After year 1990 and consequent economic transformation, considerable wage 
differences appeared due to approval of private enterprising, access of foreign companies to the labor market 
and strengthening of other income sources (from property and financial operations). This change displayed in 
household income distribution as well as individual income distribution. The transformation to market 
economic system, mainly the formation of new income sources and significant differentiation of wages in 
some social classes is manifested by increasing number of discrepancies between empirical and theoretical 
income distribution (Bartošová, 2006) – these cause contamination of the model especially very high levels 
of household incomes which might be considered as outliers. Empirical distribution of incomes in some 
social classes cannot be described by unimodal probability models any more – since it is a mixture. In such 
cases, first it is necessary to decompose the mixture into its individual elements, which can be modeled by 
means of unimodal distribution (Bartošová, 2007). 
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Table 1. Structure of data sets in 1996 and 2002. 
1996 2002 Social 

class Size % Size % 
Worker 8856 31,5 1912 24.0 
Self-employed 1748 6,2 740 9.3 
Employees 6915 24,6 2170 27.2 
Self-employed farmers 131 0,5 17 0.2 
Farmers–member of cooperative 195 0,7 12 0.15 
Retired with EA members 1156 4,1 278 3.5 
Retired without EA members 8651 30,7 2533 31.8 
Unemployed 260 0,9 172 2.2 
Others 236 0,8 139 1.75 
All 28149 100.0 7973 100.0 

 
Table 2. Contamination of logarithm-normal models and reduction of sample size. (Per household, 1996) 

Outliers Reduction Social 
class Total Lower Upper 

Reduced 
scope % 

Worker 4 0 4 8852 99.95 
Self-employed 0 0 0 1748 100.00 
Employees 4 0 4 6911 99.94 
Self-employed farmers 3 1 3 128 97.71 
Farmers–member of cooperative 0 0 0 195 100.00 
Retired with EA members 0 0 0 1156 100.00 
Retired without EA members 7 4 3 8644 99.92 
Unemployed 1 0 1 259 99.615 
Others 1 1 0 235 99.58 
All 1 1 0 28147 99.996 

 
Table 3. Comparison of empirical distribution with lognormal models of reduced data. (Per household, 1996) 

Parameter Social 
class � �

2 
� 

Statistic 
LR 

Quantile 
�

2
0,95(m-4) 

Number 
of classes 

Worker 12.4116 0.07768 -77871 229.151452 108.647893 90 

Self-employed 12.2263 0.34663 2841 77.134372 59.303512 47 

Employees 12.2863 0.18970 -26102 107.819676 99.616927 82 

Self-employed farmers 12.4205 0.14646 -64507 12.684149 22.362032 17 

Farmers–member of cooperative 12.0575 0.17926 3580 14.783999 26.296228 20 

Retired with EA members 11.7821 0.19035 36141 21.366174 50.998460 40 

Retired without EA members 10.7527 0.34122 24484 3605.569098 107.521741 89 
Unemployed 11.5313 0.20973 -24380 24.795734 28.869299 22 

Others 10.9074 0.56992 8700 16.784602 27.587112 21 

All 11.7547 0.40502 4510 3210.386047 167.514305 143 

 
The basic aim for construction of the theoretic model is its maximum correspondence to the empirical 

distribution (Bartošová, 2006). Consequently, sufficient flexibility and elasticity belongs among conditions 
for choice of the model. For modeling of empirical income distribution three-parametric lognormal model is 
often used. Because of the fact that the sample file of households incomes in years 1996 and 2002 are 

sufficiently large for the construction of logarithm-normal models with parameters µ , 2σ  and γ  (where γ  
is the theoretical minimum) the maximal likelihood  method was applied.  

The maximal likelihood estimate of parameter γ  of three parameter logarithmic-normal distribution is 
numerically calculated by the following two methods:  

• search of the maximum of modified log–likelihood function. In the case of sample size n  

[ ])(ln2/1)()( 2 γσγµγ ��
� ⋅+−= n , 
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where )(γµ�  and )(2 γσ�  are maximal likelihood estimates of parameters and γ  is a chosen value of 
theoretical minimum in the model, 

• search of the minimum of likelihood ratio 

])),,(()([2),,( 22 nnpnLR γσµπγσµ �
�

�
� −= , 

where p
�

 is the vector of income empirical probability, ),,( 2 γσµπ�  is the vector of probabilities of 
occupation of particular classes and ( )np

�
� , )),,(( 2 nγσµπ��  are corresponding log-likelihood 

functions.  

Considering the character of the particular feature, we obtained the estimate by searching the 

maximum value of the function )(γ�  (minimum of the function )( nLR γ ) in the interval ( )minmax , xx− , 

where minx  and maxx  are the minimum and maximum values of incomes. The task was solved by iteration 

method – on a lattice, which density was increased in each iteration step. Corresponding iteration procedure 
was implemented in program package MATLAB. 

Validity of the logarithm-normal models was quantified by the statistic LR . The results are also 
influenced by the number of classes, where data are gathered during calculation. The problem of optimal 

number of classes m  is a matter of many titles. In this case we chose ( )5 2100/15 nm ⋅= , which is 

suitable for sufficiently large sample, i.e. for 80>n  (see Williams, 2001). 
We are informed about the quality of constructed model regarding to the margin of the distribution by 

the number of outliers (degree of contamination of the model). In order to quantify the degree of 
contamination outward sequential procedure ESDEDR /  was used (see Rosner, 1975). For the search of 
actual value suspected to be an outlier, the statistics EDR  is used, then for the testing the well known 
statistics ESD  (Extreme Studentized Deviation) is applied. The iterative procedure is implemented in 
MATLAB. In each exclusion step the parameters of lognormal distribution are recomputed. 
 
Table 4. Contamination of logarithm-normal models and reduction of sample size. (Per household, 2002) 

Outliers Reduction Social 
class Total Lower Upper 

Reduced 
Scope % 

Worker 0 0 0 1912 100.00 
Self-employed 0 0 0 740 100.00 
Employees 1 0 1 2169 99.95 
Self-employed farmers 0 0 0 17 100.00 
Farmers–member of cooperative 1 1 0 11 91.67 
Retired with EA members 0 0 0 278 100.00 
Retired without EA members 5 4 1 2528 99.80 
Unemployed 0 0 0 172 100.00 
Others 0 0 0 139 100.00 
All 4 2 2 7969 99.95 

 
Table 5. Comparison of empirical distribution with lognormal models of reduced data. (Per household, 2002) 

Parameter Social 
class � �

2 
� 

Statistic 
LR 

Quantile 
�

2
0,95(m-4) 

Number 
of classes 

Worker 12.5396 0.11878 -49567 54.599124 61.656233 49 
Self-employed 12.5733 0.32604 -128 44.168410 42.556968 33 
Employees 12.5580 0.22550 -15597 51.750966 64.001112 51 
Self-employed farmers 12.3902 0.18747 -21261 0.986616 7.814728 7 
Farmers–member of cooperative 11.0919 1.87791 123982 0.491889 5.991465 6 
Retired with EA members 11.9935 0.27834 87527 16.459187 30.143527 23 
Retired without EA members 11.1786 0.34322 42086 1137.617789 68.669294 55 
Unemployed 11.5123 0.39123 297 15.045803 24.995790 19 
Others 11.4531 0.40731 8999 10.590493 22.362032 17 
All 12.0501 0.43503 16915 761.829835 104.138738 86 
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3. The results obtained 
The results of modeling of Czech household’s income distribution in years 1996 and 2002 using three 

parametrical lognormal distribution are summarized in the tables. Table 1 informs us about the social 
structure of Czech households, table 2 and 4 contain the number of outliers and corresponding reduction of 
income data files. In tables 3 and 5 the parameter estimates of lognormal models of reduced data files could 
be found as well as values of statistics LR  and corresponding %95  quantiles of distribution )4(2

95,0 −mχ , 
where m  is the number of classes the data are dividend into. 

 
4. Conclusions  

From analysis of the structure of households came out two facts. Firstly, it can be seen that three social 
classes, the most numerous before revolution (workers, employees and retired without economically active 
(EA) members), kept their dominance and income distribution in newly developped social classes can 
minimally influence income distribution of all housholds. Secondly, it can be seen that for the majority of 
social classes the logarithm-normal distribution can be considered as suitable model of household income 
distribution. Thirdly, we can observe in the analysis aging of the population and increasing influence of 
income distribution of retired without economically active members. In this class, there’s a significant 
discrepancy between the empirical distribution and this model. The same situation appears in the case of all 
households, which is mainly influenced by this class. 
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1. Serbian Business Registration Agency – key factor of Registration Reform 

 
Very important, and one of the most successful parts of the overall Public administration reform in 

Serbia is the Reform of registration of business entities. Based on the laws that are fully harmonized with EU 
best practices, it introduced Serbian Business Registration Agency (SBRA) as a key instrument for its 
implementation. Putting very strict terms for all required activities, starting from January 2005, these laws 
forced radical and very efficient registration reform.  

In general, outstanding results were achieved by the SBRA in 2005 and 2006, including the re-
registration of more than 70,000 companies and 160,000 entrepreneurs, registration of about 25,000 new 
companies and about 33,000 entrepreneurs, processing of 80,000 applications for changes of status, name, 
etc., registration of 2,750 bankruptcy and liquidation procedures, etc. 

Among other important actions during the initial period of SBRA, the most important were: 
o Re-registration of all business entities, in two phases finished for companies 15.6.2005 / 15.6.2006. 
o Deletion from the register of all the companies that were not re-registered (15.6.2006), previously putting 

them in temporary “Inactive” status. The same process will be finished 15.6.2007 for entrepreneurs. 
As a final result, in less than 2 years SBRA has been fully established as the single institution in charge 

of coordinating business registers, in accordance with the First European Directive. SBRA's public, 
electronic Business Entity Register, centralized at republican level, provides reliable and fully available 
source of data for the Statistical Business Register (SBR) of Statistical Office of Republic of Serbia (SORS). 
 
2. Cooperation between SBRA and Statistical Office of Republic of Serbia 

 
One of the most important contributions of the SBRA was its role, defined by the Law, to actively 

provide needed data from its databases to all other public institutions. From the very beginning close 
cooperation has been established with the National Bank of Serbia (NBS), Tax Office, Pension Funds, many 
Ministries, and other interested parties. 

Still the most important partner to the SBRA is continually SORS. This high-level and ever improved 
partnership comprises many activities, but in particular: 
o Initial transfer of all data about business entities from SORS to SBRA, used as a basis for re-registration; 

It was followed by the knowledge transfer to SBRA about the maintenance of administrative registers. 
o Efficient, regular provision of complete administrative data about business entities from SBRA to SORS. 

Well-established “Feedback mechanisms” in both directions, resulting in improved quality of data. 
There are few other points important for SORS, which we want to stress: 
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o Unique ID number: SORS generates ID numbers for all legal entities, including those registered out of 
the SBRA. This number is widely used for identification of business entities in all administrative 
databases (Tax Office, Central Bank, Health and Pension Funds etc.). SBRA adopted this number as their 
registration number and took over assignation procedure for business entities. As an important feedback 
mechanism, after receiving the data from SBRA, SORS performs thorough check of ID number validity 
(logical control, and control of the number range) and promptly informs SBRA about inconsistencies. 

o Standardization of codes: Along with ID number, wherever was possible, SBRA adopted other codes 
and standards under SORS recommendation. Among them, especially important are territorial codes, 
defined by SORS and used by SBRA as information standard for both legal units and their parts. As 
defined by the Law, SORS maintains Register of territorial units for whole Republic of Serbia. SORS 
informs SBRA about any status changes for the territorial units, but SBRA also informs SORS about any 
related news collected during the registration. 

o New variables - introduced by SBRA:  
a) Registration status - Precious SBRA established new variable, helpful very much to SORS in 
recognizing status of registration activity for each entity (active, in registration process, in bankruptcy 
or liquidation process, deleted etc.). Together with tax status (that is taken over from Tax Authorities), 
these variables express levels of administrative activity of the legal unit. 
b) Data about founders - In general, SBRA data about founders are very detailed and very useful, 
especially for deriving type of ownership in SBR for the legal unit - starting from founder types 
(domestic/foreign legal unit, physical person, government etc.) and their ID numbers. 

o Data quality - effects of fastened registration:  EU recommendations decree that the registration of 
business entities should become an administrative function rather than a means of taking legal control of 
the private sector, especially not before the start up of a business. The monitoring of activities undertaken 
by business entities is left to other instruments, such as regular inspections, mechanisms to enforce 
compliance with contracts, an efficient bankruptcy procedure, the efficient work of judicial bodies and 
other. It assumes that responsibility for the data entered into the SBRA register is solely on the person 
who signed the application. Consistently, the mandatory data in the application should be as simple as 
possible. From the SORS point of view, this made received data less comprehensive then before, in some 
aspects (in case of registration via mail especially). Nevertheless, this was not so important issue, 
comparing to the completeness and availability of the data from SBRA to SORS. Improved 
comprehension and quality of data is one of the SBRA priorities for the next period. 

 
3. Updating of Statistical Business Register in regional offices (System APOLO 2006)  
  
a) Purpose and objectives of the system
- Presentation (to statisticians) of integrated administrative data about legal units and their branches 
(compiled from administrative sources: SBRA, Tax Office and Central Bank). 
- Verification (checking) and updating local unit data (in regional offices) 
- Updating SBR with up-to-date data received from local units (quarterly) 
- Dissemination of knowledge about units and content of SBR among users.
 
b) Concept

Participants in the updating process are statisticians in SORS regional offices. They conduct statistical 
researches on the basis of received address lists, as well as their knowledge of the situation on site. 

The main source for the data update is the information about enterprises and their local units, collected 
by the statisticians in regional offices while conducting regular and periodical surveys in structural business 
statistics, manufacturing, energy, trade, employment, construction, investments and other surveys, which are 
based on enterprises and local units. In addition, statisticians investigate local units by using direct contact, 
which is in fact the step towards statistical profiling. During the updating priority is given to multi-location 
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as well as big and medium enterprises. 
The central SORS office accomplishes aggregation of the enterprise level data, based on updated 

information about local units. This will lead to the usage of unique frame for statistical surveys, instead of 
particular address lists, and will be precondition for introduction of coordinated sampling system.
 
c) Phases of the System 
Generation of data (at SORS) 

This phase comprise preparation of SBR local unit database that consists of local units distributed due 
to territorial competence of each department (i.e. due to territorial code). Each part consists of: 

-   main and secondary local units located on territory of regional office  
-   secondary local units located on territory of regional office with main local unit located outside 

   -   newly founded branches (as so called "candidates" for creating of local units) 
Utilizing APOLO 2006 software (at regional offices)   

Creating of local unit (due to criteria of separate address and number of employees): 
-   based on data about already administrative registered branches (merging, deleting, verifying) 
-   verification of unit existence by direct investigation 
Updating of local unit data (address, main and secondary activities, economical activity status, 

employees, commencement date, link to enterprise/legal unit etc.)  
-   based on information collected during conducting statistical surveys    
-   data checked by direct investigation. 

Data concentration (at SORS) 
Updated data about local units are collected quarterly (via modem) in central SBR database. During 

this process data of all local units for each enterprise will be matched, logically checked and verified. 
Monitoring (at SORS) 

Every statistical survey in SORS central office uses coordinating application APOLO 2006+ that 
provide overview of complete local unit database sent to regional offices (for territory of whole republic). 
This application provides to statistical surveys monitoring of complete process of updating (for each 
quarterly cycle) and in the same time possibility for statisticians from regional offices to interact directly 
with colleagues from head office working on particular statistical survey. 

             
Figure 1. APOLO 2006 – Phases of the system 
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d) Future plans
It is planned to provide very soon possibility to update data about employees for each activity code on 

local unit level (introduction of LKAU). This will provide ranking of each activity for the local unit level as 
the base for determining main activity for enterprise level through aggregation process.
 
4. Beyond 2007 - marching together
 
Among ambitious development plans of the SBRA, there are four most important elements for SORS: 
 
o Improved data quality  

There are agreed changes in the Low on Registration, to be adopted soon, that will allow SBRA to 
complete administrative data by the data received from other sources (NBS, Tax Office). Other important 
action will be joint activity on formal national codification of other important data (e.g. Address Codes). 
Together, this will simplify and make more reliable the job of SBRA data processing in SORS. 
o “One Stop Shop” project 

This ambitious project, planned for 2007/2008, should integrate registration-related processes in all 
involved institutions – first of all SBRA and Tax Office, and then NBS, SORS, Pension funds, 
Municipalities, etc. In addition to the main goal – simpler process of registration for citizens and businesses, 
it will definitely improve substantially cooperation SORS-SBRA. 
o SBRA international projects 

SBRA is active member of ECRF (European Commercial Registers Forum), and this year will join 
EBR (European Business Register). It is also one of the members of the EC-funded, important project 
BRITE, related to the cooperation of business registers throughout Europe. As the standardization of data 
(taxonomies, etc) and processes is the key point here, it is expected that it will also influence quality of the 
data used for statistical purposes.  
o Implementation of NACE Rev. 2 into the SBRA registers (legal entities and entrepreneurs) 

In the first phase, it will comprise coordinated planning and preparations of common actions needed to 
achieve successful transition to NACE Rev.2, including necessary legislative support. Initial actions of this 
important joint project SORS-SBRA will be: 

- Provision of working materials: codebook, descriptions, explanatory notes, correspondence tables etc. 
- Dissemination of information to the employees who operate the system, assign codes or audit   

(presentations, guides, training). 
- Converting to the new classification at exactly the same time as the SORS’ Statistical Business 

Register (January 2008 for newly registered and till the end of 2008 – transition of existing units). 

Final word: By transferring the authority over business startups from a court to an administrative 
agency, Serbia cut the time it takes to start a new business from 51 days to 15-18 (only 1-5 in SBRA). In 
addition, registration reform induced other important consequences: close and open-minded relationship 
between SORS and SBRA, has already given tangible results, for both sides and for the society at all. In the 
future period, through deepened and generalized joint initiatives, we expect it to be even more fruitful. 
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RÉSUMÉ 
 
Les résultats d’une réforme du système de l’enregistrement efficace en Serbie et un fort partenariat 

établi entre SORS et SBRA, font une forte base pour un progrès essentiel des processus statistiques et surtout 
du maintien de SBR dans les offices régionales de SORS (Système APOLO 2006) 
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Introduction 

Tet marks the end of the lunar calendar and the beginning of the New Year in Vietnam.  It is an 
extremely important holiday for Vietnamese people, involving decorating the house, getting new clothes, 
preparing special dishes to entertain the spirits of ancestors as well as visitors, visiting relatives, etc.  
Festivities last in principle four days, but in fact often linger for about two weeks.  An interesting question 
arises about the amount Vietnamese households spend on food for Tet, relative to total household 
expenditures.  In this paper, we propose two MARS (Multivariate Adaptive Regression Splines) models for 
the proportion of expenditures on holiday food (relative to total expenditures), on the basis of 1998 and 2002 
data.

MARS Methodology: a Brief Introduction 

The MARS algorithm, proposed by Friedman in 1990, relies on the following basic ideas: 
• For each continuous independent variable, MARS creates a piecewise linear function with too many 

change points (knots) to begin with, and then prunes unnecessary knots via a backward procedure 
• For each independent categorical variable, MARS arranges categories for the best fit possible 
• MARS looks for suitable interactions between independent variables 
• MARS ends up with a collection of Basis Functions, which are transformations of independent 

variables taking into account non-linearities and interactions 
• MARS then estimates a least-squares model with its Basis Functions as independent variables  

MARS Models of Tet Expenditures  

One can see on Figure 1 that the distribution of the proportion of holiday food expenditures is right-
skewed and that the 2002 distribution is more variable and has shifted to the right.  The box plots in Figure 
2 reveal that proportions essentially decrease from North to South, that rural proportions are larger than 
urban proportions, and that the rural/urban gap seems to have increased in 2002.  Figure 3 display the Box-
Cox transformations used to obtain a more normal distribution for the 1998 proportions and total 
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expenditures; the same transformations are also used for the 2002 data.   

Figure 1:  Distribution of the proportion of holiday food expenditures in 1998 and 2002 with 
kernel density estimates (median=.037 in 1998 and .048 in 2002)
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Figure 2:  Box plots of the proportion of holiday food expenditures in 1998 and 2002, by region 
(from North to South) and urban(U)- rural(R)
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Figure 3:  Box Cox transformations for the proportion of holiday food expenditures and total 
expenditures and scatter plot of transforms in 1998
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We can see in Figure 3 that the transformed proportions are linearly related to the transformed total 
expenditures.  In Table 1, BCexp denotes the Box-Cox transform of total expenditures, educ the number of 
years of education of the head of household, age his/her age, hhsize the size of the household. The remaining 
independent variables are self-explanatory indicator variables.  It is clear in Table 1 that regional, 
urban/rural and total expenditure effects dominate the models; education effects are small in 1998 and  
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Table 1:  MARS models for the proportion of holiday food expenditures in 1998 and 2002 
1998 Coeff. p-value

Region 4, 5, 6 or 7? 1/0 -0.509 0.000

Max(0, BCexp - 7.850) -0.384 0.000

Region 1, 4 or 5? 1/0 0.144 0.000

Rural? 1/0 0.331 0.000

Max(0,age - 64) -0.005 0.001

Max(0,64 - age) -0.004 0.000

Max(0,BCexp - 7.676) * (region 4, 5, 6 or 

7?) 0.232 0.000

Max(0,12 - educ) -0.010 0.000

Max(0,12 - educ) * (region 2?) 0.012 0.022

Max(0,4 - hhsize) * Max(0,12 - educ) 0.006 0.000

Max(0,12 - educ) * (region 2 or 3?) -0.009 0.068

Max(0,BCexp-6.316)* (rural?) -0.091 0.001

Max(6.316 - BCexp) * (rural?) -1.338 0.000

(Kinh?) * (region 1, 2 or 3?) -0.074 0.022

(Chinese?) * (urban?) -0.136 0.000

(regions 2 or 5?) * (rural?) 0.054 0.043

Constant -2.477 0.000

n = 5,970, 10 strata, 194 PSUs, R-squared = .5462

2002 Coeff. p-value

Region 1, 2 or 3? 1/0 0.269 0.000

Max(0, BCexp - 7.683) -0.431 0.000

(Ethnic other?) * (Region 1, 2 or 3?) 0.198 0.000

(Rural?) * (Region 1, 2 or 3?) 0.086 0.001

(Region 3, 5, 6 or 7?) * Max(0, 7.683 - BCexp) -0.287 0.001

(Region 1, 4, or 5?) * (Max(0, BCexp - 7.683) 0.166 0.000

Max(0, hhsize-3) * Max(0, BCexp - 7.683) 0.015 0.000

Max(0, 3 - hhsize) * Max(0,BCexp - 7.683) -0.081 0.096

Rural? 1/0 0.081 0.000

(Region 1 or 4? * (Rural?) 0.091 0.000

(Region 5, 6 or 7?) * Max(0, BCexp - 7.683) 0.199 0.000

Max(0, 25 - agehd) * (Urban?) -0.221 0.041

Max(0, agehd - 69) * (Region1, 2 or 3?) -0.006 0.031

Max(0, 69 - agehd) * (Region1, 2 or 3?) -0.003 0.000

Max(0, 2 - hhsize) * (Urban?) -0.263 0.073

Max(0, hhsize – 6) * Max(0, 7.683 - BCexp) -0.911 0.122

Region 1, 2, 4 or 5? 0.054 0.001

Constant -2.652 0.000

n = 29,509, 122 strata, 2,875 PSUs, R-squared = .279 

non-existent in 2002.  Note that the North-South gap was identified automatically by the MARS model, 
since the algorithm created an indicator variable for regions 4, 5, 6 and 7 (Southern regions) in 1998 and 
from regions 1, 2 and 3 (Northern regions) in 2002.  Because such models are complicated to interpret, we 
propose to use the graphs in Figures 4 and 5 (urban and rural areas respectively for the Kinh, the main ethnic 
group in Vietnam) to aid interpretation.

Figures 4 and 5 imply that estimated proportions are higher for poorer households in both 1998 and 
2002 (except for the bottom quartile of the total expenditure distribution in 2002), and that in both years 
estimated proportions decrease from North to South except at the very high end of the total expenditure 
distribution. Note that in rural areas, these effects are more pronounced, with bigger differences among 
regions.  Estimated proportions are higher in rural areas.  In 2002, these effects are amplified. 

Our results are interesting in the context of positions by the Vietnamese State related to Tet; the 
State discouraged superstition but supported respect for ancestors.  It also encouraged a certain level of 
thrift at Tet time, and banned firecrackers in 1996.  Of course, as the gap between poor and rich increases in 
Vietnam, society is becoming more diverse in its living standards and spending patterns.  In rural areas, it is 
possible that goods which used to be home-made are now bought, and that drinks (canned sodas etc.) 
constitute a large part of the holiday food expenditure.  A median of about 5% in the proportion of 
expenditures allocated to holiday food is consistent with the bottom expenditure quintile eating as the top 
quintile during two weeks around Tet. 
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Figure 4:  Estimated holiday food exp. proportion versus total expenditures by region in 1998 
and 2002, in urban areas, for the Kinh 
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Note:  Regions 6 and 7 are identical, as well as regions 4 and 5 (1998) and 1 and 2 (2002).  Median total exp. is 

10,197 (Box Cox transform 7.86) and 12,146 (Box Cox transform 7.94) in 2002.  Breaks in the curves occur at about 

the 28th and then at the median of the total exp. distribution in 1998, and at about the 25th percentile of the total exp. 

distribution in 2002. 

Figure 5:  Estimated holiday food exp. proportion versus total expenditures by region in 1998 
and 2002, in rural areas, for the Kinh 
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Note:  Regions 6 and 7 are identical.  Median total exp. is 10,197 (Box Cox transform 7.86) and 12,146 (Box Cox 

transform 7.94) in 2002.  Breaks in the curves occur at about the 28th and then at the median of the total exp. 

distribution in 1998, and at about the 25th percentile of the total exp. distribution in 2002. 
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Introduction 

In Viet Nam where provinces have been competing with each other in the area of economic 

development and fast poverty reduction, government leaders, policy makers and managers as well as 

researchers usually ask the question: “Which province is better off?” Efforts in answering this question lead 

to another question: “Which indicator should be used to rank provinces?”. Traditionally, one used single 

indicators such as the Gross Domestic Product (GDP), the household income per capita, or the poverty rate 

in order to rank provinces. A recent report “National Human Development Report 2001: Doi Moi and 

Human Development in Viet Nam” (NHDR 2001) issued under the leadership and coordination of the 

National Center for Social Sciences and Humanities with the support of UNDP (United Nations 

Development Program) (National Political Publishing House, 2001) proposed a ranking of the 61 provinces 

of Viet Nam from most developed (1st position) to least developed (61st position) on the basis of the HDI – 

the Human Development Index. 

The four indicators we have just mentioned, both single and composite, give different rankings of 

provinces. As an illustration, focusing on the GDP per capita in 1999, the household income per capita in 

2002, the poverty rate in 2002, and the HDI in 1999, the rankings of four specific provinces are displayed in 

Table 1 below. Ha Noi is the capital city of the country and one of its most developed cities. Ho Chi Minh 

city is the largest and the most developed city in Viet Nam. Ba Ria Vung Tau is a province with natural oil 

and attractive beaches popular with tourists. Binh Duong is a new industrial province. 

Table 1:  Rankings of provinces according to different indicators
GDP per capita 

1999

Household Income 

per Capita 2002 

Poverty Rate 

2002

HDI 1999 

Ha Noi 3 2 5 2

Ho Chi Minh City 2 1 1 3

Ba Ria Vung Tau 1 3 7 1

Binh Duong 4 6 2 6

In this case the question arises of which indicator should be used. In Viet Nam the HDI seems to be the 

preferred indicator in ranking provinces. Experts in government circles argue that because living standards 

are multidimensional, a composite indicator such as the HDI should be more suitable than any single 
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indicator.  

The HDI was developed and used by UNDP in ranking countries in terms of levels of human 

development. The HDI measures average achievements in a country in three basic dimensions of human 

development: (i) a long and healthy life, as measured by life expectancy at birth; (ii) knowledge, as measured 

by the adult literacy rate (with two-thirds weight) and the combined primary, secondary and tertiary gross 

enrolment ratio (with one-third weight); and (iii) a decent standard of living, as measured by the GDP per 

capita (in PPP US $). 

HDI rankings in the report were felt in Viet Nam to be reasonable for Ha Noi (2nd position), HCM city 

(3rd position), and Binh Duong (6th position), but the first position allocated to Ba Ria Vung Tau by the HDI 

was considered by many to be very counter-intuitive.  It was felt that the high GDP per-capita of Ba Ria 

Vung Tau, mostly from natural oil, dominated the HDI value for the province. As a result, this province was 

not mentioned in the analysis part of the report, leading among other things to dissatisfaction in several 

quarters.

In this paper, we propose to use the technique of Kohonen maps as an alternative to this state of affairs. 

Past work in this area includes articles by Ponthieux et al. (2001) and Ramon et al. (2003). 

Kohonen Map Methodology: a Brief Introduction 

Kohonen maps, due to Kohonen in Finland, are a special case of a competitive neural network, and are 

also referred to as Self Organizing Maps (SOMs).  The web site http://www.cis.hut.fi/projects/somtoolbox/

contains a useful introduction to the methodology and a Matlab 6.0 toolbox to build the maps which was 

used in this paper.  

The basic algorithm of Kohonen maps is as follows: 

i. Begin with a grid, typically 2-dimensional, with a vector mi(t) assigned to each grid position, 

initially typically randomly, of the same dimension as the number of variables. 

ii. For each data vector x(t) find the best match c on the grid such as: 

iii. Update the vectors mi(t) as follows: 

–

Here hc(x),i is the neighborhood function, a decreasing function of the distance between the ith and     

cth vector on the grid. 

iv. Iterate this step over all available data vectors 

The resulting map tends to organize the components of the estimated vectors, the mi(t), in a monotonic 

way (increasing or decreasing), hence the term Self Organizing Maps. 

Kohonen Maps and Vietnamese provinces  

We decided to use the set of 25 variables listed in Table 2 in order to represent with the same number 

of variables (eight) each area covered by the HDI index, wealth, education and health, with an additional 

variable on household size. 

Table 2:  Indicators used in the Kohonen map
Wealth of household Education level of household Health of household 

Gdpindex99: GDP Index 

normalized between 0 and 1, and 

truncated (ppp 1999 values), UN 

index

Eduindex99: literacy rate (2/3) 

and combined enrollments rates 

(1/3), normalized between 0 and 

1, UN composite index 

Lifexpindex99: Life expectancy 

normalized between 0 and 1 (1999 

values), UN index 

Malnuunder598: Under five 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 4202 -



Hpiindex99: UN composite 

poverty index (1999) 

Gdppc99vnd: GDP per cap. in 99 

VND

Mincpccurpric: Avge income per 

cap. (current prices) 

Percexpfood: % exp. allocated to 

food

Valdurgoods: Avge value of 

durable goods 

Percpermhouse: % permanent 

houses

Povrate: Poverty rate 

Adlircy: Adult literacy rate 

Percvocswc: % with vocational 

sec. school diplomas 

Percunivcoll: % with university 

and college diplomas 

Percmsphd: % with Masters and 

PhD degrees 

Schlen3to5: School enrollment 

rate ages 3-5  

Schlenlowsec: Lower secondary 

school enrollment rate 

Schlenupse: Upper secondary 

school enrollment rate 

malnutrition rate 

Lifexpmale: Life expectancy 

(male) 

Lifexpfem: Life expectancy 

(female) 

Wgtforht: Weight for height 

malnutrition

Htforage: Height for age 

malnutrition

Wgtforage: Weight for age 

malnutrition

Matdeathp1000: Number of 

pregnancy related deaths per 1000 

Infmort: Infant mortality rate 

Hhsize: Number of members of household 

Source:  NHDR 2001 (National Political Publishing House 2001), and Figures on Social Development, Doi Moi in 

Vietnam (Statistical Publishing House, 2000).  

Figure 1:  U-matrix of the Kohonen map of Vietnamese provinces on the basis of 25 indicators 

The map is two-dimensional (8 rows by 5 columns) and each of the 40 positions is associated with a 

25-dimensional estimated component vector, obtained at convergence of the Kohonen algorithm. Each of the 

40 positions is represented by a hexagon. Hexagons surrounding an actual map position are colored to 

represent the distance to other map positions; the color of a position hexagon corresponds to the average 

distance between this hexagon and its neighbors.  For instance, the top right hexagon (HaNoi, DaNang and 

TPHCM) has an estimated vector which is not too different from that of the hexagon with BinhDuong and 

BaRiaVungTau (blue) and is moderately different from that of its neighbors (green). When the map is built, 

provinces are placed on it according to the estimated vector their data vector is closest to. 
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We can see from the map that Vung Tau, which is ranked first by HDI, now is clustered by the two-

dimensional Kohonen Map with Binh Duong, which is ranked 6th by HDI. 

We tried a one-dimensional Kohonen map with the same 25 variables. This map shows that Ba Ria 

Vung Tau has the third position.  

Figure 2 displays the estimated values of each of the 25 components used to build the map.  The self-

organizing property of the map is clearly visible, and the diagonal directions seem to essentially represent a 

wealth and health axis, and an education axis. 

The map we have constructed has a final quantization error (average distance between each data vector 

and its estimated vector) of 1.802, and its final topographic error (percentage of data vectors for which the 

map positions of the closest and second closest estimated vectors are not adjacent) is 0.000.  In future work, 

we expect to contribute further to the issue of the accuracy of a Kohonen map. 

Figure 2:  Components of the Kohonen map of Vietnamese provinces (25 indicators) 

We conclude that the Kohonen map methodology can serve as a better tool to rank provinces, 

compared to HDI. It makes it possible to take into account a wide range of indicators in the ranking. In 

general, the technique is also useful for mapping for example geographical areas like provinces into similar 

clusters onto a two (or one)-dimensional map on the basis of a larger number of socio-economic variables. 
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ABSTRACT

When it comes to international comparison of economic systems, to which commitments required by
all International financial organizations are strictly related, developing countries suffer a sort of natural
disadvantage: their benchmark. Having to be constantly compared with dynamics, logics and eco-
nomic structures featured by fully developed countries, DCs and LDCs often see their improvements,
however costly in socioeconomic terms, dismissed as inadequate. This kind of approach considers
adverse demographic conditions, lower per capita income, high unemployment rates, scarce infras-
tructures and every other possible constraint to economic development quite as exogenous variables,
instead of interpreting them according to their real nature. In truth, rather than immediately chal-
lenged on the side of quantitative adequacy, the magnitude of macroeconomic improvements, attained
notwithstanding the outlined constraints, should be assessed properly according to their correspond-
ing framework. The paper intends to move in this direction, by providing a synthetic indicator of
DCs and LDCs’ performance mainly focused on flow variables rather than stock ones. This indica-
tor, featuring a sort of conjunctural philosophy, will be built around a set of significative variables,
choosen so as to foster the relevance of short term and medium term performances and to represent
the main dimensions of an economic system (socio-economic development, growth, labour market,
foreign trade, foreign investments, financial system, business environment, etc.). Referring to paper
for technical description of the indicator, what is important to stress here is that a change of attitude
in the evaluation of DCs’ efforts towards higher level of development could represent an essential step
in helping those countries to achieve their objectives, given the increasingly stronger relation between
the expectations of economic agents and the subsequent trends of global economy.

Keywords. Developing countries; macro-economic indicators; flow variables; international compari-
son; agent’s expectations.
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How Real are the Barriers to the Use of Administrative 
Sources for Statistical Purposes? 
 
Steven VALE 
United Nations Economic Commission for Europe, Statistics Division 
Palais des Nations 
CH-1211 Geneva 10, Switzerland 
steven.vale@unece.org 

 
1. Introduction 

National statistical organisations are coming under increasing pressure to use data from 
administrative sources, both to reduce the costs of statistical data production, and to reduce the burden 
on respondents to statistical surveys. As with any major change, there are a number of barriers to 
overcome, both external and internal to the statistical organisation. 

This paper examines the main barriers, and the ways that have been found to overcome them. It 
argues that a combination of a clear vision, long-term planning, innovative thinking, and the use of 
new technologies can help to overcome, or at least reduce the impact of these barriers. 

 
2. What are the Barriers? 

There are many different barriers to the effective use of administrative data. Some are source or 
country specific, whereas others are more general in nature. In a short paper such as this, it is only 
feasible to focus on the latter category. The main barriers usually identified by statistical organisations 
are problems of access and quality. The barriers of internal resistance and narrowness of definition, 
though not often recognised, are still nevertheless present in many countries. Each of these barriers is 
considered in turn in the following sections. 

 
3. Access to Administrative Data 

There are four aspects to consider regarding access to administrative data, legal restrictions, 
policy considerations, organisational arrangements, and technical standards1. Although these are all 
important, legal restrictions and organisational arrangements are often cited as the main barriers. Each 
aspect can be regarded as requiring the implementation of a framework to resolve data access issues. 

In terms of a legal framework, many countries have a “Statistics Act” or similar legislation, to 
define the roles, rights and responsibilities of the national statistical organisation. A growing number 
of these acts include the right of access to administrative data, thus removing any legal barriers. Where 
this right does not explicitly exist in a “Statistics Act”, it may still be present through international 
legislation,2 or through national legislation relating to specific administrative sources. 

The legislative process is often slow and time-consuming, and statistics may be seen as a 
relatively low priority by legislators, so a sustained period of lobbying and highlighting the benefits of 
using administrative data, particularly the expected cost savings, may be necessary. Given all the 
efforts that are usually needed to introduce or revise statistical legislation, it is essential to make the 
most of the opportunity when it arises. In particular, it is important to avoid the mistake of proposing 
legislation that just meets current requirements. It may be ten or more years until the next opportunity 
to revise legislation, so it is necessary to have a long-term strategy for the use of administrative data, 
and to ensure that the legislative proposals meet all envisaged requirements for the foreseeable future. 
In this way, legislation can be seen as a short-term barrier, but a long-term opportunity. 

Even whilst legislation remains a barrier, it does not necessarily prevent the use of 
administrative data. The main legislative restrictions often concern the use of micro-data, i.e. 
information on individual people or businesses. Although statisticians are habitually used to working 
                                            
1 For a more detailed consideration of these four aspects of gaining access to administrative data see Vale (2006) 
2 For example, the new European Union Regulation on statistical business registers appears to give the right of 
access to any administrative data needed to allow national statistical organisations to comply with the data 
requirements of that regulation. 
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with data at this level to produce aggregate results, it may sometimes be feasible to work with non-
disclosive, low-level aggregates instead. In some cases, this could be done by simply re-defining the 
statistical unit from the individual to a group of individuals with common characteristics. 

An alternative approach whilst waiting for legislative change was recently trialled by the Office 
for National Statistics in the United Kingdom. This involved seconding a member of staff to the tax 
agency to explore the feasibility of using Corporation Tax records for statistical purposes. The staff 
member had access to the micro-data whilst seconded to, and physically working in the premises of 
the tax agency, but could only take non-disclosive, aggregate analyses back to the statistical office. 
This approach meant that various data issues could be addressed, including a proper assessment of the 
real value of the tax data, whilst simultaneously exploring the possible legal routes to gaining access. 

Even with a legal framework in place, it is necessary to rely on the goodwill and co-operation of 
the holders of the administrative data. Many countries have general policies on data sharing within 
government, which will influence the right of access to administrative data for statistical purposes. It is 
therefore important that national statistical organisations participate fully in policy development, and 
take an active part in any discussions within government that might lead to policy changes. In this 
way, any changes should be formulated in a way that gives the maximum possible benefit to the 
statistical system. 

The presence of international standards can help to influence policy decisions; the most 
important standard in this context is the United Nations “Fundamental Principles of Official 
Statistics”3. Principle 5 concerns cost-effectiveness, and suggests the use of data from administrative 
sources in this context: “Data for statistical purposes may be drawn from all types of sources, be they 
statistical surveys or administrative records. Statistical agencies are to choose the source with regard 
to quality, timeliness, costs and the burden on respondents.” 

As well as legal and policy frameworks to permit the use of administrative data, it is necessary 
to consider the organisational arrangements to facilitate data flows. Typically this takes the form of a 
written agreement between the statistical organisation and the data provider. This may be a contract, 
particularly if a private sector organisation is involved, but, if the agreement is with a government 
department or agency, it is more likely to be a “service level agreement”, “protocol” or “concordat”. 
The difference is that contracts tend to be legally binding, whereas other forms of agreement are not. 

There are certain key features that should be present in any such agreement, including 
descriptions of data, frequency of transfers, quality standards, provision of metadata etc., and it is 
particularly important to include provision for prior notice of changes to the data source. This is vital 
for the statistical organisation, to ensure that the impact of such changes on statistical outputs is 
minimised. The importance of this is well illustrated in a recent paper from the Israeli Central Bureau 
of Statistics (ICBS (2007)). 

However, apart from all of the formal considerations mentioned above, one of the best ways to 
resolve data access issues is to build close and cordial working relationships between the relevant staff 
of the statistical organisation and the administrative data supplier. This will facilitate a better 
knowledge of respective issues and priorities, and increase the possibility of statistical influence over 
the future development of the source. In this respect, some investment in terms of time for regular 
face-to-face meetings is likely to reap considerable dividends for the statistical organisation, and 
smooth the path of access to administrative data. 

 
4. Quality of Administrative Data 

There is often a perception that the use of administrative rather than survey data implies a loss 
of quality, but such judgments usually lack an empirical basis. It is necessary to make an objective 
study to determine the real differences in quality of statistical outputs. There are several possible 
approaches to such a study, which may be used in combination. It can be useful to compare sources in 
terms of coverage and accuracy of the variables, to attempt to measure the impact of different 
definitions, or to examine the overall impact on the statistical outputs. 

                                            
3 The “Fundamental Principles” (ECE (1992)), were originally agreed by the Conference for European 
Statisticians, and have since been adopted as a global standard by the United Nations.  
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The closeness of administrative units and variable to the units and variables required for 
statistical purposes is an important factor in determining the quality of an administrative source, as the 
fewer transformations that are required, the lower the risk of error or bias. Perhaps the best way to 
assess the quality of an administrative source is, however, to build up a thorough knowledge of that 
source, including the primary purpose of the source and the way the data are collected and processed, 
this is essential to allow an accurate assessment of strengths and weaknesses. 

It is particularly important to remember that there are many dimensions to quality. Those most 
often quoted for statistical data include relevance, accuracy, timeliness, comparability and coherence. 
Using administrative sources instead of survey data may have an (actual or perceived) adverse effect 
on comparability, but may bring benefits in terms of accuracy or timeliness. It is therefore necessary to 
take a holistic view of quality when comparing data sources, and to determine the dimensions of 
quality that are most important to the users of the data. Any loss of quality in one dimension may be 
more than compensated for by gains in others. 

 
5. Internal Resistance 

As hinted at in the previous section, one of the main barriers to the more effective use of 
administrative sources in official statistics, and one of the least recognized, can come from within the 
organization. Statisticians may resist the use of administrative data because they do not trust data that 
they have not collected themselves. They often focus on the negative quality aspects of administrative 
data, and have an over-optimistic view of the quality of survey data, often based on the largely 
untested assumption that survey responses actually comply with statistical norms. 

It is often assumed that data from administrative sources do not meet the requirements of 
statistical definitions, whereas those from official surveys do. However, there may not be any real 
difference in practice, particularly if survey respondents simply copy values from recent 
administrative returns, without reading the often lengthy notes about how a particular variable should 
be defined for statistical purposes. 

The solution is clearly through better education of statisticians regarding the possibilities 
offered by administrative sources, encouraging them to take a wider view of all the dimensions of 
quality, and focus on the impact on users. A further way to help break down the barriers of internal 
resistance is to show that cost savings from using administrative data do not necessarily mean staff 
reductions, but can be used to improve quality or increase the range or frequency of outputs. 
 
6. Narrowness of Definition 

Administrative sources have traditionally been defined as collections of data held by other parts 
of government, collected and used for the purposes of administering taxes, benefits or services, e.g. 
“An administrative source is the organisational unit responsible for implementing an administrative 
regulation (or group of regulations) for which the corresponding register of units and the transactions 
are viewed as a source of statistical data.”4 However, there are growing pressures to take a wider 
view of administrative data, due to:  

• Increasing privatisation of government functions: 
In some countries, regulatory functions that used to be carried out by government departments 

or agencies are being transferred to the private sector. This means that traditional distinctions between 
public and private sector functions are becoming increasingly blurred, and that previous definitions of 
administrative sources are becoming too restrictive. Examples of this transfer of functions are often 
found in the health, education or public utilities sectors, where private companies and non-profit 
institutions are increasingly replacing former state monopolies. This trend is likely to continue, and 
may extend to administrative registration functions. 

• Growth of private sector data and “value-added re-sellers”: 
The supply of data is rapidly increasing within the private sector. This started with the 

development and sale of address lists for marketing purposes, then expanded to cover the provision of 
credit rating data and business intelligence information, and has now spread to cover virtually all types 
of data. As the size of this market has increased, so has the number of businesses seeking to profit 
from it. A relatively recent development has been the emergence of private sector “value-added re-
                                            
4 Source: OECD and others - Measuring the Non-Observed Economy: A Handbook. 
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sellers” in the data market. These businesses take existing data from a variety of public and private 
sector sources, combine them, clean them, and sometimes validate them, and then re-sell them to other 
organisations. This sort of data source can be of interest to official statistics providers, as it may be the 
case that these private sector data suppliers can actually process and supply data more cheaply than 
statistical organisations, often simply because they can spread the costs amongst a number of 
customers. The “Eurogroups” project to develop a European statistical register of enterprise groups 
has recommended the use of such sources for exactly this reason. An alternative to direct use of micro-
data from such sources can be the use of aggregates for benchmarking purposes, comparing the 
coverage of target populations between private sources and official statistical registers. An exercise to 
compare the coverage of the UK statistical business register with that of leading private sector sources 
revealed statistical under-coverage of business activities in inner-city and holiday resort areas, 
illustrating the difficulties associated with covering marginal and seasonal activities in official 
statistics, as well as giving clear indications of the scale of this sort of under-coverage (Vale (2005)).   

• User interest in new types of data  
Users of official statistics are constantly requesting new types of data. Pressures to reduce costs 

and burdens on respondents to statistical surveys make it difficult to launch new surveys to meet these 
demands, so statisticians increasingly need to look for alternative solutions. As the volume, content, 
timeliness and coverage of private sector sources grows, so does their attractiveness as alternatives or 
supplements to statistical surveys. 

For the above reasons, this paper argues that it is necessary to take a very wide view of what are 
considered to be administrative sources, and proposes the following definition: Administrative sources 
are data holdings containing information which is not primarily collected for statistical purposes. 

 
7. Conclusion 

It is clear that there are considerable pressures to extend the use of administrative data in the 
production of official statistics. The speed and extent to which national statistical organisations 
respond to these pressures will vary considerably depending on national circumstances. However, this 
paper shows how to start to dispel the myths that barriers to the use of administrative data are 
insurmountable. If a statistician has an open mind, a long-term view, a willingness to learn from 
others, and the ability to apply a little lateral thinking, solutions can usually be found. 

The key issue is often the will to find these solutions. Perhaps one final comment can help to 
foster that will; as mentioned above, the scope and quality of commercial data are increasing rapidly in 
many countries, fed by technological breakthroughs in data linkage and processing techniques. If 
national statistical organisations do not respond to pressures to improve the efficiency of their data 
production processes by a more flexible use of all available sources, how long it will be before private 
sector businesses start to offer plausible, and more cost effective alternatives to key official statistical 
outputs such as population census data? 
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The Party's 16th convention reports explicitly proposed that "the primary mission of the reform of this 
century’s first 20 years economic development is to perfect socialist market economy system, impel the 
economic structure strategic adjustment, realizes the industrialization in general... ... and blaze a trail which 
promises high technological content, good economic benefits, low resources consuming, less environmental 
pollution, and full display of the human resources.” Currently our country faces the situations of the high speed 
economical growth, severe environmental condition, and the relatively deficient resources. In order to achieve 
this goal, to realize the coordinated development of the economy, the society, and the environment, the 
development circulation economy is the important strategic choice, which is also the specific manifests of 
implementing and realizing the view of scientific development. 

First, the new industrialization and the ecological civilization construction are of the intrinsic unification 
relationship.  

Viewed from the development of the human race history that, the earliest civilized shape is the primitive 
gathering civilization, and then are the traditional agricultural civilization and the industrial civilization started 
from the modern times. Continuing until now for more than 200 years, the industrial civilization causes the 
natural resource on Earth to suffer excessive consumption. People's survival environment received serious 
pollution, and human being himself also appeared intemperately inflated. The development of resources has 
received the unprecedented limit. Facing all sorts of natural retaliation, the ecological civilization is a rational 
choice which the human being must make. Take 1992 the United Nations environment and the development 
congress as the symbol, the sustainable development thought is accepted in the world scope, and the human 
society entered the transition time from industrial civilization toward the ecological civilization.People often 
believed that industrialization is the product of industrial civilization era and  often this repels the 
industrialization in the ecological civilization era. But viewed from the economic development phase which our 
country at present locates (intermediate stage of industrialization) and the basic national conditions, 
industrialization is still the basic task, the most effective way of raising the productive level at the present stage, 
and is also the modernization way our country must take. Although viewed in general, our country has already 
built up an independent, quite complete industrial and national economic systems, part of which has achieved the 
modernized level, our country’s industrialization duty is still far from being completed. The realization of 
industrialization is still in our country’s modernization advancement and arduous historical duty. On the one 
hand, our country still has a very long way to go to realize industrialization and modernization. On the other 
hand, the contradiction among the development of the country’s population, the ecological environment, the 
natural resource, and the economic society becomes prominent day by day. Upon such background, it is 
impossible for us to walk again on the pathway of traditional industrialization, but only on that of a high 
technological content, good economic benefits, low resources consuming, low environmental pollution, and full 
display of the human resources.  To realize the new industrialization is not only the objective request of the 
economical development, but also the specific manifests of the ecological civilization construction. 

Second, the development of circulation economy is the inevitable request of an ecological civilization era.  
At present the human society is at the post central period of the industrial civilization era. It is making great 

strides forward to the ecological civilization era. Parallel to the three great eras of agricultural civilization, 
industrial civilization, and ecological civilization, the human economic development pattern approximately may 
be called the natural economy, the linear economy, and the circulation economy. Divided according to the 
flowing forms of the material essential factors participating in the economic activity, the flowing form refers to 
the direct use of resources whose influence restores, and compensates in the nature itself. This is called natural 
economy. If the flowing form is of a linear characteristic, namely "resources --product --waste", which is called 
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linear economy. If the flowing form is ring-like (separate grade crossing) , namely "resources --product 
--regenerated resources", it is called the circulation economy.At present, the development of linear economy has 
met serious restriction of the environmental essential factors. Along with the revolution of the 1st spinning and 
weaving machine and the steam engine, human being entered the industrial civilization era primed by the linear 
economy. Although the social economy developed in an unprecedented scale and  speed, the relatively stable 
circulation chain of the natural ecology was intensely and crudely broken once and again. People actually 
neglected the hidden ecological disaster while enjoying the joy brought by large scale enhancement of the 
productive forces and the quickly-acquired wealthy life. The problem of the environmental pollution and the 
damaged ecology agglomerated along with the industrialization advancement. Previously our attitude to the 
treatment of pollution was merely considering the outlet question of "three wastes". The method adopted was 
"first pollute and then treat", namely “the terminal treatment”. However, along with the speeding up of the 
industrialization advancement, the speed which the pollutant increased has gone far beyond the environment’s 
own purification ability. "The terminal treatment" already walks to its dead end. More and more pollutants 
accumulate, and the ecological environment worsened increasingly. The linear economy has caused the industrial 
civilization to fall into an awkward situation. 

Third, the development of circulation economy is the specific manifest of the new industrialization  
The important elaboration of the 16th convention about the new industrialization indicated the direction to 

us on how to carry out the development of the ecological civilization construction, and how to correctly process 
the three props of  the sustainable development , namely, the economic development, the social progress, and 
the environmental protection. But what becomes a major issue which needs thorough exploration is what specific 
patterns of developing the new industrialization to bring the three props into unification in the frame to obtain 
"all wins". Viewed from the circulation economic theory and the practice of some developed countries and our 
country, the development of circulation economy conforms to our country’s national condition, and manifests the 
essential request of the new industrialization. The circulation economy is a practice pattern of the international 
society to promote sustainable development. It emphasizes the most effective use of resources and the protection 
of environment. Its performance is in the economical growth way of "the resources --product --regenerated 
resources". It achieves "minimizing the polluting discharges from production and consumption, and turning 
waste harmless or into resources” to obtain the maximum economic efficiency and the environment benefit by 
the smallest cost. The circulation economy requests to organization the entire production, the consumption and 
the waste treatment process according to the ecological rules. Its essence is a  kind of ecological economy. 
Compared with the traditional economic type, the circulation economy has three important characteristics and 
advantages: 

First, the circulation economy may fully enhance the efficiency of using resources and energy, reduce the 
waste discharge at the maximum degree, and protect the ecological environment.  

Second, the circulation economy may realize the "all wins" development of the society, the economy and 
the environment.  

Third, the circulation economy enables the production and consumption to fit into a frame of an organic 
sustainable development in different stratification plane.  

In brief, the vigorous development of circulation economy can fundamentally solve the incisive 
contradiction between the economical growth and the resource environment met in the process of economical 
development, and coordinate the relationship between social economy and resource environment. 
Simultaneously it is advantageous to improving the economical growth quality. It is the realistic need of 
transforming the way of economical growth, the specific manifest of the new industrialization, and also the 
inevitable request of the construction of the ecological civilization. Therefore, in the process of comprehensively 
constructing the well-off society, the policy, legal laws and regulations to promote the development of circulation 
economy should be sped up; the government guidance and the market advancement should be strengthened; the 
circulation economy should be vigorously advanced in the strategic adjustment of economic structure. 
Simultaneously, the green technological strut system must be developed and established. The circulation 
economy should be impelled by the green consumption, thus the economic society of our country can develop 
more quickly and much better along the new industrialization path. 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 4217 -



Monitoring, Evaluation & System Management on Process of 

Eco-Province Construction 
Hen Lin 

The Statistics Bureau of LiangShan in China 
No 1 RenMin Middle Street in LiangShan 
LiangShan ,China 
 

1. Preface 
Construction to eco-province (ecologic province) appears in China after the concept “circular economy” 

is generated. It is a higher level model for friendly development of economy, society and environment, with a 
provincial administrative region as a complex eco-economy system, which is formed on the basis of clean 
city, garden city, model city with friendly environment, model residential community with friendly 
environment, model eco-agricultural park, model eco-industrial park. Presently, the trial eco-province 
construction has been implemented in 8 provinces of China, and more provinces will be included later. In the 
process of eco-province construction, government must trace and monitor the process, timely find problems, 
development situation of different districts and gap from aim in order to make an effective administration. 
For this purpose, it is necessary to build a monitoring and evaluation indicator system for eco-province, 
establish related standards and monitoring and evaluation methods to conduct monitoring periodically.   

2. Theoretic Issues Related to Eco-Province Construction 
2.1 Connotation 
The so-called eco-province refers to the province whose ecological environment and social economy are 

friendly developing and all fields have come up to the requirements to sustainable development. As economy 
and society are developing, the expression “eco-province” is emerged.  It’s not only a strategic target, but 
further more a brand-new concept about development. We ought to consider it as a process to realizing 
sustainable development for the whole province. 

As China is and will stay at the beginning stage of socialism for a long time, we shall pay close 
attention to grasping the true meaning of the eco-province in the following aspects : 

First, for the core of the construction--sustainable development in economy in the eco-province, we 
have to steadily put the sustainable economic development at the first place in eco-province construction, 
accelerate the establishment of sustainable ecological development system. Replacing traditional economic 
development mode with circular economy or ecological economy mode is the key to eco-province 
construction. 

Second, social development system is the main part in the eco-province construction and should be 
treated as a huge social-economic systematic project. We shall integrate the ecological construction, 
environmental protection, economic construction and social development into a whole system.  

Third, we shall reinforce the base of eco-province construction--sustainable utilization of resources and 
sustainable improvement of ecological environment, protecting the elements of life-supporting system to 
keep environment from being polluted and ecologically degenerated. This is a strategic task that we must 
attach great importance in the construction. 

2.2 System structure, performances and functions 
Eco-province is a people-oriented system covering economy, society and environment. It comprises 

environment and economy development subsystem, ecological resource supporting subsystem, and social 
culture assurance subsystem. 
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Environment and economy development subsystem includes ecological industry, ecological agriculture, 
ecological forest, ecological ocean, ecological tour, green industry, and so on.Ecological resource supporting 
system includes foundational resources, clean energy resources, environmental quality, pollution control, 
nature protection, and so forth.Social culture assurance subsystem includes legal system assurance, science 
and technology supporting, devotion to environmental protection, management measures, green consumption, 
public foundation construction and environmental consciousness, and so on. 

Eco-province has its particular features as below, differing from those of natural and social systems: 
First, an all-round opening and dynamic course. Although eco-province system has a man-made fixed 

boundary, substance, energy and information are exchanging all the time in and out the system, showing an 
open system. The open nature of the system determines that the system has to keep in dynamic changing in 
order to make itself active. 

Second, a complicated and orderly multidimensional complex system. Eco-province system is not a 
simplex natural eco-system, but a natural, economic and social complex system and an orderly hierarchy 
complex system comprising multi factors and variables. 

Third, a harmonious, sound and sustainable development course. Aiming to sustainable development, 
the eco-province system applies the latest human civilization achievements into natural eco-system, makes 
the diligence and wisdom of human beings combine with the great enterprise of the eco-system construction, 
opens up a new era in which people friendly live and develop with the nature. 

2.3 Main characters of eco-province 
First, an ecological economic system aimed to circular economy. An economic system aimed to circular 

economy has been formed, which has sound circulation of nature ecological environment, establishes an 
intensive and sustainable agriculture, realizes ecological industry and ecological services, motivates with 
technological innovation, with harmonious development of the primary, second and tertiary industries. The 
construction of ecological industry and economy in the district has formed a considerable scale, which make 
materials and resources all over the province high-efficiently utilized.  

Second, forming and developing modern ecological culture, that is, human ecological economy system 
are developing soundly, civil culture and technological quality are unprecedentedly improved, social 
civilization is high, the society is developing in all fields and stable, people and nature have a friendly 
relationship. 

Third, having a continuous improvement in ecological environment. Ecological environment is 
beautiful both in city and country, residential environment is radically improved, gap between city and 
country is eliminated, environmental protection steps up to a new level, and environmental pollution is 
effectively controlled and almost eliminated.  

Fourth, the provincial comprehensive strength has reached higher level and is getting stronger and 
stronger. The indices about development of economy, society and ecology reach or exceed the standard of 
well-being society established by national authorities, approaching basic modernization standard. The 
economy of all districts in the province is soundly and sustainablely developing, closely meshing with that 
both at home and abroad. 

3. Evaluation Indicator System for Eco-Province  
 The author breaks down the great aim with respect to construction level of eco-province into six 

sub-aims according to the structure of eco-province system, including total economy development level, 
resources assurance and development level, ecological construction and sustainable resource utilization level, 
social development level and residential environment quality level. The evaluation system is built with the 
indices got via qualitative analysis and quantitative verdict according to the above six aspects: firstly, we 
preselect indices for the above six aspects with qualitative analysis method according to some general 
principles and establish a basic indicator system for eco-province; secondly, we collect data related to 
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preselected indices, make a quantitative evaluation to the feasibility of every preselected index with 
percipience analysis, correlation analysis and main components analysis, get rid of some indices which has 
poor percipience, low distinctiveness and high correlation. And finally, we get the following evaluation 
indicator system: 
A1 Overall Development Level of Economy  
B1 Per capita GDP 
B2 The percentage of the tertiary industry in GDP  
B3 Local per capita revenue  
A2 Resource Assurance & Sustainable Development Level  
B4 The percentage of High-Tech section in industry in production value  
B5 Total energy consumption per 10,000 Yuan GDP  
B6 Total water consumption per 10,000 Yuan GDP 
A3 Social Development Level  
B7 Per capita disposable income of urban residents  
B8 Net per capita income of farmers  
B9 Engel's coefficient 
B10 Number of doctors allocated to per 1000 persons  
B11 Ratio of urbanization  
A4 Ecologic Construction & Sustainable Resource Utilization Level  
B12 Forest coverage 
B13 The proportion of nature reserve in local area 
B14 The percentage of farming land returning to forestry or grassland in local area  
B15 Water consumption per capita  
A5 Environmental Protection Level  
B16 Total utilization ratio of solid industrial wastes  
B17 The percentage of qualified industrial waste water discharge  
B18 The level of eliminating main industrial pollutant (SO2)  
B19 Level of use of agricultural fertilizer   
B20 Level of use of agricultural chemicals  
B21 The percentage of environmental expenditure in GDP of the corresponding year  
A6 Residential Environment Quality Level  
B22 Urban (rural) per capital house area  
B23 Greening coverage of urban built-up area 
B24 Percentage of urban garbage harmless treatment 
B25 Percentage of urban sewage treatment . 
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1. Introduction 
 
The autonomic regime defined for the Autonomous Region of Madeira (RAM) recognises as bodies of its own 
government the Regional Assembly and the Regional Government, with competency to legislate respectively in 
matters of interest specific to the Region and to make political decisions in relation to its regionalised sectors. 
 
The Official Statistical Information Plan for RAM enters in one of the objectives to be achieved by the Directorate of 
Regional Statistics of Madeira (DREM) in its scope of competence. 
 
DREM, since its formation in 1980, has merely carried out its mission in respect of the execution of statistical 
operations at a national scope, functioning as a delegate of the National Institute of Statistics (INE). In the meantime, 
the growing search for information at a Regional level, split up by smaller units of territory, determines the necessity 
of finding a way to create conditions to exercise the functions of the central body of regional statistics, intervening the 
scope of planning, evaluation and analyses of information generated by other regional entities. 
 
With this plan we intend to harmonise and systematise the management of procedures and fluxes of the statistical 
information produced in the Region, recognising as official all that is within the scope of executing the programme of 
statistical activities of the National System of Statistics (SEN), through the technical certification of the corresponding 
statistical operations. 
 
2. Integrated System of the Official Statistical Information 
 
In terms of the Regional Legislative Act n.º 16/2004M of 16 July, DREM is bestowed the dual statute of central body 
of statistics relative to those statistics with specific interest to the Region and delegate of the INE in the statistics at a 
national scope. All its activities is governed by the principle organisers of the National System of Statistics and by the 
orientation issued by the Superior Council of Statistics (CSE). 
 
The constant search for official statistical information as a tool for decision making, as much as by the governing body 
as by other economical and social agents, as the diversity and dispersion of existing information in the Region, became 
imperative to create a regional statistical system that guarantees the quality and actualisation of the statistical 
information produced. 
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DREM, in the scope of its competencies, should guarantee an effective co-ordination of the regional statistical system 
in order to improve the level of production and transmission of official statistical information, contributing to the 
improvement of its accessibility to all its users. 
 
The degree of trust, coherency, integration, comparability and actualisation of the official statistics settles on the 
existence of statistical norms as approved by the Superior Council of Statistics. These norms can be found in the meta-
information of the INE, namely the ideas and nomenclatures, obliged to be an imperative usage by all those 
intervening in the process of production and transmission of official statistics. 
 
The divulgement of the statistical meta-information to all producing bodies of official statistics is fundamental with 
foresight into harmonising and integrating the working tools and techniques. The character of the statistical operations 
should be done by filling in the methodological documents approved by the CSE, where there will be described, with 
great detail, all the methodological questions of the statistical operations, including the support of gathering 
information. As a product of a protocol with INE, we foresee that this divulgement be fulfilled in the scope of training 
rendered by technicians of this organisation, with experience in this area. 
 
In the past year, all the superior technicians of DREM and regional representatives of the entities that received 
delegation of competence from INE, namely the Directorate of Regional Labour, Directorate of Regional Education, 
Directorate of Regional Professional Training and the Social Security, had training in the sample techniques through a 
protocol established with a faculty of Sciences in Lisbon. 
 
During the training various practical cases were analysed, proposed by the different parties. Besides this, through INE, 
the same parties participated in other training relative to the meta-information system having all the present 
methodological documents analysed in detail. In this manner a working team was formed with greater technical 
autonomy in the area of methodology to execute the tasks in the scope of the regional statistic system. 
 
We set off with the necessity of constant accompaniment by the INE in the defining and implementation of this plan, 
as we intend, by sharing knowledge, to structure the information in the SEN. 
 
 
3. The statistical information 

 
The requirements of the statistical information that concerns us are ever more and although there is a concern from the 
governments of the European Community with the quality of its production, there exists a growing conscience in 
respect of the costs of obtaining this information from both those that deal with it and those that supply it. 
 
It is in this context that, in the scope of the National System of Statistics and in particular the INE, there has been a 
development of efforts in giving answers to this challenge and besides this, in a perspective of public service, to take 
on the initiative to give the users of the available statistical information a guarantee in respect of the principles of the 
defined scientific orientations. 

 
The creation of an integrated system of official statistical information for RAM will be a effective guarantee of co-
ordination of information produced in the Region from the point of view of quantity as well as its quality and actuality 
to contribute to a better accessibility. 
 
Keeping in mind the volume of already existing information and those produced daily by the various organizations in 
the Region and the fact that many times are available in different governmental departments, one has to, in the first 
phase, have its initiation and then subject the respective statistical operations to a process of technical certification. 
 
The approach of the productive entities of statistics should occur in a phased form, distinguishing those that are 
already supplying statistical information through their departments, satisfying the necessities of the public and private 
users and introduce it in the scope of the National System of Statistics activities. 
 
The new necessities for information will be structured through the actual proposals already approved by the Technical 
Commission of Planning. This commission integrates representatives from various sectors of the Regional Public 
Administration. 
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Parallel to the certification of the statistical operations, efforts will be made to make corresponding information in the 
DREM department available. 

 
4. A technical certification of statistical operations  
 
The constant search for the quality of official statistical information introduces a visual strategy in which the value of 
quality is understood to be the determinant in being and behaving in all producing bodies of the National System of 
Statistics. A technical certification of the statistical operations of which information we want recognised as official 
obligates the elaboration of a document – methodological document where it is described in detail all the procedures 
involved in the statistical operation. 
 
For this purpose, a working group of technicians from DREM and from the entities who received competent 
delegation from the INE should be formed. The continuous technical orientation support from INE is fundamental to 
guarantee the quality of work being developed. 
 
This working group is given the responsibility of analysing the statistical operations, according to the respective 
competent areas, guaranteeing that they respect the requests required for certification, namely in the source of and 
methodology of gathering information. Besides this, one should avoid the duplications and the statistical overloading 
of the respondents, through a statistical co-ordinated of information produced in the Region. 
 
All the tools of notation relative to the statistical operations should be registered in the DREM, attributing them with a 
registered number and validity date. 
 
 
5. Conclusion 
 
To the Directorate of Regional Statistics, while being the body of Central Statistics relative to the statistics with 
specific interest in the Region and as delegate of the National Institute of Statistics (INE) in the national statistical 
production, will be given the role of proceeding to the certification of the statistical operations that occur in the Region 
in joint with the National bodies. 
 
With the implementation of this plan we intend a co-responsibility, co-operation and accompaniment of all the 
statistics activities involved in RAM, by the various organisations (public and private) that contributed to the 
production and transmission of the statistical information in the Region. 
 
The recognition of the statistical information as official will allow its usage with a guarantee of quality with diagnostic 
omissions, conditioned in this manner to define the priorities attributed to future works. 
The Regional accounts, while synthesised with the official statistical information of a macro-economical nature, will 
encounter in this system of official statistical information a basic sector necessary for its calculation. 
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ABSTRACT 

Madeira´s Statistical Information Plan aims to create a system of regional scope, duly recognized and integrated in 
the National Statistical System.  
The Directorate of Regional Statistics (DRE), has a double role, on one hand works as a central statistical agency 
for the statistical operations created within the region and on the other hand it is a delegation of the National 
Statistics Institute (INE) for the national projects. With this plan, DRE will become responsible for the certification 
of the statistical operations that take place in the Region of Madeira, in connection with INE.  
This poster aims to show the working philosophy inherent to this objective. 
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Remarks on present situation  

 
There are several new problems for further development of regional statistics in Russian Federation. 

First of all, this system in transition is promoting openness and transparency of methodological aspects in 
calculation of indicators, as well as in including elements of democracy for the use of results of statistical 
observations by defining possibilities, forms and methods of organization to a broader access to aggregated 
statistical data for public use, and on this basis the implementation of one main aim and function of regional 
statistics which is the maximum satisfaction of all users` requirements in objective socio-economic data. The 
problem of quality of regional statistical data and indicators is becoming a more actual one in connection 
with the demand of governors, who until now are nominated by the President of Russian Federation and not 
elected by population. 

The assessment of the quality of the administration by each (regional) governor is based on a system 
of statistical indicators which includes about 300 indicators. This assessment is coupled with the process of 
transformation of national statistics: the introduction and implementation of new classifications of economic 
activities and commodities into the statistical practice since 2005. It provoked a lot of changes in the 
institutional structure, and unsatisfied methods within the calculation of regional indicators. Sometimes it is 
impossible to transfer those methods which deliver good results on federal level to regional levels. 

The Index of Industrial Production, IIP, belongs to the group of very important indicators of 
economic growth on federal level as well as on regional level. There is an official methodological system 
how to calculate this indicator based on recommendations of international statistical organizations, and on 
principles of index calculations of physical measures in developed countries. Nevertheless the results of the 
calculation on base of this system do not reflect the regional situation in reality. It is sufficient to cite that the 
amount of the values of this Index IIP for the last eight years fluctuated between 98 % and 134 % in St. 
Petersburg. Considering the results of 2006, the index IIP in St. Petersburg was equal 91,3 %. At the same 
time the index of sales in industry was equal to 113,8 %, and the price index of producers -112,1%. The 
answer to the obvious contradictions between these data is hidden in the methodological calculation of each 
indicator. 

The modern approach now applied for IIP is based on natural indicators. For each elementary kind of 
economic activity the aggregate index is calculated in the prices of the base period. Then these values are 
aggregated in the average using weights which reflect additional value structures of the base period. 

 Questions arise about the representatives of goods which are selected in a region. The list of these 
goods is being set by Rosstat (Federal Service of Governmental Statistics) and not random, it doesn’t take 
into account regional specifics. Furthermore, we should keep in mind that the IIP combines data of big, 
middle, and small enterprises of the civil sector of economy; and besides that this IIP includes data of the 
military sector. The data for the components of the latter have a different level of completeness and 
validation; they are very clear on regional level. It is possible to conclude that the methodological system to 
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create the IIP delivers reliable results on federal level, where (on regional level) all representatives of goods 
are available for all periods, and where (on regional level) all components of IIP are balanced. 

Among the regional problems first of all we mention the problem of goods with a long cycle of 
production. The second problem is the dynamic of weights caused by changes of the structure of additional 
values. Beside those there is an underestimation of the results of small business. In addition the 
nomenclatures of the representatives of commodities differ for monthly and annual reports. For example in 
St. Petersburg, the number of commodities for the calculation of the annual IIP is in 1,3 times higher than the 
number of commodities for the monthly calculation. The additional “104 commodities” are absent in the 
current monthly reports. Unstableness of the indicators of the dynamic of industry calculated on base of the 
methodological system of the IIP occurs, their low correlation with the other regional indicators are 
explained by the unstableness of the structure of the regional industrial production. This unstableness mainly 
concerns expensive goods with a long cycle of their production. These commodities are taken into account at 
the time of their (full) realization but they are not included in the volume of production if they haven’t 
achieved the final stage of the production. Shipbuilding in St. Petersburg is a very important example for this 
type of economic activity. 

Very often the list of the representatives of commodities is not fitted to the regional structure of 
production. In the result distortions appeared in the IIP. We have some cases where in spite of significant 
investments and in spite of additional production powers were introduced, the dynamic of the values of IIP 
was declining from one month to the next. One from several possibilities is that a good which dominated in 
the past period in the modern period was excluded from production in this region. As far as this good was 
produced in the base period all its specifications (cost of unit, volume of production, the additional value for 
the base period) were included in the calculation of the IIP. The distorted effects could also arise as result of 
the changes in the assortment of the production of the multinomenclature commodities (the tricot goods for 
example), the measure of the production of such goods is produced in the units and doesn't take into account 
changes in the quality and in the expenses for labor per unit. Sometimes the updating procedure of the 
assortment of production provokes a significant decline of the volume of production. The small businesses 
are not correct included into the IIP, as result of using a non-realistic basket of commodities. 

 
General conclusions  

 
      Local Statistical Committees in the regions of Russia should optimize the composition of the basket 
of commodities: the list of these commodities should be the same for monthly and annual reports. The 
calculation of IIP on regional level should be improved by a more detailed approach using subclasses of 
commodities. As for expensive commodities with a long cycle of production we recommend to divide their 
production in several stages, and to estimation the cost for the each stage, separately. Most important is to 
correct the calculation of the regional IIP by considering fall-out commodities. In addition, we should take 
into account the quality of goods. It should be possible to replace cheap and less labor-intensive products by 
expensive and more labor-intensive products. There is a need for a special survey about small enterprises to 
cover economic activities which belong to the small businesses, and include its result into the value of the IIP. 
 
Examples from St. Petersburg and other regions 
 
      We have analyzed the defects of the regional Index of Industrial Production of St. Petersburg because 
the economy of this city is much diversified. The regional specific is appeared in the measure of the living 
standard of its population. The indubitable success in the economical development of Russia that has taken 
place since the year 2000 certainly has a significant impact on the living standard of its population. However, 
drastic differences between the living standards in the territories of Russian Federation remain a serious 
threat for its economic growth and stable development. 
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The general way to estimate the living standard in the regions refers to the calculation of the Gross 
Regional Product GRP: total and per capita. The contribution of each region (among 89 regions) in the Gross 
Domestic Product GDP of Russian Federation shows significant differences. It is enough to say that the share 
of Moscow equals more then 20% of the GDP of Russian Federation; the share of Moscow and 
Moscovskaya oblast together is equal to 25 % of this GDP. Of course we should take into account this 
figures include economic results not only of enterprises of Moscow itself but also their branches which are 
located in other regions. Nevertheless, these figures are very impressive even in this context. The share of St. 
Petersburg in GDP is 3,9% and together with Leningradskaya oblast at all 5%. The contribution of the main 
gas and oil resource region, Tyumenskaya oblast, exceeds 10 %. The contributions of other regions usually 
equal from 0,8 to 1,2% for each region, and only for some regions this share is near 2% of the GDP.  

The most successful region with the lowest share of poor population is Tyumenskaya oblast (13%), 
maximum share of population under the poverty line is in Republic Ingushetiya (83%). The poverty 
concentrates in the other North Caucasus regions (31–53% of poor population). We should note that enclaves 
of poverty are in the Central part of Russia, for example, Ivanovskaya oblast (58% of population under the 
poverty line) and in the Volga–regions, Republic Marij El 48%, Republic Mordoviya 36,5%, Ulyanovskaya 
oblast 35,5%. The higher values of the poverty indicator are in Komi-Permyatskij autonomnyi okrug, an 
autonomous district with 64,3%, Siberia (35-38%), Primorskij kraj, a region with 36-38%. Thus the poverty 
covers all territories of Russian Federation, from South to North, and from East to Central part.  

The data of official statistics are distorted by several factors including fall-out incomes, defects in 
calculations of the retail trade turnover, and hidden incomes. As we know, the official measurement of 
poverty in Russia is based on a comparison of two parameters: the average income per capita and the cost of 
the minimal consumer's basket. Average income per capita is defined on the basis of two sources: Balance 
Sheet of monetary incomes and expenditures of the population (BMIEP) and Household’s Budget Survey 
(HBS). Estimations of population’s incomes by means of Balance Sheet, as a rule, considerably exceed the 
value of ratio, which are based on HBS. For example, the values of incomes per capita for Leningradskaya 
oblast in 2003 was differed on 40,5% in depending on the source of information. In many respects it is 
explained by the methods of Balance Sheet, which include shadow incomes of population and incomes and 
expenditures of non-residents. The fourth source of incorrect estimation is due to the structure of population. 
Regions with a high share of population in working age have advantages in the incomes with view from 
interregional comparisons.  

Monetary and non-monetary indicators will not be coordinated as a consequence of incorrect 
estimation of monetary incomes and poverty in the region. It is clearly, for example, from the statistical data 
of Kaliningrad region and Leningrad region, see Table 1. 
 

Table 1:  Regional ranking positions among the regions of Russian Federation in 2003 
 Income per 

capita  
Cars per 1000 

population 
Beef per 

capita  
Investment per 

capita  
Kaliningrad region 39 2 9 42 
Leningrad region 60 18 56 11 

 
We mention that both regions belong to the group of regions with a high shadow economy. This 

factor strongly influences the validity of the official estimation of wealth of population. The ranking of both 
regions on the base on the non-monetary indicator number of cars per 1000 persons is different than the 
ranking on the base of the monetary indicator income per capita. The non-validity of official data about the 
incomes appears also from a comparison between the dynamic of incomes per capita and expenditures on 
such items as health and sport services: the rate of last indicator is over the rate of the first one in 12 times. 
Thus improving the methodology of official statistics for the measurement of monetary incomes and 
expenditures in Russian regions keeps actuality nowadays. 
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1. Introduction

During the last few years the demand of territorial statistics on innovation has strongly increased both
at policy and academic level. The objective of fostering the innovation has been placed as a central theme in
the regional development agenda because of its crucial role as driving force of the economy and
competitiveness of nations as well as regions. Despite the general awareness about the contribution of
innovation in regional economies, such dimension has not been adequately assessed in quantitative terms. A
significant lack of statistical information concerns the geographical distribution of innovation activities, as
well as the differences in technological performances across regions. In this paper a new methodological
approach for the estimation of innovation phenomenon in the enterprises according to a regional detail is
suggested. The method relies upon the setting up of a new register of enterprises’ regional local units and
takes into account the behavior of respondent units to the Community Innovation Survey (CIS). The aim is
then to improve data quality reducing bias of final estimates, obtained using the calibration estimators
methodology, on effective regional innovation activity. In fact, the key question has to do with the
geographical unit of analysis. The administrative regions (as defined by the NUTS2 level) often do not
correspond to functionally defined areas and coherent sub-national innovative patterns. The problem is then
to what extent this methodological choice can represent the best one for regional analyses. Results provide
new insights into the analysis of the regional dimension of innovation and may represent a starting point for
further development of economic analyses on innovation or other themes of interest

2. Community Innovation Survey and the Italian experience

An instrument proved to be good at complementing R&D and patents statistics in the measurement of
innovation at the enterprise level was found in the Community Innovation Survey (CIS), conducted by 32
European countries under the co-ordination of Eurostat (Istat, 2007). The CIS, that is based on a subject
approach (‘the enterprise’ is the statistical unit of analysis), has been designed to provide a better
understanding of innovation processes and their effects on the economy and a sound statistical basis for
monitoring and evaluating the innovation performance of the EU Member States (OECD, 1997). For testing
the two alternative approaches, the results of the Italian Innovation Survey 2005 were used.

The CIS, despite its great contribution in providing comparable, harmonised and representative data
on innovation at a pan-European scale, still suffers from some critical methodological drawbacks when it is
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used for regional analyses. One of the key question has to do with the use of the ‘enterprise’ as statistical unit
of observation. The CIS gives the status of innovative to the enterprise and not to local units, while in most
cases the last ones are fully engaged in innovative activity. More precisely, the criterion used for the
regionalization of data consists of attaching the overall innovation activity to the region which hosts
enterprises’ headquarters. According to this approach, the local units involved in innovation activity and
located in other regions turn out undetectable, with the consequence that the survey fail to take into account
where innovation activities really take place. The conventional CIS regional attribution of innovation
activities might, thus, lead to biased results of the actual spatial distribution of innovation and, namely, lead
to an underestimation of the real technological capability of those regions which host productive units of
enterprises whose headquarters are located elsewhere.

The Istat has recently launched a pilot project on the regionalisation of innovation indicators. It is
based on a 2-step approach which consists of: firstly, collecting some information on the territorial locations
of the enterprises; secondly, surveying, those multi-plant enterprises resulted innovative in the main CIS. In
the pilot phase, 900 innovative enterprises with establishments in more than one Italian region were re-
contacted through a Computer-Assisted Personal Interviews (CAPI) technique in order to obtain information
about the regional breakdown (at NUTS 2 level) of their innovation activities and performances. CAPI
interviews had the main result of producing information on innovation at establishment level. The final
regional data are thus obtained by a process of consolidation of the ‘regional information’ collected from
single-plant enterprises through the main CIS4 with the ‘regional information’ collected on the regional
activities of multi-plant enterprises in the second stage (CAPI) of the survey. This process leads to the
identification Regional Units (RUs), obtained by summing up all the establishments of the enterprise located
in the same region, so to provide information on innovation activities performed by RUs. Starting from the
identification of the RUs, it has been experimented a new estimation method for the main CIS innovation
data.

3. Data sources and methodology

Aim of the work is to detect innovation phenomenon at a sub-national level on the basis of relevant
information coming from CIS and from Business Registers (BR). Localization of innovation may be reached
according to two different approaches whose characteristics are hereafter described.

In the first approach, unit of analysis is represented by enterprise and the population of reference is
made by enterprises with 10 or more persons employed, belonging to the C-K economic activity sectors
(193,314 units). A simple stratified random sample on enterprises (44,450 sampled units) is selected.
Estimation domains are also chosen according to regional and dimensional detail. Auxiliary information
provided by BR is used and the calibration estimators methodology is applied (Deville-Särndal, 1992 – Istat,
2005) to the 21,854 CIS respondent units. According to this approach, innovation event is localized in
conformity with the decisions adopted by the legal/administrative/central unit of the enterprise.

The second methodology is based on Regional Unit (RU) as unit of analysis and economic unit of
interest. This unit is formed by Local Units (LU), as defined in the (Council Regulation (EEC) No 696/93) of
the same enterprise whose economic activity is carried out in one specific region. Then, population of
reference is determined by RUs (220,764 units) related to 399,401 LU of the respective set of enterprises
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belonging to the population on interest as defined above. Sample units are represented by the RU of the
enterprises respondents to CIS: 29,514 RU that are derived from of 97,557 LU. Data provided by
respondents to the CIS-CAPI survey are used in order to distribute at a regional level relevant information of
innovation behavior of the enterprise and its RU. If enterprise and its RU do not respond to the CIS-CAPI
then innovation characteristics are attached to the main RU. Great importance have auxiliary information
used in the frame of this methodology, they are: (i) RU Register that has been set up on the basis of the BR
and LU Register, and (ii) CIS estimates, in fact data should be coherent with final CIS national and regional
estimates. Also in this case estimation domains are chosen according to regional and dimensional detail and
calibration estimators methodology is applied. According to this approach innovation is localized on the
basis of the decisions and policies adopted by each RU.

4. Empirical results

Three sets of indicators have been built from the two above described methodologies. A first set of
indicators, obtained from the distribution of innovative ‘units’ by region, sheds some light on the diffusion of
innovation across regions. A second group of indicators, expressed by the frequency of innovative units on
the total units in each region, can be meant as a good proxy for the innovation rates of regions. The third
group of indicators provide information on innovation performances of regions and is built from the regional
breakdown of total expenditure for innovation. For each group, two different estimates have been calculated:
those referring to the ‘enterprises’ (traditional approach), aimed at measuring innovation at firm level; and
those based on the ‘Regional Units’ (alternative method), aimed at detecting what occurs at a greater level of
territorial detail in order to overcome the risks of biased results of the classical approach. All the
aforementioned regional indicators are fully consistent with that available at national level. Table 1 shows
innovation of the Italian regions in the period 2002-2004, as measured by the two different approaches.

Table 1 - Regional breakdown of innovation activities and performances according to two different estimation methods

R E G IO N

% In n o v a tiv e

e n te rp r is e s o n

to ta l in n o v a t iv e

e n te rp r is e s

A

% In n o v a tiv e

e n te rp r is e s o n

re g io n a l

e n te rp r is e s

B

% In n o v a t io n

e x p e n d itu re o n

th e to ta l

C

% In n o v a tiv e

R U o n to ta l

in n o v a tiv e R U

D

%

In n o v a t iv e

R U o n R U s

E

% In n o v a tio n

e x p e n d it u re o n th e

to ta l R U s F

R e la tiv e

p e rc e n t

d if fe re n c e

D -A

R e la tiv e

p e rc e n t

d if fe re n c e

E -B

R e la tiv e

p e rc e n t

d if fe re n c e

F -C

N o r th -W e s t 3 7 .7 3 4 .3 4 6 .8 3 6 .8 3 4 .2 4 4 .0 0 .9- 0 .1- 2 .9-

P ie m o n te 9 .2 3 6 .0 1 0 .7 8 .7 3 3 .5 9 .9 0 .5- 2 .6- 0 .7-

V a lle d 'A o s ta 0 .2 2 3 .3 0 .2 0 .2 2 3 .3 0 .3 0 .0 0 .0 0 .0

L o m b a rd ia 2 5 .9 3 4 .1 3 4 .1 2 5 .6 3 5 .4 3 1 .8 0 .4- 1 .3 2 .3-

L ig u r ia 2 .3 3 1 .9 1 .9 2 .3 2 7 .3 2 .0 0 .1- 4 .6- 0 .1

N o r th -E a s t 3 1 .1 3 5 .1 2 4 .2 3 0 .6 3 4 .8 2 6 .8 0 .5- 0 .4- 2 .6

P ro v . d i B o lz a n o 1 .3 3 0 .4 0 .6 1 .4 3 3 .6 1 .1 0 .1 3 .2 0 .4

P ro v . d i T re n to 1 .4 4 0 .0 1 .1 1 .5 3 8 .9 1 .3 0 .0 1 .1- 0 .3

V e n e to 1 4 .2 3 5 .5 9 .5 1 3 .7 3 5 .1 1 0 .5 0 .5- 0 .4- 0 .9

F r iu l i V e n e z ia G iu l ia 2 .7 3 2 .3 2 .6 2 .9 3 3 .0 2 .8 0 .2 0 .7 0 .2

E m il ia R o m a g n a 1 1 .5 3 5 .5 1 0 .4 1 1 .1 3 4 .5 1 1 .1 0 .4- 1 .0- 0 .7

C e n tre 1 7 .4 2 7 .3 2 1 .4 1 8 .2 2 7 .7 1 7 .6 0 .7 0 .4 3 .8-

T o s c a n a 6 .6 2 6 .8 3 .8 7 .2 2 9 .4 4 .2 0 .6 2 .6 0 .3

U m b r ia 1 .7 3 2 .3 1 .0 1 .5 2 7 .5 0 .8 0 .2- 4 .8- 0 .2-

M a rc h e 3 .4 2 8 .3 1 .8 3 .7 3 0 .8 2 .3 0 .3 2 .4 0 .5

L a z io 5 .6 2 6 .0 1 4 .8 5 .7 2 4 .5 1 0 .4 0 .1 1 .5- 4 .4-

S o u th 1 3 .8 2 1 .6 7 .5 1 4 .5 2 2 .3 1 1 .6 0 .7 0 .7 4 .1

A b ru z z o 1 .8 2 8 .1 1 .2 2 .1 2 9 .6 2 .0 0 .2 1 .5 0 .8

M o lis e 0 .1 1 3 .4 0 .1 0 .2 1 6 .7 0 .2 0 .1 3 .3 0 .1

C a m p a n ia 4 .0 2 2 .2 2 .2 3 .8 2 1 .1 3 .8 0 .2- 1 .0- 1 .6

P u g lia 2 .9 2 0 .8 1 .1 3 .0 2 2 .1 1 .7 0 .2 1 .4 0 .6

B a s il ic a ta 0 .4 2 0 .2 0 .3 0 .5 2 4 .1 0 .4 0 .1 3 .9 0 .2

C a la b r ia 0 .9 1 9 .8 0 .2 1 .0 2 1 .7 0 .4 0 .1 1 .9 0 .2

S ic i l ia 2 .4 2 0 .4 2 .0 2 .4 2 0 .6 2 .3 0 .0- 0 .2 0 .3

S a rd e g n a 1 .2 2 0 .8 0 .4 1 .4 2 2 .6 0 .8 0 .2 1 .8 0 .4

T o ta le 5 9 ,3 1 8 3 0 .7 3 0 ,3 7 9 ,0 3 6 6 7 ,7 5 0 3 0 .7 3 0 ,3 7 9 ,0 3 6 - - -
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The traditional indicator on the regional dispersion of innovativeness shows a very skewed
geographical distribution of innovating firms in Italy: around 70% of all Italian innovating firms reside in the
North (Column A). Also the innovation rates (Column B) vary significantly across regions, with the lowest
rate achieved in Southern regions. Such a strong geographical concentration of innovation activities is even
clearer looking at the regional distribution of total innovation expenditures sustained by the Italian firms in
2004 (Column C). In particular, the innovation efforts in terms of expenditure sustained are highly polarized
in only few regions of the North. Turning to the alternative indicator on innovation, built upon the concept of
RUs, the same large differences emerge across regions. Looking at both the indicators of RUs innovation
diffusion (Columns D and E), the attitude towards innovation seems to be slightly more geographically
spread but the core of innovation capacities is still localized in the North of Italy. Interesting findings emerge,
instead, when the comparison of the two approaches is made by using the expenditure for innovation
(Column F): inter-regional differences turn out more marked. While the shares of the North-West and the
Centre decrease respectively of 3 and 4 percentage points, the innovative effort of the Southern regions
(which often host the productive units of enterprises resident in the North) is clearly much higher, passing
from 7.5% (traditional method) to 11.6% (alternative approach) and these regions.

5. Conclusions

At a first glance, the comparison of the results of the experimental approach for the regionalization of
innovation data with those coming from the traditional approach seems to suggest that as a whole the sets of
regional innovation indicators give roughly the same snapshot of regional innovativeness. Anyway, some
remarkable differences between the two different estimation methods come out by looking at specific
quantitative indicators, such as the innovation expenditure. Indeed, the new innovation indicator shows a far
more modest concentration of innovative activity than that resulted from the classical one, suggesting that
innovation is much more spread across regions than the ‘classical innovation approach’ based on the mere
attribution of innovation to regions where enterprises’ head offices. However, the new regional indicators for
innovation have some weaknesses and surely need improvements in the future, for example by implementing
sampling strategy based both on economic activity sectors and on RUs and by assessing quality of estimates,
in particular, accuracy indicators may suggest relative reliability of the two approaches.
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1. Introduction 

According to relevant study, there is close relationship between public expenditure and productivity 
growth, public expenditure may enhance productivity by technical progress or by improving efficiency of 
single productive elements such as capital or labor. Many literatures have probed into this problem, such as 
Arrow, Kenneth and Kurz, Mordecai, who first brought public investment into macroscopical production 
function; Barro, who proposed that public service may positively affect production. OECD has inspect 
China’s public expenditure problem, and talk about her efficiency of public expenditure. Some Chinese 
scholars, such as FU Dongping, LI Zhenye, ZHU Jiejin and CHEN Xun, have also studied problems about 
public expenditure and productivity. 

We notice that though many literatures study on relationship between public expenditure and 
productivity growth, few is on local government public expenditure and productivity growth. This paper is 
on relationship between local government public expenditure and multifactor productivity in China. Because 
on one hand, cities that assemble kinds of productive elements are cores of economic growth, and on another 
hand, investment to cities is much more than that to rural areas in China, research on relationship between 
local public expenditure of government and city productivity growth is of more importance. So we will probe 
into relationship between public expenditure of local government and city multifactor productivity. 

We start with conventional Cobb-Dauglass Production Function, positively analyze with data of 224 
cities at prefecture level and above of 30 provinces from 1990 to 2004. Because many data are not available, 
Tibet is excluded. And some cities at prefecture level has become prefecture level city not long ago, they are 
excluded too. According to our analysis, relationship between local government public expenditure and city 
multifactor productivity in China is significantly positive. Seen from separate region, the relationship in 
Eastern Region, Western Region, and Northeastern Region is positive, while negative in Central Region. 

The paper is organized as follows. In the next section, we show source and processing of data. Section 3 
gives measurement method of multifactor productivity we adopt. Then we test the model in the following 
section. Section 5 concludes.  
2.Variables and Data 

Taking availability of data into account, the sample of this paper takes from 224 cities at prefecture 
level and above of 30 provinces from 1990 to 2004. The reason we choose cities at prefecture level and 
above is that they are the main body of city function and are of stronger Tagglomeration effects, so are of 
better representative. Cities at prefecture level and above are more than 224. We choose only 224 ones for 
the following reasons: TBecause many data are not available, Tibet is excluded; and some cities at prefecture 
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level have become prefecture level city not long ago, they are excluded too. 
For these cities at prefecture level and above, China City Statistical Yearbook and Comprehensive 

Statistical Data And Materials On 50 Years Of New China Cities provide two categories of city statistical 
materials, one is for city districts, country excluded, and the other is for the whole city, that is to say, country 
included. Here we adopt city district data, the reason is still that countries and cities at country level are not 
main body of city function, while data for city districts are preferred. 

We use data for output, capital and labor input as well as local government public expenditure of the 
224 cities. That of 1990 to 1998 is taken from Comprehensive Statistical Data And Materials On 50 Years Of 

New China Cities, 1999 to 2004 from China City Statistical Yearbook. Output data are GDP, labor input data 
are number of employed persons. Theoretically speaking, capital input shall use data of fixed capital stock. 
Because of availability of data, we choose total investment in fixed assets in place. For public expenditure of 
local government, we take intra-budgetary government expenditure; because it is typically relevant to size of 
city, we adjust them with GDP. Some data for these indicators are missed, and we fill them with Moving 
Average Method. 

This paper will also study relationship between expenditure of local government and multifactor 
productivity of cities in China by regions. The general processing divide China into three regions, that is to 
say, Eastern Region, Central Region and Western Region. In our paper, we separate Northeastern Region 
from the three Regions, so as to study her current characteristics with resource-exhausted cities. That is to 
say, we decide China into four regions, Eastern Region, Central Region, Western Region, and Northeastern 
Region. Eastern Region consists of Beijing, Tianjin, Hebei, Shanghai, Jiangsu, Zhejiang, Fujian, Shandong, 
Guangdong and Hainan, Central Region, consists of Shanxi, Anhui, Jiangxi, Henan, Hubei and Hunan, and 
Western Region, Inner Mongolia, Guangxi, Chongqing, Sichuan, Guizhou, Yunnan, Shaanxi, Gansu, Qinghai, 
Ningxia and Xinjiang. Northeastern Region is composed of Liaoning, Jilin and Heilongjiang. Tibet is not 
included, for lack of data.  
3. Methodology of Multifactor Productivity Measurement 

This paper handles with panel data. According to econometric theory and practice, dynamic model 
with panel data typically troubled by endogenous explanatory variable problem. To settle this problem, 
productivity analysts seek help from Instrument Variable Method. We have tried some other methologies, 
none of them served well than Instrument Variable Method. So this paper will also make use of this method. 
The key of IV method is to seek appropriate instruments. Anderson & Hsiao (1982), Arrelano & Bond (1991) 
and Blundell & Bond (1998, 2000) have probed into this problem and suggested practicable instruments 
respectively. 

Anderson and Hsiao’s research (1982) is based on the differenced form of the original equation, 

, 1it i t it i it
y y x . Difference cancels the individual fixed effects possibly correlate with the 

exogenous variables ( 0
it i

E x ). But the difference of the lagged endogenous variable is obviously 

correlated with the error term , 1it i t
. So Anderson and Hsiao suggest using level instruments 2t

y or the 

lagged difference , 2 , 3i t i t
y y as instruments, and proved that level instruments superior to the other. 

In the same way, Arrelano & Bond (1991) eliminates the individual effects by differencing. And under 

some presumption, Arellano Bond proved that , ,, : 2
i t j i t j

x y j  are efficient instruments. Now for 

each year, there are efficient instruments. For t=T, we have instruments 1 2 , 2 1 2 , 1, , , , ,
i i i T i i i T

y y y x x x .
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Because making use of information contained in differences only, the estimator suggested by Arellano 
& Bond (1991) is rather inefficient when instruments are weak. Blundell & Bond (2000) proved that both the 
elasticities of output to capital and to labor are very small and inaccurate. And aimed at shortcomings of 
Arellano-Bond estimator, Blundell & Bond (1998) suggest making use of additional level information beside 
the differences, combining moment restrictions for differences and levels, and resulting in GMM 

system-estimator. According to Blundell & Bond, for t=T, 1 2 , 1 1 2 ,, , , , ,
i i i T i i i T

dy dy dy dx dx dx are usable 

instruments. 
Once instruments found, we can solve equation and compute productivity growth with Instrument 

Variable Method. 
4. Relationship between Public Expenditure of Local Government and Multifactor Productivity in China 

The model we are to handle with is as follow: 

1 , 1 , 1it k i t l i t i i t it
y k l f

Where k and l are capital and labor input respectively, 
i

f denotes fixed effects of each city, Bt Bdenotes
time tendency faced by all the cities. 

At first, we cancel time mean values of all the variables, and following processing does not need time 
specific dummy variables. Then cancels the individual fixed effects by first order difference, the equation 

now is , 1 , 1 , 2 , 1 , 2 , , 1( ) ( ) ( )
it i t k i t i t l i t i t i t i t

y y k k l l . We solve this model with difference 

instruments and Eviews, compute multifactor productivity with surplus method, which is then regressed with 
adjusted public expenditure of local government. 

To control influence of other factors than public expenditure of local government on productivity, we 
take economic structure, education level of labors and economic development level into accounts. Then we 
have model of 224 cities as follow: 

2 ln 5.400 0.367 ln 0.164 ln 0.10 lnA G sein pgdp P

where A is productivity growth, G public expenditure of local government, sein ratio of second 

industrial in GDP, and pgdp per capita GDP. It shows that relationship between public expenditure of local 

government and city multifactor productivity in China is positive, public expenditure of local government 
positively enhances productivity growth. 

The result modle of Eastern Region, Northeastern Region and Western Region respectively are: 

3

ln 5.175 0.644ln 0.339ln 0.101ln
ln 5.802 0.115ln 0.283ln 0.239ln
ln 6.154 0.510ln 0.099ln

A G sein pgdp

A G sein pgdp

A G pgdp

Which implies that relationship between public expenditure of local government and city multifactor 
productivity growth in these Regions are positive, public expenditure positively enhances productivity 
growth. Influncial factors not included have been canceled for reason of significance. 

The Central Region result is: 
4 ln 3.241 0.064ln 0.105ln se 0..252lnA G in tein

tein means tertiary industial ration in GDP. It says that relationship between public expenditure of 
local government and city multifactor productivity growth in Central Region of China is negative. While 
because t-statistics of ln G is only 0.53, the result may not be reliabile. 

Generally speaking, the most important factors affecting productivity growth are science and 
education. To study their relationship with producutivty, we select scientific expentiture and educational 
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expenditure of local government and make models. The result is as follow:  

5

: ln 1.564 0.123ln 0.266ln
: ln 1.818 0.1360ln 0.128ln 0.282ln

: ln 1.028 0.127 ln 0.323ln
: ln 1.138 0.096ln 0.332ln

whole country A sci edu

east region A thin sci edu

northeast region A sci edu

central region A sci edu

western re : ln 1.916 0.120ln 0.232lngion A sci edu

That is to say, scientific and educational expenditure of local government positively affect productivity 
growth of China cities, no matter for the whole country or for separate regions. The most departure is degree 
of their influence. Scientific expenditure drives more productivity growth in east region, northeast region and 
western region than in central. The reason may be that its ecnonomic development level is not too high, and 
that it is not given special favorabl policies, which lead to a little inferior effcts on productivity growth. As to 
influence of educational expenditure on producivity, there is little difference between different regions, 
except for western region. The reason is that its educational level has long been lower, and effct of China’s 
investment of these years to this region has not been visualized.     
5.Conclusion

Positive analysis with panel data of 224 cities Tat prefecture leveP

l
PTand abov TP Pof 30 provinces from 1990 

to 2004T and with Instrument Variable Method shows that, except for Central Region, relationship between 
public expenditure of local government and city multifactor productivity in China is positive, public 
expenditure of local government positively enhances productivity growth. Scientific and educational 
expenditure of local government positively affect productivity growth of China cities, for the whole country 
and for separate regions. For scientific expenditure, influencial degree of central region is lower than other 
regions; for educational expenditure, that of western region is lower than other regions. 
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Building sustainable development  

Of Shenzhen’s Population in a harmonious society 

Kong Ai-ling 
Shenzhen Statistic Bureau of Guangdong China 
Kal@sztj.com 

Summary: As a neighboring city to Hong Kong, Shenzhen is located on the bank of South Sea of China.26 
years of development has made the special zone blossom into an advanced new patterned immigrant city that 
with thousands of dwellers from 31 population in the border of a small fishing village, then it became the 
first international garden city as well as one of 500 best paradigmatic cities on environmental protection. 
However, due to the sharp growth of population which has brought about considerable pressure to the living 
environment and resources of a 2020 sq.m. City. With the view of building a modern urban in living 
condition’s prosperity, a harmonious relationship between human and nature, a benign cycle of environment, 
constant development in economy and to achieve the concept of sustainable development of human, the 
article has put forward strategies and suggestions on the problem of population illuminated by graphs and 
words based on full and accurate data, scientific characters and index.  

1. Discuss on population statistics in Shenzhen 
The over-population problem in Shenzhen is particular and complex complicated with other cities; the 
following study of data shows the major features of population. 
1.1 Major features of size of population, quality and structure of Shenzhen. 
1.1.1Temporary resident at a mechanical growth is the main stream of size of population 
Two features of the size of population in Shenzhen: one is that as a typical immigrated city, comeling 
accounts for the most of total population. two, urban population increased rapidly in a short time, the 
permanent population was 8.460 million in the end of 2006.  
1.1.2Young work force is the main stream of population structure   
Lasting rise of economy in Shenzhen (GDP from less than 0.2 billion in 1979 has rise to 568.40 billion in 
2006, U.S. $8619 per capita) and great demand of work force has attracted numbers of comeling, there are 
two main features: first is the age structure is young (average age of temporary population is 31); second, the 
job age force is the main stream of urban population.  
1.1.3The main part of educational degree of population  
The residents who have passed middle and high school account for 68.9%, the residents who have received 
primary school and under the level account for 19.6%, and the residents who have received junior college 
and above the level account for 11.5%. 
1.1.4Employment feature of population  
The employee in work was 6.48 million in 2006 and increased 12.4% from the last year. The second industry 
especially industry is the main arm for the growth of Shenzhen’s economy. The non-public economy has 
account 70% in the economy. The private economy increased sharply in Shenzhen while no state-owned 
economy acted as an important sole in the city’s economy increasingly on the creating chance of 
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employment and enhancing the stabilization of society.  
2. Population problem of building a harmonious society 
2.1 Population and sustainable development problem 
A feverish status turns up in Shenzhen with the city-oriented boom and the immigrating from rural 
population to town in the late few years. Subsequently, the problems are severe increasingly such as: be lack 
of houses, environmental pollution, a congested traffic, depravation of water quality, rise of social 
administrative cost accompanying by the obvious deficiency on the thought, culture, education, health care 
etc, urbanization, thereby, numbers of dwellers fail to fulfill the goal on enjoying of social equality, welfare, 
compulsory education, health care, professional training and social safeguard.  
2.2 Difficulty towards urbanization 
First, the proportion from temporary residents and registered residents is not consistent in China seriously; 
the density of permanent population is 3060-person/sq.km. 6644 person/sq.km. in special zone , it ranks top 
in China as well; The total floating population accounts for most in single city; some temporary residents 
suffer from difficulty in house, getting medical treatment, receiving an education. Secondly, the original 
dwellers problem before the establishment of special zone. Due to the poor educational level and short of 
skills of employment, they have never received training of employment, they have to live by house lease. 
Third, the dwellers from the initial found to 1992, which are elder and have no expertise, seriously 
unemployment accompanying by unfair allocation in the society.    
2.3Problem of population structure 
The first is ratio of age-sex. The sex ratio of permanent residents is 99 female 100: Male 99 in 2004. 
Calculation from the special zone, the ratio in special zone is 108 and 92 of outlander; the ratios of 
domiciliary register population are: 113 of entire city, 116 in special zone, 108 outside special zone; the 
ratios temporary residents are: 94 of entire city, 103 in special zone, 89 outside special zone. It is at a fairly 
balanced condition from the ratio, most residents are from 15 to 29. The structure has provided adequate 
work resources, but the ageing of work force and population is likely to appear in the century from long 
range. From different age, the ratio of sex is abnormal. The female population from 15 to 24 more than male 
population, and a contrary conclusion is available to the population in other ranges of age (except 65 and 
above the level). There are two latent problems: one is that if the intersexual separation at a higher proportion, 
this will give quite pressure to the registration of residence as well as affect HR introduction under plans; two 
lies that this will result in series of society problems on the aspect of marriage and family. The secondly is 
problem of holistic educational quality. The third is problem of permanent residents. The permanent residents 
account for the most part of urban population, the floating feature has imposed quite pressure to the control 
of city. Most of people pursuit an opportunity to gain in the economy business while they are lack of 
corresponsive sense of duty and morality and self-sanction, so that their action in short time is strengthened, 
this will become the key trouble to the safety of city, which will highlight the difficulty in social management 
and control and aggravate the comprehensive administration of society. 2.4Differentiation of social 
stratification.
The weakened people in Shenzhen (such as farmer force, the rank of factory is low, inferior educational 
degree of the comeling), from the aspect of economy, they live at the bottom of differentiation of social 
structure and easy to receive despise and they live at stasis state of economic growth; from the system, they 
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are lack of actual guarantee of system and their rights will be damaged usually; from the right they have, 
they are lack of sustainable support from organized resource and team resource, so they act separately and 
individually. So, to relief the differentiation of rank is significant to the building of harmonious Shenzhen.  
3.Strategy and thought to the population problem in harmonious Shenzhen.  
3.1Build up a principle of population based on driving the complete development. 
3.1.1To intensify the macroscopic readjustment and control through scientific development conception. 
We should pay attention to the feature of dynamic changeable of environmental capability; in other words, 
bearing capability of city’s environment is changeable. 
3.1.2.we should confirm a sound population size through adjustment of demand condition and 
capability limit of work force in light of economic growth and industrial structure through focusing on 
the goal of building international city. 
3.2 Optimize the population structure 
3.2.1Setting qualifications of admittance of population for purpose of Shenzhen’s development and 
expanding the size of permanent domicile population while controlling the size of temporary 
population; building up a master’s consciousness to the residents dwell in Shenzhen. Limiting the flow 
of work force and employment of junior level while furnishing special training and introducing to the 
superior technical talent and learned talent. 
3.2.2Giving our exclusive attention to the population in Shenzhen, including the concordance of 
population who dwell in Shenzhen. (1) Making our effort to eliminate the dependant factor of interior flow 
of population, perfecting a competition system, ensuring everyone’s equality and dispassion. (2) Adjusting 
the upgrade of optimization of population structure and fulfilling the integration of city’s development and 
optimization of population structure, tapping existing potential of Shenzhen.(3) improving the balance 
among sex ratio of population, age structure, economic structure of population at full stretch and eliminating 
the safe trouble arises from the problem of population structure.
3.3Cope with the influence of specific structure of population actively.  
In conclusion, different group has different consumed mode and style, given the general rule of consumption 
of resources, the increase of younger and richer will contribute more to the pressure of environmental 
resources while the expansion of floating population and aged population will cast down of whole 
consumption. Only when we grasp the characters of population’s demand, can we handle with the population 
better and build harmonious Shenzhen.  
3.4Intensify the construction of community  
Therefore, to build a harmonious community and let people enjoy peace and contentment is necessary! The 
government shall pay more attention to the community’s construction and enhance the direction to the 
community as well as to perfect the facilities in community and intensify the support on human force, 
finance, and material; the units from all level shall transfer their ways of working and direct their work 
through thorough attention in community. We should solve the actual problem of construction of community 
to drive the construction at the basic level, improving the service quality and level in the community; in this 
way, the residents can have a sense of safety, comfort and belonging, which will benefit for the 
human-oriented value and build harmonious Shenzhen.  
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1. Introduction 

    During the period 1995-2002 tourism has constituted one of the driving forces of the Spanish economic 

growth, meaning annually more than 10% of the Spanish GDP. In Spain, 16% of dwellings, about 3.3 million 

dwellings, are classified as second housing. It is estimated that 1.6 million of them belong to foreigners, most 

on the Mediterranean coast.  

    Evaluating which part of tourism corresponds to second housing, and the expenditure that this involves on 

infrastructures and citizen services, is a complex aspect that requires a large quantity of information. The 

simplest approach to evaluate the impact of second home tourism in a municipality is to quantify the number of 

second homes built in the area. As an example we have selected two provinces with a high development of 

national and international tourism: Malaga, on the Costa del Sol, and Alicante, on the Costa Blanca. On the one 

hand, the main advantage of this data is that it is obtained from official and public registers, so there is no 

additional cost to collecting these data, therefore it is a good example of good practice in using existing public 

resources for researching. On the other hand, it lacks of detailed information on second home tourism 

characteristics, specially on consumed public products and services, for instance, health and welfare services. 

    Section 2 details a linear model and a non parametric isotonic regression model and in Section 3 it is 

shown some concise conclusions. 

2. Relationship between local taxes and second homes 

    The techniques of statistical inference usually require that assumptions are made according to the sample 

data. When assumptions are violated the techniques employed can lead to confusing results. Good statistical 

practice therefore requires the data to be studied in detail before statistical inference procedures are applied. 

    The data set represents taxes per inhabitant (TPI), number of resident people (RES), Spanish non resident 

people with a second home in the municipality (SNRES), main homes (MH), second homes (SH), hotels and 

similar establishments (HOTEL) as continue variables, and coast or inland (COAST) and province, -Alicante or 

Málaga (PROV)- as factors. The data are local observations for 2001.  

    The collinearity diagnostics for the TPI multiple regression lead over 25 models of the five variables, RES, 

SNRES, MH, SH, and HOTEL: five models with only one explanatory variable, ten two-variable models, 

another ten models with three variables and five models with four explanatory variables. After using different 

techniques of model validation (residuals, outliers, significance, R), only the following continues variables 

SNRES, MH, SH are considered.The variation in the estimated regression coefficients over the most interesting 

models of the three continue variables and the two dichotomic variables is shown in Table 1. 
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Table 1. Linear regression relationship. Coefficients of variables in models. 

Model    Intercept SNRES MH SH COAST PROV COAST 

x PROV 

R2 

   1 377.1 (.000) 0.010 (.001)      0.051 

   2 400.3 (.000)  0.001 (.415)     0.003 

   3 370.1 (.000)     0.170 (.000)    0.074 

   4 372.6 (.000) -0.015 (.112)  -0.036 (.164)  0.042 (.004)    0.095 

   5 274.3 (.000) -0.004 (.223)   441.9 (.000) 94.6 (.081) 179.1 (.189) 0.246 

   6 278.3 (.000)  -0.004 (.280)   481.3 (.000) 95.3 (.076) 123.8 (.349) 0.259 

   7 273.8 (.000)   -0.003 (.504) 431.1 (.000) 94.0 (.084) 160.6 (.229) 0.242 

   8 276.7 (.000) -0.004 (.028) -0.004 (.046) 0.021 (.142) 431.6 (.000) 95.8 (.075) 172.9 (.208) 0.268 

 

    The models 5, 6 and 7 indicate that when COAST is included, the continue variable is not significant. 

Therefore, location of the municipality on the coast or inland is the essential factor to estimate local taxes by 

inhabitant. When SNRES, MH and SH are present, the coefficients of SNRES and MH are opposite in sign to 

the one of SH and of COAST. On the one hand, this implies that municipalities with more main homes and with 

more second homes belonging to Spanish residents and inland have lower taxes per inhabitant. On the other 

hand, if municipality is on the coast or with high urban development of second homes not belonging to Spanish 

people, average tax burden per inhabitant raises. In general, there is a close relationship between foreign 

owners and the seaside, since foreign owners mainly have their second home on the coast. 

    Now, we use a nonparametric approach to calculate a regression curve for estimate the relationship 

between the local taxes and the number of second homes without references to a specific form (see, for 

instance, Härdle, 1989). Furthermore, these techniques have been specifically applied to the case in which the 

relationship between variables is non-decreasing, which allows obtaining non-decreasing estimations (known 

as isotonic or monotonous) of that relationship. 

    From a formal point of view, let m be any estimator of the regression m(x)=E[Y|X=x], of a random 

variable Y on another random variable X, obtained from a random design model of information gathering, that 

is, m is based on n design points, a<x1<x2<···<xn=b, from an interval [a,b]. For each design point, xi, i=1,...,n, 

there exists ri  independent observations, Y
1
i,...,Y

ri
i, with the same distribution, Di. We can define the natural 

estimate of m at each xi as the average of the observations in that design point, that is, 
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j i
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i
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    In the majority of the points xi ,  m(xi) is equal to the original observation Yi , since there is only one 

observation (Figure 1). 

    As we are looking for an isotonic function, as it is established in the null hypothesis of an increasing 

relationship between local taxes and second homes, let H be the set of all isotonic functions, that is H={h:XR, 

h is increasing}, being X the set of the design points. If f is any real function defined on X, we will denote by 

||f||2  the L2-norm on X, that is,  

2/1

)(

2

2

|||| 







 

Xx

n

xf
f . The isotonic regression of m is the non-decreasing 
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function mI defined on X, satisfying 22 ||ˆ||inf||ˆ|| gmmm
Hg

I 


 (see Cuesta-Albertos et al., 1995). 

 

Figure 1. Isotonic estimation of the relationship between local taxes per resident and the number of 

second homes (not drawn to scale) 

In order to confirm the isotonic character, the parametric approach based on the classical chi-bar-squared 

tests can be used (see Robertson et al., 1988), but these procedures are restricted to the case of homocedasticity, 

which it is not satisfied in this case. So we have to use the nonparametric version of the chi-bar-squared test, 

the Dip test, 2||ˆ|| ImmDip  , that evaluates the difference, in the sense of least square estimation, between 

the natural estimation and the isotonic estimation (Domínguez et al., 2005). The p-value obtained from this test 

is 0.998, so we can conclude that there is an increasing relationship between the number of second homes in a 

village and the local taxes to be paid by the inhabitants. Figure 1 shows a graph which includes the natural 

estimation m and the isotonic estimation mI from the Local Taxes-Second Homes data. Obviously, with this 

representation it is clear that there is an increasing relationship. Now we face the problem of determining the 

different level of taxes according to the number of second homes. 

    The municipalities can be grouped into three levels of second homes and local taxes: Small Villages, 

Medium-sized Villages and Large Villages (Table 2, Figure 2). 

Table 2. Level of taxes according to the number of second home 

 

Type of municipality Number of second homes Local taxes by resident (Euros) 

Small Less than 185 252.54 

Medium-sized Between 185 and 2,096 422.48 

Large More or equal to 2,097 803.30 

 

    The interpretation of these results indicates that there is an increasing relationship between the taxes paid 

by each resident and the number of second homes in the municipality, differentiating three levels or types of 

municipalities. In general, the main factor of high tax burden to inhabitants is the location on the coast. 

Secondly, the presence of urban development does not imply higher taxes, except in the case of high foreign 

tourist density. This last fact is the usual reality on the coasts of Málaga and Alicante, so tax burden of coastal 

municipalities is similar. 
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Figure 2. Isotonic level of taxes 

3. Conclusions 

     In this work a study that relates the local taxes paid by citizens with the number of second homes located 

in the municipality has been carried out. As an example of application the most important provinces of Spain 

regarding second homes (Málaga and Alicante) are analysed.  

    The results show that for municipalities with less than 185 second homes, each resident pays an average 

of 252 Euros in local taxes. Between 185 and 2,000 second homes, pay an average of 422 Euros. For 

municipalities of more than 2,000 second homes, the average tax is 803 Euros. This means that starting with 

2,000 secondary housings, the substantial increase of the number of second homes, for example up to 60,000, 

does not necessarily imply a greater fiscal pressure for residents in the municipality. Although obviously it 

increases the expenditure on infrastructures and citizen services, the volume of resident population, and 

therefore of taxpayers, is greater. Then, the necessary tax collection to maintain the public treasuries does not 

mean an increase in the average tax obligations for each resident. 

    In general, the main factor of high tax burden to inhabitants is the location on the coast. Secondly, the 

presence of urban development does not imply higher taxes, except in the case of high foreign tourist density. 

This last fact is the usual reality on the coasts of Málaga and Alicante, so tax burden of coastal municipalities is 

similar. Further research in this type of tourism is proposed, to analyse goods and services consumed by 

visitors, specially those ones related with health and welfare programs. 
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ABSTRACT

The region of Beijing and Tianjin municipalities is the most active economic development area in
northern China, which is not only the political and art center of China, but the economic center
of northern China, and has very developed transportation and communication infrastructures, out-
standing industrial and technological capacities, high opening-up extents, and gigantic development
advantages and potentials. Also the Beijing-Tianjin-Hebei region has been achieving great progresses
during recent 20 years, Comparing with the regions of Zhujiang and Yangtze river deltas, nowadays,
its economic development capacities has still not been inspired yet. In the processes of economic
globalization, regional economic integration and the new round regional cooperation in China, state
has paid great attention to regional economic planning during the makeup of the 11th fiveyear plan. It
will become essentially important to reinforce reinforcing the economic amalgamation among Beijing,
Tinajin and Hebei, to promote the regional economic development, to accelerate regional economic
integration, in order to make the region the most active economic development regions in China. The
article is to sum up the development apocalypse of Zhujiang and Yangtze river delta regions, analyze
the economic co-operation actualities, opportunities and development ideas of the region, and find out
the essential methods to regional economic amalgamation under the guideline: making the market its
dominant, letting the governments its driving force, by catching up the golden opportunity of the 11th
five-year plan period and shooting for state policy support.

Keywords. Economic co-operation, regional.
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At present, China has considered strengthening independent innovation to be a country strategy, 
innovation、independent innovation come into economic life of the people and become the most frequently 
used words. Innovation is a broad concept, based on the contribution to economic growth from the elements 
it can be classified into types of technological innovation, organizational innovation, system innovation and 
management innovation, but that we are speaking of independent innovation is the major technological 
innovations, also stressed that "independence" to carry out technological innovations. Although 
technological innovation is a common international economic term, the concept abroad and domestic have 
some differences on the concept, content and the structure. In order to better promote independent innovation 
capability, in my view deepening the understanding of these differences is of need.  

1 The qualified issues on "technical" of the technical innovation 
The existing view, different from system innovation and organizational innovation, technological 

innovation has limited the scope of the technical innovation. If technical contain only natural techniques 
(including tangible and intangible tools and equipment, the skills and methods), technological innovation 
should narrow the scope of autonomy; if that technology should include direct contact with a certain degree 
of economic growth in the relevant then the technical innovation areas will be much broader. In United 
States National Science Foundation NSF in 1983 the technological innovation comments are quoted from 
Schoen Collection (Schon), the definitions Technology mean that the expansion of human capabilities of any 
tools or skills, including tangible or intangible equipment in the workplace. Farila (J.Friar) and others think 
that the technology is available to create a reproducible method or means, these products can lead to a 
method or means, process and service improvements. The "technical" definition have the  direct impact on 
different areas of technological innovation, for example ,Mansfield thought that markets such as a new 
product that was the focus of technological innovation performance, it directly related to the changes in 
technology and new products is technical innovation. Later the NSF will have the wider limitation, in the 
NSF Some technical knowledge that no new mode of production and operational success, although lower 
level, also are belong to technical innovation areas. Mr. MacKay (K.G.Makey) Bell (Bell) in the laboratory 
from 1925 to 1983 collected more than 800 innovative researches that technological innovation is activities 
which can be considered a new valuable product for the Vertex signs. M.I.Kamin and others in 1975 said that 
technological innovation should include the basic research and the market activities related with appearance 
and application of technology. 

2 Understanding on the concept of the broad and narrow definition of technological innovation 
Although what we often speak of innovation mainly refers to technological innovation, the concept of 

technological innovation also has differences definition between the different widths. To some extent, the 
correct definition of the concept of technological innovation is directly related to the study of the relative 
independence of technological innovation and research value. If the scope is too big, that all the activities 
that lead to economic growth is technological innovation. It is easy to make technological innovation and 
system innovation and organizational innovation confused, also exaggerate the role of technological 
innovation in economic growth; if technological innovation strictly is confined to the "creativity", especially 
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for a country like China with such a level of economic and technological development in developing 
countries is still relatively backward, the innovation which conform to the standards of technical innovation 
is still relatively little, this may unduly restrict the technical innovation research field, for the effective 
embodiment of technological innovation in economic development and the role of large and small enterprises 
as well. Therefore, I believe in defining the concept and scope of technological innovation, we must ensure 
that the theoretical rigor fit with China's national situation. I agree with the broad and narrow definition of 
technological innovation in part, and the main basis for the distinction between broad and narrow is the 
process of innovation. From the process of innovation, research and development (R & D) activities led to a 
new "invention" (new products, new technology), a new "invention" once enters a production process, the 
narrow technological innovation is completed; Once a narrow technical innovation enter the market, it may 
absorb and be copied by other enterprises. Economists call this phenomenon innovation diffusion. Any 
research results that are only through a narrow technical innovation can be transformed into productive 
forces; only through innovation diffusion, technological advances can improve the macro level, thereby 
fostering greater economic efficiency. Technological innovation is so broadly refers to "research and 
development (R & D) → narrow technological innovation → innovation diffusion" of the entire process, In 
other words, broad technological innovation is a new product or a new process for the selection of the idea, 
through research and development projects, Commercial production to market-wide application of a series of 
activities to complete the process. Under normal circumstances understanding of technological innovation, 
mainly refers to a narrow technical innovation. In my opinion, however, we should give full emphasis to the 
benefit of innovation; we should increase innovation diffusion, so the appropriate width should be used for 
the "extent” of the innovation that is broad technical innovation. 

3 The problem on the "innovation" intensity of the technological innovation  
On "innovation" intensity, there are two major categories in the world; one is fundamental innovation, 

also known as a radical innovation, establishment of the new technique on the basis of technical innovation; 
The other is progressive innovation which the improvement is also known as incremental or marginal 
improvements in existing technologies to establish the principle of gradual improvement of the technology. 
The focus of dispute is that whether technically lead to a progressive improvement of scale growth that is 
technical innovation areas. For decades the most scholars aboard advocated that incremental Improvement 
and technological innovation should be distinguished. Geluobai (S.Globe) in 1973 clearly, said that 
innovative and "marginal improvements" are different, but the effect size of the latter still should not as 
thought as an innovation. R.R.Nathan also repeatedly stressed that technological innovation should be 
distinguished from marketing, advertising, organizational management and workers to improve the quality of 
training. Despite the non-product and process improvements and technological innovation are closely related, 
they belong to the organization and management changes and can not counted as technical innovation. In 
addition, Mansfield, Utterback also thought that Incremental Improvement Plan as technical innovation 
category. Meanwhile, some other scholars and government organizations from practical point of view, said 
technological innovations that define the technical requirements should be relaxed extensively, incremental 
improvement have certain technical changes so  should be included in areas of technological innovation. 
NSF thinks whether it is new or improved products, processes or services, as long as the introduction of the 
market, are either technical innovation. E.Von Hippel claimed that standards should focus on technological 
innovation to achieve commercialization. It is not difficult to see that the starting point of the two viewpoints 
is different. Former viewpoint attention to the changes in the quality of technical standards, technological 
innovation is theoretically strict definition; the latter view is to focus on innovation and target the broad 
range of activities, designed to improve research and practical application of technological innovations and 
the coverage of the community as a starting point. I believe that as long as they are able to promote the 
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technological upgrading of enterprises, whether radical innovation or progressive innovation belong to 
technological innovation. Because of the development of technology, there is a fundamental change, there 
are incremental changes weak, Sometimes there is a fundamental change in the weak due to the 
accumulation of changes in the shape, and that caused a qualitative quantity, the effective level of technical 
innovation and technological change is not only the strength, but also with funds and other factors relating to 
the investment of resources so that the technical innovation of "innovation" should not be limited extent.  

4 The "successful" standards of Technological innovation in the market for the successful realization  
Technology innovation is the key to achieving success in the market, which is to be achieved through 

the success shown in the market, the failure is not considered technical innovation. Well, the "success" of its 
standards is that the commercial profitability, or market share, or a technological advantage? This has been 
unable to form a consensus. British technology policy expert Freeman thought that the failure Innovation is 
due to it’s not creating an effective market to make any profit. From a technical point of view despite the 
possibility of completing an innovative activity, innovation is the successful market penetration or access to 
a significant profit. In other words, commercial profit is not the sole criterion for the success of innovation 
and success not only to reflect current profits, many innovative focus on the long term because the potential 
profits, in the initial amount of the profits or a larger growth rate has not yet been reached. This shows that 
technological innovations on the "success" there are two criteria: First, a commercial profit is the expansion 
of the market share. In my view, though to satisfy market demand, is a commercial interest in the ultimate 
success or failure of innovative testing standards, however, due to the uncertainties and risks associated with 
technological innovation, technological innovation should be allowed to "successful" includes a wide range 
of the standard range. Generally speaking, the early stages of technological innovation are usually a high 
investment, profits will quickly realize, various forms of technical innovation and technological change in 
the level of intensity and the markets are quite different. Therefore, evaluation of the success or failure of 
technological innovation standards should be set up in many areas, mainly in the following three aspects: 
First, current profits are obtained; second, improve the state of the market, including new market share and 
expand the existing market share; third, innovation and the improvement of the quality refer mainly to the 
increase in the competitiveness of its technology and innovative management experience in the effective 
accumulation. The latter two performances as potential long-term enterprise profit growth. Therefore, I 
believe that innovation is "successful" the appropriate standard should be wider, it is necessary to pay 
attention to the exorbitant profits, but also the long-term interests of the future.  
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Is the Valadez Evaluation Method Based on Dodge and Romig?  
 
David J. Fitch 
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dfitch@uvg.edu.gt                
 

Engineers at the Western Electric Company in 1923 used probability theory in developing telephone 
inspection procedures to be used with single lots.  In 1926 Western Electric and Bell Laboratories joined to 
further develop the work.  The goal became not just deciding if the Consumer’s Risks for a given lot were 
acceptably low, but added the goal of minimizing the total number of pieces to be inspected in the output of lots 
from some industrial process, with the rule being that if the sample from a lot did not meet the method’s 
standards, all pieces of the lot were to be inspected.  This added goal was reasonable where, as would typically 
be the case, lots were from a well controlled production process and the quality of lots from that process were 
likely to be about the same as they had been in the past, i.e., the defective rate being well below the maximum 
acceptable figure. Taking account of this “process average (expected) defective”, sample sizes were computed 
designed to meet this minimum number goal.  If one can be reasonably sure that the lot quality, the “process 
average”, is well above minimum standards, then a smaller sample needs to be inspected.  But if quality is 
known to be more questionable, or the “process average” was not much better than the acceptable figure, a 
larger sample is taken. Thus fixing the sample size, using data from past experience from the process, tended to 
reduce the total number of pieces that need to be inspected.  The work was published in Bell Laboratory and 
industrial journals.  In 1944 the work was brought together and published by Dodge and Romig (D&R) as a 
book.  A revised edition was published in 1959.  In 1998 the 1959 edition became available as a part of the 
Wiley Classic Library. 

 
 Stroh, who was active in International Health (IH) at CDC, has an undated, unpublished paper - as 
reported by Valadez (1991), and upon which Valadez seems to have based his work – that apparently presented 
a method he developed and called a Lot Quality Assurance Sampling method (LQAS).  This method has been 
promoted for some 20 years by Valadez and Stroh.  It tends to conclude that IH projects have been successful 
when this may not be statistically justified.  The method has been heavily supported by USAID, the World 
Bank, CDC and WHO.  Stroh and Valadez say their method is based on the much respected work of D&R.  
There are problems with their LQAS method.  We are primarily interested here in exploring the question, “Do 
the problems in their LQAS have their origins in D&R?”   
 
 The term used by D&R for that in which we are interested is Consumer’s Risk but we will call this 
Child Risk.  We will work with the question, “Can it be concluded with a high degree of confidence, say 95%, 
that the child vaccination rate in a community (lot) is >80%1, i.e. that the unvaccination rate is <20%?”  To 
answer this, the statistician poses a null hypothesis that the unvaccination rate is >20%.  A sample of 
community children is selected.  Let’s illustrate our analysis using a sample size of 28.  This is a very small 
sample size, much smaller than the tables that D&R typically give, but is the sample size Valadez uses in the 

work reported in his book.  We see in the column of the Table headed 
0

d

dd
p

=
∑ 2 that if the community 

unvaccination rate is 20% the probability of none or one of the 28 sampled children being unvaccinated is .02, 
i.e. <.05, so a >20% null hypothesis is rejected and the hypothesis that the unvaccinated rate is <20% is 

                                                 
1 It might be more standard to use notation such as ≤ and ≥, but as seldom or ever will the probabilities being considered 
here be exactly, e.g., 80%, it seems clearer to write simply < and >. 

2 Is my summation notation 
0

d

dd
p

=
∑ confusing, incorrect?  I had considered 

*

0

d

dd
p

=
∑ which has been used in some of 

the LQAS literature, explaining that if α =.96, then *d = 9, but that seemed even more confusing, so I’ll let the reader do 

some work – or help me.  Below I will use 
*

0

d

dd
p

=
∑ as the probability where *d is the maximum number of defectives 

where a <80% null would be rejected, and 
**d

dd n
p

=
∑ as the probability where **d is the maximum number of defectives 

where the Stroh-Valadez method accepts a >80% null, i.e., does not reject it. 
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accepted, i.e. that vaccination rate is >80%.  This means we have strong evidence to believe that children of the 
community are protected from a measles outbreak, assuming that >80% vaccination rate gives such protection.  
But there is a small chance that we are wrong.  Finding none or one of the sample of 28 unvaccinated, the 
conclusion that the community rate is >80% will be wrong as much as 2% of the time.  This 2% is the Child 
Risk.  D&R report that their methods control for such risks, and we will see how they do this. 
 
Table 1. Probabilities and cumulative, binomial probabilities for numbers of children unvaccinated in samples 
of 28, given that the population unvaccination rate is 20%, i.e. the vaccination rate is 80%.     
                D                  dp              

0

d

dd
p

=
∑              

28

d

dd
p

=
∑  

                0                  .00                 .00               1.00 
                1                  .01                 .02               1.00 
                2                  .05                 .06                 .98 
                3                  .10                 .16                 .94 
                4                  .15                 .31                 .84 
                5                  .19                 .50                 .96 
                6                  .18                 .68                 .50 
                7                  .14                 .82                 .32 
                8                  .09                 .91                  .18 
                9                  .05                 .96                 .09 
              10                  .02                 .99                 .04 
              11                  .01               1.00                 .01 
              12                  .00               1.00                 .00 
 
 Let us look in some detail as to how the row number probabilities of the Table are computed.  They are 
probabilities from the binomial distribution which assumes an infinite population.  Now the number of children 
of a community is finite so the probabilities are not exact but very close.  Let us consider the case of one child 
selected at random in a sample of 28 is unvaccinated with the other 27 being vaccinated, where the population 

unvaccinated rate is 20%.  This probability is the number of ways of selecting one of the 28 which is 
28

1

 
 
 

=28, 

times the probability product of all but 1 being vaccinated, i.e. 27.80 , times the probability of that 1 child being 

unvaccinated, i.e. .20.  This probability is 28* 27.80 *.20 =.0135.  The probability of selecting 0 unvaccinated is 

1* 28.80 * 0.20 =.0019.  So the sum of these two probabilities is .0154, which rounds to .02.  In symbols, where 

d is the defective number, the probability of say *d  or fewer of a sample of 28 children unvaccinated from a 

population where the unvaccination rate is .20 is     
*

28

0

28
.80 20

d d d

d d
−

=

 
⋅ 

 
∑ .   Thus finding 0 or 1 

unvaccinated, i.e. where *d =1, means, with .02 being the probability sum, it is highly unlikely that the 
population unvaccinated rate is as much as .20%, so the >20% null hypothesis is rejected and one concludes 
that the unvaccination rate is <20%, i.e. that the vaccination rate is >80%, and thus that the children are 
protected. 
  
 Now what we need to do in order to answer our question is to examine how D&R compute what we are 
calling Child Risk.  It seems reasonable to believe that, as they are well respected in the statistical world, their 
reasoning will be identical to the above.  But let’s see.  If so, we will then look at the Stroh-Valadez LQAS 
method, to see if their reasoning is also the same. 
 
 As noted D&R set a fixed limit to what we are calling Child Risk.  Any lot (community) where the 
number of defective pieces – here unvaccinated children – exceeded some specified number would mean that 
Consumer’s Risk – here Child Risk - exceeds the acceptable Consumer’s Risk (Child Risk), and using the D&R 
reasoning such communities would be classified as unacceptable with regard to say measles vaccination 
coverage.  So how do D&R compute Consumer’s Risk?  Inviting critiques we will use their notation, as 
follows: 
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M = maximum number of defectives in a lot of tolerance quality, e.g. 200 
N = number of pieces in the lot, e.g. 1000, so maximum percent defective is 20% 
c = acceptance number: the allowable number of defectives in a sample of stated size, which would keep                           
Consumer’s Risk within the specified limits, e, g. 5% 
n = number of pieces in the sample 
m = number of defectives found in the sample 
P = Consumer’s Risk 

P = 
0

1
n m mc

m

n M M

m N N

−

=

    
−    

    
∑       

  
Now it needs to be noted that D&R give some modifications of this equations based on a 1929 article in The 
Bell System Technical Journal which is currently not available to us but we find, in the comparisons made, the 
probabilities for all practical purposes are the same.  The D&R equation for Consumer’s Risk is the same as 

that which we have seen is correct.  Child Risk =
*

28

0

28
.80 20

d d d

d d
−

=

 
⋅ 

 
∑ .   In using the equation one sets the 

acceptable Child Risk and solves for *d , or in D&R notation, for c. 
   
 So finally we look at the Stroh-Valadez LQAS procedures to see if their conclusions of >80% are based 
on the same type of Child Risk limits.  As we have seen, the probabilities in the column of the Table 1. headed 

0

d

dd
p

=
∑ are Child Risk probabilities.  Finding one or fewer of 28 unvaccinated we conclude with more than 

95% confidence that the community rate is >80%.  But Valadez concludes, with finding 9 or fewer, the 
community rate is >80%.  Something is wrong.  In the D&R notation Valadez says that with c=9 the rate is 

>80%.  With c=9 let’s solve the D&R equation, P =
0

1
n m mc

m

n M M

m N N

−

=

    
−    

    
∑ , for the smallest sample size 

where P<.05.  The answer is n=74, not 28.  Thus we see that the Valadez LQAS method of determining 
whether or not a lot is acceptable is not the industrial method of Dodge and Romig.     
 

We see in row 9, third column, that finding 9 unvaccinated and concluding that community children are 
protected means a Child Risk of 96%, quite unacceptable.  The conclusion will be wrong 96% of the time!3  So 
how does Valadez reason?  Perhaps the reasoning is given in the Stroh unpublished paper, but we do not know.  

A possibility, hardly likely, is as follows.  Note that in the column labeled
0

d

dd
p

=
∑ , row 9, the probability sum 

of 9 or fewer unvaccinated, in a sample of 28, where the unvaccination rate in the community is 20%, is .96.  
Thus, if the unvaccination rate is .20 or less, one will almost always find 9 or fewer of a sample of 28 
unvaccinated, and he may be suggesting - to his readers, trainees - that finding 9 or fewer unvaccinated, the rate 
is very likely <20%.  This reasoning is somewhat supported by what he has trainees do.  They repeatedly select 
samples from a bag containing 80 green and 20 red marbles.  Sampling 28 marbles they would find 9 or fewer 
red 96% of the time.  Presumably they are supposed to think that if 9 or fewer children are unvaccinated in a 
sample of 28, the community rate is 80%.  A recent USAID supported lecture on the Valadez LQAS method 
(Alegre, J. C. & Weiss, W., 2006) gives a more likely reasoning, as follows.  The method accepts that the 
community unvaccinated rate is <20% as long as there is, “no statistical evidence that the rate is <80%”.  Such 
evidence would come from the rejection of a >80% vaccinated null.  This reasoning is given in 
http://www.coregroup.org/conf_reg/lqas_series.cfm, Slide 17.4  This means the acceptance of a >80% null 
hypothesis.  Such acceptance of a null hypothesis, on which the Valadez LQAS method is almost certainly 
based, is a statistical error. 

 
Similar reasoning seems to have been used in results reported by Lanata, Stroh, and Black (1988) on 

the evaluation of vaccination efforts in Peru.  From what they give in their note we can not be sure of their 
reasoning, and it’s all rather complicated with the use of binomial probabilities.  They also site D&R, as if their 
method was based on the reasoning therein.  Their sample size is 9.  They write “A lot was classified as 

                                                
 

3 Using the normal approximation of the binomial, this Child Risk is a bit less.  See the 2007 JSM paper.  
4 If this presentation has been removed from the web, it can be obtained from the author. 
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acceptable if 3 or fewer children were found not up-to-date in their immunization schedule.”  Now the 
probability of finding 3 or fewer children not immunized if the population vaccinate rate is 80% is .9144, and 
the probability of  more than 3  unvaccinated is .0856.  With 3 or fewer unvaccinated, they conclude that the 
vaccination rate is 80% with an 8.56% error5.  A conclusion that their reasoning is the same as that of the 
Valadez LQAS reasoning given above would go as follows.  Assuming α = .10, and finding 3 unvaccinated, an 

>80% null hypothesis would not be rejected as the probability sum, **d =3, is 
**

9

9

9
.80 .20

d d d
dd

p
d

−

=

 
⋅ 

 
∑ = 

.2618, i.e. >.10.  But finding 4 unvaccinated this probability sum is .0856. <.10, and Lanata, Stroh, and Black 

(1988) apparently accept, with **d = 3 and α = .10, the >80% null hypothesis.   Note that with the more usual α 

= .05, **d  would be 4.   
 
We have noted, what is most likely the major attraction for USAID of the Stroh-Valadez LQAS 

method, and thus likely their reason for supporting it.  It allows them and their contractors, grantees, to claim a 
success not supported by their data.  But there is an additional attraction of Stroh-Valadez which the reference 
to the Lanata, Stroh, and Black (1988) note provides to us an opportunity of pointing out.  It is expensive to 
take a good sample, and the larger the sample the more expensive.  One wants to be told by its funder that a 
small sample is all that is needed to evaluate.  With Stroh-Valadez, the smaller the sample the smaller the 

percent found vaccinated allowing a claim of success.  Now with an α of .05 let us compare **( ) /n d n−  - i.e. 
the percent vaccinated in the sample that they claim indicates 80% vaccinated in the community - as a function 
of the n of 28 of the Valadez’s book, and the n of 9 of the Lanata, Stroh, and Black (1988) note.  With n=28, 
(28-9)/28 = 68%, but with n=9, (9-4)/9 = 56%.  So we see that the smaller sample incorrectly supports a 80% 
conclusion with a smaller sample vaccination rate – 56% versus 68%.  But in commenting on this we need first 
to say some things.  Valadez, since his 1991 book, is advocating that one use a sample size of 19, rather than 
28.  We have seen, with 9 of 28 unvaccinated, a >80% vaccinated null hypothesis would not be rejected, and by 
Valadez, accepted.  With a sample size of 19 this >80% null is not rejected with finding 6 or fewer 
unvaccinated.  We had supposed that in current AID work a sample of 19 would be taken and if 6 or fewer 
found, e.g., unvaccinated, it would be claimed that an 80% goal had been achieved.  But we have reviewed 
more than 100 AID health evaluation reports, and do not find such.  What we find is that they use what they 
call LQAS, but this seems to mean only that a sample size of 19 is used in their before-after evaluations – as if 
there is something magical about Stroh-Valadez and 19.  So we believe it fairer, and more useful, to conclude 
that the thinking is not statistically clear, rather than to say its conclusions are in error. What we do believe is 
that with clear statistical reasoning – too often lacking in International Health - fewer children will die. 

 
 In a nutshell, statisticians conclude that a vaccination rate is >80% if there is less than a 5% chance of 
<80%.  The Stroh-Valadez LQAS method so concludes if there is more than a 5% chance of >80%. 
 
 To me the support of this LQAS by USAID, the World Bank, CDC and WHO, and the support of the 
flawed Expanded Program of Immunization method to estimate child vaccination rates by the same 
organizations, shows there is a serious - and with the scandal of 10 million children dying each year in the poor 
world - a tragic lack of statistical competence in International Health.  
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5 In the industrial language of D&R this is Producer Risk, but here it would more understandably be called Health Provider 
Risk.  It is the probability of concluding that those responsible for achieving an 80% child vaccination rate have failed, 
when in truth they have not. 
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I. Introduction 

Good governance has become a buzzword in the millennium drive against poverty. Stakeholders have 
come to realize that economic and social development as well as human development, suffer from poor 
governance.  In the Philippines, during her State of the Nation Address on July 26, 2004, President 
Macapagal-Arroyo (2004) highlighted anti-corruption through good government as one of the five reform 
packages of her administration, together with job creation through economic growth, social justice and basic 
needs, education and youth opportunity and energy independence and savings.  

The global concern for governance issues brings to the fore the role to be played by  national statistical 
agencies (NSA). During the second OECD World Forum on Statistics, Knowledge and Policy, Virola 
(2007b) presented a paper on governance during the session on the lessons learned in the construction and 
use of indicator sets to build modern democracies. While NSAs have expanded their functions to cover the 
generation and dissemination of statistics on various emerging concerns such as gender statistics, 
environmental accounting and poverty assessment, the involvement of official statisticians in the 
measurement of democracy, human rights and governance  has been generally limited. Aside from resource 
constraints, including lack of statistical capacity, NSAs  may have some apprehension in giving priority 
attention to this new challenge which can be controversial and can generate public perception that the 
statistical agencies have become politicized.  
II. Measuring Democracy, Human Rights and Governance (METAGORA) 

Recognizing the importance of statistics in society, the Organization for Economic Co-operation and 
Development through PARIS21 (Partnership in Statistics for Development in the 21st Century), hosted the 
Project on Measuring Democracy, Human Rights and Governance (METAGORA) which aims to develop 
statistical tools for monitoring democracy, human rights and governance (DHRG). As described in OECD 
(2006), METAGORA intends to measure good governance in the context of human rights and democracy 
and attempts to address the needs for evidence-based policy making, impact studies, aid delivery, 
empowerment of informed civil society and support to democratic dialogue, in particular in the context of 
distributive development. The Philippines is one of seven countries where pilot activities focusing on various 
themes were implemented. 

The Philippine component of this project entitled “Development of a Pilot Survey Methodology for a 
Diagnosis of Rights of Indigenous Peoples in the Philippines” was implemented as a multidisciplinary 
undertaking by the Commission on Human Rights, in collaboration with the statistical agencies led by the 
National Statistical Coordination Board (NSCB),  the National Commission of Indigenous Peoples and other 
partners. It aimed to develop instruments for monitoring the rights to ancestral domains of indigenous 
peoples in three regions of the Philippines. The survey dealt with awareness/perception, realizations and 
violations, as well as mechanisms available to redress violations of these rights. The Project proved to be an 
eye-opener for the statistical agencies to get involved in the measurement of these concerns.  The NSCB 
staff, who were traditionally more involved in statistical planning and coordination activities, gained 
conceptual knowledge of DHRG which gave them better insights in their planning and coordination 
function.  It also enhanced the appreciation of DHRG institutions for statistics and provided the groundwork 
for closer collaboration and cooperation among the concerned institutions who, in fact, have not previously 
worked together.  Aside from the survey, project activities included capacity building of the partner 
organizations and focus group discussions to enrich the quantitative data with qualitative observations. 
 
 

                                                 
1 Paper presented during the 56th Session of the International Statistical Institute in Lisboa, Portugal on 22-29 August, 
2007. The authors acknowledge the assistance of Noel S. Nepomuceno in the preparation of this paper. 
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III. Involvement of National Statistical Agencies in Measuring Democracy, Human Rights and 
Governance  

One important lesson learned from the participation of the NSCB in the METAGORA project is the 
realization that involvement of the statistical agencies in the measurement of DHRG enhances the relevance 
of official statisticians and enriches the role of statistics in society.  

At present, a number of institutions in the Philippines, both public and private, are generating 
information on governance. 

In 1998, the NSCB (2003) developed a governance framework that served as a basis for the paper of 
Virola et.al. (2004)  presented during the 2004 National Convention on Statistics. The paper ranked the 
provinces based on a Good Governance Index (GGI) and evaluated the performance of their leaders by 
comparing the provincial GGI at the beginning and at the end of their term of office. This paper has been 
revised slightly by Virola (2007a) and is now being updated for presentation during the 10th NCS  on 1-2 
October 20072. 

In 1996, 2000 and 2002, the Philippine Human Development Network gave awards to provinces based 
on their Human Development Index (HDI)  now being compiled by the NSCB. However, the HDI, which 
was conceptualized  by the UNDP (1990), is based only on three major areas: health (longevity), education 
and income (standard of living), with a few indicators which, however,  are not generated regularly on a 
timely basis. 

Since 1998, the NSCB (1998-2005) has been publishing annually the Countryside in Figures (CIF), 
which ranks the performance of the provinces in various aspects of governance but does not come up with an 
overall ranking. The CIF contains provincial data on the following: governance, income and expenditures, 
labor and employment, prices, finance, agriculture, health, education, communications, tourism, 
transportation and public order, safety and justice. The CIF also provides rankings of provinces by major 
sectors/categories as well as listings of local officials by province and city. In the CIF rankings, some 
provinces rank very high in some areas but very low in others, making it difficult to assess the overall 
performance of the provinces. 

In 2006, the NSCB collaborated with an academic institution3 on a project that surveyed the users of 
governance indicators in the Philippines. It also worked with the planning agency4 on the development of a 
statistical framework to monitor and evaluate governance reform initiatives of the government. 

In addition, private survey firms5 periodically conduct surveys monitoring public opinion on 
corruption and governance issues. 

As the NSCB gets more involved in the measurement of DHRG, it is useful  to note the challenges and 
opportunities that have emerged. First, statistical agencies understandably,  have apprehensions and/or 
reservations in producing and disseminating data on DHRG. Second, official statisticians generally lack the 
conceptual knowledge of DHRG needed for its valid measurement. Third, while the DHRG institutions 
possess the required conceptual knowledge, they lack the statistical capacity to be able to generate high 
quality statistics on DHRG. Fourth,  the efforts by various stakeholders including civil society in the 
measurement of DHRG are  disconnected and are generally project-based, ad-hoc in nature and therefore not 
sustained over time. Lastly, while data demands continue to increase, resources allocated by governments to 
statistical agencies remain insufficient and the low levels of compensation received by government 
statisticians in many developing countries result in high turnover rates that impinge on the capability of 
national statistical agencies to respond effectively to the needs of their stakeholders.    
IV. The Philippine Provincial Good Governance Index (GGI) 

As illustration of how statistical agencies can get involved in the measurement of DHRG, this paper 
presents  the experience of the NSCB in the generation of governance statistics related to elections, 
specifically, on the compilation of the provincial good governance index.  
 A. The  GGI 

The governance framework for the GGI as shown in Annex 1 was developed by NSCB (2003) and 
covers three areas: economic, political and administrative governance. It has sub-themes for each area with 
40 core indicators for the three areas. It utilizes mostly administrative-based data. Under this framework, 
governance is the manner in which power is exercised in the management of the country’s economic and 
social resources for development. It also refers to the exercise of economic, political and administrative 

                                                 
2 The paper is entitled “Governance Statistics: Did Performance Matter in the 2007 Elections?” 
3 The National College of Public Administration and Governance (NCPAG) of the University of the Philippines  
4 The National Economic and Development Authority (NEDA) 
5 The two most visible polling firms in the Philippines are the Social Weather Station and Pulse Asia. 
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authority to manage the nation’s affairs at all levels. Good governance promotes the collective responsibility 
of the government, civil society and private sector for improving the lives of all Filipinos, particularly the 
poor. The government, therefore, needs to efficiently direct scarce public resources in order to provide goods 
and services and protection to the poor.  

While this paper uses the governance framework in Annex 1, it proposes a different set of indicators 
for the different subthemes. Some subthemes for which no indicators with appropriate data support could be 
identified have been excluded; while for others, some indicators have not been included because either the 
data are not timely or the desired provincial disaggregation has not been generated, or data quality is 
questionable like the data on crime rate.  Some Millennium Development Goals indicators were also added.  

For each province, the GGI is computed as the unweighted arithmetic average of the Economic 
Governance Index (EGI), the Political Governance Index (PGI), and the Administrative Governance Index 
(AGI). The EGI, PGI, and AGI are computed as the unweighted averages of the indexes corresponding to 
their subthemes. However, for this paper, the PGI was excluded due to unavailability of data. 

Similarly, the above sub-indexes are computed as the unweighted arithmetic averages of the indicator-
indexes under each subtheme. These indicator-indexes will themselves be unweighted arithmetic averages of 
another set of indicator-indexes. To introduce some benchmarking of the index, the index for the Philippines 
in 2000 is set at 100. At the lowest level of indexing, for indicators for which high values are desirable 
(positive indicators), the index for a province is obtained by dividing the value of the indicator for the 
province by the value of the indicator for the Philippines in 2000. On the other hand, for negative indicators, 
the index for a province is obtained by dividing the value of the indicator for the Philippines in 2000 by the 
value of the indicator for the province 

In the choice of the indicators in this paper, aside from the availability of provincial level data and 
availability of more timely data, since the purpose is to assess the performance of the local government unit 
(LGU) executive, only those indicators which are more or less within the control of the executive are 
included. Examples of indicators excluded due to data constraints are court case disposition, cases resolved 
on graft and corruption and infant mortality rate. Examples of indicators excluded because they are not 
clearly within the control of the LGU executives are population growth rate, number of banks and number of 
pawnshops. Also excluded are indicators which may not be clearly reflective of good governance or which 
may not be uniformly relevant across all provinces. Some of these are police to population ratio, total bank 
deposits and agricultural production.  

In addition, the GGI is compiled at the beginning and at the end of the term of office of the LGU 
executives in order to assess their performance. The difference in the GGI between the beginning and the end 
of the term is used as a measure of improvement, if any.  

In the actual indexes computed in this paper, some indicators are missing for some subthemes for 
reasons mentioned earlier and the formula for the indexes have to be adjusted accordingly. In cases where 
indicators are not available for a certain year such as those on health, housing and poverty, the indicators are 
not included in the index computation for that year.   In addition, in order to prevent an indicator from  
unduly influencing the index, such as when the value of the subindex for an indicator is over 1000, 
maximum limits are set for each subindex: 500 at the lowest level, 400 at the second level and 300 for the 
third level. The limits have been arbitrarily set; an alternative would be to use a certain number of standard 
deviations from the mean. The methodology is discussed in detail in NSCB (2003) and Virola, et.al. (2004). 

B. Voters’ Rewards And Punishment: 2004 Elections  
As illustration, the  GGI was computed for 2000 and 20036. Best provinces are those with the highest 

GGIs and Best Performing Provinces are those with the highest differences between the 2003 GGI and the 
2000 GGI. During  the 2004 elections, the results on the performance of the governor are summarized as 
follows: 

30 Best Provinces: 3 out of the 30 best provinces lost, 25 won! 
30 Worst Provinces: 23 out of the 30 worst still won, 7 lost! 
30 Best Performing Provinces: 4 of the 30 best performing lost, 24 won! 
30 Worst Performing Provinces: 22 of the 30 worst performing still won, 7 lost! 
C. The Voters’ Index 
How do voters assess their candidates? Is it based on the candidates’ performance? Or is it based on 

other factors? The increasing number of actors/actresses/sports personalities-turned politicians shows the 
power of the media in influencing the decision of Filipino voters. Also, cultural values such as kinship ties 
and sense of gratitude (repayment of debts and favors received) are known to influence voters’ decisions.   

                                                 
6 Elections were held in 2001 and 2004. The  2007 elections were held on 14 May, after the deadline for this paper.    
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Source: Report on the Development of Indicators and Design of a Database  
            and Information Network  of Governance Statistics Project, NSCB. 

The results of the 2004 elections clearly demonstrate the need to advocate for better behaviour among 
voters. Toward this end, a Voters’ Index is constructed. The Voters’ Index aims to measure the “wisdom” of 
the voters in selecting their candidates. A value of “0” or “1” is assigned to a province, depending on the 
results of the election and their GGI: 1 for best or best performing provinces whose governor7 won and 0 
otherwise; 1 for worst or worst performing provinces whose governor lost and 0 otherwise.  

The table below shows the Voters’ Index for the 2004 Philippine Elections, using 10, 20 and 30 
provinces in the computations. The table shows that bad performance is not sufficient for a governor to lose in 
the elections.  

Voters' Index 
  10 Provinces 20 Provinces 30 Provinces 
Best Provinces 2003 0.89 0.89 0.89 
Worst Provinces 2003 0.20 0.15 0.23 
Best Performing Provinces 2003 0.90 0.85 0.86 
Worst Performing Provinces 2003 0.22 0.26 0.24 

V. Limitations of the Study and Concluding Remarks 
 Obviously, the GGI presented in the paper has limitations. The methodology can be refined to 
enhance its robustness and the validity of the GGI as an indicator of governance. Toward this end, there is a 
need to generate timely data with the appropriate geographical disaggregation. More generally, there is a 
need to mainstream the measurement of DHRG in national statistical systems. It would also be useful to seek 
consultations with various stakeholders including the politicians.8 
 The timing and extent of dissemination of the results need to be assessed for maximum impact.  
Advocacy for voters to use information on the GGI is needed so that the Voters’ Index will increase over 
time. Likewise, the compilation of the governance index down to lower administrative levels such as the 
municipalities, where attribution of governance results can be more properly pinpointed, should be 
considered. Finally, with increasing demand for statistics in various areas, governments must be ready to 
invest more resources in statistics.   
ANNEX 1 - FRAMEWORK FOR THE DEVELOPMENT OF GOVERNANCE  

         INDICATORS 
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7 Or a candidate related to the governor 
8 The principal author made a presentation “Towards Informed Decisions of Voters During Elections: Measuring 
Governance of Local Officials”, during a forum sponsored by the Mayors Development Center, Inc. Philippines. 
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2 . Enhanced Government Responsiveness  
                                to the poor 

1 . Improvement of internal and external security  
2 . Law enforcement and Administration of justice  
3. Elimination of graft and corruption 

1 . Efficiency in the delivery of services 
2 . Improved transparency and accountability  
3 . Continuous building of capacities 
4. Expanded use of ICT 
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1. Introduction 

In recent years, the public demand for micro data increased dramatically. But statistical agencies face 
the dilemma that, although they might be willing to provide all the information required, a release of the 
datasets might not be possible for confidentiality reasons. For that reason, a variety of methods for disclosure 
control has been developed to provide as much information to the public as possible, while satisfying the 
disclosure restrictions needed to maintain the quality of the collected data (Willenborg and de Waal, 2001, 
Abowd and Lane, 2004). 

This paper discusses an application of Rubin’s (1993) approach to generate synthetic datasets to a panel 
of establishments in Germany (the IAB Establishment Panel)2. Rubin suggests to treat all the observations 
from the sampling frame that are not part of the sample as missing data and to impute them according to the 
multiple imputation framework. Afterwards, several simple random samples from these fully imputed data-
sets are released to the public. Because all imputed values are random draws from the posterior predictive 
distribution of the missing values given the observed values, disclosure of sensitive information is impossible, 
especially if the released dataset doesn’t contain any real data.  
 

                                                      
1 This research is part of the project “Wirtschaftsstatistische Paneldaten und faktische Anonymisierung“ financed by 

the Federal Ministry for Education and Research (BMBF) and conducted by the following institutes: Federal Statis-
tical Office Germany, Statistical Offices of the Länder, Institute for Applied Economic Research (IAW), Centre for 
European Economic Research (ZEW), Institute for Employment Research (IAB). We thank our project partners and 
the participants of the “UNECE Conference on Data Editing and Imputation”, 25.09-27.09.2006 in Bonn and “The 
Conference on Privacy in Statistical Databases ’06”, 13.12.-15.12.2006 in Rome, and especially J.M. Abowd, T.E. 
Raghunathan, D.B. Rubin and J.P. Reiter for their helpful comments on the paper.  

2 A slightly modified approach suggested by Little (1993), where only sensitive variables or variables that bear a high 
risk of disclosure are replaced, has been adopted for some datasets in the US (see for example Abowd and Wood-
cock, 2001 or Kennickell, 1997). 
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2. Generating Fully Synthetic Datasets with Multiple Imputation 
Missing data is a common problem in surveys. To avoid information loss by using only completely ob-

served records, several imputation techniques have been suggested. Multiple imputation, introduced by 
Rubin (1978) and discussed in detail in Rubin (1987, 2004), is an approach that retains the advantages of 
imputation while allowing the uncertainty due to imputation to be directly assessed. With multiple imputa-
tion, the missing values in a dataset are replaced by m >1 simulated versions, generated according to a prob-
ability distribution for the true values given the observed data.  

In 1993, Rubin suggested to create fully synthetic datasets based on the multiple imputation framework. 
His idea was, to treat all units in the population that have not been selected in the sample as missing data, 
impute them according to the multiple imputation approach and draw simple random samples from these im-
puted populations for release to the public. 

For illustration, think of a dataset of size n, sampled from a population of size N. Suppose further, the 
imputer has information about some variables X for the whole population, for example from census records, 
and only the information from the survey respondents for the remaining variables Y. Let Yinc be the observed 
part of the population and Yexc the nonsampled units of Y. For simplicity, assume that there are no item-
missing data in the observed dataset. 

Now the synthetic datasets can be generated in two steps: First, construct m imputed synthetic popula-
tions by drawing Yexc m times independently from the posterior predictive distribution f(Yexc|X,Yinc) for the N-
n unobserved values of Y. If the released data should contain no real data for Y, all N values can be drawn 
from this distribution. Second, make simple random draws from these populations and release them to the 
public. The second step is necessary as it might not be feasible to release m whole populations for the simple 
matter of data-size. In practice, it is not mandatory to generate complete-data populations. The imputer can 
make random draws from X in a first step and only impute values of Y for the drawn X. 

 
3. Application to the IAB Establishment Panel 
3.1 The IAB Establishment Panel 

The IAB Establishment Panel3 is based on the employment statistics aggregated via the establishment 
number as of 30 June of each year. Consequently the panel only includes establishments with at least one 
employee covered by social security. In 1997 the IAB Establishment Panel contained 8,850 establishments. 

For the imputation of the IAB Establishment Panel, we use additional information from the German 
Social Security Data (GSSD). The basis of the GSSD is the integrated notification procedure for the health, 
pension and unemployment insurances, which was introduced in January 1973.4 We use the establishment 
identification number to match the selected establishment characteristics aggregated from the employment 
register with the IAB Establishment Panel. 
 

3.2 Generating Synthetic Datasets 
In a first step, we only impute values for a set of variables from the 1997 wave of the IAB Establish-

ment Panel. As it is not feasible to impute values for the millions of establishments contained in the employ-
ment statistics for 1997, we sample from this frame, using the same sampling design as for the IAB Estab-
lishment Panel: Stratification by establishment size, region and industry. Every stratum contains the same 
number of units as the observed data from the 1997 wave of the Establishment Panel. We gain further infor-
mation by adding variables from the German Social Security Data and matching these variables to the obser-
vations in the Establishment Panel. After matching, every dataset is structured as follows: Let N be the total 
number of units in the newly generated dataset, that is the number of units in the sample ns plus the number 

                                                      
3 The approach and structure of the establishment panel are described for example by Bellmann (2002) and Kölling 

(2000). 
4 On the structure of the insurance number and on the data office of the pension insurance providers cf. Steeger (2000). 
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data from the IAB
Establishment Panel 

of units in the panel np, N=ns+np. Let X be the matrix of variables with information for all observations in N. 
Then X consists of the variables establishment size, region and industry and additional variables added from 
the German Social Security Data. Let Y be the selected variables from the Establishment Panel, with 
Y=(Yinc,Yexc), where Yinc are the observed values from the Establishment Panel and Yexc are the hypothetic 
missing data for the newly drawn values in X (see Figure 1). 
 
Fig. 1. The full MI approach for the IAB Establishment Panel 

 

Now, values for the missing data can be imputed by drawing Yexc m times independently from the pos-
terior predictive distribution f(Yexc|X,Yinc) for the N-np unobserved values of Y. 

To create the synthetic datasets we draw ten new samples from the German Social Security Data and im-
pute every sample ten times using chained equations as implemented in the software IVEware by Raghuna-
than, Solenberger and Hoewyk. For the imputation procedure we use 26 variables from the GSSD and reduce 
the number of panel variables to be imputed to 48 to avoid multicollinearity problems. 

After the imputation procedure, all observations from the Establishment Panel are omitted and only the 
imputed values are kept for analysis. Results from this analysis can be compared with the results achieved 
with the real data. 

 
3.3 Comparison Between the Original and the Imputed Dataset 

To evaluate the quality of the synthetic data, we compare analytic results achieved with the original 
data with results from the imputed data. Basis is an analysis by Thomas Zwick: ‘Continuing Vocational 
Training Forms and Establishment Productivity in Germany’ published in the German Economic Review, Vol. 
6(2), pp. 155-184 in 2005.  

Zwick analyses the productivity effects of different continuing vocational training forms in Germany 
using the IAB Establishment Panel. He argues that vocational training is one of the most important measures 
to gain and keep productivity in a firm. To detect why some firms offer vocational training and others not, 
Zwick runs a probit regression using the 1997 wave of the Establishment Panel.  

All estimates from Zwick’s regression run on the imputed data are very close to the estimates from the 
real data and except for one variable, for which the significance level increases from 1% to 5% in the syn-
thetic data, remain significant on the same level when using the synthetic data. For all the variables exclud-
ing the dummy variable that indicates establishments with 200 to 499 employees, the “true” value from the 
original dataset lies in the 95% confidence interval of the estimates from the synthetic datasets. Obviously 
Zwick would have come to the same conclusions in his analysis, if he would have used the synthetic data 
instead of the real data. 

A closer look at the variables used in the analysis further confirms the good quality of the imputation 
results. For most of them, the relative deviation of the means is lower than five percent. In general the abso-
lute deviation is very low, never higher than 0.05, once more underlining the good results achievable with the 
synthetic data.  
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4. Concluding Remarks 
In this paper we discuss an application of Rubin’s (1993) approach to generate fully synthetic datasets 

to the German IAB Establishment Panel. Releasing these synthetic datasets has the advantage that for an in-
truder, who is interested in the true values from a single respondent, the synthetic data is useless since fully 
synthetic datasets don’t contain any real values. For researchers however, the datasets still provide all the 
required information, since their main interest lies on aggregated information like (sub)population means, 
correlations, variances or information from regressions run on the data. If the imputation model is carefully 
selected, the correlation structure from the original data is preserved and inference for the synthetic data is 
the same as for the real data.  

To evaluate the quality of the imputed datasets, we use a typical state-of-the-art analysis by Zwick 
(2005) on the 1997 wave of the IAB Establishment Panel and compare the results he achieved with the origi-
nal data with results, the synthetic datasets would have provided. We find that the regression coefficients are 
almost identical and Zwick would have obtained the same conclusions in his paper if he would have used the 
synthetic datasets. Some descriptive comparisons of the means of Zwick`s regression variables from the 
original and from the synthetic datasets further emphasize the good quality of the imputation results.  

From the data protection perspective, generating synthetic datasets is an appropriate way of guarantee-
ing confidentiality. For most establishments, the probability that the establishments of interest are included in 
the imputed datasets is very low and if they are included, there is no guarantee that the imputed values are 
near the original ones. So, multiple imputation for disclosure control can provide both: Maintain inference 
for descriptive as well as for regression analysis on the one hand and guarantee the confidentiality of the sur-
vey respondents on the other hand.  
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1. Introduction

In disseminating microdata, the expression of a record is changed by anonymization techniques,

in which there are two sources of safety for privacy. The first one is distance between the changed

expression and the original. For example, noise addition or swapping depends on this idea. The second

one is the number of individuals that are expressed in the same way. If the number increases, it is more

difficult to identify an individual among the group. Hence recoding, suppression or microaggregation

gathers records.

Risk measures such as the number of population uniques do not reflect the first source, but

modification to include the distance is not difficult. Except for a census, the hardest part of the risk

assessment is the evaluation of the second source: the estimation of the number of individuals in a

population given a specific expression. Therefore we focus on the principal problem or the estimation

of population’s structure.

It is widely known that a nonparametric method does not work well when a sampling fraction

is low. Hence we use superpopulation models to supply a priori information about a population.

Then one important point is the type of information modeled. For example, a log-linear model

can be regarded as a superpopulation, which employs the information of the attributes of surveyed

individuals. This idea is natural, but the attributes tend to have little information actually. Typical

data in our field consist of many zero and one counts, and log-linear models face difficulty in modeling

such sparse cases. Consequently, efforts continue around log-linear models, yet other information than

the attributes seems to be neglected.

Hoshino (2004) noted empirical stability similar to Zipf’s law. Typical data satisfy some log-

convexity, which is a sufficient condition for a family of distributions. This argument leads to Hoshino’s

(2006) family of Conditional Compound Poisson (CCP) distributions, which utilizes the empirical

knowledge that is different information from the attributes of individuals.

The family includes the Dirichlet-multinomial mixture and the multinomial distribution. These

distributions are often used in log-linear modeling, and the estimation of a population usually depends

on one distribution. However, an assumed distribution may be very different from a true population.

It is thus better to check the sensitivity of estimation by changing assumption; results from a set

of distributions should be compared. Then the construction of the set needs a reasonable criterion,

which can be the empirical law that leads to the CCP distribution. Moreover, the family is closed

under gathering records, which was the essential idea of suppression, recoding or microaggation. It

is natural to require the set to be closed under these treatments. The CCP distribution is a general

framework that comprehends common practices.

In the next section, the present article discusses a few useful properties of the CCP distribution

as a tool for the risk assessment

2. Results

First the set of anonymization techniques is fixed. Then we calculate the number of possible

expressions of records, which is denoted by J . In the case of global recoding and suppression, J equals
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the number of cells of a contingency table. In another case of noise addition, J becomes uncountable

infinite. However, we may regard J as countable infinite or finite, because subtle differences of values

are indistinctive for an intruder. We attach an index j, j = 1, 2, . . . , J, to each possible expression. As

discussed in the previous section, we estimate the frequency of the j-th expression, which is denoted

by Fj . For a vector, we write F J := (F1, . . . , FJ). The total number of individuals is denoted by

N :=

J∑
j=1

Fj .

Some risk measures depend only on Greenberg and Zayatz’s (1992) equivalence classes:

Si :=

J∑
j=1

I(Fj = i), i = 0, 1, . . . ,(1)

where I(·) is an indicator. For example, S1 implies the number of uniques. We write

Sn := (S1, S2, . . . , Sn), n = 1, 2, . . . .

The inference of Sn is less difficult than that of F J .

To introduce the CCP distribution, we need the compound Poisson distribution defined by the

following probability generating function (pgf):

G(z) = exp(θj(g(z) − 1)), 0 ≤ θj < ∞,(2)

where

g(z) =
∞∑
i=1

qiz
i(3)

is another pgf of a distribution over positive integers (qi is the probability of i, i = 1, 2, . . .). Con-

fusingly, “compound Poisson” sometimes refers to a mixed Poisson distribution, which is a different

concept; see Johnson et al. (1993, p.188).

Definition 1 Assume that Fj , j = 1, 2, . . . , J, is independently compound Poisson distributed as (2).
We then call the conditional distribution of F J given N = n a Conditional Compound Poisson (CCP)
distribution generated by the distribution of g(z). The parameter

pj :=
θj∑J

j=1 θj

, j = 1, 2, . . . , J,(4)

is called a cell probability.

For example, the Dirichlet-multinomial mixture is a CCP distribution generated by the loga-

rithmic series distribution. Another interesting example is the quasi-multinomial distribution, which

is a CCP distribution generated by the Borel distribution. The reason of the conditioning is that the

size N of a population is usually given, and conditional estimation never loses against unconditional

one.

The multinomial distribution is a CCP distribution generated by a degenerate distribution

concentrating on 1. Hence the general CCP distribution inherits good properties of the multinomial

distribution. The following two propositions are cited from Hoshino (2006).

Proposition 1 Let F J given N = n be distributed as a CCP distribution with cell probabilities
(p1, p2, . . . , pJ). Then

E(Fj |N = n) = npj , j = 1, 2, . . . , J.

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 4262 -



Under log-linear modeling, pj is explained by covariates. Proposition 1 states that the natural

interpretation of a cell probability is valid for any CCP distribution. A CCP distribution can describe

overdispersion without changing averages.

Proposition 2 Let F J given N = n be distributed as a CCP distribution with cell probabilities
(p1, p2, . . . , pJ). Suppose that m ∈ {1, 2, . . . , J − 1}. Then for any m indices (j1, j2, . . . , jm), the
marginal distribution of (Fj1 , Fj2 , . . . , Fjm , n−

∑m
l=1 Fjl

) is again the CCP distribution with cell prob-
abilities (pj1 , pj2 , . . . , pjm , 1 −

∑m
l=1 pjl

).

Proposition 2 entails easy risk assessment. To evaluate the risk of the jth expression, we need

the jth marginal distribution, which becomes a bivariate CCP distribution with cell probabilities

(pj , 1 − pj). For example, E(1/Fj |N = n, Fj ≥ 1) corresponds to Franconi and Polettini’s (2004) risk.

This measure seems to be calculated by several authors without the condition that N = n, but the

conditioning is not very difficult. Concerning a file level risk measure, we have

E(Si|N = n) =

J∑
j=1

P(Fj = i|N = n)

from the definition (1). The right hand side is the sum of bivariate CCP distributions.

We next consider the most unsafe situation in the sense that the frequency of a specific expression

tends to be small. It may be noteworthy that the first source of safety, a distance, is not considered

here. When recoding is employed, more detailed information is published as J → ∞. Thus one interest

is the upper bound of the risk in this case.

The unsafe situation is described for a CCP distribution by the following limiting argument:

J∑
j=1

θj → µ (0 < µ < ∞), max
j

θj → 0 as J → ∞.(5)

In (5), the first condition of µ is required to define a cell probability. The second condition on θj implies

that a big cell or expression is divided. However, the joint distribution of F J given N = n does not

make sense under (5), because almost every Fj is zero in the limit. Thus the limiting distribution of

Sn, which is proved elsewhere, is given below.

Proposition 3 Suppose that F J given N = n is CCP distributed and the probability mass function
of Sn is denoted by pJ(sn), where sn ∈ {sn : si ∈ N0, i = 1, 2, . . . , n,

∑n
i=1 isi = n,

∑n
i=1 si ≤ J}. If

we apply (5),

lim
J→∞

pJ(sn) =
n!µu

∏n
i=1 qi

si 1
si!

Bn(µx1, . . . , µxn)
, sn ∈ {sn : si ∈ N0, i = 1, 2, . . . , n,

n∑
i=1

isi = n},(6)

where xi = i! qi, u =
∑n

i=1 si, and Bn(µx1, . . . , µxn) is a Bell polynomial.

We call the right hand side of (6) a Limiting CCP (LCCP) distribution generated by g(z).

For example, the LCCP distribution generated by the logarithmic series distribution is the Ewens

distribution, in which the corresponding Bell polynomial is simply expressed. See e.g. Charalambides

(2002, p.412) for more on a Bell polynomial. The LCCP distribution is a special case of Gibbs partition

(Pitman (2006)).

Now we express the upper bound of disclosure risk by a Bell polynomial without proof.

Proposition 4 Suppose that Sn is LCCP distributed as the right hand side of (6). Then for all
r1, . . . , rn ∈ N0 such that R :=

∑n
i=1 iri ≤ n, the factorial moments are

E(
n∏

i=1

S
(ri)
i ) =

Bn−R(µx1, . . . , µxn−R)µrn(R)

Bn(µx1, . . . , µxn)

n∏
i=1

(
xi

i!
)ri ,(7)
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where r =
∑n

i=1 ri and n(R) = n(n − 1) · · · (n − R + 1).

If a Bell polynomial is simple, (7) is easy to compute. In addition, the probability mass function

of a CCP distribution is actually written as

P(F J = fJ |N = n)

=

(
n

f1 · · · fJ

)
1

Bn(µx1, . . . , µxn)

J∏
j=1

Bfj
(µx1, . . . , µxfj

).

Therefore, a Bell polynomial plays an important role in assessing disclosure risk.
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RÉSUMÉ (ABSTRACT) 

Ce papier présente un panorama rapide des différentes dispositions juridiques françaises autorisant l’accès aux 

données individuelles, c’est-à-dire aux données concernant un seul individu statistique, par opposition aux données 

agrégées qui concernent une somme d’individus statistiques. Ces dispositions nous obligeront à distinguer les 

données concernant les entreprises de celles concernant les personnes physiques. Nous reviendrons en fin de texte 

sur les difficultés pouvant surgir d’une telle distinction.  

 

This paper presents a short panorama of the various French legal measures allowing the access to the individual 

data, that is to the data concerning a single statistical individual, by opposition to the aggregated data which 

concern a sum of statistical individuals. Due to these measures, we will be obliged to distinguish business data 

of ”household” data. We shall return at the end of text on that distinction. 

 

Introduction 

La France possède un système original permettant l’accès aux données individuelles. Si les dispositions 
sont strictes pour les données concernant les ménages, le système mis en place pour les données 
d’entreprises s’est montré suffisamment souple pour pouvoir satisfaire depuis 20 ans la plupart des 
demandes qu’elles proviennent de chercheurs ou d’autres organismes.  

En France, le système de protection de la confidentialité des données statistiques repose sur la notion de 
secret et le fait de révéler « une information à caractère secret » est puni d’un an d’emprisonnement et de 
15 000 euros d’amende. Notons que cette infraction fait partie des atteintes à la personnalité et qu’il est 
donc nécessaire que l’on puisse identifier l’unité statistique concernée par les données diffusées, la 
diffusion de données anonymisées ne semble donc pas poser de problème. L’ensemble des personnes 
travaillant dans le système statistique public est soumis à ces contraintes. 

Il convient, pour mémoire, de noter que, face à une demande d’un policier travaillant sous le contrôle 
d’un juge, le statisticien est obligé de donner accès aux données individuelles nominatives.  

Les données relatives aux ménages et aux personnes physiques 

L’article 6 de la loi statistique1 interdit dans son premier alinéa toute cession de « renseignements 
individuels » collectés lors des enquêtes. L’article 7bis introduit la même interdiction pour les fichiers 
administratifs que pourrait utiliser le système statistique public.  

                                                      
1 Loi n° 51-711 du 7 juin 1951 sur l’obligation, la coordination et le secret en matière de statistique. Voir le site www.cnis.fr.  
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Un retour en arrière s’impose pour mieux comprendre cette interdiction : lors du vote de la loi de 1951, 
le législateur n’était pas totalement convaincu de l’intérêt des enquêtes auprès des ménages qui lui 
semblait trop lourde et a failli les interdire, sauf peut-être les recensements. La contrainte sur leur 
diffusion peut s’analyser comme une contrepartie de l’acceptation de ce type d’enquête. Ultérieurement, 
les lois sur la protection des données à caractère personnel sont venues renforcer cette interdiction.  

La conséquence de cette analyse est claire et l’Insee ne peut donc diffuser que des données anonymisées, 
c’est-à-dire ne permettant pas d’identifier les personnes concernées. Cette diffusion va bientôt concerner 
deux types de public bien distincts. Une diffusion des données individuelles de certaines enquêtes permet 
d’atteindre le « grand public », tandis que les chercheurs peuvent utiliser des fichiers contenant plus 
d’information, mais toujours anonymisés.  

Au regard de la loi française relative à la protection des données à caractère personnel, la notion de 
« données anonymisées » doit prendre en compte les informations déjà possédées par le destinataire des 
données. Pour des demandes issues de chercheurs et demandant des données non anonymisées, l’Insee a 
la possibilité de faire venir travailler temporairement des chercheurs dans ses locaux, ces chercheurs 
devenant temporairement du personnel Insee, donc des personnes soumis aux mêmes contraintes de 
secret que les statisticiens et se trouvant ainsi dans l’impossibilité de céder à l’extérieur des 
« renseignements individuels ».  

L’accès aux données concernant les personnes physiques et les ménages est donc strictement limité en 
France, y compris pour les chercheurs.  

Les données relatives aux entreprises 

L’accès aux données concernant les entreprises est organisé de manière fondamentalement différente à 
celui des données relatives aux ménages et aux personnes physiques. A la place d’un régime strict de 
protection de la confidentialité des données pour les personnes physiques est substitué, pour les données 
relatives aux entreprises, un régime plus souple permettant la cession de données sous certaines 
conditions.  

Avant de passer en revue le pourquoi et le comment de cette procédure, il convient de préciser que cette 
même procédure s’applique pour les données statistiques concernant les collectivités locales (comme les 
communes ou les départements) et les établissements publics.  

Pourquoi distinguer les données d’entreprise ?  

La rédaction initiale de la loi du 7 juin 1951 intégrait une différence de traitement entre les données 
« ménages » et les données « entreprises » : alors que la cession de renseignements individuels issus des 
premières était interdite, la cession de renseignements individuels issus des secondes n’était interdite que 
pour le contrôle fiscal ou la répression économique. Deux idées ont, semble-t-il, présidé à cette 
différence. Tout d’abord, l’interdiction des enquêtes auprès des entreprises n’a jamais été évoquée. 
D’autre part, il est très difficile d’anonymiser les données d’entreprises du fait de leur hétérogénéité. Il a 

donc fallu imaginer une procédure permettant de diffuser des données d’entreprise sans avoir recours à 
une procédure d’anonymisation, mais en se protégeant contre des utilisations non prévues par la loi.  

Le comité du secret statistique 
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La procédure qui a été mise en place comporte deux phases : un avis d’un comité ad-hoc, appelé 
« comité du secret » puis une décision du directeur général de l’INS qui, pour l’instant, a toujours suivi 
l’avis du comité du secret.  

Avant de s’intéresser les différents types d’avis donnés par le comité, il convient de regarder plus 
précisément sa composition qui permet de mieux comprendre son rôle de facilitateur de l’utilisation des 
données individuelles.  

Présidé par un membre du Conseil d’Etat (plus haute juridiction administrative en France), le comité du 
secret statistique comporte des membres d’horizons très différents.  

Ainsi, participent aux réunions un représentant de chaque assemblée constitutionnelle (Sénat, Assemblée 
nationale et Conseil Economique et Social), quatre représentants de l’administration (un représentant du 
ministre de la Justice, un membre de l’INS, un représentant des archives de France2 et un représentant du 
service enquêteur concerné par les décisions), cinq représentants des chefs d’entreprises et un 
représentant des organisations syndicales de salariés ainsi qu’un chercheur compétent dans l’utilisation 
des données concernant les entreprises. 

La procédure est relativement simple : après avoir rempli un dossier disponible auprès du secrétariat du 
comité, le demandeur doit être présent à une des quatre sessions annuelles du comité et présenter son 
dossier expliquant notamment l’utilisation qu’il compte faire des données, la nécessité qu’il a de les 
obtenir dans le cadre de son travail et les mesures de protections qu’il compte mettre en place. Un avis 
est ensuite rendu par le comité, puis une décision est prise par le directeur général de l’Insee et le chef du 
service enquêteur, décision qui, pour l’instant, a toujours suivi l’avis du comité. En 2005, 89 demandeurs 
ont présenté des demandes au comité qui a donné un avis favorable à 255 cessions de données ; 22 
demandeurs ont une réponse négative, soit à cause d’un problème de procédure (absence du demandeur, 
dossier incomplet nécessitant un renvoi), soit parce que les garanties de confidentialité n’étaient pas 
respectées. Si la moitié des demandes depuis la création du comité (1984) concerne des centres de 
recherche ou des universités, il faut noter qu’environ 25% proviennent d’autres administrations et que 
certaines demandes proviennent d’organisations étrangères (Eurostat ou universités).  

Les avis du comité du secret statistique 

La procédure décrite ci-dessus concerne les procédures individuelles : il s’agit pour une personne 
nommément désignée d’obtenir des données pour un travail donné et durant une période donnée. Ces 
procédures représentent la majorité des procédures. Il faut savoir, qu’une fois la décision prise, la 
personne recevant les données est soumise aux mêmes obligations que les statisticiens et sera punie des 
mêmes peines en cas de rupture de la confidentialité.  

Le comité se prononce aussi sur des avis permanents : dans le cadre de la diminution de la charge de 
collecte des informations, le comité du secret a donné un avis favorable à l’échange de données entre 
certains services statistiques, échanges de données qui n’auront pas à être validées chaque année.  

                                                      
2 Toutes les enquêtes statistiques ont le statut d’archives nationales.  
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Enfin, le comité prononce aussi des avis sur des diffusions publiques : ainsi, il a pu émettre un avis 
favorable (qu’une décision du Directeur général de l’Insee a confirmé) qu’un certain nombre de variables 
tirées des enquêtes statistiques annuelles (activité principale, tranche de chiffre d’affaires et tranche 
d’effectif) pouvaient être librement diffusées dès lors que l’entreprise concernée ne s’y opposait pas. 
C’est aussi le comité du secret qui a fixé les règles de confidentialité : une case d’un tableau peut être 
diffusée dès qu’elle comporte au moins 3 unités statistiques et que chacune des unités concourt à moins 
de 85% du résultat de la case. 

En guise de conclusion 

L’existence du comité du secret statistique est une manière souple de gérer les accès aux données 
confidentielles. Elle permet de rencontrer le demandeur, de vérifier les travaux qu’il compte effectuer 
avec les données qu’il demande et les mesures de protection qu’il compte mettre en œuvre tout en 
garantissant la même confidentialité que si les données étaient à l’intérieur du système statistique. De 
plus, la fréquence des sessions permet, si cela est nécessaire, de modifier la jurisprudence du comité ou 
de l’adapter à de nouveaux types d’enquêtes. 

Enfin la participation à ce comité de représentants des entreprises concernées par les enquêtes permet 
de mieux faire comprendre les objectifs de cette cession qui, si elle est prévue par la loi statistique, doit 
être expliquée et ré expliquée si nécessaire.  

Conclusion 

La présentation faite ci-dessus avait pour objectif de montrer les fortes différences concernant la cession 
des données selon qu’il s’agisse de données concernant les ménages et les personnes physiques ou qu’il 
s’agisse de données concernant les entreprises.  

L’origine de cette divergence étant la loi, seule une modification de cette loi pourrait permettre d’obtenir 
des procédures équivalentes. On peut notamment penser à la création d’un comité du secret spécifique 
qui jouerait un rôle proche de celui existant. Bien entendu, l’autorité de contrôle mise en place par la loi 
sur la protection des données à caractère personnel (Cnil) doit y avoir un rôle à jouer.  

Toutefois, en attendant cette loi, il n’est pas impossible de progresser dans le cadre même des 
dispositions en vigueur. L’Insee pourrait bientôt tester sur un panel de personnes physiques la procédure 
suivante : dans le cadre d’un projet de recherche bien spécifié, un chercheur pourrait être incorporé 
temporairement dans les cadres de l’Insee afin d’extraire des données anonymisées servant à cette étude 
spécifique. Membre de l’Insee, il serait soumis aux différentes règles de confidentialité, y compris après 
l’avoir quitté. Une fois le fichier anonymisé créé, il pourrait le diffuser à l’extérieur pour les différentes 
études nécessaires.  
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1 Introduction

The ABS (Australian Bureau of Statistics) operates in a legal environment where it cannot
release statistical output in a manner that is likely to enable the identification of a particular person
or organisation. As a result, SDC (Statistical Disclosure Control) methods often need to be applied to
statistical output before release. A new SDC cell perturbation method will be applied to all ABS 2006
census of population and housing tables of counts. The method in particular gives protection against
disclosures occurring through table differencing and therefore allows more flexibility in the release of
geographical building blocks and other subpopulation tables.

Assume we have a table containing m cells and k additivity constraints. Let dU = (U1, U2, ..., Um)′

be the vector of all the original (unperturbed) cell counts for a given table. The cell perturbation
method replaces the table dU with the table

dA = dU + ep + ea = dU + et,

where ep, ea and et are vectors of small random integer noise perturbation terms. Each perturbation
term in ep is generated independently, consistently (whenever the same set of units are in a cell,
the same perturbation value is always generated) and the ith element in ep follows a probability
distribution which depends on Ui. In general the table defined by the observed value of dU + ep will
have k unmet additivity constraints (for example the interior cells do not add to the grand total cell).
ea is a vector of small noise terms generated using an iterative fitting algorithm developed by the ABS
that restores any unmet additivity constraints to the observed table dU + ep. Note that this second
perturbation is guaranteed to be zero in any grand total cell and so ensures consistency of grand totals
across different tables. See Wooton (2006) for more details on this two stage perturbation process.

By perturbing tables the ABS protects small cell counts and small cell count differences from
being revealed with certainty and this lowers the identification risk to an acceptable level. However this
confidentiality protection measure comes at a cost. The random noise that gets introduced distorts the
original cell count distributions leading to information loss. Ideally a suite of information loss measures
need to be defined for a table to inform data users of the magnitude of the damage and the potential
effects of perturbation on statistical analyses and tests. Shlomo and Young (2005) and Wooton (2006)
define various information loss measures according to the statistical aspect to be measured which could
be used for this purpose.

In Wooton (2006) a simple example was given where a particular interior cell count was assumed
to followed a binomial(n, p) distribution and it was of interest to estimate the parameter p using max-
imum likelihood estimation. Under these assumptions an information loss measure was derived based
on an approximation to Fisher’s expected information. However the measure in Wooton (2006) uses
a Taylor series approximation and assumes that the expected Fisher information under perturbation
has a particular functional form. The purpose of this paper is to further explore the use of Fisher
information (including Fisher’s observed information) to derive improved measures of information loss.
In particular we make use of a result derived in Steel (2007) and apply it to a binomial model. A
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simulation study is then undertaken which calculates the information loss when p = 0.5 for different
values of n and we then link these results back to those in Wooton (2006). Again we are restricting
ourselves to a simple binomial model, but the results here should be able to be extended in the case
of multiple parameters and more complicated models.

2 Measuring Information Loss

Breckling et. al. (1994) prefer the observed Fisher information function to the expected Fisher
information function for inference (for reasons given in Efron and Hinkley (1978)). When deriving
information loss measures it might therefore be better to use Fisher’s observed information instead of
Fisher’s expected information as in Wooton (2006).

In Steel (2007) a SDC information loss measure is derived based on Fisher’s observed information.
This result is given at (1) and (2) below in our notation. Assuming that the SDC method is such that

(1) f(dA|dU ; φ) does not depend on p and φ is a known parameter,

then

(2) infoA(p; dA) = E[infoU (p; dU )|dA]− V [scU (p; dU )|dA],

where E and V denote respectively expectation and variance, p is the parameter we wish to estimate,
infoA is the observed Fisher information function for dA, infoU is the observed Fisher information
function for dU and scU is the score function for dU . The assumption (1) holds in our case and
therefore (2) can be applied. This formula explicitly shows the information loss resulting from using
dA instead of dU and is reflected in the term V [scU (p; dU )|dA].

We now apply (2) to a simple binomial example. Let dU = (U1, U2, n)′ where n is assumed fixed
and known, U1 is distributed as binomial(n, p) and U1 + U2 = n is the only additivity constraint.
Under this model the right hand side of (2) becomes,

(3)
n∑

u1=0

(
u1

p2
+

n− u1

(1− p)2
)f(U1 = u1|dA)−[

n∑

u1=0

(
u1 − np

p(1− p)
)2f(U1 = u1|dA)−(

n∑

u1=0

u1 − np

p(1− p)
f(U1 = u1|dA))2].

In order to calculate the above information function the conditional distribution f(U1|dA) needs to
be known for each value of U1. These conditional probabilities can be calculated by applying Bayes
theorem:

(4) f(U1|dA) =
f(U1)f(dA|U1)∑
U1

f(U1)f(dA|U1)
,

where f(U1) is the binomial probability density function and f(dA|U1) is calculated using the following
steps:

1. Calculate f(ep|dU ) for all combinations of dU and ep.

2. For each combination of dU and ep obtained in step 1, apply the iterative fitting algorithm to
the table dU + ep to obtain ea.

3. For each dU sum up the probabilities f(ep|dU ) which result in the same value of dA to obtain
f(dA|dU ).
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In Wooton (2006), the information loss based on Fisher’s expected information was defined as

(5) E[infoU (p; dU )]−E[infoA(p; dA)],

and the following approximation was used

(6) E[infoA(p; dA)] ≈ n

p(1− p) + V (et(1))

n + p2V (ep(3))

n − 2pC(et(1),ep(3))

n

where C denotes covariance, (ep(1), ep(2), ep(3))′ = ep, (ea(1), ea(2), 0)′ = ea and (et(1), et(2), ep(3))′ =
ep + ea = et (the iterative fitting algorithm guarantees that ea(3) = 0 since it is a grand total cell).
Note that we can now actually calculate the real value of E[infoA(p; dA)] since f(dA) is equal to the
denominator of (4) and by definition

(7) E[infoA(p; dA)] =
∑

dA

infoA(p; dA)f(dA).

Also when p = 0.5 the observed and expected information functions for dU are equal. That is,

(8) infoU (p; dU ) = E[infoU (p; dU )|dA] = E[infoU (p; dU )] = 4n.

It might therefore be interesting to see how close (6) is to (7) and when p = 0.5 how close V [scU (p; dU )|dA]
is to (5).

3 Simulation Study

In this section we implement the methodology outlined in section 2. We use dA = (n
2 , n

2 , n)′

(when using Fisher’s observed information function), p = 0.5 and a range of different even values of n

between 6 and 100. We use the same f(ep(i)|Ui) as used in the simulations in Wooton (2006). Given
Ui ≥ 8 these distributions are all equal, symmetric and have V (ep(i)) = 4.

The percentage information loss using (2), (3) and (4) is V [scU (p;dU )|dA]
4n × 100% (call this the ob-

served Fisher information method). The percentage information loss using (5) and (7) is 4n−E[infoA(p;dA)]
4n ×

100% (call this the expected Fisher information method). The percentage information loss using (5)
and (6) is b∗

b∗+n × 100%, where b∗ = 4V (et(1)) + V (ep(3)) − 4C(et(1), ep(3)) (call this the approximate
expected Fisher information method). We calculated V (et(1)) and C(et(1), ep(3)) for a set of 12 values
of n between 6 and 100 and it was found that V (et(1)) ≈ 3, C(et(1), ep(3)) ≈ 2 and V (ep(3)) = 4 for all
values of n. This means that b∗ ≈ 8.

Figure 1 contains a plot of the percentage information loss for both the observed and expected
Fisher information methods as well as the functions 100b

b+n and 100b∗
b∗+n with b = 8.9814 and b∗ = 8.

b = 8.9814 is obtained by fitting the non-linear function to the 12 percentage information loss values
from the observed Fisher information method. The non-linear function 100b

b+n fits the observed Fisher
information data very well. In general the observed and expected Fisher percentage information loss
values are close for each n. The approximate expected Fisher percentage information loss function 100b∗

b∗+n

underestimates the expected Fisher percentage information loss, but in most cases not too severely.
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Figure 1: plot of percentage information loss versus n

4 Conclusion and Future Work

In this paper we have demonstrated empirically that for the binomial(n, 0.5) model the func-
tion 100b

b+n can be used to predict the percentage information loss with reasonably good precision and
this applies for both the observed and expected Fisher information methods. As n increases, the
computation time increases, so being able to use the fitted percentage information loss function for
prediction is certainly an advantage when n is large. In general both the observed and expected Fisher
information methods gave similar values of the percentage information loss and the approximation to
Fisher’s expected percentage information loss was reasonably close to the real values.

This study is restricted to using only one value of dA (for the observed Fisher information
method) and one value of p and it would be interesting to see how the results change when we vary
these parameters in a future study. In this study we have also restricted ourselves to using a simple
binomial model. It would be useful in a future study to apply the methodology outlined in this paper
to more complicated models and in a multiple parameter setting. However for this to happen, some
thought would be needed as to how to reduce computation time. A table with a large number of
additivity constraints, cells and model parameters would take a long time to calculate even when the
grand total n is small. This is because we need to know f(dA|dU ) for all values of dU and dA and the
iterative fitting algorithm which generates ea will need to be applied a large number of times.
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1 Introduction 

 
Scientists increasingly express the desire to use official statistics microdata for their own empirical 

economic and social research. The road prescribed by the legislator is that microdata should be converted 
into a factually anonymised form, before they are made available to scientists. Accordingly, data items are 
regarded as sufficiently anonymized, if the expenditure needed for a possible reallocation is “unreasonably 
high”. 

 
Fortunately, the work done by statistical offices in cooperation with scientists during 2002-2005, which 

was sponsored by the Federal Ministry of Education and Research (BMBF), on the project ‘Factual 
Anonymization of Business Microdata’ has shown that factual anonymisation of cross-sectional economic 
statistics microdata can, as a rule, be achieved by using special information-reducing and data-altering 
methods. Evidence of that kind has still to be provided in respect of data items that are linked longitudinally 
(so-called panel data). That is why, since the beginning of the year 2006, the Research Data Centre of the 
Federal Statistical Office, in cooperation with the Research Data Centre of the Statistical Offices of 
Germany’s Federal States, the Institute for Applied Economic Research (IAW), Tübingen, the Institute for 
Labour Market and Vocational Research (IAB), Nuremberg and the University of Applied Sciences Mainz, 
has been conducting a BMBF-sponsored project ‘Business Statistical Panel Data and Factual Anonymisation’. 

 
The required degree of confidentiality mainly depends on the way of data access the user decides for. 

The various ways of data use in general are not mutually exclusive; rather, an appropriate combination of 
approaches permits an adaption of anonymization measures to the specific requirements of the data users. 
For instance, a scientist may in a first stage adapt his program codes to so called campus-files (data for 
teaching purposes, which have previously been absolutely anonymized and possess the same structure as the 
original data) and in a second stage he may apply his adapted programs to the original data via remote access.  

 
In this paper we give an overview on various surveys of German business micro data and discuss the 

ways of their access; namely on-site, different variants of off-site like Scientific-Use-File or so called 
Campus-File (i.e. data for teaching purposes) and remote data access to these data sets. For some more 
detailed description of the different approaches to use German official data see Zühlke et al. 2004. 
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2 Business micro data 
 

In this section we describe several surveys, which have been made available for scientists so far. These 
data are namely the German Structure of Costs Survey (SCS), German Monthly reports on local units in the 
manufacturing industry, German Retail Trade Statistics (RTS), German Turnover Tax Statistics (TTS), and 
the German Structure of Earnings Survey (SES). The data were generated in the context of several 
cooperation projects between German official statistics and empirically oriented research institutes.  

 
German Structure of Costs Survey 

The German structure of costs survey (SCS), limited to the manufacturing industry, is a projectable 
sample and includes a maximum of 18000 enterprises with 20 or more employees. All enterprises with 500 
or more employees or those in economic sectors with a low frequency are included. That is, a potential data 
intruder has knowledge about the participation of large enterprises in the survey. The survey covers 33 
numerical variables (among which are Total turnover, Research and Development and the Number of 
employees) and two categorical variables, namely the Branch of economic activity (abbreviated: NACE), 
and the Type of administrative district. 

 
These data are available as Campus-File and Scientific-Use-File concerning the SCS 1999. Since the 

beginning of the year 2007 the longitudinal linked data 1999 – 2002 can be used on-site and via remote data 
access. Further information on the SCS and the corresponding anonymisation strategies can be found in Lenz 
et al. 2005. 

 
Currently in progress is the anonymisation of the Monthly reports on local units in the manufacturing 

industry 1995-2004. These data are generated in the project ‘Business Statistical Panel Data and Factual 
Anonymisation’ and can by now be used via On-Site and remote data access.  
 
German Retail Trade Statistics 

The German Retail Trade Statistics (RTS) is a projectable sample containing about 23500 enterprises. 
In each branch of economic activity, the dominant enterprises have been included into the survey. The RTS 
consists of 33 numerical and 3 categorical variables. The results of this annual survey yield important 
information to economic-political problems concerning the structure, profitability and productivity of 
enterprises of this sector.  

 
These data are available for the year 1999 as Scientific-Use-File or can be used on-site and via remote 

data access. Further information on the RTS and the corresponding anonymisation strategies can be found in 
Scheffler 2005. 
 
German Turnover Tax Statistics 

Turnover tax statistics (TTS) are based on an evaluation of monthly and quarterly advance turnover tax 
returns to be provided by entrepreneurs whose turnover exceeds in the year 2000 € 16,617 and whose tax 
amounts to over € 511 per annum. Also excluded are enterprises with activities which are generally non-
taxable or where no tax burden accrues (e.g. established medical doctors and dentists without laboratory, 
public authorities). Nearly all economic branches are presented in the survey. For instance, the evaluation of 
the year 2000 contains almost 3 million records. The Federal Statistical Office of Germany published the 
following selected survey characteristics in tables: Deliveries and other performances (= taxable and non-
taxable turnover), Branch of economic activity, Legal form, Bases of turnover tax (deliveries and other 
performances, intra-community acquisitions, input tax by tax rates, etc.).  
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These data are available as Scientific-Use-File for the TTS 2000. Since the beginning of the year 2007 

the longitudinal linked data 2000 – 2004 can be used on-site and via remote data access. Further information 
on the TTS and the corresponding anonymisation strategies can be found in Vorgrimler et al. 2005. 

 
German Structure of Earnings Survey 

The German Structure of Earnings Survey (SES) is carried out by the Statistical Offices of the 
Federation and the Länder. For instance, for 2001, a total of a good 22,000 local units supplied data on over 
845,000 employees. The group of reporting units comprises local units of the industry and selected parts of 
the service sector. The survey covers all employees who are subject to social insurance contributions and 
receive a remuneration in the month of report (October of the year of survey), including apprentices, trainees 
and those in partial retirement. For the local units or for the enterprise to which the local units belong 
information is available on the economic activity according to WZ93 (German classification derived from 
NACE Rev. 1), the influence of the public sector on the business management, the number of employees of 
the enterprise, the number of employees of the local unit. Among the data covered for the employees are 
socio-demographic variables like sex and month and year of birth, data on job and qualification, information 
on working hours and earnings and the performance group of the employee which is an indicator for the 
complexity of the job. 
 

These data are available as Campus-File and Scientific-Use-File concerning the SES 2001. Moreover, 
the data can be used on-site and via remote data access regarding the SES 1995 and SES 2001. Further 
information on the SES and the corresponding anonymisation strategies can be found in Frank-Bosch 2003 
and Hafner and Lenz 2006.  

 
 

3 Measuring the anonymity of business micro data 
 
In order to evaluate the degree of anonymity of previously anonymised micro data, it was necessary to 

develop a technique for simulating data-intrusion scenarios a potentially attacking data intruder might apply. 
One important constellation is the so-called database cross match scenario. In a database cross match 
scenario, an attacking data intruder tries to assign as many external database units as possible (extra 
knowledge) unambiguously to units of an anonymised target database in order to extent the external database 
by target database information. 

 
In a first phase, the database cross match scenario was mathematically modelled as a multicriterial 

assignment problem, which was then converted, by way of suitable parameterisation, into an assignment 
problem with one target function to be minimised. Then, the main concern was to choose the best-fitting 
coefficients of this target function. Whereas in the past a distance measure, generated across all matching 
variables of the two data sources (key variables and overlaps), proved to be well suited for the examination 
of cross-sectional data (see Lenz 2006a), it turned out that the examination of panel data requires the use of 
additional, more elaborated measures. As the information on variables, which is in case of panel data 
available to a potential data intruder, has been collected in several waves, it seems obvious that this more 
complex structure should be reflected in the coefficients of the linear program as well. With that goal in mind 
we have implemented and tested various approaches. A detailed description of these approaches can be found 
in Lenz 2006b.  
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4 Aims and Scope 
 
The aim of our investigations is to improve data access for researchers interested in German business 

statistical cross sectional and panel data. Recently, the focus was extended to panel data because of their high 
analytical potential and their limited availability so far. The availability of the data for research is improved 
by providing these data via remote data access, on-site use at the research data centres and scientific use files 
which can be used at the researchers' workplaces. An essential objective is to verify the extent to which 
business statistical panel data can be anonymised without loosing too much information, e.g. see Ronning et 
al. 2005 and Rosemann 2006.  

 
The previously described and further data of German official statistics can be requested using the 

application forms available at the web site http://www.forschungsdatenzentren.de of the research data centres 
of the statistical offices of the Federation and the Länder. Further information on the methodology and 
variables of the data is also contained in the metadata provided on  

http://www.forschungsdatenzentren.de/bestand/.  
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1. Introduction 

Since the beginning of 2002 Statistics Portugal began to redesign its statistical metadata system  in an 
integrated and systemic approach, to support statistical production and dissemination.. There are, in Statistics 
Portugal, some rules and procedures to the registration of a statistical operation in the National Statistical 
System, one of which is to prepare methodological documentation about it. The content of a methodological 
document concerning a statistical operation, is metadata. In the process of redesigning the statistical 
metadata system the content of the methodological document is stored in   a database, on a structured and 
formalized way. 
Metadata is loaded in the system along the statistical operation life cycle at the point where it is created, and 

it has been made an effort to harmonize terminology used by statisticians, making available in the Internet 

and Intranet, a glossary with metadata terminology. 

For the design and development of this system, international standards and recommendations, as well as 

current best practices concerning statistical metadata systems had been taken into consideration; Integrated 

Meta Data Base (IMDB) from Statistics Canada, Neuchâtel Terminology (Classifications), ISO-IEC 11179 

(Variables), The Metanet Reference Model (Version 1) and SCDBOK documentation model from Statistics 

Sweden, are the main references considered. 

In order to establish a common terminology, a set of terms and definitions used in the statistical activity were 

compiled, and then validated from a technical point of view by all the subject matter units in the organization 

before their approval. For this work it was taken into consideration the terminology compiled in the SDMX 

Metadata Common Vocabulary and EUROSTAT Quality Glossary, and, for some terms, we adopt definitions 

that are quite familiar in our organization. 

All the components of the Statistical Metadata System are available in the Intranet and, at this time, Concepts, 

Classifications and Questionnaires are also available in the Web. 

The double role of supporting statistical production and dissemination needs, bring to the system different 

requirements and sometimes is not easy to make them compatible. Harmonization rules are needed to solve 

the problems found. 

The implementation of this system has been done based on a step by step approach. 

 

2. System Architecture 

The integrated metadata system is composed by four main subsystems: concepts and definitions, 

classifications, variables and statistical sources (statistical operations including data collection instruments). 

These subsystems are linked in an integrated way, so that it’s possible to navigate among them.  
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All the subsystems have a similar architecture, based on  a central database, two applications, one for search 

and retrieval , the  other one for the management of the subsystem; the linkage with other subsystems is 

done through views. Different users access the system via browser. 

All these subsystems can be searched in Portuguese and in English, being possible to search the contents of 

some classifications in French too. 

3. Concepts and definitions 

Concepts and definitions are stored in a database, classified by domain and organized in glossaries. Each 

glossary corresponds to a dissemination theme in the Portal of Statistics. Each concept has a code and is 

characterized by a term, a definition and a source. We can add some notes to clarify the definition. It is 

possible to define relationships between two concepts, being implemented at this moment synonyms and 

homonyms. We can access to the evolution of a concept through time. 

 

4. Classifications 

Neuchâtel conceptual model was adopted in the development of the classifications subsystem. The main goal 

of this subsystem is to be, in the National Statistical System, a reference instrument about national, European 

and international classifications, which  answers  the following  issues: 

- Characterize classifications (metadata about each classification); 

- Give access to codes and names of a classification, for a certain date;  

- Know the evolution of a classification through time, storing its different versions; 

- Know how classifications relate among them (correspondences); 

Code lists that are value domains of variables are stored in this data base as classifications; 

Classifications are grouped in “families” and aggregate all its “versions” along the time, as well variants to 

the versions.  

Classification versions stored in the system have different levels of visibility: they can be available in the 

Web, only in the INE-PT Intranet, and can even have a restrict visibility. Only identified users (through 

login) have access to these last ones. 

5. Variables 

The main goal of the variables registry is to organize and store information about variables and facilitate 

harmonization by enhancing the identification of duplicates and the use of same concepts and classifications. 

All the information stored about variables is available to support the design of statistical operations, 

dissemination of statistical data and to improve statistical coordination. 

Statistical operations observe variables through questionnaires or use variables provided by administrative 

sources, and disseminate aggregated variables that are obtained by applying statistical methodologies to the 

raw data. All the indicators available in the dissemination database are registered in the Variables Registry, 

and some statistical operations have already their observation variables registered too. 

Related to the variables registered, we know the concepts that support them, the set of permissible values 

(value domain), the unit of measure, the statistical unit or population (object class) that they refer to and the 
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meaning that have the data they represent (representation class). The names of the variables are harmonized 

by a set of rules in their composition, a naming convention. 

The conceptual model of this component was based on ISO/IEC 11179 international standard. Some 

adjustments have been made to maximize its practical application in representing and structuring data 

holdings in our Agency. 

Variables are organized in two levels, a conceptual level where a property is associated to an object class and 

to which concepts are linked, and a physical level where to the conceptual variable can be associated several 

ways of representation. The representation of a physical variable is characterized by its representation class, 

value domain, unit of measure among others. 

These two levels are free of context, being the contextualization achieved by linking a physical variable to a 

statistical operation, administrative source or other source of data. 

By structuring the system in this way, we can easily detect, when we have all variables registered, the 

multiple use of a variable in the National Statistical System. 

In two simple examples we demonstrate how observing a questionnaire or a table, it’s possible  to identify 

the components needed to register a variable. Example of an observation variable: 

Household Budget Survey – Module I – Housing Unit 

Type of housing unit: 

Detached house with one dwelling……………………… ……….1 

Dwelling in a building with less than 10 dwellings……….. .2 

Other housing unit type ………………….………………………….3 

Variable: Property: Type of housing unit 

Object class: Housing unit 

Representation class: Code 

Value domain: {1,2,3} 

Example of a dissemination variable (indicator): 

Inactive population by age group and sex 

This indicator have three variables involved: Inactive population, age group and sex 

Inactive population is the measure variable; age group and sex are cross-classification variables; their value 

domains are classifications: 

Age group: {Total, <15 years, 15-24 years, 25-44 years, 45 and more years} 

Sex: {Total, Men, Women} 

 

6. Documentation 

The Methodological Document is a set of metadata describing statistical operations contents and methods. It 

is the central component of an integrated statistical metadata system as it contains administrative and 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 4280 -



methodological information about the statistical operation, and is linked to the other components of the 

system, like concepts, classifications, variables and data collection instruments. Indeed, the reason why 

concepts and definitions, classifications and variables must integrate a statistical metadata system is because 

they are used in statistical operations. The access to a central metadata repository by statistical operation 

managers on the design phase of statistical systems and surveys,  give strength to statistical coordination 

and contributes to obtain comparable data, to decrease statistical burden on respondents, to reduce costs to 

the organization and to increase the quality of the statistical information available. 

In Statistics Portugal, the methodological documentation of the statistical operation includes administrative 

metadata, methods, concepts, classifications, variables and collection instruments used.  

There is a Word template with instructions to fill in, composed by seven sections. 

7. Management 

The management model of this system permits its fulfilling in a decentralised way and the harmonization of 

its contents centrally coordinated. Actually all the subsystems have a search profile that permits free access, a 

statistical operation manager profile that fill in the methodological document, and a subsystem manager role. 

The Metadata Unit, where are people with this last role, assures the centralized coordination of all the system. 
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Introduction

Public Health is defined as the officially organized effort of society to prevent and control disease,
to restore people’s health and to promote healthy lifestyles1.

In this sense, violence against women is to be considered a public health issue, whose conse-
quences affect not only the lives of women who suffer it but also their social environment. Simulta-
neously, the causes and the corrective measures to avoid this type of violence are to be sought in the
relationship between the abuser and the victim, within their social context, and in society itself2.

As with any other public health issue, in the case of violence against women, it is important to
gather information about its frequency of incidence, its morbidity, and about its causes and conse-
quences in order to be able to take effective action3. With this purpose, the Beijing Conference invites
national states to promote research, to organize data collection and to generate statistics about the
frequency of the different forms of violence against women and particularly about domestic violence.
They also foster the implementation of research to identify the causes, the type, the significance and
the consequences of this violence, as well as to assess the effectiveness of the measures taken to prevent
it4.

However, it is not easy to obtain quality information such as could allow an accurate analysis of
instances of violence as well as the assessment of interventions. This is mainly due to the great variety
of information sources, together with the fact that these sources tend not to be evaluated, that they
have different purposes and that case definitions are not homogenous.

Despite the fact that, as has been stated above, violence against women is an interdisciplinary
issue, which demands attention from different entities and organisms, the present study has the only
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purpose of analysing information sources about the health of women victims of violence, so as to assess
the following aspects:

1. The magnitude of the problem according to its impact on public health, on the basis of med-
ical consultations to the health services whose initial cause can be attributed to violence, or
determined by surveys ad hoc.

2. The seriousness of the health problem, through the analysis of the consequences of violence
which have been identified as the most frequent disorders stemming from abuse. This aspect
must include the analysis of death rates.

3. The use made of the Public Health Services; i.e. which health programmes are used by women
who are identified as victims of violence within the Public Health System.

4. The results of the action taken, based on the Health Service used and on the aims of each
intervention.

5. Facilitating circumstances and protective factors in situations of violence.

6. Facilitating factors and obstacles to aim fulfilment for each intervention.

There are different data classification systems; we have decided to classify information according
to origin and collection method. As regards the origin of information, two kinds of sources are relevant:
the data facilitated by the Public Health System and the population statistical data. As regards the
collection method, there are: registers, surveys and notification systems5.

Depending on whether the data have been collected by information systems based on population
data or by the Public Health System, there will be differences in the exhaustiveness of data, coverage
and opportuneness; these must be analysed with regard to the targeted information aims.

The main objective is to assess the quality of the different information sources about violence
against women, in its relation to health issues.

Materials and methodology

1. Identification of information sources. A manual search was carried out to find systematic in-
formation sources about violence against women in Spain and in the Comunidad Autonoma of
Asturias. Ad hoc studies were excluded, such as prevalence research using specific surveys.

2. Classification of information sources according to criteria such as origin and data collection
method.

3. Description of the selected information sources. The following details are to be determined for
each of the sources:

• The aims of the information collecting agent: the kind of responsibility it has towards
control, care, prevention or health restoration in each of the cases.

• Case definition.

• Description of components and operations: which is the basic study unit, what kind of
information they collect regularly and which format is used for that collection, as well as
the codification system employed and how the information is exploited.

• Strengths and weaknesses.

4. Selection of the information sources of interest in the analysis of the health condition and of
medical interventions.
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5. Assessment of the quality of each information source. Once the different information sources have
been identified and classified, a quality assessment will be carried out according to the following
criteria: clarity, flexibility, acceptability, sensitivity, positive predictive value, representativeness
and opportuneness6.

Outcomes and debate

The following information sources have been identified:

• Register of women murdered by their partners or former partners in circumstances of spousal
abuse by CCAA (Special governmental agency to prevent violence against women, 2006 - for-
merly part of the Ministry of Internal Affairs).

• Nacional Health Survey (Project)

• Survey on Violence against Women. Institute for Women Ministry of Labour and Social Issues.

• Aggregated Basic Data at hospital discharge .

• Aggregated Register of Psyquiatric Cases, SESPA Mental Health Services

• Primary Health Care Clinical History

• Medical Report to court stablishing a case of domestic violence.

This information sources will be classificated according to origin and kind. Each information source
will be analysed by means of the criteria established in the methodology section and a direct interest
in health issues. Discussion of the findings as soon as they are obtained.
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1 Indicators of university education effectiveness 

The European higher education systems are adopting efficiency and effectiveness as criteria for 
education and services programming and result managing. A strategy adopted for university education 
quality assessment is the “external effectiveness”, that is the assessment, some time after degree achievement, 
of the graduates’ outcomes. In Europe, this process was started by some scouting universities and is now 
customary to the tertiary educational system.  

Employment speed is a strategic indicator of education quality because it recognizes the external-to-
university world as a “gold standard” of the university educational process. The attainment of employment in 
a short time and a successful career, together with the development of students’ culture and civic spirit, 
should be background aims of the education system.  

In the following, we will discuss about the data collected through a follow-up survey of the University 
of Padua graduates. The examined data concern 5 cohorts of graduates recruited in years 2000 and 2001 and 
followed up for three years after graduation with a CATI survey every six months. Another survey based on a 
self-completed questionnaire was carried out at the graduation stage. We realized that employment, quality of 
achieved job, economic and professional satisfaction are in some ways conflicting indicators (see Section 2) 
so we will put forward a unifying assessment model aimed at obtaining the experts’ agreement. In Section 3 
we discuss several approaches to assessing effectiveness. 
 
2 Indicators of graduates’ employment and career development 

The market value of a university study programme may be partitioned according to its aims for a 
graduate: the competences (knowledge, skills and attitudes) the graduate can exhibit while he or she is 
looking for a job and the realization of his or her professional interests. The two purposes may be considered 
two sides of the same coin: graduates whose title is value for the market may find better jobs in a short time 
and their career may be accelerated with respect to that of the titles that are less appreciated by the market.  

Nevertheless, there are relevant exceptions to this basic (and intuitive) rule.  
 While looking for a job, some graduates ignore the real market value of the title they possess and 

accept the first job they are offered. In this case, they often accept precarious work contracts, lower 
wages, less qualified work positions relatively to the people who are more conscious. This kind of 
ignorance perturbs the initial position but not their career development because at work they will 
achieve consciousness of their relative professional value.  

 A certain proportion of students worked before graduation. They are worker-students1 for whom the 
achievement of a higher title or a different academic specialization may follow either a current 
unsatisfactory work position or the ambition for better qualified technical, social or humanistic 

                                                      
1 The category of student-workers, i.e. the students who occasionally work, differs from that of worker-students. The 

latter ones, usually possess a work position with a regular contract. 
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competences. A qualified degree empowers them professionally. So, while they change work, they 
can exhibit their work experience and get better positions and income than other newly graduates. If, 
instead, they keep their previous job, they will plausibly step a parallel career path for long time. 

 Last but not least, the labour market flattens the economic differences at the insertion stage. In other 
words, at the initial stage, the official income is the same for most professions and work activities. 
Trade unions state that graduates at the initial working stage cannot be discriminated according to 
wage, and companies apply this general rule as long as they can. Of course, careers can improve in 
different ways in the long run.  

We could measure the work insertion value with either of the following indicators (see also Biggeri et 
al., 2001): (i) proportion of graduates employed within a certain period after graduation (the shorter the 
period, the more selective the indicator; the indicator should account for already-employed and after-
graduation internship proportions); (ii) proportion of graduates unemployed a certain time after degree (the 
indicator is highly correlated with the previous one, the only differences being given by graduates who 
decide either to go on with higher educational cycles or to settle down or, for any reason, not to participate to 
labour market); (iii) mean time of job search (event history data or other long lasting longitudinal data are 
needed but official data are lacking); (iv) proportion of graduates who find a job that corresponds to 
graduate’s expectations (or proportion of graduates with fist-job tenure). All these indicators apply both to 
autonomous and dependent work. 

The improvement of graduates’ career may be represented with either of the following indicators: (i) 
proportion of graduates who recorded career progresses within a certain period after recruitment; (ii) 
proportion of graduates who believe that their job is consistent with their education strategy; (iii) proportion 
of graduates who, for their job, use intensively the competences acquired at university; (iv) satisfaction level 
for (specific or general) competences’ use (this indicator is a synthesis of various kinds of competences’ use); 
(v) overall mean/median satisfaction level for current job (and/or for its economic, social and professional 
components). The indicator of satisfaction for the achieved academic education correlates with the above 
ones but it describes a different evaluative dimension. Anyway, career development indicators can be 
computed just on graduates who work. 

Fabbris et al. (2002) showed that: (a) short-term employment and job qualification rates are mildly 
consistent because a high proportion of worker-students from social and humanistic faculties conflicts with 
their low employment speed; (b) for graduates from social and humanistic faculties, the employment rate is 
inversely correlated to the satisfaction with the accepted work position and competences’ use; (c) for 
graduates in Law or Economics, (low) employment rates are inversely correlated to the coherence of their 
job activities; (d) for graduates in Psychology or Science (Mathematics, Physics, Chemistry, Biology), 
employment rates are inversely correlated to satisfaction for their academic performances; (e) high 
employment rates of Education Science graduates conflict with their satisfaction for the work done. So, 
whatever indicator of employment speed is analyzed, there are indicators of career development that may 
conflict with it. 
 
3 Effectiveness assessment approaches 

We will now consider the methodology for gathering the facets of employment and career qualification 
mentioned in Section 2 into a single indicator of education effectiveness assessment. We will examine three 
approaches: the statistical synthesis of the multiplicity of indicators of effectiveness into a single indicator 
that, with approximation, will be called “graduates’ utility” (Section 3.1), the so-called “human capital 
indicator” as an indirect measure of the competence a graduate possess for income and other social benefits 
generation (Section 3.2) and the overall evaluation of experts external to the educational system who assess 
if and how a study programme ‘produces’ graduates who match the needs of the labour market and society as 
a whole (Section 3.3). 
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3.1 Graduates’ utility obtained through follow-up interviews 
Holding a job alone is not a helpful measure of the relative impact of a university programme, while 

jobs reaching good quality standards are better performing measures of effectiveness. Contini (2006) shows 
that graduates decide to accept a job depending on its expected utility. That is why we expect that all the 
employment and career development measures may converge to a unique utility indicator. 

The overall satisfaction for the utility expressed by graduates interviewed at least twice after 
graduation, once for evaluating the job hunting speed and the kinds of job and position obtained, and another 
time, three years or more after graduation, for checking how graduates are satisfied with their progresses at 
work. The application of multivariate statistical methods for dimensionality reduction of the employed 
graduates’ responses can squeeze the multiplicity of indicators of job achievement and career improvement 
into a synthetic indicator and a measure (real number) be assigned to single graduates, to graduates’ 
categories and to their university programme. 

The reduction of many indicators to one should not be given for granted, since the external 
effectiveness refers to many sub-dimensions that are correlated between them less than they are within them. 
So, if the number of factors is left free to vary, an exploratory analysis would indicate the existence of more 
than one relevant factor within the multiplicity of indicators. For instance, Fabbris et al. (2006) highlighted 
two dimensions with a factor analysis of competence use. Hence, a single factor is to be imposed as a final 
solution, instead of hypothesizing a larger number of common factors.  

The application of this methodology implies that:  
- A follow-up survey on cohorts of graduates for a three years or more span after graduation. For 

instance, a CATI survey six months after graduation is adequate to measure the job achievement 
speed but is insufficient for evaluating the career development. Moreover, the graduates’ sample 
should represent all study programmes to be assessed and this implies a larger economical and 
organizational effort.  

- The inference on study programme effects is grounded on the hypothesis that graduates are key 
informants of programme’s quality. If this hypothesis holds for study programmes, it is valid at the 
levels of faculties and universities, too. This statement is crucial since, in several European countries, 
external assessment indicators are used to share resources among institutions. We would have no 
doubt if students entering a programme be a random sample of the students entering the programmes 
that are to be compared. Instead, there is a ‘selection bias’ (Garen, 1984) imposed either by the 
programme holders or the students’ own propensity. Now a question is: for comparative evaluation 
purposes, should we consider the profiles of students that enter the programmes, and how? 

- If a transparent informative system is installed at the territorial level where resources are assigned, it 
is also possible to understand the size and the likely causes of the effects at various levels, and 
eventually politically intervene. 

 
3.2 Human capital indicator 

The returns of a higher education programme, in terms of work achievement and career start-up, may 
be considered the short term human capital (Lockheed and Hanushek, 1994). The long term one is, instead, 
the expectancy of income, related to the competences achieved through education, a person can earn during 
his or her life (Becker, 1964). 

While the long term returns refer to earned income, the short ones refer to the same variables we 
discussed previously. The effect of a study programme is statistically evaluated as the difference between the 
levels of a variable after and before the programme as ‘treatment’. So, every individual can be assigned his 
or her likely-to-be-achieved human capital measure. For comparative purposes between programmes, the 
assessment can be done with post hoc data, for instance those collected with a follow-up survey on graduates. 
The relative effect of a programme may be computed with a dummy variable that singly represents it. 
Multilevel models (Goldstein, 1995) may facilitate the study of the effect of covariates at various levels of 
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the educational system nesting, but at levels higher than that of programmes. 
The main problem with the application of the human capital approach is the choice of the dependent 

variable that represents the outcomes. We are left, as before, with the problem of either selecting a single 
representative indicator or merging together a multiplicity of indicators into a single one. 

If we believe that social characteristics of students and contextual variables may influence the 
graduates’ outcomes beyond the programme’s direct effects, the influence of these variables should be 
eliminated with a ceteris paribus analysis of the effects. Lovaglio and Vittadini (2006) proposed a method 
for the analysis of ceteris paribus earned income of graduates versus non-graduates in Italy. 
 
3.3 External expert evaluation 

ENQA, the European Network of Quality Assurance Agencies, has had the mandate of the ministers of 
the signatory states of the European Higher Education Area to develop a peer review system for quality 
assurance. ENQA is suggesting standards and guidelines to gather independently-verified information about 
programmes’ aims and objectives and improve and enhance the education quality.  

ENQA evaluation activities will be devoted to national agencies which, on their turn, will evaluate the 
university programmes following international standards and guidelines. The review procedures are expected 
to provide adequate evidence for the experts’ findings and judgements (ENQA, 2005). 

We conceive a follow-up procedure of an assessment agency as a set of second-stage recommendations 
for programmes’ improvement, that are plausible after a first-stage comparative estimates of programmes’ 
effects computed with either of the statistical methods discussed in the Sections 3.1 and 3.2.  

Qualitative interpretation of detailed estimates within a broader conceptual frame and in the light of 
comparable international experiences can be the right completion of a quantitative analysis. 
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1. Introduction 

The use of preference-based measures of health in the measurement of Health-Related Quality of Life 
(HRQOL) has been increasing throughout the world. The SF-6D is a new preference-based measure of health 
derived from the SF-36 that has become widely used in economic evaluation, though it still has several 
limitations (Brazier et al, 2002). The SF-6D is a six-dimensional health state classification system (physical 
function, role limitations, social functioning, pain, mental health and vitality), with four to six levels, 
allowing for a total of 18,000 distinct health states (Brazier et al, 2002; Ferreira and Ferreira, 2006). The 
instrument generates a preference-based index allowing the computation of health state values that can be 
regarded as a continuous outcome. 

This study aims to model health state preference data using the SF-6D and to suggest alternative 
models for predicting health state utilities using panel data models. This work also seeks to investigate the 
problems found in the SF-6D and to suggest possible changes to it. 
 
2. Methods 

A sample of 249 health states defined by the SF-6D has been valued by a representative random 
sample of the general population, stratified by gender and age, using the Standard Gamble (SG). The SG is 
one of the main techniques for valuing health states. It gives the respondent a choice between a certain 
intermediate outcome and the uncertainty of a gamble with two possible outcomes, one of which is better 
than the certain intermediate outcome and one of which is worst (Brazier et al, 2007). The SG method 
enabled the elicitation of the values (utilities) of the health states. 

Additional 50 health states including extra levels on two dimensions (Physical Functioning and Role 
Limitations) of the SF-6D were valued, aiming to solve one of the most important limitations assigned to the 
SF-6D, the floor effect (large number of individuals reporting a lot of problems in the SF-6D) (Brazier et al, 
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2004; Stavem et al, 2005). 
Econometric models were estimated on the relationship between the SF-6D and the SG values, aiming 

to analyze the models underlying the SF-6D and to estimate new models for predicting health state 
valuations for all the 18,000 states defined by the SF-6D and for all the 26,250 states defined by the revised 
SF-6D. The models were estimated at both the individual and aggregate levels, since there may be a 
respondent effect due to variations between respondents and within respondents (Brazier et al, 2002; 
McCabe et al, 2005). Firstly, an ordinary least squares estimation was used, assuming that each individual 
health state value was an independent observation. Models with main effects, with interaction effects and 
with the constant forced to unity are presented. Breush-Pagan tests revealed heteroscedasticity problems in 
all models. In order to deal with this, all models were estimated using White’s heteroscedasticity consistent 
standard errors. Secondly, random effects (RE) models were estimated using generalized least squares (GLS) 
regressions, allowing for more complex modeling of the variance components observed at both levels of the 
hierarchy (Greene, 2003; Jones, 2001; Rabe-Hesketh and Everitt, 2007). The choice between fixed and RE 
was done by running a Hausman test, which pointed to the use of RE. The RE model can be defined by:  
(1) ijjijijij euy ++′+′+= θrβxα , 
where i = 1,2,..., n represents the health states, j = 1,2,..., m represents the respondents, yij is the adjusted 
values of the health state i valued by respondent j, ( )vijijijij xxx ,...,, 21=′x  is a vector of v dummies 
explanatory variables referenced to the same unity, in which ijvij xx δλ=  for each level λ  of dimension δ  
of the SF-6D. The ( )uijijijij rrr ,...,, 21=′r  term is a vector of u interactionated variables between the different 
levels of the attributes, also referenced to the same unity. Further, ( )vβββ ,,, 21 K=′β  and 

( )uθθθ ,,, 21 K=′θ  are vectors of parameters. The ju  term is the respondent specific variation that is 
assumed to be random across individual respondents and ije  is an error term for the ith health state 
valuation of the jth individual, assuming that it varies randomly across observations, with [ ]2,0~ eije σ . 
Additionally, ( ) 0, =ijj euCov , which means that the health states are randomly allocated to the respondents. 
Thirdly, generalized estimation equations (GEE) were used to estimate the RE models with the constant 
forced to unity, allowing for the accommodation of the correlated data (Hardin and Hilbe, 2003; Vittinghoff 
et al, 2005). Finally, alternative functional forms were considered to account for the skewed distribution of 
health state valuations. A logit and two log-log transformations, as well as a Tobit transformation, were 
applied. All the alternative functional forms were modelled with RE. 
 
3. Results 

All models were analyzed in terms of their coefficients, overall fit and the ability for predicting the SG 
values for all health states. The RE models estimated through GLS and the models estimated through GEE 
produced significant coefficients for the levels of both the standard SF-6D and the revised SF-6D, which 
were found to be robust across model specification. Table 1 shows the best models estimated for the standard 
SF-6D. The coefficients are expected to be negative and increasing in absolute size, because the dummies 
represent progressively worse problems on each dimension, when compared to the baseline for that 
dimension (Brazier et al, 2002). When a coefficient decreases in absolute size, an inconsistency occurs. 

Since there were thousands of possible interaction effects that could be introduced in the model, within 
the limitations of this study, we reduced the interactions entered in the model by considering a dummy 
(WORSE), which accounted for all situations where any dimension was in the worse level. 

The RE model with interaction effects presents 23 coefficients with the expected negative sign and 20 
significant estimates. The few coefficients that don’t have a negative sign were the second and third level of 
pain, even though they aren’t significant. This model has only 5 inconsistencies (from PF2 to PF3, from RL2 
to RL3, from SF2 to SF3, from MH2 to MH3 and from VIT2 to VIT3). 

Regarding the RE model with main effects and with the intercept restricted to unity, the estimated 
coefficients are negative for all dimension levels, as expected, with the exception of the second level of pain, 
although this isn’t significant. It has 17 significant estimates and concerning the number of inconsistencies, it 
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also has five (from PF2 to PF3, from SF2 to SF3, from PAIN4 to PAIN5, from MH2 to MH3 and from VIT2 
to VIT3). However, these inconsistencies don’t constitute a serious problem, since they will only reduce the 
sensitivity at the upper end of physical function, social functioning, mental health and vitality and in the 
intermediate levels of pain. 

The examination of their root mean square absolute error, explanatory power and mean absolute error 
(MAE) leads to the conclusion that both models have a good performance, especially when compared with 
the performance of other instruments of HRQOL measurement (Dolan, 1997; McCabe et al, 2005).  
Table 1 – RE Models (individual level: n=630) 

 Models 

 with interaction effects with main effects and constant forced to unity 
c  0.817***   1.000***  

PF2 -0.040* -0.050** 
PF3 -0.024 -0.032 
PF4 -0.036* -0.049* 
PF5 -0.042* -0.055* 
PF6 -0.179***  -0.214***  
RL2 -0.028* -0.031 
RL3 -0.003 -0.003 
RL4 -0.056** -0.054* 
SF2 -0.033* -0.038* 
SF3 -0.015 -0.014 
SF4 -0.052* -0.039 
SF5 -0.066** -0.069** 

PAIN2  0.007  0.006 
PAIN3  0.007 -0.001 
PAIN4 -0.047* -0.061* 
PAIN5 -0.050* -0.054* 
PAIN6 -0.073***  -0.090***  
MH2 -0.054** -0.059** 
MH3 -0.025 -0.009 
MH4 -0.059** -0.070** 
MH5 -0.092***  -0.103***  
VIT2 -0.040* -0.051** 
VIT3 -0.026 -0.036 
VIT4 -0.039** -0.046** 
VIT5 -0.082***  -0.097***  

WORSE  0.033* - 

Adjusted 2R  0.588 - 

Inconsistencies 5 5 
MAE 0.061 0.059 

* p<0.10. ** p<0.01. *** p<0.001. Estimates shown in bold are negative values. 

PF-Physical functioning; RL-Role limitations; SF-Social functioning; P–Pain; MH-Mental health; V–Vitality. 

 
4. Conclusion 

This research demonstrates that it is possible to estimate preference weights for HRQOL measurement. 
The best models estimated for the preference-based utility measure used seem to adequately predict the 
health states values of the general population. Actually, the performance of the RE models with the constant 
restricted to unity performed better than the fixed effects models. The restriction of the intercept to unity is 
sustained by the need of generating models for use in Cost-Utility Analyses (it is necessary to assume that 
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the best health state defined by the SF-6D has a value of 1 and the best way to do this is to restrict the 
intercept to unity). There are concerns regarding some inconsistent estimates for two levels of one of the 
dimensions (pain) in both the standard and the revised SF-6D. It is also worth further research on the over 
prediction of the value of the poorest health states observed in some cases. 

The models estimated provide preference based quality of life weights, when health status data has 
been collected using the SF-6D or the SF-36 questionnaire. Nevertheless, there is a need for revising the SF-
6D descriptive system. In fact, the results confirm the usefulness of additional levels on the SF-6D, 
improving its efficiency in measuring the health states utilities and in diminishing the floor effect. 
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SUMMARY 
The use of preference-based measures of health in the measurement of Health Related Quality of Life has become 

widely used in health economics. Hence, the development of preference-based measures of health has been a major 

concern for researchers throughout the world. 

This study aims to model health state preference data using a new preference-based measure of health (the SF-

6D) and to suggest alternative models for predicting health state utilities using fixed and random effects models. It also 

seeks to investigate the problems found in the SF-6D and to suggest eventual changes to it. 

 

RÉSUMÉ 
L’utilisation du concevoir-basé comme système de mesure en santé est devenu de plus en plus utilisé dans le mesure 

de la qualité de vie liée à la santé, domaine de l’économie de la santé. Ainsi, le développement de ces mesures est 

devenu un souci majeur pour les chercheurs du monde entier. 

Cette étude vise à modeler des données de préférence d’état de santé en utilisant une nouvelle mesure préférence-

basée de santé (le SF-6D) et à suggérer des modèles alternatifs pour des utilités de prévision d’état de santé en utilisant 

les modèles fixés et aléatoires d’effets. Elle cherche également à étudier les problèmes trouvés dans le SF-6D et à 

suggérer d’éventuels changements.  

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 4294 -



Household Determinant of Health in Italy: a Gender Analysis 

Bono, Filippa 
University of Palermo, Department of Contabilità Nazionale e Analisi dei Processi Sociali  
Viale delle Scienze, Edificio 2  
Palermo 90128, Italy 
E-mail: f.bono@unipa.it 
 
Giaimo, Rosa 
University of Palermo, Department of Contabilità Nazionale e Analisi dei Processi Sociali  
Viale delle Scienze, Edificio 2  
Palermo 90128, Italy 
E-mail: giaimo@unipa.it  
 
Matranga, Domenica 
University of Palermo, Department of Biotecnologie Mediche e Medicina Legale- Sezione Scienze 
Radiologiche  
Via del Vespro, 129 
Palermo 90128, Italy 

E-mail: domenicamatranga@unipa.it 

 
According to World Health Organization, health is "a state of complete physical, mental and social 

wellbeing and not merely the absence of disease or infirmity". Within this definition, it is possible to 
recognize two dimensions for health: an objective one, determined by the presence or absence of illness and 
a subjective one which is based on the individual perception of each own health status. The individual health 
is the result of a set of elements including not only his objective health conditions but also his psychical, 
social and relational well-being.  

The importance of family to health has well been analyzed. Fahey et al. (2003) show that family is a 
material and relational resource for individuals and it also represents the context within which individuals 
make their own choices with respect to labour market participation and social activities.  

The literature concerning the relation between family structure and health is not yet very extended in 
European country. Roos et al. (2005) consider the relation between family structure and health performing a 
comparative study of the patterning of women’s health by family and employment status in Finland and 
Sweden, obtaining that women living in couples with children have the best health in both countries. The 
European Commission (2005) evaluates health-related variables by country adjusted with age, gender, 
income, activity and educational level, but do not consider family structure. Results shows, except for Ireland, 
that in the year 2000, probability to move from good to bad health status does not depend strongly on the 
gender.  

In Cina, Yip et al. (2007) consider health determinants related to social capital referable to membership 
in organizations, social trust and civic engagement but do not take into consideration family structures and 
social networks. Takeda et al. (2004) explore gender-specific relationships between family structure, stress 
and worries and health behaviours within multigenerational families in Japan. All these studies agree to 
suggest gender-specific patterns of health with sharp differences in the factors that predict women’s and 
men’s health.  

In this paper, we specifically take into account of gender-specific differences of the impact of family 
structure on health and, in particular, we want to answer to some questions with regard to Italy. First, if there 
are gender-specific patterns of health. Second, if the virtuous effect of household membership as a resource 
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for each individual prevails over the burden of time and strain which is determined by the caring and 
housework. Third, if a different model can be hypothesized for subjective and objective individual health, 
respectively measured by two empirical correlates of perceived health (PH) and limitation in activities 
because of health (LABH). 

To investigate these issues, we consider data from EU-SILC survey (Community Statistics on Income 
and Living Conditions) for the year 2004 (the last).  
 
Data 

The whole data-set collected by the EU-SILC-survey contains 52.509 individuals. The actual sample 
size for this study is 46,025 individuals (21,882 males and 24,143 females) since the analysis is restricted to 
people aged 25 years and over. The lower cut point of 25 years is chosen because considered most interesting 
for the purpose of the analysis. Young people aged 15-24 are those with less health problems and living at 
home because students or actively looking for a job. In the sample, the 95.56% of young people aged 15-24 
have not chronic problems and 99.0% of their own declare to stay good or very good. We decide to group 
age into three classes: the first 25-35, the second 40-59, and the latter >60 years.  

The higher part of the sample is represented by married people (69.2% of males and 62.1% of females), 
follows never married (23% of males and 15.7% of females) and divorced, separated, widowed (7.8% of 
males and 22.2% of females). The 88% of the sample declares to feel fair, good or very good with significant 
differences between sexes (p<0.0001). Women are more likely than men to be limited in their activities 
because of health problems (18.6% of women vs 14.8% of men, p<0.0001) and to suffer of chronical 
diseases (25.6% of women vs 22.1% of men, p<0.0001).  

Looking at the sample distribution by professional condition, the highest part of men is full-time 
worker (54.4% of the male sample) or in retirement (31.4%); while, the greatest part of women is almost 
equally shared among fulfilling domestic (29.4%), full-time worker (26.7%) and in retirement (21.0%). 

People of the sample are mostly pre-primary and primary educated (34.1%), followed by upper 
secondary (30.2%), lower secondary (26.2%) and finally by tertiary education (9.4%).  

“Economical worries” variable measures the household difficulty in making ends meet; in this analysis, 
the variable is categorized with fairly easily/easily/ very easily as null category and with great difficulty/with 
difficulty/with some difficulty joined within the same category.  

Family structure and economical worries are unevenly distributed across poverty indicator levels: 
68.82% of households not living in poor condition gets with difficulty to the end of the month, by far less 
than the percentage of households living in poor condition (90.28%). 

 
Methods, Analysis and Results 

The relationship between individual health, family structure and economical worries has been analyzed 
within a multivariate framework taking into account demographic variables (age and gender), SES (Social 
and Economic Structure, namely education, professional condition, individual poverty indicator) and chronic 
disease.  

To measure the subjective dimension of health, we use the variable “health perception” (HP), measured 
by means of the item: ”How is your health in general?” with five ordered categories of responses: very bad, 
bad, fair, good and very good. In our analysis, health perception is categorized with fair/good/very good used 
as null category and bad/very bad joined within the same category.  

To measure the objective dimension of health, we consider the indicator “limitation in activity because 
of health” (LABH). It is a dichotomous variable indicating if an individual has difficulty to carry out a job. 

The association within each pair of variables is assessed using the χ2 test. Marital status results 
significantly associated with family structure, so it has been excluded. Separate analyses are conducted for 
HP and LABH, stratified by gender. Given the dichotomous nature of the outcome variables, two logistic 
regression models are built: (1) Model 1: family structure and economical worries independent variables, 
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adjusted for age and chronic suffering; (2) Model 2: the previous setting plus SES as independent variables. 
By considering chronic suffering as a confounder permits us to measure the net effect of all the determinants 
both on PH and on the objective LABH. Only results of Model 2 are shown (Table 1). 

 
Table 1. Odds ratio and 95% confidence intervals for LABH and HP by gender, adjusted for age and chronic 
suffering, aged ≥25 in Italy, year 2004. Model 2 

OR 95%CI OR 95%CI OR 95%CI OR 95%CI
Family structure 
living alone vs couple 1.403   1.140; 1.726 1.491  1.242; 1.792 1.367    1.078; 1.734 1.472  1.199; 1.807

tower familya  vs couple 1.382   1.143; 1.673 1.164  0.966; 1.402 1.352    1.091; 1.676 1.516  1.233; 1.863

flat familyb vs couple 1.092   0.914; 1.305 1.124  0.946; 1.335 1.056    0.857; 1.301 1.294  1.063; 1.576

lone parentsc vs couple 0.802   0.261; 2.462 1.113  0.757; 1.639 1.460    0.421; 5.065 1.068  0.653; 1.747

nucleard family with one child vs couple 0.913   0.712; 1.169 0.975  0.771; 1.232 1.028    0.759; 1.393 1.238  0.935; 1.639
nuclear family with two children vs couple 1.019   0.797; 1.304 0.916  0.717; 1.171 0.802    0.577; 1.116 0.781  0.562; 1.085
nuclear family with three or more children vs 
couple 1.067   0.699; 1.628 0.760  0.483; 1.195 1.038    0.608; 1.773 1.057  0.626; 1.786

extendede family vs couple 1.093   0.874; 1.366 0.931  0.756; 1.147 1.021    0.784; 1.330 1.162  0.918; 1.471
Economical worries
with  difficulty vs easily 1.542   1.267; 1.741 1.715  1.535; 1.915 2.224    1.919; 2.577 2.213  1.952; 2.510
Education
tertiary vs pre-primary and primary 0.447   0.350; 0.570 0.541  0.419; 0.698 0.413    0.299; 0.569 0.438  0.317; 0.606

upper secondary vs pre-primary and primary0.545   0.466; 0.638 0.579   0.496; 0.676 0.502    0.415; 0.608 0.423  0.352; 0.508

lower secondary vs pre-primary and primary 0.673   0.594; 0.762 0.802  0.711; 0.904 0.640    0.557; 0.736 0.640  0.562; 0.728
Professional condition
part-time vs full-time worker 1.387   0.982; 1.960 0.736  0.566; 0.957 1.600    1.050; 2.438 0.698  0.491; 0.992
unemployed vs full-time worker 1.892   1.464; 2.445 1.410  1.075; 1.849 2.098    1.546; 2.846 1.662  1.206; 2.289
student vs full-time worker 0.976   0.437; 2.181 0.923  0.455; 1.873 0.501    0.117; 2.149 0.785  0.274; 2.247
in retirement vs full-time worker 1.646   1.391; 1.947 1.587  1.331; 1.893 2.200    1.796; 2.695 1.517  1.231; 1.869
disabled vs full-time worker 22.495 15.744; 32.141 9.527  6.905; 13.143 13.128   9.773; 17.636 6.143  4.596; 8.210
fulfilling domestic vs full-time worker 2.212   1.520; 3.218 1.294  1.099; 1.524 1.312    0.819; 2.102 1.322  1.083; 1.614
other-inactive vs full-time worker 2.430   1.897; 3.113 2.138  1.749; 2.612 3.160    2.402; 4.157 1.786  1.419; 2.249
Poverty indicator
above vs below median income 0.860   0.744; 0.994 0.948  0.838; 1.073 0.681    0.583; 0.796 0.805  0.709; 0.914
a couple, no dependent children, at least one adult 65 years or more bother households without dependent children
c single parent households with dependent children dfamily composed of couple and dependent children, without other members. 
eother households with dependent children

Effect
Men Women

HPLABH
Men Women

 
 
The relative differences of two dimensions of health (LABH and HP) by family structure, economical 

worries and SES are explored by logistic regression analyses stratified by gender.  
Odd ratios of LABH by family structure, adjusted for age and chronic suffering, show the same results 

of the HP analysis.  
After adjusting for SES in LABH model, men living within flat families are no associated with 

limitation in activity (ORMAN=1.092 95%CI=[0.914; 1.305]) as women (ORWOMAN=1.124 95%CI=[0.946; 
1.335]). Living alone is associated with worse health for women as for men. Living in a tower family 
increases the probability to be limited in activity of 38% for men and of 16.4% for women. Living within a 
nuclear family is no associated with better objective health neither for women nor for men. In both analysis 
LABH and HP, being educated results a protective factor to health: the probability to feel well increases as 
the education level increases too and the 95%CIs for both men and women overlap themselves. 

For professional condition, not participating to labour market increases the probability to feel bad both 
for men and women. Retired, inactive and unemployed people have worse health than full-time workers, for 
both sexes. Full-filling domestic role in family are more likely to have limitation in health than full-time 
workers for men and women (ORMAN=2.212 95%CI=[1.520; 3.218] ORWOMEN=1.294 95%CI=[1.099; 1.524]). 
In both analysis, disabled people have the major likelihood to have limitation in activity for both sexes, but 
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the objective analysis of health shows more highest OR with disable women being nine times likely to have 
limitation in activity than not disabled ones and disabled men being twenty-two more likely to have worse 
health.  

Adjusted OR associated to poverty indicator shows that people with individual income above median is 
protected against limitation in activity. This effect is lowest for LABH with respect to HP analysis: the 
probability to self-define with limitation in activity reduces of 14% for richest men with respect to poorest, 
while for women the income effect is not significant. 

According to the results of the two models we note that determinants of bad health are substantially the 
same for men and women. Women disadvantage is explained in part, for more illnesses (chronic and 
disability problems) and more socio-economic problems (lower education and housing). There is a well-
know general observation that women have worse health status but live longer than men. This characteristic 
has been explained by social and biological differences between sexes (Lee, 1998; Hunt,  Annandale, 1999; 
Benigni et al. 20001; Egidi, Spizzichino, 2006).  

With regard to the two competing hypotheses defined at the beginning of the paper, our results show 
that in the Italian context family is mostly perceived as a source of worries and strain and therefore 
associated to a major probability to feel in bad health status. Also the occurrence of economical worries is 
associated with an augmented odds to feel worse and there was not difference between sexes. 
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1. Introduction – Why Should We Consider This? 
 

  The general form of index for measuring economic performance is based on the Laspeyres 

formula. The Laspeyres formula is fixed weighted using weights based on some fixed point in the 

past. With the rapid change of economical structure, the Laspeyres method produces significantly 

biased results. Growth would be overestimated if the prices of commodities in growing sector 

declined dramatically since the base year, as a result of rapid development. This overweighting of 

the Laspeyres index called “substitution bias” is why the Laspeyres formula produces the upper 

limit for possible measures. 

Changing the index formula to a Paasche index, where current period value would always be used 

as a weight base, is not a solution. This results in a bias opposite to that of the Laspeyres, with the 

tendency to understate the economic performance.  

Some countries have adopted the chain Laspeyres method for production index, which greatly 

reduce the above-mentioned divergence in annual index. Experts favoring the chain Laspeyres 

index argue that when weights are constantly updated the index better reflects the changing 

structure of industry. It is especially important for fast growing economy, where new industry and 

products are coming all the time. Introduction of new establishment or new product to index is 

troublesome for fixed base weighted index, while for chain index those are automatically 

incorporated. 
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2. What is the Chain-Type Index? 
 

If the objective is to measure the actual movement of prices and volumes from period to period 

index should be compiled only between consecutive time periods. Changes in prices and volumes 

between periods those are separated in time are then obtained by cumulating the short-term 

movements: for example, by linking the index between consecutive periods together to form “chain 

index”. 

There are three kinds of chain indices just like the conventional indices above-mentioned, and chain 

index is calculated by multiplying link index. 
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Chain index has a number of practical as well as theoretical advantages. For instance, it is possible 

to obtain a much better match between products in consecutive time periods than between periods 

that are far apart, given that products are continually disappearing from markets to be replaced by 

new products, or new qualities. Chain index is also being increasingly demanded by economists and 

others analytical purpose and are being increasing used for special purpose index, such as consumer 

price index, in order to have index which weighting structure is as up-to-data and relevant as 

possible. 
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3. How to estimate the weight? 
 

Many countries construct the production and producer’s price indices with weights derived form 

a benchmark survey results. When the current price production values are available, it is possible to 

compute the Paashe index. However the current period weight is the major practical problem, and 

data demand for Fisher index is even higher, as it requires both Laspeyres and Paashe indices 

calculated.  

In this paper, I would like to estimate the current period weights in three different ways. The 

process of estimation is very simple. I search the relatively relevant variables which have close 

relationship with value-added. (In Korea, it is used for weights to compile the Industrial Production 

Index(IPI).) As a result of my study, I find three variables and they show high positive correlation 

with weights. Three variables are as follows, 

- Producer’s Price Index(PPI)  

- Industrial Production Index(IPI) 

- Combine PPI and IPI 

Then, the weights are estimated by adjusting the same growth rate of each variable. For instance, 

the weight at period n is calculated by multiplying the weight at period n-1 by the growth rate of 

Producer’s Price Index (we already know the value of weight at period n-1 by benchmark survey 

results).   

 

4. Results: which is the best? 

 

There are two dimensions to consider for choosing the best estimator. First of all, we should 

determine what type of chain index form among Laspeyres, Paasche, and Fisher is the most 

appropriate. According to the index theory, chain Laspeyres and Paasche indices do not satisfy 

Fisher’s time reversal test, and chain Fisher index is likely to yield results that more acceptable in 

the presence of fluctuations. 
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Concerning the ways to estimate the current weight, method A(using PPI) has the least gap between 

the Paasche index. 

 

Table.1 Chain Fisher Index 

 A(PPI) B(IPI) C(mixed) Paashe Laspeyres 
2003 110.4 109.9 109.9 108.1 114.5 
2004 117.4 119.8 119.5 114.8 126.2 

 

But as you can see the below graph, method C(using PPI and IPI) shows relative advantages for  

the reliability of estimation, especially recent period. I have strong belief that getting the stable 

values is the most important thing, and the gaps between the Paashe index for each method are not 

significant. Therefore the method C could be accepted as most appropriate method to get the 

estimation for weights. 
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The treatment of owner-occupied housing in the HICP
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Abstract 
Owner-occupied housing costs represent a substantial share of household final consumption 

expenditure, whilst purchases of dwellings by households represent a substantial share of real estate markets. 
Within the European Statistical System there is a wide agreement that owner-occupied housing (OOH) 
expenditures should ideally be covered in the Harmonised Indices of Consumer Prices (HICP). This paper 
discusses the treatment of owner-occupied housing in the HICP and the rationale for and difficulties of 
following net acquisitions approach. The paper expresses personal views of the author and draws on 
previous work by HICP staff at Eurostat. 

Introduction 
HICPs are consumer price indices produced in each EU Member State on the basis of harmonized 

standards. Harmonised consumer price indices are a requirement which derives directly from the EU Treaty. 
They are needed in particular for the assessment of price convergence, for monitoring inflation and 
conducting monetary policy in the euro-area. The euro area HICP provides the key inflation indicator used 
by the European Central Bank (ECB). Financial markets also value these indices since they provide 
comparable measures of inflation across EU Member States. 

It is now ten years since the HICPs were first published by Eurostat. The HICP was a result of 
intensive work among the European price statisticians to produce a harmonised inflation measure for the 
European Union. Based on the European System of Accounts (ESA95), HICP coverage was taken as 
Household Final Monetary Consumption Expenditure (HFMCE) and, although HICPs cover virtually 100% 
of HFMCE, inflation faced from owner-occupation is to a large extent still not covered, because it does not 
fall in principle within the scope of HFMCE. 

However, from both Eurostat's and the main users' points of view, a harmonised treatment of the OOH 
and its prospective inclusion to the HICP would improve the comparability and reliability of the 
measurement of inflation. This is, in particular, due to the fact that OOH represents a sizeable proportion of 
consumers' expenditures and, moreover, that the balance between owner-occupied and rented housing varies 
between the EU Member States - leaving differing amounts of households' housing expenditures outside the 
index. For these reasons, the issue of the inclusion of OOH in the HICP has been given the highest priority at 
Eurostat.  

Rationale for the net acquisitions approach 
The definition and hence the coverage of a consumer price index depends on the purpose for which the 

index is designed. The understanding of inflation that Eurostat shares with key users, in particular the 
European Commission Directorate-General for Economic and Financial Affairs and the ECB, is that inflation 
is a monetary phenomenon, whereby the instruments of monetary policy aim at influencing prices of market 
transactions. With this in mind, the HICP has been designed as a Laspeyres-type 'pure price' index based on 
the net acquisitions principle. That is the HICP covers the actual prices at which goods and services are 
acquired by consumers for the direct satisfaction of their individual needs or wants. This approach has 
particular advantages for measuring inflation, since the strength of the `household final monetary 
consumption expenditure' concept lies in its focus on monetary transactions. This implies that flows of goods 
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and services for which no actual prices are paid ─ i.e. non-monetary transactions ─ do not convey any 
relevant information about the rate of inflation in the economy. 

Following this definition, the expenditures incurred by households for acquiring dwellings or 
undertaking major maintenance and repair works in order to meet their own housing needs can be regarded 
as in principle falling within the scope of the HICP ─ but not entirely so, the complication being that an 
important part of these expenditures can be regarded as investment rather than consumption. Unlike many 
other durables, housing is known to be a good store of wealth, at least in the longer term. In conclusion, the 
expenditure for owner-occupied shelter could be regarded as both, investment (applies in particular to the 
land on which the shelter is built), and consumption (applies in particular to the built part) ─ in the sense that 
it includes investment and consumption elements at the same time. 

The net acquisitions approach is straightforward in concept and simply implies that the purchase of 
owner-occupied dwellings is treated in the same way as that of other durable goods included in the HICP. 
Another advantage of the net acquisitions approach is the limitation to those purchases which change the 
dwelling stock owned by households. Moreover if the land price element is excluded from the recorded price, 
it can be argued that movements in asset prices are not captured (or captured only to a very limited extent) in 
measured inflation. Finally, a key strength of this approach from a HICP perspective is that it uses prices for 
monetary transactions, like the rest of the HICP. Therefore, the EU Statistical Programme Committee (SPC) 
proposed to pilot an OOH index following the net acquisitions approach. 

If the net acquisitions approach is applied for houses in the HICP, then, for consistency, all acquisition-
related expenditures should also be included in the HICP. This applies in particular to the following 
components: 

� Acquisitions of newly built dwellings: Actual prices of newly built dwellings acquired by 
households for their own use, such as dwellings in blocks of flats, terraced houses, detached 
“turn-key” houses built by developers, houses built by self-builders (i.e. a household buys a plot 
of land and organises the building project by itself). Different types of dwellings might need 
different statistical systems, e.g. for self-builders transaction prices cannot be observed directly. 

� Acquisitions of dwellings from other sectors, such as from government: Actual prices of new 
and second-hand dwellings acquired by households for their own use ─ for the weight: less 
sales of second-hand dwellings, since the scope is limited to those purchases, which change the 
dwelling stock owned by households. 

� Major maintenance and repairs ─ material and services: Actual prices for material and services 
engaged for major maintenance, repair and decoration, and for extensions and conversions of 
the dwelling.  

� 'Insurance connected with the dwelling' needs to be extended to include the kinds of insurance 
typically taken out by landlords. 

� Other services related to acquisition of owner-occupied housing: The prices for services 
connected to the acquisition of owner-occupied housing (transaction costs), such as payment for 
the services of property managers and fees for legal services: house conveyance fees (solicitors), 
estate agents fees, surveyors' fees, registration fees, asset transfer tax, etc. 

Most of the abovementioned elements point to a number of methodological and practical issues that 
need to be tackled. However, the main conceptual and practical issue arises from the fact that the expenditure 
for acquiring owner-occupied dwellings contains both consumption and investment (or saving) elements. 
The asset element can be mainly attributed to the land on which the structure sits and the consumption 
element the structure. This problem is non-trivial for price statisticians, since for dwellings it is not always 
possible in practice to separate the price of land on which dwellings are built from the price of the buildings 
in total. 

Many experts would argue that as a matter of principle movements in asset prices should not be 
captured in the HICP and hence land should be excluded from the scope of the HICP. On the other hand, 
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there are also arguments in favour of covering the purchases of houses including land. Some advocates for 
the inclusion of land consider that the principal motivation for acquiring an owner-occupied dwelling is 
primarily the desire to obtain security of tenure and unencumbered use of the property. These wants are 
basically not met, or at least not to the same extent in the case of rented dwellings. While it is recognised that 
the purchase of the own dwelling is also deemed to offer a form of savings or investment, this benefit is 
considered to be a secondary motivation, subsumed to that of security of tenure. Moreover, from a 
households' point of view, buying a dwellings without land is not common, if not impossible, and households 
are therefore bound to invest in land in seeking security of tenure. Hence, it could be argued that in order to 
cover the actual prices at which goods and services are acquired by consumers for the 'direct satisfaction of 
their individual needs or wants’ the HICP must cover the prices of dwellings including land. A second 
argument in favour of including land is that by doing so it would be complementary with the existing 
treatment of actual rents in the HICPs, whether by the rents paid presumably reflect the costs of providing 
both the rented structure itself but also the cost of the underlying land. 

Outlook 
The initial pilot work on the net acquisitions approach revealed several practical problems related to 

implementing the 'net acquisitions concept excluding land' in a very direct way. The implementation of the 
'net acquisitions concept excluding land' in its pure form seems not to be feasible in all Member States. Also 
the quality of the resulting indices seems such that they would not satisfy the usual HICP quality 
requirements.  

In maintaining the principles of the net acquisitions approach, Eurostat has taken a pragmatic approach 
in practice, aiming to: 

� establishing a price index for all dwellings purchased by households; 
� estimating the effect of land prices; 
� partitioning the all-dwellings price index by means of the land price index 

While widening its work to support the development of comprehensive dwellings price indices, 
Eurostat reaffirmed thereby its commitment both to the net acquisitions approach for the HICP and to the 
ongoing pilot studies. However, the price indices to be piloted should serve the needs of the HICP, but also 
those users whose main interest is in dwellings price indices per se. 

Conclusions 
The HICP has been designed as a Laspeyres-type 'pure price' index based on the net acquisitions 

principle. That is, the HICP covers the actual prices of goods and services that are acquired by consumers for 
the direct satisfaction of their individual needs or wants. 

Based on the European System of Accounts (ESA95), HICP coverage was taken as Household Final 
Monetary Consumption Expenditure and although HICPs cover virtually 100% of HFMCE, inflation faced 
by owner-occupiers is, to a large extent, still not covered because it does not fall in principle within the scope 
of HFMCE. OOH represents a sizeable fraction of consumer expenditures and the balance between owner-
occupied and rented housing varies between the EU Member States leaving differing amounts of households' 
housing expenditure outside the index. For these reasons, the inclusion of OOH in the HICP has been given 
the highest priority at Eurostat. 

The net acquisitions approach is straightforward in concept and simply implies that the purchase of 
owner-occupied dwellings is treated in the same way as other durable goods included in the HICP. Another 
advantage of the net acquisitions approach is the limitation to those purchases, which change the dwelling 
stock owned by households. Moreover if the land price element is excluded from the recorded price, it can be 
argued that movements in asset prices are not captured (or captured only to a very limited extent) in 
measured inflation. Finally, a key strength of this approach from a HICP perspective is that it uses prices for 
monetary transactions, like the rest of the HICP. Therefore, OOH should be treated in the HICP following a 
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net acquisitions approach. However, it can also be argued that in order to cover the actual prices of goods and 
services that are acquired by consumers for the 'direct satisfaction of their individual needs or wants' the 
HICP must cover the prices of dwellings including land.  

If the net acquisition approach is applied for owner-occupied housing, then, to be consistent, 
acquisition-related expenditures such as materials and services for major repairs and maintenance should also 
be included in the HICP. 

Housing and property price indices are important indicators for economic analysis, and also for 
informing financial markets and economic and monetary policy. Eurostat's medium-term aim is therefore to 
establish a European System of Consumer Price Statistics, centred on the HICP. The European System of 
Consumer Price Statistics should enable a flexible response to current and future EU policy needs. The 
flexibility embodied in that system should also apply to the treatment of OOH, whether inside or outside the 
HICP. 
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Abstract 

For the treatment of owner-occupied housing (OOH) in consumer price indices (CPIs) there are three 
basic types of approaches that are applied by statistical offices: net acquisitions, payments and uses (which 
might take the form of either user costs or rental equivalence) . In addition, a widely used option, though not 
a real approach as such, is the exclusion of OOH. This paper looks at these alternative ways for CPIs to 
handle the issue of owner occupied housing. The views expressed in this paper are those of the author and do 
not necessarily represent those of Eurostat. 

 
Introduction 

Housing prices attract a lot of attention among the general public. And naturally so; shelter is a 
necessity as much as food and, almost regardless of the way households have arranged their lives, it 
constitutes an important share of their total expenditures. Furthermore, if a household is a home owner their 
property is usually by far the biggest capital asset they possess, and the purchase of the property is the 
biggest single transaction they engage in themselves as households. 

Moreover, the topicality of the issue has increased in recent years. Rapid rises in housing prices in 
many European economies has resulted in more pronounced interest by policy makers, economists, and the 
central banks to acquire more understanding how prices are moving, their implications for household 
behaviour and in particular how they are reflected in CPIs. The importance of housing is not left 
unrecognized by academia and statisticians. The issue is reflected and extensively covered in the research on 
consumer price indices and in the practical work of National Statistical Institutes. Both conceptual and 
practical issues of the treatment of housing in the CPI have been discussed thoroughly in the literature (see 
e.g. ILO et al, Diewert 2003, Poole et al 2005). 

 
Alternative approaches 

Selecting the conceptually best approach for OOH in a CPI is a straightforward exercise, in principle. 
Once the main use for the CPI is determined the respective OOH treatment follows. Recalling the main uses 
of CPIs are therefore of importance in understanding why there are as many OOH approaches for CPIs as 
there are. In summary, CPIs can be constructed under three different frameworks: 

 CPI approach CPI use Measurement 

1 Use Economic analysis 
(e.g. National Accounts 
deflator) 

the change in the price (cost) of consuming the 
designated basket 

2 Payment  Adjustment of income for 
changes in price levels 

the change in the amount households must outlay for 
the basket – when payment is executed 

3 Acquisition General measure of 
household inflation (for 
monetary policy) 

the change in the price of acquiring the designated 
basket – when transaction and price confirmed 
actually 

For many products in the CPI there is no practical difference between acquisition, payment and use, 
since they normally happen within a relatively short time. However, for durable goods these can occur over 
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different periods because durables can be regarded as generating a flow of services that are consumed over a 
longer period of time. They may equally be paid for over a long period of time. If the flow of services or 
payments should be taken into account in CPIs, it should in principle call for different treatment for durable 
goods, producing possibly different inflation rates. However, in practice this complication is normally 
disregarded omitted, with the exception of housing.  

For owner-occupied housing the difference between acquisition, payment and use is regarded as more 
important and therefore special attention of its treatment in the CPIs has been given. This can be attributed to 
three factors: houses are very long-lived goods providing services over several years; they are expensive and 
therefore relatively large amount of money are involved in their purchase; they do not only provide their 
intended services over their lifetime but are also investments (more so than other durables) and a mode of 
saving. 

The CPIs concepts – use, payment and acquisition – yield four alternative techniques to treat OOH: 
user cost, rental equivalence, payment and net acquisition. They can be classified into two broad categories: 
use (or consumption) that comprises the user cost and rental equivalence; and expenditure to which payment 
and net acquisition approaches belong. 

 
Treatment of OOH based on consumption 

The consumption approach to the CPI gives rise to two main methodologies for OOH: rental 
equivalents and user costs. These are often referred to as consumption approaches because they focus on the 
flow of services that housing generates, which are consumed by occupying the owned a house. They exclude 
the purchase of the house because it is a capital good and is considered to include an investment component. 
The approaches are not concerned with whether or not any monetary outlay is involved. Since transactions 
do not occur at the same time that the housing services are consumed, the method implies that notional prices 
measures are recorded in the CPI. 

The rental equivalence approach measures the change in the amount a home owner would have to pay 
to rent his or her home in a competitive market. It is a measure of the change in the price of the shelter 
service provided by owner-occupied housing. The underlying assumption of the approach is that the rents 
would be the same for similar dwellings. The basic requirement of this technique is that there are enough 
dwellings in the rental market which are similar in their most important aspects to those that are owner-
occupied.  

The rental equivalence is a relatively common approach for the EU CPIs, although the exclusion of 
OOH is even more common. The rental equivalence fits naturally into a cost-of-living (COLI) framework 
which is the conceptual foundation for many CPI because it focuses explicitly in he cost of the flow of 
shelter services. Another reason for its popularity is that it is often applied in National Accounts where 
capital service flows are measured. 

Regardless of the wide acceptance of the method, it has also been criticised. One argument against is 
that owner-occupied housing provides such different services from rented housing that rental price changes 
do not convey information on the price changes of OOH services. Another common criticism is based on the 
argument that the average quality of the rental housing stock is different than the average quality of the 
owned housing stock. Technically the biggest problems with implementing the approach are related to 
defining the base period weights and making the match between owner-occupied and rented dwellings. Also, 
in a situation where there is not a significant free rental market for equivalent (or at least comparable) 
dwellings, the approach might not be applicable.  

The user cost approach, which, as a matter of fact encompasses a range of applications, adds actual and 
imputed costs for owner-occupation borne by home owners over the life-time of the ownership of the house 
and are apportions them over the time periods. In its purest form, user costs approach includes interest 
payments on mortgages, opportunity costs of equity finance, depreciation, other recurring costs like taxes, 
insurance premiums and minor repairs, and appreciation (i.e. capital gains). These costs can be interpreted as 
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the difference between the costs of purchasing the dwelling at the beginning of a period and living in it 
during the period, and the returns of re-selling the dwelling at the end of the period. The user cost approach is 
used in other contexts too, such as in the capital asset pricing, in the analysis of tax depreciation rules, etc.  

The main advantage of the user cost approach is that it covers all relevant costs of OOH, most 
importantly opportunity costs and capital gains or losses, which are important factors in households' 
decisions when selecting their mode of housing. Many economists also prefer a user cost measure, because it 
is considered as being the closest estimate to “the cost of home ownership” for a home owner. However, it is 
important to note that opportunity costs are not considered for any other CPI durable, such as cars. User cost 
methods also include explicitly financing costs which are also excluded from all other CPI items.  

The main criticism of the user cost approach is that it is not clear if it is conceptually desirable; the 
inclusion of return of investment (in form of interest rates and appreciation) bring in to the CPI asset 
elements, which are normally not justifiable in the CPIs. And if a CPI is used as a monetary policy target 
index, including interest rates is inappropriate. It is also difficult to justify why the investment returns on one 
category of assets – namely, the housing unit that the household occupies – should be reflected in the CPI, 
while other investment returns are excluded. In practice, repairs and maintenance, insurance, rates and 
mortgage interest are relatively straightforward to calculate. However, depreciation, appreciation and the 
opportunity cost are notional measures and difficult to measure with any certainty.  

 
Treatment of OOH based on expenditures 

If the treatment of the OOH is based on an expenditure framework there are two available approaches, 
i.e. payment or acquisition approaches. Expenditure approaches essentially exclude the use of notional 
consumption measures from the calculation of a consumer price index. 

The payment approach focuses on the point in time when the actual payment for goods and services is 
made without regard for when the products were actually acquired (or used). It is in its practical application 
is rather similar to the user cost approach despite its different conceptual background. The expenditure 
weight for home ownership consists of all payments actually made in the base period, relating to dwellings 
that have been purchased or constructed. In theory the following payments could be included: cash purchases 
of dwellings, fees associated with purchase or construction, deposits and principal repayments, mortgage 
interest payments, repairs and maintenance, insurance and local authority rates. 

A principal problem of the payment approach it focuses on liquidity aspects and thus the composition 
of the index will not depend only on the households' consumption decisions but also on their financial 
decisions. It is sometimes argued that an index according to the payments approach is the one most relevant 
for household compensation purposes. Moreover, it is not clear whether a payments approach should include 
down-payments and repayments of loans. 

The net acquisitions approach treats a house purchase as it does the purchase of a non-durable good, i.e. 
it attributes all of the expenditure of the purchaser on the house to the period of purchase, and only estimates 
net purchases of houses by the household sector. In principle, the method also includes the purchase of 
second-hand dwellings from other sectors; however most of these transactions are between households and 
cancel out. In addition to prices of dwellings, the approach incorporates all other expenditures associated 
with home ownership such as major renovations and the prices for services connected to the acquisition of 
owner-occupied housing (e.g. payment for the services of property managers and fees for legal services: 
house conveyance fees, estate agents fees, surveyors' fees, registration fees and asset transfer tax). 

The main conceptual and practical issue of the approach arises from the fact that owner-occupied 
dwellings contain consumption and investment elements. The investment part is mainly attributed to the land 
on which the structure lies but some of it can be attributed also to the structure itself. Conceptually an 
investment element does not fit into the normal CPI approaches and it should therefore be excluded from the 
index.  
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Exclusion of OOH from CPIs 
Several national CPIs as well as the European HICP exclude owner-occupied housing from their 

coverage (with the possible exception of certain types of maintenance expenditure). The conceptual 
justifications of exclusion depend on the purpose of the CPIs. All CPIs that intend to track price changes of 
consumption exclude OOH because they are considered as a part of investment (capital formation). On the 
one hand, consumption based indices should include the housing services produced and consumed by owner-
occupiers. On the other hand, inflation measured use as monetary policy target should not include imputed 
rents, mortgage interest payments and notional measurements. 

Whatever may be the reason for exclusion of OOH from CPIs, from an international point of view, it 
may be an unsatisfactory solution when there are large differences in the shares of the populations that own 
their dwellings. Thus, for two countries that are identical except for the share of home owners, the same 
changes in all prices would produce different changes in CPI. 

Another way to overcome the incomparability problem is to exclude all items referring to housing 
whether owner-occupied or rented. The exclusion of all housing (actual rents and either imputed rents or 
acquisition of new houses, and maintenance and repair of dwellings) services from the all-items index would 
make the resulting estimates of price change for the remaining products more comparable across countries. 
While such an index would appear more internationally comparable than an index that only excludes OOH, it 
raises the question on how meaningful is a measure of inflation. 

 
Conclusions 

Any of the available approaches may be conceptually suitable option for the measurement of OOH in 
the CPI – the decisive factor is the primary purpose of the CPI. However, having CPIs series using different 
methods is problematic from the international comparability point of view. In the current situation, 
comparable inflation data including the housing component does not exist, and users have to tailor the CPI 
data they need from scattered and incomparable data.  

An important consideration is that, because of the importance of OOH, in general, and as a share of 
households' expenditure, in particular, the exclusion of housing is not a desirable option. It is clear that all of 
the approaches would give a significant weight for OOH and thus have a potential impact on the overall CPI 
if the price of OOH moves differently from the average of other items. A particular problem is that the 
exclusion of OOH does not ensure comparability of the indices across countries, given their structural 
differences in house ownership.  

To improve the situation, Eurostat is currently developing with the EU Member States a harmonised 
treatment of OOH within the HICP. The chosen approach is that of net acquisitions, which is compatible with 
the conceptual foundations of the HICP. The net acquisitions treatment of OOH has the advantage that it 
takes into account only monetary transactions. A further advantage of the approach is that the establishment 
of price indices for the acquisitions of dwellings can be utilised outside the HICP as general housing price 
indices.  
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Introduction 
The aim of this paper is to highlight some of the conceptual and practical issues that are associated 

with the use of the net acquisitions approach to the inclusion of the Owner-Occupied Housing (OOH) 
component in the Harmonized Index of Consumer Prices (HICP). The paper stresses the fact that, taking 
into account the aims of the HICP and its regulatory framework, the acquisitions approach is the most 
suitable one for the development of HICP.  

This text is organized as follows. Section 1 makes a brief presentation of the main approaches to the 
inclusion of OOH in consumer price indices (CPI); section 2 shows that under the present HICP regula-
tory framework, the net acquisitions approach is the most suitable method for the inclusion of OOH; sec-
tion 3 presents some of the conceptual and practical problems facing its implementation. Finally, some 
concluding remarks are presented at the end of the text. 

 
1. Approaches to the inclusion of Owner-Occupied Housing 
The differences regarding the treatment of OOH in a CPI can be explained through the way price 

index compilers interpret the economic worth of dwellings in a consumption context. With this in mind, it 
is possible to divide existing approaches into three broad categories:  
(i) those that value the idea that durable goods, most notably dwellings, yield a flow of services to 

which consumers’ well-being is not indifferent, asserting that the main purpose of a CPI is also to 
measure changes in this flow of services;  

(ii) those that value the idea that the purchase of a dwelling, as the purchase of any other product made 
by households, should be taken into account because the main purpose of a CPI is to measure the 
(monetary) inflation phenomenon faced by households; 

(iii) those that point out that SNA93 defines dwellings as fixed assets, something which automatically 
rules them out from the scope of an index whose main purpose is to measure the monetary transac-
tions of consumer products.  
 
The rental equivalence and the user costs approaches are included in the first category. The acquisi-

tions and payments approaches belong to the realm of the second category.  The exclusion of OOH from 
the CPI belongs to the last category. It is not the intention of this paper to give an overview of these ap-
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proaches as comprehensive discussions can be found in the literature1. A recent study2 compares the likely 
impact of the inclusion of the OOH component on the HICP (Table 1). One of the main outcomes of this 
study was that the adoption of the rental equivalent approach seemed not to make a significant and sys-
tematic difference in the measured rates of inflation, whereas the user cost approach originated, on aver-
age, quite different results, were the results suggested a considerably higher increase on inflation in 1999 
and 2000. In addition, the net acquisitions approach obtained a maximum difference of 0.3 percentage 
points in 2002, almost 15% above the measured inflation rate of the HICP excluding OOH in that year.   A 
more recent study by Dalén (2007) highlights the net acquisitions approach as the right concept in light of 
an inflation index. The user cost and rental equivalence approaches are, on the other hand, more in accor-
dance with a cost-of-living index. The paper also points out that the inclusion of OOH based on the net 
acquisitions approach would increase, on average, present HICP by 0.23 percentage points. 

Table 1 – Impact of OOH on the HICP (Annual data, Euro-zone, 1996-2002) 

 All-items HICP incl. OOH Differences in annual inflation rates 
HICP incl. OOH - HICP excl. OOH 

Methods Index 
value 

Avg. annual 
inflation rate Avg. Var. Min. Max. 

Rental Equivalence 111.3 1.80 0.07 0.02 -0.1 0.2 
Net Acquisitions 112.0 1.91 0.15 0.02 -0.1 0.3 
User Cost (OECD estimate)1 113.8 2.18 0.43 0.75 -0.4 1.7 

All in all, what can be said is that there is no “perfect solution” to the inclusion of the OOH compo-
nent in a CPI. All approaches have strengths and weaknesses and all of them are well documented in the 
literature. What is worth mentioning is that all choices have to be made in close connection to the main 
purpose of the index and the context in which the indicator is being built.  

 
2. Main HICP regulatory framework  
The HICP is somewhat distinct from other CPIs in the sense that its development has been trans-

lated into a legal regulatory framework aiming at providing the basis for the measurement of inflation in a 
comparable basis across Member States of the European Union (EU). The main purpose of the HICP is, 
therefore, to provide a harmonised measure of inflation. Moreover, the existing regulatory framework3 
also excludes price for imputed transactions since the HICP shall only reflect changes in monetary prices 
actually paid by consumers. This is so because inflation is perceived as monetary phenomenon restricted 
to market transactions that the household sector has with other institutional sectors. Clearly enough, this 
approach is not consistent with approaches to OOH that, as mentioned above, pretend to measure the 
value of the flow of services provided by dwellings to their own-occupiers.  

When taken together, both the aim and the impossibility to use imputations seem to suggest that the 
best approach to include the OOH component in the HICP is the (net) acquisitions approach. This was, in 
effect, the approach that has been used by Eurostat4.  

 
3. Problems facing the implementation of the acquisitions approach 
There are both theoretical and practical bottlenecks to the implementation of the acquisitions ap-

proach to OOH in the HICP. Figure 1 below illustrates the chosen approach.  
Shelter costs of owner-occupied housing were initially excluded from the coverage of the HICP on 

technical and harmonization grounds. However, in 2001, a project for the implementation of an OOH 

                                                 
1 See, for instance, ILO et al (2004) and Diewert (2003). 
2 Eurostat (2006). This paper presents estimates for the period 1996-2002 for the rental equivalence and the net acquisition meth-
ods. The figures on the user cost approach were obtained from Cournède (2005).  
3 Commission Regulation (EC) No 1749/1996. 
4 See Makaronidis and Hayes (2006). 
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index on a pilot basis following a net acquisitions principle was launched by Eurostat4. This pilot work 
has recently been refocused under a new project orientation5.   

Figure 1: Chosen approach to the inclusion of the OOH in the HICP 

 
 
 
 
 
 

 
 

There are several conceptual issues regarding the inclusion of the OOH into the HICP. Some of 
these are: 
(i) How is the net acquisitions approach and the “net” concept going to be applied in practice? Are 

transactions between households going to be considered in index computations? 
(ii) Is the use of stock weights (instead of the use of expenditure weights) feasible under the scope of the 

HICP? 
(iii) Land is defined in the SNA93 as a non-produced asset which escapes from the scope of consump-

tion. How is this very important component of a dwelling, going to be tackled? 
(iv) Are national differences regarding the time in which a dwelling is paid/consumed/legally purchased 

likely to affect comparability between countries?  
(v) How are new and second-hand dwellings going to be defined? 
 

Even if some of the above-mentioned issues can bring some complexity concerning operational im-
plementation (see below), most of these conceptual issues can already be solved on the theoretical 
grounds. For instance, the net acquisitions concept (i.e., purchases less sales of dwellings by households), 
determines the nature of the weights and also that transactions of second-hand dwellings between house-
holds should not be taken into account6. In addition, the “new” dwellings concept should be considered 
from the point of view of the Household institutional sector, which means that second-hand dwellings 
sold by other economic units to households should be included. Moreover, the use of stock weights has 
been pointed as one of the possible practical solutions for small countries with few market transactions. 
Additionally, the weights of the OOH index should be based on the household expenditure (monetary 
transactions), something which is in line with the main purpose of the HICP. Finally, it should be noted 
that the exclusion of the price of land in the OOH index may also be desirable not only on the grounds of 
national accounts definitional coherence, but also because this could mean the elimination of undesirable 
price volatility. However, pragmatic reasons may lead to the inclusion of land7.  

Practical issues have more to do with the integration of the lower layers of Figure 1 with the general 
aim of the index (specifically, with the interaction between operational concepts and methods and the 
purpose of the HICP). Some of these issues are:  

                                                 
5 This new orientation includes the following purposes: (gradual) inclusion of more countries in the pilot study (in order to in-
clude all EU Member States); extension of the study scope to second-hand dwellings, maintenance and repairs and transaction 
costs and the inclusion of pilot work on land price indices.  
6 Sales between households of existing houses cancel out except for transfer costs (agents’ and lawyers’ fees etc) which also have 
to be included.          
7 If it is not possible to separate the price of the dwelling the SNA93 recommend that the overall price is included in gross fixed 
capital formation (unless the value of the land clearly exceeds that of the house in which case it should be classified as a purchase 
of land and excluded from gross fixed capital formation). 

Purpose of the HICP

Followed Approach
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transactions 
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Repeated Sales 
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(i) Is the separation of land prices from house prices, from an econometric point of view, a feasible 
task? 

(ii) Can the different hedonic modelling approaches be considered as a possible non-comparability 
source? 

(iii) How is it possible for countries with a small number of market transactions to overcome estimation 
problems and difficulties in compiling indexes on a regular and monthly basis? 

(iv) How is comparability between different methods going to be addressed? What sort of criteria is 
needed?  

(v) Are methods that use evaluation prices (instead of real market data), likely to be “tolerated” in the 
scope of the HICP? 

 
For dwellings, it is not appropriate to collect prices for repeated sales of the same dwelling, as 

would usually be the practice for compiling price indices for other types of goods and services. This 
means that sophisticated price index methods are usually needed. In the earlier pilot work stratified-
hedonic approaches seemed most promising. As well as sometimes being technically difficult to imple-
ment successfully in the Member States, such methods are very data demanding and put important re-
quirements on data collection.  

 
Concluding remarks and way forward 
The application of the net acquisitions approach in the HICP presents some conceptual and practical 

problems regarding its implementation in EU Member States. While most of conceptual issues have al-
ready been tackled (at least from a theoretical point of view), many practical issues remain to be solved. 
Clearly, more empirical work regarding the implementation of this approach in different countries and 
market conditions still needs to be done.  

Another issue that needs to be further investigated is the impact of the integration of the OOH (us-
ing the net acquisitions approach) within the present HICP, as there is some empirical evidence that it 
might not be small. Finally, other issues that need further attention in the near future are the question of 
land and the use of construction cost indices in the construction of price indexes for self-builders and 
major repairs and maintenance (minor repair are already covered by the HICP).  
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RESUME

The Consumer Price Index (CPI) of Japan, Laspeyres index, is rebased every five years to set the 
reference period to the year ending with 0 or 5. The current series of the CPI with the 2005 base was first 
published in August 2006, when the retroactive revision of the CPI was done for the period from January 
2005 till August 2006. As a result of the revision, some gaps arose between the old series of the 2000 base 
and the new series of the 2005 base. 

This paper evaluates the effects of the rebasing of the CPI to 2005 on the year-to-year changes by 
decomposing the gaps into a number of factors. 

Comparing the indices and the changes in them over the year between the bases, those on the new base 
are lower on the whole. The change over the year of all-item CPI excluding fresh food for the year 2006 was 
0.1% on the 2005 base, 0.4 lower than the 0.5% on the 2000 base. The gap is decomposed to the following 
factors:

Factor A) Resetting of indices to 100 in the year 2005, 

Factor B) Revision of weights (expenditure shares), 

Factor C) Other influences such as adding 34 new items (e.g. “TV sets with liquid crystal displays”, 
“DVD recorders” and “automobile navigation”) and consolidating 48 items (e.g. “sewing 
machines”, “pencils” and “video cassettes”) 

1. Outline of the revision of the CPI in Japan 

In the revision of the CPI in Japan, item indices were reset to 100 with the new base year 2005, while 
items and weights were changed according to the changes in consumption patterns, based on the Family and 
Expenditure Survey (FIES) and other data sources. 

The item indices are compiled every month from prices of the Retail Price Survey (RPS) for most of 
the commodities and services. For several service charges for which it is difficult to determine representative 
specifications of price comparison, such as electricity, insurances, transportation and education, the item 
indices are computed by using the model formulae using the data, documents or materials from 
administrative authorities, corporations or enterprises. At the time of rebasing, the pricing items of the RPS 
and the contents of the model formulae are renewed. As a result, some gaps in the CPI arose between the old 
and the new base. 
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2. Method to decompose the factors of the gap in the CPI 

For observing general price trends, the all-item CPI excluding fresh food is generally used because 
prices of fresh food fluctuate according to weather conditions. The contribution of an item i  to the all items 
excluding fresh food in terms of the change over the year can be shown in the following: 

),( yiCon =
Weight

iWeight
yIndex
yiIndexyiChange )(

)1(
)1,(),(

where: ),( yiCon = contribution of item i to all items excluding fresh food in terms of the change over the 
year; ),( yiChange = change over the year of item i ; )1,( yiIndex = index in the previous year of item i ;

)1(yIndex = index in the previous year of all items excluding fresh food; )(iWeight = weight of item i ; and 
Weight = weight of all items excluding fresh food. 

The change over the year of all items excluding fresh food equals the sum of contributions shown in 
the above equation for all items. If the base is revised from 2000 to 2005 in 2006, ),( yiCon  changes due to 
A) resetting of indices to 100 for both the denominator and the numerator in 

)1(
)1,(

yIndex
yiIndex  by changing the 

base year, B) revision of weights for both the denominator and the numerator in 
Weight

iWeight )(  from the old base 

to the new base, and C) changes in ),( yiChange  caused by other influences including the revision of items. 

3. Estimated influence of the 2005 revision 

In this section, the gap in the change over the year between the bases is decomposed into the three 
factors shown above. The quantitative results for the factors are shown in the Table. The change over the year 
for 2006 was 0.09 on the 2005 base, which was (-)0.44 less than 0.53 on the 2000 base. 

Table: Change over the Year of All Items excluding Fresh Food (%) 
Year 2001 2006 

O Change over the year in the old base (1995=100) 
-0.58

(2000=100)
0.53

N Change over the year in the new base (2000=100) 
-0.82

(2005=100)
0.09 

N-O Gap between the bases -0.24 -0.44
A Resetting indices to 100 -0.71 0.27
B Revision of weights -0.56 0.61
A-O Influence of A -0.13 -0.26
B-O Influence of B 0.02 0.08
(N-O)-(A-O)-(B-O) Other influences -0.12 -0.27

Influence of the revision of the model formulae 0.03 -0.11
Influence of the revision of the composition within continued 
items not using the model formulae 0.06 -0.05
Influence of the revision of items (Residual) -0.21 -0.11

3.1. Resetting indices to 100 

If all the item indices for 2005 with the 2000 base, were reset to 100, the change over the year would 
be 0.27. This means that it would shift by -0.26 by resetting indices to 100 in 2005 because prices for 
personal computers, printers, etc. had dropped down so dramatically that the indices based on 2000 had been 
small. Indeed, since the index for “notebook computers” of the 2000 base was 16.3 in 2005, resetting it to 
100 enlarged by about six (=100/16.3) times the drop of the contribution of “notebook computers”. 
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3.2. Revision of weights 

If weights in 2000 were changed to those in 2005 for all items, the change would become 0.61, an 
increase of 0.08. In general, the Laspeyres indices are considered to include upward biases due to the fixed 
weights, but the revised figure in this case indicated a downward bias. 

The increase was caused by the items whose prices rose but consumption increased. One example was 
“kerosene”, increased 0.05 by changing weights. The index of “kerosene” rose due to a hike in oil prices, but 
it was neither substituted for other energy nor led to a decrease of consumption. The change for “gasoline 
(regular)” also increased 0.03. The total for petroleum products rose 0.08. Another example is “day service 
fees for nursing care for the aged” which increased 0.03 because charges rose owing to the removal of 
subsidies for food, but consumptions did not decrease. Meanwhile, although “mobile phone charges” 
dropped (-)0.01 by changing weights, discounts on charges did not seem to trigger any substantial expansion 
of demand on the whole. 

3.3. Other influences 

If both indices and weights were reset, the change would become 0.36 which equals the change over 
the year of the chain index with annually updated weights in 2006, shifting -0.17 from the calculated change. 
In total, the other influences are regarded as -0.27=-0.44-(-0.17). 

The factors A and B show the influences on the change from the previous year when reflecting 
consumption patterns in 2005 in conditions in which items are fixed on the 2000 base. Further, the following 
three paragraphs show the influence on changes by the revision of the composition of goods and services 
within items or items themselves. 

First, the effect of revising the model formulae for charges was -0.11, which was computed as a sum of 
the gaps between the bases for continued items whose indices are compiled with the model formulae both in 
the 2000 and the 2005 bases. The largest contribution was -0.11 for “mobile phone charges”, for which usage 
patterns (combination of call time and volume of data communication) for representative charges in the 
model formulae depend on distribution of charges per household compiled from the data of the FIES. As 
mobile phone use increased, the distribution of charges has shifted upward, and so do the representative 
charges. Charges for high-volume users were reduced dramatically in November 2005. These discounts were 
reflected more in the representative charges on the 2005 base than the 2000 base. Items for which the model 
formulae were revised do not always contribute to smaller increases of changes. Items such as “overseas 
package tours” contributed to greater increases. 

Next, the revision of composition within continued items are not limited to those with the model 
formulae. Summed gaps between the bases is -0.05 for continued items not using the model formulae. 
Various influences exist including the revision of the composition of goods or services according to their 
sales in the market within an item. For instance, as camera sales have shifted from film to digital models, the 
index is compiled with prices only for digitals on the 2005 base, though weighted average of prices for both 
types on the 2000 base. Because the prices for digital camera have dropped rapidly, the influence to the 
contribution is -0.01 for “cameras”. 

Finally, the impact of the revision of items is included within the rests: -0.11, the figure for the 
remainder, summed gaps between the bases for added or consolidated items. It is difficult to identify single 
influences by the revision of items because it is hard to regard an added item as completely replaced or split 
off from an item on the old base. “Canned peaches” on the 2000 base, for example, was consolidated with 
“canned oranges” into “canned fruit” on the 2005 base. The influence of each depends on the estimated share 
of peaches and oranges in canned fruit. On the other hand, because original items can be presumed for some 
added items, influences to add them can be evaluated. For example, the influence of “TVs with liquid crystal 
displays” can be estimated as -0.05 by comparing with “CRT TV sets” assuming the same weights. The 
impact of “DVD recorders” can also be estimated as -0.02 by comparing with “video tape recorders” under a 
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similar assumption, while those by “cellular phones” are -0.01 compared with “telephone sets”. 

4. Application to the 2000 revision 

Further, the same analysis will be applied to the 2000 revision from the 1995 base. The quantitative 
results for the factors are shown in the Table. The change over the year for 2001 was -0.82 on the 2000 base, 
(-)0.24 less than the -0.58 on the 1995 base.  

The change due to resetting indices: A was -0.71 (-0.13 from the change).  

The change due to resetting weights: B was -0.56 (0.02 from the change).  

The change considering both effects, by A and B was -0.70 (-0.12 from the change).The other 
influences composed of the following three influences equaled -0.12=-0.24-(-0.12). Influences caused by the 
revision of the model formulae were assumed to be 0.03. Influences by the revision of the composition 
within continued items not using the model formulae were assumed to be 0.06. The figure for the remainder 
is -0.21, among which the inclusion of personal computers alone shifted the change by -0.18. 

Comparing gaps of the change over the year on the next year from the new base year of all items 
excluding fresh food between the bases, it dropped (-)0.20=-0.44-0.24. The differences by dropped 
influences were -0.13=-0.26-0.13 by resetting indices to 100, -0.14=-0.11-0.03 by continued items with the 
model formulae and -0.11=-0.05-0.06 by the revision of the composition in other continued items, while 
those by risen influences were 0.06=0.08-0.02 by changing weights into the new base year and 
0.10=-0.11-(-0.21) by changing items. 

5. Conclusions 

The above evaluations indicate that the gap at the 2005 revision was mainly caused by resetting 
indices and the revision of the model formulae. There were many CPI users who were not aware of these 
effects, and the gap arising from the revision was larger than the expectation of many users. As a result, the 
revision was perceived as a “surprise” in the market, because the annual change of the CPI was hovering 
around zero for over three years. 

In the coming revision of 2010, it is desirable to avoid such a “surprise” for users, but some gaps are 
expected to be inevitable because the drop of prices of durable goods that has emerged in the past five years 
are expected to continue. Therefore, it is necessary to provide the users with various information, such as 
details of the model formulae, for predicting the gap in the next revision to minimize the “surprise” to the 
market.

From that viewpoint, the circumstances are expected to be improved in the next revision because the 
chain indices better reflecting the most recent annual consumption patterns have already been published 
monthly since the 2005 base. 
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1. Principle and Method: 

For some criterion C the comparative importance of n projects is denoted by a group of weights w1,w2,…,wn, 

where .The larger weight is more important.A positive n-dimension vector 

W=(w

1,0
1

=> ∑
=

n

i
ii ww

1,w2,…,wn)Tcomprised by a group of weights is called a priority vector. The set of all priority vectors 
denoted by Vn.If the judgment matrix A=( aij) is constructed by pointwise comparisons of n projects,then A is a 
positive reciprocal nXn matrix,satisfying: aij>0,   aij=1/aji      i,j=1,2,…,n 
Let Rn

+ denote the set of all positive reciprocal nXn matrixes. 
The priority problem under monocriterion is:to decide priority vector by using proper method on 

condition that we have known judgment matrix A=( aij).This is to look for a map from Mn
+ to Vn. 

When a positive reciprocal matrix satisfies aik* akj= aij, i,j=1,2,…,n,A is a consistent matrix. An 
arbitrary column ai, i=1,2,…,n of A should be positive constant multiple of the priority vector W,that is ai and 
W have the linear relation of ai=kiW (ki>0). Let’s change ai, and W into standard random variable in statistics 
respectively: 
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For every two standard variable y,η,there are ryη=cov(y,η),|cov(y,η)|≤1,and  r=1 if and only if p(y=η)=1,r=-1 
if and only if p(y=-η)=1 

Then we know cov(a’i,w’)=1,that is (a∑
=
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At this time  reaches the maximum value n. )','cov(
1

wa
n

i
i∑

=

But a judgment matrix A doesn’t always satisfies the condition of consistency. After an arbitrary volume 
ai of A is changed into standard random variable a’i,a reasonable priority vector should make cov(a’i,w’) 
large most impossibly. 

In addition, Am=(aij
(m)) is called m-step cumulative preponderant matrix. aij

(m) is called cumulative 
m-step preponderance of project i to project j .The priority in the importance of the project will be more 
clearly showed in the cumulative preponderance with the increase of the steps. That is aij

(m)  shows the 
practical preponderance of project i to project j better than aij.So to w volume i of Am is closer to a linear 
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relation than of A. Hence we construct an auxiliary matrix B=(bij)=(A+A2+…+An)/{(1-nn)/(1-n)},where 

bij=(1-n)/(1-nn)(  A reasonable priority vector should 

satisfy: 
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Let , j=1,2,…,n. then .satisfying 

 is the priority vector. 
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2. Properties of the Maximum Covariance Priority Method 
Definition 1:A priority method is called order-preserving under strong condition if it satisfies 

aik>ajk, ,then priority weight wk∀ i≥wj and when the qualities are all strictly satisfied there is wi=wj

Theorem 1:The Maximum covariance method is order-preserving under strong condition. 
Proof: For judgment matrix A if aik≥ajk( k∀ ) then m∈N,there are aik

(m)≥ajk
(m) ( k∀ ) in Am=(aij

(m)) 
Thus we construct auxiliary judgment matrix B=(A+A2+…+An)/((1-nn)/(1-n)) =(bij) 

Satisfying: bik≥bjk( )   k∀ ≥∑∑
==

)}/({
11
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So for the priority vector w=(w1,w2,…,wn)T of the maximum covariance method there is wi≥wj. 
If aik≥ajk( ) there is bk∀ ik=bjk( ),then wk∀ i=wj. .So the maximum covariance priority method is 

order-preserving under strong condition 
Corollary: Suppose w=(w1,w2,…,wn)T is the priority vector of the maximum covariance method.If 

aij≥1,and aik/aij≥ajk for all k=1,2,…,n,then wi≥wj.If  aij≤1,and aik/aij≤ajk for all k=1,2,…,n,then wi≤wj. 
Definition 2:the positive reciprocal matrix is called order-transitive if it satisfies if aij>1,there is aik≥ajk for 

all k,and if aij=1,then aik≥ajk for all k or aik≤ajk for all k. 
Under some common criterion,the objective priority should exits in the data structure of the judgment 

matrix in essence. If a method could show the objective priority,then the method is called order-preserving. 
We proves that the right principal eingenvector of the judgment matrix is the objective priority vector.To 

inspect the order-preserving property of a method,we only need to see if this method has the same priority 
result as the Eingenvalue method(EM). 

Theorem 2:For a order-transitive judgment matrix A,the maximum covariance method is 
order-preserving. 

Proof: supposing W and W’ are EM’s and the maximum covariance method’s priority vectors 

respectively.Because A is order-transitive,then ji,∀ ,there are aik≥ajk or  aik≤ajk, k∀ .also because the 

maximum covariance method is order-preserving under strong condition,we have xi≥xj or xi≤xj,where 
x=(x1,x2,…,xn)T=w,w’.so RMSM has the same priority as EM. 
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It follows that for order-transitive judgment matrix A,the maximum covariance method is 
order-preserving. Several basic properties of the reasonal priority method has been proposed in reference[3]. 

Theorem 3:The maximum covariance is unchangeable by transformation and compatible. 
Proof: (1)Let A∈MRn

+,P is a nXn transformation 
matrix,c=(cij)=PAPT,D=(c+c2+…+cn)/{(1-nn)/(1-n}}=(dij).Through the definition of auxiliary matrix B,it is 

clear that D=PBPT.Let ri= )/(
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Supposing line a and column j of A become line k and column k c respectively through transformation,in 
correspondence line i and column j of B are changed into line k and column k of c.Then ri=sk and 

.For A and C supposing the priority vectors of the maximum covariance method are w and u 

respectively.Then w

∑ ∑
= =
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1 1

i=ukThat is the maximum covariance method is unchangeable by transformation. 
(2) If A is a consistent matrix. Then Ai=niA and B=(A1+A2+…+An)/{(1-n)/(1-n)}=A.Supposing EM’and 

the maximum covariance method priority’s vector are w’=(w1’,…,wn’) and w=(w1,…,wn)T respectively,then 

aij=wi’/wj’. and wi= )/(/)/(
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maximum covariance method has compatibility. 
3. Examples and conclusion 

(1)   A=

113/13/1
113/13/1
3311
3311

         W’=(0.375,0.375,0.125,0.125)T . 

Remarks Using the traditional eingenvalue method (EM),we can obtain the priority vector 
W=(0.375,0.375,0.125,0.125)T. 

(2)  A=
17/15/1
712/1
521

   W’=(0.5404,0.3803,0.0766)T. 

Remarks Using the traditional eingenvalue method (EM),we can get  the priority vector 
W=(0.5414,0.3816,0.0769)T. 

On condition that the judgment matrix A is consistent,using this method we obtain the same priority 
result as using the eingenvalue method.When A doesn’t satisfy consistency,this method is nearly consistent 
with the eingenvalue method.So theoretical analysis and example computation show that this method 
enriches and develops the priority theory in AHP.It is not only practical,but also effective to use the method 
in the priority of judgment matrix. 
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1. Introduction 

 
Producing statistical data on the number of workers, average wages, etc., by sub-major 

and minor occupation groups is important in building infrastructure for forecasting labor 
demand and supply. In addition to producing statistical data by commonly used occupation 
groups, compiling data by secondary occupation groups sub-divided according to areas of 
interest should be considered in the future. The sub-divided secondary occupation groups 
mentioned here include not only unit groups within a minor occupation group but also minor 
occupation groups sub-divided by regions, such as special and metropolitan cities, provinces 
etc. 

 
This study examines small area estimation technique which would enable the effective 

estimation of average wages by minor occupation group using Wage Structure Survey(WSS) 
data. In this study, several estimators were used to estimate average wages by minor 
occupational group. They include a design-based direct estimator, a regression estimator 
based on a linear model, a composite estimator defined as the weighted average of a direct 
estimator and  a regression estimator, and an empirical best linear unbiased predictor 
(EBLUP) based on  an unit-level model. The specific form of each estimator is explained in 
the Chapter 4. The Chapter 5 provides the average wages estimated using these estimators.  

 
2. Wage Structure Survey  

 
Sampling for the WSS is designed in a way to be able to generate mainly wage statistics 

by 17 major industry groups, workplaces of 6 different sizes, and 60 sub-major industry 
groups. When the sampling scheme is designed, each of the 60 sub-major industry groups is 
stratified by workplaces of 6 different sizes (workplaces with 5~9, 10~29, 30~99, 100~299, 
300~499 and 500 or more), using the sub-major industry groups as the stratification variable. 
The sample is divided by the 60 sub-major industry groups and workplaces of 6 different 
sizes, resulting in a total of 360 stratified groups. The sampling rates of the workers by size 
of workplace are shown in <Table 1> below.  

 
<Table 1> Sampling rates of the workers by size of workplace  

size 5-99 100-299 300-499 500-999 1,000-4,999 5,000 or more 
sampling rate 100% 80% 67% 50% 33% 10% 

 
Meanwhile, when the sample size is determined, it should be ensured that the relative 

standards errors of the average wages for workplaces of each size in a sub-major industry 
group and of the average wages for each sub-major industry group are below 7.5% and 5%, 
respectively. The balanced allocation regime is used, as shown in the following formula, to 
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determine the sample size for a survey in which data are classified by sub-major industry 
group and by size of workplace.  

2

2

11 ⎟
⎠
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n  

In the formula above, CV is the coefficient of population variance (total wages), O is target 
error, and N is the number of workplaces in the population. The total wages mean monthly 
total wages (fixed wage + overtime pay + annual special bonus/12).  
 

3. Issues to be considered 
 

The WSS uses the Korean Standard Classification of Occupations to produce statistical 
data on the workers of sample workplaces by occupation. The data are divided into 
sub-major industry groups and minor occupation groups. If enough samples were secured, it 
would be possible to infer statistical figures by minor occupation group directly from the 
sample. However, sampling for the WSS is designed to get wage statistics by sub-major 
industry group, so the sample number allocated to minor occupation groups in each of 
sub-major industry groups tends to be too small or unbalanced. Therefore, rather than direct 
estimation, small area estimation, a kind of indirect estimation, should be used to raise the 
level of accuracy.  

 
4. Small Area Estimation Technique 

 
The BLUP (Best Linear Unbiased Predictor) used to estimate average wages by minor 

occupation group can be obtained as follows (Prasad and Rao, 1990).  

)]~(~)[1(ˆ * βγβ T
iwiwi

T
iiii

H
i XyXfyfY −+−+= ,  mi ,,1L=             (1)  

In the formula above, iii Nnf /= , 1222 )/( −+= ivvi wσσσγ ,  ∑ =⋅ =
in

j iji ww
1

and, 

β~  is the BLUE (Best Linear Unbiased Estimator) of ⋅β  iwy  and iwX , both indicating 
the weighted average of the sample data, can be obtained through the formulas below : 
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/ ,  ∑ = ⋅= in

j iijijiw wxwx
1

/ . 
*
iX  indicates the weighted average of a set of data not selected for the sample.  
Because the minor occupation groups for the WSS are a secondary classification not 

planned by sampling design, the sampling rate if  by minor occupation group is hard to get 
using the formula (1) and if if  is not considered, the BLUE can be obtained by calculating 

the weighted average of the survey regression estimator β~)( T
iwiiw XXy −+  and the 

synthetic regression estimator β~T
iX  using the formula below (Henderson, 1950).  

βγβγ ~)1(]~)([ˆ T
ii

T
iwiiwi

H
i XXXyY −+−+≅ ,   mi ,,1L=            (2) 

Here iX  indicates the average of the population covariance. Meanwhile, iX  cannot be 

obtained from the WSS. If in the formula (2), iwX calculated from the sample is used instead 

of iX  and ),( 22 σσ v  is replaced with the approximate consistent estimator ),( 22 σσ v , the 
EBLUP (Empirical Best Linear Unbiased Predictor) can be obtained as follows:  
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However, 1222 )/ˆˆ(ˆˆ −
⋅+= ivvi wσσσγ . Since the estimator obtained through the formula (3) 

is very similar to the composite estimator and is based on the optimally weighted values of 
the sample, the results of the estimation are expected to be very similar to those of composite 
estimation.  
 

5. Results 
 

  Average wages by sub-major and minor occupation group in sub-major industry groups 
15 (beverage and food manufacturing), 17 (textile goods manufacturing) and 18 (apparel and 
fur goods manufacturing) in the category of manufacturing (major industry group D) were 
estimated based on data from the 2005 WSS. Table 2 shows the results estimated mean wage 
by selected minor group of occupation in manufacturing 

 
<Table 2> Estimated mean wage by minor group of occupation in manufacturing 
 

Mean Wage 

Manu 
facturing

Sub- 
major 

occupation 
group 

No. of 
workplaces 

Mean 
wage 

(Direct
estimation)

Minor
occupation

group 

No. of
workers

Direct
estimation

( L
iŶ )

Regression
estimation

( S
iŶ )

Composite 
estimation 

( C
iŶ ) 

EBLUP
estimation

( H
iŶ )

131 2 4,173 3,966 4,173  -3,966 
132 8 2,862 3,133 2,901  3,133 
133 138 2,760 2,782 2,761  2,782 

13 23 2,769

135 12 2,388 2,456 2,388  2,456 
141 6 1,687 1,908 1,746  1,908 
143 11 1,740 1,698 1,740  1,698 14 24 1,504
145 20 1,166 1,064 1,155  1,064 
161 24 4,378 4,509 4,378  4,379 
162 1 3,916 2,998 3,667  3,801 
163 12 2,864 3,197 2,864  2,869 

16 14 3,058

165 16 1,911 2,156 1,970  1,913 
231 7 3,331 3,187 3,331  3,269 
232 59 2,704 2,939 2,714  2,710 
233 19 2,480 2,760 2,480  2,506 
234 2 2,396 3,137 2,396  2,792 
237 371 2,378 2,460 2,387  2,378 

15 

23 80 2,392

238 78 1,986 2,130 1,986  1,991 
 
According to estimation results, the composite and EBLUP estimation of wages by minor 

occupation group, if the sample size is large enough, both produced almost the same results. 
On the other hand, it was found that the EBLUP estimation based on a composite linear 
model had similar results to those of regression estimation, if the distribution ( 2

vσ ) of the 

random effect was very small relative to the distribution ( 2σ ) of the error term.  
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6. Concluding remarks 
 

This study examines the feasibility of applying small area estimation when average 
wages by minor occupation group are estimated in the WSS. The estimators dealt with in this 
study are design-based direct estimator, regression estimator based on a general linear 
regression model, composite estimator defined as the weighted average of direct estimator 
and regression estimator and EBLUP based on a composite linear model.  Based on data 
from the 2005 WSS, average wages by minor occupation group in each of sub-major 
industry groups 15, 17 and 18 in the category of manufacturing were estimated using the 
estimators mentioned above.  

Thus, it might be concluded that we can estimate more reliable mean wage by minor 
group of occupation with small size of sample using the WSS data when the small area 
estimation technique is applied. 
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Dynamic multi-level analysis of households’ living standards 
and poverty: evidence from Vietnam 
 
Bruno, Arpino 
University of Florence, Department of Statistics 
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E-mail: arpino@ds.unifi.it 
 
1. Introduction 
 
 A factor that is often ignored in poverty analysis is that households are usually sampled from the same 
communities or villages. In so far there is correlation within communities in terms of their poverty 
experiences, parametric regression analysis may become unreliable unless the community effects are 
controlled for explicitly. In this paper we explore this issue by using data from the Vietnam Living Standard 
Measurement Survey (LSMS) surveyed in 1993, and followed up as a panel in 1998. The available data set 
includes rich information on individual and household characteristics, together with important information 
on rural communities that were collected by a separate questionnaire. 
 We present results of the estimation of two models. The first is a growth model for household’s 
expenditures, while the second is a model of poverty dynamics where we focus on the determinants behind 
poverty exit. In the analysis we use as a measure of household’s living standard the household’s consumption 
expenditure. This is a largely accepted choice in the literature about Less Developed Country (Deaton and 
Zaidi, 2002). We use here the expenditure variables calculated by the World Bank procedure which is readily 
available with the Vietnam LSMS. Poverty status is defined as a binary variable and a household is deemed 
poor if their consumption expenditure falls below a certain threshold. We specify the poverty line using the 
“Cost of Basic Needs” (CBN) approach following Ravallion and Bidani (1994). The dichotomization of the 
poverty measure is avoided in the first model, where we use a linear regression to model our measure of 
wellbeing based on household consumption. We apply the World Health Organization equivalence scale 
giving a weight of 1 for adults and 0.65 for children as used by other authors (i.e. Justino and Litchfield, 
2001). Our analysis includes rural households only, since community information is only given for these 
households. Our focus on rural households is moreover justified by the fact that rural areas are the poorest in 
the country and the majority of the Vietnamese population lives in these areas dominated by agriculture.   
 
2. Methods: two multilevel models for poverty analysis 
 

The arguments for using multilevel models to analyze hierarchical data are well known (i.e. Skrondal 
and Rabe-Hesketh, 2004; Hox, 1995). When units are clustered classical regression analysis are not 
appropriate since the underlying hypothesis of independence of the observations is violated. As a result, 
standard errors are estimated with a downward bias and, hence, inferences about the effects of the covariates 
are not corrects conducing to many spurious “significant” results (Hox, 1995). A standard solution consists to 
use robust methods to estimate standard errors. But, when the multilevel structure is not only a mere 
nuisance factor but it’s an interesting dimension of the analysis, multilevel models have to be used. In fact, as 
we show, multilevel models, exploiting the richness of hierarchical data structures, offer some opportunity of 
analysis that could be very interesting for researchers and policy makers. The first model that we use is a 3-
level linear model to analyze consumption growth between the two waves. The typical growth model 
consists of regression analysis where controls are made for variables measured in the initial time period, a 
time trend, and the interaction between control variables and the time trend. The benefit of this approach is 
that it enables a decomposition of the growth pattern by background characteristics. Moreover, the effect of 
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the initial status can be compared with the growth effect. However, these models are not normally extended 
to take into account multilevel structures. 

The reduced form of our model is  

ijkjkkjkkkijkkjkjkijk
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where community is denoted by k, j denotes the household, whereas i refer to time (i.e. the two waves). In 
the equation (1), TIME represent the wave indicator (0 for the first wave and 1 for the second), FARM is an 
indicator for farmer households, ROAD is an indicator for the presence of a road connecting the community 
with neighborhoods, X and C are sets of covariates defined, respectively, at household and community level. 
As far as random part is concerned, eijk is the idiosyncratic error, u0jk refers to the household random intercept 
and v0k to the random intercept at the community level, u1jk and v2k are the random components of the slope 
of the time trend, respectively, at household and at community level, v1k is the random component of the 
slope of the FARM variable at community level and v3k is the random component of the slope of the 
interaction FARM *TIME, again at the community level. We assume that random effects are normal random 
variables with zero mean and standard deviation to be estimated. As suggested by the literature on multilevel 
models (i.e. Skrondal and Rabe-Hesketh, 2004), we allow the random effects at the same level to be 
correlated, while random effects at different levels are assumed uncorrelated. 

In the second model we limit our sample to include households that were classified as poor in the first 
wave. We specify a two level random intercept probit model, where the first level is now the household (j) 
and the second is the community (k), to study the probability to escape out of poverty. The latent reduced 
form formulation of our model is 

kjk
m

mkm
s

sjksjk vuCxY ++Δ+Δ+= ∑∑
==

20

17

16

1
0

* βββ                                                 (2) 

where Y* is an unobservable continuous variable that in our case could be interpreted as the “ability” to 
escape out of poverty, ΔX and ΔC represent the first difference of the original variables, at household and 
community level, which were measured at the first and second wave. The random part is given by u, the 
random error at the household level and v, the community level random effect. We assume u to be distributed 
as a standardized normal, while v is assumed normal with zero mean and variance to be estimated. These 
random terms are assumed uncorrelated.  
 
3. Results 
 

Before estimating models (1) and (2) we calculated the Intra-class Correlation Coefficients (ICC) that 
show high and significant levels of clusterisation in both models justifying the adoption of multilevel 
techniques. ICC at community level is equal to 0.24 in the growth model and 0.27 in the poverty exit model. 
Both are significant at 1% level (standard error were calculated using delta method). Our estimates show that 
the time trend (i.e. TIME), reflecting the average increase in consumption between the two waves, is, as 
expected, positive (+17%) and highly significant. The remaining estimates show that those who were 
relatively better off initially were not necessarily the same benefiting from the economic boom of the nineties 
(and vice versa of course). From the random part estimates, we found a negative and significant correlation 
between the random intercept and the random slope at household level. This imply that households that had 
higher consumption in 1993 grown, on average, less than those who started from lower values. This effect, 
that we call “recover effect”, contributes to explain the different sign that several covariates coefficients have 
on the initial status and on the consumption growth. Two examples of such variables are the household size 
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and the percentage of unskilled household workers (both present a negative sign on the initial condition and a 
positive one on the growth). We focus, particularly, our attention on farm households. This kind of household 
clearly lost out. Not only were they associated with a lower expenditure in the initial wave (their 
consumption is about 13% lower than non farmers), their relative economic situation also worsened during 
the nineties (their growth was 7% lower than non farmers). These effects clearly reflect the shift from 
agriculture towards industrialization, including the service industry, improving the conditions for low skilled 
workers, but worsening the situation for farmers. To deepen the analysis of farmer condition, our model 
includes an interaction between the covariates TIME, FARM and ROAD, which is here a proxy for the 
infrastructure of the community in which the farmer lives. This shows an interesting positive effect, 
suggesting that though farm households did not gain an overall benefit, those residing in communities with 
easy access to transport did. This is an indication that the economic growth of the nineties had differential 
impact on farmers depending upon their community characteristics, in this case obviously related to the 
available transport links in the surrounding area. Moreover, further differential effects for farmers are evident 
when we consider the random slope for farmers in both dimensions (i.e. the initial period and in growth). 
Both are significant, suggesting that the farm initial status and growth differ significantly across communities. 
Hence, for a correct interpretation of the parameters estimates for farm households we considered the 
coefficient estimates along with the standard deviation of these random effects. We considered hypothetical 
values of the random effects ranging from -2 times and +2 times the estimated standard deviation of the 
random effects. We found that farmer differential on the initial condition ranges from -28% to +5.9% (-13% 
on average). Farmer growth differential, on the contrary, ranges from -31.7% to +26.3% (-7% on average). 
Similar calculations were done to favour also the interpretation of the others random effects. It’s important to 
note that the effects are generally substantial, confirming their importance for the modelling and also in 
terms of policy implications. For example, a policy maker that would help farmers had to keep in mind that 
farmers’ conditions are not homogenous over communities. Hence, he should concentrate investments on the 
areas more adverse for farmers’ activities. A suggestion could be to improve the infrastructural connections 
among disadvantaged areas and the surrounding.  

The results for the probit model (2) confirm many of the patterns found in the growth models, but 
there are also some differences, which are not unexpected since this model applies only to poor households 
in 1993 and takes a different specification for the covariates. As far as the random part is concerned, in the 2-
levels probit model we included only a random intercept at community level that is significant confirming 
ICC calculation. As in the growth model, we found that households with different values of the random 
intercept show very different living standards performance (here in terms of estimated probabilities of escape 
out of poverty). Hence, living in a community or in another is very different in terms of the probability of 
escape out of poverty. This after controlling for household and community characteristics included into the 
model. We used this model to show how a multilevel model could be used to do a posteriori ranking of 
communities based on random effect empirical bayes (EB) predictions. With this analysis we investigate if 
communities differed in terms of encourage households to exit poverty. The random intercept at community 
level in our model represent the combined effect of all omitted covariates at community level that cause 
some households to be more inclined to escaping poverty than others according only to the place they live. 
Consequently we use predictions of the random intercept to produce a ranking of communities. Communities 
are ordered from the lowest (worst) prediction of the community level random intercept to the highest (best). 
It is important to note that these predictions control for household observed characteristics, which means that 
the following analysis allow us to answer to one of the important research question that arise in multilevel 
researches (Subramanian et al, 2003): are there significant contextual differences among communities, after 
taking into account the compositional characteristics of communities. Therefore a ranking based on these 
predictions is more informative than those based on the row poverty exit rates or other similar measures. 
Figure 1 show these predictions with a 95% confidence interval for pair wise comparisons based on 
comparative standard errors. An overlap in terms of the confidence intervals indicates that communities are 
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not significantly different, whereas non-overlap reflects that they are. For simplicity we make a classification 
of communities into three groups: 1) bad, 2) medium and 3) good. Since ranking is not statistically perfect, 
each classification into groups is arbitrary. We had chosen to include into the “bad” and “good” group 
communities that had significantly different predictions from each other (with no interval overlap) 
“Medium” group collects the remaining communities. Based on this ranking we compared differences in a 
range of characteristics of “good” and “bad” communities. From this explorative analysis, we found that 
“bad” communities have structural deficits in many dimensions (electricity, communications, health 
facilities), and as such the analysis indicates several avenues for poverty reduction in those communities 
classified as “bad”. If policy maker want to encourage the continuation of the poverty reduction process has 
to concentrate resources, investments, policy actions on communities more disadvantaged. The EB analysis 
presented here could contribute to individualize these communities in several ways. Policy maker could 
focalize on “bad” communities, basing on the previous ranking. Moreover, in order to identify possible 
outliers, residuals at community level could be standardized using the sampling standard deviations, so that 
values lower than -2 should be regarded as negatively anomalous. In the same way, values greater than +2 
should be considered as positively anomalous. Detailed results concerning parameter estimates and EB 
analysis are available on request. 
 

 
 

 
 
 
 
 
 
 
 

 

 

 

 
 
 
Figure 1 – Empirical Bayes predictions at community level with 95% confidence interval for pair 
wise comparisons (interval lengths are equals to 2 * 1.39 times the comparative standard errors 
and centered on the predictions) 
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1. Introduction 
The Households financial savings are one of the most important outcomes from the financial side of 

the national accounts framework, which is defined for European countries by the European System of 
Accounts (ESA 95). More recently, an ECB Guideline and an EU Regulation started also to require from 
national compilers the production of quarterly financial and non-financial accounts, respectively. Banco de 
Portugal started a few years ago the compilation of a subset of quarterly investment and financing for the non 
financial sectors, and, more recently, the compilation of a complete set of quarterly financial accounts for all 
sectors, from 1997 onwards. INE is the responsible for the compilation of the non-financial accounts. 

The net of all resources and expenditures, coming from the non-financial accounts, is called “net 
lending/borrowing” and the net of all changes in financial assets and liabilities (except for other price and 
volume changes), coming from the financial accounts, is called “financial savings”.  Both net 
lending/borrowing and financial savings should be of similar quantity, as they represent the same economic 
reality from different perspectives. To overcome the gap created by the present non availability of quarterly 
net lending/borrowing, this article presents a methodology to estimate and predict quarterly financial savings 
of Households, which are not seasonally adjusted (as required in the ESA 95), from annual net 
lending/borrowing. 

2. Methodology 
The methodology for the transformation of annual into quarterly net lending/borrowing of households 

is based on distribution and interpolation procedures. According to the methodology followed in this article, 
the quarterly components of the net lending/borrowing, such us private consumption, disposable income, 
gross fixed capital formation and others are estimated based on associated indicators. In general, the infra-
annual pattern of the aggregated variables is obtained from related quarterly indicators. The statistical 
methods used were originally developed by Chow-Lin (1971) to estimate the quarterly figures, as they 
ensure consistency in the aggregation of the elementary series for the specific aggregates. These statistical 
methods can solve two problems at the same time: the quarterly pattern of annual data and the forecast of 
quarterly data for the subsequent quarters.  

The first step is the selection of the best quarterly indictors for each aggregated variable. The selection 
is made based on a balance between the statistical significance and the economic reasonability of the related 
indicators and the aggregated variables. According to the ESA 95 rules for financial accounts, the aggregates 
to estimate must be nominal and non-seasonally adjusted, as so the associated quarterly indicators must also 
be nominal and non-seasonally adjusted. A software designed by Eurostat specifically for this purpose, 
ECOTRIM1, was used, as it allows for the selection of the best quarterly indictors and for the selection of the 
statistical model that best fit each case (e.g Fernandez, Litterman).  

The following graphs illustrate the estimation of quarterly figures for the annual data on private 
consumption. 

                                                 
1 Barcellan and Buono (2002). 
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Graph 1 – Annual data and quarterly indicator  Graph 2 – Quarterly estimates 

 
The forecasting of the quarterly figures for the current year, also based on a quarterly indicator, is 

illustrated by graph 3. 

Graph 3 – Quarterly forecast   
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The non-financial accounts aggregates and the respective associated indicators used in this exercise are 

presented in the following table. 

Table 1 – Annual Variables and Associated Indicators  
Net lending (+) / borrowing (-) of households Associated indicator(s)

= Resources (Capital account)

= Gross saving

= Disposable income (after D8)

= Disposable income

= Compensation of employees

= General government Compensation of employees of General government

+ Private sector Social contributions receivable by General government

+ Corporate and property income

= Corporate and property income - Dividends Savings certificates - accrued interest

MFI interest on deposits

MFI interest on loans

+ Dividends Portuguese centralised securities database

+ Current transfers

= Domestic transfers Social benefits 

+ External transfers Private current transfers

- Direct taxation General government direct taxation revenue

- Social contributions Social contributions receivable by General government

Without associated indicator

- Private consumption

= Current consumption ATM movements

+ Durable goods Estimate of passengers vehicles sales 

+ Tourism

= Imports of tourism Travel and tourism - debit

- Exports of tourism Travel and tourism - credit

+ Capital transfers, receivable Capital transfers - non financial accounts

- Uses (Capital account) Estimate of commercials vehicles sales 

Loans for house purchases (new houses)

+ Adjustment for the change in net equity of households in 
pension funds reserves (D8)
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3. Results 
A brief analysis of the results is presented in this chapter. Portuguese households disposable income is 

higher in the second and in the forth quarter (Graph 4). This is mainly due to the extra income generated by 
the vacation and Christmas salary. Also the dividends received in the second quarter are a reason for the peak 
in the second quarter. 

 

Graph 4 – Disposable Income    Graph 5 – Private Consumption 

 
 
Households increase their private consumption gradually during the year (Graph 5). As gross savings is 

derived from the disposable income minus the private consumption, households have higher gross savings in 
the second quarter and lower gross savings during the rest of the year, notably in the first quarter (Graph 6).  

Finally, the net lending/borrowing of households, which is the conjunction of the several effects 
mentioned for the other variables is markedly higher in the second and fourth quarters, and much lesser, and 
often negative in the first quarter (Graph 7).  

 

 Graph 6 – Gross Savings          Graph 7 – Net Lending (+) / Borrowing (-) 

 
 
When testing the seasonality of the net lending/borrowing, we conclude that there is a strong seasonal 

pattern, confirming the peak in the second and fourth quarter and the sharp drop in the first quarter (Table 2).  
 

    Table 2 – Testing for seasonality  

R2 = 0.76 Coefficients (t-stat.):  

Adjusted R2 = 0.68 I Quarter = -0.62 (-4.59) III Quarter = 0.28 (2.04) 

Standard Dev. = 0.36 II Quarter = 0.71 (5.24) IV Quarter = 0.64 (4.69) 

 

4. International comparison 
We conclude that Austria (2.7 %) and Portugal (2.4%) have similar net lending/borrowing as a 

percentage of GDP, on average, between 1999 and 2005. Belgium (5.3 %) and France (4.2 %) have higher 
ratios, while, Sweden (1.5 %) and Spain (0.5 %) show lower ratios. Finally, United Kingdom (-1%) is the 
only country of this comparison that display negative net lending/borrowing on average during this period. 
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From the following graphs we can anticipate strong seasonality of the net lending/borrowing for most of the 
countries.  

Graph 8 – Net Lending (+) / Borrowing (-) as a percentage of quarterly GDP – international 
comparison  

 

 

 
 

When testing for seasonality, we conclude that there is a strong seasonal pattern for Austria, Belgium and 
Portugal, although revealing different patterns. Seasonality in Spain is somewhat similar to the one found for 
Portugal, as it reveals a strong fall in the first quarter and a peak in the fourth quarter.  
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1.Introduction
 

Recently, many authors have concentrated their attention on the effects of business cycle changes on 
household consumption, usually measured by expenditures devoted to a given bundle of consumption items 
(Kerwin and Melvin, 2006; Bernini and Freo, 2003). As far as Italy is concerned, empirical analysis (Bernini 
and  Freo,  2003)  has  demonstrated  that  business  cycle  changes  directly  affect  the  level  of  household 
consumption. More specifically, economic downturn translates into a reduction of the level of expenditure on 
particular classes of consumption items, such as durable and luxury goods, and with a very different impact, 
depending on the household’s structure. Nevertheless, some questions remain unanswered: do business cycle 
changes affect the composition of household consumption in addition to its level? And if this is true, how 
much depends on the level of the household’s economic well-being and/or on the household’s structure? 

This  paper  tries  to  answer  these  questions  at  a  micro-economic  level.  With  this  object  in  mind, 
individual  household consumption data  from Italian Consumer Expenditure  Surveys have been analyzed 
with  reference  to  the  business  cycle  change  which  occurred  between  1997  and  2004  using  the 
Correspondence Analysis for Three-Ways Tables (Escofier and Drouet, 1983).

 

2. The Correspondence Analysis for Three-Way Tables

Let I and J designate, respectively, the number of categories of two variables and A[IxJ] two or more 
quantity tables, indexed by the T categories of a third variable denoting different time situations (occasions). 
The three-way table A[Ix(JxT)] is obtained by juxtaposing the T two-way tables A[IxJ] according to the 
rows.   The  (i,j,t)-element  of  the  table  A[Ix(JxT)],  aijt ,  represents  the  total  amount  of  the  phenomenon 

observed on the occasion t with reference to the ith row category and to the jth column category.
Let ijt

i j t
a= a∑ ∑ ∑  and Q [Ix(JxT)] the three-way table whose (i,j,t)-element is  ijt ijtq =a a  . 

The Correspondence  Analysis  for  Three-Way Tables  [Escofier  and Drouet,  1983]  is  based on the 
Huyghens decomposition of total inertia of the table Q[Ix(JxT)] into the sum: 
a.of inertia between the J columns, baricentres of the T two-way tables A[IxJ] homologous column profiles 
and 
b.of the inertia within the T two-way tables A[IxJ] homologous column profiles. 

The first addend of this decomposition is the total inertia of the table Q[IxJ] whose (i,j)-element is 
ij. ij.q =a a  while the second addend is the total inertia of the table Q’[Ix(JxT)] whose (i,j,t)-element is 

       ij.
ijt ijt . jt i.. . jt

. j.

q
r q q q q

q
 

= − +   
         (1)

The generic element (1) of the table Q’[Ix(JxT)] is obtained by adding up:
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1) the difference between the (i,j,t)-element of the table Q[Ix(JxT)] ( ijtq ) and the jth column profile of the 
table  Q[IxJ]  weighted  by q.jt;  this  difference  represents  the  inertia  within the  T two-way tables  A[IxJ] 

homologous column profiles 
and 
2) the product of the margins of the table Q[Ix(JxT)] (theoretical relative amount under the hypothesis of 
independence of the I rows and the (JxT) columns of the table Q[Ix(JxT)]).

It follows that the Correspondence Analysis of the table Q[IxJ] allows us to analyze those relationships 
between column and row profiles which are shared by all the T two-way tables A[IxJ] (inertia between); the 
Correspondence Analysis of the table Q’[Ix(JxT)] allows us to compare the homologous column profiles of 
the  T  two-way  tables  A[IxJ]  (inertia  within),  and,  finally,  the  Correspondence  Analysis  of  the  table 
Q[Ix(JxT)] synthesizes both the above mentioned components of inertia. 
In order to interpret Correspondence Analysis outcomes correctly, it is useful to compute the contributions of 
the  tables  Q[IxJ]  and  Q’[Ix(JxT)]  to  total  inertia.  These  contributions  can  be  computed  setting  as 
supplementary categories in the Correspondence Analysis of the table Q[Ix(JxT)] the columns of the tables 
Q[IxJ] and Q’[Ix(JxT)] and using the transition equations. Let αψ    (α = 1,2,…….k) the factorial axe which 
corresponds to the eigenvalue  αλ obtained applying the Correspondence Analysis to the table Q[Ix(JxT)]. 
The contribution of the table Q(IxJ) to total inertia is: 

           2

B ,iCTR α α
α

  
= λ      

∑ ∑ ∑ ∑ij
.j.

α j i .j.α

q1q        ψ   
qλ

                (2)

while the contribution of the table Q’[Ix(JxT)] to total inertia is: 

                    
2

W ,iCTR α α
α

  
= λ      

∑ ∑ ∑ ∑ ∑ijt ij.
.jt

α j t i .jt .j.α

q q1q    -    ψ   
q qλ

    (3)

 3. The results
 

The Correspondence Analysis for Three-Way Tables [ Escofier and Drouet, 1983]  has been applied to 
table  Q[Ix(JxT)]  where  I=12 are  the  COICOP divisions  (Food and non-alcoholic  beverages,  Alcoholic  
beverages, tobacco and narcotics,  Clothing and footwear ,  Housing, water, electricity, gas and other fuels,  
Furnishings,  household  equipment  and  routine  household  maintenance,   Health,  Transport,  
Communication, Recreation and culture , Education , Restaurants and hotels , Miscellaneous goods and  
services ),  J=36 are the categories of a new variable obtained by combining the categories of the variable 
Household  size  (1;  2;  3;  4  or  more)   with  the  categories  of  the  variable  Average monthly  per  capita  
expenditure (€ 2005) ( Equal or less than 500 €, 500 -| 750 € ,750 -| 1000 € , 1000 -| 1250 € , 1250 –| 1500 € , 
1500 -| 1750 € , 1750 -| 2000 €, 2000 -| 2500 € , More than 2500 €), T =2 represent the two business cycle 
periods: expansion and downturn. The aim of the analysis is to highlight: a) those differences and similarities 
between the consumption profiles of  households dissimilar as regards size and level of expenditure and 
which are shared by the expansion (1997-2000) and by the downturn period (2001-2004); b. differences or 
similarities between expansion and downturn average consumption homologous profiles. 

The total inertia of the table Q[Ix(JxT)] is almost entirely explained by the first factorial axe (Table 1). 
On the whole, the higher contribution to total inertia comes from table Q[IxJ] that is by those differences and 
similarities  between  the  consumption  profiles  of  households  dissimilar  as  regards  size  and  level  of 
expenditure  and  which  are  shared  by  the  expansion  (1997-2000)  and  by  the  downturn  period  (2001-
2004).The contribution to total inertia of the table Q’[Ix(JxT)] is negligible; these results show that moving 
from the expansion to the downturn period homologous consumption profiles  do not  vary significantly. 
Therefore,  particular  attention  will  be  devoted  to  the  analysis  of  the  results  obtained  by  applying 
Correspondence Analysis to the table Q[I,J].

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 4346 -



 
Table 1. Decomposition ( %) of total inertia of the table Q[Ix(JxT)]  

Total F1 F2
Inertia (%) 100.00 68.76 15.05
Cumulative inertia ( %) 68.76 83.81
CTRB 97.88 99.38 98.14
CTRW 2.12 0.62 1.86

.
The detailed analysis of eigenvalues obtained applying the Correspondence Analysis to table Q[IxJ] 

(Table 2) shows that the first axe explains nearly 70 % of the inertia between average consumption profiles 
of households dissimilar as regards size and level of expenditure.

 

Figure 1 shows the noteworthy differences between consumption profiles of households dissimilar as 
regards size and level of expenditure. 

Table 2 Decomposition ( %) of total inertia of table Q[IxJ]  
Eigenvalues % Cumulative %

1 69.81 69.81
2 15.09 84.90
3 11.63 96.53
4 1.82 98.34
5 0.73 99.08
6 0.45 99.53
7 0.31 99.84
8 0.07 99.91
9 0.05 99.95

10 0.04 99.99
11 0.01 100.00
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 As  a  matter  of  fact,  when  the  first  axe  values  decrease,  that  is  when  the  household’s  level  of 
expenditure increases, the relative importance of the divisions Food and non-alcoholic beverages, Alcoholic  
beverages,  tobacco  and narcotics,  Communication  and  Housing, water,  electricity,  gas  and other  fuels  
decreases  to  the  advantage  of  the  divisions  Furnishings,  household  equipment  and  routine  household  
maintenance,  Transport,  Restaurants and hotels. The intensity of such a reduction depends on the relative 
importance of each division in the household’s budget, which is, in its turn, a function of household size: as a 
matter  of  fact,  per  capita  expenditure  being  equal,  the  divisions  Food  and  non-alcoholic  beverages, 
Alcoholic beverages, tobacco and narcotics absorb a relevant proportion of one-person household budgets 
but as household size increases total expenditure tends to spread more uniformly among the expenditure 
divisions. Actually, as household size increases, expenditure needs change, economies of scale arise and 
households can allocate a higher proportion of their budget to the purchase of the so-called “superior” goods.

 
4. Conclusions
 

The results obtained applying Correspondence Analysis  have shown that the business cycle  change 
which occurred during the period 1997-2004 did not seem to have affected the composition of household 
consumption. Nevertheless, such business cycle change seems to have affected household purchases method 
of payments. As a matter of fact, through the economic downturn phase households increased payments by 
instalments, with the largest changes occurring in low per capita expenditure and high size households, in 
order to maintain unchanged the composition of their consumptions (Table 3). 

 
Table 3.  Average number of households ( % of the total) who pay by instalments
          by business cycle phase , household size and average monthly per capita expenditure 

Average 
monthly 
per capita 

expenditure

Economic expansion Economic downturn
Household size Household size

1 2 3 ≥4 1 2 3 ≥4
  ≤ 500 € 0.84 0.99 1.20 1.86 0.36 1.34 2.39 3.06
 500 –| 750 € 0.60 0.60 0.81 1.39 0.84 0.98 1.36 2.15
 750 –| 1000 € 0.40 0.56 0.63 1.16 0.49 1.11 0.89 1.64
1000 –| 1250 € 0.47 0.55 0.79 1.08 0.66 1.01 0.91 1.23
1250 –| 1500 € 0.75 0.28 0.62 1.06 0.37 0.85 1.23 1.57
1500 –| 1750 € 0.48 0.59 0.65 1.12 0.36 0.77 1.23 1.79
1750 –| 2000 € 0.21 0.05 0.77 1.76 0.30 0.41 0.92 1.35
2000 –| 2500 € 0.21 0.47 0.80 1.62 0.60 0.61 1.29 3.02
  ≥2500 € 0.62 1.02 1.44 1.13 0.38 0.67 1.07 0.00
  Total 0.52 0.61 0.84 1.48 0.51 0.98 1.35 2.27

 
REFERENCES 

 
Bernini C., Freo M., 2003, Congiuntura economica, struttura demografica e decisioni di spesa: il caso dell’Italia 

nella recessione del ’93, STATISTICA, Anno LXIII, n.2.
Escofier  B.,  Drouet  D.,  1983,  Analyse  des  differences  entre  plusieurs  tableaux de  frequence,  Les Cahiers  de  

l’Analyse des Donnees, vol.VIII, n.3, p.491-499.
Escofier  B.,  Pagès  J.,  1990,  Analyses  factorielles  simples  et  multiples  –  objectifs,  méthodes  et  interprétation, 

Dunod, Paris.
Kerwin K.C., Melvin S.Jr, 2006, The level and the composition of consumption over the business cycle: the role of 

‘quasi-fixed’ expenditures, NBER Working Paper Series, WP 12388, July, Cambridge, MA.

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 4348 -



Modelling the Brazilian Monthly Employment Survey: a 

multilevel longitudinal approach for the income of the head of 

the households 
 
Veiga, Alinne 
University of Southampton, Division of Social Statistics 
Southampton SO17 1BJ, Hampshire - UK 
E-mail: adcv@soton.ac.uk 
 
Smith, Peter W F  
University of Southampton, Division of Social Statistics 
and Southampton Statistical Sciences Research Institute 
Southampton SO17 1BJ, Hampshire - UK 
E-mail: pws@soton.ac.uk   
Brown, James 
University of Southampton, Division of Social Statistics 
and Southampton Statistical Sciences Research Institute 
Southampton SO17 1BJ, Hampshire - UK 
E-mail: jjb1@soton.ac.uk  
 
1 Introduction 

This paper briefly presents an application of multilevel longitudinal analysis on the real labour income 
of Brazilians heads of households. Data from the Brazilian Monthly Employment Survey are used and a brief 
description of this survey and data set used are also provided. Multilevel models are fitted to a cross-
sectional data set as well as a longitudinal data set. This paper finishes by briefly commenting on the 
modelling results and discussing extensions to this analysis. 
 
2 The Brazilian Monthly Employment Survey 

The Brazilian Monthly Employment Survey (Pesquisa Mensal de Emprego - PME) is a probabilistic 
household sample survey conducted monthly by the Brazilian Office of National Statistics (the Instituto 
Brasileiro de Geografia e Estatítica - IBGE). The main objective of the PME is to investigate the 
characteristics of the Brazilian labour force, producing monthly indicators that contribute to the evaluation 
and planning of the country’s social-economic development (IBGE, 2005). The survey currently covers the 
urban areas of the six main metropolitan regions of Brazil: Recife, Salvador, Belo Horizonte, Rio de Janeiro, 
Sao Paulo and Porto Alegre.  

The PME sampling scheme is characterised as a stratified two stage cluster design with approximately 
equal probabilities of selection. The sample of households is designed to be representative of the urban 
population of the six metropolitan regions. Each metropolitan region is divided into strata defined by 
municipalities. From each stratum the primary sampling units (PSU), the census sectors, are selected by 
systematic sampling with probability proportional to size of their total number of private occupied 
households listed in the 2000 Demographic Census. Household units are selected from the selected PSUs by 
simple systematic sampling, using a random start and a fixed interval of selection with the initial goal of 
selecting 16 households per PSU. All residents from the selected households are surveyed.  
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Another important feature of PME sample is its rotation scheme. By design, each selected household is 
interviewed in four consecutive months. They are left out of the sample for eight consecutive months and 
return after this period to be interviewed again in four consecutive months, after which they are definitely 
excluded from the sample. This characterises a rotating panel design known as 4-8-4. According to this 
rotating scheme 25% of the sample is substituted every month and surveys one year apart will have 50% of 
households in common. It is worth mentioning that unlike similar labour force surveys, e.g. the British LFS, 
there is no change in the PME questionnaire for the different months the households are interviewed. 
 
3 Data under Study  

 This paper uses PME monthly data from years 2004 and 2005 restricted to those households that were 
first included in the survey from January 2004. PME, like most labour force surveys, is not explicitly 
designed to serve as a longitudinal survey. It follows household units overtime and does not provide on its 
monthly micro-data files a person identifier. This causes the matching of individual records to be a non-
trivial exercise, although still possible. Previous matching exercises indicated a good matching rate among 
the first four months the households are in the sample. However, the matching rates between the fourth and 
fifth interviews, which are nine months apart, were poor. For this reason, only the first four time points were 
considered. Furthermore, only those heads of households employed at their first wave were selected and 
followed over time. The cross-sectional data set analysed contains the responses at the first wave for 57,412 
heads of households. 

An investigation of the cross-sectional data set showed that the selected heads of households were on 
average 42 years of age, well-educated and in their majority white males, although ethnicity distribution 
varies between the metropolitan regions. As for their job characteristics, the modal category was for formal 
employees in the private sector (41%), although a good share of the employees (28%) was observed working 
in the informal sector of the Brazilian economy. Their activities are related to manufacturing or services, they 
work for an average of 44 hours per week, receiving average real income of R$ 1,244 (Brazilian currency 
Reais) and were on average employed for eight years.  

This sub-set is further reduced to represent a balanced data set in the longitudinal analysis. This balanced 
data set is composed of all heads of households that by design had at least the first four time points and had 
valid data for all variables in the analysis. Therefore, all heads of households that were either not observed in 
any of the first four waves or that had changed employment status during this period were not considered. 
The longitudinal data set then contains information on real labour earnings, demographic (gender, ethnicity, 
age, number of household members and education) and job (type of worker, activity, duration of employment 
and working hours) characteristics of 31,179 employed heads of households. 
 
4 The Multilevel Modelling Framework 

The multistage nature of the PME sample determines that individuals are naturally nested within 
households and households are nested within PSUs. The multilevel modelling approach (Goldstein, 2003) 
accounts for such data complexity, modelling the different sampling stages as different sources of variability 
with potential random influences. This approach accounts for the correlated data within each level also 
producing correct estimates of standard errors provided that the sample design variables are considered as 
higher levels of the data hierarchy.  

For the cross-sectional data under study two of those levels are considered, that is, heads of households 
as level one units (subscript i), nested within PSUs, the level two units (subscript j). The multilevel model for 
the real labour income of heads of household taken in the logarithmic scale (to correct for the skewness in 
income distribution) can be written as: 

ijj

T

j

T

ijij uxxy εββ +++=
21

log ,                             (1) 

where
T
ijx  is the vector of explanatory variables at the heads of households level, that includes dummies and 

continuous variables as well as interaction terms, associated with the vector of fixed regression 
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coefficients
1

β ; 
T
jx is the vector of explanatory variables at the PSU level associated with the vector of fixed 

regression coefficients
2

β ; and ju is a random intercept at the PSU level. Here, it is assumed that  

),0(~ 2
uj Nu σ ,                                      (2) 

and that they are independent from the error term,  

),0(~ 2
eij N σε .                                      (3) 

This model can be estimated via maximum likelihood estimation using Stata 9 -xtmixed- command with 
MLE option and specifying an unstructured covariance structure for the random effects (Stata Press 2005). 

Modelling longitudinal data in a multilevel model framework is also possible having the lowest level of 
the data hierarchy represented by the repeated individual measurements. This approach can easily 
accommodate cluster level, individual level and time-varying explanatory variables. The cross-sectional 
model (1) is then extended to a 3-level longitudinal model written as: 

ijkjkk

T

k

T

jk

T

ijkijk uvxxxy εβββ +++++=
321

log ,                      (4) 

where the vectors x  are now, respectively, vectors of explanatory variables at the PSU level (subscript k), 
the head of household level (subscript j) and at the occasion level (subscript i) associated with the respective 
vectors of fixed regression coefficients β . Since this is a 3-level model there are three mutually independent 
residual terms, one for each level of the hierarchy. Here it is also assumed that 

).,0(~

),0(~

),,0(~

2

2

2

eijk

ujk

vk

N

Nu

Nv

σε

σ

σ

 and                                (5) 

However, if only random intercepts are included this approach assumes that the level one residuals are 
exchangeable, an assumption not always valid especially when measurements are taken between periods 
close together in time. One way of relaxing this assumption is to include in the longitudinal multilevel model 
in (4) a random slope at the individual level for the time variable, such that jku in (5) is now a vector with 
variance-covariance matrix uΣ (Goldstein, 2003). 

 
5 Modelling Results 

Before performing the longitudinal analysis of the real labour income of the heads of the households in 
the PME survey, an analysis of the cross-sectional data set described in section 3 is performed. The cross-
sectional model in (1) is selected in a modelling exercise that involved model checking and selection 
procedures including testing the significance of main effects and two-way interaction terms, with those non-
significant effects not being kept in the final model.  

Significant main effects and squared terms were found for month of first interview, age, education and 
duration of employment. Also significant were a variable for the number of members in the household and 
dummies for males, whites, proxy respondent, type of worker (with employer as the reference category) and 
type of work activity (with industry as the reference category). Dummies for metropolitan region were also 
included in the model. Contextual effects, or PSU level explanatory variables, were also considered in the 
model in an attempt to explain some of the unobserved cluster heterogeneity present in this data set. The 
significant contextual variables kept in the final model were population estimates for each PSU of the 
proportion of males, proportion of whites, proportion of the different types of workers, proportion of proxy 
respondents, the average duration of employment and average age of each PSU. Figure 1 presents the 
covariance structure of the random effects for the final cross-sectional model. Note that there is not much 
between-PSU variability. However, there is a relatively large amount of between-individual variability.   

The final cross-sectional model provided the basis for the analysis of the longitudinal data-set. Further 
model selection was performed which resulted in the exclusion of the no longer significant interaction terms 
and contextual effects and in the inclusion of interaction terms with the time variable. The results of the 
longitudinal model showed that the effects of the fixed explanatory variables were in the expected directions. 
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However, some of the explanatory variables in the longitudinal analysis are now considered as time-varying 
covariates. The random part of the final longitudinal model is also shown in Figure1. Note that the most of 
the variability is at the second level, i.e. there are still relatively large between-individual variability and little 
within-individual variability.  

The model results indicated that real income of heads of households increase very slightly overtime, 
although this change is not the same for all heads of households. The random slope for the time variable 
wave shows considerable between heads of household variability and indicates that many heads of 
households’ income decreased in real term over a small period of time. Figure 1 also presents the correlation 
matrix of the occasion residuals from the longitudinal analysis showing that there is still level one residual 
serial correlation even after including the random slope for the time variable in the analysis. 
                                                         Cross-Sectional Analysis                       Longitudinal Analysis    
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Figure 1: Random Effects Covariance Structure and Occasion Residuals Correlation Structure  
6 Further Work  

The longitudinal multilevel analysis of the PME data presented here was unable to account for the within 
heads of household correlation. This approach, however, does not allow for the inclusion of a serial 
correlation component in the model. Multilevel multivariate models are an alternative to allow for serial 
correlation and the model in (4) can be further extended within this framework, where the repeated 
measurements are considered a component of a multivariate normal response at the heads of household level. 
Furthermore, other features of this survey could be tackled such as the consideration of an unbalanced data 
set by design, determined by their panel rotation characteristics, where all available time-points for each head 
of household would be considered even if they have not completed eight interviews. 
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1. Introduction: 

Central Banks employ price indexes to explaining monetary policy to the public. 

These indexes must cover goods and services consumed by households�
Consumer Price Index (CPI) as a principal indicator used as a measure of inflation�In Iran CPI 

and inflation rate has been computed since1935. The CPI uses Laspeyres index and is available on a 

monthly basis. Efforts have been made to improve the methodology for calculating the CPI in Iran . 

Monetary experts try to employ the CPI to make fine economic situation . Inflation in Iran , because of 

some reasons, like unexpected problems in pricing, has a variant and high rate .We are trying to an 

inflation control target - according to inflation target regime in monetary policy-, measure monthly core 

inflation .Here some methodologies have been used . These methods are different from other countries, 

because pricing system in Iran is different . We compare results of methods and use them to project 

underlying inflationary trend .We will also see that "can core inflation show long - term trend in price 

growth in Iran" ," can it support  decisions of monetary policy authorities .In future, we will try to use 

core inflation not only as a trend indicator , but also as a forecasting tool�

2. Inflation and Core inflation in Iran:

Monetary authorities like Central Banks employ price indices to explaining monetary policy to the 

public. Central Bank of Iran publishes a Consumer Price Index(CPI) that measures the headline inflation rate 

since1935. It is a Laspeyres price index that covers goods and services consumed by households, which is 

available at a monthly frequency. Although according to IMF reports, CPI in Iran is one of the sharpest 

indexes, volatility and high rate of inflation caused some problems to the policy makers , on the other hand 

the inflation target was laid out by the government stating that inflation rate must be decreased to1-digit form 

(less than 10%). These encourage interests in experts and policy makers to isolate temporary and noisy 

changes in prices from underlying ones. 

Core inflation has not been computed in Iran yet. Here core inflation is measured to capture long term 

price trends and to illustrate long term trend in price change and take a better and smoother course as 

computed to the CPI and total inflation, and shows influence of monetary policy on inflation. To say 

anything about Iran inflation, it is better to consider condition of Iran economy in advance. As it said Central 

Bank of Iran, uses Laspeyres price index, so there is a fixed basket of goods and services that covers majority 

of consumption pattern in Iran. It the time period which was considered here, this basket contains 310 goods 

and services. 

Central Bank of Iran (CBI); because of different local cultures and consumption behavior among 

provinces, faces to a lot of goods and services, but this selected basket could present a perspective of 

consumption pattern in Iran. 

Special condition in Iran like long lasting aftermath of 8 years war on economy and society; economy 

based on the oil market and some unexpected problems like international problems, made authorities  to 

control prices or subsidizing some of goods and services or stabilized some of them in price. These policies 

help them to control inflation in short term but in medium or long terms they will be insufficient. In most of 

the cases volatility of prices caused by noisy or temporary effects which can be related to one-off shocks, 

changes in market or some special decisions. Beside these factors of changing price, there is underlying 

changes, which is ordinary trend of price changes. 

Undoubtedly such unexpected shocks are one of the main factors of price changes. On the other hand, 

in most of the cases, prices increase easily and decrease hardly and most of the time these increased in item 

prices, are related to each other. To isolate these temporary parts of price changes from underlying part, and 

help decision makers to take better decisions, SRSD (Statistical research and Survey Department of the 

Central Bank of Iran) uses some different methods to estimate core inflation in Iran. 

Between main and known methods, exclusion-based method is really well-known. Most of the 

countries exclude energy, food or all administrative controlled prices which are not determined by market 
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mechanism, but in Iran some goods and services are directly subsidized or controlled and therefore have no 

changes. 

On the other hand most of the items indirectly affected by administrative regulation and their prices 

are not determined by market completely. Therefore in each period different goods and services have volatile 

prices. So, to use exclusion based method ten percent of more volatile prices have been excluded and core 

inflation was computed (this volatility was based on the variances). (figure 1) 

As another method and to consider volatility and variance of changes related to average of changes in 

periods. Exclusion based on coefficient of variation (C.V) has been done. Results were not really different 

than previous one. (figure2) 

One of the best methods to compute core inflation is trimmed mean method. 

This recommended method, by removing more volatile prices and less volatile ones in both tail of 

price changes distribution, present better perspective of the core inflation. (figure 3) 

Beside these measures, SRSD has developed some other measures and methods to compute core 

inflation, for example variance weighted average and variance double weighted average. These measures 

have been computed but not published yet. 

Also the CBI compute the CPI after seasonal adjustment, but seasonal effects are something different. 

They are some changes that affect CPI orderly and have a quite regular pattern over years. 

Table 1: Comparing annual total inflation and core inflation (percent)  

                                             (1997=100) 

year 
Total 

inflation 

Exclusion 

(10%-var) 

Exclusion 

(10%-CV) 

Trimmed 

mean (10%) 

1998 18.1 17.7 18.7 16.7 

1999 20.1 18.8 19.6 19.1 

2000 12.6 11.6 12.1 13.3 

2001 11.4 9.7 9.8 11.1 

2002 15.8 14.3 15.4 16.5 

2003 15.6 14.1 14.6 15.4 

2004 15.2 14.6 14.2 15.7 

2005 12.1 12.0 11.2 12.0 

Figure1: Comparing annual  total inflation and core inflation {Exclusion(10%-based on variance)}
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Figure 2: Comparing annual  total inflation and core inflation {Exclusion(10%-based on C.V)}
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Figure3 : Comparing annual  total inflation and core inflation {Trimmed mean (a=10%)}
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3. Conclusion: 

It is clear that monetary policies to decrease total inflation may affect core inflation and decision 

makers try to do their best. Although results of computation are available on monthly and seasonally 

frequency, here they have presented in annually frequency. 

Data have been used here from 1377-1384 (Mar 21, 1999 – Mar 20, 2005) results and core inflation 

compared with total inflation and therefore negative and positive effects of decision made on core and total 

inflation are available in table1and figures 1-3. 

More detailed reports will be published in future. 
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Public Finance Sustainability: Stocks and Flows 
Borges, Paula 
Banco de Portugal, Statistical Department 
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The Stability and Growth Pact convergence criteria were defined by reference to national accounts 
framework. In the context of a European centralized monetary policy, the Pact is an instrument for 
conducting prudent fiscal policies. However the deficit threshold set at 3%, lacks an economic rationale 
reflecting a political consensus on an operational rule to be easily applied.  

The economic theory showed that a constant deficit as percentage of GDP ensures that debt and interest 
rates converge to non-infinity figures. However, it is not possible to conclude that an optimal deficit 
threshold corresponds to 3%. The existing Pact does not highlight the importance given by the economic 
theory to other components such as economic growth. Several authors have focused on the analysis of 
dynamic elements of economic growth. At present, the basic idea is to let the automatic stabilizers to act, on 
the side of revenue, and to impose constraints to expenditure. 

Moreover according to the economic theory it is not possible to actually conclude that the monetary 
union is an optimal area and that the Stability and Growth Pact criteria are due to the existence of an optimal 
monetary union. The Pact was implemented to avoid negative externalities in the Euro area but it cannot be 
seen as an instrument for ensuring public finance sustainability. 

Some of the ideological differences that split the economists for some decades are disappearing. 
Governments are commonly seen as non-efficient entities in managing resources and subsequently the 
management of resources is being allocated to private entities. Very common examples are the multiple 
public and private partnerships which are celebrated between the public and private sectors. For such reasons, 
economists are not so interested in analysing the role of the public sector in the economy as they were in the 
past.

The Stability and Growth Pact is an administrative procedure that was able to impose a given behaviour 
to governments that take economic decisions based not only on efficiency and equity criteria but also on the 
accounting features of a given operation. A good example is the sale of assets. Governments might be selling 
more assets than foreseen due to the positive impact on net lending/net borrowing and because a Stability 
and Growth Pact deficit threshold exists. 

It is to be noted that a unique criterion has been adopted for the whole EU, 27 economies with different 
structural problems. It is extremely useful to develop specific alert mechanisms for each of the member states. 
The European Commission has started to implement this kind of analysis after the last amendments to the 
Stability and Growth Pact.  

Besides understanding why the threshold was settled and how the convergence criteria are used, it is 
worth analysing the content and nature of such indicators and what they aim to measure. The concept of 
public finance sustainability has been used in the literature in different ways. Nonetheless, sustainability is 
usually linked with debt, stock of capital or on how public expenditure leads to the increase of the stock. It is 
well accepted that the level of wealth in an economy can be measured by the stock of capital to evaluate the 
degree of ownership and control of assets, by each of the economic agents or in a more aggregated form, by 
each of the institutional sectors. 

The statistical component of the Stability and Growth Pact allows comparisons over time and across the 
space. Basically, two options could have been adopted. The first option would be to incorporate, for a 
statistical measurement, existing concepts according to their legal status which would have implied adopting 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 4359 -



a more formal approach. The public accounting framework is usually based on such criteria classifying the 
entities according to their legal status; recording some transactions (still) on a cash basis. Nonetheless more 
and more the public accounting framework transits from a cash basis to an accrual basis at national level in 
all member states and in some of them this approach has been implemented for some years. 

The second option would be to define concepts and statistical indicators that are most useful for the 
purpose of economic policy. This was the option followed when basing the Stability and Growth Pact 
convergence criteria on the national accounts conceptual framework. It is important to understand whether 
the selected indicators are well defined by reference to national accounts. 

The inclusion of the concepts of national accounts for the statistical purposes of the Stability and Growth 
Pact has had some consequences in the accounting framework. The European Commission has released 
several methodological decisions in the last years devoted to general government which had implications in 
the other institutional sectors – the national accounts are an integrated framework. These several 
methodological decisions strengthened the economic perspective of the system and aimed to avoid the 
adoption of the so-called creative measures by governments. The other advantage in adopting this second 
option was that the national accounts work as a common measure, not depending on the national accounting 
specificities of member states.  

At present, a balance of non-financial transactions (deficit) is to be analysed together with a stock of 
financial transactions (debt) within a conceptual framework of a broader nature. One of our proposals is to 
focus the analysis of public finance sustainability on net worth. Complementary aspects are to be highlighted, 
and there is the need for analysing and compiling a stock of non-financial assets. The net worth corresponds 
to the difference between the total of assets (financial and non-financial) and liabilities. The assets are 
entities that allow general government to exercise ownership rights and to have economic benefits. The 
liabilities reflect the obligations of general government, in providing an economic benefit towards other 
institutional sectors. The net worth by the end of the year will correspond to the net worth at the beginning of 
the year plus changes in net worth due to saving and capital transfers, changes in net worth due to other 
changes in volume of assets and to nominal holding gains/losses. The net worth is a measure of wealth that 
indicates the resources controlled by general government in the economy. 

Having such a complementary and broader view of the system has the advantage of integrating flows and 
stocks. At present, the expressions “above” and “below” the line are commonly referred when analysing the 
impact of a given transaction in the system meaning, respectively, the impact on non-financial and financial 
transactions. A dynamic approach would imply integrating this reasoning and to refer not only to flows but to 
stocks.

Besides the net lending/net borrowing, there are other balances in the system of national accounts which 
have been adopted at international level when analysing general government accounts. It is the case of the 
balance of changes in net worth due to saving and capital transfers. It excludes gross fixed capital formation 
when compared with the net lending/net borrowing that is the final balance of the capital account. The 
relevant aspect to be highlighted is that a sale of a non-financial asset does not provide an income, as it is 
defined in the system and has no impact on net worth. The possibility of having such a synthetic indicator of 
changes in net worth due to saving and capital transfers would reflect the privileged balances adopted by the 
International Monetary Fund (IMF) and the business accounting approaches. The acquisition/disposals of 
assets are not recorded as an expenditure/revenue establishing a substantial distinction with a European 
system (ESA95) that works as the basis for the Excessive Deficit Procedure. 

However, in our view the main disadvantage in using this flow is that it implies recording extraordinary 
operations as revenue (capital transfers), such as the transfer of pension funds from a corporation to general 
government. These kinds of transfers have been recently observed in EU member states.  

The first proposal, of using the indicator net worth requires the compilation of stocks for non-financial 
assets and this is not made in most of the member states. Moreover, the transmission of these figures is not 
requested by the European legislation. If that was the case, it would be easier to articulate flows and stocks 
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and to assess the “profitability” of the non-financial assets. As an example, there is an increasing trend for 
analysing the quality and composition of capital equity held by government in public corporations. In many 
cases, government has equity in public corporations that have negative own funds. 

The composition of assets is a relevant matter both for financial and non-financial assets. Government 
behaviour is not similar to a private agent due to policy reasons. Nonetheless, a first assessment of 
sustainability should focus on net worth in equivalent conditions as for a private entity. This might lead to the 
exclusion of the so-called assets of “bad quality”, and therefore it is worth investigating whether it is useful 
to have a categorization for non-financial assets. Governments might be obliged to acquire equity in public 
corporations for financing reasons because they operate in important sectors of the economy but 
governments also have assets with the purpose of increasing the welfare of the populations, for recreational 
or cultural purposes which include mostly public goods. The reasons why these assets are acquired are 
connected with social reasons or for supporting a given activity or sector. It is important to assess the value 
of the non-financial assets comparing them with those owned or controlled by private entities. 

Other issue related with the above is the delineation of the public sector. According to the definitions of 
national accounts, general government includes those institutional units that are non-market producers which 
provide their output to other units at free, or at prices that are not economically significant. In practice, at 
European level, it is used the so-called “50% rule” for assessing whether an institutional unit is non-market. 
However, this criterion is not so straightforward under some circumstances. One example relates to those 
institutional units that only exist and were born for being financed by government because without such 
financing they would need to close doors. One of our proposals would be to consider a broader public sector 
with the inclusion of all those institutional units where operational and economic viability is ensured by 
government. Such producers implement public policies and in most of the circumstances do not face real 
market conditions. 

Other relevant issue is that future or implicit liabilities are not recorded in the core national accounts. 
These are important for assessing the sustainability of public finances in the medium and long term. Some 
examples are the pension liabilities, health, education or unemployment. The reasoning adopted in the 
Stability and Growth Pact is to evaluate accumulated deficits and the national accounts are based on factual 
events not recording future expenditures (provisions are not recorded in national accounts). The issue to be 
discussed is whether the actual framework must change allowing for such recording or if these liabilities 
should be shown as memorandum items, a complementary indicator. 

For concluding about the above proposals and on using other indicators such as the net worth to assess 
public finance sustainability it is important to validate empirically these arguments. In our view it would be 
important to assess the sustainability of public finances based on net worth to conclude to what extent the 
conclusions would differ from those obtained when using the convergence criteria under the Stability and 
Growth Pact. 
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ABSTRACT 
A conceptual analysis of the deficit and debt criteria under the Stability and Growth Pact is undertaken and the main 
features are presented. In the context of a European centralized monetary policy, the Pact is an instrument for 
conducting prudent fiscal policies. However the deficit threshold set at 3%, lacks an economic rationale, being mainly 
the outcome of a political consensus on an operational rule which can be easily applied.  

The Stability and Growth Pact is based on the national accounts conceptual framework. One of our proposals is to 
focus the analysis of public finance sustainability on net worth. A balance of non-financial transactions (deficit) is to be 
analysed together with a stock of financial transactions (debt) within a conceptual framework of a broader nature. 
Complementary aspects are to be highlighted, such as the need for analysing and compiling a stock of non-financial 
assets.

For carrying out this analysis, several issues are explored including a comparison of different accounting systems. The 
European national accounting system is compared with both the International Monetary Fund system and with business 
accounting.  Other aspects such as delimitation of general government and to what extent the existing framework is 
able to capture future or implicit liabilities are further analysed.
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1. Introduction 

Until 1997 the Korea National Statistical Office (KNSO) carried out decennial national wealth survey 
to measure the capital stocks for the Korean economy. The new capital stock series, however, is to be 
published from the end of 2007 using a Perpetual Inventory Method (PIM).  

The new series will include not only tangible fixed assets, but also intangible fixed assets such as 
mineral exploration, computer software, and entertainment, literary or artistic originals. The 1993 SNA 
requires that the expenditure on these intangible fixed assets be capitalized and treated as gross fixed capital 
formation. 

This paper focuses on the film originals and presents the preliminary estimates of the gross fixed 
capital formation and capital stocks of the Korean film originals. 

 
2. Conceptual background 

 
2.1. Korean film industry 

Film acquires returns through various windows such as theater, video/DVD, TV, Internet, etc. The 
average trading periods in each window and holdbacks1 between the windows are shown in <figure 1>. 
Some movies are shown in the theater for as long as five months, but some last less than a week.  

 
<Figure 1> Windows of the Korean films 

 

Windows : Theater → 
Video 

DVD 
→ 

Internet

(VOD)
→

TV 

(Cable, Satellite)
→ 

TV 
(Network) 

→
Export
Other

|2~3M|  
| Holdbacks |   |3~8M|  

|    6M ~ 1Y    |
 

|8M 
~1Y| 

   

Average run : 1M  5Y  1Y  3Y  3Y  7Y 

 
Although the trade period at the theater is the shortest through the life of a film, theater is the biggest 

source of earning throughout the lifetime of the film original. Earnings from other windows mostly depend 
on the box-office success. About 75% of the total sales come from the theater. The total sales here refer to all 
revenue from ticket sales and the sales of copyrights. 

About half of the net ticket sales, after deducting the art promotion fund and the value added tax, go to 
the theater owners; the rest goes to distributors, producers and film financiers. Producers and financiers pay 
4% fee to the distributors and share their profits after deducting the production cost 4:6. 

                                            
1 A particular time periods set to prevent overspill or piracy. 
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<Table 1> Sales structure by window (%) 
 

Year  Ticket sales  Video/DVD  TV Online  Export  Other Total  

2001 

2002 

2003 

2004 

74.00 

75.00 

76.00 

77.32 

12.35 

13.56 

8.27 

8.72 

5.08 

4.90 

3.56 

4.77 

0.14 

0.34 

0.48 

0.28 

7.10 

3.43 

9.67 

7.95 

1.34 

2.77 

2.03 

0.96 

100.00 

100.00 

100.00 

100.00 

 
2.2. Copyrights 

The value of the film original resides not in the negative itself but in the copyright of the finished film. 
The copyright owners control the rights of reproduction, distribution, public performance, public display, and 
rights to prepare derivative works.  

Copyright is concerned with every window. In Korea, the fundamental right is to distribute the film at 
the theater. The next important right is the reproduction of the original film to videotapes and/or DVDs. 

Ownership is determined by the complex contractual arrangements between producers, investors, 
distributors, etc. The sharing to revenue is also determined by these arrangements. 
 

2.3. Valuation of film originals 
Valuation issues arise due to the characteristics of the intangible assets. Unlike tangible assets, 

intangible assets, including film originals, are not usually traded on markets. Therefore an attempt has to be 
made to estimate what the prices would be were the assets to be acquired on the market. 
 
Production cost approach vs. Present value approach 

The 1993 SNA gives contradictory recommendations regarding the valuation of intangible assets. In 
some paragraphs it recommends the present value approach ahead of the production cost method, and in 
other paragraphs it suggests using the present value approach only when the production cost approach is not 
possible. 

 “In other cases, market prices may be approximated by the present, or discounted, value of 
future economic benefits expected from a given asset; this is the case for a number of financial 
assets, natural assets and intangible assets.” (Paragraph 13.28) 
“In the case of intangible assets that have been produced on own-account, it may be necessary to 
value them on the basis of their costs of production, appropriately revalued at prices of the current 
period and written down.  Otherwise, it may be necessary to use estimates of the present value of 
the expected future receipts to be received by the owners of such assets.” (Paragraph 13.45) 
 
In this paper, the present value approach is used. The production cost approach is not considered to be 

suitable to value film originals because it could significantly overstate or understate the actual economic 
value of film originals since the production cost and return on the films do not always correspond. Also in 
terms of data availability, the present value approach is in favor. Korean Film Council (KOFIC) has the data 
on the annual average cost of production from 1996, while data for the present value approach is available 
from 1961. 

 
3. Measure of Gross fixed capital formation and capital stocks 

The aim of the present value method is to calculate the discounted value of the future cash flows from 
all utilization of the rights associated with a film. This discounted value is the estimated price the purchasers 
would pay if it were sold on the market, and so provides the value of capital formation in one year. 
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To apply the present value method, it is necessary to estimate the service life of the asset, i.e. the length 
of time over which income on the film is earned as well as the future cash flows. Data on annual cash flows 
of the films produced in each year is not available. Therefore typical revenue stream was simulated using the 
average trading periods and holdbacks within and between the windows shown in <figure 1>. 

 
Film originals receive 70% of the total income2 in the year of production, 20% in the next year, and 

6%, 3%, and 1% in the rest three years. The gross sales of the films in the first year are calculated as:  
 
GS$t = Ticket sales × 40%3 + Exports × 85%4 + sales of other copyrights5   
 
The gross sales are deflated using the price index of the film originals to get the real gross sales. The 

consumer price index (CPI) for admission to movies is used. 
 
GS t = GS$t  / P t×100 
 
Using the real gross sales and the income stream above, expected future receipts in the next 4 years are 

inferred. Discounting these income flows provides the gross fixed capital formation (I t) of each year. 
 

∑
= +

=
5

1 )1(i
i

ti
t d

GS
I ,   

 

Where GSti is income flow by age and d is discount rate. A long-term real corporate bond yield is used 

for the discount rate.  

 
Now that we have GFCF series from 1961, the capital stocks of the film originals from 1965 are 

estimated using the PIM. The gross and net capital stocks at the end of each year is measured by 
accumulating the gross fixed capital formation and deducting retirement or consumption of fixed capital 
during its life. 

 
Using the income stream, the retirement function is derived assuming straight-line depreciation. Half 

of the films retire in the first year, 28% in the second year. The remaining 22% retire in the third, fourth and 
fifth year. This yields average two years of asset life. (See <table 2>) 

 
The gross and net capital stocks are then calculated as below: 
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Where St and APt are the survival and age-price profile at the beginning of each year t. The age price 

profile (AP) here comes from the linear depreciation function combined with survival pattern. 

                                            
2 All revenue from sales of a film, including receipts from use of related copyrights, throughout it’s life. 
3 Share of the producers and financiers 
4 Excluding 15% fee to the international distributors 
5 Estimated using the sales percentage to the ticket sales in <table 1> 
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<Table 2> Income stream and retirement function of Korean film originals 

Year (t) 1 2 3 4 5 Sum 

Income stream % (Ft) 70 20 6 3 1 100 

Retire % (Rt) 50 28 9 8 5 100 

Survive % (St=St-1-Rt) 100 50 22 13 5 - 
  

4. Summary results 
The estimate of GFCF on film originals in 2005 is about 10 times bigger than in 1965, showing an 

average of 5.8% growth rate a year. As seen in <figure 2>, this was mainly due to the steep growth rate, at an 
average of 25.3% a year, since 1999. During the so-called golden age of Korean film, the 1960s, the GFCF 
recorded a relatively high growth rate (18.1%). However, during the downturn period, between the 1970s 
through the mid 1980s, it showed negative growth rate (-5.1%). Through the mid-80s till late 90s was the 
period for steady build up of strength showing moderate growth rate (6.4%). And the unprecedented success 
of 1999 film Shiri brought the renaissance of Korean film. During this period, the annual average growth rate 
was 25.3%. The changes in gross and net capital stocks are substantially identical. 

 
<Figure 2> GFCF and Capital stocks of Korean film originals  
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1. Introduction 

We are studying on international comparisons of labor productivities and resource efficiencies. For this purpose, we 

need not only nominal input-output tables but also real input-output tables. National input-output tables are in national 

currencies at national price levels. Nominal input-output tables are in a common currency at national price levels. They 

are converted from national input-output tables by using official exchange rates. Real input-output tables are in a 

common currency at a uniform price level. They are converted from national input-output tables by using purchasing 

power parities.  

We have tried to estimate binary purchasing power parities between Japan and China and between Japan and South 

Korea several times. This time we try to estimate multilateral purchasing power parities among Japan, China and South 

Korea.      

 

2. Desirable properties of purchasing power parities and real input-output tables  

We think that the following three properties are important. 

Matrix Consistency:  

Base-Country Invariance: 

Transitivity: 

  Especially matrix consistency is very important to keep merit of input-output tables.  

For this reason, input-output tables of multi-countries must be expressed in a common set of prices. We can express 

them in three kinds of common prices. 

i. Prices of base country: This method is called Paasche method. This method satisfies matrix consistency and 

transitivity, but does not satisfy base-country invariance.    

ii. Average prices of multi-countries: A representative of these methods is Geary-Khamis method. These methods 

satisfy matrix consistency, base-country invariance and transitivity. 

iii. Prices based on economic theory: These methods satisfy matrix consistency and transitivity. And if relative 

prices based on economic theory are not affected by choice of base-country, then that method also satisfies 

base-country invariance. We bring up our original unique method based on international average total labor 

model. Our method is one of these methods. 

 EKS method does not satisfy matrix consistency. For this reason, we think EKS method is not good as purchasing 

power parities by using which we convert input-output tables.  

 

 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 4367 -



3. Our procedures for estimation of purchasing power parities and real input-output tables 

We have aggregated Japanese, Chinese and Korean input-output tables into common 28 sector classification. And we 

estimate purchasing power parities by this 28 sector. Our procedure consists of two stages like ICP.  

i. First stage: Estimation of purchasing power parities of individual industries 

 i-1. Estimation of binary purchasing power parities of individual industries 

We collected price data which are available in each both countries, namely Japan and China, Japan and South 

Korea, and China and South Korea. We calculated purchasing power parities by commodity, and classify them 

into the above-mentioned 28 sector, and calculate geometric mean of them in every sector. These results satisfy 

base-country invariance, but do not satisfy transitivity. In order to satisfy transitivity, next procedure is necessary.   

 i-2. Estimation of multilateral purchasing power parities of individual industries 

    In order to satisfy transitivity, we apply EKS method to the above results. 

EksPPPJPN/CHN  ＝ [（BinaryPPPJPN/CHN）
2 

×（BinaryPPPJPN/ROK）×（BinaryPPPROK/CHN）]
（1/3) 

EksPPP ROK/JPN  ＝ [（BinaryPPP ROK/JPN）
2 

×（BinaryPPP ROK/CHN）×（BinaryPPPCHN/JPN）]
（1/3) 

EksPPP ROK/CHNN  ＝ [（BinaryPPP ROK/CHN）
2 

×（BinaryPPP ROK/JPN）×（BinaryPPPJPN/CHN）]
（1/3) 

         
By using these results, we can convert national input-output tables of these three countries from prices of each 

country into prices of base-country. In this method, relative sizes of gross domestic products of total industries in these 

three countries vary according to choice of base-country. Namely, concerning each industry, base-country invariance 

and transitivity are satisfied, but concerning more aggregated industry and total industries, they are not satisfied. In 

order to satisfy them, next procedure is necessary. 

ii. Second stage: Estimation of purchasing power parities of total industries 

If input-output tables of all the countries are expressed in common prices which do not vary according to choice 

of base-country, then base-country invariance and transitivity are satisfied. There are some alternative sets of such 

prices. First, weighted averages of actual prices in all the countries. This is called Geary-Khamis method. Second, 

prices which are proportion to international average total labor quantity inputted in the commodity.  

A.  Geary-Khamis method 

π: average price  ppp: purchasing power parity   p:price  q: quantity  i:commodity  j:country 
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       (b=base country)                (3) 

 

B.  Our new method based on international average total labor model 

1) By using national input-output tables in national currency, we calculated total labor quantity  

t: total labor, row vector               

 A: input coefficient of domestic material, matrix  

D: consumption coefficient of domestic fixed capital, matrix 

e: share of commodity in export, column vector 

m: input coefficient of import material + consumption coefficient of import fixed capital, row vector 

r: direct labor, row vector 

  rmetDAtt 
                                    (4)

 

    1
 meDAIrt

                                     (5)
 

2) By using results of i-2, we converted total labor quantity from per national currency into per base- country 

currency.  

3) We calculated international average total labor quantity per base- country currency, by using supply as 

weight. It is international average total labor price that is proportion to international average total labor 

quantity. International Labor Yen is the international average total labor price where Japanese total supply 

in International Labor Yen  =  Japanese total supply in Japanese Yen. 

4) By using results of 3), we converted national input-output tables from in national currency into in 

International Labor Yen.  

   

4. Concerning calculation results 

 

Table 4 shows that in the case we use Japanese prices as common prices, China‟s GDP is 1.793 times as large as 

Japan‟s GDP, but in the case we use China‟s price, China‟s GDP is 1.028 times as large as Japan‟s GDP. In the former 

case, China‟s size is much larger than Japan‟s size, but in the latter case these two sizes are nearly the same. This is 

because relative sizes of China to Japan in agriculture and light industries are larger than those in heavy chemical 

industries, while prices of agriculture and light industries in China are much lower than those in Japan, but prices of 

heavy chemical industries in China are not so much lower than those in Japan, then ratios (=weight) of agriculture and 

light industries in China‟s prices are larger than those in Japan‟ prices and ratios (=weights) of heavy chemical industries  

in Chin‟s prices are smaller than those in Japan‟ prices. South Korea‟s relative size to Japan‟s size does not varied so 

much as China‟s relative size with which country‟s prices. 

Gk‟s results show that China‟s GDP is 1.356 times as large as Japan‟s GDP.  Relative size of China‟s GDP in GK is 

intermediate between the relative size in China‟s prices and the relative size in Japan‟s prices or in South Korea‟s prices. It 

is natural because GK‟s prices are weight-averages of these three country‟s prices. South Korea‟s relative size in GK is 

also intermediate between the relative size in China‟s prices and the relative size in Japan‟s prices or in South Korea‟s 

prices.  

Labor model‟s results show that China‟s GDP is 2.517 times as large as Japan‟s GDP. Relative size of China‟s GDP in 

labor model is still larger than the one in Japan‟s prices. This is because ratios (=weights) of agriculture and light 

industries in labor model is still larger than the one in Japan‟s prices. Relative size of South Korea‟s GDP in labor model 

is also still larger than the one in Japan‟s prices. 
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ABSTRACT

Statistics NZ has published an annual Tourism Satellite Account since 1999 and will be publishing
its first Non-profit Institutions Satellite Account in August 2007. Both of these accounts present an
informative and interesting picture of two sectors that are increasingly vital to the continued success
of New Zealand’s economy. In 2005, the tourism sector contributed 4.8 percent to New Zealand’s gross
domestic product. The sector employs an estimated 5.8 percent of New Zealand’s full-time equivalent
workforce. In the same year, there were 97,000 non-profit institutions operating in New Zealand,
employing 105,000 paid staff and enlisting the help of more than 435,000 volunteers. Satellite accounts
involve the rearrangement of existing information in the national accounts so that areas of particular
economic or social importance, such as tourism or non-profit institutions, can be analysed more closely.
This paper provides insight into the results and methodology behind these two very diverse sectors of
the New Zealand economy and society. The well-established Tourism Satellite Account is explained
in some detail, while the concepts, key issues and compilation of the Non-profit Institutions Satellite
Account, currently in development, are explored. The paper details Statistics NZ’s intentions to
enhance both accounts in the coming years, which will further assist in the understanding of these
two sectors.

Keywords. Satellite, tourism, non-profit, satellite account, national accounts.
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1 Backgrounds of doubts 
The capital services represent major change in the measurement of capital in national accounts. 

Although they are described in currently used OECD Manual (OECD, 2001), the countries were not obliged 
to estimate them. The new SNA and ESA will probably contain capital services and more over, some 
important aggregates will comprise them.  

Probably the most important argument from the supporters of this concept is the elimination of the 
different approach to market and non-market producers. The key issues rely on the measurement of the value 
of asset. According to theory, the value of asset should equal the future revenues from the use of the asset. In 
other words, assets in national accounts must be valued in current prices. This is the reason that the 
measurement of capital stocks (capital stock consists of tangible and intangible assets) is one of the most 
difficult part of national accounts. Although it may be seemed that capital stocks are used only for analytical 
purposes and they are not part of the most important part of national accounts (production account), they 
have important consequences that influence output and therefore gross domestic product (GDP). GDP is 
influenced by consumption of fixed capital because consumption of fixed capital for other non-market 
producers is a part of so called cost method of other non-market output estimation (cost method comprise 
consumption of fixed capital, intermediate consumption, compensations of employees and taxes less 
subsidies). The share of non-market value added is in developed economies relatively high, e.g. in the Czech 
economy the share of other non-market value added on GDP is about 13% in 2005. 

The importance of capital stocks would increase when the concept of capital services is adopted. 
According to current rules, the “profit” (in national accounts represented by operating surplus) of non-market 
producers is zero. It means that in comparison with market producers, whose operating surplus should be 
positive, there are different assumptions used to different producers. The important consequence of those 
assumptions is the different valuation of assets because the value of an asset should be derived from future 
discounted revenues. But net revenues called as returns on capital (after the deduction of consumption of 
fixed capital) from government owned assets are zero. In other words, the gross operating surplus of other 
non-market producers (considered as service of capital) equals consumption of fixed capital and therefore net 
operating surplus equals zero. 

                                            

1
 The paper is supported by the project of the Czech Science Foundation (GA CR) No. 402/07/0387 

„Capital Services in National Accounting and their Impact on the GDP of the Czech Republic“ . 
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2 Valuation of assets 

From the words above, it may seem that there must be crucial inconsistencies between market and non-
market stocks. Actually it depends on the method that is used for assets valuation. There are at least two 
methods for assets valuation: 

· direct data on capital stock in current prices (improbable) and 
· model based methods. 
According to ESA 1995, the assets must be valued in current prices and whenever direct information 

on stock in current prices is missing, model based approach in necessary. For this purposes, the PIM 
(perpetual inventory method is recommended) (Eurostat, 1996), because of the fact that authors of this paper 
have own experience with national accounts rules implementation into the Czech conditions, the examples 
are given from Czech national accounts. 

Standard way of PIM has been applied by the Czech Statistical Office since 2003. In our opinion, the 
standard way of PIM is more suitable for the Czech conditions. When standard PIM is used, there are no 
differences between assets because it is not important (for valuation itself) who owns these assets. In this 
approach, the key gross capital stock is obtained by revaluation of past investments that are decreased 
according to mortality functions (mainly bell-shaped are used in Czech national accounts). Consumption of 
fixed capital is obtained from gross capital stock by the division of corresponding parts of stocks by their 
service-lives. Consecutively, net capital stock is derived from the gross capital stock after the deduction of 
cumulated consumption of fixed capital. So, there is not exact link to the general definition (about the value 
of assets), which was stated above. The different assumptions applied on other non-market producers do not 
influence the capital account and balance sheets but of course they influence output. 
 
3 Effects of capital services 

If capital services are applied, the GDP will be increased. The reasons why the capital services will 
influence GDP rely on the asset valuation.  

When capital services are computed for market producers, there are no consequences for national 
accounts. Capital services only represent the amount of service given by the capital. It can be (in a very 
simplified way) calculated by multiplying of unit price of service by the amount of service provided (e.g. 
unit price for one ton-kilometre and ton-kilometres provided by the lorry). Actually such approach would 
require detailed information on assets structure and unit prices, therefore there are some approaches that 
allow to derive capital services internally from current capital schemes. So, capital services could be derived 
for market producers from currently used standard PIM models. Only some new assumptions and currently 
not used data from the computation process are required. 

The case of non-market producers is a bit distinct. It means that the capital services provided by the 
capital should contain the similar profit as it is supposed for market producers. It would be also possible to 
derive capital services directly from the PIM models but they in current system do not have sense. It must be 
said that in the time of writing of this paper, the application has not been solved yet. Anyway, if the same 
principle is applied, the so-called cost method of derivation of output must be changed. The capital 
consumption in the cost method has to be replaced by capital services that will cover both consumption of 
fixed capital and returns on capital. This would lead to the increase of output and other aggregates of national 
accounts. In this approach, non-market producers’ operating surplus does not equal to zero. This is probable 
situation but there are also some ideas that the capital services would not influence output. The correct 
assessment of the impact of capital service will be therefore possible after new SNA and ESA are adopted. 
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4 Statistical issues 
This paper does not deal with the fact whether capital services are appropriate for the measurement of 

capital or not. The paper is aimed at the statistical view of implementation from practical side. We have good 
experience from the ESA 1995 rules implementation. The fulfilment of requirements on fixed capital stocks 
takes a lot of effort and energy especial for new EU member states. There are still relevant differences 
between countries, e.g. the significant differences between used service-lives. The process of transformation 
of the measurement of capital stock from the previous system used in the Czech Republic took several years. 
There are at least three relevant issues relating to the implementation: 

� the way of computation, 
� covered assets and 
� user’s point of view. 
The first issue is represented by the way of computation that would be crucially important for the 

output of other non-market producers and therefore for GDP. Parameters (interest rates, service-lives) should 
be covered by some recommendation or regulation or else the comparability of output would be threatened. 
Current state in this area is also not optimal because countries have fundamentally different assumptions for 
capital stock measurement. For instance, there is high density of roads and railways in Europe and these 
structures are mainly owned by government institutions and therefore their consumption of fixed capital is a 
part of GDP. And of course, the value of roads and railways must be high. It means that the service-lives of 
such structures play very important role. Actually there is not strict standardization (except GNI committee 
recommendation) in this field and the service-lives differ from country to country. 

The second issue is which assets should be covered by capital services. This issue is not relevant for 
market producers because all assets are probably used for production process. But for government owned 
assets the situation is different. Assets like machinery are probably used in something like production process 
(e.g. computers in schools). But what about roads? Infrastructure is used by all units in the economy. It is 
clear that the infrastructure brings the benefits to the country but it does not bring the benefits to sector of 
government institutions only. This question must be solved before the new SNA and ESA will be issued. 

The last and from our point of view the most problematic issue is the reaction of users. Currents 
system of national account is quite complicated and the users are very often confused by all relationships of 
the system. It is a serious objection against the revision of standards. On one side, it is said that such changes 
will be very useful for economic analyses. But on the other hand the completeness of the system will be 
balanced by the complexity. Understanding of the whole system of national accounts may have (after the 
proposed revision) high demands on users, compilers and theoreticians. Beside the complexity, the users may 
have doubts about international comparability of national accounts. The problem is also nowadays (e.g. not 
all countries use PIM) but it can be more important. 
 
5 Conclusion 

The revision of the standards (SNA and ESA) will bring many new issues that will change the 
measurements of the power of economy. From the theoretical point of view, capital services are appropriate 
but the practical computation will bring new problems that will have to be solved. Explanation of the reasons 
that led the statisticians and economists to the revision is an important task. It was also the aim of this very 
short paper to show some consequences of capital services implementation. The revision of the standards 
should be well-judged and careful and its main aims should be the improvement of statistics represented by 
both the measurement itself and international comparability. 
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ABSTRACT 

As it is known, the new system of national accounts is being prepared and this event has an important impact not 

only on statisticians but also on users of national accounts. The revision of System of National Accounts (SNA) and 

European System of Accounts (ESA) comprises several important areas that will influence the measurement of 

performance of the economy. This paper is aimed at some problems of capital services implementation into Czech 

national accounts and there is no scope for consideration of other areas of the revision. From the theoretical point of 

view is the concept of capital services clear, it is described in a sufficient detail and examples are given. But the real 

approach is still an outstanding issue. The aim of the revision of SNA and ESA is to improve the measurement of 

performance of the economy, decrease the differences between countries, facilitate economic analyses etc. However, the 

theoretically correct idea that would bring major improvement may sometimes worsen current state. 
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Suitable Classification of sectors, will improve the account’s effect of the analysis on economy, and
have a great affect on two respects: whether the framework of national accounts is rigor and complete;
whether the provided accounting data reliable and worth. Classification by sectors of SNA is one of the main
classified standards recommended by the United Nations. Current classification by sectors of national
accounts in China, using the 1993 SNA as a reference system, divides all units to four institutional sectors;
they are Non-Finance- Enterprise, Finance- Enterprise, Government and Household.

In this paper, we think the concept, principles and identifications of the classification; they are not only
pure standards, but also the standards linked with that of the economy system.

1. Establish the social security fund under “Government”
In the commonly government sectors, SNA provides two compartmentalization patterns. These two

patterns both include the social security fund: one is that, setting up the social security fund as a department
which equal to other sector; the other is, every sector is composed by the government part and the social
security fund.

In 1993 SNA, the social security fund is considered as an important constituent of the common
government sector, what is in agreement on the social security practice in western nations and the theory of
the social security in the western economics. There are more than one hundred years of the social security
system in western. In many developed countries (for example, USA), the social security is one kind of
extremely important government financial system. Because the social security scale expands, the methods of
gathering capital increase and the provided security function enhance, the influence of the social security for
the economic development, the deposit rate, the unemployment rate, the work supplies, the risk shares and
the effect on enhancing the social overall welfare degree appear more and more importantly.

Based on the vital role of the social security system in the government economic policy, in SNA, it sets
up the social security fund sub-sector in the common government sector. In China, the enterprise is
responsible for the society welfare for a long time. Along with the society welfare separate from the
enterprise a, the social security system is increasingly improving and perfect, even moves towards the
countryside in Chin, we should pay more attention on this issue.

2. on “non-profit institution’s service for household”
In 1993 SNA, there is a “non-profit institution’s service for household” sector, which offer goods and

services with free or no significant economical prices to household members, and not controlled by
government agencies. In western countries, they include the trade unions, professional associations or
academic associations, consumer associations, political parties (single-party system excluded), the Church,
and social communication, culture and entertainment and sports clubs.

In SNA "non-profit institution’s service for household” is set up with its premise. Whether under the
government’s control and received the governments funding support are as the demarcation signs to belong
to a non-profit institution. China's accounts system is not set up the sector temporarily.

Trade unions, professional academic bodies and so on, they accept all or part of the government financial
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aid and succor, the philanthropy’s salvage charges is offered by the government civil affairs departments.
This corresponds with management and operation mechanism of “big government and small community” for
decades. Therefore, this classification sector not should be set now in China.

3. The households as producer
In addition to household consumers, the households are also as producer in SNA. The produce of

Household sector refers to the behavior of the household members alone or with other partners to operate
enterprises. Production units in Household are non-corporate enterprises. Household members engaging in
the production usually combine business owners, managers and producers of multiple identities. Household
members as the government, companies or prospective employees engaging in the production, are not be
included. As China's private economy and the individual's economy’s rapid development, this issue on
households as producers needs be pay attention.

4. On department settled up in financial enterprise.
(1) Set up Central Bank sub-sector
In China, the People’s Bank of China should be the Central Bank at the core of the financial system. It

takes on the responsibility of managing currency bank deposits, non-bank financial institutions and financial
markets, and plays its macro-control role through them. Central Bank is a financial management agency,
apart from the general administrative functions, it also has the ability to issue currency exclusively, master
the international reserves, absorption specialized banks and other financial institutions deposits reserve and
the financial sector deposits etc, which the other financial institutions don’t have. So it is appropriate to list
Central Bank as a separate sub-sector.

(2) Set up the subsidiary department for the bank of the deposit money
This subsidiary department can contain the financial institutions, which excludes the central bank. In

China, these banks are the main force in the financial system, which not only deals mainly with the
businesses of deposit and lending of the industry, commerce as well as other industries, but also render
different kinds of services to customers. In their businesses, they turn over the majority of the money in
economy through money transferring and create the deposit money at the same time. Such kind of banks has
a large number, and can not be substituted by other financial institutions in our financial system. This
subsidiary department is equivalent to the “other deposit company” subsidiary department in 1993 SNA on
the whole.

�3�On insurance and pension in financial institutions
Various kind of insurance company is the most important non-banking financial institutions in most of

countries. Because the insurance company obtains the insurance premium income is usually much bigger
than the insurance premium disbursement, thus accumulates the money quantity is quite considerable. This
money are usually more stable than the bank deposit, and come into being the important source of long-term
capital in many countries’ financial system. Since the mid 1980s, insurance has started to rapid growth in
China. At present, various kind of insurance company is financial system’s indispensable important
constituent, and has the prospects for development. Therefore, we can take the insurance company as one of
sub-sector of financial enterprise.

5. Why Enterprise Sector contains Non-profit Organizations�
The components of SNA non- financial corporations (enterprises) include all non-financial organizations

that engage in market goods production and non-financial service .These organizations don’t make profits for

PDF ���� "pdfFactory Pro" ����	
 www.fineprint.cn

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 4377 -



3

the units which establish, control or subsidize them. The above seems to be contradictory to the profiting
nature of enterprises.

At this point, the phrase “non-profit” ought to be a mixed form of system. It combines part of the
characteristics of the merchants who pursue profits maximization with part of the characteristics of the
governmental organizations. Non-profit organizations follow such nature: the union members controlling
non-profit organizations can’t obtain financial benefits from the controlled organizations and can’t share any
surplus the organizations brought about. But it doesn’t mean that non-profit organizations can’t bring about
operating surplus by production. Therefore, SNA standards distinguish non-profit organizations engaged in
market production from non-profit organizations engaged in non-market production and classify them as
corporations department, government department or non-profit department servicing household department.
In other words, if non-profit organizations provide goods or service at economically significant prices, it will
be treated as market producers and sorted out as corporation department. Obviously, if the non-profit
organizations engage in non-market production or they are controlled by government and entirely or mostly
subsidized by government, they will be classified as government sector having nothing to do with
corporation sector.

6. Use non- financial corporation as the name of sector or not
In the 1993SNA, all corporations are separated into financial corporations and non-financial

corporations by engaging in financial operations or not. For the activities of finance are different with
other economic activities, and also for financial activities can not be instead of, so, in the SNA, we use
engaging financial activities or not as the most important standard in the classification of productive
corporation sectors. This classification is more exact and strict than traditional classification of sectors of
our Country

But, the corporations are separated into “financial corporations” and “non-financial corporations” by
engaging in financial activities or not. Literally, it seems that “non-financial corporations” are the residual
parts besides huge economic aggregation engaged in financial activities� In fact, “non-financial
corporations” cover constant non-financial corporations and quasi-corporations, they contain all the
corporations or quasi-corporations which engage in the product of physical production and service, and all
the corporations and quasi-corporations which engage in the product of non-physical production and
service out of financial service activities, thus it’s scale and the gross of economic activities are far more
than financial corporations. So, we should take into account whether use this classification name or not.

Generally speaking, we can not discuss the standard of classification without mechanism. So the
present system of SNA (its base of theory�the idea of design, the principal of accounting, the standard of
accounting and the reference of statistical foundation) is hard to avoid the use of the standard of developed
countries, and it takes little account the developing countries character of economic mechanism�the level
of economic development and the foundation of accounting. So for China, because of it’s complexity of
economy, unbalance of economic development, we should accept the SNA by some choices. And set
appropriate standard of classification of our Country’s sectors after fully comparative of the base of theory,
the presupposition of system and the condition of social economy, which are the foundations of SNA.

ABSTRACT:
RESEARCH ON CLASSIFICATION OF NATIONAL ACCOUNTING

Classification of sector is an important premise in the national accounts. This paper study on the
classification standard of SNA, and compare with the standard in China�and suggest some new classification
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of institutional sector.
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1. Introduction

Computing posteriors often occurs in many scientific fields, especially for incomplete data. Sev-
eral approaches have been taken into account to this end. Traditionally, accept-reject sampling and
sampling/importance resampling(SIR) (Rubin,1988) are used to obtain samples from the posterior.
Although both sampling methods generate independent samples,they are problematic in many appli-
cations (especially those of high-dimension), because the envelope function or the importance sampling
function(ISF) is not readily available, and this limits their applications.Data augmentation (DA) is
used to compute the posterior density directly. To simplify the computation of DA algorithm, impor-
tance sampling is used to sample from the exact conditional predictive distribution, but the difficulty
of ISF occurs in the importance sampling.

The great development in Bayesian computation over last decades has focused on the Gibbs
sampler and general Markov Chain Monte Carlo (MCMC) methods (see, e.g., Chen, Shao and
Ibrahim,2000). The Gibbs sampler is appealing for its general applicability and ease of implementa-
tion. However, the burden of proof is shifted to the monitoring of stochastic convergence and mixing
of the Markov chain, which so far can only be assessed with convergence diagnostics (Robert and
Casella,1999, Jones and Hobert,2001). As pointed out by Gelfand (2002), ”in general, convergence
can never be assessed, as comparison can be made only between different iterations of one chain or
between different observed chains, but never with the true stationary distribution”. For this problem,
a lot of researches have also focused on generating samples distributed perfectly as the stationary
distribution of the Markov Chain (Green and Murdoch,1999, Casella, Lavine and Robert,2001). Un-
fortunately, such an algorithm is currently feasible only for limited low-dimensional problems, and the
cost of obtaining multiple (n) samples is far greater than that of the usual MCMC, because essentially
the entire algorithm must be repeated n times.

The purpose of this article is to develop one non-iterative algorithm to calculate posteriors.
The poor man’s data augmentation-Exact (PMDA-Exaxt) is simplified by the sampling-wise inverse
Bayes formulae(IBF)(Ng,1995,1997), then one feasible exact method for directly computing posteriors
is available, and we called it the modified PMDA-Exact. In section 2, the modified PMDA-Exact is
proposed. In section 3, we show its good performance by a useful proof-of-principle example. Some
conclusions are presented in the final section.

2. The modified PMDA-Exact
1Supported by Major Fund 9140A19030106HK0108.
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For simplicity, we adopt the familiar notations in the EM/DA algorithm and focus on the struc-
ture of augmented posteriors/conditional predictive distributions. Let Yobs denote the observed data
and θ be the parameter of interest. The observed data Yobs is augmented with missing data (or latent
variables) Z so that both the augmented (or complete-data) posterior distribution f(θ|Yobs,Z)(θ|Yobs, z)
and the conditional predictive distribution f(Z|Yobs,θ)(z|Yobs, θ) are available. Let ψ(θ,Z|Yobs),ψ(θ|Yobs)

and ψ(Z|Yobs) denote the joint and conditional supports of (θ, Z)|Yobs, θ|Yobs and Z|Yobs respectively.
Throughout this paper, we make two basic assumptions: (a) the observed posterior mode θ̂obs (or
the MLE θ̂) can be obtained by the EM algorithm; and (b) the joint support is a product space, i.e.,
ψ(θ,Z|Yobs) = ψ(θ|Yobs) × ψ(Z|Yobs), or equivalently, ψ(θ|Yobs,Z) = ψ(θ|Yobs) and ψ(Z|Yobs,θ) = ψ(Z|Yobs).

PMDA-Exact is an accurate method to compute Bayes posterior and it is given as follows:

(a1)Generate z1, · · · , zm ∼ f(Z|Yobs,θ)(z|Yobs, θ̂obs), where θ̂obs is the mode of f(θ|Yobs)(θ|Yobs).

(a2) Calculate

ωj =
f(Z|Yobs)(zj |Yobs)

f(Z|Yobs,θ)(zj |Yobs, θ̂obs)
; j = 1, 2, · · · ,m. (1)

(b) Calculate the posterior as

m∑
j=1

ωjf(θ|Yobs,Z)(θ|Yobs, zj)

m∑
j=1

ωj

.

Its theoretical basis is

f(θ|Yobs)(θ|Yobs) =
∫

f(θ,Z|Yobs)(θ,z|Yobs)dz

1

=
∫

f(Z|Yobs)(z|Yobs)f(θ|Yobs,Z)(θ|Yobs,z)dz∫
f(Z|Yobs)(z|Yobs)dz

=

∫ f(Z|Yobs)(z|Yobs)

f(Z|Yobs,θ)(z|Yobs,θ̂obs)
f(θ|Yobs,Z)(θ|Yobs,z)f(Z|Yobs,θ)(z|Yobs,θ̂obs)dz

∫ f(Z|Yobs)(z|Yobs)

f(Z|Yobs,θ)(z|Yobs,θ̂obs)
f(Z|Yobs,θ)(z|Yobs,θ̂obs)dz

.

Because f(Z|Yobs)(z|Yobs) is not easy to calculate in equality (1) of step (a2), PMDA-Exact is
difficult to apply in practice. From the sampling-wise IBF, we have

f(Z|Yobs)(z|Yobs) ∝
f(Z|Yobs,θ)(z|Yobs, θ̂obs)

f(θ|Yobs,Z)(θ̂obs|Yobs, z)
.

For simplicity, let

f(Z|Yobs)(zj |Yobs) = c
f(Z|Yobs,θ)(zj |Yobs, θ̂obs)

f(θ|Yobs,Z)(θ̂obs|Yobs, zj)
,

where c is constant. Thus, ωj = c 1
f(θ|Yobs,Z)(θ̂obs|Yobs,zj)

, and then the posterior is

m∑
j=1

ωjf(θ|Yobs,Z)(θ|Yobs,zj)

m∑
j=1

ωj

=

m∑
j=1

f(θ|Yobs,Z)(θ|Yobs,zj)/f(θ|Yobs,Z)(θ̂obs|Yobs,zj)

m∑
j=1

1/f(θ|Yobs,Z)(θ̂obs|Yobs,zj)

.

So the modified PMDA-Exact can be given as:

(a)Generate z1, · · · , zm ∼ f(Z|Yobs,θ)(z|Yobs, θ̂obs), where θ̂obs is the mode of f(θ|Yobs)(θ|Yobs).
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(b) Calculate the posterior as

m∑
j=1

f(θ|Yobs,Z)(θ|Yobs, zj)/f(θ|Yobs,Z)(θ̂obs|Yobs, zj)

m∑
j=1

1/f(θ|Yobs,Z)(θ̂obs|Yobs, zj)
. (2)

3. Applications

We adopt the simple genetic linkage model where the posterior can be obtained exactly using
the point-wise IBF[Ng,1995,1997]. This model is a useful proof-of-principle example which was used
to illustrate many well-known computational methods such as EM, DA and Gibbs sampler (Dempster,
Laird and Rubin (1977), Tanner and Wong (1987) and Gelfand and Smith(1990)).

In this study, 197 animals are distributed according to a 4-cell multinomial distribution with cell
probabilities: (θ+2)/4, (1−θ)/4, (1−θ)/4, θ/4, 0 ≤ θ ≤ 1. The observed data Yobs = (y1, y2, y3, y4)T =
(125, 18, 20, 34)T can be augmented with latent data (missing data) Z such that the complete-data is
{Yobs, Z} = (Z, y1 −Z, y2, y3, y4). Using the usual Beta(a, b) prior, we have θ|(Yobs, Z = z) ∼Beta(a +
y4+z, b+y2+y3), and Z|(Yobs, θ) ∼Binomial(y1, θ/(θ+2)). Note that ψ(θ,Z|Yobs) = ψ(θ|Yobs)×ψ(Z|Yobs) =
[0, 1]× {0, 1, · · · , y1}. Therefore, from the point-wise IBF, the posterior density of θ is

f(θ|Yobs)(θ|Yobs) = {
y1∑

z=0

f(Z|Yobs,θ)(z|Yobs,θ)

f(θ|Yobs,Z)(θ|Yobs,z)}−1

= (θ+2)y1θa+y4−1(1−θ)b+y2+y3−1

y1∑
z=0

(
y1

z

)
B(a+y4+z,b+y2+y4)2y1−z

, (3)

To estimate f(θ|Yobs)(θ|Yobs) via the modified PMDA-Exact, we first use the EM algorithm to
find the mode of posterior θ̂obs. Both E-step and M-step have closed-form expressions:

z(t) =
y1θ

(t)

θ(t) + 2
, θ(t+1) =

a + y4 + z(t) − 1
(a + y4 + z(t) − 1) + (b + y2 + y3 − 1)

.

Setting θ(0) = 0.5 and a = b = 1 which corresponds to the noninformative prior, the EM converges to
θ̂obs = 0.6268 after four iterations.

The accuracy of the posterior density curve estimate obtained by the modified PMDA-Exact is
remarkable as shown in Figure 1.

4. Conclusion

The modified PMDA-Exact is an easy and exact approach for directly computing posteriors. It
shares the structure of data augmentation, thus no extra derivation is needed for it. This implies that
it is applicable to a wide range of practical problems where any EM-type algorithm can be applied.

Figure or Table Title
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Figure 1. The solid line denotes the exact posterior density curve, and the dotted line (· · ·)
denotes the posterior density curve estimate obtained by the modified PMDA-Exact.
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RÉSUMÉ (ABSTRACT) — optional

This paper proposes one new exact algorithm for computing posteriors through improving the
PMDA-Exact by the sampling-wise inverse Bayes formulae(IBF). If the posterior mode can be available
from the EM algorithm, it will compute posteriors well and eliminate the convergence problem of
Markov Chain Monte Carlo methods. In the end, we show its good performance by a useful proof-of-
principle example.
Key words: Bayesian computation, data augmentation, EM algorithm, inverse Bayes formulae,
PMDA-Exact.
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1 Introduction

In this article we consider the problems of inference for detecting nonnormalities against the skewed

distributions. Skewed distributions with heavy tails sometimes are needed especially in the field of

survival analysis and engineering or financial statistical modeling. Jarque and Bera (1987) investigated

the LM test based on the score statistic and concluded it had a good performance compared with

other test statistics. From our simulations studies the LM test which uses the asymptotic variances of

skewness and kurtosis is not adequate for small sample case or for the transiently stable distribution.

We propose the adjusted LM test for small samples: one is to improve the variance estimates of the

estimated skewness and kurtosis and other is to consider the cross correlation terms for their estimates.

We will conduct the large simulation study to investigate the proposed statistics and give ap-

plications to recent web-access data set for detecting nonnormalites.

2 Detecting nonnormalites

Deviation from the well-defined underlying distribution such as the normal distribution plays an im-

portant role in detecting some anormalities included in the dataset. Secondly we may make inferences

for the deviation from the normal distribution such as mean values, which is considered one of the

major parameter of the location difference from the baseline distribution.

In the first place, we consider the normal distribution as the underlying distribution of normality.

It is well-known that the normal distribution completely defined by the first two moments and then

the higher order cumulants are all zeros. For detecting normality the LM test (Jarque and Bera, 1987)

based on the fist four moments defined by the following have moderately good power especially against

Pearson system distributions.

LM = n

{
γ̂2

1

6
+

γ̂2
2

12

}
.(1)

Here we note that γ̂1 is the estimate of skewness for the sample and γ̂2 is the estimate of the cor-

responding kurtosis. The LM test is one of the justifications of this test statistic of χ2 form, which

was suggested D’Agostino and Pearson (1973). Bowman and Shenton (1975) investigated the joint

distributions of two estimators based on 5000 runs of samples of n = 20 with simulation studies. They

did not studied the small sample case. We drew the scatter diagram of two estimates of skewness and

kurtosis based 30000 runs of simulation. For small samples it is very interesting that we can see the

some functional dependency of the two estimators, that is shown in Fig. 1. Here we note that the point

consisting of two estimated values for each sample is not distributed in this skewed quadrangle region.

We can see the crossing lines with high intensities in the left hand picture. This is corresponding to

that two estimators are functionally dependent in case of smaller samples and almost independent

for large samples, which may be shown asymptotically independent . In the subsequent section we

consider the adjusting the LM test statistic with functional dependency of the two estimators in case

of Weibull distribution.
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Figure 1: Functional dependency of skewness and kurtosis: the left hand is n = 4 and the right hand

is n = 500.

3 Adjusting test statistic

In this article we treat the Weibull distribution as the representative of the skewed distributions, that

is weidley used in the field of reliability and survival analysis. The parameterization is as follows:

f(x; m, λ) = mλxm−1 exp(−λxm) (x, m > 0).(2)

For small values of the shape parameter of m, the Weibull distribution gives highly positive skewness.

Here we note that population skewness and kurtosis are given by the following:

γ2
1 = β1 =

{
Γ

(
m+3

m

)
m3 − 6Γ

(
1
m

)
Γ

(
2
m

)
m + 2Γ

(
1
m

)3
}2

m6

{
Γ

(
m+2

m

)
− Γ

(
1 + 1

m

)2
}3 .(3)

γ2 = β2 =
m4Γ

(
m+4

m

)
− 3Γ

(
1
m

) {
Γ

(
1
m

)3
− 4mΓ

(
2
m

)
Γ

(
1
m

)
+ 4m2Γ

(
3
m

)}

m4

{
Γ

(
m+2

m

)
− Γ

(
1 + 1

m

)2
}2 .(4)

We conducted the simulation study for evaluating the correlation of two parameter estimates of

skewness and kurtosis. The Table 1. reveals that especially for small values of shape parameter m

(m ≤ 1) the correlations are highly positive and increasing with sample size.

Table 1: Correlation coefficients between estimators skewness and kurtosis based on the 1000000 runs

of simulations

m = 0.5 1.0 2.0 3.0 3.6 4.0 5.0 10.0

n = 5 0.884 0.691 0.300 0.073 −0.009 −0.055 −0.130 −0.272

10 0.977 0.922 0.626 0.203 0.002 −0.098 −0.281 −0.565

15 0.984 0.949 0.736 0.292 0.029 −0.110 −0.352 −0.681

20 0.987 0.957 0.784 0.353 0.050 −0.112 −0.388 −0.733

The the adjusted test statistic would be suggested by

LMAD =
(

γ̂1 γ̂2

) (
6
n

144ρ̂
n

144ρ̂
n

24
n

)−1 (
γ̂1

γ̂2

)
.(5)
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Here ρ̂ is a suitable estimate for the correlation coefficient of skewness and kutosis derived from

consulting the above table corresponding to the estimated shape parameter m.

4 Mean estimates

Once we can observe the departures from the normal distribution,we may make inference for the mean

parameter of this distribution. The ML estimate is one of the candidates for this, but sometimes

results in heavy biases and the larger mean squared errors. For the Weibull model, the population

mean parameter is

µ = λ−mΓ

(
1 +

1

m

)
.(6)

Then, the resulting ML estimate is obtained by replacing m parameter by the ML estimate, m̂.

For large sample the ML estimates are moderately good from the viewpoint of asymptotic results,

but the are not always superior to other estimates for small samples owing to their heavy biases. In

case of small values of the shape parameter m the ratios of the mean square errors (MSE(sample mean)

/ MSE(ML estimate)) may give rise to the value less than one, which is showing that ML estimate is

inferior to the sample mean.

Figure 2: MSE ratios the sample means to ML estimates

5 Discussion

In this article we discussed testing the normalities against Weibull models adjusting the LM test

statistic considering correlation coefficients of two estimates of skewness and kutosis. The LM test

was originally derived from the Pearson system which does not include Weibull model, but it is still

applicable. However, in case that m takes the value around 3.6, which is the nearest to the normal

distribution from the viewpoint of skewness, it is very difficult to detect the Weibull models. Further

investigations would be required for this case.
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In the field of process controls the statistic shall be described by recursive formula: for example,

when the dataset is x1, x2, ..., xn, xn+1, the sample mean x̄ is expressed by

x̄n+1 = x̄n +
1

n + 1
(xn+1 − x̄n).

Similar calculations are required for computational efficiency for the estimates of higher moments.
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Abstract 

In this contribution, we introduce an on-line statistical dictionary, which is being developed as an 

extension of the existing on-line dictionary of ISI (http://isi.cbs.nl/glossary/index.htm). The testing version of 

the newly developed dictionary is available at http://www.jvsystem.net/app18. The extension of the ISI 

dictionary consists in (i) adding the Czech language, which is missing in the ISI dictionary, and 

(ii) functionality enhancements. Besides Czech, the dictionary contains English and German language. We 

intend to add more languages in the future or to import the languages from the current ISI dictionary. 

Basic description of the functionality: 

• The system provides on-line translation of statistical terms and phrases from/to any language involved. 

• The system is open, i.e., adding of new entries and corrections of already included entries are possible. 

• The system can alternatively operate in the full-text search mode as well as in the browsing search mode. 

• Synonyms (terms or phrases of the same meaning) as well as homonyms (other meanings of the given 

term or phrase) are available. 

• Notice is given if the term is an archaism or correctness of the translation is dubious.  

• Submitting proposals for corrections and adding new records in a structured form (i.e. not only as “your 

comments”) is possible. 

 

End-user Interface 

On the welcome page, the user selects his/her user interface language, i.e. the language in which the 

application would communicate with him/her. The application offers two possibilities how to search for a 

term. The first one is to browse through a glossary, the second one represents a full text search. Both of them 

can be opened from the main menu. After aiming the mouse pointer over the Glossary item in the menu, a 

submenu with the languages appears. After selecting a language from which the translation needs to be made, 

the glossary page appears (Fig. 1). The second language, i.e. the language, to which the translation has to be 

processed, can be selected from the list at the top of the page. By default, it is set be translated into English 

or the language of the user interface. The direction of the translation can be switched through a link at the top 

of the page.  
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Figure 1: Glossary page 

 

The page with the full text search can be opened in the similar way as the Glossary. The user can select 

among searching for items containing (i) exact phrase, (ii) all words and (iii) any of the words entered into 

the search field (Fig. 2).  

 

Figure 2: Full-text search page 

 

The detail of each term can be opened either from the glossary or the results of the full text search. The 

detail page contains all synonyms in all languages available in the system (Fig. 3). The user can switch 

between the full view containing all languages and simple view containing only the languages selected in the 

glossary. 

A term found can have an attribute displayed as the superscript: (arch.) denoting archaism of the term, 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 4390 -



(?) indicating dubious translation. A number in the superscript indicates existence of more meanings of the 

term (i.e., it has homonyms). All other homonyms are displayed upon clicking the link next to the term.  

 

Figure 3: Detail page 

 

Administration Interface 

The administrator interface is designed as an extension of the end-user interface. After login, the 

options for adding, editing and deleting of the entries are displayed both in the Glossary and Search pages. 

Information on the time and users who edited or created particular entry is also displayed. The editing page 

of items is shown in Fig. 4. It allows editing up to 5 synonyms for each language and the attributes 

mentioned above for each synonym. It is also possible to temporarily deactivate particular entry (e.g. if it is 

incomplete) or to insert a remark visible for an administrator only.  

 

 
Figure 4: Editing page 
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Recommendations for Making Corrections and Adding New Entries 

The end-user can add his/her recommendation for improvement of existing item by clicking on the 

button located on each detail page, or to insert a recommendation for adding a new item. The page structure 

for adding recommendations is similar to that of the page for editing entries. The end-user is asked to provide 

contact information via filling the text fields at the bottom of the page.  

Recommendations submitted by end-users appear in the list with the same structure as that of the 

glossary list, however, this list is visible to administrators only and, in addition, it includes the possibility to 

apply filter according to the status. The recommendation can be of one of the following statuses: pending, 

rejected, accepted or partly accepted. The administrator can reject the recommendation, accept it or partly 

accept it. If the recommendation relates to an existing item, the fields, which were changed by the end-user, 

are marked with a green label and a comparison of the existing and recommended text is displayed at the 

bottom of the page. If the administrator clicks on the Accept button, all the changes suggested are copied to 

the existing entry. Optionally, the administrator can edit the item before accepting it. If the administrator 

copies manually only some of the changes suggested to the existing record, he/she can set the status accepted 

partly. 
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Levene’s test, first proposed in 1960, is one of the well known traditional tests for equality of 

variances, i.e., H0: , where J is the number of independent groups. It is less sensitive 

to departures from normality. This important operating characteristic makes it the test of choice in a lot 

of applications, e.g., in examining the volatility of commodities (Crain & Lee, 1996), treasury bonds 

and foreign exchange currency (Ederington & Lee, 1993) and stock markets (Hsu, 1979; 1984). 

Levene’s test was also used in genetics, especially in the detection of fluctuating asymmetry 

differences among samples (Palmer & Strobeck, 1986). It was also used in the stability analysis of 

populations over time in demography (Smith & Sincich, 1988). Yearout, Barger, Yates and Lisnerski 

(1999) found that Levene’s test is superior to other traditional tests like the Bartlett, Hartley’s F-max 

and Box’s tests in the analysis of ergonomic data.  

22
2

2
1 J...

This was also evident prior to 1999 in Brown and Forsythe (1974). They even found a more 

superior version of Levene’s procedure, one which uses the group medians in the transformation of the 

scores, W50. Conover, Johnson and Johnson (1981) also investigated the operating characteristics of 

this procedure and found it to be the computationally simplest procedure among the three that they 

recommended based on power and robustness criteria. 

In our study, however, we found that we could obtain robust tests that are better than Levene’s W50.
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Modifications of Levene’s (1960) Procedure 
Consider the one-way layout model Xij = j + ij, i = 1, …, nj; j = 1, …, J, where j is the 

population mean for the jth
 group, and ij is random error. The scores could be modified with the 

transformation Zij = |Xij - j.X |, where j.X  is the jth
 sample mean. These scores can then be used 

in an ANOVA F-test, W to assess spread across independent groups. The decision rule is to reject 

H0 when W > . In Brown and Forsythe, this statistic is WJ

j
jn,J;

F
1

11
0 when Zij = |Xij - j.X |, and

W50 when Zij = |Xij - Mj|, where Mj is the jth
sample median.  

Table 1: Modifications of Levene’s Procedure. 
Test Zij Test statistic for Zij’s No. of variants 
A

a |Xij - j.X | W 1

B
b |Xij - Mj| W 1

C |Xij - Mj| Ft , 5, 10, 15, 20. 4

D H |Xij - Mj| Ft , = 10, 15, 20, 25. H = HQ, HQ1,

HH3, HQ2, HH1, HSK2, HSK5.

28

E H |Xij - HtX  | W 28

F H |Xij - HtX  | FW 28

G H |Xij - HtX  | Ft 112

I H 2 |Xij - HtX  | Ft . 2 0, 15, 20, 25. 112

J |Xij - j
ˆ | W 1

K |Xij - j
ˆ | FW 1

L |Xij - j
ˆ | Ft 4

N H |Xij - j
ˆ | Ft 28

Total 348

Note:
a
Levene (1960) test. 

b
Modification by Brown and Forsythe (1974). 

The modifications of the Levene procedure that we investigated included: 

1. Varying the group central tendency measure used in the transformation, i.e. we replaced the 

j.X  with Mj in the Brown-Forsythe-Levene transformation, group % asymmetric trimmed 

means, 
HtX or group modified one-step M-estimators (MOM), j

ˆ .

2. Replacing the usual ANOVA F-test, W with (a) the robust ANOVA F-test from Lee and Fung 

(1985) with % symmetric trimming, Ft  (b) % asymmetric trimming, Ft and (c) the Welch 

(1951) test without trimming, FW.

3. Combinations of #1 and #2. 

A complete listing of procedures examined in this study is presented in Table 1. 

The idea to use asymmetric trimming to either get a suitable central tendency measure to replace 

the group means in the transformation or to couple Lee and Fung’s (1985) robust ANOVA F-test

with asymmetric trimming, Ft was discussed in Keselman, Wilcox, Lix, Algina and Fradette (in 
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press). Following, Keselman, Wilcox, Lix, et al. one can compute Zij = |Xij - HtX |, where
HtX is

the group % asymmetric trimmed means calculated with the generic hinge estimator H (e.g., the 

notation
215 HSKtX  represents a 15% asymmetric trimmed mean calculated with the hinge estimator 

HSK2). Keselman, Wilcox, Lix, et al. (in press) used seven hinge estimators to trim 

asymmetrically: HQ, HQ1, HH3, HQ2, HH1, HSK2, and HSK5. On the other hand, symmetric 

trimming was used only on the Zij’s with the robust ANOVA test, Ft , e.g. tests C  and L in

Table 1.

A similar asymmetrically trimmed central tendency estimator is the MOM estimator, j
ˆ

introduced by Wilcox and Keselman (2003). The MOM estimate of location is just the average of 

the values left after all outliers (if any) are discarded. Hence, we can also form Zij = |Xij - |.j
ˆ

Simulation Conditions 
Four variables were varied in our J = 3 study: (a) total sample size (N = 60, 120); (b) the degree 

of sample size equality ((20,20,20) and (40,40,40)) versus inequality (moderately unequal nj:

(15,20,25) and (35,40,45), while extremely unequal nj: (10,20,30) and (30,40,50)); (c) the shape 

of the population distribution – 7 distributions ranging from symmetric to skewed distributions, 

platykurtic to normal tailed to leptokurtic distributions.; and (d) four values of trimming, namely 

10%, 15%, 20% and 25% total trimming for asymmetric trimming, and 5%, 10%, 15% and 20% 

for symmetric trimming. For each condition, we conducted five thousand replications and the 

nominal level of significance for all tests was .05.  

Table 2. Type I Error Rates of the 21 Best Performing Variants of Levene’s Procedure. 
Variant Overall Skewed Symmetric Leptokurtic Normal 

tailed
Platykurtic

C05 .0425 .0480* .0351 .0472 .0435 .0343

C10 .0482 .0569 .0367 .0512 .0486 .0433

D10HQ1 .0426 .0470 .0367 .0462 .0445 .0352

D10HSK2 .0487 .0567 .0381 .0553 .0498 .0378

D10HSK5 .0481 .0557 .0380 .0546 .0492 .0373

D15HH3 .0428 .0472 .0371 .0463 .0443 .0362

D15HQ .0415 .0458 .0358 .0458 .0430 .0338

D15HQ1 .0448 .0504 .0374 .0498 .0460 .0362

D20HH3 .0450 .0507 .0375 .0469 .0478 .0396

D20HQ .0447 .0495 .0382 .0462 .0480 .0389

D20HQ1 .0474 .0542 .0384 .0518 .0489 .0395

D20HQ2 .0438 .0478 .0385 .0435 .0474 .0406

D25HH1 .0436 .0471 .0389 .0425 .0467 .0421

D25HH3 .0455 .0513 .0378 .0459 .0471 .0435

D25HQ .0451 .0512 .0370 .0473 .0472 .0399

D25HQ1 .0476 .0552 .0374 .0509 .0487 .0413

D25HQ2 .0448 .0488 .0396 .0443 .0466 .0438

E25HSK2 .0466 .0455 .0481 .0438 .0490 .0483
G20HQ105 .0501 .0595 .0376 .0473 .0496 .0548

G25HQ105 .0506 .0615 .0361 .0484 .0495 .0551

J .0531 .0566 .0485 .0471 .0579 .0574

Note: * Bold values indicate Type I error within the .045  .050 interval.
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Results
To summarize our results we present the 21 best performing procedures in Table 2. These are the 

variants that had overall Type I error rates within the .045  .050 interval or at least two of 

their Type I error rates, associated with skewness and kurtosis conditions, within the .045 

.050 interval. 

An examination of Table 2 reveals that the variants that: 

1. use group medians (C and D) in the transformation of Zij predominate over the procedures 

that used % asymmetric trimmed means (E and G) or group MOMs (J). 

2. use the robust ANOVA F-test (C, D, and G) is superior to those procedures that used the 

usual ANOVA F-test (E and J). 

3. trim the Zij’s  (C, D, and G) in a procedure predominates over those procedures that do not (E 

and J). 

Discussion
Among the 21 best variants of Levene’s method, the E25HSK2  procedure consistently resulted in 

good rates of Type I error. This variant did not require any trimming of the transformed values, 

thus demonstrating that a test statistic can still perform well in terms of Type I error control even 

though extreme scores in a distribution of data are present without resorting to trimming. Hence 

we would recommend that E25HSK2 be used for testing homogeneity of variances.  
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The literature of finite population sampling is dominated by the design-based estimation framework. 
Kalton(2000), summarized the developments in design-based estimation and the model-assisted design-based 
framework that adopts certain features of model-based estimation. Although the design-based framework of 
statistical inference in finite populations is generally optimal and acceptable, it depends so much on the 
availability of a reliable frame. The sample selection process, field identification of the sampled units, and 
computation of the sampling weights, are completely dependent on the frame. 

Both the dynamism in the target variables and the sampling units itself generally threatens the validity 
of the frame. In human population units, migration easily causes the frame to be outdated.  In business 
establishments, mergers, integration, diversification of the business would also cause the frame to be 
outdated. In rural areas, accessibility of the sampling units would also create a significant discrepancy 
between the target population and the sampling population. 

Information from some auxiliary variables can be used in generating information about the ‘excluded’ 
segment of the target population.  Some examples of symmetric distribution having coverage problem 
would include sales of firms where those with lowers sales may not cooperate to mask problems with 
competition or those with higher sales will not cooperate to shield them from taxation. In a skewed 
distribution like income, those in the lower income and upper income are difficult to locate or are hard to 
convince to cooperate to the survey, resulting to sample selection only from among the middle-income group. 

There are a lot of literatures on issues relating to various frame problems. Repeatitive surveys, 
specifically those that use rotating samples are very susceptible to frame problems. Optimum selection from 
among the new addition to the population is better than treating both the new and continuing units equally 
Hughes (1991). Birth of new sampling units usually arises when a list from an external source is merged into 
the existing frame to be updated. Dual frames and multiple frames in general, is usually addressed through 
independent selection of samples from each frame, then estimation from the pooled samples are suggested, 
example pseudo-MLE by Skinner and Rao (1996). In the context of sample selection, Hedayat and 
Robieson(1998), under regularity conditions, proved that a SRS drawn from a population where 
“undesirable” units are assigned zero probabilities is equivalent to SRS from the desirable units only. The 
implication is that when separate data collection is required for a small/segment of the population, so it can 
be treated as certainty units, then selection from the majority of the units will not violate any rules in 
probability sampling. 

The literature on model-based estimation is also lengthy.  Zacks (2002) presented a good summary of 
model-based estimation. The review specifically focused on those that follows Basu’s framework that 
practically ignored the sampling design in the analysis. This is a different framework from the one presented 
by Kalton(2000) that is model-assisted but still invokes the design in the analysis. In 1970’s the design-based 
framework was challenged by model-dependent framework, but design-based model-assisted framework 
prevailed Kalton (2000). Increasing coverage error however, is posing potential problems in weight 
construction among complex survey designs. Several imputation procedures are available, but problems on 
the consistency and efficiency of the estimates continue to prevail. 
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1. On Model-Based and Predictive Estimation  
 
A sample selection process dichotomizes the target population into the sampled and non-sampled 

segments. Predictive estimation forms an estimate of the total by adding the sampled values to the predicted 
total of the non-sampled part. Prediction of the total in the non-sampled part utilizes the sample observations. 
Minimum MSE estimate of the total of the non-sampled part is just the mean of the sample multiplied by the 
total number of non-sampled units (similar to design-unbiased estimate). The Bayesian estimator, for squared 
error loss function is given by Zacks (2002). 

The superpopulation approach assumes that the population values y1, y2, …,yN is a realization of some 
random process. Furthermore, there is an infinite superpopulation of random vectors, and that the unobserved 
part is predicted from the model to make inference Zacks (2002). The empirical characterization of the 
model is usually aided by the sampled part. 

There is an increasing interest in Bayesian predictive modeling leading to a significant contribution to 
model-based estimation. Rao (1999) summarized some model-based techniques in small area estimation 
including empirical best linear unbiased prediction (EBLUP), empirical Bayes (EB), and hierarchical Bayes 
(HB).  
   

2. An Alternative View on Model-Based Predictive Estimation 
 
Suppose a sample from the population is given: y1, y2,…,yn. The population total is decomposed into:  

 
∑∑ ∉∈

+=
Si iSi i yyY (1) 

 
The first term of (1) is known, and to compute the estimator for the total, the total of the non-sampled part 
should be estimated. Given an auxiliary variable x, a model ( ) εθ += ,xfy  can be fitted using the sample 
observations. The auxiliary variable x must be measured in the sample and should be available for the non-
sampled part. The model can be used in predicting y of the non-sampled part by substituting x into the fitted 
model. The estimate is then  

∑∑
∉∈

+=
Si

i
Si

i yyY ˆˆ (2) 
 

The estimator can be viewed as a recreation of the population where units are composed of actual y-values 
and of predicted y-values. This “artificial” population is parallel to the one generated in resampling. A 
nonparametric bootstrap can be used in estimating the population characteristics including the sampling 
errors.  For a parameter θ, let the estimate be  i = 1, 2, …, k for the ith replicate drawn from the 
reconstructed population. The bootstrap estimate is  

iθ̂

 

∑
=

=
k

i
ik 1

ˆ1ˆ θθ (3) 
 

The standard error of θ̂  is estimated from  
 
(4)  
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Note that the Monte Carlo estimate of the population total coincide with the total of the recreated population 
for a reasonably sized replication. 

The estimation procedure can also handle nonresponse and missing data. The important requirement of 
the estimation procedure is the availability of the auxiliary information x for all sampling units in the target 
population. Even if the frame does not contain information on x for all units, for as long as it can be 
generated with minimal cost requirement, the procedure still applies.  
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3. Simulation Scenarios 
 
Two basic shapes of the distribution were simulated. A symmetric distribution can best represent 

sampling populations where the variable of interest may include for example: sales, agricultural production, 
etc. On the other hand, a skewed distribution can represent sampling populations where the target variable is 
a count. 

The shape of the sampling population can possibly influence the distance between the estimated total 
and the true total. The normal distribution will represent the symmetric distribution, while poisson 
distribution represents the skewed distribution. In each distribution, homogeneous and heterogeneous cases 
were simulated. The part of the frame that prevents access to sampling units may also affect the estimate and 
to this effect, four sampling scenarios will be simulated. S1 is when simple random selection (SRS) will be 
made only in the bottom 25% of the population, S2 SRS in the middle 50%, S3 SRS in the upper 25% and 
S4 SRS from the whole population. S1 and S3 are extreme cases, but it will help in the assessment of the 
performance of the estimation procedure in extreme cases. S2 should represent a typical frame constraint, 
though a little bit exaggerated. Normally, the problems with the frame would affect only small proportions at 
the tails, so that if the procedure performs well in S2, then most probably it will perform well in many cases. 
Sampling rates were simulated at 1%, 3%, 5%, and 10%. 

Only one auxiliary variable is used. The relationship between y and x is controlled through the 
simulation of y and the error term and computing the values of x. A multiplier on the error component would 
pull down the prediction ability of x on y and this serves as the control on the relationship. For the symmetric 
population, normal regression model was used, while poisson regression with log link function is used in the 
skewed population.    

 
4. Results and Discussions 

 
In a homogeneous normal population, the sampling rate have minimal effect on the closeness of 

estimates to the true total. There is also a minimal difference between small and large populations. A strong 
association between y and x ensures a minimal distance between the estimate and the true total, especially in 
large populations. Even in the worst case of the relationship between y and x, the distance is generally short 
(less than 10%). There is expectedly an underestimation in S1 and overestimation in S3. S2 and S4 are 
comparable to the design-unbiased estimates of the population total. 

In the heterogeneous normal population, the sampling rate affected only the design-unbiased estimates 
in small population. The role of the relationship between y and x is highlighted on the distance between the 
estimate and the true population total. The estimates from S2 even for low R2 cases are close to the true 
values especially in large populations. Even in small populations with low R2, estimates in S2 are still very 
close to the true totals. Estimates in S1 and S3 are good only when R2 is high. Estimates from S2 and S4 and 
better than the design-unbiased estimates. 

In skewed populations, the sampling rate has no effect on the distance between the estimates and the 
true population totals. The population size and the relationship between y and x also have minimal effect on 
the distance.  S2, S4 and the design-unbiased estimates are generally comparable. In small population 
however, the estimates from S2 are superior. 

Generally, the bootstrap estimates of the standard errors are lower in the proposed estimation 
procedure than in the design-unbiased estimates resulting to very low coefficient of variation. 
  
5. Conclusions 

 
The estimation procedure performs well in small populations. Even for large populations, the estimates 

are comparable to the design-unbiased estimates. Even if samples are drawn only from the middle 50% of 
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the distribution, regardless of the shape, model-based predictive estimate is either superior or comparable to 
the design-unbiased estimates. In symmetric populations, a good choice of the auxiliary variable is important 
but not so in skewed populations.  

The common problems with the frame that contaminate measurement or prevent access/identification 
of units in the tails/extreme parts can be resolved through model-based predictive estimation. 

If frame problems occur, it is important that an auxiliary variable (x) is available or can be easily 
measured for units where access to the sampling unit to measure the target variable is not feasible. The 
relationship between y and x in the sample can be used in recreating the population to perform nonparametric 
inference in a finite population. 
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RÉSUMÉ (ABSTRACT)  

Probability sampling in finite populations are completely dependent on the availability of a reliable frame.  
Thought frame updating is commonly done prior to sample selection, there are many instances where accessibility 
of the field location of the sampling units causes the discrepancy between the samples population and the frame.  
This causes doubts on the appropriateness of design-based estimates.  Under some simulated frame problems, 
model-based estimation is viewed in the context of re-sampling methods to estimate the population total.  Even if 
the samples is drawn only from the middle 50% of the population distribution, model-based estimates are superior 
or at least comparable to design-based estimates especially for small populations.  In symmetric populations, the 
choice of an auxiliary variable (predictor) is important but in a skewed population, performance of model-based 
estimator is robust to the relationship between the target variable and the auxiliary predictor.  The bootstrap 
sampling errors are generally lower than the design-unbiased sampling errors.  
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1. Introduction

Statistical inference about density functions f(x) at specific points x often requires construc-
tion of asymptotically correct confidence intervals based on a random sample X1, . . . , Xn drawn
from f . This work focuses on construction of bootstrap-t intervals for f(x) based on kernel density
estimates f̂(x).

It is easily seen that the bootstrap incorrectly estimates the bias of f̂(x) to be zero (Hall,
1992). Application of the usual bootstrap algorithm to estimate the sampling distribution of
f̂(x) − f(x) therefore produces a distribution estimate for f̂(x) − Ef̂(x) instead. The result-
ing bootstrap interval refers more appropriately to Ef̂(x). It suffers from serious coverage in-
accuracy if interpreted as an interval for the density function. Hall (1992) proposes two bias
correction methods, termed respectively the explicit bias estimation (EBE) method and the un-
dersmoothing method, to convert the intervals into ones for f(x). Suppose f̂(x) is based on an
rth-order kernel function and a smoothing bandwidth h. The EBE method estimates the explicit
leading term of the bias by plugging in a kernel density derivative estimate based on a kernel
of order s, yielding a bias-corrected bootstrap-t interval with one-sided coverage error of mini-
mum order O(n−2(r+1)(r+s)/{(r+1)(2r+3)+2(r+2)s}). The undersmoothing method deliberately selects
h = o(n−1/(2r+1)), of a smaller order than the optimal choice derived from the mean squared error
criterion, so that the bias becomes negligible when compared with the standard deviation of f̂(x).
The resulting interval for f(x) has minimum coverage error of order O(n−2r/(2r+3)). For a suffi-
ciently smooth density f and by choosing s greater than r, both bias-corrected intervals can attain
coverages with error arbitrarily close to O(n−1).

Calibration of the nominal level by the iterated bootstrap has proved to be effective in
reducing coverage error of confidence intervals: see, for example, Beran (1987) and Hall and Martin
(1988). In the context of smooth function models, each such iteration reduces one-sided coverage
error of bootstrap percentile and bootstrap-t intervals by an order of O(n−1/2) successively. The
error reduction is usually of smaller order in less regular contexts such as quantile estimation: see
Ho and Lee (2005). In this work, we apply the iterated bootstrap to calibrate the nominal coverage
of bootstrap-t intervals for density functions and investigate its theoretical and empirical properties.

2. Problem Setting

Suppose that our parameter of interest is f(x0) at a specified x0 ∈ R. Our objective is to
construct a nominal level α upper confidence interval for f(x0), 0 < α < 1. Define, for a kernel
function K and a smoothing bandwidth h > 0, f̂h,K,X (x0) = (nh)−1 ∑n

i=1 K ((x0 −Xi)/h), a kernel
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density estimator of f(x0). Write for simplicity f̂ = f̂h,K,X (x0). Define κr = (−1)r
∫

yrK(y) dy/r!
and µj = h−1E K((x0 −X1)/h)j . Then the bias and variance of f̂ are respectively b = µ1 − f(x0)
and var(f̂) = (nh)−1(µ2 − hµ2

1) = (nh)−1σ2 say. Hall (1992) obtains that b = hrκrf
(r)(x0) +

o(hr). Let f̂j = (nh)−1 ∑n
i=1 K((x0 − Xi)/h)j . The natural plug-in estimates of b and σ2 are

respectively b̂ = hrκrf̂
(r)
γ,L,X (x0) and σ̂2 = f̂2 − hf̂2, for some kernel function L and bandwidth

γ > 0. Construction of confidence intervals for f(x0) can be based on quantiles of the distribution
function Gn(t) = P{(nh)1/2(f̂ − f(x0))/σ̂ ≤ t}. Define also Gn(t) = P{(nh)1/2(f̂ − µ1)/σ̂ ≤ t}.
Standard application of the conventional bootstrap estimates the quantiles of Gn rather than those
of Gn, rendering the resulting bootstrap-t interval inaccurate due to the bias b.

3. Smoothed bootstrap-t confidence interval

Let Fn be the empirical distribution of X . Its kernel-smoothed version has density f̂ξ,H,X ,
for some density function H, taken as a kernel, and bandwidth ξ > 0. Let X † = (X†

1, · · · , X†
n) be a

smoothed bootstrap resample simulated from f̂ξ,H,X . Write f̂ †j (x0) = (nh)−1 ∑n
i=1 K((x0−X†

i )/h)j ,
j = 1, 2, . . . , and σ̂†2 = f̂ †2 − hf̂ †21 , the smoothed bootstrap versions of f̂j and σ̂2 calculated from
X †. Define Ĝn(t) = P

{
(nh)1/2(f̂ †1 − f̂)/σ̂† ≤ t|X

}
, the smoothed bootstrap estimate of Gn. Beran

(1987) considers prepivoting the root of a confidence set by an estimate of its sampling distribution
to reduce coverage error. In our context, prepivoting the Studentized density estimator yields a
transformed root Ĝn((nh)1/2(f̂ − µ1)/σ̂), which is asymptotically uniformly distributed over [0, 1].
This amounts to smoothed bootstrap estimation of the quantile of (nh)1/2(f̂ − µ1)/σ̂, and defines
a smoothed bootstrap-t upper confidence interval for µ1, of nominal level α, to be (−∞, f̂ −
(nh)−1/2σ̂Ĝ−1

n (1− α)]. The EBE approach converts the interval into one for f(x0) by subtracting
the bias estimate b̂ from the confidence limit, that is J = (−∞, f̂ − (nh)−1/2σ̂Ĝ−1

n (1 − α) − b̂].
The undersmoothing approach makes no explicit bias estimation and defines the interval to be
K = (−∞, f̂ − (nh)−1/2σ̂Ĝ−1

n (1− α)] directly.
Hall (1992) studies the coverage properties of both J and K constructed using the non-

smoothed bootstrap, which corresponds to the case ξ = 0. We show that smoothing with ξ > 0
cannot improve upon the non-smoothed bootstrap-t intervals. Oversmoothing indeed increases
coverage error due to the presence of an extra error term (nh)−1/2(ξ/h)2 in the coverage expressions.
In what follows we set ξ = 0 to simplify our theoretical investigation of the effects of bootstrap
iterations.

4. Iterated bootstrap-t confidence interval

We consider calibrating the non-smoothed bootstrap-t intervals J and K by the iterated
bootstrap. To be consistent with conventional notation, we write G∗

n, f̂∗j and σ̂∗ for Ĝn, f̂ †j and

σ̂† respectively when the bootstrap is non-smoothed, that is ξ = 0. Let b̂∗ = hrκrf̂
(r)
γ,L,X ∗(x0) be

the bootstrap version of b̂ calculated from X ∗ = (X∗
1 , . . . , X∗

n). Let X ∗∗ = (X∗∗
1 , . . . , X∗∗

n ) denote a
bootstrap resample drawn from X ∗. Write f̂∗∗j = (nh)−1 ∑n

i=1 K((x0−X∗∗
i )/h)j , j = 1, 2, . . . , and

σ̂∗∗2 = f̂∗∗2 − hf̂∗∗21 . Define G∗∗
n (t) = P

{
(nh)1/2(f̂∗∗1 − f̂∗1 )/σ̂∗∗ ≤ t|X ,X ∗

}
, t ∈ R. Conventional

application of the iterated bootstrap prepivots the confidence set roots G∗
n((nh)1/2(f̂ − f(x0) −

b̂)/σ̂) and G∗
n((nh)1/2(f̂ −f(x0))/σ̂) by the conditional distributions, given X , of G∗∗

n ((nh)1/2(f̂∗1 −
f̂ − b̂∗)/σ̂∗) and G∗∗

n ((nh)1/2(f̂∗1 − f̂)/σ̂∗), respectively. The resulting twice-prepivoted roots have
wrongly ignored the biases of f̂ and b̂ which are employed for defining the initial roots. Indeed,
if we rewrite f̂ − f = (f̂ − µ1) + b and b̂ = (b̂ − Eb̂) + (Eb̂ − b) + b, we see that the biases b

and b2 ≡ Eb̂ − b should be explicitly estimated for faithful prepivoting of the roots. Noting that
b ∼ hrκrf

(r)(x0) and b2 ∼ hrκrγ
sλ1f

(r+s)(x0), where λ1 = (−1)s
∫

ysL(y) dy/s!, we propose to
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estimate b and b2 by plugging in appropriate kernel density derivative estimates to obtain b† =
hrκrf̂

(r)
δ,M,X (x0) and b†2 = hrκrγ

sλ1f̂
(r+s)
δ,M,X (x0), for some qth-order kernel function M and bandwidth

δ > 0. Alternatively, for the special case where q = 2 and M a proper density function, we may
employ an outer level of smoothed bootstrapping to calculate b† and b†2 to be E[f̂h,K,Y†(x0)|X ] −
f̂δ,M,X (x0) and hrκr

{
E[f̂ (r)

γ,L,Y†(x0)|X ]− f̂
(r)
δ,M,X (x0)

}
respectively, where Y† denotes a smoothed

bootstrap resample drawn from f̂δ,M,X . Note that Y† should not be confused with the non-smoothed
bootstrap resample X ∗ used for obtaining quantities with superscripts ‘∗’. It follows that the roots
G∗

n((nh)1/2(f̂−f(x0)−b̂)/σ̂) and G∗
n((nh)1/2(f̂−f(x0))/σ̂) should more appropriately be prepivoted

by the conditional distributions, J∗n and K∗
n say, of G∗∗

n ((nh)1/2(f̂∗1 − f̂ − (b̂∗ − b̂) − b†2)/σ̂
∗) and

G∗∗
n ((nh)1/2(f̂∗1 − f̂ + b†)/σ̂∗) respectively. This amounts to estimation of the (1− α)th quantiles

of (nh)1/2(f̂ − f(x0) − b̂)/σ̂ and (nh)1/2(f̂ − f(x0))/σ̂ by G∗−1
n (J∗−1

n (1 − α)) and G∗−1
n (K∗−1

n (1 −
α)) respectively. The corresponding iterated bootstrap-t upper confidence intervals for f(x0), of
nominal level α, are J it = (−∞, f̂ − (nh)−1/2σ̂G∗−1

n (J∗−1
n (1 − α)) − b̂] and Kit = (−∞, f̂ −

(nh)−1/2σ̂G∗−1
n (K∗−1

n (1− α))], based on coverage calibration of J and K respectively.
Coverage calibration by the iterated bootstrap substantially reduces coverage error from

O(n−1) to O(n−3/2) if f possesses derivatives of all orders near x0. We conclude by commenting on
two-sided coverage properties of the iterated bootstrap-t intervals. To derive expansions for two-
sided coverages, we should find explicit expressions for terms of orders (nh)−3/2, (h/γ)r+1(nh)−1/2,
n1/2h1/2+rγsδq and h1+rγsδ−(r+s+1) for J it, and those of orders (nh)−3/2, n1/2h1/2+rδq and h1+rδ−(r+1)

for Kit, in the coverage expansions. For either case, we find that the coefficients of (nh)−3/2 are
polynomials which are not even in zα, so that the O((nh)−3/2) terms cannot be eliminated from
the coverage expansion of the two-sided interval. It follows that the two-sided coverage error has
the same optimal order as that of the one-sided error.

5. Simulation study

We generated random samples of size n = 50 and 100 from two distributions: the standard
normal distribution and the standard lognormal distribution. The values of x0 were chosen to be
the βth quantiles of the underlying distribution, β = 0.1, 0.3, . . . , 0.9. Each coverage probability
was estimated by averaging over 1600 random samples. We set the kernel K(x) = 0.3989e−x2/2,
|x| ≤ 1000, which is a truncated normal density function and has order r = 2. We set also
L = M = K, so that s = q = 2. The non-iterated and iterated intervals were constructed based
on 1000 and 1000× 1000 bootstrap resamples respectively. For J it and Kit, we calculated b† and
b†2 by averaging over 1000 smoothed bootstrap resamples Y† drawn from f̂δ,M,X . For each value of
h and γ used for constructing the non-iterated intervals, the additional bandwidth δ required for
coverage calibration by the iterated bootstrap was determined empirically by minimizing a running
standard deviation of the iterated interval endpoints obtained from three consecutive pilot values
of δ in the grid {0.1, 0.31, . . . , 2.0}, with the anticipation that the interval endpoints were somewhat
stabilized around the optimal bandwidth.

We found from the study that small values of h are favored by all types of bootstrap-t
intervals, while intervals based on large h undercover at all the x0 values. We also observe that the
effects of γ are less significant than those of h, yielding rather stable coverage probabilities except
when it is very small. For each type of interval, we report only coverage results given by those
values of h and γ that yield the best coverage accuracy for the non-iterated bootstrap-t intervals.
Table 1 shows the coverage results for α = 0.95 under the standard lognormal distribution. We
see that both iterated bootstrap-t intervals are more accurate than their respective non-iterated
versions at moderate values of x0, which confirms our theoretical findings. Similar conclusions
carry over to the standard normal distribution.
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Table 1: Estimated coverage probabilities of 95% upper confidence intervals for f(x0),
at x0 = F −1(0.1), F −1(0.3), . . . , F −1(0.9) and α = 0.95 under the standard lognormal

distribution.

Lognormal
x0

Interval F−1(0.1) F−1(0.3) F−1(0.5) F−1(0.7) F−1(0.9)

J 0.5431 0.9594 0.9619 0.9631 0.9831
J it 0.6075 0.9700 0.9556 0.9300 0.9688
K 0.4406 0.9281 0.9638 0.9788 0.9819
K 0.4950 0.9475 0.9606 0.9419 0.9644

6. Conclusion

We investigate the effects of iterating the bootstrap on coverage accuracy. The bias problem
demands that the conventional iterated bootstrap procedures be modified to incorporate explicit
estimation of the biases b and b2 when calibrating the nominal level. Such bias estimation can
be based on an independent batch of smoothed bootstrap resamples drawn from X , whereas the
Studentized kernel density estimates remain to be bootstrapped by uniform, non-smoothed, resam-
pling. The iterated bootstrap, when duly modified, can effect a reduction in coverage error from
O(n−1) to O(n−3/2), provided that f is sufficiently smooth near x0. We note that such reduction
is of the same order as that established for more regular problems (Hall and Martin, 1988).
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1. Introduction

We consider the linear regression model with m changes

Yi = hT (i/n)β1 + ei i = 1, . . . , t1(1)

Yi = hT (i/n)β2 + ei i = t1 + 1, . . . , t2
...

Yi = hT (i/n)βm+1 + ei i = tm + 1, . . . , n,

where t1, . . . , tm are change points, βj = (βj1, . . . , βjp), j = 1, . . . ,m + 1, are unknown parameters,
hT (x) = (h1(x), . . . , hp(x))T , x ∈ [0, 1], are continuously differentiable functions on [0, 1] and e1, . . . , en

are independent identically distributed (i.i.d.) errors.
The change points t1, . . . , tm and the number m are in practice mostly unknown. The main

problems are to test whether any changes occurred and to estimate the timings of the changes. Linear
models with multiple changes were treated, e.g., in Bai and Perron (1998), Kim at al (2000) and Liu
at al (1997), among others. Mostly it is assumed that the regressors h(i/n) are nontrending, i.e., they
have neither deterministic nor stochastic trends. Models with trending regressors are studied, e.g., in
Hušková and Picek (2005) and Jandhyala and MacNeil (1991), but at most one change is considered.

In this paper we deal with F type test statistics for the null hypothesis of no change against
k changes or against an unknown number of changes with a given upper bound. The statistics
were developed by Bai and Perron (1998). The authors derived the corresponding limit distributions
under the null hypothesis under quite general assumptions on errors and regressors, but excluding the
presence of a trend. We focus on a situation with trending regressors.

The test for the null hypothesis (H0) of no change against k changes is defined as (Bai and
Perron, 1998)

(2) F ε
n(k, p) = max {Fn(t1, . . . tk; p); t1, . . . , tk, nε ≤ tj − tj−1} ,

where
Fn(t1, . . . tk; p) =

SSR(0)− SSR(k)
σ̂2

n(k) kp
,

SSR(0) and SSR(k) are the minimal sums of squared residuals under H0 and the alternative, given
known change points t1, . . . , tk and σ̂2

n(k) = SSR(k)/(n − (k + 1) p) is a consistent estimator of the
error variance σ2. The quantity ε (often 0.05) imposes the minimal possible length nε of a segment.

The numerator of the given test statistic can be equivalently expressed as follows

SSR(0)− SSR(k) = −

(
n∑

i=1

h(i/n)êi

)T

C−1
n

(
n∑

i=1

h(i/n)êi

)
(3)

+
k+1∑
j=1

 tj∑
i=tj−1+1

h(i/n)êi

T (
Ctj −Ctj−1

)−1

 tj∑
i=tj−1+1

h(i/n)êi

 ,
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where Ck =
k∑

i=1
h(i/n)h(i/n)T , 1 ≤ k ≤ n and êi = Yi − h(i/n)T C−1

n

∑n
i=1 h(i/n)Yi are LS residuals

from the model (1) with m = 0. Notice that under H0 the equation (3) also holds with errors ei

instead of residuals êi.
In practice we are more interested in testing the hypothesis of no change versus an unknown

number of changes, given some upper bound M for the number of changes. Bai and Perron (1998)
proposed the so called double maximum test defined for some fixed weights ak

(4) DF ε
n(M,p) = max

1≤k≤M
{ak max {Fn(t1, . . . tk; p); t1, . . . , tk, nε ≤ tj − tj−1}} .

The simplest case is to set all weights to unity.
Large values of the introduced test statistics indicate the presence of at least one change. The

approximations to the critical values can be found through the limit distribution of the tests under
the null hypothesis. However, the explicit form of the distribution is generally unknown and depends
on the function h. We show via simulations that bootstrap methods without replacement (also called
permutation principle) provide good approximations to the corresponding critical values.

The principle of permutation tests is explained in detail, e.g., in Hušková (2004) and Antoch and
Hušková (2001). Here we provide only short explanation. Since the errors (e1, . . . , en) are i.i.d. random
variables, the permutational versions of our test statistics should be obtained replacing (e1, . . . , en) by
(eR1 , . . . , eRn), where R = (R1, . . . , Rn) is a random permutation of (1, . . . , n). However, the errors ei

are unknown and therefore we permute their estimators - the residuals êi. The permutational versions
of the test statistics (2) and (4) are denoted by F ε

n(k, p,R) and DF ε
n(M,p, R), respectively, with êi

replaced by êRi . It can be shown that the conditional quantiles of F ε
n(k, p,R) and DF ε

n(M,p, R),
given Y1, . . . , Yn, are asymptotically correct critical values for the tests (2) and (4), respectively, when
data follow either null or alternative hypothesis (the proof will be published in a different paper).

In the following sections we formulate assumptions on errors and regressors and write down the
limit distribution of the test statistics. Finally, we present results of our simulation study.

2. Asymptotic results

We impose the following assumptions on the errors, regressors and change points:

A1 The errors are i.i.d. with zero mean and nonzero finite variance σ2 (extensions to correlated
errors possible).

A2 The regressors h1(x), . . . , hp(x) are continuously differentiable functions on [0, 1] and

1
n

C[ns]
P→ C(s) =

∫ s

0
h(x)h(x)T dx as n →∞, 0 < s ≤ 1

The matrices C(s)−C(t) and C(t) are regular for 0 < t < s ≤ 1 and 0 < t ≤ 1, respectively.

A3 The change points satisfy

tj = [nλj ], 0 = λ0 < λ1 < . . . < λm+1 = 1, for each j = 1, . . . ,m.

Assumption A1 does not allow correlated errors or heteroscedasticity in the model. Assump-
tion A2 is satisfied, e.g., for polynomial regressors. Assumption A3 assumes the change points are
asymptotically distinct.

The following theorem holds:
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Theorem 1 Let Y = (Y1, . . . , Yn) follow the model (1) with m = 0 (no change). Moreover, let
assumptions A1 - A3 be satisfied. Then

F ε
n(k, p) d→ sup {Fh(λ1, . . . , λk); 0 < λ1 < . . . < λk < 1, ε ≤ λj − λj−1}

DF ε
n(M,p) d→ max

1≤k≤M
{ak sup {Fh(λ1, . . . , λk); 0 < λ1 < . . . < λk < 1, ε ≤ λj − λj−1}} ,

where

Fh(λ1, . . . , λk) =
1
kp

{
−
(∫ 1

0
h(t)dW (t)

)T

C(1)−1

(∫ 1

0
h(t)dW (t)

)

+
k+1∑
j=1

(∫ λj

λj−1

h(t)dW (t)

)T

(C(λj)−C(λj−1))
−1

(∫ λj

λj−1

h(t)dW (t)

)}

and W (t) is a standard Wiener process with EW (t) = W (0) = 0 and EW (t)W (s) = min(t, s).

The proof of the theorem will be published in a different paper.

3. Simulation results

Here we conduct various simulation experiments and apply the permutation arguments to the
test statistic (4). For the calculations we used program R (R Development Core Team, 2006) and its
package strucchange (Zeileis at al, 2002). We have generated data from the model (1) considering

• sample size n = 60, 120, 240,

• i.i.d. errors with normal or Laplace distribution with variance equal to one,

• p = 2; h(i/n) = (1, i/n), i = 1, . . . , n,

• upper bound for the number of changes M = 3,

• timing of the changes tj = j n
m+1 ; j = 1, . . . ,m, m ∈ {1, 2, 3},

• trimming parameter ε = 0.05.

The considered models are:

M0: m = 0, β1 = (1/2, 1)T

M1.1: m = 1, β1 = (1/2, 1)T , β2 = (0, 3)T

M1.2: m = 1, β1 = (1/2, 1)T , β2 = (2, 5)T

M2: m = 2, β1 = (1/2, 1)T , β2 = (2, 3)T , β3 = (3,−1)T

M3: m = 3, β1 = (1/2, 1)T , β2 = (2, 3)T , β3 = (2,−1)T , β4 = (0, 3)T .

Simulated quantiles of DF ε
n(M,p, R) from 1000 permutations are summarised in Table 1. For

normally distributed errors the quantiles are quite stable whether data follow the null hypothesis or
the alternatives. For Laplace distributed errors the quantiles are a bit larger than for normal errors
and are not very stable, but the results are improved with the increasing sample size.

In Table 2 we compare simulated quantiles of the test statistic (4) and its permutation version
DF ε

n(M,p, R) for normally and Laplace distributed errors when data follow the null hypothesis. The
quantiles of (4) were obtained by Monte Carlo procedure for 1000 replications of e1, . . . , en. The fit is
very good.

We have made more extensive simulations for different parameter settings. All obtained results
were satisfactory: the simulated quantiles of the permutation versions of the test statistics appeared
to be stable whether data followed the null hypothesis or the alternatives.
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Table 1: Simulated quantiles of DF ε
n(M,p, R) under H0 and alternatives.

Model
n=60 n=120 n=240

normal Laplace normal Laplace normal Laplace
95% 99% 95% 99% 95% 99% 95% 99% 95% 99% 95% 99%

M0 7.19 8.96 8.72 10.82 7.16 8.91 7.61 10.00 7.19 8.94 7.56 10.26
M1.1 7.38 8.85 9.55 11.59 6.69 8.84 7.65 9.64 7.05 8.63 7.39 9.18
M1.2 7.39 9.83 8.71 11.52 6.73 8.88 7.70 10.38 6.89 7.95 7.12 9.32
M2 7.02 9.39 6.66 8.90 6.93 8.56 6.87 8.27 6.46 8.25 7.11 8.94
M3 6.72 9.13 7.18 9.42 7.18 8.96 7.09 8.71 6.81 8.83 6.94 8.56

Table 2: Simulated quantiles of DF ε
n(M,p) and DF ε

n(M,p, R) under H0.

Test
n=60 n=120 n=240

normal Laplace normal Laplace normal Laplace
95% 99% 95% 99% 95% 99% 95% 99% 95% 99% 95% 99%

DFn 7.30 9.73 9.79 13.99 6.74 8.80 8.18 10.61 6.96 8.45 7.72 9.49
DFn(R) 6.93 8.93 9.38 11.89 6.83 8.82 8.22 10.66 6.89 8.72 7.46 9.37
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RÉSUMÉ (ABSTRACT)

We consider F type tests for detection of structural changes in trending regression. Approxi-
mations to the corresponding critical values can be obtained through the limit distribution of the test
statistic under the null hypothesis. However, its explicit form is generally unknown and is a functional
of Gaussian processes. We show via simulations that bootstrap methods without replacement provide
satisfactory approximations to the critical values.
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ABSTRACT

ROC curve analysis is often used as a statistical tool for the evaluation of diagnostic systems.
ROC curve is a representation of the true positive rate against the false positive rate for different
possible cutpoints of a diagnostic system. Thus, ROC curves show the tradeoffs between sensitivity
and specificity and any increase in the specificity corresponds to a decrease in the specificity. In this
sense, the ROC curve can be seen as a multiobjective representation of multiple compromise solutions
corresponding to different cutpoints of the diagnostic system. However, the comparison of ROC curves
is not straightforward due to the fact that, in general, they cross each other. Moreover, in general,
methods based on the area under the ROC curves are not sensitive to the existence of crossing points
between the curves. In this work, the comparison of ROC curves that can deal with this situation
is presented. This approach also allows the comparison of partial portions of ROC curves according
to particular values of sensitivity and specificity. In this method, the ROC space is sampled and
the area between curves is evaluated. Statistical comparison of curves is performed using resampling
methods since they are robust and almost assumption free. Permutation and bootstrap tests were used
to compare curves and to establish confidence intervals. Comparisons are presented based on simulated
and real data.

The origin of Receiver Operating Characteristic (ROC) analysis can be traced to the theory of
statistical decision making, related to applications in signal detection and psychology [4] and, over the
years, has become a powerful tool to measure diagnostic performance in medicine [3].

For a given test, the compromise between the False Positive Rate (FPR) and the True Positive
Rate (TPR) can be graphically presented through a ROC curve. Therefore, ROC curves can be
interpreted as an optimization problem with two conflicting objectives, where one objective is to
minimize the false positive rate (1-specificity) and the other is to maximize the true positive rate
(sensitivity). Thus, a ROC curve presents the Pareto optimal set [1], where each point on the curve
defines a compromise, since an increase in the true positive rate is obtained at the cost of an increase
on the false positive rate.

The usual measures for testing ROC curves are based on the comparison of the areas below
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the curves. The area under the ROC curve (A) is a global measure of accuracy across all possible
threshold values (c).

A =
∫ 1

0
ROC(t)dt =

∫ +∞

−∞
TPR(c)dFPR(c)(1)

When comparing two diagnostic systems based on the AUC index (A), if the two curves do not
cross each other, it is well-known that the ROC curve with the greatest value of the index corresponds
to the system which presents a better performance, i.e., a greater discriminant power. This is not so
when the curves each other. In this work we propose a methodology that can tackle, inspired by the
concept of algorithm performance evaluation in multiobjective optimization.

ROC Curves Sampling

In this work, the methodology considered for the comparison of two diagnostic systems is based
on a procedure often used to compare the performance of distinct multiobjective optimization algo-
rithms. The main idea is to compare the ROC curves using a collection of sampling lines starting from
a reference point. The intersection points of those lines with the ROC curves can be computed as well
as their Euclidean distances to the reference point. In this manner, it is possible the computation of
the proportion of the space in which a curve is better than the other, as well as to identify the region
or regions of the space where this occurs. It should be stressed that one of the main advantages of this
approach is that it can be applied to the comparison of ROC curves that cross each other, through the
evaluation of partial areas. The proposed methodology for the comparison of two ROC curves consists
on three main phases: (1) Sampling of ROC curves; (2) Computation of the extension and location
measures; (3) Statistical evaluation of the performance indexes. Empirical ROC curves are defined by
lines joining a set of n + 1 points representing different False Positive and True Positive Rates. If one
considers these points with coordinates (xi, yi), with i = 0, . . . , n, ordered such as x0 ≤ x1 ≤ . . . ≤ xn,
then the n lines ri, with i = 0, . . . , n− 1, are given by:

ri+1(x) = yi+1 + mi+1(x− xi+1) where mi+1 =
yi+1 − yi

xi+1 − xi
for xi 6= xi+1.(2)

It should be noted that the first and last points of the set of n+1 points have coordinates, respectively,
(x0, y0) = (0, 0) and (xn, yn) = (1, 1). mi+1 is the slope of line i + 1.

In a first phase, empirical ROC curves, defined by segments joining a set of points (Equation
2), are sampled using K + 2 sampling lines with variable slope and starting from a reference point
(sR, tR):

lk(s) = tR −mk(s− sR) where mk = tan(
(K + 1− k)π

2(K + 1)
) for k = 1, . . . , K.(3)

The reference point for the comparison of ROC curves is (sR, tR) = (1, 0). According to Equation
3, the slope mk of the sampling lines is uniformly varied in order to sample all ROC space. For each
sampling line, the corresponding intersection points with ROC curves are computed. The Euclidean
distances of the intersection points of the sampling lines with the curves, to the reference point, allow
the comparison of the performance of ROC curves. The coordinates of the intersection point of the
sampling line k (k = 1, . . . ,K) with the segment ri+1 (i = 0, . . . , n − 1) of the ROC curve are given
by:

(sk, tk) = (
tR − yi + mixi + mksR

mk + mi
, tR −mk(s− sR)).(4)

For a given sampling line, the curve whose intersection distance is greater presents a superior
performance in this region of the ROC space. For a given sampling line k, the distance dk from an

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 4411 -



intersection point to the reference point is given by:

dk =
√

(sk − sR)2 + (tk − tR)2.

It should be noted that d0 = 1 and dK+1 = 1, since the points (1, 1) and (0, 0) belong to all ROC
curves. Furthermore, an estimation of the area under a ROC curve can be obtained by adding the areas
of the triangles, defined by the sampling lines, which have vertexes (sR, tR), (sk, tk) and (sk−1, tk−1),
with k = 1, . . . , K + 1. The area of each triangle is given by:

Ak =
1
2
dkdk−1 sin

(
Kπ

2(K + 1)

)
.(5)

Taking into account the results obtained by the sampling process, the proportion of the ROC
space in which each of the indexes presents a better performance, is computed. Thus, for two indexes
A and B, the outcomes are an extension measure (a, e, b), where a and b correspond, respectively, to
the proportions of the ROC space where each one of the indexes is superior and e the ratio of the space
where the indexes are identical (have identical performance). Furthermore, it is possible to evaluate
the areas between two ROC curves in distinct regions of the space.

Resampling Areas Between ROC Curves

Resampling methods are becoming increasingly popular as statistical tools since, in general, they
are robust and almost assumption free [2]. On the other hand, their computational demands due to
the need of sampling and scrambling the original data numerous times are largely compensated by the
increasing computation capacities. In this work, permutation and bootstrap tests were used to com-
pare curves and to establish confidence intervals. Permutation tests consist on generating numerous
samplings by scrambling the observed data. In these tests, sampling is done without replacement and
they are particularly appropriate when the order of the observed data is important. So, the value of
the test statistic for the data is compared with all the values obtained for the statistic, when the data
are exchanged. In order to perform ROC curves comparison, a permutation test was defined to test if
there exist significant differences in the areas under the curves. The application of this test requires
that the observations are exchangeable. The observations z1, z2, . . . , zn are said exchangeable if the
probability of any particular result (for example, z1 + z2 + . . . + zn = S) is the same independently of
the order. In order to perform a permutation test, the following steps are required: (1) formulation
of hypotheses and choice of the test statistic (TS); (2) computation of TS for the set of observations;
(3) evaluation of the distribution of TS by exchanging, randomly, repetitively the observations, and
calculating TS for each one of the permutations; (4) computation of the critical point of the distri-
bution of TS; (5) non rejection or rejection of the null hypothesis if the value of TS, for the original
observations, is lesser or bigger than the critical point of the distribution of TS. Concerning the
comparison of two ROC curves, the hypothesis that the areas under the ROC curves do not differ
significantly can be tested, that is, the differences Dk for k = 1, . . . , K + 1 (the areas between the
curves along the ROC space) are or not significant differently. The areas between two curves can be
estimated by Dk = A1

k − A2
k where A1

k and A2
k are the areas given by Equation 5, for the two curves

under comparison. It should be noted that the differences of the areas between the curves along the
ROC space are exchangeable. The test statistic considered was the summation of all (positive) values
of Dk for each one of the samples generated. All statistical tests were implemented in R language [5].

Bootstrapping attempts to estimate the sampling distribution of a population by generating
numerous bootstrap samples. These samples are generated by resampling with replacement from the
original data in order to obtain the empirical distribution of an estimator. For illustration purposes,
the bootstrapping approach was used to compare several indexes of evaluation of the risk of death of
newborns with very low birthweight (weight inferior to 1500 grams). Figures show the distributions of
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Figure 1: Bootstrapping the mean (CRIB-
NTISS)

Figure 2: Bootstrapping the mean (SNAP-
SNAPPE)

the mean of the differences between the areas of two ROC curves. Figure 1 presents the comparison
between CRIB and NTISS and it can be observed that there exist significant differences between the
areas under the curves. On the other hand, between SNAP and SNAPPE do not exist significant
differences.

Conclusions and Future Work

In this work a methodology for comparing ROC curves is presented, which coupled with a
graphical representation, permits the visualization of the regions of sensitivity and specificity where
one curve is superior to another. Moreover, this methodology answers the problem of comparing two
ROC curves that cross each other. Furthermore, the present proposal is a nonparametric alternative
based on permutation tests and bootstrap for the comparison of two ROC curves when they cross
each other. For the cases tested, no differences were found between permutation tests and bootstrap.
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Introduction

In many statistical applications, it is known or suspected that observations arise from two or more
populations with different distributions mixed in varying proportions. For example, the distribution of
height in a population of adults might be decomposed into male and female populations, or similarly
in fisheries research, where usually fish lengths are available, but not their sexual identities. In medical
diagnostics, a patient could be suffering from each of p − 1 illnesses. These p − 1 illnesses as well as
the case of no illness represent p sub-populations. The doctor then applies k different tests, so he or
she has k-dimensional data, potentially from a mixture with p sub-populations. Extensive literature is
available on the parametric approach. See, for example, the monographs of Everitt and Hand (1981),
Titterington et al. (1985), McLachlan and Basford (1988), Lindsay (1995) and McLachlan and Peel
(2000) and the references therein.
Bagging is one of the successful methods for improving the accuracy of estimators especially for high
dimensional dataset problems. Bagging (bootstrap aggregating), was first introduced by Breiman
(1996) as a method for reducing the variance of an estimator and since then has been applied by
several authors and researchers.
Bagging is particulary useful for decision trees and neural networks as well as some nonlinear predictors,
although theoretical explorations of why this is so is less clear.
Breiman (1996) showed in empirical studies that the variance of the bagged estimator is never greater
than the variance of the original estimator, and that there is considerable variance reduction if the
original estimator is instable. He also showed that there is little difference between the biases of the
bagged and original estimators.
By Breiman’s definition of instability (Breiman, 1996b), an estimator is instable if a small change in the
data tends to a large variation in the predicted value(s). He mentioned that neural nets, classification
and regression trees, and subset selection in linear regression, are all examples of instable procedures,
whilst, the k-nearest neighbor method is stable.
Note that bagging is useless when it is applied for a linear predictor (Bühlmann and Yu, 2002),
therefore bagging may be useful only for nonlinear predictors.
Bühlmann and Yu (2002) proposed a variant of bagging called subagging (subsample aggregating)
based on subsampling instead of the bootstrap for the aggregation. They chose subsample size m = n

2

which was also considered by Freidman and Hall (2000).
As mentioned earlier, the theoretical reasons why bagging works well are less clear. Freidman and
Hall (2000) showed theoretically that under bagging for a class of smooth estimators, the first order or
leading variance term remains unchanged, whilst, the second order variance term is improved. They
also argued that two different bagging approaches, say 1

2n-out-of-n without replacement (subagging)
and n-out-of-n with replacement (bagging) tend to give virtually identical results.
Bühlmann (2003) proposed another variant of bagging, called bragging (bootstrap robust aggregating),
which improves an estimator by taking averages over an unstable selection of variables or terms.
In the present paper, we use bagging and subagging for the estimation in the two-term mixture model,
and compare the estimation with the usual maximum likelihood method.
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Estimation in multivariate mixtures

Consider the k-variate p-term mixture model

(1) Φ = π1

k∏

i=1

F1i + . . . + πp

k∏

i=1

Fpi ,

where Fji for 1 ≤ i ≤ k and 1 ≤ j ≤ p are continuous univariate distribution functions and the mixing
proportions, πj ’s satisfy

∑p
j=1 πj = 1.

Let fit a Gaussian mixture model and estimate the parameters by the method of maximum likelihood
estimation. It is known that the likelihood equations that arose from a finite Gaussian mixture model
does not have a closed form, and therefore a numerical method should be used to find MLEs. The EM
algorithm first introduced by Dempster et al. (1977) in their fundamental paper, is known to be one
of the most efficient methods to find MLEs in finite mixture models; see for example the monograph
of McLachlan and Krishnan (1997).
Consider a dataset x, and let x∗ be a resample of size m ≤ n obtained by sampling with replacement
from x. Bagging is defined as follows.
Let θ̂(x) be the predictor of θ(x) where x = {x1, . . . , xn} is a dataset. Let θ̂(x∗) be the bootstrapped
predictor of θ(x) computed by the plug-in principle based on bootstrap resample x∗. The bagged
predictor is defined by

(2) θ̂bagg(x) = E∗{θ̂(x∗)} ,

where E∗{·} is the bootstrap expectation.
In practical applications, the bagged predictor in (2) is approximated by the following estimator:

(3) θ̂bagg(x) ∼= 1
B

B∑

j=1

θ̂j(x∗) ,

where B is the number of bootstrap replicates and θ̂j(x∗) is the version of θ̂(x∗) computed from the
jth bootstrap resample.
In our simulation studies in next section we took B = 50. In general, choosing B depends on the
problem under consideration, sample size and computational cost. For further discussion regarding
the number of bootstrap replicates, see Breiman (1996).
If the resampling is done without replacement, the resulting bagged predictor is know as subagging.
In the following section we study the effect of bagging in estimation the parameters in multivariate
mixtures through a Monte Carlo simulation by comparing the three estimation method say 1

2n-out-of-
n without replacement (subagging), n-out-of-n with replacement (bagging) and the usual maximum
likelihood estimation.

Numerical results

We generated 300 datasets, each of size n = 500, from a trivariate two-term Gaussian mixture model

(4) Φ1(x) = πN3(x; µ1, I3) + (1− π)N3(x;µ2, I3) ,

where N3(µ,Σ) denotes the trivariate Gaussian distribution function with mean vector µ, and variance-
covariance matrix Σ. In particular, we chose the 3× 3 identity matrix I3 as the variance-covariance

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 4415 -



matrix, and µ1 = (0, 0, 0), and two different values for µ2, specifically µ2 = (1, 1, 1) and µ2 = (3, 3, 3),
representing relatively “close” or “distant” component distributions, respectively. It is known that
estimation of π, Fji in the “distant” setting tends to better results in compare to “close” setting.
The maximum likelihood estimation method via EM algorithm has been applied for estimation of the
parameters. The effect of bagging procedure for the improvement of the estimation has been studied
by applying bagging and subagging.
Figure 1 depicts the absolute bias, standard error and root mean squared error of the maximum
likelihood, subagged maximum likelihood and bagged maximum likelihood estimator of the mixing
proportion π, in the distant setting. It can be seen from this figure that subagging and bagging had
reduced the standard error whilst the absolute bias have been slightly increased. The improvement
of the root mean squared error is less clear. The same thing happens when estimation is done in the
close setting and for brevity we do not give the plot here.
When comes to estimation of the component distributions, bagging can worsen the root mean inte-
grated squared error (MISE). Figure 2 depicts root MISE of the three kind of component distribution
estimators in the close setting. As is seen in the figure both bagging and subagging have increased
the root MISE when estimating the distribution function of the most probable component. This is
not the case when one comes to distant setting. Indeed, any difference between the three estimation
methods is barely clear in this case.
In summary, the bagging and subagging procedures improve the standard error when estimating the
mixing proportion in both distant and close setting, whilst the absolute bias increases slightly. Bagging
and subagging do not differ from the usual MLE in estimation the component distribution function
in the distant setting, but will increase the root MISE when estimating the most probable component
in the close setting. In all of the estimations there are no significant difference between 1

2n-out-of-n
subagging and n-out-of-n bagging. This support the results of Freidman and Hall (2000).
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Figure 1: Absolute bias, standard deviation and root MSE of the MLE, solid lined, subagged MLE,
dotted lines and bagged MLE, dot-dashed lines, estimators of the mixing proportion π, in the “distant”
setting. Sample size is 500.
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Figure 2: Root MISE of the MLE, solid lined, subagged MLE, dotted lines and bagged MLE, dot-
dashed lines, estimators of the component distribution functions, in the “close” setting. Sample size
is 500.
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Bühlmann, P. (2003). Bagging, Subagging and Bragging for improving some prediction algorithms. Unpublished
manuscript
Bühlmann, P. and Yu, B. (2002). Analyzing Bagging. Annals of Statistics 30, 927–961.
Dempster, A. P. and Laird, N. M. and Rubin, D. B. (1977). Maximum likelihood from incomplete data via the
EM algorithm (with discussion). Journal of the Royal Statistical Society, Series B 39, 1–38.
Everitt, B.S. & Hand, D.J. (1981). Finite Mixture Distributions. Chapman & Hall, London.
Friedman, J. H. and Hall, P. (2000). On bagging and nonlinear estimation. Journal of statistical planning and
inference 137, 669–683.
Lindsay, B.G. (1995). Mixture Models: Theory, Geometry, and Applications. Institute of Mathematical Statis-
tics, Hayward, CA.
McLachlan, G.J. & Basford, K.E. (1988). Mixture Models: Inference and Applications to Clustering. Wiley,
New York.
McLachlan, G.J. & Peel, D. (2000). Finite Mixture Models. Wiley, New York.
Titterington, D.M., Smith, A.F.M. & Makov, U. (1985). Statistical Analysis of Finite Mixture Distributions.
Wiley, New York.

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 4417 -



Test of Mean Difference for Paired Longitudinal Data Using Circular

Block Bootstrap

Sakurai, Hirohito
Hokkaido University, Division of Computer Science
Kita 14, Nishi 9, Kita-ku, Sapporo 060–0814, Japan
E-mail: sakurai@main.ist.hokudai.ac.jp

Taguri, Masaaki
National Center for University Entrance Examinations, Vice President
2–19–23 Komaba, Meguro-ku, Tokyo 153–8501, Japan
E-mail: taguri@rd.dnc.ac.jp

1. Introduction

Comparison of mean curves or regression functions for two populations is one of important prob-
lems in statistics and other related research fields. When two population distributions are unknown,
an application of the bootstrap method (Efron, 1979) may be a possible choice. However, in some
settings of dependent data, for example, in time series analysis, the naive bootstrap usually fails to
capture the dependent structure of data because of ignoring the order of observations. To overcome
this problem, two kinds of bootstrap methods are proposed. One is a model-based approach which
resamples from approximately i.i.d. residuals, and the other is a nonparametric, purely model-free
bootstrap scheme, which resamples from blocks of observations; see, for example, Bühlmann (2002),
Härdle et al. (2003), Lahiri (2003), and references therein.

This paper proposes a testing method for detecting the difference of two means in paired lon-
gitudinal data using the circular block bootstrap (Politis and Romano, 1992), and examines the sizes
and powers of the proposed test by Monte Carlo simulation. We also compare with some related tests.

2. Formulation of the Problem

Suppose that there are two samples given by {(Yi(t),Xi(t))}qi=1 for t = 1, . . . , n, where Yi(t)
and Xi(t) are continuous in t, and assume that, for fixed t, Yi(t) and Xi(t) are independent over q

subjects. Then we consider the model

Yi(t) = f(t) + εi(t), Xi(t) = g(t) + ηi(t), i = 1, . . . , q,(1)

where f(t) and g(t) are unknown regression functions, and εi(t) and ηi(t) are the error terms having
means 0 and finite variances.

Our problem is then formulated as H0 : f(t) = g(t) vs. H1 : f(t) �= g(t), where H0 and H1 are
the null and alternative hypotheses, respectively. To detect the difference between f(t) and g(t), we
focus attention on the area-difference expressed by A =

∫ |f(t)− g(t)|dt. Note here that the quantity
A is 0 under H0 and positive under H1. Thus, the hypothesis of interest reduces to testing

H0 : A = 0 vs. H1 : A > 0.(2)

3. Testing Method

There are some approaches to detecting the difference between two mean curves, f(t) and g(t),
in (1). In this paper, our interest concentrates on the behavior of four types of test statistics. The
first one is Hall and Hart’s (1990) test statistic Sn, which is essentially based on kernel estimators
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of f(t) and g(t). As another type of test statistics, we consider T1n = T1n(D1, . . . ,Dn) =
∑n

t=1 |Dt|,
T2n = T2n(D1, . . . ,Dn) =

∑n
t=1 D2

t , and

T3n = T3n(D1, . . . ,Dn)

=
1
2

n−1∑
t=1

(|Dt|+ |Dt+1|)I{DtDt+1 ≥ 0}+
1
2

n−1∑
t=1

|Dt|2 + |Dt+1|2
|Dt|+ |Dt+1| I{DtDt+1 < 0},

where Dt = Yt −Xt + δt, Yt =
∑q

i=1 Yi(t)/q, Xt =
∑q

i=1 Xi(t)/q, δt =
∑q

i=1{εi(t)− ηi(t)}/q, and I{·}
is the indicator function, respectively. The test statistic T3n seems to have a complicate form, however
it is an estimator of A in (2) constructed by the trapezoidal rule with linear interpolations of adjacent
observation values. The values of Sn and Trn (r = 1, 2, 3) may be small when H0 is true, and large
when H0 is false. Therefore, the above four statistics enable us to measure the discrepancy between
f(t) and g(t). For simplicity, let T be a generic notation for Sn, T1n, T2n or T3n.

Let D0,t = Dt − D̄ = Dt −
∑n

t=1 Dt/n for t = 1, . . . , n, and dt and d0,t denote realizations of
Dt and D0,t. In this section, we propose a nonparametric testing method for the problem (2) using
the above four statistics. The main idea of our testing method is that we apply the circular block
bootstrap to the centered observations {d0,1, . . . , d0,n} in order to approximate the null distribution
of T . We call our testing procedure “Circular Block Bootstrap (CBB)” test. The proposed testing
algorithm is as follows.

1. Divide the centered observations {d0,1, . . . , d0,n} into n blocks with each length l in the manner
of Politis and Romano (1992), and put

ξj =

{
{d0,j , . . . , d0,j+l−1}, j = 1, . . . , n− l + 1,

{d0,j , . . . , d0,n, d0,1, . . . , d0,j+l−n−1}, j = n− l + 2, . . . , n.

2. Draw m blocks {ξ∗b1 , . . . , ξ∗bm} randomly with replacement from {ξ1, . . . , ξn} to obtain a resample
{d∗b1 , . . . , d∗bn } (b = 1, . . . , B) of size n, and calculate t∗b = T (d∗b1 , . . . , d∗bn ), where m = [n/l] (if
n/l is an integer) or m = [n/l] + 1 (otherwise), and [x] represents the integer part of a real x.

3. Calculate the achieved significance level, ÂSL =
∑B

b=1 I{t∗b ≥ tobs}/B, by repeating step 2 an
appropriate number of times B, and reject H0 if ÂSL ≤ α, where tobs = T (d1, . . . , dn) and α is
the significance level, respectively.

Simulation results of size and power of the CBB test, and the numerical comparison with some
related tests will be given in our presentation.
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ABSTRACT

Repeated measures and longitudinal data with non-normal response can be modelled using generalized
linear mixed models. The semiparametric bootstrap extends inference in these models, using the
empirical distribution of the random effects and residuals to generate resamples. In the context of
generalized linear models, there are several definitions of potential residuals: raw, Pearson, deviance,
in the scale of the linear predictor. The quantile residuals (Rosenblatt, 1952 and Cox and Snell,
1968) use the estimated cumulative distribution function implied by the model to transform the
observations into approximately independent uniform distributed random variables. In this work we
study resampling schemes based on this approximation. We also compare their performance with more
classical approaches. The simulations are implemented using a set of efficient functions developed in
R.

Keywords. Bootstrap, Quantile residuals, Generalized Linear Mixed Models.
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Abstract  

The KNSO employed the automated industry and occupation coding in the Population and Housing 
Census. The KNSO developed and managed the Automated Industry and Occupation Coding System so as to 
increase the accuracy and consistency of industry and occupation codes and to cut down time and costs. This 
paper describes the experience and overall architecture of the Automated Industry and Occupation Coding 
System used in the 2005 Population and Housing Census and the method to assign indexes and codes. In 
addition, the future work for the system will be discussed.  
 
1. Introduction  
 

The Population and Housing Census is carried out on a 5-year basis. The KNSO converted responses on 
sample survey questionnaires such as「Workplace and establishment」,「Major business」,「Working 
department /position」and「Type of work」of the economically active population into industry and 
occupation codes according to the Korean Standard Industrial Classification and Korean Standard 
Classification of Occupations. On the other hand, the Census on Basic Characteristics of Establishments is 
conducted annually. The KNSO converted responses of「Establishment」,「Major business」 
and「Major commodities」into industrial codes according to the Korean Standard Industrial Classification. 
These industry and occupation classifications are used for establishing basic policies regarding Korea's 
economy, business and budget.  

It took much time and money to record codes manually in the past. Besides manual coding had problems 
in terms of accuracy and coherence. To solve these problems, the KNSO started carrying out research on the 
automated coding of industries and occupations and developing the automated coding system.  

 
2. Industry and Occupation Coding System  

 
This system consists of an index system and a retrieval system. The one is for indexing information. The 

other is for retrieving establishments, an exemplary dictionary and an index DB of a large scale.  
 
In the index system, the index DB is built in order to record industry and occupation codes by using the 

fields such as「Workplace and establishment」,「Major business」,「Working department 
/position」and「Type of work」from previous records.  

In the retrieval system, industrial codes are assigned by using data from Censuses of Basic Characteristics of 
Establishments which have more than 50 workers, using an exemplary dictionary (rule-based) which combines words, 
and using index information included in the index module. Occupational codes are assigned by using both the exemplary 
dictionary and index information.  

 
2.1. Index System  
The index system consists of a module for extracting a list of index terms and a module for building the index DB 

which uses index terms and recorded information. Index terms are extracted by using a word space module and an index 
term extractor module that uses a bigram index marker, a noun extractor, a morphological analyzer and a word reader. 
The index DB, which is made up of a word information DB, a word posting file and a record information file, is updated 
by using information such as the frequency of index terms within the record and the number of index terms.  
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The word information DB contains the ID for each index term, the number of records in which index terms appear, the 
first address at which index information is located within the word posting file, and the average frequency within the 
records. The word posting file is composed of the ID for each record, the frequency of index terms within the records and 
the ID for each index term. The record information file consists of the title of each record, the number of index terms 
within the records and the number of total index terms.  

Once all the records are indexed, word posting files are loaded into the memory and aligned according to their own ID. 
Then an inverted file is generated by eliminating an ID for each word. Information about the position of specific index 
term within the inverted file is stored in the word information DB.  

   
2.2. Retrieval System  
 
In the retrieval system, codes are classified by using large-scale establishment data from Censuses of Basic 

Characteristics of Establishments, the exemplary dictionary which combines words, and the index DB.  
As for the classification method to use large-scale establishment data, industrial codes are assigned by 

comparing「Workplace and establishment」and commuting Si, Gun & Gu codes in the Population and Housing 
Census with the appellation of establishments having more than 50 workers and administrative codes in the Census of 
Basic Characteristics of Establishments for the previous year. If there aren't any data on commuting Si, Gun & Gu codes 
in the Population Census and there isn't any counterpart in the comparison, the exemplary dictionary and the index DB 
will be used. This procedure is applied only when assigning industrial codes in the Population and Housing Census.  

The exemplary dictionary is made up of the combination of words, being based on data from the 2000 Population and 
Housing Census. 

 

<Figure 1> Architecture of the System 
In the index system, the index DB is built in order to record industry and occupation codes by using the 

fields such as「Workplace and establishment」,「Major business」,「Working department 
/position」and「Type of work」from previous records.  

In the retrieval system, industrial codes are assigned by using data from Censuses of Basic Characteristics of 
Establishments which have more than 50 workers, using an exemplary dictionary (rule-based) which combines words, 
and using index information included in the index module. Occupational codes are assigned by using both the exemplary 
dictionary and index information and an index table. In the exemplary dictionary, each item follows an 'and' 
condition,  words in each item are classified with ';' and each word follows an 'or' condition.  

 
<Table 1> Example of the Occupational Exemplary Dictionary 

Establishment Busi 
ness  Type of work Exclusive condition No. 

1 2 1 2 

Department  
and position 1 2  

Rank Code

137 Elementary      Principal;     Private institute; 1 0239
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school; Public  
school;…; 
Primary;… 

Vice-principal Kindergarten; Day-
care center;… 

138 

Elementary 
school; Public  
school;…; 
Primary;… 

       Principal;Vice-
principal 

  Private 
institute;Kindergart
en;Day-care 
center;… 

1 0239

139 

for the 
blind;For the 
disabled;disab
ility; 
Special;… 

Sc
ho
ol 

   Principal; 
Vice-principal 

    Private 
institute;Kindergart
en;Day-care 
center;… 

1 0239

584 

Elementary 
school;Elemen
tary;Primary 

     Teacher;Instruct
or;Teaching staf
f;Teaching job;
Homeroom teac
her 

    Private 
institute;Kindergart
en;Principal;Vice-
principal;… 

0 1530

585 

Elementary  
school;elemen
tary; Primary 

       Teacher;Instructor
;Teaching 
staff;Teaching 
job;Homeroom tea
cher 

  Private 
institute;Kindergart
en;Principal;Vice-
principal;… 

0 1530

 
(1) in Table 2 is assigned to 0239, an occupational code, by applying an elementary school and a principal in the 137th 

record of the exemplary dictionary. It can't be assigned to 1530. It's because an elementary school and a teacher are 
applied from the 585th record of the exemplary dictionary, but an exclusive condition 'Principal' is applied. (2) in Table 2 
is assigned to 1530 by applying an elementary school and a teacher in the 584th record of the exemplary dictionary.  

 
<Table 2> Application of the Exemplary Dictionary  

  Establishment Business Department and position Type of work Code

(1)  ○○Elementary 
school  Teaching elementary school students Principal Teacher 

management 0239

(2)  XX Elementary 
School  Educational institution  3rd grade Teacher  Teaching 1530

 
As for the classification method to use the index DB, index terms are extracted by using survey records as question 

ones. Then these index terms and recorded information are retrieved from the index DB and score values are calculated 
for each record. And 3 codes are assigned as candidate ones according to their rank.  

 
2.3. Application Results  
 
In the 2005 Population and Housing Census, codes were assigned automatically by the Automated Coding System in 

the case of using large-scale establishment data and the exemplary dictionary, whose accuracy was verified. Data that 
weren't automatically assigned to codes were assigned to several candidate codes by the Automated Classification 
System and then the fittest code was selected. And all these automatic and manual coding results were revised and 
supplemented by reviewing their accuracy manually.  

In the 2005 Population and Housing Census, a total of 4,060 thousand codes were assigned to industries and 
occupations (2,030 thousand codes, respectively). Table 3 and 4 show the Coding Status of Industry and Occupation 
Classification. In Table 3, the accuracy rate excludes codes that were assigned at first by the Automated Coding System 
and then revised in the process of verification. And it includes codes that were the first-ranked candidate ones in the 
manual coding and then decided as final ones.  

 
<Table 3> Coding of Industry and Occupation Classification  

  Industry 
Classification 

Occupation 
Classification 

Verified establishment 
data  4.0 % - efficiency 

rate  Automatic coding 
Exemplary dictionary 59.0 % 41.9 % 
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Computer  assisted 
coding Index DB 36.7 % 57.7 %  

Total 99.7 % 99.6% 
Accuracy rate 80.9 %  67.7 % 

 
<Table 4> Coding in the 2000 and 2005 Population and Housing Census 

  2000 Population and 
Housing Census 

2005 Population and 
Housing Census Note 

Staff 27,000 man-days 7,650 man-days  Reducing about 70% 
Method Only coding Coding and verifying Increasing accuracy 

Place Local Statistics 
Office KNSO headquarters 

Local Statistics Offices aren't coding responses at all 
and take charge of field surveys to produce better 
statistics. 

 
According to Table 4, the 2005 Population and Housing Census recorded a decrease of 19 thousand man-

days from the previous Census. And in 2000, coding personnel were just in charge of coding responses, 
while in 2005 they took part in both coding and editing responses to increase accuracy by using the 
Automated Classification System. In 2000, Local Statistics Offices were responsible for coding responses, 
whereas the KNSO applied the Automated Coding System. Therefore, Local Statistics Offices greatly 
contributed to producing statistics of good quality by devoting themselves to field work.  

   
3. Future work  

 
As a result of applying this Automated Coding System, the production rate and the accuracy rate for 

industry classification recorded 99.7% and 80.9%, respectively. And the production rate and the accuracy 
rate for occupation classification marked 99.6% and 67.7%, respectively. The production rate was high, 
while the accuracy rae was low. This system should be improved to increase the accuracy rate of automatic 
coding. Program managers should log in the Unix server for their indexing & coding work. They should 
input text instruction and several parameters behind instruction.  

When using the index DB, the accuracy of assigned codes can't be decided automatically. So all the data 
that were automatically assigned to their code should be manually reviewed to assign exact codes.  

 
4. Conclusion  

 
This paper describes the indexing & coding method of the Automated Industry and Occupation Coding 

System.  
The KNSO applied this System in the 2005 Population and Housing Census. However, when data from 

Censuses of Basic Characteristics of Establishments are used, industrial classification codes should be 
verified in advance to increase the accuracy rate. As for the exemplary dictionary, some words leading to 
wrong classification should be deleted and revised. And the ranking of records in the exemplary dictionary 
should be adjusted and the exclusive conditions should be reinforced. Word space errors, the index extraction 
method, the index weighting method, code assigning algorithm should be improved in order to improve the 
accuracy rate.  

Program managers should provide more comfortable and various operation environment by converting an 
instruction-centered bathing process into the Web-based system. Moreover, managers should help users 
retrieve data automatically not to mention automatic coding. The information in the System should be 
systematically managed and should satisfy various demand from users.  

The productivity of data processing will be improved if the KNSO applies the Automated Industry and 
Occupation Coding System to more surveys. Data will be processed more rapidly and accurately. And 
workload from manual coding will be greatly cut down.  
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Abstract

It is well known that Efron’s nonparametric bootstrap of the mean of random variables with
infinite variance is not consistent. The reason is that the size of the mean is influenced by a small
number of extreme order statistics. Athreya (1987), Knight (1989), Hall (1990) proved that the boot-
strap distribution converges to a random limit. However, they were not able to give a closed-form
formula to characterize the limiting distribution. In our paper, we first derive the formula for the
bootstrap P value and its distribution. We then provide consistent bootstrap P value by correcting the
nonparametric bootstrap P value given the formula we found. Second, we use Monte Carlo simulations
to show that refined nonparametric bootstrap gives better results than both the m out of n bootstrap and
the semiparametric bootstrap proposed by Davidson and Flachaire (2005). In addition, we perform
Monte Carlo simulations for the m out of n bootstrap. We find that even for large sample sizes, this
bootstrap procedure is not consistent and that m should be chosen close enough to n in order to produce
small errors in rejection probabilities. This result, comes in contradiction to the theoretical conditions
imposed on m.

Main result - refined bootstrap

Let Y1, ..., Yn be a sequence of IID nondegenerate random variables with common distribution.
Write Y for a generic Yi and let ζ = {Y1, ..., Y2} be the sample of the first n Yi’s. Let Y be in the
domain of attraction of the stable distribution with characteristic exponent 1 < α < 2. This is, the
following two conditions hold:

P (|Y | > uy)
P (|Y | > y)

→ u�α,(1)

for each u > 0 as y → ∞ and

P (Y > y)
P (|Y | > y)

→ p,(2)

for a 0 < p < 1 as y → ∞.

For each integer n > 2, let:

�(Y ) = n�1/α
n∑

i=1

(Yi � �)(3)

denote the test statistic of interest, where � is the true mean. The bootstrap samples Y ∗
1 , ..., Y ∗

n

are drawn with replacement from the empirical distribution function of ζ, in order to compute the
bootstrap counterpart of (2):

�∗(Y ∗) = n�1/α
n∑

i=1

(Y ∗
i � Y ),(4)
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where Y = 1
n

∑n
i=1 Yi. By Athreya (1987), Knight (1989) and Hall (1990), the bootstrap distribution:

Gn(y) = P (� ∗(Y ∗) > y|ζ)(5)

is random. Moreover:

P (Gn(y) < u) → P (G(y) < u)(6)

weakly in D[��, �] for each y, u. However, there is no closed-form formula in the literature, neither
for G(y), nor for P (G(y)).

We obtain the following theoretical result:

Theorem. Assume conditions (1) and (2) are satisfied, then we have convergence in law in law
of P (G(y) < u) to a well defined distribution F .

Proof. The proof is a consequence of theorem 2 from Cornea (2007a), where the expression
of F and G(y) are given. Using the theorem, we can derive a refined nonparametric bootstrap that
corrects the inconsistency of Efron’s nonparametric bootstrap.

Monte Carlo simulations

In this section we compare the refined bootstrap to the m out of n bootstrap and the semipara-
metric bootstrap (Davidson and Flachaire (2005)).

The bootstrap test statistic depends on the characteristic exponent, which is not known in
practice and has to estimated. The popular candidates for estimating α are the maximum likelihood
(Nolan (1999)) and the empirical characteristic function (Kogon and Williams (1999)). We performed
a set of simulations in order to chose the most appropriate method. Our results, not reported here,
show that the difference in terms of bias and root mean square error between the two approaches
is very small. Unfortunately, if for the maximum likelihood method it takes a few hours to obtain
10 000 estimates, for the characteristic function approach, it takes just a few seconds to obtain the
same number of estimates. In addition, if for the maximum likelihood estimator we had to impose
convergence conditions, this was not the case for the empirical characteristic function method. The
number of times the maximum likelihood estimator dropped outside the boundaries (1, 2) was highly
significant: 4973 cases out of 10 000 for α = 1.5. These results justify the use of Kogon and Williams
method to estimate α for our refined bootstrap procedure.

The random variables in the Monte Carlo simulations were generated by the algorithm of Cham-
bers et al. (1976). For simplicity, we generated symmetric stable random variables with mean zero,
scale one, and characteristic exponent α = 1.5. We performed N = 10 000 replications with samples
of size n = 100, ..., 1 000. Following Davidson and MacKinnon (2000) we took B = 999 bootstrap
replications. The results of the simulations are presented in figures 1 and 2.
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Figure 2. P value discrepancy plot
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In figure 1 we plotted the errors in rejection probabilities (ERPs) of the refined bootstrap and
the m out of n bootstrap, for sample sizes n = 100, ..., 1000 and for 0.05 significance level. We can see
from this figure that the refined bootstrap has smaller ERPs than the m out of n bootstrap, even in
small samples.

Figure 2 refers to a P value discrepancy plot (Davidson and MacKinnon (1998)). It shows
that the ERPs of the refined bootstrap are close to zero for all quantiles, which is not the case for
both the nonparametric and the m out of n bootstrap. Interestingly, for neither value of m the size
discrepancies of the m out of n bootstrap are not close to the horizontal line, indicating that the m
out of n bootstrap does not ”work”. In addition, the well known asymptotic condition:

m

n
→ 0(7)

for m is not satisfied. For a large sample (n = 1 000), the smallest discrepancy is achieved for m = 500,
which is half the sample size. The largest discrepancies are reached for m = 100.

Finally, figure 2 shows that the nonparametric bootstrap outperforms the m out of n bootstrap.
For typical quantiles it is better to have a bootstrap sample of size m = n or close to it, otherwise we
would under-reject severely.

The contradictory results for the m out of n bootstrap are supported by Cornea (2007b). In
addition, Hall and Jing (1999) showed by means of Edgeworth expansions that the m out of n bootstrap
fails to correct for the first term describing departure from the limit distribution.

The Monte Carlo simulations for the semiparametric bootstrap, not reported here, show that
this procedure does not work better than the m out of n bootstrap.

Acknowledgments. I am greatful to Costin Protopopescu and Russell Davidson for helpful
remarks.
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ABSTRACT

We intend to show that the product X1X2 of two normal independent random variables has a

near normal distribution, when one of them has a sufficiently small variation coefficient. This con-

clusion was ascertained through results on convergence of moments and almost certain convergence

of quotients of random variables. We also obtained simulations with R Statistical Software, using

Kolmogorov-Smirnov test for normality and we illustrate the results with response surface methodol-

ogy. This illustrates the attraction power of the normal model which is also clearly shown in the central

limit theorems.

Key Words: Simulations, random normal distributions, Kolmogorov-Smirnov test, central limit theo-

rems.

1 Introduction

Let Y1 and Y2 be independent normal random variables with mean values µ1 and µ2 and standard devi-

ation σ1 and σ2, Y`∼N(µ`, σ`), ` = 1, 2. We intend to show that, it σ1/µ1 is sufficiently small, Y1Y2 will

be approximately normal with mean value µ1µ2 and standard deviation µ1σ2, Y1Y2∼N(µ1µ2, µ1σ2).

In our presentation we will consider convergence of moments and almost certain, −→ac , convergence as

well as simulation results.

We will represent by E(U) and V ar(U) the means value and variance of U.
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2 Convergence

Our first result will require normality, thus

Proposition 2.1 Given Y1 = (µ1 + X), with E(X) = 0 and V ar(X) = σ2
1, independent of Y2

with E(Y2) = µ2 and V ar(Y2) = σ2
2, taking U = Y1Y2 and V = µ1Y2 we have E(U) = E(V ) and

V ar(U)
V ar(V )−−−−−→µ1 →∞

1

Proof: Since Y1 is independent from Y2 we have E(U) = E(Y1)E(Y2) = µ1µ2 = E(V ) and E(U2) =

E(Y 2
1 )E(Y

2
2 ) = (µ

2
1 + σ2

1)(µ
2
2 + σ2

2). Moreover V ar(V ) = µ2
1σ

2
2 and

V ar(U) = E(U2)− E(U)2 = σ2
1(µ

2
2 + σ2

2) + µ2
1σ

2
2

so that

V ar(U)
V ar(V ) = 1 +

σ1
2(µ2

2+σ2
2)

µ1
2σ2

2 −−−−−→µ1 →∞
1

Nextly we have

Proposition 2.2 Whatever the random variable X, we have

µ1+X
µ1

ac

−−−−−→µ1 →∞
1

Proof: Whatever q < 1 and ε > 0 there is a δ > 0 such that, if µ1 > δ, pr(|µ1+X
µ1

− 1| < ε) > q. Thus

if µn,1 →∞ there will be, whatever q < 1 and ε > 0, a n(q, ε), such that

pr(
⋂

n>m(q,ε)(|
µn,1+X
µn,1

− 1| < ε)] > q

and that

pr[
⋃∞
m=1

⋂∞
n=m(|

µn,1+X
µn,1

− 1| < ε)) > q

which establishes the thesis.

Corollary 2.1With the notation of proposition 2.1 we have U
V

ac
−−−−−→µ1 →∞1 There results clearly sug-

gest that the distribution FV of V = µ1Y2 will be a good approximation to the distribution FU of

U = Y1Y2. Now, if we assume Y2∼N(µ2, σ2) we will have FV∼N(µ1µ2, µ1σ2).

3 Simulations

We now present a selection of the simulations we carried out. We used the R language to write our

software which was run in an Intel Pentium IV processor.

For each set of parameters, 1000 samples constituted by 100 pairs of values for Y1 and Y2 were

generated, thus leading to 100 samples for U = Y1Y2. The normality of these samples was tested

using the corresponding Kolmogorov-Smirnov test. In generating the samples we assumed that

Y`∼N(µ`, 1), ` = 1, 2, thus availing ourselves of well known properties of normal distribution.

In a first batch of simulations we took

µ` = 1, 2, 5, 7, 10, 15, 20, 25, 30; ` = 1, 2
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in the next table we present the number of times normality was rejected at the 1% level.

Table 3.1

Number of rejections of normality

µ2

µ1 1 2 5 7 10 15 20 25 30

1 756 999 1000 1000 1000 1000 1000 1000 1000

2 123 463 1000 1000 1000 1000 1000 1000 1000

5 12 22 218 714 994 1000 1000 1000 1000

7 8 11 64 216 761 998 1000 1000 1000

10 8 10 17 65 214 807 996 1000 1000

15 5 8 12 13 44 211 621 928 992

20 4 7 8 12 20 69 189 500 800

25 7 16 10 10 11 26 75 197 433

30 9 5 6 9 15 20 40 100 185

We see that when µ1 predominates over µ2 the number of rejections drops quite clearly.

Nextly we present graphically the results of a second batch of simulations in which

µ1 = 1, ..., 100; µ2 = 1, ..., 20

Figure 3.1

Number of rejections of normality

To complete our study on the approximation to normality we carried out a third batch of simulation

taking now µ` = 1 + 100·i; i = 0, 1, 2, ..., 100 , ` = 1, 2. In this way we obtained the figure 3.2
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Figure 3.2

Number of rejections of normality

4 Conclusion

The results of last sections point clearly to approximate normality of products of independent normal

variables when de variation coefficient for one of them is much smaller than for the other.
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Loéve, M.(1960),Probability Theory, 2nd Edition, D Van Nostrand

Sheskin, David J. (2003), Handbook of Parametric and Nonparametric Statistical Procedures, Third Edi-

tion(Hardcover)Chapman&Hall/CRC.

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 4434 -



Use of the wrapped t family to approximate the von Mises

distribution

Arthur Pewsey
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1. Introduction

The von Mises distribution has historically played a fundamental role in the analysis of directional
data. A circular random variable Θ ∈ [0, 2π) follows the von Mises distribution with mean direction
µ ∈ [0, 2π) and concentration parameter κ > 0 if its density is given by

fV M (θ;µ, κ) =
1

2πI0(κ)
exp{κ cos(θ − µ)},(1)

where Ip(κ) = 1
2π

∫ 2π
0 cos(pθ)eκ cos θdθ denotes the value, for κ, of the modified Bessel function of the

first kind and order p. We write Θ ∼ V M(µ, κ) to denote this. The mean resultant length of Θ is
given by ρ = A(κ) = I1(κ)/I0(κ) ∈ [0, 1].

A model which has been used to approximate the von Mises distribution in the past is the
wrapped normal distribution. If the linear random variable X has a normal distribution with mean
µ and standard deviation σ then the circular random variable Θ = X (mod 2π) follows the wrapped
normal distribution with mean direction µ = µ (mod 2π) and mean resultant length ρ = e−σ2/2. We
denote the distribution of Θ as WN(µ, σ). Its density is given by

fWN (θ;µ, σ) =
1√
2πσ

∞∑

p=−∞
exp

{
−(θ − µ + 2πp)2

2σ2

}
.(2)

The approximation generally used is that obtained by equating the mean directions and mean re-
sultant lengths of (1) and (2). Thus, one approximates the V M(µ, κ) distribution by the WN(µ, σ)
distribution with σ2 = −2 log(A(κ)).

For highly dispersed cases of the von Mises distribution, an alternative approximation can be
based on the wrapped Cauchy distribution; i.e. the circular distribution obtained by wrapping the (lin-
ear) Cauchy distribution onto the unit circle. As is well known, the normal and Cauchy distributions
are special cases of Student’s t distribution: the first being the limiting distribution as the degrees of
freedom tend to infinity, and the second corresponding to 1 degree of freedom. These facts suggest
that perhaps the von Mises distribution might be better approximated by the wrapped t distribution
with an intermediate number of degrees of freedom.

The wrapped t distribution is defined as follows. Suppose that the linear random variable X

is distributed according to Student’s t distribution with ν > 0 (not necessarily integer) degrees of
freedom. We write X ∼ tν to denote this. Now consider the location-scale extension of X, i.e.
Y = µ + λX, where −∞ < µ < ∞ and λ > 0. If Y is wrapped onto the unit circle we obtain the
circular random variable Θ = Y (mod 2π) distributed according to the wrapped t distribution with
mean direction µ = µ (mod 2π) and density
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Table 1: Parameters of the von Mises distribution (ρ and κ) and those of the approximating wrapped
t distribution (λ∗ and ν∗).

ρ κ λ∗ ν∗ ρ κ λ∗ ν∗

0.05 0.100 2.83 1.99 0.55 1.326 0.94 4.36
0.10 0.201 2.27 2.17 0.60 1.516 0.87 4.91
0.15 0.303 1.94 2.34 0.65 1.739 0.80 5.66
0.20 0.408 1.72 2.50 0.70 2.014 0.74 6.77
0.25 0.517 1.54 2.68 0.75 2.369 0.68 8.53
0.30 0.629 1.40 2.87 0.80 2.871 0.61 11.45
0.35 0.748 1.28 3.08 0.85 3.680 0.53 16.52
0.40 0.874 1.18 3.32 0.90 5.305 0.44 26.62
0.45 1.010 1.09 3.60 0.95 10.272 0.31 56.71
0.50 1.159 1.01 3.94

fWT (θ; µ, λ, ν) =
Γ(ν+1

2 )
λΓ(ν

2 )
√

πν

∞∑

p=−∞

{
1 +

(θ + 2πp− µ)2

λ2ν

}− ν+1
2

.(3)

We will denote the distribution of Θ by WT (µ, λ, ν).
An approximation to the von Mises distribution based on the wrapped t distribution is considered

in the next section. The paper ends, in Section 3, with a discussion of efficient algorithms based on
wrapped t approximation which can be used to simulate variates which, for most practical purposes,
will be indistinguishable from von Mises variates.

2. Wrapped t approximation of the von Mises distribution

Pewsey, Lewis & Jones (2007) consider the wrapped t approximation to the von Mises distribution
obtained by minimising the L2 distance between densities (1) and (3) with identical mean directions,
i.e.

L(fV M , fWT ) =
[∫ 2π

0
{fV M (θ; µ, κ)− fWT (θ; µ, λ, ν)}2dθ

]1/2

.(4)

This approximation requires the use of numerical methods to identify the values, λ∗ and ν∗, of λ

and ν which minimise (4) for a specified value of the concentration parameter, κ, of the von Mises
distribution. Table 1 contains the values of λ∗ and ν∗ obtained using this approach for von Mises
distributions with ρ-values of 0.05(0.05)0.95 and the corresponding values of κ.

Using the results in Table 1 it can be shown that, for κ ≥ 1, λ∗ is well approximated by

λ∗ =
√

6/(6κ− 1).(5)

For smaller values of κ, piecewise regression methods were used to show that λ∗ can be well approxi-
mated using

log λ∗ = 0.2297− 0.4187 log κ− 0.0291(log κ)2, 0 < κ < 0.12,

= 0.0936− 0.5583 log κ− 0.0659(log κ)2, 0.12 ≤ κ < 1.
(6)
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Similarly, ν∗ is well approximated by

ν∗ = 1.8708 + 1.4289κ + 0.2643κ2, 0.1 < κ < 1,

= 2.7167− 0.2318κ + 1.1084κ2, 1 ≤ κ < 2,

= 1.5210 + 0.5727κ + 1.0069κ2, 2 ≤ κ < 3,

= −6.5361 + 6.2626κ, 3 ≤ κ < 5,

= −5.0794 + 6.0079κ, 5 ≤ κ.

(7)

Pewsey, Lewis & Jones (2007) showed that, even for the combination of κ, λ∗ and ν∗ for which
L(fV M , fWT ) is largest, the approximating wrapped t distribution is remarkably similar to its von
Mises counterpart and is far closer than the approximating wrapped normal distribution as described
in Section 1. Combining their findings with those of Pewsey & Jones (2005), they concluded that
truly vast sample sizes would be required before reliable discrimination might be made between the
von Mises distribution and its wrapped t approximating distribution.

3. Efficient algorithms for von Mises simulation

To date, the two most efficient algorithms specifically designed for generating von Mises variates are
those of Best & Fisher (1979) and Dagpunar (1990). The first uses an acceptance-rejection method
incorporating a wrapped Cauchy density envelope. Dagpunar’s algorithm uses a comparison of random
numbers rejection method.

The approximation described in Section 2 suggests the following alternative algorithm for gen-
erating variates which are effectively indistinguishable from variates simulated from the von Mises
distribution with mean direction µ and concentration parameter κ. For the specified value of κ, first
calculate the corresponding values of λ∗ and ν∗ using (5)-(7). Now simulate X from the tν∗ distribu-
tion. Then Θ = µ + λ∗X (mod 2π) is a random variate from the WT (µ, λ∗, ν∗) distribution, a very
close approximation to the original V M(µ, κ) distribution.

One of the most efficient algorithms available for generating tν variates for any ν > 0 is that of
Bailey (1994). It involves an explicit formula in terms of two independent uniform random variates,
and is closely related to the Box-Müller algorithm for normal random variate generation. For ν > 1, an
alternative efficient algorithm is that of Kinderman & Monahan (1980) based on the ratio–of–uniforms
method.

In order to compare the efficiencies of algorithms based on wrapped t approximation with those of
the algorithms of Best & Fisher (1979) and Dagpunar (1990) for “exact” von Mises variate generation,
we performed a simulation study. We made use of the algorithms of Bailey (1994) and Kinderman &
Monahan (1980) referred to above to generate the requisite tν variates.

The results derived from our simulation experiment indicate that an algorithm as described
above based on wrapped t approximation, and incorporating the algorithm of Bailey (1994) for tν
variate generation, is consistently more efficient than the algorithms of Fisher (1979) and Dagpunar
(1990). More specifically, the reduction in the time to generate a single variate ranged from between 9
and 39%. Of course, the variates generated by the algorithms of Fisher (1979) and Dagpunar (1990)
are “exact” von Mises variates whereas the variates obtained using the algorithm based on wrapped t

approximation are sampled from a distribution which is a close approximation to the target von Mises
distribution. Nevertheless, given the closeness of that approximation, the variates generated using
wrapped t approximation, will effectively be, for most practical purposes, indistinguishable from true
von Mises variates.
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RÉSUMÉ

Of the models that have been proposed for circular data, the von Mises distribution is by far the best
known. Various approximations to it have been suggested in the literature, with two of the most popular
ones being the wrapped Cauchy and wrapped normal “best fits”. Both of these latter distributions are
members of the wrapped t family of symmetric distributions; the first being the case for 1 degree of
freedom and the second arising as the degrees of freedom tend to infinity. As both are extreme cases of
the wrapped t family, this suggests that perhaps a better approximation to the von Mises distribution
can be obtained by using some member of the wrapped t family with an intermediate number of degrees
of freedom. And this indeed turns out to be the case. In my talk I will consider the details of such an
approximation and discuss its use in the development of efficient algorithms with which to simulate
approximate von Mises variates.
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In many corporations there is a real need to use software to dynamically read, handle and perform statistical 
analyses in database. These activities generate information useful in decision-making. There are a variety of software 
that can make at least one of those tasks. However, if we take into account the trade-off between the software cost and 
its power to tackle the problems it is going to narrow down drastically the available possibilities. This feature enables 
statisticians to create customized solutions to resolve the existing challenges at the work environment. This paper shows 
that R, open source statistical software, has numerous options to develop these solutions involving RODBC, RDCOM 
and RExcel. The customisation should take into consideration the final-user-background. The user-background can 
range from someone with an idea of what a computer system is, to someone with a solid knowledge in statistics and/or 
programming that would allow the professional to interact and modify the system. Hence, it is evident that statisticians 
who master the development of systems to create personalized solutions have a competitive edge in the market and a 
wide range of opportunities to contribute. 
 
Introduction 

The statistical software R (http://cran.r-project.org/doc/manuals/R-data.html) enables professionals 
and practitioners of statistics to add packages, developed by R community, according to their needs. The 
great appeal of R is the fact that it is an open source software and it is reliable to perform statistical analysis. 
The drawback for beginners is the required code knowledge to write down the commands to execute a 
specific task. However, this apparent disadvantage can be overcome by using a set of packages and 
components already available to create customized solutions to meet customer’s (used here in a broad sense) 
needs. This paper shows specifically the use of RODBC to access and manipulate database, RDCOM to 
create user-friendly interfaces to final users, and RExcel to bridge a connection between R and Excel, 
allowing users to use the full potential of R commands and functions through Excel. 
 
RODBC 

Mainly Microsoft has promoted the ODBC and this is where the driver support is most widespread and 
solid.  UNIX support is available (free) for some of the more common database engines. RODBC works with 
oracle, MSAccess, Sybase, DB2 and SQLServer on MSWindows platforms, and with MySQL, postgreSQL 
and oracle (with a slightly buggy beta driver) under unix. SQL itself is very easy to learn and use in the 
context of selecting data from a single table. The GNU R package for ODBC database access CRAN 
package provides access to any Open DataBase Connectivity (ODBC) accessible database. The package 
should be platform independent and provide access to any database for which a driver exists. It has been 
tested with MySQL and PostgreSQL on both Linux and Windows (and to those DBMSs on Linux hosts from 
R under Windows), Microsoft Access, SQL Server and Excel spreadsheets (read-only), and users have 
reported success with connections to Oracle and DBase. 
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Documentation for package RODBC' access: http://rss.acs.unt.edu/Rdoc/library/RODBC/html/00Index.html 
 
RDCOM 

R-(D)COM is a programming interface to COM and DCOM (ex ActiveX; Microsoft distributed object 
interface) to access the R calculation engine. As such, it runs only under the Windows environnement. The 
R-(D)COM server can be used to build a R GUI client using tools like Microsoft C++, Microsoft Visual 
Basic, or Microsoft Excel. Currently, a R-Excel add-in is provided, as well as some examples to use Visual 
Basic as a front-end. The R-(D)COM interface for windows contains both a COM server used to connect a 
client application with R, and an Excel add-ons. The R-(D)COM Interface (for Windows) contains a COM 
server used to connect a client application (e.g., Microsoft Excel) with R. An Add-In for Microsoft Excel is 
provided as well as Active X controls to be included in your applications. 

Documentation for package R-(D)COM: http://www.sciviews.org/_rgui/projects/RDcom.html 
 
RExcel - Using R from within Excel 

The Excel add-in RExcel.xla allows using R from within Excel. The package additionally contains 
some Excel workbooks demonstrating different techniques for using R in Excel. RExcel allows using R as a 
helper application for Excel. Data can be transferred between Excel and R (in both directions), and Excel can 
call R functions to perform calculations and then transfer the results to Excel.  In particular, RExcel offers 
the following features:  

Works with the R(D)COM server, turning R into an (invisible) background server for Excel; 
Works with the rcom library, allowing having a command line window on the R process 

communicating with Excel. R server is a foreground process;  
Support of R processes running under control of RServerManager. R server is attached to Excel 

from a server pool. Different instances of Excel (running on different machines) may access the same 
R process with the same data;  

Allows using R function in Excel cell formulas, effectively controlling R calculations from Excel's 
automatic recalculation mechanism;  

Connects R data frames and Excel data lists and handles missing data;  
Allows creating a standalone RExcel application that hides R almost completely from the user and 

uses Excel as the main interface to R. (Instructions are given RExcel's help file).  
 
If RCommander (package: Rcmdr) is available, it can be made available from the RExcel menu. The RCOM library comes with an 
Excel sheet, which will modify the RExcel addin configuration to work with the foreground server. The RCOM library is not installed 
with the R(D)COM server, it has to be installed separately. It is possible to develop Excel applications in a way the user does not see 
R directly. The R macros can be called from custom menus, and the RExcel menu can stay completely hidden. 
 
RDCOM and VISUAL BASIC 
 The Tcl/Tk via the tcltk package is largely advised for building GUIs for R. It has the double 
advantage to run on all platforms and to be fully integrated into R: it is now installed by default by the setup 
of R for Windows (GUI for Windows, since one uses the Visual Basic that runs only under Windows 
platform). The tcltk package is one of the recommended packages, the resulting GUI works under all 
platforms, and the Windows distribution of R installs with a basic Tcl/Tk system. The GUI itself can be 
distributed as a standard R package. There are similarities between R(D)Com and the RDCOM* packages. 
However, the RDCOM* packages are a lot more general, being able to create R objects as real RDCOM 
servers. So while they both provide DCOM access to and from R, the model and possibilities are very 
different.  In general, sending R commands to R from other applications is bad programming. And not being 
able to deal with general data types makes the R(D)Com package most useful for simple tasks, but not a 
good bet for building (for building R GUI it is strongly recommended to use R commander) maintainable, 
general software. 
 
Illustration (1): The time series methods take into account possible internal structure in the data. Time series 
analysis accounts for the fact that data points taken over time may have an internal structure (such as 
autocorrelation, trend or seasonal variation) that should be accounted for. Box-Jenkins Approach: The Box-
Jenkins ARMA model is a combination of the AR and MA models. The Box-Jenkins model assumes that the 
time series is stationary. Box and Jenkins recommend differencing non-stationary series one or more times to 
achieve stationarity. Doing so produces an ARIMA model. Box-Jenkins models can be extended to include 
seasonal autoregressive and seasonal moving average terms. The most general Box-Jenkins model includes 
difference operators, autoregressive terms, moving average terms, seasonal difference operators, seasonal 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 4441 -



autoregressive terms, and seasonal moving average terms. As with modelling in general, however, only 
necessary terms should be included in the model. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 1: R-based device for Time Series 
Analysis (Box-Jenkins Methodology): ts(), ts.plot(), acf(), 
pacf(), stl(), arima(), pt(), tsdiag(), predict(). 

 
 
 
 
 
 
 
 
 
Illustration (2): The principal component analysis (PCA) involves a mathematical procedure that transforms 
a number of (possibly) correlated variables into a (smaller) number of uncorrelated variables called principal 
components. The first principal component accounts for as much of the variability in the data as possible, and 
each succeeding component accounts for as much of the remaining variability as possible. Traditionally, 
principal component analysis is performed on the symmetric Covariance matrix or on the symmetric 
Correlation matrix. Make a scree plot of the eigenvalues allows getting an indication of the importance of 
each eigenvalue. The exact contribution of each eigenvalue (or a range of eigenvalues) to the "explained 
variance" can also be queried. Principal component analysis (PCA) is a classical statistical method. This 
linear transform has been widely used in data analysis and compression. 
 
Illustration (3): The general approach to quality control is straightforward: one simply extracts samples of a 
certain size from the ongoing process. One then produces line charts of the variability in those samples, and 
consider their closeness to target specifications. If a trend emerges in those lines, or if samples fall outside 
pre-specified limits, then we declare the process to be out of control and take action to find the cause of the 
problem. The types of charts are often classified according to the type of quality characteristic that they are 
supposed to monitor: there are quality control charts for variables and control charts for attributes. 
Specifically, the following charts are commonly constructed for controlling variables. 
 
Final Considerations 
 We have shown how R can be used to read, to manipulate, to process and to help the analysis of 
several types of database available. We have also emphasized another approach, a more user friendly one, to 
obtain these results considering the wide range of user background. The packages and components RODBC, 
RDCOM and RExcel give statisticians and programmers freedom to build systems adequate to what 
customers need to perform their daily work. This is possible by putting together statistical and system 
development knowledge. Professionals who master these two areas have a competitive edge in the market 
and aggregate valuable features to the final product such as reliability, low cost, user friendly environment, 
and customisation to meet client needs. 
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Figure 2: R-based for Principal Components Analysis: matrix(), eigen(), attach(), cov2cor(), mean(), sd(), cor(), plot(), 
sqrt(), diag(), t(), solve(), princomp(). 
 

  

  
Figure 3: R-based for Quality Control Charts: qcc(), cusum( ), ewma(). 
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Introduction

The main goal of this work is to widen the interactive guide proposed in Garćıa-Leal et al (2006);
including other modules devoted to different statistical techniques, mainly Probability calculation,
construction of Confidence intervals and approach and resolution of parametric and non parametric
Contrast Hypothesis.

The development of this project, as well as the previous ones, was boosted by the reform of the
Statistics teaching method used so far in two courses of BA in Biology in the Faculty of Sciences of the
University of Granada. This reform was mainly focused on the fact that many of the problems faced
by the graduates in the work market have to do with the appliance of different statistical techniques.
In an early stage, methodology was modified for the teaching of Statistics and, as a consequence,
computers were introduced in the classrooms. Then, the students got involved in an active way.
Besides, specific documentation was developed for the students (see references ”Introducción a la
Estad́ıstica para Bioloǵıa” (2003) and ”Técnicas Estad́ısticas para Investigación en Bioloǵıa” (2003),
”Estad́ıstica para la Bioloǵıa” (2004)); so that the student may have access to all the information
and material related to the subject and multimedia methods for troubleshooting or tutorials. A Web
portal was also developed, ”http://www.ugr.es/ bioestad/”. An interactive learning guide has been
deployed recently; by this guide the student can work with both the statistical package SPSS (our
university owns the licence for the SPSS program) and an emulator of this program that includes,
from the didactical point of view, several enhancements to the program. This interactive program
provides self learning for the students in and outside the classroom.

Computational Interactive Guide

This interactive guide has been introduced as teaching support for the practices of the subjects
for which the project has been developed. By means of this and with the help of the computer, the
student gets the necessary knowledge to deal with some specific modules of the SPSS program.

In the early stage, the project consisted of:

1. A Web Portal (Figure 1) with the different practices that can be solved using SPSS. In the first
version of the guide could be found exercises of one-dimensional and two-dimensional Descriptive
Statistics. In this second version can also be found the solution to the exercises of Probability,
Confidence intervals and parametric and non parametric Contrast Hypothesis. Each of the
sections contains a suitable introduction to the use of the program, a step by step resolution of
an exercise by means of the SPSS program emulator and it ends with a proposed exercise that
can easily be solved with SPSS.

2. A SPSS program emulator (Figure 2): The main idea is that the students use the emulator to
make the guided exercises; previously they must have read the theory related to the exercise.
Using this emulator the student will be able to solve any kind of similar exercise with the SPSS
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Figure 1: Emulator

and all this by means of self learning. For this reason, the interactive guide can be used to either
to work in class accompanying the teacher’s explanation or to work at home. The main features
of the emulator are:

• SPSS environment is emulated.

• The emulator corrects the exercise, including error messages in case they occur.

• Emulator divides each exercise in different steps, explaining in an interactive way the ful-
filling of each one of them and not allowing to go through to the next step until the active
phase has not been correctly completed.

• There are two versions of the emulator, one with the emulation in Spanish and one in
English (version introduced in this last project).

The emulator can not be considered as a substitute of the SPSS program for in each practice the
student will only have access to the menus required for the development of such practice; nevertheless,
the emulator has the same graphic environment as SPSS, so that the student can get familiar with
the original program. The intention is that the computer becomes a virtual guidance for the student
in the learning of the techniques relative to the practice that is being developed.

Various technologies have been used for the creation of the two parts of the interactive guide:

• Web Portal: implemented via HTML + JavaScript, easier access to information is achieved.
Any internet user may access this portal, which is intended to be the environment the sessions
are completed in. The user is not restricted to a specific operating system or web navigator, as
the Web technology used is universal.
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Figure 2: Portal web.

• SPSS programme emulator. For the purposes of ensuring that the application is fully portable to
any user environment, the implementation of the emulator has been executed using JavaScript,
one of the most commonly used programming languages due to its multi-functionality across
any operating system (Windows, Linux, Mac. . . ).

This didactic material will be distributed in CD-ROM format, which will include the Web Portal,
the SPSS emulator, additional software such as the Java Virtual Machine and some free licence Web
navigators. Eventually, this guide will also be available on the internet via the Web Portal. The final
objective of this guide is to be available to students on the internet via the Web Portal, around which
the technology for the guide is based. Through the Web Portal, the student will be able to consult the
documentation relevant to assignments and complete the guided exercises with the SPSS emulator.

Conclusions

The start up of the interactive guide has proofed its great usefulness, due to the advances
achieved by the students, both in Statistics knowledge and a higher concern about Statistics. Fur-
thermore, we have heard of people interested in the learning of SPSS using this guide, due to the
difficulties of assisting to a SPSS course. Methodological changes in the teaching of some subjects
such as Statistics in experimental degrees are a necessity and a challenge for academic staff. Without
losing course content and importance, the introduction of the computer to the classroom, in a bid
to involve less theory and more practical work, allows the student to understand and assimilate the
contents of the subject in a more efficient way. The development of new technologies and their incor-
poration into society encourages its use in education. It is already a reality that a student may access,
from any location, part of the teaching material and be in touch with teaching staff for any queries
that may arise. This new way of teaching Statistics has yielded optimum results during the time it
has been implemented. As has been said throughout this paper, we wanted to be more ambitious and
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have created an interactive computer programme for self-tutoring of the SPSS programme.
We believe that our experience might be useful in similar contexts, i.e. in subjects with wide-

ranging content, limited course units and where it is convenient to carry out practical sessions on the
computer. Also for the introduction of the new ECTS credits.
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ABSTRACT

We present an extension of interactive software for learning Statistics with SPSS that we pro-
posed in a previous work that consisted of a web portal and a program emulator. We have introduced
three new practices with the aim of instructing students in the most outstanding techniques in Statis-
tics. The goal of this software was to simulate some of the functionalities of SPSS. We developed it
with a similar interface and with functionalities available to perform some Statistical exercises with
SPSS.
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Härdle, Wolfgang
Klinke, Sigbert
Ziegenhagen, Uwe
Humboldt-Universität zu Berlin, School of Business and Economics
Unter den Linden 6
10099 Berlin, Germany
haerdle/sigbert/ziegenhagen@wiwi.hu-berlin.de

Along with many others, we agree that a modern education in statistics needs to incorporate the
practical analysis of real datasets, which are usually more complex than the common examples found
in standard textbooks.

The software used in the teaching of statistics includes standard spreadsheet environments such
as OpenOffice and Excel and dedicated commercial and non-commercial packages such as R, Minitab
or SPSS. With the freely available Yxilon environment we add another package and proliferate the
statistical programming language XploRe, using a modern client/server based architecture. This
architecture has the capabilities of serving statistical results in a variety of flavors for different groups
of users. In this paper we describe the general setup of the Yxilon environment and present selected
technical details.

From XploRe to Yxilon

Following the requirements we gave in Härdle, Klinke & Ziegenhagen (2004), the value of a
statistical software environment does not only depend on general features such as stability of the
software and the set of available methods, but also on the way it allows an efficient interaction with
the user. Nowadays the user operates statistical software either via character input in a terminal or
mouse. Well-known packages for the former method are R and Matlab, for the latter Minitab and
SPSS, which also allows the extension of its methods via VisualBasic.

XploRe, the predecessor of Yxilon and its scientific fundament, belonged to the category of
language-operated statistical packages. The codes, the so-called quantlets, were written in a C-style
programming language, which was then evaluated by XploRe. Details of the XploRe syntax can
be found in Härdle, Klinke & Müller (2000). XploRe included more than 1500 quantlets, covering
especially non- and semiparametric methods and the statistics of financial markets. The internal
design of XploRe was monolithic, which means that a large proportion of components was tied closely
together in just one executable. To allow easier maintenance of existing and adding of new functions
we decided to reimplement the XploRe language in the Yxilon project, using a simplified and modular
client/server approach with two tiers. On the one hand this allows the easier adding of new modules,
on the other hand existing modules can easily be maintained or exchanged.

The Client

The Yxilon environment is operated by the user through the client. In contrast to the server
which was written in C++, it was implemented in Sun Microsystems’ Java. For our purpose Java
offers various advantages if compared with other programming languages. Compiled Java code can be
run on any platform for which a Java Runtime Environment (JRE) is available, it offers a large set
of methods for network-related techniques (TCP/IP, XML, SOAP), it can be embedded into HTML
pages and is supported by a large user community.
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The client satisfies different needs: It hides the technical implementation of the communication
and offers an test platform for the implementation of new functions. The current version does not only
offer basic editing and the exchange of code and results with the server but provides advanced editing
features such as the highlighting and autocompletion of code and database connectivity.

When the user presses the connect button, the client reads the communication settings from a
textfiles and exchanges information with the server, e.g. login and password. After this handshake
process the user edits his sourcefiles and sends them to the server.

Figure 1: Yxilon Java client

For the generation of plots we have chosen the JaspPlot library (Yamamoto, Nakano, Fujiwara
& Kobayashi 2004), a library explicitly designed for the display of statistical graphics. This library
can easily be embedded into Yxilon and offers a wide range of statistical graphics. Furthermore it
allows the linking of different plots, so selected (brushed) observations in one plot are automatically
highlighted in another.

Figure 1 depicts a screenshot of the Yxilon client, showing relevant windows of the interface. In
the topleft corner the editor window with the Yxilon code needed to produce the plot, in the bottom
left the ’Debug’ window, which shows detailed information about the communication packets sent and
received, and the output window used for the display of numerical results. Furthermore the client also
contains a database wizard, which allows to connect to different databases such as Access, MySQL or
Oracle via the Java Database Connector (JDBC).
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The Server and the Communication Protocol

For the communication processes between a server and a client there are numerous ways to
exchange information. We evaluated common techniques such as Remote Procedure Calls (RPC) and
Remote Method Interaction (RMI) but finally decided to develop our own binary protocol. This had
the advantage that we kept the complete control of the communication, which resulted in a very small
overhead, therefore in a fast communication.

Table 1 gives an overview about different types of objects currently used for the communication.
There are ten types of objects; different types of lists, numeric and character matrices as well as a
different types of exceptions. These exceptions are extremely useful when the code submitted by
the user is incomplete or erroneous since they contain detailed information about the location and
type of the error. Runtime exception are caused by errors in the evaluation of syntactically correct
programs, e.g. when a DLL could not be loaded properly. User exceptions are defined in the Yxilon
code. Their task is to give feedback in form of errors and warnings, for example if conditions concerning
the dimensions of a matrix are not met. The parser exception is the third type, occuring when the
input submitted by the user was incomplete.

When the server executable is started, it reads the necessary settings from a textfile, e.g. the
network port it binds to, the paths for the DLLs and Yxilon codes and the login/password needed for
clients to connect. After the successful loading of these settings a TCP/IP server port is opened. From
now on clients can connect.

ID Object Type Description
0 empty object to denote null objects
1 numeric matrix stores numeric matrices (up to 3 dimensions)
2 string matrix stores string objects (up to 3 dimensions)
3 object list may contain matrices or lists
4 named list a named list object
5 parameter list stores named key/value pairs
9 runtime exception captures errors in the server
10 user exception allows user to define own errors/warnings
13 parser exception captures incomplete input

Table 1: Overview of Communication Objects

When Yxilon objects are sent from the server to the client as a serialized data stream, the first
information transmitted is the object type. Based on this type identification the client reads the
remaining bytes and generates the necessary objects as matrices and lists which are then used e.g. to
generate a statistical graphics or character output.
The server component of Yxilon is currently available for Microsoft Windows only, however we will
provide versions for Linux and Solaris in the near future. Due to the concept of modularity and
exchangable parts the server itself has only very limited functionality, such as the management of
objects, basic calculations and the communication stack. All computational functionality above the
level of simple algebra and basic matrix manipulations has been sourced out to dynamic link libraries
(DLLs). Listing 1 illustrates the simple structure of one of these libraries.
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Following initial import statements and definitions we define in the LibMain function a set of variables
such as the author and the version of the DLL. These information, which will accessible also from
Yxilon code, provide valuable information in the development process, e.g. to ensure that a required
dynamic link library has a certain version level. The current list of available libraries for Yxilon contains
the handling of matrices, mathematical functions and the generation of various random numbers,
further libraries are planned.

1 #include <LibInclude.hpp>

2 #define CExtObj CExpCompObject

3

4 EXPORT LibMain(CExtLibrary *pLib){

5 pLib->setAuthor(L"Sheldon Kelly");

6 pLib->setVersion(L"1.0");

7 pLib->setName(L"Mathematical Functions");

8 pLib->addFunction(L"abs", L"Yabs");

9 pLib->addFunction(L"ceil", L"Yceil");

10 pLib->addFunction(L"floor", L"Yfloor");

11 pLib->addFunction(L"cos", L"Ycos");

12 };

Listing 1: Example of C++ code for a dynamic link library

Conclusion

The Yxilon project is our attempt to proliferate the ideas and concepts of the XploRe language
in a modern, modular environment. By using innovative features for the user interface combined with a
fast and reliable communication protocol we want to provide an easily learnable environment especially
suitable for the education of students. The next steps on the agenda include the further integration of
statistical graphics into the client and the conversion of existing XploRe code to Yxilon. We highly
appreciate feedback from interested students and scientists, more information and downloads can be
found online at http://www.quantlet.org.
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1. Introduction

Balanced incomplete block designs(BIBDs) are very useful to reduce the number of experiments
when several treatments must be compared and the experiments are performed in blocks with no
interaction effects between treatments and blocks. An extended table of BIBDs is given in The CRC
Handbook of Combinatorial Designs(1997).

It is not easy to construct a BIBD with given parameters. In order to construct a BIBD, we
need several fields of Mathematics (theory of finite fields, Galois fields, projective geometry, combi-
natorial theory, orthogonal Latin square and so on) or computer simulations (Toyoda, Shirahata &
Takeuchi(2002), Shirahata & Niwa (2003)). Nowadays, many useful and practical designs have been
already obtained and the rest are very difficult to be constructed. Hence it is statistically not practical
to make efforts to construct such designs. However, some of these designs are very stimulus for some
field of Mathematics. Hence, it is interesting to know whether we can discriminate a design which
exists or not. However, we can not discriminate whether a BIBD with given parameters exists or
not by the linear discriminant function and the quadratic discriminant function, since the problem is
highly nonlinear. In this topic, we try to discriminate whether a BIBD with given parameters exists
or not by a hierarchy neural network which is useful for nonlinear discriminant analysis. We shall
show that the discrimination is rather effective.

2. BIBD

A balanced incomplete block design(BIBD) is a pair (V,B) where V is a v-set and B is a
collection of b k-subset of V (blocks) such that each element of V is contained in exactly r blocks and
any 2-subset of V is contained in exackly λ blocks. In experimental situation, v, k, b, r and λ be the
number of treatments, that of treatments experimented in each block (block size), that of blocks, that
of experiments performed for each treatment, and that of blocks where two distinct treatments are
experimented simultaneously, respectively. Among the parameters, it holds that

vr = kb and r(k − 1) = λ(v − 1).(1)

Hence, there are only three parameters. We denote the design by BIBD(v, k, b, r, λ). This is also
represented as 2− (v, k, λ).

Let N = {nij} be a incidence matrix where nij = 1 when i-th treatment is experimented in
j-th block and nij = 0 otherwise. If N is an incidence matrix of a BIBD, then M = {1− nij} is also
an incidence matrix of a BIBD. Hence we may consider the case where r ≤ b/2. The followings are
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examples of BIBD(7, 7, 3, 3, 1) and BIBD(5, 2, 10, 4, 1).

N =



0 1 1 0 0 0 1
1 0 1 1 0 0 0
0 1 0 1 1 0 0
0 0 1 0 1 1 0
0 0 0 1 0 1 1
1 0 0 0 1 0 1
1 1 0 0 0 1 0


, N =


0 0 0 1 1 0 0 0 1 1
0 0 1 0 1 0 1 1 0 0
0 1 1 0 0 1 0 0 0 1
1 1 0 0 0 0 0 1 1 0
1 0 0 1 0 1 1 0 0 0

 .

Consider all contrast

θa =
v∑

i=1

aiµi,
v∑

i=1

ai = 0

where µi is the treatment effects of the i-th treatment, and consider linear unbiased estimator θ̂a of
θa. Then it is well known that a BIBD gives a design which minimizes the maxaVar(θ̂a) (minimax
principle) among designs with the same number of experiments. Hence, by BIBD we can save the
number of repetition of experiments.

In the CRC Handbook, 1196 cases satisfying (1) are listed. We add BIBD(4, 6, 3, 2, 1) and
consider 1197 cases. However, we focus on the existence and hence 287 cases are omitted since, for
example, BIBD(7, 7, 3, 3, 1) exists and we can find that BIBD(7, 14, 6, 3, 2) exists. Then 98 cases of
the rest (Group 2) do not exist, 431 cases (Group 1) exist and 381 cases are unknown whether they
exist or not.

In this topic we try to find a good discriminant procedure to distinguish the 431 + 98 = 529
cases.

3. Hierarchy neural network

Neural network model can be clssified into two groups. One is a class of feedbackward neural
network models (Hopfield model, cellular models and so on) and the other is that of feedforward
neural network models. We applied Hopfield model to construct a BIBD. However, the space to be
investigated was too large and it was difficult for large b and v.

Here, we use simple hierarchy neural network model which is a feedforward network model. The
model is defined as follows. See also Figure 1.

We consider 3-layer network with I neurons I1, . . . , II at the input layer, J neurons J1, . . . , JJ at
the hidden layer and K neurons K1, . . . ,KK at the output layer. There are I-variate input variables
and K-variate output variables.

Let the input variables be x1, . . . , xI . In addition, put x0 = 1. Let pij ; i = 0, . . . , I, j = 1, . . . , J
be the coefficient from Ii to Jj . Hence, the potential of Jj is given by uj =

∑I
i=0 pijxi. Put ϕ(u) the

transfer function from the hidden layer to the output layer. Thus, the neuron Jj outputs vj = ϕ(uj).
Let v0 = 1 and let qjk; j = 0, . . . , J, k = 1, . . . ,K be the coefficient from Jj to Kk. The potential

of Kk is given by wk =
∑J

j=0 qjkvj . Put ψ(w) the output function from the output layer. Thus,
zk = ψ(wk) is the final output.

Let (x1, . . . , xI , y1, . . . , yK) be a superviser data. Then, the error for the data is defined as∑K
k=1(yk − zk)2. We consider the sum of the squared error for all superviser data and the parameters
{pij , qjk} are selected to make the sum to be small.
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Figure 1. Hierarchy neural network
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4. Simulation results

In our case, the sample size is N = 529. The superviser data consists of the parameters of
BIBD and the indicator value (1 for the designs in Group 1 and 0 in Group 2). Thus, K = 1 and
I = 3 (v, k, λ) or I = 5 (v, k, b, r, λ). Since the range of the parameters to be considered are widely
distributed, we consider the log-transformation of the parameters in some simulated cases. Whether
the variables are transformed or not, they they are standardized so that they are in the interval [0, 1]
by subtracting the minimum and then dividing the range. Further, we use the sigmoid function

ϕ(x) = ψ(x) =
1

1 + e−x
, −∞ < x <∞.

The values 1 and 0 are extreme values of the function. Hence we change them into 0.9 and 0.1,
respectively. The sample size is 529.

Let the superviser data be (xr1, . . . , xrI , yr), r = 1, . . . , 529 and we have the outputs zr, r =
1, . . . , 529. Here, 431 of yr are 0.9, 98 of yr are 0.1 and xri ∈ [0, 1] for each (r, i). The output for the
r-th superviser data is given by

zr = ϕ(
J∑

j=0

qjkϕ(
I∑

i=0

pijxri))

and the sum of squared error is

E =
529∑
r=1

hr(yr − zr)2 ≡
529∑
r=1

hre
2
r

where hr be the weight for the r-th data which is, if adopted, defined to be 98/529 for the group 1
and 431/529 for the group 2. We adopt the error back-propagation method and the steepest decent
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algorithm. We have

∂

∂pij
E = −2

529∑
r=1

hrerϕ
′(wr)qjϕ′(urj)xri,

and

∂

∂qj
E = −2

529∑
r=1

hrerϕ
′(wr)vrj .

Let {p(n)
ij , q

(n)
j } and E(n) be the parameter values and the sum of squared error of the n-th

iteration, respectively. Then the parameters of the n+ 1-th iteration are given by

p
(n+1)
ij ← p

(n)
ij − α

∂

∂pij
E(n) − βE(n), q

(n+1)
j ← q(n) − α

∂

∂qj
E(n) − βE(n)

where 0 < α < 1 is the learning rate and 0 < β < 1 is the momentum rate induced to make the
learning smooth . The initial values {p(0)

ij , q
(0)
j } are selected to be the random numbers between (0, 1).

When zr > (<)1
2 , we judge that the design exists (does not exist).

We performed computer simulations for several α, β, J . Table 1 is a part of the results. It is
found that the weight is heavily depend on the performance for each group. It is also found that the
performance of the case I = 5 is better than the case I = 3. The performance does not depend on
both the learning rate and the momentum rate.

Table 1. Some simulation results

Misclassification
I J α β weight transformation Group 1 Group 2
3 3 0.01 0 no no 12 39
3 3 0.01 0.5 no no 14 39
3 6 0.01 0 no no 14 30
3 3 0.01 0.3 yes yes 47 16
3 6 0.01 0.3 yes yes 46 17
3 6 0.01 0.3 yes yes 44 13
5 8 0.03 0.5 yes yes 33 14
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Introduction

Our finger veins are not visible and, for example, we do not know whether the image of my right
index finger vein is similar to that of my friends, or even to that of my middle finger, or my left index
finger. Nothing have been known about numbers, locations and lengths of finger veins. However,
recent technologies made it possible to get sharp vein images. Kouno et al. (2000) developed feature
extraction of finger vein patterns based on repeated line tracking and Fan (2004) used thermal images
of vein-patterns. Among them we deal with in this paper is the one developed by the Central Research
Laboratory, Hitachi, Ltd (Miura et al., 2002).

Figure 1 shows the result of extracted finger vein patterns, represented from Miura et al. (2002).
Readers should refer to Miura et al. (2002) for details. We extracted vein patterns from the right index
and middle fingers and the corresponding patterns from the left fingers of about 500 person. Here
we show diversity of human finger vein images and discuss the usefulness of finger veins for personal
identification.

Diversity of finger vein patterns

The pixels that consist of an extracted vein pattern are classified into three categories; VEIN,
AMBIGUOUS, and BACKGROUND. Two vein patterns are overlapped and are compared pixel by
pixel. If a pixel that is classified into VEIN overlaps with a pixel classified into BACKGROUND,
the pair of the pixel is said to be mismatched. Note that it is not symmetric, i.e., suppose , for
example, that there are two finger patterns, say R and L, which consist of three pixels classified
into (AMBIGUOUS, VEIN, BACKGROUND) and (AMBIGUOUS, VEIN, VEIN), then there is no
mismatching from R to L, but one mismatching from L to R. The mismatch rate (MMR) is defined as

MMR =
total number of mismatched pairs

total number of pixels classified into VEIN in the two finger patterns
.

Figure 2 shows histograms of the MMR computed from 1,012 (= 506 person × 2) pairs of
identical right index fingers and 255,530 (= 506 × 505) pairs of unrelated right index fingers. The
figure shows that two histograms are separated, indicating the significant difference of vein patterns
of the right index finger between individuals. Figure 3 shows histograms of the MMR computed from
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Figure 1: Extracted finger vein image (left) and patterns (right)

 

 

Identical right 
index fingers 

Unrelated right 
index fingers 

Figure 2: MMR of identical right index finger and of unrelated index finger.

255,530 pairs of right middle finger and right index finger from identical person (dark) and 255,530
pairs of unrelated right index fingers (light). Figure 4 shows histograms of the MMR from 255,530
pairs of the right index fingers and left index fingers of identical person (dark) and that from 255,530
pairs of unrelated right index fingers (light). These figures show two histograms are almost completely
overlaped, indicating that two fingers are identical if and only if they are the same finger in the same
hand of the same person, and all the other cases can be treated simply as unrelated.

Personal identification

Suppose that a finger vein pattern of an individual is registered and a new finger pattern is
arrived. Figure 2 suggests that we may judge that the new arrival is unrelated if MMR > C, and
identical to the registered if MMR ≤ C for some cut-off point C. The goodness of this personal
identification is evaluated by the false rejection rate (FRR) and false acceptance rate (FAR); defined
by FRR=Pr(MMR> C | identical fingers) and FAR=Pr(MMR≤ C | unrelated fingers).

We introduce a mathematical model to evaluate the FRR and FAR from the data. Let m be the
total number of pixels classified into VEIN in the two vein patterns, and Xi be a binary variable taking
1 with probability P if the ith pair of the pixels is mismatched and 0 otherwise, where P represents
the mismatch rate. The mismatch rate P is estimated by

X̄ =
1
m

m∑
i=1

Xi.

Since a vein is connected, X1, . . . ,Xm would not be statistically independent. Furthermore m is
unknown and depends on the length of the veins. These characteristics must be taken into account in

Figure 3: MMR of the right index fingers and
middle fingers of identical person (dark) and of
unrelated individuals (light).

Figure 4: MMR of the right index fingers and
left index fingers of identical person (dark) and of
unrelated individuals (light).
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Figure 5: MMR of identical right index fingers
(empirical) and the fitted Beta-Binomial distribu-
tion.

Figure 6: MMR of unrelated right index fingers
(empirical) and the fitted normal distribution.

the modeling. Assume that P is a random variable following a beta distribution of parameters α and
β, and that, for given P = p, X1, . . . ,Xm are conditionally independent and identically distributed
with a Bernoulli distribution with Pr(Xi = 1|P = p) = p, where m is an unknown constant. It follows
under these assumptions that mX̄ follows a beta-binomial distribution.

Estimating the FRR

Parameters α, β and m are estimated to be 8.49, 94.19 and 400 by applying the method of
moment to the MMR data from 1,012 (= 506 person × 2) pairs of identical right index fingers. Figure
5 shows the histogram and fitted beta-binomial distribution; showing the fitting is fairly good. The
second column of Table 1 gives the estimated FRR from the beta-binomial distribution for selected
values of the cut-off points.

Estimating the FAR

Parameters α, β and m are estimated to be 369.593, 391.116 and 400 by applying the beta-
binomial distribution to 2,540,120 unrelated pairs of right index finger altogether. When α + β is
large, the beta-binomial distribution is approximated by a normal distribution; in particular, the ap-
proximation is good when α/(α + β) is close to 0.5. Figure 6 shows the histogram from 2,540,120
unrelated pairs (empirical) and fitted normal distribution N(0.4859, 0.03082), showing that the fitting
is pretty good. The third column of Table 1 gives the FAR estimated from the fitted normal distribu-
tion. 95% confidence intervals (c.i.) of the FAR are obtained from 10,000 bootstrap samples consisted
of 1,000 samples drawn from each of the population in Table 2.

Table 1: Estimated false acceptance rate (FRR) and false rejection rate (FAR).
Cut-off point FRR FAR 95% c.i. of FAR

0.270 3.16E-06 1.31E-12 6.32E-13 2.56E-12

0.280 1.30E-06 1.25E-11 6.41E-12 2.45E-11

0.290 5.20E-07 1.08E-10 5.82E-11 1.94E-10

0.300 2.04E-07 8.47E-10 4.84E-10 1.46E-09

0.310 7.86E-08 5.97E-09 3.69E-09 9.81E-09

Universal unequalness of the human finger vein

Also FAR is useful to assess universal unequalness of the human finger vein. Suppose N be the
size of population that we consider. N may be, for example, the size of the populations in Tokyo
(N ∼ 12 millions), the populations in Japan (N ∼ 120 millions) or the populations in the world
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(N ∼ 6.5 billions). Suppose that one person is chosen randomly from the population and registers
his/her finger vein to this device. Then ”how many persons are there in the population who are going
to be judged as “identical” to this person ? ” would be an interesting question. The question is
answered as follows. Suppose that we number all the persons of the population as 1, 2, . . . , N , and
suppose the person 1 registers his finger vein without loss of generality. Let Yi be the random variable
defined as Yi = 1 (0) if person i is judged as “identical” to the person 1 (otherwise) for i = 2, . . . , N

and Y =
N∑

i=2

Yi. Then the expected value of the number of the persons who is supposed to be judged

as “identical” to the person 1 is E(Y ) =
∑N

i=2 E(Yi) = (N − 1)FAR � N · FAR.
Table 2 lists this expected values for some selected values of C and N . We may esteem those

values in the table as the index of universal unequalness of personal identification by means of finger
veins. From the table, for example, the universal unequalness of the human finger vein would be
statistically guaranteed in Japan, when we set C as C ≤ 0.310. On the other hand, if we want to
ensure the universal unequalness of the finger vein in the world, we would have to set C as C ≤ 0.290.

Table 2: Expected value of the number of persons who judged as “identical” to some specific person in the N

populations
Cut-off point c N = 1 million N = 10 millions N = 100 millions

0.270 0.00000 0.00001 0.00013

0.280 0.00001 0.00013 0.00125

0.290 0.00011 0.00108 0.01080

0.300 0.00085 0.00847 0.08470

0.310 0.00597 0.05970 0.59700

Conclusion

Comparing the distribution of our mismatch rate between unrelated finger veins to that of the
Hamming distance of iris pattern given in Daugman and Downing (2001), the estimated standard
deviation is 0.0308 in our study, while it is 0.032 in Daugman and Downing (2001). This result implies
that the diversity among the different persons of the human finger vein is similar to that of the iris
pattern, and our method also may be utilized for the personal identification.
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Abstract

We propose a method of estimation of the derivatives of probability density based
wavelets methods for a sequence of negatively associated random variables with a
common one-dimensional probability density function and obtain an upper bound on
Lp-losses for the such estimators.

Keywords: Negative dependence; Multiresolution analysis, Besov space, wavelets , non-
parametric estimation of derivative of density

1 Introduction

Methods of estimation of density and regression function is quite common in statistical
applications. Recently, there has been a lot of interest in nonparametric estimation of such
functions based on wavelets. Recently, Chaubey et al. (2006) have generalized the results
of Prakasa Rao (1996) for i.i.d. case to estimating the derivatives of a density for associated
sequences. Here we generalize these results to the case of estimating derivatives of a density
of negatively associated sequences. We recall the definition of negative association for an
arbitrary collection of random variables.

Definition 1.1 A finite family of random variables (r.v.s) {Xi, 1 ≤ i ≤ n} is said to be
negatively associated (NA)if, for every pair of disjoint subsets A and B of {1, 2, ..., n}, we
have

Cov{h1(Xi, i ∈ A), h2(Xj , j ∈ B)} ≤ 0,

whenever h1 and h2 are real-valued coordinate-wise increasing functions and the covariance
exists. A random process {Xi}∞i=−∞ is NA if every finite sub-family is NA.

∗Email addresses: doosti@math.um.ac.ir (H. Doosti) , chaubey@alcor.concordia.ca (Y. P. Chaubey)

and blsprsm@uohyd.ernet.in (B.L.S. Prakasa Rao)
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2 Estimation of the Derivatives of a Density

First, we consider the sequence {Xi, i = 1, ..., n} to be consisting of i.i.d. random
variables and extend the result of Prakasa Rao (1996) to integrated squared error, when
the error is measured in p−norm. Therefore, one obtains his result by letting p = 2. Also,
by considering d = 0, we obtain the results obtained in Kerkyacharian and Picard (1992)
and Tribouley (1995). Next, we consider the case of sequences with NA and obtain similar
results in Theorems 2.2 and 2.3; here an additional condition on the scale function, namely
monotonicity, is imposed.
In the setup considered by Prakasa Rao (1996), we assume that φ is a scaling function
generating an r−regular multiresolution analysis and f (d) ∈ L2(R). Furthermore, we
assume that there exists Cm ≥ 0 and βm ≥ 0 such that

|f (m)(x)| ≤ Cm(1 + |x|)−βm , 0 ≤ m ≤ d. (1)

Prakasa Rao (1996) showed that the projection of f (d) on Vj0 is

f
(d)
j0

(x) =
∑

k∈Kj0

aj0,kφj0,k(x),

where
aj0,k = (−1)d

∫
φ

(d)
j0,k(x)f(x)dx.

So its estimator is

f̂
(d)
j0

(x) =
∑

k∈Kj0

âj0,kφj0,k(x), (2)

where

âj0,k =
(−1)d

n

n∑
i=1

φ
(d)
j0,k(Xi).

The estimator in Eq. (4) will be used as an estimator for f (d)(x).

Theorem 2.1 Let f (d)(x) ∈ Fs,p,q with s ≥ max (1/p, d), p ≥ 1, and q ≥ 1. Consider the
linear wavelet density estimator in Eq. (2) for an i.i.d. sequence of random variables
X1, ..., Xn. Then for p′ ≥ max(2, p), there exists a constant C such that

E‖f̂ (d)
j0

(x)− f (d)(x)‖2
p′ ≤ C n

− 2(s′−d)

1+2s′

where s′ = s + 1/p′ − 1/p and 2j0 = n
1

1+2s′ .

Proof: First, we decompose E‖f̂ (d)
j0

(x)− f (d)(x)‖2
p′ into a bias term and stochastic term

E‖f̂ (d)
j0

(x)− f (d)(x)‖2
p′ ≤ 2(‖f (d) − f

(d)
j0
‖2

p′ + E‖f̂ (d)
j0

− f
(d)
j0
‖2

p′) = 2(T1 + T2) (3)

2
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Now, we want to find upper bounds for T1 and T2. Chaubey et al. (2006) showed

T1 ≤ K2−2s′j0 (4)

Next, we have

T2 = E‖f̂ (d)
j0

− f
(d)
j0
‖2

p′ = E‖
∑

k∈Kj0

(âj0,k − aj0,k)φj0,k(x)‖2
p′ .

This gives by using Lemma 1 in Leblanc (1996), p. 82 (using Meyer (1990)),

T2 ≤ CE{‖âj0,k − aj0,k‖2
lp′
}22j0(1/2−1/p′).

Further, by using Jensen’s inequality the above equation implies,

T2 ≤ C22j0(1/2−1/p′){
∑

k∈Kj0

E|âj0,k − aj0,k|p
′}2/p′ . (5)

To complete the proof, it is sufficient to estimate E|âj0,k − aj0,k|p
′
. We know that

âj0,k − aj0,k =
1
n

n∑
i=1

{[φ(d)
j0,k(Xi)− aj0,k]}.

Denote ξi = [φ(d)
j0,k(Xi) − aj0,k]. Note that ‖ξi‖∞ ≤ K.2j0(1/2+d)‖φ‖∞,Eξi = 0,Eξ2

i ≤
‖f‖∞22j0d

∫∞
−∞ φ2(d)(v)dv and |α̂j0,k − αj0,k| = 1

n |
∑n

i=1 ξi|. Hence applying the result in
Eq. (3.1) and using card(Kj0) = O(2j0) we have

{
∑

k∈Kj0

E|âj0,k − aj0,k|p
′}2/p′ ≤ {C2j0 1

np′
(n2(j0/2)(p′−2+2dp′)c1 + np′/22j0dp′c2)}2/p′

≤ K1{
2j0(1+2d)

n2(1−1/p′)
+

22j0d+2(j0/p′)

n
}. (6)

Now by substituting the above bound in (5), we get

T2 ≤ K122j0(1/2−1/p′){ 2j0(1+2d)

n2(1−1/p′)
+

22j0d+2(j0/p′)

n
} = K1{

22j0−2(j0/p′)+2j0d

n2−2/p′
+

2j0(1+2d)

n
}

= K1{
2j0

n
(
2j0(1+2d)

n
)1−2/p′ +

2j0(1+2d)

n
}.

Since n ≥ 2j0 and 1− 2/p′ ≥ 0 imply (2j0

n )1−2/p′ ≤ 1, we have the inequality

T2 ≤
K22j0(1+2d)

n
. (7)

3
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By using the bounds obtained in (4) and (7), and choosing j0 such that 2j0 = n
1

1+2s′ in
(3), the theorem is proved.

Now, in the rest of paper we consider {Xi} as a NA sequence of random variables.
We also consider the derivatives of scale function, say φ(d), to be bounded variation (BV)
function.

Theorem 2.2 Let φ(d) be BV, f (d)(x) ∈ Fs,p,q with s ≥ max (1/p, d), p ≥ 1, and q ≥ 1.

Consider the linear wavelet based estimator in Eq. (2.4) for NA sequence of random
variables X1, ..., Xn. Then, for p′ > max(2, p), there exists a constant C such that

E‖f̂ (d)
j0

(x)− f (d)(x)‖2
p′ ≤ C n

− 2(s′−d)

1+2s′

where s′ = s + 1/p′ − 1/p and 2j0 = n
1

1+2s′ .

Now, suppose 1 < p′ ≤ 2, the following theorem gives an upper bound for the expected
loss E‖f̂ (d)

j0
− f (d)‖p′

p′ .

Theorem 2.3 Let f (d)(x) ∈ Fs,p,q with s ≥ max (1/p, d), p ≥ 1, and q ≥ 1 then for
1 < p′ ≤ 2. Consider the linear wavelet based estimator in Eq. (2.4) for NA sequence of
random variables X1, ..., Xn. There exists a constant C such that

E‖f̂ (d)
j0

(x)− f (d)(x)‖p′

p′ ≤ C n
− (2s′−1/2−d)(p′−1)−d

1+2s′

where s′ = s + 1/p′ − 1/p and 2j0 = n
1

1+2s′ .
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Abstract: 
We provide an asymptotic expansion for mean integrated square error (MISE) of the derivative of 
a density based on nonlinear wavelet-based method with negatively dependent random variables. 
Our technique is analogous to that of Hall and Patil (1995) and is facillated by the result of Amini 
and Bozorgnia (2000) that presented bound for probabilities with negatively dependent random 
variables. 
 
Keywords and phrases: 
Bandwidth, MISE expansion, Fourier series, threshold, density estimation, mean integrated square error, 
multiresolution, wavelet, negatively dependent. 
 

1. Introduction 
The mathematical theory of wavelet and their applications in Statistics have become a well-known 
technique for non-parametric curve estimation: see e.g. Meyer (1990), Daubachies (1992), Donoho and 
Johnstone (1995). The major advantage of the wavelet method is its adoption to the erratic behavior of 
the density local adoption to the degree of smoothness of the unknown density. Wavelet estimators 
typically achieve the optimal convergence rates over large function spaces. They do an excellent job of 
taking care of discontinuities in the target functions. Here we provide MISE of negatively dependent 
random variables along with the lines of Hall and Patil (1995). We recall the definition of negatively 
dependent for arbitrary random variables. 
Definition. Let { } 1≥nnX  be a sequence of random variables. A finite family of random variables  

{ }nXX ,...,1  is said to be negatively dependent (ND) if  

∏
==

≤≤⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
≤

n

i
ij

n

i
ij xXpxXp

11

)()(I  

∏
==

>≤⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
>

n

i
ij

n

i
ij xXpxXp

11

)()(I  

An infinite family of random variables is said to be ND if every finite subfamily is ND. The 
organization of the paper is as follows. We begin in Section 2 by describing elements of wavelet 
transform and introducing nonlinear wavelet-based density estimators. Main results are described in 
section 3, while their proofs are presented in section 4. 

 
2. Notations and Estimators 

This section contains some facts about wavelets that will be used throughout this paper. Let ϕ  and ψ  
be father and mother wavelet, having the following properties: 
 
a) 122 == ∫∫ ϕψ  

b) 
2)(s

∫ϕ and 
2)(s

∫ψ are bounded.  Furthermore ∫ψ  and ∫ϕ  are bounded and compactly supported. 

c) 0)( == ∫ dyyy k
k ψμ , for 10 −≤≤ rk , 0! ≠= κμ rk  where ( ) dyyyr k )(! 1 ψκ ∫−= . 

d) Let  ( ) ( )jxppx iiij −= ψψ 2/1    , ( ) ( )jpxpxj −= ϕϕ 2/1  for arbitrary  0>p  , ∞≤≤∞− j  

, ipp 2= , 0≥i  then   
2121 jjjj δϕϕ =∫   ,

21212211 jjiijiji δδψψ =∫ , 0
21
=∫ jijψψ . 

where ijδ denotes the Kronecker delta, i.e. 1=ijδ  if i=j and 0 otherwise. 
e) Let ϕ  and ψ  be monotone functions. 
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Furthermore an arbitrary squared-integrable function f  may be expanded as generalized Fourier series 
of the form  

                                                ( ) ( ) ( )xbxbxf ij
j i j

ijjj ψϕ∑ ∑∑
∞

=

+=
0

                                             (2.1) 

Where  ∫= jj fb ϕ  and   ∫= ijij fb ψ . The generalized Fourier series (2.1) converges in 2L . If f  

is a probability density and nXXX ,...,, 21  denote data values from that distribution, then  

( )m

n

m
jj xnb ∑

=

−
∧

=
1

1 ϕ   and  ( )m

n

m
ijij xnb ∑

=

−
∧

=
1

1 ψ   are unbiased estimators of  jb   and  ijb  

respectively. A nonlinear wavelet estimator of  f   has the form 

                                          ( ) ( ) ( )xbIbxbxf ijij
j i

q

j
ijjj ψδϕ )|ˆ(|ˆˆˆ

0
>+= ∑ ∑∑

∞

=

                              (2.2) 

where δ  is a threshold and 1≥q  is another smoothing parameter. 
 

3. Main Results 
Let { }nXX ,...,1  be a sequence of ND random variables on the probability space ( )ΡΝΩ ,,  with 

bounded and compactly supported marginal density f , with respect to lebesgue measure. We assume 

the following conditions hold, ∞→p , ∞→q , 02 →δqp , ∞→+ 212 δr
qp . 

( ) 0ln 2/11 →≥ − nncδ , where  
( )
( ) 2/10 12

sup2
+

>
r

frcc   . 

Theorem 3.1. Assume the condition on  ϕ   and  ψ  stated in section 2 hold. Also let )(rf  exists in a 
piecewise sense and is bounded and piecewise continuous on ),( ∞−∞ , with finite and well-defined 
left- and right-hand limits, and monotone on ),( u−∞ and ),( ∞−u for sufficiently large u, then the 
following hold: 
 i. If ∞→+ 212 δr

qp , then 

            ( ) ( ){ }∫ ∫
−−−−

∧

−Κ+−−
2122212 21)( rrr fppnffE ( )rppno 21 −− +=                        (3.1) 

ii. If )( )12/(2 +−= rOp δ , then 

                                                            ))(( 2)12/(4 ∫ −=
∧

+ ffEOrrδ                                                 (3.2)         

     
4. Proofs 

Lemma 4.1. Let { } 1≥nnX be a sequence of ND random variables and { }1, ≥nfn be a sequence of 

Borel functions all of which are monotone increasing (or all are monotone decreasing). Then 
( ){ }1, ≥nXf n is a sequence of ND random variables. 

Lemma 4.2. (Lee et. al. (2006))  Let { }nXX ,...,1 be a sequence of ND identically random variables 

such that 0=iEX , MX i <
∞

.Then there exists ( )pc1 , such that, 

                               ( ) })({
1

2/

1

222
1 ∑ ∑∑

= =

− +=
n

i

p
n

i
ii

pp

i EXEXMpcXE                    2>p  

Lemma 4.3. (Amini and Bozorgnia (2000)) let { }nXX ,...,1  be a sequence of ND identically random 

variables satisfying ( ) 1=<< bXap , where ba < . Let ( )∑ −= iin EXXs . Then for any 

0≥t and abc −= , 
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                                                       ( )
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−≤> 2
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exp

c
ntntsp n   

Proof of the Theorem 3.1: The proof is broken in to five parts. Symbols ,..., 21 cc denote positive 
constants. 

Step1. Bound for )|(|)( 2
1

0
1 δ>−=

∧−

=

∧

∑∑ ijij

q

i j
ij bIbbEs .Letα ,β  denote positive numbers 

satisfying 1=+ βα  and set 

           )|(|)( 2
1

0
11 αδ>−=

∧−

=

∧

∑∑ ijij

q

i j
ij bIbbEs     ,     )|(|)( 2

1

0
12 βδ>−=

∧−

=

∧

∑∑ ijij

q

i j
ij bIbbEs  

Since )|ˆ(|)|ˆ(|)|(| βδαδδ >+>≤>
∧

ijijij bIbIbI , then 

                                                                          12111 sss +≤                                                              (4.1) 

Define )(sup
sup ip

jy

y
ij ff +

Ψ∈
= .Since Ψ is compactly supported and f is monotone and bounded in 

extreme tails, we obtain 
                                                               Mpb iijij =≤− ∞∞ |||||||| 2/1 ψψ                                   (4.2) 
And also 
                                                                      )( 12

2

11
+

−
≤ r

rnos                                                              (4.3) 
By applying (4.2), Lemma 4.2, monotonic property of ψ  and similar argument in Hall and Patil (1995),  

                                                    a
ijij bbE 2|| −

∧

})(){,(1
a

i
a
i npnpfac +≤                                  (4.4) 

In the view of Lemma 4.3, monotonic property of ψ  (property e), for all sufficiently large n, 

}exp{)||( 2

2

4c
n

ijij bbp δββδ −≤>−
∧

 

Recall that by assumptions 2/11 )log( nnc −≥δ , where 2/1)12(
sup2
+

≥
r

frc . Choose 1≤β (or equivalently 

1≥b  so close to 1) that adbc r
r /11)(2/1 12

212 ++=≥ +
−β , then ndbn log4/2211 ≥−− δβ . So 

uniformly in 11 −≤≤ qi , we have 

                               =−∑ }
4

exp{ 2

22

c
n δβ

 )())(( 2112 −−−−− =∑ δδ dd

j
nOnnO                         (4.5) 

Hence by using (4.4), (4.5) and Holder inequality, 

                   b
ijij

aa
ij

q

i j
ij bbPbbEs /1/12

1

0
12 )|(|])([ βδ>−−≤

∧−

=

∧

∑∑ )( )12/(2 +−= rrno                   (4.6)                                    

Since ∞→δ2/1n , the last identity follows. Combining (4.1), (4.3) and (4.6), we obtain 

                                                                       )( 12
2

1
+

−
= r

rnos                                                              (4.7) 

Step2. Bound for )|(|
1

0

2
2 δ≤=

∧−

=
∑∑ ij

q

i j
ij bIbs  

The proof in this step is again analogous to that of Hall and Patil (1995) and the details are omitted. 

Let 0>ε , and define })1(|{|
1

0

2
21 δε+≤=

∧−

=
∑∑ ij

q

i j
ij bIbs , })1(|{|

1

0

2
22 δε−≤=

∧−

=
∑∑ ij

q

i j
ij bIbs  

                                                       }|{| 2
1

1

0

2
23 δ≤=

∧−

= ∈
∑∑ ij

q

i fj
ij bIbs  
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               }|{|
1

0

2
1 εδ>−=Δ

∧−

=
∑∑ ijij

q

i j
ij bbIb ,                    |}||{|

1

0

2
2 ijijij

q

i fj
ij bbbIb >−=Δ

∧−

= ∈
∑∑  

For any set f of indices. We only need to provide special treatment for two terms 1Δ and 2Δ .By 
Lemma 4.3 and for sufficiently large n, 

                           }|{|
1

0

2
1 εβ>−=Δ

∧−

=
∑∑ ijij

q

i j
ij bbPbE  )()( 21

2 sobo ij == ∑∑                        (4.8) 

Moreover by using the same Lemma and similar argument in Hall and Patil (1995), we get 
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exp{|}||{| 2

2/11

0

2
1

0

2
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np
bbbbIbE i

q

i j
ijijijij
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i j
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c
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i
q
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=
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Using (4.8), (4.9) and applying the terms similar to Hall and Patil (1995), one can show that 

                                           )(|)21(| 2)(2122
2

2 rrrr pofpsE −−−− =−− ∫κ                               (4.10) 

Step3. Bound for ∑∑
−

=

=
1

0

2
3

q

i j
ijbs .The term 3s  is similar to 3s  in Hall and Patil (1995), following those 

arguments, we can show that 

                                                             
)),(min( 12

42
3

+−= r
rrpos δ

                                                   (4.11) 

Step4. Bound for |)(| 12
4 pnbbEs j

j
j

−
∧

−−= ∑  

Using the same argument as in Hall and Patil (1995), the following holds: 

                                          ≤−
∧

2)( jj bbnE )( 11 pnopn −− +                                                         (4.12)                                    

Substituting the above identities in 4s , yields the following result: 

                                                                 )( 1
4 pnos −=                                                                    (4.13)                

Step5. Observe that  

=−∫ 2)ˆ( ff 2)ˆ( j
j

j bb −∑ )|(|)( 2
1

0

δ>−+
∧−

=

∧

∑∑ ijij

q

i j
ij bIbb  

                            )|(|
1

0

2 δ≤+
∧−

=
∑∑ ij

q

i j
ij bIb ∑∑

∞

=

+
qi j

ijb 2
4321 ssss +++=                             (4.14)                

Put (4.7), (4.10), (4.11) and (4.13) in (4.14), we deduce the result.  
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Abstract. In this paper, we use Galerkin method with Legendre wavelet basis for solving Fredholm integral
equations of the first kind. These equations are one of the most important ill-posed problem which have many
applications in many engineering fields. We use the Matlab bicg function for solving introduced linear system
of equations. By this way we show how we can overcome ill-posedness of the system. For showing efficiency and
the accuracy of the method we use an examples.

Keywords: Fredholm integral equation, First kind, Wavelet basis, Galerkin method, Haar wavelet.

1 Introduction

Equations of the first kind with a compact operator provide a typical example for so-called ill posed
problems. In this article, with using Galerkin method with Legendre Wavelets which is stable, we will
find stable solution for the equation. If we define K as a operator that is denoted by

K : X → Y K(f(t)) =
∫ b

a
k(s, t)f(t)dt

so that we have following definition:

Definition 1. Let K : X → Y be an operator from a normed space X into a normed space Y , the
equation

(1) K(f) = g

is called well posed if K is onto, one-to-one and the inverse operator K−1 : Y → X is continuous.
Otherwise the equation is called ill posed.

2 Applying galerkin method

Consider the first kind Fredholm integral equation of the form

(2)
∫ b

a
k(s, t)f(t)dt = g(s), −∞ < a ≤ s ≤ b <∞.

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 4472 -



For numerical solving of equation (2) we should choose a finite dimensional family of functions which
the exact solution can be estimated by them. For introducing this method we write the equation in
the operator form Kf = g. We choose a sequence of finite dimensional subspaces Xn ⊂ L2(R) for
n ≥ 1, with Xn having dimension dn. Assume that Xn has a basis of form {φ1, φ2, ..., φd} with
d ≡ dn for notational simplicity and fn is a function belongs to Xn, so that we can write it as
fn(t) =

∑d
j=1 cjφj(t). By substitution into equation (2) we have

rn(s) =
∫ b

a
k(s, t)fn(t)dt− g(s) =

∫ b

a
k(s, t)

d∑
j=1

cjφj(t)dt− g(s) a ≤ s ≤ b

where rn is called the residual in the approximation of the equation when using f ≈ fn. In the operator
form we have rn = Kfn − g. Now we identify inner product for L2(R) space < x, y >=

∫
R

x(t)y(t)dt.

Require rn to satisfy < rn, φi >= 0, i = 1, ..., d. This yields the linear system

d∑
j=1

cj < Kφj , φi >=< g, φi >, i = 1, 2, ..., d

Now we should discuss about solution of the above system. For this result define orthogonal projection
operator as Pnf =

∑d
i=1 < f, ψi > ψi where {ψ1, ψ2, ..., ψd} is an orthonormal basis that create by

using Gram-Schmidt process from elementary basis {φ1, φ2, ..., φd}.
By using Pnf we will have the following problem

(3) ||f − Pnf || = min
z∈Xn

||f − z||.

If we show that the above problem has unique solution and this solution is Pnf then the system of
linear equations (3) have unique solution. Because Pnf is a orthogonal projection operator so that we
have following results

||f ||2 = ||f − Pnf ||2 + ||Pnf ||2

< (I − Pn)f, Png >= 0 ∀f, g ∈ L2(R)

||f − z||2 = ||f − Pnf ||2 + ||Pnf − z||2 z ∈ Xn

from the latest result we can conclude that equation (3) has a unique solution and this solution is
Pnf . [1]

3 Introducing Wavelet basis [2]

We can introduce wavelet basis of L2(R) space so that

ψjk(t) = 2−j/2ψ(2−jt− k), t ∈ R, j, k ∈ Z

where j, k are scaling and shifting parameters. For every f ∈ L2(R) there is a unique expansion

f(t) =
∑

j,k∈Z

< f, ψjk > ψjk(t)

which converges in the L2-norm; and inner product is defined by

< f, ψjk >=
∫

R

f(t)ψjk(t)dt.

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 4473 -



Moreover, if∫
R

ψjk(t)ψj′k′(t)dt = δjj′δkk′ , ∀j, j′, k, k′ ∈ Z

and wavelet basis (ψjk)jk satisfy the stability condition

∀f ∈ L2(R), c1‖f‖22 ≤
∑

j,k∈Z

| < f, ψjk > |2 ≤ c2‖f‖22

for some constants c1, c2 > 0, then (ψjk)jk is said to be an orthonormal wavelet basis of L2(R). Also
wavelets with compact supports and scaling function φ(t) satisfy in refinement equation:

(4) φ(t) =
n1∑

n=n0

anφ(2t− n)

where [n0, n1] is support of scaling function and (an) is finite sequence of real numbers. If φ, ψ be
scaling function and mother wavelet function respectively, then

ψ(t) =
∑

n

(−1)na1−nφ(2t− n)

4 Haar wavelet

The oldest and simplest scaling function is Haar. This scaling function is defined by

φ(x) =

{
1, 0 ≤ x < 1.
0, otherwise;

We can write refinement equation as

φ(x) =
∑
k∈Z

αkφ(2x− k) = φ(2x) + φ(2x− k)

Because the Haar scaling function has compact support so that there is only finite numbers of αk s
that are nonzero and the support of it is [0, 1]. In this stage by using father Haar wavelet we define
projection operator Pjf(t) =

∑2j−1
k=0 αj,kφj,k. Now for determining unknown coefficient αj,k we define

interpolation nodes as ti = i
2j , i = 0, 1, ..., 2j − 1 and impose some requirements as

Pjf(ti) = f(ti) i = 0, 1, ..., 2j − 1

Lemma 1. If f ∈ C(R) and Pjf(t) =
∑2j−1

k=0 αj,kφj,k then

||f − Pjf || → 0 j →∞
Proof. [7]

In the following examples for solving introduced linear systems we use bicg function in Matlab
7.

Example 1.

In this example we have∫ 1

0

(s + t)2√
1 + t2

f(t)dt = 0.266419s2 + 0.390524s + 0.153738

where the exact solution is f(t) = t2. Results are shown in figures 1 and 2.
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Figure 1: Results at scale j = 4 for example 1
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Figure 2: Results at scale j = 5 for example 1
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1 Introduction

In this work we propose estimators, based on wavelet expansions, for functional-coefficient autore-

gressive (FAR) models. For these we use three approaches: usual wavelets with an appropriate

transformation, design-adapted wavelets and warped wavelets. These approaches are compared and

further compared with available procedures, mostly based on kernel methods.

The FAR model was first described by Chen and Tsay (1993). A time series Xt is said to follow a

functional- coefficient autoregressive model if it satisfies:

Xt = f1(Yt−1)Xt−1 + · · · + fp(Yt−1)Xt−p + εt,(1)

where p is a positive integer, {εt} is a sequence of independent, identically distributed (briefly iid)

random variables with mean zero and variance σ2 such that εt is independent of {Xt−i, i > 0},

{fi(Yt−1)} are measurable functions from IRk → IR, and Yt−1 = (Xt−i1 ,Xt−i2 , · · · ,Xt−ik)
′

, with ij > 0

for j = 1, · · · , k. Here Yt−1 is a threshold vector and i1, · · · , ik are the threshold (or delay) parameters;

Xt−ij are the threshold variables. Assume max(i1, · · · , ik) ≤ p. In general, p = 1 or p = 2 in (1).

Concerning wavelets, it is sufficient to say that for any function f ∈ L2(IR), we can expand it in an

orthogonal series

f(x) =
∑

k∈Z

α`,kφ`,k(x) +
∑

j≥`

∑

k∈Z

βj,kψj,k(x),(2)

for some coarse scale ` with the wavelet coefficients given by

α`,k =

∫

f(x)φ`,k(x)dx, βj,k =

∫

f(x)ψj,k(x)dx.(3)

We follow three approaches, as indicated above. See Jansen and Oonincx (2005), Delouille (2002) and

Kerkyacharian and Picard (2004) for details.

2 Estimation

We now consider the model (1). For simplicity we consider only the case Yt−1 = Xt−d, for some d > 0.

The estimation problem consists of estimating the parameter function fi(·) based on observations

{Xt, t = 1, · · · , T}.
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We expand fi(·) as

fi(Xt−d) = α
(i)
0,0φ(Xt−d) +

∞
∑

j=0

∑

k∈Z

β
(i)
j,kψj,k(Xt−d),(4)

where

α
(i)
0,0 =

∫

fi(Xt−d)φ(Xt−d)dXt−d, β
(i)
j,k =

∫

fi(Xt−d)ψj,k(Xt−d)dXt−d.(5)

We define the empirical wavelet coefficients as least square estimators, i.e., as minimizers of

T
∑

t=p+1







Xt −
p

∑

i=1



α
(i)
0,0φ(Xt−d) +

JT −1
∑

j=0

∑

k∈Ij

β
(i)
j,kψj,k(Xt−d)



Xt−i







2

,

where JT − 1 is the highest resolution level such that 2JT−1 ≤ T 1/2 ≤ 2JT .

We then obtain linear estimators, which we call f̂i(·). We can also consider nonlinear wavelet estima-

tors, by applying thresholds to the wavelet coefficients. For example, we can apply hard thresholding

to the coefficients β̂
(i)
j,k, obtaining a non-linear threshold estimator, which we call f̃i(·).

3 Simulation

We illustre the proposed methods through a simulated example. Consider a TAR model(see Chen and

Tsay, 1993):

Xt = f1(Xt−2)Xt−1 + f2(Xt−2)Xt−2 + εt,

where

f1(Xt−2) = 0.4I(Xt−2 ≤ 1) − 0.8I(Xt−2 > 1),

f2(Xt−2) = −0.6I(Xt−2 ≤ 1) + 0.2I(Xt−2 > 1),

and {εt} are iid N(0,1). For the simulation we generated T = 1026 data values for Xt with 100

replicates. The Haar wavelet is used, with J = 3. Figure 1 presents the estimated functions us-

ing estimators with the usual wavelets. We apply hard thresholds to the wavelet coefficients, using

a universal threshold parameter. We see that the nonlinear wavelet estimators improve the linear

estimators. These estimators compare favourably with the ones obtained by Chen and Tsay(1993).

If we employ estimators with design-adapted wavelets and estimators with warped wavelets to estimate

f1(·) and f2(·) for the series generated above, we will observe that the results obtained for both

estimators are similar, but worst than for usual wavelets. For example, for the estimators with design-

adapted wavelets we obtain Figure 2. See Morettin and Chiann (2007) for details.
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Figure 1: Estimation with the usual wavelets for f1(Xt−2), f2(Xt−2); Haar wavelet. The

underlying signals are represented by a dotted line and the estimators by a plain line.
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Figure 2: Estimation with design-adapted wavelets for f1(Xt−2), f2(Xt−2); Haar wavelet.

The underlying signals are represented by a dotted line and the estimators by a plain

line.
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RÉSUMÉ (ABSTRACT)

Dans cet article une méthode d’estimation basée sur des ondelettes est proposée par les modèles FAR

(functional-coefficient autoregressive). L’estimation est basée sur la méthode des moindres carrés.

Une simulation montre la performance de la méthode proposée.
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Abstract

In this paper, we choose Alpert multiwavelets as basis functions to discrete Fredholm integral
equation of the second kind by using PG method. In [2], convergence of PG method has been
discussed with some restrictions on degrees of chosen polynomial basis, but in this paper convergence
obtained for every degree. In point of computation, because of appearance of diagonal matrices we
obtain a small dimension system with a more accurate solution. The numerical example illustrate
these facts too.
Keywords: Fredholm integral equation, Wavelet, Petrov-Galerkin, Regular pairs, Trial space, Test
space.

1 Introduction

Consider the following Fredholm integral equation of the second kind:

(1) u(t)−
∫ 1

0
k(t, s)u(s)ds = f(t), 0 ≤ t ≤ 1

with f(t) ∈ L2[0, 1] and k(t, s) ∈ L2[0, 1] × [0, 1] are known functions and the u(t) is the unknown
function to be determind. Suppose that X is a Banach space and the integral operator K : X → X

defined as K(u) =
∫ 1
0 k(t, s)u(s)ds, the operator form of (1) is

(2) u−Ku = f.

Assume that K : X → X is a compact linear operator not having 1 as an eigenvalue. The operator
(I − K)−1 is exist and the (2) has unique solution u ∈ X. [4] For using the wavelet Petrov-Galerkin
method in solving (1) we use the Banach space X = L2[0, 1]. The dual space is X∗ = L2[0, 1]. [5] By
using the wavelet basis used in [1] we introduce the trial space Xn and the test space Yn with finite
dimension, which Xn, Yn are subspace of X, X∗ sequentially. Also, the regularity pair of {Xn, Yn}
introduced. In [3, 8] and similar works, the matrix that obtained from multiplying the basis of test
space and trial space is usually dense. Furthermore, convergence of the method is satisfied for some k

(1 ≤ k ≤ 5). But we prove convergence of Petrov-Galerkin method for every k ≥ 1. Finally, we use a
numerical example to illustrate good accuracy and the efficiency of the method.

2 Convergence of the Petrov-Galerkin Method

Consider the equation (2), i,e. u−Ku = f. Three conditions of the Petrov-Galerkin are:

1. X is Banach space and K is a compact linear operator not having 1 as an eigenvalue.

2. For n ∈ N , Xn ⊂ X, Yn ⊂ X∗, dimXn = dimYn < ∞, i.e. Xn, Yn are finite dimensional subsets
of X, X∗ sequentially.

3. H-Condition: For each x ∈ X and y ∈ X∗, there exists xn ∈ Xn and yn ∈ Yn such that
‖xn − x‖ → 0 and ‖yn − y‖ → 0 as n → +∞.
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The Petrov-Galerkin method for equation (2) is a numerical method for finding un ∈ Xn such that:

(3) < un −Kun, yn >=< f, yn >, ∀yn ∈ Yn

Definition 1. For linear operator Pn : X → Xn, given x ∈ X, an element Pnx ∈ Xn is called a
generalized best approximation from Xn to x with respect to Yn if it satisfies the equation

< x− Pnx, yn >= 0, ∀yn ∈ Yn

Now we review the following four theorems. Proof can be find in [2].

Theorem 1. For each x ∈ X, the generalized best approximation from Xn to x with respect to Yn

exists uniquely if and only if Yn ∩X⊥
n = {0}. Under this condition, Pn is a projection; i.e. P 2

n = Pn.
The same results holds for the generalized best approximation from Yn to y with respect to Xn.

Theorem 2. Suppose that there is a linear operator Πn : Xn → Yn with ΠnXn = Yn and ‖xn‖ ≤
cn < xn,Πnxn >1/2 for all xn ∈ Xn, where the constant cn > 0 may depend on n but not on xn. Then
Yn ∩ X⊥

n = {0}, and thus, every x ∈ X has a unique generalized best approximation from Xn with
respect to Yn.

Definition 2. (Regular Pair) Assume that there is a linear operator Πn : Xn → Yn with ΠnXn = Yn

and satisfying the conditions:

H-1 ‖xn‖ ≤ c1 < xn,Πnxn >1/2 for all xn ∈ Xn

H-2 ‖Πnxn‖ ≤ c2‖xn‖ for all xn ∈ Xn

where c1 and c2 are positive constants independent of n. If a pair of space sequences Xn and Yn has
above property, we call {Xn, Yn} a regular pair.

By using definitions 1 and 2, equation (3) is equivalent to

(4) un − PnKun = f

This equation indicates that the Petrov-Galerkin method is a projection method.

Theorem 3. Assume that Xn and Yn satisfy condition (H) and {Xn, Yn} is a regular pair. Then the
following statements hold:

(i) ‖Pnx− x‖ → 0 as n →∞ for all x ∈ X

(ii) There exists a constant c > 0 such that ‖Pn‖ ≤ c for all n = 1, 2, · · ·

(iii) ‖Pnx− x‖ ≤ ‖Qnx− x‖ for some constant c > 0 independent of n where

‖Qnx− x‖ = inf
xn∈Xn

‖xn − x‖

Theorem 4. Let x be a Banach space and K : X → X be a compact linear operator. Assume that 1
is not an eigenvalue of the compact operator K. Suppose that Xn and Yn satisfy condition (H) and
{Xn, Yn} is a regular pair. Then there exists an N0 > 0 such that for n > N0, equation (4) has a
unique solution un ∈ Xn for any given f ∈ X that satisfy ‖un − u‖ ≤ c infxn∈Xn ‖u − xn‖, n > N0,
where u ∈ X is the unique solution of (2) and c > 0 is a constant independent of n.

With attention to the Alpert basis that made for L2[0, 1] in [1], we suppose that the trial and
test spaces are Xn = Sk

m ⊂ ∪∞m=0S
k
m = L2[0, 1] = X with dimXn = 2mk and Yn = Sk′

m′ ⊂ ∪∞m=0S
k′
m′ =

L2[0, 1] = X∗ with dimYn = 2m′
k′. Let dimXn = dimYn = n and k′ < k. Also we consider {bi}n

i=1

and {b∗i }n
i=1 as orthonormal basis for Xn and Yn sequentially.
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Definition 3. The operator Πn is defined as Πn : Xn = Sk
m → Yn = Sk′

m′ where

(5) ∀xn ∈ Xn, Πn(xn(t)) = Πn

(
n∑

i=1

αibi(t)

)
=

n∑
i=1

αib
∗
i (t).

Then the linear operator Πn is one-to-one and from dimXn = dimYn = n the operator Πn is
onto, so the ΠnXn = Yn is satisfies.

H-Condition: For u(t) ∈ X and φ(t) ∈ X∗, there exists un ∈ Xn and φn ∈ Yn such that ‖un−u‖ → 0
and ‖φn − φ‖ → 0 as n → +∞, where ‖.‖ is the norm defined on L2[0, 1].

If the conditions H-1 and H-2 are satisfied with defining the linear operator Πn (such as definition
4) {Xn, Yn} are regular pair and the theorem 2 in section 2 hold and then the theorem 1 also satisfied.
In other hand, because of regularity pair of {Xn, Yn} and the H-condition the theorem 3 is also satisfied.

Now we prove the conditions H-1 and H-2.

Prove for H-2 Condition: Suppose that xn(t) ∈ Xn = Sk
m, then we have:

‖Πnxn(t)‖2
2 =

∫ 1

0
(Πnxn(t))2dt =

2m−1∑
n=0

∫ n+1
2m

n
2m

(
2mk∑
i=1

αib
∗
i (t)

)2

dt

=
2mk∑
i=1

α2
i

2m−1∑
n=0

∫ n+1
2m

n
2m

b∗i
2(t)dt =

2mk∑
i=1

α2
i

∫ 1

0
b∗i

2(t)dt =
2mk∑
i=1

α2
i = ‖xn‖2

2

Prove for H-1 Condition: Suppose that xn(t) ∈ Xn = Sk
m, then we have:

< xn,Πnxn > =
∫ 1

0
xn(t)(Πnxn(t))dt =

2m−1∑
n=0

∫ n+1
2m

n
2m

[
2mk∑
i=1

αibi(t)

]2mk∑
j=1

αjb
∗
j (t)

 dt

=
2mk∑
i,j=1

αiαj

∫ 1

0
bi(t)b∗j (t)dt = αT Bα

where that αT =
(

α1 α2 . . . α2mk

)
and B = [bij ]2

mk
i,j=1 =

[∫ 1
0 bi(t)b∗j (t)dt

]
, i, j = 1, 2, . . . , n.

If k is even, Xn = Sk
0 and Yn = S

k
2
1 , then B = [bij ]1≤i,j≤n is a diagonal matrix with positive

elements. So we have < xn,Πnxn >≥
∑n

i=1 α2
i bqq = bqq‖xn‖2

2 where bqq = min1≤i≤n bii. Notice that

bqq is λmin for matrix B and so ‖xn‖2 ≤
√

1
λmin

< xn,Πnxn >
1
2 . By choosing c1 =

√
1

λmin
the

condition H-2 holds, so {Xn, Yn} are regular pair.
Now with considering that X = L2[0, 1] and K : X → X is a compact linear operator that not hav-

ing 1 as an eigenvalue and satisfying H-condition and regularity pair of {Xn, Yn} the theorem 4 is sat-
isfied. This means that the equation (4) has a unique solution un and ‖un−u‖ ≤ c. infxn∈Xn ‖u− xn‖
where c > 0 and independent of n and u is a unique solution of (2) and the convergence of Petrov-
Galerkin method is satisfied.

In [2] convergence has been proved for 1 ≤ k ≤ 5, but in this work there is no restriction on k.
Now, we apply the method on the equation (1). Let X = L2[0, 1] = ∪∞m=0S

k
m then

(6)
n∑

i=1

cibi(t)−
∫ 1

0
k(t, s)

[
n∑

k=1

ckbk(t)

]
ds = f(t)

Also:

(7)

{
k(t, s) =

∑n
i,j=1 kijbi(t)bj(s), kij =

∫ 1
0

∫ 1
0 k(t, s)bi(t)bj(s)dtds,

f(t) =
∑n

i=1 fibi(t); fi =
∫ 1
0 f(t)bi(t)dt,
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Then we have:
∑n

i=1 cibi(t) −
∑n

i=1 bi(t)
∑n

j=1 kij

∫ 1
0

∑n
k=1 ckbj(s)bk(s)ds =

∑n
i=1 fibi(t). Because of

orthonormality of element basis of Xn, the value of integral is cj, then with inner producting by basis
elements of Yn, we have:

(8)
n∑

i=1

ci < bi(t), b∗j (t) > −
n∑

i=1

< bi(t), b∗j (t) >

n∑
j=1

kijcj =
n∑

i=1

fi < bi(t), b∗j (t) >, 1 ≤ j ≤ n

Since the matrix B is diagonal, in the < bi(t), b∗j (t) > just the diag elements remain, i.e. ci −∑n
j=1 kijcj = fi, 1 ≤ i ≤ n

Example 1. In this example we solve u(t) −
∫ 1
0

et. sin t
1+s2 u(s)ds = t3 + 1

2et(−1 + ln 2) sin t; 0 ≤ t ≤ 1
with exact solution u(t) = t3. The absolute errors in different points are shown in Table 1. For

t n = 2, Xn = S2
0 Yn = S1

1 n = 4, Xn = S4
0 Yn = S2

1

0 0.200812 1.73472×10−16

0.2 0.0271733 4.64906×10−16

0.4 0.0984652 6.93889×10−17

0.6 0.128104 5.27356×10−16

0.8 0.013742 2.22045×10−16

1 0.29262 2.44249×10−15

Table 1: Results for example 1

n = 4 we solve a 4× 4 system, which is very small system. Also the results for n = 6 with Xn = S6
0 ,

Yn = S3
1 and for n = 8 with Xn = S8

0 , Yn = S4
1 are similar to the results in column 3 of Table 1.
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Abstract

In this paper, wavelet function and hybrid Legendre block-pulse functions are developed to find
and approximate solution for a integro-differential equation of the second kind. Hybrid Legendre
block-pulse functions are developed by combining block-pulse function on [0, 1] and Legendre poly-
nomials. Numerical examples presented to illustrate the accuracy of the method.
Keywords: Integro-differential; Wavelet; Block-pulse

1 Wavelet functions

Wavelets [1] are a family of orthonormal functions which are characterized by the translation and
dilation of a single function ψ(x). This family of functions, denoted by ψm,k(x) and given by

ψm,k(x) = 2m/2ψ(2mx− k), m, k ∈ Z.(1)

This function is a basis for the space of square integrable functions L2(R), i.e.

f(x) =
∑
m

∑
k

dm,kψm,k(x) ∈ L2(R).(2)

Wavelets are derived from scaling functions, i.e. functions which satisfy:

φ(x) =
∑

k

akφ(2x− k)(3)

where only a finite number of the filter coefficients ak are non-zero. Any L2(R) function f may be
approximated at resolution m by

Pm(f)(x) =
∑

k

cm,kφm,k(x)(4)

where using Legendre notation, Pmf represents the projection of the function f onto the space of
scaling functions at resolution m.

2 Function approximation

A function f ∈ L2[0, 1] can be approximated as:

f(t) '
N∑

n=1

M−1∑
m=0

c(n,m)b(n,m, t) = CTB(t),(5)

where b(n,m, t) and B(t) are defined in [4] and c(n,m) are defined as follows: [3]

c(n,m) =
1

Nmm!

(
dmf(t)
dtm

) ∣∣∣
t=n−1

N

(6)

for n = 1, 2, · · · , N and m = 0, 1, · · · ,M − 1.
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We can also approximate the function k(t, s) ∈ L2([0, 1]× [0, 1]) as follows:

k(t, s) = BT (t)KB(s),(7)

where K is an MN ×MN matrix that:

Kij =
1

Nu+vu!v!

(
∂i+jk(t, s)
∂ti∂sj

) ∣∣∣
(t,s)=( i

N
, j
N )

(8)

for i, j = 0, 1, · · · ,MN − 1, u = i−
[

i
N

]
, v = j −

[
j
N

]
.

We also define the matrix D as follows:

D =
∫ 1

0
B(t)BT (t)dt.(9)

For the Hybrid Taylor and Block-Pulse functions, D has the following form:

D =


D1 0 · · · 0
0 D2 · · · 0
...

...
. . .

...
0 0 · · · DN

(10)

where Di is defined as follows:

Di =
1
N

∫ 1

0
T (t)T T (t)dt.(11)

3 Integro-differential equation

Consider the following integro-differential equation:{
q(t)y′(t) =

∫ 1
0 k(t, s)y(s)ds+ r(t)y(t) + x(t)

y(0) = y0,
(12)

where x, q, r ∈ L2[0, 1], k ∈ L2([0, 1]× [0, 1]) and y is an unknown function [2].
If we approximate x, q, r, y′ and k by (5)-(8) as follows:

x(t) ' XTB(t)

q(t) ' QTB(t)

r(t) ' RTB(T )

y′(t) ' Y ′TB(t)

y(0) ' Y T
0 B(t)

k(t, s) ' BT (t)KB(s)

then:

y(t) =
∫ t

0
y′(t′)dt′ + y(0)

'
∫ t

0
Y ′TB(t′)dt′ + Y T

0 B(t)

' Y ′TPB(t) + Y T
0 B(t)

= (Y ′TP + Y T
0 )B(t).
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With substituting in (12) we have:

QTB(t)BT (t)Y ′ =
∫ 1

0
BT (t)KB(s)BT (s)(P TY ′ + Y0)ds

+RTB(t)BT (t)(P TY ′ + Y0) +XTB(t)

BT (t)Q̃Y ′ = BT (t)KD(P TY ′ + Y0) +BT (t)R̃(P TY ′ + Y0) +BT (t)X

Q̃Y ′ = KD(P TY ′ + Y0) + R̃(P TY ′ + Y0) +X

(Q̃−KDP T − R̃P T )Y ′ = (KD + R̃)Y0 +X.

By solving this linear system of equations we can find the vector Y ′, then Y can be computed as
follows:

Y T = Y ′TP + Y T
0 ⇒ y(t) ' Y TB(t).(13)

4 Numerical examples

Consider the following integro-differential equation. We solve it with different M and Ns, using the
method represented before. The result improves when we use larger M and Ns as shown in the Table
1.

Example 1.

Consider the following equation:{
y′(t) =

∫ 1
0 sin (4πt+ 2πs)y(s)ds+ y(t)− cos (2πt)− 2π sin (2πt)− 1

2 sin (4πt)
y(0) = 1

with exact solution y(t) = cos (2πt). Table 1 shows the numerical results of the example.

Numerical results for Example 1

n m ‖yt − yn‖2 Condition Numbers of System
4 3 4.562×101 5
8 3 6.032×100 2
16 3 7.338×10−1 2
32 3 9.225×10−2 2
64 3 1.134×10−2 2
4 3 1.923×101 5
8 3 1.069×100 3
16 3 8.746×10−2 2
32 3 2.684×10−2 2
64 3 8.562×10−4 2
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1. Introduction

Missing responses are pervasive in longitudinal data. If the mechanism of missingness depends
on the missing values, it is called nonignorable (Little and Rubin 2002). Analyzing missing data
needs computational solutions such as the EM algorithm (Dempester et al. 1977). However, The
Expectation step of EM is analytically intractable in many contemporary models. It leads to integrals
with no closed form solution. A possible approach to overcome this problem is to approximate the
integral via simulation. This leads to a stochastic EM (SEM) implementation (Celuex and Diebolt
1985; Diebolt and Ip 1996). Since the EM algorithm does not provide directly the standard errors of
the estimates, we shall use a Monte Carlo method to find the standard errors of parameter estimates
(Efron 1994).

Diggle and Kenward (1994) use a modelling framework for longitudinal data with nonrandom
dropout where the joint distribution of response and dropout decompose into a marginal distribution
for longitudinal continuous response and a conditional distribution of dropout given previous and
current response. Crouchley and Ganjali (2002) present generalized version of Heckman’s (1979)
model (GHM) for nonrandom dropout where some of the recent models for nonrandom dropout can
be written as special case of GHM. Due to an unstructured variance-covariance for stochastic errors
in the joint process of GHM, this model has more flexibility in determining the nature of the dropout
process than the Diggle-Kenward model (see, Crouchley and Ganjali 2002). In this paper we briefly
review GHM as a general model for nonignorable dropout. A method of SEM algorithm is presented
to obtain the estimates of the parameters. The Monte Carlo method is also used to find standard
errors of the parameter estimates. The proposed methods are applied on the well-used mastitis data.

2. Generalized Selection Model

Heckman’s (1979) selection model is the classic example of a sample selection model for missing
data. The model is designed for situations in which the dependent variable in a linear regression model
is missing for some cases. Heckman’s model is generalized to the situation of repeated responses with
dropout by Crochley and Ganjali (2002). This is,

yit = β′txit + uit(1)

zit = α′twit + vit(2)

where αt and βt are vectors of parameters and xit and wit are vectors of covariates at time t (t =
1, 2, · · · , T ). It assume that yit is observed only when zit > 0. Let define rit = 1 if zit > 0 and rit = 0
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if zit ≤ 0, so that (yit, rit) constitute the observations for subject i at time t.
Let us denote yi = (yi1, yi2, · · · , yiT ) and ri = (ri1, ri2, · · · , riT ). We shall assume that we observe

all the subjects at the start of the study, i.e. zi1 > 0,∀i. The observations for the subject i take the
form (yi, ri) = ([y1i, · · · , yik−1, 0, · · · , 0], [1, · · · , 1, 0, · · · , 0]) if dropout occurs at time k. In this model
V ar(ui) = Σyy, Cov(ui,vi) = Σyz and V ar(vi) = Σzz where diag(Σzz) = 1. It is assumed Σyy, Σyz

and the off-diagonal of Σzz are unstructured. It is also assumed that the subjects are independent
of each other. In the next section we let θ be a vector of parameter which includes all parameters in
models (1) and (2).

3. The Stochastic EM Algorithm

Celuex and Diebolt (1985) and subsequently Diebolt and Ip (1996) have introduced a stochastic
version of the EM algorithm to overcome many of the computational limitations that EM encounters
in complicated models. The E-step is replaced by the stochastic step (S-step) where the missing data
are imputed with a single draw from the conditional distribution of the missing data given the observed
data. In this paper, the Gibbs sampler technique (see, for example, Gelfand 2000) is used as one of
the most applicable approach to produce a sequence of draws. In the M-step, the likelihood function
of the pseudo-complete data can be maximized using standard maximization procedures. The whole
process is iterated for sufficient number of iterations.

The SEM algorithm is expected to be faster than the EM algorithm since the latter needs to
calculate the expected values of the missing data and then may be computationally demanding for
high dimensional integration. The SEM algorithm can also avoid, due to its stochastic aspect, the
saddle points or the insignificant local maxima (Diebolt and Ip 1996). These properties of the SEM
algorithm may lead to an improvement over the deterministic EM algorithm in terms of convergence
to a good stationary point.

Let the joint probability density function for the ith subject be written as

f(yi, ri|θ) = f(yi,obs,yi,mis, ri|θ)(3)

where yi,obs and yi,mis are respectively the observed and the missing values. When the sequence of
draws is converged, the mean of the updated estimates, after discarding the first early points as a
burn-in period, is considered as a SEM estimate for θ. So, the two step of the SEM algorithm, at the
tth iteration, can be developed as follows:

• S-Step: at the tth iteration, the missing values for each subject are imputed using a single draw
from the conditional distribution f(yi,mis|yi,obs, zi, θ

(t−1)) where θ(t−1) is the current estimate of
θ. This distribution does not have a standard form, hence it is not possible to simulate directly
from it. An accept-reject procedure is proposed to overcome the problem as follows:

1. From the conditional distribution function f(yi,mis|yi,obs, θ
(t−1)), some candidate values,

y∗i , are simulated.

2. Calculate the probability of missingness for each element of y∗i , according to the missing data
mechanism, i.e. P (rij = 0|yi,obs,y

∗
i , θ

(t−1)) = P (zij < 0|yi,obs,y
∗
i , θ

(t−1)) for j = 1, . . . , T .
Let us denote this probability as p∗ij .

3. Generate a random variable u from the uniform distribution on the interval [0,1]. Then
yi,misj = y∗ij if u ≤ p∗ij ; otherwise repeat step 1.

• M-Step: with the pseudo-complete data which is denoted as yps, a likelihood maximization
routine is then used to obtain updated parameters θ(t). The likelihood of the pseudo-complete
data for each subject can be written as f(yps

i , ri|θ(t−1)) = P (ri|yps
i , θ(t−1))f(yps

i |θ(t−1)). Here,
we use the Nelder and Mead (1965) simplex algorithm to estimate the parameters.
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To obtain the standard errors of the SEM parameter estimates, an approximation method has been
proposed by Louis (1982). The information matrix, according to Louis’ formula, can be written as

I(θ) = −E

(
∂2`(θ|y, r)

∂θ∂θ′
|yobs, r

)
− Cov

(
∂`(θ|y, r)

∂θ
|yobs, r

)
.(4)

Efron (1994) propose the Monte Carlo method to find the expectations and covariances in the above
formula by their empirical versions. The main idea is that simulating M independent identically
distributed samples ymis1

,ymis2
, · · · ,ymisM

from the conditional distribution of the missing values
given the observed values. Then, the two parts in the right hand side of the above formula can be
approximated as

E

(
∂2`(θ|y, r)

∂θ∂θ′
|yobs, r

)
≈ 1

M

M∑

j=1

∂2`(θ|yobs,ymisj
, r)

∂θ∂θ′

and

Cov

(
∂`(θ|y, r)

∂θ
|yobs, r

)
≈ 1

M

M∑

j=1

(
∂`(θ|yobs,ymisj

, r)
∂θ

)2

−

 1

M

M∑

j=1

∂`(θ|yobs,ymisj
, r)

∂θ




2

where the parameter θ is fixed at the SEM estimates. To conduct the simulation from the conditional
distribution f(ymis|yobs, r), the proposed accept-reject procedure can be used as well.

4. Empirical Illustration: The Mastitis Data

Mastitis may reduce milk yield of infected animals. Diggle and Kenward (1994) used the total
milk yield of 107 cows in two consecutive years to investigate the relationship between yield and
mastitis. Assume that all animals are free of mastitis in the first year and 27 of them were infected in
the second year so treated as missing values. For these data, the GHM is used in the form

yi1 = β0 + ui1

yi2 = β0 + η + ui2

zi2 = α0 + vi2

where β0 represents the mean of the yield for the first year and η gives the effect of time on the mean
of the yield. The elements of covariance matrix for the error terms takes the form V ar(ui1) = σ2

1,
V ar(ui2) = σ2

2, Corr(ui1, ui2) = ρ12 , Corr(ui1, vi2) = ρ13 and Corr(ui2, vi2) = ρ23 . Using the SAS
software, the SEM algorithm is applied with 3000 iterations where the first 1000 iterations is considered
as a burn-in process. The results are presented in Table 1.
Table 1: Parameter Estimates of the Generalized Heckman Model for the Mastitis Data

Parameter Estimate Standard Error
β0 5.767 0.093
η 0.269 0.095
α0 0.691 0.194
σ1 0.945 0.085
σ2 1.234 0.149
ρ12 0.344 0.075
ρ13 -0.086 0.146
ρ23 0.931 0.188

Table 1 shows that missingness is nonignorable because of the dependency between the dropout process
and the response in the second period (ρ23 = 0.843, s.e. = 0.088). This means that the animals with
greater decrease in yield over the two years have a higher probability of getting mastitis.
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To check for the convergence of the resulting chain, we apply the Gelman-Rubin method (Gelman
and Rubin 1992) using 5 sequences with different starting points. The convergence factor has been
calculated for all parameters. This factors are close to 1 that means the generated sequences have
achieved convergece.
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ABSTRACT

Dealing with missing data is common phenomenon associated with longitudinal studies. When
a missing value is never followed by an observed value i.e. some subjects withdraw and never come
back to the study, the missing data pattern is defined as dropout. For a nonignorable dropout pattern,
a multivariate generalization of the classical Heckman selection model which is more flexible than the
Diggle and Kenward model is used to make statistical inferences. Since the simplicity of EM algorithm
in the nonignorable dropout pattern is lost, a stochastic EM algorithm is proposed and developed to
find parameter estimates of the model. A Monte Carlo method is also used to get the standard errors
of parameter estimates. The proposed techniques are applied on the well-known mastitis data.
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Intoduction

There is overwhelming evidence in study of financial time series that a sequence of returns {yt}
on some financial assets such as stocks cannot be modelled by the linear models, because of time
dependent variances and excess kurtosis in the marginal distributions. In the literature Stochastic
volatility models(SV) is advocated to describe such financial time series. The likelihood of a SV
model is intractable.

When sampling from some high-dimensional posterior densities are intractable, Markov chain
Monte Carlo (MCMC) methods provide us with the algorithms to achieve the desired samples, Gelfand
and Smith (1990). The Metropolis-Hastings(MH) and the Gibbs sampler are the among most famous
algorithms of MCMC. Jacquier et al.(1994) are among the first pioneers who applied MCMC methods
to estimate SV models.

Our aim is to make comparison between a class of stochastic volatiliy models known as smooth
transition Stochastic volatility (SV-STAR) and another class known as Markov switching Stochastic
volatility (SV-MSAR) in a Bayesain framework via MCMC.

In section 2, 3, 4 the classes of Stochastic volatility models with smooth transition and Markov
switching state equations are introduced, and the final section is devoted to a brief discussion.

Smooth transition autoregressive models(STAR)

A popular class of non-linear time series models is the threshold autoregressive models(TAR).
Let observation at time t is denoted by λt, then a TAR model with k − 1 threshold values can be
presented as follows:

λt = Xtφ
(j) + σ(j)ηt if rj−1 < zt ≤ rj(1)

where Xt = (1, λt−1, λt−2, · · · , λt−p), j = 1, 2, · · · , k, −∞ = r0 < r1 < · · · < rk = ∞, η ∼ N(0, 1),
φ(j) = (α(j)

0 , α
(j)
1 , α

(j)
2 , · · · , α(j)

p ), zt is the threshold variable and r1, r2, . . . , rk−1 are the threshold
values. These values divide the domain of the threshold variable zt into k different regimes. In each
different regime, the time series λt follows a different AR(p) model. When the threshold variable
zt = λt, with the delay parameter d being a positive integer, the regimes of λt is determined by its
own laged value λt−d and the TAR model is called self exiting TAR or SETAR model.

In the TAR models, a regime switch happens when the threshold variable crosses a certain
threshold. In some cases it is reasonable to assume that the regime switch happens gradually in a
smooth fashion.

In a two regime SETAR model, the observations λt are generated either from the first regime
when λt is smaller than the threshold, or from the second regime when λt−d is greater than the
threshold value. If the binary indicator function is replaced by a smooth transition function
0 < F (zt) < 1 which depends on a transition variable zt (like the threshold variable in TAR models),
the model is called smooth transition autoregressive (STAR) model. A STAR model is as follows,

λt = Xtφ
(1)(1− F (zt)) + Xtφ

(2)(F (zt)) + ηt(2)
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Two popular choices for the smooth transition function are the logistic function and the exponential
function as follows, respectively.

F (zt, γ, c)) = [1 + e−γ(zt−c)]−1, γ > 0
F (zt, γ, c)) = 1− e−γ(zt−c)2 , γ > 0

(3)

The chosen model is referred to as logistic STAR (LSTAR) model and exponential STAR (ESTAR)
model, respectively. In the relations (3) the parameter c is interpreted as the threshold as in TAR
models, and γ determines the speed and smoothness of the transition, Zivot and Wang(2006).

Markov switching autoregressive models(MSAR)

An important class of non-linear time series models which is widely used in describing economic
systems is the Markov switching auto-regressive models(MSAR). Let observation at time t is denoted
by λt, then a MSAR model with k state can be presented as follows:

λt = Xtφ
(st) + σ(st)ηt if st = {1, 2, · · · , k}(4)

where Xt = (1, λt−1, λt−2, · · · , λt−p), η ∼ N(0, 1), φ(st) = (α(st)
0 , α

(st)
1 , α

(st)
2 , · · · , α(st)

p ), st is the
switching variable which represents k different regimes. In each different regime, the time series λt

follows a different AR(p) model.
In the MSAR models, the regime-generating process is an ergodic Markov chain with a finite

number of states defined by the transition probabilities:

Pr{st = j|st−1 = i} = pij ,
k∑

j=1

pij = 1, ∀i, j ∈ {1, 2, · · · , k}(5)

Stochastic volatility models with STAR and MSAR volatilities

The following lognormal SV model studied by Jacquier et al.(1994),

yt =
√

htεt

log ht = α + δ log ht−1 + σηηt

(6)

where yt is the return on an asset at time t = 1, ..., T . {εt} and {ηt} are independent Gaussian white
noise processes, ση is the standard deviation of the shock to log ht and log ht has a normal distribution.

Different models have been proposed for generating the volatility sequence ht in the literature,
Kim et al.(1998)

In a Bayesian approach, the aim is to allow the volatility sequence to evolve according to the
equation of a STAR(p) and a MSAR(p) model and compare the resulted models using Deviance
information criterion(DIC) Spiegelhalter(2002). We name the stochastic volatility model with STAR
volatilities (SV-STAR) and with MSAR volatilities (SV-MSAR). The SV-STAR model is

yt =
√

htεt εt ∼ N(0, 1) ηt ∼ N(0, σ2)

λt = Xtφ1(1− F (γ, c, λt−d)) + Xtφ2(F (γ, c, λt−d)) + ηt

(7)

where λt = log ht, φ1 and φ2 are p + 1 dimensional vectors and F (γ, c, λt−d) is a smooth transition
function. We assume, without loss of generality that, d ≤ p always. When p = 1, the STAR(1) reduces
to an AR(1) model. We assume parameters d and p, delay and order of auto-regressive in each regime,
respectively, are known.

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 4495 -



The SV-MSAR model is

yt =
√

htεt εt ∼ N(0, 1) ηt ∼ N(0, σ2)

λt = Xtφst + ηt

(8)

where λt = log htand φst is a p + 1 dimensional vector.

Application

We apply the above models using MCMC methods to a financial time series. The data consist
of a time series of the daily Pound/Dollar exchange rates from 01/10/1981 to 28/6/1985. This data
set has been previously studied by Harvey et al.(1994)and other authors. The series is daily log
transformed, mean corrected returns {yt} given by the transformation

yt = log xt − log xt−1 −
1
T

T∑
t=1

(log xt − log xt−1), t = 1, · · · , T(9)

where {xt} is daily exchange rates.
BRugs software is used to facilitate programming of simulation. BRugs is a collection of R

functions that allow users to analyze graphical models using MCMC techniques. In our examples
smooth transition function is logistic function, but the exponential function can be easily replaced.
Also to ease the comparison of our results with the results in the literature, see (Meyer and Yu(2000)),
the parameters of a SV-STAR model with the following form of AR(p) model in each regime is
estimated

λt = µ +
p∑

i=1

φi(λt−i − µ) + ηt, ηt ∼ N(0, σ2)(10)

and compared with the estimated parameters of a SV-MSAR model with the following form of
MSAR(p)

λt = µSt +
p∑

i=1

φi St(λt−i − µSt) + ηt, ηt ∼ N(0, σ2)(11)

To estimate the parameters of the SV-STAR model we followed Lopes and Salazar(2006) and to
estimate the parameters of SV-MSAR model the approach of So et al.(1998) based on Carter and
Kohn(1994) discrete filter idea is chosen.

Using DIC criterion as in Spiegelhalter et al.(2002), SV-STAR(1) and SV-MSAR(1) performed
better than the other models, but the first model is preferred to the second one. For the convergence
control, as a rule of thumb the Monte Carlo error(MC-error) for each parameter of interest should be
less than 5% of the sample standard deviation.

Discussion

In a Bayesian approach, we have compared a class of nonlinear time series known as smooth
transition stochastic volatility models with another class of nonlinear time series known as Markov
switching stochastic volatility models , using MCMC methods to estimate the models parameters. We
apply the method to a financial time series that has been previously studied by Harvey et al.(94).
Using DIC model choice criterion, it seems that SV-STAR and SV-MSAR model perform better than
the traditional SV model with AR(1) volatility model, but SV-STAR captures regime change better
than SV-MSAR. Unfortunately because of the page limitation we are not able to present the full con-
ditional posterior distributions and the detail of the parameter estimation and the result of calculations.
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1. Introduction and preliminaries

Monte Carlo Markov Chain method (MCMC) based on Markov basis for contingency tables was
introduced into Diaconis and Sturmfels [3]. Others who thought along similar lines include Rapallo [7],
Dobra [4] and Booth and Butler [1]. Numerical precision on MCMC is our concern as Monte Carlo
simulation. This paper discusses numerical comparison between MCMC and crude Monte Carlo, or
direct sampling, methods for calculation of p-values on contingency tables. The former is sampling
locally based on the conditional distribution, while the later is sampling globally from all contingency
tables. We consider that the above difference gives influence to accuracy of the calculation of p-values.

Let Ωrc denote the set of contingency tables with fixed margins r = (r1, . . . , r`) and c =
(c1, . . . , cm)

Ωrc =
{

x = (xij) |
m∑

j=1

xij = ri, (1 ≤ i ≤ `)
∑̀

i=1

xij = cj , (1 ≤ j ≤ m)
}

(1)

where r and c are nonnegative integer vectors and N =
∑

i ri =
∑

j cj . The probability of a observation
x ∈ Ωrc is supposed to be the hypergeometric distribution H(x):

H(x) = H(x | r, c) =
∏`

i=1 ri!
∏m

j=1 c1!
N !

× 1∏
i,j=1 xij !

.(2)

This is the conditional distribution of the observation, given by the sufficient statistics, for the model
of independence. The p-value of x ∈ Ωrc is calculated by

pH =
∑

y∈Y
H(y)(3)

where Y = {y | y ∈ Ωrc and H(y) ≤ H(x)}. The statistical test based on pH is an extension of the
Fiher’s exact test.

2. MCMC and Direct Sampling on contingency tables

Let pMP (G) be the p-value approximation for pH based on G times iteration given by the
MCMC. MCMC is realized by the Metropolis algorithm, for example, see Diaconis and Sturmfels [3].
On the other hand, as describing in Diaconis and Gangolli [2], the crude Monte Carlo method or direct
sampling on Ωrc is conducted by the interpretation of the theory of the symmetric group. Let SN

denote the symmetric group of degree N and let Sr and Sc be Young subgroups corresponding to r

and c, respectively. The equivalence relation of σ1 and σ2 ∈ SN is defined as

σ1 ∼ σ2 ⇐⇒ ∃κ ∈ Sr, ∃ρ ∈ Sc s.t. σ2 = κσ1ρ.

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 4498 -



Table 1: #Ωrc = 35353 ≈ 3.53× 104

1 1 1 0 0 0 1 3 3 10
4 4 4 4 4 4 4 1 1 30
5 5 5 4 4 4 5 4 4 40

Table 2: #Ωrc = 3187528 ≈ 3.19× 106

2 0 1 2 6 11
1 3 1 1 1 7
1 0 3 1 0 5
1 2 1 2 0 6
5 5 6 6 7 29

Table 3: #Ωrc = 97080796 ≈ 9.71× 107

2 0 1 2 6 5 16
1 3 1 1 1 2 9
1 0 3 1 0 0 5
1 2 1 2 0 0 6
5 5 6 6 7 7 36

Table 4: #Ωrc = 97080796 ≈ 9.71× 107

1 1 1 0 0 0 1 2 4 10
4 4 4 5 5 5 6 5 0 38
1 1 1 0 0 0 1 2 4 10
6 6 6 5 5 5 8 9 8 58

Table 5: #Ωrc = 97080796 ≈ 9.71× 107

1 2 2 1 1 0 7
2 0 0 2 3 0 7
0 1 1 1 2 7 12
1 1 2 0 0 0 4
0 1 1 1 1 0 4
4 5 6 5 7 7 34

Table 6: Ωrc = 108712356901 ≈ 1.09× 1011

1 2 2 1 1 0 1 8
2 0 0 2 3 0 0 7
0 1 1 1 2 7 3 15
1 1 2 0 0 0 1 5
0 1 1 1 1 0 0 4
4 5 6 5 7 7 5

The set of all representatives corresponds to the set Ωrc. Therefore, there exists a bijection T such
that T (σ) = x. If any permutation σ is distributed as the uniform distribution on SN , that is,
P(σ) = 1/N !, then we have

P(T (σ) = x) =
1

N !
]
{
σ′ | T (σ′) = x

}
= H(x).(4)

The direct sampling method for H(x) is carried out by random permutations and the bijection T . The
p-value approximation pDS(G) is given by the Monte Carlo simulation through the direct sampling of
G times iterations.

3. MCMC vs. Direct Sampling

In order to compare the numerical accuracy of pMP (G) and pDS(G), we use the six contingency
tables in Tables 1–6 which were examples in Mehta and Patel [5]. And the exact p-values pH also
obtained by the network algorithm proposed by Mehta and Patel. Each cardinality of Ωrc in Tables
1–6 was given by Mount [6].

Table 7 shows numerical results on pMP (G) and pDS(G) for G = 104, 106 and 108. Fundamental
difference between Metropolis and direct sampling is how to extract sample data as contingency tables.
In Metropolis algorithm, contingency tables are sampled from the set with contingency tables which
are located near present one. On the other hand, direct sampling obtains contingency tables from
whole Ωrc with a probability of H directly. Therefore, if Metropolis moves through the whole Ωrc,
it is necessary to many steps rather than direct sampling one. In fact, Table 7 shows that precisions
of pMP (108) and pDS(106) are almost the same, and they consist with pH in 2 or 3 significant figure,
respectively.
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Table 7: Computational results of p-values

Metropolis Direct sampling Network
No. pMP (104) pMP (106) pMP (108) pDS(104) pDS(106) pDS(108) pH

1 0.05400 0.06849 0.06793 0.06920 0.06833 0.06796 0.06796
2 0.07980 0.09177 0.09127 0.09110 0.09147 0.09114 0.09110
3 0.04840 0.04680 0.04556 0.04430 0.04541 0.04538 0.04537
4 0.02040 0.03378 0.03546 0.03510 0.03535 0.03537 0.03535
5 0.02740 0.02522 0.02585 0.02490 0.02580 0.02584 0.02581
6 0.04350 0.03987 0.03918 0.04070 0.03972 0.03972 0.03923

REFERENCES

[1] J.G. Booth and R.W. Butler, 1999, An importance sampling algorithm for exact conditional test in log-
linear models, Biometrika, 86, 321–332.

[2] P. Diaconis and A. Gangolli, 1995, Rectangular arrays with fixed margins. In Discrete Probability and
Algorithms (D. Aldous et al., eds.). 15–41, Springer, New York.

[3] P. Diaconis and B. Sturmfels, 1998, Algebraic algorithms from conditional distributions, Ann. Statist, 264,
363–397.

[4] A. Dobra, 1998, Markov bases for decomposable graphical models, Bernoulli, 9, 1093–1108.

[5] C. R. Mehta and N. R. Patel, 1983, A network algorithm for performing Fisher’s exact test in k × l

contingency tables, J. Amer. Statist. Assoc., 78, 427–433.

[6] J. Mount, 1995, Application of convex sampling to optimization and contingency table generation/counting,
Ph. D Thesis, Carnegie Mellon University.

[7] F. Rapallo, 2003, Algebraic Markov Bases and MCMC for Two-Way Contingency Tables, Scand. J. Statist.,
30, 385–397.

RÉSUMÉ

Il semble que la différence fondamentale entre Metropolis et le prélèvement direct est comment
extraire des données d’èchantillon comme tables d’éventualité. Notre souci principal doit estimer
une exactitude du calcul des p-valeurs avec l’algorithme de Metropolis. Quelques expériences sont
entreprises et prouvent que la précision numérique de MCMC est environ un chiffre plus petit que
celui du prélèvement direct.
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1. INTRODUCTION

Current status data arise in situations where the value of the variable of interest X is known

only to be greater or smaller than the value of an observed variable T (independent of X), i.e., for

each observation, variable X is right or left-censored. Thus, the only observations that are available

are T (the “observation time”) and δ = 1{X≤T}, where δ = 1 if X ≤ T (i.e., X is left-censored) and

δ = 0 otherwise (when X is right-censored).

In practice, X might be the time of onset of a tumor in a animal in carcinogenic experiments

and T the (observed) time of death of the animal. In this case, variable δ indicates whether the tumor

was present or not at the moment of death.

In another example, X might be the time of infection for a disease, T the time of realization of

a clinical test, and δ would indicate the presence of the disease at the moment of the clinical test.

In the food industry, an experiment performed to determine the expiration time of a perishable

product might consist of a test taken T days after production, and X would be the moment when the

product becomes inadequate for human consumption. Variable δ would indicate whether the product

is still in good conditions for human consumption at the moment when the container is open and the

product tested.

In many situations, the determination of the value of δ is made by the application of some

(clinical) test and thus may be subject to errors due to the sensibility and specificity of the test. In

this work, we propose a method to minimize the effect of the sensibility and specificity of the test for the

determination of δ on the calculation of the nonparametric maximum likelihood estimator (NPMLE)

of the distribution function F of variable X. The proposed method consists in an application of the

EM algorithm in the calculation of the NPMLE of F .

2. THE METHOD

The likelihood function for current status data (a.k.a. interval censoring, case 1) is given by

L =
n

∏

i=1

[F (Ti)]
δi [1 − F (Ti)]

1−δi

and the log-likelihood function is

L =
n

∑

i=1

δiF (Ti) + (1 − δi)[1 − F (Ti)].

The NPMLE F̂ of F is given by the isotonic regression of function g(Ti) = gi = δi with weights

w(Ti) = wi = 1, i = 1, . . . , n. In practice, F̂ is given by the left-hand slope of the maximum convex

minorant of the cumulative sum diagram given by the points Pj =
(

∑j
i=1 wi,

∑j
i=1 giwi

)

, i = 1, . . . , n,

and P0 = (0, 0).

The NPMLE F̂ of F can also be calculated using the EM algorithm (see Groeneboom and

Wellner, 1992). We can restrict our search of F̂ to a class F of purely discrete distribution functions

F with mass concentrated on the set of points T1, . . . , Tn+1 (supposedly ordered, w.l.o.g.), where Tn+1

is an arbitrary point t > Tn (to put the remaining mass on). Let pi = PF (X = Ti), i = 1, . . . , n + 1.
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We take a starting distribution PF (0) , with positive masses at all points Ti, i = 1, . . . , n + 1, and then

do the “E”-step by computing the conditional expectation of the log-likelihood

E(0)

[

n
∑

i=1

log f(Xi) | δ1, . . . , δn, T1, . . . , Tn

]

,(1)

where f(x) = PF (X = x) and E(0) is the expectation under the probability measure PF (0) . Next we

maximize (1) over all discrete distributions with probability density f with respect to counting measure

on the set {T1, . . . , Tn} (the “M”-step). This yields new probability masses p
(1)
i , i = 1, . . . , n+1. Now

we repeat the E and M steps, starting with the probability distribution with masses p
(1)
i to obtain

p
(2)
i , and so on. Groeneboom and Wellner (1992) show that the calculation of p

(m+1)
k from p

(m)
k ,

k = 1, . . . , n + 1, is given by

p
(m+1)
k =

1

n

n
∑

i=1

{

δi

F (m)(Ti)
1{Ti≥T(k)} +

1 − δi

1 − F (m)(Ti)
1{Ti<T(k)}

}

p
(m)
k , k = 1, . . . , n + 1.

The sensibility and specificity of a (clinical) test are defined, respectively, as the conditional proba-

bilities P (+ | D) and P (− | D̄), where “+” represents the event “the result of the test is positive”

and “D” represents the event “the patient has the disease” (D̄ is the complementary event of D). In

the food industry example, the sensibility of the test is the probability that the test indicates as not

adequate for human consumption a product that in fact is not, while the specificity is the probability

that a product that is adequate for consumption has this condition detected.

Due to the effect of sensibility and specifity of the test, we observe indicator variables γi (indicator

of positive result of the test) instead of δi, i = 1, . . . , n. Thus, the NPMLE is obtained by maximization

of the log-likelihood

Lγ =
n

∑

i=1

γiF (Ti) + (1 − γi)[1 − F (Ti)].

The application of the EM algorithm to “correct” the version of the NPMLE obtained by maximizing

Lγ is made by maximization of the expectation of L given the observed (incomplete) data (γi, Ti),

i = 1, . . . , n,

E [L | γi, Ti, i = 1, . . . , n] =
n

∑

i=1

{E (δi | γi) log F (Ti) + [1 − E (δi | γi)] [1 − log F (Ti)]} .(2)

Applying Theorem 1.10 in Barlow et al. (1972), the corrected NPMLE obtained by maximization of

(2) is given by the isotonic regression of function g(Ti) = E [δi | γi] with weights w(Ti) = 1. So, for the

calculation of the corrected NPMLE of F , we need to obtain estimates of E [δi | γi] = P (δ = 1 | γi).

The probabilities P (δ = 1 | γi = 1) and P (δ = 0 | γi = 0) are the positive predictive value (PPV) and

negative predictive value (NPV) of the test, respectively. We can easily see that

P (δi = 1 | γi) =
P (γi = 1 | δi = 1)P (δi = 1)

P (γi = 1)

=
P (γi = 1 | δi = 1)P (δi = 1)

P (γi = 1 | δi = 1)P (δi = 1) + P (γi = 1 | δi = 0)P (δi = 0)

=
sP (δi = 1)

sP (δi = 1) + (1 − e)(1 − P (δi = 1))

where s and e are the sensibility and specificity of the test, respectively.

Starting from some initial values for P (0)(δi = 1) = P (0)(Xi ≤ Ti) = F (0)(Ti), and having some

estimate of the values of s and e, we can calculate initial values for the PPV and NPV of the test and

use this to obtain new estimates F (1)(Ti). With F (1)(Ti), we can obtain a new estimate F (2)(Ti), and

so on.

3. RESULTS
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In order to test the performance of the method described above, we simulated data with Ex-

ponential distribution for both variables X and T , varying their parameters to obtain 25%, 50% and

75% of right-censoring. We used values 0.7 and 0.85 for both sensibility and specificity of the test, and

sample sizes n =50, 100, 200, 500 and 1000. Some of the results of the estimates of F on the deciles

are presented in Table 1, where p is the proportion of right-censoring. The rows with the symbol δ

give the value of the “true” (unknown in practice) NPMLE of F , the rows with the symbol γ give the

initial values of the NPMLE obtained before the application of the correction method, and the rows

with the symbol c give the values of the NPMLE obtained after application of the correction method.

We can see that the corrected version of the NPMLE of F tends to improve the initial estimate since

its values are much closer to the “real” NPMLE of F .

Table 1: Means of estimates of F on the deciles of X.

Deciles

n s e p 1 2 3 4 5 6 7 8 9

50 .7 .7 .5 δ .034 .133 .251 .372 .478 .600 .713 .836 .947

initial estimate γ .243 .338 .397 .447 .490 .540 .590 .647 .727

corrected estimate c .106 .188 .276 .370 .458 .564 .662 .755 .851

100 .7 .7 .5 δ .050 .159 .272 .380 .485 .597 .708 .820 .937

initial estimate γ .294 .358 .407 .455 .498 .541 .585 .637 .702

corrected estimate c .122 .206 .297 .399 .496 .594 .689 .788 .878

200 .85 .7 .75 δ .042 .147 .268 .377 .486 .594 .704 .804 .911

initial estimate γ .282 .377 .451 .506 .566 .626 .683 .737 .789

corrected estimate c .097 .181 .280 .368 .471 .577 .678 .772 .856

500 .85 .85 .25 δ .093 .194 .303 .402 .502 .612 .733 .876 .959

initial estimate γ .218 .287 .363 .434 .506 .582 .676 .800 .915

corrected estimate c .116 .209 .315 .416 .519 .628 .754 .871 .948

1000 .7 .7 .5 δ .091 .192 .297 .399 .498 .600 .705 .801 .908

initial estimate γ .332 .377 .419 .459 .498 .539 .580 .622 .666

corrected estimate c .125 .213 .308 .403 .496 .594 .692 .786 .874

4. DISCUSSION

The performance of the proposed method in the simulations studies seems to indicate that it

really improves the initial estimate of F . For the distributions considered in the simulations, the effect

of the sensibility and specificity of the test seems to cause a significant difference to the “true” NPMLE

of F on the tails of the distribution. The correction method seems to have improved substantially the

initial estimate on those deciles.

One issue that should be addressed is the variance reduction for the corrected values of the

NPMLE of F . Also, in some problems a precise estimate of the sensibility and specificity of the test

may not be available. This, however, does not seem to affect the performance of the method seriously.
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A new kernel-type density estimator is presented in the context of left truncated and right cen-

sored data. This estimator is obtained by the convolution of a kernel with an estimator of the distri-

bution function based on presmoothing ideas. Asymptotic properties, including an iid representation,

consistency, asymptotic normality and asymptotically optimal bandwidths, are given. The practical

performance of this estimator is illustrated in a simulation study.

INTRODUCTION

When analyzing times of duration (e.g. in medical follow-up or in engineering life testing studies),

one may not be able to observe the variable of interest, referred to hereafter as the lifetime. Left

truncation arises when a subject is not included in the study because its lifetime origin precedes the

starting time of the study and the subject dies before this moment. Right censoring appears when the

lifetime is only partially observed because a different event occurs before the end of the lifetime. Let

(Y, T, C) denote a random vector where Y is the lifetime with distribution function (df) F , T is the

random left truncation variable with df L and C is the random right censoring time with df G. So, in

the LTRC model, one observes (T, Z, δ), if T ≤ Z, where Z = min(Y, C) and δ = 1{Y ≤ C} indicates

if the observation is censored (δ = 0) or not (δ = 1). When Z < T nothing is observed (truncation

occurs). Moreover, H denotes the distribution function of Z, and aH = inf {y : H (y) > 0} and

bH = sup {y : H (y) < 1} the left and right support endpoints respectively. Finally, it is assumed that

aL ≤ aH , Y is independent of (T, C) and α = P (T ≤ Z) > 0.

A new kernel-type estimator of the density function f of the lifetime Y is presented in the

context of left truncated and right censored data. For LTRC data, the classical kernel-type density

fTJW
s estimator is obtained by the convolution of a kernel with the well-known product-limit estimator

(PLE) F TJW
n defined in Tsai et al (1987):

fTJW
s (y) =

∫

Ks (y − u) dF TJW
n (u) ,

where Ks (·) = s−1K (·/s) is the rescaled kernel K according to the bandwidth sequence s ≡ sn ↓ 0.

Although the PLE is the nonparametric maximum likelihood estimator of F , it gives mass only

to the uncensored data, which implies a great variance in estimation and bad performance at the

right tail in presence of moderate to heavy censoring percentages. These problems have motivated

a search for alternative estimators. So, the presmoothed estimator of F was proposed by estimating

nonparametrically the conditional probability of uncensoring m(y) = P (δ = 1|T ≤ Z, Z = y):

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 4505 -



FP
b (y) = 1 −

∏

i:Zi≤y

(

1 − mb(Zi)

nCn(Zi)

)

where mb(y) =

n
∑

i=1
Kb(y − Zi)δi

n
∑

i=1
Kb(y − Zi)

is the Nadaraya-Watson estimator of m and Cn(y) =
1

n

n
∑

i=1
1{Ti ≤ y ≤ Zi} is the empirical estimator

of C(y) = P (T ≤ y ≤ Z|T ≤ Z).

Some important properties of FP
b were provided by Jácome and Iglesias-Pérez (2007): almost

sure representation, strong consistency and asymptotic normality. Unlike the PLE, the presmoothed

estimator has a jump at any of the observations regardless of its status (censored or not). This fact,

which implies that presmoothing provides more information on the local behavior of F , produces a

more efficient estimation of the density function (see Cao and Jácome (2004) without truncation).

The presmoothed density estimator is obtained by the convolution of a kernel with the pres-

moothed estimator of F . Asymptotic properties, including an iid representation, strong consistency,

asymptotic normality and mean integrated squared error expressions, are given. When the optimal

bandwidths s and b are of the same order, the efficiency of the presmoothed estimator with respect to

the classical one fTJW
s is, in terms of the asymptotic expression of MISE, of first order. Otherwise,

we have just a third order efficiency. The choice of the optimal bandwidths is also analyzed, and the

practical performance of this estimator is illustrated in a simulation study.

MAIN RESULTS

Before deriving the main results, we need to introduce some conditions and notations. Fix any

τ < bH and let H∗(y) = P (Z ≤ y|T ≤ Z) and h∗(y) = ∂
∂yH∗(y). Main assumptions are standard

regularity conditions, needed to apply Taylor expansions.

(K) The kernel K is a symmetric differentiable density function, of bounded variation with compact

support [−1, 1].

(h) H and H∗ are continuous functions, with h∗ twice continuously differentiable and h∗ (y) ≥ ε > 0

for some ε > 0 at y ∈ [aH , τ ] .

(f) The density function f is four times continuously differentiable at y ∈ [aH , τ ].

(m) The function m is three times continuously differentiable at y ∈ [aH , τ ] .

(C) C is twice continuously differentiable and C (y) ≥ ε > 0 for some ε > 0 at y ∈ [aH , τ ].

(Int)

∫ τ

aH

dH∗
1 (v)

C3 (v)
< ∞,

∫ τ

aH

dv

C2 (v)h∗ (v)
< ∞ and

∫ τ

aH

dH∗ (v)

C (v)
< ∞.

(I) The variables T and Z are independent.

(B) n1−εbn → ∞ for some ε > 0 and Σbλ
n < ∞ for some λ > 0. Moreover, bn ln lnn → 0, ns−1

n b8
n → 0

and nsnb2
n (lnn)−2 → ∞ as n → ∞.

If the bandwidths are assumed to be sn = csn
−α + o (n−α) and bn = cbn

−β + o
(

n−β
)

for some

cs, cb, α, β > 0, then an example of constants α and β for bandwidth sequences satisfying condition

(B) is α < 3
5 and 1

8 (α + 1) < β < 1
2 (1 − α). In particular, if α = 1

5 , then 3
20 < β < 2

5 .

Theorem 1 Assume conditions (K), (h), (m), (Int) and (B). Then the presmoothed density estimator

admits the following representation:

fP
s,b (y) = f (y) + βP

n (y) + σP
n (y) + eP

n (y)
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where βP
n (y) =

∫

f (y − snv) K (v) dv − f (y)

σP
n (y) =

1

nsn

n
∑

i=1

∫

ξP
i,n (y − snv) K ′ (v) dv

with ξP
i,n (y) = (1 − F (y)) [gP

1 (y, Zi) − gP
2 (y, Zi, Ti) + gP

3 (y, Zi, δi)], and

gP
1 (y, Z) =

m (Z)

C (Z)
1 {Z ≤ y}

gP
2 (y, Z, T ) =

∫ y

aH

m (v) h∗ (v)

C2 (v)
1 {T ≤ v ≤ Z} dv

gP
3 (y, Z, δ) =

∫ y

aH

Kb (v − Z)
δ − m (v)

C (v)
dv

and supaH≤y≤τ

∣

∣eP
n (y)

∣

∣ = O

(

s−1
n

(

b2
n + lnn1/2 (nbn)1/2

)2
)

a.s.

Theorem 2 Assume conditions (K), (h), (f), (m), (Int) and (B), then

sup
aH≤y≤τ

∣

∣fP
s,b (y) − f (y)

∣

∣ = O

(

1

sn

(

b2
n +

(

lnn

nbn

)1/2
))

a.s.

Theorem 3 Assume conditions (K), (h), (f), (m), (C), (I) and (B), then

√
nsn(fP

s,b(y) − f(y)) → N
(

a (y) , σ2 (y)
)

where

a (y) =

⎧

⎪

⎨

⎪

⎩

0 if ns5
n → 0

1
2C5/2f ′′ (y) dK if ns5

n → C5, nb5
n → 0

1
2C5/2f ′′ (y) dK + C1/2B2 [(1 − F (y)) α (y)]′ dK if ns5

n → C5, nb5
n → B5

σ2 (y) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

(

1 − F (y)

C (y)

)2

h∗ (y) m (y) [(1 − m (y)) AK (L) + m (y) cK ] if
bn

sn
→ L ≥ 0

(

1 − F (y)

C (y)

)2

h∗ (y) m2 (y) cK if
bn

sn
→ ∞

with dK =
∫

u2K(u)du, AK (L) =
∫∫∫

K (u) K (v) K (w)K (u + L (v − w)) dudvdw, cK = AK(0) =
∫

K2(u)du and

α (y) =

∫ y

aH

1
2m′′ (v)h∗ (v) + m′ (v)h∗′ (v)

C (v)
dv.

The presmoothed estimator fP
s,b depends on two bandwidths, s and b. The trade-off between the

integrated bias and variance yields the optimal AMISE bandwidths. We will only consider the case

bn/sn → L0 ≥ 0, since the AMISE bandwidths when bn/sn → ∞ are both of the same order. Consider

bn = Lnsn with Ln → L0. Then, the AMISE function is AMISE(fP
s,Ls) = s4c1(L) + (ns)−1c2(L) and

the AMISE bandwidths are

sAMISE =

(

c2(L0)

4c1(L0)

)1/5

n−1/5 and bAMISE =

{

L0sAMISE if L0 > 0

b0n
−3/5 if L0 = 0

with L0 = arg minL≥0

[

c1 (L) c4
2 (L)

]1/5
= arg minL≥0

5
44/5 n4/5AMISE

(

fP
sAMISE(L),L×sAMISE(L)

)

and,

for ω a weight function

c1 (L) = d2
K

∫
(

1

2
f ′′ + L2 [(1 − F ) α]′

)2

ω and c2 (L) =

∫
(

1 − F

C

)2

h∗m [(1 − m)AK (L) + mcK ] ω,
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and b0 =

(
∫

f ′′2 ω

cKd3
K

∫

(1 − F )2C−2mh∗ω

)2/5 ∫
f2m(1 − m)h∗C−2ω
∫

f ′′ [(1 − F ) α]′ ω
eK with eK =

∫

uK(u)
∫ u
−1 K(v)dv.

SIMULATION STUDY

For illustration, a small simulation study has been carried out to compare the performance of

the new density estimator with the classical one. Since the key idea in presmoothing is the non-

parametric estimation of the function m, we have considered two different models, according to the

shape of m. The first model is the one in Jácome and Iglesias-Pérez (2007), with a censoring pro-

portion of 29.5% and the conditional probability of uncensoring is m (y) = 1.264
(

1.264 + y−1
)−1

,

a monotone increasing function. The second model is that considered by Uzunogullari and Wang

(1992). Now, the censoring proportion is 14.8%, and the conditional probability of uncensoring is

m (y) =
(

(y − 1)2 + 1
)(

(y − 1)2 + 1.25
)−1

, a nearly constant function. With the aim of exhibiting

the gain of presmoothing, we have computed the ISE of the density estimators for a total of m = 500

samples of size n = 50, fTJW
s with the plug-in bandwidth selector sTJW in Sánchez-Sellero et al

(1999), and fP
s,b with the following rule-of-thumb plug-in bandwidth, replacing the unknown functions

in c1, c2 and b0 with estimates of them. The functions f ′′ and c2 can be estimated as in Sánchez-Sellero

et al (1999), and F and f by means of the presmoothed estimators with a bandwidth b1 obtained by a

cross-validation procedure and sTJW . With respect to α, we have considered m̂ the polynomial regres-

sion estimator of degree two, ̂h the maximum likelihood density estimator under a normal distribution,

and Cn(y) the empirical estimator of C. The results can be seen in Table 1. The most remarkable fact

is that, although the above-mentioned plug-in bandwidth selector for fP
s,b can be improved, the ISE of

the presmoothed estimator is lower than the ISE of the classical density estimator for most samples,

that is, presmoothing using this plug-in bandwidth selector is more efficient than using the classical

density estimator with the only bandwidth selector available in literature.

Table 1. Integrated Squared Error (ISE) of the classical and presmoothed density estimators with the

corresponding plug-in bandwidth selector.

MODEL 1 MODEL 2

Classical Presmoothed Classical Presmoothed

Mean 0.0184 0.0174 0.0269 0.0262

Percentile 25 0.0084 0.0081 0.0154 0.0148

50 0.0150 0.0139 0.0241 0.0232

75 0.0236 0.0234 0.0341 0.0322
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Abstract In this paper we propose a quantile-filling algorithm to deal with the type I censored data

in local-scale family case. We prove the convergency of the algorithm and the consistency of the

estimators of the parameters under certain regular conditions. A simulation study is illustrated to

show the stability and the maneuverability of this algorithm.

Key words location-scale family, incomplete data, quantile, filling algorithm, interval estimate.

1. Introduction

The incomplete-data problems often arise in the statistical contexts and the applications in engineering.

The familiar censoring mechanisms are type I censoring, type II censoring, interval data and so on.

In the previous methods of dealing with incomplete-data problems, the statistical inference methods

and their theories based on empirical process and stochastic approximation under random censoring

mechanism have got rapid developments and achieved a series of important results. Besides, EM

algorithm based on likelihood rule has also taken an important role in this area. But for some non-

exponential distributions, the present efficient methods of dealing with incomplete-data problems are

not applicable. In the previous researches, even the regular parameter estimation have to depend on

Newton-Raphson iteration algorithm, and the initial value, the step size and the control method for

convergency have limited these methods’ applications in engineering.

Since the censoring mechanism in the practical engineering field is usually intractable, the re-

search on the statistical method ignoring the censoring mechanism is more essential in practice. For

the estimation of the Weibull parameters under type I censoring, we have approved some algorithms

based on moment invariance criterion and discuss their theory properties in the Moment Invariance

Criterion and Its Application to Weibull Distribution, The Data Filling Algorithm for Weibull Dis-

tribution Under Type I Censored Data, and Quantile-Filling Algorithm for Weibull Distribution and

its Application, which have not published. Here we improve the quantiles-filling algorithm which has

been approved in the last paper to deal with the type I censoring data in location-scale distribution

family case, and prove the convergency of the algorithm and the consistency of the estimators of the

parameters under certain regular conditions. In addition, we can obtain the interval estimate for the

reliability through this algorithm. A simulation study is illustrated to show the good stability and

maneuverability of the algorithm.

The rest of this paper is organized as follows: the location-scale family is introduced in section 2.

In section 3, the filling algorithm is proposed and the convergency of the algorithm and the consistency

of the estimators of the parameters are proved. We discuss the simulation in section 4.

2. location-scale family

Definition. the family of pdfs {F (x |µ, σ) : µ ∈ (−∞,∞), σ ∈ (0,∞)} is called the location-scale

family if there exits a function G(x) satisfying F (x |µ, σ) = G(x−µ
σ ), (any x, µ, σ). Here µ is the

location parameter and σ is the scale parameter of the function, and EX = µ + φ1σ, varX =

σ2(φ2 − φ2
1), where φ1 =

∫
∞

−∞

y dG(y),φ2 =
∫
∞

−∞

y2 dG(y)

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 4509 -



The location-scale family is commonly used in statistical research. For instance, exponential

distribution, normal distribution and extreme value distribution are all within it.

3. the quantiles-filling algorithm in location-scale family case

Suppose that cdf F (t |µ, σ) = G( t−µ
σ ) belongs to the location-scale family and T1, · · · , Tn is a sample

from it. The observed data is (xn,1, δ1), · · · , (xn,n, δn), where δj = 0 or 1 according as the observation Tj

is censored or uncensored at T (0). Let X
(0)
n = {xn,1, · · · , xn,s,

n−s︷ ︸︸ ︷
T (0), · · · , T (0)}, where {

n−s︷ ︸︸ ︷
T (0), · · · , T (0)}

denotes the censored observations and {xn,1, · · · , xn,s} the uncensored observations. Let q = 1 −
F (T (0) |µ, σ), qn = n−s

n . X
(m)
n = {xn,1, · · · , xn,s, x

(m)
n,s+1, · · · , x(m)

n,n } (m = 1, 2, · · · ) is the result from

the iterations of the algorithm, and (µ
(m)
n , σ

(m)
n ) is the parameter estimate . X

(m)
n = 1

n

[ s∑
i=1

xn,i +

n∑
i=s+1

x
(m)
n,i

]
, S2

X
(m)
n

= 1
n

[ s∑
i=1

(xn,i −X
(m)
n )2 +

n∑
i=s+1

(x
(m)
n,i −X

(m)
n )2

]
.

The estimated σ is obtained via moment estimation. The estimated µ is constrained by the

condition F (T (0)|µ(m)
n , σ

(m)
n ) = 1 − qn, which is

µ(m)
n = T (0) − σ(m)

n G−1(1 − qn). (3.1)

Here we choose the moment estimate from X
(0)
n as the initial value for the parameter. At the

m-th (m = 0, 1, · · · ) iteration of the algorithm we perform the following two steps.

Step 1. Compute the estimate of σ from X
(m)
n : σ

(m)
n =

√
1

φ2−φ2
1
S2

X
(m)
n

.

Step 2. Replace the censored observations by 1
n−s+1 , · · · , n−s

n−s+1 quantiles of the conditional distribu-

tion with σ
(m)
n given X > T (0), which is given by:

x
(m+1)
n,s+i = T (0) + ψn,s+iσ

(m)
n , i = 1, 2, · · · , n− s. (3.2)

where ψn,s+i = G−1(1 − qn + qni
n−s+1) −G−1(1 − qn).

These two steps are running repeatedly until the algorithm converges, which may be determined,

for instance, by using a suitable stopping rule like |σ(m)
n − σ

(m−1)
n | < ǫ for some ǫ > 0. Let σ̂n denotes

the convergent value of σ
(m)
n , and µ̂n denotes the value obtained according to (3.1).

Let Ψn = {
s︷ ︸︸ ︷

0, · · · , 0, ψn,s+1, · · · , ψn,n}, δ0(λ) = G−1(1 − λ), δ1(λ) =
∫ δ0(λ)
−∞

y dG(y), δ2(λ) =∫ δ0(λ)
−∞

y2 dG(y), then δ1(λ) < (1 − λ)δ0(λ), φ1 − δ1(λ) > λδ0(λ). We will prove the convergency of

the algorithm under the following hypothesis.

Hypothesis S2
Ψn

< φ2 − φ2
1,

∫
∞

−∞

|y| dG(y) <∞,
∫
∞

−∞

y2 dG(y) <∞.

Lemma Let ϕ(u, λ) = G−1(1−λ+λu)−G−1(1−λ), λ ∈ (0, 1), then
∫ 1
0 λϕ

2(u, λ) du−(
∫ 1
0 λϕ(u, λ) du)2 ≤

φ2 − φ2
1. (Proof is omitted here.)

Since ψn,s+i = ϕ( i
n−s+1 , qn) > 0 and is monotonic with respect to i,

∫ n−s
n−s+1

0 ϕ(u, qn)

< 1
n−s+1

n−s∑
i=1

ψn,s+i <
∫ 1
0 ϕ(u, qn) du. From lim

n→∞

qn
a.s.
= q, n−s = nqn, we can get lim

n→∞

1
n−s+1

n−s∑
i=1

ψn,s+i
a.s.
=

∫ 1
0 ϕ(u, q) du. The same argument gives that lim

n→∞

1
n−s+1

n−s∑
i=1

ψ2
n,s+i

a.s.
=

∫ 1
0 ϕ

2(u, q) du. Hence

lim
n→∞

S2
Ψn

= lim
n→∞

[
1
n

n−s∑
i=1

ψ2
n,s+i − ( 1

n

n−s∑
i=1

ψn,s+i)
2
] a.s.

=
∫ 1
0 qϕ

2(u, q) du − (
∫ 1
0 qϕ(u, q) du)2 ≤ φ2 − φ2

1,

which indicates that the condition of the hypothesis S2
Ψn

< φ2 − φ2
1 can be satisfied with positive

probability. Here we simulate the situations under extreme value distribution and normal distribu-

tion. Each of the two graphs as follows gives the simulated results with the censorship proportions

70%, 80%, 90%, 99%, 99.9% from the bottom up.
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Figure 1: extreme value distribution
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Figure 2: normal distribution

Theme 1. lim
m→+∞

σ
(m)
n = σn exits, and σn is the unique solution of the equation as follows in

(σ
(0)
n ,+∞),

(S2
Ψn

− (φ2 − φ2
1))z

2 + 2(T (0) −X
(0)
n )Ψnz + S2

X
(0)
n

= 0. (3.3)

Proof: From (3.2),

(σ
(m+1)
n )2 = 1

φ2−φ2
1
( 1

n

[ s∑
i=1

x2
n,i +

n−s∑
i=1

(x
(m+1)
n,s+1 )2

] − 1
n2

[ s∑
i=1

xn,i +
n−s∑
i=1

x
(m+1)
n,s+1

]2
)

= 1
φ2−φ2

1
(S2

Ψn
(σ

(m)
n )2 + 2(T (0) −X

(0)
n )Ψnσ

(m)
n + S2

X
(0)
n

).
(3.4)

Since σ
(0)
n = 1√

φ2−φ2
1

√
S2

X
(0)
n

and T (0) > X
(0)
n , σ

(1)
n > σ

(0)
n , from induction we can easily get that σ

(m)
n

is strictly monotonic with respect to m, and converges to some point σn in (σ
(0)
n ,+∞]. From Lemma

S2
Ψn

< φ2 − φ2
1, the left side of (3.3) is larger than 0 when z = σ

(0)
n . Hence the function (3.3) has a

unique solution in (σ
(0)
n ,+∞), denoted as z0.

Suppose σn = +∞, then there exits m satisfying σ
(m)
n ≤ z0 < σ

(m+1)
n . From (3.3) and (3.4),

S2
Ψn

(σ
(m)
n )2 + 2(T (0) −X

(0)
n )Ψnσ

(m)
n + S2

X
(0)
n

> S2
Ψn
z2
0 + 2(T (0) −X

(0)
n )Ψnz0 + S2

X
(0)
n

.

This contradicts with σ
(m)
n ≤ z0. Hence σn < +∞. Taking m → +∞ on both sides of (3.4), σn is

proved to be just the z0. �

From Theme 1 and (3.2) we can prove that lim
m→+∞

x
(m)
n,i exits, denoted by xn,i, i ∈ {s+1, · · · , n}.

Let Xn = {xn,1, · · · , xn,s, xn,s+1, · · · , xn,n}. Let µn = T (0) − σnG
−1(1 − q), then lim

m→+∞

µ
(m)
n = µn.

Theme 2.: (µn, σn) is the consistent estimator of (µ , σ). (Prove is omitted here.)

4. Simulation

To investigate the behavior of the quantile-filling algorithm, we illustrate a simulation study in the case

of Weibull distribution, which is widely used in the fields of engineering and survival analysis. As we

know, if ξ belongs to Weibull distribution, X = ln ξ essentially follows the extreme value distribution.

Hence, the algorithm proposed in section 3 can be performed to deal with Weibull distribution.

(A) the point estimate of parameter

We generate a random sample of size 20 from Weibull distribution with parameter (1.5, 70). 60%

quantile of the distribution is set to be the censoring time. The quantile-filling algorithm is applied

to this censoring sample. Graph 3 and graph 4 show the convergent speed of the algorithm.
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Figure 3: plot of m
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Figure 4: plot of η

We generate 10000 random samples with the same parameters as above to evaluate the mean

and the MSE of the parameter estimate.

m η

censoring time (quantile) mean MSE mean MSE

50% 1.742 0.418 73.18 657.7

60% 1.694 0.2981 72.17 311.1

70% 1.662 0.232 71.57 209.3

80% 1.648 0.191 72.00 186.9

90% 1.608 0.152 73.40 193.1

(B) the quantile estimate for the reliability

To deal with the interval estimation problem from the incomplete sample in location-scale family case,

we can implement the algorithm proposed in this article to get the virtual complete sample, and then

perform the interval estimation method for complete sample[1].

In the simulation, we set the parameter (m, η) = (1.5, 70), the sample size n = 20, the cen-

soring time T (0) = 40%, 50%, · · · , 90% quantile of the distribution, and the confidence level 1 − α =

40%, 60%, 80%, 95%. The following table shows the coverage percentage of the respective confidence

lower limit over 10000 simulations for each situation, with the true reliability set to be 0.7.

P
P

P
P

P
P

P
P

P
1 − α

T (0)

40% 50% 60% 70% 80% 90%

40% 0.4102 0.3942 0.3960 0.3808 0.3975 0.4026

60% 0.5912 0.5795 0.5896 0.5872 0.5993 0.5892

80% 0.7858 0.7833 0.7852 0.7823 0.7943 0.7932

95% 0.9359 0.9368 0.9353 0.9438 0.9441 0.9497
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Comparison of Parameter Estimators in Case-Cohort Studies
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ABSTRACT

The case-cohort study design [1] has been developed for obtaining and analysing time-to-event data,
particularly with very low probabilities of observing a failure and a lot of right censoring (rare events),
in order to reduce costs. This is basically achieved by observing much fewer subjects compared to
“classical” cohort studies. Similarly to case-control studies, all cases and a random sample of censored
individuals are selected and followed. However, the standard estimating approaches such as the Cox’s
partial likelihood cannot be used for parameter estimation under the case-cohort sampling, since it
contains unobserved quantities. The usual way of dealing with this issue is to reweight the controls’
individual contributions by their inverse sampling probabilities. The main aim of this contribution is
to study the behaviour and properties of some of these estimators and to point out possible problems
that can occur in practice.

Keywords. Survival analysis, case-cohort study, regression models.
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The nonlinear regression model is a common way to infer the dependence between two random
variables Y and X. Assuming that

E [Y | X] = f (θ0, X) , θ0 ∈ Θ ⊂ Rk,(1)

where f is a known function, and given an i.i.d. sample of Y and X, a classical way to deal with
the estimation of the parameter θ0 consists of using a (nonlinear) least squares procedure. In the
presence of random censorship, the situation appears to be more complex. Assume that, instead of
i.i.d. replications (X, Y ) ∈ Rd+1, one only observes n independent copies of (X, δ, T ) where

T = Y ∧ C, δ = 1{Y≤C},(2)

and C is a censoring random variable and 1A denotes the indicator function of the set A. Then the
least squares procedure must be properly adapted to account for censorship. In the particular case of
linear regression (that is when f is linear in the parameter), several methods have already been studied,
mostly using martingale techniques. But inquiring into their theoretical properties, the existing results
strongly rely on the particular shape of the linear regression function. Therefore the extension of these
techniques to the more general nonlinear regression model does not seem straightforward.

In the linear case, the existing estimators can be split into two main categories, namely weighted
least-squares and synthetic data estimators. None of the two approaches dominates the other, that
is, depending on the distribution of C or Y , either one or the other approach has better finite sample
and asymptotic properties. The weighted least-squares approach was first considered by Zhou (1992),
and extended by Stute (1999) to the case of the nonlinear regression model. It is the only method
that has been fully extended to the nonlinear model case. An alternative method that we call the
synthetic data approach, is based on transformations of T = Y ∧ C which have the same conditional
expectation as Y . Such estimation methods were developed in Koul, Susarla & Van Ryzin (1981) and
Leurgans (1987).

We obtain asymptotic properties for a whole class of synthetic data estimators in the case of
nonlinear regression. Our class, which is closely related to the transformations studied by Fan &
Gijbels (1994), extends the estimators of Koul, Susarla & Van Ryzin (1981) and Leurgans (1987) to
nonlinear regression. For deriving the asymptotic results, instead of using martingale techniques as it
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was done in the linear case, we will propose a new way to understand estimators of Koul, Susarla &
Van Ryzin (1981) and Leurgans (1987). Then they will be easily connected to Kaplan-Meier integrals,
such as those studied by Stute (1993, 1996).

Definition of the estimators

Following Stute (1996, 1999), consider the identifiability conditions:

I1. Y and C are independent,

I2. P (Y ≤ C | Y, X) = P (Y ≤ C | Y ) .

Defining the transformation of Koul & al. (1981),

Y ∗
KSV =

δT

1−G (T−)
(3)

where G (t) = P (C ≤ t) , it follows from conditions I1 and I2 that E [Y ∗
KSV | X] = E [Y | X]. Leurgans

(1987) proposed another transformation of the censored response

Y ∗
L =

∫ ∞

−∞

( 1{T>t}
1−G (t)

− 1{t<0}
)

dt.(4)

In this case, to obtain E [Y ∗
L | X] = E [Y | X] , the following stronger condition is needed:

I2 ′. C and (X, Y ) are independent.

More generally, Fan & al. (1994) considered linear combination of both transformations, say Y ∗
α =

αY ∗
KSV + (1 − α)Y ∗

L . If Y ∗ were available, the parameter θ0 could be estimated through a standard
least squares procedure. Unfortunately, this transformations cannot be directly computed from the
data, unless the distribution function G is given. When G is unknown, typically it can be estimated
by the Kaplan-Meier estimator

Ĝ (t) = 1−
∏

{j:Tj≤t}


1− 1

n
{
1− Ĥ (Tj−)

}



1−δj

, with Ĥ (t) =
1
n

n∑

j=1

1{Tj≤t}.(5)

For 1 ≤ i ≤ n, define

Ŷ ∗
i,KSV =

δiTi

1− Ĝ (Ti−)
and Ŷ ∗

i,L =
∫ ∞

−∞

(
1{Ti>t}

1− Ĝ (t)
− 1{t<0}

)
dt,(6)

and similarly Ŷ ∗
i,α. We can define

Mα
n (θ) =

1
n

n∑

i=1

(Ŷ ∗
i,α − f(θ,Xi))2,(7)

θ̂α = arg min
θ∈Θ

Mα
n (θ).(8)

Asymptotic properties

One of the major difficulties for studying θ̂α comes from the fact that Mα
n (θ) is not a sum of i.i.d.

quantities, unlike in the uncensored case. Indeed, the transformations Ŷ ∗
α rely on the Kaplan-Meier

estimate, which is computed from the whole sample, and hence are dependent from each other. Our
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idea is to provide asymptotic i.i.d. representations of our statistics, that is a main i.i.d. term, plus an
asymptotically negligible term. Define

F̂ (x, y) =
1
n

n∑

i=1

Win1Ti≤y,Xi≤x,(9)

where Win is the jump at observation i of the (univariate) Kaplan-Meier estimate

F̂ (t) = 1−
∏

{j:Tj≤t}


1− 1

n
{
1− Ĥ (Tj−)

}



δj

,(10)

Stute (1996) derived the following type of i.i.d. representation, under some integrability conditions on
function φ,

∫
φ(x, y)dF̂ (x, y) =

1
n

n∑

i=1

δiφ(X,T )
1−G(Ti−)

+
1
n

n∑

i=1

ηφ(Ti, δi) + oP (n−1/2),(11)

with E[ηφ(Ti, δi)] = 0. Hence consistency and asymptotic normality of θ̂α will come from the repre-
sentation (11) and the following representation Theorem.

Theorem 1 For a function g, let K (g, t) = E [g (X) (1− F (t,X))] . Under some integrability condi-
tions,

1
n

n∑

i=1

φ (Xi) Ŷ ∗
i,KSV =

∫
g (x) y dF̂(X,Y ) (x, y) ,(12)

1
n

n∑

i=1

g (Xi)
(
Ŷ ∗

i,L− Y ∗
i,L

)
=

∫(∫ y

0

K (g, t)
1− F (t)

dt

){
dF̂(X,Y ) (x, y)− dF(X,Y ) (x, y)

}
(13)

+
∫

K (g, y)
1−H (y)

(
1
n

n∑

i=1

{
1{Ti≤y} −H (y)

})
dy + oP (n−1/2).

The following corollary furnishes root-n consistency of θ̂α, where we authorize α to be chosen
adaptively.

Corollary 1 Assume that α → α0 in probability. Then, under some integrability conditions,

√
n(θ̂α − θ0) =⇒ N (0, σ2

α0
),

where σα0 can be deduced from Theorem 1 and the representation (11).

Simulation study

We give a simulation study to compare our estimates with Stute’s estimator (1999). consider
Y = f (θ0, X) + ε, where θ0 = [0.5, 0.3]′,

f (θ, x) = (θ1 + θ2)−1 exp(θ1x1 + θ2x2)

and X = (X1, X2)′ with X1, X2 independent and uniformly distributed on [0, 1]. For the residual term
ε and the censoring time C we used two configurations:

Config. 1 Config. 2
ε ∼ N (0, 1) ε ∼ N

(
0, [1 + X1 + X2]

−1
)

C ∼ U [0, c1] under I2 ′ C ∼ E(c2) under I2 ′
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The parameter c1 and c2 are used to change the strength of the censoring. In the following figure,
KSV stands for θ̂1, Leurgans for θ̂0, FG for θ̂α where α is chosen adaptively following the procedure
in Fan &. al. (1994). We computed the M.S.E., that is, in each case, E[||θ̂ − θ0||2]. Our estimates
seem to behave better as Stute’s, especially when the proportion of censored responses increases.
Mean squared error of Stute, Leurgans and FG estimators with homoscedastic (Config

1) and heteroscedastic (Config 2) errors .
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RÉSUMÉ (ABSTRACT)

The problem of estimating a nonlinear regression model when the dependent variable is randomly
censored is considered. The parameter of the model is estimated by least squares using synthetic data.
Consistency and asymptotic normality of the least squares estimators are derived. The proofs are based
on a novel approach that uses i.i.d. representations of synthetic data through Kaplan-Meier integrals.
The asymptotic results are supported by a small simulation study.
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1 Introduction 
The goal of this presentation is twofold. First, we report and describe some data on childhood cancer in 

North Portugal. The childhood cancer data information was gathered from the IPO (Instituto Português de 
Oncologia) of Porto by RORENO service (Registo Oncológico do Norte), Portugal, kindly provided to us by 
Dra. Maria José Bento, epidemiologist of the institution, and with previous permission given by the 
respective Executive Council. The data contain all of the children (i.e. people aged below 15 years old) 
diagnosed from cancer between 1999 until 2003 on the North of Portugal region, including the five districts; 
namely Porto, Braga, Bragança, Vila Real e Viana do Castelo. The children were followed until April 30th 
2006. Second, we discuss some issues when applying standard survival analysis techniques to these data. 
These issues refer to several biases that are associated to dependent censoring schemes and/or the presence 
of random truncation. 

According to official information by the Health Ministry of Portugal in connection with the paediatric 
hospital of central region of Portugal, the incidence of childhood cancer in Portugal is unknown. The unique 
available information concerns the causes of death, leading to an incidence indicator which is not reliable 
due to the improved survivorship associated to the development of new treatments. In 2001, the number of 
cases of childhood cancer in North Portugal was 81; according to the information of the last Portuguese 
Census (2001), the population at risk (children aged between 0 and 14) in 2001 in the northern region was 
555,919, with a resulting incidence rate of 1,6/ 410 . 

Mortality from childhood cancers showed substantial declines from the last half century in developed 
areas of the world, including North America, Western Europe, Japan and Oceania (see Levi et al., 2001). 
Before 1950, almost all children who developed cancer died (see Gatta et al., 2005). A comparative study 
between Europe and United States (see Gatta et al., 2002) shows that the survival rates for patients with 
childhood cancer in Europe (except Eastern Europe) generally are high and very similar to the survival rates 
in the United States.  

Five-year survival rates were estimated for seventeen countries in Europe, based on the study period 
1983-1994 (see Gatta et al., 2005). The rates corresponding to the period 1990-1994 revealed that survival 
improved for all childhood cancers combined in Europe, and that the risk of dying was reduced by 5% per 
year. The same study concluded that the greatest survival improvements among the most common cancers 
were for laukaemia and lynphoma. Though Portugal was not included in that study, the specialists have no 
doubts that the behaviour of the Portuguese case coincides with Europe: increasing incidence and improved 
five-year survival. 
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2 Data description 
Our childhood cancer data includes all the cases diagnosed between January 1st 1999 and December 

31st 2003, on children aged below 15 years old, with a follow-up until April 30th 2006. The available 
statistical information is contained in the following variables: birth date; date of death; censoring status 
(value 1 if death is observed or 0 otherwise); source of diagnosis (institution at which the diagnosis took 
place); residence (including parishes, small towns and districts); sex; age at diagnosis (in years); date of the 
first symptom; date of first examination; date of diagnosis; and type of cancer (leukaemia, lynphoma, central 
nervous system cancers, neuroblastoma, retinoblastoma, renal cancers, hepatic tumours, bone tumours, soft 
tissues tumours, germinative tumours, melanomas and others epithelial tumours; according to paediatric 
classification tumours whose based according the International Childhood Cancer Classification, 3 rd Edition. 

The data correspond to 409 children diagnosed from cancer, 180 female and 229 male, the birth date 
varying between May 13th 1984 and July 2nd 2003. In the sample, the diagnosis has occurred between 
January 1st 1999 and December 9th 2003. In the five years of recruitment, the cases diagnosed are distributed 
quite uniformly, ranging from 63 cases a year (2002) to 90 (2003). The most precocious diagnosis 
corresponded to a 6 days old baby, and the latest diagnostic case verified corresponded to an adolescent with 
almost 15 years old. The more frequent diagnostics are the precocious: 50% of the cases correspond to 
children below six years old, and 75% of the cases correspond to children below ten years old. The mean age 
of diagnosis was 6.5 (in years). 

Distribution of the cases and population at risk for each district 

Districts Number of cases Percentage Population at risk 

Braga 117 28,6 156044 

Bragança 17 4,2 17953 

Porto 220 53,8 310847 

Viana do Castelo 29 7,1 35847 

Vila Real 26 6,4 31250 

Total 409 100,0 551919 

Table 1- Number of disease cases and population at risk for each district 

 
As mentioned, the data contain all the cases diagnosed between 1999 and 2003 in North Portugal 

region, including five districts: Braga, Bragança, Porto, Viana do Castelo, and Vila Real. Table 1 shows the 
distribution of the cases in the referred districts as well as the population at risk (resident population by 
district according to age group 0-14 years) in each district, sourced by the National Institute of Statistic from 
Portugal, assessed in the last census made in Portugal in 2001. 

The cancers differ on the type and localization. Table 2 shows the distribution of all cases in the sample 
in the twelve different types considered in this study. The time from diagnosis until death (associated to the 
disease), or known disease time, is one of the variables of major interest; the maximum attained value for 
this variable was 7 years and 4 months (corresponding to the maximum follow-up period). There are up to 16 
cases with missing values for this variable, so we concentrate in the 393 cases (220 males, 173 females) 
which report complete information. For 312 cases the death was not observed because the child was still 
alive at 30th April 2006 (311 cases) or due to death unrelated with the disease (1 case); this results in a 79.4% 
of censoring on the known disease time. 

We have computed the five-year Kaplan-Meier survival rates from diagnosis, along with their standard 
errors, for each group of children according to the following three variables: sex, district of residence, and 
type of cancer (see Table 3). For the last variable, we have only considered the four more frequently seen 
types of cancer (leukaemia, lynphoma, central nervous system cancers, and neuroblastoma). We have not 
found statistical evidence of difference among the groups, except for the type of cancer. Indeed, the 
lynphoma group presents the best prognosis, while the central nervous system tumours and the 
neuroblastoma lead to the worst 5-years survival rate. These results are partially in accordance to the 
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literature (see Gatta et al., 2002 and 2005). 
Distribution of cases among different types of childhood cancer 

TYPES CASES PERCENTAGE 

Leukaemia 107 26,2 

Lynphoma 57 13,9 

CN System 

Tumor 

95 23,2 

Neuroblastoma 38 9,3 

Retinoblastoma 12 2,9 

Renal  16 3,9 

Hepatic  7 1,7 

Bone 19 4,6 

Soft Tissues 20 4,9 

Germinative 12 2,9 

Melanoma/other 

epithelial tumours 

16 3,9 

Other 4 1,0 

Total 403 98,5 

Lost in system 6 1,5 

Total 409 100,0 

Table 2- Distribution of cases among different types of cancer 

 
Five-year survival rates and standard errors: childhood cancer data-North Portugal 

GROUP 5-YEAR 
SURVIVAL 

GROUP 5-YEAR 
SURVIVAL 

Male 0.770 (0.030) Porto 0.787 (0.030) 

Female 0.798 (0.032) Braga 0.781 (0.042) 

Leukaemia 0.784 (0.043) Viana do Castelo 0.741 (0.094) 

Lynphomas 0.959 (0.028) Vila Real 0.720 (0.090) 

CN System 
Tumors 

0.702 (0.049) Bragança 0.882 (0.078) 

Neuroblastoma 0.721 (0.075)   

Table 3. Five-year survival rates for the childhood cancer data (standard errors between brackets) 

 

3 Some issues in standard Survival Analysis 
Assume that one is interested in making inferences on the total lifetime (from birth to death) of the 

children suffering from cancer. Typically, survival rates for data, which are subject to censoring, are 
estimated via the Kaplan-Meier method. This statistical technique is available in most of the statistical 
packages, being widely used by the medical community. However, a fact that is sometimes overseen is that 
the consistency of the Kaplan-Meier method relies on the assumption of independence between survival and 
censoring times. Given the nature of our data set, it happens that the time from birth to death and the 
potential censoring time for the diseased children are correlated. This is because both times share the time up 
to diagnosis. Hence, some care is needed when computing the corresponding survival rates. 

A possible solution to this issue is as follows. Let X and Y be the age at diagnosis and the (maybe 
censored) survival time (measured from diagnosis to death) respectively. Given the sampled individuals, 
estimate the target P(X+Y ≤ t) by 

∑
=

≤+

n

i
iii tYXIW

1

)(  
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where iW   denotes the Kaplan-Meier weight associated to iY  (rather than ii YX + ). This empirical 
sum will consistently estimate P(X+Y ≤ t) (this can be justified by using the nice theory developed in Stute, 
1993), and hence it is a natural substitute for the ordinary Kaplan-Meier method in our setup. In order to get 
an idea about the impact of the dependent censoring for the childhood cancer data, overall survival rate at 
age 20 is raised from 0.645 (standard Kaplan-Meier) to 0.780. 

Another issue has to do with truncation. Truncation of survival data occurs when only those individuals 
whose event time lies within a certain observational window [ ]sLiL ,  are observed. An individual whose 
event time does not fall in this interval is not observed and no information on this subject is available to the 
investigator. Because we are only aware of individuals with event times (diagnosis) in the observational 
window (1999-2003), the inference of truncated data is restricted to conditional estimation. Doubly 
truncation occurs in our data because an individual is observed only if his/her diagnosis time variable falls 
within a finite interval, bounded at both ends, with the interval varying for different observations (but unique 
for such observation). Nonparametric estimation from doubly truncated data was considered, among others, 
by Turnbull (1976), Efron and Petrosian (1999), and Betensky and Martin (2002), and it is one of our aims to 
estimate the time from birth until disease diagnostic for the untruncated population by using these 
nomparametric tools. 

Interestingly, the known disease time is not directly associated to the truncation issue. That is, given the 
time from birth until disease diagnosis, the observed value for known disease time in the sample is 
representative for the untruncated population. However, if known disease time and time to disease diagnosis 
are correlated, then the unconditional value of the former in the sample can be biased (with regards to its 
length), when compared to the untruncated population (e.g. Wang, 1999). In such a case, methods for bias 
correction would be needed. To be more specific, the sampling bias can emerge whenever the birth process 
of the individuals which suffer from cancer in their childhood can not be regarded as constant. From a 
mathematical point of view, if T denotes time from birthdate to 31st December 2003, the probability of 
sampling an individual with given age at diagnosis x (years) is M(x)=P(x ≤ T ≤ x+5). So the interest when 
making inferences for the untruncated population will be focused on the “stationarity” assumption that T is 
uniformly distributed (which results in an unbiased sampling). 

 
Acknowledgement. Second author was supported by the Grant MTM2005-01274 (FEDER funding 

included) of the Spanish Ministerio de Educación y Ciencia and also by the Gran PGIDIT06PXIC300117PN. 
 
REFERENCES  
1- Betensky, R. A., Martin, E.C. (2003). Commentary: Failure-rate functions for doubly-truncated random 

variables. IEEE Transactions on Reliability 52, 7-8. 

2- Efron, B., and Petrosian V. (1999). Nonparametric methods for doubly truncated data. Journal of the 

American Statistical Association, Vol 94, 824-834. 

3- Gatta, G., Capocaccia R., et al: Childhood Cancer Survival in Europeand the United States. American Cancer 

Society, 2002. 

4- Gatta, G., Capocaccia R., et al: Childhood Cancer Survival trends in Europe: A EUROCARE working group 

study. Journaal of Clinical Oncology, 2005. V23 N16. 

5- Levi F., Vecchia C., Negri E., Lucchini F. (2001). Childhood cancer mortality in Europe, 1955-1995. 

European Journal of cancer 37, 785-809. 

6- Stute, W. (1993). Consistent estimation under random censorship when covariables are present. J. 

Multivariate Analysis 45, 89-103. 

7- Turnbull, B. W. (1976). The empirical distribution function with arbitrarily grouped, censored and truncated 

data. Journal of the Royal Statistical Society Series B 38, 3 290-295. 

8- Wang, M.-C. (1999). Gap time bias in incident and prevalent cohort. Statistica Sinica 9, 999-1010. 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 4521 -



Extending the Constrained Newton Method for Nonparametric Es-

timation from Interval-censored Data

Wang, Yong

University of Auckland, Department of Statistics

38 Princes Street

Auckland 1001, New Zealand

E-mail: yongwang@stat.auckland.ac.nz

Nonparametric maximum likelihood for interval-censored data

For interval-censored data, each observation xi ≥ 0, i = 1, . . . , n, is only known to have fallen

in an interval (Li, Ri]. Consider a grid of time points 0 = t0 < t1 < · · · < tm = ∞, which are typically

the unique ordered elements of {0, L1, . . . , Ln, R1, . . . , Rn,∞}. Let A = (δij) be the n × m matrix of

indicators, where its ijth entry δij is either 1 if (tj−1, tj ] is contained in (Li, Ri] or, otherwise, 0

The nonparametric survival function is known to have a mixture structure, in which each com-

ponent distribution concentrates on each of the intervals (tj−1, tj ], j = 1, . . . ,m (Böhning et al., 1996).

The mixture probability for observation (Li, Ri] is

Pi ≡ Pr(Li < Ti ≤ Ri) =

m∑
j=1

δijpj,

where p = (p1, . . . , pm)T is the vector of mixing proportions defined on the (m − 1)-dimensional

probability simplex

P ≡ {p : pT1 = 1,p ≥ 0},

where 0 = (0, . . . , 0)T and 1 = (1, . . . , 1)T. The log-likelihood function of p is

ℓ(p) =

n∑
i=1

log


 m∑

j=1

δijpj


 ,

and the nonparametric maximum likelihood estimate (NPMLE) p̂ maximizes ℓ(p) among all p ∈ P.

This is equivalent to the maximum likelihood estimation of the mixing proportions in a finite mixture

model. The difficulty here is that m can be very large, perhaps in the thousands.

The NPMLE is characterized by the directional gradient defined as follows. Denote

sj = (δ1j/P1, . . . , δnj/Pn)T, j = 1, . . . ,m,

and let ej be the m-vector whose only nonzero element is the jth, which is 1. Given p, the directional

gradient for interval (tj−1, tj] is defined as

dj ≡ dj(p) ≡ lim
ǫ→0+

ℓ{(1 − ǫ)p + ǫej}
ǫ

= sT
j 1 − n.(1)

For the NPMLE p̂, we have
{

dj(p̂) = 0, if p̂j > 0,

dj(p̂) ≤ 0, if p̂j = 0;
(2)

and for any p ∈ P, it holds that

max
1≤j≤m

{dj(p)} ≥ ℓ(p̂) − ℓ(p).(3)
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The directional gradient thus provides an upper bound on the difference between the log-likelihood

values of the NPMLE and an estimate. A stopping criterion in the form

max
1≤j≤m

{dj(p)} ≤ τ, for some τ > 0,(4)

can be used for an algorithm. This criterion is ideal, since it measures how accurate the current

estimate at least is in a likelihood sense.

The constrained Newton method

The constrained Newton method with multiple inclusion is proposed by Wang (2007) for com-

puting the NPMLE of a mixing distribution defined on a continuous parameter space. We now extend

it to computing the NPMLE of a survival function, which is defined on a discrete space with possibly

a large number of points.

Denote S = (sT
1 , . . . , sT

m)T. The log-likelihood function ℓ(p) has the gradient and Hessian,

respectively,

∇ℓ(p) = ST1,

∇2ℓ(p) = −STS.

Using the Taylor series expansion to second order, one can obtain

ℓ(p′) − ℓ(p) = −1

2
||Sp′ − 2||2 +

n

2
+ o(||S(p′ − p)||2).

Therefore, maximizing ℓ(p′) in the neighborhood of p can be approximately replaced by solving the

least squares linear regression problem with constraints:

min
p′

||Sp′ − 2||2, subject to p′T1 = 1 and p′T ≥ 0.(5)

In order to solve problem (5), Wang (2007) suggests a numerically stable method originated by Haskell

and Hanson (1981), i.e., for some small positive γ (= 10−3, say), solve

min
p′

|p′T1− 1|2 + γ||Sp′ − 2||2, subject to p′ ≥ 0.(6)

This is a least squares linear regression problem with non-negativity constraints only. The solution

vector p′ usually contains many 0s, and should be normalized in order to sum to 1 exactly. To avoid

overshooting and decreasing the likelihood, a line search such as step halving should be used.

Solving problem (5) or (6) in the full dimension m of p′ can be computationally extremely

expensive, if not prohibitive, and is unnecessary. For interval-censored data, the NPMLE p̂ typically

has a much lower dimension for non-zero elements, as shown in Figure 1(b). The optimization should

better be conducted in a reduced dimension, ideally using only the non-zero elements of the NPMLE.

Such non-zero elements need to be found by an algorithm in a progressive and efficient manner.

Including new elements into the support set too slowly will remarkably increase the number of iteration,

while adding too many at a time will increase dramatically the computational cost at each iteration.

The directional gradient is a great tool to locate such support elements. In the context of

a continuous parameter space, Wang (2007) suggests using all the local maxima of the directional

gradient. Due to the irregularity in a discrete space, this can result in too many of them, as shown in

Figure 1(a).

Based on these considerations, we propose the following algorithm extended from the constrained

Newton method with multiple inclusion. If necessary, the algorithm is able to double the support size

at each time. Once getting close to the NPMLE, the support size will be maintained at the level of

that of the NPMLE. Let 1 = js0 ≤ js1 < · · · < jsms ≤ js,ms+1 = m, where js1, · · · , jsms are the sorted

indexes of the ms nonzero elements of ps.
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Figure 1: Directional gradient values (vertical lines) drawn at the left endpoints of the intervals for

a simulated data set of size 1000, evaluated at (a) an intermediate estimate; (b) the NPMLE. Each

solid point on the horizontal, zero-gradient line corresponds to a support interval with positive mass.

Algorithm 1 (CNM) Set s = 0. From an initial estimate p0 with ℓ(p0) > −∞, repeat the following

steps:

1. Compute d1(ps), . . . , dm(ps). If maxj dj(ps) = 0, stop.

2. Find j∗s0, . . . , j
∗

sms
such that j∗sl = arg maxjsl≤j≤js,l+1

{dj(ps)}.
3. Compute ps+1 by solving problem (6), using only the elements indexed by {js1, · · · , jsms} ∪

{j∗s0, . . . , j∗sms
}, and by conducting a line search.

4. Set s = s + 1.

Choosing the nonzero elements for p0 is also important. An ad hoc method can easily produce

a very large number of these elements and hence increase considerably the computational cost in the

first few iterations of the method. We may then want to find the minimum set of nonzero elements for

p0 such that all observations (Li, Ri] are covered and thus ℓ(p0) > 0. This is in fact the well-known

set covering problem, which is NP-complete (Cormen, et al., 2001, section 35.3). Nevertheless, the

greedy algorithm that always first chooses the element that covers the largest number of observations

suffices for our purposes here.

A simulation study

A simulation study is conducted, following a design of Wellner and Zhan (1997). For each data

set, the ith exact event time xi is randomly drawn from the exponential distribution with mean 1
2

and then replaced with one of the three censoring intervals that it falls in, (0, ci1], (ci1, ci2] or (ci2,∞),

where ci1 and ci2 are the 5th and 16th order statistics of 20 random variates uniformly distributed

on [0, 1]. Three algorithms are included in the study: the iterative convex minorant (ICM) algorithm

(Groeneboom and Wellner, 1992), the hybrid ICM expectation maximization (ICM-EM) algorithm

(Wellner and Zhan,1997) and the CNM algorithm extended above. The EM algorithm (Turnbull, 1974;

Dempster et al., 1977) is excluded owing to its slow convergence, especially for large-sized samples. All

algorithms are implemented and executed in R. The stopping criterion (4) is used, with τ = n× 10−6.

One hundred data sets were generated as described above for each n ∈ {100, 1000, 5000}. In each

case, three summary statistics, Minimum, Median and Maximum, are calculated for, respectively, the
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n Method Number of iterations Time (s)

Minimum Median Maximum Minimum Median Maximum

100 ICM 11 15 24 0.14 0.19 0.36

ICM-EM 9 16 32 0.06 0.11 0.23

CNM 4 6 9 0.01 0.02 0.03

1000 ICM 15 17 19 5.82 6.72 7.55

ICM-EM 11 15 20 2.58 3.55 4.91

CNM 6 7 10 0.77 0.97 1.36

5000 ICM 16 17 18 215.50 231.90 272.30

ICM-EM 12 14 23 98.76 114.40 194.90

CNM 7 8 11 19.82 22.39 27.05

Table 1: Results of the simulation study

number of iterations and the execution time, and given in Table 1. In every case studied, the CNM

algorithm used a smaller number of iterations and converged at least several times faster than the

other two algorithms.
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RÉSUMÉ (ABSTRACT)

This paper extends the constrained Newton method (Wang, 2007, JRSSB, pp.185–198), which

was proposed for computing a nonparametric mixing distribution defined on a continuous parameter

space, to computing a nonparametric survival function from interval-censored data. A strategy is

proposed, which is able to include new elements into the support set from a discrete yet large parameter

space at a well-controlled pace. Numerical studies show that the extended CNM method remarkably

outperforms the state-of-art ICM and ICM-EM algorithms.
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In previous works, a simple linear regression model with interval-valued data which is based on
an interval-arithmetic approach has been studied. Furthermore, the least squares optimal estimators
have been obtained for a generalized operational metric (see González-Rodŕıguez et al., 2006, 2007).
The lack of linearity of the space of real intervals with the usual arithmetic entails some important
constraints in the regression setting (see Gil et al., 2002, Gil et al., 2007 and González-Rodŕıguez et al.,
2007). For instance, although the least-squares estimates are mostly unique, in some special cases two
solutions can be found. This fact implies some difficulties in dealing with the theoretical properties of
the estimators. In this paper, some consistency properties are examined. More specifically, the least
squares estimators will be shown to converge almost-surely to the theoretical values of the regression
model.

The paper is organized as follows: in Section 1 some preliminary concepts about the interval-
valued random sets will be recalled; in Section 2 the considered Simple Linear Regression Model and
the least squares estimators are presented; finally, the results of consistency for these estimators are
established in Section 3.

1. Preliminaries

Let Kc(R) be the class of nonempty compact intervals of R endowed with the arithmetic induced
by the Minkowski addition and the product by a scalar; that is, A + B = {a + b : a ∈ A, b ∈ B}
and λA = {λa : a ∈ A}, for all A,B ∈ Kc(R) and λ ∈ R. The space (Kc(R),+, ·) is not linear due
to the lack of symmetric element w.r.t the addition. For this reason it is often useful to consider an
alternative ‘difference operation’ in Kc(R): the Hukuhara difference. Given A,B ∈ Kc(R), if there
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exists C ∈ Kc(R) so that A = B + C, then C is said to be the Hukuhara difference between A

and B, and it is denoted by C = A −H B. The Hukuhara difference A −H B exists if, and only if,
supB − inf B ≤ supA− inf A and, should this be the case, A−H B = [inf A− inf B, supA− supB].

The support function of an interval A ∈ Kc(R) is defined to be the mapping sA : S0 −→ R
given by sA(u) = supa∈A

〈
a, u

〉
, where S0 = {−1, 1} (i.e., the unit sphere in R). The support function

satisfies interesting and convenient properties, like semilinearity, and allows us to deal with intervals
as elements in the space C(S0,R) (see, for instance, Diamond and Kloeden, 1994).

To quantify the distance between intervals, several metrics can be considered in Kc(R). The
generalized metric dK by Körner and Näther (2002) is quite operational and versatile in statistical
problems (see, for instance, González-Rodŕıguez et al., 2007), and it is a generic L2-type metric
which can be expressed by means of the support functions as [dK(A,B)]2 =

〈
sA − sB, sA − sB

〉
K

for
A,B ∈ Kc(R), where K is a positive definite and symmetric kernel on C(S0,R), and

〈·, ·〉
K

stands for
the inner product with respect to K.

Given a probability space (Ω,A, P ), a mapping X : Ω −→ Kc(R) is said to be an interval-
valued random set (or random interval) associated with (Ω,A, P ) if it is A-βdH

measurable, where
βdH

denotes the σ-field generated by the topology induced by the well-known Hausdorff metric dH

on Kc(R). Since the metrics dH and dK are topologically equivalent (see, Körner and Näther, 2002
and Diamond and Kloeden, 1994), an interval-valued random set can be also defined as an A-βdK

measurable mapping.
An interval-valued random set X can be characterized by means of the random vector in R2,

(inf X, supX) with the constraint inf X ≤ supX. Alternatively, the random vector (midX, sprX),
with sprX ≥ 0, also characterizes X, where midX(ω) = (supX(ω) + inf X(ω)) /2 represents the mid-
point or center of the interval X(ω), and sprX(ω) = (supX(ω)− inf X(ω)) /2 denotes the spread or
radius, for all ω ∈ Ω. The constraint for this second characterization is often easier to handle than
that for infimum and supremum.

The interval Kudō-Aumann’s expected value of an interval-valued random set X such that
inf X, supX ∈ L(Ω,A, P ) is given by

E[X] =
[
E(inf X), E(supX)

]
.

On the other hand some real-valued moments of an interval-valued random set can be stated
in terms of the support function. Thus, the variance of the interval-valued random set X (see, for
instance, Lubiano et al., 2000 and Körner and Näther, 2002) is given, if it exists, by the real-valued
expectation

σ2
X = E

[〈
sX −E(sX), sX − E(sX)

〉
K

]
= E

[(
dK(X, E[X])

)2
]
,

and the covariance (see Körner and Näther, 2002) between two interval-valued random sets X and Y

is defined, if it exists, as the real-valued expectation

σX,Y = E
[〈

sX − E(sX), sY − E(sY )
〉
K

]
.

It should be noted that the considered (interval) expected value and variance agree with the
Fréchet approach w.r.t. dK .

For the estimation linear regression problem, a simple random sample
{
(Xi, Yi)

}n

i=1
of a two-

dimensional interval-valued random set (X, Y ) : Ω −→ Kc(R) × Kc(R) will be considered. The
(interval) sample mean of X is defined by X = (X1 + X2 + . . . + Xn)/n, and the sample variance of
X will be given by σ̂2

X = dK(X,X)2 (analogously for Y and σ̂2
Y ). Finally, σ̂X,Y denotes the sample

covariance of X and Y , and it is defined as

σ̂X,Y =
〈
sX − sX , sY − sY

〉
K

.
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2. Least squares estimators for a linear regression model

The Simple Linear Regression Model which relates two interval-valued random sets X, Y : Ω →
Kc(R) on the basis of the interval-arithmetic approach considered in this paper is given by

Y = aX + ε,

where a ∈ R and ε : Ω → Kc(R) is a random set such that E[ε|X] = B ∈ Kc(R). From now on, X and
Y will be assumed to have finite variances and covariance. The population linear regression function
associated with the considered model is given by E[Y |X] = aX + B.

The aim of the estimation problem is to find suitable estimators for the parameters of this
function on the basis of a random sample obtained from (X, Y ). It should be noted that the model
Y = aX + ε forces the Hukuhara difference Y −H aX to exist, whence the estimators of a should
satisfy also this constraint, that is, given a realization ω ∈ Ω, â(ω) will be considered to be an admisible
estimate if Yi(ω)−H â(ω)Xi(ω) exists for all i = 1, . . . , n.

The lack of linearity of Kc(R) entails that the relationship between two interval-valued random
sets can be modeled in some special cases by means of two different linear models. For instance, if X is
an interval-valued random set with the mid point being degenerated at 0, and we define Y = aX + B

with a > 0 and B ∈ Kc(R), then since X = −X, we can also write Y = −aX + B. Anyway, it can
be verified that the linear relationship can be expressed as a function depending on, at most, two
different values for parameter a (in one of the expressions a taking on positive value, and in the other
one a being negative). Moreover, this situation happens if, and only if, mid X is a degenerated real
random variable.

If we assume, as usual in a regression setting, that σ2
X > 0 and σε,X = 0, then the theoretical

constants of the linear regression function can be written in terms of the moments of X and Y , as
B = E[Y ]−H aE[X] and

a =

{ σX,Y

σ2
X

if a ≥ 0,
−σ−X,Y

σ2
X

if a ≤ 0

Let
{
(Xi, Yi)

}n

i=1
be a random sample obtained from (X,Y ). As above-mentioned, it is natural

to constrain the estimates of a to belong to the set A =
{
a ∈ R : ∃Yi−H aXi, for all i = 1 . . . n

}
. Thus,

the least squares estimation problem consists of finding a real-valued estimator â and an interval-valued
one B̂ such that

Minimize
1
n

n∑

i=1

dK(Yi, aXi + B)2

subject to a ∈ A

In González-Rodŕıguez et al. (2007) the solutions for this problem were found in a more general
setting. Firstly, it was shown that A is a nonempty symmetric and close subset of R. Actually, for
a given realization ω ∈ Ω A(ω) = R if, and only if, card(Xi(ω)) = 1 for all i = 1 . . . n. Otherwise,
A(ω) = [−â0, â0] for some â0 ∈ [0,∞]. For the sake of simplicity, we consider R = R ∪ {−∞,∞}, and
define â0 = ∞ if A = R. With this notation, the least squares solutions are B∗ = Y −H a∗X and

a∗ =





0 if σ̂−X,Y ≤ 0 and σ̂X,Y ≤ 0

min
{

â0,
σ̂X,Y

σ̂2
X

}
if σ̂X,Y > 0 and σ̂−X,Y ≤ σ̂X,Y

−min
{

â0,
σ̂−X,Y

σ̂2
X

}
if σ̂−X,Y > 0 and σ̂X,Y ≤ σ̂−X,Y
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3. Consistency results

The conical structure of Kc(R) leads the expression of the estimators to depend on the order
relationship between the sample covariance of Y with X and −X. This relationship is in turn related
to the order relationship between the corresponding population covariances, due to the consistency of
the sample covariances. In this respect, it is possible to check that under the unique model setting
then σ−X,Y < σX,Y if a > 0 and σ−X,Y > σX,Y if a < 0. In addition, if a = 0 then both population
covariances are equal to zero. Taking this into account the following result on the consistency of the
regression estimators can be proven.

Theorem 1. Let X and Y be two interval-valued random sets associated with (Ω,A, P ) and satisfying
the preceding linear model Y = aX + ε, and assume that midX is non-degenerate. For each n ∈ N
consider a random sample {(Xi, Yi)}n

i=1, and let a∗n and B∗
n be the least squares estimators. Then

a∗n → a and B∗
n → B a.s. [P ] as n →∞, that is, the least squares estimators are consistent.

The asymptotic result in Theorem guarantees theoretically the suitability of the least squares
estimators obtained in González-Rodŕıguez et al. (2007) for large samples. Further analysis are
being carried now in this context, such as a study of possible asymptotic distributions related to the
estimators and their use in the establishing statistical hypothesis tests about the regression.
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RÉSUMÉ (ABSTRACT)

The linear regression problem between interval-valued random sets has been previously treated
from different points of view in the literature. In this work, the consistency of the least squares
estimators for a Simple Linear Regression Model based on an interval-arithmetic approach will be
analyzed.
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1. Introduction

We deal with Principal Component Analysis for functional interval data. Most methods for data
analysis assume that the data are sets of numbers with structure. For example, typical multivariate
data are identified as a set of n vectors of p real numbers and dissimilarity data on pairs of n objects
are as n × n matrix. However, requests for analysis of data with new models become higher, as the
kind and quantity of the data is increased.

In concert with the requests, Ramsay et al. proposed Functional Data Analysis (FDA) in the
1980’s, which treats data as functions. Many researchers proposed various methods for functional
data, including functional regression analysis, functional principal components analysis, functional
clustering, functional multi dimensional scaling etc. We can study these methods from Ramsay and
Silverman (2002), Ramsay and Silverman (2005) and http://ego.psych.mcgill.ca/misc/fda/.

Another great approach to deal with such complex data is Symbolic Data Analysis. Prof. Diday
said “we define Symbolic Data Analysis (SDA) as the extension of standard analysis to such tables”
(Bock and Diday (2000)). Symbolic table may contain data of different types, including quantitative
values, categorical values, intervals etc. Bock and Diday (2000) is excellent textbook for SDA and we
can read free electronic journal on SDA from http://www.jsda.unina2.it/.

Functional Data Analysis and Symbolic Data Analysis are both powerful tools. We believe
combination of the two approaches is important for data analysis. PCA for functional data and PCA
for interval data have been proposed. We extend PCA for functional interval data.

2. PCA for Interval Data

There are many kinds of symbolic data. Among them, interval data are typical symbolic data.
We focus on interval data and will introduce Principal Component Analysis for interval data. Let
xI

i = (xi, xi) denote the interval data vector obtained for object i (i = 1, 2, · · · , n), where xi, xi ∈ Rp

and xi ≤ xi; comparison operators are to be understood componentswise.
Gioia and Lauro (2006) proposed a method of PCA for interval data based on the interval

eigenvalue problem;

xIuI = λIuI .

Chouakrian, Cazes and Diday (2000) proposed two methods of PCA for interval data: Vertices
method and Centers method. In Vertices method, interval data xI

i are extended to p-dimensional
(ordinal) multivariate data of size n× 2p; say M j ∈ Rp, (j = 1, 2, · · · , n× 2p): all vertices of interval
data. We apply classical PCA to {M j}; we solve the eigenvalue problem of the covariance matrix of
{M j}.

Center method is simpler than Vertices method. The method applies the classical PCA method
to the centers of the n interval data:

(xi + xi)/2 ∈ Rp.
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In this method, the variation of the principal components cannot be seen from the result. Hereafter,
we will use Vertices method and Centers method for explanation.

3. Functional PCA

Let x(t) = {xi(t), i = 1, 2, · · · , n} denote the functional data whose range is one-dimensional
space. Basic concept is to find (projection) function ξ(·) to maximize the variance:

(1)
1
n

n∑

i=1

∫
ξ(s)xi(s)ds.

Actual derivation of the function ξ(·) is not difficult. We can use expand functions with orthonormal
basis functions {φk(t)}, k = 1, 2, · · · ,K. We put

xi(t) =
K∑

k=1

cikφk(t)

and

ξ(t) =
K∑

k=1

bkφk(t).

The function ξ(t) can be derived through {bk} with {cik} and eigenvalue calculation.

4. PCA for Functional Interval Data

Under the above preparations, we will propose a method of PCA for functional interval data.
We assume the data are represented by xI

i (t) = [xi(t), xi(t)], (i = 1, 2, · · · , n), where xi(t) < xi(t)
and t ∈ T . Each object is a function of t and the range of the function is R1. These types of data
often apear in actual situation, for example, maximum blood pressure and minimal blood pressure of
measurments every day.

We propose a method for functional interval data to extend Centers method. At first, the centers
of the interval data xI

i (t) = [xi(t), xi(t)] are calculated;

ci(t) := (xi(t) + xi(t))/2, (i = 1, 2, · · · , n).

Expand ci(t) in terms of a set of orthonormal basis functions φk(t),

ci(t) =
K∑

k=1

cikφk(t).

We can get principal component function ξ(t) with functional PCA described in the previous section.
It is the same as this method to construct the method of PCA for functional interval data based

on Vertices method.

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 4532 -



We can also extend the formula (1) to functional interval data;

1
n

n∑

i=1

∫

s

∫

x∈xI
i (s)

ξ(s)xdxds

=
1
n

n∑

i=1

∫

s

∫ xI
i (s)

xI
i (s)

ξ(s)xdxds

=
1
n

n∑

i=1

∫

s
ξ(s)

1
2
(xI

i (s)
2 − xI

i (s)
2
)ds

=
1
n

n∑

i=1

∫

s
ξ(s)(xI

i (s)− xI
i (s))(xI

i (s) + xI
i (s))/2ds

=
1
n

n∑

i=1

∫

s
ξ(s)(xI

i (s)− xI
i (s))ci(s)ds.

5. Concluding Remarks

In this paper, we propose PCA for functional interval data. The proposed method is an extension
of symbolic PCA: vertices method or centers method. The concept of this method can be applied to
other symbolic PCA and then we can develop methods for Functional Symbolic Data.

We can consider a symbolic data set as a kind of functional data and also consider a functional
data set as a kind of symbolic data. However, these two approaches do not always use the same tools.
My ultimate goal is not to develop methods for analyzing functional interval data. We would like to
use advantages of them to analyze complex structured data.
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ANOVA procedures focus on the analysis of the variability about the mean of a response variable
observed over several independent populations. The main objective is testing whether or not possible
differences between the sample means can be attributed to the sample error. Sometimes, the response
variable can be linearly related to a covariate variable. Should this be the case, the effect of the
covariate on the response variable should be taken into account in the analysis of the variability
(ANCOVA), by combining regression and ANOVA approaches.

From a statistical point of view, the experimental results were traditionally associated with
random experiments modeled by means of probability distributions, in such a way that a real (or
a vector) value was assigned to each experimental outcome (in other words, each experimental out-
come is converted into a real/vector value). Nevertheless, there are situations in which experimental
outcomes cannot be properly converted into real/vector values, due to either an intrinsic impreci-
sion (like economical fluctuations and ranges) or a partial knowledge (like interval censoring times,
or grouped data). Interval-valued random sets represent a suitable model to formalize this kind of
imprecisely-valued random elements.

In this paper a bootstrap approach for the analysis of covariance, when both the response and
the covariate, are interval-valued random sets, is established on the basis of some asymptotic results.
The developments are based on some previous studies about both linear regression models for random
sets (see Gil et al., 2007, González-Rodriguez et al., 2007, and Blanco et al., 2007) and the analysis of
variance for imprecise random elements (see Gil et al. 2006, and Corral et al. 2007).

1. Preliminaries

Let Kc(R) be the class of nonempty compact intervals of R. The space Kc(R) can be endowed
with a semilinear structure induced by the Minkowski addition and the product by a scalar, which are
given by A+B = {a+ b | a ∈ A , b ∈ B}, and λA = {λa | a ∈ A} for all A,B ∈ Kc(R), λ ∈ R. The lack
of symmetric element with respect to the addition makes sometimes useful to consider the Hukuhara
difference A −H B which is defined (if it exists) as the element C ∈ Kc(R) so that A = B + C. The

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 4539 -



Hukuhara difference A−H B exists if, and only if, supB − inf B ≤ supA− inf A, and in such a case
the difference is given by [inf A− inf B, supA− supB].

Given a probability space (Ω,A, P ), a mapping X : Ω → Kc(R) is said to be an interval-valued
random set, if it is A|BdH

-measurable, BdH
denoting the Borel σ-field generated by the topology

induced by the well-known Hausdorff metric dH on Kc(R). If X is an interval-valued random set such
that E(|X|) < ∞ (with |X|(ω) = max

{| inf X(ω)|, | supX(ω)|} for all ω ∈ Ω), then the expected value
of X in Kudō-Aumann’s sense is the interval E(X) = [E(inf X), E(supX)].

Although the Hausdorff metric dH has valuable properties in manipulating compact sets (espe-
cially in connection with measurability and probabilistic aspects), other metrics have shown a more
appropriate behaviour in the statistical setting. For instance, the usual least squares developments
are not operational when the Hausdorff distance is considered, because it is not an L2-type metric.
An operational and versatile distance for least-squares approaches has been introduced by Bertoluzza
et al. (1995) (see also, Gil et al., 2002), and it is given by

[dW (A,B)]2 =
∫

[0,1]
[fA(λ)− fB(λ)]2 dW (λ)

for A, B ∈ Kc(R), where fA(λ) = λ supA + (1 − λ) inf A. This metric is topologically equivalent to
dH , whence the Borel measurabilities induced by both distances are equivalent. In addition, it can be
expressed alternatively in a useful way as an inner product by considering the support function (see
Körner and Näther, 2002).

The support function of A ∈ Kc(R) is the mapping sA : S0 −→ R given by sA(u) = supa∈A

〈
a, u

〉
,

where S0 = {−1, 1} (i.e., S0 is the unit sphere in R). The support function is semilinear, in the sense
that, sA+B = sA + sB and sλA = λsA if λ ≥ 0. Furthermore, if A−H B exists, then sA−HB = sA− sB

for all A,B ∈ Kc(R). On the other hand, the support function allows us to deal with intervals as
elements in the space of the continuous functions defined on the unit sphere C(S0) (see, for instance,
Diamond and Kloeden, 1994). Specifically, it is possible to check that there exists a positive definite
and symmetric kernel K on C(S0) so that [dW (A,B)]2 =

〈
sA− sB, sA− sB

〉
K

where
〈·, ·〉

K
stands for

the inner product in C(S0) with respect to K.
The metric dW is an L2-type distance, which entails suitable properties in connection with

the quantification of the variability. In this respect, if X is an interval-valued random set so that
E(|X|2) < ∞, then the variance of X (see Körner & Näther, 2002, and Lubiano et al., 2000) is given
by

σ2
X = Var(X) = E (〈sX − EsX , sX −EsX〉K) = E

(
[dW (X, E(X))]2

)
.

Analogously, the covariance between two interval-valued random sets X and Y (see Körner
& Näther, 2002), so that max{E(|X|), E(|Y |), E(|XY |)} < ∞ is given by σX,Y = Cov(X,Y ) =
E (〈sX − EsX , sY − EsY 〉K) .

2. ANCOVA for interval-valued random sets

The target of this section is to develop a bootstrap procedure for the ANalysis of COVAriance
concerning interval-valued random sets. In other words, given a response interval-valued random set,
which is linearly related to a covariate interval-valued random set, and which is observed at different
levels of a factor, the aim is testing whether or not the interval expected value of the response is the
same irrespectively of the levels of the factor, once the effect of the covariate has been removed.

From a statistical point of view, the problem addressed in this paper can be formalized as follows.
For each i ∈ {1, . . . , k}, let (Ωi,Ai, Pi) be a probability space and let (Xi, Yi) : Ωi → Kc(R) be a two-
dimensional interval-valued random set associated with this space. The linear model considered in
this paper to express the relationships between the response and the covariate is based on the interval
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arithmetic, that is,
Yi = βiXi + εi

where βi ∈ R and εi are interval-valued random errors so that E(εi|Xi) = Bi ∈ Kc(R) for all i = 1 . . . k.
Thus, the linear regression function in each population i is given by E(Yi|Xi) = βiXi + Bi for all
i = 1, . . . , k. It should be noted that the considered model entails the existence of the Hukuhara
differences Yi −H βiXi for all i = 1 . . . k. This linear model has been studied in recent works (see Gil
et al., 2007, González-Rodriguez et al., 2006, 2007 and Blanco et al., 2007).

The ultimate goal is testing whether or not the interval expected values of the responses are
the same for all the populations, once the effect of the covariate have been removed, that is, testing
H0 : B1 = . . . = Bk. For this purpose, from each one of the populations i ∈ {1, . . . , k} a simple
random sample {(Xij , Yij}n

j=1 is considered.
As usual, we could test firstly whether or not the linear relationships between the response and

the covariate are significant (i.e., H ′
0 : βi = 0 for each i ∈ {1, . . . , k}) on the basis of the available sample

information by means of the bootstrap technique in Gil et al. (2007). If βi = 0 for all i = 1, . . . k, the
problem reduces to an analysis of variance, and can be solved by employing the bootstrap procedures
in Gil et al., (2006) and Corral et al. (2007).

In any case, any βi, with i ∈ {1, . . . , k}, can be estimated on the basis of the sample information
by means of the least squares estimators β̂n

i in González-Rodriguez et al. (2007). Those estimators are
so that the existence of the Hukuhara differences Yij −H β̂n

i Xij are guaranteed for all j = 1, . . . , n. In
this way, the effect of the corresponding covariates can be removed, and following the lines in Corral
et al. (2007), we can define the basic statistics as

An = n
k∑

i=1

[
dW

(
Y i· −H β̂n

i Xi·, Y ·· −H
1
k

k∑

l=1

β̂n
l X l·

)]2

where

Y i· =
1
n

(Yi1 + . . . + Yin) , Y ·· =
1
k

(
Y 1· + . . . + Y k·

)
, Xi· =

1
n

(Xi1 + . . . + Xin) , X ·· =
1
k

(
X1· + . . . + Xk·

)
.

If we denote Zi = Yi −H βiXi for all i = 1, . . . , k, in virtue of the properties of the inner product and
the support function, it can be proven that

An =

kX
i=1

˙√
n(sZ̄i· − sZ̄··),

√
n(sZ̄i· − sZ̄··)

¸
K

+2

kX
i=1

*
√

n(sZ̄i· − sZ̄··), (sβi
√

nXi· − sβ̂n
i

√
nXi·)−

1

k

kX

l=1

(sβl
√

nXl· − sβ̂n
l

√
nXl·)

+

K

+

kX
i=1

*
(sβi

√
nXi· − sβ̂n

i

√
nXi·)−

1

k

kX

l=1

(sβl
√

nXl· − sβ̂n
l

√
nXl·), (sβi

√
nXi· − sβ̂n

i

√
nXi·)−

1

k

kX

l=1

(sβl
√

nXl· − sβ̂n
l

√
nXl·)

+

K

In Blanco et al. (2007) β̂n
i is proved to be a consistent estimator of βi (i.e., β̂n

i → βi a.s.-
[P] as n → ∞) whenever the real-valued random variable midXi is nondegenerate (where midXi =
(supXi + inf Xi)/2 denotes the random mid-point of the interval-valued random set Xi). Thus, by
following the ideas in Corral et al. (2007), it can be proven that

Theorem 1. Assume that the random elements Zi and midXi are nondegenerate for each
i ∈ {1, . . . , k}. Under the null hypothesis H0 the sequence {An}n converges in law as n → ∞ to the
distribution of A =

∑k
i=1

∥∥Ti − T̄i

∥∥2
, where Ti are centered independent Gaussian processes in C(S0)

with covariance function Ki(t1, t2) = Cov (sZi(t1), sZi(t2)) for t1, t2 ∈ S0 × [0, 1].

On the basis of the asymptotic result in Theorem 1 a bootstrap method can be developed. In this
respect, assume that the interval-valued random sets (Yi1−H β̂n

i Xi1)∗, . . . , (Yin−H β̂n
i Xin)∗ determine

a bootstrap sample chosen at random from Yi1 −H β̂n
i Xi1, . . . , Yin −H β̂n

i Xin for each i ∈ {1, . . . , k}.
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Theorem 2. Assume that the random elements Zi and midXi are nondegenerate for each
i ∈ {1, . . . , k} . Under the null hypothesis H0 the sequence {A∗n}n, where

A∗n = n

k∑

i=1

[
dW

((
Y i· −H β̂n

i Xi·
)∗

+

(
Y ·· −H

1
k

k∑

l=1

β̂n
l X l·

)
,

(
Y ·· −H

1
k

k∑

l=1

β̂n
l X l·

)∗

+
(
Y i· −H β̂n

i Xi·
))]2

,

converges in law to the distribution of A as n →∞.
Therefore, in testing the null hypothesis H0 : B1 = . . . = Bk at the nominal significance level

α ∈ [0, 1], H0 should be rejected whenever
An > zα,

where zα is the 100(1− α) fractile of the bootstrap distribution of A∗n.

The conclusions based on the above tests can be improved, as usual, by incorporating the natural
extension of the within-group variation.
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González-Rodŕıguez, G., Colubi, A., Coppi, R., Giordani, P. (2006). On the estimation of linear models

with interval-valued data. In Proceedings of the 17th Conference of IASC-ERS (COMPSTAT’2006, Roma),
697–704.
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RÉSUMÉ (ABSTRACT)

A bootstrap testing procedure for the analysis of covariance when interval-data are available is
established on the basis of some asymptotic results. Specifically, the procedure allows us to analyze
the effect of a factor on an interval-valued random set response which is related (by means of a given
linear model based on the usual arithmetic between intervals) to an explanatory interval-valued random
element, or covariate variable.
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ABSTRACT 
Many real world phenomena have no natural boarders between two opposites or different alternatives. For example the 
economic situation of a company is a vague concept and can be rather described in linguistic terms as “good” or “bad”. 
The transition from “good” to “bad” happens gradually and there is apparently no logic definite point when this occurs. 
In Business Tendency Surveys the general experience of interviews and mail surveys suggested the usage of categorical 
scales with three or at most five categories (very good/good, satisfactory, bad/very bad). A categorical scale is based on 
classical logic, where a measurement is assigned to a single value or set (for example “good”). Because the unobserved 
attitude of business confidence is of a continuous nature, the data generating process in categorical assessment has two 
stages. In the first stage the respondent takes into account the factors which are regarded to be important. In the second 
stage the respondent has to trigger the continuous attitude variable into a categorical variable and to make a choice. The 
present paper suggests a fuzzy measurement of business confidence by applying the Visual Analog Scale (VAS) instead 
of a categorical scale. VAS allows a better expression of the continuous nature of the language than a discrete scale, 
without increasing the cognitive load on the respondents. 

 
 
Introduction and Background 
Economy can be seen as a highly complex system, as it is influenced by many interdependent aspects, 

as politics, technology, weather, market preferences, emotions like panic and expectations (McNeill and 
Freiberger 1993). Business tendency surveys attempt to encompass this complexity by monitoring the 
general economic situation or the business sentiments in a company or a country. They are either based on a 
sample of companies in particular sectors (bottom-up approach) which are known to contain a business cycle 
component or they are pooling economic experts who assess the economic situation in a country on a whole 
(top-down approach). The idea behind business tendency surveys – also called business opinion or business 
climate surveys – is that the polled experts assess the overall economic situation in their respective country 
or company by taking into account all the aspects they regard as important. Although no precise information 
on levels of output, sales, investment or employment is usually asked, business tendency surveys can be used 
to predict changes in these aggregates and, for that reason, they are particularly useful for the analysis of 
business cycles. The qualitative assessments of the current economic situation and economic expectations 
have proved to be reliable measures of business confidence. Business confidence is commonly used as a 
leading indicator to forecast future investment and other economic indicators, particularly GDP or Industrial 
Production Index. 

Business Tendency Surveys mostly use qualitative assessments (in contrast to quantitative that are 
asking for numerical values). The motivation and popularity of using qualitative rather than quantitative 
variables in surveys has several origins: It is generally much easier for respondents to give qualitative rather 
than quantitative information, the questionnaire can be completed quicker, qualitative questions are less often 
source to inaccuracies or inconsistencies, and linguistic characterizations provide a better mean for 
phenomena which are too complex to be described in quantitative values.  
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Though a qualitative assessment seems to be very simple, it is underpinned by a complex cognitive 
process of summarization. Thus, business confidence is seen as a function of many underlying economic 
factors that are considered by the surveyed expert to influence economic improvement or deterioration. The 
detailed question wording usually is: “This company’s overall economic situation at present?” and “Expected 
overall economic situation by the end of the next 6 months?” According to the time period, one distinguishes 
judgment and expectations. Business confidence, which is a mixture of both, is a linguistic variable as its 
values are linguistic: good/better, satisfactory/unchanged, bad/worse.  

Linguistic variables are commonly applied in social sciences, particularly in areas where surveys are 
used for research purposes. They usually describe qualitative concepts, which values are words or sentences. 
Linguistic values are based on the concept of approximate reasoning – a mode of reasoning which is neither 
exact nor inexact, but stems from a continuum (McNeil and Freiberger 1993: 33). Lotfi Zadeh, the founder of 
fuzzy logic, developed a comprehensive theoretical framework for dealing with such variables (Zadeh, 1975). 
Zadeh defined linguistic variables as fuzzy sets, which can have overlapping boundaries. The classical logic 
and reasoning goes back to Aristotle’s formulation of the Law of the Excluded Middle, which says that every 
statement is either true or false: there is nothing “in between”. But this principle of bivalence often does not 
comply with the real world phenomena, as many concepts are of an approximate continuous nature. In order 
to deal with uncertainty the true-false dichotomy of classical two-valued logic had to be relaxed, by allowing 
a third truth value, which may be called indeterminate. Jan Lukasiewicz (1878 – 1955), a Polish logician and 
philosopher, took the first step towards a formal model of logic based on more values than true and false. 
This, however, did not gain much prominence. In 1965 Lotfi Zadeh, introduced the fuzzy set theory that can 
be seen as an infinite-valued logic. While in classical logic a phenomenon that has no logical border between 
two opposites, poses a paradox, dealing with such phenomena is the core idea of fuzzy logic. 

The next section describes two measurement approaches for business confidence – categorical scale 
based on “classical logic” and the visual analog scale which rather adopts the idea of fuzzy logic. 

 
1. Crisp Measurement – Categorical Scale  
Measurement of business sentiments and the dimensions of scales have been subject to discussion in 

business cycle research since its evolvement. The grading procedure traditionally consists of three general 
categories: positive replies, indifferent replies and negative replies. The general experience of interviews and 
mail surveys suggested the usage of categorical scales with three or at most five categories (very good/good, 
satisfactory, bad/very bad). A categorical scale is based on classical logic, where a measurement is assigned 
to a single value or set (for example “good”). Because the unobserved attitude of business confidence Y* is 
of a continuous nature, the data generating process in categorical assessment has two stages. In the first stage, 
the respondent takes into account the factors which are regarded to be important. In the second stage the 
respondent has to trigger the continuous attitude variable into a categorical variable and to make a choice. 
Which category the respondent chooses depends not only on the value of Y* but also on the respondent’s 
indifference interval. When Y* overcomes a particular threshold b, the respondent will opt for a positive 
category. When Y* is inside the boundaries a and b the respondent will opt for the central category and when 
Y* falls below a, for the negative category. The observed variable is the ordinal response (U, S or D). 
Assuming the standard normal distribution of Y*, we receive the following probability distribution, with the 
cumulative standard normal distribution function F .   

)10()|Pr(

)10()10()|Pr(

)10(1)|Pr(

σ

ββ
σ

ββ

σ

ββ
σ

ββ

xa
ixD

xaxb
ixS

xb
ixU

−−
Φ=

−−
Φ−

−−
Φ=

−−
Φ−=

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 4544 -



 It follows that the probability distribution of responses to any categorical scale depends not only on 
the value of the unobserved function but also on the function that forms the indifference interval. For the 
analysis and interpretation of the data further assumptions about the form of the indifference interval are 
necessary, particularly if the scale is interpreted as symmetrical.  

Some major quantification methods are based on the symmetry assumption. For example the balances 
statistics of categorical responses (fraction of positive responses minus the fraction of negative responses) 
which is commonly used to track the official data on industrial production growth. Its theoretical foundation 
has been laid by Anderson in 1952. The balance statistics provides an accurate measure of average output 
growth if the percentage change in output of firms reporting a fall and the percentage change for firms 
reporting a rise are constant over time. Balance statistics is the most common quantification method applied 
in practice and used by Eurostat. However, as mentioned above, this method relies on strong assumptions.  
Additionally, it has to be assumed that the underlying indifference interval neither varies over time nor 
between individuals. These three assumptions also apply to the Carlson and Parkin’s (1975) quantification 
method. Pesaran’s (1984) and other regression-based methods, in contrast, advocate the idea of asymmetrical 
responses, especially for particular time periods, for example periods of rising inflation.  

The usage of the three-category-scale poses further problems in business tendency surveys in several 
aspects: The question format allows the respondents to choose only from the available options that may not 
match their real opinions, in particular if there are only three options. This leads to a drift towards the central 
category which includes responses which have positive as well as negative tendency, but which have not 
reached a particular threshold which would make the respondent choose an extreme category. The central 
category is also often chosen instead of the “don’t know” option (Ronning, 1990). This, very often observed 
response behavior, results in information loss. Furthermore, in a panel context with categorical scales the 
respondents tend to be conservative with respect to their choice. This means that respondents may tend to 
remain longer in their old category and switch to a new category only when particular threshold is reached. 
Such response behavior can negatively affect the leading properties of cyclical indicators.  

 
2. Fuzzy Measurement – Visual Analog Scale 
The visual analog scale overcomes some of the above problems. Visual analog scales are rating scales, 

usually with anchor-points, in which the subject ranks his preferences along a continuous line or scale. There 
are numerous variations on the approach (e.g., length of the line, labels for the ends, vertical or horizontal 
placement, color etc.). It is a very simple idea, but its benefits are obvious: These kinds of scales allow a 
better expression of the continuous nature of the language than a discrete scale and provide the means for 
presenting a qualitative concept, such as business confidence, that generally has no precise boundaries. These 
scales correspond to the common usage of measurement scales for physical extensions (thermometer, etc) 
and the presence of the graphic element helps to convey the idea of a rating continuum (Nunnally, 1967). 
Furthermore, by using a graphic scale with few anchors there is no increase in cognitive complexity for the 
respondent, while the information collected is far more complex than any categorical scale would allow. The 
graphic scale was first described by Max Freyd 1923, in an article in The Journal of Educational Psychology. 
Nowadays, it can be viewed as one of the first publications that introduced an application of fuzzy logic in 
social sciences, as it poses an attempt to add continuity to the measurement of a linguistic variable. While 
categorical assessment presents crisp sets, the continuous scale corresponds to the idea of fuzzy sets.  
Further advantage is that it allows a gradual transition from one pole to another. The participant doesn’t have 
to convert the response into categories, but can use the scale to translate the continuous unobserved variable 
Y* into a measurement. Consequently, no assumptions about the indifference interval are necessary. A 
weighted average of received responses can then be used to track the samples output growth. However, the 
application of the visual analog scale in business tendency surveys is a completely unexplored field. Several 
aspects have to be tested. Is the scale symmetrical? Does the number of choice opportunities not 
overestimate the respondent’s discriminatory power? Does the scale deliver a linear measurement in a sense 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 4545 -



that the same distance between two marks corresponds to the same change of Y* at any area of the scale? 
How different is the response behavior for judgment and expectation variables? How do the respondents 
form their assessment on the scale? This is just a selection of open research questions which have to be 
addressed in the future. 

 To emphasize the feature of symmetry the scale received three anchors, two characterizing the 
extremes and a dotted line characterizing the middle. While the practical application of such a scale was 
difficult in mail surveys, the Internet provides the optimal means for its implementation. 

 
Figure 1. The Visual Analog Scale as Applied in an Internet Business Tendency Survey 
 
 
 
 
 
 
 
The visual analog scale (VAS) is applied by the Ifo Institute since 2005 in two major surveys: World 

Economic Survey (ca. 300 responses quarterly) and the German Manufacturing Survey (ca. 1,300 responses 
monthly). VAS is applied simultaneously with the categorical scale in two questions: present economic 
situation and economic expectations for the coming six months. The results show that the analog scale opens 
the black-box of the central category and allows a much deeper discrimination between positive and negative 
responses. The participant’s reaction to the new scale was very positive according to the responses in the 
“Comments”-field provided below the graphical scale. The low amount of clicks that was registered in the 
background (without the respondent to take any notice of it) suggests that the respondent’s choice of the 
cursor position happens intuitively. Using the slider respondents can express not only the direction of their 
assessment but also the intensity. One of the basic questions that appear is, whether such a detailed scale 
overestimates the discriminatory power of the respondents. Empirical results indicate that different scores on 
the slider do bear additional information and the respondents use the distance from the midpoint to express 
the value of their attitude function Y*.  
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bad satisfactory good 

This company’s overall economic situation at present is 
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1 Introduction

Let {x1, . . . , xn} be observations from a stochastic process {Xt}t∈ZZ where the random variables Xt,

defined on (Ω,A, IP) and taking values in a measurable space (E,B), are identically distributed:

Xt ∼ IPθ, θ ∈ Θ.

We are interested in the estimation of a general parameter ϕ = g(θ), that could have an infinite

dimension, taking values in a Hilbert space H, equipped with scalar product 〈·, ·〉 and norm ‖·‖.
We suppose that H is real, separable and we can consider an orthonormal system (ej)j∈IN of H, called

“projection basis”. Since ϕ ∈ H, it admits a decomposition with respect to the projection basis:

ϕ =
∞∑

j=0

ϕjej(1)

where ϕj = 〈ϕ, ej〉 is the Fourier coefficient. Since ϕ admits the development (1), for its estimation it

is natural to truncate the series and estimate a finite number of Fourier coefficients, in other words to

use the nonparametric projection estimator (see Cencov (1962)).

The class of functional parameters introduced by Carbon (1984) and Bosq (2005a) can be formalized

in the following definition.

Let h =
{
hj : E#Ij → IR

}
j∈IN

be a family of real-valued functions where Ij = {i, i + 1, . . . , i + c(j)} ⊆
IN,∀i. The functional parameter ϕ is called “h-adapted” if for all j ≥ 0, there exists a function hj ∈ h

such that its j–th Fourier coefficient ϕj can be written as

ϕj = IE(hj(Xt, t ∈ Ij)).

Density, numerator of regression, spectral density, and many others are h–adapted parameters.

The estimation procedure proposed here holds for the class

C = {ϕ ∈ H : ϕ is h–adapted} .
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From the last decade, new adaptive estimators are studied. In the case of density estimation, Bosq

(2002, 2005b) has introduced an adaptive choice for the truncation index kn i.e. the dimension of the

subspace where ϕ is projected:

k̂n =

{
max {0 ≤ j ≤ kn : |ϕ̂j,n| > γn} if {0 ≤ j ≤ kn : |ϕ̂j,n| > γn} 6= ∅
kn if {0 ≤ j ≤ kn : |ϕ̂j,n| > γn} = ∅

where the statistician has to choose the sequences (kn)n∈N and (γn)n∈N .

If {0 ≤ j ≤ kn : |ϕ̂j,n| > γn} = ∅ it means that all the estimates of the Fourier coefficients ϕ̂j,n have

absolute value smaller than γn. Hence, according to the definition of k̂n, we come back the the “clas-

sical” (not adaptive) projection estimator.

Then the adaptive projection estimator (APE) for ϕ is defined by

ϕ̂n(X; x) =
k̂n∑
j=0

ϕ̂j,nej(x)

where ϕ̂j,n = 1
n−c(j)

n−c(j)∑
i=1

hj(Xi, . . . , Xi+c(j)) is an empirical unbiased estimator of ϕj , with

c(j) = #Ij − 1 satisfying the hypothesis c(j) ≤ j.

The behaviour of this estimator is different whether ϕ admits a finite development with respect to the

base (ej)i∈N or not. So we distinguish:

G0(0) := {ϕ ∈ H : ϕj = 0, ∀j > 0}
∀K ≥ 1,G0(K) := {ϕ ∈ H : ϕK 6= 0 and ϕj = 0, ∀j > K}

G0 :=
⋃

K∈N

G0(K)

G1 := H − G0

We need to introduce here some technical hypothesis:

• functions hj need to satisfy the following condition for every j:

∃M < ∞ such that ‖hj‖∞ < M.

We note that it can be satisfied by convenient conditions either on the random variables Xt or

on the funcions ej of the projection base.

• (kn)n∈IN such that kn < n, kn → ∞, kn/n → 0.

• (γn)n∈IN such that γn → 0.

• m2
ϕ := inf

j≥0
var(hj(X)) 6= 0.

• random variables

Yj,i := hj(Xi, . . . , Xi+c(j)) − IE
{
hj(Xi, . . . , Xi+c(j))

}

are α–mixing, according the Rosenblatt definition (see for example Rio (2000)).

In the following we deal with two cases:

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 4549 -



(A) arithmetically mixing: ∃δ > 0 such that ∀n ∈ N, α(n) ≤ n−δ,

(G) geometrically mixing: ∃a > 0, b > 0 such that ∀n ∈ N, α(n) ≤ a exp(−bn).

Regarding the threshold we use

• γn = c
√

logn
nβ with 0 < β < 1 for the case (A),

• γn = c logΓn
√

n
with Γ > 1 for the case (G),

where c is a suitable constant.

We show that this adaptive estimator reaches for the Mean Integrated Squared Error (MISE) a surop-

timal rate on G0 and a quasioptimal rate on G1 (proofs and further details can be found in Aubin et

al. (2007)).

2 Suroptimality in G0

Let us recall that the mean integrated square error is MISE(ϕ̂n) = IE‖ϕ̂n −ϕ‖2. When the functional

parameter to estimate admits a finite development, that is ϕ ∈ G0(K), the next theorem gives the

convergence rate of the mean integrated square error.

Theorem 2.1

In the case (A), if δ > 2+5β/4
1−β then nIE‖ϕ̂n − ϕ‖2 = O(1).

Moreover

lim sup
n→∞

sup
ϕ∈G0(K)

nIE‖ϕ̂n − ϕ‖2 ≤ 4M2

δ − 1

In the case (G), if c2 > 96M2 and b > 17/2 then nIE‖ϕ̂n − ϕ‖2 = O(1).

Moreover

lim sup
n→∞

sup
ϕ∈G0(K)

nIE‖ϕ̂n − ϕ‖2 ≤ 4M2a

1 − exp (−b)

3 Convergence in G1

We are interested in the asymptotic behaviour of APE estimator for functional parameters which do

not admit finite development with respect to the projection basis. Let introduce the quantity

q(η) = min {q ∈ N : |ϕj | ≤ η, ∀j > q} , η > 0

and denote qn(ε) and q′n(ε′) the integers q((1 + ε)γn) and q((1 − ε′)γn) for all ε > 0 and ε′ ∈]0, 1[.

The following theorem provides inequalities for MISE(ϕ̂n) when ϕ ∈ G1.

Theorem 3.1 If kn if large enough, then

in the case (A) one has

m2
ϕ

(qn(ε) + 1)

n
+

∑
j>q′n(ε′)∧kn

ϕ2
j ≤ IE‖ϕ̂n − ϕ‖2

and

IE‖ϕ̂n − ϕ‖2 ≤ 5M2

1 − δ

(q′n(ε′) ∧ kn + 1)

n
+

∑
j>qn(ε)

ϕ2
j + o

(
1

n

)
;

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 4550 -



in the case (G) one has

m2
ϕ

(qn(ε) + 1)

n
+

∑
j>q′n(ε′)∧kn

ϕ2
j ≤ IE‖ϕ̂n − ϕ‖2

and

IE‖ϕ̂n − ϕ‖2 ≤ 5M2a

1 − exp (−b)

(q′n(ε′) ∧ kn + 1)

n
+

∑
j>qn(ε)

ϕ2
j + o

(
1

n

)
.

From the previous inequalities it follows the convergence rate of MISE(ϕ̂n):

in the case (A) one obtains

IE‖ϕ̂n − ϕ‖2 = O
(

kn log n

nβ

)
;

in the case (G) one obtains

IE‖ϕ̂n − ϕ‖2 = O
(

kn log2Γ n

n

)
.

4 Conclusions

We present a truncated projection estimator of a general functional parameter where the traditional

truncation index is replaced by an adaptive one. We show that this adaptive estimator reaches

for the MISE a suroptimal rate on G0. In fact the rate of the classical projection estimator is of

order kn
n (Cencov (1962)), while the adaptive one gets a rate of order 1/n. On G1 we pay this gain

with a little loss in the convergence rate, precisely of order n1−β log n for the case (A) and of order

log2Γ n (Γ > 1) for the case (G), so that the APE estimator reaches a “quasi-optimal” rate. Numerical

results concerning estimation of the spectral density will be presented in the oral communication.
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The problem of estimating a regression function under shape restrictions like monotonicity or
convexity has been considered in the literature, previously. A monotone function can be estimated
by using the method of monotone rearrangements (see Dette, Neumeyer and Pilz, 2006). There,
a smoothed monotone rearrangement of a function g is defined as the (generalized) inverse of the
smoothed distribution function of g. Precisely, for a positive kernel Kd and a bandwidth hd we define

• the smoothed distribution function of g in terms of the Lebesgue measure by

φhd
(g)(t) =

∫
[0,1]

∫ t

−∞

1
hd

Kd

(g(v)− u

hd

)
dudv;

• the smoothed increasing rearrangement of g by

φhd
(g)−1(x) = inf{t ∈ IR|φhd

(g)(t) ≥ x}.

Those rearrangements can be applied for constrained regression estimation in the regression model

Yi = C(Xi) + σ(Xi)εi

where C : [0, 1] → IR is convex and three times continuously differentiable and σ : [0, 1] → IR+

is a continuous function which determines the standard deviation of the observations. The random
variables {Xi}n

i=1 are i.i.d. and the errors {εi}n
i=1 are i.i.d. and independent of {Xi}n

i=1 with E[εi] = 0,
E[ε2

i ] = 1 and E[ε4
i ] < ∞.

An obvious application of increasing rearrangements in regression estimation is that of isoton regres-
sion estimation (see Dette, Neumeyer and Pilz, 2006 and Birke and Dette, 2005). Furthermore, if
the method of increasing rearrangements is applied to the derivative of an unconstrained regression
estimate, a convex estimate for the regression function can be constructed. This procedure starts with
an unconstrained estimate Ĉ of the regression function. In a second step the derivative of this estimate
is isotonized by the method of increasing rearrangements. At last the primitive of the monotonization
is computed. Therefore we obtain a convex regression estimate by

C̃(x, a) :=
∫ x

a
φhd

(Ĉ ′)−1(z)dz + Ĉ(a), a ∈ [0, 1])

(see Birke and Dette, 2007). Concave estimates of regression functions can be constructed by using
decreasing instead of increasing rearrangements of the derivative of the unconstrained estimate.
Assume that the unconstrained estimate Ĉ is of Nadaraya-Watson or local polynomial type with
kernel Kr and bandwidth hr and three times continuously differentiable. The kernels Kd and Kr
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have compact support [−1, 1] and are of order two and three, respectively. Under the assumption of
a convex regression function which is three times continuously differentiable with strictly increasing
first derivative and certain restrictions on the bandwidths hr and hd we have

C̃ (x, a)− C (x) = Ĉ (x)− C (x) + op

( 1√
nhr

)
.(1)

Hence, the convex estimate is consistent and has the same asymptotic normal distribution and the
same rate of convergence as the original estimate.
Simulations for the mean squared error show small advantages for the convex estimator compared to
the unconstrained estimate but it can also be seen that both estimates behave very similar for large
sample sizes (for details see Birke and Dette, 2007). Here we consider an extension of those methods

motivated by the fact that in many applications we do not only require monotonicity or convexity but
we have additional restrictions for example on the first derivative of the regression function. Consider
the example of option pricing. It is well known that the price function of a call option

C(St, X, τ, rt,τ , δt,τ ) = e−rt,τ

∫ ∞

0
max{ST −X, 0}p∗(ST | St, τ, rt,τ , δt,τ )dST

is a function of the asset price at date t, say St, the strike price X, the time to expiration τ, the
deterministic risk free interest rate rt,τ and the corresponding dividend yield δt,τ of the asset and
T = τ + t is the expiration date (e.g. Breeden and Litzenberger (1978)). The conditional density
p∗ is called the state price density or risk neutral density (see e.g. Black and Scholes, 1973 or Cox,
Ingersoll and Ross, 1985). The latter name refers to the assumption of no-arbitrage. However, if a
short enough period of time is considered, the option price is convex and monotonically decreasing in
the strike price while we can assume all the other variables to be fixed. Furthermore the boundary
condition

−e−rt,T (T−t) ≤ ∂C(t, T, St, X, rt,T , dt,T )
∂X

≤ 0(2)

for the first derivate of C with respect to X can be derived from the above model (see e.g. Aı̈t-Sahalia
and Duarte, 2003). This motivates the definition of a convex regression estimate whose derivative also
respects the boundary conditions in (2). Instead of using the isoton estimate we now use an estimate
of the first derivative of the regression function which is truncated before or after the isotinization.
Here, for the sake of transparency, we only discuss the case of truncation after isotonization but the
isotonization after truncation yields a convex estimator with very similar properties. If we use the
modified derivative

φ̃hd
(Ĉ ′)−1(z) = φhd

(Ĉ ′)−1(z)I{cl ≤ φhd
(Ĉ ′)−1(z) ≤ cu}

+clI{φhd
(Ĉ ′)−1(z) < cl}+ cuI{cu ≤ φhd

(Ĉ ′)−1(z)}dz.

we obtain an estimator for the call price function of an option by

Ĉhd
(x, a) =

∫ x

a
φ̃hd

(Ĉ ′)−1(z)dz + Ĉ(a).(3)

For this estimator we also consider its asymptotic theory. Therefore assume that the call price function
C is strictly convex and three times continuously differentiable. If the bandwidths fulfill the conditions

hd, hr → 0, nhd, nhr →∞, hd/h3/2
r → 0, h2

r/hd → 0,

nh7
r = O (1) and (log h−1

r )3/2/nh5
rhd = o (1) ,

then we have for any x ∈ (0, 1) with C ′′(x) > 0 and any a ∈ (0, 1)

Ĉhd
(x, a)− C(x) = Ĉ(x)− C(x) + oP

(
1√
nhr

)
.(4)
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This means that, similar to the situation of the convex estimator C̃ defined in (1), the convex estima-
tor Ĉhd

with boundary conditions on the first derivative has the same asymptotic properties as the
unconstrained estimator Ĉ. The assertion in (4) can be proved by using (1) and an appropriate esti-
mation of the remainders. Simulations affirm this asymptotic result. A comparison of the estimator
defined above with a least squares approach proposed by Aı̈t-Sahalia and Duarte (2003) provides a
very similar behavior of both methods.
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RÉSUMÉ

We propose a completely nonparametric estimator of the call pricing function which fulfills all
shape constraints derived from the model given in Breeden and Litzenberger (1978). Although there are
some good reasons for using a parametric or semiparametric approach, a nonparametric method has
the advantage that we do not need an estimator for the state price density which is proportional to the
second derivative of the call pricing function. The estimator defined in this article is easy to compute,
applicable for unconstrained estimators of various types and heritates their asymptotic behavior.
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ABSTRACT

Boundary estimation can be solved as a kind of regression problem. Consider a set of n independent
copies of a random vector (X, Y ) having a common density, where Y is a positive and bounded response
variable, and X is a d-valued predictor variable. Instead of estimating the conditional expectation
m(x) = E(Y/X = x), one aims at estimating the conditional supremum g(x) = sup(Y/X = x). Most
estimators of g(x) are more or less explicitly based upon extreme values of the response variables
recorded in a neighborhood of x. Here, we introduce a new class of estimators which avoids any
partition of the predictor variable space. Our estimator of g(x) is roughly the p-th root of the Nadaraya-
Watson regression estimator of the p-th moment of Y given X = x. We first suppose that the
distribution of Y given X = x is uniform. The asymptotic normality of our estimator is established
under mild conditions when the power p goes to infinity with the sample size n. In the case of
a Lipschitz boundary function, the convergence to g(x) reaches the optimal minimax asymptotic
rate. The most striking fact is that this estimator is almost completely converging to g(x) under mild
conditions, whatever the distribution of Y given X = x. In a second part we replace the N.W. estimator
in the above construction by a local polynomial estimator, and we provide precise calculations for the
asymptotic conditional bias and variance. Various simulations show the good performances of these
estimators compared to extreme-based ones.

Keywords. Frontier estimation.
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Nous considérons le problème standard d’estimation d’une fonction de densité f d’un échantillon
aléatoire X1, · · · , Xn. Dans le cadre de l’estimation non-paramétrique de fonctions de densités, la
méthode noyau est l’une des plus utilisées dans la littérature. Parmi les nombreux travaux réalisés
l’on peut citer quelques références comme Silverman (1986) et Tsybakov (2004) pour des généralités
sur des données considérées comme continues ; Ferraty et Vieu (2006) pour des données fonctionnelles
; Simonoff (1996) pour des données catégorielles. L’estimateur à noyau continu est de la forme

f̂n,h(x) =
1

nh

n∑
i=1

K

(
x−Xi

h

)
, x ∈ R,

où h > 0 est la fenêtre de lissage et K est la fonction noyau telle que K(u) ≥ 0 et
∫

K(u)du = 1. Dans
le cas continu, les performances des noyaux sont proches bien qu’Epanechnikov (1969) ait construit
un noyau optimal. De plus, une mesure d’efficacité a été mise en place qui évalue la qualité des autres
noyaux continus par rapport à celui d’Epanechnikov.

Dans ce travail nous définissons un nouvel estimateur pour une densité de probabilité discrète.
Cet estimateur est une extension de l’estimateur à noyau pour une densité de probabilité par rapport
à la mesure de Lebesgue. Considérons un n-échantillon aléatoire X = (X1, · · · , Xn) i.i.d. de densité
de probabilité discrète inconnue f sur l’ensemble des entiers naturels N . A partir d’une première
définition de Marsh et Mukhopadhyay (1999) pour un noyau discret de Poisson, Kokonendji et Senga
Kiessé (2006) ont amélioré la définition d’un estimateur à noyau discret f̂(x) de f(x) := Pr(X1 = x)
par

f̂(x) =
1
n

n∑
i=1

Kx,h (Xi) := f̂n,h,K(x), x ∈ N,

où h > 0 est le paramètre de lissage et Kx,h ∈ [0, 1] est le noyau discret associé sur son support ℵx,h

tel que ℵx,h
⋂

N 6= ∅ et ∪xℵx,h ⊇ N . Dans le cas continu la fonction noyau discret est Kx,h(.) =
1/hK((x − .)/h), tandis que dans le cas discret le paramètre de lissage h entre dans la définition
intrinsèque du noyau. Chaque noyau discret associé et par conséquent chaque estimateur à noyau doit
être défini de manière propre en fonction du choix du noyau discret K. Les lois usuelles discrètes de
probabilités comme celles de Poisson P(λ), binomiale B(m, p) et binomiale négative BN (λ, p) (Johnson
et al., 2005) peuvent être utilisées comme des noyaux discrets dits standards. Cela nécessite une juste
expression des paramètres respectifs de chacune des lois de probabilités précédentes en fonction de la
cible x et du paramètre de lissage h. Nous donnons la propriété fondamentale suivante, pour tout
x ∈ N et h > 0

E[f̂n,h,K(x)] = E[f(Kx,h)]
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où Kx,h est la variable aléatoire sur ℵx,h de loi Kx,h. Les noyaux discrets standards ont les pro-
priétés intrinsèques de sousdispersion (V ar[Kx,h] < E[Kx,h]) pour la loi binomiale, d’équidispersion
(V ar[Kx,h] = E[Kx,h]) pour la loi de Poisson et de surdispersion (V ar[Kx,h] > E[Kx,h]) pour la loi
binomiale négative.
La mesure commune la plus utilisée pour mesurer l’erreur entre f et f̂ = f̂n,h,K est l’erreur moyenne
quadratique intégrée (“Mean Integrated Squared Error”) définie par

MISE =
∑
x∈N

E
[
f̂n,h,K(x)− f(x)

]
=

∑
x∈N

V ar
[
f̂n,h,K(x)

]
+

∑
x∈N

Biais2
[
f̂n,h,K(x)

]
.

Les analyses de la variance et du biais de l’estimateur permettent de donner l’approximation de MISE
suivante :

AMISE =
1
n

∑
x∈N

f(x) Pr(Kx,h = x) +
∑
x∈N

(
f(E[Kx,h])− f(x) +

V ar[Kx,h]
2

f ′′(x)
)2

(1)

pour h petit, n grand, V ar[Kx,h] < ∞ et f ′′(x) la différence finie de f telle que

f ′′(x) =


[f(x + 2)− 2f(x) + f(x− 2)]/4 si x ∈ N \ {0, 1}
[f(3)− f(2)− f(1) + f(0)]/2 si x = 1
f(2)− 2f(1) + f(0) si x = 0.

Les noyaux discrets standards vérifient les hypothèses de base (Table 1)

E(Kx,h) = x + h + o(h) et V ar(Kx,h) = V (x, h) + o(h)

avec V (x, h) ≥ 0, sous lesquelles l’approximation AMISE (1) devient

AMISE∗ =
1
n

∑
x∈N

f(x) Pr(Kx,h = x) + h2
∑
x∈N

(
f ′(x) +

V (x, h)
2h

f ′′(x)
)2

où f ′(x) est la diffrence finie de f :

f ′(x) =

{
[f(x + 1)− f(x− 1)]/2 si x ∈ N∗

f(1)− f(0) si x = 0.

A la différence du cas continu, le choix du noyau est déterminant pour l’estimateur à noyau
discret. Il convient d’établir un ordre de performance entre les noyaux discrets (standards). Pour cela,
considérons K0 et K1 deux noyaux discrets fixés associés respectivement aux v.a. K0

x,h et K1
x,h. Sous

la condition d’égalité de leur moyenne

E[K0
x,h] = E[K1

x,h],

la comparaison de K0 et K1 à partir de leur expression respective de AMISE (1) revient à comparer
leur variance par le critère

eff(K0,K1) =
V ar

[
K1

x,h

]
V ar

[
K0

x,h

] ,

pour tout x et h > 0 petit. Ainsi, un noyau discret est d’autant meilleur que sa variance est minimale.
Ce qui signifie que K0 est plus performant que K1 si

V ar
[
K0

x,h

]
< V ar

[
K1

x,h

]
.
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Il découle que parmi les noyaux discrets standards (équidispersé, sousdispersé et surdispersé), les
noyaux sousdispersés sont les plus performants.

Une fois le noyau K fixé, plusieurs approches sont possibles pour déterminer la fenêtre de lissage
optimale. Nous avons recours à la méthode de validation croisée classiquement utilisée dans le cas
continu, mais dont nous faisons ici la mise en oeuvre dans le cas discret. La fenêtre optiamle hcv vérifie

hcv = arg min
h>0

CV (h)

où

CV (h) =
∑
x∈N

[
1
n

n∑
i=1

Kx,h (Xi)

]2

− 2
n(n− 1)

n∑
i=1

∑
j 6=i

KXi,h (Xj) .

A l’issue de de travail, des données de comptage réelles de football sont utilisées pour illustrer
les résultats théoriques.

Tableau

Noyau discret E(Kx,h) V ar(Kx,h) V (x, h)

Poisson x + h x + h x + h

Binomial x + h (x + h)
(

1−h
x+1

)
(x + h)

(
1

x+1

)
− xh

x+1

Binomial négatif x + h (x + h)
(
1 + x+h

x+1

)
(x + h)

(
1 + x

x+1

)
+ xh

x+1

Table 1: Résumé des propriétés des noyaux discrets standards
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Introduction

In this paper, we propose fully automatic bandwidth selectors for nonparametric regression with

dependent errors. The methods are based on two criteria that approximate the average squared error.

One is a version of the adjusted Mallows’ CL, and the other is a penalized least squares criterion.

We derive higher order uniform, over the bandwidth sequence, stochastic expansions of the average

squared error of the regression estimate, which give theoretical justifications for the two criteria. The

criteria involve some constant, say λ, that depends on the unknown error correlations. We propose a

novel way of estimating these constants. The proposed bandwidth selectors are the minimizers of the

estimated criteria.

The Methods

We assume the error vector ε = (ε1, . . . , εn) has mean zero and variance-covariance matrix var(ε) =

σ2V , in which the diagonal elements of V are unity. The errors are assumed to be covariance stationary,

i.e. E(εiεi+j) = γ(j). We assume xi’s are equally spaced on the interval [0, 1], i.e., xi = i/n for

i = 1, · · · , n. As an estimate of the regression function we take m̂(x; h) = n−1 ∑n
i=1 Kh(x, xi)Yi, where

h is the bandwidth and Kh is a boundary corrected kernel.

Let RSS(h) be the average squared residual, and ASE(h) be the average squared error (ASE) of the

regression estimate m̂(·; h). We consider the following criterion to select a bandwidth:

ACL(h, λ) = RSS(h) + 2
K(0)

nh
λ,(1)

where λ = γ(0) + 2
∑∞

j=1 γ(j). The criterion ACL(h, λ) is a version of the adjusted Mallows’ CL,

considered in Chiu (1989), Altman (1990) and Hart (1991). Also, we consider the penalized sum of

squared residuals, defined by

PLS(h, δ) = RSS(h)

[
1 +

2K(0)

nh
δ

]
,(2)

where δ = 1 + 2
∑∞

j=1 ρ(j) and ρ(j) = γ(j)/γ(0).

It can be shown that ACL(h, λ) and PLS(h, δ) approximate ASE(h) well enough uniformly over

a set of bandwidth. Under some regularity conditions, it follows that, uniformly for h ∈ Hn ≡
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[C1n
−1/5, C2n

−1/5] with C1 < C2,

ACL(h, λ) = ASE(h) +
1

n

n∑

i=1

ε2i + op(n
−4/5).(3)

From this uniform stochastic expansion, one can establish that the criterion ACL gives an optimal

bandwidth that minimizes ASE asymptotically. To be specific, let ĥACL(λ) be the minimizer of

ACL(h, λ) over h ∈ Hn. Also, let ĥASE be the minimizer of ASE over h ∈ Hn. Then,

ASE(ĥACL(λ))

ASE(ĥASE)
= 1 + op(1).

Similarly, one can establish that, uniformly for h ∈ Hn,

PLS(h, δ) = ASE(h) +
1

n

n∑

i=1

ε2i + op(n
−4/5),

ASE(ĥPLS(δ))

ASE(ĥASE)
= 1 + op(1),

where ĥPLS(δ) be the minimizer of PLS(h, δ) over h ∈ Hn.

Implementation of the criteria ACL(h, λ) or PLS(h, δ) requires estimation of the unknown quantity

λ or δ, respectively. We suggest to use

λ̂ = max
J≥1

{
γ̂(0) + 2

J∑

j=1

γ̂(j)
}
, δ̂ = max

J≥1

{
1 + 2

J∑

j=1

ρ̂(j)
}
,(4)

where γ̂(j) and ρ̂(j) are the estimators of γ(j) and ρ(j), respectively, proposed by Park et al. (2006).

The corresponding fully automatic bandwidth selectors are

ĥACL = arg min
h>0

ACL(h, λ̂), ĥPLS = arg min
h>0

PLS(h, δ̂).

Numerical Properties

We evaluated the performance of the bandwidth selectors ĥACL, ĥPLS in some error models. The

criterion for the evaluation was MASE. The mean function was m(x) = sin(2πx). The kernel functions

used were K(x) = (15/16)(1 − x2)2I(−1,1)(x), L(x) = 630(4x2 − 1)2x4I(−1/2,1/2)(x). Five hundred

samples of sizes n = 400 were generated. We computed the MASE of m̂(·; ĥ) with those of m̂(·; ĥ(J))

for various J , where ĥ is either ĥACL or ĥPLS , and ĥ(J) is either of ĥACL(J) and ĥPLS(J) defined by

ĥACL(J) = arg min
h>0

ACL(h, λ̂(J)), ĥPLS(J) = arg min
h>0

PLS(h, δ̂(J)).

Table 1 reports the values of E[ASE(ĥACL)] with those of E[ASE(ĥACL(0))] and

E[ASE(ĥACL(J∗))] = min
J≥0

E[ASE(ĥACL(J))].

It also shows the values of E[ASE(ĥPLS)], E[ASE(ĥPLS(0))] and

E[ASE(ĥPLS(J∗))] = min
J≥0

E[ASE(ĥPLS(J))].

One can see that our choices λ̂ and δ̂ defined at (4) are quite efficient. The resulting bandwidth

selectors ĥACL and ĥPLS significantly improve MASE of m̂(·, ĥACL(0)) and m̂(·, ĥPLS(0)), respectively,

for positively correlated cases. In particular, they are at least as efficient as ĥACL(J∗) and ĥPLS(J∗)

which are the best ĥACL(J) and ĥPLS(J), respectively, over J ≥ 0, in all models.
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Table 1

Model ĥACL(0) ĥACL ĥACL(J∗) ĥPLS(0) ĥPLS ĥPLS(J∗)

AR(1) 0 0.016 0.016 0.016 0.016 0.016 0.016

φ 0.5 0.164 0.038 0.037 0.289 0.039 0.041

0.9 0.630 0.210 0.235 0.796 0.396 0.413

-0.5 0.009 0.007 0.007 0.009 0.007 0.007

-0.9 0.007 0.006 0.003 0.007 0.006 0.003

AR(2) (0.55, 0.05) 0.277 0.050 0.050 0.413 0.053 0.057

(φ1, φ2) (0.75,−0.5) 0.016 0.018 0.016 0.016 0.018 0.016

Mean average squared error of m̂(·, h) based on 500 samples of size n = 400. The errors were gen-

erated from AR(1): εi = φεi−1 + (1 − φ2)1/2 ui where φ = 0, ±0.5, ±0.9; AR(2): εi = φ1εi−1 +

φ2εi−2 +
[

(1+φ2){(1−φ2)2−φ2

1
}

1−φ2

]1/2
ui where (φ1, φ2) = (0.55, 0.05), (0.75,−0.5). In this model, ui are

i.i.d. N(0, 1).

REFERENCES

Altman, N. S. (1990). Kernel smoothing of data with correlated errors. J. Amer. Statist. Assoc. 85,

749–759.

Chiu, S.-T. (1989). Bandwidth selection for kernel estimate with correlated noise. Statist. Prob. Lett.

8, 347–354.

Hart, J. D. (1991). Kernel regression estimation with time series errors. J. Roy. Statist. Soc., Ser. B

53, 173–187.

Park, B. U., Lee, Y. K., Kim, T. Y. and Park, C. (2006). A simple estimator of error correlation

in non-parametric regression models. Scand. J. Statist. 33, 451–462.

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 4561 -



A Simple and Effective Bandwidth Selector for Local Polynomial

Quasi-Likelihood Regression

Lee,Young K.
Department of Statistics, Kangwon National University
Chuncheon 200-701, Korea
E-mail: youngklee@kangwon.ac.kr

Park, Byeong U.
Department of Statistics, Seoul National University
Seoul 151-747, Korea
E-mail: bupark@stats.snu.ac.kr

Park, Min S.
Department of Statistics, Seoul National University
Seoul 151-747, Korea
E-mail: pmsfly@gmail.com

1. Introduction

Local polynomial quasi-likelihood methods for nonparametric regression estimation have been
very influential, not least on account of their extraordinary flexibility and adaptivity. However, little
is known about practical methods for empirical bandwidth choice. The present paper proposes a new
data-driven bandwidth choice for local quasi-likelihood regression.

We propose a criterion that is suitable for quasi-likelihood regression. It is based on an estimate
of the average quasi-likelihood of the regression estimator. Our proposal is an extension of generalized
cross-validation (GCV) of Craven and Wahba (1979) and Mallows’ CL of Mallows (1973) for least
squares regression to the case of quasi-likelihood smoothing and general design density. We show that
the proposed bandwidth selector is asymptotically optimal in the sense of minimizing the average
quasi-likelihood.

2. Methodology and theory

Let (Xi, Yi), i = 1, . . . , n, be i.i.d. copy of (X, Y ). We consider the local linear quasi-likelihood
regression estimator of m(x) = E(Y |X = x). Let Q(·, ·) be a quasi-likelihood defined by

Q(µ, y) =
∫ µ

y

y − t

V (t)
dt,

where V is a known function with which we model the conditional variance v(x) = var(Y |X = x) by
v(x) = V (m(x)). The local polynomial quasi-likelihood estimator is defined by m̂(x; h) = g−1(β̂0(x; h))
where β̂0(x;h), β̂1(x; h), . . . , β̂p(x; h) maximize

n∑

j=1

Q
(
g−1

(
β0 + β1(Xj − x) + · · ·+ βp(Xj − x)p

)
, Yj

)
Kh(Xj − x).

where, K is a kernel function, h > 0 is the bandwidth, Kh(x) = K(x/h)/h, and g is a link function.
We assume that the density of the covariates Xi is supported on I = [0, 1]. In the quasi-likelihood
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setting, a relevant measure of performance for various choices of the bandwidth h is

AQL(h) =
1
n

n∑

i=1

w(Xi)Q (m̂(Xi; h),m(Xi)) ,

where w is a nonnegative weight function supported on J ⊂ I. In this case, a theoretically optimal
bandwidth is the maximizer of AQL(h). Since the function m in AQL is not available, one might
replace m(Xi) by the response Yi and use

RQL(h) =
1
n

n∑

i=1

w(Xi)Q (m̂(Xi; h), Yi) .

Under some regularity conditions, RQL(h) admits the following expansion, uniformly for h ∈
Hn = [CLn−1/5, CUn−1/5] for some 0 < CL < CU < ∞ :

RQL(h) =
1
n

n∑

i=1

w(Xi)Q (m(Xi), Yi) +
K(0)
nh

[
1
n

n∑

i=1

w(Xi) {Yi −m(Xi)}2

f(Xi)V (m(Xi))

]

+AQL(h) + op(n−4/5).

Let f̂(·;h) be the kernel estimator of the marginal density f , given by f̂(x; h) = n−1
∑n

i=1 Kh(Xi−
x). We propose the penalized quasi-likelihood bandwidth selector ĥPQL that maximize the following
criterion:

PQL(h) = RQL(h)− K(0)
nh

[
1
n

n∑

i=1

w(Xi) {Yi − m̂(Xi;h)}2

f̂(Xi;h)V (m̂(Xi;h))

]
.

We show that

AQL(ĥPQL)

AQL(ĥAQL)
= 1 + op(1).

3. Numerical properties

We compare the finite sample performance of the proposed the bandwidth selector with those
of a cross-validation and plug-in rules. The cross-validatory bandwidth selector is defined as the
maximizer of

ĥCV = argmax
h∈Hn

n∑

i=1

w(Xi)Q (m̂−i(Xi; h), Yi) ,

where m̂−i( · ; h) is the leave-one-out version of m̂( · ; h) that is constructed deleting the ith observation
(Xi, Yi). The plug-in bandwidth selectors considered here are based on the following asymptotic
formula for the mean integrated square error of m̂( · ; h):

E
∫

I
{m̂(x;h)−m(x)}2 w(x)f(x) dx =

1
4
h4µ2

2

∫

I

{
η′′(x)

g′(m(x))

}2

w(x)f(x) dx

+n−1h−1γ0

∫

I
v(x)w(x) dx,

where η(x) = g(m(x)), µ2 =
∫

u2K(u) du and γ0 =
∫

K(u)2 du. We consider plug-in bandwidth
selectors, for comparison with our proposal ĥPQL, as defined by

ĥPI =

[
γ0

1
n

n∑

i=1

ṽ(Xi)w(Xi)

f̃(Xi)

]1/5 [
µ2

2

1
n

n∑

i=1

{
η̃′′(Xi)

g′(m̃(Xi))

}2

w(Xi)

]−1/5

n−1/5,

where ṽ, f̃ , m̃ and η̃′′ are preliminary estimators of v, f , m and η′′, respectively.
The simulation was done under the following two models for the conditional distribution:
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(i) Y |X = x ∼ Bernoulli (m(x)), where logit(m(x)) = sin(πx);
(ii) Y |X = x ∼ Poisson (m(x)), where log(m(x)) = sin(πx).

For the distribution of the covariates Xi, we took N(0, 1) truncated on [−1, 1]. We generated 500
pseudo-samples of sizes n = 100, 400 from each model.

Table 1. EASE (multiplied by 102) of m̂(·; ĥ) for ĥ = ĥPQL, ĥPI , ĥCV

n = 100 n = 400

w(x) Model ĥPQL ĥPI ĥCV ĥPQL ĥPI ĥCV

I[−0.8,0.8](x) Bernoulli 1.016 1.180 1.046 0.324 0.398 0.327

Poisson 7.835 8.486 7.919 2.571 2.627 2.544

I[−1,1](x) Bernoulli 1.020 1.211 1.018 0.326 0.408 0.326

Poisson 7.870 8.329 7.798 2.558 2.625 2.547

Table 2. Relative mean squared error (multiplied by 102) of ĥ as an estimator of hopt

n = 100 n = 400

w(x) Model ĥPQL ĥPI ĥCV ĥPQL ĥPI ĥCV

I[−0.8,0.8](x) Bernoulli 0.903 11.17 1.330 0.707 10.70 1.175

Poisson 0.770 1.765 1.201 0.631 0.317 0.897

I[−1,1](x) Bernoulli 0.553 14.19 0.493 0.492 13.97 0.484

Poisson 0.657 1.495 0.483 0.486 0.504 0.420

Table 1 summarizes the results of the experiments. It gives the expected average squared error
of m̂(·; ĥ), i.e.,

EASE = En−1
n∑

i=1

{
m̂(Xi; ĥ)−m(Xi)

}2
,

for ĥ = ĥCV , ĥPI , ĥPQL. The table reveals that PQL and CV show nearly the same EASE per-
formance, and that they are better than the plug-in rules that require choice of secondary tuning
parameters.

As an another measure of performance, we consider the relative mean squared error of the
bandwidth selectors as estimators of asymptotically optimal bandwidth selector, hopt:

RMSE(ĥ) = E

(
ĥ

hopt
− 1

)2

.

The results are given in Table 2. In terms of RMSE, both ĥPQL and ĥCV outperform ĥPI in most
cases.
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1 Introduction

Let (Xt)t≥0 be a one-dimensional diffusion process with dynamics described by the following stochastic
differential equation:

(1) dXt = b(Xt)dt + σ(Xt)dWt, t ≥ 0, X0 = η,

where (Wt) is a standard Brownian motion and η is a random variable independent of (Wt). Assuming
that the process is strictly stationary (and ergodic), and that a discrete observation (XkΔ)1≤k≤n+1 of
the sample path is available, we want to build nonparametric estimators of the drift function b and
the (square of the) diffusion coefficient σ2.

Our framework is asymptotic: the sampling interval Δ = Δn ↓ 0 (high-frequency data) while
nΔn ↑ ∞ as n ↑ ∞. This framework is required for estimating both drift and diffusion functions. For
ergodic diffusion models, Hoffmann (1999) proposes adaptive nonparametric estimators which reach
optimal minimax rates up to logarithmic factors but which are unfortunately difficult to implement.

Two processes derived from (Xt) approximately satisfy regression models involving the unknown
drift and volatility functions. Using a penalized mean square approach as in Comte and Rozen-
holc (2002, 2004), we build estimates as piecewise polynomials defined upon an irregular partition
with varying degrees. The latter enjoy optimal asymptotic properties.

As an illustration, we present an original application to the study of postural analysis in Human.

2 Theoretical results

We consider the model defined by equation (1) and suppose that (Xt) is observed only at discrete
times t = kΔ, k = 1, ..., n + 1. Let

(2) Y
(i)
k =

(X(k+1)Δ −XkΔ)i

Δ
, k = 1, . . . , n, i = 1, 2.

It can be shown that the following regression-type decompositions hold:

(3) Y
(i)
k = f (i)(XkΔ) + ε

(i)
k + R

(i)
k , k = 1, . . . , n, i = 1, 2,

where f (1) = b, f (2) = σ2, with

(4) ε
(1)
k =

1
Δ

∫ (k+1)Δ

kΔ
σ(Xs)dWs, ε

(2)
k =

1
Δ

⎡
⎣

{∫ (k+1)Δ

kΔ
σ(Xs)dWs

}2

−
∫ (k+1)Δ

kΔ
σ2(Xs)ds

⎤
⎦
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playing the role of noise terms. Here, R
(i)
k are residual terms which can be neglected thanks to some

technicalities. Their expressions can be found in Comte et al (2007).
Without giving all the details of the assumptions on model (1), let us precise that f (i) needs to

be Ci(R) (i = 1, 2), that we need a unique strong solution to exist with strict stationarity, ergodicity
and invariant probability bounded from below and above on all compact sets. Moreover, (Xt) in
assumed to be geometrically β-mixing.

For any interval I = [a, b[, let us consider the orthonormal basis of L
2(I) consisting of the poly-

nomials ϕI,�(x) =
√

(b− a)(2� + 1)Q�(2
(x−a+b

2
)

b−a )1II(x) (all integers �), where Q�(x) = (d�/dx�)(x2−1)�

are Legendre polynomials. Let

Mn = {m = (D, j1, . . . , jD−1, r1, . . . , rD), 1 ≤ D ≤ Dmax, 0 < j1 < · · · < jD−1 < Dmax,

rd ∈ {0, . . . , Rmax}} .

For each m ∈ Mn, let Sm be the space of functions defined by t(x) =
∑D

d=1

∑r
�=0 td,�ϕId,�(x) with

Id = [jd−1/Dmax, jd/Dmax[ and degree rd on Id. The dimension Dm of Sm is equal to
∑D

d=1(rd + 1)
for all the

(
Dmax−1

D−1

)
choices of knots (j1, . . . , jD−1).

On a compact set A, the estimation procedure works as follows: consider the least-squares esti-

mate of f
(i)
A = f (i)1IA in Sm given by f̂

(i)
m = arg mint∈Sm γ

(i)
n (t) with γ

(i)
n (t) = 1

n

∑n
k=1

[
Y

(i)
k − t(XkΔ)

]2
.

The adaptive estimates are obtained via a penalized model selection procedure as f̃ (i) = f̂
(i)
m̂i

with

m̂i = arg minm∈Mn [γ(i)
n (f̂ (i)

m ) + pen(i)
n (m)]. Conditions on the penalty function derive from an adap-

tation of the main result of Comte et al (2007) to irregular partitions following Comte et al (2005):

Theorem 2.1 Given some collection of weights Lm such that
∑

m∈Mn
e−LmDm ≤ Σ < +∞, using

pen(i)
n (m) ≥ κiσ

2i
1

(1+Lm)Dm

nΔ2−i where κi is a universal constant and σ2
1 is an upper bound of σ2, then

(under some technical assumptions)

(5) E(‖f̃ (i) − f
(i)
A ‖2n) ≤ Ci inf

m∈Mn

(
min
g∈Sm

‖g − f
(i)
A ‖2 + pen(i)

n (m)
)

+ B
(i)
n,Δ,

where Ci are universal constants and B
(i)
n,Δ = O(Δ) + O(1/(nΔ2−i)).

We use the algorithm of Comte and Rozenholc (2004) developed within a Matlab toolbox called FY3P
and choose in practice

pen(i)
n = 2

ŝ2
i

n

⎛
⎝D − 1 + ln

(
Dmax − 1

D − 1

)
+ ln2.5(D) +

D∑
j=1

(rj + ln2.5(rj + 1))

⎞
⎠ .

The term ŝ2
1 replaces σ2

1/Δ for the estimation of f1) = b and ŝ2
2 replaces σ4

1 for the estimation of
f (2) = σ2. Let us first explain how ŝ2

2 is obtained. We run once the estimation algorithm of σ2

with a preliminary penalty where ŝ2
2 is taken equal to 2maxm(γ(2)

n (σ̂2
m)). This gives a preliminary

estimator σ̃2
0. Afterwards, we take ŝ2 equal to twice the 99.5%-quantile of σ̃2

0. The use of the quantile
suppresses extreme values coming from artefacts. We get σ̃2. We use this estimate and set ŝ2

1 =
max1≤k≤n(σ̃2(XkΔ))/Δ for the penalty of b.

3 Application to postural analysis in Human

Maintaining posture efficiently is achieved by resorting dynamically to the best, available, sensorial
informations. The latter are grouped in three categories: vestibular, sensory, and visual informations,
each of them being particularly well suited to reacting to some situations. Naturally, every individual
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has developed his own preferences according to his sensorimotor experience – which notably includes
job and sporting histories, certainly as well as innate factors.

Sometimes, a sole kind of information (usually, visual) is processed in all situations. This occurs
in healthy individuals, but it is more common in old people, or in people having experienced a stroke,
or afflicted by the Parkinson disease for instance. Although processing a sole kind of information may
be efficient for maintaining posture in one’s usual environment, it is likely not adapted to reacting to
new or unexpected situations, and may result in falling. Now, the aftermath of falls are particularly
serious in old people. Therefore, it is of primordial importance to learn how to detect such a sensorial
typology, so as to propose an adapted reeducation program.

Postural analysis in Human at stable equilibrium has already been addressed using fractional
Brownian motion see eg. Bertrand et al. (2001) and references therein. We illustrate now how the
study of this difficult issue can be addressed within the theoretical framework presented in Section 2.
During 90 seconds, every Δ = 0.025 second, the locations where the left and right feet of a control
subject exert maximal pressure are recorded. We denote by Xt the distance between the middle
position at time t and a reference position. We assume that process (Xt)t≥0 is modeled as in (1). The
experimental protocol we choose to present here is decomposed into three phases: a phase of 50 seconds
of perturbation of the subject’s balance (by vibratory stimulation of the left tendon, known to force to
tilt forward) is preceded by 10 seconds and followed by 30 seconds of recording without stimulation.
Arguably, the process is stationary on [0; 10] (400 observations). Moreover, direct observation and
medical background let us think that the process is also stationary (at least for a sane subject) on
[45; 60] and [75; 90] (twice 600 observations). We therefore estimate the drift and volatility functions
on the three intervals, separately. The results of this estimation are presented in Figure 1. We
note that the drift estimates (left figure) are close to 0. This feature suggests that, on a stationary
period, the subject maintains his verticality by exploring his environment according to a random walk
(without drift). At a second level of analysis, the observed negative slop during the vibratory phase
let us imagine that the subject tends to compensate deterministically from over tilting. Likewise, the
volatility estimates (right figure) are constant for all phases. This leads to interpreting the random
walk of exploration of the environment as a Brownian motion. During the vibratory phase the subject
finds a new equilibrium. The constant volatility increases indicating that the subject explores his
new environment more thoroughly (because of the vibratory stress). Finally, this subject shows a
particularly good ability to come back quickly in the reference state as soon as vibrations stop.

Estimation of drift and volatility in the 3 phases on the protocol
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Figure 1: Three diffusion models are fitted before the vibratory phase (first 10 seconds), at the end
of this vibratory phase (from 45 to 60 seconds) and at the end of the relaxation phase (from 75 to 90
seconds) - Δ = 0.025s. Left: drift estimates. Right : volatility estimates.
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ABSTRACT

We consider a one-dimensional diffusion process (Xt) which is observed at n + 1 discrete times
with regular sampling interval Δ. Assuming that (Xt) is strictly stationary, we introduce nonpara-
metric estimators of the drift and diffusion coefficients obtained by a penalized least square approach
Comte et al (2007). These estimates derive after some transformations of the data from a regression
model with extra negligeable terms. Using non-parametric regression model estimate introduced in
Comte and Rozenholc (2004) we derive practical penalized piecewise polynomial estimates. We apply
this method to analyze human postural.
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1. Introduction

The multivariate adaptive regression spline (MARS), proposed by Friedman (1991), estimates
a regression function adaptively as tree structure including interaction effects. The basis functions as
well as positions of knots are selected from data, with the generalized cross-validation (GCV) (Craven
and Wahba, 1979) adopted as a lack-of-fit criterion. It is well known that GCV has good asympotic
property in fitting and prediction; however, Friedman’s MARS seems to give poor performance in
extracting underlying regression structure, especially from smaller sample. Moreover, such a criterion
based on the distance in the space of responses does not seem to match with one of the original
objectives of the MARS: to explore regression structure on explanatory variables.

In Sakamoto (2006) we employed an empirical Bayes method in the MARS and applied it to
some data sets. The basis functions and the positions of knots as well as a hyper-parameter are
selected by maximizing a marginal likelihood, and the number of basis functions are determined by
minimizing the Akaike Bayes information criterion (ABIC) (Akaike, 1980) in the forward step of the
MARS.

We report a simulation study on evaluating contribution of variables with MARS. One of the
objectives of our simulation study is to enhance interpretability of regression structure with our em-
pirical Bayes MARS. We prepare measures for evaluating variable contribution and their estimates,
and compare our empirical Bayes MARS to the MARS with GCV adopted.

2. MARS with an empirical Bayes method

In this paper, we assume that each response yi, i = 1, . . . , n, is observed with r explanatory
variables xi = (xi1, . . . , xir)T, and that we estimate a function f that satisfies the regression model

(1) yi = f(xi) + εi, i = 1, . . . , n,

where εi is an error term that follows the normal distribution independently with the mean 0 and the
variance σ2. See Sakamoto (2006) for a formulation with the exponential distribution family.

Suppose that the regression function f is represented as

(2) f(x) = a0 +
K∑

k=1

akφk(x),

and we estimate the coefficients a0, a1, . . . , aK . Each basis function φk(x), k = 1, . . . ,K, is the
truncated power spline function

(3) φk(x) =
Lk∏
l=1

[skl(xv(k,l) − ckl)]+,

where [x]+ is the positive part of x, that is, [x]+ = x if x > 0 and [x]+ = 0 if x ≤ 0. The number of
basis functions K, the degree of interaction Lk, the sign skl ∈ {+1,−1}, the variable number involved
v(k, l) ∈ {1, . . . , r}, and the position of a knot ckl are all selected based on data.
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The algorithm of MARS is composed of the following two sections: forward stepwise and back-
ward stepwise sections. In the forward stepwise process, we add two new basis functions for each step;
while, in the backward stepwise process, we prune one basis function for each step. Here we reconsider
the way of selecting the basis functions to be added or pruned, and also their elements.

For specified basis functions φk(x), k = 1, . . . ,K, we consider a normal prior on the coefficient
vector aK = (a0, a1, . . . , aK)T :

(4) p(aK |ΦK , λ) =
(

λ

2π

)(K+1)/2

exp
(
−λ

2
aT

KaK

)
,

where ΦK is the n × (K + 1) matrix with (i, k)-component φk(xi) (φ0(xi) = 1), and the positive
number λ is a hyper-parameter, which controls the complexity of the regression function f . Under
the prior (4), the posterior density of aK is obtained, from Bayes’ theorem, as

(5) p(aK |y,ΦK , σ2, λ) ∝ p(y|ΦK ,aK , σ2)p(aK |ΦK , λ),

where p(y|ΦK ,aK , σ2) is the likelihood of y for given ΦK and aK . Finding the mode, âK , of the
posterior density (5) of aK , is equivalent to maximizing the penalized log likelihood

(6) lP(aK |y,ΦK , σ2, λ) = log p(y|ΦK ,aK , σ2)− λ

2
aT

KaK +
K + 1

2
log λ + const.

with respect to aK , and then we obtain the maximum penalized likelihood estimate (MPLE)

(7) âK = (ΦT
KΦK + λ∗I)−1ΦT

Ky

directly, where λ∗ = σ2λ, and I is the identical matrix.
To select the knot position c = {ckl} and the combination of basis functions in (3), as well

as to estimate the nuisance and hyper parameters, σ2 and λ, we consider a marginal likelihood as a
goodness-of-fit criterion. The marginal likelihood, in which aK is integrated-out from the posterior
density of aK (5), is written as

(8) p(y|ΦK , σ2, λ) =
∫

p(y|ΦK ,aK , σ2)p(aK |ΦK , λ)daK =
∫

exp{lP(aK |y,ΦK , σ2, λ)}daK .

The maximization of the marginal likelihood (8), originally proposed by Good (1965), can be regarded
as a special case of empirical Bayes methods in which non-informative priors are assumed to σ2 and
λ, that is, p(σ2) ∝ 1 and p(λ) ∝ 1. The exact computation of the integral included in (8) is feasible
only in the normal response case, and we obtain the marginal log likelihood

(9) lM(c, σ2, λ|y) = log p(y|ΦK , σ2, λ) = lP(âK |y,ΦK , σ2, λ)− 1
2

log |HP(âK)|+ const.,

where HP(âK) is the negative Hessian of the penalized log likelihood

HP(âK) =
(
− ∂2lP

∂aK∂aT
K

)
âK

= σ−2(ΦT
KΦK + λ∗I).

In the forward stepwise section, however, the marginal log likelihood (9) seems to increase as
the number of basis functions K increase. Our idea is to select the number K and the combination of
basis functions that minimize Akaike’s Bayes information criterion (ABIC) (Akaike, 1980)

(10) ABIC = −2lM(c, σ2, λ|y) + 2(q + 2),

where q is the number of knots c involved in the basis functions. In the backward stepwise section,
we start from K basis functions, and prune one basis function for each step so that just the marginal
log likelihood (9) increases most, as the knots c are already estimated.
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3. Measures for evaluating variable contribution

In tree structure approaches, evaluating contribution of each of explanatory variables to a re-
sponse variable is important for interpretation of regression structure. Some of the most common
measures for evaluating it are called relative importance (Friedman, 2001). In MARSTM produced
by Salford Systems, a surrogate measure for the relative importance based on the GCV score has
been used. However, using such measures that depend on a specific criterion does not seem to be
appropriate if we intend to compare between some tree structure approaches. So, we prepare other
measures for evaluating the variable contribution in terms of decomposition of variability.

Suppose that we have a regression form Y = f(X1, . . . ,Xr) + ε, where Y , X1, . . . ,Xr and ε

are random variables with E(ε) = 0, and f is a non-linear function. The variance of Y can then be
decomposed as Var(Y ) = E[{Y − f(X1, . . . ,Xr)}2] + Var{f(X1, . . . ,Xr)}, of which the first term is
the error variance, while the second term is regarded as the total variability of the regression model.
Then, the total contribution of the regression model f(X1, . . . ,Xr) to the variance of Y is defined
as the ratio CT = Var{f(X1, . . . ,Xr)}/Var(Y ). Similarly, by decomposing Var(Y |X2, . . . ,Xr), the
variance of Y conditional to X2, . . . ,Xr, into two terms, the contribution of X1 to the variance of Y

is defined as the ratio C1 = E[Var{f(X1, . . . ,Xr)|X2, . . . ,Xr}]/Var(Y ).
Once we fit a MARS model (1) (2), we can obtain estimates of these measures of contribution

from the above decomposition. The total variability of the regression model is estimated as

ĈT =
∑
{f̂(xi1, . . . , xir)− ȳ}2

/∑
(yi − ȳ)2,

where ȳ is the sample mean of y1, . . . , yn, and f̂ is a MARS estimate of f . The contribution of X1 for
given X2, . . . ,Xr is estimated as

Ĉ1 =
∑
{f̂(xi1, . . . , xir)− f̂ (−1)(xi2, . . . , xir)}2

/ ∑
(yi − ȳ)2,

where f̂ (−1) is an estimate of f refitted with using all the selected basis functions except those which
include x1. Similarly, the joint contribution of (X1,X2) for given X3, . . . ,Xr is estimated as

Ĉ12 =
∑
{f̂(xi1, . . . , xir)− f̂ (−1,−2)(xi3, . . . , xir)}2

/ ∑
(yi − ȳ)2,

where f̂ (−1,−2) is an estimate of f refitted with using all the selected basis functions except those
which include x1 and/or x2.

4. Simulation study

We report a simulation study on evaluating contribution of variables with MARS, that is, eval-
uating how much explanatory variables in a regression model including interaction terms contribute
to the variability of responses.

We specified our underlying regression model as

(11) yi = β1xi1 + β2xi2 + β3xi3 + β4xi1xi2 + εi, i = 1, . . . , n.

We produced 20 sets of pseudo random numbers {xi = (x1i, x2i, x3i); i = 1, . . . , n}, such that xi1 =√
1− ρ2z1i +ρz2i, x2i = z2i and x3i = z3i, where z1i, z2i and z3i were sampled independently from the

uniform distribution on [−√3,
√

3], so we had the correlation coefficient ρ between {x1i} and {x2i}.
For each set {xi}, we obtained 50 sets of pseudo random responses {yi} according to (11), in which εi

were sampled independently from the normal distribution with the mean 0 and the variance σ2.
For each of 20× 50 simulated data sets, we fitted our empirical Bayes MARS (EBMARS), and

we obtained estimates of the total and variable contribution measures, ĈT , Ĉ1, Ĉ12 and so on, defined
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in Section 3. From the results, we estimated the mean square error (MSE) of these contribution
measures E{(ĈT −CT )2} and so on. We conducted a simulation in the same way for the MARS with
the GCV adopted (MARS-GCV), in which the same form of MPLE (7) was used, and the GCV score
was adjusted with the cost-complexity function (Friedman and Silverman, 1989) set to 2.

As a part of the results of simulation, the MSE estimates of the estimated joint contribution
Ĉ12 of the variables x1 and x2 are plotted for the two methods of MARS and for each of two designs
of β = (β1, β2, β3, β4) in Figure 1. For no interaction design (left figure), EBMARS got larger MSE
estimates than MARS-GCV except n = 30 and ρ = 0; however, it does not seem so serious because
EBMARS tended to select slightly larger numbers of basis functions in most cases. On the other hand,
for the design including an interaction term (right figure), EBMARS got smaller MSE estimates than
MARS-GCV when n is smaller or ρ is larger, because MARS-GCV tended to select smaller number
of basis functions and often failed to select interaction terms including both x1 and x2.
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Figure 1: MSE estimates of Ĉ12 for two designs.

Left figure: β = (1, 1, 0, 0); Right figure: β = (1, 1, 0, 1). The error variance is set as σ2 = 1.

5. Concluding Remarks

From our simulation study, we conclude that the empirical Bayes MARS is useful for extracting
regression structure properly, especially when the sample size is small, and when underlying model is
complicated with including interaction effects. We have reported the simulation study in the case that
responses follow a normal distribution. We have some experience that the MARS with GCV tends to
select too large numbers of basis functions in the case of non-normal responses such as binary, and we
should confirm it through further simulation studies.
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In this paper we consider the problem of multivariate density estimation assuming that the den-
sity allows some form of dimensionality reduction. We start with the Independent Component Analysis
(ICA) model, which can be considered as a form of dimensionality reduction of a multivariate den-
sity. We show that the density allowing the ICA decomposition can be estimated at one-dimensional
nonparametric rate, without knowing the mixing matrix of the independent sources. Other forms of
dimensionality reduction, which are extensions of the basic ICA model, are also considered and we
obtain results on the accuracy of the corresponding density estimators combining model selection with
estimation.

1. Independent Component Analysis model. ICA is a statistical and computational
technique for identifying hidden factors that underlie sets of random variables, measurements, or
signals, blind source separation. In the ICA model the observed data variables are assumed to be (linear
or nonlinear) mixtures of some unknown latent variables, and the mixing system is also unknown. The
latent variables are assumed non-Gaussian and mutually independent; they are called the independent
components of the data.

The goal of ICA is to estimate these independent components, also called sources or factors. ICA
can be seen as a variation of principal component analysis and factor analysis. It has become a popular
modelling tool and has been applied in many fields, including biomedical, finance, telecommunication,
imaging, psychometric, and other data, Hyvarinen, Karhunen, and Oja (2001).

The standard (linear, noise-free, full rank) ICA model assumes that d-dimensional observations
X can be represented as

X = AU,

where A is an unknown nonsingular d × d-matrix, and U is an unobserved random d-vector with
independent components. The goal of ICA is to estimate the matrix A, or its inverse B = A−1, based
on a sample X1, . . . ,Xn i.i.d. p(x). When all components of U, with a possible exception of one,
are non-Gaussian, the mixing matrix A is identifiable up to the scale and permutation of its columns.

The ICA model can be equivalently written in terms of the probability density of the observed
data:

p(x) = |det(B)|
d

∏

j=1

pj(x>βj), x ∈ Rd,

where β1, ..., βd − unknown, linearly independent, unit-length d-vectors, det(B) is the determinant
of the matrix B = (β1, ..., βd), B> = A−1, and pj(·), j = 1, . . . , d, are probability densities of the
independent sources.
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Most known ICA methods specify the parametric form of the latent component densities pj

and estimate B together with parameters of pj using maximum likelihood or minimization of the
empirical versions of various divergence criteria between densities, see, e.g., Hyvarinen, et al.(2001) and
references there. In general, densities pj are unknown, and one can consider ICA as a semiparametric
model in which these densities are left unspecified.

Bach and Jordan (2002) proposed new algorithms for semiparametric ICA model and showed
their good performance in simulations. Chen and Bickel (2003) have shown

√
n-consistency and

asymptotic efficiency of a semiparametric ICA estimator based on empirical characteristic functions,
see Eriksson et al. (2001).

In Samarov and Tsybakov (2004) we show that, even without knowing β1, ..., βd, p(x) can
be estimated at one-dimensional nonparametric rate, corresponding to the independent component
density with the worst smoothness. Our method of estimating β1, ..., βd is based on nonparametric
estimation of the average outer product of the density gradient and simultaneous diagonalization of
this estimated matrix and the sample covariance matrix of the data.

The method of Samarov and Tsybakov (2004) can be applied to a generalization of ICA where
the independent components are multivariate:

X = A

(

U1

U2

)

, U1, U2 independent, dim(U1) = d1, dim(U2) = d2 = d− d1.

Equivalently, with A−1 = B =

(

C
D

)

, where p(x) = |det(B)| p1(Cx) p2(Dx) and p1(·), p2(·) are the

densities of U1 and U2, respectively. This model is a basic decomposition step and can be iterated.
If the model holds with some C and D, it also holds with MC and ND with any nonsingular

d1× d1 M and d2× d2 N and with factor densities adjusted accordingly. Only the subspaces spanned
by rows of C and D are identifiable.

Our method estimates these statistically independent linear subspaces and reduces the original
problem to the fundamental problem of identifying independent subsets of variables.

2. Multi-index departure from normality model. We consider next another important
dimensionality reduction model for density:

p(x) = φd(x)g(B>x), x ∈ Rd,(1)

where B - unknown d×m matrix with orthonormal columns, 1 ≤ m ≤ d, g : Rm → [0,∞) unknown
function, and φd(·) is the density of the standard d-variate normal distribution.

A density of this form models the situation where high-dimensional data has a low-dimensional
Gaussian component (m << d) while all other components are Gaussian. Model (1) can be viewed as
an extension of the projection pursuit density estimation (PPDE) model, e.g. Huber (1985), and of
the ICA model. A model similar to (1) was considered recently in Blanchard, Kawanabe, Sugiyama,
Spokoiny, and Muller (2006).

Note that the representation (1) is not unique. In particular, if Qm is an m × m orthogonal
matrix, the density p in (1) can be rewritten as p(x) = φd(x)g1(BT

1 x) with g1(y) = g(Qmy) and
B1 = BQm. However, the linear subspace M spanned by the columns of B is uniquely defined by (1).
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By analogy with regression models, e.g. Li (1991), Hristache, Juditsky, Polzehl, Spokoiny (2001),
we will call M the index space. In particular, if the dimension of M is 1, model (1) can be viewed as a
density analog of the single index model in regression. In general, if the dimension of M is arbitrary,
we call (1) the multiple index model.

When the dimension m and an index matrix B (i.e. any of the matrices, equivalent up to
an orthogonal transformation, that define the index space M) are specified, the density (1) can be
estimated using a kernel estimator

p̂m,B(x) =
φd(x)

φm(BT x)
1

nhm

n
∑

i=1

K

(

BT (Xi − x)
h

)

,

with appropriately chosen bandwidth h > 0 and kernel K : Rm → R1.
In Samarov and Tsybakov (2007) we show, using recently developed methods of aggregation of

density estimators, that one can estimate this density, without knowing B and m, with the same rate
as the optimal rate attainable when B and m are known.

3. Independent factor analysis model and applications to classification. Finally, we
consider an independent factor analysis model with unknown number and distribution of latent factors:

X = AS + ε,

where A is d × m unknown deterministic matrix, m < d, with orthonormal columns; S is an m-
dimensional random vector of independent components with unknown distributions, and ε is a normal
Nd(0, σ2Id) random vector of noise independent of S. Because of the orthonormality of columns of A,
AT is the demixing matrix: AT X = S + AT ε, and the density of X can be written as

pX(x) =
(

1
2πσ2

)(d−m)/2
exp

{

− 1
2σ2xT (Id −AAT )x

} m
∏

k=1

gk(aT
k x),

where ak denotes the kth column of A and gk(u) = (pSk ∗ φ1)(u) =
∫

R pSk(s)φ1(u− s)ds.
Using recently developed methods of aggregation of density estimators, in Amato, Antoniadis,

Samarov and Tsybakov (2007) we construct a density estimator which achieves the best non-parametric
rate attainable when the number of factors and the matrix of factor loadings were known.

One of the main applications of multivariate density estimators is in classification, where they
can be used to construct nonparametric classifiers based on estimated densities from labelled data for
each class. Bounding the excess risk of nonparametric ”plug-in” classifiers in terms of the MISE of
the density estimators of each class, we show that such classifiers can achieve, within a logarithmic
factor, the best obtainable rate.
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Consider a population of spheres of random radii that are randomly placed in an opaque medium.
An experimenter is interested in the distribution of the radii, but the only available data are the lengths
of the line segments that are intersections of the spheres with a random linear probe through the
medium. A practical motivation for studying such problems may come, e.g., from metallurgy, where
linear intercepts are measured on polished metallographic sections (cf., Hilliard and Lawson (2003,
p.117), or Han and Kim (1998)), from geology, where drilling data are analysed, or from medicine,
because of biopsy data. Stoyan, Kendall and Mecke (1987) discuss various approaches to the problem.
The formulation of the problem dates back to Spektor (1950) and Lord and Willis (1951). Although
the problem has been studied for more than 50 years now, there has been no essential progress since
1990th and the existing methods are generally considered unsatisfactory. We reconsider the problem
with modern statistical methodology as an inverse problem of estimating an intensity function of a
Poisson process from indirectly observed and binned data.

Assume that the centers of the spheres form a homogeneous Poisson process on R
3 with the

expected number of c points per unit volume. The radii x of the spheres are random with a distribution
Q on [0, 1], independent of the centers and absolutely continuous (with respect to dx) with a probability
density function q(x). An experimenter is interested in both c and q. It can be shown (see, e.g.,
Szkutnik (2007)) that the observed half-lengths (radii) y of the line segments form then a Poisson
point process on [0, 1] with the intensity function (with respect to dy) of the form nh(y), where n is
the ’size of the experiment’, related to the total length of the observed portion of the linear section
through the medium, and

h(y) = 2y
∫ 1

y
u(x)dx,(1)

with u(x) = cq(x). Notice that nu(x) is the intensity function (with respect to dx) of the unobservable
Poisson point process of spheres radii. Given observed the sections radii, the final goal is to unfold u.
Asymptotics is studied with n increasing to infinity. It is assumed that the observed data are given
in a discrete, binned form. Let [0, 1] = B1 ∪ . . . ∪BN be a partition of the data space into N disjoint
bins. The observed data [n1, . . . , nN ] consist then of the counts nj of the line segments radii observed
in the bins Bj.

The operator defined by equation (1) is a compact operator in L2([0, 1], dx). Consequently,
its inverse is not bounded and the unfolding problem is ill-posed in the Hadamard sense. Inverse
estimation of u in L2([0, 1], dx) corresponds to direct estimation of the intensity h in L2([0, 1], y�4dy)
and of its derivative in L2([0, 1], y�2dy), which illustrates the statistical difficulty of the problem (cf.,
Szkutnik (2007)).

For reasons of mathematical tractability, we change the dominating measures, both in the
data space and in the solution space, and consider the folding operator K as an operator from
L2([0, 1], d�(x)) to L2([0, 1], d�(y)) with d�(x) = xdx and d�(y) = ydy. The functions u and h

are then replaced with f(x) = u(x)/x and g(y) = h(y)/y and the operator given in (1) changes to

g(y) = (Kf)(y) = 2
∫ 1

y
f(x)d�(x).(2)
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Recall that the singular value decomposition of a compact (and, for simplicity, invertible and
surjective) operator K acting between two Hilbert spaces H1 and H2 is a triple consisting of a sequence
{bν} of positive numbers and of two orthonormal bases: {φν} in H1 and {ψν} in H2, such that
Kφν = bνψν . The bν ’s are called the singular values of K. If H1 and H2 are function spaces, then
{φν} and {ψν} are called, respectively, right and left singular functions.

For the folding operator we have (Dudek and Szkutnik (2007)),

Proposition 1 The singular values of the operator (2) acting from L2([0, 1], �) to L2([0, 1], �) are
equal to bν = 2/[�(2� + 1)], � = 0, 1, . . ., with the corresponding right singular functions φν(x) =
2 sin[(2� + 1)�x2/2] and left singular functions ψν(y) = 2 cos[(2� + 1)�y2/2].

The estimated function f will be assumed to belong to a shifted Sobolev ellipsoid defined in
terms of the singular functions:

Fa,C =

{ ∞∑
ν=0

fνφν : f0 = 1,
∞∑

ν=1

(2� + 1)2af2
ν ≤ C2

}
,(3)

with some a > 1/2 and some C. If f ∈ Fa,C , then, in particular, f has a weak derivatives that are
square integrable in [0, 1] with respect to dm(x) := x1/2dx (Dudek and Szkutnik (2007)).

The function f will be estimated in L2([0, 1], �), i.e., the risk of an estimator f̃n will be defined
as the mean square error M(f̃n, f) = Ef‖f̃n � f‖2, where ‖ � ‖ denotes the L2([0, 1], �) norm. With
f ∈ Fa,C , the results of Johnstone and Silverman (1990) and van Rooij and Ruymgaart (1996)
suggest the minimax convergence rate n�2a/(2a+3). However, the methodology based on the modulus
of continuity and the Fano’s lemma, as developed by Johnstone and Silverman (1990), does not work
in our case, because g(1) = 0 for all g ∈ KF a,C , which causes problems with upper bounding the
Kullback-Leibler divergence between densities by the corresponding L2-norm and gives suboptimal
lower bounds, e.g., n�6a/(4a+7) (cf., Kasperkiewicz (2006)). Hence, the approach based on van Trees
inequality and developed by van Rooij and Ruymgaart (1996) will be used.

Theorem 1 For the class of estimators T = {f̃n : Ef‖f̃n‖2 < ∞, f ∈ Fa,C}, there exists a constant
c such that

inf
f̃n∈T

sup
f∈Fa,C

M(f̃n, f) ≥ c n�2a/(2a+3)(log n)�1.

Proof: The proof will be based on Theorem 3.1 from van Rooij and Ruymgaart (1996). With D > 0,
define an auxiliary function class

Ga,D =

{ ∞∑
ν=0

fνφν : f0 = 1, f2
ν ≤ D

(2� + 1)2a+1 log2(2� + 1)
, � > 1

}

and assume that D is small enough so that Ga,D ⊂ Fa,C . The original, non-discretized data consist of
n i.i.d. observations of a Poisson process, say Ng, on [0, 1], with the intensity function g = Kf , given
by (2). Set g0 = Kφ0 = b0ψ0 ∈ KGa,D. Then, a density hg of the distribution L(Ng) of the random
point measure Ng with respect to L0 := L(Ng0) may be written as

hg(M) = exp

[∫ 1

0
(g0 � g)d�+

nM∑
i=1

log
g(Yi)
g0(Yi)

]
,

where M =
∑nM

i=1 �Yi is the empirical process representation of the point measure M–an element
of the space M of point measures on [0, 1], in which random elements Ng take their values. With
f = φ0 +

∑
ν fνφν , one has g = Kf = g0 +

∑
ν fνbνψν and

hg(M) = exp

[
�

∞∑
ν=1

fνbν

∫ 1

0
ψνd�+

nM∑
i=1

log

(
1 +

∞∑
ν=1

fνbνψν(Yi)
g0(Yi)

)]
.
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For the applicability of van Rooij’s and Ruymgaart’s theorem it has to be shown that, with all fν kept
fixed, except for fk, the mapping fk �→√

hg(�) is strongly differentiable in L2(L0), for any choice of
fν , � 6= k, and an upper bound for ‖d√hg/dfk‖L2(L0) has to be found, uniform over f ∈ Ga,D.

Using
∫
ψkd� = 2(�1)k/[(2k + 1)�], one obtains

d
√
hg

dfk
= bk

√
hg

[
(�1)k+1

(2k + 1)�
+

1
2

nM∑
i=1

ψk(Yi)
g(Yi)

]

and further, by distributional properties of Poisson processes and after some elementary calculation,
∥∥∥∥∥

d
√
hg

dfk

∥∥∥∥∥
2

L2(L0)

= b2k e�Λ
∞∑

j=0

Λj

j!
E

[
(�1)k+1

(2k + 1)�
+

1
2

j∑
i=1

ψk(Yi)
g(Yi)

]2

=
b2k
4

∫ 1

0

ψ2
k

g
d�,

where Λ =
∫
gd�, c is an absolute constant and Yi are i.i.d. random variables with density g/Λ on

[0, 1] with respect to �. To obtain a bound for the last integral use g0/g ≤ c2 (cf. Dudek and Szkutnik
(2007)) and write

∫ 1

0

ψ2
k

g
d� =

1
b0

∫ 1

0

ψ2
k

ψ0

g0
g
d� ≤ c2

b0�

∫ �/2

0

cos2(2k + 1)x
cos x

dx.

The last integral evaluates to [γ + ψ(3/2 + 2k) + log 4]/2, where γ is the Euler’s constant and ψ(�)
is the digamma function. Since (cf. Gradshteyn and Ryzhik (1980)) ψ(3/2 + 2k) = �0.58 . . . +
2[
∑2k+1

i=1 1/(2i � 1) � log 2], one easily obtains
∫
ψ2

k/ψ0d� ≤ d log(2k + 1), with a constant d and,
consequently, ‖d√hg/dfk‖L2(L0) = O(bk log1/2(2k + 1)).

Strong differentiability can be justified using the dominated convergence theorem. It is sufficient
to calculate d2

√
hg/df2

k and use the bounds g0/g ≤ c2 and |ψk/ψ0| ≤ 2k + 1 to obtain

|d2
√
hg/df2

k | ≤
√
hg

(
d1 + d2nM + d3n

2
M

)
:= H(M),

with some constants d1, d2, d3 depending on k. Obviously, ‖H‖2
L0

= E(d1 + d2nM + d3n
2
M )2 < ∞,

because nM is Poisson distributed with expectation Λ.
It now follows from Theorem 3.1 in van Rooij and Ruymgaart (1996) that, with some constants

d1, d2 and c,

inf f̃n∈T supf∈Fa,C
M(f̃n, f) ≥ inf f̃n∈T supf∈Ga,D

M(f̃n, f)

≥ d1

∑
k≥1

(2k + 1)2

n log(2k + 1) + d2(2k + 1)2a+3 log2(2k + 1)

≥ c n�2a/(2a+3)(log n)�1,

which completes the proof.

In Dudek and Szkutnik (2007), a spectral type estimator of the form

f̂n(x) = φ0(x) +
N�1∑
ν=1

c̃νφν(x),

has been constructed, with suitably defined coefficients c̃ν based on binned data and such that, if the
discretization rate is not too slow, then f̂n is, essentially, asymptotically rate minimax, so that data
grouping effects are asymptotically negligible.

Theorem 2 Let n = O(N 2a+3). Then, for any sufficiently small C in (3), f̂n is, up to a logarithmic
factor, asymptotically rate minimax over Fa,C , with M(f̂n, f) � n�2a/(2a+3), uniformly for f ∈ Fa,C .
In the class of linear estimators, f̂n is exactly asymptotically rate minimax.
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Remark 1: In Dudek and Szkutnik (2007), the lower bound has been slightly sharpened to
(n log n)�2a/(2a+3), with a derivation based on the Assouad’s Lemma.

Remark 2: There seems to be no simple way to get rid of the log-factors. The logarithm enters because∫
ψ2

k/ψ0d� is of the order of log(2k+ 1). It seems plausible that the log-factor is not superfluous, and
may be related to the restrictions f(0) = 0 and g(1) = 0, which make the estimation problem slightly
easier, statistically speaking. If it is so, then a suitably constructed nonlinear estimator might give a
logarithmic speed-up of the convergence.
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Introduction

Given noisy observations yi, i = 1, . . . , n,

at given ordered time points t1 < · · · < tn, we

consider the problem of finding a function f so

that it is as simple as possible, such that the

curve exhibits a minimum number of local ex-

treme values. This paper will describe the Taut

String method (Mammen and van de Geer, 1997;

Davies and Kovac, 2001) and the smooth Taut

String (Kovac, 2007) for the univariate case and

then extend techniques to the 2-D data problem.

To the right is shown a noisy 2-D dataset and in

this paper a fast algorithm will be described to

remove the noise.
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The Multiresolution Criterion

The Multiresolution Criterion requires that the f fits the data such that the residuals ri =

yi − f(ti), look like noise. By considering the Multiresolution Coefficients which are defined as ωj,k =

1√
k − j + 1

k∑
i=j

yi − f(ti) over all subintervals {{j, j + 1, . . . , k} for all 1 ≤ j ≤ k ≤ n}, we check to see

if the sums of residuals are as small as what is expected from noise. The computational complexity can

be reduced by considering sums over a smaller set of dyadic intervals {{k2j + 1, . . . , (k + 1)2j} for j =

0, . . . , J , k = 0, . . . , n
2j − 1, n = 2J}. By taking the threshold σ̂

√
2 log(n) usually taken for iid normal

noise we have

|ωj,k| =

∣∣∣∣∣∣
1√
2j

(k+1)2j∑
i=k2j+1

ri

∣∣∣∣∣∣ < σ̂
√

2 log(n).

We can estimate the standard deviation from the data using the Median Absolute Deviation (MAD)

σ̂ =
1.48√

2
Median{|y2 − y1| , |y3 − y2| , . . . , |yn − yn−1|}.

The Taut String Method

The Taut String method (Mammen and van de Geer, 1997; Davies and Kovac, 2001) is a non-

parametric regression technique for solving a regularisation problem, producing simple approximations

f that fit the data. It can be seen as a fast algorithm for the minimisation of the functional T O:

TO(f) =
n∑

i=1

(yi − f̂i)
2 +

n−1∑
i=1

λi

∣∣∣f̂i+1 − f̂i

∣∣∣ .

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 4581 -



The first term is the L2-distance or the goodness of fit to the data. The second term is the Total Vari-

ation (TV) or the Smoothing Penalty. The Total Variation looks at the fidelity of the function. For

example, if there is a simple function (eg. a constant function), there will be no penalty term added.

However if there is a more complex function (eg. interpolation of points), a very heavy penalty would

be incurred due to the high number of bumps or local extreme values. This second term essentially

penalises non-smoothness.

Combined with the Multiresolution Criterion, the largest bandwidth or smoothing parameter is found

to satisfy the conditions. The result is a simple piecewise constant curve which is known to approx-

imate the data very well with minimal modality and does not contain artificial extreme values. The

procedure starts with a large global penalty and reduces the smoothing parameter on intervals where

the multiresolution criterion is not satisfied. This local squeezing results in very adaptive approxima-

tions which are particularly well demonstrated in spectroscopy datasets, where there are areas of sharp

peaks and also smooth areas of relative lower magnitude closely situated. As the intervals are checked

against the multiresolution criterion the complexity of the approximation increases, ie. the number

of local extrema increase, until f is found to be sufficient with the least number of local extrema as

possible.
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Figure 1: TL: Kernel DjHeavisine 20, TC: Kernel DjHeavisine 50, TR: Kernel DjBumps 2, BL: Taut

String Method DjHeavisine, BC: Smooth Taut String DjHeavisine, BR: Smooth Taut String DjBumps.
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The Smooth Taut String

The original Taut String approximation (Davies and Kovac, 2001) produces a piecewise constant

regression fit as in Figure 1 (BL Panel). Kovac (2007) introduced a smooth version of the Taut String

algorithm, retaining the benefits of the fast algorithm and properties for eliminating artificial extrema.

Instead of looking at the vertical distances in y-direction, the differences of subsequent values of f̂ are

replaced by their Euclidean distances and the functional T S,

T S(f) =
n∑

i=1

(yi − f̂i)
2 +

n−1∑
i=1

λi

√
(ti+1 − ti)2 + (f̂i+1 − f̂i)2

is minimised, where the local smoothing parameters λi are chosen using the Multiresolution Criterion.

Unlike the original Taut String functional TO, the smooth version of the Taut String functional T S is

differentiable and so minimisation is possible through using optimisation methods. However in using

a numerical method to minimise the functional T S, these techniques increase the time to converge to

an approximation.

Figure 1 shows a comparison of the common kernel regression method (Nadaraya, 1967; Watson, 1967)

with bandwidths 20 (TL Panel) and 50 (TC Panel), where there is a compromise in terms of smooth-

ness of the approximation and retaining key data features like the peak at 1500. On the other hand

in Figure 1 (BL Panel) the Taut String method can clearly be seen to give a simple approximation

without extra local extrema. Also shown in the bottom- center and right hand panels of Figure 1

is the smooth version of the original Taut String found by minimising the functional T S using the

Steepest Descent optimisation method. The smooth Taut String methods work especially well on the

DjBumps dataset (BR Panel), where it can effectively pick out the peaks and smooth areas, without

including additional extrema.

Extension to Two Dimensions

In the univariate case the success of the multiresolution criterion depends on the result of the

distribution of the maximum of n standard normally distributed random variables Y1, . . . , Yn which is

smaller than the value
√

2 log(n), with probability converging to 1 as n converges to ∞.

For a good approximation in 1–D data, the residuals ri should look like iid N (0, σ2), one way to check

this is to look at the ωj,k. If ωj,k ∼ N (0, σ2), then, P (|ωj,k| >
√

2 log(n)) → 0 as (n → ∞). Therefore

it is required that |ωj,k| ≤ σ
√

2 log(n).

Extending the problem from a univariate case to noisy bivariate observations (xi, yi), i = 1, . . . , n,

at given ordered time points t1 < · · · < tn, we consider xi = fX(ti) + εX
i , εX

i ∼ N (0, σ2
X) and

yi = fY (ti) + εY
i , εY

i ∼ N (0, σ2
Y ). The residuals in x− and y− direction are treated indepen-

dently and similarly the multiresolution criterion is used as in the univariate case, where ωX
j,k =

1

σX

√
(k − j + 1)

k∑
i=j

(xi − fX
i ) ∼ N (0, 1) for the x−data and ωY

j,k =
1

σY

√
(k − j + 1)

k∑
i=j

(yi − fY
i ) ∼

N (0, 1) for the y−data.

As in the univariate case we minimise a similar functional to obtain an approximation f :

T 2S(f̂X , f̂Y ) =
n∑

i=1

(xi − ˆfX
i )2 +

n∑
i=1

(yi − f̂Y
i )2 +

n−1∑
i=1

λi

√
(f̂X

i+1 − f̂X
i )2 + (f̂Y

i+1 − f̂Y
i )2.
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Minimisation Algorithm for Two Dimensional Data

Various optimisation methods can be used, however we shall briefly look at one fast algorithm

to find the minimiser of the smooth taut string to minimise the functional T 2S . We look at an al-

gorithm involving an approximation made up of segments where point (i − 1, FX
i−1, F

Y
i−1) is joined to

(i+1, FX
i+1, F

Y
i+1) by a straight line passing through a circle around point (i, 0.5(FX

i−1+FX
i+1), 0.5(F

Y
i−1+

F Y
i+1)) with radius λi. This is similar to the one-dimensional taut string algorithm, where there is an

upper and lower bound constraining the taut string, here in the two-dimensional case we look at a

circular boundary.

(I) We start by taking the integrated data sets Y1 = 0, Yk = Yk−1+yk−1 and X1 = 0, Xk = Xk−1+xk−1

for k = 2, . . . , n + 1.

(II) For the first approximation we take the integrated data FX
1 = X,F Y

1 = Y . For i = 2, . . . , n we

update the FX
i and F Y

i repeatedly until there is no change, say: max{|FX,new
i − FX,old

i |, |F Y,new
i −

F Y,old
i |, i = 2, . . . , n} < 0.0001σ.

(III) For the update step, we firstly let: x̃ = 0.5(FX
i−1 + FX

i+1), ỹ = 0.5(F Y
i−1 + F Y

i+1) and L =√
(Yi − ỹ)2 + (Xi − x̃)2. If (x̃, ỹ) lies inside the circle (L ≤ λi−1), then we let FX

i = x̃ and F Y
i = ỹ.

Otherwise we let FX
i = Xi + (x̃ − Xi)λi−1/L and F Y

i = Yi + (ỹ − Yi)λi−1/L.
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Figure 2: Left: Kernel, Center and Right: Smooth Taut String Methods

Figure 2 shows the applications on simulated noisy bivariate data sets. We can see that the result of

finding the minimiser of the smooth taut string using the algorithm detailed above in two dimensions

does much better in comparison to the kernel method in eliminating artificial local extrema and quickly

produces good smooth fits.
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ABSTRACT 

 
 Manufacturing processes have complex structures. A challenging issue for manufacturing 
engineers is the determination of variables that cause defects or defective products. End product 
characteristics such as quality and process characteristics such as yield may be highly influenced by 
contributions due to the levels of variables at subsequent stages of manufacturing processes. Better 
understanding of these influential factors and development of models for the quality of these 
manufacturing processes are important issues for manufacturing decision making. In this research, we 
consider a casting company producing intermediate products for automotive, agricultural tractor and 
engine industries. Data corresponding to a cylinder head is obtained with the goal of reducing the 
percentage of defects by identifying and optimizing the most important process variables. Decision 
trees and neural networks were used and the results are reported. 
 
Keywords: Casting industry, quality, classification, prediction, neural networks, decision trees 

1. Introduction 
 Some important characteristics of manufacturing process data are missing values, aggregated 
values, high dimensionality, and massive data. Manufacturing processes are generally modeled by 
using traditional statistical tools such as regression analysis. However in some situations, where 
traditional statistical methods fail [1], such as availability of massive amounts of data, other 
techniques may be used to extract information from data. In order to manage this problem, data 
mining approaches (see, for example [3], [4]) are found to be useful in recent years. However, 
application of data mining techniques for improving quality of manufactured products or 
manufacturing processes are limited in the literature. With the advances in the computational power of 
personal computers, computationally intensive data mining techniques such as neural networks or 
decision trees are now easily used in manufacturing environments. 
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 In this research, our purpose is to improve process and product quality in a discrete part 
manufacturing process by using data mining approaches. More specifically, we use decision trees and 
neural networks for modeling defects and compare the results of these models in terms of accuracy 
and robustness. Several comparison measures were considered and computed before reaching any 
conclusive result on the performances of the models. 

2. Problem Definition  

 We apply data mining techniques in a casting company producing intermediate products for 
automotive, agricultural tractor and engine industries. Data corresponding to a particular product (a 
cylinder head) is obtained with the goal of reducing the percentage of defects by identifying and 
optimizing the most important process variables. This goal can typically be achieved by analyzing 
data collected with designed experiments. However, before such experimentation, it is necessary to 
determine the most significant factors involved in the process and their best range of values. 
 Our data set contains 92 daily records with 36 input and 3 output variables, which are all 
continuous. Although there were ten different defect types in our original dataset, only two most 
important and frequently observed defect types have been considered. Two of our output variables are 
the percentage of these defect types observed in the total number of items produced per day. We have 
also included the percentage of defective items as the third output variable. A popular decision tree 
algorithm, classification and regression trees (CART) (see, for example [2], [5], and [6]) was used to 
relate defect types to input factors. Another popular approach, neural networks (see, for example [7]) 
was also used to model the defect types. 

3. Data Mining Algorithms 

3.1. Decision Trees (CART) 

 A decision tree is a simple tree-shaped structure where each internal node represents a test on 
one attribute, arcs show the result of tests, and leaf nodes reflect classes. They are easy to understand 
and can easily be converted to a set of rules. Moreover, they can classify both categorical and 
numerical data and require no priori assumptions about the data. Because of the advantages listed 
above, the decision tree approach is extensively utilized for both classification and prediction 
purposes. One of the most popular and accepted decision tree methods is CART (see, for example 
[2]). CART partitions the data into two subsets so that the records within each subset are more 
homogeneous than in the previous subset. It is a recursive process, i.e. each of those two subsets is 
then split again, and the process repeats until the homogeneity criterion is met or until some other 
stopping criterion is satisfied (as do all of the tree-growing methods). 

3.2. Neural Networks 
 Neural network is a graphical representation of the system that processes the information hidden 
in the data. The network starts with an input layer where each node represents a predictor variable. 
These input nodes are connected to the nodes in the hidden layer with weighted arcs, and the hidden 
nodes are connected to the output layer with another set of weighted arcs. Output layer consists of the 
nodes that represent one or more response variables. Feed-forward backpropagation networks, radial-
based function networks and Kohonen self organizing maps (SOM) are some of the examples of 
neural network algorithms [4]. 

4. Results 

 
mining software of SPSS [8]. We have used 70% of our data for training and the remaining 30% for 
testing. We have made ten replications and averages are reported with each of the neural network 
methods and CART. In each replication, the data is divided into training and test data sets in a 
different manner. 
 We have first compared six neural network methods provided by the software including quick, 
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dynamic, multiple, prune, radial basis function network (RBFN) and exhaustive prune, in order to 
determine the best neural network model for each output variable. As performance measures we 
considered: 
 network complexity measured by the number of nodes in input and hidden layer(s), 
 prediction accuracy measured by mean error (ME), mean absolute error (ME) and correlation 

between actual and predicted output values, and 
 stability measured by the relative difference in MAE between training and test sets, i.e. (Test 

MAE  Training MAE) / (Test MAE + Training MAE). 
 Upon determining the best neural network model, we have also obtained a different decision 
tree model for each defect type and compared these two models based on some performance aspects 
such as accuracy, robustness, computational efficiency, contribution of the input variables, and ease of 
use. Several comparison measures are considered and computed before reaching any conclusive 
results on the performances of the models. 
 Neural network methods are compared based on the results seen in Tables 1-3. Note here that 
the best results are marked with bold face. For the overall defective percentage (y1) the best neural 
network model is obtained by using Prune method which yields the simplest network (1 input and 8 
hidden nodes), best overall prediction accuracy and a relatively stable model. The RBFN and dynamic 
methods yield accuracy results comparable to those of the Prune method. However, these two have 
more complex network structures than the Prune method. For the second output variable (y2), which 
represents the percentage of the first defect type, E-Prune method yields the best overall results. 
Finally, for the percentage of the second defect type, the results are inconclusive. 
 When we compare the neural network model with the CART model for each output variable 
based on the results in Tables 1-3, we reach the following results. For y1, CART model outperforms 
the neural network model in terms of the training accuracy whereas the neural network model 
surpasses the CART model in test accuracy and stability. For y2, CART model outperforms the neural 
network model in terms of the training and test accuracy whereas the neural network model surpasses 
the CART model in stability. For y3, CART outperforms the neural network in terms of the training 
accuracy whereas the neural network model is better than CART in test accuracy and stability. 
 

Table 1. Results for Overall Defective Percentage y1 (Average of Ten Replications) 

 NN method DT method 
Performance measure Quick Dynamic Multiple Prune RBFN E-Prune CART 
# of nodes in input layer 36 36 36 1 36 1 NA 
# of nodes in 1st hidden layer 3 2 7 8 20 30 NA 
# of nodes in 2nd hidden layer - 2 - - - 20 NA 
Training ME -0.39 0.26 -1.05 1.06 -0.01 -0.01 0 
Training MAE 5.41 5.42 5.93 5.20 5.71 5.54 3.23 
Training correlation 0.3393 0.3497 0.3803 0.4944 0.4082 0.5317 0.8098 
Test ME -1.12 -0.29 -1.53 0.09 -0.33 -0.76 -0.21 
Test MAE 6.19 5.88 6.20 5.96 6.00 6.87 6.85 
Test correlation 0.0857 0.0951 0.127 0.2042 0.2371 0.0724 0.0757 
Stability 0.0672 0.0407 0.0222 0.0681 0.0248 0.1072 0.3591 

 
Table 2. Results for Percentage of First Defect Type y2 (Average of Ten Replications) 

 NN method DT method 
Performance measure Quick Dynamic Multiple Prune RBFN E-Prune CART 
# of nodes in input layer 36 36 36 36 36 2 NA 
# of nodes in 1st hidden layer 3 3 28 11 20 29 NA 
# of nodes in 2nd hidden layer - 3 26 - - 14 NA 
Training ME -0.68 0.14 -0.29 -0.51 0.53 0.11 0 
Training MAE 3.24 2.69 2.96 2.26 3.63 1.78 0.85 
Training correlation 0.5014 0.5093 0.6022 0.6763 0.4784 0.7613 0.9460 
Test ME -0.59 0.32 -0.07 -0.30 0.49 0.30 0.39 
Test MAE 3.99 3.42 3.46 3.70 3.55 3.26 1.85 
Test correlation 0.2793 0.1319 0.2433 0.1826 0.3583 0.24 0.6537 
Stability 0.1037 0.1195 0.0779 0.2416 0.0111 0.2936 0.3704 
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Table 3. Results for Percentage of Second Defect Type y3 (Average of Ten Replications) 

 NN method DT method 
Performance measure Quick Dynamic Multiple Prune RBFN E-Prune CART 
# of nodes in input layer 36 36 36 3 36 3 NA 
# of nodes in 1st hidden layer 3 2 19 2 20 3 NA 
# of nodes in 2nd hidden layer - 2 - - - 1 NA 
Training ME -0.10 0.48 0.07 -1.51 -0.88 -0.23 0 
Training MAE 4.36 3.99 4.29 4.76 4.59 4.22 2.77 
Training correlation 0.3367 0.4753 0.4366 0.4763 0.3964 0.5103 0.7295 
Test ME -0.62 -0.26 -0.41 -2.04 -1.52 -0.80 -1.19 
Test MAE 3.91 4.23 4.02 5.06 4.48 4.38 5.30 
Test correlation 0.3567 0.2035 0.201 0.2501 0.2936 0.2088 0.1302 
Stability 0.0544 0.0292 0.0325 0.0305 0.0121 0.0186 0.3135 

 
 In this study, we have also obtained the most important process variables by using neural 
network methods and CART model for each output variable. For y1, the neural network methods yield 
x16, x14 and x29 as the most influential process variables which need to be considered for further 
optimization of the process. The CART model results for y1 indicates x16, x26, x4 and x29 as the 
most important process variables. For y2, x14 and x22 are selected as the most important process 
variables by the majority of the neural network methods as well as the CART model. Finally, for y3, 
the neural network methods generally yields x22, x29 and x16 as the most influential process 
variables which is also supported by the CART results. 
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ABSTRACT

This work aims at presenting Symbolic Data Analysis, and its main methods, having as practical ap-
plication the analysis of the Time Use Survey, already collected by the Portuguese National Statistical
Institute, using de SODAS Software. Symbolic data extend the classical tabular model, where each
individual takes exactly one value for each variable, by allowing multiple, possibly weighted, values for
each variable. New variable types - interval, categorical multi-valued and modal variables - have been
introduced, which allow representing variability and/or uncertainty inherent to the data. Symbolic
data analysis’ main objective is to extend classical data analysis techniques to such symbolic data,
such that the input data and the output results may both be expressed within the same formalism.
Symbolic data analysis underwent a great improvement with the European projects “Symbolic Official
Data Analysis System (SODAS)” and ASSO “Analysis System of Symbolic Official data”; as the result
of these projects a software package SODAS has been developed. Symbolic Data Analysis allows defin-
ing concepts from databases, aggregate data to describe these concepts and later applying symbolic
methods to extract information from the set of obtained concepts. It is hence particularly well suited
to analyse official data, where confidentiality issues limit the dissemination of the individual data.
Also, the possibility of analysing data aggregated at different levels allows having different insights of
population strata, taking into account variability within the considered strata. In this work, we study
the Time Use Survey, which registers the occupation of time of the individuals, associated with their
perception of “being or not in a hurry”. Analysis at different levels of granularity are carried out, for
the different regions of Portugal and comparing for gender and/or age groups.

Keywords. Symbolic Data Analysis; Symbolic data; SODAS Software; Multivariate data analysis;
Time Use Survey.
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The purpose of this case study is to show Database-Marketing management. that is, We 
develop churn prediction models for insurance customer’s data. In this article, churn prediction 
models and scoring models for customer’s data using logistic regression, neural network and 
decision tree analysis are developed.  

 
Keywords: prediction, customer management, data mining 

 
1. Introduction 

Customers become “churners” when they discontinue their subscription and move their 
business to a competitor. That is, Churning is the process of customer turnover. This is a major 
concern for companies with many customers who can easily switch to other competitors. 
Examples include credit card issuers, insurance companies and telecommunication companies. 

Insurance industries have seen many changes during the last few years. Examples are 
liberalization of markets, de-regulation and a fierce competition from other industry sectors. An 
immediate manifestation of a new competitive environment is the escalating problem of churn. 
The more decrease in customer churning rate, the more increase profits by geometric 
progression in some insurance company. According to a report in the economic Research 
Institute for some company, when customer churning rate decrease in 5%, insurance company 
profits rise by 50% and, frequently, a new customer will churn away before the company can 
fully recoup its acquisition costs. It is clear that spending money holding on to existing 
customers is more efficient than acquiring new customers. 

Consequently, Churn management has emerged as a crucial competitive tool, and a 
foundation for an entire range of customer-focused marketing (target marketing) efforts. 

With effective churn management, a company is able to determine what kind of customers 
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is most likely to churn, and which ones are most likely to remain loyal. 
Churn management will be explored with a data mining tool. Churn analysis is a very 

useful and reasonable data mining application in various business fields. We can find churning 
pattern of customers by Churn analysis and recognize customers who could churn. Then we can 
make a special campaign to prevent customer from churning.  

This paper has focused on Churn analysis in Insurance companies. We have illustrated the 
process of the Churn analysis with real data of insurance company in from June 2001 to January 
2002. 

 
2. Analysis Process 

The production of customer conduct score follows a same process from data mining 
process. 

 
Step 1:  OLAP  
From customer DB of substitution quantity, fields(variables) and records(observations) 

necessary for the Customer behavior score are extracted.  
 
Step 2:  Sampling 
Because the data of substitution quantity differs from time to cost for analysis objective, 

samples reflected in characteristic of population are extracted for efficient model construction. 
 
Step 3:  Exploration 
First a basic information and a link between variables is searched for then useful 

information is extracted. 
 
Step 4:  Modification 
Based on information taken through exploration, existing variables are transformed and 

new variables are created. 
 
Step 5:  Modeling 
Using useful variables from the previous step, models such as decision-tree, neural 

network, regression analysis are fitted. 
 
Step 6:  Assessment 
The best model among models obtained in the previous step is chosen comparing effect of 

the models. 
 
Step 7:  Scoring 
Finally, using scoring algorithm gotten in step 6, customers score is evaluated 
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1 Introduction

Suppose that we are given a pair (call it Pair-1) of simple graphical models where one model is of random
variablesX1, X2, X3 with their inter-relationship thatX1 is independent ofX3 conditional onX2 and the other
is of X1, X2, X4 with their inter-relationship thatX1 is independent ofX4 conditional onX2. From this pair,
we can imagine a model structure for the four variablesX1, · · · , X4. The two inter-relationships are pictured
at the left end of Figure 1. We will use the notation [·]· · · [·] as used in Fienberg(1980) to represent a model.
The graph at the top of the two at the left is of the model [12][23] and the one at the bottom is of the model
[12][24]. X1 andX2 are shared in both models, and assuming that none of the four variables are marginally
independent of the others, we can see that the following models have marginals in Pair-1:

(1) [12][24][23], [12][24][34], [12][23][34], [12][234],

which are displayed in graph in Figure 1. Note that the first three of these four models are submodels of the last
one.
It is important to note that some variable(s) are independent of the others, conditional onX2 in the two
marginals in Pair-1, and in all the models in (1). That conditional independence takes place conditional on
the same variable in the marginal models and also in the combined (or joint) models underlies the main theme
of the paper.
The conditional independence embedded in a distribution can be expressed to some level of satisfaction by a
graph in the form of graph-separateness [see, for example, the separation theorem in p. 67, Whittaker (1990)].
It is shown that if we are given a graphical model with its independence graph,G, and some of its marginal
models, then under the decomposability assumption of the model we can find a graph, sayH, which is not
smaller thanG and in which the graph-separateness in the given marginal models is preserved (Theorem 3.3).
Based on this observation, we will propose an algorithm for combining marginal graphical models to the effect
that one can build a decomposable graphical model of a large number of random variables.

2 Preliminaries

We will consider only undirected graphs in the paper. We denote a graph byG = (V,E), whereV is the set
of the indexes of the variables involved inG andE is a collection of ordered pairs, each pair representing that
the nodes of the pair are connected by an edge. SinceG is undirected, that(u, v) is in E is the same as that
(v, u) is in E. We say that a set of nodes ofG forms a complete subgraph ofG if every pair of nodes in the set
is connected by an edge. A maximal complete subgraph is called a clique ofG, where the maximality is in the
sense of set-inclusion. We denote byC(G) the set of cliques ofG.
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Figure1: Two marginal models (Pair-1) on the left and the four graphs of the models in (1)
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For A ⊂ V , we define aninduced subgraphof G confined toA asGind
A = (A, E ∩ (A × A)). We also

define a graph, called aMarkovian subgraphof G confined toA, which is formed fromGind
A by completing the

boundaries inG of the connected components of the complement ofA and denote it byGA. In other words,
GA = (A,EA) where

(2) EA = (E ∩A×A) ∪ {(u, v) ∈ A×A; u andv are not separated byA \ {u, v} in G}.

If G = (V,E), G′ = (V, E′), andE′ ⊆ E, then we say thatG′ is an edge-subgraph ofG and writeG′ ⊆e G.
A subgraph ofG is either a Markovian subgraph, an induced subgraph, or an edge-subgraph ofG. If G′ is a
subgraph ofG, we callG a supergraph ofG′.
For a decomposable graph, we can find a sequence of cliquesC1, · · · , Ck of G which satisfies the following
condition [see Proposition 2.17 of Lauritzen (1996)]: withC(j) = ∪j

i=1Ci andSj = Cj ∩ C(j−1) 6= ∅,

(3) for all i > 1, there is aj < i such thatSi ⊆ Cj .

By this condition for a sequence of cliques, we can see thatSj is expressed as an intersection of neighboring
cliques ofG. If we denote the collection of theseSj ’s by χ(G), we have, for a decomposable graphG, that

(4) χ(G) = {a ∩ b; a, b ∈ C(G), a 6= b}.

It is possible for some decomposable graphG that there are sets,a andb, in χ(G) such thata ⊂ b.

3 Markovian Subgraphs and Combined Models

For a probability distributionP of XV , let the logarithm of the density ofP be expanded into interaction terms
and let the set of the maximal domain sets of these interaction terms be denoted byΓ(P ), where maximality is in
the sense of set-inclusion. We will call the set,Γ(P ), the generating class ofP and denote byG(Γ(P )) = (V,E)
the interaction graph ofP which satisfies, under the hierarchy assumption for probability models,

(5) (u, v) ∈ E ⇐⇒ {u, v} ⊆ a for somea ∈ Γ(P ).

It is well known in literature [Proposition 3.8 in Lauritzen (1996)] that the three types of Markov property,
pairwise Markov (PM), locally Markov (LM), and globally Markov (GM) properties relative to an undirected
graph, satisfy that, for any probability distribution,

(GM) =⇒ (LM) =⇒ (PM).

So, we will writeM(G) instead ofMG(G) and we will simply say that a distributionP is Markov with respect
to G whenP ∈ MG(G).
Let V be a set of subsets ofV . We will define a collection of distributions,

L̃(GA, A ∈ V) = {P ; PA ∈ M(GA), A ∈ V}.

L̃(GA, A ∈ V) is the collection of the distributions each of whose marginals is Markov with respect to its
corresponding Markovian subgraph ofG.

Theorem 3.1. For a collectionV of subsets ofV with an undirected graphG,

M(G) ⊆ L̃(GA, A ∈ V).
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Proof. See the proof of Theorem 4.6 in Kim(2004).
Theorem3.1 lays the groundwork for model-combination since it shows the relationship between a graphical
model with its graphG and a collection of Markovian subgraphs ofG.
Let G = (V, E) be the graph of a decomposable model and letV1, V2, · · · , Vm be subsets ofV . Them Marko-
vian subgraphs,GV1 ,GV2 , · · · ,GVm , may be regarded as the structures ofm submodels of the decomposable
model. In this context, we may refer to a Markovian subgraph as amarginal model structure. These terms
reflect that our goal is to find the model structureG based on a collection of marginal models. For simplicity,
we writeGi = GVi .

Definition 3.2. Suppose there arem Markovian subgraphs,G1, · · · ,Gm. Then we say that graphH of a set
of variablesV is a combined model structure(CMS) corresponding toG1, · · · ,Gm, if the following conditions
hold:
(i) ∪m

i=1Vi = V.

(ii) HVi = Gi, for i = 1, · · · ,m. That is,Gi are Markovian subgraphs ofH.

We will callH a maximal CMScorresponding toG1, · · · ,Gm if adding any edge toH invalidates condition (ii)
for at least onei = 1, · · · ,m. SinceH depends onG1, · · · ,Gm, we denote the collection of the maximal CMSs
byΩ(G1, · · · ,Gm).

Recall that ifGi, i = 1, 2, · · · ,m, are Markovian subgraphs ofG, thenG is a CMS. For a given setS of
Markovian subgraphs, there may be many maximal CMSs, and they are related withS through PSs as in the
theorem below.

Theorem 3.3. Let there be Markovian subgraphsGi, i = 1, 2, · · · ,m, of a decomposable graphG. Then
(i) ∪m

i=1χ(Gi) ⊆ χ(G);
(ii) for any maximal CMSH, ∪m

i=1χ(Gi) = χ(H).

Proof. See the proof of Theorem 4 in Kim (2006).

4 Model Combination

Suppose that we have a contingency table of a large number of random variables whose model structure is
graphical and that we cannot handle the whole table at once for modelling. We propose to develop several
marginal log-linear models and use them for building a model for the whole data set.
In selecting subsets of random variables, it is important to have the random variables associated more highly
within subsets than between subsets. This way of subset-selection would end up with subsets of random vari-
ables where random variables that are neighbors in the graph of the model structure of the whole data set are
more likely to appear in the same marginal model. Once marginal models are obtained, we construct a maximal
CMS based on the collection of the marginal models.
Suppose there arem marginal models. For operational convenience, it is recommended that we start combining
a pair of marginal models which shares more random variables than any other pairs of marginal models. As
more random variables are shared between a pair of marginal models, sayG1 andG2, it is more likely that the
model-combination gets easier, since the shared variables restrict the locations of the other random variables
in V1 ∪ V2 in the model-combination. Once the first pair of marginal models are combined, it is desirable that
a marginal model is selected which shares most random variables withV1 ∪ V2, continue model-combination
until all the marginal models are combined into a model which is a maximal CMS of them marginal models.
A rule of thumb of model-combination is that we connect two nodes each from different Markovian subgraphs
in a given set, sayM, of Markovian subgraphs if the two nodes are not separated by any other nodes inM.
We will formally describe this condition below:
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Figure2: The true model, without the thick edges, used for application. The thick edges are resulted from the
combining procedure.

[Separateness condition] Let M be a set of Markovian subgraphs ofG and suppose we combine two graphs
G1 andG2 in M into H. If two nodes are not separated in any of the subgraphs inM, then they are
adjacent inH as long as the adjacency does not conflict with the separateness in the graphs inM.

Our algorithm for model-combination is rooted in the Separateness condition. We applied the algorithm for
building a log-linear model of 40 binary variables based on a simulated data set. We first developed 6 marginal
models of about 10 variables each and then combined them under the Separateness condition. The result is
depicted in Figure 2. The five thick edges in the figure were created during the combining process. The actual
model structure was fully recovered by the algorithm.
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  Civic Welfare Training Service (CWTS) is one of the three program components of the 
National Service Training Program (NSTP) established under Republic Act 9163.  CWTS covers 
programs or activities that will add improvement to the common wellbeing for members of the 
community or its facilities.  It aims to instill among the students:  citizenship, volunteerism, and 
career exploration and development.  All students of the University of the Philippines need to 
complete two semesters of CWTS as a requirement for graduation if the student selected this as his 
or her choice of NSTP component.  

The teacher has to inculcate to the students that, being scholars of the country, they have to 
volunteer their service not only to the people but also to the country.  This is to show appreciation for the 
people’s support for their quality tertiary education.  Thus, there is integration of civic and social values in 
the course.  What makes teaching CWTS challenging and exciting is that the teacher incorporates statistics 
in the volunteer work that the students will do.  Hence, the teacher prepares the students to do statistical 
work needed by the public and makes them aware of the different paths they can take in their respective 
careers.  
 
CWTS in the School of Statistics 

 
Each college in the University of the Philippines has a free hand in the implementation of a selected 

program component of NSTP as long as it follows its program concept.  The three program components are 
Reserve Officer’s Training Corps, Civic Welfare Training Service, and Literacy Training Service.  The 
School of Statistics opted to offer CWTS for their students.  Junior students take CWTS1 and CWTS2 for 
the first and second semesters respectively.  CWTS1 is the classroom component while CWTS2 is the 
fieldwork or service component.  

Under the curriculum of the Bachelor of Science in Statistics, the School offers CWTS1 in the first 
semester and has the following objectives:  1)  to understand the research process; 2) to increase awareness 
on the ethical issues that arise in research and reach rational conclusions concerning these issues; 3) to 
appreciate the role of the Philippine Statistical System in the country’s development; 4) to improve their 
proficiency in identifying the appropriate statistical analysis in answering a research problem; 5) to recognize 
the misuse of statistical tools in research; 6) to develop their ability to communicate with laymen conducting 
research, from problem formulation to interpretation of results; and 7) to hone their skills in using SAS, 
SPSS, and EXCEL in data processing. 

On the other hand, the School offers CWTS2 in the second semester and has the following objectives:  
1) to apply the things learned in CWTS1 as they help other students complete their undergraduate thesis; 2) 
to learn to volunteer their services to their fellow students without remuneration; 3) to participate as an 
effective group member and solve problems in a cooperative and collaborative manner, and 4) to discover the 
possible careers in research in the service of their fellowmen. 

As stated in NSTP Information Kit, the goal of NSTP is the University of the Philippines (UP) is 
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“Serving Our People, Building Our Nation”.  The University believes in the inner potential of an individual.  
Achievement of this is through the learning environment of the University, which promotes excellence.  
Likewise, the University can help direct the development of the potential beyond personal interest and 
benefits to a greater good for the service of the nation.  
 
The Teacher’s Approach 

To achieve the objectives of CWTS1, the teacher first gives a diagnostic exam covering topics on 
descriptive and introductory inferential statistics.  After the exam, the teacher performs an item analysis to 
determine topics where students need more mastery.  This serves as the basis of the review on descriptive 
and inferential statistics.  Before the review and discussion of any topic, the teacher gives a quiz to 
determine the knowledge/recall level of the students.  

The teacher lets the students learn and understand the basic principles of the research process and its 
importance through presentation and discussion of papers.  This includes interpretation of statistical outputs 
produced by softwares like SAS, SPSS, and EXCEL.  The teacher gives emphasis on topics like research 
ethics, issues, common fallacies in data collection, presentation and analysis, statistics profession in the 
government, and guidelines for effective consultation.  Furthermore, the teacher invites guest speakers to 
talk about the role of the Philippine Statistical System in the country’s development, special topics like 
National Accounts, and different applications of statistics in various fields.  

The teacher groups the students to report on topics like volunteerism, business and social ethics, and 
communication skills.  Each group presents the report in power point or video presentation, and skits 
(dramatization).  This serves to train them in communicating with people especially after they graduate.  
The students initially evaluate and comment after each presentation giving emphasis first on the positive 
aspects followed by areas for improvement.  The teacher then summarizes the learning and gives an overall 
impression.  

For the students to internalize the stages of a research investigation including its ethics and issues, the 
teacher tasks each group of students to do a paper/case study by identifying a problem and using only 
secondary data.  They go through the process of the different stages of the research investigation by listing 
down the objectives, doing a review of literature, constructing tables and charts, and analyzing the results.  
Each group then presents their paper to the class. The teacher evaluates every part of the paper to strengthen 
the skills of the students in doing statistical work.  

In addition, the teacher assigns research topics on conceptual framework, sampling frame, and sample 
size determination to allow the students to research in the library and to search the internet.  They do small 
group discussion before passing their research on the said topics.  The assigned readings enhance their 
analytical and presentation skills.    

To satisfy the CWTS2 objectives for the second semester, the teacher has a line up of activities such as 
free tutorials for college students taking Elementary Statistics, volunteer work in government agencies and 
private individuals, and help build homes for Gawad Kalinga Project.  In preparation for the tutorials in 
Elementary Statistics, there is assignment of a specific topic in descriptive statistics or introductory 
inferential statistics to each student to demo teach.  The purpose of this is for the students to have 
confidence in teaching in front of a class and to be able to discuss topics in a simplified manner.  The 
teacher first presents several guidelines and tips in doing class tutorials and in communicating technical 
aspects to students.  For every demo teaching, the students and the teacher give constructive criticisms 
specifically for areas of improvement.  

Concerning volunteer work in government agencies, the teacher coordinated with three agencies 
involved in doing statistical work and these are National Statistical Coordination Board (NSCB), National 
Statistics Office (NSO), and Statistical Research and Training Center (SRTC).  The students are to render 
service for at least 40 hours to expose them on the different applications of statistics; to train them on the 
different possible tasks in performing statistical work; and to acquaint them to a prestigious company 
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wherein knowledge and skills in statistics are very essential.    
Before the students do their actual volunteer work with the three (3) statistical agencies, the Dean of 

the School of Statistics and the teacher meet with each agency to do expectation setting.  The Dean informs 
them that students are Juniors and have taken up only Descriptive Statistics, Basic Statistical Methods, 
Introduction to Statistical Programming, and Statistical Softwares and Software Applications.  Thus, the 
limitations of students are they still cannot do statistical modeling, forecasting, sampling design, and 
multivariate analysis.  

To promote civic consciousness and volunteerism among the students, the teacher invites University 
students involved in Gawad Kalinga (GK) to orient the students regarding this project.  GK is a housing 
project for the less fortunate brothers and sisters in the community.  It does not only build houses for them 
to live but rather it provides a community where they can grow spiritually and have a source of livelihood.  
Student leaders of GK give talks, slide presentations, and materials to the students.  After the orientation, 
the teacher schedules the GK activity with the students.  The students help build houses by putting sand and 
gravel in sacks, forming human chain to transport cement, gravel, and sand from one place to the other, 
painting, and gardening.  
 
The Student’s Angle 

Students appreciate the review in descriptive statistics and introduction to inferential statistics.  They 
take these subjects now with more enthusiasm and interest unlike when they were in their first year.  The 
concepts they now internalize and learn its actual application in the research investigation done per group.   

The group reports allow the students to be part of a team and to work as a team.  The cooperation and 
support of each member is vital in the success of the activity.  They recognize the role of the team leader 
and the contribution of the team members.  In addition, they learn that dressing up is crucial in doing data 
presentations and reports.  

In the demo teaching, students gain confidence and develop their skills in communication and 
presentation.  They learn how to hold the microphone, how to use the computer projector, and slide pointer.  
In addition, they acquire the skills on how to have eye contact with the audience, how to get the audience’s 
attention, and how to modulate their voice especially if they are using a sound system.  The students 
experience actual hands-on teaching in front of the class thus opening other career opportunities for them.  

Doing volunteer work in some of the government statistical agencies is a revelation for the students.  
They see that the working condition and facilities are beyond their expectation.  There are insufficient 
computers and chairs and some have no decent place where they can eat.  It made them realize that indeed 
the Philippines is still a developing country.  However, despite the inadequacies of facilities, they find the 
employees very dedicated, professional, pleasant, and hard working.  The students appreciate their efforts in 
teaching them statistical work and exposing them to real data.  

The students gain different hands on work experience from the three statistical agencies.  They search 
in the internet for data, definitions, and special topics.  Others do programming in SAS and development of 
web page.  Students develop and enhance statistical training notes and reports in MS Power point.  They 
have exposure to preparation and editing of narrative reports, status reports, and press releases.  In data 
management, they do encoding, editing, updating, matching, and sorting using MS Excel.  For data analysis, 
they prepare statistical tables and charts, compute summary statistics, and compare indices.  In addition, the 
students review existing definitions and reports, perform indexing and imputation.  

Doing volunteer work in statistical agencies is most welcome to the students.  Even though some of 
the tasks assigned are repetitive and tedious, they actively participated.  Others have fewer tasks and found 
themselves just waiting for the days to end.  However, they value the meeting of new people and even 
gaining new friends.  

For Gawad Kalinga, the students get the opportunity to look at their community at a different 
perspective.  It allows them to assess some of their previous ideas and views about their community and 
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themselves.  Volunteering helps expand their knowledge by learning about themselves and the community.  
They become grateful with what they have and develop to be content with the simple things in life.  

The greatest benefit the students receive from volunteering is the self-satisfaction and personal growth 
they acquired by taking time to give a bit of themselves to help their nation and their fellowmen.  
 
Evaluation 

For evaluation purposes, the CWTS1 students retake the diagnostic exam and all the quizzes per topic 
at the end of the semester.  The average scores are significantly higher after having the review and the 
application.  

For CWTS2, the teacher gives an evaluation instrument on the volunteer work performed in the 
different statistical agencies.  Majority learned new things, enjoyed the work, found the tasks assigned 
interesting, and the working experience worthwhile.  However, most students found the total number of 
hours of volunteer work too long considering their heavy academic load. 

The agencies’ evaluation reveals that students show diligence in attending to their assigned tasks.  
They say that students exhibit willingness, which permit them to enhance more their skills.  In addition, the 
students show good working relationship with the personnel and have positive attitude towards work. 

On the University student evaluation for the student and the course, it shows that for both CWTS1 and 
CWTS2, the students demonstrate interest in learning new ideas with an average rating of 1.74.  The 
evaluation uses a scale from 1 to 4, where 1 is the highest and 4 is the lowest.  As to the method of handling 
the course, the students exhibit contentment with an average rating of 1.8.  The students say that enrolment 
in the course indeed enriches their statistical knowledge and promotes civic consciousness and volunteerism.  
They attribute the efficiency of the course to good interaction between the student and the teacher and 
teacher’s mastery of the subject matter.   

The students suggest incorporation of more civic action activities in the course.  They also 
recommend exposure to more research projects and the use of different statistical tools for data analysis.  
For CWTS2, they prefer shortening the volunteer work hours in the government statistical agencies due to 
their academic load. 
 
Conclusion 

The teacher of CWTS should not only have the knowledge and the experience to impart statistics but 
should also have the integrity, moral and social values, discipline, and patriotism.  CWTS instill 
volunteerism, discipline, sacrifice, and love of country and fellowmen.  These values we inculcate in the 
hearts and minds of students even by doing statistical work.  Linking career to statistical agencies enable 
the students to realize what they can do for their country in their own small ways.  
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RÉSUMÉ (ABSTRACT)  
Teaching and promoting civic consciousness among the youth is a challenge to the teacher especially if there is a 
need to link their course in doing service to the nation.  The teacher needs to be resourceful in finding ways for 
the students to explore and develop their career in statistics and at the same time be able to volunteer their time, 
talent, and knowledge for the betterment of the members of the community.  Civic Welfare Training Service is 
usually taught through group reports, training and guided practice in doing research investigation, talks on special 
topics, field practicum, and demo teaching.  The techniques are practically sufficient in enhancing their careers 
and allowing them to have an active contribution to the general welfare.  
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Introduction 

Students in different studies at university bring in widely different pre-knowledge in mathematics and 
statistics. They also differ in their interest and motivation to do more efforts in learning difficult concepts. 
This author’s experience from academic teaching is that there is a definite order in mathematics aversion, 
starting from low levels for mathematics students (!), to rising levels amongst mathematics teacher students, 
students of computer-science, and on top business and administration students. Difficulties with statistics are 
even higher. In this paper, the author describes some activities he has designed for students of business 
administration for the second phase of their curriculum. Before, they had passed an introductory course in 
statistics, which put them at a level comparable to the intended level of the final exam after secondary school. 
The course content was revised in three cycles of teaching. The number of participants is small (21, 16, and 
24 for the third cycle) – the university is a small place and the second phase of statistics is not compulsory.  

The course made extensive use of the strategies to cope with the complexity of statistical notions, 
which are described below in connection with consistent use of spreadsheets in the course. Dynamic 
visualizations to illustrate concepts, and material embodiment of calculations to reveal characteristics of 
concepts, were two of strategies, which proved very successful. Simulation and the exploration of a 
paradigmatic context (an analogy) is another approach used in the course. Below, some excerpts of the 
approach will be discussed with copies of the spreadsheets, which were developed in cooperation with the 
students – at the input of the teacher, and later improved in layout for further use. Feedback from the students 
was quite positive. One has also to take into account that these students are generally not the best at 
mathematics. The students’ motivation was boosted by the use of EXCEL because they already had a good 
pre-knowledge and they learned many more tricks improving their use of it also for other areas; they learned 
for the first time that statistical concepts convey interesting statements about the data to be analyzed and the 
situation in the background. Formulae, which they would have been anxious about, were circumvented by a 
spreadsheet version of it; i. e. formulae were not simply avoided by retrieving a function from a function 
menu but were built up step by step by a spreadsheet, with each single step having an obvious rational. 

 
Discussion about the ubiquity of problems to understand the complexity of statistical notions 

Exam papers of students over a long period give a clear vision that many have no idea how to interpret 
such concepts even though they solve numerically the related tasks. It did not matter whether this author had 
given them extra papers elaborating on such issues, or had extensive discussion about the deeper meaning of 
confidence intervals, or had identified why wrong interpretations are wrong. The difficulties in learning 
statistics are not only due to its mathematical ingredients but seem to stem also from highly complex 
concepts in statistics, which should be illustrated here shortly.  

(i) Empirical research in probability understanding now gives persistent “proof” over the decades, 
starting with the early Kahneman, Slovic and Tversky (1982) studies about elementary misunderstandings, of 
discrepancies between official concepts and private intuitions and imagination and how this shifts individuals 
far away from what may be read off from probabilistic statements.  

(ii) The mixture between causal interpretations of any random experiment like dice throwing and the 
search for patterns in the emerging data sequence and probabilistic perceptions about the experiment in the 
background (like recently shown in Johnston-Wilder 2007) maybe not so important at first sight as dice 
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throwing might not be considered as important for applications. However, for building up mental images 
about what probability conveys, dice throwing or similar experiments are a substantial didactical tool. For 
the importance of such didactical objects see a. o. Borovcnik and Peard (1996) – they should balance for the 
indirect knowledge, which is inherent to probability (see Borovcnik 1994). 

(iii) The ongoing misinterpretation of the α error of a standard test for significance of any null 
hypothesis, which is wrongly taken as the probability of the null hypothesis in case of its rejection is but one 
example. Another one is the inadequate probability interpretation of the result of the confidence procedure 
for a given set of data. The unknown parameter lies within the realized confidence interval or not, which 
illustrates according to Callaert (2007) that a probability cannot be associated to it. But in his attempt to give 
the confidence level a probabilistic meaning by an analogy to a wheel of fortune, he misses the point 
completely, which highlights the difficulties with an adequate interpretation.  

Borovcnik (1992) has elaborated on a mutual relationship between official concepts and imaginations 
and interpretations, which are feasible for them, and on the other hand private intuitions, which individuals 
hold prior to education and after passing education. Along the lines of Fischbein (1987), he develops the idea 
of a dynamic interplay between the “two worlds”, which may be connected only on the level of 
accompanying private intuitions, which are challenged and revised several times. In order to allow such 
interplay, more has to be done than just to teach the mathematics.  

  
Strategies to cope with problems to understand the complexity of statistical notions 

There are a lot of strategies to help such interplay, all well-known in educational statistics.  
Visualization. The EDA approach has initiated an enormous drive towards this general idea. However, 

visualization is a more general and useful idea to display characteristic features of a concept and not only to 
depict data in an easily accessible way in order to facilitate interpretation. Special attention may be attributed 
to dynamic visualization of concepts. 

Simulation. There have been a lot of proposals to fill the mathematical gap of key concepts like the 
central limit theorem by simulation starting from Kissane (1981). One may criticize that many of these 
simulation proposals miss the point of explaining the concept. However, simulation is a didactical tool now 
no one can make a roundabout. The question is more how to flexibly integrate simulation into the theoretical 
development of concepts in class and its discussion with the students. 

Embodiment of situations. To give a concrete embodiment of the situation as simple as possible with 
the main features preserved, is another strategy, advocated and elaborated mainly be the Gigerenzer school 
(see Krauss e.a. 1999). Their research on the use of “natural frequencies” in the embodiment of a two by two 
table to deal with Bayes problems (with only two ways classification like in the medical diagnosis context) 
show considerable progress in successful solving behavior.  

Contexts. To refer to paradigmatic contexts does not give only motivation to students but also helps to 
interpret the concepts in contrast to the context. The medical diagnosis context is a suitable “environment” to 
clarify the standard situation of a statistical significance test, which elements are usually missing when errors 
of second type are not considered and that test decisions may never be interpreted fully without reference to 
this β error under various conditions for the alternative hypothesis. 

Analogies. Teaching with the help of analogies is not new; an early reference is Brewer (1989). An 
analogy thereby is not simply a context. It yields a well-known reference situation; the learners have direct 
access to key questions and may ask for the necessary concepts to answer “their” questions in the analogue 
situation. This leads to easily comprehensible models and reduces wrong interpretations of results to a 
‘feasible’ level. An analogy lets develop and comprehend the required mathematics step by step.  

The list of strategies is by no means complete: e. g. the consistent use of applications and the necessity 
to interpret theoretical results in the context of a real situation can help to understand more about the 
restrictions of the used models and the derived results; ‘elementarization’ is another strategy, by which one 
would teach special cases only, or refer to analogue situations, which are analyzed without the use of 
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mathematics; dynamic visualization is one further strategy to simplify matters. In general, these strategies are 
intended to substitute for mathematical relations, which are out of the reach of the learners or out of their 
interest. The target always is to reveal crucial features of notions and procedures without developing the full 
mathematical background. One may combine the strategies above in introducing a complex concept. 
 
One-dimensional descriptive measures 

Introducing measures of location for a set of data could lead to a discussion of the relative merits of 
mean and median: The mean reacts to all data, while the median is robust as it is not influenced by single 
data. The list of relative merits might be longer but remains “abstract”. The learner gets a clear vision of the 
features of mean / median or of standard deviation / interquartile range when a dynamic representation of the 
data is used in EXCEL (see Fig. 1) and one of the points is moved by a ruler. 

0 5 10 15 20

Data
Mean
Median

Figure 1 
 
Two-dimensional descriptive measures  

The determination coefficient R2 as well as the correlation coefficient R are keys to understand what is 
done in regression analysis. The analogy to error theory relates the task to the prediction problem: How to 
predict the values of an object with respect to the dependent variable if its value of the independent variable 
is known. By intelligent forecast techniques the error of prediction should be kept small. Supposed, we 
compare a naïve strategy (#1) of predicting always the mean of the dependent variable with the linear 
strategy (to predict always the value of the best linear line, #2), which is pre-calculated and used as a black 
box. The improvement may be judged by variances of errors of predictions. By simple spreadsheet 
calculation students get an embodiment of the meaning of R2 as may be seen from the spreadsheet in Fig. 2, 
1 - R2  being the factor by which the original variance is reduced in the residuals. 

residuals
inde- dependent prediction residuals

pendent  = D F1 R1=D-F1 F R

x y m(y) y-m(y) y^ y^- m(y) y-y^

1 3 3,17 -0,17 2,16 -1,00 0,84
2 2 3,17 -1,17 2,54 -0,63 -0,54
3 5 3,17 1,83 2,92 -0,25 2,08
6 2 3,17 -1,17 4,05 0,88 -2,05
1 1 3,17 -2,17 2,16 -1,00 -1,16
9 6 3,17 2,83 5,18 2,01 0,82

sum 19,00 19,00 0,00 19,00 0,00 0,00
mean 3,17 3,17 0,00 3,17 0,00 0,00

variance 3,77 0,00 3,77 1,46 1,46 2,31

prediction = fit
data naive strategy #1 lin. strategy #2

=D-F

Figure 2 
 

Test of a binomial parameter 
The context of multiple-choice examinations with two answers to each of 20 items leads to questions 

like: Is the test suitable to check what students have learned? What happens if a student answers the items 
randomly, how big is the probability to pass the exam (if 11 items are necessary)? What does it mean that the 
exam is fair? Is it fair? What happens to a student who has learned quite a lot and whose success probability 
may be compared to 0.7? Is it possible to design a test fulfilling the assumptions of the binomial distribution 
for the number of correct answers? The context may be visualized by bar diagrams; the success probability 
may be visualized accordingly. The probabilities may be enlivened by simulating the conditions.  

EXCEL lets dynamically simulate these data. Finally the examination by multiple-choice might be 
evaluated by comparing the distribution of correct answers for those who are randomly answering with those 
whose solving capacity has a value p (e. g. 0.7 from above). This gives the well-known figure from textbooks 
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illustrating the α and β error (for a special value of the alternative hypothesis). However, with a spreadsheet 
it is easy to make the figure dynamic (see Fig. 3) and show (i) how the β error varies with a different rule for 
passing the test (e. g. 8, or at least 14 correct answers are required to pass the test), which is associated to a 
different α level of the test; or show (ii) how the β error in increased if the solving capacity p of the learners 
comes closer to the value of 0.5. (Steering the dynamic is again via rulers.) 

     Random answers - learners p = 0.7    red: α-; lilac: β-risk

0,0

0,1

0,2

0 5 10 15 20

Figure 3 
 
Concluding remarks 

Only a few spreadsheets of the course are shown here. Combinatorics may be replaced by recursive 
approaches (Borovcnik 2007). Resampling yields a new approach towards inferential statistics reducing the 
learning difficulties (Christie 2004, or Borovcnik 2007). The students were highly engaged in the activities 
and discussed e. g. fiercely the consequences of alterations to the examination. In the regular evaluation of 
the course the feedback was raised by 1.6 points on a 5 point scale. Some remarks on competing software 
conclude this paper: While FATHOM serves more directly the needs of statistical education (e. g. Maxara 
and Biehler 2007), the effort to learn it establishes a hurdle. The graphic capacity of other software may be 
more convenient but the students appreciated their progress in using graphs in EXCEL. Needless to say that 
they use EXCEL in other courses, and that spreadsheets are widely used outside the university. These relative 
merits of EXCEL are also valid in comparison to other educational software. 
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ABSTRACT

The beginning of the twentieth century marks the advent of statistics as a major discipline supplying
essential tools for the development of some scientific activity at that time. As the society progressed
and the scientific activity developed, the need of statistical knowledge intensify and statistics started
to be introduced in the university curricula. At first statistics was taught to the postgraduate students
in some of the sciences but soon it expanded to the population of undergraduate students in almost
all the subjects studied. Statistical departments started to emerge in many universities. A major step
in the spread of statistics occurred when it was realized that statistics, apart from being essential for
the scientific and professional activities, had the ingredients to help the common citizen to understand
non deterministic aspects of the modern society and to better live in an information and data driven
age. Decision was taken to teach statistics at all levels of the educational academic system and the
last three decades have witnessed the effort of many countries to implement the teaching of statistics
at school level. But how has this task been done in the different countries? Does it depend on the
tradition of the statistical activity in the country, on the size of the population or does it matter if the
country belongs to the community of European countries? In the context of democratization where
everybody is expected to have the same opportunity it is important to know the level of statistical
education of the students leaving school, that is, at the moment they start facing a world where
statistical literacy is a requirement for better living. To compare the statistical curricula from various
countries is what this work is all about.

Keywords. Statistical education; Teaching statistics.
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1. Introduction 

Since its origins, research on statistics education has focused on misconceptions concerning main 
statistical concepts (see Castro Sotos, Vanhoof, Van den Noortgate, & Onghena, in press, for a literature 
review on misconceptions of statistical inference). Based on their empirical studies, Batanero, Estepa, 
Godino, and Green (1996) and Estepa and Sánchez Cobo (2001, 2003) provided a classification for the most 
common students’ misconceptions about correlation, namely the causal, deterministic, local, and 
unidirectional misconceptions. In our experience with students of statistics, we have repeatedly observed a 
misconception that has not been documented systematically and empirically from an educational perspective 
so far. It concerns the so-called non-transitivity property of Pearson’s correlation. Unlike many common 
mathematical binary relations, correlation is not transitive. As already pointed out by McNemar in 1949, this 
non-transitivity property implies that, given three quantitative random variables X, Y, and Z, a positive 
correlation between X and Y and a positive correlation between Y and Z (in terms of Pearson’s correlation 
coefficients, 0XYρ >  and 0YZρ > ), not necessarily mean that X and Z will be positively correlated. In fact, 
X and Z might be uncorrelated ( 0XZρ = ) or even negatively correlated ( 0ρ <XZ ). Langford, Schwertman, 
and Owens (2001) showed that transitivity for positive correlations only holds under very restrictive 
conditions, more specifically, when the sum of the squared correlations is larger than one ( )2 2 1XY YZρ ρ+ > . 
In the social, educational, and behavioral sciences, correlations of a magnitude that satisfy this condition are 
very rare. The widely accepted standards established by Cohen (1988), for example, consider correlation 
coefficients of 0.1, 0.3, and 0.5 as small, medium, and large, and none of those values (even up to 0.7) would 
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satisfy the necessary condition above. The mathematical boundary for transitivity is much higher than 
correlations that can be expected in practice. 

An alternative way of looking at the non-transitivity property is by squaring the correlations. The 
square of a Pearson’s coefficient is the amount of shared variance between variables. By representing the 
amounts of shared variance via Venn diagrams (as is done in Figure 1 for 0.5XY YZρ ρ= = ), it is easier to 
see that even if both X and Z are positively correlated with a variable Y, X, and Z might be uncorrelated, as 
shown in the figure by an empty intersection of X and Z.  
 

 
 

 
 
 

Figure 1: Non-Transitivity as Shared Variance for ( )2 2
XY YZ XY YZρ = ρ = 0.5 ρ = ρ = 0.25  

 
2. Research Aim and Questions 

The study presented here aimed to explore whether university students of statistics know that 
correlation is not transitive and how often the transitivity misconception appears. We also attempted to 
answer three additional questions. First, does the type of representation (Pearson’s coefficients or shared 
variances) make a difference in the number of students who fall into the misconception? Second, is there an 
effect of the size of the correlations involved? Finally, does a context for the problem (vs. a theoretical 
wording) have an influence on the misconception? It can be argued that the perception of such property 
might be greatly influenced by the contextualization (e.g., correlations between school grades) and we 
wanted to identify the misconception independently from the context. 
 
3. Methods and Procedures 

A questionnaire including a multiple-choice problem that addressed the research questions was 
constructed and distributed in January 2007 to 279 university students (182 females, 97 males) from different 
disciplines (Mathematics, Psychology, Medicine…) who were following statistics courses at the Universidad 
Complutense de Madrid (Spain). Most participants were in their first year (70.61%) and had never followed 
a university statistics course before (64.87%). The questionnaires were completed during class time and there 
were several versions according to three factors: the way the transitivity problem was stated (in terms of 
Pearson’s coefficients or shared variances), the values of the correlations for XY and YZ (0.3, 0.5, or 0.7), and 
whether the problem was contextualized or not (the context of the problem, when available, referred to 
school grades in Mathematics, English, and French). The combination of these factors resulted in 12 different 
versions of the problem; each of them was presented to 22 to 24 students. The problem presented the 
students with the (squared) correlations between X and Y, and Y and Z, and asked them to select all correct 
answers from five options about the correlation between X and Z: a) It will be positive, b) It can be zero, c) It 
will be higher than 0.5, d) It can be negative, and e) It will be between –1 and 1. A simple coding for the 
answers was used. Every time a student selected options a) or/and c), the transitivity misconception was 
considered to be “present”. Any other combination of item options was coded as “no transitivity”. “Perfectly 
correct answers” were those given by the combination b) + d) + e). 

After an exploratory analysis of the results, we constructed a log-linear model for the variable “falling 
into the transitivity misconception” (values 1 or 0) and factors: type of correlation (Pearson’s coefficients or 
shared variances), size of correlation (0.3, 0.5, or 0.7), and contextualization (context or context-free 
problem). 

 

Y Z 

0.25 0.25 0.75 0.75 

X 
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4. Results 
34.77% of the students fell into the transitivity misconception and only a small number of students 

answered the problem completely correct (see Table 1). 
 
Table 1: Numbers and Percentages of Students for the Different Answers to the Transitivity Problem. 

No Transitivity Missing Transitivity Present 
Perfectly Correct Other 

Total 

6 (2.15 %) 97 (34.77 %) 23 (8.24 %) 153 (54.84 %) 279 (100 %) 
 
Table 2 shows the proportional distribution of the transitivity misconception for the three factors that 

were manipulated in our study. A log-linear analysis resulted in three main effects (see Table 3). First, 
students who were confronted with the problem stated in terms the Pearson’s correlation coefficient fell into 
the misconception more often (54%) than those who had to answer the problem in terms of shared variances 
(only 18%). In addition, the larger the size of the correlation, the higher the percentage of students 
committing the transitivity misconception (23% for correlation equal to 0.3, 34% for 0.5, and 50% for 0.7). 
Finally, students who dealt with contextualized problems appeared to perform better (only 26% fell into 
transitivity) than those who solved a context-free problem (46%). 
 
Table 2: Number of Students for the Different Answers to the Transitivity Problem According to Factors. 

Transitivity  Transitivity  Transitivity 
Type of 

Correlation Present 
Not 

Present 
 

Size of 
Correlation Present 

Not 
Present 

 
Context 

Present 
Not 

Present 

Pearson 
73 

(53.68%) 

63 

(46.32%) 
 0.3 

21 

(22.58%) 

72 

(77.42%) 
 Context 

36 

(25.90%) 

103 

(74.10%) 

Shared 
24 

(17.52%) 

113 

(82.48%) 
 0.5 

31 

(34.44%) 

59 

(65.56%) 
 

Context- 
free  

61 

(45.52%) 

73 

(54.48%) 

    0.7 45 (50%) 45 (50%)     

 
Moreover, all two-way interaction effects were also statistically significant (see Table 3). The three-

way interaction effect was not statistically significant ( )2 3.43, 0.1796pχ = = . 
 

Table 3: Log-Linear Analysis 
Source DF Chi-Square Pr > ChiSq  Source DF Chi-Square Pr > ChiSq 

Type of Correlation 1 29.83 <0.0001  Type x Size 2 15.71 0.0004 

Size of Correlation 2 15.05 0.0005  Type x Context 1 4.94 0.0263 

Context 1 11.96 0.0005  Size x Context 2 10.82 0.0045 

 
First, with regard to the interaction between the type and the size of the correlation, the difference 

between the amount of students who fall into the misconception for values 0.3 and 0.5 is much larger (and in 
the opposite direction) for items in terms of Pearson’s correlation coefficients (28%-70%) than for shared 
variances (17%-0%). On the other hand, the difference between values 0.5 and 0.7 of the correlation is much 
smaller (and in the opposite direction) for Pearson’s coefficients (70%-64%) than for shared variances (0%-
36%). Second, the difference in the amount of students who make the transitivity error for contextualized and 
context-free problems is much smaller for problems with Pearson’s coefficients (39%-69%) than for shared 
variances (13%-23%). Finally, the increase in the number of students who fall into the misconception 
depending on the size of the correlation is almost non-existent for context-free problems (44%-43%-49%) 
whereas for contextualized problems it is very obvious (2%-26%-51%). 
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5. Discussion and Conclusion 

In our study we confirmed the existence of a misconception with respect to Pearson's correlation 
coefficient, which has not been systematically and empirically documented until now. A large number of 
students appears to think that, given three quantitative random variables X, Y, and Z, a positive correlation 
between X and Y, and a positive correlation between Y and Z, X and Z are always positively correlated. 

This transitivity misconception was more evident when the problem was stated in terms of Pearson's 
correlation coefficient than when the problem was stated in terms of shared variances. It is possible that 
mental representations similar to Venn diagrams act as safeguards against falling into the misconception. An 
alternative explanation could be that the familiarity of Pearson’s coefficient makes it easier or more tempting 
to extrapolate popular and intuitive mathematical properties to this statistic. Furthermore, when the sizes for 
the two given correlations were manipulated, we observed that higher correlations provoked more transitivity 
which would fit with the idea that transitivity becomes more plausible for increasing correlations. Finally, 
students fell into the misconception more often when they were confronted with context-free problems as 
opposed to contextualized situations, which may be explained by students’ difficulties with statistical 
vocabulary as opposed to a better understanding of the question in contextualized situations. 

These results suggest that an important step in the teaching of correlations might be missing in 
university statistics courses or that more stress would be needed on the issue of transitivity, since 
correlational studies are widely spread among all sciences as main tools for analysis and interpretation of real 
data. If students are expected to be able to understand and carry out this type of studies after a university 
statistics course, the instructor could better make sure that students understand that Pearson’s correlation is 
not a transitive relationship. 
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Abstract 
Students who have taken the introductory statistics course were surveyed regarding their knowledge in 
assigning probability using three different approaches: classical, frequency, and subjective approach.  The 
findings show that most of the students are able to solve the classical probability problems; on the other hand, 
the students seem not to be confident in specifying the probabilities, which involve frequency or subjective 
approaches.  This study discusses the results and presents the interpretations to the statistics instructors in 
business schools.  

1. Introduction 

Interpretation of probability is one of the most important concepts in understanding statistical 
inference.  This survey will investigate how students interpret the probability and they are also required to 
give their explanations for their answers.  By conducting this survey, we get some insights on the students’ 
interpretations of probabilities. 

2. Three views of probability 

There are three different approaches of probability taught in most of the introductory statistics 
courses.  The first one is classical or priori classical probability approach.  Here the probability of success 
is based on prior knowledge of the process involved.  The probability may be found by counting the number 
of successes in the sample and dividing the number of outcomes in the sample space.  This approach is 
limited to the situation where the sample space is defined and each outcome is equally likely.   

The second approach to probability is the frequency or empirical approach.  Although the 
probability is still defined as the ratio of the number of factorable outcomes to the total number of outcomes, 
these outcomes are based on observed data, rather than upon prior knowledge of a process.  The assumption 
of this approach is that the random process can be replicated many times under identical conditions.   

The third approach to probability is the subjective approach.  The probability of success in the 
previous two approaches is computed objectively, either from prior knowledge or actual data.  The 
probability of favour in the subjective approach is regarded as a numerical measure of a person’s opinion of 
the likelihood of an event.  Since the interpretation of the probability is personal, different individuals will 
have different opinions and assign different probabilities to a given event.   

3. Coverage of approach to probability in most popular statistics textbooks
Much of the probability chapters in the textbook used for business students are devoted to the 

classical viewpoint.  On the contrary, few paragraphs have been contributed to the discussion of the 
empirical approach and subjective approach.  Some textbooks which are written exclusively for MBA 
students even haven’t any chapters that discuss the basic probability concepts.   

4. What probability is needed in order to understand statistical inference? 
Usually, most of the students do not understand why they have to learn probability.  In fact, what 

probability knowledge is needed to communicate basic tenets of statistical inference? 
The techniques that students have to learn in inferential statistics are sampling distribution, 

confidence interval estimation and hypothesis testing.  The construction of confidence interval and the 
testing of hypothesis involve sampling distribution.  To understand the concept behind the sampling 
distribution, students need to know that the sample statistic, such as sample mean and sample proportion, has 
a predictable probability distribution in repeated sampling.  Probability statements about the sampling 
distribution are reinterpreted as inferential statements such as “95% confidence” and “5% level of 
significance or type one error”. 
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The interpretation of 95% confidence interval means that there is a 95% chance that the interval may 
contain the population parameter.  It is desirable that students may view a 95% confidence interval as one 
particular result from a method that is correct 95% of the time in the long run.  Looking at the above teaching 
goals, it is clear that students should understand the frequentist interpretation of probability in order to 
interpret the statistical inference procedures.  

Bayesian statistics is a new stream of statistics in recent years.  The Bayesian framework is based on 
the subjective interpretation of probability.  The Bayesian statistician has to specify the prior probability of a 
certain event subjectively.  After the specification of prior probability, the data are observed and this prior 
probability, simply speaking, the belief will be revised.  The students should understand that the subjective 
probability is conditional on the current knowledge of the individual. 

The previous two examples have illustrated that aside from the classical approach, the other two 
approaches, frequency and subjective approaches, are also important in the introductory course.  

5. Classroom survey 

To learn about the students’ understanding of probability, a sheet with six probability questions was 
distributed to 136 students from 6 classes of statistics II in May 2004.  For each question, the students were 
asked to (1) make an intelligent guess at the probability, and (2) choose the reasons to explain how he or she 
obtained the probability. 

Question 1: Suppose a card is drawn from a standard deck of 52 cards, what is the probability that a spade 
card may be drawn? 

This question is an easy question for the students.  Practically, most of the students know there are 
13 spades in a standard deck of 52 cards.  So the probability of interest is 13/52=0.25.  The bar chart in 
figure 1 here shows that 101 out of 130 students with valid answers gave a correct answer.  The correct rate 
is about 74.3%. 

Question 2: What is the probability that getting an even number if an unbiased die is tossed? 

This question is a slight variation of the past question.  The correct probability is 0.5, which is found 
by the fact that there are three interested outcomes out of six outcomes in the sample space.  The bar chart in 
figure 2 shows there are 88 out of 131 students with valid answer gave a correct answer.  The correct rate is 
about 64.7%.   
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The probabilities of the following two questions may be found by using the frequency viewpoint.  In 
each question, there is a relevant dataset or population that can be used to compute the probability. 

Question 3: A previous experiment showed that there were 95 heads might be drawn out of 100 tosses.  What 
is the probability that a head may be got in the next toss? 

This probability actually can be found in two perspectives.  Students certainly know that there are 
two possible outcomes when tossing a coin, either tail or head, and most of the students have a strong belief 
that the coin is fair and so the probability of having a head in the toss is 0.5  The distribution of the responses 
is portrayed in figure 3.  However, the problem here is that the coin landed heads 95 times in 100 tosses 
before.  The students may also use this information and they will estimate the probability of having head to 
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be 19/20=0.95.  Out of 136 students, 97 (71.3%) use the classical fair coin viewpoint, and only 31 (22.8%) 
use the frequency viewpoint. 

It is interesting that six students gave the answer 0.75, which is between 0.5 and 0.95.  I conjecture 
that these six students believed initially that the chance of landing a head should be 0.5.  With the 
information of landing 19 heads in the previous 20 tosses, their estimation will then be a compromise 
between their prior belief and the information given. 

Question 4(a): If you come across a student at campus, what is the probability that you come across a girl?   
Question 4(b): Please state the reason of assigning probability in part (a). 

Obviously, the probability in this question may be assigned by visualizing the proportion of girls at 
University.  There are slightly more girls in university and the probability may be 0.6 if following such 
observations.  However, this logic was only used by 24 students out of 135.  The percentage rate is 17.6%.  
Among these 24 students, most of them state that their frequency probability estimate, 0.6, is based on their 
perceptions of the proportions of girls on campus.  A very common response of this question is to say that as 
there are two only possible outcomes, boy or girl, the probability of coming across a girl on campus is half.  
There are 73.5% of the students give this answer.  Among the students who gave this answer, 91% of them 
have this belief.  Only 2% of them state that they give 0.5 is based on their subjective opinions. 

The probabilities in the following two questions are designed to use the subjective view.  The 
probability reflects the student’s belief in the likelihood of the event. 
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 Figure 3                                                   Figure 4 

Question 5(a): What is the probability that Porto, a Portuguese soccer team, may win against Monaco  in 
the final of UEFA Champions League this year (2004)? 
Question 5(b): Please state the reason of assigning probability in part (a). 

If the student had information or if the students were interested in soccer, it would be reasonable to 
give a brief analysis of the teams’ strengths and weaknesses before stating the probability that Porto may win 
against Monaco in UEFA Champions League.  Although this match is a popular and annual important soccer 
match, it is clear from the responses that students generally knew little about the relative strengths of the two 
teams, and so it was probably difficult for most of them to give a subjective opinion regarding the outcome 
of this match.  

Of the 135 students with valid answers, 82 (60.3%) gave the equally likely response.  Mostly 85.4% 
of the students, who gave the answer 0.5, said that they have no idea or have no knowledge in soccer.  They 
said that the winner was either going to be Porto or Monaco so the probability is 0.5.  These students didn’t 
say that this estimate was based on little knowledge about the teams – they just said that the probability was 
half since one of the teams was going to win.  Of all 136 students, 15 (11% only) students gave the 
probability based on the subjective opinion.  Such selection of criteria is obvious if the students said the 
Porto’s probability of winning UEFA Champions League is 0.4.  This opinion may be that Monaco has been 
playing well in recent games; especially Monaco has won Chelsea to get into the final.  Only 20 students 
(14.7%) assign the probability based on their past results.   

The bar chart of the probability estimates is shown in figure 5.  As expected, there is a large spike at 
the value 0.5.  Most of the students’ subjective probability estimates were larger than half. 

Question 6(a): May you guess the proportion chance that you may graduate within four years of study? 
Question 6(b): Please state the reason of assigning probability in part (a). 
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Students should have some subjective opinions on the answer to this question.  They should think 
the likelihood of graduating within four years.  They may use a different frequency approach, they may also 
estimate the probability based on the graduate rates of the undergraduate students.   

Of the 133 students who explained their probability, only 15 (11%) gave a frequentist response.  
Almost half of the students, 68 students (50%) give the probability according to how many credits they have 
taken already.  This choice is especially when they assign the probability be 0 or 1. 
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6. Summary of major findings  

1. The classical probability questions are much easier for the students to answer than the frequentist and 
subjective questions.  The students seem more comfortable with stylized probability questions. 

2. There is a strong inclination for the students to assume the outcomes in the sample space are equally 
likely even when it is inappropriate to make this assumption. 

3. Some students try to compute the probability, even a silly computation, to come up with a probability. 

4. The students are reluctant to use their subjective opinion to state a probability. 

5. There is a tendency for the students to specify subjective probability of 0 and 1 when they have some 
knowledge about the particular situation. 

7. Implications for teaching 

1. The instructors of the introductory statistics courses should discuss the situations where the classical 
approach cannot be applied. 

2. The instructors should spend more time on the frequency approach to probability. 

3. The instructors should discuss more on subjective assignment of probability as such practices are 
important when the students are studying some advance statistics courses, such as Bayesian Statistics. 
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ABSTRACT

“ALEA – Acção Local de Estat́ıstica Aplicada” (Local Applied Statistics Action) is a project set up
for the specific purpose of providing tools related to understanding, using and teaching statistics. It
is aimed essentially at basic and secondary school teachers and pupils and it operates mainly through
web pages (www.alea.pt) with the publishing of various types of content. “Challenges” are one of
the areas of ALEA. It consists on everyday problems put to students in order to develop their liking
for statistics. These problems are based on news stories published in newspapers and magazines and
there are prizes for the best replies. The aim of this poster is to show what kind of questions have
been put to students as well as the evolution of the participation on these Challenges measured by the
number of replies, the number of schools involved and the geographical distribution of these schools.

Keywords. Local Applied Statistics Action; Challenges; Students.
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SUMMARY 

In the Argentine Republic, there are two National Universities training graduates in Statistics: Rosario (1948) 
and Tres de  Febrero (UNTREF) (1998). 

UNTREF is located in the Great Buenos Aires and receives students from that region and from the City of 
Buenos Aires, thus fulfilling one of the objectives of its creation: to meet the demand for Statisticians in that 
area. 

Almost 10 years have already passed since the first works were made with students enrolled and we are 
facing a worrying phenomenon: the demand for Statistics graduates persistently exceeds their offer, and the 
situation reaches the advanced students in the Degree Program, who start to fill the jobs that cannot be 
covered by the graduates. 

The reasons for this situation are generated in the small number of enrollment of students in the Degree 
Program, and it has already been verified that one of the reasons is that it is difficult for those graduating 
from the secondary schools to understand what a Statistics graduate does, what their labor field is, etc., and 
that those enrolling in the Degree Program come, basically, from two sources:  

a. They have a previous Statistics knowledge because they are developing some related activity and they 
wish or need to have a university degree. 

b. They have some specific knowledge of the Degree Program through any close person already graduated 
or who is studying.  

Faced to this, actions tending to revert this situation have begun to be developed basically aiming at two 
objectives: 

1. The increase in the initial enrollment. 

2. The retention of the students who are already in the Degree Program. 

In this paper, the situation observed is described as well as its possible causes and the advertising activities to 
increase the interest and the enrollment in the Degree Program. In parallel, we aim at increasing the retention 
of the students enrolled. 

1. INTRODUCTION 

The Program in Statistics is not one of those that may be called “conventional” or “traditional” (such as 
Medicine, Law, Accounting, etc.), and not even by its name a person may have an idea about the 
competences it covers as it happens with other Programs not included in the previous group (e.g.: History, 
Geography, Anthropology, Computing, etc.). 

This situation causes unawareness about its existence as a degree and about the job possibilities, and raises 
an interesting paradox: it is a discipline unknown as a degree but necessary in all the labor and research 
fields. 
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On the other hand, the popular Statistics vision or concept is related to numbers, tables, charts and, what is 
even worst, the mathematical formulas and demonstrations that from the beginning of the conventional 
education are rejected and feared by most of students. This association between Statistics and Mathematics 
has been the reason for not having much support among those planning to study at the university. 

Finally, as it happens with many technology disciplines (Engineering, Agronomy, etc.), the use of the 
statistical methods in the production and marketing areas is closely related to the economic development and, 
therefore, the demand for statistical knowledge grows exponentially during the expansion periods. 

Then, it is the combination of all these factors mentioned what probably causes the existence of the problem 
we are dealing with in this paper: the training of statisticians: when demand for graduates exceeds offer. 
In the following paragraphs, the problem is described and the actions developed in the UNTREF to face it 
are mentioned. 

2. THE TRAINING OF STATISTICIANS 

The training of Statisticians having a university level was started in Argentina by -at that time called-  
Universidad del Litoral (currently, Universidad Nacional de Rosario – UNR) in 1948 (1) , and the main 
objective set out then was the training of professionals able to supply the incipient public statistical system. 
Later, and related to the ups and downs economic development in the country, the training rotated until it 
also covered the needs in industry, commerce, services, etc. 

The problem detected until mid-90s was that the UNR location, far from the Great Buenos Aires urban 
conglomerate, made the labor insertion of many of those graduating in Statistics difficult, although the 
excellent training given there and the lack of other similar programs allowed the spreading of Statisticians 
throughout the country as well as abroad and in the international organizations.  

Even so, the number of graduates in Statistics was not enough to cope with the growing needs in the different 
fields of activity. This situation allowed the emergence of alternatives (postgraduate studies in Statistics) or 
that the demand for Statisticians was covered by professionals from other disciplines with some elementary 
knowledge in the subject. Also, the lack of a program in Statistics in the Buenos Aires Region was causing 
unawareness about it and that the positions requested were covered by professionals from other disciplines 
(2). 

There were some attempts to create degrees in Statistics in some public and private universities of the 
Buenos Aires region that did not prosper until 1997 when in the recently created UNTREF, the creation of a 
Bachelor’s Degree in Statistics (with an intermedia te Technical degree) was proposed, approved and started 
in 1998. 

During the almost 10 years the Program is in force, 284 students enrolled in it, from which more than 60% 
gave up their studies, 116 students remained attending classes regularly, 55 graduated as Technicians and 26 
graduated as Bachelors. 

3. THE DEMAND FOR STATISTICIANS 

From the beginning of the program in the UNTREF and without making any special efforts to spread -during 
the first years- the existence of this program, demands for graduates or, failing that, for advanced students 
from the program in Statistics began to be received.  

As from mid-2004, those requests were focused on a “job bank” in the UNTREF Program in Statistics, from 
which Statistics graduates or students were called to cover the vacancies in the positions offered. 

                                                 
(1)  In fact, this degree was the first created in Iberoamerica, and its roots go back to the year 1927, when Professor  

Carlos E. Dieulefait obtained the addition of a Statistics syllabus to the programs studied at the School of Law based 
in Rosario, Province of Santa Fe. 

(2)  According to the work areas where statistical procedures were required, the professionals from other disciplines 
covering the Statis tics positions were: Sociologists, Accountants, Engineers, etc.  
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During the period between year 2004 and the end of March, 2007 (less than 4 years), 259 applications to 
cover positions, 144 cases for graduates and the remaining 115 for students, were received. To this, the jobs 
obtained privately by the UNTREF graduates and students have to be added. 

Comparing these figures with those of the Enrolled and Regularly Attending Students and Graduates above, 
a difference between offer and demand is observed, and this does not take into account the cases verified 
before mid-2004 (with values lower in the following years due to the country economic crisis), with which 
the 400 positions required are exceeded. 

The gap between the 144 graduates requested and the 26 generated by the UNTREF was covered, partly, by 
graduates from the UNR, in other cases by students from the UNTREF and in most of the cases by graduates 
from other disciplines having Statistics partial knowledge (Mathematicians, Sociologists, Economists, etc.). 

4. THE REASONS FOR THE PROBLEM 

Without considering a conclusive and final answer (3), some polls and inquiries made have determined that 
the basic reasons for that gap between demand and offer for Statisticians are given by: 

1. Unawareness about the existence of a program in Statistic s in a university based in the Great Buenos 
Aires.  

2. Unawareness about the program objectives and competences as well as the field of activity of the 
graduates in Statistics.  

3. Fear of the Mathematics contents in Statistics and of the efforts that attending to the subjects of the 
Syllabus would require. 

4. The dropout existing in the university programs, also affecting the program in Statistics encouraged 
by the possibility to work in the subject without a need to be graduated. 

5. The delay in the graduation due to the need –for those students who work– to resign hours of study 
and attendance in the interest of a higher dedication to their jobs.  

These five factors cause a drop in the program enrollment or a decrease or a delay in the production 
of graduates, which reduces the offer; but the two following factors increase the demand for 
statistics knowledge and for graduates in this discipline. 

6. The specific Statistics transversality, which reaches all the remaining disciplines and fields of 
activity, where statistics methods are required to solve problems and quantify situations and 
evolutions. 

7. The economic growth and the need to understand the social complexity increases the need to apply 
statistical methods. 

5. ACTIONS DEVELOPED 

Although in the mentioned project submitted to the UNTREF a more precise verification of the impact of 
each one of those factors and the possible existence of others not detected is planned, it has been deemed 
convenient to act in order to try to reverse the growing gap between offer and demand for Statisticians. The 
actions performed up to the present are channeled in two directions: the increase in the program initial 
enrollment and the retention of those studying for the degree in Statistics. 

With those purposes, the following activities were carried out: 

1st. Advertising about the existence of the Statistics Program among the potential students enrolled 

As from the year 2003, a note addressed to the Mathematics teachers in the last year of the Secondary 
education level was prepared asking for their collaboration to spread the existence of this program 

                                                 
(3) Only this year a project has been presented in the UNTREF aiming at –among other objectives – determining 

precisely the reasons for that gap between demand and offer, which is increasingly extending over the time. 
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among their students, particularly among those who have excelled in this subject. In parallel, notes 
explaining the Statistics objectives and applications as well as the comparative advantages for the 
graduates in Statistics were addressed to the parents. 

2nd. High School Support Program 

As from 2004, the UNTREF has taken part in the High School Support Program together with other 
national universities.   

This Program, promoted by the Argentine Ministry of Education, consists in giving the students who 
are finishing the secondary or high school level and who intend to continue their higher education 
studies a voluntary extracurricular course. A workshop is made with university and secondary teachers.  

Among the activities scheduled, apart from Literature and text understanding, a module for the 
interpretation of the statistical information is given and those workshop spaces are very useful to 
advertise the UNTREF Program in Statistics, the professional profile  and the labor placement of the 
future graduates. 

3rd. Unimedia Program 
The UNTREF has taken part in this Program through agreements with secondary schools from its area 
of influence as from the year 2005. Its main objective consists in improving the student transition 
between high school and university, working in two substantive areas such as Language and 
Mathematics. 

In this latter area, workshops are made between the Statistics university teachers from the UNTREF 
and the high school heads of the Departments of Exact and Natural Sciences in order to prepare 
Mathematics brochures containing a chapter for Statistics.  

These brochures are used by the high school teachers to teach their students and complement the 
bibliography they use; and it is through the presence of Statistics in this final part of high school that it 
is expected to reach more students interested in studying Statistics. 

4th.  Understanding of the Quali-Quantitative Information in the UNTREF Entrance Course. 
In the UNTREF entrance course, a subject called Understanding of the Quali-Quantitative Information 
has been included three years ago containing the statistical analysis of said information.  

The contents and the way the subject is given has been the reason -for some candidates to other 
UNTREF programs- to express their interest in the Statistics program.   

5th.  Tutorship Program 
The UNTREF has implemented a tutorship program two years ago in those degrees having an initial 
enrollment lower than 50 students. The “tutor teachers” lead the students as from the entrance course, 
trying to solve the problems that appear during their studies and extending said support during the 1st 
year of each degree because it is during this year when the highest dropout occurs. The degree in 
Statistics is covered by said Program.  

6th.  Amendments to the Syllabus of the Program in Statistics  
After five years this program was started in the UNTREF, amendments to the Syllabus were decided to 
be carried out in order to make the prerequisites of the subjects more flexible. Then, without 
substantially modifying their contents, delays in the graduation of the students were verified. 
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SOLVING THE PROBLEM OF TEACHING STATISTICS? 
 
Liz Gibson, John Marriott and Neville Davies  
Royal Statistical Society Centre for Statistical Education  
Nottingham Trent University, Nottingham NG11 8NS UK 
(john.marriott@ntu.ac.uk) 
 
1 Introduction 

The state of mathematics education in the United Kingdom has been an issue of concern for some 
years. Following a commission by the UK government, Smith (2004) published a report into post-14 
mathematics provision. His report made wide-ranging recommendations for improving mathematics 
education in schools in England. Following one of the recommendations, in 2005 the Qualifications and 
Curriculum Authority (QCA) commissioned the Royal Statistical Society Centre for Statistical Education 
(RSSCSE) to review the position of the teaching of statistics in the national curriculum for England. Indeed 
Smith had suggested that statistics education might be improved by teaching it through other subjects, such 
as science and geography, rather than from its current position in the mathematics curriculum.  

In section 2 we describe the national survey we carried out with a summary of the key findings. In 
section 3 we discuss how the resources were created and in section 4 we provide an example. Section 5 
discusses teaching statistics using a problem solving approach at undergraduate level. 
 
2 The Survey 

In autumn 2005 the RSSCSE/QCA Review (the Project) carried out a national survey of heads of 
mathematics, geography and science in schools in England to determine their views, needs and capabilities 
within the statistics area. A 20% proportionally allocated stratified sample survey of English secondary 
schools was used. An analysis of the results showed that teachers of science and geography appeared more 
confident than mathematics teachers when teaching school students to understand and interact with statistical 
concepts and ideas - skills that are fundamental in developing statistical literacy. 

An examination of the approach to the teaching and learning of statistics within the science, geography 
and other curricula revealed that the key differences between the approach adopted within these subjects and 
that used within mathematics were in the application of statistics to real contexts and problems arising from 
within each subject. The Project recommended that the teaching of statistics should be seeded through real 
world examples drawn from science, geography and other subjects but should be retained within the 
mathematics curriculum. It seemed that teachers of mathematics were confident in teaching statistical tools – 
or techniques – but teaching students how to use them and when, was more difficult because many of the 
contexts explored in the mathematics lessons were artificial and manufactured. By embedding the statistical 
concepts within real contexts and problems, the inherent need for the tools becomes self evident.  This 
resonates with the growing body of evidence that supports the view that statistics is best taught through 
problem solving. Consequently the Project developed a set of learning and teaching resources for use in 
mathematics lessons by mathematics teachers which use a statistical problem solving approach (PSA) and 
draw on real problems in real contexts. Other key recommendations of the Project relevant to the discussion 
in this paper are now summarised. 
• Continuing professional development (CPD): a programme of CPD should be developed for Heads of 

Mathematics with particular regard to teaching how the PSA can best be taught. 
• Teaching materials: a comprehensive range of teaching materials should be developed and made 

available to Heads of Mathematics designed to use real data from other subject areas and should embrace 
the PSA. 

• Future strategy for teaching and learning Statistics: the QCA should promote the teaching and learning 
of statistics and handling data through the statistical PSA. 

• Resources for teaching and learning Statistics: the QCA should promote the development of a database 
of examples of the use of the statistical PSA. 
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3 Resources Development 
In the light of the survey results, the need to create new resources was at least two-fold. First, to provide 
support for mathematics teachers in highlighting areas that statistical techniques are necessary and usable, 
and second to provide professionally presented, user friendly material which can be usefully deployed in the 
classroom.  

In order to develop the materials, we invited a selection of mathematics teachers, as well as teachers of 
other subjects, to the RSSCSE to discuss and share ideas about features we believed would be useful and 
necessary ingredients for the resources. It was felt that all materials should be easy to use, easy to adapt, 
reinforce the statistical PSA and help students appreciate that whatever they do within statistics and handling 
data, they are contributing to the process of problem solving. The New Zealand CensusAtSchool project 
materials are particularly good examples of teaching resources and we used them, with permission, as the 
foundations for the development of our materials. See www.censusatschool.org.nz/resources/.  

The resources themselves were developed using Microsoft PowerPoint, with colour coding and 
symbols used to highlight each section of the PSA. In addition to the colour coding, a map was introduced to 
punctuate the presentation and to consistently reinforce the format of, and approach used in the resources. 
They are designed so that the PowerPoint presentation is the main resource, teachers’ notes are embedded in 
the presentation and quick activities are integrated to aid understanding at different stages. In addition to the 
presentation, supporting resources include a pupil worksheet that mirrors the structure of the presentation and 
in most cases, supporting data are provided.  

 
4 An example 

In this section we present brief details of some of the teaching materials developed for one of the 
problems, ‘How Safe is Your Area?’ This and seven other problems (the four original problems and an 
additional four which were developed later) can be found at www.rsscse.org.uk/qca/resources0.htm. Figures 
1 to 4 illustrate the colour coding that reinforces the current position within the four-stage PSA – this is 
highlighted by similarly coloured bars at the top and bottom of the screen. 
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How safe is the area you live in?

TV, radio and newspapers regularly report crimes and 
crime statistics.

Collect Process

Crime in the Media

Plan

Figure 1 Setting the scene during the 
 planning stage of the PSA 

The Government’s database of crimes can be found at 
www.CrimeStatistics.org.uk.

Process

CrimeStats.org.uk

Search by postcode

Select different
crime types

Note: Data for one year is 
broken down into groups of 
three months.

Where can we get suitable data...

Collect
Plan

Plan

Figure 2 Planning to collect data 

 
Figure 1 shows an example of a teaching prompt for the Plan stage of the PSA and so, for example, in 

this case the class would begin with a quick discussion of the media and their reporting of crime – some 
example questions could be: 
• What was the most recent crime that made the headlines?  
• What kinds of crimes tend to make the headlines? 
• Why do they make headlines?  

Figure 2 shows a teaching example for collecting information and data. The supporting resources 
include comprehensive notes to guide the teacher through different data sources. Figure 3 is a typical 
graphical display generated at the Process stage and Figure 4 forms the background to class discussions of 
what can be inferred from the data. At the last stage it is a good idea to get students to practice by writing a 
report of their discussion and overall findings. 
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5 The PSA for undergraduate teaching 

In the previous sections we have described how the Project led to the development of resources for 
teaching and assessing statistics through the statistical problem solving approach. The target audience for 
these was school-age learners up to the age of 16. In this section we argue that there is substantial evidence 
of a pressing need for similar materials to be developed for use by university undergraduates, at least for 
their first encounter with statistics, and its further use within their chosen degree subject. We rehearse the 
case for this development within the social sciences and illustrate how the resources could be adapted. We 
would argue, however, that the ideas discussed here could be extended to other application areas and levels 
of study. See, for example, Stuart (2003). 

Over the last few years there has been a growing concern within the UK social science community 
about the lack of quantitative literacy in the undergraduate student population. In 2001, Rice et al. (2001) 
reported the results of an enquiry into the use of numeric datasets in learning and teaching within UK higher 
education. The research was sponsored by the Joint Information Systems Committee (JISC) and looked into 
barriers faced by undergraduate teachers (among others) who wanted to use empirical datasets in the 
classroom. Among the recommendations emerging from this report were the following: 
1. a broad initiative is recommended to promote subject-based statistical literacy for students, coupled with 

tangible support for academic teaching staff who wish to incorporate empirical data into substantive 
courses; 

2. the development of high-quality teaching materials for major UK datasets must be funded adequately, in 
order to provide salience to subject matter and demonstrate relevant methods for coursework.  

In reporting their research into the problems faced by education and sociology students Murtonen and 
Lehtinen (2003) concluded that many of these students view statistics with some trepidation and found 
quantitative methods more difficult than qualitative methods. Williams et al. (2004) came to the conclusion 
that there is a crisis in the production of quantitative academic output in Sociology in the UK and relate this, 
through problems faced by students, to a “societal problem of numeracy”. 

In 2006 the Economic and Social Research Council (ESRC) in the UK, in collaboration with the 
funding councils for higher education, issued a number of calls for proposals to address the perceived need 
for the development of undergraduate curricula in quantitative methods. The ESRC indicated that they would 
consider a broad range of ideas and included the following among the examples they cited: 
• the development of undergraduate curricula which takes account of contemporary and topical examples 

to show the value of quantitative research - these should draw on students’ own interests; 
• a need to develop curricula in order to demonstrate to students that they already have the skills needed to 

understand the foundations of quantitative research, by building upon their GCSE experience and their 
computer skills; 

• curricula which encourage students to conduct their own surveys and to analyse the results as part of 
their course work; 

• curricula which encourage applicants to carry out their own research projects through the use of 
secondary data. 

When viewed against this background, the approach adopted for the materials produced by the Project 
is a timely development that would appear to have the potential to meet many of the needs of undergraduate 
students. First and foremost is the need to approach social science problems through an evidence-based 
decision making process - this is a major component of social scientific research methods and is as important 
to the engagement of first year undergraduates as it is to PhD theses and postdoctoral academic research. The 
use of the PSA in teaching quantitative methods could go a long way towards meeting this need. The 
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How safe is the area you live in?
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example we use here shows how one of the problems developed for the Project could be adapted for first 
year undergraduate tuition. 

We use the ‘How Safe is Your Area?’ example from Section 4 because its subject matter will be one 
of considerable interest to newly arrived undergraduates at university. The undergraduate teaching 
programme could start with a discussion of the safety problem, decide the questions the students feel should 
be addressed, followed by revision of the statistical PSA, which they will have met at school within GCSE 
mathematics. At the ‘collection’ stage of the PSA, possibly in their first seminar, the students could complete 
a questionnaire comprising three demographic questions, with date of birth, and three or four other questions 
taken from the British Crime Survey (BCS, www.statistics.gov.uk/ssd/surveys/british_crime_survey.asp ). 
The results could be entered into a spreadsheet and the students would revise the data presentation aspects of 
the statistics they studied at school, summarise the evidence from their seminar group and draw tentative 
conclusions. In the following week they could return to the ‘analyse’ stage of the PSA, now armed with the 
summary results from all the other seminar groups. Opportunities to introduce new measures of spread, not 
studied at school, could be taken here at the ‘analysis’ stage. The discussion now could involve commenting 
on how each individual seminar group compares with the whole cohort. The safety problem then naturally 
leads to two distinct further questions: first, what do other people think; and second what is the actual crime 
profile of the area they live in? The first of these can be developed into a study of survey design, which could 
include the critical appraisal of the BCS questionnaire with the students proceeding to conduct their own 
surveys containing questions specifically related to what they would like to discover. The second could lead 
into a new problem that necessitates the collection of secondary data from, for example, the Crime Statistics 
for England and Wales (www.crimestatistics.org.uk/output/Page1.asp). In these ways the students are always 
involved in the process of formulating problems, collecting data that will help them to address questions that 
they have posed, followed by careful analysis and discussion.  

Our view is that, although the materials developed for the Project may have the look and feel of 
resources suitable for younger learners, the problem solving paradigm and processes involved are the same. 
Therefore the Project resources could provide excellent templates for older learners who need to study 
statistics through the good practice of the PSA: it would be especially useful for those who need to become 
consumers of statistics through their undergraduate careers and beyond. 
 
6 Conclusions 

In this paper we have described the development of teaching and learning material for school-aged 
learners to carry out the PSA as a key component of their statistical education. We have also suggested ways 
in which a similar approach can be used with university undergraduates using the template we have 
developed for school-aged learners. 
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RESUME 

In this paper we report the results from a major UK government-funded project, started in 2005 and completed 
in 2006, to review statistics and handling data within the school mathematics curriculum for students up to age 16. New 
teaching materials that explicitly use a problem-solving approach through other subjects have been developed. We will 
report extensive trialling of these and how these work in the classroom. Extensions of this approach to the teaching of 
undergraduates will be discussed. 
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High Schools curriculum for mathematics in Portugal includes topics in Statistics such as “What is 

Statistics: Fundamentals”, “Types of Variables and Graphical Procedures”, “Measures of Center and 
Variation”, “Scatter Plots and Simple Linear Regression”, “Probability, Bayes’ Theorem and Central Limit 
Theorem” and “Confidence Intervals for the Mean and the Proportion of a Population.” Census Vivo is a 
hands-on project directed toward all high school students whose objective is to introduce statistics by means 
of a series of activities which the students can relate to, therefore bringing more awareness to the importance 
of statistics in their daily life. Some of the activities such as “Black Eyed Peas” or the “Valuable Mean” have 
the main goal of introducing concepts like “Population versus Sample” or “Simulation of the Sampling 
Distribution of a Sample Mean.” Others are designed with real data sets taken from INE (National Institute 
of Statistics) about the regions where these students come from and which they are familiar with. Four 
different schools, namely Escola Secundária Carlos Amarante, Escola Secundária de Caldas de Taipas, 
Escola Secundária Francisco de Holanda and Escola Secundária Martins Sarmento, are part of this Project, 
and over 9 classes from grade 10 to 12 are involved. Census Vivo consists of four distinct phases: 
Discovering Portugal, Getting to Know the Community in which We Live, Dealing with the Data and finally, 
Taking Command, where the central theme for this school year is “How to Measure Growth and 
Development of a Region.” The results from the individual classes will be posted on the Census Vivo website 
to encourage direct dialogue among the participants of the various schools. The activities for Census Vivo are 
meant to be complementary to the curriculum of each school year and are planned in a way that they can be 
easily incorporated into a class. They will be part of a book called “Guidebook of Practical Activities for the 
Census Vivo” and will be distributed to high school mathematics instructors throughout the country. With this 
project, we hope to expand, promote and reinforce the need of Statistics in Portugal and its importance in 
everyone daily life. 

 
 
The Four Phases 
 

Census Vivo is a hands-on project where we use the students’ knowledge of the different methods and 
tools learnt in a math class and apply them to real data sets. We have divided this study into four different 
phases: Discovering Portugal, Getting to Know the Community in which We Live, Dealing with the Data and 
Taking Command. 

 
Discovering Portugal has as its main objective the strengthening of students’ knowledge of the various 

regions of Portugal in which they learn how to use the map of Portugal to represent the different 
characteristics of the population. In this phase, the students will learn and use graphical procedures to 
represent real data where, by using different colors, textures or areas, they will represent features of the 
population on the map. The students will then summarize their findings on the regions of Portugal and will 
discuss and compare the conclusions taken from the different classes in Census Vivo. 
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Getting to Know the Community in which We Live presents a discussion phase in which various 
municipal and/or national figures are invited to meet the students so that they can recognize the importance 
of a Census and see its relevance in the formation of laws and the making of decisions that affect Portuguese 
citizens on both the local and national level. For example, it is easy to see how the needs of a community of 
elderly residents would differ from those of a community with a high population of school-age children. 
Thus, the students will gain a greater appreciation of the concerns and needs of the various regions of 
Portugal and will obtain a better holistic view of their own country. At the end of the phase, the students will 
write public service messages in support of the Census. 

 
Dealing with the Data is where students learn a variety of probability sampling methods, namely 

simple random sampling, stratified and cluster sampling and systematic sampling, among others. A series of 
activities will be done to explore the advantages and disadvantages of these methods and how to adequately 
apply them to the situations being studied. We will also introduce the concepts of statistical inference and its 
importance in a world where uncertainty is present and complex decisions must be made. 

 
Assuming Command is the phase where students are now prepared to perform their own sampling 

studies on the population to which they belong. We will direct students to those issues of greatest concern or 
interest to them so that they will actively collect and analyze the data using the knowledge and skills 
developed in the previous three phases. Themes such as fashion, sport, music, marketing, new technologies 
and literature, among others, will be proposed. The results will be published on the Census Vivo webpage, 
promoting discussions among students, teachers and anyone that wishes to participate. The Departamento de 
Matemática para a Ciência e Tecnologia (DMCT) will promote several meetings so that students and 
teachers can come together for round table discussions of the results obtained at the participating schools. 

 
In all the phases of Census Vivo, the use of real data sets will be a constant factor in the activities 

planned, and as such, we hope to make students more aware of the importance, relevance and potential of 
Statistics. 
 
  
Main Goals and Final Comments 

 
By presenting Census Vivo in class and as part of the curriculum, we hope to achieve a perfect 

symbiosis between the theoretical concepts and how they can be applied in real life. This will be 
accomplished by dealing and working with real data sets in addition to small activities that will make 
students reflect on the different aspects of the concepts involved.  

 
An example of such an activity is called “Black Eyed Peas” which shows how difficult it is to deal 

with a population and how, in some cases, a good sample does a much better job at getting a truer picture of 
the population. The video “My Humps” (from the Black Eyed Peas) is presented, and after showing the first 
30 seconds of the video, the students are asked “How many times did you hear the word ‘humps’?”. They 
immediately complain about the unfairness of the task, but they also realize the various inherent problems 
and the care needed when dealing with a population. This situation simulates some of the common problems 
which touch on the following issues: the individual does not fully understand the task being studied; the 
individual answers anything they want when they do not know the real answer; or finally the possibility of 
making several mistakes in data registry when dealing with large data sets. These problems will produce 
undesirable variability and will be clearly seen in the data collected from the students’ answers. This 
experience continues, now in a more controlled environment, where the students need to count the letter ‘u’ 
from a text presented to them. After 30 seconds we registered their answer and compare the two data sets. 
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Although not all the answer are the same in the latter case, students clearly see the different behavior of the 
two data sets, where the latter shows much smaller variability. The moral of the story is that Population 
Studies require special attention and careful execution. 

 
Working with real data sets will give students greater awareness of the importance of knowing more 

about the population in which they live, how studies can be made, and what the real consequences of a 
Census are for their families, their community and their country in every day life. Census Vivo is a project 
that exposes students of many different ages to the wide range of timely issues that touch on local and 
national themes, such as politics, social problems and contemporary culture. By involving well known 
figures in their community, students will be able to link the notions of local decision-making to the richness 
and diversity of statistics.  

 
By implementing Census Vivo as part of the Mathematics Curriculum in High Schools we hope that in 

the future Census Vivo will be adopted in all classes nationwide. 
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ABSTRACT 
 
Census Vivo (The Living Census) is a project addressed to high school students where questions such as “What is a 
Census?”, “What purpose does a Census serve?”, “How should a Census be conducted?”, “What conclusions can 
be drawn from a Census?”, “What consequences does a Census have for me?” will be discussed. Four different 
schools were selected in the North of Portugal and over nine class groups from grade 10 to 12 are part of this study. 
This project consists of the following four distinct phases: Discovering Portugal, Getting to Know the Community 
in which We Live, Dealing with the Data and finally, Taking Command. We will present several activities within 
statistics for each of the different phases and how they can be incorporated in the curriculum program of each high 
school academic year. Some results and feedback from teachers and students will be presented together with the 
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different results obtained by students. Presenting Census Vivo during the secondary career of these students will 
bring more awareness to the importance of statistics in students’ daily life and will encourage them to more actively 
participate in their civic duties, such as a census or an election. 
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1.  Introduction 
 

In most developed countries, Statistics has become part of the Mathematics curriculum in elementary, 
secondary (high schools) and even in kindergarten schools (National Council of Teachers of Mathematics, 
2000). In the past years, many studies have emphasized the importance of including statistics contents in 
these instruction levels (Holmes, 1980; Hawkins et al, 1991; Wild and Pfannkuch, 1999; Gal, 2002; Franklin, 
et al, 2005). Through a long teaching practice at the Agronomy School (Buenos Aires University), we have 
realized that students who are starting their university programs have scarce or even null knowledge about 
Statistics. Courses taken at college are not enough for students to integrate the notions of statistical 
variability, since students have been taught only within deterministic paradigms. Statistical reasoning differs 
from mathematical reasoning, no matter how essential they are for modern life (Gattusso, 2006; Scheaffer, 
2006). We believe that an early training in uncertainty and variability concepts may give way to more 
effective reasoning and understanding of stochastic phenomena. The focal issue is the training of those who 
are in charge of teaching Mathematics in both elementary and secondary schools. In Argentina, secondary 
school Statistics is taught by Mathematics teachers. Thus, it is very important that these teachers get robust 
statistical knowledge in teacher training colleges. Teaching Statistics in an effective way in high schools – 
and even in elementary schools- will have a beneficial impact on the building of our future society because it 
helps young people to rationally manage uncertainty and random information or events.  

The goal of this study was to make an assessment of the Statistics basic knowledge that Mathematics 
college students from Buenos Aires and Greater Buenos Aires have, and find out how they apply them to 
everyday life situations. The CAOS4 (Comprehensive Assessment of Outcomes in Statistics) test (delMas, et 
al, 2006 (a)) developed by the Minnesota University was used. Information collected allowed to strengthen 
students´ teaching training. We expect to contribute to secondary teachers´ training in Statistics, because 
teachers lead change. To our knowledge, there is little research on this subject in our country and this study 
findings could be useful for comparative analysis with other countries.  
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2. Materials and Methods  
 
This study population comprised all institutions- public or private- granting a Mathematics teaching 

degree in Buenos Aires City and Greater Buenos Aires. Samples were taken from a list of institutions 
provided by the National Department of Information and Educational Quality Assessment. Institutions 
totalled 26, 5 university institutes, 5 teacher training colleges located in Buenos Aires City and 16 in Greater 
Buenos Aires. Students attending the last year courses were tested. Questionnaires were administered by the 
research team. Test administration allotted time was 60 minutes. The test comprised 40 multiple-choice items 
assessing students´ knowledge about elementary concepts of Statistics and Probability. Each correct answer 
was awarded one point. Some personal data, such as gender and age, were also recorded. An item related to 
the definition of Statistics was added to collect information about the epistemological ideas that future 
Mathematics teachers have. It was based on definitions provided by López et al (2002).  

In the first place, frequencies for correct answers, the mean and the standard deviation were estimated. 
Then item-total Pearson correlation was found for each individual question and total score. They showed 
variable magnitude and direction, indicating how strong was the relationship between both variables. 
Reliability was measured by Cronbach´s alpha coefficient (www.unne.edu.ar/syt/2002/09-Educacion/D-
027.pdf). Student group was split in three by the test final score. Group 1 fell into the lower 27% (LG), 
Group 3, into the upper 27% (UG) (Kelley, 1939). The discrimination index was the difference between the 
correct answer percentages of the UG and LG. An item is not discriminating when the index is below .20, 
whereas it is highly discriminating if it is above .40. It is also desirable that the difficulty of an item –the 
proportion of item correct answers- is not below .20 (a very difficult item) or above .80 (a very easy item). 

 

3. Results 
 

Seventy-seven students from 10 institutions (6 public institutes and 4 private ones) answered the 
questionnaire. The average percentage of correct answers was 42%, with a minimum of 20% and a maximum 
of 75%. Percentile 27 corresponded to 35% and 73 to 47.5% correct answers. These percentiles were used to 
split the sample in three groups: Group 1, with the lowest percentage of correct answers; Group 3, with the 
highest percentage of correct answers. Women accounted for 75%. Average age was 29 (SD= 8), minimum 
of 20 and maximum of 63 years old. There were no significant differences in the percentages of correct 
answers by gender or age. Final qualifications the students had in prior statistical courses in their teaching 
programs had no significant correlation with the test percentage of correct answers. Most students studied 
from the notes taken during classes and only eight mentioned that they had read a text-book. Seventy-four 
percent had not used a PC during Statistic courses. No significant difference was found across students using 
or not using PCs.  

Fifty-eight percent considered Statistics as a Mathematics branch, around 33% as a scientific area 
dealing with collecting information from numerical data. No significant differences were found in test scores 
by different epistemological ideas.  

Cronbach coefficient of internal consistency was .46, which is a low value according to Num mally 
(1978). Twelve items had negative correlation with total score, thus increasing Cronbach when eliminated. 
Item 2 and 9 (negative coefficient) referred to box plot charts, item 19 and 25 to p- value and items 29, 30 
and 31 to confidence intervals. All items with negative coefficient were poor for discriminating students with 
the higher and lower percentages of correct answers.  

Item 6 had the lowest percentage of correct answers, even in the UG. This item referred to a frequency 
distribution plot of a quantitative variable and was answered correctly only by 4 students. It is likely that 
most students chose alternative (b), because the graphic had a bell shape which was familiar to them, but 
they were unable to correctly place the quantitative variable, goal percentage, in the horizontal axis.   
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Items 3, 5 and 13 were the best for discriminating among student groups. Item 3 was answered 
correctly by 75% of the UG. Item 5 referred to the representation of the uniform random distribution of digits 
which was  correctly answered by 43% of total students, whereas incorrect answers were equally distributed 
in the other alternatives. Item 13, which tested understanding that comparison across groups does not 
necessarily need equal samples, especially if both data sets are large, was answered correctly by 94% of the 
UG, but only by 41% of the LG.  

In items related to the variable distribution, students chose alternatives with symmetric distributions, 
such as the uniform or normal (items 3, 4, 5, 14, 15). In item 11 and 12, students did not have difficulties in 
making comparisons between groups using distributions. Students had difficulties in interpreting distribution 
graphics of sample means. In this respect, item 35 was answered at random. Item 32, which requires the use 
of standard error, was answered correctly only by one-fourth of students.   

Items associated to box plot interpretation had a low percentage of correct answers. Through 
interviews with students’ teachers, we knew that this content had not been taught. Teachers also mentioned 
that the hypothesis testing was not taught either due to lack of time. Items testing knowledge about –p value 
had a very low percentage of correct answers. Only 18% students answered correctly item 7, which tested the 
need for randomization in research.   

Item 36 (probability) had 46% of correct answers, which was the maximum value for this subject, 
since items 16, 17 and 37 had very low percentages, 16%, 23% and 13%, respectively.  

Students showed that they understood variability within the context of repeated measures and realized 
that a minor variability is expected within a specific context: i.e. a teacher’s choice of ways to go to work, 
given specific time for five different days in each way (item 18). About three-fourth students considered 
correct the alternative of a way having a mean slightly higher but with less variability.  

Item 22, testing correlation and causal relation, was answered correctly by less than one-third of 
students, whereas 41% chose the answer indicating tha t a statistically significant correlation determines a 
causal relation. Students seemed to understand bivariate relationships, however, the student percentage 
answering correctly was lower with the inclusion of an outlier.  

 
4. Discussion 
 

This study provides a panorama of the present teachers´ training in Mathematics. These future teachers 
will teach Statistics in coming years. It shows their general statistic knowledge background and how they 
apply it in daily life situations. Novel teachers graduate with lots of difficulties and lack of essential 
statistical knowledge that may impair their future teaching. The lack of confidence in their knowledge makes 
them feel uneasy at teaching, therefore they try not to teach Statistics or reduce its contents, alleging lack of 
time. Research carried out in other countries (Rubin and Rosebery, 2000; Makar and Confrey, 2004; Stohl, 
2005) show coincident conclusions. 

The percentage of correct answers was 42%, somewhat different from 51.2% of the post-test 
administered by Del Mas et al (2006, (b)), after a first Statistic course in universities with a non-
mathematical level. In the present study, Mathematic teacher training college students surveyed had already 
completed their statistical training.  

Most students had not us ed PCs in their program. Anyway, those who had did not perform better, 
because such use may not have a great influence on statistical concepts. PC may be effective in saving time, 
which could be devoted to a better concept acquisition and understanding, and could be used in analysing 
real data instead of time-consuming calculation (Godino, 1995). 

Most of the future teachers believe that Statistics is a Mathematics branch. This epistemological view 
differs form the results found in a study carried out with Statistics teaching teams in Argentine Agricultural 
Universities, in which only 2 professors out of 23 held this view. Most professors considered Statistics as a 
set of self-governing procedures for decision–making (López, et al, 2002). 
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ABSTRACT

Accelerating growth of computerized learning and teaching facilities, or E-Learning, has already had a
major impact on all educational systems. Online E-learning moves the educational process out of the
traditional classroom and fosters numerous novel opportunities such as interactive and dynamic inter-
faces, self-paced learning and self-evaluation tools, courseware, and online discussion forums linking
learners, educators and practioners worldwide. At the same time E-Learning poses new methodologi-
cal, technical and organizational questions to be resolved. This talk discusses the on-going project at
the University of Waterloo, Canada, on developing and validating new E-Learning tools for teaching
forecasting and time series analysis as a higher level undergraduate course in statistics. Our project
consists of two major parts: an interactive online module of real-world case studies that illustrate the
major modeling and forecasting concepts such as the time series exploratory analysis, the Box-Jenkins
methodology and model selection, and an extensive online bank of questions that are linked to case
studies and used for computer-assisted self-evaluation and final examination in the course. In this
talk we summarize our positive and negative findings, outcomes and challenges of using E-Learning
technology for teaching time series and forecasting.

Keywords. E-learning, computer-assisted evaluation, time series analysis, forecasting.
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Abstract: 
In this paper we analyse the competencies of future primary school teachers in solving data analysis 
projects. To study their probabilistic intuitions we posed a project, which involved carrying out an 
experiment, collecting and analysing data to 55 student teachers. We conclude that these student teachers 
know the elementary statistical concepts and procedures they should teach; however they scarcely interpret 
the results to get a conclusion about the problem investigated in the project. Even when the future teachers 
show a conceptual and procedural competence, they lack interpretative and application skills. We suggest 
that, a condition for a meaningful statistical education in primary school is taking into account these 
shortages in the training programme directed to teachers.  

1. Introduction 
Nowadays Statistics is part of mathematics curricula for primary and secondary school classes in many 

countries. The reasons to include statistics teaching have been repeatedly highlighted over the past 20 years 
(Gal, 2002), and include the usefulness of statistics for daily life, its instrumental role in other disciplines, the 
need for a basic statistical knowledge in many professions and its role in developing a critical reasoning. A 
theme on “Data analysis, chance and probability” is included in the mathematics Official Curriculum for 
Primary Education in Spain. The mastering of the basic statistics content and its pedagogy is required if we 
want primary school teachers be able to carry out an efficient teaching of the topic and therefore should be 
included in the training of these teachers. 

In this paper we describe an experience directed to train primary school student teachers in statistics and 
its didactics that was carried out in the Department of Didactic of Mathematics at the University of Granada 
(Spain). In this experience a didactic unit based on a data analysis project was used to contextualise the 
elementary statistical contents included in the Spanish curriculum for primary education; at the same time the 
project served to develop the pedagogical content knowledge related to those contents. Statistical projects are 
conceived to introduce an exploratory and participating dynamic in the classroom, in agreement with the 
recent recommendations on teaching statistics  (Nolan and Speed, 1999; Connor, Davies and Holmes, 2006). 
In fact, it would be desirable that the future teachers choose their own projects to work on them in teams of 
two o three students (Batanero and Godino, 2002). 

 Below, we firstly describe the educational context and the teaching methodology used in training the 
future primary school teachers. Then we briefly describe the project, “Check your intuitions about chance”. 
In section 4 we report results of assessing the students’ statistical knowledge and competences. We conclude 
with some final reflections as regards  the need to improving the training program of future primary school 
teachers in Spain and highlight the potential of data analysis projects as a tool to develop statistical 
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knowledge.  

2. Educational setting and methodology 
We worked on the data analysis project described in section 3 with a group of 55 primary school 

student teachers that took part in a course of  “Mathematical curriculum” taught in the Faculty of Education 
at the University of Granada (Spain). These students had previously taken a Mathematics and its Didactics 
course the previous year with only 20 teaching hours devoted to statistics and related pedagogy.  The course 
“Mathematics curriculum” is mainly oriented to train the future teachers in the pedagogical content 
knowledge. The project was presented to the students in a 90 minutes session, where they were asked to 
invent a random sequence as well as to carry out the simulation experiment of throwing a fair coin 20 times 
in order to collect data for the experiment. After each student performed the experiment and took his/he data, 
the lecturer introduced the notion of run, number of runs in 20 throwing and length of the longest run. Each 
student was asked to compute these data, as well as the number of heads in 20 throwing for both the invented 
and the real sequence in the experiment.  Each student data were recorded in a sheet that was photocopied 
and given to the whole class.  Students were asked to analyse this small data set, get a conclusion about 
whether intuitions about random sequences in the classroom were sound or not and produce a written report . 
The students knew (from the previous course) some statistical procedures and concepts; a discussion in the 
classroom was organised to see which of them were suitable to analyse the data and get a conclusion about 
people’s intuition.  

Students were given an assignment (home work) to complete the analysis and report during the 
following week; they should use the statistical graphs and procedures  that they considered better suited to 
answer the project questions. They were free to work in teams and  use any computing software available to 
them, but each student should write his/her own individual report. We asked the students to include any 
statistical table and graphical representation they needed to analyse the data and also explain in detail their 
conclusions about the people’ s intuitions on chance and the ability to simulate (invent) a random sequence 
resulting of throwing a coin 20 times.  

After the project was finished and the results were discussed in the classroom, this  project was also 
used by the lecturer to discuss with the future teachers the pedagogical content knowledge involved in 
teaching and learning of basic statistics in primary school in the following days. Nevertheless, due to lack of 
space, in this paper we focus our attention in the results of assessing what statistical knowledge was 
developed by the teachers in the activity, although in the course we tried to articulate the content knowledge 
and pedagogical content knowledge in teachers’ s training. 

3. Data analysis project: “Check your intuitions about chance” 
A didactical unit, which was based on a statistical project and was designed to develop the theme of 

“data handling” in 6th level of primary education, was presented to the future teachers. The first step was to 
propose the future teachers to carry out themselves the experiment involved in the project and to analyse the 
data obtained in the whole class. Secondly, we organised a collective discussion of the statistical and 
didactical features of this project, the teaching of statistics through project work and the extent to which the 
project was useful to teach the statistical content in the 6th level. The sequence of activities in the project was 
as follows. 

1) Initial instructions and collective discussion.  We propose the future teachers the following questions: Do 
you have a good intuition about chance? Are you able to write apparent random results of throwing a coin 20 
times (without really throwing the coin, just inventing the results) in such a way that other people could think 
you really threw the coin?  

2) Individual experiments and collecting data. Future teachers were encouraged to try themselves the 
experiment and invent a random sequence. At the same time they were asked to perform the experiment in 
order to compare the invented (simulated) and real (random) sequence of results: Let’s check your intuitions 
regarding the random results. Below you have two grids; write down 20 simulated throwing of the coin in the 
first grid. Flips 20 times a coin and complete the second grid. Write H for head and T for tail.    

Simulated throwing  
cc cc cc cc cc cc cc cc cc cc cc cc cc cc cc cc cc cc cc cc 
Real throwing  
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3) Classroom discussion, new questions and activities. After each student performs the experiment they are 
asked how can we to distinguish a simulated sequence from a real random sequence. After a while some 
students might suggest to compare the number of heads and tails in the two sequences, and argue that we 
should have 10 tails and 10 heads, given that the events have equal probabilities. The lecture might pose new 
questions similar to the followings: If the sequence is random, should we get exactly 10 heads and 10 tails? 
What if we get 11 heads and 9 tails?  Do you think in this case the sequence is not random? What about 18 
heads and 2 tails? Would it be useful to compare the number of heads and tails in the real and simulated 
experiments for the whole class? 

  The session continues collecting the data about number of heads, number of runs and length of the 
longest run for the whole classroom. Students are given a copy of the data for the whole classroom and are 
asked to carry out a statistical analysis to get conclusions on peoples’ s probabilistic intuitions about these 
kind of stochastic processes. 

4. Assessing the future primary school teachers’ statistical knowledge 
After the students presented their reports, a qualitative analysis of responses serve to generate some 

variables that were analysed with SPSS, including cluster analysis (k-means) of variables to identify 
typologies in Students’ performance as regards statistics.  Since the students of our sample had received a 
previous training in elementary statistic and probability during their first year of their carrier (for about 20 
hours) they were supposed to know frequency tables, bar charts, histograms, averages and dispersion 
measures. In the following we describe four typologies identified in the cluster analysis that we interpret as 
cognitive configurations (Godino, Batanero and Font, 2007), as regards the students’ statistical knowledge 
and competence.  

Type 1 (33 students, 60%): These students do not recognise the individual experiments carry out by each 
student in the class as part of the sample that should be globally analysed to conclude on the people’ s 
intuitions. Part of them only analyses their own data (compare their results in the two sequences) and expect 
a coincidence. In some cases they only analyse a variable (usually the number of heads), for the real or 
simulated experiment, but they do not compare the same variables in the two samples (real and simulated 
sequences). They prepare absolute frequency tables, but either do not elaborate a graphical representation or 
prepare an incorrect one (for example plotting results in the two sequences for each student in a paired line 
graph); they usually compute the mean, but do not get any conclusion about differences in the distribution or 
about the probabilistic intuitions in the group of students. 

Type 2 (10 students, 18,2%): These students analyse the three pair of variables (number of heads, number of 
runs, length of the greater run, for the simulated and real cases). They produce tables, graphical summaries 
(bar charts of line graphs), and statistical summaries independently for each variable. They do not compare 
the simulated and real distributions and only describe partial aspects of the distributions; e.g. the averages. 

Type 3 (9 students, 16,3%): Similar to type 2, but the students produce joint representations for each pair of 
variables (or joint tables); this facilitates the comparison of each pair of distributions, although, usually the 
comparison is limited to the averages, without taken into account the spread. Other students focus on the 
spread, and do not use the averages. They get no conclusion about the probabilistic intuitions in the group. 

Type 4 (3 students, 5,5%): Similar to type 3, but the student do compare both averages and spread. They 
conclude that the group has a good intuition on the average number of heads and tails in a random sequence 
but not about the dispersion. The class has a bad intuition about runs.  

In table 1 we include the frequency and percentages of students (n= 55) that used correctly or incorrectly 
different statistical knowledge. In general students show knowledge of statistical graphs and summaries. 
Some errors were produced in identifying the statistical variables (comparing individual values, instead of 
using the distribution of number of heads, runs or longest run in the whole group) or in inadequately plotting 
the data (e.g. plotting in adjacent bar graph each couple of values for each individual; plotting in the same 
graph the different values got in the individual experiments).  However, the number of students who got a 
conclusion was very small, even in comparing the means or spread of two distributions. 
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Table 1: Frequency and percentage of statistical knowledge used by the students  

 Correct Incorrect 
Statistical knowledge Frequency Percentage Frequency Percentage
Statistical variables and values 44 80.0 11 20 
Mean  16 29.1 1 1.8 
Median   1 1.8 
Range or standard deviation 16 29.0   
Bar charts or line diagram   13 23.6 
Matched bar charts or line diagrams  10 18.2   
Identification and elaboration of frequency distributions 22 40.0 3 5.5 
Conclusions on the equality/inequality of averages 16 29.1   
Conclusions on the equality/inequality of dispersions 10 18.2   
Conclusions on the probabilistic intuitions 3 5.5   

 
5. Final reflections 
The data analysis project “Check your intuitions about chance” served to contextualise the elementary 
statistical notions and procedures included at primary school and to use them to solve a problem in a research 
setting. The project– situation posed has permitted to overcome the traditional “knowledge division” in 
textbooks and the traditional orientation toward the concepts and procedures presentation. Even in primary 
education teaching and learning statistics through analysis of realistic problems will give a  “situational 
meaning” to statistical concepts and techniques. In our experience, the investigation  of our intuitions about 
the behaviour of random sequences lead to compare frequency distributions, and thus justify the tabular, 
graphical and numerical data reduction (use of averages and spread measures).  

Another feature of using projects in statistical education is the multivariate approach to data analysis. Making 
decision in random situations requires take into account, not just one variable, a unique perspective, but a 
multiple approach: the average number of heads and tails in the simulated and real sequences are quite 
similar, but not the average of run length, or the number of runs. People have a good intuition on 
equiprobability, but not of variation in a random process. To recognise these features of stochastic processes 
is crucial to overcome probabilistic biases such as the “gambler fallacy” (Tversky y Kahneman, 1982), so the 
project also permits future teachers to reflect on the multiple models present in a random sequence. Our 
research also suggest the need to improve the statistical training of future primary school teachers and the 
possibilities of activities similar to that we have described. This will be only possible if significant changes 
are introduced in the initial teachers’ training syllabus assigning more teaching hours to mathematics and 
statistics education.  

Acknowledgments: This research work has been carried out in the frame of the project: MCYT – 
FEDER (UE): SEJ2004-00789. 
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ABSTRACT  
The aim of this paper is to compare statistics tools employed in scientific production in education area and 
those presented in teaching plans and didactic books of Statistics courses in Education. We investigated 560 
papers, 107 dissertations and theses and sixteen teaching plans for Statistics with respective didactic books in 
Education of Education College in São Paulo state. The results indicate that in both scientific production 
(papers, dissertations and theses) from the field of Education and Statistics contents in teaching plans and 
didactic books in these plans the emphasis is on Description Statistics.  
 
1. INTRODUCTION 

Our teaching practice in Statistics has shown us how statistical knowledge can be far removed from 
other content taught in courses where it is instrumental in nature, particularly in the area of Human Sciences. 
It follows that Statistics teaching must treat questions relating to the student’s reality, helping them to see 
how quantification is used in various daily experiences. 

Sowey (1995) points out that teaching Statistics coherently means to insert it in a larger context. When 
students know and understand the statistical techniques taught, perceiving their meanings and implications as 
a whole where they are used, it widens the possibility of the knowledge becoming part of their cognitive 
structure and to be lasting. 

Oliveira and Grácio (2003) point out that, in this context, the Statistics teacher needs to construct 
courses that prioritize those statistical techniques that are more pertinent to the working area of the future 
professional.  

In this paper, we aim to compare the statistics tools used in scientific production (papers, dissertations 
and theses) from the field of Education and those present in teaching plans and didactic books of Statistics 
courses in Pedagogy College with the purpose we verify if taught contents is adequate to Education area 
context.  

 
2. METHODOLOGY 

We use as result of scientific knowledge production of Education field the papers published in 
Brazilian periodics, the dissertations and theses of the area. We analyze all papers contained in three 
international insertion periodics and other three ones of national insertion from 1996 to 2000 period. The 
select international insertion periodics were: Cadernos de Pesquisa – Fundação Carlos Chagas, Educação & 
Sociedade and Educação & Realidade. The select national insertion periodics were: Cadernos Cedes, 
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Educação e Filosofia and Revista Brasileira de Estudos Pedagógicos. In regard to the course conclusion 
works of Post-Graduation we analyze master dissertation and doctorate theses in Education area, argued in 
the 1996 e 2000 period, contained in the available heap at the College of Philosophy and Science library of 
UNESP, Marilia Campus. In this heap there are Post-Graduation research argued in various University: State 
University of São Paulo, Federal University of São Carlos, Catholic University Pontiff - São Paulo, Federal 
University of Rio de Janeiro, Federal University of Bahia and Campinas University. In surveyed scientific 
production (papers, dissertations and theses) we analyzed variables and statistics tools employed. 

Concerning the statistics teaching plans of Education area, we selected 47 private and public 
Institutions of Superior Education with a College of Education, in São Paulo State, by means of systematic 
random sampling. Only fifteen institutions answered our request to send the teaching plans to us: six of them 
informed us that they do not have Statistics in their College of Education, and nine sent their teaching plans, 
for a total of 16 teaching plans. In each teaching plan, we identified the statistical techniques and tools 
presented in the programmatic content. Then we examine fourteen Statistics didactics books mentioned in 
basic bibliography of the analyzed teaching plans. In each book, we identified statistics programmatic 
contents presented.  
 
3. RESULTS 

 The use frequency of statistics methodology in analyzed scientific production (papers and course 
conclusion works at Post-Graduation) is presented in table 1. 
 
Table 1.Use frequency of statistics methodology, in absolute and relative numbers, in analyzed papers 

(national and international insertion) and in courses conclusion works of Post-Graduation  
(master dissertation and doctored these). 

 Scientific Production Type 

  
Periodic 

Courses Conclusion Works of Post-
Graduation 

 National International Total Dissertation These Total 

Statistics 
Methodology 

f % f % f % f % f % f % 

Yes 41 16 58 19 99 18 37 51 22 63 59 55 
No  213 84 248 81 461 82 35 49 13 37 48 45 

Total 254 100 306 100 560 100 72 100 35 100 107 100 

Association between periodic type and statistics methodology: χ2 = 0,57; gl = 1; p = 0,45                   

Association between courses conclusion works type and statistics methodology: χ2 = 0,83; gl = 1;  p = 0,36 

Association between production type (paper or courses conclusion works) and statistics methodology: χ2 = 67,69; gl = 

1; p < 0,0001. 

 

From table 1 we observe that there is no association (χ2 = 0,57; p = 0,45) between statistics 
methodology use and periodic type (National or International). Statistics methodology is used in 18% of 
published papers. We also observe that there is no association (χ2 = 0,83; p = 0,36) between statistics 
methodology use and course conclusion work type (master or doctorate). Approximately 55% of the 
analyzed dissertation and theses use statistics methodology.  By the other hand we observe that the statistics 
methodology use is significantly larger among course conclusion research of Post-Graduation (dissertation or 
theses) than among papers of Education area (χ2 = 67,69; p < 0,0001): 55% of course conclusion research of 
Post-Graduation use statistics methodology while only 18% of papers use this research methodology. 

Table 2 points out that, in both papers and Post-Graduation research, the used statistics procedures are 
in most time is of descriptive nature. All papers, dissertations and theses present frequency tables when tehy 
use statistics methodology. Only a minority of papers, dissertations and theses present the Inferential 
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Statistics use. In teaching plans distribution the largest percentages (50% a 69%) are gotten by the following 
categories of statistics techniques: introduction to descriptive statistics, planning of statistical work, 
frequency tables, graphical presentation, measures of central tendency and measures of dispersion. Thus, the 
descriptive approach appears in most of the teaching plans. On the other hand, the inferential approach 
appears in a minority of the teaching plans with percentage lower than 19%. In didactic books the statistics 
tools used with percentage largest than 50% are: planning of statistical work, frequency tables, graphic 
presentation, measures of central tendency, measures of quantiles, measures of dispersion, notions of 
probability and correlation and regression. This fact points us out that as well as in teaching plans, the 
approach of analyzed statistics in didactic books contents is basically in approach of Descriptive Statistics. 
  
Table 2. Statistics tools categories in papers, dissertations/theses of Education area, teaching plans 

and didactic books. 
 
STATISTICS TOOLS CATEGORIES 

Papers 
%1 

Dissert/Theses 
%2 

Plans 
%3 

Books 
%4 

Notions of Mathematics - - 19 43 
Introduction to Descriptive Statistics - - 50 50 
Planning of statistical work - - 50 64 
Frequency Tables 100 100 69 86 
Graphic presentation 21 51 62 78 
Measures of central tendency 14 14 62 86 
Measures of quantiles - 2 38 57 
Measures of dispersion 4 2 69 78 
Notions of probability - - 44 57 
Binomial distribution - - 6 36 
Normal distribution - - 38 43 
Measures of skewness and kurtosis - - 19 21 
Introduction to Statistical Inference - - 12 36 
Estimation of population parameters - - 12 14 
Tests of Hypotheses 6 8 12 43 
Analysis of Variance - 2 6 7 

Correlation and Regression 7 - 19 57 

Indices numbers - - - 21 

1 Calculated percentage considering the total of 99 papers with statistics analysis 
2 Calculated percentage considering the total of 59 dissertations and theses with statistics analysis 
3 Calculated percentage considering the total of 16 analyzed teaching plans 
4 Calculated percentage considering the total of 14 analyzed didactic books 
 
4. DISCUSSION 

The results point out that a small percentage (18%) of papers use statistics methodology in the 
treatment of the questions raised, and 55% of dissertations and theses use statistical methodology for the 
analysis of their data. Among the papers, dissertations and theses that use statistics, all use tables of 
frequency distribution in presentation of their data. Inferential statistics techniques are rarely used (below 
10% of the analyzed research) and are predominantly of non-parametric nature. 

Looking for getting a teaching practice diagnosis in the Statistics disciplines to College of Education, 
we developed an analysis in teaching plans. We admit the diagnosis limitation of the results by means the 
analysis of documents that represent a kind of “intentions letter”. We considerer that it is indispensable that 
contents are selected by means of a critical analysis that classifies them as essential or secondary for 
students. The students’ professional field reality must be the starting point. 
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The programmatic content presented in the teaching plans, in general, emphasizes techniques of 
Descriptive Statistics such as frequency tables, graphical presentations, measures of central tendency, 
quantiles and measures of dispersion.  

Comparing the statistics techniques categories found in the analysis of teaching plans with 
those ones found in the area researches (papers, dissertations and theses), both the teaching plans 
and the research make greater use of descriptive techniques. Among the nine analyzed institutions, 
all plans present use of Descriptive Statistics, while only three institutions mention Inferential 
Statistics techniques. 

Proceeding the analysis of Statistics didactic books we point out that the programme contents 
emphasized in these books is basically on Descriptive Statistics approach.  
 
5. FINAL CONSIDERATIONS  

We emphasize in teaching work the relevance of a constant reflection about subject linked to the 
solutions search to diverse problems found in knowledge area in which Statistics is inserted. In the process of 
organization in the teacher’s work, we emphasize the importance of the contents of the Statistics subject, 
with an interdisciplinary perspective for the development of a contextualized study. 

The results about statistics tools employed in scientific production in Education area lead us to 
consider that the organization and the content of the Statistics subject for Education students must emphasize 
the development and the interpretation of Descriptive Statistics, so that the taught contents are in accord with 
the necessities of the future educator. But the content of the Statistics must not omit the presentation of 
Inferential Statistics. We must point out to the students the importance of the use of hypothesis tests when 
one works with samples and want to extend the results to a population. The exception refers to a college 
that, in its third teaching plan, presents only the use of Inferential Statistics tools, to know: tests of 
hypotheses, analysis of variance, correlation and regression. The programme contents of the three plans are 
organized in a cumulative structure. Firstly it is worked elementary contents that go becoming more complex 
until it treats about inferential tools.   

Concerning the analysis of statistics didactic books, as well as in teaching plans, theirs contents 
approach is on descriptive statistics tools. We verify that statistics tools presented with percentage larger than 
50% are: planning of statistical work, frequency tables, graphic presentation, measures of central tendency, 
measures of quantiles, measures of dispersion, notions of probability and correlation and regression. In this 
way, we point out the adequacy of the last (teaching plans and didactic books contents) to the area whose 
they are destined, that is, the adequacy of statistics knowledge to largest objective of professional formation 
area. 
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Introduction 

L’expérience que nous proposons vise à faciliter la compréhension et l'assimilation de la Statisque 
descriptive. Nous offrons l'utilisation de textes chiffrés et de textes littéraires comme voie d'introduction aux 
concepts statistiques. 

Le but de ce travail est l'enseignement et l'apprentissage de la Statistique. Concrètement nous sommes 
intéressés par la problématique spécifique que cette matière présente aux débutants. Notre expérience comme 
enseignants nous a fait constater que ce sont les élèves qui doivent déduire quels outils leur sont fournis par 
la Statistique et comment ils saisiront le mieux les connaissances théoriques à acquérir. 
 
Contexte 

Notre proposition méthodologique s'insère dans le niveau de Mathématiques de la troisième année, la 
première année du deuxième cycle de l'Enseignement Secondaire Obligatoire (ESO). C’est une matière qui 
s’adresse à des apprenants de 14 ans trois heures par semaine. 

Au premier cycle de la ESO, les contenus de Statistique portent sur l'élaboration de tableaux, quelques 
représentations graphiques et le calcul des mesures de centralisation. Ces contenus sont assurés dans la 
première année du deuxième cycle, où l'on étudie en plus des mesures de dispersion, et ils sont approfondis à 
la dernière année du cycle avec l'étude de la probabilité. Dans la pratique, c'est dans la troisième année de 
ESO où l'élève est introduit à la Statistique puisqu'à avant il ne disposait pas d'outils algébriques (opérations 
numériques, résolution d'équations...) et analytiques (représentation et interprétation des fonctions) qui 
permettent la compréhension et le développement de la matière. 

L’une des raisons qui justifient la présence et le poids de la Statistique dans cette étape est de fournir 
des instruments de base pour interpréter les informations qui utilisent ce type de techniques. Il convient d’y 
penser à l’heure de sélectionner des contenus et des activités. Vu la diversité des situations auxquelles on 
applique la Statistique et l’utilisation en hausse de sa terminologie comme argument, il est important que les 
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élèves développent une attitude critique face à l’information reçue sous forme statistique (la presse et les 
médias fournisent en général des nombreuses opportunités pour cela). L’abus des généralisations, l’emploi de 
paramètres inadéquats, de termes imprécis, de graphiques mal construits,…, ce sont des erreurs habituels que 
l’apprenant doit connaître et savoir détecter. 

 
Dans ce contexte nous allons développer l'Unité Didactique les "Paramètres statistiques" dans le bloc 

le "Traitement de l'information statistique et du hasard", pour laquelle nous dédierons autour de cinq séances 
d'une heure chacune. 
 
Méthodologie / Description de l’expérience 

L’expérience est mise en place dans une classe de 28 élèves, groupés en équipes de quatre de façon 
plus ou moins homogène. On utilise la salle habituelle, du matériel de dessin et une calculatrice. On 
programme cinq séances: 

 
Première séance: On distribue aux élèves le texte codé et on les laisse agir 
 
9<45<7   @+   *<7     +?7+=<?]<7      %3+      4+W585      +?      +*      5?7{5{3{$     
+4<?    +7{523*<?{+7     +?     <*{$     K4<@$     @+     2$@$      %3+      W<@<     
W*<7+      7+     2+     6<W5<      84+9+      @+T<?@$2+      +71+4<4      W$?     
521<W5+?W5<       *<       14$/52< 

Les apprenants se retrouvent face à un véritable problème et commencent à mettre en jeu leurs recours, 
la fausse place (ils essaient des lettres sans ordre ni logique), des conjectures sur des lettres (le signe le plus 
fréquent doit coïncider avec la lettre espagnole la plus fréquente, le «e») et sur des mots (quelques-uns 
pensent que le mot «Matemáticas» doit être dans le texte, d’autres que les signes «*< 7» veulent dire 
«que»…), etc. La classe participe, les élèves commentent entre eux, tirent leurs conclusions, bien que la 
plupart des fois elles sont erronées. Après 40 minutes de débat et encore sans des conclusions, on leur 
distribue des textes littéraires, un à chaque groupe, et on les laisse travailler. 

 
Les textes choisis appartiennent à l’œuvre «Muertes de perro» (Morts de chien) de l’auteur grenadin  

Francisco Ayala, en hommage à son centenaire. Cela nous mène à parler de l’écrivain, par ailleurs sujet 
d’étude dans la matière d’Espagnol pour ce niveau, ce qui nous permet de mettre en place l’éducation 
interdisciplinaire. 

 

Deuxième séance: Les élèves analysent les textes d’Ayala quant à la composition des lettres et ils vérifient 
que les lettres se répètent: le concept de fréquence absolue surgit. Ils comparent leurs résultats avec les autres 
groupes: le nombre de répétitions n’est pas le même et les textes n’ont pas la même longueur. Pourrait-on se 
servir de la fréquence absolue pour mettre en rapport les résultats de tous les groupes? Nous extrapolons la 
situation à d’autres situations différentes où le nombre total d’individus varie beaucoup d’une situation à 
l’autre. Les élèves déduisent que la fréquence absolue ne servirait pas à comparer les différentes situations et 
qu’ils auraient besoin des pourcentages et des fréquences relatives… À ce moment-là, le professeur devra 
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organiser des vérifications des comptes des données et construire ainsi des tableaux de fréquences; il fera 
réfléchir les élèves sur l’utilité de ce type de tableaux pour résumer l’information et il induira la convenance 
d’ajouter les colonnes de fréquences relatives et les fréquences absolues… On pose des questions qui 
amènent les apprenants à exprimer le besoin d’avoir une visualisation des données, ce qui donne lieu aux 
représentations graphiques: les diagrammes de barres, de secteurs…et celle des mesures qui résument 
l’information fournie par les données analysées, mode, médiane, moyenne. 

 
Comme tous les groupes ont de différents textes littéraires, de nouveaux concepts surgissent: les 

échantillons, le représentativité et la déviation. A tout moment les élèves sont les artisans de leur propre 
apprentissage et le professeur prend le rôle de guide et de conseiller du processus. 

 

Troisième séance: La plupart des groupes finit par déchiffrer le texte correctement et avec une série de 
concepts à l’état latent dont ils ont eu l’intuition et qu’ils se sont questionné tout au long du processus. Il est 
temps de faire expliquer à chacun comment ils ont fait le déchiffrage et ce qu’il les a suggéré. Chaque équipe 
a choisi son porte-parole et a exposé ses conclusions au reste de la classe pendant 5 minutes environ. 

 

Quatrième séance: Le professeur explique formellement les concepts, et en met des exemples; ensuite les 
élèves l'appliquent à d'autres textes qu’ils ont extraits des livres d’autres matières (Physique et Chimie, 
Sciences Naturelles, Sciences Sociales,…). 
 

Cinquième séance: On continue de fixer les concepts appris par des exemples extraits d’autres concepts, de 
la presse, de la télévision ou de la vie quotidienne. 
 

Dans notre projet, le rôle didactique principal passe du professeur à l’élève, et c’est celui-ci qui décide 
de son propre apprentissage. On assume que le but n'est pas le professeur qui verse sa connaissance sur 
l’apprenant, mais celui qui pousse, guide et conseille l’Élève, pour qu’il acquière la capacité pour saisir la 
base cognitive, les habiletés transversales et spécifiques. Le rôle de l’élève est celui de rechercheur et 
d’artisan de son propre apprentissage, tandis que le professeur reste le médiateur et le guide des activités 
(modèle constructiviste d’apprentissage), tout cela dans une ambiance dynamique et de participation.  

 

Évaluation 
On va employer les critères d’évaluation suivants: 

1. Savoir définir les problèmes qui se sont posés. 
2. Être créatifs dans les stratégies de résolution des problèmes posés. 
3. Savoir interpréter les tableaux numériques de données. 
4. Savoir construire des tableaux et des graphiques statistiques à partir d’une ensemble de données, 

ainsi que calculer leurs paramètres. 

 

Bien entendu on évaluera les contenus dans leurs trois dimensions (Concepts: Obtention d’information 
sur des phénomènes aléatoires: L’échantillon et sa représentativité; Paramètres statistiques, de centre et de 
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dispersion. Procédures: Formulation verbale des stratégies de calcul utilisées dans le résolution des 
problèmes; Élaboration et développement d’algorithmes de processus numériques, graphiques et de 
simulation; Utiliser le vocabulaire adéquat pour interpréter, transmettre et décrire les phénomènes aléatoires; 
Représenter le comportement des phénomènes aléatoires à l’aide de tableaux de fréquence et des graphiques  
et interpréter les caractéristiques en rapport avec le phénomène qu’elles représentent; Élection des 
paramètres les plus adéquats pour décrire une distribution en fonction du contexte et de la nature des données, 

etc. Attitudes: Valorisation critique de l’usage de la statistique dans des informations et des argumentations 
sociales, politiques et économiques; Curiosité pour étudier des relations entre les phénomènes; 
Reconnaissance et valorisation de l’utilité du langage statistique pour représenter et résoudre des problèmes 
de la vie quotidienne et des connaissances scientifiques, etc.) 

 
L'élève est participant de son évaluation en ce qui concerne le rendement et le travail dans l'équipe, en 

étant cela un argument stimulant et discipliner à son travail. Finalement le groupe élaborera un rapport en 
détaillant comment ils ont réalisé le travail, les apports que chacun a faits, ce qu'ils ont appris et finalement 
complétez le rapport avec une évaluation personnelle. 
 
Conclusions 

Ce projet a été mis en place de manière optimale et il a été une expérience utile à l’élève dans son 
apprentissage et au professeur dans sa tâche d’enseignement et de recherche de nouvelles technologies qui 
motivent les apprenants. Cette proposition nous a été utile pour décrire les connaissance atteintes, les erreurs 
et les difficultés, ainsi qu’à mettre au jour les éléments autour desquels on a obtenu le plus grand degré 
d’accord ou de désaccord par rapport à la signification prétendue.  
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RÉSUMÉ 

L’enseignement de la statistique doit tenir non seulement aux contenus spécifiques mais aussi à la reconnaissance 
des situations réelles où l’on puisse appliquer la matière, ainsi qu’à essayer de développer chez nos élèves une 
attitude favorable, des formules de raisonnement et un intérêt à compléter leur apprentissage dans l’avenir. Ce sont 
nos inquiétudes sur l’apprentissage de la statistique qui on fait naître ce travail. Nous prétendons que les élèves se 
sentent plus motivés et plus participatifs. Nous envisageons l’approche à la statistique descriptive à travers un 
projet qui part d’un message chiffré et des textes littéraires. Nous proposons d’un côté faciliter l’assimilation des 
concepts et des méthodes statistiques et d’autre améliorer le processus d’apprentissage. Nous prétendons que les 
élèves soient capables eux-mêmes d’élaborer les concepts et d’acquérir les connaissances.  
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Introduction 

 L’objectif de cette étude est l’enseignement et l’apprentissage des Statistiques. Plus particulièrement, 
nous nous intéressons à la problématique spécifique que cette matière présente aux étudiants qui effectuent 
un cours introductif aux statistiques dans le contexte d’analyse de données réelles et d’interprétation de 
résultats sur ordinateur. 

 L’analyse de données réelles est une activité qui requiert un certain niveau de connaissances même 
à un niveau exploratoire, exigeant des connaissances diverses sur les problèmes et concepts mis en jeux dans 
les procédés numériques, graphiques, descriptifs et d’inférence en relation avec l’association. Cela nécessite 
le choix d’instruments statistiques et de représentations graphiques les mieux adaptés aux données, la 
flexibilité pour changer les procédés, une interprétation adéquate des résultats, une capacité à mettre ceux-ci 
en relation avec le problème et l’évaluation de la validité et de la fiabilité des conclusions.  

Lorsque nous travaillons avec des données dans la classe, généralement nous n’indiquons pas la 
méthode de recueillement des données utilisées. De plus, nous ne pouvons pas travailler manuellement avec 
de grandes quantités de données. Par conséquent, nous construisons des résumés de données qui ne sont pas 
analysables sur la base de leurs éléments constitutifs et ils restent déconnectés des données originales. L’une 
des clés de ce projet est l’utilisation de données réelles et l’aide de la technologie informatique. Les moyens 
informatiques permettent de visualiser des grandes séries de données dans un temps relativement petit. De 
cette manière, nous nous centrons sur le raisonnement probabiliste. 

 
Contexte/Justification  

 Le contexte de cette étude est le nouveau panorama académique qui se profile avec l’implantation 
d’un Espace Européen de l’Education Supérieur (EEES), dans lequel l’acteur didactique du cours passe du 
professeur à l’élève, de telle sorte que c’est ce dernier qui décide de son propre apprentissage à l’intérieur de 
l’éventail de possibilités de chaque matière; et ce, dans le sens où l’objectif n’est pas que le professeur 
détecte dans l’élève la connaissance, mais que le professeur accompagne, oriente et soutient l’étudiant, pour 
qu’il acquiert la capacité d’apprendre la base cognitive, les habilités transversales et spécifiques et les 
attitudes exigées par la communauté européenne, le monde du travail, et son orientation existentielle. La 
complexité du processus enseignement-apprentissage a, en plus du professeur et de l’étudiant, un troisième 
objet d’attention: la communication entre ces deux acteurs.  

 Notre proposition méthodologique s’est concentrée sur les statistiques, du troisième cours 
comportant six crédits (soixante heures concernées), du Master de Sciences Environnementales réalisé dans 
l’Université de Grenade (Andalousie – Espagne). La plupart des étudiants qui suivent cette matière n’a pas 
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encore étudié les statistiques, ou dans le meilleur des cas, ils ont seulement quelques notions rudimentaires 
des concepts de base des statistiques descriptives.  

 Le paradoxe est que le cours introductif de la statistique de niveau universitaire a un caractère 
introductif (c’est la première fois que l’étudiant étudie sérieusement la statistique) et dans le même temps un 
caractère final, puisque on attend que l’étudiant obtienne la validation de la matière avec des connaissances 
suffisantes pour lui donner la capacité de les utiliser au cours de sa future vie professionnelle.   

 
Méthodologie/Description de l’expérience 

Le projet que nous proposons est orienté sur la proposition d’une meilleure compréhension et une 
meilleure assimilation des concepts et des méthodes statistiques. Pour cela, nous proposons l’utilisation de 
données réelles, en mettant l’accent sur le programme de l’étude, dans la réalisation de l’analyse et de 
l’interprétation des résultats. Depuis le début du cours, les étudiants ont accès à l’information sur les données, 
les variables de travail et les objectifs qu’ils s’engagent à atteindre. 

 Nous encourageons le travail de groupe entre les étudiants en faisant des recherches sur la question 
posée par les étudiants, ce sont eux qui formulent des hypothèses, dessinent l’étude, recueillent et analysent 
les données, interprètent les résultats et en obtiennent des conclusions. Les activités structurées renforcent les 
concepts et les habilités statistiques requises pour réussir à résoudre avec succès le problème. Les étudiants 
utilisent des outils graphiques ou numériques appropriés et expliquent leur choix. En général, ce choix se 
base sur les aspects intrinsèques, comme le type de données ou la méthode induite par la question de la 
recherche. Ils sont capables de modifier et transformer ses représentations, et à travers elles, ils interprètent et 
justifient la question posée par le problème et interprètent ses résultats.  

 Nous envisageons d’introduire les concepts et les techniques statistiques de la matière 
«Statistiques» de 3ème cycle grâce à un projet statistique basé sur les données du Département d’Ecologie de 
l’Université de Grenade. Ces données proportionnent différentes mesures sur les feuilles de chênes verts sur 
cinq secteurs différents de la province de Grenade. Pour cela, on dispose de différentes mesures de feuilles 
(longueur, largeur à gauche, largueur à droite) réalisées sur différentes parties de l’arbre (Canopi: Cime des 
arbres et Sprouts: Pousses, feuilles nouvelles qui poussent sur la partie inférieure de la plante), provenant de 
différentes zones de la province de Grenade et durant trois ans consécutifs. 

 L’objectif du projet est l’étude de l’asymétrie des feuilles. L‘asymétrie se définit en fonction de la 
largeur à gauche, à droite et totale, et sera le principal centre d’intérêt de notre projet. Il s’agit d’observer si 
les situations de manque de nutriments, de sécheresse, etc (appelées situations de stress) affectent ou non 
cette asymétrie. Les hypothèses qu’émet le département d’écologie sont: «Les situations de stress modifient 
la symétrie des feuilles». L’objectif de notre cours est que les élèves parviennent à accepter ou rejeter ces 
hypothèses en se servant pour cela de tous les outils statistiques nécessaires. 

 Depuis le début des cours, l’élève va se confronter à un ensemble de données réelles. Le professeur 
décrit les données et les variables avec lesquelles il travaille. On incite les élèves à se demander ce qu’ils 
vont faire avec ces données. La prochaine démarche est de laisser les statistiques «naître» des questions qui 
se posent en classe de la part des élèves et des professeurs. Notre objectif est de motiver les élèves de telle 
façon que ce soit eux qui appliquent les concepts théoriques avec lesquels se résout une situation réelle. Nous, 
professeurs, nous nous convertissons en simples conseillers d’orientation de l’évolution de nos élèves en 
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fournissant l’information qu’ils sollicitent. 
 En premier lieu, et à partir d’un fichier de données qui compte 12 variables mesurées sur 2100 

individus, s’introduisent les concepts basiques: le nombre total de chênes verts de Grenade permet de définir 
le concept de Population; chacun des arbres susceptibles d’être analysés définit ce que nous appelons 
Individu et les individus sélectionnés pour être analysés constituent l’Échantillon; la symétrie des feuilles 
nous amène de manière naturelle au concept de Variable statistique. Les données qualitatives sont prises en 
compte au moment d’observer l’ analyse des différentes parties de la plante; les données quantitatives seront 
prises en compte comme résultat de l’observation de données numériques telles que l’année, la longueur, les 
distances…Avec ces mêmes variables et en fonction des caractéristiques des valeurs qu’elles prennent, on 
distingue les Variables discrètes comme la variable année, et les Variables continues comme les variables 
longueur et hauteur. 

 A la vue d’un grand nombre de données avec lesquelles les élèves devront travailler et de 
l’impossibilité de manier individuellement une telle quantité d’informations, on incite les élèves à se poser la 
question de la nécessité d’organisation des données: classer, représenter et résumer. Il apparaît donc le 
concept de Statistiques Descriptives. À mesure que les élèves s’investissent dans les Statistiques, il semble 
nécessaire d’utiliser un logiciel statistique qui leur permettrait de manipuler et d’analyser de grands nombres 
de données. 

Le professeur se doit d’aider les élèves à organiser un décompte et un tableau de fréquences en leur 
montrant l’utilité de ce type de tableaux pour résumer les informations. Des questions d’organisation se 
posent donc, obligeant les élèves à voir la nécessité d’avoir une visualisation des données, des 
représentations graphiques et des mesures qui résument les données d’un tableau statistique en valeurs 
numériques qui les représentent: c’est l’Analyse descriptive quantitative. 

Des questions se poseront: quelles relations y a-t-il entre les variables? Peut-on prévoir le 
comportement d’une variable en fonction du comportement d’une autre? A-t-on bien établi la relation entre 
les variables? Les prévisions sont-elles acceptables? Comment trouver une fonction qui représente les 
données? Et entre toutes les fonctions possibles, comment savoir si la fonction a été bien choisie. En existe-t-
il une autre qui explique mieux les données? Nous sommes en train d’introduire les concepts de régression et 
de corrélation. 

Avec le schéma suivant et en incitant constamment les élèves a participer, nous montrons comment va 
se dérouler la matière et la nécessité d’un lien entre les Statistiques descriptives et les Statistiques d’inférence 
que nous appelons Probabilité.  

 

Nous construirons entre professeurs et élèves les concepts de probabilité; nous devons trouver un 
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moyen d’apprentissage adéquat pour aider les étudiants à transformer leurs croyances en probabilité en 
intuitions effectives et à obtenir une compréhension conceptuelle solide de la stochastique. Nous analyserons 
l’origine des difficultés qu’ont les étudiants en stochastique, nous construirons des moyens d’apprentissage 
qui encouragent le développement de conceptions correctes, et qui promeuvent des attitudes positives vers la 
discipline. Wilensky (1995) définit l’Anxiété épistémologique comme le sentiment de confusion et 
d’indécision que ressent la majorité des étudiants face aux différentes possibilités ou voies de résolution d’un 
problème stochastique. Cette anxiété est renforcée par la culture mathématique «protectrice» qui n’encourage 
pas le dialogue entre le personnel d’enseignement et les élèves ni entre les élèves eux-mêmes pour avancer 
dans la construction du concept. 

Le développement du cours suivra toujours le même schéma. Une fois identifiés le problème et 

la solution, les résultats des diverses techniques statistiques se présenteront à l’élève comme des 

issus du programme statistique choisi qui, dans notre cas, est SPSS; postérieurement, les élèves 

répèteront le processus sur un échantillon et travailleront avec différents exercices. Depuis le début, 

il résulte de grande utilité comparer les résultats obtenus au niveau de la population et au niveau de 

l’échantillon, de manière à ce que l’élève, depuis le début du cours, soit familiarisé avec le concept 

d’aléatoire et sa signification. En même temps et quasiment de façon immédiate, une question se 

pose: les conclusions que nous obtenons pour n’importe lequel des échantillons sont-elles valables, 

peuvent-elles s’extrapoler à tous les individus de la population? La nécessité de l’inférence 

statistique se pose ainsi de manière naturelle. 

Nous arrivons ainsi à la fin du cours et nous sommes capables de répondre aux questions que 

nous avons posées au moment d’énoncer l’analyse: la sécheresse, le manque de nutriments,... 

augmentent-ils l’asymétrie? La variation dans l’asymétrie des feuilles peut-elle être considérée 

comme un indicateur de stress pour les plantes, concrètement chez les chênes verts? Nos questions 

initiales ont des réponses statistiques à travers les Contrastes d’hypothèses. 
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RÉSUMÉ  

Adoptons-nous en cours une attitude de réflexion et de recherche autour d’un travail à effectuer? Faisons-nous en 
sorte que les élèves se sentent plus motivés et plus intéressés? Effectuons-nous le lien entre ce qui est expliqué en 
cours et la réalité? Encourageons-nous une attitude de critiques des recherches en classe? L’objectif suivant vient 
donc en réponse à ces questions et à d’autres inquiétudes. En effet, nous nous proposons d’introduire la statistique 
au moyen d’un projet statistique basé sur des données réelles en rapport avec la symétrie des feuilles de chêne 
dans la province de Grenade (Espagne). 
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1. Introduction 

The Institute of Mathematics and Statistics of the University of Sao Paulo in Brazil offers degree in 
five careers, four are degrees of bachelor: Computer Science, Mathematics, Applied Mathematics and 
Statistics. The fifth career, Mathematics Education, is offered to students that want be mathematics teachers 
in middle and high schools. All careers have two basic statistics courses including topics such as descriptive 
statistics, probability, discrete and continuous random variables, statistics estimation and hypothesis tests. 
There are slight differences among the Bachelor’s courses and the Mathematics Education ones but, 
generally speaking, their objectives would be to obtain statistics literacy and statistics reasoning as indicated 
in delMas (2002). In this paper, we discuss students’ main conceptual difficulties in these courses. What it is 
presented here is part of a larger study that, since 2005, evaluates students’ learning in basic statistics courses.  

Data for the study is collected, approximately three months after course ended, with a test true-false 
organized in 50 questions. Despite its limitations, a true-false test facilitates the students’ participation. The 
test is organized with are conceptual and non-conceptual questions. They cover the topics of the two courses 
and it did not require complex computations neither the use of a calculator. The 50 questions were divided as 
follows: 19 questions on descriptive statistics and measures for random variables, 17 questions on probability 
and random variables and 14 questions on statistical inference. The classification took into consideration the 
preponderant part of each question, since some of them included more than one topic.  

Table 1 presents a summary of the test application in the last three years. The last row shows the 
overall results. The average of correct answers for each career is given in a 100 points scale and the 
respective standard deviation is between parentheses.  

 

Table 1: Summary by career. 

 

Test 2005 Test 2006 Test 2007 Career Admission 

number Freq. Mean (Std) Freq.  Mean (Std) Freq. Mean (Std) 

Math. Education 150 58 60 (9.8) 45 67 (11.3) 54 75 (8.9) 

Computer Bach. 50 34 74 (10.2) 25 72 (9.0) 31 78 (7.5) 

Statistics Bach. 30 26 76 (9.7) 17 74 (11.1) 12 74 (10.5) 

Mathematics B. 30 23 71 (10.2) 9 62 (13) 6 79 (11.4) 

Applied Math. B. 70 32 76 (9.0) 31 68 (12.2) 19 74 (10.0) 

All careers 230 173 70 (11.8) 127 69 (11.5) 122 76 (9.0) 

 
 Besides the students’ participation have decreased from year to year, we still believe that the test 

gives a good picture of the situation. It is worth to mention that the participation in the test is voluntary but it 
is required that the student had succeed in both statistics basic courses. In 2007, the overall average was 76, 
the best performance ever, however it can not be considered a good score if we realize that the random 
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answer would produce 50 points. In this paper, our aim is to search possible reasons for the poor results 
obtained in these tests. The discussion relating careers, subjects and backgrounds is present in Magalhães 
(2007). For a reference on assessing student’s learning in statistics consult Gal, I. & Garfield, J. B. (1997).  
  
2. Discussion 

In the three years application of the test, the programs of the courses did not change, but the 
requirements to be approved and topics’ emphasis  could vary from one class to another depending on the 
teacher appointed. Despite these differences, it is possible to use the results of all the students together, to 
establish considerations on the learning situation.  

In this paper, we looked at the 5 questions with worst scores. This gave to us an idea of the students’  
difficulties. One interesting coincidence was to obtain the same set of questions with less percentage of right 
answers in all years of test application. In Figure 1, the questions focused on are presented, with their 
original numbers. We also include a column with the correct answers and its respective average percentage 
value in the period 2005-2007.   

 

7.        Suppose the mean salary in São Paulo is bigger than the mean salary in Rio de 

Janeiro. Choosing, at random, one worker in each city, is it more probable the 

worker from São Paulo to receive a better salary than the one from Rio de Janeiro?  

 Yes (  ) 

No ( X ) 

39% 

11. From a sample we obtain [0.14; 0.16] as a 95% confidence interval for the 

proportion of votes of a candidate. Then, with probability 0.95, will this candidate  

receive between 14% and 16% of the votes?  

 Yes (  ) 

No ( X ) 

36% 

18. We present a histogram with a sample of the heights of students. The interval from 

160 to 170 cm has the highest percentage. We ask the following: Must the most 

frequent height of the students in the sample be between 160 and 170 cm? 

 Yes (  ) 

No ( X ) 

24% 

27. We present a frequency table from a sample of ages (in completed years). The   

interval from 36 to 40 indicates 40% and it is the highest percentage in all table. 

Then we ask: Is the highest frequency age, certainly, between 36 and 40?                                                    

 Yes (  ) 

No ( X ) 

34% 

46. A machine is set to produce pieces with 2 cm of diameter. However variations can 

happen and we will assume that the diameter follows a Normal distribution with 

mean 2 cm and variance 0.09 cm2. To verify if the machine is set correctly, a 

sample of 100 pieces were collected obtaining 2.1 as a sample mean. If µ is the 

population mean, then is the convenient alternative hypothesis Ha: µ > 2? 

 Yes (  ) 

No ( X ) 

40% 

 
Figure 1: Questions with low percentage of right answer. 
 

An initial curious observation is that in all these questions the correct answer was “No”. In the test, 
there was equal number of correct answers with “Yes” and “No”, that is 25 questions to each option. We do 
not have any thought why this happened and we will not focus on this here.  

Questions 18 and 27 are related to the concept of representation of observed values by frequency 
tables and histograms. The students apparently mixed up mode with modal interval. For continuous variables,  
this point is a bit more slippery than for discrete variables. Identical values can also happen in continuous 
variables since our observation is always in a specific decimal precision. A point that could have confused 
the students is the concept of mode of a continuous model variable with one of mode of continuous observed 
variable. For sure this is a delicate point since that is common to use observed values to create models. So 
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the poor results in Question 18 could have been inflate by these details. Question 27 is related to a discrete 
observed variable and it is not difficult. Its low percentage highlights the conceptual misunderstanding of 
representation by frequency tables. 

Question 11 deals with confidence intervals. The low scores in this question shows the difficulty of the 
students to interpret correctly the interval estimation. In Question 9 we presented the correct interpretation in 
a theoretical and abstract language and we ask if it was corrected. The average right answer was 76%, higher 
than two times the percentage right answers in Question 11. This reinforces that students could recognize a 
correct definition but were unable to apply it in a practical problem. This is a challenging situation since the 
aim of the classes is to make possible the relationship theory-practice. 

Variability is the subject of Question 7. The issue that the mean does not tell everything, it was 
probably mentioned by the teachers during classes. However, again, the application of the concept brings 
difficulties for the students.  

Question 46 checks if the students can formulate, correctly, alternative hypothesis in a statistical test. 
The important issue here is the comprehension that there is relative independence between the formulation of 
the hypothesis and the sample results that will be used to decide about the hypothesis of the statistical test. 
We say relative independence because no one will formulate the hypothesis without a minimal knowledge of 
the behavior of the parameter. The previous knowledge set the hypothesis and the sample information guides 
the decision on what hypothesis has statistical significance.  

Looking at the effect of the career in the students’ performance , we decided to concentrate our 
discussion in two of them, Mathematics Education and Computer Bachelor, since these are the careers that 
have, respectively, the minimum and the maximum average score in the admission exam to the university. 
This exam includes Mathematics and other knowledge areas students had faced on in high school and it can 
be used as a measure of a background of the students that come to the university. Table 2 presents the 
average score of the admission exam for each year and career. We also repeated the average score in our test 
for further comments. The scores are in a same scale of 100 points. Clearly, the Mathematics Education 
students began university with lower background than the Computer Bachelor ones. From year to year, there 
is not a big difference among the average admission scores in each career, however, for the average test score, 
the students of Mathematics Education had an important increase from 2005 to 2007. The Computer 
Bachelor’s students keep relatively high scores in the test trough out the years .   
 
Table 2: Averages for Admission exam and Test score. 
 

2005 2006 2007 Career 

Admission  Test Admission Test Admission Test 

Math. Education 48 60  50 67  49 75  

Computer Bach. 67 74  71 72  65 78  

 
Considering the 5 questions with the worst performance mentioned before, that is, Questions 7, 11, 18, 

27 and 46, we compared the two careers. In Table 3, we mark with a bullet if the question is in the lower 
score group of the respective career and year. Question 18 is the only that appears in all careers and years. 
Question 11 is not one of the five worst questions for Mathematics Education in any year. Questions 7, 11, 18 
and 46 are, since 2005, questions with low scores for the Computer students group. This indicates that the 
correspondent statistics courses are not addressing properly the concepts relative to these questions. Even 
though this group has better scores in general, they apparently fail to understand the concepts of the 
relationship between mean value and distribution, the representation of observed values through histograms 
and the construction of hypothesis tests.   
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Table 3: Presence in the group of worst questions by career and year. 
 

Mathematics Education Computer Bachelor Question 

2005  2006  2007  2005  2006 2007 

7 •   •  •  •  •  

11     •  •  •  

18 •  •  •  •  •  •  

27 •  •  •    •  

46 •  •   •  •  •  

 
3. Final Comments 

As an instrument to assess the student’s learning in statistics basic courses a test with 50 true-false 
questions has been applied since 2005. The results indicate that some basic concepts seem to be 
misunderstood by the students of all careers of the Institute of Mathematics and Statistics of University of 
Sao Paulo. The poor performance, revealed by the relatively low average scores, pointed out to the need of a 
search for what may be wrong. In our opinion, it is necessary to strength the connections between theory and 
real problems. Without this, the concepts for the students will be closed in a box waiting for a key. It is 
important that our students could think independently and apply statistical concepts without the need of 
someone else to tell them what to do.  
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ABSTRACT 
The objective of this paper is to discuss students´ learning in basic statistics courses attended by undergraduate 

students of Mathematics and Statistics Institute of University of Sao Paulo (IME-USP), São Paulo, Brazil. The 

discussion is based on the results of a test applied three months after the courses have ended.  

The data collected included students of the following careers: Bachelor in Computer Science, Mathematics, 

Applied Mathematics and Statistics and Mathematics Education. All the students had had two semesters courses 

focused on topics such as: descriptive statistics, probability, discrete and continuous random variables, estimation 

and hypothesis tests. In the last three years, 2005 to 2007, the students approved in the basic statistics courses at 

IME-USP are asked to answer a test composed of 50 true-false questions. The students´ participation in the test 

was voluntary. 

From the analysis of the 5 questions with worst scores, we identified three contents that students presented 

difficulty to deal with: the relationship between mean value and distribution, the representation of observed values 

through histograms and the construction of hypothesis tests. In order to identify differences among the careers, we 

also looked at the scores in each career. The effect of background of these students was also considered, observing 

the grades at admission to the university and the previous performance in the statistics courses.    
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In the United States most introductory courses in applied statistics emphasize definitions, 

computations, and procedure.  Hence instructors in these Stat 101 courses may ask their students to define a 

median, to use a formula to compute a correlation coefficient, or to follow a six-step procedure to test a pair 

of hypotheses.  With the current technology there is no need for students to memorize definitions, as they 

have done in the past.  By using the Internet in a wireless environment (or by using the Help available in 

many statistical software packages), students may easily obtain a definition of any term found in a first 

course.  With today’s electronic calculators (or statistical software), they do not need to use a formula for 

computation.  Nor do they need to follow a complicated procedure to obtain an estimate of a p-value from a 

table, when a sequence of clicks produces an exact p-value. 

Instead most statistical educators recommend that Stat 101 should stress concepts.  It should not be a 

course whose learning objectives are blind memorization, elementary arithmetic computation, and successful 

implementation of procedures.  One influential report that makes this recommendation is the Guidelines for 

Assessment and Instruction in Statistics Education (GAISE) College Report (Garfield et al (2005)).  The 

third of its six recommendations states that the course should “stress conceptual understanding rather than 

mere knowledge of procedures”.  Included in this report are references to some important statistical 

concepts such sampling distributions, statistical significance, and confidence intervals, but there is no 

definition of a statistical concept.  From conversations with many statistical educators in recent years, the 

author believes that such an  idea is similar to United States Supreme Court Justice Potter Stewart’s 

explanation of “hard-core” pornography:  "I shall not today attempt further to define the kinds of material I 

understand to be embraced . . . [b]ut I know it when I see it . . .”.  In an attempt to determine the core 

statistical concepts, a survey of 57 statisticians was administered at the 2004 Joint Statistical Meetings 

(McKenzie (2004).  The most mentioned core concepts were variability, association vs. causation, 

randomness, significance (statistical vs. practical), data collection methods (experiments, observations, 

surveys) and sampling distributions (law of large numbers, CLT (central limit theorem). 

But, even when such concepts can be identified, they are rarely emphasized for a number of reasons.  

First, concepts are harder to teach (and to learn).  Second, most introductory applied statistics textbooks in 

general education and business and economics do not accentuate such ideas (McKenzie and Goldman (2002).   

Nor do these texts, along with their study guides and other supplements, provide many conceptual exercises 

for students to learn such ideas.  For example, consider one best-selling business and economics text, 

Berenson, Levine, and Krehbiel (2006).  Even though the word, concepts, is found in its title, there are few 

conceptual exercises in this text.  A typical chapter contains problems (exercises) after each section and 

chapter review problems at the end of each chapter.  There are two types of section problems.  Almost all 

of the ‘Learning the Basics’ problems are definitions, e.g., “What does 1 – β represent?”, or computations of 

artificial data, e.g., “Compute the population mean.”.  The “Applying the Concepts” problems are usually a 

sequence of computations, often of real data.  The “Checking Your Understanding” problems present in the 

first portion of the Chapter Review Problems are similar to the “Learning the Basics” problems, while the 

second portion of these problems are more “Applying the Concepts” problems.  Also present at the end of 
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the Chapter Review Problems are “Report Writing Exercises”, none of which dealt with concepts. 

Recently publishers have begun bundling electronic assessment systems with their texts.  These are 

the 21st-century’s test banks.  And, while they are numerous benefits, to using such systems for homework, 

quizzes, and review, these systems contain even fewer conceptual exercises.  For example, almost all of the 

PH Grade ASSIST exercises bundled with Berenson, Levine, and Krehbiel are either multiple choice 

definitions or computations.  One of the reasons for this disappointing development is the difficulty in 

handling textual answers in contrast to numerical answers.  Another reason is difficulty in programming 

graphical displays into electronic assignment systems.  Such displays are invaluable in explaining statistical 

concepts.  The typical exercises and questions developed by users for electronic assessment systems are 

also non-conceptual for many of the same reasons.  In addition, such developers do not have a bank of 

conceptual exercises to reference.  One notable exception is the set of questions developed by the 

Assessment Resource Tools for Improving Statistical Thinking (ARTIST) Project (Garfield, delMas, and 

Chance (2006)). 

Examples of strong conceptual exercises and questions for electronic assessment from ARTIST, along 

with examples of other strong exercises and questions from other sources, will be presented at ISI 2007.  

For example, here is one example of such a conceptual exercise with its numerous options within brackets: 

A <professor, researcher, statistician, student> decides to analyze a set of random data.  <He, She> 

calculates a p-value from a two-tailed one-sample hypothesis test for the mean <height, weight> of a 

population of <people, animals> in which <he, she> does not know its population standard deviation.   

What would happen to this p-value if 

1. the size of the population <decreases, increases> and everything else is held constant? 

It <decreases, stays the same, increases>.  

2. the difference between the sample and hypothesized means <decreases, increases> 

and everything else is held constant? 

It <decreases, stays the same, increases>. 

3. the value of the test statistic <decreases, increases> and everything else is held constant? 

It <decreases, stays the same, increases>. 

4. the sample standard deviation <decreases, increases> and everything else is held constant? 

It <decreases, stays the same, increases>. 

5. the sample variance <decreases, increases> and everything else is held constant? 

It <decreases, stays the same, increases>. 

Note the lack of numbers in this conceptual question.  It is similar to questions presented by McKenzie and 

Goldman (2006).  
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ABSTRACT 

Most introductory applied statistics courses in the United States do not stress concepts.  Instead they 

emphasize definitions, computations, and procedures.  This is not the best way to teach statistics with 

today’s powerful and easy-to-use statistical packages.  Hence, the rationale for the third of the six 

recommendations found in the Guidelines for Assessment and Instruction in Statistics Education 

(GAISE) College Report.  One reason that the current situation exists is that textbooks rarely deal with 

conceptual issues.  Nor do the exercises found in these textbooks and their study guides.  The same is 

true of the questions present in their supplementary test banks.  In recent years the major publishers 

have included similar non-conceptual questions in their electronic assessment systems.  These exercises 

and questions are assigned for homework, used for review, and given in quizzes and, to a lesser degree, 

examinations.  This paper starts with a brief summary of the type of exercises and questions found in 

popular textbooks and their supplements.  Then there is a thorough examination of the exercises and 

questions present in one publisher’s electronic assessment system.  Finally, suggestions for exercises 

and questions to improve the learning of statistical concepts in such systems are presented. 
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Abstract : 
   Cross-discipline knowledge is a prerequisite for producing and interpreting regional - small area sta-

tistics. Production requires skills in statistics, computer science and applied mathematics. In addition, some 
empirical research experience from an appropriate substance field is necessary. Political decision-makers and 
mass media should master literacy on this area for the proper use of results achieved by researches of re-
gional statistics. To fulfil these learning demands in higher education, we suggest an educational programme 
in five steps. An informative theme lecture helps users of small area statistics to attain at least a general point 
of view over this field. In turn, embedding regional -small area topic(s) in running methodological courses 
may give knowledge in depth of some production problems for undergraduate students. A focused, two-year 
academic master’s programme with emphasis on regional statistics prepares graduating students for a profes-
sional career in this field. PhD students could inscribe in seminars or scientific meetings organised by re-
search projects of this field. Distance learning serves as an example of continuing education. Links with 
homepages of some existing programmes are provided. 

 
Keywords:  Linked course materials, Focused master’s programme 
 
          1. Introduction 
A good example of the oddities of small area research is the particular terminology in use. Firstly, we 

can recognise that the word “subpopulation” has several such synonymous expressions as subgroup, category, 
class, geographical area, domain or region. According to Rao (2003), the concept “small area” refers to those 
subpopulations owing few or nil observations. Secondly, in this case we are interested in parameters of sub-
populations but not those of the whole population. From this, it follows that also the quality measures for 
produced statistics shall be defined on the subpopulation level. It often happens that calculated small area 
estimates are biased so that the bare standard error gives an erroneous view of variation. Then a better way is 
to use the root mean squared error to measure the uncertainty of inference. Equally, the relative standard er-
ror or the coefficient of variation has a great importance if compared with variability among subpopulations. 
In addition, tailored estimators seem to be more like a rule than coincidences. For the evaluation of the prop-
erties of these estimators, many simulation experiments are put in force. To summarise, one can find out that 
statistical concepts and tools in use here have special properties.  

 
Important point of view is the political relevance. For example, political authorities aiming to allocate 

funds to geographical regions according to some development programme need regional – small area statis-
tics. The redistribution of funds depends on the funding formulas and calculated figures. If the local share of 
funds does not meet the expectations of the local population, a political conflict may arise. In order that a 
redistributive action might succeed, producing small area statistics needs professional knowledge and the 
functioning officials and politicians should master literacy on small area statistics and its quality measures.  
Originating from the need of interdisciplinary knowledge, the producers of small area statistics generally as-
semble a research team for this task thus ensuring that the difference competencies are available. For exam-
ple, the EURAREA project (2001-04) was a research programme funded by Eurostat to investigate methods 
for small area estimation. The research team consisted of researchers from six European countries, spread 
across twelve National Statistics Institutes and Universities. The Census Bureau (USA) organised a program 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 4660 -



   

– Small Area Income and Poverty Estimates (SAIPE). The panel members were 17 distinguished researchers 
from different fields.  

 
          2. Basic concepts and analysis strategies for regional – small area statistics 
 
The main problem arises from the fact that data sources in use are regularly unplanned for the produc-

tion of small area statistics in hand. Therefore, researchers should first investigate existing data sources as  1) 
population census or regular register, 2) such administrative records as for tax files or vehicle register, 3) 
large-scale surveys as Labour Force Survey or Health Survey, and 4) local studies as satellite imaging, aerial 
photography. To get these data sources in use, special knowledge in computer science helps a) to link records, 
b) to map elements and variable values and c) to perform statistical disclosure control.  

In Table 1 the data source and the number of observations are cross-tabulated, and the analysis strat-
egy derived from these facts is proposed following some ideas of Brackstone (2002). The mass of data for a 
subpopulation is divided roughly into four categories a) large, b) medium, c) small and d) empty.  

 
Table 1. Analysis strategy for a subpopulation by data source and the number of observations. 

Source of observations in subpopulation  Number of ob-
servations for a 
subpopulation  

Census or reg-
ister; micro data 

Large-scale survey; 
sample data 

Observational data 
or local studies 

Large Parameter value Design-based estimate Parameter value 
Medium Parameter value Model-assisted estimate Model-based estimate 
Small Disclosure control Model-based estimate Model-based estimate 
Empty Model-based estimate Model-based estimate Model-based estimate 
 
Direct calculation of parameter values is possible if we have observations from each element of the 

subpopulation, as may be the situation in micro data and some local studies. However, a special case arouses 
if the number of elements in a subpopulation is so small that rules of privacy protection prevent publications 
of figures. The need of a special skill is obvious to perform statistical disclosure control. In extremity no ob-
servations are included in the micro data.  Then some model-based estimation technique applies in producing 
the subpopulation figures. Thus, the need of different practical and scientific knowledge is obvious if one 
wants to put these production strategies into practice. The need of special skills in computer science (manag-
ing databases and disclosure problems), applied mathematics (simulation studies), statistics (estimation and 
modelling) and survey sampling (design-based inference) is then useful.  The content of each strategy could 
better open out if one can familiarize with following textbooks. Statistical disclosure control is well pre-
sented in Willenborg and de Waal (2001). Elliot (1997) explains different mapping systems and geographical 
information systems (GIS) in epidemiological context. Simulation studies are superfluous in these environ-
ments. Therefore, good knowledge in this part of applied mathematics can be helpful see Robert and Casella 
(1999). Rao (2003) underlines statistical modelling, and Lehtonen and Pahkinen (2004) present design-based 
and design-based model-assisted estimation of small area figures. Applied subjects should be selected in ac-
cordance with the topic of Master’s thesis depending its subject-matter field that can be for example in eco-
nomics, epidemiology, social science or demography. 

 
 
3. Organising higher education on regional - small area statistics 
     
      To meet these educational needs we suggest a five-step learning programme. Because the method-

ology of production of regional – small area statistics is multidisciplinary and the research results are applied 
in different fields, each step of proposed programme is furnished with short description of aim, potential au-
dience and teacher. Homepages of some existing programmes and courses serve as reference.   
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Table 2. Ordered list of higher education programmes concentrated on regional statistics 
 

 
 
 

 
We define a Master’s Programme as a retrospective one. In this case, if it is tailored as an ending 

phase of academic studies, especially for those students, who are interested in regional – small area statistics. 
This programme could include some courses as in statistics, applied mathematics and informatics, whose 
contents are useful in analysis of regional data. In addition, there is need for some special courses in order to 
give general view over this issue. It is purposeful to share course materials and teaching activities to both 
academic teachers (50%) and experienced researchers (50%), who are from some institution, which produces 
regional statistics. For students, these kinds of courses give a real touch for practical work. Naturally, the 
topic of MS thesis concerns some method or application in this field. 

 
 
 
The homepages of two running Master’s programmes are checked so that could we construct from 

their course offers an MS Programme with emphasis on regional statistics: 
 
1. The Joint Program in Survey Methodology (JPSM) runs jointly by the University of Maryland, the 

University of Michigan and Westat Inc. In addition, the Census Bureau (USA) is an important co-operative 
unit of this program.  

2.The Diploma/MSc in Official Statistics is unique in the UK in offering a programme of study tai-
lored specifically to the needs of professional statisticians working within the field of official statistics. This 
MSc programme (MOFFSTAT) has been developed jointly by the University of Southampton and the Office 
for National Statistics (UK).  

Focused teaching activities in the interdisciplinary field of regional statistics are compiled in Table 3. 
If it exists, the course is marked as temporary or regular. 

 
 

Title and definitions Description of pedagogical solution:  aim, homepage of some cur-
rent programme (if exists), audience and recommendation for 
speaker/teacher. 

1. Theme lecture(s) - aim to clarify interpretation of research results in regional  
statistics 
- audience: political decision-makers and mass media 
- speaker/teacher: distinguished researcher 

2. Linked course ma-
terials with running 
stats/maths courses 

- aim to focus regional statistics as an item embedded in some  
   regular course  of maths/stats. See homepages: 

www.iastate.edu (USA) and  www.uow.edu.au/informatics/maths/ 
- audience: undergraduate students in maths/stats 
- speaker/teacher: university lecturers 

3. Retrospective Mas-
ter’s programme in 
regional  - small area 
statistics  

- aim to help students to find a career in this area. See homepages: 
www.jpsm.umd.edu/jpsm and www.socstats.soton.ac.uk/moffstat/ 

- audience: graduate students in maths/stats 
- speaker/teacher: supervisor(s) of MS theses, visiting experts 

4. Scientific meetings 
and research projects 

         - aim to give theoretical and practical view-in-depth to current  
problems  in  regional statistics.  See homepages 
 www.scorus2006.ae.wroc.pl and  www.statistics.gov.uk/eurarea/ 

- audience: graduate and/or PhD students 
- speaker/teacher: experts in this area, supervisors of PhD theses 

5. Distance learning 
or continuing learning 

- aim to strengthen one’s methodological or pedagogical  
  knowledge in regional statistics See homepages:                          

http://www.rsscse.org.uk/activities/ and http://mathstat.helsinki.fi/VLISS 
- audience: teachers, researchers and producers of this area 
- speaker/teacher: administrative/planning group of learning centre 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 4662 -



   

Table 3. Selected courses from two running Master’s programmes with frequency 
 

Master’s Program   Topics of Small Area  Oriented Courses 
      JPSM (USA) MOFFSTAT(UK) 

  Statistical disclosure control     Temporary Permanent 
Computer science (Record linkage and/or GIS) Temporary Temporary 
Applied mathematics (Simulation studies) Regular Regular 
Survey sampling (Design-based estimation) Regular Regular 
Statistical modelling (Model-based estimation) Regular Regular 
Applied subject (Economics, Demography etc.) Optional Optional 
Regional - small area oriented master’s thesis  Allowed       Allowed 

            
          4. Conclusion 
 
Expertise in productions of regional statistics demands specific skills in several disciplines. This mul-

tidisciplinary property is challenge for higher education. To solve this problem, we presented five-step learn-
ing programme in higher education, which presumes pedagogical arrangements from the part of teaching or-
ganisations. This can be characterised by cooperation between the fellow lectures to construct linked courses 
and to plan a small area focused master’s programme. On the other hand, students engaging in this topic 
should select courses from different majors to get an understanding of different skills necessary in the pro-
duction of small area statistics. 
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RESUMÈ 
La transdisciplinarité est un préalable à la production et l'interprétation de statistiques  sur petits do-

maines au niveau régional. Produire de telles statistiques requiert des compétences en statistique, informati-
que et mathématiques appliquées. De plus, une expérience en recherche empirique dans le champ d'applica-
tion est nécessaire. Les décideurs politiques et les médias de masses devraient maîtriser ce domaine afin 
d'utiliser convenablement les résultats obtenus par les recherches en statistique régionale. Dans le but de sa-
tisfaire des demandes d'initiation au niveau universitaire, nous proposons un programme d'apprentissage en 
cinq étapes. Des liens internet à des programmes existants seront fournis.     
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The Coordination of Distributional Thinking
Prodromou, Theodosia

Centre for New Technologies Research in Education, (CeNTRE), Institute of Education
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t.prodromou@warwick.ac.uk

1. An overview of the problem
My aim is to trace the thinking-in-change (Noss & Hoyles, 1996) during the co-ordination of two

epistemologically distinct faces of distribution. By co-ordination here, I refer to the connection between a

data-centric perspective on distribution, which identifies distribution as an aggregated set of actual outputs,

and a modelling perspective on distribution, which views distribution as a set of possible outcomes and

associated probabilities. The coordination requires that the learner connects in both directions the data that

forms a distribution of results to make up the modelling distribution. The dual connection is, I believe, at the

heart of informal inference.

2. Short review if the literature
At the heart of this study is the notion of statistical inference. Snedecor (1950) very clearly articulated

that “A distinctive function of statistics is this: it enables the scientist to make a numerical evaluation of the

uncertainty of his conclusion”. Any kind of conclusions that are drawn before any numerical quantification

of their uncertainty are subsumed under the umbrella of “informal inference”. When a statistician analyses

data for research purposes, the intention is to extrapolate the findings from a sample of individuals to the

population of all similar individuals. Statistical inference (formal inference), therefore, is concerned with

drawing conclusions, from observed data, about unobserved quantities: These conclusions may be

distinguished into 1) conclusions on observable quantities, such as future observations of a process and 2)

conclusions on quantities that are not directly observable, that is, parameters that governed the hypothetical

process leading to the observed data (e.g. regression coefficients influencing the relation between

independent and dependent variables; or, the probability of an event, which may be observed or not in a

series of Bernoulli trials). Statistical conclusions about the unobserved data are made in terms of probability

statements because there is no impediment in principle to fitting models with one parameter or many

parameters and various probability specifications.

The above idea perhaps encapsulates what it is that expert statisticians do. But how do such powerful

ideas emerge out of less sophisticated coherent views on inference?

Pfannkuch (2007) defines informal inference as the way “to describe the drawing of conclusions from

data that is based mainly on looking at, comparing, and reasoning from distributions of data” (p. 1). She has

perceived informal reasoning to be “interconnected to reasoning from distributions, reasoning with measures

of centre, and sampling reasoning within an empirical enquiry cycle ” (p. 1). Underlying this reasoning is the

consideration of variation (Pfannkuch, 2005b).

Pfannkuch (2007) referred to a personal communication from Professor Dave Pratt (7 July 2005) in

which he suggested that “Informal inference requires students to be aware of the game being played. He

believes a part of students’ difficulty in understanding the reasoning being used is that the game being played

is not being made explicit to the students by the teacher. The students may believe that they are reasoning

only about the data under consideration, which Pratt refers to as game one, whereas the teacher believes that

the data are a sample from a population, which Pratt calls game two. It is the playing of game two that will

lead students towards formal inferential reasoning” (p. 1).

Previous research suggests that early teaching of statistics should focus on informal methods of
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exploratory data analysis (Konold and Pollatsek, 2002). Pfannkuch, Rubin, and Yoon (2002) claim that those

methods should be kept separate from probability, with only informal quantifications of variability to

indicate the propensity or a spread of one sample distribution compared to another. However, Prodromou and

Pratt (2006), taking into consideration that EDA is developing interesting pedagogic approaches towards

informal inference, ask whether students can develop an appreciation of the robustness (in the sense of

stability of conclusions for a variety of multiple differing analyses) of their inferences without constructing a

modelling perspective alongside their data-centric perspective. According to their view this question is

crucial to tax research in informal inference.

3. Research study
The whole study falls into the category of design experiments (Cobb et al, 2003). Design experiments

aim to sensitise towards the complex learning ecology of the domain being investigated through iterative

design. It also highlights the delicate process of phenomenalising (Pratt, 1998) a mathematical concept that

can capture learners’ needs by transforming powerful ideas into situated, meaningful and manipulable

phenomena.

Influenced by the Constructionists’ (Harel & Papert, 1991) accent on the affective, I have been

concerned to place emphasis on developing activities for playful contexts in which students are likely to

construct purpose, while at the same time coming to appreciate the utility (Ainley, Pratt & Hansen, 2006) of

the modeling distribution and the data-centric distribution as central concepts.

According to these aims the Basketball microworld has been developed to investigate individual’ ideas

on several aspects of probability and modeling. The microworld has been substantially revised after each

cycle of investigation and is now in its fourth and final version. Preliminary results of the fourth iteration

form the basis of this paper.

This version of the microworld was used by eight pair of students (aged between 14 and 15 years old)

in a UK secondary school. Each pair of students worked with the microworld for three sessions lasting about

270 minutes in total. Data on students’ behaviour consists of their on-screen activity which was captured on

video-tape and transcriptions of those sections to generate plain accounts of the sessions. Screenshots are

incorporated as necessary to make sense of the transcriptions. Subsequently, the transcriptions are analyzed

in attempts to produce extended narrative accounts for the students’ actions and articulations.

In the third iteration, Prodromou and Pratt (2006) reported on how they designed a microworld that

aspired to research thinking-in-change (Noss & Hoyles, 1996) about distribution. Their premise, in line with

a constructivist approach and Pratt’s (1998) prior work, was that thinking about distribution must develop

from causal meanings already established. They conjectured that they would be able to build an environment

that would enable the students to exploit their appreciation of the limited explanatory of causality to capture

the essence of local variation and use this causality to construct new situated meanings for the distributions

of throws and success rates. They demonstrated how the provided on-screen control mechanisms for average

and spread could be deterministic or subject to stochastic error. The students used these controls to recognize

that, while at the micro-level causality is shown to have limited explanatory power, at the global level, it can

be harnessed to articulate the relationship between the parameters of the model (average and spread) and the

emergence of distributional patterns.

In that study, Prodromou and Pratt suggested that the concept of distribution lies in co-ordinating the

emergent data-centric and modelling perspectives for distribution. They regarded this paradox of seeing the

limitations of causality at one level while recognizing its power at another level as the heart of coordinating

the two perspectives on distribution. They asked whether and how do students co-ordinate the data-centric
and modeling perspectives on distribution but they were not able at that stage of their research to elaborate

on this aim to their complete satisfaction. Nevertheless, the results of the third iteration indicated support for

their conjecture that it is possible to design an environment in which students’ well-established causal

meanings can be exploited to co-ordinate data-centric and modeling aspects of distribution. The students

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 4665 -



appreciated how not only themselves could be agents of variation, but also randomness, instantiated in the

form of the quasi-concrete arrows, could create histograms in which variation is apparent. In this sense,

randomness might become understood as reality once removed.

On this paper, I describe the insights gained from the participants' interactions with the two

perspectives on distribution in the fourth cycle of investigations and trace their distributional thinking-in-

change (Noss & Hoyles, 1996) in informal inference. The term “distributional thinking” is in fact the co-

ordination of the two faces of distribution.

When students in this study pay attention to the emerging data, they consider the data-centric
perspective on distribution that is the set of outcomes, so students play what Pratt calls game one.
When they have access to both the modelling distribution and the data-centric distribution, they use

information from a sample to make inference about the wider population in the background from

which the data was sampled; this is what Pratt calls game two. Taking into account that formal

inference adds an emphasis on substantiating students’ conclusions by probability calculations, the

students are encouraged to make a connection between the data-centric distribution and a

probability model for the data.

The conjecture investigated in the present paper is that tools such as those found in the

Basketball microworld support students to

1) make these two types of connections,

2) connect chance models and data by taking chance variation into consideration and distinguish

between patterns that are consistent or inconsistent with the random location scenario,

3) reason intuitively about the most prominent types of statistical inference that are based on the

sampling distributions of statistics, and

4) grasp the “subtle” ideas that lie behind the reasoning used in statistical inference.

4. Discussion
Previous stages of the study let the author develop and redesign a microworld, which can be used

systematically to test out the conjecture of the fourth cycle of investigation referred to above. Prodromou (in

press) reports on how students make an intuitive synthesis of the modelling and data-centric perspectives on

distribution which can be schematised by the structural model as

depicted in Fig.1. The model shows that the students can perceive of

the modelling distribution (MD) as the intended outcome and the data

distribution (DD) as the actual outcome, suggesting a connection

being made, when the modeling distribution in some sense generates

the data. The opposite connection from data to the probability

distribution is made when students perceive of the modelling
distribution (MD) as the target to which the data distribution (DD) is

directed. These two types of connection appear to be central in

informal inference. In fact, the bridging of data to the modelling
perspective on distribution can act as a pathway from students’

informal inferential statistical reasoning towards a more formal level,

not only in terms of the discipline, but also in terms of students’

cognition.

Figure 1: A tentative model for the

connection of the data-centric and

modeling perspectives on distribution.
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ABSTRACT 
Have you thought about why most teaching is linear? Do you know what non-linear learning means? Do you use 

web-based learning? And have you ever thought of combining web-based learning with “standard” university teaching 

such as lectures, problem based learning etc.? Students nowadays are very different from one another. They have 

different prior knowledge and different learning styles so it is a challenging task to teach them all in the same way. 

Furthermore the world of statistics has become so huge that it is impossible to cover everything. The structure imposed 

by the Bologna agreement gives a greater mobility which is good for both the students and the universities but leads to 

even more “inhomogeneity” at the courses. One possible solution is to combine traditional university teaching with 

web-based learning organized by using learning objects in a non-linear way. This means that the students can design 

the course – or a part of the course – so that it fits their individual learning style and their prior knowledge. Some 

prefer to look at examples first and afterwards look at which theories it is based on. Others want to do it the opposite 

way. Some wants to work with the problem themselves at first, then look at some pictures which show the essential parts 

and then read a text or listen to a spoken explanation. There are many possibilities – only your fantasy limits you. 

Learning objects are easy to modify (in contrast to writing a new book) and it is easy to use learning objects made by  

others and in this way make the job as a teacher both easier and more fun.    

Of course the non-linear way of organizing learning objects can also be used in stand-alone web-based courses and 

in many other contexts as e.g .in school education and continuing education. 

 

1. Introduction 

     Teaching statistics at universities is a complex task – primarily for two reasons. Students are very 

different with respect to both their knowledge and their learning styles. This inhomogeneity is difficult to 

cope with when using the usual university teaching which primarily consists of lectures and exercises. Even 

if one uses more “modern” learning techniques such as project work, problem based learning or team based 

education it is difficult to ensure a satisfactory learning environment for all students. 

     Faced with a new generation of students who are used to exploiting the possibilities of the computer, we 

need a new type of education that will reflect a rethinking of content, form and duration. In the future, 

education will be in the form of “voucher systems”. You get a set of vouchers and use them to attend the 

specific chunk of a study programme you need whenever and wherever it suits you. If the providers are to 

meet these requirements, the task of developing new courses and tailoring these to new students must 

be manageable.  

     We therefore, in this paper, propose a new type of courses. These are structured around learning 

objects, short complete education sessions, which may be combined in various ways according to the 
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student’s interests and levels. We combine the learning objects with blended learning and the ideas are tried 

out in research-based education in applied statistics. Working with learning objects gives a wide range of 

flexibility for both the course providers and the users. E.g., the structure makes it easier to suit different 

learning styles and the reusability makes it easier to make new courses tailored for new students.  

 

2. Different prior knowledge and different skills 

     Coming from high school students are very divers and during their education they become ever more 

different with respect to knowledge and skills. Furthermore the world of scientific knowledge has become so 

broad that it is not possible to cover everything. In earlier times courses at a university fitted in with each 

other like pieces in a puzzle but this is not possible anymore – now there will always be some space in 

between the courses and the problem is then how the students can be able to fill that space.   

 

3. Different learning styles 

     "Most people of college age and older are visual, while most college teaching is verbal - the 

information presented is predominantly auditory (lecturing) or a visual presentation of auditory information 

(words and mathematical symbols written in texts and handouts, on transparencies, or on chalkboard). A 

second learning/teaching style mismatches thus exists, this one between the preferred output modality of 

most students and the preferred presentation of most professors." (see Felder and Silverman (1988)). The 

citation states the problem which we are faced with very clearly – it is not enough to do university teaching 

the way we have always done it. 

     Felder et al (see e.g. Felder and Brent (2004), Felder and Soloman (working paper)) introduces 10 

different learning styles. A corresponding set of teaching styles exist but they will not be mentioned here. See 

the references for a description. The learning styles are:  

1. Active learners 

2. Reflective learners 

3. Sensing learners (Sensors) 

4. Intuitive learners (Intuitors) 

5. Visual learners 

6. Verbal learners 

7. Sequential learners 

8. Global learners 

9. Inductive learners 

10. Deductive learners 

It is outside the scope of this paper to discuss in detail what is meant by them but it is intuitively clear that in 

an ideal world we should have many parallel teaching sessions in order to meet the needs of our students. 

 

4. Web-based and non-linear Learning 

     A possible solution to these requirements could be web-based learning in a non-linear way. So what do 

we understand by web-based learning and what does it mean that it is in a linear way? 
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5. Web-based learning 

     Searching the internet shows lots of examples of web-based learning but most of the examples are 

“books transformed to the internet”. Real web-based learning is not that common. Many books and papers 

discuss different ways to organize web-based learning (see e.g. Davidson-Shivers and Rasmussen (2006)). 

 

6. Non-linear learning using Learning Objects 

     Usual learning/teaching is linear. You read a book trying to understand every little piece of information 

sequentially, beginning at page one, and ending at the last page, or you watch a lecture following the 

teacher’s progression. But does it have to be so? Cognitive research shows that we do not always learn best 

in that way (see e.g. Jensen (2005)). 

     Instead of doing the learning/teaching in a linear way it could be done non-linearly by letting the 

students decide when and how to work with the different topics. In order to do this the learning material – 

what ever it is – has to be divided in small parts which can be “used” independently of each other (see the 

figure below). These small parts are called learning objects and represent a relatively new method of 

subdividing courses into smaller modules. According to http://wiley.ed.usu.edu/docs/encyc.pdf, a “Learning 

Object” is defined as follows: "Any digital resource that can be reused to support learning. The term 

“Learning Objects” generally applies to educational materials designed and created in small chunks for the 

purpose if maximizing the number of learning situations in which the resource can be utilized". 

     When dividing the learning material in small parts it should be remembered that it is not just a question 

of cutting it up into small pieces – like dividing a book into chapters. The learning objects should be self-

contained, meaning that it should be possible to use the objects in what ever order the student may like. This 

imposes many constraints and is quite challenging. Furthermore it is “allowed” and even desirable to explain 

the same topic in many different ways to suit student needs. Several learning objects could be made on the 

same topic – just doing it in different ways. Here “different ways” means using different techniques (figures, 

examples, text, video, speaks etc.) and explaining on different levels.  

     Using learning objects in the way described above can either stand alone, or it can be combined with 

face-to-face teaching/learning to give the students better competencies and to fill gaps between courses.  

 

Figure 1: The ovals represent the learning objects. Each student chooses her own path – represented by lines 

– between the objects, and may skip some objects completely. It is easy to go back and fort between learning 

objects, and to a large extent they can be used independently of one another. Typically different students will 

choose different paths. 
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7. HEROS – an example 

     We have developed a system called HEROS (Higher Education Reusable Objects in Statistics). The 

system is made in Lectora, an authoring tool made by Trivantis (http://www.trivantis.com), and uses 

Hypergraph - a hyperbolic graph - (http://hypergraph.sourceforge.net) as a tool to make an overview of the 

learning objects available in a given course or in many courses all together. HEROS is built around the 

hyperbolic graph which shows all the learning objects in the course. If you click on a part of the graph the 

part will be enlarged in order to make the navigation easier. If you click on a learning object you go into that 

object and can work there as long as you like and visit it as many times as you want. All learning objects 

include a test so that you can test whether you need to jump into the object at all, and if you do you can 

afterwards check if you have “made it”. In HEROS we have tried to implement the ideas discussed in this 

paper. Our first course is an introductory course in statistics, made for continuing education in a global 

company, aimed at upgrading employees around the world. With a few modifications it could also be used in 

university teaching. It is outside the scope of this paper to describe the different techniques and features used 

for making the learning objects and the philosophy of trying to build in active learning as well as company 

relevant material. A demo version of HEROS will be published at http://www.imm.dtu.dk/~hero. 

  

8. Discussion and Conclusion 

     The ideas outlined in this paper are a first step towards defining a new concept of teaching. We need to 

do much more experimental work to fully understand the potential and limitations of the suggested frame. A 

further possibility is to combine the ideas with the CDIO principle (see Crawley, Malmquist, Ostlund and 

Brodeur (2007)) Moreover the ideas can be of course be used in other areas both outside the universities and 

outside the area of statistics. 
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Case studies are widely used in business schools in the United States.  A typical business case 

describes a situation faced by a company, often disguised, which requires sorting through information, 

extracting the important elements, analyzing that information and making a recommendation about what the 

company should do.  Generally there is no one correct answer.   

It is not uncommon for statistics textbooks to also contain cases.  For example, Basic Business 

Statistics Concepts and Applications by Berenson (2006) has what they call a Running Case Managing the 

Springville Herald.  In chapter 10 on Two-Sample Tests, they ask the students to “Analyze the data in Table 

Sh10.1 and write a report to the marketing department that indicates your findings.”  There are also 

casebooks that contain multiple cases and are often designed to supplement conventional textbooks.  For 

example, Casebook for Statistics and Data Analysis by Chartterjee (1997)  

At Babson College, we are currently developing and using short randomized electronic quizzes in 

several sections of our introduction to applied probability and statistics course.  Each quiz presents a typical 

statistical problem with small set of randomly generated data which the students are asked to analyze and 

enter their results on a web form.  Here is an example of an electronic quiz with ten parts. 

An employee of Consolidated Industries has been instructed to authorize payment for a shipment of peaches 

if he finds evidence with 99 % confidence that the average weight of the peaches in the shipment is greater than 

170 grams. A random sample of 5 peaches is selected from the truck load of peaches. The weights are normally 

distributed with a known standard deviation of 17 grams. The mean weight of the 5 peaches in the sample is 

183.76 grams.  

1) Formulate the null hypothesis Ho  

2) Formulate the alternative hypothesis Ha  

3) Identify the rejection region and determine the critical value of Xbar  

4) Find the observed value of Xbar  

5) Determine the critical value of Z  

6) Determine the observed value of Z  

7) Determine the probability, p, that we will get a value as extreme as the test statistic, assuming that Ho is true  

8) The significance level, alpha, is  

9) The correct conclusion concerning Ho is  

10) The correct conclusion concerning authorization is that the shipment 

This type of quiz provides a great deal of structure which guides the students through the steps in 

answering the question.  Each time a student takes the quiz they are given different information but the same 

structure.  Some instructors believe that the electronic quizzes provide too much structure.  Currently the 

structure is necessary in order to generate questions that can be automatically graded by the computer. 

An electronic case differs in the following aspects.  It asks a simple question, possibly embedded in 

related but unneeded information.  It provides almost no structure, and each time a new case is generated the 

solution may require a very different approach.  A significant percentage of time, the data contains invalid 

entrees and requires cleaning.  The need to clean data is a major problem in real life that is almost never 

given adequate attention in textbooks.  Sometimes the data violates the assumptions required for the type of 
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analysis that the students have learned and no solution are possible.   

After analyzing a case, students summarize their work and write a brief report which is collected on a 

web form.  Currently we are uncertain how to have the computer grade an unstructured solution.  The 

program needs to generate a sample solution as it generated the case.  Thus the instructor has a guide to assist 

in grading each student solution.  As we become more proficient in generating the cases, we hope to enable 

the computer to play a greater role in assisting the instructor in grading unstructured solutions. 

Let illustrate these ideas with a fanciful trivial example.  A group called the Alliance for Enhancing the 

Quality of Student Life has presented the administration Acme College with a demand that students with 

high SAT scores be given special guidance.  AEQSL claims that those students are getting less sleep than 

other students and need help.  They have presented the dean with a data set that they claim supports their 

position.  Their data set consists of two columns of data.  Column one contains the SAT math scores and 

column two contains the amount of sleep that students are reporting they get each night.  Your job is to 

analyze the data and make a recommendation to the dean.   

If we do a simple correlation calculation for real data from students at Babson College, we get 

            Pearson correlation of SATmath and Sleep = 0.205 with a P-Value = 0.230 

meaning that there is no relationship, and the claims of AEQSL are bogus.   

When a data set is generated for an electronic case, we might have the following changes.   

Each random variable could be either quantitative or categorical.  If reasonable values are generated, 

the students would need to use either a two sample t-test, a chi-square test, or a correlation analysis to 

determine if there was a relationship before they could report their results.  Of course the vocabulary would 

change in each situation.   

If the data set contains inappropriate values, then the students would get invalid results if they did not 

first examine the data set and use common sense.  For example if one row of data were altered we could get  

Pearson correlation of SATmath and Sleep = 0.973 with P-Value = 0.000 

meaning that there is a very strong relationship and the claims of AEQSL need to given serious attention.  

The difference between the two data sets is that the pair of values of 750 and 4.5 was changed to 7500 and 

45.  These values of course are not valid, and the students should realize this before taking the analysis 

seriously.   

There are many other bogus data situations that can be generated for electronic cases.  For example if 

we have categorical data we could generate a data set which would yield the table shown below.   

 

 High SATmath Low SATmath 

Above Average Sleep 47 1 

Below Average Sleep 1 47 

 

A naïve chi-square analysis would yield Chi-Sq = 88.167, DF = 1, P-Value = 0.000, but common sense 

would say that something is not correct and the analysis should not be taken seriously.   

There are many other examples that we could give but let us summarize the key idea.  We believe that 

generating an artificial but relevant data set in conjunction with simple electronic cases provides a number of 

advantages.  Students are required to clean data, check fundamental assumptions, and decide on the 

appropriate statistical approach for solving a problem given a certain type of data set.  They can be given a 

multitude of similar cases to analyze and reach a different conclusion each time.  Students benefit from 

needing to think about all aspects of their work.  Instructors benefit from having summary solutions to each 

generated case as a convenient aid in checking student work.  We hope to demo a working prototype at the 

ISI conference in August. 
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ABSTRACT 

We have been using electronic quizzes in our introduction to applied probability and statistics for several years 

at Babson College, a small business oriented college.  Because such quizzes use randomly generated data, we 

encourage the students to take each quiz several times to help in the mastery of the material.  The students are also 

encouraged to help each other with the concepts behind the quiz.  Each quiz has slightly different answers, thus each 

student must work their own quiz.  This inhibits passive reading of the quiz and casual copying of answers which give 

the illusion of understanding.  

The use of cases is a very common way of teaching in business schools.  Because cases have always emphasized 

real data, this presents a dilemma when constructing an electronic case.  We believe that students can benefit from 

being able to work the same case multiple times with different results.  When a conventional case is reused, students are 

tempted to search for solutions from the past. 

Our solution to this problem is to use realistic data that is artificially generated, but consistent with the spirit of 

the case.  In a typical case one goes through a series of steps to solve the problem.  When generating artificial data, 

each step is an opportunity to generate a data set which requires a different approach to solve the problem.  Examples 

include data sets that require cleaning, data sets that are categorical instead of numerical, and data sets that violate 

fundamental assumptions such as normality.  A more subtle approach is make only changes to the data to alter the final 

result in such a manner as to require a different conclusion.  This paper describes our basic approach to designing and 

implementing such electronic cases, and gives a simple example.  
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1. Introduction 

According to the expansion of computer network and the current information society, collected data 
should be more utilized in various fields of life.  Therefore, the needs for statistical knowledge and skills for 
data processing and analysis are more essential than before. On the other hand, the curriculum for data 
processing at the primary and secondary education level in Japan has been lessened due to the introduction of 
"the relaxed style education”. As the contents of school lessons for mathematics and statistics reduced in 
both primary and secondary school, worrying indication of declining academic abilities are widely observed. 
This also has caused the deterioration of academic performance by university students.  

New students in the university, who learned through this relaxed education system, have smaller 
knowledge in statistics than before regardless of their specialized area. Not a few students learn statistics for 
the first time at the university. Under these circumstances, it is necessary for the statistics education at the 
university level to bear even greater responsibility in raising qualified personnel to the society. Therefore, to 
seek the future developments for statistical education at the university stage, we conducted the essential 
survey for private companies and public institutions in March 2005.  We investigated the demand for data 
analysis and statistics knowledge and the expectation and evaluation for the statistics education at the 
university level.  
 

2. Survey Description 
The outline of the essentiality survey is as follows. We posted questionnaire to the private enterprises 

that employs more than 1000 people and the public institutions that employs more than 500 people. The 
valid respondents are 302 (184 private companies, 117 public institutions and 1 non-responder. The 
responding rate is 12%.  
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3. Results and Outlook 
In essentiality survey, we asked various items, such as adoption, education and evaluation of 

respondents' employees.  Chief results related statistics education are as follows: 
1) Most private enterprises and public institutions (respondents) think statistical knowledge is essential 

to their business. 46.7% of respondents think basic statistical skill is necessary and 94.1% of respondents 
think it useful for their business. In addition, 25.5% of respondents think their employees have advanced 
statistical knowledge is desirable. 

2) We subdivided the ability about the data processing and analyzing into 8 categories and asked 
respondents whether they think (i) these skills are necessary to their business and (ii) these knowledge are 
achieved by the statistics education at the university level. Results are summarized in Table1. From the table, 
the strong needs for wide-ranging statistical skills are evident and the degree of achievement at the present 
level of statistics education in universities is not sufficient. 

3) By correspondence analysis, we find out statistical knowledge considered useful for business is 
different by the type of industry. Figure 1 shows the essential statistical skills of four industries.  
 
Table 1 The necessity of the statistical skill and the evaluation of the statistical education (unit:%)  

(a)Students of liberal arts   (b)Students of science 
        and social science                          
 Abilities        necessity   degree of    necessity   degree of 
                                                      achievement             achievement 
A. to collect data 87.1 48.0 88.4 59.6 
B. to understand numbers in tables and graphs 87.1 46.4 88.4 60.9 
C. to grasp the problem quantitatively 86.8 35.1 87.7 52.6 
D. to plan investigation/experiment to collect data 75.8 30.8 83.1 42.1 
E. to use PC and process data  88.1 56.0 88.4 64.6 
F. to do data analysis (factor analysis and forecasting) 80.5 30.5 85.8 46.0 
G. to extract the meaning of analytical results 86.4 27.8 86.8 42.4 
H. to communicate analytical results to others 89.7 31.8 88.4 39.4 
 

 

 

 

 

 

 

 

 

 

 

 

 
  (a)Students of liberal arts and social science      (b)Students of science 
Figure 1 Useful statistical knowledge by the type of industries 

(Numbers indicate industries. 4: manufacturing, 9: retail trade, 16: services, 17: public institutions. 
Alphabets shows subdivided statistical skills.) 
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The propensities in Table 1 are regardless of public and private. So, most private companies and public 
institutions evaluate the statistical knowledge. However, they are not very satisfied with the statistics 
education in universities. In fact, comments in the opinion column show more concrete and demanding 
requests. Some respondents criticize that the statistical knowledge of students are rather superficial and 
cannot be expanded in application. They ask more adaptable and practical potentials to the future employees. 

Achievements evaluated by companies and institutions in Table 1 show that the level of statistical 
literacy of Japanese university students is precarious. However, the socially desirable statistical skills and 
abilities are higher and more pragmatic. Responding to these needs, that is the pursuit of statistical thinking 
and reasoning without delay is the challenges of the future for Japanese statistics education. 
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The International Statistical Literacy Project (ISLP) is one of the projects of the International 
Association for Statistics Education (IASE), a section of the ISI. One of our  missions is to 
promote statistical literacy activities of different organizations in the world, and to inform the world 
about them. Another goal is to create activities and actions that help increase statistical literacy 
awareness. We fulfill our missions in several ways. We try to achieve the promotion and 
information mission through our wiki web site, dissemination of the information at conferences, both 
local and international, participation in statistical literacy forums, and use of international resources 
in the ISLP’s statistical literacy awareness activities.  Our activities to increase statistical literacy 
awareness where it is most needed are designed to benefit many individuals and parts of the world 
in the long run.  We place particular emphasis on reaching the most statistically illiterate groups in 
order to bring them on board with the most literate ones and achieve equality in statistical literacy 
around the world, but we involve in our activities, inform on and promote the resources of every 
country on earth and we always work in cooperation with local groups.  The ISLP is supervised by 
the IASE executive and an advisory board of experts in statistical literacy from around the world. 
Friends ans sponsors of the ISLP support and contribute immensely to the ISLP too.  
 
The ISLP Web Site 

The web site of the ISLP is our forum of communication. The page is under the umbrella of 
the IASE web site and can be found at http://www.stat.auckland.ac.nz/~iase/islp/  It is a page hosted 
by the University of Auckland in New Zealand.  The most recent statistical literacy awareness 
activities of the ISLP and very recent activities of institututions are in the “home” page and  the 
“news” page.  The main strength of the web site is the “list of pages” link, where there are 
resources for everybody (teachers, parents, students, journalists, workers that handle data, adults in 
general, curriculum designers, and many others). The pages are under the supervision of the 
Director of the ISLP, and they are maintained and managed both by the Director of the ISLP and 
the page coordinators of the ISLP. The ISLP page coordinators are, in most of the cases,  experts 
in the different statistical literacy areas that their  page represents. All of our pages are constantly 
being updated as new resources appear and new activities are developed. These web pages were 
initiated in 2001 and managed until 2006 by Carol Joyce Blumberg, the previous ISLP Coordinator, 
with the help of page coordinators from different countries that you can see listed in the link 
“people.”  We are currently keeping the structure they had under her tenure for those who got used 
to that structure; but it is very possible that the interface will change in the very near future as 
users get more familiar with the new interface.  These web pages of the ISLP are now wiki based, 
like Wikipedia, so it is very easy for statistics members of the IASE/ISI community to enter links 
to resources or information in their own language. The ISLP Director will make sure that the 
resources are well linked and satisfy the high standards of the ISLP.  

Of particular interest to new visitors is the page that can be accessed from the home 
page: ”Navigating the ISLP,” which gives  general directions to move throughout the resource pages, 
provides brochures with suggested paths to follow if you are a parent, a user of a national statistics 
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office data, an adult, a student, a teacher, or member of some other group. There are also 
documents that  show you how to use the Wiki to enter your resources.  

   If you have any suggestions as to new pages or resources that we could add, please, 
contact the ISLP Director and let her know. The more countries contributing their resources, the 
more the whole world can benefit and the closer we will be to achieving statistical literacy for 
everybody. Listed below in Table 1 is a brief description of  the current list of resource pages  in 
the ISLP, and the page coordinators.  
 

  Table 1.  Resource Pages of the ISLP and their page  coordinators  
          http://www.stat.auckland.ac.nz/~iase/islp/list   
Homepage. Current 

activities of the ISLP, 

current feature documents 

and welcome page.  

Assessment of Statistical 

Literacy Coordinators: Sara 

Finney, Kenn Barron, and 

S. Jeanne Horst 

General Resources on 

Statistical Literacy 

Definitions of Statistical 

Literacy 

School (pre-college)  curri

culum reforms in the worl

d.  

Resources for Teachers to use in 

Classrooms or Improve their 

Knowledge of Statistics, 

Resources for those Training the 

Teachers. 

Resources for Journalists 

and Other Members of the 

Mass Media. Page 

Coordinator: Paul J. Fields, 

Media 

Resources for Adult 

Learners and Adult 

Educators.Coordinator: 

Brian Cann 

Newspaper and Internet Articles 

and Reports Useful for the 

Classroom. Coordinator: Eunice 

Goldberg 

 

CensusAtSchool. Coordinator: 

Neville Davies  

 

Training Programs and Learning 

Materials Sponsored by National 

and International Statistical 

Offices. Coordinators: Reija 

Helenius and Carol Joyce 

Blumberg 

 

List of Projects and Other 

Efforts by National Statistics 

Offices, National Statistical 

Societies and Similar 

Groups Coordinators: Paola 

Giacché and Carol Joyce 

Blumberg 

  
 In addition to the pages with resources listed in Table 1, the reader can find in all pages links to 
the history, the people, the mission, news, and Navigation instructions at the ISLP.  
 
The place of the ISLP among other International Statistical Literacy Institutions.  

There is not one single definition of Statistical Literacy and therefore, methods of assessing it, 
promoting it and of creating materials about it vary. Those interested in reaching school children, 
may choose to influence the school curriculum and adapt their resources to the curriculum. Hence 
statistical literacy activity for this group is complementing the curriculum or improving it. On the 
other hand, those interested in reaching consumers of national statistics published by statistical 
offices may have less specialized goals, and consider statistical literacy what is enough to 
understand those statistics. Those training the teachers may consider statistical literacy what helps 
the teacher implement the curriculum. By browsing often through the ISLP resource pages, one 
becomes aware of the commonality in all efforts: most initiatives, materials, projects and trainings 
share the goal of making citizens aware of statistics and its importance in their daily lives. The 
difference is in the models and materials for achieving that and this difference depends to a large 
extent on who/what support the efforts and what those initiating the efforts know about what others 
have already done for similar constituencies. In many cases, we see lots of duplication.  
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Public and private funding is often used to reinvent in one part of the world the wheel that 
has already been invented in other part. The ISLP, by keeping track of multiple sources of 
statistical literacy programs and by staying in close contact and participation with many of the 
existing statistical literacy attempts throughout the world,  can help avoid that to a large extent by 
advising, providing information and suggesting directions that others have followed and that have 
been successful.  Energies and private and public funding can be used not to repeat what others 
have done, but to learn from what others have done and use that,  with the  local funds and 
energies,  to mold initiatives  to the intrinsic characteristics of your institution. Our promotion 
activities help a great deal in this endeavor.  

 If countries and institutions are aware of others’ resources, they can dedicate local funds to 
develop only what is specific to the institutions of that country.  The ISLP can help save energy, 
public and private money and frustrations for those who have the best of intentions in their 
struggles to bring statistical literacy to their communities. Use whatever is already developed in 
other countries and will work for you and be rewarded for that. Add only what suits your piece of 
the world and share it with others.  Get rewarded for that, too.  The ISLP shares this view of 
cooperation yet specialization to your soil.  

But the ISLP has a much bigger role, which goes beyond informing, promoting and advising 
on international cooperation in statistical literacy promotion in countries that have already started. 
The ISLP also  has the mission of promoting statistical literacy where it is least implemented or 
nonexistent, plant seeds, attract resources and plan and conduct activities and engage those 
individuals and countries who are not yet in the speediest road to statistical literacy. We achieve 
that through the ISLP Statistical Literacy Awareness activies.  

  
ISLP’s Statistical Literacy Awareness Activities 

Most of the activities that the ISLP conducts around the world are intended to share with 
those in communities where IASE has meetings, that are not attending the meetings, a little bit of 
what goes on behind close doors. At the same time, the ISLP learns more about those communities 
and can establish partnerships and relationships that will benefit the ISLP and those in the world 
using its resources. The ISLP also participates in international meetings on numerical and statistical 
literacy and creates activities to help promote countries’ projects that help the wider international 
community. Below are the activities that are in our most recent agenda.  

Local statistical literacy games: The most recent activity has been the literacy game “Who 
Wants to Be Statistical Literate?” a game conducted in some towns of North Portugal in 
cooperation with project ALEA of the INE. We keep track of all the details of this game  in the 
web page http://www.stat.auckland.ac.nz/~iase/islp/game The games written in portuguese to train the 
students, the bulletins released to the students, dates, locations and results of the games, as well as 
the actual final competition and assessment of the activity will stay there forever for other countries 
of Portuguese language in Africa, Asia and South America to use if they wish. The philosophy of 
these games is that they have to be done in the language of the native country and involve 
statistical questions about the country where the game takes place. The games must also use 
resources already available in the country. One of the outcomes we expect to achieve with these 
games is to motivate students to see statistics as something that can be fun and useful outside the 
classroom setting while making them more aware of the statisticians in their community and  
international statistical community.  

International online game: In the future, we plan to keep the games local, with our next 
game in Monterrey Mexico, 2008, and then in South Africa in 2009. But we will also have a 
international version of the game that will take place electronically during the year. The inspiration 
for this online game came from the Eurologo project 
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(http://projects.eurologo2007.org/imaginecup/index.php?lang=en) where our current IASE President, 
Gilberte Schuyten, used to collaborate. We are planning to start this game next year. All countries 
in the world will be able to participate. Countries with less access to the Internet will be able to 
do a paper and pencil copy sent to them and compete with those doing the game online. The 
winners will be unveiled at the corresponding meeting of the IASE/ISI. 

Adult statistical literacy games: We plan to pursue activities like these games for adults too, 
in the more informal settings of a social gathering and in communities where statistics has not yet 
made it through the public educational speeches in churches, community organizations and business.  
These statistical literacy games for adults will also  take the form of very informal gatherings at 
ISI/IASE meetings. Quite often the technical training obtained in Statistics has not left us time to 
understand the most basic numbers that affect our everyday decisions or that shape the wellbeing of 
our countries. The goal of these games is to touch base with everyday statistics.  

Awards for best statistical literacy projects around the world. This is a new initiative that will 
reward those programs that best reach the communities they are intended to reach and that best 
contribute to statistical literacy beyond their constituencies. Countries that desire to compete for this 
award must pay a $100 fee and describe how they satisfy the criteria established by an 
international panel of judges experts in statistical literacy. There will also be a popular vote. Allthis 
will be coordinated by the ISLP.  

Participation in international or national initiatives to promote literacy: The ISLP often gets 
invited to participate in the promotion of quantitative literacy projects and to contribute to 
discussions on how to improve statistical literacy of populations. All these meetings contribute 
immensely to increase our wealth of resources to share with the rest of the world.  

 
Sponsoring and supporting the ISLP 

Sponsorship of the ISLP can be in kind, by donating prizes, or it can be monetary. Any 
donation is a good donation and we would encourage you to consider contributing. Your name and 
institution will appear in the list of sponsors of the ISLP activities. For financial support to the 
ISLP, follow these directions:  
For electronic donations to ISI earmarked to ISLP/IASE, by credit card, go to the ISI’ Secure Electronic 

Payment Site  http://isi.voce.nl/ms/?get=shop  In the window “Membership number” enter “ISLP Donation” if 

you are not an ISI member.  In the section on “Donation”  enter in the section “Donation to ISLP.”  

For donations by check, send a check  (writing in it that it is a donation to ISLP/IASE, to  

International Statistical Institute  

 428 Prinses Beatrixlaan, P.O. Box 950   

2270 AZ Voorburg, The Netherlands 

 

RÉSUMÉ (ABSTRACT)  
The ISLP is a project of the International Association for Statistical Education intended to provide 

information, conduct, promote and encourage activities on statistical literacy around the world. The project 
has a web page at http://www.stat.auckland.ac.nz/~iase/islp/ that compiles international activities, programs 
and materials relevant for the statistical literacy of media groups, workers, students, teachers and others. 
Under its new wiki approach, members of the statistical community can enter their materials and 
announcements in their native language. I present in this paper an overview of the web site, other activities 
of the ISLP, the agenda for the next four years, and venues of participation in the project.  
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ABSTRACT

During the development of the undergraduate program in Statistics, in the same fashion as in other
courses of exact sciences, a large number of enrolled students abandon their program, thus, making
it necessary to investigate some aspects of this phenomenon.A retrospective study was conducted on
the completion of the Bachelor’s degree, by the undergraduate statistics students, enrolled at the
Statistics Department, UFPR . The curriculum for the undergraduate course of Statistics, at UFPR,
schedules two disciplines for the first semester: Calculus and Analytical Geometry I, lectured by the
Department of Mathematics, and, Probability I, lectured by the Department of Statistics, and, those
two disciplines constitute an important theoretical basis, besides being a requirement to proceed with
the great majority of the disciplines in the program. It called our attention the fact that in all those
years there was a high percentage of failures in these disciplines. Therefore, our goal was to investigate
the predictive ability of these disciplines to determine the outcome of interest: graduating or not. A
logistic regression model was employed, where the probability of graduating was modeled as a function
of: the number of semesters the student failed, during the first year attending the program, in the
discipline ”Probability I”, and, in the discipline Calculus and Analytical Geometry I”. Inicially, data
from the period of 1991 to 1994 was examined, and, in the sequence, data up to 1997 was included.
Similar results were obtained for the two periods, and the combined analysis, as we expected, relate
high chances of graduating to few failureson these basic disciplines. The difficulties throughout the
learning process in those disciplines may be relatively similar, both requiring a certain amount of
mathematical abstraction and formalism.A student who achieves this level of mathematical maturity
will probably do well in the future stages of the program.

Keywords. Evasion, logistic regression, probability of graduating.
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1. Introduction 

In many countries, including the UK, there is a perception that the position of statistics as an academic 
discipline is in decline. The evidence is partly anecdotal and partly factual. The facts relate to the closure of 
some departments of statistics and the anecdotes to the difficulty of filling vacant posts and to the loss of service 
teaching. In order to obtain better evidence the Teaching Statistics Trust and the Committee of Professors of 
Statistics (COPS), supported by other interested groups and university departments, sponsored a review of the 
teaching of statistics in UK universities. The first aim was to examine existing data sources to see if there was 
any evidence of a decline. In addition a survey of statistics groups within universities was carried out to establish 
the current position of statistics teaching and the future prospects. The review was completed in October 2006 
and the draft report was discussed at a meeting of the Royal Statistical Society in December. The final report 
appears in Smith and Staetsky (2007). 

 
2. Sources and trends 

In the UK data on university staff and students is compiled by the Higher Education Statistical Agency 
(HESA). Because statistics is a universal scientific discipline it can be found in many different groups within a 
university and with many different identities. Administrative returns typically cannot cope with this complexity 
and so the returns to HESA for statistics are unreliable. After careful examination it was decided that they were 
inadequate for determining past trends. Fortunately the COPS had been collecting data on statistics staff and 
postgraduate students since the 1980s. They produced annually a Directory of Academic Statisticians (DAS) 
which listed, by group and by name and research interest, staff who identified with the title statistician. Figure 1 
shows the raw data. The trend is dominated by the change in the number of institutions after 1992 when 
polytechnics were designated as universities. For trend purposes we are not comparing like with like. 
The actual numbers were judged to be reliable for groups in the mathematical sciences and also for those related 
to medicine. For other groups, such as those in economics, psychology, management and informatics, the 
coverage of the DAS was inadequate for reliable quantitative analysis. Thus the report concentrated on trends in 
statistics teaching within the mathematical and medical sciences. The core groups for teaching are those in the 
mathematical sciences, and these are also the groups that submit their research for assessment under the UK’s 
Research Assessment Exercise (RAE). Figure 2 shows the trend in statistics staff for a fixed set of core statistics 
groups defined by RAE 2001 for the period 1984-2004, giving a like with like comparison. Figure 3 shows the 
trend since 1996 broken down by RAE score.  
 

The pattern in Figure 2 is clear. Since 1996, in a period when total student numbers in universities have 
increased by more than 20%, there has been a decline of over 7% in statistics staff. Figure 3 shows that this 
decline is related to RAE score. A high score means higher funding which in turn allows staff levels to be 
maintained. Good staffing leads to high recruitment of students, leading to even higher funding. The market 
mechanism is working and the Matthew principle applies. 
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Figure 1. Raw Counts on the DAS, 1984-2004
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Figure 2. Numbers of staff in core groups defined by RAE 2001, 1984-2004
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Figure 3. Association between RAE 2001 score and  average numbers of 
staff for core groups, 1996-2004
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3. Some results from the survey 

The survey enabled us to look at staffing by age and gender as well as by RAE score. Within the 
mathematical sciences only 21% of the staff are female, while in medical statistics, broadly defined, 47% are 
female. Table 1 shows the distribution of staff by age and RAE score within the mathematical sciences. Table 
2.shows the results of attempts to recruit staff. 
Table 1. Math Sci  by RAE score: Age structure

 <30 30-34 35-39 40-44 45-49 50-54 55-59 60+ Total
5-5* 16 35 21 30 20 29 24 19 194
% 8 18 11 15 10 15 12 10 100
3-4 0 7 10 12 8 16 19 9 81
% 0 9 12 15 10 20 23 11 100
no score 0 1 2 4 4 7 17 7 42
% 0 2 5 10 10 17 40 17 100
Total 16 43 33 46 32 52 60 35 317
% 5 14 10 15 10 16 19 11 100
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Table 2. Recruitment in Math/Stats  departments by RAE score in 2001

5* 5 4 3 no score Total

total number of groups 4 10 7 3 9 33

# of groups that advertised vacancies 4 7 3 1 0 15

# posts advertised 19 14 5 1 0 39

# posts filled 14 12 0 1 0 27

 
Again the results are clear in Tables 1 and 2. Those groups with a high RAE score have a reasonably 

uniform age distribution and have been able to recruit replacement staff. Those with lower scores have an ageing 
staff profile and find it very difficult to fill vacancies; their future prospects do not look good. 

The pattern of teaching varies with subject area. In the mathematical sciences, and in applied areas such as 
psychology, economics and sociology (the metrics), teaching takes place in each undergraduate year and also 
often at the Masters level. In medicine, however, there is very little teaching. Medical statistics is a source of 
demand for statisticians rather than a source of supply. 

Combining the results from the DAS and the survey we classified the statistics groups in the mathematical 
sciences into strong, marginal and weak. This classification correlates highly with RAE score . Table 3 gives the 
age distribution of staff in this classification. 
 
Table 3. Math Sci by Strength of Group: Age structure

 <30 30-34 35-39 40-44 45-49 50-54 55-59 60+ Total
strong 16 40 28 39 28 40 39 24 254
% 6 16 11 15 11 16 15 9 100
marginal 0 2 2 4 2 8 12 3 33
% 0 6 6 12 6 24 36 9 100
weak 0 1 3 3 2 4 9 8 30
% 0 3 10 10 7 13 30 27 100
Total 16 43 33 46 32 52 60 35 317
% 5 14 10 15 10 16 19 11 100

 
From Table 3 we used the marginal distribution of ages to forecast the total number of staff in 2010. On 

this basis we predict a further decline of about 7%. If now we disaggregate by strength and adopt a scenario 
approach to making projections, then a bullish scenario leads to a decline of 7% while a pessimistic scenario 
gives a decline of over 22%. We believe that the 22% decline will be closer to the actual figure if there are no 
policy changes by the funding bodies with respect to statistics, or more generally the mathematical sciences. 
Using qualitative data from the survey convinced us that the weak universities were in a parlous state, and that 
many groups will be closed down by 2010 if present funding rules are maintained. 

Defining a statistician is not easy. In our analysis we have concentrated on university statisticians within 
the mathematical sciences, numbering 577 in the DAS for 2005, most of whom will have a Ph.D. in statistics. 
Within UK universities there are nearly 400 statisticians in areas related to medicine, and an unknown number in 
other areas such as economics, management, informatics, etc. With the exception of medicine the other groups 
provide their own training programmes in statistics. The overall health of statistics depends on all these groups, 
but the mathematical sciences group is the largest and feeds its products into all the other groups. 

We also looked at some COPS data on Ph.Ds in statistics. Our tentative conclusion was that the numbers 
of UK domiciled Ph.Ds produced would meet only the demand from Academia. Assuming that about 50% of 
Ph.Ds will find work outside of UK Academia it is clear that within the UK we are not producing enough Ph.Ds 
to maintain population levels. Our birth rate is too low. 
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4. Policy implications for the UK 
Mathematics, including probability, provides the language for scientific enquiry and statistics provides an 

important methodology. In a knowledge-based society the mathematical sciences must be a key part of the 
education system. The UK does not have a planned system of higher education. Rather it has a pseudo market 
system based on student choice, within which the institutions are autonomous and prices are determined by 
funding and research councils. The result is that of the 125 university institutions in the UK only 63 offer a 
degree programme in mathematics (see Royal Society (2006)). The DAS for 2005 identifies 61 groups of 
statisticians within the mathematical sciences. Under present funding rules this concentration into fewer 
universities will continue with many of the weak groups being closed. Local access to degrees in the 
mathematical sciences will be limited and in many areas only those who can afford to leave home will be able to 
study the mathematical sciences. Does this matter? I think it does, but that is a value judgement, and markets are 
a value-free zone. 

What can be done? The UK is one of 45 countries that have signed up to the Bologna process to create a 
European Higher Education Area with standardised degree structures and credit transfer. The process is based on 
a 3:2:3 year system, similar to that in the USA. Most countries have moved, or have plans to move, to this 
system. In the UK, or at least in England, there are no plans and very little discussion at the institutional level. I 
am a fan of the US higher education system, and I would like to see the whole of the UK take this opportunity to 
redesign its system along the lines of a state such as California. This would be a revolution, but arguably no 
greater than that in 1992 when the number of universities doubled. Within this new UK system I would argue for 
advanced (professional) statistics training to take place primarily at the masters level, leaving more time for 
mathematics at the undergraduate level. The same pattern would be appropriate for subjects such as economics. 
At the undergraduate level the concentration could be on the basics of the discipline, with advanced statistical 
methods taught at the masters level. A major problem is how to fund this change. 

The other revolution that is needed is at the school level, see Smith(2004). In England there is too much 
choice and too much specialisation too early in a student’s career. Employers regularly complain about poor 
levels of numeracy, and scientists about the lack of fluency in algebra. There is a cultural problem; journalists 
who would express horror at grammatical errors abuse percentages with impunity. Of the 300,000+ students 
taking A levels in the final year at school only 60,000 are taking a course in mathematics. These students provide 
the bulk of the entries to all the degrees in science, engineering and technology. Of these about 6,000(CHECK) 
read for degrees in the mathematical sciences. To increase numeracy, algebraic fluency and the number of 
statisticians we must first increase the take-up of mathematics at schools. If this could be achieved then perhaps 
the downward trends identified above could be halted and possibly turned around. Restricting the options 
available at A level would be a good starting point. 

Are the UK’s problems shared by other countries, especially signatories to the Bologna process? 
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RESUME 
La perception que le corps enseignant des sciences mathematique est sur la decline dans les univerites de l’UK 
recevoit la confirmation. On attend une compression des personnel enseignant entre 7% et 22% avant 2010. On 
deliberes les implications. 
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SUMMARY 

Statistical inference is one of the main branches of Statistics and a fundamental methodological tool in 
empiric sciences, in particular, it allows us to quantify the reliability of results of aleatory samples, and 
therefore to verify our impressions by means of calculations (Batanero, 2001). This fact highlights the 
importance of an up-to-date teaching of the subject. 

This work is part of a research project which aims to investigate what the concept of Confidence 
Intervals means to students of a first course in Statistics at Rosario's National University.  

In the frame of the Godino’s (1999) theory we attempt to determine, by means of an opinion survey 
and a test given to students, the relationship between their own perceptions about their knowledge of the 
subject and the grades obtained in the test through the study of different elements of meaning: extensive, 
ostensive, actuative, intensive and validative which reveal the comprehension of the topic: Confidence 
Intervals. 
 
1. Introduction 

In the frame of the Godino’s (1999) theory we attempt to determine, by means of an opinion survey 
and a test given to students, the relationship between their own perceptions about their knowledge of the 
subject and the grades obtained in the test through the study of different elements of meaning: extensive, 
ostensive, actuative, intensive and validative which reveal the comprehension of the topic: Confidence 
Intervals. 

We incorporate some theoretical reflections on metacognition to be able to carry out a more exact 
interpretation of the relationship between the opinion of the students about difficulties in the learning of 
Confidence Intervals and the results of a test on this topic. 

When we speak of metacognition we speak of conscience and control that individuals have on their 
cognitive processes. Garner (1987) maintains that, during the last decade, a considerable quantity of studies 
has demonstrated that metacognition plays an important role in effective comprehension.  

The term metacognition, according to a majority of authors, refers to two basic components: 
knowledge about cognition and the regulation of cognition. The first component is related to the capacity to 
reflect on our own cognitive processes, and the metacognitive regulation implies the use of strategies that 
allow us to control cognitive efforts.  

According to Baker (1994), the distinction between metacognitive and cognitive strategies is not clear. 
Many cognition strategies or study strategies traditionally considered as metacognitive are useful, not only 
because they improve learning or comprehension, but also because they contribute to giving students a 
means of gauging the success of their efforts to learn and to understand.  

For practical purposes, so long as a strategy is effective, it doesn't matter if it is labelled as cognitive or 
metacognitive. The fundamental aim when we teach the mechanisms of metacognition to students is to 
enable them to take over responsibility for their own activities of learning and comprehension. 

The psychologists based on Vygotsky’s theory consider that the best way of achieving this objective is 
to transfer the responsibility of regulation gradually to young people. 

Watson (1983) claims that an essential objective of education in science is to encourage students to 
transform themselves into autonomous learners, able to acquire information from many sources, of 
considering alternatives, and of arriving to defensible conclusions. 

Specialists in scientific education such as Carin and Sand (1985); Carter and Simpson (1978); Esler 
and Esler (1985); Peterson and others (1985), have identified a basic core of abilities that the students of 
science resources should acquire, among them: observation, classification, comparison, description, 
organization of information, prediction, inference, hypothesis formulation, data interpretation, 
communication, experimentation and conclusion drawing. 

It should be stressed that many of the abilities involved in scientific procedure can also be considered 
as metacognitive abilities; for example, the formulation of conclusions. Carter and Simpson (1978) claim 
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that such abilities are in direct correspondence with a reader’s ability to critically analyze, to evaluate 
information, to recognize ideas and main concepts, to establish relationships and to apply the information to 
other situations. These operations are undoubtedly similar to evaluation criteria. Also, they claim that the 
scientific ability to interpret data belongs together with the operation of summarizing new information and of 
modifying the reading rhythm according to text needs, and highlight that both abilities can be considered as 
metacognitive. 

Fischer and Lipson (1986); Johnson (1985); Osborne and Wittrock (1983); Pope and Gilbert (1983), 
have come in similar ways to recognize the necessity for students to assume an active role in the acquisition 
of new knowledge. To Pope and Gilbert, knowledge is seen as product of transactions between a person and 
the context. They point out, also, that currently the emphasis is put on the activity of a person who tries to 
extract sense out of facts by the construction and interpretation of individual experiences. 

Osborne and Wittrock (1983) describe a constructivist model adapted to the learning of science, 
according to which to understand things that we are taught verbally or those that we read or discover when 
observing a demonstration or when carrying out an experiment, we should devise a model or explanation that 
organizes the information collected from that experience in a way that is significant and appropriate to our 
logic, to our experiences in the real world, or to both. 

The construction of these kinds of models requires certain metacognitive abilities such as evaluating 
the model’s factibility and revising its hypotheses, as necessary. 

Hawkins and Pea (1987), explicitly based on Vygotsky’s work, support a learning approach that 
encourages a transition from heteroregulation (being regulated by others) to self-regulation.  Johnson (1985) 
also comments on the importance that students take over control of their own scientific learning, and 
maintains that when students learn that they have a certain control about the information they access, they 
can look to themselves as agents responsible for their own learning rather than as inert holders of information 
that others dump on them. 

Maehr (1983) criticizes great part of science teaching, objecting that it is being too much directed by 
teachers and outlines that insofar as directed learning restricts the students’ participation in the learning 
process, it will end up diminishing their achievements. According to this author, problems derived from 
directed learning are probably more severe in the area of science education, where the main interest is to 
create a person who behaves autonomously. 

Fischer and Lipson (1986) express that one of the objectives of science teaching at the university is for 
the students to learn how to recognize and correct their own errors. They maintain that the students 
themselves should acquire the ability of dealing with errors and be able to disassemble their own "programs." 

Based on this point, we can consider that the recognition and the correction of one’s own errors are 
fundamental metacognitive operations. 

The problem of erroneous preconceptions is of metacognitive order. If students don't become aware 
that they don't possess the correct knowledge, they cannot clarify their understanding. In this sense, opinion 
surveys constitute a strategy for creating that awareness. 
 
2. Problem investigated 

What knowledge do students have about their own comprehension of a concept? 
What relation exists between the knowledge that students believe they have about the topic of 

Confidence Intervals and the comprehension of the concept as revealed by the possession of the different 
types of elements of meaning? 
 
3. Methodology 
Metacognition of students on the topic of Confidence Intervals: opinion survey 

We carry out a survey which objective is to know the opinion of students about difficulties in the 
process of learning this topic, and through that opinion, to know the awareness and the control that students 
have on their own cognitive processes. 

This survey is shown up next. 
Opinion survey to students 

1. Having taken a Course in Statistics, do you recognize that you had difficulties with the topic of 
Confidence Intervals? (Indicate your answer with a cross). Yes     No 

2. If yes: Do you have difficulties with: (indicate your answers with a cross) 
• Understanding theory. 
• Understanding simbology. 
• Understanding the instructions. 
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• The approach to solving the problem. 
• Numerical calculation. 
• Specification of the solution using appropriate simbology and graphics. 
• Interpretation of conclusions. 

Career:                                       Age:                    Origin place:  
Type of high school attended:                                  Computation knowledge:    
 
4. Results 

In the following box the didactic variables which characterize the knowledge process are related to the 
different elements of meaning: 
Relationship between difficulties evidenced by students and the possession of elements of meaning - Table 1 

Types of elements 
Items: difficulties evidenced 

Extensive Ostensive Actuative Intensive Validative 
Understanding of  theory X   X  

Understanding of  simbology  X    
Understanding of  instructions X   X  

Approach to solving the problem X   X  
Numerical calculation   X   

Specification of the solution using 
appropriate simbology and graphs 

 X  X  

Interpretation of conclusions     X 
 

Taking into account the relationship between the type of element of meaning and each of the questions 
asked in the survey, we analyzed the difficulties most frequently observed by the students themselves and the 
items they claim not to have problems with in relation to the skills evaluated. To that effect, descriptive 
tables were created for each element of meaning. 

The proportion of students who claim not to have problems with the different items that include the 
most commonly observed difficulties (elements of meaning) was compared with the grades obtained for each 
one of these items in a test. This relationship gave origin to charts that reflect clearly that students have 
bigger difficulties in the topic Confidence Intervals than they declare in their statements. Following is 
presented one of these charts: 
Relationship between the students’ perception about the difficulties they experienced with the topic of 
Confidence Intervals and the results obtained by them in the test - Table 2 

 
 
 
 
 
 
 
 
 
 

For example, although 48% of the students claim not to have difficulty in the application of validative 
elements, only 8% of the total passes the item corresponding to this element of meaning. 

In the analysis of the actuative elements 71% of the students consider that they don't have difficulties 
with the numerical calculation, but 32% only approve the items where actuative elements are evaluated. 

Similar results can be observed in the study of the ostensive and extensive elements. As for the 
intensive elements differences are not observed between what the students say and the test results.  

These conclusions are reinforced by the association coefficients (AC) and the 2χ  tests that determine 
the consistency between the students’ perception about the difficulties they experienced with the topic of 
Confidence Intervals and the results obtained by them in the test, which are summarized next: 
 
 

Validative elements     
       

  
Have you 
problems    

Pass  No Yes Total   =2
1χ 1,59 

Yes 5 2 7    
No 42 48 90   C.A.= 0,093 
Total 47 50 97    
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Statistical analysis - Table 3 

Type of meaning Element obs
2χ  05,0;1

2χ  
Association 
Coefficient 

Conclusion 

Actuative Elements 0,206 3,84 -0,072 Association doesn't exist 
Intensive Elements 21,58 3,84 0,485 Association exists 
Ostensive Elements 4,012 3,84 0,237 Association exists 
Extensive Elements 6,76 3,84 0,278 Association exists 
Validative Elements 1,59 3,84 0,093 Association doesn't exist 

 
5. Conclusion 

From an analysis of the box above we conclude that although there is a consistency between the 
students’ perception of what the test results were and the actual results when the student refers to the 
Understanding of Theory, Understanding of Instructions, Understanding of Simbology and the Approach to 
Solving the Problem, which in turn are in correspondence with Intensive, Ostensive and Extensive Elements 
of Meaning, they don't seem to be aware of their failings as regards actuative and validative elements. 

This would indicate a lack of reflection capacity linked with the prevalence of a mechanical approach 
to problem solving. We observed that students don't validate either the statistical concepts or their own 
performance. They believe they possess knowledge, but they have not apprehended its meaning. 
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ABSTRACT 

 ERIE (acronym for the Spanish term Esquema de Razonamiento en Inferencia Estadística, Framework for 

Inferential Statistical Reasoning) is a framework for teaching and assessing elemental inferential statistical reasoning, 

Moreno (2003), Vallecillos and Moreno (2005). In this paper we describe the case studies consisting of interviews with 

selected students. The interviews had the aim to validate the ERIE in a laboratory study. The analysis of the interviews 

made it possible to situate the groups of students (by grade) in their response levels and place each student at a level 

for each construct, thus validating the constructs and levels, and overall, the ERIE as a whole. Although this is the main 

objective for conducting and analyzing the interviews, this study also provided valuable information on basic aspects of 

learning elemental statistical inference such as previous conceptions of the students or the meaning attributed to 

certain concepts, such as randomness, fundamental to research. 

 

INTRODUCTION 

Statistical and probabilistic training in the modern world is a recognized need today in 

educational systems at all stages of teaching, not exclusively for higher education (NCTM, 2000). 

In Andalucía (Spain), the latest curricular reforms for primary and secondary school have included 

statistical inference as a new subject. The recommendations for ESO (curriculum for students 12-16 

years old; Junta de Andalucía, 1992; 2002) refer to methods of data gathering and analysis as well 

as the intuitive approach to representativity of samples and to statements that can be made from 

their study. The Bachillerato (curriculum for students 16-18 years old; Junta de Andalucía, 1994, 

1997), includes sampling, problems related to the choice of samples, conditions for their 

representativity, and the analysis of the conclusions that can be drawn from their study, as well as 

introduction to different types of sampling. 

Although valuable works are already contributing our knowledge concerning the learning 

processes of students at all grades great effort is still needed in theoretic research to provide 

learning models developed in the Statistical Education own field. Antecedents in this line are the 

works of Wild and Pfannkuch (1999) on statistical reasoning and Jones et al. (2000) on statistical 

reasoning. Moreno (2003) also follows this line, seeking to formulate, refine and validate an initial 

theoretic framework, ERIE, to describe the reasoning in elemental statistical inference in secondary 

students. Table 1 summarizes the complete ERIE. 

Moreno (2003) describes two empirical studies and a cases study. The present work 

describes the case studies consisting of interviews with selected students. The interviews had the 

aim to validate the ERIE, formulated by the two previous empirical studies results, in a laboratory 

study. The analysis of the interviews made it possible to situate the groups of students (by grade) in 

their response levels and place each student at a level for each construct, thus validating the 

constructs and levels, and overall, the ERIE as a whole. 

 

THE INTERVIEWS: AIMS, SAMPLE AND METHOD 

The interviews were carried out with the aims to test the ERIE in a laboratory study and can 

be classified as semi-structured. The analysis of the interviews, furthermore to provide an in-depth 

analysis of the student responses in order to explain them, made it possible, as we say before, to 

situate the groups of students in their response levels and place each student at a level for each 

construct. The questionnaire used in the second experimental study, Moreno (2003), served as the 

script and it contains several questions about the four constructs considered. On this questionnaire, 

completed by the student before the interview, the researcher had made a series of questions that 
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Table 1: Theoretic framework ERIE 

 

CONSTRUCTS 

LEVELS 

N1: IDIOSYNCRATIC N2: TRANSITION N3: QUANTITATIVE N4: ANALYTICAL 

POPULATION 

AND SAMPLE 

(PM) 

The student uses the 
normal concept of 

population. Does not use 
the statistical terms of 

population or sample. Does 
not identify the population 

or sample in most contexts. 
Does not recognize sample 

variability. 
Does not construct sample 

space. 
 

The student uses the 
normal concept of 

population. May present 
difficulties using the 

statistical term. Focuses 
on simple elements to 
define sample, a single 

characteristic or an 
example. 

Sometimes can refer to 
more than one but 

without relating them. 
Identifies the population 

but not the sample in 
most contexts. 

Recognizes the variation 
between the different 

samples but attributes it 
to chance, as if it were a 

supernatural force. 
 

The student describes the 
population based on more 

than one characteristic 
although not in a complete 
way. Defines the concept 
of population in statistical 

terms. Describes the 
sample in several contexts 
and does so using all the 

elements necessary 
although without relating 

them. Recognizes sample 
variability, although not in 

all contexts, and explains it 
in statistical terms. 

Constructs the sample 
space in the concrete 
context and does so 

systematically. 
 
 

The student completely 
describes the population 

and refers to it in 
statistical terms. 

Identifies the sample in 
all contexts and 

describes it using all the 
elements necessary, 

relating them 
appropriately. 

Recognizes sample 
variability and explains it 

in statistical terms. 
Identifies the sample 

space and constructs it 
systematically. 

 

INFERENCE 

PROCESS 

(PI) 

The student undertakes the 
task but does not complete 

it. The responses follow 
personal expectations 

concerning the composition 
of the population in most 

contexts. Shows prior 
conception. 

 

The student gives 
responses conditioned 

by a single aspect: 
variability (determinist 

conception), equal-
probability bias, or the 

nature of the population. 
Shows a determinist 

conception. 
 

The student describes the 
population composition as 

similar to that of the 
sample in most contexts. 

Uses numerical criteria for 
calculations. Shows an 

identity conception. 
 

The student shows that 
the composition of the 

population studied cannot 
be known by studying 

one of its samples. Uses 
numerical criteria and 

formal language to 
express this. Shows 

inferential conception. 
 

SAMPLE SIZE 

(TAM) 

The student shows 
indifference to the sample 

size. The estimation is 
based on personal criteria. 

Gives no criteria to 
establish an appropriate 

sample size in most 
contexts. 

The student selects the 
sample size based on 

aspects of little relevance 
such as expectations 

concerning the 
population or ease of 

calculation. Expresses 
determinist ideas 

concerning the sample. 
Selects a sample size 

based on a single 
relevant aspect in most 

contexts. 
 

The student recognizes the 
influence of sample size in 
the estimation but does not 

relate them, or does so 
subjectively. Uses criteria 

for establishing an 
appropriate sample size in 

most contexts. 

The student recognizes 
the influence of sample 
size and uses detailed 

statistical criteria. 
Analyses the suitability of 

the sample size of the 
population under study. 

TYPES OF 

SAMPLING 

(TIM) 

The student’s choice of the 
sampling method is subject 

to irrelevant personal 
expectations. Does not 

distinguish between random 
methods. Does not 

recognize sources of bias. 
 

The student 
distinguishes some types 

of sampling using 
statistical terms but does 

not have criteria to 
distinguish between 

random samplings. Does 
not consider the 

sampling methods 
adequate, and prefers 
censuses. Does not 

value random methods 
nor identifies sources of 

bias. 
 

The student recognizes 
bias in the non-random 

sample although does not 
always identify the source. 
Recognizes that the non-

random samplings present 
more bias than do the 

random ones. 
Distinguishes between 

random sampling methods 
but not always correctly. 

 

The student recognizes 
the possibility of the 

presence of bias in the 
non-random sampling 

and identifies the 
sources. Prefers random 
sampling over the non-

random to conduct a poll. 
Finds differences 

between the random 
methods. 

 

  

could be modified in some cases according the students answers. Each interview, taped in audio and 

afterwards transcribed, lasted some 20 min. An attempt was made to present each question in the 

terms, language and perspective of each student. The sample was intentional and 8 students were 

interviewed—three from 3
rd

 and 4
th

 of ESO, and two from 2
nd

 of Bachillerato.  
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RESULTS: LEVELS OF RESPONSE STRUCTURING BY GRADE 

The students interviewed from 4
th 

of ESO were Nicolás, Regina and Ángela. None of them 

gave responses at the Analytical level in any of the constructs, although, in most cases, the students 

were situated at the Transition and Quantitative levels in at least two constructs. One student gave 

answers at the Idiosyncratic level in two of the constructs. The three students in 3
rd

 of ESO were 

Alejandro, Myrian and Ismael. These students, overall, gave responses of higher levels than did the 

students of 4
th

, despite the difference in age. The responses at Idiosyncratic level corresponded to 

the TIM construct, which refers to the types of sampling, in which we found generally greater 

difficulties and erroneous basic conceptions of randomness, etc.  

 The two students of 2
nd

 of Bachillerato were Cristina and Jesús. The responses of the 

Bachillerato students contrasted sharply with the previous results, with no response in the 

Analytical level, and most in the first two levels, Idiosyncratic and Transition. For these students, it 

is necessary to look for additional explanations related to curriculum or another that would 

complement the information gathered to date. 

 

RESULTS: PROFILES OF THE STUDENTS INTERVIEWED 

 We finally examined the profile of each student interviewed. In each case, we studied the 

stability of their responses at the levels of each construct. 

In 4
th

 of ESO, Nicolás and Regina were situated at the Transition and Quantitative levels  

in three to four constructs, while Ángela was placed at the Quantitative and Idiosyncratic levels. 

This latter student was classified as predominantly Idiosyncratic, Nicolás as mainly Quantitative, 

and Regina as between Transition and Quantitative. 
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Graph 1: Profiles of students from 4
th

 of ESO   Graph 2: Profiles of the students of 3
rd

 of ESO 

  

The three students of 3
rd

 of ESO were clearly situated between the Quantitative and 

Analytical levels. Only Alejandro and Ismael were classified at the Transition level in the case of 

the construct referring to the different types of sampling. In the case of Ismael, Analytical reasoning 

clearly predominated, while Quantitative predominated in the other two.  

The students of 2
nd

 of Bachillerato were both situated between the Transition and 

Quantitative levels, Cristina being predominantly Quantitative while Jesús oscillated between 

Idiosyncratic and Transition. 

The most stable profile corresponded to the students of 3
rd

 of ESO, who maintained the 

Quantitative level in the three constructs PM, PI, and TAM. They reached a lower level of 

structuring in the construct TIM, which also proved more difficult for the students. Most of the 

students were stable at two levels and in two or three constructs. In no case did we find responses of 

different levels in each of the constructs. 

The responses of the students interviewed did not fit any clear pattern of stability that would 

enable us to determine response levels that we could consider as a reference for students at this 

academic stage. 
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Graph 3: Profiles of students of 2
nd

 de Bachillerato 

 

 For the moment, we have no reasons to venture possible causes for this fact, which may not 

even be necessary. At this point, we have evidence only of the need to continue the research to test 

ERIE and possible also the theoretic framework of SOLO. 

 

CONCLUSIONS 

The results from the interviews conducted afterwards enabled us to apply ERIE, in a 

laboratory situation, to selected students, and we found that it is possible to classify the students at 

their respective levels according to their responses on the questionnaire and in the interview. 

Therefore, we consider ERIE valid for characterizing the learning of elemental inferential statistics 

at the secondary-school stage. ERIE also enabled us to evaluate the overall learning of inferential 

statistics: the passage from one level to another also implied learning. Subsequently, we can 

establish the differences between the structuring levels of the response in terms of learning, such as 

the increase in the capability of handling concepts—for example, to relate the concept of sample 

variability and sample size, but also relate this with population variability and size. In relation to the 

application of the framework ERIE, we observed that the students in the highest grades had less 

difficulty in answering the questionnaires. In fact, the responses of these students were distributed 

primarily among the highest levels of response in ERIE, in agreement with the distribution by levels 

that would be expected for these students. The responses of the students of the earlier grades were 

distributed in the lowest levels of the framework ERIE, showing a greater number of difficulties, 

overall, to establish relationships between concepts involved in the process of making and 

evaluating inferences. Also, we found, in general terms, many cases of décalage—that is, the same 

student giving responses at different levels in different constructs, and sometimes in different 

contexts of presentation of the question. This result is of great pedagogical interest, as it advises 

against possible simplification of teaching, clearly revealing the difficulty of instruction in this 

subject matter at the secondary-school stage. 

In this situation, together with the social need to improve it, the researchers in Educational 

Statistics bear the responsibility of in-depth research on this issue. Teachers needed their 

contributions for improve both teaching and learning statistics in all teaching level. 
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1. Introduction 
Although the development of the idea of a sampling distribution is a critical step in developing the 

theory of statistical inference, students often have misunderstandings when learning about sampling 
distributions (Chance, delMas, & Garfield, 2004). One example of a widespread and important 
misunderstanding is neglecting the effect of sample size on sampling variability. For instance, in contrast to 
what probability theory would predict, most subjects in a study of Tversky and Kahneman (1974) judged the 
event of obtaining more than 60 percent boys to be the same in a small hospital with 15 and in a large 
hospital with 45 births a year. Another example of the problems students encounter is the misunderstanding 
of the Central Limit Theorem. For instance, in contrast to what this theorem states, many students in a study 
of Chance et al. (2004) believed that sampling distributions should look more like the population as the 
sample size increases. 

To overcome these difficulties, the use of computer simulations for teaching statistics in general, and 
for teaching sampling distributions in particular, has been recommended by many researchers (for a review, 
see Mills, 2002). To investigate the possible advantages of computer simulation methods, Chance et al. 
(2004) and delMas, Garfield, and Chance (2004) have developed the so-called Sampling Distribution Activity 
(SDA), an instructional activity that includes Sampling Sim, simulation software specifically designed for 
teaching sampling distributions. Besides this simulation software, the activity includes several assessment 
tasks and a pre- and posttest to assess students’ prerequisite knowledge and understanding of sampling 
distributions. Most items of the pre- and posttest are closely related to the assessment tasks in the activity. 
The present large-scale investigates the effect of the SDA on students’ understanding of sampling 
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distributions. 

2. Research goals 
Following the research tradition of Chance et al. (2004) and Delmas et al. (2004), the main goal of our 

study is to gain more insight into the effectiveness of the Sampling Distribution Activity for teaching 
sampling distributions. More specifically, the aim is to document students’ understanding of sampling 
distributions before and after the Sampling Distribution Activity. 

3. Method
Participants

Participants were 221 students of Educational Sciences or Speech Pathology at the Katholieke 
Universiteit Leuven in Belgium. The typical curriculum of these students covers five years. Students have to 
follow three statistics courses, one in each of the first three years. The second statistics course, which uses 
the introductory textbook of Moore and McCabe (2006), covers some methodology, probability, sampling 
distributions and an introduction in statistical inference. The mathematical background required to follow 
these statistics courses is limited. 

Sampling Distribution Activity 
In the second year statistics course, the Sampling Distribution Activity was used for teaching sampling 

distributions. Three modifications were made to the original activity to better fit our specific context. First, in 
contrast to previous studies, we used the activity as the very first introduction to the concept of sampling 
distributions. Second, where previous studies focus on the sampling distribution of the mean, we also 
included sampling distributions of other statistics like the proportion and the standard deviation. Third, a 
blackboard scheme was used to facilitate the integration of different ways to visualize the process of 
sampling distributions. 

The complete activity took place in two two-hour sessions. The first session was organized in groups 
of about 40 students. It started with an interactive introduction to sampling distributions of proportions and 
means for the whole group, followed by small group exercises. More than half of the session was devoted to 
the use of Sampling Sim and to the graphical exercises of the Sampling Distribution Activity (see further). 
The teacher showed Sampling Sim and the exercises on one big screen. The teacher did not provide answers, 
but guided the students in finding answers to all questions. The second session took place in one large group 
and included an interactive lecture about more formal derivations of characteristics of sampling distributions 
followed by some exercises. 

Instruments and data analysis 
Most of the material used to assess students' understanding of sampling distributions originates from 

the pre- and posttest included in the SDA. First, there is a multiple-choice non-graphical contextual ‘geology
item’, where students have to assess the accuracy of the average of 5 versus 20 weightings to determine a 
rock’s weight. It aims at measuring students’ intuitive understanding of the impact of sample size on 
sampling variability. Second, there is a graphical item where students have to distinguish a sample and a 
sampling distribution. Students have to indicate whether there is a difference between elements in two 
figures (one sample and one sampling distribution) and, if they think there is, they have to explain this 
difference. Third, there are two graphical items that aim at measuring students’ visual understanding of 
sampling distributions. For these items, students have to choose the best histogram of a sampling 
distribution, given a specific graph of the population and a sample size and they have to judge characteristics 
such as variability and shape. Both items include seven sub-questions. So, for these two items together 
students can have a score ranging from zero to fourteen. Since these last two graphical items require at least 
some previous experience with sampling distributions, they were only assessed in the posttest. 

In addition, participants completed the Statistical Reasoning Assessment (SRA; Garfield, 2003). One 
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item of this questionnaire is particularly of interest for our study, namely the above-mentioned ‘hospital 
item’ from Tversky and Kahneman (1974). For this item, administrations at three different points in time are 
available: at the beginning of students’ first year, and before and after the SDA. 

In summary, pre- and posttest data (before and after the SDA in the second year) are available for two 
non-graphical items (‘hospital item’ and ‘geology item) and for one graphical item. For the ‘hospital item’ 
also data at the beginning of students’ first year are available. Only posttest data are available for two other 
graphical items. Because not all students are able to follow all teaching sessions, not all 221 students 
participated at each administration. Descriptive data are presented for all available data. The response rate for 
the ‘hospital item’ was 91% (n = 202) for the first, 72% (n = 160) for the second, and 93% (n = 205) for the 
third administration. The response rate for the other items (items of the SDA pre- and posttest) was 86% (n = 
191) for the pretest and 81% (n = 179) for the posttest. 

Randomization tests (Edgington & Onghena, 2007), more specifically exact randomization test 
versions of Cochran Q test and McNemar change test, are used to analyze data for students that participated 
at all administrations. For the hospital item this is the case for 69% (n = 152) of the students, for the ‘geology 
item’ for 73% (n = 162), and for the first graphical item for 65% (n = 143). The results are similar if we 
consider all available data or data for students that participated at all measurement moments. 

4. Results
Non-graphical items 

The results for the ‘hospital item’ show that many students have difficulties to realize the impact of 
sample size on sampling variability properly. For all three administrations, only between 30% and 40% of 
the students judged the probability of obtaining a larger proportion of female births to be larger for a small 
hospital than for a large hospital. There was no statistically significant difference between the percentage of 
correct answers for the different observation moments (33.67% at the beginning of the first year, 31.88% 
before the SDA, and 37.07% after the SDA), Q(2, N = 152) = 3.6438, p = .1609. 

For the ‘geology item’, the number of correct answers even decreases from pretest to posttest. In the 
pretest 88.48% of the students correctly indicate that the average of 20 weightings would be more accurate 
than the average of 5 weightings. In the posttest, however, only 76.54 % responds correctly. The McNemar 
change test shows a significant decrease, S(1, N = 162) = 10.0000, p = .0022. 

Graphical items 
An analysis of the graphical item where students have to distinguish a sample and a sampling 

distribution shows that performance increases drastically from before to after the activity (from 65.97% at 
pretest to 79.33% at posttest). The McNemar change test shows the increase is significant, S(1, N = 143) = 
15.1250, p < .0001. An examination of the explanations shows that students’ reasoning about the difference 
between sample and sampling distributions is much more profound for posttest responses. In the posttest 
many more students indicate that an element in a sample is only one element and that an element in the 
sampling distribution is the mean of a sample with three elements. 

As mentioned before, only posttest data are available for the second type of graphical items. For these 
two items combined, students in our study have an overall average score of 9.31 on 14 (s = 2.84). This result 
is comparable to the average of 9.6 (s = 2.66) and 7.6 (s = 2.84), observed by Lunsford, Rowell, and 
Goodman-Espy (2006) for students following a post-calculus probability course (n = 18) and a statistics 
course (n = 7). 

To assess students’ reasoning about the variability and shape of the sampling distribution as the sample 
size increases from small to large, responses to reasoning pairs are coded in different categories, such as 
Correct or Good. A Correct response for a particular item means that the student picked the correct sampling 
distributions for both sample sizes (small and large). A response is coded as a Good response when students 
– although they do not pick the correct sampling distributions – realize that sample size has a negative 
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impact on sampling variability and that the sampling distribution become more normal as sample size 
increases. The percentage of Correct or Good responses to the two graphical items of the posttest is 53.7%. 
This is relatively high compared to the percentages delMas et al. (2004) reported for three different versions 
of the Sampling Distribution Activity. In their study, for one version of the SDA (n = 118) this percentage 
was 39.4%, for a second version (n = 154) 38.6% and for a third version (n = 94) 36.7%. 

5. Discussion 
This study reports empirical data on students’ understanding of the concept of sampling distributions 

before and after the Sampling Distribution Activity (SDA) (Chance et al., 2004). Comparison of pre- and 
posttest scores show a substantive improvement of students’ understanding of sampling distributions for a 
graphical item that is closely related to the exercises in the activity, but a status quo or even a deterioration 
for two other (contextual, non-graphical) items.  

Students’ visual understanding of sampling distributions and their characteristics, like variability and 
shape given a specific sample size, was measured with two graphical items only after the activity. Although 
only about half of the students showed good to perfect visual understanding, this result was high compared to 
the results of delMas et al. (2004). The reason for this difference can for instance be differences in student 
factors (e.g., field of study, mathematical background, previous experience with statistics), differences in 
context factors (e.g., pedagogical methods of the teacher, classroom organization), or differences in 
implementation of the SDA. Further study is needed to reveal the impact of these factors in more detail. 

In general, this study confirms the complex and difficult nature of the topic of sampling distributions 
for students. Because of a better performance for graphical items compared to non-graphical items, it seems 
to indicate that the potential of the SDA is highest for visual understanding of sampling distributions and that 
transfer from the simulation software to other representations or contexts is most difficult. We agree with the 
designers of the activity that software alone cannot build reasoning about sampling distributions. The study 
suggests that students might benefit from even more diversity in the activity (for instance, different 
visualizations or contexts) than currently available.  
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1. Introduction  

If among economical phenomena exist nonlinear interconnections, they are expressed with help of 
corresponding nonlinear functions. Teaching the regression analysis for the economic science students one of 
the important topic is method of Ordinary Least Square (OLS) and their application in the nonlinear 
regression analysis. Based on experience at Latvia University of Agriculture, the illustrated approach of 
teaching of nonlinear regression topics for undergraduate students in economics is presented (Arhipova I., 
2006). Teaching statistics on regression analysis, students usually have problems with interpretation of the 
transformed regression model parameters significance (Arhipova I., Balina S., 2004). The tasks of teaching 
using OLS in the nonlinear regression analysis are discussed. 

Models which are nonlinear in parameters, in sense, that by suitable (log) transformation the models 
can be made linear in parameters. In this case method of Ordinary Least Square (OLS) has been used for 
transformed equations. However, it is possible that the stochastic term has different variability related to 
dependent variable: additive or more random and unpredictable. Depending on the stochastic term variability 
the nonlinear models can be intrinsically linear (in-parameter) regression models (in the sense that by 
suitable (log) transformation the models can be made linear in the parameters) and can be intrinsically 
nonlinear in parameters.  

If for the linear models and models nonlinear in variables the least-squares criterion of minimization 
has been applied to initial (original) variables, then for the models nonlinear in parameters the least-squares 
criterion of minimization it has to be applied to transformed variables, for example LnY. However, the 
parameters estimation for the transformed models OLS is biased. It means that, although nonlinear models 
can be transformed into linear regression models and can be estimated by OLS, we have to be careful about 
the properties of the stochastic residual term that enters these models. As the preceding analysis shows, it is 
necessary to pay attention to the residual term in transforming a model for regression analysis. Otherwise, a 
formal application of OLS to the transformed model will not produce a model with correct statistical 
properties. The examples of the different nonlinear models and the application of OLS are considered, as 
well the transformed models estimated parameters has been compared. 

 
2. The least-squares criterion of minimization for linear and nonlinear models 

Consider the following regression model (1). 

i
X

i
iY εββ ⋅⋅= 21  (1) 

Models like (1) are intrinsically linear (in-parameter) regression models in the sense that by suitable 
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(log) transformation the models can be made linear in the parameters β1 and β2 (Note: Model is nonlinear in 
β1 and β2). In this case we assume that that the error variability isn’t constant at all Xi, that is, that the error 
isn’t additive. Most likely, there is more random and unpredictable fluctuation at the different levels of Xi. 
We assume that (2) 

01 == ∑∏ ii Lnor εε  (2) 
Taking the logarithms on the both sides of the equation (1), we obtain equation (3). 

iii LnLnXLnLnY εββ ++= 21  (3) 
Using OLS for the sample regression function under the minimum criterion (4) 

∑ −− 2
21 )( LnbXLnbLnY ii  (4) 

the process of differentiation yields the following normal equations (5) for estimating β1 and β2: 
 (5) 

Solving the normal equations simultaneously, we obtain (6) 

 (6) 

Let 0=X , than (7) 

∑⋅= iLnY
n

Lnb 1
1  or n

nYYYb ...211 ⋅⋅=  (7) 

It means that parameter β1 is the geometric mean of variable Y. To use the classical normal linear 
regression model, we have to assume that Lnεi ∼ N(0, σ2). Therefore, when we run the regression (3), we will 
have to apply the normality tests to the residuals obtained from this regression (Gujarati Damodar, N., 1995). 

Now consider the following regression model (8). This model is intrinsically nonlinear in parameter. In 
this model we assume that the error variability is independent of Xi, that is, that the amount of residual error 
variability is the same at any Xi. 

i
X

i
iY εββ +⋅= 21  (8) 

Using OLS for the sample regression function under the minimum criterion (9) 

∑ ⋅− 2
21 )( iX

i bbY  (9) 
the process of differentiation yields the following normal equations (10) for estimating β1 and β2: 

 (10) 

It isn’t possible to solve these normal equations analytically, and in this nonlinear case, nonlinear 
ordinary least-squares estimation can be performed iteratively using a linearization of the model with respect 
to the parameters. It is clear, that the parameters β1 and β2 estimation have got from the minimum criterion 
(8) are biased from the estimation of the parameters β1 and β2 have got from the minimum criterion (4).  

We have to be careful about the properties of the stochastic error term that enters this model. For 
hypothesis testing, we have to assume that for the model (8) stochastic residual term εi follows the normal 
distribution. But for the model (1) and its statistical counterpart (3) we have to assume that Lnεi ∼ N(0, σ2) 
and respectively stochastic error term εi must follows the log-normal distribution with mean (11) and 
variance (12): 

22σe  (11) 

)1(
22

−σσ ee  (12) 
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3. Graphical application of OLS to the transformed model 
Let examine the trend in Latvia income and identify the impact of income changes on private 

consumption distribution. Analysis is based on gross private consumption and average income per capita 
Latvia Central Statistical Bureau data for the time period from 1996 to 2005 in real 2000 year prices for the 
different regions of Latvia (Statistical Yearbook of Latvia, 2006). The following hypothesis is chosen for 
regression analysis: gross private consumption distribution depends on average income per capita. In this 
task special attention is paid to the interpretation of linear and transformed models parameters. 

The relationship between consumption and income is one of the most important issues in 
macroeconomic model building and forecasting (Takala K., 2001). The following model was chosen for the 
consumption modeling depends on income (13), where Yi is Latvia gross private consumption in mln LVL 
and Xi is the average income per capita in LVL: 

iii XY εβ β ⋅⋅= 2
1  (13) 

Taking the logarithms on the both sides of these equations, we obtain equation (14). 

iii LnLnXLnLnY εββ ++= 21  (14) 
Using OLS for the sample regression function under the minimum criterion (15) 

∑ −−= 2
211 )( ii LnXbLnbLnYZ  (15) 

the following parameters β1 and β2 estimations were obtained (16): 
 (16) 

The regression results show that parameters Lnβ1 and β2 are both significant (p-value<0,05) and gross 
private consumption is depended on average income per capita. The slope parameter β2 measures the 
elasticity of Y with respect to X, that is, the percentage change in Y for a given percentage change in X. From 
these results we see that implying that for a 1 percent increase in the real average income per capita, the 
gross private consumption increases by about 0,78 percent (figure 1). 

 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 1. Consumption and income relationship using models with additive and unpredictable residual 
term 

 
Let assume, that the following model was chosen for the consumption modeling (17): 

iii XY εβ β +⋅= 2
1  (17) 

78,095,79 2
38,4
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Using OLS for the sample regression function under the minimum criterion (18) 

∑ ⋅−= 2
12 )( 2b

ii XbYZ  (18) 
the following parameters β1 and β2 estimations (figure 1) were obtained by the iteration process (19): 

 (19) 
The conclusion is that both minimum criterions Z1(b1;b2) (15) and Z2(b1;b2) (18) have biased minimum 

solutions (figure 2). The problem is that when we run the regression (13), we will have to apply the OLS for 
the intrinsically linear (in-parameter) regression model, but when we run the regression (17) than we will 
have to apply the OLS for the model intrinsically nonlinear in parameters.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 2. The comparison of the models minimum criterions solutions 

 
4. Conclusions 

The application of OLS allows the students to obtain clear interpretation of the statistical models as 
well as to help them better understand the transformed models parameters interpretation. Students get clear 
explanation about the OLS field of usage in the tasks of nonlinear regression, as well the concepts about the 
statistical properties of transformed models. The preceding analysis demonstrates for students the properties 
of the stochastic residual term that enters these transformed models. 
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1. Introduction 

Conditional probabilities and the Bayes theorem are highly relevant in the field of psychology, where 
these types of reasoning appear in diagnosis, evaluation, decision-making and application of statistical 
inference in experimental research. However, recent research related to conditional probability and Bayesian 
reasoning suggests the existence of different psychological biases in reasoning about conditional probability. 
These difficulties include confusing conditional and causal reasoning (Falk, 1989), the fallacy of the time 
axis, or belief that in P(A/B), event B should always precede in time event A (Gras & Totohasina, 1995; 
Ojeda, 1996), problems in defining the conditioning event and misunderstanding of independence (Sánchez, 
1996; Truran & Truran, 1997).  As regards Bayesian reasoning (see a summary in Koehler, 1996), early 
research by Tversky and Kahneman (1982) suggested that people do not employ this reasoning intuitively 
and established the robustness and spread of the base-rate fallacy in students and professionals (Bar-Hillel, 
1997). While this previous research concentrated on isolated points of understanding, at the University of 
Granada we developed a comprehensive instrument (CPR questionnaire, Conditional Probability Reasoning) 
that can be used to assess in a reasonable time and in just one application the different biases and 
misunderstanding of these concepts in the same student (Díaz, 2004). In this paper we use cluster and factor 
analysis to explain that the biases described above do not appear to be related to formal understanding and 
competence in solving conditional probability problems but rather are independent to one another. We finally 
conclude with some recommendation to improve the teaching of conditional probability to psychologists. 
 
2. Method 

Data are taken from 590 psychology students in 4 different Spanish Universities who completed the 
CPR questionnaire with a total of 18 items. Some items had several parts (e.g., item 6 and 17), which are 
scored independently. The building of the questionnaires was based in a rigorous methodological process, 
including expert judgment, item trialling, validity and reliability assessment and Bayesian estimation of 
items’ psychometric features. All the students in the different samples in this study were in the first year of 
Psychology and all of them followed an introductory statistics course with the same programme. The 
different tests were all given after the students had been taught conditional probability and Bayes theorem. 
The questionnaires were completed as an activity in the course of data analysis, and the students were asked 
to study the topic in advance. Our first approach to the reliability of the instrument was carried out by 
computing the coefficient Cronbach’s Alpha, that gave a moderate value (Alpha=0.721). A second 
estimation of reliability used test-retest in a sample of 106 students that completed the questionnaire twice 
(with a month between testing times) and provided a reliability coefficient of 0.859, which is reasonably 
high. A theoretical analysis of the questionnaire content as well as the results from experts’ judgement served 
to justify content validity comparing the content evaluated by each item to the semantic units included in the 
semantic definition. 

We analysed the structure of responses to the questionnaire and compared with the assumed structure 
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of the construct (Muñiz, 1994; Martínez Arias, 1995). We performed both an exploratory factor analysis and 
a hierarchical cluster analysis. The factor extraction method was principal components, which is the most 
conservative method, as it does not distort the data structure and we used the Varimax rotation (orthogonal 
rotation; maximizing variance of the original variable space). Cluster analysis hierarchical model was based 
on complete linkage aggregation criterion and Ochiai coefficient applied to the data recoded into a binary 
scale (correct-incorrect responses to each item by the different students) (Bacelar-Nicolau, & Figueira, 1989; 
Bacelar-Nicolau & Nicolau, 1990; Bacelar-Nicolau, 2003). We expected the analysis confirm a main 
underlying construct, and at the same time we also expected to find other factors or features that include the 
biases described in the literature and that would not correlate with the mathematical problem solving 
competence of students.  
 
3. Results and discussion 

Results showed the following percentages of students with problems in understanding conditional 
probability: not correctly restricting the sample space in conditional probability (26.3%),  base-rate fallacy 
(16.3%), incorrect identification of Bayes’ formula (29.1%), confusion of independence with mutual 
exclusiveness (30.1%), only considering independence in diachronic experiments (18.4%), difficulties in 
reading conditional or joint probabilities from a 2x2 table (between 30 and 40% in the different parts of Item 
6), confusing a conditional probability with its inverse (33%), conjunction fallacy (7%), difficulties in 
computing probabilities when the time axis is inverted (80% ). To explore our conjecture that biases on 
conditional probability reasoning are unrelated to mathematical performance in the tasks, factor analysis was 
first carried out on the set of responses to the items using the SPSS software. Table 1 shows the factor 
loadings (correlations) of items with the different factors after rotation. 

 
Table 1. Factor Loadings for Rotated Components in Exploratory Factor Analysis of Responses to Items 

Item Component 
  1 2 3 4 5 6 7 
i16. Bayes rule .76       
i11. Total probability .76       
i15. Product rule in dependent events .75       
i13. Product rule in independent events .67       
i12. Conditional probability with replacement .43  .42     
i6b. Conditional probability. Table  .79      
i6c. Joint probability. Table  .77      
i6a. Simple probability. Table .32 .61      
i6d. Conditional probability. Table  .61      
i8. Conditional probability in single experiment   .67     
i1. Definition   .59     
i2. Sample space .40  .45     
i17b. Time axis fallacy    .71    
i14. Time axis fallacy    .70    
i7. Cond prob. from joint and compound probability     .66   
i9. Conjunction fallacy     .62   
i5. Conditional probability, without replacement   .39  .44   
i17a. Conditional probability, without replacement      .66  
i10. Transposed conditional /causal-diagnostic      -.65  
i4. Independence /mutually exclusiveness       .68 
i3. Base rates/ Bayes rule .34      .48 
i18. Product rule dependent events, diachronic    .35   -.46 

 
Seven factors with eigenvalues higher than 1 were found that explained the following percentages of 

the total variance: 21% (first factor), 7 % (second factor), and about 6% in the remaining factors; that is, a 
total of 59% of the variance was explained by this set of factors, which suggests the specificity of each item, 
and the multidimensional character of the construct, even when there is a common part shared by all of the 
items. These percentages of variance also revealed the greater importance of the first factor, to which most of 
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the resolutive problems contribute; in particular solving Bayes’ problems had the higher contribution, 
followed by solving total probability and compound probability problems. All of these problems require a 
solving process with at least two stages, in the first of which a conditional probability is computed, which is 
used in subsequent steps (e.g. product rule). We could interpret this factor as solving complex conditional 
probability problems ability. 

Computing simple, joint and conditional probability from a two-way table (item 6) appeared as a 
separate component, probably because the task format affected performance, a fact which has also been 
noticed by Ojeda (1996) and Gigerenzer (1994), among other researchers. A third factor showed the 
relationships between definition, sample space and computation of conditional probabilities in, with and 
without replacement situations; we interpreted this factor as Level 4 reasoning in Tarr and Jones (1997) 
classification. The remaining factors suggested that the different biases affecting conditional probability 
reasoning that are described in the justification, appeared unrelated to mathematical performance in problem 
solving, understanding, building the sample space and computing conditional probability, and to Tarr and 
Jones’s (1997) level 4 reasoning (as related items were not included in the three first factors). Each of the 
biases (transposed conditional, time axis fallacy, conjunction fallacy, independence/mutually 
exclusiveness/synchronic setting) also appeared unrelated to one another; in some cases some of them were 
opposed or related to some semantic units in the mathematical component of understanding conditional 
probability. For example, independence was linked to the base rate fallacy (where people have to judge 
whether if the events are independent or not) and opposed to the idea of dependence. 

 
Figure 1. Dendrogram using Complete Linkage 

[-
…

.…
...

B
IA

SE
S…

..…
…

]  
[…

…
…

 M
A

T
H

E
M

A
T

IC
A

L
 R

E
A

SO
N

IN
G

…
…

…
…

.] 
   

   

 
    C A S E        0         5        10        15        20        25 
  Label       Num  +---------+---------+---------+---------+---------+ 
 
  i5  : cp.without repl   5   òø 
  i6a : simple prob.    6   òú 
  i2  : sample space    2   òôòòòòòø 
  i11 : total prob.   14   ò÷     ùòòòø 
  i18 : product sinch. 22   òòòòòòò÷   ùòòòòòòòòòø 
  i17a: cp.without repl 20   òòòòòòòòòòò÷         ùòø 
  i6c : joint p. table  8   òòòòòòòûòòòòòòòø     ó ó 
  i6d : cp. table     9   òòòòòòò÷       ùòòòòò÷ ùòòòø 
  i6b : cp. table     7   òòòòòòòòòòòòòòò÷       ó   ó 
  i15 : product dep. events 18   òòòòòòòòòòòòòûòòòòòø   ó   ó 
  i16 : bayes teor.  19   òòòòòòòòòòòòò÷     ùòòò÷   ùòòòòòòòø 
  i12 : cp.with repl  15   òòòòòòòòòòòòòûòòòòò÷       ó       ó 
  i13 : product indep event 16   òòòòòòòòòòòòò÷             ó       ùòòòø 
  i1  : definition    1   òòòòòòòòòòòòòòòòòòòòòòòòòòò÷       ó   ùòòòø 
  i8  : pc. simple exp. 11   òòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòò÷   ó   ó 
  i3  : base rate     3   òòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòûòòòòò÷   ùòòòø 
  i7  : cp out simple&conj 10   òòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòò÷         ó   ó 
  i9  : conjunction fal.  12   òòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòûò÷   ùòø 
  i10 : transposed cond.  13   òòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòò÷     ó ó 
  i4  : independence   4   òòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòò÷ ó 
  i14 : time axis    17   òòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòûòòòòòòò÷ 
  i17b: time axis  21   òòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòò÷ 
 

  
The previous results were confirmed and/or complemented by cluster analysis hierarchical model. The 

dendrogram (and associated level of coefficient values) shows that only one part of the items clearly split in 
three clusters. The first cluster includes items 5, 6a, 2, 11, 18 and 17a. This cluster could be described as a 
“conditional probability general reasoning” where items are significantly correlated with each one of the 
different principal components in the factor analysis. The second cluster corresponds to the items 6b, 6c and 
6c so it gives better explanation to the meaning of the second principal component in the factor analysis. The 
third cluster includes all the items high correlated with the first component that are 15, 16, 12 and 13, thus 
we interpret it as solving complex conditional probability problems ability. These three clusters merge 
together into a global cluster, which may represent the mathematical skills involved in the conditional 
probability reasoning. Then the remaining items join the global cluster in an almost perfect chain merging 
way that confirms that each of the psychological biases assessed in the CPR questionnaire are independent to 
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the mathematical reasoning. Differences in the two analyses may be explained by the fact that Table 1 shows 
the results after rotation and small correlations (under .30) are deleted. Items are also re-ordered according 
their contribution to the first factor and some items contribute to more than a factor. In summary, these 
results supported our previous hypotheses that biases in reasoning about conditional probability are unrelated 
to mathematical performance in problem solving and, at the same time, support construct validity evidence 
for the questionnaire. Moreover it provides information about potential biases students might hold that were 
used in the design of the teaching experience in the next step of this research. 
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Do You Speak Statistics?
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Nearly everybody is concerned with statistics, even in daily life you can see statistics everywhere.
So the question arises, if people do understand those basic statistics. Also the difficulties that many
students encounter in basic statistic courses are well known and have been widely reported. The
results for 2001 and 2003 were presented before, so we can compare the results with the results of the
new samples.

1. Survey

The data were collected from students of business, economics and social sciences at the Uni-
versity of Linz, Austria, in March 2001 (n = 607), March 2003 (n = 349), March 2005 (n = 204)
and March 2007 (n = 319). The samples were no random selection, the students were chosen, be-
cause they took part in a basic courses in statistics. Therefore the results are not representative in
a strong statistical sense, but still very meaningful. The questionnaire contained eleven questions
dealing with mathematics or statistics, most of them multiple choice with six different possibilities
of response. The topics were interpretation and calculation (without calculator) of percentages and
fractions, interpretation of graphics and (rough) estimation of square roots and percentages.

2. Results

The first question about percentages was ”How much is 30% of 70%?”, the options for response
were 3%, 17%, 21%, 30%, 37% and 70 %. The results can be seen in table 1 and 2, the percentages
correspond to the numbers of valid cases, which also are presented in the tables.

Table 1: How much is 30% of 70%? Results of 2001 and 2003

2001 2003
Responses

Male Female Total Male Female Total

3% 1.3% 1.1% 1.2% 0.0% 1.2% 0.6%
17% 4.2% 4.7% 4.5% 0.6% 3.5% 2.1%
21% 79.7% 73.0% 75.6% 78.0% 71.3% 74.6%
30% 6.4% 10.9% 9.1% 7.7% 8.8% 8.3%
37% 7.6% 10.0% 9.1% 13.7% 14.0% 13.9%
70% 0.8% 0.3% 0.5% 0.0% 1.2% 0.6%

Total 100.0% 100.0% 100.0% 100.0% 100.0% 100.0%
Cases n 236 359 595 168 171 339

This result ist not satisfactory, only about three-quarter of the samples did choose the right response,
female results always below male results, the worst result was in 2005.
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Table 2: How much is 30% of 70%? Results of 2005 and 2007

2005 2007
Responses

Male Female Total Male Female Total

3% 1.3% 0.0% 0.5% 0.0% 1.6% 1.0%
17% 0.0% 5.0% 3.0% 0.8% 3.7% 2.5%
21% 72.2% 64.7% 67.7% 72.4% 68.4% 70.1%
30% 10.1% 15.1% 13.1% 7.1% 13.4% 10.8%
37% 16.5% 12.6% 14.1% 18.1% 11.8% 14.3%
70% 0.0% 2.5% 1.5% 1.6% 1.1% 1.3%

Total 100.0% 100.0% 100.0% 100.0% 100.0% 100.0%
Cases n 79 119 198 127 187 314

Similar results were found with the question ”The fraction 1/40 can also be written as . . . ” with the
options 0.40, 4/100, 0.25, 0.040, 1/25, 0.025. Only about two third did know the correct answer.
Again there were some differences between the groups of 2001 (64.2% correct), 2003 (66.6% correct),
2005 (73.5% correct) and the group of 2007 (68.8% correct). Figure 1 shows the confidence intervalls
for the proportion of correct answers in the different samples divided by sex.

Figure 1: Fraction 1/40, CI proportion of correct answers

The result of the question ”Figure 2 shows the price-quality-index of two products. Which product
would you prefer?” shows us that even majority is not always right. In 2001 38.2%, in 2003 48.4%, in
2005 39.4% and in 2007 34.2% of the corresponding sample voted for product B.

Figure 2: Which product would you prefer?
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Another bad highlight was the result of the question ”The square root of 0.5 is . . . ” with the options
”bigger than 0.5”, ”equal 0.5” and ”smaller than 0.5”. In 2007 only 42.0% (2001 50.4%, 2003 47.0%,
2005 51.0%) of the sample chose the right option. So it seems to be very difficult for the students to
estimate the square root of a decimal number. Estimating the square root of 14641 with the options
11, 71, 121, 235, 550, 739 was also a big problem (about 55% correct answers). Both results had big
differences between male and female students, as can be seen in figure 3.

Figure 3: CI proportion of correct answers. Left figure
√

0.5. Right figure
√

14641

At the last question students had to decide on which figure shows a bigger increase (with possibilities
”the first”, ”the second” and ”both are equal”).

Figure 4: Which figure shows a bigger increase?
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In the sample 2001 45.3% voted for the correct figure, the results of the samples 2003 and 2005 were
a little bit better with 51.2% and 50.3% correct answers, the bad surprise was the result of this year:
Male 50.4%, Female 27.2%, Total 36.7% correct answers.

Finally there were eleven questions dealing with mathematics and statistics, two of them concerning
graphics. 19.3% of the sample did manage both of the graphical questions, 13.4% did manage all non-
graphical questions, and only 4.3% gave correct answers for all eleven questions. Detailed information
about the differences in the various samples is given in table 3.

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 4710 -



Table 3: Correct answers in different years

Part 2001 2003 2005 2007 All
Graphical (2 questions) 18.5% 24.3% 21.5% 13.8% 19.3%
Non-graphical (9 questions) 14.8% 13.5% 16.4% 8.4% 13.4%
All questions 4.2% 5.1% 7.3% 1.9% 4.3%

The results were checked on differences between male and female students.

Table 4: Correct answers by sex

Question/Part Male Female Total Total size
Bigger increase 54.7% 38.9% 45.5% 1454
Product 41.0% 39.1% 39.9% 1451
30% of 70% 76.7% 70.5% 73.1% 1446
Fraction 1/40 76.9% 59.9% 67.0% 1464
40% stands for 92.3% 78.4% 84.3% 1441√

0.5 61.1% 38.2% 47.9% 1454√
14641 67.8% 46.1% 55.2% 1432

Graphical 24.3% 15.6% 19.3% 1431
Non-graphical 21.4% 7.3% 13.4% 1331
All questions 7.2% 2.2% 4.3% 1314

Table 4 shows results by sex for the questions mentioned above. Some results are very close for men
and women, but others differ very much. For example estimating the square root of 0.5 seems to be
a bigger problem for women (38.2% correct) than for men (61.1% correct).

3. Summary

Do students understand the statistical language? The samples show that most of the partici-
pating students have serious difficulties with ”statistical” diagrams and also problems in very basic
statistics. Especially interpreting diagrams is very important in professional and daily life. So the
central points in teaching statistics should be technical skills and correct interpretations of results
and diagrams.
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Introduction 
For over a decade, the statistics reform movement has recommended a shift in the teaching of 

introductory statistics from the predominantly mathematical approach to a more concept-based or constructivist 
pedagogy (Cobb, 1992; Garfield et al., 2000). Underpinning this reform is a consensus among educators that 
traditional pedagogy has not been effective in promoting statistical literacy (Cobb, 1992; Moore, 1997; Mills, 
2002), a core competency for the evidence-based disciplines such as health and behavioral sciences. In spite of 
many years of reform efforts, there is growing evidence that students are emerging with a lack of understanding 
of core concepts, such as statistical variation, chance, graphing of distributions, and sampling distributions (see 
Delmas et al., 2006). Also, Onwuegbuzi and Leech (2003) observed that many students experience high levels 
of anxiety about statistics, which can pose “a major threat to the attainment of their degrees”.   

Such negative outcomes have been attributed to persistence of the traditional pedagogy, that is, “an 
overemphasis on the mathematical aspects of the subject at the expense of experience with data” (Moore, 2005), 
fostering rote learning instead of conceptual understanding. Moreover, research from other disciplines has 
implicated instructors’ beliefs and attitudes, as the primary explanation for their failure to use reform-based 
strategies (Tobin, Tippins & Gallard, 1994; Liljedahl, 2005), however, such research is lacking in statistics 
education. The only relevant and accessible research report, a case study of statistics instructors, concluded that 
“the nature and extent of the implementation” of reform recommendations were “often due to the instructor’s 
experience and beliefs about teaching” (Garfileld 2000, p.7). Therefore, the objective of this study was to 
develop and validate a scale to measure instructors’ attitude toward concept-based (reform-oriented or 
constructivist) teaching of introductory statistics in the health and behavioral sciences at the undergraduate level.  
Methodology  

Data were obtained from a maximum variation sample of 227 statistics instructors using an internet-
based survey. Established guidelines for scale development were followed (DeVellis, 1991), and structural and 
psychometric properties were assessed using primarily exploratory factor analysis (EFA), multidimensional 
scaling (MDS), multiple regression, and hierarchical cluster analyses. Acceptable factorability1 of the attitude 
data was established (Bartlett’s test of sphericity (p< .001), KMO measure of sampling adequacy = .88). In order 
to check for criterion validity of the attitude scale, a teaching practice scale was also developed (Table 1). 
Respondents in the highest quartile (of practice score) were considered high-reform instructors (concept-based 
or constructivist), and those in the lowest quartile, low-reform instructors (traditional, mathematical or 
behaviorist).  

Concept-based (reform-oriented or constructivist) pedagogy was defined as a set of strategies intended 
to promote statistical literacy by emphasizing concepts and their applications rather than calculations, 
procedures and formulas. It involves active learning strategies such as projects, group discussions, data 
collection, hands-on computer data analysis, critiquing of research articles, report writing, oral presentations, 
and the use of real-life data. Statistical literacy is the ability to understand, critically evaluate, and use statistical 
information and data-based arguments (Garfield, 1999). Attitude was conceptualized as an evaluative 

                                                 
1 Other assumptions were also met. A pattern coefficient (“loading”) of at least .4 was the main criterion for retaining items. (Hair, et al., 1998). 
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disposition toward some object, based upon cognitions, affective reactions, and behavioral intentions 
(Rosenberg & Hovland, 1960; Jaccard & Blanton, 2004). 
Results & Discussion 

There were 227 participants (222 reported country), 165 (74%) from the USA, and 57 (26%) primarily 
from the UK, Netherlands, Canada, and Australia. All taught introductory statistics in health, 94 (41%), 
behavioral sciences, 102 (45%), or both, 31 (14%) at regionally accredited 4-year institutions in the USA (or the 
foreign equivalent), and the majority 139 (61%) were male. Age group ranged from 26–30 to 60+ yrs. (median 
= 41 to 50). Duration of teaching had a mean of 14 years (SD =11, median =10). One hundred and seventy-nine 
(79%) respondents reported doctoral degrees, and the remainder primarily master’s. For degree concentration, 
92 (41%) reported statistics, 71(31%) psychology/social/behavioral sciences, 28(12%) health sciences/public 
health/epidemiology/biostatistics, 19 (8%) education/business, and 17 (8%) mathematics/engineering. Of the 
165 instructors from the USA, 135 (82%) identified as Caucasian, and the remainder ethnic minorities. 

The attitude scale will be referred to as FATS (Faculty Attitudes Toward Statistics). It consists of 5 
subscales (25 items), and explained 51% of the total variance (Table 2), and all (100%) of the common variance. 
Criterion2 validity was demonstrated, as high-reform (practice) instructors, on average, reported higher scores 
(more favorable toward reform) on all attitude measures (Figure 1). All but perceived difficulty were statistically 
significant (p< .01). Teaching practice score was regressed on the subscale scores; and intention (β = .26, 
strongest predictor), personal teaching efficacy (β = .24), and avoidance-approach (β= .20) emerged as 
significant predictors (p< .01). The model explained 28% of the variance in teaching practice (adjusted R2 = .28, 
p<.001). In another analysis, intention was regressed on the other 4 subscales; and perceived usefulness was the 
primary predictor of intention (β = .58, p< .01), followed by avoidance-approach (β = .17, p< .01), and personal 
teaching efficacy (β = .16, p< .01). The model explained 55% of the variance in intention (adjusted R2 = .55,   
p< .001). Perceived difficulty was not statistically significant, and its role in attitude formation, and teaching 
practice, in this context, is not clear, albeit its moderate relationship with personal teaching efficacy suggests a 
possible higher-order factor.  In general, these findings are empirically and theoretically plausible (see Ajzen, 
1991; Venkatesh & Davis, 2000; Armitage & Conner, 2001; Hennessy & Fishbein, 2004; Estrada et al., 2005). 

Table 1: Teaching Practice Subscales (overall Cronbach’s alpha = .6) 
Constructivist (alpha = .66) *Behaviorist  (alpha  = .61) 
I integrate statistics with other subjects. I emphasize rules and formulas as a basis for subsequent learning.    
Students use a computer program to explore and analyze data.     I assign homework primarily from the textbook.                                 

Critiquing of research articles is a core learning activity.  The mathematical underpinning of each statistical test is 
emphasized.                 

I use real-life data for class demonstrations and assignments.       I require that students adhere to procedures in the textbook.               
Assessment includes written reports of data analysis. I assign drill and practice exercises (mathematical) for each topic. 
Responses (1=never, 2=rarely, 3=sometimes, 4=usually, 5=always). *Items were reverse-coded for the overall teaching practice score, so that higher 
values reflect more favorable (reform-oriented, concept-based or constructivist) practice.  Inter–subscale correlation: Pearson’s r = -.06, df=217, ns. 
An alpha of .6 is a recommended minimum for exploratory studies (Robinson, Shaver & Wrightsman, 1991; Nunally, 1967). 

                             Table 2: Summary of the Final Factor Analysis Solution 

 
Factors/Sub-scales 

Observed Inter-Factor 
correlations 
(Pearson’s r) 

1       2      3     4       5 

Initial  
Eigen-Values 

% of Total 
Variance 

Explained* 
 

Attitude 
Component 

Cronbach’s 
Alpha 

N 
8.12 16.36 Cognition .88 227
2.54 13.84 Intention .85 225

                2.0 8.76 Cognition .77 225
1.34 7.08 Affect .69 225
1.28 5.36 Cognition .65 226

1. Perceived Usefulness 
2. Intention 
3. Personal Teaching Efficacy 
4. Avoidance-Approach+ 
5. Perceived Difficulty 
Overall Attitude Scale (25 items) 

         .7     .49   .3       .07 
                 .49   .41     .09 
                         .39     .41 
                                   .11 

51.00 Tripartite .89 221
    Extraction: Principal Axis Factoring.  Rotation: Promax.  *The percent of variance explained by each rotated factor was calculated using Cattell’s  
    Formula (Cattell, 1978): Variance = structure loading  x pattern coefficient.  +Gray (1970) characterized the mechanism underlying this concept  
    as “facilitative and inhibitory motivational systems”, which  produce positive and negative “affect” respectively. See also, Clark & Watson (1999). 
   

There was no statistically significant difference in attitude with respect to gender, employment status, 
membership status in professional organizations, ethnicity, highest academic degree, and degree concentration. 
Instructors (40 years and less) reported significantly lower (less favorable toward reform) levels of overall 
                                                 
2 Other dimensions (content, convergent and discriminant) of construct validity were also established, and details are reported elsewhere. 
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attitude, perceived usefulness, personal teaching efficacy, and intention, than older instructors (41 –50, and 51 + 
years). Also, statistically significant (p< .05) but weak relationships were noted between the duration of teaching 
(years) and personal teaching efficacy (rho = .21), as well as avoidance-approach (rho = .17). This finding 
suggests a tendency for more experienced instructors to perceive greater capability to use concept-based (or 
reform-oriented) pedagogy, and exhibit greater approach (less avoidance) in this regard.  

 
    Figure 1: 95% Confidence Interval of Mean Attitude (Total) and Subscale Scores by Teaching Practice 

Use of the Attitude Scale 
Subscale scores are calculated based on a 5-point Likert-type scale: 1=strongly disagree, 2=disagree, 3=undecided, 
4=agree, 5=strongly agree. Items (with an *) must be reverse-coded so that higher values indicate more positive attitude 
toward reform-oriented (concept-based or constructivist) pedagogy.  
PERCEIVED USEFULNESS: Beliefs about the value, benefit or worth of the concept-based approach to teaching 
introductory statistics. (7 items, alpha = .88) 
1. The concept-based approach to teaching introductory statistics (rather than emphasizing calculations and formulas) 
makes students better prepared for work. 
2.  The concept-based approach to teaching introductory statistics (rather than emphasizing calculations and formulas) 
makes students better prepared for further studies. 
3.  *Emphasizing concepts and applications in the introductory statistics course (rather than calculations and formulas) is a 
disservice to our students. 
4.  *The concept-based approach to teaching introductory statistics is for low achievers only. 
5. The concept-based approach to teaching introductory statistics enables students to understand research. 
6. I am convinced that the concept-based approach to teaching introductory statistics enhances learning. 
7. Teaching introductory statistics using the concept-based approach is likely to be a positive experience for me. 
PERSONAL TEACHING EFFICACY: Beliefs about one’s capability to successfully use the concept-based approach to 
teach introductory statistics. (5 items, alpha = .77) 
8. I will adjust easily to teaching introductory statistics using the concept-based approach. 
9. *Concept-based teaching of introductory statistics may be problematic for me. 
10.*I do not understand how to organize my introductory statistics course to achieve statistical literacy. 
11.*Teaching introductory statistics with emphasis on concepts and their applications (rather than   
calculations and formulas) may be stressful for me. 
12. *I am concerned that using the concept-based approach to teach introductory statistics may result in me being poorly 
evaluated by my students. 
PERCEIVED DIFFICULTY (EASE OF USE): Beliefs about the effort required to successfully use the concept-based 
approach to teach introductory statistics. (3 items, alpha = .65) 
13.*Teaching introductory statistics with emphasis on concepts and applications rather than calculations and formulas, can 
be time consuming. 
14.*The preparation required to teach introductory statistics using the concept-based approach is burdensome. 
15.*Using active learning strategies (such as projects, group discussions, oral and written presentations) in the introductory 
statistics course can make classroom management difficult. 
AVOIDANCE-APPROACH (Affect): Positive and negative feelings, inclination, proclivity or propensity toward using 
the concept-based pedagogy to teach introductory statistics. (5 items, alpha = .69) 
16. *I am not comfortable using computer applications to teach introductory statistics. 
17.  Using computers to teach introductory statistics makes learning fun. 
18. *I will avoid using computers in my introductory statistics course. 
19. I will incorporate active learning strategies (such as projects, hands-on data analysis, critiquing research articles, and 
report writing) into my introductory statistics course. 
20. *I am hesitant to use computers in my introductory statistics class without the help of a teaching assistant. 
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BEHAVIORAL INTENTION: Likelihood of using the concept-based pedagogy to teach introductory statistics. (5 items, 
alpha = .85) 
21. I am engaged in the teaching of introductory statistics using the concept-based approach. 
22. I am interested in using the concept-based approach to teach introductory statistics. 
23. I want to learn more about the concept-based approach to teaching introductory statistics. 
24. *Using the concept-based approach to teach introductory statistics is not a priority for me. 
25. I plan on teaching introductory statistics according to the concept-based approach. 
Conclusion 
 This multidimensional scale, FATS (Faculty Attitudes Toward Statistics) can be considered a reliable 
and valid measure of instructors' attitudes toward reform-oriented (concept-based or constructivist) teaching of 
introductory statistics in the health and behavioral sciences, at the tertiary level. However, additional studies are 
required in order to be conclusive about this attitude structure and its psychometric properties, and to evaluate 
for test-retest reliability. It is evident from this research that instructors’ beliefs about the usefulness of reform-
oriented teaching, as well as personal teaching efficacy are salient in their decision-making process regarding 
the use of this teaching approach, and these should be the focus of practice change interventions.  Consistent 
with the theory of planned behavior (Ajzen, 1991), perceived behavioral control items (PBC) were included in 
the instrument, but demonstrated low communality or shared variance, and were removed from the item set. 
Personal teaching efficacy and avoidance-approach were not initial subscales. This attitude scale (FATS) 
appears to be the first of its kind. Detailed methodological considerations are presented elsewhere. 
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Difficulty in distinguishing two levels of trials in binomial distribution 

Binomial distribution is one of most important discrete distributions just like normal distribution is 
in continuous distributions. Many phenomenon are described using binomial distribution model and we can 
expect frequency of specific outcome.  But learners have difficulty understanding in applying binomial 
distribution in realistic situations even if they understand in simple situations such as coin-tossing or dice-
rolling situations. 

 One of the reasons of this difficulty may come from that an experiment of binomial distribution 
includes the following two levels of trials: (1) Each Bernoulli trial. (2) A sequence of n independent 
repeating Bernoulli trials.  It seems to be difficult for many learners to distinguish among two levels of 
trials, events, and probabilities correctly.  To solve this problem, I developed materials that help learners 
classify them and apply binomial distribution model in realistic situations. 

 
Introductory materials using ‘SS Board Game’ 

As the introductory materials of binomial distribution, I designed a board game named ‘Sue-hirogari 
Sugoroku’ Board Game (‘SS Board Game) based on the Galton board(See Cochran(2001) for example).  By 
using the Galton board, we can explicitly show process of each Bernoulli trial and the result of sequence of 
Bernoulli trials to learners simultaneously, but learners have difficulty understanding two levels just by 
looking balls falling between pegs of the board.  In ‘SS Board Game’ I devised, learners move their tokens 
in accordance of die rolling results instead of just looking balls, and these activities help learners become 
aware of two levels. 

 
Rules of ‘SS Board Game’ 

 2 players. 
 Preparation: the gameboard (Figure 1), one die, and 10 tokens for each player. 
 (1) Player A put a token on the starting circle. Player A roll a die. If the outcome is 1, then A moves 

the token to next circle of the    direction. If the outcome is NOT 1, then A moves to next circle 
of     direction.  A moves the token only one step per one roll regardless of the outcome of the 
die.  Player A rolls 6 times and moves the token 6 steps. 

 (2) Player B guess where A’s token will reach BEFORE player A performs a set of 6 die rolling 
and put B’s token. 

 (3) If B successes in guessing the destination of A’s token, B gets A’s token. If not, A gets B’s token. 
 They record destinations of tokens. 
 They play 10 sets. 
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Effects of ‘SS Board Game’ 
By playing this game, players are expected to be able to distinguish two levels of trials naturally: each 

die rolling of player A and the destination of A’s token after a sequence of 6 die rolling.  I observed four 
mathematics classrooms of 12th grade using this game and found that learners seemed to be able to 
distinguish two levels (Narita 1991). 
 

 
Figure 1  The Gameboard for introduction of binomial distribution 

Labels of each circle of the original board are in Japanese. 
 
 

 

 
Figure 2  Probabilities by destinations of tokens 

 

X~B(6, 1/6) 
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Table for helping arrangement of two levels of trials 
After playing the SS Board Game, definition and formula of binomial distribution are introduced. 

Methods and procedures for calculating the probabilities of each value of a random variable are explained.  
Following above explanation, learners are presented problems in various situations and required to analyzing 
by using binomial distribution model. 

Example 1. When a baseball player who has a batting average of 0.3 is at bat five times in a game, how 
much is the probability for him to hit three times in the game? 

Example 2. If a success rate of certain type of operation at a hospital is 90%, How much is the 
probability of succeed 90 operations or more in 100 operations? 

In order to classify two levels of trials, events, and probalilities, the following tables are explained and 
encouraged to use them repeatedly. 

Table 1  Classifying Table for ‘BB Board Game’ 
 

 Trials Events Probalilities 

Bernoulli 
 Trial. 

Roll a 
die once. 

Outcome is 1.
(Move to      ) 

p(1)=  p(        ) = 
6
1  

Repeating 6 times 

A sequence of 6 
independent repeating 
Bernoulli trials 

Roll a 
die 6 times. 

The number of 
the outcome of 1 is 

x times. 
(Move     

x times) 

xx

x
xp

−

⎟
⎠
⎞

⎜
⎝
⎛×⎟

⎠
⎞

⎜
⎝
⎛×⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
=

6

6
5

6
16

)(

 
=BINOMDIST( x ,6,1/6,FALSE) 

 
Table 2  Classifying Table for Example 1:Hitting in a baseball game 

 
 Trials Events Probalilities 

Bernoulli 
 Trial. 

The player 
is at bat. 

The player hits. P( hits )=  0.3 

Repeating 5 times 

A sequence of 5 
independent repeating 
Bernoulli trials. 

The plyer 
is at bat 5 

times. 

The player hits x
 times. 

( ) ( ) xx

x
xp −××⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
= 57.03.0

5
)(  

=BINOMDIST( x ,5,0.3,FALSE) 

 
Table 3  Classifying Table for Example 2:Operations success number in a hospital 

 
 Trials Events Probalilities 

Bernoulli 
 trial 

One 
operation. 

Success in 
operation. 

P(success)=  0.9 

Repeating 100 times 

A sequence of 100 
independent repeating 
Bernoulli trials. 

100 
operations 
performed. 

Success in 
opearations x  

times. 

( ) ( ) xx

x
xp −××⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
= 1001.09.0

100
)(

=BINOMDIST( x ,100,0.9,FALSE) 
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Conclusion 
The introductory ‘SS Board Game’ and using the table above seem to help learners arrange of two 

levels of trials and understand binomial distribution from the records of observation of the classroom.  But 
the records do not have enough reliability on effects of the materials so I would like to plan classroom 
experiment and records more carefully. 
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RÉSUMÉ (ABSTRACT)  

Binomial distribution is one of most important discrete distributions. We can apply binomial distribution model to 
various phenomenon and make inference on frequency of specific outcome.  But learners have difficulty 
understanding in applying binomial distribution to specific realistic situations even if they can understand in simple 
situations such as coin-tossing or die-rolling situations. One of the reasons is that binomial experiment includes 
two levels of trials : (1) each Bernoulli trial and (2) a sequence of n independent repeating Bernoulli trials.  It is 
difficult to distinguish and classify the two levels for many learners.  I developed materials that help learners 
understand binomial distribution model and classify Bernoulli trial and repeating Bernoulli trials in realistic 
situations. The characteristic of the materials are as follows: (1)In the introductory stage, learners play board 
game with which learners experience and become aware of the differences between among two levels of trial 
described above. (2)The materials provide table for classifying trials, events, and probabilities.  In this paper, 
some examples of the materials are described and discussed the effects of the materials. 

KEYWORDS 
teaching materials, binomial distribution, board game, trial 
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1 Introduction 
 

The introductory statistics course is given by the Department Biostatistics to Nutrition and 
Physiotherapy students in their third year of study and forms part of an introductory course to research 
methodology.  Since the beginning we noticed that students were very apprehensive about the course and using a 
computer to do analysis.   
 

The aim of this project was to determine and describe the attitude of third year students of the School for 
Allied Health Professions, UFS, towards an introductory course in statistics.  The Statistics Attitude Rating Scale 
(SATS) consists of 28 items, grouped into 4 subscales namely affect, cognitive competence, value and difficulty 
(Schau(1999)). 
 

This was a cross sectional study.  All students doing the course in 2006 were asked to complete a 
questionnaire.  Participation was voluntary and anonymous.  There were 53 (Physiotherapy: 31, Nutrition : 22) 
students during 2006. 
 
2 Method 
 

All students were asked to participate by the researcher after a class by the end of the first semester.  All 
students received information concerning the research from the researcher and all students who were interested 
were asked to give informed consent.  All completed questionnaires were then left in front of the class as 
students left the classroom.  During the second semester after the first test the same students were again asked to 
participate by the researcher.  After having given informed consent students were given a questionnaire to 
complete.  Students after completing the questionnaire le ft it at the front of the classroom when leaving the class.   
 
3 Data Analysis 
 

Descriptive statistics, namely frequencies and percentages for categorical data and medians and 
percentiles for continuous data, were calculated.  Using the last digits of students’ student numbers the pre and 
post questionnaire were matched to calculate the change from pre to post and the change was described by 
means of 95% confidence intervals.  Comparisons per department were calculated and compared by means of 
95% confidence intervals.   
 
4 Ethics  
 

The objectives of the study were given to participants after the class in order for the students to make an 
informed decision whether to participate or not.  Written informed consent was obtained from all participants at 
each data collection occasions.  Participants were anonymous.  The last part of a participant’s student number 
was only used to match a participant’s pre and post questionnaire.  This was not used to identify a participant.  
Questionnaires were available in Afrikaans and English as these are the two languages of instruction at 
University of the Free State.  Consent was obtained from the Head of the School of Allied Health Professions, 
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from the Vice rector: Academic Planning of the University of the Free State and from the Dean of Student 
services.  Ethics approval was obtained from the Ethics committee, Faculty Health Sciences. 
 
5 Results 
 

During the first semester 41 students participated and during the second semester 40 students 
participated.  Response rates per department were Physiotherapy 77.4% (24 of 31) and Nutrition 77.3% (17 of 
22) for the pre questionnaire and physiotherapy 58.1% (18 of 31) and nutrition 59.1% (13 of 22) for the post 
questionnaire.  For only 31 students pre and post questionnaires could be matched, a response rate of 58.5%.  
The students median age was 21 years (range 20 to 32 years) and most (87.8%) were female.  All (n=41) the 
students took high school mathematics for 5 years and most (80.5%) took mathematics at Higher Grade.   
Some (n=39, 59%) students noted that they did well in their high school mathematics courses.  About half 
(52.6%) of the students viewed themselves as doing well at mathematics.  Most (n=38, 76.6%) students had little 
or no computer experience.  There were 4 students who did some mathematical or statistical courses at 
university, three did 1 course and 1 student took 2 courses. 
 

Few students (n=38, 28.9%) thought that they will use statistics in their field in which they hoped to be 
employed when they finish school.  Only 40% of students were confident that they could master introductory 
statistics.  Most students (70%) viewed the gender’s skills in statistics as similar, though a third (30%) viewed 
males as much better in their statistical skills . 
 

The SATS uses a 7-point likert scale (1 = strongly disagree, 4 = neither disagree nor agree, 7= strongly 
agree) that contains 4 subscales namely  affect, cognitive competence, value and difficulty.  Higher scores 
indicate more positive attitudes toward statistics.   
 

Students (n=31) had mixed views regarding the practical implementation of statistics and these items 
changed with a median of 1 value on the likert scale.  A positive view was that “I can learn statistics” (58.1%).  
Negative views were, “statistics formulas are not easy to understand” (53.3%), “I am under stress during 
statistics class” (51.6%), “I find it difficult to understand statistics concepts” (51.6%). A general view were, 
“learning statistics requires great deal of discipline” (58.1%), “statistics involves massive computations” 
(63.3%), and “most people have to learn a new way of thinking to do statistics” (64.5%). 
 

There was no statistical significant change for the subscale affect (students feelings concerning 
statistics), cognitive competence (students attitudes about their intellectual knowledge and skills when applied to 
statistics) and value (students attitude about the usefulness, relevance and worth of statistics in personal and 
professional life) from pre to post, though there were tendencies for cognitive competence and value to have 
lower values for the post.  There was a statistical significant difference in terms of difficulty (students attitude 
about the difficulty of statistics as a subject) from pre to post, they viewed the course as less difficult after the 
first test. 
 

There was a statistical significant difference between departments regarding the change from pre to post 
for cognitive competence (95% CI [ -9 ; -1 ]) and value (95% CI [ -18 ; -2 ]).  Physiotherapy students scored 
statistical significantly less for cognitive competence and value than Nutrition students.  There was a tendency 
for Physiotherapy to have lower values for affect and difficulty than Nutrition though not statistically significant. 
 

The students expected to receive a median mark of 60 percent (range 50 to 90 percent) for the pre 
questionnaire.  After the first test (post questionnaire) the students expected to receive a median mark of 60 
percent (range 45 to 80 percent).  This is not statistical significantly different (95% confidence interval for paired 
data [ -5 ; 0 ]), although there is a tendency for lower expected marks.   
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6 Discussio n 
 

Students had mixed views of the course as the subscales affect, cognitive competence and value tended 
to have lower values after the first semester test (post or second evaluation), although the students viewed the 
course statistically significant less difficult after the first test.  Wise (1985) noted that anxiety about the course in 
terms of achievement at the beginning of the course seem to have no relation to the end result.   
 

Statements that imply less than positive attitudes:  Students agreed that they get frustrated over statistics 
tests in class, that statistics is a complicated subject, that it requires a great deal of discipline, that it is highly 
technical, and that it is not a subject quickly learned by most people , was also found by Mills (2004). 
 

Students had mixed views regarding the practic al implementation of statistics, these views changed very 
little during the course with a median value of 1 on the likert scale of seven. 
 

The timing of the second questionnaire could be a limitation in this study.  Changing the date of the 
second questionnaire (post) to after students had done their own research project might show a more positive 
attitude .   
 
7 Recommendation 
 

We recommend lecturers to be more aware of students feelings concerning statistics, students attitude 
about their intellectual knowledge and skills when applied to statistics and attitude about the usefulness, 
relevance and worth of statistics in personal and professional life as these attitudes tend to lower during the 
course.  As Pan and Tang (2004) noted it is important that we continue to explore innovative teaching methods 
to better serve the students. 
 

Mvududu (2003) noted that regardless of the attitude toward the field of statistics a supportive 
atmosphere can help achievement in a course.  Lecturers may improve students attitudes by making students 
more aware of the practical application of statistics in research.   
 

We recommend the post questionnaire be given to students again after completion of their research 
projects during their fourth year of study.  Students will then have personal experience with research and the 
application of statistics in their profession. 
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ABSTRACT 
Attitudes towards statistics of third year students of the School for Allied Health Professions, 
UFS and the influence of an introductory statistics course. 
 

The introductory statistics course is given by the Department Biostatistics to Nutrition and 
Physiotherapy students in their third year of study and forms part of an introductory course to research 
methodology.  Since the beginning we noticed that students were very apprehensive about the course 
and using a computer to do analysis.   
 

The aim of this project was to determine and describe the attitude of third year students of the 
School for Allied Health Professions, UFS, towards an introductory course in statistics by means of the 
Statistics Attitude Rating Scale developed by Schau.  All students doing the course in 2006 were asked 
to complete a questionnaire before and during the course.  Participation was voluntary and anonymous.   
 

There were 53 (Physiotherapy: 31, Nutrition: 22) students during 2006 of which only 31 
students pre and post questionnaires could be matched, a response rate of 58.5%.  The students median 
age was 21 years (range 20 to 32 years) and most (87.8%) were female.  Most (76.6%) students had 
little o r no computer experience.   
 

There was a statistical significant difference in terms of difficulty (students attitude about the 
difficulty of statistics as a subject) from pre to post, they viewed the introductory statistics course as 
less difficult after the first test.  Students had mixed views regarding the practical implementation of 
statistics, these views changed very little during the course. 
 

Lecturers should  be more aware of students attitude about their intellectual knowledge and 
skills when applied to statistics and attitude about the usefulness, relevance and worth of statistics in 
personal and professional life.  Lecturers may improve students attitudes by making students more 
aware of the practical application of statistics in research. 
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1. Introduction 

Statistics education research literature has well documented the link between the teaching of statistics 
and research methods courses to meet the challenges and demands of statistical literacy in an information-
driven society. While much of the research literature focused on reform efforts in teaching introductory 
college statistics courses  (Rumsey, 2002; Del Mas, 2002; Chance, 1997; Cobb, 1993), there are very few 
studies that explore the challenges of graduate statistics education. In a discussion document in one of the 
IASE Round Table Conferences, statistics is considered as “an important component in the training of new 
researchers within masters and doctorate courses” (Schuyten, 2001).  

Graduate education is one effective means of developing capacities related to doing research in 
specific fields and many graduate programs in non-statistical disciplines require statistics and research 
methodology courses as basic courses. In particular, doctoral level preparation is research oriented and aims 
to develop in students competence to undertake independent research in an area of specialization.  

Moreover the teaching of statistics to non-statistics majors at the graduate level poses several 
challenges. Graduate students are adult learners with diverse backgrounds and professional interest, and their 
prior knowledge and possible misconceptions may have diverse impact on their attitude and performance in 
the course. This paper examines the impact of a more customized learning and assessment framework for a 
doctoral statistics course at the University of San Carlos, Philippines with the end view of characterizing 
models of student learning that promote statistical literacy and research competence. 

2. Related Literature 
The connections between the development of statistical literacy and research skills as primary goals of 

statistics education abound in the literature. Gal and Garfield (1997) believe that “the overarching goal of 
statistics education is that students, become informed citizens who are able to : (1) comprehend and deal with 
uncertainty and variability, and statistical information in the world around them, and participate actively in 
an information–laden society; and  (2) contribute to or take part in the production, interpretation, and 
communication of data pertaining to problems they encounter in their professional life.”  An analysis of 
these goals reveals that the first aims for “good citizenship” in an information- driven society while the 
second goal focuses on the training of the “research scientist.”  

Modern educational theories further suggest the need to address students’ diverse backgrounds and 
prior knowledge of the course to optimize student learning.  Dansie (2005) discusses the challenges 
provided by graduate quality frameworks in the design and implementation of a curriculum for an 
introductory statistics course, foremost of these  is “the challenge to statistics educators to be able to make 
connections between the models being developed to support statistical approaches with the experiences that 
students have in other courses within their degree and within other contexts.” Chance, Garfield and del Mas 
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(1999) have also explored how prior knowledge affects students’ experiences with the learning activities. The 
have designed an assessment framework which enabled them to better track student misconceptions and their 
sources and consequently, redesign the activity to address the most prevalent misconceptions.  

The methodology of this study is drawn from current research literature in statistics education which 
suggests new approaches to gathering data on student learning beyond the traditional measurement 
techniques.  Chance and Garfield (2001) contend that in order to assess more important learning goals on 
statistical literacy, conceptual understanding and communication skills, new approaches on gathering data on 
student learning such as classroom based research, teaching experiments and naturalistic observations must 
be done instead of relying solely on high-impact standardized examinations and traditional testing. These 
approaches allow teacher-researchers to continually relate what they observed in the classroom with existing 
theory while also generating new models of student learning.  
3. Methodology and Course Implementation 

This study is  part of an on-going effort of the University of San Carlos College of Education to 
promote statistical literacy among adult learners, particularly among graduate students who are mostly 
teachers, and other professionals with related interest in education. This classroom based research uses 
naturalistic approaches to gather evidence of student learning in a doctoral course, EDUC 321 (Statistical 
Procedures and Research Methods in Education) and examines models by which adult learners transfer their 
learning in the conduct of research.  The two-fold goals of the course are the development of two life-long 
skills; namely: statistical literacy and research competence.  

The class comprise 10 doctoral students in Education with have diverse backgrounds and professional 
experiences: 7 of them are in social sciences and humanities while 3 are in the natural and technical sciences.  
Most were college teachers while the a few were practicing professionals in other fields. This diversity in 
previous educational backgrounds and learning opportunities poses concerns and challenges for the teacher 
on how to deal with these adult learners. To address this challenge, some baseline data for each graduate 
students’ level of statistical literacy and prior knowledge were obtained through a pre-assessment of their 
statistical literacy at the beginning of the semester using the Statistical Literacy Assessment Scale (SLAS) I 
developed earlier ( Reston, 2005). The SLAS is a 15-item scale for assessing statistical literacy in two levels; 
namely: (1) understanding of basic statistical concepts and terminology, and (2) ability to understand and 
follow claims and arguments based on data in tables or graphs presented in newspapers and research reports.  

Further, the learning materials and activities of this course were designed to attain the overarching goal 
of statistical literacy and research competence. The course culminated with the submission and oral 
presentation of a research report within their area of professional interest which was assessed using a teacher-
made 100 – point rubric that reflects 3 dimensions of desired learning outcomes; namely: (1) demonstration 
of statistical literacy in the presentation and justification of claims in the research report using data as 
evidence (40%); (2) demonstration of research competence in the formulation of research problems and the 
choice of appropriate methodology (40%) ; and  (3) communication and mechanics (20%).   

At the end of the semester, a retrospective pretest-posttest instrument was administered to the students 
to determine the impact of the student learning approaches used in the course. The retrospective pretest 
(RPT) method was first described by Campbell and Stanley (cited in Lamb and Tschillard, 2002) as an 
alternative to traditional pretests to counter  possible “response shift effect” where participants may under- 
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or overestimate their knowledge, skills, abilities or understanding prior to course implementation or any 
program intervention.  

In this retrospective pretest-posttest instrument, students were asked to rate in a scale of 1 (poor) to 5 
(excellent) their understanding or competence in 12 areas identified in the course; namely: Statistical 
Literacy, Descriptive Statistics, Exploratory Data Analysis (EDA) , Electronic Data Processing (EDP), 
Sampling, Probability Distributions, Parameter Estimation, Hypothesis Testing, Effect Size, Research 
Problem Formulation, Drawing Statistical Inferences and Data Interpretation in Research.  

4. Bringing Statistical Knowledge and Discipline-Specific Knowledge Together through Research 

 Results of the statistical literacy pre-assessment scale shows that although most of these doctoral 
students had taken previous statistics courses in their undergraduate and masters’ program, their performance 
in the SLAS indicate the need to review basic statistical literacy skills, such as reading and interpreting 
percentages, tables and graphs. The explanations they provided on their answers also uncovered several 
misconceptions, including: judging sample representativeness based on sample sizes, treating sample 
statistics and population parameters in the same way, comparing data with different reference bases using 
raw figures instead of percentages, and making conclusions on experimental data based on numerical 
deductions instead of looking into statistical inference results. These pre-assessment results provided the 
directions for curricular restructuring of the course to include additional learning and assessment activities to 
promote statistical literacy.  

Despite the limitations of a small sample, results of paired t-tests for significance of differences in the 
pre-test-posttest ratings showed statistically significant gain scores in all 12 areas of competence (p < 0.001). 
The areas which yielded the 3 highest mean gain scores were EDA, Statistical Literacy and the use of Effect 
Size measures in research. As to students’ prior knowledge, it was found relatively substantial in descriptive 
statistics and very minimal in hypothesis testing while several students admitted it was their first time to 
learn EDA and parameter estimation and most had no prior knowledge of effect size measures. Ratings on 
the research output based on the 100-point rubric revealed positive correlations with the course gains 
obtained by the students in the retrospective pretest-posttest instrument.  

The findings suggest that for adult learners like doctoral students, learning is optimal when students 
actively engage in (1) goal-setting for the course goals based on pre-assessment data, (2) the design of 
learning and assessment activities and (3) self-assessing and evaluating their own learning progress. Further,    
models for learning and assessment activities must: (1) reflect real world needs in their professional settings; 
(2) reveal how students solve problems and reason with data; (3) reflect interests of their professional 
community from which the tasks are derived, thus providing a context for learning and enhancing retention, 
meaning, and  appreciation; (4) provide opportunities for collaboration since much of life requires an ability 
to work in cooperation with others; and  (5) promote transference by presenting tasks that require students 
to intelligently apply statistical tools in research. 

From analysis of students’ responses and performance in the activities, a characterization of models of 
student learning in graduate statistics education were derived to provide guidelines for adult education 
programs. For the teaching and learning of graduate statistics to be more meaningful and relevant, these 
models must account for three classes of factors affecting students’ learning and motivation in a graduate 
statistics course; namely:  (1) students’ personal characteristics, which include professional background, 
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experience, prior knowledge and needs/interest towards learning statistics; (2) situational characteristics 
concerning the administration of learning, such as materials, activities and assessment contexts; and (3) the  
and the interaction between statistical knowledge and student’s discipline-specific knowledge through 
research.  

5. Conclusions and Future Directions 
Statistics serves as the link between theory and the empirical world in the research process as it 

provides the principles and methods in the appropriate handling of research data. This paper has shown that 
new models of student learning, assessment frameworks, and creative methods of applying statistics in 
research may be derived to guide teachers in adult education programs. For these models of student learning 
to be meaningful and relevant, statistics educators need to frame their learning and assessment activities 
within broader statistical literacy framework and be able to integrate their discipline-specific applications in 
education and other fields with statistical knowledge and research.  

 

Abstract 
This paper examines the impact of a more customized learning and assessment framework for a doctoral 
statistics course with the end view of characterizing models of student learning that promote statistical 
literacy and research competence. Analyses of students’ inputs from various classroom-based sources, 
including a pre-assessment statistical literacy scale, papers and research report, and a retroactive pretest-
posttest suggest  that for teaching and learning of graduate statistics to be more meaningful and relevant to 
adult learners, these models must account for three classes of factors; namely:  (1) students’ personal 
characteristics, (2) situational characteristics concerning the administration of learning, and (3) the 
interaction between student’s statistical knowledge and discipline-specific knowledge through research.  
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1 Teaching statistics for social scientists

Teaching statistics to students in the social sciences is a challenging task. Instructors of stats classes

in the social sciences are all too familiar with students’ confessions of the type “unfortunately I was

born without the math gene” or ”whenever I see a formula, I panic immediately ”. Over the last

two decades, quantitative literacy projects all over the world have tried to strenghten analytical skills

and numeracy among high school graduates. Thus, the background of quantitative knowledge and

mathematical skills of social science students has become more and more heterogenous over the last

couple of years. Statistics and methods classes now often have a mix of students with no prior stats

education, little prior stats education, or a lot of background in statistics, see Rodgers & Manrique

(1992). The more international the student body is, the more hetereogenous will be the quantitative

background. A globalized world will become even more challenging for university teachers in this

respect.

Statistics education without some computer program is hardly imaginable today. It is common

practice to introduce statistical concepts by working with example data sets and stressing the interpre-

tation of statistical results instead of focusing on the mathematical derivations. In many places, SPSS

is the software of choice for this purpose. Although SPSS has itself established to be the standard

statistical software package for the social sciences, it has never been designed as a teaching tool.

Despite the fact, that some students have gone through prior stats courses in their secondary

education, there is however a unifying theme for social science students that brigdes their heterogeneity:

no matter how much background they have in quantitative methods, the students, typically, lack

enthusiasm to enter into the formal world of statistical models and mathematical derivations. They

acknowledge the necessity of statistics, because they learn quickly that empirical studies are ubiquitous

in the social sciences and that students need active knowledge on statistical methods to successfully

accomplish their courses and develop expertise for their future jobs. But they see statistics mainly as

a tool that is fundamental for much of empirical research. This understanding defines also students’

attitude towards statistical software: their main concern is which menu to select, which option to

choose, and which button to press to get the desired result. There is the clear danger of reducing the

statistics education to an exclusively utilitarian endeavour, culminating in the students’ saying: “I am

not here to understand statistics, I’m only here to learn what to do with SPSS.”

Quite a number of recommendations have been made in the literature to address the attitude

issue of social science students towards statistics. Blalock (1987) mentions six general goals in teaching

statistics, namely: (1) overcoming fears, resistance, and overmemorization; (2) stressing the impor-

tance of intellectual honesty and integrity; (3) understanding the relationship between deductive and

inductive inferences; (4) learning to play the role of reasonable critic; (5) handling complexities system-

atically; and (6) familiarizing students with current statistically-oriented research and with problems

encountered in presenting data to diverse audiences.

Using computers and statistical software contributes to all of these goals, but it mainly addresses

goals number one and six. Computers and statistical software are used to ease necessary calculations

and to familiarize students with the relevant computer output. They try to decrease the level of
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complexity, abstraction, and anxiety by introducing concrete problems and their solution strategies

in a practical setting. But are computers and statistical software only effective tools to complete the

empirical research project or can they be integrated in the learning cylce in such a way as to increase

also students’ understanding of statistics? Which specifications has a statstical software to fulfill in

order to enhance the learning process? This paper will touch upon some important points in choosing

a statistical software to be used in courses for the social sciences and particularly aims at a compariosn

of SPSS and R (Hornik, 2007).

2 Some General Criteria

2.1 Hardware, License and Maintenance

Teaching computer labs have become state of the art over the last decade in almost all social science

departments. In such a lab, students will be walked through a variety of basic computer skills and

statistics issues. Working at a rather young university, brings it as a side-effect that there aren’t any

large scale central computing facilities, but every student has his/her own laptop. Students in the

statistics classes will in their first lab course meeting install SPSS on their machines and bring their

laptops to each session. The advantage of the laptop set-up is that students can play around with

their SPSS installation at any time, they can try out various features and familiarize themselves with

SPSS and statistical techniques as they like. No need to go to some central facility, no problems with

opening hours, all-computers-currently-in-use, or similar issues.

The backside is that the installation process is time consuming. You need a fairly large number of

installation CDs and there are always some individual problems with the specific computer set-up and

the SPSS installation routine. Moreover, quite a number of concurrent installations have to be licensed

as well as the fact that different SPSS versions are needed for various platforms. Also not to froget

is the issue of maintenance. Finally, a computer lab facility provides a highly-controlled environment

in which mistakes and problems can be diagnosed and remedied much easier, while individual laptops

are used for many other activities that are likely to result in incompatibilities and computer crashes.

2.2 Data handling

Spreadsheets are very convenient tools for data handling and in particular for the novice user they are

easy to learn and to operate. The intuitive handling of spreadsheets fosters an interactive approach

to data analysis. Thus, a spreadsheet-like data view as in SPSS has a number of apparent benefits:

it provides an easy overview of the number and type of variables, a quick and rough idea about the

nature of the measurements and it instills some feeling of power into the students. The whole bunch

of data is confined in one rectangular array making the notion of a data matrix very transparent.

R on the other hand is based on symbolic notation and one has to know the names of the various

objects that one wants to address. This requires a certain familiarity and background knoweldge on the

data set at hand. Something that is quite often not the case in a class room situation where different

data sets might be chosen to accomodate the various backgrounds and interests of the students but

also in order to illustrate particular features and behaviour of the statistical procedures. The idea of

integrating R in Microsoft Excel provides a good way to combine the advantages of a spreadsheet with

the flexibility of R, see Baier & Neuwirth (2007).

2.3 GUI vs. command-line interface

SPSS as many other software comes with a graphical user interface (GUI) with nice pull-down menus

from which the appropriate analysis methods can be easily chosen. While GUI’s can be straight-
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forwardly used by anyone who is able to read, command-line interfaces constitute a barrier for the

beginners because they require knowledge of a particular syntax. However, managing your way through

a sequence of pull-down menus and pop-up windows to start the analysis you aim at is a major effort

when using a GUI. Once you are familiar with the software, you’ll easily find your way, but beginners

often loose track and are bound to learn by trial and error. In the classroom, even when you have

access to modern multi-media teaching labs, it is extremely difficult for students to keep track of the

instructor clicking her path through the jungle of options and parameter choices. The ‘Paste’ com-

mand in SPSS provides a helpful tool to store the syntax of a command either in order to store the

path of analysis or to ease performing repeatedly the same task with different data. However, efective

use of this command is only possible if the user is acquainted with the SPSS syntax, something that

will not be covered in a regular stats class for social scientists due to time constraints. Moreover,

learning the syntax of a menu-driven software is regarded by most students as a complete waste of

time and there is little intrinsic motivation of the students to learn some syntax.

In this respect, using a command-line program, such as R, seems to be preferable. Although the

learning curve is very steep at the beginning, the students learn the commands step by step and have

no reason to question the necessity of knowing the command names and possible otpions. Moreover,

the whole analysis is under full control. In SPSS the output usually provides too much details and

quite often stipulates questions that reach far beyond the currently learned material. For example,

the Pearson correlation coefficient automatically comes with a significance value in SPSS which means

that introducing the correlation coefficient as a descriptive technique usually results in the question

what the signifcance value means, etc.

2.4 Commercial software vs. open-source

Comparing a commercial software product like SPSS with an open source project like R is an unfair

comparison to start with. But it’s not only the price of the license that speaks against the commercial

solution. The R project with a core development team as backbone and many individual contributors

can sustain software of the highest quality while at the same time offering innovative add-on packages

for specialized analysis and modelling. Additional modules can be easily downloaded from the web

and do not require a time consuming negotation neither with your university’s financial department

nor with the software vendor.

2.5 Programming language vs. statistical package

A statistical package, such as SPSS, is typically designed for the practitioner who needs a reliable tool

for routine and standard tasks of data analysis. It ususally doesn’t show any didactic components

since the standard user is supposed to have a sufficient knowledge of the theoretical basis. SPSS is

designed to serve the needs of a wide range of users, incorporating a plethora of statistical analysis

techniques. To meet special needs the statistician must use extensible programming languages.

3 Dsecriptive Statistics and Graphics

The resurgence of statistical graphics since the early seventies was made possible by the event of

powerful computer technology, but it was greatly enhanced by the rise of methods of exploratory data

analysis that John W. Tukey pioneered. In Tukey (1972) as well as in the monograph Exploratory

Data Analysis (Tukey, 1977) he introduced a rich palette of data displays that form a critical part of

the methodology for exploring data.

In recent years much effort has been put into improving SPSS’s graphics capabilities as well as

the output quality, in particular to react to the evolution of exploratory data analysis. SPSS now offers
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two main strands of graphics production: the standard graphics (legacy graphs) and the interactive

graphics. The available plot types range from bar charts, histograms, dot and box plots to scatter plot

matrices. More specific plots for categorical data like spine plots or mosaic plots are not provided.

Also user interaction with the graphics is very limited such that an interactive graphical analysis in

the sense specified in Wilhelm (2005) is not possible with these tools.

R provides a broad toolkit of graphics and allows for easy modification and polishing of graphics.

Over the last years, a few packages have been created that offer data exploration by user interaction

with the graphs, see Urbanek & Theus (2003) and Wickham et al. (2007).

4 Statistical testing and modelling

The main focus of statistical education ofr the social sciences is concerned with statistical hypothesis

testing, analysis of variance, and modeling by least squares regression. SPSS and R, both offer a

similar suite of statistical procedures and at first glance there might be no difference between the

two. However, there are at least three dimensions on which an evaluation can be oriented: first,

the flexibility of the output. SPSS usually overburdens the novice user with too much output and it

takes some time to instruct students on which parts they have to focus. In addition, there is a clear

limit in the amount of options that is available within SPSS and the user can’t really enhance the

toolkit. Secondly, the modular setup of SPSS (which most likely is only a heritage of the development

of SPSS) results in different realizations of identical or closely related procedures. Similarly, in R

related procedures might be included in different packages. The differences in the realisations are

sometimes subtle and can often only be understood when knowing the numerical details. Thirdly, the

choice of default settings is quite often done with regard to either some specific context or a certain

state-f-the-art at time of implementation.

The presentation will illustrate the aforementioned points by examples, demonstrate how R and

SPSS address the issues differently, and how these differences are supportive in order to motivate and

clarify statistical concepts.
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Abstract 

Recent advances in technology have allowed lecturers in the Department of Statistics at the University 
of Auckland to experiment with screencasting as a way of enhancing our students’ experiences while 
studying statistics. A screencast is a digital recording of computer screen activity, often containing audio 
narration. This paper describes the thoughts, challenges and experiences of a group of lecturers during the 
transition to providing lectures on-line to a large number of undergraduate students. On-line lectures are not 
provided as a substitute for class attendance, but to assist students in choosing a method of learning that 
works for them as individuals.  

 
1.  Introduction 

The Department of Statistics at the University of Auckland is the largest statistics department in New 
Zealand and Australia. Undergraduate courses are delivered at first, second and third-year levels, with 3571, 
1335 and 715 student enrolments respectively in Semester 1, 2007. Of 3571 first-year enrolments, 3317 are 
undertaking our large introductory data analysis and statistical inference course while 995 of second-year 
enrolments are taking our second-year course in data analysis. 

Screencasting [1] records the screen activity of a live lecture and subsequently makes it available for 
viewing on-line. New technology allows teams of lecturers involved in course delivery at the University of 
Auckland to experiment with novel techniques for the purpose of enhancing the students’ learning experience. 
Screencasting is intended to complement lectures and is not viewed as the primary source of dissemination 
of lecture material. 

 
2. Background 

For the large first-year statistics courses we offer a flexible learning and teaching environment. The 
principal teaching pathway is via a lecturer presenting to the class, which may have more than 500 students 
in attendance. However, many complementary teaching pathways are provided so that students can learn in a 
variety of ways and at their own pace. Additional resources have included narrated PowerPoint lectures, 
interactive SPSS and Excel viewlets, explorative Excel spreadsheets and small movies. Delivery to such a 
great number of students is made possible through a large team of lecturers, tutors, laboratory demonstrators 
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and student markers (Cunliffe et al, 2003), and through internet and intranet access. 
The large second-year data analysis course has used some of these resources, while the more 

theoretical second-year courses, and the majority of third-year courses, tend to rely more on the use of 
PowerPoint/LaTex slides and transparencies with overhead projectors in conjunction with lecture workbooks. 

For 5 years, narrated lectures were provided for the large first-year course (3 years for the large 
second-year course), by means of PowerPoint slides complete with narrated pre-recorded soundtrack, to 
enable students to review the material presented in their own time on any computer. In Semester 2 2006, a 
new scheme called screencasting was introduced. Screencasting provides a recording of activities specific to 
the lecture the student attended, or at least was expected to attend. The investment in time and resources to 
produce screencasts of each lecture is much less than that to generate narrated PowerPoint slides, with the 
advantage that updates and amendments to each course can be incorporated with minimum additional effort. 

Associate Professor Paul Bonnington, a colleague in the Department of Mathematics, had some 
thoughts on trialing a low-cost, minimum effort ‘lecturing method that would enable the student to revisit 
any part of a lecture’. The rationale behind this came from a feeling that ‘much of the information presented 
in lectures is lost, and this is particularly true in the Mathematical Sciences’. Over the 2005/2006 summer 
break, Paul evaluated several screen-recording packages, finally settling on a combination of an HP Tablet 
[2] and BB-Flashback [3]. 

 
3. Screencasting 

Screen-recording packages produce a screencast capturing the visual display used by the lecturer, and 
the audio recording of the lecture. Visual and audio content is captured using BB-Flashback. This software 
enables both recording and editing of onscreen activity and associated audio. It is relatively inexpensive and 
easy to use.  For courses that involve writing on overhead transparencies, PDF annotator enables the 
capture of annotations made by the lecturer on the PDF version of the lecture notes. PDF annotator enables 
one to write on any PDF document using a variety of pens and highlighters. In most cases, writing was done 
on an HP Tablet which is straightforward. Other modes of lecture display, such as the document camera and 
the overhead projector, are not visible on the screencast. Although products enabling screencasting have been 
available for some time (e.g. Lotus Screencam in 1993 [4]), these products produced large files and were 
limited in their editing facilities. Recent technological advances support smaller, more compact file formats 
such as Macromedia Flash [5] and have enhanced editing capabilities.  

Delivery of screencasts is supported by Cecil [6], the university’s own platform for internet delivery of 
resources, administration and communication. It can be accessed from anywhere in the world. Students are 
familiar with Cecil which they use for routine management of their learning across all courses at the 
university. As a result of the students’ exposure to Cecil, they are able to find each day’s lecture easily. They 
can either play the lecture in its entirety (really only possible with a broadband connection), or they can 
download the lecture to a memory stick for playing on their home computers without relying on internet 
access. The exporting facility of the BB-Flashback software allows for more than one format, such as 
Shockwave files [7] and executable files. 
 
4. Discussion 

Screencasting offers the student the opportunity to revisit lecture material which they find difficult. A 
particular advantage of this approach is the association between the concepts delivered in the lecture and the 
reinforcement that they receive from the screencasting of the same lecture. This is an important difference 
between screencasting and pre-recorded lectures.  

At the end of the first trial, an announcement to first-year students was posted on Cecil, asking for their 
feedback on ways of improving the course. Questions related to the provision of the screencasts were posed, 
which provided us with some useful information. Of 680 responses, 53% of students said they found the 
screencast useful at revision time, while 58% said they used screencasts to play (and replay) any concepts 
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with which they had difficulty. There are additional advantages for students who miss a lecture. These 
students are able to catch up and to hear virtually exactly what they would have heard had they attended class 
that day. 66% of respondents to the survey reported that they used the screencasts for this purpose.  The 
following comments come from Michael Kitching, a first-year student, who worked for Air New Zealand as 
a long-haul flight attendant and had a complicated work schedule that made it difficult to attend class each 
day. “With the recorded lectures being posted online I can access the class I missed. Then I can run through it 
in my own time, at my own pace via my laptop in any hotel I stay in anywhere in the world”. He adds that 
“The audio from the recorded lectures is great, and combined with the PowerPoints that the students see in 
class, sometimes the only thing I feel I’m missing out on is paying for parking!” 

Another advantage in our large first-year introductory course, which is taught in multiple streams by 
several lecturers, is that students can choose to tune into their own lecturer, whose style and manner is 
familiar, rather than adjusting to another delivery method. However, this can work both ways. For example, 
if a student finds a certain concept difficult to grasp, perhaps another lecturer’s approach may provide an 
alternative perspective which is more comprehensible to the student. 

Traditionally, the first lecture of our introductory course was geared towards dealing with 
administration and our expectations of the students. We are now able to pre-record this information so that 
the students can download and listen to the information in their own time.  

Prior to the mid-semester term test, students were able to access a step-by-step run through of a 
previous term test, provided by one of the lecturers. This proved to be very popular with students, with 
feedback such as “definitely the most useful part of my test revision” and “Extremely helpful and really 
clarified a lot of concepts”. 

Subtle changes in software installation instructions from semester to semester can cause technical 
problems for some students. Interactive instructional viewlets produced to minimize this problem were costly 
to produce, so were not updated regularly. A useful advantage of screencasting is that it allows the provision 
of updated installation instructions every semester, with minimum cost and effort. 

For the teaching teams and individual lecturers, the advantage of the recorded-lecture approach is that 
any course amendments and improvements can be integrated with minimum effort. For example, a recent 
course rewrite in our first-year introductory course would have meant an enormous amount of time and effort 
to reproduce narrated PowerPoint lectures, but there is virtually no additional effort required in screencasting 
while they are being delivered. 

Evidence suggests that only about half of our students have English as their first language, with a 
similar proportion being relatively new arrivals to New Zealand and its education system. We believe that 
screencasting provides real benefits to these students since they have the opportunity to listen to each lecture 
as many times as they require to fully understand the lecture material. 

While most of the student feedback to our survey was positive, it is worth mentioning the negative 
aspects as issues that we wish to address in the future. The most common negative response (12 students) 
was that the download speed was too slow. Seven students who responded to our survey noted that 
sometimes the quality of the sound was poor. We need to think of ways of solving these problems so that 
students are not frustrated by them. 

Our survey suggested that 24% of respondents used the screencasts instead of attending class. We 
anticipate that for many of these students no added-value is achieved by attending class and that they have 
the discipline and initiative to learn and study at their own pace. We do not wish to discourage students from 
attending class when there is a very real benefit in them doing so. 

In many instances, uptake of the technology relies on individual lecturers buying in to the concept. 
With our large first-year introductory course, which is a complex operation involving a team of lecturers, the 
idea of being recorded during lectures brought out a range of responses.  Reactions initially ranged from the 
enthusiastic and positive, a willingness to give it a go despite certain misgivings, right through to outright 
rejection, e.g. “no way – I’m not doing it.” If some lecturers on the team decided to trial the technology 
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while others didn’t, then there would have been equity issues for the students. It wasn’t considered 
reasonable to have some classes benefiting from recorded lectures while other classes did not. One of the 
primary hurdles to overcome was apprehension about being recorded. Anxieties included concerns about 
scrutiny of presentation style, and the prospect of being recorded making mistakes!  These reservations 
were overcome by reaching an agreement that none of us, including the head of department, would listen to 
anyone else’s lectures without prior permission. In the situation where we had a need to demonstrate the trial, 
one lecturer, who had no concern with others listening to her classes, agreed to be our “show pony”. As a 
result, despite early reluctance from some, the entire team ended up participating in the trial. 

 
5. Conclusion 

Screencasting is a very efficient way to provide students with a narrative of the Stage 1 course without 
consuming additional human resources. The low-cost of this resource makes it accessible to other, possibly 
much smaller, courses. Once certain technological issues surrounding access, download speed and sound 
quality are addressed, we feel confident that screencasting will play a large role in the delivery of statistics 
courses at the University of Auckland. 
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The role of Econometrics in the European Higher Education Area 

More than seventy years ago Joseph Schumpeter published his famous work “The common sense in 

Econometrics”, where he claimed that every economist is an econometrician since data should be used as a 

complement of economic theories. 

Since then the role of Econometrics in Economics and Business degrees has gradually increased 

including not only the study of the main techniques for the estimation and testing of econometric models but 

also a more realistic approach, which is often based in the use of econometric software. 

 

This more practically-oriented study has become especially important in the present context, since 

European Universities are currently facing the challenges of the so called “Bologna process”1 which aims to 

increase the mobility and employability of European higher education graduates thus  ensuring 

competitiveness of European higher education on the world scale. 

 

The European dimension of education and the contribution of education in setting the European 

Information and Knowledge society have been stressed in the Lisbon Summit (2000) with the strategic goal 

of “making out of the European Union the world´s most competitive and dynamic knowledge-based economy, 

capable of sustainable economic growth and with more and better jobs and greater social cohesion”. 

 

Education, research and innovation are the main factors to achieve the Lisbon objectives, and therefore 

several initiatives have been launched at European, national and institutional levels.  

In the case of Spanish universities, the Bologna process has to face several difficulties since the 

                                                      

1 The Bologna declaration was signed in 1999 by the ministers of education from 29 European countries, with the aim 

to develop the European higher education area (EHEA) by making academic degree standards and quality assurance 

standards more comparable and compatible throughout Europe. Since then and after several governmental meetings 

[Prague (2001), Berlin (2003), Bergen (2005), London (2007)] this process has further developed into a major reform 

encompassing 45 countries. 
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structure of university degrees in Spain is quite different from the Anglo-Saxon model adopted as a 

reference
2
. 

 

In this new context Econometrics are expected to play an instrumental role in Economics and Business 

degrees. Although the available information in quite scarce, according to the provisional guidelines these 

studies should train individuals capable of analyzing and interpreting the functioning of the economy, with 

the intention of improving the well-being of the society with the achievement of equity and efficiency and in 

general to approach the analysis of the most relevant economic and social problems.  

More specifically, these degrees should provide skills as “to use analytical instruments in the decision-

making processes" or "to handle information technologies”, aspects in which Econometrics can play an 

outstanding role. 

 

Some pilot experiences  

In the previously described framework we have developed some pilot experiences referred to the 

teaching and learning of Econometrics at the University of Oviedo. Adopting a “learning by doing” approach 

and following the main guidelines of the Bologna process, during the last three courses we have gradually 

implemented a more realistic methodology, characterized by an intensive use of e-learning and a continuous 

evaluation. 

The generic and specific skills of Econometrics are summarized in table 1. 

Table 1: Generic and Specific Skills for Econometrics 

Generic Skills Specific Skills 

- Analysis and Synthesis Capacity 

- Implementing theory to practice 

- Problem Solving 

- Team work 

- Software use 

- Critical Capacity 

- Oral and Written Communication 

- Decision Making 

- Developing econometric models including the search of 

information, estimation, testing and forecasting  

- Interpreting the components of an econometric model 

- Understanding significance tests 

- Detecting, testing and solving the main problems related to the 

violation of hypotheses 

- Obtaining economic forecasts 

- Using software and interpreting the obtained outputs 

Referring to the generic skills, it is necessary to adapt the students´ knowledge and capacities to the 

labour market requirements, trying to attenuate the traditional existing distance between the perceptions of 

academics, employers and graduates. In this regard, the project Tuning Educational Structures in Europe 

detects significant differences in the arrangement of skills realized by these three groups, leading to Pearson 

correlation coefficients under 60%. 

 

                                                      

2 The Spanish system has two kinds of initial degrees, respectively leading to a medium-level technical profession 

(three year Diplomatura degrees) and to higher-level professions or academic disciplines (four or five year Licenciatura 

or Ingeniería degrees). Although the Diplomatura degrees used to be a sort of blocked path, over the years the 

possibility was opened to go on to the last two years of a Licenciatura in a related but different field. But a Diplomatura 

has never been the exact equivalent of a BA/BSc, nor the Licenciatura that of a MA/MSC. The new degrees have 

started for the master’s level in 2006, and are scheduled to start at the undergraduate level in 2008. 
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Facts and Figures  

The experiences we are summarizing in this work, in spite of his experimental character, have allowed 

us to adapt the Econometrics teaching to this new context and to collect students´ opinions about the most 

new aspects: the skill-based learning and the European credit transfer system (ECTS). 

Since Information and Communication Technologies (ICT) can be a strategic tool in this process, we 

have emphasized the use of e-Learning which, according to the European Commission, must be understood 

as “the use of new multimedia technologies and the Internet to improve the quality of learning”. In fact, the 

virtual campus AulaNet provides a wide variety of resources including multimedia facilities, mail, forum, 

chat, self-assessments, … which have been proved to be very useful in order to improve the communication 

between students, to develop the team work and to evaluate students´ knowledge. 

Besides, AulaNet allows the implementation of on-line questionnaires in order to obtain information 

from students about their personal effort, the perceived difficulty of the educational contents and the acquired 

competitions and skills. A scheme of this survey is shown in table 2. 

Table 2: On-line Econometrics survey 

Sections Qualitative aspects Quantitative aspects 

Personal work Hours of study Perceived difficulty for each item 

Team Work Hours for the database, 
estimation, testing, 
exposition, final report, 
…) 

Perceived difficulty for the team work 

Comparison of personal and team effort 

Quality of the team work compared with the others 

Assessment  Perceived difficulty of assessment questions 

Level of satisfaction with the assessment system 

General vision  Level of satisfaction with the subject 

Opinion about professional skills 

Comments and suggestions 

 

Although the rate of response was quite low (50%), the obtained information shows some interesting 

facts. A first consideration is the heterogeneity of students, reflected in the high dispersion of times of 

personal work, leading to two consequences: the estimated average times of study do not turn out to be 

representative and the existing heterogeneity should be considered when designing and implementing the 

learning methodology. 

On the other side a considerable homogeneity is found in the perceived levels of difficulty and also in 

opinions about the evaluation criteria, which turn out to be very favorable (70% of the answers are positive 

or very positive). Besides, since these experiences have been carried out along three academic courses we 

have also tested the stability of the obtained results. 

Regarding students´ opinions about learned skills, they mainly emphasize the aptitude to solve problems 

and to use econometric software and they also appreciate the team work as an interesting (although rather 

hard) experience. 

The application of the described methodology and the system of continuous assessment has improved the 

academic indicators as showed in table 3.  

Table 3: Econometrics academic results 

 2003-04 2004-05 2005-06 2006-07 

Proportion of presented students (%) 72% 77% 68% 73% 

Rate of Success (Proportion of approved students, %) 72% 77% 80% 80% 
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To conclude, since we find that this kind of experiences could help us to improve the quality of learning 

and we think that co-operating networks should be emphasized in the framework of the European Higher 

education Area, we are now trying to develop a European virtual network in Statistics and Econometrics. 

. 
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RÉSUMÉ (ABSTRACT) 

Apprenant Econométrie en faisant Econometrie. Quelques experiences pilotes 

L'apprentissage et l'enseignement d'Économétrie a éprouvé des changements substantiels dûs à la disponibilité 

croissante d'information et de programmes informatiques. L'emphase se met actuellement dans la pratique 

d'économétrie et essayant d'adapter les connaissances des étudiants aux conditions requises du marché de travail. 

Ce procédé doit continuer dans les années prochaines puisque nous faisons maintenant face au “procédé de 

Bologne” qui vise à développer les études supérieures européen en faiant les normes d'universitaire et qualité plus 

comparable et compatible à travers Europe 

La convergence d'études supérieures porte des défis importants pour les systèmes d'université éducatifs, se fixant 

principalement sur l'étudiant, concevant un enseignement basé sur des compétences et en introduisant le crédit 

ECTS comme l'unité académique qui estime le travail total développé par les étudiants.  

Dans ce travail nous présentons quelques expériences pilotes référées à l'enseignement et apprentissage 

d'Econométrie dans l'Université de Oviedo. En adoptant la philosophie de "apprendre en faisant" et en suivant les 

directrices principales du procédé de Bologna nous avons mis en application une méthodologie plus réaliste, 

caractérisée par un usage intensif de e- learning et l'évaluation continuelle. 

Nous résumons aussi les opinions des étudiants, reprises à travers d'une enquête en ligne et rapportées à son 

travail personnel, la difficulté perçue de la matière et le niveau de satisfaction avec les compétences acquises. 
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1. Introduction and objectives  

The authors are members of Statmedia group, a team of professors of the Department of Statistics at 

the University of Barcelona (UB). Our department has the responsibility of teaching statistics in a variety of 

degrees of our campus: Biology, Geology, Environmental Sciences, Chemical engineering, Geography and 

Statistics. So we have a wide experience in teaching statistics both for applied and more theoretical courses. 

In many experimental degrees, Statistics is an instrumental learning often offered in the first or second year.  

The aim of our group is developing new tools to help teaching statistics. The system has been implemented 

mainly in experimental courses but we have also work on it with more specialized students of the degree in 

Statistics. Our project is based on some important assumptions:  

• First, we consider that learning should be based on practical cases to motivate and encourage 

students to participate.  

• Second, the system should be applicable no matter how many students are registered. Some of 

the tasks the system must be capable of include are: continuous assessment of knowledge 

based on a large number of tests, follow-up of student’s attendance, possibility of making 

different parts of the course away from the classrooms but under the supervision of the 

teacher, etc.   

• Third, our system should be independent of any commercial software that involves any cost 

for the students. 

• Finally, our main goal is improving academic performance of our students and to enhance 

motivation towards statistics. 

Those requirements have been implemented in a system of design, publication and management by 

Internet of different sets of practical sessions of statistics with specific data sets for every student of the 

course (Statmedia 2PI). Customization of data is the most notable achievement of the project since we 

consider it an essential requirement to allow students not to be present in the classroom. It also expands the 

possibility of discussion since different students may have different results on different data sets under 

similar assumptions. Even different questions may be generated depending on the data sets.  

Previous tests with identical data for all the students showed a negative attitude from many students 

that simply copied results from other companions. That practice invalidates the results as a continuous 

assessment procedure. 

One of the main challenges of this approach is developing a system of automatic and student-specific 

correction of the answers allowing for a wide variety of questions: closed item tests, numerical open 

questions and combined questions with several answer fields. 
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In our present project we have integrated a previous work in the same field. The edition of a 

multimedia textbook of statistics with more than 750 html pages and more than 100 java applets edited by 

the University of Barcelona on a cd-rom format in 2003. The main part of the contents of the cd-rom is now 

accessible from the pages of the practical sessions.    

 

2. Technical matters 

The framework of the project is based on three elements: JSP pages, databases on a web server and 

applets and servlets of java language. 

On the server side, a small set of servlets manage the entire application, tracking the main parameters 

of each connected session. This includes login validation, database transactions and navigation across the 

documents. The navigation is performed by a servlet which calls a JSP, following the user requests and the 

configuration of the practical case. Any called JSP sends to the client a HTML document, build dynamically 

when the server inserts the individual data of the student inside a pre-formatted page. If necessary, the server 

also configures particular questions and pre-load data for the applets embedded in the document. JSP pages 

are easily formatted by our design team, who has only to include some Statmedia special tags (similar in 

syntax to the JSP specification) when editing the HTML document. A second JSP set is designed only for 

internal use, helping the teacher to interact with the database stored information, in particular, querying for 

useful summaries of the student’s answers and activities.  

 

A Java language statistical tool to help in computations has been developed by our team. The format is 

that of a statistical calculator that is called by a button control. It appears as an independent window offering 

all the statistical computations required by the practical sessions. Since the whole system has been developed 

in Java it is possible for the calculator to interact directly with the JSP pages. In this way different data sets 

can be automatically loaded in the calculator by means of a load button. Student’s time and mistakes can be 

substantially reduced. Figure 1 shows the aspect of a part from a practical session with several kinds of 

questions and a window corresponding to the statistical calculator. You can see several item tests and some 

open fields. 

 

 

Fig. 1 Aspect of a page corresponding to a practical session with the statistic calculator and 

some questions of different kind 
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Student-specific data generation is obtained through the definition of what we call “dts” (data sets). A 

dts is an array of values generated by specific java method. Such methods include: random numbers 

generation from different distributions; computation of critical values and distribution functions; descriptive 

statistics for one sample; one and two sample analysis with test statistics, p-values and other computations; 

categorical data analysis; correlation and regression for two samples and finally transformations and 

operations between data sets. Random numbers generation methods allow student-specific data sets. It is 

important to note that the system just stores the definition of each data set, not the data. The system works 

with a seed depending on a private identification of the student. This procedure assures the consistency of 

data at any time.  

 

 

Fig. 2 Definition of  “datasets”  for practical session number 1 of Biostatistics  

 

Methods that compute statistical results allow JSP pages to offer different dynamic texts based on 

different results. For instance you can ask different questions if you know whether two samples of one 

student are correlated or they are not. You can also take into account the result of different tests in order to 

offer the student dissimilar answers. It is important to note that the designer of the practice can control, via 

the dts’s definition the fraction of students with each and every different result. Next we can see several lines 

of code where the system shows a value for a specific data set (dts[2][1]) and different alternatives for a 

question depending on the result obtained by data set dts[16][4]. 

 

<td ><font size="4"><b><%= dtsFormat(dts[2][1],0)%> </b></font>&nbsp;</td> 

….. 

<%  if (dts[16][4] < 0.05){ %>  

<% ind.getPermString( "We reject the null hypothesis",  

       "We accept the null hypothesis",3)%><% } 

else { %> 

<% ind.getPermString( "We accept the null hypothesis",  

"We reject the null hypothesis",3) %><% }%> 
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A further outstanding feature is that automatic assessment of student’s answers is carried out by the 

same java methods used by the statistical calculator. In this way we are sure of the consistency of the results 

obtained by the student and the ones from the automatic evaluation system. 

 

3. Some results 

 

 In recent years over 700 students per year in four different first and second cycle studies have used 
Statmedia 2Pi. We have several tools to analyze the degree of satisfaction and the academic achievement of 

students. Some of the results of courses finished by now are next summarized. 

At the end of the year, a survey is passed out so that students can express their opinions about several 

aspects of the project. We may relate some answers with the main assumptions we have considered 

important in section 1: 

• The convenience that learning be based on practical cases has been scored with 4.66 over 5. 

• The agreement with student-specific data and the improved results discussion has been 

scored with 3.47 over 5.  

• The possibility of making different parts of the course away from the classrooms has been 

scored with 4.58 over 5. 

• The continuous assessment procedure has been scored with 4.64 over 5. 

• The global satisfaction index is 7.4 over 10. 

As we have mentioned above JSP technology has provided us with several tools to analyze student’s 

performance. Through those tools we have verified some facts: 

• About 67% of registered students have actually done the practical sessions of statistics. It 

represents a better one of that obtained in other similar courses, for instance in mathematics. 

• 35% of total editions were found to be done on computers no belonging to the UB. 

If we now consider the academic achievement of students, the average mark of practical sessions has 

turned out to be 8.07 over 10. In the context of continuous assessment we have implemented, practical 

sessions contributes 20% to the final mark of the course. 

With respect to the teachers, the system is considered a very useful, dynamic and flexible tool for 

teaching statistics. It has been also a very helpful tool for convergence to the European Space for Higher 

Education  
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Introduction 

Teaching research methodology and statistics is necessary in many empiric sciences with 
no main statistical focus. Even if the students themselves do not work empirically, they 
need the knowledge. The reading and understanding of the articles, which describe empiric 
studies, requires an understanding for statistics and methodology. Likewise, the 
understanding of theories is based on the understanding for the underlying findings. 

The teaching time available for courses for non-statisticians is often limited to a few 
hours. The courses are mostly offered within the framework of general undergraduate study 
programs, so that students of several different study areas visit them. The previous 
knowledge of the students especially in mathematics is heterogeneous. Hence, teaching is a 
great challenge, concerning the motivation of the students and the selection of contents. The 
objectives for such courses are the following:  

 The students should get a feeling for “how statistical methods work”. 
 The courses should ensure that the students know the central terminology, the main 

methodological approaches, the main parametric and non-parametric methods as well as 
their preconditions. 

 The students should learn that differences in results across studies could be caused by 
several reasons, for example by different methods of measurement and measurement 
scales, different sampling procedures, etc.  

 They should get familiar with a statistical program package, such as SPSS, SAS, 
STATA, etc.  

 They should be able to decide if the author of an article has described the 
preconditions of the study and the achievement of the data in a comprehensible way, 
has chosen the adequate statistical methods for analysis, has drawn result-based possible 
conclusions and has documented the study in way that the results are (in general) 
reproducible for the reader. 

The experience with courses for non-statisticians shows that it is an illusion that the 
teacher can inspire the students deeply for the theory of probability or mathematical 
equations. The students are interested to get tools adapted to the demands of their special 
scientific field. Therefore, from the scientific perspective of the statistician, teaching is a 
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walk on a tightrope. The course content and the examples have to be chosen in way to 
"Make everything as simple as possible, but not simpler." (Albert Einstein). On one side, 
the complexity must be reduced. On the other side, the students have to learn so much that 
they do not apply the methods and procedures rule-based without thinking but based on 
understanding. E-learning-products can help to master this challenge.  
 
 
E-learning products 

"An e-learning product is software that is developed for learning purposes taking 
pedagogical, didactical and psychological aspects into account." (Berger & Rockmann, 2006, 
130). The products differ in size, extent and design. An e-learning product could be a 
single animation, a simulation, static html-pages, or dynamic online courses. Depending on 
the design the products are suitable for different teaching situations.  

 They can be used for course preparation so that the face-to-face course can start on a 
higher and more homogeneous level.  

 The products can be used within blended-learning concepts, for example with an 
alternating change – one week online learning in a group assisted by a tutor, the other 
week face-to-face teaching.  

 Some products can be used totally stand-alone if there is a high probability that no 
technical problems occur, because this is one major reason for dropouts. Furthermore, 
the students should have some experience with self-directed learning, even if the 
program guides them. 

E-learning products can have from the perspective of learning-psychology high potentials. 
They are not only a combination of learning media – like videos, texts, pictures, etc. - that 
already existed before (Rockmann & Olivier, 2005). The technology not only makes the 
linking between these media possible and the easy access to them in one "box". Through 
the linkage of content equivalent media, the possibility of recording learner performance, the 
immediate checking of tests etc. different didactical concepts based on different learning 
theories can be implemented. 

 The control concepts implemented in the products range from program to learner control. 
If the program control is implemented, the program selects the contents for the learner 
and manages the whole navigation. If the learner control is implemented, the program 
has to make help-features for learner driven navigation available, for example, by a list 
of content, searching mechanisms, marking visited pages and bookmarks. 

 The content selection and navigation can be based on the previous knowledge. In this 
case, the product has to have mechanisms to register the knowledge in the beginning of 
the course. 
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Fig. 1: Linkage between book and 

online course 

 

 If the drill and practice approach is implemented, the program must include tests and 
exercises in order to check the level of achievement. 

 If the concept supports different learning media preferences it must provide redundant 
information using different media. 

 If the product supports explorative learning, then it has to include fundamental 
characteristics of this concept, like search and localization features as well as anchor 
points; in this case, program control should not be available.  

Besides the usage with heterogeneous groups, e-learning products are helpful when the 
learning groups are very small or spread over many places. 
 

 

Learning statistics and research methodology – the project ILIS 

ILIS is a project of the German universities of Oldenburg and Paderborn 
(sportwissenschaft-akademie.de/na/sportwissenschaft; 131.234.146.240/na/sportwissenschaft). 

New in the overall concept is the integration of textbook 
and online course. Both media contain the same central 
statements and main ideas (Fig. 1). Besides this, the online 
course contains continuing, complementary and more 
detailed texts, detailed descriptions of experiments, 
illustrations, videos, animations, simulations as well as 
training questions and tests (Rockmann & Bömermann, 
2006). Exemplarily, figure 2 shows the link (www431) 
between the textbook (yellow box = central theory 
statement) and the online course. In the online course the 

link can be found by searching for the key "www431". The "book"-symbol shows that the 
link is found.  
 
 
 
 
 
 
 
 
 

The "link"-sentence from the book is repeated and is followed by additional text and 
in this case, an animation with exercises (Fig. 3).  

 

Fig. 2: Hyperlinks  
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By using animations and simulations 
complicated and complex issues can be 
visualized for and explored by the learners. 
The animation shown in figure 3 presents ten 
exercises to the learner concerning the topic 
"measures of central tendency". The learners 
have to solve them by generating a data set 
at fulfils the requirements specified. 

The training and test questions available 
in the course are appreciated, because they 
provide feedback immediately. Since 
especially the bachelor students have a tight 
schedule they like the possibility to learn 

with the online course at any time. Overall the acceptance of the courses is good if the 
first inhibition threshold is overcome. Although the students seem to be technically 
experienced, mainly technical problems occur, like finding the website, managing to get an 
account, installing missing plug-ins on the computer, remembering the password etc. 
Therefore especially in the beginning sufficient support must be available to avoid dropouts.  
 
Outlook 

One essential problem in the usage of e-learning products at universities is the 
sustainable availability, the technical and user support as well as the actuality. Many 
universities are still not well prepared for these tasks. Among the rest, this is also to be 
ascribed to the variety of the technical solutions used in different scientific disciplines.  

Still a lot of research work is necessary, concerning the question, how people learn with 
the online products. Therefore our students agreed that their protocol data could be also 
used for scientific analysis of their learning behavior (Rockmann, Thielke & Seyda, 2003). 
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Fig. 3: Animation – measures of central tendency 
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Introduction

Statistics, like any Mathematical science, can make an erroneous hard feeling for students. Spe-
cially if these students come from different areas and levels of knowledgement, or even come from
different courses. It is the case of the Statistics course at the Santa Catarina State University1, from
Brazil. Students of this course come from three different areas of study: Engineering, Information
Technology and Computer Science. For these areas, the mathematics and computing knowledge level
vary. Engineering students have a high level of Mathematics knowledge, but just a few understanding
of computer programming languages and no previous usage of a statistical computing environment.
At the other hand, Information Technology and Computer Science students have a mid level of Math-
ematics but a high capacity to use statistical computing environment. But just the Computer Science
students knows about the use of computer programming languages. Other necessity exists too, like the
few numbers of computer laboratories, no resources to buy expensive software licenses from commer-
cial statistical environments and the necessity of more documentation about the statistical computing
environment chosen in portuguese language.

How to solve these necessities ? How to teaches Statistics in a practical way, using a statistical
computing software, with just a few resources ? The answer is Internet. A project have been created
to make documentation about Statistics and the chosen statistical computing software. And all the
documentation is on-line, at a public Web site2 that every student around Brazil – with a vary level
of knowledge of Computation and Mathematics – can use.

This poster wants to describe the actual situation of the project called “Divulgando o Ambiente
R” (or Divulgating the R Environment), the used technology and education methodology. The future
spectatives will be discussed, aiming to set this project as an example of success case on using Internet
to propagate educational content.

Technology Helps

A statistical computing environment is a core requisite to Statistics, specially to its education.
Actually there are popular proprietary softwares (SAS/STAT, STATA, MINITAB, 2007), but with
expensive cost licenses, difficulting their usage at public education institutions. The alternative is to
use a free software. The choice of the project was to use the most powerful one, the R (R PROJECT,
2007).

1http://www.joinville.udesc.br
2http://r.void.cc
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R is a free software environment for statistical computing and a complete and powerful computer
programming language. As a statistical software R can do complex calculations, data handling, storage
and analysis, linear and non-linear modelling, classification, statistical tests, and can generate high
quality graphics as results of its computations. R is not just a statistical environment, it is a true
computer programming language, giving to the user the possibility of extends R using itself. Because
of this, R has a large number of packages that extends its functionality, creating from extra statistical
techniques, to uncommon features to a statistical software, like the possibility to interface with external
programming languages – like C or Fortran – or to create complete software applications even with a
Graphical User Interface or database access.

These characterists of R made it a complex software that need some documentation. The
R official web site has the most documentation needed and it is completed by external ones. The
problem is the need of documentation in portuguese, specially advanced documentation about the
use of R as a programming language, a feature that motivates and gets the interest of students,
mainly the Information Technology and Computer Science ones. As discussed, a project to write this
kind of documentation was needed. And to publish the content was chosen a collaborative web site
management: a Wiki.

The use of a Wiki makes the writing of content easy. The phylosophy behind a Wiki is “let the
users write and collaborate together” (CUNNINGHAN & LEUF, 2001), so the content was writen
fast and in a right way, with minor errors, because the users of Wiki can edit the content of everyone
at everywhere and on everytime. Again, a free software Wiki system was used, called PmWiki3, and
one more time the project was save of software licenses.

The free of costs and powerful technologies used in the project motivates also the students to
use it on their own academics and professional innitiatives. And now the project can have the help
of these same students or any other person because the use of Internet and a collaborative content
management system turns it possible.

Education Methodology Changes

The adoption of powerful technologies and Internet changes even the way to teach Statistics.
R makes possible to show students how to use the Statistics Theory in a practical way. With the
high quality graphics, students can see the results of their statistical analysis. And using R as a
programming language, they can even create complex computation routines to do the work. For non
Computer Science students, R can be also an introduction to computer programming, motivating the
students to learn more about computation and applied Statistics as well.

Because R is a free software, all the student can download and install it on their own computer,
without paying software licenses per copy. Using Internet to create and publish the documentation
about R and Statistics, students can learn to use the software even at their houses.

The Results

By now the project is accomplishing its objectives. The content of the web site is at constantly
production. Because the small number of references about R in portuguese language, the project is
turning on a good source of information, specially in how to use R as a programming language. The
use of Internet to publish the Statistics course and R content turn possible to eliminate the need to
use of computer laboratories. Now students can do their research everywhere, even at home.

The use of R on Statistics course motivates the students to learn it and to apply Statistics
Theory in their own projects. With R the students feels that Statistics can be applied at any area of

3http://www.pmwiki.org
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study, from Engineering to Computer Science or Information Technology.

The Future

The project has some spectatives. One of these is to create a brazilian community of R users
and developers. The objective of this community will be to translate R and R packages, extends R
developing new packages or fixing the current ones, support brazilian projects that use R, and by
other things, create a communication channel for the brazilian people that uses and wants to help the
development of R.

At the Statistical course of the institution, the use of Rpad – a R package that makes possible to
share a R session of every computer on a network (RPAD, 2007) – to create on-line classes is at study.
If it can make possible, the practical classes will be made also at Internet, with teacher communicating
with students by a chat room, and showing to them the R commands and its results using Rpad.

The use of R and the collaborative opportunity of the Internet extends the domain of a simple
Statistical course to a national source of information, and maybe to a community of users and a
e-learning initiative.
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ABSTRACT

R is a free software environment for statistical computing. It is also a powerful programming lan-
guage and produces professional made statistical graphics. A software with these features – a powerful
professional tool with a free license – is demonstrating some advantages to the education of undergrad-
uate students of a engineering and computer science university from Brazil. Because the quality of
this software, the students being motivated to use it on their own academic and business works. This
kind of interest created a demand for more information about R and Statistics itself, specially written
in brazilian portuguese idiom.

To help this necessity, an academic extension project has been created and called “Divulgando
o Ambiente R” (or Divulgating the R Environment). Today, the project has a Web site4 with many
content about R and the use of R for statistical applications. The content is from the basic R in-
stallation tutorial to the advanced documents about the use of R as a programming language, and its
extension using other programming languages as C. The purpose of this poster is to show the education
methodology used with the creation of this project and to analyze its results at this institution and out
of that, with discussions about the used technology as well.

4http://r.void.cc
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1. Abstract 

Eurostat, the Statistical Office of the European Communities, offers free access to all data it publishes 
via its website. This website is updated daily and contains the latest and most complete statistical information 
available on the European Union, the EU Member States, the EuroZone, and other countries. It offers direct 
access to the Eurostat databases and its recent publications. In addition to this, EU Bookshop 
(http://bookshop.europa.eu), managed by the Office for Official publications of the European Communities 
(publications Office), will offer a complete online archive of all EU statistical publications. This paper 
outlines the actions developed to establish this online archive. 

2. GGeneral framework of EU Bookshop 

EU Bookshop was officially opened in March 2005. It aims to provide a single access point for 
citizens and businesses to various publications of the European Union institutions, agencies and other bodies, 
published and/or catalogued by the Publications Office. Its main purpose is to facilitate communication with 
the citizens on EUU issues, including statistics. In line with this aim (and in contrast to its name "bookshop"), 
most of the titles offered are free of charge. Only 15% of the publications referenced are for sale.  

EU Bookshop gives immediate access to the publications through comprehensive bibliographical 
notices. At the end of March 2007, almost 24 300 titles were referenced in the system. Most of these titles 
are available in different language versions. The archive is still under construction, as more titles will be 
added, and the bibliographical notices will be completed with the PDF version of the publication. The 
systematic digitisation of the Publications Office’s physical archive was launched in 2006 with the 
publications of Eurostat.  

The user can find publications by both simple and advanced search functions based on the metadata 
contained in the bibliographical notices. Another possibility offered is to browse by thematic area (for 
example "statistics") or by author (for example "Eurostat"). Furthermore, users can sign up to ‘My EUU 
Bookshop’ and access personalised functions: search queries can be saved for regular use or the user can 
choose to be notified by e-mail about publications of interest.  

PProvided that stock is available, the user can order a single printed copy of any free-of-charge 
publication directly from the publications Office. As for priced publications, the client may order a bound 
copy by selecting one of the Office’s sales agents in EU Bookshop. Books are usually shipped within 48 
hours of receipt of the order. 

The Ppublications Office’s ambition is to make EU Bookshop the entry point for anyone interested in 
European UUnion publications. Currently, the main navigation pages of the site are available in 21 languages. 

3. Statistical publications in EU Bookshop 

The content of EU Bookshop has been constituted by the integration of bibliographical notices from 
two of the Publications Office’s existing databases. Most of the statistical titles currently referenced in EU 
Bookshop are monographs. The number of titles available under the theme "statistics" was 2073 at the 
beginning of April 2007, 70% of them free of charge. The oldest title referenced is one of 1956: "A 
comparison of the real revenue of blue collar workers in the Community industries". It was published in 
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French, German and Dutch. Table 1 gives an overview of the number of Eurostat titles and of all statistical 
titles referenced in EU Bookshop. 

Table 1 – Number of Eurostat titles and all statistical titles referenced in EU Bookshop 

Period Eurostat titles Statistical titles

1950 – 1959 0 2

1960 – 1969 17 16

1970 – 1979 32 32

1980 – 1989 94 109

1990 – 1999 590 593

2000 – 2007 1 222 1 321

Total 1 955 2 073

 

4. Completion of the documentary repository – Strategy for publications on statistics 

At the end of 2006, the Publications Office set out a strategy with Eurostat, aiming at completing EU 
Bookshop with all Eurostat publications. The strategy defines two main sets of actions. One part of the 
actions consists in the identification of all missing titles, both monographs and serials. Another part concerns 
the systematic digitisation of all titles making all publications available in PDF format in EU Bookshop.  

Both the identification of missing titles and the production of missing PDFs will be organised by 
publication year starting with recent years and going back systematically until 1956. On basis of the 
information provided by Eurostat, the Publications Office will create bibliographical notices for the missing 
titles and add them to EU Bookshop. This systematic digitisation of older titles has been launched. The 
objective for 2007 is to ensure availability of PDFs allowing full text search for all titles published since 
2000.  

In addition to the systematic digitisation of older titles, the Publications Office has developed a 
specific feature in EU Bookshop allowing users to request a PDF version of any publication they are 
interested in. By using this feature, a process will be launched starting with the retrieval of the publication in 
the physical archive of the Publications Office, through its digitisation, and up to the display of the PDF in 
EU Bookshop. The requesting users will be notified once the PDF is available. This service is also free of 
charge for the user. 

5. Conclusion and future works 

The actions for the establishment of the complete online archive of Eurostat publications in EU 
Bookshop have been set up, and much progress will be made in 2007, but the final completion of the 
documentary repository will take some time. At the same time, additional efforts are necessary to improve 
easy retrieval of statistical publications. A review of the existing search facilities and the indexing by major 
search engines is planned as well as the development of a search facility extended to the text contents of the 
publications. These actions are important steps in enhancing the visibility of statistical publications and the 
use of archived publications for research projects and activities.  
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RÉSUMÉ 

Par son site Internet, Eurostat, l'Office statistique des Communautés européennes, offre un accès 
gratuit à toutes les données qu’il a publiées. Le site est mis à jour quotidiennement et contient les statistiques 
les plus récentes et les plus complètes sur l'Union européenne, les États membres de l'UE, la zone euro et 
d'autres pays. Il offre un accès direct aux bases de données d'Eurostat et ses publications récentes. En 
complément au site Internet d'Eurostat, EU Bookshop (http://bookshop.europa.eu), géré par l'Office des 
publications officielles des Communautés européennes, offrira des archives électroniques complètes de 
toutes les publications dans le domaine des statistiques publiées par l'Union européenne. Ce document 
ébauche les actions entreprises pour constituer ces archives électroniques. 
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Inference based on samples from finite populations is fundamental in statistics. One of the crucial
aspects of the inference is the estimation of the variance, bias and mean square error associated to
the estimates of population characteristics. However, this is not a simple task, due to the complexity
of the sampling schemes, the use of non-linear estimators, or to the impact of the data gathering
process (missing data, non-response). Even in simple sampling schemes, like simple random sampling,
obtaining an estimate of the variance of some statistics may require quite sophisticated estimation
techniques.

The aim of this work is to discuss the use of resampling methods (Bootstrap, Jacknife, Balanced
Repeated Replication) for the estimation of precision measures on sample surveys, which seems to be
a more advantageous methodology regarding the difficulties raised by the usual traditional methods.
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The Brazilian Central Statistical Office is designing a system of integrated household surveys
based on a master sample. One of the pillars of this new system is a continuous national household
survey that will substitute two ongoing surveys: the annual National Household Survey and the
monthly Labour Force Survey. The new multipurpose continuous survey will investigate labour force
characteristics and also provide reliable, timely and comprehensive data, essential to the production
of key social indicators.

This paper presents a study carried out to address the problem of choosing the survey rotation
pattern, analysing how the sample overlap affects the precision of some of the required estimates. The
work followed the methodology proposed by Steel (1997) and used data from the Brazilian monthly
Labour Force Survey, which is a rotating panel survey with a 4-8-4 rotation pattern.

In order to evaluate the effect of different rotation schemes on the estimates of monthly, quarterly
and annual changes of specific variables, it was necessary to obtain the correlation between estimates
as a function of the proportion of matching units in two different survey occasions and the estimated
population correlation. For doing this, a matching exercise was carried out using labour force survey
data from March 2002 until December 2005.

Panel Attrition in the Brazilian Labour Force Survey (BFLS)

The BLFS is a two-stage sample survey in which the primary sampling units (PSU) are the
census enumeration areas (EA) and the second-stage units (SSU) are the households. The PSUs
are selected with probabilities proportional to their sizes and then a fixed number of households are
selected from each sampled EA by systematic sampling. All household members within the selected
households are enumerated. In addition, the BLFS is a rotating panel survey. For any given month the
sample is composed of eight rotation groups of mutually exclusive sets of PSUs (or EAs). The rotation
pattern applies to panels of second-stage units (households). Within each rotation group, a panel of
households stays in the sample for 4 successive months, is rotated out for the following 8 months and
then is sampled again for another spell of 4 successive months. Each month two panels are rotated
out of the sample. The substituting panels are a new panel and another one that has already been
observed for the first four-month period. The 4-8-4 rotation pattern induces a 75% overlap between
two sucessive months and a 50% overlap between the same months in sucessive years.

This rotation pattern improves the precision of estimates of monthly and annual changes. How-
ever, due to panel attrition, the actual observed overlap rates are always less than those specified
by the survey design (the theoretical overlap rates). In order to evaluate the correlations between
survey estimates, the actual overlap proportion based on matching households and individuals were
obtained. A two-stage algorithm was used to match individuals across waves. Firstly, a household
matching procedure was implemented using the households’ identification numbers (that include in-
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formation about geographical region and other design variables, such as stratum and PSU number).
In addition, individuals within matched households were linked based on their sex and date of birth.
Table 1 presents a summary of these results.

As expected, household matching rates are little less than the theoretical overlap. Individual
level matching are not too far from the expected overlap for monthly to quarterly intervals (lags 1, 2
and 3) but are less than half the maximum possible overlap (defined by the survey design) for other
lags. Further studies indicated that the main reasons for this are inconsistencies related to the report
of a person’s date of birth in interviews that are too many months apart. Based on the evidence of
this problem, a solution will be implemented in the new household survey allowing people matching
to be done with greater accuracy.

Table 1: Sample Overlap and Observed Overlap Rates for the Brazilian Labour Force

Survey - from March 2002 to December 2005

Month Rotation Household Individual
Interval (lag) Overlap (%) Matching (%) Matching (%)
1 75.0 71.1 67.6
2 50.0 46.3 42.3
3 25.0 22.6 19.8
4-8 0.0 0.0 0.0
9 12.5 11.3 5.8
10 25.0 22.5 11.5
11 37.5 33.5 17.0
12 50.0 44.0 22.0
13 37.5 32.6 16.0
14 25.0 21.7 10.3
15 12.5 10.6 4.9
16 or more 0.0 0.0 0.0

Estimation of the Population Correlation

In order to estimate, for example, the correlation between the total number of people employed
(Y ) in two different occasions (t and t+s), it is reasonable to assume that Yt has a Binomial distribution
with parameters Nt, the population size at time (survey wave) t, and Pt, the probability of an individual
be employed at time t, that is, Yt∼Binomial(Nt, Pt). In addition, if we consider that the population
size is stable over a short period of time (one year or less), then it follows that:

Corr(Yt, Yt+s) =
Pt,t+s − PtPt+s√

Pt(1− Pt)Pt+s(1− Pt+s)
(1)

where Pt,t+s is the probability that an individual who is employed at time t being employed at time
t + s.

Using the matched part of the sample from the BLFS, Corr(Yt, Yt+s) can be estimated based on
a table of gross flows presenting the transitions in and out of a state, like employment, between two
survey occasions. Table 2 provides an example of the transition probabilities between December 2004
and December 2005.

The next step is to estimate Corr(yt, yt+s), the correlation of the sample estimates. This can be
done using the following relation:

Corr(yt, yt+s) ≈ c(s)Corr(Yt, Yt+s)(2)

where c(s) is the match ratio for two samples s months apart.
Assuming that the population correlation is stationary and then depends only on the lag (s)

between two time points, equation (2) can be rewritten as:

r(s) ≈ c(s)R(s)(3)
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where R(s) is the correlation in the finite population of the variable of interest and r(s) is the corre-
lation between sample estimates.

Table 2: Employment Transition Probabilities - December 2004-2005

Employment
2005 (t + s = 12)

Yes No

2004
(t = 0)

Yes P0,12 = 0.425 0.062 P0 = 0.487
No 0.077 0.436 0.513

P12 = 0.502 0.498 1.000

Correlation between Sample Estimates for Different Rotation Patterns

Since an estimate for R(s) can be obtained from Table 2 and the theoretical overlap rates c(s)
are known for different rotation patterns, equation (3) can be used to estimate r(s) and compare the
precision of sample estimates for the various rotation schemes which were explored for the new national
household survey. Table 3 presents estimates of R(s) for the total number of people unemployed and
employed.

Table 3: Estimates for the Population Correlation Based on Gross Flows

Month Interval (lag) Unemployment Employment
1 0.561 0.910
2 0.504 0.890
3 0.450 0.875
4 0.399 0.859
...

...
...

11 0.259 0.770
12 0.258 0.763
13 0.250 0.756
14 0.242 0.750
15 0.242 0.740

The sampling correlation of employment estimates are shown in Table 4 where the rotation
patterns are specified according to how many consecutive months a household is interviewed. If a
selected household is included in the sample for x consecutive months, after which it is removed, the
rotation pattern is described as in for x. In a 1-2(x) design, the household is in for a month, then
out for two months, and this cycle is repeated x times what, in fact, represents a rotation pattern for
a quarterly survey in which a household is interviewed once in a quarter. The 1-2-1-8-1-2-1 pattern
refers to the design in which a household is interviewed for two consecutive quarters, leaves the survey
for two quarters and returns for another two interviews.

Table 5 presents ratios of variances of estimates of monthly, quarterly and annual changes under
different rotation schemes to the variance of level. These were calculated based on the values of R(s)
in Table 4. Considering that there were strong arguments in favour of a quarterly survey, variances
of changes in quarterly (three month) averages were also estimated.

Table 5 provides evidence about the effect of different rotation schemes on each estimate and the
analysis must take into account the relevance of the various target parameters to the survey objectives.
The new survey should not only fulfill the needs of short-term labour market statistics but should also
provide comprehensive data to the production of key social indicators and allow some flexibility to
accommodate additional topic modules. To deal with so many demands, it is necessary to accumulate
sample over a year, especially to collect detailed demographic and social information. In this context,
a quarterly survey would offer the necessary conditions to reconcile all the surveys objectives, which
is not possible with the current 4-8-4 design of the monthly BLFS.
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Table 4: Correlation of Employment Estimates for Different Rotation Patterns

Month
in for 1 1-2(4) 1-2(5) 4-8-4

1-2-1-8-1-
2-1

in for 6 in for 8
Interval
1 – – – 0.68 – 0.76 0.80
2 – – – 0.45 – 0.59 0.67
3 – 0.66 0.70 0.22 0.44 0.44 0.55
4 – – – – – 0.29 0.43
...

...
...

...
...

...
...

...
11 – – – 0.29 – – –
12 – – 0.15 0.38 0.38 – –
13 – – – 0.28 – – –
14 – – – 0.19 – – –

Table 5: Ratio of Variances of Estimates of Change under Different Rotation Schemes

Estimates in for 1 1-2(4) 1-2(5) 4-8-4
1-2-1-8-
1-2-1

in for 6 in for 8

Level 1.00 1.00 1.00 1.00 1.00 1.00 1.00
Monthly∆ 2.00 2.00 2.00 1.32 2.00 1.24 1.20
Quarterly∆ 2.00 1.34 1.30 1.78 1.56 1.56 1.45
Annual∆ 2.00 2.00 1.85 1.62 1.62 2.00 2.00

Quar- Level 0.33 0.33 0.33 0.74 0.33 0.80 0.84
terly Monthly∆ 0.22 0.08 0.07 0.17 0.12 0.12 0.10
Ave- Quarterly∆ 0.67 0.23 0.20 0.57 0.37 0.25 0.07
rage Annual∆ 0.67 0.67 0.56 0.48 0.41 1.14 1.17

When considering the quarterly average, the rotation schemes 1-2(4) and 1-2(5) are the best
to estimate monthly and quarterly changes and the 1-2(5) shows a reasonable performance in the
estimation of annual changes. An important characteristic of these two rotation schemes is that for
every period of three consecutive months the samples do not overlap and can be accumulated to
produce monthly figures based on a three month average with good precision. In addition, in a 1-2(5)
rotation scheme a household stays in the sample for a whole year and can offer some opportunities for
longitudinal studies if the data collection incorporates improved matching procedures. After gathering
evidence from different studies, considering further issues related to the design of the Brazilian System
of Integrated Household Surveys, a 1-2(5) rotation scheme was recommended to the new continuous
household survey.
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1- Introduction 
Frame imperfection, non-response and unequal selection probabilities always affect survey results. Regarding 
the compensating effects of these difficulties, Devil and Sarndal (1992) introduced a family of estimators called 
calibration estimators. In this connection we are looking for weights that have minimum distance with design 
weights based on a distance function and satisfy calibration equations. Folsom and singh (2000) developed Devil 
and Sarndal (1992) distance function so that one may use separate bounds for each group of weights, the 
resultant model is called Generalized Exponential Model (GEM). 
In the second section after introducing generalized regression estimator, we explain general form of calibration 
estimators. Then especial sorts of calibration estimators due to using different distance functions and practical 
aspects and results of comparing methods are considered. 

2- Calibration estimators 
Let us start with a class of estimators that uses auxiliary information known as generalized regression estimators. 
On extracting an adjustment factor from this estimator and changing usual form of estimator to a weighted 
estimator, we can make more sense about calibration estimators.  

2-1- Generalized Regression Estimators (GREG) 
Consider a sample  with size  that has been selected from a finite population s n 1,..., ,...,U k N . k  is 

inclusion probability for  element and k th
kl is joint inclusion probability for elements  and l   in population 

. Assume that population total,

k
U x kU

t X , is given. Our purpose is to find an estimator for y kU
t Y

using auxiliary variables, X which for  element isk th
1( ,..., ,..., )k k jk JkX x x x , in optimum way.  

To obtain generalized regression least square estimation of Y  on X , we need to solve following normal 
equations,
                  k k kU k k kU

X X c B X Y c

B

.                                  (1) 

Then, generalized regression model is 

ˆ ˆ
yGRE y x xt t t t .                                                        (2)                   

To estimate B , we replace (1) with sample based equations, 
                    .                             (3) ˆ

k k k k k k k ks s
d X X c B d X y c

Therefore, generalized regression estimator for yt  is 

                    .                                                          (4) Btx
ˆ)ˆ

kkk ygd

ttt xyyGREG (ˆˆ

To fulfill our purpose,  can be written as a weighted estimator for observed values of asyGREGt̂ ky

               .                                                                 (5) 
syGREGt̂

Where
              

s s kkkkkU kkk XXcdXdXcg ()(1 kk X1) .      (6) 

1
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Using the weight  for , population total, , can be estimated exactly identical to known population total 
as

kk gd kX xt

           .                                                                 (7) 
s kkkk XXgd

U

The weights are shown with  and entitled as calibration weights. Further, weights  minimize the 

chi-square distance function, 

kk gd kw kw

s
k

kk

d
dw

2
)( 2

.

2-2- general form of calibration estimators
The distance function for  and  in the case of GREG is chi-square deliberately, but other measures of 
distance can be considered. If  is distance function and 

kd kw
),( kkk dwG kkkkkkk wdwGdwg ),(),(  then 

minimizing this function as well as justifying (7) for sample s corresponds to  looking for a  that minimize 

 for benchmark constraints (calibration equations). If 
kw

s kkk dwG ),(  shows the vector for Lagrange’s 

multiplier then  
          0),( kkkk Xdwg .                                                                 (8) 
Therefore, we can write  
         )( kkkk XFdw                                                                            (9) 
Where  is reciprocal projection of)(kk Fd ),( kk dg .
As we considered,  is an unknown value in (9). Considering (7), calibration equations for determining 

)......( 1 Jj are

                                                                                        (10) 
k kkx Xwt

Some special cases of calibration estimators are as follows: 

I) Linear regression: With distance function 
k

kk

d
dw

2
)( 2

 and kkk XXF 1)( , calibration weights are 

obtained as )1( kkk Xdw . Then, linear regression estimator is 

.                                              (11) 
s

sxxykkyreg Btttywt ˆ)ˆ(ˆˆ

II) Raking: Using kkkkkkkk dwdwwdwG )log(),( as a distance function, the model for adjustment 
factor )( kk XF is obtained as )exp( kX that necessarily makes the adjustment factor non-negative. 
Calibration weights are obtained as 

)exp( kkk Xdw .                                                                        (12)  
III) Restricted raking: Although raking method avoid to providing negative weights, but it might make extreme 
values. Therefore, with the same distance function used for raking method, in this method we are looking for 
adjustment factors ( )( kk XF ) that are restricted to a pre-specified bounds. If we determine  as bounds, 
we need to get the adjustment factor so that

],[ UL

kkk UdwLd .

2-6- Devil and Sarndal (D&S) method 
To avoid function )( kk XF  that can provide extreme values, Devil and Sarndal (1992) considered other 
function that restrict weights to pre-specific bounds. They used  in raking method and extracted a 
new function. As we considered, the 

),( kk dwG
)exp()( kkk XXF  values are in range . To restrict weights and 

specially for avoiding extreme weights, fixed values 
),0(

L  and U  determined so that UL 1

and
)1)(1(

)(
UL
LUA , with

2
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)exp()1()1(
)exp()1()1(

)(
k

k
kk XALU

XALUULXF                               (13) 

such that ; ; LFk )( UFk )( 1)0(kF .
Therefore, the weights )( kkk XFdw  are restricted as kkk UdwLd .
In this case  is ),( kk dwG

.   (14) 
n

x
kkkkkkk FUUFULFLLFdAdwG

1

111 )}()1log{()()}()1log{()(),(

If L  is a highly negative and U is highly positive values, we are close to linear regression and for L=0 and large 
U we are close to raking. As we have shown, different distance functions lead to different estimators. 

2-7- Generalized Exponential Model (GEM) 
Folsom and Singh (2000) defined a generalized exponential model with bounds ,  for ),( kk ul sk )(ka
adjustment factors such that  

)exp()()(
)exp()()(

)(
kkkkkk

kkkkkkkk
k XAlccu

XAlcucul
a                         (15) 

where  is a pre-specified central constant that satisfieskc kkk ucl  and
))((

)(

kkkk

kk
k lccu

luA .

Distance function in the case of GEM is 

kk

kk
kk

kk

kk
kk

sk k

k
kk cu

auau
lc

lala
A
ddwG )(

log))((
)(

log))((),(  ,    (16) 

where
k

k
k d

wa )(  and kkk ual )(  (k=1,2,…,n). 

Although, in this method we have been allowed to use separate bounds for each sample unit, but it’s good 
enough to determine three sets of bounds, for high extreme values,  for non-extreme 
values and  for low extreme values that these extreme values are determined from design weights.  

),( 11 kk muml ),( 22 kk muml
),( 33 kk muml

Determining L and U boundaries
After choosing appropriate  and , equation (15) is used for all three kind of adjustments (post-
stratification, nonresponse and extreme values). We show truncated weights by  such that 

,k kl c ku

kb kk db  if 
(design weights or produced weights before adjustment) is non-extreme and 

kd
IQRdmb kk 3)(  if  is an 

extreme value which is median for  weights and IQR is inter quartile range for .
kd

)( kdm kd kd

3- Discussion and conclusion 
Using five calibration estimators introduced earlier, and Iran labor force survey data that conducted in autumn 
2005, calibration weights and resultant estimates for unemployment rate and number of unemployed people in 
rural and urban areas in each province have compared.  
As we see in table 1, the unemployed population and unemployment rate estimators due to GEM has smaller 
standard error with compare to other methods. The adjustment factor distribution for five estimators confirm 
above issue. As the figure 1 shows, raking method has more extreme values due to variance inflation of the 
estimate while GEM method has less extreme values. 

3
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Table1- standard error for estimations of unemployment rate and employment population 
Method Employment rate Unemployment population

Linear regression 0.02846 32049
raking 0.02841 32045
Restricted raking 0.02838 32025
D&S 0.02840 32055 
GEM 0.02836 31960

g_reg g_rak g_rak_res g_ds g_gem

0. 5

1. 0

1. 5

2. 0

2. 5

Figure 1- schematic graph for adjustment factors of calibration estimators

As we pointed out, in the above mentioned methods, calibration estimate using the generalized exponential 
model is most precise. It is more appropriate to use GEM in surveys which meet mentioned difficulties, 
crucially, because in the other cases there is no tangible difference between precision of the estimates. 
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A major source of bias in surveys of human populations is the refusal of people to participate.
In cases where the main issue involved is the prevalence of a stigmatizing characteristic, nonresponse
bias is a real threat to the validity of conclusions. It is expected that when people are asked to provide
information related to issues like sexual behavior, illegal drug use, tax evasion, etc., many of them
refuse to respond and some of those responding do not provide truthful answers. Randomized response
techniques, first introduced by Warner (1965) are methods designed to estimate the proportion of
people belonging to a sensitive group which cannot be estimated with conventional survey methodology
procedures. Each participant, using a randomization device, provides a response from which it is not
possible to infer whether he/she has the sensitive characteristic. Using the responses from all sampled
persons the investigator can estimate the population proportion of people belonging to the stigmatizing
group. However, all randomized response techniques make use of a randomization device. In many
cases, using the device requires considerable amount of time, creates confusion to the participants and
above all, raises suspicions as to whether the privacy of the individuals participating in the survey is
really protected. In addition, most of the time the use of the device requires face to face interviews
and makes the collection of information via telephone or the internet almost impossible. In this paper
we present a method which can be used to collect information about a sensitive attribute without the
use a randomization device while at the same time the privacy of the participants is protected. The
method can be used in telephone and internet interviewing and can also be incorporated in extensive
questionnaires.

Introduction

Randomized response techniques first introduced by Warner (1965) are methods designed to
estimate the proportion of people having a sensitive, i.e., stigmatizing characteristic which cannot be
estimated with conventional survey methodology procedures. It is very natural that people would
be having difficulties responding to questions related to their sexual behavior, their drinking habits,
possible use of illegal drugs, tax evasion etc. Even the people who accept to participate in such a
survey, very often provide untruthful and misleading answers. With the use of a randomization device
and in the absence of the interviewer, each participant provides a response from which it is not possible
to infer whether he/she belongs to the sensitive group. The investigator however, using the responses
from all the participants is in a position to estimate the prevalence of the stigmatizing attribute.
Following Warner’s idea many authors studied various randomized response techniques. One can
mention the work of Horvitz et al. (1967), Greenberg et al. (1969), Mangat and Singh (1990), Kuk
(1990), Chaudhuri (2001), Singh (2002), among others. Extensive discussion of randomized response
techniques can be found in Chaudhuri and Mukherjee (1988).

All randomized response techniques require the use of a randomization device. Although the
device might be as simple as a (biased) coin, nevertheless, the fact that such a technical instrument is
needed, raises suspicions among participants that in some way the interviewer would be in a position
to infer whether the person asked belongs to the stigmatizing group. In addition, some participants are
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having difficulties using the device in the correct way. Finally, randomization devices cannot be used
in most telephone interviewing and of course in cases whether the information is collected via email or
the internet. Thus, randomized response techniques essentially require face to face interviewing which
is time consuming and not cost effective.

In this paper we discuss a (simple) method which can be used to estimate the proportion of
people belonging to a sensitive group without using a randomization device while at the same time the
privacy of participants is protected. The technique can be incorporated in extensive questionnaires
and can be used in telephone and internet interviewing.

A method of indirect questioning

Assume we would like to estimate the proportion θ of people belonging to a stigmatizing group
A, based on a simple random sample of size n drawn from the population with replacement. Each
person sampled is faced with the direct question:

(I) Do you belong to (sensitive) group A?

If the person asked belongs to group A, without answering question (I), he/she responds (with a ”yes”
or ”no”) to the question:

(II) Do you belong to (nonsensitive) group B?

Otherwise he/she responds to the question:

(III) Do you belong to (nonsensitive) group C?

Groups B and C are defined by the investigator. For example, B could be the group of people
born in the months of April, May, June and July and C could be the group of people whose blood
type is A positive. However, the investigator should define the two groups in such a way that if p1

and p2 are the (known) population proportions of people belonging to the nonsensitive groups B and
C respectively, then p1 �= p2.

We have the following result:

Theorem 1 Let φ̂ be the sample proportion of people responding ”yes”. Then

θ̂ =
φ̂− p2

p1 − p2

is unbiased for θ with variance

V ar
(
θ̂
)

=
1
n

{
θ (1− 2p2)

p1 − p2
− θ2 +

p2 (1− p2)
(p1 − p2)

2

}
.

Remark 2 The nonstigmatizing groups could be chosen in such a way that the variance of the esti-
mator is as small as possible.

Remark 3 In case p1+p2 = 1, with p2 �= 1
2 (a special case of this is when B and C are complementary

groups) the variance becomes

V ar
(
θ̂
)

=
1
n

θ(1− θ) +
1
n

p2(1− p2)
(1− 2p2)

2 .

The first term of the right hand side is the part of the variance due to random sampling whereas the
second part is the price we pay by asking one additional question.
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Remark 4 The variance of the estimator θ̂, expressed in terms of the unknown quantity θ, is itself
unknown and therefore it should be estimated. It can be verified that an unbiased estimator of the
variance is the quantity

ˆV ar
(
θ̂
)

=
1

n− 1

{
θ̂ (1− 2p2)

p1 − p2
− θ̂2 +

p2 (1− p2)
(p1 − p2)

2

}
.

Remark 5 The prevalence of B and C are assumed to be known. However, it might be the case where
the prevalence of either B or C (or both) is not known. The case where the prevalence of both B and
C are unknown, is of no practical use, as it is not possible to estimate the parameter θ. The case when
the prevalence of one of the two nonsensitive characteristics is unknown can be handled by modifying
the method just described. However, in such a case, two independent random samples are needed.

A modified method

Assume that the proportion p1 of people belonging to the nonstigmatizing group B is unknown.
For the purpose of estimating θ two independent random samples of sizes n1 and n2 are drawn with
replacement from the population.

Each person from the first sample is faced with the direct question:

(I) Do you belong to (sensitive) group A?

If the person belongs to the stigmatizing group, without answering question (I), he/she responds (with
a ”yes” or ”no”) to the question:

(II) Do you belong to (nonsensitive) group B?

Otherwise he/she responds to the question:

(III1) Do you belong to (nonsensitive) group C?

A person from the second sample follows the same procedure except that in case the answer to question
(I) is ”no”, he/she provides an answer to the following question:

(III2) Do you belong to group Cc?

As in the previous section, denote the proportion of people belonging to group C by p2. Here
we need to assume that p2 �= 1

2 . Let φ̂1 and φ̂2 be the proportions of people responding ”yes” in the
first and second sample respectively. Then we have the following result.

Theorem 6 An unbiased estimator of θ is the quantity

θ̂ = 1− φ̂1 − φ̂2

2p2 − 1

with variance

V ar
(
θ̂
)

=
1

(2p2 − 1)2

[
φ1(1− φ1)

n1
+

φ2(1− φ2)
n2

]
.
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The variance of the estimator is unknown and it can be unbiasedly estimated by the quantity

ˆV ar
(
θ̂
)

=
1

(2p2 − 1)2

[
φ̂1(1− φ̂1)

n1 − 1
+

φ̂2(1− φ̂2)
n2 − 1

]
.

Remark 7 Although instead of using the nonstigmatizing group B whose prevalence is unknown, one
could consider using another nonsensitive attribute with known prevalence and thus apply the method
of the previous section, in many cases the procedure discussed in this paper might only be a small part
of a more extensive survey whose general theme could be related to B. In addition, the investigator
may wish to get some information about the unknown prevalence of B. Having estimated θ, this could
be done very easily.
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Method of moments estimators of finite population parameters in case of full response 
and nonresponse 
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Abstract 
In this paper we derive some new relationships between the moments of the response, sample 
and population distributions and use them for providing new justifications for the broad use 
of probability weighted estimators in case of full response and nonresponse for single-stage 
sampling. We illustrate the results by finding the method of moments estimators of:  the finite 
populations mean, the finite population variance, the finite population simple linear 
regression coefficients, and the census log-likelihood function. 
Keywords: Method of moments; Probability weighting; Response distribution; Sample 
distribution. 
1.   Sample Distribution   
In recent article by Pfeffermann, Krieger, and Rinott (1998), the authors introduced an 
analytic likelihood-based inference from complex survey data and specially dealing with the 

effect of informative sampling. Let ( )′= ipii xx ,...,1x , Ui∈  be the values of a vector of 

auxiliary variables, pxx ,...,1 , and { }Nzz ,...,1=z  be the values of a known design variable, 

used for the sample selection process but not included in the working model under 
consideration. In what follows we consider a sampling design with selection probabilities 

)Pr( sii ∈=π , and sampling weight iiw π1=  ; Ni ,...,1= . In practice, the iπ ’s may depend 

on the population values ( )zyx ,, . The sample s  consists of the subset of U  selected at 

random by the sampling scheme with inclusion probabilities .,...,1 Nππ  Let 1=iI  if unit 

Ui∈  is selected to the sample and 0=iI  if otherwise. The sample s  is defined accordingly 

as { }1,| =∈= iIUiis  and its complement by { }0,| =∈== iIUiisc . We assume 

probability sampling, so that 0)Pr( >∈= siiπ  for all units .Ui∈
The sample distribution refers to the superpopulation distribution model of the sample 
measurements, as induced by the population model and the sample selection scheme, with 
the selected sample of units held fixed. Now assume that the population pdf depends on 
known values of the auxiliary variables ix , so that ( )θ,|~ iipi yfy x . According to 

Pfeffermann, Krieger, and Rinott (1998), the (marginal) sample pdf of iy  is defined as: 

( ) ( ) ( ) ( )
( )γθπ

θγπ
γθγθ

,,|

,|,,|
   s,,,|,,|

iip

iipiiip
iipiis E

yfyE
iyfyf

x

xx
xx =∈=                       (1) 

Sverchkov and Pfeffermann (2001) proved the following relationships: for pairs of random 
variables ( )ii xy , , the following relationships hold: 

(a) ( ) ( ){ } 1|| −= iipiis yEywE π ;  (b) ( ) ( ){ } ( )iiisiisiip xywExwEyE ||| 1−=x                                                    

(c)  ( ) ( ){ } 1−= ipis EwE π  ; (d) ( ) ( ){ }
( ){ }

( ){ }
( ){ }iip

iiis

iip

iiip
iic xwE

xywE

xE

xyE
yE

|1

|1

|1

|1
|

−
−

=
−

−
=

π
π

x                (2)                        

2.   Response and Nonresponse distributions 

Denote by ( )′= NRRR ,...,1  the N  by 1 response indicator (vector) variable such that 1=iR

if unit si∈  is observed and 0=iR  if otherwise. The response set is defined accordingly as 
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{ }1,| =∈= iRsiir  and the nonresponse set by { }0,| =∈= iRsiir . We assume probability 

sampling, so that 0)Pr( >∈= siiπ  for all units .Ui∈  Let the response probability 

( )zyxzyxzyx ,, ),,|Pr(  ),,,|Pr( ii hrisiri =∈=∈∈=ψ  for some function ih  and all units 

si∈  and ii ψφ 1= be the response weight for si∈ . 

Similar to (1), the response pdf of iy  is defined as: 

     ( )
),,|Pr(),,,|Pr(

),|(),,|Pr(),,|Pr(
,,,|

γθηγθ
θγη

ηγθ
ii

iipiiii
iir siri

yfysiyri
yf

xx

xxx
x

∈∈

∈∈
=                (3)                        

where θ  is the parameter of the population distribution, γ  is the parameter indexing 

),,|Pr( γii ysi x∈  - sample selection, η  is the parameter indexing ),,|Pr( ηii yri x∈  - 

response mechanism, and    ),,|(),,|Pr(),,,|Pr( iiisiii dyyfyriri ∫ ∈=∈ γθηηγθ xxx .                         

The nonresponse pdf of iy  is defined as: 

( )
),,|Pr(),,,|Pr(

),|(),,|Pr(),,|Pr(
,,,|

γθηγθ
θγη

ηγθ
ii

iipiiii
iir siri

yfysiyri
yf

xx

xxx
x

∈∈

∈∈
=                 (4)  

Suppress the dependent on the parameters. We can show the following theorems. 
Theorem 1. ( ) ( )iiisiii yEyR ,|,|1Pr xx Ψ== . 

Corollary 1. The marginal response and missing pdfs of iy  are given by: 

( ) ( ) ( )
( )iis

iisiiis
iir E

yfyE
yf

x

xx
x

|

|,|
|

ψ
ψ

= ,                                           (5) 

( ) ( ){ } ( )
( ){ }iis

iisiiis
iir E

yfyE
yf

x

xx
x

|1

|,|1
|

ψ
ψ
−

−
=                                      (6) 

Theorem 2.  Let ii ψφ 1= be the response weight for si∈ . For pairs of random variables 

( )iiy x, , the following relationships hold: 

(a) ( ) ( ){ } 1|| −= iisiir yEyE ψφ  (b) ( ) ( ){ } ( )iiiriiriis xyExExyE ||| 1 φφ −=                                                         

(c) ( ) ( ){ } ( )iiriris yEEyE φφ 1−=  (d) ( ) ( ){ } 1−= isir EE ψφ .                                                          (7) 

Theorem 3. ( ) ( ) ( ) ( ){ } ( )iiriisiiriisiis yfEyfEyf xxxxx ||1||| ψψ −+=                           

Corollary 2. 

( ) ( ){ }
( ){ }

( ){ }
( ){ }iir

iiir

iis

iiis
iir E

yE

E

yE
yE

x
x

x
x

x
|1

|1

|1

|1
|

−
−

=
−
−

=
φ
φ

ψ
ψ

3. Relationship between Moments of Sample, Sample-Complement and Population 
Distributions    
In this section we give without proofs new results and generalize known results concerning 
sample, sample-complement and population distributions.
Theorem 4. ( ) ( ) ( ) ( ){ } ( )γθxγθxγθxγθxθx ,,|,,|1,,|,,|,| iiciipiisiipiip yfEyfEyf ππ −+= .        

Theorem 5.  For all integers k and l , we have  ( ) ( ) ( )k
i

l
isip

k
i

l
ip yEEyE 1−= πππ .                                          

Theorem 6. For all integers k , ( ) ( ){ } ( )[ ]iisis
k
is

k
ip ywEwEyEyE 1−= .               

Theorem 7.  For all integers k and l , ( ) ( ){ } ( ) ( ){ }k
i

l
is

k
i

l
isis

k
i

l
ic yEyEwEyE πππ −−= −− 111 .                           

4.   Unified Probability Weighted Estimators via Method of Moments 
In this section we derive known results in probability sampling theory from the relationships 
given in Sections 1, 2 and 3. 
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4.1.  Estimation of Finite Population Mean and Finite Population Variance  
Let Nyy ,...,1  be N  independent and identically distributed random variable from a 

population with finite mean ( ) μ=ip yE  and finite variance ( ) 2σ=ip yVar .  

Full response: informative sampling design. The method of moments estimates (MME) of  μ
and 2σ  are the solutions of the method of moments equations:

( ) U

N

i
iip YyNyE === ∑

=

−

1

1μ  and ( ) ∑
=

−=+=
N

i
iip yNyE

1

21222 μσ , 

which are U

N

i
i YyN == ∑

=

−

1

1~μ  and ( )∑∑
∈

−

=

− −=−=
Ui

iU

N

i
i YyNYyN

212

1

212~σ . But ∑
=

N

i
iy

1

 and 

∑
=

N

i
iy

1

2  are unknown finite population parameters that need estimation. Now using (2b) with 

1=ix , we have 

( ) ( )
( ) ,

∑
∑

∈

∈===

si
i

si
ii

is

iis
ip w

yw

wE

ywE
yE μ  and ( ) ( )

( ) ∑
∑

∈

∈==+=

si
i

si
ii

is

iis
ip w

yw

wE

ywE
yE

2
2

222 ~~ μσ

Therefore 

w

si
i

si
ii

y
w

yw
==

∑
∑

∈

∈μ~   and 
( ) ( )

∑
∑

∑
∑

∑
∑

∑
∑

∈

∈

∈

∈

∈

∈

∈

∈

−
=

−
=

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
−=

si
i

si
wii

si
i

si
ii

si
i

si
ii

si
i

si
ii

w w

yyw

w

yw

w

yw

w

yw 2222

2

~
~

μ
σ

Hence, the MME of  UY  and ( )∑
∈

− −=
Ui

iU YyNS
212  are: 

∑∑
∈

−

∈

⎟
⎠

⎞
⎜
⎝

⎛
==

si
ii

si
iwU ywwyY

1~
 and ( )∑∑

∈

−

∈

−⎟
⎠

⎞
⎜
⎝

⎛
=

si
wii

si
iU yywwS 2

1

2~

which are the well known Hajek estimators. Note that if N  is known, then  
(a) ∑

∈

−=
si

iiw ywNy 1 , is the well known Horvitz-Thompson estimator of  UY , which is an 

unbiased estimator of ( ) μ=ip yE . Same result obtained by Smith (1988). 

(b) ( )∑
∈

− −==
si

wiiUw yywNS 2122 ~~σ , is the well known Horvitz-Thompson estimator of  2~
yσ . 

(c) Similarly, we can show that, the MME of ( )k
ip

Ui

k
i yNEy =∑

∈

 is ∑
∈si

k
ii yw . 

Similar results were obtained by Smith (1988) who pointed out "Thus conditioning on π  and 
using results from size-biased sampling leads to distribution free methods of moments 
estimators identical to the classical  p-weighted estimators". 
Nonresponse: informative sampling design and informative nonresponse. Here ∑

∈si
ii yw

cannot be obtained. Now, using (7c), we have
( )
( )

( ) ( )
( ) ( )

( )
( )iir

iiir

iirir

iiirir

is

iis

wE

ywE

wEE

ywEE

wE

ywE

φ
φ

φφ
φφ

==

Hence, the MME of  UY  in the presence of nonresponse is given by: 

∑∑
∈∈

=
ri

ii
ri

iiiUR wywY φφˆ . Which is the well known probability weighted estimator under 

nonignorable nonresponse. 
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Nonresponse: noninformative sampling design and informative nonresponse. In this case, 
( ) ( ) ( ) ( )iriirisip EyEyEyE φφ== , so that the MME of  UY  is given by: 

∑∑
∈∈

=
ri

i
ri

iiUR yY φφˆ .

Noninformative nonresponse and noninformative sampling design: In this case, 

( ) ( ) ( )irisip yEyEyE == , so that the MME of  UY  is given by: ∑∑
∈∈

=
riri

iUR yY 1ˆ . 

5.2.  Estimation of the Simple Linear Regression Parameters 
Let Nixy ii ,,1 ;, K=  be 2 random variables such that ( ) NixxyE iiip ,...,1 ;| 10 =+= ββ and 

( ) 2σ=ip yV . Using (2b), we can show that the MME of 1β  and 0β  are given by: 

( )( )

( )∑

∑

∑ ∑

∑ ∑

=

=

= =

= =

−

−−
=

−

−
=

n

i
wii

n

i
wiwii

n

i

n

i
wiii

n

i

n

i
wwiiii

xxw

yyxxw

xwxw

yxwxyw

1

2

1

1 1

22

1 1
1

~β , and  ww xy 10

~~ ββ −=  , 

where ∑∑∑∑
====

==
n

i
i

n

i
iiw

n

i
i

n

i
iiw wywywxwx

1111

  and . 

In case of informative nonresponse and informative sampling design, using (7c), we have 
( )( )

( )∑
∑

∑ ∑
∑∑

∈

∈

∈ ∈

∈∈

−

−−
=

−

−
=

ri
wriii

ri
wriwriii

ri ri
wriiiii

ri
wrwrii

ri
iiii

r
xxw

yyxxw

xwxw

yxwxyw

2221

~

φ

φ

φφ

φφ
β , wrrwrr xy 10

~~ ββ −=

where ∑∑∑∑
∈∈∈∈

==
ri

ii
ri

iiiwr
ri

ii
ri

iiiwr wywywxwx φφφφ , . 

5.3.  Method of Moments Estimator of Census Log-Likelihood  
In case of informative nonresponse and informative sampling design. Assume that Nyy ,...,1

be a random sample from ( )θ,~ xyfy p , then using (7c), we can show that the MME of 

( ) ( ) ( ) 0,log
1

=∂∂=∂∂= ∑
=

N

i
iip xyflU θθθθθ  is ( ) ( )

0
,logˆ =

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

∂

∂
= ∑

∈

∗

ri

iip
i

xyf
qU

θ
θ

θ , where  

( )iiiriii xwEwq φφ=∗ . 
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ABSTRACT

Introduction: Menopause, cessation of menstruation, is a public event for all women that occur be-
tween the ages of 45-55 (or even sooner). A variety of researches done in Iran and the rest of the world
show age at menopause can depend on numerous factors such as race and genetics, socio-economics,
history of fertility, physical activity, nutrition, sexual behaviors, diseases and etc. However, there are
inconsistencies between results from different researches which can be related to methodology and
methods of analysis. Present research has been done to analyze methodologies which estimate age at
natural menopause and its associated factors by considering their power and weakness points.
Methods: The cohort and cross-sectional methodologies to estimate age at natural menopause are
introduced as well as appropriate statistical techniques to determine effective factors. Results: Iranian
and the some foreign papers, which their main object or one of the principle objects was estimating
age at menopause, are introduced and analyzed.
Discussion: The results show that prediction and estimation of age at menopause are more com-
plicated than it seems. Nearly all Iranian and some foreign surveys are poor in methodology and
methods of analysis which decreases the efficacy and correctness of their findings

Keywords. Age at natural menopause, effective factors, estimation, methodology, cohort, cross-
sectional, statistical techniques.
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Introduction

We propose a model-free approach to hierarchical linear regression. We consider a population
consisting of disjoint clusters. Each element in a cluster has two associated variables x and y, and
each cluster may have an associated variable z. For a random sample of clusters we know z, and for
a random sample of elements of these sampled clusters, we also know x and y. Our objective is to
predict y on an element of an unsampled cluster given the associated x and perhaps z.

Our approach is simply to propose a list of methods for generating possible regression equations
and to use the method that performs best overall on a rotating set of pairs of training data and
test data. Let the total number of clusters be k, and let the cluster sizes N1, N2, ..., Nk be known.
Denote the sampled clusters by C(1), C(2), ..., C(r), assume k > r ≥ 10 for definiteness, and that the
sample sizes in these clusters n1, n2, ..., nr are all at least, say, 20. We take one of the methods M
on our list and use all but two of the sampled clusters as training data, omitting randomly cluster
C(i) and cluster C(j), to obtain a regression equation. Then we apply this regression equation to
the sampled elements in C(i) and C(j) - these elements are the test data - to predict ŷ, compare
with the actual y, and calculate the sum of squared errors SS(M,C(i), C(j)). We do this for each
method. Then we repeat this a total of, say, 10 times with the omitted clusters chosen randomly
(C(i1), C(j1)), (C(i2), C(j2)), ...(C(i10), C(j10)), and calculate SS(M) = Σ10

q=1SS(M, C(iq)), C(jq))).
Finally we choose the method M that minimizes SS(M).

This procedure is straight-forward. The only requirement is that the methodologies M be defined
and remain stable regardless of the size of the training data set. Obviously the number of clusters to
omit during training, the sample sizes in each sampled cluster, etc. are somewhat arbitrary.

Regression equations

We offer a list of possible regression equations that serve as the basis for candidate methodologies.
First of all we can use the local regression equations. In each sampled cluster we fit a regression

line based on the sampled data in that cluster alone using Ordinary Least Squares (OLS). Such a
regression line given by ŷ = ai + bix predicts a ŷ-value for unsampled elements in the i-th cluster.

Note that use of OLS here and hereafter does not imply that we are assuming the usual ”error”
structure - uncorrelated errors, equal variance, etc. OLS is regarded as method for arriving at unique
coefficients, not as a model-induced requirement.

Another possibility is to perform a pooled regression. We combine all the samples into a single
sample, ignoring their provenance and the associated z-values, and we fit an OLS regression to the
(x,y)-data. The result is: ŷ = ap + bpx.

Another approach, which we call global regression, begins with an estimation of the covariance
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of x and y over the entire population. If we calculate sample means and sample covariances for x and
y in each sample from the sampled clusters, we obtain an unbiased estimate of the global covariance
Cov(x,y):

k

r
Σr

i=1

Ni

N
(1− 1

ni
− 1

N
+

Ni

niN2
)si,xy +

k − 1
k(r − 1)

Σr
i=1(

kNixi

N
− xcl)(

kNiyi

N
− ycl).

In this equation xcl and ycl are unbiased estimates of the global means μ and ν of x and y:

xcl =
1
rΣr

i=1Nixi

1
kN

, ycl =
1
rΣr

i=1Niyi
1
kN

,

while si,xy is the sample covariance of x and y in the i-th cluster. Using this estimate of Cov(x,y)
and similar unbiased estimates for the variances Var(x) and Var(y), we obtain consistent estimates
for regression coefficients in a global regression of y on x, namely,

ŷ = a + bx

where

a = ycl − bxcl and b =
estimate for Cov(x,y)
estimate for Var(x)

.

The regression coefficients for which these are estimates are the coefficients that would be obtained if
OLS were applied to all elements of the population.

We turn now to some methods that involve the variable z. In the same way as we estimated
Cov(x,y), we can estimate Var(z), Var(xz), Cov(x,z), Cov(x,xz), Cov(z,xz), Cov(z,y), Cov(xz,y), et
cetera. Of course such quantities as si,xz, si,zy, et cetera will be zero since z is constant within a
cluster. This approach yields a global regression equation of the form:

ŷ = a + bx + cz + dxz.

The regression coefficients of which these are estimates are the ones that would be used in an OLS
regression of y on x, z, and xz over the whole population.

Yet another approach, which we shall call repeated regression, is to get the OLS regression
coefficients ai, bi for each sampled cluster, and then regress ai on z and bi on z, obtaining equations
of the form:

â = a0 + c0z, b̂ = b0 + d0z

and

ŷ = a0 + b0x + c0z + d0xz.

The regressions of ai and bi on z are OLS regressions where the sampled clusters are the units.
A final approach for predicting ŷ on an unsampled cluster C is to determine which sampled

cluster is closest to C with respect to some distance measure that compares the distribution of x
on C with that on a candidate cluster and perhaps also takes note of the z-value on C and the
candidate. In some cases several nearly equally close candidates may be available, in which case we
can average the regression coefficients of the local regression equations for these candidates (with or
without distance-dependent weights).

Methodologies and variants

Our methodologies are pooled regression, global regression without z, global regression with
z, repeated regression, and distance-dependent use of local regressions. However, there are other
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variants. We can average these methods in various ways. When taking averages, we may sometimes
find it advantageous to take one kind of average, say the mean, for the intercept and another kind,
say the geometric mean, for the slope. Even farther afield, we can devise a regression equation where
one coefficient comes from one methodology - say the intercept is obtained by averaging intercepts of
nearby clusters - while the slope is obtained from pooled or global regression.

Our notation above suggests that x and z are scalar variables, but the ideas apply readily to
cases where one or both of them are vectors.

These ideas can also be extended to: (i) prediction of y for an unsampled element of a sampled
cluster with x given; (ii) regression estimates of population means or totals; and (iii) double sampling.
In these cases some modifications of the bext performance protocol described at the outset may be in
order.

For predicting on an unsampled element of a sampled cluster we may use the local regression
equation or we may use a distance-dependent combinations of local regression equations (with highest
weight for the that of the given cluster), drawing strength from nearby clusters.

The model-free approach is especially useful in developing regression estimates for the total or
mean of y on the whole population given the total or mean of x on every cluster and the cluster sizes.

In the double sampling context, either x and y are known on the sampled elements of some
sample clusters and only x is known on the sampled elements of the remaining sampled clusters; or x

and y are known on some sampled elements of the sampled clusters and on other sampled elements of
these clusters only x is known.

Of course in this litany of methodologies that can be compared pragmatically, the role of the
subject matter specialist is important since the latter can direct us toward fruitful possibilities and
help us focus on appropriate choices. Examples where subject matter in combination with unorthodox
methodologies have led to optimal prediction are to be found in the applied statistics literature.
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Introduction

The study and the comparison across time or space of income distribution and income inequality
measures are topics of increased interest to society. Variance computation and estimation are made
difficult by the fact that these measures are nonlinear functions of population values on the one hand
and by the existence of the overlapping units on the other hand. We are concerned in the present
paper with deriving a substitution estimator which takes into account the existence of overlapping
units from a two-sample survey and next, with giving a general rule for approximating its variance.

The fact that the study variables are measured on two samples increases the number of possible
estimators. We propose to write the parameter of interest as a three variate functional of finite and
discrete measures. Next, we use the two-dimension sampling design (Cotton & Hesse, 1992) in order
to derive composite estimators for these measures and we deduce the substitution estimator for the
parameter of interest.

In order to approximate the variance of the substitution estimator, we propose a two-sample
linearization method by means of partial influence functions. Our approach is based on the lineariza-
tion method by means of the influence function proposed by Deville (1999). In the robust estimation
context, the influence function of an estimator (Hampel, 1974) indicates the sensitivity of the associ-
ated functional to infinitesimal contaminations; but it is also used to compute the asymptotic variance
of the estimator under certain regularity conditions. Campbell and Little (1980) consider the influ-
ence function for finite population sampling and derive a jackknife variance estimator for nonlinear
estimators. Deville (1999) uses a slightly modified definition of the influence function and provides
a powerful variance estimation tool for complex survey statistics. He gives computing rules and ap-
plies the technique to different examples such as quantiles and concentration indices estimators in the
one-sample case.
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Hereafter, we propose an extension to the two-sample case. As our parameter of interest may
be written as a three-variate functionals, we use the partial influence functions introduced in Reid
(1984) in the context of robust statistics for censored data. An explicit definition of partial influence
functions is given in Pires and Branco (2004) which also precise some of its theoretical properties.
Nevertheless, their use in survey sampling theory is new. In variance estimation theory, the par-
tial influence functions equal the linearized variables. It means that under broad assumptions, the
substitution estimator is approximated by a weighted linear sum of the linearized variables.

Two-dimension linearisation method through partial influence functions

Consider the finite population U of size N . Let Z1 ∈ Rp1 and Z2 ∈ Rp2 be two variables of
interest measured on two different samples s1 and s2 selected from the same population U according
to the sampling designs p1 and p2. Our objective is to estimate a nonlinear function Φ of totals of Z1

and Z2. The sample s1 (respectively s2) is of size n1 (respectively n2). We consider that the common
sample s3 = s1 ∩ s2 is non-empty and of size n3. We remark that on the common sample s3, we know
both Z1 and Z2. We denote by Z3 = (Z1,Z2).

We associate to each individual k ∈ U , a point zk,t ∈ Rpt where zk,t = Zt(k) is the value of
the pt-dimensional variable of interest Zt for the k-th individual and t ∈ T = {1, 2, 3}. Note that
p3 = p1 +p2. We consider the measure Mt, t ∈ T defined on Rpt to R taking the mass 1 for each zk,t

with k ∈ U and zero elsewhere. The measures Mt, t ∈ T are discrete, finite and of total mass equal to
N , the population size. The couples (U,Zt), can be represented by Mt, for t ∈ T , which summarize
the information about the population and the variable of interest. The reason for considering different
measures is that Z1 and Z2 are measured on different samples. So, Mt, t = 1, 2 may have different
estimators as we will see thereafter. The interest of introducing M3 arises from the fact that one may
want to estimate covariance terms containing

∑
U zk,1zk,2 that can not be expressed with respect to

M1 and M2.
By analogy with the one-sample situation, it is natural to introduce the three-variate functional

T (M1,M2,M3) = T (M) with M = (Mt)t∈T and to suppose that any nonlinear population total
function Φ may be written as Φ = T (M).

Let us now introduce the partial influence functions of the functional T (M) (Reid, 1981, Pires
and Branco, 2002).

Definition 1 We define the first partial influence function IT1(M ; z) of T (M), the first partial
Gâteaux derivative of T (M) with respect to M1 in the direction of the Dirac mass at z,

IT1(M ; z) = lim
ε→0

T (M1 + εδz,M2,M3)− T (M1,M2,M3)
ε

(1)

when this limits exists. We may define IT2(M ; z) and IT3(M ; z) in a similar way.

Definition 2 The linearized variables uk,t for k ∈ U and t ∈ T are obtained by computing ITt(M ; z)
at z = zk,t, namely uk,t = ITt(M ; zk,t).

In the following, we will construct the substitution estimator and use the concept of partial influence
function in order to derive its approximate variance (for more details see Goga et al., 2007).
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Composite estimation

Definition 3 A two-dimension sampling design is the probability p(s = (s1, s2)) of selecting a two-
sample s = (s1, s2) ∈ [P(U)]2. We have

p(s) ≥ 0 and
∑
s

p(s) = 1.

We introduce some notations. Let s1∗ = s1−s2 (respectively s2∗ = s2−s1) be the complementary
of s2 in s1 (respectively of s1 in s2). The individual k may be in one of the nonoverlapping samples
sd, d ∈ D = {1∗, 3, 2∗} with the probability πd

k = Pr(k ∈ sd) = E(Id
k ) for Id

k = 1{k∈sd}, the sample
membership indicator. The individuals k and l may find in one of the samples d, d′ ∈ D with the
probability πd,d′

kl = Pr(k ∈ sd&l ∈ d′) = E(Id
kId′

l ). We propose to estimate the measure Mt, t ∈ T
by the composite estimator M̂t which associates a weight vk,t with each point zk,t for k ∈ st and zero
elsewhere as follows

vk,1 =
a

π1∗
k

I1∗
k +

1− a

π3
k

I3
k , vk,2 =

b

π2∗
k

I2∗
k +

1− b

π3
k

I3
k , vk,3 =

1
π3

k

I3
k .(2)

Two-sample variance estimation

Definition 4 The substitution estimator of T (M) is T (M̂) where M̂ = (M̂1, M̂2, M̂3).

Hereafter, we give sufficient conditions for the asymptotic expansion of T (M) to be valid. For
t ∈ T , we suppose that

1. lim
N→∞

n−1
2 n1 = λ for λ > 0 and lim

N→∞
N−1nt = πt ∈ (0, 1);

2. lim
N→∞

N−1
∫
ZtdMt exists;

3. lim
N→∞

N−1
(∫

ZtdM̂t −
∫
ZtdMt

)
= 0 in probability;

4. lim
N→∞

(
nt

1/2N−1(
∫
ZtdM̂t −

∫
ZtdMt)

)3

t=1
= N(0,Σ) in distribution.

5. T is homogeneous, namely it exists a real number β > 0 dependent on T such that T (rM) =
rβT (M) for any real r > 0;

6. limN→∞ N−βT (M) < ∞.

7. T is Fréchet differentiable.

Result 1 Under the above assumptions 1-7, the substitution estimator T (M̂) is linearizable and

√
n

Nβ
(T (M̂)−T (M)) =

√
n

Nβ

3∑
t=1

∫
ItT (M ; z)d(M̂t−Mt)(z)+op(1) =

√
n

Nβ

3∑
t=1

∑
k∈U

uk,t(vk,t − 1)

+op(1).

As a consequence, the variance of T (M̂) can be approximated by the variance of
∑3

t=1 (
∑

k∈U uk,t(vk,t − 1))
which may be calculated if we use the second order inclusion probabilities with respect to p (Goga et
al., 2007).
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Result 2 We consider a general two-dimension sampling design p and the unbiased estimators M̂t of
Mt given by (2). Let denote by t̂dut

=
∑

k∈sd

uk,t

πd
k

for t ∈ T and d ∈ D. Under the assumptions 1-7,

1. the substitution estimator T (M̂) is approximated by the composite estimator

a
(
t̂1∗u1

− t̂3u1

)
+ b

(
t̂2∗u2

− t̂3u2

)
+

3∑
t=1

t̂3ut
.

2. the approximative variance of T (M̂) is equal to θ′Γθ + 2θ′γ + var
(∑3

t=1 t̂3ut

)
where θ = (a, b)′

and Γ (resp. γ) is a matrix (resp. a vector) of variance terms. This variance is minimum for
θopt = −Γ−1γ.

During the presentation, the theoretical results will be illustrated by some simulation study and
examples.
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ABSTRACT

In a two-sample survey from the same population, interest may lie in estimating nonlinear func-
tions of finite population totals such as ratios, correlation coefficients or measures of income inequality
(Lorenz curve, Gini index). Computing and estimating the variance for such complex statistics are
made difficult by the existence of the overlapping units.

Our paper consists in giving a two-sample linearisation technique which generalizes the influence
function approach proposed by Deville (1999). First, we write the parameter of interest as a multivari-
ate functional of finite and discrete measures which are estimated by composite estimators. We use
the partial influence functions for computing the linearized variables and under broad assumptions, we
show that the variance of the substitution estimator is approximated by the variance of the weighted
sum of linearized variables.

We give a general optimization result which consists in deriving the minimum variance com-
posite estimator which approximates the substitution estimator. Finally, we verify the efficiency of
the composite estimator for estimating the Gini index evolution between two periods when using a
two-dimension simple random sampling without replacement.
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1. Introduction  
The design of a sample survey involves many decisions, associated with different phases of the survey. 

The focus in the paper is on telephone surveys of individuals. It is assumed that the maximum number of call 
attempts is the same for all sampled individuals, and that it is fixed prior to the start of the data collection. 
For each individual, if none of the attempts results in a contact, the individual is regarded as a nonrespondent. 
We suggest a strategy for choosing the number of call attempts. Our strategy is based on explicit assumptions, 
which facilitates revisions due to increased knowledge or a change of circumstances. The strategy allows the 
number of call attempts to be influenced by the survey design, nonresponse, measurement errors and the 
costs of data collection.  

Advance decisions on the number of call attempts are commonly made in telephone surveys at 
Statistics Sweden. For the sake of clearness, all practical complications associated with the decision are not 
considered here. 

 
2. Prerequisites and assumptions  
Consider a finite population U consisting of N individuals labeled Nk ,...,1= . The purpose of the 

survey is to estimate the population total  
 

∑=
U kt µ

µ
 

 
where kµ  is the true value for individual Uk ∈  and the sum is over all individuals in U. In order to 
estimate 

µ
t , a sample s of individuals of size n is selected, and efforts are made to observe kµ  for all 

sk ∈ . A decision is made to end the data collection when all individuals sk ∈  have been exposed to A call 
attempts (or less, if contact is established before then).  

Typically, for some individuals, observation of kµ will fail. Possible reasons for this include that some 
individuals are hard to reach, wherefore A call attempts do not suffice to get in touch with them, and that 
some contacted individuals simply refuse to participate in the survey. Define the contact set )( As  ( ss A

⊆
)( ) 

as the set of selected individuals who are reached after maximum A call attempts. Further define the response 
set )( Ar  ( )()( AA sr ⊆ ) as the set of contacted individuals who actually participate in the survey. The sizes of 

)( As  and )( Ar  are denoted )( An  and )( Am , respectively.  
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In the estimation, auxiliary data are used to partition s into sH  response homogeneity groups (RHG) 

sHh sss ,...,,...,1  of sizes 
sHh nnn ,...,,...,1 . The total 

µ
t  is estimated by the direct weighting estimator 

 
( )

( )
( ) ( ) ( )∑∑∑
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k
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h
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h

h
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θπ
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1
* ˆ
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(Särndal et al, 1992, eqn. (15.6.8)) where ( ) ( )

h
AA

h srr ∩=  of size ( )A
hm  ( sHh ,...,1= ). The estimator 

( )A
ct *

ˆ
πµ

 relies on the RHG model 0)Pr( )()()(
>==∈

A
hs

A
sk

A srk θθ  for all hsk ∈  and all A; 
)()()( )&Pr( A

sl
A
sk

A srlk θθ=∈  for slk ∈≠  and sHh ,...,1= ; and )()()()( )&&Pr( b
sl

a
sk

ba srlrlk θθ=∈∈  for 
slk ∈≠  and all ba, .   

Nonresponse may not be the only nonsampling error affecting the survey. Data from responding 
individuals may also suffer from measurement errors. We acknowledge this problem by formulating a 
measurement error model taking interviewer effects and response errors into account. The model is an 
extension of a well-known model presented, for example, in Biemer and Trewin (1997, eqn. (27.3)).  

Assume the availability of I interviewers labeled 1, …, i, …, I. For individual )( A
hrk ∈ , given s and 

that the individual responds at call attempt a, our measurement error model is given by 
 

∑
=

+⋅+=

A

a
akakiakkk by

1
,),(, )( ενµ  

 
where i(k) is the interviewer i of individual k; ak ,ν  (a = 1, …, A) is an indicator variable for the number of 
call attempts needed to get contact with individual k; akib ),(  is the interviewer effect ascribed to interviewer 
i if the call attempt a to individual k results in an interview and ak ,ε  is the response error for individual k.  

The interviewer effect akib ),(  is viewed as random with zero in expectation and the variance bab
γ

σ
2  

where 
b

γ  indicates if the variation increases ( 0>
b

γ ), decreases ( 0<
b

γ ), or is constant ( 0=
b

γ ) as the 
number of call attempts increases. Similarly, the response error is viewed as random with zero in expectation 
and the variance ε

γ

σ ab
2  where 

ε
γ  indicates if the variation increases, decreases or is constant. All random 

effects Ibb ,,1 K  and kε  are assumed to be independent of each other. 
In the remainder of this paper, we focus on the direct weighting estimator for data marred by 

measurement errors, given by 
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3. Statistical properties of ( )A

yct *
ˆ

π
 

We view the survey as a process with contributions of randomness from three different sources: 
(i) A sample s is selected from U. All sampled persons are assigned to the I interviewers. 
(ii) A maximum of A call attempts are made to all individuals in the sample. The subsample )( Ar  

includes the individuals who have responded within A call attempts. 
(iii) The observed values yk from the interview process, affected by measurement errors. 

 
Under (i)-(iii), the estimator ( )A

yct *
ˆ

π
 is approximately unbiased for 

µ
t . The variance of ( )A

yct *
ˆ

π
 is 

approximately given by  
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The proof is given in Isaksson et al. (2007). 
 
4. A cost model and the choice of optimal number of call attempts 
A cost model for a centralized telephone facility is given, for example, in Groves (1989). We settle for 

a simpler cost model with focus on the number of call attempts. Models similar to ours are presented in 
Lindström (1991) and Thorburn (2004).  

Our cost model is given by  
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where 0C  is the overhead cost, startC  is the cost up to the first call attempt (including tracking and 

introduction letter), attemptC  is the cost of an additional call attempt, intC  is the interview cost, and C* is 
the sum of all costs which depend on the sample size n. To determine the optimal call attempt we will use the 
expectation of C*, 
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where )(a

hsω  is the contact probability defined similarly as the response probabilities in Section 2. 
 
The optimal number of call attempts, for a given budget, is given by the value A that minimises the 

product  
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(Isaksson et al. 2007). This simple expression enables us to choose the number of call attempts taking 

the survey design, nonresponse, measurement errors and the costs of data collection into account. 
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Abstract 
 
Statistics New Zealand is developing a longitudinally linked database of full-coverage tax data, integrated 
with sample survey business data.  Currently, it contains data from 2000 to 2005.  The many related variables 
across different data sources gives us much auxiliary information that can be incorporated into the methods 
used to impute for missing data.  Nearest neighbour donor imputation, using BANFF's Proc 
Donorimputation, is the imputation method currently being used.  We impute across the full 6-year 
longitudinal record to enable consistency in the donor-recipient link, and to implicitly incorporate 
longitudinal information.  Once the donor imputation is working sufficiently well, we will also include 
modelling from responses within the same record where possible. 
 
Key words:  Longitudinal imputation, BANFF, donor imputation, nearest neighbour imputation, 
administrative data, tax data, business data, integrated data 
 
 
1. Introduction  
 
Statistics New Zealand has been looking at the feasibility of providing new official statistics on the 
microeconomic performance of New Zealand businesses, via the production of a Longitudinal Performance 
Database which integrates Statistics New Zealand’s Longitudinal Business Frame with tax and business 
survey data. Beyond the desire to meet demand for new official statistics, Statistics New Zealand hopes that 
the permanent construction of a Longitudinal Performance Database will 

− reduce the response burden on firms by shifting from surveyed to administrative sources for 
quantitative data 

− contribute to an improved statistical architecture for sampling Statistics New Zealand surveys, and  
− enable a wide range of future longitudinal research to be conducted on a stable, high quality micro 

dataset. 
 
The Longitudinal Business Frame is a by-product of Statistics New Zealand’s business sampling frame, and 
contains longitudinal information (e.g. industry, ownership type, and sector) on a wide population of firms. 
The quality of the Longitudinal Business Frame’s representation of firm characteristics, and changes in those 
characteristics, is a function of the maintenance processes for the Business Frame, the ability of respondents 
to return accurate answers, and the quality of supplementary sources used.  
 
The tax data incorporated into the Longitudinal Performance Database includes  

− sales and purchases from Goods and Services Tax (GST) returns on a monthly, bi-monthly or six-
monthly basis 

− financial performance and position variables from ‘IR10’ tax forms, and  
− salaries and wages, and employee counts from monthly Pay-As-You-Earn (PAYE) returns  

 
 
2. Imputation 
 
Due to non-response, and the editing out of poor-quality responses, approximately 6% of the sales and 
purchases (GST) data, and 30% of the financial performance and position (IR10) data is missing. 
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To enable consistency of aggregate outputs these missing values are imputed, using (thus far) nearest 
neighbour donor imputation.  Modelling direct from non-respondents’ previous and/or related available 
values will be incorporated into the imputation later in the development.   
 
As any one imputation methodology can’t fulfil all requirement for analysis, all imputed records are clearly 
flagged so that users of the microdata can choose to remove the imputed values and adjust for missing data 
as appropriate to their specific needs. 
 
Frame information (industry code, and size as measured by employee count and total salaries and wages) and 
data items for which responses are available (including those from other years) – are incorporated into the 
imputation to help adjust for non-random missingness.   
 
 
3. BANFF’s Proc Donorimputation 
 
Nearest neighbour donor imputation is implemented via Proc Donorimputation, a SAS procedure available 
via Statistics Canada’s BANFF package for generalised editing and imputation.  
 
The distance between recipients and donors is defined as the maximum distance between each of the 
matching variables, where the matching variables have first been ranked and transformed to the (0,1) interval 
to remove the effect of scale.  
 
 
4. Why donor imputation? 
 
Donor imputation is being used as the default imputation method because it is conceptually simple, and 
because it preserves the distributions in the data. 
   
Once donor imputation is working sufficiently well across the full population and range of variables, 
modelling approaches such as historical and regression imputation will be incorporated for those industries 
and variable combinations where they are shown to be an improvement over donor imputation.   
 
 
5. Imputing the full longitudinal record 
 
By imputing for the full 6-year longitudinal record, each recipient will be sure of having only one donor.  
However, this means that in consecutive years the donor-recipient pairs will potentially change.   
 
Ensuring that only one donor is matched to a recipient minimises the discontinuities across years, although 
there will still be potential for ‘breaks’ across the longitudinal record where a variable is responded to for 
only some years, and the correlation between variables will also be reduced when they come from different 
firms.   
 
The use of the longitudinal record also means that longitudinal information will be implicitly incorporated 
into the imputation.  Trends across time will be indirectly incorporated into the matching. 
 
Offsetting the advantages of imputing using the full longitudinal record, however, is that a longitudinal 
record has more potential for an outlying value to cause the distance function (which is defined as the 
maximum distance between matching variables) to pick a donor who is ‘on average’ quite different from the 
recipient.  It appears that there may be a trade-off between the range of matching variables that can be 
incorporated into the imputation and how ‘well-behaved’ the longitudinal record is in terms of the matching, 
presumably because there is more opportunity for this situation to arise.  This is currently being investigated. 
 
 
6. Matching variables  
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Employee count and total salaries and wages are available as matching variables for all firms in the 
population, although they are equal to 0 for a large proportion of the population, due to working proprietors. 
 
Where there are responses for the other tax variables, these can also be incorporated as matching variables. 
 
The trade-off currently being investigated is that, with the incorporation of more matching variables, there is 
potential for quality issues of the matching variable to impact on the ‘noisiness’ of the record and therefore 
the quality of the match.  It is possible that a distance based on the ‘average’ of the distances between 
matching variables, rather than the maximum, as available in Proc Donorimputation, might be more 
appropriate for this data. 
 
At the least, the size variables (employee count and salaries and wages) can be used as matching variables.  
Where these are 0, the imputation method is effectively a hot-deck one, as the donor will be chosen 
randomly from those eligible within the imputation cell. 
 
 
7. Imputation cells 
 
The population is subset into imputation cells by industry code, and then (for some industries) by size, and 
then average ranked and transformed tax data, where it is available. 
 
Initially, our specification of the imputation parameters meant that processing speed was a key consideration.  
Imputation cells were defined such that they consisted of less than approximately 10,000 firms. Future 
versions of the imputation cells won’t be constrained this way, although this will be offset by our intention to 
subset the data to different ‘lifespans’ (discussed below). 
 
A balance needs to be struck between having available a large donor pool, and homogeneity of the 
imputation cells.   
 
It is usual to incorporate size into the definition of imputation cells for business data, but size is incorporated 
more directly here via the use of size variables (i.e. employee count and salaries and wages) as matching 
variables. 
 
 
8. Future plans 
 
The initial imputation uses data formatted to the 6-year reference period.  Because Proc Donorimputation 
requires that donors have complete data, this means that the imputed data is currently being biased towards 
the characteristics of ‘long stayers’.  In the future, data will be subset to the relevant ‘life-spans’ before 
imputating. 
 
We will consider whether, rather than using the entire available longitudinal record, the longitudinal 
‘window’ should be restricted to, say, 3 years.  This obviously becomes a more relevant consideration over 
time as the reference period gets longer. 
 
We will consider whether to make the incorporation of average ranked and transformed variables a more 
integral part of the definition of the imputation cells. 
 
As part of general work to be done this year on the issues surrounding putting the database into production, a 
monitoring approach will be developed to check for, and remove, overly influential and/or unusual donors.   
 
As mentioned above, once the donor imputation is deemed sufficient as a default method for the full range of 
industries and variables, the use of historical and regression imputation will be incorporated where 
appropriate.  BANFF’s Proc Estimator will be used to implement these. 
 
 
9. Watch this space… 
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At time of writing, the development of the imputation methodology is still mid-development, so this paper is 
necessarily fairly general.  At the ISI conference more tangible results and analyses of the different 
imputation approaches considered, will be presented. 
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In many research fields (e.g., medical research and educational research), researchers often face the 
challenge of assessing effects of multiple treatments simultaneously implemented to a sample of individuals 
(e.g., patients and students). Observed changes among individuals are often a result of combined treatments 
and it is often difficult to separate treatment effects. Our search of the research literature for studies that 
assess simultaneous treatment effects yields a lack of empirical evidence, which highlights the significance 
of the present analysis. We aim to use this analysis to explore quantitative models capable of assessing 
simultaneous treatment effects effectively and efficiently. We take an educational setting as the background 
to explore these models. The goal in educational research involving treatments is usually to assess their 
effects on student performance. 

Our study of the research literature exposes a serious limitation in many previous studies that evaluated 
the effects of a (standalone) treatment on student performance. These studies aggregated student testing 
scores within each school to compare performance of schools after completing a (standalone) treatment. 
Such a practice ignores the hierarchical nature of education data with students nested within schools and 
produces biased estimates on school performance (Raudenbush & Bryk, 2002). Multilevel analysis 
effectively accommodates the hierarchy in education data and simultaneously examine student and school 
differences in relation to treatment effects (see Raudenbush & Bryk, 2002). In the present analysis, our goal 
is to employ this multilevel framework to separate simultaneous treatment effects. 

With longitudinal data, our focus is on two teacher professional development programs: Appalachian 
Rural Systemic Initiative (ARSI) and Appalachian Mathematics and Science Partnership (AMSP). We 
examine schools’ academic progress (school rate of growth) in mathematics and science achievement during 
1999 to 2004. That is, we examine schools’ annual rates of growth conditional on participation in ARSI and 
AMSP. Even though we focus on school rate of growth, we realize that students are the provider of 
achievement data: there is an obvious data hierarchy with students nested within schools. This data hierarchy 
must be taken into account either the focus is on student performance or school performance (Raudenbush & 
Bryk, 2002). We employ multilevel modeling or hierarchical linear modeling (HLM) techniques to establish 
a statistical model that separates treatment effects. Specifically, we have developed a three-level HLM model 
with students ( i ) nested within testing occasions (years) ( t ) nested with schools ( ). j

In the first level model, 
3

0
1

itj tj ptj pitj itj
p

Y Xα α ε
=

= + +∑  
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student achievement  in either mathematics or science is represented as a school average achievement itjY

0tjα  (in year  for school t j ) adjusted for background characteristics of students within the school 

pitjX ( 1,2,3p = )  and an error term itjε  unique to each student. Each school ( j ) then has several school 

average achievement measures across years. The second level model, 

0 00 01tj j j tj tjYear 0α β β µ= + +  

is a growth model that regresses, for each school ( j ), school average achievement measures 0tjα  on the 

time variable . The parameters tjYear 00 jβ  and 01 jβ  represent initial status and rate of growth for school 

j . Each school ( j ) then has a school rate of growth 01 jβ . The error term 0tjµ  is unique to each testing 

occasion (year). The third level model, 
 

01 010 011 012 013 014 015 012 01_ _ _ _j j j j j jARSI ARSI T ARSI L AMSP AMSP T AMSP Lj jβ γ γ γ γ γ γ γ ν= + + + + + + +

 

examines the contribution of ARSI and AMSP to school rate of growth 01 jβ  adjusted for the length of 

participation _ jARSI T  and _ jAMSP T  as well as the level of participation _ jARSI L  and 

_ jAMSP L  (note that these companion variables are used always together with project identifiers to adjust 

the extent of participation of each school in each project). The parameters 011γ  and 014γ  represent ARSI 

and AMSP effects. 
This multilevel longitudinal model represents a general and flexible analytical framework in that each 

treatment can be measured and described in detail. For example, although multilevel models allow each 
school to enter a treatment at different times, the starting time can be easily integrated into the model if it 
represents a critical research question. Similarly, although multilevel models allow each school to end a 
treatment at different times, the ending time can be easily integrated into the model if it represents another 
critical research question. 

Furthermore, treatment effects can be modeled if data describing schools are available. In our case, if 
school-level data are available, interaction effects between ARSI and AMSP and school-level variables can 
be formed and tested at the school level as a way to model ARSI and AMSP effects by school-level variables. 
The other way is to develop a four-level longitudinal model so that at the fourth level ARIS and AMSP 
effects can be modeled by school-level variables. These options of modeling allow researchers to identify 
under what school conditions ARSI and AMSP demonstrate larger effects (i.e., what schools benefit more 
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from ARSI and AMSP). Overall, our multilevel longitudinal model is a very general and flexible analytical 
framework for assessing simultaneous treatment effects. 

To separate treatment effects, we employed the analytical strategy outlined in Landau and Everitt 
(2004). Specifically, we carried out two analytical steps. In the first one, we first entered ARIS identifier and 
its companion and recorded the proportion of variance explained at the school level in terms of school rate of 
growth, and we then entered AMSP identifier and its companion and calculated the change in the proportion 
of variance explained. In the second step, we reversed the entry order with AMSP followed by ARSI. 
Changes in the proportion of variance explained would indicate the relative contribution of ARSI and AMSP 
to school academic progress in mathematics and science achievement, and a comparison in terms of these 
changes would identify which project was more successful in promoting academic progress among 
Appalachian schools. 

We have obtained student performance data from educational authorities. Performance data cover 
multiple grade levels from elementary school to middle school to high school. Student performance is 
measured in two norm-referenced standardized achievement tests. Schools that have participated in ARSI 
and AMSP are identified together with how long and how active each school has taken part in ARSI and 
AMSP. Unfortunately, there are no school-level data collected by educational authorities and we are unable 
to model ARSI and AMSP effects by school-level variables. Nevertheless, as a starting point for this line of 
research, our analysis has provided a great and successful opportunity to test our multilevel longitudinal 
models for assessing simultaneous treatment effects. 

We have applied these data to our multilevel longitudinal models. Our current three-level models show 
that although both ARSI and AMSP made contribution to mathematics and science education at the middle 
and high school level, ARSI had considerably higher contribution than AMSP. On the other hand, AMSP had 
higher contribution than ARSI at the elementary school level. ARSI had delayed unique treatment effects, 
whereas AMSP had immediate unique treatment effects. 
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1. Introduction 

   This article investigates estimation of finite population totals in the presence of auxiliary information 

in two different sample dimensions. Deville and Särndal (1992) proved that calibration estimators perform 

well if variables of interest are highly correlated with auxiliary variables and if we are dealing with medium 

or large samples. In this investigation we concluded that for samples of size 1000=n  all methods produce 

similar estimates but when we deal with samples of size 100=n  the case becomes different because 

although methods produce unequal estimates, linear methods (simple and truncated) produce estimates more 

precise then other methods in the two sample dimensions tested. 

     Section 2 presents calibration estimators, section 3 introduces our study and section 4 shows the results. 

We end this paper with some conclusions in section 5 and references used to write this paper are presented in 

section 6. 

2. Calibration Estimators 
     Consider a finite population { }NkU ...,,...,,1=  from which a probability sample of size n  is drawn. 

The inclusion probabilities klk ππ ,  with slk ∈,  are strictly positive. 

Let ky  be the value of the variable of interest y  for the kth population element and the parameter to 

estimate is the population total ∑
∈

=
Uk

ky yτ , that can be given by the Horvitz-Thompson estimator:  

(1) ∑
∈

=
sk

kky dyπτ̂ ,  

where 1−= kkd π  is the inverse of inclusion probability and represents the basic sampling design weights of 

ky . For the kth population element is also associated an auxiliary vector value ( )'
1 ..., ,..., , kJkjkk xxx=x . 

The population total of auxiliary variables is assumed to be known and is given by: 

(2) ∑
∈

=
Uk

kx xτ

For each element sk ∈  we have ( )kky x , . The objective is to estimate the population total yτ  through the 

use of calibration on known population auxiliary totals to modify the basic sampling weights 1−= kkd π  in a 

way that a new estimator  

(3) ∑
∈

=
sk

kkyw wyτ̂
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be determined with calibrated weights kw  as close as possible to the basic sampling weights1 while 

respecting the calibration equation: 

(4) ∑
∈

=
sk

xkk w τx

Calibrated weights kw  remain as close as possible to the basic sampling weights through minimizing a 

distance function that is given by ( )∑
∈

=
sk

kk dwGD , . Deville, Särndal and Sautory (1993) shows that 

through Lagrange multipliers the problem is given by 

(5) ( ) ⎟⎟
⎠

⎞
⎜⎜
⎝
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Deville, Särndal and Sautory (1993) presented four distance measures used to calibrate which are: 

aa)) Linear method: ( ) ( )
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1Deville e Särndal (1992) p.377 justify this approximation by the fact that the initial weights have the desirable property of yelding 

unbiased estimates. 
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dd)) Truncated Linear method: t
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3. Application 
     In this simulation we wanted to know which method produces best estimates of the population total
We carried out a Monte-Carlo study with simple random sampling without replacement from a population of 

15000=N  elements with one variable of interest highly correlated with two auxiliary variables. We drawn 
1000 samples of size 100=n  and 500 samples of size 1000=n  and tested the four calibration methods 
retained by Deville, Särndal and Sautory (1993) for the population total and presented above. The main 
population results are: a) Dimension – 15.000; b) Total – 23.776,60; c) Average – 1,585; d) STD – 0,488; e) 
Variance – 0,238 

For this application we used the SAS macro Caljack which uses the Jackknife technique to estimate 
the variance. For both set of samples the four calibration methods were tested (linear method, exponencial 
method, logit method and truncated linear method). Logit method and truncated linear method were tested 
with the following lower and upper bounds: [ ]75,1;25,0  and [ ]25,1;75,0 . The maximum number of 
iterations allowed were 40. For an easy reading we renamed methods like follows: M1 – Linear; M2 – 
Exponential; M3_025_175 – Logit with lower limit of 0,25 and upper limit of 1,75; M3_075_125 - Logit 
with lower limit of 0,75 and upper limit of 1,25; M4_025_175 – Truncated linear with lower limit of 0,25 
and upper limit of 1,75; M4_075_125 – Truncated linear with lower limit of 0,75 and upper limit of 1,25. 
4. Results 
     Results obtained for the estimated totals and bias are shown in table 1, where T means Total and B

means Bias. If we recall that the population total is 23.776,60 we can see that all methods produce similar 

estimates when we are dealing with samples of size 1000=n . When we are dealing with samples of size 

100=n  all methods produce different estimates however, in this sample size we obtained the closest 

estimates of the true value. 

Table 1: Average of the estimated totals and bias 

Methods T_100 T_1000 B_100 B_1000 

m1 23.780,56 23.782,29 3,96 5,69

m2 23.781,05 23.783,15 4,45 6,55

m3_025_175 23.755,03 23.782,47 -21,57 5,87

m3_075_125 23.666,80 23.782,48 -109,80 5,88

m4_025_175 23.775,56 23.782,65 -1,04 6,05

m4_075_125 23.709,06 23.781,86 -67,54 5,26

     Next table shows the variance of the estimated totals (VT) and the Mean Square Error (MSE) obtained 
for samples of size 1000=n  and 100=n

Table 2: Variance of the Estimated Totals and Mean 
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Square Error 

  VT_100 VT_1000 MSE_T_100 MSE_T_1000

m1 202.567,32 17.810,06 202.583,04 17.842,49

m2 202.901,97 17.851,20 202.921,74 17.894,07

m3_025_175 265.450,86 17.777,16 265.915,93 17.811,60

m3_075_125 359.274,64 17.810,28 371.330,98 17.844,85

m4_025_175 196.689,79 17.758,06 196.690,86 17.794,68

m4_075_125 228.709,23 17.668,40 233.271,27 17.696,10

     Here we can see that for samples of size 1000=n  the VT and MSE are much lower than in samples 
of size 100=n . In these samples we can see that the values are much different from method to method. 
Finally, table 3 shows the variance of the estimated totals and the Jackknife (Vjack) variance for each method 
and for each sample size. 

Table 3: Variance of the estimated Totals and 

Jackknife variance 

Methods Vjack_100 Vjack_1000 VT_100 VT_1000 

m1 221.434,58 19.085,23 202.567,32 17.810,06

m2 222.675,88 19.077,61 202.901,97 17.851,20

m3_025_175 215.130,03 19.080,83 265.450,86 17.777,16

m3_075_125 196.134,37 19.081,61 359.274,64 17.810,28

m4_025_175 251.884,74 19.081,40 196.689,79 17.758,06

m4_075_125 186.744,80 19.082,82 228.709,23 17.668,40

     As we can see variances of the estimated totals and the Jackknife variances don’t differ too much 
within the same method and for the same sample size. This means that Jackknife variance estimator is a good 
variance estimator in this case. 
5. Conclusion 
     In this study we concluded that calibration techniques give identical estimates when we are dealing 
with samples of size n=1000 as tested by Deville and Särndal (1992). However, when we are dealing with 
samples of size n=100 we concluded that methods produce different estimates. In this case linear methods 
performs better. The closest estimate was given by truncated linear method bounded with [ ]75,1;25,0 , 
immediately followed by simple linear method. The two estimates of the total closest to the true parameter 
were given by linear methods and were obtained for samples of size n=100. 
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Knowledge Economy Indicators – KEI

Ralf T. Münnich
University of Trier
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ABSTRACT

This poster session will present the main results of the project Knowledge Economy Indicators: De-
velopment of Innovative and Reliable Indicator Systems (wwww.kei.publicstatistics.net). It started
on September 2004 and is part of priority 8 of the policy orientated research under the Sixth Frame-
work Programme of the European Commission. It’s aim is to develop and improve indicators for the
knowledge economy, including the analysis of aggregation issues and the composite indicators use.
Indicators from 30 European (EU-25 plus Iceland, Norway, Switzerland, Romania, Bulgaria) and six
non-European countries (the US, Japan, India, China, Australia, Canada) will be analyzed. The KEI
project reviewed existing concepts and definitions of the knowledge-based economy and its key com-
ponents. Main thematic areas in relation to the Lisbon and Barcelona objectives had been developed.
Those then had been used to classify existing indicators and explore data and indicator quality is-
sues. Gaps had been identified and the way forward was mapped, identifying innovative approaches to
improve the understanding and appraisal of the knowledge economy. Composite indicators had been
analyzed in detail using both statistical and participatory approaches, including the use of multi-
criteria methods, aggregation and weighting techniques, decomposition methods, and an evaluation of
analytical and presentational techniques. Simulation methods had been employed to investigate the
robustness of indicators and the conclusions based on them. The quality and accuracy of indicators
and their underlying data had been evaluated and the innovative use of additional information to
improve indicator quality had been assessed. The state-of-the-art analysis, as provided by KEI for
the knowledge-based economy, will benefit other policy objectives of the European Union and Com-
mission Services. It contributes to a methodological framework for building effective measurements of
interdisciplinary issues such as sustainability, employment, social cohesion, and economic disparities.
Finally KEI also make recommendations for the design and use of statistical reference systems.

Keywords. Indicators, composite indicators, knowledge economy.
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Maximum Likelihood Inference of Clustered Survey Data
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Clustered data arise very commonly in surveys and in particular in surveys of human populations.
The basic idea is that units in the same cluster are related either directly or indirectly by being
subjected to possibly unidentified and unobserved common influences, the net effect of which is that
units in the same cluster tend to be more similar than units in different clusters. It is important
in the analytic analysis of surveys of clustered populations that both the survey design and the
population structure be taken into account. We therefore consider a simple situation in which we
have an auxiliary variable and a cluster membership indicator which are known for all units in the
population and survey variables which are observed for the units in the sample only. The auxiliary
variable and the cluster membership indicator are often treated as the same but are here included
separately to allow for greater flexibility in sample design. We model the joint distribution of all four
variables at the population level (using model B of Steel and Holt, 1996) and then discuss the form
of various targets for inference, focussing particularly on marginal regression functions which reflect
various levels of aggregation (in the sense of Skinner, Holt and Smith, 1989). These functions turn
out to be simpler than anticipated, showing that, in this sense, the model is simple. Simple changes
to the model lead to more complicated marginal regression functions.

We consider a finite population made up of N individuals. For each individual, we have a
response variable Y, an explanatory variable X, an auxiliary variable Z and a cluster indicator C. We
denote the total number of clusters in the population by Q and label the clusters by g. We start with
continuous scalar Y, X and Z and assume the familiar random effect model:

(1)


 Ygj

Xgj

Zgj

∣∣∣∣∣C = g

 =


 λY

λX

λZ

+

 ζYg

ζXg

ζZg

+

 εYj

εXj

εZj


 =

[
λ + ζg + εj

]
where λ is a fixed mean effect, ζg is a cluster specific random effect and εj is an individual specific
random effect. The random effects ζg and εj are assumed to be independent Gaussian random variables
with mean zero and covariance matrices

Cov(ζ) = ϕ =

 ϕY Y ϕY X ϕY Z

ϕY X ϕXX ϕXZ

ϕY Z ϕXZ ϕZZ

 , Cov(ε) = ω =

 ωY Y ωY X ωY Z

ωY X ωXX ωXZ

ωY Z ωXZ ωZZ

 .

This means that given the realization of C = g,

(2)


 Ygj

Xgj

Zgj

∣∣∣∣∣C = g

 ∼ N


 λY

λX

λZ

 , τ

 ,
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where τ =

 ϕY Y + ωY Y ϕY X + ωY X ϕY Z + ωY Z

ϕY X + ωY X ϕXX + ωXX ϕXZ + ωXZ

ϕY Z + ωY Z ϕXZ + ωXZ ϕZZ + ωZZ

 .

We are interested in modelling the conditional distribution of Ygj given the other variables.
Depending on the choice of other variables, we may be interested in

• Disaggregated analysis: the conditional distribution of Y given X, Z and C.

• Partially disaggregated analysis: the conditional distribution of Y given X, Z.

• Aggregated analysis: the conditional distribution of Y given X.

We consider each of these in turn, paying particular interest to the conditional mean function.

Disaggregated analysis:
It follows from (2) that

(3) [Ygj |Xgj , Zgj , C = g] ∼ N(λY + b1(Xgj − λX) + b2(Zgj − λZ), ς),

where

(b1, b2) = (τY X , τY Z)

(
τXX τXZ

τXZ τZZ

)−1

=
(

τY XτZZ − τY ZτXZ

τXXτZZ − τ2
XZ

,
τY ZτXX − τY XτXZ

τXXτZZ − τ2
XZ

)

and ς = τY Y − (b1, b2)

(
τXX τXZ

τXZ τZZ

)
(b1, b2)T .

Partially disaggregated analysis:
It follows again from (2) that

[Zgj |Xgj , C = g] ∼ N(λZ + b(Xgj − λX), γ),

where b = τXZ/τXX and γ = τZZ − τXXb2.

The conditional density of Y given X and Z is

[Ygj |Xgj , Zgj ] =
Q∑

g=1

[Ygj |Xgj , Zgj , C = g][C = g|Xgj , Zgj ]

and we have

θ(x, z) = E(Ygj |Xgj = x,Zgj = z)

=
Q∑

g=1

E(Ygj |Xgj = x,Zgj = z, C = g)P (C = g|Xgj = x,Zgj = z)

=
Q∑

g=1

(λY + b1(x− λX) + b2(z − λZ))P (C = g|Xgj = x,Zgj = z)

= λY + b1(x− λX) + b2(z − λZ).(4)

The marginal regression is linear in x and z.

Aggregated analysis:
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The conditional density of Y given X is

[Ygj |Xgj ] =
∫ Q∑

g=1

[Ygj |Xgj , Zgj , C = g][Zgj , C = g|Xgj ]dZgj

=
∫ Q∑

g=1

[Ygj |Xgj , Zgj , C = g][Zgj |Xgj , C = g][C = g|Xgj ]dZgj

and the conditional expectation is

θ(x) = E(Ygj |Xgj = x)

=
∫ Q∑

g=1

E(Ygj |Xgj = x,Zgj = z, C = g)fZ|X,C(Zgj = z|Xgj = x,C = g)P (C = g|Xgj = x)dz

=
∫ Q∑

g=1

(λY + b1(x− λX) + b2(z − λZ))
1√
2πγ

e
− (z−λz−b(x−λX ))2

2γ P (C = g|Xgj = x)dz

=
∫

(λY + b1(x− λX) + b2(z − λZ))
1√
2πγ

e
− (z−λZ−b(x−λX ))2

2γ

Q∑
g=1

fX|C(Xgj = x|C = g)P (C = g)∑Q
g=1 fX|C(Xgj = x|C = g)P (C = g)

dz

=
∫

(λY + b1(x− λX) + b2(z − λZ))
1√
2πγ

e
− (z−λz−b(x−λX ))2

2γ dz

= λY +
τY X

τXX
(x− λX)(5)

which is linear in x.
The fact that (4) and (5) are both linear functions is the direct result of the assumed joint

normality and the fact that the parameters in (2) do not depend on the cluster. So we consider the
effect of allowing the parameters in (2) to depend on the cluster. Suppose that we replace λZ by
λZg and set ζZg = 0, i.e., we replace the random effect model for Z by a group effect model. Then
replacing ϕ by

Cov(ζ) = ϕ =

 ϕY Y ϕY X 0
ϕY X ϕXX 0

0 0 0

 ,

we have

[Ygj |Xgj , Zgj , C = g] ∼ N(λY + b1(Xgj − λX) + b2(Zgj − λZg), ς),

so

θ(x, z) = E(Ygj |Xgj = x,Zgj = z)

=
Q∑

g=1

E(Ygj |Xgj = x,Zgj = z, C = g)P (C = g|Xgj = x,Zgj = z)

=
Q∑

g=1

(λY + b1(x− λX) + b2(z − λZg))P (C = g|Xgj = x,Zgj = z)

=
Q∑

g=1

(λY + b1(x− λX) + b2(z − λZg))
fX,Z|C(x, z|C = g)P (C = g)∑Q

g=1 fX,Z|C(x, z|C = g)P (C = g)

= λY + b1(x− λX) + b2

Q∑
g=1

(z − λZg)
fX,Z|C(x, z|C = g)P (C = g)∑Q

g=1 fX,Z|C(x, z|C = g)P (C = g)
(6)
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which is nonlinear.
The linear forms (4) and (5) are quite neat. The parameters of the regression functions depend in

a simple way on the parameters of the model (2) and therefore, the inference of the regression functions
are straightforward to carry out after the model parameters are estimated. It is also important to
point out that (4) only involves the parameters of Y, X and Z and (5) only involves the parameters
of Y and X.

The population values of Y and X are not observed. We observe the values Y and X for units
in the sample that we observe, the auxiliary variable Z and the cluster affiliation C for the whole
population. We can use any uninformative sampling method to select the sample unit. However, a
two stage sample is very natural here. We select a sample of q ≤ Q clusters and within each selected
cluster, a sample of mg units. The methods of sampling at both stages are assumed uninformative
given the cluster indicator C.

The likelihood can be obtained by writing down the population level likelihood, calculating the
population level score functions and then taking the conditional expectation given the observed data
(see Brecking et. al, 1994). The maximum likelihood estimates (MLE) of λ, ϕ and ω are generally
obtained numerically. The close form of MLE exist in the special case when the cluster sample sizes
are the same.

Point estimation is the starting point for inference. We are also interested in constructing
confidence intervals. An easy method is to use the bootstrap to get the variance of the regression
function. We use the transformation bootstrap to explore the variance of our random effect model.
The random effect and transformation models are the same under Gaussian assumption and the
transformation bootstrap needs weaker conditions for consistence (Field, Pang and Welsh, 2007).
Our observed data in clusters are a q 3mg vector Dg = (yg, xg, zg)T , g = 1, . . . , q which follows
N(1mg ⊗ λ, Vg), where Vg = Img ⊗ ω + 1mg1

T
mg

⊗ ϕ. Let µ = vector(1m1 ⊗ λ, . . . ,1mq ⊗ λ) and
V = block diag(V1, . . . , Vq). We construct the residuals ε̃ = V̂ −1/2(vector(D1, . . . , Dq)−µ̂), standardise
them, sample independently with replacement to produce ε̂∗ and then set the bootstrap data to be
µ̂ + V̂ 1/2ε̂∗. We calculated the MLE for these bootstrap data and get the bootstrap estimators of the
regression functions (4) or (5).
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RÉSUMÉ (ABSTRACT)

In most social and demographic populations, individuals are selected by groups of related indi-
viduals. This clustering can be considered as defining a first stage labelling of the population. For
this clustered finite population problem, we assume the methods of sampling are uninformative given
the cluster structure and consider a Gaussian random effect model for the response variable Y, the
explanatory variable X and the auxiliary variable Z given the cluster indicator C. We discuss the
maximum likelihood estimator of the model parameters and then explore inference for the marginal
regression of Y on X and Z and for the marginal regression of Y on X.
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1. Introduction 

 
 The construction of stratum boundaries in stratified sampling design has been done for a long 

time and is also a current interest in the statistical literature. Many authors have studied the 

optimum point of stratification and the gain in precision resulting from stratification on an auxiliary 

variable. A couple of relevant contributions are Dalenius and Hodges (1959), Eckman (1959). Other 

recent contributions include Hedlin (2000), Rivest (2002) and Gunning and Horgan (2004). Hedlin 

pointed out that the Dalenius-Hodges rule has a problem of arbitrariness and difficulty in 

constructing an algorithm. Also, the Eckman rule is difficult to use without a numerical procedure. 

On the other hand, Golder and Yeomans (1973) and Jarque (1981) suggested the use of the cluster 

analysis to stratify a population.  

In this article, we discuss a stratification procedure based on the cluster analysis. The cluster 

analysis gives an illuminative way of looking at the data in classification which can be a very useful 

tool for stratification in sampling design. When we use the cluster analysis for stratification, we 

may remove the problem of arbitrariness. Furthermore, by using the general statistical packages 

which incorporate cluster analysis, we can avoid difficulty of constructing algorithms for the 

Dalenius-Hodges rule or for the Eckman rule. However, since the clustering method is sensitively 

influenced by the outliers, the stratum boundaries change keenly according to whether some 

outliers are removed or not. To alleviate this problem, we suggest a trimming strategy. 
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2. Stratification by clustering method  

Cluster analysis is a well-known classification methodology in the field of data mining. It is usual in 

the standard stratification problem that the variable of interest is continuous and auxiliary variables 

at hand are continuous and categorical. Hence the situation for stratification is almost equivalent to 

that of classification in data mining and cluster analysis could be a very effective tool for 

stratification. The practical advantages of employing the cluster analysis for stratification can be 

summarized as follows:  

First, since the reduction of within node variation can be used as a criterion for split in clustering, 

one can construct the optimal strata obtained by minimizing the within strata variation. The idea of 

the above criterion is basically equivalent to that of the Dalenius-Hodges rule. Second, appropriate 

number of strata can be readily determined by the sampler through the dividing procedure after 

constructing sufficient size of strata. Third, widely used computer packages for data mining provide 

clustering module and hence it is an easy task to implement. Finally, for the case of several 

auxiliary variables available, the simultaneous procedures of variable selection and construction of 

optimal strata will be easily carried out.  

From a practical point of view, we are frequently faced with some strata which have only a few 

units when we use clustering method. These phenomena take place when outliers are involved in 

the data for stratification variable. By trimming the data, we may alleviate the problem.  

 

3. Examples 

To investigate the mechanism through which the clustering algorithm works in the stratification, 

we apply it to a real population data of several farm machines maintained by each farm. 

Two clustering algorithms with different trimming strategies on this population are compared with 

the cumulative root frequency of the Dalenius and Hodges’ method. The comparision is done with 

respect to the variance of the estimator of interest that is the total number of the cultivator using 

the numbers of the other machines as stratifying variables . 

 

 

REFERENCES 

Dalenius, T. and Hodges, J.L. (1959). "Minimum Variance Stratification", Journal of the American Statistical 

Association, 54, 88-101.  

Ekman, G. (1959). "An Approximation Useful in Univariate Stratification", The Annals of Mathematical 

Statistics, 30, 219-229.  

Hedlin, D. (2000). "A Procedure for Stratification by an Extended Ekman Rule", Journal of Official Statistics, 16, 

15-29.  

Golder, P. A. and Yeomans, K. A. (1973). “The Use of Cluster Analysis for Stratification”, Applied Statistics, 22, 

213-219. 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 4802 -



Jarque, C. M. (1981). “A Solution to the Problem of Optimum Stratification in Multivariate Sampling”, Applied 

Statistics, 30, 163-169. 

Gunning, P. and Horgan, J. M. (2004). “A New Algorithm for the Construction of Stratum Boundaries in Skewed 

Populations, Survey Methodology, 30, 159-166. 

Rives, L. P. (2002). “A generalization of the Lavallee-Hidiroglou algorithm for stratification in business 

surveys”, Survey Methodology, 28, 191-198. 

 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 4803 -



Non-Response and Sample Size

Aleixo, Sandra
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1 Introduction

The determination of the sample size needed to attain the accuracy we need when estimating popula-
tion parameters is a key issue in sampling theory and its applications as a methodological tool in the
experimental sciences. For instance, if our goal is to estimate the population mean from the sample
mean, so that the size of the (1 − α) × 100% confidence interval is bounded by B, the sample size

n = nG is the smaller integer greater than
4z

2

1−α
2

σ
2

B2 in the independence sampling case, and ν

1+
(ν−1)B

2

4z
2

1−α
2

σ
2

in the simple random sampling without replacement (i.e., permutability instead of independence) from
a finite population of size ν; in practice, the unknown σ

2
is replaced by an estimate s

2
, and the use

of Gaussian quantiles z
1−α

2
is supported by the classical central limit theorem in the independence

case, and its extension for permutable summands (Erdös and Rényi, 1959), when sampling without
replacement from finite populations.

However, in many sampling situations, some of the units selected for the random sample drop
out. The fraction of dropouts can be quite high, and in mail surveys, for instance, the questionnaire
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is sent to a large number of individuals — an ad hoc rule of thumb is n
G
p̃ , where p̃ is the forecast

percentage of returned forms, usually a rough estimate based on similar studies and target populations
—, since accumulated experience shows that only a small percentage p of them will return the forms.
We shall consider the neat thinning case of each unit included in the sample at the planning stage
remaining in with probability p, or dropping out with probability 1− p, independently of any other.

In section 2 we investigate the results of using a sample with random size N �

NegativeBinomial(n
G , p), instead of the deterministic n

G
p .

For very small values of p, the limit of his thinning process is Rényi’s (1956) rarefaction of the
initial sample, and in view of Kovalenko’s (1965) and Kozubovsky’s (1994) results Rényi’s rarefaction
is equivalent to randomly stopping the sum of i.i.d. random variables, with independent subordinator

V � Geometric(p); the asymptotic distribution of T =
V∑

k=1

X
k
, assuming the existence of variance of

the parent distribution, is exponential when the summands are positive (cf. Section 3).
This can be a very useful result when sampling rare events and in small area estimation, a

matter that we investigate using the families of random variables described in Section 4. Simulation
results

2 Estimating the mean with p−thinned samples

Consider the following two situations:
(1) (X1 , . . . , Xn) is a random sample of size n, where the independent Xi

d=X, with E(X) = μ

and var(X) = σ
2
.

(2) (X1 , . . . , Xν ) is a finite population with mean μ = 1
ν

ν∑
k=1

X
k

and variance σ2 =

1
ν−1

ν∑
k=1

(X
k
− μ)

2

. Simple random sampling without replacement ensures that all
(
ν
n

)
samples of

size n are equiprobable.
Assume, however, that we know that the sample will be subject to p−thinning, i.e. each X

k
will

effectively be observed with probability p, independently of each other. We therefore need a larger
sample of size N , so that the thinned sample will have approximately size nG . In what follows we
shall compare the results using a sample of random size N � NegativeBinomial(nG , p) with those
using the deterministic size n

G
p .

Observe that if (Y1 , . . . , YN ) is a sample of independent Y
k

d=Y � Bernoulli(p), independent of

(X1 , . . . , XN ), the sample (Z1 , . . . , Zn∗ ) where the Z
k

are the non-null X
k
Y

k
is a p−thinned sample,

and T =
n∗∑

i=1
Zi =

N∑
k=1

X
k
Y

k
. Observe that E(X

k
Y

k
) = pμ and that var(X

k
Y

k
) = p(σ

2
+ (1− p)μ

2
).

2.1 Deterministic sample size using the rule of thumb

Let Y =
V∑

k=1

X
k
, where the independent X

k

d=X ≥ 0, k = 1, 2, . . . are independent of V �

Geometric(pn), and E(X) = μ, and therefore the mean of the geometric stopped sum Y is δ = μ
pn

.
The characteristic function of Y is ϕY (t) = GV (ϕX (t)), where GV is the probability generating function
of V . Then ϕY (pnt) = 1

1+
1−ϕ

X
(pnt)

pnϕ
X

(pnt)

= 1

1+
1−ϕ

X
(pnt)

pnt
t

ϕ
X

(pnt)

.

As 1−ϕ
X

(pn t)

pn t −−−−→
pn→0

−ϕ′
X

(0) = −iμ and ϕX (pnt) −−−−→
pn→0

ϕX (0) = 1, the limit of the above RHS

is 1
1−iμt and consequently ϕY (t) = 1

1−iδt , which is the characteristic function of an exponential random
variable with mean δ.
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Therefore, the limit of a geometrically rarefied process with positive summands with finite
expectation is exponential. This asymptotic result for the rarefied process has been first discovered by
Rényi (1956); Kovalenko (1965) established that the Laplace transforms of positive random variables
that are stable with respect to elementary rarefaction are of the form L(s) = 1

1+csδ , c > 0, δ ∈ (0, 1],
the case δ = 1 — i.e., exponential limit — corresponding to finite variance. Kovalenko’s results show

that this coincides with the class of randomly stopped sums
V∑

k=0

X
k

with i.i.d. positive summands

independent of the V � Geometric(p) subordinator. The general theory of geometric stopped sums
(Kozubowski, 1994) leads to similar results for the characteristic function of summands whose support
is not necessarily positive, and in particular the symmetric limit law for geometric sums of finite
variance independent summands is the Laplace distribution.

We are not aware of any systematic investigation on how far the rarefaction must go so that the
asymptotic result can be taken as a good approximation. The Exponential is p−thinning stable, i.e.
the p−thinned exponential is again exponential, whichever the value of p ∈ (0, 1], this however is an
exceptional situation. In section 4 we describe two families depending on a shape parameter, that we
shall use to make a preliminary assessment of this question.

Assume now that Y =
V∑

k=1

X
k

◦
� Exponencial(δ); from W = Y

V ≈ μ + p(Y − δ) − p2δ
(
V − 1

p

)
we get that E(W ) ≈ μ and var(W ) ≈ (2− p)μ2.

Let (W1 , . . . , Wn) be independent replicas of W , μ̃4 = W = 1
n

n∑
k=1

W
k
, for which the central limit

theorem holds. As the variance of μ̃4 is (2−p)μ2

n , if we wish that the (1−α)× 100% confidence interval

is bounded by B we must take a sample of size nE , the least integer greater than
4z

2

1−α
2

(2−p)μ
2

B2 .

3 Geometric thinning

As

∞∫
−∞

exp
{
−1

2
|x|

2
1+β

}
dx = 2

β+1
2 (β + 1)Γ

(
β + 1

2

)
= 2

β+3
2 Γ

(
β + 3

2

)
, (β > −1) the function

f(x | β, λ, δ) = 1

2
β+3

2 Γ(β+3
2 )δ

exp

{
−1

2

∣∣x−λ
δ

∣∣ 2
1+β

}
I

R
(x) is the probability density function of a random

variable X
β, λ, δ

for any β > −1, λ ∈ R and δ > 0. We thus have a parametrized family which
in particular contains the Gaussian (β = 0) and Laplace (β = 1) random variables. We denote
X

β, 0, 1
= X

β
.

From E

(
X

2k

β

)
= 2

k(β+1) Γ(k(β+1)+ β+1
2 )

Γ(β+1
2 ) , the mean value μ of X

β, λ, δ
is μ = λ, the variance σ

2
is

σ
2

=
2

β+1
Γ(3 β+1

2 )
Γ(β+1

2 ) δ
2
, and the kurtosis γ2 is γ2 =

Γ
(

β+1
2

)
Γ

(
5 β+1

2

)
[
Γ

(
3 β+1

2

)]2 − 3 , which increases to ∞ with

β. For β ≈ −1 the random variable X
β, λ, δ

has very low kurtosis (for instance, for β = −0.999 the
kurtosis is −1.1999, not far from the lower bound −2 that the kurtosis can attain).

Therefore this parametrized family, of which the Gaussian (β = 0) and the Laplace (β = 1)
random variables are special cases, spans a wide variety of light and heavy tails; kurtosis plays an
important role in studies of on the speed of convergence of sums towards the central limit, cf. Barndorff-
Nielsen and Cox (1989). This is the main reason that led us to use this family in a preliminary
evaluation of the benefits of determining the sample size considering that, under thinning, the limit
law is Laplace.
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For the case of populations with positive support, we use the family of probability density func-

tions W
β,λ,δ

= λ+δW
β
, β > 0, with fW

β
(x) =

exp
“

−x
β

”

Γ
“

1+ 1
β

” I
(0,∞)

(x). Observe that W1 � Exponential(1)

and
√

2W2 is the folded gaussian random variable, that the mean value of W
β,λ,δ

is μ = λ + δ
Γ

“

2
β

”

Γ
“

1
β

” =

λ + 2

2
β
−1

δ√
π

Γ
(

2+β
2β

)
, and the variance is σ

2
=

⎡
⎣Γ

“

3
β

”

Γ
“

1
β

” −
(

Γ
“

2
β

”

Γ
“

1
β

”

)2
⎤
⎦ δ

2
.

Let Yα � Gamma(α, 1); then the probability density function of Vα = Y
α

α
is fVα

(x) =

e
−x

1
α

Γ(α+1) I
(0,∞)

(x), and therefore the random variable W
β

is W
β

= V 1
β

= Y
1
β

1
β

.

On the other hand, with B a symmetric Bernoulli random variable with support {−1, 1}, in-

dependent of Vα , the probability density function of Tα = 2α BVα is fTα
(x) = e

− 1
2 |x|

1
α

2α+1Γ(α+1)
IR(x), and

consequently the random variable X
β,λ,δ

is X
β,λ,δ

= λ + 2
1+β

2 δ B Y
1+β

2

1+β
2

.

Hence the generation of random numbers from the populations we choose to investigate can
use the efficient methods of gamma random numbers generation. The goodness of the generated
populations has been assessed comparing empirical and population low order moments, the maximum
likelihood estimate β̂ with the true β, and the Kolmogorov-Smirnov goodness-of-fit test, with highly
satisfactory results in all cases.

For this preliminary report we generated finite populations of dimension ν = 5000(5000)20000
elements x

k
of X

β,
, for β = −0.75(0.25)1.5(0.5)3, and of W

β
, for β = 0.25(0.25)1.5(0.5)6; in each case

we computed the true generated population mean μ∗ = 1
ν

ν∑
k=1

x
k

and variance σ∗2 = 1
ν−1

ν∑
k=1

(x
k
−μ∗)2

.

4 Methods, criteria and conclusions

The proximity of p−thinned sums defined in Section 3 with the Exponential limit, with parent W
β
, as

defined in Section 3, as expected deteriorates with the departure of β from 1. Full simulation results,
comparing the traditional and the exponential approximation schemes, will be presented elsewhere.
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The German Microcensus (MC) is a large scale rotating panel survey over three years. The MC is

attractive for longitudinal analysis over the entire participation duration because of the mandatory participation

and the very high case numbers (about 200 thousand respondents). However, as a consequence of the area

sampling that is used for the MC , residential mobility is not covered and consequently statistical information

at the new residence is lacking in the MC sample. This raises the question whether longitudinal analyses, like

transitions between labour market states, are biased and how different methods perform that promise to reduce

such a bias. Similar problems occur also for other national Labor Force Surveys (LFS) which are rotating

panels and do not cover residential mobility, see Clarke/Tate (2002).

In this context the analysis of a nonresponse bias has been restricted so far to two approaches: (a)

simulation of the nonresponse according to plausible statistical models of nonresponse. Here the statistical

behaviour of the uncorrected estimators and some estimators with a bias correction are compared with respect

to the known simulation parameters, (b) analysis of the correction that is achieved by different correction

procedures for the original data, see Clarke/Tate (1999, 2002) and Tate (1999).

Here we use a different approach: As the causation of nonresponse is well known, we analysed a

panel that covers residential mobility. This was the German Socio-Economic Panel (SOEP), see Haisken-

DeNew/Frick (2005). We then compare the results from the complete SOEP sample and the results from the

SOEP, restricted to the non-movers. Thus, we simulated the nonresponse pattern in an empirical way without

the restrictive simplification of a statistical model. The bias corrections were then checked against the results

from the full sample.

A Comparison of the MC and the SOEP with respect to residential mobility

As the MC and the SOEP use different sampling designs one has to check their comparability with

respect to residential mobility, see Heidenreich (2002) for the MC and Haisken-DeNew/Frick (2005) for the

SOEP. For the period 1996 to 1999 under investigation we compared the total rates of residential mobility, its

dependency on age in a nonparametric fashion, and the joint impact of other variables like sex, martial status,

household size, education and region, see Basic/Rendtel (2007) for details. It turned out that the losses within

this period amount to approximately 30 percent of the sample size. There were almost no differences as to

whether we used design weights or not. The nonparametric age profiles of the mobility rate are almost identical

for the two surveys, see Figure 1 below..
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Figure 1: Mobility rates from 1996 to 1997 calculated from the SOEP and the MC. Rates computed from a
scatter plot smoother (cubic spline interpolation) according to SAS procedure LOESS.
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The impact of residential mobility on the analysis of transitions between labour force states

Our analysis was done for the estimation of transition probabilities between labor market states: em-

ployed (E), unemployed (U), not in the labor force (N). One may conjecture that the transitions U → E and

N → E often cause residential mobility; in the first case by finding a new employer at a different place, in the

second case by children leaving the parental home and starting their own household.

Table 1: Bias estimates for flows between labour force states (unweighted results). Δ = estimate of absolute
Bias. Boldface figures: Significant differences P̂ALL − P̂IMMO

Flows E U N

from 96 to FULL IMMO Δ FULL IMMO Δ FULL IMMO Δ

97 91.02 91.16 -0.14 4.92 4.86 0.06 4.05 3.97 0.08

E 98 87.82 88.03 -0.21 6.32 6.04 0.28 5.86 5.93 -0.07

99 87.01 86.37 0.64 6.04 6.30 -0.26 6.96 7.33 -0.37

97 32.83 30.85 1.98 48.39 49.83 -1.44 18.78 19.32 -0.54

U 98 34.92 31.79 3.13 40.13 41.20 -1.07 24.95 27.01 -2.06

99 41.37 37.46 3.91 28.91 29.10 -0.19 29.71 33.44 -3.73

97 12.74 11.64 1.10 5.48 4.97 0.51 81.77 83.39 -1.62

N 98 19.66 16.07 3.59 5.09 4.40 0.69 75.25 79.54 -4.29

99 25.89 21.13 4.76 4.53 3.71 0.82 69.58 75.15 -5.57

Source: Authors’ calculations, Data base: SOEP, Waves: 1996-1999

Table 1 compares the estimates of P (B|A), the conditional probability to attain labour force state B at time t2
given labour force state A at time t1, by P̂FULL(B|A) = nB,A/nA and P̂IMMO(B|A) = nB,A,R=1/nA,R=1

where nA is the sum of the nB,A over B and nB,A is the number of observations with labor force status B at t2
and A at t1. Similar nB,A,R=1 is the number of observations with profile A, B among the non-mobile persons

(R = 1). Summing up the nB,A,R=1 over B gives nA,R,=1.

As P̂FULL(B|A) is the ML-estimate of P (B|A), it is asymptotically efficient. Under the Null-hypothesis that

P (R|A,B) = P (R|A), which is equivalent to the Missing at Random assumption (MAR), P̂IMMO(B|A) is a

consistent estimator for P (B|A). Hence the variance of the difference can be computed by the difference of the
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variances , see Hausman (1978). Thus in order to test the differences Δ = P̂FULL − P̂IMMO we compare Δ

with its standard deviation
√

σ2
P̂IMMO

− σ2
P̂FULL

. Under the Null-hypothesis that both estimates are consistent,

the standardized Δ2 is χ2 distributed with 1 DF.

Table 1 confirms our above hypothesis on transitions probabilities. and consequently the transitions U → E

and N → E are estimated with a bias. Also the bias seems to increase with the length of the time interval

which is roughly proportional to the extent of residential mobility.

Models for residential mobility

The above result clearly states that the MAR assumption for P (R|A,B) = P (R|A) does not hold. In the

context of general survey nonresponse this assumption was used for example by Stasny (1996). Alternatively

Clarke/Tate (2002) used a model for non-ignorable nonresponse that restricts R to depend on the present labour

force state B, i.e. P (R|A,B) = P (R|B). However, also this model is restrictive. With the SOEP data at hand

one can easily check hypotheses about P (R|A,B). Tables 2 displays estimated mobility rates in an unrestricted

model for P (R|A,B)

Table 2:Mobility rates in the SOEP according to labour force flows starting in 1996.

State at State at the end

the beginning of the period

End of period E U N

1997 0.11 0.12 0.13

E 1998 0.21 0.25 0.20

1999 0.29 0.25 0.25

1997 0.17 0.09 0.09

U 1998 0.28 0.18 0.14

1999 0.36 0.28 0.20

1997 0.16 0.16 0.06

N 1998 0.32 0.28 0.12

1999 0.37 0.37 0.17

From these results we conclude, that neither P (R|A,B) = P (R|A) nor P (R|A,B) = P (R|B) are adequate

to describe the nonresponse process. According to Table 2 one would be better off to model response to depend

on the transition between the labor force states. From the SOEP results we identified three groups of transitions

with high, low and average mobility. Note that we have to restrict the number of groups, as we will not observe

the full table R,A, B for the MC. For the MC we will only observe the tables R = 1, A, B and R = 0, A.

Therefore we have to restrict the number of parameters to be estimated from the these two tables. This was

achieved by reducing the number of different transition groups to 3.

Assessing the bias reduction for alternative correction methods

We compared two different correction methods: (a) the estimation of partially observed contingency

tables by ML-estimates, (b) the estimation by weighting with inverse probability of response. In order to assess

the bias reduction we use again the SOEP data. Thus, we compare the relative bias reduction

Brel =
P̂CORR,SOEP(B|A)− P̂IMMO,SOEP(B|A)

P̂FULL,SOEP(B|A)− P̂IMMO,SOEP(B|A)
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Table 3: Brel displayed for ML estimates of several models for nonignorable attrition (Columns alt1 to alt3)
and inverse probability weighting (Columns IPW). alt1 indicates transition U → N being attributed to the
low mobility group. alt2 indicates transition U → N being attributed to the mean mobility group. alt3

indicates a main effect model for the current labour force state B.

t Bias (Bias correction)/Bias

SOEP MC SOEP MC

alt1 alt2 alt3 alt1 alt2 alt3 IPW IPW

Transition U → E

1997 1.98 0.62 0.20 -0.09 1.80 1.30 -0.37 0.49 0.46

1998 3.13 0.89 0.15 -0.07 1.78 1.09 -0.59 0.54 0.64

1999 3.91 1.03 0.07 -0.05 1.68 0.94 -0.61 0.87 0.69

Transition N → E

1997 1.10 0.82 0.52 0.32 2.26 1.78 0.21 0.55 0.52

1998 3.59 0.68 0.33 0.27 1.29 0.93 0.08 0.41 0.48

1999 4.56 0.85 0.35 0.28 1.26 0.89 0.01 0.67 0.69

In Table 3 a bias reduction of one means a complete reduction of the bias. This is achieved for example in the

case of transitions U → E in the SOEP. Only a slight change of the model by putting the transition U → N

to a different mobility group results in no bias reduction at all. For the MC also over-corrections are indicated

by Brel > 1. According to this instability the IPW approach is much more stable, although the bias is not

completely reduced, see Basic/Rendtel (2007) for details.

Conclusion

The simple idea to mimic nonresponse from a validation survey may be a powerful tool in nonresponse

analysis. Our results indicate that nonresponse depends on transitions between labour force states, while the

standard models assume the transitions being dependent on the state at the beginning or at the end of the time

period. However, the resulting bias corrections are too unstable to be recommended for practical use. Under

this respect the IPW approach is more stable, although the bias is not completely removed.
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We explore the possibility to use a particular class of models, known as probabilistic expert systems 
(PES, Cowell et al., 1999) to define a class of model assisted estimators of a contingency table in case of 
stratified sampling designs. 

Let � be a finite population of size N and Y1,…,Yk be k variables of interest. For the sake of simplicity, 

let these variables be categorical (or previously categorised), with frequency distribution in � 

1

1

1

1

k

k

N
y ...y i ik

y ,...,y
i

I ( y ,..., y )

N
θ

=
=� � (1)

where I(.) is the indicator function. Equation (1) is the parameter of interest. Let � be a sample drawn from � 

according to a stratified sampling design with H strata, πh, h=1,…,H, and corresponding survey weights wh, 

h=1,…, H. The Horvitz- Thompson estimator of the distribution (1) is: 

1 1 11 1
1

k k k
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H
i h

y ,...,y y ...y i ik y ...y i ik
i h ii

i

w wˆ I ( y ,..., y ) I ( y ,..., y )
w N π

θ
∈ = ∈

∈

= =� � �
��

�

.   (2) 

where wi=wh for i∈πh, h=1,…,H.

The relation between the variables of interest can be very complex and we model it by means of PES.  
Probabilistic expert systems are multivariate statistical models satisfying sets of (conditional) 

independence statements representable by a directed acyclic graph (DAG) composed of nodes and directed 
edges between pairs of nodes. Each node represents a variable, while missing arrows imply (conditional) 
independence between the variables. Examples of DAGs are shown in Figures 1 and 2. Consider the DAG in 
Figure 1(γ), we say that Y1 is parent of Y3 and that Y3 is child of Y1. PESs are particularly useful to simplify 
multivariate complex problems. In particular they allow simplifying the joint likelihood by means of the 
chain rule. Consider again Figure 1(γ), the joint likelihood can be written as follows: 

( )1
1

k j j

k

y y y |pa y
j

θ θ
=

= ∏
�

        (3) 

where pa(yj) is the set of values assumed by the parent(s) of Yj. 
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Model assisted estimators and PES 
In a model assisted framework the design variables are not directly modeled with the variables of 

interest. Assuming a PES for (Y1,…,Yk) whose joint probability distribution is factorised as in (3), PES 

assisted estimators of 
1 ky yθ
�

 under this model can be defined as follows: 

( )∏
=

=
k

j
ypay
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yy jjk

1
|...

ˆ̂ˆ̂
1

θθ (4) 

where each factor is a weighted estimator of the (conditional) distributions: 
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Suppose, as an example, that there are k = 3 variables of interest, Y1, Y2, and Y3.  
The DAGs in Figure 1 represent four possible dependence structures for Y1, Y2, and Y3.  

 

Figure 1: Four PES for the model assisted estimators 

α
�

β
�

γ
�

δ
�

 

Consider first the complete graph in Figure 1(α). The PES assisted estimator is  

( ) ( )

( )

( )

( )

( ) )(

1

1

321

1

1
21

321

1

1
1

21

1

1

1
||

)(

321

321

21

321

1

211

213121321

ˆ

ˆ̂ˆ̂ˆ̂ˆ̂

a
yyy

n

i
n

i
i

iiiyyyi

n

i
n

i
iiyyi

iiiyyyi
n

i
n

i
iyi

iiyyi
n

i
n

i
i

iyi
yyyyyyyyy

w

yyyIw

yyIw

yyyIw

yIw

yyIw

w

yIw

θ

θθθθ α

==

===

�
�

�
�

�
�

�
�

=

=

=

=

=

=

=

=  

We see that it is a Horvitz-Thompson estimator. The PES assisted estimators associated to the other 
models in Figure 1 are the following 
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Simulation results 

A Monte Carlo simulation has been carried out in order to evaluate empirically the performance of PES 
assisted estimators and the consequences of possible model misspecifications. Six finite populations, with N 
= 10000 units, have been generated according to six different PES, that include also the design variable 
(stratification variable, Π). The six PES are coherent with one of the four PES in Figure 1: model (a1), (a2), 
and (a3) are coherent with PES (�), model (b) with PES (�), model (c) with PES (�) and model (d) with PES 
(�). For each of the 6 fixed populations generated in the previous step, 1000 samples of size n=1000 have 
been drawn according to a stratified sample design. 

For each population and for each Monte Carlo replication the estimates of the joint distribution 
resulting from the PES assisted estimator have been compared with the actual joint population distribution. 
The performance of the estimator has been measured by the mean of Monte Carlo estimates of relative MSE 
of each element of the joint distribution: 
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where M=1000 is the number of Monte Carlo replications and mPES
yyy

),(
321

ˆ̂θ  is the estimate of 
321 yyyθ  

obtained with the m-th sample based on a given PES.  

The simulation confirms that using the model describing the statistical relationship between the 
variables of interest Y1, Y2 and Y3 gives good results. Moreover, the Horvitz-Thompson estimator (first 
column in Table 1) is appropriate only for data generating models compatible with the PES of the variables 
of interest. 

 

Figure 2: Six PES that generate the data sets of the simulation 

(a1) (a2) (a3)  

(b)  (c)  (d)  
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Table 1: Montecarlo MSE estimates for the four PES assisted estimators 

Pop MSE(
)(ˆ̂ αθ ) MSE(

)(ˆ̂ βθ ) MSE(
)(ˆ̂ γθ ) MSE(

)(ˆ̂ δθ ) 

a1 37,5 60,9 48,1 99,8 

a2 30,5 49,1 105,6 248,1 

a3 32,7 133,9 113,0 151,2 

b 35,9 25,3 36,0 768,4 

c 34,6 31,2 29,1 77,6 

d 43,3 28,1 34,6 16,6 

 

Integration of different surveys 
PES are particularly useful to integrate two (or more) surveys. In fact PES are also 

characterized by two positive aspects (Ballin et al, 2001): i) an easy-to-interpret, concise and, above 
all, informative way to represent a set of surveys with their dependence structure; ii) a method to 
update the information produced by a system of surveys, i.e. to pass information between surveys. 
The first aspect has already been investigated in the previous paragraphs (models that avoid the 
presence of unnecessary dependences are more appropriate for the definition of estimators). The 
second aspect is essentially based on the junction tree algorithm (Cowell et al., 1999). This 
algorithm, when one variable in a PES changes its marginal distribution, updates the distributions of 
the other variables. More generally than in Ballin et al (2001), it is not necessary to require that the 
variables in each survey constitutes a complete graph. A simplified situation is shown in Figure 3 
where two surveys, A and B, collecting information on respectively A1, A2, X1, X2, X3 and B1, B2, B3, 
X1, X2, X3, are represented. This is a typical situation in many multipurpose surveys, where there is a 
core of common variables, i.e. X1, X2, X3, and each survey investigates a particular topic. Figure 3 is 
not a PES, unless (A1, A2) and (B1, B2, B3) are independent given (X1, X2, X3). However, table 
estimators for (A1, A2, X1, X2, X3) in A and (B1, B2, B3, X1, X2, X3) in B are PES assisted. 

Integration of the two surveys essentially means coherence of information. Coherence can be 
obtained when the distributions of the common variables in two surveys are the same. This rarely 
happens in two surveys performed in distinct times (e.g. A before B). The junction tree algorithm 
can be applied to update X1, X2, X3, in A forcing them to have the same distribution estimated in B. 
 
Figure 3. Integration network for surveys A and B. Green nodes represent the common variables 
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We conduct a simulation study to assess the performance of conventional distance sampling estimators 
when the spatial distribution of individuals in the study area follows a non-homogeneous Poisson process. 
The following two approaches are considered: 1) objects in the study area are fixed, but different transects 
are randomly allocated in every simulation; 2) transects are fixed, but objects are randomly placed in every 
simulation. Different intensity functions are used to simulate non-homogeneous Poisson processes and six 
different scenarios are considered for objects location in study area. Transects are positioned randomly or 
systematically with a random start. 
 
1. Introduction 

In conventional distance sampling, depending on the sampling scheme, it is often assumed that objects 
distance distribution to transects in covered area is uniform, or this assumption is relaxed if transects are 
randomly allocated in the study area (Buckland et al., 2004). 

Some published studies have severely criticized these methods (Barry & Welsh 2001, Melville & 
Welsh 2001) while others argue that conventional distance sampling works well (Fewster & Buckland, 2004). 
Afonso & Alpizar-Jara (to appear) conducted a simulation study over fixed but non-homogeneous 
populations and concluded that model-based estimator is unbiased but is very sensitive to objects spatial 
distribution in study area. We also found that systematic random allocation and increasing the number of 
transects to some extent results in more precise estimators. In this paper, we generalize our results to account 
for stochastic realizations of the spatial process.   

 
2. Simulated approaches 

We consider a squared unit study area A = [0, 1] × [0, 1], and populations with N = 1000 objects. 
Usually, objects locations are determinate by topographic features, habitat types, animal behavior, or others 
characteristics related to the environment or intrinsic to the individuals in the population. Thus, we generate 
objects locations, (x, y), according to several intensity functions, D(x, y), simulating various scenarios for 
non-homogeneous Poisson processes (Table 1). For comparison purposes, we also consider a homogeneous 
distribution (scenario 1). Equal coverage was granted, no objects were observed beyond w, and we assume 
that detection function was known and belongs do half-normal family distribution, i.e. g(x) = exp(-x2/(2θ2)), 
for 0 ≤ x ≤ w and θ > 0. We set θ = 0.01, thus w = 0.0195 for lines and w = 0.0215 for point transects to 
warranty that g(w) = 0.15 and g(w) = 0.10 respectively, as suggested by Buckland et al. (2001). 
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Table 1: Intensity functions for each scenario. 

 

Horizontal line transects were randomly or systematically allocated except for scenario 2, where due 
to a gradient of the objects spatial distribution, vertical line transects were allocated. Systematic allocation of 
point transects was done generating a grid of points equally spaced by rows and columns. In order to 
compare line and point transects results; we try to cover the same amount of area with both sampling 
techniques. Two approaches are considered and describe in what follows. 

In approach 1, we simulate fixed populations (table 2) with each intensity function present in table 1. 
Then, random and systematic line and point transects were allocated for each simulation. When using 
unrestricted random allocation of transects, we noticed that up to 17% of the covered area could have been 
over-positioned when allocating, for instance, 10 line transects. Thus, we also evaluate conventional 
estimators using random transect allocation in two ways: a) without covered area restrictions, b) avoiding 
double covered areas.  

 
Table 2: Simulated populations in approach 1. 

 
 
In approach 2, we fixed random and systematic line and point transects and in every simulation we 

randomly generate populations of N = 1000 according to the non-homogeneous Poisson processes dictated 
by the intensity functions presented in Table 1.   

We conduct 100 Monte Carlo simulations for each possible scenario within the two approaches. For 
each scenario we compute the estimated abundance,N̂ , based on the n detected sampled distances. Tables 3 
and 4 present the results for mean estimated abundance, N̂ , mean sample size, n , and variation coefficient, 
cv, for line and point transect sampling. 

We found that in approach 1, the estimator is unbiased but its variance is very sensitive to objects 
spatial distribution in study area. This variability is reduced when increasing the number of transects and 
avoiding multiple coverage areas with random transects. But, for line transects, we have a more precise 
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estimator if transects are systematically allocated, which can be explained by the better coverage study area.  
 

Table 3: Results for line transect (TL) sampling for both approaches with 100 simulations, 
θθθθ = 0.01 and w = 0.0195 (Legend: R) random TL, S) systematic TL, H) horizontal TL and V) 
vertical TL). 

   Approach 1 a) Approach 1 b) Approach 2 

Scenario a N. TL N̂  n  cv N̂  n  cv N̂  n  cv 
0.039 1 R H 1036.9 24.7 19%       989,8 23,5 21% 

5 R H 1012.1 120.4 9% 1004.5 119.5 8% 998,3 118,7 8% 0.195 
5 S H 997.2 118.6 10%       1003,0 119,3 8% 

10 R H 1007.1 239.5 6% 1004.9 239.0 6% 1004,7 239,0 6% 
1 

0.39 
 10 S H 995.8 236.8 6%       1004,7 239,0 5% 

0.039 1 R V 1013.7 24.1 36%       1139,9 27,1 18% 
5 R V 1014.3 120.6 16% 989.2 117.6 15% 1005,0 119,5 9% 0.195 
5 S V 1001.0 119.0 6%       944,9 112,4 9% 

10 R V 1020.7 242.8 11% 1009.6 240.1 8% 1013,7 243,9 6% 
2 

0.39 
 10 S V 997.0 237.1 4%       1001,9 238,3 5% 

0.039 1 R H 1162.2 27.6 82%       419,2 10,0 32% 
5 R H 1084.1 128.9 34% 942.8 112.1 32% 939,9 111,8 8% 0.195 
5 S H 995.1 118.3 9%       989,6 117,7 9% 

10 R H 1028.9 244.7 27% 1004.1 238.8 19% 987,9 235,0 5% 
3 

0.39 
 10 S H 1006.4 239.4 6%       988,8 235,2 6% 

0.039 1 R H 990.2 23.6 89%       1253,0 29,8 18% 
5 R H 991.1 117.9 42% 999.6 118.9 38% 1048,2 124,7 9% 0.195 
5 S H 1004.0 119.4 9%       977,7 116,3 9% 

10 R H 1007.2 239.5 29% 968.3 230.3 20% 1081,7 257,3 6% 
4 

0.39 
 10 S H 1002.3 238.4 7%       993,4 236,3 5% 

0.039 1 R H 1075.1 25.6 67%       1918,1 45,6 14% 
5 R H 1048.4 124.7 30% 969.8 115.3 27% 876,7 104,3 9% 0.195 
5 S H 1008.8 120.0 8%       999,2 118,8 9% 

10 R H 1033.3 245.8 22% 997.4 237.2 15% 735,1 174,8 7% 
5 

0.39 
 10 S H 995.6 236.8 5%       993,5 236,3 6% 

0.039 1 R H 898.1 21.4 92%       1721,4 40,9 16% 
5 R H 1020.0 121.3 44% 1030.4 122.5 34% 1103,4 131,2 8% 0.195 
5 S H 1006.9 119.7 7%       1004,4 119,4 8% 

10 R H 991.2 235.8 31% 1011.6 240.6 18% 754,5 179,5 8% 
6 

0.39 
 10 S H 987.9 235.0 5%       1003,4 238,6 6% 

 
In approach 2, estimator could be severely biased depending on transect allocation and the spatial 

distribution. However, if a systematically layout were to be used, these biases could be negligible and the 
variability is also usually low, when considering a reasonable number of transects, independently of objects 
distribution. We also found that for the scenarios we considered, both estimators compare similarly, in terms 
of bias, if transects were positioned systematically. However, if transects were placed at random, estimators 
from approach 2 perform much better in terms of precision. 

In approach 1, for small values of a, covered area, point transect estimator is more precise than line 
transect estimator. However, for bigger values of a, we have better results with line transect estimators. With 
approach 2, the line transect estimator performs better or similarly than the point transect estimator. 
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Table 4: Results for point transects (TP) sampling for both approaches with 100 simulations, θθθθ = 0.01 and 
w = 0.0215 (Legend: R) random TP, S) systematic TP). 

   Approach 1 a) Approach 1 b) Approach 2 

Scenario a N. TL N̂  n  cv N̂  n  cv N̂  n  cv 

27 R 1003,1 15,3 24% 999,8 15,3 24% 1011,6 15,5 26% 0.195 
27 S: grid 3*9 985,4 15,1 23%    1025,3 15,7 22% 

135 R 1008,3 77,1 9% 998,9 76,3 10% 1012,0 77,3 11% 
1 

0.39 
135 S: grid 9*15 1017,5 77,8 11%       1004,4 76,8 10% 

27 R 1065,3 16,3 28% 1041,7 15,9 30% 1005,7 15,4 24% 0.195 
27 S: grid 3*9 990,0 15,1 23%       890,5 13,6 24% 

135 R 1013,3 77,4 14% 979,0 74,8 10% 991,6 75,8 11% 
2 

0.39 
135 S: grid 9*15 1012,6 77,4 12%    1017,1 77,7 9% 

27 R 1071,1 16,4 43% 1073,8 16,4 42% 1334,8 20,4 20% 0.195 
27 S: grid 3*9 978,2 15,0 26%       1047,6 16,0 26% 

135 R 1008,6 77,1 19% 1036,6 79,2 14% 1068,9 81,7 12% 
3 

0.39 
135 S: grid 9*15 1008,8 77,1 10%       985,4 75,3 12% 

27 R 1092,1 16,7 34% 1104,5 16,9 31% 1167,3 17,8 22% 0.195 
27 S: grid 3*9 1009,0 15,4 26%    991,3 15,2 28% 

135 R 1027,3 78,5 16% 1000,7 76,5 13% 1026,4 78,4 11% 
4 

0.39 
135 S: grid 9*15 999,3 76,4 9%       998,2 76,3 11% 

27 R 1009,0 15,4 35% 1006,4 15,4 33% 819,9 12,5 25% 0.195 
27 S: grid 3*9 984,1 15,0 31%       1163,4 17,8 23% 

135 R 988,0 75,5 15% 999,2 76,4 13% 886,6 67,8 11% 
5 

0.39 
135 S: grid 9*15 1010,4 77,2 13%       1009,5 77,1 11% 

27 R 1067,2 16,3 41% 1064,6 16,3 44% 725,7 11,1 33% 0.195 
27 S: grid 3*9 988,0 15,1 44%       1489,9 22,8 21% 

135 R 1010,5 77,2 19% 998,0 76,3 15% 984,8 75,3 12% 
6 

0.39 
135 S: grid 9*15 1002,6 76,6 10%    969,3 74,1 11% 

 
3. Conclusion 

If several transects were allocated in study area, distance sampling estimators under non-homogeneous 
Poisson processes perform reasonably well. For small covered area we suggest the use of point transects, 
while for bigger areas line transects seem to be more precise. A careful design for transect allocation is very 
important when the second approach is considered in order to avoid bias estimates. 
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1 Introduction

In real life sampling situations that quantifying units drawn from a population are difficult or expensive
but these units can be easily ranked, the ranked set sampling (RSS) method is more efficient to estimate
population mean than the usual simple random sampling (SRS) method.

The selection of ranked set sample of size n involves drawing of n random samples with n units
in each sample. The n units in each sample are ranked by using judgment or by other means not
requiring actual values. The unit with the lowest rank is measured from the first sample, the unit
with the second lowest rank is measured from the second sample, and this procedure is continued
until the unit with the highest rank is measured from the last sample. With this sampling method
the n observations are independently distributed. To increase the sample size in RSS the mentioned
procedure is repeated r times.

RSS for estimating a population mean was introduced by McIntyre (1952) and used by him
to estimate mean pasture yield. About two decades later, Takahasi and Wakimoto (1968) and Dell
and Clutter (1972) provided mathematical foundations for RSS. The RSS procedure has been used
advantageously in agricultural, environmental, and ecological sampling where the exact measurement
of unit is either difficult or expensive. In the last two decades many researchers used and extended
the RSS method in both parametric and nonparametric problems, and also some modifications for
RSS are introduced. For classified and extensively reviewed work in the area of RSS, see Patil et al.
(1994) and Kaur et al. (1994), and for bibliography in the area of RSS see Patiel et al. (1999).

In this paper we consider a finite population and propose two stage sampling by using RSS
method in the second stage. To having independence property for RSS method, sampling with re-
placement is used in second stage to construct the ranked set samples. We use RSS method in the
second stage of sampling and propose an estimator of population mean and also its variance in section
2. An unbiased estimator for variance of proposed estimator is given in section 3.
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2 RSS in the Second Stage of Sampling

Two stage sampling is one of the useful sampling methods that has many applications. The first step
in this method is to select a sample of units, called the primary stage units (PSUs), and second is to
select a sample of units from each selected primary units, called the secondary stage units (SSUs). The
sampling plan gives methods for selecting PSUs and the specified number of SSUs in selected PSUs.
The SRS method is used often for selecting both stage units. For increase the precision of population
mean estimate, the RSS method can be used for selecting SSUs instead of SRS method. We denote
the two stage sampling by using SRS in first stage and RSS in second stage by TSRSS. Without loss
of generality, the methodology of TSRSS is described for equal size PSUs.

Suppose there are N PSUs of equal size M in the population and we want to select a sample
with size nm units in two stages. For this, we select n PSUs from the population using SRS in the
first stage. Then from each selected PSU we select m units by RSS method. Let Y be the interested
variable and Y

(j)
i[j] denotes this variable correspond to jth rank of jth random sample with size m in

ith selected PSU. To having independence property of samples, the selection of units in each selected
PSU for ranking in the jth sample and also for measuring interested variable is conducted by SRS
with replacement method. We consider the arithmetic mean of the nm sample units as the sample
mean

µ̂TSRSS =
1

nm

n∑
i=1

m∑
j=1

Y
(j)
i[j] .(1)

Theorem 1. µ̂TSRSS given by (1) is an unbiased estimator of the population mean with variance

V ar (µ̂TSRSS) =
(

1− n

N

)
S2

b

n
+

(
1− 1

M

)
S2

w

nm
−B2(2)

where

S2
b =

1
N − 1

N∑
i=1

(µi − µ)2, S2
w =

1
N

N∑
i=1

M

M − 1
σ2

i ,

B2 =
1

n2m2
E1

 n∑
i=1

m∑
j=1

(
µi[j] − µi

)2

 ,

µi and σ2
i are the expected value and variance of Y in the ith selected PSU respectively and µi[j] is the

expected vale of Y
(j)
i[j] .

Remark. If in the second stage of sampling we use SRS with replacement instead of RSS method, it
is easy to verify that variance of selected sample mean, µ̂1 = 1

nm

∑n
i=1

∑m
j=1 Yij , is

V ar (µ̂1) =
(

1− n

N

)
S2

b

n
+

(
1− 1

M

)
S2

w

nm
.(3)

Now since B2 in (2) is non-negative, by comparing (2) and (3) we have

V ar (µ̂TSRSS) ≤ V ar (µ̂1)(4)

i.e., for estimating population mean, two stage sampling with RSS in second stage is more efficient
than two stage sampling with SRSWR in second stage, as we expected.
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In TSRSS if we have r replication in each selected PSU such that we obtain m = rm′ units as
sample, then the sample mean can be defined as

µ̂r
TSRSS =

1
nrm′

n∑
i=1

r∑
l=1

m′∑
j=1

Y
(j)
il[j](5)

where Y
(j)
il[j] is the sample value correspond to jth rank of jth random sample in lth replication of

sampling in ith selected PSU. From theorems 1 we have the following theorem in this case.

Theorem 2. In TSRSS with r replication, µ̂r
TSRSS give by (5) is an unbiased estimator of population

mean µ with variance

V ar (µ̂r
TSRSS) =

(
1− n

N

)
S2

b

n
+

(
1− 1

M

)
S2

w

nrm′ − C2(6)

where

C2 =
1

n2r2m′2 E1

 n∑
i=1

r∑
l=1

m′∑
j=1

(
µil[j] − µi

)2


and µil[j] is the expected mean of Y

(j)
il[j].

Again µ̂r
TSRSS is more efficient than the sample mean of a two stage SRS with n PSUs and rm′

SSUs in each selected PSU.

3 Variance Estimation for Mean Estimator

If we intend to assess the accuracy of the estimator µ̂r
TSRSS , we should be able to estimate the variance

of this estimator. MacEachern et al. (2002) found an unbiased estimator of population variance by
combining within judgment class and between judgment class estimators. In the case r > 1, we use
their approach to find an unbiased estimator of V ar (µ̂r

TSRSS). This estimator is given in the following
theorem.

Theorem 3. In TSRSS with r > 1 replication, an unbiased estimator of V ar (µ̂r
TSRSS) is

ˆV ar (µ̂r
TSRSS) =

(
1− n

N

)
Ŝ2

b

n
+

1
Nrm′ Ŝ

2
d(7)

where

Ŝ2
b =

1
n− 1

n∑
i=1

 1
rm′

r∑
l=1

m′∑
j=1

Y
(j)
il[j] − µ̂r

TSRSS


2

Ŝ2
d =

1
2nm′r(r − 1)

n∑
i=1

∑
l

∑
l′ 6=l

∑
j

(
Y

(j)
il[j] − Y

(j)
il′[j]

)2
.

By using theorem 3 we can obtain an unbiased estimate of V ar (µ̂r
TSRSS).
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INTRODUCTION 
 Epidemiological surveys aim at evaluating and monitoring the health status of a population by collecting 
data from it, serving as a source of information for counseling and planning health actions (WHO, 1997; 
Roncalli, 2006). This type of study has been performed since the old Greece times, more than a thousand years 
ago, presenting as a classic work the studies carried out by John Snow about the cholera’s epidemic in London, 
in the middle of XIX century (Snow, 1936). Nowadays, it has known that most epidemiological studies collect 
data from samples, thus optimizing time and resources and showing more accurate results and less bias. 
However, it is necessary to point out that there also is a sampling error in this type of study, that is the difference 
between the estimated value, obtained in a sample, and the real value, from entire population. The sampling error 
has to be considered during the sample size calculation. Moreover, survey’s planning is an essential phase of a 
scientific research, because bigger samples involve waste of resources and, on the other hand, small samples 
diminish the results’ precision (Crochran, 1977). According to Macferlane (2003), the statistician is the best 
person to help in sampling planning; however the researchers should be able to supply all needed information in 
order to determine the sample size. Many times, this interaction between statistician and researcher do not occur 
and the sample size is calculated erroneously. In this context, this study aimed at determining the actual 
sampling error in Brazilian epidemiological studies of dental caries, published from 1999 to 2005. 
 
METHODOLOGY 
 Papers about Brazilian epidemiological surveys published in Medline-indexed journals were selected. 
The following variables were obtained from the papers: DMFT (number of decayed, missing and filled 
permanent teeth) DMFS (number of decayed, missing and filled permanent dental surfaces), dmft  (number of 
decayed, missing and filled primary teeth) and dmfs indexes (number of decayed, missing and filled primary 
dental surfaces). Data about mean, standard deviation, sample size, type of sampling, and sampling error 
presented in the papers were collected and used to determine the sampling errors according to Cochran (1977). 
In case where the authors did not report the type of sampling, the cluster sampling in two stages was considered 
for calculus. 
 
RESULTS AND DISCUSSION 

Generally in human studies data are not collected from the entire population, due to resources limitation 
and/or for ethical reasons. However in assuring the accuracy of results, it is necessary to have a good sampling 
planning and a correct sample size. One of the most common questions from dentistry’s researchers is how many 
individuals must be investigated to assure the validity of the study, that is reproducing the information of the 
entire population. Table 1 shows data about mean, standard deviation, sample size, type of sampling, sampling 
error reported in the study and the real sampling error of Brazilian epidemiological studies of dental caries, 
published from 1999 to 2005 in Medline-indexed journals. It has been verified that most studies neither reported 
the sampling error nor reported it erroneously. Furthermore, some studies showed great data variability with 
small sample size, resulting in a high sampling error. 
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Table 1. Sampling error reported in Brazilian epidemiological studies of dental caries and calculated 

according to Cochran. 

Year of 
publication Variable Age 

(years) Mean SD* Sample 
Size Type of Sampling  

Sampling 
error 

reported 
(%) 

Sampling error 
calculated 

(%) 

1999 dmfs 4 3.02 6.79 55 NR NR 84.8 
1999 dmfs 5 3.06 4.97 97 NR NR 45.9 
1999 dmfs 6 5.01 7.24 80 NR NR 44.8 
2000 DMFT 12-13 6.09 3.56 90 NR NR 17.1 
2000 DMFT 12-13 6.41 4.04 85 NR NR 18.8 

2000 dmft 2 0.70 1.50 23 Simple random 
sampling NR 121.2 

2000 dmft 3 1.40 2.61 31 NR NR 91.3 
2000 dmft 4 1.90 2.68 52 NR NR 54.2 
2000 dmft 5 2.40 3.06 49 NR NR 49.9 
2000 dmft 6 2.90 3.00 52 NR NR 39.8 
2001 DMFT 12 1.54 0.12 274 NR NR 1.3 
2001 DMFT 12 2.48 0.09 726 NR NR 0.4 
2001 dmft 6 2.98 16.88 550 Cluster sampling 3.0 47.3 
2001 dmft 6 1.32 11.28 275 Cluster sampling 3.0 101.0 
2001 dmft 12 0.37 6.03 499 Cluster sampling 3.0 226.4 
2001 DMFT 6 0.05 2.11 550 Cluster sampling 3.0 352.7 
2001 DMFT 6 0.02 1.32 275 Cluster sampling 3.0 780.1 
2001 DMFT 12 1.46 11.84 499 Cluster sampling 3.0 72.6 
2002 DMFT 18 5.1 8.66 300 Cluster sampling 2.0 19.2 
2002 DMFT 18 4.5 4.01 300 NR 2.0 14.3 

2004 dmft 5 2.63 NR 291 NR NR No data to 
estimate 

2005 DMFT 15 5.04 4.10 574 NR NR 9.4 
2005 DMFT 16 5.94 4.90 384 NR NR 11.7 
2005 DMFT 17 6.42 4.30 275 NR NR 11.2 
2005 DMFT 18 7.13 4.40 257 NR NR 10.7 
2005 DMFT 19 8.86 5.10 335 NR NR 8.7 

*SD: Standard deviation; NR: not reported 
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ABSTRACT 
  
The aim of this work was to calculate the actual sampling error in Brazilian epidemiological studies of 
dental caries, published from 1999 to 2005. Papers published in Medline-indexed journals related to 
DMFT (number of decayed, missing and filled permanent teeth) DMFS (number of decayed, missing and filled 
permanent dental surfaces), dmft (number of decayed, missing and filled primary teeth) and dmfs indexes 
(number of decayed, missing and filled primary dental surfaces) were selected. The sampling errors were 
calculated according to the type of sampling. It was observed that most studies neither reported the sampling 
error nor reported it erroneously. Moreover, some studies showed great data variability with small 
sample size, resulting in a high sampling error. 
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1 The basic model

In a situation in which a random sample is selected from a finite population of size N , we begin by
defining

ϑ =
(

ϑ1, ϑ2, · · · , ϑN

)t
(1)

an N -dimensional random vector which takes values on E = {e1, e2, · · · , eN}, where eI is the N -vector
whose entries are all equal to zero but for the I-th one whose value is equal to one. In other words, θ

results in the selection of one and only one population unit. Its individual entries behave as Bernoulli
variables with parameter pI = Pr (ϑI = 1) = Pr (ϑ = eI) , I = 1, ..., N , but are not independent from
one another since, by construction, they satisfy

∑N
I=1 ϑI = 1. Under these circumstances we have

E [ϑI ] = pI and Cov (ϑI , ϑJ) =

{
pI (1− pI) , I = J

−pIpJ , I 6= J
(2)

Note that
∑

J Cov (ϑI , ϑJ) = pI (1− pI)−
∑

J 6=I pIpJ = 0.

2 Sequential selection for with replacement sampling

Consider ϑ1, ϑ2, · · · , ϑn, n (fixed) independent repetitions of ϑ. It has become usual (see [4]) to define
the sample as a single N -vector, either

θ =
n∑

j=1

ϑj =
[ ∑n

j=1 ϑ1j
∑n

j=1 ϑ2j · · ·
∑n

j=1 ϑNj

]t
=
[

θ1 θ2 · · · θN

]t
(3)

or

ν (θ) =
[

ν{θ1>0} ν{θ2>0} · · · ν{θN>0}

]t
=
[

ν1 ν2 · · · νN

]t
(4)

In the first instance, entries count the number of times population unit I enters the sample. In the
second, only presence (νI = 1) or absence (νI = 0). We note that the random totals satisfy∑

I

θI = n or 1 ≤
∑
I

νI ≤ n,(5)

respectively. Under these circumstances we now have

E [ϑI ] = npI and Cov (ϑI , ϑJ) =

{
npI (1− pI) , I = J

−npIpJ , I 6= J
(6)

Note that np1 (1− p1) −
∑

J 6=I npIpJ = 0. Let us define further qIJ = (1− pI − pJ). Then we also
have

E [νI ] = 1− qn
I and Cov (νI , νJ) =

{
1− qn

I (1− qn
I ) , I = J

qn
IJ − qn

I qn
J , I 6= J

(7)
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3 Sequential selection for without replacement sampling

Consider now K (random) independent repetitions of the random vector ϑ until n distinct population
units are selected. In this instance we consider a failure to draw a valid unit as a possible outcome.
To this end we define further e0, whose N entries are all equal to zero. As before, the sample is
given by (3). In this case, we have that θI = νI for all population units. In this instance, entries θI

denote presence or absence of population unit I in the sample. We note that the random totals satisfy∑K
I θI = n. Of course, only nonzero vectors matter for sample selection.

3.1 Inclusion probabilities

In order to compute inclusion probabilities it pays to define the N×n random matrix V whose columns
are given by the successful draws.

VN×n =


ϑ11 ϑ12 ϑ13 · · · ϑ1n

ϑ21 ϑ22 ϑ23 · · · ϑ2n

...
...

...
. . .

...
ϑN1 ϑN2 ϑN3 · · · ϑNn

(8)

Let us denote absolute selection probabilities at each successful extraction as:

p
(k)
I = P (ϑIk = 1) = E [ϑIk](9)

Under these circumstances, inclusion probabilities for size n samples are easily defined by:

π
(n)
I = E (θI) = E

 n∑
j=1

ϑIj

 =
n∑

j=1

E [ϑIj ] =
n∑

j=1

p
(j)
I(10)

Let us define

pIk|I1,...,Ik−1
=

pIk(
1− pI1 − · · · − pIk−1

)(11)

Step-by-step selection probabilities are then given in terms of conditional odds by :

p
(k+1)
I = pI

∑
I1 6=I

pI1

1− pI1

· · ·
∑

Ik 6=I,I1,...,Ik−1

pIk|I1,...,Ik−1

1− pIk|I1,...,Ik−1

(12)

The logic behind the above expression can be explained like this: whenever a unit is selected, its
subsequent appearances are considered failures between successful draws. Clearly, success and failure
probabilities change after each successful draw.

p
(k+1)
I =

∑
I1 6=I

pI1

∞∑
j=0

(pI1)
j · · ·

∑
Ik 6=I,I1,...,Ik−1

pIk

∞∑
j=0

(pI1 + · · ·+ pIk
)j pI(13)

Let us define the following set of conditional probabilities:

P (ϑIk = 1 |ϑJl = 1) = pI

∑
I1 6=I

pI1

1− pI1

· · ·
pJ |I1,...,Il−1

1− pJ |I1,...,Il−1

· · ·
∑

Ik 6=I,I1,...,Ik−1

pIk|I1,...,Ik−1

1− pIk|I1,...,Ik−1

(14)

Then joint inclusion probabilities for units I and J and size n samples may be calculated as

π
(n)
IJ = E [θIθJ ] =

n∑
i=1

n∑
j=1

E [ϑIiϑJj ] =
n∑

i=1

n∑
j=1

P [ϑIi = 1, ϑJj = 1]

=
n∑

i=1

p
(i)
I

n∑
j=1

P [ϑJj = 1|ϑIi = 1] +
n∑

j=1

p
(j)
J

n∑
i=1

P [ϑIi = 1|ϑJj = 1]
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Under these circumstances we have the usual expressions for without replacement sampling.

E [ϑI ] = πI and Cov (ϑI , ϑJ) =

{
πI (1− πI) , I = J

πIJ − πIπJ , I 6= J
(15)

Note that since
∑

I θI = n, we must have that πI (1− πI) +
∑

J 6=I(πIJ − πIπJ) = 0.

4 Conditional Poisson Sampling (CPS)

Let θ = (θ1, ..., θN ), be a multivariate random Bernoulli vector describing random selection of units
from a finite population, and let the θI ’s be independently distributed. Define

Pr(θI = 1) = pI .(16)

An outcome of θ is a Poisson sample. The number pI is the inclusion probability of unit I under the
Poisson design. The sample has random size

∑
I θI . Now, let us consider the restriction of θ on a

given sample size. The outcome of this vector is known as a Conditional Poisson sample (CPS). It
has fixed sample size. Denote the CP inclusion probabilities by

πI = Pr

(
θI = 1

∣∣∣∣∣∑
I

θI = n

)
, πIJ = Pr

(
θI = 1, θJ = 1

∣∣∣∣∣∑
I

θI = n

)
.(17)

Then letting Dn = {(θ1, ..., θN ) |θi = 0, 1;
∑

I θI = n} and Dn−1 = Dn ∩ {(θ1, . . . , θI−1, 1, . . . , θN )}

πI =
wI
∑

Dn−1

∏
i w

θi
i (1− wi)

1−θi(∑
Dn

∏
i w

θi
i (1− wi)

1−θi

) ∝ wI

1− wI

∑
I1 6=I

wI1

1− wI1

· · ·
∑

In−1 6=I,I1,...,In−2

wIn−1

1− wIn−1

(18)

Similarly

πIJ ∝ wI

1− wI

wJ

1− wJ

∑
I1 6=I,J

∑
I2 6=I,J,I1

· · ·
∑

In−2 6=I,J,I1,...,In−3

n−2∏
i=1

wIi

1− wIi

(19)

As usual we have that V ar (θI) = πI (1− πI) and Cov (θI , θJ) = πIJ − πIπJ which can be computed
from these expressions. Note that again πI (1− πI) +

∑
J 6=I(πIJ − πIπJ) = 0 since

∑
I θI = n applies.

5 Numerical example

In order to illustrate the validity of these results, we borrow a numerical example from [1]. They
let N = 4 and the pI ’s be given by the vector p = (6/10, 7/10, 8/10, 9/10). Note that the pI ’s
sum to 3. Table 1 displays the values of both absolute probabilities of selection as well as simple
inclusion probabilities; for CPS, inclusion probabilities were subtracted from those corresponding to
larger sample size in order to obtain an equivalent to absolute probabilities for sequential selection. In
all cases the formulas displayed above were used. We note that there is a certain degree of similarity
between both sets of results. Moe striking is the common behaviour of absolute inclusion probabilities:

• The population unit with the smallest selection probability sees its chances improved as the
selection procedure advances until it becomes the likeliest.

• The second least likely unit becomes the second likeliest unit to be picked.

• On the opposite end, units with large chances of being picked at the beginning become less likely
as the selection procedure proceeds.
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SELECTION PROBABILITIES INCLUSION PROBABILITIES
SIZE 1 2 3 4 1 2 3 4

0.089 0.144 0.251 0.516 0.089 0.234 0.484 1.000
SEQUENTIAL 0.139 0.216 0.335 0.310 0.139 0.355 0.690 1.000

WOR 0.238 0.334 0.285 0.143 0.238 0.572 0.857 1.000
SAMPLING 0.535 0.305 0.130 0.031 0.535 0.840 0.969 1.000

0.089 0.168 0.285 0.458 0.089 0.257 0.542 1.000
0.139 0.240 0.327 0.294 0.139 0.379 0.706 1.000

CPS 0.238 0.337 0.254 0.172 0.238 0.575 0.828 1.000
0.535 0.255 0.135 0.076 0.535 0.789 0.924 1.000

Table 1: Inclusion Probabilities

SEQUENTIAL WOR CONDITIONAL PS

SIZE 1 2 3 4 1 2 3 4

ENTROPY 1.166 1.451 1.090 0.000 1.166 1.536 1.181 0.000

Table 2: Probabilities of selecting a specific sample and their entropies

Both CPS as well as rejective sampling (see [3]) have been shown to maximize entropy ([2]). Therefore
Table 2 show the values of this measure with an apparent gradual deterioration for sequential selection.

Finally, from a more practical point of view, it can be said in favour of the method of sequential
selection that

• It reaches a sample of the designated size more rapidly than CPS which does so by chance.

• It proceeds sequentially as rejective sampling but does not require a random ordering of the
population units to avoid biases in favour of either end of the list.

• Computation remains at a minimum since selection probabilities remain constant throughout
the sample selection.
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ABSTRACT

Two model-based sampling selection methods are proposed in this article. The technique of

Cluster Analysis is used to partition the population, and the sampling designs are constructed accord-

ingly. Both designs are better than SRSWOR in terms of given lower prediction mean-square error.

On contrast to the model-based optimal sampling strategies proposed in the past, the proposed sam-

pling designs do not require extensive computation nor the exact population stochastic distribution

to carry out the sampling units. They also do not depend on the prediction method to be used, hence

they are of more practical interest than the optimal sampling designs.

1 Introduction

On contrast to the design-based sampling strategy, in which the population vector y = (y1, . . . , yN )′

is considered as an unknown constant vector, the optimal sampling strategy is possible under the

model-based sampling in which y is considered as a realization from a random vector Y = (Y1, . . . , YN )′.

In fact, Basu (1969) has argued that the model-based optimal sampling strategy should be an adaptive

one, i.e., the optimal selection of sampling units depends on the observed values of the population vari-

able of interest obtained during the survey. In addition, Zacks (1969) described a theoretical optimal

sampling strategy under a fixed sample size n, which is based on the prior information of the popula-

tion model and the observed values. Nevertheless, the optimal sampling strategy requires extremely

intensive and complicated computation procedure to carry out the optimal sample (Solomon and Zacks

1970, Thompson and Seber 1996). Chao and Thompson (2001) proposed a two-stage optimal adap-

tive strategy under a given population model to further improve the optimal conventional strategy

proposed by Sacks and Schiller (1988) and compromise with the complicity of the optimal n-stage

strategy. Chao (2003) also described an extension of this two-stage optimal strategy to a Bayesian

population model. Though have been simplified, still computation load required by these sampling

strategies is considerably large. Furthermore, the sampling selection depends on the population model

and the inference to be used, hence it varies from case to case and certain related professional statis-

tical knowledge is necessary in order to utilize them in practice. Hence, the practical interest of such

optimal strategies is restricted.

For practical convenience, different design-based sampling strategies were proposed in the past

to arrange the sampling units in a systematic and symmetric manner (e.g Matérn 1986, Ripley 1981,

Flores, Mart́inez and Ferrer 2003). Such an arrangement of sampling units can effectively decrease the

mean-square error if the population is an isotropic one with homogeneous variance, and the possible

sampling units are distributed evenly in the population. However, the arrangement of sampling units
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would not be straightforward under more general population covariance structure, and it could be

impossible when the possible sampling units are not evenly distributed.

The idea to select sampling units that can provide lower prediction mean-square is rather

straightforward. In general the units that have better prediction ability to other unselected units,

lower correlation with other selected units, and/or higher variance themselves are preferred. With a

careful evaluation of the population covariance matrix, it is possible to select such units for predic-

tion purpose. Chao (2004) proposed two sampling selection methods which utilize the information

provided by the Eigensystem of the population covariance matrix to select the appropriate sample.

These methods are motivated by one of the well-known multivariate analysis techniques, Principal

Component Analysis. In fact, other multivariate analysis techniques are also of potential possibility

to select sampling units for better prediction result. In this research, we utilized another well-known

multivariate technique, Cluster Analysis, to construct two sampling methods to select sample s. These

two sampling methods are described in Section 2. Simulation study shows that they can always pro-

vide more precise prediction results than Simple Random Sampling. Some of the simulation results are

presented in Section 3. In addition to PCA and CA, still other multivariate analysis techniques can

be used to construct other sampling selection methods. Also, one could combine different multivariate

analysis methods for potentially better designs. Comments on the current findings and the future

research will be addressed in Section 4.

2 Sampling Designs

The population correlation matrix R is assumed given, and it is the only population information

required in the proposed sampling methods. Neither of the population stochastic distribution nor the

predictor to be used is required. The essence of Cluster Analysis is to divide the population into

several groups such that the units in the same group are as similar to each other as possible. Hence, a

units can be representative for the cluster it belongs to, whereas units from different clusters also differ

from each other at certain level. In this research, the population is clustered by using D = 1N×N −R

as the distance matrix. Two sampling selection methods based on Cluster Analysis under a given

sample size n are proposed in this research.

Design I

1. Partition the population into n clusters, denoted as S1, . . . , Sn, and Si ∩ Sj = ∅, ∀i 6= j.

2. Randomly select one unit from each Si, i = 1, . . . , n, denoted as ij where ij ∈ Si.

3. The final sample of size n is the collection of ij .

Design II

1. Partition the population into n clusters, denoted as S1, . . . , Sn, and Si ∩ Sj = ∅, ∀i 6= j.

2. Find the center of each cluster Si by the following algorithm (Chartrand and Oellermann 1993)

(a) ∀j ∈ Si, let e(j) = max{d(j, k)|k ∈ Si}, d(i, j) is the entry for pair (i, j) in D.

(b) Let ri = min{e(j)|j ∈ Si}.

(c) Let Ci = {j|e(j) = ri, j ∈ Si}, then ci is the collection of all possible centers in Si.

3. Randomly select a unit from Ci as the sampled unit in Si, denoted as ij .

4. The final sample of size n is the collection of ij .
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The population is partitioned into n disjoint clusters for both Design I and II, and one units

is selected in each cluster. The difference between Design I and II is the selection methods of the

within-cluster sampled units. In Design I, the within-cluster sampled units are selected at random

in each cluster. In Design II, on the other hand, it is selected by finding a representative unit in a

cluster.

3 Simulation Study

The performances of designs described above is evaluated in this section by the Empirical Rel-

ative Efficiency (ERE) of a proposed design to SRSWOR when the population total T =
∑

i = 1N is

the population quantity of interest to be predicted under a spatial Gaussian model. The predictor used

in the Best Linear Unbiased Predictor (BLUP). (The sampled units/locations are not illustrated in

this section due to the limitation of pages. Also, simulation results regarding other spatial population

model and predictor to be used are not discussed in this article. Please see Chao and Lee (2007) for

detailed evaluation.)

In the spatial Gaussian model, the population random vector Y is assumed to follow a mul-

tivariate normal distribution Y ∼ N(µ,Σ) where µ = (µ1, . . . , µN )′, Σ = {σij}, i, j = 1, . . . , N .

In this article, a Gaussian-shaped spatial covariance function (Cressie 1993) is used to generate Σ,

σij = σ2 exp(−||h||2/c2), where h is the Euclidean distance between sites i and j. The parameter c

determines the strength of covariance in the study region. The larger c is, the stronger the covariance

between population units is, and vice versa. The correlation matrix R is then calculated by Σ.

Figure.1 Relative Efficiencies of Design I and II to SRSWOR
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(f) c = 4.5

In the simulations, parameter values c ranges from 2.0 to 4.5, and values of population parameters
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µi = 0,∀ i and σ2 = 1 are used. We consider that the possible sampling sites (also the population

units) are the cross points of a 9 × 9 rectangular grid which gives the population size of N = 81.

Figure.1 illustrates the ERE of the proposed sampling designs to SRSWOR for different values

of c under different sample sizes n, and a value greater than one indicating that the design is more

efficient than SRSWOR in terms of provideing lower mean-square error.

It can be seen that both of the proposed designs are better than SRSWOR, and Design II is in

general better than Design I as expected. In addition, the performances of two proposed designs are

similar when the sample size is greater than about 25. It is not supprising since the average cluster

size is less than four when sample size is greater than 25 with N = 81, together with the fact that

in the assumed isotropic population often all the within-cluster units would be the center when the

cluster is small.

4 Final Comments and Future Research

Both of the proposed designs provide more efficient prediction results than SRSWOR without

complicated calculation. In addition, they do not depend on the exact populaion distribution and the

predictor to be used. The population correlation matrix is the only population information required

in the design. In fact, only the covariance pattern has meaningful impact on the sampling selection

but not the exact values of the entries in R. The correlation matrix can be replaced by the empirical

correlogram in practice, and such information is often available in a spatial sampling situation. Hence,

the proposed designs are more flexible and robust than the theoretical optimal designs.

The hierarchical method is used to cluster the population in the simulation described in Section

3. Other simulation results shows that method of K-mean can often partition the population better

than hierarchical method does (Chao and Lee 2007). On the other hand, both design partition the

population into n clusters and then select one unit in each cluster. Certain better design is possible

by dividing the population into k < n clusters, and more units are allowed to be selected in a cluster.

For such a sampling design, the Principal Component Analysis and Canonical Analysis can be used to

select and adjust the within-cluster sample. The related research is described in a forthcoming article.
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RÉSUMÉ (ABSTRACT)  

Depuis 2004, s’est mis en place un nouveau type de recensement en France : il est réalisé chaque année, mais 

seulement sur une fraction du territoire. Les échantillons des enquêtes ménages qui sont tirés traditionnellement 

dans les listes de logements recensés doivent donc être reconstruits, selon une méthodologie nouvelle pour 

s’adapter aux contraintes du nouveau recensement, tout en conservant des objectifs de qualité statistique et de 

facilitation des conditions de travail des enquêteurs. Dans ce cadre, un processus spécifique de construction des 

unités primaires (ou Zones d’Action Enquêteurs) a été mis en œuvre pour répondre à l’impératif de pouvoir tirer 

les échantillons d’enquête dans la partie du territoire recensée la plus récente mais en les concentrant sur des 

zones géographiques fixes. Des solutions alternatives présentées dans ce papier sont également étudiées, pour 

s’affranchir de la contrainte de sélectionner des zones géographiques fixes, tout en tenant compte de la localisation 

actuelle du réseau d’enquêteurs. 

  

Since the beginning of 2004, a new Census has been taking place in France : il is carried out every year, but only 

on a part of the territory. The methodology of samples drawn from the Census for national household surveys must 

therefore be revised. The aims are first to obtain the best statistical quality but also to keep similar working 

conditions for the interviewers. In this framework, a specific process of building Primary Units has been 

implemented. It must allow to draw samples each year from the part of the territory the most recently covered by 

the Census but concentrating them in fixed geographical areas, each of them being devoted to one interviewer. 

Other solutions will be presented in this paper, allowing to draw samples without this constraint of fixed areas but 

taking into account the places where interviewers presently live. 

 

Introduction 
Depuis janvier 2004, le recensement de la population a lieu chaque année. Le protocole dépend de la 
taille des communes. Pour les petites communes (moins de 10.000 habitants), il est réalisé de manière 
exhaustive au cours d’une période de 5 ans : l’ensemble des petites communes a été partagé 
aléatoirement en 5 groupes de rotation, qui sont chacun recensés une année donnée. Pour les grandes 
communes (10.000 habitants ou plus), on dispose d’un répertoire d’adresses mis à jour chaque année. 
Les adresses sont réparties aléatoirement en 5 groupes de rotation (chaque année, on ne traite que les flux 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 4836 -



d’adresses nouvelles) et, au sein de chaque groupe de rotation annuel, un échantillon d’adresses est tiré1, 
représentant 40 % des logements du groupe, qui sont alors tous recensés. Il n’y a donc plus 
d’exhaustivité de la couverture, même sur une période supra-annuelle.  

Les échantillons des enquêtes ménages réalisées par l’Insee sont, depuis les années 60, tirés dans les 
fichiers de logements exhaustifs constitués à l’issue de chaque recensement « général ». Ce système ne 
peut plus être reconduit du fait du caractère rotatif et partiel du nouveau recensement. Un nouveau 
système d’échantillonnage est donc en cours de construction et doit être opérationnel en 2009.  

 

Les grandes orientations du futur système d’échantillonnage 
Le premier principe retenu est le maintien du caractère dominant de la collecte en face-à-face. Cela 
génère des coûts de déplacement des enquêteurs. Pour les maintenir dans des enveloppes raisonnables et 

limiter les pertes en qualité en découlant, il importe de concentrer les échantillons dans des zones 
géographiques données (mais déterminées aléatoirement) qui serviront d’unités primaires au sein 
desquelles seront tirés les échantillons de logements.  
 
L’innovation principale du futur système 2  consiste à bénéficier de la « fraîcheur » du nouveau 
recensement, c’est-à-dire à tirer parti du fait que l’on dispose chaque année d’une base de logements 

nouvelle et « représentative » de l’ensemble du territoire. On utilisera donc comme base de sondage 
pour les enquêtes réalisées au cours de l’année n+1 les listes de logements recensés l’année n. Une 
base de sondage actualisée permettra ainsi de mieux cibler des populations spécifiques et de réduire les 
cas de hors-champ (transformations ou destructions de logements). De plus, comme les fractions du 
territoire soumises à recensement diffèrent chaque année sur un cycle de 5 ans, ce système permettra 
d’assurer la disjonction des échantillons d’enquête sur une même période.         

  

De nouvelles unités primaires 

Le principe de « fraîcheur » conduit à repenser la construction des unités primaires (ou ZAE, Zones 
d’Action Enquêteurs). Ces zones doivent être construites selon les principes suivants : 
 
a) elles doivent être fixes pour pouvoir leur associer un enquêteur stable, localisé à proximité.  
b) elles doivent comporter des communes des cinq groupes de rotation pour pouvoir tirer des 

échantillons chaque année parmi les logements recensés l’année précédente. 
c) elles doivent comporter un nombre minimal de logements « échantillonnables » par groupe de 

rotation du RP (fixé à 300), pour assurer une réserve suffisante de logements.   
d) enfin l’objectif était de minimiser leur étendue géographique (mesurée par leur diamètre) de façon à 

réduire les déplacements potentiels des enquêteurs à l’intérieur de la zone.   
 

                                                      
1 Les adresses au-dessus d’un certain seuil, dites “grandes adresses”, étant retenues exhaustivement. 
2 Seule l’enquête Emploi ne relève pas du système décrit dans ce papier mais s’appuie sur un échantillon aréolaire.     
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La constitution automatisée des ZAE 
Les ZAE sont constituées par des agrégations de communes. Pour traiter les 36.613 communes et tenir 
compte de la complexité de toutes les contraintes, une solution automatisée de construction des ZAE a 
été mise en œuvre, fondée sur des algorithmes innovants3. Les grandes communes (892), qui comportent 
des adresses appartenant aux 5 groupes de rotation, sont mises à part et forment chacune une ZAE. Les 
petites communes sont agrégées entre elles en respectant les limites régionales.  
 

L’algorithme consiste à construire une ZAE autour d’une commune pivot. Une première phase, dite de 
« vol », se déroule alors comme suit : l’algorithme démarre à partir de la plus grande commune (en 
termes de nombre de résidences principales). Les communes disponibles (non encore affectées à une 

étape donnée de la procédure) situées à une distance à vol d’oiseau de la commune pivot inférieure à un 
seuil de 20 Kms sont alors incorporées successivement à la ZAE, jusqu’à obtenir 300 logements par 
groupe de rotation. Dès que cette condition est remplie, la ZAE est constituée. Sinon, on recommence : 
on cherche à constituer une nouvelle ZAE en prenant comme commune pivot la plus grande des 
communes non encore affectées et non encore examinées à ce stade. 
 
La phase de vol se termine quand la plus petite des communes non encore affectées a été examinée 
comme commune pivot. A l’issue de la phase de vol, une phase « d’atterrissage » consiste à affecter les 

communes résiduelles à la ZAE la plus proche. Au final, 2 893 ZAE ont été ainsi constituées. 
 

Tirage des ZAE 
Un échantillon de ZAE sera ensuite tiré dans chaque région avec des probabilités proportionnelles à leur 
taille, dans le cadre d’un plan stratifié, croisant la région et le type d’espace (rural/urbain). Des 
conditions d’équilibrage seront introduites lors de ce tirage. Les grandes communes au-dessus d’un 
certain seuil (25.000 logements principaux) seront retenues d’office et constitueront une strate spécifique. 
 

Une stratégie alternative de tirage des échantillons des enquêtes ménages   
Dans cette stratégie, on cherche à s’affranchir de la nécessité de construire des ZAE fixes, tout en 
maintenant le principe de tirage des logements dans la base la plus fraîche. En contrepartie, on adapte la 
construction de l’échantillon à la localisation du réseau d’enquêteurs existant au moment de l’enquête.   
 
Le principe de la méthode est le suivant : dans une région donnée, à une date t, on dispose d’un réseau de 
K enquêteurs dont on connaît la commune de résidence et qu’on peut représenter par des points de 
l’espace : E 1 , E , …, E . On va tirer les logements avec une probabilité décroissante avec la distance 

par rapport à l’enquêteur le plus proche.   
2 K

  
On crée tout d’abord des MAZAE (macro-zones d’action d’enquêteurs) : on note C t  l’ensemble des 

communes enquêtables l’année t (celles couvertes par le recensement de l’année t - 1). On affecte chaque 

                                                      
3 Issus de réflexions de M. Christine, S. Faivre et V. Loonis et mis en œuvre par B. Berlemont.   
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commune de C t  à l’enquêteur le plus proche. On fabrique ainsi K MAZAE, définies par : MAZAE (t) 

= {i  C t  ; d (i, E ) = d (i, E )}, pour k = 1, 2, …, K. Pour tirer n logements dans la région, on 

en tirera n  = 

k

∈ k j
Min j

0 K
n

 dans chaque MAZAE, assurant ainsi une charge égale pour chacun des enquêteurs.   

 

Chaque logement sera tiré (dans une MAZAE donnée) avec une probabilité l

⎢
⎢

⎣

⎡

≥

≤
= platdistdsi

d
platdist

platdistdsi
l __

_

α

α
π , où  est la distance à vol d’oiseau entre la commune du 

logement et celle de l’enquêteur de la MAZAE, la constante α est déterminée par la condition de 

normalisation :  = n  et le paramètre (étendue du « plateau ») rend équiprobables 

tous les logements situés à une certaine distance maximale de l’enquêteur (par exemple : 20 Kms).  

d

l

∑
∈

Π
MAZAEl

l 0 platdist _

 
Cette procédure a pour avantages qu’il n’y a plus de constitution ni de tirage d’unités primaires, d’où un 
gain en variance. Elle permet de réaliser des tirages dans la partie du territoire recensée la plus récente et 
elle s’adapte à la configuration du réseau d’enquêteurs au moment de l’enquête. Les inconvénients 
majeurs sont en termes statistiques et se portent sur les probabilités d’inclusion différentes appliquées 
aux logements tirés. De surcroît, dans le cas de disjonction entre toutes les enquêtes d’une même année, 
le poids final d’un logement tiré pour une enquête dépendra des probabilités d’inclusion des logements 
tirés lors des enquêtes antérieures de l’année. Enfin, la stratification en MAZAE est un artifice de 
collecte mais ne correspond pas à un critère explicatif des variables d’intérêt usuelles des enquêtes.  
 
Une variante de la procédure, évitant la construction a priori de MAZAE, consiste à tirer un échantillon 
de logements, dans les communes du groupe de rotation de l'année, avec une probabilité dépendant de la 
distance à l'enquêteur le plus proche On réaffecte ensuite les logements tirés à un enquêteur donné, au 
moyen d’un algorithme tenant compte de la distance et de la charge imposée par enquêteur. Des 
simulations4 permettent d’analyser les qualités comparatives de ces différentes procédures : variance des 
estimateurs, dispersion des probabilités d’inclusion, déplacements des enquêteurs…    
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4 Réalisées en collaboration avec M. Isnard. 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 4839 -



1

Stratified Sampling and Allocation of Seats for the Parties of a 
Parliament  

FARMAKIS Nikolaos  
Aristotle University of Thessaloniki, Dept of Mathematics  
GR-54124 Thessaloniki, GREECE  
farmakis@math.auth.gr  

1. Introduction  

In the Simple Random Sampling (SRS) and in Stratified Sampling (StS) the size n of the sample we 
draw depends on the next five parameters:  
(a) The size N of the population P (weakly positive)  
(b) The maximum permitted error of estimation d (strictly decreasing)  
(c) The significance level a (strictly decreasing)  
(d) The variance S2 of the studied  random variable Y (strictly increasing)   
(e) The cost c per unit selected in the sample (increasing)  
Drawing a sample in a StS problem we have, beyond the sample size n, to determine the sizes of the sub-
samples n1, n2, n3, …,nL corresponding to the L strata of the P. Of course it is valid  

(1)       
m m

i i
i=1 i=1

n = n    and   N = N∑ ∑                                                                

So the problem is now:  
“Determine the size n of a sample and the sizes ni, i=1,2,3,…,L of its sub-samples drawn from the related 
sub-populations of P, of size N. The sizes of the sub-populations are Ni, i=1,2,3,…,L respectively”.      

Solving the problem of determination of sizes in StS 

We are working with the random variable Y (rv Y) in a population P. We basically try to estimate the 

mean value Y of Y via a StS.    
There are two different cases of solving the problem of size determination for the sample and the sub-
samples in the StS, the next ones:  

(I) “For a constant total cost C find the sizes n and ni, i=1,2,3,…,L of the sample and its sub-
samples in StS in order to meet the minimum variance ( )stV y  of the sample mean value y  of 

the random variable Y”   
(II) “For a constant value of the mean value variance ( )stV y =V of the random variable Y find the 

sizes n and ni, i=1,2,3,…,L of the sample and its sub-samples in StS in order to meet the 
minimum cost C of the sampling procedure”   

In general the total cost is given by ∑
=

⋅+=
L

m

a
mm ncCC

1
0 , 0a > , where C0 stands for general expenses and 

cm is the cost per unit drawn in the sample from the mth stratum of the population. From literature (see 
Cochran, W. (1977), Farmakis, N. (1998 & 2003)) we get the formulae giving the size of sample for the two 
above mentioned cases. So for the cases (I) and (II) we have respectively:   
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⋅ ⋅

∑

∑
    and  
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1 1

2

1

1

L L
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r mr

L

st t t
t

W S
W S c

c
n

V y W S
N

= =

=

⎧ ⎫⋅ ⎧ ⎫⎪ ⎪ ⋅ ⋅ ⋅⎨ ⎬ ⎨ ⎬
⎩ ⎭⎪ ⎪⎩ ⎭=

+ ⋅ ⋅

∑ ∑

∑
            

where m
m

N
W

N
= , is the weight of the stratum m (sub-population m)   

Next via the Cauchy-Schwartz inequality or by the help of the Lagrange’s coefficients (see Cochran, W. 
(1977), Farmakis, N. (2000)) we obtain the solution of the above problem. According to this solution the 
sizes nm, m=1,2,3,…,L are  

• proportional to the size Nm or the weight Wm of the related stratum Nm

• proportional to the standard deviation Sm, of Y in the related stratum m 
• conversely proportional to the cost cm per unit in the related stratum m   

All the above three arguments can be included in the next formula  

(3) 
m

mm
m

c

SW
n

⋅
⋅= λ   or  

∑
=

⋅

⋅

= L

m m

mm

m

mm

m

c

SW

c

SW

n

n

1

, m=1,2,3,…,L                              

Some Special Conditions for the determination of sizes in StS 

The formula (3) gives the general form of solution of the problem. So we try for some more special 
cases (conditions):  
a) Suppose that it is cm=c, constant for every m=1,2,3,…,L. Then we need only the two arguments of the 

previous paragraph and the next formula  

(4) m m mn W Sλ= ⋅ ⋅   or  

1

m m m
L

r r
r

n W S

n
W S

=

⋅
=

⋅∑
, m=1,2,3,…,L                                      

b) Suppose that both, the cost and the variance (and of course standard deviation), of the rv Y are constant 
for every stratum m=1,2,3,…,L. Then we need only the first of the arguments of the previous paragraph 
and the next formula  

(5) m mn Wλ= ⋅   or   m m
m

n N
W

n N
= = , m=1,2,3,…,L                                             

From (5) we get  

(6) m m
m

n N
W

n N
= =  or m

m

n n
f

N N
= = , m=1,2,3,…,L, f is the sampling ratio.      

Formula (6) reminds us the allocation of the seats to the parties of a Parliament in a proportional way 
according to their percentages of votes. We will see it in the next paragraph.   
   
           
                                                          

Allocation of the seats to the Parties of a Parliament 

Suppose we have L political parties with ratios of votes fm, m=1,2,3,…,L and we have to distribute to 
any one of the parties k seats allocating them by a proportional system. Which is the best system (the most 
proportional) to allocate the seats to the parties?     
A first answer for the best system is to allocate the k seats as km, m=1,2,3,…,L to every party such as to have 
finally the least value of the next sum of squares:   
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3

(7) ( )
L

2

i i
i=1

Q = 100 f - k⋅∑                                                                           

where ki is the number of seats allocated to the i-th party and it is of course 

(8) 
L

i
i

k k
=

=∑
1

  and   
L

i
i 1

k 1
=

=∑                                                              

The process is divided into two steps and the symbol [x] represents the maximum integer which is less or 
equal to the real number x.  
1st step: In this step we allocate to every party the number of seats  

(9) j jk f k⎡ ⎤= ⋅⎣ ⎦ ,   with   
L

i
i 1

k k
=

≤∑                                                         

If 
L

i
i 1

k k
=

=∑ , then all is finished. Else the remaining 
L

i
i 1

a k k {1,2,3,...,L 1}
=

= − ∈ −∑  seats have to be allocated 

during the second step of the process by the fairest way.                                                                                                          
2nd step: Note that we usually have L differences δj where   

(10) j j jδ f k k [0,1]= ⋅ − ∈ , j=1,2,3,…,L  and 
L

i
i 1

δ a
=

=∑                     

Without any loss of generality we adopt 1 2 3 Lδ δ δ ... δ≥ ≥ ≥ ≥ for what follows. We allocate μi seats from the 

remaining to the i-th party. So it is
L

i
i 1

μ a
=

=∑ . The next theorem solves the allocation problem under the 

condition of least square sum.  

Theorem : The quantity ( )
L

2

i i
i=1

Q = 100 f - k⋅∑ becomes minimum if we have μj=1 for j=1,2,3,…, a  and μj=0 

for j= a +1,…,L.  
Prof: In general it is jμ {1,2,3,...,a }∈ . For a given case after the 1st step the quantities δj are steady. Now we 

have ( )
L

2

i i
i=1

Q = 100 f - (k μ⋅ +∑ i ) or via (10) it is of course    

(11) ( )
L L L

2 2
i i i i i i

i=1 i 1 i 1

Q = - a 2 Q i 1 2 3 Lδ μ δ δ μ μ
= =

= + − ⋅ ⋅ = =∑ ∑ ∑ ( , , , ,..., ) .                     

Now suppose that μj=0,1.  Obviously in (11) the maximum value of Q is obtained when we give μj=1 for 
j=1,2,3,…, a  and μj=0 for j= a +1,…,L.  
After this we denote with Q(r) the sum of squares in (11) when max{μj, j=1,2,…,L}=r. We will prove that the 
difference Q r Q r Q 1 0Δ = − ≥( ) ( ) ( ) , r∀ =1,2,3,… between the sums of squares. The equality holds only 

when it is r=1. It is 
L

i
i 1

μ a
=

=∑ . Without any loss of generality we adopt μ1=r. Obviously Q(r) comes from 

Q(1) by putting μ1=r and r-1 squares in (11) become 2
iδ instead of ( )2

iδ 1− . Also m-r squares in (11) are 

common in Q(1) and in Q(r). So they vanish in the expression Q rΔ ( ) . So we have  

( ) ( ) ( )
r r

2 2 22
1 a i 2 1 a i 2

i 2 i 2

Q( r ) Q( r ) Q(1) δ r δ δ 1 δ 1Δ − + − +
= =

= − = − + − − − −∑ ∑   or  

       
r

1 a i 2
i 2

Q( r ) { 2 δ ( r 1)} ( 1 r ) ( 2δ 1)Δ − +
=

= ⋅ − + ⋅ − + − =∑
r

1 a i 2
i 2

( r 1) ( r 1 ) 2 ( r 1) δ δ ( r 1)− +
=

⎧ ⎫
= − ⋅ + − ⋅ − ⋅ − − −⎨ ⎬

⎩ ⎭
∑   and finally   

  
r

1 a i 2
i 2

Q( r ) ( r 1) ( r 1 ) 2 ( δ δ ) r ( r 1 ) 2 ( r 1 ) ( r 1) ( r 2 )Δ − +
=

= − ⋅ + − ⋅ − > ⋅ − − ⋅ − = − ⋅ −∑
 because it is strictly 1 a i 2δ δ − +− <1 for all i 2,3,4,...,a= .  

All we have obtained is that Q( r ) ( r 1 ) ( r 2 ) 0, r 2,Δ > − ⋅ − ≥ ∀ ≥ q.e.d.                                             "   

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 4842 -



4

REFERENCES  

Cochran, W. “Sampling Techniques”, John Wiley & Sons, Inc. New York, 1977.  

Farmakis, N. “The size of Samples in the Stratified Sampling Procedure”, Proceedings of 4th Balkan 
Conference on Operational Research, Vol. II Edit Prof Byron Papathanassiou, Thessaloniki, 1998.      

Farmakis, N. “Introduction to Sampling”, A&P Christodoulidi Publications, Thessaloniki, 2000, (in Greek).  

Farmakis, N. “Surveys and Ethics”, A&P Christodoulidi Publications, Thessaloniki, 2003, (in Greek).   

     

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 4843 -



Estimation of the Pearson Correlation Coefficient under Nonresponse

- a Simulation Study

Gamrot Wojciech

University of Economics, Department of Statistics

1 Maja 50, 40-287 Katowice, Poland

E-mail: gamrot@ae.katowice.pl

INTRODUCTION

Several papers have been devoted to the estimation of Pearson correlation coefficient in the context of

a finite population. Gupta et al (1978) studied the properties of its estimators under simple random

sampling with and without replacement as well as for the special case of Gaussian distribution. Gupta

et al (1979) have also extended these results for the stratified sampling. Two alternative estimators for

stratified samples were then compared by Singh et al (1996). Gupta and Singh (1989) considered the

estimation of correlation coefficient when sample is selected with unequal inclusion probabilities using

PPSWR scheme. Srivastava and Jhajj (1986) constructed a class of estimators for finite population

correlation coefficient making use of known mean and variance of auxiliary variable. It is well-known

(see. e.g. Lessler and Kalsbeek 1992) that the behavior of estimators for population parameters may

be seriously influenced by sample data missingness. An obvious example is the population consisting of

two strata respectively containing units that always respond and never respond in the survey. In such

a case estimates of correlation coefficient are biased unless the correlation coefficient in respondent

stratum and in the population is the same. One of well-known approaches to dealing with this

issue is to undertake a second phase of the survey and subsample the nonrespondents. If the data

collection procedure assures complete response in the second phase (e.g. using costly but effective

interviewing techniques) then population totals may be estimated without bias by adopting the well-

known statistic due to Hansen and Hurwitz (1946), making use from both sample and subsample

data. This approach may be applied to estimate complex population parameters defined as functions

of population totals. Replacing these unknown totals with respective two-phase-based estimators one

may construct a nonresponse-adjusted estimator of the parameter under study. In this paper such

an approach is applied to construct the estimator for the finite population correlation coefficient in a

stochastic nonresponse situation.

Consider finite population U of size N. The Pearson correlation coefficient between two charac-

teristics X and Y respectively taking fixed values x1, ..., xN and y1, ..., yN in U is expressed as:

r =
Ntxy − txty√

(Ntxx − t2x)(Ntyy − t2y)
(1)

where tx = 1
N

∑
i∈U xi, ty = 1

N

∑
i∈U yi, txx = 1

N

∑
i∈U x2

i , tyy = 1
N

∑
i∈U y2

i and txy = 1
N

∑
i∈U xiyi are

respective population totals. Consider a simple random sample s of size n drawn without replacement

from U . Under nonresponse the sample s splits into two subsets s1 and s2 such that units from s1

respond, whereas units from s2 do not. A simple subsample s′ is then drawn without replacement

from s2. It is assumed that all subsampled units respond in the second phase. The population total

of any characteristic Z taking values z1, ..., zN may then be estimated by the statistic:

t̂z =
∑
i∈s1

zi +
1

c

∑
i∈s′

zi(2)

This lets us introduce the following estimator of r:

r̂ =
Nt̂xy − t̂xt̂y√

(Nt̂xx − t̂2x)(Nt̂yy − t̂2y)
(3)
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where statistics: t̂x, t̂y, t̂xx, t̂yy and t̂xy are respectively obtained by replacing zi with xi, yi, x2
i , y2

i

and xiyi in (2).

SIMULATION STUDY

A simulation study was carried out to investigate properties of the proposed nonresponse-corrected

estimator and to compare it with a standard uncorrected estimator computed as the Pearson correla-

tion coefficient in the respondent subset s1. Simulations were executed in an artificial population of

5000 elements created using pseudo-random number generator of bivariate Gaussian distribution with

mean values equal to 0 and standard deviations equal to 1. The sampling process and the stochastic

nonresponse phenomenon were then repeatedly simulated, assuming SRSWOR in both phases of the

survey with 30% of nonrespondents always subsampled and the logistic nonresponse model (Ekholm

and Laaksonen (1991)) stating that units respond independently with individual response probabilities

respectively equal to θi = (1 + exp(b0 + b1xi + b2yi))
−1 for i ∈ U . A total of 100000 sample-subsample

pairs were drawn for each combination of simulation experiment parameters, including b0, b1, b2, the

population correlation coefficient r and the initial sample size n. Three simulation experiments were

carried out.

The aim of the first experiment was to examine how the properties of estimators depend on

the initial sample size for r = 0.5 and b0 = b1 = b2 = 1. The simulations were executed for

n = 40, 50, ..., 480. The mean square error of both estimators is shown on the figure 1.

Figure 1. The mean square error as a function of initial sample size n
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The MSE of both estimators decreases with growing initial sample size. It tends to zero for the

corrected estimator while for the uncorrected one it stabilizes at some positive value. It was also

observed (although not presented graphically here) that the bias of the nonresponse-adjusted estimator

is negligible (at least in relation to the accuracy of this experiment). Its share in overall MSE does

not exceed 0.2 % for any value of n. The observed bias of the uncorrected estimator is significantly

greater and does not change with varying n. However, its observed share in the overall MSE ranges

from 40% (for small n) to approximately 90% (for large n), so the bias dominates the MSE.

The aim of the second experiment was to examine the dependency between the parameter under

study r and the properties of both estimators for n = 100 and b0 = b1 = b2 = 1. The simulations were

executed for r = −0.9,−0.8, ..., 0.9. The MSE of both estimators is shown on the figure 2.
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Figure 2. The mean square error as a function of population correlation coefficient r
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The observed MSE of both estimators is relatively low for large absolute values of r. The MSE of the

corrected estimator is in most cases lower than the MSE of an uncorrected one. It takes maximum

value for r = 0 while the MSE of the uncorrected one reaches maximum for r = 0.4. The observed

bias of the corrected estimator (not presented graphically) is practically negligible. Its share in the

overall MSE does not exceed 0.5%. The bias of the uncorrected estimator increases with r, and its

share in overall MSE ranges from zero (for strong negative correlation) to 90% (for strong positive

correlation). The apparent assymetry in its behavior may be explained by the choice of nonresponse

model parameters leading to underrepresentation of units with high values of xi and yi in the sample.

The aim of the third experiment was to assess the influence of the nonresponse model parameter

b1 on the properties of estimators for r = 0.5, b0 = b2 = 1 and n = 100. The simulations were carried

out for b1 = −1.0,−0.9, ..., 1.0. The mean square error of both estimators is shown on the figure 3.

Figure 3. The mean square error as a function of parameter b1
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The observed MSE of uncorrected estimator remains stable for b1 < 0 but it increases rapidly when

b1 grows over zero. The MSE of the corrected estimator does not change significantly when b1 varies

which may be considered an advantage. Its observed bias (not presented graphically) also remains

much lower than in the case of uncorrected estimator with its share in MSE not exceeding 0,3% as

opposed to the bias of uncorrected estimator with the share in MSE ranging form 0 to 60%.

CONCLUSIONS

The simulation experiments were made assuming that response probabilities depend on unknown study

variables which usually leads to serious estimation biases. This is clearly confirmed by simulation

results for the uncorrected estimator. However the simulation results also suggest that even in this

troublesome situation the nonresponse-adjusted estimator is consistent, and provides substantial gains

in accuracy. The efforts to prove it formally using analytical methods are therefore justified. Further

investigation is also needed to shed some light on the properties of the proposed estimator when the

crucial assumption of complete response in the subsample does not hold.
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RÉSUMÉ

Le tirage de l’échantillon en deux phases est une des méthodes bien connues pour reduire le biais

causé par la non-reponse. Selon cette procedure, le sous-échantillon des unités qui ne repondent pas

en premiére phase de sondage est recontactée pour obtenir les données manquantes. Ensuite, un

estimateur pour le coefficient de corrélation est construit. Les resultats de simulation montrant ses

propriétés sont presentés.

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 4847 -



Random imputation method based on a predictive estimator

González, Silvia
University of Ja¶en, Department of Statistics and OR
Ja¶en 23071, Spain
E-mail: sgonza@ujaen.es

Rueda, M Mar
University of Granada, Department of Statistics and OR
Granada 23071, Spain
E-mail: mrueda@ugr.es

Mart́³nez, Sergio
University of Almer¶³a, Department of Statistics and A.M.
Almer¶³a 23071, Spain
E-mail: spuertas@ual.es

Munoz, J. Francisco
University of Granada, Department of Quantitative Methods in Economics and Business.
Granada 23071, Spain
E-mail: jfmunoz@ugr.es

Castillo, Sonia
University of Ja¶en, Department of Statistics and OR
Ja¶en 23071, Spain
E-mail: socasti@ujaen.es

Sánchez-Borrego, Ismael
University of Granada, Department of Statistics and OR
Granada 23071, Spain
E-mail: ismasb@ugr.es

Introduction

The intent of any analysis is to make valid inferences regarding a population of interest, howewer
missing data are a part of almost all research.

There are several ways of dealing with nonresponse problems, weighting adjustment methods
are commonly used to compensate for total nonresponse, while available case method, imputation and
model-based procedures are used to compensate for item nonresponse. Overviews of such methods are
given in Little and Rubin (1987) and Schafer (1997). The focus of this paper is on imputation methods
to compensate for item nonresponse. The procedure consists of making use of the information available
from incomplete observations, and thus improving the precision of the traditional estimators. Next,
we will propose a imputation method in the basis of the proposed estimator. At last, a simulation
study is performed to test the performance of the proposed technique.

Estimation using auxiliary information

Assume a sample s with size n from a population U with size N , selected by a speci¯c sampling
design, d. Let y be the variable which is the object of study and x, the available auxiliary variable. In
this work it is assumed that a set of (n¡ p¡ q) complete observations on selected units in the sample
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are available. In addition to these, observations on the x characteristic on p units in the sample
are available but the corresponding observations on the y characteristic are missing. Similarly, we
have a set of q observations on the y characteristic in the sample but the associated values on the x
characteristic are missing. Further, p and q are assumed to be integer numbers verifying 0 < p, q < n/2.
We consider a general sampling design d = (Sd, Pd) which inclusion probabilities πk and πkl are
assumed to be strictly positive. For the sake of simplicity, we separate the unit of the sample s into
three disjoint sets, s1 = {i ∈ s/xi, yi are available}, s2 = {i ∈ s/xi are available, but yi is not} and
s3 = {i ∈ s/yi are available, but xi is not}.

In the presence of missing values, a common strategy is to discard all the p+ q incomplete pairs
of observations and to use only the complete pairs.

Under the ¯xed-model approach, the Horvitz-Thompson estimator based on each subsample is
de¯ned by:

y1
HT =

1
N

∑
i∈s1

yi

πi
, y3

HT =
1
N

∑
i∈s3

yi

πi
,

x1
HT

1
N

∑
i∈s1

xi

πi
, and x2

HT =
1
N

∑
i∈s2

xi

πi

and it is logical to consider the Horvitz-Thompson estimator of the mean Y based on available cases
for y:

yHT =
1
N

∑
i∈s1

⋃
s3

yi

πi

which is unbiased under the model, admissible in the class of unbiased esimators and has less variance
than the estimators y1

HT and y3
HT .

If the population mean X is known, the following ratio, di®erence and regression estimators for
the population mean based on complete cases can be formulated:

yr
y1

HT

x1
HT

∗X , yd = (y1
HT + (X ¡ x1

HT )) and yReg = (y1
HT + b(X ¡ x1

HT )) where b can be ¯xed and
known or unknown.

Rueda et al (2007) use prediction theory to formulate a new estimator of the mean based on
available cases. On assume that the population under study y = (y1, ..., yN )′ is a realization of super-
population random variables Y = (Y1, ..., YN )′ having a superpopulation model ». The value of the
variable of interest, associated with the i-th unit of the population, is comprised of a deterministic
element (known) and a random element:

Yi = ¯xi + ei

i = 1, ..., N. The random vector e = (e1, ..., eN ) is assumed to have zero mean and a positive de¯nite
covariance matrix which is diagonal (Yi are mutually independent).

They de¯ne the predictor of Y as

TB = fs1Y s1 + fs3Y s3 + (1 ¡ fs1 ¡ fs3) ̂̄xs1
⋃

s2
(1)

where ̂̄=
∑

s1
xiYi∑

s1
x2

i

, fsi is the sampling fraction of si and xs1
⋃

s2
the sample mean of s1

⋃
s2

Proposed imputation method

If we use as imputed value just the above estimator TB, we obtain a deterministics imputation
method, then, once the imputation scheme is set up, the imputation result is unique. Then, because the
same value is being substituted for each missing case, this method arti¯cially reduces the variance of
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the variable in question. To overcome the underestimated variance, we may add a small disturbance
drawn from a normal dristribution with a mean zero and variance obtained from observed data.
Adding this random disturbance imputation method proposed will draw imputation values randomly
wich adds more variability to the statistics computed from a inputes data set than deterministic
imputation method. So, a imputation method consisting in specifying the set of complete data as,
zi = yi if i ∈ s1 ∪ s3 and zi = TB if i ∈ s2 is proposed. From these data the necessary estimations can
be calculated.

Simulation study

This section describes estimator properties by applying a simulation study. Populations con-
sidered are named Labor and Grade , a complete description of these can be found in Valliant et al.
(2000)

Speci¯cally, sample sizes of 25, 50 and 75 were taken according to the procedure of simple random
sampling without replacement. In addition to this, it is interesting to note that the missingness rates
were taken such that integer values were generated for all sample sizes. Speci¯cally, three cases
were considered, case 1 (p = 0.32n, q = 0.4n), case 2 (p = 0.32n, q = 0.48n) and case 3 (p = 0.4n ,
q = 0.48n). Besides, mean, median, quartiles and variance were estimated using as imputed values the
simple mean estimator and the proposed estimator. Table 2 shows the relative e±ciency of estimators
against the simple mean imputation, (dividing their mean squared error by the mean squared error
of the correspondent estimator based on the simple mean imputation) for the imputation method
considered.

Table 1: Relative E±ciency (RE) of proposed imputation against the simple mean imputation esti-
mating several population parameters for Grade population.

Case 1 Case 2 Case 3

θ \ n 25 50 75 25 50 75 25 50 75

Ȳ 1.004 1.045 1.054 0.988 0.911 1.010 0.749 0.807 0.769
Q1 0.498 0.322 0.245 0.522 0.357 0.253 0.479 0.293 0.164
Q2 0.701 0.677 0.721 0.552 0.457 0.509 0.364 0.363 0.347
Q3 0.506 0.335 0.235 0.538 0.290 0.235 0.440 0.230 0.181
S2

y 0.878 0.520 0.391 0.913 0.604 0.347 0.919 0.515 0.276

These simulations show how the use of all the available data by the proposed procedure leads
to a considerable error reduction in the estimation of cuartiles and variance. Besides, the proposed
imputation method perform uniformly better than the baseline procedure, in all cases, when cuartiles
and variance are estimated.

The imputation procedures computed have not a clear behaviour in relation to the mean esti-
mation. In some cases for Labor population the proposed method produce an error increase, however
this increase seems to be produced for the disturbance included. Results for the mean estimation
when an imputation method without disturbance is used can be seen in table 3.

In conclusion, we found evidence that greater e±ciency can be obtained by using the proposed
method of imputation when median, quartiles and variance are estimated, while for the case of the
mean will be better do not include the disturbance.
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Table 2: Relative E±ciency (RE) of proposed imputation against the simple imputation estimating
several population parameters for Labor population.

Case 1 Case 2 Case 3

θ \ n 25 50 75 25 50 75 25 50 75

Ȳ 1.010 1.167 1.244 0.986 1.021 1.234 0.810 0.877 1.114
Q1 0.472 0.367 0.235 0.544 0.327 0.243 0.448 0.283 0.212
Q2 0.587 0.617 0.564 0.479 0.404 0.440 0.331 0.312 0.354
Q3 0.564 0.328 0.244 0.596 0.342 0.272 0.472 0.272 0.238
S2

y 0.844 0.505 0.351 0.962 0.521 0.379 0.944 0.425 0.282

Table 3: Relative E±ciency (RE) of proposed imputation without disturbance against the simple
imputation estimating mean population.

Case 1 Case 2 Case 3

Population \n 25 50 75 25 50 75 25 50 75

GRADE 0.856 0.854 0.863 0.803 0.772 0.777 0.617 0.634 0.641
LABOR 0.844 0.959 1.052 0.772 0.853 1.030 0.624 0.695 0.941
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This paper considers the problem of estimating the population mean using auxiliary information
when some observations on the sample are missing and the population mean of the auxiliary variable is
not available. At ¯srt we use tools of classical statistical estimation theory to ¯nd a suitable estimator
and then we de¯ne a imputation method based on the proposed estimator. At last, a simulation study
is performed.
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Sampling designs of standard surveys vary considerably between countries, but the two basic approaches are
common. First, some countries with a good population register may use one stage strategy, whereas the other
countries with or without such a register proceed on with two or more stages. In addition, a more or less
complex stratification is commonly exploited, usually at regional basis.

There are however various types of strategies within these two base lines. Some countries even take advan-
tage of simple random sampling (srs) without clusters, although a cluster is generally taken as a primary
sampling unit (psu). For example, in case of the ESS (www.EuropeanSocialSurvey.com), there three rounds
have been completed, full srs countries are Norway (not in round 1), Sweden, Denmark and Finland but the
majority uses one or more stages and also clusters (Lynn et al 2007). On the other hand, the psu type may
vary substantially from one country to the next and within a country in their size. It is not even clear whether
survey organisers have a common rule for determining a psu when it is a regional cluster (it is also a dwell-
ing unit if this has not used as secondary sampling unit - ssu. Such a cluster is for practical reasons often
based on administrative districts that can be very different in their nature and size.

The paper continues to discuss these basic sampling design questions in case of household surveys (these
cover all surveys where either a household or an individual of a household is a survey unit) and presents
some suggestions for sample designers, at least for their thinking.

Sample designs concepts

A standard sampling design includes the following tasks: (i) strictly determined and realistic target popula-
tion, (ii) sampling frame and/or target population statistics of the frame, (iii) strategy for determining a gross
sample that requires to specify strata, psu�s and ssu�s, whether psu�s and ssu�s are clusters or not, how many
stages are needed and what are the inclusion probabilities for each stage/stratum, (iv) anticipation for nonre-
sponse and in-eligibility by appropriate and possible frame categories, (v) net sample size and effective sam-
ple size by appropriate categories in which case design effects both due to unequal probabilities (DEFF_p)
and due to clustering (DEFF_c) are needed to take into account. Altogether, these two types of design effects
give the total DEFF that is a practical instrument both for a sampling designer and for a sample data analyst.

It is good to recognise that a pre-DEFF (sampling design DEFF) may be quite different from the respective
post-DEFF since everything is not going in surveys completed as assumed. Also, it should be noted that both
DEFF�s vary from one estimate to the next. When starting a new survey, like round 1 of the ESS, most
countries could not use correct pre-information on DEFF�s, although response and in-eligibility rates were
quite well anticipated taking advantage of reference surveys. Hence the guess given by the sampling design
instructors (DEFF_c  = 0.02) was (too) often used a� priori. In the next rounds, it was possible to exploit the
data of the previous rounds. These did not give any definite DEFF�s naturally and hence the median of ten
different types of ESS estimates was taken as such a pre-DEFF_c value. In the analysis, this effect can be
explicitly taken into account if the sampling design information would be available but this is not yet on the
ESS web. A reason is the confidentiality of such information but this will be solved soon.

The effective sample size means such a size that corresponds to the size of srs after the fieldwork, that is,
when anticipated for nonresponse and in-eligibility and under this particular sampling design. Thus, if the
design includes stratification and more than one stage, the anticipation is concerned these strata and stages. It
should be noted that in case of srs, there are no strata or stages, and hence the anticipation is equal over all
sub-groups (e.g. the 70% response rate is concerned the whole target population even though there are in fact
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significant variation in these indicators). If, instead, implicit pre-stratification (relative sample allocation)
would have been used, the anticipation should have been done for each pre-stratum separately (e.g. the re-
sponse rate in large towns would be assumed to be 60% but in rural areas 80%). Thus, while the number of
sampling design instruments increases, the anticipation is more complex but will give more accurate results
if it is successful.

When the sample has been drawn, it is possible to calculate the design weights for the gross sample, but the
basic sampling weights can only be calculated after the fieldwork. These weights are usually calculated as-
suming that missingess due to nonresponse and ineligibility is ignorable given that particular sampling de-
sign (e.g. random within each stratum but differences in rates can be taken into account ). This is not a rea-
sonable assumption and hence the weights should be adjusted forward. This succeeds better if (up-dated and
qualified and additional) auxiliary information are available, and if the adjustments using a good response
propensity modelling and calibration are successfully exploited (Laaksonen 2006, Laaksonen and Chambers
2007)).

The rest of the paper is focused on points (iii) and (iv) of the sampling designing keeping in mind the whole
procedure, naturally.

Stratifying and clustering

If a sample is drawn at one stage and a psu is directly a study unit, the situation is rather simple. If thus even
no strata are used, this strategy seems to be extremely simple, but it is not necessarily good, since missing-
ness obviously varies substantially by region, gender, age, household composition, education and so on.
Many survey organisers cannot include all such auxiliary variables in the gross sample data files, unfortu-
nately, but many others can do. Nevertheless, this option has not been much exploited in the ESS, among
others. Each survey organiser however can include some stratification in the design, most easily from a re-
gional basis, but this has not been always used, although nonresponse rates are much higher in large towns
and small villages, for instance (see above too). It follows that some pre-stratification should be used since
this gives easily some advantage with lower DEFF_p�s.

Using a single-unit psu means also that it is not possible to analyse a psu-level intra-class correlation that
could be of interest, that is, when considering homogeneity of small-area people. As an example, when one is
interested in fear in a living area, a researcher would like to distinguish individual fear factors and local area
factors from each other, but this is possible only in few surveys in my know. This need could be a good rea-
son to use such a sampling strategy where a psu is a small homogenous area, even so that the interviewees
would have been drawn randomly from a house or address basis, not from a local register, since this infor-
mation would be definitely up-to-date (note that this house cluster approach also increases DEFF_p�s if a
target unit is an individual as in the ESS, e.g.). Of course, the practice is not in all areas easy (e.g. dangerous
small areas in big towns) and the substitution of non-contacts and refusals may be desired to use although it
is not acceptable in the ESS, among others. In telephone surveys, the small-area homogeneity factors are ob-
viously more difficult to take into account since the telephone owners are not usually well localised.

On the other hand, if cluster-based psu�s are used, a surveyor seldom is thinking the mentioned second aspect
in clustering. If this would be the case, (s)he would make attempts to construct the psu�s so that these would
be similar and reasonably small. Of course, �small� depends on the type of a survey. According to my knowl-
edge from various surveys (e.g. ESS, Lynn et al 2007) this does not seem to be a general strategy. Regional
cluster sizes may vary substantially, even from some hundreds to hundred thousands if these are based ad-
ministrative regions such as municipalities or counties. There are in some countries however other practices,
like census districts, that are more harmonised and smaller, and give hope to analyse small area homogene-
ity. Naturally, these two approaches are in conflict in some sense, since it is expected that DEFF-c�s are
smaller if psu clusters are large. At contrast, if a survey is based on face-to-face interviewing, a small psu
cluster is advantageous in costs when using an optimal sample size (about 6-10 anticipated respondents are
ordinarily  used but some times even 20).
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The next strategic aspect follows from large psu clusters. Is it rational to use these as clusters or as strata?
This leads to consider some theoretical questions since the most usual technique to draw a cluster psu into a
sample is pps (probability proportional to size). If psu�s vary in their size substantially, there can be problems
in getting an optimum number of clusters and the correct inclusion probabilities, consequently. Hence, some
inclusion probabilities are higher than one, that is, some clusters can be selected more than one times in the
sample. This is not naturally acceptable. A standard way is to give the equal-to-one probability for these
clusters that in other words corresponds stratification for these clusters. But this may lead to a problem, if the
whole procedure is not under control for example so that the inclusion probability of each cluster and its sur-
vey unit is not correct.  This should have been guaranteed definitely.

A straightforward way to work correctly is first clearly to stratify the target/frame population giving an own
stratum for large clusters and putting the remaining smaller clusters into one or more strata. And next, within
each stratum to apply an appropriate sampling technique . This technique may vary, for example, so that srs
could be used within big-cluster strata, and pps for clusters and srs within selected clusters within other
strata, respectively (both inclusion probabilities are here below one). In this case, the inclusion probabilities
in each stage would be definitely correct and the combined inclusion probabilities for each study unit higher
than zero and lower than one. This strategy would give easily opportunity to allocate appropriate sample
sizes first for each stratum and then to each cluster.

For example, if relative allocation (for anticipated respondents) is used, sample size for a big cluster (being
really a stratum) is higher than that for a small cluster (being really a cluster). At contrast, a usual way in
cluster sampling is to keep the number of respondents approximately equal to each cluster that leads higher
DEFF-p�s than when using the first (and recommended) strategy. The total DEFF�s are also smaller for the
first strategy in most cases as my empirical test also suggests. This test was based on the data of both ESS
rounds as the frame population (90000 15+ years old people) and the clusters and strata were constructed
from country regions (together 300 clusters, but largest ones were used as strata as well). I drew those two
types of samples from this frame and compared results for several ESS estimates (following from ESS vari-
ables).

The previous statement leads thus an intelligent strategy so that large regional psu�s are used as strata (inclu-
sion probabilities =1) and then go forward with relative sample allocation to choose the units within strata
whether these are directly the study units, or whether it is needed one more stages to choose sample units.
This kind of strategy has been used in some ESS countries, too. An example is Poland, where big towns are
used as strata, and their sample size is relative to the target population (taking into account anticipated re-
sponse rates). Smaller towns and rural areas constitute the other strata and within these a pps sample of small
area psu�s has been selected, and then a certain small number of sample units have finally been drawn from
each selected psu to be attempted to interview. This is a mixed sampling strategy that I think would be ad-
vantageous to keep seriously in mind in each survey occasion. It is rather cost-benefit since interviewers can
with rather low cost reach interviewees in big towns if/when public transport is good.  As said earlier, using
this strategy we lose however possibility to analyse small area effects.

Anticipation of missingness in sampling designing has not been generally well done. The ESS instructions
(see the website) require it but not at detailed level. Hence it has been done often as an average for the whole
country but fortunately in some cases for strata as well. However, designers are rather conservative and make
this prediction roughly, even so that they predict missingness to be equal in each cluster and stratum. Never-
theless, although the response rates and in-eligibility rates vary much but are rather stable from one period to
the next. Consequently, some loss in the accuracy of estimates will be a consequence. In general, we see that
careful sample allocation in household surveys is not common. At contrast, this is usual in business surveys
where rather complex allocations like power allocation have been developed. A reason is maybe that there
are the more clear output targets for business surveys than for household surveys where types of analysts
without common targets vary, at contrast.
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Conclusion

Sampling design is an extremely important part of a survey so that this task covers all the other survey steps
too, that is, questionnaire designing, fieldwork and meta/para data collection in this phase, gathering auxil-
iary information for editing, imputation and weighting, and plans for performing these quality improvements.
The whole sample size much depends on the survey budget that is usually strict. But just for this reason, the
design and sample allocation should be made more carefully as it is typically done. I suggest use simple and
practicable strategies, but for example srs is not simple if the whole procedure is taken into account. It is
better to use some stratification instead of srs in all country surveys, but not to create too complex strata
since the subsequent steps may become too workable and unclear.

Naturally, all designs should be probability-based, and thus substitutions should not have been used at all,
and each member of the carefully determined target population should have a positive probability to be se-
lected in a sample. The latest statement is often difficult to completely satisfy due to lacks in a frame, or due
to practical problems in the last stage of the sampling design that is often a small area. For example, there is
no good list available of target units, and hence this list must have been constructed before sample selection
as part of fieldwork. Also, all potential interviewees are not easily reachable, and it is not even clear whether
a certain sample person belongs to a target population and hence whether (s)he should be coded as in-eligible
or non-respondending.

Another interesting and practically important question is how to construct clusters if a cluster sample has
been considered to be cost-benefit. It could be advantageous to spend time and money for constructing rea-
sonably equal-sized clusters, or if this is not possible, to develop a mixed design so that both stratified ran-
dom sampling and stratified cluster sampling would have been exploited. In addition, more attention for op-
timal sample allocation should have been paid so that anticipated response and in-eligibility rates and design
effects would have been predicted well too.

Thirdly, a sampling designer should also take care of adjusted sampling weights so that all possibly useful
information would have been gathered and saved for this purpose, including variables from both micro and
aggregate level.
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1. Introduction

Consider a finite population U composed of N elements, {1, ..., N}. Suppose that every element
i ∈ U can be exposed to each of m treatments t = 1, ...,m. Let yt

i represent the potential response if
unit i were to be exposed to treatment t and denote its conditional pdf by fp(yt

i |xi) where xi is a set
of known covariates. In this paper we propose a new approach for estimating population means like
�t = 1

N

∑N
i=1 Ep(yt

i |xi) 1 or differences between the means of two treatments, known as the average
treatment effect (ATE), from observational data when the assignment to the treatments is related to
the response variable values after conditioning on known covariates.

In practice, every element can be exposed to only one treatment and it is rarely the case that all
the population units participate in the study. Let S define a primary sample of units of size n selected
with probability �i = Pr(i ∈ S). Every unit in S is exposed to one of m possible treatments with
probabilities pt

j, t = 1, ...,m. Therefore, unit i ∈ U is included in the sample and assigned to treatment
t with probability qt

i = �i � pt
i. The sample S is divided into sub-samples S t of size nt,

∑m
t=1 nt = n.

The probabilities �i and pt
j possibly depend on variables Zi and Aj which are generally unknown but

are related to yt
i even after accounting for the effect of xi. We demonstrate that in this case a direct

comparison of the sample response distributions fSt(yt
i |xi) = f(yt

i |xi, i ∈ St) or their moments may
lead to highly biased estimators of the population parameters.

The new approach attempts to approximate the parametric sample distribution fSt(yt
i |xi) as

a function of fp(yt
i |xi) and the sampling assignment rule. We fit the resulting sample model to

the observed responses and then estimate the population model and ATE. In an extended paper
(Pfeffermann and Landsman, 2007) it is shown that the sample model is identifiable under some
general conditions. The goodness of fit of the sample model can be tested using simple test statistics.
Our approach enables also to test the validity of applying conventional methods, like propensity score
methods (Rosenbaum and Rubin, 1983) and instrumental variables methods (Angrist et al., 1996).

2. An outline of the proposed approach

The sample pdf fSt(yt
j |xj), j ∈ St is obtained by application of Bayes theorem as,

fSt(yt
j|xj) = f(yt

j|xj , j ∈ St) =
Pr(j ∈ St|yt

j , xj)fp(yt
j|xj)

Pr(j ∈ St|xj)
,(1)

where Pr(j ∈ St|xj) =
∫

Pr(j ∈ St|yt
j, xj)fp(yt

j|xj)dyt
j .

1
Ep(y

t

i |xi) is with respect to the distribution fp(y
t

i |xi).
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Remark 1: It follows from (1) that the sample pdf fSt(yt
j|xj) is generally different from the population

pdf fp(yt
j |xj) unless Pr(j ∈ St|yt

j , xj) = Pr(j ∈ St|xj). In this case the sampling and treatment
assignment are strongly ignorable (Rosenbaum and Rubin, 1983). The probabilities Pr(j ∈ S t|xj) are
the propensity scores introduced by Rosenbaum and Rubin (1983).
Remark 2: The probabilities Pr(j ∈ S t|yt

j, xj) are generally not the same as the actually inclusion
probabilities qt

j, which may depend on latent variables Zj and Aj that are possibly related to yt
j. Notice,

that by regarding the probabilities qt
j as realizations of random variables, the following relationship

holds: Pr(j ∈ St|yt
j , xj) =

∫
Pr(j ∈ St|yt

j, xj , q
t
j)f(qt

j|yt
j, xj)dqt

j = E(qt
j |yt

j, xj).
The sample pdf defined by (1) was shown in recent years to provide a valuable modeling approach

for inference from complex sample surveys, see, e.g., Pfeffermann et al. (1998), Pfeffermann and
Sverchkov (1999; 2003, Ch. 11) and Pfeffermann et al. (2006). The obvious distinction between
survey sampling and observational studies is that in survey sampling the sample inclusion probabilities
are generally known for every element in the sample, which enables identifying and estimating the
expectations E(�i|yi, xi). This is generally not the case in observational studies, requiring to model
the parametric forms of the probabilities Pr(j ∈ S t|yt

j , xj) or the expectations E(qt
j |yt

j, xj). Fitting a
logistic or probit function for these probabilities is a natural choice.

Assuming that the inclusion in the sample and the assignment to the treatments are independent
between units and that the outcomes yt

j are likewise independent, the joint (full) likelihood of the
sample selection and the sample responses is defined for treatment t = 1, ...,m as,

LS [αt, �t; {yt
j , xj, j ∈ St, xi, i /∈ St}] =

nt∏
j=1

E(qt
j |yt

j, xj ;αt)fp(yt
j|xj ; �t)

∏
i/∈St

(1�E(qt
i |xi;αt, �t)).(2)

The likelihood (2) is often applied in other areas, like when modeling data exposed to nonresponse.
Maximization of (2) with respect to unknown parameters yields the maximum likelihood esti-

mators (mle) {αt, �t, t = 1, ...,m}. If the covariates xi are known for every i ∈ U , then, replacing the
unknown model parameters by their mle yields the estimators:

�̂t =
1
N

N∑
i=1

Ep(yt
i |xi; �̂t) or �̂t

DR =
∑

j∈St[yt
j � Ep(yt

j |xj; �̂t)]/q̂t
j∑

j∈St(1/q̂t
j)

+
1
N

N∑
i=1

Ep(yt
i |xi; �̂t),(3)

where q̂t
j = E(qt

j |yt
j, xj ; α̂t). Note that �̂t

DR is similar to the double robustified estimator proposed
by Robins et al. (1994), but utilizes the estimated probabilities q̂ t

j = P̂ r(j ∈ St|yt
j , xj) instead of the

estimated propensity scores êj = P̂ r(j ∈ St|xj). Large differences between the estimators �̂t and �̂t
DR

may indicate misspecification of either the population model or the assignment probabilities. We study
the asymptotic distribution of the difference �̂t = �̂t

DR � �̂t under the correct model specification and
construct a corresponding test statistic.

3. Application to data from the PISA survey

We study the perfomance of the proposed approach and compare it to existing methods by use
of data collected in Ireland in the year 2000 by OECD for the Programme for International Student
Assessment (PISA). In the present application we compare proficiency scores in mathematics between
public and private schools. This is a good example of observational data because pupils attending
the two types of schools are different in many characteristics. The data from Ireland is of particular
interest because different existing methods provide ATE estimates with opposite signs, Vandenberghe
and Robin (2004).

In our analysis we model the sample pdf (1) by assuming a normal distribution for the potential
population responses and the logistic model for the assignment probabilities,

fp(yt
j|xj) = N(x

′

jβ
t;�2

t ); Pr(j ∈ St|yt
j , xj) =

exp(ct + δtyt
j + x

′

jγ
t)

1 + exp(ct + δtyt
j + x

′

jγ
t)

,(4)
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where yt
j is the score of student j under treatment t, t = 1 defines private schools and t = 0 public

schools and xj is a vector of observed covariates. Six covariates were found to be significant in at least
one of the models: gender, father’s education, family socio-economic index, index of home educational
resources, average socio-economic index of the student’s schoolmates (proposed by Vandenberghe
and Robin (2004)), and school location. All continuous variables have been standardized (as well as
responses). The resulting sample pdf defined by (1) and (4) is identifiable for δ t 6= 0.

We computed the maximum likelihood estimates of the unknown parameters by maximizing the
full likelihood (2) with respect to �t = (βt, �2

t ) and αt = (ct, δt, γt).
Results. Our computations show that δ̂1 = 0.23 (std.error=0.25) and δ̂0 = �2.18 (std.error=0.55).

Note that the signs of the estimates are as expected but δ̂1 is close to zero and non-significant. On the
other hand, δ̂0 is far from zero and highly significant, indicating that for the given set of covariates,
the probability to attend a public schools decreases very rapidly as the score increases. This finding
suggests that pupils attending public schools have a priori lower scores. Table 1 shows the estimates
of the ATE obtained by six different existing methods and two estimates under the new approach,
�̂1 = �̂1 � �̂0 and �̂2 = �̂1

DR � �̂0
DR. The existing methods estimates are the crude sample mean differ-

ence �y1 � �y0, the adjusted regression estimate (Regr.), an estimate obtained by one-to-one matching
based on estimated propensity scores (Prop.M.), a doubly robustified estimate defined similarly to
(3) but with q̂t

j replaced by the estimated propensity scores (D.Rob.), an instrumental variables es-
timate (I.V.) and Heckman’s (1979) two-step estimator (Heck.). See Imbens (2004) and Wooldridge
(2002, Ch.18) for review of these and other methods. The variable ‘school location’ was used as the
instrumental variable, following Vandenberghe and Robin (2004).

Table 1. Estimation of ATE by existing and new methods (PISA data in Ireland)

Method �y1 � �y0 Regr. Prop.M. D.Rob. I.V. Heck. �̂1 �̂2

Estimate 0.354 0.130 0.214 0.170 -0.726 -0.166 -1.05 -0.89
Std. Error 0.045 0.052 0.103 0.052 0.247 0.130 0.25 0.23

Table 1 shows that the crude difference between the unadjsuted sample means is positive and highly
significant and all other existing methods except the method of instrumental variables yield very small
ATE estimates. However, unlike the difference �y1��y0 that is positive, the two ATE estimates obtained
under the new approach are negative and highly significant, indicating the very interesting result that
the mean proficiency is actually higher in public schools than in private schools, after accounting for
the school selection process.
We applied a number of goodness of fit tests and found that all the tests are non-significant at the
12% level, thus supporting the use of the selected models in (4).

Simulation study. We generated 400 data sets from the model fitted to the data from Ireland.
We applied the existing methods discussed above as well as the new approach to each of the 400 data
sets and computed the empirical means and standard deviations of the ATE estimates (Table 2).

Table 2. Estimation of ATE by existing and new methods (simulations from model fitted

to data from Ireland)

Method �y1 � �y0 Regr. Prop.M. D.Rob. I.V. Heck. �̂1 �̂2

Emp. Mean 0.361 0.134 0.126 0.167 -0.676 -0.365 -1.02 -0.90
Emp. Std 0.044 0.051 0.100 0.048 0.244 0.231 0.141 0.204

Note the similarity between Table 1 and Table 2 which can be viewed as another indication of the
goodness of fit of the models fitted to the data from Ireland and the corresponding ATE estimates.
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Testing the assumptions of existing methods. The proposed approach enables testing some of
the assumptions underlying the existing methods. As mentioned above, the coefficient of y is not
significant in the logistic model for the private schools, thus seemingly supporting the use of methods
that employ the propensity scores. However, the highly significant coefficient of y in the logistic model
for the public schools indicates that the covariates used in this study do not fully explain the choice
of the public schools and hence that the use of the propensity scores is not valid. The fact that
the assignment probabilities depend heavily on y in public schools despite including in the model
covariates and instruments, indicates also that the exogeneity condition of the instrumental variable is
not satisfied and hence that the school location is a not a proper instrument. Note, however, that the
use of the instrumental variables method yields the closest ATE estimate to the estimates obtained
under the new approach.

4. Discussion

In this paper we propose a new approach that recovers the treatment assignment model and the
population model from observational data. The use of this approach is founded theoretically and can
be tested from the observed data. The advantage of the proposed approach over existing methods is
that it does not require knowledge of the covariates or instruments that explain the assignment to
treatments. It permits also testing some of the basic conditions underlying existing methods.

We apply the new approach to data collected in Ireland for the PISA and compare students’
scores in mathematics between public and private schools. Our analysis shows that although the
average sample score of pupils from private schools is significantly higher than the average sample
score of pupils from public schools, the picture is reversed once the effect of the school selection is
accounted for properly.
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1. Introduction

Procedures for the choice of the size of a sample to estimate the parameters of a multinomial
population are described. Four sampling procedures are described. One is based on power priors,
informed from historical data. The other three are sequential. One is a sequential probability ratio
test with a stopping rule derived from the probabilities of type 1 and type 2 errors. One is a sequential
variation of a procedure based on the predictive distribution of the data yet to be inspected and the
distribution of the data that have been inspected, with a stopping rule determined by a threshold.
The fourth uses a multinomial approach and stops when the joint probability interval or ellipsoid for
the parameter estimates is less than a given threshold. For trinomial data this last procedure is illus-
trated in ternary diagrams with ellipses formed around the sample points. There is a straightforward
generalization to multinomial populations with more categories.

The procedures are demonstrated with an example from forensic science. It is common to
encounter a population of discrete units, some of which may contain illegal material. Examples of
such units are pills which may contain illicit drugs or banknotes which may be contaminated with
drugs. For illicit drugs in pills the categorization within a population may be multinomial (e.g.,
powder cocaine, crack cocaine, heroin, LSD, marijuana). The accurate estimation of the proportions
of each category of pill seized in some jurisdictions is a contributory factor in the determination of
the defendant’s sentence. Izenman (2003) points out that inaccuracies may occur when the whole
seizure is being analyzed due to time and manpower constraints. Furthermore, he argues that certain
chemical testing destroys the evidence and yet evidence may need to be shown to the jury or given
to the defence to make their own testing. Also forensic scientists may be exposed to potential health
hazards through airborne dust or physical contact so as little analysis as possible is desirable. Many
simple approaches to sampling have been adopted such as the one which dictates that the square root
of the whole seizure should be analyzed. Other rules of thumb suggest analyzing half the square root
of the whole seizure or a certain proportion such as 10%. All these methods, though simple, have little
or no statistical justification and may lead to the inspection of large quantities of pills.
2. Using historical data for determination of the sample size with power priors

Prior information from historical data may lead to a substantial saving of time and financial resources.
Ibrahim and Chen (2000) employed what they called power priors for incorporating information from
previous studies to form a suitable prior for a current study. These previous studies should be similar
to the current one in that the same likelihood should be used for drawing inference for the parameters
of interest. Suppose that the data from a previous similar study are denoted by D0. The power prior
that will be used in the current study is

fp(θ | D0) ∝ L(θ;D0)α0f(θ)(1)

where θ is a parameter vector, L denotes the likelihood and α0 is a coefficient weighting the effect of
historical data on the current study. As α0 → 1 we obtain the standard posterior of (θ | D0) whereas
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as α0 → 0 we get the prior that we will have used in the absence of historical data. Intermediate
values of α0 are associated with different weights for historical data.
Suppose a binomial experiment is conducted. We consider a Beta prior, beta(a, b). We also have
some information from a similar experiment conducted in the past. The likelihood of that previous
experiment is L(θ;D0) =

(n0

x0

)
θx0(1 − θ)n0−x0 with n denoting the sample size, x the number of

successes and index 0 denoting reference to a previous study. The design power prior turns out to be
a beta-binomial with parameters (a0x0 + a, a0(n0 − x0) + b).

fp(θ | D0) ∝ L(θ;D0)α0f(θ) =

((
n0

x0

)
θx0(1− θ)n0−x0

)a0

θa−1(1− θ)b−1

∝ θa0x0+a−1(1− θ)(n0−x0)a0+b−1(2)

De Santis (2007) combined the idea of power priors with simulation based results to determine the
appropriate sample size. For various sample sizes, he generated values from the power prior predictive
distribution of the parameter of interest and he computed some function of the posterior distribution
(e.g. posterior variance) to summarize its information. Then, these statistics were plotted versus the
sample size and a minimal sample size was chosen so that a certain criterion was met.
3. Sequential Probability Ratio Test (SPRT)

In sequential analysis (Wald 1945) the sample size is not fixed a-priori. Suppose that there are two
competing hypothesis H1 and H2 and that sampling units are inspected immediately after being
gathered. After the inspection of each additional unit a decision has to be made whether one of the
hypotheses will be accepted or we will continue sampling. We stop sampling when enough information
has been accumulated to accept one of the competitive hypotheses. The Likelihood Ratio [LR] f(x,θ2)

f(x,θ1)

is computed after the inspection of each additional sampling unit and we stop sampling either when
this ratio is very small (accepting H1) or when this ratio is very large (accepting H2). Therefore, two
limits A and B should be defined.

B ≤ f(x,θ2)
f(x,θ1)

≤ A(3)

The constants A and B are determined in such a way that the probability that we will reject H1 when
it is actually correct is α and we will mistakenly accept H2 when H1 is correct with probability β. In
other words the likelihood is conditioned so that L(H1) = 1−α and L(H2) = β Therefore, the SPRT
controls the probability of observing misleading evidence.
Table 1 gives the probabilities of making a decision with respect to a set of hypotheses when each of
the competing two hypotheses is correct.

Table 1: Probabilities of accepting a certain hypothesis

LR > A (accept H2) LR < B (accept H1)
H1 is correct α 1− α

H2 is correct 1− β β

The process is terminated, accepting H2, if f(x,θ2)

f(x,θ1)
≥ A. This inequality can be written as f(x,θ2) ≥

Af(x,θ1) ⇔ 1 − β ≥ Aα ⇔ A ≤ 1−β
α . Therefore, 1−β

α is a lower limit for A. Similarly, the process

is terminated, accepting H1, if f(x,θ2)

f(x,θ1)
≤ B and by doing similar calculations we find that β

1−α is an
upper limit for B.
4. A sequential method for determining the sample size based on the posterior predictive
distribution of the units yet to be inspected
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Woodward and Branson (2001) use a method of sample size determination for a binomial parameter
that is based on the predictive distribution of the data yet to be inspected, denoted here by y. They
consider a beta(α,β) prior for θ which yields an updated posterior beta(α + x,n − x + β) and so the
predictive distribution of y is given by f(y | x) =

∫
p(y | θ)f(θ | x)dθ where f(θ | x) is the posterior

distribution and f(y | θ) =
(N−n

y

)
θy(1 − θ)N−n−y where N is the size of the population. Therefore

f(y | x) =
(N−n

y

)B(a+x+y,N−x−y+b)
B(a+x,n−x+b) =beta-binomial(a + x, n− x + b)

It is necessary to work with the cumulative distribution function and if N is large this will involve the
summation of many values and therefore is computationally intensive, so the normal approximation
to the beta-binomial distribution is used
The sample size is determined as the smallest n, for given N and θ, such that P (y ≤ cN − x) ≥ 1−α

or P (y ≥ cN − x) ≥ 1− α where c is a pre-specified threshold. Consider that the former of these two
criteria is tested. Suppose that we have observed x ‘successes’ in n trials and that the distribution
of y, after n and x have been observed, and for given N , is a Normal distribution with mean value
μ = (N−n)(x+a)

n+a+b and variance σ2 = (N−n)(x+a)(n−x+b)
(n+a+b)2(n+a+b+1) . Therefore, for significance level α the probability

of ‘success’ in the population, θ, ranges from x+z−1
α

N to
x+z−1

1−α

N where z−1 denotes the inverse of the
normal distribution mentioned above.
5. A sequential method stopping when the joint probability interval or ellipsoid for the
parameter estimates is less than a given threshold

Thompson (1987) suggested a method for determining the sample size by examining the worst possible
value of a multinomial parameter vector. He proves that the worst possible scenario is one for which
k − m of the k cells of a multinomial distribution are zero and the remaining m are equally likely
for any value of 0 < m ≤ k. According to his method the sample size is defined as the maximum n

for which
∑k

i=1 αi ≤ α where α is a pre-specified significance level, αi = 2
(

1− Φ( di
√

n√
θi(1−θi)

)
)

, di is

defined a-priori as the maximum difference between true and estimated parameter for parameter i, Φ
is the cumulative density function of the standard normal distribution and θ = (θ1, . . . θk)

′
is worst

possible parameter vector. Alternatively, a sequential sampling scheme using Thompson’s method can
be adopted allowing us to estimate the value of the parameter vector incrementally and thus avoiding
using the worst possible parameter vector which may be far from being true.
Thirdly, ellipsoids around the data points can be formed sequentially and we can stop sampling when
the volume of the ellipsoid is below a pre-specified threshold. In the trinomial case, since proportions
sum to unity, data points can be represented graphically in two dimensions using ternary diagrams.
After drawing each unit a 95% ellipse is formed around data points. Sampling can be stopped when
the area of the ellipse is below a certain area of the equilateral triangle (e.g. 1%, 5%).
6. Application

Suppose that we have a seizure of 10000 pills suspected to contain illicit drugs. Consider that out of the
N = 10000 pills, 10% are ecstacy pills, 20% are non-illicit drugs and 70% are LSD pills. Consider also
that a forensic scientist found the population to be homogeneous in the sense that a simple inspection
of the data did not reveal any visual differences among pills (shape, colour). Thompson’s method leads
to a sample size of 624 for d = 0.05 and significance level α = 0.05. The worst possible scenario in that
case is one for which two of the cells have probability 0.5 while the other has zero probability. This
scenario is far from being true for the specific data. If Thompson’s method is applied sequentially, θ’s
are computed sequentially and therefore are closer to the true estimates. This leads to a sample size
of 437. For application of the third method consider stop sampling when the area of the ellipse formed
around the data is below 5% of the area of a ternary diagram (

√
3/4). We get a sample size of 88. The

ternary diagram and the corresponding ellipse after the inspection of the 88 sampling units are shown

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 4862 -



0

0

0

0.1

0.1

0.1

0.2

0.2

0.2

0.3

0.3

0.3

0.4

0.4

0.4

0.5

0.5
0.5

0.6

0.6

0.6

0.7

0.7

0.7

0.8

0.8

0.8

0.9

0.9

0.9

1

1

1

Licit
E

cs
ta

cy LS
D

Figure 1: Ternary plot and a 95% ellipse around data points

in Figure 1. Each point does not represent a sampling unit but the composition of the data up to the
inspection of the specific point. Therefore the ellipse shows a 95% region for the composition of the
data when we stop sampling and we see that indeed the estimated proportions are very close to the
true ones. Sequential methods do not yield an invariant sample size as they are heavily dependent on
the data being inspected and if they are to be repeated we will come up with a different sample size.
The sequential sampling scheme with a stopping rule defined by the area of the 95% ellipse around the
data points was repeated with 100 simulations from the consignment. The average sample size needed
was found to be 83.89 with values ranging from 38 to 112 and a standard deviation of 17. Therefore,
in all cases it yields a much smaller sample size than both Thompson’s fixed sample size method and
the sequential Thompson’s method that stops when the joint probability interval for the parameter
estimates is less than a given threshold.
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1. Introduction

Ever since car ownership and car use started to increase in Western Europe and the US, trans-
portation planners attempted to model people’s travel behaviour. A series of models was developed,
each successor ameliorating the previous one (Jovicic, 2001), however, the question why people under-
take trips was completely neglected. This is where the activity-based models came into play, which
have set the standard for transportation and travel behaviour modelling during the last decade (Mc-
Nally, 2000). The main idea behind these activity-based models is that travel demand is derived from
the activities that individuals and households need or wish to perform (Jones, et al., 1983).

In order to receive the necessary information to build these models, data need to be collected.
Methodological research in the time use and transportation community is accumulating, offering a
good basis to decide on the most appropriate format for data collecting. A questionnaire, asking
people for their typical travel behaviour on an average day has long been the dominant form of data
collection in transportation research. It has been argued, however, that such a questionnaire may result
in under-reporting of trips, especially of off-peak, non home-based trips of short duration (Koppelman,
1981; Dijst, 1993). Stimulated by these findings, Stopher (1992) and Clarke and co-authors (1981)
reported that an activity diary outperforms a travel survey with regard to under-reporting of trips,
even by 13-16%. Similar figures have been reported in time use literature as well (Nieme, 1993).

Nevertheless, diaries are not perfect either. Collecting diary data is quite demanding for the
respondents and therefore, although this is not unique for diary data, there may be evidence of lower
response rates and of differential non response by certain socio-demographic groups. For example,
Sen et al. (1995) reported that larger households had lower response rates when compared to single
member households.

Regardless of the potential source of bias introduced in this way, an activity-based model requires
detailed information, so a diary seems a good instrument to collect it. In this paper, a possible solution
will be presented on how non response in household travel surveys can be tackled. Section 2 outlines
the data collection process and tries to provide a solution on how to go about non response, while
Section 3 provides the results and gives profiles of the responders of the study. The paper concludes
with a discussion of the major findings and possible avenues for future research.

2. Sample Design

In January 2006, the Transportation Research Institute started with the collection of activity-
diary data among households in Flanders (the Dutch speaking part of Belgium) in order to set up an
activity-based model of travel behaviour (Wets, 2005). In the design of the sampling scheme of the
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presented case study, both the coverage of the people in Flanders and the logistic feasibility of the
fieldwork are important concerns. Even when an exhaustive list (such as the National Registry) is
available, direct selection from this list would be too expensive, because the geographical spread would
be too wide. Cost savings may allow the investigators to use a larger sample size than they could use
for a simple random sample of the same cost. Therefore, a stratified clustered design is opted as a
preferable solution in this case study.

The stratified sample has as an advantage that it produces smaller bounds on the errors of
estimation than would be produced by a simple random sample of the same size. This case study
has two stratification levels: one at the provincial level where within each province a proportional
representation in the base sample is sought, and one at municipal level. They are preferred to provinces,
because the latter are too large to handle and municipalities are stable, established administrative
units. The great variation in their size is controlled for by systematically sampling within a province
with a selection chance proportional to the municipality’s size.

Whereas the stratification effects and the systematic sampling according to municipalities have
the effect of increasing the precision, the clustering effect might slightly reduce precision. It is well-
known that units (individuals) within a cluster (household) will resemble each other more than in a
simple random sample. However, only a slight decrease in overall efficiency is to be expected, hence
negative effects will probably not outweigh the advantages. People can be sampled from abbreviated
listings and the survey’s field worker’s travel distance will be reduced significantly.

A feasibility study, taking into account accuracy, budget constraints and available logistic means
set the total number of successful survey results for the sample to 2500 households in Flanders. Former
studies taught us that the response rate in this type of studies is rather low. Accounting for this by
estimating a response rate of about 60%, 4200 households were used as a sample. However, this would
be overly optimistic: it is possible that people can not be reached, others might not be willing to
cooperate and still others might not end the inquiry successfully, since filling in the questionnaire is
quite burdensome. In order to ‘solve’ this problem of non-responders, it was decided upon to replace
these households by reserve households. These reserve households have four characteristics in common
with the non-participating household: they live in the same municipality as the refusing household, the
age of the reference person falls in the same age category as that of the reference person of the initially
chosen household, their genders must match and the household composition (number of adults and
number of children) needs to be similar. This matching of reserve and reference households is to ensure
that people show more or less the same mobility characteristics, since a household without children
will surely show different mobility behaviour when compared to a household with three children. A
reserve household is chosen when a reference household could not be reached or when it refused to
cooperate in the survey and then the same applies to this household. This procedure continues until
the list of 5 households has run out. In general, one could state that in this way an overall response
rate of about 12% is aimed at.

3. Results

3.1 Non Response

The survey process was started in January 2006 and it is still ongoing. This subsection provides
the initial results of the case study. The first table combines the results of the reference and the
reserve households in one figure, which means that 4200 is the total sample size to be regarded. Of
these 4200 household groups, 4167 could be reached and an introduction letter was sent to them. Of
these group, 3090 households were willing to participate after the first contact, while 1077 refused to
do so. The main reasons for refusal to participate were: ‘lack of interest’, ‘lack of time’ and perceiving
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themselves as ‘too old’ to participate. The households that were willing to participate were sent the
questionnaires and an appointment was made to call them back on the second day of the inquiry (the
duration of the survey is a week). 2902 households confirmed their participation after receiving the
questionnaires, while 188 households no longer wanted to participate (and the same was true for their
respective reserve households). Table 1 summarizes the results.

Table 1: Response rates for the overall survey (for the reference households)

January 2006 - April 2007
Introduction letters sent 4167 100%
Willing to participate after first contact 3090 74% 100%

(1467) (35%) (100%)
Willing to participate after receiving the questionnaires 2902 70% 94% 100%

(1388) (33%) (95%) (100%)
Questionnaires sent back 621 15% 20% 21%

(317) (8%) (22%) (23%)
Still in survey process 2281 55% 74% 79%

(1071) (26%) (73%) (77%)

Suppose now that the setting of the reserve households would not have been opted for. Then the
results would be quite different (see Table 1, results in parentheses). Of the 4167 households that were
reached, only 1467 were willing to participated after the first contact, and after the questionnaires
were sent, another 79 households refused to participate. The final number of households that had sent
their questionnaires back is only 317, which would mean that the response rate so far equals about
8%, this is much lower than the 60% that was aimed at.

Working with reserve households that can replace the reference household when required proves
to be a good solution to cover part of the non response. In the next subsection, we will take a closer
look at the respondents’ profiles.

3.2 Profiling respondents

Literature learns us that there might be differential non response by certain socio-demographic
groups. Therefore, in this subsection, we will focus on the households who filled out complete ques-
tionnaires alone, and we will try to profile them by comparing their the number of responders to
the number that they should take up based on the sampling frame. In this way, separate response
rates will be determined based on five important variables: age and gender of the reference person in
the household, number of children, number of people in the household (HH) and the province. The
response rates can be found in Table 2. In general, compared to the overall response rate of 15%, one
can observe that people between 35 and 64 years of age are more willing to participate than older
or younger people. Middle-sized households are clearly more cooperative compared to singles or to
large households consisting of seven people or more. Apparently, the more children in a household,
the more it is willing to take part in the survey. These latter two results are counterintüıtive and in
contrast with previous results by e.g. Sen et al. (1995). One might expect that households with more
children or more people in the household in general would have less time on their hands to fill out
a rather burdensome travel survey. Though, this does not seem to be true. Two provinces seem to
outperform the other three, but this might be a biased result, as these are the two provinces with the
highest number of complete surveys. In the other three provinces, the survey is still ongoing.
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Table 2: Overall response rates on five profiling variables

Variable Categories
Age <25 25-34 35-44 45-64 65+

12% 11% 18% 19% 10%
Gender Male Female

17% 7%
HH composition 1 2 3 4 5

6% 14% 18% 24% 21%
6 7 8+

20% 7% 10%
Nr. of children 0 1 2 3 4+

12% 15% 21% 23% 21%
Province Limburg Flemish-Brabant Antwerp Eastern Flanders Western Flanders

31% 22% 10% 8% 7%

4. Discussion and final remarks

Travel surveys collect the critical information that is crucial for modern transportation planning
and policy development and diaries are an appropriate instrument for obtaining the required data.
However, filling out an activity-diary can be quite burdensome, hence leading to low response rates.

This paper investigates how part of the problem of non response can be overcome. Instead of
just increasing the sample size, for each base sample household, four reserves are provided, matched
according to the household type. When a previous household could not be reached or when it refused
to cooperate in the survey, it will be replaced by a reserve household.

Results show that working with reserve households almost doubles the response rate. In profiling
responders, we observe that singles and very large households are hard to reach, whereas households
with children and households with a reference person between 35 and 64 years are more coopera-
tive. Further investigation of differential non response can be carried out through a cluster analysis.
Together with an exploration of item non response, this forms a basis for future research.
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1. Introduction 

Since the best allocation for one item will not in general be best for another, some compromise must be 
reached in a survey with numerous items. The first step is to reduce the items considered in the allocation to 
a relatively small number thought to be most important(Cochran 1977). The multivariate allocation is to 
decide strata sample size with more than one item. The allocation is simple and convenient in univariate 
stratified sampling but complex multivariate stratified sampling because there are many items to be applied. 
A Neyman allocation is a special case of optimal allocation which can be used when the costs in strata are 
approximately equal. Under Neyman allocation, sample size in strata is proportional to the product of 
population size and variance in strata. However, it can not be applicable for multivariate stratified sampling 
because it is hard to define a scalar variance. In this case, a scalar variance is used to characteristic value of 
the variance-covariance matrix from multivariate stratified variables. 

Cochran(1977) proposed the Cochran’s compromise allocation that averages the individual Neyman 
allocation. Its assumption is that multivariate stratified items are mutually independent and they have equal 
weights. Actually, this is applied frequently and doesn’t have larger variance estimator than other methods. 
Chatterjee(1967) proposed the optimal allocation based on the minimizing the total relative increase in the 
variances, and Khan and Ahsam(2003) proposed another allocation which minimizes the sum of weighted 
variances of population mean estimators. Its weight is proportional to stratum variances. 

Ghosh(1958), Sukhatme(1984) proposed the multivariate Neyman allocation which minimizes the trace 
or determinant of the variance-covariance matrix. The trace is the sum of variances and the determinant is the 
linear combination of variances and covariances. The method minimizing the trace also assumes that 
multivariate stratified variables are mutually independent. The method minimizing the determinant doesn't 
assume mutual independence. The multivariate optimal allocation has been studied by Bethel(1989), 
Kozak(2004). 

Generally, multivariate stratified variables are strongly correlated, and it is hard to apply most methods. 
A solution is using the correlation coefficient or new multivariate stratified variables which are not mutually 
independent. In this paper, we propose the adjusted Cochran’s compromise allocation in which weights are 
the sum of correlation coefficients among stratified items and the multivariate Neyman allocation using 
principal component analysis. 
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2. Adjusted Cochran’s compromise allocation 
We assume that there are k stratified items. The Cochran’s compromise allocation is the average of the 

sample sizes using individual Neyman allocation(Cochran, 1977). However, a variation of one item can 
explain variations of another with high correlations. Stratified items with lower correlations are more 
important than others. That is, these items are weighted as follows; 
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where ijkρ  is the population correlation coefficient between the i-th variable and the j-th variable(i=1,…,k, 
j=1,…,k). The adjusted Cochran’s compromise allocation is defined as follows; 
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where  is the sample size in the h-th strata(h=1,…,L), hn hiσ  is the population standard deviation of the i-
th variable in the h-th strata, and  is weights’ number. γ

 

3. Multivariate Neyman allocation using the principal component analysis  
Ghosh(1958), Sukhatme(1984) proposed the multivariate Neyman allocation using the trace or 

determinant of the variance-covariance matrix. They used the trace under the assumption of mutual 
independence among stratified items and the determinant under otherwise. These methods are the Neyman 
allocation in univariate stratified sampling using scalar characteristic values of variance-covariance. Using 
the trace is more practical but more restrictive than the determinant. Therefore, we use new stratified items 
which are mutually independent. New stratified items are component scores in the principal component 
analysis(PCA). Component scores are mutually independent. 

The PCA is that the dimension of variables is reduced to the number of principal components. Then the 
proportion of total variance explained by reduced principal components may be low. Therefore, we don’t 
reduce dimension of items to principle components and make component scores as much as the number of 
items. The variance-covariance matrix from component scores is the diagonal matrix, so we don’t need the 
assumption of mutual independence among items. However, the proportions of total variance explained by 
principal components are different each other. Instead of using trace which summations variances of 
component scores, we use the weighted trace which summations variances of component scores with weights 
proportional to variance explained by principal components or eigen-value of principal components. 

Let make k component scores(l=1,…,k) using k stratified items(i=1,…,k), and calculate the weighted 
trace of the variance-covariance matrix from component scores as follows; 
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where is the variance of the l-th component score in the h-th strata, weight is the 2
llhs
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,  is the eigen-value of the l-th principle component, and lλ hΣ  is the variance-covariance 

matrix of the h-th strata. Finally, the multivariate Neyman allocations are as follows; 
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where  is the weighted trace of the variance-covariance from component scores in the h-th strata. ( hwtr Σ )

 

4. Conclusion 
The assumption of mutual independence of stratified items is not general. Therefore, we need method 

which is considered correlation among items or new items of mutual independence. The method utilizing the 
correlation uses inverse, square, or absolute value of correlation coefficient. The method using new 
multivariate stratified items, which are mutually independent, uses component scores by principal 
component analysis. These methods are simple and convenient, and useful because we don’t need to assume 
mutual independence. Moreover, the second method is unrelated to scales of items because component 
scores are standardized. These methods may be more efficient then classical methods in multivariate 
stratified sampling. 
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RESUME 
A Neyman allocation is a special case of optimal allocation which can be used when the costs in strata 

are approximately equal. Under Neyman allocation, sample size in strata is proportional to the product of 
population size and variance in strata. However, it can not be applicable for multivariate stratified sampling 
because it is hard to define a scalar variance. In this case, a scalar variance is used to characteristic value of 
the variance-covariance matrix from multivariate stratified variables. 

Cochran(1977) proposed the Cochran’s compromise allocation that averages the individual Neyman 
allocation. Its assumption is that multivariate stratified items are mutually independent and they have equal 
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weights. Ghosh(1958), Sukhatme(1984) proposed the multivariate Neyman allocation which minimizes the 
trace or determinant of the variance-covariance matrix 

In this paper, we consider the adjusted Cochran’s compromise allocation that weight is the sum of 
adjusted correlations among stratified items and propose the multivariate Neyman allocation using principal 
component analysis. This method is used new stratified items which are mutually independent. New 
stratified items are component scores in the principal component analysis(PCA). Component scores are 
mutually independent. 
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Coverages Rates of Telephone Household Lines and Potential Bias in

Epidemiologal Surveys

Nilza Nunes da Silva
UNIVERSITY OF SAO PAULO
E-mail: nndsilva@usp.br

ABSTRACT

Brazilian epidemiologists are increasingly looking for telephone sample surveys to colect population
data for estimating prevalences of cronical diseases. Since the coverage rates of Telephone Household
Lines in Brazil are diferentes between regions and states, there is often a question on the potential
bias resulting from the lowest coverage rates. From databases of the Brazilian National Household
Sample Survey (PNAD) were estimated coverage rates for THL in five geographical regions. To study
the potential bias introduced in the 95% confidence coefficient associated to the inferences that could
be got for each one brazilian regions . Also, inquiry into individual correlated factors to probability of
the people to get a THL in Brazil. The results shows that the regions with the lowest urbanizations
rates (North and Northeast) the THL coverages rates are bellow to the brazilian average (55,96%) at
the 2003 year. Rather than, the coverage rates are closer to this value for the 3 urban areas (South,
Southeast, Middle-west). Only for the metropolitan regions of the South and Southeast, with coverage
rates between 70 and 80%, the bias could be considered negligible. For the reminders, the values were
higher than two denoting to losses above to 50% for the theoretical levels set to the confidence intervals.
There is significant association between the schoolarity years, the skin collor and the probability to
get a THL in the regions with lowest coverage rates . Only those with at least ten years of school
among the blacks have got a THL, while this value went down for 5 years for the whites.

Keywords. Phone surveys, Coverage rates, Phone sampling surveys.
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Calibrated estimators are widely used in the finite population statistics to improve the quality of
the estimators using auxiliary information. Such type of estimators are often met in official statistics,
especially in social surveys. The idea of the calibration method for estimation of the population totals
is presented by J.-C. Deville and C.-E. Särndal (1992). These estimators enable to reduce the variance,
provided the auxiliary variables are well correlated with the study variable. The calibrated estimators
are also attractive because of their property to estimate the known totals of the auxiliary variables
without error. This property may be an argument to use the calibrated estimators in social surveys
where the correlated auxiliary variables are not always available.

The estimation of more complicated parameters using auxiliary variables is not widely studied
in the literature. One type of the calibrated estimator of the ratio of two totals is considered by
D. Krapavickaitė and A. Plikusas (2005). Calibration estimation for quantiles is studied by T. Harms
and P. Duchesne (2006).

Some calibrated estimators of the population covariance with one weighting system are in-
troduced by A. Plikusas and D. Pumputis (2007). They are constructed using various calibration
equations and various loss functions.

We present some calibrated estimators of the finite population covariance with several weighting
systems and some results on the estimation of their variance that are based on the simulation study.

The weights of the estimators are defined by some iterative equations. The construction of the
variance estimator is problematic. The variance estimator derived using a rough Taylor linearization
and jackknife variance estimator are examined by simulation. The estimators are compared with the
empirical variance.

Calibrated estimators of the covariance

Consider a finite population U = {u1, u2, . . . , uN} of N elements. Let y and z be two study
variables defined on the population U and taking values {y1, y2, . . . , yN} and {z1, z2, . . . , zN} respec-
tively. The values of the variables y and z are not known. We are interested in the estimation of the

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 4873 -



covariance

Cov(y, z) =
1

N � 1

N∑
k=1

(
yk � 1

N

N∑
k=1

yk

)(
zk � 1

N

N∑
k=1

zk

)
.

One of it’s standard estimators (see Särndal at all (1992)) is

Ĉov(y, z) =
1

N � 1

∑
k∈s

dk

(
yk � 1

N

∑
k∈s

dkyk

)(
zk � 1

N

∑
k∈s

dkzk

)
.(1)

Here by s is denoted a probability sample set, dk = 1/�k are sample design weights, �k is a probability
of inclusion of the element k into the sample set s.

Let the variable a with the population values {a1, a2, . . . , aN} and the variable b with the values
{b1, b2, . . . , bN} be known auxiliary variables. Denote their known covariance by Cov(a, b).

Let us construct a new calibrated estimator of the Cov(y, z) using known auxiliary variables.
If the auxiliary variables are well correlated with the study variables, the variance of the calibrated
estimator can be smaller compare to the variance of design based estimator Ĉov(y, z).

In general the calibrated estimator is defined by the calibrated weights wk, that are used instead
of the design weights dk and satisfy the following conditions:

a) the weights wk of the calibrated estimator satisfy some calibration equation;
b) the distance between the design weights dk and calibrated weights wk is minimal under the
some loss function L.

Several loss functions may be used to measure the distance between the design weights dk

(weighting system d) and calibrated weights wk (weighting system w). Simulation results show, that
the efficiency - mean square error (MSE ) – of the calibrated estimator does not depend significantly
on the kind of the loss function used. Define the loss function

L = L(w, d) =
∑
k∈s

(wk � dk)2

dkqk
.

Here the weights qk > 0, k ∈ s, are free additional weights. One can modify the calibrated estimator
by choosing these weights. We take qk = 1 for all k in our simulation study. The loss function L is
used mainly in practice, and it leads to the well known generalized regression estimator in the case of
calibration of totals.

Let us specify the definition of a calibrated estimator by considering some different cases.

Estimators with one weighting system

Construct a calibrated estimator using one system of calibrated weights and some different
calibration equations. It means we insert the same weight wk instead of dk in each place of the
expression (1). In this case the estimator we are looking for is of the form

Ĉov
(1)

w (y, z) =
1

N � 1

∑
k∈s

wk

(
yk � 1

N

∑
k∈s

wkyk

)(
zk � 1

N

∑
k∈s

wkzk

)
.

Here we have estimator with one weighting system. Let us consider three types of calibration equations
in order to define the weights wk, k ∈ s.

1. Nonlinear calibration.

Ĉov
(1)

w (y, z) = Cov(a, b).(2)

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 4874 -



We call this case a nonlinear calibration because the calibration equation (2) is nonlinear with respect
to the calibrated weights wk. The explicit solution of the minimization problem does not exist. Only
approximate iterative solution can be found.

2. Linear calibration.

1
N � 1

∑
k∈s

wk(ak � �a)(bk � �b) = Cov(a, b), �a =
1
N

N∑
k=1

ak, �b =
1
N

N∑
k=1

bk.(3)

This case can be called linear calibration, because we are calibrating the total of the variable (a �
�a)(b��b). The weights wk can be found as calibrated weights when estimating the totals (see Deville
& Särndal 1992).

3. Calibration of totals

The weights wk are defined using the calibration of totals:

∑
k∈s

w
(a)
k ak =

N∑
k=1

ak = ta,
∑
k∈s

w
(b)
k bk =

N∑
k=1

bk = tb.

This case can be motivated by the current survey practice when one weight system is being used for
the estimation of all parameters needed. Simulation results show that the quality of the estimates is
the lowest compare to the Case 1 and Case 2. The equations for the calibrated weights in the case of
one weighting system of the calibrated weights are presented in Plikusas and Pumputis (2007).

Estimators of the covariance with multiple weighting system

Let us plug-in w
(a,b)
k , w

(a)
k , w

(b)
k into the corresponding places of (1) instead of dk. Consider a

calibrated estimator of the following shape:

Ĉov
(2)

w (y, z) =
1

N � 1

∑
k∈s

w
(a,b)
k

(
yk � 1

N

∑
k∈s

w
(a)
k yk

)(
zk � 1

N

∑
k∈s

w
(b)
k zk

)
.

We have the estimator with multiple weighting system. Several calibration equations may be used in
this case as well. Let us consider some of them.

Case 1. One can take a nonlinear equation

Ĉov
(2)

w (a, b) = Cov(a, b).(4)

This case is the most complicated analytically, the expressions for the approximate iterative solutions
of the calibration equation (4) are complicated.

Case 2. We can calibrate the totals ta = N�a, tb = N�b separately, and the total Cov(a, b) of
the variable (a � �a)(b � �b):

∑
k∈s

w
(a)
k ak = ta,

∑
k∈s

w
(b)
k bk = tb,(5)

1
N � 1

∑
k∈s

w
(a,b)
k (ak � �a)(bk � �b) = Cov(a, b).(6)

The reasonable choice of the loss function in the Case 1 and Case 2 may be as follows:

L(w, d) = α1

∑
k∈s

(w(a)
k � dk)2

dk qk
+ α2

∑
k∈s

(w(b)
k � dk)2

dk qk
+ α3

∑
k∈s

(w(a,b)
k � dk)2

dk qk
,
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here α1 + α2 + α3 = 1, 0 < αi < 1, i = 1, 2, 3.

Case 3. We can take a double weighting system by calibrating the totals ta and tb using one
weighting system

∑
k∈s

w
(tot)
k ak = ta,

∑
k∈s

w
(tot)
k bk = tb,(7)

and adding the second weighting system by solving the equation (6).
Loss function in this case be:

L′(w, d) = α
∑
k∈s

(w(tot)
k � dk)2

dk qk
+ (1 � α)

∑
k∈s

(w(a,b)
k � dk)2

dk qk
, 0 < α < 1.

Estimation of the variance and efficiency of the calibrated estimators

Here we comment the results on the variance estimation. The conclusions are based on the
simulation study. Two different populations of the same size N = 300 are investigated. The first
one is the real population from the Lithuanian Enterprise Survey having a skewed distribution for all
variables which is close to exponential. The second population is an artificial normally distributed
population. Stratified simple random sampling is used.

The presented calibrated estimators of the covariance are complicated enough and it is not
easy to derive the variance estimators in the most cases considered above. One variance estimator
is derived using a rough Taylor linearization. The simulation results show that this approximate
estimator overestimates the variance significantly. It gives two or three times bigger estimates compare
to the empirical variance. The jackknife estimator performs better, but it requires a long time for
computation.

It is also interesting to compare the efficiency of the different estimators. The performance of
the estimators with one weighting system is studied in Plikusas and Pumputis (2007).

The nonlinear calibration leads to the stable estimates in the case of one weighting system. In
the case of highly correlated auxiliary variables a and b, the lowest MSE is observed in the case of the
linear calibration. The case of calibration of totals leads to the highest MSE in most cases.

The simulation show also that the use of several weighting systems in the Case 2 is more effective
compare to the cases with one weighting system. That is our main result.
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1. Introduction 

Mangrove forests are one of the most productive and bio-diverse wetlands on earth. Mangroves stilt-
like roots slow the water down, causing the water to drop its sediments and build up land along the coasts 
where it grows. It cleanses the water by filtering the water and by causing carried materials to be stored in 
the mud. Growing in the inter-tidal areas and estuary mouths between land and sea, mangroves provide 
critical habitat for a diverse marine and terrestrial flora and fauna. Many fish and seafood species spend their 
youth in mangrove swamps and they are partially protected from big predators by the stilt-like roots. Yet, 
these unique coastal tropical forests are among the most threatened habitats in the world. They may be 
disappearing more quickly than inland tropical rainforests, and so far, with little public notice. 

During the Christmas 2004 tsunami, it was found that in areas where the mangrove swamps were 
intact along the coast, the damage was minimal or non-existent. This has led an increasing awareness 
regarding the cultivation of mangroves among the coastal regions of south India. Many factors contribute to 
mangrove forest loss. However, one of the most recent and significant causes of mangrove forest loss in the 
past decade has been the consumer demand for luxury shrimp, or ‘prawns’, and the corresponding expansion 
of destructive production methods of export-oriented industrial shrimp aquaculture. 

The Marine Products Export Development Authority (MPEDA) and the state of Karnataka, India have 
a scheme of planting mangrove trees around shrimp farms to encourage eco-friendly green shrimp farming. 
Some of the perceived benefits of planting mangroves around shrimp farms include improved water quality 
and environment, improved nutrition and breeding, reduction in health management costs and improved 
growth. 

In this paper an attempt has been made to assess the willingness to pay (WTP) for the cultivation of 
the mangroves by the shrimp farmers and the factors which influence their willingness to pay. 

The main objectives of the study are: 
1. To estimate the average WTP and 
2. To build up econometric models to identify the factors which are responsible for the WTP 

of the shrimp farmers through a sample survey using double bound approach. 
The conventional approach to estimate the average WTP is through the use of logistic distribution. 

This method is model based. In this paper an attempt has been made to estimate the average WTP using ratio 
and regression estimators. This is an innovative application of the ratio and regression estimators and is 
design based and which has not been applied in Contingent Valuation (CV) studies till now. The 
organization of the paper is as follows. Section 2 briefly presents the estimation procedures. The results are 
presented in section 3 followed by the conclusion in section 4. 

 
2.  Methodology 
2.1. Contingent valuation survey 

Contingent valuation surveys generate data set about the responses on household characteristics, 
attitude and opinions and WTP responses. However, the data collected in these different elicitation formats 
can be classified as falling one of the basic categories: continuous data, binary data or interval data. 

The first category, continuous data, results when the survey elicits point estimates of WTP. As an 
example, open-ended questions of the form ‘what is your maximum WTP?’ require respondents to reply 
with one figure that they believe best, represents their WTP for the good being offered. 

The second category, binary data, results when respondents simply state whether their WTP is greater 
or lower than a value presented to them by the analyst. In CV, the amount presented to a respondent in such 
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a survey is termed the bid level. Such data are typical of data coming from a single bounded discrete choice 
question which requires a ‘Yes’ or ‘No’ response to a question such as ‘would you be willing to pay Rs. X?’. 

The final broad category of WTP data is that of interval data. Interval data are similar to binary data, 
in that they do not reveal the exact value of the respondents WTP. Instead, interval data results when 
respondents are presented with a series of bid levels. Such bid levels may be presented to the respondents all 
at once or sequentially (double bound discrete choice). Each respondent identifies two amounts that bound 
their maximum WTP (i.e. one amount greater than and one less than their maximum WTP). 

 
2.2. Estimation of average WTP using logistic distribution. 

The CDF of the logistic distribution is given by 

( ) ( )( ) 2//2 1),;(
−−− += σσσ azaz eeazf      (1) 

The average WTP for this distribution is the location parameter ‘a’. In the single bid or double bid 
approach used in the CV , the information is elicited through the answer ‘yes’ or ‘no’ and is a dichotomous 
random variable. Thus the information on WTP is interval censored and the estimation of the parameter ‘a’ 
and σ can be attempted using maximum likelihood (m.l.) estimation.  
The commonly used format of the logistic regression is, 

 z 
zF

zF
10)(1

)(
log ββ +=








−

       (2) 

which leads to the form of the distribution function 

( ) ( )( ) 1/1
−−+= σazezF        (3) 

Comparing equation (2) and (3), we notice that σβσβ /1,/ 10 =−= a , which leads to, ./ 10 ββ−=a  
Thus using the invariance property of the maximum likelihood estimators, the m.l. estimator of ‘a’ is given 
by, 
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ˆ
ˆ

ˆ
β
β

−=                      (4) 

where 10
ˆˆ ββ and  denotes the m.l. estimators of the regression parameters obtained using logistic 

regression. 
The literature on CV does not contain the expression for the asymptotic variance of the m.l. estimator 

of â . We derive the expression for the asymptotic variance of â using ∆-method. Using Taylor series 
expansion, we have, 
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Therefore the asymptotic variance of â  is 
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    (6). 

In the above expressions the )ˆ,ˆcov()ˆ(),ˆ( 0110 ββββ andvv are obtained using the inverse elements of 
the Fisher information matrix for (β0, β1). 
 
2.3. Ratio estimator 

In finite population estimation of the average WTP, the simplest estimator is a sample mean. The 
estimator can be improved when the auxiliary information is available: the ratio and regression estimator 
falls in this category. 

For a single auxiliary variable the ratio estimator of population mean Y is given by 

X
x
yYr =ˆ           (7) 

where xandy  refers to the sample mean of the steady and auxiliary variable and X is the population mean 
for the auxiliary variable. 
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2.4. Regression estimator 

When only one covariate is considered, the regression estimator is given by, 

( )xXbyy r −+=ˆ          (8) 
where b is the sample regression coefficient for regression of y an x. For the case of several covariates, the 
estimator is given by, 

( )∑
=

−+=
k

i
iiiG xXbYY

1

ˆˆ         (9) 

where Ŷ  is the mean of the steady variable, iX is the population mean of the ith auxiliary variable and bi is 

an estimate of the regression coefficient of Ŷ on ix . 
Usually cut of point from the normal distribution are used to obtain confidence interval for the average 

WTP. We have used bootstrap standard errors for constructing the confidence intervals. 
 

3.  Results and discussion 
3.1. Estimation of average WTP 

Table 1 gives the estimate of the average WTP using second bid amount for the various estimation 
procedures. 

From the table, using logistic distribution, the estimate of the average WTP is Rs. 750 with a 
percentage error of 9.95, when there is no covariate term. When the covariates age, education, income and 
alternate occupation are used in the model, average WTP remains same at Rs. 750 with a percentage error of 
16.13. In the case of finite population estimation, the best estimator is the ratio estimator, which yields an 
estimate of average WTP to be Rs.1233 with a percentage of error 0.94. This is followed by an estimate of 
Rs. 1239 for the regression estimator with a percentage of error is of 1.15. 
 

Table 1: Estimate of average WTP using second bid amount for various estimation procedure 
Logistic regression estimator 

Estimators Average amount 
willing to pay 

(in Rs) 

Standard Error 
(S.E) 

Relative standard 
error (%) 

95% confidence 
interval 

With covariate (income) 750 120.99 16.13 (513, 987) 
Without covariate 750 74.60 9.95 (604, 896) 

Finite population estimator 
Sample mean 2107 226.64 10.75 (1663, 2551) 

Ratio estimator 2133 19.82 0.94 (2094, 2172) 
Regression estimator 2139 24.63 1.15 (2091, 2187) 

Multiple linear regression 
estimator 

2139 24.59 1.15 (2091, 2187) 

 
3.2. Factors affecting the WTP 

Stepwise logistic regression was used to identify the factors influencing the households WTP for the 
cultivation of the mangroves. The explanatory variables included are the amount willing to pay at first and 
second bids, education, age, income and alternate occupation. The final model includes only three 
explanatory variables, namely, amount willing to pay at first and second bid and income. The results are 
summarized in Table 2. 

 

 Table 2: Estimates of the regression coefficients and the associated Wald ratios for the logistic regression. 
Factors β S.E. Wald d.f. Sig. Exp(β) 
First bid 
amount 

0.013 0.007 3.616 1 0.057 1.013 

Second bid 
amount 

-0.010 0.007 2.234 1 0.135 0.990 

Income 6.028 3.890 2.401 1 0.121 414.753 
Constant -20.176 11.951 2.850 1 0.091 0.000 
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4.   Conclusion 
This paper explores the use of ratio and regression estimators for the estimation of average WTP for 

the cultivation of mangroves in coastal Karnataka. From the results it follows that, the ratio estimator is quite 
efficient compared to the model based estimation. The standard errors reported for the estimation of average 
WTP, through the logistic distribution are the asymptotic standard errors while the corresponding figures are 
the bootstrap standard errors for the ratio and regression estimation. Because of computational difficulties 
the bootstrap standard could not be computed for the estimation through logistic model. Further study is 
needed to check the superiority of the ratio and regression estimators. 
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RESUME 

Contingent Valuation (CV) is widely used to determine the economic value of non-marketable 
goods. In the recent years, there are many papers using CV to estimate the environmental good or service. In 
these studies the average WTP (willingness to pay) is estimated using logistic distribution. This approach is 
model based. In this paper, an attempt is made to estimate the average WTP using regression estimators. 
Regression estimators are widely used in finite population studies and this paper is an innovative application 
of this approach in CV studies. A survey was conducted to assess the WTP for cultivation of the mangroves 
around the Shrimp farm in Coastal Karnataka, India. The average WTP was estimated using logistic 
regression and single and multiple linear regression estimators. Confidence intervals are also obtained using 
Bootstrap samples. The results indicate that the regression estimators are fairly accurate. 
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Dealing with sample frame imperfections: Survey experiences 

from Bosnia and Herzegovina  
Sabanovic, Edin 
Agency for Statistics of Bosnia and Herzegovina, Department for Statistical Methods and Planning 
Sarajevo 71000, Bosnia and Herzegovina 
E-mail: sabanovice@bhas.ba 

1. Background 
After the end of the war in the country, the statistical institutes in Bosnia and Herzegovina (B&H) 

planned to conduct household surveys in order to provide most recent basic inputs for different statistical 
sectors (price statistics, national accounts, labor force, trade statistics, etc.) and to surpass the gap in 
statistical data production due to the war. Three basic household surveys were given priority: living standard 
measurement survey (LSMS), household budget (HBS) and labor force survey (LFS). In the preparation of 
survey methodologies, institutes were confronted with the serious problem of household sample selection. 
This problem arose due to the lack of population data and consequently, the lack of an appropriate and 
updated frame for designing representative samples for household based surveys.  

2. Existing population statistics 
Every sampling attempt in post-war Bosnia and Herzegovina faced the frame problem at the very 

beginning of survey preparation activities. Bosnia and Herzegovina in the post-war period did not have either 
population or household registers. The postal address registers, if available, were incomplete as were the 
elections lists. The last population census was conducted in 1991 and its data were out-of-date in a country 
where population movements during and after the war, as well as new housing construction, were 
considerable.

The statistical system in the country had quite a good organization of area unit registers, consisting of 
almost 20,000 enumeration areas (EAs) grouped into settlements, municipalities, entities and District 
according the newest administrative structure of the country (Lynn, 2004). But, all existing data on these 
were from 1991 and far from reflected the real situation because of the considerable demographic changes in 
the period 1992-1995. Thus, it was reasonable to have numerous empty enumeration areas or areas with only 
a few households in the region where people abandoned their houses (mostly in rural areas), or to have 
enumeration areas with more households than before the war (mostly in urban areas).   

Statistical institutes in Bosnia and Herzegovina defined household based surveys as their priorities but 
did not have any funds for conducting them. In addition, their resources and experiences in sampling 
methods were very limited. Owing to considerable international community support in capacity building, the 
statistical system in Bosnia and Herzegovina was established and the first household surveys conducted. The 
following chapters describe in greater detail the sample frame organizations and sample designs adopted 
through the survey methodologies. 
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3. Construction of the first sample frame 
The first sample frame in the post-war period in Bosnia and Herzegovina was constructed in 2000 for 

the purpose of the Living Standard Measurement Survey 2001. The sample frame was created as a “master 
sample” from which the sample of households could be selected. The frame construction process and sample 
design consisted of the following stages: 

a) All 146 municipalities in Bosnia and Herzegovina were split into six strata (2 entities as main 
geographical strata and 3 area types: urban, rural and semi-urban) and 25 municipalities were selected as 
Primary Sampling Units (PSUs) with the probability proportional to size.  

b) The maps for all selected enumeration areas were made by the entity geodesic institutes.  
c) Within selected municipalities all households were enumerated using face-to-face interviews and the 

basic demographic data on their members were collected. In all, 6097 enumeration areas and about 380,000 
households were enumerated. 

d) 450 enumeration areas were selected as Secondary Sampling Units (SSUs) with the probability 
proportional to size (number of enumerated households in the stage b). 

e) Selection of 12 households with equal probability within each sampled enumeration area.  
Hence, the sample for LSMS 2001 was a three stage stratified cluster sample whose final size 

amounted to 5400 households: 3000 in Federation B&H and 2400 in Republika Srpska. The overall 
assessment of the sample design for LSMS 2001 was made by Prof. Peter Lynn from Essex University and it 
demonstrated a huge design effect of 2.13 (Lynn, 2004) due to differential selection probabilities and sample 
clustering. This result indicated that the effective sample size was only 5400/2.13 = 2535 households which 
was considered to be a huge loss in efficiency and resources. 

4. New concept of sample frame construction 
The survey experiences from the LSMS 2001 were very useful for the design of subsequent surveys. 

The following household survey conducted in Bosnia and Herzegovina was the Household Budget Survey 
2004. Considering the imperfections of the frame and sample design for the LSMS (Lynn, 2004), additional 
organizational efforts were made, and financial resources invested, in constructing a new frame which would 
be used, not only for HBS 2004, but also for other household surveys in the close future. The central idea 
was retained: to construct a statistically representative master sample for multiple surveys in Bosnia and 
Herzegovina by using an approach that would be simple and cost effective. A solution was found in the 
implementation of an area based approach in 2003. The sampling process consisted of three stages: 

a) Selection of 710 enumeration areas as primary sampling units, which were considered to be an 
appropriate number of EAs in order to provide a representative estimates at the state and entity levels.  

b) Enumeration of all households within the selected EAs, using the combined non-intrusive and semi-
intrusive method. The total number of enumerated dwellings/households was 39,081. 

c) Selection of households as secondary sampling units.  
The sample for HBS 2004 was a two-stage systematic sample, with a design size of 9570 households 

in order to achieve 6000 interviewed SSUs (the considered non-response rate was 37.3%, estimated from the 
pilot survey). The selection procedure provided both explicit and implicit stratification which resulted in 
reasonably accurate survey estimates (See: B&H HBS: Methodology 2004).  The expected design effect due 
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to clustering was 1.18 (Lynn, 2004). 

5. The latest sample frame construction 
Given that the statistical program of the Agency for Statistics of B&H (BHAS) defined sample surveys 

as activities of the highest priority, and the sample frame from 2003 became out of date, the need for creating 
new one arose. Two surveys were planned to be conducted: LFS in 2006 and HBS in 2007. Knowing these 
priorities and bearing in mind the expected activities on the population census, the dynamics of the 
demographic changes in Bosnia and Herzegovina, as well as the expressed competence of donors and partner 
organizations, the decision to create a double sized sample frame was made. This frame was constructed in 
2006 with the aim of providing representative household samples until the end of 2009. 

The main goal of the project was to select a representative master sample containing 1500 enumeration 
areas whose maps would be updated, and within these, all existing households enumerated. The aim was to 
create the list of households containing their main socio-demographic variables. In comparison with the 
master sample from 2003, the plan was to record more household and household member characteristics in 
order to facilitate sample designs that are more adjusted to surveys requirements.  

According to the estimation from previous experiences, the formation of a list of about 80,000 
households was expected, which would be large enough for sample selection for planned surveys during the 
next three years. 

This time, the sampling process consisted of the following stages: 
a) Selection of additional 790 EAs in order to obtain the 1500 EAs as primary sampling units (710 EAs 

from the 2003 master sample were used).  
b) Enumeration of all households within 1500 selected EAs in face-to-face interviews in order to 

register the household and household member characteristics using the intrusive method. The total number of 
enumerated households was 79,630.  

c) Selection of households as secondary sampling units.  
The samples for LFS 2006 and for HBS 2007 were selected from this master sample. Both of them 

were two-stage systematic samples. The sample size for LFS was 10,000 and for HBS 9274 households, in 
order to achieve 7600 fully co-operative households (estimated non-response rate of 18% from HBS 2004). 
Because the sample designs were very similar to the one for HBS 2004, satisfactory survey estimates, 
especially for main survey variables, are expected.  

6. Conclusion 
In the conditions of the absence of relevant population statistics, survey practices in Bosnia and 

Herzegovina deal with different types of problems. One of them is connected to the inappropriate sample 
frame. The first household survey (LSMS) suffered most from sample frame imperfection, but it constructed 
the initial basis for the future master sample. Thus, future household surveys improved their methodologies 
using the LSMS results and experiences.  

After a few surveys, the situation regarding the sample frame improved. The reason for this was not 
only in the cumulative effects of previous survey experiences, but also in the improving capacity of statistical 
institutes in Bosnia and Herzegovina. Together with international support, the institutes invested in sample 
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frame construction and staff education.  
The survey practice in the last seven years in Bosnia and Herzegovina solved a lot of initial problems, 

but not all of them. It is clear that the quality level of survey estimates, which depend on the sample frame, 
will achieve European standards when the population census data become available. Until then, every survey 
will have certain frame problems to solve. At the moment the frame infrastructure is at a level which does 
not require frequent updating and which provides modest survey result quality. One of the advantages of the 
described frame construction strategy is that the listing procedure can be carried out immediately prior to 
field work for any particular survey, ensuring that the frame of households is as up-to-date as possible. The 
disadvantages of this frame construction lie in cost of the updating procedures and in time limited value. 
Considering the current activities on the population census (which is scheduled for 2011) and increasing 
needs for survey results, it is certain that statistical institutes in Bosnia and Herzegovina will have to 
construct one more master sample in 2009.  
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ABSTRACT 
Household based surveys are sample surveys and the quality of their results depends inter alia on the sample design. 

The representative samples are drawn from sample frames that usually are population or household registers, 

population censuses or their updates. In absence of these data sources, surveys deal with sample frame imperfections 

which increase the non-sampling errors and have an impact on estimates. Bosnia and Herzegovina was in a situation 

which required sensitive solutions. This article illustrates the characteristics of the sample frames and sample designs 

in Bosnia and Herzegovina as well as the constraints in sample selection and the procedures applied in the last seven 

years
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Matching by random samples
 
Sometimes we need to count duplicated elements or common elements belong to several 

groups. For example, we need to estimate numbers of common members across several scientific 
societies to evaluate required time and costs when we intend to make a common mailing list of 
them. Matching all elements of the societies is most accurate method but it requires us costs and 
time if the size of the societies are very huge. Therefore matching by random sampling should be 
examined. In this paper we will show methods for estimating the numbers of common elements of 
different groups based on random sampling and matching.

A simple approach 

Here we will show the most simple case where the sample from a set is compared with all 
elements of another set. Suppose that there are two sets G1 of  N 1 elements and G2 of N 2  
elements and that the intersection of both sets have  M  elements. Consider now the case that  a 
sample of a set is compared with the elements of other sets. The proportion of common elements in 
Gi is pi=M /N i .

Let  X1  be the number of  elements of  G2  in a sample of   G1 . Then we get  p1=X1 /n1 as an 
unbiased estimate of   p1 . And  we also  get  Y 1=N1 p1 as an unbiased estimate of between samples. 
Exchanging   G1 and  G2 , we can get  Y 2=N 2 p2 as another unbiased estimate of M. Thus,
Y=wY11−w  Y 2 is also an unbiased estimate of  M . 

For given  n1, n2  , the minimum variance of Y is

V min Y =
1

22
2

1
22

2
,  (1)

where

i
2=

M N i−M 
ni

N i−ni 
N i−1

, i=1,2   (2)

If the total sample size  n n=n1n2   is constant, the pair  n1, n2   which minimize V Y  is 

n1 ,0   or  0, n2  depending on the size of  G1  and  G2 . This result shows that  we can get more 
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accurate estimate when we draw a sample from a smaller set.

The probability of coincidences among samples

If the size of each set is very huge, the method shown previous section is not practical one 
because huge size brings us huge number of comparison. Therefore we will try to extend that to 
comparison of samples from each set.  Here consider the case that samples from all sets are 
compared with each other and count the number of common elements. To compare samples and 
count coincidences comes down to socalled matching problems. The number of common elements 
to be estimated is not related directly to each sample size as previous example. We, therefore, should 
calculate the probability of the number of coincidences in this section. 

Let  N i  be the number of elements in set   i=1,2, , n   and  s i  be  sample size drawn from 
set i. And also let M be the number of common elements of all sets. The total number of 

combinations of  samples is  ∏ N i

s i  .

Consider now  A l  which is a set of all samples containing common element  a l .  The set of 

which all samples contain fixed k same common elements  al 1
, al2

, , alk
 is given by  ∩

j=1

k
Al j

, where 

{l1, l2, , l k } is any reordering of  {1,2, , M } . For fixed k common elements, the order of this set is 

∩j=1

k
Al j=∏ N i−k

si−k .  (3)

Because there are  N i−k  elements available for the rest of the samples and  si−k  other places to 
fill in the sample. Thus the probability that all samples contain fixed k common elements is 

P∩j=1

k

Al j=
∏ N i−k

si−k 
∏ N i

si 
.  (4)

As any elements have equal chance to be drawn, we have  M
k  possibilities for choosing any k 

common elements. Let

S k =∑ P∩j=1

k

Al j= M
k 
∏ N i−k

si−k 
∏ N i

s i 
,  (5)

where summation is over  {l1, l2, , l k} such that  1≤l1l2⋯ lk≤M . 
 Clearly  S k   can count the case which all samples include more than k same common 

elements. Thus using by the inclusionexclusion principle,we should seek the probability that each 
sample contains exactly k same common elements. The probability is 

P[ k ] = S k −  k1
1 S k1   k2

2 S k2 −⋯ −1s '−k  s '
s '−k Ss '

= ∑
i=0

s'−k

−1 iki
i Ski ,

 (6)
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 where s' is the possible maximum number of the same common elements in all samples, that is,
s '=min {s1, s2, , M } .  Also the probability generating function is given by

G z  = ∑
k=0

s '

P [ k ] z
k =∑

k=0

s'

Sk  z−1 k  (7)

(see, e.g., Johnson et al. (2005)) and therefore the mean and variance of coincidences are

E [X ] =  = G ' 1 = S 1 =M∏
i=1

n

f i ,  (8)

V [X ] = 2 = G ' ' 1G ' 1 − {G ' 1 }2 = 2S2  S 1 − S 1
2

≃ M ∏i=1

n

f i1−∏i=1

n

f i ,
 (9)

where  X is the number of coincidences and f i=si /N i . Thus the mean   is that M times the 
product of sampling fraction of each set. The variance  2  has maximum when  f i=1/2 for any i.

An estimate using the sample mean

Let  X n=n−1∑i=1
n X i and by using (8), we get an estimator of the total number of common 

elements M. 

M=∏
i=1

m

1/ f i X  , (10)

where m is the number of sets and f is the sampling fraction.  As   X n is an unbiased estimator, 
we use it as proxy for the true mean   . The estimator M , however,  will fluctuate widely in 
response to the variance of  X n . The sampling fraction is small value in general, and hence the 
product of its inverse  ∏1/ f i would be huge value. To get a precise estimate of M, we need to 
restrict the deviation of the difference between  X n and    . The bottom line is we should decide the 
proper trials of sampling, or n. The central limit theorem says that the distribution X n approaches 
the normal distribution, that is,

X nN  , /n as n∞ . (11)

However, we can't know the true value of    , since (9) shows   consists of  the number of total 
common elements M, which we are about to estimate. 

V  M ≃ M ∏
i=1

m

1 / f i1−∏
i=1

m

f i .  (12)

Hence, we can't connect  n with the degree of precision of  M  directly. Nevertheless, to estimate an 
tentative estimate of M using sample mean and to calculate  by using it seems proper way. 

Finally, we examine the validity of this model by using three membership lists of scientific 
societies in Japan. Each society has 1432, 1007, 381 members respectively. And the number of 
common member is 65. We consider the situation that we draw sample from bigger two societies' 
lists by the same fraction and we compare drawn members with the smallest society's list. We did 
100 and 500 trials at the several sampling fraction. Fig. 1 and Fig. 2 show 90% confidence intervals 
calculated by the bootstrap method at the each fraction. The number of bootstrap replication is 
1,000. Roughly speaking, (11), (12) represents that we can estimate  M with | M−M |≤2 at 95% 
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confidence interval when we did  M ∏i=1
m 1 / f i  1−∏i=1

m f i times trials. Actually Fig 1 and Fig. 2 are 
satisfying this theoretical result.
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Figure 1(100 trials), 2(500 trials) Estimates at each fraction rate

Conclusion

In this paper, we show the way for estimating the number of common elements in several sets 
based on random sampling. The number of coincidences among samples depends on the sampling 
fractions of each set. We can estimate precisely the number of common elements using sample 
mean of coincidences. However, to get am precise estimate, we need enormous number of trials in 
the small sampling fraction. In general, the necessary number of total drawing samples from each 
trial is much larger than the size of the population. Hence, we face the tradeoff between complete 
matching and estimation from sampling. We should clarify the amount of error that we are willing 
to tolerate and develop the cost function of sampling when a practical decision is to be made.
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RÉSUMÉ (ABSTRACT) — optional
 Sometimes we need to estimate of duplicated elements across several sets. The most accurate way is complete 

matching of all elements by cross checking.  Such way, however, requires us  costs and a long time if numbers of  

elements of each sets is huge.  In this paper we will show methods for estimating the number of common elements in  

several sets based on random sampling. Simple way is that a sample of a set is compared with the elements of other  

sets.  More complicated case is that samples from each sets are compared with each other.  At first, we will describe 

two sets, which is the most simple case.  Then we will extend n cases and show the probability generating function 

of the number of coincidences.  We will illustrate such cases by using membership lists of scientific societies in  

Japan. 
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Abstract

For estimation using poststratification under unequal probability sampling, we use the
approach of Sugden and Smith (2002, 2007) to represent the exact mean square error of common
estimators in the general linear class as a linear combination of eigenvalues. These eigenvalues
and their corresponding eigenvectors are known provided the design is completely known and
the poststrata are identified on the sampling frame. The eigenvalues represent multipliers of
the within poststratum sum of squares. Thus we quantify the sense in which sampling mean
square errors are small when the stratification is effective.

1. Calibration and poststratification

Consider a finite population labelled by U = {1, 2, . . . , N} where yi is the value of the
survey variable. A sample s ⊂ U is selected with probability p(s), which may depend on
auxiliary variables but not on the survey variable. The target for randomisation (‘design-based’)
inference is the population total T =

∑
i∈U yi. A general linear estimator T̂ is any expression of

the form T̂ =
∑

i∈s bsiyi where the survey weights bsi can be arbitrary but specified functions of
the auxiliary variables, but again not of the survey variable. Sugden and Smith (2002) showed
that the mean, variance and mean square error of T̂ are exact homogeneous linear and quadratic
functions of the population state vector y = (y1, . . . , yN)t. Specifically

E[T̂ ] = Bty Var[T̂ ] = ytVy MSE[T̂ ] = ytMy,

where the i-th component of B is Bi =
∑

s3i p(s)bsi, the ij-th component of the N ×N matrix
V is

∑
s3i,j p(s)bsibsj −BiBj, and M = V + (B− 1)(B− 1)t where 1 is a N × 1 vector of ones.

Suppose further that the population is partitioned into H mutually exclusive and ex-
haustive domains, a poststratification: U1, . . . ,UH , of known sizes N1, . . . , NH . Similarly the
sample s is poststratified into sh = s ∩ Uh where nh is the number of sampled units in sh

(h = 1, . . . , H). Thus the sample configuration can be written n = (n1, . . . , nH), and we call a
sample representative of the poststratified population if nh > 0, h = 1, . . . , H.

For any representative sample, as
∑

i∈sh
bsi = Nh, h = 1, . . . , H, the following general

linear estimators are calibrated with respect to the known H (linearly independent) stratum
indicators:

T̂PS =
H∑

h=1

Nh

∑
i∈sh

yi/πi∑
i∈sh

1/πi

, T̂ ∗
PS =

H∑
h=1

Nh

∑
i∈sh

yi/π
∗
i∑

i∈sh
1/π∗i

, T̂BLU =
H∑

h=1

Nhȳh.

Here πi and π∗i (i ∈ U) respectively are the unconditional and conditional inclusion probabilities
of the design p(s), the latter conditional on the sample configuration, and easily calculable if the

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 4893 -



whole design is known. ȳh, h = 1, . . . , H are the poststratum sample means. Equivalently the
estimate gives the correct answer whenever the population is constant within each poststratum.

The above estimators are not even calibrated with respect to an overall constant (origin
invariance) when the sample is not representative. However this calibration can easily be
fixed by multiplying each by the ratio N/

∑H
h=1 NhI(nh > 0) where I(.) is the ‘truth’ indicator

function (this ratio is 1 for any representative sample). A similar remark was made in Doss et
al. (1979) and again in Sugden and Smith (2006).

The original unconditional unequal probability design can select both representative and
unrepresentative samples so none of these estmators are calibrated with respect to all the stra-
tum indicators (but see the remarks following Table 2). But by conditioning on the configuration
for an observed representative sample we can achieve the desired calibration for any feasible
sample. Sugden and Smith (2007) show that the matrices M and V for each estimator have H
zero and N − H nonzero eigenvalues. These nonzero eigenvalues represent generalized design
effects which are ratios of the exact moments (mean square error and variance respectively) to
the within poststratum sum of squares

H∑
h=1

(Nh − 1)S2
h, a quadratic form in y for an idempotent matrix of rank N −H.

This is the residual variation after an ordinary least squares fit of the population to the model for
which the estimator T̂BLU is best linear (model) unbiased. As the population varies, this ratio
is bounded between the maximum and minimum nonzero eigenvalues (when the population
is constant within each poststratum, numerator and denominator are both zero). Thus, as
we have assumed that the design and poststratification are completely known, we can make
comparisons based on exact mean square error and variance without recourse to large sample
approximations or simulation.

2. A numerical example

We illustrate these ideas with a ‘toy’ example first used in the unstratified case by Sugden
(2003). The eigenvalues shown are multipliers for the within poststratum sum of squares
which give the exact MSE as the population varies over all possible linear combinations of the
eigenvectors (not shown). Comparisons can therefore be made without simulation, but over all
populations, rather than by simulation using an arbitrary selection of ‘real’ populations.

Example: We have a population size N = 6 with two poststrata of sizes 2 and 4, sample
size n = 3 with observed configuration n = (1, 2)t used for the conditional design. The original
design is due to Chao (1982) where the inclusion probabilties are proportional to the size vector
x = (2, 2, 4, 3, 1, 4)t. The conditional inclusion probabilities π∗i , i ∈ U are given by the vector
(1

2
, 1

2
, 25

36
, 1

2
, 1

9
, 25

36
), obeying the usual constraints with the first two units in poststratum 1, and

the remaining four units in poststratum 2.

Eigenvalues for the MSE of three poststratified estimators
Conditional Design

T̂ ∗
PS T̂PS T̂BLU

2.078 2.000 2.000
2.000 1.908 1.556
1.776 1.723 1.222
0.718 0.770 1.222
0.000 0.000 0.000
0.000 0.000 0.000

Unconditional Design

T̂ ∗
PS T̂PS T̂BLU

2.257 1.943 1.731
1.341 1.310 1.286
1.286 1.286 1.154
0.896 0.934 1.000
0.593 0.600 0.830
0.000 0.000 0.000

We note that all three estimators seem to perform very similarly, especially under the
unconditional design, and that the approximate design-unbiasedness of T̂ ∗

PS for the conditional
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design and T̂PS for the unconditional design has little effect. The estimator T̂BLU ignores
the design(s) yet still performs rather well despite its bias (the size of the bias can also be
examined using eigenvalues). However the two design-based estimators seem to show a modest
improvement under the conditional design when the stratification is fairly effective (lowest
positive eigenvalue), at the cost of a considerably worse performance when the stratification is
fairly weak (second largest eigenvalue).

The calibration is reflected in the two zero eigenvalues in Table 1. An anomaly is the two
zeroes in Table 2 which follow as all estimators are exact whenever the population has zero
values for stratum 1 and is constant for stratum 2, as n2 > 0 with probability one for this design
and poststratification. For a larger example with more than two strata this will not occur, and
none of the estimators will be calibrated under the unconditional design. Of course this does
not mean that they will not perform well for a large class of populations and samples.
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RÉSUMÉ

Quand les variables auxiliaries sont disponibles pour toute la population, et le plan d’échantillonage
est complètement connu, c’est possible de faire une exacte comparaison des estimateurs calés,
avec une ‘eigenanalyse’.
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ABSTRACT

Between February and June 2003, lists of EAs were developed as a survey sampling frame. Three
separate lists were provided, for Republika Srpska (RS), Federation of B&H (FB&H) and Brcko District
(BD). Four principles guided the development of these lists: comprehensiveness, mutual exclusiveness,
clear identification of each EA, auxiliary information for sample stratification. Lists consisted of
a number EAs from 1991 Census and EAs selected for Living Standard Measurement Survey 2001
updated on the basis of 1991 Census. The total number of EAs on the lists was 19,423 of which 10,287
marked as FB&H Only; 7,511 marked as RS Only; 1,254 marked as FB&H and RS; and 371 marked
as BD. List of EAs contained also EAs of shared settlement marked as “FB&H and RS” because
they appeared on the lists for both entities. These EAs were categorised as: “UNRESOLVED” EAs
on FB&H list and also present on RS list (83 EAs); “SPLIT BETWEEN ENTITIES” on FB&H list
and also present on RS list (245 EAs); “SPLIT BETWEEN ENTITIES” on RS list and also present
on FB&H list (965 EAs); and not marked as either “SPLIT” or “UNRESOLVED” but nevertheless
present on both lists (2 EAs). The sum of these three categories adds to more than 1,254 as some
EAs fell into more than one category. Initially, 691 EAs were selected. The sample design involved
selecting EAs with equal probabilities, so the sample of 691 EAs was distributed over the 4 strata in
the same proportions as the population of all EAs. The decision was made consequently to include 19
EAs extra from Brcko District in the sample, so the total number of EAs was 710, with 32 of them in
Brcko.

Keywords. B&H, HBS, sample.

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 4896 -



Features of Sample Construction of Effective Design for the 
Survey of Ukrainian Educational Institutions 

 
Vashchaieva Natalia  
National Academy of Science of Ukraine,   
Institute for Demography and Social Research,  
Social and Demographic Statistics Department 
26, Panas Myrny str., 
01011, Kyiv, Ukraine 

E-mail: n_vashchaieva@ukr.net 
 
 

The basic information source which allow to estimate real condition of the education system, to 
develop effective policy of its reforming and to estimate efficiency of corresponding actions is the statistical 
reporting and the Ministry of Education and sciences administrative information. However, the data from 
these sources it is not enough to estimate quality of education and school results level. In such conditions the 
role of special surveys are grows. Among them sample survey which allow to receive reliable results at the 
minimal expenses are allocated. At use of sample survey in sphere of social researches especially actual there 
is a problem of development of effective design of sample. It should take into account features of general set, 
provide a necessary level of the data reliability. 

At carrying out of survey in system of secondary education of Ukraine as general set, depending on 
the survey purpose, can be set of establishments or set of pupils. Also these two sets can simultaneously be 
investigated. 

For construction of effective sample design important in details to represent general set structure. Let's 
consider the basic characteristics of educational institutions general set. 

Usual educational institutions make the basic part of schools. The share of usual educational 
institutions by the beginning of 2004-2005 made 88,7 % of the state day time educational institutions general 
number, a share of pupils in them - 86,8 %. The share of the new type educational institutions made 11,3 %, 
a share of pupils - 13,2 %. Thus essential distinctions of the specified characteristics on regions were 
observed. In urban areas is 32,1 % of usual educational institutions and 65,4 % of pupils, and in a rural areas 
- 67,9 % of institutions and 34,6 % of pupils. Thus, in a rural areas there is a most part of schools, but the 
basic part of pupils is concentrated in urban areas. 

Besides set of usual educational institutions is non-uniform on training language. As a whole across 
Ukraine establishments with the Ukrainian training language prevail, but in regional distribution there are 
essential differences. For example, in the Lviv region 98,8 % of pupils are trained in the Ukrainian language, 
and in Crimea - 96,5 % in Russian. 

Thus, general set is non-uniform under such characteristics as region, type of area, type of an 
institution, training language. Therefore, depending on the program of survey sample, the effective sample 
design should take into account features of usual educational institutions general set.  

It is important to note the following. At survey of separate aspects of education quality there can be 
expedient an association of the received information with the data of other surveys. For example, estimations 
of population incomes and expenditures, poverty, so living conditions too influence of training conditions. It 
demands the account sample designs of the other surveys at the survey organization in the education system. 
Household incomes and expenditures are measured in Ukraine at survey of household living conditions.  

The sample design created for concrete survey, depends on the purpose of survey, requirements to the 
data reliability, a way of the information gathering, the financial resources, existing information base. At 
carrying out of survey in the education system on the basis of questioning by interviewers of institution 
workers and pupils sample of usual educational institutions is expedient for forming as probabilistic, 
territorial, stratified. 

From the previous surveys proceeds, that at stratification the sample is expedient for distributing by 
regions. Among regions to allocate type of settlement - cities and a countryside that will provide adequate 
representation in sample of all territories. The variant of stratification when in regions allocate the big cities 
with a population more than 100000 person, small cities with the population less than 100000 person and 
administrative areas in a rural areas is possible. Within the limits of areas type the list of institutions on each 
settlement included in sample is formed, and strates are allocated. For example, by usual educational 
institution (usual and new type), by a training language (Ukrainian or Russian). 
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Depending on the survey purpose the sample size can be distributed on strates by the certain 
quantitative attribute. For example, it is proportional to number of pupils if it is necessary to survey pupils, or 
it is proportional to number of institutions if institutions are surveyed. 

If are surveyed both pupils and institutions, the researcher should solve how to distribute sample by 
strates. Thus it is necessary to take into account, that it can influence on design-effect. The design-effect 
characterizes the variance ratio of the certain parameter estimate to real sample design to a variance of the 
same parameter estimate at simple random sample (C-E. Särndal, 1992 and Kish, 1995). For an estimate of 
influence effect of sample distribution on the strates, generated by number of pupils, on variance size of 
selective parameters estimate calculations have been carried out with an assumption, that the variance of 
each parameter within the limits of strates is identical. 

Under the above-stated conditions and without the amendment on set completeness the ratio of 
variance at disproportionate sample distribution to a variance at proportional distribution can be submitted 
as:    
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where eff  - influence effect of a way of sample distribution on strates on variance size of selective 

estimations;  
)(yVnprop  - variance of sample estimations at disproportionate sample distribution;  

)( yVprop  - variance of sample estimations at proportionate sample distribution;  
2
wσ  - variance of y - attribute on sample units;  

n

n
W )prop(h

h =  - h -strate weight, H,...,,,h 321= - total strates number;  

)nprop(hn  - sample size at disproportionate distribution;  

)prop(hn  - sample size at proportionate distribution;  

n  - total sample size. 
Suppose, that the total sample size for survey of pupils school results level is made by 7200 person 

which are distributed on settlement on 7 regions of Ukraine proportionally to number of pupils. Provided that 
the variance of pupils school results level within the limits of strates identical, at distribution of sample 
proportionally to number of institutions value of eff  makes 1,4  (see (1) and table 1).  

It is necessary to note, that the value of eff  can be and less than 1 if to compare variances at 

proportional and optimum layout. 
The sample design realized in survey causes use for construction of base weights on each strate such 

components: 
– probability of the first step units selection (city settlements and rural council), P1i; 
– probability of the second step units selection, P2i (institutions); 
– probability of classes selection, P3i. 
The inverse number of product of these three probabilities is the base weight of the pupil. The general 

probability of selection for all pupils in the certain selected class is identical and equal to the total probability 
of selection of class as in each class all pupils are surveyed 

Thus, at three-stage formation of sample for survey of education quality the ip  is determined: 

pi = P1i ⋅ P2i ⋅ P3i,           (2) 

The selection probability of city settlements and rural council iP1  are determined on each region 

separately: 

M

M
aP пов

i ⋅=1 ,          (3) 

where a - number  of city settlements or rural council, that are selected in the region;  
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Table 1 - Distribution of sample size of pupils on strates (according to social statistics by the beginning of 
2004/2005) 

Region Area 
type 

Strate 
number 

Strate 
weight, % 

Proportionally 
number of 

pupils, pers 

Proportionally 
number of 

institutions, pers )nprop(h

)prop(h

n

n 2

  

Аutonomous Republic of Crimea 1 6,9 498 290 855,8 
Donetsk region 2 19,3 1387 955 2013,5 
Kyiv region 3 6,4 464 246 875,4 
Lviv region 4 9,6 694 388 1240,8 
Odesa region 5 8,2 588 317 1089,1 
Kharkiv region 6 11,0 791 457 1369,0 
Kyiv city 

ur
ba

n 
7 12,8 919 536 1573,6 

Аutonomous Republic of Crimea 8 4,1 296 394 221,9 
Donetsk region 9 2,3 163 377 70,1 
Kyiv region 10 4,1 298 646 137,2 
Lviv region 11 6,7 480 1257 183,2 
Odesa region 12 5,6 404 727 224,8 
Kharkiv region 

ru
ra

l 

13 3,1 220 611 79,3 
Total - - 100,0 7200 7200 9933,6 
 

пов
M  - primary sampling unit size - city settlements population size or household number in  rural council;  

M  - total population size of city settlements in city area of region or total number of household on rural 

area of region. 
The institutions are selected at the second step of selection from the selected city settlements and rural 

council with the probability proportional to the total number of pupils. Selection of usual educational 
institutions is carried out in each strate separately.  

Selection probabilities of educational institutions within the limits of the selected city 
settlements and rural council iP2  are determined separately for usual educational institutions and 

educational institutions of new type: 

N

N
bP вов

i ⋅=2
,          (4) 

де b - number of the certain type schools which is selected in city settlements or in rural council;  

вов
N  - secondary sample unit size - total number of pupils in school;  

N  - total number of pupils of the certain type schools in the selected city settlement or in rural council. 
If an survey unit - pupils after selection of educational institutions classes are selected. In these 

classes all pupils or their certain part are surveyed. 

Probabilities of class selection within the limits of the selected schools iP3  is determined under the 

formula: 

Q

Q
P тов

i =3 ,          (5)
 

where 
тов

Q  - tertiary sample unit size - total number of pupils in class;  

Q  - total number of pupils in all classes of school (which represent this class). 

For distribution of survey results on general set the system of the statistical weights, intended pays off 
to take into account: 
- total probabilities of institutions and classes selection; 
- actual levels of survey units participation in survey; 
- coordination of survey results with the existing data from other sources, in particular the data of the 
statistical reporting. 

Final weight of the i-pupil calculate as product of the pupil base weight and the certain weight 
coefficient (reweighting coefficient) under the formula: 
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kww iBi ⋅= ,          (6) 

where iw  – final weight of the pupil;  

iBw  – base weight of the pupil;  

k  – weight coefficient. 
In probability sample each pupil has the total probability to get in sample. Thus, this pupil representing 

1/pi  of pupils of general set. Accordingly at calculations for general set it is necessary to take into account 
1/pi  times. The value 1/pi  is the pupil base weight for distribution of survey results on general set: 

iBi p/1w = .           (7) 

For a correcting of base weights with the purpose of increase of representing level survey results it is 
expedient to construct system of cells on such classification variables: region, type of area, pupil sex. 

The total number of pupils in general set in the certain cell qN  is determined according to social and 

demographic statistics about a population size corresponding sex and age groups.   
Coefficients for base weights correction qk  calculate on each q-cell under the formula: 

∑
=

λ⋅

=
qL

1i
qiBi

q
q

W

N
k

,           (8) 

where 






∉

∈

=λ

q

q
qi Liif,0

Liif,1 ,  

qL  – set of the surveyed pupils of q-cells,  

qN  - set of pupils of  q-cells on the external data. 

The final statistical weight i-pupils iw  calculates under the formula: 

 iw  = qBi kw ⋅ , for  i ∈ qL .         (9) 

The sample design described in the article was applied for survey of general educational institutions 
and their pupils at the organization of survey of school results in different regions of Ukraine in 2005. By 
results of this survey the design - effect for an average level of school results, for example, for Kyiv made 
2,0, and on countryside for the Kyiv region - 2,2, for the Kharkiv region - 4,0, that is sufficient for regional 
level. Therefore it is possible to count, that the sample design is effective. This design takes into account the 
external information, reflects the basic features of general set, provides a sufficient level of reliability of the 
survey data and reduces expenses for formation of sample. Results of the research testify, that such sample 
design can be used at the organization of sample survey in Ukraine education system. 
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RESUME 

In the article questions of development of effective sample design for survey of general educational 
institutions and pupils in Ukraine are considered. Thus, the external information of the state social and 
demographic statistics, the administrative data is taken into account, necessary territorial scope and level of 
the data reliability is provided. 
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1．Theory of requirements of multi-object sampling plan 

 Some requirements and characteristics of basic theories of multi-object sampling 
investigation are: comprehensiveness of multi-object, comprehensive controlling of 
estimation and error of multi-object, on the whole accuracy of multi-characteristic error, small 
capacity of samples and economic investigation. 
2．Thought and characteristics of uniform design  

 The method of uniform design is an experimental design method put forward to solve 
problems of national defense experiment by mathematician Professor Wang Yuan and 
statistician Professor Fang Kaitai in the late 1970s. A group of theory researchers have great 
enthusiasm in studying this theory which is applied to many fields of society and economic 
research and it’s more mature through development of 20 years’ theory and appliance. 

 The thought of uniform design is: supposing there are many mutual independent factors 

(indexes) in population, they are  each factor has levels of  

and each level of each factor (index) in population is submit to uniform design, so the 

research of super cubic space in population can be divided into . 

)1(;,...,, 21 〉sxxx s )1(;,...,2,1 〉qq

sq

   The method of uniform design is to select some small super cubic space evenly in 

super cubic space. By using characteristics of sample indexes in these small super cubic 

spaces we describe characteristics of population. The measure of choice of uniform of small 

super cubic space in uniform design is through Z-centralization 

sq

−2L deviation statistical 

volume. In general, centralization −2L deviation is calculated by simplifying statistical 
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volume , the formula of is:  )(2 PCD )(2 PCD
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Therefore, uniform design has constructed table of uniform design under factor and 

level  by using  statistical volume through computers. These tables of uniform 

design have provided convenience to select sample points by using uniform design. Defining 

selected sample points can be natural by using uniform design table,  indicates 

uniform design table of sample n under factor and level . 

s

q )(2 PCD

)( s
n qU

s q

 For instance we have uniform design table with five factors three levels  (as in 

Table1)  

)3( 5
9U

Table1.Uniform Design Table 
Ｎo. （Factor１） Factor２ Factor３ Factor４ Factor５ 
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According to uniform design table selected sample size nine small super cubic space, 

this sampling population can be divided into  sampling small super cubic space, which 

is

53

53
9

 of population super selected by uniform design very small. Of course, we can make 
complete investigations among the selected small super cubic space. We can also make 
sampling estimation toward partial individuals of random sampling. So making sampling by 
using uniform design table has positive meaning in reducing sample size. 
3. Basic supposition and even handing of multi-index sampling 

On this basis, we put forward some supposition and handling of multi-object (index) as 
well as thought of plan and design of multi-object sampling by using uniform design. 

(1) Basic supposition of indexes 
To make it convenient to do research about plan and design of multi-object sampling, to 

make sure error of sampling estimation and scientific of the plan, we need to make some basic 
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supposition about multi-object (index) which needs to estimate about 

population. 

)1(;,...,, 21 〉sxxx s

① Multi-object (index) is co-relatively independent variable, 

, . 

)1(;,...,, 21 〉sxxx s

jiji ≠∀ ,,, ),...,2,1,(0),cov( sjixx ji ==

② Multi-object (variable) are all fixed quantity variable. )1(;,...,, 21 〉sxxx s

To guarantee population individuals distribute evenly among super cubic space, we must 
propose all variables investigated inter-independent. If co-relation of variables is too great, 
population individuals will gather among partial small cubic space, which will have effect on 
the result of sampling. 

(2) Even handling of probability of index distribution 

To any index , its density function ix ),( •ixf  of probability distribution is unevenly 

distributed. We can make  groups of even probability toward density function of 

probability. The districts of each group is   , we mark 

them level  . 

q ),( •ixf

],[],...,,[],,[ )1()2()1()1( ∞−∞ −q
iiii xxxx

)1(,...,2,1 >qq

Here, ),( •kxf i  is density of probability distribution under level . We 

have: 
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Under district level  to any index , under each level, distribution of 

probability

q,...,2,1 ix

),( •kxf i is evenly distributed. 

4. Plan and design of multi-object sampling investigation 

Through unification handling toward index above, sampling 

space is divided in sub  spaces, probability of each cell is

)1(;,...,, 21 〉sxxx s

sC sq sq
1

,its sample volume 

included is 
sq

N
 (N is the total number of the whole population).Therefore, according to 

the theory of uniform design, we can select sampling points defined with sampling 

investigation toward sub sample space by using uniform design table as in Table 

2: 

sq )( s
n qU

Table 2. Sample Points Table Selected with Uniform Design 
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Sample Factors       Factor1 

  1 2 3 4 

1 √ √   
2   √ √ 
3  √  √ 

Factor2 

4 √  √  
We can see from the table of sampling points selected with uniform design, the selected 

sampling points are evenly distributed, each variable and level has sampling observation 
points, which has advantage of estimating accurately characteristics of each index in 
population. 

Plan of multi-object investigation constructed by using uniform design is a method to 

divide population into levels according to level , and to make population 

sampling toward sub super cubic space in each level. Obviously, we can think multi-object 
sampling plan constructed is a special level-divided whole sampling. We think multi-object 
sampling plan constructed is a special multi-step sampling. 

)1(,...,2,1 >qq

Plan of multi-object investigation constructed by using uniform design method can 
easily achieve estimation toward multi-object in population. The method is simple and easy to 
handle. Multi-object can be controlled systematically and sample capacity can be reduced 
greatly .This plan has obvious advantages than other multi-object sample investigation plan 
constructed at present theoretically and practically. To users, according to uniform design 
tables, there is no need for them to know more knowledge in theory. It is advantageous to the 
spread and usage of this plan.  
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 Abstract: In this paper the author puts forward theory requirements of plan and design of 
multi-object Sampling as well as basic theories and thoughts of uniform design. And the author gives 
thought of supposition and management of indications if uniform design in plan and design of 
multi-object sampling. The author discusses theory of method of uniform design in plan and design of 
multi-object sampling and puts forward thoughts of design and plan of multi-object sampling. 
Key word: uniform design，  multi-object sampling ,    plan and design 
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1. Introduction 
 

The official statistics in Korea has been administrated in a form of decentralized governmental system. 
This means each governmental organization produces its own statistical data and analyses data necessary for 
developing policies. As of April 2007, a total of 159 governments and governmental organizations produce a 
variety of 744 statistical data. Under these circumstances, the KNSO, which is the central government 
authority in charge of official statistics, plays a key role in the national statistical system. Despite the 
ongoing process in the development of national statistics, the customers, service users, and the media have 
criticized the current system of national statistics in terms of quality such as usefulness, reliability, and user-
friendliness. 

 
 The KNSO have realized the importance of statistics quality management since the mid-1990s. In 1999 

the KNSO introduced Statistical Inspector System by which the Quality Assessment Team (QAT) under the 
Statistics Planning Division was established. The role of the inspectors in the QAT was to take a neutral 
stance in review and assessing the quality of individual data using the Quality Checklist with 60-70 quality 
indicators and making a report on the outcome of review and assessment, which were submitted to the 
KNSO. Later, the QAT was promoted to the Statistics Quality Management Division. To assess the quality 
for more than 500 national statistics researched at that time, a 3-year (2006-2008) quality evaluation project 
is currently under way. In 2006, relatively important 107 statistics were selected and evaluated with budget 
of 1.6 million dollars. This year is the second year, in which 15 evaluation teams were selected in March, and 
they are examining 180 statistics. The remaining statistics will be assessed next year. The purpose of the 
evaluation is to upgrade the quality levels of all the national statistics, and to improve the reliability of 
national statistics. Through this evaluation, it is expected that a statistics quality management system could 
spread around to all the statistics production agencies.  
 

2. Quality evaluation framework of the national statistics 
 

Based on experiences of studies and trial-based experiments of quality work for 51 statistics mainly 
compiled by the KNSO, from 2002 to 2005, a basic plan for quality evaluation of the whole national 
statistics from 2006 to 2008 was established. The basic strategies consist of: 1) a regular quality evaluation 
program for all the nationally approved statistics, with the first round of three years, 2) evaluation first things 
first the statistics with higher usability and importance, and 3) security of objectiveness and transparence of 
assessment results. The framework of the evaluation system for the national statistics was also embedded in 
this plan, in which about 450 regular statistics as shown in Table 1. 
 

At the beginning of every year, an annual evaluation plan is set up. When the target statistics has some 
obstacles, such as being under the regular revision or being applied to a new set of sample respondents, a part 
of target statistics can be replaced by other statistics within the same organization. 
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Table 1. Target statistics (2006-2008) 

Year 2006 2007 2008 
# of statistics 107 180 180 
Main fields Economy trend, Business 

enterprise, 
Investment, Finance, 
Wages, Employment, 

Manpower, Residence, 
Agriculture, Health, 
Welfare, Energy etc. 

National account 
Price, Mining & 

manufacturing, Housing, 
Transportation, Marine, 
Social & cultural affairs, 

Environment etc. 

Others 

The framework of the quality evaluation is divided into six quality areas: 1) producing environments, 2) 

users’ utilization & satisfaction, 1) Relevance of statistical procedures, 3) Accuracy of data collection, 4) 
Integrity of data distributed and 5) Best practices for quality improvement (Figure 1). The assessment 
framework should be examined by various groups of relevant people. Once the evaluator of a quality area 
establishes assessment indicators along with assessment forms and methods, the draft should be examined 
and revised by a small group of internal experts. Table 2 shows the assessment methods and supporting 
theories of each section. 

Table 2 Framework of quality evaluation 
Evaluation sections Evaluation methods 

1. Evaluation of environment statistics 
production 

- Current status of production 
- Survey on recognition of the persons in charge 

2. Adequacy evaluation of statistics 
production procedures 

- Self-assessment by quality check-list 
- External assessment by quality review members 

3. Accuracy evaluation of data collection 
- Check of field process through telephone re-
interview, qualitative interview or examination of 
relevant materials 

4. Perfection evaluation of published data 
- Error check of statistical periodicals 
- Check of users' convenience including meta 
information 

5. Evaluation of using status & user 
satisfaction 

- Check of the using status of statistics 
- Measure of satisfaction 
- Understanding of users' requirements 

6. Evaluation of improvement effort for 
statistics quality - Check on quality improvement plan 

 

3. Main results of 2006 quality evaluation 
 

In 2006, the 107 statistics were evaluated, which cover the 12 fields including economic condition, 
enterprise, investment, finance, wages, employment, manpower, residence, agriculture & forestry, health, 
welfare and energy. As results of evaluation, a part of target statistics was shown appropriate in process but 
the basic infrastructure of the statistics was drawn up being weak due to insufficient population, less 
representative sample, management of field data collection and low accessibility to statistical database. The 
development necessity of new statistics was proposed, from field of welfare of the aged /the disabled, 
childcare, environmental agricultural products etc.  

 
In consequence of the fact, the resultant total 641 proposal improvements were presented, which 

diagnose the quality condition of 12 fields with 107 statistics (6.1 cases per statistics average) (Table 3). 
These improvement recommendations were notified to the agencies in charge of producing the statistics at 
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the end of last year. According to the Statistical Laws, they are supposed to build improvement plans for each 
recommendation and the KNSO is authorized to check the progress of quality improvement. 

 
Table 3. Recommendations from quality evaluation by topics 
 

 Total Economic 
condition Enterprise Invest Finance Wages Employ Manpower ResidenceAgricult 

Forest Health Welfare Energy

Number of 
statistics 107 11 5 9 9 12 8 6 10 12 8 9 8 

Recommendations 641 67 32 54 39 77 43 27 56 76 58 55 57 

Average per  
Statistics 6.1 6.4 6 4.3 6.4 5.4 4.5 5.6 6.3 7.3 6.1 7.1 6 

 
When it tried to observe improvements with the contents, users convenience (20.0%) was presented 

plentifully relatively, the population and sample management (8.0%), documentations (7.5%) drawn up with 
it appeared (See Table 4). 

 
Table 4. Recommendations from quality evaluation by areas 
 

 Total Usability & 
Convenience

Population & 
Sample Documentation Users 

Management
Manpower & 

Budget Others1

Number of Rec. 641 128 51 48 46 45 323 

Proportion (%) 100(%) 20.0 8.0 7.5 7.2 7.0 50.2 
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Conditions Management                                          & Land  & Forest       

• Satisfaction by 107 target statistics 

The user satisfaction goes around 3.5 (perfect score=5.00). While the satisfactory degree of enterprise 
management statistics (3.9) is high relatively, that of the residence/land statistics was appeared lowly as 3.3. 
Figure 1 shows user satisfaction of 107 statistics by 12 fields. 

Perfect 
Score=5.0 

Ο Satisfaction by 12 fields  

Figure 1. User satisfaction of 107 statistics 

                                            
1 DB system, field survey management, questionnaire and non-response manipulation 
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4. Improvement of quality evaluation system in 2007 
 

When the existing procedures were used for quality evaluation in 2006, they revealed several problems. 
For instance, since the target agencies haven’t had maintained users list, it became a time-consuming work 
for the evaluation team to make the list of main users. Because of this, in 2007, we changed the order of the 
evaluation procedures. As a consequence, the evaluation procedure of users’ utilization and satisfaction was 
placed after the evaluation of statistics production environment, at the same time, prior to other procedures.  
 

 
Evaluation of environment statistics 
production 
Adequacy evaluation of statistics 
production procedures 
Accuracy evaluation of data collection 

Perfection evaluation of published data 

Evaluation of user satisfaction 

Evaluation of improvement effort for 
statistics quality 

Figure 2 Existing & Changed procedures in 2007 

Evaluation of environment statistics 
production 
Evaluation of users utilization & 
satisfaction  
Adequacy evaluation of statistics 
production procedures  

Accuracy evaluation of data collection  

Perfection evaluation of published data 

Findings of best practices for statistics 
quality 

 
Moreover, the evaluation procedure of efforts for quality improvement proved not very productive. 

Therefore, we decided to replace it by discovering the best practice regarding quality improvement for each 
production process of statistics during the quality evaluation of 180 statistics in 2007. Consequently, the 
basic strategy for 2007 evaluation was established by including the following: enhancement of criteria in 
selecting evaluation teams consisted of experts of both topic areas and survey methodology; standardization 
of evaluation task by 15 expert teams; public relations about the importance of statistics quality by training 
courses and relevant workshops; preparation of materials such as evaluation evidence, users list, respondents 
list etc.; reordering of the evaluation procedure procedures for more efficiency.  

    
5. Future plans 
 

Early this year, the resolution for a revised Statistical Laws was passed during the special session of the 
National Assembly. The new Statistical Laws include three quality evaluation matters of national statistics 
such as the 5-year regular evaluation by the KNSO, ad-hoc evaluation for certain statistics with pending 
problems by the KNSO and the yearly self-evaluation by statistics institutes. Hence, the KNSO is under way 
to make enforcement ordinance and regulation. If these processes go properly, it is hoped that the system of 
statistics quality management of official statistics would be soundly established in the near future. 
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1. Introduction 
 

In order to improve the measurement in social science research, one must look into 
the interview process that will allow us to investigate the principal sources of response effects 
in interviews. All the information that an interviewer collects from the respondents within 
this short period of time is on behavioural, attitudinal and much more so on sensitive aspects 
that include data on attitudes, intensions, expectations, personal attributes, personal behaviour 
and many other matters. Different types of interview situations allow interviewers and 
respondents different degrees of freedom to vary their bahaviour (Krishna Mohan, 2003). 
One such situation may be related to environmental factors such as presence of others at the 
time of interview. Depending on the topic of the survey and the specific questions, a bias may 
occur in responses obtained when the other persons present during the interview (Casterlin & 
Chidambaram, 1984; Reuband, 1992; Smith, 1997; Sureender et al, 1999; Suhao Tu, 2000). 
However, some previous empirical studies have not been able to show a significant third-
person effect on responses and to provide adequate theoretical explanation for the importance 
of privacy (Bradburn, 1983; and Sudman, S, 1974). 
 

This paper also considered similar research topic but focused on the questions 
concerning sensitive, factual sensitive, behavioural, threatening, opinion and attitude and 
factual nature in the National Family Health Survey in India. . Accordingly, this study 
attempts to investigate the extent to which the presence of others during interview affects 
survey responses to questions related to domestic violence (threatening), future intention to 
use contraception (opinion and behavioral), experience of child loss (factual sensitive), 
current use of contraception (behavioural), experience of pregnancy wastage (sensitive), and 
total children ever born (factual). Using second wave of national family health survey data 
collected in India, this study tries to answer two questions. First, is there a significant 
difference in the characteristics of respondent that influence her to be interviewed in the 
presence of others? Second, what types of questions when asked in a multi topic survey are 
susceptible to response effects in the presence of others?  
 
2. Defining presence of others 

 
The presence of others is defined as a situation in which a third person other than the 

interviewer or the respondent is present during the interview (Blair 1979). A broad definition 
is used in this study in that this third person may be the interviewer's or the respondent's 
friend, unfamiliar with or acquainted with the respondent, children (> 10 years), adults, or 
both together. The data regarding the presence of others are recorded in five broad categories, 
i.e., presence of children age less than 10 years, husband, mother-in-law, other males and 
other females. In the present paper the presence of others is classified in to three categories: 
no one present (except interviewer and respondent), husband or mother-in-law is present, and 
others. The term ‘others’ include all possible persons such as children above age 10, friends, 
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and relatives etc. This has been done with the view that the presence of these minor children 
during the interview may not affect the responses of the respondent. 
 
3. The Prediction of Response Effect 

 
This study starts with examining the characteristics of the presence of others in 

interviews and find that a sizable proportion of third party presence (husband/in-laws/others) 
during interviews. Among the important variables closely associated with the presence of 
others, respondent's age, place of residence, standard of living, and education are few 
significant predictors of the presence of others. Other social characteristics of respondent 
such as caste and religion are also found to be the significant predictors of the presence of 
others. 

  
This study finds significant differences in responses to all types of the questions 

between the presence (both husband/in-laws and other males or females) and the absence of 
others during an interview. The investigation of survey response predicted by the presence of 
others shows a significant effect on responses to different questions. Overall, the impact of 
third parties on survey responses is fairly large on behavioural, sensitive, opinion and 
threatening questions, and mostly small on factual and factual sensitive questions. Though the 
effects are of limited extent and completely rely on the question characteristics, third-party 
effects need to be better understood.  

 
Generally speaking, the quality of response to factual questions is better than that to 

the rest of the questions. However, this deviates a bit from the hypothesis that the significant 
prediction of survey response or quality would be only for sensitive and socially desirable 
questions (Suhao Tu, 2000). However, this study still previous the following contributions. 
First, the effect of the presence of others can be found through its interaction with respondent 
characteristics such as age, education and standard of living. Second, the questions about 
current use of family planning, future intention to use contraception and domestic violence, 
the response quality can be predicted by the presence of others no matter whether it is a direct 
main or an indirect interaction effect. This result echoes previous studies done by Sureender 
et al (1999) and Smith (1997). Third, this study provides a good beginning for the study of 
the third-person response effect on different questions in terms of theoretical development 
and empirical study.  

 
As we confirm the importance of the effect of the presence of others on responses to 

different questions, here remain several issues for further investigation in the future. First of 
all, we need more information on the nature of the third party presence. This study only 
focuses on the presence of others in general. The number of others during the interview, the 
duration of the third-party presence, and the place of the third-party presence are all 
interesting and important, but not available in the current study. Furthermore, the important 
variables related to interview condition, such as the place of the interview, remain unexplored 
in this study. It would be worthwhile if future studies of the presence of others would 
consider all possible situational variables. Though the ideal situation to conduct the 
interviews is in privacy, keeping in view of the socioeconomic profile of the country, it is 
generally felt that this would be impracticable to tackle this problem. One possible way could 
be to include/control the variable 'presence of others' in the analysis of data on the questions 
related to sensitive, behavioural, opinion and threatening nature. 
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5. Resume 
 

Different types of interview situations allow interviewers and respondents different degrees of 
freedom to vary their behaviour. One of these may be related to errors occurring due to the 
environmental factors such as presence of others at the time of interview. This study tries to examine 
the extent to which the presence of others during interview affects survey responses to different 
questions related to women’s attitudes and personal health behaviour by using the National Family 
Health Survey data collected in India in the year 1998-99. The results suggest that, most of the 
responses to questions concerned to personal health of women are subject to influence with the 
presence of others. Overall, the impact of the presence of others on survey responses is fairly large on 
behavioural; sensitive and threatening questions, and small on factual questions. 
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1. Introduction 

Since 1995, the Municipality of Firenze designed a quarterly labour force (LF) survey, parallel to that 
of the Italian National Statistical Institute (ISTAT), to cope with the unavailability, at municipality level, of 
accurate estimates for the main survey items. In a first phase, which goes from 1995 to 2001 the coordinator 
of the Municipal Statistical Office, simply chose for the enlargement of the ISTAT sample. Beginning from 
2002, the same office thought it right to carry out an its own survey based on the ISTAT questionnaire but 
with a sampling design different from that of ISTAT. The new survey, designed in collaboration with the 
Department of Statistics of the University of Florence, is based on a stratified proportional random sample of 
1200 single persons for each quarter. Strata are defined on the basis of sex, age and residence areas. As far as 
unit nonresponse and unit rotation are concerned, the same strategy of ISTAT is followed, that is, substitution 
for nonresponse and 2-2-2 rotation, that is each new sample unit is interviewed twice (the first two waves) at 
a distance of three months; then stay away from the sample for the next two waves  and is finally 
reinterviewed twice at a distance of three months (the last two waves). From 2004, after a first face to face 
interview, sample units have been reinterviewed by telephone end from the subsequent year all the interviews 
have been performed by CATI technique. The introduction of a complete CATI technique involved the 
reduction of strata from 240 to 60, substituting the twenty residence areas with the five districts of the 
Municipality just in order to make easier the substitutions for nonresponse inside the strata.  

Both the use of the telephone file for sample selection and the substitution for unit nonresponse may 
produce some bias in the estimates. The portion of the bias due to the incompleteness of the telephone file 
with respect to the registry office list, which  must be considered the best frame for a survey on residents, is 
obviously worth  to be studied. However in this work we focus on the effect of substitution for nonresponse 
which cannot be seen as the best strategy for coping with unit nonresponse and as well as the list problems 
can be responsible for a large part of the bias. 

 

2. Substitutions vs calibration adjustment for nonresponse 
 Here we compare estimates obtained by means of simple direct estimators, after substituting for 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 4914 -



nonresponse, with estimates which are based only on respondents after adjusting for nonresponse. We use 
adjustments for nonresponse that relate both to calibration estimation methods, and to the estimated 
individual response probabilities.  
 The differences, often important, emerging in the comparisons between the different strategies of 
estimation must be discussed by the light of the diverse assumptions underlying the adjustment techniques. 

Though the substitutions are executed in a very large number of strata and strata are defined on the 
basis of variables that seem strictly associated with the main study variables as well as the response 
behaviour, they tend to introduce in the sample persons that are easier to contact  with both face to face and 
telephone interview. The relationship between the higher availability and the employment position may be a 
source of bias. On the other hand, we do not know the history of attempts behind each substitution. We 
observed that generally the substitutions are not uniformly distributed on sex and age classes. Regarding age, 
for example, the most of substitutions fall in the “central” classes, which are typically those with the highest 
level of employment. Substitutes in these classes show a slightly higher rate of employment and for this 
reason the estimates based only on respondents tends to increase the unemployment rate with respect to the 
direct estimation after substitutions. This is the case of calibration when it is used even to cope for 
nonresponse.  Calibration is widely used in large scale Italian surveys. When used to cope for nonresponse 
however it may produce nonresponse adjustments that are inconsistent with logical hypotheses on the 
response behaviour of sampled units. In other words, if we estimate the population parameters using only the 
sample respondents and the most of non respondents are male and fall in central age classes, that is are 
between 25 and 55 years old, we logically expect that: (i) the most of these persons are employed and (ii) the 
most of the employed are less available at home during the interview period. If these hypotheses are true then 
the adjustment for nonresponse should be consistent with them and calibration should increase the estimated 
total of employed people with respect to a direct estimate based on respondents. Unfortunately calibration 
based on any combination of all the available constraints seems to leave unchanged the total number of 
employed persons and that of active persons (working people plus people in search of work) at least with 
respect to substitutions and overestimate the number of persons in search of work. The consequence is that  
the unemployment rate we estimate without substitutions, and using calibration to cope for nonresponse, is 
higher than that we estimate by substituting for nonresponse. Tab. 1 shows the estimated employment and 
unemployment rates for four survey waves (for April 2002 to January 2003).  

 

Table 1.  Comparison between substitution and calibration estimates  

Substitution estimates Calibration estimates 
Survey wave 
  Employment  

rate 
Unemployment 

rate 
Employment  

rate 
Unemployment 

rate 

April 2002 46.29 5.88 47.32 5.26

July 2002 48.67 6.74 48.14 7.15

October 2002 48.49 4.37 48.69 4.84

January 2003 46.97 5.88 46.60 7.05
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3. Individual response probability adjustment for nonresponse 
Is the calibration strategy better than direct estimation after substitutions? We do not think so because 

the two hypotheses advanced in the previous section seem inconsistent with the adjustments produced by 
calibration. Actually, calibration implies that, conditionally on the imposed constraints (sex, age, family size 
and districts) nonresponse is ignorable, whilst our data seem to show that employment state does influences 
the response. An alternative approach to the problem consists in adjusting for nonresponse by means of 
estimated response probabilities before applying the calibration. There is a lot of literature on individual 
response probabilities and on their sample estimation. Many works are due to Särndal and his collaborators 
as well as to the same author are due the most of the works that propose calibration as a nonresponse 
adjustment technique. Individual response probability, say pi for a unit i belonging to the sample, is a term 
that combined with the inclusion probability πi give a sort of “observation probability”, i i ipφ = π  which 

inflates the individual values observed in the survey. The modified Horvitz and Thompson estimator, ty, of 
the population total, for a variable Y, assumes the following form: 

 

 ; ,i
y is

i

y
t pφ π

φ
= =∑ i i  

 
where the sum is extended to all sample respondents. 

Several simple estimation methods have been proposed for pi in the ignorable nonresponse situations, 
while non ignorable situations are much more complex. Our first approach to the non ignorable case is to use 
a variable which is available for almost all the respondent units as a good proxi of the response probability. 
The variable is represented by the average number of hours that each interviewee spend daily at home from 
8am to 8pm from Monday to Friday, a question that was inserted in the questionnaire just in order to 
facilitate the estimation of response probabilities. The more the hours spent at home the higher the response 
probability and vice versa. We assumed that the individual probability of response may be defined in 
function of this variable, and we used the following function to define it: 

  

 ( )
212

exp 0.6
12

i
i

x
p

⎛ ⎞⎛ ⎞− ⎟⎜ ⎟ ⎟⎜⎜= − × ⎟ ⎟⎜⎜ ⎟ ⎟⎟⎜⎜ ⎝ ⎠ ⎟⎜⎝ ⎠
, (1) 

 
where xi is the number of hours spent at home by unit i. Of course there are a lot of functions that may be 
suitable. We chose a very simple function which allows  to give probability 1 to persons who usually spend 
12 hours at home, but also a probability slightly greater than 0.5 to person that are never at home in the 
interviews time considering that they cannot be found only if they live alone but may be contacted if they 
belong to family with more than one component. With this model, we observe that the estimated average 
response probability is about 0.78 for all the respondents while, consistently with our hypotheses, decreases 
to 0.72 for employed people and increases to 0.82 for unemployed people and 0.86 for non active people.  
 The estimates of the population parameters obtained applying expression (1) are reported in table 2. 
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Table 2. Estimated employment rate and unemployment rate after adjustment for nonresponse 

Adjusted for nonresponse estimates 
Calibration estimates after adjustment 

for nonresponse Survey wave 
  Employment  

rate 
Unemployment 

rate 
Employment  

rate 
Unemployment 

rate 

April 2002 48.51 4.83 48.94 4.79

July 2002 50.27 6.44 50.29 6.22

October 2002 50.35 4.41 50.29 4.40

January 2003 49.88 5.85 48.50 6.14

 

4. Conclusions 
As we can see the estimate of the employment rate is greater than that obtained by the sole calibration 

technique whilst that of the unemployed rate slightly decreases and is very near to the one estimated with 
substitutions. This does not mean that that substitutions are in general a good practice but simply that in the 
Municipal  LF survey they tend to balance a certain want of employed people in the set of respondent to the 
first call of each wave of the survey. 

Deeper analyses are certainly needed in order to assess the best strategy. Concerning the estimation of 
individual response probabilities, for example, we used a very simple parametric function of a single variable. 
One may certainly assume that the response mechanism depends not only on the time spent at home by the 
selected unit but also on other variables such as family size and the time each family component spends at 
home during the day. Unfortunately, this last information is not available from the survey but the size of the 
family is known for both sampled and non sampled people. Our aim is to study in depth the problems 
connected with the estimation of individual response probabilities, anyway this first study shows that, at least 
for the Municipal LF survey, the use of estimators adjusted by means of individual response probabilities 
instead of substitutions can produce both good estimates and savings in the collection of the information. 
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The European Commission as well as other authorities needs data for their political decision
process. Among other a well-known aspect to be measured is the achievement of the Lisbon goals
(European Council, 2000). Thereby performance assessment of the participating countries of the
Union is a matter of primary concern. A powerful measurement tool for this kind of multidimensional
phenomena as well as to structure macroeconomic data are composite indicators. They catch on in the
recent years. Economic costs, globalization and other requirements thereby intend high quality of the
indicators. This implies an enlargement of the ”old” quality concept of single accuracy measurement.
It is now supplemented among other by comparability, reliability, reduction of user burden, and budget
constraints. The papers intention is to show, how the ”new” quality of a composite indicators can be
assessed from an end users point of view considering graphical presentation tools, which are of special
interest for the policy makers.

The results summarize parts of the project Knowledge Economy Indicators: Development of
Innovative and Reliable Indicator Systems (wwww.kei.publicstatistics.net). It is part of priority 8 of
the policy orientated research under the Sixth Framework Programme of the European Commission.
It started on September 2004 and will be finished in autumn 2007. Due to this, the following results
are provisional and the reader is advised to the projects web page for the final outcomes. The project
aims at developing and improving indicators for the knowledge economy, including the analysis of
aggregation issues and composite indicator use. More than 125 indicators from 30 European (EU-27
plus Iceland, Norway, Switzerland) and six non-European countries (the US, Japan, India, China,
Australia, Canada) had been analyzed. The state-of-the-art analysis, as provided by KEI for the
knowledge-based economy, will benefit other policy objectives of the European Union and Commis-
sion Services. It contributes to a methodological framework for building effective measurements of
interdisciplinary issues such as sustainability, employment, social cohesion, and economic disparities.

Starting the quality discussion of composite indicators implies their definition initially. Let yt
i,c

be the outcome of a single indicator i (i = 1, . . . , ν), of country c (c = 1, . . . , C) at time t (t = 1, . . . , T ).
Then, a composite indicator is a function Ψc,t = Ψc,t

(
yt
1,c, y

t
2,c, . . . , y

t
ν,c

)
. Due to the fact, that single

indicators are the input of composites, the quality evaluation has to be decomposed into to aspects:
the assessment of the quality of each single indicator and the aggregation to the quality measurement
of the composite (see chart 1). Just the ISO 9000:2000 definition of quality shows, that the first
aspect is a key problem, due to its multidimensional character: ”Quality is a composite of all the
characteristics, including performance, of an item, product or service that bears on its ability to
satisfy stated or implied needs”.

For a better understanding of the problems implied by the multidimensional character of quality,
the recent European quality discussion has to be drafted. This will point out a gap between the
framework and definition of quality discussed and the information available for the end user for the
assessment.

In 1999 a Leadership Group on Quality (LEG) was founded by the Statistical Program Com-
mittee (SPC) emphasizing the need of a common set of values for the European Statistical System
(ESS). Its quality declaration, proclaiming ”... to provide the European Union and the world with
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high quality information on the economy and society at the European, national and regional levels
and make the information available to everyone for decision-making purposes, research and debate...
(LEG 2001)”, provides the basis for a quality framework. For the first time the crucial role of quality
reports also had been acknowledged (Eurostat, 2002).

Chart 1: The Evaluation of Composite Indicators and their Quality
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Methodological aspects: indicator selection.

The implementation of the quality declaration was realized in the beginning of 2005 by the
implementation of the Code of Practice by Eurostat (Commission 2005). Adopted by the SPC it
also incorporates a quality definition with an institutional dimension, considering user and supplier
aspects and provides a general framework for measuring quality through indicators. The Code aims
at informing users about the trustworthiness of the statistics and the impartiality of the authorities
having produced them. Additionally it aims at providing guarantees to data providers for the protec-
tion of confidential data and for limiting administrative burden. These aspects are summarized into
three areas broken down into different principles (in barce). Thereby the latter refer to the quality
dimensions to be considered:

• The institutional environment (professional independence, mandate for data collection, adequacy
of resources, quality commitment, statistical confidentiality and impartiality and objectivity).

• The statistical processes (sound methodology, appropriate statistical procedures, non-excessive
burden on respondents, cost effectiveness).

• The statistical output (relevance, accuracy and reliability, timeliness and punctuality, coherence
and comparability, accessibility and clarity).
Beside this European quality framework other well-known frameworks exist. Among other

the ”Data Quality Assurance Framework” from the IMF (Carson, 2001) or the ”Quality Framework
and Guidelines for OECD Statistics” (OECD, 2003). Their main difference concerns the quality
dimensions applied (Laliberté et al., 2004), however the most frequently used ones are relevance,
accuracy, timeliness, coherence, comparability and accessibility.
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In addition to the LEG work and the implementation of the Code, a crucial role in the European
quality discussion was taken by the Working Group on the Assessment of Quality in Statistics founded
by Eurostat in 1995. It mainly focuses on technical aspects of a quality implementation. It elaborates
a quality definition (Eurostat 2000a, 2003a), a glossary (Eurostat 2003c), and a methodology of quality
reports (Eurostat, 2000b). These harmonization efforts lead to the elaboration of the following quality
indicators by the Task Force on Quality Indicators (Eurostat 2005).

Table 1: Quality Indicators
Quality component Indicator

Relevance R1. User satisfaction index

R2. Rate of available statistics

Accuracy A1. Coefficient of variation

A2. Unit response rate (un-weighted/weighted)

A3. Item response rate (un-weighted/weighted)

A4. Imputation rate and ratio

A5. Over-coverage and misclassification rates

A6. Geographical under-coverage ratio

A7. Average size of revisions

Timeliness T1. Punctuality of time schedule of effective publication

and T2. Time lag between the end of reference period and the date of first results

Punctuality T3. Time lag between the end of reference period and the date of the final results

Accessibility AC1. Number of publications disseminated and/ or sold

and AC2. Number of accesses to databases

clarity AC3. Rate of completeness of metadata information for released statistics

Comparability C1. Length of comparable time-series

C2. Number of comparable time-series

C3. Rate of differences in concepts and measurement from European norms

C4. Asymmetries for statistics mirror flows

Coherence CH1. Rate of statistics that satisfies the requirements for the main secondary use
Source: Eurostat 2005.

Bearing the quality dimensions just mentioned in mind, a quality measure of a single indicator
has to consider all of them (see chart 1). As some of the dimensions are more important than other
and a default of one or another might be a knock-out criterion for the quality assessment, a weighting
of the quality dimensions seems to be compulsory. This in fact implies that a composite indicator of
quality is generated.

This quality assessment of the single indicators faces two problems. Concerning the first one,
Eurostat (2005) asserts that country specific differences in the measurement exist even when an iden-
tical indicators methodology is political intended. This in turn is a fundamental problem for the
assessment of qualitative aspects. The other problem also from the conceptual and practical point of
view refers to the quality reporting. Only a small number of standardized reports is published for the
end user, using the quality indicators defined and offering the opportunity for comparisons.

The so called standard quality reports (Eurostat 2000b, 2003d), which aim at covering general
topics for the assessment and to appraise the performance of the team involved, are implemented
to different extents and with different practices in the member states. Additionally different kind of
reports exists. One of them, the quality profile (Eurostat 2003a, 2003b), offers a detailed description
of the indicators taking the quality dimensions into account. These profiles are unfortunately primary
for internal use and are not published to the end user. Those one published (actually only 35 for
structural indicators) consist of short and standardized descriptions. For example the accuracy isn’t
represented by the sampling error but graded by three groups. A second source of quality information
are metadata following internationally agreed standards. They are the commonly published quality
information, for example by the NewCronos database of Eurostat. The underlying Special Data
Dissemination Standard consists of four dimensions (see table 2). Due to its universality, Eurostat
provides in addition a summary methodology giving further information to the end user.
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Table 2: Metadata published by Eurostat

Base Page Summary Methodology

The data: coverage, periodicity, and timeliness Concepts, definitions and classifications

Access by the public Scope/coverage of the data

Integrity Accounting conventions

Quality* Nature of the basic data

Compilation practices

Other aspects
*A set of standards that deals with the coverage.

As the metadata are not adapted to the quality dimensions defined in the ESS, an additional
problem aries: before assessing the quality using metadata, they have to be transformed into the
quality dimensions.

In addition to the discussed availability problem for the end user a scaling problem have to
be kept in mind: a huge number of information is qualitative. Thus the calculation of a general
quality measure becomes more difficult. A solution, actually discussed within the project, might be
the assessment of adherence of the listed quality dimensions measured by a rate of availability.

Achieving the quality assessment of a single indicator, the second step has to be the aggregation
of the single quality measures to one overall measure, using ideally the composite indicators function.
The influence of the single indicators quality on the different quality dimensions of the composite
indicator is so fare discussed by Enrico Giovannini (2005). A general methodology of quality mea-
surement for composite indicators however does not exist. Questions which have to be discussed are:
the aggregation and weighting scheme to be used, the robustness and sensitivity of the results and
their interpretation. Further results and the way foreward concerning these aspects will be part of the
presentation.

Subtitle

An Example for the Knowledge Based Economy

REFERENCES (RÉFERENCES)
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Abstract: 
          In many practical applications of multi-comparison procedures, where k population are considered, their 
distributions depend upon a vector parameter, whose components may not be independent, so the joint 
probability density function or at least their correlation coefficients must be known. 
In this paper we introduce a modified fuzzy questionnaire to maximize the information of the distribution or 
correlated coefficient of the vector parameter, mean while we are minimizing the number of question in the 
questionnaire, to improve the survey estimation. Finally we apply the procedure to determine the weight of the 
items in index of life expenses and rectify the inflation.      
 Keywords: Classification, Multi-Comparison, Selection Procedure, AHP, Cointegration 
1-Introduction  
         Many scientific research problems based on multi dimensions parameters, data are usually provided for the 
possible estimations of parameters , appropriate samples are usually selected (Cochran 1977),estimations based 
on survey sampling are extensively depended upon questionnaire for administration(Peters 2003),descriptive title 
for the questionnaire and grouping the 
relative items by contents  and subtitling each group of items which are prepared according to the purpose of 
survey ,the kind of questions which are to be answered are important in  developing the survey. The independent 
questions are recommended, under this assumption determining the distribution of expected answers are possible 
and the theoretical calculations and test of hypothesis can be established If the types of questions are multiple 
choice ,numeric or text open end, two common  types of questions are rating scales argument scales which the 
researcher are treated as a multiple choice question, answer choice order can make individual questions easier or 
more difficult to answer. Whenever there is a logical or natural order to answer choices it should be used.  
 Finally most of these questions should lead to the unbiased estimators of the desired   parameters which are 
estimated independently .In a multi criteria  decision problems we need to have also the relations between the 
parameters hence we design our samples survey such that the desired relations can be achieved .In  the coming 
section we first introduce  the distribution of ordinary kind of  multiple choice questions in the questionnaire, 
then  we calculate the expected value and variance of the random variable, introduce a relative efficiency 
measure for the questions ,in the next sections we introduce a questionnaire with a new design and a procedure 
for estimation of relevant parameters. 
 2-Distribution of Multiple Choice Questions 
         Let S be a set of n independent questions, each question has k choices with just one desired response 
(including non-response), obviously the probability of choosing correct one is 1/k and non correct ones 1-1/ 
k,hence the probability of having x correct responses in the questionnaire have a binomial probability density 
function  .                                 
Suppose we have a questionnaire which contains a set, each one having k  questions each and all k - questions 
are from one kernel (main topic). Let m be the number of boxes in the answer sheet must be signed with a 
positive signs, and t be the number of boxes must be signed with the negative signs, such that m+ t = k, but some 
of boxes may given up empty, for 1,..,2,1,0 −= km  
Assume r  questions in one test are matched with the correct answer form of that test and rk −  questions are 
not answered at all, for the case of them are wrong and ark −−  are unanswered, for 

krka ..,,2,1,0,..,,2,1,0 ==  therefore in answering one test we get the following probabilities: 
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β  is the number if correct answers in the key. Now let us assume 1+  points for each match with key, and b  
negative points for each unmatched question and points for each unanswered question and let y  be the score of 
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1..,,1,0 −=β k  is the number of correct answers. For ,4=k  if r  shows the number of matched answers we 

have for given β  table for ( ),| EEP i can be found in[4] 
3-Algorithm for dividing the sets of factors to the sub factors and the relevant  Distributions 
         If there are N factors in the structure of the operating system, it can be divided to k sub factors at least with 

iN =a factors in the i -th one, hence the probability of containing at least iN items in subset can be calculated.                        
 Similar probability can be calculated for the sub factors which may also be divided into the small subsets at least 
with a fixed number of items. Now let us ask the experts to divide a given number say iM between m  factor 

according to their experience and information in its priority, if im  to be the assigned number then the probability 

of this event iE  would be:                                                 

   ( )
i

i
i M

m
EP =     
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Now let the k  factors in each division have taken the appropriate weights, and the i -th one with its own items 
are to be categorized according to the weights which the expertise are to assigned to the items. Let ijM  to be the 

number from M  the total number that the experts assigned to the j -th item in the i -th factor according to the 

priority, the event ijE  means this event. Hence 
M
M

EEP ij
iij =)|(  would be the conditional probability of 

priority item j  from factor i , in the studies of effective factors on occurrence of an event, beside of their 
effects, the amount of effect for each factor should be calculated. 
Hence each factor can have an effect on occurrence of an event with a special probability, if the distribution of 
effects is known, then these probabilities easily can be calculated, but in most cases it is not known and should 
be evaluated empirically, by probability rules. 
Let E occurs due to the simple events niEi ,..,,; 21=  , and the experts is estimated the )( iEP such 

that 1=∑
i

iEP )( , iE   also occurs due to the events iij ljkiE ,..,,,,..,, 2121 == (which il  can be the 

number of items in each factor iE ). Still the experts can determine the )|( iij EEP  the conditional probability of  

ijE  due to the event   , which means the probability of item j  given a number of factor i   and then we will have 
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Practically, N  the total amount of scores should be divided between k  factors, and then ijN  the total amount 

of scores should be divided between j  items. 
Consequently for standardizing and having homogenous weights, the following formula can be used: 
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i
i

=∑
=1

  is the total number of Indexes which should be divided be divided between i components 

according to their priorities i=1,2,..,k. 
4-Paired Comparison Judgments Using AHP 
       The main purpose of surveys requires paired comparison judgments concerning the dominance of some 
elements over another, for each one of n elements with respect to an element on the next level using1-9 scale.  
The paired comparison judgments are entered in a square matrix of n dimensions say A, which is called 
Analytical Hierarchy Process (Saaty 1994), The consistency of the matrix is required, otherwise Saaty developed 
a procedure to measure the deviation from consistence matrix (Saaty 2000), Peter and Stephan Zelewski [5] 
improved the consistency of the judgments ,however the number items are limited For the large number of items 
modified AHP are recommended (Hashemiparast 2006), which determines the weights of assessment 
components. 
5- Empirical Distribution of Modified Fuzzy Questionnaire, Survey Estimation 
       Let an operating system acting powers can be taken as a vector T=[T,…,T] ,such that the elements Ti may 
be somehow correlated. We may call them the main factors. Although the AHP is a technique to solve some of 
the multi criteria decision problems and needs paired comparison ,the relative efficiency of the system depends 
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on these factors ,each factor may also be a function of some new parameters Tij ; i,j =1,2,…,ml ,if there are n 
factors Ti the structure of the system, we divide them to k sub factors Ni; i=1,2,…,k, the same can be applied to 
the sub factors Tij ,in the questionnaire the experts are asked to divide a given number say Mi between the m 
factors, according to the experience and information in its priority ,if mi number, then the probability of event 
say Ei would be mi/Mi, so each subdivision of the vector parameter have taken the appropriate weights, and this 
ith one also depends on Tij, and are to be categorized according to the weights which the expertise are to assign 
to these minor factors .Let Mij be the number which are to assigned by the experts to the ith minor factor 
according to the priority, the event Eij means this event ,hence the final formula in 4 can be applied to determine 
the weights of items, to clarify the application of the  procedure let we have a project to study the expenses  of 
living ,three main factors of expenses are 
  1-Accomidation  
  2-Transport and traveling 
  3-Food and clothes 
Any change in one of them may effect on the others, so theoretically from their joint probability density function 
moments can be calculated, these are factors, which each one may include large number of sub factors if they are 
to many will be treated as in section 4, we intend to get maximum information by minimum number of questions 
for the set of factors or sub factors ,here we design just one question in the questionnaire,  
 For example let us imagine an expert who is supposed to have a free  traveling  to one of five countries by 
random, asking the expertise “please divide say number 20 between that countries( factors)according to your 
interest “the result is;4,8,4,3,1for the countries A,B,C,D,E respectively ,the procedure will be carried out to the 
other set of factors and sub factors by efficient number of experts. Empirical joint pdf, marginal pdfs and at least 
correlation coefficient can be obtained. 
6- Case Study , conclusion 
       For determination of Living  Expenses Index and, Actual Inflation ,a sample of 1000 people including 75 
expertise were selected to answer a questionnaire including 20 questions were designed as a modified fuzzy 
questionnaire which was included at most 7 items in each question ,any set of items just by one question , 
analyzing the data discovered the measure of influence of increasing the price in a given item into the 
others, which we normally  ignore in Fisher or Laspier Index. The behavior of the  procedure can be 
compared with the results using  co integration 
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In this paper, we consider a class of estimators of the mean and variance for a dual frame survey
that can be calculated using standard software.

We apply our methods to the Auckland Diabetes, Heart and Health Survey. This was the fourth
in a series of cross-sectional surveys examining risk factors for cardiovascular disease in Auckland.
A dual frame was chosen because of the need to oversample Maori and Pacific people in order to
obtain 1000 from each ethnic group, and 2000 Others. A list of random starting point addresses with
probability proportional to the mesh block size was obtained from Statistics New Zealand, together
with a list of electors in the Auckland region. Sampling was carried out using a community-based
cluster sample and by randomly sampling from the electoral roll stratified into 5 year age bands. Such
a sampling frame is known as a dual frame survey, where samples are drawn independently from two
overlapping frames (cluster sample and electoral roll sample) that together are assumed to cover the
population of interest (Aucklanders aged between 35 and 74).

When a complex survey design has been used, the standard statistical procedures generally do
not calculate point estimates and their variances correctly. Point estimates will be correct if the data
has been weighted correctly, but the variance estimates will be incorrect, as complex survey designs use
some combination of stratified sampling, cluster sampling, simple random sampling, and/or systematic
sampling. Clustering and stratification in a complex survey design have the greatest effect on the
variance estimates. The variances obtained from both stratified and cluster sampling can be much
smaller than those estimated from simple random sampling.

Following Hartley (1962, 1974) and Lohr & Rao (2000) , let A be the set of population units
(individuals ) in Frame A, and let B be the set of population units in Frame B. The population of
interest, denoted by U , can be divided into three mutually exclusive domains, U = A∪B = a∪ ab∪ b,
where a = A ∩ �B, ab = A ∩ B, and b = �A ∩ B. The quantities N,NA, NB , Na, Nb, and Nab are the
number of individuals in U ,A,B, a, b, and ab , respectively. Clearly, we have N = Na + Nb + Nab,
NA = Na + Nab, and NB = Nb + Nab.

Let yi be a value associated with the population unit i . We are interested in the population
total Y =

∑
U yi and population mean, � = Y/N . It is convenient to define domain totals Ya =

∑
a yi,

Yb =
∑

b yi, and Yab =
∑

ab yi as well as frame totals YA =
∑

A yi and YB =
∑

B yi. Note that
Y = Ya + Yb + Yab, YA = Ya + Yab and YB = Yb + Yab.

We draw independent samples, SA from Frame A and SB from Frame B. Suppose that SA

contains nA observations and the probability of inclusion of the ith unit in SA is �A
i = P (i ∈ SA) with

associated weight wA
i = 1

�A

i

. The corresponding quantities for SB are nB , �B
i = P (i ∈ SB) and wB

i

respectively. We want to use the data from the combined surveys to construct a suitable estimator Ŷ

of the combined population total Y . Moreover, we would like to be able to calculate this estimator,
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together with an estimate of its standard error, using standard software.
Now we can estimate YA by ŶA =

∑
i∈A wA

i yi and YB by ŶB =
∑

i∈B wB
i yi. Obviously, ŶA + ŶB

has expected value Y + Yab so we need to reduce the contribution from units that appear in both
frames. To do this we define constants �i for i = 1, . . . , N with �i = 1 for i ∈ a, �i = 0 for i ∈ b

and 0 < �i < 1 for i ∈ ab. Then we define new sets of weights, w̃A
i = �iw

A
i for units in A and

w̃B
i = (1 � �i)wB

i for units in B. Now set

ỸA =
∑
i∈A

w̃A
i yi and ỸB =

∑
i∈B

w̃B
i yi.

Our class of estimators take the form

Ŷ (�) = ỸA + ỸB.

We show how to calculate the mean and variance using standard software and examine the
performance of some special members of this class using data from the Diabetes, Heart and Health
Survey.
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1. Introduction 
 

Korea has reached a stage where it should try to achieve a more balanced development for the society, 
no longer pursuing economic growth alone. Therefore Korea, having joined a member of the OECD, is 
trying to bring its social welfare system up to the level of developed countries. As one of theses efforts, the 
Government concerned about groups at a disadvantage such as poverty, disability, homeless etc. Lately, the 
growing issue in Korea is the expansion of welfare for them. As a result, the Government has assigned 
priority to its policy, and is dedicated to improve the quality of life as well as reduce poverty.  
 

However there is no official poverty line in Korea. Since there is no data available for poverty line, it is 
evident that we need to find out reliable and accurate source data for making the poverty rate and related 
issues. In this regard, this study proposes an initial effort to locate and produce data source by matching two 
of already existing survey data in Korea. The study findings presented here are limited for not being an 
official by Korea National Statistical Office(KNSO). 
 
 
2. Data Source and Processing 

 
The data used was the ‘Household Income and Expenditure Survey’ and the ‘Social Statistics Survey’ 

which were the primary sources of poverty analysis for this paper.  
 

Household Income and Expenditure Survey(HIES) is conducted monthly by using the diary method. 
A diary is distributed to each sample household so that income sources, types of expenditure and their values 
can be recorded daily. In this survey, an eligible household is defined as family members or persons who live 
together in the same house and pool their spending for food and other essentials. Household income is 
summed up for all household members’ earnings.  

 
Social Statistics Survey is conducted to understand quality of life and social changes so as to provide 

basic data required for the establishment of social development policies, by measuring social interest and 
subjective opinions in relation to people’s quality of life. The scope of the survey is all persons aged 15 and 
over who usually resides in 33,000 sample households. The survey covers 11 topics about Family, Education, 
Health, Welfare, Culture & Leisure, Income and Consumption, Labor, Environment, Safety, Housing and 
Transportation, and Social Participation. 

 
For the data processing, the poverty line was computed from raw data of the HIES. Then the 

households who were below the poverty line were selected and matched the households of the Social 
Statistics Survey with them. Finally tabulations of the results of the Social Statistics Survey with the poverty 
and non-poverty were made to show the differences of poverty verse non-poverty in consciousness. 
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3. Poverty Rate and Limitation of Measurement 
 

The first task in measuring poverty is to define ‘who is poor’. But there is no unanimous criterion in 
this regard, because poverty can be defined in various ways. Even we can define poverty theoretically as 
existence below ‘a minimum level of necessity’, however, it is impossible to determine a poverty line to be 
accepted by all people. 

 

Generally a poverty line is divided into ‘absolute’ and ‘relative’. An absolute poverty line is made by 
the value of a set level of resources deemed necessary to maintain a minimal standard of living such as the 
$1/day per capita or cost of basic needs. In Korea absolute poverty, including famine, illiteracy, and 
epidemics that characterize developing countries, has virtually disappeared.  

 
On the other hand, in the most case of developed countries, the poverty line is set based on relative 

standards by report of United Nation. For example, the Organization for Economic Co-operation and 
Development(OECD) sets the relative poverty line at fifty percent of median income, while the European 
Union sets the line at 40, 50 and 60 percent of average household income.  

 
In this paper, I follow the OECD guideline, because not only Korea is a member of the OECD but also 

it can be compared with other OECD countries later on. This poverty rate shown in Figure 1 is calculated by 
counting the households below the fifty percent of median household income by the Household Income and 
Expenditure Survey(HIES).  

 
<Figure 1> The Relative Poverty rate in Korea 
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As shown in the Figure 1, the poverty rate made a dramatic jump between 1997 and 1998 due to the 

economic crisis. It hovered at around 11.0%~12.0% in subsequent years, and it has been increasing since 
2003. This is very reason that we should give attention to the poverty. 

 
The coverage of the HIES for this measurement is limited to urban areas. Because it was extended to 

include rural areas from 2003.  
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4. Major Finding 
 

As a result of this analysis, we can see the differences of consciousness in the poverty and non-poverty 
as follows. The main tables was selected from the analysis results. 

 
Considering all the aspects such as the economic situation, occupation and health, 41.2 percent of the 

“poverty” those who fell below the poverty line were dissatisfied with their current life. This is a big 
difference compared with 22.8 percent of “non-poverty” who is counterparts above the poverty line. As 
shown in the Table 1 below, about a half of persons under poverty line(47.7%) thought that their living 
conditions became worse than 3 years ago. This means that living conditions of the poor have not improved. 

 

<Table 1> ‘Subjective Satisfaction with general life’ and ‘Change of living conditions’ 
Unit : % 

 
Subjective Satisfaction with general life 

Change of living conditions 
compared with 3 years ago 

 Satisfied Fair Dissatisfied Get better No change Get worse 
Poverty 12.8 46.0 41.2 11.5 40.8 47.7 

Non-poverty 24.1 53.1 22.8 25.1 43.7 31.2 
Source: Korea National Statistical Office. Social Statistics Survey, 2003, 2005. 

 
 

About the self-assessment of health, only 12.6 percent of “non-poverty” referred to ‘bad’ for their 
health. While 34.9 percent of the “poverty” referred to ‘bad’ for their health, this is about three times larger 
than “non-poverty” as shown Table 2. 
 

<Table 2> Self-Assessment of Health 
Unit : % 

 Good Normal Bad 
Poverty 29.2 35.9 34.9 

Non-poverty 45.4 42.1 12.6 
Source: Korea National Statistical Office. Social Statistics Survey, 2003. 

 
 
As for the “poverty” in the elderly aged 60 and over, about one-half persons(48.4%) thought that 

‘financial difficulty’ was their most difficult problem, followed by ‘health’. But in the case of “non-poverty” 
in elderly, their toughest problem was ‘financial difficulty’, followed by ‘loneliness’ in order 

 
<Table 3> The most difficult problem of the elderly (60 years old and over) 

Unit : % 

 Financial  
difficulty

Health Loneliness
Having no 
job/pastime

Lack of facilities 
for the elderly 

others 

Poverty 48.4 18.6 9.5 14.6 4.0 4.9 
Non-poverty 42.1 14.5 16.2 16.0 6.3 4.9 

Source: Korea National Statistical Office. Social Statistics Survey, 2005. 
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In 2005, 65.2 percent of the poverty household heads have not prepared for their after retirement as 

shown Table 4. 
 

<Table 4> Preparation for the old age  
Unit : % 

 Prepare Not-prepare 
Poverty 34.8 65.2 

Non-poverty 60.3 39.7 
Source: Korea National Statistical Office. Social Statistics Survey, 2005. 

 
As for the public institutions needed in the future, the needs for ‘medical facility’ among poor persons are 

higher than the non-poor persons. 
 

<Table 5> Public Institution Needed in the Future 
Unit : % 

 Medical  
facilities 

Childcare 
facilities 

Parks 
Welfare 
facilities 

Parking 
lots 

Libraries Others 

Poverty 31.3 8.3 12.4 20.8 9.8 3.9 13.5 
Non-poverty 17.5 11.8 13.9 22.1 13.3 7.4 14.0 
Source: Korea National Statistical Office. Social Statistics Survey, 2005. 

 
 

5. Conclusion 
 

In these days a basic charge of government is to create better living conditions of life for the 
population, especially for the poor. Anti-poverty policies in Korea are divided into two types; public 
assistance and social services. Public assistance aims at eliminating poverty directly, whereas social services 
involve a more indirect approach. In the latter case, it will be achieved more effectively by examining the 
consciousness of the poverty group persons. Namely, it is very important to understand of needs of the poor 
to establish policies for them. 

 
As shown above, the poor have different feelings and needs compared with the non-poor. Through the 

indicators like self-assessment of health, difficult problems of the elderly, public institutions needed, it is 
clear that policy makers need information to guide their decisions. Only with the exact understanding of the 
facts, more efficient anti-poverty policies be developed, and policies can be tailored to be more suitable for 
them. To meet these social needs, KNSO will develop indicators for the poverty in the near future. 
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1. Introduction

A dual frame survey may be defined as a survey where samples are independently selected from
two frames, A and B, covering the same target-population, U . When the two frames are mutually
exclusive, estimation of population parameters can be done using results from stratified sample design.
Hartley (1962) was probably the first to study parameter estimation under the more challenging
situation of two frames with elements in common. He considered the case where simple random
samples are selected from both frames and noted that the use of a dual frame approach may result
in a better cost-benefit relationship, comparing with the use of a single frame survey, when one of
the frames is cheaper to sample from than the other. Dual frame surveys may also be considered
when there is no available single frame that can provide full coverage for the target-population, but,
it is possible to identify a couple of frames which, together, can reach this goal. As an example of
this case, one can imagine a survey where the target-population is all the small and medium firms
currently operating at the state of Pernambuco (Brazil). Here, frame A would be the list of firms
provided by FIEPE (Federao das Indstrias do Estado de Pernambuco), which has a good coverage for
medium firms, but poor coverage for the small ones, while frame B would be the list of firms provided
by FEAMEPE (Federao das Associaes de Micro e Pequenas Empresas do Estado de Pernambuco),
which has a good coverage for small firms but not for the medium ones. Using a dual frame in
this scenario would avoid the bias of conducting a survey with an incomplete single frame. Another
situation happens when there is a frame which provides full coverage for the target-population but
the sampling cost to select sample units from it is too high. If a second, incomplete frame is available,
from which it is cheaper to select sample units, it is possible to use both frames to draw the desired
sample, leading to cost savings, as suggested by Hartley. The combined use of an area frame and a list
frame, for instance, has been used successfully in several agricultural surveys (FAO, 1998; Amhrein,
1999; Hartley, 1972). Here, the area frame, while providing complete coverage, is expensive to sample
from. On the other hand, list frames, although usually having less than perfect population coverage,
are cheaper to sample from. Besides the cost savings factor, the use of dual frame in agricultural
surveys may retain other positive aspects related to the use of area frames and list frames (Carfagna,
2004).

In any survey, auxiliary information taken into account either at the design or at the estimation
stage may lead to an increase at the estimates’ precision. In dual frame surveys, auxiliary information
may be available at several instances such as in agricultural surveys, where auxiliary data may come
from past agricultural census, from some types of list frames, or even from the area measure of segments
listed in an area frame. In this paper estimation of population totals incorporating available auxiliary
information from one of the frames at the estimation stage is investigated for the case of a stratified
dual frame survey. Under such a survey, it is supposed the samples are independently selected from
each one of two overlapping frames, using a stratified sample design, not necessarily based on the
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same stratification variables. Combined and separated versions of ratio type estimators are proposed
to estimate a population total Y , for the case where unidimensional auxiliary information is available.
Approximate variance formulas are derived using Taylor’s linearization technique. Although not shown
here, given space restrictions, the approximate variances can be found in a more complete version of
this paper, available upon request to the authors. The performance of the proposed estimators is
compared with estimators proposed by Hartley (1962) and Fuller and Burmeister (1972), using a
Monte Carlo simulation study. The results show that incorporating auxiliary information at the
estimation stage in stratified dual frame surveys may increase estimate’s precision, as expected.

2. Ratio Type Estimators

The use of a dual frame approach leads to the existence of three domains of estimation: a =
A∩ BC , b = B ∩ AC and ab = A∩ B. In words, domain a is composed by those population elements
listed only in frame A; domain b, by those listed only in frame B; and domain ab, by those listed
in both, frame A and frame B. Hartley (1962) shows that a population total Y can be written as
Y = Ya +Yb +Yab, where Yj represents the domain j’s population total (j ∈ {a, b, ab}) for the variable
of interest y. The proposed estimators in this paper have the form Ŷ = Ŷa,r + Ŷb+ Ŷab,r, where Ŷa,r and
Ŷab,r are ratio type estimators for domains a and ab, respectively, and, Ŷb is the estimator proposed by
Hartley (1962), when the size of ab is known, or it is the estimator proposed by Fuller and Burmeister
(1972), when the size of ab is not known.

Let J and W represent the number of strata in frame A and B, respectively (j = 1, . . . ,J ;
w = 1, . . . ,W). Let ỹa(j) and x̃a(j) be the sample mean for the variable of interest y and the auxiliary
variable x, respectively, for the j-th stratum in domain a. Let ỹ ′

ab(jw) and x̃′
ab(jw) be the sample mean

for the variable of interest y and the auxiliary variable x, respectively, for the intersection between
the j-th and w-th stratum in domain ab inside frame A; Similarly, let ỹ ′′

ab(jw) be the sample mean for
the variable of interest y for the intersection between the j-th and w-th stratum in domain ab inside
frame B. Also, define ỹb(w) as the sample mean for the variable of interest y for the w-th stratum
in domain b. Define txa(j) as the auxiliary variable x total for the j-th stratum in domain a, and let
txab(jw) be the auxiliary variable x-total for the intersection between the j-th and the w-th stratum,
inside domain ab, in frame A. Let NA(j) and NB(w) be the size of stratum j and w, in frames A and
B, respectively. Further, let Na(j), Nab(jw) and Nb(w) be the size of the j-th stratum inside domain a,
the size of the intersection between the j-th and the w-th stratum inside domain ab, and, the size of
the w-th stratum inside domain b, respectively. Then, for the case where Nab(jw) is known for every
j = 1, . . . ,J and w = 1, . . . ,W, the proposed separated ratio type estimator has the form:

t̂yrs1 =
J

X

j=1

ỹa(j)

x̃a(j)

txa(j) +
J

X

j=1

W
X

w=1

p(jw)

ỹ′

ab(jw)

x̃′

ab(jw)

txab(jw) +
W

X

w=1

Nb(w) ỹb(w) +
J

X

j=1

W
X

w=1

(1 � p(jw))Nab(jw) ỹ
′′

ab(jw),(1)

where p(jw) is a weighting constant such that 0 ≤ p(jw) ≤ 1.
When the size of Nab(jw) is not known, for every j = 1, . . . ,J and w = 1, . . . ,W, the proposed

separated ratio type estimator has the form:

t̂yrs2 =
J

X

j=1

ỹa(j)

x̃a(j)

txa(j) +
J

X

j=1

W
X

w=1

p(jw)

ỹ′

ab(jw)

x̃′

ab(jw)

txab(jw) +
W

X

w=1

N̂b(w) ỹb(w) +
J

X

j=1

W
X

w=1

(1 � p(jw))N̂ab,s(jw) ỹ
′′

ab(jw)(2)

where N̂ab,s(jw) is the Fuller and Burmeister (1972) estimator for Nab(jw) and N̂b(w) = NB(w) �
J∑

j=1
N̂ab,s(jw).
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Let txa and txab be the auxiliary variable x total for domains a and ab, respectively. When Nab(jw)

is known for every j = 1, . . . ,J and w = 1, . . . ,W, the proposed combined ratio type estimator has
the form:

t̂yrc1 =

0

B

B

B

B

B

@

J
X

j=1

Na(j)ỹa(j)

J
X

j=1

Na(j)x̃a(j)

1

C

C

C

C

C

A

txa + p

0

B

B

B

B

B

@

J
X

j=1

W
X

w=1

Nab(jw)ỹ
′

ab(jw)

J
X

j=1

W
X

w=1

Nab(jw) x̃
′

ab(jw)

1

C

C

C

C

C

A

txab +
W

X

w=1

Nb(w)ỹb(w) + (1 � p)
J

X

j=1

W
X

w=1

Nab(jw) ỹ
′′

ab(jw)(3)

where p is a weighting constant such that 0 ≤ p ≤ 1.
When Nab(jw) is not known for every j = 1, . . . ,J and w = 1, . . . ,W, then the proposed

combined ratio type estimator has the form:

t̂yrc2 =

0

B

B

B

B

B

@

J
X

j=1

N̂a(j)ỹa(j)

J
X

j=1

N̂a(j)x̃a(j)

1

C

C

C

C

C

A

txa + p

0

B

B

B

B

B

@

J
X

j=1

W
X

w=1

N̂ab(jw)ỹ
′

ab(jw)

J
X

j=1

W
X

w=1

N̂ab(jw) x̃
′

ab(jw)

1

C

C

C

C

C

A

txab +
W

X

w=1

N̂b(w)ỹb(w) + (1 � p)
J

X

j=1

W
X

w=1

N̂ab(jw) ỹ
′′

ab(jw)(4)

where N̂a(j) = NA(j) �
W∑

w=1
N̂ab,s(jw).

3. Simulation Study and Concluding Remarks

The performance of the proposed estimators, based on the mean squared error and relative bias,
was evaluated through a Monte Carlo simulation study with 1000 replicates. Values of the weighting
constants (p and p(jw)) were chosen in order to minimize the approximate variance of the estimators.
A total of three strata were considered in each frame. The study focused on the situation where
each stratum inside frame A have intersection with only one stratum in frame B and considered the
scenarios shown in table 1 regarding domain sizes.

Table 1: Simulation scenarios
Scenarios Na(j) Nb(w) Nab(jw)

1 2000 2000 500
2 1750 1750 1000
3 1500 1500 1500

The population values for frame A for the separated ratio type estimator were generated follow-
ing the model below, where a(j) and ab(jw) denote the j-th stratum in domain a and the intersection
between the j-th and the w-th stratum inside domain ab, respectively:

(5) ξ : ykA =




βa(j)xkA + εkA if k ∈ a(j)

βab(jw)xkA + εkA if k ∈ ab(jw)

The population values for frame A for the combined ratio type estimator were generated following
the model

(6) ξ : ykA =




βa(j)xkA + εkA, βa(j) = βa, if k ∈ a(j)

βab(jw)xkA + εkA, βab(jw) = βab, if k ∈ ab(jw)
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Sample size allocation was kept equal for both frames. Let nA(j) and nB(w) be the sample sizes
allocated for the j-th stratum in frame A and the w-th stratum in frame B. The study considered the
cases where nA(j) = nB(w) = 500, 750, 1000, 1250 for every stratum in both frames. Figure 1 shows
the performance of the proposed estimators concerning the mean squared error, comparing with the
Hartley (1962) and Fuller an Burmeister (1972) estimators, denoted by t̂yH and t̂yFB, respectively.

Figure 1: MSE of estimators for Na(j) = Nb(w) = 1500 and Nab(jw) = 1500
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The results shown that incorporating the auxiliary information from only one of the frames at
the estimation stage in stratified dual frame surveys may lead to an increase in estimate’s precision
when the sample size allocated to the frame furnishing auxiliary information is great enough.
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1.  Introduction 

 
Clostridium difficile is an anaerobic, Gram-positive, spore-forming rod, which can colonise the human 

gut and cause toxin-mediated, usually antibiotic-associated disease Bartlett et al. (1978). It is a cause of 
diarrhoea, which is usually acquired in hospital. Although in most cases it causes a relatively mild illness, 
occasionally and particularly in elderly patients, it may result in serious illness and even death. The 
bacterium produces two toxins which are responsible for the diarrhoea and which damage the cells lining the 
bowel. However, not all strains of C. difficile produce toxin; these strains are unlikely to cause disease and 
patients colonised by them remain healthy. In addition, the bacterium can form spores which enable it to 
survive in the environment outside the body and which protect the organism against heat and chemical 
disinfectants. 

C. difficile was first isolated in the 1930s, but its medical importance as a cause of antibiotic-associated 
diarrhoea and colitis (inflammation of the colon) was not recognised until the mid-1970s Bartlett et al. 
(1978). For reasons that are not well understood, young children often carry C. difficile in their gut without 
developing C. difficile-associated disease (CDAD) Merida et al. (1986). Asymptomatic carriage of C. 
difficile is much less common in adults – typically only 3% of healthy adults and 20-40% of hospitalised 
adults Bartlett and Perl (2005). In order to cause disease, C. difficile must germinate from its spore-form in 
the anaerobic (oxygen-free) section of the colon. Exposure to antibiotics kills many of the normal gut flora 
giving C. difficile the opportunity to germinate, grow and produce the disease-causing toxin A or B Bartlett et 
al. (1978);Yam and Smith (2005). 

As in many other developed countries, the number of reported cases of CDAD in UK has increased 
dramatically during the past decade. This probably represents increases in ascertainment and reporting 
alongside real increases in numbers of new cases. There are also concerns that CDAD is more likely than 
previously to affect younger age groups, though the evidence for this is as yet inconclusive. These concerns 
have contributed to interest in setting up a surveillance system for CDAD. Mandatory surveillance of 
Clostridium difficile associated disease (CDAD) in people aged 65 years and over has been included in the 
healthcare-associated infection surveillance system for acute trusts in England since January 2004, National 
C. difficile Standard Group (2004). This scheme is operated by the HPA on behalf of the DH. Data are 
collected quarterly from each of the 169 acute NHS trusts in England that treat adult patients (the four 
specialist children’s trusts in England are excluded). Acute NHS trusts in England are required to report all 
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cases of CDAD in patients aged 65 years and over. This applies whether C. difficile is considered to have 
been acquired in that trust, in another hospital or in the community. Cases are defined as all diarrhoeal 
specimensthat test positive for C. difficile toxin where the patient has not been diagnosed with CDAD in the 
preceding four weeks. The criteria for testing for infection and reporting cases were defined by the National 
Clostridium difficile Standards Group HPA (2004). 

There are over hundred strains of C. difficile have been identified Brazier (1998). Nevertheless, our 
understanding of the epidemiological significance of individual strains is limited. Certain strains are more 
common in hospital patients than others and the distribution of C. difficile strains in the community appears 
to be more varied than that seen in hospitals. Strains sometimes produce different amounts of toxin in vitro, 
raising the possibility that virulence and communicability may vary. It has been demonstrated in an animal 
model that not all toxigenic strains are equally virulent. Under Surveillance systems, C. difficile strain 
identification was only performed when clinicians specifically requested this test from the Anaerobe 
Reference Unit (ARU), in Cardiff. Usually, this formed part of a C. difficile outbreak investigation and strain 
identification was requested to check if cases were linked. There was concern that the numbers of specimens 
being referred to the ARU had dwindled over recent years, with little information on whether prevalent 
strains and antimicrobial susceptibilities were changing. Therefore, the Department of Health and the Health 
Protection Agency introduced a Clostridium difficile sampling programme to estimate the strain types 
prevalent nationally, of which ribtypes 001, 027 and 106, were of particular interest. All acute trusts in 
England are now required to submit C. difficile samples to the ARU in accordance with a national sampling 
schedule. Every 12 months, each acute trust is randomly allocated one week for random sampling. During 
that week, trusts should provide consecutive positive C. difficile samples (excluding multiple specimens from 
an outbreak) received in their laboratory, up to a maximum of ten. Following culture at local or regional 
level, C. difficile isolates are sent to the ARU. Strains are identified through genomic analysis of intergenic 
spacer regions between 16S - 23S rDNA using a technique known as PCR ribotyping. 

The Clostridium difficile Sample (CDS) provides a reasonable estimate of ribotype prevalence at the 

national level. However, there is a need for similar estimates for trusts or hospitals. Applicatio
n of design-based estimation theory to this problem leads to poor estimates for trusts with 
small sample size. In addition to, zero sample sizes in many Trusts prevents direct estimation of ribotype 
prevalence at Trust level. Application of standard methods for small area estimation based on linear models 

Rao (2003) also fails because the response variable is polytomous. In this paper we describe a multinomial 
random components model to estimate ribotype prevalence at Trust level.  

Section 2 defines the random component model for a multinomial variable and develops best linear 
unbiased predictors-type (BLUP-type) for trust by assuming variance-components are known. The 
corresponding empirical best linear unbiased predictors-type (EBLUP-type) are developed in section 3, 
based on the use of maximum likelihood and residual/restricted maximum likelihood methods for estimating 
the variance components. Both these approaches use the BLUP estimates as starting values when calculating 
the values of the ML or REML estimates of variance components, Harville (1977). Section 4 reports the 
ribotype prevalence estimates and associated mean squared errors at trust level. Finally, in section 5 we 
report results from simulation study of the performance of the method.  
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RÉSUMÉ (ABSTRACT) — optional 
Small area estimates of ribotypes prevalence are developed using a multinomial random components model. The 
trust random components are category-specific and are dependent. A general  variance-covariance structure is 
introduced for correlated trust random effects in the model. The estimates of the parameters of the model, including 
those associated with the random components, are obtained using maximum likelihood and restricted/residual 
maximum likelihood methods. Empirical best linear unbiased predictors-type of ribotypes prevalence are then 
developed for 130 trusts. Mean cross-product error (MCPE) matrix of the small area estimators is obtained. The 
estimation approach in the paper is supported by a simulation study, which compares the new method with other 
methods of small area estimation. These results show the new method to be superior. 
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INTRODUCTION

In general, surveys conducted by government are based on country level sample design because
official statistics are mainly interested in country level statistics. Therefore small area estimation
methods are very much useful for the small areas or domains of official statistics. Here, we suggest
the four small area estimation methods which are the Bayesian Poisson regressive Model (BPRM),
Bayesian auto-Poisson Model(BAPM), conditional autoregressive(CAR) model and Bayesian condi-
tional autoregressive Model(BCAR) with discrete, rare event and spatial correlated data. And the
results of four methods are compared the efficiency by using the bias checking method(brown,G.) and
MSE.

SUGGESTED METHODS

1) Bayesian Poisson Regression Model

BPRM is the one of the popular model for small area estimation method of rare event data such
as cancer, AIDS patients and so on.

Now the BPRM is defined as following:

yi ∼ Poi(µi), i = 1, ..., I

such that
µi = Niθi

where Ni denotes the population counts in small area i and θi denotes the disability rate of
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small area i and a prior model for the θi is

log(θi) = X ′
iβ + Si + νi(1)

νi ∼ N(0, σ2
ν)

Si|Sj = sj , j 6= i ∼ N(mi, σ
2
νi

)

mi =
∑

j∈di Wijsj∑
j∈di Wij

σ2
νi

=
σ2

ν∑
j Wij

where di is the set of areas adjacent to i, Xi is the known matrix of xij ’s and β is the unknown
parameter vector.

Also we set

Wij =
1, forj ∈ di

0, elsewhere.

then

mi =
∑

j∈di sj

ni

σ2
νi

=
σ2

ν

ni

So, this gives that Si|Sj = sj becomes normal distribution with sample mean and variance.

And τν = 1/σ2
ν and β ’s vague priors are

τν ∼ Gam(p0, q0)

β ∼ N(0, σ2
β0

)

where p0, q0 and σ2
β0

are the hyperparameters, ni is the number of neighbors of area i, and Si is
smoothed towards mean risk in set of neighboring areas, with variance inversely proportional to the
number of neighbors.

Using car.normal function code in Geobug, the Bayes estimates of θ̂ is calculated and also can
be obtained Bayes estimates of µ, µ̂BPRM , which is E(µ|X, θ). And standard deviations for all pa-
rameters are calculated.

2) Bayesian Auto-Poisson Model: BAPM

BAPM is one of the Bayesian approach with poisson model which is simpler than BPRM. In
prior model of BPRM, spatial term, Si, treated as a random variable but in BAPM, spatial term, Si,is
just as an independent variable in the linear model.

So, BAPM is defined as following:

Let yi have a Poisson distribution.
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(yi|µi) ∼ Poi(µi), i = 1, ..., I

µi = Niθi

where Ni denotes the population counts in small area i and θi denotes the disability rate of
small area i.

Here the prior for θi is defined as following:

log(θi) = X ′
iβ + ρSi + νi

where Xi is the vector of explanatory variables of small area i, β is the unknown parameter
vector, Si is obtained

from the known design matrix for random effect variable of small area i and in this paper Si

is calculated as the sum of neighbors and ρ is the unknown random effect parameter of small area i.
Also νi ∼ N(0, σ2

ν) and ρ and νi are independent.

And τν = 1/σ2
ν , ρ and β have given vague priors

τν ∼ Gam(p0, q0)

β ∼ N(0, σ2
β0

)

ρ ∼ N(0, σ2
ρ0

)

where p0, q0 ,σ2
ρ0

and σ2
β0

are the hyperparameters. Then Bayes estimator of µ, µ̂BAPM , is ob-
tained as E(µ|X,Z, θ, ρ, σν).

Also using winbug, the Bayes estimates of θ̂ is calculated and hence Bayes estimates of µ can
be calculated.

3) Conditional Auto-Regressive Model: CAR

The CAR model is the one of the well known method for small area estimation. As mentioned
before, in CAR model, Freeman-Tukey transformations are applied for the normality

Therefore the CAR model considered in this section is defined by

Zi = X ′
iβ + ρSi + νi

where Zi = (1000× Yi
Ni

)1/2+(1000× Yi+1
Ni

)1/2 which is known as Freeman-Tuckey transformation.
4) Bayesian Conditional Auto-Regressive Model: BCAR

The BCAR model considered in this section is defined by

Zi ∼ N(µi, σ
2)

µi = X ′
iβ + ρSi + νi

where Zi and Si are defined as the same as those in CAR model.

Then Bayes estimator of µ, µ̂, is obtained as E(µ|X, Z, θ, ρ, σν). And SAS or winbugs can be
used for the estimates.
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SUMMARY

Table 1. the results of bias checking with slop , R2 and MSE

Model slop R2 MSE

CAR-Log 0.769 0.573 3.61E08
CAR-FT 0.864 0.941 5.71E07

BCAR-FT 0.935 0.945 4.50E07
BPRM 1.496 0.847 1.71E08
BAPM 0.990 0.949 3.52E07

For Table 1, we use three criteria, slop, R2 and MSE for comparison. Previously mentioned,
these criteria are obtained based on Dis which is an small area estimate, not true value. So that
high R2, and/or near one slop do not mean the superiority exactly. Also the MSE is calculated by
difference between Dis and predicted value of the models. Hence this statistic says the closeness to
the DIS and predict values. However these criteria still are used and very popular practically.

In most of recent studies, BPRM was suggested or recommended in dealing with poisson data
model. However, this study shows the BAPM is recommended with smallest MSE and slop of closest
to one in BARM. In BPRM, setting the spatial term as a random variable with normal distribu-
tion with mean as average of neighborhood causes the under estimate. That is spatial term treated
as random variable and fitted into normal distribution cause inaccurate of predict values. However
if there exists the more informative on spatial term variable, predict estimates could be more accurate.

Consequently, with considerations of slop, R2 and MSE, we can conclude that BAPM is the best
method for this data analysis.
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Rio de Janeiro, Brazil
E-mails: fmoura@im.ufrj.br, migon@im.ufrj.br

1 Introduction

In Brazil, one important example of the demand for reliable estimates is related to how constitutionally
mandated federal revenue sharing is apportioned annually to the various municipalities. The predicted
number of inhabitants in a municipality is used by the federal government as a criterion to distribute
funding. Therefore, there is a need to obtain reliable municipal population forecasts in order to fairly
apply this criterion, regulated by federal law.

An important source of demographic data is the annual Household Survey (PNAD). However,
it is not designed to produce estimates at the municipal level. In other words, apart from a few mu-
nicipalities, the municipal sample sizes are not large enough to yield acceptable standard errors when
the direct survey estimates are used. Furthermore, there is a considerable number of municipalities
that are not sampled at all. One way of tackling this problem is to gain strength from the all areas
and through other sources of related data.

The main aim of this work is to obtain estimates of the municipal populations based on survey
data provided by the PNAD and census data. Hierarchical and spatial models are proposed and their
fitness and predictive power are evaluated. We expect these models to perform well, since they allow
borrowing strength from all areas, making up for the small, or even nonexistent, samples in some of
the areas.

2 Data Set and Model Specification

The input data for our models introduced in Section 3 are taken from the annual household de-
mographic surveys (PNADs) over the past decade, the 1991 and 2000 census data and a complete
enumeration of the population carried out in 1996. In order to evaluate the proposed approach, the
municipalities of São Paulo State are considered as the areas of interest. The population estimates
of selected municipalities were obtained from the PNAD based on its design. These estimates are
regarded as the input data for making inference about our target parameters. The two censuses and
the 1996 population count are also utilized in our application.

We assume that the population sizes are available for all the m municipalities of São Paulo State
for the census years of 1991 and 2000, as well as the complete population count in 1996. From now
on, we simply refer to them as the census data. In order to improve the hypothesis of exchangeability
of the parameters describing the mean of the process, our response variables are set as the sampled
municipal density estimates instead of the municipal population estimates.

For each period, estimates of these quantities are available only for k < m first stage units of
the PNAD sample. In order to estimate the municipal density, we simply divide the total population
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estimate by its respective area. Let yit be the population density obtained from the census data
or estimated by the annual demographic survey at time t, t = 1, . . . n for the ith municipality, i =
1, . . . ,m. Our aim is to make inferences about the true population density πit for the population of all
municipalities, including those that are not sampled. The models presented bellow are hierarchically
structured where the true municipal population densities, πit, are described via a stochastic non-linear
hierarchical growth function. We assume that the random quantities yit are normally distributed with
mean πit and variance σ2

it. In this paper, we generalize the Fay and Heriot(1979) model in various
ways. Our main parameters of interest πit are non-linear exponential functions with some parameters
that are hierarchically and/or spatially structured. We further assume that the sampling variance φi

follows a model that depends on the sampling size in the respective municipality. For further details
see Souza(2004).

Only in the census years, the yit are obtained for all the municipalities of São Paulo State.
Although in the census years, the aim is complete enumeration of the whole population, coverage
errors can occur. Therefore, it is also reasonable to assume that the observed census data are equal
to the true density plus an error term, as described in the first equation of the model below.

yit = πit + εit, εit ∼ N(0, σ2
it)

πit = {ai + bi exp (cit)}φ
ai = α + ξai, ξai ∼ N(0, τ2

ai)
bi = β + ξbi, ξbi ∼ N(0, τ2

bi)
ci = γ + ξci, ξci ∼ N(0, τ2

ci)

(1)

where the prior distributions of α, β and γ are given by: α ∼ N(μα, σ2
α), β ∼ N(μβ, σ2

β),
γ ∼ N(μγ , σ2

γ). It is worth noting that information from all areas is obtained through the hierarchical
structure of the parameters ai, bi and ci. Another way of obtaining information among municipalities
is to assume that these three parameters are spatially structured. Supposing that the mean πit is non-
explosive, the parameter αφ can be regarded as the value at which the mean municipal population
stabilizes. The parameters β and γ affect the evolution of the density over time. The prior distributions
of α, β and γ can be chosen by taking advantage of some prior demographic knowledge of the expected
population evolution. In our application, we set φ = 1, implying that for t = 0 the mean density in
each municipality is given by ai + bi. The hierarchical structure imposed on the parameters ai and
bi, implies that the mean of the municipal densities at t = 0 is α + β. To assume that the growth
parameters, ci, have a hierarchical structure means that the densities have different growth rates but
share the same mean. In all models considered in our application, we assume that τ2

ai = τ2
a , τ2

bi = τ2
b

and τ2
ci = τ2

c , with prior distributions given by: τ−2
a ∼ G(αa, βa), τ−2

b ∼ G(αb, βb), τ−2
c ∼ G(αc, βc).

The term εit is justified on the ground that the coverage error is always presented in census
data. Although the aim of a census is to investigate the entire population, there are always omissions
or improper inclusions which are responsible for the coverage error.

In our second proposed model, the demographic density in an area i at time t, πit is affected by
its neighboring areas by adding random spatial effects δai and δbi to the parameters ai and bi, that is,
ai = α0 + δai and bi = β0 + δbi, where α0 and β0 are terms representing the intercepts. Therefore, ai

and bi vary only with the spatial effect, representing a local effect, while the growth parameters ci’s
are regarded as similar among all areas (overall effect).

The relationship between neighboring areas is defined in the prior distributions of δai and δbi.
The prior joint distribution of δa = (δa1, ..., δam)

′
given the hyperparameter τ2

da, is defined as in Molliè
(1996):
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p(δa|τ2
da) ∝

1

τ
m/2
da

exp

⎧⎨
⎩− 1

2τ2
da

m∑
i=1

∑
k<i

wik(δai − δak)2
⎫⎬
⎭

where wik are the weights associated with the regional structure. The weights were chosen such that
wik = 1, if i and k are contiguous, and wik = 0, otherwise. The impropriety of p(δa|τ2

da) is evident, since
we can add any constant to all of the δai and p(δa|τ2

da) is not affected. we must impose a constraint to
ensure that the model is identifiable. Besag and Kooperberg (1995) show that constraining the random
effects to sum to zero and specifying a separate intercept term with a Uniforme prior distribution in
a real line is equivalent to the unconstrained parameterisation with no separate intercept. The prior
conditional distribution of δai, given the effects δak of the remaining areas and the hyperparameter
τ2
da, is normal with mean and variance given by:

E[δai|δa,−i, τ
2
da] = E[δai|δak, k ∈ ∂i, τ2

da] = δ̄ai

V ar[δai|δa,−i, τ
2
da] = V ar[δai|δak, k ∈ ∂i, τ2

da] =
τ2
da

wi+

where δ̄ai denotes the arithmetic mean of the δaj for k ∈ ∂i (the contiguous areas of i), and
wi+ =

∑m
k=1 wik is the number of neighboring municipalities of i. We also impose that

∑m
i=1 δai = 0.

The prior joint distribution of δb = (δb1, ..., δbm)
′

given the hyperparameter τ2
db is analogous to that

described for δai, replacing δai with δbi, and including the constraint
∑m

i=1 δbi = 0. Thus, the spatial
effect affects the density growth through the parameter bi. We also suppose that the parameters ci are
affected by all areas as in the hierarchical model. Vague proper priors are assumed to all hyperpameters
of the model, further details can be found in Souza(2004).

3 Some results

The most disaggregated level for which the PNAD provides information is metropolitan region. In
order to validate the results obtained with the spatial model, population estimates for the greater São
Paulo metropolitan region was obtained and compared to the official PNAD estimates. These estimates
can be easily obtained by adding a new step in the MCMC algorithm. The posterior distribution of∑r

i=1 πit ∗ Ai|D is easily obtained by adding θ
(l)
t =

∑r
i=1 π

(l)
it ∗ Ai in the MCMC algorithm, where θt

represents the total population of the metropolitan region at time t, r is the number of municipalities
belonging to that metropolitan region and D is the set of all available information. Figure 1 compares
the population estimates of the São Paulo metropolitan region obtained by the spatial model and
the official statistics. The solid lines represent the limits of the 95%confidence intervals of θt, while
the dotted line shows the respective point estimates. The symbol (+) represents the official statistics
observed in the 1991, 1996 and 2000 censuses. Clearly, the results obtained by the two methods are
very close. Population prediction at the municipality level was also carried out. An analysis and
discussion of the results can be found in Souza(2004).

4 Final Remarks

The model used in this article identifies the population growth trend of the municipalities. Reasonable
estimates of the municipal populations are obtained for years with survey data, as well as for the
years where only census data are available. The point estimates have good precision and agree with
estimates obtained for larger areas using other techniques. The past information can be updated as
soon as new observations are available, which can be provided by the next census or survey estimates.
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Furthermore, the proposed approach provides the probability distribution of the quantity of interest,
aiding the decision-making process.

Further work should be done in order to allow for autocorrelation of the parameters of interest
over time. Extra information about the sampling variance estimates of the direct estimators could
also be regarded as additional data. The assumption that the census coverage error is symmetrically
around zero could be relaxed by assigning non-symmetric distribution to it. However a good knowledge
of the shape of the distribution is required. This might be difficult in practice. The sampling selection
mechanism could be also considered in the model formulation, since the areas are selected with prob-
abilities that might be related to the response variable. An important reference about informative
sampling can be found in Pfeffermann, et al.(2006).

Figure 1: Comparison of point estimates and the official statistics for the census years
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1. Introduction 

The problem of Small Area Estimation is about how to produce reliable estimates of domain 
characteristics when the sample sizes within the domains are very small or even zero. This makes it 
necessary to borrow strength from related areas through linking models based on auxiliary information, such 
as longitudinal survey data, leading to model-based indirect estimates. It is usually plausible to assume that 
observations taken over time on the same domain are correlated. However, it is rarely assumed that changes 
on variability across the data occur, that is, variability is heterogeneous. Ignoring or avoiding the 
heterogeneous covariance structure present in data may result in “poor” inferences.  

This work focuses on the use of temporal area level models with heterogeneous covariance structures 
of random effects, as a vehicle for borrowing strength across the areas and over time. Heterogeneous 
compound symmetry (CSH) and heterogeneous first-order autoregressive [ARH(1)] covariance structures of 
random effects are used. These linking models are particular cases of the linear mixed models. Under the 
area level models proposed, formal expressions for BLUP and EBLUP of the small area parameter of interest 
have been explicitly obtained. We compare the performance of these models with the Rao-Yu model (Rao 
and Yu, 1994). The basic Rao-Yu model involves autocorrelated random effects with a homogeneous 
covariance structure (first-order autoregressive plus common covariance: AR(1)+J). The application of the 
proposed procedure is illustrated using the Portuguese prices of the habitation transaction and prices of bank 
evaluation of habitation series. A Monte Carlo simulation is carried out to perform empirical analysis.  

In section 2, we consider the Rao-Yu model (Rao and Yu, 1994). The proposed chronological model, 
on the line of general linear mixed models, using heterogeneous covariance structures between random 
effects is presented in section 3. The BLUP and EBLUP of this model have been presented. Results of the 
Monte Carlo comparative study are given in section 4. Finally, section 5 contains concluding remarks. 

 
2. Rao-Yu Model 

The model proposed by Rao and Yu (1994) is the following three stage area specific model: 

(1) ititit e+= θθ̂ , 
(2) itiitit uv ++′= βxθ ,   ittiit uu ερ += −1, ,   1<ρ , 

where itθ  is the parameter of inferential interest for the ith small-area at tth time point (i=1, …, m; t=1, …, T) 
and itθ̂  is its design-unbiased direct survey estimator, ite ’s are independent sampling errors normally 
distributed, given the itθ ’s, with mean 0 and known variance 2itσ , itx (p×1) is a column vector of an area-
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by-time specific auxiliary variables and β (p×1) is a column vector of regression parameters. Further, iv ’s 
are random area specific effects with ( )2,0~ v

iid

i Nv σ  and itu ’s are random area-by-time specific effects with 
( )2,0~ σε N

iid

it , following a common AR(1) process for each i. The errors { }ite , { }iv  and { }itu  are assumed to 
be mutually independent. Combining the sampling error model (1) with the linking model (2), Rao and Yu 
(1994) obtained the following model: 

(3) ititiitit euv +++′= βxθ̂ ,   ittiit uu ερ += −1, ,    1<ρ . 

Rao and Yu (1994) applied a special form of the model (3) assuming( )1,0~Ne
iid

it . They showed that the 
model (3) can be rewritten in matrix form as: 

(4) euZvXβθ +++=ˆ , 

where )ˆ(ˆ
1 imicol θθ ≤≤= , )ˆ(ˆ

1 itTti col θ≤≤=θ , ( )imicol XX ≤≤= 1 , ( )itTti col xX ′= ≤≤1 , Tm 1IZ ⊗= , )(1 imi vcol ≤≤=v , 
)(1 imicol uu ≤≤= , )(1 itTti ucol ≤≤=u , )(1 imicol ee ≤≤= , )(1 itTti ecol ≤≤=e , mI  is the identity matrix of order m and 

T1 (T×1) is a column vector of 1’s. Further, e , v  and u  are mutually independent, with ( )ΓI0u ⊗mN 2,~ σ , 
( )mvN Iv 2,0~ σ  and ( )R0e ,~ N , where Γ (T×T) is the matrix with elements ( )21 ρρ −− ji  and 

)( 2
1;1 itTtmidiag σ≤≤≤≤=R . Assuming that ( )1,0~Ne

iid

it , we can now see that the model (4) is a special case of the 
general linear mixed model with block diagonal homogeneous covariance structure, 

( ) ( )TTvmiimi diagblockdiagblockCov IJΓVVθ ++=== ≤≤≤≤
22

11)ˆ( σσ . Following Rao and Yu (1994), assuming 
),,( 22 ′= ρσσ vψ  is known, the BLUP estimator of itθ  is given by: 

(5) )
~ˆ()(

~
)(

~ 122 βXθVγ1βxψ iiitTvitit −′++′= −σσθ , 

where ( ) θVXXVXβ 111 ˆ~ −−− ′′=  and tγ  is the tth row of Γ . Rao and Yu (1994) estimated 2vσ  and 2σ  by an 
extension of the simple transformation method of Fuller and Battese (1973) and proposed a naïve estimator 
of ρ , in order to obtain the EBLUP estimator of itθ , )ˆ(ˆ ψitθ . 

 
3. Proposed Model 

Let itθ̂  be the design-unbiased direct survey estimator for the characteristic under study, itθ , in the i th 
small-area at tth time point (i=1, …, m; t=1, …, T). The proposed model is the following two stage area 
specific model: 

(6) ititit e+= θθ̂ , 
(7) ittitit u+′= βxθ , 

where ite ’s are independent sampling errors normally distributed, given the itθ ’s, with mean 0 and known 
variance 2

itσ , itx (p×1) is a column vector of an area-by-time specific auxiliary variables and tβ (p×1) is a 
column vector of regression parameters for the tth time point. Further, itu ’s are random area-by-time specific 
effects normally distributed with 0)( =ituE , ','' ),cov( ttutiit uu σ=  for i=i’ and 0 otherwise, and 0)( =itit ueE . 
Combining the sampling error model (6) with the linking model (7), we obtain the following model: 

(8) itittitit eu ++′= βxθ̂ . 

Arranging the data, the model (8) can be rewritten in matrix form as: 

(9) euXβθ ++=ˆ , 

where )ˆ(ˆ
1 imicol θθ ≤≤= , )ˆ(ˆ

1 itTti col θ≤≤=θ , ( )imicol XX ≤≤= 1 , ( )itTti diag xX ′= ≤≤1 , )(1 tTtcol ββ ≤≤= , )(1 imicol uu ≤≤= , 

)(1 itTti ucol ≤≤=u , )(1 imicol ee ≤≤= , )(1 itTti ecol ≤≤=e . Further, e  and u  are mutually independent, with 
0e =)(E , ( )imidiagV Re ≤≤= 1)( , 0u =)(E  and ΣIu ⊗= mV )( , where )( 2

1 itTti diag σ≤≤=R  and { }',ttuσ=Σ  is a 
symmetric (T×T) matrix with elements ',ttuσ , t,t′=1, ..., T, that define a chronological heterogeneous 
covariance structure of random effects within the i th small-area. In practice, we assume that random effects 
associated to a particular ith small-area may present a chronological heterogeneous compound symmetry 
(CSH) or a first-order autoregressive [ARH(1)] covariance structures (Wolfinguer, 1996). In spite of the 
correlations remaining constant for CSH, ρσσσ ',,', tututtu =  for t≠t’ and 2

,', ttuttu σσ =  otherwise, and 
exponentially declining for ARH(1), '

',,',
tt

tututtu
−= ρσσσ , 1<ρ , both allow distinct variances along the main 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 4951 -



diagonal. We selected heterogeneous covariance structures due to the observed increase of variability with 
time. In the class of heterogeneous covariance structures, CSH and ARH(1) were selected because they are 
parsimonious and usually fit the data well. In that way, the model (9) is a special case of the general linear 
mixed model with block diagonal heterogeneous covariance structure, 

( ) ( )imiimi diagblockdiagblockCov RΣVVθ +=== ≤≤≤≤ 11)ˆ( . Following Henderson’s general results (Henderson, 
1975) and assuming that )',,...,( 2

,
2

1, ρσσ Tuu=ψ  is known, the BLUP estimator of itθ  is given by: 

(10) ( ) ( )titit

T

t
itttitit h βxθβxψ

~~~

1'
' ′−+′= ∑

=
θ , 

where ( ) ( ) ( )∑∑ =
−−

=
−

≤≤ ′′== m

i iii

m

i iiitTtcol
1

1
1

1
1

ˆ~
θVXXVXββ

1
 and [ ]′=′ ≤≤ )( '1 ittTtit hcolh  is the tth row of 1−= ii ΣVH . We 

estimated the variance components by an extension of the simple transformation method of Fuller and 
Battese (1973) due to Pereira (2005), and ρ  by a Rao and Yu (1994) naïve estimator, in order to obtain the 
EBLUP estimator of itθ , )ˆ(ˆ ψitθ . A particular case of the model (8) can be considered, assuming that 
regression parameters doesn’t vary over time.  

 
4. Monte Carlo Study 

The Rao-Yu model and the proposed model were compared empirically by means of a Monte Carlo 
simulation from a real time series obtained from the Prices of the Habitation Transaction Survey (PHTS) and 
the Prices of Bank Evaluation in the Habitation Survey (PBEHS). The data are available on a quarter basis 
from seven time points, t=1, ..., 7. In this study, 28 regions (NUTSIII) were used as domains of interest, 
i=1, ..., 28. A total of 1,000 Monte Carlo simulations were conducted from a pseudo-population of 4655 
Portuguese companies of real estate mediation. For each simulation, samples were drawn independently for 
each time point using a stratified cluster sampling. These simulations aimed at an evaluation of the design-
based properties of the EBLUP estimators used to estimate the mean price of the habitation transaction. 
Various linear mixed models used for finding out improved estimates of PHTS were used. They are 
summarized in table 1. 

 
Table 1: Linear Mixed Models 
Models Structures Fixed and random effects models Estimators 

1 AR(1)+J ititititit euv +++′= βxθ̂ , ittiit uu ερ += −1, , 1<ρ  it,1µ̂  
2 CSH itititit eu ++′= βxθ̂  it,2µ̂  
3 ARH(1) itititit eu ++′= βxθ̂  it,3µ̂  
4 CSH itittitit eu ++′= βxθ̂  it,4µ̂  
5 ARH(1) itittitit eu ++′= βxθ̂  it,5µ̂  

 
In what concerns to goodness-of-fit comparison between models with the same fixed effects but 

different covariance structures (models 1-3), the indices Akaike’s Information Criterion and Schwartz’s 
Bayesian Criterion show that AR(1)+J is the best choice of covariance structure. 

The quality of the estimators of the parameter of interest was evaluated through the following precision 
and bias measures: absolute bias, variance, MSE and absolute bias ratio. To asses the relative gains of the 
proposed estimators, the ratio among absolute bias and precision measures of proposed estimators and Rao-
Yu estimator, it,1µ̂ , was calculated. The 28 domains were divided in 6 groups mutually exclusive in function 
of its expected sample size, in order to facilitate the relative analysis in the average behaviour of the several 
estimators considered. Group 1 is the smallest (11 =n ) and group 6 is the bigger ( 306 >n ). The results of the 
evaluation measures averaged over small areas are reported in table 2. There is a clear pattern in the 
behaviour of various measures across different estimators. We have the following results from table 2: 

a) All the estimators proposed performs overall better than the Rao-Yu estimator, except on group1 
with respect to bias; 

b) The estimators 3 and 5 (based on models with ARH(1) structures) perform slightly better than the 
estimators 2 and 4 (based on models with CSH structures), respectively; 

c) The estimator 4 is quite similar to estimator 2, except on group 1 in which it is better; 
d) The estimator 5 is quite similar to estimator 3, except on group 1 in which it is better. 
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The results show a considerable improvement of the statistical properties of the small area estimators 
based on models with heterogeneous covariance structures, except with respect to bias in very small domains. 
In these domains, estimators based on models with correlations decreasing for higher time lags perform 
better than the others. 

 
Table 2: Average bias and precision measures of the EBLUP for groups of domains 

it,1µ̂  it,2µ̂  it,3µ̂  it,4µ̂  it,5µ̂  it,1µ̂  it,2µ̂  it,3µ̂  it,4µ̂  it,5µ̂  
Group 

Average Absolute Bias Average Variance 
1 1.000 1.377 1.273 1.337 1.237 1.00 0.173 0.104 0.192 0.126 
2 1.000 0.361 0.348 0.376 0.356 1.00 0.236 0.201 0.240 0.206 
3 1.000 0.532 0.527 0.532 0.530 1.00 0.483 0.478 0.495 0.493 
4 1.000 0.532 0.530 0.534 0.529 1.00 0.689 0.684 0.702 0.695 
5 1.000 0.552 0.548 0.556 0.550 1.00 0.401 0.388 0.402 0.384 
6 1.000 0.684 0.683 0.703 0.686 1.00 0.776 0.776 0.798 0.790 
 Average MSE Average Absolute Bias Ratio 
1 1.000 1.360 1.199 1.290 1.142 1.297 7.280 4.821 6.124 4.335 
2 1.000 0.142 0.128 0.152 0.134 1.311 1.170 1.078 1.173 1.106 
3 1.000 0.304 0.303 0.312 0.312 1.225 1.374 1.107 1.235 1.035 
4 1.000 0.336 0.334 0.338 0.333 1.300 0.937 0.942 0.935 0.927 
5 1.000 0.309 0.302 0.311 0.302 1.138 1.020 1.000 1.025 1.003 
6 1.000 0.484 0.484 0.522 0.491 1.293 1.033 1.033 1.062 1.029 

 
5. Concluding Remarks 

We proposed a temporal area level model involving autocorrelated random effects with heterogeneous 
covariance structures. Under this general model, we obtained a BLUP and EBLUP estimators of a parameter 
of inferential interest. Our simulation results have shown that the estimators deducted from models involving 
autocorrelated random effects with heterogeneous covariance structures can lead to substantial gains on bias 
and on precision over the Rao-Yu estimator, especially when sample size is greater than one. 
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ABSTRACT 
This work intends to compare the performance of the temporal area level models with heterogeneous covariance 

structures of random effects with the Rao-Yu model (Rao and Yu, 1994). The properties of the EBLUP estimators are 

discussed from the design-based point of view. 

RÉSUMÉ 
Ce travail a comme but l’étude comparative de la performance des modèles temporels de niveau de secteur aux 

structures hétérogènes de covariance des effets aléatoires avec le modèle Rao - Yu (Rao and Yu, 1994). Les propriétés 

des estimateurs d’EBLUP sont discutées du point de vue design-based. 
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Bootstrap Mean Squared Error of the Spatial EBLUP
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Abstract: This works assumes that the small area quantities of interest follow a
linear regression model with random area effects, where the random effects are spa-
tially correlated, following a Simultaneously Autoregressive (SAR) process. Under
this model, parametric and nonparametric bootstrap procedures are proposed for es-
timating the mean squared error of the Spatial EBLUP. A simulation study compares
the bootstrap estimates with an asymptotic analytical approximation and studies the
robustness to non-normality. Finally, some applications with real data are described.
Key Words: Spatial correlation; Simultaneously autoregressive process; Small area
estimation; Parametric bootstrap; Non-parametric bootstrap.
AMS Classification (2000): 62D05, 62J05.

1 Small Area Model with Spatially Correlated Random Effects

Spatial correlation is usually present in small area applications where the areas are proper
geographical regions, and in these cases, a model accounting for this spatial dependence is likely
to improve the precision of small area estimators. The most common approach for introducing
spatial correlation in small area models is through the random area effects. In this way, the
Fay-Herriot model (Fay & Herriot, 1979) has been extended considering that the random effects
follow a Simultaneously Autoregressive (SAR) process (see e.g. Salvati, 2004 or Pratesi &
Salvati, 2005). In matrix notation, this model can be written as

θ̂ = Xβ + Zv + e, (1)

where θ̂ = (θ̂1, . . . , θ̂m)T is the vector of direct estimates of the quantities of interest in the m
small areas, v = (v1, . . . , vm)T is the vector of random area effects, X = (xT

1 , . . . ,x
T
m)T and

Z = diag(z1, . . . , zm) are matrices with known elements and e = (e1, . . . , em)T is the vector
of sampling errors with known variance matrix ψ = diag(ψ1, . . . , ψm). The vector of random
effects v follows a SAR process with spatial autocorrelation parameter ρ and row standardized
proximity matrix W (Anselin, 1992; Cressie, 1993), i.e.

v = ρWv + u⇒ v = (I− ρW)−1u. (2)

Moreover, v has mean 0 and variance-covariance matrix equal to G = σ2
u[(I−ρW)(I−ρWT )]−1.

Then the covariance matrix of θ̂ is equal to V = ψ + ZGZT . Under model (1)-(2), the Spatial
BLUP of the quantity of interest θi = xiβ + zivi is

θ̃S
i (σ2

u, ρ) = xiβ̂ + bT
i GZTV−1(θ̂ −Xβ̂) (3)

∗Departamento de Estad́ıstica, Universidad Carlos III de Madrid.
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where β̂ = (XTV−1X)−1XTV−1θ̂ and bT
i is the 1×m vector (0, . . . , 0, 1, 0, . . . , 0) with 1 in the

i-th position. The estimator (3) depends on the unknown variance components σ2
u and ρ. The

two stage estimator θ̃S
i (σ̂2

u, ρ̂) obtained by replacing the parameters by asymptotically consistent
estimators σ̂2

u and ρ̂ is called Spatial EBLUP.

2 Mean Squared Error of the Spatial EBLUP

Singh et. al (2005) obtained a second order approximation of the mean squared error of the
Spatial EBLUP. However, resampling procedures are often simple to apply, require less assump-
tions, and are more easily extensible to different setups than analytical approximations. See
e.g. the parametric bootstrap approaches of González-Manteiga et al. (2005) and Hall & Maiti
(2006a), and the nonparametric bootstrap of Hall and Maiti (2006b).

Here we introduce parametric and nonparametric bootstrap procedures for estimating the
mean squared error of the Spatial EBLUP under model (1)-(2). In a simulation study, the
bootstrap procedures are compared with the analytical approximation of Singh et al. (2005)
under different levels of spatial autocorrelation. Furthermore, we analyze the robustness of the
bootstrap approaches to non-normality of the random effects and errors. Finally, we illustrate
the procedures through applications with real data.
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State population sample surveys in Ukraine, as in many countries of the world, for the last few years 
became the basic information source, used for measurement and analysis of the most important social and 
demographic phenomena and processes as well as for development of effective social policy. According to the 
survey’s data, monitoring of population economic activity, households incomes and expenditures, poverty and 
household economic activity is carried out, features of consumption by population of the goods and services, 
population ability- and willingness-to-pay for consumption of separate kinds of the goods and services are 
investigated, indicators of population education and health levels are measured and so on. Such tendencies in the 
change of principles of social policy development as accents displacement on the regional and local levels;
increase of an urgency of indicators estimation for separate layers of population – population in the state of 
poverty or misery, population of pensionary age, population from depressive areas and so on; increase of the 
role of multidimensional complex indicators of social development; use of modelling methods at development 
of actions of social policy etc., result in necessity of the information representation to users at the lowest levels 
of data aggregation. Thus a serious problem is arising of insufficient reliability of indicators measurement by 
results of sample surveys on regional, subregional and local levels. Ukraine consists of 27 regions having 
relative economic and administrative autonomy. Administrations of the regions are greatly concerned with 
obtaining the measures derived from the surveys that would be representative in the regional context. This 
problem is so vital now, since the regions develop own well-conceived and effective socio-economic strategies. 
Also, a relevant information basis is required to develop the state programs. 

The results of analysis of indicators estimates quality on regional level show that certain problems 
connected with reliability of direct estimation of the most actual poverty and unemployment indicators arise 
already on the regional level and are essentially pointed for lower levels of the data aggregation. The data shown 
on fig. 1, 2 illustrate level of reliability of estimates of poverty and misery rates and unemployment rate for 
urban areas of Ukraine’s regions (on the average over the country in urban area lived more than 68% of the 
population). It should be noted, that on figures the data for Sevastopol city, which is the separate region of 
Ukraine, aren’t shown. It is explained by rather small sizes of this city with the special status and, accordingly, 
considerably smaller reliability of direct indicators estimates in comparison with other regions.

The data from fig. 1, 2 show that the coefficient of variation is less than 10% only for urban area on the 
national level. For rural area of regions and for units of territorial division of lower level the estimation 
reliability is lower. Taking into account significant requirements on the supply with information on the regional 
and local levels of executive and legislative bodies, political and public organizations, mass media it is 
necessary to state the significant urgency of measurement on these levels the most important indicators of 
household living standards, labour market, population quality and so on.  

On the basis of consultation with users and experts the expediency is established of maintenance in the 
near future estimation of unemployment indicators, first of all unemployment rate, as well as separate 
employment indicators by the survey of population economic activity data for regions by types of area on a 
quarterly basis, for Ukraine and regions as a whole on the monthly basis, for cities and administrative rayons –
annually. Concerning poverty measurement, the list of indicators which are expedient to measure annually on 
the regional level (and separate from them – quarterly) is determined. Among these indicators – the poverty rate
on national and regional level, average cumulative per capita expenditures for the poor population, share of the 
population, whose feed expenditures exceed 60% of total expenditures, poverty level by living conditions etc.
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estimates  for urban area on Ukraine’s regions 
in 2006

Especially urgent for Ukraine is the problem of development and implementation methodological 
approaches to reliable measurement and analysis of population ability- and willingness-to-pay for the consumed 
housing-and-municipal services on the local level. It is caused first of all by dynamical reforming of this sphere. 
The successful decision of this problem will enable development and introduction of effective social and tariff 
policy, overcoming of the problem of consumers’ debts, increase of appeal of the municipal sphere enterprises 
for investors and so on.

A demographic crisis in Ukraine, the basic factors of which are a low birth-rate and extremely high death 
rate, including persons of working age, requires the promoted attention to measuring and forecasting of basic 
demographic indicators and indexes of population quality on national and regional levels. Reformation of the 
education system, increase of share of new type educational establishments (lyceums, gymnasiums), 
implementation of the external testing of schools graduates requires the detailed research of regional 
differentiation in quality education, material and technical level of educational establishments, basic advantages 
of students and parents and so on.

Thus, now in Ukraine there is a substantial growth of demand on socio-economic and demographic 
information, especially on the regional level. The basic source of such information is the data of official 
statistics. It is naturally, that for statistics of any country the complete providing of different levels users with
information, necessary for satisfaction of actual needs, is problematic. At the same time statistical bodies are 
forced to reconstruct intensively base principles of information collection and processing, in particular, taking 
into account the necessities of regional statistics. The basic sources of statistical information which are utilized
in Ukraine for measuring and analysis of socio-economic and demographic processes, are the population 
censuses data, information of demographic and social statistics, statistics of labour, results of state population 
(households) sample surveys  and administrative data, in particular registers. It should be noted that recently for 
experts on the questions of the data collection, processing, analysis and spreading in Ukraine it becomes clearer 
impossibility of complete satisfaction of users’ needs on the base only of one, even the strictly specialized 
source, which population censuses or registers are, for example. The value of information from any separate 
source grows considerably, if they are included into the complex program of forming of the informative 
providing that foresees, in particular, harmonization and mechanisms of the data integrations from different 
sources.

The present stage of sample surveys statistics development is characterized with dynamic development of 
methodology of the information complex use with the purpose of providing of the required quality level of 
indicators estimation by the results of population surveys. Taking it into account, in Ukraine since 2004 separate 
researches have been conducted concerning development of methodological principles and methodical 
providing for introduction in official statistics. In particular, possibilities of reliability improvement of poverty
indicators estimation by the results of sample survey of household living conditions were preliminary probed in 
2004 with the consultative help of Dr. N.T. Longford. As the result of these researches the principle possibility 
of reliable estimation of poverty indicators estimations on the regional level due to the redistribution of sample 
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size and application of methods of indirect estimation is determined.  During 2007 – 2008 it is planned to 
conduct researches on development and introduction of concrete models for monitoring of poverty on regional 
level. In 2005-2006 with participation of ONS experts possibilities were considered of reliability providing of 
unemployment indicators estimation by the results of sample survey of population economic activity on the
local level in three pilot regions with the use of the data of unemployed register. Principle possibility of 
estimator constructing on the basis of multifactor logistic model with the fixed effects, and on condition of 
certain optimization of sample size and increase of administrative information quality is determined. During the 
nearest time it is planned to continue the corresponding researches with the purpose of development and 
implementation of models for the estimation, first of all, of unemployment level. The experts of Institute for
Demography and Social Researches of Ukraine take part in researches from the noted directions and execute 
works concerning development of approaches to the reliable indicators estimation of population quality on 
regional and local levels, of population ability-to-pay on the municipal level and so on.

On this stage traditional approaches are mainly used. On fig. 3 the results of reliability increasing of 
unemployment rate estimates on the basis of composition estimator are presented.

At construction of unemployment rate composite estimator as synthetic estimator direct estimates for
economic rayons – groups of regions that integrated by proximity of industrial output, concentration of 
industrial potential and labor-power – are used. 
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Fig. 3. Changing of unemployment rate estimation reliability on urban area of regions of Ukraine
 in III quarter of 2006 at usage of composite estimation method 

As it is visible from the resulted data, the reliability of separate estimates essentially raises. At the same 
time, application of composite estimation method does not provide required reliability of estimations for all 
regions. For the reliability of unemployment rate estimates improvement now more complex small area models 
are tested. These are, first of all, time series and cross-sectional area level models (J.N.K. Rao, 2003).

Other example of estimates reliability improvement at the municipal level is the estimation of structure of 
total expenditures at the ability-to-pay measurement.  For Melitopol town, the estimates of urban area, which 
includes 21 more towns that located relatively near to it, are used as synthetic. Set of these towns was defined on 
the base of results of the special researches. Example of results of reliability improvement of total expenditures 
estimates for Melitopol town is resulted in the table 1.
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Table 1. – The structure of household total expenditures for Melitopol town before and after 
improvement of reliability of estimates (2004)

Average per household, UAH CV (RRMSE), %
Components of total 

expenditures Direct 
estimates

Composite 
estimates

Direct 
estimates

Composite 
estimates

Food expenditures 420,32 441,09 11,24 3,80

Non-food and services 
expenditures, from them: 241,88 260,94 24,33 3,94

• housing-and-municipal 
services 59,11 62,06 12,67 9,71

Consumer total 
expenditures 662,20 702,03 13,37 2,80

Non-consumer total 
expenditures 63,10 57,08 50,20 19,91

Total expenditures 725,31 759,10 13,33 2,99

Thus in the article the most urgent problems of reliability of indicators measurement for different 
levels of territorial division for main state sample surveys in Ukraine – survey of economic activity of 
population and household living conditions survey are examined. The questions of reliability of direct 
estimations of indicators of unemployment, poverty, population ability-to-pay on national, regional 
and local levels are discussed. The results of researches concerning application of methods of 
reliability increasing of indicators estimation presented. 

The special attention is given to perspective plans of development and implementation of methods of 
reliability increase of indicator estimation in the official statistics of Ukraine.  

REFERENCE
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RÉSUMÉ

Dans l'article les problèmes les plus actuels de l'exactitude de la mesure des indicateurs pour les niveaux divers de la 
division territoriale pour les sondages officielle en Urkaine sont examinés. Les questions de l'exactitude des estimations 
directes des indicateurs du chômage, la pauvreté sont examinées. Les résultats des études de la possibilité de l'application 
des méthodes de l'augmentation de l'exactitude des estimations des indicateurs sont présentés. L'attention spéciale est 
donnée aux plans perspectifs du développement et l'introduction des méthodes de l'augmentation de l'exactitude de 
l'estimation dans la statistique officielle de l'Urkaine.
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Introduction

Binary data usually result from a nonlinear relationship between explanatory variables x and
their probabilities P (x). In practice, nonlinear relationships between x and P (x) are often monotonic,
that is P (x) is continuous increasing or decreasing as x increase, therefore, the logistic regression
model is the most popular model used to analyze these kinds of dataset.

It is often difficult to determine whether the variables are correctly included to a logistic re-
gression model. For example, Smith (1997) examines the implications for efficiency scores of using a
misspecification model on data envelopment analysis. Merlé, Aouimer, and Tod (2004) discuss that,
the model misspecification occurs at the data analysis step, on hyper-parameter estimation in popu-
lation PK/PD studies. Kalohn and Spray (1999) examine the effects of model misspecification on the
precision of the decisions made using the sequential probability ratio test. Urmanov, Gribok, Hines
and Uhrig (2002) handle possible functional and distributional misspecifications by the regulariza-
tion parameter selection which is maximized the mean expected log-likelihood. The misspecification
of variables affects the parameter estimation and model fitness and may lead us to make a wrong
decision. If model is misspecified, what will the penalty be?

Begg and Lagakos (1992) explore the mis-modeling both the exposure and other covariates in
logistic regression. The utility of the main result will usually depend on how well the asymptotic
approximation properties, but what happens in finite samples. The purpose of this work is to assess
the effects of the misspecified explanatory variables in a logistic regression model upon these results.

We state the asymptotic results for the estimators of the parameters, and discuss the test
statistics for the hypothesis of parameters. We also present a simulation to assess the impact of model
misspecification. By using the area under the receiver operating characteristic (ROC) curve, we can
assess the model performance and parameter estimation in terms of prediction accuracy. At last some
practical applications are discussed.

Model

Given n independent observations (Yi, zi), i = 1, 2, . . . , n, and assume Y ∈ 0, 1 related to covari-
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ates z ∈ R by the logistic model is

logitPr(Y = 1|z) = θ + βz,

where θ and β are unknown scalar parameters. The likelihood function can be written as follow:

L(θ, β) =
∏
i

(exp(θ + βzi))Yi

1 + exp(θ + βzi)
.

We define the score function S(θ, β) as the first derivative of the log-likelihood:

S(θ, β) =

[
∂logL/∂θ

∂logL/∂β

]
=

n∑
i=1

[
1
zi

](
Yi − exp(θ + βzi)

1 + exp(θ + βzi)

)
.

Hence the maximum likelihood estimator(MLE) of θ and β, denoted by θ̂ and β̂, is the solution of the
score equation S(θ, β) = 0.

Suppose that z∗i is the misspecified version of zi, and we define

z∗i = zi +
1√
n

vi,

where vi is the measurement error. Then the likelihood function becomes

L∗(θ, β) =
∏
i

(exp(θ + βz∗i ))Yi

1 + exp(θ + βz∗i )
.

Assume that θ̃ and β̃ are the MLEs of the misspecified variables, z∗i . For simplicity we also assume
E[v2], E[zv], and E[zv2] are finite. Under these assumptions, it can be show that θ̃ and β̃ are strongly
consistent for θ and β, and are asymptotically multivariate normally distributed.

Theorem 1. For the model described in above, let E[v2], E[zv] be finite. Then

(θ̃, β̃) → (θ, β) a.s.

Theorem 2. Let E[v2], E[zv2] be finite. Then,

√
n

[
θ̃ − θ

β̃ − β

]
−→L N(i−1m, i−1),

where

m = E

{
−
[

1
z

]
× βv ×

(
exp(θ + βz∗)

(1 + exp(θ + βz∗))2

)}

and

i = E

{[
1 z

z z2

](
exp(θ + βz∗)

(1 + exp(θ + βz∗))2

)}
.

We then focus on the testing hypothesis, H0 : β = β̃ vs. H1 : β �= β̃. The score test function Zs

can be derived as follow:

Zs =
n∑

i=1

z∗i
(

Yi − exp(θ̃ + β̃z∗i )
1 + exp(θ̃ + β̃z∗i )

)/√
I22(θ̃, β̃),

where I22(θ̃, β̃) is the (2,2) element of the inverse information matrix for (θ, β). By δ-method, we prove
that Zs is also asymptotically normally distributed.

Theorem 3. Assume θ̃ and β̃ are satisfying Theorem 2, then

Zs −→L N(m∗, 1),
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where

m∗ = μ/
√

I22(θ̃, β̃)

and

μ = E

{
− βv

(
exp(θ + βz∗)

(1 + exp(θ + βz∗))2

)}
−m

′
i−1E

{[
1
z

](
exp(θ + βz)

(1 + exp(θ + βz))2

)}
.

The receiver operating characteristic (ROC) curve is a graphic presentation of true positive rate
(TPR) against false positive rate (FPR). It is a path in the unit square, from the lower left corner
to the upper right corner. Area under the ROC curve (AUC) is a tool for comparing the classifiers.
Because the AUC is a part of the area of the unit square, its value will always be between 0 and 1.
However, the random guessing produces the diagonal line, which has an area of 0.5, so an AUC must
be larger than 0.5. The higher the AUC is, the better classifier will be. If we have the higher AUC,
the prediction accuracy of misspecifying model performs well. Therefore we use the AUC > 0.9 as
the criterion to judge the quality of model fitting.

Simulation Study

The aim of this simulation study is to understand the prediction accuracy of the misspecified
model. We would divide the study into two parts: one is v′is have the same mean, and the other
do not. For simplicity, θ and β were set to be equal to 2 and 3. First, we simulate zi and vi

of 1000 individuals from normal distribution with mean equals 0 and variance equals 1, so that
we can compute the probabilities P (zi) = exp(θ + βzi)/(1 + exp(θ + βzi)) and the misspecification
z∗i = zi + 1√

n
vi. Next, ui of 1000 individuals from Uniform(0, 1) were generated, so that we could

define Yi = I(ui < P (zi)). So we have 1000 pairs of (Yi, z
∗
i ) on this step. Hence, we estimate θ̃ and

β̃, and find the prediction of probabilities P̃ (z∗i ). Repeat this procedure for 100 times. In the second
part, we generate vi,1 ∼ N(0, 1), vi,2 ∼ N(1, 1), · · · , and vi,100 ∼ N(99, 1), and in each j, the number
of vi,j are 1000. Similarly, we compute the prediction of probabilities,(P̃ (z∗i )).

In our simulation work, we have 1000 pairs of (Yi, P̃ (z∗i )) each turn. We sort P̃ (z∗i ) and each
one in the list is with respect to a given threshold. Therefore, we can simply sort the test instances
decreasing by P̃ (z∗i ) and move down the list, processing one instance at a time and updating TP and
FP as we go. In this way an ROC graph can be created from a linear scan. Finally, we get the AUC
and find the average value to assess the performance of the misspecification model.

Future Work

We will define z∗i = zi + 1√
i log i

vi, or others and observe their performance. But in the above, z∗i
are not independent at all, does the model perform as well as independent z∗i ? What do we have to
assume?

ROC curves for Simulation Studies
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Figure 1: The ROC curve of the logistic regression model. The left one is the no misspecification model.
The center one is the misspecification model where vi ∼ N(0, 1). The right one is the misspecification
model where vi ∼ N(k, 1).

Table 1: The average AUC of the two simulation studies.
no misspecification misspecification

misspecification witn same mean with different mean
Average
AUC 0.9238 0.9237 0.9177
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ABSTRACT

The aim of this work is to assess the effects of misspecifying the covariate variables in the logistic
regression model. The misspecification usually indicates the measurement error, structure error, and
model misspecification. In this work, we focus the misspecification on the measurement error. First,
we derive asymptotic results for the estimators of the parameters. If the error term has finite second
moment, we could show the estimators of parameters converge to the unknown parameters and fallow
the normal distribution. Then we find the statistic to test the linear combination of coefficients. We
also compare several misspecification types by simulated dataset. Several criteria have been proposed
for assessing the model performance and parameter estimation accuracy, therefore, we use the area
under the receiver operating characteristic (ROC) curve. Our results show that if we assume the error
term has finite second moment, then the prediction accuracy of the misspecified model would perform
as well as no misspecified ones. Finally, some practical application are discussed.
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Measurement error is found in many of the variables used in educational and other social 
sciences. Ignoring measurement error in the predictor variables of statistical models can lead to 
spurious significant relationships. This paper illustrates the effects of adjusting for measurement 
errors in a random coefficient, multilevel analysis of educational test score data. It shows how 
parameters estimates and inferences can vary, depending on the extent of measurement error in 
the response and predictor variables. Correlation between the errors of normally distributed 
predictors is also allowed for. 
 
Key words: Multilevel model, measurement error, random coefficients, reliability, National 
Pupil Database, MCMC estimation, educational attainment, value added, school effectiveness. 
 
Introduction 

Ignoring measurement error in the predictor variables of statistical models typically leads 
to biased parameter estimates and standard errors. This can lead to spurious significant 
relationships. A large statistical literature on the modelling of such errors exists, mostly dealing 
with the case of single level models (see Fuller, 2006). The effect of measurement error in 
multilevel models has been far less explored. Recent work by Goldstein et al. (2007) has 
developed Bayesian methods to adjust for both measurement errors and misclassification errors 
in multilevel models. 

Two-level multilevel models are widely estimated in the school effectiveness literature 
(see Goldstein, 1997). These models measure the effect of schools on pupils’ exam results, 
having accounted for factors such as pupils’ prior attainment and socioeconomic status. The 
predictors are generally assumed to be measured without error, but this will often not be the 
case. Ferrão and Goldstein (2007), who evaluate the impact of measurement error in variance 
components models of school effectiveness, show that even moderate measurement error in 
prior attainment leads to a substantial downwards bias in the fixed parameter estimate, but has 
little impact on the estimates of the school effects  

This paper evaluates the impact of measurement error in random coefficient models of 
school effectiveness. These models allow for the effectiveness of schools to differ across pupils’ 
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prior attainment. We consider the effect of measurement error in the response and correlated 
measurement errors in the normal predictors on the fixed and random parameter estimates. First 
we describe the English test score data used in the analysis and then we summarise the 
statistical methodology proposed by Goldstein et al. (2007) to adjust for measurement errors in 
multilevel models. 

 
Dataset and model 

The data used in this paper are derived from the National Pupil Database (NPD) in England 
which allows pupils test scores to be linked through their schooling. In addition, the NPD 
contains a number of pupils’ personal characteristics. From the NPD, we take a cohort of pupils 
who sat a series of Key Stage One exams in 2001 (aged 7) and a series of Key Stage Two exams 
in 2005 (aged 11). The analysis is restricted to one Local Educational Authority (LEA) 
Staffordshire. This gives a sample of 8901 pupils from 244 schools. There is no missing data. 

We consider a two-level random coefficients model of school effectiveness with pupils 
(indexed by i) at level 1 and schools (indexed by j) at level 2. The model we wish to estimate, 
based on true values, is written as 
 

 
0 1 1 2 2 3 3 4 4 5 5

0 0 0

1 1 1

ij j j ij ij ij ij ij ij

j j

j j

y x x x x x e

u

u

β β β β β β

β β

β β

= + + + + + +

= +

= +

  

 

),0(~,,
0

0
~ 2

2
101

2
0

1

0
eij

uu

u NeN
u

u
σ

σσ

σ







































 

 
where the response variable ijy is a normalised age 11 maths score. The five explanatory 
variables are:  normalised maths score at age 7, 1ijx ; normalised writing score at age 7, 2ijx ; 
normalised reading score at age 7, 3ijx ; eligibility for free school mean (an indicator of poverty), 

4ijx ; and an indicator of special educational needs, 5ijx . The terms 0 ju  and 1 ju  are school level 
residuals whilst the ije  is a pupil level residual. The school level residuals are assumed to follow 
a bivariate normal distribution. The pupil level residuals are assumed normally distributed and 
independent of the school level residuals. 

The predictor variable, 1ijx , has a random coefficient, 1 jβ  which can be decomposed into an 
overall mean effect, 1β , and a school level departure from this mean, 1 ju . This allows the 
relationship between maths at age 7 and maths at age 11 to vary from school to school. 
 
Measurement errors and assumptions 

We follow the methodology of Goldstein et al. (2007) who develop and extend earlier work 
for adjusting for measurement errors in multilevel models (see Browne et al., 2001). Their 
approach corrects for additive measurement errors in normally distributed variables by adjusting 
the variance-covariance matrix for the variables included in the model of interest. To identify 
the parameters in the model, the following assumptions are made concerning the measurement 
errors. First, it is assumed that the true values and the measurement errors are uncorrelated and 
that the mean of the measurement errors is zero. Second, the measurement errors are assumed 
normally distributed with zero mean and a constant known variance. Third the true values are 
assumed normally distributed with a mean estimated by the mean of the observed values and a 
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variance estimated using the reliability, R, of the observed values. The reliability of a variable 
measured with error is the ratio of the variance of the true values to the variance of the observed 
values. The closer this ratio is to 1 the more reliable the measurement. The reliability R can be 
provided by reliability coefficients (Hand, 2004; p.129, 134-140). Alternatively, a range of 
plausible reliabilities can be explored to carry out a sensitivity analysis of the results to the 
severity of the unobserved measurement error. 

We consider measurement errors in the normally distributed response and in two of the 
normally distributed predictor variables: maths and reading. The measurement errors of these 
two predictors are allowed to be correlated. The model is estimated using a series of MATLAB 
macros written by Goldstein et al. (2007) which use MCMC estimation to estimate multilevel 
models adjusted for measurement errors.1 
 
Results 

      Table 1, column A, presents the MCMC estimates for the model assuming no errors in 
the measurement of the test scores. As expected, the three tests taken at age 7, especially maths, 
are strongly positively associated with pupils’ maths scores at age 11. Having controlled for 
prior attainment, significant negative effects are observed for pupils who are eligible for free 
school meals and pupils with special educational needs. In terms of the random parameters, the 
estimated intercept variance shows that there are significant school level differences in pupil 
attainment even after controlling for the predictor variables. The significance variance 
parameter associated with the maths prior attainment variable implies that the relationship 
between maths scores at age 7 and 11 varies across schools. That is schools that are ‘effective’ 
for low achieving students are not necessarily the same as those which are 'effective' for high 
achieving students. The significant negative covariance of -.018 corresponds to a correlation of -
.073 implying that schools that are more ‘effective’ for the average pupil tend to be less 
differentially effective across pupils with maths scores at age 7. 

Table 2, column B, contains the MCMC estimates adjusted for measurement error in the 
response variable and in the maths and reading predictor variables. The model is fitted for a 
relatively low reliability of R = 0.7 in all three variables. In addition, a moderate correlation is 
assumed between the measurement errors for the age 7 maths and reading scores (r = 0.5). 
Comparing column A with column B, it can be seen that measurement errors in the maths and 
reading predictor variables lead to a substantial downwards bias in their fixed parameter 
estimates. The results also show that ignoring measurement error leads to an overestimation of 
the between pupil variance of approximately one third. These results are consistent with 
Goldstein et al. (2007) and Ferrão and Goldstein (2007). In contrast to the fixed and pupil level 
random parameter, the school level variance covariance matrix is largely unaffected by the 
measurement errors. Furthermore, the rank ordering of both sets of school residuals are found to 
be highly correlated across model A and B (not shown here). These findings suggest that 
inferences about the effectiveness of schools are fairly robust to the measurement error. 

 
Discussion 

This paper has explored the effect of measurement errors in the normally distributed 
response and predictors variables of a two-level random coefficients model of school 
effectiveness. Measurement errors in the predictors are found to lead to a significant downwards 

                                                
1The MATLAB macros are being developed as part of the RealCom project. Details can be found at 
http://www.cmm.bristol.ac.uk/research/Realcom/index.shtml 
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bias in their fixed parameters estimates and a large upwards bias in the level 1 variance. 
However, the level 2 variance covariance matrix and level 2 residuals, appear unaffected, 
suggesting that inferences made about the school level random effects are robust to the 
measurement errors. 

The measurement error adjusted for is this paper is of a specific type. Measurement errors 
are assumed independent of the true values which is unlikely in the context of pupils’ test 
scores. Similarly the measurement error variance is likely to vary across schools with some 
schools having more variability than others. More research is needed in these important areas. 
The analysis here has also considered a single and equal level of reliability amongst the 
variables measured with error. In practice, a range of reliabilities should be explored to provide 
a sensitivity analysis of the results. 

Further work we are carrying out is exploring how misclassification errors in discrete 
variables as well as continuous variables affect the estimates in school effectiveness model. This 
work will allow the errors to be correlated between the discrete variables, even if they are 
specified as having random coefficients.  
 
Table 1 – Estimates assuming no measurement error (A) and estimates adjusted for 
measurement error (B). 
 A B 
Parameter Estimate Standard Error Estimate Standard Error 
constant β0 0.043 0.019 0.064 0.019 
KS1 maths β1 0.572 0.011 0.629 0.019 
KS1 reading β2 0.135 0.011 0.192 0.019 
KS1 writing β3 0.069 0.010 0.037 0.018 
FSM β4 -0.134 0.028 -0.151 0.026 
SEN β5 -0.207 0.027 -0.313 0.026 
     

2
0uσ  0.067 0.008 0.061 0.007 

01uσ  -0.018 0.003 -0.017 0.003 
2
1uσ  0.009 0.002 0.009 0.002 

2
eσ  0.345 0.005 0.258 0.006 

MCMC estimates: burn in = 500, iterations = 5000 
Adjustment for measurement error is R(y) = R(x1) = R(x2) = 0.7 and corr(m1,m2) = 0.5 
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Introduction

In metrology, key comparisons are specific interlaboratory comparisons carried out by the na-

tional metrology institutes (NMIs). The purpose of such measurement comparisons between NMIs is

to check whether measurements performed in the participating countries are consistent, taking into

account the uncertainties assigned to the measurements. In simple key comparisons the participating

laboratories measure repeatedly and independently the same physical quantity (measurand) of stable

value during the comparison. The uncertainty of the measurement process is influenced by the mea-

surement errors of the participating laboratories and by the systematic laboratory effects, for more

details see [1, 3]. One part of the problem, studied by the key comparisons, is determination of the

unknown quantity of the measurand. From statistical point of view the problem is known as the com-

mon mean problem. It has been studied for a long time, see e.g. [8, 5, 4], however, the metrological

specifications, such as the heteroscedasticity of measurements, systematic laboratory biases, and the

Type A and Type B evaluation of uncertainties in measurement, see [1], leads to new challenges also

from statistical perspective, see e.g. [6].

In this paper we study the behaviour of an approximate confidence interval for the common mean

suggested in [12], based on metrological approach [2, 7]. In metrology, it is referred to as the coverage

interval, see [2], and/or key comparison reference value (KCRV) and its expanded uncertainty. The

goal of this paper is to study, by the Monte Carlo simulations, the frequentist properties (i.e. the

coverage probability) of the suggested interval estimator for the true value of the measurand, say µ.

Let k ≥ 2 be the number of laboratories, the participants of the key comparisons. We will assume

that each laboratory measures the same quantity µ (the true value of the measurand) repeatidly and

independently ni times, ni ≥ 2, i = 1, . . . , k. We will consider the following model for the measurement

process:

Yij = µ + Bi + εij ,(1)

where Yij denotes the jth measurement in the ith laboratory, i = 1, . . . , k, j = 1, . . . , ni; εij ∼
N (0, σ2

(A),i) represent the mutually independent normally distributed measurement errors, σ(A),i being

the unknown standard deviations to be estimated by the Type A evaluation of uncertainties, i.e. by

the statistical methods. The random variables Bi represent the laboratory systematic effects. The

particular statistical approach that is appropriate for the estimation of µ depends on what assumptions

1The work was supported by the Slovak Research and Development Agency, grant RPEU-0008-06, by the Scientific

Grant Agency VEGA, grant 1/3016/06, and by the Ministry of Education, Youth and Sports of Czech Republic, LC06024.
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are made about the laboratory biases Bi. Here, we will assume that Bi are random variables distributed

independently, according to the specified distributions (e.g. normal, uniform or triangular) with mean

values βi and standard deviations σ(B),i, to be determined by the Type B evaluation of uncertainties,

i.e. by the non-statistical methods postulated based on scientific judgment. From this point of view,

the parameters βi and σ(B),i, i = 1, . . . , k, are considered here to be known. This case is equivalent to

the model described in the International Organization for Standardizations Guide to the Expression

of Uncertainty in Measurement [1], see also [2]. The distributions of Bi are usually referred to as

Type B distributions, for more details see the Model 3 defined in [6].

The measurement outcome of the key comparisons is given by the laboratory sample means

and sample variances, Ȳi = 1
ni

∑ni
j=1 Yij and S2

i = 1
ni−1

∑ni
j=1(Yij − Ȳi)

2, and by full description of the

Type B distributions. Note that Ȳi and S2
i , for i = 1, . . . , k, are mutually independent variables.

Key comparison reference value and its expanded uncertainty

Recently, several papers have been published that suggested methods for deriving KCRV (the

estimator of µ) and its expanded uncertainty, under the asumption that the measurement proces is in-

fluenced by the systematic laboratory effects, fully characterized by their Type B distributions, see e.g.

[7, 6, 10] among others. However, only few of them have analyzed the frequentist statistical properties

of the suggested interval estimators for µ. Such example is e.g. [6], where the suggested generalized

confidence interval estimator was conservative, but in no instance in the considered simulated cases

did the empirical coverage probability creep below the nominal rate of 95%. Here we consider an

approximate confidence interval for µ, originally suggested in [12], based on the conditional statistical

inference consistent with the metrological approach suggested in ISO GUM [1, 2]. It assumes that

the measurement process follows the model (1). It combines the posterior information about the true

value of the measurand µ, given the observed data from each of the laboratories. In the following

paragraph we briefly describe the suggested approach.

Let µi = µ+bi denotes the value of the measurand drifted by the systematic laboratory effect (bi

represents the realization of the random variable Bi which is, however, unobservable). If we know the

true value of the ith laboratory mean µi, then our knowledge about the true value of the measurand

µ is given by the probability distribution of the random variable µ̃(i) = µi − Bi. The value of the

parameter µi is unknown and could be estimated by the ith laboratory sample mean Ȳi together

with its sample standard deviation
√

S2
i /ni. Under the model assumptions (1) the random variable

Ti = (Ȳi − µi)/
√

S2
i /ni has the Student’s t distribution with ni − 1 degrees of freedom. Given the

observed values ȳi of Ȳi, and s2
i of S2

i , our knowledge about the true value of the parameter µi is

given by the distribution of the random variable µ̃i = ȳi −
√

s2
i /niTi, where ȳi and s2

i are considered

to be given constants and Ti ∼ tni−1 is a random variable with the Student’s t distribution with

ni − 1 degrees of freedom. From that, we can express our knowledge about the true value of the

measurand µ (based on the information from the ith laboratory) by the distribution of the random

variable ˜̃µ(i) = µ̃i − Bi = ȳi −
√

s2
i /niTi − Bi. By combining the random variables we can finally

express our knowledge about the true value of the measurand µ (based on the information from the k

laboratories) by the probability distribution of the random variable

˜̃µ =
k∑

i=1

wi
˜̃µ(i) =

k∑
i=1

wiȳi −
k∑

i=1

wi

√
s2
i

ni
Ti −

k∑
i=1

wiBi,(2)

where wi,
∑k

i=1 wi = 1, are properly chosen weights, in [12] suggested as

wi =


1
/

√
s2
i

ni

√
s2
p

ni

ni − 1

ni − 3
+ σ2

(B),i




/


 k∑

l=1

1
/

√
s2
l

nl

√
s2
p

nl

nl − 1

nl − 3
+ σ2

(B),l




 ,(3)

where s2
p is the pooled variance estimate, s2

p =
∑k

i=1(ni − 1)s2
i /(
∑k

i=1 ni − k).
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Figure 1: The empirical coverage probabilities of the interval estimator (5) for µ with Bi ∼ N (0, σ2
(B),i).

The observed value of KCRV is given as the expected value of the distribution of the random

variable ˜̃µ and its associated standard uncertainty is given as the standard deviation of ˜̃µ, see [2], i.e.

µKCRV =
k∑

i=1

wi(ȳi − βi), uKCRV =

√√√√ k∑
i=1

w2
i

(
s2
i

ni

ni − 1

ni − 3
+ σ2

(B),i

)
.(4)

This uncertainty is well defined if ni > 3 for all i = 1, . . . , k. The expanded uncertainty of KCRV is

defined as the half-length of the (1 − α) × 100% coverage interval for µ, see [2], i.e.〈
µKCRV + qα/2, µKCRV + q1−α/2

〉
,(5)

where qα/2 and q1−α/2 are the quantiles of the distribution of the random variable ˜̃µ − µKCRV . The

quantiles qα/2 and q1−α/2 could be evaluated approximately by Monte Carolo simulations, or exactly

by the algorithm tdist, for more details see [11].

Empirical coverage probability of the approximate confidence interval for µ

In order to check the frequentist statistical properties of the interval estimator (5) we have per-

formed a large simulation study. We have considered three types of the distribution for the systematic

laboratory effects Bi. The normal (gaussian) distribution Bi ∼ N (0, σ2
(B),i), the uniform (rectan-

gular) distribution Bi ∼ U(−δi, δi), δi =
√

3σ(B),i, and the triangular distribution Bi ∼ ∆(−δi, δi),

δi =
√

6σ(B),i, i = 1, . . . , k. Without loss of generality we have assumed that µ = 0, and that

the distributions of the laboratory effects are centered at zero, i.e. βi = 0. We have considered

the following specific designs of the interlaboratory comparison experiment: k ∈ {5, 10, 15}, ni = 5,

ni = 10, ni = 15, and ni ∈ {15, 10, 5, 15, 10, 5, 15, 10, 5, 15, 10, 5, 15, 10, 5}, i = 1, . . . , k. Figure 1

presents the empirical coverage probabilities of the interval estimator (5) for the true value of the

measurand µ, based on 10000 Monte Carlo simulations from the model (1) with Bi ∼ N (0, σ2
(B),i),

i = 1, . . . , k, for each specific design with the nominal significance level α = 0.05. By a we denote

the designs with σ(B),i = 0, by b we denote the designs with σ(B),i = 1, by c we denote the designs

with σ(B),i = 5, and by d we denote the designs with σ(B),i ∈ {1, 2, 3, 4, 5, 1, 2, 3, 4, 5, 1, 2, 3, 4, 5},
i = 1, . . . , k. The coverage probabilities for designs with σ(A),i = 1, i = 1, . . . , k, are plotted by the

symbol +, for designs with σ(A),i = 5, i = 1, . . . , k, are plotted by the symbol ◦, and for designs

with σ(A),i ∈ {1, 2, 3, 4, 5, 1, 2, 3, 4, 5, 1, 2, 3, 4, 5}, i = 1, . . . , k, are plotted by the symbol ×. Similarly,

Figure 2 presents the empirical coverage probabilities with Bi ∼ U(−δi, δi), δi =
√

3σ(B),i, i = 1, . . . , k

(left panel), and Bi ∼ ∆(−δi, δi), δi =
√

6σ(B),i, i = 1, . . . , k (right panel), respectively.
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Figure 2: The empirical coverage probabilities of the 95% confidence interval (5) for µ with Bi ∼
U(−δi, δi), δi =

√
3σ(B),i (left panel), and with Bi ∼ ∆(−δi, δi), δi =

√
6σ(B),i (right panel).

The general conclusion of the present simulation study is the observation that the interval

estimator (5) shows good statistical properties with the empirical coverage probabilities close to the

nominal 95% level for all three considered types of distributions of the laboratory systematic effects.

For designs with smaller number of replication (ni = 5, i = 1, . . . , k) the confidence interval (5) is

slightly conservative with the values of the emprirical coverage probabilities growing up to 96.5%.
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ABSTRACT

This paper presents a method of estimating the regression and variance parameters in the linear regres-
sion measurement error model for a continuous-time stochastic process with uncorrelated increments,
while the model considered includes the functional-, structural-, ultrastructural- and Berkson-model.
For the Berkson model we establish (i) the Gauss-Markov theorem and the quadratic mean- as well
as the strong-consistency of the proposed estimate of the regression parameter and (ii) the weak
consistency of the proposed estimate of the variance parameter.

Keywords. Continuous-time linear regression; Gauss-Markov theorem; Measurement error; Processes
with uncorrelated increments.
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Nearest neighbour imputation in trend analysis Capilla, Carmen Universidad Politécnica de Valencia Camino de Vera s/n 46022 Valencia,Spain E-mail: ccapilla@eio.upv.es  
Introduction A problem which frequently arises in many scientific fields is the presence of missing values on the data. Many methods for graphical exploration and data analysis require a complete data set. Several strategies may be adopted to tackling this problem. Although, none of the strategies is without disadvantages, previous work (Little, 1988) concluded that imputing values for any missing entries to produce a complete data set, is distinctly superior. The most common application of imputation is with non-response issues in sample surveys and missing data in experiments (Little and Rubin 2002, Rubin 2004), but it is also relevant in other fields, such as DNA microarray analysis (Troyanskaya et al. 2001), or environmental time series analysis (Junninen et al. 2004). This paper examines the performance of four trend analysis methods when nearest neighbour imputation is used. The trend analysis methods are: local polynomial kernel regression (Wand and Jones, 1995), Kolmogorov-Zurbenko low pass filter (Zurbenko, 1991), loess (Cleveland et al. 1992) and wavelet smoothing (Donoho and Johnstone, 1995).The robustness of these methods is assessed in a Monte Carlo study with different percentages of missing entries, that were missing completely at random. A real data set, that exhibits a significant trend, is used in the simulations.  
Simulation study The data set that was used in the methods evaluation comprised a series of mean annual surface temperatures at an urban site of Valencia (Spain). The data were observed in the period 1942-2005. Between 4.7% and 78% of the data were deleted at random to create tests data sets. We performed 10000 runs of missing value removal and subsequent estimation for percentages of missing values in a given interval (see Table 1). The metric used to assess the accuracy of imputations was calculated as the average standard deviation of the differences between the imputed data and the original data, divided by the average data value in the complete data set. The robustness of the trend analysis methods was assessed as the average standard deviation of the differences between trend estimations with the actual and with the imputed data set. The analyses were done using R (R Development Core Team, 2006). Given a test data set, the k-nearest neighbour algorithm selected the k-th-nearest rows (that do not contain missing entries) to the one containing a missing value, based on the Euclidean distance. Then the missing value was replaced by the average of the neighbours. Increasing k values were tested for the lowest and highest percentages of missing entries. For the other imputation rates, k=3 was used. For comparison purposes two other mean imputation methods were also tested in the simulations: Imputing the overall data mean for the missing observations, and assigning the average of the last known and next known observations to the missing value. 
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For the local polynomial kernel regression a Gaussian kernel function was used. To allow for a flexible degree of nonlinearity cubic polynomial trends were fitted. The bandwidth=4 was selected to have a trend that represented a percentage of the total data variability similar to that observed with the other trend analysis methods. The Kolmogorov-Zurbenko (ZK) low-pass filter is based on an iterative moving average that removes high-frequency variations from the data. In this paper a 3-pass filter with window width equal to 3 was applied. The loess fitting was performed with span 0.24. In the wavelet smoothing the wavelet Daubechies LA(8) was used, and wavelet coefficients less than universal threshold were set to zero. Threshold was applied to levels 3-5. The trend estimation with any of the four methods represented around 72% of the total variability of the actual data.  
Results and discussion The k-nearest neighbour imputations and the actual values are compared in the left plots of Figure 1. Increasing k values are used. Low imputation imputation rate (4.688%, with 9522 simulations) and high imputation rates (between 43.75 and 78.13% with 10000 simulations) are tested. The standard errors of the plotted values are between 2.8e-05 and 1.9e-04.  
Figure 1 Effect of number of nearest neighbours used for low and high missing entries 
percentages imputation. 
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A small percentage of missing data with a small k value makes data imputation more precise. In the two left plots of Figure 1 the imputation errors are nonlinear increasing functions of k. The deterioration in performance at larger values of k may be explained as follows. The complete data set exhibits a significant trend, and for large k the inclusion of temperature values that are significantly different from the value that is being imputed decreases accuracy, because the “neighborhood” has become too large or too small and not sufficiently relevant to the estimation problem. Imputation with large k is similar to imputing the overall data mean for the missing observations. The deviation increase with the k value is more pronounced when the missing rate is high. However, the imputation algorithm is quite robust to increasing the percent of values missing, with an average decrease in accuracy equal to 3.5% (standard error=4.4e-05) when the rate of imputed values is between 43.75% and 78.13%, and k=20 neighbours are used. For low and high missing rates the method has better performance when the number of neighbours is around k=5.  
Table 1 Comparison of the trend estimation methods when using three imputation methods for 
increasing missing rates. 
 

% Imputed 
values 

Imputation 
method 

Kernel 
regression 

 
KZ filter 

 
Loess 

 
Wavelet 

0.13 0.1 0.19 0.05 
0.15 0.11 0.19 0.06 

 
4.688 

knn 
L&N 

Mean imp. 0.2 0.18 0.21 0.1 
0.14 0.1 0.2 0.07 
0.18 0.13 0.21 0.09 

 
[10.9,15.63] 

knn 
L&N 

Mean imp. 0.27 0.24 0.25 0.17 
0.15 0.13 0.21 0.09 
0.18 0.15 0.21 0.11 

 
[14.1,23.44] 

knn 
L&N 

Mean imp 0.3 0.27 0.27 0.21 
0.15 0.15 0.21 0.1 
0.19 0.16 0.21 0.12 

 
[18.75,31.25] 

knn 
L&N 

Mean imp 0.32 0.3 0.29 0.24 
0.17 0.17 0.22 0.12 
0.21 0.19 0.22 0.15 

 
[25,43.75] 

knn 
L&N 

Mean imp 0.36 0.34 0.32 0.29 
0.19 0.1 0.23 0.16 
0.25 0.23 0.24 0.2 

 
[35.94,60.94] 

knn 
L&N 

Mean imp 0.42 0.4 0.38 0.36 
0.21 0.23 0.25 0.19 
0.29 0.29 0.26 0.25 

 
[43.75,78.13] 

knn 
L&N 

Mean imp 0.47 0.45 0.43 0.43 
 The two right plots of Figure 1 show the performance of the four trend analysis methods when using nearest neighbour imputation with increasing k. Standard errors of the plotted metric are between 3e-04 and 1.3e-03. Trend estimation error when imputing data is a nonlinear function of k. When the imputed rate is 
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low, loess trend estimation is less precise and wavelet smoothing outperforms the other methods. The same conclusion can be obtained from Table 1, that gives the simulation results of nearest neighbour imputation with k=3 for different imputation rates. For low imputation rates, loess results are relatively insensitive to the exact value of k. When the missing rate is high the differences between the trend analysis methods is smaller. Kernel regression is more sensitive to the exact value of k for any missing rate, and has a better performance when the number of neighbours is around k=10 and the missing rate is low, or around k=5 and the missing rate is high. Table 1 also displays the simulation results when two other mean imputation methods are used: overall mean imputation (Mean imp.), and imputation using the average of the last known and next known observations to the missing value (L&N). The standard errors of the numbers given in this table are between 3e-04 and 1.2e-03. Trend estimation was more precise when applying k-nearest neighbour (k=3) imputation or L&N imputation for all simulated missing rates. Wavelet smoothing had better performance with the three imputation methods except for missing percentages in the highest range ([43.75-78.13]%). The differences between trend estimation methods decreased for high missing rates. Loess trend estimation was less accurate when using k-nearest neighbour imputation for any simulated missing rate, and L&N imputation for missing rates below 43.75%. Wavelet smoothing and loess fitting had a similar performance for high missing rates when using overall mean imputation and L&N imputation. Kernel regression gave the worse results when using overall mean imputation for any simulated missing rate, and when using L&N for imputing a high percentage of values. 
  
REFERENCES (RÉFERENCES) Cleveland, W.S., Grosse, E. and Shyu, W.M. (1992) Local regression models. In J.M. Chambers and T.J. Hastie (Ed.), Statistical Models in S. Chapman and Hall, London, 309-376. Donoho, D.L. and Johnstone, I.M. (1995) Adapting to unknown smoothness via wavelet shrinkage. Journal of the American Statistical Association, 90, 1200-1224. Junninen, H, Niska, H., Tuppurainen, K., Ruuskanen, J.and Kolehmainen, M. (2004) Methods for imputation of missing values in air quality data sets. Atmospheric Environment, 28, 2895-2907. Little, R.J.A. (1988) Robust estimation of the mean and covariance matrix from data with missing values. Applied Statistics, 37, 23-38. Little, R.A.J. and Rubin, D.B. (2002) Statistical analysis with missing data. Second edition. Wiley, NY. R Development Core Team (2006) R: A language and environment for statistical computing. Vienna, Austria. ISBN 3-900051-07-0. URL: http://www.R-project.org. Rubin, D.B. (2004) Multiple imputation for nonresponse in surveys. Wiley, NY. Troyanskaya. O., Cantor, M., Sherlock, G. et al. (2001) Missing value estimation methods for DNA microarrays. Bioinformatics, 17, 520-525. Wand, M.P. and Jones, M.C. (1995) Kernel smoothing. Chapman and Hall, London. Zurbenko, I. (1991) Spectral analysis on nonstationary time series. International Statistical Review, 59, 163-173.  
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1 Introduction

A variety of imputation methods have been proposed in literature and used in practice to compensate
nonresponse in survey data. An imputation method is often classified as parametric or nonparametric
depending on whether it relies or not on the assumption of an explicit parametric probability distrib-
ution. Parametric techniques have the advantage of being parsimoniuous, but they are inappropriate
when it is difficult to model data through standard probability distributions. On the contrary, non-
parametric methods do not require any modelling effort, but, being generally justified by asymptotic
arguments, they need a high amount of observations. In this paper we describe a semiparametric
approach based on the use of finite Gaussian mixture models (GMM). Finite mixtures of Gaussian
distributions are a powerful tool in many fields of both theoretical and applied statistics. In particular
GMM are often used for density estimation since they are flexible enough to provide good approxima-
tions of a large class of data distributions and, by contrast to the nonparametric case, the complexity
of the model grows only with the complexity of the data structure, instead of merely of the data-set
size. Estimation of GMM in presence of partial nonresponse can be quite easily performed both in
likelihood-based and in Bayesian context. This makes GMM an appealing tool in the area of impu-
tation. In particular, maximum likelihood estimation (MLE) of GMM allows to perform prediction
of missing items conditional on the observed ones, using the appropriate conditional distributions.
On the other hand, Bayesian estimation is the most natural framework for assessing the estimate
uncertainty due to nonresponse via Multiple Imputation (MI). In this paper advantages and limits
of both approaches are discussed and their performances are evaluated through a simulation study.
The paper is organised as follows. In Section 2), the single and the multiple imputation methods via
GMM, based on MLE and on the Data Augmentation (DA) algorithm respectively, are described. In
Section 3), a simulation experiment and some comments are presented.

2 Single and Multiple Imputation via GMM

Let y1, . . . ,yn be a random sample from the p-dimensional r.v. Y and, for i = 1, . . . , n, let yobs,i

, ymis,i denote the two subvectors of the observed and missing items of yi respectively. We model
data through a K-component Gaussian mixture with density f(y;Φ) =

∑K
k=1 πkNk(y; θk) where

π1, . . . , πK are positive mixing weights subject to
∑

k πk = 1, Nk(y; θk) denotes the Gaussian density
with parameters θk ≡ (µk,Σk), and Φ is the whole set of parameters. The MLE of Φ based on the
complete data sample y1, . . . ,yn can be easily performed if, for i = 1, . . . , n, we introduce a set of not
observed indicator variables Zi = (Zi1, . . . , ZiK)′ taking value 1 if the ith individual belongs to the
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kth group, and 0 otherwise. The introduction of indicator variables allows to obtain MLE through
an Expectation-Maximization (EM) algorithm, where the E-step reduces to compute expectations of
the Zik variables (posterior probability for the ith unit of belonging to the kth group). If Y variables
are only partially observed, the standard EM algorithm has to be modified in order to take into
account the missing items in data. Details can be found in Di Zio et al.(2007). Once estimates Φ̂
of the model parameters are available, they can be used to estimate the conditional distributions
P (Ymis,i|yobs,i; Φ̂(t)) for the ith incomplete unit. Then, values to be imputed can be obtained as
random draws from these distributions. Alternatively, conditional expectations can be used instead of
random draws. An evaluation of this method through simulation experiments is described in Di Zio
et al. (2007).

Multiple Imputation is one of the most popular methods to assess the estimate uncertainty due
to nonresponse. Although MI has been proposed in both Bayesian and frequentist contexts, the latter
is the most natural one. In fact, from the Bayesian perspective, MI consists essentially in creating a
certain number, say m, of complete datasets, drawing the values to be imputed in each dataset from
the predictive distribution

P (Ymis|yobs) =
∫

P (Ymis|yobs,Φ)P (Φ|yobs)dΦ(1)

A point estimate of a target quantity Q is then obtained by computing an estimate on each completed
dataset and averaging on the resulting m estimates. The variability of the m estimates reflects the
uncertainty due to nonresponse. In particular, Rubin (1987) provides some combination formulas that
allow to perform valid inferences such as coverage intervals and tests, taking into account missing
values. In practice, draws from the predictive distribution (1) are often performed through the DA
algorithm, a Gibbs sampling algorithm that consists, at the tth iteration, in applying the following
two steps:

• I-step: draw y(t)
mis from P (Ymis|yobs,Φ(t))

• P-step: draw Φ(t+1) from P (Φ|y(t)
mis,yobs)

The above scheme produces a sequence (y(t)
mis,Φ

(t)) which is a Markov chain with stationary distri-
bution P (Ymis,Φ|yobs). Thus, after convergence, the sequence y(t)

mis can be thought of as generated
from P (Ymis|yobs). The DA algorithm has been implemented for normal data in several commercial
and free software packages. DA for mixture of finite Gaussian distributions in presence of partial
nonresponse is a natural generalization. It essentially combines the algorithm for incomplete normal
data with standard DA for Bayesian estimation of GMM. In this context, it is convenient to define,
for each observation i, a unique allocation variable Zi taking values in {1, . . . ,K} with probabilities,
conditional on yobs, given by:

τgi = P (Zi = g|yi,obs,Φ) =
πgNg(yi,obs|θg)∑K

k=1 πkNk(yi,obs|θk)
(g = 1, . . . ,K).(2)

In this setting the DA scheme becomes:

• I-step:

– draw values of the allocation variables z
(t)
i from the distribution P (Zi|yi,obs,Φ(t)), i.e.,

select a value in {1, . . . ,K} using the probabilities τ1i, . . . , τKi defined in formula (2),
(i = 1, . . . , n);

– draw y(t)
i,mis from P (yi,mis|z(t)

i ,yi,obs,Φ(t)).

• P-step:
draw Φ(t+1) from the distribution P (Φ|z(t),yobs,y

(t)
mis).

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 4980 -



Diebolt and Robert (1994) have studied the properties of the algorithm showing that it generates a
Markov chain with stationary distribution P (Z,Ymis,Φ|yobs).

3 Simulation Study and Results

In order to evaluate single and multiple imputation via GMM, a simulation study is performed. A
finite population is simulated by drawing a sample of N = 20, 000 units from a bivariate random
vector Y = (Y1, Y2) in the following manner. First, for i = 1, . . . , N , a two-component vector (xi1, xi2)
is drawn from a bivariate normal distribution with parameters: µ = (5, 5), σ11 = 3.1, σ22 = 2.8, σ12 =
σ21 = 2.7 where µ is the mean vector and σrs is the entry at row r and column s of the covariance
matrix. Then, in order to generate a highly non linear relation between the two variables Y1 and
Y2, realizations of these variables are obtained from the vectors (xi1, xi2) through the transformation:
yi1 = xi1; yi2 = exp(xi2/2). Hence, the resulting marginal distributions of Y1 and Y2 are normal and
log-normal respectively. Keeping fixed the finite population it is assumed that the target parameter to
be estimated is Ȳ2, the population mean of Y2. The evaluation is performed through a Montecarlo study
by repeating 1000 times the scheme consisting of the following steps. 1) Drawing of a simple random
sample without replacement (SRSWR) of n = 1000 units from the fixed finite population; 2) artificial
introduction of missing values on the variable Y2; 3) single imputation via Gaussian mixtures based
on EM estimation; 4) creation of m = 5 datasets by multiple imputation via GMM; 5) computation
of the differences between Ȳ2 and its estimates obtained with both single and multiple imputation. In
the first case, the target parameter is estimated through the sample mean ȳ2 of the unique imputed
dataset, in the second, by applying the Rubin combination formulas, i.e., by averaging the sample
means calculated on the m completed datasets. The variance of the estimate and the corresponding
5% confidence interval is also estimated. In the case of single imputation, standard Horwitz-Thompson
(HT) formula and normal approximation are used, treating the imputed data as if they were actually
observed. As for MI, inferences are based on Rubin theory, where the HT estimator is again used for
the sampling component of the estimate variance. Both single and multiple imputation are performed
using K component mixture models for K = 1, . . . , 4. For each model, bias and the root means square
error (RMSE) are estimated by averaging, over the 1000 repetitions of the experiment, the differences
and the squared differences respectively, between the estimates and the actual target parameter. In
order to assess the performance of the methods in evaluating the uncertainty due to non response,
the number of times that the true value of the target parameter is included in the confidence interval
(simulated coverage, henceforth S.Cov) is computed. Furthermore, the average length (Av.L) of
confidence intervals is also taken into account as a further measure of the precision of the estimates.
Two experiments are performed differing for the missing data mechanism. In the first (M1), MCAR
mechanism is used with 40% missing rate. In the second (M2), a MAR mechanism is obtained by
introducing missing with probability 0.7, 0.5, 0.3 and 0.2 depending on whether the realized value
of the variable Y1 belongs to the first, second, third or fourth quartile respectively. In order to find
starting points for EM, a k-means clustering algorithm is used. The estimates resulting from EM are
in turn used to initialize DA. For Bayesian estimation we use weakly informative priors, introduced by
Richardson and Green (1997) for univariate mixtures. The results for both M1 and M2 are reported
in Table 1. Indicators for both single and multiple imputation are reported. The rows correspond
to GMM with different number of components (Comp). From the analysis of Table 1 the following
results can be derived. 1) In the MCAR mechanism experiment, more complex models do not seem
to provide better results for mean estimation. 2) When the nonresponse mechanism is MAR, GMM
(more than one component) overperform normal model, specifically providing less biased estimates. 3)
For GMM with the same number of components single and multiple imputation provide quite similar
RMSE. Thus, the weak informativeness of the prior used for Bayesian estimation does not seem to
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Table 1. Results for MCAR(M1) and MAR(M2) experiments

M1(MCAR) M2(MAR)
Comp bias RMSE S.Cov Av.L bias RMSE S.Cov Av.L

Single Imputation
1 -0.042 0.616 89.5% 2.034 -1.097 1.257 52.3% 2.308
2 -0.183 0.593 89.7% 2.024 -0.207 0.615 88.2% 2.047
3 -0.089 0.572 91.0% 2.032 -0.092 0.587 90.2% 2.033
4 -0.066 0.574 91.6% 2.031 -0.066 0.582 90.8% 2.031

Multiple Imputation
1 -0.049 0.588 94.7% 2.397 -1.101 1.248 65.9% 2.848
2 -0.189 0.576 93.7% 2.279 -0.205 0.605 91.8% 2.209
3 -0.098 0.558 94.3% 2.241 -0.091 0.579 92.7% 2.147
4 -0.077 0.555 94.4% 2.220 -0.063 0.575 93.7% 2.135

impact significantly the estimates. 4) Use of multiple imputation is justified by the best accordance
between simulated coverage and nominal confidence interval (95%) with respect to single imputation.
In the simulation study, no attention has been payed to the problem of how to select the model
that best fits the data. For MLE the BIC could be used for model selection as shown in Di Zio et
al. (2007), while for MI, model uncertainty could be incorporated in the estimation phase through
transdimensional algorithms like for instance the reversible jump (see Richardson and Green, 2007).
A last concern is about MLE estimation vs. Bayesian estimation. The main problems with maximum
likelihood approach are the unboundeness of the likelihood function for heteroscedastic Gaussian
mixtures, and the existence of several local maxima. Due to the first problem, EM algorithm could
fail to converge, while the second problem could cause that EM converges to some spurious solution of
the maximum likelihood equation. Thus, some additional computational efforts are needed in order to
avoid singularities and to ensure that EM converge to the desired global maximum. As far as Bayesian
estimation is concerned, a well known problem is the ’label switching’, occurring when priors that are
symmetric with respect to permutation of the component labels are used. In fact, since the likelihood
function is also symmetric, the resulting posterior distribution is symmetric as well. Label switching is
related to the non identifiability of mixture models, and makes it difficult to do inferences on quantities
that depend on the component labels such as those required in classification problems. Nevertheless,
when Mixtures are used only for density estimation, label switching is not relevant. In particular, in
the experimental situation we have described, prediction of missing items conditional on the observed
ones is not affected by the possible switching of the component labels in the DA algorithm.
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Let (X, Z) be a bivariate random variable (r.v.), and let A, B be two independent samples of nA

and nB i.i.d. records from (X, Z), respectively, where nA and nB are fixed in advance by design. The
first nA records have Z missing while the last nB records are complete. Hence, {xA

a , a = 1, . . . , nA} and
{(xB

b , zB
b ), b = 1, . . . , nB} are the observed values in A and B, respectively. This is the typical situation

in statistical matching (D’Orazio et al., 2006). Usually, the missing Z values in A are imputed by
means of appropriate imputation procedures. The most popular are those based on hot deck, where
missing Z values are replaced by donor values, i.e. actually observed values chosen appropriately
among the nB complete records in B. Usually, donors are selected according to a distance between
observed and incomplete records on X (Aluja et al., 2007).

One of the key issues in order to verify the accuracy of imputation procedures is to evaluate the
discrepancy between the distribution generating genuine data (i.e. the distribution of the r.v. (X, Z))
and the distribution generating imputed data (in the following imputed data will be denoted with the
r.v. (X, Z̃)). For all the imputation procedures based on (k ≥ 1) donors from file B selected according
to a distance with the recipient xA

a , and from the independence of different observations, it turns out
that the distribution of (X, Z̃) is given by:

f
XA

a ,Z̃a
(x, z) =

∫
f

XA
a XB

b(a)
Z̃a

(x, t, z)dt = fX(x)
∫

fXB
b(a)

|XA
a
(t|x)fZ|XB

b(a)
(z|xB

b(a))dt

where t is a k-dimensional vector, and b(a) are the labels of the k nearest neighbours of xA
a in B.

Generally speaking, a continuous X does not allow the definition of an imputation procedure with a
null matching noise. The matching noise will depend on two elements: (i) the distance between the
recipient xA

a and the donors xB
b(a); (ii) how Z̃ is defined as a function of the observed nearest records

zB
b(a).

Marella et al. (2006) determine the matching noise that affects a class of imputation procedures
based on kNN methods (including distance hot deck). Comparisons are performed when (X, Z) is a
bivariate normal distribution. It is proved that XB

b(a)|XA
a converges in distribution to a k-dimensional

r.v. whose elements are equal to xA
a . Hence, imputation procedures based on the estimation of the

regression function of Z given X by kNN methods are asymptotically matching noise free when also
a random error is added to the imputed values (stochastic imputation). This naturally holds also for
the distance hot deck method, that for finite sample sizes seems to be quite efficient.

In this paper we compare four important nonparametric imputation procedures: distance hot
deck, random kNN, and two stochastic imputation procedures based on estimating the regression
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function m(x) = E(Z|X = x), namely the kNN estimator and the local linear estimator. Such
procedures are compared by means of their matching noise. It will be assumed that the regression
function m(x) is not necessarily linear.

Imputation procedures

For each a = 1, . . . , nA, let (b1(a), . . . , bk(a)) be the labels of the k ≥ 1 nearest neighbours of xA
a

in B, such that

d(xA
a , xB

b1(a)) ≤ · · · ≤ d(xA
a , xB

bk(a)), d(xA
a , xB

bk(a)) ≤ d(xA
a , xB

b ), ∀ b /∈ {b1(a), . . . , bk(a)},

d(., .) being usually the Euclidean distance.
Random kNN consists in randomly choosing a label b̃(a) among bj(a), j = 1, . . . , k, and in

taking imputed values z̃A
a = zB

b̃(a)
.

The special case k = 1 corresponds to the distance hot deck: z̃A
a = zB

b1(a), a = 1, . . . , nA.

Methods based on “regression estimate plus residual” are based on a simple idea. Let m̂(x)
be an estimator of the regression function m(x), and let eB

b = xB
b − m̂(xB

b ), b = 1, . . . , nB be the
corresponding residuals in B. Imputed values are then:

z̃A
a = m̂(xA

a ) + ε̃B, a = 1, . . . , nA,(1)

where ε̃B is chosen at random among eB
1 , . . . , eB

nB
.

In particular, we will consider two special cases.

• kNN estimator of m(x), given by

m̂(xA
a ) =

1
k

k∑
i=1

zB
bj(a), a = 1, . . . , nA.

• Local linear estimator of m(x) (Fan and Gijbels, 1996), given by:

m̂(x) =
SB

2 (x)TB
0 (x)− SB

1 (x)TB
1 (x)

SB
2 (x)SB

0 (x)− SB
1 (x)2

where

SB
j (x) =

nB∑
b=1

(x− xB
b )jKh

(
xB

b − x
)

, TB
j (x) =

nB∑
b=1

zB
b (x− xB

b )jKh

(
xB

b − x
)

,

K(·) being a kernel function and h > 0 being the corresponding bandwidth.

Simulation Study

In this section we perform a simulation experiment in order to evaluate the matching noise
produced by the nonparametric imputation techniques described above. File A consists of 500 i.i.d.
records from a normal distribution X with mean 1 and variance 5. Two regression functions, plotted in
Figure 1, have been used to model the relationship between the predictor X and the response variable
Z. The former function m1(x) is quadratic the latter m2(x) is bump shaped.

Normal random errors have been used for all test functions, ε ∼ N(0, 0.32). The 500 Z values
are then dropped from A. For each regression function mi(x) = E[Z |X = x], i = 1, 2, the simulation
analysis involves the following steps.
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Figure 1: Plots of the regression functions mi(x) = E[Z |X = x], i = 1, 2

Figure 2: KSZ for distance hot deck, random kNN, mean kNN +residual and LRot +

residual.

1. A donor sample B composed by nB i.i.d. records has been generated exactly as A, except that
the Z values are not dropped. The values nB = 800− 1800 (200) have been used.

2. The missing Zs have been imputed by the techniques described in the previous section. In the
kNN regression estimator, the value of k is chosen according to Silverman (1986, p. 19). In the
local linear estimator, a Gaussian kernel has been used, and h has been chosen according to the
“rule of thumb” (Härdle, 1990).

3. Steps 1, 2 have been repeated 400 times.

In order to evaluate the closeness between the data generating model and the imputation gen-
erating model a divergence measure based on the Kolmogorov-Smirnov (KS) distance has been used.
At first, the matching noise for the marginal distribution of Z has been evaluated by

KSZ =
1

400

400∑
v=1

KSZ(v) =
1

400

400∑
v=1

[
sup

−∞<z<∞
| F̂Z,A(z)− F̂

Z̃,v
(z) |

]
(2)

where (F̂Z,A(z)) is the empirical distribution function (edf) of zA
a s values, and (F̂

Z̃,v
(z)) is the edf of

the imputed values z̃A
a s. The results are reported in Figure 2.

Loosely speaking, the mean kNN plus random residual and the LRot plus random residual seem
to perform better for both functions, followed by random kNN and distance hot deck. Since the
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Figure 3: KSX
Z for distance hot deck, random kNN, mean kNN +residual and LRot +

residual.

differences between the first two methods (tested by the usual difference-of-means test) are significant,
the mean kNN plus random residual seems to be slightly preferable, since it is computationally easier
and does not require any bandwidth selection. Note that for all nonparametric imputation techniques,
the matching noise decreases as the donor file size increases.

In the second place, KS distance between the conditional distribution of Z | X = xA
a , a =

1, . . . , 500 (FZ|xA
a
(z)) and the conditional empirical distribution (F̂

Z̃|xA
a
(z)) has been considered. To

get a synthetic measure, the average

E[KSX
Z ] =

1
500

500∑
a=1

KSZ(xA
a ) =

1
500

500∑
a=1

[
sup

−∞<z<∞
| FZ|xA

a
(z)− F̂

Z̃|xA
a
(z) |

]

has been computed.
From Figure 3 the distance hot deck and the LRot plus random residual seem to be best methods.
Developments of the present work will include alternative bandwidth selectors, such as the

generalized cross validation method (Loader, 2004) and the bandwidth selection rule given by Ruppert
et al. (1995).
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Abstract

Any large scale survey is subject to missing data problems, which are mainly caused by
noncoverage and nonresponse. Several methods of handling missing data problems are proposed
by survey statisticians. In this paper the problems of estimation of the population total and its
variance have been studied in the presence of nonresponse.

1. Introduction
Missing data mainly occur for two reasons: noncoverage and nonresponse. Noncoverage occurs
in situations where some units of the target population have no chance of being selected into the
sample; this is mainly due to using an incomplete sampling frame. In a questionnaire, we collect
information on several items. If all the items of information of a questionnaire or schedule are
missing, we call it unit nonresponse and if information on some of the items is obtained and the
rest is missing then we call it item nonresponse. Nonresponse occurs for various reasons.  Unit
nonresponse may occur if the informant is not-at-home, busy for other business, hardcore-refuse
to answer, enumerators failure to make prior appointment or failure to locate the unit, etc. Item
nonresponse may occur mainly if the respondent feels that the item of information is too sensitive
such as status of HIV/AIDS, income; respondent may find it difficult or fail to know the answer
or the enumerator may forget to write down the answer correctly, etc.
In almost all large scale surveys, nonresponse is inevitable. Nonresponse can create a bias in the
estimates. The amount of bias often increases with the rate of nonresponse. In a household
income survey, for e.g., response from the high income group is normally considerably lower
than that of the other groups and hence under represented in the sample. Hence this type of data
tends to produce a bias in the estimation of the mean income. Researchers very often take a larger
sample size than the required number - taking into account that some of them will not respond
(vide Lohr 1999). This practice generally produces erroneous results because some of the groups
of the units are under represented in the sample. Several methods of handling nonresponse
problems in sample surveys are available in the literature. The methods of post stratification,
response modeling, imputation and randomized response techniques are popular. Good details
are available in Rubin (1987). In our present discussion, we will consider the sub-sampling
procedure only.

2. Sub-sampling method

In the sub-sampling method, we assume that the set of respondents is a sub-sample from the
original sample. For a general formulation of this problem, suppose that a sample s, of size n, is
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selected from a finite population { }NU ,...,2,1= of N units with probability p(s) according to a
sampling design p. Let )( ssr ⊂ be the set of response units of size r ( n≤ ) for which

responses iy ’s are observed and the complement s-sr (of size n-r) be the set of nonresponse units.

The formation of the response sample rs is totally unknown and no exact modeling of rs  is
possible. So, we can only postulate some probabilistic model which describes the response
distribution. Let (0 1)i iθ θ≤ ≤  be the probability that ith unit ),..,1( Ni =  responds if it is
selected in the sample s. Suppose that responses are independent and hence the sample sr, may be
considered as a  sub-sample from the sample s according to a Poisson sampling scheme. Suppose
that the inclusion probabilities for the ith, and ith and jth ( )i j≠  are iπ  and ijπ  respectively for

the sampling design p, then given s, isi θπ =|  and , |i j s ij i jπ θ θ θ= = , which denote the inclusion
probabilities of the ith, and ith and jth units for the generated Poisson sampling by the
respondents.

2. Estimation of the total and variance

Following Arnab and Singh (2006) we propose an Horvitz-Thompson (1952) estimator for the
total Y as

( )
y zi iY nr Is iht ri s i sr i i iπ θ θ

= =∑ ∑
∈ ∈

where
yizi
iθ

= , 1Is ir
=  if i sr∈ and 0Is ir

=  if i s sr∈ − .

Here we note that
( | )E I ss ir

= The probability that the selected ith unit will respond = iθ

( | )E I I ss i s ir r
= The probability that the selected ith unit and jth unit ( )i j≠  will

respond = i jθ θ  .

The following theorem (without proof) relates to expectation, variance and unbiased estimators
of the variance for the proposed estimator.

(i) { ( )} ,E Y nr Yht = (ii) { ( )}V Y nrht

2 1
1

yi
i i iπ θ

= −∑
⎛ ⎞
⎜ ⎟
⎝ ⎠

+ ( )
2

1

2

yy ji
i j iji j i j

π π π
π π

− −∑ ∑
≠

⎛ ⎞
⎜ ⎟
⎜ ⎟⎝ ⎠

(iii) Two unbiased estimators of { ( )}V Y nrht  are given respectively by
2 1

(1) (1) 1
yiV Vs i sr i iiπ θ θ

= + −∑
∈

⎛ ⎞
⎜ ⎟
⎝ ⎠

   and
2 1

(2) (2) 1
yiV Vs i sr i iiπ θ θ

= + −∑
∈

⎛ ⎞
⎜ ⎟
⎝ ⎠

where (1)Vs =
( )1 2( )

2

yyi j ij ji
i j sr ij i j i j

π π π

π θ θ π π

−
−∑ ∑

≠ ∈
    and

(2)Vs =
2 1( 1) ( 1)

r r

ij ji i

i s i j si i i i j ij i j

yy yπ
π θ π π π π θ θ∈ ≠ ∈

− + −∑ ∑∑

3. Calibrated estimator of variances:
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Here we assume that the study variable is related to a known auxiliary variable through the
following superpopulation model ξ .

ii xyE βξ =)( , g
ii xyV 2)( σξ =  and 0),( =ji yyCξ  for ji ≠ , , 1,.., .i j N=

Following Arnab and Singh (2006), we propose a calibrated estimator for htY  and its variance as
follows:

xiY Y B XC ht hti s iπ
= + −∑

∈

⎛ ⎞
⎜ ⎟
⎝ ⎠

CV  = )( CYV = )11(
2

−∑
ii i

iE
θπ

+ 2)()(
2
1

i
i

i
i

i j
ijji

yy
ππ

πππ −−∑
≠

∑

where

2

2 2
y x q x qi i i i iB

i s i sr ri iπ π
= ∑ ∑

∈ ∈
, iq ’s are suitably chosen weights, iii BxyE −= ,

2 2

2 2
y x q x q y x q x qi i i i i i i i i i i iB E E

i s i s i U i Ur r i ii i

θ θ

π ππ π
=∑ ∑ ∑ ∑

∈ ∈ ∈ ∈

⎛ ⎞ ⎛ ⎞ ⎛ ⎞⎛ ⎞
= ⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎝ ⎠⎝ ⎠ ⎝ ⎠ ⎝ ⎠

4. Proposed variance estimators:
We can propose a number of approximately unbiased and consistent estimators of the variance
of CV
as follows:

(1) ( ) 11V Q r VC = + , (2) ( ) , (3) ( ) and (4) ( )12 13 14V Q r V V Q r V V Q r VC C C= + = + = +% %

where,

( )Q r = ( )( ) ( ) ( )
2

2 2 1/ 1 , 12
e wi ie Q r wi i i i ii s i sr r i

π θ θ
π

− = −∑ ∑
∈ ∈

%

( ) 2
1

11 2

yyi j ij jiV
i j sr ij i j i j

π π π

π θ θ π π

−
= −∑ ∑

≠ ∈

⎛ ⎞
⎜ ⎟
⎜ ⎟⎝ ⎠

,
( )2 1

112
yyy i j ij jiiV

i s i j si ir ri ij i j i j

π π π
π θ π π π π θ θ

−
= − −∑ ∑ ∑

∈ ≠ ∈

⎛ ⎞
⎜ ⎟
⎝ ⎠

( ) 2
1

13 2

yyi j ij jiV w wi ji j sr ij i j

π π π

π π π

−
= −∑ ∑

≠ ∈

⎛ ⎞
⎜ ⎟
⎜ ⎟⎝ ⎠

,

( )2 1
114

y i j ijiV w w w y yi i j i ji s i j sr ri i ij i j

π π π

π π π π π

−
= − −∑ ∑ ∑

∈ ≠ ∈

⎛ ⎞
⎜ ⎟
⎝ ⎠

,

12

2

1 and ( )
r r

i i i i i i
i i i i

i s i s i si i i i i i

x q x x x qe y Bx w
θ π π π θ π

−

∈ ∈ ∈

⎛ ⎞
= − = + −⎜ ⎟

⎝ ⎠
∑ ∑ ∑

4.1 An example:
Consider an SRSWOR design where Nni =π  and )1()1( −−= NNnnijπ  and ii xq 1= , then we
get
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( )
y xN N Ni iY b xr iC i s i s i sn n nr r ri iθ θ

= + −∑ ∑ ∑
∈ ∈ ∈

where rrr xyb =  and nxx
si

is /∑
∈

=  and mxx
rsi

ir /∑
∈

= . In particular, if we assume θθ =i  for

every Ni ,..,2,1= , then we obtain
r
s

i x
x

m
nw w

w

=  = w (say) and

r
r
s

C y
x
x

NY = = t
)

It is important to note that the estimator t  is independent of the response probability θ .  Hence,
one can use t  without estimating the response probability θ .  The estimator t  was obtained by
Särndal (1992) under the single imputation method. Now replacing θ  by its estimate nm=θ

and putting Nni =π , )1()1( −−= NNnnijπ  and wwi =   in the expression of )( jVC  for j  =

1,2,3,4 we get the following variance estimators for 02t
)

2
2

2
)1()1( eroC sm
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.
No theoretical comparison among the variance estimators stated above is possible due to their
complex expressions. However, from Arnab and Singh (2006)’s extensive simulation studies, it is
revealed that we cannot find a variance estimator which perform best in all the situations. Hence
further study is necessary in this area.
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1. Introduction

The social and economic condition of the population of Ukraine is defined on the basis of the 
information received from different sources – the data of population censuses, the state sample surveys, 
labour statistics, demographic and social statistics, statistics of national accounts, etc. 

The pointed sources of the information are various enough by the essence because they reflect different 
aspects of the social phenomena, are characterized by different structure of the information and periodicity of 
its actualization. Also the population surveys are carried out on samples of different design. At the result,
when calculating of the statistical indicators, the data from these sources mainly are used independently 
(apart from each other) and aren’t mutually coordinated, that results in essential reduction in efficiency of the 
information use. Especially negative consequences it has for the state statistics which main task isn’t 
measurement of separate aspects of the society life but creation of the relevant, authentic, full and timely 
supply with information of legislative and executive authority as well as political and public organizations, 
scientific institutes etc. The problem of development of methodological maintenance of the data matching 
from different sources is actual first of all for the state statistics.

In Ukraine indicators of labour force are measured by results of households sample survey of 
population economic activity (LFS). Since 1995 LFS are carried out by bodies of the state statistics. In LFS
the population in the age of 15–70 years is surveyed. Indicators of economic activity, employment and 
unemployment are measured in survey according to the international standards by ILO methodology. With 
the purpose of increase of estimation reliability of unemployment and employment indicators by regions of 
Ukraine, since 2004 in rural area the survey is carried out on the basis of two household samples: sample of 
LFS and sample of household agricultural activity survey (AAS). Interview of households on questions of 
economic activity in the AAS is carried out under the identical program, as in the LFS, but principles of the 
sampling in AAS differ from LFS. In AAS households are selected proportionally the area of agricultural 
allotment, and in LFS – with use of the mechanism of systematic selection.

 Such social and economic characteristics of the population of Ukraine as a standard of living, incomes 
and expenditures are defined by results of the state sample survey of households living conditions (HLCS). 
Since 1999 survey is carried out on the quarterly basis. Annually in HLCS approximately 10 thousand non-
institutional households are interviewed.

2. Main objectives of the work

In this work methodological bases of the statistical data matching of different state population surveys 
in Ukraine at the microlevel are considered, namely:

- LFS data, received on the basis of two samples with different design: LFS and AAS;
- HLCS and LFS data, for the analysis of unemployment on ILO methodology and the level of 

expenditures of the unemployed population.
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3. Matching of LFS data, received on the basis of two samples with different design

By results of the primary data analysis of LFS and AAS it is established, that they are enough mutually 
coordinated; in particular, by results of surveys in January, 2004 the coefficient of correlation for 
employment rate is equal 0,94, and for unemployment rate – 0,74. The similar picture is observed for all 
months of 2004.

Matching of LFS data, received on the basis of two pointed samples, is carried out with use of the 
method of the statistical matching at the microlevel (Bakker B.F.M., Al  P.G.,2000; Marcello D'Orazio, 
Marco Di Zio, Mauro Scanu, 2006). This approach is used in conditions, when from different sources the 
data are obtained on units of an identical level (in this case – on household members in the age of 15-70 
years) and by identical attributes (under identical questionnaires). 

By the results of the executed researches it has been established, that direct estimates of the employed 
and unemployed population number, which are received on the basis of AAS sample in 2004, are biased. It is 
connected first of all with distinctions of two surveys populations. In AAS the population is the set of 
households from rural area, which either own the agricultural lands, or rent them. Besides in AAS the 
replacement of households, which have refused participation in survey, is supposed under certain conditions. 
The estimates of bias for the employed and unemployed population number for the current month in this 
work were defined as average bias for current and two last months. 

During files matching of AAS with LFS resulted persons weights, which calculated separately on each 
file, are corrected for rural area on each region with use of coefficients em  for employed population and un
– for unemployed one (Sarioglo, 2005):

,
)ˆ()ˆ()ˆ(

)ˆ()ˆ(ˆ
)(2)(2)(2

)(2)(2

personsunemployedfor
YBYSEYSE

YBYSE
AAS

un
AAS

un
LFS

un

AAS
un

AAS
un

un



 (1)

where )ˆ( )(LFS
unYSE – standard error of estimate of unemployed population number )(ˆ LFS

unY on LFS sample; 
)ˆ( )( AAS

unYSE – standard error of estimate of unemployed population number )(ˆ AAS
unY on AAS sample, 

)ˆ( )( AAS
unYB  is the bias of estimate of number of unemployed population by data of AAS, calculated as 

average of biases for current and the two previous months.
The coefficient em  for employed population is calculated by the formula similarly to coefficient for 

unemployed un . Correction coefficient of statistical weights system ik  is calculated within each region for 
employed and unemployed persons in rural area.

The corrected statistical weights of employed and unemployed persons in rural area of each region are 
calculated by the formula:

,iii kww  (2)
As it is clear from fig. 1, values of estimates of unemployed population number for matched data file 

are always situated between estimates of unemployed population number for files, formed on the basis of 
LFS sample and AAS one. 
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Fig. 1. Unemployed number on regions in March, 2004
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If bias isn’t taken into account, estimate for matched data file is closer to that one, for which variation 
of sample estimates is less. Provided bias is taken into account, estimate for matched data file is closer to that 
one that is characterized by smaller total error. The same concerns estimates of indicators of population 
employment for matched data file.

If to compare reliability characteristics of estimates of employment and unemployment indicators for 
regions of Ukraine on the matched data file and LFS data file, it is necessary to draw the conclusion that data 
matching allows to improve essentially the reliability characteristics of indicators estimates in rural area. 

4. Matching of HLCS and LFS data, for the analysis of unemployment on ILO methodology 
and the level of expenditures of the unemployed population

In the HLCS social and economic status of persons is measured, and, particularly, the indicator of 
unemployment. But, not corresponding to the ILO methodology.

Model of interconnection of unemployment rate and certain person’s characteristics was constructed 
on the basis of LFS data. On the basis of model it was drown the conclusion, that share of unemployed is 
interconnected with such variables as person’s sex, age and educational level. Model of interconnection of 
unemployed population shares in the LFS and in the HLCS was also constructed. On the basis of model it is 
possible to drown the conclusion, that shares of unemployed in both surveys are mutually statistically 
connected.

For reproduction of variable “unemployed by ILO” in HLCS data file the procedure of statistical 
matching on microlevel is used (Marcello D'Orazio, Marco Di Zio, Mauro Scanu, 2006). It was carried out 
with use of the imputation procedure by “hot deck” method in view of unemployed from HLCS. 

Fig. 2. Share of unemployed population on groups, 2005
For realization of imputation procedure the analysis of various indicators distribution on the generated 

cells has been carried out. On fig. 2 the data for the share of the unemployed estimated by results of LFS and 
HLFS, and also values of average total per capita expenditures, estimated on the HLFS data for the level of 
Ukraine are resulted. 

As it is clear from the shown data on cells there are essential distinctions in values of the unemployed 
shares on LFS and HLFS. Also distinctions in values of cumulative expenditures are observed. The 
procedure of the data matching, which is developed by results of researches, allows reflecting full enough the 
pointed distinctions on cells at the data reproduction.

By results of the data matching of HLCS and LFS surveys distribution of annual average total per 
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capita expenditures for the unemployed by ILO methodology (see fig. 3) is constructed. As it is clear from 
the shown data, this distribution for the unemployed essentially differs from distribution for all population at 
able-bodied age. 

0

5

10

15

20

25

1 3 5 7 9 11 13 15 17 19
Per capita expenditures, thousand UAH 

Sh
are

 of
 po

pu
lat

io
n, 

%
 

All population 

Unemployed by ILO
methodology

Fig. 3. Distribution of annual average total per capita expenditures for the unemployed by ILO 
methodology and all population, 2005

The value of average total expenditures for the unemployed is equal 4,7 thousand UAH per capita in 
one year, for able-bodied population – 5,8 thousand UAH per capita in one year. Thus modes of distributions 
accordingly for the unemployed is equal 3,8 thousand UAH per capita in one year, for able-bodied 
population – 4.1 thousand UAH per capita in one year.

5. Conclusion

By results of the executed researches it is established, that use of the data matching procedures for 
different surveys of population on the microlevel can be the effective tool of increase of the indicators 
estimation efficiency as well as can provide the opportunity for the profound analysis of social and economic 
phenomena and processes.

Methodical maintenance is developed for matching of the labour force survey data, received on 
samples of different design; it has allowed improving the reliability characteristics of employment and 
unemployment indicators estimation in rural area of regions of Ukraine. The methodological problem of 
adequate determination of bias value of indicators estimates is revealed; it is connected with differences of 
populations and with features of the separate surveys organization. The developed materials are implemented 
into system of state statistics of Ukraine and now they are on the stage of experimental usage. Researches in 
this directions are continued. 

The methodological approach to matching on microlevel the separate attributes of labour force and 
household living conditions sample surveys is offered with use of harmonized indicators system. Procedure 
is worked at the data matching concerning status of household members’ employment. It has allowed 
establishing and analyzing distribution of unemployed, defined by ILO methodology, on the level of average 
cumulative expenditures per capita.
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Introduction 
The imputation methods adopted in cross-sectional survey settings have been used for many years and 

are reasonably well understood, but less is known about the performance of imputation methods in a 
longitudinal survey context. Additional demands are placed on the imputation method in a longitudinal 
survey. What method preserves both the cross-sectional estimates and the estimates of change across waves? 
Should multiple wave non-response be imputed with the same donor or different donors at each wave? How 
do we best use subsequent and previous wave data in the imputation method?  

This paper assesses various methods for imputing missing financial year wages and salaries 
information in a household-based longitudinal survey. Eight longitudinal methods are evaluated in a 
simulation study using five waves of data from the Household, Income and Labour Dynamics in Australia 
(HILDA) Survey. Three criteria are used to assess the imputation methods and measure the distributional and 
estimation accuracy of the imputation. While the simulation study undertaken considered seven income 
components, the results for financial year wages and salaries are discussed here as it is a major contributor to 
total income (contributing almost 75 per cent). The full results of the simulation study are presented 
elsewhere (Starick and Watson, 2007) and also include a more extensive set of evaluation criteria. 

Evaluation Methodology 
Simulated Data 

Thirty datasets with simulated non-response were created from 8193 complete cases that responded 
and provided all income items in the first five waves of the HILDA Survey they were eligible for. Cases were 
set to missing based on logistic models of the response mechanism from the full HILDA dataset assuming 
the missing values were missing at random (Rubin, 1976). That is, the probability that the income component 
was missing depended on a range of characteristics of the respondent but not on the value of the income 
component itself. To take into account the dependence of missingness between income components within a 
wave and across waves, the response mechanism was modeled sequentially through the list of components. 
The predicted probabilities used to select cases set to missing were adjusted for missingness assigned to 
earlier income components. The imputed values from the various imputation methods were compared to the 
true values. 

Evaluation Criteria 
A good imputation method must reproduce key statistical properties of the complete data. The first two 

measures assess the estimation accuracy of the imputation method via the absolute relative bias in the mean 
and in the variance: 

1 Acknowledgement: This paper was prepared as part of research undertaken by the authors as part of the HILDA Survey Project, 
which is funded by the Australian Government Department of Families, Community Services and Indigenous Affairs. The comments 
and suggestions provided by the HILDA Technical Reference Group and Clinton Hayes (University of Melbourne) are appreciated.
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where siy  is the mean and siv  is the variance of imputed cases for the income component in simulation s 
and sty  is the mean and stv  is the variance of the true values for those cases in simulation s. 

The third measure assesses the distributional accuracy of the imputation method by measuring the 
maximum vertical distance (Kolmogorov-Smirnov distance) between the empirical distribution functions of 
the imputed and true values: 

where the xj values are the jointly ordered true and imputed values ( sty  and siy ) in simulation s.  
These measures were calculated for the five cross-sections (waves 1 to 5) and for the change between 

each successive wave (waves 1 to 2; 2 to 3; 3 to 4; and 4 to 5) and between waves 1 and 5. Only imputed 
cases contributed to these measures (for the estimates of change, this means at least one wave was imputed). 

Imputation Methods 
Eight methods were tested in this evaluation study and these include a nearest neighbour regression 

method, a hotdeck method, three methods based on the work by Little and Su (1989), and three carry-over 
methods. These are described in more detail below: 

Longitudinal nearest neighbour regression method – This method uses predicted values from a log-linear 
regression model for financial year wages and salaries to identify the nearest case whose reported value 
is inserted into the case with the missing value. The models for each wave t were created via a stepwise 
elimination process and incorporates financial year wages and salaries information in wave t-1 and wave 
t+1 (where available), along with information from wave t such as demographic and employment 
characteristics of the respondent and current wages and salaries (where available). This method is 
adopted in the British Household Panel Study, albeit with a different method of selecting variables into 
the regression models (Buck, 1997). Further, we have restricted the donors to match recipient within age 
classes (15-19, 20-24, 25-34, 35-44, 45-44, 54-64, 65+) where possible.  
Longitudinal hotdeck method – This method randomly matches suitable donors to recipients within 
imputation classes, replacing the recipient’s missing value with the donor’s reported value. Up to 15 
categorical variables (similar to those considered in the previous method) were used to define the 
imputation classes based on subject matter knowledge and investigative regression modeling on the first 
simulation dataset. Where there were insufficient donors within a class, the classes were sequentially 
folded back, removing the least important class variables first until a donor was found. The US Panel 
Survey of Income Dynamics imputes missing data via a hotdeck method (Hofferth et al, 1998). 
Basic Little and Su method – This method incorporates (via a multiplicative model) the trend across 
waves, the individual’s departure from the trend in the waves where the income component has been 
reported, and a residual effect donated from another respondent with complete income information for 
that component. This method is the primary imputation method adopted by the German Socio-Economic 
Panel in their contribution to the Cross-National Equivalence File (Haisken-DeNew and Frick, 2005). 
Little and Su method with imputation classes – The basic Little and Su method was adapted to work 
within imputation classes defined by age (15-19, 20-24, 25-34, 35-44, 45-44, 54-64,65+). The trend, 
departure from the trend and suitable donor are determined within each class. 
Multivariate Little and Su method – Rather than having potentially different donors for the various 
income components imputed, this method identifies the most suitable donor across a number of variables. 
A suitable donor is found by minimizing the Euclidean distance of the recipient and donor’s departure 
from the trend for financial year wages and salaries and government benefits. 
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Last value carried forward – Where the respondent reported an income component in wave t-1, this is 
carried forward to wave t. The Canadian Survey of Labour and Income Dynamics use this method. 
Random carry-over method – Where the respondent reported an income component in wave t-1 and t+1,
one of these values is randomly selected to impute wave t. This method is adopted in the US Survey of 
Income and Program Participation for wave non-response (Williams and Bailey, 1996). 
Population carry-over method - Where the respondent reported an income component in wave t-1 and 
t+1, one of these values is randomly selected with probability proportional to that observed in the 
complete cases as to whether the wave t values are closer to those in t-1 or t+1.

In certain situations where the last six methods do not work on their own (for example, the respondent 
is only interviewed in one wave and does not provide financial year wages and salaries), a cross-sectional 
method needs to be used. Two fallback methods were tested: a nearest neighbour regression method and a 
hotdeck method. Combining these two fallback methods with the eight primary methods results in 14 
different combinations (the nearest neighbour and hotdeck longitudinal methods were not combined with the 
opposite cross-sectional method). Only information about the respondent from within the wave was used to 
form hotdeck classes or as covariates in the regression equations for the nearest neighbour method. 

Results 
The absolute relative biases in the mean and the variance of financial year wages and salaries are 

provided in Table 1. The biases in the cross-sectional estimates are averaged across waves 1 to 5 and biases 
in the estimates of change are averaged across the five wave combinations calculated. The results for the 
eight longitudinal methods are presented for each of the fallback methods they employ.  

Cross-sectionally, there is little to distinguish the imputation methods. The methods using the cross-
sectional nearest neighbour fallback option perform slightly better than those using the hotdeck fallback 
option. The bias in the variance is substantially higher than the bias in mean for all imputation methods, 
which is usually a result of the imputed values being more variable than the true values. The longitudinal 
nearest neighbour method and the Little and Su methods trade off a slightly lower bias in the mean for a 
higher bias in the variance compared to the three carryover methods.  

When considering the change in financial year wages and salaries between waves, the differences in 
the imputation methods are more apparent. Again, the methods adopting the nearest neighbour fallback 
option perform slightly better than those opting for the hotdeck fallback method so we will restrict our 
attention to the former. The Little and Su methods perform better than the nearest neighbour method. Of the 
Little and Su methods, the multivariate method has the smallest bias in the mean and the imputation class 
method has the smallest bias in the variance (nevertheless the bias in the variance is still substantial with any 
method chosen). The carryover methods are the worst in minimizing the bias in the mean change in wages 
and salaries between waves, but have the least bias in the variance of change between waves. 

Table 1: Average absolute relative bias in mean and variance (%) 
Cross-section Longitudinal 

NNRM Fallback HD Fallback NNRM Fallback HD Fallback 
Method Mean Var Mean Var Mean Var Mean Var 
Longitudinal NNRM 3.6 27.2 - - 29.1 109.1 - - 
Longitudinal Hotdeck - - 4.6 32.1 - - 30.8 158.4 
Little and Su 3.7 23.5 3.9 23.8 25.6 56.0 27.5 55.9 
Little and Su with Imp Class 3.7 24.3 4.1 24.8 23.1 53.8 24.2 54.4 
Little and Su Multivariate 3.6 23.2 3.6 23.5 20.3 56.7 20.5 56.7 
Population Carryover 4.1 18.5 4.1 19.5 31.6 51.4 31.8 56.5 
Random Carryover 4.1 18.4 4.1 19.5 31.5 51.8 31.6 57.1 
Last Value Carried Forward 5.2 23.7 4.6 24.0 35.7 53.2 31.8 50.3 
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Turning now to the distributional accuracy of the imputation methods, we present the distance between 
the true and imputed empirical functions in Figure 1 and for the change in wages and salaries in Figure 2. 
Again, cross-sectionally, there is little to differentiate the methods. The maximum difference between the 
true and imputed empirical distribution functions averages to between 0.06 and 0.07. The methods using the 
hotdeck fallback option perform slightly worse than those using the nearest neighbour fallback option. The 
longitudinal nearest neighbour method is slightly ahead of the other methods cross-sectionally. When 
considering the change in wages and salaries between waves, the Little and Su methods perform the best, 
with the one using age imputation classes having the least difference between the true and imputed empirical 
distribution functions. The three carryover methods all perform poorly on this measure, with a maximum 
difference between the empirical functions of 0.27 to 0.38. This is not overly surprising given these method 
impute zero change from one of the surrounding waves. 

Figure 1:Maximum distance between EDFs Figure 2: Maximum distance between EDFs of change 

Conclusion 
In the cross-sectional sense, many of the imputation methods perform well for wages and salaries. 

However, the key concern is the quality of the imputation across waves. When the methods are placed in a 
longitudinal context, the strengths and weaknesses of the methods are more apparent. The Little and Su 
method using imputation classes is just ahead of the multivariate Little and Su method. Both perform well 
for estimates of change between waves and are among the better performers for wave-specific estimates. 
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1. Background 
The Survey on Service Industries, which covers Service Industries for Japan, was carried out for the 

first time in 1989 as a part of restructuring service statistics and for the purpose of revealing generally the 
basic structure of Service Industries and activity status. The 2004 survey is the fourth. The survey aims to 
obtain data on the distribution of establishments engaged in service industries by fundamental attribute, 
matters of accounting and actual condition of business, for the whole of Japan and for each prefecture in 
order to provide basic data for national and local policy planning. For the 2004 Survey, about 430,000 
establishments were selected. The service industries covered by the 2004 Survey consist of seven major 
groups: “Information and communications,” “Real estate,” “Eating and drinking places, accommodations,” 
“Medical, health care and welfare,” “Education, learning support,” “Compound services,” and “Services, 
n.e.c.” The matters of accounting consist of “annual income,” “annual expenses,” “annual wages and 
salaries,” and “annual equipment investment.” Unfortunately, returned questionnaires are often incomplete. 
The respondents may refuse to answer these financial items. 

The survey has relied on stratified average ratio imputation as its primary statistical imputation model 
for the missing financial variables. This imputation model has several disadvantages. First, the ratio model 
assumes a no-intercept linear relationship between the independent and dependent variables, when the actual 
regression line may be nonlinear or with intercept. The scatter plots also show heteroscedasticity. Second, 
there are over 5,000 strata formed by five grouping variables: minor group industries, type of legal 
organization, head or branch office, number of persons engaged, and area. (National Statistics Center, 2005) 
The strata sample sizes are likely too small. 
 

2. Alternative Regression models and Stratification methods 
We examine two types of alternative regression models, namely, log-linear regression and regression 

of variables per capita. The log-linear regression model is defined as follows. 

iii xy εββ ++= loglog 10  
where iy  is a financial value, for example, annual wages and salaries, ix  is a dependent variable, 
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for example, a number of employees, and i  indexes the establishments within stratum. The regression 

model of variables per capita is also defined as follows. 

ii
i

i x
x
y

εββ ++= 10 . 

For model selection, we develop a statistics to measure prediction performance in terms of imputation. 
The statistics is based on sum of squared relative prediction errors calculated with a method of 

cross-validation. The prediction error ∗
ie  for an establishment i  is ∗∗ −= iii yye ˆ  where ∗

iŷ  is a 

predicted value for the establishment i  using leave-one-out cross-validation. The relative prediction error is 

defined by 
i

ii
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y
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=
− ∗∗ ˆ

 because iy  is the true value and ∗
iŷ  is an imputed value in terms of 

imputation. The relative prediction error is zero if the imputed value equals to the true value. We develop a 

statistics ∗e
S to measure prediction performance totally. The statistics is computed as: 
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In addition, large relative prediction error indicates outlier. We can detect some outliers using the relative 
prediction errors. 

For stratification, we use automatic interaction detector method (AID) and quantification method. The 
AID classifies regression residuals into appropriate number of groups in which the sample sizes are large 
enough to estimate model parameters stably. The quantification method I is a kind of multiple regression 
with categorical dependent variables. The method shows the effects of the grouping variables as dependent 
variables of regression clearly. Only the significant variables form strata, so that the number of strata can be 
reduced. 
 

3. A Case Study 
We present an empirical comparison of the regression imputation for the wages and salaries data from 

the 2004 Survey on Service Industries. We use JUSE-StatWorks® software to analyze the data. For a 
medium group industry, “General eating and drinking places,” we compared log-linear regression with 

regression of variables per capita for the wages and salaries. The values of ∗e
S indicate that the log-linear 

regression is better than the regression of wages and salaries per employee (Table 1). 
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Table 1. Model selection using sum of squared relative prediction errors 

Type of regression 
Sum of squared relative 

prediction errors ∗e
S  

Log-linear regression 2180.01

Regression of wages and salaries per 
employee 

3046.49

 
In addition, the relative prediction errors obtained with the log-linear model are almost smaller than the 

corresponding errors obtained with the other regression (Figure 1). 
 

 

Figure 1. Relative prediction errors of two regression models: Log-linear regression (horizontal 
axis) and Regression of wages and salaries per employee (vertical axis) 

 
Next, we explain the stratification. This medium group consists of 12 minor group industries. There are 

about 600 strata formed by five grouping variables and about 250 strata contain only four establishments or 
less. We apply a single log-linear regression for the whole sample in this medium group. Then we apply AID 
to classify the regression residuals. The AID classifies the residuals into nine nodes in which the sample sizes 
are more than 200 each. Although the number of strata is reduced dramatically, we suspect the presence of 
subgroups in some nodes. Therefore we use the quantification method I to evaluate each grouping variables 
within regression models. The 12 minor group industries can be integrated into six significant categories, so 
that the number of strata reduces to half of the original number. 
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4. Conclusions and Further Works 
We have presented the alternative regression models, model selection and stratification. The empirical 

study has explored this method. Although the method performed well for some industries, we really want 
subject matter experts to examine outliers by means of the detailed knowledge for each industry. And, we 
need to develop multiple regression models in presence of multicollinearity. (Williams Thompson, 2004) 

The new Economic Census and a new monthly survey on service industries are planned in Japan. We 
consider whether the method can be used in the new surveys. 
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ABSTRACT 
The use of electronic questionnaires (e-quests) through the web is particularly stimulated by their 
low cost, the fastness of the answers and the quality of the collected data as an input for statistical 
software packages. Simultaneously, it has visual advantages which should not be underestimated. 
A good visual impact and friendly answer formats may increase response rates. The design of e-
quests deals with some issues which are common to traditional surveys based on paper versions 
(e.g. ordering and wording questions) but also adds new features such as screen layouts and 
navigational issues. Nevertheless, the design of survey instruments, using or not an electronic 
platform, remains a researcher-based work. Researchers cannot be substituted by IT experts or 
web designers. The design and implementation of a real e-questionnaire in September 2005 
offered a good basis for the analysis of the process behind the use of this research tool. Three 
main aspects are highlighted in this paper: a) the most important features of e-quests, including 
aspects often neglected; b) the issues relating to the graphic conception; and c) the process of 
design and test of the web gathering data system. Thus, this paper presents and discusses the 
process undertaken to design an electronic questionnaire for scientific purposes. The 
characteristics and advantages of e-quests are important remarks for academic researching. There 
is some recent discussion on this in the literature, particularly in medical-related research (e.g. 
Bushnell et al., 2003, VanDenKerkhof et al., 2005). Nevertheless, e-quests are powerful research 
tools in many scientific domains. Furthermore, a correct design and implementation of electronic 
questionnaires deserves a particular attention from researchers. 
 
1. Aspects often neglected in e-quests 
Web-based surveys are displayed on the World Wide Web (WWW). Electronic questionnaires 
are surveys that can be displayed on the WWW or through another electronic interface (Thomas, 
2004). Using e-mail, the e-questionnaire can be embedded into the body message or sent in an 
attached file. In such cases, the respondent answers the survey and sends it back through the same 
method or, alternatively, he/she can print it out sending the answered version by post to an 
address provided in the contact e-mail. This approach has several advantages when compared to 
questionnaires presented through paper versions but it does not solve all problems relating to the 
use of surveys in research projects.  
 
Generally, there are some weaknesses with this kind of approach, particularly, its potential 
incorrect coverage and sampling of the population. However, due to the fast increase in the use of 
the internet, these problems have been strongly mitigated. Thus, for a particular set of populations 
it is possible to argue that the internet coverage is very high. For example, it can be argued that 
nowadays a company, regardless of its size and industry, has to be connected to the internet. 
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Equally, it may be argued that with the adoption of some innovative practices, difficultly will 
occur in companies with a minimum amount of electronic skills, such as access to the internet and 
the use of e-mail. Thus, for that type of work, coverage might not be a problem. Moreover, for 
those who are contacted by e-mail but who are not skilled, able or simply comfortable to answer 
through this method, the contact e-mail should offer the possibility to ask for a paper version of 
the questionnaire from the contact e-mail and even from the electronic questionnaire. 
 
Two more aspects are often neglected in this kind of questionnaire, namely the measurement 
error and the non-response error. Measurement errors occur when respondents’ answers are 
different from their true value on the measure. Non-response errors occur when measurement is 
not performed on all units from the survey sample. The first problem arises from the poor design 
of questionnaires. Often electronic questionnaires are (partly) designed by people without a 
consistent knowledge about survey design (e.g. IT specialists who develop the application). The 
second question is related to premature abandonment of the questionnaire which can happen in 
the first step (when the invitation e-mail is received), during questionnaire’s answering or during 
the transmission process of the responses to a database.   
 
These potential problems can be reduced through several ways. In this particular research, poor 
wording and ordering issues were mitigated because the electronic questionnaire follows a 
previous paper version which was designed and iteratively revised in order to achieve a high 
quality survey. Moreover, the electronic questionnaire was developed by the researcher and only 
specific advice and contributions were obtained from an IT specialist.1 Thus, the design of the 
application, the coding of the answers, the design of the database, the transmission and the 
recording of the data into the database were completely ensured by the researcher. On the other 
hand, several strategies were used to reduce the level of premature abandon of the questionnaire. 
The e-mail message was as short as possible, emphasizing some features: the respondents were 
able to ask for a final report with the main results. Furthermore, they were offered two alternative 
ways to answer the survey. Two links were inserted at the end of the invitation email, one to the 
electronic questionnaire and another one to an electronic form which proceeded to ask for the 
paper version.  
 
The electronic questionnaire was developed using a software package (Flash MX from 
Macromedia) and it was completely designed since the beginning by the researcher without any 
use of previous templates.2 This option allowed the creation of a customised application with 
some important features which will be further explained. The design of the e-questionnaire was 
extremely time-consuming and required some IT skills but, it permitted total control of the 
process. The next sections present the main steps followed in the development of the e-
questionnaire, from the graphic conception to placing the electronic questionnaire available from 
the internet.      
 

2. Graphic conception 
There are always (even if slight) differences between the electronic and the paper version of a 
questionnaire. Generally, these changes represent apparent undamaging changes in the layout. 
However, they must be managed carefully in order not to influence respondents’ answers. They 
must avoid changes which may make the e-questionnaire longer or harder to complete when 

                                                      
1 This help was particularly relevant for the interconnectedness between the web application and the database and also 
for the design of the database.  
2 There are several commercial Web survey software packages. But they deal with specific solutions for customer, 
employee and marketing surveys instead of academic surveys. 
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compared to the paper version. The electronic version also should not suggest different 
expectations about the information which is required. 
 
In this research, the option was to present the questions grouped in different windows. Thus, the 
time consumed with the graphic conception was not as short as it would be if only one screen had 
been used for the entire survey. 3 However, the option for one screen implies frequent scrolling 
and for long surveys this may increase the abandonment rate. The organization of the questions 
on independent screens diminishes the first impact of the survey and permits that respondents can 
have a higher focus on each particular issue, while not being distracted by other questions.  
 
Therefore, survey questions were presented through twenty-one screens. This multiple-page 
approach has some advantages but also disadvantages. Using several screens, the perceived 
questionnaire’s length is reduced and it seems shorter. Moreover, finishing each set of questions 
and making the next window appear by clicking on the “next” button is intuitive for any internet 
and computer user. However, it could also imply some additional difficulties when compared to 
one-page electronic questionnaires. Response time may be longer if it implies additional 
downloads of html pages. Furthermore, without indicators of progress, respondents cannot 
estimate how much time they need to complete the survey. These two disadvantages were 
eliminated in our e-questionnaire because it is completely downloaded in the initial access and 
also because a progress indicator was inserted.   
 
Moreover, a good first impression is determinant for the success of an electronic questionnaire 
and it may increase the response rate. As well as with a paper version, the electronic version must 
be designed in order to be visually appealing. Questions and answer buttons must be correctly 
aligned and important buttons such as “next” and “submit” must be clearly visible. Respondents 
must understand clearly how they have to proceed to go to the next screen or next page. Finally, 
these procedures must be kept the same from the beginning to the end of the questionnaire in 
order to avoid appearing misleading. Because this, an effort was made to give a good presentation 
of the e-questionnaire. However, with more resources (particularly time) it would be possible to 
develop even more intuitive and more appellative solutions. Managing this trade-off is one of the 
important researcher’s tasks. In addition, the use of colours and different fonts and font sizes were 
managed carefully in order to enhance survey’s attractiveness but avoiding distracting 
respondents.  
 
Furthermore, for the majority of the questions the e-questionnaire uses “radio buttons” because 
such questions were measured through a Likert scale. In the last set of questions it also has “drop-
down boxes” and “text input boxes”. Drop-down boxes must be used when choice is considerable 
and radio buttons when there are a few possible answers. However, the design of drop-down 
boxes can be very hard if there is too much choice or the possibilities remain open. The use of 
“drop-down boxes” is one of the advantages of electronic questionnaires because in a simple way, 
and by not consuming space, it is possible to list a long set of alternatives. However, if typing is 
quicker than choosing from a “drop-down box” the best option is to ask respondents to insert the 
answer into an “input box”. These text input boxes must have enough space for the amount of 
information required, but no more than the necessary, otherwise such space can push respondents 
to erroneous interpretations.  
 
On the other hand, the use of a multi-window questionnaire was useful to ensure the validation of 
the answers during the data collection process. Control of non-response is much easier than in a 

                                                      
3 The one-page questionnaires were the first web-based surveys which appeared in the beginning of the 1990s. They 
allow respondents to view the whole questionnaire since the beginning.  
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one-page questionnaire. Multiple-page e-questionnaires permit to validate responses before the 
final submission of the questionnaire to the database.4 In this case, two main types of validation 
conditions were developed. Firstly, there was a check to see if the questions were answered 
before the switch to a new window. Secondly, there was a check to see if wrong or incompatible 
answers were introduced. To go to the next window it is necessary to answer all the questions 
presented in the current screen otherwise a message appears indicating which questions were not 
answered. Furthermore, the questionnaire was also programmed to check input errors during the 
introduction of the data. For example, if the sum of the firm’s capital was not equal to 100% a 
message appeared saying that there was such error and asking for a correct introduction of the 
data. These procedures improve data quality and save time in data preparation. The next figure 
shows one of these validation conditions. 
 

3. The database  
Connecting the electronic questionnaire to a database is a crucial and very demanding task. 
Firstly, the database must be designed according to the structure adopted by the variables coded 
in the e-questionnaire. Secondly, it is necessary to do some programming work in order to 
connect the questionnaire to the database. In this case, the electronic questionnaire was connected 
to a mysql database using php language. The mysql database was always accessible through the 
web and after the data collecting phase, the recorded data was directly exported to a spreadsheet 
file. However, to ensure that the data will be correctly saved into the database, several tests were 
performed. Firstly, they simulated several responses to the questionnaire and submitted them. 
Secondly, the answers introduced in the database were cross-checked in order to ensure that the 
collecting process was working correctly. Finally, an additional feature was developed in order to 
prevent any problem with the database recording system and/or with access to the database. 
Every time a questionnaire was submitted, an email would  automatically be sent to the researcher 
saying in its subject “questionnaire sent” and containing into the message body all the data 
between commas (“,”) in order to be easily exported (if necessary) to a spreadsheet. This 
procedure also allowed the researcher to follow the level of responses without accessing the 
mysql database. 
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4 Multi-window questionnaires can be even adaptive. Initial answers can drive the order or evolution of next survey’s 
questions. 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 5007 -



Comparisons of Delivery Methods in a Survey Distributed by 

Internet, Mail, and Telephone 
Lesser, Virginia 
Oregon State University, Statistics Department 
44 Kidder Hall 
Corvallis, Oregon  97331-4606 
E-mail: lesser@science.oregonstate.edu 
 
Newton, Lydia 
Oregon State University, Survey Research Center 
44 Kidder Hall 
Corvallis, Oregon  97331-4606 
E-mail: newton@science.oregonstate.edu 
 
 
 
1. Introduction 
 
Survey literature suggests that survey nonresponse is increasing (Kojetin and Tucker, 1999; Hox and de 
Leeuw, 1999).  De Leeuw and De Heer (2002) provide an analysis of trends in household survey 
nonresponse across a number of countries.  In an analysis combining data across 16 countries, the authors 
found that both nonresponse and noncontacts are increasing based on different types of official government 
surveys that were regularly conducted between 1980 and 1997.  The authors state that there is ample 
empirical evidence that response rates are declining internationally.   
 
Since the De Leeuw and De Heer paper was presented at the International Conference in Survey 
Nonresponse in 1999, there have been further concerns about the biases in telephone surveys.  The response 
rate for the Behavioral Risk Factor Surveillance System (BRFSS), the largest state-based random digit 
dialing telephone (RDD) health survey in the United States, dropped 12 percentage points from 1996 to 2001 
(Link, 2003).  In the United States, there is an increasing number of households with only wireless 
telephones. Mobile phone numbers are not routinely included in RDD samples.  Blumberg and Luke (2007) 
point out that most major survey research organizations, including the National Center for Health Statistics, 
do not include wireless telephone numbers when conducting probability surveys using random digit dialing 
telephone surveys.. During the first 6 months of 2006, one out of eight American homes did not have a 
landline telephone (Blumberg and Luke, 2007).  In addition, the users with only mobile phones are not 
random.  Many young rather than old are mobile phone only users.  Therefore, the mobile phone only 
users are not representative of the US population.  Consequently, there is some concern that a random digit 
dialing telephone survey may not consist of a representative sample of households in the US.  The number 
of mobile-phone-only users is expected to increase to further complicate the representativenss of the 
telephone probability sample.   
   
Increasingly, the use of the web is more attractive to conduct surveys.  For example, in the United States 
(US) there is a rapid increase in number of households going online, from 26% in 1998 (Couper, 2000) to  
nearly 75% in 2004 that have internet access at home (Nielsen/Netlinks Survey, 2004).  Eighty percent of 
the general population of Sweden has access to the internet (Kaplowitz, Hadlock, and Levine, 2004). In 2002, 
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approximately 30% of respondents in a face-to-face interview conducted in Germany identified themselves 
as internet users (Faas and Schoen, 2006).  With the increase in the number of internet users, there is an 
increasing rate of reported research investigating web surveys. A recent issue of the Journal of Official 
Statistics concentrated on web surveys (June 2006).  One focus in the literature deals with comparing 
response rates between web and other survey modes (Cobanoglu, Warde, and Moreo, 2001; Shannon and 
Bradshaw, 2002; Kaplowitz, Hadlock, and Levine, 2004).  Kaplowitz, Hadlock and Levine (2004) showed 
that, in a study of Michigan State University undergraduate, graduate and professional students, the mail 
response rate was higher (31.5%) than any of the contact approaches using a Web survey (Response rate 
ranged from 20.7%-29.7%).  
 
In the United States, the Oregon Department of Transportation (ODOT) has conducted repeated surveys of a 
random sample of Oregon residents to ask their opinions on a number of issues related to transportation in 
Oregon.  In the seven surveys that have been conducted since 1993, all studies collected data by telephone 
interviews.  Given the concerns of a random digit dialing approach to obtain a representative sample of 
Oregonians, it was of interest to determine whether other alternative modes of survey data collection for this 
repeated survey would provide a more representative sample with high response rates. 
 
2. Methods 
 
In Fall 2006, a study was conducted by the Oregon State University Survey Research Center (OSU-SRC) to 
compare three modes of data collection.  In each mode, a stratified random sample was selected using 
geographic region as the stratifying variable.  The first approach replicated the telephone mode used in 
previous surveys.  Completed surveys for 1,000 households were obtained, with 200 completed interviews 
in each of five regions.  Random digit dialing was used to obtain a telephone number, and a telephone 
interview was conducted.   The telephone numbers were obtained using the random digit dialing sampling 
frame prepared by the Genesys Sampling Company.  In the other two approaches, mailing addresses were 
obtained from the US Postal Service (USPS) through the Genesys Sampling Company.  The household 
addresses were obtained using the delivery sequence file (DSF) which is a computerized file that contains all 
delivery point addresses serviced by the USPS.  In the second approach, all contacts were made by mail.  
The paper questionnaire was mailed to 1,335 household addresses.  In the third approach, a web/mail 
approach, a letter was sent to 1,770 households that provided a pin number for them to complete the survey 
on the web.  The pin number was provided so that only one questionnaire could be completed by that 
household.  A paper version of the questionnaire was sent to all nonrespondents in both the mail and 
web/mail groups.  In order to improve response rates for both the mail and web/mail approaches, a preletter 
was sent to alert the respondent to the upcoming survey. Up to four contacts were sent for each of the mail 
and web/mail approaches.   
 
3. Results 
 
As indicated above, the mail and web/mail versions included a preletter.  The mail and the web/mail 
addresses were further divided into two groups.  One half received a preletter from ODOT while the other 
half received the preletter from the OSU-SRC.  For both the mail and the web/mail mode, the preletter 
using ODOT envelopes and letterhead resulted in a higher response rate than the preletter from the OSU-
SRC.  All other letters came from the OSU-SRC.  Completion rates were also computed after the 
undeliverables, those that were deceased or moved out of state, were removed.  These adjusted response 
rates for each mode are shown in Table 1.  The telephone response rate (RR3) was computed using the 
American Association of Public Opinion Research codes.  The response rate was 30.0%.   
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The data for each mode were analyzed incorporating sampling weights, nonresponse weights and post-
stratification weights. Frequency analyses were computed for all closed-ended questions.  A chi-square test 
was used to compare differences across modes using survey procedures provided in the SAS software. P-
values for 50 of the 68 chi-square tests comparing the responses across the three modes for the closed ended 
questions were less than 0.05.  However, there were just 6 p-values out of 68 tests that were less than 0.05 
when testing mail versus the web/mail approach. Comparisons of item nonresponse will also be discussed.     
 
 
Table 1: 2007 ODOT Survey Response Rates.   
 

Mode       Sample Size      Response Rate 
MAILa  
  ODOT Preletter  670   34.0% 
  OSU-SRC Preletter  665   29.8% 

 WEB/MAILa 
  ODOT Preletter  835   24.5% 
  OSU-SRC Preletter  835   20.3% 
TELEPHONEb    6445   30.0% 

 ____________________________________________________________ 
 a Adjusted response rates 
 b American Association of Public Opinion Research, RR3. 
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RÉSUMÉ (ABSTRACT) 

 Increasingly, the Internet is becoming more attractive as an alternative mode to conduct surveys.  A study was 
conducted in 2006 comparing results obtained from three survey modes including the Internet, telephone and mail 
surveys.  All three modes were based a random sample of Oregonian residents.  Response rates across all modes 
indicated that the mail survey provided the highest response rates.  Differences were noted in the responses obtained 
across the three survey modes.    
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Introduction 

 

When no further information is available, it is generally assumed that the probabilities of death of 

different persons are independent. This assumption is often used, for instance, in actuarial calculus. 

Given m persons aged x1, x2, ... , xm  , the joint survival probability is expressed as: 

 

  npx1x2... xm   =   npx1 npx2  ...  npxm 

 

     and the probability of at least one person surviving alter n years is given by: 

 

 

   1 -  (1-npx1) (1- npx2) ...  (1- npxm) 

 

Nevertheless the probabilities of death of relatives seem to be dependent. Relatives tend to share 

genetic information, live in the same households, travel in the same vehicles, etc. Therefore it is 

reasonable to think that their fates are no independent. 

 

Methodology 

 

Birth histories in fertility surveys are data bases that provide information of several individuals that can 

be linked. Thus, mortality of a child can be analysed according to the survival status of a sibling. 

 

Let x and y be the ages of an older and a younger succesive siblings (obviously x > y ). The 

unconditional probability of the younger dying is: 

 

 

 Pr { younger sibling dead } = q(y) = yqo 
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The conditional probability of the younger being dead, given that the older died  is: 

 

 Pr { younger sibling dead | older sibling died }  =  qc(y) 

 

 

 The factor of dependence is simply: 

 

  qc(y) 

 fy   =  ____________ 

  q(y) 

 

 

In this paper we used data from the World Fertility Survey. The countries analysed are Bangladesh, 

Lesotho and Kenya. 

 

Findings 

 

The conditional probability of death of a child, given that his/her preceding sibling died, is higher than the 

unconditional probability. Accordingly, the conditional probability of death of a child, given that his/her 

preceding sibling is alive, is below the unconditional probability. This finding is observed in the three 

countries studied (see Tables 1, 2 and 3). 

 

 

 

Table 1 

 

 

Probabilities q(y), q(χ(y)), q(χ(y);y), qc(y) and dependence 

 factor fy according to the age of the younger  sibling 

 

 

    Bangladesh 

 

    Age  q(y) q(χ(y))   q(χ(y);y) qc(y)       fy  

   

1 0,1331 0,2287 0,0486 0,2124 1,595 

2 0,1597 0,2445 0,0575 0,2352 1,473 

3 0,1823 0,2546 0,0663 0,2603 1,428 

4 0,2025 0,2634 0,0746 0,2834 1,400 

5 0,2132 0,2688 0,0793 0,2949 1,383 
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Table 2 

 

 

Probabilities q(y), q(χ(y)), q(χ(y);y), qc(y) and dependence 

 factor fy according to the age of the younger  sibling 

 

 

    Lesotho 

 

    Age  q(y) q(χ(y))   q(χ(y);y) qc(y)       fy 

   

1 0,1174 0,1773 0,0387 0,2181 1,858 

2 0,1432 0,1815 0,0457 0,2519 1,760 

3 0,1552 0,1854 0,0489 0,2638 1,700 

4 0,1627 0,1872 0,0509 0,2719 1,671 

5 0,1666 0,1883 0,0518 0,2749 1,650 

 

 

 

Table 3 

 

 

Probabilities q(y), q(χ(y)), q(χ(y);y), qc(y) and dependence 

 factor fy according to the age of the younger  sibling 

 

    Kenya 

 

    Age  q(y) q(χ(y))   q(χ(y);y) qc(y)       fy 

   

1 0,0930 0,1634 0,0304 0,1862 2,003 

2 0,1226 0,1713 0,0402 0,2346 1,914 

3 0,1403 0,1770 0,0463 0,2617 1,864 

4 0,1517 0,1809 0,0496 0,2743 1,808 

5 0,1573 0,1836 0,0513 0,2793 1,776 
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Conclusions 

 

For children under 5, the conditional probabilities are between 1.5 and 3 times higher than the 

unconditional probabilities. 

 

In populations with low infant mortality the dependence factors tend to be higher; i.e. child mortality 

concentrates in relatively few families. 

 

Policy implications 

 

New born children in families with a deceased child should be kept under special surveillance. 

 

In low mortality populations the surveillance in few families can produce an important relative effect. 

 

Lines of research 

 

It is likely that widows and widowers experience mortality above average. 

 

Mortality by certain causes must be higher among relatives of people who died for those causes. 

Especially when genetic factors are involved. This facts that we know, should be analysed in depth. 
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ABSTRACT

Brazil is has one of the countries with the highest number of AIDS cases in the World, besides
its high incidence rates evolution shows stabilization, in part, due to the impacts of politics and
governmental and non-governmental actions, behavior change and saturation of the population under
risk. The spatial dissemination of AIDS in Brazil does not evolve and distribute homogeneously
between Brazilian regions. It observed a process of spreading to the interior of the country, the
loss of the feature resulting from homosexuals relationships and relationships with prostitutes, is
spreading through heterosexuals relationships involving women and increasingly embracing the more
socially vulnerable. The main objective of this paper is to identify profiles of vulnerability to the
infection by HIV of the populations of Northeast and Southeastern Brazilians regions, constructed
from individual aspects associated to the set of personal attributes and behavior of the individuals, as
well as social features of the communities they live in. The theoretical guideline for the construction of
this typology is based on the proposal of Mann et al. (1993), using the statistical method of Grade of
Membership (GoM) for the establishment of the profiles. The results points to lower vulnerability of
the Southeast which comprises pockets of lesser vulnerability, mainly represented by the state capitals.
In the Northeast it was observed great expansion of AIDS, standing out the situation of raised risk
of infection in the Region. In the absence of strategies of risks reduction and social change, those
areas could became in the future in an important epidemic focus of AIDS. The characterization of
these profiles subsidies the formularization of politics of confrontation to the epidemic that consider
not only the geographic spaces but also the specific necessities of the identified social groups in the
profiles.

Keywords. HIV/AIDS, BRAZIL,VULNERABILITY.
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ABSTRACT

The paper analyzes the age-sex structure evolution in Brazil using 1960 to 2000 Brazilian Population
Censuses data, and also 1992 to 2005 National Household Surveys data. The changes in the levels
and timing of fertility and mortality affect the size of the successive age cohorts. The consequences
of those changes are the Demographic Discontinuities The impact of the waves of young people on
the composition of labor market is evaluated and the consequences in the socioeconomic scenario,
indicating the interaction between demographic phenomena and the economic and social context.

Keywords. Demographic discontinuities; population census; young waves.
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Demographic age structure of the population in Serbia has dramatically changed in recent several 
decades. At the end of the 20th century populations of Central Serbia and Vojvodina found themselves at the 
real verge of demographic old age. According to the results of 2002 Census in Serbia, the process of ageing 
affected to the highest extent the low-natality regions of Central Serbia and Vojvodina. The recorded share of 
the young population (22.4%) was the smallest, and the share of the old population (22.4%) was the highest 
in the past half century. Young population, up to 20 years of age, constitute less than one quarter of 
population (22.7% in Vojvodina, and 22.1% in Central Serbia), and one in 5 inhabitant is older than 60 years 
(21.8% of total population in Vojvodina, and 23.4% in Central Serbia).(RZS, 2002) 

The population in Serbia is globally getting older, but not all the regions of the country are showing 
the same tendency. In order to gain a better insight into regional differences in the reached demographic age, 
165 municipalities in Serbia (120 in Central Serbia and 45 in Vojvodina) are classified into one of seven 
predefined (according to demographic theory) age stadiums, based on the values of five different indicators 
of demographic age of the population.  

The population of vast majority of municipalities falls in the oldest age stadiums. Having this in mind, 
it would be useful to analyse the problem in more details and, eventually, to form a new typology of the 
stages of demographic age. The basis of the proposal for the new typology can be found in the results of the 
cluster analysis (Kovacic, 1998), performed on the same data used for the determination of the reached age 
stadium defined in the demographic theory. In this paper will be presented some results of such an analysis 
and some proposals will be given. 

 
1. Stages of Demographic Age 

In order to gain a better insight into regional differences in the reached demographic age, especially of 
population of smaller territorial units, the population has been classified into various types of age structure. 

The classification into stages of demographic age has been performed by recognizing the values of 
five different indicators of demographic age of population and their combining. These indicators of 
demographic age of population are the following:  

 
– Average age,  
– The share of population below 20 years of age,  
– The share of population below 40 years of age,  
– The share of population aged 60 years and above and  
– The index of ageing as a ratio of share of old and young population.  
 
On the basis of the values of the chosen indicators, all populations can be classified into one of seven 

stages, according to the reached demographic age. The stages are: 
 
1. Early demographic youth; 
2. Demographic youth; 
3. Demographic maturity; 
4. Threshold of demographic old age; 

5. Demographic old age; 
6. Deep demographic old age and 
7. The deepest demographic old age. 
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Criteria for the determination of the population’s demographic age stadium are given in Table 1.  
 
Table 1. Stages of demographic age and criteria to determine them 

Indicators of demographic age of population  
Stages of demographic age Average age 

(years) 
Less than 20 
years(%) 

Less than 40 
years(%) 

 60+ years 
old (%) 

Index of 
ageing 

1. Early demographic youth Up to 20 58+ 85+ Up to 4 Up to 0.07 
2. Demographic youth 20-25 50-58 75-85 4-7 0.07-0.14 
3. Demographic maturity 25-30 40-50 65-75 7-11 0.14-0.28 
4. Threshold of demogr. old age 30-35 30-40 58-65 11-15 0.28-0.50 
5. Demographic old age 35-40 24-30 52-58 15-20 0.50-0.83 
6. Deep demographic old age 40-43 20-24 45-52 20-25 0.83-1.25 
7. Deepest demographic old age 43+ Up to 20 Up to 45 25+ 1.25+ 

 
According to the values of the chosen indicators, the population of Central Serbia and Vojvodina, 

which, in mid 20th century was in demographic maturity, found itself in the stage of deep demographic old 
age in 2005. (Table 2.) (Penev, 1997; RZS, 2007).  

 
Table 2. Demographic age of the population in Central Serbia and Vojvodina, 1948 -2005. 

 1948 1953 1961 1971 1981 1991 1996 2000 2005 
Central Serbia 3 3 4 4 5 5 6 6 6 
Vojvodina 3 4 4 4 5 5 5 6 6 

The fact that population crossed from lower into the higher stage of demographic age, substantiates the 
previous conclusion concerning the progress of the ageing process, as a basic characteristic of change of the 
age structure of population of the mentioned regions in the past fifty years.  

 
2. Demographic Age of the Population of the Municipalities in Serbia  

Classification of the municipalities of Central Serbia and Vojvodina is performed on the basis of 
previously described criteria, for the 1991 and 2002 Census data and estimates made by Serbian Statistical 
Office for the years 2000 and 2005.(Sekulic, Delic, 2004; RZS, 2007) The results are given in Table 3.  

 
Table 3. Distribution of municipalities according to stage of demographic age  

 
Central Serbia 

 
Vojvodina 

 
Stage of demographic age 

1991 2000 2005 1991 2000 2005 
1. Early demogr. youth - - - - - - 
2. Demographic youth - - - - - - 
3. Demographic maturity 3 2 1 - - - 
4. Threshold of demogr. old age 10 3 3 - - - 
5. Demographic old age 54 19 10 38 18 7 
6. Deep demogr. old age 37 68 71 7 27 38 
7. Deepest demogr. old age 10 23 35 - - - 
Municipalities - total 114 115 120 45 45 45 

 
From the presented results it can be seen that the population of the vast majority of municipalities in 

Central Serbia in 2005 belongs to the stage of demographic old age (116 municipalities out of 120).  
The municipalities of Tutin, Presevo, Novi Pazar and Bujanovac, belonging to the stages 3 and 4, have 

the youngest population in Serbia, with majority of population being of Albanian or Muslim nationality. All 
35 municipalities whose population is already in the stage of the deepest demographic old age (12 
municipalities more in comparison with 2000) are located in Central Serbia. Population of municipalities 
Gadzin Han and Crna Trava are convincingly the oldest populations in the entire country. The average age of 
population of these municipalities in 2005 was 50.4 in Gadzin Han and 52.4 years in Crna Trava, the share of 
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young population up to 20 years was 15.54% for Gadzin Han and even 12.32 for Crna Trava, while the share 
of 60+ population was thrice as much (44.65% and 46.55).  

The age structure of the population in Vojvodina is very homogeneous. It can be mentioned that the 
population of the municipalities in this part of Serbia is divided in two stadiums- 5. Demographic old age 
and 6. Deep demographic old age for the last 15 years. The municipalities are passing from younger to older 
stage continuously so that the structure of 38 municipalities in stadium 5. and 7 municipalities in stadium 6. 
in 1991 has passed to the opposite, 7 in stage 6. and 38 in stage 7. in 2005. (Table 3.)  

 
3. Cluster Analysis  

From the results presented in Table 3. the tendency of gathering of the municipalities in one or two of 
seven defined stages of demographic age can be observed. The population of 109 (out of 165) municipalities 
in Serbia belongs to the stadium 6. Deep demographic old age in 2005, while there are five stages with only 
21 belonging municipalities.  

In order to observe the differences in demographic age structure of the municipalities in Serbia in 
more details, the municipalities are clustered by the means of K-mean algorithm. (Norusis, 1990)  

Here will be presented some results of such an analysis.   
Municipalities are clustered in 5 clusters, based on variables regarding demographic age of the 

population, 2005 predictions, already used for the analysis described in previous sections. Number of 
clusters is chosen to be 5, because that is the number of age stadiums noticed in Serbia. The analysis is 
performed in SPSS and initial cluster centers are given in Table 4. 
 
Table 4. Initial cluster centers 

Cluster  
1 2 3 4 5 

Average age (years) 28.51 42.91 48.25 50.40 52.40 
Less than 20 years (%) 43.63 20.95 16.05 15.54 12.32 
Less than 40 years (%) 71.89 44.72 35.78 33.12 27.98 
60+ years 10.87 26.50 37.66 44.65 46.55 
Indeks of ageing 0.25 1.26 2.35 2.87 3.78 

Clustering is finished in 13. iteration. Final cluster centers are given in Table 5.  
 

Table 5. Final cluster centers 
Cluster  

1 2 3 4 5 
Average age (years) 30.26 35.79 40.34 43.24 49.07 
Less than 20 years (%) 39.63 29.66 22.50 20.65 15.56 
Less than 40 years (%) 69.08 57.78 49.04 44.50 34.62 
60+ years 12.05 16.70 21.81 27.95 39.42 
Indeks of ageing 0.31 0.57 0.97 1.36 2.58 

 
Distribution of the municipalities of Central Serbia and Vojvodina, obtained in cluster analysis, is 

given in Table 6. In the same table, the new results of cluster analysis can be compared to these obtained 
from the classification described earlier, based on the demographic theory. New clusters can be considered as 
the proposal for the new definition of the stadiums of demographic age.  

Clusters’ minimal and maximal values for the variables used in the analysis are given in Table 7. They 
can be compared to the values from the Table 1. 
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Table 6. Distribution of the municipalities acordin to the clusters analysis  
Central Serbia Vojvodina 

Cluster Cluster 
Demographic 
age stadium 

1 2 3 4 5 1 2 3 4 5 
3. 1 - - - - - - - - - 
4. 2 1 - - - - - - - - 
5. - 2 8 - - - 1 6 - - 
6. - - 54 17 - - - 33 5 - 
7. - - - 28 7 - - - - - 

 
Table 7. Clusters’ minimal and maximal values 

Cluster 
1 2 3 4 5 

 

min max min max min max min max min max 
Average age (years) 28.51 32.16 32.82 37.61 38.10 41.97 41.78 45.73 47.44 52.40 
Less than 20 years (%) 36.70 43.64 26.97 33.21 18.12 27.59 15.88 23.25 12.32 17.19 
Less than 40 years (%) 60.05 71.88 53.87 63.52 46.44 53.40 40.07 47.69 27.98 37.12 
60+ years 10.87 14.13 12.69 18.72 17.34 25.76 23.28 35.44 34.05 40.55 
Indeks of ageing 0.25 0.38 0.38 0.69 0.74 1.25 1.11 1.77 2.10 3.78 

From the presented results, the differences in two classifications can be observed, but the fact that the 
populations of majority of the municipalities in Serbia are really in very deep demographic old age is 
dominant impression from the results. Majority of 151 municipalities belong to two clusters with very close 
values of all indicators used in the determination of the demographic age of the population.  

However, there are some interesting results of cluster analysis to be reconsidered in more details. 
Populations of seven demographically “youngest” municipalities in Serbia are clearly distinguished and 
belong to the clusters 1. and 2. Seven “oldest” populations in cluster 5. are extracted from the stadium of the 
deepest demographic old age and the data in Table 7. regarding this cluster suggest good reason for the 
redefinition of the criteria given in Table 1. For example, minimum average age for cluster 5. is 47.44, 
maximum for cluster 4. is 45.73, while the criteria for the stadium of the deepest demographic old age for 
this indicator is 43+.  

  
4. Conclusion 

The fact is that the population passed from the lower to the higher stage of demographic age, and that 
population of vast majority of municipalities falls in the oldest age groups (age categories according to 
demographic theory). Having this in mind, it would be useful to form a new typology of the stages of 
demographic age, the purpose of which would predominantly be a more precise classification of the oldest 
categories. The aim of the new criteria for determination of the stage of demographic age would be to stress 
the differences among the populations which have generally entered demographic old age. The basis for the 
determination of new criteria can be found in the results of cluster analysis.  
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Introduction 
Relation between the population changes and the demographic structure is 

evident. Biological, social-economic and other factors have the influence on the 
components of population changes (births, deaths, migration). At the same time, these 
factors have the influence on the change of demographic structure (Breznik, 1972). 
There is high correlation between the demographic structure and the population 
changes.  

The goal of the paper is to examine and to present the character of changes of 
main demographic components in population development (live births, deaths, per 1000 
inhabitants) in Republic of Serbia in the period of 57 years. Changes in natality or 
mortality can produce the changes in population age structure (Preston, Heuveline, 
Guillot, 2002). According to the investigation of population changes in FR Yugoslavia 
during the period after the World War II till 1991, the process of population aging was 
the most intensive in Central Serbia and Vojvodina (Penev, 1997). According to the 
same author results, the decline in fertility and changes in mortality in that period have 
had significant influence on the population changes of FR Yugoslavia, particularly from 
1961 to 1991.  

Data and Methods 
The analysis of population changes of Serbia is based on the data for the 

indicators of natality and mortality. The source is time series data for live births and 
deaths (per 1000 inhabitants) in the period of 57 years. The published statistical data for 
Serbia (Central Serbia and Vojvodina) relate to the period 1947-2003. 

The most demographic time series as number of inhabitants, birth rate, death 
rate, natural increase, are nonstationary as their mean and sometimes variance change 
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over time. General direction in which time series move is called trend. One of the 
important questions in analysis of time series is to establish the character of trend. 
Three main approaches in modelling trend are: 1) deterministic (DT), 2) stochastic (ST) 
and 3) combination of deterministic and stochastic (DST). Deterministic approach 
model long-run behaviour of time series as a deterministic function of time, usually as a 
polynomial or growth curves (Gompertz curve, logistic), and model the fluctuations 
about the trend as a stationary and invertible autoregressive moving-average (ARMA) 
process. The model of logistic regression is very often used in demographic analysis 
(Alho,Spencer, 2005). According to the same authors, even if a time series is 
nonstationary, it can have demographic application, if variance of errors is small (Alho, 
Spencer, 2005). The intention of the analysis is to try to adjust original time series data 
to nonlinear regression models of the type of logistic and Gompertz curve. These types 
of the curves are very suitable for the analysis when the original series are increasing or 
declining, with decreasing or constant ratio of changes (Croxton, Cowden, Klein, 1968). 
The general logistic is used in population studies to relate number of species (Y) to time 
(X) (Neter, Wasserman, Kutner, 1985). 

A second approach is to consider the trend as stochastic. If the difference of 
order d of time series, denoted as I(d), is a stationary and invertible ARMA process, the 
corresponding generating process ty  is called difference stationary (DS). If an intercept 
or drift and deterministic time trend are included in model the process is combination of 
deterministic and stochastic (DTS). The presence of stochastic trend may be established 
by means of unit root tests. In last two decades a great number of unit root tests were 
developed (Mills, 1999). 

The emphasis in this paper is to find out the adequate model which could be 
suitable for the empirical time series data of demographic indicators. The character of 
trend was established by means of Augmented Dickey-Fuller (ADF) test. Beside 
models of stochastic trend the models of logistic regression (s-shaped or inverse s-
shaped), generalized logistic model (with additional shape parameter a) and model of 
Gompertz curve (asymmetrical s-shaped curve) are used.  
 
Results 

The results of ADF unit root test applied on time series of birth and death rates 
for Central Serbia and Vojvodina (Table 1) show that null hypothesis of presence of the 
unit root (stochastic trend are not rejected. 
 
Table 1. Results of unit root tests 
 

Region Rates t-Statistic Probability 
Central Serbia  Death rate -1.524393 0.8091 
Central Serbia  Birth  rate -1.689522 0.7429 
Vojvodina Death rate -1.239522 0.6510 
Vojvodina Birth rate -2.278942 0.1822 

 
The original data series for death rates, both in Central Serbia and Vojvodina, 

show a declining tendency in the first sub-period (1947-1966) and the increasing 
tendency in the second sub-period (1967-2003). The results of the estimated models 
that are com- bination of deterministic and stochastic trend are presented in  Table 2. 
and Table 3. 
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The standard errors (SE) and coefficients of determination (R2) of deterministic 
trend models estimated for two sub-periods are very close. The generalized logistic 
curve (Figure 1) in almost all cases has the highest R2. 
 
 
Table 2. Results for model of  tm∆  for Central Serbia 

Variable Coefficient Std. Error t-Statistic Prob. 
C -0.287883 0.116120 -2.479196 0.0164 
T 0.010522 0.003440 3.058718 0.0035 

AR(1) -0.315977 0.121406 -2.602648 0.0120 
 
 
Table 3. Results for model of  tm∆  for Vojvodina 

Variable Coefficient Std. Error t-Statistic Prob. 
C -0.770042 0.082804 -9.299631 0.0000 
T 0.051156 0.006364 8.038270 0.0000 

T*T -0.000667 0.000104 -6.380022 0.0000 
MA(1) -0.699747 0.098498 -7.104145 0.0000 

 

 

The birth rates show declining trend in the whole period with decreasing 
variance, both in Central Serbia and Vojvodina. The random walk model for mean and 
GARCH model for variance passes all applied tests of model adequacy (non-
significance of autocorrelations and partial correlations of model residuals). The 
standard errors (SE) and coefficients of determination (R2) of deterministic trend 
models of birth rates are very close. The highest R2  was for Gompertz curve in the case 
of  Central Serbia (Figure 2) and logistic curve for Vojvodina. 
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Figure 1. Generalized logistic model  for death rates of Vojvodina 
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Figure 2. Gomperz model  for birth rates of Central Serbia  

Conclusions 
The aim of this paper was to establish the character of trend in time series of 

birth and death rates in Central Serbia and Vojvodina  (1947-2003). All unit root tests 
applied in order to distinguish between stochastic and deterministic trend support the 
presence of stochastic trend. The models of stochastic trend were estimated and 
compared with deterministic growth curve models: Gomperz, logistic and generalized 
logistic curve. In almost all cases Gomperz and logistic models fit the data equally well. 
Although there is substantial difference among TS and DS series the character of time 
series can not be established by visual inspection as they behave similarly in short run. 
Both processes are nonstationary in level and the first differences of these processes are 
stationary. In the case of DS series shocks have permanent effect on the level of of the 
series, while such shocks only have a transitory effect for TS series. The long path of 
TS series is deterministic. The DS time series have forecast error variance that tends to 
infinity, while for TS series it converges to constant. The multistep ahead forecast 
intervals of the DS process are much wider than those of the TS process, especially for 
long horizons. 
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1. Introduction 
Marital status is one of the main variables in demographic studies. Economic activities or even social 

rules have been strongly related to marital status, especially for women. Nowadays, even though this relation 
is less important, it still exists; also, the total populational in each marital status has different impacts in 
social security benefits, as well as in other areas of public politics (Lazo, 2002, p.2). 

Transitions among marital statuses or patterns of formation and dissolution of unions serve as 
indicators of social structure of the population and its potential growth. Thus, demographers consider the 
analysis of patterns and tendencies of nuptiality of great importance, since marital status is one of the main 
aspects of population heterogeneity. It is well known that people in different marital statuses may have 
different patterns of migration, mortality or fertility.  

Descriptive statistics provide a general view of nuptiality patterns and also measure changes in these 
patterns along the time. On the other hand, questions as: which is the life expectancy of the population in 
each marital status, which is the probability that a marriage ends in divorce, are not easy to be answered. In 
this sense, Schoen (1974) argues that life tables are effective tools for the analysis of demographic 
phenomena that can be observed in terms of a cohort.   

In this paper, multi-state life tables are calculated to analyze the legal nuptiality in Brazil and also to 
deepen the study in this subject once this methodology is not very diffused and used in the country. Two 
hypothetic cohorts, male and female, are considered; both are exposured to mortality, marriage, divorce, 
judicial separation and widow rates. These rates are calculated from data available from the demographic 
census and the civil register statistics for the year 2000. Legal nuptiality consists on civil marriages, civil and 
religious marriages, judicial separations and divorces. Therefore, in this article, the life tables considered do 
not include religious marriages, consensual unions and non-judicial separations.  

The multi-state model used considers the civil status of the population and the feasible transitions 
among them. Figure 1 presents, schematically, the multi-state model considered for brazilian legal nuptiality, 
taking into account the five marital status categories used in the census.  
 

Figure 1 – Multi-state model for brazilian legal nuptiality  
 

 
 

According to Figure 1, it can be observed that the arrows indicate the direction of the transitions and 
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that the initial state is the single one. Also from Figure 1, it can be observed that a divorced or a widowed 
person can marry again, however a person that is judicially separated needs to get its divorce before a new 
legal marriage, this happens due to brazilian legislation. The model considered, then, establishes the number 
of states and also, how many and which transitions are possible among them.  

In this paper is used a more refined method for constructing the multi-state life table, mean duration at 
transfer, that has been indicated by Schoen (1988) for data aggregated in five years age groups, instead of the 
more usual and simple linear method. Since not all deaths that occur in Brazil are registered, it is necessary 
to use correction factors for the distribution and volume of deaths in order to get data more close to reality. 
Mortality correction factors used in this paper were estimated by Albuquerque (2005). 

It should to be mention that Freire et al. (2006) studied legal nuptiality in Brazil considering multi-
state life tables using the linear method and correction factors for mortality presented in Carvalho et al. 
(1999).  
 

2. General Characteristics of Nuptiality in Brazil 
According to Lazo (2002), during the last years, in particular from the 1980’s on, has been observed 

an increase of consensual unions that are slowly substituting legal unions in the preference of brazilian 
couples. This change can be shown through census data: in the year 1980, from all unions, 11.8% were 
consensual unions; however, in the year 2000 this percent was 28.6%. In the same period, civil and religious 
marriages decreased from 63.8% to 49.4%. This change reflects the decrease of the total nuptiality rate from 
8.0 per thousand to 4.3 per thousand, in the same period.  

With respect to legal marriage status and divorce status for the year 2000, census data shows that 
Brazilian men and women legally married are 43.3% and 41.6%, respectively; however, the Brazilian on 
factual marriage state, which include consensual unions and only religious unions, are 56.6% (for both 
sexes). On the other hand, analysis of data source shows that the proportion of men and women in single 
civil state are 51.2% and 45.5%, respectively, which are higher than the proportion of persons who declare 
that have never lived in a union (34.0% for both sexes). In the separate, divorced and judicial separation 
status are observed higher proportions of female than male population (4.7% and 3.6%, respectively). It is 
also observed higher proportions of women in widow status (8.3% versus 2.0% of widower). These results 
may reflect different probabilities by sex for widowhood, remarriage or both factors. These hypotheses are 
discussed in more details in the analysis of multi-state life table results.   
 

3. Analysis of multi-state life tables results 
Figure 2 shows the transition probabilities among active states by sex and age groups for Brazil in 

2000. With respect to first marriages, it can be observed that female population has higher probabilities then 
males in the two first age groups (15 to 24 years old), but from 25 years old on this scenario changes and 
male population have higher transition probabilities than females. It can also be observed that among male 
population the maximum transition probability to first marriage is between 25-29 years old and for women 
between 20-24 years old. This difference reflects on the mean age at first legal marriage, as it can be seen in 
Table 1, where women are, in mean, 2.7 years younger that their spouses.  
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Figure 2 – Transition probabilities between active states 

 
a) First marriage probabilities, Brazil 2000
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b) Judicial separation probabilities, Brazil 2000
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c) Divorce probabilities, Brazil 2000
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d) Widowhood probabilities, Brazil 2000
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e) Remarriage of divorced probabilities, Brazil 2000
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f) Remarriage of widowed probabilities, Brazil 2000
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Source: IBGE, Brazil - Censo Demográfico 2000, Registro Civil 2000. 

 

Analogously, Figures 2-b and 2-c shows that women are also more exposed to judicial separation or 
divorce than men during the first two age groups (15-24 years); however, from 25 years on this relation 
changes and men have higher probabilities than women. Also, it can be observed from Figures 2-b and 2-c 
that women population has the highest probability of judicial separation between 20-24 years and men at 25-
29 years age group. Also, it can be noted that divorce occurs later than judicial separation. For both sexes the 
highest estimated divorce probability is between 30-34 years; but, in the first five age groups considered (15-
39 years), women are more exposed to the risk of divorce than men. 
 With respect to the third type of legal marriage dissolution or widowhood, it can be seen in Figure 2-
d that from 20 years on, female probabilities of widowhood are higher than male probabilities, and these 
differences grow along the age groups. These results reflect the higher mortality levels of male population 
and also the fact that, in mean, spouses are older than their wives.  

Data in Table 1 summarized an analysis based on the estimated transition probabilities. From this 
table, it can be observed that the mean age at judicial separation or divorce are higher for men than for 
women, reflecting the age pattern at marriage. Since divorce occurs later than judicial separations, mean age 
at divorce is higher than mean age at judicial separation. It can also be seen that the higher mean age at 
marriage dissolution corresponds to widowhood, a consequence of the high transition probabilities in the last 
age groups.   
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With respect to remarriages of the divorced, the transition probabilities are much higher for men than 
women, in all age groups. It is also important to mention that even though this probability start to reduced, 
for men and women at age 30 years, reductions for women are more drastic, achieving values close to zero at 
higher ages. It should also be noted that for widowers the transition probability for remarriage is 
considerably higher than for widows. This sex differential is still higher for divorced population, since 
transition probability to remarriage for a widow is almost zero from 40 years on. 

Another measure that can be obtained from the multi-state life table functions is the expected mean 
number of marriages for a person that is getting married for the first time. By definition, if it was not allowed 
to marry more than once, this measure would be equal to one, then, as higher the value of this measure is, 
higher it will be the relative frequency of remarriages of divorces, widows and widowers, with respect to the 
total number of first marriages. In this way, as the index observed for the male population (1.09) is bigger 
than the index for the female (1.04), this reflects higher probabilities of remarriage for the male population.  
 
Table 1 – Summary of multi-state life table functions, by sex.  
 

Table functions Male Female 

Mean age at first legal marriage 31,0 28,3 
Mean age at transition from the marriage state to:   
.......... judicial separation 41,8 38,6 
.......... divorce 48,5 42,5 
.......... widowed 65,7 64,5 
Probability to remarriage from the state of:   
.......... divorce 0,588 0,279 
.......... widow 0,072 0,008 
Mean number of marriages for a person that marries for the first time 1,09 1,04 

Source: IBGE, Brazil - Censo Demográfico 2000, Registro Civil 2000. 
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1. The significance of the theory
Nowadays, some of Chinese researchers makes on several problems of women’s bearing are relatively

in-depth, among which some achieve great progress, but the research on women’s BI is not adequate. In

order to find a support for the problems, this paper uses the model of HLM (Hierarchical Linear Model)

which can analyze the influences that the influential factors in different layers exert on the research object to

seek different factors which influence women’s BI and such factors’ influence on women’s BI. It is a new

exploration theoretically and methodically. This paper first use the relative method of statistics to make a

systematical research on Chinese women’s BI at present, which is significant theoretically. Especially, the

elementary and inspiring results obtained from the exploration on the problem by the model of HLM again

proves the model is efficient in social researches.

The discussion of the Birth Interval for the low-order Parity and other properties of the Higher-order

Parity of the contemporary Chinese women is the important part of this article. In order to clarify such

problems, the HLM is used in this research. The variables selection adopted not only on the individual level,

which describe the attributes of the women’s personal information (age, age of the first marriage, education

levels) but also study the ethical difference ,age difference between couples etc to analyze the birth interval

of contemporary Chinese women.

2. Data
The data of the study mainly comes from the survey of the National Family Planning/ Reproductive

Health in 2001. From July to September in 2001, the State Family Planning Commission has made a sample

survey of the national family planning/ reproductive health in 31 provinces, municipalities and regions of

mainland China. The purpose of the survey is “to look back the women’s generational level in China in

recent years, to hold the actuality and demand of the contraceptive condition and the reproductive health of

people of child-bearing age in our country and to know the condition of the technologic services institution

for family planning in grass roots, providing a scientific basis for further improving management standards

of family planning and services for reproductive health.” (The State Family Planning Commission, 2001:

p.1)

After the survey in 2001, several original data sets with SPSS data format. This paper uses the data set

of individual questionnaire, community questionnaire at the village level and service station for family

planning questionnaire at the township level in the original data sets. However, it is inconvenience to use the

basal data into the research because the survey focuses on family planning and reproductive health. Instead,

to the problems the research focuses on, this paper relatively reforms and processes the basal data, and makes

it satisfy all the condition for using correlative methods, in order to make the research more reasonable and

valuable. Because the focus of the paper is women’s generational interval of the time in China, it is necessary

to preprocess the data before the research.
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In the data of the individual questionnaire, I adopt some individual information of the women, such as

year of birth, nationality, educational level, year and year of the first marriage, and delete the data about the

survey of reproductive health. Besides, I collect some analytic data from the data of the individual

questionnaire, such as the interval women procreate children and the age disparity of the couple, and build

some virtual variables to reply to the demand of analyses. In the questionnaire at the village and township

level, there is some background which can explain women’s generational interval. Moreover, the framework

of the data can satisfy the demand of my research which adopts HLM. Therefore, I unite the relative

variables in the questionnaire at the township level into the one at the village level and expatiate on the

characteristics of the change of the women’s generational interval.

In the data of survey in 2001, each town only draws out one village to process the survey (the State

Family Planning Commission, 2001: Technologic Document on the Survey of the National Family

Planning/Reproductive Health in 2001, p.1), so the public resource of the area at the township level can be

shared by the women who are questioned in the village. Thus, we unite the content of the questionnaire at the

township level into the one at the village level. It is reasonable to use the incorporative data as the second

layer of the layered data. Generally speaking, the research is the secondary analysis of the existing data, so it

is hard to avoid the limitation of the quantity of information which the original data concludes. Therefore, on

the one hand, the important thing is the application of multilayered analysis and on the other hand, it is also

important to offer the research result with a new perspective.

3. The main discoveries of this research
Women’s own factors play a important role in affecting the BI. After the analysis of women’s individual

factors, it is found that not all the factors have a notable influence on the BI. The research results of this

paper are as follows:

1. As the time goes, with the background of family planning in China, the Parity Progression Ratio of

both rural and urban women is decreased sharply.

2. There is a tendency that BI of women of first marriage gradually shorten in recent years than that ten

years ago.

3. The BI of the women who have the first marriage when they are young is longer than that of the older

ones when they have the first marriage. It is related to the desire for babies of the latter ones.

4. The age disparity of the couple is one of the important factors which affect women’s BI. The age

disparity of the couple exerts more influence on the women’ BI of the second child or more ; the wider age

disparity the couple has, the more unstable the change of their BI is, Especially the more unstable the BI of

the women with high-order parity is.

5. The education level is another important factor which affects women’s BI. Women’s education level

exerts a great influence on the bearing of the second child, which is the main reason of the population growth

in China. The analysis at the time of family planning shows that the BI2 has the remarkable tendency of

shortening in the last 20 years. Generally speaking, the BI of women with high education is shorter than that

of low educated women. The reasonable reason is that the high educated women spend a long time on

education, therefore, they marry relatively late and the BI shortens, especially for the women who intend to

have two or more children. They procreate children with high order parity as soon as possible, in order to

reach their bearing will. Thus, it makes the BI of the women with high education reveal the tendency of

getting short.

Although the BI of the women with high education is relatively short, the rate of the low educated

women procreate children with high order parity is high. The fact that the low educated women have two or

more children exerts a greater influence than the shortening of women’s BI.

6. Women’s first marriage age exerts an obvious influence on BI. The first marriage and bearing age of

the women who have their first marriage at an older age. It shows the desire for having children of the

women who marry at an older age.

7. The BI between the first marriage and bearing age of the rural and urban women------BI1 has no

apparently difference. Before the 1980s, the BI of the urban women’s first marriage and bearing age------BI1

is a little longer than the BI of the rural women’s first marriage and bearing age -- BI1, and the BI1 of the

rural women is a little longer than the BI1 of the urban women. However, the rural and urban women’s

thought of procreating the second child, who is caused by the relatively flexible policy, reveals a great

difference in the women’s BI between the first and the second child. The BI2 of the urban women is

apparently longer than the BI2 of the rural women, but the BI2 of the rural women is apparently longer than
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the BI2 of the urban women.

8. The women’s BI in different region shows some differences. The general trend is that the BI of the

first marriage and bearing age of the women in the east of China is the shortest, the second shortest is the BI1

of the central China and the longest is the BI1 of the women in the west of China. The situation of the

women’s BI2 between the first and the second child is opposite - that of the east is the shortest, the central is

the second shortest and the west is the longest. Moreover, the BI2s of the urban women in the three regions

are all shorter than that of the rural women. Thanks to the tendency that the BI2 of the rural and urban women

has a remarkable increase as the time goes, which plays an important role on relieving the stress of China’s

population.

9. The BI of unmarried mothers is affected by the period factors remarkably. The pregnant age of the

rural and urban unmarried mothers gradually turn younger as the time goes. The rate of unmarried mothers

among women is apparently affected by their education level. The rate of unmarried mothers with a junior

college’s or higher degrees is the highest (26.19%); the rate of women with junior and high school level takes

the second place (24.7% at average); the rate of women with elementary school level is 20.1%, the rate of

uneducated women is 13.5%. the rate of unmarried mothers in the last two groups is apparently lower than

the high educated women in the first three groups. The research also shows that the pregnant rate of the

urban unmarried mothers is generally higher than that of the rural unmarried mothers.

10. The comprehensive analysis on the fact of women’s BI is affected by their individual factors shows

that the most influential factor which affects the interval of women’s first marriage and bearing among the

above factors is their age of having the first marriage and the first child. Such factors exert a less influence

on the interval of women’s first marriage and bearing as the type of women’s residence (town or village), the

year of women’s first marriage, nationality, educational level and the regional difference among the central,

the east and the west. The most influential factor is the age of having the first child, and the influence of

other factors is relatively less. If a woman has her first child when she is relatively old, her later bearing is

limited greatly. Contrarily, the limitation is relatively less.

11. The convictive expositive model is obtained by using HLM research on recent (1995-2001) BI of

the women having the first child (their status is the closest with that status in 2001). The persuasion of the

change of the women’s BI from their living background (the relative condition of town and village) turns

greater remarkably than that from the model of never distinguishing time. The background exerts more

remarkable influence on the change of the interval between procreating the first and the second child.

Especially after the middle of 1980s, owing to the greater efforts our country makes for family planning, the

interval of women’s having the first and the second child prolongs remarkably.

Besides, such factors exert a great influence on women’s BI as village economy, the increase of income

per year at average and the attention governments at every level pay on family planning. Moreover, different

regional characteristics remarkably strengthen ethical differences, leading to the difference influences which

policy of family planning in different regions exerts on women’s BI. In the model of HLM, the influence

which the cultural difference between a woman and her husband exerts on the BI is explained more

concretely. To some extent, the influence which a village cultural facility exerts on them decides the change

of women’s BI remarkably.
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Abstract: The population growth is deeply influenced by the women’s BI (BIs) (Birth Interval or Birth

Intervals). So it is necessary to study the cause of the birth interval in order to control the disordered

population growth effectively. According to the past research of women’s first birth, it could draw a

conclusion that the women’s BIs are substantially affected by the ages they got married, their residential

types (urban or rural) and educations levels. Different researches, however, have shown variant results due to

different data and research methods. That is the reason why those conclusions or results still need to be

discussed. This article is focused on the BI issues with new methods and shows some new discoveries.

Another main purpose of this article is the discussion of the BI issue for the Lower-order Parity and

other properties of the Higher-order Parity of the contemporary Chinese women. In order to clarify such

problems, the HLM (Hierarchical Linear Model) is used in this research. The variables selection adopted not

only the individual level, which describe the attributes of the women’s personal information (age, age of the

first marriage, education levels) but also study the ethical difference ,age difference between couples etc to

analyze the birth interval of contemporary Chinese women.

This is the first time that the HLM method has been applied to the BI research. The research data used

in this research came from the “National Research for The Family Planning Programme and Procreant
Health, 2001”, which is the most authoritative data for this kind of BI research in the mainland China.

This article deeply and thoroughly reveals the diversity and complexity of the BI issue. And the results

of this research will be helpful to execute the process of the Family Planning Programme effectively by

offering both theoretical and methodological supports.

Keywords: Family Planning Programme, Birth Interval (BI), HLM (Hierarchical Linear Model), Education,

Village Background
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1. Present situation 

The common trait of the majority of European countries is a decline in the dynamics of the growth in 
numbers of the population, or rather its decline through natural increase, reduction of the birth rate below the 
preservation level of simple reproduction and the extension of the length of life linked with the improvement 
of mortality ratios. The consequence of all this is the demographic ageing of the population. In addition the 
irregular age structure of the population is characteristic of the Czech Republic and brings with it irregular 
demands on individual branches of the economy. This naturally applies and will apply in the future for the 
health service also. In addition to this there were also considerable changes in demographic behaviour in the 
Czech Republic after 1989. The Czech population will age more rapidly, there is and will be a significant 
increase in persons of post-productive age and then especially of the so-called "oldest old", i.e. persons in the 
highest age groups, which require most health care. 

For this reason we must ask the question of whether, with the declining proportion of persons of 
productive age contributing from their incomes to the system of health insurance, these reduced contributions 
will be sufficient for the expenditure, which on the contrary will increase. Future demographic development 
will result in increased expenditure on public health. It will influence not only expenditure, but also revenues 
into the system. All this will happen in the relatively near future. In our paper we are therefore trying to show 
the dependence of incomes and expenditures on health care, especially on changes in the age structure of the 
population. 

In the Czech Republic there exist three main sources for the financing of the health service. These are 
the health insurance companies (public health insurance), public budgets (state budget and local budgets) and 
the direct expenditure of households. Apart from these three basic pillars of health care there also exist 
further resources, which taken together are of negligible significance because they form an estimated less 
than 1 % of the total expenditure on the health service (contractual health insurance for foreigners, travel 
health insurance, etc.). 

The most important sources for the financing of the health service are the health insurance companies, 
the revenues of which flow directly from public health insurance. Every person who has permanent residence 
in the Czech Republic (or who does not have permanent residence, but is employed by an employer with 
headquarters in the Czech Republic) must participate in health insurance. The main principles of public 
health insurance are solidarity, equality and availability. Each insured person returns a certain amount 
according to the size of his income and each is entitled to the same quality care regardless of how much he 
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has returned to the system. From public health insurance is financed all the health care guaranteed by Law 
No. 48/1997 Coll. on public health insurance (in the current wording). 

A considerable part of the health care in our health system is therefore paid from public health 
insurance and only in some cases with a contribution from the patient. Public budgets function as 
a supplementary source of financing for those activities that are not paid from public health insurance. This 
is, for instance, nursing care in social care facilities, expenditure on science and research connected with the 
health service, education of medical workers, preventive programs, etc. Also a supplementary source of 
financing is the direct expenditure of households. Households pay for freely available medicaments, means 
of medical technology or above-standard services – for instance at the dentist. Less significant are payments 
for spas, for above-standard rooms in hospitals, payments for various certificates, mainly from general 
practitioners. [Durdisová, Langhamrová, 2001]. 

The average expenditure on medical care per insured person depends in particular on age, but also on 
sex. The highest expenses are at the beginning and the end of human life. 

 
2. Projection of future development 

What consequences can the anticipated continuation of the ageing of the population have on the sphere 
of the financing of health care? A partial answer to this question is provided by the projection of the future 
development of expenditure on health care and insurance premiums for health insurance. This projection was 
based on our own demographic projection of the population of the Czech Republic. [Fiala, 2006]. 

As the initial demographic structure was used the structure of the population of the Czech Republic as 
of 1.1.2006, and the horizon of the projection was 1 January 2056.  For the entire period of the projection it 
was anticipated that there would be a linear increase in the life expectancy (slightly higher for men than for 
women), in parts a linear growth of total fertility rate with simultaneous approximation to the structure of the 
fertility of women in Netherlands up to 2020 and finally a constant annual net migration. 

A demographic projection is usually calculated in several variants. The relation of the total 
expenditure on health care to the insurance premium paid, however, depends not on the number, but chiefly 
on the demographic structure of the population. For the modelling of various variants of the development of 
the demographic structure all combinations of extreme variants of the development of the life expectancy, 
fertility and migration are important (in other words e. g. also the variant assuming high life expectancy and 
at the same time low fertility and a low migration increment etc.). For this reason the calculation of the 
demographic projection was carried out in a total of nine variants. Their overview is given by the following 
table. (The letters of the designation of the variant give in order the level of the life expectancy, fertility and 
the net migration; L designates a low level, M a medium level and H a high level.) 

Table 1 Variants of the Demographic Projection 
Annual growth 

of life expectancy Total fertility rate Designation 
of variant males females 2020 2050 

Annual 
net migration 

LLL 0,1 0,08 1,4 1,5 10 000 
LLH 0,1 0,08 1,4 1,5 50 000 
LHL 0,1 0,08 1,6 1,9 10 000 
LHH 0,1 0,08 1,6 1,9 50 000 
MMM 0,2 0,16 1,5 1,7 30 000 
HLL 0,3 0,24 1,4 1,5 10 000 
HLH 0,3 0,24 1,4 1,5 50 000 
HHL 0,3 0,24 1,6 1,9 10 000 
HHH 0,3 0,24 1,6 1,9 50 000 

On the basis of the demographic projection of the development of the population projections were then 
made of the expenditure on health care and the insurance premium paid for health insurance. Both 
projections were based on the assumption that the system of health insurance will not change and that the 
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index of the growth of expenditure on health care will be the same as the index of the growth of average 
wages. It was further assumed there would be an unchanging structure of the level of average expenditure on 
health care per insured person according to sex and age, unchanging specific rates of employment according 
to sex and age and also an unchanging structure of the level of the average wage according to sex and age 
(see Table 2). The calculation of the projection of the insurance premium paid was based on the assumption 
that employed persons pay the insurance premium according to the average wage and unemployed persons 
pay insurance premiums at the prescribed level (mostly the state pays for them). 

Table 2: Economic Characteristics of the Projection 
Average expenditure 

on medical care 
per insured person in 2004 

(CZK per month) 

Sex and age specific rates 
of employment in 2004 

(in %) 

Level of average wage in 2004 
(CZK per month) Age group 

males females males females males females 
0–4 1 091 937 – – – – 
5–9 620 557 – – – – 

10–14 583 582 – – – – 
15–19 525 665 5,73 4,32 12 390  10 570  
20–24 455 669 55,06 44,57 15 738  14 123  
25–29 500 872 87,12 56,41 20 479  17 821  
30–34 555 879 93,48 64,39 24 376  17 159  
35–39 651 877 91,39 78,84 25 612  16 975  
40–44 760 964 90,69 83,49 24 986  17 559  
45–49 1 002 1 196 88,30 83,74 23 947  17 374  
50–54 1 387 1 478 84,98 78,69 23 164  17 106  
55–59 1 854 1 672 76,87 42,42 22 409  18 695  
60–64 2 231 1 959 30,06 12,55 24 878  19 017  
65–69 2 775 2 332 5,88 2,23 12 390  10 570  
70–74 3 312 2 763 ↑ ↑ ↑ ↑ 
75–79 3 643 3 058 ↑ ↑ ↑ ↑ 
80–84 3 640 3 237 ↑ ↑ ↑ ↑ 
85+ 3 313 3 413 ↑ ↑ ↑ ↑ 

Total 1 172 1 346 . . 23 044  17 256  
Source: Analysis of health service accounts of the Czech Republic in 2000–2004, Selected investigations of 

manpower 2004 (Czech Statistical Office). 

We can characterise the development of the financial burden of the health insurance system by the 
proportion of the total expected insurance premium collected to the total of expected expenditure on health 
care paid by the health insurance companies (see Graph 1). In all variants of demographic development there 
would be a decline in the proportion of insurance premium to expenditure far below the unit value. This 
means that the insurance premium would not be enough to cover expenditure on health care. The smallest 
decline would occur, according to expectation, in the case of a low life expectancy and high immigration and 
the greatest drop, on the contrary, would occur with a high life expectancy and simultaneous low 
immigration. The other development variants, especially in the first years, do not differ too much from the 
medium variants of the projection. The influence of the level of fertility would begin to show to a greater 
extent only after several decades; higher fertility would mean a lower burden on the system. 

For persons who are not employed the state usually pays the premium for health insurance (children, 
pupils, students, non-working pensioners, unemployed persons actively seeking work, etc.). In all variants of 
development the proportion of insurance premium paid by the state would increase. Again it would be most 
in the case of a high life expectancy and low immigration, least in the opposite case. High fertility would 
mean in the first years a slight increase in the burden, later this would lead to its reduction. 
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Graph 1: Proportion of the insurance premium paid to expenditures on health care paid by the 
health insurance companies according to the individual variants of demographic development 

In all variants of demographic development, then, there would be a considerable increase in the 
difference between the expected incomes and expected expenditure of the health insurance companies. What 
are the possibilities of resolving this unfavourable trend? [Fiala, Langhamrová, 2007]. 

The first possibility is naturally the increasing of returns to health insurance. If we were to wish, for 
instance, for the proportion of the insurance premium collected to expenditure on health care covered by the 
insurance companies to be equal approximately to one even in further years, then the rate of the insurance 
premium (assuming other characteristics are unchanged) would have to rise gradually up to 2055 from the 
present 13.5 % to 18–24 % of the measurement base. In connection with the continuing rise in retirement age 
it is possible to expect an increase in the rates of employment. This will not, however, prevent the increase of 
the burden for health insurance; it will only reduce it slightly. 

The second way to reduce the burden on the system is the reduction of expenditure, understandably 
while maintaining or improving the quality of medical care. A benefit may be in particular better education 
of the population concerning health, which would lead to a change in behaviour and life style and 
a subsequent improvement in the state of health of the population and decline in the need for health care. We 
assume that with the growth of the education of the population there will also be an increase in the interest in 
active care for one's own health. We also consider it important to increase the means devoted to health 
prevention, which would certainly bring a far more noticeable reduction in the expenditure on subsequent 
health care in a number of cases. It is naturally also possible to consider increasing the financial contribution 
made by insured persons. 
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1 Introduction 

Education is one of the most important investments, which young people can do for themselves. 
Nevertheless, this investment (which is strongly related to issues of the human capital) caused not only the 
own person’s live, but also the economy as a whole. For example, highly educated people get higher wages, 
but pay higher taxes and social contributions. On the other hand, he has higher life expectancy at birth and 
also at retirement age, so he will draw old-time pensions for longer time. The pension is higher (in 
comparison with lowly educated people) due to higher wages. This paper is focused on possibilities of 
quantifications of the advantage of higher education from the point of view of amount of old-time pension, 
what the people will get.   
 
2 Data and Methodology 
 We analyze (i) social contributions on the one hand and (ii) old-time pensions on the other hand. 
During the productive age a person pays social contributions from his wage, during the post-productive age 
(after retirement) he draws a pension. The length of drawing pension is caused by the life expectancy at a 
time of retirement. In preceding research (Mazouch, Fischer, 2007) we have found that the life expectancy is 
different by education, and the life expectancy differs not only at birth, but also and mainly at retirement age. 
The difference is shown in Table 1. 
 
Table 1 Life expectancy at 60 years by the highest level of education (in years) 
Basic Secondary without GCE Secondary with GCE Tertiary
17,41 19,76 22,27 23,85 

 Source: Czech Statistical Office, calculations of authors 
 
 We use average wages divided by education in year 2001. We assume that the person is retired at 60 
years and the duration of productive years is related to the length of education: basic education starts at 6 
years and finishes at 15 years, secondary education without GCE lasts about 3 years, secondary education 
with GCE about 4 years and tertiary education about 5 years. It means, that the total working time for basic 

                                            

1 The research is supported by the project „Reproduction of the Human Capital“ No. 2D06026 of 

the Ministry of Education, Youth and Sports of the Czech Republic (National Research Program II). 
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educated people is about 45 years, for secondary educated people without GCE about 42 years, for secondary 
educated people with GCE about 41 years and finally for tertiary educated people about 36 years. 
 We calculate cumulative wage for each of four education categories, when we use the average 
nominal growth (computed from the data on wages from years 1995 – 2006) and the average inflation rate of 
4 %. The inflation rate is used as a discount factor, when we consider time value of money (all payments, 
both the social contributions and old-time pensions drawn are discounted to the year 2001 using the same 
discount factor, which has been estimated at an average inflation rate – 4 %). Rate of social contribution is 
20 % of wage for old-time pensions (total rate of social contributions is 29.6 %, when 20 % is for old-time 
pensions, 8 % is for other pensions and 1.6 % is for government policy of employment). 
 The pension is influenced by average wage (through assessment basis), length of productive age 
(length of payment social contributions). The pension in the first year is calculate using the formula 
 
 )015,01310(12)0(1 LVD ⋅⋅+⋅=  ,      (1) 

where 
),0max(1,0]),,0min[max(3,0),min( hdhdd MPMMMPMPV −+−−+= , (2) 

P is the average wage, 
Md is a lower rate for restriction of assessment basis, 
Md is a lower rate for restriction of assessment basis and 
L is number of years of payment of social contributions. 

 
In further years we assume valorisation of percent part of pension and discounted it to the time of 
beginning of pension drawing. 
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where 
 d is the rate of valorisation and 
 i is the discount factor. 
 
We assume in this case the same value of d and i so these factors are neutral in relation to our 
computations. This assumption is affected by the situation in the Czech Republic, where the 
valorisation of pensions is approximately equal to the inflation rate. 
 
The total amount of cumulative discounted pension is equal to 
                                                                                                                 

∑
=

=
N

j
jDD
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          (4) 

  
 Data used in our paper are attained from the database of Trexima company (data on average wages 
by education), from the Czech Statistical Office (inflation rate, demographic data) and from our previous 
study (Fischer – Mazouch, 2007; computations related to life expectancy). Methodology of computations of 
pensions is in accordance to the Act No. 155/1995 on Pension Insurance in the Czech Republic. 
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3 Results 

In table 2 the results of our analysis are shown. 
 
Table 2 Cumulative Pensions and Social Contributions 

  Basic 

Secondary 

without 

GCE 

Secondary 

with GCE Tertiary 

Monthly Average Wage (2001) 10 454 12 285 15 194 26 248 

Old-Time Pension per Year 57 699 59 625 62 497 70 863

Years of Drawing Pension 17,41 19,76 22,27 23,85

Total Pension Drawn 1 247 817 1 467 184 1 738 685 2 128 686

Cumulative Wage 4 576 617 4 813 625 5 429 329 7 560 176

Total Social Contributions Paid 915 323 962 725 1 085 866 1 512 035

Net Difference 332 494 504 459 652 819 616 651

 Source: Czech Statistical Office, Trexima, computation of authors 
 

The pension scheme in the Czech Republic is based on collective liability and solidarity. While the 
social contributions are based just on wages, the pension is based also on wages but it is reduced by 
restrictive bounds for count in the wages. Wages higher than 7 100 CZK are reduced to 30 %, wages than 16 
800 are reduced to 10 % (as of 2001). It implies that tertiary educated people pay relatively high social 
contributions, but draw not so high pensions. When the system is “linear” for wages up to 7 100 CZK, it is 
more profitable for secondary educated people than for people with basic education level only. 

Why all the groups have a profit from the system? It is necessary to point out that all the 
computations are related to 1 average person with average wage, average pension and average life 
expectancy. Some people, who pay many years contributions, died before their retirement. The pension 
system in the Czech Republic is based on PAYG (Pay-As-You-Go) system, not on Funding System. The aim 
of the paper is not to analyze pension system in the Czech Republic, but to illustrate the advantage of 
investment for itself in the form of education and to quantify this advantage. 
 
4 Conclusion 
 We conclude that from the point of view of retirements it is advantageous to invest to own 
human capital by education. Highly educated people have higher life expectancy at the retirement 
age and draw higher pensions due to higher wages. According to the Czech pension system, which 
is based on collective liability and solidarity, the advantage is not so high for tertiary educated 
people and the situation is the best for secondary educated people with GCE. 
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Data sources: 
www.czso.cz 
www.trexima.cz 
 
Acts: 

155/1995, 218/1996, 129/1997, 104/1998, 64/1999, 353/2000, 345/2001, 438/2002, 337/2003.  

 
 
ABSTRACT 

The paper is focused on the life expectancy in the Czech Republic. The differences of life expectancies by the 
highest attained level of education are analyzed. We conclude that people with higher attained level of education have 
higher life expectancy not only at a birth, but also and mainly at the achievement of the retirement age. It means, that 
higher educated person will draw a pension for more years. The aim of the paper is to define economic implications 
from this fact and show possibilities of quantification of them. We can analyze these implications at two levels - private 
(individual) and social. Additive year of life, which higher educated people reach, can be valuated by the longer time of 
getting pensions. These pensions are even higher due to higher wages in productive age. From the social point of view, 
the government has to pay higher pensions but also collects higher taxes. 
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ABSTRACT  

The residential conditions for persons and families and the capacity of the Housing Park to adjust to the 

population is a problem which should not be confined to the observation of the number of available lodgings. With 

the increase of life expectancy, the connection between population ageing and lodgments is becoming an issue of 

greatest importance that can be approached at different levels. 

The Portuguese population will be ageing on the next decades. According to INE- Portugal, within the period 

2010-2050, the number of persons older than 60 years will increase more than 40% and reach more than 3 millions, 

while the population older than 75 years will have an increase of about 80%. This trend is unchangeable although 

it may be slightly contained by the increasing of births, by the slowing down of life expectancy or by an increase of 

migratory flows.  

The intersection of demographic and housing data, confirms that the number of lodgings has been growing in 

recent years, including on regions that recorded temporary population losses. 

The composition and size of families also deserve a more detailed analysis. It is possible to say that the 

relationship between lodgings and inhabitants is changing due to transformations in family structures. The number 

of families is increasing very quickly while their size is being reduced. 

This analysis is aiming to evaluate if population ageing will have considerable effects on Habitation, clearly 

making a connection between increasing housing resources and population ageing. We also intend to analyze if 

housing resources are becoming more abundant due to stronger construction dynamics than demographic 

dynamics, showing in which way population ageing can have an effect on this reality. Moreover, we will propose 

some adjustments following the diagnosis of the situation 

 
1 - Ageing of the Portuguese Population 

The ageing of population represents one of the essential questions of the present and future 
demographic situation of the portuguese society. This process, directly related to the current demographic 
transition, finds its explanation in the increase of the population life expectancy, either in the masculine or 
feminine gender. In the long term, and in the absence of external factors and epidemic diseases, mortality 
will tend to decrease significantly, allowing life expectancy to exceed 80 years of age in both genders. On the 
other hand, the fall of fecundity generates the reduction of young people in the structure of population.  

These changes in the pyramid structure exceed a mere quantitative question, resulting from an absolute 
and relative increase of elder people. They mean, more and more, a new reality at social, economical, 
sociological, cultural and even political level, with deep repercussions in health, pensions’ system, habitation 
politics, medical and drugs assistance and in the domain of the individual support to the elder people and 
their families.  

The generations that will reach retirement in the next decades will have started later their active lives 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 5043 -



of work, and even later than their parents had. Due to their more advanced education, they will be more 
conscious of the number of years that they still have to live. In this area, financial capacities are essential: the 
evolution of the incomes, as well as patrimony, at forty and fifty years of age is essential in the evaluation of 
the retirement possibilities. The accumulation of savings, as residential property is, therefore, provided with 
great importance. 
 
1.1 – Synthesis of Projections of Resident Population 2000-2050 (Basic scenario) 

    Age Groups Dependency Index Total   

        Fertility  

Life 

Expectancy 

at Birth 

  
Total 

0-14 15-64 65+ 
Young Senior Total 

Ageing 

ratio Rate M W 

  nº % (1) (2) (3) (4) (5) Years 

2000 10 256 658 16,0 67,7 16,4 31,6 32,3 47,8 102,2 1,56 72,9 79,9 

               

2010 10 626 062 15,4 66,9 17,7 23,0 26,4 49,4 114,8 1,38 75,1 81,4 

2020 10 489 152 13,9 65,7 20,4 21,2 31,0 52,1 146,5 1,44 76,4 82,5 

2030 10 206 305 12,7 63,0 24,2 20,2 38,4 58,6 190,3 1,52 77,5 83,5 

2040 9 831 408 12,9 58,5 28,6 22,0 48,8 70,8 222,0 1,61 78,4 84,2 

2050 9 302 485 13,1 55,1 31,8 23,8 57,8 81,5 242,9 1,71 79,0 84,7 

Source: INE 
(1) number of young people (0 to 14 years old), for each 100 working people (15 to 64 years old) 
(2) number of elder  people (65 years old and more) for each 100 working people 
(3) number of young and elder people for each 100 working people 
(4) number of elder people for each 100 young people 
(5) mean - number of children per fertil women (15 to 49 years old)  
 

2 - Habitation in Portugal 
The habitation as a basic need of the human being finds in families potential demanders of housing 

services. As an important potential search persisted, the construction of new habitations had a great 
dynamism in the 80’s and the 90’s. This happened for demographic reasons and because the Housing Park 
has become very old. In the 80’s the park of lodgings was not filled, presenting an important delay to recover. 
This delay was connected to a worse lifestyle and to the persistence of cohabitation between generations, 
more frequent and traditionally better accepted. However, the cohabitation of some generations was 
becoming rarer and the property assumed a symbol of social accomplishment. For many families the 
property of lodging allows them to constitute a saving as a real estate patrimony. 

Other factors have strengthened the search of lodgings as the growth of “hyper mobility (Portas, 2003). 
Directly proportional to the increase of the social segments endowed with consumption power (certificates, 
adaptation to the opportunities of the job market, capacities of their own motorization, etc.), the hyper 
mobility multiplies the possibilities to inhabit the territory, moving away and approaching, simultaneously, 
the places of residence, and the working places, study, leisure, the access to the personal and collective 
services, etc. In contrary, the maintenance of the hypo mobility of those who are weakened or excluded (for 
lack of scholarship, qualified professional abilities, income and wage level, etc.) it tends to isolate the critical 
territories and to move away the populations inhabiting them from the choices present in the widened spaces 
of the urbanization.” 

The population dynamics recover different phenomenon’s and assume an important role in the 
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evolution of the territorial dynamic revitalization. Currently, as in the past, the construction adapts to the 
urban movement. The new lodgings, used to lodge new families or to substitute the spoiled lodgings makes 
the construction activity very correlated with the existing construction and the demography. The great lacks 
of lodgings appear in great agglomerations with great expansion, even if it there may be many vacant 
lodgings in other places. 

Using Census 2001 data, the following necessities were identified (INE, 2003):  
27.319 non classic lodgings  
8.178 families inhabiting in hotels or similar and group residences  
68.299 lodgings for families who inhabit in a shared occupation system 
73.015 lodgings (2% of resident families) considered as needed to guarantee the functioning of the 
market and the population mobility.  
176.811 housing lacks 
543.777 vacant lodgings  
185.509 available vacant lodgings in the market 
It results of these values that the total volume of lodgings necessary to supply the housing lacks in 

Portugal was 176.811. However, one evidences that this number is less than the volume of available vacant 
lodgings in the market to sell or to rent (185.509 lodgings). When we look at the total of vacant lodgings 
(543.777 lodgings), instead of the number of available lodgings in the market, the idea of a housing excess in 
Portugal is still more strengthened. However, this conclusion has a mere quantitative meaning, therefore it 
does not take into consideration the space distribution of the available lodging for the families who needed, 
nor the adequacy of the lodgings to the families’ needs. 

For 2005, INE data estimated that the Housing Park was already constituted by 3 333 847 Buildings 
for Classic Family Housing and 5 456 787 Classic Family Lodgings. The total resident population was 
estimated to be 10 569 592 (Estimates of the Housing Park and Estimates of the Resident Population on 
31/12/2005). This housing park is considered relatively plentiful when compared to the number of 
inhabitants. If entirely inhabited lodgings would not have more than two persons living under the same 
ceiling.   

It can be affirmed with some certainty that although the enormous deceleration registered in the 
construction sector, with a break essentially at the new constructions level, its weight in the total of the 
interventions in buildings did not modify significantly in recent years. Portugal remains a country where the 
new construction has a large weight. The Portuguese housing park became a park of owners with 
incumbencies, having a generalized access to their own habitation. Therefore, Portuguese people and the 
country itself seem to have concentrated a great part of their financial resources in speculative investment, 
acquiring new lodgings which much times remain with no use, waiting to be more valuable. 
 
3 - Habitation and the Population Ageing  

Next decades will be marked by the emergency of a new demographic picture to the country, with 
expectable trends of decrease of population and of an unequal territorial search of lodgings. The new 
demographic dynamics related with changes of values and families way of life consequently originate an 
increase of habitation search as it increases unfolding in the families. In a context which the medium 
dimension of the family reduces, more lodgings per inhabitants are expected, what happens concretely, for 
the increase of people living alone, in different ages.  

Demographic transformations related to the growing age of population will have as effect an increase 
of elder people living alone, facing the variables they are associated to. The will of residential mobility in 
advanced ages can cease due to the high inherent costs of moving, financial and psychological costs that also 
increase with age. Besides, the enlargement of the proprietors' proportion in the population should favor the 
maintenance of older people at their residences. These factors can lead to the aging of the population living 
in housing areas and the consequent degradation of the habitat.  
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Some uncertainties persist facing the aging of population and the future in habitation. The question of 
the lodging of elder people is also the question of the management of their patrimony, as the uncertainty of 
capacities they will possess to conserve their property. We know that the future generations of retired people 
will probably be very heterogeneous. Some will have accumulated resources, but others will have known 
more complex passages, and may be suffering from some financial or familiar instability. 

The challenge is to answer to aged people's diversified needs implying to rethink the Habitation 
subject. In the construction of lodgings emerges the necessity of adjusting habitation to the new requirements 
and needs formulated for the new ways of life. What really matters is to know which will be the potential 
search of lodgings, adjusting the habitation of people getting old on their relation with the remaining 
inhabitants.  
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RESUME 

It is considered in general that ICT is a support for a new economical development. But those 
considerations are mixed with misgivings, because the equipment of the population in ICT equipment is 
characterized by strong inequalities. Found in a situation of general economical and political 
transformation, the country is in front of a hazardous development marked mostly by the changes and 
market development in a context of a general transition than the necessity for the population to maitrise 
those new equipments. The situation was studied in the higher education environment for having also a 
view for the all country. The paper presents the results of a study which try to measure the level of 
penetration of ICT en Albania, in relation with the country changes. The survey shows that the diffusion 
of new technologies is characterized by an enormous inequality in the population, between regions, 
generations, and technologies. At a moment when an increasing part of information is circulating on the 
digital networks, the results show us on exclusion risks for a part of population from information society. 

 
1. Ordinateur, equipment, Internet connexion,… de fortes inégalités…des tendances aussi 
De nombreux sont ceux qui croient en TIC comme support pour du développement économique : on espère que 
les technologies de l’information et de communication se seront une nouvelle source pour créer des emploies et 
aider la croissance. 
 
Ces espoirs sont pourtant mêles d’inquiétudes, car l’équipement informatique de la population se caractérise par 
de très fortes inégalités. En général, la pénétration des technologies digitale dans la société albanaises est 
fortement caractérisé de la façon dont les changement économiques et sociales qui ont suivi les changements 
politiques dans le pays, se sont en train de se developper. Avec une économie en transformation, avec une 
société en transition, la situation est marquée plutôt par le component « marché » que ce  phenomenon 
« numérique »  représente ; de ce fait, dans un pays pauvre comme le notre, la situation est telle, elle peut être 
plus, qu’une parti non négligeable de la population, peut être exclue de la société de l’information.  
 
Des tentatives sont faites pour formuler des stratégies et des lois ; l’implémentation est difficile. Il y a deux 
problèmes qui en sont lies : le premier, c’est le monitorage, la connaissance de la situation, l’utilisation est 
l’impact ; le deuxième, il est nécessaire de lier les politiques dans le domaine de TIC avec d’autres politiques 
comme l’éducation, l’emploie, la santé pour qu’il ai plus de synergie entre les différents éléments.   
 
Les résultats que nous présentons ici, font parti d’une large enquête concernant le monitorage du « digital 
divide » dans le milieu universitaire des étudiants et de leurs familles. L’étude vise la construction d’une liste 
d’indicateurs pour le monitorage et l’évaluation avec une méthodologie qui permet d’évaluer la situation du 
« digital divide «  dans le pays, [2], [3], [4], [5]. L’étude vise l’éducation supérieure, une endroit qui est plus 
touché par ces technologies : les étudiantes sont les plus potentielles utilisateurs, et de ce fait, peuvent influencer 
la famille pour l’utilisation familiale. De l’autre côté, les résultats qu’on obtiennent, sont plus correcte 
statistiquement : la population est plus facile a contourner. Un redressement est possible, pour arriver au niveau 
de la famille dans le pays. 
 
Seulement 44% des étudiants sont équipés avec un ordinateur à la maison. Si on considère leurs origines 
d’habitation (urbaine, suburbaine ou rurale), alors seulement 24% des familles rurales ont un ordinateur, tandis 
que dans la zone urbaine la pénétration va jusqu’au 50%. La division se voit aussi clairement entre la capitale et 
la province. Il y a en Albanie des universités de la capitale et des universités « locales ». Les universités de la 
capitale ont des étudiants qui viennent plutôt de la capitale, les universités « locales » ont des étudiants 
d’origines locales. Les trois principale université de Tirana, la capitale, ont une pénétration de l’ordinateur dans 
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les familles des étudiants qui va de 51% a l’Université de l’Agriculture a 64% a l’Université de Tirana, le 
principal et le plus grand université du pays. Mais dans les universités de provinces la situation est 
décourageante : le meilleur résultat est de 38% mais il descend jusqu'à 28% : dans les derniers cas seulement 1 
parmi 4 étudiants a une ordinateur a la maison. 
 
Cela reflète le taux de connexion Internet à la maison. Parmi ceux qui ont un ordinateur à la maison, seulement 
60% ont une connexion Internet, ce qui fait que dans la population le taux de pénétration de l’Internet est 
d’autour de 22-24%%. Ici la division est beaucoup plus forte : a la capitale le taux de connexion vas vers 70% 
(pour ceux qui ont un ordinateur a la maison) est le taux descend vers 20% dans les familles qui habite la 
province. Dans cette situation le lieux préfèré pour la connexion est le caffe-internet. Ni la famille, ni 
l’université, n’offre pas une meilleure possibilité pour la connexion : 64% des étudiants voit le caffe-internet 
comme le lieux principal pour la connexion ; la famille est dans le second place avec 12% des étudiants, 
l’université est dans la troisième place avec seulement 9% des étudiants. Seulement 18% des étudiants utilisent 
chaque jours ou presque l’Internet 
 
Les familles les plus équipes sont ceux des hauts fonctionnaires publics, des professions libérales, les 
commerçants, les propriétaires des entreprises : 2 parmi 3 familles ont un ordinateur. Viennent après les artisans, 
les employés du public ou du privé, les militaires avec 1 sur 2 équipé. Finalement viennent les fermiers, les 
ouvriers, les retraités avec 1 sur 4 familles équipés en ordinateurs. 
 
Après, a peu près dix années de l’Internet en Albanie, l’offre Internet reste plutôt une offre privée, l’éducation 
nationale n’arrive pas à offrir aux étudiants des bonnes conditions pour une utilisation massive de l’Internet. La 
famille aussi est loin : le coût (prix de l’ordinateur et le prix de la connexion) en est la principale raison. Le prix 
de l’ordinateur est avance comme la première raison pour 36% des étudiants et le prix de la connexion en est la 
deuxième raison avec 24% des réponses. Le résultat est une modeste pénétration de l’Internet. Le champ reste 
plutôt influencé par le privée, pour ne pas dire dominé, dans tous les aspects : les difficultés infrastructurelles du 
public (telecom ou autre) sont énormes et il semble que seulement le privé peut offrir une solution dans la 
situation actuelle ; les pouvoirs publics n’ont pas les moyens, les politiques réelles manquent et dans cette 
situation c’est « le marché » qui fait la loi, l’entrée du numérique ne se fait sans problèmes. Le tout se développe 
dans une situation de privatisation des services publics. 
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Malgré cela, la dernière année 2006 marque le pas vers une ritme plus accentué de l’équipement ordinateur à la 
maison et de l’Internet aussi. En 2006, para rapport a 2004-2005, les nouveaux usagers de l’ordinateur a la 
maison ont presque double le nombre ; l’équipement Internet a la maison a suivi la même tendance : ceux qui 
ont l’Internet a la maison en 2006, sont le double de ceux qui avaient déjà l’Internet en 2004-2005. Depuis 2005 
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le câble est un moyen assez modeste de connexion dans les villes principales est depuis 2006, on commence a 
parler de l’ADSL, mais sans une pénétration visible.  
 
Bien sur que seulement l’équipement n’est pas la chose principale pour évaluer la situation de TIC. La manière 
dont sont utilisées ces technologies et le but en sont aussi importants. Une étude détaille a été fait pour voir les 
attitudes  des usagers, la fréquence et le but. L’usage principale est la recherche des informations et des 
documents, 66%, envoies des messages est au deuxième place avec 60%. Viennent après, le téléchargement 
(musique, vidéos, films), le « chat », les jeux on line, la participation dans des forum de discussions etc. 
 
2. Question de culture aussi: Webcam, appareils photo numérique, téléphones portables, …generation 
digitale…generation duale 
Mais il y a une autre domaine ou les TIC avancent beaucoup plus vite : c’est la parti consommation et 
divertissement de ces technologies. Bien que le téléphone portable est entre plus tard, 97% des étudiants en ont 
au moins une,  1 sur 2 l’a change plusieurs fois pendant les quatre derniers années pour avoir un appareil 
nouveau, plus sophistiqué. Dans les familles il y a en moyen trois autres appareils (la famille, elle a en moyen 4 
persons). 33%, envoient chaque jours au moins un message. Bien que le prix de l’abonnement Internet par mois 
pour une famille, est comparable avec la dépense mensuelle moyenne personnelle pour le téléphone portable, les 
familles et les étudiants préfèrent plutôt le telephone portable que l’Internet. Question de culture ? Bien sur ! 
D’autres arguments on peut trouver dans la pénétration des appareils photos numériques ou des appareils 
webcam. 44% des familles ont un appareil photos numériques, 22% ont un appareil Webcam, 45% ont un 
appareil DVD, mais seulement 14% ont un Laptop. Les étudiants connaissent très bien ce que c’est la 
technologie MP3, 85% donnent une réponse correcte, mais la plupart, ne connaissent pas le sens du mot « You 
Tube », 69% déclarent ne l’avoir vu jamais se mot, ni le sens du mot « Blog », 75% ne sont pas capable de 
donner une réponse correcte. Malgré cela, en général, il y a des opinions assez homogènes en ce qui concerne le 
role et le futur des TIC.  

Bien que un peu plus en retard par rapport aux jeunes de même âge ailleurs (les conditions matérielles du pays 
l’oblige), la jeunesse albanaise exprime le même l’état d’esprit de la génération qui en est l’acteur principal: la 
génération digitale. Cette génération adhère à la société qui se met en place sous nos yeux mais exprime 
simultanément le souci d’en maîtriser le sens. Génération duale donc, impatiente de profiter des promesses du 
nouveau monde et désireuse de ne pas se laisser emporter par la vitesse des changements présents et à 
venir…Les 18-25 ans représentent la première génération qui a grandi et qui a été éduquée avec les nouvelles 
technologies et Internet. En contact très tôt avec l'univers numérique, ils grandissent de plus en plus avec le 
Web, le téléphone portable, les CD-Rom etc., qui sont aujourd'hui intégrés dans leurs habitudes. Suréquipés par 
rapport aux autres générations, ils ont de plus en plus tendance à utiliser de façon simultanée plusieurs 
équipements électroniques. Cette génération inaugure une nouvelle manière de vivre avec les media.  

Il est claire que dans une situation de développement générale, ou la stabilisation économique et sociale du pays, 
est encore loin, le rôle des pouvoirs publics en Albanie est essential. Ils devraient repartir leurs efforts entre les 
incitations a l’équipement (des écoles, des universités, des entreprises, des administrations, des particuliers) et la 
formation des usagers. Tout le monde n’ayant pas les mêmes prédispositions a se familiariser avec 
l’informatique, il serait inutile d’inonder le marche du matériel informatique, sans prévoir les mesures 
d’accompagnement  qui en faciliterait l’appropriation. 
 
3. Comment évaluer ? 
Nous avons pris la méthodologie proposée par CREDOC, D. Alibert, R. Bigot, D. Foucaud (2005), qui 
utilise un indice synthétique : le coefficient de Gini. La méthodologie permet de suivre l’évolution dans le temps 
des disparités de l’équipement et également de révéler quels sont les facteurs les plus discriminants de 
l’appropriation de TIC.  
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Mortality data is used to assess the health of a population and to make informed decisions about
how best to direct health related resources and activities. Mortality trends are essential to make ongo-
ing public health recommendations to public health officials in directing the flow of funds in the most
effective way and to evaluate the impact of health and intervention programs for major chronic condi-
tions. The World Health Organization (WHO) has revised the International Classification of Diseases
(ICD) approximately every 10 years since 1900 (WHO, 1992). The purpose of the revision is to stay
abreast of advances in medical science and changes in medical technology and to ensure the interna-
tional comparability of health statistics. However, the ICD revision often brings major discontinuities
in trends of mortality and morbidity statistics because of changes in classification rules for selecting
underlying causes of death. For some causes (e.g., septicemia, Alzheimer’s disease, and nephritis),
these discontinuities are substantial. The ranking of leading causes of death is also substantially af-
fected by this revision (Anderson et al., 2001). These discontinuities not only lead to misinterpretation
of mortality trends but also to incorrect contributions to changes in life expectancy (Kochanek, Mau-
rer and Rosenberg, 1994). Furthermore, without properly correcting these discontinuities, trends in
age-sex-race specific death rates may be distorted making forecasts of the life expectancy unreliable.
Our main concern is to measure the extent of discontinuities in cause-age-sex-race specific death trends
arising from implementing the ICD-10 in 1999.

We propose a dynamic hierarchical Bayesian model to analyze a time series of multi-way con-
tingency tables in such a way that the current prior depends on past priors. Using this method, we
investigate whether or not a time series of cause-age-race-sex specific deaths contains a stochastic
trend. When there is a stochastic trend, the effect of the ICD-revision is permanent and then we can
measure the effect from the structure of the stochastic trend. We apply this method to calculate a
comparability ratio and compare it with the National Center for Health Statistics (NCHS) compa-
rability ratio. A key feature of a hierarchical Bayesian model is that the observable outcomes are
modeled conditionally on certain parameters, which themselves are given a probabilistic specification
in terms of further parameters, known as hyperparameters (Gelman et. al., 2004). Such hierarchical
thinking helps in understanding multiparameter problems and also plays an important role in develop-
ing computational strategies such as Gibbs sampler and a Metropolis-Hastings algorithm for posterior
Markov Chain Monte Carlo (MCMC) samplings. Albert and Chib (1997) and Albert (1985) used a
hierarchical Bayesian method for binary and polychotomous response data. Another primary interest
in our dynamic hierarchical Bayesian model is in the type of stochastic evolution varying over time for
a time series of deaths classified by cause-age-sex-race specific categories and in a dynamic structure
among cause-specific deaths.

Our proposed Bayesian model is reasonable in the sense that discontinuities are smoothed out
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for most causes compared with the NCHS ’s comparability ratio. This model allows us to measure
the time dependent comparability ratio by testing whether the trend of each covariate has a sustained
effect (i.e., unit root) or not. we found that among the 10 leading causes of death, age, sex and race,
all exhibited permanent effects except diabetes, respiratory disease and sex. From these results, we
showed that the time varying effects of the cause-age-sex-race specifications are obtained by measuring
permanent shocks between 1998 and 1999 and added them to the covariate time in reverse. This
suggests that the effect of the change in ICD from the 9th to 10th revision varies for different causes,
ages, sexes, races and time. Besides, the tests of each covariate and the difference between covariates
are available by the posterior density. Graphically, we displayed that our comparability ratios appear
to adjust the discontinuities better than the NCHS ratios for most causes of death and differences of
each covariate are significant as age groups increase.

With our model, we have forecasted the number of cause-age-sex-race specific deaths and their
confidence intervals for 2003. The 95% credibility interval includes 76 subgroups out of the 80 observed
subgroups for 2003, suggesting that our model can be useful for forecasting cause-age-sex-race specific
mortality.
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Recently UN published the report on demographic data of the whole world, 228 countries. The data
were given for years 2000 and 2005, some also for past (1950 and 1970/75), but the main interesting results
of the publication are the forecasted values for main indicators up to the year 2050. The list of indicators
includes the crude age distribution, life expectancy, infant’s and children’s mortality, TFR and some
indicators of population increase. For some countries also the some data about HIV are given.

In our study we have the aim to discover the demographic behavior patterns and types that characterize
different continents and to see their changes in time. It is evident that the demographic behavior of a
population in one or many countries depends on multiple factors characterizing natural and social
environment, cultural (including religious) traditions, economical, historical and political situation at given
time and given place. Nevertheless, evidently there are some intrinsic regularities that connect different
demographic characteristics. The aim of given paper is to find these regularities with help of some
multivariate statistical methodologies using demographic variables of all countries of the world. As the
countries have very different population size, so there are several ways to analyze all of them: (1) to use
weights depending on the size of population (in our case we defined the weight as ,N where N is the total
size of the population of country); (2) to use for all countries the same weight; (3) to select only the counties
where the population size exceeds some level. We checked all methods and decided to use the way (2).
Nevertheless, we may conclude that the main findings are the same independent on the weights selected.
That means, the demographic behavior regularities do not depend significantly on the size of population.

Factor Analysis of demographic variables
Using data from the period 2000—2010 (16 variables, where instead of absolute population sizes the

distribution of four main age groups were used) we were able to extract the following 3 independent factors
with summary description rate 93%, see Table 1.
The factors can be interpreted in the following way:

1. Fertility—children and infants’ mortality factor (Fert_InfMort), having high scores in countries,
where fertility and also infant mortality and children (aged 0—5 years) mortality are high;

2. Population increase—age structure factor (Incr_AgeStruc), indicating how much the population can
be characterized as a young and increasing one. The factor has positive scores in countries with rapid
increase of population and negative scores in ageing, older, stagnated population;

3. Life expectation factor (Life_exp), depending mainly on life expectation, but also on prevalence of
HIV in the country and having positive scores in countries where life expectation is large.

We were interested in grouping the countries using the factors as dimensions and illustrate the results
using the scatter-plots, where each point corresponds to a country. See the figures 1—5, where the countries
are grouped by continents. Here horizontal axis represents scores of the first – Fert_InfMort factor (the right-

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 5053 -



hand area corresponds to high fertility and infant mortality, the left-hand – to low fertility and infant
mortality). Vertical axis characterizes the second – Incr_AgeStruc factor: here higher position have the
countries with young and increasing population. The values of the third factor are characterized by the color
of points – the light ones correspond to positive, the dark ones – to negative values of the Life_exp factor. To
make the figures comparable, all have the same scales and formatting.
Table 1.
 Fert_InfMort Incr_Age Struc Life_exp
TFR_00_05 0,827 0,504 -0,193
TFR_05_10 0,847 0,465 -0,189
InfMort_00_05 0,765 0,417 -0,42
InfMort_05_10 0,779 0,39 -0,415
Child5Mort_00_05 0,803 0,364 -0,422
ChilMort_05_10 0,809 0,341 -0,419
Share_15_59 -0,904 -0,115 0,126
Share_60_79 -0,269 -0,931 0,224
Share_80+ -0,145 -0,914 0,313
Medage_05 -0,485 -0,813 0,251
Share_00_14 0,637 0,706 -0,232
Increase_00_05 0,613 0,685 0,103
Increase_05_10 0,665 0,696 0,081
HIV_2005 0,114 0,061 -0,843
Life_exp_00_05 -0,633 -0,409 0,635
Life_exp_05_10 -0,62 -0,389 0,665

Africa (Figure 1)
Characteristic for Africa is very wide scale of differences in the first – Fert_InfMort factor – from -

1.4 in South Africa and Botswana up to 2.9 in Niger and Sierra Leone. Dominating for Africa are positive
values of this factor. The second – Incr_AgeStruc factor has also rather wide range, mainly in positive area
(no values of the factor less than -0,35 exist in Africa). That means, in general, the population of African
countries is young and tends to be increasing. The highest value of the second factor is in Western Sahara,
also Libya and Eritrea have relatively high values in this factor. The third – Life_exp factor has in Africa
more negative scores than in all other continents. In Africa this factor is tightly correlated with the second
factor. That means, these African countries, where life expectation is low and HIV prevalence high, do not
have also high scores in population increase factor. The countries with extremely low life expectancy factor
are Swaziland, Lesotho, Zimbabwe and Botswana. A special group of African countries with negative scores
of the first and positive scores of the second and third factor form such countries as Egypt, Morocco, Algeria
and Tunisia (the light points in left /above area of Figure 1).
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Asia (Figure 2)
Asian population varies very much – almost in all dimensions the extreme points belong to Asian

countries. In general, the scores of the first – Fert_InfMort factor are rather negative. The only exception
with very high value of this factor is Afghanistan having very high TFR and infant’s mortality rate.
Significantly positive scores in this factor have also Timor-Leste and Yemen. The second – Incr_AgeStruc
factor varies from -2.54 (in ageing Japan) up to 2.1—2.6 (Arab Emirates, Qatar, Kuwait). Anyway, in Asia
is dominating is rather young and increasing population. The third – Life_exp factor is in Asia
predominantly positive and is not correlated with other factors. Minimal score has Myanmar, also former
Soviet republics Georgia, Armenia, Azerbaidjan and also DPR Korea have rather low scores in this factor.
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Australia, Oceania
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Europe (Figure 3)
The demographic behavior of European countries is very uniform compared with other continents. In

the graph almost all countries are situated in the same left-down area, whereas strong negative correlation
between two first factors Fert_InfMort factor and Incr_AgeStruc factor is evident. Also the third Life_exp
factor is strongly correlated with the first factor. We see on the graph two almost parallel lines representing
populations with shorter and longer life-expectancy. The dependence structure of demographic variables in
Europe is different compared with other continents: fertility and infant mortality are not positively correlated,
but have weak negative correlation. Population increase is more connected with longevity, not favorable age
structure (large share of younger population). Most influential variable is life expectation having positive
correlations with population increase and also fertility, but negative correlation with infant mortality. The
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countries can be grouped as western (having long life expectation, ageing population and rather low child
mortality, but in general, weakly increasing population) and eastern or transition countries (having shorter
life expectancy, somewhat younger population, but in most cases extremely low fertility and rather
decreasing population). The extremal scores have the following countries: the first factor: minimal scores –
Moldova (-1.22); Russia (-1.05) and maximal scores Sweden (0.67) and Italy (0.5); the second factor:
minimal scores – Italy (-2.46), Sweden (-2.33) and maximal scores Ireland (-0.29); Albania (-0.08).

America (Figure 4)
Here all Northern, southern and Caribbean countries are included; nevertheless, the variation of the

population is less than in Africa and Asia. Most countries have negative values in the first Fert_InfMort
factor, that means, here both fertility and infants mortality are rather low compared with world mean,
especially – with Africa. The second Incr_AgeStruc factor has both positive and negative scores that are
quite well balanced. In the third The third – Life_exp factor the values tend to be positive The extremal
scores occur in the following countries:.The first factor has minimal scores – in Trinidad and Tobago (-1.52)
and Barbados (-1.12), maximal scores in Bolivia (0.30) and Uruguay (0.13). The second factor has the
minimal scores in Canada (-1.06) and USA (-1.00), maximal scores in Belize (1.10) and Venezuela (0.88).

Australia and Oceania (Figure 5)
The full necessary information was available only for twelve countries in this area, including also

Australia and New Zealand that formed separate group by the second Incr_AgeStruc factor (countries with
ageing population). In general, in this area the population is rather young and increasing, fertility varies
among medium level and in most cases life expectancy is rather above the medium level.

Dependencies between factors
It is a well-known fact that globally factors are uncorrelated, but it might happen that in subsamples

the factors are more or less correlated indicating different dependence structures. From the table 2 we see
that the dependence structures of factors are quite different in different continents. In Europe between
Fert_InfMort factor and Incr_AgeStruc factor is very strong negative correlation caused by very special
dependency structure of demographic variables. In all other continents the first factor and the second factor
are rather independent, but correlations occur between the second and the third factors: in Africa shorter life
expectation is connected with higher fertility and infant mortality, in Australia and Oceania the connection
between these factors is opposite.

Table 2. Correlations between factors in different continents
 Africa Asia Europe America Australia-Oceania Total
1_2 -0,252 -0,107 -0,778 -0,294 0,007 0
1_3 0,32 0,14 0,89 0,44 -0,09 0
2_3 0,71 0,27 -0,44 -0,14 -0,76 0

Forecasting the future trends of demographic behavior
Using the forecasted (by UN) data for year 2050 we repeated the Factor Analysis procedure and got

factors 1 and 2 similar to the same factors in years 2000—2010. After that we calculated the mean scores of
these factors for all continents, see figure 6, where smaller symbol indicates the former, larger symbol the
later position of the continent. Our hypothesis was that there exists some unification tendency so that the
behavior of countries from different continents will in future approach to each other. But this hypothesis was
only partly true: it seams that Africa (in right hand above) will go farter away from other continents; almost
the same happens with America, where especially the fertility factor decreases. Asia and Europe, on the
contrary, approach to each other and also to the world average point.

References: http://www.un.org/esa/population/publications/wpp2006/wpp2006.htm
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The demographic situation characterising marriages, divorces and births has changed in Europe during the
last 45 years more than ever earlier. These changes are connected with changes of value orientations of people,
changes in women’s status and also possibilities of planning family size and children’s birth time.

The aim of our study is to describe the change patterns of family relations in the years 1960 - 2005 in
Europe, and explain which external and which background  conditions have influenced the trends of change.

Our main hypothesis is that there are three dimensions or common influential factors that explain the
changes. These dimensions are: the time, the political system (democratical countries versus former communist,
now transition countries), the geographic dimension (North—Middle––South), covering cultural differences
(different traditions, different religion etc) between countries.

Factor analysis of family and fertility variables
The review is based on bulletin of Eurostat witch includes data on 46 European countries. In the interest of

increased stability for the results Turkey, which is mostly in Asia, and small countries (Andorra, San Marino and
Liechtenstein) have been left out of analysis. The following ten demographic measurements were included:
crude marriage rate, total first marriage rate of woman, mean age of women at first marriage, crude divorce rate,
total divorce rate, crude birth rate, total period fertility rate, extra-marital birth rate, mean age of women at birth
of first child, mean age of women at childbearing. The data for analysis of these indicators has been chosen in
six points in time – in the years 1960, 1970, 1980, 1990, 2000 and 2005.

European countries have been divided into groups by two factors. Historic-political: (1) democratic market
economy countries (D-countries), (2) countries that belonged to the socialist block from 1960—1990 (S-
countries). Geographical (based on the latitude of the capital of the countries, the limit  latitudes being
approximately 550 and 450): (1) Northern European countries (N), (2) Central European countries (C), which in
this review is the region between Northern and Southern Europe, i.e. Western and Central Europe in the usual
sense, (3) Southern European countries (S).

Factor analysis results
To explain the regularities of development, factor analysis was used (Table 1); and three well interpretable

factors with summary description rate 85.5% were found.
1. Marriage-birth factor describes 34% of the variables observed and is in strong positive correlation with the

following variables: crude marriage rate (0.83), female total first marriage rate (0.79), crude birth rate (0.86),
total birth rate (0.83).
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2. Women family creation decision age factor describes 30% of the variables and is in strong positive
correlation with the following variables: female first marriage rate (0.87), age of women at birth of first child
(0.91), mean age of women at childbearing (0.98).

3. Family stability (divorce) factor describes 21% of the variables and is in strong positive correlation with two
variables measuring the divorce rate: crude divorce rate (0.98), total divorce rate (0.91).

Table1. Factor analysis results
Variable Communality Mar_birth fam_creat fam_stab

Crude marriage rate 0.835 0.833 -0.376 0.004
F total marriage rate 0.824 0.792 -0.392 -0.203
F total first marriage rate 0.918 -0.349 0.865 0.219
Crude divorce rate 0.980 -0.150 -0.082 0.975
Total divorce rate 0.975 -0.321 0.224 0.907
Crude birth rate 0.810 0.857 0.009 -0.277
Extra-marital birth rate 0.594 -0.535 0.358 0.424
Total period fertility rate 0.741 0.826 0.037 -0.241
Woman’s age at birth of first child 0.902 -0.279 0.905 0.075
Mean age of women at childbearing 0.965 0.093 0.976 -0.069
Description % 85.5 33.6 30.0 21.9

Marriage-birth factor
The positive trend of first (marriage-birth) factor corresponds to high marriage rates, which are measured

both by the crude marriage rate and the total marriage rate. This trend is also characterised by high birth rate,
both in terms of crude and total birth rate. In conclusion, the positive trend of the first factor corresponds to the
traditional family creation-birth rate pattern. On the other hand the negative trend of the factor corresponds to the
low marriage and birth rate, which is the modern family creation-birth rate pattern.

The weaker correlations between the factor and variables are also noteworthy. The first factor has a
moderate negative correlation with the extra-marital birth rate (–0.535).

It transpires that the extra-marital birth rate is the only variable that is not well determined by any of the
factors (the description rate – communality – is 59%). The link between the variable and marriage-birth factor is
quite natural: in the countries with lower marriage rates the extra-marital rate is generally higher. Negative
correlation with the birth rate (which also includes extra-marital births) might seem contradictory at first. The
reason being that in the case of the traditional family creation pattern the extra-marital births are disapproved and
thus extra-marital birth rate is relatively low. On the other hand, in the case of societies with the modern family
creation pattern, extra-marital relations and births are tolerated and the rate of extra-marital births is high.

Other noteworthy correlations with the first factor are the first marriage rate of women (0.35) and the age
of women at the birth of a first child (0.28). This is a universal rule according to which the postponement of
marriage and having children (higher age of women at first marriage and birth of child) is cohered with lower
rates of marriage and birth.

Based on the meaning of family creation pattern, the first factor could also be called traditional-modern
family creation factor.

Women family creation decision age factor
The positive trend of the second (women family creation decision age) factor corresponds with a situation,

where women take the family creation decisions – (first) marriage, birth of first and following children –
relatively late. The negative trend of the factor corresponds to taking the family-related decisions relatively
early.
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The second factor has a small positive correlation with the extra-marital birth rate (0.36), hence late marriage is

concomitant more frequently with extra-marital births – an expected result. The second factor also has negative correlation

with the marriage rate (–0.38) and the women total marriage rate (–0.38). This reverberates the known fact that later

marriages are concomitant with the lower rate of married people in the population and postponement of having children is

cohered with the lower birth rate.

Family stability factor
The positive trend of the family stability factor corresponds to higher divorce rates, a lower trend

corresponds to a lower divorce rate. The third factor has a small positive correlation with the extra-marital birth
rate (0.42), which shows that higher divorce rate is cohered with a slightly higher extra-marital birth rate. The
third factor also has a weak negative correlation with the crude birth rate (–0.28), which indicates that a high
divorce rate in a society means a lower birth rate.

Factors correlation with background variables
To explain the connection between factors and background variables or dimensions the following

correlation matrix is presented (Table 2). We see, that influence of three background dimensions corresponds
one-to one with three factors, describing the demographic behaviour of the population of different European
countries.

Table 2. Factor and background variable correlations
Year History Geography

Marriage-birth factor -0.695 -0.195 -0.167
Women family creation
decision age factor

0.261 -0.593 -0.205

Family stability factor 0.208 0.101 -0.600

It transpires from the figure 1 that in the case of practically all country groups the movement was towards
the negative values of the first factor, i.e. a decrease in the marriage and birth rate, whereas the amplitude of the
movement of D-countries is considerably smaller than that of the S-countries that have covered a long distance
over the past decade. At the beginning of the period all the country groups moved towards a decline of the
second factor, which was then replaced by a strong ascent in the D-countries and a moderate rise in the S-
countries.

Figure 1.
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Figure 2.

It is significant that throughout the period the S-countries have been on a considerably lower position in
terms of the second factor (figure 2) than the D-countries. The other interesting fact is that countries with a
similar historical-political background are quite similar, which is particularly apparent in the year 2005.

Figure 3 describes the changes in the values of the third factor over the period. The decline in the divorce
rate over the past decade in the S-countries is partly explained by the decrease of marriage rate, but it could be
also due to an increasing rate of cohabitation in the Northern European S-countries.

Figure 3.

REFERENCES http://www.epp.eurostat.ec.europa.eu
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1. Introduction 

In the past, Portugal used to be almost exclusively an emigration country. From the nineteenth century 
and until the fifties almost two million people left the country, looking for better life conditions. For the first 
time, in 1991, Esteves referred to Portugal as an immigration country. Actually, in more recent years Portugal 
has become attractive for immigration, mainly from Brazil, Eastern European and Portuguese-Speaking 
African countries. With the increase of immigration into the country the remittances sent abroad have also 
been rising substantially in the last few years (see figure 1). 

Nowadays researchers have a great interest in migration and remittances, because of their economic, 
social and demographic impacts in the countries affected by this phenomenon. There are a large number of 
studies regarding the identification of the migrants’ remittances’ determinants. Some of them use 
microeconomic data sets, mainly based on household surveys (for example, Lucas and Stark, 1985; 
Hoddinott, 1994; Agarwal and Horowitz, 2002; Amuedo-Dorantes and Pozo, 2006). Moreover there are 
some authors that study the macroeconomic determinants for remittances (for example, El-Sakka and 
McNabb, 1999; Higgins, Hysenbegasi and Pozo, 2004; Sayan, 2004; Aydas, Metin-Ozcan and Neyapti, 
2005; Gupta, 2005; Vargas-Silva and Huang, 2006). 

In this paper we identify some of the macroeconomic determinants of workers’ remittances outflows 
sent from Portugal to a set of nine developing countries, selected according to their contribution to the total 
of migrants’ remittances outflows (Angola, Brazil, Bulgaria, Cape Verde, Moldova, Mozambique, Romania, 
Russia and Ukraine). To account for the inertia in the remittances’ behavior, a dynamic panel data model was 
specified. The model coefficients were estimated using the corrected Least-Squares Dummy Variable, 
derived by Kiviet (Kiviet, 1995; Kiviet, 1999; Bun and Kiviet, 2003). 

The paper proceeds as follows. In section 2 are introduced some theoretical subjects about workers’ 
remittances and the applied methodology and section 3 contains the estimation results and their economic 
interpretation. 
 

2. Theoretical considerations 
Workers’ remittances are an item of the balance of payments’ current account of each country. 

Remittances are considered current transfers, because they are transferred between countries without a quid 
pro quo. The inflows are the remittances received in a country and the outflows are the remittances sent from 
a country. 

There are some recognized motivations for remitting. Sometimes the identification of those motives is 
not clear, as they may interact between each other. Even though, the main identified reasons to send 
remittances are altruism, self-interest and insurance. These motivations are generally connected with 
remittances’ determinants. 
 

                                                      
1 The views expressed are of the author and do not necessarily reflect those of the Banco de Portugal. 
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Panel data has important consequences in estimation techniques. On the one hand, it allows the 
increasing of the estimates’ precision, by combining time-series and cross-section data, which raises the 
degrees of freedom on the estimated models. On the other hand, it has important impacts in the inference, 
which depends on the panel characteristics. 

Panels are frequent with microeconomic data, characterized by a large number of individuals N 
observed over a small number of time periods T. When ∞→N , the OLS estimators are inconsistent, and 
therefore when N is large it is necessary to use specific techniques to avoid the inconsistency, as for example 
Arellano and Bond (1991) Generalized Method of Moments estimator. Panels with N small and large T are 
less frequent, but typical in macroeconomic applications. In this last case, the consistency problem is 
overturned, although biased estimators might be obtained. Judson and Owen (1999), recommend the use of 
Kiviet’s corrected Least Squares Dummy Variable (LSDVC) estimator, for panels with small N and moderate 
T. Kiviet (1995) presents a method to correct the small sample bias of the LSDV estimator for samples where 
N is small and T only moderately large, by using asymptotic expansion techniques to approximate the bias in 
order to also include terms of at most order N-1T-1. In 1999, Kiviet derives the bias approximation more 
accurately, including also terms of at most order N-1T-2. Bun and Kiviet (2003) use simpler formulas in 
Kiviet’s approximation (1999). This estimator is simultaneously efficient and unbiased, as the small sample 
bias is corrected. 
 

3. Empirical results 
Quarterly data were used for the period from 2000:1 to 2005:4. The source for the dependent variable 

(outflows of migrants’ remittances) is the Balance of Payments statistics compiled by the Banco de Portugal 
(Portuguese Central Bank).  

The explanatory variables intend to reflect the economic and financial evolution in the destination 
countries and in Portugal. The chosen variables reflect the availability of data for the selected countries, 
which in some cases have recent and developing statistical systems. So, the selected variables are the 
following: real exchange rates between the Euro and the domestic currencies of those countries; real interest 
rates; Gross Domestic Product (GDP) deflators as a proxy to inflation; and real GDP. In the latter cases 
quarterly data was estimated from annual data. The data sources are: Banco de Portugal; Instituto Nacional 
de Estatística (National Statistics Institute of Portugal); International Monetary Fund (International Financial 
Statistics and World Economic Outlook); and in some specific cases the selected countries’ Central Banks. 
All the variables were considered in real terms and their logarithms were used (with the exception of the 
interest rates). The model was initially specified as follows: 

1 , 1 2 3 4 5 6 7 8ln ln ln ln _ ln ln _ ln _it i t it t it t it it t i itR R G G PT I I PT E IR IR PTβ β β β β β β β α ε−= + + + + + + + + +
, 

with i = 1,…, 9, t = 2,…, 24. Rit is the volume of remittances sent from Portugal to the country i in the period 
t; Git is the GDP of the countries; G_PTt is the Portuguese GDP; Iit is the countries’ GDP deflator; I_PTt is 
the Portuguese GDP deflator; Eit is the exchange rate between the Euro and the national currencies (amount 
of national currency equals one Euro); IRit are the interest rates of the nine countries and; IR_PTt is the 
Portuguese interest rate. iα  is a fixed-effect and itε  are assumed to be serially uncorrelated with zero mean 
and independently distributed across countries.  

The coefficients were estimated using a Stata routine that computes bias corrected LSDV estimators 
and their bootstrap variance-covariance matrix, developed by Bruno (2005). 
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After dropping some of the coefficients, due to their lack of significance, we obtained2: 

ittittiit EPTIGRR ln528.0_ln700.6ln733.2ln629.0ˆln
)*302.0(**)*101.2(**)*854.0(1,**)*046.0(

−+−= −  

The results confirm the hypothesis of a dynamic specification, as the lagged dependent variable is very 
significant. Concerning the other regressors, it is possible to observe that the volume of remittances sent 
from Portugal decreases with the increase of destination countries’ real GDP. On the other hand, with the 
rising of Portuguese prices, the volume of remittances increases. The exchange rates’ coefficient estimate 
indicates that national currencies depreciation (Euro appreciation) conducts to a decrease in the volume of 
sent remittances. Finally, the interest rates do not have a significant influence on the remittances’ volume, 
suggesting that the immigrants’ motives are probably not related with financial investment. 

Regarding long-term effects in the volume of remittances transferred, a one per cent increase on 
countries’ real GDP implies a long-run decrease of 7.4 per cent on the remittances sent abroad. A one per 
cent increase on Portuguese prices has an average impact, in the long term, of 18.1 per cent on the 
remittances’ volume increase. At last, an appreciation of one per cent of the Euro has the consequence of 
decreasing remittances by about 1.4 per cent. 
 

 

 

 

 

Figure 1 – Workers’ Remittances Outflows (% of GDP) 
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2 * Significant at the 10% level; ** Significant at the 5% level; *** Significant at the 1% level (standard errors in 

parenthesis). 
3 Data available in June 2006. 
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Migration between countries is a historically long-term phenomenon which is affected by economic, 

social, demographic and other influences and which can have different social consequences – it may lead to 
development, but also stagnation and recession. Its existence is influenced by a number of factors. The impulse 
to migrate can be due to personal, natural climatic, social, political or economic reasons. 

The basic factor for economic migration is a higher economic standard at the recipient (target) country 
compared to the standard in the mother country (country of origin) of the emigrant. The most frequently used 
indicator for an international comparison of the economic levels of countries is Gross Domestic Product – GDP 
per capita which is expressed at comparable price levels (Purchasing Power Parity). The larger gap between the 
economic level of the mother country and the target country, the higher the intensity of economically motivated 
migration [Ujhazy, 2005]. 

It is practically impossible to define the quantitative scope of economically motivated migration and it can 
be missleading to do so, even though a number of macro-economic models have attempted this. The results of 
such models can differ by hundreds of thousands to millions of migrants. This is due to the fact that in addition 
to the macroeconomic factors such as GDP per capita and unemployment levels etc., there are a large number of 
non-economic factors which affect migration, the intensity of which can be difficult to estimate [Jenissen, 2004]. 

According to neo-classical economic theory, real wage differences between countries give rise to two 
flows will exist whereby a new international equilibrium is created in which real wages are of the same level in 
all countries. The first is a flow of low-skilled labour from low-wage countries to high-wage countries. The 
second is a capital flow form high-wage countries to low-wage countries. This capital flow comprises mainly 
labour-intensive industrial capital and will be accompanied by high-skilled labour. This mechanism leading to 
balance. 

In May 2004 the four Visegrad Group countries, the Czech Republic, Slovakia, Poland and Hungary, 
entered (among others) the European Union and they have become a part of the single internal market with four 
freedoms such as free movement of goods, services, capital and people. The movement of people between the 
new and old EU Member States has been a very important topic of many research studies as well as it has 
become a hot political issue and remained with partial restrictions of a free movement of workers until today.  

However, there are also other international migration topics which, according to our opinion, deserve our 
interest. The aim of this paper is to evaluate the international migration and mobility of the EU citizens - from 
the old Member States as well as from the new Member States in four selected countries. These flows have not 
been restricted since the enlargement and we can evaluate whether this moment has had any effect on the 
immigration flows. The paper is also focused on economic integration among these Central European countries. 
The aim is also to compare whether the Visegrad Group countries are stronger interconnected with migration 
flows or with trade and capital flows.  

The paper has two parts. First one is dedicated to comparison of international migration from old EU 
Member States in these four countries. Most of the international migration in the Visegrad Group countries is 
related to their historical and geographical ties. Thus the role of migrants from the EU 15 in the total 
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immigration flows is relatively small. Anyway, the number of EU 15 citizens has been gradually rising with the 
deeper economic relations of Visegrad Group countries with the European Union during the 90s. This migration 
shows predominantly economic motivation. The citizens of old EU Member States usually work in highly skilled 
positions as managers, professionals or entrepreneurs. We will try to prove that these migration flows are related 
to the trade and investment flows from the source countries. For example, the regional distribution of EU 15 
citizens is highly correlated with the foreign direct investment location within the regions in the Czech Republic.  

The second part is devoted to the migration and mobility from the new Member States to the Visegrad 
Group countries and is mainly focused on the bilateral migration flows of the selected four countries. We have 
found out that despite their geographical proximity and former economic integration within CEFTA, the four 
Visegrad countries are not significantly interconnected with international migration flows except the relation 
between the Czech and Slovak Republic. Although there are insufficient data and difference in migration 
definitions we have found out that the migration from the Slovak to the Czech Republic is the strongest bilateral 
migration flow (approximately 57 thousand of workers in 2004), followed by number of Poles in the Czech 
Republic (almost 7 thousand workers in 2004) and the Czechs in the Slovakia (2 thousand workers in 2004). The 
rest of the bilateral flows are rather small. 

For the comparison of the form and depth of regional integration we used the relative share of number 
of foreigners from the rest three Visegrad countries in the total number of foreigners (measured as foreign 
workers) for every single Visegrad country and we also counted the share of imports and exports with the 
three Visegrad countries in total imports and exports for every single Visegrad country. We have found out 
that the Czech and Slovak Republics are also significantly interconnected with labour migration. There is also 
relation between Slovakia and Hungary with regard to labour force. The migration relations between the 
Czech and Slovak republics are stronger than the trade flows although both countries are relatively more 
integrated in the regional trade than Hungary and Poland. For the latter countries it is typical that if they are 
integrated in regional economy they are more likely trade than migration flows. Poland is an important labour 
exporter but these workers are mainly active in the old EU member states. The strong Czech and Slovak 
regional participation can be explained mainly by their strong bilateral economic ties.  
 

Tab.1: Stocks of foreign population in selected countries (thousands) 
 1995 1996 1997 1998 1999 2000 2001 2002 2003 2004 2005 
Czech Republic  158,6  198,6  209,8  219,8  228,9  201,0  210,8  231,6  240,4 254,3 278,3 
  % of total population  1,5  1,9  2,0  2,1  2,2  1,9  2,0  2,3  2,4 2,5 2,7 
Hungary  139,9  142,5  148,3  150,2  153,1  110,0  116,4  115,9  130,1 142,2 .. 
  % of total population  1,4  1,4  1,4  1,4  1,5  1,1  1,1  1,1  1,3 1,4 .. 
Poland .. .. .. .. .. ..   49,2 ..  .. 
  % of total population .. .. .. .. .. .. ..  0,1 .. .. .. 
Slovak Republic  21,9  24,1  24,8  28,4  29,5  28,8  29,4  29,5  29,2  22,3 25,0 
  % of total population  0,4  0,5  0,5  0,5  0,5  0,5  0,5  0,5  0,5 0,4 0,5 

Source: Trends (2004) 
 
 
Tab. 2: Foreigners – employees (%) 

Country of destination→ 
Country of origin ↓ 

Czech. rep. 
(2005) 

Slovakia 
(2005) 

Hungary 
(2004) 

Poland  
(2001) 

Czech Republic x  42,5 < 0,7 < 1,2 
Slovakia 55,7 X 6,6 < 1,2 
Hungary < 0,3 < 2   x < 1,2 
Poland 6,7 2,1 0,7 x  
Total (selected countries) < 62,7 < 46,6 < 8,0 < 3,6 
Source: Trends (2004) 

 
It can be expected that after the EU enlargement and the relaxation of migration rules the number of 

other Visegrad countries’ citizens have grown especially in border regions with differences in economic level 
and unemployment. This effect has probably been stronger in the Czech and Slovak Republic which are more 
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regionally integrated than in Hungary and Poland where most of the migration flows come from neighbouring 
countries which are not yet the EU members. This may change with the expected accession of Romania and 
Bulgaria in 2007.  

 
Figure 1: Push-pull model of international migration 

 

Including factors 
Country of origin Country of destination 

• Distance 

• Physiography barrier 

(mountains, rivers, deserts,…) + - 0 + + - + 0 
+ 0 - + - 0 - + • Transport cost - + - 0 - + - 0 

• Access to information 

∑ = „pull“ factors • Employment agents ∑ = „push“ factors 
• Language barrier 

• Rules of emigration policy 

• Rules of immigration policy 

• Haphazard 
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1. Introduction  

After joining European Union Latvia’s economics has developed rapidly. For economic balance 
development the prediction of labour force supply is necessary regarding to its future demand. If there is a 
shortage of important labour force recourses, economical growth will decrease, and there is also a risk of 
inflation decrease. Therefore the University of Latvia in year 2005-2007 in accordance with Welfare 
ministry’s order with the support of Europe Social fond is doing research “Investigation of the long term 
forecast system of the labour market demand and analysis of its improvement opportunities”. 

 
2. Forecasting methodology of labour market supply and demand 

According to the purpose of this research, the forecasting methodology has been developed, which 
consists of forecasting system technological, informative and administrative provision. Under the 
technological provision the forecasting model, developed by Sweden labour market agency (Forecasting 
Handbook, 2005), has been completed and adapted to Latvia conditions (Forecasting Project in Latvia, 2005). 
The forecast purpose of labour force supply and demand is to decrease discrepancy between existed labour 
force market demand and current education supply, making equilibrium in labour force market. Labour force 
demand and supply factors are defined in 120 professions, 15 branches and 37 profession groups in 5 
Latvia’s regions. With an improved statistical model short-term (under 2 years), middle-term (under 7 years) 
and long-term (under 14 years) labour force supply and demand forecast has been done, and also, as well 
strategic evaluation has been defined (under 25 years) in order to quantitatively define and analyze labour 
force sustainable situation and to find forecasting system’s completion possibilities. For the use of model it 
has been provided adequate statistical information about the situation in Latvia’s labour force market, using 
Central Statistical Bureau existing data and employers and employees questionnaires’ summarized results, 
which were done in year 2006. The data interpolation, regression analysis, time series analysis and experts 
judgments were used for the labour market model development. In accordance with long-term forecast the 
most important tendencies (demand or supply confidence interval) has been shown in labor market 
development within the framework of study branches, profession groups and professions, the labor force 
demand and supply difference significant causes have been explained as well as the possible problems 
solving ways have been identified. 

 
3. Statistical model of labour market supply and demand 

Adapting in MS Excel environment Sweden labour market agency forecasting model for Latvia 
conditions, four modeling and forecasting blocks have been introduced: Retired block, Short-term 
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forecasting block, Middle-term forecasting block and Long-term forecasting block using Sweden labor 
market agency forecasting model prototype Excel files: New retirements 20051001.xls and New model 
occupation 20051001.xls. In Retired block precise forecast has been made in two categories: the forecast of 
number of inhabitants and employee per year. The Retired block in general has been made in order to supply 
other three labor market forecasting blocks with input data. Labor market forecast short-term and middle-
term blocks have been made in order to get data for labor market analysis, as well as for its development 
short and middle-term (or long-term) forecasting. The short-term forecasting is done for planned t=2007 year 
and short-term time period t=2008, 2009; basing on actual data t=1996,...,2006. Respectively the middle-
term forecast is done for t=2010,...,2014 time period, basing on actual data t=1996,...,2006, planned year 
t=2007 and short-term forecast data t=2008,2009. The long-term forecast is done for t=2015,...,2021 time 
period, basing on actual data t=1996,...,2006, planned year t=2007, short-term forecast data t=2008, 2009 
and middle-term data t=2010,...,2014. Let Di(IST), Di(VID), Di(ILG) are respectively short-term, middle-term 
and long-term period labour force demand in year i (Instruction of using long term model, 2005) and 
Li - the number of employers in year i; 
ΔLi - analytical employer number change in year i; 
ΔLi

F - in factual time period the change of average number of employers in year i; 
Pi - retired or absolved because of reduction of the staff in year i 
ΔLij - the change of number of employers in year i and age j; 
Lij - the number of employers in year i and age j; 
Nij – the number of inhabitants in year i and age j 
Gij

int- interpolated employment proportion (%) in year i and age j; 
Gik - the employment proportion (%) in year i according to age groups k (Figure 1). 
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Figure 1. Short-term, middle-term and long-term labour market demand statistical model 
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Let Si(IST), Si(VID) and Si(ILG) are respectively short-term, middle-term and long-term period labor 
force supply in year i and 
Ui – the number of graduate who started working in year i;  
Ii – the migration of employers in year i;  
Li- the number of employers in year i (Figure 2). 
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Figure 2. Short-term, middle-term and long-term labour market supply statistical model 
 
In order to simplify the structure of model and provide its long-term forecasting functionality, the 

professions’ grouping algorithm has been made, which allows to unify profession classificatory to 37 
aggregating groups, combining in accordance with skills and worker’s abilities in similar professions, labour 
force supply forming in education system.  

 
4. Labour market supply and demand forecasting results 

In order to make forecasting model functioning formal and logical testing, data have been chosen as 
agricultural and forest management labour force demand and supply (Needs of statistics for long term 
forecasts, 2005). Considering into account the real situation in Latvia’s national economy here has been 
posed the hypothesis that agriculture and forest management labour force demand is decreasing, but supply 
is increasing in the short-term and decreasing in the long-term period. It was noticed that if forecasting 
models works correctly and adequately real Latvia’s development tendencies, then forecast results are to be 
appropriate for posed hypothesis (Roger D. Norton, 2002). 

Provisional results have been got in order to determine prognosis tendency. In the short term the 
common agriculture and forest management branch labour force increases but supply decreases, achieving 
the equilibrium in time of two years. As one of the explanations could be that a notable agriculture and forest 
management branches’ labour force part has migrated abroad, wherewith in short term the discontented 
supply has developed. However, considering European Union common tendency in agriculture policy (for 
example, further sugar manufacturing unprofitableness in Latvia), labour force demand will decrease and 
relatively labour force supply will stay partly discontent. Labour force supply decrease will be hastened also 
by workers irreversible qualification, agriculture workers conducive retirement system and other agriculture 
policy arrangements.  

From middle and long term forecast it can be concluded that labour force supply and demand 
decreases, which shows that advanced hypothesis is correct (The Swedish forecast method, 2005). Making 
first prognosis approximation, a valid result has been got which allows to precise the got prognoses for their 
economical interpretation (Figure 3). 
 

⎪
⎪
⎪
⎪

⎩

⎪⎪
⎪
⎪

⎨

⎧

+⋅+⋅+

+⋅+
++

+⋅+

⋅⋅

=⋅⋅

=

==
==
==

++=

⋅

iii

ii

ii

ii

t
i

i

ii

ii

ii

iiii

tt

t
t

t

ee

tet

ISTModelis

iISTModelisL
iISTModelisI
iISTModelisU

LIUISTS

ii2

i

εγβα

εβα
εβα

εβα

α

α
εβ

εβ

2
66

55

44

33

2

1

/
)ln(

2006,...,1996

_

10,...,1,_
10,...,1,_
10,...,1,_

)(

1

⎪
⎪
⎪

⎩

⎪
⎪
⎪

⎨

⎧

+⋅+
++

+⋅+

⋅⋅

=⋅⋅

=

==
==
==

++=

⋅

ii

ii

ii

t
i

i

ii

ii

ii

iiii

t
t

t

ee

tet

VIDModelis

iVIDModelisL
iVIDModelisI
iVIDModelisU

LIUVIDS

ii2

i

εβα
εβα

εβα

α

α
εβ

εβ

55

44

33

2

1

/
)ln(

2009,...,1996

_

13,...,1,_
13,...,1,_
13,...,1,_

)(

1

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 5072 -



350

550

750

950

1150

1350

1550

19
97

.

19
98

.

19
99

.

20
00

.

20
01

.

20
02

.

20
03

.

20
04

.

20
05

.

20
06

.

20
07

.

20
08

.

20
09

.

20
10

.

20
11

.

20
12

.

20
13

.

20
14

.

20
15

.

20
16

.

20
17

.

20
18

.

20
19

.

20
20

.

Year

Tn
e 

nu
m

be
r o

f p
er

so
ns

Labor demand Labor demand 95% confidence interval
Labor supply Labor supply 95% confidence interval

 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 3. Agricultural and forest management branch labour force demand and supply long-term forecast 
 
 

5. Conclusions 
Evaluating in MS Excel environment got forecasting models results, significant labour force supply 

and demand disparity reasons have been analysed, their possible equilibration preconditions have been 
explained. In the given research accordingly to developed forecasting methodology and its technological 
provision these forecast results according to statistical models are used in Powersim Studio environment 
dynamic optimization model, in order to analyse and imitate the long-term expected cause - result connection 
of the labour market in Latvia’s economical development context.  

The developed analytical set of tools will help government institutions in Latvia to prepare reasonable 
suggestions for government policy in order to decrease unemployment and for professional orientation 
education system development. In the process of government decision making will be possible objectively 
analyse the common expected situation in labour market, to decrease labour force overproduction (structural 
unemployment) as well as to dispose the lack of labour force. The basis data, which are needed in order to 
make governmental decisions, can be used as original situation for planning needs so that in case of need 
increase or decrease labour force supply within concrete specialities.  
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1. Introduction 

According to the labour force concept of the International Labour Organization (ILO), a person is to 
be regarded as employed if he or she has carried out any paid or self-employed work within a given reference 
period. This is a very wide, economically oriented definition. It includes also people in marginal employment 
who work just a few hours per week and cannot make a living from the earned income. This is not in accord 
with the common perception of many persons who do not think in the economic terms of labour force status 
but in the rather social terms of main status. For example, they would usually not regard retired persons, 
students, or homemakers as being employed persons even if they carry out a marginal spare-time 
employment. As Table 1 shows, most of the commonly perceived main statuses have no clear-cut assignment 
to a certain labour force status. 

 
Table 1: Comparison of ILO labour force status and main status 

 Employed Unemployed Non-active 
Working Person  – – 

Apprentice  – – 
Military / Civilian Servant  – – 

Unemployed ? ? ? 
Retired ? ? ? 

Pupil / Student ? ? ? 
Housekeeper ? ? ? 

Other ? ? ? 
 

2. Marginal employment in two different surveys 
The starting point of the considerations at hand was the finding that two large surveys of Federal 

Statistical Office Germany – the ILO telephone survey and the microcensus – yield highly different results 
concerning the number of employed persons in Germany. Although both surveys use the same ILO 
definition of labour force status, the ILO telephone survey shows significantly higher employment numbers 
than the microcensus. Based on several other sources, e. g. social insurance registers and public service 
personnel statistics, it can be said that the employment figures from the microcensus are unreasonably low. 
As further analysis shows, the existing gap roots almost exclusively in undercoverage of marginal 
employment in the microcensus. 

For 2006, the microcensus shows some 2 million marginally employed persons less than the ILO 
Telefone survey. This difference in level concerns as well employment of less than 20 hours per week as 
employment for a wage of less than 400 Euros a week in equal measure. The undercoverage of marginal 
employed concerns particularly women, students, and persons in retirement age, because these groups are 
more often than others in marginal employment.  

The microcensus’ undercoverage of marginal employment affects the measurement of unemployment 
in two opposite ways: On the one hand, the number of persons who are in search for a part-time job is 
underestimated, because in terms of main status these persons do not regard themselves as being 
unemployed. On the other hand, the unemployment figure contains an element of overestimation as well, 
because many persons identify themselves as unemployed although they carry out small economic activities 
which – in terms of the ILO definition – qualify them as not unemployed but employed. All in all, the 
overestimation of unemployed persons in search of a full-time job exceeds the underestimation of 
unemployed persons in search of a part-time job. 
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3. Suggested ways of dealing with marginal employment in surveys 
The measurement of marginal employment by a survey is obviously problematic if the respondents do 

not think in terms of the intended definition of employment. If noteworthy shares of the persons who are 
employed according to the labour force concept do not regard themselves as predominantly employed, the 
risk of underestimating employment is high. The same is true for persons who are in search for a marginal 
employment but do not account themselves as unemployed. 

As the comparison of two German official surveys shows, the ILO telephone survey produces much 
more reasonable data on marginal employment than the microcensus. We attribute this mainly to two factors, 
both of which are based on the underlying discrepancy between the intended definition of labour force status 
and the common, main status oriented perception in people’s minds:  

Firstly, the possibilities of interviewer control are much higher in a telephone survey than in a face-to-
face survey. It is conjecturable that the rather informal atmosphere of a face-to-face interview can mislead 
the interviewer into using to much his own words and his own perception instead of reading out the 
standardized questions of the questionnaire. Possible ways to solve or at least minimize this problem can be 
extensive interviewer training and increased usage of the control methods which are provided by the 
extended assignment of laptops. 

Secondly, there are special problems linked to the fact that the microcensus is a household survey; i. e. 
that every member of a selected household is to answer the questionnaire. Since in many cases some 
household members are not at home during the visit of the interviewer, their answers are attained by proxy 
interviews. We regard this kind of interviews, which are answered by one household member on the behalf 
of another, as highly unsuitable for the measurement of marginal employment. Often, the answering persons 
are parents whose children are studying abroad and carrying out a marginal job or being in search of one. 
This job is not the students’ main activity and so the parents often do not bear this job in mind in the 
interview situation – that is, if they know about it at all. Generally speaking, we regard the use of proxy 
interviews in household surveys on employment and unemployment as not advisable. Furthermore, 
microcensus respondents are given the possibility to complete the questionnaire on their own if they wish to. 
This can also contribute to the problem of underestimating marginal employment, because if there is no 
interviewer who guides through the complex standardized questions, the risk of careless handling of the 
questionnaire is obviously increased. 
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RÉSUMÉ 

D’après le concept des forces de travail de l’Organisation international du travail (ILO), qui est 
internationalement comparable, les personnes employées sont ceux qui pendant la semaine de référence ont 
effectué un travail pour le salaire ou comme indépendants ou comme des aides familiaux. Cela constitue une 
définition très loin et économique. Cette définition comporte aussi par exemple des personnes qui ne 
travaillent que quelques heures par semaine. Ce concept est en contradiction avec la perception quotidienne 
des gens qui ne pensent pas dans le cadre économique du concept des forces de travail mais dans un concept 
de statut d’activité principal plutôt sociopolitique. Par conséquence, retraités, étudiants et ménagères ne 
sont pas considérés comme employés même si ils effectuent une activité secondaire (au sens d’un petit 
boulot). Si une enquête statistique vise à satisfaire le concept des forces de travail, cette perception 
quotidienne divergente peut bien poser des difficultés : Les personnes qui – malgré d’une activité secondaire 
– ne s’identifient pas avec le statut d’emploi, souvent ne se catégorisent pas comme employés, même si la 
question est posé sans ambiguïté. Le même vaut aussi pour les personnes qui cherchent une activité 
marginale mais ne se considèrent pas principalement comme personnes sans emploi. Ce papier montre le 
problème de la mesure d’emploi marginal par deux enquêtes et présente des propositions comment traiter ce 
problème.   
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1 Introduction 
 
 In more and more western countries, the population turnover is not even. New generations are smaller 
than their parents’ generations. From the sustenance point of view, this leads to an unfavourable situation in 
which a small generation has to “sustain” a larger generation. Increasingly effective socio-political planning 
is needed to produce more services with decreasing labour resources. Labour demand should be forecast 
better than before.  Also educational planning should be adjusted to the decreasing resources. 
 Forecasting labour demand and educational needs has become an important issue in Europe. In several 
countries, various kinds of forecasting projects are being implemented by ministries and research institutes 
(e.g. the Dutch Research Center for Education and the Labour Market, see de Grip and Heijke 1998). 
Broadly, forecasting covers the description of the future, creation, development and utilisation of analysis 
systems, and production, acquisition, management, processing, analysis and reporting of the information 
concerning the future. From a slightly more narrow viewpoint, forecasting labour demand and educational 
needs can be seen as part of economic research into the dynamics of the labour market. 
 As most of the labour outflow is due to retirement, retirement is a significant factor influencing the 
labour market, and especially an aging labour market. Together with structural changes, retirement attrition 
accounts for the majority of the labour shortage. Mortality, parenthood and occupational mobility are clearly 
less important factors. The main focus of this article is therefore on forecasting retirement attrition. 
 The lack of suitable record information and focusing merely on the changes in the growth demand of 
labour have been the major problems in manpower forecasting. The aim of this study is to improve the 
prerequisites for manpower forecasting by drawing up a general model for forecasting retirement attrition. In 
many countries, the only way to forecast labour outflow has been to use labour force statistics. It is, however, 
possible to obtain more detailed information from pension registers. In this study, the registers used are the 
ones that contain information on employment relationships and pensions. 
 As older age groups weigh most in the western age structures, forecasting retirement attrition is 
important just now.  More and more employees retire, and more detailed information is required on 
retirement attrition. This study aims at improving the availability of information by developing a model that 
can be used to forecast retirement attrition more accurately than before. The aim is that the model can be 
used at both national, regional and local level. This means that, apart from forecasting projects, the study can 
be utilised in e.g. personnel planning. 
 Retirement attrition is defined as follows: Retirement attrition refers to the labour outflow that is due to 
retirement caused by age or disease. Retirement attrition does not include recipients of part-time or 
unemployment pension. 

 
2 Case: Finnish Local Government 

 
 This study focuses on retirement attrition in Finland. In Finland, the baby boom generation refers to 
people who were born in 1945–1959 (Piekkola 2004, 131), which means that within the next 15 years, the 
number of pensioners and people approaching the retirement age is increasing faster than in the rest of the 
European Union. In the EU, the high birth rates did not occur until the 1960’s and the 1970’s (Elo et al. 
2000, 29). A special Finnish feature is that the change in the population structure in 2010–2020 will take 
place faster than in other European countries. At a longer term, however, the differences between Finland 
and the rest of Europe will even out (Kiander and Lönnqvist 2002). 
 In order to develop a model for calculating retirement attrition, a further focus was chosen for this 
study, i.e. the Finnish local government sector, which employs almost half a million people.  The Finnish 
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local government sector accounts for most of the basic public services in the Finnish municipalities: 
education, social and health care, cultural and leisure services, and technical services. As the local 
government services expanded fast just when the baby boom generation entered the labour market, the 
Finnish municipalities also employ an especially large number of people born in 1945–1959 (See 
Halmeenmäki 2004). Now the baby boom generation has reached the retirement age and started to outflow 
from the labour market. 
 Finland has extremely comprehensive and accurate registers that can be used to examine retirement 
attrition. Retirement attrition can be examined in the local government sector by means of the employment 
and pension application registers of the municipal and state pension schemes. The registers are maintained 
by the Local Government Pensions Institution (about 450 000 local government pension insurees) and the 
State Treasury (about 40 000 local government pension insurees). 
 
 The age-based retirement pension is the primary “route” into retirement for a local government 
employee. The current flexible retirement age is 63–68 years for all the Finnish employees, but, based on the 
old legislation, the local government employees are entitled to a personal retirement age, which varies 
between 55–65 years, depending on the date when the employment started and on the occupation. Most of 
the employees still retire at this personal retirement age.  
 As the average age of the municipal employees has gone up, and the aged employees have a higher 
risk of disability, the significance of the disability pensions has increased. The actual disability pension can, 
however, only be granted to an insuree whose working capacity has reduced significantly. The pension can 
also be granted as a partial or time-limited pension, if return to normal working capacity is possible. 
 The retirement attrition caused by disability retirements can be forecast based on the commencement 
rate of disability retirements, i.e. the number of disability retirees of the total number of employees.  For 
instance, if the commencement rate of disability retirements in a work place of 200 employees is two 
percent, four employees can be forecast to retire on a disability pension annually. 
 The commencement rate of disability retirements can be calculated for e.g. each age group, as the 
registers of the Local Government Pensions Institute and the State Treasury contain information on the 
employees’ gender, age, occupation and employer. In this study age and occupation were chosen as 
classifying variables. It has been established that morbidity and disability retirement are due to both 
occupation and age (E.g. Forma 2004). Age is the most important single factor causing disability retirement, 
and therefore age was included with a one-year age classification ranging from 18 to 68 years of age. The 
occupations were classified into 28 groups. 
 An additional regional comparison was conducted on the commencement rate of disability retirements. 
Age and occupational structures may vary from region to region, but also the region itself can be assumed to 
have significance due to e.g. life styles and hereditary diseases. It was therefore decided to include the region 
in the model by means of a regional coefficient. 
 
 The material described above classified each member of the Finnish local government personnel into 
an age and occupation group combination, and each municipality had a regional coefficient (C). In addition, 
the number of employees reaching the retirement age (A) annually was calculated for each age and 
occupation group combination. The age in each age and occupation group combination changes annually, but 
the assumption is that the occupation groups remain the same. Only the retirement attrition is taken into 
account, or it can also be estimated that the rest of the labour outflow is replaced with similar new labour. 
This means that the annual commencement rate of disability retirements in each age and occupation group 
combination (D) changes annually only if the age changes. 
 Using the above assumptions, the annual retirement attrition (R) of each age and occupation group 
combination can be calculated by using the following equation: 
 
  Ra06 = A06     (1a) 
  Rd06 = (E05 – Ra06) * D06 * C   (2a) 
  R06 = Ra06 + Rd06    (3a) 
  Ra07 = A07 * (1 – D06 * C)    (1b) 
  Rd07 = (E05 – Ra06 – Ra07) * D07 * C   (2b) 
  R07 = Ra07 + Rd07    (3b) 
  Ra08 = A08 * (1 – D06 * C) * (1 – D07 * C)   (1c) 
  Rd08 = (E05 – Ra06 – Ra07 – Ra08) * D08 * C  (2c) 
  R08 = Ra08 + Rd08    (3c) 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 5077 -



  etc. 
 
  E05 = Local government earnings-related pension insurees, i.e. employees on 31.12.2005 
  AXX = Number of employees reaching retirement age (or 63, 64, 65, 66, 67, 68 y.) in XX (year) 
  DXX = Commencement rate of disability retirements in XX (year) 
  C = Regional coefficient 
  RXX = Retirement attrition in XX (year) 
  RaXX = Age-based retirement attrition in XX (year) 
  RdXX = Disability retirement attrition in XX (year) 
 
 The annual retirement attrition can be calculated by adding up the annual attritions of the age and 
occupation group combinations. The same method can be used to calculate retirement attrition in a single 
occupation group in by using the age-standardised commencement rate. 
 
Table 1. Retirement Attrition in the Major Occupation Groups of the Finnish Local Government Sector  

Occupation Group 

Number of Earnings-
related Pension Insurees 

31 Dec., 2005
Retirement Attrition 

2008-2025, %
Nurses 38 314 41.3
Practical nurses 37 589 53.7
Secondary education teaching professionals 35 278 51.7
Primary education teaching professionals 18 183 40.0
Cleaners 17 730 70.2
Childminders and kindergarten assistants 17 726 51.4
Private childminders 16 464 67.1
Total, all occupations 491 031 55.3

 
 
3 General results 
 
 Based on the case, the following equation can be drawn up: 
 
 The retirement attrition (R) of the employees (E) in the period (t) t+1 is: 
 
  Rt+1 = At+1 + (Et – At+1) * Dt+1 * C    (4) 
 
  E = Employees 
  A = Number of employees reaching the retirement age 
  D = Commencement rate of disability retirements 
  C = Regional coefficient 
  R = Retirement attrition 
 
 In the following time periods (t+2…t+n), the total retirement attrition is:  
 
  Rt+2 = At+2 * (1 – Dt+1 * C) + (Et – At+1 – At+2) * Dt+2 * C  (5) 
  Rt+3 = At+3 * (1 – Dt+1 * C) * (1 – Dt+2 * C) + (Et – At+1 – At+2 – At+3) * Dt+3 * C (6) 
 
  Rt+n = At+n * (1 – Dt+1 * C) * (1 – Dt+2 * C) * … * (1 – Dt+n-1 * C) + 
  (Et – At+1 – At+2 – … – At+n) * Dt+n * C    (7) 
 
 Therefore, the total retirement attrition in the period of t+1 – t+n is: 
 
  R = Rt+1 + Rt+2 + … + Rt+n     (8) 
 
 This method calculates the retirement attrition of one employee group. If the groups are formed by 
occupation and age as they are in the Case, the retirement attritions must be combined to obtain the total 
retirement attrition. 
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4 Discussion  
 
 The study resulted in a general model for calculating retirement attrition. The model is useful for 
enhancing the information base to be used in manpower forecasting. The model can be used to calculate the 
retirement attrition of one area, occupation group, or even a single company or organisation.  The model is 
also of current interest, as the labour force in many western countries is aging. It is especially useful for the 
public sector, which is under heavy pressure to change in several countries.  
 The retirement attrition forecast can be used in plans to meet the future labour demand and educational 
needs. When labour demand forecasts are made, one should, however, remember that retirement attrition is 
only one part of the labour flow. The other factors include the rest of the labour outflow, new entrants to the 
labour market, and the flow between occupation groups. Also jobs and services change along the changes in 
society. Retirement attrition also offers an opportunity to reconsider organisational and job structures and 
reorganise them in a totally new way. Competition for labour will heat up in the future, and finding 
replacements for all the people who retire is not necessarily possible. Reorganisation is then an imperative 
rather than an option, but if the situation has been prepared for, it would be easier to manage and control.  
 The model for calculating retirement attrition has been tested in the Finnish local government sector, 
but it can be applied to other sectors and to other countries, as long as the special features of the pension 
systems are taken into account. This article discusses the special features of the pension scheme of the 
Finnish local government sector, but the main features of most of the other pension systems are sufficiently 
similar to allow the model to be applied as such. The retirement age, the commencement rate of disability 
retirements, and the regional coefficient should, however, be defined in accordance with the pension system 
and the region. 
 All the western countries have similar age- and disease-based pension systems. There may, however, 
be other types of pensions, and they have to be considered case by case to decide if they should be included 
in the calculation model. If the pension systems differ from each other even slightly, the statistics are not 
comparable. This means that e.g. the commencement rates of disability retirements may be calculated in 
different ways in different systems. Therefore retirement attrition in one country is not directly comparable 
with retirement attrition in another country. It only describes retirement attrition in relation to the pension 
system that is in force in the country concerned. The use of the model requires sufficient knowledge of the 
pension system concerned to ensure that the impact of the different factors is taken into account in the right 
way. 
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1. Introduction

Indicators of employment and unemployment are the basis for development of the well-grounded 
social and economic policy and estimation of its efficiency. Unemployment level side by side with a real 
internal product and inflation are widely used as the general indicators of the current condition of country 
economy.  The information needs about the condition and tendencies on the labour market constantly grow 
and first of all about labour force characteristics. Thus information necessity exists both on international, and 
at the state, regional and local levels. According to modern international standards of statistical information 
quality, one should be characterized by the maximal completeness and timeliness, should corresponds to 
users needs, should be reliable, accessible and clear, comparable  in time and in the space, coordinated with 
the available comparable data  from other sources. Also the important aspect is expediency, optimality of 
expenses financial and manpower resources on data obtaining. 

The state sample surveys, by results of which economic activity, employment and unemployment 
indicators are measured, mainly provide an opportunity of their reliable estimation on the nation-wide level. 
The estimates received for lower levels in many cases are insufficiently reliable and demand application of 
special approaches for more precise definition. It is typical also for indicators estimation of separate social 
and economic groups of the population. Therefore in the state statistics of Ukraine more and more attention 
is given to the problem of calculation of reliable estimates of these indicators for the regional level (regions, 
districts, separate cities).

2. Measurement of labour force indicators

In Ukraine labour force indicators are measured on the basis of household sample survey of population 
economic activity (SEAP) that fulfilled by State Statistics Committee of Ukraine (SSCU) on the constant 
basis from 1995. Since the survey program was repeatedly changed with the purpose of the account of ILO 
and EC recommendations as well as increase of survey efficiency for the fullest satisfaction of users’ needs. 
First it was carried out once an year, but it did not allow revealing and displaying dynamics of changes at 
national labour market. Therefore from 1999 quarterly SEAP was implemented under the new advanced 
program and 2004 transition has been carried out to monthly survey.

State sample surveys of population economic activity in Ukraine are carried out on the basis of 
interview of set non-institutional household that is formed on the procedure of stratified multistage random 
selection. From 2004 for monthly survey 11.1 thousand households are selected that represent all regions of 
Ukraine. With the purpose of reliability increase of economic activity, employment and especially 
unemployment indicators in rural areas on the basis of sample of household agriculture activity survey 7.4 
thousand households are selected  additionally for interview on the program of SEAP. 

Inside each of 25 regions of Ukraine allocate two strata: urban settlements (cities and towns) and rural 
administrative districts; besides city Kyiv and city Sevastopol are surveyed. The sample size is distributed on 
strata proportionally number of population. 

All regions are represented in the sample almost equally, part of sample by regions is varied from 
0,06% to 0,08%. 

Household sample set consists of six approximately equal parts – rotational groups, each from which 
is representative sample from population. Monthly two rotational groups (third of set) are replaced by two 
others groups – one new group and rotational one that has been surveyed in corresponding month of the last 
year.    
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3. Direct estimation

By results of SEAP the estimates of labour force indicators that characterize all population in the age 
of 15–70 years are calculated. For receiving of labour force indicators estimates, which represent all 
population, multistage procedure of the statistical weights system calculation and calibration 
(poststratification) is realized that includes:
- the account of the general probabilities of households selection;
- the account of the actual level of households and persons refusals;
- association of the data received under different interview programs;
- harmonization of survey results with the data of demographic statistics concerning number and sex-
age structure of the population.

Special research of direct estimates quality for labour force indicators has shown, that mid-annual, 
quarter and month estimates indicators of economic activity and employment are suitable for quantitative 
analysis both on nation-wide, and at the regional level except of month estimates for Sevastopol city, where
CV ≥ 10% (for national level CV < 1,5%, for regional level CV < 6%); mid-annual estimates of 
unemployment rates can be used for quantitative analysis on nation-wide level, CV < 3% (table 1). As to 
regional level, for 7 regions from 27 indicators estimates are reliable, for other 19 regions CV doesn’t exceed 
19% and only for Sevastopol city CV ≥ 25%; quarter estimates of unemployment indicators can be used for 
quantitative analysis on nation-wide level (CV < 5%), at the regional level it is possible to use only estimates 
for separate regions; month estimates of unemployment indicators can be used for quantitative analysis on 
nation-wide level (CV < 5%). At the regional level indicators estimates aren’t suitable, in most cases CV ≥ 
15%.

On the basis of reliability rate analysis of state SEAP data it is possible to draw the conclusion: for 
regional level direct indicator estimates are less accurate than for Ukrainian level: it is caused first of all by 
considerably smaller sample size for each separate region. And for indicators of population economic 
activity and employment accuracy of received estimates, for example for regions, is satisfactory. Low 
reliability of population unemployment indicators is also caused by rather small values of the indicator.

4. Indirect estimation

On the basis of studying results of existing approaches to increase of data reliability level of 
household sample surveys it is necessary to draw a conclusion that now is expedient complex use of different 
ways (Sarioglo V., 2003): 
- sample design optimization in view of the small area;
- use of statistical weight calibration procedure for account of the existing reliable external information;
- use of the small area methods at indicators estimation;
- use of coordination procedure for small area estimates and direct estimates for different levels of data 
aggregation.

The main feature of existing approaches for surveys that are carried out on the constant basis 
(monthly, quarterly, annually) is use of the information from additional data sources. More often additional 
information is used by the way of application small area methods. One of approaches to estimator 
construction for indicators estimation is the method of composite estimation.

In this paper as composite estimator is considered estimator received on the basis of direct estimator
and indirect estimators, received on the basis of a method synthetic estimation or a method of model base 
estimation.

Composite estimator for unemployment level (number of unemployed) in view of monthly rotation for 
month t is (Design and Methodology, 2000; Local Area Unemployment Statistics, 2001):

)(ˆ)1( 1 tttt YKYKY   , (2)
where: tY  – indicator composite estimate for the current month; tŶ – direct estimate for the current month; 

1tY – composite estimate of the previous month; t – estimate of indicator changing concerning the last 
month that received on the basis of 4 rotation groups data, which are the common for months t  and 1t ; K
– weight coefficient.
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6,,2,1 i – number of rotation group for sample of current month; itx , – the sum of the unemployed 

weights for month t and rotation group і;  6,5,3,2S – rotation groups, which went from the last month.
Calculations of unemployment level estimates are carried out for everyone stratum separately. 

Stratification is realized by region (oblast) and in region – by type of area (urban and rural), all is 53 
strata. Sample set size for these territories changes from 19 to 1628 persons. It is not enough for 
reception of reliable estimates of labour force indicators, and furthermore unemployment indicators
for many strata. 

5. Results

Results of application of the method of composite estimations on the basis of the data for 
previous survey periods testify to efficiency of use of this approach to solving the problem of 
reliability improvement for results of population sample survey on economic activity. Fig. 1 shows 
coefficients of direct and indirect estimates variation for west regions of Ukraine. As whole
estimates reliability improvement for unemployed and employed number is observed for all 
territories of Ukraine on the average in 1.28 and 1.35 times accordingly. The least estimates 
reliability improvement is observed in rural area of Ternopilska oblast: in 1.01 times for 
unemployed number estimate and in 1.11 times for employed number estimate.
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Figure 1. Comparison of direct and indirect estimates of unemployed and employed number for west
regions of Ukraine (February, 2006)

As it is visible from the resulted data, reliability of estimates essentially raises, when the weight 
coefficient accepts values, less than 0.5. At the same time, application of composite estimation method does 
not provide required reliability of estimations on all regions. 

Character of change of weight coefficients K for unemployed and employed by strata is illustrated 
with the data submitted on fig. 2. Apparently from figures, the variation of coefficient for  unemployed is 
much more, than for employed.
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Figure 2. Values of weight coefficients of estimators for unemployed and employed number
The data of table 1 illustrate values of indicators estimates for regions under consideration.
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Table 1. Indicators estimates of unemployed and employed number for west regions of Ukraine
(February, 2006)

Estimates of employed population,
thousand persons

Estimates of unemployed population,
thousand persons

Current Previous Indirect K Current Previous Indirect K
Urban 211,3 209,7 221,1 0,46 12,0 12,3 12,7 0,51Zakarpatska
Rural 349,7 331,1 346,0 0,37 7,8 10,6 7,5 0,29
Urban 262,0 252,3 250,2 0,45 6,6 9,0 7,5 0,33Ivano-Frankivska
Rural 285,7 328,8 295,5 0,40 18,4 15,1 18,4 0,47
Urban 666,2 644,3 658,3 0,49 47,8 29,4 38,2 0,54L'vivska
Rural 431,1 415,2 424,2 0,49 24,6 20,9 21,9 0,51
Urban 162,4 153,1 148,5 0,49 25,9 29,1 28,2 0,45Ternopilska
Rural 273,8 241,7 270,0 0,43 16,6 10,5 14,1 0,30
Urban 308,2 309,5 308,1 0,47 18,5 28,1 22,4 0,38Khmelnytska
Rural 260,4 261,1 262,2 0,33 17,6 14,7 15,3 0,40
Urban 142,4 155,9 144,3 0,43 5,2 12,0 6,4 0,26Chernivetska
Rural 281,0 299,7 283,3 0,33 17,7 4,3 17,6 0,34

At use of small areas methods the important problem can become the necessity of estimates 
coordination, because the estimates can be calculated on the base of survey data (direct estimates) and of 
some estimator specially constructed for small area.

As a whole the method of composite estimation allows to improve the reliability level of estimated 
indicators basically due to use additional data with sufficient reliability level. Therefore this method can be 
considered as one of the basic for solving small areas problems.

6. Conclusion

Application of the method of composite estimations allows increasing reliability of estimation of 
economic activity indicators on the basis of sample survey results for previous periods. At the same time 
completely to solve the problem of reliability without use of the external information and more effective 
models apparently is impossible. More effective are methods that developed on the basis of explicit
statistical models, in particular models that take into account estimates of interterritorial variation of target 
indicators.

It is necessary to mark, that the investigations in the field of reliability increasing of regional 
unemployment level estimation are in Ukraine in an initial stage. The development of methods of 
employment and unemployment statistics estimation on regional and subregional level is beginning more and 
more actual problem.
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RESUME
The paper presents main results of investigations on problem of reliable estimation of monthly unemployment 

indicators for regional level by the data of state household sample survey of population economic activity that fulfilled 
by State Statistics Committee of Ukraine. The approach to estimator construction for indicators estimation based on the 
method of composite estimation is considered. A composite estimator is constructed on the basis of direct estimator and 
indirect estimators, received as composite estimator of the previous month. It is shown that completely to solve the 
problem of reliability without using of external information and more effective models is impossible. Results of the 
executed calculations are resulted.
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Background to Productivity Measurement in New Zealand 

Productivity is an important measure of the efficiency of an economy. It is calculated as the ratio of output to 

one or more inputs, representing the growth in output not accounted for by the growth of an input or inputs. 

Raising productivity is seen as a vital move if New Zealand (NZ) is to improve its economic performance 

relative to other countries; hence a representative measure of the variable is of high importance.  

 

In response to demand for such an estimate for NZ, Statistics NZ has developed internationally comparable 

annual productivity statistics for NZ’s measured sector. The first series were released in 2006. The series now 

covers the period 1988 to 2006, and includes measures of labour productivity, capital productivity and 

multifactor productivity, for around 63 percent of the economy.1,2 The key result from the labour series was 

that growth in labour productivity averaged 2.5 percent over the period.3 

 

Since the first release, a number of enhancements to the series have been investigated. The improvements 

specific to the labour series are the inclusion of administrative data in the labour input index (LII) from 2000 

onwards, and quality-adjust labour input for skill composition. This paper focuses on the methodology of the 

current labour series and the introduction of the above enhancements to labour measurement.4 

 

Current Labour Methodology 

Statistics NZ measures labour input first as a labour volume series (LVS) and weights these measures to 

create a Törnqvist index, with the weightings being based on total income shares for each industry. This LII 

forms the denominator of the labour productivity equation.                                              
1 The series excludes the following industries: government administration and defence, health, education, property and business services, and 

personal and other community services. Exclusions are generally due to the industries’ output measures being based on input levels, not an ideal 

scenario when we consider that productivity is a ratio of outputs to inputs Business Services are expected to be added to the measured sector in the 

near future, however this addition will not be possible for the entire time series.   

2 The series backdated to 1978 is set to be released later in 2007. 

3 For more information about the series’ results, consult www.stats.govt.nz/developments/productivity 

4 Due to the fact that no official series have been released based on administrative data, nor has an official quality-adjusted series been released, the 

numerical analysis in this paper is limited, however more information should be available for the presentation.  
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The LVS measures the quantity of labour input (for both employees and working proprietors) over time, in 

units of hours paid. Consistent with the OECD guidelines, the series uses a combination of supply and 

demand side labour data, utilising the best characteristics of both.  The data is primarily from establishment 

surveys, in the form of the Business Demography Database (BDD) providing annual benchmarks from which 

quarterly movements are interpolated using the Quarterly Employment Survey (QES). The household 

component comprises the five-yearly Census being interpolated using the quarterly Household Labour Force 

Survey (HLFS). Household surveys are used for coverage gaps in the QES as well as for estimating working 

proprietors’ hours. As a result, the LVS combines people count data from the HLFS and census, with job 

count data from the QES and BDD.  

 

Incorporating Administrative Data 

A recent development at Statistics NZ has been the creation of Linked Employer-Employee Data (LEED). 

LEED uses longitudinal information from existing taxation and Statistics NZ sources to provide a range of 

information on the dynamics of the New Zealand labour market.  

 

For the purposes of productivity, LEED can provide data on job counts for the LVS. The main advantages of 

using LEED data over survey-based data is that, because it provides information on anyone who pays tax, it 

is close to a Census of the working population. LEED provides separate information on wage and salary 

earners and working proprietors. The change to the methodology solely affects job counts, not hours data. As 

such, LEED data is used differently, to provide the most appropriate conceptual match to the hours series.  

 

In terms of its specific application, LEED provides monthly point-in-time job counts can be used to measure 

wage and salary earners covered by the QES, while for the remainder, LEED monthly person counts for 

wage and salary earners (people who earned any of this type of income over the period from a job) can be 

used. For working proprietors, LEED annual working proprietor person counts (people whose main income 

was as a working proprietor over the tax year) can be combined with Census/HLFS usual hours.  

 

Some adjustments were required to be made to this LEED data, such as adding data for unpaid work for a 

family business. Additional modeling is currently being investigated to incorporate working proprietors with 

secondary jobs, in a means that is consistent with the wage and salary earners’ component.5 

 

Quality-Adjustment 

Another current enhancement to the labour series is the quality-adjustment of the LVS. Labour input should 

reflect the “Time, effort and skills” of the work force (OECD, 2001). The current series uses industry-

weighted hourly units capturing the time dimension, but not so much the skill dimension of labour.6                                              
5 The findings of this investigation will be discussed at the conference. 

6 Assuming inter-industry wage differentials reflect differences in skills, this goes some way towards quality-adjusting the series, because the weights 

will be comparatively large for industries that pay above-average wages and vice-versa for industries that pay below-average wages (Zheng, 2005). 
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To account for differences in quality, more weight should be given to units of higher skill when aggregating 

units of labour input. Thus, changes in labour composition that affect output will be reflected in changes in 

labour input, not as a change in productivity – the adjustment can be seen as a step towards measuring the 

effects of “intangible investment” (OECD, 2001). 

 

In practice, quality is hard to measure. As such, a quality-adjustment uses proxies for skill to weight different 

categories of labour input. As Zheng (2005) notes, human capital theory stipulates that there is a positive 

relationship between wage levels, education attainment and work experience. Wages play an integral part in 

quality-adjustment, being the best available, albeit imperfect, variable for weighting groups.  

 

The two main sources of apportioning workers are the ‘Jorgenson method’ (a.k.a. the ‘Average Wage 

Model’) that was developed by Jorgenson, Gollog and Fraumeni in 1987, and the ‘BLS Method’ (a.k.a. the 

‘Wage Model’) which was developed by the US Bureau of Labour Statistics in 1993. Jorgenson technique’s 

premise is that individuals in the workforce can be cross-classified by a series of variables, with an average 

wage being taken for each category of worker. Once these wages are calculated, they are combined with 

information on the total number of hours worked for each category, to estimate each group’s total wages.  

 

The BLS approach involves econometric regression analysis, in which a wage rate is used as the dependent 

variable, and the relevant indicators of skills are used as explanatory variables. The wages for each category 

are then used to provide weightings in the Törnqvist index. This approach is superior for analytical purposes, 

and is not as reliant on large datasets, due to the structural relationships that the regression provides.  

 

Although the BLS method is conceptually preferable, the choice of method adopted appears to be largely 

driven by data availability. The OECD describes quality-adjustment as “Desirable but difficult”, stressing its 

potential payoffs, but noting that it is both data and research intensive. A NZ application is definitely feasible, 

but there are a number of data challenges that must be overcome. The datasets considered in this paper are 

the previously mentioned LEED, HLFS and Census.  

 

In many ways, LEED is a very suitable data source for quality-adjustment. It includes longitudinal 

information on income, age, sex, industry, experience and tenure for virtually the entire working population, 

dating back to 1999. In the future, LEED may also be linked to information on educational attainment from 

Ministry of Education data (MoE), which would be vital if LEED is to be applied in this context.  

 

The main weakness of LEED in this context is its limited back series. Aside from the obvious drawbacks of 

this, a problem is that this limits the use of LEED’s experience and tenure variables as they provide very few 

categories. However, the longitudinal nature of LEED allows for information on the actual experience and 

tenure (subject to the back series constraints), which is something that no other NZ series can give, and is 

rare internationally. The back series will also be an issue if education information is included in the data. The 

MoE data that could be used provides information on educational attainment from 1997 onwards, implying 
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that education achieved before this period (and overseas) will not be recognised.  

 

The HLFS provides potentially useable information on workers’ age and number of dependent children 

(which could be used to estimate ‘potential experience’), education, gender, occupation, industry, hours 

worked (which LEED lacks), and income (which comes from the annual NZ Income Survey). The combined 

data runs back to 1997, providing a slightly longer and less problematic time series than LEED’s application. 

 

The HLFS surveys 30,000 individuals. While this is a large sample, if compared to LEED or Census datasets, 

it is very small. The response rate for the HLFS is generally around 90 percent. Both of these factors lead to 

error, and these will be exacerbated when this population is partitioned into much smaller subsets. 

 

Like the HLFS, the Census includes reasonable proxies for all of the main variables that would be required 

for quality-adjustment. The main benefits of the Census are its long back series and ideal coverage, while its 

main weaknesses are its frequency (5 yearly), its changing questionnaire design over time (particularly 

affecting education estimates) and the fact that its income bands are relatively wide, and include other forms 

of income. Despite these limitations, the key benefits of the Census make it a very viable measure, and, if 

interpolated with the HLFS, its undesirably frequency could be mitigated (McNaughton, 2007). 

 

Conclusions 

This paper has sought to provide an outline of the NZ estimates of labour productivity, as well as introduce 

the planned enhancements. Although the series currently provides a very robust measure of New Zealand’s 

productivity, the introduction of administrative data should provide further insight into NZ’s economy since 

2000. In terms of quality adjustment, the interpolation between the HLFS and Census is the most viable 

option. LEED will supersede these series as the best data source for quality-adjustment; however this will not 

happen in the next few years, particularly if education data is not included.  

The presentation at the ISI conference will provide more detailed numeric analysis of the above discussion 
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Introduction

The population most at risk of unemployment is generally the educated youth entering the
labour market for the first time and youth unemployment rates are typically two or three times higher
than the adult rates throughout the world.

One reason for higher youth unemployment rates is that, first time jobseekers face greater
difficulty due to lack of work experience and often limited access to job vacancy information. Since
first-time job seekers are mostly young, it follows that youth unemployment rates are generally higher
than the adult rates. Because of the importance of youth employment in the whole world, the goal
to provide decent work for youth is one of the eight United Nations millennium goals and the youth
unemployment rate is one of the 48 millennium goal indicators.

In Iran national unemployment rate (UR) is 10.9 and those by age and sex groups are as follow:
Table.1 Iran UR from Labour Force Survey Results’ (Fall 2005)

Age groups Total Male Female
10 and over 10.9 9.4 16.9

15-24 22.4 19.6 31.8
25-29 15.7 12.8 25.2

So the rates of the youth are clearly higher than the national rate. Also the rates for women are
double those for men. The young unemployment problem in Iran is really serious because Iran has
a young population and more than half of country’s population is below 30 years old. For reducing
this rate first of all we should discover the factors behind difficulties of young entrance to the labour
market to find a decent work.

Methodology

Information of above factors usually is not available through national labour force survey because
this requires focusing on the specific issues of the first entry into the labour market of young people
as they leave school. So, for gathering this information we use the school-to-work transition survey
(SWTS) that has been proposed by ILO. It is a statistical tool that helps countries improve their
youth employment policy and planning through a better understanding of the characteristics and
determinants of the youth employment challenge. With results of this survey, countries are to be
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able to quantify the relative ease or difficulty of young people’s entry into labour market as they
first exit school. It also clarifies probable deficiencies in education system that can not prepare the
youth for labour market. Keeping in mind that the first labour market experience of a young person
can influence his/her labour market situation throughout his/her lives, it is important to identify
the explanatory factors behind ”easy” or ”difficult” transitions so that policies can be developed and
initiated to improve the transition process where needed. The basic statistical unit that the survey
aims to measure is the school-to-work transition of a young person.

School- to- work transition survey of Iran has been carried out in 2005 in 3 selected provinces
The data needed in this survey are collected by face to face interviews with selected households. In
this survey two target populations, youth and employers are focused on, in order to gather information
on both the supply and demand factors relating to the youth employment. This study has used a
probability sampling scheme to choose 2925 sample households from urban and rural areas of the three
selected provinces of the country.

The overall objective of the survey is to identify factors contributing to the high unemployment
rate of young Iranian women and men and to determine areas where policies can be introduced to
ease the transition of young women and men into career/ regular jobs.

The specific objectives of the survey are to collect and analyse information on the various
challenges that influence young men and women while they are making the transition to working life.
Attention will be given especially to gender differences in this process.

Conclusion and Recommendations

Based on survey results, the most important barriers of the youth successful transition are as
follows:

• Most of the youth have stated the services sector as their most preferable activity sector, and
considerable percent of them have been engaged in agriculture sector contrary to their interest.
This status, with regard to the decreasing trend of services sector share and the increasing trend
of the agriculture sector share in the country’s labour market, creating an imbalance in labour
supply and demand, is considered an obstacle in the youth’ transition.

• A considerable percent of youth, contrary to their interest, have been unpaid family workers.
Also around one third of the youth have stated self-employment as their preferable employment
status. Since the self-employment share in the country’s economy has had a descending trend
and the unpaid family worker share an ascending trend over the recent years, another problem
appears in the youth employment.

The country’s disorganized labour market and the weak role of the recruitment and place of
education institutions have caused most of youth to be seeking for work informally, enjoying
limited work options consequently. For this reason, a great percent of the economically active
youth (employed or unemployed) have stated not having a reference as one of obstacles in finding
a job and only a small percent of the youth have been seeking for work through recruitment and
place of education institutions.

• The most important obstacle in finding a job from the attitude of the most of the economically
active youth is the limited number of job opportunities caused by the labour force supply surplus,
mainly due to the high population growth rate in the 1978-88 decade and shortage of labour
force demand. Moreover, the participation rate has increased as a result of increase in the youth
educational level that has been more sensible in the female youth.
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• In opinion of many economically active youths the educations and trainings received, may not
facilitate their access to employment. Also, most employers have considered the youths’ educa-
tional and training level and their ability in applying the instructions to the working environment,
relatively weak. This problem arises from the lack of interaction between educational institutions
and labour market that may not include the labour market needs in the country’s educational
system contents. In addition, such an interaction could considerably increase the role of the
educational institutions in keeping the youth informed of available job opportunities.

• In opinion of more than half of the youth, there is sex discrimination in employment promotion in
the labour market. Also, since the absolute majority of employers prefer to hire males, inequality
of job opportunities for males and females really exists at least in the private sector wage and
salary earning employment.

• Considering the fact that the great majority of the self-employed youths depend on their house-
holds’ financial support or their own savings for starting their business, it is certain that the
youths from the low-income households would face more problems in their transition and the
self-employment is the choice only for the youths from wealthy households.

• In view of the fact that only 0.5 percent of the unemployed youth tend to accept any job in
any circumstances, and a considerable percent of them have experienced refusing to accept job
offered, it can be concluded that one reason for the unemployment of the unemployed youth is
their great expectations for accepting a job as compared with the employed youth.

• The youth with higher education has experienced easier transition than the youth with lower
secondary educations and at high school. Therefore, the youths’ failure in their admittance
to the university is an obstacle to access the easy transition. Also, the mismatch between the
limited university admittance in various fields and specializations required by the labour market,
prevents the more successful transition of the young university graduates.

• Since more than half of the youths are engaged in the informal sector and such an employment
is usually along with inadequate income, overworking hours, and exclusion from social security
and social dialogue benefits, it can be stated that because the informal sector is very broad in
the country’s economy, it has appeared as an another obstacle in the youths’ access to a decent
work.

In order to remove the obstacles mentioned above, it is necessary to make policies and do
planning in such areas as:

• Giving incentives for urging the youth to be engaged in agriculture sector.

• Granting self-employment loans to the youth with facility.

• Improving the labour market information system both in supply and demand dimensions.

• Enhancing the labour market demand through appropriate policies and plans aiming at the
private sector development.

• Making structural changes in the contents of higher education and vocational training system
of the country, developing applied trainings in response to the labour market needs and neces-
sitating the apprenticeship in working environment simultaneously with education.

• Taking government supportive policies for persuading the private sector to hire the young fe-
males.
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• Increasing the capacity of universities and vocational training institutions to admit more students
in the fields required by the labour market.

Fortunately, a certain number of cases mentioned above have been taken into consideration in
the national document of the youths’ affairs settlement within the Fourth Development Plan, hoping
that a part of the problems of the youths’ entering the labour market be overcome with the execution
of those policies and the country could be in a position to make a best use of these great human
resources.
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ABSTRACT

In this paper the focus is on the youth unemployment rate as compared with the national rate,
by age and sex groups based on application of the school-to-work transition surveys (SWTS) proposed
by ILO as a statistical tool helping countries improve their youth employment policy and planning.
The school-to-work transition survey of Iran carried out in 3 selected provinces has identified factors
contributing to high unemployment rate of young Iranian women and men and the most barriers of
the youth’s successful transition with consideration of challenges dealing with the youth employment
opportunities.
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1. Introduction 
 
There has been a significant amount of change in the labor market since the 1997 financial crisis. 

Flexibility in the labor market and diverse types of labor such as fixed-term contracts and atypical labor are 
being formed and their support policies are prominent issues under discussion. In the past, the goals were to 
lower the unemployment rate in order to raise the quantitative growth of employment to achieve full 
employment. However, recently there has been a growing interest in the qualitative aspect of employment 
which it is not a question of simply being employed or unemployed.  
 

In the international society, with the International Labor Organization (ILO) commencing these types of 
studies, the European Union (EU), Organization for Economic Cooperation and Development (OECD) 
possess categories such as researching "decent work", "good work", "quality of work" and "more and better 
jobs". However, there are some differences in research purpose and composed indicators. The common 
objective is to determine "how they are employed" and the international organizations have collaborated to 
develop a unified concept on the "quality of employment" and an internationally comparable methodology. 
Due to the effects of such international currents, interest in this field is increasing domestically. 
 

In this paper, major indicators related to the quality of employment will be examined and detailed 
indicators suitable and applicable in domestic conditions will be selected. Finally, measuring methods and 
explanations in qualitative dimensions for Korean employment will be proposed.   
 

2. Framework of Quality in Employment 
 
Research on the quality of employment first began with the ILO in 1999 by providing measuring 

indicators on 'decent work' and by 2003, the indicators grew to 29 in 11 dimensions. Also, the EU agreed on 
and announced concrete indicators on 10 significant dimensions in deciding the quality of work and 
employment in 2001. There are differences between the two indicators in a strategic target. ILO's Decent 
Work (DW) concept pursued under universal labor rights and the EU's Quality of Work (QW) developed for 
employment strategy for knowledge based economy, but in recent years through joint seminars and other 
efforts, a lot of work has been put into narrowing the dissenting opinions. 
 

Domestically, Bang et al.(2007) generalized the quality of work from the Korean aspect based on the 
research of ILO’s Decent Work, EU's Quality of Work and Bonnet et al.(2003). Bang et al.(2007) proposed 
about 50 adequate measuring indicators.  

 
In this paper, 26 important key indicators possible for the computation of measurement were selected and 

reviewed. The 9 dimensions and core indicators are organized in table 1, each with a brief definition relevant 
to measuring quality in employment. 
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Table 1.  List of 26 core indicators  
Type Dimension and indicators Source 

 1. Employment opportunities(4) 
Positive 
Positive 
Negative 
Negative 

i)Employment-population ratio 
ii)Share of wage employment in non-agricultural employment 
iii)Unemployment rate 
iv)Youth unemployment rate 

Economical Active 
Population Survey 
(EAPS) 

 2.Stability of work(3) 
Negative 
Negative 
Positive 

i)Percentage of employment with job tenure of less than one year 
ii)Percentage of temporary work 
iii)Average job tenure 

EAPS 

 3. Ability development(2) 
Positive 
Positive 

i)Share of employment in professional occupation 
ii)Percentage of employed with college educated and over 

EAPS 

 4. Income inequity(3)   
Negative 
Positive 
Negative 

i)Percentage of employment under 50% of median income 
ii)Average earnings in selected occupation 
iii)Gini coefficient 
 

EAPS,  
Monthly Labor Survey,
Household Income and 
Expenditure Survey  

 5.Work condition (Labor hours, work environment)(4) 
Negative 
Negative 
Negative 
Positive 

i)Percentage of employment with excessive hours of work 
ii)Average weekly working hours 
iii)Percentage of employment with industrial accident 
iv)labor inspection 

EAPS, 
Administration data 
 

 6. Equality in employment(3) 
Positive 
 
Positive 
Negative 

i)Ratio of the female share of employment in managerial and administrative 
occupations to the female share of non-agricultural employment 
ii)Share of women employment in professional occupation 
iii)Employment-population ratio gap between total and 55~64 aged 

EAPS 

 7. Balancing work and family life(2) 
Positive 
 
Positive 

i)Percentage of employment rate for women with children under compulsory 
school aged  
ii)Employment-population ratio gap between no children and with children 
under compulsory school aged   

EAPS 

 8. Participation and social dialogue(2) 
Negative 
Negative 

i)Union density rate  
ii)Strikes and lockouts 

Administration data 

 9. Social protection(3) 
Positive 
Positive 
Positive 

i)Share of unemployed person with unemployed benefit 
ii)Share of population over 60 benefiting from a pension 
iii)Share of economically active population contributing to a pension fund   

Administration data, 
EAPS 

 
3. Case analysis 
 

The data used in the case analysis was mainly based on the Economical Active Population Survey data of 
the National Statistical Office and administration statistical data of the Ministry of Labor and the Ministry of 
Health and Welfare. The 26 indicators are divided into positive and negative trend contents by explanations 
of the figures. 

 
Firstly, 26 individual indicators were prepared and the time series(from 2000 to 2006) were examined in 

this research. Secondly, 9 sectional index scores were calculated using normalized individual index scores 
and lastly, the total employment situation was analyzed. The procedure is as follows: 
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•  Step 1:  Calculating individual indicators calculation from definition of indicators                     
•  Step 2:  Normalizing individual indicators and computing the composite index score  

for each section  
•  Step 3:  Analyzing the sectional index scores 

 
 

< Method by applied Bonnet et al.(2003) > 
 

       Calculate individual normalized index scores and compute the mean of normalized index scores.  
 

□ Normalized index score (zi) = [xi-min(xi)]/[max(xi)-min(xi)],  
i is running from 1 to 26.   

 
* Index score : subtract the minimum of each indicator from an individual value of  

each indicator and divide the result by the range. 
 

In other words, all index scores will be -1 to 0 or 0 to 1. The negative contents indicators such as 

unemployment rate mean the smaller is the better.  The values need to be attached a minus (-) sign.  

 
                                                         k         

□ Normalized composite(sectional) index score (Zs) =  ∑ zsi / k ,  
i=1   

             s is running from 1 to 9, k is the number of the indicators within s section. 
                                   

To analyze section 2(Stability of work) and section 7(Balancing work and family life) were used the data 
since 2003. 

 
Table 2. Summary of the result  

 

 2000 vs. 2006  
Number of 

sections 
Number of 
indicators 

Improved (Fine)  9 24 

unchanged 0 0 

Aggravated (Insufficient) 0 2 

Total 9 26 
 
 

Table 3. Highest and Lowest year by section 
 

Section 1 2  3 4 5 6 7  8 9 
Highest 2006 2005 2006 2003 2006 2006 2006 2005 2006 
Lowest 2000 2003 2000 2001 2001 2001 2003 2000 2000 

 
According to the result of the table 2, the Korean employment situation has improved in the last 7 years.  

Especially, 7 of the sectors showed the highest index scores in 2006. On the other hand, 4 of the sectors 
recorded the lowest values in 2000. 
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4. Conclusion 
 

A selection of 9 sections and 26 detailed indicators were used with previous research on the quality of 

employment. This paper has looked at how the various macro indexes through time series data and improved 

contents of Korean employment quality were confirmed by analyzing the integrated indexes. 

 

Summarizing the results of the case analysis, by examining the time series flow of individual employment 

market, the appraisal in qualitative dimensions were 24 improvements, 2 aggravations and out of the 26 

individual indexes, 92% showed improvements. According to the normalized composite index scores, all 

sectors showed improvement. 

 

Therefore, the general employment market was evaluated as satisfactory. Also, comparing the mean index 

scores between 2000 and 2006, the majority (excluding section 2) showed an increasing trend. Especially,  

in the case of 2006, where most of the index scores were at their highest and can be interpreted as a striking 

improvement in the quality of employment. 

 

This study can be approached on the qualitative dimension of the Korean employment. But, there are some 

limitations related to the method of integrating the indexes. Weights were not bestowed according to the 

importance of each dimension in the integration process so further research will be required in the future. 

Also, research concerning an aggregated index that combines all individual indicators will be needed. Lastly, 

additional research will be required in approaching qualitative dimensions as a classification standard of 

employees such as dead-end jobs, low pay, jobs of reasonable quality, and jobs of good quality.  
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The main aim of the paper is to explain some problems that occurred during the analysis of the data from 
the survey of the IT workforce demand for the Republic of Macedonia performed at the end of 2005 and the first 
ten days of 2006. Authors of this paper were asked to perform the analysis and write the report including 
conclusions and recommendations. However, we were faced with many inconsistencies in the data, due to 
sampling procedure and unprofessionally made questionnaire. In the paper, we will discuss some of the most 
striking issues. 
 The IT workforce demand survey was ordered and supported by MASIT – Chamber of commerce for IT 
industry of the Republic of Macedonia. The idea of the survey was to determine the current number and different 
structures of the IT employees in the Republic in all sectors of the economy and the society in order to predict 
the future size and skills requirements of the country’s IT workforce. We should mention that State Statistical 
Office (SSO) of the Republic performs labor force survey yearly. However, those data are not sufficient 
especially for the IT industry to have deeper insights in the supply and demand of the IT professionals on the 
market. In the paper, we will focus on two issues: sampling and the questionnaire. 

1. Sampling inconsistencies 
Sampling frame was based on previous knowledge of MASIT members about the main users of IT 

services and major IT professionals’ employers. The sampling was not made professionally and it affected badly 
the results. Stratification was not preformed at all, nor by industry (vertically) neither by size of firms. Members 
of MASIT were asked to answer the questionnaire as one of the main employers of IT professionals. Some of the 
MASIT members provided answered questionnaires from their biggest clients. Also, the survey was fully 
supported by five faculties educating IT professionals and they provided 27 questionnaires from their partners. 
Any statistician did not supervise methods of collecting the data and that provoked further problems. Finally, 82 
questionnaires were completed (out of 286 started and 442 viewed). The total number of registered firms in the 
country is around 175000 (considerable number of them are not active) (SSO, 2006). While performing surveys 
the State Statistical Office uses the following methodology – in the stratum up to 9 and 10-49 employees the 
enterprises are randomly chosen proportionally of the number of the enterprises in the particular activity 
(industry), and in the enterprises stratums of 50-249 and 250 and more employees all enterprises are included. In 
the IT sector, there are approximately 420 firms (Kapital, 2007). Methodologically, it is very hard to determine 
pure IT firms, because under the law, one firm can be registered for many activities, and the predominant one 
often is not well defined. If we follow the NACE K72 class (Computer and related activities), there are around 
200 firms (average of the last 3 years), (IDC Adriatics, 2006). Some industries were marginally represented and 
some were not targeted at all. For example, out of those 82 respondents, 41 are in the IT sector (IT sector 
includes communications’ firms also). The level of development of the information society and network 
readiness of the country is very low compared to other European or even Western Balkan countries and under 
that level of the development, IT firms are one of the most important employers of IT specialists. However, even 
in the IT industry itself, proper sampling procedure was not done. Namely, 3 out of four biggest firms according 
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their revenues (IDC Adriatics, 2006) were not presented and they accounted for approximately 20% of the total 
revenues of IT firms. Other firms, members of MASIT were well represented. Banks, brokers, insurance and 
credit institutions (according SSO, 2005) are the biggest users of IT services. Financial and banking sector was 
well represented in the sample (8 main banks) but there is no insurance company in the sample. The rest of the 
firms (23) are big companies in food manufacturing, mining, pharmaceuticals, machinery and seven of them are 
small companies in different industries. Having in mind that most of the firms in the country are SMEs (98% of 
all firms, SSO, 2007), they are extremely underrepresented in the sample. Some important industries for the 
country’s economy such as tourism, electronics, textiles, media (newspapers, TV stations, and radio stations), 
health related industry and education were not presented in the sample at all. In addition, only five public 
enterprises on the state level participated, only one ministry and one unit of the local government out of 84 
municipalities. Customs Office and pension and health insurance funds were not included, which is not in 
accordance with their constant demand of IT professionals because they are rapidly digitalizing their processes. 
However, having in mind the proclaimed active role of the government in the promotion of the IT society and all 
measures that are undergoing, the needs of IT professionals in all government related sectors are constantly 
growing. For example, 35% of all shipments of PCs and 54% of printers were to the government, education and 
small businesses (IDC Adriatics, 2006), the fact that supports the previous statement. Therefore, in order to 
predict the demand for IT labor force for the next 2-3 years, well-structured sample is necessary. 

2. The questionnaire issues 
The questionnaire was made with QuestionPro (www.questionpro.com) and was web based only. It 

consisted of 34 questions divided in 5 sections. We will mention some problems that rose during the analysis as 
direct consequences of the questionnaire construction and way of performing the survey.  

Web based questionnaires are very convenient. However, in order to grasp the needs of some 
underdeveloped municipalities or even small firms without Internet connection, maybe a combination of web 
based and traditional way of surveying is more advisable for the country at this moment. There is a big 
difference in the size of municipalities in the country. However, no matter how small the municipalities are, they 
have real need for IT professionals because according the new regulations they have competences in many areas 
of taxation, social security and urban planning and issuing permits. In the questionnaire, the problem of digital 
divide of the regions in the Republic compared to capital’s broader area is not tackled at all. The demand for IT 
workers is expected to be the highest in the capital’s region. However, the government with its actual measures 
for boosting up the information society is advocating regionally balanced level of adoption of IT. Therefore, we 
expect the future demand of IT workers to have more balanced spatial spread.  

 In part A - Company’s profile, it is not strictly mentioned who should fill in the questionnaire. Some 
questions are for high rank managers, especially those concerned with revenues, growth, export-import activities 
and main markets. It is of big importance for the relevancy of the answers for the workforce that the most 
responsible person in human resources center, or main responsible for IT sector in the firms to answer the 
questions, especially because most of them required professional’s knowledge and experience. There is a 
question about the position of the respondent in the firm, having several general alternatives, so almost anyone 
starting from middle level manager was eligible to answer the questions. Company’s profile answers should be 
independent from the employee who is answering the questionnaire. High rank manager should answer 
company’s profile questions and the questions about respondent’s sex and age are irrelevant for the goal of the 
research so they should be omitted. Person who is IT specialist and is directly responsible for IT sector or 
processes in the firm should answer the rest of the questions in the remaining parts of the questionnaire.  

Concerning the question for the type of firm, two of the alternatives (association and cooperative) were 
misleading. Part of the companies is in telecommunication sector and actually, IT means ICT, but it is advisable 
in the analysis and data collection to distinguish IT companies from companies with primary activity in 
communications.  

Responses about total number of employees and revenues cannot be compared because 22% of the firms 
did not give details about their revenues. Revenues questions are sensitive, so it is advisable to use secondary 
sources of information like financial statements of the firms collected by Central Registry of the Republic. 

The question about firm’s primary (main) activity is crucial. However, the given list is not according the 
adopted classification by SSO or according the classification adopted by IDC Adriatics (IDC Adriatics, 2006). 
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Namely, 12% of the firms (10 of 82) were in category other, and 5 out of 12 categories were with only one firm 
and five were empty. Redundancies in lists like this one can be annoying for the respondents. 

In the part B - IT professionals/employees, the first question is the most crucial one. Respondents were 
asked to give the number of IT workers divided in different categories according the given definition of IT 
worker. The list had 11 categories (including IT marketing/sales and other –as an open category). From those 11, 
5 of the answered categories accounted only for 9% of the IT workers. In that question, the real situation and the 
prediction were combined. It was supposed to predict the demand for IT workers for 2006, but due to the 
inconsistencies, the prediction was very rough. Next question in the questionnaire was about the promotion of IT 
workers to higher positions in the firm. However, this question was constructed with out any logic and the data 
were not usable for any type of analysis. From the formulation of the question about the educational structure of 
the employees, it is not clear whether it is for the structure of all workers or only for IT workers. 

Part C - Sourcing of IT workers, in one question respondents were asked to rank three out of six most 
important skills from the list ( business skills, basic skills, education, experience, technical skills and other 
skills), starting with rank 1 for the most important. Surprisingly, category “other skills” received the highest rank 
from non-IT firms, so open alternatives like other should be omitted, because it is not adding valuable 
information. When asking how important are certification programs, there were six ranks (very important, 
important, crucial, slightly important, not important, no answer) that is complicating the questionnaire without 
real analytical need. 

Part D - IT workers skills assessment was divided in three main parts: assessing soft skills (9), business 
skills (7) and technical skills. The order of the skills is not logical, because for IT workers it is understandable 
that technical skills are the most important, compared to other types of skills, so they should be put on the first 
place in the order of questions. The list with soft skills is too long and all of them are nor relevant to the primary 
technical skill(s) of IT workers. Therefore, only some of the soft skills (for example English language 
proficiency) should find place in the questionnaire and only as additional skills (if relevant). Business skills as 
defined in the question were not relevant with the profiles of IT workers. For some IT workers (IT 
marketing/sales) it is justified to ask for additional business skills. Business skills in general are more related 
with the position of the IT worker in the management hierarchy then directly to the specific technical skill of that 
IT worker. Answers for ranking of the level of soft and business skills averaged for all IT workers in the 
organization are meaningless because not all IT workers require those skills and the answers did not provide 
information for analysis. For assessing technical skills, a different approach was used. Namely, respondents were 
asked to choose from the list of technical skills, rank them by importance and for every technical skill to describe 
the level of competence of their employees. That question for technical skills should not be with open 
alternatives. The list was very long and detailed with two hierarchical levels and was not in accordance with the 
definition of the IT worker. Respondent was asked to rank, to assess the level of IT workers for specific 
technical skills. However, it is incorrect to average the level for all IT workers for that specific technical skill 
because they are working on different working places that require appropriate level of knowledge for those 
technical skills. Therefore, averaging is logical only for those IT workers that have same working tasks in the 
organization. Our recommendation is that this very important question should be incorporated in the question for 
the number and structure of IT workers in part B. Then, in the same question, it is possible to assess different 
type of skills for different workers that actually need those skills in their everyday work. Long and detailed list 
for very specific technical skills is not very relevant for most of the organizations in the Republic, because most 
of the IT employees are not performing very specialized tasks, and most of the firms are not highly specialized in 
one area and they are offering services in broad spectrum.  

Next question was a prediction about the “hottest” technical skills in the future including 2007. Only 
responsible IT person in the firm who has broad views and knowledge should have answered this one and the 
previous ones.  

The last part of the questionnaire E - Other questions, included nine statements. Some of them were 
positive and some were negations (negative statements) which unnecessary complicated the questionnaire. The 
statements were formulated very broadly, including formulations about general issues, even comments of some 
government policies. The following statements are examples: “English proficiency has declined significantly”, 
“Supply of the IT degrees and graduates in Macedonia is bigger than the demand”, “The government is 
participating in promotion of the IT industry”. Five levels of consent, agreement with the statement were offered, 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 5098 -



which was affecting the respondent’s patience without real need.  We think that this type of scanning opinions is 
not compatible for IT workforce demand surveys. 

At the end, there is an open question asking respondents to give recommendations for improving the 
competitiveness of the IT industry in the Republic. This area is very broad, and comments in ordered to be 
analyzed have to be structured because essays can not serve for statistical purposes and are not in line with the 
main goal of the survey and that was to predict the scope and the structure of the IT workforce for the next years. 

Having in mind all mentioned issues, we would like to point out that improperly organized survey can 
not be used for objective analysis and predictions that are important for economic policy makers. 
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ABSTRACT 
 The Macedonian IT workforce demand survey was conducted in three months period at the end of 2005 by MASIT 
- Macedonian Association of Information Technology, now transformed into Chamber of commerce for ICT. After 
completion of the phase of data collection, e-business department of the Faculty of Economics in Skopje was asked to 
perform the analysis and to suggest conclusions and recommendations in the report to main concerned stakeholders. The 
results were very important and urgent due to the fact that MASIT goal was to provide government leaders, industry 
executives, media, and academics with unparalleled information on the current situation with the IT professionals. 
The survey was based on WITSA (World Information Technology and Services Alliance) methodology and on the similar 
surveys carried out in different countries. The questionnaire was fully web based and made by tools offered by QuestionPro 
(www.questionpro.com). In the same period, IDC Adriatics performed a full detailed study of the ICT industry in 
Macedonia. However, there was no cooperation of the two teams concerning the methodological issues, so at the moment 
there are two separate studies with incomparable results for the IT workforce. This issue, the comparison problem is crucial 
especially now when the country is struggling to enter the global ICT market. As data analysts, the authors were faced with 
real problems – to perform analysis with poorly defined sample, unprofessionally made questionnaire and unstandardised 
methodology. 

In the paper, the most struggling issues will be discussed such as definitions’ problems, sampling procedures, 
usage of different scales, relevancy problems and confusing rankings. Namely, most of the striking issues are direct 
consequences of not having methodology by the State Statistical Office of the Republic of Macedonia for measuring all 
aspects of the digital economy, including labour statistics. 
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1. Background and Introduction 
 

Health statistics show that women have more illness and disabilities than men (National Center for 
Health Statistics, 1983). Bird and Fremont studied for the relation among gender, time use and health. They 
hypothesized that women’s higher morbidity levels result from less paid work and lower wages combined 
with more hours spent in household labor, child care, helping others, fewer hours of leisure and sleep. Their 
hypothesized model is that time spent in social roles explains the effects of gender on health (see Figure1). 

 

Figure1. Hypothesized Model 
 
Bird and Fremont used the data from the 1981 Study of Time Use, collected by the Institute for Social 

Research. The time-use data set consists of data from 620 respondents and contains detailed information on 
how respondents spent their time in the home and the workplace, demographic information and respondents’ 
reports of their health. The dependent variable is self-rated health as assessed by the question, “Compared to 
other people your age, would you say that your health is (1) poor, (2) fair, (3) good, or (4) excellent?” 
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Independent variables used in the analysis include socio-demographic variables and indices of time spent in 
activities related to various roles (Bird and Fremont, 1991). 

In this work, we try to attempt the comparative studies based on the 1999 and 2004 time use survey in 
Korea. Logistic regression analysis and correspondence analysis are applied for this work. 

 
2. Outline of the time use survey in Korea 
 

The time use survey in Korea was conducted on September 1999 and 2004. The purpose of the survey 
is to provide information on how Koreans spend their time and when they conduct certain behaviors. The 
results of the survey provide information for evaluation of the life style and the quality of life for Koreans. 
Data on time spent on unpaid household work can be used for the valuation of household work of women. 
Data on time spent on other various activities can be used in the academic areas and in the public policies 
related to labor, welfare, culture, education, etc.(KNSO, 2005; 2000). All of the household members aged 10 
years and over were asked to record the main and simultaneous activities in the time diary sliced by 10 
minutes intervals for two days. 

The questionnaire consists of household and individual related items, and time diary. All of the 
activities are classified into 9 first-level categories, 50 second-level categories, and 137 third-level categories. 

The sample frames of 2004 time use survey are generated from the multi-purpose household sample of 
the Korea 2000 population and housing census. The 850 EDs (Enumerated District) are selected according to 
the systematic sampling method. And 15 households are selected in each ED. Following the above sampling 
procedure, the Korea 2004 time use survey consists of 32,191 individuals aged 10 years and over and 12,750 
households. 

 
3. Results 
 

In the logistic regression analysis, the dependent variable is self-rated degree of fatigue. Independent 
variables are socio-demographic variables and amount of time use in activities. Dummy variables are as 
Table1. Table2 shows the results of the logistic regression analysis. If the estimate is positive, it means 
positive relation to degree of fatigue. And we obtain the biplot from correspondence analysis. Figure2 shows 
the relation socio-demographic variables, activities and degree of fatigue from 1999 time use survey. 

According to the result, we know that ‘women’, ‘under 65’, ‘low education people’, ‘married people’, 
‘urban residents’ and ‘high wages people’ are positive related to the degree of fatigue. In the view of the 
amount of time use, ‘Paid work’ and ‘Sleep’ are positive similarly (see Table2). Figure2 shows that ‘women’ 
are highly related to ‘Housework’, ‘Helping others’ and ‘Child care’. Also, ‘20s’, ‘30s’ and ‘40s’ are related 
to ‘Fatigue’. Besides, ‘Paid work’ is related to ‘Fatigue’ and ‘Active leisure’ and ‘Passive leisure’ are related 
to ‘Not fatigue’. Biplot of 2004 is similar to that of 1999. 

 
Table1. Dummy variables for logistic regression analysis 

Dummy Variables 1 -1 

Gender Male Female
Age Under 65 Over 65

Education Over BA Under Dip.
Marital Status Married Not married

Residence Urban Rural
Wages Over $20,000 Under $20,000

Fatigue Status Fatigue Not fatigue 
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Table2. Result of logistic regression analysis 
1999 2004 

Variables Estimate SE Estimate SE 

Intercept 1.6798** 0.1444 2.3789** 0.1786 
Gender -0.1552** 0.0322 -0.2679** 0.0420 

Age 0.1989** 0.0295 0.2259** 0.0328 
Education -0.0884** 0.0204 -0.0889** 0.0230 

Marital Status 0.1084** 0.0212 0.1414** 0.0260 
Residence 0.0015* 0.0180 0.0232* 0.0226 

Wages 0.1043** 0.0194 0.1426** 0.0227 
Paid Work 0.0010** 0.0001 0.0005** 0.0002 

House Work -0.0012** 0.0002 -0.0016** 0.0003 
Child Care -0.0014** 0.0004 -0.0025** 0.0004 

Helping Others -0.0013** 0.0006 -0.0022** 0.0005 
Passive Leisure -0.0016** 0.0002 -0.0016** 0.0002 
Active Leisure -0.0017** 0.0002 -0.0024** 0.0002 

Sleep 0.0004** 0.0002 0.00003 0.0002 

* p<=0.10; ** p<=0.05 
 

igure2. Biplot of 1999 time use survey 
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The purpose of this paper is to show the results of week-long diary survey (30 pre-coded activities 
questionnaire is used) conducted by author in 2005 regarding the time use by employed married couples in 
Tokyo, and to consider what we can learn from these results compared to these from conventional official 
time use statistics in Japan, which is based on two-day diary survey. 

Survey period was from October 1st to 31st, 2005, and survey participants were those who lived in 
Setagaya City, Tokyo Japan.  The participants are obtained from those who participated in the same kind of 
survey in 5 years ago and from their friends who are interested in this survey.  The survey targeted specially 
employed married couples, which are both employed or only the husband under employment.  The reason 
for that is to clarify time allocation in gender and work-life balance perspective.  Of the total 61 volunteered, 
59 couples’ questionnaires were effective. 

Main characteristics of the survey participants are following.  Regarding average age of couples, 
husband is 45.3 and wife is 43.2 years old.  About nine out of 10 couples are nuclear family.  15% of 
couples have child(ren).  Regarding education level, income level, and occupational distribution, the 
participants are likely to have in general high level of education and income, and high percentage of white 
collar job, comparing with average. 

In this paper, each activity time of wives and husbands from Monday to Sunday is showed by (i) 
average for all persons, (ii) participation rate in the activity, and (iii) average time for participants in the 
activity (see Table 1 through 3).  Other tables and graphs for more detail analysis will be presented at the 
conference. 

One should, of course, be careful about generalization from such a small survey, but it is quite obvious 
from the tables that people’s time spent on some activities have some variation in each day.  That is also 
something we know of from our common sense.  We need to discuss and somehow develop a survey 
method and an indicator that reflects daily time variation of activities. 
 
 
 
RÉSUMÉ (ABSTRACT) 

The length of diary in time use survey is in general two days: one weekday and one weekend-day.  It is the case of 
Guidelines of Harmonised European Time Use Surveys and official time use survey conducted by Statistics Bureau of 
Japan.  However, people’s time allocation is often fluctuated in each day and has a weekly rhythm rather than daily 
one.  So-called “synthetic week” is often estimated from conventional two-day diary survey, but it is calculated from 
different persons’ different days.  The purpose of this paper is to show the results of week-long diary survey (30 pre-
coded activities questionnaire is used) conducted by author in 2005 regarding the time use by 59 employed married 
couples (both employed or only the husband under employment) in Tokyo.  Each activity’s daily time from Monday to 
Sunday is showed by (i) average for all persons, (ii) participation rate in the activity, and (iii) average time for 
participants in the activity.  I would like to also consider what we can learn from these results compared to these from 
conventional official time use statistics in Japan, which is based on two-day diary survey.  
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Matching techniques: Eustat's experience and new 
developments 
 
Enrique MORAN ALAEZ 
Martín GONZALEZ HERNANDEZ 
Pilar MARTINEZ ROLLON 
Alejandro ORTUÑEZ ALONSO 
Laura OTERO FRANCO 
 
Basque Statistics Office (Eustat) 
c/Donostia-San Sebastián, 1 
E-01011 Vitoria-Gasteiz (Spain) 
Enrique-Moran@eustat.es 
 
1. - Introduction 

Since 1996, when the last renewal of the Local Population Registers took place, Eustat has been 
working with administrative files in order to produce a Statistical Population Register. It was thus decided to 
prepare legal regulations, based on the responsibilities transferred to the Autonomous Government of the 
Basque Country, whereby the Basque Town Councils would be required to submit two files annually: the 
first with the whole Local Population Register at the end of each year and the second with the registered 
movements that have occurred during the year, which is to say all the new register additions and deletions: 
births, deaths, immigrations, emigrations, changes of address within the municipality, additions due to 
omission and deletions due to duplication or misappropriate inclusion. In this way, it was expected that a 
contrast would be made between the movements registered during the year and the situation at its end, 
bearing in mind that the initial situation was known beforehand. 

In addition, Eustat has also been working with the Vital Statistics, Births, Deaths and Marriages, 
whose original sources are the seats of these events in the Civil Registries, which in Spain are the Law 
Courts in large municipalities and the Town Hall itself in the smaller ones. This registry information is 
transferred to statistical questionnaires, but in practice, the information relating to the people in question 
coincides. The nominative information that they contain has varied over time and, especially, the DNI 
(National Identity Document) or equivalent identification has been introduced late on, since it was originally 
considered irrelevant for statistical purposes and later became fundamental as a means of updating 
Population Registers. 

Local population registers contain information on residents which is set out legally and which is made 
up of name and surnames, date of birth, sex, DNI or equivalent identity number and complete dwelling 
address. Although the possibility exists of linking the records of a person by using their identification 
number, this option is limited by the lack of information for those aged under 14 and by the inaccuracies 
made during completion. These failings as regards numerical personal identifiers have meant dealing with 
the problem of file linkage by means of automatic personal association procedures that embrace the whole 
variety of identification elements. 
 
2. - Current situation 

Specific linkage procedures are available for the association of Local Population Registers and 
registered population movement files. There are also linkage procedures for births, deaths and marriages, 
which is to say, all the Vital Statistics. These procedures are inserted in the Eustat Statistical Population 
Register; specifically in an Oracle data base named “Population”, not accessible from other different data 
bases or called up by external applications, which constitutes an important limitation. 

They are based on the equivalence of the aforementioned personal identifiers: name and surnames, 
DNI (national identity) number if there is one or, alternatively, NIE –identity number for foreign residents, 
date of birth, sex and postal address. Weightings are assigned to each of the coincidences, accepting partial 
coincidences for each of the identifiers (for example, in a single surname), but weighting them less should 
this be the case. In this manner, we select all the pairs of candidates for linkage that surpass a certain 
threshold of coincidence, choosing the one with the best rating in the comparison. 
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Naturally, it is necessary to differentiate beforehand the cases where a single person could be repeated 
in a file (for example, various migratory movements) from those where this would be impossible (for 
example, a death). 

To be more specific, the linkage procedure applied to the data of the Local Population Registers has 
the following phases: first, the entry files –population register and movements- are divided into header 
(household) and detail (persons) and the names and surnames they contain are separated and written in a 
specially protected table and encrypted to protect them; secondly, this information is taken to a working table 
incorporating a simple standardisation of the identification number and the names and surnames, which are 
not used directly but by means of a transformation; thirdly, the lines of the working table are associated with 
those existing in the Statistical Population Register through matching DNI numbers or equivalent identifier, 
names and both surnames, complete dates of birth, sex and complete postal address, comprising of the fields: 
province, municipality, street, street number, floor, side and flat number; fourth, weights are assigned to each 
of the pairs encountered, since the successive searches using each of the first three ways mentioned can lead 
to more than one potential candidate for association, bearing in mind that in order to choose one of them a 
certain minimum score needs to be passed –equivalent to a match for name and surnames, date of birth and 
sex or identification number, date of birth and sex, for example, and in the case of there being several the one 
with the highest score will be chosen; finally, the Statistical Population Register identification code will be 
taken from the selected pair, if there is one. 

This brief overview of the matching procedure is immediately complicated if we take into account that 
there are a total of 30 coincidences to be rated, divided between 7 partial and total coincidences of name and 
surnames, an equivalent number of ratings for the date of birth, as many as 9 ratings for varying degrees of 
coincidence in the DNI number or similar identifier, including the lack thereof –since it is generally not 
defined for people under 15-, another 3 ratings concerning the postal address of the dwelling and 4 relating to 
other elements of comparison, such as sex and place of birth, which also form part of the compulsory 
information in the Local Population Registers. 

There is the possibility that an appropriate candidate for linkage was not discovered in the previous 
stage, or indeed that no candidate whatsoever was found. This is acceptable, given that all updating 
procedures involve additions of people that logically cannot be associated with any individual previously 
existing in the file. 

However, should the reason hindering linkage be the existence of data error, two new less demanding 
searches are carried out, the first of which is based on three simplified variations of the name and surnames, 
losing one of the three elements each time, while the second is carried out by means of part of the date and 
place of birth. 

 
1. Population by score obtained in the linkage procedure and type (%) 

 Type of linkage  
Total 1st 2nd 3rd 

Total 100 88,0 4,0 1,2
No candidate 6,8    

Below the threshold 2,3 0,2 1,2 0,9
Within the threshold 0,2 0,0 0,2 0,0
Above the threshold 63,8 60,9 2,6 0,3

Maximum rating 26,9 26,9 0,0 0,0
 

The above table shows linkage results related to the 2002 Local Population Registers where we can 
see 9% of non-linked people, which include 4% of new additions by birth and immigration and the 
dominance of the main type of linkage. The second and especially the third types of linkage contribute few 
matches and introduce some mismatches. 

To conclude this section, we can see that 4 to 5% of the population were not properly linked using the 
current procedure, requiring the introduction of improvements in as much as this procedure has become 
increasingly the means of input for external information for the Eustat Integrated Information System. 

The existence of non-linked registers, generally interpreted as additions to the Statistical Population 
Register, tends to artificially increase the number of people calculated in this way, also doing so differently 
in different territorial contexts and for differing statistical operations and deteriorates the quality of the 
system. Eustat periodically evaluates this quality, by means of surveys and other procedure and carries out 
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other monitoring tasks and extraordinary updates to ensure data, but in any case, improvements need to be 
introduced in linkage procedure and new approaches developed in order to maintain data quality in the 
context of data production based on administrative sources. 

Elsewhere, Eustat has been studying new matching techniques for several years, such as probabilistic 
record linkage and has developed a methodology mainly based on the article “A theory for Record Linkage” 
by Ivan P. Fellegi and Alan B. Sunter. Computing development of this method is based on SAS software but 
a new programming is envisaged to adapt it to the Oracle work environment. 
 
3. - New developments 

Given the amount of new administrative files that figure among those collected by Eustat for the 
production of the 2006 Population and Housing Census and the improvements seen as necessary over recent 
years, Eustat is introducing a series of changes to its linkage procedure which are outlined below. 

As previously stated, it is necessary to broaden the linkage procedure, converting it into a tool for 
general use, available to anyone who needs to deal with record linkage of people coming from different files. 
Therefore an independent linkage application is being programmed, known as Linkage Module -MDF, with 
an appropriate security environment, where permission for access to the necessary data will be given in 
accordance with the user. In other words, a statistician will be able to design a special linkage execution for 
the statistical operation which is their responsibility using MDF; once this version is prepared, it can be 
called up from the application of the statistical operation which will receive the necessary person and 
housing codes as a result. 

Being independent, MDF should accept different types of data entries, preceding both from sources 
outside the Eustat Integrated Information System, specifically text files, Access data bases and Excel 
spreadsheets, and also previously integrated Oracle data bases. The description of this input corresponds to 
the MDF user and allows total flexibility as regards the location of files and their design, described in an 
Excel sheet, providing that they have the necessary permission; to this effect MDF itself generates the 
necessary permission reports, generally confined to reading data files or tables. 

One of the essential improvements refers to completing the standardisation of identifiers, both as 
regards names and surnames and also the DNI number or equivalent identifier; for example, a series of tables 
of linguistic equivalents (Basque-Spanish) is being introduced for names, common abbreviations for names 
and surnames and the standardisation of spelling –an especially important subject at present due to the 
incorporation of a foreign population coming from countries which do not use the western alphabet. 

Furthermore, as various types of external files are accepted, we also envisage a standardisation of the 
date of birth and the encoding of certain variables which are important for checking and weighting (for 
example, sex); as regards the postal address of the dwellings, encoding of its various elements is required in 
accordance with Eustat codes and preferably the incorporation of the housing identifier established by Eustat 
in 1996. 

Another innovative element is the addition of indirect identification variables, mainly relating to the 
spouse, the father and the mother since, on the one hand, some records show this type of information such as, 
for example, births and marriages, while on the other hand, the Statistical Population Register keeps 
information on known family ties, even though cohabitation in the same household has ceased; in this way 
the association of one member of the couple can be used as an auxiliary means of finding the other and the 
identification of a father can be a decisive element in also finding the child. 

A probabilistic linkage stage has been introduced which differs from the previous one especially in the 
calculation of weightings. Pairs of records likely to come from the same individual are taken and all fields 
are compared. For each one, a probability ratio is calculated depending on the result of the comparison and, 
should there be a coincidence, the frequency of this value in both records. The values of each field are added 
and a final score is thus obtained for each pair. Those whose score surpasses the value of a certain limit are 
linked. 

Next, once the linkage procedure is carried out, a series of statistical tables is obtained detailing the 
figures and proportions of people and dwellings linked in accordance with control variables considered 
relevant: territorial, age and sex, by weighting strata obtained in the comparison. Two more are added to 
these, which show us the number of candidates –dwellings or people- considered as regards linkage. 

Finally, a statistical verification of matches and mismatches is made using a random sample of 
accepted and refused pairs, classified by stages of linkage, so that the proportion of correctly linked units is 
always shown. As regards those that are not linked as a result of not surpassing the established threshold, the 
mission of the statistical review is to check if the decision taken was correct or not and whether its review is 
appropriate. 
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The information about these last two phases is filed as linkage results, as are its parameters –loading, 
standardisation used, linkage options, etc. so that it can be repeated in the future and used as the basis for the 
design of a new linkage version. 

With these modifications, resulting from years of experience devoted to working with administrative 
files, Eustat expects to be in optimum conditions to face the growing challenge of working with 
administrative sources for the production of statistical data and the integration of information collected via 
direct surveys into the Integrated Information System, reinforcing data quality, allowing source contrast, 
validating and analysing non-response and producing new statistics as a result of this work. 

 
RESUME 

Depuis 1996, quand la dernière rénovation de Registres Locaux de Population eut lieu, Eustat a 
travaillé avec registres administratifs afin de conformer un Registre Statistique de Population. Etant donnée 
l’inexistence en Espagne d’identificateurs personnels fiables, ceci a conduit à affronter le problème de la 
fusion de fichiers à travers des procédés automatiques d’association de personnes présentes dans plusieurs 
d’entre eux. 

Pour le moment on dispose de procédés de fusion spécifiques pour l’association de registres qui 
procèdent des registres de population locaux et des fichiers de mouvements de population registrés au niveau 
local. On dispose aussi de procédés de fusion pour les naissances, les décès et les mariages, c’est-à-dire pour 
l’ensemble des statistiques du mouvement naturel de la population. 

Ces procédés sont bases sur l’équivalence des suivants identificateurs: prénom et noms de personnes, 
numéro du Document National d’Identité, s’il y en a un, date de naissance complète et direction postale du 
logement. On assigne des pondérations a chacune des coïncidences, y comprises les coïncidences partielles 
de chacun des identificateurs (par exemple, l’un seul des noms), mais les ponctuant plus bas dans ce cas. De 
cette façon, on choisit le candidat à la fusion qui, ayant surpassé un certain seuil de coïncidence, a la plus 
élevée ponctuation dans la comparaison. Naturellement, on doit différencier en avance les cas où une même 
personne peut être présente plusieurs fois dans un fichier (par exemple, plusieurs mouvements migratoires) 
de ceux où cela est impossible (par exemple, un décès). 

Etant donnée la quantité de nouveaux registres administratifs que font partie des collectés par Eustat 
pour le Recensement de la Population et des Logements de 2006, l’expérience et les connaissances acquises 
dans ces dernières années, il est devenu précis de préparer un procédé de fusion indépendant, de telle façon 
qu’il accepte différents types d’entrées de données, en même temps qui est complété avec une meilleure 
normalisation des identificateurs, avec l’addition de variables d’identification indirectes, référées aux parents 
de premier degré, et avec une vérification systématique des succès et des erreurs dérivée d’un échantillon 
aléatoire de pairs de registres associés. 
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1. INTRODUCTION 

Poverty is a multi-dimensional phenomenon, but it is often measured by considering a monetary 
indicator based on income or consumption. Regardless of the welfare indicator chosen, poverty is measured 
ex post. In consequence, poverty studies focus on those who are currently poor. Ex post measurement of 
poverty has its merits since the effects of past government interventions can be measured using actual data. 
Government and policymakers will, however, also find it important to be forward looking in order to help 
households that are at risk of being poor, especially in the short term, through social safety nets and other 
interventions. For such ends, it would be valuable to identify those who are expected to be poor ex ante (i.e. 
in the future).  Such households are said to be vulnerable to poverty.  As Chaudhuri et al. (2001) put it, “for 
any forward-looking anti-poverty intervention (that aims to prevent or reduce future poverty), therefore, 
vulnerability rather than currently observed poverty appears to be the more relevant concept.” Following 
Pritchett at al., (2000) and Chaudhuri et al. (2001), this study defines vulnerability as the probability or risk 
today of being in poverty or of falling into deeper poverty in the future. This study models income per capita 
and utilizes the official poverty lines of the Philippines.  The modeling of income per capita is sensible given 
its volatility.  In addition, the methodology is validated by looking into the income dynamics of panel 
households interviewed for the 1997 Family Income and Expenditure Survey (FIES) of the Philippines and 
for the 1998 and 1999 rounds of the Annual Poverty Indicator Survey (APIS).    

2. DATA AND METHODOLOGY 

The study essentially considers the Chaudhuri (2000) methodology for defining vulnerability, but 
applying it instead to income per capita, i.e., we define the vulnerability level of a household h at time t as 
the probability that it will find itself income poor at time t + 1: 

(1)  where  is the household’s per capita income level at time t + 1 and Z is 
the appropriate poverty line.  Note that the level of vulnerability at time t is defined in terms of the 
household’s income prospects at time t+1. To measure vulnerability in the Philippines, this study employs 
household data sourced from the 1997 Family Income and Expenditure Survey (FIES), and adapts the 
methodology proposed by Chaudhuri (2000) for modeling vulnerability to cross-sectional consumption data.  

)Pr( 1, ZYV thht ≤= + 1, +thY

The Philippine FIES is a household survey conducted every three years by the National Statistics 
Office in order to gather information on the sources of income, the distribution of income, levels of spending 
patterns and the degree of inequality among families.  The 1997 FIES is based on a nationally representative 
sample of 39,520 households. In response to the need for more frequent and reliable information especially 
on non-income-based poverty correlates during the years when the FIES is not conducted, the NSO designed 
and conducted the APIS.  The APIS aims to provide inputs to the development of an integrated poverty 
indicator and monitoring system which would enhance timely, accurate and consistent production of 
poverty-related data that can be used at the national level. The APIS was first conducted in 1998 on a sample 
of 38,709 households and then followed by the 1999 APIS with 37,454 sample households.  Subsequent 
rounds of the APIS have also been conducted in between FIES years, subject to the availability of funds.  

Some of the households interviewed for the 1997 FIES were also included as respondents in the 1998 
APIS, thus forming a panel.  These panel data provided useful information on how living conditions of 
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households changed from 1997 to 1998, especially in the midst of the Asian financial crisis and an 
experience of the El Niño weather phenomenon. 

The 1997 FIES-1998 APIS panel data were used for cross-validation of the empirical results.  The 
vulnerability estimates were evaluated by tracking the actual poverty status of households in 1998 based on 
the vulnerability status as gleaned from the 1997 FIES data. 

Although the Chaudhuri (2000) methodology was developed for modeling the consumption of a 
household, we describe and adapt it here for the income per capita of a household h.  The methodology 
assumes that income per capita is given by: 

(2) hhh eXY += βln                  

where  is per capita income, hY hX  represents a bundle of observable household characteristics, such as 
household size, location, educational attainment of the household head, etc. that serve as explanatory 
variables of per capita income, β  is a vector of parameters, and he  is a mean-zero disturbance term that 
captures idiosyncratic factors (shocks) that contribute to different per capita income levels for households 
that are otherwise observationally equivalent. In addition, the variance of the disturbance term he  is assumed 
to be given by: 

(3)         θσ hhe X=2
,

The parameters β  and θ  in equations (2) and (3) are to be estimated using a three-step feasible 
generalized least squares (FGLS) procedure suggested by Amemiya (1977).   

OLS estimation yields a consistent and asymptotically efficient estimate of β , denoted as  , that 
can be obtained by dividing the reported standard error by the standard error of the regression.  Using the 
estimates  and  obtained, expected log income can be directly estimated: 

FGLSβ̂

β̂ θ̂

(4)       and the variance of log income: FGLShhh XXYE β̂]|ˆ[ln =

(5)           θσ ˆˆ]|ˆ[ln 2
, hhehh XXYV ==

for household h.  By assuming that income per capita is log-normally distributed, we are able to use these 
estimates to form an estimate of the probability that a household with the characteristics, , will be poor, 
i.e., of the household’s vulnerable level.  Letting Φ(.) denote the cumulative distribution function of the 
standard normal distribution, this estimated probability will be given by: 

hX

(6)    
⎥
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“Chaudhuri (2000) provided a discussion of the limitations of this model and the need to incorporate some 
adjustments to take into account these problems.  This is the subject of future work.   

3. RESULTS 

After generating estimates of the probability of being poor in the future, it is important to choose a 
vulnerability threshold.  Following Chaudhuri (2000), we consider two “natural” thresholds: viz., the 
observed poverty rate in the population and the threshold 50%. The former can be viewed as a relative 
vulnerability threshold since the observed poverty rate in the population represents the average vulnerability 
level in the population, that is, any household whose vulnerability level lies above this threshold faces a risk 
of poverty greater than the average risk in the entire household population. The second threshold of 50% is 
more stringent since observed poverty rates in the Philippines since 1997 have been below this level.  The 
idea behind this choice of a vulnerability threshold is that a household whose vulnerability level exceeds 
50% is more likely than not to end up being poor and can thus be considered to be highly vulnerable (HV).  
Using these two thresholds, we operationally define households to be vulnerable (V) if the predicted 
vulnerability level is greater than the poverty rate; highly vulnerable (HV) if the vulnerability level is greater 
than 50%, and relatively vulnerable (RV) if the household is vulnerable but not highly vulnerable.  
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The overall picture of household poverty and vulnerability based on the 1997 FIES is shown in Table 
1. The vulnerable household population consists of the highly vulnerable and non-poor (18%); the highly 
vulnerable and poor (52%), the relatively vulnerable and non-poor (16%); and the relatively vulnerable and 
poor (12%).   
Table 1. 1997 Household Poverty and Vulnerability Incidence in the Philippines.  

(39, 520 Sample Households) 
Observed Poor? Vulnerable Highly 

vulnerable 
 All 

No Yes No Yes No Yes 
Fraction observed poor 0.27 0.00 1.00 0.18 0.42 0.18 0.52 

Vulnerability        
Vulnerability level: mean 0.29 0.22 0.50 0.10 0.60 0.13 0.77 

Fraction vulnerable 0.38 0.30 0.59 0.00 1.00 0.18 1.00 
Fraction relatively vulnerable 0.14 0.16 0.12 0.00 0.35 0.18 0.00 

Fraction highly vulnerable 0.25 0.18 0.52 0.00 0.64 0.00 1.00 
 

The results of the study also showed that both poverty and vulnerability in the Philippines are largely 
rural phenomena. Relative vulnerability is, however, also quite strong in urban areas as nearly four in ten 
vulnerable households live in urban areas.  The overwhelming numerical importance of the rural poor and the 
rural vulnerable means that programs must be concentrated in improving the plight of people’s living 
standards in rural areas.   

Moreover, poverty rates are generally correlated with estimates of vulnerable households except in 
Metro Manila, where nearly half of the vulnerable households reside (while nearly one in twenty poor 
households reside in .the National Capital Region).  Among all regions, Metro Manila has the highest share of 
the population of vulnerable households: sixteen percent of all vulnerable households reside in Metro Manila.   
This suggests that a number of social safety nets must also be in place in urban areas. 

From Table 2, we observe that among families classified by marital status of the household head, those 
headed by married individuals tend to be the poorer as well as more vulnerable than those headed by 
unmarried persons. Families headed by males are not just poorer than the female-headed counterparts, but 
also more vulnerable. Households where either the head has never been to school or at most reached grade 
school, are poorer and more vulnerable than those where the head has had more education.  Families that 
have high ratios of members below fifteen years old to members fifteen and above are not just poorer (than 
those with low ratios) but also more vulnerable. Consequently, government will have to adopt vigorous and 
aggressive population management policies that discourage families from having family sizes that they 
cannot support.   
Table 2. 1997 Poverty and Vulnerability Estimates By Various Household Characteristics 

 Population 
share 

Share 
of 

poor 

Share of 
Vulnerable

Share of 
Highly 

Vulnerable

Fraction
Poor 

Mean 
Vulnerability 

Fraction 
Vulnerable 

Fraction 
Highly 

Vulnerable
Education of HH Head    

At  most Elementary 0.51 0.73 0.66 0.78 0.4 0.43 0.51 0.41
At most Secondary 0.29 0.23 0.26 0.19 0.22 0.23 0.35 0.17

Tertiary or Better 0.19 0.04 0.08 0.03 0.06 0.09 0.16 0.04
Sex of HH Head    

Male household head 0.85 0.91 0.89 0.92 0.30 0.31 0.42 0.29
Female household head 0.15 0.09 0.11 0.08 0.17 0.19 0.27 0.14
Marital status of head    
Single household head 0.17 0.12 0.23 0.24 0.18 0.27 0.37 0.25

Married household head 0.83 0.88 0.77 0.76 0.30 0.39 0.51 0.37
0-14 members / 

15  - 15> members 
   

Low 0.76 0.54 0.59 0.53 0.20 0.23 0.3 0.19
High 0.24 0.46 0.41 0.47 0.53 0.49 0.67 0.51

 
To validate the results generated and the vulnerability profile presented, we investigated how well the 

vulnerability indices are able to determine the household poverty levels in 1998 and in 1999 for the panel 
households.  Since Philippine households are known to have suffered from the effects of the financial crisis 
in 1997 and El Nino (see Tabunda and Albert, 2001), an investigation of the actual poverty status of the 
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households in 1998 and 1999 would validate the vulnerability indices. As shown in Table 3, among the panel 
households, a significant proportion that were tagged as vulnerable were either poor in 1998 or 1999, or 
both, thus validating the vulnerability measurement methodology.  Consequently, this methodology may be 
used to regularly generate vulnerability estimates and profiles for subsequent conducts of the FIES beyond 
1997.  
Table 3. Vulnerable Households (in Panel) by Poverty Status in 1998 and 1999 
  1998 Total 

Household Poverty Status Poor Nonpoor  
Poor 0.69 0.06 0.75 1999 
Nonpoor 0.07 0.18 0.25 

  0.76 0.24 1.00 

4. CONCLUSIONS AND RECOMMENDATIONS 

This study presented the definition of vulnerability at the household level as the probability that a 
household will find itself income poor in the future. Based from the results, the following are the main 
conclusions of the study: (a) At the national level, 38% of the population are vulnerable as compared to the 
official estimate of poverty incidence in the Philippines which is 27%.  These estimates reveal that the 
observe incidence of poverty underestimates the fraction of the population that is vulnerable to poverty; (b) 
In general, results showed that regions with highest poverty incidences are also those with highest 
vulnerability incidences except for Metro Manila, Region 5, Autonomous Region of Muslim Mindanao 
(ARMM) and Caraga Region; (c) Metro Manila has the lowest rate of poverty incidence but it has the 
highest share of the population of vulnerable households, i.e., 16% of all vulnerable households reside in 
Metro Manila.  This shows that vulnerability is also quite strong in urban areas and safety net measures must 
also be in place in urban areas; (d) As a result of the validation using the panel households from 1997 FIES, 
1998 and 1999 APIS, the vulnerability estimates have a very strong predictive power of identifying poor 
households even for the next two years. Among the vulnerable households in 1997, 76% are identified poor 
households in 1998, 75 % are also poor in 1999, and 69% are poor both in 1998 and 1999.  

It is recommended for future study to adopt the model using the 2000 FIES and 2003 FIES and that 
changes in vulnerability profiles be monitored especially for program intervention purposes.  
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RÉSUMÉ (ABSTRACT)  

This study presented the definition of vulnerability at the household level as the probability that a household 
will find itself income poor in the future. The study adapts a methodology proposed by Chaudhuri (2000) for modeling 
vulnerability using cross-sectional data. Based from the results, the following are the main conclusions of the study: (a) 
In 1997, 38% of the population are vulnerable as compared to the official estimate of poverty incidence in the 
Philippines which is 27% at the national level.  These estimates reveal that the observe incidence of poverty 
underestimates the fraction of the population that is vulnerable to poverty; (b) In general, results showed that regions 
with highest poverty incidences are also those with highest vulnerability incidences except for Metro Manila, Region 5, 
Autonomous Region of Muslim Mindanao (ARMM) and Caraga Region; (c) Metro Manila has the lowest rate of 
poverty incidence but it has the highest share of the population of vulnerable households, i.e., 16% of all vulnerable 
households reside in Metro Manila.  This shows that vulnerability is also quite strong in urban areas and safety net 
measures must also be in place in urban areas; (d) As a result of the validation using the panel households from 1997 
FIES, 1998 and 1999 APIS, the vulnerability estimates have a very strong predictive power of identifying poor 
households even for the next two years. Among the vulnerable households in 1997, 76% are identified poor households 
in 1998, 75 % are also poor in 1999, and 69% are poor both in 1998 and 1999.  
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The aim of the paper is to gain understanding in the statistical properties of four income-
based welfare indices included in the EU-SILC survey (Community statistics on income and living
conditions), see e.g. Eurostat (2005). The theoretical properties of the chosen indices under parametric
assumptions will be compared with the empirical results of the EU-SILC survey 2004. The idea is
to compute the theoretical value of each indicator under several income distribution models as a
function of the model parameters. This defines in particular a functional relationship between pairs
of indices providing a a means of comparison with the scatter of the observed pairs. The hope is
to gain insight into the relationships between the different indices by comparing the observed values
with the theoretical quantities under simple distributional assumptions. It is not suggested that the
equivalised income defined in the EU-SILC survey should be distributed according to one of the chosen
distributions ; rather, one point of interest is to investigate whether these functional forms are heavily
model-dependent or not. The analysis will be done on results at the country level.

The development of income distributions and inequality measurement originated more than 100
years ago with the famous Pareto distribution and the Lorenz curve, respectively. Since then and
more specifically during the last 30 years, quite a number of new distributions have been proposed for
income modelling and many welfare indices have been devised, see Atkinson and Bourguignon (2000).
The mathematical properties of size distributions and the corresponding Lorenz curves are collected
and organized by Kleiber and Kotz (2003). Most of these distributions depend of one scale parameter
and one or more shape parameters. For our purpose, we shall classify them by the number of shape
parameters involved, because our main concern lies in scale-free indices of poverty and inequality.

The four Laeken indicators of poverty and inequality

We consider here the following indicators (Atkinson et al, 2002) identified as being important cha-
racterizations of inequality and poverty. They are based on the equivalised disposable income. The
definitions are taken from Eurostat (2005) :
– The at-risk-of poverty rate (ARPR)

”Share of persons aged 0+ with an equivalised disposable income below 60% of the national equi-
valised median income.” It is a measure of the intensity of poverty.

– The relative median poverty gap (RMPG)
”Difference between the median equivalised income of persons aged 0+ below the at-risk-of poverty
threshold and the threshold itself, expressed as a percentage of the at-risk-of poverty threshold.”
This indicator is a measure of depth of poverty.

– The income quintile share ratio (QSR or S80/S20)
”Ratio of total income received by the 20% of the country’s population with the highest income (top
quintile) to that received by the 20% of the country’s population with the lowest income (lowest
quintile).”

– The Gini index (GINI)
The Gini index is a secondary indicator within the EU-SILC framework. Being so well known, it is
considered here also.
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Tab. 1 – Laeken indicators under the lognormal and Fisk distributions
lognormal Fisk

Distr. fct. Φ [(ln(x)− μ)/σ]
[
1 + (x/b)−a]−1

scale μ b

shape σ a

median exp(μ) b

std.dev.(ln(X)) σ π/(a
√

3)
ARPR Φ (ln(0.6)/σ) 1/ (1 + 0.6−a)
RMPG 1− exp

[
σΦ−1(Φ{ln(0.6)/σ}/2)

]
/0.6 1− [1 + 2(0.6)−a]−1/a

/0.6
QSR [1− Φ (z80 − σ)] /Φ (z20 − σ) [1− I0.8(1 + 1/a, 1− 1/a)] /I0.2(1 + 1/a, 1− 1/a)
GINI 2Φ

(
σ/
√

2
)− 1 1/a

Notations Φ : standard normal distr. fct. Iz(p, q) : incomplete beta function ratio.

The first two are indicators of poverty and the last two of inequality. All four of them are scale-free,
thus under a parametric distribution model they will be functions of the shape parameters only.

The Laeken indicators under the lognormal and Fisk assumptions

Two distributions possessing one shape parameter only were selected : 1. the lognormal distribution
is a classical size distribution and has been applied to income data for at least 50 years with varying
success (Kleiber and Kotz, 2003, p.126ff) ; 2. the Fisk distribution (ibid., p.222ff) is a particular case of
the two widely used Dagum and Singh-Maddala distributions and has some theoretical appeal, because
its interpretation as a mixture distribution mixture opens the way to the analysis of subpopulations.
Let X be the parent random variable (the equivalised income). The shape parameter of the lognormal
distribution is generally interpreted as the standard deviation σ of ln(X). The Fisk distribution is
also known as the log-logistic, because in this case ln(X) follows a logistic distribution. (The standard
deviation of the standardized logistic distribution is π/

√
3, see Johnson et al. (1994).) The standard

deviation of ln(X) in the log-logistic case is simply related to the shape parameter a : σ = π/(a
√

3).
The theoretical expressions for the indicators are easily obtained from the definition. Table 1 summa-
rizes the properties and gives the functional expressions for the indicators.
For both distributions, all four indicators - as well as the standard deviation of ln(X) - are monotonic
functions of the shape parameter (increasing in the case of the lognormal and decreasing in the case of
the Fisk distribution). In a certain sense, if the EU-SILC equivalised incomes would follow a lognormal
or a Fisk distribution, there would be a total redundancy of the four indicators, because the indicators
themselves are entirely determined by the shape parameter. These properties make these distributions
an interesting basis of comparison between indicators and countries.

Inverse relationships
Expressions for ARPR and GINI can be easily inverted. Taking the lognormal distribution for
example, let A and G be respectively the ARPR and GINI coefficients. We can then deduce σ from
A :

(1) σA(A) =
ln(0.6)
Φ−1(A)

or from G :

(2) σG(G) =
√

2Φ−1

(
G + 1

2

)

Substituting σ by e.g. σA(A) in the formula for RMPG, one obtains the explicit functional prediction
of RMPG from ARPR.
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Application and test

How does this approach perform on real data ? Let us consider the 2004 data for the 17 European
countries found on the Eurostat web-site ”Indicators for social inclusion”. The data were uploaded in
January 2007. The estimation procedures for EU-SILC data are described in Eurostat (2005). As said
before the country level values only are considered here.
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Relationship between four Laeken indicators at the country level - Eurostat data 2004
 and prediction under the Fisk (red) and lognormal (black) distributions

Fig. 1 – The implicit relationships from the lognormal and Fisk models and the 2004 EU-SILC Data

Figure 1 shows the results for the lognormal and Fisk models. Note that there is no fitting of curve.
The continuous lines on the plot are parameterized by the corresponding shape parameter and are
entirely determined by the model (see Table 1). The country values are depicted by the points. We
see that the relationship between QSR and GINI (top right pane) is very well reproduced by both
models except one point (this point has been flagged ”provisional” in the data-set). In the case of
the lognormal and the Fisk models at least, the predictive curve is almost model-independent. The
relationship between ARPR and the inequality indicators GINI and QSR is rather well represented
by the curves. Depending on the country, one or other model gives a better fit. On the contrary the
relationship between RMPG and the inequality indicators is not so clear. The best prediction for
RMPG is obtained from the other poverty indicator ARPR under the Fisk model (bottom left pane).
Note that the dispersion could be partly due to the larger sampling error of RMPG, see Osier and
Museux (2006) and Osier(2006).

Discussion

The main concern in the monitoring of welfare indicators in EU-SILC is the assessment of progress
toward the common objectives of the Lisbon agenda. For this reason, every attempt to simplify and/or
organize the set of indicators needed is important. The two inequality indicators considered, the
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quintile share ratio and the Gini index, are closely related ; note that both are functions of the Lorenz
curve. The theoretical relationship between the inequality indicators is very much the same on the
range of the observed values, whether one considers the expression from the lognormal or the Fisk
distribution. Moreover the empirical values at the country level are close to the curve. On the contrary,
the relationship between the two poverty indicators, intensity and depth, is seen to be more sensitive
to the model assumptions. Accordingly, the scatter of points is not as close to a line as for the quintile
share ratio and the Gini index. The income distribution model could be refined with more parameters
in order to better capture the relationship between intensity and depth of poverty.
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ABSTRACT

The relationships between four EU-SILC Laeken indicators under the lognormal and the Fisk
distribution assumptions are derived. A comparison is made between the theoretical properties and the
estimates at the country level for the Eurostat 2004 data.

RÉSUMÉ

On établit la relation entre quatre indicateurs de Laeken considérés dans l’enquête EU-SILC sous
les hypothèses de loi lognormale et de Fisk. Une comparaison est faite entre les propriétés théoriques
et les valeurs estimées au niveau du pays pour les données 2004 trouvées sur le site d’Eurostat.
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Income Mobility and Inequality in Korea: 1988-2004 

by  
Kim, Hae-Ryun 

Inequality is long-time issue in any society because it reflects economic and social 
well-being of  each members of  society. Thus, many researchers have analyzed the situation 
of  inequality. However, it has generally been accepted that distributions of  economic 
well-being at a point in time could give limited information of  economic well-being, if  
considering life-time economic well-being. Because measuring inequality at a point in time 
does not reflect whether individuals or households move up or down in their income 
ladder due to changes of  their opportunities, changes of  economic policies, or changes of  
business cycles. Moreover, it is over-estimated compared with permanent (life-time) 
inequality, if  there is mobility. Therefore, it is necessary to investigate income mobility 
together with income inequality.  

Although there is no complete agreement on whether mobility is good or bad, I 
support the view that the society with mobility is better than the society without mobility 
because there are many reasons why mobility is useful for society. First, mobility can be 
interpreted as the equality of  opportunity in society. Second, mobility enhances the 
economic efficiency, providing economic incentives. Third, mobility is related with 
individual liberty and labor flexibility. People should be free to progress by investing their 
skill, or changing their jobs. Fourth, mobility could help to achieve social cohesion or 
inclusion if  people believe that they can improve their well-being in the future.  

Korean society has been regarded as the country reducing inequality in the path of  
rapid economic development. Moreover, social mobility also has been thought to be high. 
However, these views have been changed especially after experiencing IMF crisis in late 
1997. After IMF crisis, inequality was significantly aggravated due to social and economic 
structure changes. Meanwhile, it is so questionable whether there is still higher mobility in 
Korea. Therefore, it is important to examine the mobility per se with inequality in Korea. 

From these points of  view, the purpose of  this paper is to present empirical analyses 
of  the extent of  income mobility and inequality in Korea. Therefore, firstly, I elaborated 
longitudinal data because longitudinal (panel) data are necessary for mobility analysis. 
Hence, micro data for Household Income and Expenditure Survey (HIES) from 1988 to 2004 
were converted into panel data by household identification number. As a result, four waves 
in panel data were established: wave 1 (1988-1992), wave 2 (1993-1997), wave 3 
(1998-2002), and wave 4 (2003-2004). Unfortunately, only employee households are 
selected because income for non-employee households is not available due to the policy of  
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KNSO.1 Next, I presented the situation of  household income mobility and inequality 
using elaborated panel data by employing various kinds of  mobility and inequality 
measurements. As for mobility measures, transition matrix, and Shorrock’s mobility index, 
Fields mobility index, and GINI mobility index were adopted. GINI index and Mean Log 
Deviation were used for measuring inequality. Moreover, the directional movement was 
investigated. 

The inequality situation is presented in Figure 1. It shows the trend of  annual inequality 
of  GINI index and MLD. Trend of  annual inequality indices for GINI index is similar to 
inequality using ‘household based data’ except wave 2 (1993-1997). In this period, 
inequality of  panel data sharply increases, while that of  ‘household based data’ slightly 
increases. Inequality decreases until 1991, and starts to increase until 1997. It remains stable 
from 1998 to 2002, and then starts to increase again. MLD presented similar trend.  

In table 1, base year and final year (1988 and 1992 for wave1; 1993 and 1997 for wave 
2; 1998 and 2002 for wave 3; 2003 and 2004 for wave 4) are compared to estimate the 
mobility rate in transition matrix. Accounting period in wave 4 is one year, while those in 
other waves are four years. Thus it is impossible to compare the mobility rate of  wave 4 
with those of  other waves due to different accounting period. Mobility in Korea is 
increasing after IMF crisis (wave 3: 1998-2002) along with the increase in inequality when 
comparing the previous wave (wave 2: 1993-1997), while the degree of  mobility in wave 3 
is lower than that in wave 1 (1988-1992). This result is unexpected because it is regarded 
that mobility in Korea is getting static after IMF crisis. Possible interpretation is that the 
increase in mobility is induced by significant changes in social and economic structures 
especially after IMF crisis. Mobility by different income quintile presents another aspect. 
Mobility of  lowest and highest income class is considerably static. Especially, mobility of  
bottom quintile is relatively low when compared with those of  other OECD countries. 
More than half  of  them stay in their quintile through time. Moreover, most of  movements 
in both quintiles are explained by movements to next quintile. Thus, it suggests social 
phenomenon, that is, the poor tend to remain poor and the rich tend to remain rich, occurs 
in Korea.  

Among mobility index, Shorrocks index and Fields index measure the equalizing effect 
of  mobility on permanent inequality. Therefore I employ two inequality indices, i.e., GINI 
index and MLD for calculating Shorrocks index, and GINI inequality index for estimating 
Fields index. GINI mobility index is also estimated. Table 2 presents the degree of  
equalized effect of  mobility as the time period is extended using different mobility indices. 
The mobility is estimated by four types of  accounting period: one year, two years, three 
years, and four years. As expected, mobility increases as accounting period is getting longer.  

The same trend between waves presented in transition matrices is examined in trend of  

1 Employee household is defined as a household head who receives salaries or wages. Incomes of  
non-employee households have been available since 2003. 
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mobility indices: mobility rate is high in wave 1, and decreases in wave 2. Then it starts to 
increase after IMF crisis (wave 3).  

Directional movement can be measured by applying stochastic dominance technique. 
Figure 2 shows directional income movement between different waves in terms of  income 
and logged income. Changes of  directional income movement move favorable to the upper 
income group rather than the lower income group. The distribution in wave 1 dominates at 
the lower of  the change distribution (less than 34 percent), while the distribution in wave 3 
dominates at more than 34 percent of  the change distribution (left one in figure 2). As 
presented in previous mobility analysis, the extent of  mobility of  wave 3 increases to 
almost same level as that of  wave 1. Nonetheless, the increase in mobility at wave 3 does 
not give gains to lower income group but does to rather upper income group.  

Conclusively, I find that mobility and inequality of  employee households both increase 
after IMF crisis investigate mobility and inequality situation using various methods. Now 
Korean society experiences social and economic structure changes, leading to the increase 
in inequality and mobility. However, there is no doubt that mobility is good for the Korean 
society even though it could induce instability or the increase in inequality. Therefore policy 
maker should promote mobility in Korea along with reducing inequality in order to achieve 
the equal opportunity and economic equity.  

Tables and Figures 

Table 1. Transition Matrix by Income Quintile (Wave 1 and Wave 2) 
(Unit: household, %) 

Wave 1 
(1988-1992)

Wave 2 
(1993-1997)

Income
Quintile
in 1988 Stay Downward Upward 

Income
Quintile
in 1993 Stay Downward Upward 

1st 50.4 - 49.6 1st 51.1 - 48.9
2nd 27.2 23.5 49.3 2nd 35.0 25.1 39.9
3rd 19.9 15.4 37.5 3rd 33.3 34.4 32.2
4th 30.9 49.3 19.9 4th 36.6 39.3 24.0
5th 60.3 39.7 5th 62.1 37.9 - 

total 37.7 31.1 31.2 total 43.6 27.4 29.0 

Table 2. Transition Matrix by Income Quintile (Wave 3 and Wave 4) 
(Unit: household, %) 

Wave 3 
(1998-2002)

Wave 4 
(2003-2004)

Income
Quintile
in 1998 Stay Downward Upward 

Income
Quintile
in 2003 Stay Downward Upward 

1st 50.9 - 49.1 1st 70.2 - 29.8
2nd 32.6 24.3 43.1 2nd 50.4 20.7 28.9
3rd 33.5 33.0 33.5 3rd 47.9 26.2 25.9
4th 36.2 40.4 23.4 4th 51.2 30.4 18.4
5th 60.6 39.4 - 5th 74.8 25.2 - 

total 42.8 27.4 29.8 total 58.9 20.5 20.6 
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Table 3. Mobility Indices 
Shorrocks Mobility Index 

Wave Period Based on 
 GINI Index 

Based on 
MLD

Fields Index 
(Based on  

GINI index) 

GINI Mobility 
index 

Wave 1 One year (1988-1989) 0.0291 0.0648  0.0516 0.1157 
 Two years (1988-1990) 0.0505  0.1085  0.0817 0.2040 
 Three years (1988-1991) 0.0634  0.1323  0.1135 0.2574 
 Four years (1988-1992) 0.0775  0.1626  0.1312 0.3244 

Wave 2 One year (1993-1984) 0.0329  0.0769  0.0132 0.1299 
 Two years (1993-1995) 0.0478  0.1076  0.0228 0.1974 
 Three years (1993-1996) 0.0582  0.1289  0.0267 0.2470 
 Four years (1993-1997) 0.0687  0.1506  0.0218 0.2873 

Wave 3 One year (1998-1999) 0.0286  0.0903  0.0234 0.1141
 Two years (1998-2000) 0.0517  0.1327  0.0571 0.2053
 Three years (1998-2001) 0.0640  0.1575  0.0663 0.2551
 Four years (1998-2002) 0.0734  0.1753  0.0747 0.3102

Wave 4 One year (2003-2004) 0.0350 0.0841  0.0206 0.1446 

Figure 1. Trend of  Income Inequality using panel data 
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1. Introduction 

In the framework of the new European Social Agenda, social inclusion policies are essential to prevent 
and combat the multiple facets of poverty. The success of the renewed European strategy requires an 
improved and more up-to-date knowledge of living conditions. In Portugal, the research on poverty 
measurement has been limited when compared with other areas of sociology and economy. Although poverty 
is often referred to as being a multidimensional phenomenon, the most common approach focuses on the 
monetary dimension of poverty and so poverty has been assessed using income-based measures. However, 
using income as a proxy for analysing household’s well-being may misrepresent what is actually available to 
a household for the purpose of meeting its needs.  

The approach followed in this article focuses exactly on including multidimensional measures into 
poverty measurement, providing a contribution to an innovative analysis of poverty in Portugal. We use a 
relative deprivation concept focused on the household’s lack of needs (material and immaterial) that results 
from a lack of their resources, i.e., the available resources are below the minimum acceptable standards of 
living which are defined in relation to social norms or expectations.  

Information on household deprivation is based on national data from the European Community 
Household Panel (ECHP) carried out by the Portuguese National Statistical Institute. The ECHP is a 
harmonised longitudinal survey focusing on income, social conditions and lifestyle (Eurostat, 2003). It was 
implemented in every European Union Member State under Eurostat co-ordination and nowadays provides 
the official data to analyse poverty. In this first approach to the problem we make a static analysis of 
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deprivation by examining the second and eighth waves (that correspond to the years of 1995 and 2001). This 
micro data set contains information on living conditions where the main unit of observation is the household 
(4614 households). 

 

2. Methodology of analysis 
The multiple dimensions of well-being identified in the data justify a methodology based on a few 

steps to analyse household’s deprivation. The starting point was to select a set of deprivation categorical 
indicators from the ECHP data, which are clustered into the following dimensions of well-being: housing, 
durable goods, economic strain and social relationships. In this point, it is important to select the indicators 
of well-being that reflect the household’s vulnerability in the society where they live; to use the same unit of 
observation (household) for all variables and to pick up the sample units provided with full information; to 
make sure that all indicators are categorized; and to conduct an appropriate descriptive analysis of the 
variables. 

The second step consisted of making a separate analysis by well-being dimensions in order to construct 
a composite deprivation indicator for each dimension. To this purpose, we considered a latent class model 
that describes the association among the manifest variables through a conditional independence structure on 
an augmented contingency table with a categorical latent variable (see, e.g., Bartholomew and Knott, 1999; 
Paulino and Singer, 2006). This latent variable intends to identify a deprivation indicator for each well-being 
dimension represented by the observed variables of the corresponding table. This analysis allowed us to 
obtain an estimated risk of deprivation (i.e. the probability of the most deprived class) and identify 
household’s profiles with a greater or lesser deprivation per dimension. 

At last, the third step provided an overall approach to the deprivation problem by bringing together the 
partial outcomes of the previous step. This is achieved by applying a latent class model to ”data” formed 
from the values for the latent variables associated with the four dimensions that are generated by a sensible 
criterion from the estimated conditional probabilities of the latent classes given every household’s observed 
profile. This analysis allowed us to create an indicator of overall deprivation relied upon three levels, non-
deprived, partly deprived and fully deprived, as well as to identify the most vulnerable dimensions of 
household’s living standard. 

The underlying statistical model on which the LCM structure is imposed is a multinomial model. In 
contrast to most analyses of the deprivation problem (e.g.,Moisio, 2005; Pérez-Mayo, 2005), Bayesian 
methods were used for drawing inferences about the parameters of interest, due to parametric complexity of 
the model. Given that information on the LCM parameters elicitable from experts in the area of application 
was not clear-cut enough, we used a non-informative Dirichlet prior distribution for them (Paulino et al., 
2003). The analysis of the model proceeded via Markov Chain Monte Carlo (MCMC) methods.  

Due to the size of the observed data sets and the need of achieving interpretability criteria, we opted by 
an analytical scheme based on specifying a fixed number of latent classes (K). The models for several values 
of K were compared in terms of goodness of fit, complexity and predictive ability measured by DIC, BIC 
and Pseudo-Bayes factors. Examination of the results obtained by these criteria, together with the ease of 
interpretation of the latent classes, allowed us to select one of them.  

One of the main challenges in LCM applications is the nonidentifiability related to the invariance of 
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the likelihood under relabelling of the model parameters – the so-called label switching problem (Stephens, 
2000; Jasra et al., 2005). To overcome this problem, after a judicious choice of the observed variables in the 
first step, we applied either simple inequality constraints on the parameter space to remove the symmetry in 
the likelihood or a relabelling algorithm (Kullback-Leibler algorithm) proposed by Stephens (2000). 

 

3. Brief Conclusions 
This approach identified four classes for the deprivation latent indicator on housing and economic 

strain dimensions, and three classes for the deprivation indicator on durable goods and social relationship 
dimensions. Overall, we found three relevant classes for the analysis of global deprivation. It is also 
interesting to note that we achieved a sharp distinction among the situations of non-deprived, partly deprived 
and fully deprived in all applications of Latent Class modelling. Due to space limitations we only present 
some primary outcomes in terms of posterior point estimates (posterior means). 

Over the period analysed, the posterior mean of overall deprivation risk decreased substantially (see 
Table 1). The third step of the applied methodology showed that the estimated risk of deprivation decreased 
from 27% (1995) to 13% (2001). The intermediate situation of partial deprivation for both years 
encompassed half of the households in posterior belief terms, and hence the posterior estimate of the non-
deprived class probability was higher in 2001 (39%) when compared to 26% in 1995.  

 
Table 1. Contribution of each well-being dimension to the construction of an overall deprivation indicator 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Source: Constructed by the authors based on European Community of Household Panel, Portugal, 1995 and 2001 

   1995  2001 

  
Non-

deprived 

Partly 

deprived 

Fully 

deprived 
 

Non-

deprived

Partly 

deprived 

Fully 

deprived 

Probability of each class (%) 

Overall deprivation 
25,7 47,2 27,1  38,8 48,6 12,7 

Conditional probabilities (given overall deprivation class) of an household belonging to each well-

being dimension deprivation category (%) 

Non-deprived 52,0 53,5 34,3 70,0 58,0 26,9 

Partly deprived 45,9 39,1 60,6 26,6 35,5 49,8 

H
ou

si
ng

 

Fully deprived 2,2 7,4 5,1 3,3 6,5 23,3 

Non-deprived 90,5 30,4 34,2 96,6 67,0 32,2 

Partly deprived 9,0 63,1 28,2 2,9 27,3 31,8 

D
ur

ab
le

 

go
od

s 

Fully deprived 0,6 6,5 37,6 0,5 5,7 36,0 

Non-deprived 58,0 6,9 0,2 52,0 0,7 0,4 

Partly deprived 35,3 48,6 7,0 46,3 59,5 17,3 

E
co

no
m

ic
 

St
ra

in
 

Fully deprived 6,7 44,4 92,7 1,7 39,9 82,3 

Non-deprived 22,5 12,3 1,5 92,4 9,0 0,5 

Partly deprived 76,4 79,9 29,5 6,2 79,3 60,1 

So
ci

al
 

R
el

at
io

n-

sh
ip

s 

Fully deprived 1,1 7,8 69,0  1,4 11,7 39,5 
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An analysis of fully deprived class in Table 1 shows that the economic strain dimension contributed 
significantly to the household’s overall deprivation risk: the conditional probability of the most deprived 
class in this dimension was estimated to be around 93% (1995) and 82% in 2001. The second dimension that 
most contributed to overall deprivation risk was the social relationships dimension. Although the conditional 
probability of the fully deprived class in social relationships was estimated to be 69% in 1995, it strongly 
decreased in 2001 (39,5%). For durable goods dimension, the same probability was more stable, turning 
around 38-36%, and for housing dimension we detected an increase from 5% to 23%. 

With reference to analyses per dimension (figure 1), the estimated risk of deprivation for both years is 
higher for the economic strain dimension, even though it had strongly decreased from 1995 (47%) to 2001 
(30%). Although the posterior estimate of the deprivation risk in social relations appeared to be nearly 
constant, this is the second dimension in which it is higher. The probability of the most deprived class was 
estimated a posteriori to be around 12%. In turn, the posterior mean of deprivation risk in durable goods 
decreased largely over the period of analysis (18% to 9%). Regarding housing dimension, the corresponding 
deprivation risk estimate was 8% (2001) and 10% (1995). 

 

 
At last, it is worth mentioning that this static analysis deserves to be supplemented with a longitudinal 

analysis of the data for the available waves. This study on the dynamic evolution of the deprivation in 
Portugal is currently in progress. 
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Remarks to subject, aim, and approach 

 
The paper refers to the idea and hypothesis of an economic and financial order within the natural world 

substantiated by previous papers of the author since 2003, for details see Maier (2006). At present status of 
research axioms of this natural order are: (1) The natural state consists of the planet system of the sun; (2) its 
laws are the natural laws; (3) its population is the totality of creatures; (4) its top aim is conservation of life; 
(5) Creatures act and react with incomplete information; (6) every product and service has its price; (7) 
equivalent of money and price specification is energy; (8) markets are dual markets, suppliers on the one 
market represent the demand on the second (dual) market, and vice versa; (9) populations and species 
represent industries; (10) creatures represent enterprises and consumers in one subject: they produce and 
consume their final product life equal living biomass able to provide services of their own species by 
themselves; (11) central bank is the sun, creatures include a bank; (12) the natural state finances its activities 
by energy of the sun (sunlight), taxes and subsidies, taxes are energy transfers from the creatures to the 
environment, subsidies are energy transfers from the environment to the creatures. The paper focuses the 
poverty phenomenon hence compares the measurement of wealth and poverty by means of leading indicators 
of the System of National Account SNA of United Nations and their equivalents in the natural order. Aim is 
to illuminate the different measure and ranking of poor and rich countries although statistical data about 
different species than man is missing in general. The approach starts with leading economic indicators of the 
domestic and national concept; it translates the meaning of these indicators into the natural production 
process, hence gets equivalents within the natural order; it re-translates the meaning of the latter indicators to 
the human socio-economic order; and it draws conclusions how to respond to the challenge of poverty. 
 
Comparing leading indicators of human and natural economic orders 
 

     Referring to the measurement of Gross Domestic and National Product of SNA, in total we get eight 
leading indicators to measure wealth and poverty, four within the domestic concept which are: (1) Gross 
Domestic Product GDP of goods and services in physical units, (2) Value of Gross Domestic Product GDP in 
money units, (3) Gross Domestic Product GDP per capita in physical units, (4) Value of Gross Domestic 
Product per capita in money units; and four within the national concept which are: (5) Gross National 
Product GNP in physical units, (6) Value of Gross National Product GNP in money units, (7) Gross National 
Product GNP per capita in physical units, (8) Value of Gross National Product GNP per capita in money units. 

     Obviously we get the equivalents within the natural order by transferring the domestic and national 
approaches either to a special region, let us say continent, part of a continent, region a of a human state, or to 
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a special species and population, respectively, let us say birds, plants, trees, etc. And we have to include this 
part of production output which refers to the final use and demand, and which is the total production output 
of a region (or population) less the total intermediate output during production of one period. We have to 
include and consider the total biomasses of the different species of a region and species which is produced 
within one period for final self-use. Thus the corresponding leading indicators can be illuminated by the 
physical production and services of biomasses hence measured and counted in mass units, and they can be 
illuminated by their values in energy hence measured and counted in energy units; the latter correspond to 
figures of Official Statistics. Result I: Within an equivalent so-called System of Populations Account, SPA, in 
the natural world as equivalent indicator to the GDP of the domestic (human) approach, in the corresponding 
regional approach we identify (1) the Gross Regional Biomass, GRB, in mass units, either created or 
transported, and (2) the Value of Gross Regional Biomass in energy units, produced by all populations and 
species, in a region and a period (year) for final self-use. We note that two products or services may have the 
same price in Euro or Dollar in a human economic order but different prices (equal energy values) in nature’s 
economic order. And as equivalent indicator to the GDP per capita within the domestic (human) approach we 
identify (3) the Gross Regional Biomass per area unit in mass units, and (4) the Value of Gross Regional 
Biomass per area unit in energy units, produced by all populations and species in a period for final self-use. 
Result II: Within this equivalent System of Populations Account, SPA, of the natural world as equivalent 
indicators to the Gross National Product GNP (in physical units and money units) of the national (human) 
approach, in the corresponding species approach and population approach we identify (5) the Gross Species 
Biomass, GSB, in mass units, and (6) the Value of this Gross Species Biomass in energy units, produced by 
the total population of a species on earth in a period (year) for final self-use. And as equivalent indicator to 
the GNP per capita within the domestic (human) approach (in physical units and money units), in the 
corresponding species approach and population approach we identify (7) the Gross Species Biomass per 
individual in mass units, and (8) the Value of Gross Species Biomass per individual in energy units, produced 
by the total population of a species on the earth in a period (year) for final self-use.  

     Applying these equivalent but different measures of the natural order to the System of National 
Account of human population, obviously we get a different result. Hence applying nature’s measure and 
indicators to human economic orders impact is: We get a different ranking of countries which are regions in 
the natural order, and a different classification in underdeveloped and developed countries (regions), and 
poor and wealthy countries (regions), respectively. How can we illuminate this different measure and result? 
Answer: Because of absence of statistical data, and for purpose of demonstration, not for purpose of use, we 
make a very rough and in the reality indeed wrong estimation referring only to the biomass of humans if 
necessary because their biomass can be derived from population figures which we know. In addition, we 
estimate the Gross Biomass by the number of (human) population multiplied with the mean mass of a human, 
the latter we consider as a constant. Hence the Gross Biomass is proportional to the Number of human 
population and the Gross Biomass per area is proportional to the Number of human population per area 
which we call Density of population as well, the domestic approach counts all humans inside the state, the 
national approach counts all nationals of the state. Result III: Using these simplifications the eight measures 
can be illuminated as follows: The indicator Gross Regional Biomass in mass units is reduced to the indicator 
Gross Domestic Human Biomass (in mass units) which is proportional to and can be illuminated by the 
indicator (1) Number of Domestic Population, the indicator Value of Gross Regional Biomass in energy units 
is reduced to the indicator Value of Gross Domestic Human Biomass in energy units which is proportional to 
and can be illuminated by the indicator (2) Value of Domestic Population in energy units, the indicator Gross 
Regional Biomass per area unit in mass units is reduced to the indicator Gross Domestic Human Biomass 
per area unit in mass units which is proportional to and can be illuminated by the indicator Domestic 
Population per area unit which we call (3) Density of Domestic Population (people per area unit), the 
indicator Value of Gross Regional Biomass per area unit in energy units is reduced to the indicator Value of 
Gross Domestic Human Biomass per area unit in energy units which is proportional to and can be 
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illuminated by the indicator Energy of Domestic Population per area unit which we call (4) Energy Density 
of Domestic Population in energy units per area unit; the indicator Gross Species Biomass in mass units 
corresponds to the indicator Gross National Human Biomass in mass units which is proportional to and can 
be illuminated by the indicator (5) Number of National Population, the indicator Value of Gross Species 
Biomass in energy units corresponds to the indicator Value of Gross National Human Biomass in energy 
units which is proportional to and can be illuminated by the indicator (6) Energy of National Population in 
energy units, the indicator Gross Species Biomass per individual in mass units corresponds to the indicator 
Gross National Human Biomass per capita in mass units equal National Biomass per capita in mass units 
which we call (7) Mass Density of National Population in mass units per capita, and the indicator Value of 
Gross Species Biomass per individual corresponds to the indicator Value of Gross National Human Biomass 
per capita in energy units per capita equal Energy of National Biomass per capita in energy units which we 
call (8) Energy Density of National Population (in energy units per capita).  

     Applying the natural measure the numbers of domestic and national population, a human’s individual 
(mass) density and the density of humans within a region or state, as well as the energy values of the 
domestic and national population, a man’s individual energy density, and the energy density of humans 
within a region or state are leading economic indicators hence measure wealth and poverty. Apart from the 
problem how to measure the energy of an individual which seems to be no easy task, these indicators belong 
to indicators which we call social or biometric indicators, and which we don’t call economic indicators. 
Reversely thinking of the social indicator life expectancy in years, its equivalent in the natural system is the 
depreciation period of the body of a creature in years, and it turns out as a purely economic indicator in the 
natural order (Maier 2006, p. 43). We demonstrate this different measure using the Density of Domestic 
Human Population of different countries, as reference we take statistical data of German Statistical Yearbook 
2002. Passing over small areas and populations and countries (regions) which are not representative, we see 
that countries like Bangladesh (835 persons per square kilometer), Taiwan (616), Republic of Korea (474) 
are in leading positions, hence would not be counted as poor countries by the natural measure. If we refer to 
the Number of (Domestic) Population it is well known that China and India are in leading positions. But how 
can we illuminate the indicator Energy Density of National Population (in energy units per capita) which we 
may call Individual’s Energy Density of a population as well, for instance? We note, indicators with attribute 
energy correspond to indicators with attribute money, hence the more energy a population has in total the 
wealthier it is; and the more energy an individual has, the wealthier it is. Imagine a sportsman, a long-
distance runner of Kenya does he have a high or low energy density? Surely, he must have a high one 
because he is able to run such a distance what most of us can’t do we conclude he is a wealthy man using the 
natural measure, but he may be a poor man in Kenya’s society. Look at a Chinese noodle cook which makes 
the tough from water and flour with diligence and quickness, makes the long and thin noodles in some 
seconds by hand, portion for portion for clients of a street restaurant does he have a high or low energy 
density? Surely, he must have a high one because he is able to bring this output over a long period, but he 
may be a poor man in Chinese society. You find different examples: excellent football players, artists, 
musicians, painters, politicians, scientists, but also tough working people in not exposed positions which are 
able to bundle their biometric skills in an efficient way to manage their life; we call them energy bundles.  

 
Remarks on responses to the challenge of poverty 
  

     We conclude: Poverty in human society is a social phenomenon produced by human economic orders 
and measured in their value categories. Hence it is not amazing that United Nations Habitat up to now is able 
to monitor the continuous increase of this phenomenon but is not able to suggest concepts how to response to 
this challenge of present and future although this is essential aim of the Habitat Agenda. We cite from UN 
Habitat Istanbul Declaration II Goals and Principles, Article 28: “The eradication of poverty is essential for 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 5132 -



sustainable human settlements. The principle of poverty eradication is based on the framework adopted by 
the World Summit for Social Development and on the relevant outcomes of other major United Nations 
conferences, including the objective of meeting the basic needs of all people, especially those living in 
poverty and disadvantaged and vulnerable groups, particularly in the developing countries where poverty is 
acute, as well as the objective of enabling all women and men to attain secure and sustainable livelihoods 
through freely chosen and productive employment and work.” (Source: www.un.habitat.org). A note on 
poverty outside of human population, it appears in relative categories. Compare two fir trees of the same type 
growing on different places, the first on a rocky ground and high in the mountains with thin air, it is 
windswept and smaller, the other on an earthy slope with rain, it grows taller and is not so windswept. Would 
you say the first is poor and the second is wealthy? You would not think of these categories, reversely you 
might admire the first because of it is so strong and can exist under such poor conditions! Hence poverty is a 
human value category which you don’t find in the natural order because each creature, according the top aim 
of the natural system, wants to live and survive whatever the conditions are. How to respond to poverty by 
politics? Answer: Starting point is this different view on poverty from nature’s own economic order which is 
more powerful than human economic orders, and which delivers the insight that reason of poverty is the 
incompatibility of human and natural aims and laws. Statistical figures measuring poverty indicate the 
reaction of this superior order on human societies. As long as the latter do not adapt their aims to the superior 
natural order, all political programs against poverty like in boxing fight equal actions which cause stronger 
reactions of the natural order. Within economic theory this actions and reactions are known as imbalance of 
Stackelberg (1905-1946) occurring in a duopoly. If human societies, especially of developed countries, do 
not accept this natural order as superior, and continue to violate the top aim of this order which is 
conservation of life by production of too less living biomass, indicated by too low birth and reproduction 
rates (see Statistisches Bundesamt 2002, Statistisches Jahrbuch für das Ausland, p. 200), step by step their 
populations will be replaced by future generations of these human societies and populations which keep this 
natural top aim, and which belong to the poor ones in our economic measure, mostly. Result: Succeeding 
generations of present poor in underdeveloped countries are the future winners in developed countries; this is 
the solution of the poverty problem by the natural order in case of its ignorance. Statistical data about 
migrations from underdeveloped to developed countries give clear evidence to this paradoxical solution. A 
path to a different solution opens if human societies, step by step decrease conflicting points to the natural 
order and its aims by considerable incisions into basic rights and freedoms, in order to decrease and avoid 
reactions of the natural order, see Maier (2006, p. 77-84). Because of the significance of human rights and 
freedoms this second path seems to be very unlikely at least in present and foreseeable future.  
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Extreme poverty is not simply a matter of economic uneasiness or insufficiency of resources, but is a 

multidimensional concept, which involves social exclusion and marginality in different spheres of the 

individual life and of its relations with the society. The Local Authority for Social Policies, Charity and Non 

Profit of Veneto Region, together with the University of Padua, has conducted a sample survey on homeless 

living in the main cities of the region. The interviews took place both in the dormitories and in the streets, to 

describe different life conditions; a preliminary analysis was conducted among social agencies operating on 

the streets, to define which parts of the cities use to host homeless. This contribution aims at outlining the 

main dimensions of this phenomenon, which are identified in the lack of personal capabilities and planning 

skills (human capital), the deficiency or the bad quality of relations with relatives and friends (social capital) 

and the classical scarcity of material resources like house, money, food (physical capital). A special attention 

is devoted to the differences between people who have been in the homeless condition for long time, and 

people who just entered this situation, in order to describe characteristics and needs of chronic homelessness. 

The recourse to social services shows some difficulties in dealing with social marginality and human capital 

weakness in an effective way, in spite of the demand for support in these aspects of homelessness. In this 

sense, social support is more requested and utilised by people who have been living on the street for a long 

time, who consider it much more useful and even able to give a better life. However, social services seem to 

approach the extreme poverty from the classical unidimensional point of view, centred on material needs 

more than on social recovery.  

 

1. Extreme Poverty 

There are various forms of poverty, which express a particular mode of dissociation from the social 

bond: disaffiliation (Castel, 1995). The marginalisation process starts with the perturbation of a situation of 

social integration by means of one or more events which erode stability and social links and establish a state 

of vulnerability. The progressive lack of supportive ties then conducts the individual to a point of no return. 

This problem is particularly serious in urban areas, where the weakness of social ties and the widespread 

seclusion, together with a generalised housing crisis due to an excessive demand for cheap accommodations, 

lead poverty and social exclusion to homelessness.  

In February 2005 the Local Authority for Social Policies, Charity and Non Profit of Veneto Region, 

together with the University of Padua, has conducted a sample survey on homeless living in the main cities 

of the region. Aim of this study was to describe the characteristics of homeless and their expectations about 
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social services and social support. The interviews took place both in the dormitories and in the streets, to 

describe different life conditions; a preliminary analysis was conducted among social agencies operating on 

the streets, to define which parts of the cities used to host homeless. The sampling design was a systematic 

selection of units from lists which were built up on the field, i.e. homeless people present in the dormitories 

and in the streets were first counted and listed, then one in six was contacted and interviewed. The 

interviewers were joined by cultural mediators in contacting homeless and administering a paper and pencil 

questionnaire where most questions were of open-ended type. 

The final dataset contains the interviews to 148 homeless persons; among them 41.2% were 

interviewed on the street. The majority are men, and almost one half are Italian: women are 21.9%, while 

21.9% come from a European country and 33.6% from an extra-European country. The median age is 44.5: 

23.2% are at most 30 year-old, 33.1% are between 31 and 45, 12.7% are more than 60 year-old. 

 

2. Dimensions of Extreme Poverty 

The new approaches to the study of poverty move the focus from the idea of an economic deprivation 

to other forms of social exclusion, which make the concept of poverty a multidimensional concept (see e.g. 

Caritas Italiana e Fondazione Zancan, 1997; Guidicini et al., 1995; Martinelli, 1995; Rauty, 1995). Several 

dimensions characterise social exclusion, both at a personal and at a social level: the economic sphere, 

including lack of work and repeated insufficiency of resources; non-recognition or non-use of social rights, 

as well as political and civil rights; a scarcity of social relations, such as networks of family and friends; 

subjective psychological and health problems, and so on. The multidimensionality of extreme poverty is 

reflected in the heterogeneity of the situations which characterise homeless people.  

In order to outline the principal dimensions of extreme poverty among homeless people in Veneto, we 

perform an exploratory factor analysis (see, e.g. Gorsuch, 1983), starting from the variables related to 

demographic and personal characteristics of the surveyed homeless people (age, marital status, time spent in 

the homeless condition, contacts with their own families, mental condition defined by the interviewer, place 

where they were interviewed) and the types of problems they declared during the interview.  

The first three factors, selected on the basis of the explained variance shown by the eigenvalues 

(λ1=3.52, λ2=2.96, λ3=2.43, λ4=1.99, λ5=1.66, λ6=1.57, ... ), are then rotated using the orthogonal Varimax 

procedure (Kaiser, 1958). The results are reported in Table 1.  

The first dimension regards people who have been living in a homeless condition for long time, are 

older than the average, have Italian origin and a serious mental confusion. As far as the reported problems 

are concerned, this dimension is related with psychic problems and general uneasiness, but not with housing 

or economic problems. It is possible to recognise in this status a lack of personal capabilities and suitability, 

i.e. a lack of human capital. This factor appears to be characteristic of chronic homelessness. 

The second factor is dominated by variables on familiar relations and social ties: it is the dimension of 

homeless people who do not have their own family, have no contacts with the family of origin, and show a 

problematic mental condition. Their main problems are due to the lack of a family, low level education and 

drug or alcohol addiction. We can see in this situation a lack of social capital, which corresponds to the last 

step in the désaffiliation process as described by Castel (1995), i.e. the progressive drift that leads from social 

integration to vulnerability, to extreme isolation.  

Finally, the third factor represents the classical material deprivation: housing problems, difficulties in 

obtaining food, need for money, but no trouble with integration, loneliness, uneasiness: in short, this is a lack 

of physical capital. Also the health problems, here, have to be seen more as a cause of extra expenses or job 

loss, than as a problem in themselves (as it was, for example, with the psychic illness). 

The data confirm the scheme theorised by Gui (1995), who describes the three latent components of 

extreme poverty as lack of human, social and physical capital. 
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Table 1. Correlation coefficients between the three rotated factors of extreme poverty and the 

variables which are used in the analysis 

 Factor 1 Factor 2 Factor 3 

Interviewed in the street  0.12  0.32 -0.53 

Interviewed in the dormitory  0.06 -0.16  0.72 

Homeless from less than one year -0.40 -0.11 -0.28 

Homeless from one to five years -0.23  0.16  0.43 

Homeless from more than five years  0.62 -0.06 -0.16 

Age  0.67 -0.27 -0.07 

Married -0.37 -0.48  0.03 

Single -0.13  0.87  0.05 

Divorced/separated  0.42 -0.46  0.09 

Widow  0.06 -0.20 -0.28 

Italian  0.70  0.04  0.20 

Clear mental condition
1
 -0.23 -0.53  0.04 

Uncertain mental condition
1
  0.02  0.57  0.03 

Very confused mental condition
1
  0.35  0.07 -0.12 

Contacts with the family of origin -0.61 -0.34  0.12 

Rare contacts with the family of origin  0.47  0.29 -0.04 

Has his/her own family  0.06 -0.84  0.01 

Worked in the past -0.29  0.04 -0.28 

Loneliness  0.05 -0.12 -0.35 

Lack of food  0.14  0.13  0.44 

Lack money  0.10  0.01  0.29 

Misses family -0.01  0.24  0.02 

Housing problems -0.30 -0.12  0.46 

Uneasiness  0.20  0.07 -0.31 

Lack of education  0.10  0.23  0.07 

Lack of a job -0.46 -0.02 -0.06 

Health problems  0.13  0.03  0.53 

Addiction problems (alcohol, drugs)  0.11  0.20 -0.03 

Psychic problems  0.21  0.10  0.01 

Safety problems  0.15 -0.12  0.07 

Integration problems -0.13 -0.03 -0.32 

Law problems  0.02  0.05 -0.14 

 

3. Social Services for Multidimensional Extreme Poverty 

Since there are several types of homelessness, also social support, in its varied interpersonal and 

institutional forms, should be declined in different forms in accordance with the different dimensions of 

                                            

1
 These answers were given by the interviewer and the cultural mediator. 
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extreme poverty. In order to analyse to what extent the existing social services fit the particular needs that 

emerge from each dimension, we assign factorial scores to each sample unit, for the three principal factors 

described above, and we calculate correlation coefficients between these scores and some variables on the 

recourse to social services (Table 2).  

 

Table 2. Correlation coefficients between the three dimensions of extreme poverty and some 

variables related to social services 

 Dimension 1: 

Human capital 

Dimension 2: 

Social capital 

Dimension 3: 

Physical capital 

Accessibility of social support   0.14* -0.01    0.15* 

Constant use of social support
2
     0.26***    0.16**   0.09 

Crucial role of social support
2
  0.12  0.05   0.03 

Usefulness of social support    0.18** -0.03   0.11 

Better life due to social support   0.14*  0.01      0.24*** 

*** = p-value < 0.01;     ** = p-value < 0.05;      * = p-value < 0.10 

 

Social support seems to be especially connected with the lack of human capital, which is positively 

related to a constant recourse to social service and to its usefulness; however, the effectiveness of social 

support is higher for the material needs consequent to a lack of physical capital. The scarcity of social capital 

looks like the aspect more difficult to deal with: we notice a constant use of social services but no evidence 

of usefulness or improvements in the quality of life. In this respect, social support is mainly focused on 

material needs for physical capital, and requires some further reflections to be suitable to fight social 

exclusion in a wider sense.  

The analysed data do not permit to consider the temporal dimension, but Castel’s theory of 

disaffiliation (Castel, 1995) suggests that first a perturbation of a normal state causes material needs for food, 

house, money. Then, if the situation is not recovered, the encountered difficulties can lead to loosen and 

break social and familiar relationships. Finally, the enfeeblement of human capital comes as a result of the 

isolation and the absence of social and material resources. This is confirmed by the high correlation between 

the first factor, related to lack of human capital, and a long staying in the homeless condition. The challenge 

to social services is then to implement specific strategies to avoid the completion of this process, especially 

by stopping the waste of social and human capital. 
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ABSTRACT

A new multivariate approach is introduced to identify the middle class of a society and to measure its
possible decline. The middle class is a properly defined central region in attribute space that contains
a fixed portion of the population. The decline of the middle class, that is the increase of polarization,
is measured by comparing volumes of the middle class. The use of different notions of central regions is
discussed in one and several dimensions. An empirical application is given to German data on income
and wealth.

Keywords. Polarization index and order, central region, zonoid region, halfspace region, German
Income and Consumption Survey.
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A New Method to Extrapolate Poverty Lines  

when only a few prices can be observed.

Evidence from the Gambia 

Christophe Muller
1

May 2007 

Poverty line estimation has crucial consequences on the levels of estimated poverty 

statistics in the world. In this paper, we draw from former experience in the Gambia to 

improve on the methodology of the estimation of cost of basic needs (CBN) poverty 

lines from household living standard surveys.  

The CBN approach is based on nutritional minima that are converted into monetary 

equivalent measures of living standards. One critical stage is the valuation of observed 

consumption baskets. Generally, prices or unit-values used for adjusting consumption 

basket values are only available for a few observed products in such surveys. This is 

because the quantities of many consumed products are not or are badly observed. In 

these conditions, the CBN approach based on observed quantities of consumed food 

products is likely to yield mediocre results. 

Alternatively, we propose to use rules of extrapolation from a few well-observed 

representative products to the whole range of consumption. 

We make three improvements on the standard method: (1) we use price data along with 

a selection rule for representative products to estimate the calorie price, instead of using 

ratios of mean value over mean calorie, which are often badly measured, (2) we include 

price effects in the extrapolation rule of the global poverty line from the food poverty 

line, (3) we improve on the estimation of the extrapolation rule by using robust 

estimation methods. 

The method we apply for the estimation of the new poverty lines is in nine steps, all 

based on estimators accounting for the sampling scheme: 

1
Departamento de Fundamentos del Análisis Económico, Universidad de Alicante, Alicante, Spain.  

E-mail: cmuller@merlin.fae.ua.es . The author is grateful for the financial support by Spanish Ministry of 

Sciences and Technology. Project No. SEJ2005-02829/ECON and by the Instituto Valenciano de 

Investigaciones Economicas. 
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(1) We choose a reference group whose living standard is close to the expected 

poverty line, for each region j (j = 1,…,3).

(2) We define calorie requirements for households in this reference group in each

domain j: CRj. For this, we estimate the average household size and other

average household characteristics for the reference group. The calorie 

requirement for a young adult male is chosen at 2700 kcal per day, to account 

for activity levels consistent with work. It is divided by the mean household size 

and multiplied by the mean equivalence scale. The latter adjustments allow us to 

account for nutritional requirements increasing by age and gender of household 

members.

(3) We estimate the mean food and total consumption expenditures for the reference 

group and the mean composition structure of food consumption, in value, by 

region. We estimate the weights for household food price indices corresponding 

to the reference group in the three regions. 

(4) We select the food products with correctly observed quantities in the survey. 

Each selected product is allocated to a food category according to the partition 

of food products in the Paasche indices. 

(5) For each of these ‘representative’ products, k, converting the data on 

consumption quantities, we estimate the cluster unit-values UVck for each cluster 

c and product k. Then, the calorie price for this product and this cluster is the 

UVck divided by the standard number of calories contained in the quantity

corresponding to the used measurement unit, usually one kg. 

Then, we estimate the calorie unit-value, or ‘calorie price’, for the reference group in

each domain j, CUVj = [(
4

i=1  wi pxcalij) / ((
4
j=1  wi)] x [(mean household equivalence 

scale in domain j for the RG) / (mean household size in domain j for the RG)] x  2700,

where pxcalij is the calorie price of product i in domain j, and wi is the consumption

share of food category associated to product i in the value of consumption, j = 1,..,3; i =

1,…,4.

(6) We calculate the food poverty line, zj
F
 in each domain j as the estimated value of the

calorie requirement for each domain j. 

zj
F
 = CUVj CRj = [(

4
k=1  wk pxcalkj) / ((

4
j=1  wk)] x [(mean household equivalence 

scale in domain j for the RG) / (mean household size in domain j for the RG)] x  2700,

2
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where pxcalkj is the calorie price of product k in domain j, and wk is the consumption

share of food category associated to product i in the Paasche food price index, j = 1,..,3;

k = 1,…,4.

We estimate a Quadratic Almost Ideal Demand function for food for the group of 

reference in each domain j. The model is the following.

sij = j + j ln(xij/zj
F
) + j [ln(xij/zj

F
)]

2
 + (Nij - N

r
j)’ j +  (logPriceij - logPrice

r
j) j + ij,

where j, j, j, j, j are parameter vectors to estimate, sij is the food share (in 

percentage) of household i in its total consumption in domain j, xij is the per capita

consumption of household i in domain j, Nij is a vector of household and environment

characteristics in domain j and N
r
j is the corresponding vector of mean characteristics 

for the reference group in domain j, logPriceij is a vector of logarithms of prices facing 

household i in domain j, logPrice
r
j is the corresponding vector for the reference group. 

Finally, ij is an error term. This equation, which incorporates prices, an unusual 

improvement, is estimated by a Huber robust regression method, another innovative 

feature.

(8) From these estimates, we extrapolate the lower poverty line for each region j: z
L

j = 

zj
F
 (2- j).

(9) The (upper) poverty line, zj
U
, is obtained by solving in z the following equation, 

separately for each region j: zj
F
/z = j + j ln(z/zj

F
) + j [ln(z/zj

F
)]

2
 . 

In practice, ten products are the only ones for which we can observe accurate quantities 

in the 2003 Gambian survey: rice, sugar, bread, groundnut oil, vegetable oil, palm oil, 

sardine, magi, teabags, salt. We exclude products corresponding to too high calorie 

prices, not likely to constitute a substantial share of the diet of the poor. Then, we use 

the mean value and the mean quantity of calories to calculate accurate unit-values for

four food items: rice (the staple food in the Gambia), bread, sugar and maggi cube.

Extending to other products with observable quantities yields estimated poverty rates 

close to 100 percent. This is because the added products are luxuries for the poor and 

cannot sensibly represent standard of subsistence minimum.

The poverty estimation results based on the population of persons and per capita 

expenditure show that the head-count index estimated with the upper poverty line is

57.9 % with a standard error of 1.99 %. It is 51.1 % (Standard error 2.13 %) when using 

instead the lower poverty line. The poverty gap with the upper line is estimated at 

25.1 % (respectively 20.8 % with the lower line). The poverty severity index is 13.8 % 

3
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(respectively 11.0 %). Finally, the estimate of the Watts index is 39.0 % (respectively 

31.7 %). 

The poverty estimates:

Hypothesis Poverty Line Estimated Head-count index
(%)

Final estimates (4 products)
and poverty line corrected for 
equivalence scales

ZU = D 6388 in domain Banjul
and Kaninfing;
ZU = D 6771 in domain Other 
Urban;
ZU = D 7009 in domain Rural.

57.9
(1.99)

Final estimates (4 products) and

poverty line corrected for 

equivalence scales

ZL = D 5636 in domain Banjul

and Kaninfing;

ZL = D 5835 in domain Other

Urban;

ZL = D 6145 in domain Rural.

51.1

(2.13)

7 products Lower poverty line 54

4 products + sardines + palm oil Lower poverty line Almost 100

Only raw brown rice Lower poverty line 27

Only cooked rice Lower poverty line 74

Inflated 1993 poverty line Inflated 1993 poverty lines (per

adult-equivalent): D 3789 for

Greater Banjul, D 3108 for

Other Urban areas, D 2756 for

Rural areas.

9.1

Inflated 1998 poverty line Inflated 1998 poverty lines (per

adult-equivalent): D 7455 for

Greater Banjul, D 5246 for

Other Urban areas, D 4155 for

Rural areas.

25.8

1 $ PPP a day using official FMI

PPP rates 

3.4

1 $ a day using official exchange

rate

77.9

Final estimates (4 products) and

poverty line not corrected for 

equivalence scales

Lower line 51.1

Final estimates (4 products) and

poverty line not corrected for 

equivalence scales

Upper line 57.9

Standard errors in parentheses. 2238 observations. 

4
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1. Introduction 

Most poverty analyses rely on household-based surveys, such as the income and expenditure surveys, 

which are generally conducted by selecting a sample of households and then including all members of the 

household, in the sample.   

Since multistage stratified sampling is used for these surveys, it is essential that the survey data need to 

be weighted in order to get the right estimates of measures such as mean income and poverty rates.  In 

doing this, each sampled element is assigned a design weight, which is the inverse of the design inclusion 

probability.  Since coverage and non-response are generally part of surveys and could lead to biased 

estimates, the design weight has to be adjusted.  The second step of weighting usually attempts to 

compensate for non-response, by adjusting the design weights of the responding elements.  Further weight 

adjustments are needed, as the sampled population often does not coincide with the target population, due to 

differential non-response (such as an over-representation of older females and under-representation of young 

males in the sample).  This final step of weighting involves the use of auxiliary information, i.e. additional 

information on the study population such as that obtained from a census, to further improve the efficiency of 

estimates. 

Both person and household characteristics, such as age, geographical area (urban/rural) as well as 

household size and composition are determinants of income and would be of importance to include in this 

final step of weighting.  This paper considers the use of calibration technique, which is based on weighting 

at person level auxiliary information only, as well as integrated weighting techniques, where person and 

household auxiliary variables could be used simultaneously, in poverty and inequality analysis.  

 

 

2. Calibration estimation 

Calibration estimation (Deville and Särndal, 1992; Deville et al., 1993) has become a widely used 

procedure for obtaining efficient estimates in sampling surveys by using auxiliary information in the form of 

known population totals to produce a new set of weights. 

Consider a finite population U which consists of M households with a total of N persons, where a 

sample s of m households with a total number of n persons has been drawn with probability p(s).  Hence, if 

we suppose that sample household h has mh household members, then nmm
h h =� =1 .  The inclusion 

probability of the k-th population element is )( skPk ∈=π .  In matrix notation, Π = diag( kπ ) is an NxN 

diagonal matrix of the inclusion probabilities.  Let kkd π/1=  denote the design weight for element k, 

compensated for unit non-response.  The objective of many surveys is to estimate the population total 

�� == ∈ U kUk kT yyY  where yk is the value of the variable of interest, y, for the k-th element.  Define an N-

vector )',...,,( 21 NyyyY =  of values of the study variable. 

Auxiliary variables represent additional information about the study population.  Assume the 

existence of J person-level auxiliary variables x1, x2,…, xj ,…, xJ and define a J-vector 
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)',...,...,,( 21 kJkjkkk xxxxx =  for each Uk ∈ , where xkj denotes the value of the variable xj for element k.  

The values of all the auxiliary variables are assembled into an NxJ matrix X with 'kx  in row k.  The 

population totals for these variables, denoted by the J-vector �= U kT xX , are assumed known.  Vectors 

and matrices for the sample are denoted by subscript s.   

The calibration estimator is defined as �= s kkcal ywŶ  where the calibration weights wk ( )sk ∈  are as 

close as possible to the initial weights dk, subject to a set of constraints, � =s Tkk Xxw .  These constraints 

imply that the calibration weights give perfect estimates when applied to each the auxiliary survey variable. 

Deville & Särndal (1992) note that under the linear method, the calibration estimator is equivalent to 

the well-known generalised regression (GREG) estimator,  

BXXYY Tr
ˆ)'ˆ(ˆˆ

ππ −+=   

where πŶ  and πX̂  are Horvitz-Thompson estimators, and )'()'(ˆ 11111
sssss YB −−−−− ΠΠ= sss VXXVX .  

Here Vs = diag(vk), with the kv ’s defined in relation to the variance structure of the specified model.  The 

set of final weights for all the sample elements can be defined as  

)ˆ()'(1 111111
πXXW Tsssssssnss −ΠΠ+Π= −−−−−− XVXXV . 

Estevao & Särndal (2006) discuss different ways of computing the final calibration weights to be used 

in estimation.  The integrated weighting technique is a special case of one of these methods. 

 

 

3. Integrated weighting technique 

The integrated linear weighting procedure has been developed to achieve one set of weights, which 

would be appropriate for both person and household estimation.  Lemaître & Dufour (1987) propose the 

replacement of the person auxiliary variable values defined in the matrix sX  (where each person has a row 

vector with his/her own auxiliary information) in calibration, by a new nxJ matrix Zs.  Here Zs is still based 

on person auxiliary variables but contains the averages for the corresponding auxiliary characteristics as 

entries.  Since the auxiliary variables are generally categorical, and are thus coded into indicator variables, 

the Zs matrix will then contain the proportions for the household.  Hence, the value for each member of 

household h, with a household size of mh, is defined by hhjkj maz =  where � ∈= hk kjhj xa is the total for 

characteristic j in household h.  If reliable population counts are also available for households, the matrix Zs 

can be extended by adding columns for each category of the household auxiliary variables under 

consideration.  The entries of these columns would be the inverse of the household size for that category to 

which the household belongs, and 0 for the other categories.  Note that each household member will have 

the same row vector for auxiliary information in matrix sZ .  Thus, if the household design weight is 

allocated to all household members, each person in a household will have the same final weight.  Neethling 

& Galpin (2006) shows that this weight, which can be based on person and/or household auxiliary variables, 

will also be the appropriate weight to be used for person and household study variables.   

The integrated weighting estimator determined at person level is defined as 

zTzcal BXXYY ˆ)ˆ(ˆˆ ′−+= ππ  

where )'()'(ˆ 11111
sssssz YB −−−−− ΠΠ= sss VZZVZ .  Regarding the weights, it follows from Nieuwenbroek 

(1993) that the nx1 person level vector of weights is 

)ˆ()'(1 1111
πXXW Tsssssnss −ΠΠ+Π= −−−− ZZZ  

where n1  is an n-vector with ones as entries.  
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4. Measuring poverty and inequality 

There are a number of approaches to the measuring of poverty and inequality.  The most common 

approach is based on household expenditure or income.  When divided by the household size, this gives a 

per capita measure of expenditure or income for every household member. 

Since the income surveys cover samples, the income and poverty measures derived from the surveys 

are only estimates of poverty levels in the whole population.  These estimates are subject to sampling errors 

that have to be calculated under the complex sample design.  Once the household income is calculated, the 

poverty line has to be constructed to determine whether the household is in poverty or not.  Different 

poverty lines suited for South African data will be considered in the paper (Hoogeveen and Ozler, 2005).   

After a welfare measure such as per capita income and a poverty line are calculated, it is of importance 

to construct measures of the extent of poverty.  There is substantial literature on the most appropriate 

indexes of poverty measurements.  Measures, based on the calibration/integrated weighting data that will be 

considered are as follows: 

• Headcount index, Hp , which measures the proportion of the population that is counted as poor,  

�� ∈∈= si isi iiH wxwp  

where iw  is the weight of person i and ix =1 if the per capita income is less than the poverty line, 

otherwise ix =0.  This index is one of the most frequently used measures, easy to understand but is 

extremely sensitive to exactly where the poverty line is drawn (Greenwell et al., 2001). 

• Poverty gap index is a measure that takes account of the depth of poverty, which estimates the gap 

between actual incomes and the poverty line for all those who are in poverty. 

 

Inequality is a broader concept than poverty in that it is defined over the entire population and does not 

only focus on the population below the poverty line (World Bank, 2005).  The following measures, based on 

the weighted sample data, are considered: 

• Gini coefficient, the most widely used single measure of inequality that is based on the Lorenz curve.  

The determined weights have to be included in the formulae of the Lorenz curve and Gini coefficient.  

A disadvantage of this coefficient is that it is not additive across groups. 

• Theil’s T index is part of a larger family of measures referred to as the general entropy class.  The index, 

including weights can be defined as 

�
� ∈
∈

��
�

�
��
�

�
=

si w

i

w

i
i

si
i

w y

y

y

y
w

w
GE ln

1
)1(  

where iy  is the per capita income of person i and wy  the weighted mean per capita income.  This 

index does not have a straightforward representation and interpretation as the Gini coefficient but can 

be decomposed across groups in an additive way. 

 

Poverty can further be described by a poverty profile that sets out the major facts on poverty and 

examine the pattern of poverty over geographic areas, community characteristics etc.  Although a poverty 

profile is descriptive, it serves as the basis for the analysis of poverty. 

 

 

4. Application 

The Income and Expenditure Survey (IES) 2000, compiled by Statistics South Africa is used to 

compare the poverty and inequality measures based on the different sets of weights.  The IES was conducted 

in October 2000 on the income and expenditure of households in South Africa in order to calculate the 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 5145 -



Consumer Price Index and to collect comprehensive income and expenditure information about households 

of South Africa. 

The two-stage stratified sample was based on a regularly updated master sample, using the enumerator 

area (EA) boundaries delineated for Census 1996 as the sampling frame.  In total, 3 000 PSUs (EAs) are 

drawn from both urban and non-urban areas, in all nine provinces.  Ten dwelling units in each of the 3 000 

PSUs have been sampled.  Out of the sample of 30 000 households, 26 265 households completed 

questionnaires.  This results in a response rate of 87,55% (Statistics South Africa, 2002). 

Data collected on households are raised to the estimated number of households in the various 

provinces in the country, according to the proportions found in urban and non-urban areas in the 1996 

Census.  Calibration and integrated weights are calculated for this data, based on auxiliary information of 

the population estimated for 2000.  The above-mentioned poverty and inequality measures are calculated 

and compared for the different sets of weights. 
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Statistical inference for concentration measures has been of considerable interest in recent years.
Income studies often deal with very large samples, hence precision would not seem a serious issue.
Yet, in many empirical studies large standard errors are observed, and it is therefore important to
provide methodologies to assess whether differences in estimates are statistically significant. This work
focuses on Gini’s concentration ratio R. Hoeffding, in his seminal work (Hoeffding,1948), derived the
asymptotic distribution of Gini’s index. Several years later, Giorgi and Provasi (1995) and Palmitesta
et al. (1999) pointed out that the speed of convergence of the sample distribution is rather slow.
Further studies (Palmitesta et al. (2000), and Giorgi et al. (2006)) revealed that the t-bootstrap
method yields more accurate confidence intervals in small samples. Bootstrap methods are however
computationally expensive; moreover, the difference with respect to the asymptotic approach becomes
less significant as the sample size increases. In inference studies involving large samples, (i.e. income
surveys), it seems therefore reasonable to retain the asymptotic approach. Latorre (1990) showed
that sample sizes currently in use are large enough for constructing confidence intervals based on the
maximum likelihood estimator for Gini’s concentration measure. Are they also adequate to assure a
good coverage of asymptotic non parametric confidence intervals? This work’s aim is to provide an
answer to this question.

Confidence intervals for Gini’s concentration index

It is well known that the Gini concentration index R may be expressed as ratio of two regular
functionals, the Gini mean difference ∆ and twice the mean µ. Let X1, ..., Xn be i.i.d. with unknown
distribution function F , whose variance σ2 is assumed to exist. Let ∆̂ be the (unbiased) sample
mean difference, X the sample mean and R̂ = ∆̂/(2X) the sample Gini concentration ratio. In an
application of his asymptotic distribution theory for U-statistics, Hoeffding (1948) proved that, if

σ2
R = lim

n→∞
σ2

R,n = lim
n→∞

{
1

4µ2
nV ar(∆̂) +

∆2

4µ4
σ2 − ∆

2µ3
nCov(X, ∆̂)

}
> 0

then

√
n

(
R̂−R

σR,n

)
d−→ N(0, 1).

Now, V ar(∆̂) and Cov(X, ∆̂) may be expressed as (Zenga et al. (2004); Polisicchio and Zenga (1995))

V ar(∆̂) =
4

n(n− 1)

[
σ2 + (n− 2)F − 2n− 3

2
∆2

]
, Cov(X, ∆̂) =

2
n

(D − µ∆) ,
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where

F =
∫ ∫ ∫

|x1−x2||x1−x3|dF (x1)dF (x2)dF (x3), D =
∫ ∫

x1|x1−x2|dF (x1)dF (x2).

Since variances and covariances of U-statistics are regular functionals, the variance σ2
R can be consis-

tently estimated from the sample data, provided the second moment of the underlying distribution is
finite (see Lee (1990), p.122, theorem 3). In particular, the unbiased estimators

V̂ ar(∆̂) =
4

(n− 2)(n− 3)

[
S2 + (n− 2)F̂ − 2n− 3

2
∆̂2

]
, Ĉov(X, ∆̂) =

2
n− 2

(D̂ −X∆̂).

may be used, where S2 is the unbiased variance estimator and F̂ , D̂ are the U-statistics corresponding
to F and D:

(1) F̂ =

∑
i6=j 6=k |Xi −Xj ||Xi −Xk|

n(n− 1)(n− 2)
, D̂ =

∑
i6=j Xi|Xi −Xj |

n(n− 1)
.

It follows that

σ̂2
R =

1

4X
2 nV̂ ar(∆̂) +

∆̂2

4X
4 S2 − ∆̂

2X
3 nĈov(X, ∆̂)

is a strongly consistent estimator for σ2
R. Writing zp to mean the p-th quantile of the standard normal

distribution, it follows that the interval

(2)
(

R̂− σ̂R√
n

z1−α/2; R̂−
σ̂R√

n
z1−α/2

)
contains the true value of Gini’s concentration index with probability approximately equal to 1 − α,
provided the sample size is large enough.

It is worth noting that the direct use of the formulae in (1) implies a computation time of O(n3)
for F̂ and of O(n2) for ∆̂ and D̂. Average computation time can, however, be drastically reduced to
O(n lnn) using the order statistics (see Zenga et al. (2004); Polisicchio and Zenga (1995)).

Simulation study

This section determines the minimum sample sizes such that the coverage probability of the
confidence interval in (2) is reasonably close to the nominal confidence level 1−α. For this purpose a
simulation study has been performed, using the software package R. The procedure may be summarized
by the following steps: (I) Fix the sample size n. The sample sizes considered in this analysis vary
between 30 and 3840. (II) Draw N = 5000 samples of size n, fixed at the previous step. The choice
of N has to take into account two opposite requirements. On one hand, N as large as possible to give
a better representation of the simulated sample space, and, on the other hand, N bounded to limit
computation time. (III) For each sample compute the confidence interval (2), and check whether it
contains the true value of the Gini concentration index. The proportion of intervals satisfying this
condition provides an estimate for the unknown coverage probability.

The estimates p̂n of the unknown coverage probabilities pn will be used to determine minimum
sample sizes as in Greselin and Maffenini (2007). In general, the effective unknown coverage depends
on the chosen sample size n, the confidence level 1 − α, and the underlying distribution F . In any
case, limn→∞pn = 1 − α. Assuming that (as in most applications) some coverage error γ > 0 with
respect to the nominal confidence level 1 − α is tolerable, let H0 : pn ≥ 1 − α − γ be the hypothesis
that the sample size n is sufficiently large. H0 will be rejected if

p̂n < 1− α− γ − z0.95

√
(1− α− γ)(α + γ)

N
.
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Since for large values of N the estimated coverage probability p̂n is approximately normally distributed,
the rejection probability is roughly bounded by 0.05 under H0. Taking N = 5000, γ = 0.1α and
α = 0.05, this procedure leads to rejection of H0 if p̂n < 0.9397. If α = 0.01, H0 will be rejected if
p̂n < 0.9866.

The distributions considered in the simulations are reported in table 1. The parameters were
chosen to lie in a neighborhood of the maximum likelihood estimates yielded on real income distribu-
tions.

distribution density function f(x) acronim parameter values

Lognormal 1
δ
√

2π
1
x exp−

1
2

�
ln x−γ

δ2

�2

x > 0, (logA) γ = 10, δ = 0.35829

δ > 0, γ ∈ R (logB) γ = 10, δ = 0.5
(logC) γ = 10, δ = 0.74161

Pareto θxθ
0x
−(θ+1) x > x0, θ > 0 (ParA) x0 = 1, θ = 5

(ParB) x0 = 1, θ = 3
(ParC) x0 = 1, θ = 2.5

Dagum βλθx−θ−1
(
1 + λ

xθ

)−β−1
x > 0 (DagA) λ = 1, β = 1, θ = 5
β, λ, θ > 0 (DagB) λ = 1, β = 1, θ = 3

(DagC) λ = 1, β = 1, θ = 2.5

Table 1: Parent distributions for simulations

Table 2 reports the estimates of the coverage probabilities of the 95% and the 99% confidence intervals.
Boldfaced figures are estimated coverage probabilities that lie in the acceptance region of H0.
The main result is that the minimum sample sizes increase drastically as the right tail of the parent
distribution becomes heavier: if all moments of the parent distribution are finite, as in the Lognormal
case, samples of size 480 are sufficient to obtain accurate confidence intervals. If the parent distribution
has only a finite number of moments, as in the Dagum and Pareto case, the thresholds are much larger.
In extreme cases, i.e. if the third moment of the parent distribution is not finite, none of the considered
sample sizes appears to be sufficient.
The simulation results obtained on the Lognormal model, allow to assess the effect of asymmetry in the
underlying distribution. In fact, as the value of the parameter δ increases, the Lognormal distribution
becomes more asymmetric, and the estimated coverage probability steadily decreases.
As expected, also the nominal confidence level affects the minimum sample size: smaller values of α,
require larger sample sizes to yield an acceptable accuracy.

Conclusions

This paper investigates minimum sample sizes for accurate confidence intervals for Gini’s con-
centration measure. A simulation study shows that they are seriously affected by tail-heaviness and
asymmetry in the underlying distribution. Let alone extreme cases, it appears that samples of size
larger than 3840 units yield accurate confidence intervals at nominal confidence levels up to 0.99. This
insight seems to be of interest in income studies, where sample sizes of several thousand statistical
units are customary.
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95% confidence interval

n logA logB logC DagA DagB DagC ParA ParB ParC
30 0.9104 0.9048 0.8858 0.8944 0.8524 0.8212 0.8362 0.7738 0.7572
60 0.9298 0.9230 0.9068 0.9136 0.8708 0.8376 0.8746 0.8256 0.8034

120 0.9380 0.9322 0.9244 0.9278 0.8926 0.8698 0.8974 0.8722 0.8456
240 0.9422 0.9392 0.9322 0.9362 0.9094 0.8894 0.9158 0.8920 0.8610
480 0.9486 0.9478 0.9440 0.9422 0.9248 0.9108 0.9324 0.9154 0.8942
960 0.9484 0.9482 0.9402 0.9472 0.9310 0.9132 0.9374 0.9330 0.9106

1920 0.9480 0.9478 0.9466 0.9428 0.9394 0.9272 0.9444 0.9350 0.9208
3840 0.9476 0.9542 0.9518 0.9456 0.9478 0.9314 0.9460 0.9426 0.9288

99% confidence interval

30 0.9650 0.9602 0.9498 0.9510 0.9202 0.8948 0.8968 0.8484 0.8254
60 0.9738 0.9742 0.9604 0.9650 0.9350 0.9176 0.9306 0.8944 0.8744

120 0.9842 0.9808 0.9744 0.9756 0.9518 0.9378 0.9516 0.9292 0.9120
240 0.9864 0.9816 0.9818 0.9798 0.9604 0.9532 0.9672 0.9486 0.9294
480 0.9902 0.9876 0.9848 0.9862 0.9710 0.9646 0.9772 0.9658 0.9508
960 0.9898 0.9874 0.9854 0.9858 0.9802 0.9686 0.9806 0.9738 0.9642

1920 0.9870 0.9892 0.9886 0.9870 0.9806 0.9736 0.9882 0.9776 0.9728
3840 0.9864 0.9898 0.9912 0.9872 0.9848 0.9800 0.9876 0.9832 0.9756

Table 2: Estimated coverage probabilities
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Definitions and notation

Given the distribution frequency {(xi, ni) : i = 1, . . . , r; 0 6 x1 < . . . < xr;
∑

ni = N} of a non

negative variable X, let:

(1) Ni =
i∑

t=1

nt; Qi =
i∑

t=1

xtnt; T = Qr =
r∑

i=1

xini > 0; M =
T

N
.

Suppose to split the distribution into two disjoint groups: a lower group {(x1, n1) , . . . , (xi, ni)} includ-

ing the first Ni observations and an upper group
{
(xi+1, ni+1) , . . . , (xr, nr) ,

(
x∗

r+1, 0
)}

including1 the

remaining N − Ni observations. Zenga (2007) has proposed to measure the point inequality between

these two groups by means of the ratio of the correspondent arithmetic means:

(2)
−

M i =
Qi

Ni
=

1

Ni

i∑
t=1

xtnt i = 1, . . . , r;
+
M i =




T − Qi

N − Ni
for i = 1 . . . , r − 1,

x∗

r+1 for i = r, where x∗

r+1 > xr.

The point inequality index proposed is:

(3) Ii =

+
M i −

−

M i

+
M i

= 1 −
−

M i

+
M i

= 1 − Ui i = 1, . . . , r

where

(4) Ui =

−

M i

+
M i

=




Qi

Ni

N − Ni

T − Qi
for i = 1, . . . , r − 1;

M

xr
for i = r.

measures the uniformity between the lower and the upper group i.e. the value Ui · 100 gives the

percentage of
−

M i in terms of
+
M i. Both Ii and Ui lie in the interval [0; 1]; in particular Ii = 0 means

no inequality between lower and upper groups and Ii = 1 means maximum inequality (i.e. lower

group mean is null). The author also proposes an inequality diagram in the unit square and derives

the synthetic inequality measure I =
∑

i Ii · ni
N which ranges between 0 (no inequality) and 1 − 1/N2

(maximum inequality).

Population’s subgroups contribution to the overall uniformity

Suppose the non negative variable X has been observed on c different subgroups and let

{x1, . . . , xi, . . . , xr} denote the distinct values assumed by the variable X on all the c subgroups.

It is possible to represent the whole distribution in the following table:

1We need to include the hypothetical observation x
∗

r+1 with null frequency in order to obtain a non-empty upper

group for i = r.
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The whole distribution of the c subgroups

subgroup

X 1 . . . j . . . c tot

x1 n11 . . . n1j . . . n1c n1·

...
...

. . .
...

. . .
...

...

xi ni1 . . . nij . . . nic ni·

...
...

. . .
...

. . .
...

...

xr nr1 . . . nrj . . . nrc nr·

tot n
·1 . . . n

·j . . . n
·c N

where nij denotes the frequency of the value xi in subgroup j (nij = 0 if the variable X does not take

the value xi in the j-th subgroup).

Let jNi; jQi; jT ; jM denote the analogous of (1) for the j-th subgroup distribution

{(xi, nij) : i = 1, . . . , r}. The lower and upper means for the j-th subgroup are:

(5) j

−

M i =




jQi

jNi
if2jNi > 0;

0 otherwise

i = 1, . . . , r; j

+
M i =




jT − jQi

n
·j − jNi

for i = 1, . . . , rj − 1;

xr for i = rj, . . . , r

where rj = maxi=1,...,r {i | nij > 0} denotes the position of the subgroup larger value (with non-null

frequency). The point uniformity indexes for the j-th subgroup are consequently obtained as:

(6) jUi =
j

−

M i

j

+
M i

=




jQi

jNi

n
·j − jNi

jT − jQi
for i = 1, . . . , rj − 1;

jM

xr
for i = rj, . . . , r.

In order to examine the relation between the uniformity (inequality) in the overall distribution

{(xi, ni·) : i = 1, . . . , r} and the values obtained for population subgroups we first observe that the

overall lower mean
−

M i can be obtained as the weighted average of the lower means j

−

M i (j = 1, . . . , c)

of the c subgroups with weights given by the correspondent cumulative frequencies jNi:

(7)
−

M i =
Qi

Ni
=

1

Ni

c∑
j=1

j

−

M i jNi

which, substituted in (4), gives:

(8) Ui =

c∑
j=1

jUi
j

+
M i

+
M i

jNi

Ni
.

An analogous decomposition holds for the overall uniformity index U :

(9) U =

r∑
i=1

Ui
ni·

N
=

r∑
i=1

c∑
j=1

jUi
j

+
M i

+
M i

jNi

Ni

ni·

N
=

c∑
j=1


 r∑

i=1

jUi
j

+
M i

+
M i

jNi

Ni

ni·

N


 .

On the within/between subgroups decomposition of the overall uniformity

2Lower group must be non-empty.
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One common application of inequality measures involves the study of the within/between sub-

groups decomposability of the overall inequality. An inequality measure is called aggregative if the

knowledge of the inequality measures of the subgroups and their aggregative characteristic (mean

and numerousness) suffices to compute the overall inequality. This aggregative property requires the

within term to be a weighted sum of the subgroups inequality values and the between term to be a

function of only the means and the number of individuals in each group. It is well known, Shorrocks

(1980), that this ideal decomposition can be reached only for measures belonging to the one parameter

(α) family of generalized entropy inequality measures studied,among others, by Deutsch and Silber

(1999) and Zenga (1986). For other inequality measures this representation is not obtainable: the

Gini concentration ratio, Dagum (1997), and the Bonferroni index, Tarsitano (1990), decompositions,

for instance, include a third term and the between term do not depend only on the aggregative char-

acteristic of the subgroups.

In this section we will obtain a within-between subgroups decomposition of the overall uniformity.

Decompositions (8) and (9) do not allow to separate a within and a between subgroups contribution to

the overall uniformity. To this aim we now observe that the lower group of the j-th subgroup (values

x 6 xi in subgroup j) can also be compared with the correspondent upper group in the h-th subgroup

(values x > xi in subgroup h) obtaining the (cross) point uniformity indexes:

(10) j,hUi =
j

−

M i

h

+
M i

j, h = 1, . . . , c; i = 1, . . . , r.

For j = h, (10) is a comparison within the same subgroup. For j 6= h, (10) is a comparison between

different subgroups and should be interpreted as a point cross uniformity index. This separation will

allow us to split the overall uniformity into two components concerning, respectively, a within and

a between source. For i = 1, . . . , r − 1 the overall i-th upper mean can be obtained as the weighted

harmonic mean of the upper means h

+
M i with weights (hT − hQi):

(11)
+
M i = (T − Qi)


∑

h

1

h

+
M i

(hT − hQi)



−1

which, substituted into (8), give us:

(12) Ui =
∑

j

∑
h


 j

−

M i

h

+
M i


 jNi

Ni

hT − hQi

T − Qi
=

∑
j

∑
h

j,hUi
jNi

Ni

hT − hQi

T − Qi
i = 1, . . . , r − 1.

Similarly for i = r we have:

(13) Ur =
∑

j

∑
h

j,hUr
n
·j

N

1

c
.

By defining the weights:

(14) hwi =




hT − hQi

T − Qi
for i = 1, . . . , r − 1;

1

c
for i = r

h = 1, . . . , c

we obtain the following unique expression for equations (12) and (13):

(15) Ui =
∑

j

∑
h

j,hUi
jNi

Ni
hwi i = 1, . . . , r.
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Equation (15) points out that the overall uniformity Ui, in correspondence with the value xi, can be

expressed as a weighted average of the uniformities j,hUi since it is easy to verify that the weights in

(15) add to one. To our purpose, we now split the second summation in (15) by considering on one

hand the value of the index h = j and on the other the (c − 1) indexes h 6= j:

(16) Ui =
∑

j

j,jUi
jNi

Ni
jwi +

∑
j

∑
h 6=j

j,hUi
jNi

Ni
hwi.

The first summation in (16) involves all the point uniformity indexes obtained within the same sub-

group while the second one regards the cross ratios j,hUi (h 6= j), that is the uniformity indexes

resulting when the comparison takes place between the lower mean of the j-th subgroup and the

correspondent upper mean of another subgroup. Consequently the first summation can be interpreted

as a measure of the within subgroups component of the overall uniformity index Ui while the second

one measures the between subgroups contribution.

The decomposition obtained for each of the indexes Ui can be applied to obtain an analogous decom-

position of the overall synthetic uniformity measure:

(17) U =
∑

i

∑
j

j,jUi
jNi

Ni
jwi

ni·

N
+

∑
i

∑
j

∑
h 6=j

j,hUi
jNi

Ni
hwi

ni·

N
.

The decompositions obtained can be rewritten in order to get a representation of the overall uniformity

as the weighted average of two terms related, respectively, to the within and to the between subgroups

contribution to the overall uniformity. An analogous expression holds for the overall inequality.
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1. Introduction

Gini index, G, is widely used as an aggregate measure of income inequality (Gini, 1932, Sendler,
1979, Sandstrom et al., 1985). It is defined as the ratio of the actual and the largest possible areas
of the Lorenz curve, normalized to lie between 0 and 1 (0 ≤ G ≤ 1). As G increases, the income
inequality is increased.

Let F (y) = P (Y ≤ y) be the distribution function of a nonnegative continuous random variables
Y (income). The population Gini coefficient is then defined as

G =
1
µ

∫ ∞

0
{2F (y)− 1} ydF (y) ,(1)

where µ = E(Y ) =
∫∞
0 ydF (y) is the mean of Y . For simplicity, we assume that a simple random (iid)

sample {y1, · · · , yn} is chosen from F (y). Let Fn(u) = n−1 ∑n
j=1 I(yj ≤ u) be the empirical distribution

function based on the sample, where I(·) denotes the indicator function. Then G is estimated by

Ĝ =
1
µ̂
· 1
n

n∑
i=1

[{2Fn(yi)− 1} yi] ,(2)

where µ̂ = ȳ is the sample mean. Our interest is in constructing normal theory and empirical likelihood
based confidence intervals for the Gini index G.

2. Normal Theory Confidence Intervals

We have proved that
√

n(Ĝ−G) is asymptotically normal as n →∞. Using this result, a normal
theory confidence interval for G with asymptotically correct coverage probability 1− α is given by

G ∈
(

Ĝ− zα/2
σ̂1√
n

, Ĝ + zα/2
σ̂1√
n

)
,(3)

where zα/2 is the upper α/2 quantile from the standard normal distribution and

σ̂2
1 =

1
µ̂2

· 1
n− 1

n∑
i=1

(u1i − ū1)
2(4)
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with

u1i = 2ĥ1(yi)− (Ĝ + 1)yi , ū1 =
1
n

n∑
i=1

u1i(5)

and

ĥ1(u) = uFn(u) +
1
n

n∑
j=1

yjI(yj ≥ u) .(6)

3. Empirical Likelihood Ratio Confidence Intervals

Confidence intervals obtained from profiling the empirical likelihood ratio statistic are range
respecting and transformation invariant and the shape and orientation of the EL intervals are deter-
mined by the data, unlike the normal theory intervals (Owen, 2001). The log-EL ratio statistic for G

is defined as

R(θ) =
n∑

i=1

log(npi) ,(7)

where p1, · · · , pn maximize the log-EL function l(p) =
∑n

i=1 log(pi) subject to the following constraints:

pi > 0 ,
n∑

i=1

pi = 1 and
n∑

i=1

pi [{2Fn(yi)− 1} yi − θyi] = 0(8)

for a fixed value of θ. The last constraint in (8) is induced by the equation E[{2F (Y )−1}Y −θY ] = 0
when θ = G, with the unknown F (yi) replaced by Fn(yi).

We have proved that the log-EL ratio statistic R(θ) converges in distribution to a scaled χ2

random variable with one degree of freedom when θ = G, and consequently a (1− α)-level confidence
interval on G with asymptotically correct coverage probability can be constructed as{

θ | − 2k̂R(θ) ≤ χ2
α(1)

}
,(9)

where χ2
α(1) is the upper α quantile of the χ2 distribution with one degree of freedom. The scaling

constant is given by k̂ = σ̂2
2/σ̂2

1, where σ̂2
1 is given by (4) and

σ̂2
2 =

1
µ̂2

· 1
n− 1

n∑
i=1

(u2i − ū2)
2(10)

with

u2i = 2yiFn(yi)− (Ĝ + 1)yi and ū2 =
1
n

n∑
j=1

u2j .(11)

4. Bootstrap Calibrated EL Intervals

The EL ratio confidence interval (9) has asymptotically correct (1−α)-level coverage probability
for large samples. The EL-based interval, however, often has under-coverage problems when the sample
size n is small or moderate. This has been observed in many other applications of the EL method
(Owen, 2001). The following bootstrap calibrated EL intervals are an attractive alternative under
such scenarios.

Let {y∗1, · · · , y∗n} be a bootstrap sample selected from the original sample {y1, · · · , yn} using
simple random sampling with replacement; let R∗1(Ĝ) be the value of the R(θ) calculated using the
bootstrap sample with θ = Ĝ. Repeat the process independently for a large number of times, B, to
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get R∗1(Ĝ), · · · , R∗B(Ĝ). Let bα be the upper 100α% sample quantile of the R∗i (Ĝ)s. The (1− α)-level
bootstrap calibrated EL interval on G can then be constructed as

{θ | − 2R(θ) ≤ bα} .(12)

The scaling constant k̂ used in (9) is not required for the bootstrap interval. We have proved that
(12) has asymptotically correct coverage probability at the (1− α)-level, so the two intervals (9) and
(12) are equivalent under large samples.

5. A Simulation Study

We examined the finite sample behavior of the normal theory interval (3) and the EL ratio inter-
vals (9) and (12) through a simulation study. Four different population distributions are considered,
namely, the χ2 distribution with one degree of freedom (χ2(1)), the χ2 distribution with three degrees

Table 1: Simulation results of 95% Confidence Intervals on G

n CI L CP U AL L CP U AL
χ2(1) χ2(3)

20 NA 8.4 88.9 2.7 0.244 9.9 87.9 2.2 0.208
EL1 6.9 89.9 3.2 0.233 9.7 87.8 2.5 0.201
EL2 3.3 94.8 1.9 0.269 4.9 94.2 0.9 0.240

40 NA 5.7 91.5 2.8 0.183 6.2 91.5 2.3 0.154
EL1 4.8 92.1 3.1 0.179 6.3 91.3 2.4 0.152
EL2 3.2 94.4 2.4 0.194 4.7 93.6 1.7 0.166

60 NA 5.2 92.4 2.4 0.151 4.9 92.5 2.6 0.128
EL1 4.7 92.6 2.7 0.149 4.8 92.5 2.7 0.127
EL2 3.7 94.1 2.2 0.157 3.9 94.1 2.0 0.134

80 NA 3.5 93.8 2.7 0.132 4.0 94.5 1.5 0.112
EL1 3.4 93.6 3.0 0.130 3.8 94.7 1.5 0.111
EL2 3.0 94.4 2.6 0.136 3.2 95.5 1.3 0.115

Exp(1) LN(0, 1)
20 NA 7.4 89.8 2.8 0.228 6.4 85.6 8.0 0.248

EL1 6.6 90.3 3.1 0.220 5.3 86.0 8.7 0.237
EL2 3.6 95.2 1.2 0.256 1.9 92.8 5.3 0.281

40 NA 6.0 91.0 3.0 0.170 2.9 88.3 8.8 0.199
EL1 5.7 91.1 3.2 0.167 2.7 87.8 9.5 0.193
EL2 3.9 94.0 2.1 0.179 1.3 91.2 7.5 0.216

60 NA 5.4 92.7 1.9 0.141 2.4 90.7 6.9 0.171
EL1 5.0 93.0 2.0 0.139 2.2 90.6 7.2 0.168
EL2 3.8 94.4 1.8 0.146 1.3 92.2 6.5 0.183

80 NA 3.9 93.9 2.2 0.123 1.8 91.4 6.8 0.155
EL1 3.8 93.6 2.6 0.122 1.8 91.4 6.8 0.152
EL2 3.4 94.6 2.0 0.126 1.2 92.2 6.6 0.164

of freedom (χ2(3)), the standard exponential distribution (Exp(1)), and the standard lognormal dis-
tribution (LN(0, 1)). The true value of the Gini index for Exp(1) is 0.5; the respective Gini indices for
χ2(1), χ2(3) and LN(0, 1) are approximately 0.6366, 0.4244 and 0.5205, obtained through Monte Carlo
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simulations. The populations considered in the simulation represent potential income distributions
one might encounter in real world situations.

Under repeated simulation runs, the three intervals (3), (9) and (12) (denoted respectively by
NA, EL1 and EL2) are evaluated in terms of the simulated coverage probability (CP), lower (L) and
upper (U) tail error rates and the average length (AL). For each simulated sample, we construct three
confidence intervals on G using NA, EL1 and EL2, with B = 2000 for the bootstrap interval EL2.
The process is repeated 2000 times for each of the four population distributions.

Table 1 presents the simulation results of 95% confidence intervals on G with sample sizes ranging
from 20 to 80. Major observations can be summarized as follows: (i) the normal theory interval (NA)
and the EL1 interval have very similar performance and neither of them is satisfactory when n ≤ 60; (ii)
the bootstrap calibrated EL interval (EL2) has coverage probabilities close to the nominal value for all
sample sizes considered when the population distribution is χ2 or exponential. The increased coverage
probability is achieved through somewhat increased length; (iii) the EL2 intervals also demonstrate
balanced tail error rates for the χ2(1) distribution and to a lesser extent for the χ2(3) and Exp(1)
distributions; (iv) none of the methods provided good results for the lognormal distribution, with the
EL2 interval marginally acceptable regardless of the sample size: CP around 92% for EL2 compared
to 86-90% for NA and EL1.

6. Some Additional Remarks

EL confidence intervals for G under complex survey data are currently under investigation.
EL confidence intervals for other measures of poverty, such as low income proportion, Lorenz curve
ordinate and quantile share, are also under investigation.
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1. Introduction 
In the last decades, Brazil has achieved noteworthy progress in key social indicators. However, the country 
still faces the challenge of poverty and inequality reduction, despite all the effort that has been made to 
implement social programs to alleviate these conditions. The targeting versus universalization debate is 
always present as the country struggles to evaluate the current policies in order to improve their efficacy. At 
the same time, the country is increasingly targeting government social spending and has to set up 
mechanisms to identify the specific beneficiary groups. One way of doing this is by checking if the 
household or individual income is below an established threshold (this targeting method is called means 
testing). However, the pitfalls of the means-tested programs are well known as they imply high 
administrative costs in order to obtain reliable income information to determine if a person or household is 
eligible to receive the benefit. Another mechanism is the proxy means testing in which information on 
household or individual characteristics correlated with welfare levels is used to produce an indicator to proxy 
household income. The prediction function is generally based on statistical modelling procedures applied to 
household survey data. This paper focuses on the use of statistical methods for identifying program 
beneficiaries when employing a proxy means test strategy in which the household assessment mechanisms 
rely on statistical models based on microdata from household sample surveys. We employ a logistic 
regression model to relate the probability of a household being in poverty with a function of the household 
attributes and socioeconomic characteristics of the residents. In this case, the estimated probabilities are the 
propensity scores related to poverty and can be used to define thresholds for cash transfer programs. The 
propensity scores, and a measure of targeting performance, were estimated using data from the Brazilian 
National Household Sample Survey (PNAD1/IBGE) in the year 2003 taking into account the survey design 
in the estimation procedure.  

2. The Database  
PNAD is an annual survey fielded every September (except in Census years) and has a stratified multistage 
cluster design in which the primary sampling units are the census enumeration areas and the second-stage 
units are the households. It also employs a three-stage sampling for non-metropolitan municipalities. The 
variable of interest is the household per capita income that is used to classify the household in poverty 
condition if the per capita earnings are less than half of the national minimum salary. Because the survey 
only investigates income within the reference period, those people who are unemployed during this period 
may have zero income (but could have been employed for the rest of the year). Therefore, to compensate this 
effect, an imputation procedure was implemented to treat zero income from unemployed people. 

                                                 
1 PNAD stands for Pesquisa Nacional por Amostra de Domicílios 
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The imputed income is the predicted value from a linear regression model relating the logarithm of the 
hourly wage with the individual’s socio-demographic characteristics (age, sex, education, race, work 
experience and area of residence) developed by Pinto de Carvalho(2005).  

3. Model Implementation 
A logistic model was developed to relate the probability of a household being in poverty with a function of 
the household attributes and socioeconomic characteristics of the residents. The response variable is a binary 
indicator of poverty condition (yes/no) based on household per capita income from the imputed data set. The 
choice of explanatory variables considered in this study was driven by the extensive literature in the area and 
included all variables usually pointed out as determinants of poverty. The model was fitted using software 
for survey data analysis (SUDAAN) and the estimation procedure took into account the survey weights and 
the features of the survey design (stratification, unequal probabilities and clustered design). During the 
model selection stage, several variables were tested as well as the corresponding interaction terms.  

The logistic model to describe the probability of a household being in poverty has the following predictor 
variables: region, urban/rural area indicator, type of family, number of children under 14 years of age in the 
household, years of schooling and age of household reference person, person per room ratio, dependency 
ratio and indicators for: access to adequate sanitation, adequate waste disposal services, telephone line in 
housing unit, access to electricity, durability of the dwelling, adequate access to water (all defined according 
to the National Household Sample Survey definitions and concepts). Table 1 presents the estimates of the 
regression coefficients. The p-values for testing the null hypothesis that each regression coefficient is zero 
and the Wald statistics for testing the significance of the effects (more than one parameter simultaneously) 
are highly significant for all the selected explanatory variables (p-value < 0.001), details in Faria(2006). 

Table 1. Estimated  Regression Coefficients 

Effects Estimates  Effects Estimates
Intercept -5.59     
Region                                               South 0.00 Age of  reference person    

Southeast 0.09                         Less  25 years 1.41
Center-West 0.20 25 to 34 years 0.98

North 0.27 35 a 44 years 0.81
Northeast 0.99 45 a 54 years 0.65

Area                                                  Urban 0.00 55 years or more 0.00
 Rural 0.19 Adequate sanitation             Yes  0.00

Type of Family (with or w/o children)  No 0.36
Household reference person and spouse 0.00 Adequate waste disposal     Yes 0.00

Male household reference person  
and  no spouse -0.33 No 0.25

Female household reference person  
and  no spouse 0.31 Telephone line                      Yes  0.00

Number of children under 14              0 0.00 No 1.18
                                1 0.82 Access to electricity            Yes 0.00

2 1.47 No 0.18
3 2.10 Durability of dwelling         Yes 0.00

4 or more 2.67 No  0.21
Years of Schooling                          0 to 3 1.43 Access to water                    Yes  0.00

4 1.11 No 0.29
5 to 7 0.81 Person per room ration 0.58

 8 or more 0.00 Dependency ratio 0.21
 

Results from Table 1 provide evidence that the probability of being in poverty increases with the number of 
children in the household whereas years of schooling and age of the reference person tend to decrease the 
risk of poverty. It also shows that the likelihood of experiencing poverty is higher for those households with 
inadequate housing and infrastructure conditions. The sex of the household reference person has an effect on 
poverty status and those households headed by women are more likely to be in poverty, in this case the odds 
ratio to baseline group is 1.36. In addition, the region of residence is correlated with the chance of living in 
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poverty and households in the rural area of Northeast region have more than twice the odds in favour of 
poverty as opposed to those in urban areas of the South region. The odds of experiencing poverty increases 
33% with a variation of 0.50 in the person per room ratio (note that the median of the observed values is 0.6). 
The estimated probabilities )p̂( i  are the propensity scores related to poverty and can be use to define 
thresholds for cash transfer programs. Graph 1 presents the propensity scores by dependency ratio for 
households in the Brazilian Northeast region with person per room ratio equals 0.4. Table 2 describes the 
household profiles related to the plotted lines. 

Table 2 – Description of Household Profiles 
 Household Profiles  Effects 

  1 2 3 4 5 6 7 8 9 10
Area                                 Urban                 

Rural                
Type of Family                     

Reference person and spouse                  
Male reference and no spouse            

Female reference and no spouse               
Number of Children              0                     

1              
2              
3              

4 or more                     
Years of Schooling         0 to

3             
4                

5 to 7              
8 or more              

Age              Less than 25 years                     
25 to 34              
35 to 44              
45 to 54              

55 o more                     
 

Graph 1 - Propensity Scores for Households in the Northeast Region by Dependency Ratio 
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The graph shows how the probability of experiencing poverty increases with dependency ratio for all 
household profiles. Whereas for profiles 1 and 2 the probability is always lower than 0.2, for households 
with characteristics described by profiles 7 to 10 it is consistently over 0.50.  
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4. Evaluation of Targeting Efficiency 
Legovini (1999) describes three criteria to evaluate methods for targeting social programs: the 

targeting efficiency, the leakage and the administrative costs. In addition, Cornia and Stewart (1995) pointed 
out that any method may be subject to two types of errors: error of the omission of the poor (Type I error - 
under-coverage) and error of the inclusion of the non-poor (Type II error – leakage of program benefits). 
Anuatti Neto, Fernandes e Pazello (2000) proposes a targeting indicator to evaluate targeting efficiency that 
takes into account the two errors. The indicator is defined in the interval [–1, 1] and is obtained as a weighted 
average of the under-coverage and leakage rates. The closer the indicator is to 1, the better the targeting 
mechanism is. Table 3 presents estimates of targeting indicators when applying the logistic regression 
equation to identify program beneficiaries, considering that both errors (under-coverage and leakage) have 
the same relative importance (same weight).  

 Table 3 – Targeting Indicators when Under-coverage and Leakage Rates Have the Same Weight 

Regions Proportion of 
Households in 
Poverty  

Proportion of 
Households which 
would get the benefit  

Targeting 
Indicator 

South 0.13 0.31 0.77 
Southeast 0.13 0.27 0.76 
Center-West 0.19 0.32 0.75 
North 0.30 0.37 0.74 
Northeast 0.43 0.45 0.80 
Brazil 0.22 0.33 0.77 

 
The above exercise shows that, in this case, 33% of households would be included in the program and for 
every region the program would include more households that those previously defined as experiencing 
poverty. Therefore, in order to define an eligibility threshold based on the estimated propensity scores, Type 
I and II errors should not receive the same weights. 

5. Conclusions 
This study demonstrates the usefulness and feasibility of defining proxy means tests, based on statistical 
modelling and sample survey data, to define propensity scores functions and thresholds for implementing 
targeted social programs. In the chosen model, poverty (the response variable) was defined based on per 
capita household income considering the value of half of the Brazilian minimum wage as a boundary. 
Several variables were identified as factors related to poverty such as: geographic region; area (urban or 
rural); the family structure; the number of children in the household; level of education and age of the 
household reference person; person per room and dependency ratio; and also some dwelling characteristics. 
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THE GENDER INEQUALITY IN INCOME:  
EXAMINATION OF MALE-BREADWINNER MODEL IN JAPAN 
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1. Introduction 
 
In Japan, income inequality and relative poverty among the working-age population have 
risen to levels above the OECD average. Besides, Japan has the widest gender differences 
in earnings among industrialized countries, and the overall gap is narrowing only very 
slowly. Data from the Basic Survey on Wage Structure shows that women’s full-time 
average earnings, as a proportion of men’s, rose from 52 % in 1970 to 66% in 2004, 
compared with Nordic countries reaching above 80%. 
 
The Survey has been improved in terms of gender, such as dividing head of household by 
sex. However, there are a few gender insensitivities. Firstly, the report shows unreliable 
gender-disaggregated earnings data of both head of household and his/her spouse. 
According the 2002 Japanese National Survey Family Income and Expenditure, male 
household head earned 365,909 yen (about $3,044) a month, compared female household 
head earned 16,529 yen (about $137). It is because the data are influenced by share of 
female headed households and male headed households. That’s the case with the data of 
spouse (see Table 1).  
 

Table 1 Reported monthly earnings of household head and spouse of household 
head by gender (1999 and 2002) 

(Japanese yen)
1999 2004

head 407,590 382,438
men 393,864 365,909
women 13,725 16,529
spouse 59,456 57,333
men 469 688
women 58,987 56,645

household
head

spouse of
household

head  
Source: Statistics Bureau (1999, 2004) National Survey of Family Income and Expenditure 

 
Secondly, the survey uses the definition of head of household as a chief economic power in 
a household although some double income couples contribute to household income equally.  
 
I will examine the gender gap in income with re-sampled micro data of the Japanese 
National Survey Family Income and Expenditure, from the view point of gender statistics. 
                                                        
* Associate Professor, Faculty of Economics, Kanazawa University, Japan. 
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Re-sampled micro data means the data which are selected to become 80% of the all 
surveyed data for confidentiality1.  
 
This paper aims at mainly 3 points: (1) to calculate the reliable earnings data of household 
head and his/her spouse, (2) to analyse the gender income gap by employment status in the 
labour market and the household, in Japan, for aiming at considering the relationship of 
individuals and union in a household, (3) to propose gender mainstreaming in National 
Survey Family Income and Expenditure, i.e. reexamination of definition of household head 
in the light of changes of balance of economic power between wife and husband, and 
gender sensitive analysis and presentation of statistics, in formats easily accessible to wider 
users. 
 
2. Correction of reported data in the 1999 National Survey Family Income and 
Expenditure 
 
Table 2 shows calculated monthly earnings of household head and spouse of household 
head by women and men. It is apparent that female head of household earn much more than 
the reported unreliable earnings (see Table 1). Even though there would be fears of 
confidentiality of female household head due to the small number of sample, as Table 2 
shows, they are large number enough to be calculated and presented in the report. 
 

Table 2. Calculated monthly earnings of household head and spouse of 
household head by gender (1999) 

(Japanese yen, persons)
monthly
earnings

number of
people s.d.

men 419,326 4,902,015 175061.29
women 217,959 331,086 151600.95
men 160,965 13,346 127823.05
women 151,749 2,150,722 126050.38

household head

spouse of
household head  

Source: Own analysis using re-sampled micro-data of the 1999 Japanese National Survey 
Family Income and Expenditure 

 
3. Analysis of double income couple’s earnings 
 
Japanese life security system has been characterized as one based on male breadwinner 
model. However, now it is very clear that male breadwinner model cannot work in Japan, 
because the increasing proportion of non-regular workers, who are paid significantly less 
than regular workers, both men’s and women’s earnings are getting lower and lower. In 

                                                        
1 In Japan, the public use of micro data is now gradually opening up. However it is still more difficult to 
access to micro data to compare with other developed countries, in terms of variety of officially surveys, 
flexibility of analysis, and periods of use. The application form for use of micro-data is scrutinized by 
Statistics Bureau. 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 5164 -



1992, the number of doubles income couple exceeds the number of single income couples 
and is still increasing. 
 
This section focuses on analysis of annual earnings of double income couple, by 
disaggregating by gender and employment status, i.e. (1) both working full-time and (2) a 
husband working full-time but a wife working part-time. (I will show more detailed 
analysis on the day of presentation.) 
 
Within double income couple, proportion of both full-time working couple and a full-time 
husband and part-time wife couple is 55 to 45. Both full-time working couple exceeds a 
full-time husband and part-time wife couple by 200,000 couples (see Table 3). Ratio of men 
/ women contributing to their total annual income is proportion 62 to 38 for both full-time 
working couple, compared with a full-time husband and part-time wife couple (85 to 15). 
 

Table 3. Calculated annual income earned by double income couple and ratio 
of women/men contributing to their total annual income (1999) 

(In thousand yen, persons, %)

annual
income N s.d.

ratio of
wife/husb

and
husband 588 806,940 222.50 62.1

wife 379 806,940 221.32 37.9
total 483 1,613,881 245.22

husband 623 992,016 253.93 85.1
wife 98 992,016 62.37 14.9
total 361 1,984,033 321.04

husband 607 1,798,957 240.98 74.8
wife 224 1,798,957 208.88 25.2
total 416 3,597,913 295.87

full-time
husband/part-time
wife

Total: double
income couple

both working full-
time

 
Source: Own analysis using re-sampled micro-data of the 1999 Japanese National Survey 

Family Income and Expenditure 
 
Table 4 indicate more than 99% of double income couple is headed by men. That means 
they should have main economic power in a household.  However, as Table 5 shows, in a 
both full-time working couple, about 15% of wife earned more than 50% of total couple’s 
income, which means that she should be head of household.  This could indicate the 
disparity of reality and statistical definition in terms of head of household. 
 

Table 4. Ratio of male headed household within double income couple (1999) 

(in %)
99.6
99.3
99.8

double income couple (total)
both working full-time
full-time husband/part-time wife  

Source: Own analysis using re-sampled micro-data of the 1999 Japanese National Survey 
Family Income and Expenditure 
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Table 5. Ratio of women/men contributing to their total annual income in a 

double income couple (1999) 

(In %, persons)

husband wife husband wife total

0-25 0.34 16.48 2,716 133,017 135,733
25-30 0.55 11.11 4,454 89,653 94,107
30-40 2.07 22.73 16,718 183,391 200,109
40-50 9.12 34.88 73,585 281,435 355,020
50-60 36.60 11.72 295,323 94,574 389,897
60-75 34.26 2.72 276,483 21,932 298,415
75- 17.06 0.36 137,660 2,938 140,598

100.00 100.00
806,939 806,940

0-25 0.11 87.77 1,078 870,741 871,819
25-30 0.03 5.61 273 55,672 55,945
30-40 0.21 4.47 2,040 44,312 46,352
40-50 0.27 1.49 2,719 14,804 17,523
50-60 1.41 0.31 14,036 3,096 17,132
60-75 9.71 0.23 96,357 2,313 98,670
75- 88.26 0.11 875,514 1,078 876,592

100.00 100.00
992,017 992,016

1,984,033

ratio of income
earned between
couples

full-time
husband/part

-time wife

total

ratio N

both working
full-time

total 1,613,879

 
Source: Own analysis using re-sampled micro-data of the 1999 Japanese National Survey 

Family Income and Expenditure 
 
 
4. Suggestions for gender mainstreaming in the Japanese National Survey Family 

Income and Expenditure 
 
As we have seen in Table 4 and 5, we need to re-examine definition of household head in 
the light of changes of balance of economic power between wife and husband. In the near 
future, this balance would be dramatically changed due to change of the labour market and 
de-regulated policies. 
 
I could not show very well how the report presented earnings of women and men in a 
household, but it is very clear that we still need more gender sensitive analysis and 
presentation of statistics, in formats easily accessible to wider users. 
 
 
I will give more detailed information and data analysis on the day of presentation. 
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Universitá di Milano-Bicocca, Dipartimento di Metodi Quantitativi per le Scienze Economiche ed Az.li

P.zza dell’Ateneo Nuovo, 1

20126 Milano, Italy

E-mail: michele.zenga@unimib.it

Introduction

Let the couples {(xj, nj) : j = 1, . . . , s; 0 6 x1 < x2 < . . . ,< xs;
∑

nj = N} denote the fre-

quency distribution of a non-negative variable X. Let:

(1) Nj =

j∑
i=1

ni; pj =
Nj

N
; Qj =

j∑
i=1

xini; T = Qs =

s∑
i=1

xini > 0; M =
T

N
.

Let
−

M (pj) and
+
M (pj) denote respectively the lower and the upper mean:

(2)
−

M (pj) =
Qj

Nj
=

1

Nj

j∑
i=1

xini j = 1, . . . , s

(3)
+
M (pj) =




T − Qj

N − Nj
for j = 1 . . . , s − 1,

x∗

s+1 for j = s, where x∗

s+1 > xs may be set equal to xs.

In order to measure the inequality between the lower group {(x1, n1) , . . . , (xj , nj)} and the correspon-

dent upper group
{
(xj+1, nj+1) , . . . , (xs, ns) ,

(
x∗

s+1, 0
)}

(j = 1, . . . , s) Zenga [2007] has proposed the

point index:

(4) I(pj) =

+
M (pj) −

−

M (pj)

+
M (pj)

= 1 −
−

M (pj)

+
M (pj)

= 1 − U(pj)

where the ratio:

(5) U(pj) =

−

M (pj)

+
M (pj)

measures the uniformity between the lower and the upper group.

The Diagram of Inequality I(pj) is composed by s rectangles: the first rectangle has abscissas in the

interval [0, p1] and ordinates in the interval
[
0, I(p1)

]
, the j − th rectangle (j = 2, . . . , s) has abscissas

in the interval (pj−1, pj] and ordinates in the interval
[
0, I(pj)

]
.

The synthetic index I is equal tot the sum of the areas of the s rectangles:

(6) I =
s∑

j=1

I(pj) ·
nj

N
.

It has been proved, Zenga (2007), that the index I satisfies the following properties usually required

to an inequality measure:
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Property 1 In the case of absence of inequality I = 0.

Property 2 In the case of maximum inequality the value of the index must be equal to an increasing

function CN of N such that: lim
N→∞

CN = 1.

Property 3 If Y = a X (a > 0), then I(Y ) = I(X) where I(Y ) and I(X) are the values of the

index I respectively for the non negative variables Y and X.

Property 4 If Y = h + X (h > 0), then I(Y ) < I(X).

Property 5 Let 0 6 x1 < x2 < . . . < xi < xi+1 < . . . < xN . If a transfer of h > 0 takes place from

xi+1 to xi, (i = 1, . . . ,N − 1), subject to the restriction h <
1

2
(xi+1 − xi), then the value of I

decreases.

Applications

From the 200 kenyan annual earnings data (in shillings) reported in Aghevli, B.B. and Mehran,

F. (1981) we have obtained a frequency distribution with s = 120 distinct values and arithmetic mean

M = 9438.275. The following figures report, on the left, the diagram I(pj) and, on the right, the

Lorenz curve.

I(p) diagram and Lorenz curve for the 200 kenyan annual earnings data
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R=0.4347958

The inequality index is I = 0, 757 and uniformity index is U = 1− I = 0.243. The value of U informs

that, on the average, the lower means are equal to the 24.3% of the upper means. Furthermore the

empirical diagram I(pj) is U shaped. In particular:

I(pj) > I = 0.757 for pj < 0.15 and pj > 0.80

I(pj) < I = 0.757 for 0.15 < pj < 0.80 (in this interval I(pj) presents modest variations).

The Gini index R = 0.4348 informs that the concentration area in the lorenz L(p) diagram is the

43.48% of the maximum inequality area.

For practical reasons, almost all the income distribution data are tabulated in grouped form. The

following table reports the frequency distribution of the 1975-1976 U.K. post-tax individual incomes

obtained from Central Statistical Office (1967-1983).
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Post-tax individual income distribution (U.K. 1975-76)

Income Frequencies Classes Cumulative Cumulative Cumulative Uniformity Inequality

classes income frequencies incomes relative freq. indexes indexes

(£ x 1000) nj total Nj Qj pj U(pj) I(pj)

0.675 ` 0.75 360 257 360 257 0.016 0.287 0.713

0.75 ` 1,00 1380 1210 1740 1467 0.079 0.325 0.675

1.00 ` 1.25 1810 2040 3550 3507 0.162 0.361 0.639

1.25 ` 1.50 1900 2610 5450 6117 0.249 0.388 0.612

1.50 ` 1.75 1960 3180 7410 9297 0.338 0.409 0.591

1.75 ` 2,00 1850 3480 9260 12777 0.422 0.426 0.574

2,00 ` 2.50 3510 7870 12770 20647 0.582 0.446 0.554

2.50 ` 3,00 2920 7980 15690 28627 0.716 0.451 0.549

3,00 ` 4,00 4020 13800 19710 42427 0.899 0.418 0.582

4,00 ` 5,00 1380 6060 21090 48487 0.962 0.359 0.641

5,00 ` 6,00 449 2440 21539 50927 0.982 0.314 0.686

6,00 ` 8,00 290 1960 21829 52887 0.996 0.246 0.754

8,00 ` 10,00 67 591 21896 53478 0.999 0.200 0.800

10 and more 29 354 21925 53832 1.000 0.165 0.835

Total 21925 53832

A simple way to work with this kind of tables is to consider all the nj incomes of the j-th

class equal to the arithmetic mean of that class and to set
+
M (1) equal to the maximum value of the

last class. The following figure report the I(pj) diagrams for the 1975-76 U.K. pre-tax and post-tax

individual incomes. Both these curves are U-shaped. The inequality index I is equal to 0.661 before

taxes and to 0.598 after taxes. The taxation reduces the inequality especially in the upper part of the

distribution.

I(p) diagram and Lorenz curve for the 200 kenyan annual earnings data
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Conclusions

We can now outline a comparison between the Lorenz curve L(p) and the new I(p) curve between

the (derived) Gini concentration ratio R and the new inequality index I.
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The empirical behavior of the L(p) curves obtainable from the three distributions considered in this

paper is the classical one: the curve starts from the point (0, 0) and ends in (1, 1); L(p) is increasing

and convex. The I(p) diagram reveal more about the point inequality than the L(p) one. In particular,

according to I(p), the inequality is larger for p → 0 and for p → 1. The meaning of U(p) = 1 − I(p) is

immediat being the ratio between two arithmetic means. The synthetic index I is given by the area

under the I(p) graph and denotes the weighted arithmetic mean of the point inequality indexes I(pj).

On the contrary the interpretation of R in terms of areas states that it can be obtained as the ratio

between the actual concentration area and the maximum concentration area: thus the value of R is

related to the (theoretical) extreme situation of maximum inequality.
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ABSTRACT

Recently Zenga (2007) has proposed a new inequality curve I(p) based on the ratios between lower

and upper group means. The behavior of I(p) is not forced as it happens for the Lorenz curve L(p).

By averaging I(p), the new synthetic inequality index I is obtained. This index satisfies the properties

usually required to an inequality measure. The purpose of this paper is to draw the curve I(p) and to

compute the index I for three income distributions: Kenyan annual earnings (1977); English individual

incomes before and after taxation (1975-76). The applications show that the meaning of the new curve

and index is very easy.
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1. Introduction

From an international research perspective, an activity-based view on transportation has become
standard today. Instead of modelling travel demand separately, the major idea behind these activity-
based models is that travel demand is derived from the activities that individuals and households
need or wish to perform (Jones, et al., 1983). In a modern society, mobility is considered to be
vital for a human’s development: it is not only regarded as one of the factors behind economic
growth, but also as a social need that offers people the opportunity for self-fulfillment and relaxation
(Ministry of Transport and Public Works, 2004). In the light of activity-based models, this seems
a logical consideration. Travel patterns are regarded as the manifestation of the implementation of
activity programs over time and space. In turn, activity patterns emerge as the interplay between the
institutional context, the urban/physical environment, the transportation system and individuals’ and
households’ needs to realize particular goals in life and to pursue activities (Ben-Akiva and Bowman,
1998). The aim of these models is to predict which activities will be conducted where, when, for how
long, with whom and with which transport mode and as a consequence, they require a huge amount
of data to do so.

Travel diaries are currently one of the most important ways of obtaining the critical information
needed for transportation planning and policy development. These diaries are used to collect current
information about the socio-demographic, economic and trip-making characteristics of individuals and
households. Not only travel characteristics (transport mode, duration of travel,. . . ) are important,
also household aspects (e.g. with whom the activity is conducted, number of children in a household,
household income) and individuals features (age, gender, etc.) need to be collected. This clearly shows
why household travel surveys, combined with individual surveys, continue to be an essential component
of transport planning and modelling efforts. Activity-diaries mainly form the basis of an activity-based
survey, and next to these individual questionnaires, also a household survey needs to be filled out.
One should therefore also acknowledge that both levels can and will (Jovicic, 2001) play an important
role in trying to predict each of the responses stated above. Very often, though, only household
variables are taken into account in an attempt to model a response at an individual level, without
actually accounting for the clustering that is present. Another option that is pursued sometimes
is to account for this information at different levels by posing constraints on the underlying model.
However, there is another option: it is possible to incorporate the correlation between the household
and the individual level directly by modelling it by means of mixed models. Section 2 discusses the
theoretical background of the models, while Section 3 describes the application of these models to a
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very important response in the Flemish household travel survey, the time spent on travelling. Finally,
Section 4 gives a general conclusion and some avenues for future research.

2. Methodology

The mixed model methodology has been developed within the discipline of animal genetics and
breeding (because of possible correlations between individual animals and their herd), but from there,
it has spread to many other disciplines, such as medicine, sociology, etc.. It can be used in any
context in which observations are correlated with each other, e.g. because they are correlated in time
or because they are spatially correlated (Aerts, et al., 2002). In this paper, we suggest to apply the
mixed model approach to the transportation context, because of the clear and present correlations at
different levels within a household. An advantage of the Generalized Linear Mixed Model (GLMM)
methodology (Verbeke and Molenberghs, 2000), which will be applied in Section 3, is that they can
account for the problem of missing data as well, whereas some of the very well known techniques (such
as multivariate models) might not be valid in the presence of missingness.

The methodology can shortly be described as follows. If data is gathered at different levels, one
may assume that there is a hierarchical structure between them (Goldstein, 1995). In this paper, we
will show a classical example of a two-level hierarchical structure. Level 1 is the level of the smallest
unit (individual) whereas the second level denotes the clusters of the units (household). The main
idea of a GLMM is to examine the behaviour of the level 1 outcome as a function of predictors that
behave both on level 1 and on level 2.

The outcome of individual i in household j model can in general be written as:

Yij = β0j +
K∑

k=1

βkjXkij + εij

with βkj = αk0 +
P∑

p=1

αkpZpj + ukj , for k = 1, . . . , K;

εij ∼ N(0, σ2) and




u0j
...

uKj


 ∼ N







0
...
0


 ,




σ2
0 . . . σ0K
...

. . .
...

σK0 . . . σ2
K





 .

The X-variables refer to predictors at the first level (individual), whereas the Z’s are explanatory
variables at the second level (household). If one only wants to account for predictors at the second
level, then all other β-parameters, except β0j can be set equal to zero. Similarly, only accounting for
explanatory variables at the first level can be carried out by setting all α-parameters, except αk0 equal
to zero. The index p behaves at household level, while index k is associated with the individual level
in this paper. Some variables might play a role at both levels, however, in this paper, we restricted
ourselves to a strict distinction between both levels.

3. Results

3.1 The data

The Flemish travel survey for the year 2000 (Zwerts and Nuyts, 2004) will be used for the
analyses presented here. People were asked to write down for some consecutive days which activities
they conducted, where, when, with whom, for how long and which transport mode was used to arrive
at the location of the activity. Above this information, some general household information was
gathered as well, such as household composition, socio-economic status of the household, availability
of transport modes, etc. Trips of all road users (car drivers, car passengers, pedestrians, bike and
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motorbike riders and public transport users) were registered for the period January 2000 - January
2001. It is based on a random sample of 2 823 households, including 7 638 people who were more than
6 years old. In total 21 031 trips were registered. This survey had a response rate of 32%.

3.2 Analyses

In this subsection, the models described in Section 3 will be applied to the response variable,
travel duration. Previous results have shown already that up to 30% of the variation in travel time
can be attributed to the fact that people live in households (Moons and Wets, 2007). Since it seems
logical that the impact of clustering can be different for various travel purposes, three travel goals
are investigated in this paper: commuting trips (work and school related), shopping trips and leisure
trips.

The explanatory variables that are considered at household level are: the total household income
(HHinc), the number of children younger than 6 years (nrkid6), the number of people in the household
(nrpHH), the number of cars (nrcar) and the number of bikes (nrbike) in the household. At individual
level the age of the person (age), the gender (sex) and their diploma (dipl) might play an important
role. Table 1 will indicate the significant variables at different levels within the hierarchical structure.
Significance is determined at 5% significance level. Models will be fitted including effects separately
at household level and at individual level, and at both levels at the same time.

Table 1: Significant variables for different models

Purpose Level HHinc nrkid6 nrpHH nrcar nrbike age sex dipl
Commuting Level 1 X X

Level 2 X X
Level 1 & 2 X X X X

Shopping Level 1 X
Level 2 X
Level 1 & 2 X

Leisure Level 1 X
Level 2 X X
Level 1 & 2 X

It may seem strange that when variables are included at both levels that only predictors of one level
seem to be significant. For each model a separate backward selection procedure was carried out and
the final models ended up having the above variables.

The intra-class correlation for a model without predictors determines the portion of the total
variance that occurs between households (Singer, 1998). For commuting trips this equals 9.62%, for
shopping trips 53.92% and for leisure trips 57.74%. This learns us that especially for shopping and
leisure trips, there is quite a bit of clustering in travel time within the households. Hence, carrying
out an ordinary least squares regression analysis on these data, would likely yield misleading results.
It seems only logical that this is not particularly true for commuting trips.

If we take a look at the individual level, we can determine how much of the explainable variation
within the households can be attributed to the predictors at individual level. For commuting trips,
this is 22.49%, for shopping trips, age seems to explain as little as 6.36% of the within-household
variation, whereas for leisure trips it explains 27.90%.

At household level, we can determine a similar figure, that shows how much of the household-
to-household can be explained by the explanatory variables at household level. For commuting trips
15.65% can be explained by the number of cars and the number of bikes. 2.01% of the explainable
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variation in shopping trips is attributable to the number of people in the household and for leisure-
related trips the household size and the number of bikes explain 6.81% of the household-to-household
variation. The intra-class correlation determines whether there is still any variation in households
remaining to be explained. For commuting trips the intra-class correlation yields 0.08, showing that
the travel time among individuals within households after controlling for the number of cars and the
number of bikes is not very similar. For shopping trips, the intra-class correlation equals 0.54 and
for leisure trips it is 0.56. After controlling for household-related variables, the travel time for both
shopping and leisure trips is quite similar among individuals within households.

4. Conclusions and further research

Modelling travel behaviour has always been a major area of concern in transportation research,
but it’s importance becomes only larger today. In order to lead an efficient policy, governments require
reliable predictions of travel behaviour. Most of the data sets collected in transportation research for
the modelling of travel behaviour show a multilevel or hierarchical structure. These structures are
common in practice and it can be argued that they are the norm, rather than the exception. However,
the literature that discusses these hierarchical models in the transportation context is rather limited.
Judging by the fact that for trips other than commuting trips, there is quite some clustering present
in the travel time within households, this is not something that may be overlooked. The results in this
paper show that even up to 56% of the variation in travel time can be attributed due to the fact that
people live in households. Judging by these results, the importance of correlation structures cannot be
ignored anymore as it is too often done today. Future research will focus on other response variables,
such as travel distance.
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1. Introduction: the LUCAS survey.  

LUCAS (Land Use/Cover Area-frame Survey) was launched by the European Union (EU) in 2001. It is 
managed by Eurostat and has been carried out in 2001, 2003 and 2006, with smaller complementary surveys 
in the in-between years. The LUCAS sampling for 2001 and 2003 covered the 15 Member States of the 
European Union at that time (EU15). It was a non-stratified, systematic, two-stage scheme, with Primary 
Sampling Units (PSUs) defined as a rectangle of 1500 x 600 m following a grid of 18 km (Delincé, 2001, 
Bettio et al., 2002). In each PSU 10 points (SSUs) are selected arranged on two rows of 5 points with a step 
of 300 m. The “point” (SSU) is defined as a pixel of 3 m to be consistent with ground survey specifications. 
This two-stage systematic design can be described as a single stage systematic sample if the PSU is defined 
as containing only the 10 “points” of 3 x 3 m, so that the 1500 x 600 m rectangle contains 100x100=100000 
PSUs. This approach simplifies the variance computation.  

For LUCAS 2006 the sampling plan changed and became a two-phase sampling plan of unclustered 
points (always defined as squares of 3 meters). In the first phase a systematic sample (pre-sample) is selected 
on the basis of a 2 km grid in EU25 (the 25 Member States of the EU in 2006). The nearly 106 points in this 
grid are photo-interpreted on aerial ortho-photos or satellite images with a simple nomenclature of 7 classes, 
that define the strata. Around 265,000 points are sub-sampled for the ground survey concentrating the sample 
in agricultural strata. Due to practical difficulties the survey was eventually carried out only on 11 countries: 
France, Spain, Germany, Poland, Italy, Hungary, Czech Republic, Slovakia, Netherlands, Belgium and 
Luxemburg, that cover a bit less than 60% of EU25. The final sample had 169,000 points (Table 1). The 
subsampling is also systematic repeating a pattern in a block of 9x9 points of the pre-sample. The pattern is 
selected randomly with restrictions that minimise irregularities in the geographic layout (Jacques and 
Gallego, 2005). Very similar sampling procedures had been applied in Greece since 2004 and in Italy earlier 
for the AGRIT Project, although the subsampling for AGRIT was purely random in each stratum.  
 
Table 1: Size of the sample and pre-sample in each stratum for the 11 countries of LUCAS 2006  

 Stratum Pre-sample Sample
1 Arable land 190928 91994
2 Permanent Crops 23458 11601
3 Permanent Grass 100200 41564
4 Wood & shrub 220291 20274
5 Rare vegetation 8627 508
6 Artificial  26426 2612
7 Water, wetland 7873 629

 
2. Variance estimation.  

Systematic sampling in an area sampling frame is known to be in general more efficient than random 
sampling (Dunn and Harrison, 1993). The main drawback of systematic sampling is the lack of an unbiased 
estimator of the variance. The classical variance estimation formulas for random sampling can be used but 
this heavily overestimates the variance in most cases. Wolter (1984) compares several estimators with 
reduced bias for the one-dimensional case based on comparisons of each observation with the neighbouring 
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units. Matérn (1986) proposes a similar estimator for the two-dimensional case, that compares each 
observation with the four neighbours (N, S, E and W), but this estimator is not directly applicable in strata 
that can be strongly mixed up. After some simulations using a land cover map as pseudo-truth, we have 
chosen an adaptation of Matérn’s estimator. The land cover area estimator is  

∑∑∑ =
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hni hih
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ˆ      where     DDw hh = ,                   (1)   

D  is the surface of the area of interest, hD  is the surface of stratum h.  

The usual estimator for the variance under random two-phase sampling is (Cochran 12.24):  
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where N  is the population size. 1/N is very small in a point sampling and can be disregarded). 2
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3. Comparison of variances.  

For the variance comparisons, we have used LUCAS ground observations on different subsamples. 
The relative efficiency of the sampling approach A compared with the sampling approach B has been 
computed as: ( )( ) ( )( )AB nAVarnBVarBAEff ××=)/( . The survey cost per point is not included: we assume 
that the cost is approximately the same for all sampling plans of unclustered points.  

Our sampling plan differs from a simple random sampling (srs) for three reasons: a) it is systematic, 
b) there is a partial stratification (photo-interpretation of the pre-sample) and c) the subsampling rate in each 
stratum is not the same. We analyse the part of efficiency due to each of these three reasons by considering 
intermediate approaches: A non-stratified systematic sample has been simulated selecting in the LUCAS 
2006 sample the 8 replicates that were chosen in all strata. A post-stratification option was simulated with the 
photo-interpretation results on the same systematic sample. For srs the variance has been estimated applying 
the srs variance estimation formulas to this systematic sub-sample. Comparisons involve approximations 
because unknown variances have been substituted by their moderately biased estimates. Thus we are 
assuming that the relative bias of all variance estimators is approximately the same.  

Table 2 shows that the improvement of the LUCAS 2006 sampling plan compared with srs is 
substantial for most crops. Systematic sampling performs better than random sampling for all land cover 
types; the gain is substantial for classes that tend to be concentrated in specific regions and thus have a 
higher spatial correlation. This happens for example for durum wheat, olive trees or vineyards. The second 
column of Table 2 quantifies the information provided by photo-interpretation, that improves the precision 
for all classes even if the sampling rate is the same in all strata; efficiency is stronger for classes that 
represent a high proportion of a particular stratum, such as cereals (in the stratum “arable land”), vineyards 
or olive trees (in the stratum “permanent crops”) or forest (in the stratum “woodland”). Concentrating the 
sample in specific strata obviously improves the accuracy for land cover types that are more frequent in these 
strata (crops in LUCAS 2006) and worsens the accuracy for classes that appear mainly in the other strata (e.g. 
forest in LUCAS 2006).    
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Table 2: Relative efficiency of each feature of the sampling plan for some land cover types.   
 Systematic/ 

srs 
Syst. Poststratified/ 
Syst. non stratified 

LUCAS 2006/  
Syst. poststratified

Total efficiency: 
  

Cereals 1.11 1.40 1.26 1.95 
Common wheat 1.11 1.16 1.42 1.83 
Durum wheat 1.43 1.29 1.41 2.60 
Barley 1.15 1.17 1.40 1.88 
Maize 1.21 1.19 1.43 2.06 
Potatoes 1.09 1.06 1.36 1.57 
Sugar beet 1.05 1.01 1.59 1.69 
Sunflower 1.09 1.07 1.88 2.19 
Rapeseed 1.07 1.10 1.50 1.77 
Temp. Grass 1.20 1.21 1.28 1.85 
Olive groves 1.63 1.82 0.89 2.63 
Vineyards 1.43 1.55 1.44 3.19 
Forest  1.00 1.74 0.38 0.66 
Perm. Grass 1.12 1.38 0.64 1.00 

 
4. Clustered or unclustered points?   

Table 2 in the previous section provides a comparison of the efficiency of several sampling schemes of 
unclustered points. The effect of clustering points is not considered. We have assessed this effect by 
comparing two non-stratified sampling approaches:  

• The LUCAS 2001/3 sampling plan with a cluster of ten points every 18x18 km.  

• The non-stratified systematic subsample of the LUCAS 2006 sample described in the previous 

paragraph (option 2), based on the repetition of a pattern of 8 points every 18x18 km.  

The comparison has been carried out for the set of 7 countries surveyed both in 2001 and 2006: France, 
Italy, Spain, Germany, Belgium, the Netherlands and Luxemburg. The same variance estimator based on the 
comparison with the 8 closest units in the stratum has been used in both cases. Table 3 reports  

( )
( )pointssampledunclusterevariance

clusterperpointssampleclusteredvarianceratioVar
82006

102001
=           (5) 

 
Table 3: Efficiency of the LUCAS 2001 two-stage sample versus the 2006 unclustered scheme.  
 

 Variance ratio: cluster 10 points/ 
8 unclustered points 

Equivalent points 
of a 10-point cluster 

Artificial land 1.76 4.56 
Total Cereals 2.45 3.27 
Common wheat 1.65 4.86 
Durum wheat 2.86 2.80 
Barley 1.70 4.70 
Maize 2.12 3.77 
Potatoes 1.35 5.93 
Sugar beet 1.86 4.31 
Sunflower 2.97 2.69 
Rapeseed 1.24 6.45 
Olive groves 3.17 2.52 
Vineyards 2.59 3.09 
Forest 4.46 1.79 
Perm. Grass 1.96 4.09 

 
If we assume that the cost of visiting 8 unclustered points is approximately the same as the cost of 

visiting 10 points arranged in a 1500m x 600 m, as in 2001/3, this ratio of variances is the relative efficiency 
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of using unclustered points compared with the LUCAS 2001 clusters of 10 points. The cost assumption 
approximately corresponds to the experience of the LUCAS team, but the precise comparison is not easy 
because the observation rules were not exactly the same in 2001 and 2006. The right hand column of table 2 
gives the same information in a different way: through the number of unclustered points that give the same 
information provided by a LUCAS-2001 cluster of 10 points. This equivalent number of points ranges in 
most cases between 2 and 5. In most EU geographical conditions and with the distance structure of the 
LUCAS sample, visiting 2 to 5 unclustered points is generally cheaper than visiting a cluster of 10 points. 
However exceptions can occur in difficult mountain or boreal areas.   

 
5. Expected accuracy with the LUCAS 2006 sampling scheme  

We may be interested to forecast the accuracy that would be obtained applying the LUCAS 2006 
sampling method if it is applied in another region of the world. The variance of the estimators is closely 
linked with the sample size and area of the targeted land cover type. Different types of regression can be fit 
putting together results obtained for different European regions and their spatial structures. The best fit we 
have found used as intermediate step the expected standard error under a simple random sampling:  

( ) ( )
1
ˆ1ˆ

..
−
−

×=×=
n

ppDpranstderDranstder  

The actual standard error in LUCAS is closely linked with it, but the link is not the same for 
agricultural and non-agricultural classes because the sample concentrated on agricultural areas. For 
agricultural classes we get ε+= ranstderLUCASstder .743.0.  with 989.02 =r  and for non-
agricultural classes: ε+= ranstderLUCASstder .182.1.  with 967.02 =r . The coefficient 0.743 
confirms that the relative efficiency of the LUCAS2006 sampling plan compared with a random sampling 
plan of points is around 81.1743.01 2 =  for crops. The coefficient 1.182 for non-agricultural classes 
indicates that the loss due to the lower sampling rate in non-agricultural strata is stronger than the gain due to 
the post-stratification and the systematic plan. With these regressions we can easily estimate the approximate 
threshold of the area of a crop (or group of crops) beyond which the expected coefficient of variation with 
the LUCAS sampling plan reaches a given level (e.g. 5%, 2%, 1%).  
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RÉSUMÉ  
On analyse l’efficacité de la méthode d’échantillonnage systématique à deux phases de points non groupés utilisée 
pour l’enquête européenne d’utilisation des sols LUCAS. On conclut qu’il y a des améliorations considérables par 
rapport à des méthodes alternatives aléatoires où d’échantillonnage par grappes.    
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ABSTRACT:

Agricultural census is a largescale social activity, and need support and attendance of all circles in the
society, especially those of rural people. The most important work is to do well in publicity. By extensive
publicity, rural people will fully understand what agricultural census is, eliminate the gap between rural
people and census, bind them closely, and get best support and cooperation from rural people. These are
very important for launching agricultural census successfully. This article starts from elaborating the
relationship between rural people and agricultural census, and gives detailed explanations and proposals
accordingly.

The second national agricultural census with rural areas, agriculture and rural people as its statistical
objects is a largescale, seasonal and overall survey to get basic information of “rural areas, farmers and
agriculture” in China, provide guidance to the development of national economy, and provide decision
making support for building new socialist countryside. The second national agricultural census has strong
policy support, covers vast area, involves in large quantity of projects, and is confronted with many
difficulties. We have to fully consider the characteristics of China’s “rural areas, farmers and agriculture”,
conduct extensive publicity, eliminate gaps between rural people and the census, and get their furthest
support and cooperation. Only by these ways, we are able to get the most comprehensive and reliable data.

1. Agricultural census index is closely linked with rural people.

We can see from the plan of the second national agricultural census that the content involves six aspects
including populations in rural areas, living facilities and conditions, land, agricultural production, the
operation condition of agricultural products of enterprises and public institutions, and the social economy
and development of villages and towns. For the agricultural census contents, there are ten aspects are
linked closely with rural people:

1) Characteristics of rural people’ family and rural population. This includes the basic information of
rural families, family members, family size, types of farm households, land usage, resources of incomes,
main expenditures, sex ratio, proportions of people engaged in agriculture and nonagriculture sectors.

2) The living conditions of people live in rural areas and infrastructure. This includes living
environment, housing conditions, and living facilities, e.g. roads, telecommunication, electric power, housing,
durable goods, drinking water, sanitary conditions, and grain resources.

3) Migration of residents in rural areas, labour resources and employment. This includes the scale,
speed and orientation of migration of residents in rural areas, the main sectors which rural labous and labours
working outside home engaged in, as well as when, what kind of vacation, where, and the types of areas.

4) Land resources and usage in rural areas, and the operational status of land. This includes the scale
and classification of agricultural land, especially the farm land, the agricultural forestry, husbandry, and
fishing, agricultural water resource facility, and agricultural machinery.

5) Agricultural investment. This includes purchase of fixed assets of agricultural households, and the
key agricultural production, operation and investment projects.
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6) The level of agricultural industrialization. This refers in particular to the agricultural enterprises
that can reach some certain scale.

7) Primary information of poverty assessment in small areas. Through investigations of rural people’s
income and living standard, we assess the coverage and degree of poverty in some small areas.

8) Social service in rural areas. This includes the main body of agricultural services, operational scales
and the developing level of agricultural service sector.

9) Development of small villages and towns. We are going to get information about the population of
some towns and organic towns, number of enterprises and employees in these enterprises.

10) Development of agricultural social undertakings. This includes the development of culture,
education, health care, sport, and social security in towns and villages.

2. Publicity of agricultural census shall be enforced.

Agricultural census is a largescale social activity, and need support and attendance of all circles in the
society, especially need support and understanding of rural people. Therefore, the most important thing is
to do well in publicity.

Firstly, the range of publicity shall be clarified. The objects of agricultural census are in rural areas,
while the objects of publicity should spread to urban areas. Rural people play many roles in modern society
and they move frequently. They have become fresh activists in urban constructions. This is the new
problem we meet in agricultural census. Therefore, we have to clarify the range of publicity to conduct
publicity pertinently. I suggest that the agricultural census bureaus at all levels should conduct various
publicity activities in areas where aliens are gathered or resides. In this way, we eliminate the “blind spot”,
find the best connecting point of rural and urban publicity, and integrate spatial and temporal publicity.

Secondly, we shall conduct publicity at proper time. The main objects of publicity of agricultural
census are rural people. Most labour forces in rural areas will go to work outside home in slack seasons,
and the old and children stay at home. We can not get good result if we do not choose time properly.
Therefore, we shall conduct wide publicity in ploughing spring and harvesting autumn or in feast days
according to rural custom when rural labours come back home in order to ensure a solid foundation of
agricultural census.

Thirdly, we shall innovate in publicity methods. The objects of agricultural census are not well
educated on the whole and their accomplishment varies a lot. So, the publicity method should be vivid,
flexible, close to their daily life and custom. It can get better results if we choose publicity format that most
rural people adore. Firstly, to make full use of medias in terms of broadcasting, TV, newspaper and internet,
and conduct publicity by various means; secondly, to publicize census knowledge by village (town)
broadcasting; thirdly, to build publicity platform in town center or beside major road and hand out paper
materials at rush hour. Fourthly, use publicity vehicles. Fifthly, place publicity banners in the town center
or beside major roads. Sixthly, write slogans on walls. We shall make the idea of agricultural census go
deep into people’s heart.

Fourthly, we shall guarantee an open publicity channel. The target of agricultural census publicity is
to promote the willingness of its objects to cooperate and improve the quality of statistical data. The
individuals of statistical objects vary from each other, and the publicity method should change accordingly.
A publicity network should be established and let everyone know about agricultural census. We shall give
full play to the grassroots agencies at town, village and group level to establish a comprehensive publicity
network. For those who work outside home for years, we can let them know about the census through their
relatives or friends, or call them directly. It is my suggestion that there should be a person in charge of
publicity in each village or group, and the supervision departments of schools or homes for the aged should
take responsibility of publicity.
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Fifthly, give full play to census interviewers and instructors. They can tell the content and significance
to thousands of families when interview them, and let people know about them, eliminate their queries of the
census, gain their support and cooperation, and finally, we can get reliable and accurate data.

3. The agricultural census should be widely known.

Rural people can fully understand agricultural census, support it and take part in it, and report faithfully
no other than making them know about the census very well.

1) To organize thought education for rural people. Rural people are the main statistical objects of
agricultural census. The accuracy and reliability of data depends on whether or not can they understand this
census correctly and get down to it seriously. There are large quantity of items should be filled up in this
census, and many of the items relate to the interest of families of rural people or themselves. It is
absolutely necessary to organize thought education for rural people to eliminate their worry about
troublesome, revealing their wealth or poverty and to ensure the accuracy and reliability of each data.

2) To make rural people know the target of this agricultural census. The target is to investigate and
master the primary information of development and changes of agriculture, rural areas and farmers, and
provide foundation for the country to make national economic developing strategy and plan and other
policies related to economy and society. To conduct census is good to the country and to its people’s
immediate interest. Through agricultural census, problems that need to be solved immediately are revealed,
and the country gets to know where to put more efforts to build new socialist countryside and to develop a
welloff society. On one hand, to build new socialist countryside need accurate information provided by
agricultural census; on the other hand, the country need the information from agricultural census to get
overall idea of the production and living conditions of rural people, and make policies and strategies
accordingly to help rural people get wealthier and increase income.

3) To make the significance of agricultural census go deep into people’s heart. Although this is an
agricultural census, it actually emphasizes on agriculture, bases on rural areas and depends on rural
households. This census will provide overall information of what have happened in rural economic society
during the past ten years, which show and witness the achievements of social development, rural people’s
family properties, and a comprehensive, accurate and objective view on rural areas. It is of great
importance for people to give an overall, scientific, objective and fair assessment for the Party’s policy on
rural work in the past ten years. The 16th National Congress of Communist Party of China brought forward
the target of building a welloff society in an allround way, and the Fifth Plenary Session of the 16th CPC
National Congress put forward the strategy of building a new socialist countryside. Agricultural census is
of great significance to solve problems of “rural areas, agriculture and farmers”, promoting harmonious
development of both urban and rural areas, and building new socialist countryside. We are able to tell that
the issue of “rural areas, agriculture and farmer” decides whether or not China’s reform in the future can
make success. The least developed places are in rural areas, the most disadvantaged people are farmers,
and the most unstable industry is agriculture. It is unfavorable, or even harmful, for the country to make
scientific decisions if we make either exorbitant or too low assessment of the current situation of rural areas,
agriculture and farmer. Therefore, this agricultural census is of unique importance.

Rural people are closely linked with agricultural census, and vice versa. Only if the objects know
about agricultural census, fully understand and support it, and take part in it, we are able to ensure launching
the census effectively and successfully.
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1. Introduction 

Political, economic and institucional situation as well as the  structural changes of agriculture has 
enormous impact on agricultural statistics, and needs for agricultural data are bigger than in previous period. 

A new organization of B&H, namely, formation entities and cantons and border change in some local 
units – our estimated units cause more problems, especially in collecting agricultural data. 

Because of  limited number of statisticians, their knowladge, and lack of coordination or  less effective 
coordination between  statistics are problems for succefully statistical  survey, as well as metodological 
changes. Change of definitions, change of strukture of survey and  data collection method has an impact on 
comparability over years. Very often, like result, it has inadequate comparison between new and old data, 
and outcome is lot of serious breaks in time-series. 

Due to lack of financial suport, well-education staff, and hight data request in many cases necessary 
processes cannot be aplicable . 
 
2. Agricultural Statistical Surveys 
2.1 Plant Production Statistics  
Data on crop areas were never collected from the farmers, even during a census. 

Regularly data on plant production is collected through annual statistical surveys: 
- the data on sown area: surveys PO-21 and PO-22 
- the data on plant production: surveys PO-32, PO-33 and PO-34. 
The data on agriculture have been collected separately for the enterprises and co-operatives and 

individual sector.  
The data on agricultural enterprises (regardless ownership) and co-operatives have been gathered 

through regular reporting services (current statistics). The data have been extracted from accounting and 
other records. List of these report units are provided by The Registar of  Business Subjects. 

For individual agricultural holdings, the data on crop production have been provided by expert’s 
assessment by the agricultural experts in the local authorities of municipalities.  

Up to 1992 as a rule estimators were agricultural experts or agricultural producers who lived and well-
knew local conditions in the area of estimation. 
  
2.1.1 Short Review of Plant Production Surveys 

Sown area in autumn (PO-21) 
Unit of observation:  

- Agricultural enterprises and co-operatives (PO-21a) 
- Municipalities – for individual sector (PO-21b) 

Observed variables: Sown area in autumn by crops  
Frequency: Annually 
Method of data collection: 

- Directly report from enterprises and co-operatives 
- Estimations obtined from agricultural experts in municipalites 

 
Land use and sowna area  at the end of the spring sowing (PO-22) 
Unit of observation:  

- Agricultural enterprises and co-operatives (PO-22a) 
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- Municipalities – for individual sector (PO-22b) 
Observed variables: Land use, review of arable land and sown area by crops, fruit and vineyards, 

fertilisers consumption (only for enterprises and co-operatives) 
Frequency: Annually 
Method of data collection: 

- Directly report from enterprises and co-operatives 
- Estimations obtined from agricultural experts in municipalites 

 
Harvested  area  and production of early arable crops and early fruit (PO-32) 
Unit of observation:  

- Agricultural enterprises and co-operatives (PO-32a) 
- Municipalities – for individual sector (PO-32b) 

Observed variables: Harvested area and production of wheat and other cereals, production of early 
fruit 

Frequency: Annually 
Method of data collection: 

- Directly report from enterprises and co-operatives 
- Estimations obtined from agricultural experts in municipalites 

 
 
Harvested  area  and production of late arable crops, late fruit and grapes (PO-33) 
Unit of observation:  

- Agricultural enterprises and co-operatives (PO-33a) 
- Municipalities – for individual sector (PO-33b) 

Observed variables: Harvested area and production of maize, late crops, late fruit and grapes, 
processing fruit and grapes from own products. 

Frequency: Annually 
Method of data collection: 

- Directly report from enterprises and co-operatives 
- Estimations obtined from agricultural experts in municipalites 

 
Production of citrus fruit, fog and olive (PO-34) 
Unit of observation:  

- Agricultural enterprises and co-operatives (PO-34a) 
- Municipalities – for individual sector (PO-34b) 

Observed variables: Production of citrus, olive, fig and own processing   fig and olive  
Frequency: Annually 
Method of data collection: 

- Directly report from enterprises and co-operatives 
- Estimations obtined from agricultural experts in municipalites 

 
2.2 Livestock Breeding Surveys 

Before 1992, data on livestock number were collected annually by personal interview on a sample 
remained unchanged for ten years (panel). 

Production in state -owned is provided by report directly from organizations.  
Data on livestock in private agricultural holdings are collected for all holdings, in total, for each 

municipality through questionnaires. Method is expert’s assessment by agricultural experts in local 
authorities of communes.  
 
 2.2.1 Short Review of Livestock Surveys 
Enumeration of number of livestock in private farms  (PO-51-2) 

Frequency is annually, stand on the 15th January and data are collected by enumerators stratification is 
number of cattle in the enumeration area. It is sample survey.  

Observed variables are number and weight of livestock species and categories and alternation in the 
herds. 
 
Livestock breading in social sector (PO-51-2a) 
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It is annually report and Units of observation are enterprises and agricultural co-operatives.  
This report collects data on number and weight of livestock, alternation in herd, production of milk, 

eggs, wool and honey.  
 

The systematic fattening of livestock (PO-54) 
This is quarterly report and shows fattening takes place (regardless of owner ship).  
Units of observation are enterprises and agricultural co-operatives. 

 
Animals slaughtered in the slaughter houses (PO-52) 

It is quarterly report and unit of observation is slaughtered house. 
Observed variables are number of animals slaughtered by species and categories, life and killed 

weight. 
 

 Animals slaughtered in catering business (PO-52a) 
Collection data on the basis of the veterinarian inspectors report on slaughtered animals.  
Observed variables are number slaughtered animals by species. It is annually report. 

 
2.3. Other agricultural surveys  

Report on Agricultural enterprises and co-operatives (PO-71) 
It is annual report on agricultural enterprises and agricultural co-operatives.  
Report collects data on employment, buildings, machinery, and stocks of cereals, consumption of 

fertilizers, pesticides and energy. 
 
Purchase and sale of agricultural products (from own production) (PO-TRG-31, PO-TRG-33) 
 Unit of observation: Agricultural enterprises and co-operatives and other organisation that sell 

products from their own production or buy up products directly from private sector. 
Observed variables: Quantities and prices of more than 100 agricultural products are collected and 

divided into more groups. 
Frequency: Monthly 
Method of data collection: Directly report from enterprises and co-operatives and other organisations 

 
3.  Agricultural Censuses in Bosnia and Herzegovina 

The structure of agricultural holdings was surveyed every ten years only as a supplement to the census 
of population. The latest such census was carried out in 1991, but agricultural data processing has never 
done. 
 The qustinnaire for agricultural holdings contained data on land use, number of fruit-trees and vines, 
agricultural mechanization, important resources of farm buildings, the use of fertilizers and plant production 
products. In census, a household is considered agricultural holding if it uses: 
 a. at least 10 ares of utilised land 
 b. less than 10 areas of utilised land 
 - a cow and a calf, or a cow and a heifer, or 
 - a cow and two items of grown-up cattle, or 
 - five grown-up sheep, or  
 - three grown-up pigs, or 
 - four grown-up sheep and pigs together, or 
 - fifty grown-up poultry, or 
 - twenty bee-hives 
  
4.   Conclusion 

The actual statistical system in Bosnia and Herzegovina mainly is based on estimation. New and high 
requerements can satisfied by real measurements, thorough reorganization of work process and with 
substantial investment in staff education, computer technology and surveys. 

An efficient restructuring of agricultural statsistics can be based on systematic preparation and pilot 
surveys. Agricultural statistics have to cover the nacional needs as well as  the internacional. Quality 
standards as well as comparability of the data have to be respected.  Duplication of work among institutions 
has to be reduced to a minimum. 
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The needed actions in agricultural statistics: 
1) To organize and carry out Agricultural Census . It is needed as base for further surveys, 

especially for sampling surveys as well as base for other surveys. The last common census (population 
and agriculture) carried out in 1991. But agricultural data processing has never done. 

2) To establish Farm-Register (list farm) and Frame Structure Survey  
3) To introduce Sample Surveys  
4) To apply Nomenclature of Agricultural Products compared to European Standards 

 
Abstract 

The structure of private individual farms was surveyed only every ten years as a supplement to the 
census of population. The latest such census was carried out in 1991.  

Data on crop areas were never collected from the farmers, even during a census. Data on livestock 
number were collected annually by personal interview on a sample remained unchanged for ten years 
(panel). 

A new organization of B&H, namely, formation entities and cantons and border change in some local 
units – our estimated units cause more problems, especially in collecting agricultural data. 

The actual statistical system in Bosnia and Herzegovina is based mainly on estimation. Due to 
changes in agricultural structure there are many problems: 

1. The unclear definition “farm” – agricultural holding 
2. The unclear situation of the utilization of former state owner land 
3. A lot of small-size agricultural holdings (small agricultural producers) 
4. Non updated Cadastre 

Because of those the problems are: 
1. Non comparability between new and old data  
2. Breaks in time-series 

The needed actions in agricultural statistics: 
1. To organize and carry out Agricultural Census. It is needed as base for further surveys, especially 

for sampling surveys as well as base for other surveys.  
2. To establish Farm-Register (list farm) and Frame Structure Survey  
3. To introduce Sample Surveys 
4. To apply Nomenclature of Agricultural Products compared to European Standards 
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1. Introduction 

 
Recently, remote sensing technology, utilizing satellite image data in many kinds of agricultural 

statistics, is actively investigated and applied in other nations like the Unites States, EU, and Japan. It is now 
used as a core technology for complement production of agricultural statistics and preexisting statistical 
methods (Allen, 1990). However, researches about the related fields are very unsatisfactory and beginning 
stage in Korea, and the government is making an effort to set up a foundation to apply that technology to the 
production of agricultural statistics. 

This paper describes the results of first project, as a first stage of related study, to suggest the effective 
direction applying remote sensing technology as a tool for agricultural statistics in Korea. The research 
project was operated in 2005 with the support from the Ministry of Agriculture and Forestry. By working on 
this project, the issues of current agricultural statistics in Korea, the level of remote sensing technology in 
Korea, remote sensing application in agricultural field worldwide were thoroughly investigated. Based on the 
results, we found ways to utilize remote sensing in Korean agricultural statistics. 

 
2. Necessity of Introducing Remote Sensing Technology to Agricultural Statistics 

 
2.1 Situations and Issues Related with Adopting Remote Sensing 
 

Total of 49 agricultural statistics are currently produced in Korea. Looking at this result with detail by 
producing organization, there are 22 in the Ministry of Agriculture and Forestry, 12 in the National 
Agricultural Products Quality Management Service, 6 in the National Statistical Office, 2 in the Rural 
Development Administration, and 7 in others. An agricultural statistics related to remote sensing application 
like agricultural area estimation and area sampling frame construction, crop acreage estimation, and crop 
yield forecasting are produced in the National Agricultural Products Quality Management Service. 

To respond to agricultural condition rapidly changing in this information age, farmers, scholars, and 
related agencies are hoping for production and distribution of high-level statistics with accuracy, timeliness, 
and completeness. However, current agricultural statistics does not fully satisfy this demand. The main issues 
of current Korean agricultural statistics related with adopting remote sensing technology can be summarized 
as following. 

First, time, budget and workload are increasing by conducting an agricultural area, crop area, and crop 
yield estimation with the field measurement. 

Second, it is necessary to promptly reflect rapidly changing use of the land, administrative district, and 
rural environment improvement to statistics production. Cost problem is preventing them to take an action. 

Third, it is required to develop proper methodology for verifying the result of sampling survey and to 
improve statistical accuracy by investigating sample error and non-sample error.  
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Fourth, local statistics is absolutely insufficient in this localization age, a new technique is needed to 
conduct small area estimation for producing statistics by county level with current statistics system. 

 
2.2 Research Result on Working-level Suggestion about Remote Sensing Application 
 

We surveyed the employees-in-charge about the opinion of utilization of remote sensing technology on 
their statistics work. The survey method and result are presented in following. The survey was performed by 
judgment sampling and census for employees of the National Agricultural Product Quality Management 
Service who work in statistics division. Respondent’s average age was 45 years old, and average length of 
service was 20 years. 

Necessity of remote sensing technology, when asked to the working-level employees, 94.3% of them 
responded that the technology is necessary. 84.3% of them answered yes for the possibility of adopting the 
technology. The research said that the remote sensing technology should be practically utilized at least by 
2010, with 2 years of study project and 2 years of pilot project. 

Tasks with remote sensing application are alternating sampling statistics (27.2%), going along with 
sampling statistics (23.5%), prompt production of urgent statistics (20.6%), rational selection of sample 
(18.4%), and inspection of sampling statistics (10.3%). 

The problems of introducing remote sensing technology are insufficient budget (32.9%), special 
characteristic of Korean agriculture with complicated planting system (22.9%), relating problems with 
preexisting statistics production system (12.9%), uncertainty of effect to the cost (12.9%), insufficient 
professionals and related organization (10%), and immature technology (5.7%). 

Integrating these results together, employees-in-charge put premium on the necessity and possibility of 
adopting remote sensing. By solving the possible problems, they seem to hope that the remote sensing 
technology would apply to the every part of their tasks, not just complement to preexisting statistics. 

 
3. Effective Application of Remote Sensing 

 
In this research, we thoroughly considered the utilization of remote sensing on agricultural statistics in 

other nations, the status of remote sensing technology in Korea, and our current system of agricultural 
statistics. We will then provide the effective ways of introducing remote sensing technology in Korean 
agricultural statistics. 

 
3.1 Applicable Fields and Priorities 
 

The applicable fields of remote sensing in agricultural statistics include agricultural area estimation 
and area sampling frame construction, crop area estimation, crop condition assessment, crop yield estimation, 
agricultural disaster investigation and management, and statistical analysis for North Korea agriculture. 

By the technical consideration, the priority of applicable fields to apply remote sensing is ‘agricultural 
area statistics >> crop area statistics >> North Korea agricultural statistics >> agricultural disaster statistics 
>> crop yield statistics’ (Kim and Park, 2005). 

Priority, determined by employees-in-charge is also very important element. The opinion of the 
employee-in-charge, represented by the survey, was ‘agricultural area statistics >> crop area statistics >> 
agricultural disaster statistics >> crop yield statistics >> North Korea agricultural statistics’. Therefore, by 
simultaneously considering technical and practical side, it would be appropriate that agricultural area 
statistics and area sampling frame construction should be the first priority and crop area statistics is second. 

Adopting remote sensing on other statistics like crop yield assessment, agricultural disaster estimation, 
and agricultural statistics of North Korea should be determined with the result of agricultural area statistics 
case and the change of national circumstances. 
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3.2 Applicable Crops and Priorities 
 

Considering the case of other nations, the United States introduced remote sensing technology in corns, 
beans, and wheat for the first time. This selection basically depends on the participation to Cropland Data 
Layer Program (CDLP) of the state. However, the clear thing is that the application rage is being wider and 
wider with major crops which are planted on large acreage (Allen and Hanuschak, 1988). In case of EU, they 
have adopted the remote sensing technology for wheat, barley, and rice for the first time. The reason, in case 
of EU MARS (Monitoring Agriculture through Remote Sensing techniques) Project, is that the most 
important assignment of remote sensing introduction is aim for investigating degree of food self-sufficiency 
and controlling the food supply-demand (Dallemand and Vossen, 1995). 

There is a question of possibility to apply the cases of United States and EU to Korean agricultural 
condition with small farmland and cultivating various kinds of crops. Therefore, we need to consider various 
research result of Japan that has similar agricultural condition. Japan has 99% accuracy for rice paddy area 
estimation using remote sensing, and 90% for field crops. On the other hand, in case of vegetables 
(cabbages), they provide 62.5% using Landsat-7/ETM+, and 74.5% with recent research using Quickbird 
imagery (Kosaka, 2004). 

With the trend of other nations, we should also consider the people-in-charge who will be responsible 
for the tasks. The priority listed from the survey result was ‘rice >> vegetables >> fruits >> wheat >> beans 
>> special products >> cereals’. So considering above results, it seems proper to apply remote sensing 
technology in statistics production related to rice paddy area estimation since Korea is in very basic step 
about these researches and rice statistics is so important. 

 
3.3 Methodology 
 

To yield an accurate agricultural statistics using satellite image, it is necessary to have a specialized 
image recognizing technology for agricultural statistics production and develop statistical methodology 
possible to analyze relationship between remote sensing result and preexisting sampling survey result. 

Statistical method applicable in Korea can benchmark methodology of National Agricultural Statistics 
Service (NASS), working on agricultural statistics production using remote sensing. In NASS, to maximize 
accuracy of agricultural statistics, they estimate final statistics by relating and analyzing ground data from 
the result of sampling survey with classified satellite data. The goal of this methodology is to relate result of 
population based imaging recognition with sample based survey data by using regression estimator. NASS 
developed software called PEDITOR which enables automatic process of these methods (Charles, 2002). 
Korea should make an effort to investigate and develop this solution into a system that is applicable in 
Korean environment. 

Also, recent research is about spatial regression model and influence of spatial autocorrelation 
inevitably occurring in regression. By using this technique, it is possible to improve accuracy than in the case 
of classical regression for discovering the true functional relation between remotely-sensed data and ground 
observations (Lei and Peters, 2004). 

In case of image recognition technology, we should benchmark know-hows of the United States and 
EU as well as actively utilizing Japanese research result that has similar agricultural condition with Korea. 
For example, after applying SPOT image and SAR image, SAR image in two periods, and SAR image and 
GIS data, Ishitsuka (2004) has provided the result that simultaneous usage of SAR and GIS data is the most 
precise way of estimating the rice paddy area. 
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3.4 Application of KOMPSAT-2 Imagery 
 

According to the long-term program of Space Development of Korea, KOMPSAT-2 (KOrean 
MultiPurpose SATellite) has been successfully launched the 28 July 2006. KOMPSAT-2 acquires imagery in 
black and white (Pan) at a resolution of 1m and in color (MS) across 4 bands in the visible (red, green, blue) 
and near-infrared at a resolution of 4m. Simultaneous acquisition of Pan and MS images means that merged 
1m images are available as a standard product. KOMPSAT-2 images cover a footprint of 15 km x 15 km. 

In Korea, except several large plains, most farmlands are small and cultivate various kinds of crop. 
Mid- and low-resolution satellite imagery has been utilized only for large-scale farmland. However, 
KOMPSAT-2 high-resolution image can help not only to produce more accurate acreage estimates and yield 
assessments, but also to improve the cost-effectiveness of remote sensing by using nation-owned satellite 
imagery. 

 
4. Next Project 

 
The next project, which is on going, focus on conducting pilot research to introduce remote sensing 

into Korean agricultural statistics. Several results will be produced from the integration of KOMPSAT-2 
satellite data into the agricultural area and rice paddy area estimation.  

The results will show the comparison of conventional survey and satellite based estimates, proper 
methodology for using high resolution image, the possibility of substitution between image interpretation 
and field measure and so on. 
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1. Introduction 

The Economic Sentiment Indicator (ESI) is a composite indicator derived from Business and 
Consumer Surveys (BCS). Qualitative data on businessmen’s and consumers’ perceptions of their economic 
environment are translated into quantitative indicators. These are: Industrial Confidence Indicator – ICI, 
Construction Confidence Indicator – BCI, Retail Trade Confidence Indicator – RTCI, Consumer Confidence 
Indicator – CCI and Services Confidence Indicator – SCI. All the indicators are calculated1 as a simple 
average of seasonally adjusted balances2 of two, three or four variables in BCS. These indicators are ESI 
components. BCS are qualitative surveys and widely used means for explaining and forecasting national 
economic activity. ESI makes it possible to forecast economic activity3 about one or two quarters before 
GDP statistics are published.4 Composite indicators must be occasionally revised in order to improve their 
prediction performance.  
 
2. ESI Components and the ESI weighting system  

The European Commission conducted business surveys in accordance with the Joint Harmonised EU 
Programme of Business and Consumer Surveys at the level of EU for the first time in 1962 for different 
sectors of national economies. National institutions are conducting surveys in the same way. In order to 
reflect and represent total economic activity components of indicators for different sectors, are used to 
calculate ESI. The ESI was designed in 1985, and has had some modifications since then. In accordance with 

                                            
1 In accordance with the EU methodology (The Joint Harmonized EU Programme of Business and Consumer 
Surveys, Reports and Studies. (1997). European Economy. European Commission, Directorate-General for Economic 

and financial affairs). 
2 Balance is a difference between weighted percentages of positive and negative answers of firms on corresponding 

variables.  
3 Business surveys produce valuable forecast information on direction of changes of economic activity. 
4 EU experience. 
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the EU methodology5, ESI is calculating in three steps: 

(1)  
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“In the last step the resulting weighted average is scaled to have a long term mean of 100 and a 
standard deviation of 10, where the same sample is used as for the standardisation of the individual 
components in step 1”.7 Values greater than 100 indicate an above-average economic sentiment, whereas 
values below 100 indicate a below-average position. The ESI series can be compared with the corresponding 
referent series published by the official National Bureau of Statistics, or at the EU level. A series of GDP 
indices is a referent series because it reflects all the movements in the economy as a whole. 
 
3. ESI and modified ESI for Croatia 

In the calculation of ESI for Croatia8 we used variables and the weighting system which reflect 
structural changes in the Croatian economy in the observed period. We compared two approaches in 
constructing ESI, the old one and the modified one. Some methodological adjustments were carried out 
according to the specific features of Croatian economy. Consumer surveys in Croatia started later and have 
therefore not been included in the calculation of the ESI for the first time. On the other hand, surveys in the 
services sector have not started at all. Therefore, the structure of weights has been modified and adjusted to 
what we consider as appropriate for the Croatian economy. Croatian ESI includes only three indicators (ICI, 
BCI and RTCI; quarterly data) 9. The weighting system reflects structural characteristic of the Croatian 

                                            
5 The Joint Harmonised EU programme of Business and Consumer Surveys - User guide 25/01/2007, pp. 14. 
6 Seasonally adjusted series of balances (variables). 
7 The Joint Harmonised EU Programme of Business and Consumer Surveys - User guide 25/01/2007, pp. 14 
8 Business surveys in Croatia are conducted quarterly, from 1995 in manufacturing industry, construction and in retail 

trade. ESI don’t include CCI because Consumer survey started 1999 and time series of CCI components is not enough 

long. Surveys are essentially based on harmonized EU methodology. 
9 Series of balances are seasonally adjusted with DAINTIES. 
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economy during the period under observation. The manufacturing industry has the highest influence on the 
overall economic activity. The weighting system for the ESI is 35.025.040.0 === RTCIBCIICI www  
and for the modified ESI with the Consumer Survey results is 

15.015.030.040.0 ==== RTCIBCICCIICI wwww . 
 
4. Some empirical results 

In the modified ESI we included CCI variables, compared results of the modified and the old ESI, and 
considered predicted changes in the direction of GDP10 (with one or two quarters lead). The time series of 
consumer survey results are shorter than the series of other ESI components, so we calculated the old and the 
modified ESI for the period from 1999/II until 2006/IV (quarterly data).11 The frozen period is from 1999/II 
until 2006/I. 

The old and modified ESI quarterly series (1999/II=100) are compared with the corresponding series 
of GDP indices (1999/II=100) as published by the Croatian Bureau of Statistics (see figure 1). ESI was 
regressed against quarterly indices of GDP (1999/II = 100, see table 1)12. We calculated percentages of 
successful predictions of the change in the direction of GDP13 with 0, 1, and 2 quarters lead (see table 2). 
The highest 2R is for old ESI with the lead of one quarter. With the lead of one quarter, in around 70% of 
the cases, ESI predicts correctly the changes in the direction of GDP.  

 
Table 1  Coefficients of determination between ESI and GDP indices (1999/II=100) by the 
number of leads in quarters 

2R   
Number of leads of ESI 

ESI and GDP Modified ESI and GDP 

0 0.66890 0.66512 
1 0.67062 0.61077 
2 0.61455 0.58467 

 
Table 2  Percentage of realized and predicted changes in the direction of GDP indices 

% of realized and predicted changes  
Number of leads of ESI 

ESI  Modified ESI  

0 44.83 62.07 
1 71.43 50.00 
2 55.56 44.44 

 
Arithmetic mean, range and variance for the modified ESI are smaller than for the ESI, but the 

coefficient of variation for the modified ESI is greater than the ESI coefficient of variation.14 

                                            
10 GDP is seasonally adjusted using DAINTIES. 
11 The timing of Business Survey and Consumer Survey in Croatia is not harmonized, so we had to shift the business 

survey results by one quarter forwards to compare it with the consumer survey results. 
12 The independent variable is statistically significant at the level of significance of 5%, for all regression analysis. 
13 Business survey data refer to the changes of a variable. Here it is important to track the direction of changes in the 

variable and in the industrial production. 
14 For the modified ESI mean is 114.07, variance is 166.99, range is 51.85 and coefficient of variation is 11.33%. For 

the ESI mean is 139.87, variance is 225.48, range is 65.31 and coefficient of variation is 10.73%. 
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Figure 1 ESI, ESI (revised) and GDP indices (1999/II=100) 
 
     While analyzing forecasting accuracy the direction-of-change test can be used.15 Since n is small, 
an exact test of independence is applied. For the modified ESI in forecasting changes in GDP for the one 
quarter lead, null hypothesis is accepted at the level of significance 0.05 (p-value is 0.8396). For the 
modified ESI, null hypothesis is not accepted at the same level of significance (p-value for the one-quarter-
lead is 0.0361).  

It seems that the old ESI has better predictive characteristics than the modified ESI. This assessment 
is based on the consideration of greater percentages of correctly predicted and realized changes in the 
direction of GDP, smaller measures of variability and better results of the direction-of- change test.    
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RÉSUMÉ  

La comparaison de deux approches de calculation de l'indicateur ESI font l'objet de cette étude. La structure de 
l’ESI ainsi que le système de pondération ont été modifiés. Il a été constaté que par le biais des procédés 
statistiques et analytiques détérminés, les indicateurs ESI non modifiés faisaient preuve d'une meilleure qualité 
prévisionnelle. 

                                            
15 The direction-of-change test is equivalent to the standard 2χ test of independence in the standard 2x2 contingency 

table (Šošić, I., Čižmešija, M., 2003) 
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1. Introduction  
Expectations of individual agents have been shown to play a crucial role for macroeconomic model 

building and economic policy and therefore a considerable debate has been generated about the appropriate 

modelling of their formation. They can be used to extract quantitative indicators of the current state of the 

economy and forecasts of the expected future state of the economy. 

We use data from the Bank of Italy’s business surveys, regarding manufacturing firms with 50 

employees or more for the years 1994-2005. Investment plans are collected in discrete form from the 

September survey and as levels from the extended survey carried out six months later, from which realised 

investment are derived as levels too. The plans expressed in September are more relevant for the analyst 

because they anticipate the investment behaviour for the following year. The paper pursues a double aim. 

The first one is primarily empirical: survey information on investment plans are used in the formation of 

short-term economic prospects, thus a relevant interest exists in assessing their reliability to predict aggregate 

investment growth. This step of the analysis also requires testing unbiasedness and efficiency of 

expectations. The other aim is to estimate models of rational expectations in order to understand the 

mechanisms underlying the genesis of firms’ investment plans. Using only plans in discrete form and 

recoded realisations, we use log-linear probability models, suitable for contingency table analysis. 

2. The significance of the bias of investment plans 
If we use only units participating in two consecutive surveys and recode realised investment, we can 

compare: the balance between percentages of firms planning investment growth and investment decrease and 

the same balance calculated for realised investment. Both balances can be expressed as averages of a variable 

taking values: -100 for “decrease”, 0 for “stability” and +100 for “increase”. As an alternative, using plans in 

collected as levels, we can directly compare the average planned investment variation with the realised one. 

In both cases, we can test whether expectations are biased by using the statistic: 
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where hid
−
is the mean of the difference between plans and realisations for the firm i occurring h times in the , 

with a quite peculiar standard error form, depending on the weights hiw , which are in their turn determined 

by the correlation at various time lags of the difference between plans and realisations. The test enables us to 

assert that plans tend to be affected by a significant positive bias, which decreases when plans is revised in 

the extended survey. The sources of positive bias are multiple. The first might be embedded in the response 

process, where a mechanism of “social desirability” could be at work compelling the respondent to cast 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 5197 -



 

 

himself in a favourable light (see Cannell et al., 1981). An additional source of bias is the September 

interview period, immediately before the budgeting process, a timing which might favour the venting of 

exuberant moods, only in part corrected when plans are later revised. On the other hand, a systematic 

tendency for people to be over-optimistic about the outcome of planned action is well known in the 

managerial literature and the formulation of plans to be exactly fulfilled could not be the best entrepreneurial 

strategy, if it comes with heavy costs of information collection. A recent strand of industrial economics 

suggests that this behaviour might stem from strategic misrepresentation (Flyvbjerg, 2003) and, more 

specifically, from the fact that entrepreneurs deliberately overestimate their future realizations in order to be 

able to diversify over different projects (Rötheli, 1998). 

3. The error pattern for investment plans 
If we restrict out attention to discrete plans and recoded realisations for units participating in two 

consecutive surveys, plans and realisations can be represented by a two-way table with K rows and columns 

for every year. We can test for various forms of properties of the forecasting error of plans: 

Strict symmetry: jinn jiij ≠∀=  
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Dealing with discrete ordinal variables, this property reveals whether errors of same magnitude but 

opposite sign occur with equal frequencies. 
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This property implies that the median of the forecasting error is zero and therefore, since it is not 

affected by extreme values, can be verified even in presence of a bias measured on the means. Using the 

power – divergence index (Tomizawa et al., 1998): 
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after suitable collapsings of the table cells for the last two forms, we can test for the presence of all the three 

forms of symmetry. An index can also be calculated, varying between 0 and 1, to localise the couple of 

symmetrical cells most responsible for the lack of symmetry, not shown for brevity (see table 1, with values 

only for 1=λ , since the rest are similar). Strict symmetry is always absent and the analytical indices shows 

that this is caused primarily by the fact that seldom does the plan=“stable” tend to come true, but rather splits 

into realizations of “much higher” or “much lower” and, on a smaller scale, plans such as “slightly lower” 

and “slightly higher” tend to be rather implemented into more extreme forms (respectively “much lower” and 

“much higher”). For a few years only diagonal symmetry is present, whereas, as one could have expected, 

weak symmetry is almost always verified. 

4. The modelling strategy 
A natural step forward (Pesaran and Weale, 2006) is to understand the mechanism of expectation 

formation by trying some form of modelling of statistical relations. Our interest focuses on what kind of past 

events determine plans, namely whether they merely tend to reproduce past realizations or, in a certain 

measure, are determined by past errors and an underlying learning process from past errors can be identified 

at the single firm’s level. This analysis too is carried out by joining adjacent cross-sections and using discrete 

plans formulated in September and recoded realisations. Since data can be arranged in multi-way tables, we 

find that the loglinear model is the most flexible instrument for this kind of data structures (Agresti, 2002). 

The logarithm of the probability can be decomposed into additional effects, either marginal or allowing 

interactions among two or more variables, like in the ANOVA analysis. All the possible interplays between 

investment plans and related variables can therefore be explored, and the economic theories of expectation 

formation can be tested. Loglinear modelling has already been used in the past for firms’ price expectations 

and production plans (Nerlove, 1983). In order to have tables not too sparse and get valid statistical tests, we 
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work on a more synthetic version of the variables, with 3 categories (1=lower, 2=stable, 3=higher), instead of 

the original 5. We tested the following models: extrapolative (plans as linear combinations of past 

realisations), adaptive (plans as linear combinations of both past plans and realisations), error – learning 

(plans revised on the basis of the past forecasting errors). Models take the following form following Agresti, 

2003:  

Extrapolative : 2111211  
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Where, at time t, *
tX  represent the plan, tX the corresponding realization, 

*
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*
ttPt,t XXI 111 −++ −=∆ and finally 

*
tttt,t XXI 11 −− −=Φ . Interactions play the role of the dependent and the 

covariates in the equivalent regression modelling, and likewise the associated partial Kendall’s τ and chi-

squares take the place of the regression coefficients and the associated t values (table 2). The latter index 

varies between -1 and 1 and enables to measure the association between two ordinal categorical variables X 

and Y, controlling for a third variable Z of the same nature (Agresti, 1977). The relatively superior strength of 

the Error learning model emerges, because its singular interaction stably presents the highest values both for 

partial τ and chi-square, with the lowest variability across the years. Similar results were found by Nerlove 

(1983) respectively for forecasts over the general price level and for the firms’ production plans. We finally 

tested the global data fitting capability of these models, by measuring how well the contingency tables 

{ }hijn are reconstructed by the predicted { }hijn̂  from the models. We calculate three distinct indicators of fit 

with different properties (MSE, 2χ  and Freeman-Tukey statistic) and then look at their sample distributions, 

estimated through parametric bootstrap data (Forman, 2003).  We conclude that the Error learning model is 

slightly preferable under the point of view of the capability of modelling the contingency table at the base of 

the model. A robustness assessment through the cross-validation approach (Stone, 1974), which requires the 

partition of the sample into a “construction” sub-sample and a “validation” sub-sample in all the possible 

ways confirms the previous results. 

 
Table 1 

Tomizawa’s measures of departure from symmetry (realizations and September plans)  

 Strict symmetry  Diagonal symmetry  Weak symmetry  

1994 0.815 * 0.004   0.002   

1995 0.798 * 0.118 * 0.012   

1996 0.710 * 0.061 * 0.030   

1997 0.675 * 0.026   0.016   

1998 0.685 * 0.041 * 0.008   

1999 0.693 * 0.034   0.000   

2000 0.692 * 0.030   0.011   

2001 0.738 * 0.073 * 0.015   

2002 0.738 * 0.040 * 0.021 * 

2003 0.733 * 0.055 * 0.040 * 

2004 0.685 * 0.025 * 0.004   

2005 0.734 * 0.013   0.003   

 The asterisk indicates significance at 5 per cent confidence level. 
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Table 2 

Models of expectation formation for September plans of investment variation: Chi-square and Kendall’s partial τ for the 
interactions  

Extrapolative model Adaptive model Error learning model 

t+1X*t * Xt-1 t+1X*t * Xt-2 t+1X*t * tX*t-1 t+1X*t * Xt-1 t+1,t∆Ip * t,t-1ΦI 

 

Years 

Chi-square Partial τ Chi-square Partial τ Chi-square Partial τ Chi-square Partial τ Chi-square Partial τ 

1996 16.26 * -0.11 4.29 -0.06 21.72 * 0.21 16.26 * -0.14 26.36 * 0.26 

1997 12.12 * -0.11 5.84 0.04 10.02 * 0.11 12.12 * -0.15 27.24 * 0.22 

1998 3.62 0.01 3.93 -0.04 10.37 * 0.11 3.62 0.00 15.69 * 0.23 

1999 4.23 -0.08 2.64 0.02 16.37 * 0.13 4.23 -0.10 21.07 * 0.26 

2000 3.39 0.01 1.96 -0.02 4.72 0.08 3.39 -0.01 23.10 * 0.24 

2001 --- -0.13 5.78 -0.09 12.27 * 0.14 --- -0.14 20.38 * 0.22 

2002 4.26 0.01 3.82 -0.01 25.92 * 0.20 4.26 -0.03 17.06 * 0.23 

2003 5.01 0.01 7.98 -0.05 24.33 * 0.05 5.01 -0.00 43.19 * 0.20 

2004 1.24 0.00 4.21 -0.03 35.20 * 0.13 1.24 -0.03 50.62 * 0.23 

2005 3.60 -0.03 4.56 -0.03 54.54 * 0.21 3.60 -0.05 30.76 * 0.26 

 Mean 5.97 -0.04 4.50 -0.03 21.55 0.14 5.97 -0.07 27.55 0.24 

Variation 

coefficient 77.11 -132.91 36.08 -132.56 64.91 37.94 77.11 -89.51 38.97 8.13 

The asterisk indicates an effect significant at the 5% level.   --- stands for interaction not estimated because of incomplete data. 
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RÉSUMÉ (ABSTRACT) 
La littérature économique a consacré beaucoup d’espace au problème des attentes des agents économiques, selon 

les diverses modèles de comportement. L’attention la plus récente a été toujours plus focalisée sur l’utilisation des 

enquêtes à fin d’essayer les théories sur des données réelles. Dans ce filon de recherché, notre travail puise dans la 

richesse de données dérivante de la fusion de l’enquête conjoncturelle et de celle quantitative menées par la 

Banque d’Italie sur les secteurs industriel e des services.  Cette fusion d’archives nous permet de disposer de plan 

et réalisations pour chaque entreprise qui participe aux enquêtes. Noun nous bornons aux investissements et 

l’évidence initiale suggère que les plans formulés au cours de l’enquête conjoncturelle de Septembre se situent sur 

des niveaux moins extrêmes que leurs correspondantes réalisations, mais ils souffrent d’un biais positif ayant des 

traits de systématicité. Ce biais-là tend à diminuer lorsque les plans sont formulés au commencement de l’an au 

quel ils se réfèrent, même s’il ne disparaît du tout. Nous donnons quelques éléments pour comprendre la genèse de 

cette distorsion et discutons la structure de l’erreur de prévision. L’efficacité des principaux modèles de formation 

des attentes (extrapolatif, adaptatif, d’errer-Learning)  est enfin évaluée et il en dérive que les entreprises forment 

leurs plans d’investissement sur la base des erreurs de prévisions du passé, plutôt que sur les réalisations 

précédentes.  
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Introduction

In a general service environment, individual clients or client businesses contract with a service provider
(SP) to gain access to the provider’s on-line service. A client is often provided with a service level
agreement (SLA), which in its basic form stipulates the payment to the SP per job unit for beginning
the service of the client’s request within a certain time of its arrival and the penalty that the SP pays to
the client otherwise. Such general framework stands for many scenarios, such as the data base access,
on-line financial information, access to a computer program (”applications on tap”), voice or video
connections [6], hosting e-commerce web sites of client businesses [5] and servicing high productivity
computing (HPC) multiprocessor jobs.
A customer behavior model (CBM) summarizes the choices that a typical customer makes when
presented with a price curve which relates a given service level to its price per job unit. The price
curve is presented by the SP. As the SP varies the price curve, the job arrival rate and the distribution
of the service levels change consequently. For example, if the SP raises the price of a premium service,
some customers who depend on it are going to leave and subscribe to a service with a competitor or
maintain their own system. Therefore, the rate of arriving jobs will decrease. Other customers would
choose a lower service level, which is now relatively more attractive. Thus, the distribution of service
levels would give more weight to lower service levels.
Observe that these rate and distribution are functions of the entire price curve. Therefore, we are
faced with a problem of mapping a price curve, which is a function, into an unnormalized distribution,
also a function. In this work we propose an approach for carrying out such estimation. To date, to
the best of our knowledge there has been proposed only a brute force approach of [3, 9] of fitting
a regression model to a discretized version of the problem (finite number of service levels). In [9] a
polynomial of degree 17 was fitted to capture interaction effects of prices corresponding to different
service levels. Expectedly, the quality of the fit was suspect as admitted by the authors.
CBMs are used routinely in a variety of studies including [2, 6, 4, 7, 8] and many others, although
they are usually obtained in a heuristic manner or are just assumed to be available without giving
much guidance as to how they might be estimated.
Additionally, the ultimate use of a developed CBM is revenue maximization by the SP. Thus, we
represent price curve so as to allow a subsequent learning optimization routine to administer local
changes to the price curve.

Model Development

A customer faces a tradeoff between faster service and a higher cost at which it comes. Here d is
an abstract notion of a delay and p is the abstract cost to the customer for choosing a service level
associated with delay d. We only require that the customer prefer a smaller cost and a service level
associated with a smaller delay.
Let function u(d) be the utility of receiving the service level associated with delay d. Since additional
delay units are expected to matter progressively less, u(d) is assumed to be convex (and decreasing).
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The set of choices for a customer includes leaving without receiving a service. It is denoted by
d = d−. Define uθ(d−) = 0 as the customer receives no benefit. The SP specifies price curve p(d) for
entering the SLA associated with delay d. Of course, p(d−) = 0. Given the price curve, the set of
feasible delay-cost points is {(d, p(d)) : d ≥ 0 ∪ d = d−}. A rational customer chooses optimal delay
d∗ = arg maxd u(d)− p(d). A similar setup is used in [2].
Our goal in this paper is to infer customer behavior summarized by the utility functions. In the
ideal world, one could ask customers to provide their utility functions. This is a clearly unrealistic
scenario. First, the customer may be unwilling to cooperate. Second, the customer may not be able
to formulate his relative preferences in terms of a utility curve. Third, preferences may change over
time. Therefore, we propose to infer customer utility functions from the choices that customers make
when offered some price curve(s).
Assume there exists a collection of customer utility functions uθ(d) indexed by parameter vector θ.
A random customer i arrives and makes ni delay choices di = (dij , 1 ≤ j ≤ ni) according to his
preference type θi. Let f denote the density of the chosen delay. Assume that when faced with a price
curve p(d) and given that the customer chooses to receive service, the customer with utility function
uθ makes a near-optimal choice according to the following distribution

d|θ, p(·), d 6= d− ∼ f(d|θ, p(·), d 6= d−) ∝ G

(
uθ,p

0 − (uθ(d)− p(d))
σ

)
,(1)

where uθ,p
0 = maxd≥0∪d=d− uθ(d)−p(d) is the optimal utility gain and a nonnegative decreasing kernel

function G and a parameter σ give the extent of departure from optimality. Note that the argument
uθ,p

0 − (uθ(d)− p(d)) in the departure is given by the loss of utility as opposed to the nominal distance
|d−d∗θ|. Here G is a nonnegative decreasing function implying that the customer is unlikely to choose d

far from the optimum. However, we allow for some degree of nonoptimality as a customer is expected
to have difficulty in comparing near-optimal alternatives and would generally depart from the optimal
choice by a small margin.
To complete the definition of delay density f , we have to define the probability of leaving. Let
d∗+ = arg maxd≥0 uθ(d) − p(d), where the maximum is only taken over the choices where service is
received. We model the odds of receiving service as being proportional to the ratio of the best G-value
among the available service levels and that of leaving:

P{d 6= d−|θ, p(·)}
P{d = d−|θ, p(·)}

=
G
([

uθ,p
0 − (uθ(d∗+)− p(d∗+))

]
/σ
)

G
([

uθ,p
0 − (uθ(d−)− p(d−))

]
/σ
) =

G
([

uθ,p
0 − (uθ(d∗+)− p(d∗+))

]
/σ
)

G
(
uθ,p

0 /σ
)(2)

Our goal is to learn the distribution π of θ since it characterizes customer behavior. Indeed, if we
know π, we can compute the distribution of the chosen service levels for any given price curve via
f(d|p(·)) =

∫
f(d|θ, p(·))π(θ)dθ (we will know the normalizing constant in (1)). Assume that π comes

from a family parameterized by hyperparameter τ , π(θ|τ). Let ξ(τ) denote the prior distribution on τ .
Upon seeing N customers with observed delay vectors d = (di, 1 ≤ i ≤ N), the posterior distribution
of τ becomes

ξ(τ |d) ∝ ξ(τ)
∫

f(d|θ, τ)π(θ|τ)dθ = ξ(τ)
N∏

i=1

∫
π(θi|τ)f(di|θi)dθi =(3)

= ξ(τ)
N∏

i=1

∫
π(θi|τ)

ni∏
j=1

 1
K(θi,pij)

G

(
u

θi,pij
0 −(uθi

(dij)−pij(dij))

σ

)
1{dij 6=d−}+

P{dij = d−|θi, pij}1{dij=d−}

 dθi,

where 1 is the indicator function. The required distribution over θ is then

π(θ|d) =
∫

π(θ|τ)ξ(τ |d)dτ.(4)
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As explained above, the model for p(d) should allow for straightforward introduction of local changes
to the curve. It is easy to see that without loss of generality the optimal p(d) can be restricted to
be nonincreasing, for curve p′(d) = mins≤d p(s) results in the same choices for all utility curves. We
typically expect p(d) to be convex. To impose derivative constraints on p(d) and enable local changes
during the optimization step, we use a particular wavelet basis and restrict expansion coefficients.
Specifically, we use one of the ϕ(x) defined in [1] that satisfies conditions set out in Lemma 1 of [1].
It is shown in [1] that for any integer k, function

p(d) =
∞∑

j=−∞
cjϕ(2kd− j)(5)

is nonnegative nonincreasing if cj is a nonnegative nonincreasing sequence. Since in practice only
finitely many cj are nonzero, we also note that if the support of ϕ is [−a, a], p(d) is nonnegative
nonincreasing for d ∈ [0,+∞) if the first nonzero cj occurs for j ≤ −a, and from that point on cj

are nonincreasing. It is also shown that if cj is a convex sequence, i.e. increments cj − cj−1 are
nondecreasing, then p(d) is convex. We observe that by varying coefficient cj , p(d) is only changed
over [−a/2k, a/2k].
Due to space limitations we have to be brief in the following outline of the estimation procedure.
Restricting the form of π(θ|τ) to π(θ|τ) =

∑
k τkπk(θ) for known πk with

∑
k τk = 1, we obtain

ξ(τ |d) ∝ ξ(τ)
N∏

i=1

∑
τk Ik(di) and are able to express (4) as

π(θ|d) ∝
∑

l

πl(θ)
∫

τlξ(τ)
N∏

i=1

K∑
k=1

τkIk(di)dτ ,(6)

where Ik(di)=̂
∫

πk(θ)f(di|θ)dθ can be readily evaluated, so that the integrand in (6) is a polynomial
in τk. In principle, it can therefore be evaluated analytically. However, the number of terms in it
may be prohibitive as in our case studies. Therefore, we use Gibbs sampler to evaluate the integrals
simplified by observing that those are the means of τk under ξ(τ |d).

Results

We apply our methodology to computational grid data for a set of four price curves for training and
another set of five curves for testing. Each of the 1,500 customers makes between one and nine choices
for the nine price curves. Table 1 summarizes the case study. As one can see, we obtain very good
agreement between the estimated and observed quantities. We also note that the chosen price curves
are quite disparate, much more so than would typically be expected in an operational grid environment
where only gradual changes to a price curve would typically be introduced 1.
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pc1 pc2 pc3 pc4

Delay (est) .74, .94 1.05, 1.13 2.03, 1.34 .95, 1.08
Delay (obs) .74, .90 1.03, 1.08 2.04, 1.30 .90, 1.04

P{leave} (est) .11 .25 .30 .51
P{leave} (obs) .08 .22 .31 .54

Revenue (est) .91 .89 .57 .76
Revenue (obs) .93 .91 .56 .72

pc5 pc6 pc7 pc8 pc9
Delay (est) 1.17, 1.19 1.58, 1.31 .64, .86 1.48, 1.28 .57, .79
Delay (obs) 1.13, 1.10 1.63, 1.28 .63, .80 1.45, 1.24 .53, .71

P{leave} (est) .08 .18 .27 .44 .53
P{leave} (obs) .08 .18 .25 .47 .56

Revenue (est) .72 .69 1.02 .69 .82
Revenue (obs) .72 .68 1.04 .66 .78

Table 1: Comparison of the estimates against simulation for the 9 price curves (pc1-pc4 are the
training set, pc5-pc9 are the test set). Rows 1, 2: Mean and standard deviation of the chosen delay.
Rows 3 and 4: The probability that a customer leaves without receiving service. Rows 5 and 6: Mean
revenue from one transaction. Similar for the bottom half.
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RÉSUMÉ (ABSTRACT)

In a general on-line service environment, a service provider (SP) offers a set of service levels
to customers at various prices. Higher priced service levels typically include a guarantee for faster
response/completion times. An SP faces a problem of pricing different service levels. Such a price
schedule greatly impacts the job flow and the revenue of the SP. In this work we propose a nonpara-
metric Bayesian method of estimating the distribution of customer choices, which include the offered
service levels and leaving without receiving the service, for any given price schedule. The data ex-
clusively consist of actual choices that customers make when presented with some price schedule(s).
Given this characterization, the SP is able to provision resources and optimize scheduling for a given
price schedule and ultimately choose the price schedule that optimizes the revenue. The problem is
motivated by network service and utility computing environment applications. Statistical challenges
include estimating a map of a price schedule into an unnormalized distribution of chosen service levels
- a function into a function, as well as enabling straightforward subsequent optimization.
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Introduction

Traditional productivity studies have typically used aggregate - and/or industry - level data to study the
sources and patterns of productivity growth. However, theoretical studies of industrial organization have sug-
gested that aggregate productivity growth typically stems from behavior at the firm - or plant - level (Baldwin
and Gu, 2006). In this paper we will focus on labor productivity (LP from now on), which is only one com-
ponent of Total Factor Productivity (TFP). The fact that LP varies widely between plants and companies is
well-known (Bottazzi et al., 2002). Recent years have seen a relevant increase in studies on productivity. This
is partly due to rising availability of longitudinal micro-level data (LMD). This paper is a preliminary attempt
to give an answer to the some questions about productivity dynamics, using the large data base of company
accounts constructed by Research Center of Unioncamere. In our study we investigate the distribution of LP
in two important Italian manufacturing sector: mechanical (NACE Rev. 1.1 code: DK29) and textile (DB17).
These industries are very relevant in Italian economy because in 2004 they cover, respectively, 20.3% and 5.2%
of total national exports. Furthermore, they reflects two neatly different type of production processes: textile
is defined by OECD as a “low technology skill” industry, while mechanical is considered as a “high-medium
technology skill” industry. Available data from the Unioncamere Database (UD) allow to compute LP mea-
sured by different output (value added, sales, gross output) per employee. Two statistical tools has been applied
in this paper to discover the underlying generating process of productivity growth: transition matrices (section
3) and a mathematical decomposition of productivity growth suggested by Baily et al. (1996), (section 4).

Data description and productivity dynamics

Data for our research is taken from the administrative file of company accounts of Cerved, which is
the largest and most accurate database of company accounts in Italy, suitably processed from the statistical
point of view by Unioncamere. For more detailed information about the data, see (Ganugi et al., 2005). The
source of data in our research is the universe of companies of the Italian mechanical sector (DK29) and textile
sector (DB17) in operation in the period 1998-2004. The database contains firms which enter the set after
transformation of their juridical type (individual firms or partner-ship becoming companies), companies which
follows an opposite procedure and consequently exit from the set, and firms which enter and exit in the same
period (mergers, wind-up, bankruptcy). Each company has a unique identification number. We identify entry
and exit by linking successive years together. A unit with a new identification number (ID) in t, is called
“entrant”. If an ID present in t− 1 has disappeared in t, the corresponding company is an “exitor”. However,
it is also possible to be absent in t-1 and t+1, i.e. an entrant that exits after one year. This latter category
is thus both an entrant and an exitor and is called “one-year-only”. If the ID is present in each year of the
period, the unit is a “survivor”. A unit whose ID is present in t−1, t, t +1 is called “stayer”. Consequently, the
number of establishments in t consist of stayers plus entrants plus exitors less one-year-only firms. LP estimates
are derived as the ratio of a measure of output and inputs. In order to make our computations comparable to
previous study about productivity dynamics in firms panel data, we focused on LPAV computed as added value
per employee. To take the inflationary dynamics into account, it is necessary deflating the nominal added value
at the industry level. We deflated the added value with an industry implicit price deflator of double deflation.
For each company group we computed the above cited deflated productivity index called LPAV00 (constant
2000 prices). Weighted means for each year are reported in Table 1. In the whole period (1998-2004) the LPAV
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Table 1: Average labor productivity in terms of added value for different types of companies (textile industry:
DB17; mechanical industry: DK29). Thousands of Euro.

DB17 DK29
years all stayers entrants exitors survivors all stayers entrants exitors survivors
1998 38.7 - - 33.2 41.1 48.7 - - 41.5 49.0
1999 39.0 39.8 29.2 32.3 40.6 49.8 50.2 39.8 50.4 50.3
2000 40.5 41.7 20.5 27.0 42.8 50.7 51.6 33.6 48.7 52.6
2001 39.8 40.2 30.5 37.7 41.5 51.0 51.4 41.6 47.7 51.6
2002 38.0 38.5 35.0 30.0 40.2 50.7 51.2 42.3 45.7 51.7
2003 35.5 36.8 25.2 26.7 37.4 48.0 48.8 37.6 40.6 49.5
2004 35.6 - 29.0 - 37.1 49.1 - 36.8 - 50.9

Tot. ∆ -7.9 -7.6 -0.6 -19.6 -9.7 0.9 -2.7 -7.5 -2.3 3.9
Yearly ∆ -1.2 -1.6 -0.1 -3.6 -1.5 0.1 -0.5 -1.3 -0.4 0.6

Table 2: Transition matrices 1998-2004 with respect to LPAV percentiles
DB17 - ’04 DK29 - ’04

20% 40% 60% 80% 100% Exit 20% 40% 60% 80% 100% Exit
20% 14.6 10.1 6.3 2.7 4.1 62.2 17.7 11.8 6.8 4.5 4.5 54.9
40% 11.7 19.6 18.1 7.5 4.2 39.0 9.4 22.8 21.0 10.2 4.9 31.7

’98 60% 7.6 12.3 21.9 17.7 9.2 31.4 4.4 12.6 24.8 22.5 8.4 27.4
80% 5.2 7.6 15.0 26.8 18.3 27.2 3.5 6.9 14.2 30.3 21.6 23.4

100% 4.5 4.6 7.1 19.6 37.8 26.5 3.5 4.1 6.9 16.6 42.0 26.9
Entr. 29.3 24.2 17.3 14.5 14.8 29.1 22.9 17.9 14.6 15.5

at prices of year 2000 of all companies is decreased of by 7.9% in the textile industry (yearly -1.2%), while is
totally increased of only 0.9% in the mechanical industry (yearly +0.1%). Thus, the variation of LP in Italian
mechanical and textile companies showed a strong slowdown.

Productivity growth in the period: evidence from transition matrices

Table 2 shows 7 year transition matrices built on LPAV00 for the two analyzed industries (left panel:
DB17; right panel: DK29). Each diagonal cell shows the fraction of companies in the percentile remaining in
the same percentile 7 years later. Figures in the top row and first column show the 20th, 40th etc. productivity
percentiles, with the 20th being the bottom productivity percentile and the 100th being the top. The percentile
positions of entrants and exitors are also shown. Consider the top left cell of Table 2. This shows that 14.6% of
companies in the lowest productivity percentile (20th) were still in the lowest percentile after 7 years. Working
along the row, the next cell shows that 10.1% of companies in the lowest percentile in 1998 moved up into the
second percentile (40th) in the last year. Note (column entitled 100%) that only 4.1% of companies move into
the top class. The column headed Exitors shows that 62.2% of textile companies from bottom class exited. For
mechanical industry figures are rather similar.

The most evident difference regards the frequencies of exits from the first two lowest percentiles which
are smaller for sector DK29. A number of interesting features emerge from the analysis transition matrices.
First, the diagonal elements are the highest elements, indicating that between 15% and 38% (DB17) and be-
tween 18% and 42% (DK29) of companies stay in the same class for these 7 year gap. Second, much fewer
establishments move percentiles; the off diagonal elements are all smaller than the diagonal elements. It is also
interesting to note that, excluding exitors and entrants, the upper triangular part of the matrix for DB17 contains
in most cases (7 out of 10) lower values of the corresponding cells of the lower triangular part. This means that,
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in the considered period, survivors reduces on average the productivity as it is pointed out in Table 1. On the
opposite, survivor companies of DK29 increase their productivity from 1998 to 2004 as confirmed by the cells
of the upper triangular part of the transition matrix which are always greater than those of the lowest triangular
part. Finally, the last row contains the entry rates. The first column shows the fraction of companies in the
first percentile, who entered at some point over the period (about 29% for both industries). The distribution
is monotonically decreasing passing from the highest frequency for the first percentile to the lowest value for
the last class: labor productivity of entrants companies is considerably lower than that of survivors showing the
preference of entrant companies in both industries to rely on capital-saving production systems.

Productivity growth decomposition

In this section a decomposition close to the one used by Baily et al. (1996) will be employed in order
to study the contribution of particular groups of companies to the overall productivity growth over the period.
It can be shown that the productivity growth of an industry from 0 to T can be decomposed as follows: ag-
gregate productivity growth = within group effect + reallocation levels effect + reallocation growth effect. The
within effect captures the gain in aggregate productivity coming from within companies productivity growth
weighted by initial output share. The reallocation level effect captures the gain in aggregate LP coming from
the expanding market of high productivity companies, or from low-productivity companies’ shrinking share
weighted by initial shares, while the reallocation growth effect captures the gain in aggregate LP coming from
high productivity growth companies’ expanding shares or from low-productivity growth companies’ shrinking
shares. For sector DK29, the real output added value (2000 prices) is increased, yearly on average over the
7 years, by 0.76% in terms of added value. In the same period employment rose by 0.61% and productivity
by only 0.14% (see Table 3, lower panel). Figures for textile industry (upper panel) are completely opposite
showing negative variations of value added (-4.4%), employment (-3.34%) and productivity (-1.32%). Exits
accounted for 22% (DB17) and 28% (DK29) of employment in 1998 and productivity in these companies was
greater than those of the entrants in 2004 in both industries. So, the turnover of companies would certainly
have decreased productivity. Apart from exits, several other changes were going on at the same time. First,
productivity is decreased in textile survivors by -1.62% and increased in mechanical survivors by 0.65%. The
balance of employment given by turnover (fraction of employees given by entrants - fraction of employees in
exit companies) is negative (-7.9%) in DB17 and slightly positive in DK29 (+2.6%). In textile industry new
companies had lower productivity than the survivors as attained by 2004, and the percentage gap is similar
to that between exitors and survivors in 1998. In mechanical industry companies entered in 2004 with pro-
ductivity very lower than survivors while exitors’ productivity in 1998 was rather equal to that of survivors.
Thus, turnover determines a reduction of global productivity which has been covered by the increase of pro-
ductivity of the survivors: globally, companies operating in 2004 (survivors plus entrants) present a slightly
positive growth of productivity with respect to the total companies operating in 1998 (survivors plus exitors).
Concluding, in the period 1998-2004 turnover caused a decrease of LP in sector DB17 not compensated by
incumbents while in DK29 the decrease of LP provoked by turnover was covered by survivors. This is in ac-
cordance with expectations because it is sensible to assume that competition raises productivity in incumbent
firms. It encourages firms to innovate by reducing slack, putting downward pressure on costs and providing
incentives for the efficient organization of production. Table 4 shows the decomposition of productivity growth
between survivors on the hand and exits/entrants on the other. From the last column, we can see that textile
survivors, and turnover account in negative of overall growth. On the contrary, the contribution of survivors in
DK29 is positive. Analyzing textile industry, the within effect is negative both for turnover and survivors, the
reallocation level effect is positive for both groups and the reallocation growth effect is positive for turnover
and negative for survivors. This output can be interpreted as follows: new companies entered in the industry
with more labor-intensive processes than the exitors and survivors with initial productivity greater than average
increased their weight in terms of employees. With regards to mechanical industry, the table is less complex.
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Table 3: Productivity (LPAV) and employment: survivors versus exitors and entrants (DB17 and DK29).
Annualized growth of

Share (%) Share (%) LPAV00 LPAV00 Value Empl. Produc-
empl. 1998 empl. 2004 1998 2004 added tivity

% % Euro Euro % % %
Exits/entrants 34.1 22.2 33947 30349 -8.92 -8.00 -1.77

DB17 Survivors 65.9 77.8 41088 37088 -2.46 -0.93 -1.62
Total 100.0 100.0 38655 35595 -4.40 -3.34 -1.32

Exits/entrants 25.0 27.6 47738 44331 1.01 2.37 -1.19
DK29 Survivors 75.0 72.4 48968 50889 0.68 0.02 0.65

Total 100.0 100.0 48660 49082 0.76 0.61 0.14

Table 4: Decomposition of productivity growth: survivors versus exits and entrants (DB17 and DK29).
1998- Within % Reallocation effect: Reallocation effect: Total contribution
2004 effect % level % growth %

Exits/Entrants -3.17 1.45 0.17 -1.55
DB17 Survivors -6.82 0.75 -0.29 -6.36

Total -9.99 2.20 -0.12 -7.92
Exits/Entrants -1.75 -0.05 -0.20 -2.00

DK29 Survivors 2.96 -0.02 -0.08 2.87
Total 1.21 -0.06 -0.28 0.87

Reallocation effects are rather null and total productivity growth can be simply attributed to the within effect:
turnover has decreased productivity, while survivor incidence on productivity growth has been positive.

Conclusions

In this paper labor productivity (LP) growth in Italian mechanical and textile sectors since 1998 to 2004
has been analyzed. The results put in evidence different aspects of these sectors. 1) In both industries turnover
caused the considerable loss of LP: entrants are based on more capital saving processes probably exploiting the
lower cost of labor in Italian economy in the last years, given to new labor market laws. Survivor evidenced a
different behavior in the two industry. Their productivity decreased in the textile industry and increased in the
mechanical industry. 2) Transition matrices reveal a considerable persistence in the level of LP. A percentage
of firms which goes from 15% to 42% maintains the same level of productivity in 2004 with respect to 1998.
Furthermore, low productivity companies are more likely to exit and entrants are concentrated in the lowest
productivity classes. The comparison between lower and upper triangular part of the matrices confirm the
difference between survivors of the two industries.
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There are many situations where the degradation measurements are taken from devices under

scheduled time intervals. For example, the amount of growth of a metal crack is detected in an

scheduled test on an aircraft or the amount of fatigues of the shock absorber is recorded during a

regular car maintenance. A discrete degradation model, nonhomogeneous compound Poisson (NHCP),

is considered for the reliability inference of the devices. The degradation distribution as well as the first

passage time distribution under the assumed model and scheduled inspection are derived. Simulations

are used to help for choosing the sample size and inspection schedule for a test under the control of

the estimating variation for quantiles.

Motivation and Examples

Figure 1 drawn by a simulation illustrates the situation of scheduled inspection when the incre-

ments follow an exponential distribution. The dotted lines on the plot denote the underline degradation

paths. The solid rectangles show the accumulative amount of degradation recorded at the scheduled

time points on each test unit. Two examples are given to demonstrate the situations in practice.

Example 1 The size of a metal crack on an aircraft is inspected and recorded whenever the airplane

has finished a series of flights. These inspections may be proceeded after several weeks or months.

During the flight, the damage part may grow when severe climate is encountered (Lombardi 2003).

Example 2 Volf (2001) considers a cumulative damage process about the failure of a car and describes

the damage event occurred with a point process and the amount of damages assumed with a gamma

distribution. The component of the car discussed is not specified. We may use shock absorber as an

example. Because the shock absorber may experience an external factor which increase the fatigue of

the shock absorber from time to time. This factor may be not in effect continuously and the shock

absorber is tested only when the car is sent for routine maintenance: e.g., every 5000 kilometers.

Model

A stochastic process {Y (t) : t ≥ 0} is said to be a compound Poisson process with expected rate

m(t, θ2) =
∫ t
0 λ(s; θ2) ds for a non-decreasing non-negative intensity function λ(t; θ2) from Ross

(2003) if

Y (t) =

{
X1 + · · · + XN(t) if N(t) ≥ 1,

0 if N(t) = 0,

where {Xi} are independent and identically distributed random variables with common distribution

F(x; θ1) and independent of the Poisson random variable N(t) with expected rate m(t, θ2). Here Y (t)
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and {Xi} represent the cumulative degradation at time t and each degradation increment, respectively,

for the discrete degradation process.

Zacks (2005) discusses the properties of homogeneous compound Poisson processes (HCPP). We

extend his results to a general nonhomogeneous compound Poisson model as follows. If {Xn} are

absolutely continuous and nonnegative increments, with probability density function (pdf) fX(x; θ1),

the pdf and cdf of the continuous cumulative degradation Y (t) on (0 , ∞) are

fY (t)(y; θ) =

{ ∑
∞

l=1 f
(l)
X (y; θ1) · p

(
l; m(t; θ2)

)
, y > 0,

e−m(t; θ2) , y = 0, and
(1)

FY (t)(y; θ) = e−m(t; θ2) +

∫ y

0
fY (t)(s; θ1) ds,(2)

where f
(l)
X (y; θ1) is the l-fold convolution of fX(x; θ1).

Suppose X1 has a exponential distribution with parameter θ1 = θ10. Then E[∆Y (tij)|∆N(tij) =

nij] = nij/θ10 and Var[∆Y (tij)|∆N(tij) = nij] = nij/θ
2
10 from ∆Y (tij) given ∆N(tij) = nij fol-

lows the gamma distribution with parameters (nij , θ10). Hence, E[∆Y (tij)] = ∆m(tij; θ2)/θ10 and

Var[∆Y (tij)]=2·∆m(tij ; θ2)/θ2
10. Then, E[Y (tij)] = m(tij ; θ2)/θ10 and Var[Y (tij)]=2·m(tij ; θ2)/θ2

10.

Life Time Distribution

The first passage time Tξ is defined as the time when the actual path of cumulative degradation

Y (t) crosses the threshold degradation level ξ. Let tL denote the censoring time in the experiment.

FTξ
and fTξ

denote the cdf and pdf of Tξ for discrete and continuous increments. Then

FTξ
(t; θ) = Pro(Y (t) ≥ ξ; θ, ξ > 0) = 1 − e−m(t;θ2) −

∞∑
l=1

[ ∫ ξ

0
f

(l)
X (y;θ1) dy

]
· p(l ,m(t;θ2)).(3)

fTξ
(t; θ) = m′(t; θ2)e−m(t,; θ2) + m′(t; θ2) ·

∞∑
l=1

[ ∫ ξ

0
f

(l)
X (y; θ1) dy

]
· dp
(
l;m(t; θ2)

)
.(4)

where N is the set of positive integer and dp
(
l;m(t; θ2)

)
=p
(
l;m(t; θ2)

)
− p

(
l − 1;m(t; θ2)

)
.

The p-th quantile tp of the first passage time distribution can be obtained by solving the equations

p = FTξ
(tp; θ) = 1 − FY (tp)(ξ; θ).

Likelihood Function

Referred to the likelihood function for the shock model from Bagdonavicius and Nikulin (2002),

we extend their approach to the compound Poisson degradation model as follows. Consider the data

set {Yij}, i = 1, · · · , I (I test units), j = 1, · · · , L (L total measured number for a test unit). Let

tij, j = 1, · · · , L represent the inspection times and ti0 = 0. The values of scheduled degradation data

Yi1, · · · , YiL for all test units are recorded under the inspection times and assume Yi0 = 0.

Define the notations: Yi = (Yi1, Yi2, · · · , YiL), ∆Yi = (∆Yi1,∆Yi2, · · · ,∆YiL) = (Yi1−Yi0, Yi2−
Yi1, · · · , YiL − YiL−1), yi = (yi1, yi2, · · · , yiL), ∆yi = (∆yi1,∆yi2, · · · ,∆yiL) = (yi1 − yi0, yi2 −
yi1, · · · , yiL − yiL−1), ∆si = (∆si1,∆si2, · · · ,∆siL) = (si1 − si0, si2 − si1, · · · , siL − siL−1), ti =

(ti0, ti1, · · · , tiL), ∆ti = (∆ti1,∆ti2, · · · ,∆tiL) = (ti1 − ti0, ti2 − ti1, · · · , tiL − tiL−1), and ∆N(ti) =

(∆Ni1,∆Ni2, · · · ,∆NiL) = (N(ti1) − N(ti0),N(ti2) − N(ti1), · · · ,N(tiL) − N(tiL−1)).

Consider ∆Yij > 0 at some intervals of inspected times and ∆Yij = 0 at the remained intervals.

For this situation, we suppose that p intervals are observed for ∆Yij > 0 and q intervals for ∆Yi = 0
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such that:

1 ≤ k1 < k2 < · · · < kp ≤ L, Y (tk1) − Y (tk1−1) > 0, · · · , Y (tkp) − Y (tkp−1) > 0 and

1 ≤ l1 < l2 < · · · < lq ≤ L, Y (tl1) − Y (tl1−1) = 0, · · · , Y (tlq) − Y (tlq−1) = 0,

where ki 6= lj, i = 1, · · · , p, j = 1, · · · , q and p + q = L.

Then the likelihood function given the data is

L(θ, yi) =

{
∞∑

∆sik1
=1

· · ·
∞∑

∆sikp=1

[
p∏

j=1

f∆Yikj
|∆Nikj

(
∆yikj

∣∣∣N(tikj
) − N(tikj−1) = ∆sikj

)
·

P
(
N(tikj

) − N(tikj−1) = ∆sikj

)]}
·
[

q∏
j=1

P
(
N(tilj ) − N(tilj−1) = 0

)]
,

=

{
∞∑

∆sik1
=1

· · ·
∞∑

∆sikp=1

[
p∏

j=1

f∆Yikj
|∆Nikj

(
∆yikj

∣∣∣N(tikj
) − N(tikj−1) = ∆sikj

)
·

e
−∆m(tikj

;θ2)∆m(tikj
;θ2)

∆sikj

∆sikj
!

]}
·
[

exp
(
−

q∑
j=1

∆m(tilj)
)]

,(5)

where f∆Yikj
|∆Nikj

is the density function of
∑sikj

u=sik(j−1)
Xu given the ∆Nikj

.

Inference of the Quantiles

Now, we present the approximate confidence interval of estimated quantile t̂p of the first passage

distribution. Because the ML estimator t̂p has its range on only positive values, log t̂p with range

on the entire real line generally has a better normal approximation. See Jeng and Meeker (2000) for

details of discussion of the log transformation in calculating confidence intervals. In large samples,

under certain regularity conditions the asymptotic distribution of standardized log t̂p can be

Zlog btp =

(
log t̂p − log tp

)
σ̂log btp ∼ N(0, 1),

where the σ̂log btp is obtained by using large sample theory.

Then an approximate (1 − α) confidence interval for tp can be

t̂p

/
R < tp < t̂p · R,(6)

where R = exp

( bσ bFTξ
(btp)

fTξ
(btp ; bθ)·btp · z1−α/2

)
and z1−α/2 is the (1 − α/2) quantile of the standard normal

distribution. The width of the confidence interval is t̂p · (R − 1/R).

The simulation result are reported in Table 2. Table 2 shows that the interval of inspection has

strong impact on the accuracy of estimation on life time quantiles.

Table 1: Inspection schedules for the simulation.

Schedule I (hours) 168, 336, 504, 672, 840, 1008, 1176, 1344, and 1400
Schedule II (hours) every hour (approximated continuous inspections)
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Figure 1: Scheduled discrete degradation measurements: The observed (solid rectangles) and underline

degradation lines are shown by solid lines and dotted lines respectively. The degradation increments

follow an exponential distribution. Horizontal and vertical lines indicate the threshold levels (assumed

15 and 30) and censored time (assumed 1008 hours), respectively.

Table 2: True p-th quantiles (tp), estimates of p-th quantiles (t̂p) and corresponding 95% confidence

intervals with threshold level ξ = 15 under the simulation settings in Figure I

10 sample units Scheduled I Scheduled II

p tp L t̂p U L t̂p U

0.05 215.02 134.75 187.89 261.99 148.04 190.23 244.44

0.1 267.49 172.36 237.47 327.18 188.22 239.72 305.31

0.5 524.62 359.34 493.20 676.91 388.86 493.83 627.13

200 sample units Scheduled I Scheduled II

p tp L t̂p U L t̂p U

0.05 215.02 196.21 210.28 225.36 198.48 209.12 220.33

0.1 267.49 244.96 261.83 279.86 247.43 260.18 273.59

0.5 524.62 483.87 515.82 549.88 487.71 511.87 537.23
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1. Introduction 
The European Commission’s Directorate-General for Translation, with some 1 750 linguists, is the 

world’s largest translation service. On average, 250 requests for translation arrive every working day. For 
each request, the deadline has to be negotiated with the requester, and it has to be assessed whether the 
translation can be done in-house or whether it should be done by freelance translators. 

To support this process, a reliable assessment of the daily in-house translation capacity is necessary. To 
assess available (net) capacity, an estimate of translator workload (which is the topic of this paper) is 
necessary. The problem is outlined in Sections 2 and 3, while the approach currently used is outlined in 
Section 4, along with the associated drawbacks. In Section 5, simple alternative approaches (also with certain 
drawbacks) are presented, while a more comprehensive (albeit more complex) approach (further extended in 
Section 7) is presented in Section 6. A concluding discussion is held in Section 8. 

2. Preliminaries 
2.1 Aim 

A number of operators (translators) are charged with processing (translating) a number of tasks 
(documents). Workload summaries for all days during a time window Tht=[t,…,t+h] are made in the morning 
of every workday t; the aim is to forecast the average workload pi per operator for each i∈Tht . In this context, 
the workload of a translation task is considered to be determined exclusively by its volume (although there 
clearly are other aspects; see e.g. Zydron (2004) who stresses the importance quality and complexity). 
 
2.2 Tasks 

A task l is only observable the morning after its arrival day bl . For each task l , the volume (number 
of pages) is denoted by vl , while the deadline (i.e. the day by the end of which the task must be completed) 
is denoted by dl . 

For simplicity, we assume that bl< dl ; the time at the disposal for the completion of task l is thus a 
strictly positive integer number of working days. The actual date of completion of task l is denoted by cl ; for 
simplicity we assume that cl≤dl for each l; there is thus full compliance with the deadlines set. We let oil 
denote an indicator variable, equal to 1 if task l is open in the morning of day i. As the actual completion 
date of a task is not observed until the morning after the completion, we thus have that for a given reference 
day t, cl is (generally) observable only if cl≤t−1, while oil is (generally) observable only for i≤t. 

For simplicity, we assume that Mt={l: bl≤t−1} – the set of tasks (ongoing and closed) observable on 
the morning of day t – is indexed in order of decreasing urgency, so that d1≤L≤dLt where Lt =|Mt| is the 
number of observable tasks in the morning of day t (daily re-indexing is thus assumed to take place, as urgent 
tasks arriving late will be squeezed in before non-urgent tasks; for simplicity, this is not considered here). 
 
2.3 Resources and capacity 

For each working day i, ri denotes the resources (person days) available. For simplicity, we assume that 
on each reference day t, {rt,L,rt+h} is observable (while in reality, ri is only observed after each reference 
day, as divergence from any  resource forecasts is likely to occur due to unplanned absences – e.g. sickness – 
of the operators). Optionally, the resources can be converted into production capacity via an assumed 
capacity C (a constant no. of pages) per working day, the gross capacity for day i is thus obtained as gi=riC. 
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3. Key problem 
It is assumed that the group of operators are free to distribute the execution of task l in any manner 

during the time span TDl=[bl+1,L, dl] and that, for reasons of reducing the administrative burden on 
operators, the share of task l that is executed on day i, wil is not observable. Hence, neither ∑ ∈

=
tM ii wW

l l , 

the overall workload on day i, nor the “daily pressure” pi=Wi/ri (the average workload per operator), is 
observable for any combination of working day i and reference day t. 

The problem of adequately forecasting the daily pressure pi on each operator for each i∈Tht , thus 
becomes a problem of forecasting the overall workload Wi for each day i∈ Tht. The forecast of Wi issued in 
the morning of day t is denoted by ( ) ( )∑ ∈

=
tM titi wW

l lˆˆ  while ( ) ( ) ititi rWp ˆˆ =  denotes the pressure forecast. 

4. The “even task distribution” approach 
The approach currently used is straightforward; each task is divided up equally across the available 

time. For tasks closed before the deadline date dl, the remaining workload between cl and dl is set to 0: 

( )

( ) ( )
( )

⎪
⎩

⎪
⎨

⎧
≤<−
≤<−

=
.0

,min
ˆ

otherwise
ditifbdvo

tdibifbdvo
w t

i

ti lllll

llllll

l  

However, there are problems associated with this approach: 
(i) As available resources vary between working days, unmotivated daily pressure fluctuations occur; 

for instance, if plenty of staff is on vacation on day i, r̂ i(t) peaks – although there is no real urgency – 
in practice, the execution of tasks is most likely reallocated to other days. 

(ii) An implicit parallel execution assumption renders unrealistically high daily pressure estimates 
early on in in Tht – in practice, non-urgent tasks are most likely postponed (this would be rational 
according to Shaffer (1975) who notes that parallel execution of tasks seems to be suboptimal) 

(iii) Truncation of tasks already executed render daily workload estimates that globally are smaller than 
the actual daily production; if cl<dl we thus have that ( ) ll

l
vw

DTi ti <∑∈
ˆ . 

(iv) The assumed execution is not related to the available capacity – it might be the case that a) 

itt gW <− )(1
ˆ  (i.e. that free capacity is assumed to be unused) or b) inversely, itt gW >− )(1

ˆ , i.e. the 

workload far exceeds the capacity. 
(v) The capacity for accepting urgent tasks by postponing nonurgent ones is not covered.  

5. Simple alternative approaches 
5.1. The “proportional task distribution” approach 

With a minor adjustment, issue (i) concerning unmotivated pressure fluctuations due to resource 
fluctuations can be addressed (while issues (ii) and (iii) remain unresolved). The proportion of the resources 
that are available for a task during a timespan is obtained as  

⎩
⎨
⎧ ∈

= ∑ ∈

otherwise
Tiifpp DTj ji

i D

0
l

l
lπ ; and the task shares as ( )

( )

⎪
⎩

⎪
⎨

⎧
≤<
≤<

=
.0

,min
ˆ

otherwise
ditifvo

tdibifvo
w it

ii

ti llll

lllll

l π
π

. 

 
 
5.2. The “phantom pressure” approach 

A straightforward way to address issue (iii), is to fulfil the criterion ( ) ll
l

vw
DTi ti =∑∈

ˆ  by letting tasks 

already executed remain by using ( )
⎩
⎨
⎧ ∈

=
otherwise

Tiifv
w Di

ti 0
ˆ lll

l

π
 – but this “phantom pressure” approach is 

clearly incompatible with reality – if a task has been completed, it cannot contribute to the workload! 
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6. The “re-balancing” approach 
The re-balancing approach is more complex, but addresses (i),  (ii) and (iii) at once – in a realistic way. 

For simplicity, only tasks that have deadlines on t+h at the latest are considered; for tasks with longer time 
spans, truncation of the deadline (and a proportional reduction in workload) is assumed to take place. 
 
6.1 Phase 1 – retroactive adjustment 

In order to address issue (iii), adjustment of the forecasts issued in the morning of day t–1 is 
undertaken in the morning of day t for tasks that have been completed during day t–1. In essence, it is 
assumed that these tasks have been executed instead of other tasks, and thus “crowd out” these tasks. 

For each ( ){ }0ˆ,1: 1 >−=∈ ∑ ≥ −ti tinn wtcnl  (i.e. tasks that were completed before the deadline): 

o the workload that is to be redistributed is set: ( )∑ ≥ −← ti tiwV 1ˆ ll  

o the workload of l going past t–1 is set to 0: ( ) ( )( ) ( )0,,0ˆ,,ˆ 11 LL ll ←−− tdtt t
ww  

o start from t–1 and going backwards to the arrival date: for j ← t–1 downto bj+1 
o for each ( ){ }1,0ˆ: 1 =>∈ − tmtjn ownm  (i.e. tasks open in the morning of t with execution planned to day j): 

o The quantity to redistribute is set to ( )( )1ˆ,min −← tjmwVD l , thereafter DVV −← ll  

o The presumed execution of task l for day j is increased by D: ( ) ( ) Dww tjtj +← −− 11 ˆˆ ll  

o The execution is rescheduled for task m: ( ) ( ) Dww tjmtjm −← −− 11 ˆˆ , ( ) ( ) Dww tmdtmd mm
+← −− 11 ˆˆ . 

Generally, the above procedure renders Vl values that are equal to 0; this is however not the case when there 
are no tasks to “crowd out”; further adjustment of the ( ) ( ) ( ) ( )( )1111 ˆ,,ˆ −−−+ tttb ww

t ll L  values are then necessary. 
 
6.2 Phase 2 – setting of initial estimates 

In a first step, the “historical” parts of the estimates of the morning of the reference day t are 
“inherited” from day t–1, while the estimated outstanding tasks (including those arriving during day t–1) all 
are allocated as late as possible (i.e. to the respective deadline date). Thus, for each i and each l∈Mt : 

( )
( )

( )

( )
⎪
⎩

⎪
⎨

⎧
=≥−

<
= ∑ < −

−

otherwise
diandtiifwv

tiifw
w ti ti

ti

ti

0

ˆ
ˆ

ˆ 1

1
0

lll

l

l  and then ( )
( )

( )
( )∑ ∈

=
tM titi wW

l l
00 ˆˆ .  

For each i<t, the initial estimates are kept throughout, so ( ) ( )
( )0ˆˆ titi ww ll =  and ( ) ( )

( )0ˆˆ
titi WW = . 

 
6.3 Phase 3 – balancing 

All outstanding workload has now been pushed to the latest possible date. From that position, the 
workload can only be reallocated in one direction: to an earlier date. This rebalancing is done on a “macro” 
level, without considering which tasks the workload is made up of (as the only relevant piece of information, 
the deadline date, has already been taken into account). First, one starts out from the initial estimates  

( ) ( )
( )0ˆˆ
titi WW ←  for each i∈Tht. Then, for each upper limit i from t to t+h: 

o We set the lower limit j←i 
o As long as the lower limit exceeds t and the estimated pressure of day j exceeds that day j–1, i.e. 

while [(j>t) and ( ( ) ( )tjtj pp ˆˆ 1 <− )], make the following adjustments: 

o calculate the average pressure during the period: ( ) ( )∑∑ ≤≤≤≤
← ikj tkikj tk rWp ˆˆ  

o “even out” the pressure by setting, for each k∈[j,L,i]: ( ) prW ktk ←ˆ  and ( ) pp tk ←ˆ  

o Decrease the lower limit j←j–1. 
This algorithm will render non-strictly monotonously decreasing pressure estimates over time, i.e. 
pt≥pt+1≥L≥ pt+h

. Furthermore, the pressure estimates will be “as stable as possible” – for each for each i∈Tht , 
we have that 

( ) ( )kiki pp ˆˆ 1 <+  if and only if ( )
( ) ( )

( )
( ) ( )∑∑∑∑ ≤≤+≤≤+≤≤≤≤

> jki kjki tkikt kikt tk rWrW
1

0
1

000 ˆˆˆˆ  for each j∈[i+1,L,t+h], 
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i.e. if there is no way to “match” the “mandatory pressure” from work that has to be taken care of by day i 
with the “mandatory pressure” for any period starting with i+1. 
 
6.4 Phase 4 – population of daily workload with tasks 

As the balancing only renders an overall workload distribution, without any identification of the 
contributing tasks, the days in i∈Tht  have to be “populated” with task shares. For each i∈Tht , the workload 
that remains to be distributed to each day is initiated: ( )tii Wx ˆ← , and for each l∈Mt the workload that 
remains to be distributed from each task is initiated: ( )

( )0ˆ tdwy ll l
← . Then: 

o Starting with the first task in Mt: l←1 
o Go over the time window: for i←t to t+h 

o While workload still has to be allocated to day i (i.e. while 0>ix ) 
o Estimate the task l workload that could be done on day i: ( ) ( )ll yxw iti ,minˆ ←  
o Update the remainders: ( )tiii wxx lˆ−←  and ( )tiwyy lll ˆ−←  

o If all workload of task l has been distributed, proceed to the next task: l←l+1. 

7. Extensions of the re-balancing approach 
7.1 Phase 1½ – further retroactive adjustment for free capacity (optional) 

If (iv) a) is considered a problem, an additional step should be undertaken between phases 1 and 2 the 
tasks executed on day t–1 should always be “topped up” so that full utilisation of capacity is achieved: 
o the free capacity on day t–1 is calculated ( )tttt Wgf 111

ˆ
−−− −←  

o for each j∈Tht  (i.e. each day in the time window), while fi>0: 
o for each l∈Ot={m: omt= 1} (i.e. for all open tasks), while fi>0: 

o The quantity to redistribute is defined as ( )( )itj fw ,ˆminD 1−← l , thereafter Dff ii −←  

o Rescheduling for task l: ( ) ( ) ( ) ( ) Rˆˆ 1111 +← −−−− tttt ww ll , ( ) ( ) Rˆˆ 11 −← −− tjtj ww ll  

 
7.2 Phase 3b – allocation according to the “as late as possible” principle 

If (v) is considered a problem the following allocation algorithm, according to which work is 
postponed as late as possible (given the capacity) should replace phase 3: 
o the workload that has to be rescheduled to an earlier date is initiated V←0 
o going backwards from t+h to t: for i←0 to h, set j← t+h–i 

o incorporate workload being rolled over from succeeding days: ( )
( ) VWW kjj +← 0ˆˆ  

o if there are preceding days (i.e. if j>t), reschedule any excess workload: 
o Take the minimum of the gross capacity and the current workload ( )( )tjj WgV ˆ,min←  

o Identify workload to be rescheduled ( ) VWV tj −← ˆ  

o Retain the rest of the workload ( ) VW tj ←ˆ . 

8. Discussion 
While the method currently used for workload assessment is straightforward, the many drawbacks 

motivate the introduction of the more complex approach outlined in Section 6, adjusted for actual execution 
as outlined in Section 7.1. While this adequately illustrates the “regular” capacity, this should be completed 
with workload estimates as outlined in Section 7.2 in order to illustrate the capacity for absorbing urgent 
tasks. Further extensions might involve forecasts of the volume of tasks that have not yet been introduced. 
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1. Introduction 

The Italian economy is going through a critical period. There is a common worry in the analysts’ 
comments: Italy seems to have difficulty in keeping up with competitors, mainly because the productivity of 
the Italian economic system (particularly labour productivity) does not increase. 

The leading Italian official analysts point out some structural changes occurred in the last years as 
possible causes of those difficulties; (i) progressive tertiarisation of the economy (common to all advanced 
countries) and consequent labour reallocation towards sectors (services) with a lower productivity level or 
lower productivity growth rates; (ii) increasing specialisation of the Italian firms in traditional manufacture 
activities of made in Italy (home and household products, light mechanics), which generally have lower 
productivity than high-tech sectors; (iii) reducing size of the Italian firms (the mean size of manufacturing 
firms was 8.7 workers in 2003, vs. 9.5 in 1991); small firms have generally a lower asset level and 
consequently a lower labour productivity. 

This paper intends to analyse the dynamics of the aggregate Italian labour productivity, trying to 
evaluate the impact that changes in the employment structure, in terms of economic activities and firm size, 
have had on this dynamic. 

To this purpose, the structural decomposition analysis (shift and share), commonly used in the 
literature (see the recent contributions by Fagerberg, 2000; Timmer, Szirmai, 2000; Peneder, 2003; Savona, 
2004), is applied. To isolate the effect of structural changes in terms of labour reallocation among firms of 
different sizes within a sector, a minor modification of the usual decomposition is proposed. 

The analysis is performed on 1998-2004 Structural Business Statistics data, collected by Istat, 
according to Eurostat regulations, on a large sample of Italian firms. 

 
2. Decomposition of aggregate labour productivity: methodology 

Shift-share analysis provides a convenient means of investigating how economic sectors contribute to 
the aggregate productivity change. 

By considering one measure of output, let us say value added, and one measure of input, let us say 
total employment, in the economic sector i and firm size class (number of workers) j, a two level 
decomposition of labour productivity change can be carried out. 

The traditional decomposition of aggregate labour productivity change with respect to the economic 
sectors (first level decomposition) is: 
(1) p..t − p..0 = Σi (pi.t−pi.0) si.0  + Σi pi.0 (si.t− si.0) + Σi (pi.t−pi.0) (si.t− si.0) 

 (C1) (C2) (C3) 
 

where: si.0 , si.t  are the share of employment in sector i, at time 0 and t;  pi.0 , si.t  are the labour productivity 
in sector i, at time 0 and t;  p..0 , p..t  are the labour productivity in the whole economy, at time 0 and t. 

Components C2 (static shift effect) and C3 (dynamic shift effect) should capture the effects of 
structural changes. Specifically, C2 is positive (negative) if, between time 0 and t, increasing (decreasing) in 
the employment shares of sectors with higher labour productivity in the base year prevail. C3 is positive if, 
between time 0 and t, employment share increases (decreases) in those sectors that exhibit an increasing 
(decreasing) productivity. 

The within component (C1) should essentially be related with technological changes occurred in each 
sector, and it is positive when sectors with a productivity growth prevail. 

Most of the empirical studies tend to emphasize the contribution of the within effect, that should 
capture the pure productivity change, after having removed the structural change effects. This interpretation 
of C1 is open to a well known criticism (Verdoorn, 1949) connected with the fact that shift and share 
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analysis neglects the effect of increasing returns to scale. But another caveat must be considered in the 
interpretation of the within effect: a positive relationship between productivity level and firm size is usually 
observed particularly in the manufacturing activities (larger manufacturing firms have generally a higher 
asset level and consequently a higher labour productivity); hence, the effect of structural changes within a 
sector (shift of employment from smaller to larger firms) should be removed from the within component, in 
order to evaluate the actual technological effects. 

If data classified by firm-size class are available, it is possible to deepen the investigation of the within 
effect (C1) through a second level decomposition, as described in the following formula: 

(2) (pi.t−pi.0)= Σj (pijt−pij0) sij0+ Σj pij0 (sijt− sij0)   + Σj (pijt−pij0) (sijt− sij0) 
Where:  sij0 , s ijt  are the share of employment in the j-th size class within sector i, at time 0 and t;  pij0 , p ijt  
are labour productivity in the j-th size class within sector i, at time 0 and t. 

By inserting (2) into the C1 component of expression (1), we obtain a decomposition of aggregate 
labour productivity into 5 components, as summarised in the following table. 

 

Table 2.1: Decomposition of aggregate labour productivity 
Component n. Label in (1) Label in (2) Formula 
1 - W1 Σi si.0Σj (pijt−pij0) sij0 
2 - W2 Σi si.0Σj pij0 (sijt− sij0)  
3 - W3 Σi si.0Σj (pijt−pij0) (sijt− sij0) 
1+2+3 C1 W1+ W2+ W3 Σi (pi.t−pi.0) si.0   
4 C2 - Σi pi.0 (si.t− si.0) 
5 C3 - Σi (pi.t−pi.0) (si.t− si.0) 

 

The components W1, W2, W3 are analogous to C1, C2, C3 but are referred to change within sectors: 
W1 measures the productivity changes generated in the system through a productivity changes within the size 
classes of each sector; W2 is determined by a change in the employment structure across the size classes 
within each sector; W3 accounts for the simultaneous changes in productivity and employment share of each 
size class within each sector. 

As for the interpretation: W1 should be more suitable for capturing actual technological change, while 
W2 and W3 account for structural changes occurred across firms of different size in the same sector. 

 
3. Labour productivity measure and sources of data 

The traditional source for labour productivity analysis at industry-level is the National Account (NA) 
data. 

Survey data collected by Istat to provide Eurostat with the Structural Business Statistics (SBS) 
constitute a valuable alternative to NA data. SBS data are collected from a large sample of Italian firms 
(about 55000), refers to a rich set of variables, and covers almost all market activities (financial services are 
excluded). From this data, it is possible to compute labour productivity measures by 40 economic activities 
(NACE group 2-digit level) broken down in 4 size classes in terms of number of people employed (1-9, 10-
19, 20-49, 50 and over).  

The decomposition analysis was performed at the most detailed classification of economic activity (40 
sectors). However, for the sake of simplicity, results are presented at a more aggregated level. This 
aggregated classification (detailed in tab. 3.1) is a mix of the ones proposed by OECD for the industrial 
sectors (grouped into four macro-sectors according to the different level of technology that characterises the 
productive process) and by Miles (Miles et al., 1995) for the service sectors (grouped into two macro-sectors: 
traditional services and knowledge intensive business services or Kibs). 

 

Table 3.1 Classification into macro-sectors 
  Macro sector NACE Sections or divisions  

High tech 30, 32, 33 
Medium-high-tech  24, 29, 31 34, 35 
Medium-low-tech  23, 25-28 
Low-tech  15- 22, 36, 37 
Construction  F  

Industry 

Other industries C, 40, 41 
Traditional services   50-71  

Services Kibs (Knowledge intensive business services) 72- 74  
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The productivity measure considered in the analysis is “value added (factor cost)/total employment”. 
Value added was chosen as a measure of output (instead of gross output) because it is considered more 

suitable in the analysis of industry contribution to economy-wide labour productivity and economic growth 
(OECD, 2001).  

Total employment was preferred to number of worked hours, essentially because number of hours 
data: (i) is less reliable; (ii) refers only to dependent workers (a considerable limitation for the Italian system 
where a relevant share of employment is allocated in one self-employed person firms). 

SBS data are available since 1995, but the Italian data set is more complete and comparable starting 
from 1998. Therefore, the empirical analysis focused on the period 1998-2004. SBS value added data was 
converted to 2000 constant prices, by using the corresponding NA sector deflators. 

In summary, the main advantage of SBS vs. NA data lies in the fact that the first is a source for both 
input and output data. They also offer a greater industry detail than those used and published for the NA; 
furthermore, they allow to classify firm’s size in terms of number of employed people. 

With respect to NA estimates, however, they suffer from two pitfalls: (i) unobserved economy is not 
considered; (ii) number of employed persons (head counts) is the measure of employment, while the number 
of full-time equivalent persons (Standard Labour Unit), generally used in NA data, would be preferable. 

The comparison between the labour productivity measures obtained with the two sources (“value 
added adjusted for unobserved economy/SLU number” for NA, and “value added/total employment” for 
SBS) in the period 1998-2004 shows that SBS measure lies systematically below the corresponding NA 
measure (as expected because unobserved economy is not taken into account). Nevertheless, the time pattern 
is substantially the same; hence, SBS data seems to be a suitable source to analyse labour productivity 
dynamics. 

 
4. Decomposition of aggregate labour productivity change 

First of all, let us consider the first level decomposition of labour productivity change from 1998 to 
2004 (table 4.1). 

The aggregate productivity (all sectors) decreases 1806 € per capita from 1998 to 2004 (36495 vs. 
34689). The structural component is the main responsible for this decreasing, followed by the dynamic one. 
The negative sign of these two components confirms the presence in Italy of the so called structural burden 
(Baumol, 1967), that is a labour reallocation that disadvantaged branches with higher productivity levels 
(structural component) and faster growth rates (dynamic component). A result that may be linked to the 
growth of the employment share of service sectors. 

 
Tab. 4.1 – First level decomposition of labour productivity change 1998-2004 

(Euro at 2000 constant prices) 
Sector C1: 

Within 
C2: Static 

(structural) 
C3: 

Dynamic Total 

High tech -9 -164 25 -148 
Medium-high-tech  -112 -779 14 -877 
Medium-low-tech  -27 -390 2 -415 
Low tech -58 -892 16 -934 
Total manufacture -206 -2225 57 -2374 
Other industries 267 -539 -45 -317 
Construction -116 396 -16 264 
Traditional services 277 -34 -357 -114 
Kibs -482 1391 -174 735 
Total services -205 1357 -531 621 
ALL SECTORS -260 -1011 -535 -1806 

 
The aggregate performance is a result of different compensating mechanisms: labour reallocation and 

productivity changes across sectors. 
Looking at the contribution of different sectors to the aggregate performance, clearly it is evident that 

the decrease of aggregate productivity is prevalently due to the employment shift from all the manufacture 
sectors towards Kibs. 

The dynamic component of the manufacturing sectors is positive (even if almost negligible), 
indicating that the widespread loss of employment share that occurred in manufacturing sectors has been 
more relevant in those sectors with a faster productivity decrease. Conversely, a remarkable negative 
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dynamic component is observed in the service sectors due to the negative sign of the within component. 
The within component is generally negative and appears to be largely dominated by the static one, 

confirming that, in all sectors, structural changes are the main responsible for the negative aggregate 
performance. The negative sign of the within component clearly shows the weakness of the Italian economy: 
even Kibs and high-tech manufacture (that are generally sectors characterised by technological 
improvement) exhibit negative values of this term.  

To deepen the interpretation of the within component C1, its decomposition across the firm size 
classes has been performed (table 4.2). The results show that the internal performance more directly 
connected to technological aspects, W1, is considerably worse than those highlighted by the within 
component C1 (-585 instead of -260). There is a relevant recovery via the positive W2 (employment shift 
towards size classes with higher productivity at the base year) but it must be attributed almost exclusively to 
traditional services.  

This discouraging result occurred at the aggregate level comes up again at macro-sector level: W1 is 
generally negative and predominant, with the only exception of Traditional services where the amount of W2 
and W3 is remarkable. 

 
Tab. 4.2 – Second level decomposition of labour productivity change 1998-2004 

(Euro at 2000 constant prices) 
Sector W1 W2 W3 C1 
High tech -18 -16 25 -9 
Medium-high-tech  -87 -22 -3 -112 
Medium-low-tech  -29 3 -1 -27 
Low tech -56 -1 -1 -58 
Total manufacture -190 -36 20 -207 
Other industries 141 44 82 267 
Construction -140 29 -5 -116 
Traditional services 68 357 -148 277 
Kibs -464 6 -24 -482 
Total services -396 363 -172 -205 
ALL SECTORS -585 400 -75 -260 

 
The main conclusion of the analysis can be summarised as follows. 

- The employment shift has a relevant effect on the negative performance of the whole economy (first level 
decomposition). Actually, the reallocation of labour moves towards less performing sectors (mostly 
services sectors), confirming the presence of a robust structural burden. 

- All manufacturing sectors (despite their technology level) exhibit a negative first level within component 
(C1) and the positive effect of reallocation among sectors (C3) is almost negligible. 

- By removing the effect of structural changes within sectors (second level decomposition), the 
‘technological’ performance that should be captured by the W1 component seems to even worsen. 
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Abstract 

It is well known both by entrepreneurs  and academic researchers that there is a direct linkage between 
Customer Satisfaction (CS) and Customer Loyalty (CL). In order to underline this linkage in marketing, it 
has been analyzed sequence of use of CS and CL by  evaluating  economic  resources as well as 
organizational and structural  expertises of  companies. Furthermore it has been emphasized how these above 
mentioned expertises may influence tactical  and strategic roles of the marketing strategy of a company. In 
statistical field, it is important to define a measurement tool evaluating CL connected to CS. 

In this paper we have used the Rasch Analysis. This method has been preferred since it allows on one 
hand to obtain subjective measurements of both CS and CL and on the other to graduate  factors that may be 
able to influence  customer behaviour related to the acquisition of goods or the request of a service.

Key words: Customer Satisfaction, Customer Loyalty, Rasch Analysis.

1. Introduction

In the last years, particularly in advanced economies,  the increasing importance towards CS - the 
satisfaction of the customer related to a good or a service - has become a main element of optimal 
management (Kanji et al., 2000). 

A top company  is required to manufacture goods and supply services that on one hand meet customer 
expectations and on the other optimize marketing strategies with high  returns of investment. However  we 
wish to underline the difference between a company manufacturing goods and one providing services as well 
as difference  between  companies manufacturing top class goods and those manufacturing lower class 
goods. 

Then we will find out differences between high dynamic impact companies  manufacturing many 
different goods in a short term period of time, compared to other whose dynamic impact is lower and finally 
we will compare companies with strong brand identity built through communication to those operating with 
low price strategy, avoiding communication and promotional strategies. 

CS is usually evaluated by presenting questionnaires  to customers as they buy the good or at the end 
of the supplied service. So, if a customer buys the same product many different times or uses the same 
service, then the survey will emphasize his satisfaction not related only to a single positive experience but 
also the evolution of his satisfaction level  which is also a valuable measure of his loyalty to the companies.
So a CS survey in more occasions for same customers, like CS panel, becomes a Customer Loyalty survey. 
Moreover, the CL analysis is not possible for all products or services; for example, according to product or 
service typology, the time gap between two followings experiences is very large. In other cases CL has to be 
referred not to a specific good or service but to a brand related to high dynamicity companies 
In any case loyalty analysis requires a significant effort for  time, costs and organizational structures.

Measurement models of CS can be also used for CL, since both CS and CL are latent variables, but the 
interpretation of results must be conducted with a different perspectives.
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2. The theoretical framework of CS and CL

We know that  the CS is a complex latent variable, its theoretical framework is an exhaustive set of 
dimensions, latent themselves, that must be defined for every product or service.
The steps that we point in a CS analysis are:

i. how many and which dimensions; 
ii. how to measure them;

iii. which models should be used.

The point i. pertains marketing oriented to customer behaviour, his expectations and factors that influence 
his satisfaction, while points ii. and iii. refer to methodological statistics faced recently (Montinaro, Chirico, 
2007). However, we affirm  that any CS measurement tool might be weak in the case it will not be associated 
to a sampling  designs aimed to identify  one or more samples for the inference. 

The measurement of dimensions can be done only indirectly, employing proxy variables, usually named 
observed variables or items. In CS it is important to define a satisfaction measure as well as to define 
whether the chosen items are good proxy variables. 

If we consider CL as a synthesis of a process involving positive sequence of purchase performs, then also 
the CL is a complex latent variable. Therefore we can affirm that  for a company, customer loyalty is 
achieved  when customers buy most of their  purchases on a regular basis, becoming engaged into a customer 
loyalty relationship with the company. 

Tools adopted by companies to engage a CL relation are:

• segmentation of  customers;

•  knowledge  of quantitative and qualitative profile of customers;

•  knowledge of expectations and performances of customer during every contact with the company.

These tools, related to human resources  and advanced technologies,  represent a real competitive 
advance to beat competition. 

Currently most of the companies still use market share analysis which can be considered an obsolete 
concept, instead of CS and CL that are correctly oriented to customer preferences. Consequently the 
companies in adopting tactical and strategic choices should not refer to their own point of view but to the 
customer one, that represents the main element in purchase strategies. 

The CL can be identified into tactical customer loyalty when it is developed into short term while 
strategic customer loyalty requires long term. Tactical actions are characterized for rapidity of execution and 
among them can be included all the activities relate to CS, while in the strategic actions are included all the 
activities related to CL.

The increasing dynamicity of a company, through launching of new products or restyling the existing 
ones, is considered one of the best strategy  related to CL, especially in high  competitive context where 
obsolete products are replaced by update ones in a steadily segmentation process of customers. Therefore we 
can affirm that Loyalty represents a real strategic decision.

3.The Rasch analysis in CS and CL

In statistics, by evaluating CS is important to operate a distinction  among measurement tools, with 
special reference to measurement scale used into observed variables. Usually such variables are defined 
through an ordinal measurement scale, as the Likert scale. This involves interpretation and data elaboration 
constraints. We can substitute to labels numerical values which are merely conventional and do not allow 
comparisons. 

Some techniques have been proposed that allow the transformation of an ordinal scale’s values to 
values expressed on a metric scale (non-linear regression model with latent variables, monotonic regression 
model, Zanella,2001); or techniques that, though meeting the ordinal scale’s characteristics, are related to its 
probability distribution  (logistic regression model); and others that allow the identification of a set of 
quantitative measures that are invariant and independent of the subjective and objective traits ( Rasch 
model). 

The Rasch model is a particular case of latent trait model in which the latent traits are not treated as 
random variables. This last technique, originally adopted in psychometric studies, can be applied in 
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satisfaction context, with some changes in the interpretation (De Battisti, Nicolini, Salini, 2005). It appears to 
be particularly appropriate when we wish to know an individual satisfaction measure and also to know the 
weight items in one dimension. As a matter of fact, the RM works for one only dimension and, using a 
particular measure unit, called logit, changes the answer of n customers from a set of J ordinal-level items 
into an interval-level and defines two types of coefficients: iθ  (i=1,2,…, n) and jβ  (j=1,2,…, J). The first 
ones are satisfaction measures associated with each customer, second ones are quality measure associated 
with each item. These coefficients are expressed in the same measure, that is a logit, representing 
respectively subjects and items on a shared continuum. By coefficients iθ  we can segment customers 

according to their satisfaction levels, while by coefficient jβ  we can scale items according to their weight in 
the dimension. 

So, if for H occasions of survey, we apply RM on the same dimension, we obtain H classifications of 
J items. The comparison of these classifications, will allow to evaluate whether the weight of item in the 
dimension will remain constant during the time or it will be subject to changes. This information is very 
important to suggest how developing strategies. 

But we also obtain H sets of coefficients iθ . From each set we can segment customers; so we have H 
segmentations: the loyal customers are those  that belong to one segment for all H segmentations. 

Among segmentation techniques are particularly  suggested the Classification Trees (Breimer et al., 
1984) since they can handle different variables, real or categorical, avoiding to require a metric on variable. 
The most important peculiarity is that once trained, Classification Trees supply  both a method to classify 
other cases and a description of the rules guiding the classification itself, allowing to understand which items 
are more effective in discriminating different segmentations. 

We can apply RM, in every occasion, for all K dimensions of the theoretical framework of the latent 
variable CS; so we obtain K continuous variables kθ , each one with n sets of individual coefficients ikθ  
(i=1,…, n; k=1,.., K). And since the subjects are the same for every dimension, we can obtain an overall 
satisfaction individual coefficient by a linear combination of variables kθ  (Nicolini, De Battisti, 2006). In 
such a case the segmentation is applied on the n coefficients of the linear combination and we have a 
segmentation of the latent variable CS.

4. Remarks

We underline the increasing importance of CS and CL as marketing tools for  competitive companies. 
The main difference between satisfaction and loyalty is that CS requires short term and low investments 
while CL needs long term and  higher  investments to acquire qualified human resources as well as advanced 
technologies. Finally we wish to emphasize the relation between CL and CS related to different product, 
price, distribution and communication strategies where CS plays a tactical  role while CL a strategic one. 

The use of Rasch Analysis to measure CS and CL  represents an important tool because:

a) RM gives individual evaluations referred to each single dimension that allow segmentation of 
customers. Thanks to this segmentation it is possible to monitor changes in customers satisfaction for each 
single dimension; 

b) by using individual evaluations of dimensions obtained through RM, we can define individual 
global measurements of satisfaction in order to make a  customer segmentation on the whole latent variable;

c) RM gives a classification of  the weight  of items in the dimension, so that a company can monitor 
them. In this way the company can operate the best strategies to preserve its share on the market.
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RESUME

Il existe un lien entre la satisfaction et la fidélité d’un client. Ce lien est analysé aussi bien du point de vue du 
Marketing que de la Statistique. Après avoir identifié les concepts fondamentaux de la satisfaction d’un 
client, et après avoir choisi le modèle de Rasch comme une bonne méthode pour la mesurer, nous proposons 
une méthode pour quantifier la fidélité.
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China’s Trade Competitiveness of Textile and Clothing Sector 
Yanyun Zhao and Danbo Guo 

The Center for Applied Statistics of Renmin University of China, Beijing, China 
SUMMERY  

   China’s textile and clothing(TAC) still confronts with various challenges, 
including trade bulwark and so on. So it is important to analyze the competitive 
advantages of China’s TAC industries for establishing the developed strategy. This 
research is structured as follows: Based on the time series data, 1980-2005, the Trade 
Competitive index of China’s TAC industries is analyzed in section secondly The 
Revealed Comparative Advantage index is examined in section thirdly. In addition, 
the basic conclusions are drawn in section finally. 

Ⅰ. THE TRADE COMPETITIVE INDEX IN CHINA’S TAC INDUSTRIES 
  The Trade Competitiveness index (TC), also called the Trade Specialty 
Competitiveness Index, can be indicated as the balance of one country’s exports and 
imports divided by the total trade. Formally, the index can be presented as: 

exports imports / exports importsTC = −（ ）（ + ） 

  It reflects the relative scale of the net exports or net imports. The numeric value of 
the index is between minus one and one. In order to analyze China’s TAC industry 
profoundly, this section uses the general standard of TC index. If TC>0.8, it suggests 
that the industry/product have the strongest competitiveness. Similarly, a TC value of 
0.5-0.8, 0-0.5, 0, -1 to -0.8, -0.8 to -0.5 and -0.5 to 0 indicates stronger, strong, 
intermediate, weakest, weaker and weak industry/product competitiveness, 
respectively. As a monomial index, the TC index can not accurately reflect the actual 
superior or inferior situation of the industry/product competitiveness, because the 
policies encouraging the exports and discouraging the imports are ubiquitous in China.  
As a static analysis, however, it can be used to examine the competitiveness or the 
relative advantage at special time and special protection. 
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Figure 1. Trade Competitive Index, Textiles and Clothing, China, 1980-2005 
  The TC index of China’s textile and clothing calculated for aggregate and 
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disaggregated levels are displayed in Figure 1. As evident in Figure 3, both the textile 
and clothing have comparative advantages. The TC value of textile is between 0 and 
0.6, with significant fluctuating. In 1980s, The TC index of textile showed a declining 
trend except for 1981-1983, with an average value of 0.348. In 1990s, the value of TC 
was relatively low, at around 0.8. While it had been increasing steadily over the period 
between 2000 and 2005, and the average annual growth rate exceed 100 percent. This 
is related with the significant increase of exports. Compared with textile, the TC value 
of clothing is higher, at about 0.96. It implies that the world competitiveness of 
clothing is stronger than textile and it depends much more on low cost of labor force 
resource than textile. In general, the TC value of textile and clothing as a whole is 
relatively high. The average value is 0.57. Its fluctuating trend is almost the same as 
the TC index of textile. Since 1998， the TAC industries have experienced a 
developing period which has the character of improving the industry structure. 
Therefore, the competitiveness of TAC industry has been improving.    

It can be seen that the TC values of TAC as a whole in China, India, Thailand, 
Turkey and Pakistan are all greater than 0.5, indicating that all of these countries have 
stronger comparative advantages. Indonesia also has comparative advantage with the 
exception of 1980. The value of TC in Hong Kong ranges from 0.1 to 0.3, while 
United States and Japan change from high competitiveness to low competitiveness. In 
the trade competitiveness aspect of textile, it can be divided into three groups: the first 
group includes India and Pakistan, which have stronger competitiveness, with TC 
value>0.5. The second group includes China, Indonesia, Japan, Thailand and Turkey, 
which have strong competitiveness and TC values>0.1. The third group includes 
Hong Kong and United States, which have weak competitiveness and lower TC 
values of -0.3-0.015 and -0.6-0.9, respectively. In the aspect of trade competitiveness 
in clothing industry, most of the countries have comparative advantages except Japan 
and United States.         
  Based on the results of the foregoing analysis, the trade competitiveness of China’s 
TAC is still in the front of the world, although it is confronted with a relatively 
complex trade environment. Every year, China exports large amount of TAC products 
to Japan, accounting for 73.4 percent in Japan’s TAC import market in 2003. In the 
middle and low-end products fields, Japan can not compete against China in the trade. 
But it takes a vital position in the top-grade field which is full of further processing 
and high quality TAC products. In the same way, the United States also gains great 
amount of monopoly profits in the international trade of TAC products tied to the 
labor productivity advantage. Otherwise developing countries, such as China, India, 
Pakistan and Thailand, benefit from the advantages of labor force, land and nature 
resources. All of these countries also have comparative advantages, becoming major 
competitors to China in low-end markets.     
Ⅱ. THE REVEALED COMPARATIVE ADVANTAGE INDEX IN CHINA’S 
TAC INDUSTRIES 
  The Revealed Comparative Advantage Index (RCA), also called the Relative 
Export Performance index, is an indicated that in the trade of a particular 
product/industry by the share of that product/industry in the country’s total exports 
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relative to produce/industry’s share in the total world export. It was derived by 
Balassa (1965). Thus, the aim is to identify whether the industry/product has 
comparative advantage or not. Formally, the index can be presented as: 

( ) ( )ij ij ij i iRCA X X X X= ∑ ∑ ∑∑  

  Where ijRCA represents the revealed comparative advantage index for industry j of 

country i, ijX is exports of industry j of country i, ijX∑ is the world total exports of 

industry I, iX∑ the total exports of country i, iX∑ ∑ is the total world exports. 

According to the standard of the Japan External Trade Organization (JETRO), the 
value of RCA>2.5, 1.25<RCA<2.5, 0.8<RCA<1.25 and RCA<0.8 denotes strongest, 
stronger, middling, and weak competitiveness. It utilizes the trade structure and trade 
dependence relation to interpret the realization of the international competitiveness in 
trade, which accords with the theory of comparative advantage.  
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Figure 2.Revealed Comparative Advantage Index, Textiles and Clothing, China 
 
  The Revealed Comparative Advantage Index (RCA) of China’s textile and 

clothing as aggregate and disaggregated levels illustrates that the international trade 
competitiveness of TAC industries as aggregate or disaggregated levels are all 
powerful, with all of the values of RCA>2.5. The competitive advantage of clothing is 
stronger than textile, and their values are 4.8 and 3.1, respectively. It can be seen that 
the results of RCA analysis is almost the same as TC. China has competitive 
advantages and comparative advantages in labor-intensive industries due to the 
abundant labour resources (26.3 percent in the world) and economic restructuring. 
However, different from the results of TC analysis, the RCA of textile and clothing 
industries respectively and as a whole assume a declining trend over the period 
between 1980 and 2005, accounting for 46 percent, 18 percent and 32 percent in 1980. 
Although the share of TAC exports in the world total exports increases, it is still under 
the world average level, confronting with various challenges in international 
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competition. As evident that it still exists a little limitation to analyze the comparative 
advantage just using exports. In that, the exports can be affected by imports especially 
on the condition of vast imports of raw materials. Besides, the trade policies also have 
influence on it.    

 In the strong and weak aspects of the competitiveness of TAC as a whole, China , 
India , Hong Kong , Turkey and Pakistan have the strongest competitive advantages, 
all of the values of RCA>2.5 without exception. Indonesia, Thailand and Italy have 
the stronger competitive advantages, the values of RCA>1.25, while the competitive 
advantages of Japan, USA and Germany are weak. As for the variation trend of RCA, 
most of the countries’ RCA declines moderately with the exception of Pakistan, which 
have increased by 83.8 percent over the last twenty-five years. 

  The analyzing results of TAC as a whole are entirely consistent with those of TAC 
as disaggregated industry. With the exception of India, Pakistan, USA, Japan and 
Germany, other countries’ competitive advantages of exports in clothing are stronger 
than that of textile. In that, India and Pakistan have stronger competitive advantages 
in the price, scale and quality of textiles (cotton yarn), and USA, Japan and Germany 
in high-end textiles filed. In the trade competitiveness aspect of clothing, Italy, being 
extremely developed in this field, has stronger competitive advantage. However, 
China has been experiencing a groping process of improving the competitive 
advantages in high-end field. Most of its exports are low-end or attaching branded. 
China can only earn meager profit in the processing trade, and can not form powerful 
brands in the world for China. Overall, the competitiveness of China’s TAC industries 
is still in the front of the world. 

Ⅲ. CONCLUSIONS 
 The analysis of foreign trade, trade competitive index and Revealed comparative 

advantage index indicate two important features:  
 First, the foreign total trade of China increases significantly and the international 

market share improves ceaselessly. The primary exports completely change from 
textile products to clothing. On one hand, the favorable economic environment is 
provided because of the high economic growth and the promotion of the government. 
On the other hand, the entry to WTO and the abolishment of the textiles and clothing 
quota system appear to provide an upstanding chance for China. 
  Secondly, the international trade competitiveness of China’s TAC industries as a 
whole is stronger in the world, and the competitive advantage of textile industry is 
stronger than the clothing industry. It depends on the advantage of abundant labor 
resource and the high traditional technique. However, because of the increase of labor 
costs and the changes of TAC from labor-intensive industries to technology-intensive 
industries, the trade competitiveness of China’s TAC for aggregate has been weaken 
over the period between 1980 and 2005. Therefore, on one hand, China should 
improve the labor productivity of TAC industries. On the other hand, it should 
optimize the trade patterns, form powerful brands and increase the exports of high 
added-value, high quality TAC products, in order to improve the international 
competitiveness in the trade of textile and clothing industries. 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 5228 -



Micro Data Evidence of Innovation on Productivity: China

Textile Industry as an Example

Feng ZHEN
Ph.D. Candidate, School of Statistics, Renmin University of China
Research Assistant, Center for Applied Statistics, Renmin University of China
No. 59, Zhongguancun Avenue,
100872, Beijing, China;
zhen@ruc.edu.cn

ABSTRACT: Using the micro data of textile firms from the census of National Bureau of Statistics of China,
this paper observes the effects of 3 innovation factors to productivity at industrial level and 3 different
classifications in an extended Cobb-Douglas production function. The factors are R&D expenditure, new
product value and labour training expenditure in firms. They are significant at industrial level and different
under the classification of firm size, ownership and region.
KEYWORDS: R&D Expenditure, New Product Value, Productivity

1. Introduction
Innovation has been considered as the most important promotional power in the next 20 years

development of China after a long period of rapid growth. Enterprises and industries are the basic elements
of economic growth. They carry out new research and development work, absorb new techniques and
product lines, train their employees to improve their productivity and gain more profits. This paper will
discuss innovation and productivity based on firm data of China textile industry as an example.

Capital and labour are main factors of production function. Cobb and Douglas (1928) established the
theory of production and tested it in US series. Tinbergen (1942) discussed the theory and suggested adding a
time variable in the function. Solow (1957) improved the function with uncertain factors to examine
technical change in productivity besides capital and labour. Jorgenson (1986) added intermediate input as a
variable and used industries data. Many different methods and results developed after that and most of them
were based on macro data of countries and regions, e.g. Romer 1986 and Lucas 1988. It is a new direction to
use micro data to analyze innovation and productivity in recent years. Goedhuys et al. (2006) analyzed
Tanzanian firm data in technology and institution factors by using firm survey data. We will introduce
technological factors in boosting productivity of China firm in a similar way.

2. Method
To well understand the effects of innovation variables on labour productivity of firm level, we use a

simple function extended from Cobb-Douglas production function. A group of innovation variables are
added as the third factor except labour and capital in formula

( ) i
iiAVA Z ii C eLα β ε= (1)

in which firms value added VAi is an explained variable, physical capital Ci and labour employed Li are
traditional explanatory variables, Zi is a group of technological variables explaining only total factor
productivity, and �i is the random error. We get a linear function after taking logarithms

ln( ) ln( ) ln lnVA CZ Li ii i iα β ε= + + + (2)
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and rewritten in terms of labour productivity

ln ln ( ) ln( / ) ( 1) lnA CP Z L Li i i ii iα α β ε= + + + − + (3)

in which /VAP Li ii= .

Three explanatory variables are included in Zi to explain innovation effects, i.e. R&D Expenditure
(RDE) to explain self-research and development, New Product Value (NPV) to understand output of
innovation, and Labour Training Expenditure (LTE) to show adapting process of innovation. R&D
expenditure is one way of innovation. It may have two results, changed to new products and then to profit, or
no gains. New product value may explain 2 ways of innovation, i.e. a result of self-research and development,
or absorbing from others, or both ways. Labour training is a way to adapt to new production along with
innovation. They are selected step by step to find all significant models, i.e. 7 functions will be estimated in
industrial level and under each classification. All models are estimated in Ordinary Least Squares (OLS)
method.

In order to understand different effects under different firm characters, after a industrial level estimation
of all textile firms, we extend three classification variables to show different effects of innovation in different
kinds of firms. The first is firm size divided into large, middle and small by number of employees. The
second is ownership and we pay attention to some of four kinds, i.e. national owned, Hong Kong, Macao and
Taiwan (HMT) owned, foreign owned and private owned. The third is region of firms and we show 3 most
competitive provinces.

Two dimensions could be explained by different variable(s) in the same group and between groups. In
the same group (e.g. large firms), one singular significant explanatory variable represents by one way of
influence of innovation, two or more significant variables means a combined effect of innovation. Models
with the same significant variables in different groups (e.g. large and middle firms with RDE as the only
significant variable in technology part) can help to explain different power of influence between groups.

3. Data
The data is released by NBS’s annual industry survey of all the national owned firms and other firms

whose sales value of products is more than 5 million RMB Yuan, i.e. about 0.5 million EUR. In fact it is a
census of large firms with high sales of products. Textile industry is a labour-intensive industry with the
largest employees among other industries in China, i.e. 21726 firms in 2005 in census. We select it to analyze
for it has the largest amount of firms and it is one of the most important and competitive industries in China.

Table 1: Description of Classification Variables
Innovation Ownership

Character of Variables cases % Owner cases %
RDE>0 1105 5.09 National 262 1.21
NPV>0 1420 6.54 HMT 2795 12.87
LTE>0 7842 36.11 Foreign 2081 9.58
RDE & NPV>0 282 1.30 Private 12524 57.67
RDE,NPV & LTE>0 231 1.06 Others 4054 18.67

Size Region
Employees cases % Province cases %
<100 9050 41.67 Jiangsu 4510 20.77
100-1000 11732 54.02 Zhejiang 6207 28.58
>=1000 934 4.30 Shandong 2646 12.18
Total 21716 100.00 Others 8353 38.46
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Value added (VA) can be calculated from value of production, value added tax and intermediate input.
Capital (CA) is the total assets including fixed assets, current assets and intangible assets. Labour (LA) is the
number of employees on production. Innovation factors are 3 direct indicators in the database, i.e. RDE,
NPV and LTE. Missing value is not included in the estimation, i.e. different observations are included in
different models. Three classification variables are considered in analysis, i.e. firm size, ownership and
region. Firm size is separated into large, middle and small by number of employees. Ownership is
complicated in China, for more than 20 categories can be distinguished and we summarize them into 5 kinds
and care about 4 of them, i.e. national owned, private owned, foreign owned and HMT owned. Region of
firms describes unbalance development of regions in China and we select 3 most competitive provinces in
textile industry, i.e. Jiangsu, Zhejiang and Shandong in the east of China (ZHEN, 2005). Table 1 shows the
details.

4. Results
Table 2 shows influence of innovation indicators in industrial level. Table 3 reports the influence under

different classification levels. As presented in table 2, all the 7 equations are estimated in each table, i.e. each
one of indictor, each two of indictors and all the 3 indictors. Only significant equations with significant
coefficient(s) are included in the forms. Should you need more details, please contact the author.

For all the textile firms, only 5.09 percent of them have R&D expenditures. Their spending has a
significant influence on productivity. The effect is enhanced when new product outputs or/and labour training
are added. New product value and labour training are changing in the same way. Overall model with the
highest adjusted R square shows combination of innovation with labour training is better for productivity of
textile firms in China, but the sample size reduces to 231.

Table 2: Regression Models on Industrial Level
Basic One Explanatory Variable Two Explanatory Variables Overall

Traditional         
L(CA/LA) 0.423*** 0.473*** 0.630*** 0.663*** 0.511*** 0.797*** 0.727*** 0.471***
LLA -0.210*** -0.295*** -0.295*** -0.330*** -0.238*** -0.508*** -0.391*** -0.408***
Technology         
LRDE  0.162***   0.184*** 0.133*** 0.202***
LNPV   0.104*** 0.127*** 0.120*** 0.131***
LLTE    0.145*** 0.198*** 0.172*** 0.164**
Adjusted R^2 0.262 0.332 0.278 0.283 0.443 0.399 0.358 0.468
Observations 21716 1105 1420 7842 282 763 710 231
Dependent Variable�L(VA/LA)=Log(Labour Productivity); Significant Level: 0.01(***), 0.05(**), 0.1(*)

Classified by firm size, only 3 models are significant for small and large firms. To small firms, NPV is
significant only when it’s together with RDE. It shows the difficulty for small firms to absorb new techniques
entirely without any change. It may be expensive for them to buy a new technique entirely. A little research
can change into new products and uses a long time. Large firms group cares only one field of innovation and
no combined indicators are significant. They have a high situation in gross output and market. Caring only
one field is enough for a short-time development for most of large firms. This group did not pay enough
attention the benefit of multiple ways of innovation to productivity growth. Middle size firms have various
behaviours. The productivity gets benefits from separate innovation indicators. The combined 2 indictors are
helpful and most of them enhanced with another indicator. On the other dimension, innovation has a better
influence on productivity in middle firms, rather than large and small firms.

Ownership models show it is important for national owned firms to absorb high technique since RDE is
not significant. The fact is that not much national owned firms are left in textile industry today, i.e. 1.2% of
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total textile firms is a very small percentage. Most of them do not do their own research and depend on
absorbing and acquire new technology from other sources, e.g. institutes of textile. They pay more attention
to labour training and the two significant factors are much higher than industrial level. Foreign owned firms
also use a straight way to obtain new techniques from external, e.g. foreign sources. Self research and
development is significant in private and HMT groups. It means different way of innovation influences the
productivity separately in Chinese private owned firms.

Divided by region in table 3, Shandong is a traditional region for textile industry and it is near the
material producing area. All the innovation factors are significant in one-indicator equations and give a
higher explanation than the other two provinces. And the influence is greater than the industrial level
presented in table 2. Labour Training and absorbing techniques seems more useful than R&D in improving
productivity in Zhejiang. The separate effect of each factor is smaller than the equal level in China, but the
only combined effect is greater. There is no significant effect of R&D in Jiangsu, whereas absorbing
techniques is more important since its fast development of foreign investment.

Table 3: Regression Models Classified by Region
Jiangsu Zhejiang Shandong

Traditional          
L(CA/LA) 0.356*** 0.436*** 0.618*** 0.664*** 0.636*** 0.601*** 0.319*** 0.475*** 0.366***
LLA -0.374*** -0.284***-0.226*** -0.123** -0.107*** -0.210*** -0.433*** -0.260** -0.434***
Technology          
LRDE    0.098*   0.348***   
LNPV 0.190** 0.131*** 0.076**   0.191*  
LLTE  0.130*** 0.190***   0.120***   0.201***
Adjusted R^2 0.289 0.264 0.432 0.455 0.402 0.411 0.296 0.300 0.268
Observations 93 1630 327 319 495 2930 161 80 875
Dependent Variable�L(VA/LA)=Log(Labour Productivity); Significant Level: 0.01(***), 0.05(**), 0.1(*)

5. Conclusion
This study uses micro data to explain 3 innovation factors of China textile industry. All of them are

significant in separate or combined at the industrial level in improving productivity. The combination can
make the positive influence greater. In classified study, middle firms group are active, national owned firms
place greater effect on technique-absorbing and labour training, Shandong has a better expression in 3 factors
separately with a stronger influence than the average level in industrial level equation and province level of
the other 2 provinces.
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The Atlantic Area in the European policy framework 
The choices madden for the European Union 2007-2013 financial perspectives were driven by clear 

political directions adopted in view of the achievement of a global vision on people’s expectations and 
enlargement challenges. Successive financial perspectives have always reflected a political project. For 
Agenda 2000, covering 2000-06, the project focused on gearing up Europe to make enlargement possible. 
With enlargement now a reality, even if much work remains to be done to integrate the new Member States 
the aim is to find a new dynamism and meet new expectations. [COM, 2004] 

Three major priorities were defined by COM (2004) for the 2007-2013 financial period concerning the 
enlarged European Union: (1) The Internal Market must be completed so that it can play full part in 
achieving the broader objective of sustainable development, mobilizing economic, social, and environmental 
policies to that end; (2) The political concept of European citizenship hinges on the completion of an area of 
freedom, justice, security and access to basic public goods; (3) Europe should project a coherent role as a 
global partner, inspired by its core values in assuming regional responsibilities, promoting sustainable 
development, and contributing to civilian and strategic security. 

Sustainable development priority requires, in the perspective of EU policy, the adoption of strategic 
programmes concerning the competitiveness for growth and employment, the pursuing of greater cohesion in 
the context of an enlarged Union and the sustainable management of agriculture, fisheries and environment. 
In the particular case of cohesion policy, the aim leads for three fundamental objectives that are covered by 
the all existing financial instruments (ERDF, ESF, Cohesion Fund, …): the convergence objective, the 
regional competitiveness and employment objective and the European territorial cooperation objective. The 
last one (territorial cooperation) has as main goals strengthening cross-border cooperation through joint local 
and regional initiatives, strengthening transnational cooperation by means of actions conducive to integrated 
territorial development issues linked to Community priorities, and strengthening interregional cooperation 
and exchange of experience at appropriate territorial level. [EC, 2006] 

Transnational cooperation it’s a territorial cooperation objective of the European Union geared by the 
aim of involving national, regional and local authorities on the promotion of better integration within the 
Union through the formation of large groups of European regions. Atlantic Area is one of those European 
macro-regions which were defined in order to increase transnational cooperation across Spain, France, 
Ireland, Portugal and United Kingdom. 

The Atlantic Area Transnational Cooperation Programme for the period 2007-2013 has as overall 
strategy the achievement of significant and tangible progress in transnational cooperation geared towards 
cohesive, sustainable and balanced territorial development of the Atlantic Area and its maritime heritage. The 
main objectives are the promotion of transnational entrepreneurial and innovation networks, the contribution 
to protect, secure and enhance the marine and coastal environment sustainability, the improvement of 
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accessibility and internal links and the enhancement of transnational synergies in sustainable urban and 
regional development. [AA, 2007]. 

In the light of COM (2004) the success of policies relies on the efficiency of delivery instruments and, 
more broadly, in the appropriate system of economic governance. On of the related two main building blocks 
is a roadmap bringing together goals, objectives, instruments and indicators. Strategic goals should be 
articulated through few specific objectives and, where appropriated, further detailed actions. The instruments 
of implementation (legislation, coordination, expenditure) should be defined together with progress 
indicators and sufficient incentives to secure the positive outcome. 

The monitoring and evaluation systems at EU programmes 
Monitoring and evaluation of development activities provide government officials, development 

managers, and civil society with better means for learning from past experience, improving service delivery, 
planning and allocating resources, and demonstrating results as part of accountability to key stakeholders 
(WorldBank, 2004). In EU, the use of indicators for monitoring and evaluation is an established practice 
developed within the framework of European Structural Funds since the mid 1990s. One decade of 
experiences leads to the consensual conclusion that monitoring and evaluation brought substantial 
improvements to the quality of planning and significant contributions for more effective programmes 
management (COM, 2006). 

COM (2006) distinguishes two main stream indicators: contextual and programme indicators. The 
former (contextual indicators) refers to the departure situation and aims to quantify figures related to 
characterization and diagnosis or to needs identification. The later (programme indicators) reports to the 
effects of the intervention and aims to quantify realizations on expected outcomes or intended goals figured 
by the observed change rate on the socio-economic reality or on the behaviour of socio-economic actors. 

Program indicators include input, output, result and impact indicators. Resource or input indicators 
refer to the budget allocated to each level of assistance. Output indicators relate directly to the operational 
activities (projects) and evaluate the effects concerning operational objectives measured by the direct 
outcomes in good and services produced. Result indicators relate to the direct advantages brought by the 
programme to the immediate beneficiaries (project partners) and evaluate specific objectives measured by 
the direct and immediate effects of projects. Impact indicators relate to the specific mid and longer-term 
effects of the programme that are not directly linked to the action taken under the immediate beneficiaries 
and evaluate the effects concerning the global objectives. 

Monitoring and evaluation are two closely concepts. Monitoring is essentially the checking of outturns 
against expectations. Evaluation involves interrogation information from monitoring and other sources to 
find out and explain the effects of interventions. Retaining also output and results indicators as data sources, 
impact indicators are the most important tools used for evaluation. Impacts indicators play a decisive role in 
the all programming cycle. At the beginning, in the ex-ante evaluation context, impact indicators are 
endorsed as instrument for the strategic orientation of the programme. During the execution stages, it’s a 
decisive tool for ongoing and final assessment of the global objectives of the programme. [COM, 2006] 

At programme level, indicators shall be defined by baselines and quantified target references. 
Baselines are the initial values fixed as main reference to be used as relative measure of progresses observed 
by the system of indicators. Quantified targets refer to quantitative goals desired to be reached within a given 
time frame, at objectives, priorities and programme levels, and shall be analysed in the context of the 
assessment framework. Baselines are defined by values from the 2000-2006 Atlantic Area Programme 
performance, which shall be calculated within objectives harmonized with 2007-2013 Programme. 

Monitoring can involve a large number of indicators, reflecting the wide variety of interventions and 
users needs. The European Commission has also information needs, but related to a more limited subset of 
core indicators. In this way, a set of common minimum core of indicators will be implemented in order to 
enable comparisons or aggregations of data across similar programmes, priorities or measures. The core 
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indicators for transnational cooperation programmes are defined by the number of projects concerning water 
management, the improvement of accessibilities, risk prevention and the development of RTD and 
innovation networks. [COM, 2006] 

Monitoring shall be carried out by reference to a set of approved Programme Indicators that will be 
reported regularly. The aggregate results of monitoring against the physical and financial indicators shall be 
published in the Programme annual implementation reports submitted, each year, to the European 
Commission. Programme monitoring will be mainly informed by six-monthly progress reports that the 
project lead partners must regularly submit. [AA, 2007] 

Meanwhile, by their nature, impact indicators need for more developed arrangements to obtain more 
meaningful values than is possible from the monitoring system. Effectively, impacts indicators it’s one of the 
mostly complex and difficult tasks evaluation. An appropriated evaluation instrument for data collection and 
the corresponding statistical analysis methodology for impact assessment should be defined.  

Impact assessment in the Atlantic Area Programme 
Impact assessment is the process of identifying the anticipated or the realised global effects in the 

socio-economic or the natural environment resulting from the implementation of an operation or a 
programme. Impacts refer to a population that goes over the direct beneficiaries and to wider effects than de 
immediate results of projects. Anticipated impact assessment takes place before the intervention approval 
(ex-ante evaluation) and is essential to planning adequacy. After completion impact assessments take place in 
the context of the intervention conclusion or at any stage in between and the end (ex-post evaluation). After 
completion impact assessments is essential to enable corrective actions or to balance and improving future 
interventions. 

The ex-post evaluation system is a fundamental issue in the present post-approval stage of 2007-2013 
Programme. The set of indicators defined within the operational programme still needs further elaboration. 
Baselines should be defined by exploiting the records of the 2000-2006 programming cycle. Targets must be 
adopted quantifying expected progress at baseline values. Impact assessment shall be implemented on the 
basis of indicators closely related to the achievement of global goals and concerned priorities and objectives. 

Impact indicators should be compatible with needs for the assessment of the main goal of the 
Programme: strengthening cooperation in the Atlantic Area. Therefore, monitoring towards impact 
evaluation must be focus on the attended objectives and progress madden in the intensity of cooperation in 
the Atlantic Area. The intensity of cooperation will be quantified in the priority fields of entrepreneurial and 
innovation networks, marine and coastal environment sustainability, improvement of Atlantic accessibilities 
and sustainable urban development. Values should be collected at the programme start (2007) for baseline 
information, and, at least, at two different moments of the programming period, one in mid-term (2010) and 
the other in the end (2013)  

Impacts are always difficult to quantify, methodologically demanding and frequently assessments are 
restricted to the achievement evaluation of intermediary goals rather than the direct effects. Impact 
evaluations in cooperation programmes are particularly difficult to measure. AA (2007) imputes these 
difficulties to the heterogeneity of statistical material and other data across the cooperation area, as well as to 
the wide diversity of issues addressed, which make it virtually impossible to define a limited number of clear, 
consistent, relevant and reliable indicators for each of the numerous issues addressed. 

A mix approach combining participatory and qualitative methods can be a significant instrument to 
support impact assessment and surround the specific difficulties of territorial cooperation programmes. 
Participatory methods it’s a useful and feasible approach. It involves beneficiaries and can achieve objective 
and subjective data on the operations impacts. As mentioned by COM (2006) one way of surrounding 
difficulties on impact monitoring is the collection of process-related information, capturing the development 
of capacities and competences of the stakeholders in cooperation priorities, as while as subjective 
perceptions on the attainment of operational objectives. 
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Qualitative methods it’s a suitable approach for assessment of more complex socio-economic and 
environmental impacts. If it is a relatively more costly approach than participatory methods, in turn it gives 
much more information in the scope of indicators, the representativeness on stakeholders and the 
interpretation of relationships between indicators. Set up needs the development of appropriated evaluation 
instruments, the implementation of inquiry procedures and convenient methods for statistical analysis. 

Qualitative methods shall be applied to measure the relative audience of the Programme within 
different categories of key-players. Key players are national public administrations, regional and local 
authorities, educations and research centres, voluntary sector and non profit organisations and private sector. 
Impact measures shall concern issues like the number of bodies of each category of key-player having 
benefited from results of at least one Programme project, the notoriety of the Programme and the knowledge 
and interest manifested about cooperation in the Atlantic Area. 

The intensity of cooperation is an issue that may vary to a very large extent depending on specificities 
of projects. Measures are defined on a four-step scale categorised in an ascending order of cooperation 
intensity: Exchange of experience, concerned to the sharing of data and information, the promotion of mutual 
understanding between partners and the raising of awareness among the diversity of approaches and cultures; 
Transfer of know-how, related to concrete actions taken to reform practices by importing methods and 
techniques from other relevant experiences; Pooling of a critical mass of means, referred to human, technical, 
financial and other resources put in common to increase efficiency and to achieve joint tangible results; 
Tackling transnational issues, a cooperation dimension aiming to identify and implement joint responses to 
common problems which, by their very nature, cannot be addressed correctly in merely national terms. 

Consequential impact assessment depends on the quality of descriptive results interpretation, which 
can be improved by the identification and analysis of relevant causal relations. Policy variables, like the 
intensity of cooperation, globally or on innovation, sustainability, accessibilities and urban development, are 
typical latent variables (constructs), which cannot be directly observed. Their behaviour can only be 
imperfectly observed through a set of associated manifest variables. The constructs interrelationships 
analysis can be done by cross sectional statistical approaches such as structural equation models (SEM). 

The advantage of SEM in relation to other statistical techniques is the conjoint analysis that is provided 
to the treatment of manifest variables, in the context of a measurement model, and the theoretical 
interdependencies of constructs, in the context of a structural model. Unlike SEM, other techniques, such us 
multiple regression, treat variables and constructs identically. That is, as referred by Hair (2006), multiple 
regression techniques does no take into account any of the measurement proprieties that go along with 
forming a multiple-item construct when estimating the relationship. By the contrary, SEM provides a better 
way of empirically examining a theoretical model by involving both the measurement model and the 
structural model in one analysis.  
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Economic sentiment surveys are carried out by all European Union member states on a monthly
basis. The survey outcomes are used to obtain an early insight into future economic evolutions and
often receive extensive press coverage. Based on these surveys, the European Commission constructs
an aggregate European Economic Sentiment Indicator (ESI). The ESI is compared with more sophisti-
cated aggregation schemes based on two statistical methods: dynamic factor analysis and partial least
squares. We compare the aggregate sentiment indicators and their forecast performance for industrial
production growth. Our findings are twofold. First it is found that the ESI, although constructed in
a rather ad hoc way, can compete with the indicators constructed according to statistical principles.
Secondly, the predictive power of the sentiment indicators, as tested for in an out-of-sample Granger
causality framework, is limited.

Constructing Sentiment Indicators

Every month, the European Commission publishes the European Economic Sentiment Indicator
(ESI). This indicator is based on surveys that aim to get insight into the beliefs of the economic
agents. The ESI can be considered as an early indication of future economic activity in Europe, and
hence be used as a guideline for both businessmen and policy makers. The ESI is based on production
and consumer sentiment surveys carried out in all member states of the European Union. In total,
15 sentiment components are considered for 15 EU countries (i.e. all EU member states before the
enlargement in 2004). These data are collected by the European Commission and can be downloaded
from the Eurostat website1 The 225 time series are linearly aggregated:

S =
15∑
i=1

15∑
j=1

wi,jCi,j ,

where S denotes the sentiment indicator, Ci,j sentiment component i in country j and wi,j the associ-
ated weight. The aggregation weights for the ESI are based on intuitive economic reasoning. Here, we
compare the performance of the ESI with indicators which choose the aggregation weights in a data-
driven manner. More specifically, we consider the dynamic factor model as introduced by Stock and
Watson (2002), the first factor extracted from the 255 series is considered as sentiment indicator, and
the Parial Least Squared method (see e.g. Wold (2006)). The latter method focusses on forecasting
and results in different sentiment indicators for different forecast purposes.

1ec.europa.eu/eurostat
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Forecasting using Sentiment Indicators

In this section, we focus on forecasting national and aggregate industrial production. We com-
pare the forecasting performance of the ESI with the indicators obtained by dynamic factor analysis
and the PLS method within a Granger causality framework. This allows to measure the incremental
predictive power of the indicators with respect to the own past of the series to predict. Let yt denote
the series to predict and St the European sentiment indicator at time t = 1 . . . T , where St is either
the ESI in differences or the indicator derived from factor analysis or partial least squares based on
the differenced sentiment components.

Suppose we want to forecast yT+h, where h stands for the horizon of the forecast. If we take
h = 0, we make a nowcast of the current yt. Many real macro-economic variables are only available
with a certain time lag k, mostly of about two months. The sentiment survey results, on the contrary,
are available much earlier. At the beginning of the month, we posses the survey results concerning the
previous month. Therefore, the variable St is included up to one period ago in the forecasting model:

(1) yt+h = α + βkyt�k + γ1St�1 + . . . + βpyt�p + γpSt�p + εt,

with 1 ≤ t ≤ T , and where k stands for the timeliness of the data-availability of the series to predict.
The forecasting performance of the above model (1) is then compared with the reference model

(2) yt+h = α + βkyt�k + . . . + βpyt�p + εt,

where the sentiment indicator St is not used. By comparing (1) and (2), it is possible to measure
how much incremental power the sentiment indicator has, corresponding to the concept of Granger
causality. In the empirical application, the order p of the models is selected by minimizing the Schwarz-
Bayes information criterion.

To assess the predictive content of the summary indicators we make use of out-of-sample proce-
dures. These make forecasts of observations using information from the past only and evaluate different
models by comparing their “real time” forecast errors. One-step-ahead forecast errors are compared
using the encompassing regression test statistic, which is described and found to be well-performing in
Clark and McCracken (2001). The associated p-values are obtained by a residual bootstrap procedure.
To remain in a pure out-of-sample framework, we recompute the indicators obtained from the dynamic
factor analysis or partial least squares method for each prediction.

We work with industrial production data at the aggregate European level, and at the country-
level for Belgium, Denmark, Germany, France, Italy, Luxembourg and the UK. The selection of these
eight countries is mainly based on data availability, yielding a complete data set which ranges from
April 1995 to November 2005. We make nowcasts and forecasts for one, three and six months ahead,
and the timeliness k equals 2 for the industrial productions series. Table 1 presents the p-values for the
out-of-sample Granger causality tests, where the null hypothesis states that there is no incremental
predictive power. Results are given for the three common sentiment indicators, the ESI and the ones
resulting from the DF and PLS methods, for industrial production growth in eight European countries
as well as for the European aggregate. From Table 1 it becomes clear that the ESI is of limited use
for making forecasts of industrial production. In some specific cases, a significant causality relation
of the common indicators for the industrial production is found, more precisely for the aggregate
European production at the one-month-ahead horizon and for the 6 months ahead Italian industrial
production. However, one should keep in mind that Table 1 represents a total of 36 statistical test
for the ESI, hence one could expect about two cases where we find significant effects, even when no
Granger Causality is present. We conclude that overall the ESI has limited out-of-sample forecasting
power. This conclusion is in line with the findings of Cotsomitis and Kwan (2006).

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 5240 -



Forecasting Industrial Production Growth

h = 0 h = 1 h = 3 h = 6
ESI DF PLS ESI DF PLS ESI DF PLS ESI DF PLS

Belgium 0.85 0.78 0.90 0.79 0.84 0.50 0.29 0.48 0.75 0.81 0.23 0.74
Denmark 0.41 0.13 0.65 0.15 0.91 0.93 0.09 0.40 0.06 0.90 0.48 0.65
Germany 0.29 0.79 0.06 0.06 0.23 0.22 0.04 0.30 0.00 0.18 0.42 0.00
France 0.43 0.55 0.08 0.21 0.41 0.79 0.76 0.37 0.11 0.95 0.34 0.52
Italy 0.50 0.88 0.00 0.89 0.52 0.45 0.90 0.11 0.02 0.03 0.01 0.00
Luxembourg 0.45 0.10 0.65 0.25 0.45 0.49 0.90 0.72 0.68 0.22 0.50 0.67
Netherlands 0.75 0.28 0.14 0.32 0.54 0.96 0.78 0.31 0.16 0.43 0.43 0.41
UK 0.41 0.48 0.30 0.37 0.08 0.00 0.01 0.27 0.08 0.10 0.09 0.00
Europe 0.55 0.68 0.06 0.01 0.03 0.15 0.63 0.83 0.86 0.96 0.70 0.19

Table 1: P -values for Out-Of-Sample Granger-causality tests at differen horizons h for eight countries
and the European aggregate, using the ESI or the indicators obtained by the Dynamic Factor model
(DF) of the Partial Least Squares method (PLS).

Let us now compare the performance of the ESI relative to the other two indicators, based on
the DF and PLS methods. The PLS method seems to perform best, yielding the highest number
of significant outcomes, in particular for the country specific variables. Overall, however, we may
conclude that also the DF and PLS approaches result in indicators with limited forecasting ability,
and that they do not yield a clear improvement in forecasting power with respect to the ESI. When
we focus attention on the prediction of the aggregate European industrial production, there is one
outcome that is consistently found to close to significance. At a horizon of one month, the sentiment
indicators detect a Granger causal relationship. This may be due to the fact that some survey questions
are directly related to the variable of interest: the industrial production within one month will directly
depend on the order book level.

Conclusion

This paper compares the European Economic Sentiment Indicator, as published monthly by
the European Commission, with two statistical techniques for constructing an aggregate sentiment
indicator: a dynamic factor analysis and the partial least squares method. We conclude that although
the ESI seems to be constructed in a rather ad hoc way, it is quite comparable with other construction
schemes based on statistical arguments. Furthermore, we find that the aggregate sentiment indicators
are weak predictors of industrial production and unemployment. Granger Causality is only found
at some particular horizons and the ESI, dynamic factor model and partial least squares method
behave comparably. This indicates that the weak forecasting power of the ESI is not due to the
way it is constructed, but simply comes from the fact that the individual component series, even
when we combine them, do not contain enough information for making accurate predictions. In other
words, anticipations of consumers and producers about the future state of the economy may not be
informative enough for predictive purposes.
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1. Introduction 

One of the activities of INE-PT Quality Management System, implemented since 1996, is the 
assessment of customer satisfaction related to the products and services rendered. It is assumed by the 
organization that the production and dissemination of statistical information must be useful and meaningful 
for its customers, disseminated in adequate formats, in a friendly way, and through services accordingly with 
their needs. 

To know if our costumers are satisfied with our products and services we have made, in the last years, 
some customer satisfaction surveys towards different types of customers, e.g.: library customers; users that 
have requested specific information; Central Administration; Media; and more recently, to the scientific 
community. 

However, we had a challenge: we wanted to have an approach that would allow us to compare the 
results of customer satisfaction surveys amongst different types of customers and from different surveys 
throughout the time. As such, we used an approach that allows us to compare information amongst surveys 
and we have reached good results – this approach makes part of the Integrated Plan of Activities to Assess 
Customer Satisfaction. 

Although we consider our customers of great importance for our activity, we could not forget our co-
workers. Are they satisfied with the services rendered internally by different units/departments? We had 
carried out an internal survey, to realize how INE-PT units/departments are satisfied or not satisfied with the 
services delivered internally. The method applied in this survey was quite similar to the one used in external 
surveys. 

 
2. Customer satisfaction surveys 
 
Integrated Plan of Activities to Assess Customer Satisfaction 

Customer satisfaction surveys are recognized by INE-PT as an adequate instrument to assess Quality 
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of products and services rendered to customers. 
Taking into account the recent experience of our organization in this matter, a new approach was 

developed. 
The first step was to define the Quality dimensions perceived as important by the customers and what 

concepts should they be composed by. As such, a matrix was conceived taking into account the following 
structure: 

1. Quality perception, concerning 
1.1. statistical information 
1.2. products 
1.3. Services 

2. Value for money 
3. Global image 
4. Expectations 
5. Loyalty/fidelity 

Realising that these dimensions mean different attitudes from customers, we have decomposed each 
dimension in various variables/attributes that would represent the dimensions as a whole. 

As an example, we show the attributes that compose 1.1. “Quality perception, concerning statistical 
information”: 

Data pertinence – the disseminated statistical information follows evolution of the country reality. 
The collected data should be the one needed to reach the useful results. 

Credibility – disseminated statistical information deserves our customers trust.  
Actuality – the disseminated statistical information is actual; the lag between the reference period and 

the disseminate date is very short. 
Data accessibility – it is easy to access statistical information. 
Metadata accessibility – available metadata is clearly accessible (concepts, nomenclatures, 

methodologies, statistical sources) and facilitates the reading and the understanding of statistical information. 
Coherence and Comparability – the disseminated data is coherent and comparable, particularly in 

space and in time, and is supported by the same concepts and nomenclatures. 
Geographical disaggregation – geographical disaggregation of data it is in accordance with the needs 

of our customers. 
Synthetic data – general indicators are pertinent and it is easy to access them. 
Data punctuality – INE-PT accomplishes the statistical dissemination calendar, according to what was 

previously established. 
 
The questionnaires are built in an identical way, that is, they always have the same structure. However, 

taking into account the different groups of customers that are to be inquired, questions may vary. 
Questions related to dimensions 1, 2 and 3 are composed with questions that are to be answered with 

the help of the following scale: 
 

1 2 3 4 5 6 

Very 
unsatisfied 

    Very Satisfied 

� � � � � � 
Satisfaction levels 

 
As an example, the questions of the questionnaire that targets Data Quality related to the structure 

referred above are the following: 
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I

1 - Very unsatisfied 2 3 4 5 6 - Very satisfied

Satisfaction level

1

2

3

4

5

6

7

Evaluation of the statistical information produced by the Portuguese National
Statistical Institute

Data analysis made in different statistical products  

Reference scale

Data credibility

Statistical information pertinence (it follows evolution of the country’s 
reality)

Easiness to access statistical information, through INE-PT website 

Data geographical disaggregation

Metadata accessibility (concepts, nomenclatures, methodologies, 
statistical sources)

Timeliness of data / recent data (lag between the reference period of 
data and its dissemination)

 
Questions related to dimensions 4 and 5 are composed by a number of fixed statements that are 

answered by the following scale: 
 

1 2 3 4 5 6 

Totally 
disagree 

    Totally agree 

� � � � � � 
“Agreement” levels 

 
An extra area for comments and suggestions is also considered so that respondents may answer freely. 
Most of our surveys are done by e-mail. 
 

3. Data analysis 
The analysis of information of the results are done making use of “extreme balance responses” (EBR) 

witch transforms our scales into another one (using different weights) between -1 or +1, where values next to 
-1 mean full dissatisfaction and values near +1 mean full satisfaction. 

 
 
  
 
 
 
The transformation of the scales of response into this new simple scale is done by giving different 

weights to the relative frequencies to each value observed, that is: 

EBR = F 1 * (-1) + F 2 * (-0,5) + F 3 * (-0,25) + F 4 * (0,25) + F 5 * (0,5) + F 6 * (1) 

This approach gives less importance to answers given by customers in the medium levels (3 or 4) and 
gives more importance to the extremes. 

Analysis can be made by group of questions or by dimensions, and for different groups of clients. 
 

-1 

0 

+1 

Very satisfied Very unsatisfied�
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4. Internal client satisfaction 
The “extreme balance responses” approach was also applied to internal client satisfaction. 
The challenge was to evaluate the relations between units and departments. A matrix of inter-relations 

between units and departments was defined, and the assessment was made based on this matrix, evaluating 
the services rendered. 

Quality and punctuality were the two dimensions that were assessed for each service rendered, and a 
scale of 8 was considered. 

Using the “extreme balance responses” it has able to analyse the evaluation of each departments using 
the following scatted graphs: 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

5. Conclusions 
The most important conclusions that we could take from these activities is that they allow an 

organization to identify strong points but also improvement opportunities, in order to better render internal or 
external services. 

Action plans were made from the results of these surveys and the results also allow the organization to 
reflect upon its activities. 
�
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ABSTRACT 

Customer Satisfaction Surveys have been recognised as an important instrument to assess quality perceived by its 

customers at INE-PT, and a recent approach was developed taking into account previous experiences in this field. 

The paper will focus the Quality dimensions that were discussed and defined in order to perceive quality from the 
customer perspective and the approach that was applied in building integrated questionnaires to different types of 
customers. 

Data analysis will also be explored in the paper explaining the use of  “extreme balance responses” which 
transform our scales into another one (using different weights) between -1 and +1, where values next -1 mean full 
unsatisfaction; and values near +1 mean full satisfaction.  Analysis can be made by group of questions or by 
dimensions, and for different customer groups. Using this approach, comparisons can also be made amongst different 
groups. 

The experiences of this approach applied to internal client satisfaction will also be presented. 
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1. Introduction 
The aim of this paper is to measure web site quality relating to wine and gastronomic tourism, in order 

to assess how supply operators use the Internet and to identify the strong and weak points of their 
promotional strategies. In Italy – the first destination for wine and gastronomic tourism in Europe [Isnart 
2005] – the main institutional suppliers of this kind of tourism are the Associations that manage the “Wine 
and Food Roads” [from now on: Associations]. These actors are no profit organizations, which play the role 
of promoting a destination through integrated communication activities about the foods and the tourist 
services supplied by single public and private tourist operators.  

In these terms, this research tends to identify a) the dimensions of web sites quality in the field 
mentioned above (section 2); b) the differences in communication quality existing among the web sites, 
depending on the geographical areas of Italy where the Associations are located (section 3).  

To achieve these aims, we have recently built a new tool of measurement, consisting in a grid of 
observation, which we have used in order to analyse the quality of all the 87 official web sites opened by the 
Associations up to September 2006. 

In order to identify proper indicators to be selected for building the grid of observation, the starting 
point of the research was a review of the literature about web sites quality in tourism, especially in the field 
of Italian wine and gastronomic tourism and territorial marketing [Polizzi 2007]. Such review revealed a 
partial overlay among the elementary indicators used within the different studies – as well as among the 
latent dimensions of quality – and suggested the idea of building a grid of observation that could integrate 
the principal theoretical approaches to web sites quality. 

The final grid of observation of communication quality (called Wiforo-Webqual, acronym of the words 
“Wine and Food Roads’ web sites quality”) resulted both from a comparison among the different lists of 
indicators used in the literature and from a pre-test on groups of experts in Ict and food science. The grid 
consists of a matrix of 87 web sites * 152 elementary indicators, which were measured by ordinal or ratio 
scales and then aggregated into 12 synthetic indicators.  

 
1 This paper is financially supported by “ex 60%” 2002 University of Palermo grants within the research project 
directed by Anna Maria Parroco.  
2 Although the paper is common responsibility of both authors, section 1 and 4 can be attributed to Anna Maria Parroco, 
and sections 2 and 3 to Gabriella Polizzi. 
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Since most of the scales used were ordinal, the problem of indicators aggregation was solved by 
ranking cases. This solution permitted to classify web sites into three levels of quality depending on the rank 
they had (according to a decreasing order of quality), so obtaining high quality web sites (from the minimum 
rank to the 1st quartile), medium quality web sites (from the 1st to the 3rd quartile) and low quality web sites 
(from the 3rd quartile to the maximum rank). 

 
2. The dimensions of web sites quality in wine and gastronomic tourism 

In order to identify the dimensions of quality, exploratory factor analysis was carried out on the 12 
synthetic indicators3. As table 1 shows, four factors were extracted by means of principal components 
analysis and the varimax method of rotation. The percentage of total explained variance equals 61%. 

 
Table 1 – Matrix of the first four rotated components 
 

Components and factor loadings 
Synthetic indicators of quality Orientation to 

purposes (1st factor)
Technical resources

(2nd factor) 
Relationships 

(3rd factor) 
Identity 

(4th factor)
1. Accessibility ,223 ,659 ,153 -,328 

2. Graphical quality 6,093E-02 ,667 -1,895E-02 -4,279E-02

3. Navigability ,413 ,504 8,519E-02 ,119 

4. Quality of tourist information ,717 ,273 ,223 ,181 

5. Quality of territorial information ,815 ,278 ,156 -,105 

6. Internationality ,222 ,549 7,143E-02 ,479 

7. Quality of e-commerce ,800 ,154 -5,028E-02 3,962E-02 

8. Links to the territorial operators -,108 ,318 ,669 ,123 

9. Target groups of communication ,203 -,140 ,801 -,136 

10. Interactivity ,580 6,245E-02 ,523 ,224 

11. “Recognisability” ,516 -,236 -,227   -,375 

12. Entertainment 4,687E-02 -,151 -1,051E-02  ,767 

From a sociological point of view the four factors can be interpreted as the four functions of 
communication typical of all social systems, that Donati (1991) and Martelli (ed., 2002) derived from the 
Agil framework by Parsons4 (1951), as follows.  

Factor 1, better measured by the synthetic indicators Quality of tourist information, Quality of 
territorial information and Quality of e-commerce, can be interpreted as the “Orientation to purposes”
shown online by the Wine and Food Roads Associations, since giving information and selling goods and 
services are the principal purposes such kind of tourist operators generally pursues. Adopting the Agil 
framework, the dimension of Orientation to purposes plays the function Parsons called Goal 
attainment (G).  

Factor 2, better measured by the synthetic indicators Accessibility, Graphical quality and Navigability,
can be interpreted as the “Technical resources” that the Associations can use on the Internet to achieve their 
purposes. Adopting the Agil framework, such dimension plays the function of Adaptation (A) of a social 
system to the external world.   

 
3 About the use of typically ratio scales techniques and factor analysis for ranked data, see Conover and Iman (1981); 

Lebart et al. (1984); Giordano (2003); Yu et al. (2005). 
4 Agil is the acronym of the words Adaptation, Goal-Attainment, Integration and Latency, which refer to the four 

functions characterizing any social system, according to the sociological structural-functionalist theory. 
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Factor 3, better measured by the synthetic indicators Links to the territorial operators, Target groups 
of communication and Interactivity, can be interpreted as the “Relationships” that the Associations can 
create and maintain with their internal and external target groups (local populations, tourists, day-trippers, 
tourist agencies and mass media). Adopting the Agil framework, this dimension of quality plays the function 
of Integration (I) within a group – i.e. a tourist association and its internal stakeholders – and between the 
group and its external stakeholders. 

Factor 4, better measured by the synthetic indicator Entertainment, can be interpreted as the 
“Identity” of a web site, and therefore, of its Road, since attributes of entertainment can contribute to 
communicate a distinctive image to the user’s eyes. Adopting the Agil framework, the dimension of Identity 
plays the function of Latency (L), since it refers to the need to maintain social system latent structure. 

3. Web sites communication quality by Italian geographical areas  
In Italy 87 Wine and Food Roads Associations out of 153 have opened an official and dedicated web 

site up to September 2006. 44 out of them are located in the North, 23 in the Centre and 20 in the South of 
Italy. 

After having extracted the four factors of quality, single factor scores and scores of total 
communication quality were calculated. Therefore, the scores were transformed into ranks and then 
classified into the three quality levels discussed in section 1.  

As table 2 shows, no web site of high total quality is present within the group of the southern Roads.  
This group is affected by a bigger percentage of low total quality web sites (45.0%) than the northern 
(20.4%) and the central (13.1%) groups.  

With regard to the differences existing among the three groups on the single dimensions of quality,
the principal results of the research – summarized in table 2 – are the following:  

a) the group of the southern Roads has got the worst position on all the four dimensions, since the 
percentage of low quality web sites is bigger than that within the central and the northern Roads;  

b) in comparison with the central Roads, the group of the northern Roads has got the first position on 
the dimensions of Orientation to purposes and Relationships. Such results are consistent with the higher 
relevance given by northern Roads to Quality of territorial information and Target groups of communication;

c) in comparison with the northern Roads, the group of the central Roads shows smaller percentages of 
low quality web sites on the dimensions of Technical resources and Identity. Such results are consistent with 
the higher relevance given by the Central Roads to Accessibility, Graphical quality, Navigability and 
Entertainment.

Finally, with regard to the differences existing within each group on the single dimensions of 
quality, the analysis shows the following strong and weak points within their online communication 
strategies:  

a) within the group of the northern Roads’ web sites, the dimension the Associations have taken more 
care of is Orientation to purposes, while the most neglected one is Identity. Such results reveal the need for 
the northern Associations to improve entertainment opportunities for their web sites users;  

b) the group of the central Roads’ web sites has given the highest relevance to the dimension of 
Technical resources and the lowest care to the Relationships one: referring to the latter, the research suggests 
that the central Roads Associations should increase their care for Target groups of communication;

c) within the group of the southern Roads’ web sites, Identity is the least neglected dimension, while 
Orientation to purposes is the most one: referring to the latter, the research suggests that the southern Roads 
Associations should increase their care for Quality of tourist and territorial information and for e-commerce;

d) within all the three groups of web sites, Quality of e-commerce revealed to be the most neglected 
aspect, followed by Internationality and Target groups of communication.
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Tab. 2 – Web sites quality by dimensions of communication quality and geographical areas (%) 

4. Conclusions 
In this paper we have showed some results of the research carried out on web sites quality in the field 

of Italian wine and gastronomic tourism in 2006. By the identifications of the dimensions of quality and of 
their different relevance observed within and among the web sites of the North, Centre and South of Italy, it 
was possible to find out the strong and weak points of web sites, in order to improve the online marketing 
activities led by tourist operators.  

Moreover, by introducing appropriate fittings, the grid of observation we have built can be applied to 
the analysis of other online tourist communication activities, especially the ones to be planned in a territorial 
marketing perspective by local Administrations, no profit associations working at regional or sub-regional 
level, as well as by public operators who have to make integrated destination promotion. 
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Dimensions of quality Geographical
areas 

Levels of 
quality Orientation to purposes Technical resources Relationships Identity 

Total 
quality

High 34,1 18,2 31,8 25,0 34,1
medium 54,5 56,8 47,7 45,5 45,5

North 
(N= 44 sites) 

Low 11,4 25,0 20,5 29,5 20,4 

High 26,1 47,8 21,7 21,7 30,4
medium 39,1 47,8 56,5 69,6 56,5

Centre 
(N= 23 sites ) 

Low 34,8 4,4 21,7 8,7 13,1 

High 5,0 15,0 15,0 30,0 0,0 
medium 55,0 40,0 50,0 40,0 55,0

South 
(N= 20 sites) 

Low 40,0 45,0 35,0 30,0 45,5 
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1. Introduction 
The National Institute of Statistics (INE) provides a service to the Scientific Community – Researchers 

– by allowing the access to statistical data for research purposes, under an agreement of co-operation 
established with the Science and Technology Observatory. With the purpose of evaluating the researcher’s 
satisfaction regarding not only the service provided by INE, but also the statistical information made 
available, the National Institute of Statistics has carried out a Customer Satisfaction Survey directed to this 
specific target group (researchers). Another goal was to become aware of the researcher’s perception of INE 
as institution.   

The survey was sent by e-mail to researchers who had requested for statistical information in the 
period between January 2004 and December 2006. The survey run from 5 January to 21 February 2007 and 
58 researchers replied, which means a response rate of 66.3%. The questionnaire consisted of 31 qualitative 
variables divided into four groups: recognised quality of the statistical information (7 queries); recognised 
quality of the product (6 queries); recognised quality of the service (7 queries); INE’s perceived image (11 
queries).The response scale for the 31 variables was based on an ordinal scale with values comprised 
between 1 and 6, where 1 means full dissatisfaction/disagreement and 6 means full satisfaction/agreement.   

The analysis of the results was displayed by using the “extreme balance responses” (EBR). This aimed 
to valorise the extreme answers in detriment of the medium evaluations which tend to represent a less 
expressive dissatisfaction/disagreement or satisfaction/agreement. The attributed ponderations were as 
follows: EBR = F 1 * (-1) + F 2 * (-0,5) + F 3 * (-0,25) + F 4 * (0,25) + F 5 * (0,5) + F6, where FI = Relative 
frequency of each observed value for each one of the categories I =(1,…,6). Data became to be referenced in 
a metric scale between -1 or +1, where values next to -1 mean full dissatisfaction/disagreement and values 
near +1 mean full satisfaction/agreement. 

The descriptive analysis of the results points out to a positive satisfaction level (figure 1). However, 
some dimensions associated with lower levels of satisfaction were noticed, namely: data credibility, data 
confidentiality degree, and information support suitability, service politeness and office hours/opening hours, 
as well as knowledge on the target group and on respective needs for information.  
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The researchers were grouped according to the statistical information they had requested, so we could 
find out if satisfaction levels and degree of demand would vary according to certain typologies of 
information. Two dimensions were considered in this grouping: main theme and detail of information 
requested. The resulting groups of researchers were: European Community Household Panel (ECHP), 
Industry, Census, Census of Agriculture (Census_A), Employment (Employ), Demography and Health 
(D_H), Households budget (H_B), Time use (T_USE), Enterprises (Enterpri), Miscellaneous (Miscelan). 

Our goal was to reduce the number of underlying dimensions in the data structure, and, therefore, 
make the results easy to be read and interpreted. In this sense, a Metric “Multidimensional Scaling” model 
was used, based on an ALSCAL procedure.    

 
2.Metric Mutidimensional Scalling Model (MDS)– General Description 
The MDS models are one of the multivariate statistical techniques available. The majority of these 

techniques require presuppositions that, most of the time, are not fulfilled, becoming therefore an obstacle to 
the application of the chosen technique. One of the advantages of the MDS models is precisely the non-
existence of such restrictions.  

The MDS models use a proximity matrix, ∆, to represent the proximity between two given objects. 
From this proximity matrix, the MDS model gives an exit matrix U, which describes an objects coordinate in 
a given dimension. The U matrix allows the representation of all objects in the space defined by the given 
dimensions, with their respective coordinates values. From the U matrix one can calculate the distance 
between any two given objects, employing the general distance formula of Minkowski. The distance 
calculation between all objects originates a new distance matrix – D. The MDS model solution requires the 
maximum conformity between the initial proximity matrix ∆ and the distance matrix D. Thus, the distances 
are a function of the proximities.   

In the metric MDS models, this correspondence is made by using a linear function, with the purpose of 
transforming the proximity matrix ∆ in the distance matrix D, so that the three Euclidian distance axioms – 
Non negativity, Symmetry and Triangular Inequality – are observed. Once obtained the D matrix, the matrix 
with the coordinates of every object in the given dimensions must be determined. This procedure consists of 
deriving a scalar product matrix between vectors and decomposing it by the product UU’, where U is the 
object’s coordinates in the dimensions matrix that can be determined by any factorization method. 

 
3.ALSCAL Procedure – Alternating Least Squares Scaling 
The ALSCAL procedure is an iterative optimization procedure, where in each iteration are updated 

both the disparities and the object’s coordinates in the dimensions, since they can not be simultaneously 
calculated. Each iteration is composed of two alternating phases until a global convergence process is 

Figure 1 
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reached. One phase transforms the data in such a way as to preserve its structure - optimal scaling phase, 
whereas the other phase estimates the object’s coordinates - Model Estimation phase. The purpose, in each 
iteration, is to reduce the measure of goodness-of-fit S-Stress, a model adjustment measure based on the 
minimum square criteria over the square of distances and disparities. 

� Optimal scaling phase – the purpose of this phase is to find a particular solution that better 
reproduces the initial proximity matrix. The value of each iteration’s S-Stress is compared with the previous 
iteration’s S- Stress value. If their difference is minor than a certain fixed and parameterized value, the 
ALSCAL procedure ends. If not, another iteration is done.  

� Model Estimation phase – comprises the estimation of the object’s coordinates from the disparities 
matrix, to minimize the S-Stress value. The procedure consists of the derivation of the S-Stress in function of 
a certain coordinate, assuming all other coordinates as constant. When the obtained value is updated, the next 
coordinate value is estimated, and so it is done until all the object’s coordinates are estimated. Afterwards, 
the process is repeated to another object, allowing the estimation of all the coordinates of every object. After 
this iteration is completed, the preceding iteration (optimal scaling) is once again repeated.    

 
4. Model Aplication and Results  
The model was applied to ten groups of researchers (objects), considering the 31 variables defined in 

the survey, using SPSS 15.0. The data were obtained calculating the averages of the values obtained through 
the extreme balance responses for each group of researchers. Considering the reduced number of objects, 
only two dimensions were selected and three iterations were processed, since the decrease verified in the S-
Stress value exceeded the 0.001 limit of its parameterization. The obtained S-Stress value, which suggests 
the quality of the model’s solution, was 9%, meaning the solution is reasonable, according to Kuskal’s 
classification. 

Another solution quality indicator is the RSQ value, which refers to the variation proportion explained 
by the solution. The obtained RQS value was 0,978, therefore suggesting the reasonability of the solution.  
The following picture (figure 2) represents the linear adjustment that also suggests the model’s adequacy, by 

relating the disparities (obtained by the linear 
transformation of the linear data) with the distances, 
amongst the groups of researchers. The dots 
represented in the diagram reasonably adjust to the 
line, therefore suggesting the model’s adequacy. 

The linear adjustment diagram and the S-Stress 
and RQS values suggest a reasonable adjustment 
between the data and the distances obtained by the 
coordinate’s matrix. The resulting configuration is as 
follows (figure 3): 

 A problem arises: how should each of the 
represented dimensions be interpreted? With this 
question in mind, the relationship between the spatial 
configuration of the groups of researchers (objects) and 
each satisfaction variable (attributes) was analysed.  

To carry out this analysis, the resulting solution 
from the application of the MDS model was added to the 
data entry matrix. The results show that only for one 
variable the coefficient of determination was low (0,039), 

Figure 2 

Figure 3 
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implying that the dependent variables (dimensions 1 and 2) had a low explanatory power for this variable. 
For the remaining satisfaction variables, the coefficient of determination is higher (above 0,5), suggesting 
that both dimension 1 and 2 have a strong explanatory power. The estimates analysis of the regression 
coefficient for each dimension, considering the original standardized data, shows that dimension 1 is 
associated with pertinence, credibility, actuality, accessibility, coherence, usefulness, impartiality and 
competence of the information, whereas dimension 2 concerns to punctuality and service competence, and 
clarity of meta-data.   

The researchers in the Employment group are positioned in the first quadrant, with high values in both 
dimensions. With lower values, but equally positive in both dimensions, are the researchers in the 
Demography and Health group. These two groups of researchers are clearly the most satisfied.  

Oppositely, in the third quadrant are the researchers with negative values in both dimensions. In this 
quadrant we find the researchers in the Household Budgets group, as well as the European Community 
Household Panel group. The first group of researchers shows more expressive values in dimension 1, related 
to the quality and usefulness of the information, whereas the second group of researchers is less expressive in 
dimension 1 and more significant in dimension 2, which concerns to punctuality and service competence, 
and clarity of meta-data. Also with negative values in dimension 1 is the group of researchers in the Industry 
and Enterprises groups; with negative values in dimension 2 are the researchers in the Census of Agriculture 
and Time use groups. 

Even though the satisfaction levels are generally positive, there are differences when the analysis is 
focused on the typology of the information requested. A special attention should be given to the researchers 
who use statistical information on household budgets and the European Community Household Panel and in 
which concerns information’s quality and usefulness, service punctuality and competence, and clarity of 
meta-data. Also, an important effort should be done in the improvement of the information’s quality and 
usefulness in the Industry and Enterprises themes; the same happening for service punctuality, competence 
and clarity of meta-data in which concerns the themes: Census of Agriculture and Time use. 

 Although a clear pattern could not be found, considering the information required – micro-data or 
aggregated data –, we can observe that the researchers less satisfied with the information’s quality and 
usefulness –researchers in the Industry and Enterprises groups – are users of aggregated data. The 
researchers in the Census of Agriculture group, less satisfied with the service punctuality, competence and 
clarity of meta-data, are also users of aggregated data. This might suggest a relationship between the 
information detail and the satisfaction level. 
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1. Introduction 

In quota surveys with personal interviews it is common practice the immediate substitution of non-
respondents, ie, when the interviewer knocks at a door and nobody answers, he/she continues to the next door 
until someone available to cooperate is found (King, 1983, Moon, 1994). No effort is made to try to contact non-
respondents because callbacks are usually expensive and time-consuming; as a consequence non-respondents are 
simply ignored in personal quota surveys. 

Does the decision to ignore non-respondents have a significant impact on quota surveys’ results? The 
present study confronts the issue of non-response in personal quota surveys, by comparing the ones that could 
not be contacted at interviewer’ first attempt with those that were interviewed at interviewer’s first attempt. For 
purposes of exposition we designate the former as “non-respondents” and the latter as “respondents”. Our 
problem thus becomes one of assessing the differences between respondents and non-respondents according to 
several demographic characteristics and behavioral items, and to evaluate if the decision for the immediate 
substitution of non-respondents has a significant impact on quota survey’ results. 

 
2. Method 

Data for this study comes from a household personal quota survey conducted in the metropolitan area of 
Lisbon. A sample of 660 interviews was obtained with interrelated quotas on sex (male, female) and age-groups 
(25-40 years, 41-65 years). We requested a survey firm to carry out fieldwork operations according to their usual 
procedure of quota sample selection. A random location procedure was adopted for households’ selection, 
involving a team of 8 interviewers allocated to 12 sampling areas. In each household one adult that could meet 
one of the quotas was chosen to answer the questionnaire. The questionnaire contained two groups of queries: 
one on leisure time occupations and other on demographics to characterize the respondent and his/her household. 

To accomplish the 660 interviews, 1668 contacts were made; among these, 816 were not-at-homes and 
192 were refusals. After completing the quota sample of 660 interviews, each interviewer was instructed to recall 
on his/her “not-at-homes”. Two recall attempts were made on each non-respondent before its definitive 
dropping. The recall attempts made on the 816 non-respondents yielded 244 interviews, 484 not-at-homes and 
88 refusals. 

Data analysis involved three phases: a) first we compared the obtained quota sample – respondents –with 
the non-respondents sample in order to evaluate the characteristics of those that could not be contacted at 
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interviewer’s first attempt; b) secondly, we weighted the non-respondents sample to match the sex × age 
distribution of the quota sample. When doing the recalls every cooperative individual (within the 25 – 65 years 
target group) was interviewed regardless the sex and age variables. Therefore, the obtained sample of 244 
interviews was not selected as a quota sample. However, to assess the differences between respondents and non-
respondents in a quota survey context, both samples must be quota samples, therefore the non-respondents’ 
sample was weighted to match the sex × age distribution of the population, the same that was set for the initial 
quota sample; and c) finally, we compared demographic and behavioral characteristics of respondents and 
(weighted) non-respondents to establish whether there were any significant differences. 

 
3. Results and discussion 

In comparison with the obtained respondents’ sample, we found among non-respondents a higher 
percentage of younger people (25 – 40 years), full-time employed people, higher educational level people, house 
owners, readers of newspapers and people that went abroad on vacations. At the same time non-respondents 
were less likely to be male, older (41 – 65 years), to have children in their households and watch less TV (see 
Table 1). Age, employment status and education are demographic characteristics commonly associated with 
peoples’ availability (Groves and Couper, 1998); in our study the composition of the non-respondents sample 
with respect to those variables show a group of less available people, i.e., those that could not be contacted at 
interviewers’ first attempt were typically the hard-to-find-at-home: the youngest, the full-time employed and the 
higher educational levels.  

 
Table 1 - Attributes of respondents and non-respondents  

Attribute Respondents Non-
respondents Difference 

Male 44.4% 35.2% + 9.2 a
25 – 40 years 50.5% 55.8% − 5.3 a
41 – 65 years 49.5% 44.2% + 5.3 a
High level education (> 12 years at school) 20.6% 26.1% − 5.5 a
Full-time employed 41.4% 48.7% − 7.3 a
Married 50.3% 46.5% + 3.8 
Existence of children in household 18.3% 10.2% + 8.1 a
Phone ownership 87.3% 84.6% + 2.7 
Mobile phone ownership 74.9% 76.6% − 1.7 
Car ownership 56.7% 55.2% + 1.5 
Income ≥ 1500 euros 39.1% 40.3% − 1.2 
House ownership 43.7% 50.0% − 6.3 a
Read newspaper regularly 30.0% 35.0% − 5.0 a
Read magazines regularly 30.0% 31.9% − 1.9 
Attended cinema in last 6 months 42.3% 46.5% − 4.2 
Attended a museum/exhibition in last 6 months 10.8% 11.5% − 0.7 
Went on vacations abroad last year 28.8% 36.7% − 7.9 a
TV viewing (hours/week) (mean) 21.3 17.9 + 3.4 a
Radio listening (hours/week) (mean) 15.7 14.9 + 0.8 
Household size (mean) 2.9 2.2 + 0.7 
 n  660 224 -- 
a Respondents/non-respondents difference significant with p-value ≤ 0.05 (two-tailed test). 
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After weighting non-respondents’ sample according to the sex × age distribution, the comparison between 
non-respondents and respondents showed significant differences only in the variables “existence of children in 
household”, “house ownership” and “went on vacations abroad last year” (see Table 2); non-respondents were 
less likely to belong to families with children, were more likely to own their houses and to go abroad on 
vacations. The control for the sex × age distribution did contribute to “equalize” respondents and non-
respondents, which means that the quota controls on sex and age did correct for some potential non-response 
effects. In summary, non-respondents were not significantly different from respondents, so, the results of our 
quota survey would not significantly change if non-respondents were tried to be reached instead of being 
immediately substituted. However, these results and their implications deserve some additional comments. 

The first aspect to note is the subject of the survey. The survey intended to get us a general idea on 
people’s occupations of leisure time. Differences of the magnitude we have obtained can be neglected in a 
survey with that kind of purpose but not in surveys where great care for precision of estimates is necessary. It is 
the case of election polls or media surveys, where the objective is to estimate parameters for the overall 
population and where differences of 1% or 2% cannot be neglected. Moreover, the fact that a mass, widely 
observed behavior was the object of the survey may have contributed to get only small differences between 
respondents and non-respondents. We are not sure whether a sensitive topic or a less popular subject would 
cause non-respondents to be so similar to respondents.  

 
Table 2 - Attributes of respondents and weighted non-respondents  

Attribute Respondents Non-respondents 
(weighted) Difference 

High level education (> 12 years at school) 20.6% 17.8% + 2.8 
Full-time employed 41.4% 38.7% + 2.7 
Married 50.3% 47.1% + 3.2 
Existence of children in household 18.3% 12.8% + 5.5 a
Phone ownership 87.3% 85.0% + 2.3 
Mobile phone ownership 74.9% 74.0% + 0.9 
Car ownership 56.7% 60.2% − 3.5 
Income ≥ 1500 euros 39.1% 36.7% + 2.4 
House ownership 43.7% 48.5% − 4.8 a
Read newspaper regularly 30.0% 32.0% − 2.0 
Read magazines regularly 30.0% 28.2% + 1.8 
Attended cinema in last 6 months 42.3% 44.0% − 1.7 
Attended a museum/exhibition in last 6 months 10.8% 13.3% − 2.5 
Went on vacations abroad last year 28.8% 33.9% − 5.1 a
TV viewing (hours/week) (mean) 21.3 20.2 + 1.1 
Radio listening (hours/week) (mean) 15.7 15.5 + 0.2 
Household size (mean) 2.9 2.6 + 0.3 
 n  660 224 -- 
a Respondents/weighted non-respondents difference significant with p-value ≤ 0.05 (two-tailed test). 

 
A second aspect that deserves to be underlined is the fact that we are dealing with a personal survey. It is 

known that quota surveys with personal interviews are subject to the interference of interviewers in sample 
selection. Clustering is one potential problem coming from the fact that interviewers concentrate both the 
itineraries and the contacts in a delimited part of the sampling area instead of spreading them across the whole 
area. Clustering affects surveys’ results when a strong correlation exists between respondents’ characteristics and 
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respondents’ geographical location (Collins and Butcher, 1983¸ Barton, 1996). The same can be stated about 
non-respondents: if non-respondents are concentrated in some clusters then the sample that comes from those 
clusters may not be representative thus biasing surveys’ results. In our study the fact that a random location 
procedure was adopted for households’ selection forced interviewers to work across the sampling areas and not 
only in a part within them. Moreover the fact that two interviewers, working separately, were assigned to each 
sampling area did contribute to ensure good geographical coverage of each sampling area. For these reasons it is 
not likely that clustering has significantly affected either our respondents or non-respondents samples. It is 
however important to notice that in other quota surveys with a lesser controlled sampling procedure, such as 
haphazard selection of households, the clustering effect is potentially greater. In these cases ignoring non-
respondents can be a cause for strong biases especially if non-respondents are concentrated in some of the 
clusters. 

Another aspect is the fact that only 244 interviews could be achieved among non-respondents, which has 
put some limitations on the analysis performed. The comparisons we have made between respondents and non-
respondents were focused in the marginal distribution of the attributes; the inter-crossed distribution could not be 
analyzed due to insufficient sample size in the crossed cells of the sample of non-respondents. Non-respondents 
were similar to respondents concerning the marginal attributes but there are no guarantees that small differences 
would also be found when looking to crossed cells. 
 
4. Final comments 

In our survey non-respondents were not significantly different from respondents, so the decision to ignore 
non-respondents did not affect significantly our quota surveys’ results. Despite this result we can not safely state 
that it is OK to ignore non-respondents in all quota surveys. As we have noted, the subject under study, the 
objectives of the survey and/or the decisions that are to be based on its results determine to a great extent the 
care that must be devoted to the sampling procedures, and in particular to the decision to ignore non-
respondents. Additionally the quota scheme adopted did produce a positive result in reducing non-response 
effect which points out to the importance of researchers designing effective quota schemes capable of 
diminishing potential negative effects coming from ignoring non-respondents. Finally, the decision for ignoring 
non-respondents must contemplate an evaluation of the proportion of interviews one is likely to obtain if an 
effort of recall is made. In our study, the non-respondents interviewed after recalls would not change the 
conclusions we achieved with the quota sample because the size of non-respondents’ sample was not big enough 
to make a difference. If the number of additional interviews one is likely to obtain with a recalling effort is small 
this may be a strong reason for deciding for the immediate substitution of non-respondents and try to implement 
in the first wave of contacts a strategy capable of minimizing non-response, for instance with a good scheduling 
of the time of contacts. 
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1.- INTRODUCTION 
 
This study provides empirical evidence on the influence of tourism on the economy of the Principality of 
Asturias,a region in the North-West of Spain. 
 
From the different tools traditionally used in macroeconomic studies of tourism, we have chosen to use 
input-output analysis as on the one hand it allows us to obtain a multiplier for each branch of activity, and on 
the other to compute indirect and induced effects of tourism as well as the direct effects (see for example 
Fletcher 1989, Wanhill 1983, Heng and Low 1990, Johnson and Moore 1993, Archer and Fletcher 1996 or 
United Nations 2001). Using this methodology we attempt to determine the economic influence of tourism 
by measuring the employment and value added generated as a consequence of the expenditure made by 
people who visit the region. 
 
2.- THE ECONOMIC IMPACT OF TOURISM 
 
To evaluate the indirect and induced effects we follow the input-output methodology.This leads to the 
following matrix expression: 

(1)  YAIX 1)( −−=         
where X is the vector of the production of each sector, I is the identity matrix; A is the matrix of interior 
technical coefficients, obtained from the Asturian Input-Output Tables (AIOT); and Y is the impact vector of 
indirect effects (Yindir) or induced effects (Yinduc), depending on which of these effects is used to estimate the 
gross value added at market prices. 

Using the input-output tables, if we divide the value added of each sector (VAi) by the value of production 
generated each sector (Xi), we obtain the value added coefficients (αi) : 

(2)   
1

1
1 X

VA
=α  

As with the technical coefficients, we assume that these value added coefficients remain constant. Solving 
for Xi in (2) and substituting into (1) we obtain the following matrix expression for value added: 

 (3)   YAIAVA VA
1)( −−=      

 
where VA is the value added vector to be calculated and AVA is a matrix whose diagonal elements are the 
technical coefficients of the sectoral added values taken from the Asturian Input-Output Tables (AIOT) and 
whose off-diagonal elements are zeros. 
 
The Input-Output model outlined permits the quantification of the indirect and induced effects that an 
increase in tourism demand produces on each sector of activity by identifying the total feedback effects that 
are generated, through intermediate demands, in the economic system. This recognises the fact that the 
effects of demand are not only direct but that they are further transmitted to other branches of activity 
through the network of dominant interrelations. 
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An increase in demand, when met, generates an increase in activity (direct effect) for the initial demanders 
(hotels, restaurants…) who should accordingly adjust their orders to their suppliers (foodstuffs, drinks…). 
These, in turn, will generate a second cycle of transactions in order to meet the additional demand, since they 
will have to increase purchase orders from their suppliers (indirect effects), and so on. 

The effects of the final demand are not limited to direct and indirect effects. Instead, these generate an 
increase in company profits and family incomes which in turn mean greater consumption and investment, 
thereby initiating a new cycle of effects known as induced effects. 

This procedure also allows us to estimate the number of jobs created by tourism. For this purpose, we use the 
same AIOT, which provides us with the gross value added per worker for each activity. Finally, the total 
economic impact is the sum of the direct, indirect and induced effects derived from the tourist industry. 
These impacts are outlined in Figure 1. 
 

 
 
Figure 1. Economic impact of tourism 

 
The AOIT used in this analysis corresponds to the year 2000. This table distinguishes between 60 sectors of 
activity. In our case, we have simplified the table by reducing it to 16 sectors of activity using an appropriate 
aggregation process. 
 
Next we summarize the methodology used to estimate tourism expenditure at the regional level. This 
methodology (see Valdés et al. 2001 and 2003) was developed by the System of Tourism Information of 
Asturias (SITA, www.sita.org), a research centre of the University of Oviedo with the support of the 
Regional Administration which follows the recommendations of international tourism institutions (WTO and 
OECD). It is based on the analysis of the tourism expenditure made by visitors to our region, categorising 
visitors as trippers and tourists, the latter then being classified according to the kinds of establishments at 
which they stay (public versus private accommodation). Within public accommodation establishments, we 
separate tourists into three differentiated segments: a) Hotel Tourists, which are those tourists who stay in the 
establishments classified as hotels in the broadest sense of the term; b) Rural Tourism Tourists, who are 
individuals that stay overnight in establishments situated in a rural environment and c) Campers.  
 
The SITA Project compiles, using a personal survey, a variety of data concerning the characteristics of those 
visitors who come to Asturias. This facilitates the quantification of the average expenditure made by each 
kind of tourist. Following this criterion, expenditure has been broken down into: “Hotel and Restaurant 
Services”, “Purchases of Food Products”, “Sundry Purchases”, “Sundry Activities” and “Transport”, thereby 
keeping a correspondence with the classification of industrial activities which appear in the AIOT (see Table 
1). With regard to transport, it can be considered that the entire expenditure related to this activity is met by 
the “Sales and repair of vehicles; Filling Stations” category, which we have labelled Transport. 

 
3.- RESULTS 
 
We have estimated the total expenditure of tourists, including those staying at public and private 
accommodation as well as trippers, based on interviews with them and calculations of the duration of their 
stay (see Valdés et. al. 2006).  
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During 2005, visitors spent approximately 1,782 million euros in Asturias. Table 1 shows the amount spent 
by visitors on each of four categories of goods and services, just the indirect impact vector (Yindir). Not 
surprisingly, hostelry accounted for almost three fourths of tourist expenditure, followed by trading, 
including in-house meals and beverages, (18%) and local transportation (8%).  
 
 
Table 1. Tourist expenditure by category. 2005.  
 

Category Sector of Activity Expenditure 
Hotel and Restaurant Services Hostelry 1,292,126 
Purchases of Food Products and Sundry Purchases Trading and Repairs 309,413 
Sundry Activities Other Services 15,759 
Transport Transport 145,210 
TOTAL  1,782,508 
Note: In thousands of euros. 
 
The direct, indirect, induced and total gross value added by tourism expenditure is shown in Table 2. For the 
direct and indirect effects we apply the input-output model to Yindir. In order to calculate the induced effects 
we first have to calculate the vector of induced impacts [Yinduc), which is formed from the sectoral 
disaggregation of private consumption related to gross wages and salaries of the direct and indirect effects. 
The table indicates that about two thirds of the impact economic are direct effects, one 23 % is indirect effect 
and one 12% induced effect. Data reveals that total gross value added generated by tourism comprised 1,640 
million euros. 
 
 
Table 2. Economic effects on tourism  in terms of gross value added. 2005.  
 

Sector of Activity Direct Indirect Induced Total 
1. Agriculture and Fisheries — 18,748 5,545 24,293 
2. Extraction Industries — 7,978 2,209 10,188 
3. Food — 26,428 5,330 31,758 
4. Chemicals — 348 110 458 
5. Other Non-Metallic Mineral Products — 1,783 471 2,255 
6. Metallurgy — 1,956 597 2,553 
7. Transformation of Metals — 2,585 871 3,456 
8. Other Manufacturing — 3,480 3,134 6,615 
9. Energy and Water — 23,119 6,124 29,243 
10. Construction — 14,256 4,430 18,686 
11. Trading and Repairs 231,660 89,023 52,352 373,035 
12. Hostelry 700,305 6,843 27,169 734,317 
13. Transport 93,519 34,201 19,055 146,775 
14. Business Services — 148,166 55,681 203,847 
15. Health and Social Services — 774 13,310 14,084 
16. Other Services 11,386 10,143 17,098 38,628 
TOTAL 1,036,870 389,832 213,486 1,640,189 
Note: Gross value added in thousands of 2005 euros. 
 
Table 3 shows employment effects from tourism. The amount of direct employment attributable to tourism in 
2005 was 354,690. However, the total employment generated by tourism in Asturias in this year was 53,509. 
The same table shows the contributions made to this employment by the different effects on each sector of 
activity.   
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Table 3. Employment effects on tourism. 2005.  
 

Sector of Activity Direct Indirect Induced Total 
1. Agriculture and Fisheries — 2,303 681 2,984 
2. Extraction Industries — 334 92 426 
3. Food — 649 131 780 
4. Chemicals — 4 1 6 
5. Other Non-Metallic Mineral Products — 26 7 33 
6. Metallurgy — 27 8 35 
7. Transformation of Metals — 65 22 87 
8. Other Manufacturing — 120 108 228 
9. Energy and Water — 104 28 132 
10. Construction — 549 170 719 
11. Trading and Repairs 8,264 3,176 1,868 13,308 
12. Hostelry 25,197 246 978 26,421 
13. Transport 1,771 648 361 2,780 
14. Business Services — 2,556 961 3,516 
15. Health and Social Services — 28 476 504 
16. Other Services 457 407 686 1,551 
TOTAL 35,690 11,241 6,578 53,509 
Note: Number of employees (annual equivalents of full time employees). 
 
 
4.- RESUMÉ 
 
This study uses input-output methodology to analyze the economic impact made by 2005 tourism 
expenditure on the economy of the Principality of Asturias. The paper summarizes the statistical 
methodology used to estimate tourism expenditure at the regional level. The study indicates the relative 
importance of direct, indirect and induced efffects, and economic and employment impacts are compared. 
The analysis shows that the tourist activity is of great relevance to the economy of Asturias as a whole, 
accounting for a 13.5 % of regional employment and 9.81 % of regional gross value added. These tourism 
impacts provide useful policy and marketing implications 
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1. Introduction 

The necessity to attract more visitors/spectators leads cultural organizations’ management to better 
understand the major attractive components of their products. Furthermore the economic importance of art is 
receiving attention and the relationship between theatre and tourism is actively encouraged. “For leisure 
tourist it is probable that theatre is a significant attraction of many cities thought the exact significance as a 
primary or secondary element will vary from one city to another” (Hughes, 1998). In England, tourist 
surveys confirm that a significant number (nearly a third) of overseas visitors to London go to the theatre 
during their stays. However, attending theatre’s show on holiday may have little relation to the importance of 
theatre in the decision of tourists to visit a destination. In Italy, Oliveri and DeLuca (2002) tried to quantify 
the importance of the Lyric Festival at the Verona’s Arena and pointed out that the 72,2% of the Arena’s 
audience were in Verona only because of the show.  

Normally Italian Theatres act in local markets but in some cases they have a reputation and a prestige 
that let their potential audience be national and international (Cori, 2004). So, combined strategies can be 
implemented by theatres’ management and tourism stakeholders to create additional demand and to diversify 
tourist supply in a destination. This is especially important in destination with strongly characterized 
seasonal tourist flows. 

According to these considerations, this work aims at pointing out how the fourteen most important 
Italian Opera Houses1 are facing the relationship with tourism and tourists, within the challenges given by 
the institutional change in private foundations. Attention is concentrated on the fourteen most important 
Italian Opera Houses because (a) they are localized in the major Italian cities2 and (b) can be considered as 
the most important assets of Italian Lyric tradition.  

Our work points out the potential appeal to tourists and the sustainability of a tourist approach for all 
of the Italian Opera Houses, thanks to the construction of two composite indicators. Each Opera House is 
assessed in detail and graded according to each simple indicator thanks to documentary research and an 
evaluation form. Conclusively a market appeal – sustainability positioning map is constructed and Opera 
Houses are plotted in it so to have a visual synthesis of the analysis. 
 
2. The indicators of market appeal and sustainability 

The use of statistical indicators as measure of observable events it is meaningful if they have 
informative value inside a theoretical model defined by its semantic contents and by its logic, formal and 
operational process (Land, 1971). Theoretical models justify different ways of transformation, aggregation 
and weighting assignments used to construct composite indicators, that are derived from the decomposition 
of an event into measurable components, dimensions or items. Deciding on them is a very important process 
and has to be guided by the concept we want to measure. In this work the concepts of market appeal and 

                                                
1 Bologna’s Teatro Comunale; Florence’s Maggio Musicale Fiorentino; Genoa’s Teatro Carlo Felice; Milan’s Teatro 
Alla Scala; Naples’s Teatro San Carlo; Palermo’s Teatro Massimo; Rome’s Teatro dell’Opera; Turin’s Teatro Regio; 
Trieste’s Teatro Verdi; Venice’s Teatro La Fenice; Verona’s Arena; Rome’s Accademia Nazionale di Santa Cecilia; 
Cagliari’s Teatro dell’Opera; Bari’s Petruzzelli. 
2 “Cities, as central service loci, often have a particular concentration of theatres and associated leisure facilities and are 
thus likely to be of special significance in arts-tourism relationship” (Hughes, 1998). 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 5264 -



sustainability were broken into their key components (tables 1 and 2); before gathering and elaborating 
information, a specific value was assigned to all of the components so it was possible to regroup them in 
subsets, each representing a particular profile. 

The construction of the two indicators (tourist market appeal and sustainability) is based on the work 
of Li and Lap Bong Lo (2004), who used a positioning map to analyse Kong Kong’s rural attractions, and on 
the PhD dissertation (Fisichella, 2007) on Italian Opera Houses. Market appeal refers to elements such as the 
theatre’s physical setting, its popularity outside the local area, the overall tourism performance of the 
destination, the theatre’s location, proximity to other heritage attractions, ease of access, services and 
infrastructure provision. Sustainability concerns the physical state of heritage asset, as well as its cultural 
significance, including the architectural, historical, educational, social values. It also considers the possibility 
of negative impacts caused by the increase of demand. These sub indicators are based on the main elements 
that must be evaluated in heritage tourism planning. 

Considering market appeal, components of the first set (appeal) are variables that can influence tourist 
flow in a theatre and variables regarding cities in which opera houses are placed. The basic idea of the first 
subset is that “the choice of places to experiences as a tourist is influenced by image or place myth. Tourist 
places are those which are signed and coded as such. Places become associated with particular experiences 
and sensations and they become symbols of those experiences so the place itself become a product” (Hughes, 
1998). Dimensions of the second subset are chosen with regards to the relationship (well known in literature) 
between tourist flow (especially cultural tourism) and musical tourism in a city. The second set (product 
design) considers the theatre as a “product” through programs (festival, commercial opera work), proximity 
with other attractions, relationship with local administration and tourist operator, offered services. 
Availability, accessibility and proximity are very important components in tourism planning because time is 
seen as a resource. So, attractions that are close to each other or constitutes a network are more attractive for 
tourists (Jansen-Verbeke, 1994). A seasonal program that includes well known operas (commercial) is 
considered “easier” and more “accessible” for a non expert audience and therefore discriminates because of 
the “cultural capital” (Bourdier, 1983). 

 
Table 1. Components of Opera Houses’ market appeal  
a. Appeal b. Product design 

Proximity to other heritage attractions 
Festival included in seasonal programme 
Seasonal premiere with more expensive ticket 
Percentage of commercial operas 
Relationship with: Municipality; Province; Region 

First subset:  
• Setting 
• Known outside local area 
• National or important icon or symbol 
• Evocative place 
• Distinction from nearby attractions 
• Image of city carried by  theatre 

Relationship with: Tour Operator; Travel Agency in Italy; Abroad Travel 
Agency 
Activated services: Internet web site with online ticketing; Information 
office; Bookstore; Museum; Private o close Parking; Restaurant; 
Merchandising; Guided visit 

Second subset:  
• Destination associated with culture 
• Tourism activity in the city  Languages of Internet web site  

 
Normally the word “sustainability” is used with an environmental meaning; instead in this work we 

use it also in a management perspective. We evaluated sustainability looking at the effect of a increased 
number of visitors to (a) the physical preservation of the theatre, (b) the aesthetic, historic and educational 
value of the theatre, (c) the theatre’s management plan for tourism. In fact, not always managers believe that 
it is good to attract more audience because of potential negative effects such as, for example, the so called 
“McDisneyization” (Ritzer and Liska,1997).   

 
Table 2. Components of Opera Houses’ sustainability  
a. Cultural significance b. Robusticity 
Aesthetic value Recent maintenance work of the theatre (10 years)  
Historic value Negative impact (physical and managerial) of increased audience   
Educational value (school, conservatoire) Self financing 
 Management plan due to tourism 
 Seasonal program communication  

 
Let us now explain some dimensions of sustainability. Communication of seasonal program resulted a 

very important variable for a tour operator’s work; and so here it is considerate as a proxy variable for 
managing a theatre in a tourist market approach. Educational value in this study is explained thanks to the 
relationship of the theatre with schools and conservatoires. This is an important dimension of sustainability 
in terms of future audience. In fact, music consumption needs both adequate education and hearing habit.      
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3. The market appeal - sustainability positioning map  

To collect some of the necessary information to construct the two indicators, we sent an evaluation 
form to all of the Opera Houses. This form was sent at their marketing, ticketing and public relation offices. 
The form was divided in two sections: in the first, each theatre had to answer to some questions concerning 
the “appeal” variables for all theatres; in the second section, each theatre had to respond to questions 
regarding its “product design” and its sustainability’s components. Only eleven Opera Houses answered and 
are following analysed.       

In order to create the two composite indicators, we had (a) transformed the algebraic sign of all the 
variables which growing direction was not concordant with that of market appeal and sustainability (e.g. 
“negative impact of increased audience” in “not negative impact”); (b) assigned the same weight to all 
simple indicators. Furthermore preliminary condition to simple indicators’ aggregation is their homogeneity 
respect to scale measure. In our case, most of the dimensions were in ordinal scale (e.g. very low, low, 
sufficient, high, very high). Frequently in social research a score is associated to response categories in 
ordinal scale, assuming that distances between following ordinal categories are equally spaced. We preferred 
to use a transformation form more adequate to the non metric nature of the information, considering the best 
“performances”. So, we used as variables to construct the two composite indicators the percentages of 
answers attested in the “good” and “very good” categories3. Transformation in percentage was made also for 
metric variables (e.g. numbers of arrivals). For variables that needed only one theatre’s answer (activated 
services, relationship with local administrations, tourist operator, aesthetic, historic, educational value, state 
of repair, etc.) the positive performance was calculated after having aggregated information in macro areas. 

Once all indicators were synthesized, a ranking of Opera Houses for each variable had been made. 
Then the rank average4 for each Opera House was calculated. Those values were then used to plot the 
theatres here considered in a positioning map, showed in figure 1, in which the two dimensions are market 
appeal and sustainability. In the positioning map the average position in ranking was considered as 
discriminator value for low and high performance.  
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Genoa's Opera 

Naples' San Carlo 

Bologna's Comunale

Trieste's Verdi 

Florence's Maggio Musicale 

Fiorentino

 Palermo's Massimo

1

6

11

1 6 11

market appeal

s
u

s
ta

in
a

b
il

it
y

 

Figure 1. Market appeal - sustainability positioning map 

                                                
3 Interesting is also the approach that assigns a value not only to the best performance (Civardi et al., 2006). Here, we 
decided not to use it, considering that there were not so much theatres (only eleven) analysed. 
4 The value of the rank sum is the same of the rank average because the numbers of item is the same. 
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Obviously, there are different implications depending on the location of the theatre in the positioning 

map: each location means a different potential appeal to the tourist market. In fact, being plotted in the first 
quadrant means that a theatre has a good performance both in market appeal and sustainability, being plotted 
in the second quadrant means that the theatre has a good performance in sustainability and a bad one in 
market appeal, and so on.  

In this analysis, theatres as Bologna’s Comunale, Trieste’s Verdi, Palermo’s Massimo and Turin’s 
Regio have a low performance in both dimensions. Whereas Milan’s Scala, Verona’s Arena and Venice’s 
Fenice has high performance in both dimensions. In the fourth quadrant there are Florence’s Maggio 
Musicale Fiorentino and Naples’ San Carlo5, that are very attractive but with a not so good performance 
regarding sustainability. In the opposite quadrant we can found Rome’s Opera and Genoa’s Carlo Felice.   

Also the distance in the map can be analysed. So we can see that theatre Milan’s Scala has the “best” 
performance in both dimensions, while it is not possible to say which theatre is the best between Verona’s 
Arena and Venice’s Fenice because we cannot know which position is better. However, Teatro La Fenice is 
very close to Maggio Musicale Fiorentino and Teatro San Carlo. Rome’s Opera is also close to the “excellent 
performance” quadrant and so it is better to consider it in term of average market appeal more than low. In 
the third quadrant (low market appeal and sustainability) Turin’s Regio has the best performance and 
compared to Opera Houses in this quadrant,  it has the best performance for both dimensions.   

 
4. Conclusion 

The instrument here constructed can be very useful to theatre’s management to know the potential 
appeal to tourist market in a comparative way. It shows the opportunities of a tourist approach not only in 
terms of appeal but also in terms of sustainability (structural and managerial). The relationship of this two 
dimensions is especially important, and it is well displayed in the positioning map. The next step for 
management will be to understand the theatre’s strengths and  weaknesses. Future research should 
investigate musical tourists’ point of view, whether these are actual or potential. 

This instrument can obviously be applied as here constructed to other Opera Houses or be modified to 
analyse other cultural assets. 
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1. Introduction 

In western post-modern societies different ways of life coexist. Like other social phenomena, also 
tourism demand is affected by social complexity: travellers select destinations on the basis of situational and 
complex preference criteria, of which common features are however identifiable. Tourists tend: a) to self-
organise their holidays, b)  to reduce average overnight stays, c) to increase the number of travels, preferring 
low distance shifts and frequent interruptions of the working routine. The increasing of local (“proximity”) 
tourism can be related also to terrorism, as pointed out, among the others, by the World Tourism 
Organization (UNWTO) (see also  Sönmez, 1998; Fleisher and Buccola, 2002): “…Trips are closer to home, 
to familiar destinations and there is sensitivity to price; business travel costs are cut: they are less and 
cheaper; travel is organised individually, instead of going for the “organised trips”; …; with regard to 
accommodation, apartments, country houses or similar are used instead of hotels; in terms of purpose of travel, 
consumers prefer to choose as destinations visits to family, friends or relatives...” (Cabrini, 2003, p. 31). 

Proximity tourism heads for low or medium distance destinations. Defining such “proximity” is not 
easy yet, being sometimes referred even to the international dimension (De Rita, 2001). In our opinion, the 
phenomenon of proximity tourism should be more properly analysed at the local level. 

Proximity tourists seem to condense features of vacationers, as identified in the Seventies by Cohen 
(1974): a) more sensitive to accommodation conditions, b) on holiday to interrupt every day life, c) 
preferring low-length journeys. One could wonder if proximity has to be interpreted as only territorial or 
cultural too: in fact, deeper knowledge of local culture and resources facilitates the contact with the territory, 
making the whole holiday more satisfactory. 

According with a recent research made in Italy at well known bathing resorts of the Adriatic coast 
(Savelli, 2003), tourist main motivations are: “feeling at home” (27.8%), “arriving fast at the destination” 
(23.5%), “meeting friends” (21,3%) and “not expending too much” (18,2%). The fact that these are typical 
proximity tourism motivations has to be pointed out. So proximity tourism represents a proper answer to 
evident needs of customers: a) the reduction of holiday costs; b) the demand for assurance, belonging,
routine interruption, auto-elevation (Savelli, 2003).  

 

* This paper is financially supported by “ex 60%” 2002 University of Palermo grants within the research project: 
“Methods and techniques for the statistical evaluation of hidden tourism: the Sicilian tourism market", directed by F. 
Vaccina. 
** Although the paper is common responsibility of both authors, sections 1 and 3 can be attributed to F. Vaccina and 
section 2 to A.M. Oliveri. 
1 See also Cabrini (2004; 2005; 2006). Luigi Cabrini is the WTO Regional Representative for Europe. 
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2. Proximity tourism in Cefalù  
In this paper we discuss the features of proximity tourism in Sicily making reference to Cefalù, a well 

known bathing resort near Palermo. Data used derive from a sample research made in July-September 2005, 
aiming at estimating hidden tourism in Cefalù. The sampling design approximates the systematic selection 
design. About 2500 tourists and one day trippers were interviewed (tourists: 67,4%, one day trippers: 
32,6%). 24,9% of the tourists come from the western Sicily (provinces of Palermo, Trapani, Agrigento). 
Such percentage is similar to that of tourists from the provinces of the whole northern Italy (24.5%). 
Foreigners are 15,3%, 8,3% are from central and eastern Sicily.  

If added to one day trippers, tourists coming from western Sicily represent 49,3% of the respondents. 
For them, the category of “proximity tourism” can certainly be used2. Of western Sicily tourists, 84,4% are 
from the province of Palermo. 64,9% of these are from the town of Palermo, just 55 minutes away from 
Cefalù. Consequently, from now on we shall use the expression of “proximity tourism” only referring to 
tourists residing in the province of Palermo.  

Proximity tourists spend globally less than others. This is due to the headings of lodging and transport, 
as shown in Table 1, and probably happens since proximity tourists are able to exploit the best opportunities 
for lodging, due to their “cultural” proximity with Cefalù. But, most of all, they lodge at their or their 
friends’ own houses. That’s what 70,4% of proximity tourists openly affirm (one’s own house or multi-
property: 43,3%; friends’ or relatives’ houses: 27,1%); such a percentage is quite higher than those, yet 
relevant, of central and eastern Sicily: respectively, 44,8% e 37,6%.  

 
Table 1: Analysis of differences between average costs met by proximity and not-proximity tourists 

Expenses headings t statistic Degrees of freedom p-value (bilateral test)
Per-person and per-day global expenses -4,062 1239 0,000 
Per-person and per -day transport expenses  -8,161 654 0,000 
Per-person and per -day lodging expenses -9,121 615 0,000 
Per-person and per -day food expenses 0,583 580 0,560 

The no-cost lodging at private houses escapes official statistics: the phenomenon constitutes that part 
of  “hidden” tourism called “ignored” (Vaccina, 2004). As a consequence,  also “not official” tourists 
(obtained adding “properly hidden” to “ignored” tourists) are more numerous among Sicilians, and 
especially among “proximity” tourists (Table 2)3.

Table 2: Distribution of tourists in Cefalù by residence area and official - not official condition (row 
percentages) 

 
Classification of tourists Residence areas 

Official Not-official
Totals 

Proximity tourists (who live in the Palermo province) 13,4 86,6 100,0 

Other tourists, of which: 
 

Foreigners 68,4 31,6 100,0 
Residents in western Sicily (outside the Palermo province) 37,5 62,5 100,0 

Residents in central Sicily 24,1 75,9 100,0 
Residents in eastern Sicily 27,5 72,5 100,0 

2 Even after excluding residents outside Sicily (“indirect” one day trippers: Oliveri, 2006) the percentage of proximity 
travellers is very high (45,6%). 
3 See Giambalvo (2005) about criteria used to identify “not official” tourists. 
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Classification of tourists Residence areas 
Official Not-official

Totals 

Residents in other regions of southern Italy  68,4 31,6 100,0 
Residents in other regions of central Italy and in Sardinia 56,6 43,4 100,0 
Residents in other regions of northern Italy 54,7 45,3 100,0 

Totals 47,1 52,9 100,0 

Tourists on holidays in Cefalù select their accommodation before leaving, wherever they are from 
(percentages are always greater than 80%). Proximity tourists and residents in the provinces of the western 
Sicily find accommodation on the basis of previous experiences (58,6% and 43,6% respectively). Sicilian 
tourists do not apply travelling agencies (that are on the contrary the channel preferred by both foreign or 
coming from the rest of Italy tourists). Internet is especially used by foreigners. 

Proximity tourists share many features and behaviours, useful to distinguish them from others. But, is 
it possible to divide them into homogeneous groups, with respect to behaviours?  

On the basis of available information and by means of cluster analysis, proximity tourists can be 
grouped with respect to the following variables: 1) per-person and per-day food expenses;  2) per-person and 
per-day lodging expenses; 3) number of overnight stays; 4) the way lodging is selected (already been there; 
Internet; travel agencies or building societies; friends’ or relatives’ advice; depliant or tourist guides); 5) age 
(less than 25, 25-44, 45-64, more than 65 years old); 6) with whom on holiday (alone; with family; with 
friends; in organised groups)4.

Hierarchical cluster analysis has been run using the Czekanowsky metric (1909) and the between 
group average linkage method. Two or three groups are clearly distinguishable on the basis of the maximum 
level increment among the dendrogram junctions criterion. 

Group 1, made of 22,8% of proximity tourists, is characterised by people expending less than others 
for lodging. They stay less and all of them go on holiday with friends. Such people are less than 45 years old; 
“only” 57,7% own a house in Cefalù. 19,3% choose Cefalù since already been there. 

Group 2 (77,2% of the whole) is made of people on holiday with families, and expending more for 
lodging, although about 70% own a house in Cefalù. Some people are between 25 and 44 years old, but all 
respondents between 45 and 64 years are included in this group. 30,8% have already been to Cefalù on 
holiday. 

As a consequence of the hierarchical procedure of cluster aggregation, respondents belonging to group 
1 pass to group A in the three clusters solution. On the contrary group 2 is constructed by aggregation of 
subgroups B (14,0%) and C (63,2%). Subgroup B includes people expending more than subgroup C for 
lodging, nobody owning a house. Such tourists are younger than others (56,3% between 25 and 44 years and 
37,5% between 45 and 64 years old: percentages inverted in subgroup C). All people belonging to group B 
have already been to Cefalù. As part of group 2, both subgroups B and C respondents are on holiday with 
families. 

 
3. Conclusions 

Summer tourism in Cefalù is strongly characterised as “holiday tourism” and by the presence of many 
not-official proximity tourists (more than 80%). In despite of the great amount of people involved, proximity 
tourism does not really affect official local accommodation structures nor the resort income.  

The internal analysis of such tourism reveals the presence of many adults and elderly customary 
tourists in Cefalù owning a second house or leasing it regularly in order to spend holidays with families. The 
presence of such tourists increases the earnings of complementary tourist structures (restaurants, shops, etc.) 
as well as those of hidden tourism. Young proximity tourists spend less, behaving like one day trippers 

 
4 Belonging to different measurement levels, all  variables have been dichotomised (quantitative variables: with respect 
to the mean;  qualitative variables: in terms of the presence/absence of each category). 
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(except for the few overnight stays), as shown by the parallel research made on one day travelling (Oliveri, 
2006). 

When  deepening the analysis, that is considering the larger number of cluster consistent with the 
hierarchical implemented model (three clusters rather than two), it appears that group 2 is composed of two 
subgroups openly expressing what already said. The presence of younger people not owing houses in Cefalù 
and expending more is in fact the consequence of the family holiday model and of different behaviours for 
generations coexisting within families.  

As a whole, proximity tourism (in the restricted meaning chosen in this paper) looks like a pseudo-
tourism similar to one-day travelling since it affects destination resorts more in terms of anthropic charge 
than as a real resource for local tourism.  
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ABSTRACT 

Behaviours of tourists are related to many factors among which different geographical origins. This paper is 
focused on behaviours of Sicilian tourists interviewed in a sample survey run in summer 2005 in Cefalù, a well-known 
Sicilian bathing resort. Travelling across their own region of residence, Sicilian tourists generate the well-known 
phenomenon of proximity tourism. In order to identify different “holiday styles” existing within proximity tourism, 
tourists are clustered into few homogeneous groups. Supply operators should take into account the presence of different 
domestic holiday styles for planning hospitality and marketing strategies.  
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It is one key task for tourism statistics to correctly describe and show the status and influence of tourism

economy activity in national economy. For implementation of the task, the problems of relevant method,

system and calculation standard are needed to solve. In March of 2000, Statistical Commission of UN

recommended to all the countries over the world the Tourism Satellite Account (TSA), i.e. Tourism Satellite

Account: Suggested Method Framework, which adopts a series of concepts, types and tables, etc. combined

with SNA93 and integrates tourism statistical quantity into the target of macro-economy statistics as one

economic activity phenomenon. However, many problems are needed to solve for combining the framework

with the local situations in all the countries, especially the various provinces, cities and areas. It is one of the

problems how to improve the table of Overall Regional Supply and Regional Tourism Consumption in TSA

(Table 6 in TSA for short in the following).

1. What is Table 6 in TSA
Table 6 in TSA is one main table for calculating the added value of tourism. Based on combining

demand with supply, the table will calculate the added value of tourism by calculating the rate separating

from relevant industries in national economy account. Therefore, it is one attached matrix type table based on

national economy account. The first half part of the table is about the output of demand and supply and the

second half part about using the relevant index in this part and the production and revenue (distribution)

method to calculate the added value of tourism.

Tourism characteristic product (or industry) means that the size of output and efficiency for these products is

closely related to tourism activity and most directly influenced by tourism activity. Non tourism related

industry is the contrary. Tourism related industry refers to the product (industry) whose intimacy extent with

tourism activity is between tourism characteristic industry and non tourism related industry. There is no
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suggestion for this in the Method Framework. We ascribe tourist shopping commodities to the tourism

related industry in dealing with the problem.

2. Main characteristics of Table 6 in TSA
According to research and analysis on Table 6 in TSA, we get the main characteristics of the table or the

table solves the following problems:

The standard for defining tourism characteristic industry has been established as per the principle of

homogeneity. As we know, tourism is not one independent industry. It is combined with many industries, in

broad sense, all the industries, which is the difficult point for statistics of the output and added value of

tourism. Table 6 in TSA firstly defines tourism characteristic industry from the angle of supply as per the

principle of homogeneity and points out that there are 12 tourism characteristic industries. For example, air

passenger transport and relevant activities is one tourism characteristic industry. The main product is air

passenger service, whose homogeneity decides that it can be one tourism characteristic industry, although it

also deals with food and drink supply service, insurance service, hotel or other accommodation service.

Secondly, the table defines tourism related industry and non tourism related industry. Although the two parts

have less tourism share, they have some tourism share. By the definition, the proportion and size of tourism

in the whole national economy are evident to us.

Set a base for calculating the added value of tourism by calculating coefficient of separating tourism

characteristic products from all the sectors of national economy. Regional tourism consumption/overall

regional supply=tourism consumption proportion of the product= tourism separating coefficient of the

product (calculated in purchasers price). Therefore, the coefficient of all tourism characteristic products in

the row of Table 6 in TSA separating from various tourism characteristic industry, tourism related industry

and non tourism related industry can be solved and purchasers price can be used for calculation instead of

producers price. It should be indicated that although catering belongs to service industry, material shape will

be changed and new product will appear because of processing. At present, the retail amount of food and

drink is regarded as the total output in China. Therefore, generally speaking, producers price is the same with

purchasers price in service industry with exception of some service industries. It is obvious that it is

necessary to replace purchasers price with producers price in order to keep pace with calculation of GDP.

Combined with real status, the Table 6 in TSA proposes the hypothesis that the coefficients of one tourism

characteristic product separating from all the tourism characteristic industries and non tourism related

industries are identical. Proposing the hypothesis is necessary and permitted in research and can avoid much

work for easy operation.

By making assistant table, we can calculate the added value brought for non tourism related industry

due to tourism economic consumption. The table 6 in TSA also defines the tourism economic consumption

activities which should be included in non tourism related industry. They are finance service, insurance

service, postal and information transfer service and tourist shopping commodities which are related to

tourism economic consumption. Meanwhile, tourist shopping commodities should be divided into two parts,

one is gross profit between wholesale and retail (the price difference between purchase and sale), which

comes under tourism related industry, another one is commodity producing value, which should be classified

into relevant industry sectors and calculated in the tourism added value of non tourism related industry.

By converse subtraction, the calculation problem of the data in non tourism related industry column can

be solved. The data can be calculated by subtracting the relevant sum of the data in Tourism Characteristic

Industry column and Tourism Related Industry column from the data in Overall Regional Output column.

Therefore, objectively the data in Non Tourism Related Industry plays a role of balance item.

By calculating the added value rate for the total output of one tourism characteristic industry, the added

value of tourism share in the tourism characteristic industry can be calculated. Because the total output of all

the tourism characteristic industries and relevant information, including the index number values such as

intermediate investment, fixed assets depreciation (C1), laborer’s salary and business surplus, etc., can be

got from National Economy Account Table, i.e. Investment and Output Table. Therefore, the added value and

added value coefficient of the tourism characteristic industry are known. Meanwhile, tourism share of the

tourism characteristic industry can be got by adding tourism share of the products in the tourism

characteristic industry. The added value of tourism share in the tourism characteristic industry (in producers

price) can be got by multiplying the tourism share of the tourism characteristic industry by the added value

coefficient of the industry. The sum of the added value of the twelve tourism characteristic industries is the

added value of the whole tourism characteristic industry. Added value of tourism share in whole tourism

characteristic industry + added value of tourism share in tourism related industry + added value of tourism
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share in non tourism related industry = added value of tourism in the area. Tourism statistic is generally

conducted according to the demand, national economy statistic is conducted according to supply and tourism

demand exists in various industries of national economy. It seems to be impossible to analyze the

quantitative phenomenon of tourism influence in national economy by calculating added value of tourism.

But the problem can be solved by Table 6 in TSA (certainly with the base of some previous tables). It is the

great success of TSA.

3. Preliminary Discussion on improving Table 6 of TSA
We have discussed 5 basic characteristics of Table 6 in TSA, which have many advantages. So why are

we going to improve the Table? The reasons are in the following three aspects:

It is difficult to collect data. Even if the data can be collected, they are difficult to be perfect. The

tourism characteristic industry and product matrix table of Table 6 in TSA, i.e. the first quadrant of the whole

Table 6 in TSA, is the key part of the central table. It is difficult to collect the data of the total output of

tourism characteristic products as per 12 tourism characteristic industries. Although some data can be got

from the investment and output table, categories of tourism characteristic industry (product) are not the same

with categories in the investment and output table. Much investigation is needed to get relevant proportion to

conduct analysis and integration. For example, for the tourism characteristic industries such as hotels and

other accommodations, restaurants and similar facilities, the total output is needed to collect and the

proportion and the absolute numbers of all the products in each tourism characteristic industry are needed to

learn by sampling investigation or other methods. It means that all the data should be collected about over

one kind of product manufactured by one industry and one kind of product manufactured by several

industries. This requires much work. And for passenger transportation, it is more difficult to learn the total

quantity because the business covers different province, cities and areas. Then the inference for the overall

status by sampling investigation will be influenced.

Much labor and finance are needed. It is very difficult to collect the above mentioned data by the

present labor and finance of Tourism Bureau and Statistical Bureau of Guizhou Province. Another problem

needed to point out is that tourism activity is seasonal. Therefore, the above mentioned data will be treated

by weighting method according to cold, warm and mild season of tourism in order to increase the

representativeness of the data.

The application of research achievements in statistic practice will be influenced to some extent. Due to

the above mentioned problems, to some extent, the research achievements can not rapidly be popularized in

statistic practice and integrated in annual tourism statistic system. On the one hand, leaders at all levels and

the public are urgent to learn the influence of tourism on national economy in the local area. On the other

hand, the research achievements praised by statistic experts can not be practiced immediately.

Table 6 in TSA needs to be improved as per the following principles:

1. The basic framework of the table will not be changed. It means that the basic index in the subjective

column and objective column of Table 6 in TSA will not be changed and the basic format of the first, second

and third quadrant in the matrix table will not be changed.

The basic balance relation will not be changed. That is to say the balance formula of the calculation process

in the investment and output table should be observed.

2. Basic data will not be changed. The total output amount of tourism characteristic industry and

product will not be changed and equal. The total amount of non tourism related industry, tourism related

industry, overall regional supply and regional tourism consumption will not be changed.

3. Therefore, the basic characteristics of Table 6 in TSA will not be changed. That is to say the improved

Table 6 in TSA still remains the advantages of Table 6 in TSA.

4. Error should be within the permitted range.

Then what are the improvements for Table 6 in TSA and if they conform to the above mentioned

principles?

There are two main aspects of improvement for Table 6: one is to omit 12 tourism characteristic

industries in objective column and only keep the total column of tourism characteristic industry. It means that

detailed categories of tourism characteristic industry will be replaced by the total of the industry. Another one

is to divide the Overall Regional Supply (Output) in the objective column into Overall Output of Tourism

Characteristic Industry and Non Tourism Related Industry by dividing coefficient while most of Tourism

Related Industries are zero. The contents which will be omitted and adjusted are just the ones which require

much labor and finance. It is the key for the success of improving Table 6 in TSA whether they conform to
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the above mentioned principles.

Certification of the first proposition: the sum of tourism shares of various tourism characteristic

products in the row in various tourism characteristic industries is equal to the sum of tourism shares in the

total of tourism characteristic industry.

1. A stands for tourism product consumption proportion, namely a = regional tourism

consumption/overall regional supply, which is calculated in purchasers price (separating coefficient)

2. Therefore, the tourism share in the total of tourism characteristic industries is equal to ay.

12

3. Apparently，in the row：y=∑xij ，
j=1

Namely, the total of tourism characteristic industry is equal to the sum of 12 tourism characteristic

industries.

4. Because a is one constant, it can stand before ∑ according to the calculation principle of ∑
12 12

∑axij= a∑xij = a y，
j=1 j=1

Therefore, the first proposition has been certified and it can be feasible in theory to omit 12 tourism

characteristic industries and keep the total of tourism industries.

Certification of the second proposition, the sum of tourism characteristic industries (the sum of all the

columns) is equal to the sum of tourism characteristic products (the sum of all the rows).

The investment and output matrix table is one balance table with the following balance relation:

12 19 1912

∑ ∑xij=∑ ∑xij

j=1i=1 i=1j=1
(the sum of all the columns) (the sum of all the rows)

The actual calculation of Table 6 in TSA of Jiangsu Province of China has also certified the same.

Because Non Tourism Related Industry is one converse detraction item, the quantity balance relation is

defined among Overall Supply, Total of Tourism Characteristic Industry and Tourism Related Industry. While

Tourism Related Industry is zero, Overall Supply is equal to the sum of Total of Tourism Characteristic

Industry and Non Tourism Related Industry. If Total of Tourism Related Industry is unknown, adjustment

will be made by the separating coefficient of Overall Supply. Therefore, we can give the separating

coefficient by market investigation method or Delphi method. If Overall Supply is known, Total of Tourism

Characteristic Industry, Non Tourism Related Industry and Overall Regional Output (in producers price) in

the subjective column can be got for the basic data requirement of the brief table of Table 6.

From the table of Proportion of Other Tourism Characteristic Service Output in Tourism Characteristic

Industry Output, we can learn that the proportion of these products in overall tourism characteristic output is

very small. In order to reduce work burden, we list these data in the relevant assistant table of added value of

non tourism related industry. Because the separating rate used in calculating the added value of non tourism

related industry is the same with the one of tourism characteristic industry, the adjustment can reduce work

burden and ensure the stability of the added value of other tourism service.

Like the method to certify the first proposition, if the added value coefficient of one tourism

characteristic product in various tourism characteristic industries is supposed to be identical, the added value

calculated by Total of Tourism Characteristic Industry is the same with the sum of the added value of each

tourism characteristic industry in the subjective column.

From the above argumentation and analysis, we can learn that the improvement for Table 6 in TSA

under the four principles is in fact to simplify the table, which is beneficial to popularize and apply TSA

achievements and offer relevant data about influence of tourism on national economy. Simplification of

Table 6 in TSA seems to be more urgent for Western China.

Abstract： This article detailed analyze the characteristic of TSA table 6 which recommended by the United

Nations Statistical Commission .It followed the four principles and combined the actual situation of western

area to improve the TSA table 6.The result could lead the scientific research easier to apply and to promote.

Moreover, it helped to offer the relevant data which influence the National economy by tourism and ensure

the simultaneously arrange and synchronized calculation of GDP and TSA.

Keyword: Tourism statistics, TSA (Tourism Statistics Account), Improved TSA
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ABSTRACT

During the last decades, closed population capture-recapture models have been widely used to estimate
the number of faults in a system. Models that jointly account for heterogeneity in faults detection
probabilities, differences in reviewers’ detection probabilities, and simplifications of these models have
been proposed in the literature (i.e Mth, Mh, Mt and M0). A special class of models, that has been
largely neglected, is one that account for differences between first and subsequent fault detection
probabilities. One may think that there is no reason to believe that after detecting a given fault by
a reviewer the first time, its detection probability would be different for other reviewers. This sort
of heterogeneity, known as “behavioural heterogeneity” in the wildlife literature, could be associated
to a potential lack of independence among reviewers. Suppose for instance, that after first detection
of a fault by any inspector, other reviewers became some how aware of the type of fault. In this
study, we reanalyzed a data set from a controlled experimental setting by Thelim et al. (2004), and
noticed that models of the type Mb, Mbh, Mtb were also possible. We question the assumption
of independent detection among reviewers and proposed that Mb–type models could be used as an
indicator of potential violation of this assumption. We tried out different approaches for data analyses
to assess this hypothesis and other issues related to the number of seemingly independent reviewers.

Keywords. Capture-recapture, software inspection, software reliability.
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1. Introduction 

Consider reliability of two component parallel system. We apply the method of parameter replacement in 

order to construct the system reliability model, which has the form of joint probability density of the 

component life times. The models we construct in this paper turn out to be, in a sense, “complementary” to 

the classical Freund (1961) model as well as the Marshall and Olkin (1967) model.   

 
2. Bivariate pdf Construction 

Let us explain the method using the following reliability setting, see Filus & Filus (2007). We start with 

description of a device for two stage procedure for finding stochastic model of reliability of a parallel 

system that is composed of two components e1 , e2 . At the first stage of the procedure it is assumed that the 

lifetime of each of the components is tested independently (each in separation of the other) in idealized 

laboratory conditions. Therefore, at this stage, the component life times, represented by the usual 

nonnegative r. variables T1, T2 , are, by nature, stochastically independent.  Here it is assumed that, as a 

result of a testing procedure, one obtains estimated pdfs f1(t1; θθθθ1),  f 2( t2; θθθθ2) of the life times  T1, T2  

respectively, where for j = 1, 2,  θθθθ j  denotes a scalar or a vector parameter of each pdfs  f j(tj; θ j)  of  Tj .  

At the second stage new components e1*, e2* are installed into the real system. The components  e1*, e2*  

are assumed to be statistically identical to the  previous components  e1, e2   in their states before the 

laboratory conditions  testing procedure started. For that reason we will denote them by the same symbols  

e1, e2  as before. We assume that in the system some physical phenomena associated with the operation of 

one component, say e1 may contribute to the failure mechanism of other component. Therefore, an 

additional “stress” is put on the remaining component e2. In this situation additional changes in the 

physical structure of e2 , such as micro damages, may occur. These may accelerate (or sometimes delay) the 

process leading to failure. Realize that now the life times X1, X2 of the components e1, e2 when they work in 

the system, differ from the life times T1, T2 in laboratory conditions because in the new conditions they 

become statistically shorter or longer than at the original (laboratory) stage. The new life times X1, X2 , 

which, in general, should remain in some  association  with the  T1,  T2 , are considered to be 
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stochastically dependent. The task is to find the joint probability density of the r. vector (X1,  X2 ) as the 

system reliability stochastic model. 

In order to be able to describe the underlying stochastic dependences that constitutes this model two 

assumptions are made: 

1)  In the system we consider, there is no physical influence of component  e2  on  e1 , essential for the 

failure mechanism of e1. Obviously, there is always mutual stochastic dependence between the life times  X1,  

X2  of the components, 

2)  The random event  X1 < X2  occurs with probability approximately equal  to 1.   

To quantify in stochastic terms the, often vague or poorly recognized, physical influence of component e1 

on e2 , we will attempt to reflect the changes in  e2’s  physical structure by corresponding changes in 

component e2’s  failure rate.  If component e1 fails before e2 fails, the original failure rate λλλλ2(x2 , θθθθ2) of  

component e2 (that corresponds to the original pdf  f2(x2 , θθθθ2) of the laboratory conditions life time T2 ) is 

subjected to some change in value. This change of value of the failure rate λ2(x2 , θ2) here is assumed to be 

reflected by a change in its (scalar or a vector) parameter θθθθ2 . In turn, the magnitude of change in parameter 

θ2 obviously depends on the (random) time X1 the stress caused by the influence of e1 on e2 was endured by 

e2 . If then the random event X1 = x1 happens, the new value θ2*  of the parameter  θ2  of the failure rate  

λ2(x2 , θ2)  clearly depends on that time  x1 . Therefore, it seems reasonable to treat the new parameter  θ2*  

of  the  failure rate, say  λ2(x2 , θ2 *)  of the life time  X2  of  e2 , when in the system, as a (continuous) 

function of time x1 . This postulate justifies the functional notation  θθθθ2* = θθθθ2(x1) .   

 

3. Remark 

At this point realize that besides the dependence of the parameter θθθθ2* on the time x1  the extra stress was 

endured by the component e2 , an intensity (of various kind) of that stress also may contribute to a magnitude 

of the parameter change. In Example 1 below, the parameter function  θθθθ2(x1)  is proposed to be chosen as 

given either by the formula (5) or by (6). Notice that those parameter functions have their own parameters,  

A, r in  (5)  and A’, r’  in (6).   In some particular cases these parameters may be considered responsible 

for any kind of the stress intensities. Thus in some practical cases the considered  parameter functions  θθθθ2* 

= θθθθ2(x1 ; A, r ) may be viewed as dependent on three distinct arguments. The parameters A, r  are to be 

estimated by use of the common statistical methods. For more on that see Filus & Filus (2007). As a 

consequence of the above, the failure rate λ2(x2 , θ2), corresponding to life time T2 , turns into a ‘slightly’ 

different failure rate, say  λ2(x2 , θ2 (x1)) , which corresponds to life time X2 , given that  X1 = x1  happened. 

In such a way, we have obtained the (proposed) conditional failure rate  λλλλ2( x2 | x1)  of life time  X2  , 

given  X1 = x1 , as defined by the formula:  

 

λλλλ2(x2 | x1) = λλλλ2(x2 , θθθθ2(x1) ) ,         (1)  

 

where  θ2(x1)  is a suitably chosen continuous function of  the “influence time”  x1 . 

Now realize that the probability density  f2(x2 , θ2)  of  T2  is subjected to “the same” transformation as 

the failure rate  λ2( x2 , θ2) of  T2  is. In both, parameter θ2 is transformed into a different one: θ2* = θ2(x1) . 

Thus, in parallel to the definition of the conditional failure rate (1) , the formula:  
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g2(x2 | x1) =  f2(x2 , θθθθ2(x1) )        (2)   

 

determines the conditional pdf of the random variable  X2 ,  given  X1 = x1 .   

As a consequence of the assumption made above (component e2 has no physical influence on e1 ), we obtain  

X1 = T1  in distribution , so that the marginal pdf  g1(x1) of life time X1 is given to be  f1(x1) . One 

therefore obtains the joint pdf  g(x1 , x2) of the random vector  (X1 , X2)  in the usual form of an arithmetic 

product:  

 

g(x1 , x2) = g2(x2 | x1)  g1(x1) .        (3)  

 

   4. Example 1   

Suppose that the components  e1’s  and  e2‘s  life times in laboratory conditions are the following 

independent and exponentially distributed random variables T1,  T2  with  fk(tk ; θk) = (1/θk) exp[ - tk / θk]  

as the pdf of  Tk  (k = 1, 2) .  If we replace parameter  θ2  in the above pdf  f2(x2 ; θ2) , by a ‘slightly’ 

different parameter function  θ2* =  θ2(x1),  then the pdf  f2(x2 ; θ2)  of   T2  transforms into the 

conditional pdf   g2(x2 | x1) = f2(x2 ; θ2(x1) )  of  X2 , given  X1 = x1 . Assuming for the marginal pdf  

g1(x1)  of  the elementary events  X1 = x1 , that  g1(x1) = f1(x1)  one obtains a wide class of  bivariate  

exponential pdfs: 

g(x1, x2) = g1(x1) g2(x2 | x1) = (θ1)
-1 exp[- x1 / (θ1) ]  (θθθθ2(x1))

-1 exp[ -x2 / (θθθθ2(x1)) ]   (4) 

 

where, in particular, one may specify:          θθθθ2(x1) = θθθθ2 (1 + Ax1
r )            (5)  

 

(with  A, r  being positive real ‘parameters of the parameter function’). Other analytically interesting model 

can be obtained by setting:                 θθθθ2(x1) = θθθθ2 exp[ A’x1
r’ ]                   (6)  

with positive parameters  A’  and  r’ .  

Note that both factors  g1(x1)  and  g2(x2 | x1)  of   g(x1, x2)  in  (4)  are exponentials (in x1, and x2  

respectively), which justifies the joint pdf’s name “exponential”.  However, the marginal pdf  g2(x2)  of  

X2  is, in general, not an exponential.   ����  

Other example of bivariate pdfs class, can be obtained by the same method and justified by a quite similar 

reasoning. The following class of bivariate pdfs, is associated with the normal pdfs, and doesn’t need to be 

considered in reliability settings only. However, in some reliability problems it might serve as a model for 

stochastically dependent strengths. The class of pseudonormal pdfs, given in Example 2, is considered to be 

an extension of the bivariate normal pdf  class, as the bivariate normals are special cases of the 

pseudonormals, see pp 217-218 in Kotz et. al. (2000).   

 

    5.  Example 2   

Let the r. variables T1, T2 be independent, having the normal pdfs  f1(x1) = N(µ1, σ1)  and  f2(x2) = N(µ2, 

σ2)  respectively.  Then the corresponding bivariate “pseudonormal” pdf  g(x1, x2)  of  the related r. 

vector  (X1,  X2)  is given by the product  formula:  g(x1, x2) = g1(x1) . g2(x2 | x1), with the invariant pdf  
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g1(x1) = f1 (x1) = N(µ1, σ1) , and with conditional pdf g2( x2 | x1) = N( µµµµ2(x1), σ2(x1) ), where the parameters µ2 , 

σ2 of f2 (x2) are replaced by the following (arbitrary) continuous “parameter functions”:  

µ2 = µ2(x1) ,  σ2 = σ2(x1) of the r. event  X1 = x1 . More explicitly, one obtains the following class of 

bivariate  pseudonormal pdfs: 

g(x1, x2)  =  [σ1√(2π)] -1 exp[- (x1 - µ1 )
 2 /2σ1

2 ] [σ2(x1)√(2π)]-1 exp[- (x2 – µ2(x1) )
2 / 2[σ2(x1)]

 2 ] , 

 

where µµµµ2(x1) = E[X2 | x1] is the (in general, nonlinear) regression function, and [σ2(x1)]
 2 = Var [X2 | x1]  is 

the conditional variance, which may also be chosen to be an arbitrary function continuous in x1 . In 

particular, one may consider the (pseudonormal) nonlinear regression function of the form:  

 

E[X2 | x1] = µ2(x1) = µ2 + a (x1 - µ1 )  +  A (x1 - µµµµ1 )
n ,      (7) 

 

with  a  and  A  being arbitrary reals, and  n = 2, 3, … . 

For the coefficient ‘A’ ( “small”, in a comparison to ‘a’ ), the term A (x1 - µ1 )
n   may be considered  as a 

nonlinear “correction” to the regular Gaussian (linear) regression function. The purpose of that correction is 

mainly to enhance the accuracy in various modeling situations. Specially interesting seems to be the 

“quadratic case”  n = 2  that by its nature is non-symmetric, contrary to the regular bivariate normal. At 

this point realize the potential usefulness of the quadratic correction in situations where empirical data show 

significant asymmetric tendency, while “the best” (normal) model available is the symmetric one. Needless 

to say, the choice of the regression function µ2(x1) to be linear (by example, setting A = 0 in (7) ) and a 

constant conditional variance [σ2(  )] 2  to be a constant, reduces the model to an ordinary bivariate 

normal.    ���� 
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        In this paper the Markov methods are adapted to life testing experiment in which the basic characteris-
tics of length of the population lifetime are analyzed, when the population of the size n , for 1≥n , is inter-
preted as a finite coherent system of n  elements. The life length of population is defined as a function of 
elements’ life times. Connection between properties of elements life distributions and properties of the popu-
lation life distribution are considered usually in the case, when elements are independent random variables, 
e.g. the reliability function is defined for the series, parallel and mixed structure of the population, and their 
basic characteristics and estimates are calculated by path and cut method or recurrence method of Markov 
chain. More interesting is life testing experiment, if different models of elements’ dependence are consid-
ered, e.g dependence on initial parameters of the system, external conditions, as well as on the states of other 
elements.   
        Generally, we make the following assumption about structure of the population of the size n , for 1≥n . 
A nonnegative random variable X i  with a distribution    

( ) ( )tXPtF ii <= ,  for 0≥t , ni ,...,2,1− , 1≥n , ( ) ( )tFtF ii −= 1  

is interpreted as a length of lifetime of i-th population’s element until the moment 0≥t , when we consider a 
length of the population lifetime or a arrival  time of i-th element until the moment 0≥t , when we consider 
a sample size or a functioning time of i-th system’s element until the moment 0≥t in analyses of a coherent 
system. Next we use only the first interpretation. 
The states of i-th elements of the surveyed population are defined by the values of binary function as follows 

         ( )




=
death of state  in the iselementth -   if1

 life  of state  in the is lementth - i  if0

i

e
tei  

Then, a state of all elements of the population of sizen , for 1≥n , is described by n-dimension vector  
              ( ) ( ) ( ) ( )[ ]tetetete n,...,, 21=  

and in the initial moment 0=t  we assume that all elements of the population of size n , for 1≥n , are in the 
states of life. The state of the population of sizen , for 1≥n , in the moment 0≥t  is defined by the binary 
function  

   ( )




=
 moment t   the until  ended)(test  death  of state in the is population   theif1

moment t   in the  conducted) is(test   life of state in the is population   theif0
0 tϕ . 

and in each moment 0≥t the state of the population is exactly defined by the states of its elements through 
the values of the function ( ) ( ) ( )[ ] ( )( )tetetet n ϕϕϕ == ,...,10 . 

In the test, the population of size n , for 1≥n , can be found in the moment 0≥t  in the state of life in fol-
lowing cases. At first, when the moment Tt ≤≤0 , where T  is time of test conducting specified in advance 
and the number of arrivals in interval of length 0≥t  is random. Secondly, when the number of arrivals is 
not equal with the sample size specified in advance and length of time of the test T is not specified in ad-
vance. Thirdly, when Tt ≤≤0  and the number of arrivals is not equal with the sample size, where both 
length of time of the test T and the sample size are assumed in advance. At forth, in the moment 0≥t the 
data set in the test has no specified quality .  

The function ( )eϕ  is increasing, if, for any two vectors e i e'   is satisfied the condition: 

( )1  if ee '
p , then ( ) ( )ee 'ϕϕ ≤ , where ( ) ( )eeeeee nn

''
1

'
1 ,...,,..., == p  , if for all ni ,...,1= , holds ee ii

'≤ . 

The function ( )eϕ  defines a division of the set { }eE=  of all n-dimension and binary vectors which describe 
the state of the population to two sets:  

( ){ }0: ==+ eeE ϕ  - a set of states of population life (the system is functioning), 
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( ){ }1: ==− eeE ϕ  - a set of states of population death (the system is failed). 

If the condition (1) is satisfied, then the division of the set E  to two sets E+  i E−  is called a monotonically 
structure of the population.  
Let us denote by τ the length of population lifetime and ( )[ ]{ }1:inf == tet ϕτ . Then the probability   

( ) ( )tPtF <= τ  is the probability of ending of the test until the moment 0≥t and ( ) ( )tPtF ≥= τ  is the 

probability of the conducting test until 0≥t  (the probability of reliability of the population or survival func-
tion of the population). The formula which expresses the relation between the reliability of population and 
reliabilities of its elements in the moment 0≥t is given by 

( )2  ( ) ( )∑=
+∈Ee

eptF , where ( ) ( ) ( )tFtFep eii

n

i

ei
i∏=

=

−

1

1 , (we adopt the convention 100 = ) is a probability of 

event that the population is in the state e.  

If niX i ,...,2,1, =  are independent and identically distributed random variables, the elements are not re-

newed and the function ( )eϕ  is monotonically in the sense of the condition (1), then the reliability of the 

population is increasing respectively to each coordinate of the function F i . Thus an upper or a lower bound 

on the reliability of population may be obtained from the upper or lower bounds on the reliabilities of the 

elements. When the number of states is large (the number of all states is equal to 2n ) and the function ( )eϕ  
is very complicated, then a formula given by (2) is not efficient and the other methods of calculation are ap-
plied (e.g. method of path and cut or the recurrence method of Markov chain).  
 
Markov methods 
In the most general way, if no dependence of initial parameters exists and there is no dependence of the life-
times of the elements on the common external conditions, then the only type of  dependence is the depend-
ence of the reliability of one element on the states of the other elements. This dependence is presented by 
Sołowiew (1983) as follows. Let the binary vector ( ) ( ) ( ) ( )( )tetetete n,...,, 21=  denote the states of the popula-

tion elements and Γt  is the realisation of the process ( )te  in interval ],0[ t . If  the realisation Γt of the proc-

ess ( )xe  is determined until the moment t , then the probability of the transition in the time t∆  to the state e 

equals ( ) ( )totet ∆+∆Γ ,λ , where at the same time the change of the states of a few elements occurs or in each 
moment the change of the state of only one element occurs. If in each moment the change of the state of only 
one element occurs, then the process ( )te  is described by the rate of the changes of the states elements and 

( )Γtiλ  is the conditional rate of the change of the state of the  i -th element, on the condition  that the realisa-
tion of the process is determined until the moment t . If the rate of the state change of  the element depends 
only on the moment t  and  the state ( ) ( )[ ]tetiti ,λλ =Γ  of the process in the moment t , then the process ( )te  
is non-homogeneous Markov process with a finite number of the states. If the rate of the state change of the 
element does not depend on time, but only on the states of the elements ( ) ( )eet ii λλ =, , then such a non-
homogeneous Markov process is generalised pure death process. If in generalised pure death process the 
elements of the system are symmetrical, then all rates of the states changes of elements are equal to 

( ) ( )eei λλ =  and the rate of the state change of the system (death of the population) depends only on the 

number of the states changes of the elements ( ) ee λλ = , where ∑=
=

n

k
kee

1
. Then the process ( )te , in 

which the transition from the state ie =  is possible only to the state 1+i  with the rate ( ) ( )in λ1−  is a pure 

death process. The pure death  process describes functioning of non-renewable system consisting of identical 
elements while the generalised one describes functioning of the system consisting of different elements. It 
seems to me that the application of the Markov methods for the research of the length of the population life-
time which is treated as a system of n elements is natural. Namely – changes in time of the system state (the 
population) are determined by multidimensional stochastic process. This process is chosen in such a way that  
when we investigate the reliability of the population and we know the state of the process, we can in each 
moment explicitly define the state of the system (whether the population is in the state of life or death). Bel-
low we present a general model of functioning of the population.  
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� Let ( )tξ  denote the stochastic process changes in time of the population state chosen in the way de-
scribed above.  

�  A set E of this process states decomposed into two disjoined subsets EEE −+ ∪= . If  ( ) Et +∈ξ , 

then the population is in the state of life in the moment t , and if  ( ) Et −∈ξ , then  the population is in 
the state of death in the moment t . The transition of the process from the setE+  to the set E−  is 
called the death of the population, and  a reverse transition from  the set E−  to the set E+  we call a 
renewal of the population . The process observed in time changes the state E+  into the state E−  
and reverse.  

� Let  ,...,...,, ''
1

'
0 τττ k and ,...,...,, ''''

1
''
0 τττ k denote successive intervals respectively, in which the popula-

tion is in the state of life or death. If there exists a stationary distribution for the process ( )tξ , which 

describes the functioning of renewable system, then there exist limits ττ '' →P
k , ττ '''' →P

k . 

A random variable τ '
0  is called the time until the first change of the state of the population, and a random 

variable τ '  is called the length of the lifetime of the population per one change of the state. We also consider 

a random variable ( )tτ , which is the lifetime of the population from the moment t  until the first moment 
after the change of the state of the population, residual time of the lifetime population. As before, if  there 

exists a stationary distribution for the process ( )tξ , then there exists the limit ( ) ττ →Pt . Distributions of 

random variables ( ) τττττττ ,,,,,, '''''''
0 tkk , their expected values and rate readiness are basic characteristics of 

the reliability function.  
One of the simpler type of the processes used in practice of reliability calculations is the class of  Markov 
processes with a finite or uncountable number of states. In  this sense e.g. the pure death or general death 
process could be a model describing the changes of the population states.  
Case 1 

The pure death process is a homogenous Markov process with  the states assigned as 0,1,2,...,n,..., for which 
0, == λλ iji  as well as 0, =λ ji  for 1+≠ ij . That is, the pure death process passes successively through the 

states ......210 →→→→ n and in the state k  it is for the time ξ k  with exponential distribution 

{ } etP tk
k

λξ −=> and next it passes to the state  1+k  with the probability one. Let { }nE ,...,2,1,0=+  be a set 

of states of the population lifetime,  { },...2,1 ++=− nnE  is a set of states of the population death, and 

( ) 00 =ξ .  Because the pure death process describes of the un-renewable population we assume then the time 

until the first change of the population is defined by  ( ) ( ) ( ){ }00:inf0
'
0 =∈== −− ξξττ EttE . From theory of 

Markov chains (the solution of Kolmogorov equation, there are omitted mathematical details) we obtain 

( ) { } ( )∑
−

=>=
=

−n

k kk

tk

n
w
etPtF

0
10

'
0

'
...

λλ
λλλτ

λ
 , where ( ) ( )( ) ( )λλλ nxxxxw +++= ...10 . 

Because the time until the first change of the state of the population is a sum of the random variables 

ξξξτ n+++= ...10
'
0  hence expected time until the first change of the state of the population) is equal to   

( )
λλλ

τ
n

ET
1

...
11

10

'
0

'
0 +++== . 

Case 2  
The general pure death process is a homogenous Markov process with the number of states { }eE = , where 

( ) 1 0,,...,1 === eoreeee iin , for which only immediate transitions in the form  

              ( ) ( ) nieeeeeeeeee niinii ,...,1,,...,,1,,...,',...,,0,,..., 111111 ==→= +−+− , 

with the transition rates  ( )tiλ  are possible.  
Such a transition denotes a change of state of one element of the population and can be interpreted in the 
survey of the population lifetime as an arrival  or a death of the i -th  element. By  the previous denotations 
E+  is a set of states of the population lifetimes  E−  is a set of states of the population death. 

We assume that in the initial moment all the elements are in the state of life that is ( ) 00 =e . 
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We define the notion of the way π  as class of the realisation of the process ( )te  with an assumed sequence 
of states, through which the process passes. This sequence begins from state in the initial moment zero and 
ends with state in the moment of the change of state of the population (death of the population)   

( ) ( ) ( )( )eee m,...,, 10=π  , ( ) ( )0,...,0,00 =e , ( ) Ee k
+∈  for ,mk < ( ) Ee m

−∈ . 

Each transition from state to state described by the way ( ) ( ) ( )( )eee m,...,, 10=π  is the change of the state of the 
population element that is arrival or death of the element of the population of the size n .  

Summary rate is defined then as ( ) ( )ee
n

i
i∑=

=1
λλ , where ( ) 0=eiλ , if in the state e i -th element of the popula-

tion has arrived. Then from the properties of the Markov process ( ) ( )
( )e

e
ep i

i λ
λ=  is the probability of an event 

that the process passes from the state  ( )eeeee nii ,...,,0,,..., 111 +−=  to the state ( )eeeee nii ,...,,1,,...,' 111 +−= , 
that is i -th element changes its state (arrives or dies). Let  ik  denote the number of the element changing the 

state (arriving or dying) when it passes from the state ( )e k 1−  to the state ( )e k  during the passage of the way 
π . Then  from the formula of the total probability we obtain the probability of the change of population state 
(death of the population) equals ( ) { } ( ) ( )ππτ

π
ptFtPtF ∑=<= '0 , where sum is calculated for all the possible 

ways π , ( ) ( )( ) ( )( ) ( )( )epepepp m
i mii

...1
2

0
1

=π  is the passage probability of the way π , and ( )πtF  is the con-

ditional probability of the change of the population state (death of the population) on the condition of the 

passage of the way π . Since in each state ( )e k  the process remains for the time with the exponential distri-

bution with the parameter ( )( )e kλ , hence the conditional process ( )te  on the condition of the passage of the 

way π  is the pure death process with transition rates being given by ( )( )e kλ . The expected time of the first 
change of the state of the population is obtained from the equality  

( ) ( )( ) ( )( )






++∑= −ee

pT m 10
'
0

1
...

1

λλ
π

π
. 

Summary - A  model describing the changes of the population states will be use to describing of  process 

data collection e.g. in Internet survey (but not only). Then  three characteristics are important: τ '
0 , the time 

until the first change of the state of the population, τ ' , the length of the lifetime of the population per one 

change of the state and ( )tτ , the lifetime of the population from the moment t  until the first moment after 
the change of the state of the population, residual time of lifetime of the population. 
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RESUME  In the paper is presented  an adaptation of Markov methods to model describes the changes of the 
population states in  test of population lifetime.   
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Some Applications of Lorenz curve in Reliability field

Goria.M.N & Ahmed.E.S

1 Introduction

Chandra and Singpurwalla( 1984) dicuss the relation between Lorenz and welknown convex and
star ordering and appply Lorenz curve to compare hetrogeneity of two life time data set. Pham
and Tukkan(1994) derive Lorenz and scaled total time on test trasform curve and use Gini index to
specify IFR and DFR distributions. Our scope in this short paper is to relate some characteristics of
these curve and dicuss their possible use in aging properties of life distributions.Further we discuss
the implication of these curve in mean residual life and hazard rate and suggest a graphical method
to veiw these concepts.

2 Lorenz and Scaled total time on test transform curves

Lorenz and scaled total time on test tranform curves respectively are L(p) = μ−1
∫ p

0 F−1(s)ds and

W (p) = μ−1
∫ F−1 (p)

0
[1 − F (x)]dx, where F is distribution function of non negative r.v X. These

curves are key tools in the analysis of Income and life models respectively in economic and reliability
field. On integration of RHS of Wby parts and simplifying ,one finds that

W (p) = L(p) + (1− p)L
′
(p) (1).

Equivalently W (p)[1− p]−2 = d[L(p)/(1− p)]/dp, this on integration yields

L(p) = (1 − p)
∫ p

0

(1− t)−2W (t)dt. (2)

It seems natural from above that one curve may have potential use in the other field.Goria and
Delicado (2007) showed that most of the inequality measures associated with Lorenz curve can be
placed under same umbrella through βk = (k+1)−1EX(k+1,k+1), k = 0, 1, . . . , or moments of Lorenz
curve dk = βk/β0, β0 = μ. They further discuss the approximation of L given finite set of these
coefficient. Consequently it is of interest to relate the moments of two curves.If Dk denote k− th
moment of W (p) ,then ∫ 1

0

pkW (p)dp = [1− Dk+1]/(k+ 1), k = 0, 1, . . .(3)

Replacing W (p) in (3) by (1) and simplifying ,we get∫ 1

0

pkW (p)dp = (1 − dk+1)/(k + 1)− dk+1 + dk.(4)

1
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Hence Dk+1 = (k + 2)dk+1 − (k + 1)dk, k = 0, 1, 2, . . . or

dk+1 = [1+
k+1∑
i=1

Dk]/(k+ 2), k = 0, 1, . . . , (5)

The parameters βk, dk and Dk can be consistently estimated from the sample data.Note that D1 is
Gini index.Needless to say that mean residual life and hazard rate are based on the survival function
S(x) = 1−F (x),consequently the measure associated with aging properties should be based on this
function.It appears then that the measures built on the duals of these curves are natural candidates
in life data. If W ∗, L∗ represents the dual of W, F then one can show that kth moments of W ∗

is D∗
k = μ−1

∫ ∞
0
[S(x)]k+1dx. Note that D∗

1 = 1 − G. Further D∗
k is related to index Bk+1used in

reliability as Bk+1 = 1 − kD∗
k. Using the relation derivable from (1) between W ∗ and L∗ in the

definition, we have D∗
k = (k + 1)d

∗
k, k = 0, 1, . . . .

3 Mean residual life and L, W curves

A key concept in reliability theory is mean residual life ,i.e,

r(x) = E[(X − x)|X > x) = −x+ [1− F (x)]−1

∫ ∞

x

xdF

= [1− F (x)]−1

∫ ∞

x

[1− F (y)]dy. (6)

One says that NBUE(NWUE) if r(x) < μ (r(x) > μ) .We can express this concept in terms of two
curves by relating these to mean residual life as follows. It is straightforward to see using last and
middle terms in (6) that

r(x) = μ(1− W (F (x))[1− F (x)]−1 (7)

and
r(x) + x = μ(1 − L(F (x))[1− F (x)]−1. (8)

Consequently in terms of these curves ,the NBUE if

(F (x)− W (F (x))[1− F (x)]−1 < 0 or (F (x)− L(F ))[1− F (x)]−1 < x/μ. (9)

Obviously the interpretation of the concept expectedly is simpler in terms of W curve. Let us a go
a step further , From (9) ,we find that NBUE if

∫ ∞
0
[F (x) − W (F (x)]dF = −1/2 + D1 < 0, i.e,

D1 < 1/2. Equivalently from (9),
∫∞
0 [F (x) − L(F (x)]dF <

∫ ∞
0 (x/μ)[1 − F (x)]dF One can show

easily that
∫ ∞
0
[F (x)−L(F (x)]dF = −1/2+ d1 and

∫∞
0
(x/μ)[1−F (x)]dF = 1− d1. Hence d1 < 3/4

or D1 < 1/2. Obviously the moments of the duals can be used in this contex.For Weibull distribution
with shape parameter b, one can show that d1 = 1 − (1/2)(1+1/b), consequently NBUE in Weibul
case if b > 1 otherwise NWUE.

It is not hard to see that if one replaces F by its estimate Fn in L and W , then substitute the
classical estimators Ln, Wn respectively in (7), (8),we end up with the classical estimator of mean
residual life.Chaubey and Sen (1999)propose an estimator of survival function as the weighted sum
of Sn(x), i.e,

Sn(x) =
n∑

k=0

Sn(k/λn)pn,k(xλn) (10)

2
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where Poisson weights are

pn,k(xλn) =
(λnx)k

k!
exp−(xλn), k = 0, 1, . . . .

λn is chosen from data ,one such choice is λn = n/Xn,n. They propose smooth estimator of mean
residual life and study its asymptotic properties. Obviously we end up with the same estimator via
smooth estimator of L,W which in its own right may be useful in economic and reliability field. We
give here Wn, whereas Ln can be obtained from (2).

Wn(Sn(t)) = (1/X̄)
∫ ∞

t

Sn(y)dy

= (λnX̄)−1
n∑

k=0

k∑
r=0

Sn(k/λn)pn,k−r(λnt)

Putting x = F−1(u) in (8),multiplying bothsides by ui−1(1−u)k and then integrating ,we obtain

Er(X(i,k+i)) + EX(i,k+i) = ci,k(n − i)μ
i−1∑
j=0

(−1)j
(

i

j

)
[1− d∗

k+j+1]/(k + j)]

= ci,k

i−1∑
j=0

(−1)j
(

i

j

)
[(k + j + 1)μ − EX(1,k+j+1)]

(k + j)(k + j + 1)
, i = 1, . . . , n− 1,

where ci,k =
Γ(k+i+1)
Γ(i)Γ(k+1). Consequently

r̂(X(i+1,n)) = ci,k

i−1∑
j=0

(−1)j
(

i

j

)
[
(k + j + 1)X̄ − X(1,k+j+1)

(k + j)(k + j + 1)
]− X(i,i+k), i = 1, . . . , n − k

The integer 1 < k ≤ n/2 yielding largest number distinct points

(x(i,k+i), r̂(x(i,k+i)), i = 1, . . . , n/2

is chosen. To these further compatible points from smaller k values are added. Thus a smooth curve
passing through the plot of

(x(i,k+i), r̂(x(i,k+i)), i = 1, . . . , n/2

will yield an estimate of the mean residual life.

4 Hazard rate and L, W curves

From the definition of W ,we have W
′
(t) = [μλ(F−1(t)]−1. Clearly then F is IFR ,if W is concave

and DFR ifW is convex.Thus for IFR distributions ,we have W (t) > t. Multiplying by tk both sides
and integrating ∫ 1

0

tkW (t)dt = (k + 1)−1[1− Dk+1] > 1/(k + 2),

i.e, Dk+1 < 1/(k + 2). In particular D1 < 1/2 or d1 < 3/4.

3
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Similarly from (8) ,we have

λ(x) = −(r′
(x) + 1)/r(x) or − ud2L∗(u)/du = (μλ(F−1(1− u))]−1 (11).

For standard exponential distribution L∗(u) = u − u logu. consequently d2[L∗(u)] = −1/u. Hence
λ(F−1(u) = 1,i.e, λ(x) = 1.We can rewrite (12) as

−d[u2d[L∗(u)/u]/du= [μλ(F−1(1− u))]−1.

Thus F is IFR if u2d[L∗(u)/u]du is concave and DFR if it is convex,i.e,u2d[L∗(u)/u]/du < u.Multiplying
by uk, integrating and then simplifying,we have [(k+ 1)d∗

k − 1]/k < 1/(k + 1).
Note that d∗

k and dk are related , see Goria etal(2007).In particular d∗
1 < 3/4 or d1 > 1/4. From

the relation (1 ),we find that

W
′
(t) = (1− t)L

′′
(t), W

′′
(t) = −L

′′
(t) + (1− t)L

′′′
(t)

Thus F is IFR if d[logL
′′
(t)]/dt < 1/(1− t). On integrating both sides in the interval [0, u] ,we have

logL
′′
(u) < − log(1 − u). Integrating again in the unit interval and adding logμ to both sides ,we

find H < logμ + 1, i.e, F is IFR if its entropy is bounded above by logμ + 1.For example if F is
Weibull distribution,one knows that H = − log b + 1/b. It can be check that for b > 1,condition is
satisfied.Note that

(k + 1)d∗
k = (1/μ)

∫ ∞

0

[1− F (x)](k+1)dx =
∫ ∞

0

exp−(k + 1)Λ(x)dx

where Λ(x) is cumulative hazard rate.Letting exp−Λ(x) = u, we can write

(k + 1)d∗
k = mk =

∫ 1

0

uk.(u/μ)d[Λ−1(− logu)].

It can be shown that mk uniquely determine Λ∗(u) where dΛ∗(u) = (u/μ)d[Λ−1(− logu)], con-
sequently Λ(u) and hazard rate. One can approximate hazard rate ,given a finite set of mk,for
more detail see Goria etal(2007 ). There is vast amount of literature on the hazard rate estima-
tion. Chauby and Sen(1999) propose estimation of hazard rate based on estimate Sn(x) in (10).
Obviously using (1) and (2) one can express the hazard rate in terms of corresponding estimates of
L,W.A graphical veiw of the estimate of hazard rate function may be obtained as follows:we know
that λ(F−1(u)) = f(F−1(u)/(1 − u).If f the pdf is square integrable ,then on multiplying both
sides by ui−1(1 − u)(n−i) ,integrating and simplifying,leads toEλ(X(i,n)) = n

n−iEf(X(i,n−1), i =
1, . . . , n − 2.Replacing f by its unbiased estimator , we can obtain a plot of n − 2 points as in
previous section providing reasonable idea on the behaviour of hazard function.
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Abstract

In this paper we prove some stochastic ordering results among conditional record values in two

sample problems.
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1 Introduction

Let {Xi, i ≥ 1} be a sequence of independent and identically distributed random variables from a

continuous distribution F . Xn is called an (upper) record value if Xn > Xj , for j = 1, . . . , n − 1. By

convention X1 is the first record value. The serial numbers at which the record values occur are given

by {Tn, n ≥ 1}, defined recursively by T1 = 1,

Tn = min{k, k > Tn−1, Xk > XTn−1}, n ≥ 2,

are called the sequence of (upper) record times. Then, {XTn , n ≥ 1} is called the sequence of (upper)

record values. For convenience of notation XTn denoted by RX
n . That is, {RX

n , n ≥ 1} is the sequence

of record values. Let {Zi i ≥ 0} be a sequence of independent standard exponential random variables

(with hazard rate equal to 1). Then the joint density function of (RZ
m, RZ

n ), m < n is

(1.1) f(RZ
m,RZ

n )(u, v) =
1

Γ(m)Γ(n − m)
um−1(v − u)n−m−1e−v u ≤ v,

from which it follows that the density function of RZ
m is

(1.2) fRZ
m

(u) =
1

Γ(m)
um−1e−u.

Further, it is also known that

(1.3) (RX
m, RX

n )
st
= (F−1(1 − e−RZ

m), F−1(1 − e−RZ
n )).

For more details on distribution theory and various applications of records the reader is referred to

Arnold et al. (1998).

In this paper, for any random variable X and an event A, (X|A) denotes a random variable whose

distribution is the conditional distribution of X given A.

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 5290 -



Suppose we know that RX
n < t and we are interested in estimating or evaluating various characteristics

of the previous records say RX
m, m < n. That is we are interested in the stochastic properties of the

conditional random variable (t − Rm|Rn ≤ t).

There are several notions of stochastic orderings of varying degree of strength and they have been

discussed in details in Shaked and Shanthikumar (1994). We first briefly review some of these here.

Throughout this paper increasing means nondecreasing and decreasing means nonincreasing; and we

shall be assuming that all distributions under study are absolutely continuous. Let X and Y be

univariate random variables with distribution functions F and G, survival functions F and G, density

functions f and g; and hazard rates rF (= f/F ) and rG (= g/G), respectively. Let lX (lY ) and uX (uY )

be the left and the right endpoints of the support of X (Y ). X is said to be stochastically smaller than

Y (denoted by X ≤st Y ) if F (x) ≤ G(x) for all x. This is equivalent to saying that Eg(X) ≤ Eg(Y )

for any increasing function g for which expectations exist. X is said to be smaller than Y in hazard rate

ordering (denoted by X ≤hr Y ) if G(x)/F (x) is increasing in x ∈ (−∞, max(uX , uY )). In case the

hazard rates exist, it is easy to see that X ≤hr Y , if and only if, rG(x) ≤ rF (x) for every x. X is said

to be smaller than Y in the likelihood ratio order (and written as X ≤lr Y ) if g(x)/f(x) is increasing

in x ∈ (−∞, max(uX , uY )). Note that likelihood ratio ordering implies hazard rate ordering which

in turn implies stochastic ordering. In Section 2, we prove some new results on stochastic ordering

among conditional (inactivity) record values in two sample problems.

2 Main Results

Kochar (1996), Raqab and Amin (1996), Ahmadi and Arghami (2001), Belzunce et al. (2001), Belzunce

et al (2005), Khaledi (2005), Khaledi and Shojaei (2007) and among others have studied stochastic

orderings among record values and have proved many interesting results. For example, Khaledi (2005)

proved the following general result.

Theorem 2.1. Let RX
n:k, n ≥ 1, be a sequence of k-record (cf. Arnold et al., 1998, p. 81) corresponding

to continuous distribution F and let RY
n
′
:k

′ , n
′ ≥ 1, be another sequence of k

′

-record corresponding to

continuous distribution G, such that k
′ ≤ k. Then, for n

′ ≥ n,

(a) X ≤st Y ⇒ RX
n:k ≤st RY

n′ :k′ ,

(b) X ≤hr Y ⇒ RX
n:k ≤hr RY

n
′
:k

′ .

Now, we compare different sequences of conditional records (as defined in Section 1) corresponding to

different distributions. We use the following lemma (whose proof is elementary and hence omitted) to

prove the main result.

Lemma 2.1. Let V1 and V2 be two Poisson random variables with parameters λ1 and λ2, respectively.

If λ1 ≥ λ2 then (V1|V1 ≥ m) ≥lr (V2|V2 ≥ m), m = 0, 1, . . ..

Theorem 2.2. Let RX
n , n ≥ 1, be a sequence of records corresponding to continuous distribution F

and let RY
n , n ≥ 1, be another sequence of records corresponding to continuous distribution G. Then

for m < n if

(2.1) ΛG(t)/ΛF (t) is increasing in t, where ΛF (t) = − lnF (t) and ΛG(t) = − lnG(t),

then

(2.2) X ≤st Y ⇒ (t − RX
m|RX

n ≤ t) ≥st (t − RY
m|RY

n ≤ t).
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Proof: For fixed m < n and t, the distribution function of (t−RX
m|RX

n ≤ t) for x > 0 can be written

as

p(t − RX
m ≤ x|RX

n ≤ t) =
p(t − x ≤ RX

m ≤ RX
n ≤ t)

p(RX
n ≤ t)

=
p(− lnF (t − x) ≤ RZ

m ≤ RZ
n ≤ − lnF (t))

p(RZ
n ≤ − lnF (t))

=

∫
− ln F (t)

− ln F (t−x)

∫
− ln F (t)
u

um−1(v−u)n−m−1e−v

Γ(m)Γ(n−m) dvdu

∫
− ln F (t)
0

un−1e−u

Γ(n) du

=

∫
− ln F (t)

− ln F (t−x)
um−1

Γ(m)

∫
− ln F (t)
u

(v−u)n−m−1e−v

Γ(n−m) dvdu

∫
− ln F (t)
0

un−1e−u

Γ(n) du

=

∫
− ln F (t)

− ln F (t−x)
um−1

Γ(m)

∫
− ln F (t)−u
0

hn−m−1e−(h+u)

Γ(n−m) dhdu

∫
− ln F (t)
0

un−1e−u

Γ(n) du

=

∫
− ln F (t)

− ln F (t−x)
um−1e−u

Γ(m) P (Gn−m,1 < −u − lnF (t))du

∫
− ln F (t)
0

un−1e−u

Γ(n) du
.(2.3)

Poisson expansion for gamma distribution function simplifies (2.3) as

(2.4)

∫
− ln F (t)

− ln F (t−x)
um−1e−u

Γ(m)

∑
∞

j=n−m
e−(−u−ln F (t))(−u−ln F (t))j

j! du

∑
∞

i=n
F (t)(− ln F (t))i

i!

After changing the order of summation and integration, let s = u/ − lnF (t). Then (2.4) would be

(2.5)

∑
∞

j=n−m
F (t)
j!

∫ 1
− ln F (t−x)

− ln F (t)

(− ln F (t))m−1sm−1(− ln F (t))j(1−s)j

Γ(m) (− lnF (t))ds

∑
∞

i=n
F (t)(− ln F (t))i

i!

.

That is (2.5) can be written as

(2.6)

∑
∞

j=n−m
F (t)(− ln F (t))m+j

(m+j)! P (Bm,j+1 > − ln F (t−x)

− ln F (t)
)

∑
∞

i=n
F (t)(− ln F (t))i

i!

,

where Bα,β is beta random variable with parameters α and β. That is

p(t − RX
m ≤ x|RX

n ≤ t) =
∞∑

i=n

(− ln F (t))
i

i!∑
∞

j=n
(− ln F (t))

j

j!

p(Bm,i−m+1 >
− lnF (t − x)

− lnF (t)
)

=

∞∑
i=n

pF (i)P (Bm,i−m+1 >
− lnF (t − x)

− lnF (t)
),

where pF (i) = p(V1 = i|V1 ≥ n), n = 1, 2 . . ., in which V1 is a Poisson random variable with parameter

(− ln F (t)).

Similarly, the distribution function of (t − RY
m|RY

n ≤ t) can be written as

p(t − RY
m ≤ x|RY

n ≤ t) =
∞∑

i=n

pG(i)P (Bm,i−m+1 >
− lnG(t − x)

− lnG(t)
),

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 5292 -



where pG(i) = p(V2 = i|V2 ≥ n) in which V2 is Poisson random variable with parameter (− lnG(t)).

The assumption X1 ≤st Y1 implies that (− lnF (t)) ≥ (− lnG(t)). Thus by Lemma 2.1 and the fact

that likelihood ratio order implies usual stochastic order we get

(2.7) (V1|V1 ≥ n) ≥st (V2|V2 ≥ n).

The assumption (2.1) is equivalent to − ln F (t−x)

− ln F (t)
≥ − ln G(t−x)

− ln G(t)
. Therefore

(2.8) P (Bm,i−m+1 >
− lnF (t − x)

− lnF (t)
) ≤ P (Bm,i−m+1 >

− lnG(t − x)

− lnG(t)
).

As a final observation the random variable Bm,i−m+1 is decreasing in i with respect to usual stochastic

order. That is

(2.9) P (Bm,i−m+1 > x) is decreasing function of i.

Combining these observations we have for x > 0, that

p(t − RX
m ≤ x|RX

n ≤ t) =
∞∑

i=n

pF (i)P (Bm,i−m+1 >
− lnF (t − x)

− lnF (t)
)

≤
∞∑

i=n

pF (i)P (Bm,i−m+1 >
− lnG(t − x)

− lnG(t)
) by (2.8)

≤
∞∑

i=n

pG(i)P (Bm,i−m+1 >
− lnG(t − x)

− lnG(t)
), by (2.7) and (2.9)

= p(t − RY
m ≤ x|RY

n ≤ t).

This proves the required result.
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Avda. de la Universidad, s/n
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Avda. de la Universidad, s/n
10071 Cáceres, Spain
E-mail: inmatorres@unex.es

Introduction

There is a extensive literature on the design of new strategies for the replacement/repair of
repairable systems. In general, replacement policies have been created under the assumption that,
after a failure detection, the system can immediately go to a repair facility and after a certain waiting
time, a repairman is available.

However, there are practical situations when access to the repairmen may be restricted and
repair can not be made just after the failure. For example, when the failure of the system occurs
out of business hours. We consider a system for which the repairman is not always available, so the
repair of the failures is delayed until the repair facilities can be used again. We have implemented
this idea in two models that depend on the accessibility of the repair facilities. In Castro and Sanjuán
(2007) we have developed the model when the repair can be made only during an interval [0, T ∗],
being 0 ≤ T ∗ ≤ T and [0, T ] the working period of the system.

Here we present another model, assuming that the repair facilities are available until a fixed
number of repairs have been completed. If a failure happens after that time, the repair is delayed until
a new working period begins. The system can stand N − 1 unrepaired failures, and the N -th one is
catastrophic.

Description of the model

The system is considered as a single unit which works during an interval of time [0, T ] called
working period (w.p.) and suffers repairable failures. We make the following assumptions:

1. Let X1i be the operating time of the system after the (i− 1)-th repair, following an exponential
distribution with mean 1/λi, ∀i.

2. Let Xri be the repair time of the system after the i-th failure, ∀i. They are identically distributed
as a random variable Xr following an exponential distribution with mean 1/µ.

3. Let Sn be the time when n repairs have concluded

Sn ≡
n∑

i=1

X1i +
n∑

i=1

Xri, ∀n ≥ 1, S0 ≡ 0.(1)

The repair facilities are available until SK . If a failure happens after SK , it is not repaired. At
the beginning of each w.p., the system is replaced by a new one.
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4. Let Xi, i = 1, 2, . . . , N be the operating time after the (i − 1)-th unrepaired failure. They
form a sequence of decreasing random variables, with means 1/λi, i = 1, 2, . . . , N , such that
λ1 < λ2 < · · · < λN . If N failures have not been repaired in a w.p., the system stops working
until it is replaced at the beginning of the next w.p.. In that case, the cost incurred is Cs.

5. A0 is the reward rate per unit time (u.t.) when the system is operating. Ar is the repair cost
per u.t.

Expected reward of the system

Denote by RN (K) the expected reward per w.p. of the system.

Proposition 1 For T > 0 and under the assumptions of the model

RN (0) =
N∑

i=1

A0

λi
F1+···+i(T )− CsF1+···+N (T ),(2)

RN (K) =
A0

λ1

K∑
i=1

FSi−1+1(T )− Ar

µ

K∑
i=1

FSi(T ) +
N∑

i=1

A0

λi
FSK+1+...+i(T )(3)

−CsFSK+1+...+N (T ), K = 1, 2, . . .

being Fi, F1+···+j, Fr+1+···+j and FSK+i···+j the distribution functions of Xi, X1 + · · ·+Xj, Xr +X1 +
· · ·+ Xj and SK + Xi + · · ·+ Xj, respectively.

Optimization

Our aim is to obtain Kopt such that maximizes RN (K) for a fixed N ,

RN (Kopt) = sup{RN (K) : K = 0, 1, . . .}.(4)

We show that

∆RN (K) = RN (K + 1)−RN (K) ≥ 0 ⇔ DK,N (T ) ≥ Ar/µ,(5)

where the functions DK,N are defined as follows:

DK,N (x) =
A0

λ1

FSK+1+1(x)
FSK+1

(x)
+

(
Cs −

A0

λN

)
FSK+1+···+N (x)− FSK+1+1+···+N (x)

FSK+1(x)
(6)

−
N−1∑
i=2

A0

λi

FSK+1+···+i(x)− FSK+1+1+···+i(x)
FSK+1(x)

, N > 2

DK,2(x) =
A0

λ1

FSK+1+1(x)
FSK+1

(x)
+

(
Cs −

A0

λ2

)
FSK+1+2(x)− FSK+1+1+2(x)

FSK+1(x)
(7)

DK,1(x) =
A0

λ1

FSK+1+1(x)
FSK+1

(x)
+ Cs

FSK+1(x)− FSK+1+1(x)
FSK+1(x)

(8)

Therefore, to obtain Kopt, we analyze the monotonicity of DK,N in K.
The main result used for the computations is the following one, derived from a result of Barlow

and Proschan (1981).

Lemma 1 If F (u) is a d.f. and G(x− t) =
∫ x
t g(x− u)du ≥ 0, ∀0 ≤ t ≤ x, then∫ x

0
F (u)g(x− u)du ≥ 0, ∀x ≥ 0.(9)
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With the help of this lemma, the problem reduces to the study of the monotonicity in x of the
functions B1,N (x), defined as

B1,N (x) = A0
FS1(x)
Fr(x)

+
(

Cs −
A0

λN

)
λ1

F2+···+N (x)− FS1+2+···+N (x)
Fr(x)

, N > 2(10)

B1,2(x) = A0
FS1(x)
Fr(x)

+
(

Cs −
A0

λN

)
λ1

F2(x)− FS1+2(x)
Fr(x)

(11)

Results for N ≥ 2

Proposition 2 Assume N ≥ 2.

• If B1,N (x) is non-decreasing in x, then

Kopt = min{K ≥ 0 : DK,N (T ) ≤ Ar/µ}(12)

• If B1,N (x) is non-decreasing in x and

lim
K→∞

DK,N (T ) ≥ Ar

µ

then Kopt = ∞ (classical repair policy)

• If B1,N (x) is non-decreasing in x and

D0,N (T ) ≤ Ar

µ

then Kopt = 0 (no repair).

Proposition 3 Assume N ≥ 2. If B1,N (x) is non-decreasing in x and µ ≥ λ2, then Kopt < ∞.

Proposition 4 Assume N ≥ 2. If B1,N (x) is non-increasing in x, then

• Kopt = 0 if RN (0) > RN (∞).

• Kopt = ∞ if RN (0) < RN (∞).

Results for N = 2

This is the case when the system can only stand one unrepaired failure. The second one means
the total stop of the system.

Theorem 1 If either

Cs ≤ A0/λ2, λ2 ≥ µ + λ1(13)

or

A0/λ2 ≤ Cs ≤ A0/λ1 and λ2 ≤ µ + λ1(14)

verifies, then

Kopt = min{K ≥ 0 : DK,2(T ) ≤ Ar/µ}(15)
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• Kopt is unique if and only if DKopt,2(T ) < Ar/µ.

• If there exists K∗ such that DK∗,2(T ) = Ar/µ then both K∗ and K∗ + 1 are optimum.

Theorem 2 If Cs ≥ A0/λ1 and λ2 ≥ λ1 + µ, then

• Kopt = 0 if R2(0) > R2(∞).

• Kopt = ∞ if R2(0) < R2(∞).

• If R2(0) = R2(∞) then both K = 0 and K = ∞ are optimum.
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Magalhães, Fernando
Instituto Superior de Contabilidade e Administração do Porto
4200 Porto,Portugal
fjmm@iscap.ipp.pt

1 Introduction

Nowadays, Reliability Engineering has been playing an important role in the conception of more
reliable and secure products and systems. According to the operational point of view, the most
important stage of a life cycle of a technological system is its manufacturing and maintenance stages,
which also contribute with the largest part of the life time cycle cost.

Let us consider a system whose lifetime T has only two states: good functioning and failure. Let
us also suppose that if the system fails, that failure is detected only by an inspection of the system
and that those inspections are periodical, perfect and instantaneous. In Carvalho (2004) the moments
n + kP , with k = 1, 2, ..., where P is the inspection period, and n is the location parameter of the
Weibull distribution were obtained. Those moments are the ones in which the inspections to the
system should take place minimizing the Average Total Cost per Cycle of functioning, E [C], given
by:

E [C] = mC1E [I] + C2E [D]

where mC1 represents the cost associated to the inspection of m components and C2 represents the
cost of no detection of the failure per unit of time. E [I] and E [D] represent the average number of
inspections and the average time until the failure is detected. The Minimum Average Total Cost is
obtained for a value of P which satisfies the condition:

(1) E [I] +
(

mC1

C2
+ P

)
d

dP
E [I] = 0

Note that the Weibull distribution is largely considered as it allows us to describe different types
of failure distribution. In practice, the major interest of it happens when β > 1 reflecting an increasing
risk rate function.

2 System with m components installed in parallel with increasing risk rates

Let us consider a parallel system with m components each one of them with lifetime following
a Weibull distribution. In Carvalho (2004) it was verified that, in this kind of system, E [T ] and

E [C] are given, respectively, by E [T ] = n+ θΓ
(
1 + 1

β

) m∑
k=1

(
m
k

) (−1)k+1

k
1
β

, where Γ (·) represents Gamma

function and E [C] = C2

m∑
k=1

(
m
k

)
(−1)k+1

[(
mC1
C2

+ P
)+∞∑

i=1
e
− k

θβ (iP )β

− θ

k
1
β

Γ
(
1 + 1

β

)]
.
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It was also shown, by (1), that the value of P which minimizes E [C] is the solution of the
equation:

(2)
m∑

k=1

(
m

k

)
(−1)k+1

(
+∞∑
i=0

e
− k

θβ (iP )β

−
(

mC1

C2
+ P

)
kβP β−1

θβ

+∞∑
iβ

i=0

e
− k

θβ (iP )β

)
= 0

The solution of equation (2) cannot be obtained analytically. Numerical results were obtained
using Mathematica software. Nakagawa e Yasui (1979) obtained the following approximated value for
P , assuming that E [D] = P

2 :

(3) P ∗ =
√

2E [T − n]
mC1

C2

Rodrigues Dias (1990), using the least square method, obtained a new and more efficient ap-
proximation, which can be seen as a generalization of P ∗, given by:

(4) P ∗∗ = P ∗/

0, 234

√
mC1
C2

E [T − n]
+ 1


Rodrigues Dias and Infante (2004) compare P ∗ with P ∗∗ in systems with parallel components

which lifetimes follow a Weibull distribution. We will compare approximations (3) and (4) with
the one obtained in Carvalho and Magalhães (2005), through a power regression. Let P ∗∗∗ be such
approximation, given by:

(5) P ∗∗∗ = P ∗/

0, 038

√ mC1
C2

E [T − n]

6,687

+ 1


3 Numerical Results

Let us consider systems A, B and C, with two components, and systems D, E and F , with
three components each. In all of these systems, the components are assembled in a parallel way, their
lifetimes follow Weibull distributions with different shape parameters. Of course, we could choose any
parameter values since β > 1 . Rodrigues Dias (1987) says that in the majority of practical situations,
1 < β < 3.

The following table shows each system characteristics, the optimum inspection period for differ-
ent values of the rate mC1

C2 and the corresponding values of the approximations (3), (4) and (5).

Table 1 - Optimal Inspection Period and its Approximations

System SP Parameters of the mC1
C2

P P ∗ P ∗∗ P ∗∗∗

m components
0,001 0,0520278 0,0520267 0,0516979 0,0520267
0,005 0,368625 0,367884 0,35205 0,367884

θ1 = θ2 = 1 0,5 1,15002 1,16335 1,01849 1,16177
A β1 = β2 = 1, 2 1 1,53195 1,64523 1,36972 1,62281

n1, n2 ≥ 0 1,5 1,76591 2,01499 1,61671 1,91249
2 1,93374 2,32671 1,81143 2,04055

2,5 2,06477 2,60134 1,97365 2,00764
3 2,17242 2,84962 2,11335 1,84557

0,001 0,0497354 0,0497353 0,0494066 0,0497353
θ1 = θ2 = 1 0,05 0,35231 0,351682 0,335879 0,351682

B β1 = β2 = 1, 5 0,5 1,18531 1,11212 0,968086 1,11008
n1, n2 ≥ 0 1 1,57038 1,57277 1,29937 1,54394
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System SP Parameters of the mC1
C2

P P ∗ P ∗∗ P ∗∗∗

m components
1,5 1,75806 1,92624 1,53156 1,79614
2 1,88247 2,22423 1,71416 1,86984

B 2,5 1,97614 2,48676 1,86597 1,77669
3 2,05152 2,72411 1,9965 1,56987

0,001 0,0469491 0,0469491 0,0466205 0,0469491
0,05 0,331942 0,33198 0,316219 0,33198

θ1 = θ2 = 1 0,5 1,04981 1,04981 0,906876 1,04698
C β1 = β2 = 2, 5 1 1,57321 1,48466 1,21405 1,44499

n1, n2 ≥ 0 1,5 1,62797 1,81833 1,42839 1,64331
2 1,66866 2,09963 1,59641 1,64204

2,5 1,70107 2,34746 1,73573 1,47858
3 1,72798 2,57151 1,85526 1,23566

0,001 0,0568287 0,0568287 0,0564997 0,0568287
0,05 0,402281 0,40184 0,385948 0,40184

θ1 = θ2 = θ3 = 1 0,5 1,35207 1,27073 1,12433 1,26977
D β1 = β2 = β3 = 1 1 1,82497 1,79708 1,51762 1,78343

n1, n2, n3 ≥ 0 1,5 2,07433 2,20097 1,79593 2,13749
2 2,24408 2,54146 2,01636 2,3582

2,5 2,37387 2,84143 2,20068 2,44137
3 2,47947 3,11264 2,35994 2,39164

0,001 0,0535938 0,0535938 0,0532649 0,0535938
0,05 0,37889 0,378966 0,363112 0,378966

θ1 = θ2 = θ3 = 1 0,5 1,48477 1,19839 1,053 1,19705
E β1 = β2 = β3 = 1 1 1,8547 1,69479 1,41792 1,67581

n1, n2, n3 ≥ 0 1,5 2,0142 2,07568 1,67509 1,9883
2 2,12232 2,39679 1,87815 2,1496

2,5 2,20522 2,67969 2,04754 2,15671
3 2,27281 2,93546 2,19358 2,0299

0,001 0,049321 0,049321 0,0489923 0,049321
0,05 0,348757 0,348752 0,332955 0,348752

θ1 = θ2 = θ3 = 1 0,5 1,61303 1,10285 0,958973 1,10071
F β1 = β2 = β3 = 2 1 1,6788 1,55967 1,28667 1,52947

n1, n2, n3 ≥ 0 1,5 1,72439 1,91019 1,51619 1,77428
2 1,7594 2,2057 1,69661 1,83742

2,5 1,78782 2,46605 1,84656 1,73341
3 1,81171 2,70142 1,97544 1,51974

Table 2 shows the optimum costs associated to the inspection periods shown in Table 1, the
corresponding approximated values as well as the relative errors Q∗ [C], Q∗∗ [C] e Q∗∗∗ [C].

Table 2 - Optimal Average Total Cost, its Approximations and Relative Errors (%)

SP
mC1
C2

E[C] E∗[C] E∗∗[C] E∗∗∗[C] Q∗[C] Q∗∗[C] Q∗∗∗[C]
0,001 0,0525263 0,0525263 0,0525274 0,0525263 0 0,00209419 0
0,05 0,392639 0,39264 0,393026 0,39264 0,000254687 0,0985638 0,000254687
0,5 1,41087 1,41096 1,42023 1,41094 0,00637904 0,66342 0,00496148

A 1 2,16252 2,16839 2,17616 2,16633 0,271443 0,630746 0,176183
1,5 2,82635 2,85509 2,83829 2,83665 1,01686 0,422453 0,364428
2 3,45034 3,52207 3,45864 3,45616 2,07893 0,240556 0,168679

2,5 4,051 4,18345 4,05572 4,05283 3,26956 0,116514 0,045174
3 4,63612 4,84325 4,63814 4,70486 4,46774 0,0435709 1,48271

0,001 0,0502352 0,0502352 0,0502363 0,0502353 0 0,0021897 0,000199064
0,05 0,376524 0,376524 0,376922 0,376524 0 0,105704 0
0,5 1,33903 1,34111 1,35953 1,34123 0,155336 1,53096 0,164298

B 1 2,02161 2,02161 2,06063 2,02196 0 1,93014 0,0173129
1,5 2,63277 2,64963 2,66608 2,63366 0,64039 1,26521 0,0338047
2 3,21546 3,28889 3,23612 3,21558 2,28365 0,642521 0,00373197

2,5 3,78203 3,94575 3,79151 3,81399 4,32889 0,250659 0,845049
3 4,338 4,61431 4,34046 4,55746 6,36953 0,0567082 5,05901

0,001 0,0474491 0,0474491 0,0474502 0,0474491 0 0,00231827 0
0,05 0,356986 0,356986 0,357378 0,356986 0 0,109808 0
0,5 1,1439 1,293 1,33007 1,29401 13,0344 16,275 13,1227

C 1 1,69677 1,70976 1,89918 1,72416 0,765572 11,9291 1,61424
1,5 2,23492 2,29263 2,31524 2,23535 2,5822 3,59386 0,0192401
2 2,76492 3,0113 2,77594 2,76636 8,91093 0,398565 0,0520811

2,5 3,28966 3,74744 3,29212 3,41445 13,9157 0,0747798 3,7934
3 3,8107 4,46968 3,8421 4,54381 17,2929 0,823996 19,2382
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SP
mC1
C2

E[C] E∗[C] E∗∗[C] E∗∗∗[C] Q∗[C] Q∗∗[C] Q∗∗∗[C]
0,001 0,0573286 0,0573286 0,0573296 0,0573286 0 0,00174433 0
0,05 0,426748 0,426748 0,427092 0,426748 0 0,0806096 0
0,5 1,49596 1,4982 1,51541 1,49825 0,149737 1,30017 0,153079

D 1 2,23824 2,23854 2,277 2,2389 0,0134034 1,73172 0,0294875
1,5 2,89101 2,89791 2,92766 2,89275 0,238671 1,26772 0,0601866
2 3,50666 3,54662 3,53341 3,51282 1,13955 0,762834 0,175666

2,5 4,10096 4,20064 4,11729 4,10328 2,43065 0,398199 0,0565721
3 4,68106 4,86175 4,68911 4,68537 3,86002 0,17197 0,0920732

0,001 0,0540938 0,0540938 0,0540948 0,0540938 0 0,00184864 0
0,05 0,403981 0,403981 0,404324 0,403981 0 0,084905 0
0,5 1,4088 1,42539 1,44905 1,42555 1,1776 2,85704 1,18896

E 1 2,05702 2,07015 2,15166 2,07342 0,638302 4,60083 0,79727
1,5 2,6519 2,65434 2,72955 2,65234 0,0920095 2,92809 0,0165919
2 3,22471 3,27585 3,27109 3,22525 1,58588 1,43827 0,0167457

2,5 3,78441 3,93456 3,80518 3,78631 3,96759 0,548831 0,050206
3 4,33524 4,61507 4,34067 4,3893 6,45478 0,125253 1,24699

0,001 0,049821 0,049821 0,0498221 0,049821 0 0,0022079 0
0,05 0,373751 0,373751 0,374126 0,373751 0 0,100334 0
0,5 1,12107 1,39164 1,42309 1,39259 24,135 26,9403 24,2197

F 1 1,66567 1,69411 1,96732 1,71079 1,70742 18,1098 2,70882
1,5 2,1991 2,25952 2,3027 2,20406 2,74749 4,71102 0,225547
2 2,72588 2,9986 2,73522 2,73841 10,0048 0,342642 0,459668

2,5 3,24824 3,75083 3,25581 3,25559 15,4727 0,233049 0,226276
3 3,76741 4,48525 3,82084 4,04522 19,0539 1,41822 7,37403

4 Conclusions and Final Remarks

Baring in mind the examples considered, we note that:

- P ∗∗ increases with the cost rates, which does not happen with P ∗∗∗ and P ∗.

- P ∗∗∗ has better results than P ∗ and P ∗∗ in some cases, specially in the Average Total Costs,
which seem to be not much sensitive to variations of periods, showing smaller relative errors.
We also noted that P ∗∗∗ is even better for three components systems.

- Both in two or three components systems, P ∗, P ∗∗ and P ∗∗∗ are better when β values are smaller.

- In the future it will be important to do a more detailed analysis in order to identify in which
cases the use of the P ∗∗∗ approximation has advantages.
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1 Introduction

Many missions which have to be accomplished by a complex system consist of various stages
or phases. The deterioration or aging of the components as well as the system structure change
as the phases of the mission change. Such systems are called phased-mission systems or mission-
based systems in the literature. Moreover, all stochastic and deterministic failure properties of the
components of the system depend on the phase of the mission that is performed at a given time.
Most of the models for phased-mission systems in the literature assume that the sequence of phases is
deterministic (chain type phased-mission system). For chain type non-repairable systems with general
failure distribution, a binary decision diagram based algorithm is proposed by Zang v.d. (1999), and
Vaurio (2001) discusses fault tree analysis for chain type repairable systems with general repair and
failure distributions. The reliability of phased-mission systems with random sequence of phases and
phase durations with general probability distributions is analyzed in Mura ve Bondavalli (2001) using
Markov regenerative stochastic Petri nets. The reader is referred to these papers and many references
cited in them for various models, techniques and applications on phased-mission systems.

In this paper, we consider a phased-mission system with random sequence and durations of
phases. The main contribution of our study is the reliability analysis of phased-mission systems with
general lifetimes of the components and durations of phases using Markov renewal theory. A phased-
mission system with no repair policy is examined using the intrinsic aging model introduced in Ç¬nlar
ve Özekici (1987). In Section 2, we de�ne the mission process as an environmental process. Markov
renewal analysis and the reliability results are presented in Section 3.

2 Mission Process as an Environmental Process

In reliability modeling, a device generally consists of a large number of components with stochas-
tically dependent lifetimes. Random environments are used to provide a tractable model of dependence
since this is taken as an external process that a¤ects the deterioration, aging and failure of all of the
components. It is assumed in these models that the lifetimes of the components are dependent only
via their common environmental process. A general discussion on the use of environmental processes
in reliability modelling of complex systems can be found in Özekici (1996).

Reliability models in random environments also provide a perfect opportunity to analyze mission-
based or so-called phased-mission reliability systems. The random environmental process is the mission
process in such models and we will use the setting given in the paper by ?. LetXn denote the nth phase
of the mission and Tn denote the time at which the nth phase starts with T0 � 0. The main assumption
is that the process (X;T ) = f(Xn; Tn);n � 0g is a Markov renewal process on the countable state
space E with some semi-Markov kernel Q: We refer the reader to Ç¬nlar (1969) for a rigorous and
detailed treatment of Markov renewal processes and theory. Since we suppose that the process is
time-homogeneous, the semi-Markov kernel is

(1) Q(i; j; t) = PfXn+1 = j; Tn+1 � Tn � tjXn = ig

for any i; j 2 E and t � 0 independent of n: It is well-known that X is a Markov chain on E with
transition matrix P (i; j) = PfXn+1 = jjXn = ig = Q(i; j;+1). We further assume that the Markov
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renewal process has in�nite lifetime so that supn Tn = +1. The probabilistic structure of T is given
by the conditional distributions

(2) G (i; j; t) = P fTn+1 � Tn � tjXn = i;Xn+1 = jg = Q(i; j; t)=P (i; j)

for P (i; j) > 0. Moreover, it is easy to see that

(3) Fi (t) = P fT1 � tjX0 = ig =
X
j2E

Q (i; j; t)

denotes the distribution of the duration of phase i. Finally, the mission process Y = fYt; t � 0g is
the minimal semi-Markov process associated with the Markov renewal process (X;T ) so that Yt is the
phase of the mission at time t: More precisely, Yt = Xn whenever Tn � t < Tn+1:

3 Models with No Repair

In our analysis, we assume that after each phase the worn system goes on to work without
any replacement or maintenance. Since the lifetimes of the components have general distributions,
the concept of �aging� comes into consideration. In this study, we will use the �intrinsic aging�
model introduced by Ç¬nlar ve Özekici (1987). The analysis will be presented for a system with m
components which form a coherent structure in each phase i with structure function �i.

LetHk (i; t) be the cumulative hazard of component k at time t in phase i. Then, the intrinsic age
of component k at time t is de�ned as Hk (i; t) provided that the system performs phase i throughout
[0; t]. The intrinsic aging rate of component k during phase i is de�ned as

(4) rk (i; a) =
d

dt
Hk (i; t) jt=�(i;a)

at any age a � 0 where �k (i; a) = inf ft � 0 : Hk (i; t) > ag :
De�ne a binary process for component k such Zt (k) = 1 if component k is functioning at time

t, 0 otherwise. Then, the process Zt = (Zt (1) ; : : : ; Zt (m)) represents the state of the system at time
t and Zt 2 Im where I = f0; 1g. Let A (k) = fAt(k); t � 0g denote the intrinsic age process of
component k. We assume that the intrinsic age process satis�es

(5) dAt (k) = rk (Yt; At (k))Zt (k)�Yt (Zt) dt

which means that if either a component or the system fails, then the component will not age. There-
fore, if the intrinsic age of component k at time s when phase i starts is As (k) = a, then after t units
of time its age becomes

(6) As+t (k) = hk (i; a; t) = Hk (i; �k (i; a) + t)

independent of s: Let Bn (k) = ATn (k) denote the intrinsic age of component k at time Tn when the
nth phase starts. The lifetime and the intrinsic lifetime of component k are denoted by L (k) andbL (k) respectively. Then, bL (k) = AL(k) (k) for all k. Following Ç¬nlar ve Özekici (1987), bL (k) is
exponentially distributed with rate 1 and

(7) P fL (k) > tjA0 (k) = a (k)g = P
nbL (k) > At (k) jA0 (k) = a (k)o = E he�(At(k)�a(k))i :

Moreover, Zt (k) = 1 if At (k) � bL (k) ; and Zt (k) = 0 otherwise. Let At; a; h (i; a; t) and bL denote the
vectors with elements At (k) ; a (k) ; hk (i; a; t) and bL (k) for all k respectively. We let F = [0;+1)m be
the state space of the intrinsic age process and L be the lifetime of the system. Each a in F represent a
vector of intrinsic ages of all components. If a; b are both vectors, then b > a means that b (k) > a (k)
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for all k. We de�ne H (i; a; t; db) = 1 if h (i; a; t) = b; 0 otherwise. To simplify our notation, for any

event A we will let Piax fAg = P
n
�jX0 = i; A0 = a; Z0 = x; bL > ao :

De�ne pi
�
zjx; a1; a2

�
as the probability that the state of the system will be z given that the system

initially has the intrinsic age vector a1, the state vector x and the next intrinsic age vector a2 if the
system performs phase i in this time interval. Then,

(8) pi
�
zjx; a1; a2

�
=

mY
k=1

pki
�
z (k) jx (k) ; a1 (k) ; a2 (k)

�
where each pki

�
z (k) jx (k) ; a1 (k) ; a2 (k)

�
is either equal to 1 if x (k) = z (k) = 0; or exp(�(a2 (k) �

a1 (k))) if x (k) = z (k) = 1, or 1� exp(�(a2 (k)� a1 (k))) if x (k) = 1; z (k) = 0; or 0 otherwise.

3.1 System Reliability of a System with Coherent Structure

We �rst determine the system reliability or the probability of survival until time t. Using (8)

(9) Piax fL > tjT1 > tg =
X
z2Im

pi (zjx; a; h (i; a; t))�i (z)

and note that if xk = 0 in (9), then hk (i; a; t) = ak. Then, using (9) and Markov renewal arguments

f (i; a; x; t) = Piax fL > tg = Piax fL > t; T1 > tg+ Piax fL > t; T1 � tg(10)

= Fi (t)
X
z2Im

pi (zjx; a; h (i; a; t))�i (z) +
X
z2Im

X
j2E

Z
F�[0;t]

Q (i; j; ds)H (i; a; s; db)

� pi (zjx; a; b)�i (z)�j (z)Pjbz fL > t� sg :

Thus, we have a Markov renewal equation f = g + bQ � f with the new semi-Markov kernel given bybQ (i; a; x; j; db; z; ds) = Q (i; j; ds)H (i; a; s; db) pi (zjx; a; b)�i (z)�j (z) and
(11) g (i; a; x; t) = F i (t)

X
z2Im

pi (zjx; a; h (i; a; t))�i (z) :

Using Proposition A.2 in Ç¬nlar ve Özekici (1987), (10) has a unique solution f = bR � g; or
(12) Piax fL > tg =

X
z2Im

X
j2E

X
r2Im

Z
F�[0;t]

bR (i; a; x; j; db; z; ds)F j (t� s) pj (rjz; b; h (j; b; t� s))�j (r)
where bR =P

n

bQn is the Markov renewal kernel corresponding to bQ.
3.2 Mission Reliability of a System with Coherent Structure

We �rst �nd the probability that the �rst phase will be completed without failure. Conditioning
on next phase

(13) Piax fL > T1g =
X
j2E

Piax fL > T1; X1 = jg =
X
j2E

Piax fL > T1jX1 = jgP (i; j) :

Then,

Piax fL > T1jX1 = jg =
X
z2Im

Z
F�[0;1)

Piax fL > T1; T1 2 ds;B1 2 db; Z1 = zjX1 = jg(14)

=
X
z2Im

Z
F�[0;1)

pi (zjx; a; b)�i (z)�j (z)G (i; j; ds)H (i; a; s; db)
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and putting (13) and (14) together we obtain

(15) Piax fL > T1g =
X
j2E

X
z2Im

Z
F�[0;1)

bQ (i; a; x; j; db; z; ds) =X
j2E

X
z2Im

Z
F

bP (i; a; x; j; db; z)
where bP (i; a; x; j; db; z) = bQ (i; a; x; j; db; z; +1) : Similarly, we can �nd the probability of completing
nth phase without failure as

Piax fL > Tng =
X
j2E

X
z2Im

Z
F�[0;1)

Piax fL > Tn; T1 2 ds; Z1 = z;B1 2 db;X1 = jg(16)

=
X
j2E

X
z2Im

Z
F�[0;1)

bQ (i; a; x; j; db; z; ds)Pjbz fL > Tn�1g :
for any n > 1: Using (15) and (16), it follows via induction that mission reliability for n phases is

(17) Piax fL > Tng =
X
j2E

X
z2Im

Z
F

bPn (i; a; x; j; db; z) :
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4 Abstract

We consider a mission-based reliability system that is designed to perform missions consisting of a random sequence of

phases or stages with random durations. The mission process is described by a Markov renewal process. We discuss

system reliability and mission reliability of a mission-based system. The analysis is based on Markov renewal theory

where we provide renewal theoretic characterizations on mission reliability. The system is a complex one consisting of

a number of components where the aging of the components depend on the phases of the mission. We therefore use

intrinsic aging concepts to model the probabilistic structure of failures.
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The extreme order statistics, minimum and maximum, play an important role in various sta-
tistical applications in which most of the systems have dependent structures. For example, in the
competing risk survival analysis due to different unobserved causes, the minimum is the observable
time of death; and in the reliability theory, minimum and maximum can be viewed as the lifetimes of
series and parallel systems, respectively. Thus, their log-concavity or aging properties are of interest
in that scheduling, which have been studied by numerous authors.

Furthermore, the extreme order statistics from many of the exponential models are predom-
inantly generalized mixtures of exponential distributions, i.e., mixtures allowing negative weights.
Bartholomew (1969) gives sufficient and necessary conditions based on the mixing weights for a gen-
eralized mixture of two exponential distributions to be a valid probability model; Baggs and Nagaraja
(1996) and Franco and Vivo (2006) show the cases of three and four exponential components, respec-
tively, and Franco and Vivo (2007) for a gamma and one or two exponentials.

Likewise, the log-concavity of the generalized mixtures of three or fewer exponential components
has been discussed in Baggs and Nagaraja (1996) and Franco and Vivo (2002), and it has been applied
to establish the log-concavity of the extreme order statistics from some common bivariate exponential
distributions. Moreover, Franco and Vivo (2006) analyze the log-concavity of the generalized mix-
tures of four exponential components, and it is applied to extremes from Gumbel’s (1960) bivariate
exponential models.

In this paper, we discuss the log-concavity of the extremes from the bivariate exponential model
given by Raftery (1984), since their distributions are generalized mixtures of four or fewer exponential
components. For that, the paper is organized as follows. The next section includes some preliminary
notations and Raftery bivariate exponential distribution. In the last section, we analyze the log-
concavity of the survival function of the minimum and maximum order statistics from Raftery bivariate
exponential model.

Raftery bivariate exponential model

Let (X1, X2) be a generic random bivariate, whose components are neither necessarily indepen-
dent nor identically distributed, with cumulative distribution functions Fi (x), density functions fi (x)
and survival functions Si (x) for i = 1, 2. Let F (x1, x2) = P (X1 ≤ x1, X2 ≤ x2) represent its joint
distribution function, and S (x1, x2) = P (X1 > x1, X2 > x2) its survival function. Some continuous
bivariate models can be seen in Hutchinson and Lai (1990) and Kotz et al. (2000).

Let T1 = min (X1, X2) and T2 = max (X1, X2) denote the extreme order statistics, minimum
and maximum, from a random bivariate model, and their survival and density functions be denoted
by S(i) (x) and f(i) (x) , i = 1, 2, respectively.
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Remark that, from a bivariate model, the survival function of the extreme order statistics are
given by

S(1) (x) = P (X1 > x, X2 > x) = S (x, x) and S(2) (x) = S1 (x) + S2 (x)− S(1) (x) ,

and if the density functions (pdf) exist then f(2) (x) = f1 (x) + f2 (x)− f(1) (x).
Let X be a nonnegative random variable. It is said that X is a generalized mixture of four

exponential distributions, if its pdf can be written as:

f (x) = a1b1e
−b1x + a2b2e

−b2x + a3b3e
−b3x + a4b4e

−b4x

for all x > 0 and ai ∈ R, i = 1, 2, 3, 4, such that a1+a2+a3+a4 = 1. Besides, without loss of generality,
one may consider that the parameters of the exponential pdf’s are ordered: 0 < b1 < b2 < b3 < b4,
and so, the first mixing weight is nonnegative.

In particular, Raftery (1984) introduced a bivariate exponential model with a great number of
parameters, all between 0 and 1; which: can model a full range of correlation structures, is easy to
simulate, can be motivated physically, is similar to the bivariate normal distribution and is useful for
data analysis.

It is said that (X1, X2) has a Raftery bivariate exponential distribution (RBVE), if its survival
or reliability function is given by:

S (x1, x2) =
1∑

i,j=0

pijSij (x1, x2) for all x1, x2 > 0

where

S00 (x1, x2) = e
−λ

�
1

1−π1
x1+ 1

1−π2
x2

�

S01 (x1, x2) =
1
π2

e
−λ

�
1

1−π1
x1+x2

�
− 1− π2

π2
e
−λ

�
1

1−π1
x1+ 1

1−π2
x2

�

S10 (x1, x2) =
1
π1

e
−λ

�
1

1−π1
x1+x2

�
− 1− π1

π1
e
−λ

�
1

1−π1
x1+ 1

1−π2
x2

�

S11 (x1, x2) =
1

π(2)
e−λx(2) −

(
1− π(2)

)2

π(2) (1− π1π2)
e
− λ

1−π(2)
(x(2)−π(2)x(1))

−(1− π1) (1− π2)
1− π1π2

e
−λ

�
1

1−π1
x1+ 1

1−π2
x2

�

with x(1) = min (x1, x2), x(2) = max (x1, x2), π(2) = max (π1, π2), πi = P (Ii = 1) for i = 1, 2,
pij = P (I1 = j, I2 = k) for j, k = 0, 1 and {I1, I2} are indicator random variables and independents of
the exponential of the marginals with parameter λ > 0

Moreover, this RBVE model is an absolutely continuous bivariate model with exponential mar-
ginals such that their extreme statistics are generalized mixtures of four exponential distributions.

Nevertheless, Raftery (1984) propose three more restrictive models from RBVE model: (i)
π1 = π2 = p11, (ii) π1 = π2 and p11 = 0 when π1 ≤ 0.5 and p11 = 2π1 − 1 when π1 > 0.5, and (iii)
π1 = p11. Remark that the minimum and maximum order statistics from these three types of RBVE
model follow generalized mixtures of three or fewer exponential components, and their log-concavity
properties have been analyzed in Baggs and Nagaraja (1996) and Franco and Vivo (2002).

Log-concavity of extremes from Raftery bivariate exponential model

Let us see now the log-concavity of the extremes statistics, minimum and maximum, from
Raftery bivariate exponential model, which have the following survival functions:

S(1)(x) = p11
2− π1 − π2

1− π1π2
e−λx +

(
1− p11

π1

)
e
−λ

�
1+ 1

1−π2

�
x +

(
1− p11

π2

)
e
−λ

�
1+ 1

1−π1

�
x
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+
(

p11
π1 + π2 − 2π1π2

π1π2 (1− π1π2)
− 1

)
e
−λ

�
1

1−π1
+ 1

1−π2

�
x

and

S(2)(x) =
(

2− p11
2− π1 − π2

1− π1π2

)
e−λx +

(
p11

π1
− 1

)
e
−λ

�
1+ 1

1−π2

�
x

+
(

p11

π2
− 1

)
e
−λ

�
1+ 1

1−π1

�
x +

(
1− p11

π1 + π2 − 2π1π2

π1π2 (1− π1π2)

)
e
−λ

�
1

1−π1
+ 1

1−π2

�
x

where λ > 0, 0 < π1 < 1, 0 < π2 < 1, 0 < p11, π1 > p11, π2 > p11 and 1− π1 − π2 + p11 ≥ 0.
Remark that these survival functions are generalized mixtures of four exponential components,

and consequently, we will use Theorem 4.1 of Franco and Vivo (2006). In addition, without loss
of generality we can suppose that π1 ≥ π2, since both parameters are exchangeable in the above
expressions.

In the first place, the minimum statistic of the RBVE model is a generalized mixture of four
exponential distributions, when π1 > π2, with mixing weights:

a1 = p11
2− π1 − π2

1− π1π2
, a2 = 1− p11

π1
, a3 = 1− p11

π2
, a4 =

p11

α
− 1

where α = π1π2(1−π1π2)
π1+π2−2π1π2

∈ (π1π2, π2). So, we have that a1 > 0, a2 > 0 and a3 > 0. Moreover, if
p11 > α, then a4 > 0, and by (i) of the Theorem 4.1, the T1 has log-convex survival function.

However, for p11 < α, we have that a4 < 0, therefore from (v) of the Theorem 4.1, T1 of the
theorem cannot have log-concave survival function. Furthermore, when p11 < π1π2, then

d1 = a1a2(b2 − b1)2 + a1a3(b3 − b1)2 + a1a4(b4 − b1)2 + a2a3(b3 − b2)2

+a2a4(b4 − b2)2 + a3a4(b4 − b3)2 =
2λ2 (p11 − π1π2)
(1− π1) (1− π2)

< 0

and therefore, the survival function is not log-convex.
Likewise, assuming π1 = π2, T1 is reduced to a generalized mixture of three exponentials with

weights: a1 = 2p11

1+π1
, a2 = 2

(
1− p11

π1

)
and a3 = 2p11

π1(1+π1) − 1. Hence, a1 > 0 and a2 > 0, but the sign
of a3 is determined by p11 ∈ [2π − 1, π).

In the case, p11 = π1(1+π1)
2 , we obtain a3 = 0, and thus T1 is a mixture of two exponentials. From

Theorem 1 of Baggs and Nagaraja (1996) and Corollary 3.3 of Franco and Vivo (2002), its survival
function is log-convex.

In otherwise, a3 6= 0. So, we use Theorem 3 of Baggs and Nagaraja (1996) and Corollary 3.5 of
Franco and Vivo (2002).

If π1(1+π1)
2 < p11 < π1, then a3 > 0, i.e., all weights are nonnegative, and therefore T1 has a

log-convex survival function.
If π2

1 ≤ p11 < π1(1+π1)
2 , then a3 < 0 and

s1 = a1a2(b2 − b1)2 + a1a3(b3 − b1)2 + a2a3(b3 − b2)2 =
2λ2

(
p11 − π2

1

)
(1− π1)

2 ≥ 0,

and consequently, the survival function of the minimum is log-convex.
Finally, if 2π − 1 ≤ p11 < π2

1, then a3 < 0 and s1 < 0, i.e., T1 has not log-convex survival
function.

In the second place, the maximum statistic of the RBVE model is a generalized mixture of four
exponential distributions, when π1 > π2, with weights

a1 = 2− p11
2− π1 − π2

1− π1π2
, a2 =

p11

π1
− 1, a3 =

p11

π2
− 1, a4 = 1− p11

α
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where a1 > 0, a2 < 0 and a3 < 0. On the one hand, if p11 > α, we have that a4 < 0, and from (vii) of
the Theorem 4.1, the survival function of T2 cannot be log-convex.

However, if p11 < α, we have that a4 > 0, and using (iii) of the Theorem 4.1, it is verifies that:

d1 =
2λ2 (−1 + π1 + π2 − p11)

(1− π1) (1− π2)
< 0

and

d2 = a1a2(b2 − b1)2(b4 − b1) + a1a3(b3 − b1)2(b4 − b3 + b2 − b1)

+a1a4(b4 − b1)2(b2 − b1) + a2a3(b3 − b2)2(b4 − b3) + a3a4(b4 − b3)2(b2 − b3)

=
−λ3

(
2 + π2

1π2 − 2π2
2 + p11 (3π2 − 2) + π1

(
−2 + p11 − 2p11π2 + π2

2

))
(1− π1)

2 (1− π2)
2

thus d2 < 0, and therefore, the survival function of the maximum statistic is log-concave.
Finally, assuming π1 = π2, T2 is reduced to a generalized mixture of three exponentials with

weights a1 = 2+(π1−p11)
1+π1

, a2 = 2
(

p11

π1
− 1

)
and a3 = 1− 2p11

π1(1+π1) where a1 > 0 and a2 < 0. Moreover,

a3 = 0 for p11 = π1(1+π1)
2 , a3 > 0 for p11 < π1(1+π1)

2 and a3 < 0 in the rest.
In the first case, T2 is a generalized mixture of two exponentials, and using Theorem 1 of Baggs

and Nagaraja (1996) and Corollary 3.3 of Franco and Vivo (2002), its survival function is log-concave.
When π1(1+π1)

2 < p11 < π1, we have that a3 < 0 and

s2 = a1a2b1b2(b2 − b1)2 + a1a3b1b3(b3 − b1)2 + a2a3b2b3(b3 − b2)2 =
4λ4 (1− 2π1 + p11)

2

(1− π1)
4

is nonpositive, i.e. the maximum statistic has log-concave survival function.
However, when 2π1 − 1 ≤ p11 < π1(1+π1)

2 , then a3 > 0, and consequently, the survival function
of T2 cannot be log-convex. In addition, s2 < 0 and

τ =
1

b3 − b1
log

a3b3(b3 − b1)
a1b1(b2 − b1)

≤ 0,

and so, the maximum statistics has a log-concave survival function.
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Introduction: Howell (1949) introduced a simple control chart based on the smallest and largest 
observations. He showed that the proposed chart was useful for simultaneously monitoring the 
process mean and process variability, and that it was meaningful to place specification limits on the 
chart. Sarkadi and Vincze (1974) briefly referred to control charts based on order statistics, and they 
included in their monograph a diagram that illustrates a two-sided version of the control chart that 
was proposed by Howell (1949). Another control chart based on the smallest and/or largest 
observations is the Extreme-Value EWMA chart for max|(z)|, as proposed by Amin and Wolff 
(1995). It tracks the observations that are farthest away from the process mean. Amin et al. (1999) 
developed the MaxMin EWMA chart, which is an Exponentially Weighted Moving Average control 
chart for the smallest and largest observations in a sample. It was shown that when there is a change 
in the process, the MaxMin EWMA control chart (and its modification) shows which parameters 
have increased or decreased. The MaxMin EWMA was shown to also offer the possibility to use it 
as smoothed limits. Amin and Li (2000) provided estimates of the coverage of such smoothed 
tolerance intervals. Control charts based on the extreme values are control procedures that offer 
useful graphical guidance for monitoring processes and for trouble shooting in applications. Amin et 
al. (1999) provided numerical results showing the MaxMin EWMA chart to have good average run 
length (ARL) properties for simultaneous changes in the mean and standard deviation. A 
comparison with the combined use of X and ln( ) EWMA charts revealed that the MaxMin 
EWMA chart indeed is a useful alternative control chart. The MaxMin EWMA chart has already 
been successfully field-tested and subsequently implemented with 100 multi-stream processes. In 
many cases of process control, systems or processes are monitored where only one variable is 
measured and tested. However, the multivariate nature of some situations is quite often disregarded 
either for simplicity or lack of statistical knowledge. For example, in the production of textile fiber 
one might be interested in the tensile strength and the diameter of the fiber. Another example of a 
multivariate processes is describing the structure of a module on an integrated circuit by the quality 
characteristics width and thickness. It is reasonable to construct tolerance regions that provide 
useful information on both quality characteristics, taking into account the multivariate structure of 
the data. The idea of using the extreme values of samples is being extended to the multivariate case 
where p correlated variables are being considered, with the goal to establish different multivariate 
EWMA control charts based on the extremes. We propose several new control charts for 
simultaneously monitoring the process mean and the process variance.  

2S

 

Proposed Multivariate Control Charts: Consider multivariate random samples from p variables, 
each with n observations from a multivariate normal process. It is proposed to use the EWMA for some chart 
statistic such that we have at sample t: ( )C x ( ) (1 ) ( 1) ( )H t H t C tλ λ= − − + , where the smoothing 
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parameter 0 1λ< ≤ . We introduce the following control schemes for simultaneously monitoring process 
mean and process variability: 

 
Control Chart 1: Use an EWMA control chart based on Hotelling’s statistic to monitor a 

multivariate process mean, and use an EWMA control chart based on the sum of standardized variances for 
the principal components (SSVPC) to monitor the process variability. Tang and Barnett (1987) provided ARL 
results for the Shewhart version of the SSVPC control chart. This method is used for comparison with the 
proposed control chart based on the extreme values. 

2T

Let 1 1 1( ) (1 ) ( 1) ( )S t S t C tλ λ= − − + 2and let 2 2( ) (1 ) ( 1) ( )S t S t C tλ λ= − − + where 0 1.λ< ≤  

1C = Hotelling’s 2 ' 1
0( ) ( )T n X S X 0μ μ−= − − for testing 0 0: XH μ μ=  vs. 1 0: XH μ μ≠  

2C = for testing 1
0( 1) (SSVPC n tr S −= − Σ ) :H0 0X  vs. 1 0: XH Σ ≠ Σ . Σ = Σ

Decision Rule:  Signal at sample t that 0Xμ μ≠  if  or if 1 1( )S t UCL> 1 1( )S t LCL< . 
         Signal at sample t that  if S t  or if 0XΣ ≠ Σ 2 2( ) UCL> 2 2( )S t LCL< . 

In some situations it may be desired to have a one-sided chart for variability. In such a case, we signal if 
. 2 ( )S t UCL>

Control Chart 2: Consider finding the smallest and the largest observations for variable i at sample 
time t, where the pairs are obtained for each of the p variables. The proposed chart statistics 
are as follows: 

{ ( ), ( )}i im t M t

   =  and =3( )C t 1 2( ) min{ ( ), ( ),..., ( )}pm t m t m t m t= 4 ( )C t 1 2( ) max{ ( ), ( ),..., ( )}pM t M t M t M t= .  
Let 3 3 3( ) (1 ) ( 1) ( )S t S t C tλ λ= − − + ( ) (1 ) ( 1) ( )S t S t C tand let 4 4 4λ λ− − + .where 0 1λ< ≤  =

 if  or if 3 3( )S t UCL>Decision Rule:  Signal at sample t that 0Xμ μ≠ 3 3( )S t LCL< . 
         Signal at sample t that  if  or if 0XΣ ≠ Σ 4 4( )S t LCL4 4( )S t UCL> < . 

In some situations it may be desired to have a one-sided chart for variability. In such a case, we signal if 
. 4 ( )S t UCL>

Control Chart 3: Consider finding the smallest and the largest observations for variable i at sample 
time t, where the pairs are obtained for each of the p variables, similar to Method 2 above. 
The proposed chart statistics are the averages of the smallest and the largest observation, given as follows: 

{ ( ), ( )}i im t M t

   5
1

( ) ( ) / ( )
p

i
i

C t m t p m t
=

= =∑  and 6
1

( ) ( ) / ( )
p

i
i

C t M t p M t
=

= =∑ . 
Let 5 5 5( ) (1 ) ( 1) ( )S t S t C tλ λ= − − + ( ) (1 ) ( 1) ( )S t S t C tand let 6 6 6λ λ− − + .where 0 1λ< ≤  =

 if  or if 5 5( )S t UCL>Decision Rule:  Signal at sample t that 0Xμ μ≠ 5 5( )S t LCL< . 
         Signal at sample t that  if  or if 0XΣ ≠ Σ 6 6( )S t LCL6 6( )S t UCL> < . 

In some situations it may be desired to have a one-sided chart for variability. In such a case, we signal if 
. 6 ( )S t UCL>

Control Chart 4: Consider finding the smallest and the largest observations for variable i at sample 
time t, where the pairs are obtained for each of the p variables. The proposed chart statistics 
are the medians of the smallest and the largest observation. The median has the property of being robust to 
outliers. The chart statistics are given as follows: 

{ ( ), ( )}i im t M t

    and 7 ( ) ( ( ))iC t median m t= 8 ( ) ( ( ))iC t median M t= . 
Let 7 7 7( ) (1 ) ( 1) ( )S t S t C tλ λ= − − + ( ) (1 ) ( 1) ( )S t S t C tand let 8 8 8λ λ− − + .where 0 1λ< ≤  =

 if  or if S t7 7( )S t UCL>Decision Rule:  Signal at sample t that 0Xμ μ≠ 7 7( ) LCL< . 
         Signal at sample t that  if  or if 0XΣ ≠ Σ 8 8( )S t LCL8 8( )S t UCL> < . 

In some situations it may be desired to have a one-sided chart for variability. In such a case, we signal if 
. 6 ( )S t UCL>

Control Chart 5: The last method proposed here is not based on the extreme values but on the 
individual sample means and sample variances. Since univariate EWMA X control charts are known to be 
efficient for detecting changes in a process mean and since univariate EWMA (or ) are known to 
be efficient for detecting changes in the process variability, it is reasonable to include such charts in the 
multivariate case where the Type I error rate is simultaneously controlled for all p variables. Here, it is 

2S 2ln( )S
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proposed to plot the smallest and largest of all sample means and to plot the smallest and the largest of all 
sample variances at sample t.  
 
 

 
Table 1: Comparison of ARL values for Several Control Charts ( 0.3ρ = ) 
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The chart statistics are given as follows: 
   9 ( ) min( ( ))iC t X t=  and 10 ( ) max( ( ))iC t X t=  for monitoring the process mean. 
    and  for monitoring the process variability. 2

11( ) min( ( ))iC t S t= 2
12 ( ) max( ( ))iC t S t=

Let 9 9 9( ) (1 ) ( 1) ( )S t S t C tλ λ= − − + 10 10 10( ) (1 ) ( 1) ( )S t S t C t, = λ λ− − + ,  
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    11 11 11( ) (1 ) ( 1) ( )S t S t C tλ λ= − − + , 12 12 12( ) (1 ) ( 1) ( )S t S t C tλ λ= − − + , where 0 1.λ< ≤  
Decision Rule:  Signal at sample t that 0Xμ μ≠  if  or if . 9 9( )S t UCL> 10 10( )S t LCL<

         Signal at sample t that  if  or if . 0XΣ ≠ Σ 11 11( )S t UCL> 12 12( )S t LCL<
In some situations it may be desired to have a one-sided chart for variability. In such a case, we signal if 

. It is also possible to modify the above charts to allow a signal when any chart statistic is 
either too large or too small. Such a modified chart is more efficient for detecting decreases in variability.  

11( )S t UCL>

     The ARL comparisons in Table 1 show that the proposed control charts are comparable in efficiency 
for many situations, and that some charts do better than others for specific cases. After each value for a mean 
shift ofδ , a number represents the type of control chart. The authors considered different parameter shifts 
(one component changes value, both components change value) and took into account different correlation 
structures (here, we considered only 0.3ρ = ). We also considered reductions in the variability (υ ), but we 
only have shown ARL for the case of increases due to the length limit on the conference paper. It can be seen 
that control chart 5 has poor ARL performance when only the process variability increases, while it is the 
better performing chart when the process mean also changes. Charts 3 and 4 have a very similar ARL profile 
across the parameter changes considered. It is very interesting to find out that control charts based on 
extreme values in samples perform at a similar level as more complicated control charts, such as chart 1. It 
should be noted that smoothing the chart statistics with an EWMA will make the control chart more robust to 
outliers when a small value is chosen for the smoothing parameter λ .     
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1.  Introduction 
 Among the most familiar instances of Statistical Process Control is the use of sequential 
observations on a process to monitor the value of a proportion (such as a fraction defective) with particular 
interest in detecting upward shifts.  The usual approach is to use an np chart, and there is also the long-
established Binomial (or Poisson) CUSUM chart (Duncan (1986, p. 526) but there are lesser-known useful 
alternatives.  It is almost 25 years since the proposal in Calvin (1983) to use observation of the lengths of  
runs of successive conforming items (termed conforming run-lengths or CRLs) as a basis for monitoring the 
fraction defective of a manufacturing process.  This proposal was taken up and extended by Goh and his co-
workers in an extensive series of papers beginning with Goh (1987), and the principal control chart 
proposed was termed the Cumulative Count of Conformances chart, or CCC chart.  Independently, the use 
of CRLs as the basis for various control charts was proposed in Bourke (1991), and three separate control 
charts were proposed: the RL1 chart (which corresponds to the CCC chart), the RL2 chart, based on the 
moving sum of two successive CRLs), and the Run-length CUSUM chart.   

In a comprehensive review of control chart methodology for attributes data presented in Woodall 
(1997), attention was directed to the advantage of using conforming run-length control charts, and this led 
to further research in this area.  A subsequent development was the proposal of the Synthetic control chart 
for fraction defective in Wu, Yeo and Spedding (2001).  In the latter paper, claims were made that the 
Synthetic chart was considerably more efficient than the np chart or the RL1 chart, but no comparisons were 
provided with either the Binomial CUSUM chart or other more efficient CRL charts, such as the RL2 chart 
or the Run-length CUSUM.  A more thorough evaluation, summarized in Section 3, has shown that the 
claims for the efficiency of the Synthetic chart are over-stated.  Following the publication of the Synthetic 
chart, Gadre and Rattihalli (2005) proposed a development of the Synthetic chart which they have termed 
the Unit and Group-Runs chart (more briefy, the UGR chart). Gadre and Rattihalli report that their UGR 
chart has a far more efficient performance than either the Synthetic chart or the Run-length CUSUM chart. 
Evaluations of the UGR chart by this author indicate that such claims for efficiency cannot be supported   
 
2.  The  Assumptions of the Process, and the Charts to be Compared 
 It is assumed that the process to be monitored is producing a stream of items according to a 
Bernoulli process, and also that 100% inspection is to be used.  The fraction nonconforming of the process 
is normally at an acceptable level pa, but may shift suddenly to an unacceptable higher level pr due to some 
fault in the process.  Following such a shift, it is assumed that the process remains at this level until 
remedial action is taken. The CRL-based charts considered here (in chronological order of their proposal) 
are: the RL2 chart     the Run-length CUSUM  

 the Synthetic chart   the UGR chart. 
An important performance-measure for a control chart is Average Time to Signal (ATS), which can be 
quantified by the average number of items inspected until a signal is produced. However, it is important to 
distinguish between initial-state ATS and steady-state ATS. The latter is the ATS value that arises when the 
process has been in operation for some time before the shift occurs. A discussion of these ATS concepts in 
the present context is given in Bourke (2001) and in Bourke (2006), and in the cited references therein.   
For any sequence of observed items, we can record successive values of the count (Y or CRL) of 
conforming items following each nonconforming item up until the next nonconforming item.  As each 
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nonconforming item is encountered, a further value for Y is recorded.  The sequence of values {Yi} provides 
the raw-data for a monitoring statistic.  
The RL2  Chart 

The RL2 statistic is formed from the moving sum of two successive values of the conforming run-
length Y.  (The performance of an RL3 chart has also been investigated, but is not reported here.)  The RL2 
chart has only one parameter, LCL.  When the RL2 value falls below LCL, this is taken as a signal that the 
fraction defective of the process may have shifted upward.  A method for choosing the value of LCL, using 
steady-state ATS was given in Bourke (2006), together with nomographs to aid the choice of LCL. 
The Run-length CUSUM 

The Run-length CUSUM (also termed the Geometric CUSUM or the CRL-CUSUM) was proposed 
in Bourke (1991).  A CUSUM may be formed from successive values of the CRLs, and in Bourke (1991) 
only initial-state evaluations of ATS were considered.  A method for evaluating steady-state ATS was 
presented in Bourke (2001), which also considers sampling inspection.  It is the author's view that this 
CUSUM chart is the most efficient chart for detecting upward shifts in fraction defective.  
The Synthetic Chart 

The Synthetic chart has three parameters n, c and L.  The items from the process are grouped into 
successive segments of n items, and a segment is termed conforming if the number of defectives (X) found 
in that segment is no more than c, otherwise the segment is termed nonconforming.  Following any 
nonconforming segment, the number (W) of segments up to and including the next nonconforming segment 
is recorded, and if W is less than L, this is taken as a signal that the fraction defective may have increased.  
In Wu et al (2001) it is claimed that tests and examples have indicated that the Synthetic chart has a higher 
power than both the np chart and the RL1 chart.  It is further claimed that the improvement is significant for 
all cases, resulting in a 50% or greater reduction of the out-of -control Average Time to Signal. 
The Unit and Group-Runs Chart 

This chart has four parameters n, c, L1 and L2.  In starting this chart, one begins with inspection of 
successive items, or units, from the process (the 'units-phase') and this is continued until a defective is 
encountered, at which point the value of CRL is noted.  If CRL < L1, this is taken as a signal that the 
process may be out-of-control.  Otherwise, one switches to the 'group-phase', in which successive groups 
(or segments) of n items are observed, just as in the Synthetic chart, with the parameter L2 replacing the 
parameter L of the Synthetic chart. The group-phase is continued as long as the number (W) of segments up 
to and including the next nonconforming segment is at least L2.  As soon as W < L2, one switches back to 
the units-phase.  In Gadre and Rattihalli (2005) it is claimed that the UGR chart gives a remarkable 
reduction in out-of-control average time to signal (ATS) as compared with the Run-length CUSUM. 
 
3.  Details of the Comparisons 

In the operation of a control chart, the intention is that the chart should signal quickly whenever 
there has been an important shift, but also that the occurrence of false alarms should be rare.  In 
implementing this approach, the parameters of each competing control chart should be chosen so that the 
ATS(pa) is suitably large and also so that ATS(pr) is as small as possible.  In the case of the Synthetic chart, 
only initial-state evaluations of ATS were reported in Wu et al (2001), although this was not made clear in 
the paper.  Investigations by this author have indicated that, in reporting ATS values for the Synthetic chart, 
its proposers have made an implicit assumption that there was a nonconforming segment just before 
observation of the already-shifted process began. Thus the ATS values that were reported in Wu et al 
(2001) are initial-state ATS values, with an implicit head-start for the monitoring statistic that resulted in 
misleadingly low values for ATS(pr). 

It is the author's view that comparisons based on steady-state ATS evaluations (denoted ATSss) are 
by far the most relevant.  Based on methodology presented in Bourke (2001) and in Bourke (2006), 
extensive searches were made for the parameters of control charts that are matched in the sense that 
ATSss(pa) is at least some specified high value, and also so that ATSss(pr) is as small as possible.  This was 
done for the following control charts:  
 np chart, RL2 chart, Run-length CUSUM, Synthetic chart.  
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Matching charts were sought for each of :   three possible values for pa :  0.01,  0.005,  0.002 
 and four levels for ATSss(pa):  10/pa ,  25/pa ,  50/pa ,  100/pa   
 and four sizes of shift from pa to pr = m(pa) for m = 3, 5, 10, 20.    
A convenient way of reporting these comparisons is to present the percentage reduction in steady-state 
ATSss(pr) when using a particular chart rather than a corresponding matched np chart.  Table 1 provides 
these percentages for the RL2 chart for each of the 48 choices of levels for pa, ATSss(pa) and m. 
 
Table 1:  Percentage reduction in Steady-State ATS(pr) when using an RL2 chart rather than  
     an np-chart.   
________________________________________________________________________________ 
 
pa = 0.01  ATSss(pa) = 10/pa    ATSss(pa) = 25/pa    ATSss(pa) = 50/pa     ATSss(pa) = 100/pa 
________________________________________________________________________________ 
pr = 0.03   21.8   6.0 -18.5 -56.0 
pr = 0.05   21.0 21.6   8.6 -13.2  
pr = 0.10   23.7 26.9 32.5 19.5 
pr = 0.20   40.2 16.8 26.3 44.6 
________________________________________________________________________________ 
 
pa = 0.005 ATSss(pa) = 10/pa    ATSss(pa) = 25/pa    ATSss(pa) = 50/pa     ATSss(pa) = 100/pa 
________________________________________________________________________________ 
pr = 0.015  21.1   7.7 -14.4 -60.8 
pr = 0.025  20.8 22.5 10.9 -16.4  
pr = 0.05   24.3 28.3 33.2 18.0 
pr = 0.10   41.0 18.6 29.1 43.8  
________________________________________________________________________________ 
 
pa = 0.002 ATSss(pa) = 10/pa    ATSss(pa) = 25/pa    ATSss(pa) = 50/pa     ATSss(pa) = 100/pa 
________________________________________________________________________________ 
pr = 0.006  20.7   8.2 -15.5 -57.6 
pr = 0.01   20.7 22.8 10.2 -14.7  
pr = 0.02   24.7 27.4 32.8 18.7 
pr = 0.04   41.4 19.3 30.4 43.8  
________________________________________________________________________________ 
The negative values convey the percentages by which ATSss(pr) for the RL2 chart exceeds that of 
 the np-chart.  Thus the RL2 chart should not be used for specifications such as these. 
________________________________________________________________________________ 
The strong performance of the RL2 chart may be a surprise, although there are some specifications (i.e. 
large values for ATSss(pa) and detection of small shifts) for which the  chart should not be used.  Because 
of limited space, the other comparisons are not presented in detail here, but are summarised below.   

The corresponding percentages for comparing a Run-length CUSUM and an np-chart are more 
uniform, ranging from 20% to 51%, with an average of 30%, and thus there is a considerable advantage for 
the Run-length CUSUM.  How does the Synthetic Chart compare with the np-chart?  For 36 of the 48 
comparisons, the percent reduction in ATS for the Synthetic chart compared with the np-chart is less than 
3%, and the average reduction is 2.2%.  The clear-cut conclusion is that the performance of the Synthetic 
chart is not much better than that of an np-chart for detecting upward shifts in fraction defective. 
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4.  Re-evaluating the UGR Chart 
There is an implicit assumption in most of the results reported in Gadre and Rattihalli (2005) that 

there was a nonconforming item directly before observation of the already-shifted process began (in the 
initial 'units-phase').  A consequence of this assumption is that once an upward shift in fraction defective 
occurs, a signal can be generated quickly. However, if one considers the situation where the chart has been 
in operation for a long period with the process 'in-control', it is unlikely that when a shift eventually occurs, 
the chart will be operating in the units-phase, and even less likely that there will be a nonconforming unit 
immediately before the shift occurred.   

Considering Example 1, presented in Gadre and Rattihalli (2005), it is required that ATS(pa) 
≥10,000 for pa = 0.01,  with pr = 0.05, and the following was proposed:  n = 2, c = 1, L1 = 573, L2 = 65.  It 
was claimed that ATS(pr) = 20. Using simulation of this scheme, I evaluated initial-state ATS (denoted 
ATSIS) for pa = pr = 0.01, and I confirm that ATSIS is approximately 10,000. But 99.3% of the values of 
TS (time to signal) were found to be less than 500 - and very likely arise from the initial 'units-phase' - 
while only 0.3% of TS values exceeded 10,000. Very occasionally the chart moves into the 'group phase' 
and stays in this phase for extremely long periods. This pattern of behaviour for a control chart when the 
process is in-control (i.e. with p = pa) is very undesirable because there will be very frequent false alarms.   

I have also simulated the detection of shifts in fraction defective following long periods of ‘in-
control’ operation.  In this case, the UGR chart is very likely to be in the group-phase when the shift occurs, 
which causes much larger values of Time to Signal.  I found that for the UGR chart specified above,  
ATSss(pa) ≈ 2.4×106, while ATSss(pr) ≈ 4.9×103, differing considerably from the ATS values reported. 
Investigations of other UGR charts proposed in Gadre and Rattihalli (2005) have led to similar findings. 
Based on these investigations using simulation, the UGR chart cannot be recommended. 
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RESÚMÉ 
Cet article présente des comparaisons des performances de cinq cartes de contrôle qui détectent 
une augmentation soudaine en fraction défectueux.  Parmi les cartes de contrôle, il y a quatre qui 
sont basé sur observations des nombres des articles conformants entre les articles défectueuxs 
successifs , et le cinquiéme est le carte-np familiér.  Dans une large série des comparaisons, on se 
trouve deux entre les quatre (le carte RL2, et le CUSUM géométrique) qui fournissent des 
performances qui sont mieux que celui du carte-np. Pourtant, on ne peut pas recommander les 
deux autres cartes considérés. 
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1. Introduction 
Statistical Process Control (SPC) dates back from the mid forties in the 20th century. It has been 

applied mostly in industry but, it has also been generalized to health systems. In particular, its application to 
the control of the health status of patients has been a recent research topic. This last research area aims to use 
the patient as its own control. Motivated by this possibility, a data set of patients from the Centro Hospitalar 
do Alto Minho has been studied with the techniques provided by SPC. However, in order to be able to make 
more clear conclusions about this use, simulation studies have been carried out comparing different 
approaches. 

 
The control charts introduced by Shewhart in 1924 are, without doubt, the most used graphical method 

in controlling the production process, thus, helping to define if the process is stable on time and, 
consequently, to generate products with quality [Montgomery (2001)]. In the meanwhile, the problem of 
Statistical Process Control has drawn the attention of researchers who have tried to generalize its application 
to other fields of knowledge, from industry to health systems. As a consequence, several charts have been 
proposed, aiming to find those that present the best results in controlling individual values of continuous 
variables or attributes, obtained from samples or single observations, generated from short or long runs. 
Several charts have been developed, being the most used, without doubt, the traditional Shewhart charts, the 
Exponentially Weighted Moving Average (EWMA) charts and, more recently, the Q charts. The latter can be 
combined with the EWMA charts, giving origin to a new chart, the EWMAQ. 

 
With this work we aim to compare the performance of the different charts in the four cases KK, UK, 

KU, UU, i.e., in Case I the process parameters µ (mean) e σ (standard deviation) are both known (Known 
Known), in Case II the mean is unknown and the standard deviation is known (Unknown Known), in case III, 
the mean is known and the standard deviation unknown (Known Unknown) and, in Case IV, both parameters 
µ and σ are unknown (Unknown Unknown). The Average Run Length (ARL) is the measure used to compare 
the performance exhibited by the different charts, in the four referred cases. The ARL corresponds to the 
number of collected samples till an out of control value is registered. Naturally, the objective is that the value 
of ARL is large in the case of a controlled process and, as small as possible, when an out of control situation 
does occur. 
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2. Brief presentation of the studied control charts 
Shewhart charts are a simple and easy method to monitor series of data. First introduced by Shewhart, 

at the beginning of the 20th century, they are a graphical representation of the evolution, along time (t), of a 
statistic (in the present case, the sample mean) calculated for a given quality characteristic. In the graph, a 
Central Line (CL) is drawn, representing the known value of the mean, around which the represented values 
should randomly vary when the process is stabilized, as well as an upper control limit (UCL) and a lower 
control limit (LCL), which are apart from CL±3 times the standard deviation. When these limits are 
surpassed by any of the observed values, automatically is signalled a out of control situation, which implies 
corrective measures. Others situations might be considered where points represented in the graph, although 
within the interval [LCL, UCL], present a systematic trend, i.e., the absence of a random behaviour, which 
might indicate the existence of special causes of variation. This latter situation does not belong to the 
objectives of this work. 

Starting from analogous principle to the Shewhart charts, the EWMA charts are particularly sensitive 
in the detection of small and moderate changes of the process parameters. First presented by Roberts in 1959, 
the value of the EWMA statistics at time t is calculated through the formula:  
 (0.1) 1(1 ) ; 1, 2,3,...t t tZ Y Z tλ λ −= + − =  
where λ  is a constant that belongs to the interval ]0;1], a variable Y takes the value of X  or X, 
depending if the control is made by using samples (of size n) or individual observations (n=1), and 
the initial value 0Z  is equal to the known value of the mean µ.  The limits of reference are now given 

by the equations: 
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The choice of values for the constants was studied by Crowder in 1989 and by Lucas and Saccucci in 
1990 [Montgomery, (2001)]. These researchers found that the pair ( ) ( ), 0.25;2.9λ κ =  is the one that better 

detects a variation of the mean equal to 1.5 times the standard deviation. Thus, these were the values that 
were used in this work. On the other hand, the Q charts are control charts with CL=0 and control limits equal 
to ±3, since the data, referring to the quality characteristic of the variable, are transformed in a Q statistic, 
which follows a standard normal distribution, calculated from the formula developed by Quesenberry. 

 
3. Estimated values for ARL and SRL 
Case I, µ Known and σ Known 

Table 1 contains the observed values for ARL and SRL (Standard deviation of the Run Lengths) for 
case I, studied for samples of size n=5. These values, obtained by simulation (2000 iterations for each 
experimental condition, δ and m) using a Visual Basic programming environment, allowed the validation of 
the methodology, since the values found for the Shewhart chart are very close to the theoretical values of 
ARL and SRL, when the mean and the standard deviation are known ( 1 370.3inARL α= =  e 

0.5(1 ) 368.3inSRL α α= − = , com 0.27%α = ). 
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Table 1. ARL and SRL for Shewhart, EWMA, Q and EWMAQ charts, for known mean and 
known standard deviation. 

Shewhart EWMA Q EWMAQ δ* 
ARL SRL ARL SRL ARL SRL ARL SRL 

0.0 364.0 357.3 373.6 357.1 364.0 357.3 373.6 357.1 
0.5 34.3 34.0 8.2 5.0 34.3 34.0 8.2 5.0 
1.0 4.5 4.0 3.0 1.1 4.5 4.0 3.0 1.1 
1.5 1.6 0.9 2.0 0.5 1.6 0.9 2.0 0.5 
2.0 1.1 0.3 1.4 0.5 1.1 0.3 1.4 0.5 
3.0 1.0 0.0 1.0 0.1 1.0 0.0 1.0 0.1 

   * δσ represents the magnitude of the change in the mean 
Case II, µ Unknown and σ Known 
Table 2 contains the values for ARL and SRL for case II. In this case, as well as in case III and IV next 

presented, a change in the mean has been imposed between sample m and m+1, considering values of m=5, 
10, 50 and 100. The reason behind this study also for m=100 relates to the fact that Quesenberry (1977) 
considered that for a convenient estimation of the parameters, the number of samples, m, to consider must be 
related with the dimension of the sample, n, through the relation ( )400 1m n≥ − . In the case of the 

Shewhart chart the observed values in the first m samples have been used to estimate the unknown mean and 
to calculate the control limits. In the EWMA chart, 0 1Z Y=  has been used and, on the other hand, for the Q 

chart, the values have been calculated through the formula: 

(0.3) 1( 1) , 2,3,...t t
t

n t X XQ t
t σ

−− −
= × =  

Table 2. ARL and SRL for Shewhart, EWMA, Q and EWMAQ charts, for unknown mean and 
known standard deviation. 

Shewhart EWMA Q EWMAQ δ 
m=5 m=10 m=50 m=100 m=5 m=10 m=50 m=100 m=5 m=10 m=50 m=100 m=5 m=10 m=50 m=100 

0.0 361.8 
349.4 

364.4 
355.8 

359.0 
343.1 

368.2 
359.6 

368.2 
366.1 

366.9 
353.3 

358.9 
359.8 

360.2 
357.0 

365.3 
344.1 

371.2 
354.4 

366.1 
352.1 

372.5 
363.8 

387.1 
366.8 

388.9 
364.9 

375.5 
361.4 

369.2 
352.2 

0.5 33.4 
33.3 

32.7 
32.8 

33.6 
33.4 

32.8 
32.4 

8.7 
5.3 

8.2 
4.9 

8.5 
5.4 

8.2 
5.1 

329.5 
300.1 

317.5 
359.2 

180.1 
297.3 

96.0 
189.1 

247.8 
291.9 

120.5 
263.8 

10.7 
12.1 

8.9 
6.4 

1.0 4.4 
4.0 

4.7 
4.2 

4.4 
4.0 

4.5 
3.9 

3.2 
1.1 

3.0 
1.1 

2.9 
1.6 

3.0 
1.2 

191.3 
271.9 

106.6 
244.3 

6.7 
17.6 

5.1 
5.3 

10.4 
51.9 

3.7 
1.9 

3.0 
1.3 

3.0 
1.3 

1.5 1.6 
1.0 

1.6 
1.0 

1.5 
0.9 

1.6 
0.9 

2.1 
0.5 

2.0 
0.6 

1.9 
0.7 

1.9 
0.7 

25.9 
115.3 

3.8 
35.0 

1.6 
1.1 

1.6 
1.0 

2.3 
1.0 

2.1 
0.8 

2.0 
0.7 

2.0 
0.7 

2.0 1.1 
0.3 

1.1 
0.3 

1.1 
0.3 

1.1 
0.3 

1.7 
0.5 

1.5 
0.5 

1.5 
0.5 

1.5 
0.5 

1.3 
6.0 

1.1 
0.6 

1.1 
0.3 

1.1 
0.3 

1.6 
0.6 

1.6 
0.6 

1.5 
0.5 

1.5 
0.5 

3.0 1.0 
0.0 

1.0 
0.0 

1.0 
0.0 

1.0 
0.0 

1.1 
0.3 

1.0 
0.2 

1.1 
0.2 

1.1 
0.2 

1.0 
0.0 

1.0 
0.0 

1.0 
0.0 

1.0 
0.0 

1.1 
0.3 

1.1 
0.3 

1.1 
0.3 

1.1 
0.3 

Case III, µ Known and σ Unknown 
 In this case as well, the first m sample observations were used to estimate the value of σ. Montgomery 

(2001) proposed as an unbiased estimator of σ the statistic 4S C , where 
1

1 m

i
i

S S
m =

= ∑  and 4C  is a constant 

that takes the value of 0.94 when n=5. The estimated value of σ was used in the construction of the charts 
and of the control limits, having considered, in the EWMA chart, the value 0Z  equal to the known mean µ. 

The values for the Q chart were obtained through the formula: 

(0.4) ( )21 2
( 1) t

11

( ) 1,   2,3... and S
t

t
jt t n

jt

n XQ T t X
S t

μ μ−
−

=−

⎡ ⎤⎛ ⎞−
= Φ = = −⎢ ⎥⎜ ⎟⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦

∑  

being 1−Φ  the inverse of the standard normal distribution and Tν  the t-Student distribution with ν  

degrees of freedom. 
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Table 3. ARL and SRL for Shewhart, EWMA, Q and EWMAQ charts, for known mean and 
unknown standard deviation. 

Shewhart EWMA Q EWMAQ δ 
m=5 m=10 m=50 m=100 m=5 m=10 m=50 m=100 m=5 m=10 m=50 m=100 m=5 m=10 m=50 m=100 

0.0 367.3 
368.5 

364.2 
353.7 

367.5 
363.9 

380.4 
368.2 

368.2 
367.5 

365.6 
352.9 

373.4 
368.0 

356.3 
344.2 

361.6 
366.7 

354.0 
356.1 

371.6 
366.8 

388.7 
378.9 

359.5 
368.1 

352.8 
356.8 

373.1 
370.1 

355.9 
353.4 

0.5 33.3 
33.6 

33.5 
32.4 

33.5 
32.3 

33.4 
33.2 

8.1 
5.2 

8.2 
5.3 

8.3 
5.4 

8.3 
5.4 

33.4 
35.2 

34.6 
35.2 

33.3 
32.8 

33.8 
33.7 

7.6 
5.0 

7.9 
5.2 

8.3 
5.3 

8.2 
5.4 

1.0 4.4 
3.9 

4.3 
3.8 

4.5 
4.0 

4.5 
4.1 

2.9 
1.2 

3.0 
1.2 

3.0 
1.2 

3.0 
1.2 

4.5 
4.2 

4.5 
4.1 

4.5 
4.0 

4.5 
4.1 

2.9 
1.2 

2.9 
1.2 

3.0 
1.2 

3.0 
1.2 

1.5 1.5 
0.9 

1.6 
0.9 

1.6 
1.0 

1.5 
0.9 

1.9 
0.6 

2.0 
0.7 

1.9 
0.7 

1.9 
0.7 

1.6 
1.0 

1.6 
1.0 

1.6 
1.0 

1.5 
0.9 

2.0 
0.7 

2.0 
0.7 

1.9 
0.7 

1.9 
0.7 

2.0 1.1 
0.3 

1.1 
0.3 

1.1 
0.3 

1.1 
0.3 

1.5 
0.5 

1.5 
0.5 

1.5 
0.5 

1.5 
0.5 

1.1 
0.3 

1.1 
0.3 

1.1 
0.3 

1.1 
0.3 

1.6 
0.5 

1.6 
0.5 

1.5 
0.5 

1.5 
0.5 

3.0 1.0 
0.0 

1.0 
0.0 

1.0 
0.0 

1.0 
0.0 

1.1 
0.3 

1.1 
0.2 

1.1 
0.2 

1.1 
0.2 

1.0 
0.0 

1.0 
0.0 

1.0 
0.0 

1.0 
0.0 

1.3 
0.5 

1.2 
0.4 

1.1 
0.2 

1.1 
0.2 

 Case IV, µ Unknown and σ Unknown 
 In case IV, the mean µ and the standard deviation σ were substituted, in the different charts, by the 
respective estimators and the value of 0Z  is again considered equal to 1Y . The values of EWMAQ are not 

presented to due overflow problems. The values for the Q chart are now calculated through 

(0.5) 11
( 1)

1

( 1) ( ) ,   2,3...t t
t t n

t

n t X XQ T t
t S

−−
−

−

⎡ ⎤⎛ ⎞− −⎢ ⎥⎜ ⎟= Φ × =
⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦

 

Table 4. ARL and SRL for Shewhart, EWMA, and Q charts, for unknown mean and unknown 
standard deviation. 

Carta Shewhart EWMA Carta Q δ 
m=5 m=10 m=50 m=100 m=5 m=10 m=50 m=100 m=5 m=10 m=50 m=100 

0.0 368.1 
367.4 

366.7 
353.9 

365.6 
364.9 

370.6 
357.5 

376.8 
364.1 

380.6 
373.2 

357.5 
361.9 

367.7 
356.0 

360.7 
365.8 

372.1 
366.4 

370.0 
360.4 

378.4 
364.9 

0.5 32.1 
32.7 

32.1 
32.1 

33.9 
32.8 

32.0 
32.0 

8.1 
4.7 

8.3 
5.4 

8.4 
5.3 

8.3 
5.4 

341.4 
366.4 

294.9 
349.6 

171.5 
289.4 

96.1 
206.2 

1.0 4.4 
3.7 

4.5 
3.9 

4.4 
4.1 

4.6 
4.0 

3.0 
1.1 

3.0 
1.1 

3.0 
1.2 

3.0 
1.2 

160.2 
292.3 

65.6 
158.5 

6.1 
10.7 

5.0 
5.2 

1.5 1.5 
0.9 

1.6 
0.9 

1.6 
1.0 

1.6 
1.0 

1.9 
0.6 

2.0 
0.6 

1.9 
0.7 

1.9 
0.7 

10.5 
62.9 

3.4 
32.7 

1.6 
1.1 

1.6 
1.0 

2.0 1.1 
0.3 

1.1 
0.3 

1.1 
0.3 

1.1 
0.3 

1.5 
0.5 

1.5 
0.5 

1.5 
0.5 

1.5 
0.5 

1.2 
0.4 

1.1 
0.3 

1.1 
0.3 

1.1 
1.3 

3.0 1.0 
0.0 

1.0 
0.0 

1.0 
0.0 

1.0 
0.0 

1.0 
0.1 

1.0 
0.1 

1.0 
0.1 

1.0 
0.1 

1.0 
0.0 

1.0 
0.0 

1.0 
0.0 

1.0 
0.0 

4. Conclusion 
 Although previous works refer the strengths and disadvantages of the different charts, in this work the 
aim was to compare simultaneously the different charts, under the same experimental conditions. As 
expected, the EWMA charts present the best results for small variations of the mean, having observed a 
better performance of the Shewhart charts in the presence of great variations. The Q charts, on the other hand, 
present a poor performance, especially for small variations in the mean, and they are very much influenced 
by the value m of initial samples used in the estimate of the parameters, which is in accordance to the results 
by Montgomery (1994).  
 

REFERENCES 
Montgomery, D., Castillo, E., Short- run statistical process control: Q-chart enhancements and alternative methods, 

Quality and Reliability Engineering International, Vol. 10, 87-97 (1994) 

Montgomery, D., Introduction to Statistical Quality Control, 4ed, Wiley, 2001. 

Quesenberry,C., SPC Methods for quality improvement, Wiley, 1997. 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 5322 -



3HUIRUPDQFH�$QDO\VLV�RI�7ZR�(:0$�&RQWURO�&KDUWV�ZLWK�
$GDSWLYH�6PRRWKLQJ�&RQVWDQW�DQG�WKH�&RUUHVSRQGLQJ�
&RPSRVLWH�(:0$�6KHZKDUW�6FKHPHV�

 
(SSUHFKW��(XJHQLR�.��
6LP}HV��%UXQR�)��7��
&DWKROLF�8QLYHUVLW\�RI�5LR�GH�-DQHLUR��38&�5LR���'HSDUWPHQW�RI�,QGXVWULDO�(QJLQHHULQJ�
5XD�0DUTXrV�GH�6mR�9LFHQWH�������*iYHD��������������5LR�GH�-DQHLUR��%UD]LO�
HNH#LQG�SXF�ULR�EU��EUXQRIWV#LEHVW�FRP�EU��EUXQR�HVWDWLVWLFR#LJ�FRP�EU�
&RVWD��$QWRQLR�)��%��
6mR�3DXOR�6WDWH�8QLYHUVLW\��81(63���'HSDUWPHQW�RI�3URGXFWLRQ�
$Y��$ULEHUWR�3HUHLUD�GD�&XQKD�������3HGUHJXOKR���������������*XDUDWLQJXHWi��%UD]LO�
IEUDQFR#IHJ�XQHVS�EU�
 
$EVWUDFW�
Adaptive schemes for process control charts, which consist in varying one or more of the chart parameters 
according to the most recent information about the process, can significantly reduce the time to signal small 
to moderate shifts in the process parameters, at a price: varying the sample size and/or the sampling 
frequency represents extra operational complexity. Varying the smoothing constant of EWMA charts, 
however, adds no extra complexity to the sampling routine. In this paper we explore this possibility. We 
obtain and compare the ARL profiles of three EWMA control charts for detecting shifts in the process mean: 
the traditional, fixed-parameter, EWMA chart; an adaptive EWMA control chart proposed by the authors, in 
which the smoothing constant varies between two values, according to the last value of the EWMA statistic; 
and the adaptive EWMA control chart proposed by Capizzi and Masarotto, in which the smoothing constant 
varies as a function of the “current error” (the difference between the current observation and the last 
EWMA value). We also obtain and compare the ARL profiles of the corresponding EWMA-Shewhart 
schemes (in which, besides testing the EWMA statistic against the control limits, the individual observation 
or sample average is also tested against another pair of limits). The comparisons were made considering first 
the designs that minimize the ARL for one shift, and next considering the designs that minimize the ARL for 
a pair of shifts, a small one and a large one, in order to guarantee good performance over a range of shifts 
rather than optimal performance for just one shift. Some of the results contradict the expectations, and some 
of them contradict also previous results. 
 
.H\ZRUGV���Exponentially weighted moving average; Adaptive control charts; Variable smoothing constant; 
Statistical process control; EWMA; Variable parameters�
  
����,QWURGXFWLRQ�

Shewhart’s charts are the most widespread SPC tool, but they are slow at signalling shifts of small 
magnitude in the process parameters. One of the classic alternatives for faster detection of small to moderate 
shifts are EWMA charts (Roberts, 1959), whose properties have been extensively studied (e.g. Lucas & 
Saccucci, 1990). Some authors also recommend combining the EWMA chart with a Shewhart chart (the so-
called “composite” EWMA-Shewhart schemes) in order to guarantee maximum sensitivity to both small and 
large shifts (Klein, 1996, Albin HW�DO., 1997). 

Another alternative for faster detection of small to moderate shifts are adaptive control charts. The 
adaptive procedures, pioneered by Reynolds (1988), consist in varying the sample size and/or the sampling 
interval and/or the control limits of the chart dynamically during the monitoring, according to the most recent 
sample value, for better allocation of sampling effort, e.g. taking larger samples and/or waiting less to take 
the next sample when there is more evidence that the process may be out-of-control. Tagaras (1998) provides 
a survey of the first decade of such schemes. 

For still faster detection of small shifts, some authors proposed and analyzed the application of 
adaptive procedures to EWMA charts (Saccucci HW�DO., 1992; Reynolds & Arnold, 2001), thus exploring the 
advantages of both resources. 
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Adaptive procedures have a price: varying sample sizes and/or sampling intervals may be inconvenient 
in practice. Varying the smoothing constant λ of an EWMA chart, however, brings no extra operational 
complexity: Cappizzi and Masarotto (2003) proposed and analyzed an EWMA chart for detecting shifts in 
the process mean in which λ is a function of the “ current error”  (the difference between the current 
observation and the last previous EWMA value), and we have proposed and analyzed an alternative scheme, 
in which λ varies between two values according to the last value of the EWMA statistic (Simões & Epprecht, 
2006). 

This paper presents a comparative analysis of the performance of these two schemes and the 
traditional EWMA scheme. 

 
����'HVFULSWLRQ�RI�WKH�(:0$�FRQWURO�FKDUWV�FRQVLGHUHG�

Cappizzi and Masarotto (2003) analyzed the performance of their proposed scheme ($(:0$, 
standing for “ Adaptive EWMA”) using three different possible functions to obtain λ as a function of the 
current error. In any case, the idea is to give more weight to the most recent observation when the current 
error is large (an evidence that the process mean may have undergone a large shift; in this case, with a small 
λ value the chart would respond slowly to the shift; a large value of λ makes the chart respond faster to large 
shifts). Due to space limitation, the reader is referred to their paper for the description of these functions. 
Next, we briefly describe the dual-λ procedure we have proposed. 

Like the traditional EWMA or the AEWMA charts, the dual-λ EWMA chart can be used to monitor 
iid normal observations, e.g. individual values or sample averages. The chart has a central line &/ set at the 
target value, a pair of symmetrical control limits 8&/ and /&/ and a pair of symmetrical warning limits 
8:/ and /:/. Its design parameters are the distances in standard deviations from the central line to the 
control limits (N) and to the warning limits (Z), and a pair of values for the smoothing constant, λ1 and λ2. 

Let ; �  denote the W-th individual observation and = �  denote the corresponding W-th value of the EWMA 
statistic. Then, = �  is updated as: 

 

( ) 111 1 −−+ �� =; λλ  if [ ]8://:/= � ,1 ∈−  
=�=   ( ) 122 1 −−+ �� =; λλ  if [ ) ( ]8&/8://://&/= � ,,1 ∪∈−  

(1) 

 

As with the AEWMA scheme, the idea here is to use a larger value for λ (i.e., λ2) when there is a 
suspicion that the process may be out of control (= �   beyond the warning limits) in order to give more weight 
to the new observation, thus enabling the EWMA statistic to move faster towards the new process mean 
level, and by this means shortening the run length. Conversely, when there is more confidence that the 
process is in control (= �  inside the warning limits), the value of λ should be smaller (i.e., λ1), in order to 
better filter out the random variation of the ; values around the process mean, thereby reducing the variance 
of the EWMA statistic and the rate of false alarms. The difference is that, in the AEWMA, λ is a function of 
the current error and, in the dual-λ chart, it is a function of the distance from the = �  to the target value. In 
addition, in the AEWMA, λ assumes values over a continuous interval while in the dual-λ chart it may 
assume only two values. 

 
����&RPSDULQJ�FKDUWV��
 We first compared the ARL profiles of the AEWMA, the dual-λ and the traditional EWMA charts. 
This was done considering, for each chart, the design that minimizes the out-of-control ARL against a given 
shift, under the constraint ARL0=500. The optimization problem was solved by the Nelder-Mead simplex 
(direct search) method, with penalty functions used to implement the constraints. The initial solution was 
obtained by a complete grid search. The ARLs were calculated by the Markov chain approach described by 
Lucas and Saccucci (1990), with the appropriate modifications for the adaptive charts. 

We also compared the ARL profiles of the three schemes when the designs are optimized in the 
following way for a pair of shifts: first, the design is found that minimizes the ARL for the smaller shift; 
denote the minimum ARL thus obtained by ARL*. Next, the design is minimized for the larger shift with the 
additional constraint that the ARL for the smaller shift should not exceed (1+ε) ARL*, where ε is a specified 
small value. We used  ε=0.05 (5% deterioration in the ARL for the smaller shift). The idea is to ensure a 
good performance against a range of shifts. This is the same procedure used by Cappizzi and Masarotto 
(2003) except in that they minimized the ARL for the larger shift first. 

Finally, both analyses (ARL profile comparison of the charts designed first for one shift and next for a 
pair of shifts) were repeated for the composite schemes, in which, besides testing the EWMA statistic against 
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the control limits, the individual observations are also tested against specific “ Shewhart”  limits (which are 
also decision variables for the optimization problem). The tables of optimal designs, and tables and graphs of 
the ARL profiles, are available upon request. Because of space limitation, we can only give here a few ARL 
profiles for illustration and summarize the results. 

In general terms, when the individual schemes are optimized against one shift, their ARL profiles are 
very close (except for shifts smaller than the shift for which the chart was designed, and which the user may 
even prefer the chart not to signal; and also for very large shifts, with ARL differences between schemes of 
10% to 20% in ARLs that are already close to 1). When the schemes are optimized for a pair of shifts, the 
AEWMA scheme provides the smallest ARL for the larger shifts. It is the most robust of the three schemes 
in the sense of maintaining a good performance for a large range of shifts (and this was, indeed, the 
motivation behind it). Figure 1 illustrates one of the cases in which this effect is most significant. 
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)LJXUH����6WHDG\�VWDWH�$5/�SURILOHV�RI�WKH�VFKHPHV�RSWLPL]HG�IRU�VKLIWV�RI�����DQG�����WLPHV� Q/0σ �

 
When the schemes are combined with supplementary “ Shewhart”  limits for the individual 

observations (“ composite schemes” ), there is again no great difference in practical terms between their ARL 
profiles, whether they are designed for one shift or for a pair of shifts. An exception is the smallest ARL 
provided by the adaptive schemes for shifts above 4 standard deviations when the charts are optimized for a 
small shift only. When the charts are optimized for a pair of shifts, however, the ARL profiles of the three 
schemes become very close. This happens because the supplementary limits greatly enhance the traditional 
and the dual-λ schemes, but bring virtually no benefit to the AEWMA. Figure 2 shows the ARL profiles of 
the combined schemes optimized for the same pair of shifts as previously. The curves simply coincide. 
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)LJXUH����6WHDG\�VWDWH�$5/�SURILOHV�RI�WKH�FRPELQHG�(:0$�6KHZKDUW�VFKHPHV�RSWLPL]HG�IRU�VKLIWV�RI�����
DQG�����WLPHV� Q/0σ �

 
Cappizzi and Masarotto (2003) pointed out, as an advantage of the AEWMA scheme, its performing 

better than the traditional EWMA over a range of shifts. Figure 3 compares the ARL profile of the AEWMA 
and of the dual-λ scheme optimized for a pair of shifts with the ARL profiles of two EWMA charts, each one 
optimized for RQH different shift. Even though we have seen that the AEWMA indeed provides the smallest 
ARLs for very large shifts, the poorer performance exhibited by the two traditional EWMA charts in this 
example is as a matter of fact due in part to they having been optimized for just one shift. 
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WZR�WUDGLWLRQDO�(:0$�FKDUWV�GHVLJQHG�IRU�MXVW�RQH�VKLIW�

 
����&RQFOXVLRQV�

The advantages of the adaptive-smoothing-constant EWMA schemes over the traditional EWMA 
scheme are only noticeable when the schemes are used alone (i.e., not combined with “ Shewhart”  limits for 
the individual observations) DQG optimized for a pair of shifts, a small one and a large one. Cappizzi and 
Masarotto have overestimated this advantage because they compared the AEWMA scheme designed for a 
pair of shifts with EWMA charts designed for just one shift. The traditionally recommended combination of 
the EWMA scheme with supplementary “ Shewhart”  limits for the individual observations is much more 
effective at reducing the ARLs over a range of shifts than the variation of λ, to the point of rendering 
negligible in most cases the marginal benefit of such variable-λ procedures. 

The conclusion is that when the practitioner accepts� a slightly more complex calculation for 
enhancement of an EWMA scheme, an extra test of the individual observation against a specific pair of 
supplementary control limits is more effective than a variable-λ procedure. This means no extra RSHUDWLRQDO 
complexity (which the variable-λ procedures do not mean, either) and results in a significant reduction on the 
out-of-control ARLs. Much more effective than using adaptive λ procedures is to use design parameters 
(smoothing constant λ and control limits for the EWMA and for the sample statistic) optimized for the pair 
of shifts of interest. The focus should be placed in the optimization of the design of the composite EWMA-
Shewhart scheme for a pair of shifts. To help in this task, the tables we obtained give directly the optimal 
designs for several pairs of shifts (under the constraint $5/0=500) and are available upon request. 
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E-mail: guerreirov@sapo.pt

Paulo Infante
University of Évora
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ABSTRACT

The control chart is a simple, but a powerful tool that enables to monitor the quality of any product or
service varying with time. It has a fundamental roll in statistical process control allowing a reduction
of the process variability. Initially, the application of control charts were restricted to industrial
process for which were created, but actually we can say that control charts could be applied to almost
everything and this work intend to be a good example of that. In a Call-Center we want to evaluate
the quality of a service, taking the call received or made by the communicator as the statistical unity.
Communicator’s performance can be evaluated by several variables of qualitative nature as vocabulary,
management of time and informatics resources, clearness and correct transfers, among others. We can
think about a defect in different ways. For example we can monitor each parameter separately and
considerer a defect each time the parameter is nonconforming or we can monitor several important
parameters jointly and consider a defect when in at least one fails to meet the specifications. Notice
that sometimes, the main parameters for the enterprise are not the ones that have more influence on
the quality. Find the parameters that have more impact on the success of a call are very important
and sometimes we can realize that we should take care of certain parameters that we thought were
less important. Based on data collected from the enterprise in different periods of time, we study
and we analyze, in a critical way, different attributes control charts. We make an effort to identify
the ones that better adapt to each situation and that can be easily used, in order to detect not only
a deterioration of the quality pattern but also eventual improvements. We look for evaluate which
actions can be taken to improve the services, in order to reach better performance levels.

Keywords. Statistical Quality Control, Attribute Control Charts, Case-Studies.
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Statistical process monitoring procedures for variables are used for detecting changes in the qual-
ity of a product in a manufacturing process. In the univariate case, control charts such as Shewhart,
CUSUM, and EWMA are the most commonly adopted charting schemes for use (see, e.g. Montgomery
(2001)). In many situations, univariate data are collected according to the rational subgroup concept.
A rational subgroup represents a sample of data taken at some point in the process, such as a sample
taken during a specific time period. When data are collected as rational subgroups, any change in
the mean and/or in the process variability is more likely to occur between subgroups than within a
subgroup.

However, sometimes it may not be able to collect rational subgroups of size larger than one. For
example, in some process industries sampling and analysis costs are often quite high and hence it is
extremely common to plot charts on individual observations (”individual charts”). It can also happen
when the production rate is too slow to conveniently collect subgroup sizes greater than one or when
the differences among repeated measurements are only due to laboratory or analysis error, as in many
chemical process. See Montgomery (2001, p. 249) for more examples. A disadvantage of individual
observation charts is that one cannot compute the process variance from the rational subgroups. As a
result, it is common to use the moving range or the mean square of successive differences to estimate
the process variance (see Montgomery (2001)).

Wortham and Ringer (1971) and Wortham (1972) suggested using exponentially weighted mean
square to monitor variations. Sweet(1986) proposed the exponentially weighted mean absolute de-
viation and the exponentially weighted moving variance. Montgomery and Mastrangelo (1991) also
suggested the use of exponentially weighted moving variance type statistics. Domangue and Patch
(1991) studied the omnibus EWMA schemes which include the exponentially weighted mean square
deviation chart as a special case. Crowder and Hamilton (1992) had used exponential weighting to
smooth ln(s2) derived from the range statistic in the X and R chart.

MacGregor and Harris (1993) had advocated the use of exponentially weighted mean squares
deviation (EWMS) and exponentially weighted moving variance (EWMV) charts as ways of monitoring
process variability for independently individual observations. However, the control limits they obtained
by means of the approximate chi-square distributions of the EWMS and EWMV statistics are difficult
to interpret in terms of the concept of average run length. Consequently, it is also hard to directly
compare these two control charts with other competing schemes. Moreover, both the EWMS and
EWMV charting schemes, which can have out-of-control average run lengths greater than in-control
average run lengths, are biased procedures. In this paper, we respectively employ an adequate normal
approximation to the logarithms of the EWMS and EWMV statistics and propose new control limits
by Monte Carlo simulations. The corresponding control charts are easy to interpret in terms of average
run length. In particular, based on the simulation studies both control charting schemes are shown
to be nearly unbiased procedures and respectively give better results than the EWMS and EWMV
charts.
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1. Introduction  

Several studies have shown that we can improve the statistical performance of control charts by 
changing their parameters during the production process. Such charts can be classified, from an 
implementation point of view, into two categories: charts with parameters that are fixed but not constant for 
the duration of the monitoring operation, and charts for which at least one of the parameters is allowed to 
change in real time, taking into account current sample information. The latter are called adaptive charts and 
the previous are called control charts with predetermined parameters. Reynolds et al. (1988) proposed the 
variable sampling interval (VSI) control chart, where the position of the sample mean determines the time 
that the next sample is analyzed. Banerjee and Rahim (1988), assuming that the system lifetime follows a 
Weibull distribution and adopting an economic approach, analyzed a model in which sampling interval is a 
predetermined parameter. Prabhu et al. (1993) and Costa (1994) proposed the variable sample size (VSS) 
control chart with two possible sample sizes, where the operating rules resemble closely those of VSI chart. 
Prabhu et al. (1994) proposed the variable sample size and sampling interval (VSSI) control chart that 
alternates between a long sampling interval with a small sample size and a short sampling interval with a 
large sample size. Costa (1999) proposed the variable parameter (VP) control chart, where the three 
parameters (sample size, sampling interval, and control limit coefficient) are variable.   

Daudin (1992) proposed a double sampling (DS) control chart characterized by two sample sizes 
where a second sample is analyzed only if the first is not enough to make a decision about the state of the 
process. Since this chart has a good performance, Carot et al. (2002) combine it with the VSI control chart 
(DSVSI) and concludes that the sensitivity to shifts in the mean compared with the other control charts  
increase. Rodrigues Dias (2002) presents a predetermined sampling intervals (PSI) control chart in which the 
sampling intervals are obtained on the basis of the cumulative system hazard rate. The subjacent assumption 
is the same as in Banerjee and Rahim (1988), but this new approach allows for statistical comparison with 
other sampling schemes, which is a novel feature. Its statistical performance is better when the probability of 
the shift being detected decreases and when the average number of samples analyzed in the in-control state 
decreases. Such results become more marked as failure rate increases.  

In this paper we present, analyze and compare to other charts, a new control chart where the double 
sampling method is combined with the PSI. In general, we can draw the conclusion that this method is 
globally more efficient than the others sampling schemes considered, in terms of adjusted average time to 
signal (AATS) and average number of inspected items (ANI). Sometimes the reductions in AATS are very 
marked, particularly when used in systems with a strongly increasing failure rate distribution.                    
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2. Design of the DSPSI X control chart 
Let us consider T as a random variable that represents the time before the occurrence of an assignable 

cause, with reliability function R(t) and cumulative hazard rate function H(t). Rodrigues Dias (2002) 
proposed a new methodology (PSI method) where the sampling instants tk are obtained in such a way that the 
cumulative hazard rate between any two consecutive inspections is constant ( ( ) ,  1,2,...kH t H k= Δ = ,) that is, 
the probability of a process shift during a sampling interval, given that no shift occurs until the start of the 
interval, is constant for all intervals. According to this methodology, sampling instants are given by 

(1)    ( )1
0exp ;  0kt R k H t−= ⎡ − Δ ⎤ =⎣ ⎦     

This expression enables sampling instants to be obtained for any system with a known invertible 
reliability function or if the reliability inverses function can be obtained by numerical methods. It is based on 
the intuitively simple idea that less frequent sampling should be carried out when the hazard rate is low and, 
conversely, more frequent sampling should be carried out when the hazard rate is high. According to this 
method, if failure rate increases (or decreases) then sampling intervals decrease (or increase), as it can be 
seen in Rodrigues Dias (1987). Infante (2004) and Rodrigues Dias and Infante (preprint) have studied its 
statistical properties and compare its performance to other sampling schemes.  

In this paper, it is assumed that the quality characteristic of the production process is normally 
distributed, with mean μ0 and standard deviation σ0. Let us consider U1 as the standardized mean of the first 
sample and U2 as the standardized weighted mean of the two samples. The DS procedure consists in taken a 
first sample of size n1 and: 

a) If 1U W≤ , we conclude the process is in control (W is the threshold limit); 
b) If 1 1U L> , we conclude the process is out of control; 
c) If 1 1W U L< ≤ , a second sample of size n2>n1 is taken and 

 if 2 2U L≤ , we conclude the process is in control;  
 if 2 2U L> , we conclude the process is out of control;        

We propose to combine the DS method with the PSI method. In the new DSPSI method, the instants, at 
which the samples are taken from the process, are schedule at the beginning of the monitoring process 
according to the system lifetime distribution (using PSI method), and the samples are taken in each 
predetermined instant using the double sampling method.  

We consider the case that at some time in the future, as a result of the occurrence of an assignable 
cause, the mean shifts to μ1=μ0±λσ0, λ>0. The adjusted average time to signal has the same expression that 
AATS for the PSI chart (Rodrigues Dias, 2002): 

(2)    
( ) ( )

( ) ( ) ( ) ( )
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In (2) sample instants tk are given by (1) and q is the probability of the shift not being detected. Since we use 
the DS sample procedure to take the samples, q is given by (Daudin (1992)) 

(3)    

( ) ( )

( )( )

( )( )

1 1

1 2 2 1 2 1
2

1 2 2 1 2 1
2

1

1    ( )

1     ( )

Z I

z I

q W n W n

n n L n n n z z dz
n

n n L n n n z z dz
n

λ λ

λ φ

λ φ

∈

∈

= −Φ + +Φ − + −

⎧ ⎫⎡ ⎤⎪ ⎪− Φ + + + − +⎢ ⎥⎨ ⎬
⎢ ⎥⎪ ⎪⎣ ⎦⎩ ⎭

⎧ ⎫⎡ ⎤⎪ ⎪+ Φ − + + + −⎢ ⎥⎨ ⎬
⎢ ⎥⎪ ⎪⎣ ⎦⎩ ⎭

∫

∫

      

where 1 1 1 1 1 1, ,I L n W n W n L nλ λ λ λ⎡ ⎡ ⎤ ⎤= − + − + ∪ + +⎣ ⎣ ⎦ ⎦ , Φ(.) is the standard normal distribution 
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function and φ(.) is the standard normal probability density function.  
The average sample size is given by 

(4)   ( ) ( ) ( ) ( ) ( )1 2 1 1 1 1 1 1|E N n n L n W n W n L nλ λ λ λ λ⎡ ⎤= + Φ + −Φ + +Φ − + −Φ − +⎣ ⎦     
and, the average number of sample items is 

(5)   ( | ) /ANI E N qλ= . 

 
3. Comparison with other adaptive sampling schemes 

In order to compare the statistical performance of the DSPSI X with other X charts in terms of AATS 
and ANI, the usual procedure is to match their in-control performances. This can be accomplished by 
designing the charts in such a way that, during the in-control period, they have the same rate of inspected 
items and the same average number of false alarms. To obtain n1, n2, W, L1 and L2 we follow the guidelines in 
Daudin (1992) and Carot et al. (2002). However, the parameters used in this paper were not selected to 
optimize its efficiency at detecting a particular shift. We only wanted to show some potentialities of this 
sampling scheme. The comparisons are made setting n1=3, n2=9, W=1.22, L1=4.1 and L2=2.875 which 
produces a chart that matches the in-control performance of the standard Shewhart chart with n0=5, L0=3 and 
d0=1. To obtain an average sample interval equal to d0, when the process is in control, we can obtain ΔH 
using the approximation ( )H P E TΔ ≅ given by Rodrigues Dias (1987). This is an important relationship 
because, it enables ΔH to be obtained very simply, it does not depend on lifetime distribution, and it is an 
excellent approximation.  

Let us represent by AATS1 and by AATS2 the adjusted average time to signal using the DSPSI chart 
and other chart, respectively, and by ANI1 and ANI2 the average number of items inspected using the DSPSI 
chart and other chart, respectively. To compare charts statistical performances, we can use: 

(6)    2 1

2

100%AATS
AATS AATSQ

AATS
−

= ×        2 1

2

100%ANI
ANI ANIQ

ANI
−

= ×                          

Those quantities measure the relative variation in AATS and in ANI when using the DSPSI control chart 
instead of another control chart. Results obtained for a range of possible mean shifts and two values for the 
shape parameter β of the Weibull distribution are presented in Table 1. All charts considered are comparable 
in control with n0=5, L0=3, d0=1 and E(T)=1000.    
 
4. Discussion and concluding remarks 

We conclude that this new method provides a valuable alternative to adaptive sampling schemes when 
the aim is to detect different mean shifts. In fact, there is a substantial reduction on the adjusted average time 
to signal when we use the DSPSI control chart in the great majority of the cases considered here. This 
reduction has become more accentuate when the shape parameter increase: for example, when β=4 (results 
not presented in Table 1) the DSPSI method has better performance than the other methods for all values of λ. 
On the other hand, it is always more efficient in terms of AATS than the standard control chart, even for 
systems that have a decreasing failure rate with β=0.8 (not in Table 1), which is not the case for any other 
adaptive scheme. We have compared it to other VSI, VSS, VSSI and VP features and the results are very 
similar. If the average number of samples analyzed in the in-control state decreases, differences become 
more marked. For example, considering a system with β=3, and a shift of size λ=0.75, the VP chart has 
lesser AATS (QAATS =-32.3%) but if E(T)=100, is the DSPSI charts that has lesser AATS (QAATS =1,3%). The 
reduction in the AATS accomplishes a reduction in the average number of sampling items when compared to 
VSS and VSSI for all shifts, to the periodic schemes (standard chart and VSI) for small shifts (λ<1) and to 
the VP chart for moderate to large shifts (λ>1).  

The DSPSI chart has the drawback of the DS chart in that the procedure for deciding if the process is 
under control is somewhat more complex than with some other charts. The fact that the second sample is 
contiguous to the first sample implies that it must be feasible to collect, analyze, and measures the samples in 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 5332 -



a tiny period. However, if the distribution of system lifetime is known, what usually happens (at least 
approximately), then at the beginning of the sampling process we can settle the instants at which the samples 
are taken from the process. This is a great advantage in terms of quality management over the others adaptive 
sampling methods. Further investigation is required to give some guidelines to select the parameters for 
different situations and to confirm these conclusions under different practical situations.      

 
Table 1 - QAATS and QANI for different adaptive sampling schemes and different mean shifts (λ).  
 

λ Sampling Schemes  

0.125 0.250 0.375 0.500 0.750 1.000 1.250 1.500 2.000 3.000

Standard Chart QAATS (β=2) 49,7 60,8 66,8 70,3 72,4 69,4 60,5 44,9 12,3 1,5 

(n0=5; d0=1; L0=3) QAATS (β=3) 62,1 68,5 72,1 74,2 75,0 71,7 62,8 47,9 16,6 6,2 

VSI QAATS (β=2) 48,2 55,8 56,9 53,5 36,6 25,1 33,3 42,1 48,4 49,5 

(d1=0.05; d2=2; W=0.65) QAATS (β=3) 61,0 64,6 63,7 59,5 42,5 30,5 37,3 45,2 50,9 51,9 

 QANI 26,3 46,8 54,7 56,7 49,4 28,0 -8,1 -49,2 -77,1 15,4 

VSS QAATS (β=2) 47,3 40,3 9,9 -15,0 15,5 46,5 58,1 59,8 51,7 16,9 

(n1=2; n2=25; W=1.50) QAATS (β=3) 60,3 52,1 24,3 0,0 23,4 50,4 60,6 62,0 54,0 20,9 

 QANI 27,6 37,7 27,6 17,4 23,1 39,2 46,2 46,2 42,5 41,9 

VSSI QAATS (β=2) 46,9 43,0 18,9 -13,0 4,3 42,9 56,0 57,5 49,8 33,5 

(d1=0.05; d2=1.38; n1=1; n2=15;  QAATS (β=3) 61,3 61,8 52,4 37,6 26,6 39,9 48,9 50,2 37,8 8,3 

W=1.06) QANI 27,4 42,0 39,5 32,0 20,0 17,9 20,1 22,2 28,6 49,4 

VP QAATS (β=2) 24,5 -4,1 -37,4 -52,2 2,1 43,1 56,2 57,8 50,4 35,7 

(d1=0.05; d2=1.38; n1=1; n2=15;  QAATS (β=3) 43,1 16,5 -15,5 -32,3 11,3 47,2 58,9 60,1 52,8 38,8 

W1=1.07; W2=1.05; L1=6; L2=2.6) QANI -3,7 -9,3 -13,2 -13,4 -1,9 13,4 23,6 29,1 41,2 73,6 

DSVSI QAATS (β=2) 29,4 15,7 3,3 -6,1 -5,4 16,7 34,7 43,2 48,5 49,5 

(d1=0.05; d2=2; n1=3; n2=9;  QAATS (β=3) 46,8 32,4 18,7 7,8 4,5 22,7 38,6 46,2 51,0 51,9 

W=0.65; L1=4.1; L2=2.875)            
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Abstract 
 

Frequently manufactured items need the values of several different quality characteristics for an 
adequate description of their quality. Each of a number of these quality characteristics must satisfy 
certain specifications, but the quality of the product, depends on the combined effect of quality 
characteristics, rather than on their individual values. 

In some process control applications, it is necessary to limit the sample size to one measurement. 
For example, in manufacturing processes that produce complex parts with critical functional 
requirements where parts appairage operations are necessary. That means that a part A is 
manufactured according to the specific measures in some other part B and then these parts are 
assembled.  

A possible option would be to use an individual measurement chart for monitoring the process 
mean, and using a moving range chart for monitoring process variability but these chart are efficient 
only for large shift in the process, therefore inappropriate.  

This paper deals with these problems and control charts for multivariate individual 
measurements based on influence functions are proposed . To build up control charts for the process 
mean, variability and the structure of the relationships between variables, the respective influence 
functions are used. A number of possible influence measures are considered and the paper will be 
illustrated with real applications from the automobile industry. 
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Introduction 
Partial least squares regression is a well-recognised method for modelling relationship between 

multivariate variables. Since its first publication this methodology has been used in econometrics, 
chemometrics, biometrics, sensometrics and recently, some applications in technology and qualimetrics also 
appeared [ 2], [ 5], [ 6]. We show an application in brewery, which can be however easily transferred into 
other branches. The goal is to predict input process parameters to generate desired output quality parameters 
using PLS regression. 
 
 
Partial Least Squares 

To find relationship between two groups of variables and predict one from another a statistical 
procedure based on the Partial Least Squares (PLS) approach was used. PLS was first published in form of 
an iterative algorithm by Herman Wold [ 1] in the late 1960s. Later the method was identified 
mathematically and widely used, see for example [ 4]. Though PLS is a widely recognised method, it is 
included only in a few commercial software packages, such as Unscrambler (CAMO) [ 9], or QC-Expert 
(TriloByte) [ 8]. The latter was used throughout this paper. 
 

Assume that we have n rows of the measured process parameters, that form a matrix X(n x p), and the 
same number of measured corresponding quality parameters in matrix Y(n x q), where not necessarily n > p, 
q. In order to extract maximum information (variability) into lower-dimensional space PLS uses an analogy 
to well known orthogonal principal component approach (PCA) and transform X and Y into scores and 
loadings: 

 
X = TP’ + E 
Y = UQ’ + F ( 1)

 
To ensure maximum relevance of chosen X-components to Y values, the two transformations are tied 

together by common scores matrix T. Dimensionality (number of columns) of T is typically smaller than that 
of X and Y and columns in T, U are orthogonal. This improves stability of the model and maximizes 
information gain. Noise and irrelevant useless information concentrates in „garbage“ matrices E(n x p) and 
F(n x q). Writing U = TB (where B is a square diagonal matrix) gives us the tool for prediction of Y from X: 

 

Ŷ = TBQ’ ( 2)

 
with T = XP– computed from the new X-data, A– denoting Moore-Penrose pseudoinversion of a matrix. 
Denoting R = BQ’ gives 
 

X = TP’ + E 
Y = TR + F ( 3)

 
which demonstrates the connection between X and Y through T. 
 

Loadings and scores can be used to plot a PLS-Biplot, a graphical diagnostic tool analogical to Gabriel 
biplots [ 3] used with principal component analysis. With this plot we can see a projection of values in 
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matrices X or Y into 2d-plane by plotting first two columns of T or U respectively. First two rows of P’ or 
Q’ will then give projection of the original X or Y-variables into the first two PLS-principal components. If 
we then have coordinates of a certain position in PLS-Biplot t = (t1, t2), we can predict corresponding row of 
values of X and Y using 

 

x = tP2’, from which also y = tBQ’ ( 4)

 
where P2 are the first two columns or P. 

 
Unlike classical least squares or Principal Component Regression (PCR), in PLS regression, X and Y 

are equivalent, or interchangable. This property predetermines PLS for use in biotechnology to predict 
properties or activity of a product from chemical composition or structure and vice versa. Multivariate 
statistical modeling is thus a very fertile platform for newly emerging interdisciplinary sciences. 
 
 
Software for predictive modelling 

The PLS methods are not yet too common in commercially available packages. It is implemented in 
Norwegian software Unscrambler by CAMO and Czech software QC-Expert by TriloByte. General 
recommended criteria for selecting a PLS-R software include validation features to check relevance and 
stability of the model, plotting and visualization capabilities and user-friendliness. With some knowledge and 
effort it can be programmed into opened systems like Matlab or S-Plus. Other statistical and data mining 
packages (e.g. S-Plus, I-Miner, SPSS, SAS) involve other modelling methods like generalized additive 
models, neural networks, regression and classification trees, logistic regression, N-neibourhood, Bayes 
models, and others. GUHA methodology is implemented in a public domain software available from 
http://www.cs.cas.cz. 
 
 
Modelling Relationship between chemical composition and sesoric value relationship 

From a major Czech brewery we had a set X of data from chemical lab (chromatography, 
spectroscopy, etc.) and a corresponding set Y with the descriptive sensoric assessment of the same beer 
samples. Table X had over 25 columns of concentrations of the chemical compounds for each sample, table 
Y had 12 columns corresponding to different sensory attributes (like sweet, bitter, tart, caramel, astringent, 
etc.) marked from 0 to 10. There was total of 140 beer samples for the data analysis. These two data tables 
were related by computing the PLS-R model, which allows to estimate with certain precision sensoric 
marking from known chemical composition. Even more attractive possibility for the quality engineers and 
production managers was to try to predict the chemical composition for a desired set of sensory properties 
which would help to design new different products. The two plots in Figure 1 illustrate (A) prediction of 
isoamyl-acetate (banana flavour) concentration form a given sensory profile and (B) prediction of sensory 
attribute „body“ (which can be described as the fullness of the beer’s taste) of the beer from known chemical 
composition. The two marked points on the plot (B) are outlying non-alcoholic beer samples, which were 
then removed from the data. As the plots suggest, there are significant relationships between chemical and 
sensoric domains. 
 
 As the data from technology are often polluted with various false values or outliers, some robust 
modifications of PLS algorithm [ 7] may be used. As tests of statistical significance for parameters in PLS 
are complicated or unavailable, cross-validation techniques are necessary to prove prediction capability of 
the calculated model. In this work, an 80% repeated random validation on testing samples were used with 
good results. The data used in was clean of outliers, as tested by robust multivariate hotelling statistic, a 
classical non-robust PLS2-R algorithm was employed. 
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Figure 1 Prediction of Y variable: Body of the taste from chemical composition (A), Level of 
isoamyl acetate in beer predicted from different tastes (B). 
 

  
 

The data collected within 3 months of production from both the sensoric evaluation and chemical 
analysis was used for constructing PLS-Biplot, a tool which extracts the most possible information into a 2D 
or 3D picture so that one can see distribution of the measured samples from all brands over the sensoric or 
chemical domain space. The matrices T, P, U and Q are used for construction of this plot. Individual 
samples are represented with dots, different beer brands form clusters. Figure 2 shows a PLS-Biplot in 
sensoric domain. Products are distributed rather unevenly with vacances. Those gaps may indicate uncovered 
market oportunities, which may thus leave room for competition. It may be of concern of the company’s  
leadership to fill those gaps with appropriate products designed by PLS-R statistical modelling. The 
T2-coordinates of the center of vacancy (2, -0.2) were transformed using ( 4) into the space of sensoric values 
and then into the chemical composition space. Though the transformation is carried out through a reduced 
dimension it may be a useful lead for model-aided product design. 
 
Figure 2 PLS-Biplot of the beer samples in the sensoric evaluation domain 
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Conclusion 
 The PLS-2 regression methods have been used in analysis of multivariate data to give a model of 
relationship between controllable process and chemical parameters and the subjective sensorically evaluated 
quality parameters of food products. The model fitted about 40% of the overall variance in data and can be 
used to improve stability and planning product quality parameters. A surprising side effect of PLS-Biplot 
was the discovery of possible gaps in product portfolio. Taking advantage of the linear character of the 
evaluated PLS model, an aid was given how to set up the technology to fill the gap. The use of the PLS to 
plan and achieve desired quality parameters was suggested. 
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ABSTRACT 

During food design and production there is a lot of measurable quantitative, semi-quantitative and qualitative 
parameters. They characterize (a) properties of raw materials, (b) conditions of the production process like 
temperatures, flow rates, yeast parameters, and (c) properties of the final product. The latter is usually measured by 
three ways – objective instrumental measurements (chemical and biochemical analysis, physical and mechanical 
testing), objective descriptive sensoric measurements (evaluations by trained panelists) and subjective hedonic 
measurements (via consumer market surveys). 
In brewery and beer industry it is obvious that chemical composition of a beer brand determines in some way its 
subjective sensoric properties. It is however very difficult if at all possible to find any simple relationship usable to 
estimate sensoric perception of the product given only its chemical composition. This is mainly because the 
relationships are non-linear with too many interactions between assays. Interaction between assays A and B means for 
example that A will have a different effect on the taste depending on presence or absence of B. Another problem is non-
linearity of human perception itself: it will distinguish between moderate tastes much more sensitively than between two 
say, extremely bitter tastes. Many methods have been used as approximate tools for relating objective and subjective 
data, including neural networks, regression trees, logistic models, generalized linear models. In recent years it appears 
promising to use so-called bi-linear models, among which the Partial Least Squares regression (PLS-R) has a dominant 
position. 
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Introduction 

The software application field has been expanding dramatically, and the software 
development process has become more complex (Maydl, 2004). Consequently, it is becoming 
increasingly difficult to develop a product of the required quality within a specified time frame, which 
may have serious effects on software manufacturers, vendors, and users. Therefore, the question of 
how to produce a high-quality system in a timely manner is one of the most critical and important 
themes of project management. Discussing this issue, Bieman (2004) argued: “The only hope for 
making informed design decisions leading to systems that remain high-quality and adaptable is to 
improve the ability of designers to prognosticate”. 

Since 1994, the Software Research Associate (SRA) has started several actions to implement 
this idea. In 2004, it combined these actions into one, called the Risk Assessment and Tracking 
System (RATS), which aims to identify and track risks in order to detect and resolve problems in the 
earlier stages of system development (Kojima et al., 2005). The risk-management strategy is 
implemented as follows: (1) identify risks, (2) evaluate initial risks, (3) determine the necessary 
organizational support for the project, (4) track progress and quality data, and (5) evaluate risks (based 
on the tracking data). Steps (3)–(5) are repeated continuously throughout the life of the project. The 
effective use of the information to improve prognostication requires solid evidence about the current 
situation, and the development of a plan for moving forward. We sampled the follow-up data to 
develop a list of critical prognostic variables to distinguish between successful and failed systems 
using a comprehensive statistical analysis. 
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Methods 
Data 

In all, 106 projects participated in RATS, but 48 of them had missing values in some variables. 
Therefore, 58 projects were used for the multivariate statistical analysis. The aim of our study was to 
predict the risk of failure of a project at an early stage so that any necessary countermeasures can be 
taken to reduce the risk. Therefore, we first define the failure of a project based on the profit rate, as 
follows: 

Profit rate = Amount of Profit/Amount of Income 
There are three types of profit rates: minimum, estimated, and actual. The minimum profit rate is a 
fixed value determined by the administrator and applied to all projects, and is normally between 25 
and 35%. The estimated profit rate is determined by the project manager for each project when the 
contract is established, and is usually greater than or equal to the minimum profit rate, but may be 
lower than that when considering political factors. The actual profit rate is determined at the end of the 
project using the above equation. A project is considered to have failed if the actual profit rate is less 
than the minimum profit rate and below the estimated profit rate. We introduce a variable, Yore 
(literally meaning a twist, a technical term used by most Japanese software companies to indicate a 
deficit project), defined as Yore=1 when a project fails and Yore=0 otherwise. 

The data were collected through RATS, and the variables used in the statistical analysis were 
as follows: UTD1 (the number of unit tests delayed in the first month), QAR1 (the number of Q&As 
remaining in the first month), CRR1 (the number of client reviews returned in the first month), IRR1 
(the number of internal reviews returned in the first month), SPD1 (the number of specifications 
delayed in the first month), BOC1 (the number of bugs that occurred in the first month), SPC1 (the 
number of specifications changed in the first month), SPA1 (the number of specifications added in the 
first month), GeneTotal (the sum of the scores for eight risk-related items and seven administrative 
items evaluated by a project manager), LogGT (logarithmic transformation of GeneTotal), TMDratio 
(the ratio of CRR1+SPC1 to the Person-Months estimate), Sratio (the ratio of SPD1+ SPC1+SPA1 to 
the Person-Months estimate), and Rratio (the ratio of QAR1+CRR1+IRR1 to the Person-Months 
estimate). 
 

Statistical methods 
The logistic model is applied to determine the most significant variables for distinguishing 

between successful and failed projects. Both the maximum likelihood method and exact tests, based 
on non-parametric permutations, were applied using JMP and LogXact, respectively. 

We examined the risk of Yore and the relationship between estimated risk and the amount of 
profit, as follows: 

Difference = Estimated Profit – Actual Profit 
A negative value of Difference indicates that the project produced a smaller profit than initially 
estimated. 
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Results 
The results of the analysis indicate that the TMDratio had the highest chi-square value 

(=12.61, with 1 degree of freedom, p=0.0004), and was the first to be entered into the model. Then, we 
examined the significance of each variable as a pair with TMDratio. None of them was significant, 
and only GeneTotal approached significance (p=0.074). Table 1 shows the final results of the stepwise 
logistic analysis. Since the sample size was small and the results approximate, we incorporated it into 
the model. 

Table 2 shows the goodness-of-fit of the logistic model using the two variables TMDratio and 
GeneTotal. First, the probability of failure, or the probability of Yore = 1, was calculated for each 
project using the logistic equation with the estimated regression coefficients for the two variables. The 
probability was referred to as the estimated probability. Then, the 58 projects were sorted by the 
estimated probability, from the lowest to the highest. In the table, Observed Yore=1 includes the 13 
failed projects, and Observed Yore=0 includes the 45 successful ones. The sum of the estimated 
probabilities of the smallest five projects was 0.1538, which was regarded as the expected number of 
the Yore=1 projects. The difference, 5 – 0.1538 = 4.8462, is the expected number of Yore=0 projects. 
These figures are shown in the first row. The sum of the estimated probabilities of the highest six 
projects was 4.6176 (shown in the penultimate row), with a difference of 6 – 4.6176 = 1.3824. The 
other rows were calculated similarly. 

Figure 1 is the scatterplot of the cumulative estimated probability vs. the cumulative observed 
frequency of Yore=1. The estimated and observed risk values agreed well with each other, indicating 
the appropriateness of the model. Table 3 tabulates the average risk and sum of Difference for the 
projects by risk. The highest risk group had an average risk of 0.62 and a sum of Difference of –39934. 
 

Discussion 
TMDratio was the most significant prognostic variable for predicting the risk of failure. 

GeneTotal was also significant as a single variable, but was only marginally significant after 
TMDratio is entered in the model. GeneTotal is a metric for quantifying the risk of failure in a 
subjective manner, determined by the manager at the start of the project. By contrast, TMDratio is 
determined one month after project initiation. The fact that TMDratio was still highly significant after 
GeneTotal was first entered indicates that TMDratio makes a significant contribution to failure risk, 
independently of GeneTotal. In other words, the value of TMDratio may not be completely 
predictable at the start of a project because it is partly caused by events that occur after the start of the 
project. TMDratio is the ratio of the sum of CRR1 and SPC1 to the Person-Months estimate. Since 
both CRR1 and SPC1 are strongly linked to the clients, the results provide some evidence that the loss 
of profit of failed projects with a high TMDratio may be partly attributable to clients. 

The question of how effective countermeasures might have saved some of the higher risk 
projects in their initial stages, which would have reduced the overall loss, was discussed. The results 
were sent back to the managers who submitted raw data. To apply the results obtained from the 
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statistical analysis to a new project, we would first estimate the risk of Yore for each project using the 
logistic equation to identify those at higher risk. Then, any effective measure could be taken to reduce 
risk at an early stage. The risk should be re-evaluated using data collected after the treatment. If the 
risk is still too high, other measures should be considered. The strategy is partly implemented in 
RATS and is under further investigation. 
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A first-order autoregressive process with errors in variables (AR(1) EIV model) may be defined
as follows. Suppose that successive sets of observations are taken at ‘time’ points t1, ..., tn to monitor
a process. The set of observations at time point ti is denoted by xi = (xi1, ..., ximi) where xij is the
jth observation on an underlying process characteristic λi measured with error, εij .
The variation due to the measuring process at time ti is represented by the model:

xij = λi + εij(1)

where εij is a random variable with mean zero and constant variance σ2
ε . Assume that the underlying

quality characteristic λi is an unobservable random variable generated by AR(1) model:

λi − µ0 = ρ(λi−1 − µ0) + ηi i = 1, ..., n(2)

where ηi is a random variable with mean 0 and constant variance σ2
η representing the process variation.

The initial state variable, λ0, is assumed to have an ’a priori’ distribution with mean µ0 and variance
σ2

0 .
The quantity ρ in (2) is an unknown constant which takes a value in the interval 0 ≤ ρ ≤ 1. Two
sub-cases will be treated in detail; (i) the case when ρ ≡ 1, which is also known as the steady model ,
and (ii) the case when 0 ≤ ρ < 1 which is used as an autocorrelative model for statistical process
control (SPC) (see e.g. Lu and Reynolds (1999)). The parameters (µ0, σ

2
0 , ρ, σ2

η , σ
2
ε ) are called the

model parameters, as compared to the quantities λi’s which are the ‘unobservables’ of the dynamic
system defined by (1) and (2).
The AR(1) EIV model will henceforth be referred to as ”the autocorrelative model” in line with the
terminology of the SPC literature. The problem of quality monitoring is to obtain estimates of the
series of ”unobservables”, λi’s, free from noise. For given values of the model parameters, estimation
of unobservables can be readily achieved by using a special case of Kalman filter, which also provides
a one-step-ahead predictor for the same quantities. On the other hand, estimation of the model
parameters can be carried out in a number of ways as explained below.

Estimation of the quality signal by Bayesian (Kalman Filter) approach

Estimation of the unobservables αi’s by Kalman Filter approach is a straight forward appli-
cation of Kalman recursive algorithm (Kalman (1960)), for fixed values of the autocorrelative model
parameters (µ0, σ

2
0 , σ

2
ε , σ

2
η and ρ). The resulting estimators also provide Bayes estimators of the quality

signal, αi’s (and equivalently λi’s) if the joint distribution of αi’s is regarded as a ’prior’ distribution.
The initial state λ0 is also an unobservable and is assumed to have a prior distribution with mean µ0

and variance σ2
0. We consider the class of estimators for the unobservable λi that are linear in the

mean, x̄i. Let X(i) = (x1, ...,xi) denote the cumulative data of observations up to and including time
ti. The linear Bayes estimator of λi and its linear posterior variance given the data X(i) are obtained
once the corresponding results for αi’s are constructed.
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Let the linear Bayes estimator of αi and its posterior variance based on the data, X(i), up to time ti
be

α̂∗
i = E(αi|X(i)); Q̂∗

i = Var(αi|X(i))(3)

Then we have the updating sequences for (3) as follows, see e.g. West and Harrison (1989):

λ̂∗
i = µ0 + α̂∗

i(4)

α̂∗
i = ρα̂∗

i−1 + wi(x̄i − µ0 − ρα̂∗
i−1)(5)

where
di = σ2

ε /mi Ti = ρ2Q̂∗
i−1 + σ2

η wi = Ti(d2
i + Ti)−1

and the quantities Q̂∗
i are calculated from the recursive equation:

Q̂∗
i = (ρ2Q̂∗

i−1 + σ2
η)d

2
i /(d

2
i + ρ2Q̂∗

i−1 + σ2
η)(6)

The above iterative procedure can be started with α̂∗
0 = 0 and Q̂∗

0 = σ2
0. The need to estimate the

parameter σ2
0 is obviated by using the limiting form of Q̂∗

i .

Estimation of the model parameters parameters

A number of parametric as well as semi-parametric techniques can be applied to estimate the
model parameters. Of these only the full maximum likelihood method is briefly described below.
The likelihood function of the data (x1, . . . ,xn) can be derived by assuming a parametric form for the
probability distribution of xi given λi for (i = 1, . . . , n) and also for the joint probability distribution
of λ1, . . . , λn. Specifically the following assumptions are made:
Conditional on (λ1, . . . , λn), the quantities x1, . . . ,xn are independently distributed. The probability
density function (pdf) l(X|λ,κ) of the random vector xi is given by:

l(X |λ,κ) = Πn
i=1Π

mi
j=1f(xij|λi,κ)(7)

In the specific application considered below, the pdf f(xij|λi,κ) is assumed to be a Gausssian prob-
ability density function with mean λi and variance σ2

ε . Thus κ = (σ2
ε ). The joint distribution of

λ = (λ1, . . . , λn), has a probability density function g(λ|ω), where ω is a vector of parameters of the
pdf g. In the specific application considered below, the function g(λ|ω) is assumed to be a multivariate
Gaussiandensity function with mean vector ξ = µ01 and covariance matrix γ2

0Γ, where 1 is an n × 1
unit vector,γ2

0 = σ2
η/(1− ρ2) and Γ is an n × n matrix with (i, j)th element, γi,j = ρ|i−j|. This is the

stationary pdf of λ, when the quantities η1, . . . , ηn are IID Gaussian random variables with mean 0
and variance σ2

η in the AR(1) model (2). In this case ω = (µ0, σ
2
η , ρ) are parameters of g, which are

reparametrized as ω = (µ0, γ
2, ρ).

The problem of estimating the model parameters ψ = (κ,ω), is now the same as the problem of
estimating the unknown fixed parameters of the data distribution and the fixed parameters of the
”prior” distribution. If the parametric forms of the ”prior” and ”data” distributions are known,
standard methods can be applied to estimate these parameters. For a more detailed explanation of
the parametric EB approach, see Maritz and Lwin (1989, pp. 49-52).

An example

The data set for this example is produced by reading the graph of Example 1 from Montgomery
and Mastrangelo (1991). The observed variogram can be calculated and inspected. It will be seen
that the variogram is locally of an exponential type up to lag 30, although the overall shape of the
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variogram is a linear shape. Montgomery and Mastrangelo (1991) fitted the model by a first order
autoregressive model of the form:

xi = 13.04 + 0.847xi−1(8)

The residual mean square error of the above fitted model can be calculated as σ̂2
Res(MM) = 13.7867.

After inspecting the residuals from this model, Montgomery and Mastrangelo (1991) suggested that
this model is an adequate fit to the data.
An implication of this result is that an appropriate model for the data should be the autocorrelative
model of (1)-(2). Consequently an exponential variogram model should be a better representation of
the underlying variogram of the data than a linear variogram model.
In analyzing the data two approaches are adopted. First, an application of the semi-parametric
approach is made to obtain good initial estimates of the unknown parameters. Secondly, an application
of the parametric approach is made using the likelihood method based on Gaussian distributional
assumptions.
The estimates of the three parameters obtained by the variogram approach are used as the starting
values for applying the maximum likelihood approach. The results are obtained as:

σ̂2
ε = 1.1508, σ̂2

η = 11.7044, ρ̂ = 0.8693(9)

The ML solution was obtained by direct optimization of the likelihood for fixed value of σ2
ε at the

estimate derived by the variogram method. Thus the estimates of σ2
η and ρ are calculated on the

assumption that σ2
ε is known with no sampling error.

Since mi = 1(i = 1, . . . , n) for the present example, the ML method in this case does not provide
an estimate for σ2

ε . It provides only the residual mean square which may be taken as a solution of
the likelihood equation. The residual mean square of the autocorrelative model fit by the likelihood
method is found to be:

σ̂2
Res = 1.1505(10)

These results indicates that the model fit is in agreement with the data up to the estimated replicate
error as suggested by the variogram intercept. Finally, an approximate covariance matrix of the ML
estimates is computed by using the formulae for the elements of the information matrix.

S.E(µ̂0) = 2.2962, S.E.(σ̂2
η) = 2.0888, S.E.(ρ̂) = 0.0259(11)

Discussion

Application of the autocorrelative model to the analysis of the data brings out, more clearly,
the issue of realistic estimation of the short-term variance. Neither replicate data nor data generated
independently to provide short-term variation are available. Only the extrapolation from a fitted
variogram model was used as an estimate of σ2

ε . Application of the full ML method was carried
out under the Gaussian distribution assumption of the errors. The ML approach also provides an
alternative estimate of σ2

ε as a function of the residual sum of the squares of the model fit. The
alternative estimate (1.1505) was found to be practically the same as the value (1.1508) obtained by
the variogram method suggesting that the ML analysis supports the autocorrelative model. One step
ahead predictions and approximate 95% upper and lower limits can also be calculated using the ML
estimates.
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Figure 1: An empirical modeling of the observed variogram
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Figure 2: Application of auto-correlative model by maximum likelihood method
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The control charts are often used to observe whether a process is in control or not. When there is only 
one quality characteristic Shewhart control charts are usually applied to detect process shifts. The power of 
the Shewhart control charts lies in its ability to separate the assignable causes of variation from the 
uncontrollable or inherent causes of variation. Shewhart control charts are relatively easy to construct and to 
interpret. As a result, they are readily implemented in manufacturing environments. But there are many 
situations in which it is necessary to control two or more related quality characteristics simultaneously. In 
these cases it is possible to design a statistical process control for all quality characteristics employing 
univariate Shewhart control charts or to use the multivariate analogue of the Shewhart control chart, that is, 
the 2T  chart introduced by Hotelling (1947).  

Consider that p correlated characteristics are being measured simultaneously and these characteristics 
follow a multivariate normal distribution with mean vector ( )p,02,01,00 ,,, µµµ �=′�  and covariance 

matrix 0� when the process is in control. When the ith sample of size n is taken we have n values of each 

characteristic and it is possible to calculate the iX  vector, which represents the ith sample average vector for 

the p characteristics. The charting statistic ( ) ( )0
1

00
2

�X�X � −′−= −
iii nT  is called Hotelling´s 

2T statistic. When the process is in control, 0�� = , 2
iT  is distributed as a chi-square variate with p degrees 

of freedom. If 0�� ≠ , 2
iT  is distributed as a non-central chi-squared distribution with p degrees of freedom 

and with non-centrality parameter ( ) ( )0
1

00 ���� � −′−= −nλ .  

In this article we study two multivariate process control procedures: the 2T  charts based on the 
principal components and the simultaneous univariate control charts based on the original variables.  First of 
all, we investigate the use of principal components to control the mean vector in multivariate process control 
with positive or negative correlations. Runger & Alt (1996) dealt with the choice of the principal components 
for multivariate statistical process control. Their procedure to select the principal components variables 
(PCVs) considers a specific shift in the mean vector. In our study we show that control charts based on 
selected PCVs are very efficient to detect a shift in the mean vector for which they were designed. However, 
there are other shifts for which the control chart might be insensitive.  

Second we investigate the performance of control charts used to monitor the mean vector of bivariate 

processes. Hotelling (1947) developed the 2T  control chart to simultaneously monitor the means of 
correlated quality variables. This chart, however, has a drawback, namely the problem of identifying the 

responsible variable(s) when an out-of-control signal occurs. One alternative is to use a separate X  control 
chart for each individual characteristic (see Serel et al. (2000)). In our study we show that the simultaneous 
univariate control charts for variables with moderate correlation are, for a large set of shifts in the mean 

vector, more efficient than the 2T  chart.  
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We also investigate the performance of two simultaneous 2S  charts designed to detect shifts in the 

covariance matrix.  The simultaneous 2S charts are always more efficient than the single chart based on the 
generalized variance S  statistic proposed by Alt (1985).  

 
1. Principal components 

One approach to controlling a process with several measured variables is based on principal 
components analysis (PCA), see Johnson & Wichern (2002).  

Recommendations for selecting an appropriate number of principal component variables for 
multivariate statistical process control have been suggested by Runger & Alt (1996).  

Their procedure to select the principal components variables (PCVs) considers a specific shift in the 
mean vector. In our study we show that control charts based on selected PCVs are very efficient to detect a 
shift in the mean vector for which they were designed. However, there are other shifts for which the control 
chart is insensitive. 

In this study we compare the performance of the standard 2T chart based on two original variables and 
the 2T chart based on PCVs. It is assumed that the original variables follow a bivariate normal distribution. 
The occurrence of the assignable cause changes the process mean vector from ( ) 0,0 0 =′� to 

( )nn yyyxxx σδµσδµ ++=′
001 ;� . 

According to the results when ≥ρ 0.0, the use of the control chart based on the first PCV (PC1 chart) 

or the control chart based on the second PCV (PC2 chart) instead of the standard 2T chart is risky, specially 
when the practitioner does not know the nature of the disturbance. When the two original variables are 
uncorrelated ( ρ =0) the PC1 chart is insensitive to any shift on the X variable and the PC2 chart is insensitive 
to any shift on the Y variable.  When the two original variables are correlated ( ρ >0) the PC2 chart is 

insensitive to shifts of the same magnitude in xµ  and yµ , that is xδ = yδ . When the correlation is negative 

the PC2 chart has always a better overall performance.  
In our study we considered p = 2.  The results showed how risky is to work with the principal 

components if the user does not know the magnitude of the disturbance. Today, with electronic and other 
automated methods of data collection, it is usual to deal with larger number of variables (p > 2). In this way, 
the reduction of the original p variables to k components is worthwhile. However, the results obtained is this 
section, suggest that the user should compare the performance of the 2T  chart based on the k principal 
components with the 2T chart based on the p original variables in order to investigate if the chart based on 
the k principal components offers a good overall performance. 

 
2. Univariate X charts to control bivariate processes  

In many quality control settings the product under examination may have two or more related quality 
characteristics, and the objective of the supervision is to investigate whether all these characteristics are 
simultaneously behaving appropriately. Hotelling (1947) provided the first solution to this problem by 
suggesting the use of the 2T statistic. Although the 2T  chart can be designed in a straightforward manner, it 
is difficult to relate an out-of-control signal to the variables whose parameters have moved away from their 
in-control values.  

To overcome this difficulty, one of the approaches appearing in the literature is the simultaneous use of 
p univariate X  charts. Serel et al. (2000) studied the use of separate X control chart for each characteristic 
from an economic perspective.  

In this section we study the simultaneous use of two univariate X charts (SU X  charts) to control 
bivariate processes. The efficiency of a control chart in detecting a process change can be measured by the 
average run length (ARL). During the in-control period the ARL=1/α  and is called ARL0, and during the out-
of-control period the ARL=1/(1- β ).  The risks α  and β  are, respectively, the well-known Type I and Type 
II errors. 

The ARL values for the SU X  charts are compared with the ARL values for the 2T  control chart, see 
Table 1. When the correlation is moderate (0.3-0.5) the scheme based on the SU X  charts has a better 
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overall performance. If it is well known that the assignable cause only affects one variable at each time, then 
the 2T  chart is always the best option, except when ρ =0.0. 
 
              Table 1 - ARL values for the standard 2T chart and for the SU X charts. 

   ρ  

   0.0  0.3  0.5  0.7 
   SU X  2T   SU X  2T   SU X  2T   SU X  2T  

  UCL 3.023 10.597  3.021 10.597  3.015 10.597  2.996 10.597 
  LCL -3.023 -  -3.021 -  -3.015 -  -2.996 - 
              

xδ  yδ              

0.0 0.0  200.0 200.0  200.0 200.0  200.0 200.0  200.0 200.0 
0.0 0.5  117.38 115.55  117.43 110.45  117.47 99.73  115.78 77.98 
0.0 1.0  41.64 41.92  41.63 37.97  41.47 30.60  40.32 18.98 
0.0 1.5  15.10 15.78  15.08 13.85  14.98 10.51  14.53 5.94 

              

0.5 0.5  83.15 76.87  84.04 91.65  85.43 99.73  87.04 106.71 
0.5 1.0  36.41 32.95  36.91 40.09  37.49 41.92  37.82 38.74 
0.5 1.5  14.38 13.64  14.53 15.75  14.63 15.01  14.46 11.36 

              

1.0 1.0  23.44 18.49  24.11 25.82  24.93 30.60  25.96 35.25 
1.0 1.5  11.89 9.36  12.27 13.03  12.65 15.01  13.01 15.73 

              

1.5 1.5  8.09 5.76  8.50 8.53  8.91 10.51  9.42 12.58 
 
3. Univariate 2S charts to control bivariate processes  

Two simultaneous univariate 2S  charts (SU 2S charts) based on the statistics �
=

=
n

i
ixW

1

2  and 

�
=

=
n

i
iyK

1

2 , respectively, are considered to control the process covariance matrix � , being x and y two 

quality characteristics.  
We assume that x and y follow a bivariate normal distribution with mean vector  0 0 =� and 

covariance matrix 
�
�

�

�

�
�

�

�
=

1

1

21

12

0
σ

σ
� . Following Surtihadi et al. (2004) we consider two kinds of assignable 

causes that change the initial covariance matrix to 
�
�

�

�

�
�

�

�
=

2
21

12
2

1

yyx

yxx

γσγγ

σγγγ
� , being ρσσ == 2112 . For 

the case I 22 cx =γ and 12 =yγ (or 22 cy =γ and 12 =xγ ) and for the case II γγγ == yx and c=2γ .  

Table 2 compares the ARL for the SU 2S charts with the ARL for the S  chart (the generalized variance 

S  chart) proposed by Alt (1985). S is the sample covariance matrix 
�
�
	




�
�
�


=

2221

1211

ss

ss
S ,being iis  the sample 

variance of the ith variable and ijs  the sample covariance between the ith and jth variables. The control limit 

to the S  chart is given by 
( )

( )2

0

22
,42

14 −⋅
⋅

= −

n
UCL n �αχ

.                                                      

The S  chart’s performance is independent of ρ , while ρ  has a minor influence on the SU 2S charts’ 

properties. According to Table 2 the univariate 2S  charts are always more effective than the generalized 
variance S  chart. Table 2 was built fixing ρ =0.0 
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           Table 2 - The ARL for the SU 2S charts and for the S  chart. 

       n      

   4    5    6  

  S  SU 2S * SU 2S ** 
 S  SU 2S * SU 2S **  S  SU 2S * SU 2S ** 

             

 CL 6.134 16.422 16.422  5.375 18.383 18.383  4.820 20.247 20.247 
             

2c  
         

 
  

1.0  200.0 200.0 200.0  200.0 200.0 200.0  200.0 200.0 200.0 
1.1  146.78 136.23 142.54  141.44 132.10 139.14  136.03 128.50 136.20 
1.2  112.48 92.14 106.24  104.60 86.49 101.64  97.77 81.69 97.72 
1.3  89.13 63.74 82.02  80.45 58.12 77.14  73.39 53.50 73.05 
1.4  73.30 45.60 65.23  64.08 40.60 60.46  57.38 36.60 56.52 
1.5  60.35 33.80 53.19  51.91 29.52 48.69  45.62 26.19 45.01 

           *case I; **case II    
 

4. Conclusions 
In this article we provided an analysis of two multivariate process control procedures: charts based on 

principal components and simultaneous univariate control charts based on the original variables.   
The main reason to consider the 2T charts based on the principal components lies on the 

dimensionality reduction, however, depending on the disturbance and on the way the original variables are 
related the chart is very slow in signaling.   

The scheme based on univariate X  charts is a good alternative for the 2T chart because of their better 
diagnostic feature. For moderate correlation the univariate X  charts have an overall better performance than 
the 2T chart. Regarding to variability, the univariate 2S  charts always perform better than the generalized 
variance S  chart. Additionally, the univariate 2S  charts have also better diagnostic feature, that is, with 
them it is easier to relate an out-of-control signal to the variables whose parameters have moved away from 
their in-control values.  
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ABSTRACT

Several methods have been proposed to improve the performance of quality control chats when small
and moderate mean shifts occur. Most schemes are known as “adaptive” because they vary at least one
parameter (sample size, sampling interval, and control limits) as functions of the observed sampling
statistics during each inspection. Prabhu et al. (1993) and Costa (1994) proposed VSS (Variable
Sample Sizes), the most well-known adaptive sample size method available today. In this method, a
small pre-established sample is used when the sampling statistic falls within the central line region,
and a large pre-established sample is used otherwise. Infante and Rodrigues Dias (in press) proposed
a method that uses normal pdf to obtain non-necessarily pre-established sample sizes. We propose
a methodology where sample size, for the next sampling occasion, is a truncated binomial random
variable where p is related to the probability of occurrence of the sampling statistic, and n corresponds
to the maximum sample size possible. To evaluate the effect of randomness in sample sizes on chart
performance, we compare the proposed methodology to others available in the literature.

Keywords. Statistical quality control, random adaptive sample sizes; control charts.
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1. Introduction 

In general, final and complete data for the estimation of the Italian national accounts (NAs), carried out 

annually by the Italian National Statistical Institute (Istat), are available at lag t-3 years, where February of 

the year t is the deadline for the production of the estimates. At that time provisional data are available for t-2 

year too. Therefore, on February of every year Istat releases the NAs final estimates for year t-3 and 

provisional estimates for year t-2, in addition first estimates for year t-1 are produced by means of particular 

methods that use different data sources or very first versions of some data sources (Istat, 2004). 

In this process, NAs statisticians have to face two types of problems: (i) to evaluate how the differences 

between the final and provisional versions of the data sources affect the differences between the final and the 

provisional NAs estimates and, (ii) how to monitor the quality of the provisional versions of data sources 

when compared to their preliminary versions.  

Solving both the problems would allow the NAs statisticians to evaluate the quality of the entire 

estimation process. 

In the following Sections it is proposed a set of tools to monitor the estimation process involving 

business data. 

 

2. Business data in national accounts process 

Structural business data are one of the main data sources used in the production of the estimates of the 

Italian NAs. Two types of data sources are considered: 

1. Business Surveys, conducted in according to European Regulation (EC, EURATOM, No. 58/97) on 

Structural Business Statistics (SBS), aimed at collecting data concerning profit-and-loss accounts and 

balance sheets and, in particular (Istat, 2005): (1.a) Census-type Survey on economic and financial accounts 
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of large enterprises (“Rilevazione sul Sistema dei Conti delle Imprese” - “SCI” Survey) (100 and over 

workers) and, (1.b) Sample Survey on small and medium enterprises (“Rilevazione sulle Piccole e Medie 

Imprese e sull’Esercizio di Arti e Professioni” - “PMI” Survey) (1-99 workers). 

2. Administrative data, annually acquired by Istat: (2.a) Stock companies’ business accounts (by 

Chambers of Commerce) and (2.b) National Security data, drawn from the insurance positions’ declarations 

(by INPS - National Security Institute). These sources are particularly useful for filling the nonresponse gaps 

in the SBS surveys in so far it concerns entities with a corporate status. 

Italian national accountants have access to microdata and undertake their own imputations and 

estimations, using different methods from ones used in the business survey data treatment, in order to reduce 

the size of errors for the estimates of the NAs at level of analysis domains (NAs domains of estimation are 

different from the ones considered in the surveys). NAs edit and imputation methods and estimators 

guarantee estimates that converge with those obtained by business surveys but, at the same time, present 

better efficiency for the domains used for NAs estimates (Istat, 2006). The use of microdata also allows a 

more complete integration of sources. 

In this paper a set of revision indicators is used in order to evaluate how the usage of definitive business 

data changes the previous estimates, based on provisional data, of the “basic variables” (economic per capita 

values, used with the full-time equivalent employment, that include an evaluation of the irregular work input, 

as key variables of the model used for estimating economic aggregates). Some other indicators are 

considered to evaluate the dispersion of domains estimates around the total population or sample value. Both 

the analyses allow the NAs Statisticians to evaluate the quality of the business data used in the estimation 

process. 

In the Italian NAs, the annual variations of “basic variables” have greater importance than per capita 

values. A benchmark NA aggregate estimation is usually done every ten years, when census data are 

available. The estimates for years following the Census are obtained by applying annual variations to the 

previous year aggregate level. For this reason we computed indicators for estimates of annual percent 

variation. In any case, the analyses are carried out to provide “good” estimates also for the levels. 

 

3. Indicators used 

The first set of indicators considered in this work consists of revision indicators (see e.g. Di Fonzo, 2005) 

aimed at comparing the final estimate of the annual variation, Lθ̂ , with its corresponding preliminary version 

Pθ̂ . The analysis of revisions helps in assessing the quality of the provisional estimates in relation to latest 

(or final) ones. It is known that this analysis provide a measure of quality for a statistic and, in particular a 

measure of reliability. In this context, not only the overall revision PL
ˆˆR θ−θ=  is considered, it was 

decided the carry out comparisons at level of estimation domains; each domain, d, is the result of the 

classification of observed units according to the NACE (European Classification of Economic Activities) and 

their size in terms of workers. Therefore, a summary of this comparison is obtained by averaging the 

absolute differences among the domains (D is the number of domains): 

∑ =
θ−θ=

D

d PdLd
ˆˆ

D
DMAR

1

1         (1) 

The absolute deviations are considered because the focus is on evaluating the average amount of revision 

at domain level. In general, the DMAR indicator can be considered as a key quality indicator for the 

estimation of annual variations of per capita values. In order to allow comparisons, a standardized version of 

the index is also considered: 

∑

∑

=

=

θ

θ−θ
=

D

d Ld

D

d PdLd

ˆ

ˆˆ

DRMAR

1

1          (2) 

A third revision indicator is computed averaging the relative revisions over the estimation domains. This 
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indicator is useful to analyze the stability of the revisions at domain level (see e.g. Eurostat, 2005). 

∑ =
θ

θ−θ
=

D

d

Ld

LdPd

ˆ

ˆˆ

D
AMAPE

1

1       (3) 

In order to provide a measure of the variability of estimates it was decided to consider a second set of 

two indicators. The first one is computed by considering the absolute deviation among domain estimates and 

the overall estimate θ̂  (all the domains): 

∑ =
θ−θ=

D

d d
ˆˆ

D
MADT

1

1               (4) 

The choice of using θ̂ , instead of the domain average θ , is due to the fact that the total value is 

expected “sound” from an economic and statistical point of view: hence the measure of the dispersion of 

estimates for the domains around the overall estimate and its comparison with similar versions of the same 

source, in previous years, may give indications on the compliance of data over past. The absolute deviations 

are preferred to square deviation to avoid the amplification of highest differences over the index computation. 

This index presents the further advantage of being interpretable as an average distance of domain estimates 

from the overall estimate. A relative version of the index is taken into account too. It is computed by using 

the following expression: 

∑ =
θ−θ

θ
=

D

d d
ˆˆ

ˆD
RMADT

1

11        (5) 

4. Results  

The results of the application of the proposed are presented in the Table 4.1. Analysis was conducted 

considering data for year 2004 and 2005. In particular, we considered final figures for year 2003, provisional 

and final figures for year 2004, and just provisional figures for year 2005. It was not possible to consider a 

longer series, as a major NAs general revision was ended in year 2006 (it consisted in a complete application 

of SEC95 and implementation of NACE rev.1.1 classification of economic activities for the years 1970-

2004). Therefore just starting from year 2004 a first and a final version of estimates were calculated. 

As far as DMAR indicator is concerned, the better figures, as expected, are obtained for Labour Cost and 

for large Business Data (“SCI” in the table) based on census sources, with the exception of the Value Added. 

Higher values come out for Intermediate Cost, whose estimation process presents several critical points. It 

has to be noticed that Value Added is obtained as the difference between Value of Production and 

Intermediate Cost. Similar results are provided by DRMAR indicator that standardizes the results of DMAR, 

however, slightly better the figures comes out for Small Business data (“PMI”) if compared with DMAR. 

AMAPE values are close to DRMAR, with the exception of “SCI” Value Added, pointing the presence of 

some influent values, that were smoothed by the previous two indicators but that probably influenced the 

value of DMAR and DRMAR for Value Added. 

Similar differences between small and large enterprises are observed for the two indicators measuring the 

variability of estimates. It has to be noticed that the final estimates for year 2004 show lower dispersion than 

provisional ones. MADT and RMADT show a highest reliability of the final versions of data sources. 

Estimates for year 2005 present lower variability than provisional estimates for year 2004 (with the 

exception of large enterprise Value Added) and, in some cases, than final estimates for year 2004. This 

permits to say that the variability of provisional data for year 2005 is “under control”. 
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Table 4.1 – Business data quality indicators. Years 2004 - 2005. 

2004 2005  

DMAR DRMAR AMAPE MADT 

prov. 

RMADT 

prov. 

MADT 

final 

RMADT 

final 

MADT 

prov. 

RMADT 

prov. 

TOT 8.79 0.09 0.11 10.52 0.11 7.45 0.07 8.70 0.09 

PMI 8.71 0.08 0.09 9.66 0.09 6.23 0.06 5.94 0.06 Value added 

SCI 9.62 0.09 0.17 13.37 0.14 10.05 0.10 15.30 0.17 

TOT 11.12 0.11 0.11 12.24 0.12 8.31 0.08 8.28 0.08 

PMI 12.82 0.12 0.12 13.81 0.13 8.98 0.09 7.92 0.08 Production 

SCI 8.45 0.08 0.08 9.58 0.10 7.35 0.07 9.08 0.09 

TOT 14.92 0.14 0.14 15.62 0.15 11.74 0.11 11.49 0.11 

PMI 17.02 0.16 0.16 17.85 0.16 12.62 0.12 11.06 0.11 Intermediate 

cost 
SCI 11.82 0.11 0.11 11.97 0.12 10.42 0.11 11.85 0.11 

TOT 7.23 0.07 0.08 6.64 0.06 4.89 0.05 3.61 0.03 

PMI 8.22 0.08 0.09 6.92 0.07 5.08 0.05 3.20 0.03 Labour cost 

SCI 5.34 0.05 0.06 5.46 0.05 4.86 0.05 4.43 0.04 

 
5. Conclusions 

This paper proposes the usage of a set of quality indicators to evaluate the differences between first and 

final business data and to evaluate the level of reliability of the first and final versions of business data used 

in NAs estimation process.  

The business data are used at the first stage of the estimation process, so it is very important to analyze 

their quality before going on with the process. Another very important point is the feedback that NAs 

statisticians can provide to the business data producers in order to guarantee more accurate estimates. The 

analyses carried out on the 2004-2005 business data show how the proposed indicators can give different 

information on the quality of data and are very useful to make a better use of data in the complex estimation 

process of NAs. Future work could be done to analyze how to exploit the differences between the first and 

final version of data in order to improve the reliability of estimates. 
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1. Introduction 

The issue of statistical process control (SPC) has been studied from different perspectives and points of 
view. Firstly, in the 1930s, Shewhart introduced 

_

X and R control charts, which are still of great importance 
in practical applications. After him, many authors continued addressing the same problem. Duncan (1956), 
Collani (1986), Woodall and Montgomery (1999), Woodall (2000), Wheba and Nikerson (2005), Brady and 
Allen (2006) and Cheng and Thaga (2006) are some of them. 

In this paper, from an economic point of view, we are going to continue studying a different adaptive 
sampling method [Rodrigues Dias (1999a, b)]. A single 

_

X chart is used, since it can detect changes in both 
the process mean and its variability. In particular, a new relationship between this adaptive sampling method  
and the fixed sampling intervals method will be presented. 

Let X be a continuous quality variable so that when the system is in an in-control state, X is a random 
variable with expected value µ=µ0 and standard deviation σ=σ0. As a consequence of some assignable cause, 
corresponding to a failure of the system, a process change may occur and then µ and σ may assume new 
values µ1 and σ1: 

µ1 = µ0 ± λ σ0 ,    σ1 = ρσ0                                 (1) 

If Csa is the cost of each sample, Cio the cost per unit of time of imperfect operation before system 
failure is detected and corrected and Cfa the cost of each false alarm, then the total expected cost E(C) during 
a cycle can be given by: 

[ ] [ ]sa 0 1 io 0 1 fa 0 0 0E(C) C E(N ) E(N ) C E(H ) E(H ) C E(N ) C= + + + + α +         (2) 

where: E(N0) and E(N1) are the expected number of samples before and after the system failure, respectively; 
E(H0) and E(H1) are the expected time of imperfect operation before and after the first sample after the 
system failure; α0 is the probability of a false alarm; and C0 is a constant, which may include something like 
a repair cost. 

 

2. Fixed Sampling Intervals (FSI) and Normal Sampling Intervals (NSI) methods  

With a constant period p between sampling times, the fixed sampling intervals (FSI) method has been 
widely used in SPC. If L is the coefficient of control limits using a 

_

X chart ,  α1 the probability of having a 
sample mean of size n outside control limits and E(T) the system expected  lifetime, then the value of p 
which minimizes total expected cost E(C) during a cycle is given by [Infante and Rodrigues Dias (2002)]: 

1 sa 0 fa

io 1

2 .(C C ).E(T)
p

C .(2 )

α + α

=

− α

             (3) 

where (being Φ(.) the distribution function of the standard normal variable): 
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( )0 2 1 Lα =  − Φ   ;    1

L n L n
1

    − λ − − λ
α = − Φ − Φ       

ρ ρ     
         (4) 

The value of p was obtained considering that E(H0)=p/2, which is a very good approximation, for the values 

of the partial costs here used [Rodrigues Dias (1983)]. 

Now, let us consider the new adaptive sampling method. Briefly, if ti is the sampling time of order i 
and 

_

iim x=  is the mean sample value of order i, then for the checking time of order i+1 the following was 
proposed [Rodrigues Dias (1999a,b)]: 

ti+1= ti + k φ(ui),   i=0, 1, 2, ...                  

i 0
i

0

m
u n

− µ
=

σ

,   t0 = 0,      00
m µ= ,     

21 u
(u) exp( )

22
φ = −

π

      (5) 

where k is a convenient scale constant and φ(u) is the density function of the standard normal variable. 
The simple basic idea of this approach is that less frequent inspections should be carried out when the 

averages of samples are close to the central line µ0 and more frequent inspections should be carried out when 
this is not the case. Density function φ(u) provides a suitable and very simple way of doing this. 

This adaptive sampling method was denoted “RD” in Infante (2004). However, as it uses the normal 
variable, it will be denoted now “NSI” (from Normal Sampling Intervals) and, for the purpose of simplicity, 
this notation will be used wherever necessary. 

Some results are presented in Infante (2004) and Rodrigues Dias (2006b, c). Also, Rodrigues Dias and 
Infante (2006) use this method combined with a different approach presented in Rodrigues Dias (2002), and 
very interesting results are obtained. 

From (2), the value of k which minimizes total expected cost E(C) during a cycle is given by 
[Rodrigues Dias (2006b)]: 

0 sa 0 fa

*
io t

2 (1 ).(C C ).E(T)
k

C . 2 ( 2L) 1 .E(H )

π − α + α

=

 Φ − 

            (6)  

where:  

   [ ]

2

2
*

t 2
1

n
exp

2(1 )
E(H ) 0.1629 . (a b) ( a b)

2 (1 )

 λ
− 

+ ρ 
= + Φ − − Φ − −

α π + ρ

 

   2L
a 1= + ρ

ρ

;   
2

n
b

1

λ
=

ρ + ρ

            (7) 

Ht=H0+H1 is total hidden time between system failure and its detection and E(Ht )
* is its expected value 

for k=1. 
It is interesting to note that there is some degree of similarity with the expressions obtained, for 

instance, in Rodrigues Dias (1990, 2006a) for error-free inspection periods. 
This adaptive sampling approach is an important alternative because the respective reduction of total 

expected costs is very high, as it will be seen later. 

 

3. New relationship between FSI and NSI methods 

Using the same 
_

X control chart, then, from (3) and (6), it is easy to obtain the following relationship 
between k and p: 
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0 1

*
1 t

(1 ).(2 )k

p 2 ( 2L) 1 .E(H )

π − α − α

=

 α Φ − 

             (8) 

 It is interesting to note that the above relationship does not depend on the considered partial costs 
Csa, Cio and Cfa or the expected system lifetime E(T). It depends on the coefficient L of the control chart 
limits, the sample size n and the magnitude of the quality change λ and ρ. 

 This relationship is important because if we know the optimum value of the period p in the FSI 
method, then we can obtain immediately the optimum value of the parameter k of the NSI method which 
allows us to reduce a lot the total expected cost per cycle. 

 

4. Some results 

 In Fig. 1 we represent some values of the relationship k/p, in function of λ, for sample size n equal 

to 3, 5 and 7, and  E(T)=1000, L=3, ρ=1, Csa=20, Cfa=50 and Cio=500. Similar results could be presented for 

other values of these quantities. For the same value of n, k/p depends on the value of λ. This means, for 

instance, that if k/p increases, then the expected number of samples in the NSI method decreases more than 

in the FSI one.  

 Now, let us consider the relative difference Q, given by the following expression (9), between the 

minimum total expected costs concerning FSI and NSI methods: 

FSI NSI

NSI

E(C) E(C)
Q .100%

E(C)

−

=              (9) 

 In Fig. 2 and Fig. 3 some values of Q are represented. In the first one, the following values were 

considered, for n=3, 5 and 7: E(T)=1000, L=3, ρ=1, Csa=20, Cfa=50 and Cio=500; in the second one, for n=2, 

6 and 10: E(T)=1000, L=3, ρ=1, Csa=10, Cfa=50 and Cio=500. Among other conclusions, the next one is very 

important: the minimum total expected cost concerning the FSI method can be almost 50% greater than the 

corresponding value in the NSI one. This enormous difference between these two methods should be taken in 

consideration for practical applications. 

 
 
 
 
 
      
          
 
 
 
         Fig. 1         Fig. 2             Fig. 3 
 

5. Concluding remarks 

In practice, the FSI method continues being widely used because it is simple, depending only on a 

single parameter p (period). Similarly, the NSI method here considered also depends on a single parameter k 

but it is much more intuitive. On other hand, if we compare both minimum total expected costs per cycle, it 

is obvious that we can obtain enormous reductions if the NSI method is used. Finally, in this paper we 

Values of Q (%)

-15,0

0,0

15,0

30,0

45,0

0 1 2 3

λλλλ

n=2 n=6 n=10

Values of k/p

3,00

4,00

5,00

6,00

0 1 2 3

λλλλ

n=3 n=5 n=7

Values of Q (%)

-15,00

0,00

15,00

30,00

45,00

0 1 2 3

λλλλ

n=3 n=5 n=7

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 5359 -



present a new simple analytical relationship between p and k, not depending on partial costs. As a 

consequence, if the optimum value of period p is known, concerning FSI method, then the optimum value of 

parameter k, concerning NSI method, can be calculated, allowing us to reduce significantly total expected 

costs, which is very important in quality management. 
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SUMMARY 
Multivariate Control Charts are powerful tools used to monitor several quality characteristics simultaneously.It 
has been proved that MEWMA chart is more sensitive to detect small sustained shifts in the mean vector . 
Nevertheless, its properties might be affected when the underlying distribution of the multivariate observations is 
not Normal. In such a case, it is not possible to apply the usual Tables to obtain the control limit which 
corresponds to a specific smoothing parameter r. 
Some authors have recommended to use a value for r between 0.02 and 0.05 when observations came from a 
multivariate Gamma distribution, in order to ensure performance comparable to that with multinormal data. 
In this work, we analize a real situation where it was necessary to design a multivariate control strategy applied 
on production times required to complete a part manufactured in a metallurgic company of Gran Rosario, 
Argentina. This part is manufactured across three consecutive subprocesses and the marginal distributions of 
times of each of these processes, are skewed Gamma distributions. 
The control limit for MEWMA chart was obtained applying an iterative procedure which aproximates the desired 
in control Average Run Length (ARL). The adequate smoothing parameter r was determined using simulation 
procedures.  
 
Key Words: MSPC, MEWMA, Multivariate Gamma distribution 
 
1- Introduction 
 
 This work is part of one Investigation Proyect in the Universidad Nacional de Rosario (Argentina), 
which treats on the application of Statistical Methods in Industry. Last year (2006) we signed a Cooperation 
Agreement  with a medium metallurgic company of Gran Rosario and after several meetings  we could identify 
some problems in which it could be worthy to  use statistical methods in order to improve  processes 
performance in that company. We may detach that stastitical tools are not frecuently applied in small and 
medium companies in our country. 
 Each part provided by the company we are interested in, is manufactured by batches of different sizes 
across multiple consecutive processes: cut of a steel bar; treatment of raw material with different lathes; 
brushing; forged; laminated, etc. The manufacturing of each part requires different number and types of 
operations, being necessary to combine the use of automatic machines and the work of specialized operators 
with different training.  None of the parts is manufactured under a completely automatic process.  
 In this work we designed a SPC strategy for the control of production time of batches of different 
articles. This strategy is a no standard SPC application because it focuses on production organization problems. 
Besides, variables with marginal skewed distributions are used.  
 The basic information about each process is registrated in a form and includes: order date; number of 
parts (or size lot); subprocess date; operator name and time demanded by the process. This information is overset 
in a computarized administration system. In order to obtain a comparative measure, we transformed the “total 
time demanded for one sub process, in the batch” in “time (in hours) needed to complete a sub process by part”.  
 In this work, we designed a MEWMA strategy for the control of Production Times of a critical part 
which is manufactured accros three consecutive processes. Although the sub process might be considered 
independent we proposed a multivariate strategy in order to preserve simultaneously the three measures as an 
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indicator of the efficiency of production. At the same time information about each sub process is maintained. 
This information would be lost if “total production time” would have been taken into account. Simulation 
procedures based on Multivariate Gamma distributions of variables were used to obtain the adequate smoothing 
parameter and the control limit. The MEWMA´s  efficiency control chart is also compared with that of the classic 
T2 chart. 
 
2- MEWMA Strategy 
 
 Multivariate Control Charts are powerful tools used to monitor several quality characteristics 
simultaneously. It has been proved that MEWMA chart is more sensitive to detect small sustained shifts in the 
mean vector µ. Its properties depend on the underlying distribution of the process variables on which control is 
established. Most applications suppose that observations come from a multivariate Normal distribution. 
 MEWMA chart (Lowry et all, 1992), is a multivariate extension of the univariate exponentially weighted 
moving averages chart. The px1 random vectors represent the p quality characteristics to be monitored and they 
may be individual observations or sample mean vectors of sample subgroups of size n which are taken at regular 
intervals during the time production. The in control parameters µo and Σo are assumed known or estimated with 
negligible error from a sufficiently large sample taken under normal production.  
 When vectors are centered in their means (the mean vector when the process is in control is the null 
vector), the MEWMA vectors are defined as: 
  (1)  1( )i i iZ RY I R Z −= + − ;               for i ∈  N;     

where  0 0Z =
�

;   R = diag (r1, r2,..., rp); 0< rj ≤ 1;  j = 1, 2,..., p. 

 The rj values represent the depth of the memory for each variable. As r increases, less weight will have 
past observations in each Zi value. If r1= r2=...= rp= r , then the MEWMA vectors can be written as: 
  (2)   1(1 )i i iZ rY r Z −= + − . 

 When equal weighting constants are used,  the MEWMA chart is directionally invariant and an out of 
control signal cannot be attributed to a particular variable. 
 
 The MEWMA control chart is the plot of the quadratic form: 

  (3)   2 1´i i z iT Z Z−= Σ , where   02Z

r

r
Σ = Σ

−
 

 An out of control signal is given when 2
iT h≥ , where h>0 is chosen to achieve a specified in control 

ARL. When all the rj are the same, the ARL performance of MEWMA charts depends only on the value of the 
noncentrality parameter λ and not just on the direction of the shift to be detected. The noncentrality parametrer λ 

is 1
1 0 0 1 0( )´ ( )nλ µ µ µ µ−= − Σ − . 

 Several authors (Stoumbos, Z., Sullivan, J., 2002; Testik, M., Runger, G. and Borror, C., 2003) 
investigated the performance of MEWMA charts when observations come from multivariate Gamma 
distributions. They use the ARL as the performance measure for control chart comparisons. They recommend to 
use values of r between 0.02 and 0.05 because they offer robust performance to the MEWMA chart, when control 
limits based on Normal distribution are applied. Nevertheless, in other situations it would be necessary to apply 
control limits specially obtained. 
 
3- Results 
 

We obtained information on “time (in hours) needed to manufacture a part, in each subprocess” for 15 
consecutive lots of the part “bulon squared screw”, manufactured  under normal production. 

 We fitted Gamma distributions to the data and we estimated the shape and scale parameters for each one 
of the three distributions (Table 1). The means, variances and covariances estimates are shown in Table 2. 
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 Table 1: Estimates parameters and goodness of fit por each subprocess 
Estimate Subprocess A Subprocess B Subprocess C 
Shape parameter 1.906 3.581 2.314 
Scale parameter 0.01045 0.0047 0.0035 
p-value (goodness of fit) > 0.25 > 0.25 > 0.25 
    
 
Table 2: Means, Variances and Covariances Estimates 
Estimate Subprocess A SubprocessB SubprocessC 
Mean 0.01861 hs. 0.00806 hs. 0.01689 hs. 
Variance 0.00019378 0.00007255 0.00002814 
Covariance  (A,B)=-0.00003305         (A,C)=0.00000575         (B,C)=0.00000621 
 
The control limit  h  was chosen to achieve a specified in control  ARL of 200. Table 3 shows the estimated  ARL  
(5000 replications of the RL were used) for the on control situation and for shifts from the mean  expressed in 
multiple of σ for each variable.Specifically, for 1 0µ µ= + ∆ , with 11 22 33( * , * , * )d d dσ σ σ∆ = , for d = 0.2 to 

2.4 by 0.2. In the same table control limits h are shown. They greatly differ from those recommended for the 
Normal case, when equal p and in control ARL are applied. 
 
Table 3: Estimated ARL for different  r values 

 r for MEWMA chart   
d 0,01 0,02 0,03 0,04 0,05 0,10 0,15 0,20 0,25 0,3 

T2 
chart 

0 200,00 199,96 199,11 204,20 201,90 209,18 199,93 199,35 203,25 202,60 202,5 
0,2 198,00 198,00 196,00 200,00 198,00 207,44 190,19 179,62 164,16 158,68 168,1 
0,4 197,13 190,43 184,90 177,46 168,18 149,82 130,86 119,83 118,46 117,08 131,5 
0,6 172,64 144,46 124,76 114,32 106,04 86,09 79,67 73,02 73,55 72,16 101,6 
0,8 146,22 109,55 89,47 75,13 68,22 51,39 44,95 44,20 42,49 43,83 76,6 
1 123,38 86,12 66,45 55,24 48,19 33,09 28,84 26,39 26,41 27,46 59,8 

1,2 104,68 70,09 52,70 42,78 36,50 23,76 19,62 17,34 17,58 17,02 42,8 
1,4 90,08 58,81 43,25 34,86 29,65 18,41 14,45 12,78 12,04 11,80 31,6 
1,6 78,58 50,05 36,55 29,26 24,58 14,86 11,57 9,91 9,06 8,55 33,5 
1,8 69,16 43,57 31,68 25,08 21,05 12,41 9,51 7,93 7,18 6,70 16,9 
2 61,73 38,49 27,73 21,91 18,28 10,78 8,06 6,74 5,98 5,50 12,1 

2,2 55,54 34,30 24,69 19,57 16,24 9,43 7,06 5,81 5,12 4,73 8,7 
2,4 50,49 31,05 22,23 17,54 14,60 8,42 6,26 5,15 4,49 4,07 6,2 

            
h 575 388 286 228,5 192 113 84 68,95 59,71 53,5 31,4 
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 Fig.1: ARL curves for r< 0.10                                            Fig.2: ARL curves for r ≥  0.10 
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 Greatest r values show out of control signals more quickly for similar in control performance and for all 
d. The power of the chart is similar for r values grater than 0.25. So in this application r = 0.30 was chosen as the 
smoothing parameter of  MEWMA chart. The performance of T2 is less efficient than MEWMA chart.  
 
4- Conclusions 
  
 In this work the design of a MEWMA strategy is presented as a powerful tool to detect shifts in the 
production times demanded to manufacture batches of parts of a metallurgic company of Gran Rosario 
(Argentina). It was first necessary to study the properties of MEWMA chart because marginal distributions of 
variables were skewed with different means and standard deviations. For this reason Normal tables could not be 
applied. Simulation procedures were used to find the parameters of the chart (h and r). Moreover, we found that 
this strategy perfomance better than T2 for any departure from the mean vector.   
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RÉSUMÉ 

Dans ce travail on présente la description d’une estratégie MEWMA pour côntroler les temps de 
production d’une píece fabriquée dans una moyene industrie du Gran Rosario (Argentine). Cette pièce a trois 
sous-procès cosecutifs. On considère que les observations suivent une distribution Gamma multivarieé. La limite 
du contrôle et la profondeur de la mémorie du graffique sont déterminées par simulation. 
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The double exponentially weighted moving average (dEWMA) feedback controller (Del Castillo, 1999 
and Tseng, et al., 2002) is a well-known run-to-run (R2R) controller for adjusting some semiconductor 
manufacturing process with a linear drift. Although this controller (with fixed discount factors) guarantees 
long-term stability under fairly conditions, the off-target bias requires a large number of runs to be 
eliminated. To reduce the high rework rate, Tseng et al. (2003) proposed variable EWMA (VEWMA) 
controller which can provide a better performance in reducing the off-target bias of the process output. 
Furthermore, Tseng et al. (2007) proposed a modified VEWMA controller for a drifted process. Now, we 
briefly state this approach as follows. 

Consider a SISO (single-input and single-output) relationship of a linear drifted process: 

 

,t

 

1 ( 1)t tY x tα β κ η−= + + − +                                 (1) 
 
where , , and tY 1tx − tη  are the process output, the input variable (recipe), and the process disturbance for 
run number , respectively; t κ  is the drift rate, α and β  are the intercept and slope of linear regression 
model. Set τ denote the desired target and let b and  denote the initial estimate of ta β  and α  at time , 
respectively. A modified VEWMA controller is: 

t

 
 ( ) /t tx a bτ= − ,                                        (2) 

where 
                        1( ) (1 )t t t t t ta Y bx a 1 cω ω−= − + − +−

)

.                               (3) 
 

Note that c is the compensation constant for estimating the drift rate and 0( t
t fω ω= +  is the variable 

discount factor for time . Comparing with the conventional double EWMA controller, this controller is 
more efficient to eliminate the initial bias. However, the expected process output may not converge to a 
desired target if the drift rate is poorly estimated. Let us consider the following example. 

t

 
Example 
Assume the process input-output model was defined in (1) with tη  follows ARMA (1,1) model 
with ( 1φ , 1θ ) = (0.7, 0.3), 1=εσ , , 100N = 0.5,κ =  / 0.b 8β = , and 0τ = . Set 1  denote the 
initial bias and 1

Γ
/ ε 3σΓ = . Figure 1 shows the non-random part of process outputs ( t ) under 

modified VEWMA controller with 
Γ

0.8 ( / ) 0.5c b β κ= ⋅ =  and tω =  . As shown in 
Figure 1, the off-target can be eliminated very quickly at the beginning of first few runs. However, 
the off-target bias can not be eliminated successfully when time t is large. More precisely, we have 

 In order to overcome this difficulty, we change the constant compensation  to 

0.61 0.38t+

lim 0.205.t t→∞ Γ = c
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a variable constant  in such a way that tc lim ( / ) .t tc b β κ→∞ =  

 

Figure 1: Plots of tΓ  for a modified VEWMA controller 

 
Now, slightly modifying the expression of (3), we propose an adaptive VEWMA (AVEWMA) controller as 
follows: 
                        1( ) (1 )t t t t t ta y bx a 1 ,tcω ω− −= − + − +                              (3a) 

 

1 1 1 ˆ( ) (1 ) ,   and ,t t t tc y b x c t c− −= λ ∇ − ∇ + −λ ∀ ∈ = κ                       (3b) 
 
whereλ  is the fixed discount factor for , tc κ̂  is the initial-estimated drift rate and , where B 
is a back shift operator. The flow chart of our proposed method is given in Figure 2. 

(1 )B∇ = −

 

Figure 2: The flow chart of adaptive VEWMA controller 
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Let 

*
02 (

b
)βϕ ω λ= − + , 

*
0 01 (

b
)βψ ω λ ω λ= − + + − , and 

* * *
* 1 1

1 1
Q

ϕ ϕ ψ⎡ ⎤− + −
= ⎢ ⎥
⎣ ⎦

. 

Then we have the following result. 

Theorem 

Assume the process I-O model is defined in (1) and tη  follows ARIMA (p,d,q), 2d ≤ . Let 
the AVEWMA controller is defined as (2) and (3a~3b) and  and  are two eigenvalues of 1 2 Q∗  
such that 1 1<  and 2 <1. Then we have 

lim ( )tt
E Y τ

→∞
= , and lim ( ) .tt

Var Y
→∞

< ∞  

Now, revisit the previous example again. Figure 3 shows the plots of  tΓ  under modified VEWMA 
controller and our adaptive VEWMA controller, respectively. From the plot, it is seen that our adaptive 
VEWMA controller not only eliminates non-random bias efficiently, but also assure that the expected 
process output will converge to a desired target.  

 
 

 

Figure 3:  performance of modified VEWMA and AVEWMA controllers tΓ

 
Furthermore, we also use TMSE (total mean square error, 2

1(N
i iY )τ=Σ − ) to illustrate the advantage of the 

proposed controller. Let  and  denote the optimum 
TMSE under modified and adaptive VEWMA controllers, respectively. Now, we use the following criterion 

*TMSE (modified VEWMA) *TMSE (AVEWMA)

 
            R = * *TMSE (modified VEWMA) TMSE (AVEWMA) 1−  

 
to illustrate the TMSE improvement of the proposed controller. Table 1 shows the results of R values under 
various combinations of 1 ( 0.99,0.99)φ ∈ −  and 1 ( 0.99,0.99)θ ∈ − . For example, the TMSE 
improvement is up to 17.8% under the cell of 1 1( , ) (0.3,0.7).φ θ =  From Table 1, it is seen that the proposed 
adaptive VEWMA controller has good performance in the area of upper-triangular part, while the proposed 
controller is slightly worse than the modified VEWMA controller in the area of low triangle. However, the 
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difference is not significant. For example, the smallest value of R is -0.7%. 
 

    Table 1 Comparisons of modified VEWMA and AVEWMA controllers under various 
combinations of 1 ( 0.99,0.99)φ ∈ −  and 1 ( 0.99,0.99)θ ∈ − . 

 
    1θ  

1φ     -0.99 -0.7 -0.5 -0.3 0.0 0.3 0.5 0.7 0.99 

-0.99 0.128 0.139 0.102 0.077 0.054 0.040 0.034 0.029 0.023
-0.7 0.101 0.128 0.152 0.164 0.156 0.137 0.123 0.111 0.095
-0.5 0.076 0.100 0.128 0.154 0.169 0.161 0.150 0.137 0.120
-0.3 0.045 0.066 0.095 0.128 0.165 0.173 0.167 0.156 0.138
0.0 -0.001 0.003 0.021 0.062 0.128 0.169 0.177 0.174 0.158
0.3 -0.007 -0.004 -0.005 0.002 0.040 0.128 0.164 0.178 0.170
0.5 -0.006 -0.005 -0.003 -0.001 0.006 0.060 0.128 0.167 0.171
0.7 -0.006 -0.005 -0.004 -0.002 0.002 0.014 0.052 0.128 0.164
0.99 -0.007 0.003 0.003 0.004 0.003 0.006 0.015 0.043 0.128
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1. Introduction     

Control charts are important tools in statistical quality control.  They are used to effectively 

monitor and determine whether a process is in-control or out-of-control.  Shewhart (1931) developed 

the X control chart which is easy to implement and has been widely used for industrial processes. 

However, a common problem in statistical process control is process adjusted unnecessarily (see 

Deming, 1982) due to incorrect use of control chart by the operator or since the only information about 

the state of the process is available through sampling.  A process requires adjustment, when a control 

chart indicates that it is out of control. However, the process may be adjusted unnecessarily, when a 

false alarm occurs. Woodall (1986) noted that the effect of overadjustment is a quite significant increase 

in variability of the quality characteristics. Collani and Saniga (1994) proposed an adjustment model for 

the X control chart with a single special cause that considers the effects of overadjustment of process 

mean from economic viewpoint.  Their model determines the optimal design parameters of the X

 

control chart which maximize the profitability of the process. Yang and Rahim (2000) addressed an 

economic adjustment model for the X

 

and 2S control charts that consider the effects of mean and 

variance for the process with incorrect adjustment.   

However, the above papers, even Shewhart X

 

control charts, always monitor a process by taking 

equal samples of size at a fixed sampling interval (FSI), they are usually slow in signaling small to 

moderate shifts in the process mean.  Consequently, several alternatives have been developed to 

improve the performance of X

 

control charts in recent years. One of the useful approaches to improve 

the detecting ability is to use a variable sampling interval (VSI) control chart instead of the traditional 

FSI. Whenever there is some indication that a process parameter may have changed, the next sampling 

interval should be shorter. On the other hand, if there is no indication of a parameter change, then the 

next sampling interval should be longer.  

Most work on developing VSI control charts has been down for the problem of monitoring process 

mean without considering the effects of incorrect adjustment of a process. Yang (2006) addresses the 

VSI X

 

control chart for controlling the mean of a process with incorrect adjustment.  Yang (2007) 
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proposed the VSI X - 2S control charts to control the mean and variance of a process with incorrect 

adjustment. 

However, these articles assume that there is only a single process step, whereas many products a

re currently produced in several dependent process steps. Consequently, it is not appropriate to monitor 

these process steps by utilizing a control chart for each individual process step. The properties of the

VSI control charts used to control two dependent process steps have not yet been addressed.  

In this paper, the joint VSI 
X

Z - 2S
Z and 

e
Z - 2

eS
Z 

are proposed to control the means and variances of two dependent process steps with incorrect adjustme

nt. In next section, the performance of the proposed optimum
X

Z - 2S
Z and

e
Z -

2
eS

Z control charts is measured by the adjusted average time to signal (AATS), which is derived using a 

Markov chain approach. Finally, we illustrate the application of the proposed control charts using the ex

ample of producing cotton yarn system with incorrect adjustment, and compare the performance betwee

n the optimum VSI 
X

Z - 2S
Z and

e
Z - 2

eS
Z control charts and FSI 

X
Z - 2S

Z and 
e

Z - 2
eS

Z control charts.  

2. Description of the Optimum VSI 
X

Z - 2S
Z and 

e
Z - 2

eS
Z Charts 

An in-control state analysis for the joint VSI
X

Z -
2S

Z and 
e

Z -
2
eS

Z control charts is performed 

since the shifts in the mean and variance on step 1 and/or step 2 do not occur when the process is just 

starting, but occur at some time in the future. The samples 
iX

z -
2S

z and 
ie

z -
2
eS

z are plotted on the 

joint VSI
X

Z -
2S

Z and 
e

Z -
2
eS

Z control charts with warning limits of the form 
X

w , 
2S

w , 
e

w

 

and 

2
eS

w , and control limits of the form
X

k , 
2S

k , 
e

k

 

and 
2
eS

k , respectively, where
XX

kw0 , 

220
SS

kw , 
ee

kw0 and 
220
ee SS

kw

 

(see equation. 1). 

         0LCL          LCL             0LCL      LCL 

LWL                                   LWL 

0CL                                         0CL    

                                     WL         UUWL                  

                                         UCL          UCL                 UCL UCL

22

2
2

2
2

2
2

2
2

eSeSX

eX

eX

eeSeSX

eeSeSX

zezzXz

ezXz

zz

SzezSzXz

SzezSzXz

kk

ww

wwwUWLwUWL

kkkk            

(1)          

The positions of the current samples in the joint 
X

Z -
2S

Z and 
e

Z -
2
eS

Z charts construct the sampling 

interval of the next sample. We divide the proposed VSI
X

Z -
2S

Z , and
e

Z -
2
eS

Z control charts into the 

following three regions, respectively.  
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XXZ wwI

X
,

1

         
(central region)  

2
12

0
SZ ,wI

xS

  
(central region) 

XXXXZ ,kw,-w-kI
X 2  

(warning region) 
22

22 SSZ ,kwI
xS

(warning region)                        (2) 

XXZ kkI
X

,
3

         
(control region)   

2
32

0
SZ ,kI

xS

 
(control region) 

][
1 eeZ ,w-wI

e

         

(central region)   
2

12
0

eeS SZ ,wI

  

(central region)  

eeeeZ ,kw,-w-kI
e 2  

(warning region)  
22

22 eeeS SSZ ,kwI

 

(warning region) 

eXZ kkI
X

,
3

         

(control region)   
2

32
0

eeS SZ ,kI

   

(control region) 

Five VSIs are adopted, 054321 ttttt .  According to the optimum VSI scheme, if all 

samples, ( 2,
sX

zz ) and ( 2,
eSe

zz ), fall within warning limits then the longest sampling interval 1t is 

taken. If any three of the samples fall within warning limits but the other falls between warning and 

control limits, then a long sampling interval 2t is taken. If any two of the samples fall within warning 

limits but the other two fall between warning and control limits, then a median sampling interval 3t is 

taken. If any one of the samples fall within warning limits but the others fall between warning and 

control limits, then a short sampling interval 4t is taken. If all samples fall between warning and control 

limits, then the shortest sampling interval 5t is taken. If at least one sample falls outside the control 

limits of any one proposed control charts, then the process steps are stopped and adjusted. 

To facilitate the computation of the performance measures, 
X

w ,
2S

w 
X

k , 
2S

k , 
e

w , 
2
eS

w , 
e

k and 

2
eS

k will be specified with the constraint that the probability of a sample falling in the warning limits is 

same for both the 
X

Z -
2S

Z charts and 
e

Z -
2
eS

Z charts, when the process is in control. Thus, 

)1,||  |(|)0,||  |(|

)1,||  |(|)0,||  |(|

43

21

2222

2222

eeee SSSSreeeer

SSSSrXXXXr

kZwZPkZwZP

kZwZPkZwZP                                (3) 

implying, 
X

w =
e

w =
1w ,

X
k =

e
k =

1k , 
2S

w =
2
eS

w =
2w , and 2S

k = 2
eS

k =
2k .  

If both 
X

w =
e

w =0,
2S

w =
2
eS

w =0 and
1t =

2t =
3t =

4t =
5t =

0t , then the joint VSI 
X

Z -
2S

Z charts and 

e
Z -

2
eS

Z charts reduce to the joint 
X

Z -
2S

Z charts and 
e

Z -
2
eS

Z charts with fixed sampling interval (FSI) 
0t .   

3. Comparison of Control Charts 

Sampling schemes should be compared under equal conditions; that is, VSI and FSI schemes 

should demand the same average sampling interval under the in-control period.  That is, 
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0212121 ||||,||,||,0,0 22 tkZkZkZkZtE

eSeSXm

                                        
(4) 

The warning limit is derived as follows. 

a

ac-b-b
w -

2

42
1

1                                                            
(5) 

where 
2

2543225432
2

254321 2222 48482424841624164 kF*tt-tk*Fw*Ft-tt-twF*tt-tt-ta

2
2154

2
243221543

22432
2

215432
2

24321

2222

2222

8844163216      

8168824248412124

kF*k*t-tkF*tt-k*Fw*Fk*tt-t

k*Fw*Ft-tt-wF*k*t-tt-twF*tt-tt-b

 

2
2

2
10522

2
154

2
2104

2
203

2
2

2
154322143

2232
2

21432
2

2321

2222

2222

2222

448844

48488      

224842

kF*k*t-tk*Fw*Fk*t-tkF*k*tt-      

kF*-ttwF*k*tt-tk*Fw*Fk*tt-

k*Fw*Ft-twF*k*t-tt-wF*tt-tc

      

In this paper, the optimum VSI scheme is compared with the FSI scheme and sampling scheme w

as considered to be better than another when it allowed the joint
X

Z - 2S
Z charts and 

e
Z -

2
eS

Z charts to detect changes in the process means and variances on step 1 and step 2 faster.  
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1. INTRODUCTION 
 This study has been purposed to realize an industrial application of design of experiments (DOE) by 
using Taguchi approach. For this aim we examined thoroughly the company and decided to realize this study 
in an enterprise, preferred small or medium sized, for an application because small or medium sized 
enterprises have several problems such that management system, current technology, trained labor force, 
competition, marketing, quality etc. We believe that this study improve our decision making ability towards 
the real and dynamic industrial problems and business life. Related to our decision we talked over  Turkey’s 
Small and Medium Sized Enterprises’ Managers Association  and Turkey Organized Industry Enterprise 
Improvement Union ) counselors about our study and they recommend us an enterprise with name Kent 
Plastics which in the Europe Union Active Labor Force Programs. In the counselors’ meeting with Kent 
Plastics Managers, we noticed that the enterprise want to solve their product quality problems which causes 
weather and working environment conditions. We decided to apply Taguchi Approach of DOE for the 
determination of the optimum machines settings towards the uncontrolled change of conditions to improve 
the product quality with the counselors. Applying the DOE for real industrial problems, specially for 
enterprises’ problems, have notable importance for development the enterprises and organized industry 
regions also for development the economy (for the details see: Montgomery (2001) The enterprises have 
special problems and these problems can be solving take into consideration only their own conditions. 
However, Taguchi Approach is the practical and economic way of the quality improvement methodology 
that included the use of DOE technique by using orthogonal array design and diagonal composition system 
to decrease the number of experiments and save time for the company. In this study, Taguchi Method has 
been applied in all production departments of Tubing and Cutting of the company.  

 
II. DESIGN OF EXPERIMENTS USING THE TAGUCHI METHOD 

Taguchi method consists of 3 phases: designing the experiment, running and analyzing, confirming 
and validating the assumptions. After selecting the variables to be studied, Taguchi method  depends on 
distributing the factors under study in an orthogonal array, which distributes the variables (factors) in a 
balanced manner. Examining a typical orthogonal array (Table 1), where each factor has 2 levels or 
concentrations, reveals that each level has an equal number of occurrences within each column. For each 
column of the orthogonal distribution below, level 1 occurs four times, and level 2 occurs four times as well. 
This idea of balance goes farther than meaning simply an equal number of levels within each column. The 
relationship between one column and another is arranged so that for each level within one column, each 
levels within any other column occurs an equal number of times as well. With reference to Table 1, it can be 
observed that factor A is assigned to column 1, and for A at level 1, factor B is at level 1 twice and at level 2 
twice. The same is true for factor A at level 2. Looking at the last column, the same relationship between 
factors A and G is also noted. No matter which two columns are selected, the same will be true. The 
ramifications of this orthogonally among columns are the basis of the statistical independence of orthogonal 
arrays; hence the effect of each factor can be separated from the others. Therefore, an estimation of the effect 
of any one particular factor tends to be accurate and reproducible because the estimated effect does not 
include the influence of other factors. Furthermore, each factor can be assigned a significance weight to 
denote its importance in affecting the end result of the experiment. In tubing unit, raw material comes as 
solid granules, after chemical process it forms plastic rolls. Aim of the experiments is to find an optimal set 
of factors that results in less defect rates and minimize the effects of noise factors. Thickness is an 
important measure for tubing unit production. If thickness of the product differs, it is considered as 
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defective. Rolls were produced using the same raw material at the same machine but there were 
differences in its thickness, which means that the defect rates were high. Factors affecting the 
production and the optimum levels should be analyzed. In brainstorming sessions with firm employees, 
main factors that are controllable and noise factors that are uncontrollable are identified. Main factors 
are identified as air fan setting, machine cycle (m/c cycle), machine temperature, and rolling speed, 
noise factors are identified as shift, temperature and wind. Application of the experiment consists of the 
following steps: 1. Arrange control parameters and check noise factors. 2. Perform the experiment. 3. 10 
meters of rolls will be produced. Even if defects occur in the rolls, there won’t be any readjustments. 4. 
For every 10 meters of experiment output, 5 measurements will be taken at the beginning, first quarter, 
middle, last quarter and end of the product, from 4 diagonal corners with 90 degrees by using a 
micrometer. 5. For every measured point average thickness will be recorded as (t) 0, 00 mm. 6. 
Difference between the highest and lowest points will be recorded as (r). Parameters of the experiment 
performed are experiments are done using machine DB02, experiments are done using low density 
material; F212 whose density is 921 gr/m3, width of the roll is 50 cm (thickness 18µ - 12µ ). Variable 
characteristics are: 1. Air fan settings are obtained by adjusting the covers of the ventilator fans. Air fan 
setting set to “High”(the cover of the ventilator fan is completely open), air fan setting set to “Medium” 
(the cover of the ventilator fan is ¼ closed), air fan setting set to “Low”(The cover of the ventilator fan 
is ½ closed). 2. Machine Cycle is measured by the voltage of the DC engine; machine cycle set to 
“Low”(180 V), machine cycle set to Medium (210 V), machine cycle set to “High”(240 V). 3. Machine 
temperature is measured by the voltage of the DC engine; machine temperature set to “Low” (input 145 
° output 130 °), machine temperature set to “Medium”(input 150 ° output 135 °), machine temperature 
set to “High” (input 155 ° output 135 °). 4. Rolling speed is measured with the speed of the roller; 
rolling speed set to “Low” (120 cycle/ minute), rolling speed set to “Medium” (150 cycles/ minute), 
rolling speed set to “High” (180 cycles/ minute).  
 
Table 1: Tubing Units Experiment Results 

From these experiment results one 
can see that experiment set 8 gives 
the lowest S/N (Signal / Noise) 
ratio and the lowest average. 
Although form the experiments 
performed 8th experiment gives the 
set of interest, there is another 
possibility that much better results 
may be achieved by doing the other 
combinations. Taguchi method 
enables experimenter to analyze 
the experiment performance and 
s/n ratios, with this respect the 
following table 2 and 3 are 

constructed.   
Table 2: Averages of control parameters                            Table 3: Averages of control parameters                           
 according to S/N ratio  

Optimal levels of control parameters are found by analyzing figures of air fan settings and machine cycle, air 
fan and machine cycle temperature, air fun and rolling speed intersect. We have observed that machine cycle 
and machine temperature are proportional to each other. However, machine cycle and rolling speed, machine 
temperature and rolling are inversely proportional to each other. In order to analyze the results of designed of 
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experiments in which Taguchi method is applied, the software with a name of Qualitek-4  (see: Roy (2001)) 
have been used. Since the interest of the experiment is to find the optimal combination of factors resulting in 
the smallest possible difference (between observed and the expected levels of the factors) in plastic bag 
production, “smaller is better” criterion is used. In order to compare the magnitudes of the various main and 
interaction effects corresponding plots have been used. The ranks of the interactions are calculated which are 
called severity index. The values are in between 0-100 percents for which the corresponding angle between 
the interaction lines of 0-90 degrees. For the purpose of investigating and modeling the relationship between 
response variable and the related independent variables statistical analysis of variance method is used. The 
results of analysis of variance for the experiments related to tubing unit are shown in Table 4.   
 
Table 4: Analysis of variance results for tubing unit 

 
In order to calculate mean 
square error one has to pool 
the factor which has the 
smallest percentage. The 
pooled analysis of variance 
results table for the tubing 
unit experiments is given in 
Table 5. For the cutting unit 

experiments “jaw temperature”, “knife temperature”, and “machine cycle” were taken into consideration as 
control parameters while “material thickness” and “dimensions” were considered as noise parameters.  
 
Table 5: Pooled analysis of variance for Tubing Unit 

The control parameters 
with their levels are 
given in Table 6. 
Control parameters are 
arranged as partial 
factorial and two-level; 
noise parameters are 
arranged as full factorial 
and two-level which are 
given in Table 7.   

Table 6: Control parameters of cutting units           Table 7: Noise parameters of cutting units 
 

Cutting unit experiment configuration has been prepared and the results are shown in Table 8.  
When average performance rates and S/N ratio are considered optimal conditions for the factors are given in 
Table 9.   
Table 8: Cutting Units Experiment Results                    Table 9: Optimal levels for Cutting Unit 

The Taguchi results taken from Qualitek 4 have shown 
that most influencing main factor is the machine cycle 
among the other main factors. These results match the 
relevant graphical analysis. Statistical analysis of 
variance technique is used to show whether or not there 
is significant difference between the variations of the 
factors. So the results are shown in Table 10.  
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Table 10: Analysis of variance results for Cutting Unit 
 

In order to calculate mean square error one has to pool the factor which has the smallest percentage. The 
pooled analysis of variance results table for the cutting unit experiments is given in Table 11.  
 
Table 11: Pooled analysis of variance for Cutting Unit 

 

III. CONCLUSION 
As it is known that, Taguchi approach is primarily focused on eliminating the causes of poor quality 

and arrangement of factors affecting product performance to make production insensitive to variation and 
design of experiment is a powerful statistical technique for determining the optimal factor settings of a 
process and thereby achieving improved process performance, reduced process variability and improved 
manufacturability of products and processes. The power of the Taguchi method is that it integrates statistical 
methods into the engineering process ( for more details see: Ross (1988), Roy (2001), and Tezcan (199)). 
Standardized factors are provided to the firm. Theoretical search on DOE and Taguchi approach is prepared. 
Experiments are conducted for each three units and experimental results are analyzed. For the tubing unit 
main factors; air fan set to medium, machine cycle set to medium, machine temperature is set to medium and 
wrapper speed is set to high is advised and for the cutting unit main factors; chap temperature set to 200-300 
°C, knife temperature set to 1- 1.5 A and machine cycle set to 50-60 cycles/minute are advised. Eventually, 
production is expected to increase both in means of production rate and quality, where loss is minimized. For 
further study for Painting Unit should also be considered in order to decrease the dependency on human 
adjustments. Because of this reason no analysis could be performed and no improvement can be done. 
Information flow and quality in all processes of the Firm can also be considered as further study.  
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Abstract Process capability indices (PCIs) have been widely used to measure the actual process information 
with respect to the manufacturing specifications, and become the common language for process quality between 
the customer and the supplier. Most of existing research works for capability testing are based on the traditional 
frequentist point of view and statistical properties of the estimated PCIs are derived based on the assumption of 
one single sample. In this paper, we consider the problem of estimating and testing process capability using 
Bayesian statistical techniques based on subsamples collected over time from an in-control process. The 
posterior probability and the credible interval for the most popular index Cp under a non-informative prior are 
derived. The manufacturers can use the presented approach to perform capability testing and determine whether 
their processes are capable of reproducing product items satisfying customers’ stringent quality requirements 
when a production control plan is implemented for monitoring process stability. 
Keywords: Process capability indices; Bayesian approach; Credible interval; Multiple samples; Posterior 
probability 
 
1 INTRODUCTION 

In manufacturing industry, process capability analysis is used to flag high values of the proportion of parts 
being produced that do not meet engineering requirements, in order to prevent further production of 
unacceptable output. This analysis assumes that the process is stable, that is, that any random sample of 
observations from the process may be regarded as a random sample from the same underlying distribution, a 
situation often described in the engineering literature as that of a process in statistical control. Capability analysis 
is typically performed by evaluating capability indices which relate the allowable spread of the process, defined 
by the engineering specifications, to the natural spread of the process, represented by a multiple of the standard 
deviation of the output. Assuming that the output is normally distributed, the expected proportion of 
non-conforming parts, i.e., those which will lie outside the engineering specification limits, may be estimated 
from the capability index. 

As the use of PCIs grows more widespread, users are becoming educated and sensitive to the impact of the 
estimators and their sampling distributions, learning that capability measures must be reported in confidence 
intervals or via capability testing. Most of existing research works for capability testing have focused on the 
traditional frequency approaches. However, the sampling distributions are usually quite complicated, this makes 
establishing the exact confidence interval very difficult. Examples include Boyles (1991), Kushler and Hurley 
(1992), Subbaiah and Taam (1993), Chen and Hsu (1995), Hoffman (2001), Pearn and Shu (2003), Pearn and 
Lin (2004) and many others. 

An alternative to the frequency approach is to consider the Bayesian statistical techniques. These techniques 
specify a prior distribution for the parameter of interest, in order to obtain the posterior distribution for the 
parameter. We then could make inferences about the parameter by using its posterior distribution given the sample 
data. It is not difficult to obtain the posterior distribution when a prior distribution is given, even when the form of 
the posterior distribution is complicated, as one can always use numerical methods or Monte Carlo methods to 
obtain an approximate but quite accurate interval estimate (Berger, 1985; Kalos and Whitlock, 1986). This is the 
advantage of the Bayesian approach over the traditional distribution frequency approach. 

The rest of this paper is organized as follows. The next section present a Bayesian procedure to evaluate 
process capability based on PC . Section 3 give an example to show illustrate how to use the Bayesian method. 
Finally we conclude the paper in section 4. 
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2 A BAYESIAN PROCEDURE TO EVALUATE PROCESS CAPABILITY 

Let X  be characteristic of a manufactured product, such as the diameter of a pin, or the length of a shaft. 
We assume that εµ +=X , where ε  is the random error, having the normal distribution ),0( 2σN . Obviously, 
the production process is centered at µ . Let },,,{ 21 iniii xxx L=x denote the measures of the thi  sample, 

mi ,,2,1 L= , and },,,{ 21 mxxxX L= .Then the likelihood function for µ  and 2σ  can be expressed 
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The first step for the Bayesian approach is to find an appropriate prior. Usually, when there is little or no 
prior information, one of the most widely used non-informative is the so-called reference prior, which is a 
non-informative prior that maximizes the difference between entropy on the parameters provided by the prior 
and the posterior. Therefore, in this paper we adopt the following non-informative reference prior: 
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According to the Bayesian theorem, the marginal posterior probability density function is proportional to 
the likelihood function times prior distribution density function, i.e. 
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The marginal posterior distribution of 2σ  is obtained by integrating out µ  from the joint distribution of µ  
and 2σ , yielding 
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density function is one, a coefficient of )|( 2 Xσπ  can be obtained through some algebraic manipulations, i.e. 
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Consequently, the marginal posterior probability density function of 2σ  given the data X  can be expressed as 
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By changing the variable, let 2/1 στ =  and 2/)3( += mnβ , then the posterior probability density function 
of the parameter θ  can be rewritten as 

（6）             }exp{)()|( 11 λττλβτπ βα −Γ= +−X  

That is to say, the marginal posterior distribution of τ  given X  is Gamma distribution with the shape 
parameter β  and scale parameter λ , i.e. ),(| λβτ Γ~X . The posterior expectation of process capability index 

PC  thus equals 
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If the loss function is squared error, the Bayesian estimation of PC  is its posterior expectation, i.e. 
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Furthermore, let ),( λβαG  denote the thα  quantile of Gamma distribution ),( λβΓ . In terms of 
),(| λβθ Γ~X , it is easy to see that }|),(Pr{1 Xλβθα αG>=− , )1,0(∈α ，However 
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Therefore, )%1(100 α−  credible interval for PC  is ),),(
6
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In practice, process capability is said to be inadequate if 00.1ˆ
PB <C ; it indicates that the process is not 

adequate with respect to the production tolerance. Process capability is said to be marginally capable if 
33.1ˆ00.1 PB <≤ C ; it indicate that caution needs to be taken regarding the process consistency and some process 

control is required. Process capability is said to be satisfactory if 67.1ˆ33.1 PB <≤ C ; it indicates that the process 
consistency is satisfactory and material substitution may be allowed. Process capability is said to be excellent if 

00.2ˆ67.1 PB <≤ C ; it indicates that process capability exceeds satisfactory. Finally, process capability is said to 

be superior if 00.2ˆ
PB >C .In a word, to test whether a process is capable with capability level ω  and 

confidence level )1( α− , we only need to check if ω>PBĈ . 

3 AN EXAMPLE 

To illustrate the practicality of our proposed approach, we present a case study on a STN-LCD 
manufacturing process. The USL of the glass substrate’s thickness is 6.75mm, the LSL is 5.50 mm, and the 
target value is 7.00mm.. If the characteristic does not fall within the tolerance (LSL, USL), the reliability of the 
STN-LCD will be discounted. The collected sample data (15 samples each of size 10) are displayed in Table 1. 

Table 1 The data of 15 samples with their calculated statistics 

i  Observations ix  is  

1 6.36 6.13 5.93 6.07 6.24 6.12 6.08 6.09 6.41 6.15 6.1591 0.1430 

2 5.92 6.23 6.00 6.03 5.97 5.98 6.20 6.01 6.11 6.12 6.0568 0.1031 

3 6.06 6.01 5.99 6.11 6.01 6.11 6.19 6.27 6.14 6.27 6.1162 0.1033 

4 6.13 6.14 6.08 6.15 5.97 6.09 6.06 6.30 6.01 6.00 6.0935 0.0957 

5 6.13 6.29 6.12 6.10 6.25 6.10 5.98 6.02 6.06 6.25 6.1285 0.1032 

6 6.06 6.04 6.20 6.19 6.24 6.13 6.18 5.99 6.08 6.02 6.1128 0.0870 

7 6.12 6.32 6.25 6.18 6.07 6.13 6.12 6.16 5.98 6.16 6.1469 0.0928 

8 6.20 6.23 6.15 6.31 6.06 6.05 5.93 6.11 6.23 6.24 6.1495 0.1139 

9 6.22 6.06 5.92 6.21 6.20 6.14 5.95 6.24 6.22 6.07 6.1241 0.1164 

10 6.15 6.00 6.30 6.36 6.25 6.24 6.11 6.24 6.06 5.99 6.1705 0.1263 

11 6.06 6.34 6.26 6.20 6.32 6.17 6.21 6.26 6.25 6.07 6.2125 0.0913 

12 6.13 6.23 6.00 6.19 5.98 6.12 6.17 6.17 6.05 6.36 6.1381 0.1135 

13 6.20 6.09 6.23 6.16 5.93 6.15 6.24 6.07 5.99 5.96 6.1014 0.1123 

14 6.00 6.02 5.93 6.13 6.28 6.07 6.02 6.05 6.16 6.03 6.0699 0.0989 

15 6.04 6.06 5.89 5.93 6.22 5.99 6.23 6.25 6.07 6.00 6.0681 0.1267 
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Fig. 1 SX −  control Charts of the process 

To test whether the process is capable, we first calculate the sample mean ix  and standard deviation is  for 
the 15 samples, the results of which are summarized in the last two columns of table 1. Then, we 
calculate 50.76=β ， 9388.0=λ  and 58.8664 )9388.0,50.76(05.0 =G . Finally，we get 8776.1ˆ

PB =C  and 

5984.1ˆ
PB =C . Since 33.1ˆ

PB >C , we claim that the process is capable in a Bayesian sense. In addition, because 

of 33.1ˆ
PB >C , the process is capable with 95% confidence level. 

3 CONCLUSION 
Process capability indices are getting more and more popular in the efforts of quality and productivity 

improvement. In this paper, we derive the posterior distribution of precision 2/1 στ =  with respect to the 
reference prior, provide both point and interval estimators for PC , and present a Bayesian procedure for 
determining if the process is capable. For other process capability indices, we can establish a similar procedure. 
Results for these problems will be given in other papers. 
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Introduction

In recent years there has been strong interest in using administrative or secondary data by
National Statistical Offices (NSOs). As businesses have found themselves more burdened by the
reporting requirements of government agencies, there has been demand for this burden to be reduced
where possible. One option for NSOs is to use data which have already been collected by other
agencies. Data obtained from these sources have been termed administrative data. However, as NSOs
have found, often such data are not an exact match for the intended purpose. Sometimes the data
must be modelled in some way to be useful. Obtaining information on the data can be challenging,
as the methods, editing and imputation, etc. applied to the data may be very different from that
which the NSO is familiar with. There are also issues of gaining a common understanding between
the supplier and the NSO and the NSO communicating to users of official statistics how the use of
administrative data affects their interpretation of the NSO’s statistics.

Statistics New Zealand has made wide use of administrative data. We already publish statistics
wholly derived from administrative data such as: Overseas Trade from Customs data on imports and
exports; authorisations to build or alter both residential and non-residential buildings from 73 terri-
torial authorities; external migration from data from the Immigration Service and Customs. Another
major source is taxation data which have at least two uses. First, they are used to update the frame
from which we select units for our business surveys. Second, taxation data are used to represent the
smallest and/or simplest businesses in a number of our business surveys, meaning that these businesses
are no longer surveyed. This applies in the Retail Trade, Wholesale Trade and Economic Survey of
Manufacturing, Annual Enterprise Survey and the Quarterly Building Activity Survey. Some previous
work on electronic transaction data has been reported in Cornish (1999) and Templeton (2002).

In this paper I will discuss the use of data on electronic transactions at point of sale as an
administrative data source. First the data will be described, how it originates and what it represents.
Second, a possible application of these data to our Retail Trade Survey will be outlined. Finally, the
current state of our investigations of its potential use and limitations will be discussed along with
future directions and the wider context of the use of administrative data.

Electronic transaction data at point of sale

These data arise from electronic transactions at the point of sale of goods or services. They
include debit, credit and charge card spending where the card is present, and telephone or internet
transactions where the card is not present. All transactions with New Zealand merchants are included,
whether the card’s origin is New Zealand or overseas. These data are thus a census of electronic
transactions in New Zealand.

Each transaction with a merchant passes through a private company, which is an intermediary
between the merchant’s bank and the purchaser’s bank. These intermediary companies provide an
aggregated summary of each month’s transactions to Statistics New Zealand. The summary includes
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totals for various industry groups and card types. An unusual aspect of these data is that they are
collected by private companies rather than government agencies. We have been publishing information
derived from the electronic transactions as an experimental series since February 2007. The publication
includes three value series: total, retail and retail excluding motor vehicle industries.

The common elements in using government or private data include careful negotiation to gain
access to the data, agreements around its use and protection, and gaining an understanding of it.
However, in the case of private data, the government agency must be aware of at least the following
matters. Commercial privacy requirements may exceed or be quite different from the usual confi-
dentiality policies. This may be due to the sensitivity, for example, of revealing any market share
information, not so much to those within the industry but to possible entrants. Private data suppliers
may also have other uses or markets for their data. The NSO therefore needs to be careful to avoid
possible competition with the suppliers’ commercial imperatives.

Application to Retail Trade Survey

Currently we publish the results of a monthly Retail Trade Survey (hereafter retail). This survey
is seen as an important indicator of household consumption expenditure (HCE), which in turn is an
important component of Gross Domestic Product (GDP). The survey burden has already been reduced
for retail by allowing taxation data to contribute up to 10% by value in each industry. The smallest
firms in each industry are not surveyed but instead their taxation data is modelled to provide the
information required. The advent of the electronic transaction data, hereafter ET data, allowed us to
consider a number of applications.

First, could estimates of spending by overseas visitors be better estimated for the calculation
of Balance of Payments? Second, would it be possible to improve our coverage of the services sector
without major changes to any survey? Third, could we improve estimates of regional spending given
the full coverage of the ET data? Fourth, could we reduce the frequency with which we survey
firms for the retail survey and use the ET data in its place as an indicator? For example, survey
the respondents quarterly and use the ET data for the intermediate months, enabling us to continue
publishing monthly and reducing respondent burden. The rest of this paper will discuss the last option
in more detail.

Jan Apr Jul Oct Jan Apr Jul Oct Jan Apr Jul Oct Jan Apr Jul Oct Jan Apr Jul Oct Jan Apr Jul Oct Jan Apr Jul Oct Jan

2000

3000

4000

5000

6000 Retail Trade Survey
Total Electronic Transactions
Retail Electronic Transactions

2002 2004 2006

N
Z 

D
ol

la
rs

 (m
ill

io
ns

)

Figure 1, showing Total and Retail Transactions and the Retail Trade Survey

Although reducing the retail survey to quarterly is an obvious potential application of temporal dis-
aggregation methodology, we have the luxury here to test how close the indicator is to the true series.
We can start with an idea of how close it is required to be. A few years ago Statistics New Zealand
published an indicator of retail activity based on early responses to the survey. In that case, users
made it clear that such an indicator would be acceptable provided that the monthly movement of
the seasonally adjusted indicator series was within 0.5% to 0.8% of that for the full series seasonal
adjustment. That is, an indicator seasonally adjusted movement of −0.2% followed by a full series
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seasonally adjusted movement of 0.3% would be acceptable but an indicator of −0.2% followed by
0.7% would not. A similar view was expressed by users in consulation regarding the usefulness of an
indicator using electronic transactions.
We can see from Figure 1 that all series have similar seasonal patterns but the slopes vary. One of
the characteristics of the ET series has been an increase in the use of this payment method over time,
relative to the total expenditure in a given industry group. The trend of the ET series thus has two
components: an increase in the current value of retail spending and an increase in the use of electronic
transactions to pay for goods and services. The retail series only has the former component, which
suggests a possible difficulty in determining the relationship between the two series. Data are shown
from January 2000 in the graph but only data from October 2002 is actual data. Prior to that date,
the two series are modelled.
As a first step, differences were taken and a simple OLS model estimated on all but the last 12 months
of data.
The following parameter estimates were obtained, with standard errors in parentheses:

dRTS = −16.26(8.9) + 1.29(0.027)dTET, R2 = 0.97(1)

dRTS = −6.74(12.7) + 1.37(0.042)dRET, R2 = 0.94(2)

Where dRTS is the differenced Retail Trade series, dTET the differenced Total Electonic Transactions
series and dRET being the differenced Retail Electronic Transactions series.
These models were then used to predict the retail series for each of the omitted 12 months. For each
month, we compared the truncated retail series and the same retail series which had its last observation
from the model instead. Each of these 12 series was then seasonally adjusted and a comparison was
made between the movements from the series. A similar model was estimated using the retail portion
of the electronic transaction series. The forecasting errors are plotted in figure 2.
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Figure 2, showing Forecasting Errors from the two Models

Discussion

In both cases when electonic transactions were used to forecast Retail Trade we found a consistent
over-estimation of the seasonally adjusted movements. Clearly several are outside the bounds specified
by users. There is also some bias in the forecasts. The likely reason for this is the increased use of
electronic payment methods which is increasing faster than spending in the retail sector. One method
to try to model this would be by giving more weight to the most recent observations, perhaps through
use of an Aitken (GLS) estimator.

There are other reasons that the two series do not quite mirror each other. The ET series is
cash-based and includes sales tax (goods and services tax). The Retail survey excludes sales tax, and
includes other payment methods such as cash, cheque and hire-purchase agreements. There are also
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differences of coverage between the two sources.
While the Retail Trade series has been designed to give estimates within certain errors for

industry groups and overall, the electronic series has not, in that sense, been designed. It is a census
of all transactions, but the coverage is a by-product of a commercial activity.

Even if we were to be satisfied that the immediate technical difficulties can be solved, we are
left with several policy issues. I will not attempt to answer the following fully here, but present them
as part of the context of using administrative data.

First, how can we ensure that the relationship between the two series remains constant if the
survey is only conducted quarterly? We can see in the above graphs that the relationship has been
changing over time. Second, what trade-off do the users of official statistics prefer between a timely
indicator which might be less accurate and a later figure of greater accuracy? From our prior experience
an early indicator loses a lot of its value if it is outside the user specified bounds. Third, how can
the NSO communicate to the users what the new statistics mean, to enable good interpretation? We
already have taxation data forming part of the Retail Trade statistics. How would we best explain
how to interpret a completely modelled series? Fourth, where does this leave the NSO with respect
to the dimensions of quality as described in Brackstone (1999), especially coherence? By combining
different sources of data we are at risk of reducing the coherence of the statistics produced, even
though there may be other gains. Fifth, the possible transfer of a small burden from many businesses
to a few businesses, leading to a much larger burden for the few. This becomes a concern where the
few businesses must make changes to their systems in order to accommodate requests for information.

Why are these issues worth pursuing? The opportunities with these data are as follows. First,
to reduce respondent burden, possibly reducing a monthly survey to quarterly. Second, to provide
more detail on regional economic activity. For example, the retail survey is too small to provide a
representative sample for all sixteen New Zealand regions. There is strong interest in better regional
information within New Zealand which such a data source could contribute to. Third, the electronic
transaction data could contribute to more timely statistics, perhaps halving the current publication
lead time.

Conclusion

Electronic Transaction data is a promising administrative data source. Although the application
illustrated here is in its early stages and is inconclusive, it may have a number of applications across
business statistics. As is common with any administrative data source, it must be evaluated as being
fit for each of the proposed purposes. There are also issues of interpretability and the dimensions
of quality of the resulting statistics to consider. However, there are a number of opportunities for
improving the deliverables of a National Statistical Office which make these issues worth pursuing. It
seems clear that electronic transaction data has potential as a valuable supplement to existing business
statistics but the extent to which it can contribute is currently unclear.
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Abstract: Statistical production in Portugal faces a new paradigm with the use of 

administrative information in the production of structural business statistics. This new reality 

differs from other statistical systems once all economic data related with structural business 

statistics come from one single administrative source, being collected by electronic means, 

webform, at a single moment. With this new model Statistics Portugal can access to all basic 

information with no need to estimate even partly of data.  

Another aspect that turns out to be different in this new collecting data model is the fact that 

statistics happens to come out from all the enterprises population as a whole, instead of being 

produced from a sample. 

For the enterprises, the new model represents a significant costs reduction associated to the 

fulfilment of some legal obligations, once in a single moment and process they are able to send 

data for taxes purposes, settlement of accounts and publish it on the Public Register of Annual 

Reports, and statistical data to Statistics Portugal and to the Portuguese Central Bank. For the 

Portuguese National Statistical System and mostly to Statistics Portugal, the new form of 

attainment of this information corresponds to the beginning of a new stage of statistics 

production on enterprises, based in administrative data, with a large covering in terms of 

statistical units (enterprises) and in terms of information, making the need conditions to 

reorient the statistics activity, in the direction of the increment of the consistency and update of 

annual data. Thus, this new model reduces administrative and statistical burden. 

What is the Simplified Business Information? The Simplified Business Information (IES – 

stands for “Informação Empresarial Simplificada”) is a new system where enterprises can 

present in a single moment the accounting data for fiscal, statistical and annual accounting 

register, using electronic means. In 2006, in the frame of the Simplex Program (National 

Governmental Program for Administrative and Legislative Simplification), it was possible to 

start to define and to prepare of a clearer and persistent form, an initiative  that concentrates the 

efforts of some entities of the administration: Statistics Portugal, taxes administration 
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(Directorate-General for Taxes), Public Register of Annual Reports (Directorate-General for 

the Business Registers and Notary) and the Portuguese Central Bank, under the coordination of 

the Justice Secretary of State. Those entities had the aim to create a new system for a single 

and timeliness collection of annual information on the enterprises (accounting data), that it 

allowed its use by the involved entities guarantee that those data covers its needs of 

information in this scope. On the other hand, and in a completely innovative form, it was 

established that the instalment of this system would have to be implemented in a completely 

dematerialized form, abolishing the possibility of delivery data in paper support. For that 

purpose it was considered that the platform already in place  in  Taxes, was the most suitable 

for this project. In such a way, and after some joint works between those entities, it was 

possible in about one year (from the beginning of the works and the effective implementation 

of the system) to prepare and to implement the system of Simplified Business Information 

(IES). 

What are the advantages for the Statistical System? The statistical system is able to obtain 

all structural business statistical data from a single source. All the variables needed by statistics 

will be available and all the data will be obtained by electronic means. Besides, part of editing 

is already made, once is included in the system. It reduces substantially the costs for Statistics 

Portugal once the collection of Structural Business Survey (SBS - one of its most expensive 

annual surveys) was over and few resources are needed to follow the IES. 

Why this system could be considered as innovative? With the IES, Statistics Portugal will 

access to all statistical data on Business by electronic mean from a single source, that present 

more consistency to all data. These data is already editing and will be obtain in a shorter delay 

– that will be presented until the end of June of year n+1. Once this is the only way that 

enterprises have to present their taxes declaration, guaranties that it will be received data for all 

of them with no need to estimate non responses.  

How could be possible the creation of the new system? The political support was the key of 

this new system. In fact, without the political support from the Justice Secretary of State it 

would not be possible to achieve these results once some Legislation was needed. In this 

process were involved, besides the Justice Secretary of State, the Ministry of Finances and the 

Ministry of Presidency.  

 

 

It has about one decade since Statistics Portugal has taken the handle of contact other entities 

from public administration that also uses data from the enterprises accounts, in order to 
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promote the dialogue and searching a solution that allowed a single information collection. 

Thus the aim was contributing for the reduction of the costs associated to information 

collection and, mainly, for diminishing the burden on the enterprises, once until then they were 

sending the same information, using for the effect different transmission format and, in some 

cases, definitions that were not aligned. Earlier in 2006, with the conception of the Simplex 

Program (National Governmental Program for Administrative and Legislative Simplification), 

it was possible to start to define and to prepare of a clearer and persistent form, a measure that 

concentrates the efforts of some organisms of the administration who had the aim to create a 

new system for a single and timeliness collection of annual information on the enterprises 

(accounting data). On the other hand, and of a completely innovative form, it was established 

that the instalment of this system would have to be implemented in a completely 

dematerialized form, abolishing the possibility of delivery data in paper support. For that 

purpose the platform already  in use by the Taxes, was accepted as the most suitable for this 

project. In such a way, and after some joint works between those entities, it was possible in 

about one year (from the beginning of the works and the effective implementation of the 

system) to prepare and to implement the system of Simplified Business Information (IES). The 

IES consists thus in one new form of delivery, by electronic means, of declarative obligations 

of accounting, fiscal and statistical nature. By the creation of IES, all the information that 

enterprises have to present on its annual accounts is transmitted at a single moment and to a 

single entity, through an electronic form (exclusively) approved by Decree-Law No. 8/2007, of 

17 of January and the Executive Order No. 208/2007, of 16 of February. Thus, from 2007 

onwards, and starting with 2006 as reference year, the Portuguese enterprises has started to 

present at a single moment and by electronic format, a set of annual data on its accounts, that 

will be used for statistical, fiscal and for purposes of settlement of accounts. For the 

enterprises, the new model represents a significant reduction of administrative costs associated 

to the fulfilment of those legal obligations. For the Portuguese National Statistical System and 

to Statistics Portugal, the new form of obtain this data corresponds to the beginning of a new 

stage of the production statistics on business, based in administrative data, covering a huge 

range of data in terms of statistical and characteristic units, creating all the conditions to 

reorient the statistical activity in the direction of the increase of the consistency data. It is 

important to point out that this system will allow getting all the information needed for the 

production of Structural Business Statistics, being this characteristic the one that becomes this 

singular system all. 
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The dataflow, in this new system, consists of the delivery of an electronic declaration from 

enterprises, or from chartered accountants duly authorized for the effect, through a safe linking 

by Internet (deliveries can be made online or through web service). The support system already 

includes a set of coherence rules in order to guarantee the consistency of all the submitted data. 

Once received the information, a first validation check process takes place in order to 

guarantee that the declaration respect a set of requirements – in case that they do not fulfil, the 

declaration is rejected and the enterprise is obliged to submit a new one. After submitted and 

accepted, the declaration is transmitted within a maximum period of 48 hours to the Statistics 

Portugal, without any type of transformation. From this moment data starts to be subjects to the 

beginning of statistical confidentiality. When received by Statistics Portugal, each declaration 

is submitted to a second stage process of control that beyond guaranteeing the internal 

coherence of the information proceeds to its comparison with the data from the same enterprise 

to the previous year and from enterprises with similar characteristics (size class and activity 

sector). If some outliers are detected, that implies a direct contact from Statistics Portugal to 

the enterprises, and the result of this contact, with or without changes of the data initially 

submitted, is not transmitted to none of the other involved entities – safeguards thus the 

principle of the confidentiality. Independently from the contacts carried out by Statistics 

Portugal, in case that an enterprise decides to submit a new declaration IES, through the 

system, the data are received by the Statistics Portugal 48 hours after its submission. This new 

system was become possible given to the strong involvement and commitment of different 

public entities. It is important to point out the strong political support gotten from the Justice 

Secretary of State that, without interfere in technical aspects, it was crucial in order to achieve 

the main purpose of this project. Also the commitment of the Chamber of Chartered 

Accountants and the Software houses that produce software and systems to support the 

elaboration of the accounting was fundamental for the success of this innovative model. 

Statistics Portugal is thus in conditions to produce with lower cost for itself and for the 

enterprises, more and better business statistical information in one shorter delays.  
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Montenegro, as one of the youngest states, now is in the developing phase investing great efforts and 
reforming the whole system. Montenegro and its citizens are facing new challenges and projects we are to 
realize...We possess potential, readiness, and we believe in success. And our belief put us at the half way to 
success! 

 
During a number of years, until 2006, National Statistical Institute of Montenegro, as the only source 

for data on population of economic subjects, possessed Administrative Register. The lack of data on private 
entrepreneurs, as well as the lack of important data on enterprises, followed by a growing need and desire for 
entering in the European Union, imposed a need for introduction of Statistical Business Register. 
Spontaneously, it has become a necessary instrument for responding to the question: "Is Montenegrin 
economy liquid or illiquid".  
 

During the work on the introduction of Statistical Business Register a difficulty was non-
existed law on statistics that would regulate fully system functioning and connection with 
administrative sources and reporting units. After the Statistics Law in Montenegro was passed 
(November 18, 2005) the necessary conditions for drafting the Statistical Business Register and its 
implementation were created. It has solved problems in cooperation with administrative sources and offers 
a possibility to have data in the register for all variables from EU regulations and recommendations.       
 

      Background of the Statistical Business Register 
 
Statistical Business Register is of great importance for collecting economic statistics. It can be considered as 
a system which transforms the data from administrative sources into data suitable for statistical use. That 
means that Statistical Business Register is the bridge between administrative and statistical units, updated 
dossier which contains active statistical units. It is also very important for the demands of the market which 
refer to data related to the structure of the enterprises – overtaking, merging, buying etc.1 Beside mentioned 
significance, the existence of Business Register in the country is an important condition for the access to the 
European Union. 

 
         Statistical Business Register is a unique, centralized base of processed data standardized by special 
methodology used for sample framework, a connection between administrative and statistical units, an 
instrument for dissemination, monitoring, and analyses of demographic events, etc.  
 

This one is made also in our country, with financial and expert assistance of the organization SIDA and 
                                                      
1 Eurostat Manual 
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it has been used from the beginning of 2007 for statistical purpose, exactly as a framework for Structural 
Business Statistics sample and for researches in the area of trade in March 2007. 

 
          Statistical Business Register covers all economic active units (except households and embassies) in the 
territory of Montenegro, irrespective of legal form, size class and activity.   
 
 
Administrative sources 
 

One of the important aspects of Statistical Business Register is finding and creation of statistical units, 
often derived units not corresponding always to the legal or administrative units. Administrative sources 
provide information on production and existence of legal units, including address details too.   

 
At the beginning of our work on the implementation of the Statistical Business Register, our first step 

was to define statistical units and variables for every statistical unit separately, and their harmonization with 
European Union regulations and recommendations.  

 
In regards to the identification data, a great advantage for Montenegro is using of identification – 

registration number from the Administrative Register as an identification number for legal unit in Statistical 
Business Register and in all administrative sources which facilitates data connection and download. 
Identification number for statistical units is created in our Statistical Office separately for every unit and it is 
invariable from creation until extinction of units in registers. Also, registration 8 digit-number is created on 
the basis of module 11 for entrepreneurs.  Furthermore, for purposes of connection in the register 13 digit-
numbers JMBG – unique master citizen number is saved by which entrepreneurs are monitored in other 
administrative bodies.  

 
As the base for creation of Statistical Business Register  we used the model Legal unit = Enterprise = 

Local unit. Now, our work, among other, focuses on the data related to the enterprises with more tan one 
Local Unit and their adequate monitoring in the register. 

 
After defining of variables, there was necessary to perform source analyses from which we can obtain 

data with quality that would satisfy our needs. The next step was to put and define priorities in data sources. 
  
For drafting of Statistical Business Register of high quality in Montenegro we used data from four 

administrative sources such us: Administrative Register, Commercial Court Central Register, Tax Authority, 
and Health Fund. Different statistical surveys are also another important source. Additionally, Tax Authority 
was the only source for financial data because of very bad quality of annual accounts. Also, in regards to the 
number of employees the only source was Health Fund.  

 
During collection of all necessary data and updating of the Statistical Business Register we had a 

problem with existed social and mixed type of ownership and because of that we can not compare data from 
our register with other countries register's data. We had obligation to solve this problem as soon as possible 
and we create a questionnaire that was sent to all units within that type of ownership and based on the 
structure of capital we recognized where we can put them: in domestic or in foreign type of ownership. 

 
The response rate to our questionnaire was very high, and we managed to use the questionnaire for 

obtaining many other very important data related to legal form, primary activity, telephone number, e-mail 
address. 
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Updating of the Statistical Business Register 
 

Updating of the Statistical Business Register is at the daily, monthly and yearly level in dependence of 
the type of data. Every change is continuously recorded during the register unit activity, and once a year a 
complete Statistical Business Register is updated on the basis of data gathered by the questionnaire provided 
by register units. Since Statistical Business Register serves as a framework for a number of surveys, it 
implies reduction of statistical units’ load by searching several times for same data ( for example contact 
data, data about principal activity, secondary activity etc. ), only for different surveys. 

 
Contact data are updated continuously on the basis of statistical surveys, yellow pages, newspapers, 

etc. Also, the data on the activity status is updated equally important for monitoring of demographic events 
and for creation of sample framework.  

 
We update our Register at the local unit level by the top-down method. 
 
Updating of the Register is organized and planned in the way that includes all statisticians working in 

different surveys and using different rights for access. 
 
 

Users  
 

We divided Statistical Business Register users in two groups and in this way we have internal and 
external users. 

As external users we recognize all governmental and science institutions, legal persons, non – profit 
organizations, scientists, sole proprietors, etc. 
         Considering confidentiality of all individual data, data from Statistical Business Register that can be 
used out of our Statistical Office are at different levels of aggregation depending of users’ demands.   
          Internal users are statisticians, with different rights and permissions for access, using this Register for 
their surveys, as a folder in which they have all needed data or as a sample frame. 

  
 

Recommendations and Classification used in Statistical Business Register  
 
As a base for the construction of Statistical Business Register and as guidelines for our future work we 

use some regulations such us: 
 
EEC Regulation No 2186/93 (July 22, 1993) regulating functioning of Statistical Business Register at 

the European Union countries’ level; 
 
EEC Regulation No 696/93 (May 15, 1993) about statistical units; 
EEC Regulation No 2223/96 (June 25, 1996) about European System of National Accounts; 
EEC Regulation No 58/97 (December 20, 1997), about Structural Business Statistics. 
 
 
In regard to classifications we used the next: 
Classification of activities NACE  Rev 1 ( 5digits) ; 
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Classification by size - based on number of employees: 
 
 
 
 
 

CLASS NUMBER OF EMPLOYEES
micro  0-9  
small  10-49 
medium 50-249 
large ≥ 250 
 
Classification by size - based on the turnover 
 

CLASS TURNOVER (u €) 
micro < 2000 000 € 
small from 2 000 000 € to  10 000 000 € 
medium  from 10 000 000 € to 50 000 000 €  
large > 50 000 000 € 
 
Classification of territorial units NUTS (in plans for future)  

 
 
Future plans  

We plan introduction of KAU units, as soon as possible. 
    
Considering that Montenegro is in the phase of growing foreign capital investments and purchasing of 

local enterprises by foreign investors, there is a need for introduction of Enterprise Group as a new unit in 
Statistical Business Register so that we can create a complete, real “picture” of Montenegrin economy,. We 
need to investigate and analyze all possible data sources for this unit. 

 
We, also, plan to develop specific survey for Statistical Business Register such us newly created 

enterprises survey. 
 
 
OUR EXPECTATIONS  
 

Statistical Business Register will represent a national provider of business information in the country, 
providing accountable, systemized, relevant information to all participants in the open market. 

 
This register will provide strong support to operative and strategic decision making of economic subjects 

and contribute to more efficient running, optimal management, and reduction of risk level in business, etc.  
 

CONCLUSIONS  
 

Montenegro is a small country, but its path to quality SBR was equally difficult and thorny as in 
the numerous other developed countries. Now we have the SBR, we started using it as well as on 
the improvement of its quality. 
 
 Statistical Business Register does not possess a final version. It is constantly updated, 
improving and completing.  We can not say that the work on the register is completed, and that 
we have finished it.  
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User evaluation of a given service  requires  tools to be adjusted in order to allow  a reliable measurement 
of the services guaranteed by all the components  of the provider structure.  In fact, while  it is true that  
quantifying the phenomena and measuring  evolution in time can be achieved by resorting to internal 
sources alone, significant questions are posed when reference also needs to be made to the opinions 
expressed by clients/users, and therefore  it is decided to adapt evaluation procedures. 
In this context both the  control over the  measurement tool (generally a structured questionnaire) and the 
search for statistical tools capable of summarising the opinions on the perceived quality of the service and 
the multiple dimensions which go to make it  up, become crucial.  Furthermore, both the  measurement  
and statistical tools must ensure their comparability with analogous contexts, as well as with the sub-systems 
or  hierarchy levels in which the provider system can be layered. 

This paper will focus attention on  the main properties of the family of CI index (Civardi, 
Zavarrone 2003), used in order to ascertain the system status in the evaluation process of a given service by a 
evaluation form,  usually divided into  various sections, each of which is  dedicated to  a single  
dimension of the service to  be evaluated.  In general, the measuring scale of the single item concerning 
the elementary dimensions to be evaluated is of a discreet type and with a  limited  number of degrees. The 
most frequently used scales offer four or five points and the first two (or the last two) points  on both scales 
are associated with negative evaluations and the last two (or the first two) are associated with symmetric 
positive evaluations.  
The CI indices are based on the observed distributions of the responses and assign a numerical summary 
score to the  evaluated unit (item, dimension, service, teaching, study course). These scores assume values 
lying between –100 (when all the answers are concentrated in the first/last mode, associated to the maximum 
negative evaluation), to +100 (when all the answers are concentrated in the last/first mode, associated to the 
maximum positive evaluation. Using a four grade ordinal scale, as a result of the scores assigned to item h by 
the Nh

i “evaluators”, the general analysis unit i ( ie. a service or product), corresponds to the distribution 
Nh

i(1), Nh
i(2), Nh

i(3), Nh
i(4) of the frequencies associated with each degrees. If we define with: a) h

ix  the % 
of positive opinions for item h expressed by Nh

i
 parties; b) h

iy  the % of very positive opinions for item h 
calculated over the total of the positive opinions expressed by the Nh

i
 parties; c) h

ix *  the % of negative 
opinions again referred to item h; d) h*

iy  the % of very negative evaluations over the total of negative 
evaluations, the index value is obtained as the algebraic sum of two indices: 
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with 100CI100 h
i ≤≤≤≤≤≤≤≤−−−− . k represents the parameter selected by the “investigator” and expresses the level of 

importance that they  decide to assign to  “very positive” opinions. It can be seen immediately that 
selecting k=0, is equivalent to reducing the  four-degree scale  to a dichotomised one and therefore, 
choosing not to assign any weight to the two extreme grades.  
The distributional properties of the CI indices family was studied by adopting the following phases: 
Phase 1: Construction of the universe of response models of N respondents; Phase 2: CI index calculation; 
Phase 3: Calculation of parameters for the CI indices distributions, for given N and k values. 
The results show that all the effective distributions are symmetric as N and k vary, with the mean, mode and 
median equal to 0. The mean square error σ assumes values lying between 53 and 31 and has a decreasing 
trend as k increases, whereas when N increases the trend always decreases but with variation rates tending 
towards zero. Each distribution has a finite and negative kurtosis index κ. The trend of κ when k and N  
varying is more irregular compared to the trend of σ,  but tends to stabilise for N values higher than 50. 
Figure 1 shows the frequency distributions observed and the corresponding expected theoretical distributions 
in the case of normality of index CI for 4 values of N and for 5  of k.  As can be seen, the deviations 
compared to the normal distribution are somewhat  limited, apart from the case where k=0.  The  
frequency of values around the mean value is found  to be lower than the normal distribution for values 
where k≤0.5.  And as was to be expected,  the match becomes distinctly better  especially for k>0.5  as 
N increases.   
 

FIGURE 1 CI index distributions vs normal distributions 

 

The possibility of approximating  CI distribution  with a normal one  offers interesting developments in 

an inferential framework. 

In fact, once the level of significance has been established, it is possible to verify the null hypothesis that the 
evaluation obtained from unit i with reference to the aspect identified by item h is not significantly different 
from the mean.  As will be remembered, if the CI mean  is 0,  there is a substantial balance between 
positive and  negative opinions.  It is therefore possible to determine the critical value of the positive or 
negative  CI index  that  results in a rejection of the null hypothesis, it follows that the opinion expressed 
by the N evaluators can  be considered significantly positive (negative). 
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We have studied the case of five level scale too where the central element indicates a neutral positio
n of indifference and therefore neither a positive or negative opinion. The expression of the CI index 
in this situation does not entail substantial changes.  In fact,  the unit i, as a consequence of the scores 
assigned to item h by the Nh

i “evaluators”, will now correspond to the distribution Nh
i(1), Nh

i(2), Nh
i(3), Nh

i(4), 
Nh

i(5) of the frequencies associated with the five degrees of the scale, where Nh
i(3) indicates the frequency of 

the “neutral” responses and ( )jNN
j

h
i

h
i ∑=

=

5

1
. In this case, the equality h

ix * =100 - h
ix  is no longer 

valid and the number of possible response models associated with the number of opinions N increases 
significantly. 
As for the even case we have calculated the number of response models generated and the characteristics of 
their distributions. 
The formulation of the indices here presented is based on the assumption of equiprobability for the use of all 
the grades of the scaling from the respondents. This implies, in a scaling of four grades a probability of 0.25 
for each grade to be used (0.20 for a scaling of 5 grades).  
Another question we investigated is related to the assumption of probability different from ¼. This reflects 
the behaviour of the respondents to choose more often central grades and rarely extreme grades (i.e. 
definitely yes or ++ and definitely no or --)  
This investigation is conducted trougought a comparison between the classical equiprobability schemes (A) 
and three different weighting schemes (B, C and D) illustrated in the table below.  
Table 1 Probability Scheme 
Model ++ + -   -- 

A 0,25 0,25 0,25 0,25 

B 0,2 0,3 0,3 0,2 

C 0,15 0,35 0,35 0,15 

D 0,1 0,4 0,4 0,1 

 
For the model A we determine the maximum number of expected answer. From this value we derive the 
number of non-extreme answers (dropping extreme answers ++ and --) for models B, C and D if N ranges 
from 50 to 90. For the four weighting schemes we calculate mean, median, standard deviations, skewness 
and kurtosis. The mean, median and skewness are always zero while the other statistics are variable and 
dependent upon N (here ranging from 50 to 90) and k (ranging from 0 to 1).  

Table 2 corroborates our initial assumption of a monotonic decrease for both σ and kurtosis (κ) for 
increasing k and N, excluding the case of k = 0. Furthermore we observe a reduction for σ and κ moving 
from the weighting scheme A to the weighting scheme D, therefore giving less probability to the extreme 
answers.  

This result is particularly interesting in the case of multiple items for the same group of respondents. 
We demonstrate the practical irrelevance of the equiprobability assumption, implicit in the CI formula. In 
fact, with “irrational respondents” the standard deviation is lower and hence the hypothesis test tends to be 
more conservative. 
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Table 2 Kurtosis, standard deviation of CI for A, B, C, D schemes  

k=0.0 k=0.3 k=0.5 k=0.7 k=0.9 k=1.0 

N Model σ κ σ κ σ κ σ κ σ κ σ κ 

A 46,5 -0,9 37,2 -0,7 34,3 -0,5 33 -0,3 32 -0,3 32 -0,2 

B 45,5 -0,8 36,1 -0,7 33,2 -0,6 32 -0,4 31 -0,4 31 -0,3 

C 43 -0,7 32,7 -0,6 29,5 -0,5 28 -0,4 27 -0,4 27 -0,4 
50 

D 43,2 -0,7 30,1 -0,4 25,6 -0,1 23 0 22 -0 22 -0,1 

A 46 -0,9 36,8 -0,7 33,9 -0,5 32 -0,4 32 -0,3 31 -0,3 

B 45,1 -0,8 35,7 -0,7 32,8 -0,6 31 -0,5 31 -0,4 30 -0,4 

C 42,6 -0,7 32,3 -0,6 29,1 -0,5 27 -0,4 27 -0,4 27 -0,4 
70 

D 42,8 -0,7 29,8 -0,4 25,2 -0,1 23 -0 22 -0,1 21 -0,2 

A 45,7 -0,9 36,5 -0,7 33,6 -0,5 32 -0,4 31 -0,3 31 -0,3 

B 44,8 -0,8 35,5 -0,8 32,6 -0,6 31 -0,5 30 -0,4 30 -0,4 

C 42,3 -0,7 32,1 -0,6 28,9 -0,5 27 -0,5 27 -0,4 26 -0,4 
90 

D 42,5 -0,7 29,5 -0,4 25 -0,2 23 -0,1 21 -0,1 21 -0,2 
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ABSTRACT 

It is international best practice among national statistical agencies to provide researchers with access to microdata for 
research purposes. A widely recognised problem is providing this access while also maintaining the trust of respondents by 
protecting their personal information. In a small research community, such as New Zealand, this issue is magnified by the 
high value (or cost) that needs to be placed on microdata access services, such as Confidentialised Unit Record Files 
(CURFs), in order to justify their production. Statistics New Zealand investigated the value of its microdata access services 
(specifically CURFs) to researchers and made some unexpected findings. Initially CURFs were perceived, by Statistics NZ, 
as less valuable to researchers due to the level of confidentiality applied to the data. However, our study found that 
researchers appear more concerned with the cost of purchasing CURFs and the difficulty in obtaining access to the CURFs 
than the level of confidentiality modifications. These findings indicate that CURFs are indeed a useful product for 
researchers. It also illustrates that the value of CURFs should not be tied to their production costs but instead directly related 
to the value of the research being carried out using the CURFs. 
 
INTRODUCTION 

Like other National Statistical Offices (NSOs), Statistics New Zealand is constantly balancing the interests 
of researchers with the need to protect respondents’ private information. Recently Statistics NZ investigated the 
value of our microdata access programme to researchers, and we have made some surprising findings. 
 

Statistics NZ is required to protect the privacy of respondents’ data by the Statistics Act 1975, which states 
in section 37 (4): “All statistical information published by the Statistician shall be arranged in such a manner as 
to prevent any particulars published from being identifiable by any person (other than the person by whom those 
particulars were supplied) as particulars relating to any particular person or undertaking.” The Statistics Act 
protects respondents’ information but, in turn, limits the use of microdata by researchers. 
 
 Other NSOs, such as the Australian Bureau of Statistics (ABS) and the Office of National Statistics (ONS) 
in the United Kingdom, provide similar forms of access to unit record data as Statistics NZ. However, the size of 
the New Zealand research community is considerably smaller to that serviced by their organisations, and this 
raises questions about the return from investing in providing microdata access. 
 
 Statistics NZ has introduced the Confidentialised Unit Record File (CURF) Programme. It has proven 
expensive to operate to-date and use has been limited. In such a situation how do we determine the value of 
producing and providing CURFs? Recent work has been carried out in order to evaluate the value of Statistics 
NZ’s CURF Programme. This paper focuses on the key findings: 
• CURF costs for both researchers and Statistics NZ. 
• The difficulty of providing access while protecting respondents’ information. 
• The information loss created by confidentialising the data. 
 
BACKGROUND TO THE CURF PROGRAMME 

 A CURF is a unit record dataset that is provided to researchers on a CD-ROM. The data has been 
confidentialised to protect from spontaneous recognition, that is the possibility of identifying an individual in the 
dataset, and list matching, that is matching the dataset with another dataset in order to determine further 
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information about an individual. A CURF must be considered publishable (as defined by the New Zealand 
Statistics Act 1975) in order to be approved and released.  
 
To date we have created five CURFs: 
• Household Labour Force Survey / NZ Income Survey 2004 
• NZ Income Survey 2003 
• NZ Income Survey 2002 
• Household Savings Survey 2001 
• Census 2001 
 
 The need for the CURF Programme was established because of the restrictions originating in the Statistics 
Act on who can access the Data Laboratory (predominately government departments), allowing a broader range of 
researchers (university staff and students) with access to microdata. The CURF Programme, which started in 
2003, was adopted as a result of reviews of international practices, focusing on the ABS. This service was 
recommended in a 2003 review of the NZ official statistics system (the Top Down Review1) which stated: 
“ Producers of Tier 1 [a defined set of key official statistics that are performance measures of NZ] statistics will 
need to have in place a range of ways of facilitating access to their statistics to help them to be better utilised. “ 
 
 The recommendations of that review are in line with emerging international best practice on release of unit 
record data, as discussed in the work of the Conference of European Statisticians (CES) Taskforce on 
Confidentiality and Microdata, lead by Dennis Trewin2 (see, CES/UN 2004). 
 
 One of the major drawbacks to CURFs is the length of time it takes to create a dataset. Typically, at 
Statistics NZ, two staff members familiar with the data and two confidentiality team members need to work half-
time for eight months to produce a CURF. There are a number of contributing factors for why this is: 
1. Statistics NZ is still very new to the production of CURFs so there are few staff with the skills required. 
2. There has been a high turnover of staff trained in confidentiality. 
3. All variables need to be checked individually and confidentiality techniques applied where necessary. The 

decisions often involve a subjective element and therefore are difficult to fully automate. 
 
 We have had 15 purchases for CURFs thus far. We are uncertain as to why the uptake has been so limited. 
The reasons may be inherent problems of a small country and may include: 
• the pricing of CURFs,  
• the datasets that have been created so far are not of interest to many researchers, 
• the confidentiality techniques that are applied reduce the quality of the data too much to provide accurate 

information for researchers, or 
• there is not enough promotion of CURFs and researchers do not know about them. 
 
 In order to investigate the low uptake of CURFs we consulted with academic researchers. A list of 38 
surveys conducted by Statistics NZ that could potentially support the production of CURFs was compiled. Some 
business units within Statistics NZ were keen to develop their data further to allow greater use, while others had 
reservations, either because of the amount of time and resources that are required in order to produce a CURF or 
because of questions about the likelihood of the CURFs being well utilised. 
 
 The list of potential CURFs was presented to groups from 14 universities and polytechnics (including all 
seven of the major universities) in order to seek their feedback. The discussions showed that our thoughts on the 

                                                 
1 Statistics NZ (2003). “The Top Down Review of the Official Statistics System: Recommended Option for the future role of 
Statistics NZ and the Official Statistics System”, http://www.stats.govt.nz/about-us/who-we-are/review-of-snz/top-down-review-
official-stats-system.htm [28 February 2007] 
2 Dennis Trewin (2004). "Task Force on Confidentiality and Microdata - Discussion Paper", paper presented to the Statistical 
Commission and Economic Commission for Europe, Conference of European Statisticians, 52nd Plenary Session, Paris, 8-10 
June. http://www.unece.org/stats/documents/tfcm/2.e.pdf [27 February 2007]. 
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low uptake were in the right ballpark but also revealed some interesting insights into researcher’s views towards 
access to microdata. There was general interest in the CURF Programme and having an opportunity to gain access 
to unit record data for both teaching and research purposes.  
 
CURF COST VERSUS VALUE 

 Currently CURFs cost NZ$2000 for a researcher to licence. As mentioned earlier, CURFs are time-
consuming to create and with such a small research community it is difficult to achieve cost recovery without it 
being very expensive to researchers. This brings forward an important question – should CURF production be at 
the expense of Statistics NZ or researchers? Currently, the assumption is that users should make a substantial 
contribution to the cost of the programme. If it is at the expense of Statistics NZ then we need a framework for 
valuing research in order to justify the investment?  
 
 The meetings with universities and polytechnics gave a strong sense that the cost of purchasing a CURF is 
too high. Students generally can not afford to purchase data at NZ$2000 and although staff are able to apply for 
funding, the cost of a CURF is usually outside of this budget and the value in purchasing a CURF is not easily 
justified. The price for a CURF appears to fall in between two broad groups of research uses: At one end of the 
scale researchers apply for grants to work on major research projects where the Data Laboratory is most 
appropriate and at the other end researchers have funds available for incidentals. The current price of a CURF 
does not fit easily into either group. Since a high price reduces the usage of our data, this works against one of our 
strategic goals - to increase access to data.  
 
 As might be expected, most university and polytechnic staff felt that CURFs should be provided for free, 
but understood that funding needs to come from somewhere. Thus, a suggestion that purchasing occur at the 
institutional level was well received. There are discussions being held between the Government Statistician and 
the New Zealand Vice Chancellors Committee (NZVCC) to form an agreement to provide CURFs to university 
staff and students free of charge. This would potentially widen the CURF audience. By reducing the cost for 
CURFs we envisage usage would increase.  
 
PROVIDING ACCESS TO CURFs  

 CURFs were established in order to meet a different audience than the Data Laboratory. Access to CURFs 
should be easier but the level of detail in the data is reduced. There are two broad areas which affect the value of 
CURFs to a researcher: the process in order to access the data and the quality of the data that is provided to them.  

Gaining access to CURFs: 

• The application process takes too long 
The Data Laboratory application process is time consuming and is justified by the fact that researchers gain access 
to detailed data. One of the advantages of the CURF Programme should be that researchers gain access to the data 
promptly. This is not currently the case; applications still take a few weeks to approve. The application process for 
CURFs needs to be consistent with the notion of publishable data and clearly distinguished from detailed data 
(Data Laboratory) application processes. In light of these discussions we will be reviewing our policies 
surrounding CURF applications. 

• Ethics committees could be used to decide if researchers are suitable CURF users 
Universities and polytechnics all have an ethics committee. It may be useful for us to tie our approval process in 
with theirs. This would reduce approval time for the researcher and reduce burden for us. It would also enhance 
the relationship between Statistics NZ and the given universities and polytechnics. However, the legislation 
Statistics NZ works under may make this difficult to implement. 

• Researchers would like to look at the data before determining their specific research project 
A number of researchers in the research community determine their research question after ‘playing’ with the 
data. By limiting the access to CURFs to researchers who have already determined their project and questions 
they want to ask of the data, we are reducing our target audience. 
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• The promotion of CURFs needs to be improved 
Most of the people we spoke with had never heard of the CURF Programme, therefore it would be imperative to 
enhance the promotion of CURFs to our target audience – universities and polytechnics – in order to increase 
usage. 

The data provided in a CURF: 

• Researchers would appreciate the ability to link data 
From the researchers we spoke to, we heard a strong interest in the ability to link data. Linking data can add a 
significant amount of value to a dataset and the research being carried out. The risk of identifying individuals 
through data linking is considerably increased and is therefore only available through the Data Laboratory. A 
CURF is considered publishable if data linking is not possible. If researchers are able to link the CURF with 
another dataset then the confidentiality techniques applied are not sufficient and the CURF should not be released.  

• Researchers have an interest in longitudinal data 
Similar to the interest in linking datasets, researchers have a strong interest in looking at time series aspects of 
data. A lot of value is added to a research project if trends can be determined. Once again, the concern of 
identifying individuals is prominent if longitudinal data is provided and therefore longitudinal data is currently 
only available through the Data Laboratory. However, it may be feasible to create a CURF that contains 
longitudinal data and is confidentialised to a publishable standard. 
  
INFORMATION LOSS THROUGH APPLYING CONFIDENTIALITY TO DATA 

 In enabling access to unit record data there is an inevitable trade-off between access and confidentiality. This 
can be a difficult equilibrium to find but the CURF Programme seeks to provide the best balance. It allows a 
broader range of researchers access to microdata, than the other more restricted forms of access.  
 
 One of the most positive findings from discussions with universities and polytechnics was that there were 
minimal concerns about the information loss resulting from the confidentiality techniques applied. In fact, most 
were appreciative of the fact that Statistics NZ takes such care in protecting respondent data. This was surprising 
as CURFs have often been viewed as less useful because of the reduced level of detail. This finding increases the 
value placed on CURFs as a research and teaching tool. 
 
CONCLUSION 

 Statistics NZ had a need to determine the ‘value’ of producing and providing CURFs in a small research 
community. After conducting consultations with university and polytechnic staff, we had some interesting 
findings: 
1. The information loss resulting from the confidentiality applied to CURFs does not concern the researchers as 

much as expected. This finding allows Statistics NZ to remain cautious when confidentialising the data. 
However, increased usage may reveal problems caused by information loss. 

2. The main concern to researchers was the cost of purchasing CURFs and the difficulty in obtaining the access. 
The current price of CURFs is not high enough to cover the cost of production but is too expensive for a 
researcher to pay. Statistics NZ needs to understand the way the research community is funded in order to 
provide CURFs at an appropriate price. Pursuing the joint agreement with the NZVCC appears to be the best 
way forward. 

3. Most university and polytechnic staff that we spoke to had never heard of the CURF Programme. In order to 
increase CURF use, promotion needs to be a more prominent part of the CURF Programme. This may be a 
fundamental problem in New Zealand due to the fact that researchers were unable to gain access to unit record 
data for such a long period of time that they may be unaware that access to microdata is possible. 

 
 Statistics NZ needs to experiment with the findings from this research to see what happens to CURF usage. 
Consequently, we need to monitor this process actively in order to understand which barriers need to be removed 
to ensure that CURFs are used. Of the more conceptual issues canvassed in this paper the most uncertainty is 
associated with the level of information loss which may result from the confidentiality protection. The difficulty 
will be determining at what point confidentiality protection significantly reduces the usefulness of a CURF. 
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1. Introduction 
 
All governments need good statistics. Good statistics provide a basis for good policy making 
and help governments to identify the best courses of action in dealing with complex situations. 
These are the reasons that good statistics are needed. Korea National Statistical office takes 
responsibility of providing good statistics to users such as policy makers, policy evaluators and 
scholars, not to mention responsibility of producing good statistics. In the past, we usually 
focused on making good statistics, but what good is it unless statistical users use them? It is 
more important to have users utilize statistics. Now is the best time to turn our eyes to ways of 
boosting use of statistics.  

 
The National Indicator System which we would like to introduce here is a good infrastructure to 
help policy decision makers and evaluators for their decision-making process objectively based 
on statistics. It is also a good tool for general people to understand how our nation is doing in 
every respect through diverse indicators. This paper outlines what this national indicator system 
contains, how it is managed, and who usually uses it.  

 
2. A detailed description of National Indicator System 
 
(1) Indicators provided in this system 
 

This national indicator system(http://www.index.go.kr) contains 825 national indicators. Each 
indicator tells us the status of our nation based on officially approved statistics, useful 
administrative information or official data published in foreign agencies such as IMD, WEF, and 
S&P.  
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This system provides two ways to have access to those indicators. First, you can browse them 
by topics. It has three-level hierarchy, which has 5 sections at 1st level, 41 divisions at 2nd level 
and 169 groups at 3rd level. Table 1 shows the classification structure by topics. You can also 
find them through classification by agencies. There are 41 government agencies involved in this 
system. Each agency takes responsibility of managing indicators related to their own work. 
Let’s take an example for ‘economic growth rate’. You can find it in object-economy group of 
macro-economy division of economy section by topics, or you can find it in the ministry of 
finance and economy by agencies.  

 
< Table 1 Classification Structure by topics > 

Section 
# of divisions 
at second level 

# of groups 
at third level 

# of indicators Examples 

Aggregate indicators 3 13 55 
Seoul Metropolitan Area 

Population 

Economy 18 77 384 
Economic Growth Rate,  

CSI, BSI  

Society 11 51 250 
Minimum cost of living, 

Gini coefficient 

Culture 4 10 42 
Registered museums and art 

centers 

State affairs 5 18 94 Amnesty 

 
Each indicator consists of tables of statistics, graphs, explanations and analyses. It also provides 
other metadata such as definitions of related terms and issues using it. The following figure 1 
shows how each indicator is represented. What makes this system more distinguishable from 
other statistical information system is that it provides explanations and analyses. Explanations 
consist of its definition and how to interpret it. Provided analyses consist of trends during a 
certain time period, main influencing factors, international comparisons and future expectations. 
Therefore general people without specialty may understand easily it. Provided analyses are the 
views of the agency which makes policies based on them. Therefore they could be different 
from the views of general public. If you have different opinions or comments from the provided 
explanations or analyses, you could post them under each indicator.  

 
To sum up the main features of this system, they are as follows. 

 As all national indicators related to national polices are collected here, there is no need to 
surf internet or related web sites any more. 

 It is easy for general public without specialty to understand them because it provides 
explanations as well as numbers 

 Posting different opinions or comments makes two-way communications possible. 
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< Figure 1. How each indicator is represented > 

Tables of statistics

graphs 

Explanations  

& Analyses 

Related indicators

or related site 

Posted opinions or

comments 

 

 

indicator system was enacted on March, 13th, 2007.  The management structure is 
as fol

1. s responsibility of overall operation. For this, KNSO has a system 

2. d to its 

3. hould take care of all indicators and indicator-

(2) Management Structure 
As mentioned earlier, 41 government agencies including KNSO are involved in this system. The 
presidential instruction stating the roles and responsibilities of government agencies related to 
this national 

lows.  
KNSO take

manager.  
Each agency takes responsibility of creating/managing the indicators relate

policies. Each agency places 1 main operator and tens of indicator-managers. 
A main operator in each agency s

managers related to his/her agency. 
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4. ate his/her indicators regularly, and manage all kinds 
of users’ questions and opinions. 

rs. Currently we have 1 system manager, 41 
ain operators and 605 indicator-managers.  

) Use of this system  

ency of data, and then we began its web service to general public from September 1st, 
006. 

hat government officials account for 40% of visitors and 62 
dicator-managers visit a day. 

. Concluding Remarks 

reat concerns of general people and to let them participate in the process of 
policy-making.   

An indicator-manager should upd

 
For example, in the case of the ministry of health and welfare, it has 38 national indicators and 
places 1 main operator and 27 indicator-manage

m
 

(3
 
We had three months’ pre-operation period within government networks from June 1st, 2006. 
During the time, we tested the reliability of system and looked over the accuracy and 
consist

2
 
We have now 5,124 members. The difference between members and non-members is that only 
members can post their opinions or comments on this system. An analysis using system access 
logs shows that we have 780 visitors a day on average and visitors read two or three indicators 
per one visit. It also shows t

in

 
3
 
We can never over-emphasize the importance of statistics. For a nation to go toward the right 
direction, such importance of statistics should be understood by policy makers. For this, 
national infrastructure should be equipped to support policy makers and evaluators for their 
work based on statistics. In this aspect, this system has a great meaning. This system is expected 
to show how our nation is doing and to guide a direction that we should go toward. It is also 
expected to draw g
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Abstract 
A lot of statistical data can be provided as publications or CD-ROMs, and sometimes even raw 

data can be downloaded through website. But data in spreadsheet are meaningless for most 
people. We research and develop interesting and easy contents which encourage people visit the 
KNSO’s website and try out them and eventually the contents help people understand statistical 

information. This paper describes the implementation of data presentation in KNSO and 
introduce three experimental contents which provide on the KNSO’s website. 

 

1. Introduction 
There are plenty of methods to disseminate statistical data. A lot of interesting statistical 

data can be provided as publications, books, CD-ROMs, and sometimes raw data can even be 
downloaded from websites. Although huge amounts of data are more or less available, very few 
people actually use them. Without great interest in international development and university 
degrees in statistics it can be hard to keep updated when the world is changing. Data in 
spreadsheets are meaningless to most people. Many statistics are like musicians standing up in 
front of the audience and showing a musical score instead of playing it. We believe the number 
of users of international development data could multiply by millions if the data are distributed 
as interactive explorative customized graphic interfaces. Much bigger and less skilled audiences 
could thereby understand more complex images of the world. Visualization is an intuitive 
method for explanation of relationships and it is an excellent way of exhibiting patterns. We 
want to turn the already existing development data into meaningful knowledge. It is not a 
simple task to get the adults to use computers to explore data in a graphic user interface, simply 
because most of them are not sufficiently computer literate. They just don’t click anywhere. 
They often expect the computer to do the job, and in front of our nonlinear interfaces they sit 
and wait for something to happen. We now focus on a younger audience of good computer 
literacy. To understand how the world around us changes, young generations need new tools that 
can give a more complex and relevant picture. In this paper, I will describe an introduction of 
dynamic, interactive and experimental contents on the Korea National Statistical 
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Office(KNSO)’s website which can help to understand statistical data easily by visualizing data 
without manipulating complicated data. 

 
2. Background 

Since 1996, we had started to provide the KNSO’s website. We have produced lots of 
contents on the website to give statistical information as well as to promote our office. We 
released English version website concurrently and we opened the website for children in 2001. 
We developed ‘Major Indicators in Graph’ on the KNSO’s website as data visualization from 
the beginning which consist of 37 statistical data including ‘Population by age group’. As well 
we implemented contents of dynamic data presentation such as pivoting, showing multi-tables 
and showing graphs directly according to selected tables on the website of window KOSIS. In 
addition we opened the website of the e-National Indicator in 2006 to help people understand 
statistical information providing statistical tables, narrations and graphs on it.  

On the other hand for the purpose of statistical education Hans-Joachim Mittag in Eurostat 
suggested dynamic data presentation and interactive publications for official statistics. And 
Federal Statistical Office Germany provides ‘Index Calculator’, which is an experimental 
consumer price index, on its website. Therefore visitors can change some weights of the basket 
of goods exemplarily, in order to get to know the influence of the weighting in a simple way 
users can try out the index calculator. So expenditure on specific goods and services can be 
adjusted using sliders and a graph is displayed to show how the change in weight in the basket 
of goods impacts the measured price trends. 

The main concept of the web based service ‘Web2.0’ has been introduced by Tim O’Reilly 
in 2004, and it became the logic of a Web service. Even some technology experts notably Tim 
Berners-Lee questioned whether the term is meaningful or not. But Bart Decrem, founder and 
former CEO of Flock, calls Web 2.0 the ”participatory Web” and regards Web as information 
source in the case of Web 1.0. However it’s not easy for us to make contents which reflect 
trends of Web based service promptly, in spite of that we need to develop some contents which 
encourage visitors’ participation and help them to understand statistical data easily. So we 
improved ‘Calculate Visitor’s Personal Consumer Price Index(CPI)’ which developed in 2003 
and served it in Statistics Exhibition Center. And we refer ‘Index Calculator’ from Federal 
Statistical Germany and through brain storming as well. Therefore we brought out a new version 
of the experimental content “Calculate Your Personal CPI” and implemented two experimental 
contents more including “Compare Household Expenditure with the average” on the KNSO’s 
website. 

 
3. Experimental contents 

We implemented the experimental contents using development tools like JSP, JAVA, 
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Servlet, Struts, HTML, XML and Flash animation. The algorithm of these contents is not 
complicated for users. Users visit the KNSO’s website at first, click the button of experimental 
contents on the main page on the KNSO’s website and select one of them. If they input some 
related data according to their situation and click, then they’ll see dynamically the visualized 
statistical presentation which they easily understand. After that they change their input value 
interactively and see the visualized result. Moreover they repeatedly do these process and they 
get the graph according to the input value variously. These three experimental contents are as 
follows. 

 
 3.1 Calculate your Consumer price Index 

The consumer price index in Korea is made up of 489 items in the basket of goods and 
services using Laspeyres’s formula, weighted arithmetic average with the quantity at base 
period fixed. For each type of goods-for example, transportation, gas for a car, mobile phone-the 
price trend is calculated. The entire consumer price index is a weighted average of the price 
trend for all 489 types of commodities. So the rate of price increase does not rely on the prices 
change. Another important factor is the weights with which the price trends on the individual 
type of goods are included in the overall index. The weights being calculated from Household 
Income and Expenditure and variant sources apply to the average consumer. The official rate of 
price increase is an important indicator for the economic and monetary policy. But the average 
consumer only exists in theory. Hence the officially calculated price increase cannot be 
transferred directly to visitors’ personal situation. If a visitor does not have a car he/she will not 
spend any money on gas, although fuel is included in the basket of goods of consumer price 
statistics. How much an individual household is affected by inflation depends very much on 
what goods they buy. In order to get to know the influence of the weighting in a simple way, a 
visitor can try out the “Calculate Your Consumer Price Index(CPI)”. This is an experimental 
consumer price index, in which he/she can change some weights of the basket of goods and 
services exemplarily. Expenditure on specific goods and services, she/he can adjust using arrow 
button or enter figures directly. Then a graph is displayed to show how the change in weights in 
the basket of goods and services impacts the measured price trends. 

 
3.2 Compare Consumer Price Index 

The content ‘Compare Price Index’ compares CPI from selected period to selected period 
among selected items from 489 types of goods in the basket of goods and services. In order to 
get to know the trend of consumer price index of an item or some items which are sorted by 
categories in a simple way, visitors can try out the ‘Compare Consumer Price Index’ content. 
This is one of the experimental contents, in which anyone can select interesting items of the 
basket of goods and services and compare CPI at selected two points of time. Visitors can 
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choose only one item from list or group items categorized by classification. They can compare 
data monthly or yearly according to the selected period. In addition they can select the reference 
period and correspondence period. Then a graph is displayed to show the variation of 
items/group in CPI between two periods. 

 
3.3 Compare your household expenditure with the average  

Through ‘Household Income and Expenditure’ survey, we can find out the average 
household income and expenditure so as to understand the current status and changes of 
households. In addition we provide basic data for the weighting in the Consumer Price Index 
and for the establishment of various economic and social policies. But it’s not so easy to get the 
idea about the income and expenditure of the average household. So we implemented a content 
in which anyone can compare his/her own household expenditure to the average. Visitors can 
compare his/her household income and expenditure with the average on the condition of the 
same number of members and income distribution. They just input some data such as the 
number of household members, income bracket and costs according to items which he/she 
spend money on them. Finally bar graphs are displayed to show differences from the average. In 
addition to a pie graph is displayed to show the composition of the each item in consumption 
expenditure according to what users consume. 

 

4. Conclusion 
I discussed experimental contents where users can participate in making their own 

statistical data and they can learn what statistics are from their own experience on the KNSO’s 
website. We expect that experimental contents encourage anyone visit the KNSO’s website, so 
they try out them and give visitors interesting experience. Eventually the experimental contents 
make them easy to understand what statistics are. I propose that developing lots of interesting 
experimental contents which increase visitors’ participation and help people understand 
statistical information. Moreover, we need to improve the customized contents which can help 

visitors to understand statistics according to their needs so they can use statistical data easily. 
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1. Innovative Behaviours in Manufacturing and Services from Related Literature 
Measure of innovation it’s a recent issue. Initially the several indicators to measure innovation considerer 
only manufacturing firms, today, services sector has an important role in the creation of employment and 
wealth. Innovation in services comes to be study in European countries using CIS data (Frenz; Ietto-Gillies, 
2003; Tether, 2001; Lööf; Heshamati, Almas, 2000, 2002). 

However, some limitations persist in surveys, for the reason that concentrate on technological innovation, 
particularly and doesn’t attend to non technological variables such as management or human resources 
qualification. Its important highlight that services sector it’s heterogeneous and segmented and we could find 
highly innovative services, likes telecommunications and software (Tether et al., 2002) and some non- 
innovative or passive adopter. 

Innovation in services differs from innovation in manufacturing, in manufacturing innovation its highly 
technological oriented. According with Salazar, Holbrook, 2003, we could emphasize some differences bet
ween sectors:  

•  The distinction between product and process innovation maybe appropriate for technological 
innovation, but not for service innovation since services are often produced and delivered at the 
same time they are consumed. 

• The exclusion of organizational/managerial innovation in the case of services is difficult, as many 
services are not embodied in technologies, but in (organizational) competences and routines. 

• Service firms are characterized for having close relationships with their clients, so that the service 
provider tries to meet their client’s needs. This focus on the client seems to be a critical feature of 
innovation dynamics in services. 

• The distinction between products and services has blurred. In today’s market it is difficult to say 
when companies are selling a product with a service (i.e. machinery with a maintenance servicing 
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package) or a service with a product (i.e. software bundled to a computer and with telephone 
support). Fundamentally, companies are creating ‘solutions’, they do not sell a product or a 
service, but a ‘package’ or ‘system’ of closely linked goods and services. 

This problem is a set of challenges whose justify empirical studies to a better understanding of innovators 
behaviours and their particular differences or not between manufacturing and services. 

2. Community Innovation Survey (CIS) III a brief characterization 
CIS its a fundamental tool to the evaluation and benchmarking entrepreneurial innovation in European 
Union. This survey has been applied in European Union countries with supervision of Eurostat and 
according with Oslo Manual requisites. The European Innovation Scoreboard (EIS) was developed in Lisbon 
Summit in 2000. At the begin considerer only high tech innovation, and using a set of indicators to evaluate 
the progressing of Lisbon Summit targets. 

3. Empirical Model 
We used the Portuguese CIS-III to illustrate how the different types of ‘innovators’ behaved differently in 
terms of their engagement in R&D, employment. Logistics Regressions had been applied considering three 
models: Model 1 to explain the variable “Engagement in Intramural R&D”; Model 2 to explain the variable 
“Engagement in Extramural R&D” and Model 3- to explain the variable “Cooperation Partner: Commercial 
Laboratories /R&D Enterprises. We undertook logistic regressions to manufactory and service surveys. 

In those models it was considered the following independent variables1: 

Table 1 

Variable Label Type 

Innovator Type 1 “Followers” - “enterprise introduced new or improved product new to the market” Dummy 

Innovator Type 2 “Imitators” - “introduction into the market a new or significantly improved product” Dummy 

Innovator Type 3 “Pioneers” - “Who mainly developed these products” Dummy 

Innovator Type 4 “OCES Innovators ” - “innovating enterprises” Dummy 

Ln(Enterprise size) Logarithm Total Number of Employees in 2000  Numeric 

High technology2 High technology sector enterprise (industry) Dummy 

Medium technology2 Medium technology sector enterprise  (industry) Dummy 

Trastele3 Transports and Telecommunications (services) Dummy 

Fin3 Financial services (services) Dummy 

KIBS3 Knowledge Intensive Business Services (services) Dummy 

Sigmar14 Most significant market: International and Neighbours countries Dummy 

Sigmar2 Most significant market: Local Dummy 

Sigmar3 Most significant market: National Dummy 

Age Enterprise established in the period 1998-2000 Dummy 

                                                      
1 Industry was divided by NACE into three groups according technological intensity (high, medium and low). Services was divided by NACE  into 
four groups  (Commerce; Transports and telecommunication; Financial Services and KIBS) according common characteristics concerning 
technological intensity used by several services 
2 Low technology sector enterprises (industry) were excluded due linear dependence with others variables in model. 
3 Commerce (services) were excluded due linear dependence with others variables in model. 
4 Most significant market: International and Neighbours countries were excluded due linear dependence with others variables in model 
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Table 2 
Logistic Regressions:  Model 1 Model 2 Model 3 

Dependent Variables: Intramural engagement 

in R&D 

Extramural 

engagement in R&D 

Innovating enterprises 

with cooperation 

Manufacturing Survey: (Exp(β)) (Exp(β)) (Exp(β)) 

Type 1  0.632* 4.961* 0.958 

Type 2 Constant in all cases  Constant in all cases Constant in all cases 

Type 3 0.573* 0.602* 0.478* 

Type 4 Constant in all cases Constant in all cases Constant in all cases 

High tech 0.616* 1.043 5.015* 

Medium tech 0.591* 2.206* 2.119* 

Age 2.187* 3.731* 4.970* 

Most sig Market(2) 1.797* 0.941 2.068* 

Most sig Market(3) 0.461* 1.005 0.379* 

Ln(employment) 1.281* 1.398* 1.976* 

Observations (n) 4144 3988 4157 

Correct Percentage of Predicted values.  80.1 76.4 82.4 

Services Survey:    

Type 1  2.126* 1.344* 1.331 

Type 2 Constant in all cases Constant in all cases Constant in all cases 

Type 3 0.402* 1.268* 0.409* 

Type 4 Constant in all cases Constant in all cases Constant in all cases 

Transports and Telecommunications  7.797* 0.166* 2.433* 

Financial services 1.343 1.450* 2.824* 

KIBS 0.953 0.274* 5.353* 

Age 0.108* 5.819* 0.274* 

Most sig Market(2) 7.784* 1.017 1.019 

Most sig Market(3) 21.812* 1.536 4.319* 

Ln(employment) 0.628* 0.852* 1.589* 

Observations (n) 2178 2126 2180 

Correct Percentage of Predicted values  77.3 67.2 85.2 

Notes: * Significant at 5% ; In correct percentage cut value is 0.5 

4. Results 

The results are shown in table2. In this table Exp(β) (odds ratio) is an indicator of the change in odds of the 
variable dependent equals one resulting from a unit change in the variable independent, with other variables 
held constant. If the value is greater than 1, then it indicates that, as the variable independent increase, the 
odds of the variable dependent occurring increase. Conversely, a value less than one indicates, as the variable 
independent increases, the odds of the variable dependent decrease. The closer the odds ratio is to one, the 
more the independent variable are independent of the dependent variable. Notice in this study some variables 
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independents are categorical and so must be interpreted in terms of left-out reference category. Thus Exp(β) 
(odds ratio) refers to the change in odds, of the variable dependent equals one, when the category of the 
categorical variable is present, compared to the left-out reference category. In dummies variables the left-out 

reference category is 0=”don’t have the attribute”. 

5. Conclusions 
Model one 

• In manufacturing survey Age and Most sig Market (2) influences positively. However, Most sig 
Market (3) and Type 3, influences negatively Model 1. The services survey yields that the Intramural 
R&D are positively dependent with Type 1, Most sig Market (2), Most sig Market (3) and 
Transports-Telecommunications. Model 1 was negatively influenced by Age and Type 3. 

Model two 

• Extramural Engagement in R&D reveals a very high positive dependence with Age in both surveys. 
In Manufacturing. Type 1 and Medium Tech influences positively and Type 3 influences negatively 
Extramural R&D. In Services Transports and Telecommunication and KIBS influences negatively 
Model 2. Its significant highlights the differences between sectors concerning influences of type 3 in 
Model 2. 

Model three 

• Model 3 in manufacturing survey had a high positive relation with high technological, medium 
technological, Age and Most sig Market (2). The Cooperation to innovate had a negative relation 
with Type 3 and  most sig Market (3)  The services survey had positive dependence with 
employment logarithm, Most sig Market (3), KIBS, Financial Services, Transports-
Telecommunication. Nevertheless, Type 3 and Age, has negative dependence with Innovating 
enterprises with cooperation. 
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1.  Recent paradigm shifts in environmental issues 
 
Currently, at least three major developments influence the relevance and further extentions 

of environmental information: Recent concerns about climate change put the state of the 
environment again to the forefront of the political agenda. In March 2007, the European Council 
emphasised that the EU is committed to transforming Europe into a highly energy-efficient and low 
greenhouse-gas-emitting economy. In particular the EU has set itself ambitious reduction targets, 
for example, by 2020 the European Union will reduce its greenhouse gas emissions by 30 percent 
compared with 1990 levels.  

Another major decision was the adoption of the Aarhus Convention ten years ago, which is 
a new kind of environmental agreement because it links government accountability, transparency 
and responsiveness with environmental protection. One outcome of the spirit of the Aarhus-
Convention is the implementation of the European Pollutant Emission Register (EPER) which will 
soon be replaced by the broader concept of the Pollutant Release and Transfer Register (PRTR). 
Data of major industrial installations, which were so far seen as sensitive, are made public with 
regard to their emissions on air, water, soil and waste.   

On the other hand, statistical inquiries are increasingly seen as putting a heavy burden on 
the respondents. Although recent studies have shown that not statistics, but primarily other 
bureaucratic regulations and reporting obligations, are causing this impression, statistics may be 
affected by this view. The German government endorsed an ambitious program to measuring and 
reducing bureaucratic costs for business, in particular small and medium size firms, and consumers. 
In addition, the EU decided recently on an action programme for reducing administrative burdens 
and in January 2007 the Commission proposed to fix a reduction target of 25 % to be achieved by 
2012.  

These three flashlights of new developments raise the question about the future role of 
statistics in general and environmental data in particular. To meet the ambitious environmental goals 
of the EU, one should further develop the supply of relevant and high quality environmental data. 
The call for lighten bureaucratic procedures, however, asks for streamlining data collection. In the 
following, two examples from Germany will be presented which try to serve the request for relevant 
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data and at the same time to ease the response burden. 
 
2.  Using administrative data: The German example of hazardous waste 
 
There are many advantages of using administrative data for statistical purposes. 

Administrative data may replace costly and time consuming statistical inquiries. In addition, 
administrative data are reliable, comprehensive, timely and – while applying advanced computer 
technologies – easily transferrable between administrative and statistical institutions.   

In the field of statistics, the German Statistical Advisory Committee has recommended to 
increase the use of administrative records. Therefore, the German Environmental Statistics Act 
(„Umweltstatistik-gesetz“) requests the use of data primarily generated for administrative 
monitoring of emissions for statistical purposes. For waste management, legal obligations apply to 
special fractions of waste. Administrative records have to be kept to proof the proper management 
of hazardous waste. The Environmental Statistics Act allows the statistical use of administrative 
data on hazardous waste.  

However, the German experiences on the usefulness of administrative data sources for 
environmental statistics are mixed, because the statistical use of administrative data on 
environmental issues faces many problems: Requests of statistical institutions for transferring 
‚cleaner‘ and ‚quicker‘ data were not always successful. Since Germany is organised as a federal 
state, data management depends on the cooperation of statistical and administrative institutions on 
regional level (NUTS 1 = „Bundesländer“) which unfortunately varies quite significantly on 
regional basis.  

Based on these experiences, improvements may only be achieved by changing the legal 
framework of administrative and statistical data management. To develop a new framework, the 
following actions may be taken (for details see Becker/Grundmann 2003):  

• With regard to terminology, concepts, classifications and periodicity, administrative 
and statistical data may be harmonised in order to better serve administrative and statistical 
purposes simultaneously. In Germany, one example is the statistic on business-registration 
(„Gewerbeanmeldung“), where certain concepts and classifications are included which serve 
statistical purposes. 

• The right of statistical agencies to access and use administrative data may be 
extended substantially and a common data base linking administrative and statistical data on micro 
level may be developed.  

• Besides the legal measures, the cooperation between administrative and statistical 
institutions may be intensified. A dialogue between the concerned parties may be institutionalised in 
order to harmonise on a regular basis all relevant aspects of data management. The dialogue may 
lead for example to a mutually agreed upon list of minimum standards on data management which 
provides guidelines with regard to data content, data quality, data transfer and timeliness of data.  

However, while updating the current German Environmental Statistics Act in 2005, two 
drawbacks have to be mentioned: First example: It was considered to harmonize data requirements 
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of PRTR and the German waste- and water-statistics, but the views of the statistical institutions 
were neclected. Second example: Another source of administrative data on air emissions which was 
in force up to the year 2004, was deleted from the newly set up Environmental Statistics Act of 2005. 
The official justification was that in the light of EPER/PRTR there is no further need for this 
statistic, but the inofficial version was, that for many reasons which could not be solved between the 
concerned authorities, this statistic was not timely and its quality was questioned. 

 
3.  The increasing use of electronic formats for statistical data 
 
The traditional procedure of collecting, managing, transferring and disseminating statistical 

data was a paper-based data flow. According to a German federal authorities’ eGovernment 
initiative this will change dramatically, in the future bureaucratic procedures should primarily be 
processed online and paper-less.  

That initiative groups together all activities by which the concerned authorities on national 
and regional level make joint efforts in providing online administrative services, setting up network 
portals and developing uniform standards. In the field of statistics, two activities should be 
mentioned which are called IDEV and eSTATISTIK.core.  

Within the IDEV-concept (Internet Data Collection of the Statistical Agencies), the 
respondents can submit their statistical data via the internet. The advantage for the respondents is 
that, while typing their data into the online questionnaires, basic plausibility checks are executed. In 
addition, they do have better documentation of their data sent. One drawback is still, that the data 
have to be typed-in manually. 

Since more and more companies store their data in electronic formats for their internal 
planning, steering and controlling, specific software modules are developed which serve special 
purposes such as for payroll, financial accounting, social security or tax obligations. 
eSTATISTIK.core will allow automated procedures for statistical purposes. “At the push of a 
button” statistical raw data are extracted from the businesses’ accounting (or similar) system and 
can be sent via the internet in XML-format to a central point of the statistical offices for incoming 
data (“core” = common online rawdata entry). The incoming data unit checks the data packages 
before automatically distributing them to the responsible statistical offices for further processing. 

For small and medium companies, which may not have all requested data on their internal 
accounting network, a modified version of eSTATISTIK.core has been developed which is called 
CORE.reporter. This version allows a semi-automated data handling because on the one hand it 
enables to collect automatically certain data on specified PCs and on the other hand it allows to add 
missing or to replaces/adjust other data. CORE.reporter is therefore the ideal platform for statistical 
data besides the classical accounting data. Environmental data (besides the environmental 
expenditures) such as on waste or wastewater are more and more processed electronically, but 
usually not within the scope of the companies’ accounting system.       

 The system of the German surveys of environmental statistics comprises 20 different 
surveys in the four fields of waste, water and wastewater, air emissions and environmental 
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expenditures. The latter provide since 2004 the possibility of internet questionnaires according to 
the IDEV-format. Waste statistics was following in the year 2006, water will follow this year and 
finally air emissions will do so in 2008. eSTATISTIK.core will be first introduced in waste statistics 
in 2008, followed by environmental expenditures in 2009. 

So far, the IDEV-format in waste statistics and environmental expenditures seems to 
become a success story. Currently, the expenditure questionnaires are filled on the internet by 
almost 17-20% of the respondents with increasing shares over the years, where larger companies 
reach even higher shares up to 25%. The waste statistics report high shares of up to 20% as well. 

There are two reasons which do not allow to make forecasts about the future rise of the 
share. One reason is that the investment in specified statistical software modules is not high but it is 
also not neclectible. As said earlier the companies complain about the burden of bureaucratic 
procedures, but within those procedures, statistics is not their major concern. Secondly, in order to 
make data transfer completey automated, the statistical variables, methods and definitions should be 
adapted to business accounting and other reporting concepts and vice versa. In the area of wage 
statistics, for example, the definition of the statistical variable “gross wage” was adjusted to the 
business term “taxable wage”. 

 
4.  Conclusions 
 
Although major decisions were taken recently in favour of environmental issues, the 

reduction of response burden raises the fear of reducing the data supply of environmental 
information. Therefore, various strategies to reduce the response burden of statistical data without 
reducing their quality and relevance have been developed and tested in recent years. Each strategy 
has its advantages and disadvantages from various points of interest.  

Using administrative data is one strategy which promises the multifunctional use of data. 
However, recent experiences in Germany indicate, that certain prerequisits have to be fulfilled 
which are beyond statistics. 

Another strategy discussed in this paper is the increasing use of electronic media in 
collecting and managing statistical data. This will be a strategy for huge amounts of statistical data. 
The first results about the rate of acceptance of the new electronic media are promising. 
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1. Introduction 

The detection of temporal discontinuities in climate data is of major importance, because non-climatic 
factors make data unrepresentative of the actual climate variation and might bias the studies' conclusions. 
Unfortunately, few long-term climate time series are free of irregularities (e.g. Peterson et al., 1998; Allen 
and DeGaetano, 2000; Auer et al., 2005). A break could result from a recalibration of an instrument or the 
station relocation; a linear trend could result from a gradual but constant degradation of a sensor; and a non-
linear trend could result from vegetative growth around the instruments. 

A great deal of effort has been made in the last two decades to develop procedures to identify and 
remove non-climatic inhomogeneities. Peterson et al. (1998) give a comprehensive review of methods. This 
paper summarizes the characteristics of a number of procedures, both traditional and recently proposed, that 
are used to detect temporal inhomogeneities: the Buishand range test, the Pettit test, Standard normal 
homogeneity test (SNHT) for a single break, the SUR+Ellipse test, and a Geostatistical stochastic simulation 
approach. The techniques are illustrated using precipitation data from 74 monitoring stations located in the 
South of continental Portugal. Finally, traditional versus stochastic simulation approaches are discussed, and 
some conclusions of this study are drawn. 

 
2. Inhomogeneities detection procedures 
2.1 Buishand range test 

The Buishand range test (Buishand, 1982) is a parametric test and supposes, under the null hypothesis, 
that the values of the testing variable are independent and identically normally distributed. Under the 
alternative hypothesis, it assumes that a step-wise shift in the mean (a break) is present. Wijngaard et al. 
(2003) extend the table of critical values for the test given by Buishand (1982) and provide a mathematical 
description. This test is capable of locating the period (month or year) where a break is likely, but it is more 
sensitive to breaks in the middle of a time series (Wijngaard et al., 2003). 

 
2.2 Pettit test 

Pettit (1979) developed a nonparametric test that is capable of locating the period (month or year) 
where a break is likely. The null hypothesis is that the data are independent, identically distributed random 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 5420 -



quantities and the alternative is that a step-wise shift in the mean (a break) is present. The test statistic is 
related to the Mann-Whitney statistic. A mathematical description and the significance level can also be 
found in Tarhule and Woo (1998). This test is based on the ranks of the elements of a series rather than on the 
values themselves, thus it is less sensitive to outliers than other methods. Like other tests, the Pettit test is 
more sensitive to breaks in the middle of a time series (Wijngaard et al., 2003). 

 
2.3 Standard normal homogeneity test 

The Standard normal homogeneity test (SNHT) for a single break is a parametric test developed by 
Alexandersson (1986) that is capable of locating the period (month or year) where a break is likely. The null 
hypothesis is that the data are independent, identically normally distributed random quantities and the 
alternative is that a step-wise shift in the mean (a break) is present. The SNHT is a likelihood ratio test and it 
is usually performed on a ratio or difference series between the candidate station and reference series. The 
SNHT detects breaks near the beginning and the end of a series relatively easily (Ducré-Robitaille et al., 
2003; Wijngaard et al., 2003). 

 
2.4 SUR + Ellipse test 

Allen et al. (1998) describe a method of cumulative residuals (Ellipse test) that tests if a weather data 
set is homogeneous using the cumulative residuals from the linear regression between the candidate series 
(dependent variable) and data from a neighbouring station (independent variable), or the average 
observations of several surrounding stations inside the same climatic region. Costa and Soares (2006) 
proposed an extension of this method that takes into account the contemporaneous relationship between 
several candidate series from the same climatic area. Instead of using the residuals from a linear regression 
model, the proposed technique uses the residuals from a Seemingly unrelated regression equations (SUR) 
model (Zellner, 1962), thus named SUR+Ellipse test. This test is capable of locating the period (year) where 
a break is likely to occur. 

 
2.5. Geostatistical stochastic simulation approach 

A stochastic simulation approach, using the direct sequential simulation (DSS) introduced by Soares 
(2001), was proposed by Costa et al. (2007) for inhomogeneities detection in precipitation time series. This 
relative technique accounts for the joint spatial and temporal dependence between observations, and 
enhances the pre-eminence of the closer stations, both in spatial and correlation terms. This approach is 
capable of locating the period (year) where a break is likely, allows accounting for the detection of multiple 
breaks simultaneously, and allows identifying breakpoints near the start and end of a series. 

 
3. Detection of temporal discontinuities in Portuguese precipitation series 

This section illustrates the application of the inhomogeneities detection procedures described 
previously using precipitation data from 74 monitoring stations located in the South of continental Portugal. 
The daily precipitation series analysed were compiled from the ECA dataset and the National System of 
Water Resources Information (SNIRH, managed by the Portuguese Institute for Water) database, and are 
available through free downloads from the ECA website (http://eca.knmi.nl) and the SNIRH website 
(http://snirh.inag.pt), respectively. 

The testing procedures are illustrated for two candidate series (Beja from the ECA dataset, and Aljezur 
from the SNIRH database), and use records from a number of stations located in the same climatic area, 
named reference stations, which presumably are homogeneous. The testing variable is the annual wet day 
count with 1 mm as threshold. 

The Buishand, Pettit, and SNHT tests were applied to composite ratio reference series (Alexandersson 
and Moberg, 1997) that were built using data from two references for each candidate station. The 
SUR+Ellipse test was applied to the testing variable data; each SUR model included at least two candidate 
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stations data; and included one, two or the average of two references as independent variable(s) for each 
candidate's equation. The stochastic simulation approach used a spherical semivariogram model fitted to the 
testing variable data, within the period 1980-2001, from 66 monitoring stations: the spatial dimension was 
modelled using an isotropic semivariogram with a range of 72 km, and the temporal one with the range equal 
to 1.8 years. The local probability density functions, of each year of the candidate series, were inferred from 
50 simulated maps in a 1km x 1km grid. All procedures used a 5% significance level. 

 
3.2 Results of Beja station 

The Buishand test statistic was equal to 1.20 for the period 1951-1990, and equal to 1.14 for 1959-
1999. The Pettit test statistic was, respectively, equal to 105 and to 85 for the period 1951-1990 and for 1959-
1999. Finally, the SNHT test statistic was equal to 4.21 for the period 1951-1990, and equal to 2.0 for 1959-
1999. Hence, these three tests considered the series as homogeneous. The Ellipse test was applied to the 
residuals from the equations of three SUR models, and all tests considered the series as homogeneous. 
Conversely, the stochastic simulation approach identified a break in 1991. 

 
3.3 Results of Aljezur station 

The Buishand test statistic was equal to 1.88 for the period 1956-1995. The Pettit and the SNHT tests 
statistics were equal to (–)255 and to 13.81, respectively, in that period. The Ellipse test was applied to the 
residuals from the equations of seven SUR models. Two Ellipse tests identified breaks in 1968, whereas the 
other five considered the series as homogeneous. Hence, all these testing techniques detected a break in 1968 
(note that the stochastic simulation approach just tested within 1980-2001). Moreover, the stochastic 
approach considered the 1980-2001 period as homogeneous. 

 
4. Discussion 

Wijngaard et al. (2003) state that, generally, a combination of statistical methods and methods relying 
on metadata information is considered to be most effective to track down inhomogeneities. If the 
irregularities are due to non-climatic factors then the climate series should be rejected from the analysis or 
properly adjusted. 

Regression-based techniques (e.g. Ducré-Robitaille et al., 2003) and relative methods that use 
composite reference series – ratio series for precipitation and difference series for temperature – are 
traditional approaches for the homogenization of climate records. Composite reference series are computed 
as a weighted average of data from neighbouring stations by using some measure of statistical similarity 
(usually the correlation coefficient or an inverse function of the distance) between them (Peterson et al., 
1998). A combined use of those measures has also been proposed in order to enhance the contribution of the 
records from closer stations, both in spatial and correlation terms (e.g. Romero et al., 1998). 

Most of the statistical procedures, including nonparametric tests, require serially independent data. 
When sample data are serially correlated, the presence of serial correlation in time series will affect the 
ability of the tests to correctly assess the significance of inhomogeneities detection. However, it is a standard 
procedure to relax that hypothesis for annual data, as well as the Gaussian hypothesis of parametric tests. 

In view of those arguments, we believe that the most promising technique to identify inhomogeneities 
in climate series is the geostatistical stochastic simulation approach, because it accounts for the joint spatial 
and temporal dependence between observations, and enhances the pre-eminence of the closer stations, both 
in spatial and correlation terms. 

The inherently high (temporal and spatial) variability of precipitation makes homogenization of 
precipitation records more difficult to accomplish than other elements (e.g. temperature). For this reason, and 
taking into consideration the case study experience, it is advisable to use at least 50 simulated realizations to 
infer with accuracy the local probability density functions of precipitation data, whereas for other elements 
(e.g. temperature) a maximum of 50 simulations might be enough. Further research on this subject is clearly 
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required. 
Moreover, well-established statistical methods for homogeneity testing sub-monthly data are lacking 

(e.g. Auer et al., 2005). We believe that geostatistical stochastic simulation approaches are promising 
procedures for the homogenization of sub-monthly data, as kriging techniques have proven to succeed in the 
estimation of missing daily precipitation data (e.g. Teegavarapu and Chandramouli, 2005). Thus, further 
research on this approach should be pursued. 
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ABSTRACT

Ecological systems comprise many physical, chemical and biological parameters which are gener-
ally interrelated and consequently many of the variables are potentially both responses and covariates
within the system. Statistical analysis of long-term environmental datasets using multiple response
models is therefore required to explore relationships fully and identify all the important forms of de-
pendence. For shallow lakes, such analysis is necessary in an attempt to establish implications of
climate change and eutrophication. This knowledge is particularly important for the European Com-
munity Water Framework Directive 2000 (ECWFD2000), which requires that all surface waters should
be at, or above, ‘good status’ by 2016. Therefore, a multivariate additive model is presented to explore
nonparametric relationships in a lake ecosystem, whilst accounting for dependence between responses.
Techniques are applied to data from Loch Leven, Kinross, Scotland.

1. Introduction

Ferguson et al. (2007) outlined univariate additive and varying-coefficient models for a lake
ecosystem in order to explore the ecological consequences of climate change combined with nutrient
pollution. Information on these ecological pressures is required for successful implementation of the
ECWFD2000 (European Parliament, 2001). However, such systems usually comprise many physical,
chemical and biological variables that are interrelated and contain many forms of dependence. It is
therefore of interest to develop models which capture the structure of such systems more fully. This
paper combines ideas from multivariate regression, simultaneous equation modelling and multiple time
series to extend the ideas in Ferguson et al. (2007) in order to develop a multivariate additive model,
with a general covariance matrix, and apply it to data from Loch Leven, Kinross, Fife.

2. Multivariate Additive Model

The form of the model for multiple responses is taken to be

y = µ +
k∑

j=1

mj(xj) + ε, ε ∼ N(0,Γ),(1)

where for p responses, y = (y1, ..., yp), µ = (µ1, ..., µp), mj(xj) = (m1j(xj), ...,mpj(xj)) and ε =
(ε1, ..., εp). Model (1) can be fitted using techniques from multivariate regression, see for example
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Mardia et al. (1979), with a separate smooth component produced for every covariate of each response
and the intercept held fixed as the mean vector, µ. For 2 responses and 2 covariates, for illustration
purposes, the fitted model becomes

y = µ + M11(x1) + M12(x2) + M21(x1) + M22(x2) + ε

where, p = 2, M1j(xj) =
(

m1j(xj) 0
)

and M2j(xj) =
(

0 m2j(xj)
)
.

The mean is subtracted from each response before model fitting and hence from this point
forward y = y−µ. In general, the local linear method of smoothing (2) can be used for the components
to obtain a smoothing matrix Spj for response p and covariate j. Therefore, the estimators M̂(x) are
taken as the least squares estimators α̂ which arise from:

min
α,β {y − α1n −Xβ}T W

1
2 Γ−1W

1
2 {y − α1n −Xβ}(2)

where, for example, 1n =
(

1 0
)

or
(

0 1
)

depending on the covariate and response being
considered and X denotes a vector with ith element (xi − x), corresponding to mj(x), with zeros in
the rest of the vector. The matrix W has the elements w(xi − x;h) constructed from a normal kernel
density, which are repeated down the diagonal for the number of responses with zeros elsewhere. The
smoothing parameter h can be chosen by specifying the degrees of freedom for each component as
tr(Spj)−1; see Hastie and Tibshirani (1990) and Γ is constructed from a VAR(1) process as described
in the next section.

In environmental applications cyclic components, such as month of the year, are common. For
such variables, local constant smoothing can be used to estimate M̂(x) with a circular weight function,
constructed from the von Mises distribution, used to form the matrix W ; see Ferguson et al. (2007)
for details.

After obtaining smoothing matrices for each component, models are fitted by employing the
backfitting algorithm and additional adjustment is made to ensure that

∑n
i=1 M̂j(xji) = 0. After

convergence, the result is j projection matrices Pj creating the fitted values as ŷ = µ + Py where
P =

∑k
j=1 Pj . Standard errors can be estimated for each smooth component by calculating the square

root of the diagonal entries of cov(M̂(x)) = cov(Pjy) = Pjcov(y)P T
j ' PjΓ̂P T

j .

3. Covariance Matrix Γ

In order to account for dependence between responses, and throughout time for individual
responses, a VAR(1) form for the errors is proposed,

εt = Aεt−1 + at(3)

where εt = (ε1t, ..., εpt), εt−1 = (ε1,t−1, ..., εp,t−1), at ∼ N(0, Σa) and A is a matrix of coefficients
estimated by fitting (3) using multivariate regression and solving for the parameters Aij .

In this case it is of interest to construct the covariance matrix of the residuals, Γε, for model (1)
and use this in a multivariate additive model framework to attempt to account for the many forms
of dependence. If Σε and A can be estimated in (3) then Γ can be generated using multiple time
series theory for VAR(1) models. Lütkepohl (1991) shows that A and Σε can be used to obtain the
covariance matrix for the residuals at lag l, namely Γ(l), using

Γε(0) = AΓε(1)T + Σa = Σε

l > 0, Γε(l) = AΓε(l − 1)
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4. Application

A multivariate additive model has been applied to the monthly mean data from Loch Leven,
Kinross, Scotland from January 1988 to December 2002. After ecological discussion chlorophylla and
Daphnia were identified to be the main system responses, as indicators of water quality and grazer
pressure. However, both responses are related at the same time point and lagged in time suggesting
that a multiple response model is required. Covariates of year and month were considered for both
responses as indicators of trend and seasonality and additional covariates, chosen after ecological
discussion, are highlighted in equation (4), which displays the fitted model. SRP and NO3-N are
nutrients in the system with water temperature an indicator of climate. For each of the components
in this model the degrees of freedom = 4 to allow a moderate degree of flexibility.

(
log(chlorophylla)t

log(Daphnia)t

)
=

(
µ1

µ2

)
+

(
m11(yeart)
m21(yeart)

)
+

(
m12(montht)
m22(montht)

)

+

(
m13(log(SRP)t)

0

)
+

(
m14(log(Daphnia)t)

0

)

+

(
m15(watertempt)
m25(watertempt)

)
+

(
m16(log(NO3 −N)t)

0

)

+

(
0

m27(log(chlorophylla)t)

)
+

(
ε1t

ε2t

)
(4)

Γ(0) and the matrix A for the residuals, produced after fitting model (4) with independent errors
initially, are shown in (5) and highlight dependence between responses and throughout time.

Γ(0) =

(
0.49 0.24
0.24 2.99

)
A =

(
0.57 −0.12
0.29 0.29

)
(5)

The covariates in the model are tested in terms of ‘no effect’ versus ‘effect’ and ‘linear’ versus
‘nonparametric effect’ using a test based on quadratic forms modified for multiple responses (Ferguson
et al ,̇ 2006) and a separate component plot can be produced for each smooth component illustrating
the fitted values with a shaded band to identify ± 2 standard errors.

5. Results and Discussion

The results from fitting model (4) can be seen in Figure 1 and Table 1. There is little evidence
of trend and a non-significant seasonal component is highlighted for both responses. Linear terms
generally appear reasonable with the exception of water temperature (p-value = 0.015) and significant
relationships are highlighted for log(SRP), water temperature and log(chlorophylla) as covariates with
p-values 0.043, 0.025 and 0.009. Ecologically, relationships indicate nutrients absorbed in the produc-
tion of chlorophylla and with the exception of high water temperatures, chlorophylla decreasing (and
hence water quality improving) with increasing temperatures and increasing Daphnia. This suggests
an improvement in water quality at particular times of the year. Concurvity between month and water
temperature results in a high p-value for water temperature as a covariate of Daphnia with both terms
not required simultaneously.

Relationships identified by the single and multiple response models are similar, reassuringly.
However, the effects of chlorophylla and Daphnia as covariates are more significant in the multiple
response case. Including responses as covariates for other responses with fully dependent errors may
result in overfitting and hence further investigation is required. Future work will involve combining
process based models with statistical uncertainty.
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Figure 1: Plots (a) to (f) contain separate component plots for each covariate of log

chlorophylla and plots (g) to (j) separate component plots for each covariate of log Daph-

nia with shaded regions to identify ± 2 standard errors from the estimate for model (4).

Table 1: p-values for testing for ‘no effect’ and ‘linearity’ in model (4).

Response p-values
log(chlorophylla) log(Daphnia) ‘no effect vs effect’ ‘linear vs nonparametric effect’

year 0.822 0.786
month 0.117 -

log(SRP) 0.043 0.108
log(Daphnia) 0.087 0.927
water temp 0.025 0.015
log(NO3-N) 0.097 0.478

year 0.780 0.627
month 0.227 -

water temp 1 0.989
log(chlorophylla) 0.009 0.264
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 The National Parks and Services funded a two-year project to investigate the importance of habitat and 
water quality to fisheries. Because the sampling stations for the fisheries and water quality were non-
collocated, the predicting of water quality at the fisheries sampling locations is crucial to investigate the 
relationship between water quality, fish population, and eelgrass. To this end, we develop models that take 
into consideration the spatial and temporal variation of a given water quality variable to predict values at un-
sampled locations, at a point in time. Five different spatio-temporal models -four parametric and one 
Bayesian model- were used to predict individual variables and their accuracy in prediction was assessed via 
the sum of squares for error (SSE) and the sum of absolute errors (SAE). Results for predicting the spatial-
temporal process for Total Nitrogen (TN) will be discussed. 
 
1. Introduction 
 Until not long ago, the analysis/modeling of spatio-temporal processes was very limited due to the 
difficulty in accounting for the spatial and temporal dependencies in the processes. In the last years, with the 
advances in Bayesian statistics, spatio-temporal models have experienced a dramatic increase in attention. 
There is an extensive literature available involving Bayesian data analysis for spatio-temporal models with 
applications to a variety of disciplines (Banerjee et al., 2004; Brown et al., 1994; Ferrandiz et al., 1995; 
Gelfand et al., 2005; Gilks et al., 1993; Shaddik et al., 2002). Both, parametric and Bayesian models for 
modeling spatio-temporal processes will be discussed in this paper and comparisons will be based on the 
predictive ability of the models. Bayesian approaches are particularly attractive since they can account for 
uncertainty in the estimation of the parameters in the model, while parametric models cannot. 
 
2. Data 
 The interconnected complex of shallow embayments or coastal lagoons fronted by the Assateague 
Island National Seashore (ASIS) along the Atlantic coast of the Delmarva Peninsula has been experiencing a 
marked increase in the coverage and density of eelgrass during the past 15 – 20 years. This system has also 
been extensively monitored for fin fish and benthic epifaunal invertebrates at 39 stations since 1972 by the 
Maryland Department of Natural Resources (DNR). In addition, the National Park Service (NPS) has 
monitored a suite of water quality parameters at 18 stations for the past 14 years in Chincoteague, Newport, 
and Sinepuxent Bays. Results presented in this paper relate to prediction of Total Nitrogen (TN) at three 
randomly selected stations -one from each one of the Bays- for each of the months NPS has monitored water 
quality in the Bays. 
 
3. Models 

Since the interest is in predicting water quality parameters at un-sampled locations, data from fifteen 
of the water quality stations were used for modeling purposes (a total of 2085 observations -139 months ×  
15 stations) and three stations for validation and assessment of predictive accuracy, for a total of 417 
predicted values (139 months at each of the three stations). These values were compared to the observed 
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values and the sum of squared errors (SSE) and sum of absolute errors (SAE) were calculated, for each of the 
models, using the equations 

     and     (1) 2

1
i i

i= 1i=where m is total number of non-missing observations and and  are the i
ˆ( )

m

SSE y y= −∑ |SAE y y= −∑ ˆ|
m

i i

iy ˆ
iy th observed and predicted value, 

respectively.  
 
3.1 Fixed Effects Models 

Three different parametric fixed effects models were used to analyze the data in this study.  The 
three models are defined as follows 

Model 1:  0 1 2 3y xcoord ycoord timeβ β β β= + + + +i i i ε   
Model 2:   0 1 2 3 4 1 5 2 14 11y xcoord ycoord time month month monthβ β β β β β β= + + + + + + + +i i i i i i ε

y xcoord ycoord time monthβ β β β β= + + + +i i i i
_ 2000 _ 2000month ind time ind

 
Model 3:   0 1

   
2 3 4 1

14 11 15 16β β β ε+ + × +i i i+ +   
where y is the dependent variable (total nitrogen –TN); xcoord and ycoord  are the x-y coordinates of the 
sampling station in UTM; time is a time sequence describing the month the sample was taken (1 to 139); 
monthi is an indicator variable denoting the ith month, i = 1, 2, …,11 (the 12th month was used as the 
reference class); and ind_2000 is an indicator variable defined as zero if year < 2000 and one otherwise, to 
account for a change point at the end of the year 1999. Model (1) takes into account both, the large spatial 
trend as well as the overall time trend. Model (2) accounts not only for spatial and temporal trends but also 
for seasonality and Model (3) additionally allows for a change in temporal trend at the beginning of the year 
2000. It is important to note that all the models defined above (1-3) assume independence and 
homoscedasticity and do not account for spatial or temporal correlation in the residuals. 
 
3.2 Mixed Effects Models 
 The model defined in this section is a parametric mixed effect model and the analysis is carried out as 
a repeated measures analysis, where time is considered as repeated within station. Thus, space is defined as a 
fixed effect and time as a random effect.  The model can then be defined as 

Model 4:  , 0 1 , 2 , 3, ,i time i time i time time i timey xcoord ycoord timeβ β β β= + + + +i i i ε

s t

   
where yi,time indicates the observation taken at the ith station, i=1, , 15, at time time (time=1, ,139).
 The main difference between the fixed and mixed effects models is that, for the fixed models, 
independence is assumed and in the mixed model the random component could assume a covariance 
structure for the residuals. The chosen covariance structure for time was defined by an exponential model. 
 
3.3 Bayesian Model 
 The basic assumptions for spatio-temporal Bayesian models are, 1) no space-time interaction, 2) the 
process is separable and isotropic, and 3) additive form in temporal and spatial effects. The spatio-temporal 
Bayesian model can be written as 

Model 5:    0

where, 
( ) ( ) ( , )y t sβ α ω ε= + + +

( ) exp( / )ij tt dα φ= − is an exponential function that depends on the distance ijd  between times i and j, 
and has a decaying parameter tφ ; ( ) exp( / )ij ss dω φ= −  is also an exponential function, with decaying 
parameter sφ , depending on the distance ijd  between two stations, and ε

2( , ) (0, )s t Nε σ∼  a random error 
independent of the other processes. The covariance structure for time, and space can be written as  
  Cov{ } = ( ), ( )t tα α ′ 2

tσ exp( / )ij td φ−  and  Cov{ ( ), ( )s sω ω ′ } = 2

sσ exp( / )ij sd φ−    (2) 
where 2

tσ  and 2

sσ  denote the variances for the temporal and spatial processes, respectively.  
 
4. Results  
 All the estimated coefficients for time, xcoord, and ycoord in models 1-4 were statistically significant. 
In addition, seasonality was also significant in models 2 and 3 and the interaction term allowing for a change 
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in time trend was significant in model 3. The four parametric models indicate the presence of an overall time 
and spatial trend in the data, and model 3 supports the hypothesis of a change in time trend at the end of year 
1999 -trend decreases slightly up to the end of the year 1999 and starts to increase for the period starting 
January 2000-. The estimated parameters for the x-y sampling locations coordinates in model 4 are basically 
the same as the ones fitted by the three fixed effects models but their standard errors almost double in size 
due to the fact that some of the correlation structure in residual is accounted for. This indicates that the 
standard errors for the estimated parameters are underestimated when independence was assumed, producing 
incorrect (narrower) prediction intervals. 
 Comparisons of the five models described above are made by assessing their predictive accuracy via 
the SSE and the SAE.  The results for predicting monthly TN for a period of 139 months, at the three 
validation stations are presented in Table 1. 
 
Table 1. Calculated sum of squared and absolute errors for each of the spatio-temporal models 

Model SSE SAE Covariance Structure 
Model (1) – Fixed model 89,038 4,747 N/A 
Model (2) – Fixed model 69,045 4,203 N/A 
Model (3) – Fixed model 67,604 4,203 N/A 
Model (4) – Mixed model 63,831 4,105 Exponential for Time 
Model (5) – Bayesian model 36,231 2,940 Exponential for Space + Time 

 
 The Bayesian model shows the lowest SSE, which is 2.5 and 1.8 times smaller than the simple fixed 
model 1 and mixed model 4, respectively. Similarly, the lowest SAE attained by the Bayesian model is 1.6 
and 1.4 times smaller than that of the fixed effect model 1 and mixed effect model 4. Since model 1 does not 
account for seasonality in TN, the calculated SSE and SAE for this model are much higher than for the other 
four models. However, accounting for seasonality and change in time trend around year 2000 dramatically 
reduces the SSE and SAE in models 2 and 3. The performance of the mixed model in terms of SSE and SAE 
is better than any of the fixed effect models, but poorer than the Bayesian model. It is clear that the 
predictive accuracy of the Bayesian model is considerably better than that of the other four parametric 
models. To make comparisons between the mixed and Bayesian model, an alternative Bayesian model that 
ignores spatial correlation but includes time dependency was considered. The resulting SSE for this model 
was 36,245, which is still much smaller than 63,831, the SSE associated with the mixed model. When 
comparing the results of both Bayesian models it can be concluded that the temporal correlation is far more 
important than the spatial correlation in TN. 
 Figure 1 displays plots of observed values and 95% confidence intervals for prediction, for models 1, 3, 
4 and 5 at one of the three chosen stations –plots were similar for the other two stations-. In Figures 1(a) and 
1(b), almost all the observed values fall outside the 95% prediction limits but it is evident from the plots and 
the SSE and SAE associated with these models, that the performance of model 3 is superior than that of 
model 1. The 95% confidence bands for prediction resulting from the mixed effect model -Figure 1(c)- 
follows a similar pattern and has a similar width to that of the Bayesian model -Figure 1(d)-. It is important 
to note that when the temporal correlation is accounted for by the mixed model, the standard errors 
associated with the parameters of the model increase drastically, hence the wider prediction intervals, when 
compare to the prediction bands for models 1 and 3. It can also be concluded that the 95% prediction 
intervals for the fixed models presented in Figure 1(a) and 1(b) are incorrect since by assuming 
independence, the standard errors are severely underestimated and the prediction bands artificially narrow. 
 
5. Conclusions 
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(c) Model (4) – Mixed model      (d) Model (5) – Bayesian model 

 
Figure 1. Observed values of TN at a selected station, from April 1993 to October 2004 and 95% confidence 
interval for prediction constructed from (a) Model 1 (b) Model 3 (c) Model 4 (d) Model 5- Bayesian model. 
 
 The simple fixed effect model that allows for time and spatial trends and assumes independence have 
the least predictive accuracy. The other two fixed effects models, models 2 and 3, that additionally take into 
account seasonality, and both, seasonality and a change in time trend at the beginning of 2000, respectively, 
perform much better than the simple fixed model. Because of the lack of independence in the data the 
calculated confidence intervals for prediction for the first three fixed effects models are incorrect. The 
parametric mixed model that took into account time and spatial trends, as well as temporal correlation in the 
TN data shows a vast improvement in fit when compared to the three fixed effects models. By looking at the 
SSE and SAE and 95% confidence intervals for prediction, the overall performance of the Bayesian model 
truly exceeds that of the four parametric models when predicting Total Nitrogen at the Chincoteague, 
Newport, and Sinepuxent Bays. 
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Univerità degli Studi di Torino, Dipartimento di Statistica e Matematica Applicata

Piazza Arbarello n. 8

Torino (10122), Italy

E-mail: ghigo@econ.unito.it

Ignaccolo, Rosaria
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1. Introduction and data

The European Air Quality Framework Directive (1996/62/CE) imposes land classification in relation-

ship with air qualiy features, to distinguish zones that need actions or only hold their conditions. The

national implementations of EU Directives delegate the air quality assessment responsability to Italian

Regions. Thus a “zoning” of Piemonte region (Northern Italy) through a functional approach is pro-

posed, using information about hourly concentration levels for the more critical atmospheric pollutants

in 2005. Data are produced using a three-dimensional deterministic modelling system implemented by

the Area Previsione e Monitoraggio Ambientale of ARPA Piemonte (Bande et al. (2007)) and capable

to process meteorological observations and to simulate air pollutant transport, transformation and

diffusion. Main atmospheric pollutant concentration fields (such as CO, SO2, PM10, NO2, NOx, C6H6

and O3), emission fields, main meteorological and turbulence variables fields are produced on a hourly

basis over a regular grid that has an horizontal resolution of 4 km and covers Piemonte, neighbouring

italian regions and foreign countries. Hence available data are not observed but artificial, however

the European law allows their use in the air quality assessment. These pollutant concentrations are

converted to functional data for every grid point and so these points are classified by functional cluster

analysis (FCA).

2. Method

Pollutant time series can be viewed as realisations of continuous processes that are recorded in discrete

time, assuming the existence of a continuous function giving rise to the observed data. So we can

consider the functional form of our time series adopting the Functional Data Analysis approach,

that has the advantage to converte discrete data into functional data reducing even thousands of

observations to a few coefficients, but preserving the temporal patterns of time series (Ramsay and

1Work partially supported by PRIN project n. 2006131039 and Regione Piemonte project CIPE 2004
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Silverman (2005)). This convertion involves smoothing using linear combinations of B-spline functions.

Thus, discrete data yj , j = 1, . . . , n are fitted using the model yj = x(tj) + ǫj , where x(tj) is a

smoothed function valued at time tj and ǫj are independent random errors. The values of the model

are estimated as ŷj = x̂(tj) by a linear combination of discrete observations x̂(tj) =
∑n

k=1 sj(tk)yk,

where sj(tk) weights the nth discrete data value in order to generate ŷj for each time tj . Then the

set of curves is summarized by {β̂1, β̂2, . . . , β̂n}, a set of coefficient vectors of R
d+K+1 where K is the

number of knots and d the degree of B-splines. Degree is fixed to 3 because pollutant time series are

well fitted by a cubic spline; knots are located at the end of every month since the data are equally

spaced and according to pollutant time profiles. Hence we have functional data that can be classified

by clustering procedures.

Differently by the classical FCA (Abraham et al. (2003)) where the k-means algorithm is

adopted, we use the non hierarchical algorithm PAM (Partioning Around Medoid) to cluster objects

(Kaufman and Rousseeuw (1990)). We decide in favour of PAM because it is more robust with respect

to outliers and because this method spotlights features of obtained clusters, helping also in selection

of the “best” number of groups. While k-means algorithm provides centroids that show concentration

levels and temporal profiles for obtained clusters, PAM is based on the search for k representative

objects (called medoids) in the data set and groups are defined around these. In a first phase, called

build, k “centrally located” objects are sequentially selected as initial medoids according to a “total

gain” function, that is the sum of the positive differences between the distance of an object from

a previously selected medoid and the distance from the candidate medoid. In the second phase,

called swap, a selected object can be swapped with an unselected one if the average distance of the

representative objects to all the other observations of the same cluster is minimized.

PAM also provides an instrument of interpretation and validation of cluster analysis results, the

so-called silhouettes showing which objects lie well within the group and which ones merely hold an

intermediate position, so that the quality of the clusters can be compared. For each observation i a

silhouette width s(i) is defined by the difference between the average distance of i and all other points

of the cluster to which i belongs and the one of i to all observations of its neighbour cluster. This

difference is normalised to have −1 ≤ s(i) ≤ 1 for each object i: observations with a large s(i) (almost

1) have been assigned to an appropriate cluster, a small s(i) (around 0) means that the observation

lies between two clusters, while observations with a negative s(i) are probably placed in the wrong

cluster. The average of the s(i) for all objects i in a cluster and the average silhouette width over all

objects (average silhouette width s̄k) are also calculated. PAM can be run several times, for different

values of k and then the resulting silhouette plots can be compared. The average silhouette width can

be used to select the “best” number of clusters, by choosing that k which yields the highest average

silhouette width, with k = 2, 3, . . . , n − 1.

Moreover, it is possible to construct a graphic called clusplot (Pison et al. (1999)), in which

objects are represented as points in a bivariate plot and clusters as ellipses. For higher-dimensional data

set, the algorithm reduces its dimension by principal component analysis (PCA); the clusplot display

is then the bivariate plot of the objects relative to the first two principal components. Clusplot is

complementary to silhouettes because it depicts the relationship between clusters but not the behavior

of the individual objects within those clusters.

3. Zoning results

The proposed analysis approach is applied taking into account the seven pollutants mentioned in

European Directives. Here the findings for the most critical ones are presented.

The highest s̄k value (0.55) for NO2 classification chooses k = 2 groups that have cluster average

silhouette widths equal to 0.78 and 0.18, but the second cluster presents many grid points with negative

s(i). So we prefer the second best choice k = 4 (s̄4 = 0.48) where object similarity inside each group
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Figure 1: clusplots (top), medoids of clusters (middle) and clustering results (bottom)

for NO2 (left), PM10 (center) and O3 (right)

is better than in the first case. A gradation of colors from green to purple is used in each figure

according to the annual averages shown in Table 1. By the clusplot (see Fig.1 top left) we can note

that groups are not clearly separated and cluster 1 presents more variability than the others (the

explained variability by the first two principal components is equal to 94.99%). On the other hand

different medoid profiles, that are displayed in Figure 1 (middle left), are well representative of the

four areas visualised in the map (see Fig. 1 bottom left). In fact it is possible to highlight the biggest

conurbations (purple zone) and industrialized areas toghether with main roadway networks in the red

cluster.

Considering PM10, it must firstly underline that the model undervalues observed concentration

levels, above all in the initial months of 2005; in fact medoid profiles in Figure 1 (middle center) show

lower values in January and February than in October and November. Also for this pollutant our

choice falls upon the second best k = 4 (s̄4 = 0.46) even if the s̄k value for k = 2 and k = 3 is equal

to 0.52, because it allows to better explain obtained groups and to distinguish zones concerning the

Apennines and the Tyrrhenian Sea from plan. The map (see Fig. 1 bottom center) displays Torino

and urban areas groupped together (cluster 4) as for NO2 case, but for PM10 the metropolitan area of

Torino has very high concentration values so that cluster structure is not so much homogeneous (cluster
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average silhouette witdh equal to 0.16). Group concerning Po Valley seems to be more homogeneous

(red zone) than NO2 one instead (except conurbations of course). Also for this pollutant the explained

variability by the first two principal components is quite high (89.08%).

Even if for O3 case the highest s̄k occurs for k = 2 (s̄2 = 0.46), k = 3 is choosen (s̄3 = 0.36) to

better discriminate areas. In Figure 1 the clusplot displays not so separated groups and medoids are

not very various, above all during the summer. In this case colors on map are put in order according

to summer mean and they have a red gradation because situation is quite critical everywhere with

respect to air quality standards.

Statistic synthesis of resulting clusters is shown in Table 1. Let us remind that summary statistics

are evaluated on grid time series data and extreme values are smoothed away converting discrete data

to functional ones.

Table 1: Cluster summary statistics

NO2 PM10 O3

C1 C2 C3 C4 C1 C2 C3 C4 C1 C2 C3

Min 0,01 0,04 0,14 0,43 0,09 0,07 0,16 0,65 0,00 0,00 0,00

1st Qu. 0,66 3,49 8,90 28,35 10,26 5,29 13,44 20,22 59,88 19,88 47,32

Median 1,55 7,74 18,12 53,02 16,20 8,81 21,13 31,16 74,42 50,86 69,96

Mean 2,86 11,61 24,35 57,30 18,32 10,80 24,20 36,35 75,02 54,61 73,12

3rd Qu. 3,40 15,27 34,50 78,93 23,70 13,86 31,44 46,84 89,70 82,15 96,26

Max 129,70 175,40 247,20 427,80 177,00 193,60 301,10 312,20 269,10 607,10 532,20

4. Conclusions

The parameterization of functions using B-splines can replace the classical analysis by synthetic indi-

cators (as average levels, standard deviations, quantiles) to respect the functional form of pollutant

concentrations through time. Synthesizing features contained within time series in a little number of

coefficients, we preserve in the “zoning” most information about pollutant concentration levels and

time profiles. This approach is applied to functional data of the more critical atmospheric pollutants

in Piemonte. Looking at different “zoning” decision makers have a starting point to make the land

classification, as law requires. Thus, it is possible to compare the resulting “zonings” for different

pollutants and to look for a joint classification of municipalities.
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 INTRODUCTION 
Geographic location affects child’s survival and health. Poor environment or a polluted 
neighbourhood might exacerbate the problems of poor health and the consequent pressure to 
childhood diseases, predisposing children in those areas to high mortality risks. 
Understanding the link between child survival, health, geographic location, and poverty is 
crucial for developing countries. This paper contributes to this by using the Demographic and 
Health Surveys (DHS) household survey data to analyze the impact of poverty and poor 
location on childhood mortality in sub-Saharan Africa. 

Malawi, Nigeria, Tanzania and Zambia are among Sub-Saharan African countries most 
affected with child mortality. Their under-five child mortality rates of 183 per 1000 for 
Malawi, 183 for Nigeria, 165 per 1000 Tanzania, 202 per 1000 for Zambia are among the 
highest in the world (World Bank, 2003). The large area covered by these countries together 
with geographic, socio-economic and ethnic differences lead one to expect substantial spatial 
variation in childhood mortality risk. One contributory cause can be expected to be the 
country's poverty level or poor environment, which is concentrated in rural areas or slum area 
in big cities and which has led to substantial health damage. Poverty or poor environment 
might exacerbate the problems of poor health and prevalence of childhood diseases, hence 
high mortality risks.  These effects are clearly not just an aggregation of individual 
characteristics. They are location effects. Clearly, quantifying the location effects on child 
survival is important to our understanding of the processes that create health or mortality 
inequality. 

Many DHS surveys in Sub-Saharan Africa include questions on child mortality and poverty 
status; they provide a unique opportunity to explore the interrelationship. Because little is 
known about such links, the question of quantifying the location and poverty effects on child 
survival is the most important research question for this paper. Knowledge about how 
location or poor environment affects childhood survival is not just of academic interest; it has 
important public-health implications. By identifying groups or settings in which mortality risk 
is high, preventive actions can be more effective. As Malawi, Nigeria, Tanzania and Zambia 
attempt to meet the Millennium Development Goals (MDGs), including those for child 
survival, the main causes of child mortality inequality overall and within countries has to be 
addressed which is poor prenatal conditions, poor access to health care, infections (HIV/AIDS 
account for 8 per cent of all under-five deaths in the region) and diseases (Global Health 
Council, 2006).   

DATA AND METHODS 
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The data are from the recent Demographic and Health Surveys from Malawi (DHS, 2000), 
Nigeria (DHS, 2003), Tanzania (DHS, 2004) and Zambia (DHS, 2002).  We use appropriate 
statistical techniques to explain differences across a highly disaggregated level of these 
countries (districts) in the risk of child mortality using the household socio-economic 
characteristics that are observed in our data and consider non-linear effects of some 
covariates. Time to the occurrence of child’s death may differ in different age groups. Thus, it 
is desirable to investigate separately the risk of death of a child in the first month (possible 
due to genetic factors) and in the remaining months (possible links with poor environment or 
poverty).  We will use flexible methods to quantify the poverty area’s effect on mortality and 
to allocate these spatial effects to structured and unstructured (random) components.  This 
will draw on Bayesian geo-additive methods of spatial statistics, taking advantage of 
advances in Geographic Information Systems (Fahrmeir and Lang, 2001; Kandala and 
Ghilagabar, 2006). The modelling of the structured and unstructured components is done 
jointly in one estimation procedure that thereby simultaneously identifies socioeconomic 
determinants, and the spatial effects that are not explained by these socioeconomic 
determinants. In this way, we are able to identify regional or district patterns of mortality  that 
are either related to omitted socioeconomic variables that have a clear spatial pattern or point 
to districts poverty level or even  epidemiological or environmental factors.   
 
RESULTS 
After controlling for the spatial dependence in the data, the determinants in the fixed part of 
the model show the importance on child survival of the following: mother's age and paternal 
education; household economic status; residence; the length of the preceding birth interval; 
the antenatal attendance; household size; and marital status of mother. The findings are 
generally as expected and consistent with the literature. 
Children of highly educated "rich" father living in a urban areas large household are at lower 
risk of dying than other children ( Kandala and Ghilagaber, 2006, Adeboya and Fahrmeir, 
2005). Children born after a short interval ( less than 25 months) are at higher risk of dying 
than other children. The adverse effects of short birth intervals are well documented and 
generally point to elevated mortality risks for children born after intervals of less than 24 
months. Maternal depletion is one of the hypotheses of the pathway through which short 
preceding birth intervals affect child survival. These findings point to the potential for 
childhood mortality reduction that could result from successful efforts to improve and 
maintain adequate birth spacing in Malawi, Nigeria, Tanzania and Zambia. 
 
An interesting finding from this study is the fact that, children living with both parents in 
Tanzania are at lower risk of dying than other children. Children living with the two parents 
may benefit from extra care of both parents. Alternatively couples may benefit from 
economies of scales for child care as well as in expenditures. The results also show higher 
rural mortality. Rural areas in Sub-Saharan African are under-developed and have less public 
service per capita and higher level of poverty compared with urban areas. 
 
The time-varying effects of breastfeeding points to the importance of breast milk of the child 
after birth as recommended by WHO, that a child should receive exclusively breast milk after 
birth until 6 months of age (WHO, 1998). 
This study has shown sizeable district-specific geographical variations in the level of under-
five mortality in all four countries which need to be investigated in further work. Over and 
above the impact of household poverty level and other fixed effects, there appear to be 
unexplained residual spatial effects in all four countries that have a strong spatial structure. It 
is likely that climatic factors and associated diseases are responsible for this pronounced 
district pattern. Food insecurity associated with drought and flooding in Malawi and Nigeria, 
which is a result of hazardous effect of climate variation are among possible explanation for 
these negative effects. Population density which can affect child’s physical environment and 
susceptibility to infection may be another risk factor. 
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Figure 1 Estimated nonparametric effect of baseline time (child’s age): shown are the 
posterior means within 80 percent and 95percent credible interval for Malawi (DHS 2000), 
Nigeria (DHS2003), Tanzania (DHS 2004) and Zambia (DHS 2001). 
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Figure 2 Estimated nonlinear of time-varying effect of breastfeeding in Malawi (DHS 2000), 
Nigeria (DHS2003), Tanzania (DHS 2004) and Zambia (DHS 2001). 
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Figure 3 Crude under-five mortality rates (left), estimated posterior mean residual spatial 
districts effects (middle) and poverty rate (right) in Malawi, Nigeria, Tanzania and Zambia. 
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Nigeria DHS 2003 

    
Tanzania DHS 2004 

     
 

Zambia DHS 2001 
Black coloured – high risk,    
Shades of grey coloured – low risk 
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ABSTRACT

The electrodialytic process is a remediation technique which combines the effect of an electric field
with dialysis, in order to remove contaminants, namely heavy metals. In an electrodialytic cell, the
separation of the contaminated media from the electrolytes in recirculation is achieved by ion-exchange
membranes. In a prototype scale, the spatial distribution of heavy metals in the contaminated media
remains unknown. In this study, a prototype experiment was carried out and concentrations of cad-
mium were measured in predetermined spatial positions. In order to access the influence of spatial
position and to predict metal concentration in unobserved locations, two statistical methods are used:
a fractional replicate of a factorial model in which factors are coordinate positions and the geostatis-
tical methods of kriging interpolation. Comparison and complementarity of the two methods is then
discussed regarding the spatial distribution of Cd.

Keywords. Heavy metals, Electrodialytic remediation, geostatistical, kriging interpolation, factorial
model.
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INTRODUCTION
One of the main characteristics of the climate in South of Portugal is the irregular distribution of 

rainfalls and its high variability from year to year, which makes it difficult to know if the pattern of the 
rainfall is changing. In a climate change scenario it is expected that this region will suffer from higher 
temperature, less total rainfall and more intense periods of rain in other seasons, so we intended to seek for 
some clues in the historic data that the climate is already showing some trends towards the climate change 
scenarios.  

Several techniques, from comparison with the values corresponding to percentile ranged from 0.1 to 
0.9, moving average and cluster analysis, were applied to the annual rainfall and fall, winter and spring 
rainfall seasons, in order to detect changes in the distribution pattern and evaluate the variability of dry and 
wet period over time. The study was performed using monthly data from thirty rainfall stations in the two 
major river basins of South of Portugal: the Sado and the Guadiana Basin. This area has a Mediterranean 
climate with the rainfall concentrated in the winter, fall and spring and with a very dry and hot summer.  

This paper presents the methodology and the results of the techniques applied to a single rainfall 
station – Portel Station. 

MATERIAL AND METHODS 

Rainfall data set 
The rainfall data cover the all Alentejo area. Data from these stations are available since 1931 and 

consistency analyses of the data were made. In table 1 a rainfall characterization for all the stations is made 
and are also presented the Portel Station features. 
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Table 1 - Characteristics for the studied rainfall recording stations. 
 Altitude (m) Annual 

Rainfall (mm) 

Fall Rainfall 

(mm) 

Winter 

Rainfall (mm) 

Spring 

Rainfall (mm) 

Average 191 616 169 255 168 

Maximum 467 1008 267 452 266 

Minimum 17 480 137 171 115 

Portel Rainfall 

Station 
302 626 175 251 174 

Related to the main rainfall periods, it 
is observed that the average rainfall recorded 
during September, October and November 
corresponded to the fall period, December, 
January and February correspond to the 
winter and the spring months were March, 
April and May. Figure 1 shows the average 
monthly rainfall distribution for Portel 
Station over historical data 

Figure 1 – Average monthly rainfall distribution in Portel Station. 

In a first step the percentiles of 0.1; 0.25; 0.5; 0.75 and 0.9 were determined and the moving average of 
10 and 30 years method were calculated to find the trend over time. The annual rainfall analysis for the 
Portel station is presented in Figure 2. It is clear from the figure that for the last years there is a decrease of 
the moving average trend and an increase in the extreme values below percentile 0.1. 
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Figure 2 – Percentiles and moving average of 10 and 30 years (Portel). 

Data analysis for the different seasons show that the general trend consist in decrease in the rainfall, 
especially in the spring season. 
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Cluster analysis 
In order to detect changes in the distribution patterns and to better know the rainfall regime, a cluster 

analysis was done. The purpose of the cluster analysis is to place objects into groups not defined a priori, 
according to the data, so that objects in a given cluster tend to be similar to each other (Manly, 1986).  

The objects in this study are the years and their properties were the annual rainfall and fall, winter and 
spring rainfall seasons. This cluster analysis was made separately for all the rainfall series (annual, fall, 
winter and spring).  

A hierarchical (Average Method) and a no-hierarchical technique (K-means) were used. Both methods 
were compared and they show similar results. Therefore, the k-means technique was used, as it gives the 
elements to each group after we defined the number of clusters.  

The number of clusters (Figure 3) was defined using the criteria of an R-squared calculation function, 
eq(1), that measure the percentage of the total variability that is explained in each cluster solution (Maroco, 
1997).

Where: p is the number of variables; k is the number of clusters; ni is each cluster; nij is the number of 
objects in cluster j, ijx  is the average value of cluster j; ix  is the average value of the variable; x  is the 
average value of all objects in all variables and xijl is each value of the series. 

With the SPSS statistic package the 
cluster analysis for each period was done. 
Based on the R-squared calculated for each 
solution the number of clusters retained depend 
on the amount of variability explained (over 
90% in all cases, but mainly over 95%). 

Six clusters were defined for the annual, 
fall and winter series and five for the spring 
period, due to the fact that when in a step we 
increase the number of clusters the amount of 
variability does not increased as much as in the 
last step. 

Figure 3 – Variability explained by the number of clusters. 

RESULTS AND DISCUSSION 

The clusters were classified in the following rainfall regimes: extremely wet (EW), very wet (VW), 
wet (W), normal (N), dry (D), very dry (VD) and extremely dry (ED) (Ramos, 2001). The cluster that 
contains the average rainfall was considered normal rainfall regime cluster. The clusters with lower rainfall 
amounts were considered dry, very dry or extremely dry, and the clusters with higher rainfall amounts were 
considered wet, very wet or extremely wet.  

All the analysis was made first to the annual data and than to each period considered (fall, winter and 
spring). This analysis enhanced the possibility that years with a similar total annual rainfall that belongs to 
the same cluster, have different distribution of the rainfall during the year.  

Figure 4 presents an example for the spring period in which the years in each decade are classified by 
there rainfall regime obtained in the cluster analysis. 
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Figure 4 – Amount of years in each decade with different rainfall regime for the spring data. 
In the previous Figure is very clear that the very wet years have been decreased over the decades and 

the very dry are increasing very much. 
When we reclassify the years in just dry (dry, very dry and extremely dry), normal and wet (wet, very 

wet and extremely wet), it was easier to see the changes in the rainfall patter over the decades (Figure 5).  
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Figure 5 – Normal, dry and wet regime distribution over the years; a)Annual; b) Fall; c) Winter; 
d) Spring. 

It can be seen from Figure 5 that for all the periods the number of years with a dry rainfall regime has 
increased and wet regimes decreased, this is more visible to annual and spring data. The normal years have 
been decreased except for spring time.  

These evidences can be linked to the climate change evidences but the number of years can be 
considered insufficient to make this assumptions. This methodology can be applied using longer data for 
further verification. 
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1995-2003)

Chiogna, Monica
Universit̀a di Padova, Dipartimento di Scienze Statistiche
via C. Battisti 241/243

Padova 35121, Italy
E-mail: monica@stat.unipd.it

Pauli, Francesco
Universit̀a di Padova, Dipartimento di Scienze Statistiche
via C. Battisti 241/243
Padova 35121, Italy
E-mail: fpauli@stat.unipd.it

It is nowadays an acquired fact that a high ozone concentration is dangerous to health. A number of
studies found a significant effect of ozone concentrations on the number of hospital admissions; Medina-Ramón
et al (2006) is a very recent example of a multicity study, Biggeriet al (2004) is an example based on data from
Italy.

Usually, epidemiological studies investigating pollution effects on health consider as a measure of pop-
ulation exposure to pollution a daily summary (such as 1-hour maximum, day average or 8-hours average) of
the concentrations of the pollutant measured, usually hourly, at fixed sites generally located in the city. Such
daily measures may be inadequate summaries of the daily pattern of concentration. Despite this, the choice of
a daily measure is usually overlooked in published studies, where one of the usual summaries is chosen as if
they were equivalent, and no attempt is made to seek a better (in representing exposure) measure.

In order to investigate this aspect, we shall measure exposure by considering alternative daily measures
of ozone derived from hourly concentrations.

For investigating model selection stability issues, we apply the idea of bootstrapping the modelling
process, although we do not attempt to incorporate model uncertainty into the estimates of ozone effects.

1. Data

Daily hospital admissions data for the period 1995-2003 were obtained from the Regional Health In-
formative System, for all hospitals located in Milano. We adopted customary restrictions limiting analysis to
hospital admissions not due to accidental causes (codes ICD-IX 800-999) occurred during the summer period
(June-July-August) to elder resident people (more than 75 years old).

Meteorological and environmental data for the same period were obtained from the Regional Agency
for Environmental Protection (ARPA) of Lombardia, which collects hourly data on temperature, rain, wind
velocity and direction and, from year 2000, humidity. We computed hourly ozone concentrations for the city
by averaging concentrations measured at the three available sites, keeping only days with at least 75% of hourly
data available. Figure 1 shows the admissions and ozone time series.

2. Methods

Let Yk,t be the number of hospital admissions, in dayt for age classk, where, upon preliminary analysis,
we consider classes 74-89 and 90-ω. We assumeYk,t ∼ Poisson(λk,t), with

(1) log(λk,t) = β0,k + confounding(k, t) + ozone(t),
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where confounding(k, t) is a term including all variables relevant to confounding control, and ozone(t) is a
function of ozone concentration measuring the effect of the pollutant.
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Figure 1. Summer time series of daily average ozone concentration (continuous line, lefty axis), and daily
number of hospital admissions (dots, righty axis). Thick marks on time axis correspond to June, 1st of each
year.

We allow for confounding in the usual way by letting confounding(k, t) = f(t)+ gk(Tt)+ zt + γh(t)+
αw(t), wheref(t) is a smooth function of time,Tt is the mean of day temperature in the previous three days
andgk(Tt) is an age class-specific smooth function of it,zt is the daily average ofPM10 concentration in day
t, h(t) is a holiday indicator, andw(t) is a dummy for day of the week. We ignore humidity because of lack of
data (available from 2000) and its non significance in the available periods.

Traditionally, effect of ozone in the linear predictor is considered to be proportional to the daily average
concentration or to the maximum of the daily hourly concentrations, i.e. ozone(t) = βot, whereot is the
chosen daily indicator. In this work, we consider as alternatives to the one-figure summary three measures
which keep into account the daily pattern of ozone concentration:d, number of daytime (8am - 9pm) hours
during which the hourly concentration is above a thresholdS; i, the difference between the daytime maximum
hourly concentration andS; m, the nighttime (10pm - 7am) average concentration. It is worth noting that such
new measures implicitly consider a threshold effect of ozone. Suitability of a threshold model is debatable,
a threshold model (at 35ppb, approximatively 70µg/m3) is, in fact, suggested in order to get round to the
uncertainty on the shape of the concentration response curve at low concentration levels (UNECE (2004)). For
the thresholdS, we consider three values: the mean of hourly ozone concentrations (58.96µg/m3), denoted
by M ; their third empirical quartile (85.90µg/m3), denoted by3Q; and the law alarm threshold (120µg/m3),
denoted byL.

For such measures, we consider also the lagged values over the previous three days, conventionally
denoted by the suffix(lag). Overall we consider 61 models. Seven models do not depend on threshold: one
does not include ozone (base), four involve traditional measures (ave, max, ave(lag), max(lag)), two include
only m. The remaining 54 models are the replicas for each considered value of the threshold of the 18 models
in Table 1.

In order to investigate the uncertainty due to model selection, we adopt an approach mutuated from
Sauerbrei (1999), who suggests to replicate the model selection process on bootstrap resamples and to consider
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as an indicator of the worthiness of a model its frequency of selection. A similar approach has also been
taken by other authors such as Bucklandet al (1997) and Freedman and Navidi (1986). Despite the lack of a
formal justification for such a procedure, it seems to us an effective method to attach a measure of reliability to
the outcome of the model selection process, a need which has been emphasized by many authors in different
contexts (Clyde (2000)).

Table 1. Ozone related model component involving daytime indicators.

i i(lag) i + m i + m(lag) i(lag) + m i(lag) + m(lag)

d d(lag) d + m d + m(lag) d(lag) + m d(lag) + m(lag)

di di(lag) di + m di + m(lag) di(lag) + m di(lag) + m(lag)

3. Results

For the selected summer window in years 1995-2003, we considered 2 outcomes, i.e., all admissions and
respiratory admissions. Selection of smoothness for non linear terms in the predictor and variable selection were
performed using Un-Biased Risk Estimate (UBRE), suggested in Wood (2000) in the context of Generalized
Additive Models (GAMs) when the scale parameter is known, as in the Poisson case, for choosing the degree
of smoothness of non linear components and for variable selection.
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Figure 2. Frequency of model selection in bootstrap resampling for admissions for respiratory causes.

For each considered outcome, we generated 1000 bootstrap replications of the dataset and for each of
them we selected the best model. Figure 2 shows the selection frequencies of models for admissions due to
respiratory causes.

In Table 2 we report the coefficients for the models selected on the original data and on bootstrap re-
sampling and for models involving traditional measures (daily average and daily maximum). As it can be seen,
models employing the new measures are the best choices according to UBRE on the original sample and are
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also more frequently selected on bootstrap resamples. For respiratory admissions, we notice that, contrary
to what happens to the new indicators, the effects of the traditional measures are not significantly different
from zero. This fact may be a confirmation that the proposed exposure paradigm effectively reflects important
aspects of exposure.

Results of bootstrap analysis support the conclusion that the new measures are more capable to grasp
the effect of ozone on health. Standard diagnostic plots of residuals (using randomized residuals) show no
significant departure from normality and no substantial differences among models.

Table 2. For each outcome, estimated coefficients for models based on traditional measures, the best model
on the original sample, the best bootstrap choice.

Variable Estimate s.e. z-stat p-value

Al l adm. Daily ave. ave 0.0013092 0.0005074 2.580 0.0099
Daily max max 0.0002530 0.0002613 0.968 0.3329

Best i
(lag)
L 0.0017362 0.0005519 3.146 0.0017

m(lag) 0.0021925 0.0005971 3.672 0.0002

Bootstrap i
(lag)
L 0.0017362 0.0005519 3.146 0.0017

m(lag) 0.0021925 0.0005971 3.672 0.0002

Resp. adm. Daily ave. ave 0.0012376 0.0013243 0.935 0.3500
Daily max max −0.0002017 0.0006769−0.298 0.7657
Best diL 0.0002510 0.0000913 2.749 0.0060

m(lag) 0.0028568 0.0015327 1.864 0.0623
Bootstrap diL 0.000225 0.0000902 2.495 0.0126
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Background and goal. The United Nations Framework Convention on Climate Change understands 
carbon (C) fixation in forests as an important contribution to the reduction of atmospheric pollution in terms 
of greenhouse gases. With an estimated amount of 2,060 Gt C forests fix far less C than is the case for the 
oceans (38,000 Gt C), although there is great potential in terms of the spatial expansion of forest areas and 
the use of different tree species. The C-flow potential of forests (2 Gt C per year) corresponds to that of the 
oceans and exceeds that of the atmosphere by 1 Gt C per year (Joosten & Schultz 2001).  

According to Joosten & Schultz 2001 approximately 68 million t C are stored in forest trees / dead wood 
in the German federal state North Rhine-Westphalia. The aim of the Forest Focus-Project funded by the 
European Community was to use existing inventory data and additional geoinformation to regionalise the 
carbon fixation in North Rhine-Westphalia’s forests. Furthermore, associations between the carbon fixation 
and potential confounding factors like e.g. tree species, soil type, elevation and climate were to be analyzed 
statistically and, if possible, included in the regionalisation process. The methodological approach was to 
rely on GIS-methods and statistical procedures only: Geostatistical methods should at first serve to map and 
assess the C storage in the humus layer, the forest trees / dead wood and the mineral soil. Provided no 
autocorrelation patterns were detected in the variogram analyses decision tree models should be used for 
predictive mapping of the C storage. 

Data. Punctual data used for the regionalisation of the C storage consisted of forest inventory data from 
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North Rhine-Westphalia and of nationwide soil inventory data. The forest inventory programme LWI 
(Landeswaldinventur) relies on a 1 km x 1 km sampling raster across the entire 880,000 km² of forests within 
North Rhine-Westphalia. The aim is to assess the state and the temporal development of the stock of wood in 
forests down to the local scale. The LWI was performed once in 1998 providing data on the C loads in forest 
trees / dead wood. The nationwide soil inventory programme BZE (Bodenzustandserhebung) was carried 
through once from 1989 to 1991 following the sampling raster of the ICP Forests Level I programme with a 
resolution of 4 km x 4 km. The aim was to quantify the physical, chemical and biological properties of forest 
soils throughout Germany and to link this information to data on leaf and needle losses of forest trees. In this 
way the causes of forest damage were to be assessed. The BZE provides information on the C storage in the 
humus layer and the mineral soil and is currently performed for the second time throughout the German 
territrory. Next to the inventory data digital surface maps on forestral growth areas, soil properties and 
climate were included in the statistical analyses and the regionalisation of the C storage. The spatial extent of 
forest areas was taken from the official German topographic cartographic information system ATKIS.   

Methods. For the regionalisation of the C loads in the humus layer, the forest trees / dead wood and the 
mineral soil geostatistical methods were applied (Matheron 1971). In geostatistics the spatial autocorrelation 
of measured properties is at first examined and then modeled by variogram analysis. Hence, the mean 
squared differences of all pairs of measurement values (= semi-variances) were calculated for so called bins 
of a variogram map to derive experimental semi-variograms for C storage in the humus layer, the forest trees 
/ dead wood and the mineral soil. The spatial resolution of the variogram maps was approximated to that of 
the LWI- or BZE-network, respectively. Like described in Johnston et al. (2001) the semi-variogram values 
then were plotted against the distance resulting in the experimental semi-variogram. The number of bins was 
set so that the distance of significant autocorrelation (range) became clearly visible in the variogram window. 
Variogram models were fitted to the experimental semi-variograms in terms of a least-squares regression line. 
Whereas a clear autocorrelation pattern could be discovered for the lognormally transformed measurement 
values of the C loads in the humus layer (Figure 1) none could be detected for the C loads in the forest trees / 
dead wood and the mineral soil. As the variogram model is necessary to predict the C storage for a defined 
raster, lognormal kriging was applied to map the C storage in the humus layer for the forest areas of North 
Rhine-Westphalia. 

  Figure 1: Experimental and modeled semi-variogram for the C loads in the humus layer 

For the regionalisation of the C storage in the forest trees / dead wood and the mineral soil the decision 
tree algorithms Classification and Regression Trees (CART – Breimann et al. 1984) and Chi-Square-
Automatic-Detection (CHAID – Kass 1980) were used. Both procedures aim at producing decision trees for 
a defined target variable from a set of meaningful predictor variables and subdivide a given dataset (= root 
node) into subclasses (= subnodes) via a series of multiple splits. The splitting is done according to the 
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features of the predicting variables. The trees are grown until either only one object remains in the subnodes 
or until user specified restrictions are met. The CART and CHAID algorithms differ in the way such decision 
trees are grown. CART produces binary splits whereas CHAID grows decision tress in terms of multiple 
splits. CART chooses those predicting variables for splitting that optimise the homogeneity with regard to the 
target variable. Provided the latter is metric, CART aims at minimising the variance in both of the subnodes. 
An essential feature of CHAID is the use of contingency tables to decide which variables are of maximum 
importance for classification. CHAID chooses those predictors for splitting that show the strongest degree of 
association to the target variable. Such is done by means of chi-square tests (when the target variable is 
categorical) or F-tests (when the target variable is continuous). In each case the degree of significance (in 
terms of the p-value) is used to at first merge existing (similar) classes of the predicting variables and then to 
choose the best predictor for splitting. 

Regarding the C loads in the forest trees / dead wood and the mineral soil both CART and CHAID were 
applied in order to find adequate prediction schemes. Adequate means that the chosen predictor variables 
were to be (a) of significant importance for the C storage and (b) available in terms of surface information so 
that the decision rules could be used to map the C storage throughout the study area. A CHAID solution was 
found best for the predictive mapping of the C storage in the mineral soil. The CHAID tree subdivided the 
root node into four subnodes according to the predictor ‘growth area’. For the C storage in the forest trees / 
dead wood a CART tree showed the best solution producing seven subnodes with help of the predictors 
‘growth area’, ‘growth district’, ‘cation exchange capacity’ and ‘available field capacity’. Both decision trees 
were applied to map the C storage in the forest trees / dead wood and the mineral soil using a GIS.  

Results. All three maps were summed up to one map on the C storage in the forests of North Rhine-
Westphalia (Figure 2) resulting in 156 m. t C which is an average amount of 177 t C/ha: 59 m. t C (~ 67 t 
C/ha) are stored in the forest trees / dead wood, 17 m. t C (~19 t C/ha) in the humus layer and 80 m t C 
(~90.7 t C/ha) in the mineral soil. By intersecting the calculated map on the C storage in forests with a map 
on the forestral growth areas it could furthermore be concluded that highest C loads were stored in the 
densely wooded ‘Bergische Land’ and in the ‘Westfälische Bucht’ with rather a low percentage of forest 
areas. 

 
Figure 2: Regionalisation of the C storage in the forests of North Rhine-Westphalia 

Discussion. A comparison of the above mentioned results with the current state of research can be shortly 
summarised as follows. According to Joosten & Schulte (2001) round about 68 m. t C are stored in the above 
ground dendromass which is 11 m. t C higher than the amount calculated in this study. The difference may be 
due to the fact that Joosten & Schulte (2001) included information on brushwood and herbaceous layer in 
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their estimations. Baritz et al. (2000) calculated an average C concentration in the humus layer of 20.7 t C/ha 
for Germany which is slightly above the concentration calculated for the forests of North Rhine-Westphalia. 
In the same study a C average of 87.9 t C/ha was calculated which is very close to the 90.7 t C/ha calculated 
in this study. The authors furthermore emphasise that C storage strongly varies with regard to different 
bedrocks.     

Conclusion and Outlook. The surface estimations of the C pools in the above-ground biomass, the 
humus layer and the mineral soil enable to spatially differentiate the efficiency of the C bounding capacity 
and the relevant factors of the fixation of the greenhouse gas CO2. The approach presented should be verified 
by application to Germany wide inventory data and should be complemented in terms of the application of 
alternative statistical methods: Other decision tree algorithms should be considered to test whether the 
prediction quality for the C storage in the forest trees / dead wood and the mineral soil can be improved. 
Furthermore, bi- and multivariate geostatistical approaches or regression techniques should be applied like 
performed in a study by Zirlewagen (2003) for the federal state Baden-Württemberg. At last, the C fixation 
under climate change conditions should be calculated by use of statistical methods and dynamic modeling 
tools. 
 
REFERENCES 

BARITZ, R.; STRICH, S. (2000): Forests and the national greenhouse gas inventory of Germany. Biotechnology, 

Agronomy, Society and Environment 4, 267-271 

BREIMANN, L.; FRIEDMAN, J.H.; OHLSON, R.A.; STONE, C.J. (1984): Classification and Regression Trees. - 

Pacific Grove  
KASS, G. V. (1980): An exploratory technique for investigating large quantities of categorial data. Applied 

Statistics, 29 (2), 199 - 127  
JOHNSTON, K., VER HOEF, V.M., KRIVORUCHKO, K. AND LUCAS, N.: 2001, Using ArcGIS Geostatistical 

Analyst. ESRI, Tulsa, USA. 

JOOSTEN, R.; SCHULTE, A. (2001): Kohlenstoff- und Energieholzpotenziale der Wälder in Nordrheion-

Westfalen. In: SCHULTE, A.; BÖSWALD, K.; JOOSTEN, R. (Hrsg.): Weltforstwirtschaft nach Kyoto. Wald und Holz 

als Kohlenstoffspeicher und regenerativer Energieträger. Aachen, Shaker (Berichte aus der Holz- und Forstwirtschaft), S. 

123-136 

MATHERON, G. (1971): The theory of regionalized variables and its application. – Fontainebleau 

ZIRLEWAGEN, D. (2003): Regionalisierung bodenchemischer Eigenschaften in topographisch stark gegliederten 

Waldlandschaften. Freiburger Forstliche Forschung 19. Freiburg 

 

ABSTRACT 
The United Nations Framework Convention on Climate Change understands carbon fixation in forests as an important 

contribution for the reduction of atmospheric pollution in terms of greenhouse gases. The aim of a Forest Focus-Project 

funded by the European Community was to regionalize the carbon fixation in the forests of North Rhine-Westphalia 

from available inventory data and additional geoinformation. Furthermore factors were to be statistically derived that 

are significant for the carbon fixation. To this end, together with data on climate, elevation, vegetation, and deposition, 

data from two forest monitoring networks covering the federal state North Rhine-Westphalia were analyzed. 

Geostatistics were at first applied to calculate surface maps from punctual data on carbon in vegetation, in dead wood 

and in soil. Whereas spatial autocorrelation could be proved for the carbon loads in the humus layers, no surface maps 

could be calculated for the carbon contents of the mineral soils and of the forest trees and the dead wood. Therefore 

decision tree algorithms like Classification and Regression Trees (CART) and Chi-Square-Automatic-Detection 

(CHAID) were used to derive prediction schemes for carbon loads in forests. The resulting decision trees were applied 

on available surface data to predict carbon loads for the entire study area. 19.3 t C / ha could be predicted for the 

humus layer, 66,8 t C / ha for forest trees / dead wood and 90,7 t C / ha for the soil summing up to 177 C/t ha for North 

Rhine-Westphalia. These values are in good accordance with estimates from other studies. 
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1 Background and Goal 

Mosses are used to monitor spatial patterns and temporal trends of the bioaccumulation of metals and 
nitrogen in terrestrial ecosystems. Along with more than 20 European countries Germany participated in 
previous ‘Heavy Metals in Mosses Surveys’ in order to map the cross-border patterns of the metal 
bioaccumulation throughout Europe every five years since 1990. Since 2005 the same holds true for nitrogen 
as well. In each participating country the experimental design of the moss surveys follows the UNECE 
(2005) monitoring manual.  

Several studies aimed at proving the influence of certain boundary factors on the bioaccumulation in the 
mosses (Schröder et al. 2007; Zechmeister et al. 2003). Unfortunately the discussion is rather controversial 
and therefore the interpretation of the spatial variability of the metal bioaccumulation remains difficult. 
Hence, this study uses the monitoring data from the German moss surveys 1990, 1995 and 2000 and other 
geoinformation to examine the hypothesis that factors others than the atmospheric deposition of metals 
influence the metal accumulation in the mosses.   
2 Materials and Methods  

The monitoring data used for the testing of the hypothesis mentioned above consists of the sampling sites 
describing metadata and multi-metal indices (MMI). The MMI values were computed by percentile statistics 
and geostatistics ranging from 1 for low to 10 for high metal accumulation (Schröder and Pesch 2004). The 
indices were derived for both sampling sites (1990 n = 592, 1995 n = 1026, 2000 n = 1028) and surface grids 
and correspond to the average rank of the element loads of chosen metal elements. The MMI1990-2000 

aggregates the element loads of chromium (Cr), copper (Cu), iron (Fe), nickel (Ni), lead (Pb), vanadium (V), 
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titanium (Ti) and zinc (Zn) which were analysed in moss samples collected across the entire German territory 
in each of the three campaigns 1990, 1995 and 2000. The MMI1990-2000 therefore allows detecting 
spatiotemporal trends of the metal bioaccumulation since 1990. 

The sampling site-specific metadata provides information on the potential emissions around the 
monitoring sites in terms of the distances to roads, motorways, human settlements, industries and 
unvegetated or open areas. Furthermore, the metadata describes the sampling sites in terms of elevation, 
slope direction, distance to the nearest trees and bushes as well as on the moss specie that was collected. In 
addition to these site-specific descriptions surface data on yearly precipitation data averaged over the time 
interval from 1961 to 1990 was included into the analyses. The data was provided from the German 
Meteorological Service (DWD). To further account for atmospheric emissions of metals areal percentages of 
selected land use categories around 5 km of the monitoring sites were derived from the Corine land cover 
map. A metal emission index was computed in terms of the percentage of urban and industrial areas, streets, 
railways, airports, and disposal and construction sites. 

For the assessment of boundary factors of the metal bioaccumulation the decision tree algorithms 
Classification and Regression Trees (CART – Breimann et al. 1984) and Chi-Square-Automatic-Detection 
(CHAID – Kass 1980) were used. Both procedures aim at producing decision trees for a defined target 
variable from a set of meaningful predictor variables and subdivide a given dataset (= root node) into 
subclasses (= subnodes) via a series of multiple splits. The CART and CHAID algorithms differ in the way 
such decision trees are grown. CART produces binary splits whereas CHAID grows decision tress in terms 
of multiple splits. CART chooses those predicting variables for splitting that optimise the homogeneity with 
regard to the target variable. Provided the latter is metric, CART aims at finding those pairs of subnodes that 
show the minimal within node variance and therefore result in the maximum improvement of homogeneity. 
An essential feature of CHAID is the use of contingency tables to decide which variables are of maximum 
importance for the classification. CHAID chooses those predictors for splitting that show the strongest 
degree of association to the target variable. Such is done by means of chi-square tests when the target 
variable is categorical or F-tests when the target variable is continuous. With CHAID the predicting variables 
need to be categorical so that metrically scaled variables have to be grouped in classes. In each case the 
degree of significance in terms of the Bonferroni adjusted p-value is used to at first merge existing (similar) 
classes of the predicting variables and then to choose the best predictor for splitting.  

CART and CHAID trees are grown until either only one object remains in the subnodes or until user 
specified restrictions are met. The latter may be done according to the number of cases to remain in either 
parent or child nodes or the amount of tree levels to be built. The growing of CART trees may furthermore be 
restricted according to a minimal improvement of homogeneity. For CHAID the degree of significance may 
hold to define whether the statistical association between the target variable and the predictors is sufficient to 
perform a multiple split.  

Regarding the investigation of the hypothesis mentioned above one CART and CHAID tree was 
calculated each for the campaigns 1990, 1995 and 2000. The MMI1990-2000 was defined as the target variable 
whereas the sampling sites describing metadata, the metal emission index and the yearly precipitation data 
served as predicting variables. All trees were build so that the resulting terminal nodes (or endnodes) 
exhibited at least 1 % of the respective root node (6 cases for the campaign 1990 and 10 cases for 1995 and 
2000). For the CART trees a minimum of 1 % improvement was set in order to perform a binary split. For 
the CHAID trees a significance level of 1 % was put down to merge existing classes of the predicting 
variables. The same level of significance was set to restrict the splitting of the nodes.  

 

3 Results 

The results of the decision tree analyses are exemplified by the first two tree levels of the CHAID tree for 
1995 (Figure 1). In the first split the root node is subdivided into four subnodes by means of the moss species. 
These were aggregated to four classes according to their resemblance with regard to the MMI1990-2000. 
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Alternative predictors for the first split were the metal emission index, the distance of the sites to the nearest 
tree, elevation and the distance of the sites to human settlements. The four subnodes in two cases exhibit 
indices that show a similar distribution form compared to the root node. These two nodes contain the two 
number one and two priority species Pleurozium schreberi and Scleropodium purum. The two other subnodes 
show highly skewed distributions with higher mean values than the root node. In one of these nodes the 
number three priority moss Hypnum cupressiforme occurs to 95 % showing a mean MMI1990-2000 of 6.3. In 
the other node only so called non-priority mosses can be found that should only be considered when trying to 
close big gaps in the monitoring network. Here, the mean MMI1990-2000 accounts for 7.6. The four moss nodes 
are furthermore subdivided with regard to the distance of the sampling site to the nearest tree, the emission 
index and elevation. 

Finally, all six trees were described regarding the following criteria: amount of terminal nodes and tree 
levels, proportion of explained variance as well as the frequency of the chosen predicting variables. The 
results of all six decision trees are summarised in Table 1. In three cases the decision trees were grown down 
to the fifth level (CART tree 1990 with 12 terminal nodes, CART tree 2000 with 7 terminal nodes and 
CHAID tree 2000 with 18 terminal nodes). The CHAID trees 1990 (20 terminal nodes) and 1995 (15 
terminal nodes) go down to the fourth level whereas the growing of the CART tree 1995 (6 terminal nodes) 
stopped at the third level. The degree of explained variance over all six trees averages to 30 % with a 
maximum of 51.5 % for the CHAID tree 1990 and a minimum of 15 % for the CART tree 1995. The 
elevation was chosen most often as a predictor (12 times) followed by the emission index (9 times) the moss 
species (8 times) as well as the precipitation and the distance of the monitoring site to the nearest tree (7 
times each). The moss species were chosen as the splitting predictor for the root node four times (all trees in 
1995, 2000). Regarding the CART tree 1990 the first splitting was done according to the direction of the 
monitoring site. For the CHAID tree 1990 the same holds true for the distance of the site to the nearest trees.  

 
Figure 1: CHAID Tree for the Campaign 1995 (first two levels) 
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Table 1: Statistical Evaluation of the Monitoring Network 2005 by CART and CHAID 
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ABSTRACT 
The UNECE Metals in Mosses Surveys measure and map the metal exposure at 7000 sites across Europe. Germany took 

part in each of the three campaigns in 1990, 1995 and 2000 and also participates in the campaign in 2005. The 

presentation addresses the statistical evaluation of the monitoring programme. it is presented how decision tree models 

like Classification and Regression Trees (CART) as well as Chi-square Automatic Interaction Detection Method 

(CHAID) were applied to assess boundary conditions that influence the metal uptake in the mosses. The element loads 

of different toxic metals were defined as the target variable. Location describing metadata and available surface data 

on land use, precipitation and elevation were set as the predictor variables. The results differ with regard to the chosen 

elements although it can be concluded that the type of moss species, the distance of the sampling site to the nearest tree, 

precipitation and altitude are important factors for the metal uptake. 
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ABSTRACT 
Environment is considered as one of three pillars of the sustainable development others being economic and social. 
However, notwithstanding its crucial role, the environment has not received the same priority and place in nations’ 
developmental agendas as social and economic issues. One of the main reasons for this has been the absence of reliable 
trend data and an environmental index at the national level which could catch the imagination of people and make 
governments accountable. An index is a composite of several indicators. Combining relevant indicators from a vast 
array of environmental data into a composite index reveals the available evidence in a much more appealing fashion 
than individual indicators. Unfortunately, environmental indicators are relatively underdeveloped compared to 
economic and social indicators. Construction of an environmental index disaggregated at the national level which could 
be easily digested and understood by the people, is certainly a sure way to fulfill the objective of mainstreaming the 
environment in the developmental agenda of a countries. There have been several attempts in the past to develop an 
environmental index but due to various reasons none of them took off and caught the imagination of people. There is a 
need to learn from the past experiences and within the constraints of the available data, construct a simple and easy to 
understand index which could be as effective in influencing policies and decisions and making Governments and public 
institutions accountable as counterparts in the economic and social field. This paper reviews past attempts to create 
composite indices for the environment and describe challenges in developing such indices. It also outlines a procedure 
for developing a composite index for environment using a sound statistical methodology  

Introduction  
An intense public debate follows, and success or failure of macro economic policies is evaluated, whenever 
employment rate in a country rises or falls. So is the value and role of GNP in the economic development of 
a nation. Release of the Human Development Index (HDI) is eagerly awaited every year to judge and 
evaluate the efficacy of national policies for social development. People sit up and watch with curiosity and 
concern when the Dow Jones Industrial Average Index goes up or down on Wall Street as individuals and 
corporate rewrite their fortunes with the rise and fall of stock exchange indices. Unfortunately there is 
nothing comparable to judge or evaluate the outcome of national environmental policies or the state of a 
nation’s environment.  
Environment is considered as one of three pillars of the sustainable development others being 
economic and social. However, notwithstanding its crucial role, the environment has not received the 
same priority and place in nations’ developmental agendas as social and economic issues. One of the 
main reasons for this has been the absence of reliable trend data and an environmental index at the 
national level which could catch the imagination of people and make their governments accountable. 
Construction of an environmental index disaggregated at least at the national level, if not further 
down, which could be easily digested and understood by the people, is certainly a sure way to fulfill this 
objective of mainstreaming the environment in the developmental agenda of nations. Ever since the 
origination of the Gross Domestic Product (GDP) concept in A.C. Pigou’s seminal Wealth and Welfare 
(1912), it has been acknowledged that GDP is only a proxy and is not a perfect measure of welfare, 
because it omits many important components that do not pass through markets. Since then, enormous 
resources have been invested in improving measures of the market components of the national well-
being, but proportionately rather insignificant investment has been made in other components like 
environment. There is a need to learn from the past experiences and within the constraints of the 
available data, suggest construction of a simple and easy to understand index which could be as effective 
in influencing policies and decisions and making Governments and public institutions accountable as 
counterparts in the economic and social field.  
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Towards developing a composite Index for environment 
As concern for the environment mounts, there have been some attempts to create an index to measure 
the ecological aspects of quality of life and to assess environmental outcomes and track progress in 
relation to environmental goals. However, there has been no concrete way to scientifically examine 
environmental performance and compare progress toward environmental goals. Unfortunately, 
environmental indicators are relatively under-developed compared to economic and social indicators. 
No popular environmental index, aggregated in a way that provides a sense of the big picture of 
environmental performance equivalent to GNP and the HDI, exists to facilitate comparative ranking 
of countries based on common information and consistent criteria. 
 
Characteristics of the Composite Index 
A composite index for environment should be able to incorporate the principles embraced at the 1992 
Earth Summit, the UN Framework Convention on Climate Change, the Convention on Biological 
Diversity and other global environmental agreements and goals, targets set under the Millennium 
Declaration Goals (MDGs), World Summit on Sustainable Development (WSSD) plan of 
implementation (United Nations, 2007). Many characteristics of the index described here are similar to 
those articulated for the Human Development Index (HDI) by Haq (1995). The index should have 
following key characteristics: 
• Track progress towards environmental management 
• Capture and integrate the three basic components of environment: Land, Atmosphere and Water 

(LAW) 
• Connect with the public in terms of common images of environment i.e. “green land,” “clear sky,” 

and “clean water.” To make the message heard, it is better to paint a verbal picture. People will be 
energized by a vision of changing the way people stay in touch or the way children are taught 
(Roche 2001) 

• Provide incentive for actions and management interventions 
• Provide an integrated measure of the state of the environment as a baseline for future comparison 
• Be consistent, unbiased, understandable, and relevant to the issues being addressed (PCSD 1999) 
• Be comparable among different geographical areas and time periods 
• Deal with issues which have universal appeal, i.e. concerns maximum number of countries 
• Contain minimum variables for simplicity and manageability 
• Be constructed as a composite index rather than several separate indices 
• Be constructed based on readily available data 
In summary: 

- The composite index should focus on multidimensional outcome indicators and achievements in 
order to influence policies;  

- The principle of simplicity and inter-country ranking /comparability should be of primary concern;   
- In addition to ranking of all countries for which reliable data sets are available, as an effective 

communication tool grouping of similar countries, i.e. clusters of homogeneous regions, should be 
carried out separately (e.g. small Island States, countries in the desert regions).  

Haq (1995) suggests that even though an index can be only as good as the data fed into it, a lack of reliable 
and up-to-date data should not be allowed to inhibit the emergence of such an index. Country rankings 
could be used as pressure points to persuade policy makers to invest adequate resources in producing 
relevant data and to encourage international institutions to prepare comparable statistical data.  
 
Development procedure for the composite index  
An index could be developed using a three-step procedure. In Step 1, a conceptual framework is created to 
represent all the factors (factors related to environmental management). In Step 2, one or more simple, 
scalar, measurable selected indicators are created to represent each of the broad, abstract factors in the 
framework. In Step 3, a mathematical model is developed to combine the indicators into the composite index 
that best represents the concept. The conceptual framework constructed at the outset provides a solid 
foundation and rationale for the choice of indicators that are included in the index and the way in which they 
are combined. Operationalizing the framework moves it from theory to practice, transforming it into a model 
that can produce quantitative, directly usable results.  
The proposed approach is based on focusing three leading achievement/outcome indicators, rather than on a 
number of input indicators. This method was chosen based on the fact that outcomes illustrate the ultimate 
impact of policies on people’s lives.  
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The following steps are involved in the construction of the index  
Step 1: Conceptual framework. The conceptual framework that provides the foundation for the index 
relates to measuring human progress towards achieving environmental management goals along the three 
dimensions of land, air and water. For simplicity’s sake, no interactions among the factors are explicitly 
quantified. Units of analysis are nation States.  
Step 2: Selected Indicators. After careful review of all indicators available and taking into account their 
major drawbacks, one leading indicator for each dimension of Land, Atmosphere, and Water was selected 
for construction of the index from the list of the United Nations Millennium Development Goals (MDGs) 
indicators.  
Step 3: Mathematical modeling. The final step in creating the index was to define a mathematical model to 
combine all the indicators. Like any mathematical model, a composite index uses measurable variables 
(referred to as indicators in composite indexes) to create a quantitative expression of a concept that cannot be 
measured directly. However, a composite index is different from most mathematical models, because it can 
measure the concept only in relative terms, i.e. it measures only changes in the magnitude of the concept 
over time, or from region to region. The index uses the relative values of indicators from country to country 
to describe relative human progress in environmental management from country to country.  
As it is broadly defined here, no units exist to track human progress towards environmental management (in 
fact, that's the purpose of developing an index), so it must be measured relative to some benchmark, and, 
therefore, using a composite index is an appropriate approach. To measure the relative level of human 
progress in terms of changes in Land, Air and Water in different countries, the index combines the three 
leading indicators in three steps: (1) scaling, (2) weighting, and (3) combining.  
Scaling  
Scaling determines the way in which the final composite index value should be interpreted. Countries must 
be compared relative to other countries (not to some absolute scale), and the comparison must be made in 
terms of relative ranks.  

Weighting  
For each indicator, a weight was determined to represent its relative contribution to an overall 
environmental protection. The equal weight values for the three components of the index were determined 
by direct subjective assessment and judgment of other environmental experts.  There is no a priori logic 
for weighting indicators in their aggregation into the index. Simple averaging of indicators in an index 
implicitly assumes equal weighting of indicators and the possibility of offset of one indicator by another.  

Combining  
The following issues were considered in combining indicators:  
 • A composite index based on leading indicators   
 • The more indicators do not mean more information  
 • Indicators should be uncorrelated as far as possible  
 • Selected indicators should capture the most significant issues  
Finally, the scaled indicators and weights are combined into the index. All three leading indicators were 
assembled through a linear combination.  
A summary of the composite index for environment called Human Environment Index (HEI)  
Issue: There is no composite index similar to GNP (World Bank) for economy, HDI (UNDP) for human 
development, and DALE (WHO) for health to track progress towards environmental management.  
What does HEI measure: HEI measures outcome of progress towards environmental management in a 
single number.  
Characteristics of the HEI:  

• It is simple  
• It is easily understandable in terms of popular images of environment i.e., “Green land,” “Clear 

sky,” and “Clean water”  
• It is feasible within the constraint of available time series data for maximum number of countries 
• It is credible and statistically valid  
• It can be repeated and calculated periodically  
• It gives people a sense of my place/country  
• It facilitates comparative analysis  
• It provides incentive for actions  

The leading indicators used for HEI construction are taken from the indicators for monitoring progress 
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towards the UN Millennium Declaration Goals (MDGs).   
Leading indicator for Land: % change in proportion of land area covered by forest.  
Leading indicator for Air: Carbon dioxide emissions per capita.  
Leading indicator for Water and sanitation: Proportion of people with sustainable access to an 
improved water source and proportion of urban population with access to improved sanitation.  
Based on the above indicators, three leading dimension indices namely Land (L), Air (A), and Water (W) 
have been calculated as per the following formula: 
    Actual value – Observed minimum value 
 Dimension Index= —————————————————————————— 
     Observed maximum value – Observed minimum value 
The HEI has been calculated as an average of these three leading dimension indices, i.e.: 
     L+A+W 
    HEI= —————— 
        3  
Caveats for interpretation of results  
To avoid misinterpretation, several points should be kept in mind when the Index results are analyzed.  

1 The index measures human progress towards environmental management via changes in land, air and 
water.  

2 Results refer to countries.  
3 Results must be interpreted in terms of a simple analytical framework, not a rigorous quantitative 

analysis.  
4 The interpretation of results must be consistent with the quality of indicator data.  

 
This index does not aim to assess an individual environment, and it does not address the distribution of 
environment within a country. In the difficulties of the indicator selection process (including constraints in 
data availability), the equal weights offer one reasonable effort to represent equal importance of the 
indicators, and the linear form means that some non-linearities and dependencies among indicators are not 
represented currently.   
Conclusions  
Based on the research done, following conclusions were reached:  
The review of global environmental reports, indices, indictors and data demonstrates that (a) presently there 
are too many indicators created to assess the status of environment, but their effectiveness in influencing 
environmental policies is low; (b) the analysis indicated some serious weaknesses in the international 
databases. These are, in most instances, a direct consequence of the lack of basic environmental data at the 
country level; and (c) there is no universal index, equivalent to GNP or HDI, for the environment. The 
proposed index gives a snapshot of the comparative progress of countries in environmental management 
and is not deemed to be a comprehensive measure of the state of their environment. In fact, it could be 
considered as the first principal component of the more comprehensive index. However, it is possible to 
construct comparable index over time to monitor progress. The leading indicators selected for the 
construction of the index cover major environmental policy challenges set forth in the Millennium 
Declaration Goals. It expresses the political consensus reached during the world summits and global 
conferences of the 1990s, reaffirmed again at the Millennium Summit, 2000 and provides a global 
perspective on the status of the Millennium Declaration Goals, based on internally agreed indicators. These 
indicators reflect the current state of what could be measured and the state of information available and are 
vehicle for keeping the public informed on progress, fostering debate and triggering actions. It is a summary 
measure of key environmental outcomes and the value should be judged in the light of what it captures not 
in terms of ‘what it doesn’t’. In fact separate indices should be developed for more specific issues.  
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ABSTRACT

Trend analysis in environmental variables need the appropriate statistical tools to handle with the
specific problems frequently raised by this type of data. In this work the problem of detecting a
trend in a time series is addressed in some of this situations, namely, when autocorrelation is present,
when we are dealing with small samples and when the parent distribution is highly asymmetric. We
focus on statistical tests for trend under a model which is well described by a linear function of
time, and that can include a seasonal effect. Parametric and non-parametric tests are considered
and, through stochastic simulation, we compare performance of the tests and assess the validity of
the asymptotic distribution of the test statistic. The Mann-Kendall test for trend, a non-parametric
test proved to be appropriate for series of independent observations, and the parametric test on the
least squares estimator of the slope were used. Some versions of the Mann-Kendall test, modified in
order to accommodate the effect of autocorrelation are explored under some specific autocorrelation
models, namely, m-dependent processes and stationary first order autoregressive stationary processes.
We propose a new statistic which is based on the original Mann-Kendall test for the case when
the stochastic component is m-dependent. The performance of a modified Mann-Kendal test for
autoregressive processes AR(1) is also studied. Finally, we present an application in a time series of
water quality variables collected on marine beaches in the North Coast of Portugal.

Keywords. Trend Tests, Mann-Kendall, Least Squares, Correlation, Water Quality variables.
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In recent years, an extensive climatological literature has documented increases in the frequency
of extreme rainfall events, generally at a faster rate than in mean rainfall levels (see e.g. Groisman et
al. (2005)). For the most part, this literature has used only rather simple statistical methods, such
as counting exceedances over high thresholds and monitoring trends in those exceedances (Kunkel
et al. (1999)). However, some of these studies have used more sophisticated methods based on the
Generalized Extreme Value (GEV) distribution (Zwiers and Kharin 1998, Kharin and Zwiers 2000).
In a recent paper, Cooley et al. (2007) have used a Bayesian hierarchical approach to interpolate
extreme value distributions across sites using spatial statistics. The present work is in similar spirit,
with the intention of depicting spatially both return values of precipitation fitted to a specific time
period, and more critically, the trend in those return values across time. The paper complements the
contribution of Shamseldin et al. (2007), also presented at this ISI session.

For this work, we have taken data from three sources. First, we have made extensive use of daily
precipitation data from rain gauges, compiled by the National Climatic Data Center. This is a network
of 5,873 stations in the continental U.S. (excluding Alaska and Hawaii). The data typically go back
to the early years of the 20th century but in this study we have used only data from 1970–1999. The
decision was made to use only stations with at least 90% data coverage during that time period; 4,939
stations met that criterion. The second data source is model runs from NCAR’s Community Climate
System Model (CCSM), where the data were generated as a 20 × 41 grid with cells of side 1.4o latitude
and longitude, for the time periods 1970–1999 and 2070–2099 (the latter under the so-called “A1B”
scenario of greenhouse gas emissions). Our third data source is the Parameter-elevation Regressions
on Independent Slopes Model (PRISM — see http://www.ocs.orst.edu/prism/index.phtml) which is
a set of gridded elevations and climate variables for the continental U.S., on a 1405 × 621 grid of side
4km, compiled by Dr. Christopher Daly of Oregon State University. Specifically, from this dataset we
used elevations and mean annual precipitations (1970–1997) as covariates in our subsequent spatial
analysis.

Extreme values methodology

If Yt is daily rainfall on day t, assume for large threshold exceedances,

Pr{Yt > y} ≈ δt

(
1 + ξt

y − µt

ψt

)−1/ξt

+

,(1)

where δt is the time unit (= 1
365.25) and µt, ψt, ξt are (time-localized) parameters of the Generalized

Extreme Value distribution. The model (1) was fitted, separately for each station, to exceedances over
a high threshold by the “point process approach” (Smith 1989, 2003; Coles 2001). The parameters
µt, logψt and ξt were each expanded as linear functions of covariates to allow for seasonal variation
(expressed in sine/cosine functions), linear trend, and interaction terms between linear trend and
seasonal variation. In all, a model with 27 parameters was fitted separately to each station. For any
given year and for each station, it is possible to compute a N -year return value (that is, the level that
is exceeded with probability 1/N during a given year) as a function of the fitted model parameters;
in this exercise we took N = 25.
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Figure 1. Continental USA divided into 19 regions

Spatial interpolation

Once we have an fitted extreme value model to each site, we use it either to calculate a 25-year
return value for each site (in the case that no time trend is included in the extreme value model), or
to calculate the ratio of 25-year return values between two years of interest (we have used 1999 to
1970 in this study). These estimates are calculated by maximum likelihood including standard errors
and covariances between the estimates at different sites.

We then perform a spatial interpolation. The U.S. is divided into 19 regions (Fig. 1) which
are taken to be overlapping to allow smooth interpolation across regions without boundary effects.
Within each region, we estimate a spatial correlation function (Matérn covariance with nugget) by
restricted maximum likelihood estimation. Then, spatial maps and regional averages are computed
(along with prediction standard errors) by universal kriging, in which we have used elevation and mean
annual precipitation from PRISM as covariates in defining the spatial mean function. The results are
compared with those from a much simpler form of regional estimation defined by Groisman et al.
(2005), in which station results are first aggregated into 1o × 1o grid cells and then area-weighted
averages computed over grid cells. We call this method “geometrically weighted averages” or GWA to
emphasize the fact that it depends only on the geometry of station locations and not on correlations.

Results

Fig. 2 (left) shows an interpolated map of 25-year return values computed for the period 1970–
1999, without time trend. Fig. 2 (right) shows the ratios of 25-year return values for 1999 to those for
1970, computed from a linear-trend model. The latter shows an overall increase of about 7% averaged
over the whole country, but substantial spatial variability, including a region across the south-west
and north-central-west states where trends are flat or slightly decreasing.

Fig. 3 (left) shows corresponding results computed from CCSM data, which project increases
in 25-year return values for the period 2070-2099 compared with 1970-1999. If these projections are
correct, they would imply a much sharper increase in extreme precipitation frequencies over the 21st
century than the 20th. Fig. 3 (right) is intended as a sensitivity check on our main results: for each
of 19 regions, we have shown the averaged trend for 1970–1999 for that region, using different choices
of the threshold, the number of sine-cosine terms included in (1), and a clustering parameter r; the
only model for which substantially different results are obtained is the one (green dashed lines) for
which seasonal variation is ignored altogether.

Finally in Table 1 we have compared spatial interpolation results by kriging with the GWA
method, and also with results obtained by fitting trends to the CCSM data for 1970–1999 (to make
a direct comparison with rain gauge results for this time period). The results show that kriging has
substantially smaller prediction standard errors than GWA, but also a discrepancy between the results
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Figure 2. (Left) Map of 25-year return values (cm.) for the years 1970–1999. (Right)

Ratios of return values in 1999 to those in 1970.

Figure 3. (Left) Estimated ratios of 25-year return values for 2070–2099 to those of

1970–1999, based on CCSM data. (Right) Trends across 19 regions (measured as change

in log RV25) for 8 different seasonal models and one non-seasonal model with simple

linear trends. Regional averaged trends by geometric weighted average approach.

obtained for the same time period between observational rain gauge data and model-generated CCSM
data.

Conclusions

The results confirm an overall increase in observed precipitation extremes for 1970–1999, and
further substantial increases over the next century projected by a leading climate model (CCSM).
However they also show a highly complex spatial pattern of trend, and an inconsistency between the
spatial patterns of rain gauge data and CCSM, that implies the interpretation of these results is far
from straightforward.

This work was supported by the National Oceanic and Atmospheric Administration, the Envi-
ronmental Protection Agency and the National Science Foundation. Part of the work was done during
a visit by the first author to the National Center for Atmospheric Research.
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Region ∆1 SE1 ∆2 SE2 ∆3 SE3 ∆4 SE4

A –0.01 0.03 0.05∗∗ 0.05 0.16∗∗ 0.07 0.24∗∗ 0.10
B 0.07∗∗ 0.03 0.08∗∗∗ 0.04 0.14∗∗∗ 0.04 0.12∗∗∗ 0.06
C 0.11∗∗∗ 0.01 0.10 0.03 0.02 0.05 –0.14 0.11
D 0.05∗∗∗ 0.01 0.06 0.05 –0.06 0.04 –0.15 0.10
E 0.13∗∗∗ 0.02 0.14∗ 0.05 –0.07∗ 0.03 –0.09 0.08
F 0.00 0.02 0.05∗ 0.04 –0.07∗ 0.04 –0.03 0.05
G –0.01 0.02 0.01 0.03 0.03 0.03 0.08∗ 0.04
H 0.08∗∗∗ 0.01 0.10∗∗∗ 0.03 0.11∗∗∗ 0.03 0.08 0.06
I 0.07∗∗∗ 0.01 0.12∗∗∗ 0.03 –0.02 0.04 –0.05 0.07
J 0.05∗∗∗ 0.01 0.08∗∗ 0.03 –0.15∗∗∗ 0.03 –0.16∗∗ 0.06
K 0.08∗∗∗ 0.01 0.09∗∗ 0.03 –0.08∗∗∗ 0.02 –0.11∗ 0.05
L 0.07∗∗∗ 0.02 0.07∗ 0.04 –0.04 0.04 –0.03 0.06
M 0.07∗∗∗ 0.02 0.10∗∗ 0.03 0.01 0.03 0.00 0.08
N 0.02 0.03 0.01 0.03 0.06∗∗ 0.02 0.05 0.06
O 0.01 0.02 0.02 0.03 –0.03 0.04 –0.06 0.07
P 0.07∗∗∗ 0.01 0.11∗∗∗ 0.03 –0.01 0.04 –0.07 0.07
Q 0.07∗∗∗ 0.01 0.11∗∗∗ 0.03 –0.04 0.04 –0.03 0.07
R 0.15∗∗∗ 0.02 0.13∗∗∗ 0.03 –0.17∗∗∗ 0.03 –0.06 0.08
S 0.14∗∗∗ 0.02 0.12∗ 0.06 0.00 0.04 0.02 0.05

Table 1. ∆1: Mean change in log 25-year return value (1970 to 1999) by kriging.

SE1: Corresponding standard error (or RMSPE).

∆2, SE2: same but using geometrically weighted average (GWA).

∆3, SE3: Results for CCSM using kriging.

∆4, SE4: Results for CCSM using GWA.

Stars indicate significance at 5%∗, 1%∗∗, 0.1%∗∗∗.

ABSTRACT

This paper uses extreme value methods to estimate 25-year return levels, and trends in those
return levels over 1970-1999, for precipitation extremes, and combines the results across stations using
spatial statistics. The results provide a detailed picture of how trends in rainfall extremes have varied
across the United States. Separate analysis based on a climate model provide a first insight into how
such changes may project into the future.
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Introduction

The Gaussian stochastic model for irregular water waves was introduced by StDenis and Pierson

(1953). Since then it has become a standard model in risk calculations in ship design and other marine

activities. Many risk related quantities can be defined in this model and their distributions derived,

either exactly in an explicit form, or calculated exactly by accurate numerical algorithms. There also

exists many practically useful approximations. One of the main drawbacks of the Gaussian model

is its stochastic symmetry. Real water waves are often asymmetric, with narrow peaked crests and

shallow and wide troughs, called crest-trough asymmetry. The lack of asymmetry of Gaussian waves

is particularly unfavourable when one wants to describe quantities like wave steepness, which, for

example, is important for safety calculations of offshore structures.

Another class of wave models, which produces asymmetric waves, are the stochastic Lagrangian

models. These models consider not only vertical but also horizontal motion of the individual fluid

particles and, in the stochastic formulation, these motions are modeled by Gaussian processes. As

a result, the surface elevation is described through a parametric representation allowing for a larger

flexibility as the wave shape is concerned.

With a Gaussian model the slope at an arbitrary level-crossing, i.e. a point where the sea eleva-

tion takes a specific value, can be found to have a Rayleigh distribution. Moreover, this distribution

will not depend on what level is being crossed. However, in this paper we will see that this is not the

case for the Lagrangian model, where the distribution of slope typically depends on the crossing level.

In particular, we will see that the Lagrange wave is steeper than a Gaussian wave if positive crossing

levels are considered, whereas the opposite is true for negative crossing levels.

The Lagrangian wave model

The two dimensional Gaussian wave model describes the vertical variation of the sea surface

measured as a function of time t at location x along a line section of the sea with constant still water

depth h. It is a Gaussian space-time process with mean zero and spectral representation,

(1) W (t, x) =

∫
∞

ω=−∞

ei(κx−ωt) dZ(ω),

where ω is wave frequency, and κ is wave number, related to ω by the depth dependent dispersion

relation, ω2 = g|κ| tanh(|κ|h), with g denoting the gravitational constant. The complex spectral

process Z(ω) has orthogonal increments and relates to the spectral density S(ω) by E(|dZ(ω)|2) =

S(ω) dω. In the Lagrangian model, (1) is used to describe the vertical movement of an individual

water particle, but one also introduces a stochastic process, X, correlated with W , for its horizontal

movements.

Consider a particle with original position u, its reference coordinate. The Lagrangian first order

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 5467 -



wave model is the bivariate Gaussian process

W (t, u) =

∫
∞

ω=−∞

ei(κu−ωt) dZ(ω),

X(t, u) = u +

∫
∞

ω=−∞

i
cosh κh

sinh κh
ei(κu−ωt) dZ(ω),

where W (t, u) is the sea elevation at location X(t, u). If the surface elevation at time t and location

x of the Lagrangian ocean is denoted by L(t, x) we thus have that

L(t,X(t, u)) = W (t, u).

For details, see Gjøsund (2003), Lindgren (2006) and references therein, and also Aberg (2007), Aberg

and Lindgren (2007) for recent work.

Slope of Lagrangian space waves

A Lagrangian space wave is defined at time t0 as the parametric curve u → (X(t0, u),W (t0, u)),

or alternatively by L(t0, x). The key to derive the distribution of slope for the Lagrange space wave

at its crossings is to note that there is a one-to-one correspondence between the crossings of the

process W (t0, u) and those of the Lagrange space wave L(t0, x). More precisely, let {uk} denote the

sequence of v-crossings of the process W (t0, u), i.e. {uk} = {u ∈ R;W (t0, u) = v} so that at time

t0 the particles with reference coordinates {uk} have elevation v. At t0 these particles are located

at {xk} = {X(t0, uk)} implying that the location of the v-crossings of the Lagrange space wave are

given by {xk}. The goal of this paper is to give an expression for the distribution of slope at an

arbitrary crossing xk. By using rules of differentiation one can find that the slope at a crossing xk of

the Lagrangian ocean can be expressed in terms of derivatives of the Gaussian processes W (t0, u) and

X(t0, u). More specifically

(2) Lx(t0, xk) =
Wu(t0, uk)

Xu(t0, uk)
,

where the subindexes denote partial derivatives. The next step is to find distributional representations

for the derivatives Wu(t0, uk) and Xu(t0, uk), i.e. their distribution at the v-crossings of the process

W (t0, u). Note that at this stage the problem is reduced to only include Gaussian processes. By

computing so-called Palm probabilities, see Leadbetter et. al (1983), one can show that

Wu(t0, xk)
D
= R

√
rww
uu ,(3)

Xu(t0, xk)
D
= 1 +

rwx
0u

rww
v + U

√
rxx
uu − (rwx

0u )2

rww
,(4)

where R and U are independent double Rayleigh (fR(r) = |r|
2 e−r2/2) and standard Normal variables,

respectively, and rwx
0u = Cov(W (0, 0),Xu(0, 0)) etc. are different covariances. By combining (2) with

(3) and (4) we now arrive at our main result, namely that the slope of the Lagrangian sea at an

arbitrary v-crossing xk has the following distributional representation.

(5) Lx(t0, xk)
D
=

R
√

rww
uu

1 +
rwx
0u

rww v + U

√
rxx
uu − (rwx

0u )2

rww

.

If xk instead is an arbitrary crossing corresponding to an upcrossing uk of the process W (t0, u), then

the result is still valid replacing R with a Rayleigh variable having density fR(r) = re−r2/2, r > 0. By

using this representation one can find a closed form formula for the distribution of slope of the space

wave at its crossings. The full proof is given in Aberg (2007).
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Example

In this example the density of slope at an arbitrary upcrossing in the Gaussian and Lagrange

models are compared. The models are defined by a frequency spectrum and in this case we use spectra

of the so-called Pierson-Moskowitz type, see Aberg (2007) for details. This family of spectra is defined

by two parameters, namely the significant wave height Hs and the peak period Tp. In our case we let

Hs = 7m and we consider three different water depths, 4, 16 and ∞ m, and three different values of

the steepness of the sea state, defined as S = Hs/T
2
p , namely 0.026, 0.035 and 0.049. These different

values represent moderately steep, steep and very steep waves, respectively. We also choose a cut-off

frequency ωc = 33/Tp rad/s, i.e. a frequency such that the spectrum is zero for frequencies higher

than ωc. It should be mentioned that the choice of parameters is for illustration reasons only, since in

a real world situation it is unrealistic to have the same spectrum for different water depths. In Figure

1 the densities are shown for v = 0 m, i.e. for zero-upcrossings. Clearly the difference between the

Gaussian and Lagrange model is very small in this case. However, since the distribution of the slope

depends on what level is being crossed, we may expect a different result for another level. In Figure

2 the corresponding densities are shown for v = 1 m. In this case the densities are in many cases

very different and we note that the Lagrange model gives steeper waves than the Gaussian model

for positive crossing levels. On one hand, for a fixed steepness, the difference is biggest for shallow

water and decreases with water depth. For fixed depth, on the other hand, the difference increases

with steepness S. Thus the densities resulting from the Lagrange and Gaussian models differ most for

steep sea states in shallow waters.
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Figure 1 : Density of slope observed at an arbitrary upcrossing of level v = 0 m in the Gaussian (dash-dotted)

and Lagrange (solid) model for different depths, h = 4, 16, ∞ m, and spectrum steepness S =0.026, 0.035 and

0.049.
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Figure 2 : Density of slope observed at an arbitrary upcrossing of level v = 1 m in the Gaussian (dash-dotted)

and Lagrange (solid) model for different depths, h = 4, 16, ∞ m, and spectrum steepness S =0.026, 0.035 and

0.049.
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ABSTRACT

In many applications, such as remote sensing or wave slamming on ships and offshore structures,

it is important to have a good model for wave steepness. Today, most models are based on the assump-

tion that the sea surface is well described by a Gaussian random field. However, this assumption is

not so realistic since the Gaussian model produces waves which are shochastically symmetric, both in

a horizontal and vertical direction. From this point of view the Lagrangian model is more realistic, but

its stochastic properties have not been studied until quite recently. In this paper an explicit expression

for the distribution of slope for the waves in a Lagrangian wave model is presented and compared to

the corresponding quantity in a Gaussian model.
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Abstract

In this work, we propose a testing technique for detecting separability in the spatial-temporal depen-

dence structure of a process observed on a regular grid. Our approach is based on the representation of

the log-periodogram as the response variable in a regression model. Within this context, separability

can be interpreted as additivity in spatial and temporal components.

Introduction

Modeling spatial-temporal varying processes has become an important task in different applied fields,

such as meteorology, ecology or environmental sciences (see, for instance, Kyriakidis and Journel,

1999). In order to describe the behavior of spatial-temporal processes, the dependence structure, that

is, the covariance function, must be assessed. Since the extension of spatial dependence models to

the spatial-temporal situation may be not adequate, a great effort has been made in order to obtain

new dependence models that allow for space-time interactions (see Cressie y Huang (1999); Gneiting

(2002); Fernández-Casal et al. (2003); Stein (2005), among others). However, if the spatial and tem-

poral components in the variability of the process are proved to be independent, inference would be

much simpler. This situation is known as separability, and it means that the covariance of the process

can be obtained as the tensor product of a spatial and a temporal covariances.

In this context, Genton et al. (2006) proposed a likelihood ratio test for separability of covariance

models, using the decomposition of the covariance matrix as a Kronecker product of spatial and tem-

poral covariances. Fuentes (2006) introduced a nonparametric test for separability from the spectral

domain, based on the coherency between two spatial locations. This test can be reduced to an ANOVA

procedure and can be extended for testing stationarity. Also from the spectral approach, Scaccia and

Martin (2005) constructed test for axial symmetry and separability in lattice processes, based on the

periodogram. In our approach, we consider a spectral framework (as Fuentes (2005) and Scaccia and

Martin (2005)), but our test statistic is based on the representation of the logarithm of the peri-

odogram as the response variable in a regression model.
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Notation and background

Let Z(s, t) denote a zero-mean second-order stationary spatial-temporal process, observed at spatial

locations on a regular grid s ∈ D = {1, . . . , n1}×{1, . . . , n2}, N = n1n2 and at different time moments

t ∈ {1, . . . , T}. The spatial-temporal covariance function associated with Z is defined as:

C(u, v) = Cov(Z(s + u, t + v), Z(s, t)), (u, v), (s, t) ∈ R3.

Assuming that
∫
R2

∫
R C(u, v)dvdu < ∞, by Khinchin’s theorem (Yaglom, 1987), the covariance func-

tion of a stationary random process can be written as:

C(u, v) =

∫
Π2

∫
Π

ei(u,v)(λ,ω)′f(λ, ω)dλdω, Π = [−π, π], Π2 = [−π, π] × [−π, π],

where ′ denotes the transpose operator, f(λ, ω) is the spectral density and λ and ω denote the frequency

components associated with the spatial and the temporal parts. Conversely, the spatial-temporal

spectral density can be obtained as the inverse Fourier transform of the covariance function C:

f(λ, ω) =
1

(2π)3

∫
R2

∫
R

e−iλue−iωvC(u, v)dudv.

Under the separability assumption, the covariance can be decomposed as the tensor product of a

spatial and a temporal covariance, namely CS and CT , that is C(u, v) = CS(u)CT (v). Therefore, the

spectral density can be also written in this way, considering the corresponding spatial and temporal

spectral densities fS and fT :

f(λ, ω) = fS(λ)fT (ω), fS(λ) =
1

(2π)2

∫
R2

e−iλuCS(u)du, fT (ω) =
1

2π

∫
R

e−iωvCT (v)dv.

The classical nonparametric estimator of the spectral density is the periodogram, which is given by:

I(λk, ωk′) =
1

(2π)3NT

∣∣∣∣∣∣
∑
(s,t)

Z(s, t)e−i(s,t)(λk,ωk′ )
′

∣∣∣∣∣∣
2

, k = (k1, k2)

and it is usually evaluated at the Fourier frequencies (λk, ωk′),

(λk, ωk′) =

(
2πk1

n1
,
2πk2

n2
,
2πk′

T

)
, ki = 0,±1, . . . ,±⌊ni − 1

2
⌋, k′ = 0,±1, . . . ± ⌊T − 1

2
⌋.

For a wide class of processes, particularly, Gaussian stationary processes, the periodogram can be

obtained as the response variable in a multiplicative regression model:

I(λk, ωk′) = f(λk, ωk′)Vk,k′ + R(λk, ωk′),

where Vk,k′ are i.i.d. standard exponential random variables and the remainder term R(λk, ωk′) can be

uniformly bounded. Under separability, I(λk, ωk′) = fS(λk)fT (ωk′)Vk,k′ + R(λk, ωk′). Besides, taking

logarithms in this expression, we obtain that the log-periodogram at a certain frequency (λk, ωk′),

denoted by Yk,k′ is given by:

Yk,k′ = m(λk, ωk′) + zk,k′ + rk,k′ , rk,k′ = log

(
1 +

R(λk, ωk′)

f(λk, ωk′)Vk,k′

)

where zk,k′ are i.i.d Gumbel(0,1) distributed and rk,k′ can be bounded. Ignoring the residuals rk,k′ ,

Yk,k′ can be interpreted as the response variable in a regression model where the regression function

is the log-spectral density of the process. Under separability, the model for the log-periodogram can

be written as:

Yk,k′ = mS(λk) + mT (ωk′) + zk,k′ + rk,k′ .

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 5472 -



The test statistic

Considering the logarithm of the spectral density m (from now on, the log-spectral density), under

the assumption of separability, this function is given by the addition of the spatial and temporal

log-spectral densities: m(λ, ω) = mS(λ) + mT (ω). Then, if our purpose is to test whether the spatial-

temporal process Z admits a separable covariance, this problem could be equivalently stated in terms

of the log-spectral density as:

H0 : m = mS + mT ,

Ha : m 6= mS + mT .

Recalling the expression of the log-periodogram as the response variable in a regression model, the

testing problem can be viewed as a test for additivity, but regarding the particular features of the

remainders zk,k′ and rk,k′ . In the nonparametric regression setting, different methods for making

inference on additive models have been proposed. For instance, in Dette et al. (2005), the authors

revise four different test statistics, based on the marginal integration approach for estimation. Another

possibility could be the test proposed by Fan and Jiang (2005), considering an extension of the

generalized likelihood ratio test. Following Dette et al. (2005), we consider an L2-distance test

statistic:

T2 =
1

NT

∑
k,k′

(
m̂I(λk, ωk′) − m̂0

I(λk, ωk′)
)2

,

where m̂I is the internalized Nadaraya-Watson estimator:

m̂I(λ, ω) =
1

NT

∑
k,k′

KST,G((λk, ωk′) − (λ, ω))Yk,k′ , G ∈ M3×3

with kernel KST and bandwidth matrix G and m̂0
I(λ, ω) = m̂S

I(λ) + m̂T
I(ω),

m̂S
I(λ) =

1

N

∑
k

KS,H(λk − λ)Yk,k′ , m̂T
I(ω) =

1

T

∑
k′

KT,h(ωk′ − ω)Yk,k′ .

In our case, the expressions for the regression estimators are simpler than the internalized Nadaraya-

Watson estimator in Dette et al. (2005), since our design points are located in a regular grid. Under

some certain conditions on the bandwidths G, H ∈ M2×2 and h (see Dette et al. (2005) for further

details) and the kernel functions KST , KS and KT , and taking into account the rate of convergence of

the errors in the expression of the log-periodogram, an asymptotically normal behavior of T2 can be

established. This asymptotic distribution is obtained from the decomposition of T2 in various addends,

involving the residuals rk,k′ and the mean value of the errors zk,k′ . Checking the asymptotically

negligible rate of these terms poses the main challenges in obtaining the asymptotic behavior of the

test. For instance, for a diagonal bandwidth matrix G = diag(g):

NTg3/2

(
T2 − 1

NTg3

4π5

6

∫
L2(τ)dτ

)
→ N

(
0,

4π7

9

∫
(L ∗ L)2(τ)dτ

)
.

Although an asymptotically normal behavior has been established, the rate of convergence of the

test statistic T2 to its limit distribution is quite slow. Therefore, the application of the asymptotic

distribution in order to do testing in practice is quite limited. Nevertheless, this normal distribution can

be used for assessing the right performance of resampling or Bootstrap methods for p-value calibration.

The authors have run simulations comparing the finite-sample properties of backfitting and marginal

integral methods.
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Fernández-Casal, R., González-Manteiga, W. and Febrero-Bande, M. (2003). Flexible spatio-temporal

stationary variogram models. Statistics and Computing, vol. 13, pp.–127-136.

Fuentes, M. (2006). Testing for separability of spatial-temporal covariance functions. Journal of Statis-

tical Planning and Inference, vol. 136, pp. 447–466.

Gneiting, T. (2002). Nonseparable, stationary covariance functions for space-time data. Journal of the

American Statistical Association, vol. 97, pp. 590–600.

Kyriakidis, P.C. and Journel, A.G. (1999). Geostatistical space-time models: a review. Mathematical

Geology, vol.30, pp.–589-615.

Mitchel, M.W., Genton, M.G. and Gumpertz, M.L. (2006). A likelihood ratio test for separability of

covariances. Journal of Multivariate Analysis, vol. 97, pp.1025–1043.

Scaccia, L. and Martin, R.J. (2005). Testing axial symmetry and separability of lattice processes. Journal

of Statistical Planning and Inference, vol. 131, pp. 19–39.

Stein, M. L. (2005). Space-time covariance functions. Journal of the American Statistical Association,

vol. 100, pp. 310–321.

Yaglom, A.M. (1987). Correlation theory of stationary and related random functions. Springer Series in

Statistics. New York.

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 5474 -



Covariance estimation via the orthonormal series
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The series expansion approach is a mathematical tool typically applied for approximation of
curves in a variety of settings, because of its simplicity for construction of data-driven estimators as
well as its good behavior in practice. See, for instance, Tarter and Lock (1993), Effromovich (1999)
or Eubank (1988), focused on the density or on the regression contexts.

The underlying idea of this procedure is based on construction of approximations via a countable
set of functions, which form an orthonormal basis in the space of all square integrable functions.
Similarly as in kernel estimation, the choice of a smoothing parameter is necessary, which is related
to the number of terms to be considered in the series. Different methods have been proposed for the
latter selection, as for example those suggested in Hart (1985) or in Hall and Diggle (1986), in order
to overcome inconsistency of the resulting estimators.

In this work, the orthonormal series will be applied for approximation of the covariance function,
when second-order stationary random processes are considered. Particularly, a covariance estimator
is constructed by considering a finite number of terms from the basis, which proves to be valid, say,
that it satisfies the semi-definiteness property. In addition, an explicit procedure for selection of the
truncation point is provided, based on minimizing the corresponding mean integrated squared-error.

A remarkable advantage of this approach is that, under appropriate conditions, it may be used
for transformation of a given covariance estimator into a valid one.

1. Main results

Let us assume that {Z(t)/t ∈ D ⊂ IRd} is a second-order stationary random process with
constant mean µ and covariance function C. For the sake of simplicity, we will restrict our attention
to the isotropic setting, say, that:

Cov [Z (t1) , Z (t2)] = C (‖t1 − t2‖) , for all t1, t2 ∈ D

In what follows t will denote a real value and t a vector in IRd. Our aim will be to estimate the
covariance C(t) for each t in (0, a) and some a > 0, under the requirement that C is square-integrable,∫ a
0 C(t)2dt <∞.

Let {ψi/i ≥ 0} be a complete orthonormal sequence on [0, a] and suppose that C admits the
expansion:

C(t) =
∞∑
i=0

θC,iψi(t), for all t ∈ (0, a)

where θC,i =
∫ a
0 ψi(t)C(t)dt is the i-th Fourier coefficient of the basis used.
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For practical reasons, it is customary to use a truncated partial sum for this approximation:

Cm(t) =
m∑

i=0

θC,iψi(t)

for some m ∈ IN referred to as the cutoff or as the truncation point.
Therefore, this procedure demands to choose m and to estimate a relatively small number of

Fourier coefficients θC,i. For the latter purpose, either an appropriate estimator Ĉ of the covariance
function C may be supplied or we can select Ĉ from the different alternatives proposed in the statistical
literature, provided that:

Bias
[
Ĉ(t)

]
n→∞−→ 0 and Cov

[
Ĉ(s), Ĉ(t)

]
n→∞−→ 0

for all s, t ∈ (0, a), to guarantee consistency of this approach.
Write θĈ,i for the estimator of θC,i given by:

θĈ,i =
∫ a

0
ψi(t)Ĉ(t)dt

for all i ≤ m, which satisfy the following conditions:

Bias
[
θĈ,i

]
n→∞−→ 0 and Var

[
θĈ,i

]
n→∞−→ 0

Now, replace θC,i by θĈ,i in Cm to obtain:

Ĉm(t) =
m∑

i=0

θĈ,iψi(t)

In view of the latter, consistency of the resulting covariance estimator Ĉm(t) can be achieved
and, moreover, an approximation of its MISE will be used for proposal of an adequate cutoff. In fact,
an idea to select m may be that of minimizing:

MISE
[
Ĉm, C

]
=

m∑
i=0

E
[(
θĈ,i − θC,i

)2
]

+
+∞∑

i=m+1

θ2
C,i

By Parseval’s identity and the fact that
∫ a
0 C(t)2dt is a constant term, the latter problem may

be reduced to that of considering m so that it minimizes the following function:

m∑
i=0

(
E

[(
θĈ,i − θC,i

)2
]
− θ2

C,i

)
We suggest to appropriately approximate the unknown quantities in each term of the latter sum,

by using again Ĉ, which would yield an estimator M̂(m) of the function above. Consequently, the
cutoff might be taken as:

m̂ = argmin0≤m≤mn
M̂n(m)

for some reasonable upper bound mn of m.
On the other hand, recall that the theoretical covariance function C satisfies the semi-definiteness

property. A covariance function estimator satisfying the latter condition is said to be valid and
this property is usually required of a covariance estimator since, otherwise, negative mean-squared
prediction errors might be obtained.

Suppose that, for all i ≤ m, one has that:

ψi(s− t) = g1,i(s)g2,i(t)− g1,i(t)g2,i(s) +
k∑

j=1

g3,i,j(s)g3,i,j(t)
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for some k > 0 and some square-integrable functions g1,i, g2,i and g3,i,j , 1 ≤ j ≤ k.
It is straightforward to see that, when a orthonormal system fulfills the above condition, a valid

estimator for the covariance C may be constructed from Ĉ, by restricting to consider those θĈ,i that
are nonnegative, namely, by taking:

C̃m(t) =
m∑

i=0

wiθĈ,iψi(t)

with wi = I{θĈ,i≥0}.

On this occasion, minimization of MISE of C̃m would be equivalent to that of:

M̃(m) =
m∑

i=0

E
[(
wiθĈ,i − θC,i

)2
]
−

m∑
i=0

θ2
C,i

which would provide a key idea for choice of the truncation point m.

2. Applications

For application of the latter results, a complete orthonormal sequence on (0, a) must be selected
satisfying the above requirements. For instance, the cosine orthonormal system on (0, a) can be
considered for this purpose, with:

ψi(t) =


1√
a
, if i = 0,√

2
a

cos
(
iπt

a

)
, if i ≥ 1.

Alternatively, we can also work with the orthonormal trigonometric series on (0, a), where:

ψi(t) =



1√
a
, if i = 0,√

2
a

sin
(
iπt

a

)
, if i = 2j − 1, for some j ≥ 1,√

2
a

cos
(
iπt

a

)
, if i = 2j, for some j ≥ 1.

Secondly, an estimator Ĉ of the covariance function is necessary in order to construct the Fourier
coefficients θĈ,i and, therefore, to convey the valid covariance estimator.

An attractive option is to proceed via the kernel method, since it provides estimators which
enjoy good properties and are properly defined on intervals. With this aim, suppose that n data,
Z(t1), ..., Z(tn), are collected, at known spatial locations t1, ..., tn, respectively.

The Nadaraya-Watson covariance estimator in the isotropic setting is given by:

Ĉh(t) =

∑n−1
k=1

∑n
l=k+1K

(
t−‖tk−tl‖

h

) (
Z (tk)− Z̄

) (
Z (tl)− Z̄

)
∑n−1

k=1

∑n
l=k+1K

(
t−‖tk−tl‖

h

)
where K denotes a univariate kernel function, h is the bandwidth parameter and Z̄ = n−1 ∑

k Z(tk).
We might check that Ĉh(t) is asymptotically unbiased as well as consistent, by similar arguments

as those used in Hall et al. (1994) or Garćıa-Soidán et al. (2004). Moreover, the dominant terms of
the bias and variance of Ĉh(t) come respectively from:

B̂h(t) =

∑n−1
k=1

∑n
l=k+1K

(
t−‖tk−tl‖

h

)
X (tk, tl)∑n−1

k=1

∑n
l=k+1K

(
t−‖tk−tl‖

h

)
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and:

V̂h(t) =

∑n−1
k=1

∑n
l=k+1K

(
t−‖tk−tl‖

h

)2
X (tk, tl)

2(∑n−1
k=1

∑n
l=k+1K

(
t−‖tk−tl‖

h

))2

where X(s, t) = Ĉh(‖s− t‖)− (Z(s)− Z̄)(Z(t)− Z̄).
According to the ideas developed in section 1, a consistent estimator of the covariance function

is given by:

C̃m,h(t) =
m∑

i=0

wi,hθĈh,iψi(t)

with wi,h = I{θĈh,i≥0}.
Then, it only remains to give an explicit procedure for selection of the cutoff, which demands to

approximate M̃n(m). The properties of Ĉh(t) and the fact that the Fourier coefficients decay rather
rapidly as i increases, under several requirements of the random process, allow us to conclude that:

m∑
i=0

wi,h

(
2θV̂h,0 + 2θ2

B̂h,i
− θ2

Ĉh,i
+ 4θĈh,iθB̂h,i

)
provides us with a consistent estimator of M̃n(m) and, consequently, with a procedure for an optimal
choice of the cutoff m.

ABSTRACT

The orthonormal series are typically used for approximation of curves in a variety of settings.
In this work, we will apply them for implementation of valid covariance estimators, when second-
order stationary random processes are considered. Additionally we suggest a procedure for an optimal
selection of the truncation point, which represents the number of terms to be considered from the
orthonormal basis.
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ABSTRACT

Developing a better understanding of asthma trends and regional differences is important for devel-
oping targeted policies and interventions to improve patient care and reduce health care resource
utilization. British Columbia’s population of about four million is scattered over a vast geographical
area, residing in densely-populated metropolitan cities to small rural communities. Despite exten-
sive research on asthma, there have been few studies which monitor outcome spatial trends in BC,
particularly at small-area levels. We studied the spatial variation and identify areas of greatest risk
with respect to asthma-related outcomes. The main aim of our analysis is to measure the magni-
tude of variation and to assess the role of contributing factors at the local health area (LHA) level.
Key analytical goals are to provide LHA-specific estimates of the rates in the years 1997-2000 and
to derive estimates of covariate effects. Ecological regression methods are used to relate geographical
variations in treated asthma rates to the geographical distribution of suspected risk factors. Asthma
prevalence rates at the LHA level are compared using log-linear Poisson Markov random field models
to accommodate local spatial correlation.

Keywords. Asthma, Bayesian analysis, ecological regression, small-area analysis, WinBUGS.
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1 Introduction

The Gibbs random fields represent proper models for dependent spatial data on a discrete multi-
dimensional lattice. They can be understood as a natural extension of the concept of exponential
distributions, and, at the same time, of the Markov chains. Thus, many results concerning statistical
inference can be generalized (Janžura(1997)). The present paper deals with the problem of local
alternatives in testing statistical hypotheses. The general results on Gibbs random fields are partly
from Künsch’s paper (1982) and Georgii’s book (1988), the general statistical issues from Bickel et
al.(1993).The regularity LAN condition is due to Janžura (1989).

2 Gibbs random fields

Let X0 be a finite set, and, for some d ≥ 1, let Zd be the d-dimensional integer lattice and
X = XZd

0 the corresponding product space. For V ⊂ Zd we denote by FV the σ-algebra generated by
the projection ProjV : X → XV

0 , and by BV the set of (bounded) FV -measurable functions. Further, we
shall write xV = ProjV (x) for x ∈ X and V ⊂ Zd, and we shall denote by V = {W ⊂ Zd; 0 < |W | < ∞}
the system of finite non-void subsets of Zd.

We denote by P the set of all probability measures on X with the product σ-algebra F . Further,
by PS we denote the set of stationary (translation invariant) probability measures, i. e. PS = {P ∈
P;P = P ◦ τ−1

j for every j ∈ Zd}, where τj : X → X is for every j ∈ Zd the corresponding shift
operator defined by [τj(x)]t = xj+t for every t ∈ Zd, x ∈ X . Finally, by PE we denote the set of
ergodic probability measures, i. e. PE = {P ∈ PS ;P (F ) ∈ {0, 1} for every F ∈ E} where E = {F ∈
F ;F = τ−1

j (F ) for every j ∈ Zd}.
The functions from B =

⋃
V ∈V BV will be quoted as (finite range) potentials. A probability

measure P ∈ P is a Gibbs distribution (Gibbs random field) with the potential Φ ∈ BV , we write
P ∈ G(Φ), if PΛ|Λc (xΛ|xΛc) = ΠΦ

Λ (xΛ|xΛc) a. s. [P ] for every Λ ∈ V, where

ΠΦ
Λ(xΛ|xΛc) = ZΦ

Λ (xΛc) exp

 ∑
j∈Λ−V

Φ ◦ τj(x)


with the normalizing constant ZΦ

Λ (xΛc) =
∑

yΛ∈XΛ
0

exp
{∑

j∈Λ−V Φ ◦ τj(yΛ, xΛc)
}

for every Λ ∈ V.

Note that Λ − V = {j ∈ Zd; (j + V ) ∩ Λ 6= ∅}. Since for Φ ∈ BV we have ΠΦ
Λ ∈ BΛ+V−V for

every Λ ∈ V, the above defined Gibbs random fields obey the (spatial) Markov property. In general
G(Φ) 6= ∅. We may say that the (first-order) phase transition occurs if |G(Φ)| > 1 (see, e. g., Georgii
(1988), Chapter 6.2). From the statistical analysis point of view the phase transitions mean the non-
smoothness and non-regularity, and, therefore, for the purposes of the present paper will be excluded.

3 Equivalence of potentials

Besides the phase transitions, there is another kind of non-uniqueness that can complicate the
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treatment, namely the possible equivalence of potentials. Two potentials Φ, Ψ ∈ B are equivalent, we
write Φ ≈ Ψ, if G(Φ) = G(Ψ). There is a couple of equivalent characterizations (see Georgii (1988)
or Janžura (1997)), e. g., Φ ≈ Ψ iff ΠΦ

{0} = ΠΨ
{0} or

Φ ≈ Ψ iff
∫

Φ dP =
∫

ΨdP + c for every P ∈ PS with some fixed constant c.

The equivalence can appear very easily, e. g., Φ ≈ Φ + g − g ◦ τj + c for some g ∈ B, j ∈ Zd, and
a constant c. From the statistical analysis point of view the equivalence of potentials means breaking
the basic identifiability condition, and, therefore, must be unambiguously avoided.

4 Empirical random fields

For a fixed configuration x ∈ X and some Λ ∈ V we define a probability measure P̂Λ
x by∫

Φ dP̂Λ
x = |Λ|−1

∑
t∈Λ

Φ ◦ τt(x) for every Φ ∈ B.

Such probability distributions will be quoted as empirical random fields. For fixed Φ ∈ BV we have∫
Φ dP̂Λ

• ∈ BV +Λ, which means that for specifying the marginal distribution P̂Λ
x /FV we actually need

to know only xV +Λ ∈ XV +Λ
0 .

Now, let us consider a sequence of properly growing subsets {Vn}∞n=1 in Zd, e. g., the cubes
Vn = [−n, n]d for simplicity.

5 Uniqueness region

For every t ∈ Zd let us denote

βt(Φ) =
1
2

sup

 ∑
x0∈X0

∣∣∣∣ΠΦ
{0}(x0|yZd\{0})−ΠΦ

{0}(x0|zZd\{0})
∣∣∣∣ ; ys = zs for s 6= t

 .

If β(Φ) =
∑

t∈Zd βt(Φ) < 1, the potential is said to satisfy the Dobrushin’s uniqueness condition. Let
us denote by D = {Φ ∈ B;β(Φ) < 1} the Dobrushin’s uniqueness region. For every Φ ∈ D it holds
G(Φ) = {PΦ}, and this unique Gibbs random field is also stationary and ergodic, i.e. PΦ ∈ PE . For
more details see Dobrushin (1970), Künsch (1982), or Georgii (1988).

For Φ ∈ D we can write covΦ instead of covPΦ , and for every Ψ, Υ ∈ B we shall denote

BΦ(Ψ,Υ) =
∑

t∈Zd

covΦ(Ψ,Υ ◦ τt).

Proposition.
For Φ ∈ D, and Ψ,Υ ∈ B it holds:

i) BΦ(Ψ,Υ) exists, and BΦ(Ψ,Ψ) > 0 if Ψ 6≈ 0.

ii)
∫

ΨdP̂ Vn
• →

∫
ΨdPΦ for n →∞ a. s. [PΦ].

iii) |Vn|
1
2

[∫
ΨdP̂ Vn

• −
∫

ΨdPΦ
]
⇒ N (0, BΦ(Ψ,Ψ)) for n →∞ in distribution [PΦ].

iv) log
P

Φ+|Vn|−
1
2 Ψ

Vn

PΦ
Vn

− |Vn|
1
2

[∫
ΨdP̂ Vn

• −
∫

ΨdPΦ
]

+
1
2
BΦ(Ψ,Ψ) → 0

for n →∞ in probability [PΦ].
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Proof: While ii) is just the ergodic theorem, i) and iii) are due to Künsch (1982). For iv) (local
asymptotic normality) see Janžura (1989).

6 Local alternatives

Now, let us consider a test of the hypothesis H0 : P = PΦ0 against the alternative

Hn
1 : P = PΦ0+|Vn|−

1
2 Φ1 for each sample size Vn , where PΦ0 ∈ G(Φ0), PΦ0+|Vn|−

1
2 Φ1 ∈

G(PΦ0+|Vn|−
1
2 Φ1), Φi ∈ BA, A ∈ V, for i = 0, 1 , Φ0 ∈ D a Φ1 ≈/ 0.

Let us define the critical region in the form

C̃Vn = {|Vn|
1
2 [
∫

ΨdP̂ Vn
• −

∫
ΨdPΦ0 ] > γn}.

where again Ψ ∈ BA a Ψ ≈/ 0.
We shall study the asymptotic behavior of the 1st kind error

En
0 = PΦ0 [C̃Vn ],

and the 2nd kind error

En
1 = PΦ0+|Vn|−

1
2 Φ1 [C̃Vn ]c,

respectively, for n →∞.

Theorem.

i) Let limn→∞ γn = γ. If we denote σ2 = BΦ0(Ψ,Ψ), % = BΦ0(Ψ,Φ1), then

lim
n→∞

En
0 = e0 = 1− Ω

(
γ

σ

)
, lim

n→∞
En

1 = e1 = Ω
(

γ − %

σ

)
,

where Ω is the distribution function of N (0, 1).

ii) In particular, for the ε-level test (with e0 = ε) it holds γ = σu(ε), where u(ε) = Ω−1(1−ε) is the
critical value. Then for the 2nd kind error we have e1 = Ω

(
u(ε)− %

σ

)
, and the error is minimal,

equal to Ω (u(ε)− σ1) with σ2
1 = BΦ0(Φ1,Φ1), whenever Ψ ≈ cΦ1 for some c > 0.

Proof: With the aid of the CLT (Proposition iii)), the LAN property (Proposition iv)), and the 3rd
LeCam’s Lemma (cf., e.g., Bickel et al.(1993), Lemma A.9.3.) we obtain the asymptotic distribution

of |Vn|
1
2 (
∫

ΨdP̂ Vn
• −

∫
ΨdPΦ0) to be N (0, σ2) under [PΦ0

], and N (%, σ2) under [PΦ0+|Vn|−
1
2 Φ1 ], re-

spectively. That proves i). For ii) we observe that the inequality % ≤ σσ1 follows from the positive
semi-definiteness of covariance matrices. The equality occurs whenever Ψ ≈ cΦ1 for some c > 0.
Q.E.D.

Now, let us define the critical region naturally by the likelihood ratio, i.e. by the formula

C̃Vn =

log
P

Φ0+|Vn|−
1
2 Φ1

Vn

PΦ0

Vn

> γn

 .

Corollary.

i) With the above notation we have

e0 = 1− Ω

(
γ + 1

2σ2
1

σ1

)
, e1 = Ω

(
γ − 1

2σ2
1

σ1

)
,

ii) For the ε-level test, we have the 2nd kind error directly equal to e1 = Ω(u(ε)− σ1) which means
the optimality in the sense of test efficiency.
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Proof: The statement follows from the preceding Theorem and the LAN property (Proposition iv)).

Remark.
We may also deal with the test based on the pseudo-likelihood ratio, i.e., with the critical region

C̃Vn =

|Vn|
∫

log
ΠΦ0+|Vn|−

1
2 Φ1

Λ (•|•)
ΠΦ0

Λ (•|•)
dP̂ Vn

• > γ̃n

 .

Let us denote

fΦ0,Φ1,δ
Λ =

∂

∂δ
log ΠΦ0+δ|Vn|−

1
2 Φ1

Λ (•|•) and gΦ0,Φ1,δ
Λ = − ∂2

∂δ2 log ΠΦ0+δ|Vn|−
1
2 Φ1

Λ (•|•).

With the aid of an elementary expansion we obtain

|Vn|
∫
|Λ|−1 log

ΠΦ0+|Vn|−
1
2 Φ1

Λ (•|•)
ΠΦ0

Λ (•|•)
dP̂ Vn

• = |Vn|
1
2

∫
fΦ0,Φ1,0
Λ dP̂ Vn

• − 1
2

∫
gΦ0,Φ1,δ̃n

Λ dP̂ Vn
•

with some δn ∈ [0, 1]. Thanks to the ergodic theorem (Proposition ii)), continuity of gΦ0,Φ1,•
Λ and

Lemma 7.3 in Janžura (1997) we have∫
gΦ0,Φ1,δ̃n

Λ dP̂ Vn
• →

∫
gΦ0,Φ1,0

Λ dPΦ0
= BΦ0(fΦ0,Φ1,0

Λ ,Φ1)

for n →∞ in probability [PΦ0
] and (due to contiguity - see, e.g., Appendix A9 in Bickel et al.(1993))also

in probability [PΦ0+|Vn|−
1
2 Φ1 ]. Thus, we may apply the above Theorem, setting now Ψ = fΦ0,Φ1,0

Λ and
γ = limn→∞ γ̃n + 1

2BΦ0(fΦ0,Φ1,0
Λ ,Φ1). Such test can be optimal, only if fΦ0,Φ1,0

Λ ≈ c · Φ1, which occurs
only under very special circumstances. But the unquestionable operative advantage of the pseudo-
likelihood based statistical procedures is their apparent numerical feasibility.
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1. Introduction

When we perform a geostatistical analysis, it is very important to obtain spatial autocorrelation.

One of the criteria of spatial autocorrelation is variogram. And we can perform geostatistical predic-

tion such as kriging. To obtain variogram model, we have to estimate the parameters of variogram

model. Variogram is the model of variance of characteristic value versus geometric relationship in

each pairs of observation data. In practical data analysis we have to consider not only distance but

also direction in each pairs of observation data for geometric relationship. Because, it can happen

that variograms estimated in different directions suggest a different values for the parameters. This is

called, ”anisotropy”.

Further, when visualizing geostatistical data, it is difficult to see a relationship between directions

and variance. When users confirm it by their eyes to correct anisotropy, the rose diagram is effective.

The rose diagram shows range value of each direction on one graph. And, there is Gamma Design

Software as one of the software that draws empirical variogram map on two dimensions. Revision of

anisotropy can also be performed by this software. However, in practice sometimes both of them is

needed and furthermore if there is links of empirical variogram, theoretical variogram and observation

points in each direction, we can see the difference of variogram model in each direction.Thus, we have

developed the system that can draw variogram map on 2D area and can estimate the parameters

of variogram with anisotropy using least square method. In this system, we can estimate several

variogram models to obtain relationship between distance and variance in each direction. And we

can use these values to draw contour map on 2D area, and to estimate ellipse parameters using least

square method, and draw ellipse on same 2D area. When we use this system, we can easily see a

relationship between directions and variance, and we can perform spatial prediction such as kriging

by these ellipse parameters in using ”geoR” which is the library of R.

Thus, we introduce this system, and we perform a geostatistical analysis, especially estimation

of variogram model with anisotropy. We describe variogram model with anisotropy in chapter 2, the

system that we have developed in chapter 3, and summary and future works in chapter 4.

2. Variogram model with anisotropy

We describe procedure of parameter estimation of variogram model with anisotropy. At first we

calcurate variogram cloud. To obtain variogram cloud, we should measure difference between pairs of

characteristic values z(xα) and z(xβ) which is located at points of xα and xβ. Then the difference is

γ(h)∗ =
1

2
(z(xα + h) − z(xα))2(1)

where h = xα−xβ . We have to consider not only distance but also direction in each pairs of observation
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data for geometric relationship. Because there is a very different behavior of the variogram cloud in

different directions. This is called, ”anisotropy”. The variogram that consider about one direction

is called directional variogram. On the other hand, the variogram which considered only distance in

each pairs of observation data for geometric relationship is called omnidirectional variogram.

When vector mathbfh is fixed on specific direction and distance, few pairs are coincided in the

vector, then the estimator becomes unstable. To avoid this, we consider some tollerance for each

directions, and decide range as 0 < R1 < R2 < · · · < RK , devide the distance as I1 = (0 ,R1 ], I2 =

(R1 ,R2 ], · · · , IK = (RK−1 ,RK ], and take the mean in these classes. These values are called the

empirical variogram.

γ(hk)∗ =
1

2Nk

∑
Nk

(z(xα + h) − z(xα))2(2)

where Nk is the number of pairs within the Ik.

We fit the model to empirical variogram by the least square method. This model is called

theoretical variogram. Typical theoretical variogram is shown in Figure 1.

Theoretical variogram

Figure 1: Theoretical variogram

It can happen that theoretical variograms estimated in different directions suggest a different

value for the range. This termed a geometric anisotropy. On the other hand, it can happen that

theoretical variograms estimated in different directions suggest a different value for the sill. This

termed a zonal anisotropy. In the case of zonal anisotropy, variogram is defined as,

γ(h) = γ1(h) + γ2(h)(3)

where γ1(h) is isotropic variogram model, γ2(h) is anisotropic variogram model that one direction have
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very long range, and vertical direction have very short range. In this study, we treat only geometric

anisotropy.

In practical analysis, to estimate parameters of variogram with anisotropy, at first we calculate

distance to range in each direction by numerical computation, and next we estimate ellipse parameters

by least square method.

3. Introduce our system

To achieve the analysis described in Chapter 2, we have developed the system that is able

to analyze it on Web. In this system, we use Google Maps API in the part of map, and SVG in

the part of graphs. And we use R and its library geoR in the part of Geostatistical analysis and

other calculations. The Google Maps API lets users embed Google Maps in one’s own web pages

with JavaScript. SVG is an initial of Scalable Vector Graphics, and the XML based description

language of two dimension vector graphics. SVG make it possible to handle output files interactively,

because graphics is described by plane text. And SVG make it possible to zoom and pan output

files interactively without degradation, because it is a vector form. To display the SVG files it is

necessary exclusive software or plug-in, for example, SVGViewer made from Adobe. ”The use of

SVG in Geostatistical analysis system” is proposed by Kubota and Tarumi(2004). ”Possibilities and

Problems of the XML-based Graphics in Statistics” is proposed by Fujino et. al(2004).

Here, the example of the system is shown by using the atmospheric data of NOX in Okayama

Prefecture (Japan) in 2004. Figure 2 shows the output window of geostatistical analysis by our system,

especially in directional variogram.

The output window of geostatistical analysis by our system

In the left side of this window, there are observation points on Google Maps. In the upper right

side of this window, there are plots of empirical directional variogram and solid line of theoretical

variogram. In the lower right side of this window, there are contour map that described in chapter 2

and ellipse that parameters are estimated by least square method using range values. And in this map

there is array that shows the direction of directional variogram. The upper right empirical variogram

and the theoretical variogram correspond to the direction. The left observation plots which color is

changed on Google Maps also correspond to the direction. The upper right empirical variogram and

theoretical variogram, the left observation plots are linked by dragging this arrow.

4. Summary and future works

Using this system that we have developed, users can see variogram model with geometric

anisotropy, and estimate the parameters of the variogram model with geometric anisotropy. And

users can see the spatial autocorrelation of geostatistical data, and can perform geostatistical pre-

diction such as kriging. Our future works are that we want to estimate the variogram model with

zonal anisotropy in this system. And there are a lot of parameters that specify the variogram model

for example cutoff value or window width to calculate empirical variogram. So we want to obtain

best parameters of variogram mode that means most suitable of variogram model and have minimum

prediction error.
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Figure 2: The output window of geostatistical analysis by our system
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1 Introduction

Recently, some authors have aimed at assessing and modelling the spatial variation of the regression
coefficients (Brunsdon et al., 1998; Assuncão et al., 2002; Assuncão, 2003; Gamerman et al., 2003;
Gelfand et al., 2003). Our approach in this paper for modelling spatially varying exposure coefficients
is to assume that the coefficients are a realization from a spatial intrinsic autoregression, as in Assuncão
(2003) and Gamerman et al. (2003). We refer to the resulting distribution for the exposure coefficients
as the multivectorial intrinsic autoregression. The model is developed within a Bayesian framework.
We show that a multivectorial intrinsic autoregression can be expressed as a linear transformation of
independent univectorial intrinsic autoregressions. We use this result to develop a hierarchical model
suitable for easy implementation of a Markov chain Monte Carlo (MCMC) sampling scheme.

This paper studies the association between stomach cancer mortality and socio-economic status
in Portugal. It has been suggested that poor living conditions favourable to H. pylori infection may ex-
plain the association between lower socio-economic status and risk of stomach cancer (Yamaguchi and
Kakizoe, 2001). The H. pylori infection is an established risk-factor for stomach cancer (IARC Work-
ing Group, 1994). The difference in strains of H. pylori tends to increase with geographical distance
(Falush et al., 2003). Since different strains may have different virulence, the association between
stomach cancer and H. pylori infection may change geographically. Consequently, the association
between stomach cancer and socio-economic status is also expected to change in space. Therefore,
spatially varying regression models are used here to identify areas with similar exposure coefficients
of socio-economic status. This paper also shows that the variation of the baseline risk may be caused,
at least partly, by the variation of the exposure coefficient.

The observed areal counts are assumed to follow a Poisson distribution, Yi ∼ Poisson(Eiθi),
where Yi is the stomach cancer death count and Ei is the expected number of deaths in county i.
Socio-economic status is incorporated through a linear relation, log(θi) = (β0 + bi0) + (β1 + bi1)xi,
where xi is the spending power index in county i, β0 and β1 are the fixed effects and bi0 and bi1 are
the random effects.

2 The effect of the H. pylori virulence on the model coefficients

Assume that the association between the prevalence of the H. pylori infection and the log relative risk
of stomach cancer is approximately linear, although each areal line has its specific slope reflecting the
area-specific virulence of the bacteria. The lines intersect at one point: when the prevalence of the
bacterial infection is zero. At this point, the risk equals the baseline risk. The differences in virulence
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from area to area thus cause a variation in the areal exposure coefficient but not in the baseline risk.
However, when studying the association between spending power and stomach cancer, the cor-

responding level for zero prevalence is unknown. We would in general choose an arbitrary origin.
However, with an arbitrary origin the intercept may not be constant any more. On the basis of an
inverse linear relation between the prevalence of the H. pylori infection and socio-economic status, it
is easy to prove that the varying intercept bi0 and slope bi1 are related by bi0 = bi1S + β0, for specific
constants S and β0. Then, not only the exposure coefficient varies across the different lines but also
the baseline risk.

3 Implementing multivectorial intrinsic autoregressions

The multivectorial intrinsic autoregression was formulated in Gamerman et al. (2003) as:

π(b|Ψc) ∝ |Ψc|n/2 exp


−

1
2

n∑
i=1

n∑
j=i+1

wis(bi• − bj•)T Ψc(bi• − bj•)


 ,(1)

where bi• = (bi0, bi1), i = 1, . . . , n, and wij = 1 when areas i and j are adjacent. Multivectorial
intrinsic autoregressions are improper. Constraints such as

∑
i biu = C, where C is a constant, lead to

a proper distribution (Assuncão, 2003). The values wij introduce correlation across areas, while the
matrix Ψc introduces correlation between random effects of the same area. Here and throughout this
paper, we will refer to Ψc as the conditional precision matrix.

The computational cost of the implementation of the model (1) for Gaussian responses has been
mentioned in the literature, as well as the computational difficulties associated with other types of
responses (Assuncão et al., 2002; Gamerman et al., 2003). We propose here a strategy for easily
implementing this model. It is based on the fact that any linear transformation of a multivectorial
intrinsic autoregression is still a multivectorial intrinsic autoregression, with the same neighbourhood
values wij. To put it formally, if bT is distributed as a multivariate intrinsic autoregression, the
distribution of b = T̃ bT , where T̃ = diag(T , . . . ,T ), is then also a multivariate autoregression. If ΨTc

is the conditional precision matrix of the distribution of bT , then Ψc = (T−1)TΨTcT
−1 is the the

conditional precision matrix of the distribution of b. We can then use the transformation T to obtain a
non-diagonal matrix Ψc from a diagonal matrix ΨTc, and consequently a set of non-independent b•s =
(b1s, . . . , bns), s = 0, 1, from a set bT•s = (bT1s, . . . , bTns), s = 0, 1, of two independent univectorial
intrinsic autoregressions (Besag and Koperberg, 1995) with the same variance parameter σ2. Since
independent univectorial intrinsic autoregressions can be easily implemented with existing software,
this suggests a procedure for implementing the model (1). Applying a rotation of coordinates bi• =
TbT i•, with bi0 = φ

√
1− ρ2

cbT i0 + φρcbT i1 and bi1 = bT i1, we obtain

Ψ−1
c =

[
φ2σ2 ρcφσ2

ρcφσ2 σ2

]
.

When ρc �= 0, the two random vectors b•0 and b•1 are not independent. The parameter φ represents
the ratio between the conditional standard deviations of the random intercept b•0 and the random
slope b•1. The matrix Ψ−1

c is uniquely defined by the parameters φ and ρc of the transformation T

and by the parameter σ2 of the distributions of bT•s, s = 0, 1. A mixed effects model whose random
intercept b•0 and random slope b•1 are distributed as a multivectorial intrinsic autoregression may thus
be fitted by considering an additional hierarchical level with two independent univectorial intrinsic
autoregressions bT•s, s = 0, 1.
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4 Socio-economic level and stomach cancer in Portugal

The study region consists of 275 counties in continental Portugal. A spending power index is available
at county level for the year 1993 (INE, 1993). Its value in each county is shown in figure 1(a). This
index was originally standardized so that the average is 100 but, to facilitate the presentation of the
numerical results, we rescaled the spending power index by dividing all values by 100. Mortality data
on stomach cancer, by age at death, sex and county, were obtained from the General Board of Health
in Portugal (DGS) for the period 1985-1998. The standard mortality ratios (SMRs) for stomach cancer
were calculated using the numbers of registered deaths in 1985-1998 and the population sizes given in
the 1991 Census data. The SMRs in each county are displayed in figure 1(b).

(a) Spending power
98 to 291   (35)
60 to 98   (79)
37 to 60  (105)
18 to 37   (56)

(b) SMR
1.32 to 2.22   (37)
1.02 to 1.32   (82)
0.74 to 1.02  (106)
0.34 to 0.74   (50)

(c) Baseline risk
0.25 to 0.91  (46)
0  to 0.25  (83)

-0.26 to 0   (77)
-0.74 to -0.26  (69)

(d) Exposure coefficient
0.08 to 0.27  (63)
0  to 0.08  (74)

-0.08 to 0   (78)
-0.24 to -0.08  (60)

Figure 1: (a) Spending power index, 1993; (b) Stomach cancer SMRs, 1985-1998; (c) Posterior means
of the baseline risk; (d) Posterior means of the exposure coefficient reflecting the association between
stomach cancer mortality and spending power.

The model with spatially varying coefficients was implemented in Winbugs. We used a weakly
informative prior, Gamma(0.05, 0.00005), for the variance parameter σ2 of the intrinsic autoregressions,
and vague Gaussian priors for the fixed effects β0 and β1. A non-informative Uniform(−1, 1) prior was
chosen for ρc. To avoid numerical difficulties, a more informative prior, Gamma(1, 1), was used for φ.
Brooks-Gelman-Rubin statistics and graphs of the sampled values were used to assess convergence.
The MCMC chains appear to have converged after 50000 iterations. One MCMC simulation was then

Standard Quantiles
Mean deviation 2.5% Median 97.5%

β0 -0.039 0.027 -0.092 -0.039 0.013
β1 0.003 0.040 -0.073 0.002 0.085
φ 2.4 0.9 1.4 2.2 5.0

ρc -0.84 0.15 -0.98 -0.88 -0.45
σ2 0.04 0.03 0.01 0.04 0.12

Table 1: Summary measures of the posterior distributions of the parameters of the model.

run for 100000 iterations, with the first 50000 discarded as the burn-in period. Summary measures of
the posterior distributions of the model parameters are presented in table 1. Maps of the posterior
means of the regression coefficients are displayed in figure 1(c)-(d). The estimated exposure coefficients
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take both positive and negative values. In some areas in the south and the north-east, there is a strong
negative relationship whereas in most areas in the centre the relationship is positive. The former is
perhaps the relation that one would intuitively expect to observe: spending power as a protective
factor for H. pylori infection and consequently for stomach cancer. It is possibly not by chance that
the areas with negative exposure coefficient coincide with those with higher stomach cancer risk.
These are perhaps the areas in which the virulence of the strain is higher, and where, as a result, the
protective factor given by a higher spending power may have a bearing on the stomach cancer rates.

5 Concluding remarks

We have described a novel approach for implementing models with spatially varying coefficients in a
study of the association between stomach cancer mortality and spending power. Our method may also
be useful in other settings, especially when the random intercept and the random slope are expected
to be correlated.

It may be desirable in future work to compare our implementation approach with those used
by other authors, such as Gamerman et al. (2003). Another issue that would benefit from more
research concerns the identifiability of the model parameters and the sensitivity of the model to prior
assumptions, like the neighbouring structure, the choice of distributions and the distributions of the
hyperparameters.
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Introduction

In many environmental studies, the collected data are usually spatially dependent. Determi-
nation of the spatial correlation structure of the data and prediction are two important problems in
statistical analysis of spatial data. To do so, often, a parametric variogram model is fitted to the
empirical variogram of the data by estimating the unknown parameters of the mentioned variogram.
Since, there are no close form for the variogram parameters estimators, they are usually computed
numerically. In addition, when data behave as realizations from a non-Gaussian random field, the
bootstrap method can be used for statistical inference of the spatial data. Singh (1981) showed that
Efron’s bootstrap (Efron,1979) is not precise for dependent data, because the observations depen-
dency is not considered in resampling of the data. Hall (1988) proposed two methods of blocking
observations and locations for mosaic data. Lahiri (2003) also introduced moving block bootstrap
(MBB) for spatial data, in which, less chance of the near border observations in comparison to the
central observations for being included in the blocks caused most estimators to be biased. Iranpanah
and Mohammadzadeh (2005,2006) proposed separate block bootstrap (SBB) for determining the pre-
cisions of the sample mean of a random field and the best linear unbiased predictor kriging, in which,
the locations are partitioned into similar blocks and then, they are resampled. In this paper, SBB
was compared with MBB, then, it was used to determine the precisions of the variogram parameters
estimators in an applied example about strain data in geology.

Spatial Statistics

Usually a random field {Z(s) : s ∈ D} is used for modeling the spatial data, where the index
set D is a subset of Euclidean space Rd, d ≥ 1. Suppose Z = (Z(s1), · · · , Z(sN )) are observations
of a stationary random field {Z(s) : s ∈ D} with fixed mean µ = E[Z(s)] and variogram 2γ(h) =
V ar[Z(s)−Z(s+h)]; s, h ∈ D. In practice, variogram is unknown and should be estimated based on the
observations. An empirical estimator of variogram was defined as 2γ̂(h) = 1

Nh

∑
N(h)[Z(s)−Z(s+h)]2,

where N(h) = {(si, sj) : si − sj = h; i, j = 1, · · · , n} and Nh is the number of elements of N(h). For
determining the correlation structure of the data, a model should be fitted to an empirical variogram.
Cressie (1993) presented some valid isotropic parametric variogram models. Different models are fitted
to the empirical variogram by estimating their parameters using OLS, WLS, ML or REML methods.
By evaluating these models using their RSS, a suitable model will be chosen. Consider an isotropic

1Member of Excellent Center of Ordinal and Spatial Data Analysis of Ferdowsi University
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spherical parametric variogram model given by

2γ(h; θ) =


0 ||h|| = 0
c0 + c1(3

2
||h||
a − 1

2( ||h||a )3) 0 < ||h|| ≤ a

c0 + c1 ||h|| ≥ a

(1)

where the vector parameter θ = (c0, c1, a) consists of nugget effect, partial sill and range, respectively.
At a given location s0 ∈ D the best unbiased linear predictor for Z(s0), namely kriging is Ẑ(s0) = λ′Z
with variance σ2

k(s0) = λ′γ + m, where λ′ = (γ − 1m)′Γ−1 and m = (1′Γ−1γ − 1)/(1′Γ−11), so that
1 = (1, · · · , 1)′, γ = (γ(s0 − s1), · · · , γ(s0 − sn))′ and Γ is an n × n matrix with (i, j)th element of
γ(si− sj) (Cressie,1993). The present work was designed to determine the precisions of the variogram
parameters estimators, kriging and its variance using SBB method.

MBB and SBB

Suppose the index set D is a complete two-dimensional regular grid as {s = (i, j), i = 1, · · · ,m, j =
1, · · · , n} and precision determination of an estimator T = t(Z) of θ is required. Let b and d be two
integers and define m′ = m− b+1 and n′ = n−d+1. In MBB, first, moving blocks of the overlapped
locations are considered with the size and dimensions b× d and number of m′n′ as

DM = {D(i, j) = [i, i + b− 1]× [j, j + d− 1]; i = 1, · · · ,m′, j = 1, · · · , n′}.

Next, a distribution F(m′,n′) is considered to allocate the probability mass of 1/m′n′ to each moving
block in DM . Let k and ` be two integers such that m = kb and n = `d, then k` bootstrap blocks
D∗

1, · · · , D∗
k` are randomly selected with replacement from the moving blocks DM as iid random sample

of distribution F(m′,n′). In MBB, not all the locations enjoy equal chance of being included in the
blocks, specially the locations near the border of D have less chance to be selected for being included in
the blocks. This problem caused the estimators to be biased. Consequently, the SBB for spatial data
will be introduced: first, the index set D is partitioned in separate blocks with size and dimensions
b× d and number of k` as

DS = {D(i, j) = [bi− b + 1, bi]× [dj − d + 1, dj]; i = 1, · · · , k, j = 1, · · · , `}.

Next, a distribution F(k,`) is considered to allocate the probability mass of 1/k` to each moving block
in DS . Then k` bootstrap blocks D∗

1, · · · , D∗
k` are randomly selected with replacement from separate

blocksDS as iid random sample of distribution F(k,`). Now, bootstrap sample Z∗ = (Z∗(s1), · · · , Z∗(sN ))
is obtained from joining of k` bootstrap blocks D∗

1, · · · , D∗
k` and the bootstrap statistic is computed

as T ∗ = t(Z∗). Finally, by B times repetition of the mentioned steps and computation of T ∗
1 , · · · , T ∗

B,
the bootstrap estimate of the bias and standard error of T can be determined as

B̂ias∗(T ∗) =
1
B

B∑
i=1

T ∗
i − T, ŜE∗(T ∗) = { 1

B − 1

B∑
i=1

[T ∗
i −

1
B

B∑
i=1

T ∗
i ]2}

1
2 .(2)

A 0.95 percentile bootstrap confidence interval for the parameter of θ, based on the observations
can also be determined as (T ∗

[0.025×B], T
∗
[0.975×B]), where T ∗

[0.025×B] and T ∗
[0.975×B] are order statistics

0.025×Bth and 0.975×Bth, respectively.

Comparison of MBB and SBB

Suppose the mean of the stationary random field {Z(s) : s ∈ N2} i.e. µ = E[Z(s)] is estimated
by the sample mean Z̄.
Theorem 1: Let Z̄∗ be bootstrap sample mean, then the bias bootstrap estimate; Bias∗(Z̄∗) =
E∗(Z̄∗)− Z̄, is exactly determined by SBB method.
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Proof: Set S(i, j) =
∑

s∈D(i,j) Z(s) and S∗(i, j) =
∑

s∈D∗(i,j) Z∗(s), where D(i, j) is a separate
block in DS and D∗(i, j) is a SBB sample block corresponding to D(i, j). The SBB sample mean of
Z∗ = (Z∗(s1), · · · , Z∗(sN )) is given by

Z̄∗ = N−1
N∑

i=1

Z∗(si) = N−1
k∑

i=1

∑̀
j=1

S∗(i, j).

Since all the blocks are iid, we have E∗(Z̄∗) = N−1 ∑k
i=1

∑`
j=1 E∗[S∗(1, 1)]. Furthermore, because of

equal chance of being included in separate blocksDS , we have E∗[S∗(1, 1)] = (k`)−1 ∑k
i′=1

∑`
j′=1 S(i′, j′),

therefore

E∗(Z̄∗) = N−1
k∑

i′=1

∑̀
j′=1

S(i′, j′) = N−1
k∑

i′=1

∑̀
j′=1

∑
s∈D(i′,j′)

Z(s) = N−1
N∑

i=1

Z(si) = Z̄.

This means that Bias∗(Z̄∗) = 0. However, when Z̄∗ is the MBB sample mean, because of unequal
chance of being included in moving blocks DM , we have

E∗[S∗(1, 1)] = (m′n′)−1
m′∑

i′=1

n′∑
j′=1

S(i′, j′) 6= (k`)−1
k∑

i′=1

∑̀
j′=1

S(i′, j′).

Therefore, in MBB method, Bias∗(Z̄∗) 6= 0. On the other hand, the MBB bias comes along with
error.

Consider the kriging Ẑ(s0) = λ′Z =
∑N

i=1 λiZ(si) based on the observations of Z, then kriging
bootstrap version Ẑ∗(s0) =

∑N
i=1 λ∗i Z

∗(si) is computed using SBB on Y = (λ1Z(s1), · · · , λNZ(sN ))
instead of observations of Z. Since, Z(s0) is a linear function of the observations, similar to theorem
1, it can be shown that the bias estimate Bias∗[Ẑ∗(s0) − Ẑ(s0)] = E∗[Ẑ∗(s0)] − Ẑ(s0) is exactly
determined in SBB, while it comes along with an error in MBB. Iranpanah and Mohammadzadeh
(2007), in a simulation study, showed that SBB is more accurate than MBB for estimating the variance
of kriging at the locations near the boarder, while in both SBB and MBB methods, the central locations
demonstrate the same behavior.

Since, variogram parameters estimators θ̂ = (ĉ0, ĉ1, â) has not a close form, they would only be
computed numerically. MBB and SBB can be used for estimating the precisions of θ̂. Since, SBB is
more accurate than MBB for estimating the precisions of the sample mean and kriging, it is expected
that the precisions of θ̂ be estimated more precisely by SBB comparing to MBB.

Applied Example

Strain data are applied in geology to demonstrate the usage of SBB method. Strain is an
important component of the total displacement field in the emplacement of a thrust sheet. The finite
strain tensor in a penetratively deformed thrust sheet is a spatial variable. Mukul (1998) have collected
finite strain data from a part of the Sheeprock thrust sheet in Provo salient of the Sevier fold and a
thrust belt in western United States. A sample from 56 locations was collected systematically from the
quartzite on a square grid with spacing of approximately 625m on the map along and across the strike of
the Sheeprock thrust. In the present research, spatial exploratory data analysis showed that the strain
data had not any trend and also variogram was isotropic. For determining correlation structure of the
data, first, the empirical variogram was computed, then the spherical variogram (1) was fitted and its
parameters were estimated by weighted least squares method as θ̂ = (ĉ0, ĉ1, â) = (0.004, 0.008, 2200).
Kriging spatial prediction and its variance were computed as Ẑ(s0) = 1.281 and σ̂2

k(s0) = 0.001 at the
location s0 = (1500, 3000). In order to determine the precisions of these estimators by SBB, the grid
of data was partitioned into 8 blocks with dimensions 1427.5 × 1125.75. Number of observations in
blocks 1-8 were 2, 1, 15, 4, 10, 11, 2 and 11, respectively. Then, a SBB sample containing 8 moving
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Table 1: Estimation of bias, standard error, and 0.95 percentile confidence interval using SBB.

Estimator Bias Standard Error 0.95 Percentile Confidence Interval
ĉ∗0 0.0029 0.0026 (0.003,0.013)
ĉ∗1 0.0057 0.0053 (0.000,0.020)
â∗ 242.8 432.8 (1835,3015)

Ẑ∗(s0) 0.0000 0.0609 (1.160,1.417)
σ̂2∗

k (s0) 0.0000 0.0010 (0.000,0.004)

blocks was generated as Z∗ = (Z∗(s1), · · · , Z∗(sN )) by simple random sampling with replacement and
substituting the observations at new locations in the blocks 1-8 and estimators bootstrap version of
ĉ∗0, ĉ

∗
1, â

∗, Ẑ∗(s0) and σ̂2∗
k (s0) were computed. Finally, bias and standard error of the estimators and

also percentile confidence interval of the mentioned parameters were estimated as relations (2) by
B times repetition of the mentioned steps and computation of estimators bootstrap version. Table
1 shows estimates of the bias and standard error of the above mentioned estimators and also 0.95
percentile confidence interval for their parameters by SBB with B = 1000.

DISCUSSION

Bias estimator of the sample mean and kriging comes along with error in MBB method while
they are determined precisely by SBB method. Although, the SBB method introduced in this paper
was implicated for a complete regular grid of D in N2, it would be applicable for an irregular grid
in Rd, d ≥ 1 as well. In this case, inequality of the sample sizes in resampling should be considered
seriously, however, according to theorem 1, it can be shown that E∗(N∗) = N , where N∗ is the sample
size of each resampling in the SBB method. For instance, Ê∗(N∗) = 1

B

∑B
i=1 N∗

i = 55.89 ' N = 56
for strain data.
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RÉSUMÉ

The moving block bootstrap is usually used for spatial data. Since, in this method, the border
observations have less selection chance than the other observations for being included in the resampling
blocks, the estimator of the precisions would be biased. In this paper, the separate block bootstrap was
presented for estimating the precisions of the variogram parameter estimators.
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1. Introduction 

According to Rogerson and Fotheringham (1994), there is an increased demand for systems 
that do more than display and organize data. The set of potential applications for spatial analysis 
is enormous, for example, accident patterns, victim profiles within a residential population and 
spread rates for pollution levels. Techniques are needed to let spatial data speak for themselves 
(Griffith and Layne, 1999). Thus, spatial statistics must hold a specific spatial framework to 
apply quantitative and statistical methods for a better understanding of spatial relationships. 

If the finding of spatial structures is fundamental then spatial autocorrelation, spatial 
interpolation and spatial autoregressive models are the three major spatial methods that fulfill 
this constraint. Although these fields have been developed autonomously, this short-paper tries 
to review a particular pattern that underlies these three concepts: the spatial interpolation 
subject. In short, this involves the estimation of missing geo-referenced data when undertaking 
spatial autoregression and Kriging. However, spatial autocorrelation can also be exploited for 
spatial prediction purposes such as patterns and outliers. Spatial autocorrelation measures can 
also indicate if there is an equally likely chance of predicting neighboring values while the 
degree of redundancy indicates how much information is free to vary. As expected, certain 
topics emerge from these concepts such as the dependence of the Ordinary Kriging (OK) 
variance solely on geometry, the weight matrix codification of autoregressive approaches, the 
need of heavy spatial analysis computation, the non-standardization possibility of observation 
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distribution or the impact of sampling approaches. However, these last questions will not be 
covered here. 
 
2. Kriging, Autocorrelation and Autoregression 

The word Kriging is synonymous with the optimal prediction of unknown values from 
observed data at known locations (Auñón and Gómez-Hernández, 2000). After the variogram 
has been defined, the algebraic relationship between values at individual distances including 
clustering and direction is used to estimate Kriging weights. Mostly, four factors are taken into 
account in assigning weights: A) Closeness to the location being estimated; B) Redundancy 
between data values; C) Anisotropic continuity; D) Magnitude of continuity. Kriging is BLUP 
(best linear unbiased predictor) whether or not data are normally distributed. It is linear since 
estimations are weighted linear combinations of the available data. It is unbiased because the 
error mean is zero (no over- or under-estimates). It is best since its goal is to minimize error 
variance. Conceptually, the variogram curve has minimal error variance at any known data 
location (it is zero but if and only if there is no measurement error) and maximum value at some 
specified range away from that point. As expected, the predictable maximum error Kriging 
deviation occurs in areas where there are no points. 

Spatial autocorrelation can be interpreted as a descriptive index, measuring aspects of the 
way things are distributed in space (clustering) but, at the same time, it can be seen as a casual 
process measuring the degree of influence exerted by something over its neighbors (correlation) 
Goodchild (1986). This happens because the role of location holds two major implications for 
the way statistical analysis should be carried out. Location leads to spatial dependence 
(correlation or variation that each neighbor holds in relation to a particular point) and spatial 
heterogeneity (clustering, concentration or proportion of neighborhood average in relation to a 
specific point) established by Tobler’s First Law of Geography. Since regional differentiation 
respects the intrinsic uniqueness of each location, spatial autocorrelation can be viewed, hence, 
as a map pattern descriptor. 

Autoregressive models (AR, CAR and SAR) expand the standard linear model regression 
with an additional term that accounts for patterns that are not predicted by local variables but are 
instead related to the residual of the neighbour locations. In the AR model, for instance, the 
autoregressive term is independent of the environmental predictors and is appropriately applied 
when correlations result from endogenous population processes that are unrelated to 
environmental conditions. One live example of this approach is given by Lee (2005) concerning 
the analysis of a watershed (the water quality effects of point and non-point pollution sources) 
in the Neuse River Basin, NC. It is based on the hypothesis that the spatially weighted sum of 
water quality in neighboring stations affects the water quality of each monitoring station 
(indirect effect), as do the standard explanatory variables of pollution sources (direct effects). 
The reaction function is in the form of a spatial AR model: y = ρWy + X1β1 + X2β2 + ε, where 
y represents the water quality indicator vector, W is a weight matrix, X1 is the matrix of 
pollution sources, X2 is the matrix of land cover and stream characteristics, ρ is a spatial 
autocorrelation parameter, and ε is a random error vector. The model specifies that the spatially 
weighted sum of neighbor water qualities affects the nutrient level of each downstream 
monitoring unit, as do the general covariates of pollution sources and heterogeneous 
characteristics in each geographical unit. It eventually states that the realization of y at 
hydrologic unit i is a function of its realization of X at i, plus realization of y at hydrologic unit 
j, plus an error. According to Lee (2005), this AR model type is useful for explaining the 
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phenomena in a watershed because it allows observing the distinct spatial externality of 
spillover effects. 
 
3. Discussion 

The threat of spatial autocorrelation and statistical heterogeneity hold the ability to compare 
two regions and to characterize texture differences. Quite often, distance location pairs are less 
similar (competitive spatial processes) than closer ones (cooperative spatial processes). As a 
consequence, indices of spatial autocorrelation calculated globally and locally are valuable for 
descriptive purposes because they provide a measure of how similar objects are to their spatial 
neighbors. This spatial dependence impact is also crucial for Kriging. 

However, it is the notion that variation is spatially autocorrelated in some predictable 
fashion that creates a fundamental conflict between the goals of classical statistics and its 
assumptions because classical estimators tend to be inconsistent as the degree of spatial 
dependence increases (either positive or negative). This may come as a surprise to ecologists 
and geographers who have been trained in the belief that Mother Nature follows the 
assumptions of classical statistics (Levine, 1997). 

The spatial autoregression plus spatial autocorrelation provides another linkage with 
Kriging: the spatial interpolation subject. This means that the estimation of absent spatial data 
can be undertake by spatial autoregressive methods, Kriging and autocorrelation measures. For 
instance, a high degree of spatial autocorrelation suggests an equally likely chance of predicting 
neighboring values. On the contrary, a low value reveals a low level of spatial data redundancy 
(Griffith and Layne, 1999). Thus, several relationships among these three concepts emerge: 

• Spatial autocorrelation is the required condition of Kriging and autoregression models. In 
fact, spatial autocorrelation is a physical reality and is a necessity for interpolating nearby 
values. 

• Spatial autocorrelation seeks spatial identification report while spatial regression and 
Kriging seeks spatial prediction. 

• The variance-covariance matrix is included within spatial regression and Kriging (Griffith 
and Layne, 1999). 

• Once a variogram is computed, Kriging can be used for spatial interpolation. 
• With spatial regression models, spatial interpolation can be regarded as an interactive re-

estimation solution fashioned with updated variable imputations based on R2 and IC 
decision parameters in Maximum Likelihood, Ordinary Least Squares and bootstrap 
procedures (Griffith and Layne, 1999). According to these authors, incorporating spatial 
autocorrelation results in a 5-10% improvement in the statistical description for a given 
georeferenced dataset. 

• Kriging is primarily applied with continuous regions while spatial autoregression 
involves aggregations of phenomena into discrete regions such as ward units (Griffith and 
Layne, 1999). 

• Spatial autoregressive methods assume that spatial interpolation follow an underlying 
trend plus random residuals. However, Kriging can presume two views: A) If Universal 
Kriging is assumed then spatial interpolation is interrelated with a background trend; B) 
If Ordinary Kriging is chosen then spatial interpolation is consistent with the samples 
global average plus random residuals. 

• Since Kriging is an exact spatial interpolator (if no samples measurement error is 
applied), autoregressive residuals can be used for a reasonable reality approximation test. 
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The chance to verify existing patterns among residuals provides a key information source 
on possible assumption violations, variable transformations, outliers, trends surface and 
inappropriate formulations for raw data (Clark and Hosking, 1986). 

The computational burden underling a number of those approaches is a challenging 
problem, particularly with very large spatial-temporal datasets. For example, spatial 
interpolation simulations in earth sciences typically require huge models with millions of cells. 
One way to overcome this problem is the brute-force of parallel computers, as recently proposed 
by Vargas et al. (2006). 
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ABSTRACT 

Conventional statistical models must be reformulated to properly account for spatial correlation and 
spatial heterogeneity within georeferenced data. For instance, if the autoregressive residuals reveal a 
medium-strong spatial autocorrelation then any missing variable within the initial regression model 
can be significant. In emphasizing classical statistical assumptions about spatial data, four major 
problems emerge. I) Non-Gaussian distribution of spatial variables (trend removal and Box-Cox 
power transformations are the corrective actions before OK, SK and UK can be applied). II) 
Correlated random error with non-zero mean and non-Normal distribution (a low probability of the 
Kiefer-Salmon asymptotic regression indicates a rejection of the null hypothesis of Gaussian error). 
III) Non-homoscedasticity of error distribution (it is easier to handle nonstationary time series with 
changing means than nonstationary time series with changing variances). IV) Non-multicolinearity 
leads to a larger estimated variance of the regression coefficients (the combination of a high R2 with 
a very low t statistic is often a good indicator that something is wrong in terms of colinearity. 
It is also important to stress the heavy computation issue concerning these three approaches. One 
way to overcome the mathematical design that underlies them is the brute-force of parallel 
computers, particularly with very large spatial-temporal datasets. 
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The aim of this paper is to present an extension of the Kernel Density Estimation Algorithm (KDE) 

called Point Pattern Network Density Estimation (PPNDE). 
From a statistical point of view, an observed spatial point pattern can be thought as the outcome of a 

spatial stochastic process. Useful aspects of the behaviour of a general spatial stochastic process may be 
characterized by its first order properties, described in terms of the intensity  of the process that is the mean 
number of events per unit area at each point, and by its second order properties or spatial dependence which 
involve the relationship between numbers of event in pairs of subregions within R (see e.g. Ripley  (1977), 
Cressie (1993) ). 

Kernel Density Estimation is an exploratory tool for examining the first order properties of a point 
process (i.e., population, robberies, services' locations) (see e.g. Bailey et al. (1995), Gatrell (1996), Chainey 
et al. 2002) in which each point represents the spatial location of a geographically referred element. Its main 
idea is that the pattern has a density at any location in the study region, not just at locations where there is an 
event, so this density is estimated by counting the number of events in a region or kernel centred at the 
location where the estimate is to be made. Using Kernel Density Estimation circular clusters of points 
distributed in the geographical space may be found ( see e.g. O’Sullivan et al (2003)). A problem may arise if 
the density of points in the region of interest is influenced by the nature of the region itself for instance if we 
consider a street number with resident population , a school, etc. where a road network exists. The proposed 
Point Pattern Network Density Estimation (PPNDE)  gives a solution to taking into account such situations 
(see Schoier (2006)), here we consider some modifications of this algorithm by taking into account both the 
elimination of points which are very distant from the network and the possibility that the bandwidth τ  is 
variable inside a certain interval.  
Let us suppose that streets and roads are distributed following a Manhattan-like pattern. Such an assumption 
is quite strong but is useful to test the basic functionality of the algorithm. The algorithm foresees in 
particular the modification of the searching kernel function from a circular to a network-based area. 
 
Algorithm's steps: 
 
Step1. selection of a point process; 
Step 2. generation of a regular grid over the study area; 
Step 3. elimination of the points whose distances  from the roads are greater than a certain value obtained  
by fixing the coordinates of the most external roads so to create  a square  . 

�
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Step 4. generation of centroids of cells belonging to the regular grid overlapped to study area. The 
components of each centroid are respectively the mean of the abscissas and of the ordinates of the points 
inside the cell; 
Step 5. definition of a bandwidth τ  , it represents the radius of the circumference centered on the centroid it 
may be fixed or variable; 
Step 6 .calculation of the distance between every point and every centroid; 
Step 7. assignment to every centroid of every point P for which the distance is less or equal to τ  ; 
Step 8. calculation of the density (PPNDE); 
Step 9. visualisation of the density surface. 
 

In order to built the network density function the distance is chosen taking into account the different 
roads. The hypothesis is that the way that a point P employ to reach the nearest road is utilizable and is given 
by the distance of the point from the road. We have to distinguish different cases according to the proximity 
of the points and of the centroids to the horizontal and vertical segments. The derived density function 
reflects the network structure of the space. Point processes are therefore analysed considering the network-
driven structure of the pattern (see e.g. Bailey et al. (1995)). The density function is therefore the result of a 
network-shaped radius.  

Some applications on simulation experiments and on a real dataset 
The Density Estimation procedure has been applied to a simulated dataset of five hundreds points 

randomly uniformly distributed between 0 and 100. In order to apply the algorithm the area of interest has 
been divided in ncell = 100 squares cells, moreover we have consider five horizontal roads, and six vertical 
roads : 
Fig.1 The simulated road network, the points distribution after the elimination, ττττ=5 

 

Fig.2 KDE and PPNDE 
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Fig.3 The simulated road network, the points distribution after the elimination, ττττ variable 

Fig.4 KDE and PPNDE 

As one can see by using the Euclidean distance the results are not influenced by the presence of the 
roads both with a fix bandwidth and with a variable bandwidth. On the contrary by using the network 
distance where there are roads the values of the density function augment. 

Now we considered a distribution of automated bankings in a District of the Municipality of Trieste 
(Italy) the bandwidth is fixed. 
 

Fig. 5: Map representation before and after the elimination of remote points ττττ=70 
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Fig.6 KDE and PPNDE 

 

 

       

As one can see by using the Euclidean distance the major density are in the areas where more 
automated bankings are present. There are not correlation between automated bankings disposition and the 
roads, this correlation is clear when we consider the network distance. 
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RÉSUMÉ  
Dans ce papier nous présentons une extension du Kernel Density Estimation (KDE), que nous appelons le Point 

Pattern Network Density Estimation (PPNDE). Les groupes circulaires de points distribué dans l'espace 

géographique peut être trouvé en utilisant le Kernel Density Estimation; les autres configurations de groupe de 

points, dépendre de l'espace de réseau, sont aussi possible. Afin de tenir compte de cette possibilité  l'idée est de 

considérer la fonction de noyau (kernel) comme une fonction de densité basé sur  les distances de réseau au lieu de  

la distance Euclidien. Quelque simulation expérimente et une expérience  basé sur une vraie série de données finit 

le papier. 
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Overview  
In 2005, the United States Millennium Challenge Corporation (MCC) announced a 5-year, US $295 

million compact with Georgia, to foster economic development through a variety of specific programs.  As 
part of this compact, and to address specifically rural agricultural poverty, an Agribusiness Development 
Assistance (ADA) activity was initiated to speed up Georgian agribusiness development by allocating grants 
to an eligible population of program applicants through randomization.  A comprehensive evaluation 
program is currently being conducted to ensure systematic measurement of the impact of the ADA program 
on economic growth, employment, production value, value added, investments, imports, exports and other 
indicators.  This evaluation includes the use of Geographic Information Systems (GIS) and spatial analysis, 
combined with specific statistical techniques.  Building on a highly detailed nationwide digital spatial 
database of village locations, political districts, road networks and physiographic data, the use of GIS and 
spatial analysis combined with statistical techniques will provide a powerful methodology for rigorous 
evaluation.

Located in the Caucasus region of Southwest Asia between Turkey and Russia and bordered by the Black 
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Sea to the west, Georgia has one of the world’s oldest cultures and history, with a quite varied landscape and 
an extremely diverse climate considering the physical size of the country. Georgia's landscape ranges from 
lowland marshes and forests, swamps, and mild rain forests to extensive snow and glaciers in the west and 
north, while the eastern regions contains segments of semi-arid plains. The agricultural sector plays a major 
role in the overall economy.  Yet, in spite of such diversity that allows a wide range of agricultural products 
and activities, 54 percent of the mostly rural Georgian population outside the big cities lives in poverty.  

With such geographic diversity in Georgia, systematic spatial analysis using GIS and incorporating large-
scale spatial physiographic datasets provides a powerful methodology for considering physiographic 
variation and accomplishing systematic evaluation of program impacts.  The GIS can be used as well to 
consider the spatial distribution of individual agribusiness projects and activities, as well as to analyze the 
effect of the outreach efforts of the program.   

ADA Agribusiness Program 
The ADA program is designed to achieve rapid impact in expanding the incomes and job opportunities of 

Georgian entrepreneurs, farmers and farm families. This program aims to increase the production and quality 
of fresh and processed agricultural products, including meat and poultry, in order to increase the volume of 
value-added products sold in domestic and export markets. ADA will lay a strong foundation for long-term 
growth by catalyzing local, matching investment from Georgian partner enterprises and farmers, and by 
developing successful agribusiness models that can be replicated nationwide. The prevailing hope is that the 
program would enable Georgian agricultural products to displace imports and reach export markets by 
introducing a competitiveness paradigm in the agricultural and agribusiness clusters and marketing chains. 

 To provide information to the population about the ADA project, in 2006 outreach presentations were 
held in 21 Georgian cities and towns. A total of 1038 participants from around the country attended. By April 
2007 over 500 applications for agribusiness development projects were submitted to receive funding. Each of 
these proposals were evaluated and scored. The selection criteria were difficult to meet; but, even so, about 
70 applicants qualified for the program. In the final stage, grantees were selected using a randomization 
method from among those that had scored above a minimum threshold. Of those for which randomization 
was possible (about 90%), a random half were selected into the control group and the other half were 
awarded a grant and represent the treatment group. For the residual group, otherwise called the comparison 
group, the evaluation will be based solely on models, in part at least based on Propensity Score Matching 
(PSM). We do plan to use PSM for all groups but will expect to rely more heavily on the randomization 
results, when these are available.    

An ADA survey study was conducted to learn more about the attitudes and viewpoints of outreach 
attendees and applicants regarding the program. A stratified systematic sample was selected from applicants 
and attendees where the strata represented east and west Georgia.

The Use of GIS and Spatial Analysis in Agribusiness Program Evaluation  
To support this evaluation, a detailed GIS database allowing display of ADA data has been compiled.  

Figure 1 shows an example output from the GIS database, displaying the location and variation in ADA 
outreach presentations by city, and regional totals of program applicants.  GIS data sources include the 
Department of Roads of Georgia and a national Georgian digital land cadastre project (funded by USAID 
and the German KfW organizations).  Census and survey data collected in villages is being obtained and 
compiled in cooperation with the Georgian Department of Statistics.  Environmental and physiographic data 
(topography, soil maps, rainfall variation, rivers and stream networks, etc.) have been obtained and compiled 
from the Georgian Ministry of Environment, the Ministry of Agriculture, and the World Wildlife Fund 
(WWF).  On-going socioeconomic indicators will be collected through 2011, the final year of the economic 
evaluation.  .

The first step to allow for spatial analysis is to link the locations of the ADA program respondents with 
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the GIS spatial data. This in turn allows for the visualization the distribution of the outreach efforts as well as 
the distribution of applicants in the country (see Figure 1). The GIS can be used to track where ADA program 
applicants originate (region, district and village) around the country, as well as to visualize the spatial 
distribution of where proposed projects would be located.  In addition, data gathered on the home addresses 
of outreach participants could be used to consider their spatial distribution, to gauge the geographic coverage 
of the outreach throughout Georgia.  This relatively simple spatial analysis procedure nonetheless provides 
a very useful appraisal of the geographic outreach and extent of the program, both in terms of applicants and 
impacts.  To accomplish this, village and district geo-location data was obtained from the KfW/USAID-
sponsored Georgia digital land cadastre project.  Using village and district names, the ADA data was linked 
to these locations, allowing for spatial display.   

In addition, the GIS can be used to link each ADA applicant, recipient and outreach participant to the 
extensive physiographic data that has been compiled from a range of Georgian government sources, 
including data on soil quality, climate, topography, rainfall and precipitation, hydrology and land cover.  
Using GIS spatial join functions, data from the spatial physiographic input datasets can be “mapped” to the 
locations of villages, or composite aggregates created for the spatial area covered by districts and regions.  
Subsequently, these variables – capturing powerful information on a broad range of physiographic 
characteristics for all Georgian regions and villages – can be linked to each individual ADA participant, and 
used in analysis.  This allows for the statistical evaluation of correlations between physiographic factors and 
program participant socioeconomic characteristics, such as for example whether or not a participant is more 
or less likely to come from an area with relatively high agricultural soil fertility.  Such relationships can be 
further evaluated with respect to additional spatial considerations, such as the relative proximity of 
participants to the capitol, Tbilisi, or to major infrastructure networks or large markets.  In sum, the spatial 
analysis through the GIS allows for the consideration of many variables and spatial relationships that would 
otherwise not be possible.  The link would further allow the use of physiographic properties to conduct a 
spatial analysis and use better matching techniques between treatment and control cases.  

Access Indices and Propensity Score Matching 
Using GIS, the authors are able to construct measures of travel-cost or accessibility for each ADA 

participant and grant recipient (by linking them to their home village or location of program implementation) 
to any of a number of other important socio-geographic features, such as major cities, major markets, major 
infrastructure, or other ADA program elements.  These accessibility indices are calculated using the GIS and 
digital road network data, and they measure approximate travel-time or travel-cost considering factors that 
could be influential, such as connector-road quality (dirt versus paved roads), topography, hydrology 
(rivers/streams/glaciers), etc., providing an accurate measure of actual travel-cost.  This measure of relative 
travel-cost can be used to weight ADA program participants and recipients continuously by their relative 
degree of accessibility to a range of important geographic features throughout Georgia, and in turn these 
calculated measures can be introduced into evaluation models (such as regression estimations) to gain 
powerful information on program performance.   

These measures of accessibility will provide an independent, objective measure of actual travel time 
(or, more importantly in terms of economics, travel cost) for each ADA participant to major markets, 
locations of rich agricultural soils, or major infrastructure – all factors that could positively influence 
program success.  As such, the access indices (along with the other GIS-measured variables) provide a 
powerful set of controls or weights in the selection of an appropriate sample of “control” individuals for 
subsequent evaluation of “before” and “after” economic growth.  More specifically, the GIS variables – 
including the access indices – are used along with the technique of Propensity Score Matching (PSM) 
combined with double-differences, for a complete statistical evaluation of the program impact.  Combining 
PSM with the technique of double-differences when comparing project participants “before” and “after” 
project intervention both reduces the effect of selection bias due to the observed differences between treated 
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and comparison communities, and corrects for possible bias due to differences in time-invariant unobserved 
characteristics between the two groups. Considering the project’s 4-year duration, this approach can provide 
an incredible benefit by creating a comprehensive picture of the outputs as a feedback for project 
management, allowing any required correction to be made during program implementation and improving 
project impact. 

To our knowledge, the combination of these techniques has not been used elsewhere.  But their 
combined use will allow a number of distinct sources of potential bias to be addressed.  The same 
methodology will allow us to control for positive economic impacts from other on-going agribusiness or 
economic development programs that might also have an impact on the treatment villages.  Finally, the 
models combined with the extensive GIS databases constructed will be handed over to the government of 
Georgia for capacity building as needed, and will allow for the accurate prediction of economic impacts of 
potential future programs.   
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Introduction

Data mining is the process of identifying objects of a well-defined content and meaning from a
large amount of data. Recently, data mining on images has developed, and issues of uncertainty have
been addressed. Of a particular interest is the identification of hazards, either at an early warning
stage, or as a means to quantify its extent. This can both be done on a single image, or on a series of
images.

Annually much rice yield is lost by natural hazards such as extreme temperature, flooding,
and drought. Identification and precise knowledge of the effects of these hazards can help to control
and protect agricultural production and as such support the farmers’ decision making. Each natural
hazard has a potentially different impact on rice.

• Rice is sensitive to high-temperature stress at all growth stages [1].

• The impact of drought on rice addresses, a.o., precipitation shortage and differences between
actual and potential evapotranspiration. It is usually expressed by a drought index like the
VTCI (Vegetation temperature condition index) and the WDI (Water deficit index) [2]. Such
indices can be derived from remotely sensed imageries and are capable to investigate the effects
of drought on rice in a region.

• Flooding effects on rice fields by increasing the water depth and the duration of water accumu-
lation and rush off field by run off [3].

In this research we describe approaches to identify natural hazards in space and time from
remote sensing imagery and yield data. For each hazard, we select an indicator to which a threshold
is related. Time series graphs are constructed to identify a hazard in time. These graphs show the
variation of each indicator against its threshold. Exceeding the threshold then shows the existence of
the hazard in relation to the growing stage of rice. A hazard in space is identified by identifying a
pattern in a study area with a low yield value at one farm as compared to its neighbors. To find a
pattern with a possible hazardous causes, we used model- based geostatistics on rice yield data. The
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approach is illustrated with rice data from the Some’e-sara township in the Gilan province in north
of Iran.

Study area and methods

This research has been conducted in the 598 km2 Some’e-sara area in the west of Gilan Province
in Iran, situated between 37.25◦N and 37.50◦N, and between 49.04◦E and 49.55◦E. The area is largely
agricultural, with rice as the most prominent crop.

Data used in this study were obtained from three sources. A series of 11 raster maps showing
the NDVI, biomass, actual evapotranspiration, potential evapotranspiration, evapotranspiration deficit
and soil moisture have been derived from MODIS imagery. Time series of 140 meteorological data
have been collected at six meteorological stations in the area. Actual yields measured at 224 farms in
he area. The analysis was carried out at the farm level.

Natural hazards are commonly modelled by using indicators, being a combination of a spatial
variable and a threshold. Identification of the occurrence of a natural hazard thus requires monitoring
of the indicator as well as identifying its spatial pattern.

Extreme temperature was identified by comparing the actual temperatures with the favorite and
tolerance temperatures for different rice varieties. For drought identification, we selected the relative
evapotranspiration (ETr ∈ [0, 1]), being the ratio of the actual (ETact) and the potential (ETpot)
evapotraspiration of the crop. It expresses the degree to which a certain land can suit the water
demand of a plant as a consequence of drought occurrence of the different levels of the water scarcity.
Floods, i.e. occurrence of excessive water logging, may occur after an extreme rainfall even. Rainfall,
however, can be highly localized, causing flooding in one area but not in another area. It depends on
parameters like rainfall intensity, soil infiltration rate, soil texture, ground slope and proximity of a
river or channel. We used the NDVI value as an indicator at the farm site. This indicator suddenly
drops if a flood damages the rice by rushing off some of the crop. The NDVI graph was compared
with rainfall data.

To investigate spatial pattern in rice yield with possible hazardous causes, we first used Moran’s
I on the yield data [4]. The extent of spatial dependence of yield among of a set of farms can be
assessed by computing spatial dependence statistics such as Moran’s I:

(1) I =
n

2A

∑n
i=1

∑n
j=1,j �=i δijzizj∑n
i=1 z2

i

where n equals the number of farms, δij is a weight denoting the strength of the connection
between the ith and the jth farms, and zi is the standardized yield from the ith farm. Values for I

are between -1 to 1, with positive values representing positive spatial autocorrelation. A Moran’s I

scatter plot [5] visualizes the normalized attribute value as a weighted average in the neighborhood
for each farm, thus identifying outliers Statistical testing to test the null-hypothesis of randomness
against deviations from randomness occur is done with p-values.

Next, we created a yield map using model-based geostatistics. Geostatistics, based on the
theory of regionalized variable is optimal for interpolation of spatial data. It allows the user to
incorporate spatial dependence between neighborhoods into interpolation. Model-based geostatistics
[6] provides interesting methodology to map yield. It contains Bayesian and likelihood-based methods
of estimation. We included an external drift with distance to the main city, also called Some’e-sara,
in the area as the co-variable.

Results
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Spatial outliers were identified using the first figure. We found that the farms 20, 21, 85, 92 and
93 showed clearly deviating rice yields, equal to 1514, 1851, 1283, 1636 and 1683 kg ha−1, respectively
i.e. yields that were clearly below the general mean (3540 kg ha−1, with standard deviation 826 kg
ha−1), and significantly different from their neighbors. A model based geostatistical procedure showed
a significant linear relation between yield and distance to the main city in the area. But also this map
as an exploratory tool did not provide any evidence for disasters (see map).

Moran’s I plot for the yields at individual farms

Yield map obtained with model-based geostatistics

Fluctuation of daily max and min temperature of these 5 points is shown in the next figure. We
notice first that the recorded temperatures are similar, which is caused by the uniform temperature
in the area, and the fact that there were only 6 meteorological stations. Further, at farms 85, 92
and 93 the temperature exceeds the upper limit twice, during the early stage of growing. Also, upon
comparing the ETr values observed from the MODIS images with the threshold of 0.7, we did not
detect a disaster. Therefore, we concluded that there also was no drought hazard in 2006. For flood
detection, we considered the NDVI values and compared this with the rainfall. One day with heavy
rainfall occurred, but this was not followed by a sudden drop in NDVI. Therefore, no evidence for
flooding was observed.

Discussion and conclusion

This study addresses data mining for agricultural hazards from remote sensing imagery. The
focus in this study is on extreme temperature, drought and flood. The general procedure is apparently
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valid, as it considers visible and measured objects during a growing stages of rice. In an application
it uses a combination of MODIS data, combined with meteorological and yield data in a study area
in Iran. None of the disasters apparently occurred in the area.

There are several reasons why we could not detect disasters. First, it could be the case that
disasters were absent during this year, although oral reports provided a clear indication of their
presence. Secondly, in particular the meteorological data were samples rather coarsely. Rainfall
events can be very much local, requiring very detailed rainfall information, and that information was
apparently missing. Thirdly, there could have been other factors leading to very low yield values
at some farms. Typical examples would the quality of the management, availability of technological
means, availability of manure and herbicides, poor soil conditions and other circumstances that could
not be collected using remote sensing imagery. We hope to be able to continue this work in the near
future. To our impression, the study shows the interest of using a combination of outlier diagnostics
in combination multivariate model-based geostatistics tools in mapping rice yield.
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1 Introduction

In this paper we consider asymptotic properties of the least squares estimator(LSE) in a linear regres-
sion model with spatially correlated errors which follow a stationary random field. Then we extend
the result given by Yajima(1988),(1991) of a regression model with temporarily correlated errors to
a spatial regression model. The main feature of this paper is in that it proposes an approach which
can deal with the error terms in both weakly dependent and strongly dependent random fields in a
unified way.

The subsequent sections are organized as follows. We introduce the model in Section 2. Next
we derive a sufficient condition for the LSE to be strongly consistent in Section 3. In Section 4, we
derive the limiting covariance matrix of the LSE under a regular sampling over a rectangular region.
Section 5 is devoted to derive the limiting distribution of the LSE. Central limit theorems for stationary
random fields have been derived by many authors under various mixing conditions. However a strongly
stationary random field may not satisfy mixing conditions because its spectral density function is
unbounded and , hence, is not continuous(See e.g. Bradley(1999),(2002)). Consequently we show the
asymptotic normality under a moment condition instead of mixing conditions and some assumptions
of regressors in a regression model.

2 Model

Let Z = {0,±1,±2, . . .} and d be a positive integer. For t = (t1, . . . , td) ∈ Zd, consider the regression
model of the form

yt = X ′
tβ + εt,

where {yt} is an observed sequence, Xt = (x(1)
t , . . . , x

(k)
t )′ is a k-vector of nonstochastic regressors,

β = (β1, . . . , βk)′ is a vector of unknown regression coefficients, and the prime denotes the transpose.
The error terms {εt} follow a stationary random field with mean 0 and spectral density function
f(λ), λ = (λ1, . . . , λd) ∈ Πd where Π = (−π, π].

Hence the autocovariance function γ(h), h = (h1, . . . , hd) ∈ Zd of {εt}is given by

γ(h) = E(εtεt+h) =
∫

Πd
exp(ih′λ)f(λ)dλ.

Hereafter we assume that d = 2. The results given in the subsequent sections can be generalized to
d ≥ 3 without any essential modification.
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3 Consistency

In this section let tp = (tp1 , tp2)(∈ Z2) be the sampling point and (ytp , Xtp) be the observation at
tp(p = 1, 2, . . . , n). Then the LSE β̂n of β is given by

β̂n = V −1
n

n∑

p=1

Xtpytp ,

where Vn =
∑n

p=1 XtpX
′
tp . Hereafter assume that Vk is positive definite. Let Γn be the n×n covariance

matrix with (i, j)th element E(εtiεtj )(= γ(tj − ti)) and νn be the largest eigenvalue of Γn. While let
τn be the smallest eigenvalue of Vn.

We shall impose the following conditions on νn and τn.
Assumption 1. τn/νn →∞ as n →∞.
Assumption 2.

∑∞
p=k+2(ν3p log2 p− ν3(p−1) log2(p− 1))/τp−1 < ∞.

Theorem 1. Under Assumptions 1 and 2,

lim
n→∞ β̂n = β a.s.

4 Asymptotic Covariance Matrix

Hereafter we assume that(yt, Xt) is observed on the rectangle Pn = {t = (t1, t2)|1 ≤ t1 ≤ N, 1 ≤ t2 ≤
N}(⊂ Z2).

Now we introduce a two-dimensional version of so-called Grenander’s conditions on Xt[ Cohen
and Francos(2002)]. Define

a
(L,N)
ij (h1, h2) =

L−h1∑

t1=1

N−h2∑

t2=1

x
(i)
(t1+h1,t2+h2)x

(j)
(t1,t2), h1, h2 ≥ 0

= a
(L,N)
ji (−h1,−h2), h1, h2 ≤ 0

=
L∑

t1=1−h1

N−h2∑

t2=1

x
(i)
(t1+h1,t2+h2)x

(j)
(t1,t2), h1 ≤ 0, h2 ≥ 0

= a
(L,N)
ji (−h1,−h2), h1 ≥ 0, h2 ≤ 0

(G.1)a(L,N)
ii (0, 0) →∞ as L,N →∞, i = 1, . . . , k.

(G.2)limL,N→∞(x(i)
(L+1,N+1))

2/a
(L,N)
ii (0, 0) = 0, i = 1, . . . , k.

(G.3)The limit of

a
(L,N))
ij (h1, h2)/{aii(0, 0)(L,N)ajj(0, 0)(L,N)}1/2 = r

(L,N)
ij (h1, h2)

as L,N →∞ exists for every i, j and h1, h2, i, j = 1, . . . , k and h1, h2 = 0,±1, . . . .

Let
ρij(h1, h2) = lim

L,N→∞
r
(L,N)
ij (h1, h2), i, j = 1, . . . k, h1, h2 = 0,±1, . . . ,

and let R(h1, h2) be the k × k matrix with (i, j)th element ρij(h1, h2).
(G4)R(0, 0) is nonsingular.

Then there exists an Hermitian matrix function M(λ1, λ2) with positive semidefinite increments
such that

R(h1, h2) =
∫

Π2
exp(i(h1λ1 + h2λ2))dM(λ1, λ2).
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Next put

A∞ = {λ| lim
λ′→λ

f(λ′) = ∞}(⊂ Π2),

A∞,δ = {λ|d(λ,A∞) < δ}(⊂ Π2),

for δ(> 0) where d(λ, A∞) = infλ′∈A∞ d(λ, λ′) and d(λ, λ′) is the Eucledian norm. Then we introduce
the following conditions.
Assumption 3. (i)A∞ is a closed set and , hence , A∞ = ∩δ>0A∞,δ.

(ii)f(λ) is a continuous function on Ac
∞,δ ∩Π2 for any δ(> 0).

Assumption 4. Let Mii(A∞) =
∫
A∞ dMii(λ). Then we suppose, if necessary, by changing the

numbering of x
(i)
t , i = 1, . . . , k that

Mii(A∞) > 0, i = 1, . . . , m, 0 ≤ m ≤ k,

Mii(A∞) = 0, i = m + 1, . . . , k.

Hereafter we denote β̂n and νn by β̂N,N and νN,N respectively.
Theorem 2 Let conditions (G.1)-(G.4) and Assumptions 3 and 4 be satisfied.
(i)Suppose m = 0 in Assumption 4. Let

DN,N = diag(‖ x1 ‖N,N , . . . , ‖ xk ‖N,N ).

Then the relation

lim
N→∞

DN,NE{(β̂N,N − β)(β̂N,N − β)′}DN,N(1)

= (2π)2R(0, 0)−1
∫

Π2
f(λ)dM(λ)R(0, 0)−1,

holds and every element of the matrix on the right hand side of (1) is a finite value if and only if for
any ε(> 0) there exists δ such that

∫

A∞,δ

f(λ)dM
(N,N)
ii (λ) < ε, i = m + 1, . . . , k,(2)

for any N .
(ii)Suppose that m > 0 in Assumption 4 and the condition (2) holds. Furthermore assume that the
limit of ∫

Π2
f(λ)dM

(N,N)
ij (λ)/((2π)2νN,N ) 1 ≤ i, j ≤ m,

as N →∞ exists and denote it by b
(1)
ij . Then

lim
N→∞

D̂−1
N,N (X ′

N,NXN,N )E{(β̂N,N − β)(β̂N,N − β)′}(X ′
N,NXN,N )D̂−1

N,N = (2π)2B,

where

D̂N,N

= diag(‖ x1 ‖N,N ν
1/2
N,N , . . . , ‖ xm ‖N,N ν

1/2
N,N , ‖ xm+1 ‖N,N , . . . , ‖ xk ‖N,N )

and XN,N is the N2 × k matrix whose (i, j)th element is x
(j)
i1,i2

if i = (i2 − 1)N + i1(i1, i2 = 1, . . . , N)
and

B =

(
B1 0
0 B2

)

and B1 = [b(1)
ij ], a m × m matrix and B2 is a (k − m) × (k − m) matrix whose (i, j)th element is∫

Π2 f(λ)dMi+m,j+m(λ).
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5 Central limit theorem

We introduce the following assumptions.
Assumption 5. {εt} is a strictly stationary random field all of whose moments exist.
Assumption 6.

∫
Π2 log f(λ)dλ > −∞.

Under Assumption 6, for any half space S, εt has the infinite Moving Average representation:

εt = ηt +
∑

s∈S\{(0,0)}
bsηt−s.

Next let cη
r(t1, . . . , tr−1)(ti ∈ Z2, i = 1, . . . , r − 1) be the rth-order cumulant of ηt, ηt+t1 , · · · , ηt+tr−1 .

Assumption 7.
∑

tj∈Z2
,j=1,...,r−1

|cη
r(t1, . . . , tr−1)| < ∞.

Finally for λ = (λ1, λ2) we put xj,N (λ) =
∑N

t1,t2=1 x
(j)
(t1,t2)e

i(λ1t1+λ2t2)(j = 1, . . . , k) and

Pj,N (δ) = max
λ∈A∞,δ

|xj,N (λ)|,

Qj,N =
∫

Π2
|xj,N (λ)|dλ.

Assumption 8.
PjN (δ) = o(‖ xj ‖N,N /(N1/2ν

1/4
N,N )), j = m + 1, . . . , k,

for some δ(> 0) and
Qj,N = o(‖ xj ‖N,N /(N1/2ν

1/4
N,N )), j = 1, . . . , k.

Theorem 3. Under Assumptions 3-8 and the same conditions as in Theorem 2.(ii), the limiting
distribution of D̂−1

N,N (X ′
N,NXN,N )(β̂N,N − β) is normal with mean 0 and covariance matrix B given

by Theorem 2.(ii).

Subtitle

(1)The least squares estimator
(2)spatial regression
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ABSTRACT

Several statistical approaches are compared as to their performance in the frequency analysis of ex-
treme events. The classical maximum likelihood method is a flexible tool in many applications, but
its performance with small samples is poor relative to alternative fitting procedures based on proba-
bility weighted moments / L-moments. The penalized maximum likelihood and generalized maximum
likelihood have emerged as powerful recently proposed modifications, and their incorporation into
inference of information provided by real-world data is straightforward. The comparison includes also
several modifications of L-moments. The methods are examined using simulated samples as well as
daily meteorological datasets covering the Czech Republic, with a particular attention devoted to the
cases of heavy-tailed distributions of maxima for which some of the common statistical models and
procedures may yield biased results.

Keywords. L-moment, penalized maximum likelihood, heavy-tailed distributions.
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1.- Introduction 
 

The knowledge of the distribution area of species is currently a very important problem which has 
been addressed by several authors, and from different points of view, for example, Bioclim (Busby, 1991), 
FloraMap (Jones and Gladkov, 1999), GARP (Peterson and Cohon, 1999) and Domain (Carpenter, Gillison, 
and Winter, 1993). These algorithms are becoming increasingly popular, not only to address scientific 
questions (Peterson, Soberon, and Sanchez-Cordero, 1999), but also to estimate routes of entrance of 
invasive species (Soberon, Golubov, and Sarukhan, 2001), risk of damage by plague species (Sanchez-
Cordero and Martinez-Meyer, 2000), and other applied questions. 

 
In this context, the goal is to determine the areas within a study zone where the presence of species is 

highly possible. Commonly, the study zone is assumed as covered by a regular, square grid, and thus the goal 
is to determine the set of nodes where the presence of the species is highly possible. The data at hand are (1) 
a set of n sites where the presence of the species under study has been recorded (presence sites) and (2) a set 
of p variables observed or measured on the nodes of the grid and on the presence sites. Examples of variables 
typically used are: mean rainfall, mean temperature, minimum temperature, etc. 
 
2.- Algorithm Domain 
 

The Algorithm Domain (Carpenter et al., 1993) is very popular because it is quite easy to understand 
and is not very difficult to implement. On the other hand, it is also well known that this method can be 
affected by extreme data, which in our context, is a recorded site, geographically miss-positioned, producing 
that the corresponding variables do not provide information about the preferences of the species regarding 
the climate where it can survive. Moreover, Domain does not base its results neither in mathematical nor 
statistical formal tools. Using a point to point similarity metric, Domain computes a value of similarity 
between each node belonging to the study zone and the record sites. The similarity between a record site x 
and a target node 0x is defined on terms of the corresponding p variables, and is computed by the Gower 
metric (Gower, 1996), defined as 

 
1

0 0 01( , ) ( , ) / ( ),p
k kkd x x d a a p a a Range k−

== = −∑  
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where 1( ,..., )pa a a= and 0 01 0( ,..., )pa a a= contain the p variables corresponding to sites x and 0x  respectively, 
and 1 1( ) max{ ,..., } min{ ,..., }.k nk k nkRange k a a a a= − In order to facilitate the interpretation, the 
quantity is defined, which ranges between 0 and 1 for site0( , ) 1 ( , )R a a d a a= − 0 0x whose variables are found 
within the range of the variables observed or measured on the record sites. The value of similarity for 
site 0 ,x denoted by is defined as the maximum of the corresponding , where 

for1 is the vector that contains the p variables measured on site x
0 ,xu 1 0 0( , ), , ( , )nR a a R a a…

1( ,..., ),i i ipa a a= ,i n≤ ≤ i. Finally the expert 
determines a threshold, u, which is used to define the nodes which will be considered as high potential nodes 
for the presence of the species. The high potential area will be given by the set of nodes satisfying . 
The quantity u can be interpreted as a percentage of variation. As Carpenter et al. (1993) say in their paper: 
“a threshold .9 would select points with an average variation in climatic values from a known occurrence site 
of no more than 10% of the range”. Values commonly used for these quantities are 0.9 or 0.95. 

0xu u≥

 
 It is clear that the quantity that determines the high potential areas, u, is determined in an arbitrary 
way by the experts, without using a formal way in its postulation. In 1996, Argaez introduced a statistical 
way of determining u. He considers, by turns, each record site xi as a target site, and computes the metric of 
Gower using the others n-1 record sites. By denoting these quantities by u1,…,un, the corresponding 
empirical distributions is considered. Finally, the threshold, u, is given by the (1-α)*100% percentile of that 
distribution. In this way, the threshold possesses a probabilistic interpretation: the probability of declaring a 
node as possessing high potential for the presence of the species when in fact it is not will be α. 
 
3.- Bayesian approach 
 

In all of the above algorithms the opinion or knowledge of experts is used a posteriori and informally 
to correct blatant errors, mostly overprediction. The experts frequently reduce the resulting areas where they 
know that the species is not present, due for example to a natural barrier, the presence of competitive species, 
or any physical or ecological reason. In a recent work, Argaez et al. (2005) introduce a methodology which 
considers the prior information in such a way that the experts provide their opinions about the areas of 
presence of the species before the modeling, and this information is introduced formally in the inference 
process using the Bayesian point of view. The methodology introduced by Argaez et al. (2005) needs the 
specification of the spatial bias, that is to say, an estimation of the probability of visiting each node over the 
study zone. Recently, Fernandez (2005) proposes a formal way to do this. Although this method seems to be 
more formal than other methods currently used, it needs the specification of more elements for modeling the 
probability of species presence for each node of the grid. 

 
In this paper we adopt the Domain methodology and we introduce a statistical way of defining the 

threshold, using the information given by the expert about the areas of high potential of establishment of the 
species as part of the inference process. Since each  is defined as the maximum of the n values of 
similarity given by the Gower metric, we propose to model the data at hand using the Gumbel distribution, 
producing the following joint distribution 

iu

 
1 1

1 1 1( ,..., , ) exp( ( ) exp(( ) ))n n
n ii i if u u u b b u u u u b− −

= == − − −∑ ∑  (1) 
 

where u is the localization parameter and b is the scale parameter. In this paper we assume that the scale 
parameter, b, is known in advance, and so it is not necessary to model this parameter. In the calculation of (1) 
we are using the assumption that the values are approximately independent. The assumption that 
these quantities are independent is not strictly true. Nevertheless, the possible dependency between u

1,..., nu u
i and uj 

is given by the fact that the corresponding sets over which the maximum is computed, shares one component. 
Moreover, the common component does not necessarily determine the value of the maximum. So, although 
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this assumption is debatable, we assume that these quantities are approximately independent.  
 

Regarding u, since this quantity models the localization parameter, which in our case corresponds to a 
variable which ranges between 0 and 1, we propose a beta distribution for this parameter, which is given by 
 

( ) 1( ) ( ) / ( ) ( ) (1 ) 1f u u u− −= Γ + Γ Γ −α βα β α β  (2)  
 

In equation (2), the quantities α and β are the hyperparameters and they are elicited using the 
information given by the experts. The prior information is the knowledge of the expert about the areas where 
the species is able to survive, in addition to the areas where the species is not able to survive, in accordance 
with the knowledge of the expert. We introduce a procedure to incorporate this information in the a priori 
distribution. The Bayesian theorem using equations (1) and (2) produces the posterior distribution which is 
given by 

 
( )1 1

1 1 1( ,..., ) exp ( ) exp(( ) ) (1 )n n
n i ii i

1 1f u u u b u u u u b u u− −
= =∝ − − −∑ ∑ α β− −−  (3) 

 
An estimator for the quantity u is given by the mode of the posterior distribution defined in equation 

(3). Besides the estimation of u, we obtain the 95% high posterior density credible interval for u, in order to 
provide to the experts a formal way to evaluate the precision of the estimation. In a situation when two 
experts provide a priori information about the parameter u, the estimation associated with the narrower 
credible set will be the result associated with the lower uncertainty. 

 
4.- Applications 
 

In order to illustrate the methodology here introduced, we present two examples, corresponding to 
endemic species for the peninsula of Yucatan, Mexico. The first example corresponds to one species which is 
suspected that possess a restricted area of distribution. In the second example we consider one species for 
which it is suspected that possess a quite wide distribution area. The number of sites where the species have 
been collected were 21 and 20, respectively. 

 
Regarding the example 1, the estimation of the parameter of interest u, the posterior mode, is given by 

0.934. Since the estimation is close to 1, we conclude that the species, as it was suspected, possess a 
restricted distribution area. This species may not survive in sites with climatic variables far from the 
conditions observed in the record sites. The corresponding 95% high posterior density credible interval is 
given by (0.920, 0.949). 

 
In example 2, the posterior mode u is given by 0.705. This value is interpreted in the sense that species 

does not possess a very restrictive preference regarding its area of distribution. That is to say, the species may 
survive in a wide range of climatic conditions, producing a wide potential distribution area. It is clear that if 
the expert had used one of the commonly used values for u, that is to say 0.90 or 0.95, the conclusions about 
the potential areas of establishment for this species would have been very different from the obtained with 
our estimation for u. The corresponding 95% high posterior density credible interval, which is given by 
(0.624, 0.803), is clearly associated with a species possessing a wide distribution area. 

 
The high posterior density interval corresponding to the first example is narrower than the interval for 

the second example. Thus, the estimation of the quantity u for the first species possesses less uncertainty than 
the estimation for the second species. So, the resulting distribution area for the first species can be considered 
more trustily for to be used, for example, in the decision problem about the areas to be conserved for the 
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conservation of the species, the formulation of species management plan, among other. On the other hand, 
since the estimation for the second species is associated with more uncertainty, the resulting distribution area 
should be considered carefully.  
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Abstract
In order to control population levels of Orange Pulvinaria Scale, Pulvinaria aurantii (Cockerel) 

(Homoptera: Coccidae) in citrus orchards,  a practical system without using any laboratory equipment was 
developed based on presence or nonpresence of insects on leaves. An orchard with fifteen rows, each row 
contained between 60 to 70 trees was used. The area of the orchard was 2 hectares. Fifteen rows and in each 
row 12 (total 180 ) trees were chosen, 8 leaves randomly taken from the four sides of tree, and the 
number of Orange P. Scale was counted. Binary dependent variables and the the models that can be fitted on 
such variables i.e logit model and probit model were introduced as a class of Generalized Linear Models  
were selected, because of their felexibility, to be applied on data. The probit and logit models were 
compared and their similarities and dissimilarities presented, and in addition, chi square goodness of fit was 
defined as a criterion to assess the heterogeneity, and also for suitability of the models and selecting the best 
ones. Binomial sampling using both probit and logit transformations based on  expressions relating the 
proportion of infested units to the log average plus one number of insects per unit, and then expression for 
the fiducial limits introduced. The results based on Pearson and deviance 2χ  goodness of fit showed that 
there is no statistically significance between these two models, however because of smaller values of the chi 
squares, probit model, was chosen because of practical preference. Based on this model, percent of infested 
units for 20, 17, 9 and 6 as EIL values were 42, 38, 26 and 19, respectively. Therefore over these percents the 
citrus producers should apply spray on their orchards. This system may be a suitable one to control the 
excess uses of spray application in citrus orchards.
Keywords:  Probit; Logit; Binomial Sampling; Orange Pulvinaria Scale; Citrus Orchard.

1. Introduction
Citrus is one of the semi aried fruits of the world with production about 60 milion tons, the area under 

planting about 1.6 milion hectars and one of the most important sources of investment, trade exchanges and 
occupation for the residents of 49 countries (Damavandian, 1994). With regard to the last information of 
Agricultural Ministry, the area under planting of citrus was 83500 hectars in Mazandaran on 2000 (Jafari et 
al., 2000). Orange Pulvinaria Scale, Pulvinaria aurantii (Cockerel) with feeding plant sap cause a weakness 
for host, and in critical conditions make the leaf and fruit to fall, and dried the plant. In addition secretes a lot 
of hony dew which cause growing Fumajin fung and decrease phytosyntesis. Orange P. Scale not only 
causes sooty mould cover on fruit, reduces the weight of clean fruit too. Because of high polution and high 
damage of P. aurantii, insecticide is used to control it in a large area of Mazandaran. At present the 
pesticides spray application costs much, and in addition this process cause dangrous disease such as cancers 
for the residents of this area. Ruesink & Kogan (1975) pointed out that integrated pest management cannot 
operate without estimates of pest population density. With regard to this aim the sampling is inevitable. 
Various systems for monitoring pest population levels have been described by Croft et al. (1976),
Damavandian et al. (2002a),  Hoyt et al. ( 1979), and Pringle (1987a). Hajizadeh et al (2005a) suggested a 
sampling system for monitoring Population Levels of Orange P. Scale in Citrus Orchards. However, a 
sampling system for monitoring Orange P. Scale population levels is required, so that it could be easily used 
by farmers, without any labratorial equipment. The aim of this research is to develop a  binomial sampling 
system for monitoring Orange P. Scale population levels, which could be a basis of integrated pest 
management and a simple, practical and equipment free system for citrus producers of Mazandaran.
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2.  Methodology
A commercial orchard of Thomson navel on citrus auratium rootstock planted in 1997 was used in 

Mazandaran on 2002 and 2003. There were fifteen rows each row contained between 60 and 70 trees. The 
area of orchard was two hectars. All sampling was conducted at two weekly intervals. It was decided that for 
ease of location of the trees in the orchards, they should be selected according to a systematic system which 
treated as a random sample. Fifteen rows and in each row twelve (total 180) trees were chosen, and eight 
leaves randomly taken from each tree, two leaves from each side. The leaves of each tree were placed 
seprately in a plastic bag and transported to the laboratory. Each leaf was examined under dissecting 
microscope, different stages and the number of orange P. scale were reported.
2.1 Binary dependent variables

There are numerous examples of variables that take only two values in the agricultural field; for example; 
presence or non presence of an insect on the leaf, dead or alive insect and etc.In general, a model of binary 
response can be defined by ),()1()( βiiiii XFXYPXYE === , where E and P indicate expected value and 
probability, respectively. Different functional forms for F ( ) define different specific models. The two most 
popular choices are the cumulative standard normal distribution, which gives the probit model, and the 
cumulative standard logistic distribution, which gives the logit model. The curve has the shape of a normal 
cdf when φ  is the standard normal cdf.  The cdf of normal distribution with meanμ  and variance 2σ is

duuxF
x
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xxF ∞<<∞− x . The corresponding probability density function is 

symmetric and bell shaped, with standard deviation 3/τπ . It looks much like the normal density with the 
same mean and standard deviation but with slightly thicker tails (Aggresti, 2002b).
2.2 Comparison of probit and logit models

Since the normal and logistic distributions are similar, all the theory and practice of one, can be rewritten 
in terms of the other model. In addition of probit and logit, several transformations had been proposed by 
some authors. Almost certainly, an attempt to choose the transformation that best agrees with the results of 
particular experiment is doomed to failure, because they indistinguishable over a wide range. If rithmetically 
simplicity is not a criterion, the probit and logit seem worth serious consideration as no theoretical basis has 
been suggested for others (Finney, 1971b). Both distributions are symmetric around 0 but because of their 
close similarity, except for very small or large p, it is difficult to distinguish between them unless the sample 
size is very large or in cases where data are heavily concentrated in the tails. Since variances differ between 
the normal and logistic distributions, the curve for π (x) is a logistic cdf with standard deviation 3/ βπ , so 
its rate of change in π (x) at βα /−=x is 0.25β . The rates of change where π (x) = 1/2 are the same for the 
cdf’s corresponding to the probit and logistic curves, when the logistic is 0.40/0.25 = 1.6 times the probit β . 

The standard deviations are the same, when the logistic β  is 3/π =1.8 times the probitβ . When both 
models fit well, parameter estimates in logistic regression are about 1.6 to 1.8 times those in probit models; 
therefore one must take care not to compare probit and logit coefficients directly (Aggresti, 2002d). 

The chi square goodness of fit test is used to assess the discrepancy between the observation and 
prediction from the model (or the heterogeneity of the model). The test statistics as the weighted sum of 
squares of the differences between observed and expected probits or logits are expressed 
by )/( 22

xxxyyy SSS −=χ .this statistics has chi square distribution with (k-2) dgrees of freedom (k is the 
number of categories of  covariate). 
2.3 Binomial sampling

Using a weighted minimum chi-square regression model based on both probit and logit transformations, 
expressions relating the proportion of infested units (each unit contains 24 leaves) to the average number of 
insects per unit were obtained by fitting the following equation (Pringle, 1987b): Y= A + Bx Where
Y= ln [ )1/( pp − ] = logit proportion of infested units,Y = 1−φ (p) = probit proportion of infested units
and x = ln of average insects per leaf Then from these regressions the log of average number of insects per 
unit for any proportion of infested units could be estimated from x = (Y-A) / B .

The confidence interval for the estimated log average number of insects per unit given the proportion of 

infested units is obtained by Finney (1971) as )2/1(
2
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substantially smaller than 1, and seldom geater than 0.4. if g = 1, the limits explode, and the whole range of 
the x is included. If g>1, the range of plausible values for the parameter μ  consists of those values of x lying 
outside the calculated limits. By  .1  level of significance for one sided test with alternative hypothesis log 
(EIL+1)>log (Mean No. of insects+1) the percent which it’s 95% fiducial limit contains the log (EIL+1) 
value, is the percent that over it the citrus producers should apply spray in their orchards (Pringle, 1987c).

Economic Enjury Level (EIL) is defined as “the lowest population density that will cause economic  
damage”.  Since currently pest control recommendations emphasize the economic and ecological importance 
of justifying pesticide use, many entomologist believe that the EIL conceived by Stern et al. (1959) is one of 
the most important concepts concerning decision  making for integrated pest management (Seraj et al.,
2005a ).

3.Results
3.1 Comparison of models

Both probit and logit models relating the proportion of infested units to the log (mean+1) number of 
insects, because of some zero counts, were fitted on the data.The regression coefficient β  in probit model is 
.63 and in logitmodel is 1.14, about 1.8 times the probit coefficient. Based on pearson and deviance 2χ we 
compare the suitability of these models for our dataset. 
There was no statisticaly significant between these two models so there is no statistical preference  for 
choosing better model, and just base on practical preference we choose the probit model, because of smaller 
values of deviance 2χ (Probit 2χ =1687.368 and Logit 2χ =1847.927).
Table 1, reveals the percents and lower and upper bound of log (mean+1) of number of insects for both 
probit and logit models.
Table1. percents and fiducial limits for probit and logit models 

Probit fiducial limits    Logit fiducial limits
Percent     Lower              Upper      Lower                 Upper

17 1.721101 1.823789 1.876784 1.984277
18 1.781309 1.886759 1.936011 2.045769
19 1.839409 1.94761 1.992673 2.104699
23 2.05471 2.173743 2.198763 2.319768
26 2.202347 2.329291 2.336913 2.464497
36 2.641944 2.794112 2.73645 2.884984
37 2.68295 2.83757 2.773026 2.923593
38 2.72359 2.880653 2.809188 2.96178
40 2.803911 2.965839 2.880428 3.037055
42 2.883163 3.049935 2.950463 3.111109

To obtain the suitable percent of orchard infestation at which the spray application should be done, we use 
Seraj et al. (2005b) results of EIL value, i.e. 20, 17, 9 and 6 for insecticides of Chlorpyrifos + mineral oil, 
Dorsban 40.8%  EC®, Azinphos Methyl + mineral oil and Gusathion 20% EC®, respectively. Because the 
fiducial limits are in log (mean +1) format, we used log (EIL+1) and investigate them within the fiducial 
limits of Table 1 ( which the limits of interest are highlighted), and draw the corresponding  percents. The 
results are peresented in Table 2.
Table 2. EIL and log (EIL+1) values and their corresponding 95% fiducial limits and percents of infestation

                Probit                   Logit 

           Log      95%           percent of            95%             percent of
EIL  (EIL+1)      fiducial limits     infestation     fiducial limits    infestation

20 3.04 (2.86 , 3.06) 42 (2.86 , 3.05) 40
17 2.89 (2.70 , 2.89) 38 (2.72 , 2.90) 36
9 2.30 (2.19 , 2.34) 26 (2.18 , 2.33) 23
6 1.94 (1.82 , 1.95) 19 (1.86 , 1.99) 17

It can be observed that probit gave a somewhat greater percents for infested units, which is a createrion 
for doing spray application. Because of smaller value of 2χ  for probit, we rely on the percent of infested 
units based on this model.

4. Discussion and Conclusion
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Binomial sampling, as a user friend and practical system for monitoring  population levels of Orange P. 
Scale was developed. Our results suggested that for 20, 17, 9 and 6 as EIL values, the percent of infested 
leaves should reach 42%, 38% ,26% and 19% respectively, so that the farmers apply spray to their orchards.
This may be a suitable system to reduce the excess uses of insecticides, which cause many problems such as 
serious disease relating to the pollution of this province. In addition reasonable use of incecticides is one of 
the important aims of integrated pest management and is a way toward the sustainable development in 
agricultural field. Damavandian and Pringle (2002b) developed a system for monitoring underground 
population levels of sabteranean Eriosoma lanigerum (Hausmann), in apple orchards, but not for decision 
making regarding the necessity for control actions. They proposed no sample size or percent of infestation 
for their system. Pringle (1987d) developed a sampling system for monitoring Tetranychid mite population 
level in south african apple orchards at which 25-30 evenly spaced trees of the most susceptible in orchard 
(with two hectars area) should be sampled by counting adualt female mite on one leaf taken from the 
priphery and one from the center of each tree. Our results can be comleted by those of Hajizadeh et al.
(2005b) which suggested that sampling for monitoring orange P. scale population levels be based on 
systematic sampling by choosing 100 trees on 8 leaves, two from each side of tree per two hectars, i.e. citrus 
producers can take leaves based on this proposed system and investigate the presence and nonpresence of 
insects on leaves, and dtermine the percent of infestation by the number of infested leaves devided by the 
total number of sampled leaves. Therefore, by comparing these percents with proposed percents based on 
this paper, they can decide when to spray their orchards. Also, Our recommendation is in the line of Pringle 
(1987e) results which proposed a binomial sampling system for Tetranychid Insects on apple Trees in the 
Elgin Area and suggested spray application for 40% of infested leaves of the orchard base on two adault 
female mites as EIL value.
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Summary
Modeling species-area relation is important for predicting the total number of species that are present
in the landscape. In particular, the rate of growth of the number of species as a function of area
is an important parameter. Large deviation probability calculations based on a stationary Gaussian
random field are used to show that under some regularity conditions, the rate of growth of the number
of species, or the rate of decline in the number of species not found in the sampled sites will be
hyperbolic. This provides an explanation for the popular log-linear model for species-area curves
observed in many ecological data sets.

Keywords large deviation, log-linear models, long-memory, number of species, random fields, self-
similarity.

Introduction

Consider the problem of counting the total number of species present in a landscape at a given point
of time. Suppose that the species occur according to some spatial process working in the background.
Examples of such processes include, the climate such as temperature, humidity, precipitation etc., land-
use by humans or predators and so on. The idea is to guess the relation between area and number
of species present in the area from a pilot study based on a smaller area and then to extrapolate
the species-area curve to the entire landscape. It has been noticed by many authors that for many
ecological data sets, the logarithm of the number of species present at a geographical location is an
approximate linear function of the logarithm of the area of that location (e.g. Scheuring 1991). In
some cases, the increments in the number of species may follow a log-linear law, leading to a hyperbolic
decay of the increments with increasing area. In this paper, we attempt to explain such hyperbolic
relationships by investigating stationary random fields, acting as background processes decisive of
species occurrence.

Specifically, suppose that we have presence-absence data from k sites numbered 1, 2, ..., k on a mon-
itoring grid and, the observer selects a path that is simply a permutation πk = {i1, i2, ..., ik} of the
sites. Let Nπ,j be the number of species in the first j plots on path π. Here, j = 1, 2, ..., k. Plotting
Nπ,j vs. j, one obtains the species-area curve for that particular path. Consequently, the average
species-area curve can be defined and estimated via resampling methods.

In earlier work, we analysed some presence-absence data on lichens in Switzerland and in our example,
the increments of the number of estimated species vs. area followed a log-linear model with a negative
slope. The interpretation of this slope parameter is as follows: when the slope is smaller than −1, the
predicted total number of species will be finite, even in an infinitely large landscape where the same
ecological conditions prevail. When the slope is larger than −1, the situation is more complex. This
case leads to non-summability of the increments, implying that eventhough, with increasing number
of sites visited, fewer new species will be discovered, the rate at which new species will be discovered
will decrease to zero very slowly. This is a reflection of the way the species are distributed in the
landscape. As we shall see, the hyperbolic decay in the increment curve can be derived by assuming
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that the background process is a random field. In this paper, we focus on stationary random fields.
The problem is to examine the convergence properties of the total number of species with increasing
area.

Estimating the number of species is of course not a new problem and statisticians have addressed this
in different contexts. Some relevant references include Efron & Thisted (1976), Fisher et al. (1943),
Good (1953), Good & Toulmin (1956), Mingoti and Meeden (1992), Scheuring (1991) and Smith and
van Belle (1984). In addition, plenty of other references and discussions on the general topic are in
Bunge & Fitzpatrick (1993) and Chao (2004).

Results

Let the species be numbered 1 through S = total number of species in the landscape and let s be
any such species (s = 1, 2, ..., S). Suppose that our sampling has been conducted on a square grid at
locations u = (i, j), i, j = 1, 2, ..., n. Let data from k sites be available, so that k = n2. Let Xs(u) be a
background (ecological, environmental) process and species s occurs if and only if Xs(u) ∈ As where
As is an interval on the real line. Consequently define

Ys(u) = 1 if Xs(u) ∈ As and

= 0 otherwise.

In particular, let Xs(u) be a stationary Gaussian random field in 2-dimensions with zero mean and
spatial covariance function γ(h) = cov(Xs(u), Xs(u + h)) such that

γ(h) ∼ |h|−α , as |h| → ∞, 0 < α < 1

= σ2 > 0, otherwise.

Here u is as before and h = (l, m), l,m = 0,±1,±2, ...,±n, with |h| =
√

l2 + m2. The process Xs(u)
is then said to have long-memory (Beran 1994) with Hurst coefficient or long-memory parameter
H = 1− α

2 . Moreover, the probability that species s will occur in site with location u is, E(Ys(u)) =
P (Xs(u) ∈ As) = ps. Due to stationarity, this probability does not depend on the location of the site.
The number of sites where species s occurs is

Sk,s = Ys(u1) + Ys(u2) + ... + Ys(uk).

Define Tk,s = 1 if Sk,s > 0, and zero otherwise. Summing over all species s = 1, 2, ..., S, one obtains
the total number of species in the k sites

ξk = Tk,1 + Tk,2 + .... + Tk,S .

In what follows, we shall assume that for large values of k, the centered sum

Zs,k =
k∑

l=1

[Ys(ul)− EYs(ul)]/σk

has an asymptotic probability distribution function Fs(x) such that the tail of this distribution decays

exponentially with increasing values of x. Here σk =
√

var(
∑k

l=1 Ys(ul). Such notions occur in large-
deviation probability calculations and are used for instance in computing slopes of test statistics; see
Bahadur (1960). In this particular case, we are going to need this for calculating the probability
of finding a species, after a large number of sites have been surveyed. What large deviation theory
(Varadhan 1966) gives us is how fast this probability will converge with increasing number of sites
visited.
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Specifically, suppose that

log(1− Fs(x)) ∼ −asx
θ/2[1 + o(1)].

This is for instance the case when the asymptotic distribuion of Zs,k is Gaussian. We may write,

Ys(u) = G(Xs(u)),

where G is the indicator function. We assume that G allows an Hermite polynomial expansion (Taqqu
1975, 1979) of the centered indicator process Ys(u) − E[Ys(u)] = G(Xs(u)) − E[G(Xs(u))]. If after
multiplication by a suitable normalizing constant G(Xs(u)) − E[G(Xs(u))] has Hermite rank 1, the
probability distribution of Zs,k will be asymptotically Gaussian, in which case, θ = 2 (Feller 1966).
Note that the Hermite rank will be 1 as long as the interval As on the real line is not symmetric
around zero, which is typically the case. In addition, we may assume without loss of generality that
the species have been ordered according to their probability of occurence in a site. In other words,
s1 < s2 implies ps1 ≤ ps2 . As S is assumed to be large, we will assume ps = p(xs) where xs = s/S

and p is a sufficiently regular function on [0, 1]. Similarily, we write as = a(xs) where a is a function
on [0, 1]. It then follows that the mean species-area curve is

E(ξk) =
S∑

s=1

1− P

 k∑
j=1

Ys(uj)− kp(xs) ≤ −kp(xs)

 .

Suppose that we let S and k tend to ∞ under the additional condition that k
S → 0. This last condition

implies that the number of species is much larger than the number of sites on the sampling grid. We
then obtain the following approximation.

Theorem 1 Under the above conditions

E(ξk)− E(ξk−1) ∼ S ·
∫ 1

o

[
exp

{
−pθ(x)bk(x)

}
− exp

{
−pθ(x)bk−1(x)

}]
dx.

As an example, consider the following special case.

Corollary 1 Suppose that Zs,k are asymptotically standard normal, with σk = kα, and assume
p2(x)a(x) = c · x for some constant c > 0. Then, for large S and k → S, if δk = ξk − ξk−1 =
increment in number of species from k − 1 sites to k sites, then in log-log coordinates, log(δk) ∼
constant + (α− 2)log(k) where 0 < α < 1.

Thus the predicted number of species in the infinitely large landscape governed by this background
process will be finite. The increment in the species-area curve will be hyperbolic with an exponent
equal to α − 2. < −1. Also, the difference from the total number S will also decrease hyperbolically,
with an exponent equal to α− 1 < 0.
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ABSTRACT

Tortuosity of a path may be defined as its departure from straightness. The tortuosity of an animal’s
path may be closely related to its behavior, such as foraging, avoiding predators, traversing a region,
etc. Tortuosity has most often been studied under the assumption that an animal has complete freedom
of motion, i.e. there are no constraints on the choices it makes at each step. Many wild animals
and almost all domestic animals, however, move in bounded regions. We study several measures of
tortuosity for paths in bounded regions, including measures that have been applied to unconfined
paths. We show that established measures, such as fractal dimension and maximum distance, behave
differently for confined paths. We also introduce several new measures of tortuosity. These include
the number of crossings, absolute loop complexity, and relative loop complexity. When a path crosses
itself, it forms a loop; hence, “loop complexity” refers to the extent to which these loops overlap or
contain each other. We show that these new measures are sensitive to the shape of the bounded region
to which the path is confined, and are also sensitive to the distribution of turning angles for the path.
In fact, all of the studied measures of tortuosity were affected by shape of region and magnitude of
turning angles, but were not all affected in the same way. It appears that of all the new measures of
tortuosity introduced, relative loop complexity is not only informative, but also the most independent
of current measures of tortuosity.

Keywords. Animal motion, tortuosity.
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ABSTRACT

Capture-recapture models have been widely used to estimate animal population size. This work con-
siders models for closed populations, which assume that the number of individuals in the population
remains constant during the study period. An estimator for population size will be biased under pres-
ence of heterogeneity in capture probability, relative to the inherent characteristics of the individuals.
That sort of heterogeneity is difficult to measure because it is not observable. This kind of problem
has been traditionally approached using capture-recapture models for closed population, designated
by Mh and Mth. In this work, logistic regression will be used to model observable heterogeneity in
individual capture probabilities using covariates and non-observable heterogeneity will be modelled
through a Bayesian approach. The capture probabilities estimates are used to estimate the popula-
tion size. Estimators based on Mth models will be compared, when only observable heterogeneity is
modelled and when both, observable and non-observable heterogeneity, are modelled. The analyses
are conducted using software SAS. This work is illustrated by an example.

Keywords. Bayesian Inference, capture-recapture model, logistic regression, non-observable hetero-
geneity, SAS.
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Introduction

Many of the methods currently applied for fish stock assessment, such as cohort analysis and
statistical catch-at-age models, use catch-at-age matrices as input data. Therefore, the estimation of
catches by age class has a great influence on the final result of the stock assessments performed with
those methods.

The most obvious method to distribute the fish catch into age-classes would be to determine
the ages of individuals from a random sample taken from the catch, and assume the proportion of
each age-class in the sample to be representative of the whole catch. Although this method has some
good asymptotic statistical properties (Kimura, 1977) it is not widely used due to practical reasons.
Usually the biggest part of the catches belong to just a few age-classes, making it difficult to cover
all age-classes with a sample of feasible size. Therefore, unless large samples are taken, this method
may give biased results for the age-classes less frequent in the catches. Moreover, does not provide
estimates for parameters such as mean length-at-age, which may be important indicators regarding
the population dynamics of the stock.

Given that length measurements are much easier to obtain than to determine the age of a fish,
good estimates of length distributions are usually available from routine sampling. Thus, catch-at-age
is usually estimated from catch-at-length using an age-length key (Fridriksson, 1934) also known as
a distribution matrix (Hilborn and Walters, 1992), to classify the individuals in the catch-at-length
data, by length and age-classes. Each cell of the age-length key (ALK) gives the proportion of fish
belonging to an age-class j, given it belongs to a length-class i: Pr (j | i).

The use of an ALK relies on a basic assumption: Pr (j | i) must be the same in the ALK and
in the catch (Kimura, 1977; Westrheim and Ricker, 1978). Several factors, such as different growth
rates in the ALK and in the catch, may cause this assumption to fail. Age data collection is time and
money consuming, so several methods have been developed which are free from the ALK assumption
(e.g. Clark, 1981; Bartoo and Parker, 1983). All these methods are based on inverse ALKs, where
each cell gives the proportion of fish in a length-class, given it belongs to a certain age-class, and are
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used under the assumption that Pr (i | j) is the same in the inverse ALK and in the catch. In this
paper we make a review of all methods currently described in the literature, and we use simulated
data to compare those methods in terms of precision and accuracy for different sample sizes.

Methods based on ALKs

To date, a total of 6 methods based on ALKs are described in the literature:

1. the classic ALK (Fridriksson, 1934);

2. a combined analysis of length and length-at-age data (Martin and Cook, 1990);

3. the inverse ALK (Clark, 1981; Bartoo and Parker, 1983; Hilborn and Walters, 1992);

4. fitting an inverse ALK by minimising differences between observed and estimated length distri-
butions (Gascuel, 1994).

5. an iterative application of the age-length key with the EM algorithm (Kimura and Chikuni,
1987; Hoenig and Heisey, 1987);

6. the use of prior and current information to estimate age composition with the EM algorithm
(Hoenig et al., 1993, 1994);

The 2nd method was meant to be applied in the same situation as a classic ALK, with the
possible advantage of giving better estimates (Martin and Cook, 1990). The last 4 methods are based
on the inverse ALK, thus sharing its assumptions.

Results

An empirical probability density function was obtained for the proportion of each age-class in
the population, by a non-parametric bootstrap procedure. 1000 length stratified bootstrap replicates
were drawn from simulated data sets with a fixed sample size of 10 individuals for each length-class.
Bootstrap estimates of the parameters were visually compared by graphing the mean-squared error.

The results obtained show that the classic ALK is the method that provides the best estimates,
when age data is available. On the other hand, the method by Hoenig et al. (1993, 1994), which uses
prior and current information to estimate age composition with the EM algorithm is the most accurate
one, and appropriate for situations when age data from previous years must be used to classify length
classes into age classes.
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ABSTRACT

In this work we describe and compare all the methods currently existent for estimating the age
composition of a fish population, using a random sample stratified by length class, in which the age of
each individual is known. The comparison between methods is based on the bias and variance of the
estimators of the proportion of each age in the population and of the mean length at age. A simulated
data set with known parameters was created, from which 1000 random samples stratified by length class
were taken by a bootstrap procedure. Every method was applied to the bootstrap samples, producing
1000 estimates for each parameter. These estimates formed an empirical distribution from which the
bootstrap statistics of location and dispersion were calculated. The advantages and disadvantages of
each method are discussed, while the main results point out a method based on the EM algorithm as
being the most accurate and appropriate for data poor situations.
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Ningxia province is one of the most water-lacking regions in China, with only 500 cu.m of per capita 
water resource quantity, which has reached the severe water-lacking line.In Ningxia, precipitation, surface 
water and ground water are all very indigent. Its water resource is characterized by small quantity, inferior 
quality, uneven distribution and diversification between seasons.Meanwhile, water source pollution resulted 
from industry production makes worsen the situation which has already been very austere.It is really a big 
subject for Ningxia government to establish reasonable water resource policy so as to ensure the region 
sustainable development. Based on the theory of green input-output[1][2][3], Ningxia regional Input-output 
Table of 1997[5], Ningxia Statistical Yearbook of 1998[4] and the sample data of related enterprises provided 
by Ningxia Statistics Bureau, this paper constructs an extended input-output table which contains 12 
industries such as agriculture and coal mining and processing, and water resource use and sewage emission. 
This paper also does some basic accounting analysis on the Ningxia water resource and water environment. 
1. The Basic Framework of Regional Green Input-output Table 

Table 1  Green Input-output Table                     where, RRI is resource recovery industry; PEI 

is primary energy industry; SEI is secondary  

energy industry; OI is other industries; PAI is 

pollution abatement industry; FP is final pro- 

duct; RGU is regional use; OOR is output to  

other regions; IOR is input from other regions; 

TO is total output; RU is resources use; PE  

is pollutant emitted; VA is value added; TI is 

t otal i n put ;  e
iju :the amount of resource i 

consumed by RRI j to recover resource j; qek
ij:the 

amount of products of production-industry i, 

industry k (k=PEI, SEI and OI) consumed by RR

I j;
e
ije :the amount of pollution i emitted by RRI 

j; Ni
e :VA created by RRI i;Yi

e :the amount of consumption of resource i in FO; X i
e :the total amount of consumption of resource 

i; Zi
e :the total amount of recovery of resource i; Upk

ij:the amount of resource i consumed by production-industry j, industry k (k= 

PEI, SEI and OI); qpkl
ij:the amount of products of production-industry i, industry l (l=PEI, SEI and OI) consumed by production-

industry j, industry k (k= PEI, SEI and OI);epk
ij:the amount of waste material i emitted by production-industry j, industry k (k=PEI, 

SEI and OI); Npk
j: VA created by production-industry i, industry k (k=PEI, SEI and OI) while producing product i; Ypk1

i:the final 

product of production-industry i, industry k (k=PEI, SEI and OI), for domestic use; Ypk2
i:FP of production-industry i, industry k (k=

PEI, SEI and OI), for output to other regions in China; Ypk3
i:FP of production-industry i, industry k (k=PEI, SEI and OI), for export 

to rest of world; Qpk1
i:the final product of production-industry i, industry k (k=PEI, SEI and OI) coming from other regions in 

China; Qpk2
i:the final product of production-industry i, industry k (k=PEI, SEI and OI) coming from foreign countries; Xpk

i:the total 

final product of production-industry i, industry k (k=PEI, SEI and OI); Zpk
j:TI of production-industry j, industry k (k=PEI SEI and 

OI), equaling to Xpk
i in values; w

iju : the amount of resource i consumed by PAI I while tackling waste material j; qwk
ij:the amount 

of products of production-industry i, industry k (k=PEI, SEI and OI) consumed by PAI i while tackling waste material j;
w
ije :the 

amount of waste material i emitted by PAI i while tackling the waste material j; Ni
w :VA created by PAI i while tackling the waste 

material j;Yi
w :the amount of emission of pollutant i in the final products; X i

w :the total emission of pollutant i; Zi
w :the total 

FP 
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amount of pollutant abated i;
e
i

p
ij

e
ij Xut /= :the proportion of resource i consumption of production industry j accounting for the 

whole consumption of resource i;
w
i

p
ij

w
ij Xet /= :the proportion of pollutant i emission of industry j accounting for the whole 

emission; tek
ij(X

e
i-Z

e
i):the consumption of physical asset i caused by production industry j,industry k (k=PEI, SEI and OI) 

(expressed by the share of difference between consumption and recovery of resource i);twk
ij(X

w
i-Z

w
i):the consumption of 

environment asset i caused by production industry j , industry k (k=PEI, SEI and OI) (expressed by the share of difference between 

emission and abatement of pollutant i). 

2. Data  
2.1 Water Resource Use 
According to the statistics of Report on             Table2  Water Resource Use  (10 thousand tons) 

Environment Quality of Ningxia[7] and Environ-
ment Situation Bulletin of Ningxiain 2000[6],
we use the formula , )1/( RQQ ft −= , to  
calculate the  volume of water used by the  
corresponding industries (here,Qt is the total water quantity, Qf is the quantity of water used, R is the circular 
water using rate). Then we deduct the tap water consumption in term of the ratio—1:8 between tap water  
and ground water, and get the water resource consumption(see table2). 

2.2 Sewage emission 

According to the data of 22 main  industrial  enterprises of Ningxia (here we  take the  data of  
1996 as the estimation of that of 1997),     Table 3   Waste Water E m i s s i o n  ( 10 thousand tons )  
we conclude the industry sewage emission  
volume of Ningxia as follows(see table3). 
3．Accounting Analysis 
3.1 Accounting of the Green Total Index  
On the basis of the above table, green total production (GTP), green value added(GVA) and green GDP can 
be estimated as follows [1][2], 

wwp
Gi

p
GT BPXX 最−=∑ ，

w
i

we
i

ep
i

p
Gi BPBPXX −−= , 

wwp
GiG BPNGDP 最−= ∑ ，

w
i

we
i

ep
i

p
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where,
p

GX  is green total production,
pX is total production, GGDP is green GDP(GGDP),

p
GN is green value added(GVA),

eB and 
wB respectively denotes the net water resource use which is equal to water resource use minus water resource recovery (including 

new water resource and water used circularly) and waste water emission which is equal to waste water production minus waste 

water abatement (waste water completely treated or waste water abatement up to certain standard),
eP and 

wP respectively 

denotes the unit water resource recovery cost and the unit waste water abatement cost. For the sake of convenience, we substitute 

the water resource use charge and waster water abatement cost for them respectively from the perspective of policy analysis;
p

GN is 

the value added of various industries in consideration of resource consumption and environment pollution; 
pN is the value added 

produced by various industries.  

According to the data provided by Environment Situation Bulletin of Ningxia in 2000[6], we know that 
 in 2000, the water price of the self-flow irrigation zone had adjusted to 0.012 RMB per cube m. from the 
 original 0.006 RMB per cube m. and the water price of ejecting irrigation zone had regulated to 0.01-
0.012 RMB per cube m. from the original 0.006 RMB per cube m.. We use the average water price before 
moderation as the water price of agriculture irrigation water and suppose that the compensation fee for the 
unit water resource use in agriculture (i.e. resource tax) is 0.03 RMB/ton. We also suppose that the unit  
water resource compensation fee of various industrial industries is 0.05 RMB/ton, which is the average  
value of that of the 3 main cities of Ningxia. Meanwhile, for the sake of simplicity, here we determine the  
unit waste water abatement cost (i.e. environment tax) according to the ratio of waste water abatement  
investment to waste water abatement volume of representative industrial enterprises and the estimation is  
6.77 RMB/ton. We use it as an approximation of waste water abatement cost in 1997.  

Basing on this, we can calculate the GVA of various industries,GTP and GGDP. Meanwhile, 
we also can do some simulation and compare the corresponding results by change the unit resource  
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recovery cost and unit pollution abatement cost (see table4). 
Table 4  GTP/GGDP And Simulation Results Under Different Taxes        where, 1,2,3,4,5,6,7,8,9,10,11,12 are agriculture, 

coal mining and processing, metal and nonmetal 

minerals mining and dressing, papermaking-

printing and cultural-educational goods,  

petroleum  refining and coking, chemical  

products, nonmetal mineral products, metal  

smelting and pressing, production and supply of 

power, steam and hot water, production and  

supply of tap water, other industry and the terti-

ary industry, respectively , c ase (1) is the  

calculation of the practical situation, i.e., the unit 

water resource compensation fee of agriculture irrigation water use is 0.03 RMB/ton, the unit water resource compensation fee of in

-dustry and the tertiary industry is 0.05 RMB/ton, the environment tax/unit water pollution abatement cost is 6.77 RMB/ton,

case (2) is the simulation on the improvement of resource tax, i.e., suppose that the unit water resource compensation fee of 

agriculture irrigation water use is 0.03 RMB/ton, the unit water resource compensation fee of industry and the tertiary industry is  

0.10 RMB/ton, the environment tax/unit water pollution abatement cost remains to be 6.77 RMB/ton). 

    From table 4 we can see that there exists some false value in the traditional total indices after  
considering the water resource consumption and the 
environment damage (waste water emission) dur-
ing the course of production and consumption. In 
the light of practical situation, the false value in 
total production value and value added respective-
ly is 2.14% and 5.07%；while in term of simulation
 under the various unit resource  recovery cost  
and pollution abatement cost (here it is embodied  
by the  improvement of environment  tax and  
resource tax), the extent of falsification is higher.                   Fig.1  GTP/GGDP 
3.2 Analysis on Price Simulation  
During the course of constructing the resource-economy-environment green input-output table, we can  
feel that the main water source for various industry industries in Ningxia is ground water and the agricu-
lture irrigation water comes from Huanghe. Ningxia hardly depends on tap water for production and irriga-
tion. This point can be further reflected from the following table which shows the main dependence relation
-ship between the industry of production and supply of tap water and other various industries (see, table5) . 
Table 5 The dependence on the industry of production and supply of tap water (RMB/10000 RMB)  

where,
eP ,

pP and 
wP respectively de

notes the unit resource use compen-

sation fee, price of product and the

 unit pollution abatement cost,
pG   

and 
pF respectively shows the direct

 input coefficient of water resource.

DIC is direct input coefficient ,TIC is total  input coefficient, DP is direct dependence, ID is indirect dependence. 

From the direct input coefficient of the green input-output table, we can deduce the following results. 
Table6 

pG  0.823949 0.021790 0.009685 0.005783 0.024576 0.003089 0.013406 0.004824 0.027879 1.563089 0.001886 0.004251

pF  0.000000 0.000094 0.002482 0.025385 0.000702 0.002679 0.000439 0.001403 0.006355 0.000000 0.002648 0.002200

In consideration of water resource recovery and water environment abatement, we can calculate the 
variation of theoretical prices of various national economy industries resulted from anticipation through the 

 1 2 3 4 5 6 7 
TP 728200.00 198545.38 13093.34 94149.60 152258.95 469930.45 159594.13

GTP(1) 710200 198202.126 12866.975 77942.078 151347.804 461335.612 159013.253

GTP (2) 692200 197985.81 12860.634 77914.856 151160.71 461263.02 158906.275

GTP(3) 668200 197492.614 12742.978 70140.712 150441.072 457051.83 158466.22

VA 448203.00 95891.61 7275.06 25654.08 47957.71 160876.46 58687.46
GVA(1) 430203 95548.356 7048.6945 9446.558 47046.564 152281.622 58106.5825
GVA(2) 412203 95332.0395 7042.354 9419.336 46859.4695 152209.03 57999.605
GVA (3) 388203 94838.844 6924.698 1645.192 46139.832 147997.84 57559.55

 8 9 10 11 12 total GTP/GGDP
TP 361151.89 249013.96 5551.06 1315411.24 1252300.00 4999200.00  

GTP(1) 357634.0815 237953.324 5117.22 1291709.11 1233378.065 4896699.65 4892350.94
GTP(2) 357546.9705 237606.212 4683.38 1291585.06 1233111.88 4876824.81 4872476.1
GTP(3) 355735.946 231800.514 3815.7 1280087.75 1223678.76 4809654.09 4803230.59

VA 92044.42 95536.60 2647.47 378735.02 695691.11 2109200.00  
GVA(1) 88526.6115 84475.9635 2213.63 355032.89 676769.1745 2006699.65 2002350.94
GVA (2) 88439.5005 84128.852 1779.79 354908.842 676502.9895 1986824.81 1982476.1
GVA (3) 86628.476 78323.154 912.11 343411.528 667069.87 1919654.09 1913230.59

 

 1 2 3 4 5 6 7 8 9 10 11 12 

DIC 0.000000 0.000516 0.000438 0.000350 0.000273 0.001491 0.001826 0.000939 0.001842 0.000364 0.000988 0.003490

TIC 0.001371 0.003762 0.003089 0.003827 0.005337 0.005205 0.005748 0.004964 0.005301 0.003499 0.007911 0.006224

DP 0.0000 5.1631 4.3763 3.5040 2.7348 14.9139 18.2563 9.3858 18.4182 3.6389 9.8806 34.8978

ID 13.7139 37.6245 30.8932 38.2707 53.3710 52.0452 57.4819 49.6352 53.0098 34.9864 79.1053 62.2370
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following formula based on the table[1] [2][3].On this, we do some simulation on the industry price variation 
by changing the water resource use compensation fee and water pollution abatement cost (see table 7). 

)()( 1 wpeppp PFPGAIP +−=∆ −
 

Table 7 simulation on price variation caused by resource tax and environment tax     where, case (1) is the calculation of the 

practical situation, i.e., the unit water 

resource compensation fee of agriculture 

irrigation water use is 0.03 RMB/ton, the 

unit water resource compensation fee of 

industry and the tertiary industry is 0.05 

RMB/ton, the environment tax / unit water pollution abatement cost is 6.77 RMB/ton; case (2) is the simulation on the 

improvement of resource tax, i.e., suppose that the unit water resource compensation fee of agriculture irrigation water use is 0.03 

RMB/ton, the unit water resource compensation fee of industry and the tertiary industry is 0.10 RMB/ton, the environment tax / 

unit water pollution abatement cost remains to be 6.77 RMB/ton; case (3) is the simulation on the improvement of both resource tax 

and environment tax, i.e., suppose that the unit water resource compensation fee of agriculture irrigation water use is 0.10 RMB/ton, 

the unit water resource compensation fee of industry and the tertiary industry is 0.20 RMB/ton, the environment tax / unit water 

pollution abatement cost is 10 RMB/ton 

From the simulation results we can see that, the levy of water resource compensation fee and water  
pollution abatement fee by Ningxia government currently has not yet resulted in the big price variation of  
various industries. However, along with the improvement of the water resource compensation fee, especial-
ly when the water pollution abatement fee is improved together, the prices of various industries will change 
to a great extent and the industry like papermaking, power electricity and the tertiary industry that con-
sumes large quantity of water will be influenced most. 
4. Remarks  
Based on the above analysis, we believe that in practice, through the levy of water resource tax and fee we 
can arrive at the goal of saving water to a certain extent. However, the regulation of both tax and fee will 
bring certain influence on prices of other industries. Therefore, we must pay much attention to the variation 
range of the tax and fee. When it comes to the economy-behindhand region like Ningxia, water saving 
mainly depends on improving the water use efficiency and developing more water-saving technologies. 
Naturally, price modification policy should also be taken into account as an assistant measure. 
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1 2 3 4 5 6 7 8 9 10 11 12 

world 0.074437 0.036972 0.032597 0.244410 0.036919 0.085602 0.032814 0.054760 0.116680 0.079829 0.244578 0.235188

tion 1 0.109771 0.045879 0.035857 0.247732 0.044091 0.095239 0.039304 0.063401 0.146726 0.158319 0.293488 0.281092

tion 2 0.178948 0.077250 0.056797 0.374537 0.072504 0.150326 0.064997 0.103043 0.249172 0.315946 0.484983 0.464020
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1 Introduction

One of the main urban air pollution modeling goals is long and short term air pollution pre-
diction. For this sake, modeling atmospheric particulate matter with an aerodynamic diameter less
than 10 µm (PM10) is an important problem in statistical methodology, above all to explain the PM10

behavior in space and time (Li et al. (1999)), since PM10 has been linked to many adverse effects on
human and environmental health. Knowing in advance the time of occurrence and the severity of the
air pollution peak allows the authorities to take measures to reduce emissions or at least warn the
public about hazardous situation. It is therefore important to identify areas where the risk exceeds
the limit values for policy makers. Usually the political environmental actions and compliance with
legal limits are based on data from fixed monitoring network. But the large spatial variability of the
main traffic-related pollutants, and in particular here the PM10, implies the impossibility of obtaining
from the data of the fixed-site stations a complete pictures of the atmospheric pollution in the urban
areas and the mean population exposure. So nowadays, because of the increasing interest for air
quality control in space and time, the information from fixed monitoring stations (long-term measure-
ments) are integrated with information deriving from mobile station data (short-term measurements).
Mobile stations are useful to provide information on atmospheric pollution on point locations where
fixed monitoring sites are missing, where urban characteristics are very typical, and the importance
of the canyon effect probably is enhanced, and to detect hot spot areas. But short-time measurements
provided by a mobile station are incomplete (Schafer (1997)) as they generally refer to a short period
of the year, usually two or three months, so it is necessary to integrate them with long-time measure-
ments to know the real PM10 level concentrations in the metropolitan area. In this paper we want to
demonstrate that an adequate use of mobile monitoring station and a good imputation method (Little
et al. (1987)) allow for a reduction in the number of fixed stations, with a consequent retrenchment
of expenses, but also to detect points locations where it is useful to set up a new fixed monitoring
station. Actually we propose a procedure to derive PM10 bi-hour mean levels to complete short time
measurements accounting for correlation and time variability between fixed monitoring stations.

2 Data and Method

Data analyzed in this paper consider PM10 measured every two hours in 8 (1 is “background”,
7 are “traffic”) monitoring fixed stations distributed in the urban area of Palermo, Sicily, since 2003 to
2005. Figure 1-left shows the monitoring network in Palermo, while Figure 1-right reports the monthly
mean for the 8 stations averaging over the three years. It is possible to notice that the monitoring
fixed stations are very close to each others, so that some of these provides for redundant information
on PM10 while, at the same time, the information is missing in different points of the city.

Only the monitoring stations with a sampling efficiency of more than 75% have been considered
in this analysis. In this paper we want to show that one (or more) fixed station can be converted into
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Figure 1: Monitoring network in Palermo during 2003-2005 and PM10 monthly mean

in 8 fixed sites.

a mobile one, that is even if for one of the station we have the data of only few months, distributed
over the three years, we can reconstruct the whole time series. In order to demonstrate this, starting
from 8 long-time bi-hour series, we suppose that one of these, a “traffic” station, is a short-time series,
obtained from the complete one deleting all values except for two months of the years, January and
June. That is, in order to demonstrate that a rational use of mobile station can reduce the number
of fixed ones, we suppose that 1 fixed station (St3 in Figure 1-rigth and black point in Figure 1-left)
is a mobile one, for which we have at our disposal the data recorded all over 2003 and for only two
months (January and June) in 2004 and 2005. So we consider 7 long-time series, fixed sites, and 1
short-time series, mobile site.
Our data set can be arranged as in Table 1; it shows PM10 measurements in 8 monitoring sites and
the temporal variables i.e. year (Y), week (W), day of week (W-D), and hour of the day (H), that will
be used to estimate the fictitious missing values in the short-time series.

Table 1: Data structure.

Y W W-D H St1 St2 St3 St4 St5 St6 St7 St8

2003 1 3 2 23.32 12.47 108.02 30.46 NA 4.29 45.05 50.91
2003 1 3 4 34.68 27.09 28.17 9.34 20.10 26.66 NA 26.36
2003 1 3 6 26.85 11.10 34.70 24.17 29.76 21.94 NA 44.46
2003 1 3 8 19.80 24.62 31.51 27.23 34.96 26.20 NA 45.89
2003 1 3 10 24.38 14.84 23.91 18.50 15.21 20.10 20.94 NA
2003 1 3 12 22.47 16.46 30.72 38.54 35.87 16.76 15.20 NA
... ... ... ... ... ... ... ... ... ... ... ...

Accounting for correlations between monitoring fixed sites (spatial correlation) and for week
effect, day effect and hour effect per site (time effects) and assuming their additivity we apply the
Site-Dependent Effect method (SDEM) (Plaia et al. (2006)) in order to estimate a missing value xswdh

in St3, where s = St3; w = 1, 2, . . ., 53; d = 1, 2, . . ., 7 and h = 2, 4, . . ., 24:

x̂swdh = x̄.wdh +
1
2
[(x̄sw..−

S∑
s=1

x̄sw..

S
) + (x̄s.d.−

S∑
s=1

x̄s.d.

S
) + (x̄s..h −

S∑
s=1

x̄s..h

S
)].(1)

Results on imputed series by application of (1) are compared to recorded long-time series using the
coefficient of correlation (ρ), the index of agreement (d) (Junninen et al. (2004), Engels et al.(2003))
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Figure 2: Observed and imputed bi-hour values, February 2004.

and the normalized mean bias factor (BNMBF ) (Yu et al. (2006)). Denoting with Oi the i − th

observed data point, with O the average of observed data, with Pi the i− th imputed data point, with
P the average of imputed data, and finally with N the number of imputations (that is the number of
missing data), these performance indicators can be expressed as:

1. the coefficient of correlation (ρ) between observed and imputed:

ρ =

[
1
N

∑N
i=1[(Pi − P )(Oi −O)]

σP σO

]
, ρ ∈ [−1; 1](2)

2. the index of agreement (d)

d = 1−
[ ∑N

i=1(Pi −Oi)2∑N
i=1(|Pi −O|+ |Oi −O|)2

]
, d ∈ [0; 1](3)

3. the normalized mean bias factor (BNMBF )

BNMBF =

 P
O
− 1, P ≥ O

1− O
P

, P < O
, BNMBF ∈ R(4)

While the second index, with respect to the coefficient of correlation, is related to the sizes of the
discrepancies between predicted and observed values, the great advantage of BNMBF lies in the fact
that its values ranges from −∞ to +∞. If BNMBF is positive the imputation method overestimates
the observations by a factor of BNMBF + 1, while il BNMBF is negative the imputation method
underestimates the observations by a factor of 1 - BNMBF .

3 Results and Conclusions

After estimating the missing values in the short time series by (1), their values are compared
to the observed one by means of the three performance indicators, whose values result to be ρ =
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Figure 3: Observed and imputed daily means in Station 3, during 2004 - 2005.

0.88, d = 0.92 and BNMBF = 0.051, respectively. All the indices confirm the goodness of SDEM to
reconstruct the short-time series, moreover BNMBF highlight only a very little overestimation of the
values, where an overestimation in Environmental Policy is preferable to an underestimation.
A more detailed comparison between observed and imputed series is shown in Figure 2 and Figure 3.
In particular, Figure 2 shows bi-hour imputed and observed values for a month taken as example, while
Figure 3 shows the observed and imputed daily means in 2004 and 2005, where months January and
June are omitted as assumed known (Y-scale has been cut at 140 µg/m3 in order to appreciate better
the closeness between observed and imputed values). The research confirm therefore the importance
of integrating long time series with short time ones, as this allows to monitoring a wider area without
increasing expense.
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Abstract 

Recent reports on measurements of air pollutants in Tehran reveal an ever increasing rate of pollution. 

Warnings are issued on certain days when the pollution level is high, asking elderly and ill persons to stay 

at home. In this work, we attempt a statistical analysis of major pollutants SO2, Smoke, TSP, and Pb for 

the past 16 years. This factor exerts its effects via the volume of fuels burnt. It is shown that 

climatologically factors: temperature and barometric pressure have effects on the pollutants, too. 

Keywords: Air pollution; Statistical analysis of pollutants; Sulfur dioxide; Smoke; Total suspended 

particles; Lead; carbon monoxide; Multivariate regression analysis. 

1- Introduction 

Recent reports on measurements of air pollutants in Tehran reveal an ever increasing rate of pollution. 

Sometimes warnings are issued asking elderly and ill persons to stay at home, for the level of pollution is 

beyond their tolerance. Hazards of air pollution for all age groups due to damages to neural system are 

well known. Losses incurred due to material decay in plants, equipments, and corrosions in buildings are 

substantial.The main source of air pollution is, in the first place, the human communities. People use and 

consume various chemical compounds.  

Tehran, the capital of Iran has an elevation of 1200 meters sitting on the southern skirts of Elburz range of 

mountains. Geographically, Tehran is encircled by tall mountains from north, northeast ,and east. Its 

climatologically characteristics are 240 millimeters of yearly rainfall, 17o C of average temperature, about 

40% of relative humidity, with 51 days of freezing. Prevailing winds blow from south and southwest with 

average speed of 7 meters per second. 

Tehran is not an old city. Along with this rapid growth, it has witnessed the emergence of various 

industries mainly located in the south and southwest skirts of city. There are varieties of small workshops 

scattered throughout the city. It cites persons, plants, factories, and establishments violating the 

regulations. It notifies them to cease polluting within a certain period of time. Otherwise, they are fined 
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and their businesses are shut down. In emergency situations, the culprits are fined and their shops or 

factories are shut down immediately without prior notice. 

2- Measurement and Monitoring 

In Tehran, there are ten Sampling and monitoring stations located in central densely populated districts. 

Two additional stations in southern and northern parts of the city complete the network. The most 

important air pollutants SO2, CO, Smoke, NOX, pb and Total Suspended Particles (TSP) are sampled in 

these stations, and measured in the main laboratory of EHM. Instruments used for sampling are of the 

high volume type, approved by, and some of them donated by world Health Organization. Frequency of 

sampling is twice a week and 24 hours, each time. SO2 is measured by acidometer, smoke by 

reflectometry, and TSP by Physic – Chemical procedures. Other pollutants are measured by appropriate 

chemical processes. 

 3- Statistical Analyses 

The relations between each pollutant and polluting sources are explored in this section. As a guide to 

meaningful relations, we first compute the correlation coefficients of pairs of variables. Table 1.1 shows 

some of significant correlation coefficients. In this table one star indicates 5% and two starts indicate 1% 

level of significance. These significant correlations give clues to building functional relation between 

variables. We shall explain these relations in the sequel. In passing, we only point to the strong correlation 

of most of variables with population. 

                      Table 1.1- Significant Correlation Coefficients at 5%(*) and 1%(**) level 

1= So2    2= Smoke     3= TSP      4=Pop.    5=Veh  . 6= Gas       7=G. Oil               8=W. Spd 

r( i , j)= Correlation of ith and jth Variables 

r (2,1) = 0.74** r (2,4) = -0.50* r (2,5) = -0.50* r (2,8) = -0.60* 

r (3,4) = -0.60* r (3,5) = -0.57* r (4,5) = 0.97** r (4,6) = 0.78** 

r (4,7) = 0.95** r (5,6) = 0.82** r (5,7) = 0.95** r (6.8) = 0.89** 

These pair wise correlations conceal the genuine relations due to the presence of indirect effects. Thus, 

one cannot comprehend the whole picture. Now, we turn to multiple regression of each pollutant onto 

other variables to detect the interplay  
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between various variables. By this approach, the most effective factors will appear while accounting for 

the effects of other variables. It has been found that at the level of 5% 

So2 = 72.95 + 0.88 Smoke – 0.27 TSP 

S.E. :             (0.14)  (0.08)  R = 0.87 

Thus, smoke raises So2 up for fixed amount of TSP, while for fixed amount of smoke, TSP lowers So2, 

i.e. higher levels of TSP dilutes So2. 

For Smoke it is found that at 5% level, 

Smoke = 117.83 + 0.80 So2 – 23.14 Population 

S.E. :                 (0.12) (0.51)          R = 0.93 

Here, for fixed value of So2, population reduces Smoke. 

For TSP, we have found 

TSP = 836.322 – 157.89 Population + 0.23 Gasoil 

S.E. :        (57.66)      (0.06)    R = 0.87 

Thus population reduces TSP when gasoil is kept fixed, and burning more gasoil by a fixed number of 

population increases TSP. 

Finally, for Pb the computed relation is 

Pb = -1.77 + 0.002 Gasoline 

S.E. :   (0.0001) R = 0.62 

Which shows for each additional million litres of gasoline consumption, Pb would be increased 0.002 

units. Presently. Data for CO and NOX were insufficient for this type of statistical analyses .The above 

analyses are marginal in that they relate each of major pollutants to the various sources of pollution, one 

at a time. 

We define the following matrices. Y, a 3×16 matrix containing observed values of 3 pollutants through 16 

years ,whose columns are assigned to years ,B ,a  3 ×8 matrix of regression coefficients ,whose rows are 

assigned for pollutants , and x, a  9×16 matrix containing the observed values of 8 independent variables 

through 16 years .Then the simultaneous relations can be written as Y = BX + E 

Where E represents the 3 X 16 matrix of residuals of the model. The goal is to estimate and test B for 

significance. Calculations lead to  

-1 whose estimated variance matrix is B = YX’ (XX’)
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D = [n/(n-q)]  X’X, with ∑ = n
′

∑
∧ ∧

-1 -1 . Y [I – X’(XX’ ) X] Y, q = 8, n = 16 and  indicates the 

Kronecker product of matrices. After testing for significance at 5% level, the result is 

So2 = 712 Population + 223.3 Wind Speed + 27 Temperature – 154 Pressure 

Smoke = 584 Population + 13.3 Wind Speed + 5 Temperature – 125 Pressure 

TSP = -456 Population + 14.2 Wind Speed - 4.5 Temperature + 64 Pressure 

Data for Pb were not enough to use in this analysis. 

This set of equations reveal the simultaneous effect of polluting sources and climatologically factors on 

the pollutants. In statistical jargon, given everything else is fixed except one variable, in each equation, 

each coefficient shows the net effect of that variable on the corresponding pollutant. Coefficients are 

significant at 5% level. There are large differences between monthly means, too. In May which spring 

showers occur and it is stormy, Co has the lowest value. Most of precipitations in Tehran occur in late 

autumn and winter, so in March, and December Co is lower than September. A one way analysis of 

variance for chosen months resulted in an F = 3.60 on 3 and 44 degrees of freedom, which is significant at 

5% level. This test corroborates our conclusion that average Co is different for different months of the 

year. In rainy Months, Co is lower. This reveals the importance of natural wash out by precipitation. 

A periodic relation is computed for Co in terms of hour of the day, denoted by H. 

π H/6) – Co (π H/3)] + 2.56 Sin (π H/3) Co (H) = 5.20 – 1.23 [sin (

S.E. :              (0.42)                                      (0.42) 

Which is valid at 1% level of significance. 

 Discussion 

As it is clear from the simultaneous equations, the most important source of pollution in terms of So2, 

Smoke and TSP is the population. When population grows, it increases the first two pollutants and 

decreases the third one. Each of them consume energy released mostly from fossil fuels which in turn 

produce So2 and Smoke.. Population of Tehran has been doubled within 15 years, mostly by migration. 

Situation can be improved by adopting proper policies. Although the climatologically factors are not in 

our control, we can adapt ourselves to their patterns.  
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The problem

The severity of an earthquake is measured in different ways, among which the most popular

are the magnitude and the intensity. Magnitude refers to the energy released by the shock, while

intensity refers to the local damages produced by the earthquake on humans, animals, environment

and hand-made structures.

Different intensity scales are used around the world. In this work we refer to the Mercalli-

Cancani-Sieberg (MCS) scale, which originates from the scale proposed by the italian volcanologist

G.Mercalli in 1902 and is the one used by the Italian Civil Protection Department. It quantifies the

effects of an earthquake on a scale of I through XII, with I denoting a weak earthquake and XII one

which causes almost complete destruction. The lowest degrees of the scale generally deal with the

manner in which the earthquake is felt by people, whereas the highest values are based on observed

structural damages.

A macroseismic field can be defined as the spatial distribution of the felt macroseismic intensity

reports, called felt intensities.

The capability of simulating the effects of a seismic event, in other words the capability to predict

seismic scenarios in terms of the macroseismic intensity at site, Is, is of the upmost importance. This,

in its turn, implies the understanding of the seismic attenuation process, which is a very problematic

component of the whole hazard assessment procedure. In the last decade the opinion that the intrinsic

uncertainty of the decay process must be expressed in probabilistic terms has been growing stronger

and two are essentially the approaches followed. The former assumes functional relationships between

the intensity decay, ∆I, and the epicentre-site distance, and includes in the models an error centered in

the values of these relationships. The latter considers ∆I as a random variable and therefore requires

the estimate of its probability distribution.

In this work we present a strategy based on the idea of decomposing a learning set of macroseis-

mic fields representative of the temporal and spatial distribution of the seismicity of interest in order

to select groups of fields homogeneous from the attenuation point of view and use them to estimate

the distributions of ∆I and Is in a Bayesian framework.
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Methodology

To group the macroseismic fields we propose to use a hierarchical agglomerative method (Kauf-

man et al., 1990), since we think that this class of methods allows a more thorough understanding of

the clustering process than the methods designed for a fixed number of groups. As it is typically the

case when hierarchical methods are used, a particular partition can be selected looking at the fusion

levels in the dendrogram. Because the difference in the decay trends depends on many geological fea-

tures not always easily measurable, we decided to characterize each macroseismic field with location

and dispersion measures computed for each set of distances from the epicentre to the sites where the

same intensity is recorded. In particular, we use the median and mean values, and the 75-th percentile

of the distances of each set, in order to capture different aspects of the empirical distributions of

the data. Since ∆I = 0, 1, . . . , i0 − 1 for any given value i0 of the epicentral intensity I0, the data

matrix to which we apply the clustering method is a (n, 3 ∗ max i0) matrix, where n is the number

of the macroseismic fields to be clustered and max i0 is the maximum value of I0 recorded in the

macroseismic fields taken into account for clustering. Very likely this matrix has missing values.

The groups detected with the clustering constitute the input for the probabilistic analysis of

∆I. Following Rotondi and Zonno (2004), to respect as much as possible the ordinal nature of the

intensity, we assume that, conditioned on the value of I0 and on a fixed distance from the epicentre,

∆I has a binomial distribution with parameter p, i.e.

Pr(∆I = i0 − i | I0 = i0) =

(
i0
i

)
pi(1 − p)i0−i ,

which is equivalent to assume that the intensity at site Is has a binomial distribution with parameter

p, since

Pr(Is = i | I0 = i0) = Pr(∆I = i0 − i | I0 = i0) .

In order to account for the difference in ground shaking even among sites at the same epicentral

distance, the parameter p, in its turn, is taken as a random variable having a beta distribution

Be(p; α, β) .

In practice, because of the dependence of the attenuation from the epicentre-site distance

(Grandori et al., 1987), we consider J distance bins of fixed width around the epicentre and esti-

mate different pj , j = 1, . . . , J , assuming that in all the sites within each jth distance bin ∆I has the

same binomial distribution with parameter pj .

The estimation algorithm is a two-step algorithm. We apply it to each of the classes identified by

clustering and for each class we proceed as follows. Given a value of I0, in the first step we estimate

the hyperparameters α and β of the prior distribution of p on the basis of the macroseismic fields

belonging to the same class, but with a different value of I0. In the second step, we update them on

the basis of the macroseismic fields belonging to the same class and with the same value of I0. In this

way, given a value of I0, the class and the distance bin to which the epicentre-site distance belongs,

we obtain a binomial distribution with parameter p equal to its posterior mean. The process starts

with the rough estimation of the probability of null decay Pr(∆I = 0 | I0 = i0, j) = pi0
j by the relative

frequency of null decay Nj(i0)/Nj , where Nj is the number of felt intensities in the jth bin and Nj(i0)

the number of sites where the felt intensity is equal to the epicentral intensity.

Before a new earthquake and its macroseismic field are recorded, the uncertainty about the

future intensity at sites can be expressed by the predictive distribution, that is the marginal likelihood

obtained by integrating over the posterior distribution of p. Inside the jth bin prediction of seismic

scenarios is then carried out by
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Prpred(Is = i | I0 = i0, j) =

(
i0
i

)
Γ(αj + βj)

Γ(αj) Γ(βj)

Γ(αj + i) Γ(βj + i0 − i)

Γ(αj + βj + i0)
.

The mode ipred of the predictive distribution can be taken as estimate of the intensity Is.

By smoothing the posterior means of p in each bin, we can express the parameter as a function of

the epicentral distance varying with continuity, and the binomial distribution in which the parameter

is given by this function can be used instead of the predictive distribution to forecast Is at any distance

d from the epicentre. If we denote by g(·) the smoothing function, we have

Prsmooth(Is = i | I0 = i0, d) =

(
i0
i

)
g(d)i (1 − g(d))(i0 − i) .

In this case we can take as estimate of the intensity Is the mode of the smoothed binomial distribution.

Forecasting can be also given also in terms of the probability of exceeding a given intensity, and of

the value of Is not exceeded at least with a fixed probability value.

An application to the Italian case

To test the whole stategy we applied it to a set of 55 earthquakes ( V II ≤ I0 ≤ XI) representa-

tive of the temporal and spatial distribution of the Italian seismicity and we forecast the macroseismic

field related to the Colfiorito earthquake, occurred in 1997 in Umbria-Marche, Central Italy (I0 = IX).

This macroseismic field was not included in the learning set.

Through the clustering procedure we identified three classes of macroseismic fields with different

decay trends, CA, CB and CC , which can be very likely associated to increasing epicentral depths. It is

interesting to note that each class includes earthquakes of different epicentral intensity. The seismic

scenario for the Colfiorito earthquake was then forecast according to these three classes by both the

predictive distribution and the smoothed binomial distribution, and the results were compared with

the macroseismic field really generated by the earthquake. The Table below provides the results

provided by the predictve distribution for the following validation criteria:

(a) − 1

N ′

s

log

N ′

s∏
n′=1

Prpred(Is = i(n
′)

s )

(b) 1/N ′

s

N ′

s∑
n′=1

∣∣∣i(n′)
s − i

(n′)
pred

∣∣∣

(c) − 1

N ′

s

log

N ′

s∏
n′=1

Prpred(Is = i
(n′)
s )

Prpred(Is = i
(n′)
pred)

,

where N ′

s denotes the number of sites where the value is of the intensity Is has been recorded.

Table

Colfiorito earthquake: results of the comparison between the observed and the predicted macro-

seismic fields when prediction is carried out by the predictive distribution.

class (a) (b) (c)

CA 1.440 0.698 0.176

CB 1.564 0.783 0.371

CC 1.613 0.803 0.408
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Since for each of the three quantities above mentioned, smaller values mean a better agreement

between the realizations and the predicted values, the results suggest that the macroseismic field

associated to the Colfiorito earthquake belongs to class CA. A detailed comparison of the observed

and the predicted intensities allows indeed to note that there is a very good agreement between

the observed intensities and the intensities predicted according to class CA, whereas the intensities

estimated according to classes CB and CC are overestimated. The seismic scenarios simulated according

to CB and CC proved to be too serious also by looking at the probabilities of exceeding given intensities.

For example, in the sites where the recorded values of Is is about V, according to class CA, Prpred(Is >

V II) ≤ 0.2, whereas according to classes CB and CC the value of the same probability is much higher.

Final remarks

The results we obtained in the application above outlined are promising. Although a more

extensive validation process is certainly needed, they lead to think that the proposed strategy can be

a suitable tool for dealing with the difficult task of predicting seismic scenarios taking into account

the stochastic nature of the decay process.

However, whatever use we make of a predicted scenario, we have to face a problem. Indeed,

whether we use it for the design of hazard maps, or in the real time for the emergency management,

lack of geophisical information may make difficult to decide to which group the macroseismic field

belongs. In this case there are different possibilities; one is to simulate the seismic scenarios for all

the groups and average them out, another to opt for the most serious one, and so on. We think that

the choice should be driven by a careful evaluation of its practical implications.
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RÉSUMÉ

Un champ macroseismic est la distribution spatiale des intensités macroseismic enregistreés

dans le secteur entourant l’épicentre d’un tremblement de terre. La possibilité de prévoir les champs

macroseismic implique l’évaluation de l’atténuation séismique, ce qui est un problème non résolu. Dans

ce travail nous présentons l’idée de effectuer cette évaluation dans le cadre baysien, en employant

l’information dérivé par la division d’un ensemble de étude de champs macroseismic dans groupes

homognes du point de vue d’atténuation.
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1. Introduction

The assessment of biological concentrations of a person exposed to hazardous chemicals helps in
determining how much risk one may develop certain diseases more precisely than environmental
exposure monitoring. To find the relationship between environmental exposure and the
corresponding internal concentrations, physiologically based toxicokinetic (PBTK) models that
describe the dynamic internal concentrations within body tissues have become popular in recent
years (Bailer, 1997; Edler and Heinzl, 2003; Leung, 1992; Reitz, et al, 1996; Thomas, et al, 1996).
Specifically, PBTK models not only helps industrial hygienists to propose biological exposure
indexes (BEIs) in more biological media and at different sampling times, it can also be used to
simulate a wide variety of exposure conditions (Leung, 1992).

By dividing the whole body of a person into 4 (or 5) different groups of tissues: fat, muscle
(slowly perfused), richly perfused, liver, and assuming that all metabolism takes place in the liver,
dynamic concentrations within each compartment at time t can be determined by solving the mass-
balance equations for each of the compartments. Specifically, let the fat, muscle, richly perfused,
and liver compartments be denoted by 4,3,2,1k , respectively. The concentrations for the non-

liver compartments satisfy the equation

  3,2,1,/)()()(  ktCtCQtC
dt
dV kkartkkk  , (1)

and the concentration for the liver compartment satisfies the equation

  444
4

4max
44444 /)(

)(
)(

/)()()(  VtCK
tCK

tCVtCtCQtC
dt
dV f

m
art 


 , (2)

where
  balvcinhalvvencart QQtCQtCQtC //)()()(  , (3)

and

 



4

1

//)()(
k

ckkkven QtCQtC  (4)

are the concentrations in the arterial blood and venous blood at time t, respectively, )(tCinh is the
chemical concentration in inhaled air, )(tCk is the chemical concentration in the k -th
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compartment at time t, alvQ is the alveolar ventilation, kQ , kV , and k are the blood flow rate,
volume, and tissue-blood partition coefficient of the k -th compartment, respectively. Also, b is
blood-air partition coefficient, cQ is the cardiac output, maxV is the maximum rate of metabolism,

mK is the Michaelis-Menten kinetic constant, and fK is the first order metabolic constant.

To fit in the unknown parameters of the PBPK model for internal concentrations in practice,
researchers of the field often obtain the partition coefficients k and b from literature, kV and

alvQ are proportional to individual body weight, and kQ are proportional to alvQ . And the

metabolic constants maxV , mK , and fK are obtained by scaling allometrically the in vivo value

determined in laboratory animals with gas uptake techniques (see, e.g., Leung, 1992). Variations of
the internal concentrations are then obtained by assigning statistical distributions to the parameters
(Thomas, et al, 1996; Wu, et al, 2002). However, since these unknown model parameters are
different for each individual, and the best fitting values are only empirical based on often very
limited measurements, the results may not be legitimate for statistical inferences.

To estimate the PBTK model parameters with formal statistical approach, Bois et al (1996)
and Gelman, Bois, and Jiang (1996) employed the Markov Chain Monte Carlo (MCMC) simulation
technique for population modeling with informative prior distributions for the parameters. Given
the observations and the prior information, random samples of the parameters are generated from
their posterior distributions. These values are then fitted into the PBTK model to obtain the internal
concentrations at time t using the Runge-Kutta numerical integration method. Differences of the
expectations and the observations are attributed to measurement error. Updated observations can be
obtained from the posterior distribution of the measurement error, from which new set of
parameters are again generated. The procedure is repeated until large enough samples are generated
from their stationary distributions after convergence.

Though the approach using MCMC simulations successfully reflects population parameters
distributions upon convergence. Due to complexity of human body metabolic mechanism, the
deterministic models represented by the mass-balance equations (1) and (2) are subject to stochastic
variations, which should also be taken into account. That is, successive observations in time may
depart from the trajectory predicted by the deterministic model. And special attention should be
dealt with this source of error other than measurement error as well.

In this paper, we approximate equation (2) into a linear form, and rewrite equations (1) and
(2) as stochastic differential equations by adding stochastic variations. The solutions together with
equations (3) and (4) are then transformed into a dynamic linear state-space model, the established
Bayesian methodology using the Kalman filter is then employed for the unobserved compartment
concentrations. Together with the MCMC simulations, samples of the unknown population
parameters are then generated for statistical inferences.
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The fundamental goal of food and diet risk assessment (FDRA) is the establishment of a safe level for 
human exposure achieved in the process of hazard identification, hazard characterisation and exposure 
assessment. This aim resembles that of food allergen risk assessment (FARA) to determine the lowest dose of 
a food that can elicit a clinical reaction in the most sensitive patients.  
 

Quantitative methods of FDRA have been described recently in the context of a project called FOSIE 
in the 5th Framework of the EU, see Edler et al. 2002, Kroes et al. 2002 and van den Brandt et al. 2002, and  
the summary by Renwick et al. 2003, for the risk characterization of chemicals in food and diet. 
Methodologies of the EU FOSIE project on quantitative methods of FDRA are examined in this work for 
potential application for FARA. The methods most promising will be described and discussed with focus on 
the question (1) What can conventional quantitative risk assessment contribute? and (2) What can be adopted 
for Food Allergy Risk Assessment?    

   
The fundamental goal of FDRA has been the establishment of a safe level for human exposure 

achieved in the process of hazard identification, hazard characterization and exposure assessment. The 
concept of Acceptable Daily Intakes (ADI), at first applied for food additives, is an approach which assumes 
that a dose "without appreciable effect" can be determined using a point (dose) of departure and dividing this 
dose by appropriate safety factor(s) (often called uncertainty factors). This resembles strongly the aim of 
FARA namely to determine the lowest dose of a food that can elicit a clinical reaction in the most sensitive 
patients. We will focus here on the minimum provoking dose (MPD) in a food challenge study as the primary 
endpoint.  
 
The Elements of Risk Assessment in FDRA and FARA 

 
An obvious difference between FDRA and FARA is that the hazard identification step is by at large 

resolved in FARA since the hazard is identified for most known IgE (immune globuline E) mediated food 
allergens based on human data. One should note, that the use of animal data would be difficult to implement 
since by now no established animal model is available and no further benefit from animal data is achievable 
in the case of sparse or missing human information. 
 

Exposure assessment is the qualitative and/or quantitative evaluation of the likely intake of agents via 
food as well as exposure from other sources if relevant. Kroes et al. 2002 recognize that "a particular 
challenge is the evaluation of food allergens and components causing other forms of intolerances, and how to 
determine the levels present and actual intakes vs. the limited knowledge of amounts needed for induction or 
elicitation of a response". For FDRA they describe two different sampling strategies: one to obtain a 
representative picture of chemical levels present in food and one aimed at sampling those products expected 
to contain higher levels in a cost-effective way. 
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Differences between FDRA and FARA arise from the use of dose-response data in the step of hazard 
characterization: In FDRA dose-response data always relate to populations and not to single individuals, 
whereas in FARA dose-response data are collected for single individuals. Dose-response models are required 
to describe the relationship between the concentration of a hazardous component in the food item and the 
adverse health effect. Methods for hazard characterization have in the past distinguished between those 
assuming a threshold dose and those who do not. This is an important issue also in FARA where often a 
threshold for the elicitation of an allergic response is assumed to exist. This is thought to help to avoid that 
products are labeled as "may contain" the allergen even if they would at maximum contain levels that were 
possibly harmless. In FDRA when animal data are available and constitute a primary source of information, 
hazard characterization could be based on specific assumptions on the low dose effects in order to derive 
health based guidance for the population to be protected, usually the whole population of a country or the 
human population in total. 

 
Hazard Characterization Between Threshold and Non-threshold 

 
Hazard characterization based on a threshold assumption applies safety factors or uncertainty factors to 

a dose that is considered to be a surrogate for the threshold. The endpoint often used as a surrogate for the 
threshold is the no-observed-adverse-effect-level (NOAEL), i.e. a level of exposure at which individuals 
would not differ from untreated controls, in terms of the incidence of adverse effects (e.g. cancer incidence, 
as an example of quantal response) or in terms of the level of adverse effects (e.g. enzyme induction levels as 
an example of quantitative response). Differences between controls and individuals exposed at the NOEAL 
dose level are usually assessed using biological and statistical criteria. The main problem with the use of the 
NOAEL is that it may be below, at, or above the threshold, depending on the following characteristics of the 
study design:  

Group size - the larger the group size, the greater will be the sensitivity. Low sample sizes support 
overoptimistic NOAEL values (i.e. too large ones). The group sizes currently recommended in testing 
guidelines represent a compromise between sensitivity and practicability. 

Measurement of the adverse effect sensitivity: of the more sensitive the method of detection, the lower 
will be the NOAEL. Because poor or inadequate methods would result in a higher NOAEL, studies which 
are submitted for regulatory purposes should comply with GLP or be reported in sufficient detail to provide 
quality assurance to those undertaking the risk assessment. 

Dose spacing – a determinant of the NOAEL in real databases is the selection of the dose levels given 
to the animals, and the magnitude of effect at the LOAEL. If doses are widely spaced in relation to the slope 
of the dose-response curve, and the dose above the NOAEL produces only a slight effect, then the NOAEL 
will probably underestimate the threshold. 
 

Hazard characterization based on a non-threshold assumption assumes that no threshold of exposure 
without biologically significant effect exists. A number of different models have been proposed, although, in 
practice only a restricted number of them have been used. This approach normally requires extrapolation of 
the dose-response relationship over some orders of magnitude. The model used has the major influence on 
the estimate when extrapolation has to be made. The most commonly used mathematical model for 
extrapolation to very low incidences, such as a 10-6 risk, is the linearised multi-stage model. An exception of 
this need to extrapolate over several orders of magnitude is when the risk estimate is based on 
epidemiological data related to actual human intakes or when the risk estimate relates to the risk associated 
with human exposures close to doses used in animal testing. Similar models have been proposed for FARA 
which need to be validated for usage. 
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Hazard characterization based on the benchmark dose has been recommended to overcome the 
deficiencies of the NOAEL approach. That approach aims at a statistical lower confidence limit for a dose 
that produces a predetermined change in response over background (Crump, 1984), denoted there after as 
benchmark dose lower confidence limit (BMDL) in contrast to a point estimate of the dose that produces the 
predetermined change and denoted as benchmark dose point estimate (BMDP). The BMD method attempts 
to use all available dose-response information by fitting a mathematical model to the data, and then 
determining the dose associated with a specified response level. This can be a specified incidence of an 
adverse effect over background in the case of quantal data, or a specified percent change in the level of the 
endpoint in the case of continuous data.   

 
From FDRA can be learned that in addition to the above described four steps of the risk assessment 

paradigm a preliminary step of problem formulation would be required to adjust the risk assessment optimal 
to the risk management needs, see Renwick et al., 2003. Problem formulation is the process by which the 
issues and questions are defined and the plan for analyzing and characterizing risk is developed. It is the 
initial step in the whole risk assessment process and this step is directly related to the risk characterization. 
The outcome is the analysis plan with detailed questions to the risk assessor and the analyst of data, and it is 
most important to recognize the iterative nature of the problem formulation which incorporates the risk 
manager(s). Important is a systematic collection of prior knowledge of the substance, on exposure and on 
biological effects. 

 
Improving Design and Analysis of Food Allergy Risk Assessment 

  
The Double Blind Placebo Controlled Food Challenge (DBPCFC) trial has become the standard 

method to obtain data in FARA. Patients are challenged at increasing doses when symptom free under 
clinical control. Occurrences of subjective and objective allergic symptoms are recorded and scored. An 
individual challenge is discontinued when objective symptoms occur or when subjective symptoms last for 
longer than one hour. The individual minimum provoking dose (MPD) is determined as the lowest dose 
eliciting a convincing allergic reaction in that person. In/exclusion criteria are applied as usual for a clinical 
study. For details see e.g. Bindslev-Jensen 2001 and Taylor et al. 2004. 
 

The design of a DBPCFC can be improved by allowing more information on the population (most 
sensible patients are excluded, patients differ in their characteristics) and on the exposure (origin and type of 
food, measurement of allergen, co-exposure and timing of the challenge, inclusion of placebo information, 
inclusion of information from (non-allergic) controls). 

 
For a predefined sequence of doses (e.g. 0.03, 0.1, 0.3, 1., 3, 10, 30, 100, 300, 1000) over orders of 

magnitude Wensing et al. 2002 report the occurrence of adverse events (AEs, e.g. oral allergy syndrome, 
gastrointestinal syndromes, lip swelling, laryngeal oedema and vomiting). Usually, a symptom occurs at a 
first dose di and it persists for a couple of doses until the patients leaves the study with that symptom still 
present at a higher dose di+x, x ≥ 1. The, the MPD is completely observed and equal to the observed dose di. 
There are however situations where the specific AE is not observed during the whole trial until the last dose 
dI, or until a smaller dose di

c when that di
c was the highest dose administered to the patient and no AE 

occurred until dose di
c. At that dose the patient may leave the trial for some reason (severe toxicity another 

AE, stop by the patient, stop by the doctor). Since the patient did not experience the event one speaks of a 
censored observation and the information on the MED is incomplete. One only knows that this patient’s 
MED was at least as large as di

c, but the true value of the MED is not known. Censored dose data can be seen 
in a one-to-one relationship to censored survival data in the context of clinical trials: 

time-to-death  → dose-to-toxicity 
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death observed  → toxicity observed 
no death observed  → no dose with an AE reached; highest 
at the last time before  dose known of which the patient was 
loss of follow-up   AE event free 
From this juxtaposition it is obvious that methods for censored failure time data can be applied without 

adaptation to incomplete MED data. 
 

Analysis of data allowing for incomplete data can be derived from methods which have successfully 
applied for the analysis of censored failure time data. When replacing the variable time through the basic 
variable dose in the DBPCFC an application of those methods is straightforward and will allow the inclusion 
of data from patients who have not shown a specific allergenic symptom and which are neglected in most 
evaluations at present.   
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1. Introduction 
Since the events of September 11 2001, there has been increased emphasis on monitoring and 

surveillance to detect and prevent further terrorist attacks. While significant resources have been devoted to 
the mechanics of screening, far less attention has been paid to quantifying the efficacy of these surveillance 
programs. Unlike the industrial setting where there is generally good information on the performance of the 
manufacturing process (eg. percent defective; proportion of non-conforming or ‘out-of-spec’ items), 
monitoring in the context of bio / homeland security is characterised by extreme uncertainty. 

In contrast to traditional methods of (constrained) optimisation, Ben-Haim (2006) developed Info-Gap 
theory to identify robust solutions to decision-making problems under extreme uncertainty. Info-gap theory 
has recently been applied to assessing the performance of counter-terrorism surveillance programs (Moffitt et 
al. 2005) and the identification of robust strategies to deal with bioterrorism attacks (Yoffe and Ben-Haim  
2006). Thompson (unpublished) examined the general sampling problem associated with inspecting a 
random sample of n items (containers, flights, people, etc.) from a finite population of N such items in a 
biosecurity context using an info-gap approach. The basic situation considered is that there is a 
probability ( )p n of a catastrophic outcome (eg. terrorist attack) given that n events / items out of N have been 
inspected. Thompson’s (unpublished) info-gap formulation of the problem permitted the identification of a 
sample size n such that ( )p n did not exceed a nominal threshold, cπ when severe uncertainty 
about ( )p n existed. Implicit in this formulation was the assumption that the detection probability (ie. the 
probability of detecting a weapon, adverse event, anomalous behaviour etc.) once having observed or 
inspected the relevant item / event / behaviour was unity. In the context of counter-terrorism, our 
uncertainties (or info-gaps) will most certainly extend to a lack of certitude in detection.  

In the following sections we describe the general surveillance problem for which the probability of 
detection is less than unity. We then provide an info-gap formulation to help identify sampling strategies that 
are robust to multiple sources of uncertainty – including the detection probability.  

2. Surveillance with imperfect detection 
Following Thompson (unpublished), we assume that there is a finite population of N objects, events, 

people, or behaviours that are potentially subject to inspection. From this population of N ‘objects’ a random 
sample of size n is to be inspected.  We define the following events: 
 

 I – the event that an object is inspected; 
W – the event that an object is a security threat (eg. the object is a weapon, the person is a 

terrorist, the behaviour is indicative of malicious intent); 
 D – the event that the security breach is identified / detected. 

Furthermore, we assume that only inspected objects are classified as either belonging to D or D .  
In a biosecurity / counter-terrorism context, arguably, the most important probability is not [ ]P W (the 

probability of a security threat) but rather it is the conditional probability P W D⎡ ⎤⎣ ⎦  ie. the probability of a 

security threat given that no breach of security was detected. 
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The lack of detection of a security breach is due to: (i) the absence of a security threat; and/or (ii) 
imperfections of the detection equipment / method/ process. Our inability to distinguish between (i) and (ii) 
is an info-gap. 

Problem formulation 
From elementary probability theory: 

P W D
P W D

P D
=

⎡ ⎤⎣ ⎦⎡ ⎤⎣ ⎦ ⎡ ⎤⎣ ⎦

∩
    (1) 

 
Now, [ ] [ ] [ ]P W D P I P D W P W P D W P W P D W P W= − − −⎡ ⎤ ⎡ ⎤⎡ ⎤ ⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦ ⎣ ⎦⎣ ⎦ ⎣ ⎦∩     (2) 

Note that 1P D W =⎡ ⎤⎣ ⎦  and 0P D W =⎡ ⎤⎣ ⎦ . 

We next define the detection efficiency, θ  as [ ]P D W i.e. the probability that a security breach will 

be detected given a threat actually exists. Furthermore, we let [ ]P Wφ = be the unconditional probability that 

an object is a security threat and [ ] nP I Nλ = = the inspection fraction or probability. It can be shown that 

equation (1) can be written as  
( )

( ) ( )
( ), ,

1
P W D p

φ λ θ
λ θ φ

φ λ θ φ
−

= =
− + −

⎡ ⎤⎣ ⎦     (3) 

Notice that for the probability in equation (3) to be non-negative λ θ≥  i.e the sampling fraction must be at 
least as large as the detection efficiency.  Note, that when 100% inspections are performed, the conditional 
probability in equation (3) becomes 

( )1
(1, , )

1
P W D p

φ θ
θ φ

θφ
−

= =
−

⎡ ⎤⎣ ⎦     (4) 

and under these conditions, this probability is only zero when the detection efficiency is 100%. For 
0% detection efficiency (1,0, )p φ  is φ  - the unconditional probability that the object is a security 
threat. Furthermore, whenever the inspection rate is 100%≤ , ( ), ,p λ θ φ underestimates (1, , )p θ φ . This 
underestimation may be regarded as the ‘cost’ associated with less than complete inspection. We 

thus define our performance criterionΨ to be the ratio ( )
( )

, ,
1, ,

p
p
λ θ φ
θ φ

, thus 

( ) ( )
( ) ( ) ( )

1
, ,

1 1
φ λ θ θφ

λ θ φ
φ λ θ φ φ θ

− −
Ψ = ⋅

− + − −
    (5) 

We next consider an info-gap formulation to assess the effects of uncertainty in key parameters 
(namelyθ andφ ) on the performance criterion given by equation (5). 

3. An Info-Gap model for surveillance performance 
Information-gap (hereafter referred to as info-gap) theory is a recent development designed to assist 

decision makers faced with severe uncertainty (Ben-Haim 2006, Regan et al. 2005, Carmel and Ben-Haim 
2005).  Info-gap theory aims to address the “robustness” of decision making under uncertainty.  It asks the 
question: how wrong can a model and its parameters be without jeopardising the quality of decisions made 
on the basis of this model?  

Info-gap theory derives its robustness functions from three elements: a performance measure, a process 
model and a non-probabilistic model of uncertainty. The performance measure is a statistical, economic or 
bio-physical metric of value to the decision maker.  The decision maker may wish to increase the 
performance measure (e.g. dollar value of a share portfolio) or reduce it (e.g. probability of not detecting a 
terrorist attack).  In each case there is often a critical performance value which defines a change in decision. 
In our case, the performance measure is Ψ  - effectively the reduction in surveillance efficacy when less than 
100% inspection is employed.  
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The process model is a mathematical summary of the system in question.  It describes the relationship 
between the performance measure and the important characteristics of the system in question.  In this 
example the performance threshold is the maximum tolerable reduction in surveillance efficacy and the 
process model is given by equation (8).  

The info-gap model of uncertainty for the uncertain quantities Θ in the process model is the unbounded 
family of nested sets ( ),U α Θ  of possible realisationsΘ , where α  represents the unknown “horizon of 

uncertainty” and Θ  our best or initial estimate ofΘ .  This model satisfies two axioms: 
contraction: ( ) { }0,U Θ = Θ    (6) 

nesting: ( ) ( ), ,U Uα α α α′ ′< ⇒ Θ ⊂ Θ    (7) 

The contraction axiom states that in the absence of uncertainty ( )0α = , our best estimate Θ is 
correct, while the nesting axiom states that the range of uncertain variation increases as the horizon of 
uncertainty increases.  In all cases α is unknown and unbounded with 0α ≥ .  In this example the uncertain 
quantities are the detection efficiencyθ andφ , the probability that an object is a security threat. Thus, 

( ),θ φΘ =  and our initial or best estimate of these parameters is denoted { },θ φΘ = .  

In this section we consider uncertain parameter values – the detection efficiencyθ and the probability that an 
object is a security threat, φ . The fractional errors ( ) /θ θ θ− and ( ) /φ φ φ− are unknown. With this prior 

information we formulate the following fractional-error info-gap model: 
 

( )
( ) ( ) ( )

( ) ( )

, :       max 0, 1 min 1, 1
, , ,      0

                 max 0, 1 min 1, 1
U

θ φ α θ θ α θ
α θ φ α

α φ φ α φ

− ≤ ≤ +
= ≥

− ≤ ≤ +

⎧ ⎡ ⎤ ⎡ ⎤⎫⎪ ⎣ ⎦ ⎣ ⎦⎪
⎨ ⎬

⎡ ⎤ ⎡ ⎤⎪ ⎪⎩ ⎭⎣ ⎦ ⎣ ⎦
  (8) 

This is a bounded family of nested sets of { },θ φ values with the sets becoming more inclusive as the horizon 

of uncertainty,α  increases.  The definition of the performance measure, process model and uncertainty 
model(s) completes the specification of the formulation of the info-gap analysis.   

We now turn to the derivation of the robustness function.  In info-gap parlance “robustness” is 
defined as the greatest horizon of uncertainty, across all uncertain model components, such that the 
performance measure still meets the pre-defined requirement.  In our application the robustness of a 
surveillance regime in which λ x100% of the target population is inspected, is the greatest horizon of 
uncertainty α  for which all combinations of the uncertain parameters { },θ φΘ =  the minimum required 

inspection performance is achieved, that is 

( )
( ) ( )

( )
, , ,

, max : min , ,d d
Uθ φ α θ φ

α λ γ α λ θ φ γ
∈

= Ψ ≥⎧ ⎫⎛ ⎞
⎨ ⎬⎜ ⎟

⎝ ⎠⎩ ⎭
   (9) 

where dγ is the required value of Ψ .  Equation (9) is the robustness function for this application of the info-
gap model. The strategy of robust-satisficing (Ben-Haim 2006) is to attempt to guarantee an adequate level 
of surveillance performance, by choosing a value of λ which is highly robust to uncertainty. Thus, for any 
inspection fractionλ , the robustness function indicates the confidence in attaining the minimum performance 
requirement with thatλ . Examination of the process model (equation 5) reveals that it is a monotonic 
decreasing function with respect to θ and a monotonic increasing function with respect toφ . Combining this 
observation with the uncertainty model (equation 8) allows us to write the inner minimum of the robustness 
function (equation 9) as 

( ), , , dh α λ θ φ γ≥      (10) 

where      ( ) ( ) ( )[ ]
( ) ( )[ ] ( )[ ]

( )
( ) ( )[ ]

21 11 1
, , ,

1 1 1 1 1 1 1
h

α θφα φ λ α θ
α λ θ φ

α φ λ α θ α φ α φ α θ

− −− − +
= ⋅

− − + + − − − − +
                 (11) 
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4. Illustrative Example 
Suppose new intelligence suggested that a terrorist attack of an aircraft was imminent and that the mode 

of attack was thought to involve a previously undetected chemical woven into the fabric of a passenger’s 
clothes. The exact nature of the chemical is unknown and hence no test is available to detect it. Airport 
security staff have no clear idea what they are looking for except that the have been instructed to closely 
monitor the appearance, texture, and integrity of passengers’ clothes. Our best guess of the parameters 

{ },θ φΘ =  is 0.7φ = and 0.05θ =  although considerable uncertainty exists around these figures. Figure 1 

plots the performance function ( ), ,λ θ φΨ as a function of robustness for a range of λ values. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 1. Robustness of surveillance performance for various sampling fractions (lambda). 

In recognition that 100% detailed inspection of all passengers is not feasible, a reduced level of 
surveillance will be tolerated provided the reduction in performance (relative to complete inspection) is no 
less than 25%. The dashed horizontal line in Figure 1 is thus our minimum performance requirement. To 
meet this performance requirement a minimum of 50% of passengers will have to be screened. At this level 
of screening, the robustness to uncertainty is zero and hence, if our initial estimates of the probability of an 
attack or of the detection probability are wrong, the performance requirement will not be met. Increasing the 
surveillance rate to 60% results in 20% robustness, while a surveillance rate of 70% will guarantee the 
performance requirement is met even if our initial guesses for the parameters are in error by 50%. 
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1. Introduction 

The need to manage risk has been highlighted in the 1990’s by the large losses reported by some 
financial institutions (Jorion, 2000). However, risk could only be managed effectively if there is a way of 
measuring it. Measuring risk is tricky because it is not observable, but financial analysts have found a way to 
quantify it. One method in quantifying risk is the Value-at-Risk (VaR). VaR is defined as the amount the 
market value of an asset (or a portfolio of assets) could decline over a certain period under normal market 
conditions at a specified probability (Tsay 2001). It has three parameters namely: the time horizon or the 
holding period, the confidence level, and the unit of currency. 

There are many methodologies that could be used to estimate risk based on the VaR framework, like the 
RiskMetricsTM, Autoregressive Moving Average – Generalized Autoregressive Conditional 
Heteroskedasticity (ARMA-GARCH) models, among others. This paper proposes a new methodology of 
estimating VaR based on the range of the data. Two Range-based models, the Parkinson Range and the 
Garman-Klas Range, are used to estimate the time varying volatility needed in estimating the VaR.  

The remainder of the paper is organized as follows: section 2 discusses the two commonly used methods 
in VaR estimation: the econometric approach, using the ARMA-GARCH models and RiskMetrics. The 
Range-based model is introduced in section 3 while section 4 discusses the results of the empirical exercise 
and section 5 concludes. 

2. Econometric and RiskMetricsTM Approaches to VaR Estimation 

The ARMA-GARCH models are commonly used to estimate VaR. This approach utilizes two models 
for the mean equation and the variance equation of the error term. The mean specification follows an 
AutoRegressive Moving Average (ARMA) model (Box and Jenkins, 1984) while the variance specification 
usually follows the Generalized AutoRegressive Conditional Heteroskedasticity (GARCH) Model 
(Bollerslev, 1986). Other specifications of the variance equation were later developed to capture leverage 
effect of the past error terms. Threshold GARCH (TARCH) process was developed to capture the quadratic 
leverage effect (Glosten, Jagannathan and Runkle, 1993). Nelson (1991), on the other hand, developed the 
Exponential GARCH process to capture the exponential leverage effect. 

Another method in calculating VaR widely used by practitioners is the RiskMetricsTM (Giot and Laurent, 
2003). It is based on exponentially weighted moving average (EWMA) and was developed by JP Morgan 
(Morgan and Reuters, 1996). RiskMetricsTM can be easily implemented in a spreadsheet program since the 
values of the parameters are fixed. 
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3. Range-Based Models for VaR Estimation 

An alternative method of estimating volatility is to use the Range-Based GARCH model. It is similar to 
ARMA-GARCH model wherein the conditional variance is modeled, but Range-Based GARCH model uses 
the highest and lowest prices of the day. These prices are first used to compute the daily proxy volatility of 
returns which are then used to estimate the conditional variance.  

Following Mapa (2003), the Range-Based GARCH model is specified as:  

∑ ∑
= =

−++=
−

q

j

p

i
itjjt jt

R
1 1

μβαωμ                                                (1) 

where tttR εμ=  and ( )2
1 ,1~| ttt iidI φε − .  

The parameter µt is the conditional standard deviation which is modeled directly from the proxy 
volatility of an asset Rt.  

There are two types of proxy volatility, Rt, which will enter into the Range-Based GARCH model: 
the Parkinson Range or the Garman-Klas Range. The Parkinson Range of an asset, according to Bollen and 
Inder (2002), is given by,  

( ) ( )( )
( )2log4
loglog 2

tt
Pt

LH
R

−
= ,                                              (2) 

where Ht and Lt denote, respectively, the highest and the lowest prices on day t.  

The Garman-Klas Range (Bollen and Inder, 2002) is an extension of Parkinson Range where the 
information about opening, pt-1, and closing, pt, prices are incorporated as follows: 
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Mapa (2003) showed that the parameters of the Range-Based GARCH models can be estimated 

using quasi-maximum likelihood estimation procedure. The quasi-maximum likelihood estimator is 
consistent and asymptotically distributed as normal. 

The different models to estimate the VaR can be assessed by comparing the forecasted VaR and the 
actual loss of a portfolio. If the forecasted VaR is smaller than the actual loss, the model suffers the so-called 
VaR violation. The Basel Committee, as contained in the Basel II Accord, has developed a framework in 
interpreting the number of violations, given 250 observations. If the VaR violations are 4 and below, the 
model is in the “green light” zone. If the violations are 5 to 9, the model is in the “yellow” zone, but if 
violations are 10 or more (roughly 3.6% failure rate) the model is in the “red” zone. Once the model is in the 
“red” zone the bank would incur a penalty. The model can also be assessed using a series of Likelihood 
Ratio (LR) tests if the VaR violation is more than zero (Christoffersen, 1998). There are three LR tests 
available namely: LR of unconditional coverage (LRuc), LR of independence (LRind), and LR of conditional 
coverage (LRcc). These tests provide us with information related to the possible mis-specification of the 
model. 

4. Results and Discussion 

This study uses 10 stock market indices in the Asia-Pacific Region: Australia, China, Hong Kong, 
Indonesia, Japan, Korea, Malaysia, Philippines, Singapore and Taiwan. The data consists of daily 
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observations from July 2, 1997 to March 18, 2005. The number of actual observations varies among the 
stock market indices because of the differences in the number of country holidays. The number of 
observations is the vicinity of 1900 for each country. The data set is divided into two sets: the estimation 
period and the evaluation period. The first 80% or from July 2, 1997 to September 2, 2003 is used to 
estimate the parameters of the models while the remaining 20% or from September 3, 2003 to March 18, 
2005 is used for out-of-sample forecast evaluation.  

Among the models considered for evaluation, the best model is the Parkinson Range-GARCH (1,1) with 
Student’s t distribution. This model has zero VaR violation in 9 out of 10 stock indices (see Table 1). The 
next best model is AR(1)-TARCH(2,1) with Student's t distribution followed by the Garman-Klas (GK)-
GARCH(1,1) with Student’s t distribution.  

   Table 1. Summary of the VaR violations of ten stock market indices 
AR(1)-
ARCH(1), 
Normal 
Distribution 

AR(1)-
TARCH(2,1), 
Student's t 
Distribution 

Park-GARCH(1,1) 
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Student's t 
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Australia 394 0 0.00 0 0.00 0 0.00 0 0.00 51 12.94

China 371 1 0.27 0 0.00 0 0.00 0 0.00 128 34.50

Hong Kong 383 2 0.52 0 0.00 0 0.00 0 0.00 1 0.26 

Indonesia 372 2 0.54 0 0.00 0 0.00 1 0.27 1 0.27 

Japan 376 4 1.06 0 0.00 0 0.00 0 0.00 7 1.86 

Korea 380 1 0.26 2 0.53 0 0.00 0 0.00 3 0.79 

Malaysia 378 0 0.00 0 0.00 0 0.00 0 0.00 28 7.41 

Philippines 383 1 0.26 0 0.00 0 0.00 1 0.26 6 1.57 

Singapore 390 0 0.00 0 0.00 0 0.00 0 0.00 22 5.64 

Taiwan 382 3 0.79 1 0.26 1 0.26 1 0.26 7 1.83 
   *Using fixed degrees of freedom equal to 5 as suggested by Tsay (2001). 

On the other hand, the worst performing method in estimating VaR is the RiskMetricsTM. All its 
VaR forecasts in ten stock market indices have VaR violations. Using the Basel definition, RiskMetricsTM 
would incur a penalty on stock indices in Australia, China, Malaysia, and Singapore because the failure rate 
is in the “red” zone (e.g., 3.6% or greater). All the selected ARMA-GARCH and Range-Based GARCH 
models are within the “green” zone. 

In stock indices in which there is at least one VaR violation, the selected models are then subjected 
to series of likelihood ratio tests discussed above. All the selected ARMA-GARCH and Range-Based 
GARCH models have passed the three LR tests. This means three things: the VaR violations are within the 
specified failure rate which is 1% in this study (LRuc); the selected model are able to detect clustered 
violations (LRind); and given that the VaR violations are independent, the VaR violations are within the 
specified failure rate (LRcc).   

5. Conclusion 

This paper introduced a relatively simple yet efficient way of modeling volatility needed in estimating 
VaR using the Range-Based GARCH models. The performance of these models is promising based on the 
10 stock indices, although the results need further verification using other data sets. This paper has shown 
that indeed Range-Based GARCH models are good alternative in modeling volatility and estimating VaR. 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 5568 -



REFERENCES 

Bollen B. and B. Inder (2003), “A Comparison of Estimators Daily Realised Volatility,” Finance Letters, 1: 
29-34. 

Bollerslev, T. (1986), “Generalized Autoregressive Conditional Heteroscedasticity,” Journal of 
Econometrics, 31: 307-327. 

Box G. and G. Jenkins (1984), “Time Series Analysis: Forecasting and Control,” 2nd ed. San Francisco: 
Holden Day. 

Christoffersen P. (1998), “Evaluating Interval Forecast,” International Economic Review, 3 (4): 841-862. 

Engle, R. F. (1982), “Autoregressive Conditional Heteroscedasticity with Estimates of the Variance of U.K 
.Inflation,” Econometrica, 50: 987-1008. 

Giot P. and S. Laurent (2003), “Value-at-Risk for and short trading positions,” Journal of Applied 
Econometrics, 18: 641-664. 

Glosten L. R., R. Jagannathan and D. Runkle (1993), “On the relation between the expected value and the 
volatility of the nominal excess return on stocks,” Journal of Finance, 48: 1779-1801. 

Jorion P. (2000), “Value at Risk: the new benchmark for managing financial risk,” McGraw-Hill USA. 

Mapa D.S. (2003), “A range-based GARCH model for forecasting financial volatility,” The Philippine 
Review of Economics, 15(2): 73-90. 

Morgan J. P., and Reuters (1996), “RiskMetricsTM – Technical Document,” ebook, 4th edition. 

Nelson D. (1991), “Conditional heteroskedasticity in asset returns a new approach,” Econometrica, 59: 347-
370. 

Tsay R. (2001), “Analysis of Financial Time Series,” John Wiley & Sons; 1st edition. 

 

ABSTRACT 
 
This paper introduces a new method of estimating Value-at-Risk (VaR) using Range-Based models. Two 
models, based on the Parkinson Range and Garman-Klas Range, are applied to 10 stock market indices of 
selected countries in the Asia-Pacific Region. The results are compared using the traditional methods such as 
the econometric method based on the ARMA-GARCH models and RiskMetricTM. The performance of the 
different models is assessed using the out-of-sample VaR forecasts. Series of likelihood ratio (LR) tests 
namely: LR of unconditional coverage (LRuc), LR of independence (LRind), and LR of conditional 
coverage (Lrcc) are performed for comparison. The result shows that the model based on the Parkinson 
Range GARCH (1,1) with Student’s t distribution is the best performing model on 10 stock market indices. 
The model’s failure rate, defined as the percentage of actual return that is smaller than the one-step-ahead 
VaR forecast, is zero in 9 out 10 stock market indices. Results show that Range-Based Models are good 
alternatives in modeling volatility and in estimating VaR. 
 
 
Key Words: Value-at-Risk (VaR), Parkinson Range, Garman-Klas Range  
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Abstract: In this paper are analyzed problems of modeling and forecasting risk on financial 
markets, and also advantages of using statistical analysis for surpassing the problems that occur in 
that process. The primary aim of this examination is to advance the method of estimation, 
statistical analysis and forecasting risk on financial market. The observed absolute return is 
treated as the measure of risk and its forecast ability was explored. Observed values are modeled 
with modified ARIMA (Autoregressive Integrated Moving Average) models, which were applied 
to the absolute return. The mean absolute value of returns is interpreted as risk, and its standard 
deviation as risk of risk. Both models are applied on three stock indices Dow Jones Industrial 
Averages (DJIA) and Standard & Poor's 500 (S&P 500 or SPX), both from the NYSE, and also 
on the Belgrade stock exchange index – Belex 15. I found some advantages of using modified 
ARIMA models, modified in the sense of using absolute returns, for example: obtaining model 
which best fit the observed time series in less number of iterations; achieving stationary time 
series after only one difference or transformation of original time series and also achieving the 
realization of Taylor effect.  

 
Keywords: financial risk, stock indices, absolute return, alternative measure, volatility, financial 
time series, modelling, forecasting 

1. INTRODUCTION 

The task, in this paper, is through the combination of existing multidisciplinary 
knowledge and methods surpass the problems that appear in modeling the risk on concrete market 
to improve the accuracy of forecasting, and determining the connection between statistical 
analyses of market indices, their modeling and forecasting in the conditions of uncertainty. 
Conventional measures of the risk of a financial asset make use of the unobserved (conditional) 
variance or standard deviation of its return. Modelling the absolute return can be traced back to 
Taylor (1986). He documented the point of forecasting absolute return in terms of high 
autocorrelations of different lags. For different stock prices (or kvote of indices), the 
autocorrelations of absolute returns are higher than those of squared returns, which are 
unsurprisingly higher than those of returns. This stylized fact is a property of the so-called Taylor 
effect: Absolute return has the highest autocorrelation comparing to all its powerful 
transformations [15] [17]. 

In this paper observed absolute returns are modelled with ARIMA(p,d,q) models. In the 
process of modelling the iterative Box-Jenkins methodology was used, which consists of three 
phases: Identification, Estimation, and Diagnostic checking, which shift alternately until the 
satisfactory model is achieved. As a criterion for evaluating coefficient the maximum log 
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likelihood method is used. In the phase of diagnosis as a criterion for the selection of model 
Autocorrelation (ACF) and Partial Autocorrelation (PACF) function of residuals, Box-Ljung 
statistic, P-P plots and histograms for establishing qualities of residuals (autocorrelation, 
normality, symmetry of distribution ) are being used. The analysis is being used on New York 
exchange index DJIA and S&P 500, as well as index of Belgrade stock exchange Belex15.  
Due to lack of space, I presented here final step for example, forecast, and brought some 
conclusions. 
 
2. MINIMUM MEAN SQUARE ERROR FORECAST  
 

Forecast function is ˆ ( )nX h for h= 1,2… . It is function of period number h for which the 
forecast is being form in reference with fixed source n. Since the shock values before the moment 
n are known, and their values after the moment n are replaced with their expected values, in other 
words with zero, it results that forecast for X with minimum mean square error is defined by its 
conditional expected value, i.e. 

 

1
ˆ ( ) ( | , , . . . )n n h n nX h E X X X+ −=               (1) 

 
Now follows the graphical overview of forecasting rate of change in absolute income of 

DJIA index, second sample  (DJIA index was initially divided into three samples, due to changes 
or structural brakes that occurred at market) with its 99% confidence interval. For the first and the 
second sample the historical and validation periods are defined. The observations from the 
historical period are mode lled, based on them the forecast for the validation period is made. The 
forecasts, acquired in this manner, are compared with real results from the validating period. For 
the third sample of both indexes, the historical period is the entire sample, based on which the 
forecast for the h period is made in advance. The vertical line on the graphs separates the 
historical from the validating, or prognostic, period. 
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Figure 1. Forecast for DJIA II sample (historical and validation period) 
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3. CONCLUSION 

In this paper absolute yields are defined as criterion for evaluation of risk, and also the 
possibility of its forecasting is being analyzed. A new model is proposed, a modified ARIMA 
model (ARIMA model is usually applied for yield rate (or growth rate) instead of absolute yield. 
Absolute yield of stock market indexes are modelled by ARIMA model. Absolute yield is 
considered as risk, and the change of absolute yield is considered as a change of risk. In this paper 
the transformed series of absolute yield/risks are modelled, not the original ones. After the 
transformation of the series, homogenous no stationary process is reduced to corresponding 
stationary process which is suitable for the analysis. When the series is transformed with first 
difference it’s not the risk itself that is measured but the change of risk, and when the series is 
transformed with Box-Cox transformation (logarithm) and difference of the logarithm series the 
growth rate of risk is measured.  

The two indexes of New York stock market are being analyzed - Dow Jones Industrial 
Averages (DJIA) and Standard & Poor's 500 (S&P 500 or SPX) - which are used on the financial 
markets of United States, as well as the index of Belgrade stock market Belex15. Then, the 
historical values of these indexes are analyzed, that is to say, sample from 01.01.1988 to the 
beginning of 2005, on weekly bases for New-York stock market, and sample for 94.11.2005 in 
conclusion with 25.04.2005 on daily bases for Belgrade stock market. Both of the samples of 
New York stock market are div ided into three parts according to obvious trends in the courses of 
values of these indexes that dominated during certain time intervals. Every sample was analyzed 
separately. According to these historical data in samples absolute weekly yield of these indexes is 
calculated. These absolute yields/risks, that is, after mentioned transformations, the growth and 
the growth rate of these yields/risks, are modelled ARIMA (1,1,1). The method of construction of 
these models is known as Box-Jenkins method. It can also be concluded that these classes of 
models can represent, quiet satisfyingly, processes which are analyzed, in all six analyzed sub 
samples, too. Further more, since I can successfully represent (fit) analyzed financial values, 
ARIMA models can be used for forecasting them, that has been proved. (By research, it was, 
also, analyzed and modified AR and ARCH models. It proved that these models can successfully 
model the analyzed series, as well. For data in this paper, AR(15) model proved best. However, 
results of modelling showed that modified ARIMA (1,1,1) model surpasses modified AR(15) 
model, and AR surpasses ARCH model). 

By research the existing mathematical procedure and mathematical models are upgraded, 
for the sake of better appliance on financial temporal series, for stationary as well as non 
stationary.  

It is demonstrated that problems that are connected to analysis, modelling, and 
forecasting on financial market can be simplified by the adequate identification, evaluation and 
diagnosis of model which models best the temporal series of yield. Furthermore, it is 
demonstrated that with adequate transformation of financial temporal series their stationarity can 
be achieved and that modified ARIMA models can successfully model and forecast series of 
absolute yield. And, which most important, future course of analyzed temporal series can be 
defined with forecast with minimum mean square error. 
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ABSTRACT 
 

This practical paper opens new avenues to quantify lack of network privacy, whose global damage has 
recently risen to billions of dollars in the banking, finance and government domains as a result of identity thefts 
only. The qualitative guess-works are not any more adequate. A brief analysis of the formulation of p.d.f.'s for 
the estimation of lack of privacy is given.  In the case of phishing, spam, spoofing, tampering, bots, worms, 
trojans and other social engineering sorts of malicious malware, probability distribution functions are proposed 
to conduct a statistical inference to estimate and manage privacy invasions. The objective is to estimate the 
probability (likelihood) of the number of breaches within a given period of time under the conditions 
encountered. Once the p.d.f. is accomplished, then the cumulative and survival probability functions can be 
estimated to respond to questions such as what the probabilities of encountering less than or more than a given 
number of privacy breaches or piracy incidents are. Since the rate of breach is not constant throughout the time 
period of interest, and also the breaches may occur in clumps or clusters rather than single outcomes, the nature 
of the nonhomogeneous Poisson process is a compound Poisson. A java coded program will illustrate how to 
calculate the probability likelihood (or exact density), and then the cumulative probability and finally the 
survival probability, when the breaches within a cluster are assumed to be uncorrelated. The privacy meter 
approach is discrete-event. Working examples will be given to quantify and mitigate the risk of lack of privacy 
through simple risk management techniques.  
 
1. INTRODUCTION AND MOTIVATION 
 
  Some work has been already done by the author on the quantitative assessment of the security risk in the 
past (Sahinoglu, 2005) and more recently on that of privacy (Sahinoglu, 2006). Privacy is the anxiety or worry or 
the perceived potential risk of coming to harm if the information collected and stored is abused or misused. The 
concept of privacy is developing to become an important feature of the modern society. Privacy violations usually 
cause possible negative and adverse consequences. Trust or privacy is based on the likelihood that the information 
would not be abused (Rifon, 2005). Privacy problem nowadays is largely related to an individual’s concern about 
the erosion of his or her privacy. Let alone personal threats, sometimes there is a threat of the government aspect 
for its citizens. The guidelines for privacy have not been steadily successful to protect the privacy of personal 
information. In many cases, laws of privacy have been subjected to continual weakening through utilization 
loopholes, amendments, modifications of the law to one’s advantage and the emergence of new technologies, 
capabilities and functions (Birken, 2006). Moreover, the thin line between the common-sense rules of thumb of 
consent-transparent-proportionality, and the fair-use of information or its violation is very hard to identify, as the 
laws are not absolutely clear and not international, according to both Singewaldt and Siegert (2006). Some argue 
that the strong sense of security implies less personal privacy. Others argue that security attacks could not have 
happened without identity thefts, which point out to the lack of privacy. Therefore the consensus is that the sense 
of security is needed for the privacy of citizen information in daily life. 
  The answer to these problems is to structure a mechanism to analyze how personal information is collected, 
stored, protected, shared, measured and managed. A most important step in this mechanism is to be able to 
estimate the likelihood of privacy invasion or breach of privacy as a pivotal start so as to know what can be done 
to manage and mitigate the risk. The breach of privacy or information piracy can be defined differently at varying 
locations and conditions including the time and circumstantial evidences that dictate the event.   
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2. STATISTICAL MODELING OF BREACH OF PRIVACY 
 
In repairable systems reliability, repair actions take place in response to the observed failures and the system is 
returned to the field as good as new. As explained in many textbooks, the random or stochastic model could be a 
homogeneous Poisson Process (HPP), or simply called Poisson Process, there are no trends and the rate is fixed.  
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Process where the interarrival times may come from any i.i.d. (independent identical distributed) Ti ~ F(.) where 
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Furthermore, there may occur more than a single breach at an interval for the NHPP where the size of events at 
each interval is represented by a compound Poisson process. If the governing process is NHPP, and the size of 
clusters is geometric with a forgetfulness property, the compound Poisson is Poisson^geometric.  The rate β  of 
the Poisson process is the average number of arrivals per unit time, and r is the probability of finding the next 
independent failure in the batch or clump within each arrival.  Then p = 1 − r is the probability of starting the 
Poisson process for the next arrival. In summary, the total count of failures X =∑ ix within time interval t is a 

Poisson^geometric distribution, where P(X = 0 |Y = 0) = e− tβ , or e− β  if  t = 1[12].   Each term in the summation 

is the product of Poisson p.d.f. and Geometric p.m.f. values that add up to E(X) = 
r−1

β
 of  the 

Poisson^geometric, as follows (Sahinoglu, 2007):  
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3. NUMERICAL APPLICATIONS AND PRIVACY RISK MANAGEMENT 
 
Given a set of recorded privacy breaches of the nature of a phishing activity at a Korean Internet Security Center 
on nine different days in June 2006: {14, 32, 28, 25, 19, 24, 25, 22, 24}, we wish to conduct a privacy risk 
likelihood analysis. Note, Total (M) = 213, Average (Daily): 23.7, Variance (Daily): 26.25, q = variance / average 
= 1.11. We will conduct this experiment by using a Poisson^geometric (stuttering Poisson) where the outcomes in 
each cluster are assumed to be independent of each other. The following software results are given as in Table 1: 
 
Table 1.     Probability Table before the Countermeasures 
 
  x           Density f(x)       Cumulative P(x)        Survival S(x) 
……     ……………..      …………………      ………………… 
218    0.24299833E−01     0.64399172E+00     0.35600828E+0 
219    0.23689313E−01     0.66768103E+00     0.33231897E+0 
220    0.22999817E−01     0.69068085E+00     0.30931915E+0 
 
If the company or agency sets a threshold after which the privacy is violated such as X = 220 breaches, then the 
‘probability of equal and exceeding 220’, that is P(X ≥ 220) = 0.3093 ≈  31%. See Table 1. Assume now that the 
company (e.g., bank) or agency wishes to conduct a privacy risk mitigation study, through buying certain anti-
phishing or anti-piracy software, or contracting with a software security form for auditing and probing. Has the 
company accomplished its goals a specific time period later? Suppose that the bank has overall spent $1 million to 
assure privacy risk mitigation. Now, after the countermeasures are taken, the bank collects new 9-day data: 14, 32, 
28, 25, 19, 24, 25, 12, 11 and runs a new data analysis with M = 190, q = 2.63. See Table 2 for the improved case: 
 
Table 2.     Probability Table after the Countermeasures 
 
x           Density f(x)          Cumulative P(x)        Survival S(x) 
……     ……………..      …………………      …………………  
218    7.7557169354E-3   8.9609218291E-1   1.0390781709E-1  
219    7.3417193165E-3   9.0343390222E-1   9.6566097776E-2  
220    6.9385814948E-3   9.1037248372E-1   8.9627516281E-2 
 
After the countermeasures are taken, P(X ≥ 220) = 0.0896 ≈  9%. The risk defined by the bank has been mitigated 
by a margin of 22% to a low of 9% from a high of 31%. The risk has been mitigated by a solid 22%, amounting to 
a benefit of $2.2 million, if each 1% slot on the average signifies a benefit of $100,000 avoiding identity thefts. 
Overall, the bank is profiting $1.2 million from this transaction by not losing from future identity thefts and 
privacy breaches, since the $2.2 million benefit advantages clearly exceed the $1 million cost for improvement. 
 
     Profit = Benefit − Cost = $2,200,000 (benefit) − $1,000,000 (improvement cost) = $1,200,000                      (6)   
 
4. DISCUSSIONS AND CONCLUSIONS 
 

This paper studies how to quantify lack of trust of personal privacy. The privacy meter proposed is a mathematical 
statistical inferential method through which the likelihood of breach of privacy is computed using a compound 
Poisson process to model the physical world. Then, how the privacy risk is managed and mitigated in a 
quantitative solution through a solid budgetary approach is illustrated by using a computer program (Sahinoglu, 
2007). This quantitative approach is superior to the conventional descriptive or averaging privacy measures which 
can only qualify the process to be good or bad or medium (Huberman et al, 2005; Popp et al., 2006). A similar 
approach can be applied to security risk estimation if the daily or weekly count of security breaches is available as 
a follow up to Sahinoglu’s Security-Meter model (2005). Each company or entity can adopt a modified version of 
this model to fit their in-house running realities in so far as the estimation and mitigation of privacy risk are main 
goals. 
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Introduction. 

The infrastructures of modern society are big and often  interconnected.. Examples are 

networks for IT, transportation, finance and electric power. Important for all these 

infrastructures is the power network. The infrastructures which are vital for the 

functioning of the society are named critical. There are a number of examples of 

collapses of  power networks, the snow storm in the Quebec region 1998, Auckland 

1998, South Sweden   2003. All these cases caused a partial breakdown of the society 

for some time and with large economic losses. The causes were in these cases extreme 

weather and also material failures. But of importance today are also threats from 

antagonistic groups, terrorists. The infrastructures can be modelled as (connected) 

graphs with nodes and links. Threats can be of different kinds: Nature, technical 

(material, system) failures, human  (lapses or lack of knowledge), ´hackers´ and  

antagonistic – terrorism and war. These threats can result in system collapses. The 

threats  (hazards) due to nature, technical and human errors are random and can be 

analysed by standard risk analytic methods. Antagonistic  threats must be handled by 

other methods. 

The vulnerability of a system is the probability of a system collapse. A conditional 

vulnerability  is the probability of a system collapse conditioned of a specific initial 

event. In all cases one must however start to assess the conditional vulnerabilities 

which in all cases but the antagonistic ones are weighed together after the 

probabilities of the initiating events. 

Acts of terrorism might destroy a system or cause chaos by threatening to do so. Here 

it is the question of a fight between two networks. The typical case is that our network 

is known to the enemy (The main feature of power networks are found in the 

internet). The terrorist network is on the other hand  not (or just partly) known to us. 
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We then have to use methods from risk analysis, graph theory and game theory. In 

the following we shall give some examples from power networks, both empirically 

and theoretically founded.  We shall also put forward some ideas how to infer about 

the structure and the size of the terrorist population from  the few data we can get 

from  some terrorists and their connections. 

 

2. Vulnerability of power nets 

A first approach is to use empirical data of major outages after size and cause. Data 

from a Swedish distribution net show that the number per year are about 80 and that 

the main cause is lightning, a 1/3 of the energy loss. Antagonistic attacks are up to 

now very rare. The data about really extreme outages are few which makes it very 

difficult to perform absolute and relative statistical studies. An American study, 

Carreras et al. (2000), found that the unserved energy has a  right tail following a 

power law with an exponent of 0.98. Similar studies of Swedish distribution grids 

around Stockholm show a similar behavior of the right tail, here with exponents 0.60 

– 0.80, see Holmgren, Molin (2005). From these studies it is however not possible to 

make any conclusions of the vulnerability of different grid designs, only the principle 

behavior of extreme outage distribution is demonstrated.. 

Is it possible to explain the right tail behavior from the design principle of power 

grids? A very simple model could be a branching process with a first generation being 

the power generation, followed by ´generations´ of grids with decreasing voltage for 

each generation. The family sizes are assumed to have the same distribution.  An 

initiating event could be a break of one of the links (due to weather or material faults). 

If the fault can hit any of the links at random it can be shown the number of unserved 

consumers in the last generation will have a distribution with an asymptotic power 

law here with the exponent 1, see Holmgren, Thedéen (2006). More realistic models 

with several coupled ´branching processes´ show a similar behavior.  

 

3. The terrorist population. 

We can model the population as a connected graph with N nodes (terrorists) with 

links (communications)  between some or all of them. The links are not  directed. N is 

large but unknown to us. We shall give all detected nodes a distinct number, 1, 2, … . 

The links are given two numbers, the start and node, e.g. (1, 3), (3, 14), ….. The links 

(i, j) and (j, i) are identical. At t = 0 we start to collect information about nodes and 
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links. The found units are ordered in time, i.e. no.1 is the first found, no.2 the second 

….If unit i has no links attached the corresponding pair is (Xi, Xi ), where Xi is the 

number of the node. If unit j is a link it will be denoted ( Xj , Yj). A terrorist cell is a 

set of units with one of the numbers equal. The size is the number of units of the cell 

or equivalently the number of links from a node. As the sample becomes larger the 

cells will be larger or retain their sizes and some new cells are found. Using the 

information from the samples we can estimate some structural properties of the graph. 

These are e.g. the distribution of the cell sizes and the corresponding mean. The mean 

size of the cells is then 2 x # links / # nodes in the sample. Measures of connectedness 

can also be studied. 

The sampling can be of more or less random type. In the pure random case the 

estimators will asymptotically be normal distributed. If links are sampled we can use 

the information about ´new´ nodes in the sample to estimate the size of the terrorist 

population. In cases when the probability to be included in the sample depends on 

other parameters we have to use simulation methods. One must separate between 

cases when found terrorists and links are stopped or just filed. 

 

The use of risk analytic and statistical methods in the ´war against terrorism´ can be 

useful for building a both active and passive defence of critical infrastructures.  
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Introduction 

The two-stage model is the mathematical idealization of the initiation-promotion-progression theory 

of carcinogenesis (Moolgavkar and Venzon, 1979; USEPA, 1999). It assumes three states for cells—normal, 

intermediate, and malignant—associated with four parameters, to describe the rate at which a cell changes its 

state, namely, the first initiation rate �1 per unit time for normal susceptible cells and the proliferation rate � 

per unit time per cell, the death rate � per unit time per cell, and the second initiation rate �2 per unit time per 

cell for intermediate cells. Once a malignant cell is formed, it will inevitably become an observable tumor. 

 

 

 

 

 

 

Figure 1.  Moolgavkar two-stage model  
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The probability S(t) of no tumor appearing by time t can be obtained by solving a series of 

differential equations (Kopp- Schneider et al., 1994; Portier et al., 1995; Heidenreich, 1996): 

� � � �� �expS t t� ��  

where 

� � � � � � � �2 21 log
2 2

Rt
t R R R e
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Since the four parameters are not jointly identifiable with survival data, reparametrization is 

normally performed to obtain an identifiable set of parameters. The three parameters 

 

2 ,� 	 
 �� � � � � 1 2� � �� � ����� 1� � 	�  

 

are identifiable, and �, the net-proliferation rate, and �, the overall mutation rate, are the parameters of 

interest in most applications (Heidenreich et al., 1996; Moolgavkar, 1999). The maximum likelihood 

estimations (MLEs) of �, �, and � can be obtained from a likelihood based on (1). The complicated form of 

(1), however, results in numerical problems, as previously mentioned. 

 

Conditional Likelihood 
Nakamura and Hoel (unpublished manuscript) proposed putting � = 0 in (1). Then, we have 
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To distinguish between the parameters conditional upon � = 0 and the original parameters, �1

*, �*, and �2
* are 

used in (2). Nakamura and Hoel (unpublished paper) obtained the following exact relationships between the 

original and new parameters: 

2 ,� 	 �� �� � � 1 2 ,� � �� �� � 1� � 	� �� ����(3)��� 

 

Therefore, the MLE of the parameters �, �, and � can be obtained from �1
*, �

*, and �2
* using the simple 

transformation based on the chain rule in MLE. 

The dose-response model is specified using the original, identifiable, parameters as follows: 

    1 1log a b D� � �  

2 2log a b D� � �                    (4)   

3 3log a b D� � �  

where D denotes a covariate, like the radiation dose, which may be continuous or ordinal. Conversely, when 

those parameters are estimated using the conditional likelihood (2), the following models 
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D

dD

D

* * *
1 1- 1-log log logc d� � �� �  

                      (5) * * *
2 2- 2-log log logc� � �� �
* * *

- -log log logc d	 	 	� �  

will be applied. 

Applying the model to data for the toxicity of 2,3,7,8-tetrachlorodibenzo-p-dioxin (TCDD) in rats 

obtained by Kociba et al. (1978), which consisted of a sample size of 205 with 31 cancer deaths, Nakamura 

and Hoel (2003) obtained the following estimates: log 1
*

c� � =-3.941, log *
c	� =-3.98, log =-20.73, 

log =0.0750, and the other two parameters are 0. 

2
*

c� �
*
dose	�

 

Numerical Results  
Nakamura and Hoel (2003) propose the following hypothesis: “Wrong models will result in either 

non-convergence or non-significant estimates”. A simulation study was conducted to examine the hypothesis, 

as well as the performance of the conditional likelihood. The following models were considered. 

(i) Promotion effect model: a1= -24.68, a2= -3.976, a3=0.0328, b1= 0, b2=0.000751, b3=0 

(ia)  sample size = 1,000 

(ib)  sample size =  500 

(ii) Artificial effect model: a1= -17.37, a2= -4.852, a3=-0.0797, b1= 0, b2=0.001, b3=0 

(iia)  sample size = 1,000 

(iib)  sample size =  500 

The parameter values in (1) are basically the same as those obtained from the data of Kociba et al. 

(Nakamura and Hoel 2003), while those in (2) are simply generated for the simulation and are not based on 

any real data. The values of D are distributed at 0, 50, 100, 250, and 500 with the same frequency. For each 

model, random numbers, or survival times, following the model are generated. Then, the conditional 

maximum likelihood estimates of the parameters �1
*, �

*, and �2
* are obtained. The models used for the 

estimation are as follows, where the base parameters, c1, c2, and c3 are always included. 

(A) No-dose-effect model: log 1
*

c� � , log *
c	� , log 2

*
c� �  

(B) Promotion model: log 1
*

c� � , log *
c	� , log 2

*
c� � , log  *

dose	�
(C) Semi-full model: log 1

*
c� � , log *

c	� , log 2
*

c� � , log 1
*

d� � , log *
d	�  

Then, the MLEs of the parameters are obtained by applying the Newton-Raphson algorithm to the log 

likelihood function based on the cumulative hazard function (2). Then, 100 independent datasets were 

generated to obtain 100 independent estimates and variance estimates, or the inverse of the observed 

information matrix. The average of the parameter estimates is compared with the corresponding true value 

that was used to generate the data. The average of the variance estimates is compared with the observed 

variance of the 100 estimates. 

 

Results and Discussion 
First, when the�model (A) was applied to the data generated from the no dose effect model, the MLE 

based on (2) was approximately unbiased with a valid variance estimate. The results are omitted. 

(i) Promotional effect model: a1= -24.68, a2= -3.976, a3=0.0328, b1= 0, b2=0.000751, b3=0 

  Sample size=1,000 
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(A) No-dose-effect model:  All simulations are non-convergent. 

(B) Promotion model:������������log 1
*

c� �  �log *
c	�  log 2

*
c� �  log  *

dose	�
           n=1,000       Estimate: -3.765 -3.994 -20.725 0.00077 

                        Variance: 0.0080 0.0023 0.3718  4.5E-10 

             Inverse of Information:    7.26E-3� -2.55E-3 2.51E-2 2.10E-7 

                                             2.36E-3    -2.94E-2     -2.79E-7 

                                                        3.82E-1      2.58E-6 

                                                                    4.57E-10 

The true promotional effect -3.976+0.000751D is estimated as = 

-3.994+0.00077D. By contrast, the initiation effect log � = -24.68+0D is estimated as 

log

log� � * * *
- -log log logc d	 	 	� � D

21log log� � �� � � � =-3.765-20.725=-24.49 and log� =0.0328 is estimated as * *
1log log log� � 	� � = 

-3.765-(-3.994)=0.229. The results indicate that the MLE is approximately unbiased with a valid variance 

estimate. 

Similarly, the results for n=500 are good and the results are omitted. 

(C) Semi-full model:  All simulations are non-convergent 

Some simulations appear convergent since the log likelihood is largest and the norm of the efficient score is 

less than 0.001. However, the information matrices are not positive definite. 

(ii) Artificial effect model: All simulations are non-convergent 

The results indicate that the parameter values are mutually related and not determined independently. 

References 
Grahn, D., Lombard, L.S. and Carnes, B.A. (1992). The comparative tumorigenic effects of fission neutrons 

and cobalt-60 � rays in the B6CF1 mouse. Radiation Research 129, 19-36.  

Heidenreich, W. F. (1996). On the Parameters of the Clonal Expamsion Model. Radiat. Environ. Biophys. 35, 

127-129 

Kopp-Schneider, C. J., Portier, C. and Sherman, C. D. (1994). The exact formula for tumor incidence in the 

two-stage model. Risk Analysis. 14, 1079-1080. 

Moolgavkar, S. and D. Venzon,D. (1979). Two-Event Models for Carcinogenesis: Curves for Childhood and 

Adult Tumors. Mathematical Biosciences 47, 55-77. 

Moolgavkar, S. (1999). Stochastic Models for Estimation and Prediction of Cancer Risk. Statistics for the 

Environment 4 (eds Barnet, V., stein, A. and Turkmen, K. F.), pp237-257. 

Portier, C., Kopp-Schneider A. J. and Sherman, D. (1995). Calculating tumor incidence rates in stochastic 

models of carcinogenesis. Mathematical Bioscences. 135, 129-146. 

Sherman, C. D. and Portier, C. (1998). Multistage Carcinogenesis Models.  Encyclopedia of Biostatistics 4, 

2808-2814, Wiley; NewYork 

Nakamura, T and Hoel, D. G. (2003). Comparing cancer risks between radiation and dioxin exposure based 

on two-stage model,  Environmetrics, 14:203-211 

U.S. EPA. ‘Quantitative Models of Carcinogenesis: Theory & Application’, U.S. Environmental Protection 

Agency (1999) 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 5584 -



Probability model of the delay between claim occurrence and claim

settlement

Zimmermann, Pavel
University of Economics, Prague, Faculty of Informatics and Statistics,
Department of Statistics and Probability Calculus
W. Churchill Sq. 4
130 67 Prague 3, Czech Republic
E-mail: zimmerp@vse.cz

Introduction and data

Insurance companies have to estimate future cash flows to set up the appropriate amount of
reserves to preserve their solvency. The most important future cash flows are from claims that have
been reported but have not yet been settled (RBNS) and claims that have not yet been reported
(IBNR). Therefore, one of the key variables which we have to model in this problem is the delay
between the occurrence of a claim and the settlement. The standard approaches for reserving
outstanding claims (RBNS+IBNR) are based on aggregated data models, mostly on triangle schemes.
These schemes aggregate in rows payments (precisely incurred amounts) form particular occurrence
period and in columns payments (incurred amounts) with particular delay from the occurrence of
a claim. For some products (for example liability insurances) we only have at our disposal limited
historical data with unstable and a very long development. Sometimes in these cases, the development
within the triangle is not finalized (see example of development factor scheme in the fig. 1). Forecasting
future cash flows under these conditions with triangle schemes is very difficult and extremely dependent
on the choice of the regression function used for the tail factor estimation.

We propose a new model of the delay between the occurrence of a claim and the settlement that
is based on individual observations. Similar idea was previously used in [1], where the author non-
parametrically estimates IBNR reserves. The main idea of this article is to find a suitable probability
distribution of the delay. That means that we do not aggregate data and we work in continuous
time. That way, we use all the information available in the data. This delay model can be used as a
part of a stochastic model of reserve risk.

The data used in this article are claims of motor third party liability insurance (MTPL) of
trucks from the period between 1/1/2000 (date of the Czech MTPL market demonopolisation) and
3/31/2007. We exclude annuities in this model.

Variables and notation

We divide the overall delay from occurrence to payment into two ”subdelays”: the delay from
occurrence to reporting, and the delay from reporting to payment, because slightly different methods
are needed for the distribution estimation of these variables. For both of the above mentioned delays,
we apply survival analysis because the data available at the moment of calculating the reserves are
always incomplete. We set the beginning of the modeled period (1/1/2000) to be the time 0 and the
end of the period (3/31/2007) to be the time τ . In our case τ = 2646.

We assume that the i-th claim occurred at the time T
(a)
i , was reported after T

(r)
i days from oc-

currence and settled after T
(p)
i days since reporting. We denote the respective probability distribution

function as fr, fp and the respective cumulative distribution function as Fr, Fp. We suppose in this
article that relations 0 ≤ T

(a)
i ≤ τ, T

(r)
i > 0 and T

(p)
i > 0 hold for each claim.

At the time τ so called incurred loss (denoted as Xi) is known for each claim. The incurred
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loss is an estimate (made by the claim adjusters) of severity of a claim and it has two components:
Xi = Pi + Ri, where Pi is the amount already paid out and Ri is the amount of outstanding reserve.
We expect three possible stages of a claim: Settled claim, for which Xi = Pi (and Ri = 0), in this
case Xi equals the severity; RBNS claim for which Xi = Ri (and Pi = 0); and Partially paid claim
for which Xi > Pi (and Ri > 0). In the following text we sometimes drop the claim indexes i.

The correlation structure of the data

First we explore the correlation structure of the data. As mentioned above we work with
incomplete data in this model. (Some of the the claims are not yet reported and some reported claims
are not settled yet). Literature for the measures of dependency in the case of incomplete data is rather
limited, Usually only very special cases are described (see e.g. [2]). The dependence measures in the
case of incomplete data will be a part of our further research. For now we can get a certain picture
of the correlation structure estimating the correlation matrix only on a period where data are more
or less complete. For claims occurred until the end of the year 2003, there is by 31/3/2007 over 95 %
of reported claims settled and we can expect a very high percentage of occured claims being already
reported. The correlation matrix of the data of claims occurred until the end of the year 2003 is in
the figure 1 on the right. It seems that none of the dependencies is that strong that it would have any
practical importance and would be necessary to consider in the model. For simplicity, we can assume
that all the relevant variables are independent.

Time from occurrence to reporting T (r)

It is obvious that in the database, there are only claims that have occurred and were reported
before the time τ . This fact can be expressed as:

t
(r)
i ≤ ui, ui = τ − t

(a)
i .(1)

This type of incomplete data is called right truncated data and ui is the truncation time.
Since the main purpose of this analysis is stochastic modeling, we will try to find a suitable

parametric probability distribution of T (r). That way, we can use the advantage of standard random
number generators. We will concentrate on commonly used survival analysis parametric distributions.
Namely the lognormal distribution, Weibull distribution and its special cases gamma distribution
and exponential distribution. To choose an appropriate parametric distribution, we compare the
parametric and the corresponding nonparametric, so called Kaplan-Maier, estimate of the distribution
function. The details about the Kaplan-Maier estimate of truncated distributions can be found in many
publications, e.g. in [2] or [3]. We concentrate on the parametric estimates. If Fr(t(r); θ) belongs to
some parametric class of distributions, the maximum likelihood estimate of the parameter θ is

θ̂ = arg max
θ

log
n∏

i=1

fr(t
(r)
i ; θ)

Fr(ui; θ)
.(2)

We use graphical methods to compare the nonparametric and the respective parametric estimates
of the distribution function. We compare charts of the cumulative distribution functions (CDF plot)
and the quantile functions (Q-Q plot). We reach the best results among the above mentioned standard
parametric models using the lognormal distribution. The resulting charts are in the figure 2 on the
left.

Time from reporting to payment T (p)

We drop the index i for a moment. Since for some claims, the total amount paid (P ) consists of
more payments Πl, l = 1, . . . , h (i.e. P =

∑h
l=1 Πl), which are carried out in times T

(p)
l after reporting,
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l = 1, . . . , h we define the T (p) as a weighted average T (p) =
∑h

l=1
Πl
P T

(p)
l of the individual payments.

The weights are the amounts paid. Let us assume for now that there are no partially paid claims. For
the i-th claim t

(p)
i is known only if t

(a)
i + t

(r)
i + t

(p)
i ≤ τ. In the opposite case we at least know that

t
(p)
i > ci, where ci = τ − t

(a)
i − t

(r)
i .(3)

This type of data is called right censored and ci is called censoring time. Note that unlike the
truncated data, the number of censored observations in the database as well as the lower bounds (3) are
known. Again we compare the parametric and nonparametric estimates of the distribution function.
The details about the Kaplan-Maier nonparametric estimates for censored data can be found in [2] as
well. We concentrate on the parametric estimates.

If Fp(t(p); θ) belongs to a certain parametric class of distributions, the maximum likelihood of
the parameter θ is

θ̂ = arg max
θ

log
n∏

i=1

fp

(
t
(p)
i ; θ

)δi
[1− Fp (ci; θ)]

1−δi ,(4)

where δi = 1 for uncensored observations and δi = 0 for censored observations. The first term of the
function (4) is a common likelihood term, the second term represents the information that t

(p)
i > ci.

Now we include the partially paid claims. For simplicity we drop the claim index i again. We
denote the total loss as Π. For these claims we have

T (p) =
h′∑

l=1

Πl

Π
T

(p)
l +

h∑
l=h′

Πl

Π
T

(p)
l ,(5)

where T
(p)
l ,Πl, l = 1, . . . , h′ and P =

∑h′
l=1 Πl are at the time τ known; The future payments Πl, l =

h′, h′ + 1, . . . , h realized in the times T
(p)
l and the total loss Π are unknown. Let us denote the sum of

future payments as ξ =
∑h

l=h′ Πl. We can write

T (p) =
h′∑

l=1

Πl

Π
T

(p)
l +

h∑
l=h′

Πl

Π
T

(p)
l =

P

Π

h′∑
l=1

Πl

P
T

(p)
l +

ξ

Π

h∑
l=h′

Πl

ξ
T

(p)
l = (1− w) T

(p)
K + w T

(p)
F ,(6)

where T
(p)
K is the weighted average payment time of the already realized payments with weights equal

to the rates of the individual payments to the total paid amount, T
(p)
F is weighted average of the future

payments with weights equal to the rates of the individual payments to the total future (outstanding)
payments and where w is the rate of the outstanding payments to the total loss. The information
available at the time τ is

T
(p)
F > c⇒ T (p) > w c + (1− w) T

(p)
K(7)

As we mentioned above, we have the following claim adjusters’ estimates:

ξ̂ = r, Π̂ = p + r = x and ŵ = r/x,(8)

where r, x and p are realizations of R,X and P respectively. If we consider these estimates to be
correct, we can add the information (7) in the likelihood function (4) and we get

θ̂ = arg max
θ

log
n∏

i=1

fp

(
t
(p)
i ; θ

)δ1,i
[1− Fp (ci; θ)]

δ2,i

[
1− Fp

(
ŵi ci + (1− ŵi)t

(p)
K,i; θ

)]δ3,i
,(9)

where δ1,i, δ2,i and δ3,i are indicators of the i-th claim being settled, RBNS and partially paid respec-
tively.

The best results of the above mentioned standard parametric models are again reached if we use
the lognormal distribution. The resulting charts are in the figure 2 on the right.
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Conclusions

We proposed a new model to estimate the delay between occurrence of a claim and its settlement.
The key ideas were to use survival analysis to estimate the probability distributions of a) the time
between occurrence and reporting (T (r)) and b) the time between reporting and settlement of a claim
(T (p)). Our results show that the probability distribution of both the above mentioned delays can
be approximated with lognormal distribution. These results can be used as a part of stochastic
reserving risk model based on ”individual claim approach”. The following advantages of this approach
are obvious. We are able to use all the information contained in the available data. We have more
observations available than in case of using triangle schemes, so the estimates are more accurate and
robust. We can estimate the number of IBNR claims using the cdf. Fr (see [1] for details). Since the
model works in continuous time, we can perform continuous discounting for future cash flows. We
work with individual claims, so it is easy to include any type of reinsurance in the model.

Figures

Occurence

year 1-2 2-3 3-4 4-5 5-6 6-7 X T
( r )                

T
( p )                

T
( a )                

2000 386% 191% 101% 108% 109% 106% X 1,00 0,01 0,13 -0,02

2001 518% 163% 122% 106% 104% T
( r )                

0,01 1,00 0,08 -0,06

2002 969% 172% 130% 127% T
( p )                

0,13 0,08 1,00 -0,09

2003 1546% 160% 107% T
( a )                

-0,02 -0,06 -0,09 1,00

2004 311% 217%

2005 1100%

Development year Correlation matrix

Figure 1: Left: An example of a triangle scheme of development factors; Right: Correlation matrix
for claims occurred until the end of 2003 and settled until 3/31/2007

Figure 2: Comparison of Kaplan-Maier estimates and lognormal estimates of Fr (left) and Fp (right).
Top: CDF plot; Bottom: Q-Q plot.
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ABSTRACT

Operational Risk (OR) Management has developed rapidly in recent years. There are two main
reasons for this. One is external; to comply with banking regulations (the Basel II Accord came into
effect in 2007) and the other is internal; most banks are realising that good OR is a sound business
practice. The influence of regulatory compliance is currently the greater of the two and, consequently,
banks are mainly concerned with ensuring that their OR-capital models are approved by banking
regulators, focusing on a ”macro”, or top level. It is envisaged that after banks have achieved their
first aim of capital computation, their attention will be turned to managing OR at the ”micro” or
business unit level, because that is where operational losses occur. This paper outlines the steps taken
to construct a specific OR management tool at the business unit level, namely the foreign exchange
settlement process in a bank. A Bayesian Network (BN), i.e. a probabilistic graphical model, was used
to represent the components of the settlement process, the associated risks and their causal factors,
and their probabilistic dependencies. The choice of model was motivated by the insufficiency and
the backward looking nature of historical loss data and, secondly, by the long-term aim of using the
model to make improvements to the current process and thereby reduce OR. Changes in the process
can render historical data, based on past practices, irrelevant. Thus, although historical data was also
used for the calibration and validation of the model, many of the required estimates were based on the
judgement of experts. An important issue is to anticipate and mitigate some of the potential biases
that can occur in the elicitation process.

Keywords. Operational Risk, Bayesian Network.
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Abstract 

Geostatistics is principally the application of regionalized variable theory. The semivariogram is 

the central tool of geostatistics. It can quantify the scale and intensity of spatial variation and it 

provides the essential spatial information for local estimation by kriging. It can also be used to 

discover underlying causes of variation. The use of geostatisitcs in environmental study is 

illustrated by a case study of soil salinity variation in a area located in the south – west of Iran. 

Key Words :EC data, environmental, salinity data 

Introduction: 

The environment is an invaluable natural resource of which the quality is continuously 

subject to diverse changes. Within this environment, soil plays an important role. As the porous 

top of the earth, it is in direct contact with the other most important physical factors influencing 

the environmental quality: air and water. So if a soil hazard, like the presence of a toxic substance, 

occurs, it is likely to form a hazard for the entire environment. However, the impact of soil 

hazards on the environmental quality can only be assessed by a thorough analysis and 

interpretation of the basic data observed on that soil hazard.  

One of the common properties of environmental data is their spatial dependence: 

observation close to each other are more similar than observations separated by a larger distance. 

In this paper a spatial statistical theory known as geostatistics is introduced as a mapping tool of 
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environmental variables. Their use is illustrated by a case study of soil salinity in the area located 

in the south – west of Iran.A random function Z(x) is second order stationarity if: (i) the first order 

moment, E[Z(xi)], exists and does not depend on location x: 

( )[ ] mxZE =   ;x∀         (1) 

And (ii) for each pair of random variables, (Z(x), Z(x+h)), the covariance exists and 

depends only on the separation distance between two measurement points, the vector h: 

    ( ) ( ) ( )[ ] 2. mhxZxZEhC −+=   .x∀                   (2) 

The variance is often called the priori variance of Z(x) and defined as: 

( )[ ] ( ) ( ){ }[ ] 22 σ=−= xmxZExZVar      (3) 

Matheron (4) regarded these assumptions as too strong for many spatial variables. There 

might be a phenomenon that shows the property that the variance of the measurements increases 

as the area increases. A weaker hypothesis of stationarity can be made which assumes that the 

random function Z(x) is intrinsic. The intrinsic hypothesis requires that (i) the expected value 

E[Z(x)] exists and does not depend on location x, thus: 

( )[ ]mxZE =    ;x∀      (4) 

And (ii) for all separation vector h, the increment [Z(x+h)-Z(x)] has a finite variance 

which does not depend on x: 

( ) ( )[ ] ( ) ( )( )[ ] ( )hxZhxZExZhxZVar γ22 =−+=−+   .x∀  (5) 

This is the definition of the semivariance or semivariogram, ( )hγ , of a random function. 

The semivariogram can be estimated by: ( ) ( ) ( ) ( ){ }
( )

∑
=

+−=
hN

i
ii hxZxZ

hN
h

1

2

2
1

γ̂  (6) 

Where N(h) is the number of pairs of data separated by h. The experimental 

semivariogram should be modeled since the parameters of the model semivariogram contain the 

spatial information needed for estimation. The type of model might also provide some insight into 

the nature of the spatial variation. The model used here is spherical model as following: 

( ) ( )
















−−+=

3

010 5.05.1
a
h

a
hCCChγ  ah ≤0  (7) ( ) 1Ch =γ  ah   

Where 0C is the nugget effect, 1C  the sill and a the range. 

The estimates are linear sums of weighted observations within a given neighbourhood: 

( ) ( )∑
=

∗ =
n

i
ii xZxZ

1
0 λ        (8) 
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Where ( )0xZ ∗  is the estimate of Z at location 0x , iλ  is the weight associated with the 

thi  observation and n the number of observations within the neighbourhood. The weights will 

provide the best estimator if they satisfy (1): 

( ) ( )[ ] 000 =−∗ xZxZE        (9)       And   ( ) ( ){ }[ ] imumxZxZE min
2

00 =−∗      (10) 

( ) ( )0
1

,, xxxx i

n

j
jij∑

=

=+ γµγλ   ni ,...,1=  (11)          ∑
=

=
n

i
i

1

1λ  

The estimation (or kriging) variance:   ( ) ( )[ ] ( )∑
=

∗ +=−
n

j
ji xxxZxZVar

1
000 , µγλ     (12) 

Descriptive Statistics of EC Data 

 The summary statistics of the EC data at different depths are given in table 1. There is a 

strong positive skewness for EC data at all three depths.  

Table 1. Summary statistics of salinity data (ms/cm) at different depths. 

 EC (0-50 cm) EC (50-100 cm) EC (100-150 cm) 

Number of samples 

Mean 

Median 

Variance 

Minimum 

Maximum 

Skewness 

Kurtosis 

Coefficient of Variation (%) 

616 

22 

7.4 

750 

1 

109 

1.5 

4.2 

124 

614 

18.2 

8.2 

545 

1 

100 

2 

6.9 

129 

580 

13.9 

6.7 

375 

1 

100 

3.1 

12.9 

139 

The results also indicate that the mean value decreases as the soil depth increases. Such a 

distribution pattern of soil salimity within the soil profile may be related to the dominant upward 

movement of the soluble salts in the region. 

Modeling the spatial variability of EC data 

 The experimental semivariogram of EC data were calculated for the three different depths. 

These semivariograms show some important features: 

(i) The semivariograms do not indicate any violation of the assumptions of the second 

order stationarity in EC data within a spatial dimension of ± 16 km. 
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(ii) All semivariograms show the same relative nugget effect of 38% of the sill variance. 

These nugget effects can be related to the inherent variability of EC data at each depth 

which is present at distances closer than the smallest distance, i.e. about 500 m. 

(iii) Another feature which is revealed by the semivariograms is the limitation of the 

variation in the EC data to a certain distance. The semivariograms' ranges are 12, 

12.1, and 13.6 km for depth one (0-50 cm), two (50-100 cm), and three (100-150 cm), 

respectively. The range value of 12-13 km, clearly reflects the geographical 

distribution patterns of the parent materials. 

Table 2. Parameters of the fitted models for semivariograms of salinity data at different depths. 

 Model Nugget effect 

(Ln(ms/cm))2 

Sill 

(Ln(ms/cm))2 

Range  

(km) 

EC (0-50 cm) 

EC (50-100 cm) 

EC (100-150 cm) 

Spherical 

Spherical 

Spherical 

0.691 

0.518 

0.438 

1.815 

1.387 

1.156 

12.03 

12.10 

13.60 

The results obtained from the semivariogram analysis indicate that the salinity data show 

an identical spatial structure.  

Conclusions 

This study illustrates a geostaristical approach to elucidate the structure of spatial 

variation in the soil salinity in a region about which little was known initially. The semivariogram 

is an ideal tool for describing the structure of variability of the given property. Finally, 

environmental studies require mostly quantitative information in order to answer specific 

questions about remediation. Therefore, geostatistical tools can be used to locate the most suitable 

areas and to inventory on a quantitative basis this eenvironmental soil hazard. 
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Ⅰ. Introduction 
The population and size of farm households have severely decreased in the last several 

decades enhancing the importance and demand for projection data for future farm 
households will increase in inverse proportion to the decrease in the size and quantity of 
farm households. 

 

Ⅱ. Trends of Farm Households 
1.Definition of a Farm Household in the Agriculture Census 

The definition of the farm household in the Agriculture Census introduced the concept of 
the amount of sale in the 1995 Agriculture Census. It was needed as a caution for comparing data 
before and after the 1995 census. The responsibility of the Census taker was transferred from the 
Ministry of Agricultural and Fishery to the KNSO in 1998 by the government organization law. 
Farm Household has the following definition:  

- A household directly cultivating arable land of 10a or more at the time of the reference date. 
- A household selling more than 500,000won (U.S. $550) of agricultural, livestock products, or 

raising the livestock of which total value is more than 500,000won (U.S. $550) at the time of the 
reference date. 

2. Farm Household Population by Sex and Age 
The population of farm households increased up to 1970 and started to decrease in 1980. 

Then it peaked again in 1995 and was followed by a decrease in the population.  In terms of the 
sex, males have decreased relatively evenly with females. This is related with ageing of the farm 
household population. With age, the youth, adults and young age groupings decreased while the 
elderly have increased from 21.7 percent in 2000 to 29.1 percent in 2005 to create an elderly 
society (over 20%). 

3. Farm Household 
The number of farm households increased up to the 1970s and then started to decrease in 

1980. It began to decrease rapidly in 1995 at 3.21 percent and from 2000, the degree of decrease 
slowed to 2.7 percent. The proportion of farm households to total households has decreased 
continuously and this trend is seen as continuing in the future. However, the rate of decline will 
lessen with time. Farm Household Structure 

4. Manager (Household head) by marital status, Sex and Age 
Most managers are married (79.4%) followed by widowed (17.9%), single (1.4%) and 

divorced managers (1.3%). Almost (97.4%) all of the managers who have spouses are males. This 
is closely related with the fact that most of the managers are male. Most of the widowed 
managers are female and this seems to be related with women’s long life expectancy and women 
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married to older male partners. In 2000, those in their early 60s come first (18.4%) in proportion 
and again in 2005 (18.7%). From this, we can extrapolate that people of farm households are 
aging as a population.  

 
Ⅲ. Projection of Farm Household 

1. Projection Farm Household’s Population by Hamilton-Perry Method 
There are several methods to project farm households. The farm household population 

projection data is needed for farm household projection but it is not available. In this paper, the 
Hamilton-Perry method is used because this method needs only census data for projection. In 
addition, this method assumes that the cohort-change ratios of the recent two censuses will 
continue to next census. 

- H-P Basic project formula : nPx+z,t = nCCRx × nPx,l 
(Where, z is the period between l and t) 

- Cohort-change ratio: nCCRx = nPx+y,l/nPx, b 
 (Where, nPx+y, l is the population between x+y and x+y+n in recent census(l), nPx,b is the 

population between x and x+n in previous census(b)) 
- Infant(0-4years old girl) : 5FT0, t = (5FT0,1/30FP15,1) × 30FT15,t 
- Infant (0-4years old boy): 5MT.,t = (5MT0,1/30FP15,l) × 30FT15,t 

(Where, FP is female population, MP is male population, l is beginning year, t is target year) 
-  

(Table 1) The result of farm population projection using Hamilton-Perry method 
Year 2010 2015 2020 2025 
Male 1,411,072 1,163,446 941,377 750,085 

Female 1,479,318 1,222,389 989,280 785,366 
Total 2,890,390 2,385,835 1,930,657 1,535,451 

 
2. Farm Household Projection 

First, this paper attempts to project total farm household and then strives to project farm 
household by manager’s sex and age using the headship rate method. Farm household projection 
by manager’s marital status was considered but not conducted because there is no data of marital 
status and farm household population by marital status in the 2000 census.  

A. Simple household-to-Population method 
This method is used when factors that have effect on future farm increase and structural 

change are not considered due to lack or deficiency of data. The projection is conducted based on 
the fact that a farm household increase rate is the same as that of the increase of a farm household 
population. First, calculate the ratio of farm households to the total farm household population 
and then apply this ratio to the farm household projection. From this process approximate 
projection can be attained. Farm household projection can be calculated by multiplying the ratio 
of the farm household population between 20 and 64 year old to farm household projection of the 
same age group. The limitation of this method is that the projection does not show the structural 
change of the farm household and does not provide various features related with farm household 
characteristics. 

- Projection ratio of farm household to farm household population ; ht = 1-(1-h2000) × ((1-
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h2005)/(1-h2000))(t-2000)/5 

 (Where, ht is ratio of farm household to farm household population between 20 to 64 years 
old, h2000 is ratio of farm household to farm household population from 2000 census, h2005 is ratio 
of farm household to farm household population from 2005 census.) 

 
(Table 2) The result of farm household projection (2010-2025) using simple farm 

household/farm household population ratio 

Year 
Farm Household 

Population 
projection 

Farm household 
ratio projection 

Farm household 
projection 

2010 1,551,189 0.7254 1,125,233 
2015 1,233,416 0.7810 963,298 
2025 944,491 0.8253 779,488 
2025 661,171 0.8607 569,070 

 
3. Projection of Farm Household by Headship Rate Method 
This method is considered effective in methodology compared with other methods 

including the extrapolatory method and life-table method even though it does not directly 
consider family life cycle, that is, household formation, growth, reduction and dissolution. This 
provides useful detail projection such as future household heads by sex and age that is necessary 
for economic and social planning. This method can reflect population structure that influence 
household size and relative importance because of the use of available population projection by 
sex, age and sometime marital status as a basic data. This is the method that is used frequently for 
household projection. 

A. Projection by Constant Rate Method 
This method is used to project the impact of change of population structure on the 

household. When there is only one census data available that is used for headship rate by sex and 
age it is assumed that headship rate project is stable. In this paper, the farm household was 
projected from 2010 to 2025 with the condition of headship rate of 2005 by sex and age that will 
continue in future. The projection is as follows. 

 
(Table 3) The result of farm household projection (2010-2025) using constant rate method 

Year 2010 2015 2020 2025 
Population 2,890,390 2,385,835 1,930,657 1,535,451 

Farm household 1,157,606 1,003,823 841,426 691,287 
Average no. of farm 

household 
2.49 2.38 2.29 2.22 

 
B. Projection by Extrapolation by Modified Exponentials 

This method can be used in a country where more than two censuses compile household 
head by sex and age. Headship rate is projected using the past annual average change rate or 
extrapolation applying a simple mathematic formula based on past trends. In order to get a 
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projected headship rate by sex and age, the following exponential formula is used. 
- h(i, j, t + x) = 1-[1-h(i,j,t-n)] × [{1-h(I,j,t-n)}/{1-h(i,j,t-n)}]{(t+x)-(t-n)}/n 

(Where, h(i, j,t) i is sex, j is age, t is time(year), t+x is elapsed year after t, t-n is previous year 
of t, n is period between two censuses) 
When the headship rate is decreasing, the following formula is used for age groups. 

- h(I, j, t + x) = h(i,j,t-n) × [h(i,j,t-n)/h(i,j,t-n)]{(t+x)-(t-n)}/n 

(Where, h(i, j,t) i is sex, j is age, t is time(year), t+x is elapsed year after t, t-n is previous year 
of t, n is period between two censuses) 

 
(Table 4) The results of farm household projection (2010-2025) using Extrapolation by 
Modified Exponentials 

Year 2010 2015 2020 2025 
Farm HH population 2,890,390 2,385,835 1,930,657 1,535,451 

Farm HH 1,135,345 988,407 839,601 694,704 
Average No. of  

household 
2.54 2.41 2.30 2.21 

C. Comparison of farm household projection employing various methods 
 The projections below show that there is not much difference among the methods in 2010 

but the differences increase as projection period are extended. The results between headship rate 
methods do not contain a noticeable difference. However, the projection gap between the simple 
farm household/population method and headship rate method widens with time.  

 
(Table 5) Farm household projection (2010-2025) among (different) various projection methods 

Method 2010 2015 2020 2025 
Simple Hh/population 1,125,233 963,298 779,488 569,070 

Constant rate 1,157,606 1,003,823 841,426 691,287 
Headship rate 

Extrapolation 1,135,343 988,407 839,601 694,704 
 

Ⅳ. Conclusion 

 Farm household projection using Extrapolation by modified Exponentials shows the 

most stable result among the methods used in this paper. With the lack of data, more 

complicated methods were not applied.  

It is needed to produce the method considering characteristics of farm households. Manual 
for farm household projection is necessary in order to develop of projection methods.  
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1. INTRODUCTION 

Taper equations were developed in order to predict the diameter  at any tree height h
ihd i. In Greece, 

taper equations are available for Quercus conferta at Chalkidiki (Kitikidou 2002, Kitikidou and Matis 2002). 
If a taper equation is available, we can calculate the volume vi of any part of the tree, between heights h1 and 

h2, by integrating the equation as follows: 
2

1

2

4
h

i h

πv d= ∫ h dh . We can also calculate the total tree volume v by 

replacing the integration limits h1 and h2 with zero and total tree height H respectively, that is: 

2

04
H

h
πv d= ∫ dh . A taper equation, which is compatible with a volume equation, when it is integrated, with 

integration limits h1=0 and h2=H gives the same total tree volume as the volume given by the –compatible– 
volume equation. In Greece, Kitikidou and Matis (2003) concluded that the integration of the taper equation 
for oak stands in Chalkidiki gives bigger volumes, compared to the volumes given by the volume equation, 
and constitutes a more accurate method of volume estimation. 

The aim of this work is to: 
1) Compare taper equations and select the most appropriate for hungarian oak (Quercus frainetto Ten., 

also known as Quercus conferta Kit.) in the forest of Lofos (Pieria prefecture, Northern Greece)  

2) Check the compatibility with the corresponding volume equation. 
The forest has an area of 998 ha (Gougourelas 1992). 

2. MATERIALS AND METHODS 
For the data collection systematic sampling was used. In a forest map of Lofos 8 parallel lines 700 km 

apart were drawn. A tree was measured every 200 m at length of the parallels. The sample that resulted had a 
size of 90 trees of hungarian oak. In these trees the stump height diameter (hi=0,30 m), the diameter at height 
hi=0,80 m, the breast height diameter D (hi=1,30 m), the diameters per 2 m above breast height diameter, that 
is in 3,3, 5,3, … m above the ground and the total tree height H were measured. In order to fit taper equations 
to data, 11 linear and nonlinear regression equations were tested (Kitikidou 2002), the following: 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 5599 -
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 (11) 

where: 

hd  = tree diameter at height hi (m) 

D  = breast height diameter (m) 
Η  = total tree height (m) 
αi, bi = regression coefficients  
ln  =  the natural logarithm. 
Regression analysis was applied with the use of the SPSS statistical software (Norusis 1992, Kitikidou 

2005). In order to compare the fitted equations the residuals normality (Lilliefors test), randomness (runs 
test), independence (chi-square test), homogeneity of variance (Levene test) and arithmetic mean were 
checked (Neter and Wasserman 1974, Neter et al. 1990). After the selection of the most appropriate taper 
equation, the homogeneity of the volumes calculated from the integration of the taper equation and the 
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volumes of the corresponding volume equation was tested. For a selected taper equation that estimates  

in function to D, the corresponding volume equation is lnv = 1,418-0,523/D. For a selected taper equation 

that estimates  in function to D and H, the corresponding volume equation is lnv = 3,826-48,921/Η-

0,02551H/D (Kitikidou 2000). In order to test the homogeneity of the volumes the Wilcoxon signed ranks 
test was applied. It is an non-parametric test, which was applied in stead of the t-test, because there was no 
information about the normality of the original population. The volumes of the integrated taper equation 
constitute the first group of values and the volumes of the volume equation the second group. If these groups 
of values are homogeneous, then the taper equation is compatible with the volume equation.  

ihd

ihd

3. RESULTS - DISCUSSION 
The summary statistics for the sample of the 90 trees are: The breast height diameter had a range from 

18 to 36 cm, mean 24 cm and standard deviation 5 cm. The total tree height had a range from 16 to 25 cm, 
mean 19,2 m and standard deviation 1,94 m. The statistical tests for the 11 equations are given in Table 1. 
According to these results, the equation that fulfills all 5 criteria (residuals normality, randomness, 
independence, homogeneity of variance –for a 1% probability– and zero mean) is the 3rd: 

0 1 2 3i

i
h

hd b b b D b H
H

= + + + . In Table 1, the acceptable criteria values are highlighted. 

Table 1. Residuals tests. 

Statistic 
Significance  
of D 
(normality) 

Significance 
of Z 
(randomness) 

Significance 

of 2
Pχ  

(independence) 

Significance 
of L 
(homogeneity of 
variance) 

Mean absolute 
residual 

1

ˆ
i i

n h h

i

d d

n=

−
∑  

Equation 1 0,000 0,011 0,183 0,079 0,0000 

Equation 2 0,033 0,000 0,918 0,024 0,0191 

Equation 3 0,024 0,128 0,316 0,164 0,0000 

Equation 4 0,000 0,000 0,538 0,698 0,0031 

Equation 5 0,001 0,013 0,316 0,693 0,0013 

Equation 6 0,010 0,006 0,316 0,837 0,0014 

Equation 7 0,023 0,584 0,316 0,707 0,0005 

Equation 8 0,200 0,002 0,347 0,914 0,0008 

Equation 9 0,000 0,045 0,316 0,432 0,0059 

Equation 10 0,074 0,006 0,316 0,652 0,0041 

Equation 11 0,200 0,045 0,316 0,783 0,0012 

The selected taper equation has the following values for the regression coefficients: b0 = 0,189, b1 = -
0,182, b2 = 0,612 and b3 = -0,00399, with confidence intervals [0,169 0,210], [-0,191 -0,173], [0,566 0,658] 
and [-0,005 -0,003] respectively, coefficient of determination R2 = 0,899 and standard error of estimation se = 
0,0164. In order to check the compatibility of the selected taper equation with the corresponding volume 
equation, the volume of the sample trees was calculated with 2 methods: The first method is the volume 
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equation lnv = 3,826-48,921/Η-0,02551H/D (Kitikidou 2000). The second method is the integration of the 

selected taper equation =0,189-0,182
ihd ih

H
+0,612D-0,00399H, as follows: 2

04
H

hv d hπ
= ∂ =∫  

( ) ( )3 30,189 0,182 0,612 0,00399 0,189 0,612 0,00399
4 0,182 3

D H D HHπ − + − − + −−
=

⋅
. The volumes of 

the first method had a range from 0,2233 m3 to 0,9634 m3, mean 0,4786 m3 and standard deviation 0,2115 
m3. The volumes of the second method had a range from 0,2964 m3 to 0,9370 m3, mean 0,4905 m3 and 
standard deviation 0,1703 m3. The Ζ-criterion significance is 0,016 (Table 2), which means that both values 
groups do not differ statistically importantly, for a 1% probability. Therefore, the two equations (volume and 
taper) are compatible.  

Table 2. Homogeneity test. 

 N Mean rankSum of ranks Z -2,416

Rank of positive difference 
(volume equation < integrated taper equation)

58 45,66 2648,00 Asympt. sig. 0,016 

Rank of negative difference 
(volume equation > integrated taper equation)

32 45,22 1447,00   

Zero differences 
(volume equation = integrated taper equation)

0     

Total 90     
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Background and goal. The annual mean air temperature in Germany was found to rise from 8.3° C in 

the 1961-1990 period to 9.1° C in the 1991-2002 term with significant spatial variation (Schröder et al. 2007). 
The ecological effects of the global climate change differ regionally. Climate change related biological 
effects should be mapped on spatial scales which are relevant for the implementation of adaptive strategies. 
In addition to plant phenology and other indicators, due to the ecological significance of soils in terrestrial 
ecosystems soil chemistry and hydrology should be investigated in the framework of a comprehensive 
climate change impact assessment (EEA 2004). Consequently, the aim of this study was to calculate the 
output of nitrogen (N) and phosphate (P) from soils in Schleswig-Holstein (Germany) given the current and 
predicted air temperatures.  

Data. In this study the calculations rely on data collected from several sources such as agricultural 
statistics, the German Weather Service DWD, results from the high resolution regional climate model REMO 
as well as from the German soil inventory `Reichsbodenschätzung` (Schröder et al. 2007). The calculations 
were performed for 325 representative combinations of ecological characteristics such as soil texture, 
distance to the ground water table, drainage, cultivation, and climate. The computations refer to three 
periods: 1975 to 2004 according to the measurements of two meteorological stations (DWD), and in terms of 
REMO modelling 1971 to 2000 (reference), and 2071 to 2100 according to the scenarios B1 and A1B 
published by IPCC (2001). 

Methods. The calculations of the nitrogen, phosphorus and water dynamics were performed by means of 
the Water and Substance Modelling System (WASMOD) developed by Reiche (1991). This complex 
simulation tool can be used for modelling the fluxes of water and dissolved substances through single soil 
columns, plots and watersheds. WASMOD simulates the N and P discharge as a function of soil, relief, land 
use and climate data and describes the following processes with chemically and physically based algorithms: 
surface runoff, interflow, infiltration, soil water dynamics, leakage, interception, evapotranspiration, soil 
temperature nitrogen transport, composition and decomposition of organic substance, plant uptake, 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 5603 -



phaenology, crop rotation and volatilation. The soil water dynamics is described by the Richard’s equation in 
one dimension. The simulation of nitrogen transport in the soil profile considers advection, dispersion and 
diffusion. The most important microbiological processes are described by three different organic carbon 
pools (fresh organic pool, microbiological organic pool and stable organic pool) with different reaction 
kinetics. The nitrogen dynamics (mineralisation, nitrification, denitrification, plant uptake and vertical 
transport) are closely linked to the carbon dynamics. WASMOD was used in several studies of water and 
nutrient dynamic in different scales (Fink and Kralisch 2005; Kralisch et al. 2003, 2005). An application of 
WASMOD presumes that the respective data in terms of, e.g. soil, relief, land use are available as GIS-layers 
(Fink and Kralisch 2005; Kralisch et al. 2003, 2005). 

Results. The WASMOD results encompass precipitation, interception, evaporation, seepage water, 
drainage, nitrogen balances (input, mineralisation, denitrification, nitrification, output, volatilisation, and 
drainage), and phosphate balances (input, mineralisation, output, and percentage of organic, sorbed, 
dissolved and immobile P). Some of the result are summarised in the following table. 

 

Table 1: Results of the WASMOD calculations 
 
According to the combinations of influencing factors the results summarised in the table vary spatially: 

Given the scenarios B1 and A1B the evaporation is expected to increase. Compared to the reference period 
the B1 seepage will be high and associated with high precipitation. Nevertheless, due to increasing 
evaporation A1B is similar to the reference period despite higher precipitation. The B1 scenario showed the 
highest outputs of N and P. The results for A1B were found to be very similar with those for the reference 
period. The N output from fields significantly increase in B1. The highest outputs were estimated for 
intensively grazed feedlots. For B1 the highest P outputs were computed whereas the A1B estimations were 
lower than the results referring to the reference period. In terms of the input / output ratio the N output from 
sandy soils will be higher than those from loamy soils while the contrary holds true for the absolute 
discharge. These findings will vary spatially with the distance of the soil surface from the groundwater table. 
The expected output by denitrification is negligible whereas from loamy soils such N losses can account for 
41 kg / ha. The mineralisation was expected at maximum in A1B. Compared with the reference period B1 
will have higher air temperatures and more precipitation but less droughts. Consequently, for these sites 
reduced mineralisation was estimated. Draining will reduce the N and P output from fields and enhance the P 
discharge from grassland, respectively.  

WASMOD results for B1 and A1B compared 
to the reference scenario

B1* A1B*

Temperature + ++
Precipitation ++ +
Evaporation + ++
Seapage ++ +
N output + -
N mineralisation + ++
N denitrification ++ ++
N plant uptake o ++
P output ++ -
P mineralisation ++ ++
P pflant uptake o ++
*Scenarios following IPCC (2001)
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Discussion. The WASMOD modelling results could not be compared to findings of similar studies 
because such could not be investigated. Thus, the discussion had to focus on the data and methods used for 
the computations, and the results could not be validated empirically. Nevertheless, from many case studies, 
ecosystem research and environmental monitoring projects which have been published during the last 20 
years the computations of this investigation could be classified as, at least, plausible. A major challenge of 
further investigations will be the regionalisation if the WASMOD results by the combination of high 
resolution soil data with such on plant phenology. 

Conclusion and Outlook. Basic research as for instance long-term ecosystem research should be 
regarded as essential precondition for the development of prognostic models as presented by the example of 
WASMOD. Such research could be proved as worthwhile in face of problems as represented in this study. 
Regarding the global change related risk of vector-associated diseases the predictive power of ecological 
models must be broadened and refined. In this sense WASMOD should be used to calculate the spatial 
patterns of soil moisture and soil temperature which both should be integrated into models predicting the 
predictive mapping of vector-associated diseases which are expected to increase with climate change 
(Takken et al. 2005; WHO 2004). 
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ABSTRACT 
As an instrument to assure good environmental conditions for mankind, animals and plants environmental planning 

needs surface data on habitats, their economic use and possibly related impacts. Two similar methodologies are 

presented how to calculate ecological landscape units for terrestrial and marine environments with help of GIS-methods 

and Classification and Regression Trees (CART). Regarding the marine environment a concept is described to predict 

and map the occurrence of benthic communities in the North Sea. From bottom water measurements on salinity, 

temperature, silicate and nutrients as well as from punctual data on grain size ranges raster maps were calculated by 

use of geostatistical methods. After intersecting these raster maps with punctual data on eight benthic communities a 
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CART tree was derived to predict the occurrence of these communities within the study area. CART was also used for 

mapping ecological landscape units for Europe with help of available digital maps on the biotic and abiotic 

characteristics of the terrestrial environment. The potential natural vegetation (PNV) was defined as the target variable 

while data on elevation, soil texture and climate (sunshine duration, global radiation, evaporation, precipitation and 

temperature) served as predictor variables to calculate decision trees for the PNV. In accordance with the methodology 

mentioned above these CART trees then were applied to map ecoregions for Europe. 
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In silvicultural research and tree breeding programmes it would be useful to have access to fast,
cost-efficient, and non-destructive ways to measure and evaluate various wood properties in standing
trees. A common method to measure characteristics of wood in standing trees is to use an increment
core, which is a cylindric sample taken with a special borer. An increment core is regarded as a
nondestructive sampling method as long as the diameter of the borer is not too large. One important
property of wood is the length of the cells, and especially that of the fibres (tracheids). However, the
distribution of cell lengths in an increment core is not the same as the distribution of the cell lengths
in the standing tree. This discrepancy arises from the design of the increment core, the procedure of
sampling, and the structure of wood. Since the increment core is taken horizontally in the tree while
the cells grow vertically, no full lengths of cells longer than the diameter of the increment core will
be registered. Moreover, cells in the increment core might be cut once or twice, depending on their
location in the increment core, see Figure 1. Another issue that needs to be taken into account is
the length-bias problem arising from the fact that longer cells are more likely to be sampled in an
increment core. In addition, there are different kinds of cells in wood. Besides the fibres of interest,
there are considerably shorter cells which we will call fines. Hence a sample from an increment core
arises from a mixture of fibres and fines. In order to measure the individual lengths of the cells in a
sample from an increment core, the cells are first totally separated by a chemical treatment. The cell
lengths can then be measured by an automatic optical fibre-analyser which can measure a large amount
of cells in a short time. On the other hand it can neither automatically tell whether a measured cell
is a fine or a fibre nor if a cell is cut. A stochastic version of the EM algorithm, capable of handling
this lack of information, was proposed by Svensson et al. (2006) in order to estimate wood fibre length
distributions in standing trees. In this paper, we discuss consistency and asymptotic normality of the
proposed stochastic EM algorithm under lognormal assumptions.

Preliminaries

Let W denote the length of a cell (fine or fibre) in a standing tree. Further, let Y denote the true
length of a cell that at least partially appears in the increment core, and X its corresponding length
seen in the increment core. Note that X ≤ Y since the cell might have been cut. The distributions
of W and Y will differ due to the length bias problem arising from the fact that longer cells are more
likely to be sampled in an increment core. However, there is a one-to-one relationship between the
distributions, see Svensson et al. (2006, Section 4.3). The density function of Y, fY (y;θθθ), can be written
fY (y;θθθ) = εfY1(y;φφφ1)+(1−ε)fY2(y;φφφ2), 0 < y < ∞, where ε is the proportion of fines in the increment
core, and fY1(y;φφφ1) and fY2(y;φφφ2) are the density functions of the true lengths of the fines and the
fibres, respectively, that at least partially appear in the increment core. Here θθθ = (ε,φφφ1,φφφ2). Let
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Figure 1: A cylindric increment core of diameter 2r is taken perpendicular to the direction of the
fibres in the tree. The cross-section of the increment core shows how the fibres in the sample can be
both cut and uncut.

xxx = (x1, ..., xn) be the observed cell lengths of the n cells in the increment core with density function
fX(x;θθθ) = εfX1(x;φφφ1)+ (1− ε)fX2(x;φφφ2), 0 < x < 2r, where 2r is the diameter of the increment core.
Here fX1(x;φφφ1) and fX2(xi;φφφ2) correspond to the fine and fibre length distributions in the increment
core. Knowing that fibres grow vertically and assuming that cells are randomly packed in the tree
irrespective of length and that the location of the increment core is uniformly located in the area of
interest in the tree, Svensson et al. (2006) show that for t = 1, 2,

fXt(x;φφφt) = puc(x)fYt(x;φφφt) +
∫ ∞

x

(8r2 − 3x2 + yx)
(πr2 + 2ry)

√
4r2 − x2

fYt(y;φφφt)dy, if 0 < x < 2r.

Here puc(x) = (2r2 arcsin(
√

4r2 − x2/(2r))− x
√

4r2 − x2/2)/(πr2 + 2rx) and is the probability that a
cell of true length x is uncut given that it at least partially appears in the increment core.

Identifiability

To make parameter estimation meaningful we need to verify the identifiability of fX(x;θθθ). We
state the following theorem.

Theorem 1 The class of finite mixtures of fXt(x;φφφt) is identifiable if the corresponding class of finite
mixtures of fYt(y;φφφt) is identifiable and fYt(y;φφφt) is analytic in y.

A proof of Theorem 1 is given by Svensson and Sjöstedt-de Luna (2007). The identifiability of the
class of finite mixtures of fXt(x;φφφt) when the corresponding fYt(y;φφφt) follow lognormal distributions
follows directly from Theorem 1 since in the lognormal case, fYt(y;φφφt) is analytic in y and the class
of finite mixtures of lognormal distributions is identifiable, see e.g. Ahmad (1988).

A stochastic EM algorithm

We would like to find the ML estimates based on the observed log-likelihood function
lX(θθθ) =

∑n
i=1 log fX(xi;θθθ). Since direct maximization of lX(θθθ) is difficult, Svensson et al. (2006)

proposed a stochastic version of the EM algorithm to find the ML estimates. We briefly describe
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the algorithm below for lognormal distributions. To each i, i = 1, ..., n, there corresponds a cell
observed with length xi in the core. Let yi be the unobservable true length of this cell, and let zi

be the unobservable indicator function with zi = 1 if the cell is a fine and zi = 0 if it is a fibre.
Then the vectors yyy = (y1, ..., yn) and zzz = (z1, ..., zn) constitute the complete data vector ccc = (yyy,zzz)
with density fCCC(ccc;θθθ). The EM algorithm iteratively maximizes the conditional expectation, Q(θθθ|θθθ′),
of the complete data log-likelihood given the observed data and preliminary parameter estimates θθθ′,
i.e. Q(θθθ|θθθ′) = Eθθθ′ [log fCCC(ccc;θθθ)|xxx] . The updated EM estimate of the proportion of fines is

(1) ε̃(θθθ′) =
n∑

i=1

τ(xi;θθθ′)/n,

where τ(xi;θθθ′), denotes the probability that observation i is a fine given its length xi in the core. We
have that τ(xi;θθθ′) = ε′fX1(xi;φφφ′1)/fX(xi;θθθ′). For lognormal models, it can be seen from Svensson et
al. (2006, Section 3), that the updates of the EM estimates of the parameters φφφt = (µt, σ

2
t ), t = 1, 2,

are

(2) µ̃t(θθθ′) =
Pn

i=1 τt(xi;θθθ
′)E

θθθ′ [log Yti|xi]Pn
i=1 τt(xi;θθθ′)

, and σ̃2
t (θθθ

′) =
Pn

i=1 τt(xi;θθθ
′)E

θθθ′ [(log Yti)
2|xi]Pn

i=1 τt(xi;θθθ′)
− (µ̃t(θθθ′))2,

where τt(xi;θθθ′) = τ(xi;θθθ′) for t = 1, and 1 − τ(xi;θθθ′) for t = 2. Here Yti is a random variable
corresponding to Yi given Zi = 2 − t, t = 1, 2, where Zi is a random variable corresponding to zi,

i = 1, ..., n. The conditional expectations in (2) do not exist in closed form. Svensson et al. (2006)
apply a Monte Carlo approximation for E

θθθ′ [log Yti|xi] and E
θθθ′ [(log Yti)

2 |xi], by simulating m values
y′ti1, ..., y

′
tim from the conditional distribution of Yti given xi with the parameters φφφ′t, t = 1, 2, and

using

1
m

∑m

j=1
log y′tij and

1
m

∑m

j=1

(
log y′tij

)2

as the approximate conditional expectations, respectively. Below we discuss consistency and asymp-
totic normality of the proposed stochastic version of the EM algorithm when fY (y;θθθ) is a mixture of
two lognormal distributions.

Consistency and asymptotic normality

Let θθθ∗ = (ε∗,φφφ∗1,φφφ
∗
2) denote the true value of the parameter that generated the observed data in

the increment core. Further let Θ′ be a compact set of the parameter space such that θθθ∗ is an interior
point and fX(x,θθθ) = fX(x,θθθ∗) almost everywhere in x for θθθ ∈ Θ′ only if θθθ = θθθ∗. We denote the
ML estimate of θθθ∗ by θ̂̂θ̂θML and let θ̃̃θ̃θ

(k)
S and θ̃̃θ̃θ(k) denote the estimate of θθθ∗ at step k of the stochastic

EM-sequence proposed by Svensson et al. (2006) and the corresponding deterministic EM-sequence,
respectively. Note that θ̃̃θ̃θ

(k)
S also depends on m, the number of simulated values for the Monte Carlo

integration. In proving the consistency and asymptotic normality, we will assume that theFisher
information matrix I(θθθ) = Eθθθ

[
SX(θθθ;X)ST

X(θθθ;X)
]
is well defined and positive definite at θθθ∗. Here

SX(θθθ;X) = ∂/∂θθθ log fXXX(x; θx; θx; θ). We formulate the following convergence theorem.

Theorem 2 Assume that fY (y;θθθ) is a mixture of two lognormal distributions. Then
√

n(θ̃̃θ̃θ(k)
S − θθθ∗) D→ N(0, I(θθθ∗)−1), as k, n,m →∞,

cooperatively, where θ̃̃θ̃θ
(k)
S = arg max

θθθ∈Θ′
Q(θθθ|θ̃̃θ̃θ(k−1)

S ).

The term cooperatively, which specifies in which way m, k, and n simultaneously must tend to infinity,
needs to be further specified, and will depend on M in equation (3) and on the sequence k(n) in
equation (4) below. We state the following definition.
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Definition 1 We say that m, k, and n tend to infinity cooperatively if m, k, n → ∞, k = k(n) is a
sequence satisfying (4), and
i) if M < 1/5 then 1/m = o(1/n2),
ii) if M = 1/5 then 1/m = o(1/(n2k2)), or
iii) if M > 1/5 then 1/m = o(1/(n2M2k)).

For lognormal models, θθθ = (θ1, ..., θ5) with θ1 = ε, θ2 = µ1, θ3 = σ2
1, θ4 = µ2, and θ5 = σ2

2. For the
EM estimates, we have that for some finite positive M,

(3)
∣∣∣θ̃i(θθθ)− θ̃i(θθθ′)

∣∣∣ ≤ M
5∑

j=1

∣∣θj − θ′j
∣∣ , i = 1, ..., 5,

is satisfied for θθθ, θθθ′ ∈ Θ′ since θ̃̃θ̃θ(θθθ′) is continuously differentiable on the compact set Θ′. Svensson and
Sjöstedt-de Luna (2007) show that for lognormal models it is possible to find a sequence {k(n)}∞n=1

with k(n) →∞ as n →∞ such that

(4)
√

n(θ̃̃θ̃θ(k(n)) − θ̂̂θ̂θML) P→ 0, as n →∞.

Theorem 2 is proved by Svensson and Sjöstedt-de Luna (2007) in three steps noting that
√

n(θ̃̃θ̃θ(k)
S − θθθ∗) =

√
n(θ̃̃θ̃θ(k)

S − θ̃̃θ̃θ(k)) +
√

n(θ̃̃θ̃θ(k) − θ̂̂θ̂θML) +
√

n(θ̂̂θ̂θML − θθθ∗).

Hence, convergence of the stochastic EM, the deterministic EM and the ML estimate are separately
studied. The proofs of the last two steps are based on the work of Redner and Walker (1984). The
proof for the stochastic part is inspired by the work of Sherman et al. (1999), even though the stochastic
part in the algorithm for the data from increment cores is somewhat different from the usual stochastic
part of Monte Carlo EM algorithms.

Concluding remarks

The theorems given here hold under lognormal assumptions when the sampling frame is an
increment core. However, we believe them to hold for any convex shape of sampling frame as well.
For example, for a stick with the shape of an elongated rectangular box, it can be shown that all
the proofs hold. We also believe that the results hold for mixtures of densities from any exponential
family, which is an interesting future challenge to show.
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ABSTRACT

The presentation of this poster aims to show a set of indicators which are the result of SIET-MAC
(Statistic Tourism Indicators System of Macaronesia), a co-financed project by the Community Ini-
tiative INTERREG III-B. SIET-MAC was a joint project developed, during 2005/6, by the Statistics
Institutes of the Azores, Madeira and Canary Islands. The aim of this project was to implement a
dynamic system of statistic indicators for measuring and guiding the sustainability of tourism in the
three regions engaged in the project and that are part of the Macaronesia Region (Azores, Madeira
and Canary Islands). The development of this common project provided added benefits to all involved
institutes, mainly in terms of the statisticians know-how development, the creation of teamwork pro-
cesses and the enrichment of the institutional relations between the three organizations.

Keywords. Indicators related with tourism.
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L’Impact des termes de l’échange au Cameroun : de 1985 à 2002
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Le rapport sur le développement dans le monde de la Banque mondiale de 1987, classait des Etats 
africains dans la catégorie des pays fortement ou modérément tournés vers l'intérieur sur la base 
d'indicateurs  de  mesure  de  leur  protection  tarifaire.  Aussi,  en  ce  qui  concerne   le  commerce 
international, ces pays sont souvent présentés comme des médiocres.

Le développement des échanges commerciaux et financiers internationaux comporte à la fois des 
opportunités  et  des  risques.  Ainsi,  Bianco  J.  L.  et  Severino  J.  M.  (2001)  voient  dans  la 
mondialisation la  condition du décollage  économique,  notamment  à  travers  la  baisse  des  coûts 
qu'elle induit pour les consommateurs. Mais en même temps, du fait de la très grande instabilité des 
marchés mondiaux, il  apparaît  que la croissance peut être inégalement  répartie (Bianco J. L. et 
Severino J. M.,  2001).

L'idée selon laquelle  la  libéralisation du commerce  extérieur favorise  la croissance économique 
remonte à la théorie classique du commerce international.

Au plan empirique, certaines études établissent une relation positive entre l'ouverture du régime 
commercial et la croissance économique. Ainsi, la Banque mondiale (1987) a classé quarante et un 
pays en développement en quatre catégories selon leur degré d'ouverture commerciale :1) pays très 
tournés vers l'intérieur, 2) pays modérément tournés vers l'intérieur, 3) pays modérément tournés 
vers l'extérieur et 4) pays très tournés vers l'extérieur. Il se dégage de cette classification que les 
pays des catégories 3 et 4 présentent un niveau économique jugé satisfaisant.

Cependant, l'on relève que le principal avantage de la libéralisation du commerce ne se manifeste 
pas immédiatement mais, apparaît plutôt après une longue période, à travers un accroissement de 
l'investissement qui se répercute positivement sur la croissance économique (Rapport annuel 1998 
de l’OMC).

L'ouverture est aujourd'hui perçue comme l'unique, sinon la principale solution pour favoriser le 
développement. Or, un certain nombre d'études permettent de nuancer cette perception des choses 
(F. Rodriguez et D. Rodrik, 1999), et se démarquent ainsi des conclusions de la théorie classique de 
l'échange  international.  Toutefois,  il  faut  souligner  que  même  si  l'ouverture  peut  affecter 
positivement la croissance, le côté systématique des gains disparaît dès lors qu'on se place dans un 
cadre dynamique ou en concurrence imparfaite,  et  ce souvent au détriment  du plus pauvre des 
partenaires.

Le Cameroun comme toute économie moderne et ouverte, entretient des échanges avec le reste du 
monde. Ces échanges sont  constitués non seulement des mouvements de biens et services, mais 
aussi des capitaux et autres moyens financiers. Les transactions de l’économie réelle reposent sur 
les produits de base pour les exportations et les biens d’équipements et consommations pour les 
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importations.  En  outre,  les  termes  de  l’échange  qui  reflètent  le  niveau  de  compétitivité  d’une 
économie sont fonction des prix et des volumes de ces derniers. Une analyse de la structure et de 
l’évolution des importations  et des exportations permet de mieux apprécier cet indicateur.
I - ANALYSE DES EXPORTATIONS 

 Les  exportations  de  produits  du  Cameroun  pour  la  période  1985  à  2002  se  composent 

essentiellement  de produits primaires et d’huiles brutes de pétrole. Les exportations en volumes de 

pétrole brutes couvrent pour cette période entre 60% et 85% des exportations totales. Néanmoins la 

période de récession (1994 – 1998) est celle du décollage  de la production agricole et industrielle. 

Cette augmentation fait suite à la mise en place des programmes d’ajustements structurels à partir 

de 1990 qui imposant l’équilibre extérieur encouragent le développement des filières exportatrices 

et  l’industrialisation de l’économie. Le secteur agricole qui occupe la seconde position après le 

pétrole  est essentiellement composé des grumes, de la banane, du café, du coton, du cacao et de 

l’aluminium brut. Ces produits représentent plus de 80% des exportations agricoles. Le troisième 

groupe est celui des produits industriels (en général moins de 5% des exportations en quantités) qui 

sont essentiellement le ciment, les bières, et les boissons gazeuses. Ainsi l’économie camerounaise 

est très peu diversifiée et dépendante de quelques produits primaires et le pays est price-taker. La 

faiblesse du tissu industriel du pays présente le faible niveau de compétitivité.

II-  ANALYSE DES IMPORTATIONS 

Les importations sont constituées des biens et services qu’un pays acquiert de l’extérieur. Celles-ci 

répondent aux besoins de consommation que le pays ne peut satisfaire en quantité et en  qualité par 

ses propres moyens de production. Elles tiennent aussi compte des avantages comparatifs. 

Les produits importés sont regroupés en trois grands groupes à savoir ceux dits finis, semi-finis et 

d’équipement.  Les  produits  finis  occupent  continuellement  la  première  place  en  matière 

d’importations de 1986 à 2002 et représentent environ 60% des importations à partir de 1995. Ils 

sont  constitués  essentiellement  des  produits  de  consommation  finale  tels  que  les  produits 

alimentaires, les médicaments, les produits textiles, les produits électroménagers et les véhicules. s 

produits textiles, les produits électroménagers et les véhicules. En deuxième position viennent les 

produits semi- finis nécessaires à l’industrie. S’agissant du troisième groupe relatif aux produits 

d’équipement, il se dégage trois phases d’évolution à partir de 1980 : la première période qui est 

celle de 1980 à 1986 correspond à la fin des programmes quinquennaux avec le renforcement du 

tissu industriel où les pourcentages sont entre 6% et 23% des importations totales ; la seconde phase 

qui  est  liée  à  la  crise  que  traverse  l’économie  camerounaise  à  partir  de  1986  entraînant  une 

réduction des importations industrielles qui tournent autour de 3%. La troisième phase de relance à 

partir  de  1998  correspond  à  une  combinaison  des  effets  de  la  dévaluation  et  des  nouveaux 

programmes des institutions de Bretton Woods. 
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II - LES TERMES DE L’ECHANGE DU CAMEROUN
Les termes de l’échange peuvent se définir comme étant l’indice de gain ou de perte qu’un pays retire de 

sa participation aux échanges internationaux. Ils permettent d’étudier la manière dont évolue la situation 

de  chaque  pays  dans  l’échange  international  en  quantifiant  les  variations  du  pouvoir  d’achat  des 

exportations d’un pays en quantité de marchandises étrangères. 

II-1 Indices des prix et quantités des importations/exportations et termes de l’échange 

marchands 
       - Indices de prix et de quantité

De 1985 à 2002, l’indice des prix à l’importation reste au dessus de 100 malgré les fluctuations. Le 

pic se situe en 1995 avec un indice de 240..

 En ce qui concerne les produits exportés l’indice des prix reste en dessous de 100 jusqu’en 1999 

où il remonte et reste au dessus de 100 jusqu’en 2002. 

-Les termes de l’échange 

II -2  Évolution des termes de l’échange
Le graphique 1 montre une dépréciation des termes de l’échange depuis l’année 1985. La chute des 

cours  des  matières  premières  en  1986/87   a  provoqué  une  détérioration  progressive  des  termes  de 

l’échange  jusqu’à son plus bas niveau en 1990. La crise que traverse le pays conduit les termes de 

l’échange à s’effondrer en 1991. Toutefois, il apparaît une amélioration nette en 2000 qui a commencé à 

s’observer dès  1995 après la dévaluation. Ce qui, d’après la théorie économique donne naissance à la 

courbe en J. Cette courbe est observée pour le Cameroun même s’il apparaît une cassure en 1998/1999 

qui pourrait être liée aux ajustements et aux perturbations des prix et de la demande sur le marché des 

produits de base.

L’analyse  des  données  statistiques  permet  de  conclure  de  façon  incontestable  que  les  termes  de 

l’échange se sont détériorés pour le Cameroun. Ce qui va à l’encontre de la théorie de Ricardo qui 

prévoyait une amélioration des termes de l’échange des PVD exportateurs des produits de base  du fait 

de  l’existence  des  rendements  d’échelle  décroissant  dans  le  secteur  primaire.  Pour  essayer  de 

comprendre l’on pourrait avancer quelques explications :

La demande des produits primaires et les importations des biens manufacturés. D’une manière 

générale,  les  élasticités  -  prix  (|Ex|  <1) des  exportations  sont  très  faibles  en  opposition  aux 

produits importées (|Ex| >1). Ceci montre que le niveau de la  demande est très peu sensible au 

prix  et  au  revenu.  Les  produits  de  base  ne  profitent  pas  des  gains  de  productivité.  Toute 

amélioration de la production entraîne des baisses de prix sur le marché mondial et inversement 

une hausse des prix résulte de la rareté de ces derniers Ces effets combinés contribuent à déprimer 

les termes de l’échange du Cameroun. 
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La réduction des consommations intermédiaires des produits de bases nécessaires à la fabrication 

des produits manufacturés. En effet avec le progrès technique et la mise en place des nouveaux 

procédés chimiques  plus économes en matières premières permettent une réduction de la demande 

de ces derniers. La production industrielle substitue de plus en plus les intrants de base par les 

produits synthétiques. Ainsi on retrouve actuellement dans certains chocolat (pourtant très prisé et 

chère) moins de 5 % de cacao. Les fibres synthétiques sont également substituées au coton, la 

betterave substitue la canne à sucre, le caoutchouc naturel remplacé par le synthétique etc.…

Graphique 1 : Termes de l’échange 
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Source : Nos calculs, à partir les données de l’Institut National de la Statistique (INS)

Tableau 1 : Quelques élasticités-prix des exportations et des importations

Années
Elasticités-prix  des  
exportations  Elasticités-prix des importations

1999 -0,008129 0,7568
2000 1,810571 1,4768
2001 -0,627162 -1,1923
2002 0,448073 -2,4056
2003 -0,244613 5,3099
Source : Nos calculs à partir des données de l’INS
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1. Introduction 
Foreign direct investment (FDI) is a type of investment involving a long-term relationship, reflecting a 

long-standing interest of an entity residing in an economy (direct investor) in an entity residing in another 
economy (company of direct investment), with the aim of exercising a significant degree of influence in the 
management of the resident company in the other economy. Direct investment involves both the initial 
transaction and subsequent transactions between the two entities and associate companies (OECD, 1996).  

In the post-European Union (EU) accession period, the growth of foreign investment in Portugal 
started in 1987, with high annual growth rates. Since the mid-eighties, a sustained foreign investment effort 
took place with high ratios of FDI to gross domestic product and of FDI to gross fixed capital formation, 
which attained in the late nineties impressive values of, respectively, around 20 and more than 50 percent. In 
fact, Portugal has become one of the EU success stories in FDI, with one of Europe’s youngest and fairly 
skilled workforce, low operating costs, a wide range of sites and buildings at competitive prices, relatively 
low taxes, generous incentive schemes, reasonable training facilities and an attractive quality of life. The 
specific advantages of the country included also economic, political and social stability, on a privileged 
geographical location with access to markets in Europe, North American Atlantic, Latin America and Africa. 

It is known that FDI has had some effects on the Portuguese economy, particularly on the 
modernization of the national industry and also on a better performance of the trade balance. In fact, even 
though the majority of foreign investment operations have been directed more recently to the tertiary sector, 
a few investments, sometimes very large ones, were made in some branches of manufacturing industry, such 
as the manufacture of metal products, machines, transport equipment and material (including automobiles), 
chemical industries, foodstuffs and paper industries, that contributed to change the country traditional 
exports pattern, from the textiles and clothing to medium high technologies industries. 

Despite the favourable social and economic framework existing in Portugal over this period, after a 
remarkable growth since 1986, FDI, which had an instrumental role in the process of renewal of the economy, 
tended to stabilise in the late nineties. In addition to the conjuncture factors, such as the evolution of the 
economic situation, experienced by all the major investors in Portugal over that period, the competition from 
other location as regards external capital, such as the economies of Central and East Europe and South-east 
Asia may have contributed to a reduction of the growth rate of FDI inflows into the country. 

The objective of this paper is the presentation of a microeconomic approach to the effects of FDI, 
based on an original event study within the financial economics literature, of comparison between the pre- 
and post- financial and operating performance of a sample of companies resident in Portugal and receiving 
FDI in the nineties. Section 2 provides the testable predictions and methodology applied. Section 3 presents 
the empirical results found in several financial indicators used to the measurement of performance for the 
full and the sub samples of FDI companies in Portugal. 

2. Testable predictions and methodology
With the above-identified purpose, the methodology applied provides an analytical framework for the 
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comparison of companies’ performance before and after a certain event has occurred, in the case the 
captivation of FDI. To measure the operational and financial performances accounting information and 
financial indicators were used: an approach to the business and companies magazine “EXAME” was ran in 
order to get the special annual numbers of the decade devoted to the five hundred greatest and best non-
financial companies in Portugal (“500 Maiores e Melhores”), where some accounting and financial indicators 
for each company’s performance are published. A sample of thirty-one companies with foreign equity control 
was selected from the five hundred greatest and best companies in Portugal, taking into account its consistent 
representatively across the decade of the nineties concerning not only several variables deemed relevant in 
the FDI macroeconomic analysis like sector of economic activity, location and country of origin, but also 
taking into account that they should have at least two annual observation in each period before and after FDI.  

Specifically, we tested the hypotheses that FDI had impact on the following financial indicators of the 
FDI receiving company: it increased the company’s profitability, operating efficiency, investment intensity, 
output and dividend payments; and it decreased its employment and leverage.  

To test the predictions, empirical proxies for every company of the sample for a period of seven years 
were computed: three years before through three years after receiving FDI for the first time (year zero), in 
the period from 1992 to 2001. Then the mean of each variable1 for each company over the pre- and the post- 
FDI windows was calculated. Since the first year of receiving FDI includes both the period without and with 
FDI for all companies, it was excluded from the analyses. The condition for each FDI company to be 
included in the sample, of having at least two observations available for each window (pre and post), was 
fully met: in fact, from the thirty-one selected for the full sample, twenty companies had even the desired 
three observations in both periods (exception made for the dividends). 

Having computed the pre- and post- FDI means for the full sample of 31 companies, the Wilcoxon
signed-rank test was used as the method of testing for significant changes in the variables. This procedure 
tests whether the mean difference in variable values between the pre- and the post-FDI samples is significant 
statistically nil or not. The conclusions are based on the calculation of W, which for samples of at least ten 
observations, follows approximately a standard normal distribution and of the standardized test statistic z.

The Wilcoxon signed-ranks test (z statistic) is a non-parametric test for the significance of the 
difference between the distributions of two non-independent samples involving repeated measures or 
matched pairs (for instance, Xa (after) and Xb (before)). It is thus an alternative to the t-test applicable to 
samples that fail to meet at least one of its assumptions - and we could not be completely sure about their 
observation in the FDI sample, namely the normality of the distribution. The Wilcoxon test begins by 
transforming each instance of Xa-Xb in its absolute value, which is accomplished simply by removing all the 
positive and negative signs. The cases in which there is zero difference between Xa and Xb are at this point 
eliminated from consideration, since they provide no useful information. The remaining differences are then 
ranked from the lowest to the highest, with tied ranks included where appropriate. Afterwards, a “+” sign is 
assigned to each rank when Xa-Xb is greater than zero and a “-” sign is assigned to each rank when Xa-Xb is 
less than zero. The value of W for the Wilcoxon test is then calculated as the sum of the signed ranks. The 
number of signed-ranks, here designated as Ns/r, is equal to the number of Xa-Xb pairs with which one 
began minus the number of pairs for which the absolute value of Xa-Xb is zero. The effect of replacing the 
original measures with ranks is two-fold. The first is that it brings one to focus only on the ordinal 
relationships among the measures - “greater than”, “less than” and “equal to” – with no illusion that these 
������������������������������

��Euro/Escudo fixed rate converted figures for the years before the introduction of the European currency in the 
accounting reporting of companies were used, namely until the year 2000. Whenever possible, ratios using nominal data 
in both the numerator and the denominator were computed. In calculating real sales and sales efficiency (revenue per 
emplyoee), the sales revenue data were deflated using the appropriate consumer price index (CPI) values. A similar 
procedure was employed to compute net income per emplyoee and total assets per emplyoee. Real sales, sales efficiency, 
net income efficiency and total assets efficiency measures for year zero were defined as having an index value of 1.00 
(normalized) with other years being expressed relative to unity in this year. 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 5619 -



�

�

measures have the properties of an equal-interval scale. And the second is that it transforms the data array 
into a kind of a closed system whose properties can then be known by dint of sheer logic. 

Besides the application of the Wilcoxon methodology to the differences in the means of the variables 
after and before FDI, a similar procedure was run to identify the significance of the proportion of companies 
that changed as predicted (Proportion tests).  

In addition to analyzing each one of those variables for the full sample of thirty-one FDI companies, 
Wilcoxon similar tests for six sub samples were also performed: Industrial versus Non-industrial sector of 
economic activity; Lisboa e Vale do Tejo versus the rest of the country location; and European Monetary 
Union countries of origin of investment against the Rest of the world.  

In the whole, including the difference in means test and the proportion test, both for the full and the 
sub-samples, one hundred and eighty-two Wilcoxon tests were ran. 

3. Empirical results 
In this section results from the application of the Wilcoxon test to the range of variables analyzed, for 

the full sample of FDI companies and for the three sub samples, are presented.  
Profitability was measured using three ratios: return on sales (ROS), return on assets (ROA) and return 

on equity (ROE). Profitability ratios are computed using net income as the profit measure in the numerator of 
all three ratios. Since ROS is a ratio of a two current-euro flow measures, it is the ratio on which focus 
should be put. As expected, profitability increased significantly after FDI according to the three ratios for the 
full sample of 31 companies (see Table 1). The mean increase in ROS after FDI was 2.6 percentage points, 
from 3.8 percent to 6.4 percent and 80.7 percent of the firms in the full sample experienced expanding profit 
margins after FDI. The ROE was even higher exhibiting an increase of 5.3 percent, as a result of the major 
share of net income on equity capital after FDI, and 77.4 percent of the full sample of companies changed as 
predicted. Wilcoxon tests show that all the three ratios of returns increased significantly (at the 1 percent 
level of significance) after FDI. Most of the sub samples also demonstrated significant post FDI increases in 
profitability. 

�

Table 1 - Summary of results from tests of predictions of the Full Sample of FDI firms 

Variables Ns/r2 Mean
before

Mean
after

Mean
change

z-Statistic for 
Differ. in means 
(after - before) 

% of firms that 
changed as 
predicted

z-Statistic for 
significance of 
Proport. change 

Profitability 
  ROS 
  ROA 
  ROE 

31
31
31

3.8% 
3.2% 

10.5% 

6.4% 
5.4% 

15.8%

2.6% 
2.2% 
5.3% 

2.96*** 
2.86*** 
2.41*** 

80.7% 
77.4% 
77.4% 

4.37*** 
4.28*** 
4.28*** 

Operating Efficiency 
  SALEFF 
  TAEFF 
  NIEFF 

30
29
30

0.93
0.89
0.29

1.29
1.27
3.38

0.36
0.38
3.09

4.40*** 
4.15*** 
3.77*** 

90.0% 
89.7% 
83.3% 

4.53*** 
4.45*** 
4.37*** 

Investment Intensity 
  CISA 
  CITA 

24
29

2.9% 
2.4% 

2.3% 
1.5% 

-0.6%
-0.9%

-0.28
-0.54

54.8% 
48.4% 

2.91*** 
3.09*** 

������������������������������
2 Because data was not available for all the thirty-one companies of the full sample in all the years under analysis, 
whenever the sample of companies was smaller than the full one, the number of companies effectively used in each 
variable’s analysis is referred.  

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 5620 -



�

�

Variables Ns/r2 Mean
before

Mean
after

Mean
change

z-Statistic for 
Differ. in means 
(after - before) 

% of firms that 
changed as 
predicted

z-Statistic for 
significance of 
Proport. change 

Output
  RESAL  30 0.80 1.14 0.34 3.97*** 90.0% 4.53*** 

Employment 
EMPL 31 1,664 1,885 221 1.62 51.6% 3.1*** 

Leverage
  DETA 21 65.6% 61.9% -3.7% -2.15** 78.3% -3.61*** 

Payout 
  DIVSAL 
  PAYOUT

13
13

1.9% 
26.0% 

3.6% 
35.1%

1.7% 
9.1% 

1
0.79

53.9% 
61.5% 

28***  
36*** 

***, **: Significant at the 1 and 5 percent level, respectively, with critical values of z at 2. 326 and 2. 576. 

To measure efficiency, three measures were also employed, all inflation adjusted, namely sales per 
employee (SALEFF), net income per employee (NIEFF) and total assets per employee (TAEFF). Again, all 
three showed mean increases following FDI for the full sample, with NIEFF showing 3.09, the most 
significant value of the three measures. All but two (firms located outside Lisboa e Vale do Tejo in TAEFF 
and firms receiving FDI from non EMU countries in NIEFF) of the sub samples showed significant 
efficiency improvements after FDI.  

Investment intensity was computed using two proxies, capital expenditures divided by sales (CISA) 
and capital expenditures divided by total assets (CITA). Against the expectations, capital spending was found 
to consistently decrease after FDI, although neither CISA nor CITA were significant according to the 
Wilcoxon test. All of the sub samples results were again also insignificant. 

Changes in output were tested by computing the average inflation-adjusted sales level for the pre-FDI 
period and comparing it to the three-year level for the post-FDI period. Both the Wilcoxon and proportion 
tests showed that real sales increased after FDI, and the changes were significant at the 1 percent level under 
both measures. The mean increase in real sales from the average level during the three years prior to FDI to 
the average level afterwards was 34 percent. As in the case for efficiency improvements, all but two of the 
sub samples (the same than before) experienced a significant increase in real sales. 

According to several theories, although employment may increase as a first reaction of FDI instalment 
in a recipient country, declines in employment levels may be expected after FDI companies undertaking 
rationality measures within their structures. The Wilcoxon test shows, on the contrary, an (almost significant) 
average increase in employment in Portugal in the period under review. Sub samples experienced different 
results according to the specific nature of each one.  

Changes in leverage were observed through changes in total debt to total assets (DETA). As predicted, 
a significant decline in leverage for the full sample was documented. The average decline in DETA was 3.7 
percent. All of the sub samples experienced also decline in leverage. 

As a final test, examination of whether dividend payments, measured as cash dividends divided by 
sales revenue (DIVSAL) and by net income (PAYOUT), increased following FDI. Although the mean 
dividend payment increased 1.7 percent in the first case, from 1.9 percent to 3.6 percent, and 9.1 percent in 
the second one, from 26.0 percent to 35.1 percent, the increases were not significant according to the 
Wilcoxon test, perhaps due to the small size of the full sample here used which, by unavailability of data, 
could not be larger. The sub sample tests revealed that dividends increases were observed in several domains 
although not significant. 
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Volatility Criteria Aggregation
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E-mail: Afanassiev@rambler.ru

ABSTRACT

“Absolute variability of the volumetric indication as a total is always less than the sum of absolute
variability measures in all units of totality and the variability coefficient as a whole is less than the
variability coefficient in the units of totality”. The proved results can be used in different activities,
financial field, international trade, etc.

Keywords. Volatility, deviation, the general law of volumetric variation aggregating.
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1. Estimates as Data Sources for the Construction of Quarterly Financial Accounts 

Quarterly financial accounts may be characterized as statistical compilation from various partial data 
sources. They present a component of macroeconomic accounting and are useful both for setting of monetary 
policy and for analysis of the financial stability of the economy including relations amongst respective sectors of 
the economy. As compilations of different sources of data, they are particularly useful for identifying 
inconsistencies stemming from comparisons of partial, specialized statistics (e.g. international investment 
position and monetary and banking statistics).  

In practical terms, assembling such statistics brings a number of problems. Of those, two are of particular 
importance for this article. First, assembly of quarterly financial accounts involves the compilation of data for 
each specific account (balance sheets, financial account, revaluation account, other changes in volume of assets 
account) within each institutional sector, balancing the summaries of these accounts across the whole economy 
(sector balance), secondly a concurrent or subsequent monitoring of balance between assets and liabilities for 
each item across the whole economy (item balance) and, during more advanced compilations, also a check of all 
relationships among the sectors, separately for each item. This places significant demands on data sources, as 
most traditional statistical approaches use this perspective only in part. 

A second and related question that must be answered while forming the concept of quarterly financial 
accounts is one of extent of new data to be collected specifically for these accounts, in addition to traditional 
statistics. Additional data sources that are available quarterly and that can significantly enhance quality, 
reliability and consistency of data must be balanced against the expense of collecting the data and increased 
administrative burdens on statistics entities.  

Findings to date indicate unequivocally that certain range of data needed for quarterly statistics must be 
estimated, now and in the future. This reality applies to a significant degree for sector of non-financial 
corporations. The need to continue compiling quarterly financial reports for the non-financial sector from limited 
data sources, and thus with an inherently large margin of error, is driven by the requirement for quarterly 
financial accounts to provide current information with minimal time delay, on a fairly frequent basis, over a 
                                                 
*) This paper was written with the support of grants No. 402/06/0209 of Grant Agency of the Czech Republic. 
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relatively wide spectrum of economic indicators, and with the identification of the counterpart sector of each 
item on liabilities or financial assets sides. These requirements are difficult indeed to reconcile with the general 
(and appropriate) pressure to minimize the statistical burdens placed on businesses, especially small - and 
medium-sized ones. At the same time, one must note that the purpose of financial accounts is not to compile 
figures that are absolutely accurate, but those that will provide maximally reliable indicators of any impending 
financial problems with a sector. As regards compilation of quarterly financial accounts, this primarily calls for 
reliable indicators of specifically formulated relationships of various assets and obligations or more precisely, 
groups of assets and obligations (criteria, specifically indicators of liquidity, solvency, etc.). It is therefore clear 
that relationships, rather than absolute values alone, are significant in quarterly financial accounts. Similarly, an 
information that a certain indicator has reached a particular range of values is more important that an exact 
figure. 

 
2. An Approach to Compiling Accounts for Sector of Non-financial Corporations 

The facts stated above imply a requirement to conceptualize the compilation of quarterly financial 
accounts as a comprehensive, carefully thought out combination of various approaches, including estimates. 
Some approaches to estimating selected items have already been described in the Arlt, Kalous (2007) article. 
This text builds on that article. It concerns itself with the utilization of estimate methodologies as part of an 
overall approach to compiling quarterly financial accounts for the entire sector of non-financial corporations. 
The total data for this sector are obtained by means of a combination of data acquired through statistical records 
and of data acquired by the application of various estimate methodologies. This approach also involves the 
compilation of figures for quarterly accounts from the so-called fundamental counterparts. Depending on what 
data sources are available, the following procedures can be defined for the compilation of quarterly financial 
accounts for the non-financial sector: 
• Some data can come from the so-called counterpart; these data are taken from other statistics that report 

information about a part of non-financial corporations’ sector financial accounts. An example of these kinds 
of data is information about the deposits of non-financial corporations, information about insurance technical 
reserves of corporations, and so forth. This kind of information is available primarily from statistics that 
pertain to monetary and financial institutions, from investment position, and from other sources. A number 
of figures for financial accounts can be thus compiled from data belonging to multiple sectors or statistics. 

• Another data are taken from cross-sectional statistics, that is, statistics that go across all economic sectors. 
An example of this data type for non-financial corporations in the Czech Republic is a specialized database 
of shares and other equities issued by residential sectors.  

• The most useful approach to estimates is the econometric estimate based on disaggregating of data from 
annual national accounts (1995 – 2004) commonly with the utilization of a reference time series with a 
quarterly periodicity in part of the sector. This method makes it possible to compile certain items of the 
balance sheet of corporations (total liabilities, accepted loans, other accounts receivable, and liabilities 
without shares). The limiting factor here is a small number of applicable reference series. If appropriate 
reference series are not available, then the econometric estimate that is based on the disaggregating of data 
from annual national accounts (1995 – 2004) to the quarterly time series with no additional information and 
its subsequent extrapolation (in cases when a measure of stability can be expected as the time series 
develops) can be used as a stopgap solution. 

• The above-mentioned approaches can be complemented and their results can be verified and substantiated 
by means of several other methodologies. For instance, one can utilize data from a database that tracks 
corporations with 100 and more employees as a minimum value for a respective item. Additionally, it is 
possible to utilize specifically defined balancing equations amongst groups of items and items used for 
controlling or limiting conditions with respect to the size of the figure and functions that model mutual 
relationships amongst items, or groups of items. 

 

3.  An outline of a system for compiling of the sector balance sheet  
An overall compilation of the balance sheet for quarterly financial accounts of the non-financial 

corporations sector can be depicted in the following scheme: 
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 Quarterly fiscal statements S.11 Total Counterparts
yAs of 09/30/2006 (items) S.11 S.121 S.122 S.123 S.124 S.125 S.13 S.14 S.15 S.2 

Financial assets ? ? ? ?
F.2 Currency and deposits ? ? ? ?
F.21 Currency ? L
F.22 Transferrable deposits ? L
F.29 Other deposits ? L
F.3 Securities other than shares ? R
F.4 Loans ? ? ? ? ?
F.41 Short-term loans ? R
F.42 Long-term loans ? R
F.51 Shares except mutual fund shares ?
F.52 Mutual fund shares ? L
F.6 Insurance technical reserves ? ?
F.62 Prepaid premiums and reserves against claims ?
F.7 Other accounts payable M M M M M M M M M M

Financial obligations ? ? ? ? ? ? ? ? ? ? ?
F.3 Securities other than shares R L 
F.4 Loans ? ? ? ? ? ? ? ?
F.41 Short-term loans ? R
F.42 Long-term loans ? R
F.51 Shares other than mutual fund shares ?
F.7 Other accounts 

receivable
M M M M M M M M M M

Currency and financial institution statistics Data do not exist, make no sense, or not documented ? sum 
Investment position Data from securities database R calculation 
Gov’t statistics Extrapolation of national figures M Missing data 
Insurance and pension fund statistics Other estimate types L Data do not exist, are not collected and are neglected 

Chow Lin Data input  
 
4.1. Methods for estimating quarterly time series 

Two classes of methods can be used to solve the problem of estimating quarterly time series from annual 
national accounts:  
• Methods that use no additional quantitative information for the disaggregating of annual time series. These 

are based on purely mathematical criteria or time series models.  
• Methods that use additional information for the disaggregating of annual time series. This information takes 

the form of quarterly time series which is in a certain relationship to the series being disaggregated. 
In practice, the method proposed by Boot, Feibes and Lisman (1967) (the BFL method) is commonly used 

for disaggregation of annual time series. This method is based on the minimization of the sum of squared first or 
second differences of an quarterly time series under the restriction given by the relationship between the annual 
and the estimated quarterly time series. Since this method is based on the optimization criterion that need not 
include any additional information, it belongs to the first class of disaggregating methods. 

The methods in the second class are based on the principle by Chow and Lin (1971). An estimate of the 
quarterly time series is obtained from a correction of the linear combination of quarterly time series which are in 
a certain relationship to the disaggregated annual time series by residuals of annual time series model 
disaggregated into individual quarters. The key issue is determining the dynamics of quarterly residuals. There 
are three classical approaches to solving it: 1) Chow and Lin (1971) assumed that this dynamic can be 
characterized by the AR(1) model, 2) Fernandez (1981) assumed the random walk model, 3) Litterman (1983) 
assumed the ARIMA(1,1,0) model. 

An advantage of the second class of methods is the fact that actual values of quarterly time series in a 
relationship to the disaggregated series can also be used for the construction of point and interval forecasts of the 
disaggregated time series. In the case of the BFL method the ARIMA models, for instance, can be used for the 
construction of forecasts. 
 
4.2. Estimates Used for Compilation 

For estimates of quarterly time series by disaggregating, two groups of annual time series from national 
accounts for 1995 – 2004 are available. The first group consists of annual time series for which no additional 
information in the form of quarterly time series is obtainable. This group comprises the following time series: 
• Securities other than shares excluding financial derivatives in assets and liabilities. 
• Other accounts payable. 
• The so-called quasi-assets, defined as a sum of securities other than shares excluding financial derivatives, 

loans, and other accounts payable. 
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The second group consists of annual time series with additional information in the form of quarterly time series 
(the so-called reference time series). Annual time series contain information about all corporations’ types, and it 
may be assumed that these time series bear a certain relationship to quarterly time series for the same indicators 
that reflect only corporations with 100 or more employees. This group comprises the following: 
• Short-term, long-term, and overall loans granted 
• Total liabilities. 
• Liabilities without shares. 
• Other accounts receivable of the corporations. 
Partial indicators listed below also belong to this group: 
• Ratio of other accounts receivable on the financial assets of corporations  
• Ratio of so-called foreign sources on overall liabilities of corporations 

The BFL method is suitable for generating estimates of quarterly time series on the basis of the first group 
time series. The problem inherent in its use is that only estimates for the first quarter of 1995 through the 4th 
quarter of 2004 are available. Estimates for the fourth quarter of 2006 can be obtained as predictions on the basis 
of a quarterly disaggregated time series. For this, models such as ARIMA can be used, they enable to construct 
both forecasts and interval forecasts. The limitation of this model application is the high variability of time series 
being analyzed, resulting in wide forecast intervals. 

The Chow-Lin method can be used to obtain estimates of quarterly time series from the second group. 
Point and interval forecasts for the disaggregated time series for the fourth quarter of 2006 can be developed on 
the basis of the reference time series. A limitation of this method is that some quarterly reference time series are 
too short, and therefore do not yield sufficient and reliable information for credible disaggregating of the annual 
time series. 
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RESUME 

Quarterly financial accounts represent an important part of an overall macroeconomic accounting, useful for both 
monetary policy and financial stability analysis. Depending on data sources, different procedures are employed for the 
compilation of quarterly financial accounts for the sector of non-financial corporations in the Czech Republic. Some data is 
necessary to obtain by means of estimations. The most useful approach to receive the data estimates is the method of 
disaggregating of the annual data. Two classes of the classical methods can be used to solve the problem of estimating 
quarterly time series from annual national accounts in the Czech Republic: Methods that use no additional quantitative 
information and methods that use additional information in the form of quarterly time series in a certain relationship to the 
series being disaggregated. A limitation of the application of these methods is that some disaggregated and quarterly 
related time series in the Czech Republic are too short and unstable. 
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Abstract 
 
This research analyses the interest rates differentials in Sicily and other regions of Italy. In this paper we 
develop a non-parametric analysis on rate spreads; we find that there is no significative difference between 
Sicily and other central and northern regions, while a difference does occur when compared to other 
southern regions. A possible explanation of such results could lay in the different regulations then enforced 
in each Italian region. Owing to its autonomy, Sicily experienced a bigger growth of banking counters than 
other regions and, consequently, an increase in competitiveness among institutional operators. These 
policies have probably caused the profits to lower, but they could have, on the other hand,  lead to an 
improvement in credit-access conditions and lowered the interest rates. 
 
1. Introduction 
 
This paper aims at comparing the credit cost in Sicily and the other Italian regions, in order to find 
out whether there is any existing differential and how large it is.   
The Italian financial system is characterised by being a bank-oriented one, whereby it seems quite 
important to understand how deep the differences are among regions, namely with reference to 
Sicily. A preliminary visual analysis shows a consistent spread of the average lending rates 
between the Central-and-Northern (grey bars) and Southern Italy (black bars). The data employed 
are relative to year 2005 as issued by the Bank of Italy, which provides information on average 
rates on a regional basis1.  
 

The geographical area that appears 
to suffer from higher costs is the 
South. Sicily has an higher rate 
than the national one, but not as 
high as other southern regions2.  
Rates differentials may depend on 
several aspects such as: firstly, the 
higher risk run by banks owing to 
the firms’ solvability; secondly a 
higher fragmentation on the 
demand side; thirdly, the firms’ 
practice of lending credits from 
several banks at the same time, 
which can affect the chance of 

setting ‘relationship banking’ and, consequently, that of curtailing the agency costs; and finally 
aspects related to the local area features and to the peculiarities of local intermediaries. There is, 
therefore, some evidence to support the argument that the lending-rates differential may depend 
both on factors regarding the demand-side and the supply one [Busetta, Sacco, Silipo (1998), 

                                                 
1 In the current analysis we refer to the lending rates on revocable loans as distributed by customer location (regions) 
and total granted credit (class sizes). “Revocable loans” is the classification for overdrafts used by the Central Credit 
Register (Banca d’Italia, Statistical Bulletin Glossary). 
2 Umbria and Val d’Aosta show a pattern similar to those of other regions southern regions, as they face higher interest 
rates especially for small amounts of grants. It may be due to factors which are outside from the our research aims, so 
this aspect is not investigated in the present research.  

Fig 1 - Spread between regional and national rates
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Beretta (2004)]. What we mean to emphasize is the way wherein they may be related to factors 
regarding the banking sector regulation.  
 
2. Differences in interest rates between Sicily and the other Italian regions 
 
In this paper we employ a non-parametric analysis to assess the regional differences in lending 
rates classified by granted-credit size with reference to Sicily and the rest of Italy3. 
A non-parametrical methodology is chosen because of the features of the available data, which are  
average rates and non-independent samples. We propose a Friedman repeated measures analysis of 
variance by ranks and a post-hoc test for comparing multiple groups to a refence one4. As shown 
by Fig. 2, the sample is quite asymmetric and some outlier is present. We examine the differences 
in average rates by customer location and grant size, firstly focussing on regional differences as we 
expect to find them; we then try to explain which the factors leading to such spreads could be.  
 
Fig 2 –Boxplot 

 
Tab. 1 – Friedman Test Statistics 

N 6 
Chi-Square 74,647 

df 19 
Asymp. Sig. ,000 

 
A first result is the rejection of the null 
hypothesis at a good significance level. Since 
we are interested in comparing the spreads 
among regions, we perform a post-hoc analysis. 
Consequently, we have to impose some 
restrictions to avoid too a low probability level5. 
Our reference set are Sicilian rates, as the aim of 
our research is to investigate the main 
differences between it and rest of Italy. 

Therefore we run a post-hoc test in order to find out which are the regions with a significative 
difference with respect to Sicily, 
by class size of credit grant.  
 
Tab. 2 – Dunnett Test  
K  19 
experiment 
wise 0,0026 

Q Dunnett 2,64 

Sign min diff 4,82 

 
The analysis gives an interesting 
evidence, quite surprising as well 
(Fig. 3), i.e.: we do not find any 

                                                 
3 Some researchers [Panetta (2004), Beretta (2004)] asserted that the credit-cost differential depends on the customer 
distribution by economic sector and size. As the lack of data did not allow us to esteem this effect here, please refer to 
those references for further details. 
4 See Friedman (1937). The data set contains time series observations, whereby it would be possible to run the test 
with a bigger sample; on the other side, the data are available and comparable only for a few years, so it does not seem 
interesting to widen the set. 
5 The number of comparisons can be reduced by using sicilian rates as the control region, in order to control for  
experiment-wise and comparison-wise levels. We employ the Dunnet test, for multiple comparison of groups to a 
control, by ranks.  
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significative difference (dot line) with respect to more developed regions (Central and Northern 
Italy, in grey bars), while we get one for other southern regions (black bars), unless Abruzzo and 
Molise.  

 
3. Competitiveness and credit cost: the effects of banking sector regulation  
 
The main results can be largely explained observing what happened in the Italian banking system 
from the 30’s up to nowadays. Many researchers investigated the impact of central policies on 
banking system in the past and, according to the consensus emerging from both theoretical 
investigation and empirical studies, regulation increases the lending rates, while deregulation and 
new entries increase the availability of credit and lower the interest rates [Angelini P., Cetorelli N. 
(2003), Calem, Nakamura (1998), Demirgüç-Kunt, Leaven, Levine (2004), Guiso, Sapienza, 
Zingales (2007), Jayaratne, Strahan (1996), Zazzaro (1997)]6. These evidences are particularly 
applicable to Italy, especially so as long as we take into account the main phases of the national 
banking regulation. The first attempt to control the system took place with the 1936 Act, which 
effected an in-depth banking reform, wherein the Monetary Authorities effectively tried to enhance 
the bank stability by restricting competition with severe limits put on opening new branches. 
Therefore, a “closed” system was enforced and interventions in favour of market liberalization did 
not occur until the ’80s, also as a consequence of European Community normative. In those years, 
the Sicilian credit market was an exception in Italy, as the Sicilian Region, benefiting from a 
special chart of autonomies, could draw its own regulations in the way the Bank of Italy did in the 
other regions. The Sicilian Region broadly exploited its authority from the ’50s up to the late ’70s, 
and the consequence of such a liberal policy, antithetic to that more severe of the Bank of Italy, 
was to increase the number of the municipalities having at least one banking counter as well as the 
credit market competitiveness.  
 
Fig xx – Competitiveness level of local credit markets 

Hence, if we do agree on the basic idea that 
less restrictions to markets lower interest 
rates, as asserted and proved by many 
reasearchers, then the sicilian regulation, 
opposite to the Bank of Italy’s one up to 
80’s, could have contributed to shorten 
differences in lending rates with respect to 
the Central and Northern Italy, while the 
same did non occurred for other southern 
regions [Busetta P. (1981)]. As we argued 
that liberalization improves competitiveness, 
in Fig. 4 we show a measurement of local 
credit market competitiveness level, as 
esteemed by Guiso, Sapienza, Zingales 
(2007), with reference to the years analysed 
in the present reserach. The visual inspection 
gives evidence of a North-South dicoctomy, 
in competitiviness, excepting for Sicily and 
part of Molise and Abruzzo. 
 

 

                                                 
6 Most of the empirical studies agreed on the positive effects of deregulation and new entries on competitiveness and 
lending rates. Petersen, Rajan (1995) show a different pattern and these results are analysed and commented by Guiso, 
Sapienza, Zingales (2007). Please refer to those references for further details. 

Colours go from white to dark grey as competitiveness 
level do increase. N. A. data are in green 
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3. Conclusive remarks 
 
In this research we have compared the sicilian interest rates on lendings and those of the other 
Italian regions. We found a difference on average data, therefore we’ve analysed rates by class size 
of credit granted. We found that Sicily doesn’t account for higher rates, on average, than other 
regions of the Central and Northern Italy, while it does with respect to other southern regions. One 
possible explanation is that local credit market in Italy experienced different kinds of restrictions 
in competition and therefore had different aggregate growth. The Sicilian Region, in fact, thank’s 
to its chart of autonomy, from the 40’s on, namely the years in which the Bank of Italy promoted 
more restriction to credit intermediaries, by contrast promoted a less severe policy, which could 
have lead to a an increase in competitive level and a decrease in interest rates.  
Such this suggestions are confirmed by main evidences of investigation on these fields, even with 
explicit reference to the italian credit market, whereas deregulation and liberalization positively 
impact competitive levels and, therefore, lower credit cost. These conclusions have to be 
considered as a possible explanation of the analysed phenomenon, as is not really possible to 
separate deregulation effects on local markets apart from their prior local development level and 
their different starting point. 
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In the year 2000 the Bank of Italy performed a comprehensive survey about the recovery activity
of Italian banks. In this paper we analyze individual loan data of credit positions towards Italian
resident debtors which were defined as in “sofferenza” 1 on the 31/12/1998, no matter about the time
of default, and which were entirely written off by the end of 1999.
The results produced in this paper are different from those of the Bank of Italy (Banca d’Italia, 2001
and Grippa, Iannotti and Leandri, 2005) because we dealt with a distinct database. In fact, we delete
incoherent data, caused by the lack of systematic archives on the recovery activity in banks, following
a different approach from the Bank of Italy.
Furthermore, in order to obtain a recovery rate confined within the interval [0, 1], we propose a distinct
expression from the Bank of Italy to compute the recovery rate r that is the ratio between the total
recovered capitalized amount (REC) and the total exposure (TE)

r =
REC

TE
=

REC

EAD + I + S

where TE is the sum of exposure at default (EAD), legal interest (I) and legal exposure (S).
It is interesting to analyze both the numerator and the denominator of the recovery rate observed on
the N=149,378 data gathered from the survey of the Bank of Italy. The following table reports the
arithmetic mean (M1), the median (Me) and the coefficient of variation (σ/M1) of the total recovered
capitalized amount and of the total exposure, expressed in thousands of euros.

Indices REC TE

M1 62.2525 160.4125
Me 2.5823 11.3621

σ/M1 110.3390 64.7894

Since the medians of REC and of TE are smaller than the correspondent arithmetic means, both the
distributions are positively asymmetric and their Gini’s concentration ratios are respectively

GREC = 0.9433 GTE = 0.9278

exhibiting high levels of concentration. In particular the distribution of the recovered amount is more
concentrated than the one of the total exposure because a great share of credit positions, 23% of the
population, have a null total recovered capitalized amount. This result, jointly with the coefficients
of variation reported in the previous table, suggests that the distribution of the recovered amount is

1The term “sofferenza” indicates the definition of default employed by the Bank of Italy.
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more variable than the distribution of the total exposure.
It is worthwhile to note that the mean recovery rate is calculated as the simple arithmetic mean

r =
1
N

N∑

j=1

ri = 0.3842

or as the weighted arithmetic mean

rTE =
∑N

i=1 REC
i∑N

i=1 TEi

=
∑N

i=1 ri TEi∑N
i=1 TEi

= 0.3881.

Given that rTE > r, the linear correlation between the recovery rate and the total exposure is positive
(Calabrese, 2007). On the contrary, in the Bank of Italy elaboration this linear correlation results
negative. In our analysis the intensity of the correlation between the recovery rate and the total
exposure is negligible: the linear correlation coefficient is ρ(r, TE) = 0.0002.
In the following analysis the distribution of the recovery rate weighted by total exposures is not
considered. The median of the recovery rate is 0.3333, which is smaller than the arithmetic mean, for
this reason the recovery rate distribution is positively asymmetric too. The coefficient of variation,
equal to 0.8850, shows that the dispersion of the recovery rate is considerable.
Many credit positions have actually a recovery rate equal to zero or one, thus the interest of banks
is particularly focused on these extreme values. For this reason we propose to consider the recovery
rate R as a mixed random variable obtained as the mixture of an indicator random variable I and a
continuous random variable X

(1) FR(r) = FI(r)P{R = 0 ∪R = 1}+ FX(r)P{R ∈ (0, 1)},
where F (·) indicates the distribution function.
To estimate the density function of the random variable X we propose an estimator. As pointed
out in Marron and Ruppert (1994), the kernel density estimate, which involves a kernel function K

symmetric with respect to the origin, is not appropriate when the density function f to be estimated
has a support different from the real axis, given that it would assign a positive density to points
outside the function support.
To solve this problem Chen (1999) proposed a kernel estimator involving a kernel function with
support equal to the one of the density function f . Let X1, X2, ..., Xn be a random sample from a
distribution with an unknown probability density function f . As we are interested in estimating the
density function of the recovery rate, we consider at first the beta kernel estimator proposed by Chen
(1999):

f̂(x, b) =

∑n
i=1 K(x

b
+1, 1−x

b
+1)(Xi)

n

where K(x
b
+1, 1−x

b
+1)(Xi) =

1
B(x

b + 1, 1−x
b + 1)

X
x
b
i (1−Xi)

1−x
b i = 1, 2, ..., n

with K and b denoting the kernel function and the smoothing parameter, respectively. The beta kernel
estimate is not a density function because the integral differs from one.
To overcome this inconvenient we propose an estimator that is a mixture of beta kernel functions:

(2)

f̂B(x, b) =

∑n
i=1 K

(
Xi
b

+1,
1−Xi

b
+1)

(x)

n

where K
(

Xi
b

+1,
1−Xi

b
+1)

(x) =
1

B(Xi
b + 1, 1−Xi

b + 1)
x

Xi
b (1− x)

1−Xi
b i = 1, 2, ..., n.
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The estimate obtained by the previous expression is a density function. By simulations (Calabrese,
2007) the mixture of beta kernel functions estimator results preferable to the beta kernel estimator in
the majority of the cases analyzed, in particular when a great number of data present values near to
0.5.
In addition, we improve the estimator proposed by introducing a variable bandwidth, defined as in
Abramson (1982), in the expression (2). Hence, we obtain the following estimator

f̂B(x, b(·)) =

∑n
i=1 K

(
Xi

b(Xi)
+1,

1−Xi
b(Xi)

+1)
(x)

n

where K
(

Xi
b(Xi)

+1,
1−Xi
b(Xi)

+1)
(x) =

1
B( Xi

b(Xi)
+ 1, 1−Xi

b(Xi)
+ 1)

x
Xi

b(Xi) (1− x)
1−Xi
b(Xi)

and b(Xi) =
bp

[f̂B(Xi, b)]1/2
i = 1, 2, ..., n.

The mixture of beta kernel functions with variable bandwidth estimator has been applied to the
Bank of Italy data to estimate the density function of the random variable X defined in equation (1).
This estimate is displayed in the second graphic of the Figure 1. The “least-square cross-validation”
method (Stone, 1984) has been used to find the two optimal smoothing parameters of the mixture of
beta kernel functions with variable bandwidth estimator.
Finally, in order to obtain the distribution function estimate of the recovery rate R we have estimated
the probabilities reported in equation (1) by the correspondent relative frequencies.
Since the estimate of the recovery rate mean is 0.3496 and of median is 0.3348, the probability
distribution estimate of the recovery rate is positively asymmetric. From the distribution function
estimate, represented in Figure 2, it is evident that many credit positions have a recovery rate equal
to zero and to one (23% and 7.78% of the population, respectively).
It is important to observe from Figure 1 that, even if we remove the 0 and 1 values from the support
of the recovery rate, the density function estimate is faraway to be a beta function as the hypothesis
of the CreditMetrics Model states (J. P. Morgan, 1999).
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Figure 1: the probability distribution estimate of the recovery rate from data of the Bank

of Italy.
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Figure 2: the distribution function estimate of the recovery rate from data of the Bank

of Italy.
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1 Introduction

Nowadays it has become a stylized fact that many financial asset prices possess jumps. How do

jumps occur? Empirical evidence indicates that jumps tend to cluster, among others. As such, jump

arrivals do not follow a traditional homogeneous Poisson process, which is a common assumption in

many models used so far. Recent researches have begun to develop jump models to cope with jump-

cluster effects by introducing a time-varying jump intensity into the model. Bates (2000), Andersen,

Benzoni and Lund (2002) and Pan (2002) considered continuous time jump-SV processes with a time-

varying jump intensity depending on volatility. Maheu and Mccudy (2004) proposed a discrete time

jump-GARCH model in which the conditional jump intensity is autoregressive.

Another important characteristic of jump dynamics revealed by empirical study of stock prices

is that jump arrivals tend to be state-dependent, or asymmetric, which means that jump arrivals in

a downside period may possess different characteristics with those in a upside period. It seems that

the state-dependent structure of jump dynamics has not been taken into consideration in most of the

models proposed so far. In this research we propose a nonlinear jump-GARCH model in which jump

arrivals are allowed to be time-varying and also state-dependent. We discuss maximum likelihood

estimation and likelihood-ratio tests for this model. The model is used to analyse the jump dynamics

of some financial asset prices. We will report the results related with the characteristics of jump

dynamics and structures of volatilities of financial asset prices, which include some individual stocks,

TOPIX, Yen-Dollar exchange rate and yields of bonds.

2 Jump-GARCH models

Let St be the price of some financial asset at time t and rt = log St − log St−1 the return. In

practice the return series is often fitted by some simple models such as an AR(1) model:

rt = µ + φrt−1 + εt,

where εt is the return shock, representing the one-step forecast error of the return. In many cases

εt shows the behaviors of heteroscedastic weak white noise, and the most widely used models for the

return shock are ARCH models proposed by Engle and the GARCH-zoo models. However, GARCH

models do not presume the existence of jumps and are not suitable for financial asset prices that

actually have jumps. To remady the problem of GAHCH models, Maheu and Mccudy (2004) proposed

a jump-GARCH model by adding a nonhomogeneous jump component into the GARCH models. In

this research we propose a jump-GARCH model that can deal with nonhomogeneous state-dependent

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 5635 -



jump arrivals in a similar spirit as Maheu and Mccudy (2004). Now the return shock is expressed as

a sum of two conditionally independent components:

εt = εt,1 + εt,2, {εt,1|Ft−1} ⊥ {εt,2|Ft−1},

where εt,1 represents the one-step forecast error of the part of the return that changes smoothly, while

εt,2 is the one-step forecast error of the part of the return that is due to a jump. Here Ft−1 is the

information of the prices up to time t − 1. We model the component εt,1 in the following way:

εt,1 = σt,1zt, {zt} ∼ NID(0, 1),

σ2
t,1 := Var(εt,1|Ft−1) = ω + βσ2

t−1,1 + αε2
t−1.

We call εt,1 the GARCH-shock and σ2
t,1 the GARCH-volatility. This model is close to a GARCH(1,1)

model. It would become a genuine GARCH(1,1) model if the shock εt−1 was substituted with the

GARCH-shock εt−1,1. Here the consideration behind this is that the GARCH-shock can not be

observed, and that jumps occured previously cause impacts on GARCH-volatility.

In order to model the jump component εt,2, we need to make some assumptions about the jump

dynamics. Suppose in the t-th day there will be Nt jumps to occur, among which the jump size of the

k-th jump is Yt,k. Let Jt denote the jump amplitude in the t-th day. We make the following major

assumptions:

Nt|Ft−1 ∼ Poisson(λt), {Yt,k}∞k=1 ∼ NID(θ, δ2).

We further assume that Nt and {Yt,k} are independent. Here λt is the conditional jump intensity

which controls the jump dynamics. We propose to model the conditional intensity in the following

way:

λt = ν0 + ν1λt−1 + τε2
t−1 + γε2

t−1I(εt−1<0),

where IA is the indicator function of the event A. The main roles of the parameters are as follows: ν0

controls the expected number of jumps per day, ν1 controls the persistence of jump-clustering effect,

τ and γ control the time-varying and state-dependent (asymmetric) effects in jump dynamics. By

definition, the jump component εt,2 represents the one-step forecast error of the jump amplitude Jt.

Under the above assumptions we easily understand that εt,2 is expressed as

εt,2 := Jt − E(Jt|Ft−1) =
Nt∑

k=1

Yt,k − θλt.

We call εt,2 the jump-shock. It induces another source of risk (volatility), which is given by

σ2
t,2 := Var(εt,2|Ft−1) = (θ2 + δ2)λt.

The total volatility is the sum of the GARCH-vol. and the jump-vol.:

σ2
t := Var(εt|Ft−1) = σ2

t,1 + σ2
t,2.

The major contribution of this research is in adding the time-varying and state-dependent term

τε2
t−1 +γε2

t−1I(εt−1<0) into the conditional jump intensity, which allows us to cope with jump dynamics

more flexibly. Our empirical studies show that the proposed jump-GARCH model can reveal much

more important and interesting characteristics of jump dynamics and structures of volatility for various

financial assets.
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3 Empirical Study

We investigate statistical behaviors of the proposed jump-GARCH model through an empirical

study. Data sets include the following daily time series: (1) TOPIX; (2) TEPCO —Tokyo Electricity

Production Co., traded in the 1-st division of TSE; (3) WOWOW, an equity traded in the newly

raised Mothers-Market of TSE; (4) Yields of the Japanese 10 years bond; (5) Japanese Yen-US Dollar

exchange rate.

For these series, we fit an AR(1) model

rt = µ + φrt−1 + εt

to the return series and a jump-GARCH model to the return shock. All of the parameters are estimated

via maximum likelihood estimation. Table 1 shows the results, where (·) is the corresponding standard

error. The four parameters θ, ν1, τ and γ are important in characterizing the different structures of

the jump dynamics among the various financial assets. Before discussing this, we undertake some

likelihood-ratio tests for the parameters in the jump part. Here we focus on the following tests:

I. ν0 = ν1 = τ = γ = 0 — A test of GARCH vs. jump-GARCH, or existence of a jump;

II. ν1 = τ = γ = 0 — A test of nonhomogeneity of jump arrivals;

III. ν1 = 0 — A test of jump-cluster effect;

IV. γ = 0 — A test of asymmetric state-dependent effect in jump dynamics.

The p-values of these likelihood-ratio tests are given in Table 2. These results reveal the following

characteristics of the jump dynamics:

◦ Jumps do occur, and jump arrivals are nonhomogeneous.

◦ Jump-clustering effects are persistent except the Bond.

◦ Jump arrivals in TOPIX, Yen-Dollar, TEPCO are asymmetric, while those in WOWOW and Bond

are not. Moreover, we observe that the jump-size parameter θ < 0 in TOPIX and Yen-Dollar, while

θ > 0 in TEPCO. These indicate that, a large fall of TOPIX and Yen-Dollar tends to cause a cluster

of downward jumps, while a large fall of TEPCO tends to lead to a cluster of upward jumps. The

diametrical way of jumps in TEPCO reflects the fact that this equity has been traded as a defensive

equity in TSE. The asymmetric effect in jump dynamics is closely related with the leverage effect in

prices of some financial assets. The proposed jump-GARCH model reveals clearly the mechnism of

the leverage effect. The empirical study shows that the proposed jump-GARCH model is much more

flexible for treating more general effects than the leverage effect.

We have also investigated goodness-of-fit of the proposed jump-GARCH model by comparing

the distribution of the model with the empirical distribution. We have found that in all the cases the

jump-GARCH model performs remarkbly well.

The jump-GARCH model provides an efficient way to obtain the ex post estimate of the prob-

ability that jumps have occurred in a certain day, which is important in risk management. We have

found that jumps occur more often in individual equities than in the other financial assets. As a result,

we have found that in the case of TEPCO, the jump-volatility and the GARCH-volatility contributes

about the same to the total-volatility in average, while in the case of WOWOW the jump-volatility

becomes the major source of the total-volatility. We think that volatileness of a financial asset is best

characterized by the contribution of the jump-volatility to the total-volatility, which can be evaluated

by using the jump-GARCH model.
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Table 1. Maximum likelihood estimates of the jump-GARCH model.

TOPIX TEPCO WOWOW Bond Yen-Dollar

µ 0.000146 −0.00015 0.000238 −0.00183 −0.00004

(0.000125) (0.000179) (0.001043) (0.000536) (9.82E − 05)

φ 0.139983 −0.03947 0.002016 0.004708 −0.01915

(0.01492) (0.017589) (0.033106) (0.017995) (0.016531)

ω 1.21E − 06 7.66E − 06 1.32E − 05 1.55E − 05 3.59E − 07

(2.12E − 07) (1.49E − 06) (8.15E − 06) (3.66E − 06) (1.00E − 07)

β 0.911955 0.708497 0.925189 0.901333 0.963008

(0.008758) (0.0338) (0.038663) (0.011993) (0.006586)

α 0.052896 0.128189 0.011300 0.060886 0.017217

(0.007555) (0.01504) (0.009652) (0.009833) (0.003567)

θ −0.00235 0.001590 0.013822 0.012108 −0.00315

(0.001012) (0.000682) (0.00316) (0.005372) (0.000885)

δ2 0.000266 0.000219 0.001274 0.003445 0.000120

(3.86E − 05) (2.65E − 05) (0.000233) (0.000523) (1.97E − 05)

ν0 0.005842 9.99E − 09 0.100161 0.031170 0.019717

(0.004837) (0.000926) (0.049801) (0.016251) (0.009185)

ν1 0.680868 0.973631 0.635636 0.443532 0.621479

(0.061651) (0.005459) (0.105102) (0.180614) (0.100486)

τ 1.81E − 05 0.000010 100.9098 25.92714 96.12646

(51.97723) (8.290643) (38.74718) (9.853342) (153.1217)

γ 707.8508 112.7074 6.970889 3.50E − 12 790.3226

(170.2787) (31.40688) (41.03209) (13.46923) (282.9626)

Table 2. The p-values of the likelihood-ratio tests.

TOPIX TEPCO WOWOW Bond Yen-Dollar

I 0.0000 0.0000 0.0000 0.0000 0.0000

II 0.0000 0.0000 0.0015 0.0007 0.0000

III 0.0000 0.0000 0.0015 0.2920 0.0000

IV 0.0000 0.0000 0.8608 1.0000 0.0008
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Introduction

Hedge funds sometimes use mathematical techniques to “capture” the short-term volatility of stocks,
or perhaps other types of securities. This type of strategy resembles market making, and is sometimes
referred to as form of statistical arbitrage. We show that in the universe of large-capitalization U.S.
stocks, even quite naive techniques can achieve remarkably high information ratios.

The logarithmic representation

Consider a market consisting of n stocks represented by their price processes X1, . . . , Xn. We assume
that there is a single share of each stock, so Xi(t) represents the total capitalization of the i-th company
at time t. The price processes evolve according to

(1) d log Xi(t) = γi(t) dt +
d∑

ν=1

ξiν(t) dWν(t),

for i = 1, . . . , n, where (W1, . . . , Wd) is d-dimensional Brownian motion with d ≥ n, and the processes
γi and ξiν are measurable, adapted to the Brownian filtration, and satisfy certain regularity conditions.
Equation (1) is known as the logarithmic representation for a stock price process, with growth rate
process γi and covariance process for Xi and Xj given by

σij(t) =
d∑

ν=1

ξiν(t)ξjν(t).

We represent a portfolio π by its weight processes π1, . . . , πn where πi(t) is the proportion of the
portfolio invested in Xi at time t, so that π1(t) + · · · + πn(t) = 1. If we let Zπ(t) > 0 represent
the value of π at time t, then, with the initial value Zπ(0), Zπ will satisfy the stochastic differential
equation

dZπ(t)
Zπ(t)

=
n∑

i=1

πi(t)
dXi(t)
Xi(t)

.

By Itô’s rule, in logarithmic form this becomes

(2) d log Zπ(t) =
n∑

i=1

πi(t) d log Xi(t) + γ∗π(t) dt,

with excess growth rate

γ∗π(t) =
1
2

( n∑

i=1

πi(t)σii(t)−
n∑

i,j=1

πi(t)πj(t)σij(t)
)
.
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The excess growth rate is numeraire invariant : If η is a given portfolio, and we define the relative
covariances of the stocks with respect to η by

τη
ij(t) = σij(t)−

n∑

k=1

ηk(t)
(
σik(t) + σkj(t)

)
+

n∑

k,l=1

ηk(t)ηl(t)σkl(t),

then

γ∗π(t) =
1
2

( n∑

i=1

πi(t)τ
η
ii(t)−

n∑

i,j=1

πi(t)πj(t)τ
η
ij(t)

)
.

In particular, since

n∑

i,j=1

πi(t)πj(t)τπ
ij(t) = 0,

we have

(3) γ∗π(t) =
1
2

n∑

i=1

πi(t)τπ
ii(t).

Let us consider a constant-weighted portfolio π in which πi(t) = pi for all t and i = 1, . . . , n, where the
pi are positive constants such that p1 + · · ·+ pn = 1. In this case, (2) becomes

d log Zπ(t) =
n∑

i=1

pi d log Xi(t) + γ∗π(t) dt

= d log
(
Xp1

1 (t) · · ·Xpn
n (t)

)
+ γ∗π(t) dt.

In particular, for π1(t) = · · · = πn(t) = 1/n, we have an equal-weighted portfolio with

(4) d log Zπ(t) = d log n
√

X1(t) · · ·Xn(t) + γ∗π(t) dt.

To calculate the log-return on π, the change in the geometric mean of the Xi(t) is observable, but we
must estimate the value of γ∗π(t).

Estimation of excess growth rates

From (3), we see that the excess growth rate of an equal-weighted portfolio π is equal to one half the
average of the relative variances of the stocks with respect to π. To estimate the relative variances, we
must sample the time series of the relative log-returns of the stocks. Suppose that VT represents the
average daily relative variance of the stocks in the equal-weighted portfolio, estimated by sampling at
intervals of length T the time series for the relative log-return of each stock compared to the equal-
weighted portfolio. The graph of VT versus T is a form of variogram (see Fouque et al. (2000)). The
next chart displays a variogram for large-capitalization U.S. stocks—S&P 500 plus Russell 1000—for
the year 2005. (Note: stock transaction data were missing for the nine days from October 24, 2005
through November 3, 2005 due to office closure resulting from Hurricane Wilma.)
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Estimates of daily relative variance using different sampling intervals, 2005
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VT vs. T = 1.5, 3, 6, . . . , 390 minutes.

A hedged strategy

The estimate of daily variance VT decreases from V1.5 = .000273 for a 1.5-minute sampling interval to
V390 = .000169 for a 390-minute interval, which is the total number of minutes the exchanges in the
U.S. are open each business day. These variances correspond to annual excess growth rates of about
3.41% for the 1.5-minute sampling interval and about 2.11% for the 390-minute sampling interval.

An investment in an equal-weighted portfolio can be risky, because although the γ∗π term in (4)
is monotonically increasing in t, the log n

√
X1(t) · · ·Xn(t) term can vary quite a bit. However, if we

consider two equal-weighted portfolios, each rebalanced at different intervals, the log n
√

X1(t) · · ·Xn(t)
terms should be about equal, whereas we have seen above that there can be a systematic difference
in the γ∗π terms. In particular, consider an equal-weighted portfolio π that is rebalanced at intervals
of about 1.5 minutes, and an equal-weighted portfolio η that is rebalanced only at the open and close
of the market, i.e., at an interval of 390 minutes. Suppose that we buy $100 of π and sell $100 of η

short. In this case the hedged portfolio will generate a return equal to the difference of 3.41% minus
2.11% on $100, which is about $1.30 a year. However, the total investment will be considerably less
than $100 because of cancellation between the long and short positions, so considerable leverage may
be possible.
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Performance of the hedged strategy for 2005
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Estimated performance statistics for the hedged strategy, 2005

241-day log-return = 1.26%

Daily log-return = .0052%

Daily standard deviation = .0026%

Daily information ratio = 2

Annual information ratio = 32

Conclusion

Even a naive statistical-arbitrage strategy for stocks can generate a remarkably high information ratio.
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Abstract

Copulas represent the dependence structure of multivariate distributions in a natural way. In
order to generate new copulas from given ones, several proposals found its way into statistical lit-
erature. One simple approach is to consider convex-combinations (i.e. weighted arithmetic means)
of two or more copulas. Similarly, one might consider weighted geometric means. Consider, for
instance, the Spearman copula, defined as the geometric mean of the maximum and the indepen-
dence copula. In general, it is not known whether weighted geometric means of copulas produce
copulas, again. However, applying a recent result of Liebscher (2006), we show that every weighted
geometric mean of extreme-value copulas produces again an extreme-value copula. The second
contribution is to calculate extremal dependence measures (e.g. weak and strong tail dependence
coefficients) for (weighted) geometric and arithmetic means of two copulas.

1 Copulas and tail dependence coefficients: A review

Let X and Y denote two random variables with joint distribution FX,Y (x, y) and continuous marginal
distribution functions FX(x) and FY (y). According to Sklar’s (1959) fundamental theorem, there
exists a unique decomposition

FX,Y (x, y) = C(FX(x), FY (y))

of the joint distribution into its marginal distribution functions and the copula

C(u, v) = P (U ≤ u, V ≤ v), U ≡ FX(X), V ≡ FY (Y )

defined on [0, 1]× [0, 1] which comprises the information about the underlying dependence structure.
Putting a different way, (2-dimensional) copulas are distribution functions on the unit square with
uniform marginals. For details on copulas we refer to Joe (1999).
The concept of tail dependence provides, roughly speaking, a measure for extreme co-movements in
the lower and upper tail of FX,Y (x, y), respectively. The upper tail dependence coefficient (TDC) is
usually defined by

λU ≡ lim
u→1−

P (Y > F−1
Y (u)|X > F−1

X (u)) = lim
u→1−

1− 2u + C(u, u)
1− u

∈ [0, 1].(1)

noting that λU is solely depending on C(u, v) and not on the marginal distributions. Analogously, the
lower TDC is defined as

λL ≡ lim
u→0+

P (Y ≤ F−1
Y (u)|X ≤ F−1

X (u)) = lim
u→0+

C(u, u)
u

.(2)
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Coles et al. (1999) provide asymptotically equivalent versions of (1) and (2),

λL = 2− lim
u→0+

log(1− 2u + C(u, u))
log(1− u)

and λU = 2− lim
u→1−

log C(u, u)
log(u)

.(3)

In general, there are a lot of copulas (e.g. Gaussian copula, hyperbolic copula, FGM copula) which
admit upper and/or lower tail independence but nevertheless allow a certain dependence between the
variables U and V in the tail areas. A measure to quantify ”dependence within tail independence” is
suggested by Coles et al. (1999) who defines the weak upper tail dependence coefficient as

χU = lim
u→1

χU (u) with χU (u) =
(

2 log(1− u)
log(1− 2u + C(u, u))

− 1
)

for u ∈ [0, 1],

provided the existence. It can be shown that −1 ≤ χU ≤ 1, χU = 1 in case of upper tail dependence
(i.e. for λU > 0), χU = 0 in case of C = Π being the independence copula and for copulas with upper
tail independence (i.e. with λU = 0), χU increases with the strength of dependence in the tail area. In
the sequel, we speak of weak upper tail independence if χU = 0, and of weak upper tail dependence if
χU 6= 0. It should be again pointed out that it is not necessary to calculate χU in case of strong upper
tail dependence, because then χU = 1 holds. Heffernan (2000) calculated χU for numerous copulas.
Her derivations require different results from extreme value theory: Because of

P (U > u, V > u) = 1− 2u + C(u, u) = 1− 2u + P (max(U, V ) ≤ u)

the joint exceedance probability is solely determined by the distribution function of the maximum of
U and V . Instead of analyzing the limit behaviour for u → 1, one usually considers the bivariate
transformation S = −1/ log U and T = −1/ log V . The variables S and T have so-called uniform
Fréchet marginal distributions with

P (S > s) = P (T > s) = P (U > e−1/s) = 1− e−1/s for s > 0.

Applying a Taylor approximation for large s, e−1/s ≈ 1− 1
s and P (S > s) = P (T > s) ≈ 1

s . Ledford
& Tawn (1996) showed that for uniform Fréchet marginal distributions and under weak conditions

P (S > t, T > t) ≈ L(t)P (S > t)1/η for large t

holds, where L(t) is a slowly varying function in ∞, i.e. with L(ct)
L(t) → 1 for t →∞ for each c > 0.

Moreover, the coefficient η quantifies a weak upper tail dependence coefficient because χU = 2η − 1.
Furthermore, it can be shown that λU = c in case of L(t) → c and χU = 1 and λU = 0 in case of
χU < 1. Moreover, using

P (S > t, T > t) = P (U > e−1/t, V > e−1/t) = 1− 2e−1/t + C(e−1/t, e−1/t)

the relation between the uniform Fréchet marginal distributions and the copula C can be established.
Thus one has to check if there is a function L(t) slowly varying in ∞ and a η satisfying

1− 2e−1/t + C(e−1/t, e−1/t) ≈ L(t)
(

1
t

)1/η

for large t.

Likewise, the weak lower tail dependence coefficient equals the limit of

χL(u) =
2 log(u)

log(C(u, u))
− 1

for u → 0. This limit in turn can be calculated by applying extreme value theory. Again, one has to
consider a factorisation of the form

C(1− e−1/t, 1− e−1/t) ≈ L(t)
(

1
t

)1/η

for large t.

The relationship between L(t), η on the one side and λL, χL on the other side is identical to the case
of upper tail dependence. For a more detailed treatment of weak and strong tail dependence we refer
to Heffernan (2000) and Klein & Fischer (2006).

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 5644 -



2 Selected results on the TDC of the means of two copulas

In general, every convex-combination of two (or more) copulas C1 and C2

C(u, v;α) = αC1(u, v) + (1− α)C2(u, v),(4)

is again a copula. Convex-combinations are popular to construct flexible copula models (see, e.g.
Junker & May, 2005). If the upper TDC of C1 and C2 is given by λU,1 and λU,2, respectively, it is
straightforward to check that the upper TDC λU of C is given by

λU = αλU,1 + (1− α)λU,2.

To the best of our knowledge, there is no result for the weak upper tail dependence coefficient χU .
The corresponding derivation is subject to the next theorem.

Theorem 1 Assume that the weak upper TDC of C1 and C2 is given by χU,1 and χU,2. The weak
upper TDC χU of the convex combination (i.e. arithmetic mean) of two copulas does not dependence
on α and is given by

χU = max
{
χU,1, χU,2

}
.

In contrast to the arithmetic mean of two copulas, it is in general not known (as far as we know) if the
geometric mean of two arbitrary copulas is again a copula. There is, however, already a result for a
specific case, i.e. copula family B12 in Joe (1999) – also known as Spearman or Cuadras-Augé copula
– which results as the geometric mean of the maximum copula and the independence copula, i.e.

CG(u, v; α) = min{u, v}α(uv)1−α, α ∈ [0, 1](5)

Applying a recent result from Liebscher (2006, Theorem 3.1), we are able to prove in the next lemma
that the geometric mean of two extrem-value copulas is again an extrem-value copula.

Lemma 1 Assume that C1 and C2 are two extreme-value copulas. It follows that

CG(u, v; α) = C1(u, v)αC2(u, v)1−α, α ∈ [0, 1](6)

is again an extreme-value copula.

The next lemma states that the (upper) tail dependence coefficient λU of the geometric mean of two
extreme-value copulas derives as convex-combination of the TDC of the two copulas itself.

Lemma 2 (Strong TDC) Assume that C1 and C2 are two extreme-value copulas with upper strong
TDC λU,i for i = 1, 2. Then the TDC of the weighted geometric mean of C1 and C2 is given by

λU = αλU,1 + (1− α)λU,2

Finally, we turn to the weak tail dependence coefficient. First recall (e.g. Heffernan, 2000) that
every extreme-value copula C may be characterized by a so-called dependence function V via

C(u, v) = exp(−V (−1/ ln(u),−1/ ln(v))),

where exakt independence corresponds to V (1, 1) = 2 and perfect dependence to V (1, 1) = 1. Regard-
ing the weak upper TDC, η = 1 and hence χU = 1 for all extreme-value distributions with V (1, 1) 6= 2.
Hence, emphasize is put on the weak lower TDC which can be expressed – provided that V (1, 1) > 1
– as

χL =
2− V (1, 1)

V (1, 1)
.(7)

This result facilitates the derivation of the weak lower TDC, as the next lemma shows.
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Lemma 3 (Weak TDC) Assume that C1 and C2 are two extreme-value copulas with weak upper
TDC χL,1 and χL,2, and dependence functions V1 and V2, respectively. Then the TDC of the weighted
geometric mean of C1 and C2 is given by is given by

χL =
2− αV1(1, 1)− (1− α)V2(1, 1)

αV1(1, 1) + (1− α)V2(1, 1)
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I. Methodological description of the new method and the impact on GDP 
 
The principal function of a financial intermediary is the capture and redistribution of financial funds in 

the economy for which there is no explicit charge. In the context of National Accounts this issue assumes 
particular importance given the need to measure the remuneration of these services and its allocation across 
institutional sector and economic activities. Therefore, Eurostat has developed a methodology on Financial 
Intermediation Services Indirectly Measured (FISIM).  

From 2005 onwards a new method for the calculation and allocation of FISIM (Regulation EC No. 
1889/2002) has been adopted by the Member States. According to this Regulation, FISIM are computed as 
the difference between the interest received/paid and the interest that would have been obtained if a reference 
rate (ERR) was applied. The reference rate is obtained by the ratio between flows and stocks derived from 
transactions between financial institutions. 

Following the new methodology, FISIM is calculated by consumption sector, according to the purpose 
of the operations; there is thus a component of FISIM allocated to final consumption (FC), exports (X) and 
imports (M), in the corresponding institutional sectors current accounts. Contrary to the “old” method this 
new method as an impact on GDP equal to ∆GDP =∆ FC+∆X-∆M.  

In this paper we will focus on FISIM on imports and on exports. This issue is relevant because the new 
approach leaves room to some theoretically surprising outcomes like negative FISIM on exports that, 
according to a Eurostat decision, should be treated as positive FISIM on imports. Furthermore, this change of 
sign and the consequent adjustment on imports poses difficulties to the calculation of FISIM at constant 
prices.  

This study explores some possible explanations for the existence of negative FISIM on exports in 
Portugal, namely taking into account that cross-border flows of FISIM between Financial Intermediaries 
should involve less risk than transactions with non-financial institutions. Additional explaining factors might 
be also associated with the residency of the counterpart (intra vs. extra Monetary Union) and its relation with 
the intermediary (within vs. extra economic group). 

In order to circumvent the current shortcomings, i.e. the possibility of obtaining negative FISIM, we 
suggest: i) the calculation of separate ERR for assets and liabilities; and ii) the definition of a reference rate 
that results from a weighted average of market interest rates according to the different term structures and 
currency of denomination of the operations. 

 
II. Some possible explanations for the existence of negative FISIM on exports 

 
Concerning the results of implementing the FISIM calculations by Member States, for the period 1995 

to 2004, we observed that, in the case of Portugal, FISIM on exports shown negative figures for some 
periods as a consequence of negative transactions between resident and non-resident financial intermediaries.  

The main arguments to justify the existence of negative FISIM are the following: i) the broad concept 
used to classify loans and deposits; ii) the relationships between financial institutions comprising the same 
international financial group; iii) the existence of different tax schemes across countries; iv) the different 
currency structures of loans and of deposits; and v) despite all these factors only a single reference rate is 
used both for loans and for deposits. 

Although we are concerned with the Portuguese case we believe that these arguments are relevant for 
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other countries too.  
 

III. Proposal for an alternative calculation of FISIM on exports  
 
 Bearing in mind the factors mentioned in section II and in order to overcome the identified problem, 

we propose an alternative calculation method for the ERR, using a weighting scheme: the ERR would be a 
result of an average of market interest rates, weighted by the share of each operation on the total of loans (or 
deposits). The weighing scheme should be sufficiently disaggregated, as to truly reflect the loans/deposits 
major characteristics, in terms of their different maturity and currency denomination. 

 
The computation of income received/paid by type of instrument can follow the formula below: 
 

Incomei
t = tt

1-t1-ttt /
2

)( ERRESES
⎟
⎠
⎞

⎜
⎝
⎛ ×

×+× ,  

 
Where i stands for the type of operation concerned, for instance, short-term loans; tS corresponds to 

the stock at the end of the month t; tE  is the spot exchange rate at the last day of the month t; tRR is the 
reference rate chosen for that kind of operation; and tE  is the monthly average exchange rate 

As already mentioned, the market interest rate chosen should reflect both the currency and maturity of 
the operations. For example, for short-term loans/deposits, the interest rates Euribor3M, LiborUSD3M, 
LiborGBP3M and LiborJPY3M should be assigned; for the operations denominated in EUR, USD, GBP, 
JPY, respectively, for long-term operations the swaps interest rates (indices ISDAFIX) might be a good 
proxy.  

For the calculation of income on loans and deposits of non-resident non-financial institutions MIR 
data1 could be applied. 

 
IV. Case study: PT negative FISIM on exports between financial institutions 

 
In this section, using Banco de Portugal data, we present the results obtained for Portugal according to 

the calculation method proposed. 
In a first exercise we calculated FISIM on exports for the Portuguese economy using income and 

stocks, quarterly data on loans and deposits, available in the Statistical Department of Banco de Portugal, for 
the period of 2003 to 2006. 

The Regulation EC No. 1889/2002 states that the only institutions producing FISIM are the Financial 
Intermediaries (FI), i.e., Other Monetary Financial Institutions (OMFI) and Other Financial Intermediaries 
(OFI). Given that from past data OFI have played only a very minor role as producers of external FISIM, we 
assumed that they were a non-producer sector. 

For the computation of FISIM on exports a narrow definition of loans and deposits has to be applied, 
i.e., deposits on OMFI abroad (asset side) and credits granted by non-resident OMFI (liability side) should be 
excluded and considered for the purpose of FISIM on imports. However, this distinction is not originally 
available in the data sources. Therefore, this exercise relies on two premises: i) short-term loans granted to 
MFI, resident or non-resident, should be classified in the category of deposits as stated in ESA 95; ii) 
Eurofix3A was the rate assigned to loans up to one year granted by non-resident to resident MFI. Thus, 
according to these assumptions, short-term loans granted to non-resident MFI and loans up to one year 
granted by non-resident to resident MFI (income and stocks) were excluded from the asset and liability side 
respectively. 
                                                 
1 Monetary interest rates statistics for the outstanding amounts of loans and deposits of non-financial corporations and 
households resident in the Euro Area, available from MBS statistics. 
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The outcome of this exercise is shown in the table below. 
 

Unit: 106 EUR 
Mar-03 Jun-03 Sep-03 Dec-03 Mar-04 Jun-04 Sep-04 Dec-04 Mar-05 Jun-05 Sep-05 Dec-05 Mar-06 Jun-06 Sep-06 Dec-06

TOTAL Exported FISIM on loans 52 50 54 57 56 61 58 51 47 42 42 37 34 31 29 29

Non-resident non FIs 36 34 32 31 33 34 35 35 34 32 33 29 30 27 27 30
Non-resident FIs 16 16 22 26 23 27 23 16 14 10 9 7 4 4 3 -1

TOTAL Exported FISIM on deposits 16 16 28 37 30 40 40 28 28 25 22 31 29 38 34 18

Non-resident non FIs 0 0 6 10 7 12 17 12 14 15 13 23 25 34 32 19
Non-resident FIs 16 16 22 26 23 27 23 16 14 10 9 7 4 4 3 -1

TOTAL Export of FISIM 69 66 83 94 86 101 98 79 76 67 64 68 62 69 64 47  
 

The results give evidence of positive FISIM on exports, between financial and non-financial 
institutions, for all periods except the last one. It is worth noting that, between financial institutions, the 
amounts are not significant, which support the view that transactions between FI lead to a FISIM close to 
zero. In fact, these non-negative results contrast with the one previously compiled according to the 
conventional method.    

The negative FISIM in the last quarter of 2006 results from an implicit rate on deposits higher than the 
implicit rate on loans; these two rates have been converging for the last periods. 

The chart below shows that ERR is determined by the transactions on the liability side, as ERR and 
ERR-L move closely. This feature reflects the asymmetric structure of the assets and liabilities. The reference 
rate on loans follows also the evolution of ERR and ERR-L, but at higher levels and closer to the 
EURFIX5A, reflecting the long-term structure of the transactions on the asset side. 

We also concluded that Euribor is not a good substitute for the reference rate even though it was one of 
the FISIM Workshop of 30th June of 2004 suggestions. 

 
 
  

Evolution of the ERR 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
In order to assess the relevance of cross-border intra-group relations we focused also our attention on 

the analysis of the operations conducted by the individual institutions. With reference to the asset side, the 
implicit reference rate is mostly determined by only one institution that is an affiliate placed in the 
Portuguese off-shore, belonging to a financial group whose head-office is located in the Monetary Union. 

1.50 %

2 .00 %

2.50 %

3 .00 %

3.50 %

4 .00 %

ERR Eurib o r ERR-A ERR-L EURFIX2 A EURFIX5A
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Typically, this type of institutions is mainly engaged in gathering funds through the issuance of securities that 
are relocated to the parent enterprise as a loan. These loans have been remunerated at an interest rate higher 
than the ERR and, in some cases, comparable with the interest of the securities issued. This procedure might 
be a form of neutralizing the interest rate risk or a mean to explore different tax schemes. 

 In what regards the liability side, the main responsible entities for the FISIM on exports are 
institutions that have transactions with their subsidiaries in other countries, namely in France, Cayman and 
Macau. Another type of operations concerns triangular operations where the resident MFI obtains deposits 
from non-resident enterprises in country X that are then transferred to the non-resident parent enterprise 
resident in country Y. These operations typically do not reflect true economic and financial market conditions 
and therefore the relevant ERR has to be adjusted accordingly. 

Another aspect refers to the currency in which the operation is denominated; EUR is the predominant 
currency, but USD (Assets: 17%, Liabilities: 12%), GBP (Assets: 4.2%, Liabilities: 3.7%), and JPY (Assets: 
2.3%, Liabilities: 0.7%) have also some contribution. Thus, in order to achieve a free risk rate for cross 
border transactions we have reflect the structure of the universe of currencies concerned. Finally, the term 
structure of the operations is also important as the incorporation of future interest rates expectations is also 
reflected differently in the market interest rates; for example for long-term operations we take swaps interest 
rates rather than Euribor, that is more adequate for the short-term. 

For data between 1998 – 2004 we replicated the exercise using annual accounting data available at our 
Supervision Department obtaining similar results.  

 
V. Conclusions 

 
In order to overcome some of the unexpected outcomes achieved in the FISIM conventional 

computation, notably negative values,  we propose the calculation of two reference rates, one for the asset 
side and one for the liability side, ERR A and ERR L respectively, which leads to a null FISIM between 
financial institutions.  

Moreover, we suggest the definition of a reference rate that results from a weighted average of market 
interest rates according to the different term structures and currency of denomination of the operations. This 
reference rate should reflect the diversity of the underlying operations, and should therefore incorporate the 
main determinants of the loans and deposits interest rates.  
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1 Introduction

Credit risk is the distribution of financial losses due to unexpected changes in the credit quality of a
counterparty in a financial agreement, which is crucial to price financial derivatives. In the literature,
the structural and reduced form models are two main approaches used to estimating joint default
probabilities and prices of credit sensitive securities. In the structural approach, explicit model is
assumed for a firm’s asset values and a default occurs when the asset values fall below a threshold.
While in the reduced-form approach, the dynamics of default are exogenously given through a default
rate, or intensity. Related references are Artzner et al.(1995), Black and Scholes (1973), Duffie and
Singleton(1999), Jarrow and Turnbull(1995), Klein (1996), Merton(1974). In this study, we show the
log odds ratios of the default probabilities for both structural and reduced form models can be modeled
by time series autoregressive models. Furthermore, the bond prices with default risk can be evaluated
from the time series model assumption, the results are compared with the bench mark values obtained
by Monte Carlo simulations.

2 Time series models of log odds ratios

Consider the pricing of a risky bond with maturity time T and recovery rate δ in the case of default,
and let B1(0, T ) denote the risky bond price at the initial time. For simplicity, we assume the face
value of the bond is 1 and denote the default time by τ . Under the risk neutral probability measure and
assuming the risky-free interest rate r is a constant, the risky bond price, B1(0, T ), can ce evaluated
by the following B1(0, T ) = B0(0, T )(δ + (1 − δ)P (τ > T )) where B0(0, T ) = e−rT is the default-free
bond price. The default probability before maturity, P (τ > T ) is the conditional probability of a
stopping time, which is in general difficult to be calculated except for special case such as Geometric
Brownian motion, see Black and Cox (1976). In the case of n-period discrete time model, the default

probability P (τ > T ) =
T∏

i=1
(1 − µi), where µi = P (τ ≤ i|τ > i − 1), which can be factorized into the

products of the conditional non-default probabilities. Thus the risky bond price can then be written as

B1(0, T ) = B0(0, T )[δ+(1−δ)
T−1∏
i=0

(1−µi)]. In this study, we consider the case of modeling µ0, . . . , µT−1

as an autoregressive time series model of order p, that is

ln
µt

1 − µt
= φ1 ln

µt−1

1 − µt−1
+ φ2 ln

µt−2

1 − µt−2
+ · · ·+ φp ln

µt−p

1− µt−p
+ εt.

The objective is to derive the risky bond price based on the AR model assumption. In practice,
the one-step conditional probability, µi can be obtained from historical default rates provided by
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rating agencies, which are first passage time or by extracting default probabilities by using market
observable information.. Thus the coefficients of the AR(p) time series model can be estimated from
the market data. Theoretical pricing formulae are also derived based on the AR(p) model assumption
of conditional default probabilities.

3 Examples

We will show the log odds ratios of the default probabilities for the following model behaves like an
AR process by simulation. Let Vt denote the underlying assets value at time t, which satisfies{

∆ lnVt = mt + σt∆Wt

σ2
t = φ0 + φ1σ

2
t−1 + at, at ∼ N(0, σ2

a)

note that the volatility is an AR (1) process and ∆ lnVt = ln Vt
Vt−1

, ∆Wt ∼ N(0,∆2) and m = r − 1
2σ2

t .
We use the first-passage approach to calculate the conditional default probability,

µt = Φ
( ln( D

Vt
)−m

σt

)
+

(D

Vt

) 2m

σ2
t Φ

( ln( D
Vt

) + m

σt

)
,

where D denotes the threshold (default) value of the asset value Vt. The parameters are set to be
V0 = 40, D = 20 and σ2

t = 0.005 + 0.9σ2
t−1 + at, at ∼ N(0, 0.005). Note that the default probabilities

are small when the asset value is far away from the default barrier. Denote Yt = ln
(

µt,
1−µt,

)
, the sample

ACF and PACF of Y1, Y2, . . . , Yt suggest a possible AR(1) model. Fitting Yt = φ∗0 +φ∗1Yt−1 +a∗t to the
data and repeat the simulation 100 times. The residuals of the fitted AR (1) models are insignificant,
which suggests that AR model is a proper model for the log odds ratios. We further consider the case
when the volatility processes is a MA (1), ARCH(1,1), and GARCH(1,1) model. The results show
that AR(1) models provide reasonable fit to the log odds ratio of default probabilities.

4 Simulation results

The following is the Monte Carlo produce applied to simulate the benchmark values of risky bond
prices based on the AR(p) log odds ratio model.

Step (I) : Simulate the default probability µi, i = 1, ..., n from the following AR(p) model.

ln
µt

1 − µt
= φ1 ln

µt−1

1− µt−1
φ2 ln

µt−2

1 − µt−2
+ . . . + φp ln

µt−p

1 − µt−p
+ εt

where µ0, µ1, . . . µp−1 are known, and {εt}n
t=1 are i.i.d N(0, σ2) random variables.

Step (II) : For each path of the default probabilities µ1, µ2, . . . , µT , define the indicator function

It =

{
1, U > µt

0, U ≤ µt

where U ∼uniform(0, 1), in which It = 1 represents the company doesn’t go bankrupt, while
It = 0 means the company default at time t. The indicator function is used to determine the
price at maturity.

BT =

{
1, if I1I2 · · · IT = 1
δ, if I1I2 · · · IT = 0
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Step (III) : Repeat Step (1) and Step (2) N = 10, 000 times, to obtain N payoffs that the bond
holder will receive at maturity. The sample means of the N payoffs are the risky bond prices
based on the AR(p) model.

In the following example, we compare the risky bond prices obtained by Monte Carlo simulation and
by AR(1) model of default probabilities.
Example : The log odds ratio of the default probabilities is an AR(1).
Consider the AR model, ln µt

1−µt
= 0.9 ln µt−1

1−µt−1
+ εt, where ε1, ε2, . . . , εt are iid N(0, 0.72). In Table

1, we give the mean squared errors of the risky bond prices obtained by Monte Carlo simulation and
by AR(1) model of default probabilities for different initial default probability µ0.

Table 1: Risky bond prices by Monte Carlo simulation and AR(1) log odds ratio model.

µ=0.01 0.04 0.07 0.1 0.13 0.16 0.19 0.22 0.25
M.C.S. 0.864 0.859 0.857 0.855 0.855 0.854 0.852 0.852 0.852

AR(1) Model 0.860 0.855 0.853 0.852 0.852 0.851 0.850 0.851 0.851
Error 0.004 0.004 0.004 0.003 0.003 0.003 0.002 0.001 0.001
MSE 0.00397
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ABSTRACT

Credit risk is is an important risk factor to be considered in pricing financial derivatives. In this
study, we propose autoregressive time series models of log odds ratios to price derivatives subject to
credit risk. Examples of the proposed model are given via the structural and reduced form approaches.
Pricing formulae of the proposed time series models are derived for bonds and options. Furthermore,
simulation studies are performed to show the accuracy of derived formulae.
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Introduction

Pixel based visualization tools (scatter plots, parallel coordinate plots, graphical matrices, . . . )

suffer from overplotting when the number of observations is large. The human perception system has a

limited capability to distinguish objects at fine resolution levels. One may visualize a large number of

observations with pixel based tools by using subsetting. Subsetting means that one chooses subsets of

the data and visualizes only one subset at a time. Subsetting is a concept used in particularly in earth

sciences to describe the process of retrieving just the parts of large files which may arise for example

when collecting data with earth observing satellites. The classical subsetting techniques include the

following.

1. One may choose the subset randomly.

2. One may choose only the central data points, removing outliers: take all inside a box or inside

a sphere.

3. When the data contains some categorical variables, these variables may be used to choose a

subset.

4. When the data does not contain categorical variables it is possible to define such variables, for

example using cluster analysis.

5. It is possible to use one variable to define the groups (different age groups or income groups).

For example, one may take all on a halfspace (thresholding).

6. With time series data one may choose subsets temporally by date/time ranges.

7. With spatial data one may choose subsets by latitude/longitude.

We introduce a subsetting method called likelihood subsetting. In likelihood subsetting one

chooses the observations which are inside a level set of a density estimate. That is, we consider

subsets of the form {x1, . . . , xn : f̂(xi) ≥ λ} for different values of λ, where f̂ : Rd → R is a density

estimate, constructed using the complete data x1, . . . , xn ∈ Rd. In particular, we take f̂ to be a

nearest neighbor density estimate. Nearest neighbor density estimates are rather resistant to the

curse of dimensionality and thus by using this density estimator one may find subsets which reflect

well the true shapes of the level sets of the density.

Likelihood subsetting is a method which lies conceptually between visualizing the raw data and

smoothing the data. Indeed, one way to solve the problem of overplotting is to smooth the data.

For example, in the two dimensional case one may calculate a density estimate and then visualize

the density estimate using contour plots and perspective plots. This would be an alternative to the

visualizing the raw data with a 2D scatter plot. In high dimensional cases smoothing is computationally

expensive and the problem of visualizing multivariate functions remains, since contour plots and

perspective plots are available only in the two-dimensional case. Likelihood subsetting provides feasible
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solutions to these computational problems and some alternative solutions to the conceptual problem

of visualizing multivariate functions.

Likelihood subsetting: Definition

Likelihood subsetting is based on a density estimate f̂ : Rd → R. Density estimate f̂ estimates

the density of the observations x1, . . . , xn ∈ Rd. We find the subset Aλ ⊂ {x1, . . . , xn}, defined by

Aλ =
{
x1, . . . , xn : f̂(xi) ≥ λ

}
,

where 0 ≤ λ ≤ max{f̂(xi) : i = 1 . . . , n}. There are n− 1 distinct sets Aλ as λ varies. It is reasonable

to expect that for most data sets it is enough to try only few values of λ. We will quote the levels in

terms of 0 ≤ p ≤ 1, denoting

Bp =
{
x1, . . . , xn : f̂(xi) ≥ p‖f̂‖n,∞

}
,

where ‖f̂‖n,∞ = max{f̂(xi) : i = 1 . . . , n}.

Nearest neighbor subsetting

In the nearest neighbor subsetting the density estimate f̂ is taken to be the nearest neighbor

density estimate. The kth nearest neighbor density estimator is defined by

f̂(x) =
k

n · volume(Brn,k(x)(x))
, x ∈ Rd,(1)

where Br(x) = {y : ‖x − y‖ ≤ r} is the ball with radius r and center x, and rn,k(x) is the minimal

radius such that Brn,k
(x) contains k observations:

rn,k(x) = min
{
r > 0 : #{xi ∈ Br(x)} = k

}
.

We have that volume(Brn,k(x)(x)) = rn,k(x)d · volume(B1), where the volume of the unit ball is given

by volume(B1) = πd/2/Γ(d/2 + 1).

Example

We analyze the exchange rates of Mexican new Peso and Brazilian Real between 1993-11-08

and 2006-01-20, which gives 2772 observations. The rates are with respect to one U.S. Dollar and

transformed to returns (ri 7→ (ri − ri−1)/ri−i). The data is provided by Federal Reserve Economic

Data (http://research.stlouisfed.org).

Figure 1 shows scatter plots of exchange rates of Mexican new Peso and Brazilian Real. We

use the nearest-neighbor likelihood subsetting with the number of neighbors k = 17. The subset in

frame b) corresponds to p = 0.03 and in frame c) to p = 0.15. Frame a) shows that the marginals are

quite heavy tailed and the joint distribution gives the impression of independence. However, frame b)

shows that there are correlations between the Brazil and Mexican rates. In addition, frame b) shows

the frequent concentration of the Brazilian rates near zero. Frame c) shows the singularity in the

data: the change of the Brazil exchange rate has been exactly zero for many days, the change of the

Mexican exchange rate has been exactly zero for several days, and a grid structure of the Brazil rates

is visible.

The heavy tails of the marginals would exclude the Gaussian model for the marginals and one

could try for example Student marginals. The Gaussian copula cannot be excluded as a model for the

dependence. Malevergne and Sornette (2003) study Gaussian copula hypothesis using statistical tests.
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Figure 1: Brazilian Real vs. Mexican Peso. Frame a) show the scatter plot of Brazilian Real vs.

Mexican Peso (n=2772). Frame b) shows a subset of size 1636 and frame c) shows a subset of size

631, obtained by a nearest neighbor likelihood subsetting.

The example illustrates a usefulness of the likelihood subsetting: the subsets are approximations to the

level sets of the density and give indications about the dependence structure (copula) of the underlying

distribution. In this example the dependence structure is not visible in the scatter plot of the complete

data but the correlation becomes visible only in a subset obtained by likelihood subsetting.

Higher dimensional cases

In higher than two dimensional cases one could try to use parallel coordinate plots or graphical

matrices. However, these tools have been mostly applied in problems like cluster detection and it is

an open question whether they are useful in detecting dependency structure. A promising approach

is to use shape isomorphic transforms to visualize the shape of the subsets. Tail frequence plots were

introduced in Klemelä (2007), and these plots visualize the shape of multivariate point clouds with

the help of univariate curves.
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1 Multivariate copula models

1.1 Classical multivariate Archimedean copulas

Given a strict generator ϕ : [0, 1] → [0,∞], bivariate Archimedean copulas can be extended to the
d-dimensional case. For every d ≥ 2 the function C : [0, 1]d → [0, 1] defined as

C(u1, . . . , ud) = C(u) = ϕ−1
(
ϕ(u1) + ϕ(u2) + . . .+ ϕ(ud)

)
(1)

is a d-dimensional Archimedean copula if and only if ϕ−1 is completely monotonic on R+, i.e. if
ϕ−1 ∈ L∞ with Lm ≡

{
φ : R+ → [0, 1]

∣∣∣φ(0) = 1, φ(∞) = 0, (−1)kφ(k)(t) ≥ 0 , k = 1, . . . ,m,
}
.

1.2 Hierarchical Archimedean copulas

The basic idea of this approach (see, e.g. Savu & Trede, 2006) is to build a hierarchy of Archimedean
copulas. Let there be L hierarchy levels indexed by l. At each level l = 1, . . . , L one has nl distinct
objects with index j = 1, . . . , nl. The u1, . . . , ud are located at the lowest level, l = 0. At level l = 1
the u1, . . . , ud are grouped into n1 ordinary multivariate Archimedean copulas C1,j , j = 1, . . . , n1, of
the form

C1,j(u1,j) = ϕ−1
1,j

(∑
ϕ1,j(u1,j)

)
where ϕ1,j denotes the generator of copula C1,j . Let u1,j denote the set of elements of u1, . . . , ud belong-
ing to copula C1,j for j = 1, . . . , n1. The copulas C1,1, . . . , C1,n1 might belong to different Archimedean
families. All copulas of level l = 1 are in turn aggregated into copulas at level l = 2. The n2 copulas
C2,j , j = 1, . . . , n2 are generalized Archimedean copulas, whose dependence structure is only of partial
exchangeability. They consist of copulas from the previous level (as elements) and can be represented
as

C2,j(C2,j) = ϕ−1
2,j

∑
C2,j

ϕ2,j(C2,j)

 ,

where ϕ2,j denotes the generator of copula C2,j , and C2,j represents the set of all copulas from level
l = 1 entering copula C2,j for j = 1, . . . , n2. We can proceed in this manner until attaining level L
with the hierarchical Archimedean copula CL,1 as single object.
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1.3 Generalized multiplicative Archimedean copulas

In this section we focus on methods recently proposed by Morillas (2005) and Liebscher (2006). Both
approaches are based on a second functional representation of Archimedean copulas via so called
multiplicative generators (see Nelsen, 2006). Setting ϑ(t) ≡ exp(−ϕ(t)) and ϑ[−1](t) ≡ ϕ[−1](− ln t),
equation (1) can be rewritten as

C(u1, . . . , ud) = ϑ[−1]
(
ϑ(u1) · ϑ(u2) · . . . · ϑ(ud)

)
.(2)

The function ϑ is called multiplicative generator of C.Equation (2) can also be expressed using the
independence copula C⊥(u) =

∏d
i=1 ui. Morillas (2005) substitutes C⊥ by an arbitrary d-copula C in

order to obtain

Cϑ(u1, . . . , ud) = ϑ[−1]
(
C(ϑ(u1), ϑ(u2), . . . , ϑ(ud))

)
(3)

and proves that Cϑ is a d-copula if ϑ[−1] is absolutely monotonic of order d on [0, 1], i.e. if ϑ[−1](t)
satisfies (ϑ[−1])(k)(t) = dkϑ[−1](t)

dtk
≥ 0 for k = 1, 2, . . . , d and t ∈ (0, 1).

Another way of generalizing Archimedean copulas is the method proposed by Liebscher (2006) who
introduces the following copula representation

C(u1, . . . , ud) = Ψ

 1
m

m∑
j=1

ψj1(u1) · ψj2(u2) · . . . · ψjd(ud)

 ,(4)

where Ψ and ψjk : [0, 1] → [0, 1] are functions satisfying the following conditions: Firstly, it is assumed
that Ψ(d) exist with Ψ(k)(u) ≥ 0 for k = 1, 2, . . . , d and u ∈ [0, 1], and that Ψ(0) = 0. Secondly,
ψjk is assumed to be differentiable and monotone increasing with ψjk(0) = 0 and ψjk(1) = 1 for all

k, j. Thirdly, Liebscher’s construction requires that Ψ
(

1
m

∑m
j=1 ψjk(v)

)
= v, for k = 1, 2, . . . , d and

v ∈ [0, 1]. The three conditions guarantee that C defined in (4) is actual a copula. Proposals for Ψ
and ψ are given in Liebscher (2006). A generalization which contains both the proposals by Morillas
and Liebscher as special cases can be found in Fischer and Köck (2007).

1.4 Pair-copula decomposition of a copula

Originally, the pair-copula decomposition (PCD) decomposes the common density f of d random
variables (Aas et al. 2006). Of course, one may also apply the pair-copula decomposition to the
underlying copula density c, as we will show in this subsection. As an immediate consequence of
Sklar’s (1959) theorem, c(F (x1), F (x2), F (x3), F (x4)) = f(x1,x2,x3,x4)

f(x1)·f(x2)·f(x3)·f(x4) . Substituting the common
density by its PCD,

c(F (x1), F (x2), F (x3), F (x4)) = c12(F (x1), F (x2)) · c23(F (x2), F (x3)) · c34(F (x3), F (x4))

· c13|2(F (x1|x2), F (x3|x2)) · c24|3(F (x2|x3), F (x4|x3))

· c14|23(F (x1|x2, x3), F (x4|x2, x3))

with ci|j(·, ·) being a pair-copula density and its indices i, j refer to xi and xj . Defining the function

h : (x, v, θ ) 7−→
∂ Cx|v(FX(x), FV (v))

∂ FV (v)

with θ being the parameter vector of the copula Cx,v, the copula density decomposition can be written
as follows: It is obvious that F (x1|x2) = h(x1, x2, θ12) with θ12 is the parameter (vector) of the of copula
C12. Analogously, F (x3|x2) = h(x3, x2, θ23), F (x2|x3) = h(x2, x3, θ23) and F (x4|x3) = h(x4, x3, θ34).
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F (x1|x2, x3), again, can be iteratively simplified. Finally, define ui = F (xi), i = 1, . . . , 4. The formula
for the 4-dimensional PCD copula density now reads as

c(u) = c12(u1, u2) · c23(u2, u3) · c34(u3, u4)

· c13|2(h(u1, u2, θ12), h(u3, u2, θ23)) · c24|3(h(u2, u3, θ23), h(u4, u3, θ34))

· c14|23(h(h(u1, u3, θ13), h(u2, u3, θ23), θ13|2), h(h(u4, u3, θ43), h(u2, u3, θ23), θ24|3)).

1.5 Koehler-Symanowski (KS) copulas

Koehler & Symanowski (1995) introduce a multivariate distribution. The corresponding copula is
defined as follows: With the index set V = {1, 2, . . . , d}, V being the power set of V and I ≡ {I ∈
V with |I| ≥ 2} let X denote a d-dimensional random vector with univariate marginal distributions
Fi(xi), i ∈ V . For all subsets I ∈ I let αI ∈ R+

0 and αi ∈ R+
0 for all i ∈ V such that αi+ =

αi +
∑

I∈I αI > 0 for i ∈ I. Setting ui = Fi(xi) for all i ∈ V , the KS copula is

C(u1, . . . , ud) =
∏

i∈V ui∏
I∈I

[∑
i∈I

∏
j∈I,j 6=i u

αj+

j − (|I| − 1)
∏

i∈I u
αi+

i

]αI
.(5)

In contrast to the cumulative distribution function the functional representation of the density is quite
complicated due to complex factors with additive components. Koehler & Symanowski (1995) gave
an explicit formula for the special case of a so called KS(2)-distribution, where all parameters αI

are set equal zero for |I| > 2. The corresponding copula will be termed as KS(2) copula henceforth.
Palmitesta & Provasi (2005) apply this particular KS copula to weekly log-returns.
We enlarge the approach of Palmitesta & Provasi by setting the association parameter αI ≥ 0 for
|I| = 2 and |I| = 4 in (5), while all parameters αI are set equal to zero for |I| = 3, i.e. we include a
global dependence parameter. We refer to this copula as augmented KS (aKS) copula .

1.6 Multiplicative Liebscher copulas

Liebscher (2006) discusses how to combine or connect a given set of k possibly different d-copulas
C1, . . . , Ck to a new d-copula C in order to increase flexibility and/or introduce asymmetry. His
proposal focusses on multiplicative connections of d-copulas of the form

C(u1, . . . , ud) =
k∏

j=1

Cj(gj1(u1), . . . , gjd(ud))(6)

with a set of k · d admissible functions g11, . . . , g1d, . . . , gk1, . . . , gkd, each of which being bijective,
monotonously increasing or identically equal 1 satisfying

∏k
j=1 gji(v) = v, i = 1, . . . , d. Possible

choices for g can be found in Liebscher (2006).

2 The data set

The data sets we used to compare the different copula models come from three different markets
(German stock market, foreign exchange (FX) market and commodity markets). From each market,
four typical representatives were selected, provided that the corresponding sample period is sufficiently
large. Instead of analyzing the prices themselves, We calculated and considered the ”log-returns”. In
order to account for possible time-dependencies (which are common to most financial return series),
we also fitted univariate GARCH models to each of the series and considered standardized residuals
εt rather the original returns Rt. Secondly all observations were transformed into uniform ones by
means of the (empirical) probability integral transform.
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3 Goodness-of-fit measures

As we apply maximum likelihood (ML) methods to obtain estimators for the unknown parameter
vector, the first choice is the log-likelihood value ` or – in order to take the different numbers of
parameters in account – the information criterion of Akaike. Finally, certain GOF tests may come
to application. Following e.g. Breymann, Dias & Embrechts (2003), the main idea is to project the
multivariate problem into a set of independent and uniform U(0, 1) variables, given the multivariate
distribution and to calculate the distance between the transformed variables and the uniform distri-
bution. In contrast to the authors above, we are not primarily interested whether the data stem from
the specified copula model but we use these distances as criterion itself.
The following two distance measures, KS =

√
N maxj=1,...,N

∣∣Fχ2(d)(χj)− FN,χ(χj)
∣∣ and AKS =

1√
N

∑
j=1,...,N

∣∣Fχ2(d)(χj)− FN,χ(χj)
∣∣ are calculated to quantify the distance after application of the

Rosenblatt transformation The GoF-measures of the aforementioned copula models are compared with
GoF-measures of the classical t- and Gauss-copula for the different data sets.
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RÉSUMÉ (ABSTRACT) — optional

Since the pioneering work of Embrechts and co-authors in 1999, copula models enjoy steadily increasing
popularity in finance. Whereas copulas are well-studied in the bivariate case, the higher-dimensional
case still offers several open issues and it is by far not clear how to construct copulas which sufficiently
capture the characteristics of financial returns. For this reason, elliptical copulas (i.e. Gaussian and
Student-t copula) still dominate both empirical and practical applications. On the other hand, several
attractive construction schemes appeared in the recent literature promising flexible but still manageable
dependence models. The results are unique across the different data sets. The best fit is provided by
the 4-variate Student-t copula along with the PCD using the bivariate t-copula.
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In the finance literature, many different parametric models for short rate dynamics have been
proposed in an attempt to capture particular features of observed interest rate movements. Empirical
tests of these models, however, yielded mixed results, and as a result several papers study applications
of nonparametric techniques. In this paper we consider some methods of estimation, both parametric
and nonparametric, that use explicit dynamics of reversed stochastic diffusion processes. For the
problem of nonparametric estimation of the drift parameter of a diffusion process, we present an
argument suggesting that the joint application of the forward and the reversed dynamics should lead
to a significant gain in efficiency. For the Cox, Ingersoll, and Ross model of short interest rate, our
Monte Carlo study has confirmed that the proposed method indeed gives a substantial reduction of
the estimation error.

Let us consider a diffusion process {Xt : 0 ≤ t ≤ T} on R satisfying the differential equation

dXt = a(Xt)dt + σ(Xt)dWt,(1)

where {Wt : 0 ≤ t ≤ T} is a standard Brownian motion. Let X̄t = XT−t be the reversed process.
Under suitable hypothesis it has been shown by Haussmann and Pardoux (1986) that X̄t satisfies

dX̄t = ā(X̄t)dt + σ̄(X̄t)dW̄t(2)

for some Brownian motion {W̄t : 0 ≤ t ≤ T} and some ā and σ̄.
Our objective is to construct estimating procedures that would combine information about the

model that is contained in both the forward and the reversed specification of the dynamic. For
stationary processes, representation (2) is the same as (1) and therefore it does not lead to new
inference procedures. In this case, however, estimation methods based on moments corresponding
to forward and reversed representations can be combined together. Possible approaches have been
discussed by Greenwood and Wefelmeyer (1999), for discrete-time Markov chains, and by Hansen and
Scheinkman (1995), in the continuous case. However, for both of these methods, it is not clear what
is the magnitude of the additional information provided by the reversed representation.

In order to gain a better understanding of the amount of information contained in both repre-
sentation, we consider the forward and the backward trajectories under the same probability measure.
A simple result below shows that it is possible to represent the reversed process X̄t as a strong solu-
tion to a stochastic differential equation driven by the reversed Brownian motion W̃t = WT−t −WT ,
0 ≤ t ≤ T .

Proposition 1 If Xt is a strong solution to the stochastic differential equation (1), then the reversed
process X̄s = XT−s, 0 ≤ s ≤ T , is a strong solution to the stochastic differential equation

dX̄s = [−a(X̄s) + σ(X̄s)σ′(X̄s)]ds + σ(X̄s)dW̃s,(3)

with the initial condition X̄0 = XT .

In the paper, we first consider the problem of parametric estimation. In the continuous case
we demonstrate that the popular method of constructing efficient estimating equations based on
martingales leads to the same estimating procedures for the forward and backward trajectories. For
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discretely sampled data, we present a method of combining the two dynamics by constructing a
procedure based on higher order approximations to a stochastic differential equation. However, also
in this case we identify possible difficulties when applying this approach, which originate from the
compounding effect of the two dynamics.

An advantage of using jointly the two dynamics becomes clear in a nonparametric setting.
Assuming that the process is observed at discrete time points ti, i = 1, . . . , N , and that σ is known,
our objective is to estimate the drift coefficient nonparametrically. Several possible methods have been
suggested to solve this problem. For some, like the approaches based on nonparametric estimates of
the stationary distribution, there is no advantage in knowing the dynamic of the reversed process. We
demonstrate, however, that for methods based on local characterization of the process there is some
additional information contained in the dynamic of the reversed process that can be used efficiently.

It is known that under some technical conditions we have

E[Xt+∆ −Xt|Xt] = a(Xt)∆ + o(∆),

where ∆ is a time increment. By inverting this expression one can get a formula for a which has
been the starting point for several estimation procedures. For example, Stanton (1997) uses the
Nadaraya-Watson kernel regression estimator to construct estimates of the conditional expectations:

a(z) =
1
∆

∑N
i=1(xi+1 − xi)K( z−xi

h )
∑N

i=1 K( z−xi
h )

,

where xi = Xti , i = 1, . . . , N, is a discrete sample from the process. The kernel function K provides a
method of weighting “nearby” observations in order to construct a smoothed conditional expectation.
The smoothing parameter h determines the width of the kernel function and it specifies the way points
from a neighborhood of z will affect the estimator of the expectation.

To explain why adding the backward trajectory should increase the efficiency, let us consider
a small neighborhood V of zero and a point z from the set I of possible values of the process. By
considering the reversed trajectory, we are adding to the usual forward increments of the process
∆xi := xti+1 − xti , the increments that come from moving backwards from the end point: ∆xB

i :=
xti−1 − xti . Suppose that

Nz := {x : x = z + y, y ∈ V }

represents the set of all points near z that are used for the determination of the value of conditional
expectation at z. Let

S := {xj : xj ∈ Nz, 1 ≤ j ≤ N}
and define a subset of S as the collection of all end values of the process when it jumps into the set
Nz:

SE := {xj ∈ S : xj−1 /∈ Nz}.

By considering only the forward trajectory, we use the increments ∆xi that correspond to the
points xi that belong to Nz. By using jointly the forward and the backward trajectories we still have
the same set of points S in a neighborhood of z but at each point we have not one but two observations.

In order to get a better insight into the nature of this situation, suppose that xj∗ is from Nz.
The way an additional increment at xj∗ coming from the reversed trajectory will affect the estimation
procedure depends whether xj∗ belongs to SE or its complement Sc

E := S − SE :

points from SE: the new increment, ∆xB
j∗ = xtj∗−1

− xtj∗ , is independent of all increments that
correspond to points from S. This is a consequence of the Markovian property of the process
and the representation of the reversed SDE given in Proposition 1.
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points from Sc
E: the new increment is the same as −∆xtj∗−1

and this point has already been included
into the estimation procedure.

Increments that come from the reversed trajectory for points in SE will contribute to an increase
in the efficiency of estimation, as we are getting new independent observations from the correct model.
On the other hand, the reversed increments that correspond to points from Sc

E will not change much
the estimates of the expectation. This is due to the fact that for the consistency of nonparametric
estimators we have to consider neighborhoods that shrink to zero. This implies that for points where
the drift is nonzero the process will likely jump outside the neighborhood Nz and hence the number of
increments for points in Sc

E will be much smaller when compared with the total number of increments.
In addition, they will act in opposite direction with the effect of canceling each other, while for the
drift close to zero the impact of such increments will be consistent with the model.

This analysis suggests that by considering jointly the forward and the backward trajectories we
are adding new observations from the right model, and therefore we should increase the efficiency of
the procedure. In addition, the advantage of using the reversed trajectory is not tied to any particular
method of estimation of the conditional expectations as long it is based on local characterization of
the process and neighborhoods at each evaluation point shrink to zero as the number of observations
increases.

We illustrate the potential of using the reversed trajectory for nonparametric estimation using
simulated data from the CIR interest rate model: a(x) = k(θ− x), σ(x) = σ

√
x . Recently Chapman

and Pearson (2000) used this model to test linearity of the drift of a short interest rate process. They
perform a Monte Carlo study of the finite sample properties of the nonparametric estimators of Ait-
Sahalia (1996) and Stanton (1997) to check whether the conclusions reached by these authors about
nonlinearity of the short drift term is not due to inefficiency of the applied methods.

As a method of estimation of the conditional expectations we have chosen the local regression
method. This was motivated by the fact that the nonparametric estimators considered by Chapman
and Pearson (2000) showed the spurious nonlinearity mostly near the end values of the generated data.
One of the strength of the local regression method is that it provides estimates that behave well near
boundaries.

In our study we have considered two sets of parameter values:

Set A: k = 0.2146, θ = 0.0857, σ = 0.0783

Set B: k = 0.8584, θ = 0.0857, σ = 0.1566,

and three measures of the closeness of â to a :

L2 criterion:
∫
I(â(x)− a(x))2f(x)dx

L1 criterion:
∫
I |â(x)− a(x)|dx

Sup criterion: supx∈I |â(x)− a(x)|.

The above parameters were used by Chapman and Pearson (2000) in their analysis of nonlinear
estimators, and they are close to the estimated values based on U.S. interest rate data and the
Eurodollar data. For set A, the speed at which the process returns to the long-run mean and the
instantaneous variance of the process are lower. In this case, the process will have longer excursions
from the long-run mean value and will visit each state less often as compared with the process with
parameters from set B.

Results of our simulation study for Set A are summarized in Table 1. There we present the
mean and the quantiles of the distribution of the estimation error for two nonparametric estimators
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of the drift based on 200 generated trajectories of length 1000 each. By M we denote the degree of
the local polynomial.

Comparison of Estimation Errors

Distance M Method Mean Min LQ Median UQ Max
1 Forw. 0.0250 (0.0115) 0.0040 0.0177 0.0230 0.0309 0.0652

L1 Comb. 0.0103 (0.0079) 0.0017 0.0046 0.0080 0.0136 0.0490
2 Forw. 0.0329 (0.0112) 0.0088 0.0251 0.0315 0.0391 0.0761

Comb. 0.0108 (0.0088) 0.0019 0.0048 0.0077 0.0140 0.0590
1 Forw. 0.0227 (0.0081) 0.0053 0.0166 0.0223 0.0272 0.0484

L2 Comb. 0.0097 (0.0062) 0.0017 0.0049 0.0081 0.0129 0.0364
2 Forw. 0.0292 (0.0077) 0.0101 0.0235 0.0294 0.0327 0.0557

Comb. 0.0108 (0.0088) 0.0018 0.0052 0.0085 0.0130 0.0387
1 Forw. 0.0745 (0.0319) 0.0153 0.0490 0.0704 0.0920 0.1930

Sup Comb. 0.0225 (0.0233) 0.0046 0.0085 0.0134 0.0276 0.1827
2 Forw. 0.1321 (0.0524) 0.0421 0.0985 0.1217 0.1535 0.4267

Comb. 0.0275 (0.0319) 0.0044 0.0095 0.0154 0.0320 0.2663

The obtained results confirm that by using jointly the forward and the reversed trajectories we
may substantially reduce any of the three errors. For set A, the average error has been reduced in
all cases by at least 100% and in some by more then 400%. The largest gain is for the supremum
criterion, especially for the local regression based on local quadratic polynomials. This suggests that
the improvement is significant in regions for which the forward trajectory does not provide enough
information. For the second set of parameters, the process visits all states more frequently and the
reduction of the estimation error is not as large as in the first case, but it still can reach more than
100%.

In conclusion, the presented study suggests that by not using the dynamic of the reversed
diffusion process we may sacrifice important for estimation information. Although ways of applying it
to statistical inference are not obvious, as we demonstrate using a parametric setting, in cases where
it can be applied the gains in efficiency can be substantial.
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1. Introduction 
 

United States and other developed countries have been undergoing since 1980 a fundamental 
restructuring in the economy based in the globalization of business and the revolution in information 
technology. The term “New Economy” is used to describe this evolution. This growing process has been 
reflected in the stock market’s rise and in the financial markets; the New Economy was associated with the 
Dot.com boom. The crisis in the Asian markets in 1997 was a negative shock in the world economy and 
showed the interconnection of financial markets. 

The aim of this paper is to analyze the relationships between the daily stock indices in the USA, Japan 
and Spain (DOW JONES, S&P 500, NASDAQ 100, TOPIX and IBEX 35), for the period December 29th, 
1989 through December 17th, 2004, in order to investigate the structural changes due to the shift into the 
New Economy after January 1997 and the Asian crisis, as well as the multivariate volatility effects in the 
evolution of those five important stock indices.  

This work has been structured in the following way. Section 2 introduces the series used and the 
methodology proposed. The results from the proposed methodology are in section 3. Finally, conclusions are 
in section 4.  
 
2. Data and methodology 

 
The data used in this work are the five daily stock prices indices from 12/29/1989 through 12/17/2004. 

Three of them are USA’s stock price:, DOW JONES, S&P500, and NASDAQ 100, another one is an index 
from the Spanish stock market, IBEX35 and the last one is TOPIX from Japan’s stock market. The logarithm 
transformation is used for all the series analyzed. 

First of all, the analysis of cointegration for the five prices variables is needed to identify the order of 
integration of each one. To do that, previously is necessary to analyze if each time series is integrated (i.e., 
has a unit root). Although the most used test to detect unit routs is the augmented test of Dickey and Fuller 
(1981), Zivot and Andrews (1992) extended it to the case in which exist possible breakpoints. In this work it 
is used this one in order to detect structural breakpoints that could affect the behavior and evolution of each 
individual stock price index and its volatility, just as the detection of unit roots. 

Next, taking into account the multivariate relations of stock index prices in the different markets of this 
study, the test for the cointegration rank of the VAR process has been done by means of vector error 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 5665 -



correction model (VECM) which includes the estimation of a structural level shift at unknown time (Pfaff, 
2006).     

Finally, the multivariate volatility of the returns has been analyzed using a BEKK-GARCH framework. 
Comparison of the dynamic structure of VAR-GARCH-M models before and after the breakpoints is done. 

All applications were done by means of the statistical software package R, Packages urca (Pfaff ,2006) 
and mgarchBEKK (Schmidbauer and Tunalioglu, 2004) are used. 

 
3. Results  

 
Descriptive statistics for the log prices )(log tP and returns )log(log100 1−−×= ttt PPr  have 

allowed to state that the indices from U.S.A. stock markets have a significant skewnes, and that kutosis is not 
significant in Asian’s index. For all markets the Ljung-Box test rejects the absence of first order 
autocorrelation. Squared returns exhibit high significant values in the autocorrelation function that suggests 
dependence of volatility.  

The following steps were needed in order to achieve the proposed objectives. 
 
STEP 1: Zivot and Andrew Test for detecting breakpoint and stationarity in log prices series. 
 
In this test, the H0: is a unit root. This test was applied to each time series. The specification used was 

that the potential break could occur in both the intercept and linear trend. Results of the test statistic are 
provided in table 1.  

 Test statistic 1% 5% 10% Breakpoints 
(Obs. Num) 

Date 
(mm/dd/yyyy) 

DOW JONES -3.96 -4.82 -5.08 -5.57 1892 04/11/1997 
S&P 500 -3.62 -4.82 -5.08 -5.57 1892 04/11/1997 
NASDAQ -3.66 -4.82 -5.08 -5.57 2280 10/08/1998 
IBEX 35 -3.85 -4.82 -5.08 -5.57 1780 11/04/1996 
TOPIX -3.98 -4.82 -5.08 -5.57 3227 06/03/2002 

Table 1.  Zivot-Andrews: Test statistics for log (prices) 
 
By inspection of table 1, we can conclude that the unit root hypothesis cannot be rejected at 

significance level of 1%. Only DOW JONES and S&P 500 have the structural level at the same time.  
 

STEP 2: Cointegration test 
 
Given that all the time series analyzed in Step 1 were integrated of order 1 and taken into account the 

necessity to detect a global breakpoint for all the series, a VECM model affected by a structural break was 
estimated. The global breakpoint estimated was the observation 2809, associated with the date 10/20/2000, 
time in which NASDAQ index fell down.  

This result led us to research in the behaviour of returns and volatilities after and before 10/20/2000. 
The rank of cointegration was determined from a VAR model with lag 3. Table 2 indicates that there is 

strong evidence of 3 cointegrating vectors (significant level of 5%) among log prices series of the three 
Markets (USA, Spain and Japan) after estimating the global breakpoint. Results for cointegration test before 
and after the breakpoint are in tables 3 and 4 respectively. Table 3 shows that the hypothesis of cointegration 
cannot be rejected in the period before the breakpoint while 2 cointegrating vectors were found after the 
breakpoint (see table 4). 
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H0 H1 Test statistic 10% 5% 1% 
r=0 r>0 78.08 55.95 59.75 67.17
r≤ 1 r>1 49.66 36.90 40.07 46.30
r≤ 2 r>2 27.94 21.80 24.28 29.47
r≤ 3 r>3 10.50 10.45 12.28 16.42
r≤ 4 r>4 4.06 3.00 4.12 6.89

Table 2.  Cointegration rank test for log (prices).  
Trace statistic, allowing for structural shift. 

 
 

H0 H1 Test statistic 10% 5% 1% 
r=0 r>0 25.20 31.59 34.40 39.67
r≤ 1 r>1 19.02 25.61 28.17 33.12
r≤ 2 r>2 11,46 19.20 21.89 26.41
r≤ 3 r>3 7.07 13.78 15.75 19.83
r≤ 4 r>4 2.73 7.56 9.09 12.74

Table 3.  Cointegration rank test for log 
(prices), before breakpoint 

 

H0 H1 Test statistic 10% 5% 1% 
r=0 r>0 40.44 31.59 34.40 39.67
r≤ 1 r>1 30.60 25.61 28.17 33.12
r≤ 2 r>2 17.83 19.80 21.89 26.41
r≤ 3 r>3 9.00 13.78 15.75 19.83
r≤ 4 r>4 5.39 7.56 9.09 12.74

Table 4.  Cointegration rank test for log 
(prices , after breakpoint 

 
 

STEP 3: Returns and volatilities before and after 10/20/2000 
A VAR model of lag 2 was fitted for the daily returns from 12/29/1989 to 10/20/2000. The residuals 

from this model exhibited volatility and it was estimated by the BEKK(1,1) implementation of the 
multivariate GARCH model (MGARCH) (Tsay, 2005) 

The same procedure was proposed for estimating the relations between daily returns and volatilities for 
the period after the estimated breakpoint, i.e., from 10/20/2000 to 12/17/2004. A VAR(2) was fitted for the 
daily returns and a BEKK(1,1) model from their residuals, in order to estimate their volatilities.  

Volatilities estimated after the breakpoint are depicted in Figure 1. There is evidence about the 
similarity between volatilities of all the indexes with exception of TOPIX. 
  
4. Conclusions  

 
The empirical results show that each one of the prices series analyzed has a different breakpoint with 

the individual exception of the DOW JONS and S&P 500 that have the same breakpoint. The global 
breakpoint coincides with the fall of the NASDAQ. From that period the companies "dot com", began a 
series of closings, fusions, acquisitions and dismissals, that caused that some analysts maintained that the 
“New Economy” never existed, that everything was a great "bubble" mounted by some opportunists to fill of 
money (http://es.wikipedia.org/wiki/Burbuja_.com) 

The dynamic structure of VAR-GARCH-M models is different before and after the global breakpoint, 
and the future behavior of those indices is similar after the breakpoint, with the exception of TOPIX index, 
corroborating the idea of globalization in those stock markets. 

In addition cointegration tests indicate that there were 3 co-integrating vectors, this fact will be the 
great utility to better predict movements in a particular market from the movements of the other markets. 
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Figure 1. Estimated volatilities for the indexes after the breakpoint (10/20/2000 - 12/17/2004)  
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1. Introduction 

One common feature often observed in financial returns is that the autocorrelations of absolute returns 
are larger than those of squares; see Taylor (1986), Ding et al. (1993) and Forsberg and Ghysels (2007). 
Several authors also report that the autocorrelations of powers of absolute returns are larger when the power 
is close to one, a property usually referred to as “Taylor Effect”; see Ding and Granger (1996) and Granger et 
al. (1999). In this paper we analyze the Taylor effect in the framework of Autoregressive Stochastic Volatility 
(ARSV) models. We investigate whether the Taylor effect could be attributed to estimation biases in the 
sample autocorrelations and we conclude that this is not the case. We also find that the sample and theoretical 
autocorrelations are maximized at similar values of the power parameter. Thus, we propose to use the power 
that maximizes these autocorrelations as a diagnostic for model adequacy and we analyze its finite sample 
properties. We illustrate all the results with an empirical application to eight series of daily financial returns. 
 
2. The Taylor property in ARSV models 

The ARSV model (Taylor, 1982) represents the dynamic evolution of volatility as follows 
yt = σɛt σt ;  log( 2

tσ ) = φ log( 2
1t−σ )+ ηt 

where yt denotes the series of demeaned returns, σ is a scale parameter, ɛt is an independent white noise 
process with unit variance and symmetric distribution, 2

tσ  is the volatility at time t, |φ|<1 for yt to be 
stationary and ηt is a Gaussian white noise with variance 2

ησ , distributed independently of ɛt. 
Let us denote by ρk(θ) the k-th theoretical autocorrelation of |yt|θ, derived in Harvey (1998), and denote 

by θmax(k) the value of θ that maximizes ρk(θ). We consider the separate effects on θmax(k) of the parameters φ 
and 2

ησ  in models with Gaussian and Student-7 errors. The following results emerge: (1) Given φ and 2
ησ , 

the values of ρk(θ) and θmax(k) are smaller when the errors are Student rather than Gaussian; (2) θmax(k) is 
always less or equal than one when the errors are Student while it is mostly around one and always less than 
two when they are Gaussian; (3) In the models with less persistence of the volatility (φ small) and/or 
smoothest evolution of the volatility ( 2

ησ ≈0), the plots of ρk(θ) versus θ are rather flat, so the autocorrelations 
are approximately equal whatever power transformation we consider; (4) θmax(k) is approximately the same 
regardless of the lag k; (5) Given a distribution of the errors, the value of θmax(1) decreases as the kurtosis of 
returns increases; (6) When the kurtosis is larger than 5 but not too large, as in most real financial series, 
ρ1(θ) is maximized for absolute returns; (7) With Gaussian errors and a model close to homoscedasticity, the 
autocorrelations ρ1(θ) are maximum for the squares; (8) The Taylor effect is more pronounced the more 
leptokurtic is the error distribution and the more persistent and volatile is the volatility process. 
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3. Finite sample Taylor effect and a new diagnostic 
In Gaussian ARSV models, Pérez and Ruiz (2003) show that the biases of the sample autocorrelations 

of squared returns are negative and larger in magnitude than those of absolute returns. Thus, it could happen 
that the Taylor effect does not exist in the true model although it does empirically. We investigate this 
possibility through a Monte Carlo experiment. We generate 1000 series of sizes T={500,1000,5000} by 
ARSV models with φ=0.98, 2

ησ =0.05 and σ=1. The error distribution is assumed to be N(0,1) or Student-7. 
For each series, we compute the first order sample autocorrelations r1(θ) for values of θ in the interval (0,3). 
We conclude that: (1) The sample autocorrelations are generally negatively biased and their biases converge 
to zero; (2) Only when the errors are Student-7 and θ>2, there is a positive bias that does not vanish with the 
sample size; (3) When the power parameter is quite large, the empirical distribution of r1(θ) is right 
asymmetric; (4) The shape of the Monte Carlo means of r1(θ) is similar to its theoretical counterpart, ρ1(θ), 
and the maxima of both functions are reached at nearly the same value of θ for all specifications considered. 

In order to investigate whether θ̂max(k) could be a useful diagnostic tool for the choice of ARSV 
models, we carry out Monte Carlo experiments on the distribution of θ̂max(1) and we obtain the following 
results (Figure 1): (1) The distribution of θ̂max(1) is more concentrated around the true θmax(1) (vertical line) 
in models in which ρ1(θ) has more curvature, i.e. when 2

ησ  is larger and/or the distribution of the errors has 
heavier tails; (2) Unlike, when 2

ησ  is small, the distribution of θ̂max is rather flat unless the sample size is 
large; (3) The distribution has a long right tail but θ̂max(1) seems unbiased for large sample sizes.  

Hence, we propose to check for the adequacy of a given fitted ARSV model by testing the hypothesis 
H0:θmax(k)= )k(0

maxθ , where )k(0
maxθ  is the value of θ that maximizes the plug-in autocorrelations obtained 

by substituting the parameters in ρk(θ) by their estimates. The null is rejected at the α% level when the 
observed θ̂max(k) is outside the 100(1-α)% acceptance region of the simulated distribution of θ̂max(k). 
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Figure 1. Kernel estimated densities of θ̂max(1) for ARSV models with φ=0.98 and 2
ησ ={0.01, 0.05} 

4. Empirical application 
We analyze the ability of the ARSV model to represent the pattern of the sample autocorrelations of 

eight daily series of financial returns: the Euro (EU), British Pound (BP), Yen and Canadian Dollar (CAN) 
exchange rates against the US Dollar (USD) and the S&P500 (SP), Nikkei225 (Nikkei), FTSE100 (FTSE) 
and IBEX35 (IBEX) stock exchange indexes. Some of the series are filtered from a very small significant 
first order autocorrelation and/or few large outliers, by fitting MA(1) models and/or substituting the residuals 
larger than 5σt/T by σt/T, where σt/T is an smoothed estimate of the conditional standard deviation at time t.  
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The results displayed in Table 1 highlight that all the returns have kurtosis significantly larger than 3. 
Normality is always rejected with the Jarque-Bera test. The autocorrelations of squares and absolute returns 
up to order 10 and 50 are always significant using the Box-Ljung statistics, so there is strong evidence 
favoring the presence of conditional heteroscedasticity. Furthermore, as postulated by the Taylor property, 
r1(1)>r1(2) for EU, BP, CAN, Nikkei and IBEX. The values of θ̂max(k) for lags k=1 and 10 are mostly 
around or less than one except those values of θ̂max(1) for the YEN, SP and FTSE which are larger than two.  

 
Table 1. Summary descriptive statistics of returns 
 EU BP CAN Yen SP Nikkei FTSE IBEX 
Kurtosis 4.384 5.760 6.499 6.509 8.161 7.192 6.503 6.639 
Jarque-Bera 218.2 1929.6 4110.8 3313.8 11997.8 3444.2 2468.3 2215.7 
r1(1) 0.073 0.134 0.202 0.142 0.214 0.205 0.195 0.231 
r1(2) 0.054 0.097 0.163 0.198 0.246 0.139 0.239 0.181 
θ̂max(1) 0.72 0.98 0.7 3.26 2.31 0.95 3.45 1.01 
θ̂max(10) 0.82 1.14 0.63 1.07 1.03 0.69 1.51 1.03 

 
We further analyze the shape of the sample autocorrelations of |yt|θ as a function of θ, namely rk(θ), for 

k=1,5,10,20,50. The pattern of the Euro, CAN, Nikkei and IBEX is similar to that for the theoretical ARSV 
models, with the autocorrelations of all lags maximized at values close to or less than one. However, for the 
other series, certain lags behave differently. The first order autocorrelation of SP is maximized for the 
squares while, for the other lags, the maximum attends at values around one. The FTSE and Yen indexes 
have a very peculiar behavior with the first order autocorrelation maximized at θ>3. Finally, the 20th-order 
autocorrelations of the Yen and BP are also maximized at values of θ much larger than 2 and 3, respectively. 

To investigate whether the ARSV model is able to explain the shapes of rk(θ) previously observed, we 
estimate such model by QML (Harvey et al.,1994) to each of the eight series of returns considered. The 
results (Table 2) reveal that all the estimates of 2

ησ  are significant and the estimates of the persistence 
parameter, φ, are very close to unity. Table 2 also reports the implied degrees of freedom of the Student-ν 
distribution and some diagnostics based on the standardized observations, ɛt=yt /σt/T, as well as the model-
based plug-in values of )k(0

maxθ  for k=1 and 10. The kurtosis of the residuals is smaller than in the original 
returns, indicating that the model explains the excess kurtosis observed in the series of returns. The Box-
Ljung statistic for remaining autocorrelation in absolute residuals are still significant at 5% for CAN, SP and 
FTSE when testing the joint uncorrelatedness up to order 10 and 50 and for BP when the order is 50.  

 
Table 2. Estimation results of ARSV(1) model and plug-in values of θmax

0(k) 
 EU BP CAN Yen SP Nikkei FTSE IBEX 
σ² 0.318 0.317 0.048 0.388 0.560 1.292 0.793 1.171 
φ 0.992 0.988 0.988 0.979 0.994 0.991 0.986 0.991 

2
ησ  0.003 0.011 0.022 0.017 0.009 0.015 0.013 0.016 

υ 7.35 4.45 9.75 4.65 10.1 9.45 ∞ ∞ 
κɛ 3.890 3.994 4.316 4.560 3.810 4.214 3.300 3.576 
Q|ɛ|(10) 8.80 20.65 22.21 9.42 15.74 12.42 21.60 10.43 
Q|ɛ|(50) 54.24 81.48 103.5 64.76 86.40 64.73 75.21 63.48 

)1(0
maxθ  1.01 0.69 0.90 0.72 0.95 0.91 1.38 1.14 

)10(0
maxθ  1 0.68 0.87 0.70 0.94 0.89 1.33 1.10 

 
The values of θ̂max(k) and )k(0

maxθ  reported in tables 1 and 2 are quite similar in all cases except in 
the Yen, SP and FTSE where θ̂max(1) is very large and larger than its implied counterpart. This fact is further 
investigated by comparing the model-based plug-in autocorrelations and the sample autocorrelations of |yt|θ 
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as a function of θ. For the Euro, CAN, Nikkei and IBEX series, the sample and theoretical patterns implied 
by the estimated ARSV models are very similar for all lags and the autocorrelations are maximized for 
values of θ closed to one, indicating Taylor effect. However, the first order sample autocorrelation of the SP 
and FTSE is maximized at θ>2, while the implied autocorrelations are maximized for θ≃1. For the other lags, 
implied autocorrelations resemble their sample counterparts. With respect to the Yen and BP, the behavior of 
their sample autocorrelations is very peculiar and does not agree with that of the implied autocorrelations.  

In order to test whether the estimated models can explain the observed values of θ̂max(k), we simulate 
the distributions of θ̂max(k) based on the estimated models and observe that their means are approximately 
equal to the plug-in values reported in Table 2, reinforcing the property of unbiasedness previously observed. 
Using the simulated percentiles, we perform a two sided test of the hypothesis H0:θmax(k)= )k(0

maxθ  for k=1 
and 10 and for each of the series of returns. For the two lags considered, the null is not rejected at the usual 
significance levels for the Euro, CAN, Nikkei and IBEX. For the SP, Yen and FTSE, the results for both lags 
are different. While θ̂max(1) rejects the model, θ̂max(10) does not reject it. Finally, the model for BP is 
rejected at 5% when k=10 while it can only be rejected at 10% for k=1.  

 
5. Conclusions 

In this paper we analyze the Taylor effect in the framework of ARSV models. First, we show that the 
value of θ that maximizes the theoretical autocorrelations of |yt|θ depends mainly on the kurtosis of returns. 
When this is close to 3, the maximum is found around squares, but as it increases, the maximum attends at a 
lower value that is around 1 for the more realistic cases and less than 1 when the kurtosis is very large. We 
also note that the autocorrelations are maximized approximately at the same value of θ regardless the lag. 
Another important conclusion is that, in general, the Taylor effect is not due to biases of the estimated 
autocorrelations. Therefore, if the sample size is large enough and the Taylor effect is empirically observed, 
the estimated model should be able to generate it. Moreover, the sample and theoretical autocorrelations are 
maximized at similar values of θ. Hence, we propose to use the value of the power parameter that maximizes 
the sample autocorrelations as a diagnostic tool for model adequacy. The finite sample properties of the 
proposed statistic are analyzed. Finally, we illustrate our results with an empirical application to eight series 
of daily financial returns and we show that with the exception of the Yen and FTSE and, possibly, SP and BP, 
the ARSV model is able to represent the pattern of the autocorrelations observed in real data. 
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1. Introduction 

In modern portfolio theory, it is assumed that the investor and the portfolio managers select the securities 

based on the expected returns and the risk of the resulting portfolio. Using mean-variance framework, 

portfolio risk is measured in terms of the variance or standard deviation of portfolio return. One of the 

popular models which will give the mean-variance efficient portfolio that is a portfolio which gives the 

maximum expected return for a given risk level in terms of its variance is the capital asset pricing model 

(CAPM). In classical approach, the CAPM is developed under the Gaussian framework. However, from 

numerous empirical studies (see e.g., Rydberg 1997; Rachev and Mittnik, 2000), it has been shown that 

many asset returns is typically leptokurtic (heavy-tailed and peaked around the centers). This result implies, 

if practitioners using one model which is based on the normality assumption, it tends to underestimate the 

risk caused by the extreme events and larger variation in the data.  

The class of stable distributions, of which the normal distribution is a special case, represents natural 

generalizations of the Gaussian distribution, and provides a popular alternative for modeling leptokurtic data. 

In many empirical studies (see e.g., Rachev and Mittnik, 2000), it has been shown that the non-Gaussian 

stable distributions with parameter index of stability 1 2α< <  are more appropriate for modeling asset 

return while preserving the desirable properties of the normal. However, when index 2α <  the second 

moments of the stable distribution are infinite.  Thus, the classical analysis based on the mean-variance 

framework is not available, and moreover the dependence between two random variables can not be 

described using covariance. However, when it is assumed that the mean return is exist ( 1α > ), the analysis 

can defined in the mean-scale framework, and dependence can be analyzed using covariation, a 

generalization of covariance function. Belkacem, Vehel and Walter (2000) show that under certain 

assumptions, the „stable“ CAPM with 1 2α< <  has a similar form to classical model, where the 

generalized “beta” from “stable“ CAPM can be obtained as a function of the covariation between asset and 

the portfolio market.  

The rest of this paper is organized as follows. In the next section we shortly overview several concepts 

related to the stable distributions. Section 3 presents a brief summary of the “stable“ CAPM based on 

Belkacem, et al., (2000). In section 4, we apply the method to a set of stocks belonging to the Jakarta Stock 

Exchange index.  

2. Introduction to Stable Laws 

2.1. Univariate Stable Distributions 

The stable random variable R is often parameterized using their characteristics function (forθ ∈R ) 

( ) (exp( )) exp 1 sgn tan ,  if 1
2R E iR i i

αα παθ θ σ θ β θ µθ α  Φ = = − − + ≠  
  

 

and 
2

( ) exp 1 sgn ln ,  if 1R i iθ σ θ β θ θ µθ α
π

  Φ = − + + =  
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There are four parameters to describe the univariate laws: α, β,σ and µ. (0 2)α α< ≤  is the index of 

stability; ( 1 1)β β− ≤ ≤  is the skewness; ( 0)σ σ ≥  is the scale parameter and µ ∈R  is the location 

parameter. If 2α = , R is N(µ,2σ2) distributed. When α is smaller, R is more leptokurtic. When 2α < , the 

absolute moment of the order p if finite only for p α< . For financial data, only 1α >  is found in practice, 

therefore in this paper, we assume 1α > . When 0β =  and 0µ = , R is called symmetric alpha-stable 

(SαS) where ( ) exp( )R

ααθ σ θΦ = −  

2.2. Multivariate stable laws 

The vector random stable 1 2( , , , )nR R R=R L with dimension n is a symmetric α-stable random variable 

(jointly SSα ), and has the characteristic function (for 1α > ) 

1
( ) (( , )) (exp( )) exp ( , ) ( )

n

n

k kk
E i R ds

αθ
=

  Φ = Φ = = − Γ 
  

∑ ∫R
S

θ θ R θ s  

 where Γ is unique symmetric finite measure (called spectral measure) which is defined on a unit sphere 

1 2{ ( , , , ) | 1}n ns s s= = =S s sL . More information on stable laws can be found in Samorodnitsky and 

Taqqu (1994). 

2.3. The Covariation function 

Definition Let 1X  and 2X  be jointly SSα  with 1>α  and let Γ  be the spectral measure of the 

random vector ),( 21 XX . The covariation of 1X  on 2X  is the real number ( )(
11 asignaa

−>−< = αα ) 

[ ] ∫ Γ= >−<

2

)(, 1
2121

S

dsssXX α
α    

For Gaussian process, the covariation is equivalent to the covariance function, that is 

[ ] ),(, 212
1

221 XXCovXX = . More discussion for covariation can be found in Samorodnitsky and Taqqu 

(1994). 

Because of its simplicity, we will use Fractional Lower Order Moments (FLOM) estimator for the 

covariation function. Given independent sample( , ), , ( , )
1 1 n nX Y X YL , the FLOM estimator forXYλ , that is 

the covariation of X on Y, is defined as (Nikias and Shao, 1995) 

( )
i=1 i=1

signˆ ( ) /
n n

p p

FLOM p i i i iX Y Y Yλ −=∑ ∑
1

 

for 1 p α≤ < . It has been known that there is no method that allows for choosing the optimal p. However, 

based on simulation result in Nikias and Shao (1995), we propose to use p=1, i.e., 

( )
i=1 i=1

signˆ ( ) /
n n

FLOM p i i iX Y Yλ =∑ ∑     (1) 

Once we obtain the estimator forXYλ , [ ],X Y
α

can be obtained by multiplying ( )
ˆ
FLOM pλ  with the estimator 

of 
Y

Y
αα
ασ = . 

3. Single Period “Stable” CAPM 
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Under certain assumptions, Belkacem et. al. (2000) show that the “stable” CAPM generalizes the Gaussian 

CAPM. It has the form ( )( ) ( )i f i m fE R R E R Rβ− = − , where [ , ] /i i m mR R R
α

α αβ = . The “stable” CAPM 

presents the generalized equilibrium relationship between risk and return for a given security. The return 

over the risk free rate ( )i fE R R−  is called the risk premium for a security i. ( )m fE R R−  is the price of 

the risk. iβ  is “generalized beta coefficient” which measures the volatility of the security’s rate of return 

relative to changes in the market’s rate of return, and can be interpreted as the quantity of risk, in the similar 

way as in the classical case. 

When return is normally distributed (α=2), using the property of the covariation function we obtain  

( )( , )
( ) ( )

( )
i m

i f m f
m

Cov R R
E R R E R R

Var R
− = −     (3) 

which is the well known Sharpe-Lintner-Mossin’s CAPM. 

4. Empirical study 

To illustrate the usability of the method discussed above, we use the stocks chosen from LQ45 index listed in 

Jakarta Stock Exchange (JSX). For this purpose, we collect some closing price data from 9 stocks during the 

period January 1, 2002 until December 31, 2004. The data is transformed into daily returns using 

1ln( / ), 1, , 1t t tY X X t N+= = −L . For fitting the data into stable distribution, the parameters of the 

distribution are estimated using the maximum likelihood estimation method (see 

http://www.npgcable.com/~rrimmer/StableCalculation/) and several diagnostic checks are performed (see 

further discussion in Rosadi, 2004). To save space, the complete results are omitted. The fitting results show 

that the non-normal stable distribution is more suitable to describe the behavior of stocks returns. 

For the next analysis we will estimate the generalized beta coefficient using “ex post” formula of the CAPM. 

As the proxy for the market returns, we use the index LQ45 of JSX, which has the same period of time as the 

stocks. The estimation results for generalized coefficientsˆCAPM
αβ  are given in Table 1, calculated using 

FLOM estimator with p=1 (see eq. 1). For comparison’s sake, we also calculate the 2
ˆCAPMβ  of the CAPM 

Gaussian.The percentage of the change of the beta estimator using both methods, i.e.2

2

ˆ ˆ

ˆ

CAPM CAPM

CAPM
αβ β

β
− , are given 

in last column of table 1.  

To illustrate the importance of the above results, let we use the AALI and BBNI stocks. Under the Gaussian 

framework, we obtain the estimated beta coefficients are 0.834 and 0.928, respectively. If we use more 

realistic value for α, i.e. α<2 for both stocks, we obtain the estimated beta coefficients are 0.843 and 1.204, 

i.e. there are increases respectively 1.1% and 29.7%. In the other words, the sensitivity of the AALI and 

BBNI stocks to the market portfolio are better compared to the ones obtained using the CAPM ”Gaussian”. 

The same phenomenon is obtained for the other stocks, with different variations for the estimated beta. This 

result implies that the portfolio of stocks which are built under the stable-non normal framework will 

different with the “normal” portfolio. If the “wrong” assumption is used for the asset returns, then the risk 

premium obtained is underestimated, and therefore the portfolio allocation is not optimal. In this context, we 
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may conclude that the portfolio obtained under the mean –variance approach is misleading because it 

discards important information about the risk structure of different investment opportunities, and in general 

not efficient in “stable” CAPM context.  

Table 1. Estimated Beta 

Code  Stocks α̂  2
ˆCAPMβ  ˆCAPM

αβ  2

2

ˆ ˆ

ˆ

CAPM CAPM

CAPM
αβ β

β
−  

GGRM Gudang Garam 1.66 0.824 0.831 0.8% 

HMSP HM Sampoerna Tbk 1.67 0.787 0.794 0.9% 

AALI Astra Argo Lestari 1.65 0.834 0.843 1.1% 

ANTM Aneka Tambang Tbk 1.70 0.951 0.992 4.3% 

BBNI Bank Negara Ind. Tbk 1.64 0.928 1.204 29.7% 

BBCA Bank Central Asia Tbk 1.74 0.933 0.966 3.5% 

BHIT Bhakti Investama Tbk 1.64 0.347 0.451 30% 

JIHD Jakarta Int. Hotel and Dev 1.45 0.9837 0.9842 0.05% 

TLKM Telekomunikasi Indonesia 1.71 1.376 1.393 1.2% 
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ABSTRACT 
In this paper, we discuss an application of the capital asset pricing model (CAPM) under the stable Paretian assumption 

(stable non-Gaussian, with 1<α<2). This class of distributions is a popular class of distributions often used to model the 

large financial data, which has been found typically to be leptokurtic (see, e.g., Rachev and Mittnik, 2000, Rydberg, 

1997). Under certain assumptions, Belkacem, et al.,(2000) show that the “stable” CAPM has a similar form to the 

classical model. Here we propose a simple estimation method for the coefficient “Beta” of CAPM based on the 

Fractional Lower Order Moments (FLOM) estimator. Finally, we apply the “stable” CAPM for modeling data from 

Indonesian stock markets. 

Keywords: CAPM, Leptokurtic, Stable Distribution, FLOM Estimator 
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The systematic risk, or the market risk, of the stock markets, is important for all the participants of the 
international capital market. The estimate of the beta coefficient, of the main indicator of the systematic risk, 
as well as of the variation of the risk in time's periods, or in the days of week, will enable to the managers of 
more sure indications for the international diversification of portfolio, as well as an option for measure the 
association between markets international capital markets, more specifically between stock markets. The 
seasonality of the returns, or calendar effect, in the capital market is studied through the January effect, or 
monthly effect, and the weekend effect or the day of the week effect. In this work are studied: the day effect 
of week for the market risk represented by the beta coefficient for the selected countries. From the market 
model, suggested by SHARPE (1963) for estimate of the market risk were elaborated multivariate regression 
models of linear regression with variations provided by dummies variables. These models are estimated 
using Bayesian inference for valuation the systematic and diagnose the relevance of the day of week in the 
systematic risk. Moreover, in the analysis of the results the criteria for model comparison are observed to 
verify the significant changes in the variations of the market model with the dummies variables. The finance 
researchers have suggested alternative techniques for evaluation of the betas. Many of these suggestions try 
to make more realistic the determinations of the market risk, more specifically the beta coefficient, and take 
the variation of the risk in time into consideration, which is a violation of the homoscedasticity of the returns 
of the financial instruments. This work use an alternative with a Bayesian approach, introduced in SALLES 
(2006), for the determination of the beta coefficient, or the determination of the indicator of the market risk. 

The aim of this work is to propose an alternative way to evaluate the market risk, or the systematic risk, 
and verify the daily seasonality of the market risk through the variation of the beta coefficient in the 
weekdays, doing this from the returns series of the main indices of the selected stock markets. The 
importance of this subject is pointed out in the historical brief, which is followed, about the methodologies, 
available in the finance literature, elaborated for evaluation of the indicator of the systematic risk, the beta 
coefficient.  

In the following section is introduced a brief literature review. And the remaining of the work is 
organized as follows: another section is described the methodology and the next the data used in this work. 
Finally the last section contains the references. 

 
Literature Overview – A Synthesis 

The historical brief, exposed ahead, on the different methodologies, used to calculate the systematic 
risk, and presented in the finance literature show the importance of the searching for more precise ways to 
determine the beta coefficient. Moreover per se the beta as an indicator of the market risk, is important for 
the investors and, in the case of national markets, for the economic politics of the countries. The market risk, 
as well as the country risk that measures the stability of the national economies through the capacity to honor 
the payment of the foreign debt, are two of the important leading indicators for the efficient allocation of 
resources in the international market.  
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The conception and the determination of the systematic risk are established from the Single Index 
Model, or simply the market model, presented in SHARPE (1963). This suggests that the security return is 
correlated with the market portfolio as follows: 

 
                         itMtiiit eRR ++= βα    ; 

where, 
=itR   asset return i at day t , or country market i at day t ,  
=MtR  market portfolio return, or global market return, at day t ,  and 
=iβ  beta coefficient of the asset or national market i . 

 
The conditional average and conditional variance of the returns of the financial assets can be written as, 
respectively: 
                           MtiiMti RRRE βα +=)(  , 
and 
                           )()( itMtiiMti eRVRRV ++= βα  
                            
                           ⇒ )()()( 2

itMtiMti eVRVRRV += β . 
 
The total risk of an individual asset, measured by the variance, can be written as the sum of two components 
the market risk, or systematic risk, and the unique risk, or unsystematic risk. In the above equation: the first 
part represents the market risk while the second part represents the unique risk. The unique risk can be 
minimized, or eliminated, with the diversification. Thus the first part is the most important for the managers, 
who should depart from the principle that the investors should try to diversify their asset allocation. And as 
the market variance is common in the all asset systematic risk, it should be observe with main parameter of 
the market risk, or systematic risk, the beta coefficient. 

During the 70's many researches were trying to examine empirically the market model and the beta 
coefficient. The traditional techniques for the determination of the beta coefficient are supported in the 
methods of the ordinary least squares, or alternatively generalized least squares when the search take into 
account the violation of the assumption of constant variance around the regression line. Among the 
references that deserve highlight are the pioneer works of Marshall Blume on: the time varying beta 
coefficient, BLUME (1971); and the determination of the trend of the betas to unit and the utilization of a 
model to correct that problem, BLUME (1975), theme also treated by VASICEK (1973). Another model that 
should be highlighted is the one introduced by SCHOLES & WILLIANS (1977), which uses an instrumental 
variables estimator to avoid possible synchronization mistakes of the data used in the market model. A 
research, as well, important was the one of CHANG & WEISS (1991) which reminds the beta coefficient 
instability and in the literature revision shows results of researches based in this premise and, as well, it 
introduces an option for knowledge of the beta stochastic behavior through ARIMA models. In a more recent 
work SALLES (1996), using dynamic models, introduces a Bayesian alternative to estimating the time 
varying beta coefficient. Reminding that the Bayesian process of estimate is a continuous process of revision 
of the information as new information become available, ALEXANDER (2004) highlights that the Bayesian 
methods are a good option to solve the problem of the time varying beta coefficient. Moreover should be 
observed in the models constructions, for beta determination, the alternative multivariate models as 
demonstrate in SALLES (2001), which applied a Bayesian approach through an empirical study for asset 
allocation. This study shows that the multivariate models should be used in detriment of the univariate 
models for calculation of this coefficient. Some important references for seasonal variation of beta 
coefficients are BROOKS & PERSAND (2001) and BASHER & SADORSKY (2005). 

In the following section is introduced a Bayesian multivariate heteroscedastic model with time varying 
coefficients. In this manner this work considers, besides the inference option through multivariate 
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techniques: the heteroscedasticity of the returns or the risk of the asset, indices of the national markets in the 
case of this work; and the time varying beta or systematic risk. 

 
Methodology – The Alternative Model 

There were built two models, in two ways, from a seemingly unrelated regression model – the SUR 
model. Both are heteroscedastic models and used the normal distribution and the t distribution, as alternative 
for the returns distribution.  

The first model, the model 1, is constructed, used the normal and the t distribution, to estimate the beta 
coefficient in the stock markets of the selected countries. This model is constructed from a SUR model with 
time varying parameters and takes the form:  
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The second model, model 2, use dummy variables on different days of the week and apply the 
principle of parsimony to employ time fixed parameters. This model can be written as follows: 

Model 2                           
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The prior distributions used in all models were vacancies, in other words the variances of prioris are 
high. For the determination of every posterior distribution of parameters were used numeric methods based 
on Monte Carlo Markov Chain (MCMC). The developed models were implemented in the BUGS software 
(Bayesian Inference Using Gibbs Sampler), in the version WinBUGS 1.4, elaborated by SPIEGELHALTER 
et al. (2003), the posterior distribution inference using Monte Carlo Markov Chain via Gibbs Sampling. For 
a better understanding of the procedures of the Bayesian inference used in this work can resort to MIGON & 
GAMERMAN (1999). For the implementation of the models were used the described information to follow. 

 
Data and Sample Characteristics 

The data used in this work are indices returns representative of the selected international stock 
markets: Amsterdam; London; Madrid; Mexico; New York; Paris; Sao Paulo; Seoul; Shanghai; Taiwan, 
Tokyo and Vienna. All the information was collected on the web site http://br.yahoo.com/. The selected index 
to represent the portfolio of global market was AC World Index calculated by Morgan Stanley Capital 
International Inc. (MSCI) and collected on the web site of MSCI. The data was collected from 1 January 
2001 to 5 May 2006. From these observations were calculated 350 daily returns in the following form: 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

−1

ln
t

t
t Index

Index
R  
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1. Introduction

This article displays the computational results of our attempt to address the recognition that
sequences of return rates from statistical indices of stock or bond prices exhibit fatter tails in their
histograms than are representable via a Normal distribution. Results of the initial investigations by
Timmerman (1995) and Mantegna and Stanley (1995) have been supported in investigations of a
variety of specific phenomena such as the work of Lim et al (2006) on exchange rates and currency
options, to name only one line of work. Many hundreds of related research reports circulate on the
web and in published journals.

We shall use the space available in this contribution to report on the substantive results of
our analysis without describing every technical detail of their generation. These are available to the
interested reader in an extensive research report by Agrò, Lad and Sanfilippo (2007). In a similarly
abbreviated style, we shall merely mention relevant technical background in summary and provide
appropriate references.

Technical developments in distribution theory have revitalised our ability to assess uncertain
prospects for unknown quantities via fat-tailed distributions that are incorporated in the family of
so-called Exponential Power distributions, or EP distributions, for short. The Normal distribution is
one member of this family, demarked by a parameter value in the family structure that distinguishes
fat-tailed members from thin-tailed members. The initial work of Subbotin (1923) in defining this
family has been extended with varying terminologies in works such as Box and Tiao (1953), Vianelli
(1963) and Agrò (1995, 1999).

Finally, our work lies within the operational subjective tradition of statistical analysis, champi-
oned in the foundational works of Bruno de Finetti (1937, 1974, 1975) and explained in the practical
computational text of Lad (1996). In a word, de Finetti’s outlook proposes that sequences of observa-
tions are not generated by random processes whose distributional structure is meant to be estimated.
Rather, probability distributions are meant to represent the uncertain attitudes of investigators, usu-
ally via some form of partially exchangeable mixture distributions. The sequential procedure of this
methodology proceeds as follows: a mixture forecast distribution is assessed for the first datum; the
datum is observed and the forecast density is scored according to the logarithm of the forecast density
value at that observation value; that datum is used to update the mixture distribution to be applied
to the second datum in the sequence; when observed, that distribution is scored at the observed value
in the same way; the datum is used to update the mixture distribution to be applied to the third
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datum in the sequence; and so on.
The data we shall assess in this way are the daily closing values of the Dow-Jones Index of stock

prices, beginning 25 October, 1984 and running through the early months of 2007. These 23 years
include some 5678 data points.

With this brief introduction, we present here the following graphical results. We hope they will
entice you to study the details of their production and a detailed discussion of their content, in our
research report referenced in the second paragraph of this Introduction. The graphs presented here
are (perhaps) produced in black-and-white, but are still understandable. The research report on the
net displays them in colours, with better effect.

2. Four predictive densities at the beginning and end of 23 years of forecasting

The structure of the analysis was meant to characterise four different statistical assessments of
the daily rates of return of the Dow-Jones index in 1984, by different people who largely agreed in their
assessment of the first day’s prospects, but who disagreed in their claims regarding how the data would
be used to change their subsequent assessments of the variability in the index. Figure 1 displays on
the left the four densities for the third day’s rate of return in the sequence, and, on the right, the four
associated forecasting densities after some 23 years of observations. The abbreviated names for the
densities should be understood throughout these and the remaining graphs as: MixLC3EP = mixture
of a linear combination of three Exponential Power distributions; MixEP = mixture of Exponential
Power distributions; MixLC3N = mixture of a linear combination of three Normal distributions; and
MixN = mixture of Normal distributions. Details of the mixing structures will need to be read in the
referenced technical report. It should be noticed how much fatter the MixN density becomes in the
center of the density relative to the others. The others there are fatter in their tails.
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Figure 1. Four predictive densities for the rate of return on the third day (left) and for

the day following 23 years (right) of trading in the sequence.

3. Cumulative logarithmic scores of the four predictive densities for daily returns

We present the proper logarithmic scoring results in two graphs. Figure 2(a) displays the
cumulative sequential scores of all four distributions. It is apparent that the quality of the mixture
Normal forecast falls off drastically after the sharp drop in prices that occurred on 19 October, 1987.
Cumulating scores for the other three densities are visually so close to each other at this resolution
over the long series that Figure 2(b) is required to appreciate the differences among them. As the
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MixLC3EP distribution achieves the best score, Figure 2(b) displays the cumulating differences in the
scores between MixLC3EP and MixEP (which achieves the second best score) and between MixLC3EP
and MixLC3N (which achieves the third best score, thus making this difference greater.)
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(a) Gross cumulative logarithmic scores of the four forecast-

ing distributions.
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Figure 2. Proper logarithmic scoring rules results.

4. Comparing the expected scores: Entropies and their quadratic scores

Just as a forecaster is unsure of the rate of return to be observed each day, assessing it with a
distribution, he/she is also uncertain of what logarithmic score will be achieved by the pronounced
distribution. The expected logarithmic score by each assessor equals the (negative) entropy of the
distribution. In turn, this expected score (that is, the assessor’s negative entropy) can be scored
relative to the achieved logarithmic score via a quadratic score. Figure 3 displays the sequence of the
(negative) entropies and their quadratic scores for the four distributions we have studied. It shows that
not only does the MixLC3EP distribution develop to entail the greatest negative entropy expectations

500 1000 1500 2000 2500 3000 3500 4000 4500 5000 5500
2.7

2.8

2.9

3

3.1

3.2

3.3

3.4

3.5

3.6

day

 

 

MixLC3EP
MixLC3N
MixEP
MixN

(a) Sequential negative entropy information measures of

the four forecasting distributions.
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(b) Cumulative quadratic scores of the sequential en-
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Figure 3. Sequence of the negative entropies and their quadratic scores.
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among the four, but it achieves the best score of its entropy too. Intuitively, this means that this
distribution both contains the most information among the four, and also has the best understanding
of the amount of information it asserts regarding the price series.
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de Finetti, B. (1937) La prévision, ses lois logiques, ses sources subjectives, Annales de L’Institute Henri
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ABSTRACT

We use the logarithmic scoring rule for distributions to assess a variety of fat-tailed sequen-
tial forecasting distributions for the Dow-Jones industrial stock index from 1980 to the present. The
methodology applies Bruno de Finetti’s contributions to understanding how to compare the quality of
different coherent forecasting distributions for the same sequence of observations, using proper scoring
rules. Four different forms of forecasting distributions are compared: a mixture Normal, a mixture
of convex combinations of three Normal distributions, a mixture exponential power distribution, and
a mixture of a convex combination of three exponential power distributions. The mixture linear com-
bination of three EP distributions achieves the best score on a fairly regular basis, followed by the
mixture EP and the mixture linear combination of three Normals. All three make marked regular
improvements in assessing volatility phenomena (tail behaviour of the distributions) compared to the
Normal distribution, with an especially noticeable improvement achieved after the information gained
from the drastic fall in stock prices that occurred in October, 1987. The mixture EP distributions
are designed to incorporate fat-tailed properties into the forecast probabilities. It is surprising that the
mixture linear combination of three Normal distributions fairs as well as it does in the comparison of
scores. Overall, the methodology provides a practical improvement in comparing the quality of statis-
tical forecasts over the so-called “model-fitting” procedures that have long been used in the statistical
assessment of contentious economic issues. The results of the scored forecasting exercise are supported
by an analysis of the expected scores via the entropies of the forecast distributions, and a quadratic
score of these expectations, as well.
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Modelling of High Frequency Financial Data

Amı́lcar Serrão
Universidade de Évora
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ABSTRACT

The availability of ultra high frequency financial data during the last decade has interested researchers
in studying much more complex financial models. The black box of price formation has been opened
up. The researchers have intraday transactions by transactions of assets prices, volume and spreads
available for their research. These data sets brought new and interesting challenges to financial models.
The modelling of high financial data has focused on how assets prices adjust to new information and
how the trading mechanism affects asset prices. New information is immediately disseminated and
interpreted by all market participants, but this information is not processed at the same speed by
all participants implying variable lags time between news announcement and the agent’s realization
price implications. Some agents are endowed with superior knowledge regarding the value of an asset,
while the others without superior information are referred to as noise or liquidity traders. The models
assume that market makes optimally update bid and ask prices to reflect all public information and
remaining uncertainty. The high frequency data have opened up great possibilities to test market
microstructure models, while traditionally low frequency data are used for testing macroeconomics
models. In between lies the whole area of financial and time series modelling, which is typically studied
with early or monthly data as, for instance, GARCH class of models. This research work presents
models that address the inherent discreteness in transaction by transaction prices and discuss the
effects of descretizing the time intervals on price formation. Performance measures are presented,
tested and interpreted for FX Exchange rates. Model results show that averaging the data reduces
the variability but blurs the timing of events, while descretising the data can artificially induce causal
relationships, which suggest care in interpreting results from this type of analysis.

Keywords. High frequency data, price formation and descretizing data, GARCH class of models.
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Statistical Estimation of Optimal Portfolios depending

on Higher Order Cumulants

Hiroshi Shiraishi
Waseda University

In the usual theory of portfolio analysis, optimal portfolios are determined by the
mean μ and the variance Σ of the portfolio return. Several authors proposed estimators
of optimal portfolios as functions of the sample mean μ̂ and the sample variance Σ̂ for in-
dependent returns of assets (e.g.Jobson and Korkie (1980 and 1989)). However, empirical
studies show that financial return processes are often dependent and non-Gaussian. Under
the non-Gaussianity, if we consider general utility function U [·], the expected utility should
depend on higher order moments of the return. From this point of view, several authors
proposed portfolios including higher order moments of the return. However, in the litera-
ture there has been no study on the asymptotics of estimators for these optimal portfolios.
Therefore, in this paper, denoting the optimal portfolios by a function g = g(μ,Σ, c(3))
of μ , Σ and higher order cumulants c(3), and traditional optimal portfolios by a function
g∗ = g(μ, Σ,0) of μ and Σ, we discuss the asymptotics of estimators ĝ and ǧ for g and g∗,
respectively, when the return is a vector-valued non-Gaussian stationary process {X(t)}.
The asymptotic distributions of ĝ and ǧ are derived. Since, for non-Gaussian returns, ĝ
is trivially better than ǧ, we evaluate the mean squares errors MSE(ĝ) and MSE(ǧ) for
ĝ and ǧ, respectively, when {X(t)} is contiguous to a Gaussian process. Sufficient con-
ditions for the cases MSE(ĝ) ≤ MSE(ǧ) and MSE(ĝ) > MSE(ǧ) are given. Then we
investigate this result numerically. Also numerical examples for an actual financial data
are provided, and they support {ĝ} rather than {ǧ}.

Suppose the existence of a finite number of assets indexed by i, (i = 1, . . . , p). Let
X(t) = (X1(t), . . . , Xp(t))′ denote the random returns on p assets at time t. Since it
is empirically observed that {X(t)} is non-Gaussian, assuming the stationarity and the
existence of third order cumulant of {X(t)}, we write

ca1 = cum(Xa1
(t))

ca2a3 = cum(Xa2
(t), Xa3

(t))
ca4a5a6 = cum(Xa4

(t), Xa5
(t), Xa6

(t)).

Let us now suppose that there exists a risk-free asset. We denote by X0(t) its return.
Let α0 and α = (α1, . . . , αp)′ be portfolio weights at time t. Then the return of portfolio
based on X(t) and X0(t) is X(t)′α+X0(t)α0 = Y (t), (say), whose higher order cumulants

1
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are written as

cY
1

(t) = cum(Y (t)) = ca1αa1
+ X0(t)α0,

cY
2

(t) = cum(Y (t), Y (t)) = ca2a3αa2
αa3

,

cY
3

(t) = cum(Y (t), Y (t), Y (t)) = ca4a5a6αa4
αa5

αa6
,

where Einstein’s summation convention, that is, ”Summation is automatically taken with-
out the symbol Σ for those indices which appear twice in one term once as a subscript and
once as a superscript”, is assumed throughout this paper.

The investment problem for an investor is to maximize the expected utility of portfolio
returns at the end of the period. For a utility function U(·), the expected utility can be
represented as;

E[U(Y (t))] ≈ U [E(Y (t))] +
1
2!

D2U [E(Y (t))]E(Y (t)− E(Y (t)))2

+
1
3!

D3U [E(Y (t))]E(Y (t)− E(Y (t)))3

= U [cY
1

(t)] +
1
2!

D2U [cY
1

(t)]cY
2

(t) +
1
3!

D3U [cY
1

(t)]cY
3

(t), (1)

if we approximate it by Taylor expansion of order 3. The approximate optimal portfolio
may be written as

{
max
α0,α
{the right hand side of (1)} ,

subject to α0 +
∑p

i=1
αi = 1.

(2)

Shiraishi and Taniguchi (2006) gave the asymptotic distribution of portfolio estimators
based on the sample mean vector and the sample covariance matrix for non-Gaussian
dependent return processes and also addressed the problem of asymptotic efficiency for
a class of estimators. However, as we said, the optimal portfolio for (2) depends on the
third-order cumulants of the return processes. Therefore, we introduce an optimal portfolio
based on third order cumulants g(ca1 , ca2a3 , ca4a5a6), and evaluate effect of the third order
cumulants. Here it should be noted that the coefficient α0 and α satisfy the restriction
α0 +

∑p
i=1

αi = 1. Then we have only to estimate α. Hence we assume that the function
g(·) is p-dimensional, i.e.,

g : g(ca1 , ca2a3 , ca4a5a6)→ Rp. (3)

This paper addresses the problem of statistical estimation for g(ca1 , ca2a3 , ca4a5a6), and
discusses effects of the third order cumulant.
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The main objective of this study is the determination of the moment in which a company should
change its location (in order to maximize profit), in an uncertaint environment, using a deductive
methodology of real option analysis in a stochastic context.

The recent unprecedented development of technological innovations (which bring new locations)
has given many new investment opportunities for companies. However, those innovations are associ-
ated to significative uncertainty, and consequently getting to the right location at the correct time has
become a great challenge.

The relocation problem for one company may be described as a typical Optimal Stopping Prob-
lem, in which the final goal is the determination of the optimal time (in terms of maximization of the
expected value of the company’s value). In this context, every time a new and more efficient location
becomes available, the company has to pick between changing its location (supporting the inherent
costs of relocation) and postponing its relocation.

In this study we assume that the availability process of new locations follows a Non-Homogeneous
Poisson Process, and we contemplate different scenarios, taking into account the variable availability
rates of the new locations. Additionally, we assume that the investment costs are constant, that the
company can, at most, relocate once, and that the efficiency jumps of new locations are constant,
without any random character.

The obtained results are new, showing the relevance of the Non-Homogeneous Poisson Process
and of the availability rate of new locations in the determination of the optimal time of relocation.
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ABSTRACT
Pricing of American options in discrete time is considered, where the option is allowed to be based
on several underlyings. It is assumed that the price processes of the underlyings are given Markov
processes. We use the Monte Carlo approach to generate artificial sample paths of these price processes,
and then we use the least squares neural networks regression estimates to estimate from this data the
so-called continuation values, which are defined as mean values of the American options for given
values of the underlyings at time t subject to the constraint that the options are not exercised at time
t. Results concerning consistency and rate of convergence of the estimates are presented, and the
pricing of American options is illustrated by simulated data.

1 Introduction

The price V0 of American options can be defined as a solution of an optimal stopping problem

V0 = sup
τ∈T (0,...,T )

E {fτ (Xτ )} .(1)

Here ft is the (discounted) payoff function, X0, X1, . . . , XT is the underlying stochastic process
describing e.g. the prices of the underlyings and the financial environment (like interest rates, etc.)
and T (0, . . . , T ) is the class of all {0, . . . , T}-valued stopping times, i.e., τ ∈ T (0, . . . , T ) is a measurable
function of X0, . . . , XT satisfying

{τ = α} ∈ F(X0, . . . , Xα) for all α ∈ {0, . . . , T}.

In the sequel we assume that X0, X1, . . . , XT is a IRd–valued Markov process recording all necessary
information about financial variables including prices of the underlying assets as well as additional
risk factors driving stochastic volatility or stochastic interest rates.

The computation of (1) can be done by determination of an optimal stopping rule τ∗ ∈ T (0, . . . , T )
satisfying

V0 = E{fτ∗(Xτ∗)}.(2)
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Let

qt(x) = sup
τ∈T (t+1,...,T )

E {fτ (Xτ )|Xt = x}(3)

be the so–called continuation value describing the value of the option at time t given Xt = x and
subject to the constraint of holding the option at time t rather than exercising it, where qT (x) = 0
by definition. Here T (t + 1, . . . , T ) is the class of all {t + 1, . . . , T}–valued stopping times. It can be
shown that

τ∗ = inf{s ≥ 0 : qs(Xs) ≤ fs(Xs)}(4)

satisfies (2), i.e., τ∗ is an optimal stopping time (cf., e.g., Chow, Robbins and Siegmund (1971)).
Therefore it suffices to compute the continuation values (3).

The continuation values satisfy the dynamic programming equations

qt(x) = E {max{ft+1(Xt+1), qt+1(Xt+1)}|Xt = x} (t = 0, 1, . . . , T − 1)(5)

(cf., Tsitsiklis and Van Roy (1999)). Unfortunately, the conditional expectation in (5) in general
cannot be computed in applications. The basic idea of regression-based Monte Carlo methods for
pricing American options is to apply recursively regression estimates to artificially created samples of

(Xt,max {ft+1(Xt+1), q̂t+1(Xt+1)})

(so–called Monte Carlo samples) to construct estimates q̂t of qt (cf., Tsitsiklis and Van Roy (1999),
Longstaff and Schwartz (2001), Egloff (2005) and Egloff, Kohler and Todorovic (2006)).

2 Definition of the estimate

Let σ : IR → [0, 1] be a sigmoid function, i.e., assume that σ is monotonically increasing and satisfies
σ(x) → 0 (x → −∞) and σ(x) → 1 (x → ∞). Let βn > 0 and let Fk(βn) be a class of neural
networks defined by

Fk(βn) =

{
k∑

i=1

ci · σ(aT
i x + bi) + c0 : ai ∈ IRd, bi ∈ IR,

k∑

i=0

|ci| ≤ βn

}
.(6)

In the sequel we describe an algorithm to estimate the continuation values qt recursively. To do this
we generate artificial independent Markov processes {X(l)

i,t }t=0,...,T (l = 0, 1, . . . , T − 1, i = 1, 2, . . . , n)
which are identically distributed as {Xt}t=0,...,T and start with

q̂n,T (x) = 0 (x ∈ IRd) .

Fix t ∈ {0, 1, . . . , T − 1}. Given an estimate q̂n,t+1 of qt+1, we estimate

qt(x) = E{max{ft+1(Xt+1), qt+1(Xt+1)}|Xt = x}

by applying a neural networks regression estimate to
{(

X
(t)
i,t , Ŷ

(t)
i,t

)
: i = 1, . . . , n

}
where Ŷ

(t)
i,t = max{ft+1(X

(t)
i,t+1), q̂n,t+1(X

(t)
i,t+1)}.

To do this, we subdivide the data in a learning sample of size nl = dn/2e and a testing sample of size
nt = n− nl and define for a given k ∈ Pn = {1, . . . , n} a regression estimate of qt by

q̂k
nl,t

(·) = arg min
f∈Fk(βn)

(
1
nl

nl∑

i=1

|f(X(t)
i,t )− Ŷ

(t)
i,t |2

)
.(7)
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Then we minimize the empirical L2 risk on the testing sample in order to choose the value of parameter
k. So we choose

k̂ = arg min
k∈Pn

1
nt

n∑

i=nl+1

|q̂k
nl,t

(X(t)
i,t )− Ŷ

(t)
i,t |2(8)

and define our final neural networks regression estimate of qt by

q̂n,t(x) = q̂k̂
nl,t

(x) (x ∈ IRd).(9)

3 Main results

In a first result we consider the consistency of the estimate.

Theorem 1 Let L > 0. Assume that X0, X1, . . . , XT is a IRd-valued Markov process and that the
discounted payoff function ft is bounded in absolute value by L, i.e.,

|ft(x)| ≤ L for x ∈ IRd and t ∈ {0, 1, . . . , T}.

Define the estimate q̂n,t by (7),(8) and (9). Let βn > 0 and assume that βn satisfies

βn →∞ (n →∞) ,
β4

n · log n

n
→ 0 (n →∞).

Then
∫
|q̂n,t(x)− qt(x)|2PXt(dx) → 0 in probability

for all t ∈ {0, 1, . . . , T}.

Proof. See Kohler, Krzyżak and Todorovic (2006). q.e.d.
Next we analyze the rate of convergence of the estimate.

Theorem 2 Let L > 0. Assume that X0, X1, . . . , XT is a IRd-valued Markov process, Xt ∈ [−A,A]d

almost surely for some A > 0 and all t ∈ {0, 1, . . . , T}, that the discounted payoff function ft is bounded
in absolute value by L, and that the Fourier transform F̂qt(ω) = 1

(2π)d/2

∫
IRd e−i·ωT zqt(z)dz (ω ∈ IRd)

of qt satisfies

qt(x) =
1

(2π)d/2

∫

IRd
ei·ωT xF̂qt(ω)dω (x ∈ IRd) and

∫

IRd
‖ω‖ · F̂qt(ω)dω < ∞.

for all t ∈ {0, . . . , T}. Let βn = const · log n and define the estimate q̂n,t by (7),(8) and (9). Then

P




∫
|q̂n,t(x)− qt(x)|2PXt(dx) > const ·

√
log5 n

n


 → 0 (n →∞)

for all t ∈ {0, 1, . . . , T}.

Proof. See Kohler, Krzyżak and Todorovic (2006). q.e.d.
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[4] Kohler, M., Krzyżak, A., and Todorovic, N. (2006). Pricing of high-dimensional American options by neural
networks. Preprint, University of Saarbrücken.

[5] Longstaff, F. A., and Schwartz, E. S. (2001). Valuing American options by simulation: a simple least-squares
approach. Review of Financial Studies 14, pp. 113-147.

[6] Tsitsiklis, J. N., and Van Roy, B. (1999). Optimal stopping of Markov processes: Hilbert space theory,
approximation algorithms, and an application to pricing high-dimensional financial derivatives. IEEE Trans
Autom. Control 44, pp. 1840-1851.

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 5693 -



Czech Capital Market: Markov Chains and Crossing-Level Analysis  
Trešl, Jiří 
University of Economics Prague  
W.Churchill Square 4  
130 67 Prague 3, Czech Republic  
E-mail: tresl@vse.cz 
 
Blatná, Dagmar 
University of Economics Prague  
W.Churchill Square 4  
130 67 Prague 3, Czech Republic  
E-mail: blatna@vse.cz 
 

The main aim of this study is to compare the behaviour of “blue chips” at Prague Stock Exchange from 
the point of view of crossing level analysis. Input data are given as daily values of corresponding price time 
series tx  during the period 2001-2006, i.e.1508 values for each security. We have selected CEZ (Power 
Engineering), KB (Finance), PM (Tobacco Company), TEL (Telecommunications), UNIP (Petrochemicals). 
The subject of our analysis were logarithmic returns (further only returns) expressed as percentage and 
computed as 
 

(1)     ( )1100 ln lnt t ty x x −= −  

 

This is a common practice in financial time series, because continuously compounded multiperiod 
return is simply the sum of continuously compounded one-period returns involved – Tsay (2002). First, some 
elementary summary statistics both of returns and their absolute values (further absolute returns) were 
computed. 
 

Table 1: Summary statistics: returns and absolute returns 
 CEZ KB PM TEL UNIP |CEZ| |KB| |PM| |TEL| |UNIP| 

StDev 1.97 1.93 1.95 2.26 2.45 1.38 1.31 1.43 1.68 1.83
Median 0.22 0.08 0.00 0.00 0.05 1.01 1.06 0.92 0.99 1.09

 1%Perc -5.07 -5.48 -5.69 -6.29 -7.70 0.00 0.00 0.00 0.00 0.00
 5%Perc -3.05 -2.91 -2.90 -3.71 -3.51 0.09 0.09 0.01 0.03 0.02
95%Perc 3.17 3.13 2.90 3.62 3.84 4.09 3.85 3.95 5.03 4.83
99%Perc 4.99 4.83 5.03 6.75 6.38 5.94 5.89 6.19 7.32 8.67
 
Thus, the variability measured by standard deviation is roughly the same for CEZ, KB and PM and 
somewhat higher for TEL and UNIP. Obviously, it is also reflected in lower 1% and 5% percentiles and 
higher 95% and 99% percentiles TEL and UNIP. 
 

1. Markov Chain Analysis 
 

Consider a stochastic process { }, 0,1,2...nX n =  that takes on a finite or countable number of possible values. 

If nX i= , then the process is said to be in state i at time n. We suppose that whenever the process is in state 

i , there is a fixed probability ijP  that it will be next in state j. In other words 
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(2)     { }1 1 1 1 1 0 0, , ..., ,n n n n ijP X j X i X i X i X i P+ − −= = = = = =   

for all states 0 1 1, ,..., , , .n ni i i i j−  Such a stochastic process is known as Markov chain – Ross (2003). The value 

ijP  represents the probability that process will, when in state i , next make a transition into state j . Since 

probabilities are nonnegative and process itself must make a transition into some state, we have 

 

(3)     
0

0 1 0,1,...,
n

ij ij
j

P P i n
=

≥ = =∑  

 
Here we shall suppose finite number of states and ijP  is a finite square matrix whose number of rows is 

equal to the number of states. We define the following states:  

 

(4)     "1": 3% "2": 3% 3% "3": 3%t t ty y y< − − ≤ ≤ + > +  

 

Then the transition probabilities can be estimated by corresponding relative frequencies as the follows 

 

Table 2: Transitional probabilities for returns 
 11P  12P  13P  21P  22P  23P  31P  32P  33P  

 
CEZ 0.152 0.671 0.177 0.046 0.904 0.049 0.044 0.833 0.122 
KB 0.183 0.704 0.113 0.040 0.909 0.050 0.048 0.867 0.084 
PM 0.171 0.743 0.086 0.038 0.919 0.042 0.085 0.817 0.099 
TEL 0.161 0.636 0.203 0.062 0.887 0.050 0.182 0.717 0.101 

UNIP 0.168 0.663 0.168 0.053 0.891 0.055 0.128 0.624 0.248 
 
Notice that in all cases 13 31P P> , i.e. it is the transitions from high negative to high positive returns occur 

more probably than the ones in opposite direction. Further, for an irreducible Markov chain, the limiting 

probabilities exist independently of i . Thus, in our case 

 

(5)     
1 2 3

n
1 2 3 1 2 3

1 2 3

lim 1
n

a a a
a a a a a a
a a a

→∞

 
 = = = + + = 
  

A P aP a  

 

Again, the components of limiting vector can be either directly estimated from relative frequencies or 

computed with use of (5). The results are 

 

Table 3: Limiting vector components for returns 
 CEZ KB PM TEL UNIP 

1a  0.052 0.047 0.046 0.077 0.067 

2a  0.889 0.898 0.906 0.857 0.855 

3a  0.059 0.055 0.048 0.066 0.078 
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Finally, we can compute mean times of the transition among individual states of the process – Karlin, Taylor 

(1975): 

 

(6)     ( ) ( ) 1−
= − + = − −  d dM I Z EZ M Z I P A  

 

where Z  denotes fundamental matrix of regular chain, I  is the unit matrix, E  is the matrix created by 
units and ,d dZ M are matrices containing only diagonal elements of ,Z M . Then the element ijm  of the 

matrix M  gives the mean time of the transition from the state i into j and iim  is the mean time of the first 

return into i. The results obtained are as follows: 

 

Table 4: Mean times of transition among individual states for returns (in trading days) 
 11m  12m  13m  21m  22m  23m  31m  32m  33m  

 
CEZ 19.09 1.43 15.48 21.34 1.13 18.08 21.38 1.21 16.76 
KB 21.24 1.38 17.45 24.81 1.11 18.82 24.59 1.16 18.17 
PM 21.54 1.33 21.43 24.92 1.10 22.56 23.69 1.23 21.24 
TEL 12.78 1.54 13.61 14.50 1.17 16.40 12.67 1.42 15.23 

UNIP 14.93 1.52 14.09 17.07 1.17 16.16 15.49 1.59 12.89 
 

Again, in most cases, mean times of transition 1→3 are shorter than the ones for 3→1. 

 

2. Crossing Level Analysis 
 

      The subject of further investigation was the distribution of times between adjacent crossings of level 

3% by absolute values of returns. The results are summarized in the following tables. 

 

Table 5: Percentiles related to times between adjacent crossing levels (times are in days) 
 n 25%Perc Median 75%Perc 95%Perc 99%Perc 

CEZ 173 2 3 10 36 76 
KB 158 2 4 10 40 88 
PM 143 2 4 12 40 66 
TEL 221 1 2 5 25 75 
UNIP 222 1 2 5 31 53 

 

Table 6: Relative frequencies of times between adjacent crossing levels (times are in days) 
Time 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 
CEZ 24.3 17.3 9.8 5.2 2.9 4.6 5.8 1.2 2.3 3.5 2.3 3.5 1.7 0.6 0.6 1.7 
KB 22.8 8.9 12.7 8.9 7.0 3.2 5.1 1.9 1.9 3.8 2.5 1.9 1.3 - 0.6 1.3 
PM 23.8 13.3 11.9 1.4 4.2 2.1 4.2 1.4 3.5 2.1 5.6 2.8 1.4 1.4 0.7 0.7 
TEL 33.9 17.2 12.2 7.7 5.0 5.4 1.4 1.4 0.9 1.8 0.9 0.4 - 0.5 0.9 0.9 

UNIP 36.9 14.4 11.3 7.7 5.4 2.7 2.2 0.9 1.4 1.8 0.9 0.9 0.9 0.4 0.5 1.8 
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Clearly, the times 1,2,3 days occur in turn most probably. This fact reflects well-known feature of capital 

markets: there is tendency for “clustering” of large returns with both signs during some time intervals. 

Further, creating cumulative percentages from relative frequencies, at least 80% of all times are less than 16 

days. For this reason, chi-square goodness-of-fit test was performed with 8 classes and with the use of the 

following probability distributions and pdf: 

(7)     ( )
( ) 1:

1 c

cPARETO f x
x +=
+

 

(8)     ( ) ( )
1 /

:
xx eGAMMA f x

α α ββ
α

− − −

=
Γ

 

(9)     ( ) ( )2 2ln / 21
:

2
xLOGNORMAL f x e

x
µ σ

σ π
− −=  

(10)    ( ) ( )/1: xWEIBULL f x x e
αβα ααβ −− −=  

 

Table 7: Results of chi-square goodness-of-fit test for times between adjacent crossing points 

  CEZ KB PM TEL UNIP 

PARETO c 0.711 0.662 0.637 0.925 0.919 

 P-value 0.004 0.392 0.000 0.243 0.271 

GAMMA α 0.074 0.084 0.074 0.105 0.108 

 β 0.769 0.798 0.769 0.718 0.729 

 P-value 0.001 0.010 0.001 0.000 0.000 

LOGNORM µ 5.420 9.043 10.660 5.420 5.689 

 σ 8.366 15.610 21.088 8.366 9.296 

 P-value 0.000 0.119 0.000  0.000 

WEIBULL α 7.525 8.316 9.150 5.368 5.483 

 β 0.812 0.817 0.811 0.756 0.767 

 P-value 0.014 0.089 0.007 0.000 0.000 

 

Thus, Pareto distribution proved to be the most suitable, being capable to catch the strong frequency decrease 

with growing time period. 
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Introduction

In this paper we investigate the performance of the Ang and Liu (2004) approach for estimating
the term structure of (equity) discount rates when the rolling regression beta estimates are replaced
by those based on the Bayesian approach of Jostova and Philippov (2005).

The term structure of discount rates

Ang and Liu (2004) present a methodology for discounting cashflows with time-varying discount
rates. They use a conditional Capital Asset Pricing Model (CAPM) to specify the conditional log
expected return µt:

µt = α + rt + βt λt,(1)

where α is a constant, rt is the risk-free rate, βt is the time-varying beta and λt is the time-
varying risk premium, which is parameterized by a set of instruments zt. The instruments zt, the
betas βt and the cashflows gt of the securities are summarized by a Kx1 state vector Xt, which follows
a vector-autoregressive process:

Xt = a + ΦXt−1 + Σ1/2εt,(2)

where εt ∼ IID N(0,I). A term structure of discount rates is computed combining the condi-
tional CAPM with a quadratic Gaussian term structure model. The effects of time-varying market
risk premiums, risk free rates and changing betas are incorporated into the model.

One important component in the state-vector Xt is an exogenously estimated time series of the
beta, which are estimated by the authors using rolling 60-month regressions of the excess total return
of the portfolio on a constant and the excess market return, dating back to Fama and MacBeth (1973):

yt/12 − r(t−1)/12 = αt + βt(ym
t/12 − r(t−1)/12) + εt(3)

While this estimation procedure is standard and has been used by several authors to document
time-varying betas, it has the disadvantage that the estimate β̂t is more representative of βt−30 rather
than βt, i.e. it is 30 months ”out of date”. Several alternative procedures have been subsequently
developed to estimate the betas in a more efficient fashion.

The Bayes approach for estimating the stochastic betas

Jostova and Philippov (2005) employ a Bayes approach for estimating the betas which are
assumed to follow an autoregressive process. The stochastic beta is part of single factor asset pricing
model:

rp
t = βtr

m
t + σpε

p
t(4)
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βt = αp + δp(βt−1 − αp) + σβνp
t(5)

where rp
t and rm

t are the portfolio and the market excess returns; αp, δp and σ2
β are the uncon-

ditional mean, persistence and conditional volatility for portfolio p beta, σ2 is idiosyncratic return
volatility for portfolio p. The joint distribution of the model parameters is p(αp, δp, σ

2
β, σ2

p). The
stochastic components of excess return and beta are εp

t and νp
t , where εp

t , ν
p
t ∼ N(0, 1).

Bayesian methods are used to estimate the parameters of the model. A joint prior1 to sample
the parameters from their joint posterior distribution using a Markov Chain Monte Carlo (MCMC)
algorithm is constructed.

The prior distribution is specified for the parameters and with identifying the likelihood function
the joint posterior distribution of the parameters and the data is computed:

p(θp | rp, rm) ∝ p(αp, δp, σ
2
β, σ2

p)L(θp | rp, rm)(6)

The joint posterior distribution of the parameter set θp = (βp, αp, δp, σ
2
β) is proportional to the

product of the joint prior distribution and the likelihood funtion L. Ideally, we would like to sample
all parameters directly from their joint posterior distribution. However, this is infeasible because the
posterior is not a standard distribution. Therefore, we use the Gibbs sampler, which successively
samples from the conditional posterior distribution of each parameter given the remaining parameters
and the data.

Data Description and Empirical Results

We work with 6 portfolios which are formed on book-to-market (the ratio of book-equity to
market-equity) and size (market equity). We use monthly data from July 1965 to December 2005.
The in-sample period is up to December 2000; the out-of-sample period is January 2001 to December
2005. All portfolios are value weighted.2 The consumption-wealth-labor deviation as a predictor for
the market risk premium is taken from the website of Sydney Ludvigson3. The year-on-year log CPI
inflation πt is available on the website of Robert Shiller4.

First the beta time series are estimated using rolling regressions on the one hand and the Bayes
approach on the other. Figure 1 shows the estimated time series of the betas for one portfolio. The
Bayesian beta time series is much more volatile than the time series estimated by the rolling regression
(in bold). The autocorrelation function showed that the Bayesian beta time series is stationary which
is an important condition in using a vector autoregressive model. Furthermore it has been reported
that the Bayes model outperformes competing models, including the rolling regression and GARCH
approaches.

1For the parameter αp we suggest a normal prior and for δp we consider a truncated-normal prior to ensure stationarity.

For σ2
β and σ2

p we suggest inverse gamma priors.
2The data is available on Kenneth French’s website (prepared CRSP data);

http : //mba.tuck.dartmouth.edu/pages/faculty/ken.french/data library.html, date accessed: 2007/03/03.
3http : //www.econ.nyu.edu/user/ludvigsons/, date accessed: 2007/03/03
4http : //www.econ.yale.edu/ shiller/data.htm, date accessed: 2007/03/03
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Figure 1: A comparison of the estimated Betas

After estimating the beta time series we estimate our vector autoregression using the exogenously
given time series two times: one with the Bayesian betas and the other with the rolling regression
betas. The term structure of discount rates is shown in Figure 2:

0 50 100 150 200 250 300 350

0.
10

4
0.

10
6

0.
10

8
0.

11
0

0.
11

2
0.

11
4

months

D
is

co
un

t R
at

es

Figure 2: Spot Equity Discount Curves

Both discount curves have a similar shape and tend to their long term mean. The discount curve
estimated with the Bayesian Beta is more upwards curved in the beginning and lies up to 0.4 percent
points above the other discount curve (in bold).
The curves are clearly different indicating that the results depend strongly on how the betas are
estimated. It remains to be investigated which method is more accurate. In particular the out of
sample forecast for both models are being investigated.
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On high frequency volatility estimation
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Estimation of the integrated volatility of financial data is an important issue both in the frame-
work of forecasting and risk assessment as it quantifies the level of volatility. Furthermore, it is ex-
plicitly needed for pricing variance swaps which is a popular contract for hedging against movements
in volatility. The well-established method for estimating this quantity is the concept of quadratic
variation or realized volatility. However, this concept only works well when the data indeed comes
from a Brownian motion based model which neither contains jumps nor some noise component. In
the following we will analyze how model misspecification influences the estimator of the integrated
volatility and how empirical findings in the data my be explained by changes to the classical stochastic
volatility model.

Considering the classical case of Brownian motion based models for the log-price processes of
the form

Xt =
∫ t

0
µsds +

∫ t

0
σsdBs,(1)

where µs denotes the drift, σs the volatility process and Bs a Brownian motion, the concept of quadratic
variation leads to estimators of the form

[nT ]∑
i=1

|Xtn,i −Xtn,i−1 |2
p→

∫ T

0
σ2

sds,

as n → ∞ and tn,i − tn,i−1 = ∆n,i → 0. This theoretical result implies that the estimator should
perform better the higher the sampling frequency of the observed log-price process is. However,
empirical studies have shown consistently that this is not the case when looking at real tick-by-tick
data (cf. e.g. Ait-Sahalia et.al. (2006)). Depending on the data set it has been observed that for
sampling frequencies above a range from five minutes to half an hour, the realized volatility is not
settling down to some finite limit, but is increasing instead. Hence the model (1) is not able to explain
the behaviour of high-frequency data correctly.

One possibility to explain this finding is to introduce the concept of market microstructure or
market friction, which means that due to effects of bid-ask bounces, discreteness of prices, liquidity
problems and asymmetric information the observations of high frequency data possess an addition noise
component which dominates the behaviour of the realized volatility. This leads to a modification of
the model (1)

Xt =
∫ t

0
σsdBs + εt,

where ε denotes iid noise. In this setting Ait-Sahalia et.al. (2006) have shown that the realized
volatility is of the order

2∆−1E(ε2),

hence the noise term leads to a bias with dominates the quadratic variation estimate for small ∆. This
explains the empirical behaviour of the data.
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Another possibility to explain the behaviour of the tick-by-tick data is to change the model from
a Brownian motion based model to a fractional Brownian motion based model

Xt =
∫ t

0
µsds +

∫ t

0
σsdBH

s ,(2)

where µs denotes the drift, σs the volatility process and BH
s a fractional Brownian motion with Hurst

parameter H ∈ (0, 1). Here the Hurst parameter determines the correlation structure of the process
which leads to long range dependence for H ∈ (0.5, 1) and a chaotic behaviour for H ∈ (0, 0.5).
For H = 0.5 the fractional Brownian motion coincides with the Brownian motion, in all other cases
the fractional Brownian motion is not a semimartingale. Hence in these cases we use the pathwise
Riemann-Stieltjes integral instead of the Ito integral and need that σ is a stochastic process with paths
of finite q-variation, where q satisfies q < 1

1−H , (cf. Corcuera et.al. (2006)).
For a long time fractional Brownian motion has been considered not to be appropriate for

financial modelling since it allows for arbitrage. However, recently Guasoni et.al. (2007) have shown
that when transaction costs are included also fractional Brownian motion seems to be a suitable model.

Looking at non-normed power variation, an extension of the concept of quadratic variation to
general exponents p we obtain

[nT ]∑
i=1

|
∫ tn,i

tn,i−1

σsdBH
s |p

p→


0 : p > 1/H∫ T

0 σ
1/H
s ds : p = 1/H

∞ : p < 1/H

.

This implies that the behaviour of the empirical data may also be explained by a fractional Brownian
motion based model with H < 0.5. Namely we can rewrite the realized volatility as

[nT ]∑
i=1

|Xtn,i −Xtn,i−1 |2 = ∆2H−1(∆1−2H
[nT ]∑
i=1

|Xtn,i −Xtn,i−1 |2),

where as n →∞

∆1−2H
[nT ]∑
i=1

|Xtn,i −Xtn,i−1 |2
p→

∫ T

0
σ2

sds

(cf. Corcuera et.al. (2006)) and ∆2H−1 →∞ for H < 0.5.
Hence we can see that misspecifying our model, by assuming a Brownian motion based model

instead of a fractional Brownian motion based model with H < 0.5, leads to an over estimate of
the integrated volatility, where the quantity of over estimation increases when the sampling frequency
increases and the Hurst parameter decreases. If we look at an example with H = 0.42 and ∆ = 1/23400
which is the sampling frequency of trades every second over one day, we obtain that by taking quadratic
variation the integrated volatility is over estimated by a factor of five.

Another problem which leads to a systematic over estimation of the integrated volatility is the
possible presence of a jump component, which e.g. might be induced by macroeconomic announce-
ments. Namely in this case, when we assume a model of the form

Xt =
∫ t

0
µsds +

∫ t

0
σsdBs + Jt,(3)

where Jt denotes a jump process, we obtain

[nT ]∑
i=1

|Xtn,i −Xtn,i−1 |2
p→

∫ T

0
σ2

sds +
∑
s≤T

|Js − Js−|2.

Hence the estimated quantity is the desired quantity, the integrated volatility, plus an additional term
the sum of the square of the jumps.
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When looking at fractional Brownian motion based models with H < 0.5 this problem however
does not occur. For models

Xt =
∫ t

0
µsds +

∫ t

0
σsdBH

s + Jt,(4)

we obtain as n →∞

∆1−2H
[nT ]∑
i=1

|Xtn,i −Xtn,i−1 |2
p→

∫ T

0
σ2

sds.

due to the influence of the norming sequence ∆1−2H .
Summarizing the results we have shown that the empirical behaviour of tick-by-tick data, where

the realized volatility increases when the sampling frequency increases, may not only be explained by
Brownian motion based models with market microstructure effects but also by fractional Brownian
motion based models with Hurst parameter H < 0.5. For these models the power variation estimator
has the advantage that it is robust against additive jump components, hence in this cases it is not
necessary to assess in advanced if the data possesses jumps.
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１ The analysis framework of global flow of funds  

Global flows of funds are flow of funds that relates to domestic flows and international capital flows. 
The analysis of global flow of funds includes domestic flow, linking it with international capital flows. 
Global flow of funds analysis is an analysis about the characteristics of the financial liquidity of funds. It is 
tied to investment, savings and current balance of real economy. The financial markets indicate the debts 
and credits of funds as a whole plus the total process of financial liquidity. Investigated more carefully, 
items of financial markets include inflows of domestic funds, overseas funds by domestic savings and 
credit loans of banks on the side of fund-sources (fund inflows). On the other hand, funds splits into fund 
supply to the domestic economy and fund outflows overseas in fund uses (fund outflows). When the flow 
of funds in financial markets is tied to the international balance of payments, the overseas sector will 
become fund outflow excess (net capital outflows) if the current account is in surplus. Conversely, the 
domestic sector will become fund inflow excess. Therefore, when the real economy side of the domestic 
economy and overseas is analyzed under an open economic system, the balance of savings-investment of 
the domestic economy corresponds to the current account balance. However, domestic net fund 
outflows-inflows funds correspond with the capital account balance, when the relationship between 
domestic and overseas on the financial side is examined. Therefore, relations between the domestic 
savings-investment balance, the financial surplus or deficit, the current account, and the overseas net fund 
outflow can be expressed in the following structural formulae. An outline of the oversea fund flows 
analysis can be obtained from the above structural formula. 

 
Savings-Investment and Current Account Balance  

(1)        IMEXFLFAIS -=D-D=-               
The Overseas Income and Expenditures Balance 
 (2)       FERFIFOIMEX +-=- )(                 

The Financial Markets Balance 
(3)        odod FIFIFERFOFO +=++                

The upper formula is transformed as follows. 
(4)      ddoo FOFIFERFIFO -=+-               

Net fund supply to overseas balance 
  (5)    do NFIFERNFO =+                        

  The constitution of the net overseas fund flows  
(6)       CaAOIPIDIFIFO oo +++=- )(             
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Notes : FAD : financial assets increase,    FLD : financial liabilities increase,  
EX : export, IM: import,         FO : fund outflow, FI : fund inflow,  

FER : Foreign exchanges reserves,  dFO : domestic fund outflow,  
oFO : overseas fund outflow,      dFI : domestic fund inflow,  

oFI : oversea fund inflow,    ooo FIFONFO -= (net outflow of overseas fund),  
ddd FOFINFI -= (net inflow of domestic fund), CaA: Capital account, 

DI: Direct investment, PI: Portfolio investment, OI: Other investment  
 
It is apparent that the net overseas fund flows )( oo FIFO -  correspond with the Capital & Financial 

Account in Balance of Payment by (4), and Capital & Financial Account is constituted of Financial 
Account and Capital Account, so the net overseas fund flows appear as (6). All the items on the right of the 
formula are made into net value, and indicate course, composition, and scale of the global flow of fund. 
From (1) to (6) we draw the framework of international money flow analysis, and the change of global 
flow of funds are determined by foreign direct investment, portfolio investment, other investment, and 
capital account. This is how to obtain the analysis framework of global flow of funds from the above 
structural formula, and using the formula we will examine the characteristics of overseas fund flow in 
China, and specify the theoretic model of global flow of flow analysis in this analysis framework.  

 
2 Building the Model of Global-Funds-Flow 

In the flow of funds, it should be thought that it is in the adjustment way which always tends toward 
the equilibrium state, since it is very rare for an observed data to become an equilibrium data and 
coincidence. Moreover, even if it maintained balance to the supply and demand of funds of the whole 
economy, there is also a case which an imbalanced state about each sector. From such an idea, the model 
of global-funds-flow is not an equilibrium model for every term, and it doesn’t reflect the equilibrium state 
of the funds flow of a country. 

This model referred to the principle of Applied General Equilibrium model. This analysis model takes 
in change of formation of expectation and the risk, connects to lug structure or the immanent relevant 
factors of many economic variables, and describes the state of the funds flow in the continuous adjustment 
process to the balance from imbalance, and in a medium-to-long period of time. It also belongs to a kind of 
dynamic model. A system of simultaneous equations is a model of financial market equilibrium, consisting 
of the follows.   

Structural Equations   

(1) Saving              ttt RbYbbS 1311211 ++= -  

(2) Investment          ttt RbGbYbbI 24232221 2 +++=  

(3) Import           ttt YbCPIbbIM 333231 ++=  

(4) Export           ttt WGDYbREERbbEX 434241 ++=  

(5) International capital inflow  tttttt DbFDIbRbPERbYRbbFI 5655545315251 +++++= -   

(6) Direct foreign investment   tttt PERbPIbYbbFDI 646316261 +++= -  

(7) International-portfolio-investment  tt
US
tt RbriskbrbondbbOPI 74737271 +++=  

(8) External debt       tttt RbCAbRFLbbOIO 848318281 +++= -  

(9) Expected stock profit    tttt REXbYRbRbbPER 941939291 +++= -  

(10) Market interest         1104103102101 -+++= tttt YRbRCBbMRbbR  
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(11) Exchange rate             tttt EXbCRAbNFIbbREX 114113112111 +++=  

(12) Reserve assets         tttt FFRbFIbCAbbCRA 124123122121 +++=  

(13) International capital outflow  

  ttttttt DbFFRbREERbCAbPIbCRAbbFO 137136135134133132131 ++++++=  

Identities Equation   

(14) Net Fund flow definition   ttt FIFONFI -=  

(15) Current balance definition   ttt CRANFICA +=  

(16) GDP identical equation     ttttt GICCAY +++=  
According to the framework of analysis of Section 1, the Models of Global-Funds-Flow is created 

from three viewpoints, that is, investments-savings balance, current balance flow, and international capital 
flow. First, savings-investment equation is formed in the Chinese fund flow model from the side of 
domestic savings-investment balance. Moreover, we built Import and Export equation that connected with 
savings-investment equation from the side of trade flow, because Chinese fund flow is becoming current 
account surplus-fund export type and the leading cause of current account surplus serves as an excess of 
exports. And we are trying to show this feature, when assembling a structural equation. In addition, in 
order to observe the continuous adjustment process to the balance from the imbalance of 
global-funds-flows from the side of the international capital flow, the international capital inflow equation 
and domestic capital outflow equation of the gross base are formed. That is, it is necessary to build the 
model not only in net flows but also in the gross base to the phenomenon which both of external assets and 
foreign liabilities have grown large. 

The model contains thirteen behavioral equations, two equilibrium conditions and an accounting 
identity. 1-tGDP , price earnings ratio (PER), money market rates (R), and foreign direct investment (FDI) 
are used for the international capital inflow equation as the explanatory variable. And we set up the FDI 
equation and the international-portfolio-investment equation and the external debt equation, we want to 
examine the main influence factors of the large-scale international capital inflow. Furthermore, according 
to the mechanism of international capital movement, we built expected-PER equation, the 
market-rate-of-interest equation, the exchange rate equation, and the foreign change reserve equation. We 
want to observe the ripple effect in the policy of finances and monetary of each country. Moreover, we 
used foreign exchange reserves (FER), profit from investment (PI), capital flight (CF), the U.S. federal 
funds rate (FFR), to set up the capital outflow equation.  

Through those simultaneous-equations models, we want to observe systematically the structural factor 
and cyclic factor in funds-of-Flow, how the profit factor and the risk factor affect international capital 
flows, and how the change of the pattern of funds flow affect domestic economy growth. In order to 
perform prediction of a future flow-of-funds trend, and the simulation of the policy effect at the end of the 
model, three definitional equations that called Net Funds Flow, Current Account Balance, National Income 
identical equation are formed.  
 
3 System Methods of Estimation and Construction of the data  

 Three techniques are generally used for joint estimation of the entire system of equations: Three-Stage 
Least Squares (3SLS), Generalized Method of Moments (GMM), and Maximum Likelihood. The model of 
Global-Funds-Flow was built by 3SLS method. When Two-Stage Least Squares (2SLS) was used for joint 
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estimation of the entire system of equation, 2SLS assumed no correlation between error terms 1m  and 

2m  in simultaneous equations. On the other hand, 3SLS is presuming that exist correlation between error 
terms 1m  and 2m of simultaneous equations.  

As the presumed method, 2SLS is how to solve the equation of each of structural equations separately. 
But compare with this method, 3SLS is the methods of presuming simultaneous equations simultaneously 
like all directions of a simultaneous-equations system using the variance-covariance matrix of the error 
term between equations. Intuition would surely suggest that systems method, 3SLS is to be preferred to 
single-equation methods 2SLS. The estimator of presumption that was by 3SLS is a consistent estimator, 
and when the disturbance terms of each structural equation have correlation, it becomes the estimator of 
effective presumption more asymptotically than 2SLS (William H. Greene, 2000). 

 Since the variance-covariance matrix of the disturbance term by 2SLS was not zero when the model of 
Chinese external fund flow was estimated, each structural equation of simultaneous equations is estimated 
by 3SLS method. With restriction of data use, the model uses the annual data for the years 1992-2005, and 
is using the China statistical yearbook, International Financial Statistics (IFS) etc, in addition to Flow of 
Funds Accounts. GDP in the world is made the sum total of the U.S, Japan, and EU（described WGDP）. 
And data processing in the case of performing statistics presumption was used by SAS (Statistical 
Analysis System). 
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ABSTRACT 

Building the model of global-fund-flows is the main focus of this paper. This goal is achieved by first 
presenting the general idea of global-flow-of-funds, and then explaining the outlines of theoretical analysis. 
This model infers the factor of the structure and the recycling in the Chinese oversea flow of funds, raising 
important policy proposals. It is unique in that they offer macro-monetary analysis. Both theory and 
practice of the flow of funds deserve more attention. 
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Research on the Relationship between Increases in Tax 
Income and GDP 

Zhu Chunding 
The Statistics Bureau in JiNing of China 
ChaoHe Road in JiNing of China  
JiNing ,China 
 

As per data from the State Administration of Taxation, in 2003, tax revenues had broken the 
record of RMB 2,000 billion, increased by RMB 344.6 billion - 20.3% compared with that of the 
previous year. Despite the delight, some scholars and news media have expressed concerns about 
the rapid increase of revenues, claiming that the ratio caused by revenues in the GDP growth is 
higher and higher, up to 40%, an unusual rise. Regarding this point, tax officers argued that the 
great revenue increase in 2003 was largely due to rapid growth of the national economy, 
enhanced management of the administrations, and integrity of more taxpayers, and moreover, in 
terms of structure of types of taxes, increases in revenues are not necessarily the same as those in 
GDP. Therefore, the high increase in 2003 was within normal limits. 

As a matter of fact, a few years ago, there had been a heated dispute over the ratio of the tax 
income increase to that of GDP, i.e. whether proper taxes being imposed or not. At that time, 
some researchers held that the huge increase in revenues like that in savings shall not always be 
regarded as agreeable, which shall be fairly evaluated in the whole economic situation. There are 
other references about growths of the revenues and GDP, a clear relationship outline between 
them is hard to arrive at owing to no historical evidence, and a convincing conclusion is difficult 
to reach.  

1.Relationships between increases in Chinese revenues and GDP in recent years. 
2. How a long-term deviation of revenues from those of GDP shall influence macro-

economic policies. 
3. Comprehensive evaluation on the 2003 revenue increases 
4. Conclusion 
In closing, the paper concludes that the Chinese 2003 revenue level is fundamentally within 

an acceptable limit.  
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1 Introduction

In spatial econometric models, dependence between observations may extend in all directions. The
bilateral structure of the process complicates the analysis of asymptotic properties of estimators in
spatial econometric models, making it necessary to resort to high-level assumptions guaranteeing that
certain convergences hold. By restricting attention to the class of unilateral spatial autoregressive
processes, the asymptotic theory simplifies. This approach has been used in the probability and
statistical literature (Tjøstheim 1978, 1981, and Yao and Brockwell 2006). Under some relatively
mild conditions on the spectral density, the existence of a unilateral autoregressive approximation to
a spatial series may be established.

The unilateral spatial autoregressive (SAR) process in the plane is given by (Basu and Reinsel 1993)

(1) yij =

p1X
k=0

p2X
l=0

αklyi−k,j−l + εij , α00 = 0,

{εij} ∼ IID(0, σ2). The value at the site (i, j) is a finite autoregression on the values at the sites which
lie in the lower quarter plane, i.e., yij is an autoregression on yil, l < j, and ykl, k < i.

The stationarity condition for unilateral spatial autoregressive processes is well known (Tjøstheim
1978, Theorem 5.1).

2 Spatial Econometric Models

Let Y = [yij ] be an N1×N2 matrix of observations on a spatial series in the plane and let y = vec(Y0)
denote the N × 1 row vectorisation of the matrix Y, with N = N1N2.

The spatial autoregressive model we work with is (Anselin 2003)

(2) y = ρWy + ε,

where y = [yij ] is an N × 1 vector of observations on a spatial series yij , W = [wij ] is an N × N

spatial weights matrix and ρ is a scalar parameter. The N × 1 vector of errors ε = [εij ] are assumed
to be independent and identically distributed with mean 0 and variance σ2. The covariance matrix of
ε is of the form σ2IN .

The spatial weights matrix is given by

(3) W =

⎛⎜⎝ W11 · · · W1n
...

. . .
...

Wn1 · · · Wnn

⎞⎟⎠ ,
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which is an N × N block matrix. For simplicity we assume that N1 = N2 = n, in which case the
blocksWij are n× n matrices, otherwise n = N1 and the blocksWij are N2 ×N2 matrices.

We make the following assumption throughout:

Assumption 1 The spatial weights matrixW is an N ×N (strictly) lower triangular matrix.

The implication of Assumption 1 is that the process is assumed to be a unilateral spatial autoregressive
(SAR) process. Given that the stationarity condition holds, the process is causal.

Next we show by an example how a SAR process (1) can be represented by the SAR model (2) with
a particular choice of the spatial weights matrix (3).

Example 2 Suppose that data are generated by the SAR process

(4) yij = α1yi−1,j + α2yi,j−1 + εij

with α1 = α2 = α. Then in (3) the blocks of matrices Wii on the main diagonal are n× n matrices
with ones on the subdiagonal and all other elements are zeroes, and the blocks of matricesWij on the
subdiagonal are n × n identity matrices. All other blocks are zero matrices. A typical element of the
vector y in (2) is

(5) yij = ρ(yi−1,j + yi,j−1) + εij ,

for i, j > 1.

Any SAR process can be cast as a SAR model. If the autoregressive parameters are not equal, this
can be incorporated into the spatial weights matrix.

The SAR model can be estimated by maximum likelihood by maximising the Gaussian log likelihood
function

(6) l(ρ) = −N
2
ln(2π)− N

2
lnσ2 + ln |IN − ρW|− 1

2σ2
y0(IN − ρW)0(IN − ρW)y.

3 Properties of the Estimator

Assume that the data are generated by a SAR process (1) and we estimate the SAR model (2). Let ρ0
denote the true value of ρ. Following Yao and Brockwell (2006, p. 408), we assume that the following
condition holds:

(C1) The parameter space Θ is a compact set containing the true value ρ0 as an interior point. Further,
for any ρ ∈ Θ, the stationarity condition holds.

Proposition 3 Let {εij} ∼ IID(0, σ2) and condition (C1) holds. Then as both N1 and N2 → ∞,bρ P→ ρ0.

Following Yao and Brockwell (2006, p. 411), we assume the additional condition (C2).

(C2) One of the following three conditions holds:

(i) N1 →∞ and N1/N2 has a limit d ∈ (0,∞),
(ii) N2 →∞ and N1/N2 →∞,
(iii) N1 →∞ and N1/N2 → 0.
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Table 1: The mean of ρ̂ in the SAR model (2). The number of observations is N = 2500 and the
number of replications is 1000.

α1/α2 0 0.05 0.10 0.20 0.30 0.40 0.45 0.50

0 0.000 0.024 0.047 0.096 0.145 0.197 0.222 0.251

0.05 0.024 0.047 0.072 0.121 0.172 0.225 0.255 0.285

0.10 0.047 0.072 0.096 0.147 0.199 0.257 0.288 0.319

0.20 0.096 0.121 0.147 0.200 0.260 0.324 0.360 0.401

0.30 0.145 0.172 0.199 0.260 0.326 0.405 0.450 0.502

0.40 0.197 0.225 0.257 0.324 0.405 0.503 0.559 0.634

0.45 0.222 0.255 0.288 0.360 0.450 0.559 0.634 0.731

0.50 0.251 0.285 0.319 0.401 0.502 0.634 0.731 0.872

Proposition 4 Let {εij} ∼ IID(0, σ2) and conditions (C1) and (C2) hold. Then N1/2(bρ − ρ0)
D→

N(0, I(ρ0)−1), where I(ρ0) = plimN→∞N−1I(ρ), and I(ρ) is the information.

The proofs of Propositions 3 and 4 follow by mimicking the proofs of Theorems 1 and 2 of Yao and
Brockwell (2006).

We investigate by simulation the finite sample properties of the estimator bρ in the SAR model (2)
when the data are generated by the SAR process (4). The stationarity condition is that |α1|+ |α2| < 1
(Whittle 1954). The number of observations are N1 = N2 = 50, so that N = N1N2 = 2500. The
number of replications is 1000. Table 1 reports the mean of bρ. We find that the estimator is nearly
unbiased, except at the boundary of the parameter space.

In the simulations we also consider the cases when the weights matrix is under- or overspecified.
Underspecifying the weights matrix results in an underestimated ρ, and overspecifying the weights
matrix results in an overestimated ρ. The full simulation results are reported in Tables 1 and 2 in
Ahlgren and Gerkman (2007).

4 Application to House Prices

Spatial dependence can be incorporated into linear regression models through a spatially lagged de-
pendent variable or spatial dependence in the errors. We estimate a spatial error model (SEM)

y = Xβ + u,(7)

u = λWu+ ε,

where X = [xij1, . . . , xijk] is an N × k matrix of explanatory variables, β is a k× 1 parameter vector,
u = [uij ] is an N ×1 vector of errors, λ is a scalar parameter, and y,W and ε are as before. The data
consist of 1377 transactions of single-family houses between January 2000 and May 2001 in the county
of Stockholm, Sweden, and were analysed by Wilhelmsson (2002). The elements of y associated with
non-zero elements in the spatial weights matrixW are referred to as neighbours of yij . The parameter
of interest here is λ. If we compare the models with one and four neighbours, we find that in the
model with one neighbour bλ = 0.125 and in the model with four neighbours bλ = 0.278, i.e., more than
twice as large. The full empirical results can be found in Ahlgren and Gerkman (2007).
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Résumé en français: Dans les modèles économétriques spatiaux, la dépendance entre les obser-
vations peut s’étendre dans toutes les directions. Cet article porte sur l’inférence dans les modèles
autorégressifs spatiaux quand les données sont générées par un processus autorégressif spatial uni-
latéral d’ordre fini.
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1. Introduction 
 

The economic performance of the Philippines in the last three decades has been mediocre relative to 
its East Asian neighbors. One way of aiming for a higher economic growth path is by raising the rate of 
investments. Investments, however, require financing that will have to be generated from domestic or 
foreign sources. The picture of the Philippines’ Gross Domestic Saving (GDS) - measured as a percentage of 
GDP - is not so bright relative to other countries in East Asia. The average GDS ratio of the Philippines 
during the period 1975-2000 is only about 22 percent, much lower compared to Thailand’s 28 percent, South 
Korea’s 32 percent or Singapore’s 44 percent. Mapa and Balisacan (2004), using cross-country regression 
that included the Philippines in the data, showed a positive and significant effect of gross domestic saving to 
economic growth. While the impact of saving on economic growth at the macro level is well documented, 
the micro aspect of saving or the saving behavior of households in the Philippines is not well understood nor 
properly documented in the recent years. Rodriguez and Meyer (1988) examined the saving behavior of 
1000 rural households and the authors found that factors such as income, household size and education of 
the household head, among others, played significant and positive roles in raising saving among rural 
households. Bautista and Lamberte (1990) analyzed the saving behavior of rural and urban households in the 
Philippines using data from the 1985 Family Income and Expenditure Survey (FIES). The results showed 
that marginal propensity to save of households in Metro Manila is lower than the households in other 
regions, which notably exception of Region 2 (Cagayan Valley). The study also showed that at a given 
income level, rural households generally save more than urban households. Moreover, the marginal saving 
rate of rural households increases more rapidly as they move up from low- and middle-income groups to the 
high-income group compared to the urban households.  
 

The objective of this paper is to study the determinants of saving patterns of household using more 
recent data from national surveys. The household information were obtained using relevant data from the 
Family Income and Expenditure Survey (FIES) for the years 1988, 1991, 1994, 1997, 2000 and 2003. 
Household saving rather than aggregate saving is the focus of this paper. This treatment allows the analysis 
of saving behavior under the life cycle model and for the different per capita income deciles and by region. 
The FIES data supports these objectives. Aggregate saving computed from macro-economic data such as 
Gross Domestic Product (GDP), Regional GDP (RGDP) and the flow of funds data cannot provide micro-
level data needed for such an analysis. The approach used in this paper is similar to that of Attanasio and 
Szekely (2001) utilizing household saving rather than aggregate saving. The following operational definition 
of household saving rate is used in the study: 
 
 

)1(6,...,2,1 14...,2,1100* ==
−

= ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
ti

itI

itCitI
itS  

 
 
where,  Sit is the aggregate household saving rate of the ith region (14 Regions) at time t (6 periods); Iit is the 
aggregate (total) household income of the ith region at time t; and, Cit is the aggregate household 
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consumption (expenditure) of the ith region at time t. In order to compare saving rates across FIES years, the 
data was deflated using the consumer price index (CPI) with 1997 as base year (1997=100). Furthermore, 
the Cost of Living Index (reference=National Capital Region) was used to adjust savings to make it 
comparable across the regions.  

 
2. Econometric Model for Household Saving Rate 

 
The framework of the econometric model for saving rate used in this study is primarily based on the 

life cycle model. The model is augmented with other determinants of saving rate as suggested by the 
available literature on saving. Despite the shortcomings of the life-cycle model of saving behavior, it is still 
useful in providing a picture as to why people save. It is seems that many individuals, especially the better 
educated, tend to smooth their consumption over their lifetime. Moreover, people do partly save for 
retirement. However, augmentation of the model to capture some of its shortcomings is needed and might be 
useful from the point of view of policy. The basic econometric model for aggregate saving is the two-way 
error component fixed effects model where, 
 

)2(6,...,2,114,...,2,1' ==+++= tandixy itittiit εβλα   
 

In here, yit is the saving rate of Region i in time t, the vector x represents the determinants of saving 
discussed above, β is the vector of coefficients, αi represents the regional and unobservable fixed effect, λt 
denotes the unobservable time effect and εit is the random error term assumed to be normally distributed 
with mean 0 and constant variance σ2

ε. The coefficient β is estimated using the Generalized Least Squares 
(GLS).  

 
The variable of interest in the econometric model of saving rate is the aggregate regional household 

saving rate from 1988 to 2003 (6-period panel data consisting of 14 Regions). The explanatory variables 
comprise of a set representing initial demographic conditions, initial economic conditions, a set of time-
varying policy variables, presence of financial infrastructure, remittances of migrant workers (Overseas 
Filipino Workers or OFWs) and cultural and institutional difference. These variables are defined as follows:  

 
(a) Initial demographic conditions: (i) percentage of young dependents (aged 0 to 14 years), over the 

total population, at the beginning of the panel period and (ii) percentage of the elderly (aged 65 and 
above), over the total population, at the beginning of the panel period. 

 
(b) Initial economic conditions: (i) life expectancy (at birth) in years (at the start of the panel period) is 

used as proxy for the health of the population and (ii) natural logarithm of the initial regional per 
capita GDP (measured in 1985 prices).  

 
(c) Time-varying policy variables (variables that measure the difference of specific policy variables 

from 1988 to 2003): (i) level of education defined as the percentage of household heads having at 
least high school diploma would be used to capture the effects of education to aggregate saving, (ii) 
annual average growth rate of per capita Gross Domestic Product (in 1985 prices) over the previous 
5 years (in percent) of the period (example for 1988 panel, the average growth rate of GDP 
from1983 to 1987 was used), (iii) annual average regional inflation rate (in percent), (iv) percentage 
of women (15 years and above) in the labor force.  

 
(d) Presence of Financial Infrastructure: (i) average number of branches of banks in the region (using 

the average of three years: the FIES year, a year before and after the FIES year); and (ii) number of 
closed banks during the same three-year period. 

 
(e) Remittances: Percentage of household income from migrant members of the household - defined as 

aggregated household income (assistance) from abroad over total household income would be 
included in the model. 

 
(f) Institutional and Cultural Differences. The institutional and cultural differences across regions can 

be accounted for by allowing regional fixed effects in the estimation.  
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3. Empirical Analysis of the Model 

The average regional household saving rate from 1988 to 2003 is 18.48%. In 2003, the average 
household saving rate was even lower at 16.36%. The household saving rate of the Philippines pale in 
comparison with its neighboring countries in East Asia such as Thailand and Taiwan where the household 
saving rates were recorded at 30% for Thailand (in 1996) and 49% in Taiwan (in 1996). To explain what 
drives household saving rate, an econometric model was built using panel data. The results of the two 
specifications using the Generalized Least Squares (GLS) are provided in Table1 below. In Model 1 the 
determinants include initial per capita GDP, level of education, the demographic variables, inflation rate, 
some measure of financial infrastructure and the proportion of income from abroad (remittances). The two 
demographic variables have significant but opposite signs. On one hand, the percentage of young dependents 
has a negative and significant effect on saving rate which is consistent with the life cycle model and supports 
earlier studies that slowing population growth has been associated with high savings in East Asia (Harrigan, 
1998). On the other hand, the percentage of the elderly population has a significant but positive effect on 
saving rate. Under the life-cycle model, in the absence of bequest motive, the elderly population should be 
dis-saving. However, the data from the regional panel say otherwise. The result for the elderly population in 
the model runs in contrast with the result of the cross-country saving rate regression where it was found that 
“presence of large proportion of elderly people in the population depresses saving rate, with the effect of the 
old being particularly large” (Bloom, Canning and Graham; 2002). The income and education variables have 
both positive and significant effects on saving rate which are consistent with the earlier studies. The 
percentage of income from abroad is also positive and significant driver of saving rate. Female labor force 
participation and measure of longevity were found to be insignificant determinants of household saving rate 
in the earlier models and were not included in the models presented below. The number of closed banks is 
incorporated to include presence of financial infrastructure (other variants of the model which also included 
the number of bank branches in the region but was found to be insignificant). Neither the rate of inflation nor 
the number of banks in the region plays a significant role in determining the aggregate saving rate. 

 
Table 1: Determinants of Regional Household Saving Rate 
Dependent variable is aggregate regional household saving rate. 
(Panel Data; Fixed Effects Model, Instrumental Variable). 

MODEL 1 MODEL 2 
Variable 

Coefficient s.e. α Coefficient s.e.α

Log of initial income 6.9440** 2.7110 6.9795** 2.8851 
Education 0.2674* 0.1573 0.2703* 0.1508 
Proportion of young dependents -0.3322** 0.1626 -0.3406** 0.1395 
Proportion of elderly 2.0694*** 0.6106 2.0273*** 0.5498 
Female labor force participation - - - - 
Log of life expectancy - - - - 
Percentage of Income from abroad 0.4727*** 0.1744 0.5054*** 0.1565 
Inflation Rate -0.2076 0.2001 -0.2001 0.1952 
Number of Closed Banks 0.0015 0.0842 - - 
Constant -53.93** 22.99 -53.9899** 25.2887 
               N 84 84 
              Adjusted R-squared 0.70 0.70 

*** significant at 1%; ** significant at 5%; * significant at 10%;  α White’s heteroskedasticity consistent s.e.

 
4. Concluding Remarks 
 

The results of the econometric model suggest that the country’s population dynamics play as 
important role in the aggregate household’s saving rate. A higher proportion of young dependents (ages 0 to 
14 years) creates hindrance to the aggregate household saving, supporting the life-cycle hypothesis on 
saving. The Philippines with its rapid population growth over the years exhibited a big bulge in the lower 
portion of the age pyramid that resulted to a higher percentage of young dependents compared to the 
working population (ages 15 to 64).  The swelling of the young dependency group also increased the 
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demand for education and health which results to lower aggregate saving. This only suggests that the 
country pays a high price for its high population growth through lower saving rate and consequently, lower 
economic growth. Achieving a slower rate of population growth should be an explicit development objective 
of the country. Lower rates of childrearing will substantially increase the incentives for saving as 
experienced by East Asian countries like Singapore, South Korea, Taiwan and Thailand. An interesting 
result from the econometric model is the fact that the older population (ages 65 and above) still saves, 
contrary to the expectation of the life-cycle model. This phenomenon has also been documented in studies 
by other Asian countries such as Taiwan and Thailand. Unfortunately, in the Philippines, as in other 
countries, there are cases where the elderly are being victimized by various forms of “investment scams”. 
This suggests that efforts should be made to create awareness among the elderly regarding proper 
investment. The financial institutions should provide financial instruments that will fit the needs of the 
elderly population. Education is also vital to increasing aggregate household saving. Policy-wise, efforts 
should be made to reduce the gender gap in education. These policies should encourage women to 
participate in the labor force. Remittance is a major source of aggregate household saving as the econometric 
model shows. However, remittances can be also a disincentive for saving as these are withdrawn 
immediately to settle bills and as payment for consumer goods. Policy-wise, efforts should be made to 
encourage both the migrants and recipients to save a portion of the remittances using the formal channel.  
Financial institutions should develop saving products that would target the needs of the lower market 
migrants.  
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RESUME 

The economic performance of the Philippines in the last three decades has been mediocre relative to 
its Asian neighbors. One way of aiming for a higher economic growth path is by raising investments. 
Investments, however, require financing that will have to be generated from domestic or foreign sources. 
The picture of the country’s household saving is not so bright relative to other countries in East Asia. 
Triennial Family Income and Expenditure Survey (FIES) data from 1985 to 2003 indicate that saving rate 
and levels of saving of households have consistently been decreasing with saving rate reaching the lowest 
level of 16% in 2003. This paper looks at the determinants of aggregate household saving in the Philippines 
using panel data generated from the FIES survey (1985-2003). The econometric model is based on the 
augmented life cycle model. The results suggest that the country’s population dynamics plays an important 
role in the aggregate household saving rate. A higher proportion of young dependents (ages 0 to 14 years) 
creates hindrance to the aggregate household saving. The Philippines with its rapid population growth over 
the years exhibited a big bulge in the lower portion of the age pyramid that resulted to a higher percentage of 
young dependents. This suggests that the country is paying a high price for its high population growth 
through lower saving rate and consequently, lower economic growth. Achieving a slower rate of population 
growth should be an explicit development objective of the country. The results also show that remittance 
from migrant workers is a major source of aggregate household saving. Policy-wise, efforts should be made 
to encourage both the migrants and recipients to save portion of the remittances using the formal channel. 
Financial institutions should develop saving products that would target the needs of the lower market 
migrants. 
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I. Introduction 
 

The gravity model usually is estimated for a group of countries for a certain period of time using cross-
section analysis (for a period of one year) or panel methods (for an interval of couple of years). But having in 
mind that the subject of interest in this article is to estimate the Macedonian export, we will estimate the 
equation based on bilateral trade movements between Macedonia and importing countries in 2005 using data 
from the State Statistical Office of Macedonia. This equation, that is based on one country, satisfies the 
purpose of the article but also enables avoiding of some usual problems that appear using cross-section or 
panel specification of the gravity model. First, the differences in relative distance of the countries from their 
trading partners have an influence on integral bias which in cross-section and panel estimation depends on 
the geographic position of each country1. Besides that, the problem of heterogeneity of countries which is 
common for cross-section and panel analysis can be adjusted using the equation with one country. This is the 
main reason why such specifications are sometimes used in the literature. The ordinary least squares 
regression which we will estimate is a simple log-log specification of the following type: 

 
(1)  EUFYRCBDisPopGDPxpE iiii 6543210 lnlnlnlnlnˆln βββββββ ++++++=
 

where 
• Exp is the export of Republic of Macedonia into country i in 2005  
• GDP is gross domestic product of the country i in 2005  
• Pop is the population of the country i in 2005 
• Dis is the air distance in kilometres between the capital of Macedonia and the capital of the country i. 

Data for the distance between capitals are calculated from www.indo.com/distance. The costs of exports 
probably could be better approximated using the road distance, but that would exclude overseas 
countries and accordingly the number of trade partners included in the analysis will be reduced. 

• CB is a dummy variable for common border which takes 2 for neighbour countries of Macedonia and 1 
otherwise2 

• FYR is a dummy variable for ex Yugoslav republics which takes value 2 if the country is ex Yugoslav 
republic and 1 otherwise 

• EU is a dummy variable for member countries of the European Union which takes 2 if the country is 
member of EU, 1 otherwise. 

The relation between the export and different explanatory variables will be estimated using least squares 
method.  
 
II. Results of the estimation and analysis 
 

The collected data were processed using the statistical software package Statgraphics Plus 5.1. In the 
first step, the total of 102 countries in which Republic of Macedonia has exported goods and services in 2005 
are included in the analysis. The output below shows these results using Statgraphics Plus 5.1.  
The coefficient of determination shows that 57.87% of the variations of Macedonian export is explained by 
the independent variables included in the model, while the adjusted coefficient of determination which is a 
better measure for comparing models with different number of explanatory variables is 55.25%. The Durbin-
Watson statistic implies existence of negative serial correlation, but if we further calculate the lower and 

                                                 
1 Brenton, P. and F. Di Mauro, Is there any Potential in Trade in Sensitive Industrial Products between the CEECs and 
the EU, The World Economy, (21), 285-304. 
2 The values 1 and 2 are taken instead of 0 and 1 which are typical for dummy variables because in log-log model it is 
not possible to calculate logarithm of 0. 
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upper limits, i.e. 4-1,78(du)=2,22 i 4-1,57(dl)=2,43, we can see that DW statistic is between these two values 
which implies that test is without decision.  
 
Table I. Output of Statgraphics Plus 5.1 for Macedonan export based on the results from the State Statistical 
Office of Macedonia for 2005 
-----------------------------------------------------------------------------
Dependent variable: Col_4
-----------------------------------------------------------------------------
                                       Standard          T
Parameter               Estimate         Error       Statistic        P-Value
-----------------------------------------------------------------------------
CONSTANT                 11,4981        2,61129        4,40324         0,0000
Col_1                   0,588056       0,152486        3,85647         0,0002
Col_2                   0,158754       0,168306       0,943246         0,3479
Col_3                  -0,717751       0,278583       -2,57644         0,0115
Col_5                    4,95067         1,8292        2,70646         0,0080
Col_6                    5,54866        1,70204        3,26001         0,0015
Col_7                    2,00281       0,882496        2,26949         0,0255
-----------------------------------------------------------------------------
                           Analysis of Variance
-----------------------------------------------------------------------------
Source             Sum of Squares     Df  Mean Square    F-Ratio      P-Value
-----------------------------------------------------------------------------
Model                      604,27      6      100,712      21,99       0,0000
Residual                  439,616     96      4,57933
-----------------------------------------------------------------------------
Total (Corr.)             1043,89    102
R-squared = 57,8866 percent
R-squared (adjusted for d.f.) = 55,2545 percent
Standard Error of Est. = 2,13994
Mean absolute error = 1,47179
Durbin-Watson statistic = 2,37614 (P=0,0279)  
 
The observations for which the studentized residuals are greater than 2 in absolute value are given in Table 2. 
The studentized residuals show for how many standard deviations each of the observed values of the 
dependent variable deviate from fitted model using all the data except the data for that observation. Using 
more detailed analysis, we can see that the studentized residuals for Luxembourg, Lebanon, Kenya and 
British Virgin Islands are greater than 2. But attention has to be paid to residuals greater than 3 in order to 
see if these countries are outliers and therefore should be excluded from further analysis. In our case the 
residuals for Luxembourg and British Virgin Islands are greater than 3 and we will exclude them from 
further analysis. This can be completely justified, especially for British Virgin Islands, because they 
appeared among the first 25 export markets of the Republic of Macedonia for the first time in 2005. The 
reason for the great export to this country in 2005 lies in the export of ferronickel through companies 
registered in British Virgin Islands.3
 
Table II.  Studentized residuals of the estimated gravity model (1). 
                         Predicted                 Studentized
Row                Y             Y      Residual      Residual
--------------------------------------------------------------
    90       6,31732       12,2811      -5,96382         -3,03
    92       7,38236       12,3423      -4,95989         -2,41
    93       7,15436       11,7007      -4,54633         -2,20
   102       18,2413       8,03189       10,2094          5,77
--------------------------------------------------------------  
 
According to the results in Table III, the new estimated export equation obtained after exclusion of 
Luxembourg and British Virgin Islands is the following:  

(2)  
(1,91826)          (3,68806)      (2,77087)        (-4,31641)         (0,920669)            (5,68087)       (5,77732)              
(0,73615)          )39902,1(      (1,50545)         (0,23218)         (0,142922)           (0,127779)      (2,14612)            

4121,1ln1597,5ln1714,4ln002,1ln1316,0ln7259,03988,12ˆnl

t
se

EUFYRCBiDisiPopiGDPixpE +++−++=

 

                                                 
3 Baseski, F., Mojsoska S., Nadvoresnata trgovija na Republika Makedonija: analiza na tekovite na izvozot i uvozot 
1994-2005 godina, Vtora godisna konferencija za unapreduvanje na izvozot, Skopje, 2006 godina 
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What can we say about the signs of the estimated parameters? Due to the fact that GDP is a measure of 
the size of the economy, it is normally to expect that if the country’s GDP is increasing, the country will 
import more from abroad. Accordingly to that, the coefficient with GDP is expected to be positive which in 
our model is.  

The population, as a measure of the size of the country, should show us the degree of self sufficiency 
of the country and accordingly the level of openness of its economy (greater economy-greater self 
sufficiency-smaller import). In the gravity model, the distance is a factor of resistance and has negative 
influence on the volume of bilateral trade. The larger the distance between the exporting country and the 
importing country, the smaller the export. 

The distance is a factor which is used as an approximation for capturing the impact of transportation 
costs and other costs of transaction. One of the main barriers in trade movements are higher transportation 
costs. As a result of that it is expected the coefficient 3β  to be negative. Having in mind the fact that a 
common barrier usually makes the trade easier, we expect the elasticity of this variable (CB) to be positive. 
There is also a set of dummy variables included in the model in order to enable inference about what are the 
differences in the volume of export caused by the fact “to be in the same region” or “to be a EU member” 
are. 

If we analyse the t ratios of each of the regression coefficients, we can realize that at significance level 
of 0.05, the coefficients 2β  and 6β  are not statistically significant, which can be used as an indicator of their 
exclusion from the model in order to simplify the model. But if we apply the significance level of 0.10, than 
the coefficient 6β  is statistically significant, therefore we are going to keep the variable EU in further 
analysis. The new model estimated after exclusion of the variable Pop is: 
 

(3) 
(1,70704)          (3,66035)           (2,80652)             (-4,25684)             (10,0409)     (5,89655)         
(0,690694)           (1,397)             (1,50335)             (0,23115)             (0,08133)      (1,97057)          
17905,1ln1135,5ln21918,4ln93969,0ln816587,06195,11ˆln

   t
se

EUFYRCBDisGDPxpE iiii +++−+=
 

 
III. Implications of model estimates 
 

Based on the model estimates, we can compare the actual to the estimated (potential) export and 
according to that make some conclusions. Trade relations between Macedonia and EU in 2005 using the 
estimated gravity model equation show lower level of the actual comparing to the potential export with the 
following countries: Hungary, Ireland, Poland, Slovakia, Latvia, Austria, Estonia, Denmark, Finland, France 
and Slovenia. Macedonian export was over the potential level with Germany ( for more than nine times), 
Belgium and Holland (for more than five times), Italy and Portugal (for more than three times), Malta (for 
more than twice) and the actual export to Sweden, Greece, Latonia, Spain, Greece, Czech Republic and 
Great Britain a little bit over the potential level. According to the gravity model estimates, Macedonian 
exports to some of EU countries such as Ireland, Finland and Estonia are unnaturally lower than the potential 
levels, but that does not allow us to conclude that the chance for a significant increase of Macedonian exports 
lies in these countries, because Macedonian export is traditionally low in these countries, therefore it can not 
increase the Macedonian export in total.  

If we analyse the Macedonian export in the period 1994-2005 we can realize that the most important 
importing countries for Macedonia are: Serbia and Montenegro, Germany, Greece, Italy, Croatia, Bosnia and 
Herzegovina, Turkey, Holland, USA, Great Britain, Belgium, Slovenia, Albania, Russia, France, Spain, 
China, Austria, Japan, Sweden, Thailand, Switzerland and Portugal. Therefore, the future of increasing of 
Macedonian export can be seen in better utilization of the export potential with Slovenia, France and Austria. 
As far as the ex Yugoslav republics are concerned the greatest possibility for increasing of Macedonian 
export is with Serbia and Montenegro which currently is the most important trade partner of Macedonia.   

We have to keep in mind that the conclusions based on the estimated gravity model should be 
carefully made, especially when comparing the estimated results between different econometric 
specifications because the different parameter estimates give different residuals, i.e. different actual to 
potential ratio. Therefore, the conclusions based on the gravity model equations in this paper as well as the 
interpretation of the results can not be treated as a final illustration of the Macedonian export potential. 
Table III. Actual and potential exports of Republic Macedonia to EU countries and countries of ex 
Yugoslavia in 2005. 
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Country Actual export in 
US $ 

Potential export in 
US $ 

Ratio 
actual/potential export 

Hungary                       2700840,199 5764332,96 0,46854341 
Ireland                             53082,26815 2484296,3 0,02136712 
Italy                            169605855,2 47393706,3 3,57865777 
Portugal                            6760151,963 2079005,06 3,25162843 
Poland                              4041710,286 7087193,64 0,5702836 
Sweden                           8335351,264 4957935,59 1,68121411 
Slovakia                           1482337,798 2368577,21 0,6258347 
Latvia                             298555,6272 453749,245 0,65797493 
Holland                           44579408,77 8680589,51 5,1355278 
Malta                           891339,55 354690,196 2,51300871 
Latonia                             979704,2704 778870,444 1,25785267 
Austria                             9000764,646 10545396,8 0,85352546 
Cyprus                              5541712,254 580822,22 9,54115056 
Czech Republic                6049685,656 3827414,24 1,58061952 
Germany                          364014934,3 39176984,4 9,29155063 
Belgium                           34620277,59 6040516,02 5,73134439 
Greece                              312930562,4 242351570 1,29122564 
Estonia                             22572,82887 335407 0,06729981 
Spain                                14008263,8 11795161,9 1,18762793 
Denmark                          2781357,592 4434387,24 0,62722479 
Finland                             158121,6304 2895591,6 0,05460771 
France                              19914218,66 24776346,9 0,80375928 
Great Britain                    42928834,78 22016439,9 1,94985361 
Slovenia                           31806588,7 68025963,1 0,46756543 
 Total EU 1083506232 519204948 2,08685652 
Croatia 81053786,12 37946961,8 2,13597564 
Serbia and Montenegro 459544290 1020338223 0,45038427 
Bosna i Hercegovina        50456155,49 22693747,4 2,22335054 
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RESUME: 

The current trend towards conclusion of regional trade agreements as well as the economic and 
political transformations of Central and Eastern Europe countries which initiate their integration in the world 
trade system has revitalized the interest in the gravity model of the international trade. The aim of this article 
is to estimate the Macedonian export using the gravity model based on the bilateral trade movements 
between Macedonia and its importing countries in 2005 based on the data from the State Statistical Office of 
Macedonia. Using the equation based on one country, we avoid the problems which appear with cross 
section and panel specification of the gravity model. The estimation of the gravity model has been done 
using the statistical software package Statgraphics Plus 5.1. According to the results of the model and the 
ratio between the actual and potential export, some directions for improvement of Macedonian export in the 
future are suggested.  
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Universitätsstraße 25
33501 Bielefeld,Germany
E-mail: gkauermann@wiwi.uni-bielefeld.de

Krivobokova, Tatyana
K.U. Leuven, Economics and Applied Economics Department
Naamsestraat 69
3000 Leuven,Belgium
E-mail: Tatyana.Krivobokova@econ.kuleuven.be

Extracting a long-term trend component is a prominent problem in (macroeconomic) time series
analysis. The standard method nowadays is probably the Hodrick-Prescott (1997) filter (HP-filter
hereafter), even though a number of competitors exist like the Band-pass filter (Baxter & King, 1999)
or the local linear trend model (see e.g. Harvey, 1989). A survey of existing methods is found e.g. in
Zarnowitz & Ozyildirim (2006).
However, in practice these methods can lead to the completely different decompositions of trend and
cycle and herewith to the substantial differences in the interpretations and ”stylized facts” of the
underlying process. This is mainly due to the effect of the so called tuning parameter involved in the
estimation.
In this work we pursue an alternative filter based on penalized spline smoothing. The idea is very
much in line with the HP filter, but we propose a data driven choice of the penalization parameter.
We compare here our method with the HP filter.

Penalized spline smoothing with correlated errors

We consider the series Y = (y1, . . . , yn)T where yl is observed at the ordered time point tl, l = 1, ..., n,
with t1 < t2 . . . < tn. We assume the trend model yl = µ(tl) + εl, where µ(·) is a smooth unknown
trend function and εl follows a stationary time series process. Writing this in matrix form gives our
underlying smoothing model

Y ∼ N(µ(t), σ2
εR),(1)

with unknown correlation matrix R. Postulating stationarity gives the elements of R as Rij = r(|i−j|)
with r(.) as some stationary positive correlation function descending to zero for |i − j| growing. We
estimate µ(t) by penalized spline smoothing, that is we replace µ(t) in model (1) by some high
dimensional parametric structure µ(t) = Xβ + Zu. Here X is a low dimensional basis, e.g. with
rows XT

i = (1, ti), while Z = Z(t) is high dimensional, e.g. truncated lines with rows Zi = [(ti −
τ1)+, . . . , (ti − τK)+], where τj are fixed knots, j = 1, . . . , K and (t)+ = t for t > 0 and (t)+ = 0
otherwise. Alternatively, one can work with B-splines (de Boor, 1978), as suggested in Eilers & Marx
(1996). With respect to the dimension K we follow Ruppert(2002) who has shown, that the actual
choice of K and the location of knots have little influence on the resulting penalized fit as long as K

is large. For equidistant time series data we put a knot every 2 to 8 observations. Coefficients β and
u are estimated from the penalized log likelihood function

lp(β, u; σ2
ε , R, λ) = −1

2

{
n log(σ2

ε) + log |R|+ (Y − Cθ)T R−1(Y − Cθ)/σ2
ε

}
− λ

2σ2
ε

uT D̃u,
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where C = (X,Z), coefficient θ = (βT , uT )T and D̃ is an appropriately chosen penalty matrix. The
penalty term λuT D̃u works as a ridge or shrinkage effect and penalizes the coefficients of basis Z only.
Note, that the estimate µ̂(t) results in

µ̂λ(t) = Cθ̂ = C (CT R−1C + λD)−1 CT R−1Y,(2)

with D as block diagonal matrix built from 0 and D̃ with matching dimensions. The penalty parameter
λ thereby steers the amount of smoothness. The penalized fit (2) can also be motivated by treating u

as random coefficient leading to the linear mixed model

Y |u ∼ N(Xβ + Zu, σ2
εR), u ∼ N(0, σ2

uD̃−),(3)

where D̃− is the (generalized) inverse of D̃. In this case, µ̂λ(t) as given in (2) results as posterior
Bayes estimate or Best Linear Unbiased Predictor (BLUP) (see Searle, Casella & McCulloch, 1992)
with λ = σ2

ε/σ2
u. All model parameters, including the smoothing parameter λ, can now be estimated

by maximizing the (restricted) likelihood resulting from the linear mixed model (3). Thus, one can
perform smoothing with any mixed model software (e.g. lme function in R), more details are available
in Wand (2003). Moreover, the mixed model representation of penalized splines possesses a number
of advantages when it comes to smoothing in the presence of correlated residuals. First, the existing
mixed model software allows for simultaneous estimation of mean and correlation matrix parameters.
Second, the mean estimate resulting from the mixed model representation of penalized splines is shown
to be robust towards misspecifications of the correlation structure (see Krivobokova & Kauermann,
2007). Namely, if the correlation structure assumed for the fitting deviates not too strongly from the
true (unknown) correlation of the data, the resulting mean estimate will be hardly affected. These two
properties provide a simple strategy for the trend estimation in the presence of correlated data. First,
fit the model with a mixed model software, assuming a reasonable correlation structure and inspect
whether the residuals behave in accordance with this assumption. If the correlation structure is only
moderately misspecified, the trend estimate based on the mixed model will still be appropriate and
examination of the (partial) autocorrelation functions could help to determine the true correlation
structure of the data.
We demonstrate our approach with the following example. We consider data obtained from Interna-
tional Financial Statistics (IFS) - service of the International Monetary Fund. We analyze 184 average
monthly observations of import prices in Germany in the period January 1990 to April 2005 (basis year
2000), see Figure 1. The data clearly exhibit correlation and we start fitting the data by using mixed
model representation of penalized splines assuming an AR(1) correlation structure for the residuals
(solid line in the left hand side plot). The plot of the partial autocorrelation functions (right) provide
evidence that in fact an AR(2) structure looks more suitable. We refit the model now assuming an
AR(2) structure. The resulting fit is shown in the left plot of Figure 1 as dashed line. It looks more
appropriate and does not change the autocorrelation function in a notable amount.

Comparison of methods for extracting a long-term trend

We compare our approach now with the HP filter which could be seen as benchmark. We assume from
now on equidistant timepoints and set for simplicity ti = i. The filter relies on the model yi = µi + εi

where µi = µ(i) is the trend which is fitted by minimizing the penalized least square
n∑

i=1

(yi − µi)2 + λ
n∑

i=3

{(µi − µi−1)− (µi−1 − µi−2)}2

with λ as a tuning parameter. The HP filter resembles very much the above penalized spline approach.
Thereby a spline basis is fixed at every time point and the penalty corresponds to a second order dif-
ference penalty. However, Hodrick & Prescott refrain from selecting λ data driven. Similarly to the
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Import prices in Germany

1990 1995 2000 2005

90
95

10
0

10
5

Time

Im
po

rt
 p

ric
es

5 10 15 20

−
0.

4
−

0.
2

0.
0

0.
2

0.
4

0.
6

0.
8

Lag

P
ar

tia
l A

C
F

Figure 1: Left: Dashed line shows fit with an AR(2) correlation structure taken into account, while
solid line is fit with an AR(1) structure. Right: Partial autocorrelation function corresponding to the
estimate with an AR(1) correlation structure taken into account.

mixed model approach they assumed µ and ε to be normally distributed with the variances σ2
µ and

σ2
ε , respectively, implying λ = σ2

ε/σ2
µ, but suggested heuristic values for both variances. Their guess

of λ = 1600 for quarterly data has established the standard. In contrast, Schlicht (2005) in the same
setting has derived the maximum likelihood estimates of both variances, simplifying, however, the
model by imposing an (unrealistic) independence among residuals εi. In general, a thorough theory
for estimating λ has not been proposed yet to our knowledge, so that the resemblance to penalized
spline estimation might throw some light on this missing gap.

Import Prices in Germany: Comparison with HP Filter
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Figure 2: Left: Estimated trends with penalized spline approach (bold) and HP filter (dashed). Right:
Residuals resulted from penalized spline fit (bold) and HP filter (dashed).

We compare the performance of HP filter with our approach on the example from the previous section.
Figure 2 (left) shows the long-term trend estimates based on penalized spline approach (bold) and
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on HP filter (dashed). Since the data are monthly observations the smoothing parameter used in the
HP filter has to be adjusted as suggested e.g. in Ravn & Uhlig, i.e. λmonthly = 1600 × 34 = 129600.
Apparently, the HP filter attributes too much mean structure to the cyclic (residual) component, as
it can be seen from the residual plot of Figure 2.

REFERENCES

Baxter, M. and King, R.G. (1999). Measuring Business Cycles: approximate band-pass filters for economic
time series. Review of Economics and Statistics, 81 (4), 575–593.

de Boor, C. (1978). A Practical Guide to Splines. New York: Springer.

Harvey, A.C. (1989). Forecasting, Structural Time Series Models and the Kalman Filter. Cambridge University
Press, Cambridge, New York and Melbourne.

Eilers, P.H.C. and Marx, B. (1996). Flexible smoothing with B-splines and penalties. Stat. Science, 11 (2),
89–121.

Hodrick, R.J. and Prescott, E.C. (1997). Postwar U.S. Business Cycles: An Empirical Investigation. Journal
of Money, Credit and Banking, 29 (1), 1–16.

Krivobokova, T. and Kauermann, G. (2007). Note on penalized spline smoothing with correlated errors. Under
Revision.

Ravn, M.O. and Uhlig, H. (2002). Notes on adjusting the Hodrick-Prescott Filter for the frequency of observa-
tions. The Review of Economics and Statistics, 84 (2), 371–380.

Ruppert, D. (2002). Selecting the number of knots for penalized splines. Journal of Computational and Graph-
ical Statistics, 11, 735–757.

Schlicht, E. (2005). Estimating the smoothing parameter in the so-called Hodrick-Prescott Filter. Journal of
the Japan Statistical Society, 35 (1), 99–119.

Searle, S., Casella, G. and McCulloch, C. (1992). Variance Components. Wiley.

Wand, M. (2003).Smoothing and mixed models. Computational Statistics, 18, 223–249.

Zarnowitz, V. and Ozyildirim, A. (2006). Time series decomposition and measurement of business cycles, trends
and growth cycles. Journal of Monetary Economics, 53, 1717–1739.

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 5726 -



Testing the Expectations Hypothesis of the Term Structure with Por-
tuguese Data1

Monteiro, Olga Susana M.
Department of Statistics, Banco de Portugal
Avenida Almirante Reis, 71
1150-012 Lisboa, Portugal
E-mail: omonteiro@bportugal.pt

Lopes, Artur C. B. da Silva
CEMAPRE and ISEG-UTL (Technical University of Lisbon)
Rua do Quelhas, 6 (gab. 315)
1200-781 Lisboa, Portugal
E-mail: asl@iseg.utl.pt

1. Introduction

Understanding the term structure of interest rates has always been viewed as crucial to assess
the impact of monetary policy and its transmission mechanism, to predict interest rates and to provide
information about expectations of participants in financial markets. In this paper, the expectations hy-
pothesis (EH) of the term structure of interest rates, embedding the rational expectations hypothesis,
will be tested with Portuguese data for interbank money market rates.

The EH, which states that the observed term structure can be used to infer market participants’
expectations about future interest rates, has been at the origin of an extraordinary amount of econo-
metric analysis; see, e. g., Campbell and Shiller (1987, 1991), Engsted and Tanggaard (1994), Hall
et al. (1992), Hardouvelis (1994), Lanne (2000) and Tzavalis (2003). Some of the alternative ways of
testing it will be briefly reviewed, both in the framework of single and multiple equation models. We
will focus particularly on cointegration analysis and on the predictive ability of the spread.

The results obtained support only a weak version of the hypothesis and are in line with the
majority of the conclusions in the literature. The empirical evidence supports the cointegration hy-
pothesis of Portuguese rates and the puzzle well known in the literature of the expectations hypothesis:
although forecasts of short-term rates changes based on the spread are in the correct direction, it fails
in forecasting future long rates (wrong direction).

2. Some implications and testing procedures of the EH

In single equation models the focus is on pairs of interest rates. Assuming that interest rates
correspond to I(1) processes, the EH requires cointegration between interest rates with different ma-
turities. Denoting the long and the short rates with r(n)t and r(m)t , respectively, the stationarity of the
spread, S(n,m)t = r

(n)
t − r

(m)
t , is a necessary, although not sufficient, condition for the EH to hold. If

the spread is stationary, interest rates are driven by a common stochastic trend, preventing them from
drifting too far apart from the equilibrium, so that profitable arbitrage opportunities do not persist.

According to the EH, the spread is the optimal predictor of a weighted average of short-term
interest rate changes over the life of the longer-term bond. Then, a test for the validity of the EH may
be based on the equation

(1) S
∗(n,m)
t = δ0 + δ1S

(n,m)
t + ξt,

1This is a much shortened version of a companion working paper, Lopes and Monteiro (2007).

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 5727 -



where S∗(n,m)t denotes the perfect foresight spread, defined as
k−1P
i=1

k−i
k ∆r

(m)
t+im, with ∆r

(m)
t+im = r

(m)
t+im −

r
(m)
t+(i−1)m, testing H0 : δ1 = 1.

The spread should be also the optimal predictor of short-term changes of long-term interest
rates. Accordingly, another EH test can be specified testing λ1 = 1 in

(2) r
(n−m)
t+m − r

(n)
t = λ0 + λ1

·
m

n−m
S
(n,m)
t

¸
+ ut+m.

As no other variable besides the spread should provide any help for predicting the mentioned in-
terest rates changes, augmented versions of both tests can be performed including additional regressors
in (1) and (2) and testing for their insignificance.

Concerning the predictive ability of the spread, available empirical evidence tends to agree that:
a) the spread predicts the (long-term) changes in short-term rates in the direction stated by the theory
(δ̂1 is generally positive, although sometimes statistically different from unity); b) however, the spread
does not predict the (short-term) changes in long-term rates in the direction required by the EH
(usually λ̂1 is negative and significantly distinct from unity). This is the puzzle well known in the EH
literature.

On the other hand, in the multiple equation model framework, the EH has two cointegration
implications: i) in a system of l interest rates with different maturities there should be only one
common stochastic trend, which is responsible for the long-run movement of all interest rates, and
ii) in each of the l − 1 cointegrating vectors the coefficients should sum zero. Both implications can
be tested in the context of a VAR model using the popular Johansen’s approach (Johansen, 1995).
For the cointegration rank analysis, maximum eigenvalue and trace tests are available. The zero-sum
restrictions will be tested employing likelihood ratio (LR) statistics. Besides these tests, Johansen’s
methodology also provides a test for the predictive ability of the spread concerning short-term interest
rate changes. Under the EH, the factor loadings (usually denoted with αij) should be statistically
significant in all equations except in the one for the longer-term interest rate (which is ordered last).
Moreover, the spread will predict in the direction stated by the EH if the αij coefficients are negative
for i 6= l and j= 1,..., l − 1.

3. Data and empirical results

In this study, we use interbank money market (IMM) rates, available at the website of Banco de
Portugal (section B.10): monthly data for 1, 3 and 6 months rates – “value date of same day”. Our
dataset covers the period from January 1989 to April 2004, i.e., T = 184. For the missing observations
(2, 17 and 40 for r(1)t , r(3)t and r(6)t , respectively) an estimation procedure was performed2. At an initial
stage, data for a 10-year government bond yield was also used. However, the rather limited scope of
the results (available from the authors) lead us to omit their presentation. Due to space constraints,
the empirical results are only briefly sketched.

The main conclusions for the single equation approach are the following:
1. Preliminary unit root testing, using ADF, PP (Phillips-Perron) andWS (weighted symmetric)

tests provide overwhelming confirmation evidence for the I(1) hypothesis of interest rates.
2. The same tests, which may now be viewed as restricted cointegration tests, strongly support

the stationarity of the spreads, i.e., cointegration with unity cointegration parameters. Augmented
Engle-Granger tests provide somewhat weaker evidence for cointegration but this appears to result

2Several alternatives were analysed and we decided to adopt a two step procedure: i) in the first stage, whenever
possible, missing data were estimated with the monthly variation for the same maturity but “value date deferred 1 or 2
days”; ii) for the remaining missing observations (20 for r(6)t ), several alternative models were considered and a simple
model in first differences minimizing MSFE was chosen.
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only from the usual poor power behaviour of these because t-ecm tests (assuming weak exogeneity)
provide very strong evidence for cointegration, specially when the dependent variables are the shorter-
term rates. Finally, DOLS estimation and testing also provide clear evidence for unit cointegration
parameters.

3. However, concerning the issue of whether the spread correctly predicts short rate changes,
although the sign of the estimates agrees with the EH (i.e., predictions in the correct direction), the
restrictions it implies are clearly rejected (with and without the inclusion of additional regressors).

4. Finally, there is no single trace of evidence for the validity of the EH when longer rate changes
are considered: all the estimates are in the incorrect predictive direction and all the p-values for the
restrictions are equal to zero.

Hence, the Portuguese case is no exception to the well known empirical puzzle.
Concerning the multiple equation approach, Johansen’s ML method was implemented for sys-

tems with 2 and 3 IMM interest rates, including an unrestricted intercept3. However, all the procedures
were also performed considering a restricted intercept, producing evidence which broadly agrees with
those reported.

We faced two main problems in the modelling exercise: strong evidence for non-normality and
for serial correlation of the disturbance vector. While non-Gaussianity is of no great concern (see,
e.g., Lütkepohl, 2004), the latter problem may impart somewhat fragile estimates and inferences.
Obviously, augmenting the information set is not an available option in the current context. Instead,
we employed a robustifying strategy, considering several dynamic specifications.

Basically, we obtained results for two rather different types of dynamic specifications, i. e., for
fixed and for data dependent lag lengths (p). For the former, we used p = 6 and 12 for all systems and
p = 18 only for bivariate systems. For the latter, besides resorting to the usual AIC and SC criteria, we
have also employed a sequential (GTS, “general-to-specific”) strategy of eliminating insignificant lags
based on likelihood ratio (LR) test statistics. When using the information criteria, we set pmax = 18 for
bivariate systems and pmax = 12 for the trivariate case. For the GTS-LR strategy, we used pmax = 12

and 6, respectively, and besides individual lag testing we have also used a joint (confirmation) test,
testing all the restrictions imposed on the initial model.

Table 1. P -values of trace tests for cointegration with estimated lag lengths

bpAIC bpSC bpLR
rates H0 bp λtrace λ∗trace bp λtrace λ∗trace bp λtrace λ∗trace
r
(1)
t , r

(3)
t r=0 14 0.000 0.003 4 0.003 0.005 10 0.000 0.001

r= 1 0.125 0.161 0.613 0.621 0.247 0.277

r
(1)
t , r

(6)
t r=0 18 0.001 0.010 1 0.011 0.013 11 0.005 0.016

r=1 0.172 0.227 0.664 0.667 0.214 0.245

r
(3)
t , r

(6)
t r=0 18 0.055 0.165 1 0.000 0.000 11 0.023 0.052

r=1 0.157 0.210 0.693 0.696 0.295 0.328

r
(1)
t , r

(3)
t , r

(6)
t r=0 11 0.004 0.040 1 0.000 0.000 6 0.007 0.021

r=1 0.084 0.197 0.000 0.000 0.193 0.273
r=2 0.186 0.234 0.785 0.787 0.530 0.552

Although maximum eigenvalue statistics were also used, trace test statistics are more powerful
and more robust to non-Gaussianity. In table 1, we denote the asymptotic p-values with λtrace and
their finite sample corrected versions with λ∗trace.

3While allowing for an unrestricted intercept appears implausible, there is a statistical justification for doing it: better
local power for the cointegration rank test (Lanne, 2000).
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Considering bivariate systems, previous evidence for cointegration is generally confirmed but
it appears weaker for the two longer-term rates. Strong evidence for cointegration is found in the
trivariate system but, more importantly, there is only very weak support that the cointegration rank
is equal to two. Actually, this condition seems to hold only when the SC criterion for lag selection
is used. However, as is usually the case with SC, the chosen specification appears to be under-
parameterized. As is well known, this tends to produce spurious finding for cointegration and for the
number of cointegration vectors.

Taking these results into consideration, zero-sum restrictions regarding cointegration vectors are
tested only in bivariate systems. Now the evidence clearly tends to support the EH, confirming the
one obtained with DOLS. Cointegrating vectors estimates vary between [1 − 0, 95]0 and [1 − 0, 99]0.

Proceeding on the path of refining the restrictions required by the EH, weak exogeneity tests
were performed. The empirical evidence clearly supports theory: at the usual 5% significance level
and with one exception only (in a case where SC is used), longer-term interest rates appear as weakly
exogenous for the cointegration vectors, i.e., the spread predicts short rate changes in the expected
direction.

4. Conclusions

In general terms, mixed evidence for the expectations hypothesis is provided by Portuguese data.
Strong support is found when general implications (as cointegration) are under scrutiny. However,
when more detailed and stringent conditions are tested, the favourable evidence either becomes much
weaker or disappears completely. In particular, the puzzle well known in the literature is also observed
for the Portuguese case: although its forecasts of future short-term rates are in the correct direction,
the spread between long and short rates fails to forecast future long rates.
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1 Definition of congestion 

As a kind of nonparametric statistics widely applied to the social economic evaluation, the models in 
DEA (Data Envelopment Analysis) such as CCR, BCC, FG and ST cannot find out the boundary like Section 

III in Figure1, though they work smoothly to Section I and Section II. According to the definition of 
production frontier, Section III of TP is also in the production frontier, but this is the failure of the resources 
distribution, which makes that the outputs decrease when inputs increase.  

Fortunately, the development has been acquired in this part. The paper “Congestion of Production 
Factors” by Rolf Färe and Leif Svensson in Econometrica in 1980 is the earlier literature studying 
Congestion. It gave the definition of the congestion and pointed out that the congestion often appeared in the 
agriculture, transportation and engineering, though the paper did not give any evaluation models. 

There are now two kinds of mathematic expressions of congestion. One is represented by W.W. Cooper 
et al. They thought “Evidence of ‘congestion’ is present when reductions in one or more inputs can be 
associated with increases in one or more outputs—or, proceeding in reverse, when increases in one or more 
inputs can be associated with decreases in one or more outputs—without improving any other input or 
output.”(W. W. Cooper et al., 2001, p206). The other is represented by Färe et al. They thought of 
“congestion as lack of strong or free disposability of inputs”. They also defined the strong or free 
disposability by X’≥ X，X∈L(y) ⇒  X’∈L(y), which means that outputs can keep unchanged if some 
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inputs are increasing and other inputs are fixed (Rolf Färe, Shawna Grosskopf,1998, p21). 
The difference of the expression is that Färe et al. think it is the congestion when outputs keep 

unchanged while all inputs increase. However W. W. Cooper et al. do not think so. For example, in the 
situation of single input & output F(x) in Figure 2, Section ABC is the congestion according to Färe et al. 
while only BC is the congestion according to W.W. Cooper et al.  
2. Identification of congestion 

 Now the main evaluate models are the additive ones and the NEW one. 
 Additive models have several different types such as those of William W. Cooper et al. (2000) and 

those of Patrick L. Brockett et al. (1998). The addictive models can be used in the both definitions mentioned 
above, but they are complicated in practice. 

NEW model (Quanling Wei, Hong Yan, 2004) can only identify the congestion defined by W. W. 
Cooper et al. and it is easier to process amounts of data and DMUs (Decision Making Units). This paper 
applies it in the research of macro investment efficiency in China. Identifying the congestion by NEW model 
includes three steps: 

Step1: Use the BCC model of output type to identify if the DMUs are weak DEA efficiency. That means 
to judge every DMU one by one and calculate the value of the following model (1).  
max   α  

Subject to  ∑
=

<
n

j
jj XX

1
0λ  

       ∑
=

>
n

j
jj YY

1
0αλ                                 (1)  

       ∑
=

=
n

j
j

1

1λ  

       0>jλ ，j＝1,2,……，n 

Step2: Use NEW model to identify if the DMUs are weak DEA efficiency. That means to judge every 
DMU one by one and calculate the value of the following model (2).  
max   β  

Subject to  ∑
=

n

j
jj XX

1
0＝λ  

       ∑
=

>
n

j
jj YY

1
0βλ                                 (2)  

∑
=

=
n

j
j

1

1λ  

       0>jλ ，j＝1,2,……，n 

Step3: If a DMU meets both α >1 and β ＝1, it is concluded in the congestion state and the 
identifying program is finished. 
3. Application in evaluating macro investment efficiency in China  
3.1 Principle of evaluating macro investment efficiency by NEW model  

The capital is an actively decisive power among the influence factors to growth. But the increase of the 
capital does not mean that it could push economic growth unlimitedly because the speed of effective capital 
formation is limited. Some scholars thought the Chinese investment efficiency was too low with the fourth 
overheated investment from 2003.  

Macro investment efficiency also means macro investment marginal efficiency, which is the GDP 
increment produced by unit investment quantity during a time frame.  

Generally, in the short term, the investment efficiency and the investment rate change in the reverse 
direction. According to the law of diminishing marginal returns, if the capital used is increased while all the 
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other inputs remain fixed and technology unchanged too, a special point will eventually be reached, 
exceeding which will lead to successively smaller increments of output. This situation means before the 
special point investment efficiency increases with the investment rate increasing and after the special point 
investment efficiency decreases with the investment rate increasing. Thus we cannot simply judge if the 
investment efficiency is good or bad just according to the value itself. If let:  

K
Rate of Investment

Y
∆

＝
 

Y
Efficiency of Investment

K
∆
∆

＝
 

Among them, K∆ is the Total Investment in Fixed Assets，Y is GDP, Y∆ is the GDP increment 
(comparable price). Then:  

Y Y K
Rate of GDP Increase Efficiency of Investment Rate of Investment

Y K Y
∆ ∆ ∆

× ×
∆

＝ ＝ ＝  

It means that the improvement of the investment efficiency is essential to maintain the growth speed 
when the government controls the inflation caused by the high investment rate, and essential to accelerate the 
economics growth in the condition of the unchanged investment rate. If the investment rates are nearly the 
same among the provinces, the difference of investment efficiency is the decisive factors to the difference of 
regional economies. 

According to the definition of congestion in the DEA, the decreasing stage of the investment efficiency 
is the production congestion and it can be distinguished by the model. Here the NEW model is preferred. 
3.2 Application of congestion definition and NEW model  

The data source is The Statistical Year Book of China (from 1999 to 2005) by the Bureau of Statistics of 
China. Input index is Total Investment in Fixed Assets. Output index is effect factor of Total Investment in 
Fixed Assets which is equal to the GDP increment (comparable price) / Total Investment in Fixed Assets in 
report period. The frontier is constructed when DEA is used. The DEA ineffective points are below the 
frontier and mean bad investment efficiency caused by economic structure and the institution. The DEA 
(weak) effective points are in the frontier and mean good investment efficiency. The DEA congestion points 
are in the frontier and mean bad investment efficiency by too much capital inputs.  
    The results are in Table 1 when 31 provinces treated in the same group to evaluate. And if they are 
divided into three groups according to the Chinese government and evaluated only in their own group, the 
results are shown in Table 2. The conclusions are that only a few provinces in the eastern China possess extra 
investment and there is nearly no bad influence on them if the central government gives more help to the 
western or middle provinces. 

Table 1  Results by the investment efficiency frontier when 31 provinces in one group 
Provinces in the investment efficiency frontier 

(Gross capital formation lined from small to large) 
BCC effective point 

Year  
Marginal value of  

investment efficiency > 0 

Marginal value of  
investment 

efficiency ＝ 0 

Congestion point: 
Marginal value of  

investment efficiency < 0 

1998 Tibet, Gansu Hunan Shandong, Guangdong 

1999 Tibet  Gansu Liaoning, Shandong, 
Guangdong 

2000 Tibet, Neimenggu, Liaoning Guangdong  Shandong  
2002 Tibet Heilongjiang Guangdong, Shandong 
2003 Tibet, Hainan, Heilongjiang Guangdong Jiangsu 
2004 Tibet, Hainan Heilongjiang Guangdong, Shandong 

Average  
（2000-2004） 

Tibet, Heilongjiang Guangdong Shandong, Jiangsu 

Note: The data of Total Investment in Fixed Assets of Tibet in 2001 is abnormal, so it is unincluded.  
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Table2  Results by the investment efficiency frontier when 31 provinces into three groups 
Provinces in the investment efficiency frontier 

(Gross capital formation lined from small to large) 
Eastern provinces Western provinces Middle provinces Year  

Peak  Congestion Peak Congestion Peak Congestion 

1998 Fujian Shandong, 
Guangdong Gansu Sichuan Hunan Hubei, 

Henan 

1999 Liaoning Shandong, 
Guangdong Gansu  Sichuan Hunan  Henan 

2000 Guangdong Shandong Neimenggu Sichuan Hunan Henan 

2001 Liaoning Shandong, 
Guangdong * * Heilongjiang Henan 

2002 Fujian Shandong, 
Guangdong Guangxi Sichuan  Heilongjiang Henan 

2003 Guandong Jiangsu Sichuan # Heilongjiang Henna  
2004 Guangdong Shandong Sichuan # Heilongjiang Henna 

Average  
（2000-2004） 

Guangdong Shandong Neimenggu Sichuan, 
Ningxia Heilongjiang Henna 

*: The data of Total Investment in Fixed Assets of Tibet in 2001 is abnormal, so it is unincluded.   
#: There is no congestion point in the investment efficiency frontier of this group.  
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This paper reports on the findings of Keene and Thomson (2007) which presents an analysis of
New Zealand Treasury’s tax revenue forecast errors, both in aggregate and disaggregated by individual
tax type. The analysis focuses primarily on the annual one-year-ahead Budget forecasts that are
typically based on rating up past tax revenues by growth rates in related macroeconomic variables
such as GDP. The objective of the analysis was to better determine the major sources of tax revenue
forecast error and to identify the potential for methodological improvements.

A review of Treasury’s tax forecasting methods is given and a general class of models proposed
that encompasses these methods. Adopting one of the simplest of these as a benchmark, the indi-
vidual tax revenue forecast errors are first disaggregated into component errors due to forecasting
the macroeconomic drivers used as a proxy for the tax base, and a component due to forecasting the
tax ratio, or ratio of tax revenue to proxy tax base. The tax ratio is further disaggregated into a
component error due to forecasting the tax ratio trend and non-systematic random error. The latter
provides a measure of the best accuracy that can be achieved using the benchmark models adopted.

In terms of their contribution to total tax revenue, PAYE source deductions (37%) and GST
goods and services tax (26%) are the largest followed by corporate tax (15%), net other persons tax
(8%) and other taxes (14%). These tax shares were used to weight the percentage forecast errors
of each tax revenue component to determine its contribution to the total tax revenue percentage
forecast error. The weighted percentage forecast errors for the various tax revenues indicated that all
the individual tax revenue forecasts, with the exception of corporate tax and net other persons tax,
were significantly underestimating actual outcomes. As a consequence, the total tax revenue was also
significantly underestimated. Corporate tax stood out as the tax revenue that was least accurately
forecast and contributed the most variability to the total tax revenue percentage forecast errors.

Among other findings, the report shows that the main source of tax revenue underforecasting
is the underforecasting of the macroeconomic variables used as tax-base proxies. The tax ratio fore-
casts were generally unbiased, but less precisely determined than the macroeconomic forecasts. The
volatility of the error component due to forecasting the tax ratio trend was almost always greater than
that of the non-systematic error component. This and other evidence indicate that better tax ratio
forecasts are likely to be achieved, even with the simple benchmark model used here. The benchmark
models have merit as competing models that could be investigated further alongside other simple
structural time series models in a systematic evaluation using historical data.
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L'influence paramétrique dans un processus d'investissement 

en assurance 
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La structure générale du portefeuille d'investissement 

On considère   le processus de réserve d'une société d'assurance, dont le modèle est du type 
Cramèr-Landberg (voir [2]), qui est régi par l'équation suivante: 

( )( ) 0≥ttX

 ( ) ( )tSctutX −+=                                                                             (1)
où u est la réserve de risque initiale; c  est le taux de prime qui est constant, et est le 
processus de sinistralité, avec les tailles des sinistres  iid, et indépendantes de du processus "nombre de 
sinistres" , qui est un processus de Poisson homogène d'intensité constante

( ) ( )tNYYtS ++= .....1

iY
( )tN λ .On note G(y) (resp. g(y)) 

la fonction de distribution de Y=Yi (rep. La fonction de densité).  
 La structure du portefeuille d'investissement de la société est constituée d'une manière générale d'un 
actif financier  non risquée, supposé solution de l'équation déterministe( )tB ( ) ( ) dttBtdB ρ= , 0≥ρ  
 et , d'une part et d'un actif risqué( ) 00 =B ( )tZ , dont le processus de rendement est solution de l'équation 
différentielle stochastique 0)0()),()(()( =+= ZtdWdttZtdZ σµ ( 0,0 ≥≥ σµ sont respectivement, le taux de 

rendement instantané et la volatilité de l'actif, et W(t) est un mouvement brownien standard). 
 
Le processus d'investissement et la probabilité de ruine  
         On suppose que la société opte pour la politique suivante d'investissement : 

- le surplus de la compagnie sera investi à tout moment t. ( )tU
- sera investie à l’instant t dans l'actif risqué, et la partie restante dans l'actif sans 

risque. 

( )tA ( ) ( )tAtU −

Notons par le processus de retour d'investissement, il  est défini par : ( ){ 0, ≥ttI }

( ) ( ) ( )[ ] ( ) ( ) ( )tdWtAdttAdttAtUtdI σµρ ++−=  

Et le processus de surplus de cette compagnie peut être défini comme suit : ( )( ) ≥tU 0t ( ) ( ) ( )tdItdXtdU +=  

( ) ( ) ( ) ( )[ ] ( ) ( ) ( )tdWtAdttAdttAtUtdScdttdU σµρ ++−+−= ,                         (2) ( ) uU =0

 
        On cherche à résoudre le problème de contrôle optimal : 
 

( ) ( ) ( ) ( )[ ]{ }

( ) ( ) ( ) ( )[ ] ( ) ( ) ( )
( )⎪

⎪
⎩

⎪
⎪
⎨

⎧

=
++−+−=

=<>∃=

uU
tdWtAdttAdttAtUtdScdttdU

uUtUtPutA

0

contrainte la sous                                    
0/0,0min                  

σµρ

ψ

                              (3) 
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On définie la probabilité de survie ( )uδ  comme suit : ( ) ( )uu ψδ −=1  ; De là, on peut définir le problème 

équivalent, et qui est la détermination de la stratégie d’investissement optimale qui maximise la probabilité 
de survie : 

( ) ( ) ( ){ }{ }uUut t   pour totU  u AA

A
=≥<= 0/00Prsup δ                                 (4)  

       En utilisant l'équation de Hamilton Jacobi-Bellman ( HJB) (voir par exemple [2],[3]) du problème (4), la 
solution obtenue est: 

 ( ) ( ) ( )
( )u

uuA
"

'
2

*

δσ
δρµ −

−=                                                             (5) 

Pour que la solution existe, il faut que ( ) 0" <uδ . On suppose aussi que ρµ > (si ρµ ≤ , la solution est 

triviale et elle donnée par . Sous ces hypothèses la stratégie( ) 0* =uA ( )uA*  donnée par (5) est positive. En 

la remplaçant dans l’équation de HJB (4), nous obtenons pour  : 0>u

( ) ( )[ ] ( ) ( ) ( ) ( )
( )u
uuucuYuE

"
'

2
1'

2

2

2

δ
δ

σ
ρµδρδδλ −

=++−−                                     (6) 

Nous rappelons que cette équation ne se prête pas toujours à une résolution analytique exacte, alors nous 
allons procéder à la résolution par une approche numérique, telle que la méthode des différences finies. 
 
Application numérique pour des sinistres de loi exponentielle 
      Les formules (5) et (6) permettent d'examiner l'influences des paramètres µ, ρ et σ sur le portefeuille de la 
société. Dans (6), on suppose que Y suit une loi exponentielle de paramètre θ. Pour un pas h de discrétisation 
du paramètre u de A(u), l'algorithme suivant, basé sur l'application de la méthode des différences finies à 
l'équation (6), permet d'évaluer  : ( )uA*

 
Algorithme 
Début 
    . Donner, N, h, µ, ρ, θ  et σ constant 
    . Calculer K=((σ²)/(ρ²-2ρµ+µ²)); λ′=Kλ; ρ′=Kρ; c′=Kc. 
    . Poser W(0)=0 et n=0 
  Répéter N fois 

   ( ) ( ) ( )
⎭
⎬
⎫

⎩
⎨
⎧

++⎟
⎠
⎞

⎜
⎝
⎛ −+++−−−+←+ ''4

2
1''''421 ρρθρλθ nhcwnhcwhww nnnn  

( )
nn wA

2
*

σ
µρ −

←
 
 
       n n+1 

  Fin Répéter 
Fin 
       

Nous appliquons l'algorithme précédent pour calculer itérativement la variation de la stratégie 
optimale A*, en fonction du capital initial u, pour différentes valeurs de ρ. 
       Pour N= 2000, nous obtenons le comportement de la variation de cette stratégie, pour les valeurs de 
paramètres données par le tableau Tab.1 et un pas de discrétisation h=0.01, convenablement choisi en 
fonction d'un critère de convergence du schème :  
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Taux de rendement 
de l'actif risqué: µ  

Volatilité: σ  Valeur du paramètre de la  
loi exponentielle du montant 
du sinistralité: θ  

Valeur du taux de
 sinitres: λ  

0.1 0.3 1 3 
Tab1. Valeurs des paramètres de sensibilité 

 

 

 

 
  Fig.1:  Courbe de la stratégie optimale A*( u)            Fig.2:  Courbe de la probabilité de survie 
                 (Influence du paramètre ρ)                                       optimale  
 
         On remarque que le paramètre ρ, force d'intérêt de l'actif non risqué, affecte sensiblement la stratégie 
optimale.  Par contre, ce paramètre influe peu sur la probabilité de survie δ (u), comme le montre Fig.2. 
Quant à l'influence du taux de rentabilité µ de la partie risquée du portefeuille, nous la présentons d'après les 
graphiques Fig.4. et Fig 5.  
 
 
                     
          

  

 
 
 
 
 
 
 
 

 
Fig.3:  Courbe de la stratégie optimale A*( u)            Fig.4:  Courbe de la probabilité de survie 
                 (Influence du paramètre µ   )                                       optimale 
 
 
         Le paramètre de volatilité σ est non observable, plus sensible que les deux autres, influe 
considérablement sur le comportement de la stratégie d'investissement optimale, comme c'est indiqué par la 
figure Fig.5 et influe également la probabilité de survie optimale ( voir Fig.6), pour des réserves initiales 
réduites,  
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  Fig.5 : Courbe de la stratégie optimale A*( u)     Fig.6:  Courbe de la probabilité de survie 
                 (Influence du paramètre σ   )                                       optimale 
 
 
Conclusion et commentaires 
        Dans un marché financier suffisamment fluide, il est important que tout investissement soit contrôler. 
Un investisseur rationnel est celui qui gère son portefeuille, selon une stratégie adéquate. Pour une société 
d'assurance, une mauvaise gestion de son processus de réserve peut conduire à une situation de ruine et à la 
défaillance du système de production.  Pour de telle situation de modélisation par des processus de diffusion 
est devenu un outil puissant pour la conception de standards permettant de mesurer avec pertinence 
l'information provenant du système réelle.  
      L'article présent développe une méthodologie de contrôle optimal d'une réserve en assurance, permettant 
d'orienter le décideur pour le risque à prendre. Certains paramètres intervenant dans le modèle sont 
numériquement examinés, pour déterminer leur degré d'influence sur la stratégie optimale d'investissement, 
sous certaines conditions considérées. Le paramètre de volatilité semble le plus influant sur la stratégie 
optimale d'une part et sur le comportement de la probabilité de ruine, pour des réserves initiales modérées.  
     Les résultats obtenus peuvent constituer un outil d'aide à la décision pour un meilleur investissement. 
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      Wiley Series in Probability and Statistics. 

[3] Hipp, C. and Plum, M. (2003). Optimal investment for investors with state dependent income, and for insurers. 

Finance and Stochastics 7, 299-321. 

 
RÉSUMÉ (ABSTRACT)  

Depuis quelques années les modèles mathématiques sur la gestion de portefeuille se sont développés (voir par 
exemple, [1]). Il en est de même pour la théorie de la ruine, qui concerne la définition et l’étude de processus 
stochastique, introduit dans la modélisation de l’évolution de la richesse d’une compagnie d’assurance (voir [2]). 
Le but principal de la théorie de la ruine a été d’évaluer la probabilité de ruine, et d’estimer le niveau de réserve 
initiale pour rendre cette probabilité de ruine suffisamment faible. 

 Notre objectif est tout d’abord, d’introduire certains aspects mathématiques récemment développés dans ce 
domaine et utiliser la théorie de la ruine, ainsi que la gestion de portefeuille, afin de gérer le risque d’une 
compagnie d’assurance. Et cela par le contrôle optimal du bilan de la compagnie, par l’investissement [3].  

Une approche numérique, pour tester l'influence de la stratégie optimale d'investissement par certains 
paramètres du modèle, est proposée.    
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1. Introduction

During the 20th century, human expected lifetimes have increased considerably in many coun-
tries. Mortality improvements are naturally viewed as a positive change for individuals and as a
substantial social achievement of developed countries. However, this structural change poses a serious
challenge for the planning of public retirement systems, the long term risk management of supplemen-
tal pension plans as well as for the pricing and reserving for life insurance companies. Historically,
actuaries have been calculating premiums and mathematical reserves using a deterministic approach,
by considering a deterministic mortality intensity, which is a function of the age only, extracted from
available (static) lifetables and by setting a ‡at (“best estimate”) interest rate to discount cash ‡ows
over time. Since neither the mortality intensity nor interest rates are actually deterministic, life in-
surance companies are exposed to both …nancial and mortality (systematic and unsystematic) risks
when pricing and reserving for any kind of long-term living bene…ts, particularly on annuities. In
particular, the calculation of expected present values requires an appropriate mortality projection in
order to avoid signi…cant underestimation of future costs.

In order to protect the company from mortality improvements, actuaries have di¤erent solutions,
among them to resort to projected (dynamic or prospective) lifetables instead of static lifetables (see,
e.g., Pitacco (2004), Wong-Fupuy and Haberman (2004) and Bravo (2007) for a detailed review on this
subject). Since the future mortality is actually unknown, in this paper we assume that an appropriate
description of the demographic (and …nancial) risks requires a stochastic model, as is it has recently
been proposed by several authors, .e.g., Milevsky and Promislow (2001), Dahl (2004), Bi¢s (2005),
Cairns et al. (2006), Schrager (2006) and references therein.

By modelling the mortality intensity as a stochastic process, we expect to obtain a more accurate
description of the liabilities of life insurance companies. In addition, a stochastic mortality model
contributes to a proper quanti…cation of systematic mortality risk (also called longevity risk) faced
by insurance companies. Stochastic mortality models also provide an adequate framework for the
development longevity risk hedging tools, namely mortality-linked contracts such as longevity bonds or
mortality derivatives. In this paper, we use doubly stochastic processes (also known as Cox processes)
in order to model the random evolution of the stochastic force of mortality of an individual aged  in
a manner that is common in the credit risk literature. The model is then embedded into the well know
a¢ne term structure framework, widely used in the term structure literature, in order to derive closed-
form solution for survival probability. The paper is organized as follows: Section 2 brie‡y describes the
mathematical tools used in this paper. Section 3 develops and new model for the mortality intensity
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by considering a standard interest rate model, modi…ed in order to include both positive and negative
mortality jumps. We derive analytical solutions for the survival probability and calibrate the model
to a matrix of data. Finally, Section 4 concludes.

2. Mathematical framework

We are given a …ltered probability space (F FP) and concentrate on an individual aged 

at time 0 Following the pioneering work of Artzner and Delbaen (1995) in the credit risk literature
and the proposals by Dahl (2004) and Bi¢s (2005) among others in mortality area, we model his/her
random lifetime as an F-stopping time  admitting a random intensity  Speci…cally, we consider 
as the …rst jump-time of a nonexplosive F-counting process  recording at each time  ¸ 0 whether
the individual has died ( 6= 0) or survived ( = 0)  The stopping time  is said to admit an
intensity  if the compensator of  does, i.e., if  is a nonnegative predictable process such thatR 
0 ()  1 for all  ¸ 0 and such that the compensated process  =

n
 ¡

R 
0 () :  ¸ 0

o

is a local F-martingale. If the stronger condition 
³R 
0 ()

´
 1 is satis…ed, then  is an

F-martingale.
From this, we derive

(1)  (+¢ ¡j F) = 

µZ +¢


()

¯̄
¯̄ F

¶

based on which we can write

(2)  (+¢ ¡j F) = ()¢+  (¢)

an expression comparable with that of the instantaneous probability of death ¢+ derived in the
traditional deterministic context.

By further assuming that  is a Cox (or doubly stochastic) process driven by a sub…ltration G
of F with F-predictable intensity  it can be shown, by using the law of iterated expectations, that
the probability of survival up to time  ¸  on the set f  g  is given by

(3) P (   j F) = 
h
¡

 
 ()

¯̄
¯ F

i

Readers who are familiar with mathematical …nance and, in particular, with the interest rate
literature, can without di¢culty observe that the right-hand-side of equation (3) represents the price
at time  of a unitary default-free zero coupon bond with maturity at time    if the intensity  is
to represent the short-term interest rate.

One of the main advantages of this mathematical framework is that we can approach the survival
probability (3) by using well known a¢ne-jump di¤usion processes. In particular, an R-valued a¢ne-
jump di¤usion process  is an F-Markov process whose dynamics is given by

(4)  = ( )+ () +
X

=1




where  is a F-standard Brownian motion in R and each component  is a pure-jump process
in R with jump-arrival intensity

©
 () :  ¸ 0

ª
and time-dependent jump distribution  on

R An important requirement of a¢ne processes is that the drift  :  ! R the instantaneous
covariance matrix T :  ! R£ and the jump-arrival intensity  :  ! R+ must all have an
a¢ne dependency on  . The convenience of adopting a¢ne processes in modelling the mortality
intensity comes from the fact that, for any  2 C for given  ¸  and an a¢ne function  de…ned
by  ( ) = 0 ()+ 1 () ¢ under certain technical conditions (see (Du¢e et al. (2003)), we have:

(5) X (   ) $ 
h
¡

 


()¢

¯̄
¯F

i
= ()+()¢
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where  (¢) 
=  (¢;  )   (¢) 

=  (¢;  ) satisfy generalized Ricatti ordinary di¤erential equations,
that can be solved at least numerically and, in some cases, as we will see below, analytically.

3. Mortality intensity as a stochastic process

Turning now to the problem of modelling adequately the dynamic of mortality, we develop a new
model for the mortality intensity by considering the classic Ornstein-Uhlenbeck equation (without the
mean-reverting component) and by adding a jump component. Formally, the process () is given
by:

(6) () = ¡() +  () + () (0) = ¹

where ¹  0   0,  ¸ 0  () is a standard Brownian motion and where () is a compound
Poisson process, independent of  , with constant jump-arrival intensity  ¸ 0 and jump sizes that
are random variables double asymmetric exponentially distributed with density (Kou (2002)):

(7)  () = 1

µ
1

1

¶

¡ 
1 If¸0g + 2

µ
1

2

¶


2 If0g

where 1 2 ¸ 0 1+2 = 1 represent, respectively, the probabilities of a positive (with average size
1  0) and negative (with average size 2  0) jump. By setting 1 = 0 we are interested only on
the importance of longevity risk (e.g. Bi¢s (2005)).

In the spirit of (5) let us now assume that the survival probability ¡+() is represented by
an exponentially a¢ne function. By applying the framework described above, we have that:

(8) ¡+() ´ A()+B( )¢()

where  =  ¡  It can be shown that the solution to this problem admits the following Feynman-Kac
representation:

 ( ())

½
¡ _A() ¡ _B()() ¡ ()B() +

2

2
B2()+

(9) +

µ
1

1 ¡ 1B()
+

2
1 + 2B()

¡ 1

¶
¡ ()

¾
= 0

where  ( ()) =¡ +() and where () and () are solutions to the following system of
ODEs’:

_B() = ¡B() ¡ 1(10)

_A() = B() + 

µ
1

1 ¡ 1B()
+

2
1 + 2B()

¡ 1

¶
(11)

with boundary conditions:

(12) B(0) = 0 A(0) = 0

where _B() = 
 B() _A() = 

 A().
By solving the system (10)-(11)-(12), we get the following closed-form solutions for A() e B() :

B() =
¡(¡) ¡ 1


(13)

A() =

·
¡ + 

µ
1

+ 1
+

2

¡ 2
¡ 1

¶¸
( ¡ ) ¡ B ()(14)

+

½
1 ln (1 ¡ 1B())

+ 1
+
2 ln (1 + 2B())

¡ 2

¾
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de…ned for

1 ¡ 1B()  0 and 1 + 2B()  0

We observe that the model stipulates a decreasing (deterministic) trend for the mortality inten-
sity, around which random ‡uctuations occur due to the stochastic component and due to the jump
component. The model assumes that both negative and positive jumps can be registered in mortality,
a feature that contrasts with similar models that are interested in sudden improvements in mortality
(e.g. due to medical advances) only. We think this gives us a more realistic description of reality, in
which unexpected increases in mortality can occur, caused e.g., by natural catastrophes or epidemics.
The model o¤ers a nice analytical solution, easy to use in pricing and reserving applications within
the life insurance industry. The calibration of this model to di¤erent Portuguese mortality tables (not
reported here) provided us very good …ts of the survival probabilities ¡+.

4. Concluding remarks

In this paper we have described the evolution of mortality by using Cox processes. The mortality
intensity has been described as an a¢ne-jump di¤usion process with jump sizes that are random
variables double asymmetric exponentially distributed. We derive closed-form solutions for the survival
probability. We investigate the applicability of these processes in describing the individual mortality,
and provide a …rst calibration to the Portuguese population.

REFERENCES

Artzner, P. e Delbaen, F. (1995). Default risk insurance and incomplete markets. Mathematical
Finance, 5(3), 187-195.

Bi¢s, E. (2005)., A¢ne processes for dynamic mortality and actuarial valuations. Insurance:
Mathematics and Economics, 37, 443-468.

Bravo, J. M. (2007). Risco de Longevidade: Modelização, Gestão e Aplicações ao Sector Segu-
rador e aos Sistemas de Segurança Social. Dissertação de Doutoramento em Economia, Universidade
de Évora, forthcoming

Cairns, A., Blake, D. e Dowd, K. (2006). Pricing Death: Frameworks for the Valuation and
Securitization of Mortality Risk. ASTIN Bulletin, 36, 79-120.

Dahl, M. (2004). Stochastic Mortality in Life Insurance: Market Reserves and Mortality-Linked
Insurance Contracts. Insurance: Mathematics and Economics, 35, 113-136.

Du¢e, D., Filipovic, D. e Schachermayer, W. (2003). A¢ne processes and their applications in
…nance. Annals of Applied Probability, 13(3), 984-1053.

Kou, S. (2002). A jump-di¤usion model for option pricing. Management Science, 48, 1086-1101.
Milevsky, M. e Promislow, S. (2001). Mortality derivatives and the option to annuitise. Insur-

ance: Mathematics and Economics, 29, 299-318.
Pitacco, E. (2004). Survival models in a dynamic context: a survey. Insurance: Mathematics

and Economics, 35, pp. 279-298.
Schrager, D. (2006). A¢ne Stochastic Mortality. Insurance: Mathematics and Economics, 38,

81-97.
Wong-Fupuy, C. e Haberman, S. (2004). Projecting mortality trends: recent developments in

the United Kingdom and the United States. North American Actuarial Journal, 8(2), 56-83.

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 5744 -



Estimating variance and covariance parameters by generalized esti-

mating equations for credibility models

Huang, Dan Wei & Fung, Wing Kam
The University of Hong Kong, Department of Statistics and Actuarial Science
Pokfulam Road
Hong Kong,China
E-mail: h0299983@hkusua.hku.hk, wingfung@hku.hk

Credibility theory is a set of quantitative tools which allows an insurer to adjust premiums based
on past individual and group experience. In this paper, we proposed a regression credibility model
which is an extension of Hachemeister’s model to cope with the correlated data structure which is
overlooked by classical credibility models.

Model specification and GEE estimation

We propose the following regression credibility model:

(1) yi = Xiβi + εi, i = 1, 2, . . . , n.

Each element yij in the ni × 1 vector yi corresponds to the observed value of some measurable char-
acteristic for contract i in the jth observation period. Xi, of dimensions ni×m, is the design matrix.
Unlike those classical regression models, βi’s are of random nature, independently and identically
distributed (i.i.d.) with common mean β and covariance matrix F. The error vectors εi’s are assumed
to be independently distributed with mean 0ni×1 and covariance matrix σ2Vi = σ2W−1/2

i ΓiW
−1/2
i ,

where W−1/2
i is a diagonal weight matrix of known positive constants and the correlation matrix Γi

depends on some fixed unknown parameters to be estimated. The variance of yi is worked out as

(2) V (yi) = XiFX
′
i + σ2W−1/2

i ΓiW
−1/2
i .

Hachemeister (1975) gave out explicit form for the credibility estimator of the random coefficient:

(3) β̂
(B)

i = Ziβ̂
(GLS)

i + (I− Zi)β,

where

(4) Zi = F[F + σ2(X
′
iV

−1
i Xi)−1]−1

is the credibility matrix, and β̂
(GLS)

i = (X
′
iV

−1
i Xi)−1X

′
iV

−1
i yi is the generalized least square estimator

for βi.
Model (1) is essentially an extension to the generalized linear model (GLM) with an identity

link and a within-panel correlation (MacGullagh and Nelder, 1989). Thus generalized estimating
equation (GEE)(Liang and Zeger, 1986), a supplement to GLM to handle correlated data, is used for
the estimation in this paper.

We apply the GEE to estimate the variance and covariance parameters. Let α be the vector
containing these structural parameters to be estimated. Define sijk = (yij − µij)(yik − µik), where µij

is the mean of yij , and apply the following system of GEE to solve for α:

(5)
n∑

i=1

D
′
iH

−1
i (si − ξi) = 0,
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where si = (si11, si12, . . . , si1ri , si22, si23, . . . , siriri)
′
, ξi = E(si), Di = ∂ξi/∂α and Hi is the working

covariance matrix of si. Equations (5) can be solved by the Newton-Raphson method. Readers may
refer to Hardin and Hilbe (2003), Prentice and Zhao (1991) for details on using GEE to estimate
variance and covariance parameters.

Parameter estimation in the Bühlmann framework

The well-known Bühlmann model can be implemented in model (1) with the specifications: (a)
Xi = 1r×1; (b) βi is a scaler and V ar(βi) = θ, i.e. F = θ; (c) all the contracts have the same exposure
r; (d) Wi = I.

If assume independent error structure, Γi = I for all i and the structural parameters to be
estimated are α = (θ, σ2)′. si is specified with µij replaced by ȳ... Choose Hi = I. The solution to (5)
will be a perfect replication of the unbiased Bühlmann estimator.

If assume correlated error structure, we can consider MA(1), AR(1) and exchangeable. For
MA(1) error structure, the (j, j + k)th (k ≥ 0) element of Γi will be Corr(εij , εi,j+k) = ρk if k = 0, 1
otherwise Corr(εij , εi,j+k) = 0; for AR(1) structure, Corr(εij , εi,j+k) = ρk; for exchangeable structure,
Corr(εij , εi,j+k) = ρ. The structural parameters to be estimated becomes α = (θ, σ2, ρσ2)′. Take all
the above specifications into equation (2) to get V (yi), then ξi = E(si) = V ech[V (yi)] can be obtained.

An example of Hi is V (si). It may contain fourth-order moments of yi. we suggest the following
choice:

(6) Hi = 2ψri
(V (yi)⊗ V (yi))ψ

′
ri

,

where ψri
= (Φ

′
ri
Φri)

−1Φri and Φp is a p2×p(p+1) matrix of constants which facilitate the vec-vech
conversion for a p × p symetric matrix. This Hi is based on the multivariate normality assumption
made about yi. However, if the data follow a distribution with high skewness and kurtosis, i.e. far
away from normal distribution, we can get Hi by specifying its components:

(7) Cov(sijk, silm) = E[(yij − µij)(yik − µik)(yil − µil)(yim − µim)]−Cov(yij , yik)Cov(yil, yim).

Prentice and Zhao (1991) suggested the fourth-order central moment in the following form:

(8)
E[(yij − µij)(yik − µik)(yil − µil)(yim − µim)]
= φijkφilm + φijlφikm + φijmφikl + δjklm(φijjφikkφillφimm)1/2

where φijk = E(sijk) = Cov(yij , yik) and φijj = E(sijj) = V ar(yij), and so on. Hence, we have

(9) Cov(sijk, silm) = φijlφikm + φijmφikl + δjklm(φijjφikkφillφimm)1/2

where δjklm, j ≤ k ≤ l ≤ m, are additional parameters to be estimated. It is easy to see that when
δ = 0, Hi specified by (9) will be the same as the one in (6). The natural

√
n-consistent estimator for

δ̂jklm is the average over all i of

[(yij − µij)(yik − µik)(yil − µil)(yim − µim)− (φijkφilm + φijlφikm + φijmφikl)]
×(φijjφikkφillφimm)−1/2

with all quantities evaluated at (β̂, α̂). Large sample size (large n) is needed to realize some good
asymptotic properties of this estimator.

It should be noted that we may face with a good number of additional parameters δjklm when r is
large and considerable computing efforts will be required in the iterative procedure. Merely when the
sampling distribution significantly departs from normality, this estimation approach with additional
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parameters will demonstrate higher efficiency compared with the approach using working covariance
matrix specified by (6).

Parameter estimation in the Bühlmann-Straub framework

The Bühlmann-Straub model can be implemented in the regression credibility model (1) with
similar specifications as in Bühlmann model except for two aspects. First, ri may be different for
different i. Second, W−1/2

i is a diagonal matrix with elements wij instead of I.
If assume independent error structure, we suggested the following two choices for si and Hi.

The first choice is:

(10) si = [(yi1 − ȳi.)2, (yi1 − ȳ..)(yi2 − ȳ..), . . . , (yi1 − ȳ..)(yiri − ȳ..), (yi2 − ȳi.)2, . . . , (yiri − ȳi.)2]′

with the corresponding Hi taking the diagonal form. For example, subject i with ri = 3 will have the
working covariance matrix Hi = Diag(w−2

i1 , 1, 1, 1, 1, w−2
i2 , 1, 1, 1, w−2

i3 ). The second choice is:

(11) si = [(yi1 − ȳi.)2, (yi2 − ȳi.)2, . . . , (yiri − ȳi.)2, (yiri − ȳ..)2]′,

the corresponding working covariance matrix, with ri = 3 for instance, is Hi = diag(w−2
i1 , w−2

i2 , w−2
i3 , 1).

If assume correlated error structure, the specifications of Γi in the cases of MA(1), AR(1) and
exchangeable error structure are all the same as mentioned previously. Follow the same procedure as
in the Bühlmann model we will get V (yi), ξi, and Di. And the two choices for Hi are also the same
as described in the Bühlmann framework.

Numerical studies

We borrow the numerical example from Cossette and Luong (2003) and update some speci-
fication: the diagonal elements in W−1/2

i are generated by a uniform distribution from 5 to 100.
Data are simulated from multivariate lognormal distribution, the correlation pattern is MA(1) with
ρ = 0.4. The following methods are considered: A. Bühlmann-Straub, B. GEE. GEE estimators with
independent assumption are denoted by GEE-Ia and GEE-Ib whose working covariance matrices are
associated with the reduced form (10) and (11) respectively. GEE-nMA, GEE-nAR and GEE-nEX
are associated with working covariance matrix in (6) and linked to the three working correlation struc-
tures. GEE-nnMA, GEE-nnAR and GEE-nnEX are associated with the modified working covariance
with entries specified by (9). The estimated structural parameters are substituted into (4) and then
(3) to get estimators for βi and zi.

The results are summarized in TABLE 1. The GEE-n’s and GEE-nn’s have obvious advantage
over the other methods since they assume a correlated error structure which is consistent with the
actual scenario. In the contrast, the Bühlmann-Straub and the GEE-I give poorer performances due to
their independent assumption. The estimators associated with AR and exchangeable error structures
perform quite closely with the MA error structure which is the right assumption.

Concluding remarks

This paper intends to use GEE to estimate the variance and covariance parameters in a ran-
dom regression model with time-dependent correlation. The GEE approach can give more accurate
estimation since it incorporates the correlation between consecutive observations. In addition, we aim
to investigate the robustness of the GEE estimator when the original assumptions regarding error
structure and distribution are deviated from the actual situation. Simulation studies show that after
modifying the working covariance matrix, the GEE approach can adapt to non-normal distribution.
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Estimators associated with the MA(1), AR(1) and exchangeable working correlations give quite simi-
lar performances; this means that wrongly specifying the error structure will not affect the estimation
efficiency significantly.

TABLE 1: Estimation results in the Bühlmann-Straub framework associated with a

MA(1) error structure (ρ = 0.4) and the data follow lognormal distribution

Method Parameter
βi zi θ σ2

Bühlmann-Straub
Bias 0.0073 0.0084 -0.43 4.15
MSE 0.6084 5.87× 10−5 48.6 16.54

GEE

Ia
Bias -0.0074 -0.0085 -0.034 -4.13
MSE 0.6125 7.13× 10−5 36.1 16.32

Ib
Bias -0.0074 -0.0085 -0.034 -4.15
MSE 0.6131 7.12× 10−5 36.1 16.32

nMA
Bias 0.0072 0.0011 -0.410 -0.066
MSE 0.5961 2.18× 10−5 35.9 6.95

nAR
Bias -0.0074 0.0010 -0.036 0.078
MSE 0.6012 2.20× 10−5 35.9 7.15

nEX
Bias 0.0069 0.0011 -0.033 0.079
MSE 0.6026 2.15× 10−5 35.9 7.15

nnMA
Bias 0.0072 0.0011 -0.410 -0.066
MSE 0.5723 2.06× 10−5 35.8 6.89

nnAR
Bias -0.0072 0.0010 -0.384 0.072
MSE 0.5842 2.10× 10−5 35.9 6.90

nnEX
Bias 0.0072 -0.0011 -0.379 -0.073
MSE 0.5759 2.07× 10−5 35.8 6.90
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Bühlmann, H., 1967. Experience rating and credibility. ASTIN Bulletin 5, 157–165.
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INTRODUCTION

Pension funds currently represent one of the most important institutions in financial markets because
of their high investment capacity and because they complement the role of the Government, allowing
those workers who have reached retirement age to maintain their standard of living. These two aspects
justify the interest generated over recent years in the study of the optimum management of pension
plans.
There are two principal alternatives in the design of pension plans in correspondence to the assignation
of risk. In a defined contribution (DC) plan the risk derived from the fund management is borne by
the beneficiary. However, in a defined benefit (DB) plan, where the benefits are normally related to
the final salary level, the financial risk is assumed by the sponsor agent.
Our aim in this paper is to analyze a BD pension fund of aggregated type, which is a common model
in the employment system. We provide here an extension of previous work of the authors, Josa-
Fombellida and Rincón-Zapatero (2004, 2006, 2007), in an attempt to incorporate to the model more
realistic assumptions, dropping out the hypothesis of a constant riskless rate of interest. Thus in our
model there are three sources of uncertainty: i) the fund assets returns; ii) the instantaneous riskless
rate of interest, and iii) the evolution of benefits, based in the behavior of salaries and/or other main
components of the pension plan.
There are several previous papers dealing with the management of DC funds in the presence of a
stochastic rate of interest. Some of them are Boulier et al (2001), Battocchio and Menoncin (2004)
and Deelstra et al (2000, 2003). The importance of DB funds calls for completing the theory studying
this case. Moreover, the differences in both type of pension plans makes not possible to translate
the results from DC plans to DB plans. The objective of the shareholder in a DC pension fund is to
maximize the expected utility obtained from fund accumulation at a fixed date. The contribution rate
is exogenous to this optimization process, since it is generally determined by salary. However, in a DB
plan the amortization effort is a control variable. The fund assets could be artificially increased with
high contributions, borrowing if necessary. Obviously, this makes no sense, since benefits are fixed
in advance. Thus the objective in a DB plan should be related with minimization of risks instead of
maximization of fund assets. Of course, the main concern of the sponsor is the solvency risk, related
with the security of the pension fund in attaining the comprised liabilities.
We make the contribution rate endogenous and dependent of the main variables of the fund, by
adopting a spread method of amortization, as in Owadally and Haberman (1999). In this way, the
contributions are proportional to the unfunded liabilities, requiring more amortization effort when the
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plan is underfunded.
The pension plan is stochastic, supposing that actuarial liability follows a geometric Brownian motion
as in Josa–Fombellida and Rincón–Zapatero (2004). The riskless rate of interest is supposed to be
given by a mean–reverting process, as in Vasicek (1977). An interesting question addressed in the
paper is the selection, according to a valuation criterium, of the technical rate of actualization to
value the liabilities. The financial market comprises also a family of zero coupon bonds of fixed
maturity and a risky stock, which are correlated with the source of uncertainty of the benefits.

THE BOND AND STOCK PORTFOLIO PROBLEM

In this section we analyze how the sponsor may selects in an optimal way the proportion of fund
assets, F , put on a savings account, or invested in a bond and in a risky stock. So the sponsor faces
three elements of randomness: one due to the benefits, which is inherent to the pension plan, and the
remainder two due to the financial market, concretely the stochastic interest rate and a risky stock.
We consider a probability space (Ω,F , P), where F = {Ft}t≥0 is a complete and right continuous
filtration generated by the three–dimensional standard Brownian motion {(w0(t), w(t), wS(t)) : t ≥ 0}
and P is a probability measure on Ω.
The plan sponsor invests the fund in a portfolio formed by the savings account R, given by

dR(t) = r(t)R(t)dt, R(0) = R0(1)

where the evolution of the risk–free rate of interest of market r(t) is given by

dr(t) = α(β − r(t))dt + σdw(t), r(0) = r0,(2)

with α, β and σ strictly positive constants (this asset can be interpreted as a bank account paying the
instantaneous interest rate r(t) without any risk); the zero–coupon bond B with maturity T1 > T ,
given by

dB(t, T1) = B(t, T1) ((r(t) + σζb(t, T1))dt− σb(t, T1)) dw(t), B(T1, T1) = 0,(3)

with ζ the constant market price of risk and b(t, T1) = (1 − e−α(T1−t))/α; and the stock S which
dynamic is given by

dS(t) = S(t) (µS(r(t))dt + σrdw(t) + σSdwS(t)) , S(0) = s0,(4)

where the σr, σS are positive constants defining the stock volatility, that is
√

σ2
r + σ2

S , and the drift
parameter µS(r) is the instantaneous mean having the form µS(r) = r + mS , with mS a constant
representing the expected excess return from investing in the stock, as in Deelstra et al (2003) .
The amounts invested in the bond B and in the stock S are denoted by λB and λS , respectively.
The remainder, F − λB − λS , goes to the savings account R. Borrowing and shortselling is allowed.
We suppose {(λB(t), λS(t)) : t ≥ 0} is a markovian control process adapted to filtration {Ft}t≥0 and
satisfying

E
∫ T

0
(λ2

B(t) + λ2
S(t))dt < ∞.(5)

Therefore, the fund dynamic evolution under the investment policy (λB, λS) is:

dF (t) = λB(t)
dB(t)
B(t)

+ λS(t)
dS(t)
S(t)

+ (F (t)− λB(t)− λS(t))
dR(t)
R(t)

+ (C(t)− P (t)) dt,(6)

where C is the contribution rate made by the sponsor to the funding process and P is the benefits
promised to the participants at the moment of retirement.

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 5750 -



Now we will use a spread method of fund amortization, as mentioned in the Introduction. Thus we will
assume that the supplementary contribution rate (difference between contribution rate C and normal
cost NC ) is proportional to the unfunded actuarial liability (difference between actuarial liability AL
and fund’s assets F ), that is

C(t) = NC (t) + k(AL(t)− F (t)),(7)

with k being a constant selected by the employer, representing the rate at which surplus or deficit is
amortized.

Assumption A. Actuarial liability AL verifies:

dAL (t) = µAL (t) dt + ηAL (t) dwP (t), AL (0) = AL 0,(8)

where µ ∈ R and η ∈ R+. Here we assume wP =
√

1− q2
1 − q2

2 w0 + q1w + q2wS, with q2
1 + q2

2 ≤ 1.

As in Josa–Fombellida and Rincón–Zapatero (2004) it can be proved that the stochastic rate of
valuation of the liabilities δ(t) (which can be specified by the regulatory authorities) verifies: (δ(t)−
µ)AL (t) +NC (t)−P (t) = 0, for all t ∈ [t, T ]. Thus by substituting (1), (3) and (4) in (6), and taking
into account (7) we obtain:

dF (t) = (b(t)σζλB(t) + λS(t)(µS(r(t))− r(t)) + (r(t)− k)F (t) + (k + µ− δ(t))AL (t)) dt

+(−b(t)σλB(t) + σrλS(t))dw(t) + σSλS(t)dwS(t),(9)

with initial condition F (0) = F0 > 0. By (8), in terms of X = F −AL equation (9) is

dX(t) = (b(t)σζλB(t) + mSλS(t) + (r(t)− k)X(t) + (r(t)− δ(t))AL (t)) dt

−η
√

1− q2
1 − q2

2AL (t)dw(t)− (b(t)σλB(t)− σrλS(t) + ηq1AL (t)) dw(t)

+(σSλS(t)− ηq2AL (t))dwS(t),(10)

with the initial condition X(0) = X0 = F0 −AL 0.
Let us now turn to the preferences of the controller. We assume that he or she wishes to minimize
the terminal solvency risk. Thus, the objective functional to be minimized over the class of admissible
controls AX0,AL0,r0 , is given by

J((X0,AL 0, r0);λ) = EX0,AL0,r0X
2(T ).

Here, AX0,AL0,r0 is the set of measurable processes {(λB(t), λS(t))}t≥0 where (λB, λS) satisfies (5) and
where X, AL and r satisfy (10), (8) and (2), respectively. In the above, EX0,AL0,r0 denotes conditional
expectation with respect to the initial conditions (X0,AL 0, r0).
The dynamic programming approach is used to solve the problem. To make the process work, some
properties of the value function need to be established. The value function is defined as

V̂ (t,X,AL , r) = min
(λB ,λS)∈At,F,AL,r

{J(t, (F,AL , r); (λB, λS)) : s.t. (10), (8), (2)}.

In order to obtain an explicit solution, we will assume throughout the paper, in a similar way as in
Josa–Fombellida and Rincón–Zapatero (2004), that the technical interest rate coincides with the rate
of return of the bond modified to get rid of the sources of uncertainty and the stock coefficients:

Assumption B. The technical rate of actualization satisfies

δ(t) = r(t)− ηζq1 + η
q2

σS
(mS + ζσr).

By means of standard arguments of stochastic optimal control theory (see Fleming and Soner (1993)),
the following result can be proved.
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Theorem Suppose that Assumptions A and B hold. Then the optimal investments are given by

λ∗B(t, X,AL ) =
−α

σ(1− e−α(T1−t))

((
ζ +

mS + ζσr

σS

σr

σS
− 2

σ

α
(1− e−α(T−t))

)
X +

(
q1 − σr

σS
q2

)
ηAL

)
,(11)

λ∗S(t, X,AL ) = −mS + ζσr

σ2
S

X +
q2

σS
ηAL .(12)

The optimal investments do not depend on r. The optimal investment in the bond (11) has four
summands: i) the classical optimal one in Merton (1971); ii) the market price of risk multiplied by an
expression involving diffusion coefficients of the bond and the stock and the excess expected return
of the stock; iii) a positive term decreasing to zero with the terminal date of the plan, involving
parameters of the riskless rate of interest; and iv) a term proportional to the actuarial liability, that
vanishes if there is no correlation in the financial instruments or if the benefits are deterministic.
The optimal investment in the risky asset (12) follows a similar pattern, but now there are no the
corresponding term described in i) and iii).
Substituting (11) and (12) in (10) we obtain that the optimal debt satisfies the stochastic differential
equation:

dX(t) =
(
−ζ2 − (mS + ζσr)2

σ2
S

+
2
α

(1− e−α(T−t))ζσ + r(t)− k

)
X(t) dt

−η
√

1− q2
1 − q2

2AL (t)dw(t) +
(

ζ − 2
α

(1− e−α(T−t))σ
)

X(t) dwB(t)− mS + ζσr

σS
X(t) dwS(t),(13)

with the initial condition X(0) = X0 and where AL is given by (8) and r by (2). The linear system
of stochastic differential equations formed by (8), (2) and (13) could be integrate numerically to study
the evolution of fund and investments.
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Introduction

Income Protection (IP) is a class of long-term sickness insurance which provides cover against the
risk of loss of income due to disability. There are several types of IP policies sold in UK. However, in
this paper we are only interested in individual convencional policies with level benefits. An individual
effects the policy at some initial age, at which time he is assumed to be healthy. The policy ceases
when the policyholder reaches age 65 or dies, whichever occurs first. Each policy has one of the
following deferred periods: 1 week, 4 weeks, 13 weeks or 26 weeks, mentioned as D1, D4, D13 and
D26, respectively. While the policyholder is healthy or sick with duration of sickness less than the
deferred period a level premium is payable continuously. While the policyholder is sick with duration
of sickness greater than the deferred period a level benefit is payable continuously at the rate of 1 p.a.
The most important feature of this type of IP policy is that both the benefits and the premiums are
fixed when the policy is effected and they remain guaranteed throughout the term of the policy.

Continuous Mortality Investigation Committee (1991) has presented a multiple state model for
the analysis of IP data and has obtained graduations of the transition intensities defined for this model
using a set of IP data from UK insurance companies. The model is a continuous time semi-Markov
process with three states: healthy (H), sick (S) and dead (D). The transition intensities from state
H to S and H to D are denoted by σx and µx, respectively, and depend only on x, the individual’s
attained age. The transition intensities from state S to H and S to D are denoted by ρx,z and υx,z,
respectively, and depend both on x, the individual’s attained age, and on z, the duration of his current
sickness.

The graduations of µx, ρx,z and υx,z are the same for all deferred periods, while the graduations
of σx are different according to the deferred period considered. The values of ρx,z and υx,z depend
only on the individual’s attained age for values of z greater than five years. We also assume that the
transitions intensities are continuous functions of either x or (x, z).

Moments of the Profit on an IP Policy

Waters [1990]’s recursive formulae for the calculation of the three first moments of the profit
on an IP policy are the basis of this work. For using these formulae we need to define the following
present values and corresponding second and third moments about zero:

E[y] − the expected value of the present value, at force of interest δ p.a., of the future profit
on an IP policy in respect of an individual who is currently aged y and healthy;
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E2[y] and E3[y] − the corresponding second and third moments about zero, respec-
tively;

ES[y] − the expected value of the present value, at force of interest δ p.a., of
the future profit on an IP policy in respect of an individual who is
currently aged y and sick, at least, for five years;

ES2[y] and ES3[y] − the corresponding second and third moments about zero, respec-
tively.

Note that E[y] and ES[y], and also the corresponding second and third moments, depend only
on the policyholder’s attained age.

Waters [1990] derives a formula from which E[y] can be calculated for any age y, less than 65
years, by expressing E[y] in terms of E[x] and ES[x] for values of x > y. The general method used
is to choose a step size h, positive, less than the deferred period and less than (65 − y), and then to
develop a formula for E[y] by conditioning on the state of the individual at age (y + h). The same
method can be used to derive formulae for E2[y] and E3[y]. Formulae for ES[y], ES2[y] and ES3[y]
can be derived using a conditioning argument analogous to that mentioned above.

Alternatively, we present a simpler formula to evaluate more efficiently the expected value of the
present value of the future profit on a IP policy. In practical terms, E[y] can be represented by the
difference between the expected value of future income of the insurance company and the expected
value of the policyholder’s benefits. Thus, the expected value of the present value, at force of interest
δ p.a., of the future profit on an IP policy, with deferred period d (measured in years), in respect of a
policyholder, who is currently aged y and healthy is given by:

E[y] = P
θ
y,d ·

∫ 65−y

t=0
e−δt[pH(y + t) + pS(y + t, d−)]dt −

∫ 65−y

t=0
e−δtpS(y + t, d+)dt(1)

where P
θ
y,d is the the annual premium with loading factor θ for this policy; pH(y+ t) is the probability

of an individual being healthy at age (y + t) given that he was healthy at age y; pS(y + t, d+) is the
probability of an individual being sick at age (y + t) with duration of sickness greater than d given
that he was healthy at age y; and pS(y + t, d−) is the same probability but with duration of sickness
being less than d. Equation (1) may be rearranged to obtain:

E[y] = θ

∫ 65−y

t=0
e−δtpS(y + t, d+)dt(2)

This means that the expected value of the present value of the future profit is proportional to
the expected value of present value of the policyholder’s benefits. Note that, if we use the net premium
(θ = 0), naturally E[y] is zero. The integral in (2) can be calculated numerically using the repeated
trapezoidal rule with the same step size used in the algorithms which evaluate the basic probabilities
for the model.

Sensitivity Analysis

The main purpose of this paper is to analyse how the mean of the profit and two risk measures
behave when we change the values of the transition intensities. The measures used to calculate the
degree of risk, of an IP policy, are the ratio of the standard deviation of the present value of the
profit to the annual premium (a higher value of this ratio indicates a greater degree of risk) and the
skewness of the present value of the profit (a higher negative skewness indicates a greater degree of
risk). We achieve this sensitivity analysis by analysing the effects of multiplying the graduations of
the transition intensities by some constant factors.
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The sensitivity analysis is carried out considering two different situations: the premium rates
used to calculate the moments of the profit are updated; the premium rates are not updated, being
used the premium rates calculated before changing the values of the transition intensities.

This kind of sensitivity analysis is of practical interest since future experience may not follow
the experience of 1975-78 and has the added advantage of providing greater insight into the multiple
state model mentioned above. On the other hand, we have to consider that, when an individual effects
an IP policy, the premium is established and will be unchanged for a long period and, therefore, it
might become outdated.

To calculate premium rates and the three first moments of the present value of the future profit,
we have used a step size h = 1

156 , because h must be less than the deferred period and multiple of 52
(note that, for the purpose of this paper, 1 week is exactly 1

52 years). We have used annual premium
rates with θ = 0.2, δ = 0.5 and we have considered deferred periods D1 and D26. To analyse the
mean of the profit, we have used four initial ages (30, 40, 50 and 60 years) and, due to the computer
time needed to do the calculations, to analyse the degree of risk, we have used only two initial ages
(30 and 50 years).

We have analysed the effects of changes in the level of each transition intensity separately and
of σx and ρx,z simultaneously (we have combined an increase in σx with an increase in ρx,z, mostly
because these two changes tend to produce opposite effects).

Firstly, we analyse how the mean of the profit and the two risk measures behave when we change
the values of the transition intensities and the premium rates are updated accordingly.

Analysing these effects, we can conclude that, when the graduation of σx increases by a constant
factor, the expected value of the present value of the future profit also increases, approximately, by
the same factor. This can be explained by the fact that the increase in σx will increase the total
amount of benefits payed to the policyholder, which, considering expression (2), will increase E[y].
Simultaneously, the two risk measures indicate a lower degree of risk. However, the premium rate also
increases, which implies a decrease in the demand of these policies.

Another feature we observe is that, when the level of ρx,z increases, both the premium rate and
the mean of the profit decrease. Simultaneously, the ratio of the standard deviation of the present
value of the profit to the annual premium increases and the skewness decreases, indicating a greater
degree of risk.

The results obtained for simultaneous changes in the levels of σx and ρx,z vary according to the
deferred period considered. Although, for D1, the premium rate and the mean of the profit decrease,
while the two risk measures indicate a greater degree of risk, for D26, we observe, in general terms,
the opposite and less significant results.

The effects on premiums, mean of the profit and the two risk measures of changes in the level
of µx are almost insignificant.

Finally, another feature we can observe is that, when the level of υx,z increases, the expected
value of the present value of the future profit decreases, while the two risk measures indicate a greater
degree of risk. However, these features are not so significant as those observed for changes in the levels
of σx and ρx,z.

Now, we analyse how the mean of the profit and the two risk measures behave when we change
the values of the transition intensities, but without updating the premium rates, i.e., we use the
premium rates calculated before changing the values of the transition intensities.

Analysing these effects, we can conclude that, when the graduation of σx increases, the mean
of the profit decreases substantially, while the degree of risk of the policy remains unchanged. For
example, when we multiply σx by the factor 1.1, the mean of the profit decreases by a half.

Another feature we can observe is that, when the level of ρx,z increases, the mean of the profit
also increases and the two risk measures keep unchanged. For example, when we multiply ρx,z by the
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factor 1.1, the mean of the profit doubles.
When we have changed simultaneously the levels of σx and ρx,z, the results obtained vary

according to the deferred period considered. In fact, for D1, when the levels of σx and ρx,z increase,
the mean of the profit increases substantially, while the ratio of the standard deviation of the present
value of the profit to the annual premium decreases, indicating a lower degree of risk. On the other
hand, when the deferred period D26 is considered, the mean of the profit decreases (for some cases
it decreases substantially). For example, when the initial age 30 years is considered, the mean of the
profit is almost zero. For all these cases, in general terms, the degree of risk decreases slightly.

Once again, when changing the level of µx, the effects on the mean of the profit and the two
risk measures are almost insignificant.

Another feature we can observe is that, when the level of υx,z increases, the mean of the profit
increases, approximately, by the same factor. Simultaneously, the degree of risk does not increase. In
fact, for some cases, when considered the ratio of the standard deviation of the present value of the
profit to the annual premium is considered, the degree of risk decreases.
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ABSTRACT

Income Protection (IP) is a class of long-term sickness insurance which provides cover against
the risk of loss of income due to disability. Continuous Mortality Investigation Committee (1991)
has presented a multiple state model for the analysis of IP data and has obtained graduations of the
transition intensities defined for this model using a set of IP data from UK insurance companies.
Based on this model, Waters (1990) has derived numerical algorithms which can be used to calculate
recursively the moments of the present value of the profit on an IP policy.

The main purpose of this paper is to carry out a sensitivity analysis where we analyse the effects
on the mean of the profit and two risk measures of changing the values of the transition intensities.
The mean of the profit and the risk measures (which measure the degree of risk of a policy and are
based on the second and third moments of the profit) are calculated using the numerical algorithms
and the graduations of the transition intensities mentioned above. The sensitivity analysis is carried
out considering two different situations: the premium rates used to calculate the moments of the profit
are updated; the premium rates are not updated.

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 5756 -



Calculating the Premium of a Generalized Bonus Malus System in

Automobile Insurance

Mahmoudvand, Rahim
Payame Noor University, Group of Statistics
Toyserkan (65817-4-7761), Iran
E-mail:r−mahmodvand@yahoo.com

Hassani, Hossein
Central Bank of the Islamic Republic of Iran, 207/1,
Pasdaran Avenue, Tehran, Islamic Republic of Iran
E-mail: HassaniH@cf.ac.uk

O’Sullivan, Ozhan
Swansea University
Swansea(SA2 8PP),UK
E-mail: O.C.O’SULLIVAN.402960@swansea.ac.uk

1. INTRODUCTION

In most developed countries, automobile insurance represents a considerable share of the yearly
non-life premium collection. Because the majority of the incurred losses are usually very high. There-
fore using this Insurance for cars owners in some countries (such as Iran) are in force. Also, many
attempts have been made in the actuarial literature to find a good model for calculating the premiums;
for a review of the existing literature, we refer the interested reader, e.g., to Lemaire (1985 and 1995)
or to Frangous and Vrontos (2001). In a general case there are two different approaches:

• Premium will be fixed for all of policyholders,

• Premium will be different for all of policyholders.

The first approach is unfair, because in this way a policyholder who had an accident with a small
size of loss (or didn’t have an accident) is being unfairly disadvantaged to a policyholder who had an
accident with a big size of loss.

The second method is a good way and is the base of BMS. BMS penalizes insurers responsible
for one or more accidents by premium surcharges (or maluses), and rewarding claim-free policyholders
by awarding them discounts (or bonuses). This is a very efficient way of classifying policyholders into
cells according to their risk (Denuit and Dhaene (2000)). A BMS calculates the premium applicable
as a base premium, adjusted by a quantity (the bonus or malus) which depends on previous claims
experience (Taylor (1997)). There are three systems for adjusting the premiums:

• BMS based on the frequency component,

• BMS based on the frequency and severity component,

• BMS based on the frequency component, severity component and individual characteristics (such
as sex, age, type of car, location and ...).

It is obvious that the third system is a generalization of two other systems (Frangous and Vrontos
(2001)).
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2. A GENERALIZED BMS

As said in the previous section, there are three parts in the Generalized BMS which is considered in
here, Frequency component, Severity component and Individual Characteristics. For the frequency
component we will use the same structure used by Lemaire (1995). The portfolio is considered to be
heterogeneous and all policyholders have constant but unequal underlying risks to have an accident.
Consider an individual i with an experience of t periods. Assume that the number of claims of the
individual i for period j, denoted as Nij , follows the Poisson distribution with parameter Λij , and
Nij are independent. Let Λij = exp {Cijβ}Ui where Cij = (cij1, ..., cijh) is a vector of individual
characteristics and β = (β1, ..., βh) is vector of coefficients. Also, suppose that Ui ∼ gamma(a, a) has
a probability density function of the form:

g(u) =
aa

Γ(a)
ua−1e−au.(1)

Using the classical quadratic loss function one can find that the optimal estimator given the observation
of Ni1, ..., Nit and Ci1, ..., Cit+1 , is equal to:

(2) Λ̂it+1 = exp [Cit+1β]




a+
t∑

j=1
Nij

a+
t∑

j=1
exp (Cijβ)


 .

for severity component, let Xijk denote the loss incurred from claim k for the period j for in-
dividual i. We assume that Xijk, follows an exponential distribution with mean Yij . Suppose
that the expected claim severity is a function of the vector of the h individuals characteristics,
denoted as Dij = (dij1, ..., dijh) , which represent different a priori rating variables and specially
Yij = exp {Dijγ}wi where γ = (γ1, ..., γh) is vector of coefficients. Assume that wi follows an inverse
gamma(s, s 1). Using the classical quadratic loss function one can find that:

Ŷit+1 =
(s− 1) +

∑t
j=1

NijP
k=1

Xijk

exp(Dijγ)

s+
t∑

j=1
Nij − 1

exp (Dit+1γ) .(3)

Now we able to compute the premiums of the generalized BMS .Premiums of the generalized BMS
will be given from the product of the generalized BMS based on the frequency component and of the
generalized BMS based on the severity component. Thus it will be

Pit+1 = Ŷit+1.Λ̂it+1.(4)

3. TWO SPECIAL CASES

We consider two cases, that in these cases it is more simple computing the premium. The first case
is called the “BMS based on the a posteriori frequency component”. In this system it is really the
simplest system, we just consider the frequency of claim for calculating the premium. Assume that

a
exp(cijβ) = τ for all i, j. Then using the classical quadratic loss function we get:

Λ̂it+1 =

a+
t∑

j=1
Nij

t+ τ
.(5)
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Assuming that the first premium paid is 100, we can construct a bonus-malus table depending on
t∑

j=1
Nij and t with the formula:

Pit+1 = 100.

E

[
Λit+1|

t∑
j=1

Nij

]

E(Λit+1)
= 100.

1 +

tP
j=1

Nij

a

1 + t
τ

.(6)

In the second system we suppose that the frequency component is as the same the previous case. Also,
assume that exp(Dijγ)(s−1) = m. Therefore, using the classical quadratic loss function one can find:

Ŷit+1 =
m+Xi..

s+Ni. − 1
.(7)

The net premium, that must be paid from the specific group of policyholders will be equal to the
product of E (Λit+1|Ni.) and E (Yit+1|Xi..). It is equal to:

Pit+1 =
(
Ni. + a

t+ τ

)(
m+Xi..

s+Ni. − 1

)
.(8)

4. APPLICATION

The models discussed above are applied on a data set provided by an Iranian insurance company. The
data set consists of 8567 policyholders. Figure 1 consists of several graphs, each of which determines the
significant individual characteristics. There are some interesting results, as is evident from Figure 1:

• Location, type of car, age of car and age of driver have great impact on the distribution of the
number of claims.

• Location, age of car and age of driver have great impact on the distribution of the size of claims.

Figure 1: Distribution of the number of and size of claims by age of driver, age of car, type of car and
location.

Also, based on statistical studies, significant variables were age of the driver, age and the type of the
car and location of driving. After estimation of parameters of the models, we can calculate premiums
from formulas indicated above (Formulas 6, 7 and 8). Some interesting results are as following:
The first BMS model can be considered as being generous with good drivers and strict with bad
drivers. For example, the bonuses given for the first claim free year are 15 percent of the basic
premium. Drivers who have one accident over the first year will have to pay a malus of 227 percent
of the basic premium.
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For the second BMS model, here we will illustrate only the case that the aggregate claim amount of a
policyholder is equal to 100,000,000 Rial (the official currency of Iran). We select 100,000,000, as an
example. Table 1 represents the premiums that must be paid for various number of claims, N , when
the age of the policy, t, is up to 5 years. A policyholder with one accident of claim size 100,000,000
Rial in the first year of observation, will pay 31,050,000 Rial (see Table 1). However, the premiums
are decreasing across the rows. Because an accident of claim size 100,000,000 is more dangerous than
several accidents by the aggregate claim size 100,000,000.
Let us now examine two groups of policyholders for the third BMS model which have the following
common characteristics: they have a light car and live in two different cities: Tehran and Toyserkan.
Table 2 shows results for different values of t and M . For example, if they have an accident in the first
year, of claim size 100,000,000 Rial they will pay 11,920,000 Rial (if the accident occur in Toyserkan)
and 15,280,000 Rial (if the accident occur in Tehran).

Table 1: The values of premiums for the first (M1) and second (M2) BMS model.
N→ 0 1 2 3 4 5
↓t M1 M2 M1 M2 M1 M2 M1 M2 M1 M2 M1 M2

0 100 7.20
1 85 6.80 156 31.05 227 23.13 299 20.41 370 19.03 442 18.20
2 74 5.94 136 27.11 199 20.20 261 17.82 323 16.61 386 15.88
3 66 5.27 121 24.06 177 17.92 232 15.81 287 14.74 342 14.09
4 59 4.74 109 21.62 159 16.11 208 14.21 258 13.25 307 12.67
5 54 4.30 99 19.63 144 14.63 189 12.90 234 12.03 279 11.50

Table 2: The values of premiums for two cities: Tehran (THR) and Toyserkan (TOY).
N→ 0 1 2 3 4 5
↓t TOY THR TOY THR TOY THR TOY THR TOY THR TOY THR
0 6.49 9.25
1 5.72 8.97 11.92 15.28 12.24 15.70 12.50 16.04 12.72 16.31 12.90 16.54
2 5.19 8.14 11.15 14.21 11.46 14.60 11.70 14.91 11.91 15.17 12.07 15.38
3 4.71 7.39 10.45 13.22 10.73 13.58 10.96 13.87 11.15 14.11 1.31 14.31
4 4.28 6.71 9.79 12.31 10.06 12.65 10.28 12.91 10.45 13.14 10.60 13.31
5 3.88 6.08 9.19 11.47 9.44 11.79 9.64 12.04 9.81 12.25 9.95 12.42
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1. Preface 

The discussion and research on loss distribution is always the basic task in the field of non-life 
insurance actuarial science. At present, the non-life insurance company can research loss distribution from 
three angles (Wang Jinglong,2004): one is to find out the proper theoretical distribution from the practically 
observed data, then discuss its characteristics, this is the fit method; the second is to estimate the parameters 
of the loss distribution on the basis of practically observed data and experiential information, which is the 
Bayesian statistical method; and the third one is to make statistical trials to get large numbers of loss data 
when the theoretical distribution is known, then study the loss characteristics, this is the method of random 
simulation. Although there are some differences among their research ways, those three methods have one 
common goal, which is to find out the functional form of loss distribution. Whatever methods adopted, they 
all follow the traditional parametric statistical methods to build the theoretical loss distribution, the basic 
flow of which can be summarized as follows: collect data→choose parametric model→estimate the 
parameters→evaluate the effect of fit. However, during the practical operation, this process seems a little 
redundant, which needs to repeatedly compare different parametric models, what’s more, the basic functional 
form of the model finally determined will not generally be the same with any other different sample data. 
This paper will try to use the nonparametric density estimation to discuss about loss distribution, and expect 
to find out a more simple and effective research way. 
2. The application of kernel density estimation in loss distribution 

Because the value of loss is normally measured by currency, people always research it as a continuous 
random variable, thus we can completely describe the loss distribution by a density function. Nonparametric 
density estimating method just makes this idea realizable, and kernel density estimation is one of the most 
traditional and simple methods in it. So this paper plans to start the discussion about the loss distribution with 
this method. Example 1 is a case of a certain enterprise property insurance claim, which is also the sample 
used by the paper. Restricted by some external factors, here are only the grouped data. 
[Example 1] The sample of a certain enterprise property insurance claim with size n=100 is known, it is 
divided into m=15 categories, each interval is just like (Ci-1, Ci], i=1,…,m, where C0=0. 
(1) Data Observing 
 

 

 

 

 

 

 

 

Figure 1 Histogram for Grouped Sample 
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Figure1 is the histogram for the sample, through which we can find that the loss population may be 
much dissymmetrical, with a long tail on the right, which is the common quality of most loss distributions. 
What need to be noticed is that there are some sampling points seem to be outliers. However, the tail quality 
of loss distribution is very important for insurers, especially when a new type of insurance is provided each 
sample is valuable, so we have retained all of them. 
(2) Kernel density estimation (Wu Xizhi,1999) 

People may have an elementary knowledge of the density form of the loss distribution through the 
histogram, while the kernel density estimation has a similar principle with it. This method also makes use of 
the information of different sample points around a certain point to estimate its density, except the only 
difference is that this method assigns weights to those points according to their distance to the estimated 
point. In detail, if the samples are denoted by x1,…,xn, the kernel density estimation of a certain point x is  

1

1
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n
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x x
f x K

nh h=

−
= ∑%                                                         (1) 

Where K(·) is the weighing tool, called kernel function. It has many kinds of expressions, and this 
paper has selected Gauss function, because it has excellent calculating qualities. Then we get 
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The symbol h in expression (2) is called bandwidth, which decides the smoothness of the den
sity function. It is a very important step in the process of kernel density estimating that how to fin
d the turning point between smoothness and bias. 
(3) Bandwidth choosing 

One of the normal rules to select a bandwidth is to make the mean square error (MSE) minimum. 

Although the exact MSE of ( )f x%  can be calculated from the histogram estimation, the process will be 

much complicated (Stuart A. Klugman,1998) . So this paper will discuss another bandwidth choosing method 
using the Hildreth-Lu Procedure (Pindych, R.S.,1998) for reference. According to the Hildreth-Lu Procedure, 
we could assume a series of values for the bandwidth h, then for each selected value, we calculate the 
estimated kernel density and build a target function, make the density functional form which minimizes the 
target function as the final best density estimation. As one kind of target function, the testing statistic used in 
the goodness of fit test is provided with excellent qualities and is also one of the most usually used statistics, 
then this paper makes it as the measuring standard to choose the bandwidth. In addition, considering the 
relation between bandwidth and the smoothness of density curve, we would integrate the fitness with the 
smoothness to determine the bandwidth, not only simply measured by the target function. Therefore, in 
theory we can not only select a proper bandwidth, but also complete the final test of kernel density 
estimation, and just for this reason, this paper combined the detailed process of bandwidth choosing with the 
evaluation of the applied results together, which is the third section of this paper. Similarly, the following 
calculations relate to bandwidth will also be provided in the next section with their final numerical values, 
before that only the expressions are displayed. 
(4) Statistical Character of Loss Distribution 

In the front sections we have get the estimated density function in the case, based on which we can 
further much easily calculate various characteristics index of the loss distribution. Restricted by the length of 
the paper, here only have the final deducing expressions of some statistics in common use. 
①Mean 

The estimated density function in this case is )(
~ xf (as shown in equation (2)), so we can get the 
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expression of the loss mean from its definition as follows 
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Obviously, as long as we put the known sample size of n, the selected bandwidth h and each sample 
value x1,…,xn into the equation (3), the mean value of the loss distribution will be worked out. 
②Second-order central moment and variance 

Similar to the deduction of mean, we can work out the expressions of the second-order central moment 
and variance of the loss distribution according to their definitions (Wang Renguan, 1998).  
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Based on the expression (3) and (4), naturally we have ( )[ ]22 )()( XEXEXVar −= . In the next 

section we would get their final estimated value. At last, we need to select a bandwidth based on the sample 
data and evaluate the accuracy of the estimated kernel density of the loss distribution. 
3. Applied result evaluation 

The essential idea of the χ 2 goodness of fit test is much familiar to us and easily receivable (Wang 

Xiaojun,1997), so this paper also uses this method to test for the nonparametric density estimation. The null 
and alternative hypotheses are  

0 : ( ) ( )H f x f x= % ; 1 : ( ) ( )H f x f x≠ %  

It has been proved that the distribution of χ 2 testing statistic can be approximated by a χ 2 

distribution with m-k-1 degrees of freedom. When the value of the statistic is greater than the critical value, 
we will reject the null hypothesis and conclude that the estimated kernel density function doesn’t equal the 
actual loss density; otherwise, we should not reject it. For the parametric model, the symbol k in the testing 
denotes the number of parameters to be estimated. Obviously, this paper doesn’t refer to any inherent 
parameter for the estimated density, the only variable needed to be selected is the bandwidth h. So it is 
well-founded to take the bandwidth as the only parameter in the testing. Thus, we have m=9 and k=1, as for 
the level of significance we can assign it according to practical requirement, such as 0.05, 0.1. 

We compute the expected frequency for each group by use of the following equation:  

( ) ( ) ( )[ ],~~Pr 11 −− −=≤<= iiiii CFCFnCXCnnp        .,,1 mi L=                   (5) 

where ( )xF~ is the distributing function calculated based on the estimated kernel density function ( )xf~ . 
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After the advance calculations we set a series of values for the bandwidth h as 0.10、0.15、…、0.44、
0.45, the value of χ 2 testing statistic corresponding to each value of h has been shown in table 1. We plans to 
select a bandwidth as the best one which can make the χ 2 statistic pass the goodness of fit test and maximize 

its value, thus the estimated density can be assured to have a good fitness and be as smooth as possible. 
Given the level of significance α =5%, looking up any table of χ 2 distribution, we can get the critical value 

of χ 2 (0.95, 7)=14.0671 in this case, finally we can determine the best bandwidth 0h =0.43 by referring to 
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table 1. 
Table 1 The Hildreth-Lu Procedure 

h  Testing statistic 

0.10 0.799075 
0.15 1.894540 
0.20 3.344232 
0.25 5.135140 
0.30 7.243183 
0.35 9.624082 
0.40 12.23067 
0.41 12.77540 
0.42 13.32725 
0.43 13.88595 
0.44 14.45123 
0.45 15.02282 

What’s more, based on the expressions deduced in the last section about the mean, second-order 
moment and variance, we put the best value of the bandwidth into them, then get their numerical values as 
follows ( round to second decimal digit):  

)(XE =3.26       )( 2XE =30.09      )(XVar =19.62 

4. Summary 
This paper has made an exploratory research and found that the method of nonparametric kernel 

density estimating may be not only simpler than traditional parametric estimating methods, but also has a 
good effect of fit for the loss distribution which can be testified by the goodness of fit test. Of course, all of 
that depend on choosing a proper bandwidth. Although this paper has only discussed and evaluated the 
method based on a certain case, through the whole analyzing process, we can see that the nonparametric 
estimation is generally the same with any other detailed loss distribution research, which is also the most 
significant value of this method in practice. 
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ABSTRACT 

As an exploratory research, this paper tries to present a new approach through which the loss 
distribution can be analyzed. Unlike the traditional parametric statistical idea, the author introduces the 
whole process about how the nonparametric kernel density estimation can be utilized in the analysis of loss 
distribution. Further, the effect of the new estimation is testified. 
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In today’s turbulent times Croatian modern firms need to survive under high pressure of different, 
mostly financial risks, so they intent to use advice and financial management protection tools offered via 
corporate oriented services by the banks. To investigate the usage of corporate banking advisory services in 
Croatian transition economy, in autumn 2005 a telephone survey research on a sample of companies was 
conducted. Financial advisory service is becoming a more and more important bank service, since it helps 
the companies to increase the value they receive for money, and it helps the banks to increase the cross-
selling of services. The goal of this work is to set the determinants of financial advisory, i.e. to determine 
what affects the client’s decision to use this particular bank service. The conducted survey research has two 
goals: (1) to determine whether there is a connection between the client satisfaction with the main bank’s 
service and the usage of the financial advisory service and (2) to determine which quality dimensions are 
important to clients, who use the financial advisory services.  

 

KEY WORDS: business survey research; 2χ - test of independence; t-test of the difference between two 

populations’ means; corporate banking advisory services.   

 
 
1. Introduction 

Financial advisory is the usage of existing knowledge about investments, tax laws and insurances, in 
order to propose financial options to individuals or companies, in accordance with their short-term and/or 
long-term plans. The financial advisor (consultant) is an individual or a company, specialized in allocation of 
financial resources. In short, financial advisory is the structuring of the work schedule with the object to 
attract the wanted money. There is a strong competition on the advisory markets. In addition to the banks 
with their own consultants, also investment banks arise.  The difference is known, but it could be asked who 
do the clients decide for, i.e. what is the trend in the financial advisory in developed markets?   

The general conclusion is, as numerous researches in the world have shown, that commercial banks are 
primal in the advisory services in domestic markets, where the demand for these services primarily comes 
from small and middle companies, whereas investment banks attract large companies and companies that 
enter the markets for the first time, especially international markets, Johnson (2000). In other words, the 
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reason for the bank domination in financial advisory of small and middle companies is the mutual long-term 
close credit connection (cooperation) with the client, which provides the bank with a full insight in the 
characteristics of the client and in the goals of its campaign, Capizzi (2005).  

The agents, which primarily work as advisors have a mandate to design and perform different plans 
and actions, in order to help their clients to successfully overcome their complex needs, which take different 
strategic forms or forms of financial standpoints and are not usually connected with their daily operating 
activities. 

Some of the major and main services of the financial consultants are: (1) Company growth vie merger 
and acquisition of companies (M&A); downsizing of strategies via spin offs and split offs, with the goal to 
focus the activities on a specific area; and strategic alliances vie mutual exchange of company share; 
designing of a reconstruction plan for companies in crises etc.; (2) In the bank business, as well as in the 
business of some companies, the following types of risks can arise: credit risk, liquidity risk, interest risk, 
operation risk, capital risk and currency risk, Jakovčević (2000). From the risk point of view, the task of the 
financial advisor is the diversification of the above mentioned risks, or we can describe the financial advisory 
as an activity of minimizing or preferring one or some of the above mentioned risks.   

The research hypothesis was, that there was a relationship between usage of corporate banking 
advisory services and the company’s level of satisfaction with services provided in general by its main bank. 
It was also assumed that some quality dimensions of banking services were more important to the corporate 
clients than other dimensions.  

 
2. Business survey methodology 

The research on financial services of corporate banks was conducted in Croatia from September to 
November of 2005 on a sample of 321 companies. The data were collected via telephone interview method, 
and the examinees were defined as financial managers or competent financial experts.  

In addition to 14 general questions, the structured questionnaire included 15 specific questions as well, 
with many offered answers, specially designed to meet the needs of this research. The information source for 
the formation of the sampling frame was the database Poslovna Hrvatska. The model  of a stratified sample 
of companies, according to Cox et al.(1995) and Kish (1995), based on the “number of employees” as a 
stratification criterion, was applied with an (approximately) equal allocation of sample units along the 
stratums, and it assured a controlled presence of three company sizes. This research of an n=321 companies 
sample, included: 1n =103 small companies (up to 50 employees), 2n = 108 middle companies (with 51-250 
employees) and 3n =110 large companies (with more than 250 employees). Hence, 32,1% of the companies 
in the sample were small companies, 33,6% were middle companies, and 34,3% were large companies. For 
all three company stratums, the sampling fraction was less than 0,05.  

During the research, it has been discovered, that the share of companies, which use the financial 
advisory bank service is somewhat bigger in larger companies (57,27%) in relation to those middle-sized 
(56,48%) and small companies (48,54%), so that the company size, as a stratification criterion, did not turn 
out to be important. The 

2χ -test also showed, that there is no statistically significant dependence between 
the company size (measured by the number of employees) and the usage of corporate banking advisory 
services (

2χ =2,863925, p-value=0,23884), so that in the hereby illustrated result analysis a special regard of 
these criteria for the post-stratification has been given up.  

According to the usage, the companies were divided into companies which used the financial advisory 
services (174 companies, or 54,2%) and those who did not use them (147 companies). According to the 
frequency of usage, the companies were divided into companies which used the financial advisory services at 
least once a month (48 companies) and those who used this service hardly once a month (121 companies). 
The majority of analyzed companies (55,8%) had the opportunity of financial advisory in the main corporate 
bank, but one third though, did not have this opportunity (34,6%). Most companies used the financial 
advisory service three or more times a year (26,9%), and there were the ones who contacted the advisor two 
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times a year (20,1%). There were numerous respondents who consulted the bank clerk about their finances 
once a year (13,9%), and then there are those who do this once a month (15,6%). There was a very small 
number of companies who has never used the financial advisory service (2,8%), which was evaluated in 
Dumičić et al. (2006) and Dumičić (2006). 

 

3. Relationship between the Satisfaction with the Service of the Main Bank and the Usage of the 

Financial Banking Advisory Service  
The survey research gave the result that the corporate clients, who were more satisfied with their main 

bank’s services in general used their financial banking advisory services more often than the clients who 
were not satisfied. Measurement scales with grades from 1-“totally unsatisfied” to 5-“completely satisfied”, 
as well as 1-“not relevant at all” to 5-“highly relevant” were created. The difference between two mean 
grades was statistically significant.  

Table 1 T-Test for the Difference of two Means for Satisfaction Level Grades   
 Use the Advisory 

Services 
Do not Use 

Advisory Services 
   

 Mean Grade Mean Grade T-Value df p 
Level of Companies’ General 
Satisfaction Level with the Main Bank 

 
4,26 

 
3,82 

 
5,007999 

 
313 

 
0,000001 

According to the survey conducted, the average grade of satisfaction given by those Croatian 
companies that used financial advisory services was 4,26, and by those that did not use them the average 
grade was 3,82. When applying the t- test for the difference of two means, it came out that the null 
hypothesis should be rejected under the fact of highly significant sample result (test t=5,008 and p-
value<0,000).  
 
4. Connection between the Importance of Bank Services and the Financial Banking Advisory 
Service Usage  
 

Table 2 Evaluated Average Level of Quality of Banking Services Given by the Firms that Used and by the 

Firms that did not Use Financial Banking Advisory Services – T-Test for the Difference 

 
Use the 

Advisory 
Services 

Do not Use 
Advisory Services 

T-Test for the 
Difference 

 Mean Grade Mean Grade T-Value p 

Bank transactions are conducted flawlessly. 4,63 4,35 3,003072 0,002885 

Quick performance of transactions in domestic bank 
payments. 

4,36 4,06 2,816354 0,005164 

The bank decides quickly on matters of loans. 4,59 4,48 1,053382 0,292986 

Favorable fees and service commissions. 4,90 4,76 2,681600 0,007713 

The bank charges low interest rates for the loans. 4,92 4,86 1,698252 0,090442 

The bank service quality is in accordance with the service 
price.  

4,59 4,64 -0,589311 0,556075 

A bank that does not have many conditions for granting a 
loan. 

4,76 4,83 -0,947475 0,344125 

The bank gives high interest rates on deposits. 4,78 4,81 -0,503368 0,615060 

Quick bank transactions with foreign countries.  4,79 4,69 1,563539 0,118930 

The bank offers a broad spectrum of products and services. 4,54 4,43 1,172502 0,241890 

The bank offers new and technologically advanced 
products and services as phone and GSM banking.  

4,69 4,63 0,978336 0,328661 
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In studying how important some quality dimensions of banking services were to corporate clients, that 
used the advisory services and to those that did not use them, some new findings arose. Measurement scales 
with grades from 1-“totally unsatisfied” to 5-“completely satisfied”, as well as 1-“not relevant at all” to 5-
“highly relevant” were created. The t-test for the difference between two mean grades gave highly significant 
results for the following services: “bank transactions are conducted flawlessly” (α =0,01; p-value=0,003), 
and “quick performance of transactions in domestic bank payments” (α =0,01; p-value=0,005). With the 
Type I. Error of α =0,10 “favorable fees and service commissions” appeared to be significant, also (with p-
value=0,008).    

 

5. Conclusion 
After the business sample survey was conducted in Croatia in autumn 2005 it could be concluded that: 

corporate clients, which were satisfied with the service of their main bank, more often used financial 
advisory services on an average basis. The following quality dimensions of bank services were important to 
clients, who used the financial advisory services: (1) quick transaction performance, (2) accurate transaction 
performance, and (3) favorable fees and service commissions. Clients who use the financial advisory 
services and those who did not equally validate the following quality dimensions: (1) quick decision-making 
on matters of loans, (2) accordance of bank service quality with the service price, (3) small number of 
conditions for granting a loan, (4) broad spectrum of products and services, (5) high interest rates on 
deposits, and (6) new and technologically advanced products and services as phone and GSM banking.  
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RÉSUMÉ (ABSTRACT) — optional   
  
En automne de 2005, en Croatie on a  réalisé une enquête sur l’échantillon des entreprises, au but de la 
recherche des habitudes de l’usage des services de la consultation financière auprès de leur banque 
principale. La recherche a prouvé que: Les clients plus satisfaits du service sont ceux qui, en moyenne, 
utilisent le service de la consultation financière. Les autres aspects importants pour ces clients sont: (1) une 
rapide réalisation des transactions; (2) une correcte réalisation des transactions; (3) des frais de services et 
des provisions avantageux. Soit les clients qui utilisent le service de la consultation financière , soit ceux qui 
ne l’utilisent point, évaluent de la même manière les aspects de la qualité suivants: (1) une rapide prise de 
décisions concernant les crédits; (2) la conformité de la qualité des services de la banque à leurs prix; (3) un 
petit nombre de conditions pour obtenir un crédit; et (4) un vaste assortiment de produits et de services.  
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Outbreak of Smallpox in Stockholm, 1963
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ABSTRACT

Due to the few infected (n = 27), the latest smallpox outbreak in Stockholm has very detailed data on
the cases, and also who infected whom. We have fitted an epidemic model to calculate epidemiological
parameters such as incubation period, infectivity and vaccine efficacy. Since the data contains in which
households and hospitals the cases were located, additional analysis was carried out, to investigate
infectivity in households and hospitals. Since the lack of information on which proportion of non-
cases were vaccinated our estimations are affected by this. Nevertheless have we shown that there is
an increase in infectivity in households and hospitals, but to much less extent than in many other
studies. This effect might depend that most studies have crude data from large outbreaks in Africa
from the beginning of the 20th century. The estimation on the incubation period coincides with other
studies.

Keywords. Biostatistics; epidemic modelling; Basic reproductive number; stochastic modelling.
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Introduction 

Parasites are organisms that obtain its nutrients from one or two host individuals, normally causing some 
harm in the beginning stage and resulting into death in a long run. According to World Health Organization, 
parasitic infections accounts for more than 40% of the global burden of all tropical diseases, excluding 
malaria, WHO (1999a). Further, Rossignol (1998) reported the most important intestinal parasitic infections 
attributed due to ascariasis (1.4 million) and amoebiasis (480 millions) and giardiasis (300 million). To be 
more specific studies reports that approximately 1.4 billion people globally are infected with soil-transmitted 
helminthiasis namely Ascariasis and Hookworm, Crompton (1999) and Albonico, Crompton, Savioli (1999).  
On the basis of various studies reported in India and with special reference to Uttar Pradesh, one of the most 
populous state of India, the prevalence of Helminths parasitic infections was found to vary in the range 2.5% 
to 68.1% and that of protozoa parasitic infection varied as 32.9% to 35.2% and that these prevalence were 
found to be comparatively higher to other parts of India. Therefore, epidemiological studies are needed from 
time to time in this region, are important that can provide better evidence and clues for planning future 
public health programs.  
 The majority of studies in India were based pre-school children, Mandal et al, (1990); subjects of 
primary health centers and/or civil hospitals, Veena Tandon (1995); adolescent girls, Sampathkumar (1997) 
and anganwadi centers Awasthi et al, (1997). Therefore, almost all of studies specified focused on the 
limited section of the community and thus there generalizations were questionable. Among Indian studies no 
study used proper clinical as well as appropriate statistical methodology needed at various steps of the study 
that are essential to derive accurate and meaningful results. To emphasize further, studies performed prior to 
the present one established disease and exposure relationship and interpreted results by estimating odds ratio 
and its corresponding confidence interval, Ahmed et al (1997) and Curtale (2001). No study (especially 
community based study) in Northern India has been carried out in a planned manner on parasitic infections 
that could provide accurate results for the region. Also, no study in India has used appropriate statistical 
methods (e.g., multilevel analysis) in data analysis that gives due importance to hierarchical structure of 
data. 
 With these above points under consideration, the present study was done in eastern part of Uttar Pradesh 
(largest state of India that is one of the densely populated state of Northern India) with an attempt to 
encompass appropriate biostatistical methodology and thereby develop epidemiological models for parasitic 
infections that can explain the community level parasitic infection in a more appropriate way. By doing so 
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the comparative findings using traditional logistic regression and hierarchical regression methods are also 
depicted.  

 
Materials and Methods 

The present study was performed in northeastern part of state of Uttar Pradesh, India. To estimate the 
prevalence, with an anticipated prevalence of the parasitic infections in the considered region as 10% (based 
on available literature for similar population) considered in the present study, the required minimum sample 
size at 95% confidence level with 10% relative precision comes as approximately 3500. Further, keeping in 
view of the major objective of this study to derive factors associated with the parasitic infections, sample 
size that was calculated considering estimation problem might be in excess of this requirement. To be more 
specific, explorations for such studies (not reported here) considering some of the selected covariates 
indicated the need of a sample size not more than 1500. The study was done during the period September 
2001 to August 2002 in two phases. First phase consisted of epidemiological survey during the period 
September 2001 to February 2002 and the second phase of collection of the stool sample for the microbial 
investigations for various parasitic species during April 2002 to August 2002. Under the microbial 
investigation, six species of parasitic infections were seen and presence of even one of the species was 
considered as infection. The species seen were Taenia solium; Ascaris lumbricoides; Hookworm; 
Hymenolepis nana; Entamoeba histolytica and Giardia lamblia.   

Data was collected through cross sectional survey of the entire chosen village and the information were 
considered to be at two levels. The household level variables were caste (general caste/upper caste, SC/ST 
and OBCs); type of households (pucca, others); electricity facility (having facility, no facility); mode of 
defecation (toilet, no toilet); food habits of the family (vegetarian, non vegetarian-no pork, non- vegetarian-
with pork); history of pig breeding or pig slaughtering (no and yes); per capita income(more than median 
value and less than or equal to median value) and highest education in the family (more than middle and less 
than middle). The individual level variables were age (>15 Years, <=15 years); gender (female, male), 
occupation (business/service/students, others); education (more than middle, less than middle and non 
school going children); personal hygiene status (good, poor), mode of defecation (toilet, no toilet), 
consumption of washed vegetables (always, not always) and pork consumption (no, yes). These 
categorizations of covariates arouse after much of exploratory analysis and thus were found to be more 
appropriate form of from both angles that is sufficient number of persons desired to derive meaningful 
results and no distortion in their relationships with parasitic infections. 

 To begin with, univariate logistic regression analysis was carried out taking only one of the independent 
variables at a time in case of each of the dependent variables (i.e., parasitic-infection). After this proper 
strategies were adopted for selection of covariates in the multivariate analysis Bendel and Afifi (1977); 
Mickney and Greeenland (1989). After this stepwise logistic regression analysis was performed to take the 
potential risk factors for the development of epidemiological models. Epidemiological models were obtained 
through traditional and hierarchical logistic regression methods. The results were interpreted in terms of 
odds ratio and its corresponding 95% confidence interval. Finally, validation of the model was also 
performed as per “Hosmer and Lemeshow (1980), Test of Goodness of Fit”. 

 
Results and Discussion  

Table 1 exhibits the results related to epidemiological model for the parasitic infection 
developed through traditional and hierarchical logistic regression analysis. For each of the selected 
variables the reference category is mentioned as footnote of the table. 
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As evident from the table, under traditional logistic regression method, at individual level 
variables, individuals of age less than or equal to 15 years were more prone for the parasitic infections 
relatively to individuals of age more than 15 years [1.42(1.003-2.018)]. Further, comparatively persons 
consuming pork also had higher chance of this infection [1.42(0.966-2.095)]. But, the remaining 
variables namely less than middle education; poor personal hygiene status; no use of toilet did not 
emerge important variables after adjustment in relation to other covariates. At household level variables, 
individuals residing in non-pucca households possessed higher chance of harboring the parasitic 
infection [Odds Ratio (1.20) and 95% C.I. (0.967-1.499)]. Further, individuals from households with 
history of pig breeding or pig slaughtering also had 14% higher chance of the parasitic infection. 

 
Table 1: Epidemiological Models through Traditional and Hierarchical Logistic Regression 
Methods: 

  
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Reference Categories: a) Pucca, b) No history, c) >15, d) female, e) Middle and above, f) 
Business/Services/students, g) Good, h) Toilet, i) Washing always, j) No Consumption  

 
Further, under hierarchical logistic regression method, it was evident that individuals residing in 

the non-pucca households had comparatively higher chance of the parasitic infection than the individuals 
belonging to pucca households [1.20(0.944-1.522)]. Likewise, individuals residing in the households 
with a history of pig breeding or slaughtering also had greater chance of the parasitic infection in 
comparison to individuals belonging to households where no such history prevails [1.15(0.676-1.962)]. 
Instead of both of these associations being statistically insignificant, they indicate higher chance of 
infections (20% and 15% more likely) that may be relevant from public health program point of view.  

Variables Categories  Traditional Logistic 
Regression Method 
Odds Ratio (95% C.I.) 

Hirarchical Logistic 
Regression Method 
Odds Ratio (95% C.I.) 

Type of Householda Non Pucca 1.20 (0.967-1.499) 1.20 (0.944-1.522) 

History of Pig-breeding 
or slaughteringb 

Having prior or 
present history  1.14 (0.696-1.864) 1.15 (0.676-1.962) 

Agec <=15  1.42 (1.003-2.018) 1.44 (1.020-2.042) 

Gender d Male  0.95 (0.764-1.179) 0.95 (0.769-1.184) 

Educational Statuse Less than Middle  1.06 (0.754-1.486) 1.03 (0.733-1.439) 

 Non-school going 
children  0.88 (0.503-1.553) 0.84 (0.477-1.463) 

Occupationf Others  0.97 (0.688-1.365) 1.00 (0.706-1.402) 

Personal Hygiene Statusg Poor  1.07 (0.832-1.365) 1.07 (0.821-1.399) 

Mode of defecationh No Toilet  1.08 (0.790-1.476) 1.11 (0.788-1.565) 

Mode of consumption of 
Vegetable/saladi 

Not Washing 
always  0.98 (0.708-1.369) 0.98 (0.685-1.393) 

Pork Consumptionj Having 
Consumption  1.42 (0.966-2.095) 1.40 (0.934-2.110) 

- 2 Log likelihood Value 2070.37 2063.16 

Test of Goodness of Fit: Chi Square (P) 10.79 (0.22) 8.47 (0.41) 
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At individual level it was found that individuals of age less than or equal to 15 years had greater 
likelihood for the parasitic infection  [1.44(1.020-2.042)]. Likewise pork consumers [1.40(0.934-2.110)] 
also revealed greater chance of parasitic infection. However, some of the remaining variables such as 
those educated up to less than middle school; having poor personal hygiene status; and using no toilet 
did not reveal better association. Further, Test of Goodness of fit revealed that the epidemiological 
model developed through hierarchical logistic regression method emerged a better one in comparison to 
traditional model. 

In both of the models, age was found to be the only significant predictor of parasitic infection. 
However, indicative findings were also observed in relation to some more variables, e.g., household 
level variables like type of households and history of pig breeding or pig slaughtering. At individual 
level, educational level less than middle; poor hygienic conditions; lack of toilet facility and 
consumption of pork might be regarded as risk factors for parasitic infection. At the outset, it may be 
worthwhile to mention that although there is no much difference in the results obtained through 
traditional and multilevel logistic regression analysis, because of obvious reasons hierarchical logistic 
regression methods should be preferred especially when data involves hierarchical structure.  
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1. Introduction

The receiver operating characteristic (ROC) analysis, originally developed in the communica-

tions field as a way to display the signal-to-noise ratio, has become a very useful statistical methodology

for efficacy studies in medical diagnosis (Metz, 1978). The ROC curve is a plot of sensitivity/specificity

pairs as the cut-off value of the diagnostic measurement is allowed to vary.

In a complex clinical study, potential effects of different patient or environmental factors that

may influence the accuracy of a diagnostic test need a careful evaluation. To adjust for relevant covari-

ates, strength of the ordinal regression model was borrowed to analyze the ROC curves. McCullagh

(1980) proposed a regression model for the ordinal outcome variable of J categories. Define γj(x),

j = 1, ..., J − 1, as the cumulative probability of the response not greater than j for a subject with a

covariate vector x, θj as the parameters of cutoff values, α as regression parameters for location shift,

and β as the regression parameters for scale change. Then the regression model can be expressed as

g(γj(x)) =
θj − α′x

exp(β′x)
,

where g(.) is a specified link function. The four common link functions used in the ordinal regression are

logit, probit, complementary log-log, and negative log-log. Tosteson and Begg (1988) considered the

univariate covariate x1 as the indicator for disease status, i.e., x1 = 1 corresponds to a diseased subject

and x1 = 0 corresponds to a normal subject. Then the ROC curves can be estimated by displaying

the true-positive proportion 1− γj(x1 = 1) against the false-positive proportion 1− γj(x1 = 0) at all

cutoff points θj. Furthermore, multiple covariates can be added in the regression model to fit ROC

curves. In fact, the scale parameters play important roles in estimating the ROC curves.

2. AUC and pAUC of the ROC Regression

The area under the ROC curve (AUC) is interpreted as the probability that a case can be

identified from randomly selecting a case and a normal individual, and its estimator based on two

samples is equivalent to the Mann-Whitney-Wilcoxon U-statistic. Accordingly,

AUC =

∫
1

0

ROC(t)dt.

is a common summary index of the ROC curve.

Recently the ROC analysis has been applied to diagnostic decision based on signal thresholds of

microarray gene expression profiles. Provided with target cells from cancer patients and normal sub-

jects for microarray experiments, we can utilize the ROC regression model to microarray data analysis.
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Under the ROC regression model, the complexity in computing the AUC may depend on the

link function and number of parameters. Given a link function, the AUC can be derived as a function

of location and scale regression parameters.

To compare the areas under different ROC curves with special attention on the test efficacy

within a clinically relevant region of the ROC curves, one may consider the maximally accepatable

false-positive proportion t0. Even with the same areas under curves, the derivatives of curves may be

different over (0, t0). A ROC curve with the highest slope over (0, t0) may indicate the corresponding

covariate set somehow has the best diagnostic accuracy, which is not obviously detectable by the global

test of AUC over (0, 1). Hence, Pepe et al. (2003) advocated the use of the partial area under curve,

pAUC, to identify differentially expressed genes on microarray chips by retaining a low false-positive

proportion t0 in the screening. It is clearly

pAUC(t0) =

∫ t0

0

ROC(t)dt.

Several parametric and nonparametric methods have been developed to evaluate the pAUC. Dodd and

Pepe (2003) presented a flexible pAUC regression method. However, they did not provide theoretical

justification for their estimator and relied on the bootstrap to estimate the variance.

In this study, we use the parameter estimates from fitting a ordinal regression model to obtain

the estimated AUC and pAUC. Under a specified link function, we provide the functional forms of

estimated AUC and pAUC. As the parameter estimates in the generalized linear model asymptoti-

cally converge to normal distributions, the asymptotic distributions of AUC and pAUC are normally

distributed with the theoretical variances, which can be derived via the delta method.

3. Simulation Studies

For realizing the accuracy of estimators and the effect of selecting a link function, we constructed

two simulation scenarios. First, we simulated data from a specific underlying distribution associated

with the desired link function, then fit ROC regression models with each of the four different link

functions to examine the effects of mis-specifying the link function. In the second simulation, we con-

sidered 3 cases of different distribution settings, with the control population fixed as F = N(6, (1.5)2)

in all the cases and the other diseased populations taking G1 = N(9, (1.5)2), G2 = N(9, (2.5)2),

and G3 = 0.6N(6, (1.5)2) + 0.4N(9, (2.5)2), respectively. True AUC and pAUC were computed from

the known distributions, and we then evaluated performances of the estimators and their asymptotic

variances. We simulated data from each distribution of sample size 100. Then we fit the ordinal

regression to estimate the ROC regression parameter for computing the estimated AUC and pAUC.

In 1000 replications, we obtained the means, the standard errors, and the coverage proportions of the

nominal 95% confidence intervals for AUC and pAUC. The simulation results reveal that various link

functions can all provide roughly good estimates with respect to different underlying distributions.

Detailed results will be presented in the session.

4. Microarray Data Analysis

The Michigan lung cancer dataset (Beer, 2002) was re-analyzed with the proposed method for

illustration. The data consisted of gene-expression profiles for 86 primary lung adenocarcinomas, in-

cluding 67 stage I and 19 stage III tumors. Without filtering any gene from the dataset, the ordinal

regression was fitted for 7,129 genes respectively. In contrast with the t-test, p-values of the estimated

AUC and pAUC from fitting the ROC regression were listed.
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In practice, in fitting the ordinal regression to continuous test measurement, the cut-off points

should be selected with caution. Although the AUC and the pAUC are not theoretically related to

the cut-off points, inappropriate cut-off points may effect the model fitting and lose information due

to the problem of sparse data in some test categories.
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Introduction

Diagnostic tests play an important role in medical care, and assessing or comparing the perfor-

mance of diagnostic tests is important for patient’s health. The performance of these tests is evaluated

by sensitivity and specificity, or some measures based on sensitivity and specificity such as ROC curves

and odds ratios (Pepe (2003), Zhou et al. (2002)).

Supposing that each patient is examined by two different diagnostic tests, we deal with in

this paper the problem of comparing the performance of two tests, say new and standard, based on

categorical scores measured by multiple readers. Note that the results of each test are correlated since

they are obtained from the same patient. DeLong et al. (1988) have proposed the nonparametric

method using U statistic for comparing the two or more correlated ROC curves. On the other hand,

covariates such as reader’s ability, age and sex of patients can affect the results of diagnostic tests, so

we need to adjust for those covariates in the comparison. Several authors have discussed this problem

in the framework of ROC curve. Alonzo and Pepe (2002) applied generalized linear model and Cai

and Pepe (2002) used semiparametric approach among others.

In this paper we discuss the problem in the framework of multivariate categorical data. More

precisely, we assume product of two independent multinomial distributions conditioned on a reader;

one distribution represents the joint results of the new and standard tests on disease A and the other

distribution on disease B; and that data among readers are independent. Introducing an odds ratio for

comparison measure, we obtain a score statistic for the odds ratio based on conditional distribution.

Introducing a linear model to the log odds ratio we also develop a conditional method of estimating

and testing the comparison parameters of the tests by adjusting for the influence of readers, as well

as the parameter related to the difference of readers by adjusting for the influence of the tests. The

method will be applied to the data for diagnosing ganglion and epidermal cyst. We may apply the

methods easily by using SAS or S-PLUS.

Mathematical development
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Suppose that a patient is diagnosed by K categories such as “ definitely disease A ” , “ possibly

disease A ”, “ possibly disease B” and “ definitely disease B” and that scores c1 ≤ c2 ≤ · · · ≤ cK

are assigned on these categories. Denote by YAhti(YBhtj) the result of the test t for the ith (jth)

patient with disease A (B) when diagnosed by reader h, where t = 1(new test), = 0(standard test),

i = 1, 2, . . . , n, j = 1, 2, . . . ,m. YAh1i and YAh2i, and also YBh1j and YBh2j , are discrete random

variables taking values in {c1, c2, . . . , cK} and are not mutually independent since the tests are applied

to the same patient. We suppose independence of (YAh1i, YAh2i) and (YBh1j , YBh2j).

Put

p1hαβ = Pr{YAh1i = cα, YAh2i = cβ} , p0hαβ = Pr{YBh1i = cα, YBh2i = cβ},

α, β = 1, 2, . . . ,K , i = 1, 2, . . . , n , j = 1, 2, . . . ,m,

and let m1hαβ be the number of i, i = 1, 2, . . . , n satisfying {YAh1i = cα, YAh2i = cβ}, and m0hαβ be the

number of j, j = 1, 2, . . . ,m satisfying {YBh1i = cα, YBh2i = cβ}. We assume that m1hαβ, m0hαβ are

multinomially distributed. The likelihood function of {m1hαβ}, {m0hαβ}, α, β = 1, 2, . . . ,K is given

as follows. For simplicity, we consider the result of one reader’s diagnostic test here, so we omit the

subscript h from {m1hαβ}, {m0hαβ} etc.

L =
n!∏k

i=1

∏k
j=1 m1ij !

k∏
i=1

k∏
j=1

p
m1ij

1ij

m!∏k
i=1

∏k
j=1 m0ij !

k∏
i=1

k∏
j=1

p
m0ij

0ij .

Thus L may be expressed as a member of the exponential family as follows.

L =
n!m!∏k

i,j m0ij !m1ij !
exp


 k∑

i<j

m1jiθ1ij +
k∑

i<j

t0ijθ2ij +
k∑

i<j

t1ijθ3ij

+
k∑

i<j

sjiθ4ij +
k∑

i=1

m0iiθ5i +
k∑

i=1

m1iiθ6i


 ,

where

t0ij = m0ij + m0ji, t1ij = m1ij + m1ji, sji = m0ji + m1ji,

(θ1ij , θ2ij , θ3ij , θ4ij , θ5i, θ6i) =

(
log ψij , log p0ij , log p1ij , log

p0ji

p0ij
, log p0ii, log p1ii

)
,

ψij =
p1jip0ij

p1ijp0ji
, i < j , i, j = 1, · · · ,K.

Note that ψij may be represented as follows, showing a reasonable measure for comparing the

performance of the new and standard tests.

ψij =
the odds of disease A when patient is diagnosed cj by the new and ci by the standard test

the odds of disease A when patient is diagnosed ci by the new and cj by the standard test
,

i < j, i, j = 1, 2, · · · ,K.

Score statistic

Consider testing H0 : ψij = 1 , i < j against H1 : not H0. Modeling by log ψij = β(ci−c1)(cj−c1),

H0 vs. H1 is equivalently represented by H0 : β = 0 vs. H1 : β ̸= 0. Note that if β > 0 (< 0), the new

test is superior (inferior) to the standard test. Considering the conditional log likelihood of β given
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the sufficient statistics of the parameters other than log ψij , the score statistic for testing β = 0 vs.

β > 0 is obtained as follows.

S =

√√√√√
{∑K

i<j Cij(m1ji − Eij)
}2

∑K
i<j C2

ijVij

,

where

Cij = (ci − c1)(cj − c1) , Eij =
t1ijsji

t1ij + t0ij
, Vij =

t1ijt0ijsji(t1ij + t0ij − sji)

(t1ij + t0ij)2(t1ij + t0ij − 1)
.

We propose S2 for testing H0 : β = 0 vs. H1 : β ̸= 0. S2 is asymptotically distributed as χ2
1 under the

H0.

Logistic regression

The results of diagnostic test are often affected by reader’s ability of reading radiogram in

diagnostic imaging. Note that age, sex and other factors of patient are matched in the present

framework. To take this into account we consider the conditional probability of {m0hji,m1hji}i<j , i, j =

1, 2, . . . ,K given {t0hij , t1hij}i<j , i, j = 1, 2, . . . ,K, which is obtained as follows.

Pr{{m0hji,m1hji}i<j |{t0hij , t1hij}i<j}

=

K∏
i<j

(
t0hij

m0hji

)
q
m0hji

0hji (1 − q0hji)
t0hij−m0hji

(
t1hij

m1hji

)
q
m1hji

1hji (1 − q1hji)
t1hij−m1hji .

where

q0hji =
p0hji

p0hij + p0hji
, q1hji =

p1hji

p1hij + p1hji
.

The formula shows that the conditional probability of {m0hji,m1hji}i<j , i, j = 1, 2, . . . ,K given

{t0hij , t1hij}i<j , i, j = 1, 2, . . . ,K is the product of K(K − 1)/2 binomial distributions. This finding

makes it possible to model q1hji and q0hji as follows.

logitqDhji = β0 + β(ci − c1)(cj − c1)D + γzh, i < j, i, j = 1, 2, . . . ,K,

where D is binary variable that denotes D = 1 (disease A), = 0 (disease B), logitq = log q/(1 − q),

zh represents a covariate of difference between readers. Note that β is the same parameter as the

preceding section and γ represents an effect of difference between readers. By applying the above

model to PROC LOGISTIC in SAS or GLM in S-PLUS, we may compare the performance of two

diagnostic tests and also study the influence of readers on the performance of diagnostic tests.

Application

The Department of Radiology, Kurume University, explores the possibility of applying MRI

(Magnetic Resonance Imaging) to diagnose epidermal cyst and ganglion. Some device must be added

to MRI to get sharp images. The problem is to study whether the added device (new test) is more

effective than standard MRI (standard test) for getting sharp images. 13 patients with epidermal

cyst and 14 patients with ganglion that have been diagnosed by biopsy or surgery took part in study.

Four readers, two of them have more than 20 years of experience and the others less than 4 years

of experience, who did not know the disease status of patients, asked to diagnose each patient by

five categories; definitely epidermal cyst, probably epidermal cyst, not clear, probably ganglion and

definitely ganglion. We applied the method developed in this paper to the data. The results are as

follows. The value of score statistic S2 is 1.54, showing no significance (p = 0.22). The results of
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logistic regression are listed in Table 1. The table shows that the new test is superior to the standard

test (p = 0.01); in other words, although the impact of readers is not significant, the performance of

the new test tends to be significant when adjusted for the impact of readers.

Table 1 The estimates result by logistic regression

parameter estimate standard error Wald statistic p value

β0 −1.20 0.73 2.70 0.10

β 0.16 0.06 6.33 0.01

γ 0.33 0.76 0.19 0.66
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Case-control studies for longitudinal data are considered, in which, among the repeated binary
measurements of disease status in a subject, the exposure levels of risk factors for all diseased cases
(case) are identified and the exposure levels for only a small fraction of disease free cases (control)
are identified. This design is efficient in terms of cost and time when the disease is rare and assessing
the exposure levels is difficult. A method of using the ordinary logistic model for this design was
proposed by Park and Kim (2004, Biometrika 91, 321-330). In this paper, we employ this estimator
to apply for sequential analysis, and both group sequential and (fully) sequential estimation methods
are applied. For the group sequential method, the O’Brien and Fleming method are used, and for
sequential estimation method, the fixed-size confidence estimation are applied. Due to the nature of
longitudinal data structure, the independent assumption is no longer valid, thus some modifications
are required in order to apply these sequential methods. O’Brien and Fleming method is used for
group sequential trials and stopping rules for sequential estimation with longitudinal data in case-
control studies are derived. Simulation results are provided, and a real example on children’s diarrhea
is presented. Both numerical results show that to apply sequential methods based on the estimator
proposed in Park and Kim (2004) can be more efficient, since they require fewer sample sizes or shorter
sampling times to reach the same estimation precision than their non-sequential counterparts.

Keywords : Case-control studies; Sequential estimation; Group sequential test; Logistic regres-
sion; Longitudinal data; Stopping rule

Longitudinal Data in Case-control Studies

A motivational example of this design is a study performed by the United States Naval Medical
Research Unit Number Three to assess the effect of ETEC (Enterotoxigenic Escherichia Coli) on chil-
dren’s diarrhoea(Clemens, Savarino, Abu-Elyazeed, Safwat, Rao, Wierzba, Svennerholm, Holmgren,
Frenck, Park and Naficy, 2004). In this study, the number of diarrhoea cases is small in compari-
son with the number of repeated measurements, and identification of children with ETEC infection
requires costly and time-consuming laboratory testing.

It is well known that ordinary logistic regression model can be fitted to data from case-control
designs with independent samples (Prentice and Pyke, 1979). There is a great deal of literature
about case-control studies with independent samples, including Prentice and Pyke (1979) for standard
case-control designs, Carroll, Gail and Lubin (1993) for measurement errors, Carroll, Wang and Wang
(1995) for robust methods and missing data, and Roeder, Carroll and Lindsay (1996) for semiparamet-
ric models with errors in covariates. However, until Park and Kim (2004) extended this case-control
design to longitudinal data, no method had been available for case-control studies with longitudinal
data. They proposed a way of using ordinary logistic model for point estimation, and estimating vari-
ability by using either a robust variance estimator or the bootstrap. They proved that the proposed
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estimator is consistent and asymptotically normally distributed provided that the choice of the control
observations is independent of the covariates for those subjects.

Their method is the same as the generalised estimating equation method (Liang and Zeger,
1986) with independent working correlation; that is, the proposed method does not fully use the
longitudinal structure of data. Park and Kim (2004) demonstrated why the generalised estimating
equation method with other working correlation structures doesn’t work for case-control longitudinal
data through example and simulation studies; the correlation structure of the response variable in the
case-control design is different from that in the prospective design; more importantly the generalised
estimating equation is biased.

Pfeiffer, Ryan, Litonjua and Pee (2005) also derived the likelihood for the proposed longitudi-
nal case-cohort design and proposed a score test to test for the necessity to model intra-individual
correlations.

Sequential Analysis

Sequential methods are very useful statistical tools for analyzing bio-medical data. Especially,
when collecting of samples is hard and expensive (or the fixed sample size procedure is not available),
sequential methods offer some alternatives which can maintain a good quality of data analysis with
only less sample sizes than their non-sequential counterparts.

In this paper, we will apply both group sequential testing and sequential estimation procedure
to longitudinal data. Due to the nature of longitudinal data, the sequential methods are built on a
non-standard setup. That is we need to consider the subjects and repetitions, simultaneously. Thus,
in this paper the sequential estimation procedure is based on the order of the “calendar-time,” instead
of the increased sample size (i.e. the total number of subjects), which allows us to analyze data using
only parts of the replicated observations of subjects.

We will explain our data structure for the longitudinal case-control study and derive procedures
for sample size calculation for group sequential test and for fully sequential estimation with longitudinal
data in case-control studies. Simulation results will be presented and our sequential methods are
illustrated in a children’s diarrhea study.

Simulation Results

In the simulation, we consider one risk factor Xt and the exposure levels of the risk factor
at time t are assumed to be independent random variables and follow Bernoulli distribution with
successful probability Pr(Xit = 1) = 0.2, where i = 1, ..., N and t = 1, ..., T . For given exposure
status (x1, ...,xT ), the disease status (Y1, ...,YT ) are determined by laten variables (Z1, ...,ZT ) who
distribute T -dimensional multivariate normal with mean zero and exchangeable correlation structure
ρ = 0.5. Let Yit = I(Zit > cit), where cit is chosen so that

Pr(Yit = 1|xit) = Pr(Zit > cit|xit) =
exp(β0 + β1xit)

1 + exp(β0 + β1xit)

In addition, we set regular-check-up times C for group sequential method. If someone is a case at
time t (yit = 1), he/she will always be observed; otherwise, if someone is a control at time t (yit = 0),
he/she will be observed only if t ∈ C. Furthermore, to determine when each subject entering the
study, we generate the number of new subjects, nt, who enter the study at time t from chi-square
distribution with degree of freedom p. When a new subject enters the study at time t, we keep his/her
information from time t to the ended time T ; that is, ith subject’s information is (xit, ...xiT ) and
(yit, ...yiT ). In 1000 simulations, we set the number of subjects N as 375, the number of repetitions T

per subject as 288 represented twice a week in three years, C = {16, 32, 48, ..., 288}, degree of freedom
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p of (n1, ..., nT ) as 390/288 such that the distribution of cases are similar to the real study. We choose
β1 as 0.5 and 1.0. For given β1, β0 is chosen such that Pr(Yit = 1) = 1/17.

For simulation study of fully sequential estimation, we set α as 0.05 with different precision
levels – d ∈ {0.1, 0.15, 0.2, 0.3, 0.4, 0.5}. We will check whether the condition of stopping criterion is
satisfied at each time we have a new observation, which can be either case or control. If the condition
is satisfied, then stop sampling and use the last estimate as its final estimation as described in previous
section. For group sequential tests, we set type I error as 0.05 and 0.01, and test hypothesis every half
year; i.e. t ∈ {48, 96, 144, 192, 240, 288} based on O’Brien and Fleming method.

Table 1 summarizes the results for fully sequential method with different values of d. The
model using GEE(EXCH) fails to maintain the prescribed 90% coverage probability for small d, which
may due to the same reason as in non-sequential study. For the other two models, the average of
stopping time indicates that the fully sequential method allows us to stop the experiment earlier
without sacrificing the estimating accuracy.

Findings

Comparing the results of group sequential testing with those of the fully sequential methods, we
found that they are very competitive. Since in group sequential method, we can only stop at the pre-
determined time points, the average stopping weeks are slightly larger than that of fully sequential
method. We also record the numbers of total repetitions for all different methods and parameter
setups, which indicates the number of how many observations are collected.

Fully sequential method is more flexible and may require smaller sample size, while group se-
quential method is much easier to operate. The empirical results of synthesized data and real example
show that both sequential methods are efficient and cost effective in terms of the duration of the
required experiment time as well as the total sample size and the total number of repetitions.
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1. Introduction 

Mastitis is the most common disease in dairy cows in many countries with serious economic 
consequences mainly due to reduced milk production and changes in milk quality (Smith and Hogan, 2001). 

Clinical mastitis is the most costly disease of the dairy industry (Esslemont and Peeler, 1993). The 
immune response to an incoming infection into the udder is of utmost importance for the health of the dairy 
cow. The immune system can be divided in the innate and the acquired immune system. Innate immunity is 
the predominant defense during early stages of infection. The acquired (adaptive) immune system recognizes 
specific antigen determinants and is mediated by antigen presenting cells. In the host encounters the same 
antigen more than once, an enhanced immune reactivity occurs due to immunological memory (Janeway et 
al., 2001; Sordillo & Streicher, 2002). 

Leukocytes are important component in the immune system. Among those, neutrophils, monocytes in 
blood - macrophages in tissue and enzyme lysozyme mediate the innate immune response and lymphocytes, 
which subset in to different type T- and B cells compose the specific immune response. 

The content of leukocytes in milk play important role to infectious diseases, mastitis abatement. In 
normal non-infected and non-inflamed quarters, the somatic cell population consists of polymorphnuclear 
cells, macrophages, lymphocytes and epithelia cells (Conch 1986). The majority of cells are macrophages 
(approximately 60% of cells). The remaining cells include lymphocytes (approximately 30%), 
polymorphnuclear cells (approximately 10%) and epithelial cells (about 2%) (Burvenich et al., 1995).  

The aims of the study were: 
• Estimation genetic variability of immune system components in milk; 
• Improving mastitis resistance by identifying genetic groups with superior milk antimicrobial 

activities. 
 
2. Experimental study of milk productivity traits and immune system component 

In the article the experimental study of milk productivity traits and immune system component in 
cow’s milk is considered. A nested design is used for experiments in which there is an interest in a set of 
treatments and experimental unit are sub sampled. This type of design is very common in genetic and animal 
breeding, where statistical linear model is used for traits heritability and genetic parameters estimation. 

In the study were included 30 cows from four genetic groups. Milking 1st lactation cows were included 
in trial (Table 1). The milk samples were analyzed 3 times during lactation (1st, 2nd and 3rd lactation phase) 
for milk yield, fat and protein content, neutrophils, macrophages, lymphocytes and lymphocytes T- and B 
cells.  
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Table 1. Structure of experimental design 
Genetic group  
(i=1…a) 

1 
(i=1) 

2 
(i=2) 

3 
(i=3) 

4 
(i=4) 

         

Cows (k=1…c) 1   2   3   4 
(c1=4) 

5  6…13  14 
(c2=10) 

15   16…19  20 
(c3=6) 

21  22...29  30 
(c4=10) 

Lactation Phase  
(j=1...b) 

                    

1st (j=1) x   x   x  x x   x     x   x x   x     x   x x   x      x   x 

2nd (j=2) x   x   x  x x   x     x   x x   x     x   x x   x     x   x 

3rd (j=3) x   x   x  x x   x     x   x x   x     x   x x   x     x   x 
During experiment we get large number of traits. In order to find out, whether there exist correlations 

between different traits, the correlation analysis was carried out. The results of analysis show that milk yield 
is closely negative correlate with protein content in milk, neutrophils cells with macrophages cells (r=-0.65 
and r=-0.61), but lymphocytes T- cells is closely positive correlate with B- cells, protein content with fat 
content (r=0.83 and r=0.52). PCA was applied to pooled measurements in order to describe the group of milk 
productivity and immunity data, to establish the relationships between variables, and to detect the most 
important factors of variability. Variables were previously standardized and orthogonal rotation was used to 
apply PCA. It is necessary get free from multicolinearity and the Principal Component Analysis (PCA) was 
carried out in the result of which 7 new principal components (PC) were established as the linear 
combination out of the existing 7 traits. The three PCs account for 84.4% of the total variance, with 37.9% of 
the total variance explained by the first PC1, 27.2% and 15.4% for the second PC2 and third PC3, 
respectively.  

The nature of the first component can be explained by the influence of milk yield, fat content and 
protein content. The second component is defined by neutrophils and macrophages traits, but the third 
component by lymphocytes T- cells and B- cells. It means that PC1 can be defined as milk productivity, PC2 
as specific immune response trait and PC3 as innate immune response trait (Table 2). 
 
Table 2. Rotated Component matrix 
Traits PC1 PC2 PC3 
Milk yield, kg -0.802 -0.221 -0.067 
Fat content, % 0.755 -0.272 -0.046 
Protein content, % 0.887 0.102 0.106 
Neutrophils, % -0.024 0.022 0.947 
Macrophages, % -0.177 -0.433 -0.763 
Lymphocytes T- cells, % -0.015 0.951 0.061 
Lymphocytes B- cells, % 0.068 0.901 0.252 

 
3. Examining differences in genetic groups of cows 

The main question in our research was “It is possible to define groups of cows with similar immune 
system component?” The significant cows’ identification to genetic group was tested by Discriminant 
Analysis, a procedure which function can be used to classify known subject. The given cows have defined to 
four genetic groups using three new PCs factors. The result shows that from PCs only milk productivity trait 
is statistically significant on genetic group (p-value<0.01). 
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Of the three possible discriminant functions, only the first is statistically significant and account for the 
most (i.e. more than 95%) of the possible differences among the four genetic groups. The output also gives 
average discriminant scores for the four genetic groups. These are obtained by substituting the group 
centroids or group means in the unstandardized discriminant function. The structure matrix gives the simple 
correlation between the traits and the dicriminant scores. The PC1 trait has a higher loading on the first 
discriminant function (0.789) and therefore this function is labeled “Milk productivity” to represent the milk 
quality. Traits PC2 and PC3 load equally well on both the second and third discriminant functions, implying 
that there immune response traits are partially represented by both the functions. As the result, only the milk 
productivity trait can be used to examine differences among the groups, but only 45.2% of original grouped 
cows were correctly classified and explanation of this result is very low heritability of immune system 
components.  

 
4. Examining differences in lactation phase groups of cows 

The significant cows’ identification to lactation phase group by Discriminant Analysis shows that from 
PCs the milk productivity trait is not statistically significant on group (p-value>0.2), but specific immune 
response trait (p-value<0.001) and innate immune response trait (p-value<0.1) are both statistically 
significant. 

Of the two possible discriminant functions, only the first is statistically significant and account for the 
most (i.e. more than 99%) of the possible differences among the three lactation phase groups. The structure 
matrix shows that the PC2 trait has a higher loading on the first discriminant function (0.716) and therefore 
this function is labeled “Specific immune response” to represent the cow immune system. Trait PC1 has a 
higher loading on the second discriminant function (0.998) and can be labeled “Milk productivity” (Table 3). 

 
Table 3. Structure Matrix 

Function 
Trait 

1 2 

PC2: specific immune response 0.716(*) -0.041 

PC3: innate immune response 0.088(*) -0.067 

PC1: milk productivity 0.011 0.998(*) 

As the result, only the specific immune response trait can be used to examine differences among the 
groups. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 1. Plot of lactation phase (LP) groups in discriminant space 
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Immune system components change during lactation, wherewith 95.9 % of original grouped cases 
were correctly classified using lactation phase as grouped variable. A plot of the group centroids is shown in 
Figure 1.  

It was previously concluded that lactation phase groups do not differ with respect to milk productivity 
(i.e., the second discriminant function), but are different with respect to specific immune response (i.e., the 
first discriminant function). 

 
5. Conclusions 

The milk samples were tested for neutrophils, macrophages, lymphocytes and lymphocytes T- and B 
cells. The range of previous mentioned cells in milk samples were in norm, in this case cows were with non-
infected udder. According to this conclusion we can need this data for analysis to detect cows group with 
high immunology level to improved resistance to diseases. Disease resistance may be directly selected for 
either by observing and selecting the most resistant breeding stock under normal environmental conditions or 
by challenging the breeding stock, its progeny, or its siblings with specific pathogens. (Jonann C. Detilleux et 
al., 1994) 

The given cows have defined to four genetic groups by discriminant analysis (DA) using three new PC 
factors. Only 45.2% of original grouped cows were correctly classified and explanation of this result is very 
low heritability of immune system components.  

Immune system components change during lactation, wherewith 95.9 % of original grouped cases 
were correctly classified using lactation phase as grouped variable. 
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ABSTRACT

We consider the problem of evaluating a statistical hypothesis when some model characteristics are
non-identifiable from observed data. Such scenario is common in metaanalysis for assessing publi-
cation bias and in longitudinal studies for evaluating a covariate effect when dropouts are likely to
be informative. One possible approach to this problem is to fix a minimal set of sensitivity parame-
ters conditional upon which hypothesized parameters are identifiable. Here, we extend this idea and
show how to evaluate the hypothesis of interest using an infimum statistic over the whole support
of the sensitivity parameter. We characterize the limiting distribution of the statistic as a process
in the sensitivity parameter, which involves a careful theoretical analysis of its behavior under model
misspecification. In practice, we suggest a nonparametric bootstrap procedure for inferences. Alterna-
tively, pointwise tests may be performed simultaneously across all values of the sensitivity parameter,
in order to determine those values at which a significant result is obtained, after adjusting for the mul-
tiple testing issues. The methodology’s practical utility is illustrated in an analysis of a longitudinal
psychiatric study.

Keywords. Functional estimators; Informative missing data; Infimum statistic; Model misspecifi-
cation; Nonparametric bootstrap; Profile estimators; Sensitivity analysis; Uniform convergence; non-
identifiable models.
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1. Introduction

Let N = N(t) be the size (number of individuals, density, biomass) of a population (of animals,

plants, bacteria, cells) at time t ≥ 0 and assume the initial population size N(0) = N0 > 0 is known. A

general density dependent growth model assumes that the per capita growth rate (abbrev. growth rate)

has the form 1
N

dN
dt = f(N), where f(·) : (0,+∞) 7→ (−∞,+∞) is a continuously differentiable function

such that the limit f(0+) := limN↓0 f(N) exists (may be infinite) and F (0+) := limN↓0 F (N) = 0 (no

spontaneous generation), where F (N) = Nf(N) is the total growth rate of the population.

In a randomly varying environment, the growth rate 1
N

dN
dt will have an ”average” value f(N) and

random perturbations that we approximate by σε(t), where ε(t) is a standard white noise (formally

the generalized function derivative of the standard Wiener process W (t)) and σ is the noise intensity.

The resulting stochastic differential equation (SDE) model is 1
N

dN
dt = f(N) + σε(t) or

dN(t) = F (N(t))dt + V (N(t))dW (t),(1)

where V (N) = σN . Equation (1) is equivalent to the stochastic integral equation

N(t) = N0 +

∫ t

0
F (N(s))ds +

∫ t

0
V (N(s))dW (s).(2)

We will assume also that f , besides the above assumptions, is such that the boundaries N = 0 and

N = +∞ are unattainable (so that the solution of the SDE exists, is unique and has values in (0,+∞))

and the moments required in this paper do exist (see Braumann, 2007a, for mild sufficient conditions).

Models of this sort have been proposed in the literature with specific forms of the function f .

Levins (1969) was the pioneer work. Beddington and May (1977) launched the harvesting models,

where a harvesting term is added to the growth equations. A list of references can be seen in Braumann

(1999a,b), where, for non-harvesting and harvesting models respectively, the properties of the general

model with arbitrary f (satisfying only reasonable assumptions) were studied, including conditions

for non-extinction and for the existence of a stationary probability density.

There is, however, a problem with these models. The second integral in (2) cannot be defined as

a classical Riemann-Stieltjes integral because the Wiener process W (t) is of unbounded variation. If

we consider a sequence of decompositions 0 = t0,n ≤ t1,n ≤ ... ≤ tn,n = t (n = 1, 2, ...) with diameters

converging to zero, the Riemann-Stieltjes sums
n∑

i=1
V (N(τi,n)) (W (ti,n) − W (ti−1,n)) have different

mean square (m.s.) limits depending on the choice of the intermediate points τi,n ∈ [ti−1,n, ti,n].

Among the many possible choices, two stand out in the literature.

One is the non-anticipative choice τi,n = ti−1,n that defines the Itô integral. Itô calculus has nice

probabilistic properties but does not satisfy ordinary rules. In particular, it satisfies a different chain

rule of differentiation. Namely, if Y (t) = h(t,N(t)), with h(t, x) of class C1,2, we get

(I) dY =

(
∂h(t,N)

∂t
+

∂h(t,N)

∂x
F (N) +

1

2

∂2h(t,N)

∂x2
V 2(N)

)
dt +

∂h(t,N)

∂x
V (N)dW(3)

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 5802 -



instead of the usual rule (applicable to Stratonovich calculus)

(S) dY =

(
∂h(t,N)

∂t
+

∂h(t,N)

∂x
F (N)

)
dt +

∂h(t,N)

∂x
V (N)dW.(4)

We have used ”(I)” or ”(S)” to distinguish between the Itô and the Stratonovich calculi. The Strato-

novich integral is, under adequate regularity conditions, the m.s. limit of
n∑

i=1

(
V (N(ti−1,n)) + V (N(ti,n))

2

)
(W (ti,n) − W (ti−1,n)) .

This integral anticipates (”guesses”) a bit into the future and does not have the nice probabilistic

properties of the Itô integral. The Itô and Stratonovich calculi are the ones commonly used in the

literature. For more details on them, see, for instance, Arnold (1974) or Øksendal (2003).

The problem is that the solutions of SDE depend on the stochastic calculus used. For instance,

when f(N) ≡ r (Malthusian model), we have, under Stratonovich calculus, that extinction occurs

with probability one if the ”average” growth rate r is negative and extinction has zero probability of

occurring if r is positive. This behavior is similar to the deterministic case (σ = 0). However, if one

uses Itô calculus, extinction occurs with probability one when r < σ2/2. Will a population with small

(smaller than σ2/2) positive ”average” growth rate r be extinct ir not?

The answer depends on the calculus used and this is a source of controversy and mistrust.

The same question can be asked for a general strictly decreasing function f , since Braumann

(1999a) has shown, for Stratonovich calculus, that extinction occurs with probability one if f(0+)

(”average” growth rate at low population sizes) is negative and occurs with zero probability (there

is even a stationary probability density) if f(0+) is positive. However, for Stratonovich calculus the

criteria is whether f(0+) is smaller or larger than σ2/2.

There are recommendations, based on some limit theorems, on which calculus to use depending

on whether generations are discrete and noise is white in discrete time (Itô calculus) or generations

are continuous and noise is slightly colored (Stratonovich calculus) but reality is more complex than

that. A paper resolving partially the controversy in the asymptotic regime is Braumann (1983). The

resolution of the controversy in the Malthusian example just mentioned is in Braumann (2003). The

full resolution of the controversy for models of type (1) with arbitrary f is in Braumann (2007a)

(see also Braumann, 2007b, for the case of harvesting models), as well as references on the history of

the controversy. A brief account is made on Section 2. However, we have only considered the case

of constant noise intensity σ. Here, in Section 3, we extend the resolution to cases where the noise

intensity σ(N) might vary with population size.

2. The resolution of the controversy for constant noise intensity

We will show that the controversy is due to the wrong presumption that f(x), taken as the

”average” growth rate when population size has size x, means the same average under the two calculi.

To avoid such semantic confusion upon which rests all the controversy in the literature, we will use fi

and fs to denote f according to whether we use Itô or Stratonovich calculus.

Of course, for the deterministic model dN
dt = F (N) = Nf(N), the (per capita) growth rate R(x)

when population size is x at time t, is by definition R(x) := 1
x

(
dN
dt

)
N=x

= 1
x lim∆t↓0

N(t+∆t)−x
∆t = f(x).

However, for the stochastic models, N(t + ∆t) is a random variable and so is R(x). So, we look

for an average growth rate. Let us consider the arithmetic average, which is the usual expected value.

Of course, since we are considering the situation that at time t the population size is x, we should

take the expectation conditioned on that knowledge. Let us denote it by Et,x[...] = E[...|N(t) = x].

Then, the arithmetic average growth rate when population size is x at time t, is defined by

Ra(x) :=
1

x
lim
∆t↓0

Et,x[N(t + ∆t)] − x

∆t
.(5)
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We could, however, consider the geometric average growth rate defined by

Rg(x) :=
1

x
lim
∆t↓0

exp (Et,x[ ln N(t + ∆t)]) − x

∆t
.(6)

Consider the Itô and the Stratonovich SDE

(I) dN(t) = fi(N(t))N(t)dt + σN(t)dW (t)(7)

(S) dN(t) = fs(N(t))N(t)dt + σN(t)dW (t).(8)

The solutions (see Arnold, 1974) are homogeneous diffusion processes with common diffusion coefficient

b(x) := lim
∆t↓0

Et,x[(N(t + ∆t) − x)2]

∆t
= V 2(x) = σ2x2(9)

and drift coefficients, respectively

ai(x) := lim
∆t↓0

Et,x[N(t + ∆t) − x]

∆t
= fi(x)x(10)

as(x) := lim
∆t↓0

Et,x[N(t + ∆t) − x]

∆t
= fs(x)x +

1

4
db(x)/dx = (fs(x) + σ2/2)x.(11)

Therefore, from (5), (10), and (11), we obtain the arithmetic average growth rate when popula-

tion size is x at time t, respectively for the Itô SDE (7) and the Stratonovich SDE (8):

Ra(x) =
1

x
ai(x) = fi(x)(12)

Ra(x) =
1

x
as(x) = fs(x) + σ2/2.(13)

If one makes the change of variable Y = ln N , applying to equations (7) and (8) the chain rules

(3) and (4), one obtains (I) dY = (fi(e
Y ) − σ2/2)dt + σdW (t) and (S) dY = fs(e

Y )dt + σdW (t),

respectively. So, with y = ln x, the drift coefficients lim∆t↓0
Et,x[Y (t+∆t)−y]

∆t for Y are, respectively,

fi(e
y) − σ2/2 and fs(e

y). Therefore, from (5), one obtains the geometric average growth rate when

population size is x at time t, respectively for the Itô SDE (7) and the Stratonovich SDE (8):

Rg(x) = fi(x) − σ2/2(14)

Rg(x) = fs(x).(15)

Conclusion: Contrary to what has been presumed in the literature, f(x) means two different

”average” growth rates under the two calculi. It is the arithmetic average growth rate

under Itô calculus and the geometric average growth rate under Stratonovich calculus.

Taking into account the difference between the two averages, the results of the two calculi completely

coincide. In fact, the apparently different solutions of the Itô SDE (7) and the Stratonovich SDE (8)

are indeed the same, namely the homogeneous diffusion process with diffusion coefficient (9) and drift

coefficient xRa(x). They looked different because, instead of using a concrete average growth rate, we

were expressing them in terms of an unspecified ”average” wrongly assumed to be the same average

under the two calculi. For the particular case of strictly decreasing growth rate f , extinction will occur

for both calculi when the geometric average growth rate at low population sizes Rg(0
+) is negative.

3. The case of density-dependent noise intensities

We now consider the generalization to a density-dependent noise intensity σ(N), assumed to be

a positive continuously differentiable function for N > 0 such that σ(0+) exists and V (0+) = 0, where

V (N) = σ(N)N . The diffusion and drift coefficients are now

b(x) = V 2(x) = σ2(x)x2(16)

ai(x) = fi(x)x(17)

as(x) = fs(x)x +
1

4

db(x)

dx
=
(
fs(x) + σ2(x)/2 + xσ(x)σ′(x)/2

)
x.(18)
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We obtain for the arithmetic average growth rate when population size is x at time t

Ra(x) = ai(x)/x = fi(x)(19)

Ra(x) = as(x)/x = fs(x) + σ2(x)/2 + xσ(x)σ′(x)/2,(20)

respectively for the Itô SDE and the Stratonovich SDE. So, the arithmetic average growth rate is still

fi(x) for the Itô SDE. However, fs(x) is no longer the geometric average growth rate.

The function φ(x) =
∫ x
c

1
zσ(z)dz (where c is an fixed arbitrary positive constant) is strictly

increasing for x positive, and so it has an inverse φ−1. Let us consider the φ-average growth rate

Rφ(x) :=
1

x
lim
∆t↓0

φ−1 (Et,x[φ(N(t + ∆t))]) − x

∆t
.(21)

Notice that, when σ(x) is a constant σ, this is just the geometric average.

Under Stratonovich calculus, Y = φ(N) satisfies the SDE (S) dY = fs(φ−1(Y ))
σ(φ−1(Y )) dt + dW (t), and

so, in terms of Y , the drift coefficient is lim∆t↓0
Et,x[Y (t+∆t)−y]

∆t = fs(φ−1(y))
σ(φ−1(y)) , where y = φ(x). Therefore,

Et,x[Y (t + ∆t)] = y + fs(φ−1(y))
σ(φ−1(y)) ∆t + o(∆t). Apply φ to both sides, expand about y and notice that

dφ−1(y)
dy = 1

dφ(x)/dx = xσ(x) to obtain φ−1 (Et,x[Y (t + ∆t)]) = x + xfs(x) + o(∆t). From (21) we get

Rφ(x) = fs(x).(22)

Thus, for Stratonovich calculus, fs(x) is the φ-average growth rate. Again, taking into account

the difference between the arithmetic and the φ-average, the results of the two calculi coincide.

4. Conclusion

We have extended the resolution of the controversy on whether to use Itô or Stratonovich calcu-

lus when modeling population growth in a random environment to the case of density-dependent noise

intensities. Again we show that what was thought to mean the ”average” growth rate meant really dif-

ferent types of averages, the arithmetic average under Itô calculus and a φ-average under Stratonovich

calculus (coinciding with the geometric average for the case of constant noise intensity). Taking into

account the difference between the two averages, the two calculi give completely coincidental results.
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Theoretical Biology 244: 424-432.

Levins, T. (1969). The effect of random variations of different types on population growth. Proc. Natl.

Acad. Sci. USA 62: 1062-1065.

Øksendal, B. (2003). Stochastic Differential Equations: An Introduction with Applications (sixth edition).

Springer, Berlin.

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 5805 -



Animal Growth in Random Environments: Estimation with SeveralPathsFilipe, Patríia A.Universidade de Évora, CIMA (Centro de Investigação em Matemátia e Apliações)Rua Romão Ramalho 597000-671 Évora, PortugalE-mail: pasf�uevora.ptBraumann, Carlos A.Universidade de Évora, CIMA (Centro de Investigação em Matemátia e Apliações)E-mail: braumann�uevora.pt1. IntrodutionClassial models for the growth of an individual animal (or plant) in terms of its size X(t) (somemeasure of weight, volume or height) at time t have assumed the form of a di�erential equation
dY (t) = b (A − Y (t)) dt, Y (t0) = y0,(1)whit Y (t) = g(X(t)), where g is a stritly inreasing funtion. We have y0 = g(x0), where x0 is thesize at birth, and A = g(a), where a is the asymptoti size or size at maturity of the individual. Theparameter b > 0 is a rate of approah to maturity.The Bertalan�y-Rihards model, proposed by von Bertalan�y (1957) and also studied by Rihards(1959), has been extensively used and orresponds to g(x) = xc for c > 0 and to g(x) = ln x for c = 0(for c = 0, is also known as the Gompertz model, appropriate if one assumes growth to be basiallya multipliative proess). The speial ase c = 1 is also known as the Mitsherlih model and hasbeen used in agriulture (see, for instane, Goldsworthy and Colegrove, 1974), partiularly for linearmeasurements like length or height. If one, however, onsiders size measured as a volume or a weight,

c = 1/3 is quite a ommon hoie (making Y (t) a kind of "length"). Other hoies of c (inluding thehoie providing the best adjustment) have been proposed.The Bertalan�y-Rihards model has been applied to animal growth data extensively. See, forinstane: Freitas (2005), Mazini et al. (2003), Ohnishi and Akamine (2006), Oliveira, L�bo, and Pereira(2000). For an appliation to tumor growth, see Kozusko and Bajzer (2003).When one onsiders the e�ets of environmental random �utuations on the growth proess, itis natural to propose (see Garia, 1983) the stohasti di�erential equation (SDE) model
dY (t) = b (A − Y (t)) dt + σdW (t), Y (t0) = y0,(2)where W (t) is a standard Wiener proess and σ > 0 measures the intensity of the e�et of environmental�utuations (internal and external) on growth. The solution is a homogeneous di�usion proess withdrift b (A − y) and di�usion oe�ient σ2. The solution is (see, for instane, Braumann, 2005)
Y (t) = A + e−bt(y0 − A) + σe−bt

∫ t

0
ebsdW (s).(3)The distribution of Y (t) is Gaussian with mean A + e−bt(y0 − A) and variane σ2

2b (1 − e−2bt).Usually, random variations in data have been treated by lassial regression models. Regressionmodels assume that the observed deviations from a deterministi urve are independent at di�erenttimes. This would be a realisti assumption if the deviations were due to measurement errors, but it
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is totally unrealisti when they are due to random hanges on growth rates indued by environmentalrandom �utuations. For instane, in a regression model, a delay in growth at a ertain time has noreperussions on future weights, making regression models inappropriate to model growth in a randomenvironment. The SDE model (2) does not have these shortomings.In Patríia, Braumann, and Roquete (2007), we have onsidered, for a single path (a singleanimal), the statistial problems of parameter estimation and of predition of future population sizesfor model (2) and have illustrated the methods with data on the weight of bovine growth. Setion 2gives a brief summary of the estimation part. Here, we extend (see Setion 3) the estimation methodsto the ase of several paths (several animals of the same type raised under similar onditions), assumedto be independent, and also illustrate with bovine data.The data in the illustrations, provided by Carlos Roquete (ICAM-University of Évora), is from"mertolengo" attle of the "rosilho" strand raised in the "Herdade da Abóboda" in the Serpa region, atthe left margin of the Guadiana river. The animals were raised in pasture, together with their mothersduring nursing and later supplemented with silage when pasture is in shortage (Autumn and Winter).2. Parameter estimation for a single pathAssume we observe the evolution of the size of one animal (one path) by measuring its size at thetimes (ounted from birth) 0 = t0 < t1 < ... < tn and want to estimate p = (A, b, σ). Let Xk = X(tk)be the animal size at time tk (k = 1, 2, ..., n) and let Yk = Y (tk) = g(X(tk)). Let x = (x0, x1, ..., xn)be the vetor of observed values of X = (X0,X1, ...,Xn) and let y = (y0, y1, ..., yn), with yk = g(xk)(k = 1, 2, ..., n). We assume that g is a known funtion, so that we an ompute the yk (k = 1, 2, ..., n).For k = 1, 2, ..., n, one an see from (3) that Yk = A+e−b(tk−tk−1)(Yk−1−A)+σe−btk
∫ tk
tk−1

ebsdWs.Therefore, onditioned on having Yk−1 = yk−1, the probability density funtion (p.d.f.) of Yk is
fYk|Yk−1=yk−1

(yk) =
1√

2π σ2

2b (1 − e−2b∆tk )
exp


−

(
yk − A − (yk−1 − A) e−b∆tk

)2

2σ2

2b (1 − e−2b∆tk)


,where ∆tk = tk − tk−1. Sine Y (t) is a Markov proess, the joint density of Y1 = Y (t1), ..., Yn = Y (tn)(given Y0 = y0, assumed known) is the produt of the above onditional p.d.f. for k = 1, 2, ..., n andso the log-likelihood funtion in terms of the Y variables is given by

LY (p) = −n

2
ln

(
2πσ2

2b

)
− 1

2

n∑
k=1

ln
(
1 − e−2b∆tk

)
− b

σ2

n∑
k=1

(
yk − A − (yk−1 − A) e−b∆tk

)2

1 − e−2b∆tk
.(4)In terms of the X variables, the log-likelihood is LX(p) = LY (p) +

∑n
k=1 ln

(
dY
dX

∣∣∣
x=xk

).The maximum likelihood estimator p̂ = (Â, b̂, σ̂) is obtained by maximization of LY (equivalentto the maximization of LX), using numerial tehniques (in the appliations we have used the nlminbroutine from the software S-PLUS). The estimators are asymptotially Gaussian with mean vetor pand variane-ovariane matrix Σ = F−1, where F is the Fisher information matrix with elements
Fij = −E[∂2LY /∂pi∂pj]. The expressions of the Fij an be expliitly obtained using the properties ofthe proess Y (t). F, and therefore Σ, an be estimated by replaing p by p̂ on those expressions, thusallowing the onstrution of approximate on�dene intervals for the parameters.In Filipe, Braumann, and Roquete (2007), we have applied the stohasti Bertalan�y-Rihardsmodel, for the partiular ases c = 0 and c = 1/3, to the weight in Kg of a single animal for whih wehad 79 observations sine birth till about 5 tears of age. We have onsidered also the ases c = 1 (notvery appropriate for weight data) and g(x) = xc with c unknown (also to be estimated from data); thelast ase is muh more umbersome (we an not use LY beause we do not know g, and so we have tomaximize LX) and the improvement over the ases c = 0 and c = 1/3 was not signi�ant.
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The estimated asymptoti variane-ovariane matries for p̂ are
Vc=0 =


 0.00570 −0.00680 −0.00005
−0.00680 0.03266 0.00024
−0.00005 0.00024 0.00033


 Vc=1/3 =


 1731.7 −4.9989 −0.0882
−4.9989 0.0457 0.0008
−0.0882 0.0008 0.0018


 .Table 1 shows the maximum likelihood estimates (and the orresponding value of LX) togetherwith the approximate 95% on�dene intervals. We use the parameter a = g−1(A) (average weight atmaturity) so that we may ompare the two ases; the other parameters, b and σ, are not omparable.Figure 1 shows the graphs of the adjusted models c = 0 and c = 1/3 in the absene of environ-mental �utuations (σ = 0). Filipe, Braumann, and Roquete (2007) also studied the adjustment ofthe models in terms of their ability to predit future weights of the animal under study.Table 1. Maximum likelihood estimates and 95% on�dene intervals (one animal)for a for b for σ LX

c = 0 (Gompertz) 407.1 ± 60.5 1.472 ± 0.354 0.2259 ± 0.0355 −338.12
c = 1/3 422.4 ± 81.6 1.096 ± 0.525 0.5248 ± 0.0827 −337.88

Observed weight
Gompertz (c=0)
c=1/3

     Age (years)

W
e
i
g
h
t

K
g

Figure 1. Estimated urves for =0 (Gompertz) and =1/3, when σ = 03. Parameter estimation for several independent pathsLet us onsider now several paths of the stohasti proess orresponding to di�erent animals ofthe same type and raised under similar onditions. Assume we have data on m animals. The size ofanimal number j (j = 1, 2, ...,m) is observed at the times (ounted from birth) 0 = tj0 < tj1 < ... < tjnjand is, respetively, Xj0 = X(tj0),Xj1 = X(tj1), ...,Xjnj = X(tjnj). Let Yjk = Y (tjk) = g(Xjk). Let
xj =

(
xj0, xj1, ..., xjnj

) be the vetor of of observed values of Xj =
(
Xj0,Xj1, ...,Xjnj

) and let
yj =

(
yj0, yj1, ..., yjnj

), with yjk = g(xjk) (j = 1, 2, ...,m; k = 1, 2, ..., nj). Assume that g is known.For animal (trajetory) number j we an obtain its log-likelihood LYj by proeeding as in (4):
LYj (p) = −nj

2
ln

(
2πσ2

2b

)
−1

2

nj∑
k=1

ln
(
1−e−2b∆tjk

)
− b

σ2

nj∑
k=1

(
yjk− A− (yj,k−1−A) e−b∆tjk

)2

1 − e−2b∆tjk
,(5)with ∆tjk = tjk − tj,k−1. From the independene, the overall log-likelihood for the m animals is

LY1,...,Ym(p) =
m∑

j=1

LYj (p).(6) The maximum likelihood estimator p̂ is obtained by maximization of LY1,...,Ym, again using nu-merial tehniques. The estimators are asymptotially Gaussian with mean vetor p and variane-ovariane matrix Σ = F−1. The Fisher information matrix F is the sum of the Fisher information
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matries of the individual trajetories, whih expressions we already know. Replaing p by p̂, we anagain obtain an estimation of Σ and, therefore, approximate on�dene intervals for the parameters.We have applied the proedure for the stohasti Bertalan�y-Rihards model, for the partiularases c = 0 and c = 1/3, to m = 5 animals of the same strand raised under similar onditions. Oneof them was the animal onsidered in the previous setion (with 79 observations) and the other fouranimals have 38 observations eah.The estimated asymptoti variane-ovariane matries for p̂ were
Vc=0 =


 0.00201 −0.00257 −0.00002
−0.00257 0.00965 0.00008
−0.00002 0.00008 0.00014


 Vc=1/3 =


 555.65 −1.7451 −0.0311
−1.7451 0.0115 0.0002
−0.0311 0.0002 0.0006


 .Table 2 shows the maximum likelihood estimates (and the orresponding value of LX1,...,Xm)together with the approximate 95% on�dene intervals.Table 2. Maximum likelihood estimates and 95% on�dene intervals (�ve animals)for a for b for σ LX1,...,X5

c = 0 (Gompertz) 352.4 ± 28.3 1.708 ± 0.193 0.2534 ± 0.0234 −958.84
c = 1/3 384.1 ± 46.2 1.147 ± 0.211 0.5062 ± 0.0468 −941.854. ConlusionsStohasti di�erential equation models for the growth of individual animals were onsidered andparameter estimation proedures were developed for the ase of several trajetories (several animals),where observations of the animal size may be made at di�erent times for di�erent animals. An illustra-tion is shown for attle data provided by C. Roquete using the stohasti Bertalan�y-Rihards modelwith c = 0 (Gompertz model) and c = 1/3. Estimation proedures for the ase where di�erent animalsmay have di�erent randomly hosen A parameters will appear shortly in an upoming paper.Aknowledgment. This work was developed in CIMA, a researh enter �naned by FCT (Fundação para aCiênia e a Tenologia) within its 'Programa de Finaniamento Plutianual' (under FEDER funding).REFERENCESBertalan�y, L. von (1957). Quantitative laws in metabolism and growth. The Quarterly Review ofBiology, 34 (3): 786-795.Braumann, C. A. (2005). Introdução às Equações Difereniais Estoástias. Edições SPE.Filipe, P. A., Braumann C. A., and Roquete, C. J. (2007). Modelos de resimento de animais emambiente aleatório. Atas do XIV Congresso Anual da Soiedade Portuguesa de Estatístia (submitted).Freitas, A. (2005). Curvas de resimento na produção animal. Revista Brasileira de Zootenia, 35:1843-1851.Garia, O. (1983). A stohasti di�erential equation model for the height of forest stands. Biometris,39: 1059-1072.Goldsworthy, P. and Colegrove, M. (1974). Growth and yield of highland maize in Mexio. J. AgriultureSiene, 83: 213-221.Kozusko, F. and Bajzer, Z. (2003). Combining gompertzian growth and ell population dynamis.Mathematial Biosienes, Vol. 185, p. 153-167.Mazini, A., Muniz, J., Aquino, L., and Silva, F. (2003). Análise da urva de resimento de mahosHereford. Ciênia Agroténia, 27 (5): 1105-1112.Ohnishi, S. and Akamine, T. (2006). Extension of von Bertallan�y growth model inorporating growthpatterns of soft and hard tissues in bivalve molluss. Fisheries Siene, 72 (4): 787-795.Oliveira, H., L�bo, R., and Pereira, C. (2000). Comparação de modelos não-lineares para desrever oresimento de fêmeas da raça Guzerá. Pesquisa Agropeuária Brasileira, 35: 1843-1851.Rihards, F. (1959). A �exible growth funtion for empirial use. J. Experimental Botany, 10: 290-300.
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Distance sampling in the presence of density gradients
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Centre for Research into Ecological and Environmental Modelling
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E-mail: tiago@mcs.st-and.ac.uk

Distance sampling is one of the most commonly used methods for estimating density and abun-
dance. Details about conventional methods can be found in Buckland et al. (2001). Conventional
methods are based on the distances of detected animals from the center of point transects or the center
line of line transects. These distances are used to model a detection function, g(v), representing the
probability of detecting an animal, given it is at distance v from the line or point. The probability of
detecting an animal in the covered area P is given by

(1) P =
∫ w

0
g(v)π(v)dv = E[g(v)]

i.e. the mean value of the detection function with respect to the distribution of available distances to
be detected, π(v); w represents a truncation distance. Note that v could be either a radial distance (r)
in the case of points or a perpendicular distance (x) in the case of line transects. Given an estimator
for this probability, P̂ , a Horvitz-Thompson-like estimator of abundance (Nc) for the covered area (a)
follows as

(2) N̂c =
n

P̂

where n represents the number of detected animals.
Inferences for abundance (N) in the wider survey region (A) are justified using the survey

design. Given the proportion of the covered area was Pc = a/A, and that units were randomly
selected independently of the animal population, it follows that

(3) N̂ =
N̂c

Pc
=

n

P̂Pc

.

Note that, provided an estimate of abundance is obtained for a given area of size A, the corre-
sponding estimator for density (D) follows immediately, as D = N

A .
In practice, a model is assumed for the detection function and the data are used to derive

maximum likelihood estimates (MLE) of the model parameter vector φ1. This is done by numerical
maximization of the following likelihood:

(4) L(φ1|vi) =
n∏

i=1

f(vi) =
n∏

i=1

g(vi)π(vi)∫ w
0 g(v)π(v) dv

.

The true parameter vector is replaced in equation (1) by its MLE, hence obtaining a MLE for
P , and the corresponding MLE for N or D follows.

Amongst other key assumptions, the conventional estimator relies on the properties of the design,
namely that a sufficient number of samplers are placed over the study area independently of animal
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distribution, following some previously specified random design. Given this random placement, π(v)
can be assumed known, namely π(x) = 1

w for the case of line transects and π(r) = 2r
w2 for the case of

point transects.
Despite this requirement, many published studies present results based on transects laid along

linear features with respect to which the animals might respond to, like roads or rivers. Areas in the
vicinity of this linear feature may have unrepresentative densities. Further, there may be a trend in
availability of animals with distance from the feature, so that the distribution π(x) or π(r) may differ
from the above forms. In this work I describe an approach to deal with these scenarios.

Proposed methods

In the following an extension to conventional methods is presented, where point transects are laid
along such a linear feature. The proposed methods also require that, along with the usual model for
the detection function, we assume a model for the relative density gradient, d(x). This represents the
distribution of animals with respect to the linear feature that are available to be detected. The goal
is to estimate its parameter vector (φ2) as well as the detection function.
Unlike conventional methods, the likelihood is based on a joint distribution rather than a distribution
based on r alone. In addition to the usual radial detection distances, we now require the collection
of the angle of sighting with respect to the road, which is easy to achieve with negligible additional
effort.
The new likelihood uses information on both r and θ. For brevity, we omit here the details about its
derivation, which can be found in Marques (2007). The likelihood has the following expression

(5) L(φ1, φ2|r, θ) =
n∏

i=1

π(ri, θi)g(ri)∫
R

∫
θ π(r, θ)g(r)dθdr

.

Hence, despite the fact that the detection function is still assumed a function of the radial distance
alone, the distribution of distances available for detection is a function of radial distances and sighting
angle. Note that π(r, θ) is parameterized as a function of a density gradient, defined with respect to
the linear feature, i.e. as a function of d(x). The two (x and r) are easily related, as x = r sin θ.
This likelihood allows the estimation of the parameters of interest, and hence to obtain a corresponding
estimate for P using a variant of expression 1, and an estimate of abundance for the area covered (a
set of k circles). To obtain a density estimate valid for the vicinity of the linear feature, we need to
estimate the probability of an animal being in the circle, given that it is in the square of side 2w that
contains it. That probability is given by

(6) Pc|s =

w∫
0

d(x)
√

w2 − x2dx

w∫
0

d(x)wdx

.

We can estimate Pc|s using the estimated density gradient. Hence the density estimate in the 2w
width strip along the linear feature is

(7) D̂ =
n

aP̂ P̂c|s

where a is the area of the k squares containing the covered circles (k4w2). This is a Horvitz-Thompson-
like (HTL) estimator, sensu Borchers et al. (2002:143-144): the probabilities involved are estimated
instead of known by design, as in conventional Horvitz-Thompson estimators.
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Further, it seems possible to consider also the use of some secondary transects, perpendicular to
the linear feature, to bring in additional information on the density gradient with respect to the
linear feature. The ns distances (x) from the linear feature to detected animals, collected along these
secondary transects, would be used to estimate the density gradient parameter by using a likelihood
like

(8) L(φ2|x) =
ns∏

j=1

d(xj).

Once these two likelihoods are established, and given that they share parameters (at least, the density
gradient parameter vector), it seems natural to combine the two to achieve more reliable estimates of
both the density gradient and the detection function, and consequently of the abundance or density
of the population of interest.
On top of this new way to obtain a density or abundance estimate for the vicinity of the linear feature
used for sampling, an alternative approach to the conventional design based estimate, for wider survey
areas, is now possible. The methods proposed here assume a model for the density gradient, and hence
open the door to a model based approach to obtain an estimate for the wider area. This is relevant as,
sometimes, conventional methods are used along such linear features, and the estimates assumed to be
valid for the wider survey area. Such assumption is questionable at best and most likely false, because
these areas are usually not representative of the wider survey region. This would be a problem even
if the estimate for the vicinity of the linear feature was unbiased, which given the material above, is
in itself unlikely in the presence of a density gradient.
Note that, considering D(x) to represent an absolute density gradient, i.e. density at distance x from
the linear feature, we have d(x) = D(x)/α, such that d(x) is a pdf . As an aside, note this fact has
no implication on the methods because there is no information in the likelihood used to allow the
estimation of the proportionality constant α.
Given that we use the methods above, we obtain an unbiased density estimate for the vicinity of the
linear feature, D̂. As part of the estimation process we also obtain an estimate of d(x). Provided a
random selection of units along the linear feature is used, these estimates are valid for the vicinity of
the linear feature on the basis of the design.
Consider a Cartesian coordinate system, where D(x, y) represents density at location (x, y). The
density D in a strip of length L and width 2w centered on the linear feature is

(9) D =

L∫
0

2
w∫
0

D(x)dxdy

2Lw
=

w∫
0

D(x)dx

w
=

α
w∫
0

d(x)dx

w
=

α

w

and hence

(10) α = Dw.

Therefore, an estimate of density at distance x from the linear feature is given by

(11) D̂(x) = D̂wd̂(x).

In contrast with the design-based approach used in conventional methods, this leads to a model-based
scaling up of the density estimate, which was only valid for the vicinity of the linear feature, for the
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wider survey region. Despite being based on extrapolation of the estimated density gradient beyond
the range of distances in the data, if one can assume that the influence of the linear feature has
disappeared at w, then D̂(w) is a better density estimate, for the wider region not covered, than D̂.
The inspection of the estimated d(x) will allow assessment of whether or not that is a reasonable
assumption.

Illustration of the proposed methods

Based on a specific data set of hares from the Republic of Ireland, where point transects were placed
along roads, an illustration of the proposed methods is presented. A conventional distance sampling
analysis of the data is compared with the proposed methods, showing that ignoring the density gradient
can cause severe bias.
Capitalizing on the fact that we are dealing with methods cast in a likelihood framework, some possible
additional extensions are presented, to deal with two a priori unexpected data issues:

• Situations in which the secondary transects do not have all the same length, hence not providing
a direct sample from (.x)

• Situations in which sectors of a point are not all equally available for detection, due to visibility
barriers
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1. Introduction 

Often, population numbers are compared between two locations or characteristics. For instance, Massaro and 
Blair (2003) compared the numbers of breeding yellow-eyed penguin (Megadyptes antipodes) pairs between 
19 locations on Stewart Island (New Zealand) and 10 locations on cat-free islands off Stewart Island. In 
contrast to the latter islands feral cats (Felis catus) that can pose a serious threat to penguin offspring are 
present on Stewart Island. Massaro and Blair (2003) found 4.2 (± 0.6, mean ± 1 SE, n = 19) pairs per location 
on Steward Island and 9.9 (± 3.0, n = 10) pairs per location on the cat-free islands. They performed a 
bootstrap test using the raw difference of sample means as test statistic and obtained a significant result    
(P = 0.009). 

 However, the bootstrap test based on the raw difference of sample means tests the null hypothesis 
that the distribution functions of both populations are identical (Efron and Tibshirani, 1993, p. 222). In the 
example mentioned above, there is not only an empirical difference between the two means, but also between 
the standard deviations: the variance is much smaller on Stewart Island. This difference in the variability is 
highly significant (P = 0.001, Fisher-Pitman permutation test applied to absolute deviations from sample 
medians as recommended by Manly and Francis, 2002, and Neuhäuser, 2007). Therefore, based on the 
performed bootstrap test one cannot conclude that there was “a significant difference in the number of 
penguin pairs per breeding location” (Massaro and Blair, 2003, p. 110).  

When testing whether the means are equal without assuming equal variances (Behrens-Fisher 
problem) one may use the modified t test statistic  
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sample means, and n1 and n2 the sample sizes of the two group (Efron and Tibshirani, 1993, p. 223). With 
10,000 bootstrap samples I obtained a two-sided p-value of 0.122. When the t distribution with the above-
mentioned modified t test statistic, appropriate for possibly unequal variances (recommended by Moser and 
Stevens, 1992), is used instead of the bootstrap, the P-value is only slightly smaller (t = 1.86, df = 9.82,    
P = 0.093). A two-step procedure proposed for samples from distributions that may be non-normal with 
unequal variances (Manly and Francis, 2002) gives a consistent result: although there is evidence for     
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any difference between the groups, the difference between the variances only is significant (P = 0.001,    
see above); the difference in means is not significant (P = 0.069, D.O test based on 10,000 randomizations, 
Manly and Francis, 2002). The Brunner-Munzel test (Brunner and Munzel, 2000), suggested for the 
nonparametric Behrens-Fisher problem, also gives a non-significant result: WBF = 1.23, df = 9.98, P = 0.246. 

 

2. Experimental units, resampling strategy, and statistical tests 

All the tests mentioned above consider the counts, i.e. in the example the number of pairs per location, as 
experimental units. However, one may consider a pair rather than a colony (or location) as the experimental 
unit. Then, a different resampling procedure may result.  

It should be noted that a similar situation occurs in parasitology (Reiczigel et al., 2005): Host 
individuals usually act as natural sampling units. The number of parasites per host is called intensity. 
However, from the parasite’s point of view, the infrapopulation size, or crowding, is important. For example, 
parasite growth and mating probabilities are highly dependent on crowding (Poulin, 2007). Moreover, the 
existence of density dependent regulation depends on threshold infrapopulation sizes (Poulin, 2007).  

To illustrate crowding let us consider Reiczigel et al.’s (2005) sample B: There are three hosts with 1, 
4, and 7 parasites. Mean intensity is (1 + 4 + 7)/3 = 4. To calculate mean crowding the denominator is equal 
to the number of parasites rather than the number of hosts: mean crowding = (1 x 1 + 4 x 4 + 7 x 7)/(1 + 4 + 
7) = 5.5. In parasitology, crowding data consist of non-independent values. Therefore, classical statistical 
methods, assuming that data consist of independent events, cannot be applied (Reiczigel et al., 2005). To 
carry out these classical methods, although replicates are not statistically independent, would be 
pseudoreplication according to the definition of Hurlbert (1984). 

Reiczigel et al. (2005) introduced a bootstrap method in order to calculate a confidence interval for 
the mean crowding of a group. Based on these confidence intervals, Reiczigel et al. (2005) developed a test 
to compare the mean crowding of two groups. The null hypothesis that crowding is equal in the two groups 
will be rejected if the (1 – α/2)-confidence intervals do not overlap.  

Here, I propose an alternative method to test for differences in mean crowding. The population 
mean crowding E(C) is a function of the population mean E(I) and variance Var(I) of the intensity: 
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)(
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(Lloyd, 1967; Reiczigel et al., 2005). Therefore, one can perform a location-scale test based on the intensity 
values (that are independent). When the location-scale test detects a difference in mean and/or variability of 
intensity one can conclude that there is a difference in mean crowding. This conclusion is justified because a 
situation that there are differences in both mean and variance of intensity, but no difference in mean 
crowding between two groups is extremely unlikely and can be neglected.  

 Since parasite intensities are often non-normal (Neuhäuser & Poulin, 2004) a nonparametric 
location-scale test such as Lepage’s (1971) test or its modification (Neuhäuser, 2000) should be chosen. 

 When a pair, or parasite, is considered as experimental unit, there is, obviously, some dependence 
within each location, or host: The number of units, the infrapopulation size, is identical for all units within a 
location. The location-scale test proposed above can be applied because it uses intensity values, i.e. there is 
one value only per host.  

A female parasite may deposit many eggs within or upon the same host (e.g. oviposition in larvae), 
thus, several young will live on the same host, and could stay there for their entire life. For instance, an adult 
female Cotesia spp. deposits between 50 and a few hundred eggs into a single host larva (Thompson et al., 
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2005). Hence, there is a strong dependence between individual parasites on the same host. However, the 
situation is different in yellow-eyed penguins. Juveniles usually visit many colonies along the coastline 
(Richdale, 1957, p. 85; and www.penguinplace.co.nz/generalinfo.html). Richdale (1957, pp. 90-91) observed 
411 fledglings from different colonies on New Zealand’s South Island. Between 6 and 20% of these young 
were observed breeding in the colony where they hatched (colony = breeding place in Richdale’s 
terminology). Thus, the vast majority of offspring dispersed to other colonies that can or cannot be close to 
the breeding place. Richdale (1957) could only calculate the range 6 to 20% because of missing fledglings. 
Some of them probably die before breeding, some others probably took up residence far away in colonies not 
investigated by Richdale (1957). 

Moreover, breeding failure tends to cause birds to wander off to another colony (Richdale, 1957, pp. 82-
84). This behavior could have contributed to the low colony sizes on Stewart Island where feral cats are 
present. In addition, new colonies can be founded as observed by Richdale (1957, p. 92). Consequently, the 
situation is completely different from that in parasitology. The fact that juvenile penguins visit many colonies 
and, later, decide for a breeding place, together with the low philopatry, indicates that colony sizes may be 
binomially distributed. In the example, there are 178 pairs and 29 locations (= colonies). I assume that, under 
the null hypothesis that colony sizes are not different between cat-free islands and Stewart Island, each 
colony size Xij has a (marginal) binomial distribution with n = 178 and p = 1/29. Of course, there is the 
constraint that Σ Xij = 178. 

 Therefore, in a permutation test I randomly allocated each of the 178 pairs to one of the 29 locations. 
The allocation for one pair was independent from the other pairs. With 10,000 randomly selected 
permutations and TBF based on the colony sizes Xij as test statistic the permutation test was highly significant: 
P < 0.001. Thus, when pairs are considered as independent experimental units a different resampling strategy 
results. The consequence is a completely different test result although the test statistic remains unchanged. 
Now, the test result is consistent with the observed huge difference between the mean colony sizes. 

 

3. Conclusion 

Based on an example it is demonstrated how important the biological principles underlying the data are in 
order to choose an appropriate statistical test. On the one hand a nonparametric location-scale test is 
proposed to compare mean parasite crowding between two groups. I assume that such a test is more powerful 
than the test based on confidence intervals according to Reiczigel et al. (2005). The reason is that the 
principle to calculate confidence intervals and to check for overlap usually creates extremely conservative 
comparisons (Payton et al., 2003). A simulation study to compare size and power of the two test strategies 
will be published in a follow-up paper. On the other hand a permutation t test with a non-standard resampling 
procedure is introduced to compare binomially distributed population numbers. 
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ABSTRACT/RESUME 

In parasitology the infrapopulation size, or crowding, is important. To compare the mean crowding of two groups, 

Reiczigel et al. (2005) proposed a test based on confidence intervals. As an alternative I recommend a nonparametric 

location-scale test based on parasite intensities, such as Lepage’s test. A location-scale test based on intensities can be 

applied since mean crowding is a function of both mean intensity and variance of intensity. In addition, colony sizes in 

yellow-eyed penguins (Megadyptes antipodes) are discussed. When a pair is considered as experimental unit, as a 

parasite when crowding is investigated, it can be assumed – because of the life history of the penguins – that colony 

sizes are binomially distributed. For that situation, a permutation test based on the t statistic, but with a non-standard 

resampling procedure, is introduced. 
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Évora 7000-671, Portugal
E-mail: hugo quintino@yahoo.com.br

Serrano, Emmanuel
Inst. Nat. de la Recherche Agronomique, Lab. de Comportement et Ecologie de la Faune Sauvage
Chemin de Borde-Rouge-Auzeville
Castanet-Tolosan, BP 52627, 31326, France
E-mail: emmanu@ozu.es

In the wildlife literature various studies have shown that the amount of fat around the kidneys is
often a good indicator of body condition and health of ungulate species ([1],[2]). Wildlife biologies often
measure the weights of fat around the kidneys and the kidneys themselves (without fat), comparing
these two quantities and transforming them into a ratio or a proportion as surrogates of body condition
of dead animals. Later, they use these indices as response variables to model the effect of covariates
or treatments, such as age group and season of the year, on body condition. The more commonly
used models are ANOVA-type. Most debate has been concentrated on whether or not to use a simple
ANOVA model of ratios or proportions with fixed effects, or an ANCOVA model using fat weight as
response variable, and the kidneys weight as a covariate ([3]). Results have taken by surprise some
biologists because using one or another model with both response variables could lead to very different
results for what it considered the most important effects. In this manuscript we attempt to highlight
the main differences and the distributional properties of these response variables, ratio and proportion.

The relationship between ratio and proportion

Assume that we have a continuous, positive random vector (X, Y ) ∈ <2, and let X be the weight
of kidney fat, and Y the weight of the kidneys without fat, so that Z = X +Y is the total weight of the
kidneys including fat. Define R = X/Y and P = X/(X + Y ). We are interested in the distributional
properties of R and P as surrogate variables to assess ungulates body condition. Note that R and P

have support on (0,∞) and (0, 1) respectively.
Note also that R and P are related, and each of them can be expressed as a monotone function of

the other, R = P/(1−P ) and P = R/(1+R). Because these are monotonic one-to-one transformations,
we could find the distribution of one of the variables given that the distribution of other variable is
known ([4]). Empirical evidence has shown that it might be reasonable to assume that P could have
a symmetric distribution, whereas, R has a more likely skewed distribution. We are interested in
identifying in which sampling and parametric spaces one could expect the distributions of R and
P would have similar behavior, and thus, they could generate similar results when performing data
analyzes.
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Figure 1 presents the relationship between P and R in some parametric space of interest P ∈
(0, 1) and R ∈ (0, 10). The straight line is the identity function, and we could see that R → P as
P → 0. There should be a threshold for which we can not distinguish whether empirical data comes
from the distribution of P or the distribution of R. One could also see that as P → 1 it will be easier
to distinguish between the two distributions.

Figure 1: Relationship between R (y-axis) and P (x-axis)

For the sake of simplification lets consider two scenarios. Assume that i) P ∼ Normal(µ, σ2),
and ii) P ∼ Beta(α, β), a more flexible function. The pdf of R is then given by equations (1) and (2)
for scenarios i) and ii) respectively.

f1(r) =
exp

(
−1

2

(
r(1−µ)−µ

σ(1+r)

)2
)

√
2πσ(1 + r)2

, r > 0, 0 < µ < 1, 0 < σ < 1.(1)

f2(r) =
r(α−1)(1 + r)−(α+β)

B(α, β)
, r > 0, α, β > 0, and B(α, β) =

Γ(α)Γ(β)
Γ(α + β)

.(2)

Illustrative example

We illustrate our analysis with a data set from two cervids species with different degree of
sexual dimorphism, fallow deer (FD) (Dama dama, n = 139) and roe deer (RD) (Capreolus capreolus,
n = 116) ([5],[6]). If we were to analyze the entire data set and observe the relationship between
the ratio and the proportion, there is a clear difference between the sampling spaces for each species
(Figure 1). Note, for instance, that FD data (blue marks) presents much higher values for proportions
and ratios than RD data (green circles). A summary of the data is presented in Table 1. P for RD is
closer to zero and have much larger relative variability (CV) than FD data.

Table 1. Descriptive Statistics for P and R for RD and FD data
Mean Maximum Minimum Variance StDev CV

Proportion 0.488 0.892 0.040 0.065 0.255 0.522
Roe Deer 0.254 0.609 0.040 0.027 0.163 0.642

Fallow deer 0.682 0.892 0.307 0.013 0.115 0.169
Ratio 1.604 8.299 0.042 2.329 1.526 0.951

Roe Deer 0.420 1.556 0.042 0.139 0.373 0.887
Fallow deer 2.592 8.299 0.443 2.009 1.418 0.547

We fitted normal and beta distributions to P and conducted various GOF tests (Kolmogorv-
Smirnov, Lilliefors and QQ-plots) . We found that RD data adjusted marginally well to normal and
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beta distributions, whereas, FD data adjusted well to both, normal and beta distributions (D < D∗ =
0.13) (Figure 2).

Figure 2: Fitted distributions of P

Lets now examine how the distributions of P and R compare for these two data sets. Note that
for RD data the distributions for P and R are closer to each other than for FD data. In addition,
as we already pointed out, RD data presents much higher relative variability than FD data, and this
fact would make difficult to distinguish among sampling data coming from each distribution. On the
contrary, the distributions of P and R for FD data are clearly differentiated, and therefore, inferences
from one or the other distribution are also expected to be different (Figure 3). The closer P is from
zero, the more likely its distribution becomes similar to the distribution of R.

Figure 3: Distributions of P and R for FD and RD data

Concluding remarks and future work

We have shown that the properties of the distributions of R and P could be quite different
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depending on the sampling space in which we may be interested. When the proportion is near zero,
its behavior is similar to that of the ratio. Researchers using both, ratios and proportions, as indices
should be aware of their distinctions and theoretical properties. In our example, we have seen signifi-
cant differences in proportions between the two species; however, even for the same species, one could
expect remarkable differences for individual of different age groups, or for data collected in different
seasons of the year. Therefore, despite the robustness and assumptions of ANOVA or ANCOVA, one
may expect substantially different results when using these indicators to observe significant effects. In
fact, the underlying distributions of these procedures should be verified before they are applied. Given
the potential skewness of the distributions of R and P , data often needs transformation in order to
use such procedures. If we were to know the distribution of P , we can easily find the distribution of
R. Our data analyzes also show that normal and beta are plausible distributions for the proportion.
It is well known that the normal distribution may not perform well when the expected value of P is
near 0 or 1. In these situations, a beta distribution would probably fit better, given that it takes more
flexible forms.

Future work could focus on assessing the validity of using ANOVA and ANCOVA methodology
when the response variables are R or P . One may also be interested in studying only the properties
of R and P based on given distributions for X and Y . We have done some work on this direction, but
given the limitations in space these results are not presented here.
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RÉSUMÉ (ABSTRACT)

Since 1955 a common procedure to study body condition in death ungulates is to weight the
kidneys with and without their associated fat, and them to compute a ratio of kidney fat weight relative
to the kidney weight without fat, or the proportion of kidney fat relative to the overall weight of
kidney with fat. Researchers find discrepancies in the statistical analysis when the response variable is
expressed as a ratio (R) or as a proportion (P ). Although our work is motivated by the need to assess
the body condition in ungulate populations, the problem is very common in other areas, besides Medical
and Life Sciences. It turns out that the distributional properties of R and P are quite different, and
then it should not be taken as a surprise that their variability not always can be similarly explained
by the same treatment effects or covariates (i.e. sex, age, season) when using ANOVA-type or similar
models, despite their robustness to departures from common assumptions. In many applications these
quantities are often used indifferently, and without paying attention to their drawbacks and limitations.
We illustrate our methodology based on data analyses of deer populations, and study the distribution
for R and P under some simplifying assumptions.
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1. Introduction

T lymphocytes have a key role in the immune system as they recognize and orchestrate immune
responses against pathogens. Efficient pathogen recognition is only possible because each T lympho-
cyte has an unique receptor variant and the collection of variants, the so-called repertoire, is very
diverse. Immune responses are regulated by a balance between two major classes of T lymphocytes,
called effector and regulatory T cells, with their own receptor variant repertoires. Reduction in the
diversity of these repertoires leads to immunodeficiencies (like AIDS) or to autoimmune diseases such
as diabetes, lupus or rheumatoid arthritis. Estimating T cell receptor (TCR) repertoire diversity is
therefore a key issue in immunology.

Some methods are available in immunological literature to estimate diversity, which rely heavily
on the ad hoc assumption that the frequency of each T cell variant is homogeneous (Barth et al, 1985;
Behlke et al, 1985). However, Ecology is a better source of biodiversity estimation techniques that
can be redeployed for lymphocyte diversity. Here we use some of these techniques to re-assess data
on regulatory and effector TCR repertoires in mice reported by Hsieh et al (2006). In that report,
TCR diversity was estimated by the coverage-abundance estimator (ACE; Chao and Lee, 1992) and
by a method based on a homogeneous Multinomial distribution (Barth et al, 1985; Behlke et al,
1985). Alternatively, we adopt here a parametric approach by fitting different parametric distributions
(modified Multinomial-Dirichlet, Gamma-Poisson, Log-series, Yule and Zeta) to data and use them
to estimate diversity. We also apply another method based on the concepts of sample coverage and
duplication (Chao and Bunge, 2002).

2. Materials and methods

Hsieh et al (2006) collected samples of regulatory and effector T cells from thymus and peripheral
blood of mice with limited diversity, and enumerated TCR variants by sequencing the genes that

1Funded by Fundação para a Ciência e Tecnologia (fellowship SFRH/BD/19810).
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encode them. Data is then the frequency distribution of {mi, i = 1, . . . , n}, where mi is the frequency
of distinct TCR variants represented i times in the sample and n =

∑n
i=1 i ×mi is the sample size2.

The goal of the analysis is to estimate the number D of distinct TCR variants in the population. Hsieh
et al analyzed two mice, but for sake of space we only considered here data from mouse 1. Complete
analysis is available from the authors upon request.

Barth et al (1985) assumed that all TCR variants have the same probability of being sampled
(1/D) and the sampling with fixed size is approximately with replacement. Then, the distribution of
the (D − 1)-dimensional vector formed by the frequencies of each TCR variant in the sample follows
a homogeneous Multinomial distribution MD−1(n, {1/D, . . . , 1/D}). In this scenario, one can derive
the following distribution for {mi} that we refer to as modified Multinomial (MM)

(1) P [{mi} |D] =

(
D

M

)
M !∏n

i=1 mi!
n!∏n

i=1(i!)mi

1
Dn

,

where M =
∑n

i=1 mi is the number of distinct TCR variants in the sample. It is easy to show that,
under this model, M is a sufficient statistic for D, and, thus, one can use alternatively its sampling
distribution to produce inferences over D without losing any sample information (see distribution in
Behlke et al, 1985).

We relaxed the homogeneity constraint in the above model by assuming that the probability
vector of the Multinomial distribution follows a symmetric Dirichlet distribution DD−1(α, . . . , α). One
can show that the resulting distribution of {mi} is given by

(2) P [{mi} |D,α] =

(
D

M

)
M !∏n

i=1 mi!
n!∏n

i=1(i!)mi

∏n
i=1 [Γ(α + i)]mi

Γ(Dα + n)
Γ(Dα)

[Γ(α)]D
,

where Γ(·) is the gamma function. We refer to (2) as modified Multinomial-Dirichlet distribution
(MMD).

In other models, adopted from Ecology, the distribution of {mi} is described by the following
Multinomial distribution

(3) P [{mi} |D, η] =
D!

(D −M)!
∏n

i=1 mi!
[pη(0)]D−M

n∏
i=1

[pη(i)]
mi ,

where pη(i) is the probability of a species being represented i times in the sample, which follows a
given probability model parameterized by η. For this work we consider different models for pη(i): the
classical Gamma-Poisson model (Fisher et al, 1943), the Log-series distribution (Kempton and Taylor,
1974) and two power-law distributions, Zeta and Yule, which are usually applied to model ranked data
(Levich, 1980).

The different models above were fitted by maximizing the respective likelihood functions (1),
(2) and (3) via the profile likelihood method. Their goodness-of-fit was evaluated by the Pearson’s
test with 5% level of significance. In this regard, it is worth noting that the Multinomial distribution
embodied in equation (3) includes the number of unobserved TCR variants (D − M) and therefore
should not be accounted for when inferring the quality of the fit. To this purpose, the different models
for pη(i) were evaluated from the conditional distribution of {mi} given the observed number M of
distinct TCR variants in the sample, that is,

(4) P [{mi} |M,η] =
M !∏n

i=1 mi!

n∏
i=1

[
pη(i)

1− pη(0)

]mi

.

2Data available at http://www.nature.com/ni/journal/v7/n4/extref/ni1318-S3.pdf
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We also used an estimator (DCE) based on the concepts of sample coverage and duplication
applied to the Gamma-Poisson model (Chao and Bunge, 2002). It takes the form of the number
of duplicated species (i.e., species represented by two or more individuals) divided by an estimated
duplication fraction. The duplication is estimated from all frequencies including singleton information.
For more details, see Chao and Bunge (2002).

Data at hand show long-tailed frequency distributions. In this case it is hard to find simple
probability models that fit data well. To overcome this problem, we applied a method that consists
in dividing data into two parts, one for the relatively rare species and other for the abundant species
(Chao et al, 1993). In each part diversity is estimated. The total diversity is then the sum of the
diversity estimates for each part. Here, like in Chao and Bunge (2002), we only attempt to model the
frequencies of the relatively rare TCR variants, and then add in the abundant TCR variants: i.e., we
base the estimate of unobserved TCR sequencies on (m1, . . . ,mτ ) for some cut-off value τ and then
complete the estimate adding in the observed number of TCR variants that are represented by more
than τ times. The problem is then to select the cut-off point τ . To this end, we tried to use as much
data as possible allowing τ to increase in order to find a region in which goodness-of-fit is satisfactory
and the estimates of diversity are reasonably stable.

3. Results

Table 1 shows diversity estimates obtained using different probability models. Most models
can only fit well truncated data (see values for τ). In one extreme, the Zeta distribution required
the smallest data truncation and produced at the same time the highest diversity estimates. In the
other extreme, the modified Multinomial distribution could only describe the frequency distribution
of the three rarest TCR variants (τ = 3 for all data sets). This result suggests that the probability
of sampling each T cell variant is far from being homogeneous. However, almost every model could
reasonably fit the whole data from the peripheral effector T cells.

With respect to ACE and DCE methods, they give estimates in the same order of magnitude,
except for thymic regulatory T cells. Moreover, these estimates are smaller than most parametric
counterparts. It is worth noting that DCE only gave rise to positive estimates in truncated data. The
same data truncation was performed in Gamma-Poisson model. Since DCE is based on this model, we
speculate that negative values of DCE are symptom of a bad fit of the Gamma-Poisson model when
considering higher values of τ .

Table 1

Diversity estimates (D̂) according to several models and estimators (ACE calculated by Hsieh
et al, 2006), where τ is the cut-off value for data fitting and p is the p-value of the Pearson’s test.

Regulatory T cells Effector T cells
Thymus Peripheral Thymus Peripheral

Model D̂ τ p D̂ τ p D̂ τ p D̂ τ p

MM 424 3 0.12 459 3 0.92 500 3 0.97 260 3 0.10
MMD 1736 5 0.66 2349 3 0.74 2622 3 0.61 581 — 0.17
Gamma-Poisson 1208 5 0.65 459 3 0.97 499 3 0.96 427 3 0.21
Log-series 977 5 0.64 1156 3 0.91 1268 5 0.73 387 — 0.13
Yule 1453 5 0.70 1720 3 0.77 1110 6 0.09 581 — 0.44
Zeta 3266 5 0.51 2190 7 0.15 2577 6 0.23 1024 — 0.56
ACE 628 — — 541 — — 602 — — 311 — —
DCE 1562 5 — 373 3 — 481 3 — 495 3 —
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4. Conclusions

Hsieh et al (2006) estimated diversity from the modified Multinomial distribution considering
the whole data. We have shown here that this distribution could only fit well heavily truncated data,
which strongly indicates that estimates of Hsieh et al may be inaccurate. More importantly, our
analysis shows that the assumption of homogeneous clonal sizes commonly used in Immunology must
be revised.

To produce good fits of different parametric models to data, most abundant TCR variants were
excluded from the analysis. If we use the extent of data truncation as a criteria to compare and select
models, then the Zeta distribution seems to produce the best results. Since this distribution gave
rise to the highest diversity estimates, we are tempted to say that lymphocyte diversity is currently
underestimated. However this needs further research. In terms of interpretation, Zeta distribution
belongs to the class of power-law distributions that can be explained by different stochastic processes
(e.g., Barabási and Albert, 1999; Gabaix, 1999). The most plausible explanation might be related with
the dynamics of an intrincate network of interactions among T cells and so-called antigen-presenting
cells (Carneiro et al, 2007). In this regard, the number of these interactions is critical for the survival
of each T cell variant. This issue is currently being analyzed and will be reported elsewhere.

Finally, we show that diversity estimates vary substantially from one method to another. In
this scenario, it is legitimate to ask which is the most reliable estimate. Using a purely statistical
approach, the extent of data truncation can be a useful criteria but it is not enough to warrant the
choice of a specific parametric distribution. Therefore, a definite solution may require modeling the
mechanisms that generate and maintain diversity (Sepúlveda et al, 2005; Carneiro et al, 2007).
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ABSTRACT

The Acid phosphatase, C-LMW-PTP (cytosolic low molecular weight protein tyrosine phosphatase), or
ACP1, is an intracellular enzyme that posses phosphotyrosine phosphatase and flavin-mononucleotide
(FMN) phosphotransferase protein activity. Tyrosine phosphorylation in receptors is implied in growth
and cellular proliferation of normal and neoplasic cells, and in signal transduction by the insulin and
other growth factors. The phenotypes of the acid phosphatase are also considered. Body Mass Index
(BMI) is a number calculated from a person’s weight and height. BMI provides a reliable indicator
of body fatness for most people and is used to screen for weight categories that may lead to health
problems. Haptoglobin (Hp) is a protein of the immunitary system. Hp exists in two allelic forms
in the human population, so called Hp1 and Hp2; the latter one having arisen due to the partial
duplication of Hp1 gene. Three phenotypes of Hp, therefore are found in humans: Hp1-1, Hp2-1,
and Hp2-2. Hp of different phenotypes has been shown to bind hemoglobin with different affinities,
with Hp2-2 being the weakest binder. This protein is associated to the susceptibility for common
pathological situations, such as diabetes, cardiovascular diseases and obesity. In this work, we will
perform a factorial analysis of covariance for RxC independent samples, cross-tabulated according to
two independent variables, Haptoglobin phenotype and acid phosphatase phenotype. The dependent
variables of interest are the activity of acid phosphatase and BMI. The concomitant variable whose
effects one wishes to bring under statistical control is the individuals’ age. Within the general purpose
of disease prevention and since research on this subject is scarce, the present work is therefore justified.

Keywords. Acid phosphatase (ACP1), Haptoglobin, Body Mass Index, ANCOVA.
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INTRODUCTION
Case-parent designs are commonly used to study associations between genetic markers and a

disease. Using such family data, Spielman et al. (1993) proposed the transmission/disequilibrium
test (TDT) based on comparing the alleles transmitted from the heterozygous parents to the
affectedoffspring with those alleles not transmitted. On the other hand, Schaid and Sommer (1993,
1994) suggested a conditional parental genotype (CPG) approach, in which the likelihood of the
child�s genotype conditional on the parental genotypes was employed to derive score tests under
different genetic models. The TDT or CPG tests require that parents and their affected child have
been typed at the marker locus. However, the availability of parental genotypes can pose a problem
(the association test may have low power), especially when the disease of interest has a late age of
onset. In this paper, I study the problem of combing two (or more) family studies for the same
candidate marker but different diseases to improve the power of association test. The family data
were collected based on the case-parent design. Since the family study not for the disease of interest
is possibly accessible without additional cost. Therefore the test proposed in this paper has practical
value.

METHOD
Let G denote the offspring genotype and pG = (G1, G2) the parental genotypes with the

convention that G1 � G�� Let ( , )A
pN g g ( ( , )B

pN g g ) be the number of triads with child
genotype g and mating type pg in the study of disease A (B). Also define ( , )pN g g =

( , )A
pN g g + ( , )B

pN g g . Let g� ( g� )be the genotype relative risk of disease A (B) if G =g. Then it
can be shown that the log of the profile likelihood function is given by

, ,

( , ) log ( , ) ( , ) log ( , )
p p

A A
p p p p

g g g g
N g g f g g N g g f g g� �� �� .

Here functions ( , )pf g g and ( , )A
pf g g are defined in Tables 1 and 2, respectively. Note that the

profile likelihood � is a function of *� , g� , g� , and
pg� . Parameters

pg� are used to quantify the

effect of population stratification.
pg� = 0 means that there is no effect of population stratification. It

can be seen that if the overall population is homogeneous in genetic background, then
pg� = 0. In this

Table 1. ( , )pf g g

oG
pG

0 1 2

(0, 0)
� �

*

( , (0, 0)) /

1 exp( )

BN N

�

�

�
0 0

(1, 0)
� �

*
1 1 (1, 0)

( , (1, 0)) /
(1 ) (1 )exp( )

BN N
� � � �

�

� � � �
� � 1

*
1 1 (1, 0)

( , (1, 0)) /

(1 ) (1 )exp( )

BN N �

� � � �

�

� � � �
0
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(1, 1) � �
*

1 2 1 2 (1,1)

( , (1,1)) /

(1 2 ) (1 2 )exp( )

BN N
� � � � � �

�

� � � � � �
� � 1

*
1 2 1 2 (1,1)

2 ( , (1,1)) /

(1 2 ) (1 2 )exp( )

BN N �

� � � � � �

�

� � � � � �
� � 2

*
1 2 1 2 (1,1)

( , (1,1)) /
(1 2 ) (1 2 )exp( )

BN N �

� � � � � �

�

� � � � � �

(2, 0) 0
� � 1

*
1 1 (2, 0)

( , (2, 0)) /

exp( )

BN N �

� � � �

�

� �
0

(2, 1) 0 � � 1
*

1 2 1 2 (2,1)

( , (2,1)) /
( ) ( ) exp( )

BN N �

� � � � � �

�

� � � �
� � 2

*
1 2 1 2 (2,1)

( , (2,1)) /

( ) ( ) exp( )

BN N �

� � � � � �

�

� � � �

(2, 2) 0 0 � � 2
*

2 2 (2, 2)

( , (2, 2)) /
exp( )

BN N �

� � � �

�

� �

Table 2. ( , )A
pf g g

oG
pG

0 1 2

(0, 0) *exp( )� 0 0

(1, 0) *
(1, 0)exp( )� �� *1

(1, 0)
1

exp( )� � �
�

� 0

(1, 1) *
(1,1)exp( )� �� *1

(1,1)
1

exp( )� � �
�

� *2
(1,1)

2

exp( )� � �
�

�

(2, 0) 0 *1
(2, 0)

1

exp( )� � �
�

� 0

(2, 1) 0 *1
(2,1)

1

exp( )� � �
�

� *2
(2,1)

2

exp( )� � �
�

�

(2, 2) 0 0 *2
(2, 2)

2

exp( )� � �
�

�

paper, I propose using the log of the profile likelihood function � to make inference about the
parameters of interest. For example, testing the null hypothesis of no population stratification effect
(

pg� = 0) can be easily performed using the usual likelihood ratio (LR) test based on the two types of

triads. When there is no population stratification effect, the LR test based on � (and assuming
pg� = 0)

can be more powerful than the traditional TDT. Even there exits effect of population stratification, the
test based on � (without assuming

pg� = 0) is still as powerful as the TDT; see simulation results
presented in Tables 3-6. Similar effect can also be found in Nagekerke et al. (2004), Weinberg and
Umbach (2005), Epstein et al. (2005), and Epstein et al. (2006). However, note that Epstein et al. (2006)
suggested testing the null hypothesis of equal mating-type frequencies before two types of triads can be
safely combined. This is different from my suggestion of testing

pg� = 0. Testing the null hypothesis of
no association between a candidate marker and disease also depends on the underlying genetic models
for diseases A and B. Under a general genetic relative risk model for disease A, the LR statistic follows
a 2

2� distribution. On the other hand, under non-general genetic model, such as dominant model, the
test statistic follows a 2

1� distribution. The test based on genetic model assumption tends to be less
robust against model misspecification. However, genetic model for the relative risk parameters can also
be tested using the ratio of the likelihoods with and without the model. It is advisable to perform such
test before applying the proposed method based on a non-general genetic model.
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SIMULATION RESULTS
Table 3. Empirical Type � Error Rates of the CPG and LR Testsa

True Model General ModelPopulation
Stratification Genetic Model Allele

Frequency p CPG LR CPG LR
No Multiplicative 0.2 0.047 0.049 0.052 0.049

0.3 0.051 0.052 0.055 0.054
0.5 0.053 0.055 0.053 0.055
0.7 0.057 0.057 0.057 0.054

Dominant 0.2 0.047 0.050 0.052 0.049
0.3 0.050 0.054 0.055 0.054
0.5 0.051 0.050 0.053 0.055
0.7 0.054 0.053 0.057 0.054

Recessive 0.2 0.055 0.051 0.052 0.049
0.3 0.052 0.051 0.055 0.054
0.5 0.054 0.054 0.053 0.055
0.7 0.055 0.056 0.057 0.054

Yesb Multiplicative 0.2 0.047 0.047 0.049 0.049

0.3 0.046 0.045 0.049 0.048
0.5 0.047 0.047 0.055 0.051
0.7 0.055 0.058 0.048 0.044

Dominant 0.2 0.046 0.046 0.049 0.049
0.3 0.046 0.047 0.049 0.048
0.5 0.050 0.047 0.055 0.051
0.7 0.043 0.047 0.048 0.044

Recessive 0.2 0.047 0.047 0.049 0.049
0.3 0.047 0.047 0.049 0.048
0.5 0.053 0.052 0.055 0.051
0.7 0.052 0.056 0.048 0.044

a. The number of family triads for studying disease A ( B ) is AN = 200 ( BN = 200 ), and the relative
risk of disease B is 1� � .

b. The sampling proportions for subpopulations are ( 0 | ) ( 1| ) 0.50S SP Z D A P Z D A� � � � � � in
the study of disease A, and ( 0 | ) 0.30SP Z D B� � � , and ( 1| ) 0.70SP Z D B� � � in the study
of disease B.

Table 4. Empirical Power of the CPG and LR Tests Under Multiplicative Genetic Modela

True Model General ModelPopulation
Stratification

Relative
Risk �

Allele
Frequency p NA CPG LR CPG LR

No 1.50 0.20 100 0.408 0.557 0.323 0.460
150 0.552 0.693 0.459 0.595
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200 0.670 0.801 0.570 0.709
0.50 100 0.506 0.692 0.412 0.589

150 0.690 0.829 0.593 0.756
200 0.814 0.906 0.729 0.852

2.00 0.20 100 0.849 0.961 0.774 0.924
150 0.965 0.995 0.927 0.983
200 0.990 0.999 0.976 0.996

0.50 100 0.925 0.986 0.869 0.968
150 0.985 0.998 0.968 0.995
200 0.998 1.000 0.993 1.000

Yesb 1.50 0.20 100 0.423 0.421 0.331 0.318

150 0.582 0.579 0.479 0.473
200 0.714 0.712 0.610 0.603

0.50 100 0.478 0.455 0.384 0.349
150 0.649 0.641 0.548 0.540
200 0.769 0.768 0.678 0.662

2.00 0.20 100 0.845 0.844 0.768 0.760
150 0.961 0.956 0.922 0.917
200 0.985 0.985 0.971 0.969

0.50 100 0.884 0.878 0.823 0.786
150 0.976 0.973 0.948 0.949
200 0.993 0.994 0.986 0.983

a. The number of family triads for studying disease B is BN = 200, and the relative risk of disease B
is 1� � .

b. The sampling proportions for subpopulations are ( 0 | ) ( 1| ) 0.50S SP Z D A P Z D A� � � � � � in
the study of disease A, and ( 0 | ) 0.30SP Z D B� � � , and ( 1| ) 0.70SP Z D B� � � in the study
of disease B.
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Abstract: Examining humans or animals for infectious diseases is often done
by assessing the level of disease-specific antibodies in serum samples. In this
paper we propose a new method to estimate an age-dependent disease prevalence
and force of infection, directly from antibody levels. The use of one (or two)
threshold values in order to diagnose each individual subject as being infected
or as susceptible for a specific disease (or in some cases as equivocal), which is
always prone to false positives, false negative or inconclusive classifications, is not
needed for this approach. The method is based on an underlying age-dependent
mixture model and can be extended to the joint analysis of two or more diseases.

Keywords: Infectious Diseases; Force of Infection; Mixture Model; Prevalence;
Penalized Splines.

1 Introduction

Mathematical compartmental models are often used to describe the process
of infectious diseases at population level (Anderson and May 1991). We
assume that immunity inferred by infection is lifelong, and that mortality
caused by infection is negligible. In a steady state, the equation

dq(a)/da = −`(a)q(a), (1)

describes the change in the susceptible fraction q(a) with host age a. Here
`(a) denotes the force of infection (FOI), i.e. the instantaneous rate at
which susceptible individuals become infected.
Typically the FOI can be estimated from serological data. A subject of
age a at the time of the test is considered to be infected by (and probably
recovered from) the disease of interest (denoted by y = 1) if the subject’s
(log of the) antibody level z exceeds a threshold value ζ, and is considered
as still susceptible (denoted by y = 0) if z does not exceed that threshold
value ζ. The seroprevalence is given by

π̃(a) = P (y = 1|a) = P (z > ζ|a). (2)
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2 Direct Methods for Infectious Diseases Parameters

Noting that q̃(a) in equation (3) corresponds to P (y = 0|a) = 1− π̃(a), the
force of infection `(a) can be estimated using the identity

`(a) =
π̃′(a)

1− π̃(a)
, (3)

where π̃′(a) denotes the derivative of π̃(a).
Several flexible methods (parametric and nonparametric) to estimate `(a)
via π̃(a) have recently been proposed by Shkedy et al., (2003), Shkedy et
al., (2006), Namata et al., (2007).
The seroprevalence π̃(a) however is not identical to the true disease preva-
lence π(a) = 1−q(a). The choice of ζ is crucial, determining the sensitivity
and specificity of the serological test. In the next section we introduce a
new method, which allows modelling of the disease prevalence and FOI,
directly from antibody levels.

2 A Direct Method

Define G(a) as the distribution of the log antibody levels of all subjects of
age a. Some of these subjects have been infected, others are still susceptible.
This can be described by the mixture

G(a) = (1− π(a))Gs(a) + π(a)Gi(a), (4)

where Gs (resp. Gi) denotes the distribution of all susceptible (resp. in-
fected/recovered) subjects of age a. The mean log antibody level can then
be decomposed as

µ(a) = (1− π(a))µs(a) + π(a)µi(a). (5)

Assuming that the mean log antibody levels for the infected and suscepti-
ble compartments do not depend on age, some basic calculus leads to the
identities

π(a) = µ(a)/(µi − µs)− µs. (6)

for the prevalence and

`(a) = µ′(a)/(µi − µ(a)). (7)

for the force of infection. The overall mean level µ(a) can be estimated
directly from the observed log antibody levels. Since π(a) is monotone
increasing as a function of age a and since µi ≥ µs, the mean level µ(a)
also has a monotone increasing behaviour. To allow for sufficient model
flexibility, a non-parametric approach such as monotone penalized splines
(see Bollaerts et al., 2006) can be used. The direct method can be extended
to two or more diseases. Theoretically it can be shown that the classical
threshold based approach leads to a structural bias in both age-dependent
parameters, the true disease prevalence as well as the true force of infection.
Finite sample simulations confirm these findings and illustrate that direct
estimation performs better.
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FIGURE 1. Parvo B19 example: Monotone P-spline fit for the mean log antibody
level µ(a) (upper panel) and associated fit for the force of infection `(a) (lower
panel).

3 Example: Force of Infection of Parvo B19 in
Belgium

Serum samples were tested for Parvo B19-virus (B19) in Belgium (Nardone
and Miller, 2004, Ory et al., 2006). In total 2381 serum samples were col-
lected in a period from November 2001 until March 2003. Parvovirus B19
was the first human Parvovirus to be discovered, in 1975. In clinical terms
Parvovirus B19 is best known for causing a childhood exanthem called fifth
disease or erythema infectiosum. The virus is primarily spread by infected
respiratory droplets.
Figure 1 shows the resulting fitted curves for the mean level of antibod-
ies (on the log scale) and the FOI (in the lower panel), using monotone
P-splines. The two dashed horizontal lines show the ELISA-kit supplied
thresholds (with the equivocal area in between the two thresholds). In this
example, the directly estimated FOI curve shows essentially the same quali-
tative characteristics as the curve estimated by the classical threshold based
“indirect” approach.
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4 Direct Methods for Infectious Diseases Parameters

4 Concluding Remarks and Further Research

We have introduced a direct method to estimate important parameters
within infectious diseases epidemiology. Both the true prevalence and the
force of infection can be easily estimated using the direct method. This
method is advantageous since it is not needed to determine a threshold
value ζ, which determines the sensitivity and specificity of the test. In
future research, it will be investigated how the direct method compares with
indirect methods (threshold methods) correcting for test misclassification.
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Summary 
This study describes a method of estimating case fatality rate based on a cure-death hazard ratio from the 

competing risks model during an outbreak of an emerging infectious disease such as SARS. The methods for estimating 
the case fatality rate are based on previous studies, such as, WHO (2003), Donnelly et al. (2003), Yip and Lam et al 
(2005), Yip and Lau et al. (2005), Ghani et al. (2005), Yu et al. (2006) and Jewell et al. (2007). Chen, Nakamura and 
Akazawa (Unpublished paper) propose the likelihood-based and profile likelihood-based method for estimating the case 
fatality rate for both summary and individual data. They conduct extensive simulation studies to examine the 
performance of the profile likelihood estimates. The results show this method to be applicable to summary data as well 
as individual data with covariates. This paper briefly describes the methods and compares the performance of the 
estimation methods regarding the case fatality rate for summary data. This method is applied to SARS data in Hong 
Kong, Singapore and Beijing. 

Introduction 
The case fatality rate is an important indicator of the severity of diseases, and making unbiased and accurate 

estimates of the fatality rate during an outbreak is important for any epidemic study including SARS. The case fatality 
rate is defined as the proportion of people, among those who develop a disease, who then proceed to die from the 
disease. Therefore, the exact case fatality rate can be calculated at the end of an epidemic and any estimates calculated 
during an outbreak may be subjected to bias because some future deaths may not be accurately predicted. Therefore, the 
search for a method of estimating the case fatality rate while an outbreak is still evolving remains an important and 
controversial task. 

This article describes a profile likelihood method for estimating the case fatality rate based on summary data, 
developed by Chen, Nakamura and Akazawa (Unpublished paper), presents simulation results to assess the performance 
of the method, and demonstrate the results obtained from the model by applying it to summary SARS data for Hong 
Kong, Singapore and Beijing. 
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Estimation methods 
At a given time point, each inpatient has three possible states: death, cure or censoring (or still being treated in 

hospital). Death and cure are considered two competing types of failure. Let J  be a binary random variable denoting 
either type of failure:  for death and 1J = 2J =  for cure. Let  be the time until the failure occurs. For 
simplicity, only discrete failure times will be treated to apply to summary tables obtained daily. Let failures occur at time 

, and 

( 0)T ≥

1 2 it t t< < < < ( ) ( )S t P T t= ≥  be survivor function. Next, the type-j hazard, , at time , is defined 
as 

( )jh t it
( ) ( , | )ji j i i ih h t P T t J j T t= = = = ≥ . Let 1π  and 2π  denote case fatality rate and case cure rate, respectively. The 

cure–death hazard ratio is defined as 2 1/i ih h iθ =  at . If the ratio is constant it ( i )θ θ≡ , then, the case fatality rate is 
( ) 1

1 1π θ −
= + .  

Let , ,  and  denote the numbers of new admissions, deaths, cures and the number at risk at time 
 ( ), respectively, where 

in id ic ia

it 1, 2, ,i = … s st  is the last study time. Since the probability of no failures, or censoring, at time 
 is , a contribution of observations  and  given  to the log-likelihood  is 

 (Betensky, 2001). Then, the martingale in counting process 
theory (Anderson, 1993) leads to an overall log-likelihood of  for  and . 

it 1 21 i ih h− −

1 2 1 2log( ) log( ) ( ) log(1 )i i i i i i i i i il d h c h a d c h h= + + − − − −

s

ic id ia

1
s

iil l== ∑ 11 1 1, , , ,ih h h… … 21 2 2, , , ,i sh h h… …
The cure–death hazard ratio is assumed to be constant, 2 1i ih hθ = . Consequently, the maximum likelihood 

estimates for θ  is 1 1
ˆ s s

i ii i= =c dθ = ∑ ∑ , and an asymptotic variance estimate of θ̂  based on the observed information 
is 1 3

1
ˆ( ) ( ) ( )s s s

i i i ii1 1i iI c d c dθ −
== +∑ ∑ ∑= = . The estimate of the case fatality rate 1π̂  is ˆ1 (1 )θ+ , and an asymptotic 

variance estimate of 4
1

ˆ ˆˆ( ) ( )(1 )avar avar1π̂  is π θ θ −= + . When applying the profile likelihood theory (Murphy, 2000), 
the maximum profile likelihood estimate can be found to be consistent to the maximum likelihood estimates for θ  and 
its asymptotic variance. 

Numerical studies 
This section was used to assess the performance of the profile likelihood estimates of the cure–death hazard ratio 

with the summary data. Comparisons between the finite sample variance and asymptotic variance estimate were of 
particular interest. In each simulation, the cure–death hazard ratios were constant, while the hazard  for death was 
a random variable and the number of new entries  at t varied. A uniformly distributed random number  
was generated for each subject at risk at each day. Possible outcomes for each subject at time t was death, cure or 
censoring depending on whether , 

1( )h t
( )n t (0,1)U

1( )U h t≤ 1 1( ) ( ) ( )h t U h t h t2< ≤ + , or else, respectively. The parameter values used 
in the simulations were chosen based on actual SARS data. For each parameter combination, 10000 independent 
estimates were generated.  

In the simulations 4.5θ =  and 1 1 (1 4.5)π = + =18.182. If =0, the number at risk on Day 1, , would 
be either 200 or 1500. While,  if 

( )in t (1)a
(1) 100a = ( ) 25in t = , 50, 15, 5 and 0 for Day i = 1–15, 16–35, 36–45, 46–60 and 

61–, respectively. Then  is  for ( )ia t 1 1 1 1i−( ) ( ) ( ) ( )i i in t a t d t c t− − −+ − − 2,3,i = … . The hazard for death  was 
normally distributed with the mean 0.01 and the variance either 

1( )ih t
51 10−×  or 52.5 10−× . Table 1 summarizes the results 

for ( )  with , ( ) Ι (1) 200a = ( ) 0in t = ΙΙ (1) 1500a =  with ( ) 0in t = , and ( ΙΙΙ )  with varied , 
respectively. Biases in 

(1) 100a = ( )in t

1π̂  and 1
2

1ˆ( )avar π  were less than 1% in all cases. In conclusion for summary data, 1π̂  and 

1ˆ( )avar π  based on the profile likelihood are approximately unbiased with a sample of size as small as Singapore. 
Application to SARS summary data 

The data used in this study are available for public access on the Internet from the Ministry of Health of China, 
the Department of Health of Hong Kong, the Ministry of Health of Singapore, and the WHO Web site.  

Table 2 provides the estimates of the case fatality rate for Hong Kong, Singapore and Beijing, at each of the four 
time points. A 95% confidence interval (CI) is associated with 1π̂ . For Hong Kong and Singapore, corresponding four 
point estimates for case fatality rate are approximately equal to the final fatality rate 1π  shown in the last column, and 
all 95% CI include 1π . However, as for Beijing only the last estimate is approximately equal to the final fatality rate, 
7.62%. Since in Beijing, the case fatality rate drastically decreased with time, the piecewise linear regression technique 
was applied to find three change points 5, 19 and 29 May 2003 (Akazawa et al, 1997; Chen and Nakamura, 2004).  
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Discussion 
This study describes and examines the profile likelihood method for estimating the case fatality rate. The method 

is based on the observation by Chen and Nakamura (2004) that the cure-death hazard ratio was approximately constant 
during the outbreak of SARS in Hong Kong and Singapore (Figure 1A and 1B). This finding seems natural as long as 
the severity of and the treatment method for the disease is not altered and remained in steady state during the study 
period. It is also natural that the profile likelihood method proposed by Chen and Nakamura (2004) demonstrate better 
performance than the other methods. When the assumption fails to hold, the method should be modified. This happens 
with the SARS survival experiences in Beijing where the cure-death hazard ratio showed an exponential rather than a 
linear curve (Figure 1C). The improvement of the treatment method during the outbreak in Beijing is thought to explain 
this observation (Jia and Gao, 2003). If the severity of the disease and/or the treatment method is changed with time, as it 
did in Beijing, then the process is no longer steady and consequently the ultimate case fatality rate is difficult to predict, 
since it may depend on the future unknown events. Therefore, Yip and Lam et al. (2005) and Yip and Lau et al. (2005) 
propose to use the real-time case fatality rate. On the other hand, Chen, Nakamura and Akazawa (Unpublished paper) 
propose to apply the piecewise linear regression technique (Akazawa et al, 1997) to identify the points where the case 
fatality rate is significantly changed. This technique is therefore applied to Beijing to obtain estimates of the 
phase-specific case fatality rate with valid variance estimate. 
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Table and Figure 

Table 1: Estimates of the case fatality rate (%) when  
the hazards are normal random variables. 

 1π  
 

Variance 
of  1h

Day 
i 1π̂  1ˆSD( )π  1

2

1ˆ( )avar π

40 18.31 2.863 2.882
50 18.31 2.790 2.81251 10−×  

60 18.30 2.752 2.775
5  2.5 10−× 40 18.34 2.849 2.873
 50 18.33 2.785 2.807

Ι

 

 60 18.33 2.754 2.771
51 10−×  40 18.17 1.057 1.051
 50 18.17 1.031 1.031
 60 18.17 1.016 1.012

5  2.5 10−× 40 18.17 1.052 1.048
 50 18.17 1.030 1.024

ΙΙ

 

 60 18.18 1.016 1.011
51 10−×  40 18.23 1.257 1.256
 50 18.22 1.107 1.098
 60 18.22 1.032 1.022

5  2.5 10−× 40 18.24 1.248 1.249
 50 18.21 1.084 1.093

ΙΙΙ

 

 60 18.20 1.016 1.018
Table 2: Estimates of the case fatality rate (%) of  
summary SARS data by three areas. 

 Profile Likelihood  CPP

**  Final 
 

Time  
point 

1π̂  (95% CI) 1π̂   1π
4.23 16.48 (13.58-19.38) 16.67 
5.7 17.03 (14.89-19.17) 16.48 
5.21 16.98 (15.08-18.88) 17.08 

H
ong K

ong
6.4 17.35 (15.51-19.19) 18.00 

17.10

4.23 13.18 (7.34-19.02) 16.31 
5.7 15.43 (10.08-20.78) 17.72 
5.21 15.43 (10.29-20.57) 17.78 

Singapore 

6.4 15.98 (10.83-21.13) 18.19 

15.53

4.23 43.59 (28.03-59.15)  
5.7 46.00 (39.09-52.91)  
5.21 25.00 (21.39-28.61)  
6.4 11.70 (10.01-13.39)  
A* 49.13 (41.68-56.58) 52.63 
B* 17.09 (12.64-21.54) 15.87 
C* 4.30 (2.69-5.91) 4.10 

Beijing 

B* 1.07 (0.44-1.70) 1.00 

7.62

*: Phase-specific fatality rate. A: 4.21-5.5; B: 5.6-5.19;  
C: 5.20-5.29; D: 5.30-6.13.   

**: CP: Cure-death hazard plot (Chen and Nakamura, 
2004). 
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Figure 1: Scatterplots of the cumulative hazards for cure 
and death.  
A: Hong Kong, 4.55 0.03y x= − ;  
B: Singapore, 4.64 0.56y x= + ; 
C: Beijing 
  0.019 0.897 4.42 0.10y x x= + + < − >  
   17.9 0.125 78.7 0.14x x+ < − > + < − > , 

where },max{ mx0mx −>=−< . 
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1. INTRODUCTION

Many diagnostic studies involve either subjecting patients to a number of tests or to a single test on several
occasions. This is the situation when, for example, the diagnosis depends on the subjective assessment of a
so-called reader, in which case, the study protocol requires that at least two readers diagnose a patient to avoid
reader bias. Another scenario when this occurs involves subjecting patients to a battery of tests, as is done in
screening and evaluation programs. The accuracy of a medical test for diagnosing the presence or absence of
a disease can be described by several measures, the most common of which are given by the test’s sensitivity
and specificity with respect to a traditionally used and accepted test regarded as a ‘gold standard.’ Sensitivity
is the probability that the new test indicates presence of the disease when the gold standard indicates that it
is present while specificity is the probability that the new test indicates absence of the disease when the gold
standard indicates that it is absent (see, e.g., Zhou et al., 2002).

Consider a diabetic retinopathy study in Alberta, Canada, involving diabetic patients who were referred to a
group retina practice in Edmonton, Alberta (Rudnisky et al., 2002). The study protocol required that patients
be clinically examined on the same day they underwent stereoscopic digital photography by a trained ophthalmic
photographer using a high-resolution digital camera. In order to evaluate the patients for treatable diabetic
retinopathy, retinal thickening as well as several pathologies that are indicative of retinal thickening were iden-
tified as either present (positive) or absent (negative). The pathologies identified included clinically significant
macular edema (CSME), microaneurysms, intra-retinal hemorrhage, hard exudates, and other diseases of note.
Contact lens biomicroscopy (CLBM), the clinical examination considered to be the ‘gold standard’ for most,
but not all, of the pathologies considered, was performed on all the patients by retinal specialists to determine
disease status. Digital images of the patients’ eyes were graded by two specialists and patients were diagnosed
as either positive or negative for the pathologies. The objective of the study was to compare stereoscopic dig-
ital photography to CLBM in the evaluation of treatable retinopathy among diabetic patients. While digital
photography provides a cost-effective teleophthalmology system, adequate identification of potentially treatable
retinopathy should be ensured before widespread implementation.

In addition to the inter-eye correlation induced by the binocular nature of the data, two other sources of corre-
lation are present in this case. Because readers rely on the same image of the eye, their diagnoses are potentially
correlated. Moreover, because the pathologies are all related to retinopathy, it is very likely that the presence or
absence of one influences the presence or absence of another. Thus, diagnoses for the pathologies based on the
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same eye are correlated. Note that the diagnoses in this setting are nested within pathologies and within read-
ers. Methods that account for these correlations are thus needed. Approaches to handling inter-eye correlations
include the generalized estimating equations (GEE) approach of Smith and Hadgu (1992) (see also Sternberg
and Hadgu, 2001, and Leisenring et al., 1997) and those based on likelihood methods studied by Hujoel et
al. (1990) and Rosner (1989), among others (see also Sutradhar and Das, 1997 and Lefkopoulou et al., 1989).
Recent references on correlated ophthalmologic data include de Leon et al. (2007) and Leite and Nicolosi (1998).

In this paper, we propose a hierarchical generalized linear mixed model for estimating disease-specific sensi-
tivities and specificities of correlated binocular binary data from reader-based multi-disease diagnostic studies.
Parameter estimation is discussed and a pairwise likelihood approach is proposed in the following section.

2. MODEL AND INFERENCE

Consider J readers and K pathologies and let Lijk and Rijk be the respective left- and right-eye diagnoses of
patient i = 1, · · · , N by reader j = 1, · · · , J of pathology k = 1, · · · ,K. Define the M × 1 stacked vector yi =
(Yi1, · · · , YiM )> = (Li11, Ri11|, · · · , |Li1K , Ri1K |, · · · , |LiJ1, RiJ1|, · · · , |LiJK , RiJK)>, where M = 2JK. Define
also the latent vector y∗i = (Y ∗

i1, · · · , Y ∗
iM )> = (L∗i11, R

∗
i11|, · · · , |L∗i1K , R∗i1K |, · · · , |L∗iJ1, R

∗
iJ1|, · · · , |L∗iJK , R∗iJK)>,

where Lijk and Rijk are 1 whenever L∗ijk > 0 and R∗ijk > 0, respectively, and 0 whenever L∗ijk ≥ 0 and R∗ijk ≤ 0.

We adopt the hierarchical generalized linear mixed model y∗i = Xiβ + Zmi + εεε∗i , where mi =
(

mL
i

mR
i

)
∼

N2

(
02×1,D =

(
σ2

m σm12

σm12 σ2
m

))
, and

εεε∗i =




ε∗i1
ε∗i2
...

ε∗i,M−1

ε∗iM



∼ NM




0M×1,ΣΣΣ =




1 ρ · · · 0 0
ρ 1 · · · 0 0
...

...
. . .

...
...

0 0 · · · 1 ρ

0 0 · · · ρ 1




= (σhh′)h≤h′=1,··· ,M




,(1)

with m1, · · · ,mN , εεε∗1, · · · , εεε∗N independent. We also have

Xi =




1 0 · · · 0 XL
i1 0 · · · 0

1 0 · · · 0 XR
i1 0 · · · 0

...
... · · · ...

...
... · · · ...

0 0 · · · 1 0 0 · · · XL
iK

0 0 · · · 1 0 0 · · · XR
iK

· · ·
1 0 · · · 0 XL

i1 0 · · · 0
1 0 · · · 0 XR

i1 0 · · · 0
...

... · · · ...
...

... · · · ...
0 0 · · · 1 0 0 · · · XL

iK

0 0 · · · 1 0 0 · · · XR
iK




M×JK

, Z =




1 0
0 1
...

...
1 0
0 1
· · ·

1 0
0 1
...

...
1 0
0 1




M×2

,(2)

and β2K×1 = (µ1, · · · , µK , α1, · · · , αK)>, where XL
ik and XR

ik are the disease-status for the left and right eyes,
respectively, of patient i for pathology k. Note that we can equivalently write the model as (L∗ijk, R∗ijk)> =

(µk+mL
i +αkXL

ik, µk+mR
i +αkXR

ik)>+εεε∗ijk, for all i, j, k, where εεε∗i11 = (ε∗i1, ε
∗
i2)
>, · · · , εεε∗iJK = (ε∗i,M−1, ε

∗
iM )> iid∼

N2

(
0,

(
1 ρ

ρ 1

))
. Note that this model is very flexible. The parameters µk and αk may vary with the eyes

if eye-specific estimates are desired. Similarly, the variance parameter σ2
m may vary with the eyes.
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Marginally, we have y∗i ∼ NM (µµµ∗i = Xiβ,ΣΣΣ∗ = ZDZ> + ΣΣΣ = (σ∗hh′)h≤h′=1,··· ,M ). For estimation purposes
and to ensure that the estimate of ρ will lie in [−1, 1], we re-parameterize ρ using Fisher’s z-transformation as
η = log(1 + ρ)− log(1− ρ). This implies that ρ = (eη − 1)/(eη + 1), and note that unlike ρ, η can be any real
number.

Suppressing the indices, we have P (Yh = 1|X) = P (Y ∗
h > 0|X) = Φ[(µ + αX)/

√
σ∗hh], for all i, j, k. We thus

have the sensitivity sek and specificity spk of the diagnostic test for pathology k as

sek = Φ

(
µk + αk√

σ∗hh

)
and spk = Φ

(
− µk√

σ∗hh

)
,(3)

for k = 1, · · · ,K. The various (marginal) pairwise correlations are obtained in the usual way. Suppressing the
index i, we get corr(Y ∗

h , Y ∗
h′ |X) = ρhh′ = σ∗hh′/

√
σ∗hhσ∗h′h′ .

Since
(

Y ∗
ih

Y ∗
ih′

)
∼ N2

((
µ∗ih
µ∗ih′

)
,ΣΣΣ∗hh′ =

(
σ∗hh σ∗hh′

σ∗h′h′

))
, for any pair h < h′, we can now adapt the pairwise

pseudo-likelihood method outlined in Renard et al. (2002) to the model to estimate its parameters β, σ2
m, σm12,

and η.

The log-pairwise likelihood function is log PL =
∑N

i=1 p`i, where p`i is the contribution of patient i defined as

p`i =
M∑

h=1

h−1∑

h′=1

p`ihh′ =
8∑

h=1

h−1∑

h′=1

(
δ
(11)
ihh′ log p

(11)
ihh′ + δ

(10)
ihh′ log p

(10)
ihh′ + δ

(01)
ihh′ log p

(01)
ihh′ + δ

(00)
ihh′ log p

(00)
ihh′

)
,(4)

where δ
(`r)
ihh′ is 1 if Yih = ` and Yih′ = r, and 0, otherwise, and

p
(`r)
ihh′ = P (Yih = `, Yih′ = r|Xi,Z) =





P (Y ∗
ih > 0, Y ∗

ih′ > 0|Xi,Z) if ` = r = 1
P (Y ∗

ih > 0, Y ∗
ih′ < 0|Xi,Z) if ` = 1, r = 0

P (Y ∗
ih < 0, Y ∗

ih′ > 0|Xi,Z) if ` = 0, r = 1
P (Y ∗

ih < 0, Y ∗
ih′ < 0|Xi,Z) if ` = r = 0

.(5)

Note that

P (Y ∗
ih > 0, Y ∗

ih′ > 0|Xi,Z) = 1− Φ

(
− µ∗ih√

σ∗hh

)
− Φ

(
− µ∗ih′√

σ∗h′h′

)
+ Φ2

(
− µ∗ih√

σ∗hh

,− µ∗ih′√
σ∗h′h′

∣∣∣∣∣ ρhh′

)

P (Y ∗
ih > 0, Y ∗

ih′ < 0|Xi,Z) = Φ

(
− µ∗ih′√

σ∗h′h′

)
− Φ2

(
− µ∗ih√

σ∗hh

,− µ∗ih′√
σ∗h′h′

∣∣∣∣∣ ρhh′

)

P (Y ∗
ih < 0, Y ∗

ih′ > 0|Xi,Z) = Φ

(
− µ∗ih√

σ∗hh

)
− Φ2

(
− µ∗ih√

σ∗hh

,− µ∗ih′√
σ∗h′h′

∣∣∣∣∣ ρhh′

)

P (Y ∗
ih < 0, Y ∗

ih′ < 0|Xi,Z) = Φ2

(
− µ∗ih√

σ∗hh

,− µ∗ih′√
σ∗h′h′

∣∣∣∣∣ ρhh′

)
,

where Φ2(·, ·|τ) is the standardized bivariate normal distribution with correlation τ , and ρhh′ is the pairwise
correlation between Y ∗

ih and Y ∗
ih′ .

The pairwise pseudo-likelihood estimate θ̃θθ = (β̃
>

, σ̃2
m, σ̃m12, η̃)> of θθθ = (β>, σ2

m, σm12, η)> is obtained by
maximizing log PL =

∑N
i=1 p`i with respect to β, σ2

m, σm12, and η. It can be shown that θ̃θθ
a∼ N2K+3

(
θθθ,ΣΣΣeθθθ

)
,

where ΣΣΣeθθθ = J−1KJ−1, with

J = −
N∑

i=1

∂2p`i

∂θθθ∂θθθ>
and K =

N∑

i=1

(
∂p`i

∂θθθ

)(
∂p`i

∂θθθ>

)
.
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Standard errors for θ̃θθ are obtained by evaluating ΣΣΣeθθθ at θθθ = θ̃θθ. Note that ρ̃ = (eeη − 1)/(eeη + 1), and its standard
error can be obtained by the delta method. Estimates s̃ek and s̃pk are directly obtained by the plug-in principle,
and standard errors are given by the delta method, thus

c̃ov

((
s̃ek

s̃pk

))
=

(
∂sek/∂θθθ

∂spk/∂θθθ

)>
ΣΣΣeθθθ

(
∂sek/∂θθθ

∂spk/∂θθθ

)∣∣∣∣∣
θθθ=eθθθ

.(6)

3. DISCUSSION

A model that allows for the estimation of different sets of sensitivity and specificity parameters for several
reader-based diagnostic tests in correlated binocular binary data settings is proposed in this paper. The ap-
proach relies on a latent variable formulation, and adopts a hierarchical generalized linear mixed model for the
correlated binocular binary outcomes.

Pairwise likelihood estimation is used to estimate the model parameters, as a direct full likelihood method
would be computationally involved. It is proposed that this method be further investigated in terms of bias
and efficiency as far as diagnostic data as envisaged in the paper are concerned.
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Introduction 

Obesity is epidemic and has become one of the most important health problems facing the Province 
of Vojvodina today. The prevalence of obesity in the Province of Vojvodina has always been high and in 
the 70-ties of the 20th century it was 51.60% (WHO classification of obesity, which is actual today, did not 
exist at that time  and it deals also with overweight and obesity). New epidemiological data for the city of 
Novi Sad, in the field of obesity, date back to 1997: 45.41% men are overweight, mostly aged from 35 to 44 
years (50.72%); 32.64% of women are overweight, the greatest prevalence in those aged from 55 to 64 
years (38.82%). A part of the same investigation, obesity was established in 19.70% of men, mostly those 
aged from 55 to 64 years (26.74%). In 1997. the prevalence of obesity in women was 27.12%, mostly in 
those aged from 45 to 54 years (38.82%).   

In 2003 a cross-sectional study was carried out, involving participants from 7 districts of Vojvodina, 
on a total sample, consisted of 110000 individuals of both sexes, aged 45 and older, which makes 12,7% of 
the population of that age, in order to determine the current nutritional status of the population. 

Logistic regression model was applied in investigation of association of obesity and potential risk 
factors in population of the Province of Vojvodina, in the North of Serbia, aged 45 and over. Dependent 
variable was obesity (1 = overweight or obesity (BMI � 25.0kg/m2), 0 = underweight or normal weight 
(BMI < 25.0kg/m2)). Independent variables were: type of settlements, marital status, educational level, age 
group, waist circumference (WC) etc. 
Two main reasons for using logistic regression: 
� Prediction of group membership. Since logistic regression calculates the probability or success over 
the probability of failure, the results of the analysis are in the form of an odds ratio.  
� Logistic regression provides knowledge of the relationships and strengths among the variables  

 
 The specific form of the logistic regression model we used is: 
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Sample selection 

A cross-sectional study was carried out from May to September 2003, involved participants from 7 
districts of Vojvodina. The total sample, consisted of 110000 individuals of both sexes, aged 45 and older, 
which makes 12,7% of the population of that age. A multi-stage stratified sampling was based on 2002 
Census and the number of units was proportional to the number of inhabitants at 3 levels: district, 
municipality and urban/rural distribution. 

Based on a certain number of units for each settlement, sample units were selected as cluster samples 
consisting of households. The study units were selected randomly, from all households with individuals 
aged 45 and older. Individuals with diagnosed diabetes were excluded from the sample.  
          Within each district, all homes were approached, and all residents who were selected to participate in 
our survey were invited to take part in it. Interview and check-up were performed in health centers 
(dispensaries or ambulance stations) or in local community offices.  
          Residents not found at initial contact were approached again. A total number of 77787 eligible 
individuals aged 45 and over were interviewed and attended the biomedical examination, which makes 
8,9% of the total population of this age (26472 men and 51101 female). 

 
Aim of the study was to determine prevalence of obesity in population of Vojvodina, investigate 
association between these diseases and some potential risk factors and predict presence of this non-
communicable disease using explanatory variables: sex, type of settlements, marital status, education, waist 
circumference etc. 

 The study showed that the prevalence rates for overweight and obesity were 74.3%. Among them 
41.0% (95% CI:40.6-41.4) were overweight and 33.3% obese (95% CI: 32.9-33.7) (table 1). 

 
Table 1.  Age – specific prevalence (%) of overweight and obesity among population of the Province 
of Vojvodina aged 45 and over 
 

Age – specific prevalence (%) of overweight* 
 45-49 50-54 55-59 60-64 65-69 70+ Total 
Men  45.4 44.8 46.2 46.8 46.8 46.6 46.2 
Women 35.2 37.7 38.7 38.0 39.9 39.2 38.3 
Total 38.5 40.0 41.2 41.0 42.4 41.9 41.0 

Age – specific prevalence (%) of obesity+ 
 45-49 50-54 55-59 60-64 65-69 70+ Total 
Men  26.9 29.7 31.4 30.5 26.0 20.5 26.7 
Women 26.6 35.7 41.3 43.1 40.3 34.2 36.7 
Total 26.7 33.8 38.0 43.8 35.2 29.3 33.3 

 
    
Logistic regression model 
         The association between obesity and different risk factors was modeled using binary logistic 
regression. The results are shown in Table 2. 
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Table 2.  Association between obesity and potential risk factors obtained by use of logistic 
regression 

Explanatory variables  Males 
(95% CI) 

Females 
 (95% CI) 

District   
Srem 1.00 1.00 
South Backa 1.13 (1.01-1.27)* 1.50 (1.39-1.60)* 
West Backa 1.30 (1.12-1.50)* 1.64 (1.49-1.80)* 
North Backa 1.13 (0.97-1.30) 1.14 (1.03-1.26)* 
South Banat 1.18 (1.04-1.35)* 1.46 (1.34-1.58)* 
Central Banat 0.94 (0.81-1.08) 1.54 (1.41-1.69)* 
North Banat 0.98 (0.85-1.14) 0.94 (0.85-1.03)* 
Age group   
45-49 1.00 1.00 
50-54 0.94 (0.81-1.07) 1.06 (0.96-1.17) 
55-59 0.98 (0.84-1.12) 0.97 (0.88-1.07) 
60-64 0.83 (0.72-0.95)* 0.87 (0.79-0.96)* 
65-69 0.60 (0.52-0.69)* 0.69 (0.62-0.76)* 
70+ 0.44 (0.38-0.51)* 0.52 (0.47-0.57)* 
Type of settlements   
Urban 1.00 1.00 
Rural 0.97 (0.90-1.05) 0.97 (0.91-1.02) 
Education   
College or university 1.00 1.00 
Secondary school 1.41 (1.22-1.62)* 1.30 (1.15-1.47)* 
Elementary school 1.37 (1.19-1.56)* 1.53 (1.35-1.72)* 
Without or with partial 
elementary school 

1.18 (1.05-1.33)* 1.53 (1.36-1.73)* 

Marital status   
Married 1.00 1.00 
Unmarried 1.05 (0.86-1.28) 0.80 (0.68-0.94)* 
Divorced 0.91 (0.71-1.17) 0.90 (0.79-1.03) 
Widowed 1.08 (0.93-1.25) 0.99 (0.94-1.06) 
Waist circumference   
Desirable WC 1.00 1.00 
Undesirable WC 3.19 (2.35-4.33)* 8.41 (6.82-10.36)* 
Stage I risk 15.12 (11.63-19.64)* 29.93 (24.33-36.81*) 
Stage II risk 178.4(137.96-230.71)* 192.70 (157.65-235.58)* 
 

Waist circumference is strongly associated with obesity in both sexes. No significant association is found 
between marital status and obesity in males while unmarried females had lower odds for obesity. Lower 
educational levels are consistently predictive of obesity in males and females. Age is significantly 
associated with obesity. The odds for occurrence of obesity are 40% lower for male age group 65-69 than 
males 45-49. The odds for occurrence of obesity are 31% lower for female age group 65-69 than females 
45-49. Occurrence of obesity is about one half as likely among individuals in age group 70 and older than 
among those in age group 45-49, for both sexes 
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Table 3.  Classification table based on Logistic Regression Model in Table 1 for males using a 
cutpoint of 0.5 
 

OBESITY (EXPECTED)  
 yes no Total 
 n % n % n % 
Yes 5437 79.9 1368 20.1 6805 100,0 
no 2885 15.5 15773 84.5 18658 100,0 

OBESITY 
(OBSERVED) 

Total 8322 32.7 17141 67.3 25463 100,0 
 
Sensitivity for the Logistic regression model for prediction obesity among males is 79.9%, specificity is 
84.5%. Overall rate of correct classification is 83.3% (Table 3). 
Specificity for the Logistic regression model for prediction obesity among females is 75.8%, Sensitivity is 
85.1%. Total percentage of correct prediction is 79.2%. 
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ABSTRACT 

A cross-sectional study was carried out on a representative sample of the population of Vojvodina  
and its districts. The sampling frame included the total population of Vojvodina of both sexes aged 45 or 
over. The aim of the study was to determine prevalence of obesity in population of Vojvodina, investigate 
association between obesity and different risk factors and predict presence of this non-communicable 
disease using explanatory variables: sex, type of settlements, marital status, education, waist circumference 
etc. The association was modeled using logistic regression. We have tested different models in order to 
identify the best model for prediction. 
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1. Introduction 

In this paper, we discuss the association between the incidence of ulcerative colitis (UC) and the Gross 
National Product (GNP) in each country and we show that there is a correlation between UC and GNP. 
Furthermore, we propose a linear statistical model with dependent variable the incidence of UC and 
independent variable the GNP. We define ulcerative colitis, incidence rate and Gross National Product as 
follows:  

Ulcerative colitis (UC) is one of the major disorders that constitute inflammatory bowel disease. The 
other disorder is Crohn’s disease, which shall not be discussed here. 

UC is a disease of the human gastrointestinal system and is characterized by recurring episodes of 
inflammation limited to the mucosal layer of the colon. It regularly involves the rectum and the sigmoid 
colon and may extend in a proximal and continuous fashion to involve other portions of the colon. Its clinical 
appearance includes abdominal pain, bloody and/or mucous diarrhea that may be accompanied by fever, 
malaise or anemia. UC is a disease that presents extraintestinal manifestations, mainly from the skin and 
joints, and some of these are erythema nodosum, peripheral arthritis, and ankylosing spondylitis. The cause 
of UC remains elusive and only risk factors have been determined. Dietary habits, infectious agents, oral 
conrtraceptives, nonsteroidal anti-inflammatory drugs, psychological and genetic factors are held 
responsible, while smoking and appendectomy are considered to be protective in developing UC. It is more 
common in people of North America and Northern Europe, whereas its incidence is low in South America, 
Southern Europe and Asia, with Indians and Jews being an exception. The treatment of UC is surgical, 
although nowadays pharmacotherapy tends to replace surgical treatment with quite a success. 

The incidence rate of a disease is a measure of the number of new cases of the disease appeared in a 
population in a certain period of time. The certain period of time may be a week, a month or a year. I shall 
give the following example of an incidence rate, concerning UC: 

 

100000*
3*   1992 Junein  populationGreek 

1993 and 1991between   UCof cases new 
1993 and1991between populationGreek in the  UCof incidence Annual

=

=
 

 
This way of presenting the incidence rate will be followed in the paper, that is, when we say that the 

incidence rate of UC in Greece is 9,1 , we mean that each year 9,1 new cases of UC appeared in every 
100000 Greeks. 

Another term used in epidemiology is the prevalence of a disease, which represents the frequency of 
the disease in a population. This term will not be discussed here. 
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The Gross National Product (GNP) of a country is the total market value of all goods and services 
produced within the country in a year, including net income from investments in other countries. The GNP is 
normally measured by summing all personal spending, all government spending, and all investment spending 
by a nation's industry, both domestically and all over the world. The GNP is the total income of all the 
citizens of a country, regardless of the country in which this income is created by the components of 
production. It is measured in USA $ billions. 

After, having defined the appropriate terms, we shall comment shortly on how we were driven to 
compare the incidence rates among developed and less developed countries. Observing the incidence map of 
Europe, we observed the predominance of North in the incidence of UC in contrast to the South as stated 
elsewhere (Shivananda et al. 1996); this concept was not totally true, since Greece and Italy have high 
incidence rates, despite the fact that they are southern countries. Additionally, Estonia is a northern country 
but has a low incidence rate.  Next, we observed that Estonia, Romania and Turkey had the lowest incidence 
rate and thought perhaps that the geography does not have such a significant effect as a country’s 
development level might have on its incidence. Loftus (2004) and Yang et al. (2001) mention that developed 
countries are more consistent in high incidence rates, and therefore we considered it logical to investigate 
whether there is really a connection between the incidence rate and the GNP of a country. 

   
Figures 1 and 2 show the maps of the world and Europe respectively, where the countries with high 

incidence rates are painted in darker colors. 
  

2. Statistical Modeling of the Incidence Rate of Ulcerative Colitis 
We consider the incidence rate (IR) (yi) in 35 countries of the world. Following E. Loftus (2004), we 

note that UC incidence is low in developing countries, which is due, perhaps, to low diagnostic awareness, 
confusion of infection causes of diarrhea or lack of specialized physicians and related facilities. 

A characteristic of a country, which affects greatly the lifestyle of its people, the diet, and generally, 
the health of its population, is the condition of its economy and subsequently the annual income of its 
citizens. Therefore, we decided to examine for correlation analysis, the incidence rate for UC and the GNP of 
a country. The following Table 1 shows the incidence rate of UC and the corresponding value of GNP of a 
country. Pearson’s Sample Correlation Coefficient, for the random variables x, y is defined as follows: 

( )( )
( ) ( ) ⎥⎦

⎤
⎢⎣
⎡ −⎥⎦
⎤

⎢⎣
⎡ −

−
=

∑∑∑∑
∑∑∑

2222 yynxxn

yxxyn
rxy  

Table 1 contains the Sample Correlation Coefficient of the random variables x = Incidence Rate of UC 
and y = Gross National Product of a country. The data have been taken from Loftus (2004), Shivananda et al. 
(1996 ), Lakatos (2005), Yang et al. (2001) and from the World Bank (accessed through FinFacts Ireland 
(2006)). 
 

Table 1 Incidence rate (IR) of UC and Gross National Product (GNP) for 35 countries 

Case Continent Country GNP IR Case Continent Country GNP IR 

Figure 2 Incidence of UC 
in Europe Figure 1 Incidence of UC around the world 
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Case Continent Country GNP IR 
1 1 Norway 51810 14,6 
2 1 Denmark 40750 13,4 
3 1 Iceland 37920 16,5 
4 1 Sweden 35840 8,5 
5 1 Ireland 34310 14,8 
6 1 UK 33630 11,55
7 1 The  

Netherlands 
32130 11,9 

8 1 Germany 30690 4,3 
9 1 France 30370 7,2 
10 1 Italy 26280 8,3 
11 1 Spain 21530 8 
12 1 Greece 16730 9,1 
13 1 Hungary 8370 11 
14 1 Estonia 7080 1,7 
15 1 Croatia 6820 4,3 
16 1 Romania 2950 0,97 
17 2 Japan 37050 1,95 

Case Continent Country GNP IR 
18 2 Kuwait 24040 2,27 
19 2 Oman 9070 1,35 
20 2 Israel 17360 5 
21 2 South Korea 14040 1,23 
22 2 Saudi Arabia 10170 0,5 
23 2 Turkey 3750 0,65 
24 2 India 630 6,02 
25 2 Lebanon 6040 4,1 
26 4 Argentina 3580 2,2 
27 4 Puerto Rico 10050 3,5 
28 3 New Zealand 19550 7,6 
29 1 Portugal 14220 3,6 
30 4 Panama 4310 1,2 
31 2 China 1500 0,1 
32 2 Malaysia 4520 0,11 
33 4 Canada 28310 14,9 
34 4 USA 41440 8,8 
35 5 South Africa 3670 5 

 
The Sample Correlation Coefficient of UC Incidence Rate and GNP is 0,719 and it is statistically 

significant at the 0,05 level of significance, because p=0,000001. 
We propose the following linear regression model: 

iiii ezxy +++= 321 βββ   ,    (i=1,2, …, n) 
where  
 
yi = incidence rate for UC for country (i), xi = Gross National Product for country (i), zi = Dummy 

variable indicating the number of geographic continent, where country (i) is located, with zi = 1, if continent 
is Europe, zi = 2, if continent is Asia, zi = 3, if continent is Australia, zi = 4, if continent is America, zi = 5, if 
continent is Africa, ei = random error with mean (0), variance σ2 and distribution N(0,σ2), β1, β2, β3: unknown 
parameters to be estimated, n: number of data. 

Using the computer package SPSS 11.0 we obtain, by the Least Squares Method the following results: 
 
R = 0,719, R2 = 0,518, Std. error of Estimate = 3,54, F = 17,173, Significance of F at 5% = 0,0001 
Estimate of β1 = b1 = 1,754 , estimate of β2 = b2 = 0,00024 , estimate of β3 = b3 = -0,135 , 
Mean of residuals = 0 , std Deviation of residuals = 3,43 . 

    
The graph of Figure 3 is the histogram of the standardized residuals and the graph of Figure 4 is the 

Normal Probability Plot of Regression. 
                                                
It is of interest to consider the trend of total discharge of ulcerative colitis in a country of the Western 

World, the USA, from 1995 to 2004. 

Figure 3 Histogram of the 
standardized residuals 

Figure 4 Normal Probability 
Plot of Regression 
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The graph of Figure 5 shows the total discharge of UC. 
The data were taken from Xiaofa Qin (2006) and they fit, reasonably well, the following model:  

iii ety ++= 21 ββ   ,    (i = 1,2, …,10)   
(yi = total discharge of UC, ti = year, ei  = random error with   mean = 0) 
with R = 0,972 , R2 = 0,945 , F = 138,9 , p = 0,00001. 
We observe that the total discharge of UC has an upward trend in a developed country, like USA, in 

agreement with the increase of its GNP. 
  

3. Concluding Remarks 
The above statistical investigation leads us to the following conclusions: 
a. The GNP of a country and its geographic position affect the lifestyle of its people, their diet, their 

smoking habits and their relation to the opposite sex. These environmental factors are proven conditions for 
the expression of UC according to Loftus (2004). Hence it is not surprising that the GNP is an indirect factor 
of growth of UC. 

b. It is a possibility that the above model has a quadratic term because the rise of UC in some 
developing countries is beginning to stabilize. 

c. Additional research is needed to explain the phenomenon of India which has GNP = 640 and 
incidence rate of UC = 6,02 . 

d. An interesting research could be the study of prevalence rate through other forms of models, 
involving variables with overdispersion. 

e. The concept of IncidenceNothern Countries > IncidenceSouthern Countries is less accurate than the new one: 
IncidenceDeveloped Countries > IncidenceDeveloping Countries. This view is more general, because it explains the 
previous concept and its exceptions, given that Northern Countries, generally, tend to be developed and not 
developing. 

The incidence rate of UC affects the different ages and the genders in a different way (Loftus 2004), 
hence the slope (β2 coefficient) of the above models has a different magnitude for different ages. 

 
REFERENCES   

Finfacts Ireland, Global/World Income Per Capita GNI, GNP, GDP, 2006, 2005 Wealth…, (2006). < 
http://www.finfacts.com/biz10/globalworldincomepercapita.htm>, accessed on March 12, 2007.  

Lakatos, P.L. (2006). Recent trends in the epidemiology of inflammatory bowel diseases: Up or down? World 
Journal of Gastroenterology, 12, 6102-6108. 

Loftus, E.V. Jr. (2004). Clinical epidemiology of Inflammatory Bowel Disease: Incidence, Prevalence, and 
Environmental Influences. Gastroenterology, 126, 1504-1517. 

Shivananda S., Lennard-Jones, J., Logan, R., Fear, N., Price, A., Carpenter, L., van Blankenstein, M., and the EC-
IBD Study Group (1996). Incidence of inflammatory bowel disease across Europe: is there a difference between north 
and south? Results of the European collaborative study on inflammatory bowel disease (EC-IBD). Gut, 39, 690-697. 

Xiaofa Qin (2006). Is the Incidence of Inflammatory Bowel Disease in the Developed Countries Increasing Again? 
Is that Surprising? Inflammatory Bowel Diseases, Article online in advance of print. 

Yang, S.-K., Loftus, E.V. Jr., and Sandborn, W.J. (2001). Epidemiology if Inflammatory Bowel Disease in Asia. 
Inflammatory Bowel Diseases, 7, 260-270. 
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1. Introduction 

Consider (age, period)-tabulated data on deaths of breast cancer ijy  and corresponding  
person-years ijN  for age intervals 1[ ,iA − )iA  and periods 1[ ,jP − )jP , where i 1,= ,⋅ ⋅ ⋅ I , j = 1,  

,⋅ ⋅ ⋅ J  and 1i iA A −− = jP 1jP −− , and assume that ijy  has a Poisson with its mean ij ijNλ ⋅ . For 
analyzing such data, the age period cohort (APC) model log ijλ = µ + iα + j j iβ γ −+  has 

considerable popularity,[1] where µ , iα  and β j  are the total mean, the age and period effects 
associated with 1[ ,iA − )iA  and 1[ ,jP − )jP  respectively. Further j iγ −  is the cohort effect associated with 

people aged 0[ ,A 1)A  during [ ,j iP − 1)j iP − + . Figure 1 illustrates j iγ − . 

As long as the birth cohort[2] is considered, j iγ −  is associated with the environmental, social and 

other conditions in [ ,j iP − 1)j iP − +  which influence people aged 0[ ,A 1)A . Though people in their childhood 
may be the most susceptible to environmental, social or other conditions, people in other stages of life can 
also be influenced by them. Thus, we introduce extended cohort effects associated with the environmental, 
social and other conditions in the period 1[ ,j i kP − + − )j i kP − +  which influence people aged 1[ ,kA − )kA ; 

k 2,= ,⋅ ⋅ ⋅ i , and denote them by ( )
1

k
j i kγ − + − . Figure 2 illustrates ( )

1
k

j i kγ − + − . Models including j iγ −  and 
( )

1
k

j i kγ − + − , however, are apparently saturated, because each of 1jγ −  and ( )
1

i
jγ −  corresponds to each of ijλ . 

Consequently, introducing more parameters kδ  and assuming that ( )
1

k
j i kγ − + − = 1k j i kδ γ − + − , a model 

(1) 1
1

log
i

ij i j k j i k
k

λ µ α β δ γ − + −
=

= + + +∑ ; 1 1δ =  

was proposed.[3] Figure 3 illustrates kδ  in the model (1). The model (1) also interpreted as an extended 
model of the age environment model.[4] 

In the model ( )
1

k
j i kγ − + − = 1k j i kδ γ − + − , the subscript of kδ  is associated with the age interval 

1[ ,kA − )kA  when individuals are exposed to the environmental risks. Then, as an natural alternative idea, we 

may consider another model ( )
1

k
j i kγ − + − = 1 1i k j i kδ γ− + − + −  where the subscript of 1i kδ − +  is associated with 

the number of time intervals since individuals are exposed to the environmental risks, that is, the number of 
interval between 1[ ,j iP − − )j iP −  and 1[ ,j i kP − + − )j i kP − + . Thus another model 

(2) 1 1
1

log
i

ij i j i k j i k
k

λ µ α β δ γ− + − + −
=

= + + +∑ ; 1 1δ = . 

was proposed.[5] Figure 4 illustrates 1i kδ − +  in the model (2). The model (2) also interpreted as an extended 
model of the simple two stage model.[6]  
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Our aim in this study is to review the above two models which are extended version of APC model and 
shows the result of fitting it to actual data.  

 
2. Estimable function 

Consider general models on ijλ  and denote them by ( )=λ λ θ , where θ ∈Θ , =λ 1,1( ,λ  

,⋅ ⋅ ⋅ )IJλ ′ ∈Λ = { ( ) |λ θ θ ∈Θ } and ( )λ θ 1,1( ( ), ,λ= ⋅⋅⋅θ ( ))IJλ ′θ . It is known that ML estimation based 

on ijy  and ijN  results in that for the piecewise constant intensity models on the Lexis diagram[16] and the 
likelihood is proportional to 

(3) ( ) ( )
1 1

( ) ( ) exp ( )ij
I J y

ij ij ij
i j

L Nλ λ
= =

= − ⋅∏∏θ θ θ . 

Because ( )L θ  is a function of θ  only through ( )λ θ , its maximum point θ̂  is uniquely identified 

if and only if θ  is uniquely determined in the model ( )=λ λ θ  for every λ ∈Λ  as long as θ̂  exists. 

Unless θ  is uniquely determined in ( )=λ λ θ  for every λ ∈Λ , if there exists a mapping ( )∗θ θ  which 

is uniquely determined in a reparameterized model ( )∗ ∗=λ λ θ  for every λ ∈Λ , then ˆ( )∗θ θ  is 

identical for any θ̂ . Holford[7] called such ( )∗θ θ  estimable function which was a term originally 
introduced in the linear estimation.  

As long as the proposed model (1) is assumed on ijλ , after some calculations, it is found that 
( *)

1 * 2
*

1

*
1

; 2, , ; * 1 , , 1,

; 2, , ,

; 2 , , 1,
; 2, , ,

ik
i k ii l

j j

k k I

i

i I k I J

j J

k I J
i I

α α α γ δ

β β β

γ γ γ
δ

=

−

= − + = ⋅⋅⋅ = − ⋅⋅⋅ −

= − = ⋅⋅⋅

= − = − ⋅⋅⋅ −
= ⋅⋅⋅

∑

 

are estimable. Besides, as long as the proposed model (2) is assumed on ijλ , 
( *)

1 * 2

1 1 0

( *)
* 1

; 2, , ; * 1 , , 1,

; 2, , ,

( ) ; 2 , , 2; * 2, ,
; 2, , ,

ik
i k ii l

j j j

i
i k Ik

i

i I k I J

j J

k I J i I
i I

α α α γ δ

β β β ξ ξ

γ δ ξ ξ
δ

=

−

−

= − + = ⋅⋅⋅ = − ⋅⋅⋅ −

= − + − = ⋅⋅⋅

= − = − ⋅⋅⋅ − = ⋅⋅⋅

= ⋅⋅⋅

∑
 

are estimable. 
 
3. Study of actual data 

In this section, the results of fitting the models (1) and (2) to the data on mortality of breast cancer for 
females in Japan and US are shown. Summaries of the results of fitting the proposed model to the data are 
presented in Tables 1 and 2 with those of fitting APC model. In the table it is seen that the proposed model 
provides better fits to those data than APC model in terms of AIC. 

In the Figures 5-8 the estimates of the estimable functions of the parameters in the model (2) are 
shown based on the data for females in US. 
 

Table 1. Result on data for Japan           Table 2. Result on data for US 

Model Deviance d.f.
Difference of

AIC from that for
APC model

Proposed model (1) 94.4 70 -126.1
Proposed model (2) 144.5 72 -80.0

APC model 242.5 81 0.0      

Model Deviance d.f.
Difference of

AIC from that for
APC model

Proposed model (1) 60.7 12 -147.3
Proposed model (2) 54.0 14 -158.0

APC model 216.0 16 0.0   
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Figure 3. Illustrate of kδ .                Figure 4. Illustrate of 1i kδ − + . 
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ABSTRACT 

Two models which are of extended version of the age period cohort (APC) model are fitted to the (age, 
period)-tabulated data on breast cancer deaths for females in Japan and US. It is seen that those extended 
models provide better fits to the data than APC model in terms of AIC. 
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Subjects.
Hosseini Sayed Mohsen1* , Maracy M.R1 and Amini M2

*1Department of Bio-statistics and Epidemiology, Faculty of Health, Isfahan University and
Medical Sciences, Isfahan, Iran
2Isfahan Endocrinology and Metabolism Research Center, Isfahan University and Medical
Sciences, Isfahan, Iran
*S.M Hosseini , Email: hosseini@hlth.mui.ac.ir
Tel: 0098-311-6688628 , Fax:0098-311-6682509
Abstract:
To develop and test the validity of simple diabetes retinopathy risk score in a population and to
evaluate the use fullness of the scoring system in detecting a diabetic retinopathy and report on a
simplified Iranian Diabetic risk score for identifying undiagnosed diabetic retinopathy subject.
Only 3735 patients with complete data were included for the purposes of the present study. The
following risk factors were analyzed among the patients: Sex, Age, duration of diabetic, BMI, the
levels of HbA1C, FBS, Cholesterol, Triglyceride and the presence or absence of high blood
pressure. The multiple logistic regression analysis used to detect Diabetic Retinopathy as the
dependent variable and a score for each significant risk factor was based on the β -coefficient.
ROC curves were constructed to identify to optimum value (> 60%) of diabetic patients for
determining diabetic retinopathy.According to final models, being female, having lower BMI,
older age , longer duration of diabetes and an increase in Hba1c was associated with increased
risk of diabetic retinopathy. The AUC for the ROC was 0.699 (95% CI: 0.680-0.718) .An IEMRC
clinical patients value >= 55 had the optimum sensitivity (62%) and specificity (63%) for
determining diabetic retinopathy. The diabetic retinopathy risk score has been design to be a
screening tool for identifying high risk subject in the population an for increasing awareness of
the modifiable risk factors and healthy lifestyle . It is cost-benefit and practical way to identify
individual at high risk for diabetic retinopathy treatment in the diabetic population.
Abbreviations: IEMRC, Esfahan Endocrinology and Metabolism Research Center; ROC,
receiver operator characteristic; AUC, area under curve; DR, diabetic retinopathy, Risk score.

Introduction:
The prevalence of Type 2 diabetes is increasing rapidly world-wide (King H et al., 1998), and It
is estimated that the number of people with diabetes worldwide will double by the year 2025,
resulting in approximately 300 million persons. Diabetic retinopathy is one of the leading causes
of blindness in the world that increases the chance of loosing the sight about 25 times higher
compared to normal individuals (Taylor R, Williams R, 1994).
Therefore, the aim of the present study was to assess whether there is a correlation between
known risk factors such as sex, age, duration of diabetic, BMI, the levels of HbA1C, FBS,
cholesterol, triglyceride and the presence or absence of high blood pressure for progression of
retinopathy in type 2 diabetes and to develop and test the validity of simple diabetes Retinopathy
risk score (an individual's overall risk of diabetic retinopathy) in an Iranian population.

Research design and Methods:
The population of this study included all patients who had attended and reviewed consultations
using standard encounter forms in the Isfahan Endocrinology and Metabolism Research Center
(IEMRC) outpatient clinic.The risk score is an integer, with points added for each factor
according to its association with risk.
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Our study was a cross-sectional study. A total of 3735 patients with complete data were included
for the purposes of the present study. A logistic regression model was used to compute the β -
coefficients for risk factors for undiagnosed DR in this study. As the produce a simple risk
calculator is the aim, only parameters were entered into the model that are in dataset as shown in
table 2. The multiple logistic regression analysis used to detect Diabetic Retinopathy as the
dependent variable and a score for each significant risk factor was based on the β -coefficient
which is shown in Table 2. Coefficients of the models were used to assign a score value for each
variables and the composite diabetes risk score was calculated as the sum of those scores.
The cut-off value for the risk score was determined using the Receiver Operating Characteristic
(ROC) curve procedure. The optimal point was determined aiming to achieve a sensitivity and
specificity, close to 60%. Statistical analyses were done using the software package Stata version
9.0 for windows.
Results:
Table 1 shows the characteristics of all risk factors in this study. The patients who diagnosis of
retinopathy was fifty-four present and some more details of study population are presented in
Tables 2. The β coefficients for the risk factors in the study are shown in Table 3.
The total diabetic retinopathy risk score was calculated as the sum of the individual score and
varied for zero to hundred. ROC curves were constructed to identify to optimum value (> 60%) of
diabetic patients for determining diabetic retinopathy. Sensitivity and specificity for predicting
undiagnosed diabetic retinopathy were calculated for different cut of scores. The AUC for the
ROC was 0.699 (95% CI: 0.680-0.718) as shown in Figure 1.
Table 4 provides the sensitivity and specificity of different cut-off point for IEMRC clinical
patients. An IEMRC clinical patients value >= 55 had the optimum sensitivity (62%) and
specificity (63%) for determining diabetic retinopathy.
Discussion:
In this cross sectional study we investigated the risk score of retinopathy in type II diabetic in
IEMRC. It has been shown that HBA1C, longer diabetes duration, age of patients and female sex
increase whereas body mass index >25 decrease the risk for development of retinopathy.
Compared to studies (CH .Kim 199816, Al-Shammari F 200520) who found higher BMI is more
associated with DR while our study and some other reports (HT Nguyen 1996 DA Maberley
22002 GK Dowse 199825-27) which found BMI as a risk factor with inverse association that may
be explained by the difference between the population or the study design, where BMI analyzed
as dichotomous variable might lead to this discrepancy in results, on the contrary was not found
as a risk factor (MS Chen 1992 HC Looker 200317,28).
However, The performance of any screening protocol represents a compromise between correctly
identifying patients with undiagnosed diabetic retinopathy without subjecting to refer an
unnecessary ophthalmologist for diagnosis of retinopathy a large proportion of population.

Table 1: Statistic indicators for risk factors variables of diabetic retinopathy.
Age BM

I
Duration FBS BP (Min) BP (Max) Cholesterol Triglycerid

e
Hba1c

Mean 52.2 27.3 7.04 175.6 80.5 129.5 218.6 212.9 8.9
S.E. Mean .17 .07 .1 .75 .13 .3 .64 1.8 .05
S.D 10.4 4.5 6.01 45.1 7.6 15.9 38.5 108.3 1.9
Minimum 30 13.5 1 67.5 50 88 61.3 45 2.9

Maximum 84 51.6 35 460 115 201 400 1129 19.9
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Table 2: Frequency (present) for selected variables in accordance with diabetic retinopathy

Diabetic Retinopathy
Negative
n (%)

Positive
n (%)

Total

Sex Male
Female

551 (41.4)
1180(49.2)

779(58.6)
1219 (50.8)

1330
2399

Duration of diabetics 1 year
2-4
5-9
>=10

493 (69.7)
509 (55.7)
432 (54.4)
271 (24.5)

214 (30.3)
405 (44.3)
520 (54.6)
833 (75.5)

707
914
952
1104

BMI <= 25
> 25

443 (38.2)
1243 (50.4)

718 (61.8)
1223 (49.6)

1161
2466

Age <44
45-55
>55

559 (59.1)
656 (47.8)
518 (36.6)

387 (40.9)
715 (52.2)
899 (63.4)

946
1371
1417

Hba1c <=7
7.01-9
9.01-11
>11.01

268 (54.8)
561 (49.0)
401 (43.4)
144 (39.2)

221 (45.2)
583 (51.0)
523 (56.6)
223 (60.8)

489
1144
924
367

BP No
Yes

885 (49.3)
844 (43.8)

910 (50.7)
1082 (56.2)

1795
1926

Triglyceride <=150
>150

478 (45.7)
1204 (47.6)

568 (54.3)
1326 (52.4)

1046
2530

Cholesterol <=200
>200

540 (46.8)
1147 (47.2)

614 (53.2)
1284 (52.8)

1154
2431

F.B.S <= 100
100-126
>126

25 (51.0)
185 (55.6)
1496 (46.0)

24 (49.0)
148 (44.4)
1753 (54.0)

49
333
3249

Table 3: Logistic regression models with Retinopathy diabetes as dependent variable.

B S.E. P-Value OR ( 95.0% C.I) Score
Hba1c( Ref <=7)
7.01-9 .172 .119 .147 1.19 (0.94,150) 10
9.01-11 .349 .124 .005 1.42 (1.11,1.81) 10
11< .476 .153 .002 1.61 (1.19,2.17) 20
Age(Ref<44)
45-55 .319 .104 .002 1.38 (1.12,169) 10
55 < .605 .107 .000 1.83 (1.48,2.26) 20
Duration(Ref =1)
2-4 .657 .121 .000 1.93 (1.52,2.44) 20
5-9 1.023 .121 .000 2.78 (2.20,3.52) 30
10< 1.798 .128 .000 6.04 (4.70,7.76) 40
BMI ( >25) .317 .091 .000 1.37 (1.15,1.64) 10
Sex (male) .215 .089 .016 1.24 (1.04,1.48) 10
Constant -1.548 .152 .000 .21
Maximum Score 100

Table 4: Sensitivity and Specificity of IEMRC outpatient clinics.

IEMRC Sensitivity Specificity Correctly
classified

>= 5 .997 0.007 53.1%
>=15 .985 0.066 55.3%
>=25 .951 0.171 58.5%
>=35 .905 0.307 62.3%
>=45 .791 0.467 63.9%
>=55 .624 0.663 64.2%
>=65 .435 0.829 62.1%
>=75 .236 0.936 56.5%
>=85 .075 0.979 50.0%
>=95 .010 0.998 47.5%
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Figure 1: ROC curve of Risk score for undiagnosed retinopathy in Esfahan Endocrinology and
Metabolism Research Center outpatient clinics. The area under the curve was 0.699(95% CI
0.681-0.716). The cut of point diabetic Retinopathy risk score >= 55, sensitivity was 62% and
specificity 63%.
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CUSUMS FOR MONITORING OUTCOMES IN
MULTICENTER STUDIES
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1. Introduction.
In multi-center projects involving medical interventions, it is important to monitor and provide

timely outcome information to participating institutions or facilities. Such a monitoring activity can be
useful in providing warning signals to the institutions and also in coordination of the project. Standard
statistical techniques like average mortality, risk-adjusted mortality and multivariate modelling can be
used to identify performance changes at a national level, but may be insensitive to smaller persistent
changes at the facility level. The CUSUM procedure, introduced in Page (1954) and later discussed
by Van Dobben de Bruyn (1968) and many others, is a graphical procedure for continuous sequential
monitoring. It was first proposed as a technique for industrial statistical process control and its use
in medical contexts has been proposed by Poloniecki et al. (1998), Steiner et al. (2001), Novick et al.
(2001) and Axelrod et al. (2006).

In the implementation of monitoring procedures, we use risk-adjusted methods to help account
for institutional differences in the mix of patients seen. As in Axelrod et al. (2006), we discuss the
methods in the context of assessing outcomes of organ transplantation at the facility level. More
specifically, we consider a situation in which the success or failure of each transplant is assessed
by monitoring the survival experience over a one year period following the transplant. We develop a
technique that is appropriate for continuous time monitoring when reports of outcomes are immediate;
we compare this with a proposal in the literature for a CUSUM approach in discrete time.

2. A Continuous Time CUSUM
Consider a specific facility and suppose that transplants occur over time beginning at t = 0

with successive times of transplant S1, S2, . . . , for patients numbered 1, 2, . . . ,; let NA(t), t > 0 denote
the number of transplants in (0, t]. Let Xi denote the time from transplant to graft failure or death
and suppose that, given covariates Zi, Xi and Si are independent. The chronological time of failure
is Ti = Si + Xi. We suppose that, conditional on Zi, there is a known null distribution of interest
for Xi defined by the hazard function αi(x). This distribution is in fact precisely estimated from the
experience of all transplant centers combined; thus, αi(x) represents a national average failure rate for
an individual with covariate Zi.

A qualifying event is a failure which occurs within one year of the date of transplant. Let
ÑD

i (t) = I(Ti ≤ t) count failures (qualifying or not) for the ith transplant. Also, let Yi(t) = I(Si <

t ≤ (Si + 1) ∧ Ti) indicate whether the ith transplant is at risk of a qualifying failure at time t.
Now, ND

i (t) =
∫ t
0 Yi(u)dÑD

i (u) counts the number of qualifying failures for the ith transplant and
jumps from zero to one at the time of a qualifying event. Given the history (or filtration), Ft− =
σ{NA(u), ND

i (u), Yi(u), Zi, N
A(t), i = 1, 2, . . . , nt = NA(t) : 0 ≤ u < t}, and if the hypothesized

population rate holds,

E(dND
i (t)|Ft−) = dΛi(t)

= Yi(t)αi(t− Si)dt.(1)

The CUSUM is based on a sequential probability ratio test (SPRT) (Wald, 1947) of the hypoth-
esis that the intensity function is eθdΛi(t) versus the null value given in (1) for suitably chosen θ > 0.
Let ND(t) =

∑
i≥1 ND

i (t), t > 0. The increment in the SPRT in [t, t + dt) can be shown to be

dUt = θdND(t)− (eθ − 1)
∑
i≥1

dΛi(t)(2)

1
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where ND(t) =
∑

i≥1 ND
i (t), t > 0. Only a drift in the positive direction is of concern and the CUSUM

suitable for the one-sided alternative is {Gt} where G0 = 0 and

Gt+dt = max(0, Gt + dUt), for t > 0.(3)

It can be seen that this is equivalent to

Gt = Ut − min
0≤s≤t

Us, t > 0.

It can be seen that Gt has positive jumps only when there is a qualifying failure, otherwise it trends
downwards with a boundary at 0.

The CUSUM, Gt, yields a signal when it crosses a fixed upper barrier h > 0. Let τh = inf{t >

0 : Gt ≥ h} so that E(τh) is the Average Run Length (ARL) and is useful in designing CUSUM rules.
In particular, one can examine the ARL when the true intensity for the institution under study is

E(dND
i (t)|Ft−) = eμdΛi(t),(4)

for various values of μ ≥ 0. Under this assumption and that NA(t) is a homogeneous Poisson process,
Ut from (2) has a drift parameter η = (θeμ − eθ + 1)γ, where γ > 0 is a constant. Theoretical
approximations to the ARL can also be derived using methods based on Wald’s identity.

3. A CUSUM in Discrete Time
CUSUM methods in discrete time are discussed in Axelrod et al. (2006) and Steiner et al.

(2001). These CUSUMs are also based on the SPRT, but are defined with reference to the transplant
or arrival times S = {S1, S2, . . . , }. The ith transplant gives rise to a binary experiment with outcome
ξi = 1 if Xi < 1 and 0 otherwise, i = 1, 2, . . .. Let πi0 = E(ξi = 1|Zi) be the population probability
of failure in one year at a given Zi, and suppose that these are known or accurately estimated from a
large sample.

For the institution of interest, consider the model

logit πi1 = logit πi0 + log OR(5)

in which the odds ratio, OR, measures the difference between the institution of interest and the overall
national rates. Analogous to the continuous CUSUM of the last section, the CUSUM is based on a
SPRT of H1 : OR = ORA > 1 versus H1 : OR = 1. The contribution to the log-likelihood ratio from
ξi is, gi = ξi(ai + bi)− bi where ai = log(ORA)− log(1−πi0 +πi0ORA) and bi = log(1−πi0 +πi0ORA).
The CUSUM is defined by G0 = 0 and Gi+1 = max(0, Gi + gi), i = 1, 2, . . .. For h chosen to obtain
desirable properties, the procedure generates a signal at ’time’ κh = min{k ≥ 1 : Gk ≥ h}.
4. Simulation Study

In the reported simulation, we consider a facility in which transplants occur according to a
homogeneous Poisson process with rate ψ = 100/year. The post-transplant failure time distribution
at the nationwide or population level was taken to be exponential with rate λ0 where 1−e−λ0 = 10%, in
approximate agreement with the U.S. national data for kidney transplants. In designing the CUSUMs,
we chose θ = log 1.5 in the continuous case and ORA = 1.5 in the discrete case. We assess the CUSUMs
when the facility has a relative risk of eμ as in (4) or an odds ratio in (t) of OR = eμ. We compare the
discrete and continuous CUSUM procedures discussed above in terms of average run length (ARL).

Sample realizations of the continuous time CUSUM with μ = 0 and μ = θ in (4) are shown in
Figure 1.

In the simulations, all the CUSUMs were followed until a signal (i.e. a crossing of the control
limit, h > 0) was reached. The choice of the control limit for each of the three CUSUMs was done
in a way so as to ensure that all of them have approximately the same ARL when μ = 0. Thus,
when a facility is performing at the national average we chose h to achieve an ARL of around 8.3
years (corresponding to about 830 transplants). This choice was based on some preliminary simula-
tions and corresponded to h = 2.25 and h = 2.07 for the continuous and discrete CUSUMs respectively.

2
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Figure 1. Realizations of the continuous CUSUM under intensities αi(·) and eθαi(·).
Table 1 shows the results from 1000 repetitions at various values of μ. The columns give the sample
average, median and standard deviation based on the 1000 replications. The columns headed by
E(τh) and E(κh) give the approximation to the ARL based on formulas obtained from Wald’s identity.
Generally speaking, the theoretical approximation works well when the random walk process Ut has a
positive drift (η > 0).

Table 1. ARLs for the three CUSUM procedures at different choices of facility relative risk eμ.

Continuous time CUSUM (h = 2.25) Discrete time CUSUM (h = 2.07)
eμ η Mean τh Med τh E(τh) ŜD(τh) Mean κh Med κh E(κh) ŜD(κh)

1.00 -1.89 8.30 5.97 6.71 7.59 8.29 6.21 7.19 6.87
1.22 -0.09 3.04 2.37 2.71 2.59 3.87 3.13 3.57 2.52
1.50 2.16 1.39 1.10 1.36 1.00 2.38 2.10 2.31 1.07
1.73 4.05 0.92 0.78 0.93 0.61 1.91 1.74 1.91 0.61
2.00 6.21 0.67 0.58 0.69 0.41 1.66 1.58 1.67 0.39

In comparison to the discrete time CUSUMs, the continuous time CUSUM gives substantially
shorter run lengths or signal times when eμ > 1 (facility is doing worse than the national rate) and
longer run lengths when eμ < 1 (not shown).

5. Discussion. The continuous time CUSUM works well in simulations, and we have applied it to
facilities within the Scientific Registry of Transplant Recipients. This is a database with follow up of
all solid organ transplants performed in the United States. Space does not permit discussion of this
application in this paper but is discussed in a longer report on this study (Biswas and Kalbfleisch,
2007).

Reporting delays are a common problem in monitoring multi-institutional studies and the con-
tinuous time methods developed here are based on immediate reports of failures. In any large scale

3
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endeavour, there will be some reporting delays and the CUSUM techniques can be altered to allow for
such delays. If the delay were exactly one year and one-year survival were the parameter of interest, the
discrete CUSUM would of course be optimal. But with less severe reporting delays, considerable gains
can be made on that discrete time approach. Incorporation of reporting delays into the procedures is
a topic of current investigation.

We have concentrated on one-year survival rates in the above, but it may be more appropriate
to look at survival rates over longer or shorter periods of time in particular applications, and the
methods can be easily revised to address other outcomes of interest.

Theoretical approximations to the ARL have been derived for both the discrete and continuous
CUSUMs using methods based on Wald’s identity. These approximations are reported on in Biswas
and Kalbfleisch (2007) and work well for the drift parameter η > 0, but not so well for η < 0. Exact
expressions for the mean run length using the Poisson likelihood ratio increment in (2) have been
derived by Zacks (2004) but the formulas therein are very involved and computationally intensive. To
assess run lengths for smaller values of η, simulation is probably the best approach. From a practical
point of view, however, early detection and accuracy is important when η > 0. When η < 0, both
the empirical estimate and theoretical approximation of the mean run length are large and errors in
approximations are less important.

REFERENCES:
Axelrod D.A., Guidinger M.K., Metzger R.A., Wiesner R.H., Webb R.L., Merion R.M. (2006). Trans-
plant center quality assessment using a continuously updatable, risk-adjusted technique (CUSUM).
American Journal of Transplantation, 6, 313-323.
Biswas P. and Kalbfleisch J.D. (2007). A CUSUM based on the Cox model for monitoring multicenter
studies. Submitted.
Novick R.J., Fox S.A., Stitt L.W., Swinamer S.A., Lehnhardt K.R., Rayman R., Boyd W.D. (2001).
Cumulative sum failure analysis of a policy change from on-pump to off-pump coronary artery bypass
grafting. Annals of Thoracic Surgery, 72, 1016–1021.
Page E.S. (1954). Continuous inspection schemes. Biometrika, 41, 100-114.
Poloniecki J., Valencia O., Littlejohns P. (1998). Cumulative risk adjusted mortality chart for de-
tecting changes in death rate: observational study of heart surgery. British Medical Journal, 316,
1697-1700.
Steiner S.H., Cook R.J., Farewell V.T. (2001). Risk-adjusted monitoring of binary surgical outcomes.
Medical Decision Making,21, 163-169.
Van Dobben de Bruyn C.S. (1968). Cumulative Sum Tests: Theory and Practice. Hafner: New York.
Wald A. (1947). Sequential Analysis. John Wiley and Sons: New York.
Zacks, S. (2004). Exact determination of the run length distribution of a one-sided CUSUM procedure
applied on an ordinary Poisson process. Sequential Analysis, 23, 159-178.

RESUME:
In multi-institutional studies, it is often important to monitor the outcomes at facilities. In

organ transplantation, for example, it is important to monitor and assess the outcomes of transplants
at the participating centers and send a signal if a significant upward trend in the failure rates is
detected. In this presentation, we will develop a CUSUM technique based on a Cox relative risk
model to monitor a failure time outcome in continuous time. Risk-adjustment is also incorporated in
the approach. Theoretical approximations to the average run length are obtained, both for this new
proposal and for discrete time CUSUM procedures that have been previously described. The proposed
scheme has also been illustrated in transplant facility data from the Scientific Registry of Transplant
Recipients.
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SUMMARY
The links between health, geographic location, environment and economic development need to be 
better understood if the problems associated with these issues that face developing countries are to be 
overcome. With a population of about 120 million people, Nigeria is the most populous country in 
Africa. Its under-five child mortality rate of 183 per 1000 is among the highest in the world (ranking at 
number 15) UNICEF (2004). The large area covered by the country together with geographic, socio-
economic and ethnic differences lead one to expect substantial spatial variation in disease. One 
contributory cause can be expected to be the country's oil industry, which is concentrated in the Niger 
Delta, and which has led to substantial environmental damage. Living in a polluted neighbourhood 
might exacerbate the problems of poor health and the consequent pressure to childhood diseases, 
predisposing individuals in those areas to high disease incidence.  These effects are all something 
more than just an aggregation of individual characteristics. They are area effects. Clearly, knowing the 
degree to which neighbourhood characteristics influence health outcomes is important to our 
understanding of the processes that create health inequality. Diarrhoea and respiratory infection are the 
most common causes of illness and death among children under five years old in developing countries. 
Their prevalence is increased by various conditions associated with rapid economic development: 
stagnant water around construction sites; large-scale infrastructure projects (such as oil production); 
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industrial activity heavy in water use; changes in ecosystems due to deforestation, soil erosion, and 
flooding; and overcrowded and unsanitary housing (WHO, 1996). 

The debate over the magnitude and even the existence of neighbourhood effects, including the 
mechanisms that mediate these effects, is a controversial area of inquiry in the social sciences (Dietz, 
2002). Because little is known about such processes, the question of how neighbourhood context 
influences individual outcome is the most important unanswered question in neighbourhood research. 
Knowledge about neighboring effects is not just of academic interest; it has important public-health 
implications. By identifying groups or settings in which disease prevalence is high, preventive actions 
can be more effective. As Nigeria attempts to meet the Millennium Development Goals (MDGs), 
including those for child survival, it has to balance the needs of economic growth, much of it based on 
further use of natural resources, with environmental and health concerns. 

AIMS
The first aim of this paper is to use household survey data to map the state-level variation of diarrhoea, 
fever, and cough prevalence among young children in Nigeria. The second aim is to use appropriate 
statistical techniques to explain differences across the states in the prevalence of diarrhoea, fever, or 
cough using the household socio-economic characteristics that are observed in our data. This will 
allow us to see the degree to which the spatial variation in the raw data is reduced – or increased – 
when we take into account the differences in observed characteristics of households that are associated 
with childhood disease. .Examples of issues we will raise are: to what extent do household 
socioeconomic status, education, household sanitation, and rural/urban residence explain variation in 
child morbidity? Is there unexplained variation in the prevalence of childhood morbidities? Does the 
spatial pattern of childhood morbidity correlate with oil producing states?  

DATA AND METHODS 
The data are from the 1999 and 2003 Nigeria Demographic and Health Surveys.  We  use appropriate 
statistical techniques to explain differences across the states in the prevalence of diarrhoea, fever, or 
cough using the household socio-economic characteristics that are observed in our data. We will use 
flexible methods to quantify the area’s effect on morbidity and to allocate these spatial effects to 
structured and unstructured (random) components.  This draw on Bayesian geo-additive methods of 
spatial statistics, taking advantage of advances in Geographic Information Systems (Fahrmeir and 
Lang, 2001, Kandala et al. 2006, Kandala 2006, Kandala & Madise, 2004). The modelling of the 
structured and unstructured components is done jointly in one estimation procedure that thereby 
simultaneously identifies socioeconomic determinants, and the spatial effects that are not explained by 
these socioeconomic determinants. In this way, we will be able to identify regional or state patterns of 
morbidity that are either related to omitted socioeconomic variables that have a clear spatial pattern or 
point to spatial (possibly epidemiological or environmental) processes.  Our analysis includes the 
correlation structure and account for the dependence of neighbouring community in the model. The 
model also permit ‘borrowing strength’ from neighbouring areas to obtain estimates for areas that 
may, on their own, have inadequate sample sizes. This gives more reliable estimates of the fixed effect 
standard error. 

RESULTS
The overall prevalence for diarrhoea, cough and fever in 1999 were 13.9%, 20.3% and 27.5% 
respectively, not much different from the results in 2003. However, the prevalence still revealed a 
hidden district effect covered by the region effect for all diseases. For example, in North Central a 
prevalence 25.3% (215 out of 873) was observed for fever on average but the range in this area was 
from 15.3% (Kwara) to 39.7% (Plateau) in 2003 (Figure 1).  
Not all of the regions showed a spatial association with the diseases. In 1999, the areas significantly 
associated with diseases were North West (p=0.000) and Central (p=0.000) for diarrhoea, North West 
(p=0.000), South East (p=0.031), South West (p=0.000) and Central (p=0.000) for cough, North East 
(p=0.002), North West (p=0.000), South West (p=0.000) and Central (p=0.006). In 2003, few areas 
were not significant association with the diseases. They were South South (p=0.494) for diarrhoea, 
South East (p=0.056) and South West (0.677) for cough, and South East (p=0.057) for fever. 
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The results for diarrhoea presented in Figure 2 suggest considerable spatial auto-correlation in the 
underlying posterior means. The left panel of Figures 2 reveals high risk clusters mainly in the north 
east districts of Nigeria.

The result of the non-linear effect of child’s age (Figure 3 left) suggests that there is continuous 
worsening of the child morbidity up to about 6 months of age. Shown are the posterior means together 
with the 95% credible intervals. For comparison a regression line obtained by a linear fit is added to 
the plot. This deterioration set in right after birth and continues, more or less linearly, until 10 months 
and decreases thereafter. 

We find the influence of the mother’s age (Figure 3 right) on diarrhoea to be in the form of a U-shape. 
While the U-shape looks nearly symmetric, the descending portion exhibits a much larger range in the 
credible region. Children from younger (less than 20 years) and older (more than 35 years) mothers 
are at higher risk of diarrhoea compared to children from middle age group (20-35 years). The 
interpretation of results at the end of the observation (wide credible interval) is less reliable due to few 
observations.

CONCLUSION AND POLICY IMPLICATION 
This research project  is part of a global effort to try to shed light on the processes linking child health, 
the environment, and socio-economic development in Nigeria as a country that rely mostly on oil 
production revenue.
We have therefore used a large scale household surveys data to produce spatial residual maps and in 
so doing to undertake a comprehensive analysis of geographical variation at the district level of 
diarrhoea, fever and cough prevalence’s among children under-five years old. 

The study findings carry some important policy issues. For instance, the age effect suggests the need 
to pay attention to child feeding practices, particularly during the first 6 months after birth. Childcare 
promotion messages should accommodate these findings. Of high significance are the district 
influences on child morbidity. They have exposed the fact that some big urban agglomerations (i.e. 
Abuja) are associated with lower risk of diarrhoea. Also, more emphasis must be placed upon the role 
of environmental factors related to indoor and outdoor allergens, air pollution and parasitic infections 
induced by a constant oil spills, as well as from air pollution that results from the flaring of associated 
gas that occurs during the production of oil  and poor housing conditions in rural areas. 
As Nigeria attempts to meet the Millennium Development Goals (MDGs), including those for child 
survival, it has to balance the needs of economic growth, much of it based on further use of natural 
resources, with environmental and health concerns. 
Figure 1 Spatial distribution of observed fever by regions (left) and districts (rights) in Nigeria (DHS 

2003).

Red colour – high prevalence                                   
Green colour- low prevalence                                                      
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Figure 2 residual spatial district effects (left) and 95% posterior probability map (right) of diarrhoea 

in Nigeria (DHS 2003). 

Red colour – high prevalence                                Black – significant positive effect   
Green colour- low prevalence                                                      Grey – not significant 
                                                                                                      White – significant negative effect 

Figure 3 Nonlinear Effects of child’s age (left) and mother’s age (right) on diarrhoea in Nigeria (DHS 
2003).
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INTRODUCTION

In the 20th century,the increase in the number of old population,choronical disease,mental
disorders and the people with AIDS caused also an increase in the usage of health services and its
cost.Depending on these health problems, health instuations with bed opportunity were used much
more and duration of hospitalisation extended.The efforts for meeting the health needs mostly in these
hospital with bed opportunity created a considerably important problem both for the health system
and for the patients and their families.Like in every sector,the speacialists in the healt sector,began to
look for new things.with the globalisation of the world,differentiations in providing health care
occured and similar health systems began to be devoloped among countries.

Today,for the volunteer patientswho have the health problems mentioned above,the idea of
providing homecare services has been improvedas an alternative to instutional care.(Subası and Oztek,
2006:20) what kind of health service do the patients,their families and health staff want? How can cost
of health services be decreased? How can the health services be more common and accepted in the
society?

How can einzig be protected? That gets its power from post-modernitybe protected? The most
important and difficult question is that:can the given responces be related to the global and national
phenomenon? Homecare services ia a way of providing health care which has occured as a result of
the responces given to these questions (Çoban 2003).

“Homecare” is not so as clear as a concept. That is why “homecare” consist of the activities that
can not be thought together or defined as a unique concept,and it is given to the individual at her/his
own house by the professionals.It covers a wide range from visits for protective health services to life-
end health care. The major goal is the benefit the people taking care.There are four basicfactors which
determine the scope of these services, which are characteristic of the people getting the
service,characteristic of the people offering the service, national and international health politics, and
technological developments.

Homecare service provides social benefit for it increase life quality and decreases the number of
hospitalization days.
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It has some negative aspects such as restricted intervention in emergency situations, safety
problem and complication risk, as well as positive aspects like care given in home enviroment,
decrease in the need for instutional health service, its supporting the period of recovery, supplying
more freedom and personified care, covering the patient with the family, decreasing the stres level,
and being the most effective way of healt care.

Some trends such as rising hospital care cost, the population getting older, techonoligal
improvements allowing a complex medical treatment at home, and popularity among the patients
getting homecare have made the homecare services attractive for the patients. And, with the increase
in the number of the individuals who take this service, decrease has been observed in the number of
beds in some hospitals in the rate of about 70% (Hughes et al., 1992).

MATERIALS AND METHODS
In this study, it was aimed to get the opinions of the academic physicians who are one of the

most important components in the Turkish Armed Forces (TAF) Health System and who play active
roles in the proces of determining the TAF Health Politics in addition to their roles in giving health
care. And also, it was aimed to underline the TAF health care politics.

The resarch was conducted in the commandership of Gülhane Military Medical
Academy(GMMA), which is the most superior instuation the TAF in thereof health care sciencies.

The study is important in terms of that the opinions of all academic physicians in the TAF have
been obtained and these opinions are the data for the establisment of the TAF units providing
homecare services. So, it is a descriptive and sectional study.

The population of the study consisted of 486 academic physicans who are working in the
educational hospitals and research centers under GMMA during the data-obtaining stage (August-
September, 2005).

Because of its being a descriptive study, it was examined whether the opinions of the academic
physicans were influenced by their positions, academic titles, working places, duration of working,
and existence of a person needing a long-term care or of a person over 65 in the family.

In the study, among 51 items in the data collection form designed for identifying the opinions on
homecare services, 28 items were compared to 6 variables related to the characterics of the
participants. And, chi-square test was used for statistical analysis.

RESULTS AND DISCUSSION
Researches findings were examined in two categories, as descriptive findings and the findings

about the study group’s opinions on home services.

Descriptive findings of the study were obtained through analyzing the items about working
characterics of the study group, and existence of any individual needing long-term care or of any
member over 65 years old in their families.

When the study group was examined considering their distribution according to their
positions, it was determined that 18,9 % of them were the heads of the discipline or service chiefs
(n=97) and 81,1 % were the instructors working in the directorate of the discipline or in the
service (n=389).

23,1% of the group covered the professors, 39,1 % were asistant professors, and 37,7 % were
associated professors.

In the families of 10 %, there were people who needed long-term care. The rate of the
participants in whose families there were individuals over 65 was 70,6 %.

The study group agreed with 34 of 51 items in the rate of 55 %, while the agreement with 11
items was over the rate of 90 %(Table 1) . 

Table 1:The items with which the study group agreed in the rate of 90% and over.
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Hems Agreement Rate (%)
• Homecare services are complemantary

to the healt care given at hospitals. 96,6
• In homecare services, it is important to

inform the patient and the family about the illness. 95,4
• It is needed to establish health instuations for givig homecare services. 95,4
• Homecare services can be effective if supported with hospital care. 94,6
• Patients feel more comfortable in their houses. 93,7
• It is necessary for the health staff to be trained on homecare. 93,7
• Homecare services can be a new field of employment. 92,6
• For the patient,whose communication with the health staff, is beter,

the desire for healing is higher. 92,5
• Homecare services help early dismissal from hospital. 92
• To stay at hospital always has a risk of infection for the patient. 90,8
• Since the care of choronic ilness is longer,

it is necessary to provide homecare. 90,6

Statically significant differences were found;
1. Between the group of existence of the family members who were 65 and over, regarding the

opinions on the item “Homecare services will cause a decrease in the working load of the
health staff”, (x2=8,995 p=0,01)

2. Between the groups of title, regarding the opinions on whether doctors can inform their
patients at hospitals sufficently or not.( x2=20 p<0,01),

3. Between the groups of title, regarding the opinions “Patients feel more comfortable in their
houses” (x2=13,95 p=0,007), and

4. Between the groups of title, regarding the opinions “It is more difficult to recover for patients
living the role of being patient more intensively” (x2=15,22 p<0,005).

No statically significant difference was found for the other items, in terms of the characcteristic
of the study group (p>0,05).

With the study, 68 % of the heads of the discipline or service chiefs (n=66) and 73 % of the
other instructors (n=284), totally 72 % of the of the population (n=350), were reached. For this reason,
the presentation capacity of the study is rather high. Moreover, considering the quality of the group, no
other study conducted with a such group is avaliable in literature.

49,1 % of the participants agreed with the item “The goverment must supply financial support to
homecare services”, whereas 25,7 % disagreed. 25,1 % were undecided, which showed that the
instructors focused on the content or presentation way of the services rather than the cost.

41,2 % of them agreed with the item “Health staff becomes more creative while giving
homecare” And 24,8 % disagreed with it. 34 % were undecided. It is thought that the reasons for this
indecision are those uncertain ideas:

1. The physicans agree the health services as hospital centred,
2. There are some hesitations on providing the health care at home environment as in hospitals,
3. There may be possible problems about the communications with the patient and family,
4. There may be some troubles in meeting the needs for necessary equipment for health care,
5. People may not feel comfortable in home atmosphere.

46,3 % of the participants agreed with the item “The patients getting homecare service recover
faster.”, while 18,6 % disagreed. 35,1 % were undecided. It is thought that this is because of the fact
that the outcome of the homecare service can not be known exactly, and this kind of care is usually
given to the patients who are at the last stage of their illness, old and have choronic disorders. And for
this patients, healing is not an expected outcome.

Furthermore, 40,8 % of the participants agreed with the item “Health staff face with security
problems during homecare services”.34,9 %disagreed with this item and 24,3 % were undecided. This
indecision situation may have appeared because of not being able to perceive the kinds of insecurity
problems during homecare services for the instructors.
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It was seen that the opinion on that “The patients can not be informed sufficently in hospitals”
was more common as the titles of the instructors rose.

93,7 % of the study group agreed with the item “It is necessary for the health staff to be trained
on homecare”.

And, 64 % of them agreed with the item “A great part of the treatment of a hospitalised patiend
can be done at home”.

Finally, 86,3 % of the participants agreed with the item “Homecare services will decrease the
amount of unnecessary hospital expences”.

Abstract
The purpose of this descriptive study is to determine the opinions the academic physicians working in
the Turkish Armed Forces on home-care services. The population of the study consists of 486
physician instructors.
As a data collection tool “Questionnaire Form for identifying opinions on home-care services”
developed by Çoban (2003) was used. While evaluating the research data, 28 of 51 items in the
questionnaire form that were chosen by the researcher were compared to 6 variables, and chi-square
test was used for statistical significance.
For the items “Doctors cannot give sufficient information to theirs patiens at the hospital”, “Patients
feel more comfortable at their homes”, and “It is more difficult to recover for the patients having
expericenced the role of patient much more”; statistically significant difference was found among the
title groups of the research group. Moreover, in terms of the item “With the home-care services, labour
load of of the health staff in the hospital will decrease”, statistically significant difference was found
among the groups of existence of 65 and over-aged individuals in the research group’s families. For
the other items, no significant difference was found in terms of the characteristics of the research
group.
Key Words : Academic physician, homecare services, opinion, health care policy, health Professional
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ABSTRACT 
ROC (Receiver Operating Characteristic) analysis has been widely used to evaluate test accuracy for 

binary outcome (diseased or not) when diagnostic test results are continuous. In recent years, three way ROC 
analysis has been proposed for three class classification problems. Three dimensional ROC surface can be 
constructed and volume under the ROC surface can be obtained from three way ROC analysis. VUS (volume 
under the ROC surface) is a measure of overall diagnostic accuracy for three class diagnostic tests. The aim 
of this study is to carry out three way ROC analysis for evaluating the performance of fasting plasma glucose 
for a diabetic 2-hour post-load glucose value in oral glucose tolerance test (OGTT).  
 

Key words: Three way ROC, Volume under the ROC surface, Diabetes mellitus, OGTT, fasting plasma 

glucose  

 

INTRODUCTION 
Medical diagnostic tests are designed to detect the presence or absence of a disease or differrent states 

of health. Diagnostic tests are not usually 100% accurate in discriminating diseased and healthy subjects. 
Therefore, quality and sufficiency of test information should be carefully described and assessed. ROC 
analysis is widely used to evaluate test accuracy for binary outcome (diseased or not) when diagnostic test 
results are continuous. ROC curves display the relationship between sensitivity and 1-specificity across all 
possible decision threshold values that define the positivity of a disease (3). Area under the ROC curve is 
obtained as a summary measure in order to assess the performance of a diagnostic test. Besides, performance 
of different diagnostic tests can be compared with their areas under the ROC curves. However,  
distinguishing among more than two diagnostic outcomes is also a common prolem in medicine. So, “three 
way ROC analysis”, was first developed by Mossman in 1999 in order to solve three class problem. Three 
way ROC analysis are based on generalization of binary ROC analysis (1,4-7). ROC surface and volume 
under the ROC surface can be obtained from three way ROC analysis. ROC surface is used for assessing the 
ability of a diagnostic test measured on continuous scale to correctly classify subjects as belonging to one of 
three classes as determined by a gold standart (6). ROC surface is a graph showing the discriminatory power 
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of three-class diagnostic problem. It is plotted in three dimensions inside a unit cube. The coordinates in a 
three dimensional system are of the form [TCR1 (true classification rate of class 1), TCR2 (true classification 
rate of class 2), TCR3 (true classification rate of class 3)]. The point which has coordinates (1, 1, 1), 
represents 100 % TCR1, 100 % TCR2, and 100 % TCR3, shows perfect discrimination (1-2, 4-7). Volume 
under the ROC surface is the probability of correctly classifying subjects and used as a measure of overall 
diagnostic test performance for three-class diagnostic problem. It can take on any value between 0 and 1. The 
closer VUS is to 1, the better the diagnostic performance of the test is. For a three class diagnostic test, a 
subject can belong to one of three disease classes (D=1, 2, 3), and will be rated as belonging to one of three 
test-outcome classes (C=1, 2, 3) (1). A decision rule that classifies subjects in one of these classes can be 
defined as follows: as there is a single threshold c1 in binary outcome case, there are two ordered threshold 
points c1< c2 in three-class case. Proposed decision rule may be applied as follows:   
If Y<c1 then assign subject to “class 1” 
Else if c1 <Y< c2 then assign subject to“class 2” 
Else assign to “class 3”. 
Under any decision rule, while there are four possible outcomes for a binary classifier, there are nine possible 
outcomes for three class classifier. The nine outcomes can be formulated in a 3×3 contingency table as 
follows Table 1 
 

Table 1. Decision Table for three class classification 

True disease status 
Test results 

D1 D2 D3 

C1 T1 F12 F13 

C2 F21 T2 F23 

C3 F31 F32 T3 

Ti(i=1, 2, 3): True class decision 

Fij(i,j=1, 2 , 3 i≠j) : False class decision 

 

Where D is the true disease status and C is test result. By defining the decision rule, three true (TCR) and six 
false classification rates (FCR) are defined as follows: 
TCRk=P(C=k | D=k), k=1, 2, 3         (1) 

FCRij=P(C=i | D=j), i, j=1, 2, 3 i≠j         (2) 

The calculation of the volume under the ROC surface is obtained using parametric or non-parametric 
methods. Similar to the area under the ROC curve, volume under the ROC surface can be calculated by 
Mann Whitney U statistics. Let Y1i show the result of the diagnostic test for ith patient in class1, let Y2j show 
the result of the diagnostic test for jth patient in class 2 and let Y3k show the result of the diagnostic test for 
kth patient in class 3. A non parametric estimator of VUS is given by 
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Where n1, n2, n3 are the sample sizes from classes 1, 2, 3, respectively and I(Y1,Y2, Y3) is indicator function. 
I(Y1,Y2, Y3) equals 1 if Y1,Y2, Y3 are in the correct order (Y1<Y2<Y3). However, ties may occur in the 
ranking. If ranking is Y1=Y2<Y3 or Y1<Y2=Y3, I(Y1, Y2, Y3) is 1/2, if ranking is Y1=Y2=Y3, I(Y1,Y2, Y3) is 
1/6, and zero otherwise. If the VUS is 1/6, diagnostic test is worthless (1, 5, 6). It shows that test can not 
discriminate between the three classes. In that case, three distributions completely overlap or test does not 
give any information (1, 5, 6) Variance formulation can be derived similar to that of two way ROC’s (1,4-6).  
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MATERIAL AND METHOD 
Data of consecutive patients with known risk factors for diabetes mellitus and to whom OGTT have 

been applied from Hacettepe University, Medical School, Department of Internal Medicine, Section of 
Endocrinology and Metabolism by June 2007. To evaluate the performance of fasting plasma glucose for a 
diabetic 2-hour post-load glucose value in oral glucose tolerance test (OGTT), we will perform three way 
ROC analysis. We considered a three-class prediction problem, in which the outcomes were labeled as 
positive, igt (impaired glucose tolerance), and negative, when OGTT is considered as a gold standart test. 
Three dimensional ROC surface will be constructed for fasting plasma glucose. The calculation of the 
volume under the ROC surface will be obtained by nonparametric method. Furthermore, we will study to 
determine the optimal cut-off values for three populations. A program has already been written in Matlab to 
estimate VUS and plotting ROC surface. 
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1. Introduction 

A tree structured modeling for analyzing censored survival data is useful for several reasons. The 

association between survival time and covariates is easy to interpret even if the covariates are numerous and 

there are interactions among them. Moreover a tree-structured method gives additional insight into the role 

of the covariates. Tree Structured model automatically searches for important relationships and uncover 

hidden structure even in highly complex data. It is easy to interpret and predict survival value for new case. 

Recent progress in both diagnostic and therapeutic technique of HCC appears to improve the prognosis. 

The purpose of this study was designed to evaluate the prognosis of HCC in relation to treatment methods 

and their affecting factors by the tree- structured model.  

The modeling of censored survival data is a challenging problem in recent years. One of the most popular 

techniques are the Cox proportional hazards model (1972), which postulates that the logarithm of the hazard 

rate is a linear function of the covariates and the Kaplan-Meier survival curve shows the survival of groups 

visually and the log-rank test identifies differences between groups.  

Our proposed methods detect not only curvature of covariates but also interactions between them. 

Moreover, it is practically unbiased in selecting split covariates with the proposed survival algorithm STUDI 

(Survival Tree with Unbiased Detection of Interaction).  

Association between covariates and survival time was analyzed using Cox proportional hazards 

regression. Survival curves were compared using the log-rank test. This paper suggests the tree-structured 

survival model to identify the effect of prognostic factor of AIDS and to quantify the patient characteristics 

that related to the survival time. 

2. Tree-Structured Survival Model with STUDI  

Tree-structured piecewise linear Cox model is mitigated to interpret with numerous covariates and more 

complicate interaction. The data search nodes are more homogeneous than the entire dataset with fewer 

covariates.  
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Coefficient parameters in a Cox model are estimated by maximizing the partial likelihood for the 

parameters. The maximization is achieved by using an iteration method such as the Newton-Raphson 

iteration technique. The iteration greatly increases the computation burden for a tree-structured method that 

relies on exhaustive search, because exhaustive search evaluates all possible splits in selecting the split 

covariate and the split point. ES finds the split maximizing )]()([)( RL tRtRtR +−  among all possible splits, 

where )(,)( LtRtR  and )( RtR are the costs of node t, its left subnode Lt , and its right subnode Rt , 

respectively. ES requires not only a great deal of computing time, but also gives a higher selection 

probability to covariates with more splits, resulting in covariate selection bias. To overcome these 

disadvantages, Loh (2001b) used statistical tests for normal regression. By applying this approach to 

censored data, an algorithm was proposed to yield piecewise multiple linear modeling.  

The curvature and interaction tests can be applied to tree-structured regression modeling for censored 

data. A split covariate is selected by the curvature and interaction tests for the modified Cox-Snell residuals 

that are used to determine whether a covariate fits a model appropriately.  
The modified Cox-Snell residuals, )1(693.0)}(ˆexp{)(ˆ '

0 δβ −+Λ yXy , are obtained after fitting a Cox 

proportional hazards model with all of the ordered covariates. If the model is correct, plots of the residuals 

against the covariates should not show any systematic pattern. The LOWESS (Locally Weighted Scatterplot 

Smoothing) (Cleveland 1979) lines superimposed on the scatter plots indicate that tumor size of oral cancer 

may be more important in a piecewise-linear model.  

The side-by-side boxplots of stage reveal that the medians of the residuals are not constant, whereas the 

side-by-side boxplots of sex show that the medians of the residuals are constant. This suggests that a single 

multiple linear Cox Model is not adequate. 

3. Transition Model of HCC 

3.1 Materials and Methods  

Between January 1993 and December 1994, a total of 828 new HCC patients, who were admitted to the 

liver unit of Seoul National University Hospital were prospectively screened. Of these, 190 patients were 

considered operable(Child-Pugh class A and International Union Against Cancer(UICC) stage T1-3NOMO 

and as a result, were consecutively enrolled as candidates for this study. The underlying hepatic function was 

assessed using the Child – Pugh classification. 

A total 182 patients consisting of the remaining 177 patients and the five patients who could not be 

evaluated by L-CT, were included in the present study and all gave informed consent for the procedures 

performed. A database on all 182 patients was created and the various pretreatment variables at the initial 

TACE treatment including age, sex, serum alpha-fetoprotein(AFP) level, positivity of hepatitis B surface 

antigen and antibody to hepatitis C virus(anti-HCV), and OKUda and UICC T stage were recorded. The 

HCC stage was also analyzed retrospectively according to the Cancer of the Liver Italian Program(CLIP) 

scoring system, a new prognostic system, recently proposed by the CLIP group and prospectively validated 

to predict the prognosis better than the Okuda and UICC staging systems. 
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3.2 Survival Analysis According to the Treatment Modality 
As of December 31,2000, 48 of the 91 patients who had undergone HR treatment had died, as had 68 of the 

91 patients who had undergone TACE. There was no significant difference in the cause of death between the 

two treatment groups, mainly resulting from liver failure including hepatic encephalopathy and spontaneous 

bacterial varix bleeding,and progression of the tumor itself. 

 
.  3.3 Tree Structured Prognostic Model of HCC 

Figure 2 (renumber) shows the results of the tree-structured classification model for HCC infected 

persons with effective covariate with Gini index of diversity as the splitting criterion by CART. It uses a 

decision tree to display how data may be classified or predicted. It automatically searches for important 

covariates.   
When we start to classify, we already know the group identity of 186 patients(147 alive and 39 died) and 

can classify the data bt 4 variables with their critical values. This tree model correctly classifies 65.6% of the 

186 patients with 90% sensitivity and 36.8% specificity. The cross-validation estimates had very little 

difference. There is almost no change in the cross-validation estimates with the 90% sensitivity and 30.3% 

specificity. 

According to the medical treatments we can get the two different tree structured prognosis models. This 

Figure7 is the model for TAEC group with 5 variables. The correctness was 78.7% with 71.7%sensitivity 

and 78.7% specificity. 

 

The final tree structured survival model for the entire data can be seen in Figure 9. We could recognize that 
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the Child index, pafp, treatment method had a very strong impact on survival time. After the splitting with 

treatment method a different covariates were selected as splitting variables. 

The number inside each node is the sample size and the numbers below each terminal node are the sample 

size and estimated median survival time. 

In Figure 10 we can compare the MCS residuals in the case of age. MCS scattered randomly and smoothing 

line is smoother than the right side scatter plot of variable afp which is selected as a splliting variable.  

Lower figure shows the boxplot for categorical variables. The boxplot of left figure is more similar than right 

one. So the right variable Child score was selected before the selection of left variable.  

Tree-structured median regression modeling incorporates the merits of both median regression modeling and 

tree-structured modeling. The advantages are simple. There are available statistical methods for obtaining 

prognostic model for hapato cellular carcinoma patients. We examine the effects of several civariates on the 

hazard for time to transit of hepatocellular carcinoma patients from liver cirrhosis or chronic hepatitis. Effect 

here is the ability of the covariates to prognosticate survival of HCC. 

 

5. Remarks 
1. The factors CHILD score, the number of TACE treatment, AFP, PAFP level were common to all 

the models, the post AFP was specifically important to the survival time of surgical resection 

group and TACE treatment group. 

2. Tree structured regression model with minimum LAD provide the critical values of splitting 

covariates for each node.  

3. 3. Tree structured median survival model provides the predicted survival times for subgroups 

recursively partitioned by several important covariate conditions 

4.  The Kaplan Meier Survival curve by the terminal node in median survival tree model, we can 

compare the survival ship between survival groups with specified critical value of covariate. 
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1 Dealing with nuisance parameters

There are difficulties for testing theory when the data are discrete and nuisance parameters are present.
Let Y denote the data vector. Any hypothesis test can be expressed in terms of a P-value P (Y ) and
a target size α. For continuous models, P (Y ) should be uniformly distributed under the null and the
target size α can be achieved exactly. For discrete models, P (Y ) cannot be uniform and typically no
test will achieve the target size α. In this sense, all discrete tests are inexact. A more realistic aim
then is that the P-value have the property that Pr(P (Y ) ≤ P (y)|H0) = P (y). This gives the P-value
its interpretation. If this property holds for all y then we might still call the test exact. The one-sided
CS test has this property when viewed conditionally, even though a pre-specified target size cannot
be achieved exactly.
When nuisance parameters are present, even this weaker kind of exactness is usually unachievable.
This is because, for all but trivial examples, the null tail probability

π(y, φ) := Pr(P (Y ) ≤ P (y); θ0, φ)(1)

depends on φ and so cannot equal P (y). Dependence on φ can be extreme and π(y, φ) can violate the
target value P (y) grossly in some examples, see Berger & Boos (1994). I call π(y, φ) the significance
profile. If π(y, φ) ≤ P (y) for all y then the implied test will be guaranteed not to exceed the nominal
size, and I will call the P-value ‘guaranteed’. If the supremum of the profile equals P (y) then I will say
that the P-value is exact, and more loosely that the test is exact. This weaker definition of exactness
is always achievable and it is what we will always mean when we use the term exact. Our aim then is
to construct exact P-values that are as efficient as possible.
Consideration of the significance profile leads to three different P-values. The theory is identical for
one or two-sided tests. Henceforth, the data Y = (X,T ). Computational issues are addressed in the
following section.
The first approach is maximisation. We calculate P ∗(x, t) := supφ π(x, t, φ) and use this as the P-
value, see p168 of Bickel and Doksum (1977). Lloyd (2005a) points out that P ∗(X,T ) is as small as
possible amongst valid P-values that are non-decreasing functions of the original statistic P (X,T ). I
call this the M (for maximisation) P-value.
The second approach is partial maximisation, motivated by examples where maximised P-values appear
to be inefficient. Berger and Boos (1994) have suggested

Pγ(x, t) = sup{π(x, t, φ) : φ ∈ Cγ} + γ,

where Cγ is a 100(1 − γ)% confidence interval for φ. This methodology has been applied in several
recent papers, see for instance Berger and Sidik (2003) and Mehrotra, Chan and Berger (2003). I will
call this the B P-value. Berger and Boos acknowledged that dependence of results on the choice of γ
can be extreme, notwithstanding the general recommendation by Berger and Sidik that γ be small.
Partially maximised P-values are not exact but are slightly conservative in all but trivial cases, see
again Lloyd (2005a).
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The third and much older approach is estimation. This involves replacing φ by its maximum likelihood
estimate φ̂0 under the null. This estimated P-value is denoted by P̂ (x, t) = π(x, t, φ̂0). While P̂ (X,T )
is not exact, it becomes exact after application of the maximisation step. This involves maximising
the profile (1) but with P̂ (x, t) replacing P (x, t). The profile of P̂ (X,T ) tends to be flatter than the
profile of the original P (X,T ), see Lloyd (2005a). So our third method is estimation followed by
maximisation. This produces what I denote the E+M P-value.

2 Computational issues

Computation of all three P-values in the previous section involves starting with a generating P-
value (for instance one of the standard P-values in Section ??) and computing the significance profile
(1). There are several computational issues. The first is to identify the subset of the sample space
{(x′, t′) : P (x′, t′) ≤ P (x, t)}. The second is to compute the null probability of this tail set using the
unconditional model

Pr((X,T ) = (x, t); θ, φ) = B(x; t, η)B(t;n, φ), (x, t) ∈ Sn, (θ, φ) ∈ Ω(2)

where Sn = {(x, t) : 0 ≤ x ≤ t ≤ n} and Ω = {(θ, φ) : 0 ≤ |θ| ≤ φ ≤ 1}. This gives π(x, t, φ) for a
single value of φ. The third is to maximise or partially maximise the significance profile with respect
to φ.
In the most general case, determining the tail set requires evaluating P (x′, t′) for all N = n(n+ 1)/2
elements of the sample space. However, when P (x, t) is monotonic in one argument, the boundary
of the set can be computed using bisection which reduces computation from O(n2) to O(n log n)
evaluations.
Computing the tail set for the E+M P-value is more computationally intensive since it requires
O(n log n) evaluations not of P (x, t) but of P̂ (x, t). A single evaluation of P̂ (x, t) itself takes O(n log n)
evaluations of P (x, t) and so O(n log n)2 evaluations of P (x, t) are required in total. This is the most
demanding part of the computation and means that E+M P-values are computationally more de-
manding than M or B P-values, for large enough sample size. The good news is that the tail set only
needs to be determined once.
Calculating the probability of the tail set is also O(n2) in general but when the tail set is monotonic
it can be computed as a sum of n cumulative binomial probabilities. Since cumulative binomial
probabilities can be computed using the gamma function, regardless of n, the second step is O(n).
Maximisation of π(y, φ) requires multiple evaluations of the tail probability. The number of evaluations
k depends on the degree of accuracy and confidence required. Since π(y, φ) has no special properties
such as convexity, finding the maximum will always be problematic. This issue is unacknowledged in
the literature. We make the following comparative observations. For many standard examples and
test statistics, the profile can contain narrow spikes which are easy to miss and so an intense search
effort is required. The B P-value requires maximisation over a restricted region of size O(n−1/2), but
this does not reduce the chance of missing the maximum. We used k = 100 points for φ for the
full maximisation, and the relevant subset of these points for the partial maximisation. This was
followed by a gradient search. For practical sample sizes, computation times for M and B P-values are
almost identical. For the E+M P-value, a much smaller number of evaluations can be used because
the significance profile of P̂ (X,T ) tends to be much better behaved than P (X,T ). Across a range
of different examples, Lloyd (2005a) has found that in every case where the original profile has a
problematic spike, this is not present in the profile of P̂ (X,T ). For the present application, I used
k = 20 but in every case I have explicitly checked the maximum could be found with k = 5 grid points.
So the maximisation part of the computation is much easier for E+M P-values than for either M or
B P-values.
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One remaining issue is whether or not P̂ (X,T ) has the same monotonicity properties as P (X,T ), as
has been implicitly assumed in the discussion above. It is simple to show that if P (x, t) is monotone in
x for fixed t then so is P̂ (x, t) (result available from the author) which is sufficient for the computational
savings above. However, for the supremum of the profile to be achieved on the boundary of the null
hypothesis (i.e. when π01 = π10 rather than π01 < π10) monotonicity in t for fixed x is also required
(Berger & Sidik, 2003). We have found numerically that P̂ (x, t) is monotone in t for fixed x for all
sample sizes considered in the next section.

3 Illustration on Matched pairs

The bivariate random variable Y = (Y1, Y2) takes values in {00, 01, 10, 11} and we denote by Xjk the
number of individuals out of n for whom Y = (jk) and by πjk the corresponding probabilities. We
are interested in comparing the probability p2 = π11 + π10 of response under treatment 2 with the
probability p1 = π11 + π01 of response under treatment 1. The difference θ = p2 − p1 is the interest
parameter and can also be expressed π01 − π10. Let φ = π01 + π10 be the probability of a discordant
pair and η = (θ + φ)/(2φ). Let t be the number of discordant pairs. Then the likelihood for (θ, φ) is

L(θ, φ, ψ|x01, t, x11) ∝ B(t;n, φ)B(x01; t, (θ + φ)/(2φ))B(x11 ;n− t, ψ)(3)

where B(x;n, p) is the probability of a binomial with parameters (n, p) equaling x.
The most common statistic for testing θ = 0 is (2X − T )/

√
T , proposed by McNemar (1947), based

on the ML estimator θ̂ = (2X − T )/n and an estimate t/n2 of its null variance φ/n. By convention
M(0, 0) := 0. This statistic has asymptotic normal distribution giving rise to one-sided and two-sided
P-values that have inexact properties.
For n=20,50,100, I computed all possible values of McNemar’s P-value, the maximised varsion, the
Berger-Boos version and the E+M version. Two criteria are used to evaluate the competing P-values.
First, we prefer P-values to be systematically small rather than large. The second measure is the
power surface

βα(θ, φ) = Pr(P (X,T ) ≤ α; θ, φ)

of the test that rejects the null when P (X,T ) ≤ α, for the standard sizes α = 5% and 10%. Plots of
the mean value of the p-values shows clearly that E+M P-values are uniformly smaller than M or B
P-values for one-sided or two-sided tests. In simple words, the E+M P-values are exact just like M or
B P-vlaues but they tend to be smaller. This translated into power dominance as summarised in the
table below. Each figure gives the proportion of the parameter space (on a 100 × 100 grid) where the
E+M P-value dominates both B and M.
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Power dominance of E+M over M or B based P-values for three generating P-values. Each figure
is the proportion of the parameter space where the E+M based P-value strictly dominates either B
or M in power. In all cases, E+M has at least as high power as both B and M. MC(k) means k-sided
McNemar test.

α = 5% α = 10%
n=50 n=100 n=50 n=100

G E+M>B E+M>M E+M>B E+M>M E+M>B E+M>M E+M>B E+M>M

mc(1) 0.947 0.828 0.893 0.684 0.684 0.935 0.551 0.903
mc(2) 0.812 0.788 0.791 0.905 0.596 0.828 0.690 0.688
lr(1) 0.936 0.828 0.889 0.848 0.728 0.936 0.551 0.908
lr(2) 0.812 0.813 0.791 0.853 0.597 0.827 0.847 0.851
cb(1) 0.932 0.948 0.897 0.824 0.926 0.947 0.688 0.886
cb(2) 0.950 0.950 0.847 0.906 0.932 0.948 0.895 0.823
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1 Introduction

In the application of statistical methods in clinical research, the difficulty of controlling type I error
is well-recognized. The probability of incorrectly rejecting the null is traditionally denoted by α and
corresponds to the test size in hypothesis testing and coverage error in confidence limits contexts,
respectively. The problem of controlling α is particularly serious in applications involving discrete
data (Agresti, 2003), which are common in clinical practice and research.

In general, the researcher has two choices. Either let the actual α exceed the desired level by
an amount that is likely to be small, or impose a restriction for keeping α within the target nominal
value. The former choice will rely on so-called approximate methods (Newcombe, 1998), and the
latter will involve one of the exact inference methods (Berger and Boos, 1994; Chan and Zhang, 1999;
Lloyd and Moldovan, 2007a,b,c). Approximate methods can lead to liberal conclusions, while some
exact methods are known to be conservative. In practical terms, liberalism is often seen as putting
under threat safety of patients and conservatism is considered as an undesired but necessary remedy
to preserve this safety. It should be recognized, however, that conservative conclusions can lead to
rejection of an effective treatment, therefore putting patients in potentially great disadvantage. In
the present study, we describe and compare two known general methods for computation of exact
confidence limits, namely the test-inversion method, usually credited to Chan and Zhang (1999),
and the Buehler method, initially proposed by Buehler (1957) and recently implemented by Lloyd
and Moldovan, (2007a,b,c) in a medical context. Our objective is to indicate the advantages and
disadvantages of each method and give recommendations to practitioners on which method is to be
preferred, on the basis of efficiency and computational feasibility.

The paper is structured as follows. In Section 2, Buehler and test-inversion methods are in-
troduced and the main differences between them are indicated. In Section 3, we report the results
of an extensive numerical study involving the difference between two correlated proportions as the
parameter of interest. Section 4 summarizes the results of the paper and gives recommendations to
practitioners.

2 Buehler adjustment and test inversion

There are two alternative general approaches to computation of exact limits. These are Buehler’s
method and test-inversion methods. We describe these methods only for computation of upper limits,
but the theory is largely identical for lower limits (see Lloyd and Moldovan, 2007c). The Buehler
method can be seen as an adjustment of a set of approximate confidence limits to an exact form.
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Starting from a given set of approximate confidence limits T (Y ), called the designate statistic, the
Buehler procedure adjusts them so that each of corresponding confidence limits has coverage proba-
bility equal exactly to the desired nominal level 1−α. The upper Buehler confidence limit is given by
the largest solution for θ of

sup
φ

Pr(Rα(y); θ, φ) > α,(1)

where Rα(y) := T (Y ) ≤ t(y) and y defines the coordinates of the sample space corresponding to the
limit of interest.

Test-inversion limits begin with a test statistic S(Y, θ0), which should be a non-increasing func-
tion of θ. The test-inversion upper limit is the largest solution for θ of

sup
φ

Pr(Rθ(y); θ, φ) > α,(2)

where Rθ(y) := {S(Y, θ) ≤ S(y, θ)}. The left-hand side of (2) is an exact P-value as defined in Bickel
and Doksum (1977), so the one-sided interval [0,u(Y)] excludes all values of θ which are rejected by
the underlying test.

Despite the apparent similarities between (1) and (2), Buehler and test-inversion approaches
to computation of exact confidence limits are conceptually different. As pointed out above, the
Buehler procedure takes approximate confidence limits and adjusts them to exact form. The values
of the resulting exact limits depend only on the ordering of the sample space imposed by designated
statistics, not on the actual values of the approximate limits. In contrast, test-inversion limits are
not an adjustment of any initial approximation to the desired exact upper limits. Strictly speaking,
they are generated by applying the exact test a number of times to different values of θ in order to
find the largest P-value that satisfies (2). The key differences between the Buehler and test-inversion
approaches that are important at both theoretical and practical levels are described below.

Tail sets and tail functions. The central point responsible for differences between Buehler and
test-inversion approaches is the logic behind formation of tail sets Rα(y) and Rθ(y) in (1) and (2),
respectively. As soon as the coverage error α is chosen, Rα(y) in (1) remains constant over the entire
computational procedure, not depending on θ. At the same time, Rθ(y) in (2) is recomputed for each
value of θ and the structure of this tail set can change multiple times. This directly affects the shapes
of the tail probabilities given by the left-hand sides of (1) and (2). Under mild regulatory conditions,
the Buehler tail probability is monotonically non-increasing in θ, as demonstrated by Kabaila (2005a).
In contrast, the test-inversion tail function is often irregular having discontinuities at points where the
tail set Rθ(y) changes its structure. Sample points can leave or enter Rθ(y) for different values of θ,
potentially causing drop and jump discontinuities of the test-inversion tail probabilities.

Optimality. The irregularity of the test-inversion tail function indicates the lack of any proven
optimality properties of test-inversion limits. While Jobe and David (1992) have formally demon-
strated that Buehler upper limits are minimal among any alternative limits subject to coverage and
ordering of the sample space, this clearly does not extend to test-inversion. In fact, every time (2)
has a solution substantially greater than α, which is sometimes the case due to discontinuity of the
test-inversion tail function, the resulting limit will be conservative. In this case, the Buehler procedure
could be applied in order to obtain optimal limits.

Computational intensity. Again, due to the differences between Buehler and test-inversion tail
functions, the computational approaches to (1) and (2) are very different. Since the Buehler tail
function is continuously non-increasing in θ, the inequality (1) can be replaced by the corresponding
equality, which further can be easily solved by standard numerical algorithms, e.g. bisection. In
contrast, to find the solution of the discontinuous and non-monotonic test-inversion tail probability
function is extremely difficult. One algorithm the authors are aware of is given in Hsueh et al. (2001),
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who suggests gradually decreasing θ by an arbitrary small increment γ in order to find the maximum
value of the tail function satisfying (2). It should be noted, however, that decreasing the value of γ
increases computational intensity, while increasing it will also increase the risk of missing the solution.
More sophisticated algorithms may be developed and applied, but the risk of missing the solution
can only increase, unless one knows the exact location of the discontinuities. Kabaila (2005b) gives
some formulas for detection of discontinuities, but only for the simplest statistics, normally not used
in practice. The author also suggesting to detect the points of possible discontinuities first and only
then proceed with solving (2). This approach can potentially reduce the computational intensity but
will still involve the arbitrary selection of the value of γ which affects the balance between reliability
and computational intensity. In addition, in test inversion the tail set needs to be recomputed each
time θ changes which makes the test-inversion method even more computationally intensive.

3 Numerical study

Chan and Zhang (1999) and Lloyd and Moldovan (2006a) applied the test-inversion and Buehler
methods, respectively, to computation of confidence limits for the difference between two correlated
binomial proportions. We compare likelihood ratio (LR) and score based test-inversion confidence
limits, using the described above approach of Hsueh et al. (2001) with γ = 0.00001, and compare them
with the LR based Buehler confidence limits. Lloyd and Moldovan (2006a) reported that LR based
Buehler limits have maximum efficiency among several competing Buehler limits and also suggested
the efficiency measure given by differences between limits and their corresponding maximum likelihood
(ML) estimates averaged across the entire sample space:

b = E(
√
n(u(Y ) − θ̂(Y )),

where u(Y ) and θ̂(Y ) denote values of Buehler confidence limits and corresponding ML estimates
computed for each point of a sample space.

The Table below reports the efficiency measures for LR based Buehler limits (BCL), recom-
mended by Lloyd and Moldovan (2007a), and for LR and score based test-inversion limits before
(TCL) and after (BTCL) Buehler adjustment:

Table 1: Average size of alternative upper confidence limits for the difference between two correlated
proportions. The most efficient values are in bold text.

Method n=10 n=15 n=20 n=25 n=30 n=40 n=50 n=75 n=100

BCL (LR) 1.234 1.212 1.203 1.197 1.193 1.185 1.178 1.171 1.166

TCL (LR) 1.254 1.246 1.238 1.236 1.230 1.222 1.215 1.203 1.195

BTCL (LR) 1.243 1.233 1.222 1.220 1.215 1.209 1.204 1.194 1.188

TCL (Score) 1.225 1.204 1.193 1.194 1.192 1.194 1.192 1.186 1.181

BTCL (Score) 1.222 1.202 1.190 1.191 1.191 1.192 1.190 1.184 1.180

To give an indication of computational effort required, for n = 50 it took over 19.41 hours
to compute all 1326 score based test-inversion limits, just over 0.37 hours to Buehler adjust them,
and roughly the same time to compute 1326 Buehler LR based limits, all using Pentium IV 2.0 GHz
processor. As can be seen from Table 1, score based test-inversion limits are more efficient than
Buehler limits up to n = 30. Note that these limits are suboptimal since their Buehler adjustment
leads to further gain in efficiency. Starting from n = 40, the LR based Buehler limits become the
most efficient among all considered alternatives. Taking into account only moderate gain in efficiency
of score test-inversion limits observed for sample sizes up to n = 30, the substantial computational
effort required to compute them and the arbitrary reliability of available test-inversion computational
algorithms we recommend the use of less computationally demanding and more reliable LR based
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Buehler exact procedure for this particular case of the difference between two correlated proportions.
Similar comparisons of alternative study designs can lead to different conclusions, but due to extreme
computational intensity of the test-inversion procedure such a comparison is not yet completed.

4 Summary

We have compared the Buehler and test inversion approaches to computation of exact confidence
limits in discrete data problems. Due to specifics of tail set formation, the test inversion procedure
given by (2) is unreliable and much more difficult to implement than the Buehler procedure given by
(1). The numerical study involving the difference between two correlated proportions as a parameter
of interest, has indicated that score based test-inversion limits are only slightly more efficient than
LR based Buehler limits for n < 40. When n > 40, the LR based Buehler limits have the maximum
efficiency among all considered alternatives. Since the Buehler adjustment is more reliable and less
computationally intensive than the test inversion procedure, we recommend LR based Buehler limits
for practical use. The detailed description and the reference to appropriate software are given in Lloyd
and Moldovan (2007a). Recommendations for alternative parameters of interests can be different and
additional numerical studies are needed.
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ABSTRACT

Introduction: In Portugal pain is a frequent symptom and the main cause of medical consultation,
especially rheumatologic consultation. In the majority of the cases, pain is due by a pathology of
musculoskeletal system and it is recognized that, by the symptomatology and structural changes, this
group of diseases is the principal responsible for the temporarily and permanent incapacity. Hence, it
is important to recognize the characteristics related with pain in the rheumatologic diseases.
Objectives: Evaluate the pain in a population of ambulatory rheumatic patients, through 5 different
scales, comparing the results concerning the different scales and the different rheumatic diseases, as
well as other factors that could interfere in painful intensity.
Material and methods: Cross-sectional observational study with retrospective component, conducted
in 2005. Data was collected from every patient who attended to the consultant of rheumatology at
IPR during three weeks. Anthropometrics, manometrics, blood pressure and pain using 5 scales (VAS,
numeric box scale, verbal rating scale-VRS, faces pain scale and VAS in last month) were evaluated.
Results: 1052 patients (82.6% females) were included with an age range 14-101 years (mean 57.6
years).There was a strong statistical correlation between the five pain scales, ranged between 0.583
and 0.857 (p < 0.001). Pain is less markedly in the VRS compared with VAS in last month (median:
50 vs 66.7). Pain showed superior intensity in females, older patients, widowers, in patients with
low school level, retired/unemployed and in patients with a higher BMI, fat deposition (measured
by bioimpedance of hands and foots), waist circumference and hip circumference, as well as, cases
of diagnosis and medication for hypertension, anxiety, depression or sleepiness (p < 0.001). The
pathologies stated with more pain were fibromialgy and musculoskeletal diffuse syndrome.
Conclusions: In this population the 5 pain scales used show a good capacity of measure of painful
complaints with a good correlation between the different scales.

Keywords. Rheumatology, anthropometrics, manometrics, blood pressure, pain.
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Introduction 

Influenza is an acute viral respiratory infection that occurs seasonally during winter in temperate 
climates. Worldwide, the influenza epidemics seasons have substantial consequences on human health by 
increasing mortality and morbidity rates (Reichert et al., 2004; Nguyen-Van-Tam et al., 2001). In Portugal 
and considering the period 1990-1998, Nogueira and Rebelo-de-Andrade (2000, personal communication) 
demonstrated an excess of 2912 deaths attributable to this illness, by using influenza and pneumonia as the 
certified cause of death. 

Different methodological approaches have been used to determine the health impact of seasonal 
influenza. In general, the excess mortality or morbidity attributable to the disease is obtained from the 
difference between the estimate of the health indicator, during an influenza season, and a baseline that 
describes “normal” variation of the same indicator, in the absence of influenza activity. In order to estimate 
deaths or hospital admissions, statistical models such as Poisson regression (Brinkhof et al., 2006), multiple 
linear regression (Nguyen-Van-Tam et al, 2001), cyclical regression (Zucs et al., 2005) and autoregressive 
integrated moving average (ARIMA) (Reichert et al., 2004) have been used. These methodologies allow the 
evaluation of influenza impact by taking into account influenza indicators and factors that are independent of 
influenza activity such as seasonal behaviour and time trends associated to mortality and/or morbidity time 
series, allowing in this way to isolate the specific effect of influenza in mortality and morbidity. 

In this paper, a comprehensive study on the repercussion of influenza epidemics in mortality and 
hospital admission rates in elderly Portuguese population for the period 1998-2005 is performed. Further, to 
understand the impact of flu vaccination in the community, the association between the estimated excess rate 
of deaths and hospital admissions and influenza vaccine coverage is evaluated. 

 
Material and Methods 

The unit of study was the number of deaths or hospital admissions in individuals with 65 or more years 
of age, per week during each of the influenza epidemic seasons from 1998/1999 to 2004/2005. An influenza 
epidemic season n/n+1 corresponds by the period that goes from the 40th week year n (October) to the 20th 
week of the year n+1 (May), this period is constituted by 33 weeks. In this context the time-series of the 
weekly number of deaths and hospital admissions for the period 1998 to 2005 is, in each year, interrupted 
during the period that includes the 21st week (June) and the 39th week (end September), i.e. during spring and 
summer where influenza activity is not considered relevant. 

Mortality data was obtained from the Portuguese National Institute of Statistics mortality database 
(1998 – 2004) and hospital admissions were extracted from the Portuguese Hospital Discharge Database 
(Instituto de Gestão Informática e Financeira) that assembles all the hospitals from the national health system 
in Portugal mainland (1998-2005). From these databases the weekly number of deaths and hospital 
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admissions due to 1. Pneumonia and Influenza (P&I) and 2. all Diseases of the Respiratory System (DRS), 
was extract for each season. 

To measure the influenza activity in each week the estimates of the weekly incidence rate (per 105 
inhabitants) obtained by the Influenza Surveillance system based on a sentinel group of general practitioners 
(Médicos-Sentinela) were used. Information related to dominant virus sub-type isolates was obtained by 
National Influenza Center of the National Health Institute. 

The flu vaccine coverage data for the considered specific age group (individuals with 65 or more 
years), studied here was obtained from cross-sectional surveys by telephone interviews to the panel ECOS 
conducted yearly (Nunes et al., 2004). 

In order to estimate the impact of influenza epidemics the following model was adjusted to the weekly 
rate of deaths (from 1998/1999 to 2003/2004 season) and hospital admissions (from 1998/1999 to 2004/2005 
season) per 105 inhabitantes for the above mentioned causes: 
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for week t=1(40th),…,12(52th),13(1st),…,33(20th) of the season i=1(1998/1999),…,2(2004/2005) and 
were )1(33 −+= itj , itX  the number of deaths or hospital admissions in week t of the season i, iP  is 
the population of individuals with 65 or more years of age in season i, itTg  is the influenza incidence rate 
in week t of the season i and tiε  represents white noise. 

In each week the excess rate of deaths or hospital admissions attributable to influenza ( itE ) was given 
by the difference between the model estimate and the baseline ( itB ) that is assumed to describe “normal” 
variation of the time series without the influenza activity. This is: 
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Finally the rate of total excess of deaths or hospital admissions attributable to influenza in the season i 
is given by: 

it iti TgTgRI γγ == � =

33

1
 (4) 

where iTg  is the cumulative incidence rate for the epidemic influenza season as defined above, i.e. 

the attack rate of the season i. 

For model diagnosis we used the adjusted 2R , Kolmogorov-Smirnov test for the assumption  the 
Normal distribution of the residuals and the estimated autocorrelation, partial correlation functions and Box-
Ljung statistic to test residuals independency. 

The association between the excess rates deaths and hospital admissions with vaccine coverage was 
measured by the Pearson and Spearman correlation coefficients. 

All results were obtained with the package of statistics programs SPSS 14.0.  
 
Results 
A good model fit was obtained for the weekly rates of hospital admissions and deaths due to P&I and DRS, 

indicating that the variation of these indicators is well explained by a trend component, an annual seasonality 

and the influenza incidence rate. The adjusted R2 ranged from 0.87 to 0.90 and the hypothesis of Normal 

distributed residuals were not rejected (Kolmogorov-Smirnov test) (Table 1), although the residuals showed 

an autocorrelation structure of order one (AR(1))  

The highest rates of excess mortality and hospital admissions attributable to influenza were estimated in the 

1998/1999 season. In this season the estimated excess mortality rate was 172.4/105 inhab. (2619 deaths) due 
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to DRS and 75.2/105 inhab. (1142 deaths) due to P&I; and the excess hospital admission’s rate of 530.1/105 

inhab. (8052 hospital admissions) due to DRS and 264/105 inhab. (4012 hospital admissions) due to P&I. In 

the influenza epidemic seasons where the A(H3) was the dominant circulating virus sub-type, the mean 

excess rates of hospital admissions and deaths were 2.2 times higher than the mean excess rates of the 

seasons were the sub-type B was dominant. 

Table 1 Parameters estimates obtained for the four models adjusted and respective models 
diagnosis.  
 Constant Trend Annual sazonality Influenza Adj 2R  K-S 
Hospital 
admissions 

K α β1 β2 γ  p 

P&I  estimate 
(s.e.) 

15.8 
(0.47) 

0.036 
(0.003) 

-2.8 
(0.359) 

-2.8 
(0.289) 

0.144 
(0.1) 

0.88 0.06 

DRS  estimate 
(s.e.) 

34.4 
(0.86) 

0.067 
(0.006) 

-6.3 
(0.667) 

-5.2 
(0.536) 

0.289 
(0.011) 

0.90 0.146 

Deaths        
P&I  estimate 

(s.e.) 
3.64 

(0.108) 
-0.01 

(0.001) 
-0.55 

(0.108) 
-0.64 

(0.132) 
0.04 

(0.002) 
0.82 0.282 

DRS  estimate 
(s.e.) 

8.58 
(0.196) 

-0.02 
(0.002) 

-1.36 
(0.195) 

-1.47 
(0.24) 

0.09 
(0.004) 

0.87 0.325 

K-S. Kolmogorov-Smirnov, p: p-value; s.e. standard error estimate 

 

Table 2 Estimated rates of excess of hospital admissions and mortality (per 100 000 inhabitants) 

in the elderly Portuguese population (65 or more years of age) by Pneumonia & Influenza and 

Diseases of the Respiratory System attributable to influenza, vaccine coverage (%) and type of 

dominant virus per influenza epidemic season from 1998/1999 to 2004/2005. 

Influenza 
epidemic 
season 

Hospital admissions Deaths Vaccine 
coverage 
(%) 

Dominant 
type of virus 

 P & I DRS P & I DRS   

1998/1999 264.1 (4012) 530.1 (8052) 75.2 (1142) 172.4 (2619) 31 A(H3) 

1999/2000 169.5 (2600) 340.2 (5218) 48.3 (740) 110.6 (1697) 39 A(H3) 

2000/2001 84.5 (1419) 169.6 (2848) 24.1 (404) 55.1 (926) n.a. B 

2001/2002 199.0 (3370) 399.3 (6763) 56.7 (959) 129.9 (2200) 42 A(H3) 

2002/2003 97.9 (1699) 196.5 (3410) 27.9 (484) 63.9 (1109) 37 B 

2003/2004 152.7 (2690) 306.5 (5398) 43.5 (766) 99.7 (1756) 47 A(H3) 

2004/2005 242.4 (4341) 486.5 (8711) n.a. n.a. 39 A(H3) 

n.a. not available 

 

Considering equation (4), the obtained excess hospital admissions and deaths rates for each underlying cause, 

are linearly dependent. This way their association with the vaccine coverage is the same as the relation 

between the attack rate of each season and the vaccine coverage. In this framework and considering only the 

A(H3) virus sub-type seasons, a negative linear correlation was found between the attack rate and the 
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vaccine coverage (Figure 1) (Hospital admissions (n=5): Pearson r=-0.829;p=0.082 – Spearman rs=-

0.821;p=0.089; Deaths (n=4): Pearson r=-0.895;p=0.105 – Spearman rs=-0.800;p=0.089), that was not 

statistical significant, indicating nevertheless an decrease of the attack rate in function of the increase vaccine 

coverage. 

Figure 1 Scatter plot for vaccine coverage versus the attack rate (1998/1999 to 2004/2005). 

 

Discussion and Conclusions 
The methodology applied, as it was observed in other studies of the same nature, produced very 

plausible results. The sinusoidal regression linear models used showed an overwhelming goodness-of-fit but 
their residuals were auto-correlated. Further developments should be done in the model to cope with this 
problem (e.g. applied Transfer Function models). The results indicate that influenza epidemic seasons are 
responsible for rates of excess deaths and hospital admissions that can achieve 172.4/105 inhabitants and 
530.1/105 inhabitants, respectively, for DRS (these excess rates represented respectively 34% and 30% of the 
overall rates for these cause in this epidemic period). Finally, these preliminary results on the association 
between the estimated excess rates and the vaccine coverage are indicative of a vaccine effects in reducing 
the impact of influenza in this population, effect that until now was not clearly observed and measured in the 
community. However, the number of seasons studied was small and no statistical significance was achieved 
(α=0.05), this implies that more information is required to prove or dismiss such beneficial vaccine effect. 

 
REFERENCES 

Brinkhof MW, Spoerri A, Birrer A, Hagman R, Koch D, Zwahlen M. Influenza-attributable mortality among the 

elderly in Switzerland. Swiss Med Wkly. 2006;136(19-20):302-9. 

Nguyen-Van-Tam JS, Brockway CR, Pearson JC, Hayward AC, Fleming DM. Excess hospital admissions for 

pneumonia and influenza in persons > or = 65 years associated with influenza epidemics in three English health 

districts: 1987-95. Epidemiol Infect; 2001;126(1):71-9. 

Nunes B, Contreiras T e Marinho Falcão JC. Vacinação anti-gripal: cobertura da população portuguesa entre 

1998/1999 a 2002/2003. Revista Portuguesa de Pneumologia. Março/Abril de 2004. X(2):115-123. 

Reichert T, Simonsen L, Sharma A, Pardo S A, Fedson D, Miller M. Influenza and the winter increase in mortality 

in the United States, 1959–1999. Am J Epidemiol 2004; 160: 492–502. 

Zucs P, Buchholz U, Haas W, Uphoff H. Influenza associated excess mortality in Germany, 1985-2001. Emerg 

Themes Epidemiol. 2005; 21;2:6 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 5894 -



Congenital Anomalies in Portugal: a Spatial and Temporal 

Characterization 
Nunes, Carla 
National School of Public Health (UNL) 
Av. Padre Cruz, 1600-560 Lisboa 
E-mail: cnunes@ensp.unl.pt 
 
Gomes, Dulce 
CIMA-UE, Department of Mathematics, University of Évora 
E-mail: dmog@uevora.pt 
 
Matias, Carlos 
National Institute of Health  
Av. Padre Cruz, 1600-560 Lisboa 
E-mail: Carlos.Dias@insa.min-saude.pt 
 
Briz, Teodoro 
National School of Public Health (UNL) 
Av. Padre Cruz, 1600-560 Lisboa 
E-mail: tshb@ensp.unl.pt 
 
Introduction 

Congenital Anomalies (CA) are errors in the normal development that are present in the embryo-foetal 
period. They consist of structural, biochemical or functional alterations identified either at birth, or later, or 
previously, through prenatal diagnosis. 

The aetiology of CA is heterogeneous, with variable involvement of genetic, chromosomic, physical, 
infectious or biochemical factors, as well as environmental factors. The European Concerted Action on 
Congenital Anomalies and Twins project (EUROCAT) indicates that in 50%-60% of CA the precise cause is 
not known. Every year, 2% to 3% of births all over the world are affected by one major CA and around 14% 
of babies are born with a single minor malformation (EUROCAT, 2002). 

The aim of this work is to study spatial and temporal patterns of notified CA, trying to identify 
explanatory variables or factors that could influence birth defects rates. It is also an opportunity to test the 
interest of some statistical models for the previous purpose. 

Data on CA and explanatory variables are notified to the Portuguese National Registry of Congenital 
Anomalies (CERAC/INSA). Notifications are sent by each medical specialist that identifies a CA in live 
births, fetal deaths or stillbirths and in the context of induced abortions due to a fetal malformation, 
performed under the Portuguese law. Information about the gestation period personal and family history, a 
description of anomalies, socio-economic and geographic dimensions was also reported. 

 

Case- study  
Portugal is organized in 18 districts with 278 municipalities. For this case study, the number of notified 

cases of CA, per municipality and per day (1/1/1997-31/12/1999) was available. In 1997, 1614 CA cases 
were notified. 1693 were reported in 1998 and in 1999 there was also an increase of notified cases (1736 
CA). CA is not established as a compulsory declaration disease, which strongly conditions the present study 
to a characterization of notified prevalence, and not to a characterization of the real CA prevalence. T 
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Figure 1. Months frequencies of CA (1997-1999) 

Figure 1 shows the chronogram of CA 
occurrences (on a month basis), between 1997 an 
1999. At a first glance, it seems that the series shows 
a small trend but not seasonality. A more detailed 
temporal analysis is presented latter. 
For a spatial visualizing, a global map concerning 
period 1997-1999, as well as one map per year, are 
represented in figure 2. Here, the variables are not 
CA absolute frequencies, but CA prevalences (to 
incorporate different municipality’s dimensions). For 

each municipality, the numerator of this ratio is 
local CA absolute frequencies and the denominator 

is the number of births (life births and fetal deaths) occurred in health institutions (considering only those 
having made notifications to CA system).  

 

Figure 2. Prevalences of CA (10-4), for the period 1997-199, per year. 
Red/ orange areas identify municipalities (represented by their geographical centroids) with higher 

rates. The most critical area is the same in global map and in per-year maps (center north). This evidence 
either express a critical area or better local notification practice.  
 
Spatial analyses - Study of Congenital Anomalies along space 

Semivariograms describing the spatial patterns can be useful in this context (Goovaerts, 1997). 
Assuming a value Z(xi,t) of variable Z, observed in a certain municipality I for time t, this value can be 
correlated with incidents observed at neighbouring municipalities during the same time period. The spatial 
continuity for a given period of time can be characterized using a spatial semivariogram:  

where Nh is the number of pairs of municipalities at distance h from each other. These are commonly 

represented as a graph (an example in figure 3) and in presence of spatial dependencies the semivariogram 
initially rises from some point on the y axis (nugget effect) 
and reaches a threshold (sill) at a certain location (range).  

Figure 3 illustrates the experimental variogram 
(green dots), theoretical model (blue line) and sill (red 
line) of 1998 CA prevalence’s. Table 2 shows fitted 
variogram parameters for all periods under study. In terms 
of spatial distributions, CA prevalences present clear 
patterns (Table 2) using always exponential models. 
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Figure 3. Experimental and theoretical 

variograms  
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For example in 1997 the fitted exponential model 
does not presents nugget effect (small scale 
discontinuities), with a first structure of a range 
of 30 km (responsible for 27.5% of spatial 
patterns), and a second structure of 400 Km 
(with a contribution of 72.5%). 
This second range is a very high one stressing 
strong spatial correlations between CA 
prevalence’s. The global map has different 

characteristics from annual maps, with a lower range (neighbourhood correlations) and a higher nugget effect. 
It also seems that radii of correlations neighbourhood are decreasing (400, 300, 124 km), defining smaller 
areas of influence. Nugget effect values can be considered acceptable, not indicating critical small scale 
discontinuities.  

 

Temporal analyses - Study of Congenital Anomalies along time 
The study of CA is made along the 36 months of the three years of notifications. Time series analysis 

have entailed in the Box and Jenkins model class. The chronogram represented in figure 1 show some 
evidence of temporal correlation. It is important to note that sometimes when the number of observations is 
very low (as in the present study) the statement of stationarity (or non stationarity) of the series is very 
difficult to establish. Assuming that the series is not stationary, an ARIMA(2,1,0) model is used to model the 
time series. Using a model building procedure, described by Box and Jenkins in 1976, we obtain the 
following model:, when  

 
Although the obtained model is the most satisfactory one (in terms of the usual criteria), it is far a 

way from explaining the whole variability of the series. 
We studied the temporal distribution of four gestational outcomes in cases of CA (Spontaneous 

Abortion, Abortions due to a Foetal Malformation, Foetal Deaths or Stillbirths), instead of the more frequent 
analysis of type of CA (INSA, 2003). 

Spontaneous Abortion and Stillbirths series do not have any temporal relationship along the three years. 
Studying the Induced Abortions due to a Foetal 

Malformation, the time series shows a significant trend, 
increasing from 1997 to 1999, with a relevant peak on 
January 1999 (Figure 4).  

As in the previous case, we perform a most 
appropriate transformation in order to obtain a series that 
is stationary. After that, we obtain an ARIMA(3,1,0) 
model (with parameters estimates 0.006, 0.342, with 
residual variance 16. 646) as the most satisfactory one. 
This is a satisfactory model to describe the variability of 
the series, (see in figure 4: observed values (continuous-
line) and fitted model (dash-line)). 

The same proceeding was applied to for the two 
other gestational outcomes in cases of CA. 

For Foetal Deaths, the time series presents a significant increase only with two peaks on January of 
1998 and January of 1999. We obtain the following ARIMA(4,1,0) model as the most satisfactory one (with 
parameters estimates 0.217, 0.468, 0.137, 0.051 and 0.401 and normal residuals with residual variance 4.710). 

Although the model found is the most satisfactory one (using ARIMA models), it cannot describe the 
whole variability of the series, as we expected. 

1st Structure 2nd Structure  Nugget 

Effect (%) Range (km) Sill (%) Range(km) Sill(%) 

1997-1999 32.2 50 67.8 ___ ___ 

1997 0 30 27.5 400 72.5 

1998 12.6 70 43.8 300 43.6 

1999 12.5 124 87.5 ___ ___ 

Table 2. Fitted variogram parameters. 
Figure 3. Experimental and theoretical 

tZtXtXtXtX +−+−+−= 3456,02389,01155,0 )518,2872~,0( =∩ σNtZ

Figure 4. Observed and Adjusted Model. 
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Some interesting correlations 
There are also other variables in the questionnaire that can be useful to find some statistical evidence 

of correlations. 
Mothers Age with Terminus of conception Types present some correlation (p_value=0). It was not 

clarified any relation between tobacco dependencies and Terminus of gestation types (p_value= 0.865). 
Alcohol consumption and terminus of gestation has a borderline statistical significant association (p=0,052). 
Consanguinity does not reveal any correlation with mothers age (p_value=0.188). Mothers’ occupations 
presents a clear relationship with mothers age, as well as with Terminus of gestation types (p_value=0). 
Similar analyses could not be applied to mothers’ race and mothers’ drugs dependencies, because of several 
bivariate classes without occurrences. Bivariate distribution analyses were made, to explain the identified 
correlations.  

 
Conclusions and discussion 

The national registry of CA covers approximately 75% of all hospital births in Portugal, a country were 
more than 99% of births are in hospital. However, this is not a compulsory registry and a major limitation 
comes from the under notification, which size remains unknown and may vary in space or time. This is 
potentiated by the fact that the registry was still in its early days in 1997-1999. This is not a comparison 
study on some factors that can influence high prevalences of CA cases or, for instance, on mothers risk 
behaviour or on characteristics that can increase the probability of a CA case. It is only an exploration of the 
available information about CA cases. Rates used in this analysis are prevalence rates, and denominators are 
numbers of all births (live and still) occurring in mothers of the same municipalities of mothers who gave 
birth to fetus or babies with at least one CA. Optimal correspondence between numerator and denominator is 
thus expected. 

Both tactic goals of this paper (to have a first glance at possible time and space trends in notified CA in 
Portugal and to test the interest of some statistical models for the previous purpose) do serve Public Health 
needs in knowledge. 

Mean spatial variograms or spatiotemporal variograms (to characterize possible spatiotemporal 
patterns) can not be computed here, due to the fact that only 3 years of data was available. We are tying to 
get more recent data to do more detailed spatial and temporal analyses and also to apply spatiotemporal 
clustering techniques, to statistically identify and validate critical areas (for identification of sources of 
exposure and primary prevention through Public Health measures). 

Box and Jenkins models were used for time series analysis, but these models were designed to model 
real-valued variables and, here, CA occurrences can be considered as integer-valued variables. A new class of 
time series models (called integer-valued time series models) must be performed. Furthermore, this type of 
models is very important in order to incorporate in the model explanatory time series, because the observed 
values cannot explain the whole variability of the series by themselves (Gomes, 2005).  

Independently of further, more detailed studies, divulgating the present results will certainly improve 
the quality of health professionals contribution to the CA register.  
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ABSTRACT

During the last two decades, evaluating severity of illness and predicting mortality of critical pa-
tients became a major concern of all professionals that work in intensive care units all over the world.
Scores were developed using variables with known influence on death and probabilities of non-survival
were calculated. Due to the binary nature of the response variable, logistic regression models were a
natural choice for modelling this kind of data. Nevertheless, this is not an easy task and a poor predic-
tive performance of some of the existing mathematical models has been reported by clinicians of several
countries. Believing that Generalized Additive Models (GAMs) will bring significative improvements,
we suggest the use of these models to predict mortality in a Portuguese intensive care unit (ICU).
A data set of 996 patients was collected and the entire sample was used for the development of the
model and also for the cross-validation process, due to the nonexistence of an external, independent
data set. The performance of the proposed methodology was assessed not only by the evaluation of
the agreement between observed mortality and predicted probabilities of death through the use of the
Hosmer-Lemeshow goodness-of-fit test (p=0.959 and p=0.743 in the development and cross-validated
sample, respectively) and of calibration curves but also by the discriminating ability measured by the
area under the ROC (Receiver Operating Characteristic) curve (area=0.85 for both the development
and cross-validated samples). A comparison of the final model results with the ones obtained via the
standard severity of illness score SAPS II (new Simplified Acute Physiology Score), used in the referred
unit, revealed that our model performed better than SAPS II, even after a customization (area=0.82
and p=0.517).
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Introduction

Since 1981 numerical scoring systems and multivariate statistical models have been used to assess
the severity of illness of critically ill patients. The former assign, subjectively, weights to variables
reflecting the degree of physiologic derangement. In fact, the Acute Physiology and Chronic Health
Evaluation score, referred to as APACHE (Knaus et al., 1981), the Simplified Acute Physiology Score,
referred to as SAPS (Le Gall et al., 1984 ) and the APACHE II score (Knaus et al., 1985) were built
using a panel of experts to select variables and weights. More recently, and because the subjectivity
of these models may lead to undesired discrepancies, multivariate statistical models were considered.
Mortality probability models, referred to as MPM (Lemeshow et al., 1985; Lemeshow et al., 1988
and Lemeshow et al., 1993), the APACHE III score (Knaus et al., 1991) and the SAPS II (Le Gall
et al., 1993) were then developed, making use of more objective methods such as multiple logistic
regression. However, the fact that a nonlinear dependence between the binary response variable and
the continuous covariates may exist led us to adopt the GAMs to accomplish the fitting process. In
fact, the more recently developed severity of illness scores, SAPS 3 (Metnitz et al., 2005 and Moreno
et al., 2005) and APACHE IV (Zimmerman et al., 2006), also make use of more flexible strategies,
such as splines and regression trees, to model the data. So, in this paper, we propose the use of GAMs
to estimate the probabilities of death and/or to obtain new adjusted cut-off points with the purpose of
categorizing the continuous independent variables, if the main interest is the obtainment of a severity
of illness score. The SAPS II variables were used because this was the severity of illness score adopted
by the clinicians of the Portuguese ICU where the data set analysed in the present study was collected.

The new Simplified Acute Physiology Score (SAPS II)

The SAPS II is a severity of illness score, used in intensive care units, that has received a lot of at-
tention in Europe for its simplicity and applicability. It includes 17 variables: 12 physiology variables
(heart rate, systolic blood pressure, body temperature, the ratio Pao2

Fio2
for ventilated patients, urinary

output, serum urea level, WBC count, serum potassium, serum sodium level, serum bicarbonate level,
bilirrubin level and Glasgow coma score), age, type of admission (scheduled surgical, unscheduled
surgical or medical) and three underlying disease variables (acquired immunodeficiency syndrome,
metastatic cancer and hematologic malignancy). To develop and validate this score, a large interna-
tional sample of surgical and medical patients collected by an European/North American multicenter
study, was used. The development phase used 65% of the available patients, randomly selected, while
the remaining 35% became the validation set. The cut-off points for each of the continuous covari-
ates that revealed to be statistically significant in the univariate analysis were found by using the
LOWESS (Locally Weighted Scatterplot Smoothing) smoothing technique. Once categories were de-
fined, a multiple logistic regression was used and the total severity score was obtained by adding the
estimated coefficients of the corresponding design variables multiplied by 10 and rounded off to the
nearest integer. Finally, for converting the SAPS II into a probability of hospital mortality, a multiple
logistic regression model was fitted with SAPS II and ln(SAPS II + 1) as independent variables.
Model calibration was evaluated by analysing the agreement between the estimated probabilities of
death and the actual observed mortality using the Hosmer-Lemeshow goodness-of-fit test, having ob-
tained a p-value=0.104 for the validation sample. To evaluate the ability of the model to distinguish
between patients who live from patients who die, usually referred to as discrimination, ROC curves
were used and an area under the curve of 0.86 was achieved for the validation sample. Indeed, both
results are highly satisfactory; however, when SAPS II was applied to some external databases, the
results obtained were far worse (e.g.Apolone et al., 1996 and Metnitz et al., 1999).
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Results

Data from 996 patients, consecutively admitted to a Portuguese mixed (medical and surgical) ICU,
were analysed. All SAPS data were collected during the first 24 hours after ICU admission. The mean
age of the patients was 60.3 (59.3,61.4) years with a median SAPS score of 41 (interquartile range
20-60) and an hospital mortality of 36%. The implementation of the standard SAPS II scoring system
did not produce very good results, namely in what concerns calibration (p-value < 0.0001), although
an area under the ROC curve of 0.82 was achieved, showing a satisfactory discrimination ability. After
customization, by using a logistic regression model with SAPS II and ln(SAPS II + 1) as independent
variables, a new equation for the hospital mortality prediction was derived and a better performance
was obtained (Figure 1), with a p-value=0.517 attained by the Hosmer-Lemeshow goodness-of-fit test
and with the same area under the ROC curve.

0

0.2

0.4

0.6

0.8

1

0 0.2 0.4 0.6 0.8 1

H
os

pi
ta

l m
or

ta
lit

y
Predicted

Observed

0

0.2

0.4

0.6

0.8

1

0 0.2 0.4 0.6 0.8 1

H
os

pi
ta

l m
or

ta
lit

y

Figure 1: Predicted probability of death. Original SAPS II (left) and customized SAPS II (right).

With the use of GAMs we obtained better results than those presented above. Let Y be a response
variable and (X1, ..., Xp) a vector of p associated covariates that characterize each of n individuals. A
generalized additive model (GAM) is defined by the expression E(Y |X1, ..., Xp) = h(β0+

∑p
j=1 fj(Xj)),

where Y has a density function that belongs to the exponential family, h(.) is the link function and
fj(Xj), j = 1, ..., p, known as the partial functions, are arbitrary univariate functions that must be
estimated from the data and represent the effect of the covariates on the response. From the analysis
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Figure 2: Predicted probability of death. Logistic regression with categorical covariates constructed
by using a GAM.

of the partial functions estimates we found new cut-off values for each continuous covariate adjusted
by the remaining covariates and we fitted a logistic regression model with these new categorical in-
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dependent variables (Figure 2). The entire sample was used for model estimation and validation was
accomplished by randomly splitting the whole sample into five mutually exclusive groups. Five regres-
sion models were then fitted, with each model excluding one group and used to calculate predictions
for the excluded group. An area below the ROC curve equal to 0.85 and a calibration p-value=0.74
were obtained. The substantial improvements in both calibration and discrimination, even without
introducing new prognostic variables, were interesting findings. However, since some information is
lost in the categorization process, using GAMs to estimate the probabilities of death without catego-
rizing the continuous covariates, will undoubtedly produce better results. In fact, after fitting a GAM
to our cross-validated sample, good calibration curves and an area under the ROC curve of 0.87 were
obtained.
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Introduction

DNA microarray technology enables scientists to monitor tens of thousands of genes at the same
time. The primary goal of such experiments is the identification of regulated genes with respect to
different biological conditions. When analyzing microarray expression data we are faced with a serious
multiple comparison problem as we have to carry out as many hypothesis testings as the number of
candidate genes in the experiment. To control the type I error rate the concept of the false discovery
rate (FDR) introduced by Benjamini & Hochberg (1995) is most popular. A recently developed FDR-
independent Empirical Bayes Thresholding (EBT) technique due to Johnstone & Silverman (2004)
might be a promising alternative for differential gene selection.

Objectives of the study

Performance of the FDR procedures can vary according to the FDR estimation algorithm ap-
plied. Moreover the results of the FDR procedures as well as the EBT technique can be affected by
unknown correlation hidden in the gene expression data. Thus, the main research purpose of our
study was to evaluate the influence of correlation structure present in DNA microarray data on the
results of the FDR and EBT procedures. The selection of differentially expressed genes is based on
a modified t-statistic which comprises a tuning constant s0 applied to the pooled variance estimate,
often called ’fudge factor’. An additional intention of our study was to quantify the influence of s0 on
the results of the FDR and EBT procedures. The main criteria for the evaluation of the considered
procedures in a simulation study were power (i.e. the number of correctly called genes) and bias (i.e.
the discrepancy between the nominal and real type I error rate).

Estimation procedures

The principle of the FDR-based procedures is to identify as many differentially expressed genes
as possible while incurring a relative low proportion of false positives. Let V be the number of false
positives and R be the number of overall rejected hypotheses in a microarray experiment. Then the
FDR can be defined as the expectation of the ratio of V and R with a supplement to account for the
possibility of R = 0,

FDR = E
(

V

R
1{R>0}

)
.
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As for the FDR procedures considered in our simulation study, two implementations of the popular
SAM (Significance Analysis of Microarrays) algorithm and a permutation-based procedure proposed
by Grant et al. (2005) were considered. The first variant of the SAM algorithm was implemented by
its authors (Tusher et al., 2001) in the R package samr together with some new features while the
old functionality is remaining the same. Permutations are used for estimation of the distribution of
the test statistic. A second variant of the SAM procedure was implemented by Schwender, Krause
and Ickstadt (2003) in the R package siggenes. The difference between these two is the way in which
they estimate the proportion of the truly null genes π0. The original algorithm relies on the quartiles
of the test statistics whereas the second one is utilizing a method suggested by Storey & Tibshirani
(2003) based on natural cubic splines. The idea of Grant’s procedure is to estimate the FDR for
an appropriate set of values (can be thought of as thresholds) covering the range of observed test
statistics and then to pick the value satisfying the pre-specified error level. The core of this algorithm
is an iterative process used for the refinement of the initial estimate of the number of truly null genes
obtained from the permutations.

The EBT algorithm is based on a thresholding concept for the estimation of a sequence of N

parameters or summary statistics where N is the number of random variables on each of which we
have only one observation. This sequence of parameters can be sparse in the sense that only some
of the elements of the sequence carry real information distinct from noise. Important advantage of
the EBT approach is the fact that the threshold is estimated directly from the data. In the context
of microarray data the sequence is the vector of observed test statistics corresponding to individual
genes considered in a biological experiment. EBT does not control the type I error rate, nevertheless
it is formally connected to the FDR concept because of its theoretical properties.

Outline of the simulation study

The performance of the FDR and EBT algorithms was evaluated via four data models, two of
them being based on assumption of independent genes and the other two based on the assumption of
correlated genes (ρ = 0.4). To enhance our results we also studied the impact of different combinations
of distributional features (Normal mixtures) resulting in two categories of data models labeled ’low
complexity’ and ’high complexity’. For each of the four data models we simulated 10 data matrices
as follows: Each data set consists of 3 000 genes and 20 samples, 10 in each group. 2 700 genes were
thought as truly null and hence distributed N(0,1). 300 of the simulated genes were assumed to
be differentially expressed in the second group, 100 up-regulated and 200 down-regulated. The high
complexity models consist of mixtures of one truly null distribution as mentioned above and eight other
Normal distributions corresponding to the regulated genes. The up-regulated genes were subdivided as
follows: The first 25 were distributed according to N(1,1), the next 25 genes followed the distribution
N(1,2), the subsequent 25 genes were derived from N(2,1), and the last 25 from N(2,2). The situation
for down-regulated genes was similar: The first 50 were distributed according to N(-1,1), the next 50
were derived from N(-1,2), the subsequent 50 followed N(-2,1), and the last 50 N(-2,2). For the low
complexity data model we considered (besides the truly null distribution) only one distribution for
the up-regulated genes, N(2,1), and one for the down-regulated genes, N(-2,1).

To assess the influence of the tuning constant s0 on the results of the considered procedures
all data sets were analyzed using the same set of values s0 = 0, ŝ0, 0.5, 1, 5, where ŝ0 represents
the s0 estimate provided by the SAM algorithm. Despite the fact that the authors of both SAM
implementations refer to the original s0 estimation procedure we usually obtained different values of
ŝ0. Because of that both estimates were considered in our simulation study.
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Correlated data model 1

Correlated data model 2

Uncorrelated data model 1

Uncorrelated data model 2

Figure 1. Number of correctly called genes for pre-specified FDR level 0.05 according

to the data models considered (’1’ – low complexity, ’2’ – high complexity). Procedure

labels ’A’: Grant et al. (2005), ’B’: siggenes with mean, ’C’: siggenes with median, ’D’:

samr, ’E’: EBT.
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Results and conclusions

We have provided results for the usual significance levels of 0.05 and 0.10. For 0.05 the EBT
procedure is unambiguously outperforming the FDR procedures with respect to the number of correctly
identified genes (see Figure 1 ). However, due to the fact that the EBT approach does not take into
account the type I error rate the number of correctly identified genes is accompanied with an increased
number of false positives. This observation is slightly changing across the data models considered,
being most apparent for the uncorrelated model with the complex data structure. We can conclude
that EBT is performing well on data composed of complicated Normal mixtures without correlation
structure. The relationship between the FDR and EBT procedures is not so obvious for the significance
level of 0.10 (results not shown here). According to the number of correctly called genes both FDR
and EBT procedures behave similarly when applied to correlated data models, otherwise EBT seems
to be more efficient. Moreover we can see a general tendency of all procedures to perform poorly (i.e.
selecting a far too low number of correct genes) in data sets of high complexity.

As for the influence of the tuning constant in the modified t-statistic we can observe a trend
of an increasing number of correctly called genes with increasing magnitude of s0 (maximum number
of correct genes picked for s0 = 1 or s0 = 5). This trend is more obvious for the independent
high complexity data model because s0 seems to have the ability to compensate for distributional
complexity. Evaluating the results in general we can conclude that with respect to the number of
correctly identified genes the correlation structure present in the data does not necessarily have a
negative influence on the performance of the studied procedures. Data complexity is what matters
most.
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RESUME 

Screening is defined as the presumptive identification of unrecognized disease or defect by the application of 
tests, examinations or other procedures, which can be applied rapidly (5,6). For the assessment of the 
accuracy of screening test, it must be compared with the existing test having high sensitivity and frequent 
usage at clinic. As directed to the goal of this comparison, answer to the question about if a screening test is 
superior to existing test or non-inferior is obtained from relative sensitivity and relative specificity together 
with the confidence intervals of them, which are relative accuracies. The aim of this study is to show how to 
calculate sample size for paired and unpaired study designs, which are used to compare a screening test with 
an existing test and to illustrate these calculations with an application. There are various types of study 
designs used to compare two tests. In this study, paired and unpaired study designs are considered. Being 
directed to determining the accuracy of screening test, sample sizes to be taken for these designs are 
different. We used a total of 200 individuals, 100 of them are patients detected as HBsAg (+) and 100 are 
healthy detected as HBsAg (-) by Micro Eliza method. Latex Agglutination Test and Acon Cassette test were 
applied to the blood samples taken from individuals. After this pilot study it was anticipated that 
performance of Acon Cassette Test is lower than Latex Agglutination Test and consequently “non-
inferiority” study must be designed to compare these two tests. Sample sizes, which must be taken for 
evaluating “non-inferiority” hypothesis that are used to compare tests, were calculated for paired and 
unpaired study designs. It was shown that, a paired design requires fewer subjects to be enrolled than 
unpaired and also probability of diseased study subjects whose test positive by both tests (TPPR) and 
threshold value have high impact on sample size. 

Key Words: sample size, study design, sensitivity, specificity, relative accuracy. 

1. INTRODUCTION 

Nowadays various screening tests are being used in preventive health care, public health practices, 
intending to determine the disease at an early stage while individual has no symptoms. Survival time of 
individual may be prolonged and efficiency of treatment may be increased by means of early diagnosis (2). 
Diagnostic tests that confirm absence or presence of disease might not discriminate the true disease status 
with %100 accuracy. Generally tests with %100 accuracy are risky, expensive or time consuming for patient. 
Therefore it is convenient once to apply the screening test to population and then apply diagnostic test to 
patients whose tests results are positive. 

Technologic advances give rise to new tests for detecting disease in many fields. Before a new disease-
screening test is approved for public use, its accuracy should be shown to be better than or at least not 
inferior to an existing test (1). Accuracy studies are constructed to standardize this aim (7). In accuracy 
studies determination of the sample size, to demonstrate the superiority or non-inferiority of the screening 
test to existing test, is very important. If the sample size is less than required, estimates that will be derived 
from the study are quietly affected. Sensitivity and specificity play an important role on sample size 
calculations. Generally it is expected that screening tests have high sensitivity, because the aim of screening 
test is to determine the actual disease status (2).  

There are some studies intended to use relative sensitivity, relative false positive rate and their 
confidence interval to calculate sample size. Relative sensitivity and relative false positive rate are the two 
measures that can be calculated for different study designs (3). These measures affect sample size in 
accuracy studies. The probability that both screening and existing test will yield positive results and the 
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2

threshold value play a very important role when calculating sample size for testing hypothesis concerning 
superiority or non-inferiority (3). 

Paired and unpaired study designs are used to compare two or more tests in cohort studies. Required 
sample sizes for both of these designs are different. 

2. BASIC STUDY DESIGNS 

Studies designed to compare two tests may be paired (each individual receive both tests) or unpaired 
(individuals receive one of the two tests) (1,3). We denominate this data as paired test data and as unpaired 
test data respectively. Pairing is often desirable because it can reduce variability in making comparisons 
between tests by eliminating between-subject variance. If one or both tests are invasive or inconvenient, an 
unpaired design may be necessary (1). 

3. SAMPLE SİZE CALCULATION FOR A PAIRED DESIGN 

Consider the comparison of a screening test (test A) with an existing test (test B) using a paired study 
design where each subject receives both tests. Data from such a study are represented in Table 3.1, where D 
is a dichotomous variable indicating true disease status and Y is a binary indicator of screening test result 
using the notation of Table 3.1. (3). 

Table 3.1. Paired study design data. 
D=1 D=0

  Test A    Test A  
  YA=0 YA=1    YA=0 YA=1  

YB=0 d b ( )Bn D
- YB=0 h f ( )Bn D

-

Test B 
YB=1 c a ( )Bn D

+
Test B 

YB=1 g e ( )Bn D
+

  ( )An D
-

( )An D
+ nD ( )An D

-
( )An D

+

D
n

Disease: D=1 Test result positive: Y=1 

Non-disease: D=0 Test result negative: Y=0 

rTPRA:B and rFPRA:B can be estimated as below (1,3). 

ca

ba

PRT

PRT
rTPR

B

A
:BA

+

+
==   (3.1)   

ge

fe

PRF

PRF
rFPR

B

A
:BA

+

+
==   (3.2) 

Accuracy studies often classified as superiority studies or as non-inferiority studies. If the null and 
alternative hypotheses relating to the TPR are 

1B:ArTPR:0H ≤   T
1
δB:ArTPR:H1 =  (3.3) 

then the study is considered as a superiority study. A non-inferiority study on the TPR dimension would use 
as the null and alternative hypotheses 

T
0
δB:ArTPR:0H ≤

T
0
δB:ArTPR:

1
H >  (3.4) 

where T
0δ  is some value close to but less than one (3). 

Tests may be compared with regards to their FPRs. Smaller FPR is more desirable, the null and 
alternative hypotheses for superiority and non-inferiority of FPRs are  

1B:ArFPR:0H ≥
F
1
δB:ArFPR:

1
H =  (3.5) 

F
0
δB:ArFPR:0H ≥

F
0
δB:ArFPR:

1
H <  (3.6) 

respectively. F
0δ  is some value close to but greater than one (3). In a paired study to test hypotheses (3.3),(3.4) 

and (3.5),(3.6) the numbers of diseased and non-diseased subjects required are 
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where TPPR=Pa=P(YA=1,YB=1│D=1), and 
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where FPPR=Pa=P(YA=1,YB=1│D=0), respectively. Here ( ) 2
1

α11α −−=
∗  and ( )

1* 2β = 1- 1-β  (1, 3). 

In practice pilot data on the probability TPPR may not be available or the correlation between test 
results within an individual may be unknown. So values used for sample size calculations may be highly 
speculative. Calculations can be done for ranges of values (3.8) and (3.9) (1,3). 

BPRTPPRT1BPRTF
1δ1 ≤≤−⎟

⎠
⎞⎜

⎝
⎛

+  (3.9) 

BPRFPPRF1BPRFF
1δ1 ≤≤−⎟

⎠
⎞⎜

⎝
⎛

+  (3.10) 

3.1. ILLUSTRATION WITH HEPATITIS B SCREENING 

Hepatitis B is a serious disease caused by a virus that attacks the liver. The virus, which is called 
hepatitis B virus (HBV), can cause lifelong infection, cirrhosis (scarring) of the liver, liver cancer, liver 
failure, and death (8). Eliza is the gold standard; Latex Agglutination Test (LAT) is the existing test and 
Acon Cassette Test (ACT) the screening test to detect HBsAg. We were interested in comparing the accuracy 
of LAT and ACT when Eliza is the gold standard. We used total of 200 individuals, 100 of them are patients 
detected as HBsAg (+) and 100 are healthy detected as HBsAg (-) by Micro Eliza method. Latex 
Agglutination Test and Acon Cassette test were applied to the blood samples taken from individuals. 
Performance values of LAT and ACT derived from pilot study are given below. 

Table 3.1.1. Performance values of LAT and ACT. 

TPR TNR FPR FNR PPV NPV 

LAT 0.93 0.99 0.01 0.07 0.99 0.93 

ACT 0.87 0.92 0.08 0.13 0.91 0.88 

Performance values of ACT are less than LAT so from this data we decided to use the test for non-
inferiority hypotheses. 

For sample size calculations rTPF,rFPF and threshold values must be determined. We foresee for ACT 
a minimum TPR of 0.80 and a maximum FPR of 0.10. In other words if ACT has minimum 0.80 TPR and 
maximum 0.01 FPR we can say that ACT is non-inferior than LAT. For these assumptions required 
threshold values for rTPF and rFPF are below: 

10.86
0.93

0.80T
0δ ≤==   110

0.01

0.10F
0δ ≥==

So hypothesis set up to calculate sample size for TPF and FPF are as following  
0.86B:ArTPF:0H ≤     0.86B:ArTPF:H1 >    10B:ArFPF:0H ≥     10B:ArFPF:H1 <

respectively. To be conservative we use the lower limit TPPR=0.7949. However, we use the upper limit 0.01 
for FPPR, because lower limit is negative. To have power 1-β=0.90 at significant level α=0.05 we calculate  

( )
534

20.930.93

0.794921)0.93(0.93
2
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0.93log
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⎜
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⎛
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4. SAMPLE SİZE CALCULATION FOR AN UNPAIRED DESIGN 

Some studies involve subjects who are tested with only one of the tests. Again, we are interested in 
designing superiority and non-inferiority studies for rTPR and rFPR, and for illustration we focus here on 
rTPR. We apply the same techniques used in paired designs to the unpaired design (3). 

Table 4.1. Unpaired study design data. 

D=1 D=0 

 Y=0 Y=1   Y=0 Y=1  

A Testi ( )An D
-

( )An D
+

( )An D A Testi ( )An D
-

( )An D
+

D
n (A) 

B Testi ( )Bn D
-

( )Bn D
+

( )Bn D B Testi ( )Bn D
-

( )Bn D
+

D
n (B) 

In an unpaired study to test superiority and non-inferiority hypotheses the numbers of diseased subjects 
required are 
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 (4.1) 

For illustration, consider the hepatitis screening setting discussed in Section 3.1, where interest is in 
testing whether the TPR of ACT is non-inferior to the TPR of LAT and whether FPR of ACT is non-inferior 
to LAT. To have power 1-β=0.90 at α=0.05 significant level we calculate nD =968. Hence, this design 
requires 484 diseased subjects tested with ACT and 484 diseased subjects tested with LAT, for a total of 968 
subjects. Same calculations based on PPV and NPV can be carried out (4). 

5. DISCUSSION 

Required sample size for a paired study undertaken to evaluate the relative accuracy of two tests is less 
than unpaired study. Therefore in the designing phase of a study whether paired or unpaired design will be 
used must be stated carefully. TPPF and threshold values taken in sample size calculations have high impact 
on results. Hence hypothesis must be carefully stated. 
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Examples of unimodal regression 

                 In the study of the evolution in time of some processes one observes that the variable under study first 
                 increases and after having reached a peak then it decreases. The regression is thus unimodal. 

 
 
 
 
 
 
 
 
 
 
 
 
 
         
 
 
 
 
 
 
 
 

Influenza 
One example is the weekly number of laboratory diagnosed cases during an 
influenza epidemic. It is reasonable to assume that the number of influenza 
cases follows Poisson distribution. The figure shows the number of cases in 

eden during the season 2005/2006 and the fitted unimodal regression Sw
   
 

  

Hyperinflation  
Monthly inflation data (all items) from Bulgaria during the time period from 1996 to 
1997. After the end of central planning there was a budget deficit and high monetary 
growth. The confidence in government was decreasing and the inflation was steadily 
increasing. During February 1997 there was a sharp peak in inflation. After reforms 
there was more confidence in the Bulgarian currency and inflation returned to its 
former levels. In the figure is shown the Bulgarian monthly inflation for the time 
period from January 1996 to December 1997. We also show the unimodal regression 
function fitted under the assumption of normally distributed values with constant 
variances.  
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The two-parameter exponential family: ( ) ( ) ( )( ) ( ) ( ) ( )( )
( )( ) ( ) ( )(; , exp ,

x t t b t )f x t t t c x t t
a t
θ θ

θ φ φ
φ

⎧ ⎫−⎪ ⎪= −⎨ ⎬
⎪ ⎪⎩ ⎭

                        (1) 

 where θ  is a scalar and ,  and ( )a ⋅ ( )b ⋅ ( ).c  are some functions. ( )tφ  is the dispersion parameter ( )( )a tφ  is of the form ( ) ( )
( )

( )
t

a t
t

φ
φ

ω
=  where ( )tω  is a   

weight.  
Constant dispersion: For the Poisson distribution we have. ( )tφ = some constant. For the normal distribution with constant variance 2( )tφ σ= .  Thus 
for both cases we have a constant dispersion parameter ( )tφ φ=  for all t . 

Maximum likelihood estimation 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Lemma. Let  be independently distributed 

random variables. , t , has a distribution belonging to 

the two-parameter exponential family (1) with 

( ) ( ) ( )1 , 2 ,...,X X X n

( )X t (1, 2,..., )n∈

( ) ( ) ( )1 2 ... nφ φ φ= = =  

and . The maximum likelihood estimator of ( ) ( ) ( )1 2 ... nω ω ω= = =

μ ( ) ( ) ( )( ),
1 2 ,..., nμ μ μ ′=  subject to ( ) ( )(1) 2 ... nμ μ μ≤ ≤ ≤  is 

denoted by μ ( ) ( ) ( )( 1 , 2 ,..., nμ μ μ )′= and will be given by minimizing  

( ) ( )( ) ( )
2

1

n

t
x t t w tμ

=

−

)n

)n

∑                                  (2)                           

with respect to  (  under the restriction of isotonicity 

for   with  weights  independent of t .  

( )tμ 1,2,..., )t =

( )tμ ( 1, 2,...,t = ( )w t
The maximum likelihood estimator of μ  subject to 

 is obtained by minimizing (2) under the 
restriction of antitonicity. 

( ) ( )(1) 2 ... nμ μ μ≥ ≥ ≥

 

Theorem: Consider the following partitions of the observations 

( ) ( )1 , 2 ,..., ( )x x x n : 

{ } ( ) ( ){ }( ) ( ){ } ( ) ( ){ }( ) ( ) ( ){ } { }( ), 1 ,..., , 1 , 2 ,..., ,..., 1 ,..., ,x x n x x x n x x n∅ ∅ . 

For each partition an isotonic regression is fitted to the first part and an antitonic 
regression to the second part. The likelihood is calculated for each of the partitions. 
The maximum likelihood estimator of , (( ) ( )( )t E X tμ = 1,2,...,t n= ), under the 

restriction of unimodality is given by the partition which gives the maximal likelihood. 
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RÉSUMÉ (ABSTRACT)

Methicillin-resistant Staphylococcus Aureus (MRSA) is an example of a nosocomial pathogen
that continues to be of particular concern to patients and hospitals. Here we develop Markov processes
to estimate MRSA transmission parameters. The Markov processes are derived on the basis of a
deterministic model developed by McBryde, Pettitt and McElwain (2007) based on the transmission
of vector borne infectious diseases. The processes are driven by an underlying population model of
colonised patients and health-care workers that describes, among other processes, transmission between
uncolonised patients and colonised health-care workers and vice-versa. We develop Markov models to
include incidence so that estimated transmission rates can be based directly on new colonisations rather
than indirectly on prevalence. Further, transmission rates from both patient to uncolonised health-care
worker and vice-versa are investigated using a trivariate Markov process.

1. Introduction

Nosocomial (or hospital acquired) infections are generally defined to be those that occur in
patients who have been resident inside a hospital for more than forty-eight hours and are due to various
pathogens. Methicillin-resistant Staphylococcus Aureus (MRSA) is an example of a hospital acquired
pathogen that continues to be of particular concern. Unfortunately, detection and eradication of the
MRSA pathogen is now more difficult because it has become endemic in most hospitals; Tiemersma
et al. (2004), Evans and Brachman (1998, pp. 89). A further complication to the containment of this
pathogen is that it is resistant to certain antibiotics. MRSA is a strain of Staphylococcus Aureus that
has developed resistance to Methicillin, Cloxacillin and other related antibiotics (Ayliffe and English,
2003, pp. 228).

The pathogen can be spread among patients directly or indirectly. Patients colonised with
MRSA carry the pathogen in their nose or skin (Ayliffe and English, 2003, pp. 214). In most cases,
patient transmission occurs indirectly via health-care workers that do not regularly perform hand
hygiene or antisepsis.

Here we develop an approach which is based on a bivariate discrete Markov process for the
number of colonised patients and health-care workers, the prevalence. In order to have more precise
inferences than those based on prevalence, we base inferences on new cases of colonised patients, the
incidence, and we extend the bivariate process to include the incidence of newly colonised patients.

The advantages of the approaches outlined above include (i) an appropriate discrete valued
assumption for the number of colonised health-care workers, (ii) two transmission parameters can be
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incorporated into the likelihood, and (iii) the likelihood depends on the number of new cases and
inference should be more precise.

This paper develops Markov processes for discrete counts of MRSA incidence data. In § 2
we develop a bivariate Markov process and in § 3 we extend this to a trivariate Markov process to
incorporate incidence. § 4 provides estimates of transmission parameters for MRSA data from an
intensive care unit of a Brisbane hospital. A concluding discussion is given in § 5.

2. Model for transmission between patients and health care workers

We denote the size at time t of the colonised patient and health-care worker populations by
Yp(t) and Yh(t), respectively. Given the assumption that patient and health-care worker population
sizes are constant and equal to N (taken to be 15 here), a two compartment model was developed in
McBryde et al. (2007) to model the colonised population sizes in terms of differential equations. It is
appropriate to consider the stochastic variation in Yp and Yh as discrete, random counts. Using the
model described by McBryde et al. (2007) we derive the following analogous discrete bivariate Markov
process:

P

(
Yp(t + a) = i + 1, Yp(t) = i,

Yh(t + a) = j Yh(t) = j

)
= φ1(N − i)ja + µσ(N − i)a + o(a),

P

(
Yp(t + a) = i− 1, Yp(t) = i,

Yh(t + a) = j Yh(t) = j

)
= µ′(1− σ)ia + o(a),

P

(
Yp(t + a) = i, Yp(t) = i,

Yh(t + a) = j + 1 Yh(t) = j

)
= φ2(N − j)ia + o(a),

P

(
Yp(t + a) = i, Yp(t) = i,

Yh(t + a) = j − 1 Yh(t) = j

)
=

hφ2N

pph(1− h)
ja + o(a),

(1)

where the probability of remaining in the current state (i, j) is one minus the above four probabilities.
All other transition probabilities are given by o(a). Here φ1 and φ2 are transmission rates of MRSA
between patients and health care workers and health care workers and patients, respectively. Also pph

is the probability that the MRSA transmission from a colonised patient to a uncolonised health-care
worker actually occurs. The rates that uncolonised and colonised patients are discharged from the
hospital are given by µ and µ′, respectively. When a patient is discharged it is assumed that they
are replaced by another patient who may or may not be already colonised. The probability of being
colonised on admission is σ. The parameter values, probability of a patient being colonised upon
entry, discharge rates of uncolonised and colonised patients, probability of a transmission occurring
between a colonised patient and uncolonised health-care worker, obtained at the time of the study
were σ = 0.03, µ′ = 1/10.6 per day, µ = 1/4 per day and pph = 0.13 respectively. From the estimates
it can be seen that a colonised patient is expected to have a longer hospital stay. The pre-contact
hand hygiene compliance, h (proportion of patient contacts that were preceded by handwashing) was
measured to be h = 0.59 at the time of study.

3. Modelling incidence data

In order to model the incidence data we need to introduce an additional state, N(t), which
represents the cumulative number of new patient colonisations during a time period. To keep the
number of states in the chain finite, we fix the maximum value of N(t) at M . We define a new
colonised patient as one who becomes colonised as a result of transmission assumed to take place
within the ward after their admission. It is then necessary to split the first probability in equation
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(1) into two separate probabilities, one for colonisations on arrival and one for colonisations due to
transmission within the ward. We then obtain the following

P




Yp(t + a) = i + 1, Yp(t) = i,

Yh(t + a) = j, Yh(t) = j,

N(t + a) = k N(t) = k


 = µσ(N − i)a + o(a),

P




Yp(t + a) = i + 1, Yp(t) = i,

Yh(t + a) = j, Yh(t) = j,

N(t + a) = k + 1 N(t) = k


 = φ1(N − i)ja + o(a) if k < M.

(2)

At the end of the time interval and the observation has been recorded, the value of N(t) is reset to
zero for the next time interval. For this model, there are (M +1)(N +1)2 states in the Markov chain.

4. Inference and Results

Observed weekly patient colonisation incidence data are available from an intensive care unit in
Princess Alexandra Hospital, Brisbane, Australia. Data were collected from August 2001 until March
2004 (939 inclusive days). The unknown parameters were estimated using a likelihood framework.
Since the colonised state of the health-care workers is not observed, the likelihood for the observed
data is found by marginalising over the states of the health-care workers and patient prevalence in the
trivariate process for patient incidence. The models which we consider are continuous time models
and we use continuous time Markov chain theory. Details are not given here but see Grimmett and
Stirzaker (2001) for example. Standard errors for the estimates were approximated by taking the
diagonal elements of the square root of the inverse of the negative Hessian matrix, evaluated at the
maximum likelihood estimates.

We give the results for the incidence data based on the trivariate model. We tried three values
of M , namely 4, 5, and 6, with 4 being the maximum observed incidence. We give estimates for φ1

and φ2 which are transmission rates of MRSA between patients and health care workers and health
care workers and patients, respectively. For M = 4, the maximum likelihood estimate, with standard
error in parentheses, for φ1 was 0.0391(0.0040) while φ2 was maximised at 1.0, the maximum allowed
value. The equivalent results for M = 5 and M = 6 were 0.0389 (0.0055), for φ1, and 1.0, for φ2 (i.e.
the same results were obtained for both values of M). We note that the estimates are very insensitive
to the value of M . We note further that M = 4 gives the largest value of the loglikelihood (-133.115).
There were identifiability problems for φ2 but further details are not given.

5. Conclusion

A strong motive for the work here was to develop a likelihood based on incidence data of
new colonisations so that inferences for important transmission rates for both patient to health-
care worker and vice-versa could be made. To do this, we developed multivariate Markov models
which included incidence data rather than relating incidence indirectly to prevalence as has been done
previously, for example in Cooper and Lipsitch (2004). Models for estimating transmission rates,
such as these presented here, are useful for assessing the efficacy of infection control intervention
measures to reduce the incidence of MRSA infections and colonizations. Other approaches, such as
those presented in Forrester and Pettitt (2005) and Forrester et al. (2007) require detailed data on
admissions, colonizations and removal of patients in the ICU. The methods presented here avoid this
detail of information and consequently are useful for routine application by infection control units
which typically collect the colonisation data but do not routinely have access to the patient specific
admission and removal data.
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In conclusion, we have presented methodology for estimating both transmission rate parameters
from patient incidence data. We have also developed models based on Markov processes so that
explicit likelihoods for incidence data can be calculated.
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Fig.1: ROC curves for the ovarian cancer data(EROC: the empirical ROC curve，PNROC: the power

normal ROC curve, NROC: the ROC curve based on normal distribution, PTROC: the ROC curve based on power

normal transformation)
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ABSTRACT

Introduction: Obesity and hypertension have become an increasing problem in industrialized coun-
tries, namely in Portugal. Hence, it was verified the need to evaluate data related to the association
between these two diseases.
Objectives: The main objective of this study was to investigate possible associations between anthro-
pometric measures and the blood pressure (BP) profile in a sample of Portuguese adults.
Material and methods: Data was collected from a cross-sectional epidemiologic study conducted to
estimate the prevalence of hypertension between 2003-2004. The sample was representative by region
and stratified by age and gender. Anthropometrics were measured by a trained team using standard-
ized methods. Overweight and obesity were defined according to the standardized classification based
on the body mass index (BMI) agreed by the World Health Organization. Hypertension was defined
as SBP≥140 mmHg and/or DBP≥90 mmHg.
Results: 4992 subjects (55% female) were included with an age range 18-97 years (mean: 46 years).
35% of the subjects were overweighted and 15% were obese. Prevalence of overweight/obesity and hy-
pertension was, respectively: 57% and 50% for male, 44% and 39% for female. Overweight and obesity
were associated with a greater tendency for central fat deposition and higher systolic and diastolic BP.
For normal, overweight and obese BMI classes, the results were, respectively; 85, 97 and 109 cm in
male waist, 77, 90, 103 cm in female waist, 133/77, 142/83, 148/87 mmHg in male SBP/DBP, 126/78,
136/82, 142/85 mmHg in female SBP/DBP; p < 0.001. SBP and DBP showed statistical correlation
with BMI (p < 0.001). Hypertension was more common in overweight and obese (53% and 71%) than
in subjects with normal weight (29%).
Conclusions: These results show some association between these two burden diseases and the need for
more prevention health campaigns.

Keywords. Hypertension, body mass index, blood pressure.
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Introduction

The intermittent catheterization (IC) is the process of detaching the catheter just after

attaching the catheter to the bladder by urethra and having urine drainage in order to deplete

urethra (1-4).

CIC education is very important for both maintaining the chosen treatment option and for the

success of the treatment. Among the responsibilities for the nurses in starting CIC. the education of

patients and caregivers is very important (4). With the help of a well patient education. the risk of

UTI and urethral trauma. which are the most common complications. could be minimized (5). A well

CIC education will also increase the quality of life of patients by providing its practitioners (patients

and caregiver) with the knowledge to apply this process easily even after being discharged and

decreasing complications.

In this work, determination of the abilities of patients and caregiver in applying CIC is aimed.

Material and Method

The sampling of the research consists of 70 patients (39) and caregivers (31) applying CIC

in Ankara Turkish Armed Forces Rehabilitation and Care Centre Spinal Cord Trauma Unit. Sampling

size was determined by. sampling calculating formula.

Data was collected by an observation form related to CIC application and a collecting data

form introducing person applying CIC. The observation form prepared to determine the abilities of

patients and caregiver in applying CIC is created by the researcher with the help of the literature

(6 - 9) related to the topic and CIC in specialist. This form is prepared individually for male and
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female patients and contains CIC process steps.

And the data collecting form which was prepared by the researcher by using the literature includes

·-----the introductive characteristics of the CIC applying-individual and consists of 18 questions.

The process steps in the observation form is divided as observed (right - wrong), not observed and

are composed of a total of 10 process steps. The first process step is composed of five sub-steps.

These five steps are evaluated on a total of 5 points, 1 for each. 1 point for each sub - step which

is observed right and 0 for sub steps which are not observed or observed wrong. And in the each

other process step; 5 points for the each process step which was observed right and 0 for process

step which was not observed or observed wrong. The scoring system was arranged by the

consultancy of the specialists.

The CIC application skill score grouping has been performed by taking the most frequent points into

consideration after the determination of the highest and lowest points. Since the full skill (l00 %)

is targeted in the skill evaluation; the points are not classified according to their indications of skill

levels.

In order to make the research, the written approval of the Turkish Armed Forces

Rehabilitation and Care Centre Directorate has been granted at the date of December the 22"d 2005.

The research has been made within the dates of 23 December 2005 - 23 April 2006 and the

practitioners have not been intervened during the CIC application. The CIC practitioner individuals

have been observed only one time and evaluated.

In the evaluation of the data; the introductive characteristics of the CIC practitioner are

considered as dependent variable and the CIC application skill points are considered as the

independent variables. The codification and evaluation processes of the data are performed by

using SPSS - 13.01 computer programmes by the researcher. Statistical analysis was made by

percentage calculations, mean measures, Mann -Whitney U test, Kruskal Wallis variance analysis,

Chi-square tests.

Findings and Discussion

Of the CIC practitioners, 55.7 % is composed of the patients and 44.3 % is composed of the
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caregiver. When some of the demographic characteristics of the CIC practitioners who are included

by the study are considered; it was observed that the 37.1 % is composed of women; 62.9 % is

composed of men, 40.0 % is composeu-or-the 20 - 29 age group, 44.3 % is composed of the-primary

school graduates.

Of the CIC practitioners 71.5 % has got 13 - 25 application skill points and 28.5 % has got

26 - 45 points (Table 1). This finding is significant because it shows that the primary part of the

practitioners could meet the half part of the expected application skill.

When the genders of the practitioners are compared with respect to the CIC application skill

median; it is detected that the CIC application skill median value of the female practitioners is 25

while the CIC application skill median value of the male practitioners is 23. In the statistical analysis,

the difference according to the genders of the practitioners are not found significant (p>0.05). In

the study of the Parmar and his friends (1993); a significant difference could not be found between

the CIC practice performance and genders (10). Their findings have resemblance with this study.

When the relation between the point median of the practitioners and educational backgrounds are

examined; it is observed that Primary School; median= 23, Secondary School; median=24, High

School; median=23,5, University and upper; median=30. However in the statistical analysis, the

effect of the educational backgrounds of the practitioners on the CIC application skill median is not

found significant (p>0,05). In the study of the Parmar and his friends (1993); it was detected that

the standard of learning effects the CIC learning process but it does not form a significant relation

with respect to the CIC application performance (10). Also it was pointed out that the unlearned

persons can practice the CIC on the desired level after the CIC training. Their findings have

resemblance with this study.

Conclusion and Suggestion

In our study; it is determined that most part of the practitioners could meet only the half of

the required CIC application skill and therefore their CIC application skills are insufficient. It is

determined that the CIC application skill is affected not by the gender and educational background

but by the fact that the practitioners are patient or caregiver.
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In order to apply CIC on a high level of achievement and not to cause the complications;

importance of the each process step should be told to the practitioners in the CIC training program.

In order to be sure tharthe CIC practitioners perform the CIC process correctly; the practitioners

should be observed and supervised by the nurses for certain time periods.

Table-I: Distribution ofthe CICApplication Skill Points According to the Practitioners

PRACTITIONERS

POINTS PATIENT CAREGIVER TOTAL

n % n % n %

13-15 7 17.9 4 12.9 11 15.7

16-20 12 30.8 5 16.1 17 24.3

21-25 12 30.8 10 32.3 22 31.5

26-30 7 17.9 3 9.7 10 14.3

31-39 1 2.6 4 12.9 5 7.1

40-45 - - 5 16.1 5 7.1

TOTAL 39 100.0 31 100.0 70 100.0
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1. Introduction 

In breast cancer patients to who axillary lymph node dissection has been performed, a variable number 
of lymph nodes are removed and examined. Some of these might be found uninvolved (i.e. negative nodes), 
while others are found involved by metastatic cells (i.e. positive nodes). The number of involved nodes is 
among the most powerful prognostic factors. It is used in cancer staging systems to classify cases of breast 
cancer into different prognostic groups, e.g. 1-3, 4-9, and 10 or more involved nodes correspond to the 
respective nodal-stages N1, N2, and N3. We have however argued that the number of involved nodes is 
confounded by the number of nodes examined, since the latter number might be affected by the extent of the 
surgical technique, by the normal anatomical variability between patients, by the variability of the 
pathological examination (Vinh-Hung et al, 2004). There is also a known problem of dependency between 
the number of involved nodes and the number of nodes examined (Vinh-Hung et al, 2003;Sant et al, 2003). 
For these reasons, a staging system based on the number of involved nodes might be less robust than a 
staging system based on the ratio or on the percentage of involved nodes (Woodward et al, 2006). 
Furthermore, in a previous investigation using the Surveillance, Epidemiology, and End Results (SEER) 
data, we have noted that there were no clear change-points in the relationship between the number of 
involved nodes and mortality (Vinh-Hung et al, 2006). In the present paper we investigate again the same 
data, but using the percentage of involved nodes (% of involved nodes among nodes examined) instead of 
the number of involved nodes, and we examine how that percentage relates with the risk of death. 

 
2. Material and methods 

The selection of patients is the same as previously reported (Vinh-Hung and Storme, 2006): records of 
women presenting a first primary T1-2 (tumor size <= 50 mm) node-positive (at least one lymph node 
involved) non-metastasized unilateral breast carcinoma, diagnosed between 1988 and 1997, were abstracted 
from the SEER 9-registries (National Cancer Institute, 2004). The selection was limited to mastectomy 
without radiotherapy to avoid treatment interaction. Age was limited to >50 and <65 years to reduce the 
influence of age-related co-morbidity, and to reduce the variability with age in the receipt of systemic 
treatment (Harlan et al, 2002). After cleaning data of discrepancies, e.g. more involved nodes than examined, 
4387 records were available for analysis. Median follow-up for patients alive at cutoff date December 31, 
2001 was 106 months (range 1–167). 

Hazard ratios for overall survival were computed for each percentage of involved nodes cutoff, 
adjusted by proportional hazard models that included indicators for geographical area, year of diagnosis, 
race, marital status, age, tumor histology, grade, hormone receptor status, tumor location and size (Table 1). 
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Considering that the successive hazard ratios are not independent observations, we modeled the hazard ratios 
as ordered observations to represent the relation between mortality and the percentage of involved nodes. 
Adequacy of the final model was assessed using serial correlations (or auto-correlations). Significance 
testing used the "portmanteau" test (Box et al, 1976). 

 
3. Results 

Figure 1a represents the mortality hazard ratios comparing more vs. less nodal involvement, as a 
function of the percentage of involved nodes. Applying the formalism of time series analyses, using subscript 
t to denote the percentage of involved nodes as ordered observation, and Ht to designate the mortality hazard 
ratio at the percentage nodal involvement t, the hazard ratios were modeled as 

Ht – Ht–1 = µ + at 
where µ is a constant, and at is a Gaussian random error with mean 0 and finite variance (white noise). 
The constant µ was estimated as 0.020 (corresponding to a 2% increment in the mortality hazard ratio, 

per 1% increase in the percentage of involved nodes). The variance of at was estimated as 0.004. Though 
Figure 1a suggested some possible change-points and the variance appeared to increase with increasing t, the 
hypothesis of at as white noise was nevertheless considered acceptable by the portmanteau test (P=0.205 for 
successive observations). Figure 1b shows the corresponding graphical display of the (Ht – Ht–1) 's. 

 
4. Discussion 

A model where Ht – Ht–1 is constant plus an error term denotes a random-walk with growth, or with 
drift. It is an integrated process in the sense of a recursive summation. The model can be rewritten as: 

Ht = µ + at + (Ht–1) . 
In other words, the mortality Ht observed at the nodal percentage t is the sum of the preceding 

mortality risk Ht–1, with the added increments µ and at . Ht–1 in its turn is the sum of the preceding mortality 
risk Ht–2, incremented with µ and at–1, and so on. The difference Ht – Ht–1 is stationary (Figure 1b), but the 
resulting mortality pattern is a summation of all previous risk increments with consequently an increasing 
drift (Figure 1a). 

The model has limitations. The percentage of involved nodes is bounded, whereas random-walk and 
white noise assume an unlimited range. The percentages of involved nodes and the hazard ratios were 
computed on a population sample, they do not represent the individual risk. The time scale is unknown, 
changes in successive nodal involvements are not necessarily at a constant rate. 

Despite these limitations, we believe that the model is biologically meaningful as a direct expression of 
tumor burden, in which each every % of nodal involvement increases the mortality risk by its own amount, 
on top of the cumulated mortality risk incurred by the other % of nodal involvements. The constant µ might 
be considered as an expression of disease intensity, whereas the terms at might represent the effect of 
delayed diagnosis. A higher µ would imply a more aggressive disease, in which each % of nodal involvement 
incur a higher risk of death, and conversely a lower µ would imply a less severe disease. The model might be 
valuable as a treatment monitoring tool. We hypothesize that an effective treatment that changes the nature 
of the disease would reduce the µ, whereas early detection would reduce the cumulative effect of the at 
terms. 

 
5. Conclusion 

Using the percentage of involved axillary lymph nodes, the effect of tumor burden on the risk of death 
in node-positive breast cancer could be concisely expressed as a random walk difference model. We argue 
that the model might be a useful tool to investigate how early detection and how treatments affect the course 
of the disease. 
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Table 1: Patients characteristics 
Distribution of characteristics in 4,387 women with T1-T2 node-positive breast carcinoma, treated 

with mastectomy without radiotherapy, and corresponding overall mortality hazard ratios computed in a 
proportional hazards model that included the listed variables. The reference levels for categorical variables 
(/) or the units for continuous variables (U) are noted in square brackets. The numbers of nodes were 
replaced with the percentage of involved nodes in subsequent analyses. 

 
 

Characteristic  N % of total
Hazard Ratio for overall 

mortality (95% confidence 
interval) 

Registry area  
       East states 1,828 41.7%  
       Central states [/East] 1,360 31.0% 0.92 (0.81–1.05) 
       Western states [/East] 1,199 27.3% 0.87 (0.77–0.98) 
Year of diagnosis [U: 1 year] 0.94 (0.92–0.96) 
       1988-1992 2,507 57.1%  
       1993-1997 1,880 42.9%  
Race black [/non-black] 370 8.4% 1.42 (1.20–1.67) 
Married status [/not-married] 2,955 67.4% 0.82 (0.74–0.91) 
Age at diagnosis [U: 1 year] 1.01 (1.00–1.03) 
       51-59 2,719 62.0%  
       60-64 1,668 38.0%  
Histology ductal [/non-ductal] 3,468 79.1% 1.02 (0.90–1.16) 
Pathological grade 3-4 [/other] 1,570 35.8% 1.36 (1.22–1.51) 
Hormone receptor status, from 1990  
       Estrogen negative [/non-neg] 713 16.3% 1.38 (1.16–1.63) 
       Progesterone negative [/non-neg] 999 22.8% 1.39 (1.19–1.62) 
Tumor medial location [/non-medial] 476 10.9% 1.12 (0.96–1.31) 
Tumor size [U: 1 mm] 1.02 (1.02–1.03) 
       T1 2,081 47.4%  
       T2 2,306 52.6%  
Number of nodes examined [U: 1 node] 0.97 (0.97–0.98) 
       1-4 37 0.8%  
       5-9 543 12.4%  
       10-14 1,327 30.2%  
       15+ 2,480 56.5%  
Number of involved nodes [U: 1 node] 1.08 (1.07–1.09) 
       1 1,561 35.6%  
       2-3 1,428 32.6%  
       4-9 967 22.0%  
       10+ 431 9.8%  
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Figure 1: Mortality hazard ratios by percentage of involved nodes 

(a) Hazard ratios of any-cause mortality comparing higher percentages with lower percentages  of 
involved nodes (vertical axis, Ht), as a function of the percentage cutoff (horizontal axis, t). All hazard ratios 
were adjusted with other covariates (geographical area, age, race, tumor size, grade, hormone receptors, and 
year of diagnosis). Grey curves: pointwise 95% confidence intervals. 

(b) Differences between successive hazard ratios obtained from graph (a), as a function of the 
percentage cutoff. The horizontal line is the mean of the differences Ht–Ht–1.  
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Abstract

Semiparametric maximum likelihood estimation is developed for data from three-phase case-control
sampling in a way that unifies the work by Scott and Wild (1997) on two-phase sampling with a
prospective first phase, and Breslow and Holubkov (1997) with a case-control first phase. Two-phase
studies permit cost savings by only obtaining information on covariates that are particularly expensive
or particularly invasive for comparatively small subsamples of study subjects. Three-phase sampling
extends these capabilities. Semiparametric maximum likelihood is also semiparametric efficient for
this class of problems.

Keywords: case-control studies; two-phase sampling; two-stage sampling; semiparametric maximum
likelihood.

Introduction

In this paper we look at the analysis of multi-phase (a.k.a. multi-stage) population based case
control studies. In a simple stratified case control study, a finite population, or prospective cohort
selected from the population, is stratified according to some variables known for the whole cohort.
Separate random samples of cases (units with some characteristic of interest) and controls (units
without the characteristic) are then drawn from each stratum and values of covariates are obtained
for each of the sampled units. In a two-phase study, some of the more expensive or difficult covariates
are not measured on all the sampled units, but only on a subsample drawn from them. This process
can be continued indefinitely. In a three-phase study, for example, some of the extra covariates are
measured on the whole second phase sample while others are only obtained for a further sub-sample of
the second phase sample, and so on. Such studies are becoming increasingly important, particularly
as more and more expensive ways of obtaining genetic information become widely available.

We note that these studies are more commonly called multi-stage studies in the biostatistics
literature. Multi-phase sampling is the term used in the survey sampling literature where multi-stage
sampling already has another well-established meaning (see Cochran 1963, for example). We follow
Breslow & Holubkov (1997) in using the survey terminology. We only deal with stratified random
samples here but it is becoming common to draw samples, particularly control samples, using complex
survey designs. These designs will almost always include some form of multi-stage sampling (in the
survey sense), and it seems prudent to avoid the possibility of confusion between the two meanings.

The same methods that we develop for the designed studies discussed above can also be used to
analyse some studies in which values of some covariates are missing because of non-response in some
of the selected units, rather than by design, e.g., Arbogast et al (2002).
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General framework

Suppose that we have a binary response variable, Y , with units with Y = 1 being the cases and
units with Y = 0 being the controls. For simplicity, we start with three phase sampling and indicate
later how to extend the results to more phases. At Phase 1, we have a cohort of n(1) units sampled
prospectively from some larger population (or, equivalently, a finite population of n(1) units that we
assume is generated from a superpopulation). The cohort is divided into H strata based on variables
whose values are known for all units in the cohort. Suppose that there are n

(1)
h1 cases and n

(1)
h0 controls

in the hth stratum. In general, we shall assume that all the n
(1)
hi s are known, but in the important

special case of a logistic model with a separate intercept for each stratum these are only needed for
inference about the intercept terms, just as in simple stratified case control studies.

At Phase 2, we draw independent random samples of n
(2)
h1 of the n

(1)
h1 cases and n

(2)
h0 of the n

(1)
h0

controls and obtain values of covariates V , say, for all individuals in the sample. We shall assume
that V has finite support with possible values v1, . . . ,vJ . Let n

(2)
hij denote the number of sampled

individuals with Y = i and V = vj in the hth stratum. At Phase 3, we draw a simple random
sample of size n

(3)
hij from these n

(2)
hij individuals, and observe the values of the remaining covariates, say

W , which can be discrete or continuous. This results in samples {xhij1, . . . ,xhijnij
} for i = 0, 1 and

j = 1, . . . , J , where x contains w and may include some or all of the components of v as well as the
stratifying variables, u say, measured for the whole cohort at Phase 1.

Our aim is to fit a binary regression model,

(1) P{Y = 1 | x,β} = p1(x;β)

for the conditional probability of being a case, given the covariates x. In most applications, a logistic
model will be the model of choice. The likelihood for the set-up described above has the form

(2) L =
∏

h,i,j,k

P (S = h, Y = i)n
(1)

hi P (V = vj | S = h, Y = i)n
(2)

hij f(xhijk | S = h, Y = i,V = vj).

This involves terms

P (Y = i | S = h,V = vj) =
∫

pi(uh,vj ,w;β)dΓhj(w) = ψhj(i;β, Γhj), say,

where p0(x;β) = 1 − p1(x;β) and Γhj denotes the conditional distribution function of W given
S = h,V = vj , and

P (Y = i | S = h) =
∑

j

ψhj(i;β,Γ)ρh(j) = πh(i), say,

where ρh(j) = P (V = vj | S = h).
We see that terms involving β, which is the quantity of interest, cannot be factored out from

the nuisance parameters ρ and Γh, which are of little or no interest in their own right. Since we do
not want worry about the unknown distribution of the covariates in any way at all, we look for a semi-
parametric solution that does not involve these (potentially infinite-dimensional) nuisance parameters.
It turns out that the semiparametric-efficient estimator is the maximum likelihood estimator, β̂,
obtained by maximizing the likelihood given in (2) over (β,Γ,ρ) without making any assumptions
at all about Γhj or ρj . Moreover, although this requires maximization over a set of possibly infinite
parameters, Γhj , h = 1, . . . , H; j = 1, . . . , J , we can reduce the computational problem to a relatively
straightforward one of maximizing a related function over a finite-dimensional set of parameters.

We give an outline of the basic results in the next section.
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Results: General Case

Although the calculation of the semi-parametric maximum-likelihood estimator β̂ involves max-
imizing the likelihood over a potentially infinite nuisance parameter, it turns out that we can make
it relatively straightforward in practice by adopting an indirect approach and working with a simpler
pseudo-likelihood involving H(J + 1) nuisance parameters. More specifically, let φ = (β,π(1),π(2), ),
where π(1) has components {π(1)

h1 , h = 1, . . . , H} and π(2) has components {π(2)
h1j , h = 1, . . . , H; j =

1, . . . , J}. Roughly speaking, the parameters represent the probability that a unit in stratum h is a
case, given that it has been sampled at the relevant phase. It is convenient to set μ

(1)
hi = n

(1)
h+π

(1)
hi − ñ

(1)
hi ,

with π
(1)
h0 = 1 − π

(1)
h1 and ñ

(1)
hi = n

(1)
hi − n

(2)
hi , and μ

(2)
hij = n

(2)
h+jπ

(2)
hij − ñ

(2)
hij , with π

(2)
h0j = 1 − π

(2)
h1j and

ñ
(2)
hij = n

(2)
hij − n

(3)
hij . Then our pseudo-likelihood �∗(φ) takes the form

�∗(φ) =
∑

h,i,j,k

log[p∗hij(xhijk;φ)] + c(1)(π(1)) + c(2)(π(2)),(3)

where p∗hij(x;φ) is defined by setting

(4) logit p∗hij(x;φ) = logit pi(x;β) + α
(1)
h + α

(2)
hj ,

with α
(1)
h = log

(
μ

(1)
h1 π

(1)
h0

π
(1)
h1 μ

(1)
h0

)
, α

(2)
hj = log

⎛
⎝μ

(2)
h1jπ

(2)
h0j

π
(2)
h1jμ

(2)
h0j

⎞
⎠ , and where

c(1)(π(1)) =
∑
h,i

[n(1)
hi log π

(1)
hi − n

(2)
hi log μ

(1)
hi ], c(2)(π(2)) =

∑
h,i,j

[n(2)
hij log π

(2)
hij − n

(3)
hij log μ

(2)
hij ].

The connection between the pseudo log-likelihood in (3) and the full likelihood (2) comes through
the profile log-likelihood, �P (β) = supΓ,ρ log L(β,Γ,ρ). Let π = (π(1),π(2)). Then we can show that
�P (β) is equal to �∗(β, π̂(β)) where π̂(β) is the solution to ∂�∗

∂π = 0. A consequence of this equivalence
is that, for making inferences about β we can act as if the pseudo-likelihood �∗(φ) is the true likelihood.
In particular, this means that we can obtain β̂ by solving the pseudo-likelihood equations,

U∗(φ) =
∂�∗

∂φ
= 0,

we can estimate Cov{β̂} with the appropriate submatrix of J∗(φ̂)−1, where J∗(φ) is the observed
pseudo-information matrix,

J∗ = − ∂2�∗

∂φ∂φT
= −∂U∗

∂φT

and we can treat the appropriate differences in −2�∗ as chi-squared random variables to test hypotheses
about β.

Results: Logistic Regression

All of this simplifies considerably if the original model is logistic with a separate intercept for
each stratum, p1(x;β) = exp(β0h + x∗Tβ1)/

{
1 + exp(β0h + x∗Tβ1)

}
. In this case the pseudo-model

is also logistic with

p∗1jk = exp(β0h + α
(1)
h + α

(2)
hj + x∗Tβ1)/

{
1 + exp(β0h + α

(1)
h + α

(2)
hj + x∗Tβ1)

}
.

We see that
∂�∗

∂β0h
=

∑
j

n
(3)
h1j −

∑
i,j,k

p∗h1j(xhijk). Setting
∂�∗

∂β0h
= 0, together with
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∂�∗

∂π
(1)
h1

= 0, leads immediately to n
(1)
h+π

(1)
hi − n

(1)
hi = 0, i.e. π̂

(1)
hi =

n
(1)
hi

n
(1)
h

Substituting this in (3), and setting β∗
0h = β0h + log (fh1/fh0), with fi = n

(2)
hi

n
(1)
hi

, we see that the MLE of

β can be found by setting
∂�∗∗

∂β
=

∂�∗∗

∂π(2)
= 0

where

�∗∗ =
∑

h,i,j,k

log p∗hijk + c(2)(π(2)),(5)

with p∗hijk = p∗ijk(β, α,π) defined by setting logit p∗ijk = β∗
0h + x∗Tβ1 + α

(2)
hj . Note that the first

phase observations, {n(1)
hi ;h = 1, . . . , H, i = 0, 1} do not affect inferences about β1 in any way. The

information contained in them enables us to identify βh0 but makes no difference to the estimate of
β1.

The results are even simpler when the Phase 2 variables are treated as dummy variables in the
model. Then our model is p1(x;β) = exp(β0hj + x∗Tβ1)/

{
1 + exp(β0hj + x∗Tβ1)

}
. Now

∂�∗

∂β0hj
= n

(3)
h1j −

∑
i,k

p∗h1j(xhijk).

Setting ∂�∗/∂β0h = 0 and combining this with ∂�∗/∂π
(1)
h1 = 0 and ∂�∗/∂π

(1)
h1j = 0 leads to π̂

(1)
hi =

n
(1)
hi /n

(1)
h+, as before, and π̂

(1)
hij = n

(1)
hij/n

(1)
h+j . Substituting this into (3) leads to an ordinary logistic

likelihood with p∗h1jk defined by setting logit p∗ijk = β∗
0hj +x∗Tβ1, where β∗

0hj = β0hj + log (fh1/fh0) +

log (fh1j/fh0j) with fhi = n
(2)
hi /n

(1)
hi as above and fhij = n

(3)
hij/n

(2)
hij . In other words, we simply have to fit

an ordinary logistic model with the appropriate offsets. If we ignore the offsets, then inferences about
β1 are completely unaffected. This is an extension of the standard result for case-control sampling for
logistic regression.
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A major component of a medical decision on whether to treat, and if yes how to treat, a patient is based
on results from clinical laboratory tests. First, how accurate are these results? Second, how accurate are the
normal reference limits with which the patient’s values are being compared? From a statistical viewpoint,
unfortunately the answer to both these questions is that the accuracy is not as high as it could and should be.
To wrongly diagnose and mistreat patients costs millions in financial terms, let alone the possibly debilitating
effect of living with an incorrect treatment at the individual level. To give an example involving calibration
errors, a study commissioned by the National Institute of Standards and Technology (NIST) estimated that in
measurements of serum calcium levels, calibration errors (a major component being those arising from
different statistical analyses) might add between $60 million and $199 Million to U.S. health care costs
annually (Gallaher et al, 2004). High calcium levels can be a symptom of diseases such as cancer and thyroid
disorders.

In this paper we first look at some of the recommended statistical techniques that are being used for
quality control in the clinical chemistry laboratory.  Next we consider statistical aspects of determining
reference limit cutoffs, both using apparently healthy individuals and using hospital data. Finally, as we are
on the brink of microarrays being used in the clinical chemistry laboratory, we consider the challenges
arising from measurements being of fluorescence when an estimate of concentration is being assumed; note
that the relationship between fluorescence and concentration is non-linear.

1. Statistical Aspects of Quality Control for the Clinical Chemistry Laboratory
When listing quality ensuring items that are common to all quality control (QC) systems, the use of

appropriate statistical techniques is an important member of this list. The standard text on QC for the clinical
chemistry laboratory is Blick and Pussey (1996). Therein are various statistically nonstandard statements
including:

‘The total allowable error of a testing system is composed of individual components … Total error is
estimated from imprecision and bias by … Sum of bias errors + 1.96 x SD (standard deviation)’!;

As part of the calculation of quality control parameters ‘Usual standard deviation (USD) = (average of
[SD] values)’.

Further, the methodology given in this text assumes underlying Gaussian distributions, while the data
provided there for illustrative purposes can be shown to not be Gaussian. The resultant low standard of
statistical methodology often used in QC in medical laboratories is a concern.

2. Determination of Reference Intervals (or Limits)
Assuming that all aspects related to QC have been adequately dealt with, the next step is to decide on

the reference interval, or limits, to which each subsequent result will be referred. There are two types of data
commonly used for determining these, namely a sample of apparently healthy individuals, and hospital data.
So the two types are considered separately.

First, suppose we have a sample of measurements for apparently healthy individuals from the
population. It is appropriate to apply the notion of tolerance intervals here. These are intervals that contain
(cover) at least a proportion (1-β) of the population values with confidence (tolerance level, TL) γ. The
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statistical theory of tolerance intervals is well developed for nonparametric data and for data from Gaussian
distributions, although it is less complete for data from other parametric distributions (Vangel, 2005). In the
clinical laboratory, standard practice often fails to follow these guidelines; for example to obtain, say, an
estimate of the 99th percentile, a sample is taken and this percentile calculated. From a tolerance interval
(limits) viewpoint, very often the numbers are too small. For example, for a sample size of 200 using the 99th

observed percentile, the TL is 0.6; reporting the 99th percentile based instead on the largest observed value,
the TL rises to 0.87. Besides statistical problems with determination and use of, say, the 99th percentile, there
are clinical and technical problems; see, for example, Hickman et al, 2007. Although tables and graphs
abound, these days it is straightforward to calculate tolerance intervals numerically.

Next indirect estimation of reference intervals from hospital data is considered. In Fig. 1, data are
presented for a set of (single) hospital measurements of metanephrine and normetanephrine in plasma (log
scale) on submitted samples over a year. High values are considered abnormal and possibly indicative of
phaeochromocytoma (a vascular tumour of the adrenal gland). For large enough samples, the Bhattacharya
procedure, and modifications, are widely used (Baadenhuijsen and Smit, 1985). This procedure is based on
the linear relationship between the derivative of the log of the Gaussian density, Y(x), and x. It assumes that
the major part of the unselected populations can be considered “normal” and that the overlap between this
part and the abnormal (such as corresponding to the high part) is only partial. The data appear more complex
than this assumption. Nevertheless, whatever sensible statistical approach is used for estimating the 95%
upper bound for the reference interval, we found that the estimate is quite stable for metanephrine
measurements but less so for the normetanephrine measurements.

Fig 1: Density plots overlaid on histograms for metanephrine (left) and normetanephrine (right)
measurements (on the logarithmic scale).

3. Microarrays and the Clinical Chemistry Laboratory

It is widely believed that standardized microarrays will soon be delivering personalized medical
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treatment, namely treatment tailored to each person’s unique genetic makeup and medical condition. Current
active areas of research include improved diagnosis and risk stratification, and prediction of disease outcome
and treatment response in cancer patients (Glas et al, 2006). In the not too distant future, microarrays may be
in routine use in the clinical chemistry laboratory as diagnostic tools, so it is timely to be considering in
general the underlying methodology.

In laboratory medicine, according to Strike (2005) ‘The level of the property recorded for the test
specimen is translated into units of concentration by reference to the inverse of the calibration function,
under the critical assumption that calibration function and the measurement function are, to all intents and
purposes, identical’. In general, it is not at all obvious when this assumption is true. Certainly for microarrays
it is not, as the relationship between fluorescence which is measured and concentration which is the level at
which one wishes to do the analyses is not linear. In fact, this relationship follows the Langmuir isotherm
(see, for example, Burden et al, 2004). Namely, letting y represent the measured fluorescence intensity and x
the actual concentration

€ 

y = y
0

+ bx /(x + K)

where y0+b is the saturation intensity in the limit of high target concentration, and the parameter K is the
target concentration at half-saturation. The background y0 is generally considered to consist of a physical
component from sources such as reflection and photomultiplier dark current, and a biological component
from non-specific hybridization.

Fig 2: Langmuir isotherm curves fitted to the fluorescence intensity data for the 16 PM (upper)
and MM (lower) features of the gene 37777_at probeset of the Latin Square experiment.
Concentrations (horizontal axes) are in picomolar and fluorescence intensities (vertical axes) are
in the arbitrary units used in Affymetrix .cel files.
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Figure 2 shows the relationship separately for 16 probes for a single gene, both the (upper) Perfect Match
(PM) and (lower) Mismatch (MM) curves. These data are from the Affymetrix Human HG-U95A Latin
Square experiment wherein genes were spiked in at cyclic permutations of a set of known concentrations,
namely (0, 0.25, 0.5, 1, 2, 4, …, 1024) pM, together with a background of RNA extracted from human
pancreas. The experiment was replicated three times using microarray chips from different wafers. The
Langmuir isotherm curves were fitted to the data assuming that the stochastic component of the fluorescence
intensity follows a gamma distribution.  We found that the equilibrium isotherm with probe dependent
parameters, as well as an overall scaling to account for a systematic wafer dependence, to be the best
supported model; the plot in Fig 2 is for one of the genes (the fit to MM probe 3 not being shown as
unphysical negative values were obtained for two of the parameters). In Burden et al (2004) it is shown how
probe sequence information can be used to estimate the parameters of the Langmuir isotherm in order to
provide an improved measure of absolute target concentration. We found this approach to be an improvement
on existing, ad hoc, expression measures such as those provided by Affymetrix and RMA, both in its ability
to predict absolute rather than relative target concentrations and in its ability to allow for saturation effects.

More recently we have explored a number of theoretical adsorption models of hybridization at the
microarray surface, and found that in general they are unable to explain the differing saturation responses of
perfect match and mismatch features (Burden et al, 2006). A simple and consistent explanation was in a
model in which equilibrium hybridization is followed by partial dissociation of duplexes during the post-
hybridization washing phase.

Mini-microarrays are likely to be the basis for diagnostic tools. They could be quite different both
regarding their physical chemistry properties and from a data-processing viewpoint than current microarray
technology (Glas et al, 2006). Before their use is widespread, it is to be hoped that there will have been
sufficient consultation with statistical scientists.

Acknowledgements:
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Randomization is an essential part of clinical trials design. It is carried out with the purpose of
allocating randomly patients to treatments, preserving blindness and achieving balance in the number
of patients on treatment arms. The choice of randomization affects the power of statistical tests and
the amount of drug supply required to satisfy patient demand. The talk is concentrated on the analysis
of centre-stratified block-permuted randomization. An analytic approach for evaluating imbalance in
the number of patients on treatment arms using a newly developed patient recruitment model is
proposed and the impact of imbalance on the power of a study is investigated.

Properties of imbalance

Consider a multicentre study with n patients, N centres and two treatments, a and b. Assume
that it is planned to recruit an equal number, n/2, of patients on each treatment arm. Consider a
centre-stratified block randomization – in each centre a randomization is provided independently by
randomly permuted blocks of size K with equal proportions of patients within each block. For exam-
ple, if K = 4 there are 6 possibilities for different permuted blocks: {(a, a, b, b); (a, b, a, b); (a, b, b, a);
(b, a, a, b); (b, a, b, a); (b, b, a, a)}. If the number of patients in a particular centre is not a multiple of
K, then the last block in this centre is incomplete. The incomplete block may contain an unequal
number of patients on treatment arms, which causes imbalance in this centre. In a multicentre study
many incomplete blocks may cause imbalance between the total number of patients on treatment arms
and this may affect the power of the study.

Let ni be the total number of patients recruited by centre i, nij be the number of patients in
centre i on treatment j and ηi = nia − nib (imbalance in centre i). Denote by n∗j the total number of
patients on treatment j and let ∆ = n∗a − n∗b be the total imbalance between the numbers of patients
on treatment arms. Then

∆ =
N∑

i=1

ηi.(1)

As the imbalance is calculated using the numbers of patients recruited by different centres,
we need first to consider a proper patient recruitment model reflecting the behaviour of real data.
We suggest modeling patient recruitment processes in different centres as Poisson processes with the
rates viewed as a sample from a gamma distributed population [1-3]. This model accounts for the
natural variation of recruitment in time and recruitment rates between different centres and it has
been validated using many real GSK trials with a large enough number of centres (> 20).

Statement 1. For large N the imbalance ∆ is well approximated by a normal distribution with
mean zero and variance s2(n,N, K, α)N , where s2(·) is determined by the block size K, the values
n,N , and the shape parameter α of the recruitment model and can be calculated numerically for any
recruitment scenario.

Proof. Let us first calculate the distribution of the number of patients ni recruited by a
particular centre i. Assume that in centre i the number of patients recruited up to time t follows a
Poisson process with rate λi, where the rates {λi, i = 1, .., N} are viewed as a sample from a gamma
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distributed population with known parameters (α, β) (shape and rate parameters, respectively). In
[1,3] the procedure of estimating parameters using recruitment data is suggested as well. For given
rates, ni has a binomial distribution with parameters (n, pi), where pi = λi/Λ and Λ =

∑
k λk.

Therefore, if {λi} are gamma distributed, pi has a beta distribution with parameters (α, α(N − 1))
and consequently ni has a beta-binomial distribution. Thus, for any centre i,

P(ni = k) = P (n,N, α, k) =

(
n

k

)B
(
α + k, α(N − 1) + n− k

)

B
(
α, α(N − 1)

) , k = 0, 1, .., n,(2)

where B(a, b) =
∫ 1
0 xa−1(1−x)b−1dx is a beta function. Note that α = 1/c2

v, where cv is the coefficient
of variation in recruitment rates, cv = sd(λi)/mean(λi).

Using (2) a distribution of imbalance in each centre and correspondingly the variance of total
imbalance can be calculated for any block-size and type of randomization within blocks. Indeed,
consider a block-size K and two treatments with proportions m : (K−m). Let some incomplete block
have a size j, j = 1, 2, .., K − 1. Denote by ξ(j) the number of instances of treatment a in this block,
and j − ξ(j) of treatment b. It is easy to see that ξ(j) has a hypergeometric distribution

P(ξ(j) = s) =

(m
s

)(K−m
j−s

)
(K

j

) , s = 0, 1, .., j,

(see also [4]) and E[ξ(j)] = jm/K, Var[ξ(j)] = jm(K −m)(K − j)/(K2(K − 1)).
In the case of equal proportions of treatments (K is even, m = K/2 and n is proportional to

K) define the imbalance in the block as ζ(j) = ξ(j) − (j − ξ(j)) = 2ξ(j) − j. Then E[ζ(j)] = 0,
Var[ζ(j)] = 4Var[ξ(j)]. Denote P(mod(ni,K) = j) = qj(n,N, α, K), where (2) implies

qj(n, N, α, K) =
n/K−1∑

s=0

P (n,N, α, j + sK), j = 0, 1, .., K − 1.

The imbalance ηi in any centre i is a random variable: ηi = ζ(j) with probability qj(n,N, α, K),
j = 0, ..,K − 1, where ζ(0) = 0, and for any i, E[ηi)] = 0, and Var[ηi)] = s2(n,N,K, α), where

s2(n,N, K, α) =
∑

j

Var[ζ(j)]qj(n, N, α, K) =
1

K − 1

K−1∑

j=1

j(K − j)qj(n,N, α,K).(3)

Consider now the approximation of imbalance ∆ (see (1)) at large N . The variables ηi and ηk are
not correlated as i 6= k and conditionally independent. Indeed, ηi = η(ni) (a random function of the
number of patients ni) and for given ni and nk the values η(ni) and η(nk) are independent. Thus,
E[ηiηk] = 0, Var[∆] = s2(n,N, K, α)N, and at large N , ∆ is approximated by a normal distribution
with parameters (0, s2(n,N, K, α)N). This implies Statement 1.

Results of simulation support this statement. Figure 1 is a typical example. It shows for the
scenario n = 480, N = 60, K = 4 and α = 1.2 the graphs of the empirical density function for the
value ∆

/(
s(·)√N

)
calculated for 106 simulation runs and the standard normal density. As we see,

the graphs practically coincide.
Empirical quantiles also practically coincide with theoretical ones. In this example, {1%, 5%, 10%,

50%, 90%, 95%, 99%} empirical quantiles and quantiles for a normal distribution are {−2.32,−1.55,
−1.29, 0.00, 1.29, 1.55, 2.32} and {−2.32,−1.64,−1.28, 0.00, 1.29, 1.64, 2.32}, respectively.

The value s2(·) in (3) can be numerically calculated for any particular scenario. For example,
if K = 2, then s2(·) = q1(n, N, α, 2) = P(ni is odd). Taking α = 1.2 (corresponding to a moderate
variation of rates based on the analysis of GSK trials) we can calculate for different values n and N :
Podd(540, 40, 1.2) = 0.489;Podd(540, 60, 1.2) = 0.482; Podd(360, 40, 1.2) = 0.483;Podd(360, 60, 1.2) =
0.498. These calculations support an empirical observation that the probability Podd is rather close to
0.5 when the average number of patients in a centre is more than 4.
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Correspondingly, for any block size K, when n/N > 2K, the values qj ≈ 1/K. For example,
for n = 640, N = 80, K = 4 and α = 1.2 calculations show that q0 = 0.28, q1 = 0.263, q2 = 0.24,
q0 = 0.217 (simulated values for 106 runs coincide with these values up to 4 digits). Assuming that
for all j, qj = 1/K, we can simplify the expression for variance as follows: s2(·) ≈ (K +1)/6 (compare
with [4]). However, for a large number of GSK studies the average number of patients per centre is not
so large. Therefore, formula (3) is more preferable as it allows calculations to be tuned to a particular
recruitment scenario.

Statement 1 shows that imbalance is of the order O(
√

N), therefore a mixed randomization
(grouping centres and considering stratification within each group) essentially decreases imbalance.

These results can be extended to the case of unequal treatment proportions and several treatment
arms.

Impact of imbalance on the power and sample size of the study

Consider the impact of imbalance on the power in using centre-stratified randomization and how
this impact can be eliminated by increasing sample size. There might be several tasks:
1) To keep at least n/2 patients on each treatment arm;
2) For a given imbalance calculate a sample size required to keep the same power as for the balanced
study;
3) At the design stage calculate a sample size required to keep the same power as for the balanced
study accounting for possible imbalance.

Consider a solution of these problems. If the imbalance is ∆, then min(n∗a, n∗b) = n/2− |∆|/2,
and there is a lack of |∆|/2 patients on one of treatment arms. To compensate this imbalance we need
to add ∆ additional patients. Statement 1 implies that for compensation with confidence probability
1− δ it is enough to add n+ patients, where n+ ≥ s(n,N, α, K)

√
N z1−δ/2 and zq is a q-quantile of a

normal distribution. For example, if n = 500, N = 50, δ = 0.05, then n+ = 10 patients for K = 2, and
n+ = 14 for K = 4. These values are rather small compared to the total sample size. Actually at large
n and N we can use the expression (K + 1)/6 in calculations for simplicity instead of s2(n,N, α,K).

Let us now investigate how to achieve tasks 2) and 3). A solution may depend on a particular
statistical test and in general the required number n+ is less than in the calculations above. Consider
as an example a standard test on comparison of means in two patient populations.

Let {x1, x2, .., xa} and {y1, y2, .., yb} be two groups of independent observations with unknown
means ma and mb, the same variance σ2 and sample sizes n∗a and n∗b , respectively. We consider the
most simple and controversial situation when there are no centre effects on the treatment responses.
Then general guidelines indicate that unstratified randomization should be more preferable from a
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statistical point of view. However, as seen below, center-stratified randomization produces practically
the same results.

It is known that for testing the hypothesis: H1 : ma −mb ≥ h, with probabilities γ and δ of
type I and type II errors, the numbers n∗a and n∗b should satisfy the relation:

h
/(

σ

√
1
n∗a

+
1
n∗b

)−1

= z1−γ/2 + z1−δ.(4)

For a balanced study n∗a = n∗b = n/2 and the sample size nbal needed for testing H1 in the balanced
case is nbal = 4σ2(z1−γ/2 + z1−δ)2/h2.

Denote by n+ the increase of a sample size required to compensate the lack of power in the
case of imbalance. The following result for the approximated value of n+ based on relation (4) and
assumption that the ratios n+/nbal and ∆/nbal are small enough is valid:

Statement 2. Given that the imbalance is ∆, the increase in the sample size is n+ ≥ ∆2/nbal.

Using confidence boundaries for ∆ (see Statement 1) we get
Statement 3. With confidence level 1− γ, n+ ≥ s(n,N,K, α)2Nz2

1−γ/2/nbal.

The actual values of n+ are rather small. For example, if n = 400, N = 50 and K = 8, then
n+ = 2 with confidence level 95%. Thus, the impact of imbalance on the power in using centre-
stratified randomization is practically negligible which is in agreement with [5].

As unstratified randomization is more costly from a drug-supply point of view compared to
centre-stratified randomization, we suggest using cost criteria accounting for sample-size increase and
drug-supply costs when choosing the randomization scheme. As the cost of a minor sample-size
increase is, as usual, less than when using unstratified randomization, these results support using
centre-stratified (or region-stratified) randomization.
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RÉSUMÉ (ABSTRACT)

Imbalance in the number of patients on treatment arms caused by using centre-stratified block-
permuted randomization is investigated. An analytic approach based on a newly developed patient
recruitment model is proposed. For a large number of centres a normal approximation of imbalance
is proved and supporting Monte Carlo simulations are performed. The impact of imbalance on the
power of study is investigated. The results show that the loss of power is practically negligible and
can be compensated by a minor increase in a sample size. As centre-stratified randomization is more
cost-efficient from a drug supply point of view compared to unstratified randomization, it is suggested
that cost criteria accounting for sample-size increase and supply costs should be used when choosing
the randomization scheme.
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Response-adaptive designs are used in phase III clinical trials to achieve some ethical gain by
allocating a larger number of patients to the better treatment. The idea is to skew the allocation in
favor of the better treatment by using the available information, for a sequential chain of entering
patients.

In the present paper, we discuss appropriate modifications needed to make the design of Zhang
and Rosenberger (2006) applicable in a general situation. Location-invariant (LI) optimal response-
adaptive design is discussed. All the designs are illustrated using some real data.

In the context of response-adaptive designs for clinical trials, Zhang and Rosenberger (2006)
discussed some of existing adaptive designs, namely the doubly adaptive biased coin design of Hu and
Zhang (2004), the link function based design of Bandyopadhyay and Biswas (2001), and the optimal
design of Biswas and Mandal (2004). In addition, Zhang and Rosenberger (2006) proposed a new
optimal design as follows. Let nA and nB be the target allocation to the two treatments, nA +nB = n.
Zhang and Rosenberger (2006) considered XA ∼ N(µA, σ2

A) and XB ∼ N(µB, σ2
B), XA and XB be the

responses by the two treatments A and B, and a smaller response is more desirable to the patients.
They considered the optimization problem:

min
nA/nB

{µAnA + µBnB}.(1)

subject to

σ2
A

nA
+

σ2
B

nB
= K,(2)

for a preassigned constant K. Solution of (1) yields ρ, the targeted allocation proportion to A, as

ρ =
√

µBσA√
µBσA +

√
µAσB

.(3)

In contrast, Biswas and Mandal (2004) considered the optimization problem

min
nA/nB

{
nAΦ

(
µA − c

σA

)
+ nBΦ

(
µB − c

σB

)}
.(4)

subject to (2). The solution is

ρ =

√
Φ

(
µB−c
σB

)
σA√

Φ
(

µB−c
σB

)
σA +

√
Φ

(
µA−c
σA

)
σB

.(5)
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In practice, the design is to estimate the parameters using the available data up to the first i

patients, and plug-in them in the expression of ρ to find the allocation probability to treatment A for
the (i + 1)st patient.

Although all the formulation so far seem applicable, there is a basic flaw in these. Suppose we
consider the normal / truncated normal situation. Suppose a constant is added to all observations
and the scale is also changed (such as in a conversion from degrees Centrigrade to degrees Fahrenheit).
The change is scale does not matter in the optimal allocation as the variance takes care of that. But
the optimal allocation will change due to change in origin, although there is no real change in the
underlying problem. So we certainly need an optimal design which will be invariant with respect to
any change of origin of the responses also.

As a general approach to the designs of Section 3, one may choose to minimize

nAΨ(µA) + nBΨ(µB),(6)

subject to (2), where Ψ(·) is a function such that Ψ(x) is increasing in x, and Ψ : R→ S(R+), S(R+)
being a subset of R+. If S(R+) = R+, one obvious choice of Ψ(x) may be Ψ(x) = exp(dx) for some
d > 0. On the other hand, for bounded Ψ, in the domain [0, D], one can easily convert it in the domain
[0, 1] by dividing Ψ by D (it will not affect ρ as the division is in both numerator and denominator).
Now, for any increasing Ψ in [0, 1], we can write it as a cumulative distribution function (cdf) G(·) of
some suitably chosen random variable. Of course, Φ(·), the cdf of standard normal random variable,
is a choice of G.

Now, based on this Ψ, the optimal allocation is

ρ =
√

Ψ(µB)σA√
Ψ(µB)σA +

√
Ψ(µA)σB

.(7)

Note that, the minimization problem (6) subject to (2) is quite similar to the formulation of Jennison
and Turnbull (2000, p. 328), where the formulation was for for continuous treatment responses, and
ΨA and ΨB were functions of treatment differences. But, we present this as a function of individual
treatment parameters, which is easy to interpret and also easy to extend for more than two treatments.
But, it is clear that, to achieve a location-invariant (LI) design, one should choose ΨA and ΨB as
functions of treatment differences, such that ΨA is a decresing function of the treatment difference
µA − µB, and ΨB is increasing in µA − µB. The functional forms of ΨA and ΨB in the formulation
of Jennison and Turnbull (2000) was heuristics, and that was not easily interpretable. Again, it is
not possible to extend that for more than two treatment scenario. Here we try to formulate invariant
optimal design with proper interpretation of ΨA and ΨB.

As µA < µB indicates treatment A is better than B and a smaller response is preferred, we
would like to maximize nA if µA < µB, which is achieved if we take

ΨA = ΨA(µA, µB) = P (XA > XB) = Φ

 µA − µB√
σ2

A + σ2
B

 ,

and

ΨB = ΨB(µA, µB) = P (XA < XB) = Φ

 µB − µA√
σ2

A + σ2
B

 .

Thus, we minimize the expected number of wrong allocations, which is same as to maximize the
expected number of correct allocation with the allocation (nA, nB). The optimal solution for ρ is
given by

ρ =
σA√
ΨA

σA√
ΨA

+ σB√
ΨB

.
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Clearly the allocation proportion is invariant of any change in origin and scale (as in the example of
degrees Centrigrade and Fahrenheit).

To illustrate the need of the adaptive procedures, we consider the real clinical trial conducted by
Dworkin et al. (2003). This data set was also used by Zhang and Rosenberger (2006) for illustration.
It was a randomized, placebo-controlled trial with an objective to evaluate the efficacy and safety of
pregabalin in the treatment of postherpetic neuralgia (PHN). There were n = 173 patients of which 84
received the standard therapy placebo and 89 were randomized to pregabalin. The primary efficacy
measure was the mean of the last 7 daily pain ratings, as maintained by patients in a daily diary using
the 11 point numerical pain rating scale (0 = no pain, 10 = worst possible pain) and, therefore, a
lower score (response) indicates a favorable situation. After the 8 week duration of the trial, it was
observed that pregabalin-treated patients experienced a higher decrease in pain score than patients
treated with placebo. We use the final mean scores, i.e. 3.60 (with SD = 2.25) for pregabalin and
5.29 (with SD = 2.20) for placebo as the true ones for our purpose with an appropriate assumption
regarding the distribution for pain scores.

The results in the following were obtained by simulations with 10,000 repetitions of a response
adaptive trial for n = 173 patients with N(3.60, 2.252) distribution for pregabalin and N(5.29, 2.202)
distribution for placebo. Allocation probabilities are updated according to the rule considered.

The BM procedure has an expected proportion of allocation to A as 0.5985 (SD = 0.0901). If we
carry out the ZR procedure, the probability of getting negative response at at least once is 0.0154. On
the other hand, if we carry out the TN rule (where we assume that the responses are truncated only
in the domain [0, 10], the expected allocation is 0.550 (SD = 0.0882). By the LI rule, the expected
proportion of allocation to A is 0.6120 (SD = 0.08). Thus, the LI procedure is best so far the allocation
proportion is concerned. There is a small, but sizable probability of difficulty in implementation of
the ZR rule in this data set at least once.
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ABSTRACT

Optimal response-adaptive designs in phase III clinical trial set up are becoming more and more
current interest. Most of the available designs are not from any optimal consideration. An optimal
design for binary responses is given by Rosenberger et al. (2001) and an optimal design for continuous
responses is provided by Biswas and Mandal (2004). Recently, Zhang and Rosenberger (2006) provided
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another design for normal responses. The present paper deals with some shortcomings of the earlier
works. The proposed methods are illustrated using some real data.
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In medical science, the objectives of clinical and laboratorial examination of a patient are to more 
precisely determine his/her illness. This is done by a medical practitioner regarding all the patient's 

conditions. If there are C separated levels in any diagnosis, then each case could be put in the ith level with 
the probability of ip (sum of ip  equal to 1). The simplest case is when the objective is to assign the case to 

one of the two possible groups, i.e. healthy or ill. In this case, an ordinal or continues variable is measured on 
a sample of healthy and ill persons, and then, with selecting a proper cut point regarding sensitivity and the 

specificity of the test at that point, and the value of the lost function, the importance of the diagnosis between 
the healthy and ill persons is determined. Suppose that these indexes do not exist for a special illness and a 
researcher wants to find them. So his/her first problem is the evaluation of each index and comparing them 
with each other to determine the best of them. The reason is the power of each index in diagnosis is 

dependent to the several types of errors. ROC curve is one of the known and effective procedures to evaluate 
the laboratory tests (Handel JA,… ,1982[4], Metz CE … ,1984[7]). In theory, a method to find the empirical 
ROC curve is: first we select a sample of healthy and ill persons for our test, and then we determine the 
range of the test variable. Next, we measure the sensitivity and 1-specificity of the test in the consecutive cut 

points and draw a line that passes through all of these points. The area under the curve, A statistics, is the 
power of the test’s diagnosis and is used to evaluate the test (Swets JA ,1982[8]).  

If the test can give a correct and complete diagnosis, then its value “A” for the healthy persons is lower than 

its values for the ill persons. The amount of the area under the ROC curve is closer to 1 for the more power 
tests. Figure 1 shows several ROC curves. The diagnosis power of the curve above the diameter is positive 
(Bomber D 1975[2], Handel JA 1982[4]). There are different parametric and non parametric methods to 
determine the ROC curve(Dorfman DD 1969[3], Metz CE 1978 [6], Metz CE 1984[7], Swets JA 1982[8]). 

The famous statistical software, can estimate the ROC curve, A statistics and standard deviation using non 
parametric methods. But they cannot compare two dependent ROC curves. This type of ROC curves are 
generated when several tests are done on each person simultaneously and a ROC curve is drawn for each 
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test. ignoring it leads to wrong results (Hashemi M 1999[1]). The objectives of this paper are: 1- To propose 

a proper procedure to compare dependent ROC curves to chose the best tests and  2- Developing a 
software to do this comparison. Suppose there is a sample on N  persons from which m  persons are ill and 

mNn −=  persons are not ill. Also suppose ),,2,1( miX i L= , are values of diagnosis variable for ills and 

),,2,1( niYi L=  are the same values for healthy persons. For each r sensitivity and specificity of the test 

are:  

∑=
≥=

m

i i rXI
m
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The diagnosis values of the empirical ROC curve are obtained by drawing )(rSen  against )(1 rSpe−  for 

different values of r  in its range. If r  is greater than maximum possible value of the test variable, then the 
curve will go through point (0, 0) and increases uniformly by reducing r  towards the point (1,1). When the 
function ψ  is: 
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Which is a non parametric estimate of A Statistics (Bomber D 1975[2]). Please note that the only necessary 
assumption is about the variables scales which should be at least in ranked scale and their statistical 
distribution is not important for statistical inferences. 

If there are k tests, then the vector ],,,,[ 21 kaaaa L=  is an estimate of all As from different tests 
( ],,,[ 21 kAAAA L= ). In this case, the covariance matrix of these estimators is(Hashemi M 1999 [1]): 
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And similarly(r,s)th component of 01S  is: 

The Vs in the above formulas are calculated using Hoeffding method(Hoeffding W 1948[5]). 

For hypothesis testing in form of aLALH ′=′:0  vs. aLALH ′≠′:1 , in which L  is a vector of limits, we 

can do a significance test using Z statistics (Hashemi M 1999[1]):  

)8(
LLS

ALaLZ
′
′−′

=  

Which has )1,0(N distribution [1]. To compare 1
1A  and 2

1A  from two different tests formula 8 changes to: 

)9(
2 122211

21

SSS
aaZ
−+

−
=  

In which each )2,12,1( == jandiS ij  is a member of 
22×S . We used a set of simulated data consisting of 

43 healthy persons and 57 ill persons and the results of two tests 1t  and 2t  performed on all of them. Their 

corresponding ROC curves are shown in figure 2. The calculated amounts of these curves are 66.01 =A , 
491.02 =A , 054.0)( 1 =ASE , and 060.0)( 2 =ASE . Ignoring the dependency between 1A  and 2A , 

1.2=Z  which is in 5%  significance level. As a result, Z Statistics are rejected the NULL hypothesis. Now, 
considering the dependency between 1A  and 2A , 92.1=Z  which cannot reject NULL hypothesis and 
resulting the acceptance of 0H . 

 

Figure 1 – ROC curves of our simulated example 

At first it looks that test 1t  is better that test 2t  since its A Statistics is greater, but in practice, the results of 

the test based on our method do not show such differences. Based on the results, ignoring the dependencies 
between A’s can lead to wrong results (but not always), since in some cases the difference between statistics 
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is very high (low) that eliminates the effects of covariance in hypothesis testing and the results of tests do not 

change and NULL hypothesis will be rejected (accepted) regardless of covariance. However, the problem is 
when ignoring the dependencies is misleading and results the wrong inference (like the simulated example). 
In this case we must consider the dependencies because of its determinant role in the test result. This is 
similar to the case that we use independent t-test to compare data while our data are appropriate to use the 

paired t-tests, as we can see from formula 9. To involve the effects of dependencies between ROC curves we 
can use other methods like binary and ranked logistic regression methods, in which the different values of cut 
points in the range of test variables are used as illness predictor variables and their interaction explains 
dependencies (Toledano AY 1996[9], Zhou XH1996 [11]). Estimating ROC curves including missing data is 

also investigated (but ignoring their dependencies) (Vida S 1993[10]). Combination of our method and 
method explained in (Vida S 1993[10]) can be used for missing data. Since the only appropriate method to 
compare diagnosis tests is using ROC curves, so the method of this paper can be used by researchers as a 
supporting system in making decision and determining the best diagnosis criteria, because this method is 

simple and does not have complicated statistical calculations. 

Figure or Table Title 

Figure 1 – ROC curves of our simulated example. 
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ABSTRACT:

We consider the estimation of treatment effects in a multi-centre (N=427) trial to compare psychological
interventions with routine care for depression in primary care (the Outcomes of Depression Network or ODIN
Trial, Dowrick et al., 2000). In this trial, despite agreeing to be randomised, only about half of the participants
who were allocated to the psychological intervention actually received the treatment offered. Outcome was
measured by severity of depression as assessed by the Beck Depression Inventory (Beck et al., 1961). In the
intervention arm, loss to follow-up (non-response) was strongly associated with non-adherence to the offered
treatment.

We estimated the Complier-Average Causal Effect (CACE) of treatment by maximum likelihood using
Mplus Version 3.0 (Muthén & Muthén, 1998-2004; Dunn et al., 2005), allowing for centre membership and
baseline BDI as covariates in models for both compliance status and outcome, assuming the missing data
mechanism to be either ignorable or latently ignorable as defined by Frangakis & Rubin (1999).

KEYWORDS: CACE, NON-COMPLIANCE, MISSING DATA MECHANISM

INTRODUCTION:
In evaluating the effects of a psychological treatment, two natural questions concerning the effects of

increasing the amount of therapy are “How is outcome related to the number of sessions received (‘dose’ of
treatment)?” and “How many sessions of therapy are needed?” Here we will concentrate on the first of these
questions. Assuming that there is full adherence to the treatment protocol (perhaps unlikely) and no missing
outcomes (again unlikely) a very straightforward analysis will tell us whether there is an apparent dose effect.
Examples of such trials are provided by the work of Shapiro et al.(1994), Barkham et al.(1996a,1996b) and,
more recently, by Dekker et al.(2005). In the real world (whether or not participants are allocated to receive a
single fixed dose or one of a range of doses) the number of sessions actually attended is likely to be under the
control of the patient, not the investigator, so the resulting intention-to-treat (ITT) estimates are evaluating the
effects of the number of sessions planned (intended) rather than the number actually attended.

A second, complementary way of looking at the ‘dose’-response problem is to allocate patients to a fixed
number of sessions (twelve or none, say) and observe how many sessions they actually attend. We then
investigate the relationship between the number of sessions attended (or the proportion of the planned number of
sessions – a quantitative indicator of adherence to the programme of treatment) and the outcome of the therapy.
Dose of treatment, as measured by number of sessions attended, is subject to measurement error and even when
these errors are purely random they will attenuate any estimate of a dose-response relationship. The technical
solution is the use of instrumental variable (IV) regression, which will be described below.

Of course, we could randomize patients to receive programmes of therapy of different length (including a
group given no access to therapy) and still observe how many sessions were, in fact, attended within each
treatment group. In this situation we could then combine the data analytic strategies to look both at the effect of
allocation (an intention-to-treat effect) and compliance-response effect within each allocated group (again, via an
IV regression, using the no therapy group as a control in each case). In all cases we have to wary about the
interpretation of the effect of dose: we never have access to the scale of measurement of dose, itself, we can only
assume, for example, that, on average, a patient who attends three of six planned sessions will receive less
therapy than someone who attends all six. The aim of this paper is explain and develop statistically valid
methodologies for looking at dose-response relationships in psychotherapy trials.
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ESTIMATION METHOD:
Here we describe essentially the approach to the estimation of the required causal parameters using

instrumental variable method as two variants of the ‘traditional’ two-stage least squares regression procedures
common to econometrics. In the present context their primary function is to allow consistent estimation of the
required causal effects in the presence of hidden confounding between treatment received (as measured by both
the number of sessions attended and the strength of the therapeutic alliance). But instrumental variable methods
also allow for consistent estimation of causal effects when exposure or treatment received is subject to random
measurement error (Fisher-Lapp K, Goetghebeur E.,1999).
TWO-STAGE INSTRUMENTAL VARIABLE (IV) METHODS:

First consider a simple dose-response relationship for the effects of number of sessions on outcome
(remembering here that the number of sessions attended by control group participants is always zero). For the
time being, the only other covariate we will consider is the randomly allocated treatment group. We now return
to the simple linear structural model for the effect of sessions (S) on outcome (Y):

Yi = Yi(0) + sSi + i (1)
The error term, , has zero expectation. Note that the exclusion restriction is implied by the lack of any

terms involving the randomisation indicator, G. Let
Yi(0) = E(Yi(0)) + ei

= μ0 + ei (2)
Again the error term, e, has zero expectation but it is likely to be correlated with S, the number of sessions

received. If we naively plug the terms of of equation (2) into equation (1) to yield
Yi = μ0 + ei + sSi + i

= μ0 + sSi + (ei + i)
= μ0 + sSi + δi (3)

and use ordinary least squares (OLS) regression of Y on S to estimate s, we would obtain a biased
estimate because Cov(S, δ)≠0 [i.e. S is an endogenous variable]. However, we can make use of G because it has
an effect on S and is independent of e. That is, it has the properties of an instrumental variable, or instrument. It
follows from (1) that

E(Yi|Gi) = E(Yi(0)|Gi) + sE(Si|Gi) + E( i|Gi)
= μ0 + E(ei|Gi) + sE(Si|Gi) + E( i|Gi)
= μ0 + sE(Si|Gi) (4)

With a vector of covariates, X, this would be equivalent to
E(Yi|Xi, Gi) = E(Yi(0)| Xi,Gi) + sE(Si| Xi,Gi) (5)

So, to estimate s we use a two-stage procedure. Let’s first deal with the situation in which we have no
baseline covariates. We start by estimating E(Si|Gi) using a simple linear regression of the number of sessions (S)

on group (G) and saving the predicted values ( �S ). The outcome (Y) is then regressed on �S , the latter regression
coefficient being the required estimate of s. This two-stage least squares (2SLS) procedure is routinely used by
econometricians and readers are referred to standard econometrics texts such as that by Wooldridge (2002) for
its properties and for details of the derivation of valid standard errors for the 2SLS estimate. Finally, we will
describe another two-stage instrumental variable procedure introduced by Hausman (1978) and recently
described in a slightly different context in the medical statistics literature by Nagelkerke et al.(2000). The latter
authors use the phrase ‘Adjusted Treatment Received (ATR)’ to describe their analysis (contrasting it with a
naïve ‘Treatment Received (TR)’ procedure that ignores potential hidden confounding) and we will use the
abbreviation ‘IV(ATR)’ to describe the two-stage estimation procedure described below. In the linear case
IV(ATR) is exactly equivalent to the standard IV(2SLS) approach (Hausman, 1978; Nagelkerke et al.,2000).

The first stage of the IV(ATR) method, as before, involves regressing sessions (S) on group (G) but here
we predict the residuals for dose – Sres (i.e. that part of dose not explained by the IV, group) rather than their
predicted values. The IV(ATR) estimate of the effect of dose on outcome (Y) is then simply obtained via a
second regression (Y on S and Sres), the estimate for sβ being the regression coefficient corresponding to the
effect of S (Allowing for Sres in this model allows for the source of the hidden confounding arising from the
correlation of S and the e in equation (2)). A significance test for hidden selection or confounding (in effect, a
test of the difference between the IV(ATR) and OLS(TR) estimates of sβ ) is obtained from that of the effect of
Sres on Y in the first of these two regressions. If we have data on baseline covariates, X, then either of the above
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two-stage estimation procedures (IV(2SLS) or IV(ATR)) can be modified by adding the effects of X at both
stages (i.e. in the regression of dose on group and in the regression of outcome on sessions attended). Of
particular interest in the present context is to allow the effects of X on sessions to differ in the two randomised
groups, but to constrain their effects on outcome to be the same.

The analysis of data was performed in software package using Mplus version 3.0 (Muthén & Muthén,
1998-2004). The results are shown in the Tables 1 and 2.

Table 1: ODIN (ignoring centre effects)
No. (at baseline) No. (%)BDI at 6 months Mean

Treatment Group
Non-compliers 108 59 (55%) 13.22
Compliers 128 118 (92%) 13.32
Controls 191 140 (73%) 15.6
Total 427 317

Table 2: MODEL RESULTS
BDI(at 6 months) ESTIMATES S.E. EST./S.E.
BDI(baseline) 0.523 0.063 8.268
GROUP -4.047 1.631 -2.481

DISCUSSION:
Based on the exclusion restriction assumption, for the non-compliers the mean outcome (i.e. BDI score) is

the same in the treatment group and the control group. With this assumption, we found that in the ODIN trial the
compliers in the control group had worse outcome at 6 months than the non-compliers in the treatment group.

One possible explanation for these unusual findings (that, in the absence of treatment, non-compliers have
a better outcome than the compliers) is that those patients in the control group who needed help and would have
accepted the treatment if they had been offered it but who are denied access to the treatment due to assigned to
the control group, feel resentful demoralization resulting in a worse/higher outcome. An alternative
interpretation is that the non-compliers in the treatment group are those who think that they will get better
anyway and do not need the psychotherapy intervention. On the other hand, the compliers may be sicker and feel
more need of help to accept treatment. These two interpretations cannot be distinguished by the data sets (Dunn
G, Maracy M, Dowrick C et al, 2003). Note, in addition, that both of these interpretations are based on
assumptions concerning the prognosis in compliers and they should not be confused with the exclusion
restriction (an assumption concerning the outcomes in non-compliers).

In the ITT method, covariates that predict both the continuous and binary outcomes can be used to
improve the precision and reduce the bias of treatment effect. In the non-linear ITT method, the situation is more
complex. Because there is substantially less information in binary outcomes than continuous outcomes the
efficiency gains with control for covariate are not as strong in the binary outcomes (Levy, D. E., O'Malley, A. J.,
and Normand, S. L.,2004). In the case of a non-linear model, for example, in logistic regression, controlling for
covariates that predict outcome leads to less precision of the estimate than in the corresponding analysis without
control for covariates (Robinson, L. D. and Jewell, N. P.,1991). However, in other generalised linear models,
adjustment for a set of covariates that predict outcome can increase power (Neuhaus, J. M.,1998). In the CACE
method, controlling for a set of covariates that predict outcome and compliance is useful. Controlling for
covariates may also be used to increase power (Jo, B., 2002; White, I. R., 2005). If the methods were described
in this thesis had been used to complement the original ITT analyses of the trial it would not matter much which
variant had been chosen by the data analyst. For this conclusion to be generalised to other trials the finding
would need to be based on the results of a wide range of simulation studies.
REFERENCES:
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There are not much works in literature for response-adaptive designs in the presence of covariates.
In the context of phase III clinical trials, for two competing treatments, Bandyopadhyay and Biswas
(1999) provided an extension of the randomized play-the-winner rule in the presence of covariates.
Recently, Bandyopadhyay, Biswas and Bhattacharya (2007) considered an optimal response-adaptive
design for binary treatment responses assuming logistic models for the success probabilities. In this
present work, we review these existing works and point out several possibilities in the modeling and
design. We also consider the possible extensions of the design of Biswas and Dewanji (2004a) and
Biswas and Dewanji (2004b) where they consider longitudinal binary responses from a treatment. We
consider possible covariates in the model, and suggest extensions.

Introduction

In a clinical trial, patients arrive and accrue sequentially. They are then assigned to one of the
k (k ≥ 2) competing treatments. In practice, the conventional method is to allocate equal number
of patients randomly to each treatment. The drawback of this balanced randomization method is
that the better-performing treatment is equally evaluated with the inferior one. Patients then do not
receive the benefit from the clinical trial, which can lead to ethical issue that physicians try to avoid.
An alternative is adaptive allocation design in which the probability of allocation to a treatment group
is based on the information from previous patient’s outcomes. The main objective of this method is
to skew the allocation proportion to the better treatment.

There are many adaptive allocation procedures in the literature to meet this objective. One of
the well-know procedures is the randomized play-the-winner rule. First proposed by Zelen (1969) for
dichotomous responses in clinical trials, this rule was called play-the winner. Then, Wei and Durham
(1978) and Wei (1979) modified and introduced the idea of randomized play-the-winner (RPW) rule.
There are some other works on this topic since then such as Wei, Smythe and Mehta (1989), Wei
(1988), Begg (1990), Bandyopadhyay and Biswas (1996, 1997a, 1997b).

In the papers of Bandyopadhyay and Biswas (2004) and Bandyopadhyay, Biswas and Bhat-
tacharya (2007), authors consider the use of randomized play-the-winner rule and two-stage allocation
design for binary responses in the presence of covariates. In this paper, we consider the extension
of these above works. For instance, we may employ the logistic regression to derive the allocation
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probabilities and develop some asymptotic properties.
We can also extend these to the case of longitudinal data. In practice, the response outcome of

a treatment can be recorded over time. So, its pattern is longitudinal. In the recent works by Biswas
and Dewanji (2004a) and Biswas and Dewanji (2004b), motivated by a randomized placebo-controlled
clinical trial to investigate the effect of pulsed electro-magnetic field (PEMF) therapy for the treatment
of rheumatoid arthritis patients, they develop a randomized longitudinal adaptive design for repeated
binary data using the play-the-winner rule and describe some inference procedures. In this particular
study, the patients attend a 16-week treatment (by therapy and placebo - T and P). Treatment is
carried out three times a week and patients’ conditions are monitored once a week. Hence, the response
is longitudinal. Each response is a five-component ordinal vector on pain, tenderness, swelling, joint
stiffness and functional disability, with a four-category response (nil/mild/moderate/severe) on each
component. Although the response is multivariate ordinal at a given time point, it is dichotomized with
two possible outcomes: ”recurrent” (R) or ”non-recurrent” (N) for the purpose of simplicity. Response
outcomes will be used to update the urn composition and specify future allocation probabilities.

In their paper, they assume that the entering patients are homogeneous. But in reality, the
treatment outcomes are normally affected by some prognostic factors. Hence, the assumption of
homogeneity amongst patients is not relevant in some cases. In the present paper, we extend the
framework of the above longitudinal play-the-winner adaptive design for repeated binary data to a
more complicated problem by incorporating the covariates. To deal with this class of problem, a mixed
effect regression model can be employed.

Adaptive allocation procedure

We now review the proposed adaptive designs presented in Biswas and Dewanji (2004) using
the urn modeling in the case of longitudinal design for repeated binary response without covariates.

The patients come to clinic at a specific time and be assigned to one of the two treatment groups
(A or B). From the beginning, there are 2α balls in the urn in which number of A-ball and B-ball are
equal. The incoming patients are randomly allocated to either of the two treatment groups according
to the urn composition at that time. For the first 2m patients, they are allocated randomly to the
two treatment groups. So, there is m patients in each of the treatment groups, reflecting the initial
balanced state of the urn. The patients are monitored for a fixed (but possibly different) number of
times and the monitoring time-points are not necessarily equispaced. At each monitoring time-point,
we observe whether recurrence (R) has occurred or not (N) for every patient under study. If recurrence
(R) is observed for a particular patient, we treat it as a failure for the corresponding group (T or P)
at that monitoring time, and, accordingly, add β balls of the opposite type to the urn. On the other
hand, if non-recurrence (N) is observed, we treat it as a success for the corresponding group at that
time, and, accordingly, add β balls of the same type. The idea behind the addition of balls is to skew
the urn composition in favor of the treatment group having the better record of success until that
time.

When a patient enters the study, we draw a ball from the urn, note the type of the drawn ball,
and return it immediately to the urn. The type of the ball drawn indicates the group to which the
entering patient is allocated.

This procedure can be viewed as a longitudinal version of the popular and well-known random-
ized play-the-winner rule. We call this design a randomized longitudinal play-the-winner (RLPW)
rule. For any fixed (α, β), we denote it the RLPW(α, β) rule.
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Some issues considered

We consider a randomized longitudinal design for repeated binary data in the presence of covari-
ates as the extension of Biswas and Dewanji (2004a & 2004b) paper. Since in the longitudinal design
the repeated measurements on the same subject can be correlated, we propose to use mixed effect
regression model for binary response. We will develop maximum likelihood estimation and derive the
formula for future allocation probabilities. Another model that can be used is Bayesian hierarchical
one.

There are some other extensions that we can consider in this context of study. For example, the
binary response can be generalized to the multivariate ordinal response case. Or another example is to
consider the case of multiple treatments instead of two treatments A and B. However, these extensions
require more complicated mathematical development.

For the above suggested methods, we can conduct a simulation to evaluate the results or derive
the limiting design using developed asymptotic properties.
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Neoadjuvant systemic treatment (NST) is increasingly used for treatment of primary, opera-

ble breast cancer as it has several advantages compared to adjuvant therapy. One advantage is an

increased efficiency to perform breast-conserving surgery by reducing the size of the primary tumor.

Moreover, due to the possibility of rapid assessment of response to a particular treatment there is

an acceleration of the evaluation and validation of new predictive factors for response (Sargent et al.

2005). A major clinical challenge is to appoint those patients at the time of diagnosis who benefit

most from these often more toxic neoadjuvant regimens.

Recent technological advances have enabled researchers to scan the expression pattern of thou-

sands of genes in individual tumors by using microarray gene expression profiling. The aim is to

identify specific gene signatures that are associated with an increased probability of response to spe-

cific complex treatment regimen, i.e. to identify gene expression response predictors. Initial studies

have already adopted this approach, including one published study in the neoadjuvant breast cancer

setting (Ayers et al. 2004).

Design of the Translational Companion Study

Currently, we are engaged in a translational companion study to a randomized openlabel phase

II trial of two sequential regimens as neoadjuvant systemic treatment for patients with primary, early

breast cancer (T2-T4/N0-N2/M0). The primary endpoint of the phase II trial and its companion

is treatment response, defined by presence or absence of pathologic complete response (pCR) which

is currently considered the best surrogate parameter for cure after neoadjuvant treatment and has

been associated with an improved long-term disease-free and overall survival. Pathologic complete

response is defined as disappearance of all invasive cancer in the breast after completion of neoadju-

vant chemotherapy. Pathological response is evaluated according to the criteria used by the NSABP

(Fisher et al. 1998) and patients are classified as having either pCR or no pCR.

Up to 256 patients will be enrolled into the trial equally allocated between the two treatment

arms (i.e. 128 patients per treatment arm). All patients who entered the clinical study will be invited

to participate in the translational companion study which has been designed to require at least 200

evaluable patients (100 per treatment group).
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The companion research study will evaluate the RNA gene expression profiles in fresh frozen tu-

mor tissue samples obtained from patients enrolled in the clinical study in order to identify any genes

differentially expressed between responders (pCR) and nonresponders (non pCR) to each neoadjuvant

treatment regimen. The microarray slides will be prepared with approximately 25,000 human gene

specific oligonucleotides which are specific for cDNA fragments and printed to each slide. Total RNA

from cells of breast cancer tissue will be extracted, reversely transcribed, amplified and labeled, result-

ing in fluorescent dye labeled antisense cDNA. These labaled antisense tumor cDNA will be used for

DNA microarray hybridisation. The hybridised microarray slides will be scanned for computer-based

gene expression profile analysis.

Before actual statistical analyses the raw gene expression profiling data has to be preprocessed.

First, patients with more than 50% missing marker data will not be included in the analyses. In-

dividual genes will be excluded if they are missing in more than 25% of the cases. For any marker

with less than 25% missing a weighted K-nearest neighbours method will be used for missing value

imputation (Troyanskaya et al. 2001). Second, quality control will be performed per chip (Dudoit

and Yang 2002) as well as for each feature over all chips (intensity of each spot, standard deviation

of log ratios between replicate spots, median to mean ratio). Third, for normalisation the variance

stabilisation method (Huber et al. 2002) is planned to be used.

Statistical Analysis Plan of the Translational Companion Study

The primary objective of the translational companion study is to identify specific genes dif-

ferentially expressed in cells of breast cancer tissue from patients with early breast cancer that can

potentially predict patients’ treatment response (i.e. presence or absence of pCR in the breast) specifi-

cally to each of the two neoadjuvant regimens. For the identification of the gene signature a gene-wise

approach using generalized linear models will be applied. A logistic regression model with factors

treatment (arm A and arm B) and expression values of each marker at baseline (quantitative) and

their interaction is fitted for the pathological response which is dichotomised in pCR and non pCR:

Logit(Y = 1|Xg,Z) = β0 + β1Xg + β2Z + β3XgZ

with g = 1, ..., G, where Xg denotes the log2 ratio values for marker g at baseline, Z denotes

treatment and Y = 1 denotes the occurrence of pCR. In detail Y and Z are defined by

Y =

{
1 : pathologic response = pCR

0 : pathologic response = non pCR

Z =

{
1 : treatment = A

0 : treatment = B

The log odds for Xg = xu versus Xg = xl with Z held constant is β1(xu − xl) + β3Z(xu − xl),

which equals β1 + β3Z for a 2-fold change in gene expression (see figure below for 2-fold change illus-

tration). The equal slope hypothesis H0 : β3 = 0 will be tested using the Likelihood Ratio Test for

interaction. Raw p-values of the Likelihood Ratio Test for interaction will be adjusted for multiple

testing to control the false discovery rate at 20 %.
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Resampling-based multiple testing procedures using logistic regression

According to the statistical analysis plan p-value adjustments for multiple testing for the gene-

wise analyses of the primary endpoint shall be made by applying the method of Benjamini and Yekutieli

(2001) to control the false discovery rate at a level of 20%.

A novel approach by Pollard et al. (2005) is a resampling-based multiple testing procedure for

control of various Type I error rates. Generally, Type I error rates are defined as tail probabilities

and expected values for arbitrary functions g(Vn, Rn) of the numbers of false positives Vn and rejected

hypotheses Rn. This includes the false discovery rate which is widely used in testing scenarios of

biomedical and genomic data analysis. The main feature of this multiple testing procedure is the

general description and explicit construction of a test statistics null distribution rather than the data

generating null distribution to obtain adjusted p-values. This constructed null distribution of the test

statistic provides Type I error control in testing problems involving general data generating distribu-

tions, null hypotheses and test statistics. Arbitrary dependence structures among variables are also

manageable. In particular, the proposed null distribution provides Type I error control without the

assumption of subset pivotality (Westfall and Young 1993). This reduction of requirements puts us

in the position to test hypotheses which are not considered by other available methods. With this

new methodology correlation coefficients, regression parameters in linear and non-linear models with

dependent covariates and error terms can now be tested in multiple testing situations.

When testing for an association between gene expression and a mous clinical endpoint using

logistic regression we intend to use this novel resampling-based multiple testing procedure to compute

adjusted p-values. We will focus on the application of the multiple testing procedure with respect

to logistic regression including tests for interaction. Moreover, we analyse the choice of the null

distribution and its impact on the control of the false discovery rate as well as its power properties of

a given multiple testing procedure. This issue is particularly relevant for large-scale testing problems

such as those described above in biomedical and genomic research.

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 5959 -



Illustration of a two-factorial design with interactions for quantitative factor Xg

β0 + β1 + β2 + β3

β0 + β2

β0

β2

β2

β1

β3B

A

xg xg + 1

Logit(Y = 1|Xg,Z) = β0 + β1Xg + β2Z + β3XgZ

Z =

{
1 : treatment = A

0 : treatment = B

Xg = log2 ratio for gene g
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1.  Abstract and Background 
 

Perinatal infection is a major cause of morbidity and mortality in the developing world.  In many 
developed countries, administration of intravenous penicillin or ampicillin during labor and delivery for 
women with risk factors and/or who screened positive for bacterial carriage, primarily group B 
streptococcus, has reduced the incidence of such disease.  However, this intervention is neither easily 
translated nor feasible for routine use in many developing countries where prevention efforts would have the 
greatest impact.   
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Several clinical trials have been conducted to evaluate the effectiveness of applying the disinfectant 
chlorhexidine, a safe, inexpensive, and widely used antiseptic agent, to the vaginal area during labor on both 
maternal and perinatal infectious disease outcomes. These trials have applied different chlorhexidine 
concentrations, application methods, and delivery schedules, and use various primary outcome measures, but 
more important, have produced conflicting results as to the usefulness of this vaginal disinfection.   

 
One trial has shown significant protective effects of chlorhexidine as a vaginal disinfectant on both 

neonatal morbidity and mortality from clinically defined sepsis.  Unfortunately this study’s design was 
considered flawed (e.g., neither blinded nor randomized), and consequently its results were not deemed 
reliable.  Thus, widespread use of this intervention has not been adopted in those developing countries that 
could potentially benefit from this easy to implement and inexpensive intervention. 

 
In response to this situation, a large single-blind, randomized controlled trial is currently being 

conducted in Soweto, South Africa.  The purpose of this trial is to evaluate the efficacy of 0.5% 
chlorhexidine wipes of the birth canal during labor and of the infant at birth, for reducing the incidence of 
neonatal sepsis and the incidence of maternal peripartum infection.  A substudy embedded in the trial 
evaluates efficacy on vertical transmission of leading pathogenic bacteria from mother to child during labor 
and delivery, such as group B streptococcus and Escherichia coli. 

 
 To date, over 6000 women have been enrolled and randomized in the trial.  A total enrollment of 
8000 women should be completed by October 2007.  An interim analysis is currently underway to determine 
if the trial should be stopped early due to overwhelming evidence of efficacy of the chlorhexidine wipes in 
preventing/reducing neonatal sepsis.  Here we discuss methodological issues when evaluating the primary 
endpoint.  Two concerns have arisen. 
 
 The first methodological issue involved developing a plan due to concerns about possible imbalance 
between treatment and control groups on measured covariates due to changes in enrollment criteria in time.  
We discuss the possible use of propensity score methods for the intent-to-treat analysis.  The second 
methodological issue is noncompliance with assigned treatment, most notably some women who were 
assigned to treatment did not receive it.  We discuss the use of the complier average causal effect (CACE) in 
place of the generally flawed per protocol analysis.    
 
 
2.  Propensity Score Methods 
 
 Propensity score methods were first proposed in Rosenbaum and Rubin (1983).  Initially, they were 
used to control for covariate imbalance in nonrandomized, observational data sets.  The propensity score is, 
formally, the probability of receiving treatment versus control conditional on observed covariates.  Typically, 
in an observational study, the propensity score is estimated by first running a logistic regression of the 
treatment indicator on the observed covariates to obtain estimates of the beta parameters that determine the 
propensity scores, and then using these estimated betas to calculate the estimated propensity scores for each 
of the individuals in the study.  Thus, each individual has its own estimated propensity score.  Notice that the 
propensity scores can be estimated without any outcome data being available, which is a key goal in 
objective study design (Rubin, 2007). 
 
 The estimated propensity scores are then used to create subgroups of treated and control individuals 
who have very similar estimated propensity scores.  For example, individual treated-control matched pairs 
can be created (e.g., Rosenbaum and Rubin, 1985) which allows the controls to serve as an appropriate 
comparison group for the treated individuals.  Or subclasses of treated and control individuals can be created 
such that within each subclass the treated and control individuals appears as if they have been randomly 
divided into treatment and control. 
 
 There is a remarkable property of such adjustment by propensity score matching or subclassification:  
Even though the matching or subclassification is only being conducted on the univariate propensity score, 
these matches or subclasses will be as balanced with respect to all covariates that entered the propensity 
scores estimation, as if the groups had actually been randomly split into treatment and control groups.  That 
is, within a subclass, the treatment and control distributions of all of the observed covariates will be as 
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similar as if the treatment and control groups had been created by randomization.  Of course, actual 
randomization also balances unmeasured covariates in expectation, which propensity score methods do not. 
 
 In the context of a randomized trial, propensity score methods can be used to control for chance 
imbalances in observed covariates, again without any use of outcome data, thereby preserving the objectivity 
of the design. This was done in the example of Hill, Rubin and Thomas (1999) and Barnard, Frangakis, Hill 
and Rubin (2003).  Also, it has recently been proposed by Baker (2007) as a generally useful strategy for 
randomized trials.  We intend to conduct such propensity score adjustments if there is any evidence in 
covariate imbalance in any of the time periods with different enrollment criteria in the Prevention of 
Perinatal Sepsis clinical trial currently underway in Soweto, South Africa. 
  
 
3.  Complier Average Causal Effects (CACE) 
 
 Substantial noncompliance with the assigned treatment is a real possibility in this trial, which may 
become evident by the end of June 2007.  There are three relatively standard ways to deal with 
noncompliance.  First, a statistically valid method is to ignore it, and conduce an “intention to treat (ITT)” 
analysis, which estimates the effect of assignment of treatment group rather than the effect of receiving the 
treatment; this is valid because it adheres to the randomization that was actually done.  The second method, 
and one that in broad generality is statistically valid, is an “as treated” analysis, where we ignore the actual 
randomization and analyze people by the treatment they received; this is invalid because it ignores the 
randomization and those who comply with assigned treatment generally differ from those who do not 
comply (e.g., are sicker, are more sensitive to side effects).  The third standard method is the “per protocol” 
analysis, where those who are observed to not follow the assigned protocol are discarded, and those who 
appear to follow the per protocol are analyzed; this analysis is generally invalid because we do not know 
what would have happened to compliance behavior if subjects had been assigned to the opposite treatment, 
and therefore, per protocol is stratifying the analysis, not on a proper covariate, but on an outcome variable 
whose observed value will generally depend on which treatment the person was assigned to receive. 
 
 Fortunately, there is a valid alternative to ITT, which is called CACE for “complier average causal 
effect.”  The CACE extends classic methods in econometrics due to Haavelmo (1943) and Tinbergen (1930) 
on “instrumental variables,” as explained in Angrist, Imbens, and Rubin (1996).  Now, CACE can also be 
seen as a special case of the method of “principal stratification” due to Frangakis and Rubin (2002) and 
recently discussed in Frangakis, An, MacKenzie and Rubin (2007).  This method has been rediscovered 
many times since the classic work by the econometricians, for example, by Zelen (1979) in the context of 
randomized consent designs, by Bloom (1984) in the context of educational evaluations, by Sommer and 
Zeger (1991) in the context of a randomized trial of the use of vitamin A to prevent infant mortality, by 
Baker, Lindeman and Kramer (2001) in the context of the paired availability design, etc.  
 
 The key idea of CACE is to make certain explicit assumptions, that in our case seem very well 
justified (no-defier, and certain exclusion restrictions on causal effects for subsets of units whose behavior 
cannot be modified by the randomized assignment), and then derive an estimate of the proportion of those in 
the experiment who would comply with their treatment assignment no matter what it was.  Focusing on these 
true compliers, one estimates an ITT effect for that subgroup. 
 
 The details of a CACE analysis are beyond the scope of this short article, but some important 
reference beyond those given above are Imbens and Rubin (1997), and Hirano, Imbens, Rubin and Zhao 
(2002).  Of particular interest, the more efficient analyses for the CACE are not standard methods of 
moments estimates based on means and variances, but rather must be obtained by Markov-chain Monte-
Carlo iterative simulation methods.  This generates a direct tie between the proper analysis of our data and 
very advanced statistical methods. 
 
 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 5963 -



REFERENCES 
 
Angrist JD, Imbens GW and Rubin DB. (1996), Identification of Causal Effects Using Instrumental 
Variables.  Journal of the American Statistical Association, 1996, 91, 434, 444-455. 
 
Baker SG. (2007), Rethinking Randomization: A Simple Coin Toss is Best.  Working Paper, National 
Cancer Institute. 
 
Baker SG, Lindeman KS and Kramer BS. (2001), The Paired Availability Design for Historical Controls.  
BMC Medical Research Metholology, 1:9. 
 
Barnard J, Frangakis C, Hill J and Rubin DB. (2003), Principal Stratification Approach to Broken 
Randomized Experiments: A Case Study of School Choice Vouchers in New York City.  Journal of the 
American Statistical Association, 98, 462, 299-323. 
 
Bloom H. (1984), Accounting for No-Shows in Experimental Evaluation Designs.  Evaluation Review, 8, 
225-246. 
 
Frangakis CD, An MW, MacKenzie E and Rubin DB.  (2007), Principal Stratification Designs to Estimate 
Input Data Missing Due to Death. To appear in Biometrics, with discussion.  
 
Frangakis CE and Rubin DB.  (2002), Principal Stratification in Causal Inference.  Biometrics, 58, 21-29. 
 
Haavelmo T. (1943), The Statistical Implications of a System of Simultaneous Equations.  Econometrica, 11, 
1-12. 
 
Hill J, Rubin DB and Thomas N.  (1999), The Design of the New York School Choice Scholarship Program 
Evaluation. Research Designs: Inspired by the Work of Donald Campbell, L. Bickman (ed.). Thousand Oaks, 
CA: Sage, Chapter 7, 55-180.  
 
Hirano K, Imbens G, Rubin DB and Zhao XH.  (2002), Assessing the Effect of an Influenza Vaccine in an 
Encouragement Design. Biostatistics, 1, 69-88.  
 
Imbens G and Rubin DB.  (1997), Bayesian Inference for Causal Effects in Randomized Experiments with 
Noncompliance. The Annals of Statistics, 25, 1, 305-327. 
 
Rosenbaum PR and Rubin DB. (1983), The Central Role of the Propensity Score in Observational Studies 
for Causal Effects.  Biometrika, 70, 41-55. 
 
Rosenbaum PR and Rubin DB. (1985), Constructing a Control Group Using Multivariate Matched Sampling 
Incorporating the Propensity Score.  The American Statistician, 39, 33-38. 
 
Rubin DB. (2007), The Design Versus the Analysis of Observational Studies for Causal Effects: Parallels 
With The Design of Randomized Trials.  Statistics in Medicine, 26, 1, 20-30.  
 
Sommer A and Zeger SL. (1991), On Estimating Efficacy from Clinical Trials.  Statistics in Medicine, 10, 
45-52. 
 
Tinbergen.  (1930), Bestimmung und Deutung von Angebotskurven: Ein Beispiel.  Zietschrift fur 
Nationalokonomie, 1929-30. 1, pp. 669–679.  
 
Zelen M. (1979), A New Design for Randomized Clinical Trials.  The New England Journal of Medicine, 
300, 1242-1245. 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 5964 -



5859

CPM 139 : Meta−Analysis

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 5965 -



DOES EARLY PACIFIER USE SHORTEN THE 

DURATION OF EXCLUSIVE BREASTFEEDING: A META 

ANALYSIS. 
 
Erdem KARABULUT, PhD1, Pınar ÖZDEMĐR  GEYĐK, PhD2, Songül YALÇIN, MD3, Ergun 
KARAAGAOGLU, PhD4  
 
1 Hacettepe University School of Medicine, Department of Biostatistics, Sihhiye/Ankara/ Turkey, 
ekarabul@hacettepe.edu.tr 
2 Hacettepe University School of Medicine, Department of Biostatistics, Sihhiye/Ankara/ Turkey, 
pozdemir@hacettepe.edu.tr 
3 Hacettepe University Faculty of Medicine, Department of Child Health and Diseases, Unit of Social 
Pediatrics, Sihhiye/Ankara/ Turkey, siyalcin@hacettepe.edu.tr 
4 Hacettepe University School of Medicine, Department of Biostatistics, Sihhiye/Ankara/ Turkey, 
ekaraaga@hacettepe.edu.tr 
 
ABSTRACT 

 

Introduction: Optimum nutrition for infants is “exclusive breastfeeding for the first six months”. 
And to promote brestfeeding, Baby Friendly Initiative statement recommends that pacifiers should 
not be given to breastfeeding infants. The aim of this meta analysis was to assess the effect of early 
pacifier use on the duration of exclusive breastfeeding.  
Methods: Prospective cohort studies in which time of introduction to pacifier was less than six 
weeks and weaning from exclusive breastfeeding before 6 months were included in meta analysis. 
The Medline database was search to get abstract of the relevant studies. Two reviewers assessed all 
abstracts independently and identified 12 articles. Because of the many confounding factors known 
to influence breastfeeding duration, studies which contain only adjusted risk ratios for early 
stopping exclusive breastfeeding were selected. After evaluation of the fulltext, 6 articles were 
included in the analysis. Meta-analysis was performed with Stata 6.0 statistical package.  
Results: Pacifier introduction in the first 6 weeks increased the risk of early weaning (risk ratio 
1.664 and 95% CI:1.366 - 2.027).    
Conclusion: Pacifier usage could create some difficulties in exclusive breastfeeding up to six 
months. To carry out optimum nutrition for early infancy period, pacifier should not be given. 
 
Keywords: Breastfeeding, Pacifier, Meta Analysis 
 
INTRODUCTION 

 
Optimum nutrition for infants is “exclusive breastfeeding for the first six months”. 

Pediatricians and parents should be aware that exclusive breastfeeding is sufficient to support 
optimal growth and development for approximately the first 6 months of life. Breastfeeding 
provides several advantages for infants  and decreases the risk for several acute and chronic 
diseases. Supplements (water, glucose water, formula, and other fluids) should not be given to 
breastfeeding newborn infants unless ordered by a physician when a medical indication exists. 
Breastfeeding should be continued for at least the first year of life and beyond for as long as 
mutually desired by mother and child (American Academy of Pediatrics, 2005). And to promote 
brestfeeding, Baby Friendly Initiative statement recommends that pacifiers should not be given to 
breastfeeding infants.  
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Pacifier use is common among infants all around the world and its effect on breastfeeding is 
unknown. The aim of this meta analysis was to assess the effect of early pacifier use on the duration 
of exclusive breastfeeding.  
 

METHODS 

 
Prospective cohort studies in which time of introduction to pacifier was less than six weeks 

and weaning from exclusive breastfeeding before 6 months were included in meta analysis. The 
Medline database was search to get abstract of the relevant studies. Two reviewers assessed all 
abstracts independently and identified 12 articles. Because of the many confounding factors known 
to influence breastfeeding duration, studies which contain only adjusted risk ratios for early 
stopping exclusive breastfeed were selected. After the evaluation of fulltext, 6 articles were 
included in the analysis. Characteristics of 6 studies used in meta analysis were given in Table 1.   
 
Table 1. Characteristics of Studies used in Meta Analysis 

Study Location Study period 
# of 

infants 

Multivariate Risk 
Ratio (95% CI) 

Confounders adjusted for 
in multivariate analysis* 

Riva et al. 1999 Italy Nov 1995 1365 1.35 (1.18 - 1.55) 2 
Aarts et al. 1999 Sweden May1989-Dec1992 506 2.17 (1.53 - 3.09) 1, 2 
Howard et al. 
1999 

USA Dec1994–June1995 265 1.53 (1.15 - 2.05) 1, 8, 9, 11, 25 

Giovannini et al. 
2004 

Italy 1999-2000 2450 1.28 (1.13 - 1.45) 
1, 2, 3, 4, 5, 6, 7, 9, 10, 
16, 17, 18, 19, 20, 21 

Butler et al. 2004 New Zealand 2000 1017 2.48 (1.79 - 3.44) 7, 10, 12, 14, 22, 23, 24 
Scott et al. 2006 Australia Sep2002-July2003 382 1.92 (1.39 - 2.64) 1, 7, 8, 11, 13, 15 

* Multivariate adjustments: 1, maternal age; 2, education of mother; 3, infant gender; 4, birthweight; 5, length at birth;  
6, factors related to socioeconomic status; 7, infant exposure to tobacco smoke (prenatal or postpartum); 8, parents' 
attidue towards breastfeeding; 9, type of delivery; 10, parity; 11, presence of beastfeeding problems; 12, employment 
status of the parents; 13, planned pregnancy; 14, home visit post-birth; 15, age of infant when mother returned to work; 
16, body weight at age 1 month; 17, pacifier use at hospital ward; 18, formula promotion at discharge; 19, time at 
initiation of breasfeeding; 20, mothers having been breastfeed themself; 21, BMI; 22, infant sleeps in parental room at 
night; 23, use regular child care; 24, infant home from hospital same time as mother; 25, plans to return work. 

 
Stata 6.0 statistical package was used to perform the meta analysis of binary data. Because of 

multivariate adjustment only risk ratios and respective confidence intervals were obtained from the 
articles. So, user-written meta command in Stata software was used to calculate summary risk ratio 
and its confidence interval. Both fixed and random effects models were used to calculate summary 
risk estimates. Homogeneity of risk estimates was examined by Q test. Forest plot was drawn to 
show the results graphically. 
 
RESULTS 

 
Result of the meta analysis was given in Table 2.  Both fixed and random effects models 

indicated similar result. Early introduction to pacifier was associated with weaning exclusive 
breasfeeding before 6 month of age. Because of the heterogeneity of the risk ratios (Q=23.46, 
p<0.001), result of random effect model was selected to interpret the association between pacifier 
use and duration of exclusive breasfeeding. Pacifier introduction in the first 6 weeks increased the 
risk of early weaning exclusive breasfeeding (risk ratio=1.664 and 95% CI:1.366 - 2.027). Risk 
ratios from each study and summary (pooled) risk ratio were graphically displayed, together with 
their confidence intervals in Figure 1. 
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Table 2. Result of the fixed and random effects models 
 Weights Study 95% CI 
Study Fixed Random Estimate Lower Upper 
Riva 1999 210.04 20.73 1.35 1.18 1.55 
Aarts 1999 31.56 13.31 2.17 1.53 3.08 
Howard 1999 46.91 15.43 1.53 1.15 2.04 
Giovannini 2004 244.14 21.02 1.28 1.13 1.45 
Butler 2004 36.29 14.08 2.48 1.79 3.43 
Scott 2005 36.73 14.14 1.92 1.39 2.65 
 Pooled 95% CI Asymptotic 
Method Estimate Lower Upper z_value p_value 
Fixed 1.449 1.338 1.569 9.127 0.000 
Random 1.664 1.366 2.027 5.061 0.000 

Test for heterogeneity: Q= 23.466, p= 0.000 
 

Risk Ratio

.8 1 5

 Combined

 Scott 2005

 Butler 2004

 Giovannini 2004

 Howard 1999

 Aarts 1999

 Riva 1999

 
Figure 1. Forrest plot of the random effect estimate  
 
 

CONCLUSION  

 
Pacifier usage could create some difficulties in exclusive breastfeeding up to six months. To 

carry out optimum nutrition for early infancy period, pacifier should not be given. Supplements and 
pacifiers should be avoided whenever possible before six months 
.  
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Introduction 

Associations between life events and various forms of cancers have been identified. The purpose of a 
recent random-effects meta-analysis by Duijts et al. [2003] was to identify studies that examined the 
association between adverse events associated with changes to financial status including decreased income 
and breast cancer risk. This issue was identified in four studies. Details of the search criteria used to identify 
studies and of methods used to obtain data from studies are provided in Duijts et al. [2003]. The studies 
differed substantially in terms of study design, location, time frame and sample size.  

A random-effects Bayesian meta-analysis model is proposed here to combine the reported estimates 
of the four studies described. The proposed model allows major sources of variation to be taken into account.  

 
Methods 

A summary of study-specific characteristics of the studies considered for the meta-analysis is provided 
in Tables 1 and 2. Roberts et al. [1996] compared breast cancer patients with a control group comprising a 
random sample from the population. In the study by Snell and Graham [1971] a treatment group of breast 
cancer patients is compared to a control group of women with cancer and non-neoplastic diseases. Study-
specific estimates are presented in Table 3. While two reported statistically significantly reduced odds ratios, 
one reported no association and the other a high ratio. An overall non-statistically significant association with 
breast cancer risk was obtained [Duijts et al. 2003] (SOR=0.90, 95% CI: 0.54-1.50).  

 
Table 1. Description of studies considered for the meta-analysis 

Study No. First Author Time frameYear of publication Country Design 

1 Roberts 5 years 1996 USA Case-control 
2 Cooper 2 years 1989 UK Case-control 
3 Cooper 2 years 1993 UK Cohort 
4 Snell 5 years 1971 USA Case-control 

 
Table 2. Description of studies considered for the meta-analysis (continued) 
Study No. No. cases Source of cases Age of cases No. controls Source of cohort Correction for confounding

1 258 Population 64.8 614 Population Yes 
2 171 Suspicion 55 1992 Hospital Yes 
3 171 Suspicion 55 727 Suspicion Yes 
4 352 Hospital 55.5 670 Hospital No 
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Table 3. Study-specific estimates used in the Meta-analysis 

Study Odds Ratio 95% CI Log odds ratio Precision 

1 0.96 0.66-1.41 -0.0408 27.77 

2 0.65 0.44-0.96 -0.4308 26.29 
3 0.59 0.41-0.85 -0.5276 30.10 
4 1.73 1.26-2.36 0.5481 40.63 

 
Following DuMouchel [1990], two Bayesian random-effects meta-analysis models are constructed. In 

Model 1, the observed log odds ratios Yi, are assumed random samples from study-specific true log odds 
ratios θi, which are themselves assumed distributed around an overall log odds ratio μ. The log odds ratios Yi, 
θi and μ are assumed normally distributed. Model 2 assumes one or more additional hierarchical levels 
between study-specific parameters and the overall distribution. Thus Model 2 can accommodate partial 
exchangeability between studies.  

Model 1             Yi ~ N(θi ,σY
2 WY )  i=1,..,n 

                                                          θi ~ N(μ,σθ
2 Wθ )  

 μ ∼ N(0, Δ→∞ ) 
 σΨ

2 ∼ χνΨ
2 / ν Ψ

 σθ
2 ∼ χνθ

2 / νθ  (Μ1) 
where n is the number of studies, WY the observed precision matrix describing within-study variation and Wθ 
the prior precision matrix describing between-study variation. Parameters σY2 and σθ2 indicate the degree of 
uncertainty around these precision matrices, as expressed through their respective degrees of freedom νY and 
νθ respectively. Here, νY is set to the average number of cases in the four studies and νθ the number of studies. 
Following statistical theory, since νS2/σ2 ~ χν2, Chi-square distributions are imposed on σY2 and σθ2 which, 
when divided by their degrees of freedom, have expected values equal to one. In this way, these variables 
affect the spread rather than location of distributions around WY and Wθ. 

Two analyses were undertaken using this model. A1: All four studies are used and are assumed to 
provide independent information; A2: Study 2 [Cooper et al. 1989] is excluded since the subjects in this study 
are incorporated in Study 3 [Cooper and Faragher, 1993]. 

 
Model 2 Yi ~ N( θi , σY2 WY )  i=1,..,n 

 θi ~ N( ξj  , σθ
2 Wθ ) j=1,..,m 

 ξj ~ N( μ  , σξ
2 Wξ ) j=1,..,m 

 μ  ~ N( 0 ,  D →∞ ) 
 σY2 ~ χνY

2 / ν Y

 σξ
2 ~ χνξ

2 / νξ

 σθ
2 ~ χνθ

2 / νθ  (Μ2) 

where m is the number of subgroups and ξj represents the log odds ratio of subgroup j with corresponding 
precision parameters σθ2 and νξ, and prior between-subgroup precision matrix Wξ. 
 The study characteristics that were considered under Model 2 were as follows: C1 Study design; C2 
Study location: USA or UK and C3 Whether there was correction for confounding. For each of these 
situations, each true study-specific log odds ratio arises from one of two subgroups with subgroup mean log 
odds ratio θj, j=1,2. Independence is assumed between studies, so that the precision matrices are diagonal. The 
prior precision matrices are defined to have diagonal entries equal to one, reflecting little information and 
therefore strong uncertainty about between-study variation. 

Initial values were set at the maximum likelihood values. Analysis was undertaken in WinBUGS 
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[Speigelhalter et al. 2000], with a burn-in of 100,000 iterations and a collection period of 100,000 iterations. 
These were more than sufficient to confirm convergence.  

Results 
Trace plots of MCMC iterations for simulated parameters θ, τθ, μ, α, ν, δ, τμ under Model 1 showed the 

stability of all parameter estimates, although the overall precision had some very large values consistent with 
its vague Gamma prior. Estimates of the posterior mean, standard deviation and 95% credible interval for the 
study-specific log odds ratios θi, i=1,...,4,and the overall mean log odds ratio, μ, are given in Table 4 for the 
two alternatives A1 and A2. The overall posterior mean log odds ratio point estimate is -0.0363 for A1 and -
0.002 for A2, and a 95% credible interval for the mean log odds ratio is -0.0144 to 0.4877 and -0.6722 to 
0.6534 respectively.  

Model 2 was employed to inspect the impact of various study design characteristics that differed 
between the studies. Trace plots and posterior density plots for model parameters confirmed stability and 
conformity to the anticipated distributions. Estimates of the posterior mean, standard deviation and 95% 
credible interval for ξ and μ, under each of the three alternatives C1, C2, C3 are given in Table 5. These 
results suggest the overall odds ratio from the three case control studies as greater than unity and that from the 
cohort study as less than unity, although both estimates have 95% credible intervals that span unity. Similarly, 
those studies conducted in the USA have an overall odds ratio that is greater than unity whereas those 
conducted in the UK have an overall odds ratio that is less than unity but again the two credible intervals 
include unity. Finally, the overall odds ratio for the three studies that controlled for confounding is greater 
than unity compared to a reduced odds ratio for the study that did not control for such issues. The overall odds 
ratios for the three analyses are not substantially different in light of the wide credible intervals which are a 
consequence of the disparate study estimates and vague priors. 

 

Table 4. Summary statistics for the posterior mean log odds ratios θ and μ  
Log odds ratio Mean S.D. 2.5% 97.5% 

 Α1: All four studies included    

θ1 -0.0414 0.1878 -0.4113 0.3287 

θ2 -0.4057 0.1943 -0.7858 -0.0217 

θ3 -0.4998 0.1822 -0.8564 -0.1403 

θ4 0.5237 0.1580 0.2112 0.8326 

μ -0.0363 0.2606 -0.0144 0.4877 

Α2: Study 2 excluded 

θ1 -0.03824 0.1891 -0.4115 0.3337 

θ3 -0.4975 0.1837 -0.8585 -0.1343 

θ4 0.5243 0.1589 0.2102 0.8361 

μ -.002318 0.3091 -0.6722 0.6534 

 
Discussion 

The results from the analysis under Model 1 are as expected. In line with the observed results and the 
vague priors, the posterior mean odds ratios for studies 1, 2 and 3 are less than unity, while studies 2 and 3 
have 95% credible intervals that do not include zero. Study 4 has a posterior mean odds ratio greater than 
unity. The effect of including Study 2 as an independent contribution is illustrated by the change in the overall 
log odds ratio between A1 and A2. Under A1, the overall odds ratio and 95% credible interval are 0.96 (0.53, 
1.63), while under A2 the corresponding values are 0.998 (0.51, 1.92). The smaller number of studies in 
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Table 5. Summary statistics for the posterior mean log odds ratios � (�i not presented) 

Log odds ratio Mean S.D. 2.5% 97.5% 

C1: Accounting for study design: case control (ξ1) or cohort (ξ2) 

ξ1 0.0140 0.4504 -0.8937 0.9118 

ξ2 -0.3227 0.6616 -1.631 1.009 

μ -0.0527 0.4981 -1.178 0.9288 

C1: Accounting for study location: USA (ξ1) or UK (ξ2)  

ξ1 0.1816 0.4945 -0.8233 1.1550 

ξ2 -0.3544 0.5023 -1.3260 0.6784 

μ -0.0285 0.4775 -1.078 0.9382 

C1: Accounting for whether study adjusted for confounding: Yes (ξ1) or No (ξ2) 

ξ1 0.2697 0.4403 -0.6313 1.133 

ξ2 -0.3445 0.5125 -1.333 0.7137 

μ -0.0107 0.4721 -1.021 0.9700 

A2 and the removal of duplicated information is reflected in the wider credible interval and much more 
ambivalent odds ratio. Under both alternatives, the combined evidence of these four studies allows no overall 
assertion to be made about an association between breast cancer and financial stress supporting the findings 
from the study by Duijts et al. [2003]. 

These differences can be acknowledged and explored through the addition of hierarchies to the meta-
analysis model, as in Model 2. Because of the very small number of studies, the analyses under Model 2 are 
intended to be indicative rather than substantive. Unfortunately, there is insufficient information to further 
investigate these suggested differences in odds ratios associated with different study design characteristics, or 
to identify whether there are interactions between these study characteristics. However, the analyses do serve 
to indicate the way in which the hierarchical model structure can be augmented to include partial 
exchangeability assumptions and suggest where more informative prior information might be usefully 
incorporated.  
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Hazard regression models provide a convenient way of specifying how covariates affect survival time

distributions. Typical examples include the multiplicative Cox (1972) proportional hazards model or

the additive hazard model of Lin and Ying (1994). In the former, the hazard, α(t | Z) is specified as

α(t | Z) = α0(t) exp(βTZ)

while, in the latter, it is

α(t | Z) = α0(t) + βTZ.

Such models rely on certain assumptions concerning the functional form of the covariate effects and

the scale in which covariate effects are time-constant (the ”link” function). Thus, in the most simple

forms, the models assume that either the log-hazard or the hazard itself is linear in Z, and that the

effect of Z is constant over time on either the log-hazard scale or on the hazard scale.

Sasieni and Winnett (2003) discussed a number of graphical and numerical techniques for checking

these assumptions for the Cox model based on martingale difference residuals. In this paper we intro-

duce a general method for checking both the functional form of covariate effects and the link function

for hazard regression models. This method uses pseudo-observations as introduced for regression mod-

elling in event history analysis by Andersen, Klein and Rosthøj (2003). To define these, let Ŝ(t) be

the Kaplan-Meier estimator based on the entire sample including n observations and let Ŝ
−i(t) be

that based on the sample of n − 1 observations obtained by excluding individual i, i = 1, . . . , n. The

pseudo-observations are now

Si(t) = n · Ŝ(t) − (n − 1) · Ŝ
−i(t), i = 1, . . . , n.

To obtain a graphical assessment of the fit of a hazard regression model with a single quantitative

covariate, Z1, these pseudo-observations are smoothed in the time by covariate space and plotted

against t and Z1 in a 3-D plot. Transforming by log(·), an additive hazard model should provide a

surface with the property that curves for fixed t are linear with a slope β1t, i.e. proportional to t, as

a function of Z1. Similarly, a proportional hazards model should provide a surface with the property

that curves for fixed t are linear with common slope β1 as a function of Z1 when transforming the

smoothed Si(t) by cloglog(·) = log(− log(·)).

On the other hand, lines with different slopes would, for the Cox model, signal non-proportional haz-

ards (and similarly for the additive model) and parallel curves which are non-linear would signal a

non-linear effect of Z1 (on the proper scale).
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The pseudo-observations may also be used to provide numerical tests for the model assumptions. To

this end, some values of t are fixed, e.g., the 10, 30, 50, 70 and 90% fractiles in the distribution of

observed failure times may be chosen. For these time points, say t1, . . . , tk, the pseudo-observations,

Si(tj), are computed and used as outcome variables in a generalized linear model with a log-link for

the additive model and a cloglog-link for the Cox model. Generalized estimating equations are used

to obtain robust standard errors. Allowing the effect of Z1 to be a spline function with different co-

efficients for each j = 1, . . . , k, both the proportional hazards assumption (or the similar assumption

for the additive model) and the assumption of linearity may be tested.

These techniques are applied to simulated data from both multiplicative and additive models and to

survival data from a clinical trial in primary biliary cirrhosis. Extensions to multiple regression models

will be discussed and the methods will, for the Cox model, be compared to the approach suggested

by Sasieni and Winnett (2003).
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RÉSUMÉ (ABSTRACT) — optional

Hazard regression models provide a convenient way of specifying how covariates affect survival

time distributions. Typical examples include the multiplicative Cox (1972) proportional hazards model

or the additive hazard model of Lin and Ying (1994).

Such models rely on certain assumptions concerning the functional form of the covariate effects

and the scale in which covariate effects are time-constant (the ”link” function).

Sasieni and Winnett (2003) discussed a number of graphical and numerical techniques for check-

ing these assumptions for the Cox model based on martingale difference residuals.

In this paper we introduce a general method for checking both the functional form of covariate

effects and the link function for hazard regression models. This method uses pseudo-observations as

introduced for regression modelling in event history analysis by Andersen, Klein and Rosthøj (2003).

Pseudo-observations for the survival function are smoothed in the time by covariate space, thereby

obtaining graphical tools for model assessment. The pseudo-observations are also used to provide nu-

merical tests for the model assumptions.
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The techniques are applied to simulated data from both multiplicative and additive models and

to survival data from a clinical trial in primary biliary cirrhosis.
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Introduction

At fixed design points 0 ≤ x1 ≤ . . . ≤ xn ≤ 1, we have nonnegative responses Y1, . . . , Yn such

as lifetimes. These responses are independent random variables and the distribution function of the

response Yi at xi will be denoted by Fxi(t) = P (Yi ≤ t). In many clinical or industrial trials, the

responses Y1, . . . , Yn are subject to random right censoring. For each response, there is a censoring

variable Ci with conditional distribution function Gxi(t) = P (Ci ≤ t). The observed random variables

at design point xi are in fact Zi and δi (i = 1, . . . , n), with

Zi = min(Yi, Ci) and δi = I(Yi ≤ Ci).

At a given fixed design value x ∈ [0, 1], we write Fx, Gx, Hx for the distribution function of respectively

the response Yx, the censoring variable Cx and the observed variable Zx = min(Yx, Cx) at x. Also we

will write δx = I(Yx ≤ Cx). Note that for the design variables xi, we write Yi, Ci, Zi, Fi, . . . instead of

Yxi , Cxi , Zxi , Fxi , . . ..

In order to estimate uniquely the conditional distribution function Fx from the observed data,

we have to make an assumption about the dependence between the Yi and Ci for each i (Tsiatis

(1975)). It is very common in survival analysis to assume independence between these random variables

(conditional on the covariate). However we see that in some practical situations this assumption clearly

does not hold. For example in industrial testing, it may occur that some piece of equipment is taken

away (is censored) because it shows some sign of future failure. As in Braekers and Veraverbeke (2005),

we assume that at a fixed design value x ∈ [0, 1], the joint survival function is given by

Sx(t1, t2) = P (Yx > t1, Cx > t2) = ϕ[−1]
x (ϕx(F̄x(t1)) + ϕx(Ḡx(t2)))(1)

where, for each x, ϕx : [0, 1] → [0, +∞] is a known continuous, convex, strictly decreasing function

with ϕx(1) = 0. ϕ
[−1]
x is the pseudo-inverse of ϕx, as defined in Nelsen (1999) and given by

ϕ[−1]
x (s) =

{
ϕ−1

x (s) 0 ≤ s ≤ ϕx(0)

0 ϕx(0) ≤ s ≤ +∞ .

From (1), we note that the conditional distribution function of the observed variable Zx is given by

1 − Hx(t) = H̄x(t) = Sx(t, t) = ϕ[−1]
x (ϕx(F̄x(t)) + ϕx(Ḡx(t))).(2)

The idea to use a known copula function to describe the dependence structure between the lifetime

and the censoring time, was first introduced by Zheng and Klein (1995) and later improved by Rivest
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and Wells (2001) for the class of Archimedean copulas. The authors of both papers did not consider

covariates.

In the design of some clinical trials, we see another type of informative censoring in which

the distribution function of the lifetime and the censoring time are related. Koziol and Green (1976)

considered a sub-model for the Kaplan-Meier estimator where they assumed that the survival function

of the censoring variable is a power of the survival function of the lifetime. This sub-model has

the advantage that the estimator for the distribution function of the lifetime has a simpler form.

Veraverbeke and Cadarso Suárez (2000) extended this model for the fixed design regression situation.

In this paper we will further extend this sub-model to the case where the lifetime Yx depends

on the censoring variable Cx. We therefore use the fact that the classical Koziol-Green model is

characterized by the conditional independence of Zx and δx. Translating the latter property into our

model (1) leads to the following assumption: for each covariate value x ∈ [0, 1],

Ḡx(t) = ϕ[−1]
x (βxϕx(F̄x(t))), ∀t > 0(3)

where βx > 0 is a constant depending only on x. When we consider both types of informative

censoring, we rewrite (2) as

H̄x(t) = ϕ[−1]
x

(
ϕx(F̄x(t)) + βxϕx(F̄x(t))

)
= ϕ[−1]

x

(
(βx + 1)ϕx(F̄x(t))

)
.(4)

From this relation we find a conditional distribution estimator Fxh for Fx where x ∈ ]0, 1[ is a

fixed design value by rewriting this equation as

F̄x(t) = ϕ[−1]
x

(
γxϕx(H̄x(t))

)
(5)

with γx = 1
βx+1 = P (δx = 1). In (5), we replace the different quantities Hx(t) and γx by estimators.

As in other work with non-parametric regression (Veraverbeke and Cadarso Suárez (2000), Braek-

ers and Veraverbeke (2005)), we consider estimators which involve a sequence of smoothing weights

{wni(x, hn)}, depending on a positive bandwidth sequence {hn}, tending to zero, as n → +∞. In our

present situation of fixed design points, it is customary to take the Gasser-Müller type weights, given

by, ∀i = 1, . . . , n,

wni(x, hn) =
1

cn(x, hn)

xi∫
xi−1

1

hn
K

(
x − z

hn

)
dz with cn(x, hn) =

xn∫
0

1

hn
K

(
x − z

hn

)
dz.

Here x0 = 0 and K is a known probability density function (kernel). For the conditional distribution

function Hx(t), we take a Stone type estimator (Stone (1977)) given by

Hxh(t) =
n∑

i=1

wni(x, hn)I(Zi ≤ t).

A similar estimator is taken for the exponent γx and is given by

γxh =
n∑

i=1

wni(x, hn)I(δi = 1).

Combining these estimators in (5), we find an estimator for the conditional distribution function Fx(t)

by

F̄xh(t) = ϕ[−1]
x

(
γxhϕx(H̄xh(t))

)
.

Note that the estimator F̄xh(t) has a simpler structure than the copula-graphic estimator of Braekers

and Veraverbeke (2005) for the more general model under dependent censoring. Furthermore we see

that in our estimator the estimator for γx only depends on the δi while the estimator for Hx(t) only
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depends on the Zi. This result follows from assumption (3), which is equivalent to the assumption

that Zx and δx are conditionally independent. If we take ϕx(t) = − log(t), we see that this estimator

equals the estimator of Veraverbeke and Cadarso Suárez (2000) as we expected.

Weak convergence result

In this article, we prove, under some mild smoothness conditions on the conditional distribution

Fx(t), the weak convergence of process (nhn)1/2(Fxh(·)−Fx(·)) associated to the Koziol-Green estima-

tor Fxh(t). As in the work of Veraverbeke and Cadarso Suárez (2000) and Braekers and Veraverbeke

(2005), we first need to derive an almost sure representation for this estimator. This result has already

been found by Braekers and Veraverbeke (2007). In this paper we publish their result to clarify the

following part of the proof.

Theorem 1. (Almost sure representation) Under some regularity conditions, hn → 0, log n
nhn

→
0, nh5

n
log n = O(1), T < TFx = inf{t|Fx(t) = 1}. Then, for t < TFx ,

Fxh(t) − Fx(t) =
n∑

i=1

wni(x, hn)gtx(Zi, δi) + Rn(x, t)

where

gtx(Zi, δi) = −ϕx(H̄x(t))

ϕ′

x(F̄x(t))
(I(δi = 1) − γx) +

γxϕ′

x(H̄x(t))

ϕ′

x(F̄x(t))
(I(Zi ≤ t) − Hx(t))

and as n → +∞, sup
0≤t≤T

|Rn(x, t)| = O((nhn)−1 log n) a.s.

Due to this asymptotic representation, we show the weak convergence of (nhn)1/2(Fxh(·)−Fx(·))
by proving the weak convergence of the main term in this representation which is a weighted sum of

independent functions of the observed quantities. After lengthy, but straightforward calculations we

also find the asymptotic bias and variance expressions.

Theorem 2. (Weak convergence) Under some regularity conditions, T < TFx ,

(a) if nh5
n → 0 and (nhn)−1/2 log n → 0, then as n → ∞,

(nhn)1/2(Fxh(·) − Fx(·)) → W (·|x) in l∞[0, T ]

(b) If hn = Cn−1/5 for some C > 0, then, as n → ∞,

(nhn)1/2(Fxh(·) − Fx(·)) → W̃ (·|x) in l∞[0, T ]

where W (·|x) and W̃ (·|x) are Gaussian processes with covariance function given by

Γx(t, s) =
||K||22{ϕx(H̄x(t))ϕx(H̄x(s))γx(1 − γx) + γ2

xϕ′

x(H̄x(t))ϕ′

x(H̄x(s))(Hx(s ∧ t) − Hx(t)Hx(s))}
ϕ′

x(F̄x(t))ϕ′

x(F̄x(s))
.

and for W̃ (·|x), mean function given by

btx =
1

2
µK

2 C5/2

{
−ϕx(H̄x(t))

ϕ′

x(F̄x(t))
γ̈x +

γxϕ′

x(H̄x(t))

ϕ′

x(F̄x(t))
Ḧx(t)

}
.

In any fixed time point, we note that the asymptotic variance of the Koziol-Green estimator is

always smaller than the asymptotic variance of the copula-graphic estimator of Braekers and Veraver-

beke (2005), when applied under this sub-model. For the copula-graphic estimator, the asymptotic
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variance has an extra term given by

−γx(1 − γx)


ϕx(H̄x(t))2 −

t∫
0

ϕ′

x(H̄x(w))2dHx(w)




which is always positive by the Cauchy-Schwartz inequality.

An application: A confidence band

The weak convergence result established in the previous section, can be used as a starting point

to derive some practical applications. In this section we develop an asymptotic confidence band for

the Koziol-Green estimator Fxh(t). This result is given in the following theorem.

Theorem 3. (Confidence band) Under some regularity conditions with T < TFx , nh5
n → 0,

(nhn)−1/2 log n → 0. For each 0 < α < 1, let cαxh be such that, as n → +∞,

P

(
sup

0≤t≤T

∣∣∣∣∣B1(Hxh(t)) +
ϕx(H̄xh(t))

γxhϕ′

x(H̄xh(t))
B2(γx)

∣∣∣∣∣ ≤ cαxh

)
→ 1 − α,

Then, as n → +∞,

P (Fxh(t) − cαxhDxh(t) ≤ Fx(t) ≤ Fxh(t) + cαxhDxh(t), for all 0 ≤ t ≤ T ) → 1 − α

where B1(s) and B2(s) are independent Brownian bridges and Dxh(t) = (nhn)−1/2 γxhϕ′

x(H̄xh(t))

ϕ′

x(F̄xh(t))
.
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N. Veraverbeke and C. Cadarso Suárez, (2000) Estimation of the conditional distribution in a conditional Koziol-

Green model, Test, 9, 97-122.

M. Zheng and J.P. Klein, (1995) Estimates of marginal survival for dependent competing risks based on an

assumed copula, Biometrika 82, 127-138.

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 5982 -



The Additive Hazards Model  

for Clustered Current Status Data 
Yunchan, Chi 
National Cheng-Kung University, Department of Statistics  
No.1 University Road 
Tainan, Taiwan  
E-mail: ycchi@stat.ncku.edu.tw 
 
Pei-Fang Su 
National Cheng-Kung University, Department of Statistics  
No.1 University Road 
Tainan, Taiwan  
E-mail: spf@stat.ncku.edu.tw 
 

 
 

1. Introduction 
Current status data arise naturally from tumorigenicity experiment, biomedicine, econometrics, 

demographic and sociology studies. Moreover, clustered current status data often occur when animals are 
from same litter in tumorigenicity experiments. The only information extracted from current status data is 
that the true survival times are before or after the monitoring (censoring) times. Consequently, the 
nonparametric maximum likelihood estimator of survival function converges at  rate to a complicated 
limiting distribution (Groeneboon and Wellner, 1992). Hence, semiparametric regressions and linear 
regression have been extended for independent current status data to derive the test statistics whose 
distributions converge at the  rate. For instance, the proportional hazards model and additive hazards 
model have been developed by Finkelstein (1986) and Lin et al. (1998), respectively, while linear regression 
models were considered by Klein and Spady (1993) and Rabinowitz et al. (1995), respectively.  

3/1n

2/1n

 
However, a straightforward application of these statistical methods to clustered current status data is 

not appropriate. Because the estimation procedure in Lin et al. (1998) is much simpler than the existing 
regression methods for current status data, this paper extends the additive hazards model for clustered current 
status data. 
 
 

2. Additive Risk Model for Clustered Current Status Data 
The additive hazards model is often expressed as 

)()())(|( 0 tZttZt ii βλλ +=  
where )(0 tλ  is an unspecified baseline hazard function, β  is an unknown regression parameter vector and 

 may be a time-dependent covariate vector for the ith subject, )(tZi .,,1 ni L=  The only information 
extracted from current status data is that the true survival times  are before or after the monitoring times 

. When current status data are independent with each other, Lin et al. (1998) proposed estimating 
iT

iC β  
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based on the partial score function derived from partial likelihood function, which is constructed according 
to the defined counting processes =)(tNi ii tCI δ)( ≤ , where ).( iii TCI ≤=δ  This counting process jumps 
with unity when the subject is monitored at time t and found still to be failure-free. If  does not depend 
on  and  and  are independent, then the partial likelihood function for 

iC
)(tZi iT iC β  is 
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where   )  is the risk set at monitoring time  and ,)()( 0
* ∫= t

ii dssZtZ ,)()( 0 00 ∫=Λ t dsst λ ( jcR jc )(td cΛ  is  

the hazard function for monitoring times. Then the partial score function derived from this partial likelihood 
function is  
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For clustered current status data, let  and  be monitoring and survival times, respectively, for 

the jth subject in the ith cluster, for , and 
ijC ijT

imj ,2, ,1 L= .,,2,1 ni L=  However, it is difficult to derive 
partial likelihood function for clustered current status data, since the joint distribution of correlated survival 
times is often unknown. Therefore, the above partial score function is proposed as an estimating function for 
β  based on the counting process =)(tNij ijij tCI δ)( ≤ , where )( ijijij TCI ≤=δ and is expressed as  
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1 and . Moreover, if  and  are independent and  does not depend on ,  =)(tYij )( tCI ij ≥ ijC ijT ijC )(tZij

then there uniquely exists a non-decreasing predictable compensator for the defined counting process , 
which is given as  
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Hence, the estimating function can be represented by sum of dependent martingales as 
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where  It can be verified that).()()( tAtNtM ijijij −= ;0))(( =βUE  therefore, )(βU should be an appropriate 
estimating function for .β  Then applying the same argument as that in the proofs in Ying and Wei (1994) 
and Lee et al. (1993), the distribution of )(βU  converges to normal with zero-mean and variance  
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where ) and . Then one can reject : '''''''' ()()( jijijiji TCItCIt ≤==∆ ∑ ∑=
= =i j

ij tYtY
1 1

)()(
n mi

0H β = 0β , if the  

absolute value of  is larger than , where  is the upper α  percentile of a standard 
normal distribution. 
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3. Simulation  
To investigate the performance of the proposed estimating function, a simulation study was carried out. 

Because the correlation exists in each cluster, the survival times should be generated from multivariate 
distributions. Under the additive hazards model, the joint survival function of correlated survival times for 
the ith cluster can be derived from multivariate Clayton-Oakes model as 
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where the parameter θ  is used to control the strength of correlation among subjects in each cluster since 
Kendall’s )12/(1 += θτ . Then the survival times of the ith cluster are generated from this survival function 
for various =0λ 1.5, 1.0, and 0.5. Note that large θ  induced smaller intracluster correlation and θ = 0.2, 
0.5, and 2 are employed in simulation and the corresponding Kendall’s τ are 0.7, 0.5 and 0.2 for β = 0. All 
comparison results are summarized from 1000 simulation runs under significant level α = 0.05 for a group 
indicator covariate . To understand the performance of the test statistic without adjusting for cluster 
effect, Lin et al.’s procedure is also investigated in the simulation. The type I error rates from three different 
cluster numbers with cluster size of 5 and three baseline hazards functions are displayed in Table 1.  

ijZ

 

Table 1. Type I error rates from multivariate Clayton-Oakes model under additive hazards model 

The hazard rate of survival function 

=0λ 1.5 =0λ 1.0 =0λ 0.5 
τ  n

The 
proposed 
method 

Ignoring 
dependence 

The 
proposed 
method 

Ignoring 
dependence 

The 
proposed 
method 

Ignoring 
dependence 

 
0.0 

 

 20
 60
100

0.047 
0.046 
0.048 

0.044 
0.048 
0.051 

0.046 
0.052 
0.045 

0.047 
0.051 
0.048 

0.059 
0.046 
0.046 

0.053 
0.043 
0.043 

 
0.2 

 

 20
 60
100

0.038 
0.043 
0.050 

0.092 
0.117 
0.103 

0.035 
0.052 
0.052 

0.084 
0.124 
0.113 

0.043 
0.051 
0.056 

0.078 
0.107 
0.094 

 
0.5 

 

 20
 60
100

0.034 
0.041 
0.048 

0.152 
0.149 
0.157 

0.049 
0.044 
0.052 

0.144 
0.158 
0.182 

0.048 
0.061 
0.047 

0.139 
0.158 
0.159 

 
0.7 

 

 20
 60
100

0.031 
0.044 
0.051 

0.175 
0.164 
0.182 

0.036 
0.050 
0.060 

0.182 
0.185 
0.198 

0.060 
0.042 
0.058 

0.189 
0.166 
0.176 

 

 
The type I error rates of the proposed test are within reasonable range for moderate and large cluster 

numbers, whereas Lin et al.’s procedure is very anticonservative for τ > 0. In addition, the power of the 
proposed test and Lin et al.’s procedure under τ = 0.7 and τ = 0 for cluster number of 60 with cluster size of 
5 for various β ranging from −0.8 to 1.5 is depicted in Figure 1. It is clear that the Lin et al.’s procedure is a 
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biased test for τ = 0.7. The power of the proposed test increases as β moves away from the null hypothesis. 
Moreover, when τ = 0 the proposed test reduces to Lin et al.’s procedure.  

-0.5 0.0 0.5 1.0 1.5

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

β

P
ow

er
τ = 0.7
The proposed method
Ignoring dependence
τ = 0
The proposed method
Ignoring dependence

 
 
Figure 1.  Estimated Power Curves  

 

4. Concluding Remarks  
Although the estimating function proposed here is under noninformative censoring, this estimating 

function can be easily extended for informative censoring as in Lin et al. (1998). Moreover, the empirical 
efficient score function proposed in Martinussen and Scheike (2002) can be extended to clustered current 
status data. Since the additive hazards model is a semiparmetric model, the proposed estimating function 
may be sensitive to model misspecification. Hence, the goodness-of-fit methods for additive hazards model 
proposed by Ghosh (2003) will be explored for clustered current status data in a separate paper. 
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The Dagum Distribution as Survival Model
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ABSTRACT

In this work, it is proposed to use the Dagum model [Dagum, 1977] in the analysis of survival.
Using the Glaser’s approach, Domma (2002) proved that the Dagum model has a very flexible hazard
function: according to the values of the parameters, the hazard function of the Dagum distribution has
a decreasing failure rate, or Upside-down Bathtub shape, or Bathtub and Upside-down Bathtub shape.
The authors will prove that the Dagum model is obtain as a mixture of an Inverted Weibull model to
describe the duration data and a Gamma distribution to describe the unobserved heterogeneity.

Keywords. Survival Analysis, Dagum model, decreasing failure rate, Bathtub, Upside-down Bathtub
shape, mixture model.
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Summary 

The life expectancy and years of life lost for patients with a specific disease is not only a major 
concern of patients, but also essential to public health policies in terms of estimation of disease burden, 
resource allocation and national health insurance policy making. Two major determinants of disease specific 
life expectancy are background life expectancy and disease associated mortality. The life table method can be 
used to calculate the life expectancy of a population at a given age, but not for the life expectancy of patients 
with variable age-of-disease onset. Parametric survival modeling is a popular approach. However, it is very 
difficult, if not impossible, to take into account mathematically the two major determinants of disease 
specific life expectancy with a specific functional formula. Long-term estimate is often unreliable if there is a 
high rate of right-censoring. We propose a relative survival extrapolation approach with information 
borrowed from national vita statistics through Monte Carlo simulation to estimate life expectancy and years 
of life lost for patients with a specific disease. The proposed method is evaluated and applied to estimating 
life expectancy and expected years of life lost for patients with major cancers in Taiwan. 
 
Introduction 

When initially diagnosed with a specific disease such as cancer, often one of the first and most 
important questions asked by patients is how long they can expect to survive. In practice, there has been a 
lack of empirical data for estimating long-term survival. A valid estimation of life expectancy after diagnosis 
is of great value for many practical reasons. First, the information is essential for the patient’s personal life 
planning. It is also important for clinical decision-making and public health resource allocation. For both 
public and private insurance agencies, calculation of appropriate insurance premiums would require 
knowledge of the expected survival of the patients [1]. 

In cases where there is an insufficient period of follow-up after the initial diagnosis, an approach which 
has become quite common is parametric extrapolation of survival estimates, within which both the Weibull 
model and the log-normal approach are frequently used. However, the parametric models may not be suitable 
for data with high censoring rates. Hwang and Wang proposed an alternative approach of Monte Carlo 
simulation to project survival estimates beyond the follow-up limit [2]. The main idea of this approach is to 
borrow information from a reference population, of which the survival function is easily obtained from 
certain available life table data such as a table of vital statistics. This approach consists of roughly three 
phases. First, create a reference population with survival function estimated according to the Monte Carlo 
method from a population with known hazard functions. Second, fit a simple linear regression to the logit 
transform of the ratio of the survival curves for both the patient and the reference populations up to the end 
of follow-up. Finally, the estimated regression line and survival curve of the reference populations are used 
to estimate the entire survival curve, and therefore the projected long-term survival beyond the follow-up 
limit. The extrapolation approach has been evaluated only on simulated data, without theoretical validation. 
Fang et al.  has shown that if the disease associated excess hazard remains constant over time, the curve 
of the logit of the relative survivals indeed converge to a straight line [1]. In this paper, we report 
evaluation results of the Monte Carlo extrapolation method and parametric models on national cancer 
registry data collected in Taiwan for estimating life expectancy and expected years of life lost (YLL) for 17 
major cancer cohorts. 
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Method 
Simulating a survival function for a reference population 

Because individual survival time of subjects in a hypothetical cohort cannot be directly derived from 
the life table of the general population, we used a Monte Carlo method to generate the simulated remaining 
survival time of age- and gender-matched hypothetical subjects for each patient in the disease specific cohort. 
The survival curve of the reference population is then obtained by applying the Kaplan-Meier method to the 
simulated survival times. 
 
Fitting linear regression to the logit of survival ratio 

The survival ratio between the survival functions of two populations is defined by the formula: 
)reference|()patient|()( tStStW = . Because the patient population has a worse survival than the reference 

population, the value of )(tW  initially equals 1 at time point 0=t , then gradually decreases due to 
disease-associated excess mortality. We employed the logit transformation of )(tW , or .))](1/()(log[ tWtW −  
If the disease-associated excess hazard remains constant over time, the curve of the logit of )(tW  will 
converge to a straight line, as shown below. Let 1)reference|()patient|( CtHtH += , where 1C  is a positive 
constant for disease-associated excess hazard. Then we have tCCtStS 10)]reference|(ln[)]patient|(ln[ −+=  
and )]exp(1ln[))]exp(1/()ln[exp()(logit 10101010 tCCtCCtCCtCCtW −−−−=−−−= . 

Because 01 >C , the residual item )]exp(1ln[ 10 tCC −−  will converge to 0 when ∞→t . As a result, 
when ∞→t , logit )(tW  will approximate to tCC 10 − , which is a straight line with a slope of 1C− . We 
therefore fit a simple liner regression to the logit of )(tW  for ],,[ fs TTt∈  where the time point Ts after 
which the logit W(t) curve becomes a nearly straight line and Tf is the end of follow-up. That is 

fst TtTNttWtW ≤≤++=− for     ,))](1/()([log βα where the noise term tN  is independently and normally 
distributed with mean 0 and variance 2σ . Given the least squares estimates of the two parameters, α̂  and 
β̂ , we obtain the new estimate )),ˆˆexp(1/()ˆˆexp(reference)|(ˆpatient)|(ˆ tttStS βαβα +++= for fTt > . 

The area under the estimated curve patient)|(ˆ tS  from 0 to 0t  is an estimate of expected survival 
restricted to 0t  for the patient cohort. Bootstrap approach is applied to estimate the standard error of the 
expected survival estimate. The MC-QAS package written in R for windows can be downloaded for free
from the website http://www.stat.sinica.edu.tw/jshwang to calculate these estimates and standard errors. 
 
Real example 
Data 

All patients recorded in the Taiwan national cancer registration database during 1990-1999 were 
classified into 17 major cohorts according to the patient’s cancer site. The 17 cancer sites are oral cavity, 
nasopharynx, oesophagus, stomach, colon, liver, gallbladder, pancreas, lung, leukemia, skin, breast, cervix, 
ovary, prostate, bladder, and kidney. The survival statuses for these cohorts were available up to the end of 
2001 from the Taiwan mortality database. Each major cohort was further classified into 4 sub cohorts by age 
intervals, 20-44, 45-54, 55-64 and 65+ years old. Each major cohort was also classified into another 4 sub 
cohorts by geographic areas, the north, central, south and east of Taiwan for examining any area disparity. 
Liver cancer had the largest cohort size of 47,682 while Gallbladder cancer had the smallest cohort size of 
3,644. The censored rates of survival times for these major cohorts were about 10-80% by the end of the 12 
years of follow-up. 

 
Performance of the methods 

Simulation studies have shown that this Monte Carlo extrapolation approach outperforms parametric 
model approach with an average relative biases less than 5% [2], while these empirical data provided us an 
opportunity to evaluate the performance of the approach on real data. For each cancer, we created a cohort of 
patients who were diagnosed with the cancer during 1990-1994. We assumed that the cohorts were only 
followed to the end of 1994. Note that the cohorts have been followed to the end of 2001. The Monte Carlo 
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approach was then applied to the 5-year follow-up survival data and the 1994 Taiwan vital statistics.  
Expected 12-year extrapolated survival of each cohort was compared with the Kaplan-Meier estimate 

based on the cohort’s 12 years of follow-up. Parametric model of Weibull distribution was also chosen to fit 
the 5-year follow-up data. The Weibull distribution with the estimated parameters was then used to predict 
expected 12-year survival for each cohort. The 12-year survival estimates using Monte Carlo and parametric 
model approaches and their relative biases to the estimates based 12-year follow-up were shown in the table. 
The censored rates of the 5-year follow-up were about 25%-87%. The Monte Carlo approach showed that the 
relative biases were within 8%, while the relative biases from parametric model approach were all negative 
and much larger. 
 

  
K-M on 12-
year follow-up 

 Monte Carlo approach on 5-year 
follow-up 

We i b u l l  model on 5-year 
follow-up 

 Censoring
rate  

Cancer Site  Estimate  Estimate (S.E.) Relative Bias (%) Estimate Relative Bias (%)  (%) 

Oral Cavity  5.3  5.3 (0.6) 0.9 4.0 -24.5  61.2 
Nasopharynx  6.2  5.7 (0.5) -7.9 5.1 -17.2  69.9 
Oesophagus  2.6  2.5 (0.5) -3.7 1.6 -36.7  32.5 
Stomach  4.5  4.4 (0.3) -3.1 3.4 -24.1  48.7 
Colon  6.4  6.0 (0.4) -6.6 5.6 -12.9  68.7 
Liver  2.4  2.5 (0.2) 3.7 1.6 -32.8  30.8 
Gallbladder  3.6  3.6 (0.5) 0.1 2.7 -25.6  43.7 
Pancreas  2.2  2.1 (0.7) -2.4 1.2 -45.1  25.5 
Lung  2.5  2.5 (0.2) 0.2 1.6 -35.6  30.8 
Leukemia  4.4  4.5 (0.6) 3.7 3.9 -12.0  50.7 
Skin  8.8  8.7 (0.6) -0.8 8.4 -3.7  85.0 
Breast  8.6  8.0 (0.5) -7.8 7.7 -10.6  85.2 
Cervix  9.5  8.9 (0.4) -5.7 8.5 -9.8  87.0 
Ovary  7.2  7.4 (0.5) 2.1 6.3 -12.2  72.4 
Prostate  6.3  6.0 (0.9) -5.4 5.9 -6.7  74.6 
Bladder  7.1  7.2 (0.6) 2.1 6.6 -6.2  74.8 
Kidney  6.4  6.3 (0.6) -2.7 5.7 -12.0  68.4 

 
Results 

The cohort of patients diagnosed with a cancer during 1990-1999 was established and followed to the 
end of 2001. The proposed approach was applied to each cohort of 12-year follow-up survival data to make 
lifelong extrapolation estimate of survival.  The life expectancy of each cohort was then given by the 
estimated survival extrapolated up to 70 years. The mean survival time of the reference population is 
obtained simultaneously from the MC-QAS package. The difference between the estimated lifelong survival 
times of reference population and the cancer cohort gives an estimate of YLL for the cancer patients. The 
results of life expectancy and expected YLL for the 17 cancers are given in the figure below. Cervix, ovary 
and breast cancer patients had longest life expectancies of 23.8, 20.4 and 19.6 years. Pancreas, lung, 
oesophagus and liver patients had the shortest life expectancies of 4.0, 4.1, 4.6, and 5.1 years, respectively.  
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Leukemia and nasopharynx cohorts of all ages had the largest YLL of 17.5 and 17.2 years, respectively, 
while skin cancer patients have the smallest YLL of 0.9 year which is not statistical significant. 

Although the young age group of 20-44 years 
old had longer estimated life expectancies in most 
of the cancers except oesophagus, their YLL were 
also the largest among the 4 age groups. 
Oesophagus, lung, liver, and leukemia cancers had 
YLL estimates of 31.8, 31.8, 31.2 and 30.8 years in 
this young age group. Note that the life 
expectancies for these four cancers were a little 
different among the age groups, while the burden for young patients is much heavy.   

The results for the 4 sub cohorts classified by the geographic areas shown in the figure above 
indicate cancer patients living in northern Taiwan have larger life expectancies and less YLL in most of the 
cancers. The south and the east tend to have larger YLL. Whether the disparity was caused by medical 
resource is worth further investigation. 
 

Concluding Remarks 
 

The robust estimate for disease-specific life expectancy and expected YLL can be easily calculated 
with the MC-QAS package from patient cohort survival data and national vital statistics through an 
innovative semi-parametric approach based on a constant excess hazard model. Surely, our results are 
limited by an uncertainty about the stability of excess hazard in the extrapolation period. Since the disease-
related excess hazard is unlikely to be exactly constant throughout the extrapolation period, a certain degree 
of prediction error is unavoidable. Despite this, this semi-parametric approach is superior to current 
parametric survival modeling in both theory and practice. 

This methodology has been successfully applied to the estimation of life expectancy of patients with 
newly diagnosed HIV infection in the era of highly active antiretroviral therapy [1], life expectancy and 
expected YLL among workers with permanent occupational disabilities [3,4], among others. The Monte 
Carlo extrapolation can also be integrated with quality of life to estimate expected quality-adjusted survival 
for comparative health risk and outcome assessment [5]. 
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1 Introduction

Kalamatianou and McClean (2003) modelled the distribution of the duration of undergraduate studies
in a Greek university using parametric estimates and the Kaplan Meier estimator. Bagkavos and
Kalamatianou (2007) and Bagkavos et al (2007) worked on the same problem using kernel methods.
Here, we develop a statistical test for testing the hypothesis if the kernel based estimate of Bagkavos
and Kalamatianou (2007) is equivalent with the parametric estimates of Kalamatianou and McClean
(2003).

Full description of the dataset used here is given in Kalamatianou and McClean (2003). The
main variable of interest is duration of studies. These are 10313 observations which represent study
times of students who entered any department of the university from the academic year 1983-84 until
1992-93.

In section 2, we introduce the estimators to be tested for equivalence and in section 3 we develop
a statistical test to check the equivalence. We then employ it, in section 4 and analyze the results.

2 Estimation

Suppose we have a sample X0
1 , X0

2 , . . . , X0
n of i.i.d. survival times censored at the right by i.i.d. random

variables U1, U2, . . . , Un, which are independent from the X0
i ’s. Let f be the common probability

density and F the distribution function of the X0
i ’s. Denote by H the distribution function of the Ui’s.

Typically the randomly right censored observed data are denoted by the pairs (Xi, ∆i), i = 1, 2, . . . , n

with Xi = min{X0
i , Ui} and ∆i = 1{X0

i ≤Ui} where 1{·} is the indicator random variable of the event
{·}. An estimate of the unknown cdf F can be defined as

F̂ (x) = n−1
n∑

i=1

∆i

H∗(Xi)
W

(
x−Xi

h

)
, with W (x) =

∫ x

−∞
K(t) dt
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where K, called kernel, is a function that integrates to 1, h, called bandwidth, is the amount of
smoothing applied to the estimator (see Bagkavos et al (2007) for one possible way to choose h in
practice) and Ĥ∗ is an estimate of 1−H, typically taken to be the Kaplan-Meier estimator, slightly
modified in order to avoid division by zero, see H∗

n(t) of Marron and Padgett (1987), page 1552. Then,
an estimate of the survival function is Ŝ(x) = 1− F̂ (x). In order to get estimates for all three groups
we use three times estimator Ŝ(x): once for the full dataset, once for the subset of male students and
once for the subset of female students. As basis for the kernel W we use the Epanechnikov kernel,

K(x) =
3
4

(
1− x2

)
, −1 ≤ x ≤ 1

using boundary adjustment as in Bagkavos et al (2007). For comparison, we use the parametric
estimates developed for the same data set in Kalamatianou and McClean (2003). These are

Sa(x) = 0.26801 + 0.6344e−0.05471(x−46)

Sw(x) = 0.2401 + 0.6566e−0.06198(x−46)

Sm(x) = 0.3081 + 0.6034e−0.04398(x−46)

for the total population, the women subgroup and the male subgroup respectively. All three parametric
estimates have the same functional form, which in general can be written as

S(x) = γ(θ + ηe−λ(x−β))

and which allows an easy interpretation of the parameters (see Bagkavos and Kalamatianou (2007)).

3 Hypothesis testing

A widely use measure of closeness of two curves is the Integrated Square error. In the case of estimators
Ŝ(x) and S(x) it is defined as

ISE(Ŝ, S) =
∫

(Ŝ(x)− S(x))2 dx =
∫

(F̂ (x)−G(x))2 dx.

Without loss of generality instead of testing H0 : Ŝ(x) = S(x) we can test H0 : F̂ (x) = G(x) where

G(x) = 1− S(x) = 1− γ(θ + ηe−λ(x−β)).

The objective is, based on this measure, to study the difference of the two curves, i.e. to prove that
this difference is a random variable, to find its distribution and estimate the distribution parameters.
This will enable us to develop a test statistic suitable for our purpose. For this reason we decompose
the ISE in quantities that are easier to handle

ISE(F̂ , G) =
∫

(F̂ (x)− EF̂ (x) + EF̂ (x)−G(x))2 dx

=
∫

(F̂ (x)− EF̂ (x))2 dx +
∫

(EF̂ (x)−G(x))2 dx + 2
∫

(F̂ (x)− EF̂ (x))(EF̂ (x)−G(x)) dx.

Note that
∫

(F̂ (x)− EF̂ (x))2 dx = n−2
n∑

i=1

n∑

j=1

Hn(Xi, Xj)

where

Hn(Xi, Xj) =
∫

Ri(x)Rj(x) dx
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with

Ri(x) =
∆i

H∗(Xi)

{
W

(
x−Xi

h

)
− EW

(
x−Xi

h

)}
.

Note also that

n−2
n∑

i=1

n∑

j=1

Hn(Xi, Xj) = n−2
n∑

i=1

n∑

i6=j

Hn(Xi, Xj) + n−2
n∑

i=1

Hn(Xi, Xi).

Then the ISE becomes

ISE(F̂ , G) = n−2
n∑

i=1

n∑

i 6=j

Hn(Xi, Xj) + n−2
n∑

i=1

Hn(Xi, Xi)

+
∫

(EF̂ (x)−G(x))2 dx + 2
∫

(F̂ (x)− EF̂ (x))(EF̂ (x)−G(x)) dx

= I1 + I2 + I3 + I4.

Now, note that

I2 = n−2
n∑

i=1

∫
∆2

i

H∗2(Xi)
W 2

(
x−Xi

h

)
dx + Op(h1/2)

and that

I3 =
∫

(EF̂ (x)−G(x))2 dx =
∫

(EF̂ (x)− F (x) + F (x)−G(x))2 dx.

From theorem 2, Bagkavos et al (2007), EF̂ (x)−F (x) = O(h2) and under H0, F (x) = G(x). Therefore

I3 =
∫

(EF̂ (x)−G(x))2 dx = O(h4).

Furthermore, by arguments similar to those used in the proof of theorem 3.1 in Marron and Padgett
(1987), one can show that F̂ (x)− EF̂ (x) = Op((nh)−1/2). Also

EF̂ (x)−G(x) = EF̂ (x)− F (x) + F (x)−G(x) = O(h2) + 0 = O(h2)

and therefore

I4 =
∫

(F̂ (x)− EF̂ (x))(EF̂ (x)−G(x)) dx = op(1)

Thus

ISE(F̂ , G) = n−2
n∑

i=1

n∑

i6=j

Hn(Xi, Xj)+n−2
n∑

i=1

∫
∆2

i

H∗2(Xi)
W 2

(
x−Xi

h

)
dx+Op(h1/2)+O(h4)+op(1).

Define

µ2(K) =
∫ x

−∞
u2K(u) du and R(f) =

∫
f2(u) du.

Then we have the following theorem
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Theorem 3.1. Assume that µ2(W ) 6= 0 and finite and that R(F ) < +∞, the second order derivatives
of F are continuous and bounded in some neighborhood of x. Also assume that h → 0 as n → +∞
and nh → +∞ as n → +∞. Then

nh1/2
(
ISE(F̂ , G)− c(n)

)
→ N(0, σ2)

where

c(n) = (nh)−1 +
∫

W 2(s) ds +
∫

(EF̂ (x)− F (x))2 dx

σ2 = 2
(∫

F 2(x) dx

)(∫ (∫
W (s)W (s + t) ds

)2

dt

)

The proof is similar to the corresponding proofs of Bickel and Rosenblatt (1973) or Rosenblatt
(1975).

Next we apply the findings of this section to the duration of studies data described in the
introduction.

4 Application

We now use theorem 3.1 to test if the parametric and nonparametric estimates in Kalamatianou
and McClean (2003) and Bagkavos and Kalamatianou (2007) for the total population as well as
the subgroups of men and women are equivalent. That is, we want to test H0 : Ŝ(x) = Sa(x),
H0 : Ŝ(x) = Sw(x), H0 : Ŝ(x) = Sm(x) where in each case Ŝ(x) is using the whole dataset, the
observations for women or the observations for men respectively. In all cases the tests suggests that
we cannot reject H0 at 0.05 significance level. The corresponding test statistic values are 0.34, 0.32,
and 0.37 for the total population, for women and for men respectively.
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We investigate the possible loss in terms of bias, MSE, and coverage probabilities of confidence

intervals that the loss of information due to interval censored status changes may result in. One

example of an interval censored status change is from historical demography where a covariate like

socio-economic status (SES), in many data sources is of secondary interest, and only registered when

some other, primary, vital event is occurring. For the timing of status shifts in SES, thus only

an interval where it happened is known. This problem has not been very extensively examined.

Danardono (2005) gives a review of early attempts, and Goggins, Finkelstein & Zaslavsky (1999)

discuss a method based on the EM algorithm.

First, we investigate the properties of the standard method, which is to assume that the status

change occurs at the end of the interval, by simulating data with known times of status change. This

data set is then filtered through an interval censoring mechanism. Then we run a Cox regression on

both data sets and compare results. This procedure is repeated many times, and bias and coverage

probabilities of 95% confidence intervals can thus be estimated and compared for the two situations.

Finally we propose a method of imputation of the time for the status change, built on an

assumption of constant intensity of such a change. The method is evaluated by simulation, and it is

shown to compare very favorably.

Properties of the traditional method

The layout of a simulation study is first described, then the simulation results are presented.

The initial conditions are:

1. We want to study the effect of SES (Socio-Economic Status) on mortality in a certain age interval

(a, b], common to all individuals.

2. We assume that SES can take two values, lower and upper. We assume that

(a) at most one transition occurs for each individual,

(b) only upward transitions are allowed,

(c) the intensity of dying changes by a factor γ = exp(β) at the age of a transition, and

(d) With probability p, each individual is born in the upper class, independently of all the

other individuals.

3. Each individual is “peeked at” at regular time points in calendar time with constant period. It

is only at these “peeking” ages that SES is directly observed. All individual are “peeked at” at

death.
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4. Birth dates follow a Poisson process with constant intensity between given dates.

There are two important objectives in the simulation layout: The simulation of exact data,

including ages of change in SES, and the creation of “peeked” data, with input from exact data.

Survival times are drawn from the Weibull proportional hazards model

h(t;λ, p,β) =
p

λ

(
t

λ

)p−1

exp(βx(t)), 20 < t ≤ 60,

where x = x(t) is a univariate indicator vector with

x(t) =

{
0 if in lower Ses at t

1 if in upper Ses at t
, 20 < t ≤ 60.

We assume, without loss of generality, that throughout all simulations we have

p = 2

λ = 50

pu = 0.2

ru = 0.02

where pu is the probability of starting in the upper class at age 20, and ru is the intensity of moving

from the lower class to the upper. The regression parameter β is taking the values 0,±0.5,±1 in the

simulations. The periods at which peeking is done is taken as 5, 10, 20. Studied sample sizes are

n = 50, 100.

Simulation results for the traditional method

As can be seen in Figure 1, with sparse surveillance comes bias in parameter estimates and too

low coverage probabilities for confidence intervals calculated by standard asymptotic methods. This

is of course exactly as expected.

An imputation method

The simplest possible method of imputation given that a status change occurred in a certain

time interval is to take the midpoint of the interval. Here a slightly different approach is taken. We

assume that there is a constant intensity ru of a transition from the lower to the upper class, and we

estimate it by maximum likelihood from data.

There are two types of intervals, either there is no transition in the interval, or there is one. In

the first case, the contribution to the likelihood function is

L0(ru; ℓi) = P (T > ℓi | ru) = exp(−ruℓi), i ∈ S0,

and in the second case

L1(ru; ℓj) = P (T ≤ ℓj | ru) = 1 − exp(−ruℓj), j ∈ S1,

where ℓi is the length of the ith interval, S0 and S1 are the sets of intervals with no or one event,

respectively. The full likelihood function thus becomes

L(ru; ℓ) =

{ ∏
i∈S0

exp(−ruℓi)

} ∏
j∈S1

(
1 − exp(−ruℓj)

)
,
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from which we get, by numerical maximization, the ML estimate r̂u. Now, the imputed values for the

intervals with one event is given by the conditional expectation

t̂j =

∫ ℓj

0 xr̂u exp(−xr̂u)dx

1 − exp(−r̂uℓj)

=
1

r̂u
− ℓj exp(−ℓj r̂u)

1 − exp(−ℓj r̂u)
, j ∈ S1.

Simulation results for the imputation method

The simulation is carried out in exactly the same way as in the previous section. The situation

with peeking every tenth year is considered, and the three situations with continuous, peeked, and

imputed information is compared. As can be seen in Figure 2, the imputation performs very well,

almost as well as if full information was available.

Conclusion

The imputation method performs very well in our simulation example. One reason to be careful

with conclusions, though, is that the distributional assumption under which the imputations were

estimated is exactly the same as was used in the simulation. Unfortunately, the problem of estimating

the distribution of interval censored random variables has no satisfactory solution.

It is possible to write down a joint likelihood function for the unobserved change points and the

survival data, and estimate it by using the EM algorithm, along the lines of the paper by Goggins et

al. (1999).
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RÉSUMÉ

Dans certaines applications de l’analyse d’histoire d’évènements, il arrive qu’une covariable soit

observée seulement à quelques points dans le temps. Un exemple en démographie historique est le statut

socio-économique (SES), qui est souvent d’intérêt secondaire, et donc seulement enregistré lorsqu’un

autre évènement essentiel se produit. Ainsi, pour la synchronisation du statut décalé dans le SES, seul

l’intervalle où il sest produit est connu.

Dans cet article, nous étudions la dégradation possible en termes de biais et de couverture des

intervalles de confiance que cette perte d’information peut impliquer. Une suggestion pour résoudre le

problème est présentée.
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Figure 1. Bias (left panels) and coverage (right panels), nominal confidence is 95%) for

sample sizes 50 and 100. Continuous surveillance (dashed-dotted lines), every fifth year

(solid), every tenth year (dotted), and every twentieth year (dashed).
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Figure 2. Bias (left panels) and coverage (right panels), nominal confidence is 95%) for

sample sizes 50 and 100. Continuous surveillance (solid), every tenth year (dashed),

and imputed (dotted).
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1. Introduction 

Gene expression data obtained from microarray experiments commonly contain missing values due 
to insufficient resolution, image corruption, defects of the array, and excessive background noise. Some 
statistical procedures  either can not be applied without a complete data or perform poorly under the 
presence of missing values. Therefore several imputation methods have been proposed to handle missing 
values. In this paper, we evaluate the performance of five imputation methods:  k-nearest neighbors  
imputation (KNNimpute), a local least squares imputation method (LLSimpute), Singular value 
decomposition (SVDimpute), Probabilistic Principal component Analysis (PPCA), and Bayesian principal 
component analysis (BPCA). The comparison is carried out on gene expression microarray data considering 
two criteria. First, the normalized root mean squared error (NRMSE) as a measure of goodness of fit, and 
second the percentage of the top 100 differential expressed genes lost after the imputation method is applied.   
In our experimental setup, we have inserted randomly 5,10,15,20,25 and 30% of missing values on each of  
the gene expression datasets under consideration. After that, we imputed them using the  techniques 
mentioned  above. Finally, we identified  the differentially expressed genes on the new complete data  and 
compared them with the ones obtained using the original data.  In our experiments, we have considered four 
well-known datasets; the Alon’s colon data, the Golub’s leukemia data, the Alizadeh’s lymphoma data and 
the Kahn’s srbct data. The detection of the differentially expressed genes was carried out with LIMMA, a 
Bioconductor’s package. 
 
2. Description of Imputation Methods 
  

In this section we will describe briefly the five imputation methods considered in our experiments 
 2.2 KNNimpute  (Troyanskaya et al, 2001). For each row i in the data matrix, corresponding to gene g, with 
one or more missing values, the K nearest neighbor rows are found based on some metric, usually the 
Euclidean distance. It is necessary that the k nearest neighbors have data in the columns where row g had 
missing data.  The KNN uses pairwise information between the target gene with missing values to be 

estimated and the K reference genes that are nearest to the target gene. Let j be the missing component in the 
i-th gene. The missing value Yi,j is then estimated as the weighted average of the jth component of the K 
reference genes expression vectors. The rationale for the KNN imputation is that the reference genes closest 
to the target gene are also the most informative, since the missing values in the target gene are more likely to 
behave similarly to that of the reference genes. Thus, when strong local correlation exists between genes in 
the data, KNN imputation performs well (Feten et al., 2005). Although the KNN method is very simple, it 
does give very good imputation results, as several comparative studies have shown.  
2.3 SVDimpute. (Troyanskaya et al., 2001). In contrast to the KNN imputation which utilizes local pairwise 

information between genes in the gene expression matrix, SVD imputation attempts to utilize the global 
information in the entire matrix in predicting the missing values. The basic concept is to find the dominant 
components summarizing the entire matrix and then to predict the missing values in the target genes by 
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regressing against the dominant components. The SVD of the  matrix Y is given by TVUY Σ=  where  U 
and  V are orthogonal matrices, and Σ is a matrix that contains all zeros except for the diagonal Σi,i , i = 
1, . . . , N.  The matrix VT  contains the  eigengenes, and the matrix U contains the eigenarrays. In the 
algorithm SVDimpute, the k most significant eigengenes from VT are selected, and missing value Yi,j is 
estimated by first regressing the expression profile vector of gene i against the K eigengenes and then using 

the coefficients of the regression to reconstruct  ijŶ from a linear combination of the K eigengenes.  

SVDimpute, first obtains a complete matrix by replacing missing values with theirs corresponding row 
averages  Let Y* be the imputed matrix. Then SVDimpute repeatedly performs SVD on Y*, updating in each 
step Y* by the estimation procedure, until the root mean squared error  between two consecutive Y*s falls 
below 0.01. Both KNNimpute and SVDimpute require a parameter K, which is determined empirically.  
2.4 LLSImpute. (Kim et al., 2005)  If there are q  missing values  in any locations of a gene, say g1, first, the 
K-nearest neighbor gene vectors for g1, are found. In  finding the similar genes, the q components of each 
gene at the q locations of missing values in g1 are ignored. Then, based on these K neighboring gene vectors, 
a matrix Akx(n-q), a matrix Bkxq and a vector w(n-q)x1  are formed. The i-th row vector  of the matrix A consists 
of the i-th nearest neighbor genes, with its elements at the q missing locations of missing values of g1 
excluded. Each column vector of the matrix B consists of the values of the j-th location of the missing values 
(1 j q) of the k nearest gene vectors for g1.  The elements of the vector w are the n – q elements of the gene 
vector g1 whose missing items are deleted. After the matrices A and B and a vector w are formed, the least 
squares problem is formulated as 

2||||min wxAT

x
− . Then, the vector u = ( 1, 2, ..., q )T of q missing 

values can be estimated as wABxB TTT *)(==u , where (AT)* is the pseudoinverse of A T. 
2.4 Probabilistic Principal component Analysis (PPCA). (Tipping and Bishop, 1999). The probabilistic 
model of the PCA for the gene expression vector y  is given by ∑ ε+=

=

K

l
llwxy

1

, where wl ((1 ≤ l ≤ K) are 

the principal axis vector, and both the residual error ε and the factor scores xl (1 ≤ l ≤ K) of the PCA are 
assume to have normal distributions p(x) = NK(x | 0, IK), and p(ε) = ND(ε | 0, (1/τ )ID) respectively. Here IK is 
a (K × K) identity matrix, D is the number of samples, and τ is a scalar inverse variance of ε. In the PPCA 
model, the parameter estimation is carried by maximum likelihood. In this imputation method, one consider 
first a complete matrix and then the missing values are estimated iteratively using PCA regression.   
2.5. Bayesian probabilistic PCA (BPCA). (Oba et al., 2003). Bayesian estimation method for 
PPCA  was originally proposed by Bishop (1999). The posterior distribution of θ≡(W,µ,τ), and X 
are estimated according to the Bayes theorem: p(θ,X|Y) ∝ p(Y,X|θ)p(θ). p(θ) is called a prior 
distribution, which denotes a priori preference for parameter θ. The prior distribution is a part of the 
model and must be defined before estimation. Here W  denotes  the matrix of principal vector axis, 
and µ is the mean vector of y.  Conjugate priors are assumed for τ and µ, and a hierarchical prior 
for W, namely, the prior for W,  p(W|τ , α), is parameterized by a hyperparameter α ∈ RK . For more 
details see Oba et al, (2003). Assuming the priors and given a whole dataset Y = {y}, the type-II 
ML hyperparameter αML−II and the posterior distribution of the parameter, q(θ) = p(θ|Y, αML−II), are 
obtained by Bayesian estimation. The missing values are then estimated through a EM-like iterative 
algorithm. 
4 Experimental results 
4.1 Datasets 

We have used four spotted cDNA microarray datasets for exploring the new imputation method and 
the overall recovery rate of missing differentially expressed genes.  
Srbct This gene expression data set is presented in Kahn et al. (2001). It contains the expression levels of 
2308 genes for 63 Small Round Blue Cells Tumor (SRBCT) patients belonging to one of the four tumor 
classes: EWS, BL, NB, and RMS. 
Leukemia: This data set is introduced by Golub et al. (1999) and contains the expression levels of 7129 
genes for 47 ALL-leukemia patients and 25 AML-leukemia patients. After data preprocessing following the 
procedure described in Dudoit et al. (2002), only 3571 genes remain.  
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Lymphoma: The data set presented by Alizadeh et al. (2000) comprises the expression levels of 4026 genes 
for 62 patients from 3 different classes: 42 samples diffuse large B-cell lymphoma (DLBCL), 9 samples 
from follicular lymphoma (FL), and 11 samples from chronic lymphocyte leukemia (CLL).  
Colon: Thid gene expression dataset  is extensively described in Alon et al. (1999). The data set contains the 
expression levels of 2000 genes for 62 patients from two classes. 22 patients are healthy patients and 40 
patients have colon cancer.  
All datasets were obtained from Marcel Dettling’s website at http://stat.ethz.ch/ dettling/bagboost.html. 
4.2. Detecting differentially expressed genes 

There are various ways of detecting differentially expressed genes. In this paper we have followed 
the LIMMA approach (Smyth, 2005) where multiple comparison is applied  in linear models  to detect genes 
with differential expression. Empirical Bayesian methods are used to provide stable results even when the 
number of arrays is small. Then, the p-values for the coefficient/contrast of interest are adjusted for multiple 
testing.  There are several approaches to perform this adjustment. In this paper we have used the Benjamini 
and Hochberg’s false discovery rate.   
 4.3. Measures of performance of imputation methods 

Imputation methods for microarray data are discussed in the literature in terms of the root mean 
squared error (RMSE), where the error is the difference between the imputed value and the true one. In this 
paper the RMSE is normalized by dividing it by the standard deviation of the values in the true full dataset 
(Oba et al., 2003 and Kim et al. 2005) This measure is denoted here by NRMSE. Unfortunately the NRMSE 
measure does not describe the real effect of imputation on the final analysis.  In order to do that,  we   
measure the effect of the imputation process on the list of the most important genes. There are several ways 
to obtain such a list. In this paper we have used the LIMMA’s approach mentioned in the previous section  
Here, we measure the success of imputation by looking the percentage of  differentially expressed genes 

(LPDEG) that  are lost from the list of differentially expressed genes found the true full dataset. The list of 
the top 100  differential expressed genes is obtained using the topTable function of the LIMMA library. 
4.4 Results 

In each dataset, we insert randomly six different percentages of missing values:5,10,15,20,25 y 30. 
We repeat the process five times to select the optimal value of the parameter K of each imputation method. 
Once that we have selected K, we run the experiment 5 times and in each time we compute the NMRSE and 
the LPDEG of each imputation method. Due to lack of space, we show here only some tables and graphs. 
Table 1 shows that the NMRSE for LLSimpute. PPCA and KNNimpute  applied to Leukemia are very stable, 
whereas for BPCA and SVD shows a high variation. Furthermore, the number of components to be chosen 
for LLSimpute is much smaller than in the other methods. 

    
Table 1: NMRSE for  the imputation methods at different percentages  of missing values using the 
Leukemia Dataset . The optimal K value appears among parentheses. 
Method 5% 10% 15% 20% 25% 30% 
BPCA 0.4292 (71) 0.4733 (25) 0.4840 (20) 0.4982 (20) 0.5116 (20) 0.5130 (35) 
PPCA 0.4304  (71) 0.4367 (25) 0.4436 (20) 0.4476 (20) 0.4672 (20) 0.4685 (35) 
SVD 0.4597 (71) 0.5031 (25) 0.49205 (20) 0.5029 (20) 0.5154 (20) 0.6844 (35) 
KNN 0.4858 (7) 0.4896 (10) 0.4955 (12) 0.5005 (12) 0.5055 (15) 0.5117 (20) 
LLS 0.5020 (4) 0.4941 (6)  0.4987 (5) 0.5084 (5) 0.5140(5) 0.5233 (4) 
 
Table 2 shows that the percent of differentially expressed genes is quite similar in all the imputation methods 
applied to Leukemia and tends to increases steadily when the percentage of missing values increases.  
Figure 1 shows clearly that good performance of the LLSimpute method for the Lymphoma dataset, since its 
NRMSE is much less of the other methods for each percentage of missing values. As in Leukemia the 
LPDEG was quite similar for all the methods. The five imputation methods applied to the Colon dataset  
behave quite similar and the NMRSE  increases from de 5 percent of missing up to the 30% de missing in 
less than .05 (.68-.73) indicating high stability. Also, the LPDEG  behaves similarly in all the methods 
except for SVD where   tends to increases a little bit more faster. Results for the Srbct dataset show that 
BPCA and PPCA much better than the another methods. The SVD method shows the higher variation in 
spite to use a large number of components. 
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Table 2. LPDEG for  the imputation methods at different percentages  of missing values using the Leukemia 
Dataset  
Method  5% 10% 15% 20% 25% 30% 
BPCA 0.044 0.080 0.104 0.138 0.174 0.202 
PPCA 0.042 0.084 0.116 0.126 0.170 0.286 
SVD 0.046 0.090 0.106 0.142 0.160 0.240 
KNN 0.052 0.100 0.124 0.144 0.176 0.202 
LLS 0.070 0.090 0.110 0.140 0.200 0.230 
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Fig 1.  NMRSE for the lymphoma dataset 
 
5. Discussion and conclusions 
  
KNNimpute is perhaps the most used imputation method for gene expression data but recently several 

alternatives have been proposed. In this paper we compare five of them. Datasets with 1–30% entries 
missing at random are simulated from original  datasets and the performance is evaluated by computing the 
NRMSE measure and the percentage of differential expressed genes lost (LPDEG) due to the imputation 
method. We can detect differences on the performance of the imputation methods according to the NRMSE, 
but we can not see much difference using the LPDEG criterion. In general LLSimpute and KNNimpute are 
faster than the other methods since a smaller number of components are needed.   
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Introduction

The evaluation of continuous diagnostic markers used to discriminate between two medical
conditions is often performed by the analysis of Receiver Operating Characteristic (ROC) curves.
This approach was recently applied to the statistical analysis of gene expression data (Pepe et al.,
2003). The additional adjustment for clinical and molecular factors which probably have influence on
the gene expression levels can improve the analysis. This can be done by modeling the distribution of
the gene expression levels as a function of a ’gold standard’ and additinal confounding covariates.
A diagnostic test (marker), Y , is analyzed using the information on a (dichotomous) gold standard G

and other possible confounding variables X as explanatory variables.

Theoretical background

In the case of dichotomous tests or markers, Coughlin et al. (1992) describe the modelling of
sensitivity, P (Y = 1|G = 1), and specificity, P (Y = 0|G = 0), in case of confounding covariates by
logistic regression. With P (Y = 1|X, G) being the probability of a positive test result given covariates
X and gold standard G we may write

P (Y = 1|X, G) =
1

1 + exp(−α − Xβ − γG)

with Xβ = β1X1 + β2X2 + ... + βpXp. The sensitivity is estimated by

1
1 + exp(−α − Xβ − γ)

and the estimated specificity result as

1 − 1
1 + exp(−α − Xβ)

Using the results of the logistic regression model confidence intervals for sensitivity and specificity can
then be computed for given values of the covariates.

For (semi-) quantitative or ordinal diagnostic markers the sensitivity and specificity of the marker
at specific cutpoints can be described by evaluating ROC curves. Smith & Thompson (1996) use a
parametrical model for survival times for modelling of ROC curves if covariates have to be considered.
They assume a Weibull distribution W (λ, γ) with scale parameter λ and shape parameter γ for the
“test results” Y . The probability density function is given as f(Y ) = λγY γ−1exp(−λY γ) and the
survivor function is S(Y ) = exp(−λY γ). So the hazard function is given as λ(Y ) = λγY γ−1. The
Weibull proportional hazards model is then described by

λ(Y, x) = λ0(Y ) · exp(βT x); λ0(Y ) = λγY γ−1
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The implementation in software packages like S-Plus and R is a log-linear model for Y

log(Yi) = µ + α1x1i + α2x2i + ... + αpxpi + σεiG

with intercept µ and scale parameter σ. It follows that

Si(Y ) = exp(−exp((log(Y ) − µ − αT xi)/σ))

which corresponds to the Weibull PH model survivor function

Si(Y ) = exp(−exp(βT xi)λY γ))

in the sense that λ = exp(−µ/σ), γ = σ−1, and βj = − αj/σ. Therefore the log-linear model

log(Yi) =
1
γ

(−log(λ) − βT xi + εi)

where ε has a Gumbel distribution gives an alternative representation of the Weibull PH model.
For a specific result yj (cutpoint) the sensitivity is then given as S(yj , X,G = 1) = exp(−λyγ

j )
where again G describes the indicator for the gold standard. The sensitivity of a test at cutoff
value yj is therefore derived as P (Y > yj |G = 1) = S(yj , X,G = 1) and the specificity results as
1 − P (Y > yj |G = 0) = 1 − S(yj , X,G = 0). The ROC curve result as curve {S(yj , x

′
−), S(yj , x

′
+)}

for all possible values yj .

Let λ0 be the location parameter corresponding to G = 0 and let λ1 be the location parameter
corresponding to G = 1. For a fixed value of specificity, ρ = 1 − S(yj , X,G = 0), the corresponding
cutoff-value is

yρ =
[

1
λ0

log(
1

1 − ρ
)
]1/γ

and the associated value of the sensitivity results as

S(yρ, X,G = 1) = exp(−λ1

λ0
log(

1
1 − ρ

))

Now the area under the ROC curve can be obtained as

AUC =
∫ 1

0
exp(−λ1

λ0
log(

1
1 − ρ

))dρ =
∫ 1

0
(1 − ρ)λ1/λ0dρ =

λ0

λ0 + λ1

The partial area under the ROC curve at a given false positive rate t0 is given by

pAUC(t0) =
λ0

λ0 + λ1

[
1 − (1 − t0)

λ1
λ0

+1
]

Using the results of the regression model confidence limits for sensitivity, specificity and the AUC can
be computed.

An application to gene expression data

Immunoglobulin variable heavy chain (IgVH) gene mutation status is a strong prognostic marker
for survival of patients with B-cell chronic lymphocytic leukemia (B-CLL). Patient without gene
mutation of the IgVH region have a worse prognosis (Figure 1; cf. Kröber et al., 2003).
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IntroductionIntroduction

The evaluation of continuous markers used to discriminate between two populations is often 
performed by the analysis of receiver operating characteristic (ROC) curves. Sensitivity and 
specificity are not independent measures of accuracy and the ROC curve depicts the trade-off 
between both. This approach was also applied to the statistical analysis of functional genomic 
data (Pepe et al., 2003). The additional adjustment for clinical and demographic covariates which 
probably have influence on the gene expression profiles may improve this analysis, because the 
samples investigated are often chosen from heterogeneous populations. To incorporate 
covariates into the ROC analysis one can model the distribution of the expression values for each 
gene e.g. by a parametric survival model (Smith & Thompson, 1996).

ROC Analysis for Functional Genomic DataROC Analysis for Functional Genomic Data

For univariable screening the task is to rank the genes by a statistical measure and select the top 
k genes for further study. To compare the distributions of the expression values of a single gene g
in two populations (C = control, D = disease) let Xg

i denote the expression level of gene g in 
sample i = C, D  after normalization.

Each point on the Receiver Operating 
Characteristic (ROC) curve, {t,ROC(t)}, 
corresponds to a different gene expression level 
u with 

(1-specificity)

and 

(sensitivity),

(see Figure 1 for an example).

Figure 1: gene expression levels range from -1.401 to 1.039
(possible cutpoints)
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Measures of discriminationMeasures of discrimination

• The area under the ROC curve is a general measure of a biomarkers inherent ability to 
distinguish between both populations 

• The partial area under the ROC curve describes the biomarkers accuracy up to a pre-specified 
false positive rate t0

• The sensitivity at a given false positive rate gives the biomarkers true positive rate
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Assuming a Weibull distribution for the gene expression values Xi

where Y denotes the true disease status and Z = (Z1,…, Zm )T  the vector of possible confounders, 
the resulting ROC curve is given by

Now the area under the ROC curve is given by

where λC and λD denote the location parameter corresponding to Y = C and Y = D, respectively.
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ApplicationApplication

Immunoglobulin variable heavy chain (IgVH) gene mutation status is a strong prognostic marker 
for survival of patients with B-cell chronic lymphocytic leukemia (B-CLL). Patient without gene 
mutation of the IgVH region have a worse prognosis (Figure 2; Kröber et al., 2002).

ZAP- 70 (protein tyrosine kinase) is expressed in IgVH-unmutated B-CLL samples (Rosenwald
et al., 2001; Wiestner et al., 2003) and may therefore be used as a biomarker for IgVH mutation 
status.

Data:Data: Blood samples of a subset of 101 patients, randomly selected from a study of 325 B-CLL 
patients (Döhner et al., 2000), were processed by Affymetrix HGU95 arrays (version 1 and 2) and 
normalized by vsn scaled procedure (Huber et al., 2003). For two of the patients no information 
on the IgVH mutation status was available. 
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Figure 3: ZAP-70 protein expression in CLL subtypes

Solution:Solution: -- B-CLL is a disease of the B-cells.
- If the proportion of lymphocytes is large, then the proportion of T-cells is small and 

the discrimination ability of ZAP-70 is increased.
- Include the proportion of lymphocytes as confounder Z in the ROC analysis for the 

expression value of ZAP-70 XZAP-70  (Figure 4). 

The clinical and genomic data used for this analysis were kindly provided by Prof. Dr. H. Döhner and co-workers (University of Ulm)  
and the microarray data by Boehringer Austria.
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Figure 2: Estimated survival curves
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Problems:Problems:
-- ZAP-70 is also expressed in T-cells
(Figure 3; Wiestner et al. 2003)

- Blood samples of our study are
mixtures of  B- and T-cells.

International Conference on Analysis of Genomic Data, May 10-11, 2004, Boston, USA

Availability:Availability: R functions for performing model based ROC analysis are available at 
http://www.dkfz.de/biostatistics/benner/rocmodel.html.  
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ZAP70 (protein tyrosine kinase) is expressed in IgVH-unmutated B-CLL samples and may there-
fore be used as a biomarker for IgVH mutation status. Blood samples of a subset of 101 patients,
randomly selected from a study of 325 B-CLL patients (Döhner et al., 2000), were processed by
Affymetrix HGU95 arrays (version 1 and 2) and normalized by the vsn scaled procedure (Huber et
al., 2003). For two of the patients no information on the IgVH mutation status was available.
In this study blood samples were given as mixtures of B- and T-cells. It was impossible to identify
ZAP70 as a marker for the IgVH mutation status directly because ZAP70 is also expressed in T-cells.
Therefore we used the described approach to correct for the confounding influence of the amount of
T-cells in a sample. Unfortunately the amount of T-cells was not available for the statistical analysis.
But B-CLL is a disease of the B-cells. So if the proportion of lymphocytes is large, then the proportion
of T-cells is small and the discrimination ability of ZAP70 is increased. We included the proportion
of lymphocytes as confounder Z in the ROC analysis for the expression values of ZAP70 XZAP70.
The results are illustrated in Figure 2 and clearly indicate the advantage of the proposed procedure
in situations with confounding covariates.
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IntroductionIntroduction

The evaluation of continuous markers used to discriminate between two populations is often 
performed by the analysis of receiver operating characteristic (ROC) curves. Sensitivity and 
specificity are not independent measures of accuracy and the ROC curve depicts the trade-off 
between both. This approach was also applied to the statistical analysis of functional genomic 
data (Pepe et al., 2003). The additional adjustment for clinical and demographic covariates which 
probably have influence on the gene expression profiles may improve this analysis, because the 
samples investigated are often chosen from heterogeneous populations. To incorporate 
covariates into the ROC analysis one can model the distribution of the expression values for each 
gene e.g. by a parametric survival model (Smith & Thompson, 1996).

ROC Analysis for Functional Genomic DataROC Analysis for Functional Genomic Data

For univariable screening the task is to rank the genes by a statistical measure and select the top 
k genes for further study. To compare the distributions of the expression values of a single gene g
in two populations (C = control, D = disease) let Xg

i denote the expression level of gene g in 
sample i = C, D  after normalization.

Each point on the Receiver Operating 
Characteristic (ROC) curve, {t,ROC(t)}, 
corresponds to a different gene expression level 
u with 

(1-specificity)

and 

(sensitivity),

(see Figure 1 for an example).

Figure 1: gene expression levels range from -1.401 to 1.039
(possible cutpoints)
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• The area under the ROC curve is a general measure of a biomarkers inherent ability to 
distinguish between both populations 

• The partial area under the ROC curve describes the biomarkers accuracy up to a pre-specified 
false positive rate t0

• The sensitivity at a given false positive rate gives the biomarkers true positive rate
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Assuming a Weibull distribution for the gene expression values Xi

where Y denotes the true disease status and Z = (Z1,…, Zm )T  the vector of possible confounders, 
the resulting ROC curve is given by

Now the area under the ROC curve is given by
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Immunoglobulin variable heavy chain (IgVH) gene mutation status is a strong prognostic marker 
for survival of patients with B-cell chronic lymphocytic leukemia (B-CLL). Patient without gene 
mutation of the IgVH region have a worse prognosis (Figure 2; Kröber et al., 2002).

ZAP- 70 (protein tyrosine kinase) is expressed in IgVH-unmutated B-CLL samples (Rosenwald
et al., 2001; Wiestner et al., 2003) and may therefore be used as a biomarker for IgVH mutation 
status.

Data:Data: Blood samples of a subset of 101 patients, randomly selected from a study of 325 B-CLL 
patients (Döhner et al., 2000), were processed by Affymetrix HGU95 arrays (version 1 and 2) and 
normalized by vsn scaled procedure (Huber et al., 2003). For two of the patients no information 
on the IgVH mutation status was available. 
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Figure 3: ZAP-70 protein expression in CLL subtypes

Solution:Solution: -- B-CLL is a disease of the B-cells.
- If the proportion of lymphocytes is large, then the proportion of T-cells is small and 

the discrimination ability of ZAP-70 is increased.
- Include the proportion of lymphocytes as confounder Z in the ROC analysis for the 

expression value of ZAP-70 XZAP-70  (Figure 4). 

The clinical and genomic data used for this analysis were kindly provided by Prof. Dr. H. Döhner and co-workers (University of Ulm)  
and the microarray data by Boehringer Austria.
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range of % lymphocytes.
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1. Introduction 
In recent years, rapid development in the application of mass spectrometry in proteomics studies 

prompts to the need of new strategies for the data analysis (Fung, 2002). Surface Enhanced Laser 
Desorption/Ionization Time-of-Flight Mass Spectrometry (SELDI TOF MS) is a high throughput technology 
for the detection of many protein simultaneously. It only needs very small amount of sample, such as body 
fluids or lysate from organisms or tissues, for the assay and it virtually takes only few minutes to read a 
single sample. However, the mass spectrometer generates excessively high dimensional spectra data which 
demands for a more efficient and effective way to analyze data. The major challenge for analyzing spectral 
data is how to reduce dimensionality and remove noise before relevant features are selected for the further 
analysis, such as classification or clustering analysis. Hence, an integrated procedure that contains the steps 
of preprocessing mass spectra for classification is presented in this study. 
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2. Methods  
A four-step preprocessing procedure is described here and this includes baseline subtraction, intensity 

normalization, maximum envelope peak search for peak detection, and peak alignment. 

2.1 Baseline Subtraction 
The baseline is an offset of the intensities in the y-value, which happens mainly at small mass values in 

a spectrum, and baseline subtraction is used to eliminate the excess baseline for each sample. The baseline 
adjustment method we used was a modification from Wong’s approach (2005). 

2.2 Intensity Normalization 
The purpose of intensity normalization is to identify and eliminate any systematic effects between 

mass spectra. The normalization approach we implemented is very simple. We first compute the total 
intensities for each spectrum and then find the average sum of intensities over all spectra. For each mass 
spectrum, the intensity values are normalized to multiply by a constant factor, which is equal to the average 
sum of intensities over all spectra divided by the total intensities for that spectrum. 

2.3 Maximum Envelope Peak Search 
As we have mentioned earlier, one of the challenges in the spectral data analysis is the noise. This 

particularly increases the difficulty for peak detection and selection. The noisy data may produce spurious 
peaks and must be treated with care. To overcome this problem, the maximum envelope peak (MEP) search 
was modified from Judd’s (Judd, 1992) for our study. The algorithm was originally used to find the direction 
of sound and was performed by a moving N-point MEP search. The size of the sliding window, N, was a 
parameter used to smooth out the spurious peaks. 

The number of peaks detected by the MEP search is related to the parameter of the window size N, a 
larger value of N reduces the number of peaks detected and minimizes the detection of spurious peaks. 
However, this also increases the possibility to fail the detection of true peaks. Thus, the sensitivity of peak 
detection depends on the window size which is important in the preprocessing process. In our 
implementation, we have designed an adaptive window size in the MEP search. The rationale to consider an 
adaptive window size is because the feature of the mass spectrometry, peaks with larger mass values are 
usually wider and peaks with smaller mass values are narrower. Therefore, a larger window size should be 
applied on large mass values, and a smaller window size would be suitable for small mass values.  Eq. (1) is 
the formula we used to determine an adaptive window size. 

N (i) = ( Nmax – Nmin ) * i / dimensions + Nmin. (1)

where N (i) is the window size for the ith point along the X-axis, Nmin and Nmax are the window sizes for the 
starting and ending points of the mass spectrum, and the variable dimensions is the total points in the X-axis 
of the spectrum. In other words, the parameter of window size is determined by a pair of values for each 
spectrometry, Nmin and Nmax. Nmin is the smallest window size in the spectrometry at the starting point and 
Nmax is the largest one at the ending point. 
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2.4 Peak Alignment 
Due to the nature of the mass spectrometer, the shift of the peaks during each assay is unavoidable. In 

order to correct and adjust these variations between runs, a peak alignment was developed. The procedure for 
our peak alignment is stated as follows: 

1. For each class of patients, a reference spectrum was generated by averaging entire group of mass 
spectra.

2.  MEP search was performed for each reference spectrum to generate a list of peaks as the common 
peaks.

3. Peaks from all the reference spectra were combined to produce a set of the overall common peaks. 
4. Each sample was aligned with the overall common peaks using a sliding widow. 

The sliding window size is defined as mass values ± r%, where r is mainly affected by the instrument 
resolution or calibration. Based on the nature of the instrument and published literatures, the variance for 
SELDI runs between the range of ±0.1% - ±0.2% (Yuasi, 2002a, 2002b; Wong 2005), and the parameter 
setting for our procedure was ±0.2%. 

3. Experimental Results 
The dataset used in our study was generated at Eastern Virginia Medical School (Adam, 2002).  The 

data set (see Table 1) has the following characteristics: 
There are approximately 48,000 (x, y) data points in each spectrum, where x is the protein mass 
(Dalton) and y is the relative intensity of the ion measurement. We referred it as the raw data set. 
A manually preprocessed data set was also generated at Eastern Virginia Medical School (Adam, 
2002). It stored as vectors of 779 dimensions.  This was the data set we used for our numerical 
experiments and was referred as a manually processed data. 

Table 1. Description of patient groups in the prostate cancer data set.  There were four groups of 
patients in this study.  They were normal control (NO), benign prostate hyperplasia (BPH), early sta
ge of prostate carcinoma (CAB), and late stage of prostate carcinoma (CCD).

Group Sample size Description 

NO 82 Age matched normal (ages > 50) 

BPH 77 Benign prostate hyperplasia 

CAB 84 Prostate cancer stages A & B (early stages) 

CCD 83 Prostate cancer stages C & D (late stages) 

We applied the four-step preprocessing procedure to the raw data set to generate a 740-dimension data 
set which we called an automated processed data. We then utilized MATLAB software to perform the 
decision tree algorithm for the classification on both automated and manually processed data. The 
computational experiments included 6 categories of binary classifications (NO vs. BPH, NO vs. CAB, NO vs. 
CCD, BPH vs. CAB, BPH vs. CCD, and CAB vs. CCD), 3-class experiment (NO vs. BPH vs. PCA; CAB 
and CCD were combined as PCA which is prostate carcinoma), and 4-class experiment (NO vs. BPH vs. 
CAB vs. CCD). Ten-fold cross validation was performed ten times for each experiment and its testing 
accuracy (mean ± standard deviation) was shown in Table 2. It clearly presented a significant increasing the 
testing accuracy in automated processed data compared to the manually processed data in the binary 
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classification of NO vs. BPH, BPH vs. CAB, and BPH vs. CCD, but there were significant decreasing the 
testing accuracy in automated processed data compared to the manually processed data in NO vs. CAB and 
CAB vs. CCD.  For the comparison of NO vs. CCD, three-class, and four-class, we found no significant 
difference in the testing accuracy between automated processed data and manually processed data. 

 Computational results of the testing accuracy between manually and automated processed data. 

Classifications 
Manually 

Processed Data 

Automated 

Processed Data 
Classifications 

Manually 

Processed Data 

Automated 

Processed Data 

NO vs. BPH 95.2%±4.2% 100.0%±0.0% BPH vs. CAB 93.5%±4.9% 100.0%±0.0% 

NO vs. CAB 93.0%±4.3% 86.1%±7.5% BPH vs. CCD 87.9%±5.8% 100.0%±0.0% 

NO vs. CCD 89.0%±5.6% 90.0%±5.1% CAB vs. CCD 85.7%±7.1% 70.5%±8.2% 

Three-Class 86.1%±4.8% 90.8%±3.3% Four-Class 75.9%±4.7% 76.1%±5.0% 

4. Conclusion and Discussion 
This study focuses on the development of a preprocess strategy to analyze a prostate cancer dataset 

generated using a SELDI system. We have modified and integrated a four-step preprocessing approach to 
analyze a prostate cancer dataset to overcome the excessively high dimensional data and the disturbance of 
the noise. 

In addition to the classification experiments to validate the performance of the entire procedure, we 
also performed individual testing for every single step of the automated four-step procedure. Finally, the 
testing accuracy shown that the automated four-step procedure is similar to a manually processed method, 
this validates that our approach provides a systematic procedure for data preprocessing and has an advantage 
of fully automated. This also suggests that this approach may have the potential of being high-throughput 
analysis of other spectral data sets. 
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1. Introduction  
In gene expression microarray studies, the number of variables (genes) far exceeds the number of 

samples, commonly known as “large p, small n problem”. In addition, the gene expression measures can be 
highly correlated. There are several dimension reduction methods to deal with this problem, such as principal 
component analysis (PCA), partial least squares (PLS) and sliced inverse regression (SIR). Here, we focus 
on PLS regression. It is known to be useful for classifications of microarray data as demonstrated by several 
studies (Nguyen and Rocke, 2002; Fort and Lambert-Lacroix, 2005). In this study, we propose a variable 
selection method in PLS and visualization plots for variable loading. We use MSEP (mean squared error of 
prediction) criteria to select the final model. To handle the survival time with censoring, we construct the 
iteration procedure for imputing the missing values. The proposed method applied to two microarray data 
sets.  
 
2. Methods 

Let be the predictor variables (genes) and  be the response variable. The 
objectives of PLS is maximize the covariance between  and a linear combination of 

)x , x,(xX p21 …= y
y X , and thus find the 

weight vector  satisfying  w
),(maxarg yXwCovwk =  

subject to the constraint for 0' =jk SWw kj <≤1 , where XXS '=  and 1' =ww (Helland, 2005). The -th 
PLS component  is called score vector, and it is also a linear combination of the original variables. 
To select the number of PLS components , we use mean squared error of prediction (MSEP) criteria 
rather than leave-out-one cross-validation (LOOCV). That is, we choose  which minimize  

i
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where  is the observed response value of -th samples and is predicted response value fitted from 
all but -th sample. Although dimension reduction from PLS can handle a large number of genes, it is useful 
to select gene subset. We use the backward elimination procedure for gene selection. The basic steps are 

iy i )(ˆ iy
i
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these: 
1) Apply PLS procedure for the dataset containing all genes 

2) Remove the gene that maximize , where  and  are genes 

and weight vectors when l-th gene is deleted, respectively.  

2
)()(

1

),(( ljlj

k

j
j wXyCov∑

=
)(lX )()(1 ,..., lkl ww

3) Recompute the weight vector.  
4) Iterate 2)-3) until k variables left.  
5) Apply PLS procedure with p)p*(k *p ≤≤ genes and choose  which minimize MSEP.   *p

For data visualization, we can draw variable loading plot. The plot of  and  can be obtained from 
the columns of  and , respectively, where  

jx y
,...),( *

2
*
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j
t
jj = ,...),( *

2
*
1 sysyQ tt= .||/s*

j ss j=
 

3. Data Analysis 
The method is applied to well known data sets: the DLBCL data set (Alizadeh et al.,2000) and the 

Breast carcinoma dataset (Solie et al., 2001). The DLBCL dataset comes from a cDNA experiments and 
composed of 4,026 gene expressions of 40 samples. For the Breast carcinoma dataset, we use 456 genes of 
49 samples from Solie et al.(2001). Since both data contain censoring survival time, we impute the missing 
values using PLS predicted values by iteration. And we select the gene subset by backward elimination 
procedure. Finally, we fit proportional hazard regression model using the extracted PLS components as 
covariates. For DLBCL datasets, the number of final PLS components are 5, and for Breast carcinoma data, 
the number of final PLS components are 2. We also draw the survival curves of several subgroups.    

  
4. Conclusion 

We apply a new variant of PLS for analyzing microarray data. We propose a variable selection method 
in PLS and visualization plots to see variable loading patterns. Several tips and supplementary methods for 
enhancing use of PLS to microarray data are discussed. We conclude that the method is useful for analyzing 
large microarray data. 
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RÉSUMÉ  

  The microarray data characteristically have many variables(genes) and only a few observations(samples). In 
addition, the genes are highly correlated. In this study, we considered the partial least square regression method 
and proposed a variable selection method. We use mean squared error of prediction criteria to select the final 
model. The variable loading plots are also used to demonstrate the results. The proposed method applied to two 
well known microarray data sets, both containing survival data. To handle the survival time with censoring, we 
construct the iteration procedure for imputing the missing values. Finally, we fit proportional hazard regression 
model using the extracted PLS components as covariates. 
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In Xu et al. (2002), triplets of genes were fit into a second order surface capturing activator-
repressor-target relationship. Gene networks were reconstructed by triplets that fit the surface well.
In this article, we extend the approach to determine the surface by regression. Furthermore, we allow
a time-lag in target gene to model that the target gene is regulated by the proteins of the associated
activator and repressor. Among those well-fitted models, both equal partition and Silverman’s rule are
applied to yield one surface. Equal partition is shown better than Silevrman’s rule by simulation in
determining one surface. The proposed approach is applied to 51 genes related to DNA combination
and DNA repair in yeast. The resulting networks from a goodness-of-fit score < 0.30 yields some
predictions consistent with the published literature. Part of the predictions are of interest and the
accuracy rate is about 71% confirmed by RT-PCR experiments.

INTODUCTION

In the post-genome era, functional genomics is one of the main driving force to transform genetic
information into biological knowledge. As foreseen by Leroy Hood:“The future will be the study of the
genes and proteins of organisms in the context of informational pathways and networks” (Ball, 2001).
Reconstructing genetic networks from sequence information or/and microarray data is one of the most
challenging tasks in the post-genome functional genomics; the task is also very complex. However, if the
reconstruction is reliable, it will provide very useful information inexpensively. An inferred networks
predicts how a given gene interacts with the others and which pathways it is in. Moreover, a predicted
network indicates which gene is the pathway initiator and thus a potential candidate for drug target.
Furthermore, genes that buffer disease-causing genes are candidates for disease gene modifiers. Thus
reconstruction of genetic networks, once successful, has great impact on both molecular biology and
genetic medicines.

1
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There have been a few algorithms introduced on modeling genetic networks from knock-out mi-
croarray data. However, up to 2002 (De Jong, 2002 and van Someren et al., 2002), there are not many
dynamic stochastic models proposed for modeling genetic networks across time. Thus proposing new
algorithms to reconstruct dynamic genetic networks is essential.

METHODS
we introduce methods used to pre-processed the yeast data utilized and the proposed method for

reconstructing genetic networks.
Data Pre-processing The present study used the cDNA microarray yeast data of Spellman et al.
(1998) which has been preprocessed by us. These yeast data sets contain three cell cycle of yeast, i.e.,
Alpha, CDC15 and CDC 28. For more details, reader are referred to yeast cell cycle project of the
Stanford Genome database (http://genome-www.stanford.edu).
Imputation Using 6,056 genes, to impute those missing data, we applied the concept of k-means
clustering but treating each missing cell as the centroid of each cluster. Then we grouped genes
whose correlation with the centroid across time (rT ) was greater than 0.7 into one cluster, where
gi(t) = log2[Ri(t)/Gi(t)] and rT =

∑18
t=1(gi(t)− ḡi)(gj(t)− ḡj)/[

∑18
t=1(gi(t)− ḡi)2

∑18
t=1(gj(t)− ḡj)2]1/2.

For a fixed time t, each missing value of the centroid was imputed with the average of top-10 or fewer
(if fewer existing in the cluster) correlated genes.
Transformation To fit triplets of activator-repressor-target gene expression levels into certain fixed
surfaces (Hamada and Wu, 2000), we followed Xu et al. (2002) to transform the log ratios of gene
expression levels into the interval [0, 1].
Normalization Data (log ratios) from Spellman et al. (1998) were normalized such that for any fixed
gene i its average across time equal to zero, namely

∑T
t=1 log2[Ri(t)/Gi(t)] = 0.

Whole versus half data set In this study we used the expression measured at the 21st to the 77th
minute in the alpha data set because the data are more contaminated at the beginning and end of the
Yeast cell cycle, for further detail, see Xu et al. (2002).
Data filtering Log ratios of the 51 genes range between −1.46 to 1.5 across 18 time points, thus no
data was deleted by the criterion |log ratios| > 3 as in Xu et al. (2002).
A Regression Approach Genetic networks of 51 genes related to DNA synthesis and DNA repair in
yeast are of interest. In a pilot study, we applied the response surface model (??) (Xu et al., 2002) to
the 51 genes using the alpha data set in Spellman et al. (1998). Unfortunately, the response surface
algorithm failed to reconstruct any genetic networks of interest.

To obtain the surface that the majority of triplets (A,R, T ) fit, we first fit regression models to all
triplets. Next, we select a surface that is close to the majority of triplets that satisfy goodness-of-fit
criteria, namely fitting response surfaces with no time-lag.

T = β0 + β1A + β2R + β12AR (1)

A Data-driven Lag-1 Response Surface Approach
We extend the data-driven response surface approach in Shieh et al. (2004) to a lag-1 in time

approach as follows. The regression model fitted is

Ti(t + 1) = β0 + β1Ai(t) + β2Ri(t) + β3Ai(t)Ri(t), (2)

where 1 ≤ i ≤ n, β1 > 0, β2 < 0 and β3 ∈ R. Fitting (At, Rt, Tt+1) to the response surface with a
lag in time makes sense in biology. Since microarray gene expression data measure the concentration
of mRNAs, the lag-1 in time model characterizes mRNAs of genes A and R translated into proteins
within a time interval then the proteins enhance and repress gene T , respectively.

We fit the time course data of each given triplet to the model in (2) to obtain (β̂0i, β̂1i, β̂2i, β̂12i),
i = 1, · · · , n(n− 1)(n− 2) and n is the number of genes. Note that there are n(n− 1)(n− 2) response
surfaces (models) fitted in total. Among all models fitted, goodness-of-fit criterion that R2 > 0.7 and

2
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all p-values of β̂i’s < 0.2 is utilized to select models that fit well. Due to multiple testing (four β̂i’s) and
the significance level for entry in variable selection (Younger, 1979), we set 0.20 to be the threshold
for all p-values. This threshold and that for R2 can be adjusted according to the number of triplets
satisfying the goodness-of-fit criterion. For instance, if there are few triplets satisfying the criteria, we
can loosen the threshold for p-values or both thresholds.

Among those well-fitted models, we use the following method to determine one surface (called the
mode surface) that most triplets are close to. For any given i, treating (β̂0i, β̂1i, β̂2i, β̂12i) as a point
in R4, we partition [0, 1]4 into k4 cubes to obtain the mode of the points. The constant k depends
on the number of points (well-fitted models). Thus this mode surface is determined by the majority of
well-fitted triplets, and it can be applied to any data set.

After the mode surface is determined, we utilize both the lack-of-fit and diagnostic functions in
Xu et al. (2002) to select triplets that are close to the mode surface. Finally, a gene network can be
reconstructed from these triplets.

For detail information about the lack-of-fit and diagnostic functions, please refer to Xu et. al(2002).
APPLICATION
Networks for a group of 51 genes in yeast Genetic networks of 51 genes which are related to

DNA recombination and DNA repair in yeast are of interest. In the following we apply the data-driven
response surface approach to reconstruct genetic networks of the 51 genes utilizing the alpha data set.

There are 544 quadrulets (β̂0, β̂1, β̂2, β̂3) whose corresponding

R2 > 0.7 and all their p−values < 0.2. (3)

Applying the proposed approach and partitioning the 544 quadruplets into 11× 16× 25× 18 cubes by
Silverman’s rule (Scott, 1992) the resulting surface is:

Ti(t + 1) = 0.38 + 0.51Ai(t)− 0.85Ri(t) + 0.80Ai(t)Ri(t), (4)

The range of scores of the top-3000 triplets is (0.13, 0.82); among them 83 triplets have scores
smaller than 0.30. We reconstruct a genetic network from these 83 triplets in Figure 2.

Let A → B denote A enhances B and A → −B denotes A represses B, respectively. Note that
prediction accuracy considered includes correct prediction of A → C resulting from A → B and then
B → C as well as from A → −B and then B → −C. We call the aforementioned predictions A → B
and A→ C the first and second layer predictions, respectively. Among these predictions resulting from
the network whose corresponding Score < 0.30, some (A, T ) and (R, T ) pairs of interest were checked
by RT-PCR; the prediction accuracy including both layers is about 71%. Note that if we only consider
the first layer predictions, the prediction accuracy is as high as 77%.

Alternatively, we equally partition these 544 points into 204 cubes, we obtained the following second
order surface:

Ti(t + 1) = 0.38 + 0.44Ai(t)− 1.31Ri(t) + 1.33Ai(t)Ri(t).

The range of the top-3000 triplets’ values is (0.13, 1.12). Based on Score(A,R, T ) < 0.215, we
reconstructed a genetic network by the top-10 triplets. The gene interaction network contains some
interactions that are consistent with the published literature. Thus we further looked at a bigger
network whose Score < 0.30 that included 43 triplets. A genetic network reconstructed by these 43
triplets is in Figure 1. Checked against the RT-PCR results conducted, the prediction accuracy rate
of the reconstructed network is about 71%. Checked against the RT-PCR results described in Section
3.2, the prediction accuracy rate of the reconstructed network is about 71%.

DISCUSSION
We proposed a data-driven response surface method to reconstruct gene We proposed a regression

3
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method to reconstruct gene networks from time course microarray data. Since the resulting surface is
data-driven, close to majority of triplets (A,R, T ), it can be applied to any data set. Before we came
up with the data-driven idea, e also modified the response surface in Xu et al. (2002) to a finer one;
finer is in terms of dividing the R2 into 9 areas instead of 4. However, the resulting model did not
yield meaningful genetic networks from those top-scored triplets. This seems to show that by a fixed
surface it is hard to reconstruct gene networks of interest.

Different partition methods result in different second order surfaces (different modes in R4), and
thus may yield different gene networks. We conjecture that this may be caused by a few local modes
existing in real gene expression data. Whether most of different local modes result in meaningful
networks is unknown, and we shall investigate this in the future. Although the proposed method
yielded gene networks of interest and a partial RT-PCR check of 71% prediction accuracy, there is
still room for improvement. Utilizing other types of data beside microarray data, for instance using
sequence and proteomics data, to further shed some light on possible networks seems promising. In
biology, gene interactions among multiple enhancers and repressors do exist. For instance, when two
enhancer genes A1 and A2 are required to turn a target gene on. An extended regression approach can
capture interactions among A1, A2, R and T or A, R1, R2 and T . The other question of interest is to
extend the proposed approach to those that have time lag-2 or lag-3. However, due to limited number
of microarray experiments conducted (few data), these are challenging problems. We leave them as
open questions.
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Introduction

Learning the structure of large networks with thousands of genes from DNA microarray data
has been considered as one of the most important challenges in computational biology. We are inter-
ested in analyzing the dependency structure of the patterns related to underlying biological pathways
using graphical Gaussian models, which is defined by multivariate normal distribution with unknown
covariance matrix Σ. Our purpose is to estimate elements and identify zero entries in the inverse
covariance matrix Σ−1.

In order to achieve a “sparse” structure and to give a better estimate of Σ−1, Meinshausen
and Bühlmann (2006) adapt the idea of the lasso (Tibshirani, 1996) in linear regression models to
covariance selection problem. However, in the lasso and related procedures, some noisy variables
tend to be selected when we use prediction-based methods such as cross-validation. The major reason
accounting for such a deficiency is that the lasso uses the same amount of shrinkage for each parameter
of the model, regardless of their relative significance.

In this paper, we propose a new effective method for learning the sparse structure of graphical
Gaussian model with weighted lasso. Our approach is to newly define the lasso penalty so that different
amounts of shrinkage can be allowed for different parameters.

Gaussian Graphical Model

A graphical model is a probability model that characterizes the conditional dependence structure
of a set of random variables by a graph. A graph is a visual object defined by the pair G = (V,E)
where V is the set of p nodes (variables) and E defines the set of edges. Let x = (x1, . . . , xp)′ be a
p-dimensional random vector associated with nodes in V . We assume that we have n× p data matrix
X related with x and X is centered. If G = (V, E) is an undirected graph, a graphical Gaussian model
for x is defined by the assumption that X follows a multivariate normal distribution x ∼ Np(0,Σ)
with covariance matrix Σ. A pair (a, b) is contained in the edge set E if and only if Xa is conditionally
dependent on Xb, given all remaining variables XV \{a,b}. In the setup of graphical Gaussian model,
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conditional independence restrictions are simply expressed by zeros in the inverse covariance matrix
Σ−1.

Parameter Estimation with Weighted Lasso

Meinshausen and Bühlmann (2006) used a regression-based approach to identify structures of
undirected graphs with the lasso. The idea is to apply the lasso in linear regression models for each
variable on the rest variables. The lasso is used for shrinking the regression coefficients and giving
exactly zero regression coefficients to most redundant variables. The resulting nonzero regression
coefficients correspond to edges in the graph. In their approach, we seek the minimizer θ̂i,−i =
(θ̂i1, . . . , θ̂i(i−1), θ̂i(i+1), . . . , θ̂ip) ∈ R(p−1) to

1
n
‖X(i) −X [−i]θi,−i‖2 + λ

∑

j 6=i

|θij |(1)

where X(i) is the n-dimensional vector corresponding to the i-th column from the data matrix X and
X [−i] is the n× (p− 1) matrix resulting from deleting the i-th column from X. A node j is taken to
be a neighbor of node i if and only if θ̂ij 6= 0. The two nodes are connected by an edge in the graphical
model if either node is the neighbor of the other one. However, recent research suggests that the lasso
estimator may not be fully efficient and the resulting variable selection could be inconsistent.

To overcome such a drawback, we minimize the following functional
1
n
‖X(i) −X [−i]θi,−i‖2 + λ

∑

j 6=i

|θij |
|θ̃ij |δ

(2)

where δ > 0 is some prespecified positive number and θ̃i,−i = (θ̃i1, . . . , θ̃i(i−1), θ̃i(i+1), . . . , θ̃ip) is the
ridge estimator obtained by

θ̃i,−i = (X [−i]′X [−i] + γI)−1X [−i]′X(i)(3)

with some regularization parameter γ > 0.

Regularization Parameter Selection

For practical implementation, it is desirable to have an automatic method for choosing the
regularization parameters λ and γ. To choose an optimal set of λ and γ, we define an empirical Bayes
criterion (EBC) by

EBC = n log(2πσ̂2) + n + |A| − 2|A| log
(

λ

2σ̂2

)
− |A| log

(
2π

n

)
+ log

∣∣∣∣∣
X

[−i]′
A X

[−i]
A

nσ̂2

∣∣∣∣∣(4)

which is equivalent to a Laplace approximation of −2 log(Marginal Likelihood). Here A is the active
set of θ̂−i,i such that A = {j : θ̂ij 6= 0} and

σ̂2 =
‖X(i) −X [−i]θ̂i,−i‖+ 2λ

∑
j∈A |θ̂ij |/|θ̃ij |δ

n + |A| .(5)

Regularization parameter selection proceeds by choosing λ and γ that have the minimum EBC between
a prepared set of λ and γ.
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ABSTRACT

Discovery of important biomarkers is a common task in most gene expression studies, where

investigators try to identify a set of differentially expressed genes responsible for the differences in the

RNA expressions. SAM (significance analysis of microarrays) is a public available software developed

by Tusher et al. (2001). It employs an improved statistical technique for identifying differentially

expressed genes. The genes with large deviation from the expected statistic are selected as differentially

expressed genes. The FDR (false discovery rate) is then estimated to access the significance of a change

in gene expression based on the permuted data and the user defined threshold value (∆). However, one

difficult is what the threshold should be in order for evaluation of the significance of these differences.

In this paper, we propose a modified procedure of SAM and use it to control the FDR at user

defined level. In contrast to the determination of the threshold value, we borrow strength from the

Benjamini and Hochberg’s step-up procedure for FDR controlling. Simulation study shows that the

proposed procedure keeps the FDR under control when using SAM. The proposed approach is also

demonstrated with good performance using a real microarray dataset.

INTRODUCTION

The development of DNA microarray technologies allows to simultaneously monitor the ex-

pression levels of thousands of genes. Being cheap, flexible, fast and user-friendly, DNA microarray

technology is well suited to exploratory research of the genome(Brown and Botstein 1999). An im-

portant application of microarrays is to discover biomarkers showing differential expressions among

thousands of genes under different experimental conditions. Tusher et al. (2001) proposed a statistical

technique, Significance Analysis of Microarrays (SAM), to determine the significance of the changes

in gene expression. This procedure aims to control the false discovery rate (FDR) based on a mod-

ification of t-type statistic. Under the assumption of complete exchangeability, the null distribution

and expectation of the sampling distribution are estimated by a permutation resampling method.

Given a threshold for the deviation of the score and its empirical expectation, the universal cutoffs

are obtained and the list of the genes that are identified as significantly expressed is reported. In

additional, one can obtain an estimate of false discovery rate (FDR) of the finding from the empirical

null distribution.

In SAM, one major disadvantage is to pre-specify a threshold value ∆ for the deviation of the

score and its expectation under null distribution. A gene is identified as significant if the correspondent

deviation exceeds ∆. Hence, all acceptance regions are required to have equal width of 2∆. However,
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the deviation criterion is less interpretable as a conventional error rate. For an exploratory study, the

researchers often have difficulty in determining a suitable level of ∆ in advance. Conventionally, the

false positive error rate is a commonly used criterion to identify differentially expressed genes. In this

paper, we propose a modified SAM procedure combining kernel quantile estimation with the Ben-

jamini and Hochberg FDR-controlling procedure for gene selection instead of the choice of a threshold

value. Simulation study shows that the proposed approach has a higher power performance to detect

differentially expressed genes, while keeping the FDR under control. In addition, we demonstrate the

proposed procedures with applications to a public microarray dataset.

METHODS

Assume there are two groups of samples under different biological conditions. For gene g =

1, · · · , m, let ygij be the gene expression of the subject j in group i, j = 1, · · · , ni, i = 1, 2. Further, let

ȳgi =

∑ni
j=1 ygij

ni
, s2

gi =

∑ni
j=1(ygij − ȳgi)

2

ni − 1
, g = 1, · · · , m, i = 1, 2.

To find the differential expressed genes, one is interested in testing the following m null hypotheses,

H0i : µg1 = µg2, g = 1, · · · ,m.

Here µgi is the mean expression of the gene g in group i, g = 1, · · · ,m, i = 1, 2. For each hypothesis

testing, the SAM uses the t-like test statistic

dg =
ȳg1 − ȳg2

sg + s0
,

where in the denominator, sg is the pooled standard error and s0 is some constant, i.e.

sg =

√
(n1 − 1)s2

g1 + (n2 − 1)s2
g2

n1 + n2 − 2

(
1

n1
+

1

n2

)
.

The fudge factor, s0, is calculated such that the coefficient of variation of the resulting dg, g = 1, · · · ,m,

is minimized.

SAM deals with the dependency structure between gene expressions by using permutation-

based estimates of the null distribution. We denote the mean value of each order statistic of d’s over

B permutations under the null hypothesis by dE
(g), g = 1, · · · ,m. Instead of a threshold ∆ for the

deviation, we propose to pre-specify a level α with respect to a type I error rate of each hypothesis

testing. For simplicity, we use the absolute value of d-statistic, d∗ = |d|, as the test statistic and

consider an one-sided rejection region: For g = 1, · · · ,m,

d∗g ≥ d∗(α),

where the critical value d∗(α) is the 100×(1−α)-th quantile of the null distribution of d∗. To determine

the cutoffs, B resampling samples are obtained. To save the computer storage, we do not combine

these resamples. Instead, we estimate the 100×(1−α)-th quantile in each resample. Then the median

value of the B estimates is considered as the cutoff. For the b-th resample, the 100× (1−α)-th kernel

quantile is applied and given by

d∗b1−α =

∑m
g=1 Kh

(
g−0.5

m − (1 − α)
)

d∗b(g)∑m
g′=1 Kh

(
g′−0.5

m − (1 − α)
) ,

where d∗b(g)’s are the g-th ordered d∗-value of the b-th resample. Kh(·) = h−1K(·/h) is a kernel function

with K(·) is a density function and h is the bandwidth. In this study, we use the Gaussian kernel and

following choice of bandwidth

h =

√
p(1 − p)

m + 1
,
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which was appeared in Sheather and Marron(1990). Consequently, we find B 100× (1−α)-th quantile

estimates,

d∗11−α, d∗21−α, · · · , d∗B1−α,

and the cutoff d∗(α) is then defined by the median of these outcomes,

d∗(α) = median1≤b≤B d∗b1−α.

Therefore, gene is declared significantly expressed when its absolute d-value is greater than or equal to

d∗(α). Then, we employ the idea of BH FDR-controlling procedure by Benjamini and Hochberg(1995)

to control the FDR. The proposed procedure can be summarized as:

Algorithm. Identification of differentially expressed genes for controlling FDR at the q level.

1. Order the test statistics from smallest to largest,

d∗(1) ≤ d∗(2) ≤ · · · ≤ d∗(m).

2. For g = 1, · · · ,m, let qg = (gq)/m. Find the cutoffs,

d∗(qm) ≤ d∗(qm−1) ≤ · · · ≤ d∗(q2) ≤ d∗(q1),

where each d∗(qg) is the 100(1 − qg)-th quantile of d∗ from resampling distribution.

3. Start from g = 1, and move upward. Compare d∗(1) with d∗(qm). Find the first index such that

the test statistic is greater than or equal to its cutoff, i.e.

k = min
{

g : d∗(g) ≥ d∗(qm−g+1), g = 1, · · · ,m
}

.

Reject those null hypotheses that correspond to d∗(j), j ≥ k.

RESULTS

The simulation studies were designed according to real microarray experiments in two classes.

Consider a total of 1000 genes (m = 1000) and 20 samples with 10 samples in each of class (n1 =

n2 = 10). Let δ be the absolute value of the effect size. Among the 1000 genes, m1 = 100 genes show

differences in expression with constant effect sizes δ. Half of differential expression are up-regulated

with effect sizes δ > 0 and others are down-regulated with effect sizes −δ < 0 where δ = 1.5 or

2.0. Two simulation scenarios were considered. First, each measurement was independently generated

from the normal distributions under the settings above. Secondly we considered correlated normal

gene expression data with a block compound symmetry (CS) correlation structrue for the differentially

expressed genes. The m1 × m1 variance-covariance matrix Σ for the differentially expressed genes

consists of 10 blocks of 10 genes, and each block has a CS structrue with variances of 1 and a common

correlation ρ. The resampling size is B = 1000 and the simulation data are replicated 500 times for

sufficient precision.

Figure 1 displays the empirical FDR and power of our proposed FDR-controlling procedure for

each simulation model with controlling the FDR at level q = 0.05. Here the power is defined by the

true positive proportion. As seen, for all different simulation models, the FDR levels are smaller than

the controlling level of 0.05, indicating guaranteed FDR control. In particular, the correlation models

produce FDR much closer to the controlling level than the independence model. Although the power
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Figure 1: Performances of the FDR-controlling procedure at 5% FDR level for the simulation study.

(a) and (b) represent FDR and power performance, respectively. A horizontal line is drawn at 0.05.

is probably too low for effect size of 1.5, it obtains substantial improvement when the effect size is

increasing to 2.0.

CONCLUSION

A SAM-based procedure employing the conventional PCER and the FDR as the selection criteria

is proposed in this paper. The cutoff threshold for significance is obtained by applying the kernel

quantile estimation to the resampling data. This modification is much less sensitive to the number of

permutations and reduces the storage space during computations. The simulation studies, involving

various conditions of simulated models, show that our procedures give less false rejections overall and

more robustness, even when the expression levels are correlated or have violation of identical and

symmetric distributions. In summary, our procedure could be useful to help investigators to identify

differentially expressed genes in microarray experiments.
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1. Introduction 

The four last census in Brazil (1970, 1980, 1991 and 2000) show that the proportion of married 
couples is decreasing considerably, specially in the last decades; however, on the other hand, consensual 
unions are growing faster (Lazo, 2002; Greene and Rao, 1995). 

The objective of this paper is to study the couples that live in consensual unions in Brazil, considering 
some main characteristics of the spouses; then, a logistic regression model is formulated to investigate these 
unions. The model allows an accurate analysis, relating spouse characteristics and type of union. The 
covariables that will be considered in this analysis are demographic ones like spouse birth cohort, age 
difference between spouses and socio-economic variables as religion and education. 

 
      Data 

The data source used in this paper is a survey from the demographic census for the year 2000, where it 
is available the latest data about consensual union in Brazil. 

During the census, a simplified questionnaire with few questions is applied to the whole population 
resident in the country together with another questionnaire much more complete that is applied only to a 
sample of the population. In this last questionnaire are included questions about type of union and, in 
particular, about consensual unions. 
 
      Percent distribution of couples according to the type of union 

Figure 1 presents the distribution of type of unions in Brazil for the year 2000. It can be observed that 
the consensual unions are the second more important type of union in Brazil (28.5%), after the civil and 
religious marriages that are less than 50% of all types of unions. Civil marriages represent less than 20% and 
religious marriages less than 5%. 
 
                           Figure 1 – Percent distribution of couples 
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2. Methods 
A logistic regression model (Dobson, 2002; Agresti, 1996) is formulated to investigate consensual 

unions. It is considered a binary response variable Yi such that Yi = 1 if the i-th couple lives in consensual 
union (favorable case) and Yi = 0 if the couple lives in another type of union (unfavorable case), with 
probabilities πi and (1 - πi), respectively. 

Suppose that the couples under study may be classified according to the factor of interest in k groups, 
with ni couples in the i-th group. Let Zi denote the number of couples who possess the attribute of interest in 
group i. If the ni observations in this group are independent and they all have the same probability πi of 
having the attribute of interest, then the distribution of Zi is binomial with parameters ni and πi.  

Considering k independent groups, the number of favorable and unfavorable cases in each group is 
illustrated in Table 1. 
  
 
 Table 1 – Frequencies for K independent binomial distributions 

Groups 

  1 2 … k 

Consensual Union (favorable cases) Z1 Z2 … Zk 

Other Unions (unfavorable cases)    n1 - Z1    n2 - Z2 …    nk – Zk 

Total n1 n2 … nk 

 
 

To describe the proportion of favorable cases Pi = Zi/ni in terms of the factors of interest in each group, 
where E(Zi) = niπi  and E(Pi) = πi , we can model the probabilities πi as a logistic regression model given 
below 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
      Covariables considered in the model 

The explanatory variables considered in the model are listed in Table 2. All variables are categorical  
and their number of levels are specified.  
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          Table 2 – Description of the explanatory variables used in the model 

Explanatory Variables Number of levels 

Birth cohort of spouse  6 

Age difference between spouses 7 

Couple’s race  4 

Couple’s religion  5 

Husband education  5 

Wife education  5 
 
From the model considered is possible to make some considerations about consensual unions in Brazil. 
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ABSTRACT — optional 
The objective of this paper is to study nuptiality in Brazil, in particular consensual unions, using a logistic 

regression model and estimating the effects of several characteristics of the spouses with respect to the type of union 
adopted by the couple.  
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Various designs can be used to answer specific research questions. Even for a given budget, these 

designs may differ in the amount of information they provide as quantified by, for example, the accuracy of 
estimation and/or the power for statistical testing. An appropriate choice of design could therefore save 
resources. While for simple models it is well understood how to increase the design’s efficiency, for more 
complex models and their corresponding analyses, this relation between the design and its efficiency 
becomes much less straightforward. This is, for example, the case for multilevel analysis, which is 
increasingly used as it elegantly takes into account dependencies among observations. These dependencies 
can arise because of multistage sampling, with sampled observations embedded within clusters, or because 
repeated measurements were performed, with a sequence of observations embedded within units; 
additionally also meta-analyses and multivariate analyses can be dealt with (Raudenbush, 1988; Van den 
Noortgate & Onghena, 2003; Van den Noortgate & Onghena, 2006). 

Designing a multilevel study requires —at each of the levels— a choice of the number of units to 
sample, and possibly of the predictor values, taking into account the available budget and level-dependent 
costs of sampling units. As such, a differential cost of sampling units at each of the levels causes a trade-off 
between sampling as many higher level units as possible and sampling as many observations as possible, at 
least when resources are limited (Cohen, 1998; Mok, 1995). Furthermore, increasing the efficiency at one 
level may reduce the efficiency at other levels, partly due to the trade-off, requiring efficiency to be 
determined with respect to a certain effect or set of effects (Raudenbush & Liu, 2000; Snijders & Bosker, 
1993). The efficiency of the design for estimating or testing parameters further depends on the population 
values for the (co)variance parameters. 

Analytical studies that address the efficiency of multilevel designs typically make several limiting 
assumptions that often compromise generalisations to the actual research setting. To complement these 
studies, a number of simulation studies have been performed. Such numerical studies are nevertheless also 
difficult to generalize because results are conditional on the specific model and the specific parameter values 
that were used to generate the data. Therefore, ideally, simulation studies should be set up for each research 
setting of interest. Unfortunately, writing these macros often presents a too big challenge for behavioral 
researchers. In this presentation, we discuss power and accuracy for ongoing school effectiveness research, 
by means of a simulation tool we developed to aid researchers to set up the appropriate macros more easily. 
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ML-DEs experiment 
Body Text The tool that has been developed is named ‘MultiLevel Design Efficiency using simulation’ 

(ML-DEs; Cools, Van den Noortgate, & Onghena, 2006). It is basically a set of scripts in R (R: A Language 
and Environment for Statistical Computing, 2004) that are to be run sequentially and that allows for setting 
up macros for simulation and estimation using the special purpose multilevel modeling program MLwiN 
(Rasbash, Browne, Healy, Cameron, & Charlton, 2005). 

Based on the empirical sampling distribution (ESD) of the estimates, the standard error can be 
approximated by the standard deviation of the estimates, while the bias can be approximated by the 
difference between the mean parameter estimate and the population value used for simulation. The 
proportion of replications that leads to a rejection of the null hypothesis approximates the power, or, in case 
data were generated under the null hypothesis, it approximates the type 1 error probability. Furthermore, the 
distribution of estimates can be checked for normality or compared with any other distribution. With a 
growing number of replications these approximations improve. 

To set-up an ML-DEs experiment, comparing the efficiency of different multilevel designs, the 
following sequence is required. First a number of parameters must be specified as input for R, either directly 
in R-code or using an optional online form to generate these specifications. Second, a first script 
(R2MLwiN.R) processes these specifications, resulting in several text files that can be executed in MLwiN 
as macros. The MLwiN macros, when executed, result in several tab-delimited text files for each of the 
experimental conditions. Each parameter is assigned a text file with the parameter estimates and their 
estimated standard errors, including some basic statistics and information on convergence. As such they 
allow for a Wald test for each of the replications, for which the number of rejections of the null hypothesis 
can be counted. If likelihood ratio tests were requested on any of the random parameters, then additional text 
files are generated, containing the unique likelihoods for the full and reduced models, for each of the tests. In 
agreement with Self and Liang (1987), use can be made of a χ² mixture to interpret the results for each of the 
replications, for which the number of rejections of the null hypothesis can be counted. In a third and final 
step, a second R script (MLwiN2R.R) re-organizes and summarizes these text files, and specifies functions 
that can be used for visualizing and analyzing the results. For instance, it is possible to plot the ordered set of 
estimates and their standard errors for each of the conditions, and compare conditions visually, taking into 
account the whole distribution instead of its summary statistic. For the likelihood ratio tests, for example, p-
values can be plotted for each of the conditions. 

The scripts, the online form, and further information on ML-DEs can be found at the website of the 
Centre for Methodology of Educational Research at K.U.Leuven: http://ppw.kuleuven.be/cmes/ML-
DEs.html. 
Example 

Following an example borrowed from Snijders and Bosker (1993), assume that a mathematics test is 
administered to 5 randomly sampled pupils in each of 100 randomly sampled schools, totaling 500 observed 
test scores. The primary interests could be in the relation between a school’s policy and the achievement of 
its pupils on a mathematics test (β3) as well as in whether the effect of the socio-economic status (SES) 
varies over schools (

2
²uσ ). Further, also IQ and the interaction between SES and Policy are taken into 

account, resulting in the following model: 

 0 1 1 2 2 3 3 4 2 3 0 2 2 0* * * *( * ) *ij ij ij j ij j j j ij ijy IQ SES Policy SES Policy u u SES eβ β β β β= + + + + + + + .(1) 

The test score of pupil i from school j (yij) is regressed on several predictors of which the values are 
assumed to be distributed normally. Other distributions for sampling the predictor values are available in 
ML-DEs. The intercept is assumed to vary randomly over schools, with a mean equal to β0 and a school-
dependent deviation from that mean ( 0 ju ). Also the relation between the SES predictor and the achievement 
on the mathematics test may be different for the 100 schools and therefore is split up in an average relation 
(β2) and a group dependent deviation from that relation ( 2 ju ). The u’s are assumed to be multivariate 
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normally distributed with zero means and (co)variances (
0

²uσ ,
2

²uσ  and 
02uσ ) to be estimated. A possible 

effect of IQ (β1) is assumed to be constant over schools. Finally, both the average achievement and the effect 
of SES are assumed to differ according to the school's policy as indicated by its main and interaction effects 
(β3 and β4). 

A possible question could now be whether it is more efficient to sample fewer schools, but more pupils 
per school. An ML-DEs experiment is set up to compare three conditions, each with a different number of 
schools to be sampled. Level-dependent costs of sampling would cause these conditions to differ in their 
number of observations as well. Given a budget and costs of sampling at the various levels, the number of 
observations budgetted for can be derived. Assuming that sampling an additional school costs as much as 
sampling 5 pupils in an already sampled school, having 100 schools with 5 pupils in each school (resulting in 
500 observations) would require a budget equivalent to observing 1000 pupils in a single school. For the 
same budget and cost-ratio, the number of pupils that can be observed in each of 55 schools, would be 13, or 
715 observations in total. When having only 10 schools sampled, the budget allows for 95 pupils in each 
school to be observed, or 950 in total. These three conditions can be compared using their resulting sampling 
distribution. A selected part of the results is shown below, in Tables 1 and 2, and Figures 1 and 2. 

Figure 1. Ordered set of valid estimates (β=0) 
and their confidence intervals, with the upper and 
lower boundaries indicated by a dot, for the second-
level predictor Policy, including vertical lines 
representing the number of rejections (thick) and 
number of valid estimations (thin).  

Figure 2. Ordered set of valid estimates of the 
p-value for testing the random slope (SES, 

2
²uσ = 

0.008 and
02uσ = -0.01), for three conditions: 10, 55 

or 100 schools sampled. The nominal alpha 
(horizontal line) intersects with the number of 
acceptations vs. rejections (vertical line).  

  
These results indicate that the accuracy for estimating the parameter for Policy is higher when having 

100 groups instead of 10, shown by the distribution of estimates under both conditions. The confidence 
intervals are accordingly quite different, leading to 10.1 percent rejections when having 10 groups compared 
to 6.1 percent when having 100 groups, with the latter being much closer to the nominal type 1 error 
probability. For the variance of the effect of SES with population value 0.008, the mixture likelihood ratio 
test shows that the condition with the smallest number of groups leads to the highest number of correct 
rejections, or to the highest number of p-values smaller than 0.05. 

For the presentation, new data from an ongoing large-scale school effectiveness study will be used, 
similar to the prototypical example that was given in this paper. 
Conclusion 

Simulation-based studies which explore the efficiency of multilevel designs avoid several stringent 
assumptions, but remain conditional on the model and designs used in the simulations. ML-DEs is a 
simulator which assists researchers to set up simulation studies conditional on the specificities of their own 
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research interest. 
Especially because results of different experiments can be combined, this tool provides strong 

flexibility. Furthermore, the proposed tool can provide a first step into programming macros in MLwiN as it 
provides structured macros as output that can further be modified to deal with situations that have not been 
incorporated in the tool itself, and make it a didactical tool for MLwiN macro programming as well. 

For now the ML-DEs tool only works for continuous outcomes and strictly hierarchical data, but in the 
future more complex models will be implemented, including generalized linear mixed models that deal with 
binary data using PQL and MQL estimation. Also the inclusion of models for data that are not purely 
hierarchical is aimed at, like cross-classification and multiple memberships. Finally, it may prove worthwhile 
to include alternative schemes for generating predictor values, including correlations between non-normal 
predictors. 
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1. Introduction  

It now is popular topic in China how to evaluate the achievement of construction harmonious 
society. Several authors regard that motivation of human’s activities gaze on getting happy life. 
David Hume (a philosophy in England, 1711—76) said that the greatest objective of human’s efforts is 
to have happiness. It may say that all of activities that people had done include economy increasing, 
social progress, exploration the modernization and culture spreading focus on gaining happiness.  

People used to think it is equal development economy and increase national happiness. In 
other words, increasing GDP, arising urbanization, developing technique mean making national 
happy life. With this idea some government’s even public was absorbed in increasing rapidly GDP 
and urbanization. However, it is challenged. The Gross National Happiness (GNH) may be 
available to reflect comprehensively and directly the achievement which the government had done 
in development economy, society, culture and civilization. Unfortunately, it was not known for long 
time until Jigme Singye Wangchuck was crowned king of the Himalayan nation of Bhutan in 1972, 
he declared he was more concerned with Gross National Happiness than with Gross Domestic 
Product. 

Now, a few experts who used to study in sociology, economics, statistics and psychology start 
studying the area of national happiness statistics. Some of them engaged in design a series of 
indicators for evaluating the achievement of government done. 

There are tow ways to measure and evaluate the achievement that government has done. One 
is to use that indicator like GNH which is original getting information of those conditions and 
achievements, which the government has done. The other is to investigate directly the sensation of 
their daily life .The former is indirect measurement, and the latter is direct measurement. If I have 
the good fortune to meet with success, I shall proceed to the examination of the new way to study 
people’ sensation of their life underlying an investigation to public in order to know the quality of 
life. 

 

2. Selecting the basic measurement indicator for national happiness statistics 

Generally, people usually enjoy happiness life or suffer pains from various unfortunates 
events. Everyone tries to work hard for gaining happy life. The feel of joy, angry, sad or happy 
reflects his or her sensation and situation of his or her daily life. If the government know how many 
people enjoy happy lifetime and also know the main elements factors which influence the arising 
the quality of people life. They could do better in the control and management in the whole country. 

There are different reasons to conduct change of people sensation, but it can be account or 
measure .For example, sometimes one felt happy and sometimes he or she felt sad during his or her 
whole life. Suppose that his happy sensation time can be sum, we could account relative frequency 
even the relative frequency unhappy time. 

Suppose one person lives 70 years before he or she dead. In other words, he or she had lived 
25500 days in his or her whole life. If we define people sense happy or unhappy between 0 and 1, 
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furthermore, that is the most happy is 1,and the most unhappy is 0, we also suppose that sensation 
of everyone in any time is dependent, so we could sum the happiness time and unhappiness time 
during people live. The function is following: 

  

(1)                                        H（T） = 
ht

1

1t
∑
−ω

=
 （t: 1～ω-1） 

here, ω-1 means the last year people live , H（T）means total of one's happiness sensation time  
However, sometimes people determined difficulty their feel to be happy or sad in that passed 

time. So it needs to explain greatly before conducting survey. 
We suppose one cohort's expectation life is 70 years, that is, they have 14372 days of 

happiness sensation. It is clear that the rate of 75%, the three quarter of their life belong to 
happiness time, the rest of their life belong to unhappy time. The function is following:  

       

(2)                                         H（NT） = 
N*ht

1

1t
∑

−ω

=
 （t: 1～ω-1） 

 here, ω-1 means the population of the cohort,    H（NT）means total of one cohort’s happiness 
sensation time. 

With a longitudinal penal survey you could get the above data, but it is a time consuming 
work and limit budged. So it is considered to get the data by cross-sectional survey study of the 
country. This paper defines the Gross National Happiness Sensation Time (GNHST) as amount of 
happiness sensation time of whole country in the investigation period. The function is following: 

        

(3)                                         H（GNT） = 
ht

N

1t
∑
=

 （ t: 1～N） 

              here, N means the population of the cohort in the investigation time ,    H（NT）means the total 

of the cohort who had happiness sensation time during the investigation period. The derivative 

indicators are: 

(4)                                          M（GNT） = 
ht

N

1t
∑
=

 （t: 1～N） 

here, N means the population  of  the country in the investigation period ,  M（T）means total 
of unhappiness sensation time 

 
(5)                                           L（GNT）= H（GNT）+ M（GNT） 

 
here, L （ NT ）  means the happy or unhappy sensation time that everyone  sensed the 

investigation year.  
 
The superiorities of GNHST are: 
(1) It could reflect totally the situation and it keep pace with the conditions change, which 

influences the quality of life.  
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 Particularly, the higher quality of life means people have happy sensation days and lower 
quality of life means people have unhappy sensations days. So the government generally wants to 
know how many happiness days that people had. 

(2) The unit of calculating are days. The reasons of selecting the unit are the following:  
 The government aims to raise the quality of people’s life. However, people also want to 

expect to have good days. So we think the GNHST is a positive and applicable indicator 
for evaluating the achievement of development society and economy. 

 People daily life is circle; it is reasonable to account the situation of life as a day as unit.  
 
(3) It is easy to those statisticians who want study more about the qualities of life because 

there are few variables in the function. 
 

3.  Collection the data  

It seldom to get the GNHST data by census instead of sampling survey, The Bureau of 
National Statistics of China has its urban and rural economy and social investigation teems, and 
maybe conducts the special investigation. It is betters to investigate the situation in last week who 
pass in case peoples lost their memory. 

 

Table 1. The records of people’s sensation of life last week  

 MON TUS WES THS  RRI SAT SUN 
Excellent        
Good        
Normal        
Poor        
Very Poor        

 
 
For deeply studying, it is necessary to record the different activities qualities and the 

sensation of people of daily life day by day .For instance, we can define 24 hours as four parts, that 
is sleeping time, eating time, working time or learning time, and the rest time determined as leisure 
time. If one person who is investigated day and one night, the record his or her sensation of four 
parts like the following table, then, .no doubt, we get the basic data for the studying more.  

 
 

Table 2   The records of people’s sensation of life last monday  

 
 

Sleeping 
time 

Eating 
time 

Working or 
learning time 

Leisure 
time 

 Pm:11～Am:7 Am:7～Am:8
Am:11～Pm:1
Pm:7～Pm:8

Am:8～Am:11 
Pm:1～Pm:5 

The rest 
time of a day 

Excellent                    
Good     

Normal     
Poor     

Very poor     
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4.  Selecting methods of analysis of GNHST 

According to the GNHST data, you can analyse the amount   of increment of GNHST and the 
incremental ratio of GNHST. It is available to evaluate generally the change of per average of 
GNHST. Furthermore, the results of analysis of index of GNHST and per GNHST could reflex the 
influence of society economics, culture and civilization for the arising of the quality of people who 
live in the country. 

If you want to know which elements to influence the change of the qualities of sleeping, 
eating, working, and leisure, there are some ways to adapt in your analysis. Firstly, you can see the 
change of structure of national living time. Generally, for most people, the flexibilities of sleeping 
time and eating time are smaller than working time and leisure time. Some people regards it is 
available to increase the sensation of happiness the more leisure time and fewer working time, in 
other words, after a factor analysis, you know the reasons conduct the change of qualities of people 
daily life. 

With a dynamic analysis of the qualities of sleeping, eating, working, and leisure, we could 
know the reasons to influence to them, for example, the main factors which influence the qualities 
of sleeping may be health, emotion, conditions of sleeping and environment of sleeping.  

5. Conclusions and recommendations  

GNHST is total amount indicator, which is very available to reflect the national happiness 
sensation in one year. It also determines directly the achievement of study the qualities of people 
life .so we could really know the situation and qualities that people have. 

It is relatively easy to get the data because the government have special statistical 
investigation teams. Our recommendation is that the government should conduct the survey of 
national happiness sensation time and it would be a good reference indicator to evaluate the 
achievement of government done. 

This paper is initial study for presenting a new way to do National Happiness Statistics. It 
needs further study the conception of GNHST and the method of gaining the data. Finally, it will be 
a good way to apply measurement and evaluation the development of society and economy. 
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FRENCH RESUMÉ  

Dans cet article, il s’agit d’établir le temps de la sensation heureuse nationale et ce dont les 
normes, en même temps, il discute les moyens d’obtenir ces chiffres donnés, en plus des points ci-
dussus,il fait aussi l’analyse du temps et du niveau de la sensation heureuse nationale en utilisant 
les chiffres donnés. 
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Objectives 
Migrants from countries with high endemicity of infectious diseases, such as hepatitis B, may 

fuel resurgence of such diseases in countries of low endemicity, such as Canada. Screening is currently 
in place for diseases such as tuberculosis, syphilis and HIV, allowing the deferral of those posing a 
health risk to the population. While, by and large, immigrants are a healthy group, implementation of 
hepatitis B screening is likely to reduce risk as Canada grants immigration to approximately 225,000 
persons annually, the majority from highly endemic areas. The goal of this study is to determine the 
clinical impact of screening strategies for hepatitis B among immigrant applicants.  

Methodology 
TreeAge Data Pro 4.0 decision analysis software was used to model secondary infections of 

hepatitis B carriers among immigrants under three testing options:  

Scenario I - no testing of immigrants for HBV, 
Scenario II - testing under Citizenship and Immigration Canada (CIC) legislation, and 
Scenario III -obligatory testing with public health follow-up of HBsAg positives and immunization of all 
individuals who are seronegative for HBV  

The following was assumed: a yearly cohort of 225,000 immigrants, a prevalence rate of 6% and anti-
HBs of 38%.  This would lead to 8,370 hepatitis B carriers. The cohort was divided into three segments 
based on mode of disease transmission; males 15 years and older and females over 49 years, females 
aged 15-49, and children under 15 years of age.  

1
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Results
Under scenario 1, the carriers would infect 4, 994 secondary cases in their life time, whereas 

under scenario II, testing under CIC legislation (excluding children) there would be 4,572 infections 
and if the children are also tested, there would be 4,529 secondary infections. Under scenario III, there 
would be 2,776 secondary infections.   

Conclusions 
The analysis suggests that we presently allow hepatitis B carrier immigrants into Canada who 

could be tested to identify hepatitis B positive and subsequently offered public health interventions 
such as education, counseling, immunization or treatment to reduce the risk to the population.
Implementation of these measures would avoid 1,796 (approximately 44%) secondary infections 
annually. 

Implications
Additional factors should be taken into account, such as health risks posed by travelers (versus 

immigrants), the distribution of hepatitis B within the Canadian population, the natural history of the 
disease and other ethical, legal, political and cultural factors that might impact upon screening policies. 

2
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Beijing Citizens Have a Higher Well-being Account on the Whole. As a subject feeling, 
the well-being account is an integrative reflection of people's satisfaction with the current life. 
When asked about "If all factors are taken into account with a full mark of 100, how much will 
you mark your well-being?", 31.6% respondents gave a mark more than 90; 34.4% gave a mark 
during 80-89; 26.7% gave a mark during 60-79; a large proportion of respondents gave a mark 
during 60-90 and only 7.3% gave a mark less than 59. The population mean of well-being of 
Beijing citizens is 78.8. So to speak, Beijing citizens have a “high" well-being account. By 
different groups, the specific characteristics show as follows:  
      1.Citizens in the suburbs have a higher well-being account than those in the urban center. 
According to the average level of people's well-being in different regions, the living environment 
is narrower and more crowded and frictions between people emerge more often and extensively in 
the urban center where people are more vulnerable to unhappiness and troubles than in the suburb, 
though the former is more prosperous than the latter; meanwhile people in the urban center have a 
wider vision and more and higher requirements for the well-being standard, so their well-being 
account is lower.  
      2.The age distribution for well-being point value presents a U type. According to different 
ages, the well-being account presents a state of being high at both ends and low in the middle: the 
youngest and oldest groups between 18-25 and between 66-70 have a higher well-being account 
than the two middle-aged groups between 36-45 and between 46-55. The reason for that is the 
middle-aged faces a lot of life pressure like medical treatment, taking care of the old and 
education of children, so they have many worries and thus a lower well-being account. Besides, 
this age group includes most laid-off and unemployed persons. 
      3. The stable the occupation is, the higher the well-being account will be. According to 
different types of occupation, the cadres in governmental organs and government-sponsored 
institutions get the highest account with an average of 80.6 points; professional technicians and 
business management get 79.1 79.9 due to stable occupation and income though having pressure; 
the well-being account of farmers is in the middle of the above two groups, which is 79.8, and the 
main reason for that is that their reference objects are mostly their surrounding persons or their 

 1
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seniors so that they are well contented with small fortune with a mild mentality; those with a 
well-being account below the average include workers, freelances, soldiers, policemen, the 
disabled without a job, laid-offs and unemployed persons. Of them, the well-being account of 
laid-offs is the lowest, only 72 points, nearly 7 points lower than the average 78.8.  
      4.Increase income brings about a higher well-being account but with positively nonlinear 
correlation.  The findings show the well-being account improves with the income increase when 
the monthly family income is less than 4,000 Yuan, rises in a wavy manner after reaching 4,000 
Yuan and to the highest when reaching 5,000-7,000 Yuan, begins to fall after reaching 7,000 Yuan, 
and is uncertain when reaching 15,000-20,000 Yuan where the average point value is the same as 
that during 1,000-1,499 Yuan.  

Analysis on Factors for Citizen Well-being.  
       1.Those laying stress on family harmony feel more well-being. The data show: the 
well-being account for those laying stress on family is 82 points, which is 8 points higher than that 
of those longing for "fame and status" and 5 higher than that of those longing for "an excessively 
rich life"  
      2.Well-being has a positive correlation with income satisfaction. The questionnaire data 
show the well-being point value has not a linear correlation with the income but a positive 
correlation with the income satisfaction. When asked about "satisfaction with the current income 
status", 27.6% respondents chose "very satisfied " and "satisfied" while 20.9% chose "very 
dissatisfied" and "dissatisfied". As for those satisfied with their income status very much, their 
well-being account speaks for itself, which is up to 89 points, but as for those dissatisfied with 
their income status very much, their well-being account is only 66 points, and the gap is 23 points 
between the both.   
      3. Well-being is ensured by a fair social environment and expectations for the future. The 
investigation shows: 92% respondents believe "the future life will get better and better" and 
citizens are full of confidence in the future. Those with full confidence in the future account for 
97% of those with more than 80 points of well-being, 98% of those with more than 90 points, 
62.4% of those with less than 60 points, and only 31% of those with less than 40 points. Thus the 
"future" has a great impact on the well-being. On the other hand, Beijing citizens have a higher 
well-being account compared with two years ago. 64.3% respondents feel their "well-being 
account improves”, 26.7% don’t feel any change, and 8.4% feel their "well-being account falls”.  
       4. Health brings about well-being. Health is the premise of enjoying a happy life. Healthy 
people have more happiness sources than unhealthy people. The investigation shows 16.3% 
respondents are "very satisfied" with their health status and 28.5% are "satisfied" , who get 86 
points and 81 points respectively for the well-being; those respondents "very dissatisfied" only get 
65 points, 21 points lower than those "very satisfied". Equal importance should be attached to both 
mental and physical health. Those feeling worried often have more difficulty in enjoying a happy 
life in spite of living an extravagant life. The investigation shows 18.9% respondents "often" feel 
overstressed mentally, who have a well-being account with 14 points lower than those with "no" 
such feelings. The further analysis finds that those suffering insomnia "often" account for 15.7% 
of the low-income group, which is 6 points higher than 9.8% of the high-income group.  
       5. Enjoy work, success and well-being. Generally speaking, 45% respondents think "the 
current job is pleasant", 46.4% think "the current job can display the personal value", and 31.4% 
think "my current job is promising with development opportunities". The investigation shows the 

 2
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well-being account is between 67-68 for those with little satisfaction with their current jobs, and 
up to 84-85 for those satisfied with their current jobs.  
       6. Harmonious public relations bring about well-being There's no doubt that harmonious 
public relations bring about a pleasant mood for people, which is an important embodiment of 
people's identification and respect by the society. Concerns from others contribute to the 
well-being. The investigation shows 77.9% respondents think their relationships with colleagues, 
classmates, neighbors and so on are "very harmonious" and "harmonious". Harmonious public 
relations bring about a high well-being account. Those respondents whose public relations are "not 
harmonious very much" only get a well-being account of 62 points, which is 21 points lower than 
that of those with "very harmonious" public relations. A harmonious society can't go without 
harmonious public relations.  
       The investigation findings show Beijing citizens have a high well-being account. 
However, we must be aware clearly that our material standard of living is still far behind that of 
developed countries. In the investigation, those with a monthly family income less than 4,000 
Yuan account for 65.3% of respondents. Hence the income level is still a determinant of the 
well-being account of most Beijing citizens, which is a prior objective for them to work hard. Now 
we're in a period of economic transformation and the well-being elements are also facing 
transformation. With the progressive economic development and the income increase, people will 
attach more importance to the quality of their mental life, and to the building and the development 
of their cultural environment, social environment and living environment.   

 3
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Problematic and Research Objectives  
Brand value (or brand equity) is a strategic option widely used by enterprises to 

make differentiation, contributing for competitivity and profitability. It is also a main 

source of customer value creation. Brand equity is “the differential effect that consumer 

knowledge about a brand has on the customer’s response to marketing activity” (Keller, 

1999). But, in a managerial perspective, the importance is on the consequences of brand 

value: namely, the effects of the brand equity at the customer loyalty level and the 

capacity to add a price-premium to products. Brand loyalty is a “deeply held 

commitment to rebuy or repatronize a preferred product or service consistently in the 

future, despite situational influences and marketing efforts having the potential to cause 

switching behaviour” (Oliver, 1997). The other important consequence of brand equity 

is price- premium, defined as "the excess price paid, over and above the 'fair' price that 

is justified by the 'true' value of the product" (Rao and Bergen, 1992). The investment in 

a brand is justified if the enterprise can have an enlarged portfolio of loyal customers 

and if the value added to the products and services offered are accepted by customers 

through a price-premium. In this sense we investigate the determinants of the brand 

equity effects through two dependent variables: loyalty and price-premium. 

Aaker (1991), defines brand awareness as “the ability for a buyer to recognize or 

recall that a brand is a member of a certain product category”. Brand awareness 

reflects the knowledge about a brand and their characteristics. Moreover, as brand 

represents a promise with the consumer, this implies that consumers resume all the 

benefits – functional, economic and emotional - in just a brand name. Normally, 

knowledge about a brand reflects the historical capacity of the brand. In consequence 

we expect that higher notoriety corresponds to a higher brand value - reflected in 

loyalty and price-premium. 

In a classical article, perceived quality is defined by Zeithaml (1988) as “the 

consumer’s [subjective] judgment about a product’s overall excellence or superiority” 
Quality, as it is perceived by the consumer, it is an important factor justifying higher 

loyalty and price- premium due to the recognized better performance of the product 

and the inherent low risk for consumers. 
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In our study we consider variables reflecting tangible factors, like notoriety and 

quality, but also we intend to analyse the importance of factors relative to emotional 

benefits- more intangible by definition. We consider brand personality following the 

concept of Jennifer Aaker: “the set of human characteristics associated with a brand” 
(Aaker, 1997), and the respective 15 factors option that incorporates five dimensions of 

brand personality: sincerity, excitement, competence, sophistication, and ruggedness. 

Personality is a way to consider the “image of the brand” or brand “associations”. 
Here we consider the emotions that a brand dissipates. The reason is that consumers 

may have not only physical reasons to buy, but instead they can worth intangible issues 

of the proposed brand. We expect that higher levels on personality can lead to higher 

levels on loyalty and price-premium. 

Finally, we introduce store image (of the specific brand) in order to account for 

associations (positive or negative) with the brand. We reutilize the concept of Martineau 

(1958): “the way in which the store is defined in the shopper’s mind, partly by its 

functional qualities and partly by an aura of psychological attributes”.  
We can define the following research objectives: 

RO1) To study if the determinants of the brand value effects are just the tangible 

related factors – here assumed like awareness and quality- or if, personality, related to 

intangible benefits, is also an explicative variable. 

RO2) We also investigate if the specific store where customers buy (or visit), can 

influence the subjective customers value of the brand and their intentions on loyalty and 

price-premium. We use the store image variable.  

RO3) We must put as research question the issue about the linkage between the 

two dependent variables – loyalty and price-premium. Loyalty can be viewed as an 

entry barrier, avoiding general concurrence and so justifying a higher price. Loyalty is 

also associated to a reduced sensibility to price and a higher response from consumers 

to firm marketing-mix. In consequence, these two variables may be linked, reflecting 

the common base of brand value. 

Data and Methodology 
We use data from a survey on 328 consumers. The consumers were asked (April, 

2007) at the brand store when they were shopping. We used scales proposed in 

literature relative to loyalty, price-premium, awareness, perceived quality, personality 

and store image. We use information about five brands pertaining to the fashion 

industry- exactly 5 brands of children clothes. The scales vary from 1 (strongly 

disagreement) to 5 (strongly agreement). 

We specify two equations, one for each dependent variable- loyalty and price-

premium - to answer to the research objectives. The explicative variables are, in a first 

moment, awareness and perceived quality, and in a second moment personality is 

added. We evaluate (in tests we use the 5% level of significance), for each equation, if 

personality adds explicative power to the dependent variables (RO1). 

The estimation method used is SURE (Kmenta, 1990), estimating each variable 

separately and assuming that not interdependence exists between the two dependent 

variables (so, brand awareness is not explicative of price-premium, nor price-premium 

is explicative of loyalty). We consider additionally that disturbances are correlated - 

what is very plausible due to the common reasons leading to brand-value - so the 

SURE estimators used are more efficient than ordinary least squares (OLS), consistent 
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and asymptotically efficient. When we consider the interdependence between the 

dependent variables (studying the research objective RO3), we must use a method of 

estimation incorporating the fact that equations are related, and in order to guarantee 

consistency we will use 2SLS, and also 3SLS and ML. Due to the sample type – cross-

section - heteroscedasticity is verified too.  

The research question RO2 is investigated considering additionally the variables 

of store image in each equation. We use the same estimation methods as explained 

before. The items representing each dimension (as loyalty, personality, etc.) were 

chosen applying factorial analysis to the items (attitude scales) in order to avoid 

multicollinearity problems. Starting with the items (for example personality has 15 

items) and running factorial analysis, we selected the most important factors – those 

having characteristic values above 1 - and then we choose the most important item 

(loading) in each selected factor. From this process, it was selected one item for 

loyalty, price-premium, awareness and perceived quality, two items for store image and 

three items for personality. 

Model Estimation Results 
The estimation results are presented in the table. The models A1, A2 and A3 don’t 

consider the store image variables, which is incorporated in model B. Model A1 

resumes the estimation without the interdependence between the endogenous variables 

(loyalty and price-premium), using a SURE estimation method (then assuming 

correlated errors). If we include the other dependent variable as explicative, we obtain 

models A2 and A3, using respectively 2SLS and FIML as estimation methods (results 

for 3SLS and W2SLS are very similar). In these systems, the Wald test for non-

interdependence concludes for the rejection of this hypothesis, so the variables are 

interdependent. For identification, we start from the results of SURE, having not 

included the non-significant variables (resulting then identified equations). 
Table – Results of estimation 

Model Model A1 Model A2 Model A3 Model B 

Dependent 

variable 

Loyalty Price 

Premium 

Loyalty Price 

Premium 

Loyalty Price 

Premium 

Loyalty Price 

Premium 

Estimation 

Method 

SURE SURE 2SLS 2SLS FIML FIML SURE SURE 

Explicative 

Variables 

Coef. Coef. Coef. Coef. Coef. Coef. Coef. Coef. 

Constant -0.521 -0.039 -0.531 0.127 -0.552 0.134 -0.62 0.072 

Other dependent _ _ 0.556 0.32 0.552 0.32* _ _ 

Awareness 0.272 Ns 0.261 Ns 0.256 Ns 0.266 Ns 

Perceived Quality 0.357 0.324 0.197 0.182 0.2 0.183 0.219 0.203 

Personality P1 0.289 0.484 Ns 0.364 Ns 0.363 Ns 0.302 

Personality P2 Ns -0.117 Ns -0.151 Ns -0.153 Ns Ns 

Personality P3 Ns Ns 0.097* Ns 0.108 Ns 0.09* Ns 

Store Image SI1 _ _ _ _ _ _ 0.435 0.374 

Store Image SI2 _ _ _ _ _ _ Ns -0.158 

R2 0.345 0.222 0.514 0.394 0.514 0.394 0.442 0.31 

Legend:  *= Significant at the 10 % level. Other explicit variables are significant at 5% level 

 Ns= Variable not included in this equation, but not significant if added 

We can conclude that personality is an important variable to explain the brand-

equity dependents, and that quality (based on tangible factors) is also a very important 

determinant of value. Awareness is significant for loyalty (as expected), but not for 

price-premium. This means that to justify a higher price is not enough the notoriety of 
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a brand, consumers demand additional and concrete reasons to pay more.  

In model B, the store image is also a relevant variable, but the equations are now 

not inter-dependent (systems estimated by 2SLS, W2SLS, 3SLS and FIML gave the 

same test result). The correlation between the two equations errors is statistically 

significant, justifying SURE as an adequate method of estimation. The estimated 

coefficients of personality P2 (representing an “actual” brand) are always negative, 

what may mean that an actual and charming brand is a solution for today, but don’t 
inspire consumers for future and for a deeper relationship. The other two items of 

personality evokes freedom (P3) and sincerity (P1), having the correct signs. The 

estimated coefficient of store image (SI2) is negative too. These variable means that the 

workers must be kind and mature … well, maybe the respondents answered considering 

the effective (lack of) kindness of the workers and not what is expected…as asked (this 

is a simple speculation). Store Image variable SI1, means store “style” and has the 

correct signs. 

Conclusion 
 In the fashion industry intangible and emotional values are very important 

determinants of brand equity. Namely, personality and store image must be 

incorporated in the Marketing and Management plans by managers. Also- as predicted 

by literature- a consistent determinant is quality – many consumers consider this the 

reason just to be loyal and pay a premium-price for a brand. Brand awareness seems to 

explain loyalty, but not convince customers to pay a price-premium. More research is 

needed to study the linkage between loyalty and price-premium, and also to understand 

the sense of the influence of personality variables. Also, other databases on the fashion 

industry are needed to confirm our findings. Finally, it will be interesting to compare 

different model and estimation methodologies, as the latent variables structural equation 

models. 
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Abstract 
objectives: Surgery operations are the fearful events among all other medical procedures. This 
fear causes anxiety and stress which affects the outcome of treatments, recovery from surgery and 
some maladaptive behaviors. To cope with surgery worries and minimize the fear, it is important 
to study these fears and its associated factors. This study attempts to explore the surgery worries 
and the associated factors among Iranian high school adolescents. 
Methods and Materials: To measure surgery worries, ٣٣٤ high school adolescents of age ١٥-١١ 
completed the Child Worries Questionnaire(CPCI) adolescent form, and also answered the 
questions about the ١٤ independent variables (sex, age, parents education and occupation, 
previous hospitalization experience of child and immediate family and friends, number of 
hospitalization during Child’s life long, previous surgery experience of child and her or his 
immediate families, death of close friends in hospital). Multivariate regression method was used 
for statistical analysis to determine the effective factors.  
Findings: The results of this study showed that the Iranian Adolescents have most worries about 
the “Not being able to do the same things as before” and least worries about “What I will feel 
during the anesthesia”.  The factors associated with Surgery worries are; parents education 
(P=.٠٢١ for father and.٠٤٩ for mother), adolescent previous experience and number of 
hospitalizations (P=٠٫٠٢٥ and P=٠٫٠٠٨, respectively), the number of previous hospitalizations 
(P=.٠٠٣), previous experience of hospitalization of immediate family and friends (P=.٠٣٥). The 
findings of study have implications for hospitals staff and care given. 
Key words: fearful events, hospitalization, surgery worries.  
 
Introduction 
 
Surgery operations and hospitalization are the fearful events among all other medical procedures. 
A number of studies have examined psychological reactions and responses to surgery operation 
among children at different ages, according to their findings patients undergo surgery, experience 
grater distress and fear than in almost any other medical procedures. At least there are three 
important elements that make the surgery operation stressful: 

١- “The experience of anesthetic that causes consciousness which is frightening itself and 
associated with fears of not waking up or being aware of unable o communicate the facts. 

٢-  The degree of post-operative pain, however it is unrealistic to imagine any surgical 
operation could be pain free. 

٣-  Because of nature of surgery involves the fear of knives and needles” (١). 
 There are a large literature related to the  beneficial effects of stress reduction and anxiety coping 
on outcome of treatment and recovery after surgery. The results of psychological research in this 
area indicate that hospitalization and surgery operation are traumatic events for the children and 
the memories of the experience will last long after the operation.  Children who are experiencing 
anxiety and stress before surgery , may fantasies  unrealistic  worries about what will happen at 
the operation room more than others and  these fear almost more frightening than what really 
happen. Kain (٢٠٠٦) showed ‘ children whose anxiety before surgery increased ١٠٪ based on the 
Yale Operative Anxiety Scale are ١٠٥ more at risk of experiencing delirium after  surgery. 
Delirium may cause maladaptive behavior change after the surgery in compare to children with 
no delirium. To cope with surgery distress and fear reduction it is important for psychologist and 
other medical staff to recognize the source of stress among the children. This study attempted to 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 6058 -



evaluate the surgery worries and distress among Iranian high school adolescents and also to 
determine its associated factors. 
 
 Methods and Materials 
The subject of this study were ٣٣٤ junior high school students aged     ١٦٦)       ١٥-١١ males and 
 ١٦٨females).The sample selected randomly from list of four high school in the city  of   Tehran  
and Karaj. Self administered close ended questionnaire adapted as instrument for data collection  
and monitored by principal investigator of research.   The questionnaire  consists  of  two   parts.  
Part one  asks  backgrounds  questions and abut independent  variables (sex, age,  student  grade 
level,   parents  education  and  their  occupation,   previous  experience  of   hospitalization  and   
number of surgery ,operation, death of family and friends caused by surgery. 
Part two evaluates worries of surgery, by   Surgery Worries Scale (CPCI). Th e scale created  by  
Maria J. and etal for  Spanish students. This five point (٤-٠) likert type scale  have ٢٧  questions.  
These questions  are series of situations that occur when a person undergo surgery operation.The  
items related  to  illness,  pain,  death , injection,  anesthesia,  parents separation,  hospitalization,  
interpersonal relations. The questionnaire ask the students   “suppose you are ill and have to have  
an operation ,tell us how worried you would be about each  situation ,using  the following  scales:  
٠(not worried), ١(little worried),  ٢(moderately worried), ٣ (considerably worried),  ٤(extremely  
worried) . 
Statistical method: descriptive  statistics  were used  to  determine the  level  of  worries  and  its 
source and multivariate regression statistical test adapted to for determining the relations between 
independent variables and  surgery worries. 
Results 
The he results of worries scale showed that the  mean  score of  CPCI  test were   ٤٠٫٨٤  out    

of  
Maximum ١٠٨ with  standard  deviation of   ٢١٫١٥.   Surgery  worries  were  low  in    ٢٨٫١٪  of   
students, medium in  ٤٦٫١٪, high in  ٢٢٫٥٪ and very high in  ٣٫٣٪  the study   showed  ٢٠٪  of  
student worries score was very  high, ٩٪,  high,  ٢٠٫٦٪ moderate ,  and  ٤٩٫٥٪ low .   The most  
five and the least five worries of high school student from surgery showed in table ١. 
 The finding also indicated that e Iranian adolescents have most worries about the “Not being 
able to do the same things as before” and least worries about “What I will feel during the 
anesthesia . 
Table ١: the most five worries and five least worries among ٢٧ situations  related to surgery 
operation. 
 
 Most five worries  Score( from Four) 

        ١-    not being able to do the same things as before the illness 
        ٢-    not recovery fully from the illness 
        ٣-    my parents being nervous 
       ٤-    being hurt during the operation 
       ٥-    waking up during the operation 

٢٫٧٥ 
٢٫٥١ 
٢٫٤٨ 
٢٫٤٢ 
٢٫٢٢ 

Least t five worries  
 

١- What I feel during the anesthesia 
٢- taking blood out of me 
٣- knowing who is in the operation team 
٤- how they will anesthetic me 
٥- what I feel during the operation 

 

 
٠٫٩٢ 
o.٩٠ 
٠٫٨٦ 
٠٫٨٦ 
٠٫٧٠ 
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The factors associated with the surgery fears according to CIPI  Surgery worries Scale in  the 
statistical model are parents education (P=.٠٢١ for father and.٠٤٩ for mother), adolescent 
previous experience and number of hospitalizations (P=٠٫٠٢٥ and P=٠٫٠٠٨, respectively), the 
number of previous hospitalizations (P=.٠٠٣), previous experience of hospitalization of 
immediate family and friends (P=.٠٣٥). No statistical significant relation were found among  
other variables and results of surgery worries (table ٢). 
 
Table ٢;   The summery (effecting factors) of  results of  Likelihood Ratio Test  
 
effect -٢Log 

likelihood of 
reduced 
model 

Chi-Square   df 
 

sig 

 
Father education 
Mother education 
Previous experience of hospitalization 
Number of  hospitalization 
Previous experience of hospitalization 
Death of family caused by hospitalization 
 

 
١٩٨٫٢٤١ 
١٩٦٫٣٤٢ 
١٩٧٫٨٨٠ 
٢٠٠٫٤١٥ 
٢٠٢٫٥٥٣ 
١٩٧٫٠٩١ 

 
٩٫٧٤٢ 
٧٫٨٤٣ 
٩٫٣٨١ 
١١٫٩١٧ 
١٤٫٠٥٤ 
٨٫٥٩٣ 

 
٣ 
٣ 
٣ 
٣ 
٣ 
٣ 

 
٠٫٢١ 
٠٫٤٩ 
٠٫٢٥ 
٠٫٠٠٨ 
٠٫٠٠٣ 
٠٫٠٣٥ 

 
The chi - square statistic is the difference in -٢ log –likelihood between the final mode and 
reduced model . the reduced model is formed by omitting an effect from the final model. The null 
hypothesis is that all parameter of that effect are ٠. 
 
Discussion 
The finding of this study shows that previous experiences of hospitalization and surgery operation 
by child or the family is important factor for  surgery worries which need to be considered by 
family ,friends  and hospital staffs. The study also showed parents with more education their 
children can tolerance the situation better than others. 
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Introduction 
 

It is very interesting in social sciences to see which variables influence significantly misbehavior of the 
youth. We have chosen the sample from one big city on the coast, two small cities in hinterland, one small 
city on the coast and two island townships. The sample was chosen from population of elementary school 
pupils (aged 14-15) and secondary school pupils (aged 16-18). The questionnaire was composed of 56 
questions with only some of them being used in this paper. The main goal of the study was to identify 
variables which are statistically significant, and also to see the differences in misbehavior between the places 
where young people live. We used binary and multinomial logistic regression. 
 
1. The analysis of alcohol consumption 
 

When looking for association between ten variables and alcohol consumption separately, all of them 
proved to be significant, but when using multivariate technique it was reduced to seven of them to be 
statistically significant. The overall percentage of good classification was 70.9%, with sensitivity of 58.8%. 
 
Table 1: The results of binary logistic regression for alcohol consumption  
  

Variable B S.E. Wald Sig. Exp(B) 

Are your parents married? ,274 ,147 3,445 ,063 1,315 

Has your mother still been employed? -,200 ,090 4,908 ,027 ,818 

Did you have problems in childhood? ,217 ,110 3,933 ,047 1,243 

Are there heavy drinkers in your family? ,906 ,140 41,888 ,000 2,475 

Do you smoke? 1,709 ,088 378,555 ,000 5,525 

Have you been ever convicted for crime? ,565 ,276 4,175 ,041 1,759 

Gender ,872 ,089 96,498 ,000 2,391 

Constant -2,469 ,156 248,932 ,000 ,085 
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From table 1 we can conclude that students' alcohol status is worse if their parents are not married 
(divorced, separated, died, widowed or something else). When their mother has been still employed, students 
drink more, as well as if they have had some problems in childhood, when they have heavy drinkers within 
the family, when they smoke, when they have been convicted for crime. If they are males, they drink more. 
The highest OR is when students smoke. Variable problems in childhood refer to: uncontrolled pissing 
in the bed, nightmares, contractions with the loose of consciousness and being too shy.  
  
2. The analysis of drug abuse 
 

      For drug abuse, the overall percentage of good classification was 91.8%.  

 

Table 2: The results of binary logistic regression for drug abuse  

 

Variable B S.E. Wald Sig. Exp(B) 

Are your parents married? ,589 ,216 7,463 ,006 1,802 

Has your mother still been employed? -,381 ,163 5,466 ,019 ,683 

Did you have problems in childhood? ,648 ,166 15,311 ,000 1,911 

Do you smoke? 2,261 ,252 80,542 ,000 9,597 

Have you been ever convicted for crime? 2,040 ,313 42,429 ,000 7,690 

Do you drink alcohol? 1,450 ,183 62,507 ,000 4,264 

Constant -5,075 ,264 369,169 ,000 ,006 

  
When analyzing drug abuse we have reduced number of significant variables to six, gender not been 

significant, on the contrary to the analysis of alcohol consumption. The highest ORs are for smoking and 
alcohol consumption as expected. Also, high OR is when asked for crime conviction. 

 
3. The analysis of cigarette smoking 
 

    When analyzing cigarette smoking, the smallest number of variables has been selected to be 
significant. The overall percentage of good classification was 69.8% with sensitivity of 59.8%. 
 

Table 3: The results of binary logistic regression for cigarette smoking  
 

Variable B S.E. Wald Sig. Exp(B) 

Did you have problems in childhood? ,282 ,110 6,525 ,011 1,325 

Gender -,201 ,089 5,130 ,024 ,818 

Do you drink alcohol? 1,519 ,090 287,856 ,000 4,567 

Have you ever tried any drug? 2,257 ,249 81,872 ,000 9,557 

Constant -,877 ,064 189,177 ,000 ,416 

 

 As expected, the biggest ORs are for alcohol drinking and drug abuse. Female students smoke less 
then their male counterparts. 
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4. Multinomial logistic regression regarding the place where students are living 
 

We have used multinomial logistic regression regarding the place where young people are living as 
dependent variable. The reference category was Sinj, small township in hinterland. Compared to Sinj, the 
island's youth were less convicted for crime offences, have had less problems in childhood, and have higher 
percentage of their parents being employed. All these variables proved to be significant when analyzing 
sample as a whole. Still, the island population of the youth smoke more, drink more alcohol and have a 
higher percentage of drug abuse.    

 

5. Conclusion remarks 
 

Main variables influencing misbehavior of the youth are: problems in their childhood, gender, 
marital status of the parents, criminal offences. Also, drug abuse, drinking alcohol and cigarette smoking 
proved to be mutually associated. The situation on Croatian islands is the worst for many reasons: few young 
people live there, boredom, lack of social life and entertainment. 
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ABSTRACT 

 
We have been studying misbehavior of the youth aged 14 - 18 in Croatia. The variables studied as dependents 

were: drug abuse, cigarette smoking, alcohol abuse and problems in education. We have taken sample of 2855 students 
from elementary and high schools from various parts of Croatia, with stratification on big cities, small cities, villages 
and island settlements. The students were asked to answer the following questions (among others): their gender, if they 
live with their biological parents, if their parents have been divorced, if their father has been employed, if their mother 
has been employed, type of behavior among family members, financial problems in the family, possible psychiatric 
problems within the family, did they had some problems in childhood, are their parents very tough in education, do they 
have problems in school such as leaving temporarily school premises, if they sometimes escape from their home, 
possible court punishment and breaching the law, alcoholism in family and cigarette smoking in family. 

We used binary and multinomial logistic regression to investigate significance and the strength of the 
influence of these covariates on dependent variables. We have also concentrated our attention an odds ratios. The 
results were different depending of the place of living (city, village and island settlement). We also obtained 
classification table which is very satisfactory. The majority of covariates proved significant thus marking more or less 
strong influence on misbehavior of the Croatian youth. 
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RÉSUMÉ 
 
Nous avions étudié la mauvaise conduite de la jeunesse âgée 14 - 18 en Croatie. Les variables étudiées 

comme personnes à charge étaient : toxicomanie, tabagisme, abus d'alcool et problèmes dans l'éducation. Nous avons 
prélevé le groupe de 2855 étudiants des lycées élémentaires et de diverses parties de la Croatie, avec la stratification 
sur de grandes villes, de petites villes, de villages et de règlements d'île. Les étudiants ont été invités à répondre aux 
questions suivantes (notamment) : leur genre, s'ils vivent avec leurs parents biologiques, si leurs parents ont été 
divorcés, si leur père a été employé, si leur mère a été employée, type de comportement parmi les membres de la famille, 
les problèmes financiers dans le famille, problèmes psychiatriques possibles dans le famille, faisait ils avait quelques 
problèmes dans l'enfance, sont leurs parents très durs dans l'éducation, ils ont des problèmes à l'école telle que laisser 
temporairement des lieux d'école, s'ils s'échappent parfois de leur maison, punition possible de cour et ouvrir une 
brèche la loi, l'alcoolisme dans le famille et le tabagisme dans le famille. 
Nous avions l'habitude régression logistique binaire et polynôme d'étudier la signification et la force de l'influence de 
ces covariates sur des variables dépendentes. Nous avons également concentré notre attention des rapports de chance. 
Les résultats étaient dépendre différent du lieu de la vie (règlement de ville, de village et d'île). Nous avons également 
obtenu la table de classification qui est très satisfaisante. La majorité de covariates a prouvé le repérage significatif 
plus ou l'influence ainsi moins forte sur la mauvaise conduite de la jeunesse croate. 
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Abstract:

By the 21st century, information and technology establishes increasing sites on the

improving of societies, and the world moves toward the economy based on information.

Information trade market is a real irregular market and every item has its own special price

and quality, and in fact the owners of the information act in exclusive of like exclusive way.

one of the economic specifications of the counties around the world, is the variety between

the levels of productivity making of them, which has caused the verification in their

economic growth, and general speaking, the distance between the improved and improving

counties is gradually getting more Considering the .situation on Iran's economy, it seems

that paying attention to the following problems, will help Iran's economy in achieving the

productivity and information based economy.
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Introduction

Basically, the information economy, is not the economy of lack of recourses, but it is the

economy of excess of recourses.In a way dislike many of recourses that are vanished when

spent, information and knowledge which are the fundamental of economic information, can

be used many times, in fact they will grow by use. In the economic information, the

information is changed into goods and it is sold. Recently, for the trade of information,

imaginary trade markets are formed in the world, and people put it forward to trade by

announcing the price of their information price. Information trade market is a very irregular

market and every item has its own quality and price, and in fact information owner act in

exclusive or not exclusive modes.

It is remind able that during the recent years, many organizations, have recognized the

information as the generation factor and put the assessment of information rule in their blue

print in the universal competition.we have to get policies different from the past, and

policies are:

reform the society culture: to enter the economic information we must change our

method of thinking, accept the change itself, and center of information in general and

science and technology in particular should be adopted in all of the activities. Through

the education system, persuading innovations needed for the job creators, making

organizations which ease the concepts to come out, and creating lawful environment

and appropriate tax to reward these actions.
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In order to increase the information capacity, the education section should be

reinforced and elevated in quality by giving competition environment in all levels.

In creasing the expenses in research and development is another truth in increasing

the information capacity.

Conclusion

With the regard of assemble of dominant situation on Iran's economy that seem paying

attention to the following matter, will help Iran's economy to achieve the productivity and

information economy.

1. Education and collection the knowledge and science, are the first recourses of

growth, development and productivity from this sight, the scientific thought

production regulation in Iran should be reviewed strictly.

2. with no clout, continuing of this process, which in one side shows the enormous

human force investments and in the other side, doesn’t bring up acceptable

economic results for the country, is not acceptable and evolution of causes of this.

3. the most important connecting ring between the activities related to improving

productivity scientific and technical development and moving toward the economic

development, is the activity connected to research and development.

4. another important problem is the level of collected technical skills in the country.

Even though the processes of teaching technical skill full employees with high

sensitivity in all the world is noticed by the planners and strategists. there is a kind

of unity in idea in this field that the existing technical skills of the country neither
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have an equation with recent needs nor it is in accordance with the

internationalization conditions.

5. New studies generally show the fact that the governments industrial, trading and

technical policies are the most important development levels difference factor in the

countries of the world, and distinct the countries which were more successful in

economic and structure revolutions than the other countries. this problem is

specially seen after the adoption of resolution years and after the imposed war

economic policies.

In random study, it is clearly seen that around %70 of all the imposed exchange

expenses to the economic agencies has been caused by the government’s incorrect

economic policies specially in assigning the Visa price.

For this reason, strict review in the government policies which is the source of such

volume of exchange expenses and country’s economic agencies power decrease,

seems to be necessary.
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OBJECTIVES: To know the attitudes, desires, guidelines of consumption of the 
chosen population. 

- Identify segments of the population based on its life style. In this first 
stage will confine the study to Agglomerate Great Rosario in order to 
obtain a profile of the different styles of life of the segments from this 
Agglomerate one, labeling them from the obtained profile.  

- 3 - THEORETICAL MARCO: With respect to the history of the concept Green, 
Cordell, Betz and DiStefano (2006) they refer that one of the first 
authors whom it has investigated “styles of life” has been Demby (1974), 
that coined the term “psychographics”. But the social or conductual data 
obtained tests of personality, which was developed in clinical or academic 
atmospheres.  

- In later studies, the personality was replaced by the data of the life 
style: activities,  interest and opinions. Scales of 300 items were 
constructed, that although produced significant data, were very difficult 
to use by their length. They indicate that Mitchell (1984) introduced a 
more efficient instrument, containing single 55 items but it included 
single items referred to the personal values. Another instrument is PPM 
(Personal Proyect Matrix, Horley, 1988), a form to study the styles of 
life through listing personal projects. Arnau commas (2003) comment the 
diverse approaches of the concept life style:  

- a) one of the approaches identifies the styles of life with the general 
characteristics of an historical society in a while determined, which are 
expressed, as well, by means of these styles of life. This would be the 
theoretical line that from Tonnies has arrived at Inglehart and in that it 
is to determine which are these general characteristics which they conform 
a concrete historical society, to describe it with more precision. To 
study the life styles is the procedure to know more thorough a society. 

-  b) 2da version, extends from Marx to Bordieu, and understands that the 
life styles are the symbolic reflection of the economic and social 
structures. The life styles study to know of the society, but it is not a 
direct knowledge, unlike the previous approach, but only the symptoms that 
there are to consider at the time of analyzing and describing the 
structural components of this society. 

-  c) 3er approach understands the concept styles of life like a plurality 
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of behavior styles that emerge after the bankruptcy from a unified model 
from behaviors and attitudes. For example, in Spain, the bankruptcy and 
crisis from the Sixties, of the “catholic style of life”, in the countries 
of the East, the decomposition of the system of socialist economy. From 
these bankruptcies, the life styles are plural, multidimensional, hardly 
perceivable and in constant change. A representative of this vision is 
Ruiz de Olabuénaga (mentioned by Rodriguez Suarez and Agulló Tomás), who 
understands in the style of life like a set of patterns that structure the 
temporary organization, the social system of relations and the guidelines 
of consumption and/or activities (cultural and of leisure). According to 
this author the life style is the initiative, on the part of the 
individual to recreate its social, personal and differentiated cosmos, 
instead of accepting passively the existing social cosmos in the outside 
of its environment, but at the same time, guaranteeing its significant 
property to him. The life styles are specific of concrete, minority groups, 
understanding it as a sample of cultural differentiation of tastes and 
preferences. It is a constructo that agglutinates the forms to think, to 
feel, to act, of a group concrete, pertaining to specific surroundings. It 
is in addition a set  of habits, guidelines and activities that serve to 
differentiate and to be different themselves from other social groups. It 
is a coparticipated practices that have the estructured and organizational 
capacity of the daily life of a specific group of individuals (Rodriguez 
Suarez and Agulló Tomás (1999). 

- On the other hand the methodologic improvement of the techniques of data 
collection from the Fifties of century XX has allowed to create tipologies 
of behaviors and attitudes, which give rise to the definition of the 
different styles from life. A life style is compound of actitudinales 
opinions, valuations and tastes and moods that are pronounced in routine 
behaviors with no need to have to be formulated and to be decided at every 
moment of isolated and selfreflexive way, and that forms a social-
individual profile (Rodriguez Suarez and Agulló Tomás (1999). Green, 
Cordell, Betz and Di Stefano (2006) indicate that the term life style has 
been defined like the distinguishing conductual expression of a pattern 
characteristic of values and beliefs (Horley, 1992) and as the 
distinguishing pattern of social and personal conducts characteristic of 
an individual or group (Veal, 1993). At the moment many investigators use 
a battery of items to capture one more a holístic vision of the styles of 
life of the people that includes their hobbies,  vocational interests, 
work, recreation and social activities.  

- The ways to identify the life styles include: 
-  - Conditions of life and behaviors, opinions, attitudes and judgments, 

tastes and sensitivities emotional, opportunities of innovation in the use 
of the free time (Rodriguez Suarez and Agulló Tomás (1999); - 
Psychological Well-being, labor activity, free time for leisure, practical 
time of physical exercise, habits of alcohol consumption and cigarettes, 
relations interpersonal and social contacts Fernandez Larrea ET to (2002); 
- Modern Life (tendency to live the contemporary culture, tendency to the 
health, use of technology and information), education and car learning 
(desire to learn, to have new experiences and abilities and to spend time 
with family), sports (interest in seeing sports), contribution (tendency 
to participate in social or civic services), home and family (affinity for 
traditional activities), work, trips, hobbies and interest for the nature 
and environment (Green, Cordell, Betz and DiStefano (2006).  

- 4 - METHODOLOGY The tipology of the life style will be constructed by 
means of the multivaried analysis of demographic variables socioeconomic 
variables and variables of attitude. In this first stage demographic and 
socio demographic data will be compiled form data bases  and carrying out 
a small survey pilot to a small sample of Agglomerate the Great Rosario, 
studying: - 

-  Characteristic socio demographic –  
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- Primary Consumptions –  
- Dowry of durable goods –  
- Free Time. – 
-  Use of mass media  

The process of Mining of Data involves to fit models or to determine patterns 
from data. This adjustment is of statistical type. The algorithms of mining 
of data make in general tasks of prediction (of unknown data) and of 
description (of patterns). The problem is in determining when a deviation is 
significant to be of interest.  

Area of study: Agglomerate Great Rosario  

Population of interest: Population of 14 years an more of Agglomerate Great 
Rosario 

 Method of selection: A multietápic sampling will be made where the last unit 
of sampling will be the home, and within it the analysis unit will be the 
people who compose it. Considered size: Survey pilot, probabilistic sample 
with a level of sufficient confidence that it will allow us to fulfill the 
objective of this first stage.  

Technique of data collection: questionnaires through personal interviews, and 
secondary data from national data bases will be provided.  

5 - PRESENT STAGE OF THE PROJECT 

 At the moment of the present report an initial version of the questionnaire 
has been elaborated Is being proved in a pilot sample and consists of the 
following variables: a) Sociodemographic: Sex, Age, level of instruction, 
Civil state, Family size ( Children (Nº) 

b) Health Control health (doctor, dentist) Feeding (salt, fats, vegetables, 
fruits) Alcohol Tobacco Daily hours of dream Amount of daily meals Overweight 
and obesity (IMC) Perception of the ideal weight Chronic diseases 

c) Economic Type of house and property Domestic service Vehicle Zone of 
residence Types of products that they buy  

d) Labor Occupation Weekly time destined Interference family - work  

e) Cultural consumption Cinema Exhibitions Concerts, theater Music Reading 
daily Reading of magazines Book reading Programs of TV Programs of radio  

f) Social activities Communitarian Participation: voluntary military service 
Political group (Type of activity and dedicated time)  

g) Religion Beliefs Practice (dedicated time and type of activities) Free 
time  

h) Hobbies Physical activity (type, amount of hours) Vacations: destinies, 
type of trips i) Psychological Asertividad Correspondence between 
expectations and profits Perception of control Social support Search of 
sensations Anxiety Facing of stress Perception of daily stress 

 j) Communication and technologies Computer (time and type of activity) 
Cellular DVD Filmadora, digital camera 
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k) Conducts of protection Use of the lap belt Obedience of transit laws  
Occasional sex  

l) Social Values - security - protection of the underprivileged sectors (old, 
young, poor) Personal saving calm and healthful life 
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1. Introduction 

A database was created after an inquiry to 14-15 - year old students, which was developed 
with the purpose of identifying the factors that could socially and pedagogically frame the results in 
Mathematics. The data was collected in eight schools in Funchal (Madeira Island), and we 
performed a Cluster Analysis as a first multivariate statistical approach to this database. We also 
developed a logistic regression analysis, as the study was carried out as a contribution to explain 
the success/failure in Mathematics. 

As a final step, the responses of both statistical analysis were studied.  
 
2. Cluster Analysis approach 

The questions that arise when we try to frame socially and pedagogically the results in 
Mathematics of 14-15 - year old students, are concerned with the types of decisive factors in those 
results. It is somehow underlying our objectives to classify the students according to the factors 
understood by us as being decisive in students’ results. This is exactly the aim of Cluster Analysis. 

The hierarchical solution that can be observed in the dendogram presented in the next page, 
suggests that we should consider the 3 following clusters, since the distances increase substantially 
after it: 

Variables in Cluster1: mother qualifications; father qualifications; student’s results in 
Mathematics as classified by the school teacher; student’s results in the exam of Mathematics; time 
spent studying. This result enhances the influence of parents’ qualifications in the results in 
Mathematics and the time spent on studying, although the last one is less influent. It shows the 
influence of parents’ qualifications in their children results in Mathematics and in the time spent on 
studying. 

Variables in Cluster2: the student lives with his parents; what students think as more 
important for improving results in Mathematics; special aid of Mathematics school teachers; too 
many hours attending school classes. Variables in this cluster reflect the family tconversations about 
Mathematics classes.  

Variables in Cluster3: sex; lack of attention/concentration in class; studying unwontedness; 
difficulty in interpretation; student has already failed one school year. Not surprisingly this variables 
classify the students in a similar way, since boys and girls typically have different results in these 
variables. 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 6074 -



 
Dendogram for the variables (complete linkage of the furthest neighbor) 
   
 
 
 
 
 
 
 
 
 
 
 
  

A Cluster Analysis applied to students, using a k-means algorithm and choosing the first 4 

interpretable clusters, shows that 52.5% of the students in Cluster3 have excellent results in 

Mathematics. The percentage of failure is 32% in Cluster1, 25% in Cluster2, 0.06% in Cluster3 and 

29% in Cluster4. Also, the centers of the 4 clusters for each variable, show that the parents’ 

background education is the variable that absolutely distinguishes between the 4 clusters. Students in 

Cluster1 have parents with low education background, are the only ones that complain about 

spending too many hours attending to classes and, also, are the only ones who suggest that a small 

number of pupils in each class, and classes with more stimulating subjects different from those that 

are taught now, would improve students’ results in Mathematics.Conclusions on students’ clusters are 

supported by variable clusters and these analyses absolutely help each other. We can reach the 

goals we set to ourselves when analyzing a database in Education, through a Cluster Analysis, 

going deep in students’ behaviour and in its relation with the variables in the database.  

 
2. Logistic Regression Analysis approach 

The dependent variable in this approach is failure/success in Mathematics and the codings of 

the categorical variables in the final model can be found in the following table.   

The codings of the categorical variables in the final model 
 

 Frequency 

    (1) (2) (3) 
Time spent studying (per week) 0h 45 1,000 ,000 ,000 

  1h 119 ,000 1,000 ,000 

  2h 46 ,000 ,000 1,000 

  More than 2h 21 ,000 ,000 ,000 

Mother’s qualification none 4 1,000 ,000 ,000 

  basic 130 ,000 1,000 ,000 

  high school 50 ,000 ,000 1,000 

  university 47 ,000 ,000 ,000 
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Last step in the Logistic Regression Analysis (Backward Wald) 

Variables in the Equation 

  B S.E. Wald df Sig. Exp(B) 

Step 7(a) Time spent studying     11,142 3 ,011   

  Time spent studying (1) 1,953 ,828 5,565 1 ,018 7,050 

  Time spent studying (2) ,813 ,793 1,051 1 ,305 2,255 

  Time spent studying (3) ,795 ,855 ,864 1 ,353 2,215 

  Mother’s qualification     11,288 3 ,010   

  Mother’s qualification 

(1) 
1,532 1,338 1,313 1 ,252 4,629 

  Mother’s qualification 

(2) 
2,006 ,637 9,924 1 ,002 7,434 

  Mother’s qualification 

(3) 
1,314 ,728 3,254 1 ,071 3,721 

  Constant -3,786 ,972 15,170 1 ,000 ,023 

 

Conclusions are very similar (we could expect that father’s qualification would not appear in 

the final model) and we can estimate that, for example, the odds that the student fails increase by 

a factor of 7.05 when the student doesn’t study compared with a student that studies more than 2 

hours per week, since other variables are controlled. But we loose important information when 

considering only two categories for the variable representing students’ results in Mathematics 

(binomial logistic regression), as we would loose information considering more categories 

(multinomial logistic regression). Choosing one category to compare with the others doesn’t make 

sense if we note that the possible results in Mathematics are 1, 2, 3, 4, or 5, and that it is not 

always very clear the difference between some of them. Exploring the relations between independent 

variables in logistic regression is not an inviting strategy. 

It is more reasonable to interfere by choosing the number of clusters, or in the clusters 

interpretation, than interfering upon which category of variable will be compared with all the other 

categories, or how to group variable categories or in anyway “forcing” the data to fit in a logistic 

regression analysis. 
 
3. Factorial Analysis approach 
As it can be seen in the following table, the 5 factor solution of Factorial Analysis applied to the 

same database, shows that the first factor (which total variance explained is the most important) led 

us to formulate an identical interpretation to the results we obtained in the previous statistical 

analyses.  

Anyway, the results of Factorial Analysis are not so easy to interpret as are the results of a Cluster 

Analysis.  
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Factor anlysis solution 
 

                                      Component Matrix(a) 

  Component 

  1 2 3 4 5 

Results in Mathematics as classified by the school 

teacher 
,747 ,113 ,197 -,200 -,197 

Result in Mathematics examimation ,738 ,043 ,044 -,307 -,154 

Sex -,031 ,524 -,392 ,333 ,211 

Had already failed -,638 ,117 ,010 -,144 ,000 

Lives with his parents ,168 -,314 ,329 ,457 ,494 

Mother’s qualification ,758 -,095 -,046 ,081 ,131 

Father’s qualification ,741 -,054 -,004 ,102 ,138 

Time spent studying ,328 ,381 -,413 -,223 ,140 

Special Mathematics classes by the school teacher ,130 -,622 -,084 ,366 -,322 

Doesn’t study, usualy  -,105 ,401 ,652 -,147 ,247 

Lack of atention/concentration ,033 ,324 ,607 ,178 -,383 

Too many hours of classes -,135 -,310 ,025 ,041 -,296 

Difficulty on interpretation  ,146 ,454 ,014 ,541 -,016 

How to improve results in Mathematics -,040 -,437 ,165 -,265 ,501 

Extraction Method: Principal Component Analysis. (a) 5 components extracted. 
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Abstract 

The work developed shows that Cluster Analysis appropriately answers the questions that arise 
when we try to frame socially and pedagogically the success/failure in Mathematics of 14-15 - year 
old school students. 
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What Regression for a Lykert Scale?
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ABSTRACT

The insight term is used in psychiatry research to define the awareness of having a mental disorder.
The relationship between insight and neurocognitive function in bipolar disorder has not been clearly
established. The shortened version of the SUMD (Scale to Assess Unawareness of Mental Disorder)
consists of nine items grouped in two parts, and assessed awareness of mental disorder on several
dimensions, using a five-point Lykert scale, varying from 1 (awareness) to 5 (no awareness); higher
scores indicate less insight. To explore relationship between insight and neurocognitives variables,
in a study with forty-five bipolar type I out-patients in remission, three regression methods, logistic,
ordinal and multiple linear, were used.

Keywords. Insight, SUMD, regression models.
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Sequential Estimation of Generalized Measurement-error Linear Mod-
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In the online calibration procedures of the computerized adaptive testing(CAT) of educational
or psychological tests, the parameters of new test items are estimated during the course of an active
test. That is the test-takers joining the item calibration process are selected from those test-takers
who participate the active test. Thus, their true latent trait levels are usually unknown. Therefore, the
estimates of their latent trait levels are used as the design variables for estimating the item parameters.
Naturally, these designs are subject to estimation errors.

Moreover, for estimating the item parameters efficiently, the adaptive design scheme are usually
used. That is those test-takers for item calibration process are selected sequentially and adaptively
based on the available information, which depends on the previous estimates of the unknown param-
eters, up to current stage. In addition to the efficiency of estimating procedure, if we require all the
estimates of item parameters to have a consistent accuracy, then a sequential fixed size confidence set
estimation procedure is one of the best choices.

In the item response theory based CAT, the logistic regression type of models are the most
commonly used statistical model(see Wainer, 2000). Some of these models can be viewed as special
cases of generalized linear models (GLM). Thus, we study the sequential estimation of GLM under
measurement errors setup, and the online calibration problems can be viewed as its applications.

Main Results

Assume there is no errors in covariates for the moment. Suppose that observations (yi, xi) ∈
R×Rp, i = 1, 2, . . ., are pairs of responses and designs, which satisfy a generalized linear model with
a link function µ with µ̇(t) > 0 for all t; that is

(1) E[yi|xi] = µ(x′iβo),

where β0 denotes the vector of the unknown regression parameters to be estimated. Let β̂n be the
MQLE of a sample size n. That is β̂n satisfies following estimating equation

(2) `0
n(β̂n) =

n∑
i=1

xi[y − µ(x′iβ̂n)] = 0,

where `0
n is the quasi-likelihood estimating function of sample {yi, xi, i = 1, . . . , n}. Note that the β̂n

is unique as it exists, since µ̇(t) > 0 for all t. (Readers may refer to McCullagh89 for more information
about GLM and MQLE.)

If we assume further that supi≥1 ‖xi‖ < ∞, then under following conditions:

(C1) The minimum eigenvalue of
∑n

i=1 xix
′
i goes to infinity as n →∞.

(C2)
∑n

i=1 ciεi converges a.s. for any sequence of constants {ci} satisfying
∑n

i=1 c2
i < ∞.
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Then β̂n has been shown to be a strongly consistent estimate of β0 in ChenHuYing99 (see also chang99).
In fact, they show that ‖β̂n − β0‖ = o({[λmin(n)]1+ν/λmin(n)}

1
2 ) almost surely for any ν > 0, where

λmin(n) denotes the minimum eigenvalue of
∑n

i=1 xix
′
i.

(C2’) supi≥1 E[εr
i ] < ∞ for some r > 2, and (C3) λmin(n) > nαη for some η > 0 and α > 1/2.

When the explanatory variables are subject to some additive measurement errors; that is instead
of the true designs xi’s, we can only observe zi’s, satisfying

(3) zi = xi + ξi, for i =, 1, 2, . . . , n,

where ξi ∈ Rp, for all i ≥ 1, denotes the vector of independent random measurement errors. Let
Un = ‖ξn‖2/an, for n ≥ 1, where {an} is a sequence of positive constants. Suppose that the sequence
{Un, n = 1, 2, . . .} satisfies

(D1) (i)
∑∞

n=1 P (Un > 1) < ∞; (ii)
∑∞

n=1 E(UnI[Un≤1]) converges; (iii)
∑∞

n=1 V ar(UnI[Un≤1]) < ∞,

where I denotes the indicator function. Condition (D1) is implied by condition (D1’) below for a
practical use.

(D1’) There are some constants 0 < αn < 1, n ≥ 1, such that
∑n

i=1 ‖Un‖αn < ∞.

Theorem 1 Assume that {yi, xi : i = 1, 2, . . .} are independent observations that satisfy a generalized
linear model as specified by (1). Suppose that xi’s are measured with error ξi’s, which are independent
of εi for all i, and let zi be the observed covariates satisfies (3). Assume that there is a sequence of
positive constants {an}, with an/n converges to a constant(may be zero), such that (D1) holds. Then
under (C1), (C2’)and (C3), if supi≥1 ‖xi‖ < ∞, the MQLE δ̂n is a strongly consistent estimate of β0.
In addition, if λmin(n)1/2 log(λmin(n))(1+ν)/2/an = O(1) for all ν > 0, then

‖δ̂n − β0‖ = o

({
[log(λmin(n)]1+ν

λmin(n)

} 1
2

)
a.s.

for all ν > 0.

Moreover, it can be shown, as n →∞,

Σ̃
1
2
n (δ̂n − β0) →L N(0, Ip),(4)

where Σ̃n = Σ̃n(z, δ̂n) =
∑n

i=1 µ̇(z′i, δ̂n)ziz
′
i, Ip is the p × p identity matrix, and λ̃min(n) denotes the

minimum eigenvalue of Σ̃n (see Chang, 2006). (Note that O(Σ̃n) = O(
∑n

i=1 ziz
′
i), since µ̇(t) > 0 for all

t.) The proposed sequential confidence set estimation procedure is then based on (4) and is discussed
below. Equation (4) implies that

(δ̂n − β0)′Σ̃n(δ̂n − β0) →L χ2(p) as n →∞,(5)

where χ2(p) denotes the chi-square distribution with p degree of freedom. Let C2
α be the constant

such that P (χ2(p) ≥ C2
α) = α, and define

Rn = {β ∈ Rp : (δ̂n − β)′Σ̃n(δ̂n − β) ≤ Cα}.(6)

Then (6) defines a confidence ellipsoid for β0, say Rn, which centers on δ̂n and has its coverage
probability approximately equal to 1− α as the sample size n becomes large.

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 6081 -



The length of the maximum axis of Rn, which can be used as a measure of the precision of
confidence ellipsoid, equals 2(C2

α/λ̃min(n))1/2.
Suppose that it is required further that the maximum axis of Rn is no greater than 2d for some

d > 0; that is (C2
α/λ̃min(n))1/2 ≤ d. Then it implies that λ̃min(n) ≥ C2

α
d2 . Based on this inequality, a

stopping rule for a sequential procedure to construct such a confidence ellipsoid is proposed:

Td = inf
{

n ≥ 1 : λ̃min(n) ≥ C2
α

d2

}
,(7)

which is an integer-valued random variable depending on δ̂n via λ̃min(n). When sampling stops, RTd

will be used as the confidence set for β0. By Anscombe Theorem (Anscombe, 1952), we have the
following theorem. The details of the proof will be postponed until Appendix.

Theorem 2 Suppose {yi, xi}, i = 1, 2, · · · are independent observations satisfy (1). Let ξi’s be the
measurement errors such that zi = xi + ξi. Let n′ be the first n ∈ N such that

∑n
i=1 xix

′
i is a

non-singular matrix. If Condition (C1), (C2’), (C3) and (D1) are satisfied, then the maximum quasi-
likelihood estimate δ̂n based on {yi, zi, i = 1, 2, · · · }, is strongly consistent. In addition, if for some
n ≥ n′ and κ > 0 such that

inf
n≥n′

λmin(
n∑

i=1

xix
′
i) ≥ nκ,

then Td < ∞ a.s. for d > 0, Td →∞, Td/no → 1 a.s. as d → 0, and

(i) limd→0 P (β0 ∈ RTd
) = 1− α, (asymptotic consistency)

(ii) limd→0 E[Td/no] = 1 a.s.. (asymptotic efficiency)

Theorem 2(i) says that the confidence ellipsoid will have the required coverage probability, asymptot-
ically, and (ii) simply states that the ratio of the sequential sample size to the optimal fixed sample
size converges to 1 as d goes to 0. (Note that the terminologies – asymptotic consistency and efficiency
are due to chow-robbins65.)

Simulation Results

In the fixed design case, we use a logistic regression model below for demonstration:

P (yn = 1|xn, β0) =
exp(β0,1 + xn,2β0,2 + xn,3β0,3)

1 + exp(β0,1 + xn,2β0,2 + xn,3β0,3)
.(8)

The true β0 = (β0,1, β0,2, β0,3)′ is set to be (0.5,−1.2, 1.0) and α = 0.05; i.e. our target is a 95%
coverage frequency confidence set.

For comparison, in addition to the case with no measurement errors and the case which has
measurement errors satisfying (D2), we also simulate the case with fixed variance in the measurement
errors, and the case with measurement errors which degenerates slower than the required. Thus, there
are four different cases in this simulation study:

(1) [True Design] The true design x′n = (1, xn,2, xn,3), and the component xn,k, k = 2, 3 are generated
from N(0, 4), for all n and k, independently; that is there is no measurement errors in the designs.

(2) [(D1)-satisfied] The measurement-error design zn,k are generated by zn,k = xn,k + ξn,k, where
ξn,k ∼ N(0, σ2

1), and σ1 = 2/
√

n(log(n))1.1 for each n and i = 2, 3.

(3) [Slowly Degenerating] For the case with slowly degenerated variance, we set ξn,k ∼ N(0, σ2
2),

where σ2 = 1/
√

n, which has the degeneration rate slower than the required.
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Table 1: Average Coverage Rate of 500 runs of four different measurement error cases.
d True Design (D1)-Satisfied Slowly Degenerating Fixed Variance
0.3 0.960 0.954 0.934 0.520
0.4 0.940 0.936 0.924 0.572
0.5 0.950 0.938 0.910 0.552
0.6 0.926 0.916 0.916 0.540
0.7 0.952 0.940 0.908 0.548
0.8 0.922 0.912 0.880 0.536

Table 2: Average Sample Size (Stopping Time)
True Design (D2)-satisfied Slowly Degenerating Fixed Variance

d mean std dev mean std dev mean std dev mean std dev
0.3 1146.1 147.4 1147.4 147.7 1127.8 132.6 487.4 27.9
0.4 642.1 106.9 643.9 107.7 619.1 102.4 278.5 21.1
0.5 421.5 84.5 423.1 84.9 398.7 79.4 180.5 16.5
0.6 291.2 71.1 293.1 71.7 283.6 67.2 127.5 13.9
0.7 216.5 58.7 218.1 59.1 206.4 57.5 95.1 12.2
0.8 170.5 56.5 172.1 56.8 160.2 47.7 75.8 12.1

(4) [Fixed Variance] For the fixed variance case, we set zn,k = xn,k + ζn,k, where ζn,k ∼ N(0, 1) for
k = 2, 3, and n ≥ 1; that is all measurement errors have the same variance.

There are 500 runs for each case with different values of d = 0.3, 0.4, . . . , 0.8. Besides the coverage
rate of RTd

and the sample sizes of simulations, the least square errors of δ̂Td
are also reported.

Table 1 summarizes the coverage rates of all cases. It shows that the coverage rates of the
proposed sequential procedure ((D1)-satisfied) approach the required coverage rate (95%) as d becomes
small, and are only slightly lower than those of the true design. The case with the fixed variance of
measurement error fails to have the required coverage rate. One reason for its bad performances is
that the estimates under this case are seriously biased. The performance of the case with slowly
degenerating variance lies between them.

Table 2 summarizes the average of stopping time (i.e. the sample size used) for each value of
d. The average sample sizes of the true design case and the (D1)-satisfied case are still very close.
The sample sizes of the slowly degenerating case are slightly smaller than those of the true design.
The sample sizes of the fixed variance case are much smaller than the other three cases. This may
be due to the biases of the estimates. Since λ̃min(n) in stopping rule is the minimum eigenvalue of
the estimated covariance matrix, which also relies on the estimate of parameters. The bias and large
variation of the estimate may cause the early stopping.
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Introduction 
In many educational and psychological measurement situations there is an underlying variable of 

interest. This variable is often something that is intuitively understood but difficult to be computed. 
Psychometricians refer to them as an unobservable, or latent, trait. Although such a variable is easily 
described, and knowledgeable persons can list its attributes, it cannot be measured directly since the variable 
is a concept rather than a physical dimension. One purpose of IRT is the determination of how much of such 
a latent trait an individual possesses (Baker, 2001).  

IRT models are mathematical equations describing the association between a respondent’s underlying 
level on a latent trait and the probability of a particular item response using a nonlinear monotonic function. 
The correspondence between the predicted responses to an item and the latent trait is known as the item-
characteristic curve. Most applications of IRT assume unidimensionality, and all IRT models assume local 
independence (Bradley, 2004). The Rasch model specifies a 1-parameter logistic (1-PL) function. The 1-PL 
model allows items to vary in their difficulty level (probability of endorsement or scoring high on the item), 
but it assumes that all items are equally discriminating (the item discrimination parameter, α, is fixed at the 
same value for all items). Observed dichotomous item responses are a function of the latent trait (θ) and the 
difficulty of the item (β): 

P( θ) = eDα( θ− β) / [1 + eDα( θ− β) ]= 1 /[ 1 + e−D α( θ− β)], where D is a scaling factor. Generalizations are 
possible to accommodate a discriminating factor and polytomous IRT models for ordered categorical 
responses (Hays et al, 2000). 

.  
 
Kleinknecht’s Dental Fear Survey (DFS) (Kleinknecht et al, 1973).  is a paper and pencil instrument 
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used in the assessment of dental anxiety. It is a 20-item 5 point Likert-type scale, measuring dental anxiety in 
3 different factors: avoidance of dental treatment, somatic symptoms of anxiety and anxiety caused by dental 
stimuli. It scores from 20 (low anxiety) to 100 (high anxiety). 

A convenience sample of university students was gathered from different Faculties of the University of 
Coimbra. A Portuguese version of DFS (Lopes et al, 2004) was applied in a single session, in the classroom, 
prior to class. The data set consists of 20 items and 377 individuals. This analysis uses the TestGraph98 
software (Ramsay, 2000). 

 

Results 
We can see how the probabilities of choosing the four options are estimated to vary with score on the 

entire scale. As one would hope, only those with the smallest scale scores are choosing option 1; that is, a 
low fear scale score is associated with choosing the option claimed to go with the least level of fear. As the 
total fear score increases, respondents are estimated to be more likely to choose the next level option.  

For items 1, 2, 5, 6, 8, 9, 10, 12, 13, 19 most respondents choose option 1. In the other items the 5 
options succeed each other (with no predominance) as we would expect respondents with low scores choose 
low options and the ones with high scores are consistent with higher categories.  

 
The average item information function, I(θ)/n, for the DFS as a function of expected number correct. 

For this test we see that it is most informative for least anxious subjects performing at around 30. This is 
primarily due to the fact that no variation for low scores, which tend to convey information only for low 
proficiency levels. 

 
Classical test theory offers no way of measuring test quality as a function of latent trait. We can 

compute the reliability coefficient as a function of θ. We see that reliability for this test is seemingly 
excellent, being around 0.95, for students scoring at around 30, where the test is the most powerful. 

 
Conclusion 
However, the DFS does show excellent scale properties when data from a more clinical population are 

analysed. This illustrates the point that the quality of the scale is partly a question of the scale being used on 
a population with an appropriate range of trait values.  
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RÉSUMÉ (ABSTRACT)  

Differential pain tolerance might account for the diversity of reactions commonly seen in response to stressful 

medical and dental procedures. University students were surveyed in several aspects of their reactions to dental 

and nondental pain to determine their anxiety/distress. Data was collected of 377 students evaluated with a Dental 

Fear Survey (DFS) of 20 Likert-type items. Most studies involving Likert-type surveys are commonly analysed 

compiling data and reporting means and standard deviations. More recently confirmatory factor analysis is also 

used to explore this kind of data. This study presents the analysis of DFS type data using item response theory. 

Individual performances and items consistency were analysed. 
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Introduction

The Differential Item Functioning (DIF) analysis has been very important in educational re-
search since the 1960’s. Its importance is shown in a large number of applied studies. For instance,
studies on performance differences in items of educational assessment tests (like GRE, SAT, GMAT,
etc.) in groups defined by different ethnic characteristics, gender and socioeconomic status have been
frequently shown in literature (eg. O’Neil & McPeck (1993), Shimitt & Bleinstein (1987), Berberoglu
(1995), Gierl et al. (2003)). Therefore, it is not surprising that several statistical methods have been
developed in order to support empirical analysis. The profusion of methods for the detection of items
with DIF stands out. The most used models for DIF detection depend, directly or indirectly, from
a previous estimation of the ability or from alternative criteria to match the individuals, which, in
general, can not be dissociated from the DIF existence. On the other hand, the methods based on
IRT models construction, postulate that a subset of anchor items, for which the non existence of DIF
is assumed, is defined a priori and it is proposed to compare two models in successive stages by using
likelihood ratio tests. The anchor items can remain constant or vary in different stages depending on
the results of the tests. In any case, all these proposals involve different stages of DIF parameters
detection and decision about which items have DIF.

The detection of items with DIF is an important step in DIF analysis, but a complete analysis
also requires some other important steps like a satisfactory classification of the DIF found, the identifi-
cation of the factors associated to DIF along with the respective hypotheses formulation related to the
DIF causes and maybe, a hypotheses confirmatory analysis. Some approaches are found in Schimitt,
Holland & Dorans (1993), Longford, Holland & Thayer (1993), Rogers & Swaminathan (2000) and
Swanson et al. (2002). Once again, all the three approaches require the previous determination of
the ability or of a DIF measure. In addition, the detection and the explanation (through associated
factors) steps are taken separately.

The importance of Bayesian approaches has been steadily growing in Item Response Theory.
Particulary, DIF analysis is an appropriate environment for a genuine Bayesian formulation due to
the complex structure of the models and the subjective decision features involved, which can be
formulated through Bayesian arguments. This paper presents an integrated Bayesian approach for
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DIF detection and analysis, which reduces or even eliminates the need of analysis with many steps.
In the proposed model, the anchor items (and the items with DIF) are identified simultaneously along
with the estimation of all the other parameters of the model. Also, a regression structure associated
to the DIF parameters is introduced in such a way that DIF explanation can be analyzed along with
the ability simultaneously. Naturally, the model presents the conditions to be used in a confirmatory
and explanatory analysis. An analysis with real data concerning an educational program in the state
of Rio de Janeiro, Brazil, is presented.

Model for DIF Analysis

Typically, in educational assessment, a test is formed by I items, but student j only answers
a subset I(j) of these items. Let Yij , j = 1, . . . , J , be the score attributed to the answer given by
the student j to the item i ∈ I(j) ⊂ {1, . . . , I}. Only the dichotomic case, where one of the scores
in {0, 1} is attributed to the item will be considered. This way, Yij = 1 if the answer is correct and
Yij = 0 if the answer is wrong. In general, there can be different types of DIF, but restricted to the
characteristics which are made explicit by the three parameters model - 3PL (Birnbaum, 1968), the
types of DIF can be immediately characterized according to the difficulty, discrimination and guessing.
This paper will not consider the possibility of DIF in the guessing parameter because the applicability
of this case considering the conventional 3PL model is substantially limited by the known difficulties
in the estimation of this parameter and by practical restrictions.

The main structure of the model used in this paper to associate the student’s answer to his/her
ability is:

P
(
Yij = 1|θj , ai, bi, ci, d

a
ig(j), d

b
ig(j)

)
= ci + (1− ci)logit−1(∆ij)(1)

where ∆ij = De
da

ig(j)ai(θj − bi + db
ig(j))

for i = 1, . . . , I , j = 1, . . . , J and g = 1, . . . , G, g(j) is the group the student j belongs to.
Let aig = eda

igai (> 0) be the item’s discrimination parameter, big = bi − db
ig be the item’s

difficulty parameter and ci (∈ [0, 1]) be the item’s guessing parameter. Suppose that the students are
grouped in G known groups and, a priori, θj |λg(j) ∼ N(µg(j), σ

2
g(j)), where λg(j) = (µg(j), σ

2
g(j)). It is

assumed that λ1 = (µ1 , σ2
1) = (0, 1) to guarantee the identification of the model. On the other hand,

λg = (µg, σ
2
g), g = 2, . . . , G, is unknown and must be estimated along with the other parameters.

Besides that, db
ig (db

i1 = 0) represents the DIF related to the difficulty of the item in each group and
eda

ig (da
i1 = 0) represents the DIF related to the discrimination of the item in each group.
It is possible to use covariates to explain the DIF parameters dh

ig, i = 1, . . . , I, g = 2, . . . , G, h =
a, b. It is assumed the following structure for these parameters:

dh
ig ∼

(
1− πh

ig

)
N

(
0, s2

i (τ
h
g )2

)
+ πh

igN
(
W h

i γh
g , (τh

g )2
)

(2)

The Normal distribution in (2) defines the regression model where W h is the design matrix, γh
g

is the vector of coefficients and
(
τh
g

)2
is the item’s specific random factor in group g for parameter h.

This kind of mixture is used by George & McCulloch (1993) to propose a Bayesian model for variable
selection in a regression model.

Inference

Define Ψ = {Ψ1,Ψ2,Ψ3}, where Ψ1 = {θ, λ}, Ψ2 = {a, b, c} e Ψ3 = {d, π, γ, τ}, and each compo-
nent represents the correspondent parameter with all possible indexes, for example: θ = {θ1, . . . , θJ}.
The main aim of the inference process is to obtain the joint posterior p(Ψ|Y, W ) distribution. Since
it is very hard to obtain the explicit expression for this distribution, MCMC (Markov Chain Monte
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Carlo) methods are used to draw a sample of this distribution and approximate it (see Gamerman &
Lopes (2006) for details). It is possible to have problems when using MCMC algorithms: they may
converge to local modes that do not estimate the parameters efficiently. The choice of the initial val-
ues of the chains has a great influence on the local modes convergence problem. Simulated examples
presented in Gonçalves (2006) show that it is crucial to set the initial values of the parameters dh

ig as
zero to obtain good estimates of the model’s parameters. Different initial values lead to convergence

to local modes. It is assumed, a priori, that Ψ1, Ψ2 and Ψ3 are independent, that is: p(Ψ) =
3∏

i=1

p(Ψi).

The decision on the classification of an item as having or not DIF is based on the parameters
πh

ig. A simple classification rule decides based on the posterior mean of πh
ig. If it is greater than a p∗,

item i is classified as having DIF in parameter h, in group g regarding group 1 and vice-versa if it is
smaller than p∗. Carefully attention must be paid to items of which πh

ig is very close to p∗. In this
paper it is assumed p∗ = 0.5, but more elaborated criteria may be used to choose the value of p∗, for
example, based on other loss functions (see Migon & Gamerman (1999)). Once the item is classified,
it is only necessary to analyse the DIF parameters of the items classified as DIF ones, for the other
items, the DIF parameter is assumed to be 0.

An important issue concerning DIF analysis is how to proceed in a situation with more than 2
groups. Since DIF in group g is detected and estimated with reference to group 1 (reference group),
the analysis must be performed as follows: a) if a certain item is detected as a non DIF one in N

groups, then, there’s no DIF between these N groups, since the item behaves the same way in these
groups; b) if a certain item is detected as having DIF in a group and as not having DIF in another
group, then, the interpretation is the same as between the group where the item has DIF and the
reference group; c) if a certain item has DIF in two groups, the estimates of the DIF parameters of
this item in both groups must be compared since they have the same scale.

Application

In the original paper, simulated studies showed that the Bayesian methods are very efficient on
the parameters estimation. In here, only the real data example will be presented. The real data set
analysed in this paper refers to an education program called Nova Escola. This program was created
by the Rio de Janeiro State Government in the year 2000 and propose criteria to evaluate all the 1854
schools of the State education net. The evaluated grades are from 2nd to 8th in elementary school and
from 1st to 3rd of high school in two disciplines, Portuguese and Mathematics. The main objective of
the program is to improve the teaching quality and prize public schools. The real data set analysed
in this paper refers to the Maths test applied to the 5th grade in the year 2005. 67283 students were
evaluated, from which 3998 are from the State Capital (Rio de Janeiro city). Due to computational
price, a sample of 7998 students is randomly sampled to be analysed: all the 3998 from the Capital
and 4000 from the other cities. This is the group division chosen for the DIF analysis. The 56 items
are separated into 7 blocks of 8 items and the tests are formed by 3 blocks via incomplete balanced
blocks. Each student answers to one of these tests. The tests are composed of multiple choice items
with 4 options each, where only one is correct.

A preliminary item analysis is based on the Mantel-Haenszel statistic for the difficulty and in
the subjective analysis of the item’s empirical curve for the discrimination. The group of the students
from the Capital is defined as the reference group in the DIF analysis. From the items with significant
positive DIF in the difficulty (more difficult for the students from the Capital), four of them are
related to the interpretation of bar plots. Two other items are also related to this content but were
not detected as DIF ones. From the items with significant negative DIF in the difficulty, all of them
are related to the calculation of changes. On the other hand, three other items are also related to
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this content but were not detected as DIF ones. These are very interesting results and possibly very
important in the Brazilian Mathematics Education community. Based on these results, the analysis
will be performed including indicator variables related to the items contents cited above. Based on
the opinion of specialists and on the results of the preliminary analysis, the chosen values for the prior
probability of an item presenting DIF were: 0.90 for the items for which DIF was detected and 0.1
for the other ones, according to the difficulty; for the discrimination, these values were 0.7 and 0.3
respectively. Therefore, no item was fixed as an anchor one.

Only the items 16, 38 and 39 were identified as having expressive DIF in the discrimination with
posterior probability greater than 0.5. Concerning the difficulty, the number of items with posteriori
probability greater than 0.5 is much larger, precisely 24. Among them are all the items related to
the two covariates, all the other ones identified in the preliminary analysis and five other ones not
detected. Based on the results of the regression, there is substantial evidence that the items related
to change are easier for the students from the Capital as the posterior mean of γb

22 is −0.469 with
credibility interval (-0.724 , -0.219). On the other hand, the other covariate does not seem to be
significant, since its posterior mean coefficient is 0.015 with credibility interval (-0.2600 , 0.2867).
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In recent years Beijing has set forth a path towards high-end industry, which resorts to incubating and 
developing the cultural and creative industry as an important means to promote the upgrading of industrial 
structure, transform the economic growth mode and build up an internationalized metropolis. However, there 
has not been a uniform and normative definition and standard for the cultural and creative industry both at 
home and abroad. Based on relevant theoretical studies and development practice both at home and abroad, 
the article tries to establish a classification of the cultural and creative industry which is linked with the 
universal understanding and also conforms to China's development practice, to give a clear definition for the 
concept and the scope of the cultural and creative industry while corresponding to China's current Industrial 
Classification for National Economic Activities GB/T4754-2002, to get relevant official data regularly to 
carry out dynamic analyses, follow-up and monitor for the development of the cultural and creative industry.   

I. Comparative Studies on Cultural and Creative Industry and Relevant Industries  

The contemporary cultural and creative industry originated from the concept of the creative industry. The UK 
took the lead in both setting forth the concept of creative industry and carrying out economic practice in this 
regard. Based on the classification standard of creative industry of the UK, many countries and regions 
followed suit to set forth such concepts as "creative industry", "cultural and creative industry", "copyright 
industry" and "culture industry", and also established the development framework respectively. Because of 
differences in the development strategy, regional characteristics, culture policies and the dominant trend 
among different countries and regions, however, the concept and the scope of such industry also vary. 
Through the comprehensive analyses on research and practice fruits of the cultural and creative industry and 
related industries both at home and abroad, the author has found that these industries have a lot in common 
in nature in spite of a little difference in the concept and the classification method, which is of analyzing and 
referential values for Beijing.   

1 The same socioeconomic background and fundamental purpose of study on relevant industries  

The world nowadays has seen a dramatic change of the economic growth mode. It's increasingly difficult to 
achieve the sustainable development of economy with the traditional economic growth mode at the price of 
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huge resource consumption. With the coming of a knowledge-based economy age, the knowledge has 
become the core economic factor instead of land and capital. The knowledge production and the creation 
inspiration serve as the main source for the economic growth. The development strategy of creative industry 
set forth by different countries is to improve the value of artistic and cultural products by human creative 
activities and serve the society through peripheral products to achieve the leap-forward development in the 
new economic pattern.   

2 The same essential characteristics of relevant industries  

At present the concepts for the creative industry and relevant industries vary in the world, but all are featured 
by creativity, cultural nature, technology and industrialization, and center on the integrating culture into 
economy and technology. They all pay attention to both the ideology of culture and the commercial nature of 
cultural products and service as well as industrial functions. Besides, they highlight the huge role of creative 
activities playing in creating culture signs, extending culture elements and improving industrial added values.  

3 The basically same core industries involved in relevant industries  

In the statistical classification of the cultural and creative industry of all countries and regions, such 
industries are included basically as advertising, design, publication, movie, TV, music and software, which 
consists of the body and an important part of the creative industry and thus should be taken into account in 
the cultural and creative industry of Beijing  

II. Concept and Classification of Cultural and Creative Industry of Beijing  

1 Study method  

Through comparative studies on the concept and the scope of relevant industries both at home and abroad, 
the author holds that the cultural and creative industry should be defined with a view to the whole process of 
industrial operation to cover economic values of all links of cultural and creative products and service 
including design, study, production, manufacture, communication and sale to reflect the economic gross of 
the complete industrial chain. Based on the above, the author considers observing cultural and creative 
activities from the point of value chain to set forth the classification of the cultural and creative industry, that 
is, the cultural and creative industry should not only cover cultural and creative activities themselves but also 
related derivative activities centering on them like product manufacture and sale.   

2 Author's definition of cultural and creative industry  

Through comparative studies on relevant industrial theories both at home and abroad, the author thinks the 
cultural and creative industry should be defined as:  A colony of industries interlinked inherently to 
provide cultural experience for the society and the public with origination, creation and innovation as 
the fundamental means, with cultural contents and creative fruits as the core value, and with the 
realization or consumption of intellectual property rights as the trading characteristic.  

3 Classification of Beijing cultural and creative industry  

Combining with industrial development priorities proposed in "11th Five-year Plan" of Beijing Government, 
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the article intends to include 82 industrial subcategories and 6 medium industrial categories in Industrial 
Classification for National Economic Activities into the statistical scope of Beijing cultural and creative 
industry. Specifically, it includes 9 classifications (See Attached Table for details):   

(I) Culture and art  

(II) Journalism  

(III) Broadcasting, TV and movie  

(IV) Software, network and computer services  

(V) Advertising, Conference and Exhibition  

(VI) Artwork trading  

(VII) Design service  

(VIII) Tour and Recreation  

(IX) Other auxiliary services  

4 Main characteristics of classification of Beijing cultural and creative industry  

Firstly, it is the first classification about the cultural and creative industry in the Chinese Mainland.   

At present only three regions in the world, Chinese Taiwan, Hong Kong and Beijing , have used the concept 
of the cultural and creative industry officially. For such classification, the article has not only referred to 
practices of Hong Kong and Taiwan but also borrowed relevant industrial classifications from abroad. Such 
classification covers a principal part of relevant industries both at home and abroad and is linked with both 
domestic and foreign classifications effectively, thus being rather comparable.   

Secondly, it is a derivative classification based on the standard Industrial Classification for National 
Economic Activities and a local standard in accordance with practical development of Beijing.   

According to characteristics of cultural and creative activities, the classification of Beijing cultural and 
creative industry recombines relevant classifications in the standard Industrial Classification for National 
Economic Activities, which is derivative one from the above standard. As for the study on such classification, 
the article takes full account of resource advantages and prior fields for future development of Beijing, and 
attaches equal importance to both inherent characteristics of cultural and creative activities and actual needs 
of industrial development of Beijing regarding the system arrangement.   

Thirdly, it is a classification studied and prepared from the point of industrial chain, which crosses 
over traditional classifications secondary and tertiary industries in its scope.   

The cultural and creative industry came into being based on fully developed manufacture and expanding 
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service industry, which is the outcome of integrated development of secondary and tertiary industries. The 
process of culture and creation going towards product, property right and consumption is just the formation 
process of industrial chain. Therefore, such classification covers relevant industries in all links like design, 
study, production, manufacture, communication and sale, includes the whole process of industrial chain from 
the upper to the lower reaches, and crosses over traditional classifications of secondary and tertiary 
industries.   

III. Relationship between Cultural and Creative Industry and Culture and Creative Industries  

At present there are mainly two relevant industrial classifications in China: one is Classification of Culture 
and Relevant Industries issued by National Bureau of Statistics of China; the other is the classification of 
creative industry of Shanghai. The relationship between these classifications and the classification of the 
cultural and creative industry of Beijing is as follows:   

Firstly, relationship between cultural and creative industry and culture industry  

The culture industry defined by National Bureau of Statistics of China includes not only the main cultural 
industries like journalism, broadcasting, movie, TV and culture but also other industries related to production 
and sales of cultural products, which conforms to the study category of the cultural and creative industry, so 
the culture industry is all included in the statistical scope of the cultural and creative industry. In addition, the 
cultural and creative industry is highlighted by the characteristic of knowledge-based economy and shows 
further concerns on the promotional role of technological development playing in the development of the 
culture industry. Hence, I also add other industries embodying technological innovation activities, such as 
computer system service, basic software service, engineering investigation and design.   

Secondly, relationship between cultural and creative industry and creative industry  

Centering on "creation", the creative industry includes both cultural creations and technological innovation 
activities but not creative products and service industrialization, that is, economic activities of the 
downstream industry chain are excluded in its study scope. However, the cultural and creative industry 
includes products and services embodied by creative activities apart from the creative industry.   

Attached Table 1 (Omitted)  

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 6095 -



Study on Classification of Beijing Cultural and Creative Industry

Bin Wang
Monitoring and Evaluation Division of Beijing Municipal Bureau of Statistics
E-mail: wangb@bjstats.gov.cn

Zhihong Xing
Monitoring and Evaluation Division of Beijing Municipal Bureau of Statistics
E-mail: xzh@bjstats.gov.cn

ABSTRACT

The cultural and creative industry has been attached great importance to and promoted vigorously
as emerging industries by many countries and regions in recent years. As China’s capital, a famous
historical city and a major region for China’s reform and opening-up policy and economic development,
Beijing has laid a sound foundation to develop the cultural and creative industry. It has been a
strategic means for Beijing to incubate and develop the cultural and creative industry vigorously to
seek sustainable development and build up an internationalized metropolis in the new era. Based on
extensive references and comparative analyses on relevant industrial theories and classification both at
home and abroad, the article proposes Classification of Beijing Cultural and Creative Industry to give
a normative definition and an accurate classification for the cultural and creative industry, which lays
a foundation for establishing the statistical system of the cultural and creative industry. That is the
first classification for the cultural and creative industry in the Chinese mainland, which covers all links
of cultural and creative activities including design, study, production, manufacture, communication
and sale, and is an industrial classification system based on the industrial chain.

Keywords. Cultural and Creative Industry and Relevant Industries, Concept and Classification,
Relationship.
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1. Introduction 

Sport idols are a very interesting phenomenon, because they are created owing to their undoubted 
sporting ability and owing to the mass media, which magnify the image of a sports champion. Idols are 
symbols that teenagers look up to, exerting a psychological influence. Idols that are sports champions can 
promote the branch of sport that they practise by exploiting the desire of emulation, and, by means of 
advertising campaigns, may also promote other consumer activities and encourage participation by fans. 
Boon and Lomore (2001) show that sportsmen are the third category of idol for 15% of Canadians, coming 
after actors and singers. 

In this paper we try to answer the following questions: what do sports idols transmit to their young 
fans? Do they become popular because of their athletic gifts or their charisma? Are they only loved by those 
that follow their particular sport, or by other people too? Are they a mere media creation? Or all they all 
these things at once? Can idols coexist with active sport? 

 
2. Data and Methods 

The data come from a survey carried out in 2005 among 1,699 students aged between 11 and 19, 
attending 27 middle and 26 high schools in the Veneto Region in Italy (Fabbris, 2007).  The Veneto Region 
has almost 4,700,000 inhabitants, 374,000 of whom are aged from 11 to 19. Only one class was selected in 
every school, and all the students of the class were interviewed. 

The young people were asked whether and to what extent they practised a sport, the type of sport, the 
reasons for practising or not practising a sport, whether they had any sports idols or not, and if so who they 
were, whether they follow sports programmes, read sports newspapers and wear sports clothing. 

Firstly, the presence of sports idols and the characteristics of young people with and without sports 
idols were analysed.  Descriptive and multivariate analyses were carried out and the factors that most 
determine having sports idols were investigated.  It was considered important to carry out the study in a 
context of data related within groups, where the groups were given by the school. Attending the same school 
often entails the sharing of similar social contexts and increases the possibility of sharing socialisation 
experiences, such as practising the same sport even outside school. Therefore, parameters of interest are both 
the effect of explicative variables on the presence of idols and the intra-class correlation. 

The statistical model utilised is a random intercept logistic regression model, which allows both the 

                                                      
* The paper is the result of the common work of the authors. The text is written by Luigi Fabbris for par. 1 and 5, by G. Boccuzzo for 

par. 2, 3 and 4. 
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regression coefficients and the heterogeneity in the probability of having an idol, which is not explained by 
the regressors: 

 
(1) logit (P(Yij = 1) |ui) = b0 + b1 xij1 + b2 xij2+…+ bp xijp + ui 

 
where:  i is the school and j the individual subscript, Y=1 if the student has a sports idol and 0 otherwise, x1 
… xp are the explanatory variables, ui ~ N(0,ν2) is the school random effect.   

Explanatory variables were selected by means of a stepwise logistic regression for independent data. 
The analyses were carried out with the statistical software SAS® (SAS® Institute Inc., 2004). 
The second part of this work is based on the analysis of individual idols, in order to capture the 

individual characteristics related to the choice of one idol rather than another. The methods are those 
described above; the only difference being that the dependent variable is the specific idol or the number of 
idols belonging to the same sport. 
 
3. How many and which young people have sports idols? 

69% of the young people interviewed in the schools have at least one idol, and about 9% have more 
than one. There are many more boys that say they have one or more sports idols than girls: 80% to 58% (OR 
logistic model=1.88, Table 2). Among males, the proportion that have more than one idol goes down from 
17.7% to 5.4% (X2=29.824, p<0.0001) during the passage from middle to high schools. This aspect probably 
depends on the need to have only role model.  Proportionately fewer foreign students have sports idols than 
Italians: 64% against 69% of Italians. Asians especially are less interested in sports idols (46.7%). 
74% of those that practise a sport have a sports idol against 59% of others (OR logistic model=1.45, Table 2). 

TV programmes and sports newspapers are the most important means of making sports personalities 
known and of making them famous up to the point of turning them into idols (Aledda, 2000). The percentage 
of young people with sports idols rises to over 85% among those that read or look at sport every day, but 
falls as the interest in sports programmes and sports newspapers declines (Table 1). The impact of TV is 
greater than that of newspapers. It is magnified by the massive use young people make of this means. 

Random intercept logistic regression confirms these results. Compared with those that never read 
sports newspapers, the risk of having a sports idol is nearly double among those that read these papers at 
least once a week and almost treble among those that read them every day. Watching sports programmes is 
even more significant than reading sports newspapers, since those that watch TV at least once a week have a 
2.8 times greater possibility of having an idol than those that never watch sports programmes, and those that 
watch these programmes every day have a possibility as high as 5.9 times greater. 

The multivariate model scales down the role played by the practice of a sport and exalts that of the 
media as a creator of idols. It is not, therefore, sporting discipline that suggests idols, but the image of sport.  

 
Table 1. Percentage of students with sports idols, by gender and weekly frequency of use of sports 
programmes and sports newspapers. 

  Every day Once a week < Once a week Never 
Males 91.1 86.7 75.3 57.8
Females 75.3 68.0 53.4 44.1

 
Newspapers 

M + F 85.8 78.5 62.5 49.8
Males 90.7 74.4 55.9 35.1
Females 76.7 65.0 45.9 37.3

 
TV 

M + F 86.8 69.1 48.5 37.1
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Table 2. Random intercept logistic regression of having a sports idol. 

Explanatory variables estimate s.e.(est.) P Odds Ratio
Intercept -1.034 0.234 <.0001 
Gender: M vs F 0.632 0.130 <.0001 1.882
Sport practice: Yes vs No 0.376 0.126 0.004 1.456
Reading newspapers weekly: < Once a week vs never 0.256 0.158 0.111 1.292
Reading newspapers weekly: Once a week vs never 0.691 0.159 <.0001 1.996
Reading newspapers weekly: everyday vs never 1.016 0.216 <.0001 2.762
Watching sports programs: < Once a week vs never 0.422 0.232 0.075 1.525
Watching sports programs: Once a week vs never 1.032 0.241 <.0001 2.805
Watching sports programs: everyday vs never 1.771 0.254 <.0001 5.874

 
4. Who are the favourite idols? 

Veneto students have 337 idols, but 20% of the preferences go to the first three in the ranking (Table 
3).  The most chosen idol is Valentino Rossi, motorcycling champion, followed by various football 
champions. Only Michael Jordan, the basketball champion, manages to get into the sixth place among a 
sequence of footballers. 

It is interesting to see that, although football is the sport that is most represented in the ranking (more 
than 50% of the preference votes go to it), the leader is a motorcyclist. Valentino Rossi practises an 
individual sport that few can imitate. Probably no football champion beats him because the preferences of the 
young football fans are split among various teams. Valentino Rossi, however, is not chosen by all young 
people, but mostly by the older males, who see him as a role model. The multivariate model gives the 
following results: high school (OR=3.5), watching sports programmes (OR=3.5), practising a sport 
(OR=0.6!), males (OR=1.6), Italians (OR=3.58, p=0.08). Thus Valentino is not chosen by those that practise 
a sport, who will probably indicate champions nearer their own particular discipline, but by those that watch 
a lot of TV sport. It is the image of success projected by the media that catalyses young people’s interest. 
Valentino is also the advertising testimonial of Italian products. Even if Valentino is the most voted, he is 
chosen by specific groups of young people, and there is a substantial intra-class correlation, 0.164 (p=0.02). 

The list of footballers starts from the second place. The most popular is Shevchenko, an Ukrainian, 
Golden Ball in 2004 and a player in the Milan team in 2005. Shevchenko is the classical idol chosen by 
football lovers: multivariate analysis gives the following results: middle school (OR=2.23), practising 
football (OR=2.47), not other sports (OR=0.54), watching sports programmes (OR=2.4).   

Young people are attached to football and their favourite team, and the idol they choose is often the 
best player in the team. In fact, the study that analyses football idols as a whole is completely similar, so that 
Shevchenko may be taken as an example of the classic football idol. The love of football is transversal, and 
there are no particularly significant intra-class correlations. 

Alessandro Del Piero is in third place, the leading Italian footballer. Del Piero has been on the crest of 
a wave for years: he stands for the fair-playing champion, and he does not disdain to appear on TV in 
programmes that have nothing to do with sport. He is an icon that is transversal for all types of young people. 
The multivariate model is proof of this because only two predictors emerge: watching sports programmes 
(OR=1.87) and practising a sport (OR=0.6). Being a football player is not a significant predictor, but not only 
this: practising a sport in general is inversely related to the choice of Del Piero. The fact that this preference 
is transversal is also proved by a practically nil intra-class correlation (ICC=0.043). 

There are also champions of spectacle sports in the list of idols, which have nothing to do with 
practice on the part of young people: 2% admire wrestlers (more than athletics or cycling). 

Finally, we see that there are only 5 women among the first 50 idols. This is because the males did 
not indicate female idols and the females in any case chose more males than females. The girls’ choices have 
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completely different features from those of the boys. If idols from disciplines such as swimming, dancing 
and athletics have been named, this is mainly due to them. The girls’ choices are based on two main factors: 
one is that they indicate a champion in the sport that they practise (often a woman) and the other is that they 
indicate an attractive champion (and therefore a man). David Beckham, for example, is selected by many 
older girls, while he is nearly ignored by the boys. 

The choice of swimming champions is determined only by the practice of this sport (OR=12) and 
the intra-class correlation is high (ICC=0.255, p=0.010). The result for volleyball champions is similar (OR 
related to volleyball players = 97, OR those that practise other sports = 0.12, ICC=0.279, p=0.005), although 
in this case the multivariate model is wider and also provides a preponderance of females over males (OR 
females=3). Watching sports gives OR=1.92. 

Finally, it is interesting to understand the dynamics behind the choice of idols made by foreign 
students. For these, the most voted idol is Michael Jordan (7.5% of foreign students), followed by the “usual” 
Alessandro Del Piero (6.6%). The idol changes, but the dynamics seem to be the same as those of Italians: 
they choose a strong, winning personality as a role model. These two are followed by a long list of 
footballers in the next 9 places: football is foreign students’ most loved sport too. 
 
Table 3. Classification list of the first 10 idols chosen by the students 

 Name of the Idol Sport Nationality % preferences
1 Valentino Rossi Motorcycling Italian 7.1
2 Andriy Shevchenko Football Ukrainian 6.4
3 Alessandro Del Piero Football Italian 6.1
4 Adriano Football Brazilian 4.2
5 Kakà Football Brazilian 3.2
6 Michael Jordan Basketball US 2.8
7 Gianluigi Buffon Football Italian 2.7
8 Roberto Baggio Football Italian 2.0
9 Paolo Maldini Football Italian 1.8
10 Zlatan Ibrahimovic Football Swedish 1.8
 
5. Conclusions 

69% of students say they have sports idols, and this percentage rises to 80% for males.  The 
significance of the idol transcends reference to sport and is the reflection of young people’s need to set 
themselves targets in life, both sporting and strategic, with values. 
The cliché that attributes idols a negative value in that they are connected with media exposure seems 
inappropriate. On the contrary, the media play a very important role in creating sports idols as role models to 
be imitated both by young people that practise a sport and keep their idols as paragons in the background of 
their sporting ambitions, and by those that do not practise a sport but associate existential values to their 
idols. 
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RÉSUMÉ  

Cette thèse explore la réaction des médias à un sondage des dépenses régionales 
pendant la saison des fêtes.    La publicité sur le sondage régional a été tellement 
intense qu’il a attiré de l’attention à travers tout l’état.   L’expansion du sondage à 
l’état entier a eu des avantages et des inconvénients que nous discutons ici. 
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Failure Rates of Batsmen in One-Day Cricket

Thriyambakam Krishnan
CRANES SOFTWARE INTERNATIONAL LIMITED
E-mail: krishnan.t@systat.com

ABSTRACT

We postulate the Weibull distribution as a model for the distribution of scores of individual batsmen in
one-day cricket. We interpret the two Weibull parameters as (1) batting average (a slight modification
of it); and (2) the failure rate, measuring the chance of his getting out at various scores. We fit the
model to the scores of a number of current and past batsmen and interpret the parameters, leading to
three types of batsmen—(a) difficult to get him out as his score increases; (b) same chance of getting
him out whatever the score; and (c) easy to get him out as his score increases.

Keywords. Run distribution; Weibull model; failure rate.
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1 Models of score in sport statistics

One of main objectives of sport statistics is, with the aid of proper models, to predict the results. We
shall concentrate to sports where the result is given by the score of the match of two teams. Hence, we
shall deal with models describing the probability of final score, while another set of methods analyze
the three-valued variable of result (i.e. the victory, draw, loss) via a classification type of models. As
regards the score modelling, quite naturally the frequently used model is the Poisson one. Respectively,
two Poissons, for both teams. The basic assumption of the model presented in Maher (1982) is that
the number of goals scored by both teams are independent Poisson variables: In a match between
teams indexed i and j, let Xij and Yi,j be the number of goals scored by the home and away sides
respectively. Then

Xij rv Poisson(Al = (Xif3j/), Yij rv Poisson(A2 = (Xjf3i), (1).

where Xij and Yij are independent, (Xi, f3i > 0, Vi, the (Xi measure the 'attack' rate of the teams, the
f3i measure the 'defense' rates and 'Y > 0 is the parameter quantifying the effect of the home field.

However, it is known from experience that (in football) the draws 0:0, 1:1, and also results 1:0,
0:1, are more frequent than suggested by the model (1). On the other side, it is due the rule of
over-time that the draw is less frequent in ice-hockey. Hence, the improvement uses "inflated" version
of Poisson model, which is the mixture of (1) and certain fixed discrete probability on those more (or
less) frequent results. The same can be expressed in the following form:

P(X.. - ".z._)_ ( )A1xexP(-A1)A2Yexp(-A2)
~,J - x, Li,J - Y - T X, Y x! y!'

where AI, A2 are as in (1), function T(X, y) gives special weights to certain results (x, y) and is constant
for others. We shall return to the mixture type distribution later.

1.1 GLIM formulation of Poisson model

Let a random variable Y have a distribution of exponential type, with parameters (), </J, namely

y . B- b(B)
p(yjB,</J)=exp( a(</J) -c(y,</J)),

where B is the 'natural' parameter of the interest, </J is a parameter connected with the variance. Then
J1. =EY = b'(B), varY = a(</J)b"(B) = a(</J)V(B). GLIM assumes that for a regression on a covariate
X there exists a link function g(J1.) = 'TJ = X . f3. The introduction of GLIM (see for instance Me
Cullagh, NeIder, 1989) leads to the unification of theory and connected asymptotic results, as well as
computational procedures. In the case of Poisson distribution, p(yj A) = exp(y . log A- A -log(y!)),
the link function is 'TJ = B= 10g(A), b(B) = eO.
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2 Bivariate Poisson model

The improvements of basic model (1) (inflated models, mixing) actually already leads us to the bivari
ate Poisson model with depensleIli__~omponents. Let us recall here one (not fully generalL<iefiIlition
of the bivariate Poisson distribution (cf. Johnson et al., 1997): Let Yo, Y1, Y2 be independent Poisson
variables with parameters Ai, i = 0,1,2., set X = Y1 + Yo, Y = Y2 + Yo. Then the random vector
(X, Y) has the bivariate Poisson distribution with probability

P(X = x, Y = y) = e-(>'l +>'2+>'0) A1 ~A~ y . mi~,y) (~) (~) i! (~) i
X. y. i=O Z Z A1 A2

The marginal distribution of X is again the Poisson (A1 + Ao) one, similarly for Y, and AO is actually
cov(X, Y). In our case A1, A2 have the same meaning as before (i. e. giving intensities of scoring for
first, second team), it means that they may depend on a set of other parameters and factors, for
instance those given in (1) and on some other covariates relevant to the actual match, mostly just
indicating certain situation. In the framework of the GLIM, the link functions may have the following
form:

log A1ij = 0 + 'Y + ai + {3j, log A1ij = 0 + aj + {3i, log AOij = {30,

describing the match of teams i, j with i at its home field. The last parameter could, in general, also
depend on the teams.

The bivariate Poisson model is not of the exponential type, but it could be transferred to it
during the computational procedure based on the EM algorithm. Recall the construction of the model
from three independent Poisson variables. Let now i denote the match index, we take variables YOi
as latent ones, while observed is the final score Xi and Yi. Hence, the E-step of the EM algorithm
computes the conditional expectations of YOi, given the data and all parameters, namely

E(Yi .1 ) - \ . BP(Xi - 1, Yi - 1, Ali, A2i' Ao)
oz··· -/\0 )BP(Xi, Yi, Ali, A2i, Ao

if both Xi, Yi > 0, E(YOil ... ) = °otherwise (cf. Johnson et aI, 1997). By BP we denote here the
bivariate Poisson probability. Consequently, in the M-step, the parameters are innovated from the
standard 3-variate independent Poisson model for variables YOi ,Y1i ,Y2i.

2.1 Inflated bivariate Poisson model

Again, the inflated model of the mixture form is an attempt to improve the prediction of more (or
less) frequent results:

p(x, y) = (1 - p) . BP(x, Yi Ao, A1' A2) +p. PD(X, V),

where PD is a certain discrete distribution on those discrepant results. The method of solution
(parameters estimation) is again based on the EM algorithm, this time estimating also the weight p,

through the variables Vi saying how much is the i-th result likely to be from this additional distribution.
It is a standard approach to the mixture model analysis, mostly Vi are only °or 1, but we may allow
them to vary through the whole interval [0, 1]. The proportion p is then estimated as the mean of Vi-So

3 Models with time-dependent parameters

The models discussed above do not contain any component describing the temporal aspects of param
eters, their possible development, while the performance of teams changes during the season. It can
be incorporated by updating the parameters, giving more weight to recent results than to older ones,
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as in Dixon and Coles (1997). Further, Crowder et al. (2002) introduced a dynamic autoregressive
model for parameters innovation through the season, and considered Bayes approach to solution (also
via the MCMC generation). The other type of dynamic models, studied for example in Dixon and
Robinson-(-1998), considers the variation of certain parameters during-the-match. It leads then to the
use of random point processes setting and to regression models of time-varying intensity commonly
used in statistical survival analysis (c.f also Volf, 2007).

Let us concentrate first to the dynamic change of parameters based on weighting the time
passed from the observation (match result) to the time of parameters updating. In the framework of
the GLIM, we can write then its likelihood (briefly) as

L = U{exp(Yi' ~(¢)b(f)) - c(Yi,</>))f/J(t-ti),
t

where t is the actual time, ti is the time of i-th match, 'ljJ is the weight function, non-increasing. The
simplest choice of such a function can be a threshold function, 'ljJ(z) = 1 for z < T and = 0 otherwise,
or the exponentially decreasing 'ljJ(z) = exp(-vz). Let us consider the latter choice. When v is settled,
the analysis (e.g. in the framework of inflated bivariate Poisson model) is just modified slightly to
weighted MLE, again with the aid of the EM algorithm. On the other side, the search for optimal v is
rather computationally involved, because the predictions and results have to be compared many times.
We used here the method proposed in Dixon and Coles (1997), comparing the results in independent
Poisson model, and we assumed that the optimal v is the same even when used in the framework
of more complicated models. The optimal values found were v = 0.00275) for the English football
results (we analyzed together the results of 92 teams from the Premier League, Division 1-3 and also
participating in the FA Cup, in years 1998-2002), for the ice-hockey NHL, from 30 participating teams
and the same years, we obtained v = 0.00375. The time is measured in days.

3.1 Dynamic model of parameters development

Consider a latent process of model parameters of the AR(l) type, (3(t) = Gt · (3(t -1) +w(t), with the
Gauss noise w(t), and the observed process (given by sequence of conditional likelihoods) yt ,....., Pt(Y; (3t}.
In fully Gauss case it is the scheme of Kalman filter, the other view is the Bayes one, where the first
equation specifies the prior distribution of parameters. In both cases, the objective is to find the
maximizers of the posterior distributions p((3(t) IY1 , ... , yt). As the posterior distribution is proportional
to the product of all conditional priors and likelihoods, then it is seen that the GLIM case, when
properly linearized, can be treated as the Gauss case (i.e. as the Kalman filter). This actually is one
of possible ways of solution. Recall that the link function is monotone, denote by h('T]) its inverse, f)
the natural parameter of our GLIM model, X t the regressors, then

8Iogp(ytl(3(t)) = [Y; _ b'(f) )]_1_ 8h8'T]t = X h'( )V-1( )[Y; - h( )]
8(3(t) t t b' (f)t) 8'T]t8(3(t) t 'T]t 'T]t t 'T]t·

Hence, the linearization consists in Taylor expansion of h('T]t), always in the neighborhood of fJt just
estimated as in the Gauss system. Though the method is (after rather long computations) usable,
still it seems that the approach based on the MCMC procedures (which also needs much time, but
the algorithm is rather simple) has a better perspective.

4 Selected results

The performance of proposed methods is quite naturally best tested by the comparison of predicted
results and the real ones. Also for instance via their use for the betting, together with conveniently
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chosen betting strategy. Such a comparison showed that the gain varied from several percent for sim
pler models, to about 10% for more complicated models, and also that regular updating of parameters
was quite necessary.

Let us show here just 2 tables comparing the prediction-o£.victories at home, away, and of draws,
for different models, based on data from 1998-2001. The last column is the value of modified Akaike
criterion defined as AIC= -2l(j3) +2m, where m is the number of model parameters ('Paramo' in the
6-th column) and l(j3) is achieved maximum of log-likelihood.

Table 1. Comparison of models for the English Premier League, Divisions 1-3 and FA Cup

Model type Remark P-home Draw P-away Paramo AIC

Real values 0.4563 0.2745 0.2692
Independent Poissons 0.4618 0.2521 0.2861 184 34301.5
Diag. Infl. Ind. Poissons D=Discrete 0.4509 0.2725 0.2766 187 34292.5
Bivariate Poisson >'0 = canst. 0.4592 0.2611 0.2797 185 34282.1
Diag. Infl. Biv. Poisson D=Discrete 0.4513 0.2752 0.2735 188 34282.8

Table 2. Comparison of models for the National Hockey League

Model type Remark P-home Draw P-away Paramo AIC

Real values 0.4343 0.2168 0.3489
Independent Poissons 0.4524 0.1711 0.3765 60 27543.6
Diag. Infl. Ind. Poissons D=Discrete 0.4360 0.2029 0.3611 63 27499.7
Bivariate Poisson >'0 = canst. 0.4517 0.1735 0.3748 61 27547.1
Diag. Infl. Biv. Poisson D=Discrete 0.4364 0.2028 0.3608 64 27503.9

Acknowledgement: The research has been supported by the project of MSMT OR No 1M06047.
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Universal BHP Distribution and Nonlinear Prediction in Complex

Systems Using the Ruelle-Takens Embedding

Rui Gonçalves
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ABSTRACT

We exploit ideas of nonlinear dynamics and statistical physics in a complex non-deterministic dy-
namical setting. Our object of study is the observed riverflow time series of the Portuguese Paiva
river whose water is used for public supply. The Ruele-Takens delay embedding of the daily riverflow
time series revealed an intermittent dynamical behavior due to precipitation occurrence. The laminar
phase occurs in the absence of rainfall. The nearest neighbor method of prediction revealed good
predictability in the laminar regime, but we warn that this method is misleading in the presence of
rain. We present some new insights between the quality of the prediction, the embedding dimension,
and the number of nearest neighbors considered. After this careful study of the laminar phase, we
find, unexpectedly, that the BHP distribution is an approximation of the empirical distribution of the
relative deviations of the nearest neighbors predictor.

Keywords. Nonlinear dynamics, Ruelle-Takens embedding, BHP distribution, river flow prediction.
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The introduction of experimental design methodology at the earliest stage of the development cycle, 
where new products are designed, existing products designs improved and manufacturing processes 
optimized, is often the key to overall product success (Montgomery, 2005). Improving the quality of 
products and processes with reduced costs represents an economical and technological challenge for 
engineers. Experimental design methods are very useful to reach these goals. Designed experiments can be 
used in chemical engineering laboratory work to improve the learning of these kind of statistical tools 
enhancing the future utilization by the chemical engineering graduates.  

It is presented two case studies concerning the utilization of a liquid-liquid extraction equipment used 
for educational purposes. The first case study concerns the operation of the equipment in a continuous 
operation mode and a second case study concerning the batch mode. In both operation modes it is required 
that the students identify which variables are most influential on the response and also determine the 
regression model that fits the data. 

 
1. Introduction 

Figure 1 – Liquid-liquid extraction unit diagram.  

Integrating distinct areas of knowledge is 
fundamental to the enrichment of the engineer. The 
use of experimental design in the laboratory study 
and optimization of several unit operations is very 
useful and approaches the education to the practical 
needs of the industry. The main objective of the 
work is to illustrate in a simple way how designed 
experiments can be used in separation processes and 
let the student understand what are the main 
variables of the process and what variables show a 
higher weight in the unit optimization. For liquid 
mixtures which cannot be separated or can only be 
inadequately separated by mechanical or thermal 
techniques it is possible to use physical chemical 
separation techniques. The laboratory liquid-liquid 
extraction equipment can separate liquid mixtures by 
liquid-liquid extraction. To perform the liquid-liquid 

1- extraction column; 2- distillation column; 3- volumetric feed 
quantity meter; 4- Volumetric solvent quantity meter; 5,6- three-way 
valves; 7,8,9- solvent tanks; 10,11- feed tanks; 12- regulation valve for 
phase interface; 13- solvent pump; 14- feed pump; 15- overpressure 
valve for solvent; 16- overpressure valve for feed. 
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extraction operation it was used a laboratory equipment model CE620 from GUNT Gerätebau GmbH 
(G.U.N.T., 2001). The liquid-liquid extraction unit is composed by an extraction column comprised by a 
glass tube of DURAN glass with a diameter of 50 mm and a high of 1.5 meters. The glass cylinder is filled 
with soda glass Raschig rings with 10 mm of diameter. The unit description is presented in figure 1. The 
laboratory unit has two operation modes, a discontinuous and a continuous mode. The objective of the work 
consists in identify the most important variables to the unit control when it operates in a continuous or in a 
discontinuous mode. This paper is organized in 4 sections. Section 2 presents the factorial design used in a 
continuous mode and the conclusions obtained with the designed experimentation. Section 3 presents the 
fractional factorial design used in the batch mode, as well as the conclusions reached. Section 4 summarizes 
the concluding remarks, along with the basic advantages of using designed experiments in the chemical 
engineering education.  

 
2. Liquid-Liquid extraction in a continuous operation 

The objective of the work consists in the study of a liquid-liquid extraction unit where the goal is the 
removal of benzoic acid present in a mixture of heptane isomers that constitute the feed to an aqueous 
current, the solvent. It was used factorial design 23 with replication (r=3) and the control factors chosen to be 
varied in the experiment were: feed rate (g/L) (A), solvent rate (mL/min) (B) and the concentration of 
benzoic acid in the feed (g/L) (C). The response variable chosen in the experiment was the concentration of 
benzoic acid in the extract (g/L). To evaluate the extracted concentration it was used a calibration curve of 
the solution conductivity versus concentration of benzoic acid (Gray, 1997). The full factorial model can be 
symbolic written as: CBACBCABACBA xxxxxxxxxxxxy 76543210 ββββββββ +++++++= , where β0 is 
the global mean value and βi (i=1; 7) are regression coefficients corresponding to half the effecti;  
is the coded value to each factor; f

     
X, f and fa are resp tively, the 

level, the average 
and the range of 
working level of 
the factor. Table 
1 presents the 
data obtained by 
the experimental 
procedure. The 
ANOVA was 
used to handle 
the three-factor factorial experiment and the results are 
summarized in table 2. By the analysis of variance one can 
conclude that all factors are important as well as the 

interaction between A and C. To validate the model three confirmatory experiences were performed in which 
each work levels to the several control factors are presented in table 3.  

( )
ec

The model of regression is: and can be 

used to predict the 
concentration of acid benzoic 
extracted in any point of the 
experimentation region. 

 
 
 
 
 

Table 1. Benzoic Acid concentration in 
the extract  

Feed rate (A) (mL/min) 
143 429 

[benzóic Acid]feed (C) (g/L) 

Solvent 

rate (B) 

(mL/m) 0.08 0.15 0.08 0.15
0.127 0.192 0.227 0.289
0.117 0.177 0.216 0.315100 

0.117 0.189 0.220 0.317
0.066 0.123 0.139 0.217
0.062 0.099 0.156 0.239200 

0.060 0.112 0.137 0.234

Table 2 – ANOVA for 23 experiment 
a

X
f

ff
Xx −= 2

 SS d.f. MSD F0

A 0.0667 1 0.0667 695.4 
B 0.0307 1 0.0307 320.7 

AB 0.0002 1 0.0002 1.836 
C 0.0307 1 0.0307 320.7 

AC 0.0012 1 0.0012 13.01 
BC 0.0001 1 0.0001 1.130 

ABC 0.0001  1 0.0001 1.130 
Error 0.0015 16 0.0001  
Total 578.6 23   
F(0.05;1;16) =  4.494 

CACBA xxxxxy 2
0144.0

2
0716.0

2
0716.0

2
1054.01728.0ˆ ++−+=

Table 3. Factor levels and results of the confirmatory experiences 
Feed rate(A) Solvent rate (B) [C7H6O2]feed(C) [C7H6O2]raffinate  (g/L) 

mL/min xA mL/min xBB g/L xC ŷ Exp. residual 

286 0 150 0 0.12 0.143 0.178 0.168 -0.010 

214 -0.5 150 0 0.12 0.143 0.151 0.152 0.001 

286 0 200 +1 0.12 0.143 0.142 0.146 0.004 
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3. Liquid-Liquid extraction in batch operation 
The main objective of this experimentation consists in identify the most important variables to the unit 

control when working in a batch mode. The goal is to study the best working conditions to minimize the 
extraction time of the benzoic acid present in a mixture of C7 isomers (heptane). Four variables were 
identified as potentially influence the response being analyzed. The control factors considered were the feed 
rate, the solvent rate, the concentration of benzoic acid in the feed, and the solvent to use in relation to the 

quantity of feed to process. Each factor was 
experimented at two levels with the operating 
conditions expressed in table 4. In batch mode 
the feed composed by benzoic acid and C7 
isomers is admitted to the column by the base 
and the solvent is introduced by the top of the 
column. The two fases circulate in contra-current. 
The feed is collected in the top and sended back 
to the feed tank. To evaluate the extracted 
benzoic acid one can follow the concentration’s 
variation of benzoic acid in the solvent tank 
(water). The conductivity measurement of the 
solvent (water + benzoic acid) with the support 
of a calibration curve allows the evaluation of 
the concentration variation with time. The 
conductivity of a solution is temperature 

dependent, so it is necessary to introduce its correction to find out the c
1997). The response variable chosen was the necessary time to 
remove 50% of the benzoic acid present in the feed. To evaluate the 
influence of each variable as well as interactions it was used a 
fractional factorial design 2

Table 4 – Conditions and results of the designed 
experiments, 24-1, with I=ABCD. 

 Control Factors Time (min) 
Exp. 

A B C D=ABC r1 r2

1 - 20 - 10 - 0.5 - 1.0 24.7 26.5 
2 + 40 - 10 - 0.5 + 2.0 24.7 21.7 
3 - 20 + 20 - 0.5 + 2.0 17.2 22.7 
4 + 40 + 20 - 0.5 - 1.0 18.2 18.5 
5 - 20 - 10 + 1.0 + 2.0 33.9 34.3 
6 + 40 - 10 + 1.0 - 1.0 29.8 37.5 
7 - 20 + 20 + 1.0 - 1.0 29.8 26.2 
8 + 40 + 20 + 1.0 + 2.0 25.0 18.2 

A – Feed rate (x10 mL/min);  
B – Solvent rate (x10 mL/min);  
C – Benzoic Acid concentration in the feed (g/L);  
D – Volume ratio between solvent and feed 

oncentration in a rigorous way (Gray, 

4-1 with replication (r=2) and I = ABCD. 
Table 4 presents the conditions and also the results obtained with the 
designed experiments. 

The extraction time of the different experimental conditions 
was obtained based in the evolution curves of the benzoic acid 
concentration in the solvent considering fixed the extracted quantity 
of solvent in 50% (table 4). In figure 2 one can see as an example the 
curve of the ratio variation between the benzoic acid concentration 
and the maximum concentration in respect to the time, obtained for 

the conditions of 
experiment number 5. 

The ANOVA (table 
5) was used to test the 
variance of the main 
effects and interactions 
over the response in 
analysis. The model of 
regression is CB xxy ×+×−= 6.72.76.25ˆ  and can be used to 
predict the time to extract 50% of benzoic acid from the feed. 
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Table 5 – ANOVA for 24-1 experiment 
 SS d.f. MSD F0

A 29.4 1 29.4 2.92 
B 205.2 1 205.2 20.37 

AB 6.6 1 6.6 0.66 
C 228.8 1 228.8 22.71 

AC 2.0 1 2.0 0.20 
BC 14.6 1 14.6 1.45 

ABC 11.4 1 11.4 1.13 
Error 80.6 8 10.1  
Total 578.6 15   
F(0.05;1;8) = 5.32  
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Figure 2 – Ratio of benzoic acid 
concentration and the maximum 
theoretical with time. 
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4. Conclusions 
With the application of the design of experiments to the study of an unitary operation of separation as 

the liquid-liquid extraction allowed the students to easily understand the usefulness of the factorial and 
fractional factorial design of experiments for process improvement. It was possible to the students to 
determine which process variables affect the response and also to determine the region in the important 
factors that lead to the best possible response. The most important variables to the unit control in a 
continuous or in a discontinuous mode were identified and for both operation modes it was built a regression 
model that summarizes the obtained results. It is very useful to express the results of a designed experiment 
in terms of a model, which will be a valuable aid in interpreting the experiment (Montgomery, 1999). 

The 23 factorial design was very useful in the identification of the factors and interactions that most 
influence the response. By analysis of the ANOVA, one could conclude that the feed rate (mL/min), solvent 
rate (mL/min) and benzoic acid concentration in the feed (g/L) are significant in the yield of the benzoic acid 
extraction. The regression model determined can be used to predict the concentration of acid benzoic 
extracted in any point of the experimentation region. Based in the confirmatory experiences it was possible 
to validate the model. 

The fractional factorial designs are very useful in experiments involving several factors because as the 
number of factors increase the number of runs required increases rapidly. Assuming that certain higher order 
interactions are negligible, then a fractional factorial design involving fewer than the complete set of runs 
can be used to obtain information on the main effects and low-order interactions. In the experiment for the 
liquid-liquid extraction in batch operation it was used a fractional factorial design with resolution IV and 
with this design the interpretation problems are limited because no main effect is aliased with any other main 
effect or two-factor interactions. By using such kind of designs students could observe that it was possible to 
reach the conclusions performing half the experiments and so minimize the expended resources. When 
working in batch mode in the operating range conditions the optimal work conditions correspond to operate 
the extraction unit with a solvent rate of 200 mL/min and with an initial concentration of benzoic acid in the 
feed equal to 0.5 g/L. 
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RÉSUMÉ  
L'introduction de la méthodologie de plant d’expériences dans la première partie du cycle de développement, où les 
nouveaux produits sont conçus, des conceptions de produits existantes améliorées et des processus de fabrication 
optimisés, est souvent la clef au succès global de produit (Montgomery, 2005). L'amélioration de la qualité des 
produits et des processus avec des coûts réduits représente un défi économique et technologique pour des 
ingénieurs. Les méthodes de plant d’expériences sont très utiles pour atteindre ces buts. L'étude de ces outils 
statistiques dans les travaux de laboratoire de génie chimique permis augmenté la future utilisation par les 
diplômés de génie chimique. Il est présenté deux études au sujet de l'utilisation d'un équipement d'extraction de 
liquide-liquide utilisé pour des buts éducatifs. La première étude présente le fonctionnement de l'équipement en 
mode d'opération continue et la deuxième étude le sujet de l'exploitation par lots. En les deux modes d'opération on 
l'exige que les étudiants identifient quelles variables sont les plus influentes sur la réponse et déterminent 
également le modèle de régression qui adapte les données. 
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The calculation of saturated densities of pure substances at vapour-liquid equilibrium is essential for 
important practical applications, and serves as the basis for calculating other properties such as the surface 
tension. It is commonly predicted using the simplest models based on the corresponding states principle, with 
the critical density and temperature, and the acentric factor as input data. Nevertheless, it is well-known that 
these models are not always accurate near the triple point. 

In this paper four representative models for the prediction of liquid saturation densities have been 
brought into discussion, all they based on applying the corresponding states principle (CSP). Besides, we use 
simple modifications of those models in order to obtain good accuracy at any temperature. In particular, for 
each model we change a fixed coefficient to a variable coefficient, which permits the model to reproduce 
exactly the value of the density at the triple point. 
 
Description of evaluated models 
 

Model Equation Notation 

Rackett [1] ( )[ ] 11 7/2 −−= rT
CCZVρ  

YG [2] ( )( )[ ] 11 7/2

08775.029056.0
−−−= rT

CV ωρ  

RRPS [3,4] ( ) ( )( )3/1
21 111 rrC TbTb −+−+= ρρ  

SNM0 [5] 

( )3/4
54

3/2
3

3/1
21 ττττρρ ccccC ++++=  

( )
( )( )[ ]22 /1176.0574.1480.01

/1
C

C

TT

TT

−−++
−=

ωω
τ  

ρ  Liquid saturation density 

Cρ  Critical density 

Tρ  Triple point density 

CV  Critical volume 

CZ  Critical compressibility factor 

T  Temperature 

CT  Critical temperature 

rT  Reduced temperature 

Cr TTT /=  

TT  Triple point temperature 

ω  Acentric factor 
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Description of modified models 
We propose simple modifications of the CSP models by changing one of the fixed coefficients of the model 
to a variable coefficient which depends on the temperature and density at both the critical and the triple 
points for each fluid. Thus, the models are forced to be accurate near both the triple and the critical point 
temperatures. The accuracy at other temperatures depends on the model used. 
 
Model Modified Moodel Change 
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Experimental data 
The predictions are compared with data accepted in the DIPPR database for 107 fluids of different kinds. 
These fluids were selected by taking into account that an adequate number of accepted data are included in 
the database, and that these data covered a wide temperature range. The input parameters needed (critical and 
triple temperatures and densities, the critical factor compressibility, and/or the acentric factor) were also 
obtained from the DIPPR database. 
 
Results 
We evaluate the accuracy of models with a few important and popular measures. Descriptive statistics of the 
results are summarized in the next table: 
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Maximum U 
(x100) 

Maximum 
MAPE Model 

Mean Absolute 
Percent Error Global 

SDMAPE ±  

Averaged Theil’s Inequality 
coefficient (x100) 

SDU ±  (Fluid) 

42.92 57.80 
Rackett 4.48 ± 8.35 2.43 ± 4.98 

(Sodium chloride) 

35.71 50.32 
YG 3.41 ± 6.14 1.87 ± 3.88 

(Sodium chloride) 

2.65 4.82 
Rackett-m 0.86 ± 0.90 0.46 ± 0.47 

(Water) 

35.24 49.85 
RRPS 3.35 ± 6.18 1.81 ± 3.85 

(Sodium chloride) 

3.60 1.11 
RRPS1 1.08 ± 1.30 0.57 ± 0.66 

(Indole) 

0.29 8.50 
RRPS2 0.97 ± 1.17 0.51 ± 0.60 

(Sodium chloride) 

35.90 43.75 
SNM0 3.09 ± 5.76 1.74 ± 3.76 

(Sodium chloride) 

8.40 16.66 
SNM2 1.66 ± 1.22 1.31 ± 1.07 

(Sodium chloride) 

5.18 10.33 
SNM3 1.66 ± 1.36 0.86 ± 0.67 

(Sodium chloride) 

3.05 6.01 
SNM4 1.32 ± 1.01 0.71 ± 0.51 

(Sodium chloride) 

2.82 5.60 
SNM5 1.24 ± 1.01 0.67 ± 0.51 

(trans-3,5-dimethoxystilbene) 

3.56 6.82 
SNM6 1.25 ± 1.16 0.67 ± 0.59 

(Indole) 
 
Here, we give some descriptive measures of Mean Absolute Percent Error (MAPE) and Theil’s Inequality 
Coefficient (U). As can be seen, the SNM0 model can be considered the best original CSP model (i.e., 
models that use only the critical point data and some other parameter: ZC or the acentric factor). 
Nevertheless, the degree of improvement is only low, and indeed a maximum deviation of 50.5% is found 
for one fluid (sodium chloride). 
The proposed modifications always improve the results obtained by their respective model. Nevertheless, we 
must note that obviously the degree of improvement obtained with the use of the new models can change 
from one fluid to another. 
Our results also indicate that better overall results are obtained by modifying the classical Rackett and RRPS 
model than by modifying the more recent SNM0 one. In fact, the m-Rackett model gives clearly the best 
results, with MAPEs below 1% and U round the 0.005, and more homogenous results. 
The Theil inequiality can be decomposed into three components: bias proportion (UM), variance proportion 
(US) and covariance proportion (UC), which break the prediction error down into its characteristic sources. 
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Figure1: Theil inequiality components 

Decomposition of Theil inequality into UM (orange, bottom), US (yellow, medium) and UC (green, top) 
for Rackett-m model. 
  
The worst characteristic of Rackett-m model (to a lesser extent than any other one) is the high values of UM 
for same fluids, which implies the existence of a systematic bias (Figure 1). 
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Introduction

Nanotechnology is the construction and use of functional structures designed from atomic or
molecular scale with at least one characteristic dimension measured in nanometers (one nanometer
= 10−9 meter). The size of these nanostructures allows them to exhibit novel and significantly im-
proved physical, chemical, and biological properties, phenomena, and processes. Current research by
nanoscientists typically focuses on novelty, discovering new growth phenomena and new morpholo-
gies. However, within the next five years there will likely be a shift in the nanotechnology community
towards controlled and large-scale synthesis with high yield and reproducibility. This transition from
laboratory-level synthesis to large scale synthesis of nanostructures necessarily demands systematic
investigation of the manufacturing conditions under which the desired nanostructures are synthesized
reproducibly, in large quantity and with controlled or isolated morphology. Application of statistical
techniques can play a key role in achieving these objectives. This article reports a systematic study
on the growth of 1D CdSe nanostructures through statistical modeling and optimization of the exper-
imental parameters required for synthesizing desired nanostructures. The work reported here is based
on the research published in Ma and Wang (2005) and Dasgupta, Ma, Joseph, Wang and Wu (2007).

Figure 1: SEM images of nanostructures (from the left: nanosaws, nanowires, nanobelts)

Cadmium selenide (CdSe) is the most extensively studied quantum-dot material and is therefore
regarded as the model system for investigating a wide range of nanoscale processes. CdSe is found
to exhibit one-dimensional morphologies of nanowires, nanobelts and nanosaws (Ma and Wang 2005),
often with the three morphologies being intimately intermingled within the as-deposited material.
Images of these three nanostructures obtained using scanning electron microscope are shown in Figure
1. In this experiment, the response is a vector whose elements correspond to the numbers of appearance
of different types of nanostructures and hence is a multinomial random variable. Thus a multinomial
generalized linear model (GLM) is the appropriate tool for analyzing the experimental data and
expressing the multinomial logits as functions of the predictor variables (McCullagh and Nelder 1989;
Faraway 2006). A new iterative algorithm for fitting multinomial GLM that has certain advantages
over the existing methods is proposed and implemented. Owing to the presence of inner noise, i.e.,
variation around the set value, each predictor variable is a random variable. Using Monte-Carlo
simulations, the expectation and variance of transformed probabilities are expressed as functions of
the set points of the predictor variables. The expectation is then maximized to find the optimum set
values of the process variables, ensuring at the same time that the variance is under control. The
idea is thus similar to the two-step robust parameter design for larger-the-better responses (Wu and
Hamada 2000, chap. 10).
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Experiment and data collection

The CdSe nanostructures were synthesized through a thermal evaporation process in a single
zone horizontal tube furnace A description of the synthesis process is given in Ma and Wang (2005) and
in Dasgupta et al. (2007). The two key process variables affecting morphology of CdSe nanostructures
are temperature and pressure. A 5×9 full factorial experiment was conducted with five levels of source
temperature (630, 700, 750, 800, 8500 C) and nine levels of pressure (4, 100, 200, 300, 400, 500, 600,
700, 800 mbar). For a specific combination of source temperature and pressure, 4-6 substrates were
placed downstream of the source to collect the deposition of nanostructures. The distance of the mid-
point of the substrate from the source was measured and treated as a covariate. Three experimental
runs were conducted with each of the 45 combinations of temperature and pressure. The total number
of substrates obtained from the 135 (=45 × 3) runs was 415. Note that this is not a multiple of 45
owing to an unequal number of substrates corresponding to each run. Considering each of the 415
substrates as an experimental unit, the design matrix can thus be considered to be a 415× 3 matrix,
where the three columns correspond to source temperature (TEMP ), pressure(PRES) and distance
from the source (DIST ). Each row corresponds to a substrate, on which a deposition is formed with
a specific combination of TEMP, PRES and DIST . Let T, P and D denote the scaled variables
obtained by transforming TEMP , PRES and DIST respectively to [-1,1].

From the deposition on each substrate, 180 individual nanostructures were counted using SEM
images. The response was thus a vector Y = (Y1, Y2, Y3, Y4), where Y1, Y2, Y3, and Y4 denote respec-
tively the number of nanosaws, nanowires, nanobelts and no morphology, with

∑4
j=1 Yj = 180. It was

observed that, at a source temperature of 8500 C, almost no morphology was observed. Therefore,
results obtained from the 67 experimental units involving this level of temperature were excluded and
the data for the remaining 348 units were considered for analysis.

Model fitting and optimization

Let p1, p2 and p3 denote respectively the probabilities of getting a nanosaw, nanowire and
nanobelt. An appropriate modeling strategy is to utilize the fact that the response vector Y fol-
lows a multinomial distribution with n = 180 and probability vector p = (p1, p2, p3, p4). In this case,
one can express the multinomial logits ηj = log( pj

p4
), j = 1, 2, 3 as functions of T, P and D.

From the main effects plot of TEMP , PRES and DIST against observed proportions of nano-
saws, nanowires and nanobelts (not shown here), we observe that a quadratic model should be able
to express the effect of each variable on pj adequately. The interaction plots give a preliminary im-
pression that all the three two-factor interactions are likely to be important. We therefore decide to
fit a quadratic response model to the data.

Methods for fitting multinomial logistic models by maximizing the multinomial likelihood have
been discussed by several authors and implemented in many software packages (see Dasgupta et
al. 2007 for a detailed discussion). All of these functions use some algorithm for maximization of
the multinomial likelihood (e.g., the multinom function in R/S-plus uses the neural network based
optimizer provided by Venebles and Ripley (2002)). They produce more or less similar outputs, the
default output generally consisting of the model coefficients, their standard errors and z-values, and
model deviance. Another popular algorithm to indirectly maximize the multinomial likelihood is to
create a pseudo factor with a level for each data point, and use a Poisson GLM with log link. Problems
associated with its application to the current problem is discussed in Dasgupta et al. (2007).

We propose a new iterative method of fitting multinomial logit models. The method is based
on an iterative application of binomial GLMs. Besides the intuitive extension of binomial GLMs to
a multinomial GLM, the method has certain advantages over the existing methods. The algorithm is
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developed as follows:
Let Yi = (Yi1, . . . , Yi4) denote the response vector corresponding to the ith data point, i = 1

to N . Let ni =
∑4

j=1 Yij . Here, N = 348 and ni = n = 180 for all i. We define ηij = log pij

pi4
. Also,

let xi = (1, Ti, Pi, Di, T
2
i , P 2

i , D2
i , TiPi, PiDi, TiDi)′, i = 1, . . . , N . The objective is to express the η’s

as functions of x. Substituting ηij = x′iβj in the multinomial log-likelihood function and successively
differentiating with respect to each βj , we get the maximum likelihood (ML) equations as

N∑

i=1

xi

(
yij − ni

exp(ηij)
1 +

∑3
j=1 exp (ηij)

)
= 0, j = 1, 2, 3.(1)

Here, 0 denotes a vector of zeros having length 10. Writing exp(γil) =
(

1 +
∑

l 6=j exp(ηij)
)−1

, from

(1) we obtain for j = 1, 2, 3
N∑

i=1

xi

(
yij − ni

exp(ηij + γij)
1 + exp(ηij + γij)

)
= 0.(2)

Note that each equation in (2) is the ML equation of a binomial GLM with logit link. Thus,
if some initial estimates of β2, β3 are available, and consequently γi1 can be computed, then β1 can
be estimated by fitting a binomial GLM of Y1 on x. Similarly, β2 and β3 can be estimated. This
forms the basis for the new iterative algorithm which is described in details by Dasgupta et al. (2007).
Convergence properties of the algorithm ensure that one does not have to spend any extra computa-
tional effort in judging the significance of the model terms. The binomial GLM function in R used
in every iteration automatically tests the significance of the model terms, and the p-values associ-
ated with the estimated coefficients after convergence can be used for inference. Thus, the inferential
procedures and diagnostic tools of the binomial GLM can easily be used in the multinomial GLM
model. This is clearly an advantage of the proposed algorithm over existing methods. Since the fitted
models showed some signs of overdispersion, three dispersion parameters were introduced. Note that
although techniques for analyzing overdispersed binomial data are well known (e.g., Faraway 2006,
Ch. 2), methods for handling overdispersion in multinomial logit models are not readily available.
The proposed algorithm provides us with a very simple heuristic way to do this and thereby has an
additional advantage over the existing methods.

So far, the three process variables have been treated as non-stochastic. However, in reality, none
of these variables can be controlled precisely and each of them exhibits certain fluctuations around the
set (nominal) value. Such fluctuation is a form of noise, called internal noise (Wu and Hamada 2000,
chap. 10) associated with the synthesis process and needs to be considered in performing optimization.
It is therefore reasonable to consider T , P and D as normally distributed random variables with means
(set values) µT , µP , µD and variances σ2

T , σ2
P , σ2

D respectively. The task now is to determine the
optimal nominal values µT , µP and µD so that the expected yield of each nanostructure is maximized
subject to the condition that the variance in yield is acceptable.

Some surrogate process data collected from the furnace were used for estimation of the above
variance components. Temperature and pressure were set at specific levels (those used in the experi-
ment), and their actual values were measured repeatedly over a certain period of time. From this data,
σ2

T and σ2
P were estimated. The former was found to be a constant, while the latter was proportional

to the mean (set value). The range of temperature and pressure corresponding to each set value was
noted. The variation in distance, which is due to repeatability and reproducibility errors associated
with the measurement system, was assessed separately.

By definition of ηj , we have the estimated probability functions as p̂j = exp(η̂j)/(1+
∑3

j=1 exp(η̂j)),
where η̂j are obtained from the fitted multinomial logit models. Let ζj = log(pj/(1−pj)). Using Monte
Carlo simulations, the mean and variance of ζj (denoted by ζj and s2(ζj) respectively) are expressed
in terms of µT , µP and µD.
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Since the response here is of larger-the-better type, maximizing the mean is more important
than minimizing the variance in the two-step optimization procedure (Wu and Hamada 2000, chap.
10) associated with robust parameter design. The problem can thus be formulated as :

maximize ζj (j = 1, 2, 3) subject to

−1 ≤ µT ≤ 1, −1 ≤ µP ≤ 1, −1 ≤ µD ≤ 1.

Physically, this would mean maximizing the average log-odds ratio of getting a specific morphology.
Maximizing the three functions obtained from simulated data using the optim command in R,

we get the optimal conditions for maximizing the expected yield of nanosaws, nanowires and nanobelts
in terms of µT , µP and µD. These optimal values, transformed to the original units, are (630,307,15.1)
for nanosaws, (695,113,19.0) for nanowires and (683,4,17.0) for nanobelts, where the three quantities
in brackets denote respectively temperature in degree C, pressure in millibar and distance in mm.
Contour plots of average and variance of the yield probabilities of nanosaws, nanowires and nanobelts
against temperature and pressure (at optimal distances) are also obtained. These plots are very helpful
to nanoscientists to find out the regions that result in high average yield with minimal variance.

Concluding remarks and future research

This study demonstrates how statistical techniques can help in identifying important higher-
order effects (like quadratic effects or complex interactions among the process variables) and utilize
such knowledge in fine-tuning the optimal synthesis conditions. This work is also an important step
towards large-scale controlled synthesis of CdSe nanostructures, since in addition to determining condi-
tions for high yield, it also identifies robust settings of the process variables that are likely to guarantee
consistent output. Although statistical design of experiments (planning, analysis and optimization)
have been applied very successfully to various other branches of scientific and engineering research to
determine high-yield and reproducible process conditions, its application in nanotechnology has been
limited till date. Some unique aspects associated with the synthesis of nanostructures that make the
application of the above techniques in this area challenging are: (i) complete disappearance of nanos-
tructure morphology with slight changes in process conditions; (ii) complex response surface with
multiple optima, making exploration of optimal experimental settings very difficult (although in the
current case study, a quadratic response surface was found more or less adequate, such is not the case
in general); (iii) different types of nanostructures (saws, wires, belts) intermingled; (iv) categorical
response variables in most cases; (v) functional inputs (control factors that are functions of time);
(vi) a multitude of internal and external noise factors heavily affecting reproducibility of experimental
results; and (vii) expensive and time consuming experimentation. Future research may consist of
determining more efficient statistical designs for conducting experiments in nanomaterials research.
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Key of scientific evaluation of regional economic strength is to construct scientific regional evaluation 
index system and evaluation model, through study of index system and model construction of regional 
economic strength evaluation in China, we can evaluate regional economic strength practically. 

 
1. Definition of regional economic strength 

Regional economic strength indicates production results after multipurpose use of different production 
elements during reproduction process in society in a certain period to a region and sum of achievements 
accumulated or precipitated in the past. Quality of all products is example of the former and all kinds of 
foundational facilities are examples of the latter. In fact, regional economic strength is comprehensive 
reflection of economic level, development ability, economic interior structure and coordination of economic 
development in a region. 

To measure how large the economic strength of a region is, we must use an index system to evaluate its 
economic strength. When constructing this evaluation index system, we must follow these principles below:
（1）the principle to be scientific; （2）the principle to be comparative;（3）the principle to be systematic;  
（4）the principle to be representative. So the index system of regional economic strength evaluation we 
have constructed is designed according to the above four principles. 

 
2. Construction of index system of evaluation of regional economic strength 

According to the definition of economic strength and principles followed in constructing evaluation 
index system, after repeated comparisons and choices, we have constructed index system to evaluate regional 
economic strength as presented in the following Table1-1. 
Table1: Index System of Regional Economic Strength Evaluation 

Human Resource 

Proportion of Economic Movement Population in 
Total Population; University Students Owned in Every 
10,000 People; Proportion of Employees in the Serve 

Industry in Total Employees 

Index 
System of 
Regional 

Economic 
Strength 

Evaluation 
Natural Resources 

Foundation Facilities 

Arable Land Area Per Capita; Water Resources Per 
Capita; Density of Highway Network; Turnover 
Amount of Goods; Fixed assets total investment 
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Product, Profit Regional Product Total Value; Regional Product 
Total Value Per Capita; Index Number of Regional 
Product Total Value(Regional Economic Increase 
Rate);The Whole Society Labor Productivity;100 

Yuan Industrial Fund Investment Tax Rate; Proportion 
of the Service Industry Increase in Regional Total 

Output Value; Energy Consumption Calculated 
According to Regional Total Output Value 

Circulation Total Turnover of Social Consumption Goods 

Finance and 
Banking 

Financial Income; Saving Remaining Sum Per 
Capita of City and Village Residents 

Consumption and 
Income 

Budgeted Income Per Capita of City and Village 
Residents; Net Income Per Capita of Peasants Family; 

Total Price Index of Residents Consumption 

Foreign Economic 
Activities 

Proportion of Export Total Sum in Regional Total 
Output Value 

Science and 
Technology 

Proportion of Volume of Business of Technological 
Market in Regional Total Output Value 

Environment 
“Three Wastes” Comprehensive Utilization Product 

Output Value 
When constructing the above evaluation index system, we mainly design index system of regional 

economic strength according to basic conditions of social reproduction, four links in social reproduction, 
blazing new trails in science and technology as well as environmental protection (sustainable development). 

 
3. Construction of evaluation model of regional economic strength 

Evaluation model of regional economic strength should reflect economic life in every aspect, and reflect 
regional economic strength concisely at the same time. We consider comprehensiveness mainly to guarantee 
each evaluation index contributes to model total evaluation, and can’t miss individual evaluation indexes. 
Concise model is to guarantee comprehensive value when we evaluate model comprehensively can’t cover 
important information reflected by each index repeatedly, i.e. co-relation of each index should be considered 
in evaluating models comprehensively to reflect economic comprehensive strength concisely by 
comprehensive evaluation value. Therefore, we construct evaluation model of regional economic strength as 
follows based on the above thought. 

If is variable to evaluate regional economic strength, our evaluation model of regional 

economic strength is 

pxxx ,...,, 21

ik

p

i
ik xfQ ∑

=

=
1                                       (1) 

Here  is evaluation value of economic strength of regionalkQ K ;  is the influence degree in 

comprehensive evaluation of evaluation index ;  is index value of the th index in regional

if

ix ikx i j . 

Note: to evaluate by using standardized value of each index in practical evaluation. 
To define influential degree of evaluation model of regional economic strength we have constructed, we 
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mainly consider comprehensiveness of each index and the need to avoid repeated comprehensiveness of each 
index and the need to avoid repeated comprehensiveness. Thus, we got influential degree of each index by 
using contribution rate of principal components in multi-variable statistical analysis. Its defined thought is: 

According to change of principal components AXF = , we have the l th principal component:   

, 
iil

p

i
l xaF ∑

=

=
1 ),...,2,1(, pll =λ is information contribution of principal component , lF

),...,2,1(,
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l
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l
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∑
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is information contribution of principal component . lF

  Obviously, we have comprehensive evaluation model of the principal component: 
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According to evaluation model (1) of regional economic strength we have constructed, we have 
influence degree of comprehensive evaluation model of regional economic strength as follows: 
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l
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i
il

p

l
li aaf ∑∑∑

===

=
111

/ γγ
                          (3) 

  Through the above method we can define influence degree of each variable in comprehensive 
evaluation. we can define total number method through principal component method. We can not only get rid 
of repeated information of each variable but also show degree of influence according to the amount of 
information reflected by each variable. Therefore, its comprehensive evaluation model is comparatively 
scientific and reasonable, and reflects practical meaning of regional economic strength evaluation. 

According to the comprehensive model and evaluation model of regional economic strength evaluation 
we have constructed, we have economic strength evaluation result of each region nationwide as table1-2: 
Table2: Economic Strength Evaluation Result of Each Region Nationwide 

Regions Scores of 
Strength 
Evaluation 

Ra
nks 

Regions Scores of 
Strength 
Evaluation 

Ranks 

Beijing 
Tianjin 
Hebei  
Shanxi 

Inner Mongolia 
Liaoning 
Jilin 
Henlongjiang 
Shanghai 
Jiangsu 
Zhejiang 
Anhui 

3.102 
1.3332 
-0.0417 
-0.5217 
-1.1145 
0.3801 
-0.7209 
-0.786 
4.2458 
1.6629 
2.0262 
-0.397 

2 
6 
10 
17 
26 
9 
19 
21 
1 
5 
4 
15 

Hubei 
Hunan  
Guangdong 
Guangxi 
Hainan 
Chongqing 
Sichuan 
Guizhou 
Yunnan 
Tibet 
Shaanxi 
Gansu 

-o.181 
-0.4671 
2.6574 
-0.6848 
-0.9248 
-0.91 
-0.3036 
-1.o016 
-0.1949 
 
-0.8084 
-1.2543 

12 
16 
3 
18 
24 
23 
14 
25 
13 
 
22 
28 
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Fujian 
Jiangxi 
Shandong 
Henan 

0.6023 
-0.7821    
0.9635 
-0.1484 

8 
20 
7 
11 

Qinghai 
Ningxia 
Xinjiang 

-1.5152 
-1.5511 
-1.1747 

29 
30 
27 

Data source: China Statistical Year Book 
 

4. Analysis of evaluation result of economic strength in each region in China 
According to the result of comprehensive order arrangement, we can divide 30 provinces (cities and 

districts) of the whole country into three levels: the 1st level is district whose comprehensive economic 
strength is stronger includes Shanghai, Beijing,Guangdong,Zhejiang,Jiangsu,Tianjin,Shandong,Fujian, 
Liaoning and Hebei; the 2nd level is district whose economic strength is moderate includes :Henan,  
Hubei,Yunnan Sichuan,Anhui,Hunan,Shanxi,Guangxi,Jilin and Jiangxi;the 3rd level is district whose 
comprehensive economic strength is weaker, they are: Henglongjiang, Shaanxi, Chongqing, Hainan, 
Guizhou, Inner Mongolia,Xinjiang,Gansu,Qinghai and Ningxia. 
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Abstract: aiming at problems existed in index system and model construction in evaluation of regional economic 
strength, we constructed index system and evaluation model of regional economic strength in accordance with 
connotation of regional economic strength as well as principle of index system construction, also we evaluate 
economic strength of different regions in China by using our index system and model in this paper. 
Key words: economic strength, index system, evaluation model 

 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 6130 -



6025

CPM 154 : Statistics in Telecommunication

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 6131 -



BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 6132 -



BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 6133 -



6028 CHAPTER 3. CONTRIBUTED PAPERS

CPM 156 : Pharmaceutical Statistics

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 6134 -



Consideration on consistency across regions regarding  

multiregional clinical comparative trials 
-AN APPROPRIATE SAMPLE SIZE ESTIMATION FOR ONE REGION-  

 
Jungo Sawa 
Schering Plough K.K. 
Shinjuku Park Tower 33F 3-7-1 Nishishinjuku, Shinjuku-ku 
163-1033, Tokyo, Japan 
e-mail address jungo.sawa@spcorp.com 
 
Chie Sekito 
Aspark K.K. 
Akasaka White Building 401, Minato-ku 
107-0052, Tokyo, Japan 
 
 
1. Introduction 
Multiregional clinical trials in drug development have been conducted in recent years. Demonstrating the 
efficacy of the drug in multiregional clinical trials is based on the overall population in the trial. Therefore, 
the efficacy in subgroups is barely shown unless a certain subgroup shows a different efficacy. Recently 
PMDA released a points to consider document for conducting multinational studies. It is recommended that 
the number of subjects should be sufficient to be compared and summarized by regions when planning 
clinical trials (1). In our studies, a proportional hazard regression model examining decreased incidence rate 
of bleeding in an active drug compared to a comparative drug is described in Phase III multi-regional 
comparative trials in parallel group assuming the overall incidence rate in the comparative drug to be 
constant.  
 
2 Methods  
The power of detecting significant proportional hazard ratios was examined using one region's characteristics 
such as proportion of one region against the overall population, and deviations* from the hypothesis for 
overall population. In our simulations, the probability of detecting hazard ratios between one region and 
other regions was examined generating a random number (1,000 times) based on the exponential distribution. 
Hazard rates per unit of time were generated assuming baseline hazards be different among regions. 
The hazard rate at time t, )t(λ , is shown as: 

 )xexp()t()t( 11j βλ=λ  

where, 1x is the drug effect and 1β is the regression coefficient in j-th region. The incidence rate in the 

comparative drug was set at 20%, 30%, and 50% respectively setting power for detecting hazard rations as 

80% or 90%. Decreased incidence rate in the active drug compared to comparative drug (⊿) was set 10%, 
15% and 20% in 2.5%, 5.0%, 10.0%, and 20% as a proportion of one region (table 1). 
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Deviations were defined as: γ = ⊿*/⊿ (⊿:Other regions’ drug efficacy, ⊿*:One region’s drug efficacy). 
 
Table 1 Summarized tables by the simulation study 

Power for 2N 
(two groups) 

Event rate of 
comparative 
group 

Proportion of 
one region 

(%) 

Decrease of  
event rate  
to the 
comparative 

group (⊿) 

Number 
of  

the other 
regions 

Deviation 

γ 

90% 20%,30%,50% 2.5, 5, 10, 20 10%,15%,20% 5 1/2,1 

90% 20%,30%,50% 2.5, 5, 10, 20 10%,15%,20% 20 1/2,1 

80% 20%,30%,50% 2.5, 5, 10, 20 10%,15%,20%  5 1/2,1 

80% 20%,30%,50% 2.5, 5, 10, 20 10%,15%,20% 20 1/2,1 

Type I error (α)=5%(two sided)  
Note: Simulation  
 
 
 

 

  

 

#of the other regions:5

Event rate(comparative)=0.2

γ=1/2 

50.0 

60.0 

70.0 

80.0 

90.0 

10% 15% 20%

⊿ 

probability(%) power:90 20% 

power:90 10% 

power:90 5% 

power:90 2.5% 

power:80 20% 

power:80 10% 

power:80 5% 

power:80 2.5% 

Fig.1a  Relationship with proportions of one region and the decrease (%) of  

event rate to the comparative drug (# of regions=5) 

t t
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3. Conclusion and the perspective 
The results showed that the probability to detect the difference of hazard ratio between one region 
and the others was decreased by lower proportion in one region against the overall population, incre
ased deviations, but not changed in other regions’ drug efficacy, or number of regions（Fig.1a, Fig.1
b & Fig. 2）. In our assumptions, the incidence rates of all regions except one particular region wer
e set as constant and incidence rate of all regions in the comparative drug was set as a constant. F
urther discussion is needed on various assumptions to generate the power and sample sizes for pract
ical applications.  
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Event rate (comparative)=0.1

γ=1/2 

 

50.0 

60.0 

70.0 

80.0 

90.0 

2.5% 5.0% 10.0% 20.0%

Proportion of one region

probability(%) 
regions:5 
power:90 

regions:5 
power:80 

regions:20 
power:90 

regions:20 
power:80 

50.0 

60.0 

70.0 

80.0 

90.0 

10% 15% 20%
⊿ 

probability(%) power:90 20% 

power:90 10% 

power:90 5% 

power:90 2.5% 

power:80 20% 

power:80 10% 

power:80 5% 

power:80 2.5% 

Event rate(comparative)=0.2

γ=1/2 

#of the other regions:20

Fig.1b  Relationship with proportions of one region and the decrease (%) 

of event rate to the comparative drug (# of regions=20) 

Fig.2  Relationship with proportions of one region and number of regions  

   (# of regions = 5, 20) 
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A guidance of requirement for conducting multiregional clinical trials including Japan pp.4, 2007. 
 
RESUME 
 
The probability to detect the difference of hazard ratio between one region and the other regions  
was decreased by lower proportion in one region against the overall population and increased the de
viation. 
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A pp × random symmetric positive definite matrix S  is said to have a Wishart distribution with 

parameters ,,np and ( ) ,0>×Σ pp  written as ( )Σ,~ nWS p , if its probability density function (p.d.f.) is 

given by  
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where ( )apΓ  is the multivariate gamma function.  
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b) Define  
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Then the pp × symmetric positive definite random matrices rXX ,,1 �  are said to have the 

matrix variate Dirichlet type IV distribution with parameters 
2

,
2

,,
2
1 mnn r
� .  The joint p.d.f. of 

rXX ,,1 �  is given by 
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and K  as defined before. 

The symmetric square root of a positive definite matrix holds.  

 

If random matrix B has a noncentral Wishart distribution then rXX ,,1 � has a noncentral matrix 

variate Dirichlet type IV distribution.  It may be noted that the density (1) is orthogonally invariant.  The 

matrix variate Dirichlet type IV reduces to the multivariate generalized beta distribution derived by Libby 

and Novick (1982) and the bivariate beta distribution presented by Olkin and Liu (2003), respectively, in 

special cases. 

 

The matrix variate Dirichlet type I belong to the Liouville family of distributions defined by Gupta and 

Song (1996) and can also be considered as a special case of the generalized matrix variate distributions 

defined by Roux (1971).  This is not the case for the matrix variate Dirichlet type IV distribution.  The 

matrix variate Dirichlet type IV distribution may serve as an alternative to the well known matrix variate 

Dirichlet type I distribution in methods of multivariate analysis.   
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Introduction

Accurate prediction of food demand is of economic relevance to large canteens and caterers
because the dishes offered cannot be prepared on order but have to be produced in advance, based on
the expected demand. In this context, food demand prediction comprises two tasks, first the forecast
of the total daily demand, and second the prediction of the allocation of the total daily demand on
the dishes offered. In our project, we concentrate on the second aspect, i.e. we try to model the
daily demand distribution for the dishes offered on the menu of the central canteen of the University
of Göttingen, given the total daily demand. Note, however, that the total daily demand may also
depend on the dishes offered.

The central university canteen in Göttingen, which opens six days a week, is one of the largest
university canteens in Germany; on average it prepares about 4500 meals per day (1.35 million meals
per year) for students and employees. Depending on season and weekday, the menu, which changes
daily, comprises two to seven dishes in different price categories and selected from a repertoire of
about 400 different dishes (counting the main component only and ignoring different gravies and side
dishes).

The demand share of a particular dish and/or price category is not even approximately constant
but depends on the competing dishes on the menu. This is confirmed in Figure 1 which shows boxplots
of the daily share of the different price categories for those days in the years 2003/2004 on which all
seven categories were offered. The corresponding prices for students, a group that accounts for more
than 90% of the total demand, are also given in the figure.

SB ET S1 S2 W1 W2 W3

0.1

0.2

0.3

0.4

category

pr
op

or
tio

n

 SB: 2.20 € 
 ET: 1.10 € 
 S1: 1.50 € 
 S2: 1.80 € 
 W1: 2.05 € 
 W2: 2.55 € 
 W3: 2.80 € 

Figure 1: Daily proportions of dishes sold in the different price categories

Clearly the proportions of dishes sold in the different price categories are subject to considerable
variation. In addition, the share of a category does not simply depend linearly on price. This may be
due to the fact that the prices of some categories are subject to government subsidies and therefore
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do not correspond to their monetary values. In fact, a specific dish may be offered in different price
categories on different days.

Furthermore, note that, although Figure 1 shows the share of the different price categories, in
our model we use the dishes offered as variables of choice and incorporate the price (category) as
covariate because we believe that one usually selects a specific dish given its price category and not
vice versa.

Model formulation

The central university canteen currently forecasts dish-specific proportions from experience.
The proportions are estimated using those which occured on days which had the identical menu. This
strategy, while providing reasonable forecasts, is only applicable if the same menu has been offered in
the past. It is not applicable to new menus, i.e. to new dish combinations. To overcome this deficiency,
we propose a model that is able to provide forecasts for new menus. We describe dish-specific demand
– given the total daily demand – using a multinomial logit model with a daily varying choice set in
which the demand for each dish depends on the competing dishes offered and their characteristics.
This model is similar to the conditional logit model described by McFadden (1974). However, to
our best knowledge, the application of that model in our specific context has not appeared in the
literature.

Assume that on a given day t the university canteen offers a specific choice set Ct and that
(apart from an independent error term) an arbitrary visitor’s utility of a specific dish i ∈ Ct on that
day is given by

ηi(t) = β0,i +
B∑

b=1

βb,ixb,i(t) ,(1)

where β0,i is a dish-specific constant, the xb,i(t) denote the values of B dish-specific covariates
on day t and the βb,i are the corresponding parameters. Note that, in this general formulation of
the model, the parameters βb,i, as well as the covariates xb,i(t), are dish-dependent. However, in the
selected model some parameters and/or covariates appeared to be constant over different dishes. In
general, a person’s utility of a specific dish may also depend on the characteristics of that person.
However, in our case, we do not have any information on the characteristics and choices of individual
visitors of the canteen, but only know the aggregate demand.

Given the choice set Ct and the utility ηi(t) of each dish in the choice set, and assuming that
the independent error terms are extreme-value distributed, the probability πi(t) that a visitor selects
dish i ∈ Ct on day t is given by

πi(t) =
eηi(t)

∑
j∈Ct

eηj(t)
.(2)

Then, assuming that each of the Nt visitors selects a dish independently of other visitors, and
based on the dish-specific probabilities π(t) := {πi(t); i ∈ Ct} (

∑
i∈Ct

πi(t) = 1), the probability
of the demand distribution n(t) := {ni(t); i ∈ Ct} (

∑
i∈Ct

ni(t) = Nt) on a specific day follows a
multinomial distribution and is given by

P (nt) =
Nt∏

j∈Ct

nj(t)!

∏

j∈Ct

πj(t)nj(t) .(3)
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Finally, assuming independent choice behavior across different days the log-likelihood of the
demand distribution for a period of T days is given by

log L = log

(
T∏

t=1

P (n(t))

)
=

T∑

t=1

log P (n(t)) .(4)

The maximum-likelihood estimates of the parameters βb,i can be obtained using unconstrained
numerical maximization of the log-likelihood.

Findings

We applied the proposed multinomial-type model to daily dish-specific demand data of the
central university canteen in the years 2003 and 2004. During this period, the canteen opened on
T = 594 days and offered a total of 3184 dishes (selected from the repertoire of 400 different dishes).

We considered several dish-dependent covariates such as price (category) or specific side dishes
(e.g. French fries or dessert), as well as seasonal and weather factors for the demand share of the salad
buffet (SB) category. In order to reduce the number of model parameters some of the 400 different
dishes were grouped into classes of similar dishes.

Some problems have to be kept in mind that might have influenced the results of the model.
For example, the price of the SB category is not fixed but weight-based; the average price is used in
the model and in Figure 1. In addition, for the year 2003 only weekly demand for the SB category
was available and had to be disaggregated to the individual days of the week. Furthermore, in some
price categories (W1, W2, W3) it is generally possible to change the side-dishes, although this option
is rarely exercised.

Parameter estimation was conducted using the free statistical software R (R Development Core
Team, 2006). We tested several model specifications in order to identify relevant covariates. Finally,
one model specification was selected on the basis of AIC values and residuals.

The selected model is able to describe dish-specific demand and to identify obvious demand
patterns such as the (price) category dependency shown in Figure 1. We found that the S1 and S2
categories have a larger positive effect on the demand share of a dish than one would expect given the
prices of the categories only. In addition some potato-based side dishes, such as French fries or potato
croquettes, appeared to substantially increase demand, as do dishes which offer dessert as an extra.
Finally, the demand proportion for the salad buffet category seems to follow a seasonal pattern, that
is probably attributable to weather factors.

Regarding the predictive accuracy of the model, we found that the experience-based forecasts
of the university canteen are slightly superior to those based on our model for menus which have been
offered in the past. However, our model is able to provide reasonable forecasts for new menus, for which
the experience-based procedure is not applicable. Our model provides an appropriate alternative that
can be used to describe past food choice as well as to predict future food choice for new menus, based
on the same repertoire of dishes.

Future extensions of our project include modeling of total daily demand in dependence on the
dishes offered. The methodology will also be applied to incorporate additional university canteens.
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1. Introduction 

In Italy the traditional pattern of alcohol consumption is moderate. People tend to drink wine during 
meals and in family settings. Recently new habits of alcohol consumption, more typical in the northern 
European countries, are spreading especially among young people (binge drinking, consumption between 
meals). Young people often drink to be more desirable and more accepted in the peer groups. Abuse of 
alcohol increases the risk of some serious diseases (cardiovascular diseases, cancer, cirrhosis of the liver) and 
it can be linked to many harmful social consequences (traffic accidents, family and domestic problems, 
violence). Use of alcohol is also unhealthy for very young people because their body is unable to metabolize 
alcohol. 
 
2. Data and methods 

The aim of this work is to analyse the patterns of consumption of alcoholic drinks in Italy among the 
young population. Simple and multivariate data analysis were carried out on the young people of 11-24 years 
according to the results of the multipurpose survey on Italian households "Aspects on daily living”. Data was 
collected by ISTAT in 2005 on a sample of 24.000 households, using face-to-face interviews. 

 
3. Main results 

Trend consumption: preliminary analysis shows that in Italy during the last 8 years the consumption of 
alcoholic drinks among young people is quite stable. Nevertheless new patterns are arising: alcohol 
consumption among girls increases; the consumption of spirits is rising and also the habit of consuming 
different types of alcoholic drinks. 
 
Figure 1. Young people (14-24 years old) by consumption of alcoholic drinks and sex. Years 1998, 
2005 (rates per hundred people) 
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Consumption during the last year: in 2005 in Italy about 50% of young people consumed alcohol at 
least once in the previous year. Boys consumed alcohol more often than girls (57,6% comparing to 44,3%) 
even if in the gap is decreasing. A big rate of youngest people drinks alcohol: 19,5% of people under 16 
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drinks alcohol even if in Italy the legal drinking age is 16 years and over. The consumers of alcoholic drinks 
increase in the other age groups: 68,7% of youth of 18-19 consumed alcohol at least once in the last year, and 
this rate arrives to 74,3% among people of 20-24 years. Consumption of alcohol is more spread in the North 
of Italy: 57%  compared to 47% of young people living in the South. 
 
Table 1. Young people (11-24 years old) who consumed alcohol at least once in the last year, by 

sex and age group. Year 2005 (rates per hundred people)  
 Age groups Boys Girls Boys and Girls 
11-15 21,8 17,0 19,5 
16-17 58,8 42,4 50,9 
18-19 75,6 61,0 68,7 
20-24 84,6 64,0 74,3 
Total 57,6 44,3 51,1 

 
Daily consumption: recently INRAN (the Italian National Institute on food and nutrition), according to 

WHO recommendations, elaborated guidelines on the limits of daily moderate alcohol consumption. For an 
adult male it is defined “no moderate” drinking more than a daily average of 3 alcohol units1; for an adult 
female it is defined “no moderate” drinking more than a daily average of 2 alcohol units. People under 16 
should not drink alcohol at all but people of 16-18 years and elderly people should not drink more the one 
alcohol unit a day. According to these guidelines we built an indicator of daily consumption of alcoholic 
drinks. Data analysis shows that 1,6% of boys and 0,5% of girls under 16 is a daily consumer. This rate 
increases in the other age groups, especially among those aged 20-24 years. 

 
Table 2. Young people (11-24 years old) by units of alcohol consumed daily, sex and age group. 

Year 2005 (rates per hundred people)  
Boys Girls Age groups 

1 unit 2 units 3 units 4  or more units 1 unit 2 units 3 or more units
11-15 0,3 1,1 0,1 0,1 0,2 0,2 0,1
16-17 2,5 3,3 0,9 1,3 0,2 0,3 0,2
18-19 6,5 3,6 1,3 1,4 1,5 0,7 0,8
20-24 8,0 7,2 2,7 5,8 2,4 1,8 0,9
Total 4,0 3,3 1,2 2,2 1,1 0,9 0,4
 
Binge drinking and alcohol between meals: 

In recent years the term binge drinking has gained currency as referring to high intake of alcohol in a 
single drinking occasion (conventionally 6 or more alcoholic units). This habit is especially spread in the 
northern European countries, even if recently it is raising also in Italy and in other European countries. In 
2005 10,2% of young people (11-24 years) got drunk at least once in the past year. This rate is higher than in 
2003. Data analysis shows that binge drinking is higher among boys than girls and that 2,3% of people of 11-
15 years got drunk at least once in the last year (3,2% boys and 1,3% girls). This rate rises to 10,9% among 
young people of 16-17 years and reaches the highest level among young people aged 20-24 years (25,5% 
boys and 6% girls). 
 
 
 
 
 
 
 
 

                                                 
1 One unit of alcohol is equivalent to: 1 glass of table wine, 1 glass o sherry or port; 1 single whisky, gin or brandy, half pint of beer or cider, quarter 
pint of super strength beer or cider. 
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Table 3. Binge drinkers aged 11-24 years and number of binge drinking occasions during the last 
year by geographical area. Year 2005  

Number of binge drinking occasions during the last 
year (b)  

Binge drinking at least 
once during the last year 

(a) 1-3 times 4-6 times 7-12 times 12 times or 
over 

North - West 11,4 54,4 10,1 7,2 8,5 
North - East 16,6 41,2 22,9 11,2 8,7 
Centre  9,9 51,5 14,6 9,7 6,1 
South  7,2 49,7 12,2 13,1 6,6 
Islands  7,7 51,2 14,8 6,6 8,9 
Italy 10,2 49,2 15,1 9,8 7,8 

(a) rates per hundred people. 
(b) rates per hundred binge drinkers. 

 
In 2005 8,1% of people aged 11-24 years referred to drink between meals at least once in a week. Boys 

drink between meals more often than girls (10,9% compared to 5,2%). Consumption of alcohol between 
meals is more spread in the North – East of Italy: 13,1% compared to 4,3,% of young people living in the 
South. 
 
Figure 2 - Alcohol drinkers between meals at least once in a week by sex and age group. Year 

2005 (rates per hundred people) 
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4. Alcohol consumption and life styles: a cluster analysis 

A cluster analysis was performed and the young population was split into different groups according to 
the use of alcoholic drinks and others life styles (physical activity, obesity, smoking, entertainments). The 
results show that age is the main discriminant: in the groups of the youngest (11-15 years) the majority of 
people do not consume alcoholic drinks and do not have other unhealthy habits: they are not obese, do not 
smoke, are physically active. In the groups of the oldest (16-24 years), the majority consumes alcoholic 
drinks (even if with different patterns of use), often associated with other unhealthy habits: they are 
physically inactive, obese and smoke. 
 
Table 4. Characteristics of groups of young people aged 11-24 years by consumption of alcoholic 

drinks and others life styles – NO Alcohol DRINKERS 
 
Groups Characteristics  

Youngest people who do 
not consume alcohol who 
practise several free 
time’s activities (21,2%) 

They did not consume alcohol during the past year; they are not 
drinkers between meals or binge drinkers; they don’t smoke; they 
practise sport and they often participate to music concerts; at least one 
parent drinks in a no moderate way alcoholic drinks. They are: boys, 
aged 11-15 years.  
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Youngest people who 
don’t consume alcohol 
and who do not practise 
free time’s activities 
30,7%) 

They did not consume alcohol during last year: they are no drinkers 
between meals or binge drinkers; they don’t smoke; they don’t 
practise sport and they never go to the disco or participate to music 
concerts; no parents consume alcoholic drinks. They are: girls, aged 
11-15 years.  

 
Table 5. Characteristics of groups of young people aged 11-24 years by consumption of alcoholic 

drinks and others life styles –Alcohol DRINKERS 
Groups  Characteristics 

People who drink only in 
exceptional circumstances 
and practise several free 
time’s activities (19,8%) 

They drink spirits in exceptional circumstances, they are not drinkers 
between meals or binge drinkers; they sometimes practise sports and 
they often go to the disco and participate to music concerts. They are: 
girls; aged 16-24 years; normal weight. 

Occasional alcohol 
drinkers, who practise 
several free time’s 
activities (14,9%) 

They occasionally consume wine, beer and spirits and alcohol 
between meals; they got drunk 1-3 times during the last year; they 
often go to the disco and participate to music concerts; they practise 
sports; at least one parent drinks in a no moderate way alcoholic 
drinks. They are: boys; aged 18-24 years; living in the North; smokers 
or ex-smokers; normal weight. 

Weekly alcohol drinkers, 
who practise several free 
time’s activities and with 
some unhealthy habits 
(7,2%) 

They consume wine, beer and spirits at least once a week and alcohol 
between meals more than once a week; they got drunk 1-3 times 
during the last year; they often go to the disco and participate to music 
concerts; they practise sports only occasionally. They are: boys; aged 
18-24 years; living in the North-East; normal weight; smokers or ex-
smokers. 

Daily alcohol drinkers, 
with health problems and 
unhealthy habits (6,3%) 

Daily alcohol drinkers of wine, beer and spirits; binge drinkers in 1-3 
occasions during the last year; alcohol between meals more than once 
a week; they have health problems; they don’t practise sports but 
often go to the disco and participate to music concerts; their parents 
are daily alcohol drinkers in a no moderate way. They are: boys; 
aged 20-24 years; smokers or ex-smokers, obese. 

 
5. Conclusions 

Recently in Italy new patterns of alcohol consumption are increasing especially among the young 
people. These patterns are really different from the traditional Mediterranean drinking habits (especially wine 
during meals). Young people drink often between meals and get drunk. These unhealthy habits rise in the 
oldest age groups (18 years or more) and in these age groups are more associated. Cluster analysis confirmed 
these evidences and stressed an important aspect: it is really positive that the youngest people (11-15 years) 
don’t usually drink alcohol and don’t have unhealthy habits as smoking or obesity, but the situation is more 
worrying for the older age groups. It is only a question of time? Also the youngest people could potentially 
became alcohol consumers; it is really important to focus new policies on arresting these risky patterns of 
consumption of alcohol among young people. 
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ABSTRACT

The Displaced Exponential and the Schuhl’s Composite Distribution are considered as good models 

for traffic flow.  The Schuhl’s Composite Distribution is a mixture of two Displaced Exponential 

Distributions. In this paper, we extend the Schuhl’s Composite Distribution for more than two Displaced 

Exponential Distributions.  Important Summaries are then presented.  The parameters of the said mixture 

are also estimated.  Lastly, various graphs of the distribution are exhibited.

Keywords and Phrases: Exponential Distribution, Displaced Exponential Distribution, Schuhl’s Composite 

Distribution, Moment Generating Function, Characteristic Function and Maximum Likelihood Estimates

1. INTRODUCTION
The mixture of the displaced exponential distributions is defined by
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where jj  �	1  for 1,,1 �
 kj � , 10 �� i�  and 1
1
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k

i

i� .  The random variable x is contaminated 

since it is a combination of two or more p.d.f.’s. When 2
k , this distribution is called as the Schuhl’s 

Composite Distribution.

In this paper, we present the important summaries, estimate the parameters of the mixture and 

exhibit some graphs, which would be useful in modeling.

2. IMPORTANT SUMMARIES 
In this section, we present some of the important properties of the mixture, such as: the mean, variance, 

Moment Generating Function and the Characteristic Function. Other summaries can be derived from these 

summaries.

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 6149 -



The turning points of the distribution occur at each si .

Theorem 1 gives the formulas for the mean, variance, Moment Generating Function and Characteristic 

Function. We omit the proof.

Theorem 1. If x is distributed as a mixture of displaced exponential, then
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3. ESTIMATION OF PARAMETERS
Cabanlit and Padua (1993) made an estimate for the Schuhl’s Composite distribution by using the 

Maximum Likelihood Estimation.

It can be noted that Maximum Likelihood Estimates (MLEs) and Likelihood Functions have very 

desirable properties for large samples.  They become unbiased minimum variance estimates as the sample 

size increases.  They have approximately normal distributions and approximate sample variances that can be 

calculated and used to generate confidence bounds.  Likelihood Functions can be used to test hypotheses 

about models and parameters.

However, there are some drawbacks to MLEs. With small samples, MLEs may not be very accurate 

and may even generate a line that lies above or below the data points.  In addition, calculating MLEs often 

requires solving complex non-linear equations requiring specialized software.

The next theorem presents the estimates of si  and si� based on Maximum Likelihood Estimation 

and a more logical estimates for the si�̂ by proportion.   

Theorem 2.  Let nxx ,,1 �  be iid � �xf  in (1.1), then the estimates of the parameters are the 

following:
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In this case, we arrive with 3k parameters to be estimated, with 4k-1 equations and 4k-1 unknowns.  

Once the sî  are set, we can solve the other parameters, si�̂ and si�̂ .  A good approach is to base the 

estimates of sî  from the frequency histogram or bar graph.  Once there is a sudden shift, consider this as 

one of the sî .  It could be noted that the displaced exponential distribution is a monotonically decreasing 

function.

4. GRAPHS
Figures 1 to 3 exhibit the mixture when 2
k . In Figure 1, we consider 5.0
si� , 10,0 21 

 

and  1
si� . In Figure 2, 75.0,25.0 21 

 ��  with the same values of si  and si�  in Figure 1.  While 

in Figure 3 we interchange the values of the si� from Figure 2 and retain the same values for si  and si�

in Figure 1 and Figure 2.

Figures 4 and 5 consider the case when 4
k .  In Figure 4, we assign the same mixing values of 

0.25 and different values for si and same values of si� .  While in Figure 5, we have equivalent two 

weight values for the mixing parameters and retain the same values for the location and scale parameters.

We observe the shifts and the turning points occur at the si .

Figure 1 1,1,10,0,5.0,5.0 212121 
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Figure 2 1,1,10,0,75.0,25.0 212121 
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Figure 3 1,1,10,0,25.0,75.0 212121 
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5. CONCLUDING REMARKS
From the summaries, estimates of the parameters and graphs, we can observe that the said mixture 

can explain some realities, which could not be explained by the single displaced exponential distribution.

Moreover, it can be noted that we have just considered one method for estimating the 

parameters of the distribution.  It is then suggested that other methods would be explored and a 

comparative analysis of their properties be made.
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ABSTRACT

When a crime is committed different types of evidence may be found in the crime scene: fingerprints,
firearms, handwriting, documents, etc. and the most common: glass fragments, fibres and DNA
profiling. Evidences may be left in the crime scene by the criminal, victim or other person and
transfer of evidence from the crime scene to the criminal can also occur. The great concern is the
assessment of the available evidence, found in the crime scene or in the possession of the suspect to
measure the possibility of the suspect being in fact the criminal. Broadly speaking, we may say that
the forensic statistics is related with the use of statistics in forensic analysis. It involves methodological
issues like Bayes theory till the most recent research techniques of multivariate analysis. Above all,
it’s a recent area for research. In this work we emphasize the role and importance of forensic statistics
and we present some recent cases.

Keywords. Forensic Statistics.
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In this paper the matrix variate Dirichlet type III distribution is defined by the probability density 

function  
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This distribution is derived from independent Wishart ( )( )  ,  ⋅⋅pW distributed random matrices as 
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matrix holds. 

 

A parameter-rich generalized matrix variate Dirichlet type III distribution is derived by means of 

transformations riW i

r

i
ii

r

i
i ,,1   ,

2

1

1

2

1

1

�=Ψ+




 Ψ−Ω





 Ψ−Ω ∑∑

==

( ΩΨΨ ,,,1 r�  are symmetric 

matrices such that ∑
=

>Ψ−Ω>Ω
r

i
i

1

0  and  0 ).  Press and Gupta (1982) express the need for a parameter-

rich family of multivariate distributions to accommodate the prior information of the decision maker (see 

Bekker, 1990).  In this paper we also discuss several properties of the matrix variate Dirichlet type III 
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distribution, its relationship with the matrix variate Dirichlet type I and II distributions and the case where 

random matrix B  has a noncentral Wishart distribution.  The marginal distribution in this case is not a 

matrix variate Dirichlet type III distribution.  In the special case where 2 and 1 == cp , the distribution 

simplifies to the multivariate Dirichlet type III distribution obtained by Cardeño et al (2005).  
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IntroductionIntroductionIntroductionIntroduction    
    
Every investigation regarding passenger transport requires certain information gathering, and collecting 
it depends on applying tools developed to meet that need. Such tools, created to gather data on the 
variable set involved in the research, named Trip Origination & Destination (O-D) Surveys, are the 
source of potential bias or errors. 
Road-trafficking surveying efforts are strictly planned to keep all stages of data capturing under control. 
In spite of this, there are errors that result in missing information, duplicated counting or inconsistency. 
The diverse ways of errors or bias in the information production process affect data quality; therefore, 
information collected from a sampling data surveying effort requires assessment to control such data, 
quantifying its features and measuring its effect to make correction possible. 
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The different types of errors in data collection are: 
Selection biasSelection biasSelection biasSelection bias - Is the systematic trend about the sampling procedure to exclude or include certain types 
of units. 
NonNonNonNon----response biasresponse biasresponse biasresponse bias - Is the distortion that occurs when a large number of units selected for the sample 
do not respond or reject to respond and these non-responses are different from those who respond. 
Response biasResponse biasResponse biasResponse bias - Is the distortion because of the interviewer's behavior or way of asking questions and 
the lack of cooperation from the respondent. 
 

Considering the costs incurred when collecting this information, searching for methodologies to analyze 
errors (seemingly unavoidable) that do not derive form the sampling to recover records and to assess 
the completeness, accuracy and validity of existing information is in itself an important stage previous to 
statistical analysis. 
Once values to be reviewed are confirmed, the decision making process will be fostered by the 
visualization and modeling of reality in the field, using of tools that will relate them to geographic data. 
 
Overall purposeOverall purposeOverall purposeOverall purpose    
    
The aim of this study is to suggest the methodology to determine validation and assignment criteria for 
traffic surveying approval, based on georeferencing of services infrastructure and information relating to 
trips declared in the survey. 
 
Methodology Methodology Methodology Methodology     
 
When the goal is learning about people's use of the means of transport, a form which allows surveying 
about trip origination and destination, and its characteristics, is needed. 
The information obtained in this way should be "valid", i.e., answers should be assessed to establish if 
data is correct (if it is within certain acceptability parameters) and consistent so as to provide significant 
metrics. 
Even though there are capturing procedures for obtaining reliable data, there are variables, operational 
definitions and information capturing processes, which are difficult to understand and apply by the 
interviewer and the interviewed, and under many circumstances, are the start point for error generation. 
Errors detected are called "measuring errors" or "answer bias", and refer to distortion or inaccuracy in 
the answers, due to the way the question is written, the influence the interviewer has on the respondent, 
or the interviewee's interpretation of the question. 
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Where a large volume of human resources and materials are required, due to the significant number of 
cases and variables to study, the interviewer provides his previous knowledge and experience, 
impacting on the homogeneity desired in the data capturing. 
Interviewees may misunderstand questions, forget the right answer or get someway influenced by the 
interviewer. 
Additionally, errors are estimated to derive from the respondents, due to the effort they make to 
reproduce their trip in few minutes, and describe it remembering and quantifying the set of events that 
define it, such as: Trip Origination and Destination Point, Getting On and Getting Out of the Means of 
Transport Used, Blocks Walked, Means Used, Transfers, Trip Start and End Times, and Reason, among 
others. 
A way of minimizing these errors is through a detailed revision of the data to confirm answer reliability. 
 
Generally, in every survey, techniques to control these error sources are used. Before the field 
operations start, focus is on intensive and continuous training of interviewers, aiming at making 
capturing criteria consistent, as well as on the spreading of the activity to make the involved population 
aware. Following the field surveying effort, variable control is carried out in the laboratory to identify 
"quality errors" made during the data capturing process. 
 
Before survey approval, there are two different stages: Validation and Assignment. 
The former refers to the verification of the values stated within certain ranges, with criteria set based on 
statistical, geographical and/or functional criteria. 
In this stage, all control operations are included. The simplest ones consist of checking the accuracy of 
totals and reviewing figures which are wrong or doubtful. And the most complex ones include smart 
controls of answers given, aiming at populating certain gaps and discovering contradictions and 
conflicting data that may exist among some of the answers. 
Those forms that cannot be validated could be subject to the latter, criteria assignment, i.e., defining 
values to non-accepted field analyzing the behavioral reasoning, following statistical techniques and/or 
acceptable logics. 
 
Geographic Information Systems appear to be valuable tools when analyzing, validating and assigning 
value to differentiating geographical points of each survey, allowing the study of measurement errors 
and to find out a feasible method for calculating correct parameter values. 
Initially, geographical identification of Origination and Destination Points, geocoding them based on 
mapping transport infrastructure and referential milestones or points in popular and trip generating 
areas, makes possible the viewing of their distribution and its relative weight in the field. 
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Such identification, known as georeferencing, assigns coordinates or geographical values for spotting 
without error the point in the field. This can be performed by previously isolating the elements that 
compose the transportation system (road and rail networks, equipment, etc.) or though the coordinates 
assigned by GPS (Global Positioning System) in the survey locations, depending on the areas to be 
surveyed. 
 
Once Origination and Destination points have been georeferenced, based on the geographical principle 
of territorial boundering, it is possible to group or classify them according to the areas they belong to, 
making the O-D matrix easier to view, which makes the analysis of transport usage among the diverse 
zone units possible. 
 
Analyzing the information collected to characterize the transport system users by assessing socio-
economic variables and their distribution across the area, is another opportunity to set validation and 
assignment criteria, by comparing behaviors from different sectors. 
 
Tracking declared stretches through the road and transportation system, by using specifically designed 
mechanisms, allows identifying initially consistency of collected values, highlighting apparent errors in 
the forms and recognizing correction factors. 
 
Such mechanisms match certain answers and the estimate of certain relations among different fields. If 
the comparison has a given outcome or if the calculated matching falls out of certain limits, data under 
study is disregarded. 
 
ConclusionsConclusionsConclusionsConclusions: 
Using Geographic Information Systems (GIS) in the data validation and assigning process in sampling or 
census surveying efforts allows researchers to improve data quality when recovering information 
considered as invalid. 
Efficiency attained from developing, implementing and using GIS in transportation studies is initially 
reflected in the cost-benefit ratio of the data collecting stage, and facilitates its application in later stages. 
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Abstract

We consider random permutation models to derive optimal estimators of finite population parameters in the
presence of auxiliary information and unit-specific measurement error. In particular, we derive the optimal
estimator of a measure of association between a response and an explanatory variable based on a simple random
sample obtained without replacement from a finite population. We also obtain the variance of the estimator and
show that it has a smaller mean squared error than the ordinary least squares estimator via a simulation study.

1. Introduction

Freshmen are admitted to programs in Applied Mathematics, Computation Science, Mathematics and
Statistics at the Instituto de Matemática e Estatı́stica (IME), Universidade de São Paulo, according to their
scores on an entrance test (FUVEST) which evaluates their performance in Mathematics, Physics and Por-
tuguese, etc. Our objective here is to evaluate the association between their Math scores in FUVEST and their
grades in the first Calculus course based on a simple random sample (SRS) of size n of the students admitted
in a given year, assuming that there is measurement error.

Let ys and xs be fixed values representing the first semester grade in Calculus and the score in the
FUVEST Math test, respectively, for student s in the finite population of N students, and define a measure of
association between the two variables as

B =
N∑

s=1

�
ys � �y

)
(xs � �x)∑N

s=1 (xs � �x)2
=

N∑
s=1

xs 6=µx

(xs � �x)2∑N
s=1 (xs � �x)2

×
�
ys � �y

)
(xs � �

x
)

=
N∑

s=1

wsbs,(1)

with �
y

= N�1
∑N

s=1 ys, �
x

= N�1
∑N

s=1 xs, ws = (xs � �
x
)2 /

∑N
s=1 (xs � �

x
)2 and bs =�

ys � �
y

)
/ (xs � �

x
) when xs 6= �

x
. Then B may be viewed as a weighted average of the N slopes,

bs, of the lines passing through each (xs, ys) and
�
�

x
, �

y

)
. These slopes might be interpreted as measures

of variation of y per unit variation of x, so that B may be interpreted as a weighted average measure of asso-
ciation, with the weights, ws, depending on the distance between xs and �

x
. The scatterplot for 104 students

admitted in 2004 along with the corresponding least squares regression line are displayed in Figure 1.

Estimation of B has been considered by several authors. In particular, Kish & Frankel (1974) and
Särndal, Swensson & Wretman (1992) attacked the problem from a design-based point of view, while Fuller
(1975) and Bolfarine & Zacks (1992) approached it from a super-population point of view. Särndal, Swensson
& Wretman (1992) and Bolfarine & Zacks (1992) consider measurement error for a general setting.

Since our interest lies in the finite population parameter B without assuming a super-population model,
we propose alternative estimators derived under the random permutation model (RPM) suggested by Stanek,
Singer & Lencina (2004). The estimators are derived with the incorporation of auxiliary information as in
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Figure 1: Scatterplot for FUVEST Math score vs grades in Calculus in 2004 (N = 104) along with least
squares regression line (y = 5.3253 + 0.05739x).
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Li, Stanek & Singer (2006), and unit-specific measurement error. The estimator is obtained under minimal
assumptions (no explicit distributional form is required).

2. The random permutation model with auxiliary information and measurement error

We define a finite population as a collection of N identifiable units labeled s = 1, . . . , N . Suppose
that associated with unit s there are two quantities ys and xs, where ys is a response and xs is an explanatory
variable. We assume that when unit s is observed, both the parameter (latent value) ys and the explanatory
variable xs are observed, the first possibly with measurement error and the latter without measurement error.

We formalize the process of SRS by introducing a random permutation model according to which the
selection of any of the possible N ! permutations of units in the population is equally likely. For each permuta-
tion, we assign a new label, i = 1, . . . , N , to each unit according to its position. We may represent a random
permutation by a random matrix

(
Y X

)
where Y = (Y1 . . . Yi . . . YN )′ and X = (X1 . . . Xi . . . XN )′.

To relate the actual values y = (y1 . . . ys . . . yN )′ and x = (x1 . . . xs . . . xN )′ to Y and X , we let Uis

be an indicator random variable that takes on a value of one if unit s is selected in position i in the permutation,
and zero otherwise; also we let U i = (Ui1 . . . UiN )′, U = (U 1 . . .UN )′ so that ES (U) = N�1JN and
V arS [vec (U)] = (N �1)�1 (P N 
 P N ) where Ja = 1a1

′
a, 1a is an a×1 column vector with all elements

equal to 1, P a = Ia � a�1Ja, Ia is an a × a identity matrix, and the subscript S denotes expectation with
respect to permutation of units. Then Y = Uy and X = Ux, and the random permutation model (without
measurement error) may be expressed as (Y X) = U (y x).

2.1. The model with unit-specific measurement error

Following Stanek & Singer (2004), we express the vector of responses as Y + = U (Y + W ), where
W = (W1 . . .Ws . . . WN )′ is a random vector of measurement errors associated to units such that EU (Ws) =
0, CovU (Ws, Ws∗) = 0 for s 6= s∗, and V arU (Ws) = �2

se. The superscript “+” indicates that we are
adding unit-specific measurement error to Y and the subscript U denotes expectation with respect to the unit-
specific measurement error distribution. The model is defined as

�
Y + X

)
= U [(y x) + (W 0N×1)]. As

in Li, Stanek & Singer (2006), we concatenate Y + and X through the vec operator, and re-write the model as

Z+ = vec
[�

Y + X
)]

= (I2 
 1N ) µ + E+(2)

where µ =
�
�y �x

)′, E+ =
(
E+′

y
E′

x

)′
, E+

y
= Y + � �y1N , Ex = X � �x1N , ESU

�
Z+
)

=

(I2 
 1N ) µ and, letting ��2
e = N�1

∑N
s=1 �2

se and �
ab

= (N � 1)�1∑N
s=1 (as � �a) (bs � �

b
),

V arSU

�
Z+
)

= Σ 
 P N +

(
1 0
0 0

)

 ��2

eIN with Σ =

(
�

yy
�

yx

�
yx

�
xx

)
.
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3. Target random variables and optimal predictors

Our interest lies in predicting (estimating) linear combinations of the form T =
∑N

i=1 ciYi, where the ci

are known constants. For instance, if we are interested in estimating the population mean, T = �
y

, we employ
ci = N�1 for all i. As we shall see, (finite population) parameter B may be expressed similarly.

To obtain the predictor of T based on a SRS obtained without replacement, we use a procedure that
consists of three steps: in the first step, assuming that the value of xs is known for each of N units, we eliminate
�

x
from (2); in the second step, we partition (Y + X) into the sample (which may be taken as the first n rows

without loss of generality) and the remainder (the last N � n rows); and finally, in the third step, we minimize
the expected mean square error (MSE) for the linear predictor subject to an unbiased constraint. The resulting
predictor is T̂+ =

�
g′

I + â′)Z+
I , where Z+

I =
�
Y +

1 . . . Y +
n X1 � �

x
. . . Xn � �

x

)′, gI = (C ′
I 01×n)′,

CI = (c1 . . . ci . . . cn)′ and

â =

(
1

��yx/�xx

)

 {n�1D1n � �1 � k+

)
CI

}
+ �cII

(
0

��yx/�xx

)

 1n,

with �yx = �yx/
√

�yy�xx denoting the correlation coefficient between y and x; �cII = 1
N�n

∑N
i=n+1 ci ,

k+ = �yy

(
1 � �2

yx

)
/
(
��2

e + �yy

(
1 � �2

yx

))
, and D = (N � n)�cII + n (1 � k+) �cI with �cI =

n�1
∑n

i=1 ci .

The variance of the predictor T̂+, letting �2
CII

= (N � n � 1)�1∑N
i=n+1 (ci � �cII )

2, is

V arSU

(
T̂+ � T

)
= �yy

(
1 � �2

yx

)( D2

nk+
+
�
1 � k+

) n∑
i=1

c2
i
+ (N � n)�c2

II

)
+ (N � n � 1)�yy�2

CII
.

To estimate the association coefficient B, we first note that (1) may be written as T by taking ci = 1, i =
1, . . . , N , and considering the transformations y?

s = ysx
?
s with x?

s = (xs � �x) /
[
(N � 1)�2

x

]
, and Y ?

i =
YiX

?
i with X?

i = (Xi � �x) /
[
(N � 1)�2

x

]
.

Letting Y ?+
i = Y +

i X?
i , �Y ?+

I = n�1
∑n

i=1 Y ?+
i and �XI = n�1

∑n
i=1 Xi, the estimator is given by

B̂+ = N
[
�Y ?+
I +

(
�

y?x
/�

xx

){
�

x
� �XI

}]
.

The corresponding variance, letting �
y?x

= �
y?x

/
(
�

y? �
x

)
, is

V̂ arSU

(
B̂+ � B

)
= N�

y?y?

(
1 � �2

y?x

)(N � nk?+

nk?+

)
,

where k?+ = �
y?y?

(
1 � �2

y?x

)
/
(
��?2

e + �
y?y?

(
1 � �2

y?x

))
with ��?2

e = N�1
∑N

s=1

�
x?2

s �2
se

)
.

4. Example

To illustrate our procedure, we considered the population of N = 104 students described in the Intro-
duction and added measurement error to their grades. We obtained 50000 independent samples of size n = 10,
(n = 30 and n = 60) via SRS and for each sample, measurement error generated from a normal distribution
with mean 0 and standard error �se = �e = 0, (�e = 0.25, 0.75, 1.5) was added to each Yi, i = 1, . . . , n;
this process generated Y +

i ; the estimators B̂+, B̂+
e , when we estimate �

y?x
, �

y?y? and �
xx

from the sample
(here we obtain empirical estimators), and B̂OLS , the ordinary least square estimator, were computed for each
sample and the complete process was executed for each value of �e. The average of the estimates, the average
relative bias [=100×(estimate-B)/B] and the mean square error (MSE) are shown in Table 1. For fixed �2

e , in
general, the smallest values for the MSE are associated to B̂+ and the larger values to B̂OLS . Furthermore, as
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Table 1: MSE (×10−3) and average relative bias (within parentheses) of the estimators.

σe n B̂+ B̂+
e B̂OLS

10 8.31 ( 0.4%) 7.77 (-21.9%) 11.56 (-8.2%)
0 30 2.19 (-0.3%) 2.30 ( -6.7%) 2.40 (-2.9%)

60 0.65 ( 0.0%) 0.69 ( -1.9%) 0.67 (-0.8%)
10 8.52 ( 0.4%) 8.00 (-21.7%) 11.84 (-8.3%)

0.25 30 2.28 (-0.2%) 2.39 ( -6.5%) 2.49 (-2.6%)
60 0.69 (-0.1%) 0.73 ( -2.0%) 0.71 (-0.8%)
10 10.54 ( 0.9%) 9.62 (-21.6%) 14.79 (-7.9%)

0.75 30 2.92 (-0.2%) 3.01 ( -6.5%) 3.19 (-2.8%)
60 1.02 ( 0.2%) 1.06 ( -1.7%) 1.05 (-0.7%)
10 17.08 (-0.5%) 15.37 (-22.4%) 24.23 (-8.1%)

1.5 30 5.13 (-1.8%) 5.17 ( -8.4%) 5.64 (-4.6%)
60 2.13 (-0.2%) 2.16 ( -2.0%) 2.19 (-1.1%)

expected, as n increases, the values of the MSE become smaller. On the other hand, the smallest values for the
average relative bias are associated to B̂+.

5. Discussion

The performances of the proposed estimator, B̂+, as well as the corresponding empirical estimator, B̂+
e ,

were compared with that of the ordinary least squares estimator, B̂OLS . We used B̂OLS in order to compare
with B̂+ and B̂+

e because it is the suggested estimator not only under a design-based point of view, in which
the ��estimator of B is identical to B̂OLS [see Särndal, Swensson & Wretman (1992)], but also under a
super-population point of view [see Bolfarine & Zacks (1992)]. The estimators B̂+ and B̂+

e outperform B̂OLS ,
specially for small n.

Bias and large MSE values for B̂OLS , specifically for small n, are justified since “a balanced sample”,
i.e., one for which �x = �XI = �XII with �XII = (N � n)�1

∑N
i=n+1 Xi is not expected when samples are

selected from finite populations [see Bolfarine & Zacks (1992)].
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ABSTRACT

Mathematics is not only essential to the development of science and technology but is also a discipline
which promotes rational and objective thinking. Mathematics is a fundamental subject in the educa-
tion of people who need to think and reason in order to make decisions which, sooner or later, will
come to affect the path of humanity. The program of study of Mathematics in secondary education is
dedicated to arithmetic, algebra, trigonometry and calculus. In the UK, the leaving school examina-
tion (A-level) in mathematics classifies these topics as Pure-Mathematics and students can select from
either statistics, mechanics or applied mathematics to complement the subject. While mechanics is
also a chapter in a separate Physics subject where is covered quite thoroughly, statistics and applied
mathematics are only treated at a limited, introductory, level and a very narrow view of statistics is
presented. The vast applicability of statistics is trivialized and computers are not used. In Colombia,
the university-entrance examinations (ICFES) have followed similar lines. In this paper we describe
a new statistics course, ran for the last year in a Colombian high school, and the process to achieve
its implementation. The topics, corresponding to each level of the mathematics program in secondary
school, were chosen to promote a two-way interaction: allowing mathematical concepts and principles
to click more easily and developing statistical thinking in a mathematical context. The students are
trained to formulate a research question, to formulate hypothesis, to identify relevant variables, to ex-
plore and acquire information (data), and to use the appropriate mathematical functions to represent
the processes and validate the proposed solutions. We compare the choice of topics, presentation and
focus of university entrance examinations with other countries. We discuss ways in which computers
could be used more widely and effectively in state schools and developing countries.

Keywords. High school, statistiscs courses, teaching statistics.
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1. Introduction

The aim of this work is to identify the main factors which might influence smoking cessation in order
to support tobacco-control policies.

Data source on tobacco consumption among the Italian population aged 14 years or older is the survey
“Health conditions and access to health services 2004-2005” whose main aims are to provide a measure of
perceived health, chronic conditions, disability, use of health services and health related behaviors.
Information on tobacco consumption was collected through a self reported questionnaire.

2. Methods

The main analysis focused on smokers who tried to give up smoking (estimated number 2.396.962)
and smokers who succeeded in the attempt (estimated number 1.173.074) during the 12 months before the
interview.

A logistic regression model was used to predict the smoking cessation probability based on a set of
categorical variables: age group, sex, level of education, perceived level of household income, number of
years of tobacco exposure, number of cigarettes smoked a day, method used to abandon the habit, presence
of severe chronic conditions. The estimated odds ratios allowed to rank the relative importance of
independent variables and assess interaction effects.

3. Results

People with a higher social status (higher level of education or of perceived household income), those
who were exposed to tobacco for a smaller number of years and those who sought the help of a doctor in the
attempt to quit, seem to have a higher probability of succeeding in the attempt to quit smoking. Furthermore,
the two opposite groups of the occasional smokers (not smoking every day) and the heavy smokers (smoking
20 or more cigarettes a day) are those with the higher probability to quit smoking (Table 1).

Socio-economic inequalities in smoking are well documented in the international scientific literature.
Several studies have yielded scientific evidence that lower rates of success with smoking cessation attempts
cannot only be explained by higher levels of nicotine addition (larger exposure to tobacco in number of years
and more cigarettes smoked a day) but might also be due to, among other factors, increased psychosocial
stress and lack of social and instrumental support (1).

Descriptive analysis among population of 14 years or older shows that, in Italy, people with a lower
socio-economic status are strongly disadvantaged, not only in terms of attempts and success in smoking
cessation, but they also have a much higher smoking rate, they tend to start smoking earlier and are more
frequently heavy smokers. People with a lower perceived level of household income have higher rates of
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smoking (28,5% compared with 18,1% among people with the highest level of perceived income), higher
rates of smoking initiation before 14 years of age (13,1% compared with 5,3%), higher rates of heavy
smoking (47,8% compared with 37,4%) and lower rates of smoking cessation (17,5% compared with 24,3%)
(Figure 1).

Table 1 Odds Ratios for the success in quit smoking

VARIABLES ATTRIBUTES ODDS RATIO Confidence interval 95%
min max

Males 1Sex
Females 1,39 1,25 1,54
14-29 1
30-44 0,90 0,71 1,14
45-59 1,06 0,87 1,30

Age group

60 years or older 1,36 1,05 1,75
low level 1Level of education
high level 1,23 1,10 1,36
Limited or absolutely
insufficient 1

Perceived level of
household income

Excellent or adequate 1,38 1,24 1,53
20 or more cigarettes a
day 1
10-19 cigarettes a day 0,58 0,51 0,66
1-9 cigarettes a day 0,55 0,48 0,64

Number of cigarettes
smoked a day

not smoking every day 0,93 0,79 1,10
15 years or more 1
10-14 years 1,43 1,18 1,73
5-9 years 1,66 1,31 2,10

Number of years of
exposure to tobacco

0-4 years 2,58 2,00 3,33
no 1Presence of severe diseases
yes 1,13 0,97 1,33

Alone, without help 1
More methods 0,18 0,04 0,84
Help of a doctor 2,25 1,61 3,16
Attending groups of
help 1,31 0,77 2,26
Taking drugs 0,41 0,29 0,58

Method used to quit the
habit

Using alternative
medicine 1,52 0,99 2,32

Furthermore inequalities in smoking initiation and heavy smoking increase among people with both
lower education and lower perception of household income (Figure 2).
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Figure 1 Main indicators on smoking habit according to the perceived level of household
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Figure 2 Main indicators on smoking habit according to the perceived level of household
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The analysis shows that the probability of being successful in the attempt to quit is higher among
smokers who sought the help of a doctor in their attempt. In Italy the percentage of smokers asking for the
help of a doctor is very small: 2,7% among smokers who succeeded and 1,6% among those who tried
without success. The majority of smokers declared to have tried stopping on their own: 90,6% among
smokers who tried to give up smoking during the 12 months before the interview, 93,6% among those who
gave up smoking (Table 2).

Table 2 Smokers according to the method of smoking cessation and success in the attempt

Method of smoking cessation Smokers who attempted
without succeeding during the
12 months before the interview

Smokers who gave up
smoking

Alone, without help 90,6 93,6
Help of a doctor 1,6 2,7
Attending groups of help 0,8 0,5
Taking drugs 4,5 0,8
Using alternative medicine 1,3 0,9

4. Conclusions

Studies have shown that, in the majority of Western countries, about one third of socio-economic
inequalities in mortality can be explained by inequalities in smoking habits(1). Therefore, it is crucial for
tobacco control policies to be addressed more specifically towards the lowest socio-economic groups of the
population. Considering that the help of a doctor in the attempt to quit resulted to increase the probability to
succeed, this method should be more promoted, especially among lower status people.
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1. Introduction 

The normalization and harmonization processes are complex, slow procedures, and as Richard V. 
Burkhauser and Dean R. Lillard declared “It is easier to pass a camel through the eye of a needle, than to 
realize normalization…” [1] 
Opposing the difficulties, some countries or organizations like Holland, United Kingdom, France, Canada, 
Portugal [3], EUROSTAT [2], etc. had initiated the development of a methodology, a plan for normalization 
and harmonization. 
In the last few years, the development of the Integrated Statistical Metadata System, especially the 
implementation of the Variables System and the creation of Statistical Portal, imposed, for the first time, the 
necessity of logical comparison between the statistical production and dissemination; necessity that “forced” 
to think and consider normalization and harmonization.  
 
2. Objectives 

As a result of decentralized storage of data, we might find the same variable name defined in different 
ways in different parts of the organization, and also find the same variable definition named in different ways.   
Statistics Portugal aims to ensure that official statistics provide a consistent and coherent picture of 
Portugal’s economy, society and environment.  
The main goal of normalization and harmonization is to introduce systematically a set of core harmonized 
variables in each survey or dissemination area. This allows comparisons to be readily made over time, across 
geographic areas, industries and other domains. Data produced from different sources and at different times 
can be brought together to provide a richer dataset for analysis. 
With these goals, come benefits in the form of reduced redundancies, fewer anomalies, improved efficiencies, 
increased comparability and decreased statistical burden. 
 

3. Methodology 
But, what is normalization? How to harmonize? Until which level of specification? How to 

implement? What variables to select? What metadata to use? What is common and what is fundamental? 
What methodology to adopt? 
Following this ideas and the implementation of the Integrated Statistical Metadata System, the methodology 
adopted, consist basically on three major steps: conceptual analyses, normalization and harmonization. 
Also, we must ensure that the harmonized definitions are directly usable, providing standard metadata for 
each harmonized variable. 
 
3.1. Conceptual Analyses 

As a start point, we selected and classified a set of variables, that corresponds to the hard nucleus [2] in 
all the statistical operations and dissemination data bases, by statistical area, not only in the ones in course, 
but, and, in that they will be being implemented. 
A major component of variable’s conceptual analyses is identification and documentation of potential 
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incompatibilities. So, we identified a few components for this phase of the process: compiling the existent 
documentation, determining variables availability and use, preparing the proposed variable and associated 
documentation for the future normalization scheme, etc. 
Fortunately, we have find surveys [4], questionnaires and dissemination tables that share a set of variables 
that are conceptually comparable, like for example: Basic demographic characteristics of population, 
economic activity, education, Services, Etc. 
After the selection and classification, we organize the variables in chapters. The chapters are defined by the 
main concept or definition of each selected variable. This association result directly from the Variables 
System. The variables in Variables System are organized in two levels [5], [3]: 
� Conceptual level, where a property is associated to a statistical unit or population and to which concepts 

are linked directly from the Concepts System. We assumed that the main concept is introduced by the 
linkage property – concept. 

� Physical level, where a conceptual variable can receive one or more representations, value domains, unit 
of measure, etc. resulting one or more physical variables. 

Examples of chapters: Date of birth, sex, legal marital status, fiscal identification, geographic localization, 
activity status, etc. 
 
3.2. Normalization 

The normalization represents a few following steps, imposed by the rules of the Integrated Statistical 
Metadata System, specifically the Variables System [5]. With the definition and implementation of this rules 
(naming, definition, representation, etc.), a number of variables became different. Some of survey managers 
accepted these changes, but whit a few others a certain level of persuasion was needed to accept the new 
philosophy of normalization. All registered variables in the Variables System are normalized or normalized 
and harmonized. In almost all situations metadata unit characterize and describe the definition and the 
associated components of each variable with the survey manager and/ or dissemination unit element.  
The normalization process consists in: 

1. If the variable is already registered in the Variables System, it is equivalent to be normalized and 
ready to harmonization (if it’s the case). 

2. If the variable is not in the Variables System, then we most follow [5]: 
� Comparison of proposed variable with the normalized variables 
� Definition of all basic attributes of variables (Property, statistical unit or population, 

representation, associated classification or non–enumerated domain, formula, context, use, 
etc 

� Definition of formal, external and short names for variables 
� Process of registry , verification and approval 
 

3.3. Harmonization 
The first phase of harmonization began in 2005 with the definition of few basic (demographic) 

variables, which as a general rule, should be used in all social surveys and dissemination projects of the same 
area. In 2006, we continued to harmonize the core social and demographic variables and extend our analyses 
to new areas like economy and services.  
Essentially, the harmonization process is largely based on the first two phases and, in practical terms; the 
final result is a standard file (harmonization proposal) for the variables that we proposed for harmonization. 
At this level, we reinforce the contextual study of variables by associating each one to the Production System 
(Methodological Documentation, Questionnaires, Administrative Sources, etc), Dissemination System, Data 
Warehouse, etc. 
This reinforced analysis is due to clearly understand to use/ reuse of the same variable in different contexts.  
Therefore, this file contain all the historical information, main concept, definition, coding process, associated 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 6170 -



classification, utilization, operational issues, international recommendation, good practices, etc.(table 1). 
In order to test the harmonized variables, we submitted the documentation to a Consulting Group, formed by 
representants from Production Division, Dissemination Unit and Methodological Unit. 
The harmonized variable approved by the Consulting Group is established as a variable preferred for use in 
data interchange and in new or updated applications. The harmonized variable may be unique within the 
registry, or it may be preferred variable among similar variables. 
 
Table 1 – Harmonization Proposal 
Age (year by year) 
Statistical area of use: Demographic characteristics of population 
Main Concept: (180/ 24-05-1994) 
Age is the length of time a person has been alive measured in complete, elapsed years. It is measured as the 
difference between "date of birth" and "data collection date". 
Observations: “Age” is a basic parameter in survey data analysis. 
Filter: - 
Statistical Unit: Person, live birth, deceased, etc.              
Classification: 
For age classification we use an interval between 0 years and 120 years or month/days/ hours for life births 
or infant deaths; and for this purpose we elapse time between birth and a data collection, calculated in whole 
years. The residual categories used for age classification is ‘Don’t Know'. 
 
Figure 1 – Normalized variables registered in Variables System proposed for harmonization 

Variable 

code 

Validity (start 

date) 

Formal name of variable External name Short 

name 

Range Unit of 

measure 

331 01-01-2005 Age_Person_Quantity_(

120) 

Age (Years) of 

person 

Age 

(Years) 

[0, 120] Years 

1213 01-01-2005 Age_Live 

birth_Quantity_(120) 

Age (Years) of 

live birth 

Age 

(Years) 

[0, 120] Years 

1214 01-01-2005 Age_Deceased_Quantity

_(120) 

Age (Years) of 

deceased 

Age 

(Years) 

[0, 120] Years 

Coding process: Age should be derived from date of birth 
Questionnaire: 
United Nations recommend that information on age may be secured either by obtaining the date of birth (day, 
month, and year) or by asking directly for a person’s age at their last birthday. The first method yields more 
precise information and, in the interests of data comparability and integration, is the recommended standard 
which should be used whenever possible. 
 
Figure 2 - Example of a questionnaire module which meets the requirements documented in this proposal. 

    Q4. When were you born?          Day    Month     Year 

     

 
Operational issue: 
The consistency of age data may be affected by the type of question asked. Asking for day, month and year 
of birth has been shown to yield data that are more precise because the question is so specific it discourages 
answers in approximate terms. 
Responses to the question on age at last birthday are likely to be less accurate than responses to the question 
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on date of birth. 
Other causes of error in responses to a direct question on age are: Exaggeration, especially in older age 
groups, ignorance of current age, and carelessness in reporting. 
Dissemination requirements: 
It is not usual to use age “year by year” in term of dissemination. Normally, we consider age group tables 
derived directly from age “year by year”.  
Examples: Age group table (five yearly grouping), age group table (ten yearly grouping), etc. 
Good practices: Collection of exact date of birth, avoid missing information on age. 
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Harmony is a pleasing combination of elements in a whole. Harmony is a relationship that “concert
each other appropriately and well balanced”; harmony is the thought of “people-oriented, equality and
mutual aid”. “Harmony” is the central ideology and preliminary spirit of Chinese culture, which is like
spring breeze blowing your face, friendly and tenderly, making you immersed in it. As it is said in Zuo
Zhuan, a famous Chinese literature, that “it is as harmonious as the beautiful melody”, Confucius said
“Harmony is most precious.”, Mozi said about “universal love”, and Mencius asked people to “expend the
respect of the aged in one's family to that of other families; expend the love of the young ones in one's family
to that of other families”. How do statistical agencies develop harmonious statistics? To develop
harmonious statistics is to develop inside harmony, to show good faith to the outside, and to provide services
of high-quality. To develop inside harmony is the foundation, to show good faith to the outside is the soul,
and to provide services of high-quality is the objection.

1. The significance of developing harmonious statistics
It is people’s social ideal to building a harmonious society. As a comprehensive economic agency of

government, statistical agencies have the functions of information collection, consultation, and supervision,
which cannot be taken place during the process of building harmonious society and is duty-bound. To build
harmonious society includes developing harmonious statistics, and the harmonious society will not be a
completed one without statistical harmony. Therefore, developing harmonious statistics is an important
component of building harmonious society, the embodiment of practicing the important thought of “three
represents”, the guarantee for improving statistical work, the urgent requirement of developing excellent
statistical image, and the supreme target that statisticians pursuing for.

Tender breeze and rain, red flowers and green trees represent a natural harmony; while an inside
concord, good faith and services of high-quality can be seen as the statistical harmony. Statistical harmony
is like a picture bringing about energy and a melody generating strength. The modern and harmonious
society needs harmonious statistics and statisticians are longing for harmonious statistics, so, we shall stick
to our target unshakable and make concerted effort working on it. Harmonious statistics is adaptable to
modern times, and is like a new and pleasant melody and a beautiful picture. China’s statistics is at the
critical period with good opportunity just at hand for fast development. As what our ancestors said “if
people are of the same mind, their sharpness can cut through metal”, we shall do our best and take united
efforts to develop the harmonious statistics. It is of great significance of doing a good job in statistics at
new times.

2. Difficulties and problems when developing harmonious statistics
As the deepened development of socialist market economy, significant changes have taken place in

economic structure and operational mechanism, there are more diversities of interest, and conflicts in
economic society become more visible. Under such circumstances, we also meet problems ruin the
harmony and need to be solved immediately, e.g., the fundamental work is weak, statistics is always
intervened by other elements, statistical data is queried, and statistical object is reluctant to cooperate, etc.
The major problems are as follows:

1) The fundamental work is weak.
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The fundamental work of statistics is the most important, however, there are some problems which shall
be solved immediately and cannot be ignore. One of them is few people work on too much work. The
personnel arrangement is like an up-side-down pyramid that fewer people work at the grass roots. And
more than that, most staffsworking at the grass roots are not professional statisticians and do a part-time job.
They change job frequently and seldom attend training program. So, some of the statistical staffs at grass
roots are not fully qualified.

2) It is hard to improve the statistical quality.
The data quality is the most crucial to statistics. On a whole, the major macro-statistical data can

reflect the economic developing trend, but, data provided by some areas and departments is not true, some
of them are even far from the truth.

3) The investigation objects are reluctant to cooperate.
As the socialist market economy develops further, there are more and more diversities of economic

bodies, investment formats, employment, income allocation and consumption, the economic structure and
connections are more complex, and differences among regions, social stratums, cities and countryside are
more obvious. The quantity of statistical objects multiplies and changes frequently. The statistical
agencies consider little interest of its objects, bother them too much, and do not do many works to ask for
cooperation. Most of the statistical services are for leaders not for statistical objects. There is not
regulation guarantee for statistical agencies to take the responsibility of administration and coordination.
The arrangement of internal structure and working procedures are irrationa l. Statistical methods are not
perfect, and especially statistics for the third industry is not satisfying. The publicity for Law of Statistics is
neither intensive nor wide. The law enforcement shall be further improved and strengthened. All the
problems mentioned above make statistical objects reluctant to cooperate.

3. What should do to develop harmonious statistics?
To develop harmonious statistics is our long-term target and a complex systematic project, so, we must

pursue the scientific outlook on development, take all efforts to arouse statistical enthusiasm in all circles.
We can achieve this goal only by our persistence and hard work.

1) We shall be firm on the people-oriented policy.
Human resources are most treasured resources, so statisticians are the only long-lasting resources on

statistical reform and innovation, the permanent motive force of statistical development and foundation, and
the preliminary elements of developing harmonious statistics. Statistical agencies shall let everyone can
fully play their potential by using people bravely and wisely to ensure an overall development and rational
transfer of personnel. Also, the agencies shall resolve their staff’s troubles back at home by improving
working and living conditions and expanding their developing spaces. Through this way, we practice the
people-oriented policy, develop friendly relationships, and maintain a mutual-aid and mutual-development
working environment.

2) We shall develop a good statistical cultural environment.
Statistical culture is the spirit base for developing harmonious statistics; therefore, we are going to

develop a brand of “credit statistics” and make statistical culture become spirit support for promoting
harmonious development of both statistical works and statisticians by deepening statistical culture
development. To achieve this goal, the most crucial work is to develop mutual ideal, belief, and pursuance
accord with statistical moral norm and characteristics. Harmonious working conditions and a united
statistical staff groups are the motive forces promoting the development of statistics. The socialist ethic is
the spirit cornerstone of statisticians to develop harmonious statistics, which should be the central content of
the contemporary statistical culture.

3) We shall make good coordination.
To develop good relations among different statistical agencies, internal divisions and statistical objects
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is an important aspect of developing harmonious statistics. Guided by the scientific outlook on
development, we shall dialectically recognize and deal with all elements which have close relations with
statistical development. Only in this way, we can develop new working thought and open a new working
phase. Firstly, we shall develop good relations between government comprehensive statistics and
department statistics. Secondly, we shall develop good relations among different divisions in government
comprehensive agency. Thirdly, we shall develop good relations between statistical agencies and statistical
objects.

4) We shall promote statistics in accordance with law.
“Harmonious society” is legal society, and “harmonious statistics” also should abide by law. Along

with our democratic construction strengthening and socialist market economy developing, the Law of
Statistics provide legal support for statistical quality and developing harmonious statistics.

Statistical agencies should attach more importance to the publicity of statistical laws in order to
promote law enforcement in an all-round way and develop a good legal environment. Publicity is an
effective way to improve statistical law awareness of people of all circles. We shall adopt various means to
strengthen statistical law publicity and make it the most important task to improve people’s law awareness.
Through promoting law publicity, we can improve people’s law awareness and make them willing to abide
by law, and finally, we are able to develop a good social environment for statistical law enforcement.

Abstract:
It has become the duty and obligation of statisticians to build a harmonious society and harmonious

statistics. How dose statistical agencies develop harmonious statistics? To develop harmonious statistics
is to develop inside harmony, to show good faith to the outside, and to provide services of high-quality. To
develop inside harmony is the foundation, to show good faith to the outside is the soul, and to provide
services of high-quality is the objection. This article elaborates the following aspects: the significance of
developing harmonious statistics, the difficulties and problems, and the necessaryworks to do.
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INTRODUCTION 

 

Vehicle collisions represent a serious problem in today's society. According to the WHO, they are 

comparable to the epidemics in the old age. 

Road Safety and collisions are commonly used terms… but ¿What does Road Safety mean? 

There are thousands of definitions with a common denominator: Lack of accidents - A goal impossible to 

attain, since the trilogy involved (railroads, vehicles and human being) is always present. 

We may say that Road Safety is the discipline that studies and provides conditions to ensure the right 

vehicular traffic in public roads, preventing road collisions. 

It intends to streamline coexistence with the public road, incorporating mechanisms and actions to preserve 

and protect life. 

As Colombian Transport Engineer Pablo J. Barrera says, "Road Safety is the situation in which the number 

of collisions is the best possible, i.e., only those really unforeseeable events happen…" 

In the public road, accidents happen at certain frequency and severity level. That is why it is so important to 

identify areas in the roads with high probabilities of risk and vehicular insecurity, and the distinctive features 

of events that occurred in each site. 
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OBJECTIVES 

 

 To identify stretches and/or zones in the road network with high risks of collision-related losses. 

 To define and analyze different areas, so that decision-making is easier when it comes to investment 

projects. 
 

METHODOLOGY 

 

This is a pilot research in exploratory phase, aiming at developing methods and tools for road collisions 

analysis and control. 

Road Safety programs in those countries which are concerned about this topic implement different 

methodologies for identifying hazardous sites. Generally, more than one methodology is used to compare 

different evaluators and improve profitability regarding decision-making. 

These include:  

Number of Collisions Method 

Only the total of collisions occurred within a certain time span and physical site (roads, freeways, dual 

highways, etc.) are taken into account. 

Its advantage relates to the ease of calculation. Its disadvantage is that, for being an absolute data, it does 

not allow comparisons based on the site hazardous condition and that it only reflects the needs of the most 

frequently used areas. 

Collisions Rate Method 

The road safety indicator used by this method is collision rate, considering the collisions-number of vehicles 

ratio (km in each site subject to study –VKm- in a certain year.) 

Collision Rate = number of collisions/ (VKm*3*365) *108 

Since the cost of an accident differs depending on whether there are victims, any type of damage weighing 

should be implemented. Such implementation will be considered at a later stage. 
A system median is calculated, and then compared against the rate for each unit of analysis. When the rate 

observed is higher or equal to the double of the system global rate, the stretch is considered as a hazardous 

site. 

Number-Rate Method 

It is used simultaneously with the collision rate and number of collisions-stretch ratio. 

Its particularly useful for identifying risky stretches when: Number of collisions and the collision rate are at 

least the double of the pertaining global indicator.  

Rate Quality Control Method 

In this method, collision rate is used as a calculator of road safety. 

The difference is that the critical value calculation, i.e. value above which the site is considered hazardous, is 

determined by means of a statistical analysis assuming collision distributions and, as a result, collision rate 

distributions follow Poisson's law. 

Poisson's law is a discrete probability model, which states the probability of a number of events happening at 

a fixed time span, under the following assumptions: 
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− Events occur with a known median value. 

− The occurrence of events at a time span does not depend on the number of occurrences at any other 

span. 

The goal is to apply control statistical techniques –used in the quality control of industrial processes- to the 

collision analysis. 

Quality Control is a set of operative techniques and activities, used for checking each stage of the process in 

order to verify if the service is being provided according to the specifications and standards applied. Quality 

means "requirement-compliant", there is no high, medium or low quality – it can only be either compliant or 

non-compliant. 

The procedure used to estimate the network indicators consists of:  

 Splitting the road into stretches. 

 In each stretch, recording the number of collisions and vehicles-km traveled. 

 For each stretch, estimating number and rate of collisions. 

 Estimating the probability of collision occurrence/stretch. 

 Estimating the probability of having a higher number of collisions than the critical value using 

Poisson's probability distribution (as approximation of Bernoulli's "n" events). 

 Observing stretch-to-stretch variation, and establishing hazardous sites. 

For this experimental study, road No. 038 was taken as a background for implementing the method, and the 

study is based on information taken from the SIAT 2003 150906 database for traffic collisions, as well as 

traffic data from the Road National Authority for 2003. 

In order to define and analyze different hazardous sites so as to facilitate decision-making regarding 

investment projects, collision rate variation is studied along its length, i.e. spatial variability is considered. 

The network is splitted into 3 km-stretches or segments, to study the behavior of the different indicators. 

Firstly, number of collisions is analyzed and, based on this variable ratio, collision rate/stretch is estimated 

using the Traffic Median Annual Diary (TMAD). This rate should be annual to rule out seasonal-related 

fluctuations. 

Stretch behavioral variability partly is due to random reasons. For proper interpretation of information, 

uncertainty may be assessed by estimating probabilities. Therefore, the collision "expected value" is 

estimated for each stretch, based on road boundaries and lower/upper confidence limits for such value. 

Modeling the number of collisions/VKm for each stretch is possible through binominal distribution. Properties 

that define the binominal experiment taking road accidents as an "experiment" in a given stretch are: 

 The experiment consists of "n" identical tests, where each test is a VKm. 

 Each test only has 2 results, whether the collision occurred or not, with a constant "p" probability for 

each VKm. 

 Tests are statistically independent. 

The entity in charge of the experiment is interested in determining "x", i.e., the number of collisions occurred 

across "n" tests.Since in this kind of collision analysis the number of tests is important and the probability of 

event occurrence is low, distribution is performed by approximation using a Poisson's model (Po). 

Indicators Analysis 

There are several theories relating to the estimate of critical values. In this study, the double of the global 
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value for each indicator is considered. 

For number of collisions, critical value was "four", since the expected number of collisions/stretch is around 2 

(1.90 collisions). 

For collision rates, since median rate is 34.23, critical value above which the site is considered hazardous is 

at least 70.For validating these measurements, estimates included the probabilities of a collision for each 

stretch and the probabilities of the occurrence of more than four collisions (critical value for number of 

collisions) for each of them, using Poisson's probabilities. 

Based on the above, all the three criteria would have in common the identification of hazardous sites, very 

high rates, increased collision probabilities and high probabilities of having more than 4 accidents in those 

stretches, as shown under Number of collisions/Stretch. 

Due to traffic volumes, critical values show variations when comparing indicators of road No. 038 stretches 

against the total number for the national network. 

 

CONCLUSIONS 

 

This methodology will help to validate the efficiency of more expedited methods, commonly used by non-

qualified personnel in order to determine hazardous sites lists based on the data captured. 

Results for certain stretches are shown as an example - Table 1. Hazardous condition indicators for national 

road 038 - ARGENTINA 

DIST. TMAD KM  Total Coll./S Coll. Rate Coll./Stretch  
Prob. 

P(x > 4)/ 
Poisson 

P interval lower 
limit  

P interval upper 
limit 

  5500 722 - 725 3 49.81 0.000182 0.184737 0.00000 0.00038781 

  5500 725 - 728 17 282.27 0.001030 0.99981 0.00054054 0.0015194 

TUCUMAN 7700 728 - 731 11 130.46 0.000476 0.985 0.00019471 0..00075728 

  7700 731 - 734 1 11.86 0.000043 0.00366 0.00000 0.00012756 

Note: Stretches considered as critical sites. 
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Abstract

Stochastic optimal linear estimation of parameters is used to generated a new iterative method
for the parallel solution of systems of linear equations. In the limit the approach proposed leads to
iterative algorithms which in parallel can solve linear systems.
Keywords: Linear systems; Parallel solution of linear systems; Sparce matrix;

1 Introduction

Large systems of linear equations arise frequently as building blocks in many areas of scientific com-
puting. Often, these linear systems are somehow structured or sparce, i.e., only a small number of the
entries of the coefficient matrix are nonzero. In this note, numerical techniques for the solution of
such linear systems are surveyed starting with a description of direct methods. When direct methods
lead to excessive fill-in or when the coefficients matrix is not explicitly available, iterative methods
inter the picture. These methods involve the coefficient matrix solely in the form of matrix-vector
multiplications eliminating the problems of direct methods.

2 Determined systems

Consider the systems of linear equations:

(1) Ax = b

The corresponding residual vector is defined by:

(2) ε = b−Ax or b = Ax + ε

where A is a given n×n full rank real matrix; x is the n× 1 vector of unknown variables; b is a given
n× 1 real vector; and ε is to represent the numerical accuracy expected to be attained.

In an iterative solution scheme, the problem can be viewed, in a typical iteration, as:

(3) α(b−Ax̄) = A(x− x̄) + ε

where x is the initial guess or the value from the previous iteration; and 0 ≤ α ≤ 1 is to be chosen to
adjust the solution search step size. If xk, k = 1, 2, · · · , n, k �= j is viewed in each iteration as given
by:

(4) xk = x̄k + ηk

where η̄k is the error which represents the quality of x̄k, and taking this information back in Eq.(3),
these results the following set of approximate and redundant equations in xj:

α(bi −
n∑

l=1

ailx̄l) = aij(xj − x̄j) + v̄j
i(5)

x̄j
i =

n∑
l=1

ailη̄l + εi, k �= j(6)
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where i = 1, 2, · · · , n. If now the linear problem of Eq.(5) is treated as one of unbiased parameter
estimation, the error v̄j

i can be viewed as outcomes of zero mean, normally distributed random errors.
Since the first hand terms in Eq.(5) are residues, with lower boundaries limited by the accuracy to be
attained, it seems reasonable to consider:

(7) E[(v̄j
i )

2] = β̄2
i

n∑
k=1

a2
ike

2
k = r̄i

where E[.] is the expected value operator; ek are the standard deviations of the random errors specified
to model the find accuracy sought for xk; and β̄i is a factor to adjust the order of magnitude of the
most probable dispersion of v̄j

i .
For j = 1, 2, · · · , n, the observation like Eq.(5) can then in each iteration be processed in parallel,

using a without a priori information Gauss-Markov estimator, to get an estimate of the components
xj:

(8) x̂j = x̄j + α[AT
j R̄−1Aj ]−1AT

j R̄−1(b−Ax̄)

where Aj is the jth column of A; and

(9) R̄ = diag[r̄i = α2β2
∑

a2
ike

2
k = α2β2ri : i = 1, 2, · · · , n] = α2β2R

Noticing that the without a priori information from of the estimator in Eq.(8) allows to cancel out
the factor α2β2 in R, and that R is the same for j = 1, 2, · · · , n, it is then possible to combine the
estimates x̂j, of the parallel processing estimation, to get the equivalent following estimator for the
whole vector x:

(10) x̂ = x̄− αS∇fT (x̄) = x̄− αSg(x̄)

S = diag[(AT
j R−1Aj)−1 : j = 1, 2, · · · , n];

f(x) = 1/2[Ax− b]T R−1[Ax− b](11)

∇fT (x̄) = AT R−1(Ax̄− b) = g(x̄)(12)

and 0 < α can be chosen such as to minimize f(x) in a given iteration, if it is taken as

(13) α = (ḡT Sḡ)/(ḡT SAT R−1ASḡ), ḡ = g(x̄)

Since S and AT R−1A are positive definite matrices, the estimator of Eq.(10) is equivalent to a modified
Newton method applied to the functional to Eq.(11).

Convergence of the parallel processing method of Eq.(8) can now be verified considering is Newton
method equivalent form. using the Kantorovich inequality and concluding that in each iteration:

Q[x̄] ≤ β2Q[x̄](14)

Q[x] = 1/2(x− x∗)T AT R−1A(x− x∗)(15)

β = (λM − λm))/(λM + λm)(16)

x∗ being the value of x that leads to the minimum of f(x) in Eq.(11); and λM , λm the largest and
smallest eigenvalues of the positive definite matrix SAT R−1A.
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3 Conclusion

Stochastic optimal linear estimation was used to develop a new method for the parallel solution of
linear systems of equations.

Since the time spent to convergence in each variable is of about the same order, then it is expected
that, expect for small differences due to the calculation of the α, this should also be the order of the
time spent to solve the whole system. independently of the number of equations, as long as there are
enough parallel processor.
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1. Introduction: 

Data envelopment analysis (DEA) is a method to determine the relative efficiencies of a set of 
homogenous organizational units called decision making units (DMUs). These DMUs utilizing multiple 
inputs to produce multiple outputs and the efficiency is measured by the ratio of multiple outputs to multiple 
inputs.  DEA is a methodology based on linear programming model for assessing the relative efficiency of 
DMUs, is developed by Charnes et al. (1978) and later extended by Banker et al. (1984). Efficiency of each 
DMU should be assessed as high as possible was the main theme behind the original DEA model by 
assigning the favorable weights to the inputs and outputs. This lead to the weights assigned with respect to 
one DMU is often different from the weights assigned for another DMU. The main drawback of DEA is that 
substantial number of DMUs comes out to be efficient, particularly when the number of DMUs is less 
compared to number of inputs and outputs.  

This paper has presented a method to rank the extreme efficient DMUs by introducing a single virtual 
DMU. Methods for rank the extreme efficient DMUs have been developed by several researchers, including 
Doyle et al. (1994) by developing the concept of cross-efficiency. Hibiki and Sueyoshi (1999) introduced the 
proposal of DEA cross reference (DCR) model. Anderson and Peterson (1993) procedure provides a 
framework for ranking the efficient units based upon the comparison of the efficient DMUs relative to a 
reference technology spanned by all other units. In this procedure the efficiency of measuring unit is 
excluded from the reference set and the efficiency score may exceed unity. Later Seiford and Zhu (1999) 
showed that the ranking of the total set of efficient units is impossible because of the infeasibility in super 
efficiency VRS model. Gholam Reza Jahanshahloo et al. (2006), who proposed the method based on the idea 
of the strong efficient DMU (SE-DMU) that influences the efficient frontier to get farthest from the 
remaining inefficient DMUs  be classified as the best one. 

In this paper we reconsider the problem and measure the ranking system for the extreme efficient 
DMUs based on the work of Gholam Reza Jahanshaloo et al. (2006). Our approach proposes a measure that 
is not only dependent on the inefficient units but also on the efficient DMUs by considering the single virtual 
DMU by aggregate of inputs to produce aggregate outputs from all the existing DMUs.  This method 
provides a better result and it is more robust. 
 
2. DEA models for measuring the efficiency: 

Given a set of ‘n’ units, each operating with ‘m’ inputs and ‘s’ outputs, let yrj be the amount of rth 
output from the unit j and xij be the amount of ith input in the jth unit. According to the classical DEA model 
developed by Charnes et al. (1978), the relative efficiency of a particular unit is obtained by maximizing the 
objective function of CCR multiplier model. 

Any particular DMU is CCR efficient if efficiency is one and all the slacks are zero otherwise the 
DMU is inefficient. The work of Gholam Reza Jahanshaloo et al. (2006) to rank the strong efficient DMUs is 
the following. 

First consider set {J} of all the DMUs, based on the dual model efficiency of these DMUs is calculated 
and the efficient frontier is determined which identifies the strong efficient DMUs (DMUs comes on the 
frontier). These strong efficient DMUs are considered as reference set and denoted by the set {B}. The main 
idea proposed in this model is to identify ranks among the strong efficient DMUs.  This can be achieved by 
calculating the efficiency of inefficient DMUs (set {J-B}) by excluding strong efficient DMU one by one 
from the reference set {B}. Then averaging this efficiency for each of the SE-DMUs and rank them 
according to these efficiencies i.e. the strong efficient DMU, one which is comes closest to the remaining 
inefficient DMU is considered as the most efficient among the SE-DMUs. This DMU also influences the 
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efficient frontier to get farthest from the remaining inefficient DMU. In order to perform the above approach 
Gholam Reza Jahanshaloo et al. (2006) modified DEA model as follows 
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Where J= {1, 2…n} is the set of DMUs, b ∈{B} set of SE-DMUs, a ∈{J-B} set of inefficient DMUs. 
In order to measure the efficiency of DMUs, the DEA computer code in MATLAB is developed. 
 
3. New method to rank efficient DMU: 
One of the main problems of DEA is several DMUs come out to be efficient. In order to rank the SE-DMUs 
and discriminate among these DMUs, we develop a DEA model by averaging input and output variables. 
Such an imaginary DMU is called virtual DMU. Although the average DMU is a virtual DMU, it is feasible 
to exist in practical production technology. Accordingly, we denote the  and 
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In each case, the efficient frontier is a subset of the corresponding production possibility set. In order to 
rank the efficient DMUs, evaluated efficiency of the efficient DMUs through single virtual DMU is given by  
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Where J= {1, 2…n} is the set of DMUs, b ∈{B} set of SE-DMUs, Av is the virtual DMU. Efficiency 
of virtual DMU is equivalent to efficiency of ratio of total outputs to total inputs. Our approach is to measure 
the impact of the SE-DMUs on the virtual DMU efficiency, i.e. deviation of individual SE-DMU from the 
virtual DMU. 
 
3.1 Properties of virtual DMU: 

Following three properties could be proved immediately, this method have more properties and they 
are under investigation.  

1. Virtual DMU is inefficient if there exists at least one inefficient DMU in the set. The efficiency of 

virtual DMU is less than unity i.e.  1
1

* <= ∑
=

s

r
rAvr yu Max

Av
δ

2. For each strong efficient DMU {B}  Where  is the efficiency of virtual DMU. **
, AvbAv δδ ≥ *

Avδ
 

3. , if and only if DMU**
, AvbAv δδ = b is not the reference DMU for DMUAv. 

 
4. Numerical example: 

We consider the  now examine a numerical example using the average DMU in the DEA model (2) to 
illustrate its application. Consider the example of production technology utilizes two inputs to produce single 
output in Table 1. 

TABLE 1: DMUs data taken from Cooper et al. (1999) 
DMU 1 2 3 4 5 6 7 AVERAGE 
Input-1 4 7 8 4 2 10 3 5.43 
Input-2 3 3 1 2 4 1 7 3 
Output-1 1 1 1 1 1 1 1 1 

 
Applying CCR model to above data set, it shows that DMU 3, 4 and 5 are efficient. After identifying 

the efficient DMUs most efficient DMU among the efficient DMUs is found. Fig.1 shows the influence of 
original efficient frontier on the virtual DMU. It is evident from the Fig.1 that most balancing SE-DMU 
influence much on virtual inefficient DMU.  

Original Efficient Frontier.                Deleting DMU-3                                     Deleting DMU-4                                Deleting DMU-5 

                                            
                                      Fig.1. Influence of efficient frontier on virtual DMU 

 
Deleting the SE-DMU from the reference set that lead to increase the efficiency virtual DMU more is 

considered as the best one. Since this new method depends on single virtual DMU it is less sensitive to 
changes in individual DMU, hence it is robust compared to existing methods and it rightly identifies the 
efficient DMUs in order. A result of ranking the new method is compared with other methods shown in 
Table2. 
 
          TABLE 2. Efficiency score of SE-DMU 
           by different methods 

 Efficiency 
DMU Model -1 Super-

efficient 
Model 

New 
model 

3 0.7928 1.1429 0.7117 
4 0.8590 1.2500 0.8749 
5 0.8970 1.5714 0.7297 

 
 

TABLE 3. Weights of input and output variables. 
Weights of inputs and output DMU 

Input-1 Input-2 Output-1 
1 0.1429 0.1429 0.8571 
2 0.0526 0.2105 0.6316 
3 0.0710 0.4317 1 
4 0.1336 0.2328 1 
5 0.4723 0.0139 1 
6 0 1 1 
7 0.3333 0 0.6667 

Average 
weight  

0.2100 0.3386 0.8793 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 6192 -



Table 2 shows that our approach of ranking the efficient DMUs locates DMU-4 is most efficient but 
other two methods identifies DMU-5 is most efficient is because of the advantage of that DMU takes higher 
weight on one particular variable in the efficient frontier. In DEA weight assigned to variables with respect to 
one DMU is often different from the other. We can illustrate more specifically by taking weights of different 
DMUs based on the conventional DEA multiplier model shown in the Table -3. From this table, it can be 
seen that average  weights for input -2 is more than that of the input -1 and it implies input -2 is having more 
weight than input-1. DMU-4 which utilizes lower weight input more and achieves efficiency, while DMU-5 
uses higher weight input more and achieves efficiency. Our approach of ranking efficient DMU correctly 
identifies the most stable and balancing efficient DMU as the best one and ranks the efficient DMUs in this 
order.  

Several problems are attempted to examine properties of the method, from all the problems same type 
of conclusions could be drawn. The above example is given just to illustrate some of the properties.  
 
5. Concluding Remarks: 
 

Ranking of the SE-DMU by super efficient method and model (1) for the above problem shows DMU-
5 is most efficient DMU. Procedure described in this paper shows DMU -4 is most efficient DMU. A key 
feature of the procedure developed in this paper compared to its counterparts in earlier approaches in ranking 
the SE-DMUs is based on single virtual inefficient DMU. Our approach is simpler compared to other 
methods. This method can also be applied to VRS model. Initial studies on various problems attempted on 
VRS model shows that ranking of SE-DMUs by this method is highly correlated with CRS model.  
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RESUME: 

 
This paper describes an approach to rank the efficient DMUs based on single DMU, which is referred 

as virtual DMU and it is totally depending upon all efficient and inefficient DMUs. The virtual DMU is 
considered in such way that by aggregation of inputs to produce aggregate outputs from all the existing 
DMUs. This DMU is always inefficient compared to efficient DMUs in the set. The work in this paper 
proposes to rank the set of efficient reference DMUs based on the single virtual DMU. New method ranks the 
most balancing SE-DMUs in the higher order. It provides better result and it is robust compared to existing 
methods. 
Keywords: Data Envelopment Analysis (DEA), Decision Making Units (DMUs), Efficiency, Reference set, 
Virtual DMU, Efficient frontier  
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1.  Introduction
One of the most basic topics in statistical inference is forming a confidence interval for a binomial 

proportion. In section 2 we give a procedure for a two-stage fixed width interval estimation where the sample 
size n is large (n>200) making Wald intervals appropriate . This procedure could be applied to election polls 
where large samples are commonly used. Another and perhaps more important application is for introductory 
textbooks in statistics. It has been noted by many authors that the treatment of the standard Wald interval in 
introductory textbooks is faulty (for example Brown, Cai and DasGupta(2001), Agresti. and Caffo (2000)).

We draw attention to the treatment of determining the sample size for a fixed width interval. The 
following is a quote from a popular textbook:  "The appropriate sample size is  

An estimate of p is required to use this equation. If an estimate p̂  from a previous sample is available it 
could be substituted for p or perhaps a subjective estimate could be made .If these alternatives are
unsatisfactory, a preliminary sample could be taken , p̂ computed and then the equation could be used to 
determine how many additional observations are required to estimate p with the desired accuracy." An 
alternative to these vague guidelines has yet to be found for the Wald interval.

It is clear that a multistage sample is well suited to solve this problem. Several multi-stage procedures 
for forming a binomial confidence interval have been developed. Many of these procedures are given in the 
framework of drug testing. Examples can be found in Duffy and Santner (1987), Jennison and Turnbull 
(1983), Fleming (1982) and Atkinson and Brown (1985). These procedures are designed for small sample 
sizes and are not appropriate to the case of the Wald interval. The two-stage procedure we recommend is a 
Stein-type procedure analogous to that of Mukhopadhyay, De Silva and Waikar(2006) for the difference of 
normal means. The procedure  is simple to implement and easily understood and is therefore suitable for   
textbooks. The inclusion of this procedure gives an opportunity to incorporate the important topic of 
multistage sampling which is desirable in its own right. In section 2 the procedure is described in full detail. 
In section 3 a table is provided for the implementation of the procedure for the most commonly used values 
of d and α. In section 4 we discuss possible modifications of the procedure.

2.  A Two-Stage Procedure for a Fixed Width Interval Estimation of a Binomial Proportion.
Given d>0, α(0,1) , an initial estimate inp  between 0 and 0.5 and not close to these  boundaries for 

the binomial proportion p, we wish to construct a confidence interval I for p such that the length of the 
interval I is 2d with coverage probability at least 1-α for all possible values of p .The standard one – stage 

22
2/1 )1()()1( dppZn  
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fixed sample size procedure for solving the problem yields the sample size (1) which is overly large in the 
case where the binomial proportion p is significantly smaller than 0.5 and is therefore widely regarded as 
inappropriate. The following two-stage procedure enables one to reduce the number of excessive trials by a 
large factor. 

We write [x]* for the smallest integer greater than x.
Let maxn denote , and   let )( inpn denote 
Let p(i) denote the smaller root of the equation

(2)  ippZd /)1(2/1   ,
where i is a positive integer smaller than maxn .

The two-stage procedure goes like this. Start the experimentation with m trials. If the obtained sample 
proportion p̂ (m) is less than p(m) or greater than 1-p(m) we do not take any more samples at the second 
stage and the confidence interval is declared to be p̂ (m)±d. If p̂ (m) is between p(m) and 1-p(m),  we 
sample the difference maxn -m at the second stage and declare the confidence interval to be p̂ ( maxn )±d, 
where p̂ ( maxn ) is the proportion of successes obtained in all maxn trials. The total sample size N is 
therefore a random variable with 2 possible values which are m and maxn , and the expected total sample size 
Em(N) is therefore given by the formulas

                               
  ))(1()()3( max mPnmPm(N) Em 

where )(~ mp  is the  first- stage sample proportion which is random.
The first-stage sample size m is chosen to be the integer which satisfies Em(N)≤ Ei(N), 1,1 max  ni ,

which means that m minimizes the expected total sample size when inpp  .
Let IN denote the confidence interval declared by the two-stage procedure, and P(p   IN) denote the 

corresponding coverage probability. The following  asymptotic properties of Em(N) and P(p   IN) which 
hold for all values of α and inp  can be easily verified.

  

    
It follows from property (A) that for sufficiently small values of d (sufficiently big values of maxn and  

m correspondingly) the coverage probabilities P(p   IN) are at most negligibly less than 1-α for all p. For 
each triple of values (d, α, inp )  and the calculated corresponding value of m which appear in the table 
presented in section 3 we calculated the minimum coverage probability with respect to p via a computer 
program and it was found to be greater than 1-α..

Property (B) demonstrates that for sufficiently small d the expected total sample size of the two-stage 
procedure when inpp  is close to )( inpn . It is obvious that no fixed width interval estimation method 
can give expected total sample size smaller than )( inpn .

  
3. Analysis of Calculated Results

The values of the first-stage sample size m which define the optimal two-stage plans for various triples 
(d, α , inp ) were calculated via a computer program and presented in Table 1. 

*22
2/1 ]4[ dZ 

*22
2/1 ])1([ dppZ inin 
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Table  1.  First -Stage Sample Sizes m. 

α=0.01 α=0.02 α=0.05inp
d=0.01 d=0.02 d=0.03 d=0.01 d=0.02 d=0.03 d=0.01 d=0.02 d=0.03

0.05 3694 1020 488 3049 846 406 2214 620 299
0.07 4842 1304 614 3984 1078 508 2877 784 371
0.09 5935 1573 732 4873 1296 604 3505 938 439
0.11 6971 1827 843 5716 1503 695 4102 1084 503
0.13 7952 2068 948 6515 1698 780 4667 1222 562
0.15 8880 2295 1047 7270 1883 860 5200 1351 619
0.17 9756 2509 1140 7981 2056 935 5702 1473 671
0.19 10578 2709 1227 8649 2218 1005 6174 1587 721
0.21 11346 2895 1308 9274 2369 1071 6615 1694 766
0.23 12062 3069 1383 9856 2510 1132 7026 1793 809
0.25 12724 3229 1452 10394 2640 1187 7405 1884 848
0.27 13335 3377 1515 10890 2759 1239 7754 1967 883
0.29 13892 3511 1573 11342 2868 1285 8073 2043 916
0.31 14397 3632 1625 11751 2966 1327 8361 2112 945
0.33 14848 3740 1671 12118 3053 1364 8619 2172 971
0.35 15247 3834 1711 12441 3129 1396 8846 2226 993

maxn 16590 4148 1844 13526 3382 1503 9604 2401 1068

In order to implement the procedure utilizing Table 1 calculate p(m) as the smaller root of (2).
For example, suppose that we wish to estimate a binomial proportion at confidence level α = 0.05, and 
confidence interval width 2d=0.06. Suppose that we have an initial estimate inp  = 0.1 for the binomial 
proportion. The value of m taken from the table is 471. Solving equation (2) for the aforementioned values of 
d, α, and m we obtain p(471) = 0.1263. This means that if we obtain p̂ (471) less than 0.1263 which means 
at most  [471 ∙ 0.1263]* =59 successes in the first 471 trials then we declare the confidence interval to be 
p̂ (471)± 0.03. Otherwise, we perform  1068-471 = 597 additional trials.

Figure 1.  Total Sample Size Curves at α=0.05.

Figure 1 illustrates graphically the effectiveness of the two-stage plan in reducing sample size for the 
values of d represented in Table 1 at α=0.05. Each rectangle in Figure 1 corresponds to a column of Table 1.

The lower curve in Figure 1 represents )( inpn  which is the smallest possible expected total sample 
size which can be achieved by any procedure.  The upper curve in Figure 1 represents the expected total 
number of trials Em(N) for the presented two-stage procedure.

The horizontal axis represents inp  and the vertical axis represents sample size. The height of each 
rectangle is maxn which is the sample size for the one- stage procedure. We see from Figure 1 that the 
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distance between the 2 curves is very small relative to the distance between the lower curve and the upper 
side of the rectangle. This means that if inp  is in fact close to the actual value of p then the procedure 
reduces the  total sample size almost to n(p).Figure 1 also illustrates that as d approaches 0 for a fixed value 
of α, the distance between  the curves tends to 0. (This follows from property (B)).

4. Concluding Remarks
Finally, we outline two possible extensions of the two-stage procedure given in this paper. Firstly, we 

note that if our initial estimate inp  of the binomial proportion  is in fact not close to the actual value of p
then the expected sample size according to the procedure will be far greater than n(p).  This can be 
remedied by using a three-stage procedure. 

Secondly, we note that the two-stage procedure could be combined with the alternative intervals 
outlined in Brown, Cai and DasGupta(2001). For example, we can employ the Wilson interval in the 
following way. Suppose we have an initial sample with sample size inn . Suppose that inn  is large enough 
to justify the normal approximation of the binomial and that inn  is significantly smaller than n( p̂ ( inn )) 
The probability that p belongs to any interval I in R is equal to the probability that the random variable

belongs to the same interval. We can modify the two-stage procedure by choosing m via formulas (3) and (4)

where 
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As a metropolis as well as a national political and cultural center, Beijing is positioned as 
China's Capital, Cosmopolis, Famous Cultural City and Livable City. In spite of small scale of 
agriculture and countryside in Beijing, they are of great strategic significance to optimize the 
urban structure and improve the modernization level of the city. As major space for urban function 
extension area, new urban development area and ecologic development area of the capital, the 
countryside has seen rapid economic development and overall social progress. Great achievements 
have been gained for the countryside building. However, many problems still exist in the city, such 
as weak foundation for industrial development in the countryside, low living standard of farmers, 
widening gap between city and countryside, and development of social undertaking. These 
problems have had an impact on the harmonious development between city and countryside. It is a 
basic track and a fundamental means to achieve modernization in the countryside to endeavor to 
push the new countryside building forward, adhere to the overall planning for city and countryside, 
and practice the policy of industry nurturing agriculture and city supporting countryside, which is 
certainly required by the building of a modern metropolis.  
     I. Principles of Establishing Monitoring System for Beijing New Countryside Building 
Progress
     1. Integral and Systematic Principle  
The new countryside building is an extensive, integral and systemic category, which includes all 
aspects of the countryside like economy, politics, society, culture, environment and people's life. 
This integral and systematic nature should be embodied in the reflection of the new countryside 
building and all indices adopted must be interlinked in an organic and orderly manner.   
     2.Human Principle  
It's pointed out in No.1 Document of CPC Central Committee that: only by developing the rural 
economy, building up farmers' homes and making farmers live a well-off life can it be guaranteed 
that all Chinese people share fruits of economic and social development. The fundamental purpose 
of new countryside building is to make economic development fruits benefit mass farmers and 
make them live a well-off life.  
     3.Comparable Principle 
The monitoring system for Beijing new countryside building progress can not only monitor the 
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 2

progress vertically but also compare the differences horizontally among different new countryside 
building levels so that different areas can find gaps, propose solutions and seek for development in 
comparison.   
     4.Operable Principle  
The basic purpose of establishing the monitoring system for Beijing new countryside building 
progress is to transform the new countryside building, which is complex and obscure, into figures, 
which can be measured, calculated and compared, so as to provide reference for working out the 
overall plan, guidelines and policies for the new countryside building. 
     II. Monitor Indices for Beijing New Countryside Building Progress 
Since the new countryside building is an extensive, integral and systematic category, all indices 
chosen for establishing the monitoring system for Beijing new countryside building progress must 
be interlinked in an organic and orderly manner so as to reflect the progress all around.  
      1. Indices Reflecting Production Development and Employment  
The production development is both the primary task and the material basis for the building of 
new socialist countryside. As the major space for urban function extension area, new urban 
development are and ecologic development area of the capital, Beijing’s countryside should 
develop production correspondingly with the economic modernization level of the capital, deepen 
the structural adjustment of the rural economy, transform the growth mode vigorously, speed up 
the development of non-agricultural industries, and develop ecotourism, ethnic tourism and 
sightseeing agriculture aggressively. Therefore, the production development level should be 
reflected by such indices respectively as modern agriculture production efficiency index, 
proportion of growth of the secondary and tertiary industries, rate of green agricultural products, 
development capacity of agricultural sightseeing park and ethnic tourism, farmers' organization 
degree of production and operation, water-saving irrigation rate, and number of agricultural 
scientific and technical personnel per ten thousand. The employment problem of rural labor force 
is an important link in the new countryside building. During the building, it's necessary to expand 
the employment scope in non-agricultural industries vigorously of the countryside, improve the 
farmers' employment level and widen channels for increasing income of farmers, all for opening 
up a new development path for the new countryside building to promote employment and income 
increase. Accordingly, the employment level is reflected respectively by the effective employment 
rate and the proportion of employees in non-agricultural industries in the countryside.   
      2. Indices Reflecting Life Quality and Security  
A well-off living of farmers and a complete social security system consist of vital targets of the 
building of new socialist countryside and embody comprehensively that farmers can enjoy modern 
civilization fruits. Therefore, here we design six indices to reflect the living standard and the 
security level. The per capita net income of farmers is a core index for their living standard. Engel 
coefficient is an international universal index to reflect the living standard and the life structural 
changes on the whole. As for the living quality, the index of proportion of farmers with a per 
capita housing area not less than 30mP

2
P is adopted. The index of farmers' life information is used to 

reflect their consumption power for information products and highlight the importance of 
information for farmers. In addition, a sound social security system must be established to 
improve social security coverage and level in the countryside, so the rural cooperative medical 
service coverage and the insured rate of rural endowment insurance are adopted in this regard.   
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3. Indices Reflecting Infrastructure Building and Environment  
The infrastructure building and the environment are internal conditions for the rural development 
as well as an important foundation for the overall planning between city and countryside. It's 
necessary to improve infrastructure and public facilities, manage the rural environment 
comprehensively and solve such key questions in the countryside as road hardening, sanitary privy 
and sewage discharge, so as to create an environment suitable for living and development of rural 
residents and achieve initially a new environment, new facilities and a new image. Therefore the 
following indices are adopted to reflect the infrastructure level: road hardening ratio in village, 
road lighting ratio in village, sanitary privy coverage, sewage pipeline coverage, and ratio of 
administrative villages with centralized waste treatment. The contribution of Beijing's countryside 
to the whole metropolis is more embodied by its ecologic service value and environmental 
protection. Hence, the green area coverage is adopted to reflect the ecological level of the 
countryside. The environmental protection should be not only embodied in the green area 
coverage but in farmers' own production and life, such as changing energy consumption models 
and types to apply new energy widely like solar energy and methane. Accordingly, the new energy 
coverage is adopted in this regard.   
      4. Indices Reflecting Social Civilization and Democracy  
The building of social civilization aims to promote the overall development of farmers and 
improve their overall quality to provide strong support for establishing a harmonious society in the 
countryside. It's a core project and important task in the new countryside building to improve the 
educational level and labor skills of farmers, enrich their material and cultural lives, and improve 
their overall quality all around. Accordingly, such indices are adopted to reflect the culture level as 
per capita years of receiving education of farmers, percentage of receiving professional training 
for labor skills, proportion of farmers' expenditure in culture, education and recreation, and rural 
development of cultural activities. Another important aspect in the new countryside building is to 
shorten the income gap between urban and rural residents to achieve the harmonious development 
between city and countryside to establish a harmonious society. Accordingly, the Gini coefficient 
of rural residents and the per capita income ratio between urban and rural residents are adopted to 
reflect the social harmony. The core of socialist political civilization lies in the building of 
socialist democracy and legal system, which are reflected respectively by the farmers' satisfaction 
degree for publicity of village government affairs and the farmers' satisfaction degree for public 
security. The monitoring system for Beijing new countryside building progress is not only a 
systematic diagnosis for the current countryside building of Beijing but a scientific planning for 
such building in the new century, which provides a new operable track and method for decision 
makers of Beijing's rural areas.   
      III. Monitoring Methods for Beijing New Countryside Building Progress  
Radar Holography is adopted to monitor the progress of Beijing new countryside building, which 
illustrates the indices of one or more zones through the graph of the radar holographic image.  
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Basic monitor steps:   
1.Set the stage target value of each index as 1 so as to form a circle. Divide the circle into 4 
zones which respectively represent production development and employment, life quality and 
security, infrastructure building and environment, and social civilization and democracy. Divide 
the circle radius into 4 segments:   
Circle 1: 0-50, expressing  the initial stage  
Ring 1: 50-80, expressing the development stage  
Ring 2: 80-90, expressing the basic realization stage  
Ring 3: 90-100, expressing the realization stage  
2.Divide the actual value of each index by the stage target value to indicate the realization level.  
3.Plot the realization level of each index on the radar holographic image to form an enclosed 
plane curve graph. Then the size of the graph area can show the progress of Beijing new 
countryside building directly and approximately.   
4.Without regard to relativity of indices, average simply the realization degrees of indices at the 
third stage corresponding to indices at the first stage, then multiply them by corresponding 
weights respectively and sum up to get the overall realization degree of Beijing new countryside 
building.   
5.Analyze indices comprehensively to find out initial, development, basic realization and 
realization stages to nail down the development strategy oriented by improving the competitive 
power of Beijing's countryside. 

Monitoring Methods for Beijing New Countryside Building Progress Radar Holography 

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 6201 -



Defining a Methodology for the Seasonal Adjustment of the 

Portuguese Balance of Payments Statistics - A Comparative 

Study of Software Applications 
Carvalho, Ana Filipa 
Banco de Portugal, Statistics Department 
Av. Almirante Reis nº71  
1150-012 Lisboa, Portugal  
E-mail: afcarvalho@bportugal.pt 
 
Carvalho, Daniel 
Banco de Portugal, Statistics Department 
Av. Almirante Reis nº71  
1150-012 Lisboa, Portugal  
E-mail: dscarvalho@bportugal.pt 
 
1 Introduction 

The aim of this paper is to report the work undertaken at the Banco de Portugal with the intent of 
defining a methodology for the seasonal adjustment of the Portuguese Balance of Payments (BoP) statistics. 
In view of the pressing need for harmonization of seasonal adjustment procedures in the euro area, we 
decided to choose one of the two adjustment programs recommended by Eurostat, X-12-ARIMA (details can 
be found in Findley et al. (1998)) and TRAMO-SEATS (details can be found in Gómez and Maravall (1996, 
1998, and 2001)). We compared in great detail the two programs by resorting to data from BoP statistics, 
encompassing over 160 time series. We addressed issues such as: (i) the fact that the diagnostic checks may 
not take into right account the principle of parcimony nor the stationarity and invertibility conditions; (ii) 
difficulties stemming from the seasonal adjustment of series with mild seasonality; (iii) the risk of the 
programs inducing seasonality where absent, and thence the importance of testing for seasonality prior to the 
series adjustment itself; (iv) direct and indirect seasonal adjustment methods; (v) hindrances to the 
enforcement that the yearly sum of the seasonally adjusted data concur with that of the actual series; and (vi) 
revisions policy and the impact of revisions on the seasonally adjusted series. 

The paper has the following structure. In section 2, we describe and present the results of the 
comparative analysis of the X-12-ARIMA and TRAMO-SEATS, and in section 3, we describe the 
methodological approach adopted by the Statistics Department of Banco de Portugal. 

 
2 Comparative analysis of X-12-ARIMA and TRAMO-SEATS 

As the choice of the seasonal adjustment method is of the utmost importance in the definition of the 
methodology, we performed a comparison of the programs X-12-ARIMA and TRAMO-SEATS with the aid 
of the DEMETRA interface, developed by Eurostat, which permits the use of the mentioned programs in the 
same environment. 

 
2.1 ARIMA Modelling 

For each one of the series, we applied the automated modelling procedures of both X-12-ARIMA and 
TRAMO-SEATS. The results thus obtained were analysed and compared and it was established that: 

- The TRAMO-SEATS program adjusted all the time series under study, whereas the X-12-ARIMA 
program was only able to model 25 per cent of the series. This can be explained by the fact that the latter 
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program considers only a reduced set of models. 
- The same model was selected by both programs only in 5 per cent of the series. It should be noted that 

the results obtained are due to the fact that the procedures for the selection of the ARIMA model that best 
describes the underlying series vary according to the program applied. 

- The TRAMO-SEATS identified seasonality in a significantly higher number of series than the X-12-
ARIMA program. This result meets the thesis advocated by the U. S. Census Bureau (Hood, 2002), 
according to which the SEATS may induce residual seasonality when the original series displays no 
seasonality. This highlights the importance of the tests for the presence of seasonality undertaken by X-12-
ARIMA and the problems that may appear with the use of TRAMO-SEATS in the modelling of time series 
without seasonality. 

- The two programs entailed pre-adjustment routines with time series transformations and corrections 
of different number and degree, which led to distinct results in some cases. 

Concomitantly, we undertook a detailed econometric analysis of the series, supported on the SAS 
software, which included: (i) the study of the estimated autocorrelation and partial autocorrelation functions; 
(ii) tests for the adequacy of the logarithmic transformation; (iii) tests for the presence of unit roots; (iv) 
estimation of the identified models; and (v) evaluation of the statistical significance of the estimated 
parameters, verification of the stationarity and invertibility conditions, analysis of the correlation matrix of 
the parameter estimators and assessment of the adjustment’s quality by analysis of the corresponding 
residuals. 

The results obtained by X-12-ARIMA and TRAMO-SEATS programs were validated according to the 
following procedure: the estimation of the models identified in the previous econometric analysis by 
resorting to X-12-ARIMA and TRAMO-SEATS; and subsequently the SAS estimation of the models 
identified by the automated modeling procedures of X-12-ARIMA and TRAMO-SEATS. 

This analysis revealed that the majority of the models identified by X-12-ARIMA and TRAMO-SEATS 
do not comply with the principle of parsimony, as they include parameters that are not statistically different 
from zero. Moreover, some of the models do not satisfy the stationarity and invertibility conditions and 
others contain strong correlations between the estimators. In the latter case, we regard such models as 
unstable and the corresponding adjustment of bad quality. As previously mentioned, some of the series that 
do not have a statistically significant seasonality were seasonally adjusted by TRAMO-SEATS. 

In the case of TRAMO-SEATS, the drawbacks of the models can be overcome by a direct intervention 
of the analyst which should encompass: (i) tests for the significance of the parametrical estimations; (ii) the 
analysis of the correlation matrix of the parameter estimators; and (iii) tests for the stationarity and 
invertibility conditions. We established that this procedure led to models coincident with those obtained by 
the detailed econometric analysis. As for X-12-ARIMA, limitations of the software do not allow for such 
intervention of the analyst. 

  
2.2 Seasonal Decomposition 

After the identification of the model that best describes each of the time series, the seasonally adjusted 
series can be obtained by the ad-hoc method of X-12-ARIMA or by the signal extraction techniques of 
TRAMO-SEATS. For the selection of one of the two methodologies, we gave special attention to the quality 
of the seasonal adjustment and to the minimization of the seasonal adjusted series revisions. 

The tests undertaken in the realm of the analysis of the seasonal adjustment’s quality confirmed the 
quality of all the series obtained by both methodologies. The study of the seasonal adjusted series revisions 
was carried out subsequently with the aim of selecting the most adequate method for seasonal decomposition. 

The first step included the estimation of the series by TRAMO-SEATS during the period from January 
1996 to December 2003. The model for each of the series was fixed and the predictions of the seasonal 
factors and of the seasonally adjusted series were calculated for the period from January 2004 to January 
2005. Subsequently, the period from January 1996 to January 2004 was considered as the estimation set and, 
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for each series, the parameters of the respective model (previously fixed) were re-estimated. The predictions 
for the period from February 2004 to January 2005 were calculated. This procedure of adding an observation 
to the estimation set, re-estimating the parameters and computing new predictions was applied iteratively 
until the estimation set coincided with the period from January 1996 to December 2004. 

An identical procedure was followed by applying X-12-ARIMA to the models identified by TRAMO-
SEATS. For each of the methods, the percentage values of the mean and of the absolute mean for the 
following differences were calculated: (i) the difference between the use of predicted and concurrent 
seasonal factors, i.e., difference between the forecasts obtained from the predicted seasonal factors (forecasts 
made with the information available up to December 2003) and the estimates obtained with all the 
information available until then; (ii) the difference between the forecasts obtained from the predicted 
seasonal factors (forecasts made with the information available up to December 2003) and the estimates 
calculated once all the annual information is made available; (iii) the difference between the estimates 
obtained from the concurrent seasonal factors and those calculated once all the annual information is made 
available; and (iv) the difference between estimates obtained from the concurrent seasonal factors and the 
respective monthly updates once an additional observation is included each month. 

The results revealed that X-12-ARIMA and TRAMO-SEATS have, on average, similar behaviours. 
However, taking as a measure the maximum value of the revisions mentioned in (iv), the X-12-ARIMA 
program displayed a maximum value for the revisions much greater than that of TRAMO-SEATS. Since the 
use of concurrent seasonal factors generally produces more accurate estimates for the final seasonally 
adjusted data, together with the previously mentioned fact that X-12-ARIMA hinders the ability of the 
analyst to intervene in the adjustment process as well as in the statistical inferences, the TRAMO-SEATS 
program turns out to be more complete and versatile than X-12-ARIMA. 
 
3 Conclusion 

Bearing in mind the results obtained, we then turned towards the task of defining the procedures for 
the monthly seasonal adjustment of the BoP statistics. Even though the preferred choice is TRAMO-SEATS, 
it was verified that SEATS may induce residual seasonality in series that, according to the conventional tests, 
have no statistically significant seasonal effects. To surpass this limitation, it was decided to include, in the 
methodological procedure, an initial step that makes use of the X-12-ARIMA tests to evaluate the statistical 
significance of the seasonal component of each time series. Thus, the methodological approach adopted 
combines the two programs in an articulated way. In a first stage, the X-12-ARIMA is used to test for the 
presence of seasonal effects. Once the presence of seasonality is confirmed, the TRAMO-SEATS is then 
used in the selection and estimation of the ARIMA model and in the production of the seasonally adjusted 
data. Special attention is given to tests for the presence of outliers and of calendar effects and, in particular, 
of the Easter effect. 

Furthermore, the seasonal adjustment procedure entails the evaluation of both the global statistic 
quality of the estimated ARIMA model, as well as, of the adjustment quality. The former includes tests for 
the statistical significance of the estimated parameters and for the stationarity and invertibility conditions. 
The adjustment quality is verified by the analysis of the respective residuals1 and by testing the seasonally 
adjusted series for the persistence of seasonal effects. In those cases in which the quality criteria are not 
fulfilled, in particular when seasonal effects remain present in the adjusted series, it is necessary to perform 
an individual detailed analysis to identify and correct the possible causes. This process may imply a new 
ARIMA model estimation. 

                                                      
1  The most fundamental requirement of a seasonal adjustment, regarding quality, is that there remains no seasonal effect present in 

the seasonally adjusted series, i.e., that there is no residual seasonality. If the model adequately describes the time series under 

study, then the residuals should behave like a random walk process. 
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To guarantee the arithmetical consistency between the seasonally adjusted data, the outstanding 
amounts of each balance item are obtained by an indirect method, i.e., they are obtained by difference 
between the seasonally adjusted credits and debits. Similarly, the current account credit and debit data are 
also obtained by the indirect method, as the sum of the credits and debits of the seasonally adjusted 
component series. The seasonally adjusted series obtained by this method are later checked out for the 
presence of seasonal effects. Whenever the statistic tests disclose the existence of residual seasonality in the 
seasonally adjusted time series obtained by the indirect method, then the direct method should be chosen. It 
should be referred that the advantages and drawbacks of direct and indirect adjustments have been the object 
of debate amongst specialists (Ladiray and Mazzi, 2003). A definite conclusion on which one of these 
approaches is the best cannot be drawn from the available literature. Under most circumstances, the two 
adjustment procedures do not yield identical results. Only under very restrictive conditions do the results 
coincide. 

Most seasonal adjustment programs permit the enforcement of time consistency, i.e., of the agreement 
between the yearly totals of the raw and the seasonally adjusted series. However, in addition of its lack of 
scientific support, time consistency lowers the quality of the seasonal adjustment and, consequently, the 
quality of the produced information. Moreover, imposing that the yearly sum of the seasonally adjusted data 
concur with that of the actual series, would create a discontinuity at the beginning of each year, when the 
annual sum of the actual data is not yet available. On the other hand, a prompt correction of this discontinuity 
by summing a scale constant is somewhat paradoxical, as this is tantamount to admitting the existence of a 
systematic bias in the seasonal adjustment. Consequently, it was decided not to enforce time consistency. 

Another relevant issue in the production of seasonally adjusted series is the way the new information is 
incorporated in the model, i.e., the optimal frequency of review of the seasonal models/parameters/factors. In 
this respect, given the flexibility of the software programs and after evaluating other more conservative 
alternatives, it was decided that the parameters of the models should be re-estimated every month, 
incorporating the newly released observations of the raw series. This, in turn, entails the revision of the 
adjusted data. Every year, in April, when the annual revisions of the BoP statistics, and in particular of the 
current account, are carried out, the specifications of the ARIMA models should be re-evaluated. 
Nevertheless, this re-evaluation may be undertaken in other periods, whenever an appreciable change in the 
underlying information occurs. The aim of this procedure is to ensure that the seasonal adjustment 
incorporates the most recent available information and to avoid a significant revision which would be 
unavoidable if the value of the parameters were kept fix for the twelve months. 

A more detailed description of the results presented here can be found in Banco de Portugal, 
Supplement 4/2005 to the Statistical Bulletin, November 2005.  
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ABSTRACT 
This paper starts with the current situation of the price transmission mechanism changes, analyzing the 

reasons for changes in Shandong’s price transmission mechanism and its effects to economy. The 

author gives his proposals to solve the problem from four aspects: strengthen macroeconomic 

regulation and accelerate the adjustment of industrial structure; adhere to technical innovation and 

energy conservation simultaneously; develop futures and promote joint procurement to lighten the 

impacts of price rising of energy and raw materials in the international market on domestic market; 

reinforce price monitoring and do the best at price formulation and contradictions relief. Taking 

effective measures relaxes the influence of price transmission mechanism changes on economy. In 

recent years, Shandong’s price transmission mechanism is characterized by the following features: the 

price effects are weaker, the time lag is longer and the increase is smaller. Some changes in the prices of 

energy and raw materials do not fully transmitted to the means of production and subsistence nor to the 

consumer price index. To figure out the reasons, the effects of price transmission mechanism changes 

to economy shall be analyzed first.  

1 Current situation of Shandong’s price transmission mechanism changes  

According to the general law of price operation, the chain of price transmission is: raw material, fuel, 

and power purchase price → ex-factory price of industrial products → final consumer price. The law of 

the chain transmission is: raw materials, fuel, and power purchase price index, production price index 

(PPI) and consumer price index (CPI) move at the same rate while there is a time lag between them. By 

looking through the recent price increase and delay changes of Shandong’s price chain, it can be found 

that the price transmission mechanism has begun to change since 2003.  

(1) The price increase gradually decreases. By 2002, raw materials, fuel, and power purchase price index, 

ex-factory price index of industrial products and the consumer price index in Shandong have been 98.7, 98.8, 

and 99.3 respectively. Transmission between the three is basically sound and smooth. While since 2003, the 

transmission effects of upstream raw materials, fuel, and power purchase price changes on the midstream and 

downstream commodities’ prices have been weakened. The materials, fuel, and power purchase price index, 

the ex-factory price index of industrial products and the consumer price index rose by 7.7%. 4.7% and 1.8% 

respectively. Till the first half of 2006, the increase of the three indexes has been 4.2%, 2.2% and 1.0% 

respectively. It is noticeable that the price transmission basically halved, with the maximum increase in the 

upstream prices, medium in the midstream prices, andthe minimum in the downstream prices.  

(2) The time lag of price conduction extends. According to the law of price, there is a time lag 
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between the price index of all levels. And this time lag differs because of different economic systems and 

economic times. When the economy is in upsurge, the speed of commodity prices at lower reaches 

following the commodity prices at middle reaches is faster. While when the economy is in depression, 

the speed will be slower. According to the authoritative analysis, in normal circumstances, the CPI in 

China lags behind PPI about 36 months. But from 2003 to 2005, Shandong's capital goods price index 

rose by 13.6%, while the consumer price index only rose by 6.4%, which indicates that the effects of 

price transmission mechanism haven been weakened, and the conduction delay has extended, exceeding 

the experience of 36 months.  

2. Reasons for changes in Shandong’s Price Transmission Mechanism  

(1) Basic reason: imbalance in supply and demand between upstream and downstream 

commodities. On the one hand, the “Heavy Industry” economic structure and overheated investment 

make demand exceed supply in the upstream commodities, leading to the rapid increase in the prices of 

upstream products. Since the mid1990s, the industrial structure of Shandong has changed from "light" to 

"heavy". In the total value of large industrial output, the output of heavy industry accounted for 50.6% 

in 1995, and 62.9% in 2005. The rapid development of heavy industry directly contributes to the rise 

in demand and prices of energy and raw materials. From 2003 to 2005, raw materials, fuel, and power 

purchase price rose with an average annual increase of 8.3%. Due to the long construction period and 

complicated links of heavy industry investment, the rise of prices in this link can not be quickly 

transmitted to the prices of consumer prices. Therefore, it appears that the prices ofraw material, 

fueland power rose higher than that of downstream products. On the other hand, the overall pattern of 

oversupply in China's commodity market has not changed. This limits the growth of prices of 

midstream and downstream consumption products. In the first half of 2006, 71.7% of the 600 major 

consumption goods were still in a situation of oversupply. The productivity of midstream and 

downstream commodities which take a large share of the market, especially those industries 

consumption goods, seriously exceeds the demand. The market is basically saturated and the 

competition is fierce. It is difficult for the enterprises to transfer the pressure of increased costs by 

raising prices. In order to maintain its market share, the prices of some products even drop.  

(2) Important reason: the impact of the international market price. Joining in WTO makes 

China's economy increasingly integrate into the world economic system, more closely linked with the 

world economy. In this context, the prices of energy and raw materials are not only determined by the 

domestic market, but also affected by the world’s situation of supply and demand and other complex 

factors, and the effects of the latter are increasing. Recently, the prices of oil and nonferrous metals in 

China are mainly affected by the international market prices, while the prices of midstream and 

downstream commodities in China are mainly determined by supply and demand in the domestic 

market. In this case, the linkage impacts of domestic and international prices on energy and raw 

materials are more profound than that of a single domestic demand. As the ordinary domestic 

consumption goods are basically saturated, while the market demand lacks, the price index fluctuates 

around a low level for a long time. It is natural that the prices of upstream commodities rise higher than 

that of ordinary consumption goods, and it is certain that the price transmission mechanism will 
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change.  

(3) Important factor: the market access and pricing mechanisms. In China, we normally have 

access limits to upstream industries, but fewer restrictions to the midstream and downstream industries. 

Differences in the access restrictions make the contradictions between supply and demand among 

midstream and downstream commodities more prominent. Meanwhile, the upstream enterprises of 

major energy and raw materials have higher entry barriers and are relatively monopolistic, so they have 

strong self pricing ability. But the midstream and downstream consumption goods markets are nearly 

full competition, so the fluctuations of prices are only determined by the market. This inequality in 

pricing mechanism sets up a big obstacle to price conduction.  

(4) Governmental management and control have a certain impact on price conduction. Along 

with the establishment and improvement of socialist market economic system, the government can 

adjust the prices of a number of related commodities when the consumer prices is in downturn, making a 

modest rise in prices and slowing down the drop of prices. When there is a rapid increase in prices of 

means of production, agricultural and sideline products, the government will control the pace of price 

rise toprevent excessive growth of the market price. This can slow down the conduction of upstream 

commodity prices to the downstream commodity prices, keeping the market price level at a reasonable 

interval.  

3. Impacts of price transmissionmechanism changes toeconomy  

(1) Cause adjustments of interests among differentindustries. Price transmission mechanism 

changes will increase the profits of upstream enterprises, while squeeze that of downstream enterprises. 

Affected by the continuous rise of the energy and raw materials prices, by the first half of 2006, the 

profits of Shandong upstream enterprises have increased. The profits of seven energy resources took up 

49.3% of the total profits of large industrial enterprises. The profits of oil and gas exploration industry 

have achieved 24.946 billion yuan, an increase of 48.8%. The profits of nonferrous metal smelting and 

processing industry reached 4.874 billion yuan, an increase of 52.2%. The profits of coal mining 

industry totaled 6.423 billion yuan, an increase of 21.5%. However, the profits of downstream industries 

declined and losses rose. Oil processing, coking and nuclear fuel processing industry realized profits of 

582 million yuan, a year-on-year decrease of 49.2%, accounting for only 2.3%of its upstream oil and 

gas exploration industry.  

(2) Affect rational allocation of resources in the market. Inefficient price transmission 

mechanism is not conducive to the rational allocation of resources in the market. In recent years, under 

the guidance of incorrect price signals, a new round of excessive expansion appeared in the energy and 

raw materials sectors, enlarging waste of resources and increasing difficulties in industrial restructuring. 

Shandong’s price transmission mechanism began to change in 2003, investment in upstream sectors 

increased by a big margin. The rate of increase in raw materials was 122.4%, among which 137.4% in 

metallurgical industry, 114.8% in chemical industry. Among the investment in energy, coal investment 

increased by 57.4%, and oil 20.0%. However, in the downstream of the industrial chain, if the prices of 

energy and raw materials keep high, there will be a “supply constraint” to those industries which need 

large quantities of energy and raw materials. That will cause difficulties in production and operation, 
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hence affecting macroeconomic stability. Therefore, longtermed inefficient price transmission 

mechanism will lead to disorder ofthe distribution of social resources.  

(3) Increase difficulties in macroeconomic regulation. To maintain the stability of the market 

price is a major target of China’s macroeconomic regulation. The past experience of different 

economic development stages shows that China’s prices of means of production have moved the same 

as that of consumer prices, and the time lag is relatively stable. Therefore, sectors for macroeconomic 

regulation can take some farsighted actions according to the theory that the rise of PPI will surly be 

conducted to CPI. At present, the price transmission mechanism has changed, so it has inevitable 

limitations to predict the tendency of economy and price and take regulations by judging from previous 

experience. The current macroeconomic regulation is to prevent price inflation as well as deflation, and 

the difficulty further increases.  

4. Proposals to solve the problem  

(1) Strengthen macroeconomic regulation and accelerate the adjustment of industrial 

structure. In economic and social development, any country can not go without macroeconomic 

regulation. For this reason, some indispensable measures shall be taken: strengthen macroeconomic 

regulation, reduce excess production capacity, avoid duplication and resolve conflicts between supply 

and demand; Clarify industrial policy, strengthen investment guidance, and establish an early warning 

system for industrial development; establish industry development standards and norms, build a 

threshold and the industry to build a scientific and rational access and withdrawal mechanism. 

(2) Adhere to technical innovation and energy conservation simultaneously. Midstream and 

downstream enterprises should enhance their awareness of innovation, strengthen technological 

innovations, adopt new materials and new technology, and reduce consumption and waste of raw 

materials. They should take technological innovation risks seriously and make evaluation, developing in 

the process of innovation and enhancing the competitiveness of the enterprises in the process of 

innovation. They also should promote energy saving in production and strengthen quality control and 

internal management to reduce costs and to ease the pressure caused by the rising prices of energy and 

raw materials.  

(3) Develop futures and promote joint procurement to lighten the impacts of price rising of 

energy and raw materials in the international market on domestic market. Energetically 

participate in the overseas futures of energy and raw material. Gradually develop listed species in 

domestic energy and raw materials futures to avoid price risk 。Actively support chambers and trade 

unions to play a role in regulating offshore procurement, and gradually achieve joint procurement to 

cope with the speculation and manipulation of international enterprises and relieve the effects of rising 

prices in the international energy and raw materials markets to the domestic market.  

(4) Reinforce price monitoring and do the best at price formulation and contradictions 

relief. Reinforce price monitoring, rectify and standardize the order of market prices, establish the 

early warning and emergency mechanism, and do the best at price formulation and contradictions relief 

to ease the inflationary pressure and maintain social stability.  
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of Jinan Innovative Construction

Zhenxiang Wang
Jinan Municipal Statistics Bureau
E-mail: wangzhenxiang07@sina.com

ABSTRACT

It is a great strategic policy of Chinese Government to build the innovative country, its core is to
regard strengthening independent innovation ability as the strategic basic point of developing science
and technology, and it < 81 < fs also the important element of adjusting the industrial structure
and changing the growth way. The goals are to build the society of resource saving and friendly en-
vironment, to stimulate the initiative spirit of the whole nation, to train high-level innovative talents
and to promote national economy to be easy to develop fast and better. So < 81 > Cthe aim of
establishing the official statistical monitoring System of Jinan innovative Construction is beneficial
for advancing the innovative construction of Jinan, promoting economics and society to develop in
harmony. The Monitoring system design according to the comparatively, consistency, effective princi-
ple, have been set up including 44 indicators reflecting subjects of innovation, innovative environment
and the innovative performance situation. Monitoring and appraisal of dynamic statistical system can
reflect innovative urban construction process in time, find out advantage and deficiency of Jinan, thus
make the government strengthen macro adjustments and controls in the innovative urban building-up
work, fully give full play to the role of enterprises, universities and scientific research institutions. Its
result has promoted the increase of the investment of social scientific research, the development of
new high-tech industry and the construction of innovative platform.

Keywords. Innovation, Monitoring system.
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Introduction

The asymmetry of quantitative variables has been widely studied1. On the contrary few studies
have been dedicated to the asymmetry of qualitative ordinal variable. The objective of this work
is to introduce a new index of asymmetry for qualitative ordinal variables. This index is based on
the cumulative and retrocumulative frequencies of a distribution and it is coherent with the partial
ordering based on point asymmetries.

Definitions

Let b1 ≺ b2 ≺ ... ≺ bs ≺ ... ≺ bk be the k ordered categories of the ordinal variable B. Let
(n1, n2, ..., ns, ..., nk) be the frequencies of the k categories in a population of total size n =

∑k
s=1 ns.

Let β denote the
(n+k−1

n

)
distributions of B such that:

{ns ≥ 0; s = 1, 2, ..., k;
k∑

s=1

ns = n}.(1)

Let Ns =
∑s

i=1 ni and Rs =
∑k

i=s ni be respectively the cumulative and retrocumulative frequencies
of the s− th category.
The distribution {(bs, ns); s = 1, 2, ..., k} is symmetric2 if:

(n1 = nk); (n2 = nk−1); ...; (ns = nk−s+1); ...; (nk = n1);(2)

or, equivlently, if:

Ns = Rk−s+1, (s = 1, 2, ..., k).(3)

The point asymmetry As can be defined as:

As = Ns −Rk−s+1, (s = 1, 2, ..., k).(4)

It can be proved that among the point asymmetries: As = Ak−s for s = 1, 2, ..., k − 1. Moreover, we
define the relative point asymmetry as as:

as =
1
n

As.(5)

The frequency distribution {(bs, ns); s = 1, 2, ..., k} has positive (negative) asymmetry if As ≥ 0
(As ≤ 0), (s = 1, 2, ..., k), with at least one strict inequality.

1Pearson (1905), Van Zweet (1964)
2Leti (1983)
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Equivalence in asymmetry

Let (n1, ..., ns, ..., nk) and (n′
1, ..., n

′
s, ..., n

′
k) be two distributions with the same number of categories.

The distributions (n1, ..., ns, ..., nk) and (n′
1, ..., n

′
s, ..., n

′
k) are equivalent in asymmetry if

as = a′s(6)

for every s = 1, 2, ...k − 1. The following notation

(n1, ..., ns, ..., nk) ∼A (n′
1, ..., n

′
s, ..., n

′
k)(7)

indicates the equivalence in asymmetry.

Statistical dominance in positive asymmetry (PA)

Let (n1, ..., ns, ..., nk) and (n′
1, ..., n

′
s, ..., n

′
k) be two distributions with the same number of categories.

The distribution (n1, ..., ns, ..., nk) is greater than (n′
1, ..., n

′
s, ..., n

′
k) in positive asymmetry if

as ≥ a′s(8)

for every s = 1, 2, ...k − 1 with at least one strict inequality. The following notation

(n1, ..., ns, ..., nk) �PA (n′
1, ..., n

′
s, ..., n

′
k)(9)

indicates the statistical dominance in positive asymmetry.

Index of asymmetry

The previous definitions of equivalence in asymmetry and statistical dominance in PA provide a partial
ordering among the distributions with the same number of categories. To order all distributions
of this kind, it is necessary to introduce a total ordering, that is usually obtained by a function
H(n1, ..., ns, ..., nk). There are many functions that are coherent with the equivalence in asymmetry
and with the statistical dominance in PA. One of them is the arithmetic mean of the k relative point
asymmetry:

M = H(n1, ..., ns, ..., nk) =
1
k

k∑
s=1

as.(10)

The index M has the following properties:

a) If the distribution is symmetric then M = 0;

b) If a distribution has a positive (negative) asymmetry, then M > 0 (M < 0);

c) −k−1
k ≤ M ≤ k−1

k .

If M is divided by k
k−1 , the normalized index of asymmetry A is obtained. This index takes values

in the closed interval [−1; 1].
Sometimes it happens that, even if the distribution is asymmetric, the index M is equal to zero.
Hence, the average mean of the absolute value of the point asymmetries can be used:

M∗ =
1
k

k∑
s=1

|as|.(11)

M∗ takes value in [0; k
k−1 ]. The index M∗ is equal to zero if and only if the distribution is symmetric.

If M∗ is divided by k
k−1 , a normalized index A∗ taking values in the closed interval [0; 1] is obtained.
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Application

The reported application concerns the distributions of the level of school attendance in the five italian
macro-areas3. The variable level of school attendance is an ordinal variable with k = 7 categories;
Table 1 reports its relative frequencies in the five macro-areas distributions.

Level N-W N-E Central South Italian Italy
Italy Italy Italy Italy Islands

Illiterate 0.0061 0.0058 0.0094 0.0332 0.0287 0.0157
Literate without Title 0.0289 0.0430 0.0533 0.0766 0.0821 0.0536
Primary School 0.2594 0.2644 0.2344 0.2202 0.2247 0.2423
Middle School 0.3386 0.3238 0.2990 0.3248 0.3401 0.3250
Secondary School 0.2850 0.2856 0.3065 0.2689 0.2510 0.2816
University Diploma 0.0121 0.0119 0.0132 0.0096 0.0091 0.0114
University Degree 0.0699 0.0656 0.0840 0.0666 0.0642 0.0704

Total Frequency 13177705 9358950 9592566 11706213 5601504 49436938

Table 1: relative frequencies of the level of school attendance in the Italian regional

macro-area. Population: Italian people at least 14 years old.(Source: 2001, Italian

Census)

Since the median of every macro-area is Middle school and the mode coincides with Secondary school
for Central Italy and with Middle School for the other four areas, it is possible only to assert that
Central Italy seems to have a higher level of school attendance than the other macro-areas. Anyway,
a more detailed description of the level of school attendance can be obtained by using the recently
introduced concepts of bipolar mean4 and of mean deviation about bipolar mean5.
Table 2 reports the relative point asymmetries of the distributions of the five macro-areas.

Level N-W N-E Central South Italian Italy
Italy Italy Italy Italy Islands

Illiterate -0.0638 -0.0598 -0.0746 -0.0334 -0.0356 -0.0547
Literate without Title -0.0471 -0.0286 -0.0345 +0.0336 +0.0374 -0.0125
Primary School -0.0728 -0.0498 -0.1066 -0.0152 +0.0111 -0.0518
Middle School -0.0728 -0.0498 -0.1066 -0.0152 +0.0111 -0.0518
Secondary School -0.0471 -0.0286 -0.0345 +0.0336 +0.0374 -0.0125
University Diploma -0.0638 -0.0598 -0.0746 -0.0334 -0.0356 -0.0547
University Degree 0 0 0 0 0 0

M -0.0525 -0.0395 -0.0616 -0.0043 0.0037 -0.0340

Table 2: relative point asymmetries and values of index M for the distributions of the

level of school attendance in the italian regional macro-areas.

Table 2 shows that the five macro-areas can be grouped in two sets. In fact, the distributions of North
West, North East and Central Italy show a negative asymmetry, since they have only negative point
asymmetries. From the definition (4), it means that, for these distributions, the last categories have
more units than the first categories.

3Source: Italian Census of 2002
4Maffenini, Zenga (2005)
5Maffenini, Zenga (2006)
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Italian macro-area A Italian macro-area A∗

Italian Islands +0.0043 Center Italy +0.0719
South Italy -0.0050 N-W Italy +0.0612
N-E Italy -0.0461 N-E Italy +0.0461
N-W Italy -0.0612 Italian Islands +0.0280
Center Italy -0.0719 South Italy +0.0274

Italy -0.0397 Italy +0.0397

Table 3: ranking of the macro-areas and Italy by the values of A and A∗.

Instead, for South Italy and Italian Islands there are negative and positive asymmetries.
The rankings of the macro-areas according to the synthetic index of asymmetry, A, and according to
the absolute index of asymmetry, A∗, are reported in Table 3.
Note that, the distribution with the greatest negative asymmetries is Center Italy and the distribution
with the greatest positive asymmetries is Italian Islands. Since the median for each macro-area is the
same, the indexes A and A∗ allow to order the macro-areas according to the level of the school
attendance.

Conclusions

In this work it is introduced a new definition of asymmetry for ordinal variables. This definition is
based on the cumulative and retrocumulative frequencies. As for numerical variables, by using relative
point asymmetries, an index of asymmetry, that is coherent with the ordering in positive asymmetry
and the equivalence in asymmetry, has been built. The reported application shows that the new index
is able to rank the distributions of qualitative ordinal variables according to the asymmetry.
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ABSTRACT:

As a city rich in coal resources, land subsidence has become increasingly serious for the city of
Jining along with the massive extraction of coal resources. Comprehensive management of mining
subsidence and the reconstruction of the ecological environment had become an issue of
significance for land and environment protection, geological hazard reduction, and the sustainable
development of social economy. In this paper, an analysis is given to the damage and management
of mining subsidence, and suggestions on speeding up the tackling of the problem is also raised
with a clear understanding of the truth.

As a city rich in coal resources, land subsidence has become increasingly serious for the city of
Jining along with the massive extraction of coal resources. Comprehensive management of mining
subsidence and the reconstruction of the ecological environment had become an issue of
significance for land and environment protection, geological hazard reduction, and the sustainable
development of social economy. In this paper, an analysis is given to the damage and management
of mining subsidence, and suggestions on speeding up the tackling of the problem is also raised
with a clear understanding of the truth.

一、 Introduction of mining subsidence and damage of Jining

Jining bears rich coal resources, with proven reserve reached 14 billion tons and forecast
reserve reached 13 billion tons. It is one of thirteen key largescale coal production bases of the
state. It boasts 3,920 square kilometers of coalbearing area, accounting for 37.4% of the total land
area. Coal production volume reached 80 million tons, with a forecast of over 100 million tons of
coal a year by 2010. Largescale exploitation of coal resources has brought about both momentum
to economic and social development and serious problem of land subsidence. At present, these land
subsidence area mainly concentrated in eight towns and citylevel towns, covering 28 counties and
308 villages. By the end of 2005, there were land subsidence areas altogether 220 thousand Mu,
among which 79 thousand Mu were shallow mining subsidence area, 16 thousand Mu were medium
ones, and 125 Mu deep ones. By the year 2010, there will be such area 360 thousand Mu，the
number will be 700 thousand by 2020 and more than 4000 thousand during the second half of the
century, accounting for 25% of the total land area of Jining city. These areas have caused great
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damage to the economic society and ecological environment, mainly on the following aspects: First,
damage to the farmland. As a result of large block of stagnant water, food production and economic
crop was severely damaged, causing huge losses to the agricultural economy. Second, degradation
of geological environment. Coal mining has caused serious surface subsidence, destroying
underground water systems, thus drying up rivers and breaking and sinking roads and bridges.
Third, seriously affected the production and livelihood of the masses. A series of vulnerabilities
propped out as a result of mining subsidence, which derived of the lands peasants has long been
relying on and large numbers of villages had to move to new places. In this situation, landless
peasants’ pension and employment issues will become more and more prominent, with the increase
of sinking area, social contradictions will be further aggravated.

2. Management of mining subsidence areas and existing problems

During recent years, the party committee of all levels of Jining city and the city government
have been attaching great importance to the tackling of mining subsidence problem as well as the
reconstruction of ecological environment of coal areas, taking them as a key step to achieve
sustainable development. New methods kept being tried out as a positive attitude was taken towards
this issue, which turned out to be effective. By the end of 2005,

By the end of 2005, the city has implemented a total of 17 projects dealing with mining
subsidence areas, at a cost of 385 million yuan and the square meter of treatment area reached 53
thousand Mu. Among which, reclamation farmland was about 31 thousand Mu, other farmland was
8.5 thousand mu, culture surface account for 11 thousand Mu, and construction land 2.5 thousand
Mu.

Meanwhile, we must keep a sober mind at the existing contradictions and problems, which are
as follows: First, local government didn’t acquire a correct view at the importance and urgency of
this issue. They failed to play the main responsibility of leadership and lack a specialized working
group. Second, the coal enterprises were not fully aware of their obligations to the tackling of
mining subsidence problem. Some enterprises lacked of plans and concrete measures, while some
had better performance in this respect but were troubled with low design standard and lack of funds.
Third, deeply buried coal resources and multi level distribution required multilevel mining
methods, which resulted in repeated deep collapse and longer management cycle, thus demanding
high treatment fees. Fourth, it is imperfect policies and regulations to govern mining subsidence.
There’s still a lack of practical documents and explicit stipulations from the central government and
provincial governments on problems such as collection of land reclamation fees, the acquisition of
sinking deserted lands, and the ownership of the land interests after treatment. Fifth, the
management system is not straightened out. Despite leading bodies in cities and counties, various
departments, heavy engineering task, and complicated subordinate relations among domestic coal
enterprises together makes it hard for land resources management departments to resolve conflicts,
clear up obstacles, and to realize better management.

3. Suggestions and advices on speeding up the tackling of the problem
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1. Establish and perfect the ecological environment restoration and compensation mechanism
of coal areas, provide financial support to accelerate the tackling of mining subsidence areas. In
accordance with “Geological Environment Protection Regulation of Shandong Province” and
“Interim Procedures for the collection and management of security for Geological Environment
management of Shandong Province”, and taking the specific condition of Jining city into
consideration, draft the “Security Collection Methods of geological environment management of
coal areas of Shandong Province”.

2. Take comprehensive measures in dealing with sinking areas by adhering to methods like
taking local conditions into consideration and by adopting various methods.

According to the big sinking area and complicated situation of Jining city, we should adhere to the
principle of “Mining, while protecting”, and making specific schedule to manage and protect in a
comprehensive way. The work should proceed from reality and aims at improving the value in use
of sinking areas maximally.

3. Do a good job in the comprehensive utilization of resources, speed up the construction of
ecological coal areas. In order to better exploit recourses and protect ecological environment, we
should be abide by the principle of “Fully usage, Highefficient cleaning”, and adopt positive
measures such as system constraints and policy guidance, in an effort to promote pollution control
changing from “end control” to “source control”, and to promote waste and sound material
resources for industrial development.

4. Conduct special inspections on recovery rate of coal resources, and reduce waste of
resources and land subsidence from the source. According to the national and provincial plans, we
should organize experts to conduct special inspection on the recovery rate of coal resources of
related enterprises and formulate measures for the rational development and utilization of coal
resources. We should conscientiously implement the "Management principle of coal reserves of
Jining", take a scientific attitude towards recovery rate index, improve the development and usage
of resource, control from the source the phenomenon of wasting and damaging resources, and to
minimize land subsidence area. Besides, we should also do a good job on monitoring geological
environment of coal areas, keep abreast of basic conditions such as land subsidence speed, depth,
scope and size, regularly inspect the protection and restoration of geological environment, realize
management of both coal resource exploitation and protection of environment, and provide
technology support for protecting the area in a scientific way.
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Brown, James, 951, 4349
Bruno, Paula Marta, 3908
Bryce, Jerry, 1024
Bucevska, Vesna, 5719
Buch-Kromann, Tine, 75
Buckley, Graeme, 1157
Budgett, Stephanie, 881, 883, 4733
Budsaba, Kamon, 3313
BuHamra, S.S., 3186
Buhlmann, Peter, 573
Buiculescu, Mioara, 2867
Buishand, Adri, 184
Bulajic, Milica, 5019
Buratta, Vittoria, 492
Burgi-Schmelz, Adelheid, 352
Burgman, Roland, 536
Busetta, Annalisa, 2650
Busetta, Pietro, 4205, 5627
Bustos y de la Tijera, Vı́ctor Alfredo, 4828
Byun, Jongseok, 4868

Cabanlit, Epimaco, Jr., 6149

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 6221 -



6222 INDEX
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Forbes, Sharleen, 936, 4632
Forster, Jonathan, 267, 1449
Fox, David, 5562
Fradette, Katherine, 4393
Fraga Alves, M. Isabel, 183, 186
Fragoso, Isabel, 5796
Frame, David, 1366
Francis, Brian, 3827
Franco, Manuel, 5306
Franconi, Luisa, 452
Frangos, Christos, 3205, 5849
Frangos, Constantinos, 3205, 5849
Frankovic, Kathleen, 1307
Freedman, Laurence S., 1787
Freire, Flávio, 4440
Frey, Laure, 1942
Fried, Roland, 3397
Frolova, Ludmila, 5070
Fryzlewicz, Piotr, 2627, 2632
Fu, Zhenghui, 2763
Fuemmeler, Jason, 2109
Fuentes, Montserrat, 148
Fujiki, Mie, 3398
Fujikoshi, Yasunori, 3657, 3713
Fuller, Elizabeth, 1803
Fuller, Wayne, 2004

BULLETIN of THE INTERNATIONAL STATISTICAL INSTITUTE - LXII (2007)

- 6225 -



6226 INDEX

Fung, Wing Kam, 5745
Funk, Jeremy, 2173
Furrer, Reinhard, 1375
Futao, Miao, 2766
Futschik, Andreas, 2947
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Gonçalves, Flávio, 6087
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González, Miguel, 2879
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Lara-Porras, Ana Maŕıa, 4445, 4645, 4649
Larrosa, Juan M. C., 3885
Laurini, Fabrizio, 598
Lauro, Carlo Natale, 2218
Lavado, Nuno, 3747
Lavos, Patŕıcia, 3709
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Tulay, Başak, 5921
Turini, Franco, 1149
Turkman, Kamil Feridun, 2609
Tyler, D., 241

Ulyanov, Vladimir, 3713
Uma, P., 3938
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Abstract. We investigate the effects of outlier treatment on the estimation of the seasonal component

and stochastic models in electricity markets. Typically, electricity spot prices exhibit features like seasonality,

mean-reversion, extreme volatility and the occurrence of jumps and spikes. Unfortunately, classical estimation

routines like OLS are very sensitive to extreme observations and outliers. Improved robustness of the model can

be achieved by (a) cleaning the data with some reasonable procedure for outlier rejection, and then (b) using

classical estimation and testing procedures on the remainder of the data. We examine the effects on model

estimation for different treatment of extreme observations in particular on determining the number of outliers

and descriptive statistics of the remaining series after replacement of the outliers. Our findings point out the

substantial impact the treatment of extreme observations may have on these issues.

Introduction. In the last two decades the power sectors worldwide have undergone a transition

from monopolistic, government controlled systems into deregulated, competitive markets (Bunn, 2004;

Kaminski, 2004; Kirschen and Strbac, 2004; Weron, 2006). The amount of risk borne by market

participants has increased substantially, partially due to the fact that electricity is a very unique

commodity. Firstly, it cannot be stored economically and requires immediate delivery, while end-

user demand shows high variability and strong weather and business cycle dependence. Secondly,

effects like power plant outages or transmission grid (un)reliability add complexity and randomness.

Consequently, electricity spot prices exhibit very high volatility and abrupt, short-lived and generally

unanticipated extreme price changes known as spikes (or jumps). The latter are, perhaps, the most

distinct feature of deregulated power markets, and will be investigated in this paper.

Apart from the aforementioned spikes, the two other most prominent characteristics of spot elec-

tricity prices include seasonality (at the annual, weekly and daily time horizons) and mean-reversion.

The first crucial step in defining a model for electricity price dynamics consists of finding an appropriate

description of the seasonal pattern. There are different suggestions for dealing with this task: Bhanot

(2000), Knittel and Roberts (2005) and Lucia and Schwartz (2002) use piecewise constant functions;

Cartea and Figueroa (2005), Pilipovic (1997) and Weron et al. (2004a) model the seasonal pattern by

sinusoidal functions; while Stevenson (2001) and Weron (2006) utilize a wavelet decomposition.

A critical issue in estimation of the seasonal pattern is that it might be substantially affected

by the price spikes. While it is clear that price spikes should be captured by an adequate stochastic

model, like jump-diffusion (Clewlow and Strickland, 2000; Geman and Roncoroni, 2006; Weron, 2007)

or a regime-switching model (Bierbrauer et al., 2004; Huisman and Mahieu, 2003), the literature does

not agree on whether these observations have to be included or excluded in the estimation of the

seasonal pattern. Even worse: despite the fact that price spikes are among the most pronounced
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Figure 1: Spot prices of the EEX Phelix Base (day) index from January 1, 2001, to

December 31, 2006, totaling 2191 observations.

features of electricity markets and account for a large part of the total variation of changes in spot

prices, there is no commonly accepted definition of a price spike (Weron, 2006). A variety of methods

for identification has been suggested, however, so far there has been no thorough empirical study on

the effects of alternative treatment of the price spikes on parameter estimates for the seasonal pattern

or the stochastic component of the spot price. It is exactly our goal to examine the consequences

of the treatment of such extreme events in the estimation procedures. To identify the spikes we will

consider a variety of different approaches. After such ‘cleaning’ of the observed spot prices we will

then compare the remaining seasonal patterns.

The data. For our empirical analysis we have chosen data from the European Energy Exchange

(EEX) in Leipzig, Germany. This power market has shown a steady increase both in the number

and volume of traded products since its opening in 1999. While some of the other European power

exchanges suffer from low liquidity in the spot market and concentration on futures contracts, the spot

market trading volume at the EEX has been increasing significantly. The spot market is a day-ahead

market and the spot is an hourly contract with physical delivery on the next day. In our analysis we

consider the Phelix base day index. The index is an equally weighted average of all 24 hourly spot

prices for that particular day.

Our data comprise six years of Phelix base day prices from January 1, 2001, to December 31,

2006, totaling 2191 observations. The dynamics of the spot prices for the considered period are shown

in Figure 1. Obviously, several spikes can be observed during the considered period. For example,

spot prices peaked in December 2001 with a daily average of 240 EUR/MWh, in January 2003 with

163 EUR/MWh and in July and November 2006 with 301 and 162 EUR/MWh, respectively. In most

cases the spikes lasted only for one or two days and prices fell back to their normal levels very quickly.

There is also an obvious trend in the data such that the average price level at the end of the considered

period was substantially higher than in the first two-three years.

Methods to detect spikes. The identification of spikes is a very important issue as it bears

on the estimation of the deterministic and stochastic components for models of electricity spot price

dynamics. However, in the literature the definition of a spike has been so far a rather subjective matter.

Obviously, price spikes are defined as prices that surpass a specified threshold for a brief period of

time. But it is difficult to gain any consensus on what that threshold or time interval should be. Some

authors use fixed price thresholds to identify the spikes (Lapuerta and Moselle, 2001). Other references

suggest the use of fixed log-price change thresholds, e.g., log-price increments or returns exceeding 30%
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(Bierbrauer et al., 2004), or variable log-price change thresholds, e.g., log-price increments or returns

exceeding three standard deviations of all price changes (Cartea and Figueroa, 2005; Clewlow and

Strickland, 2000; Weron et al., 2004b). Borovkova and Permana (2004) considered as jumps those

price moves that were outside 90% prediction intervals, implied by the normal distribution with the

mean and variance given by the 60-days moving average and 60-days moving variance of the price

moves. Yet another approach was used by Geman and Roncoroni (2006) who filtered raw price data

using different thresholds and selected the one leading to the best calibrated model in view of its ability

to match the kurtosis of observed daily price variations. Finally, the use of wavelet decomposition to

filter out the spikes has been suggested (Stevenson, 2001; Weron, 2006).

Probably the simplest technique to detect outliers is the use of fixed price thresholds. However,

the choice of the levels themselves is non-trivial and rather arbitrary. For the present dataset, we

chose to classify all prices beyond 75 EUR/MWh as extreme observations, see the top left panel of

Figure 2. Obviously other thresholds may be chosen depending on needs.

Nevertheless, the remaining question is how to replace the outliers. The chosen technique for

replacement will also affect parameter estimates, e.g., of the seasonal pattern if the estimation is con-

ducted using the new series. Some authors suggest to dampen prices exceeding a certain threshold with

a logarithmic function or to replace the observed outliers by the thresholds themselves (Shahidehpour

et al., 2002; Weron, 2006). An alternative may be to replace the extreme observations by the mean of

the two neighboring prices (Weron, 2007) or by one of the neighboring prices (Geman and Roncoroni,

2006). However, this can lead to complications when there are two or more consecutive outliers. Also

seasonal behavior of electricity prices may alter the prices too much. Recall, for example, that weekend

prices are generally significantly lower than during the week. An alternative approach was suggested

by Bierbrauer et al. (2007) where the outliers were replaced by the median of all prices having the

same weekday and month as the outlier.

As it was mentioned above, there is an obvious positive trend in the data. Using fixed thresh-

olds without detrending the time series beforehand may lead to an underestimation of spikes at the

beginning of the considered period while for the later years the number of spikes may be overesti-

mated. Hence, the fixed threshold method was also applied to the detrended series. The results for

this method are displayed in the top right panel of Figure 2. From a first glance one can see that

fewer observations are classified as outliers when the detrended series is used, see also Table 1.

Another method for detection of spikes or outliers was initially suggested in Clewlow and Strick-

land (2000). Hereby, a recursive filter is applied to identify price jumps in the sample distribution of

daily returns. The filter consists of an iterative procedure that is repeated until no more jumps can

be identified. In the first step, the sample standard deviation ŝ of the returns is calculated before

identifying returns beyond a certain range – measured in multiples of ŝ – as extreme returns. Clewlow

and Strickland (2000) suggest three standard deviations as the limit, however alternative specifica-

tions are straightforward. Returns within that limit are treated as ‘normal’ price returns, while the

other returns are identified as outliers. After replacing the outliers, the next iteration is performed.

When applying this technique, we have to take into account that electricity prices usually show strong

weekly seasonality that may affect the number of extreme returns. A straightforward application of

the recursive filter technique may lead to an overestimation of the number of extreme returns.

To avoid this problem we apply a variant of a simple moving average-based deseasonalization

technique beforehand, to eliminate the weekly component. It differs from the original method (Brock-

well and Davis, 1991; Weron, 2006) in that instead of using the mean it uses the median, which is more

robust to outliers. For the vector of daily prices {x1, ..., x2191} we first estimate the trend by applying

a moving average filter specially chosen to eliminate the weekly component and to dampen the noise:

m̂t = median(xt−3, .., xt, .., xt+3), for t = 4, ..., 2188. Next, we estimate the seasonal component. For

each k = 1, .., 7 the average wk of the deviations {(xk+7j − m̂k+7j), 3 < k + 7j ≤ 2188} is computed.
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Figure 2: Time series after replacement of the spikes and original observations classified

as outliers using fixed price thresholds for the original (top left) and detrended series

(top right), using the recursive filter technique (middle left), percentage price thresholds

for the detrended series (middle right) and S3 (bottom left) and S5 (bottom right) wavelet

approximations.
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Since these average deviations do not necessarily sum to zero, we estimate the seasonal component

sk as ŝk = wk −
1
7

∑7
i=1 wi, where k = 1, ..., 7 and ŝk = ŝk−7 for k > 7. The deseasonalized (with

respect to the 7-day period) data is then defined as yt = xt − ŝt and is used to detect and replace

the outliers. Note that the deseasonalised series is not adjusted for the trend, long-term cycles or

yearly seasonal components but only for the weekly seasonal pattern. However, since the recursive

filter considers daily returns, long-term cycles or trends should not have any impact. Then applying

the same approach as for the fixed threshold, the outliers were replaced by the median of all prices

having the same weekday and month plus a linear trend component. Results for outlier detection and

the remaining series are displayed in the middle left panel of Figure 2.

Alternatively, extreme observations may be detected using percentage thresholds. For example

one may consider the largest 1% of the observations as outliers. In this case, however, it is important

to consider also seasonality and trend in the data. Otherwise the identification of certain observations

as outliers will be clearly dependent on the weekday or month if there is also a yearly pattern in the

data. To overcome this problem, similar to the approach for the recursive filter, we first calculated the

deseasonalized series yt. However, in a second step we applied another moving average filter to take

care of the lower frequency seasonality in the data: m̂2,t = median(yt−15, ..., yt+15), t = 16, ..., 2176.

Note, that the 31 day median roughly corresponds to monthly smoothing. The difference between the

deseasonalized series yt and the moving average m2,t was chosen to identify the highest 1% extreme

observations in terms of actual deviations from the average price level. The extreme observations

were replaced by the median of all prices having the same weekday and month. After replacement of

the outliers, the estimated seasonal component and trend was added to the series again. Results for

outlier detection and the remaining series are displayed in the middle right panel of Figure 2.

Yet another outlier detection approach utilizes wavelets, more specifically, lowpass filtering

(Weron, 2006). The wavelet transform involves the projection of a signal onto an orthonormal set

of components – the so-called wavelets. Unlike sines and cosines, individual wavelet functions are

quite localized in time or (more generally) in space; simultaneously, like sines and cosines, individual

wavelet functions are quite localized in frequency or (more precisely) characteristic scale (Härdle et al.,

1998; Percival and Walden, 2000). Wavelets belong to families, like the Daubechies wavelet family

used here. A wavelet family comes in pairs of a father (S) and mother wavelet (D). The former rep-

resents the ‘lowest frequency’ smooth components – those requiring wavelets with the widest support

– whereas the latter captures the ‘higher frequency’ detail components.

Any function or signal (here: the spot price series) can be built up as a sequence of projections

onto one father wavelet and a sequence of mother wavelets: f(t) = SJ +DJ +DJ−1 + ...+D1, where 2J

is the maximum scale sustainable by the number of observations. At the coarsest scale the signal can

be estimated by SJ . At a higher level of refinement the signal can be approximated by SJ−1 = SJ +DJ .

At each step, by adding a mother wavelet Dj of a lower scale j = J − 1, J − 2, ..., we obtain a better

estimate of the original signal. This procedure is known as lowpass filtering. Here, we use the S3

and S5 approximations, roughly corresponding to weekly (23 = 8 days) and monthly (25 = 32 days)

smoothing, respectively. Once a chosen approximation (S3 or S5) is subtracted from the original

price series, the outliers are identified as the observations exceeding three standard deviations of the

differences. We decided to replace the outliers by their wavelet approximation. A plot of the original

time series and the wavelet S3 and S5 approximations as well as the results for outlier detection for

the two approximation techniques are displayed in the bottom panels of Figure 2.

Results. In this section we will compare the different approaches in terms of outlier detection,

descriptive statistics of the remaining series and the effects of the preprocessing technique on the

estimation of the seasonal pattern. In a first step we investigate the number of detected outliers.

The bound for the fixed thresholds method was chosen to be 75 EUR/MWh. Obviously, depend-

ing on whether the technique is applied to the original or the detrended series there are substantial
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Table 1: Number of detected spikes and descriptive statistics of the series after removing

the spikes. Preprocessing indicates whether the trend, the annual or the weekly seasonal

components have been removed from the original data before identifying the spikes.

Method Preprocessing #spikes Max Mean Std Skew Kurt

Trend Year Week

Original — — — — 301.54 33.56 19.01 3.93 37.16

Fixed Threshold — — — 50 79.49 32.01 13.43 0.83 3.52

Fixed Thres. Detrend. X — X 19 108.25 32.64 14.90 1.24 5.08

Recursive Filter — — X 37 112.65 32.47 14.92 1.32 5.51

Percentage Thres. X — X 22 114.06 32.70 14.99 1.24 5.13

Wavelet Approx. S3 X X ∼ 12 132.91 33.10 16.23 1.70 7.81

Wavelet Approx. S5 X X — 20 114.06 32.78 15.14 1.27 5.18

differences in the outcome, see Table 1. For the detrended series mostly observations in the years

2005 and 2006 were characterized as outliers, since the average price level was much higher in these

years, see Figure 2. In total there are 50 observations replaced when the original series is considered.

The respective number for the same threshold using a detrended time series only yields 19 outliers.

Overall, considering several years of data, it seems recommendable to choose a fixed price threshold

to identify price spikes only after dealing with trends or seasonalities beforehand.

For the percentage thresholds we chose to identify the highest 1% of the deseasonalized series as

outliers, yielding 22 observations. The comparative number for the recursive filter technique is higher

and characterized 37 observations as outliers. It is notable that for the filter technique also a number

of observations with a lower price level but high percentage returns were identified as price spikes.

Examining the results for the wavelet decomposition techniques, we find that the S3 approximation

is very close to the original time series (see the bottom left panel of Figure 2). Thus, only a small

number of observations – in total 12 – is classified as outliers. The smoother S5 approximation, on the

other hand, characterizes 20 observations as outliers and yields similar results to the other techniques.

For all techniques, the mean of the preprocessed series is only slightly smaller than for the original

observations. However, the removal of the outliers has clearly decreased the standard deviation,

skewness and kurtosis of the remaining series. There is also a general tendency for the relationship

between the number of replaced outliers and those statistics: the more extreme observations are

replaced, the more will the standard deviation, skewness and kurtosis decrease for the preprocessed

series. Hence, the preprocessed series using the wavelet S3 approximation yields the highest values

for those statistics while they are clearly the lowest for the series that was preprocessed using the

simple fixed threshold technique. The results for the other four techniques (fixed threshold detrended,

recursive filter, percentage threshold and wavelet S5) yield quite similar descriptive statistics. Only

the recursive filter technique yields a preprocessed series with a relatively high skewness and kurtosis,

despite the fact that many prices were detected as outliers.

Finally, we compare the effects of the chosen outlier detection technique on the estimated sea-

sonal pattern. We assume that the system price of electricity St can be decomposed as the sum of

a deterministic component ft and a stochastic component Yt: St = ft + Yt, t > 0. In the follow-

ing, we are not interested in specifying a model for the stochastic component Yt, but mainly in the

estimated seasonal pattern for the differently preprocessed data. To keep the results comparable, we

estimated the same seasonal pattern including a constant, trend and specified dummy variables for

daily and monthly effects for all preprocessed series: f(t) = α + β · t + d · Dday + m · Dmon. Hereby,

α, β are constant parameters and d and m denote the corresponding parameter vectors for the daily

(day = 1, .., 7) and monthly (mon = 1, .., 12) dummy variables Dday, Dmonth. The function f(t) was

calibrated via numerical optimization using non-linear least squares regression in Matlab.
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Table 2: Parameter estimates for the seasonal pattern depending on the different outlier

detection techniques (* indicates significant parameter estimates at the 5% level).

Parameter Original Fixed Fixed Detr Filter Percent Wave S3 Wave S5

Constant 23.573* 22.249 22.683* 22.546* 22.998* 22.908* 22.660*

Trend 0.0158* 0.0137* 0.0150* 0.0154* 0.0151* 0.0156* 0.0152*

Tue 2.388* 0.223 1.192 1.211 0.741 1.212 0.880

Wed 0.759 1.344* 1.725* 1.217 1.381 1.414 1.436

Thu 1.156 0.949 1.2097 1.260 1.120 0.994 0.937

Fri -2.372* -1.371* -1.271 -0.919 -1.854* -1.705 -1.750*

Sat -10.277* -8.199* -8.765* -8.580* -9.135* -9.614* -9.226*

Sun -16.818* -14.750* -15.279* -15.016* -15.687* -16.146* -15.767*

Feb 0.210 1.097 1.315 1.059 1.243 0.869 1.491

Mar -1.129 0.128 -0.351 -0.313 -0.613 -0.666 -0.356

Apr -5.551* -2.601* -4.446* -4.764* -4.514* -4.896* -4.267*

May -8.862* -5.928* -7.791* -8.128* -7.846* -8.240* -7.609*

Jun -5.242* -2.661* -4.106* -4.677* -4.399* -4.595* -3.936*

Jul -0.091 -1.430 -2.198* -3.676* -2.888* -1.180 -1.839

Aug -7.021* -3.708* -5.755* -6.236* -5.840* -6.505* -5.612*

Sep -4.247* -0.898 -2.972* -3.343* -3.061* -3.549* -2.834*

Oct -5.206* -1.829* -3.929* -4.313* -4.017* -4.512* -3.792*

Nov -0.638 -0.797 -2.901* -3.327* -2.137* -1.228 -1.914

Dec -1.093 -1.144 -2.528* -4.078* -1.802 -1.787 -1.459

We find that depending on the chosen technique for outlier detection, there are significant

differences between parameter estimates and also in terms of which days and months are considered

to be significant, see Table 2. For all models, the constant and trend are highly significant. Note,

however, that with β = 0.0158 the parameter estimate for the trend component is the highest for

the observations where no preprocessing of the outliers has been conducted followed by the wavelet

technique S3 where the trend estimate is β = 0.0156. On the other hand, the trend is estimated to

be substantially lower (β = 0.0137) if the outliers are detected by a fixed threshold technique without

detrending. The other methods yield estimates for the trend parameter between of β = 0.0150 and

β = 0.0154.

It is also noteworthy that depending on the preprocessing of the data, often quite different

dummy variables for the day or month are significant at the chosen 5% level. While for all ap-

proaches obviously Saturday and Sunday show a significant lower price level, for the original data

also the dummy variables for Tuesday and Friday are significantly different from Monday, respectively

Wednesday and Friday for the fixed threshold technique without detrending. On the other hand,

preprocessing using the recursive filter technique or the wavelet S3 yields only Saturday and Sunday

as being significantly different from a Monday.

Similar results can be observed for the significance of dummy variables for the months. All

approaches give significant parameter estimates for the months April, May, June, August and October.

However, there are substantial differences for the months as well as the total number of dummy

variables that yield significant estimates. While based on the simple fixed threshold preprocessing

only estimates for the above mentioned months are significantly different from January, for the fixed

threshold with detrending and the recursive filter approach all dummy variables for April - December

are significant at the 5% level. The preprocessing using the percentage threshold technique yields

significant estimates for the April - November dummy variables, while the original series and the

series preprocessed with the wavelet approaches classifies April, May, June, August, September and

October as significant.
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Overall, there are quite substantial differences in the results depending on the chosen technique

for outlier detection. The chosen approach will not only affect the number of observations classified

as outliers, but also the estimated seasonal pattern. Hence, also parameter estimates of the stochastic

model, as well as, price forecasts of future spot prices are affected by the treatment of extreme

observations.
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